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Interval Structures, Hecke Algebras, and Krammer’s Representations for the
Complex Braid Groups B(e, e, n)

Abstract: We define geodesic normal forms for the general series of complex reflection
groups G(de,e,n). This requires the elaboration of a combinatorial technique in order
to determine minimal word representatives and to compute the length of the elements of
G(de, e,n) over some generating set. Using these geodesic normal forms, we construct in-
tervals in G(e,e,n) that give rise to Garside groups. Some of these groups correspond to
the complex braid group B(e,e,n). For the other Garside groups that appear, we study
some of their properties and compute their second integral homology groups. Inspired by
the geodesic normal forms, we also define new presentations and new bases for the Hecke
algebras associated to the complex reflection groups G(e,e,n) and G(d, 1,n) which lead to
a new proof of the BMR (Broué-Malle-Rouquier) freeness conjecture for these two cases.
Next, we define a BMW (Birman-Murakami-Wenzl) and Brauer algebras for type (e, e, n).
This enables us to construct explicit Krammer’s representations for some cases of the com-
plex braid groups B(e,e,n). We conjecture that these representations are faithful. Finally,
based on our heuristic computations, we propose a conjecture about the structure of the
BMW algebra.

Keywords: Reflection Groups, Braid Groups, Hecke Algebras, Geodesic Normal Forms,
Garside Structures, Interval Garside Structures, Homology, BMR Freeness Conjecture, Brauer
Algebras, BMW Algebras, Krammer’s Representations.

*Kokk

Structures d’Intervalles, Algébres de Hecke et Représentations de Krammer des
Groupes de Tresses Complexes B(e,e,n)

Résumé : Nous définissons des formes normales géodésiques pour les séries générales des
groupes de réflexions complexes G(de,e,n). Ceci nécessite 1’élaboration d’une technique
combinatoire afin de déterminer des décompositions réduites et de calculer la longueur des
éléments de G(de, e,n) sur un ensemble générateur donné. En utilisant ces formes normales
géodésiques, nous construisons des intervalles dans G(e,e,n) qui permettent d’obtenir des
groupes de Garside. Certains de ces groupes correspondent au groupe de tresses complexe
B(e,e,n). Pour les autres groupes de Garside, nous étudions certaines de leurs propriétés et
nous calculons leurs groupes d’homologie sur Z d’ordre 2. Inspirés par les formes normales
géodésiques, nous définissons aussi de nouvelles présentations et de nouvelles bases pour les
algebres de Hecke associées aux groupes de réflexions complexes G(e, e, n) et G(d,1,n) ce
qui permet d’obtenir une nouvelle preuve de la conjecture de liberté de BMR, (Broué-Malle-
Rouquier) pour ces deux cas. Ensuite, nous définissons des algébres de BMW (Birman-
Murakami-Wenzl) et de Brauer pour le type (e,e,n). Ceci nous permet de construire des
représentations de Krammer explicites pour des cas particuliers des groupes de tresses com-
plexes B(e, e, n). Nous conjecturons que ces représentations sont fidéles. Enfin, en se basant
sur nos calculs heuristiques, nous proposons une conjecture sur la structure de I’algébre de
BMW.

Mots clés : Groupes de Réflexions, Groupes de Tresses, Algeébres de Hecke, Formes Nor-
males Géodésiques, Structures de Garside, Structures d’Intervalles, Homologie, Conjecture
de Liberté de BMR, Algébres de Brauer, Algébres de BMW, Représentations de Krammer.
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Chapter 1

Introduction

Contents
[1.1 Complex reflection groups| . . . . ... ... ........ 5
1.2 Complex braid groups| .. ... ............... 7
(1.3 Hecke algebras| . . ... ... ...........0...... 9
1.4 Motivations and main resultsl . ... ... ... ...... 10
[1.4.1 Garside monoids for B(e,e,n)l. . . . . . . ... ... ... 11
[1.4.2  Hecke algebras for G(e,e,n) and G(d,1,n)[. . . . . .. .. 12
[1.4.3 Krammer’s representations for B(e,e,n)| . . . . . . .. .. 13

The aim of this chapter is to give an outline of the thesis and present its main
results. We include the necessary preliminaries about the complex reflection groups,
the complex braid groups, and the Hecke algebras.

1.1 Complex reflection groups

In this section, we provide the definition of a finite complex reflection group and re-
call the classification of Shephard and Todd of finite irreducible complex reflection
groups. We also recall the definition of Coxeter groups and the classification of finite
irreducible Coxeter groups.

Let n be a positive integer and let V' be a C-vector space of dimension n.

Definition 1.1.1. An element s of GL(V) is called a reflection if
Ker(s —1) is a hyperplane and s = 1 for some d > 2.

Let W be a finite subgroup of GL(V).

Definition 1.1.2. W is a complex reflection group if W is generated by the set R of
reflections of W.



We say that W is irreducible if V' is an irreducible linear representation of W.
Every complex reflection group can be written as a direct product of irreducible ones
(see Proposition 1.27 of [42]). Therefore, the study of complex reflection groups
reduces to the irreducible case that was classified by Shephard and Todd in 1954 (see
[62]). The classification is as follows.

Proposition 1.1.3. Let W be an irreducible complex reflection group. Then, up to
conjugacy, W belongs to one of the following cases:

e The infinite series G(de,e,n) depending on three positive integer parameters

d, e, and n (see Definition below).
o The 34 exceptional groups Gy, -+, G37.

We provide the definition of the infinite series G(de, e, n) and some of their prop-
erties. For the definition of the 34 exceptional groups, see [62].

Definition 1.1.4. G(de,e,n) is the group of n X n matrices consisting of monomial
matrices (each row and column has a unique nonzero entry), where

e all nonzero entries are de-th roots of unity and
e the product of the nonzero entries is a d-th root of unity.

Remark 1.1.5. The group G(1,1,n) is irreducible on C"~! and the group G(2,2,2)
1s mot irreducible so it is excluded from the classification of Shephard and Todd.

0 ¢t o
Let s; be the transposition matrix (¢,i4+1) for 1 <i<n—-1,t,= ¢ 0 0
0 0 I,

and uqg = <%i I 0 1), where I, denotes the identity k£ x k matrix and (; the I-th root
e

of unity that is equal to exp(2im/l). The following result can be found in Section 3
of Chapter 2 in [42].

Proposition 1.1.6. The set of generators of the complex reflection group G(de, e, n)
are as follows.

o The group G(e,e,n) is generated by the reflections te, s1, S2, <=+, Sp—1-

e The group G(d,1,n) is generated by the reflections uq, s1, S2, **+, Sp—1.

e Ford # 1 and e # 1, the group G(de,e,n) is generated by the reflections ug,
tde; 51, 82, ", Sn—1-

Now, let W be a finite real reflection group. By a theorem of Coxeter, it is known
that every finite real reflection group is isomorphic to a Coxeter group. The definition
of Coxeter groups by a presentation with generators and relations is as follows.

Definition 1.1.7. Assume that W is a group and S be a subset of W. For s and t
in S, let mg be the order of st if this order is finite, and be oo otherwise. We say
that (W, S) is a Cozeter system, and that W is a Coxeter group, if W admits the
presentation with generating set S and relations:



o quadratic relations: s> =1 for all s € S and

e braid relations: sts---={st--- for s,t €S, s #t, and mg # oco.
Mst Mst

The presentation of a Coxeter group can be described by a diagram where the
nodes are the generators that belong to .S and the edges describe the relations between
these generators. We follow the standard conventions for Coxeter diagrams. The
classification of finite irreducible Coxeter groups consists of:

S1 52 Sn
— Type A, (the symmetric group S,,4+1): @ @ -------- ®

S1 S92 S3 Sn
— Type By: [ ) @ @ - ------- o

51 o\
*— e --—-——-- °

— Type Dy: 85 ./33 Sq Sn

S1 52
— Type Iz(e) (the dihedral group): ° '

— Hs, Fy, Hy, Es, E7, and Eg.

Remark 1.1.8. Using the notations of the groups that appear in the classification of
Shephard and Todd (see Pmpositionm, we have: type A,_1 is G(1,1,n), type B,
is G(2,1,n), type Dy, is G(2,2,n), and type Iz(e) is G(e,e,2). For the exceptional
groups, we have H3 = Ggg, F4 = Ggg, H4 = G30, EG = G35, E7 = Ggﬁ, and
Es = Gar.

1.2 Complex braid groups

Let W be a Coxeter group. We define the Artin-Tits group B(W) associated to W
as follows.

Definition 1.2.1. The Artin-Tits group B(W) associated to a Coxeter group W is
defined by a presentation with generating set S in bijection with the generating set S

of the Cozeter group and the relations are only the braid relations: §t5--- = {5t - -
— ——
Mst Mmst

for 5t e S and § # 1, where my € Lo is the order of st in W.

Consider W = §,,, the symmetric group with n > 2. The Artin-Tits group
associated to S, is the ‘classical’ braid group denoted by B,,. The following diagram
encodes all the information about the generators and relations of the presentation of
B,.



Broué, Malle, and Rouquier [I3] managed to associate a complex braid group to
each complex reflection group. This generalizes the definition of the Artin-Tits groups
associated to real reflection groups. We will provide the construction of these complex
braid groups. All the results can be found in [I3].

Let W < GL(V) be a finite complex reflection group. Let R be the set of reflec-
tions of W. There exists a corresponding hyperplane arrangement and hyperplane
complement: A = {Ker(s—1)|s € R} and X =V \ [JA. The complex reflection
group W acts naturally on X. Let X/W be its space of orbits and p : X — X/W
the canonical surjection. By Steinberg’s theorem (see [63]), this action is free. There-
fore, it defines a Galois covering X — X /W, which gives rise to the following exact
sequence. Let x € X, we have

1—m(X,2) — m(X/W,p(z)) — W — 1.
This allows us to give the following definition.

Definition 1.2.2. We define P := 71 (X, x) to be the pure complex braid group and
B =7 (X/W,p(x)) the complex braid group attached to W.

Let s € R and Hj its corresponding hyperplane. We define a loop o4 € B induced
by a path v in X. Choose a point xg ‘close to Hg and far from the other reflecting
hyperplanes’. Define 7 to be the path in X that is equal to s.(37 1) 09 05 where 7 is
any path in X from z to x¢, s.(371) is the image of 5~! under the action of s, and o
is a path in X from z( to s.xg around the hyperplane H;. The path ~ is illustrated
in Figure [I1] below.

Figure 1.1: The path v in X.

We call o a braided reflection associated to s. The importance of this construction
will appear in Proposition below. We have the following property for braided
reflections (see [13] for a proof).

Proposition 1.2.3. Let s1 and so be two reflections that are conjugate in W and let
01 and o9 be two braided reflections associated to s1 and s, respectively. We have oy
and o9 are conjugate in B.



A reflection s is called distinguished if its only nontrivial eigenvalue is exp(2i7/o(s)),
where o(s) is the order of s. One can associate a braided reflection o, to each dis-
tinguished reflection s. In this case, we call o, a distinguished braided reflection
associated to s. We have the following result (see [I3] for a proof).

Proposition 1.2.4. The complex braid group B is generated by the distinguished
braided reflections associated to all the distinguished reflections in W.

Remark 1.2.5. By a theorem of Brieskorn [10], the complex braid group associated
to a finite Coxeter group W is isomorphic to the Artin-Tits group B(W) defined by
a presentation with generators and relations in Definition |1.2.1].

An important property of the complex braid groups is that they can be defined
by presentations with generators and relations. This generalizes the case of complex
braid groups associated to finite Coxeter groups (see Remark . Presentations
for the complex braid groups associated to G(de,e,n) and some of the exceptional
irreducible reflection groups can be found in [I3]. Presentations for the complex braid

groups associated to the rest of the exceptional irreducible reflection groups are given
in [5], [3], and [45].

1.3 Hecke algebras

Extending earlier results in [12], Broué, Malle, and Rouquier [I3] managed to gener-
alize in a natural way the definition of the Hecke (or Iwahori-Hecke) algebra for real
reflection groups to arbitrary complex reflection groups. Actually, they defined these
Hecke algebras by using their definition of the complex braid groups (see Definition
1.2.2)). The aim of this section is to provide the definition of the Hecke algebra as well
as some of its properties.

Let W be a complex reflection group and B its complex braid group as defined in
the previous section. Let R = Z[as ,, a;é] where s runs among a representative system
of conjugacy classes of distinguished reflections in W and 0 < ¢ < o(s) — 1, where
o(s) is the order of s in W. One can choose one distinguished braided reflection o,
for each distinguished reflection s. The definition of a distinguished braided reflection
was given in the previous section.

Definition 1.3.1. The Hecke algebra H(W) associated to W is the quotient of the
group algebra RB by the ideal generated by the relations

o(s)—1
Uso(s) = E as,io'sl
=0

where o4 is the distinguished braided reflection associated to s, where s belongs to a
representative system of conjugacy classes of distinguished reflections in W.

Remark 1.3.2. By Proposition[1.2.3 and the fact that the relations defining the Hecke
algebra are polynomial relations on the braided reflections, the previous definition of
the Hecke algebra does not depend on the choice of the representative system of conju-
gacy classes of distinguished reflections of W, nor on the choice of one distinguished



braided reflection for each distinguished reflection. It also coincides with the usual
definition of the Hecke algebra (see [13] and [50]).

Remark 1.3.3. When W is a finite Cozeter group with generating set S, the Hecke
algebra (also known as the Iwahori-Hecke algebra) associated to W is defined over
R = Z[al,aal] by a presentation with a generating set 3 in bijection with S and the

relations are 05005 - - = 040504 - - - along with the polynomial relations af = a105+ag
—_—

Mgt Mst

foralls € S.

An important conjecture (the BMR freeness conjecture) about H (W) was stated
in [13]:

Conjecture 1.3.4. The Hecke algebra H(W) is a free R-module of rank |W|.

Even without being proven, this conjecture has been used by some authors as an
assumption. For example, Malle used it to prove that the characters of H (W) take
their values in a specific field (see [44]). Note that the validity of this conjecture
implies that H(W) ®g F is isomorphic to the group algebra FW, where F is an
algebraic closure field of the field of fractions of R (see [50]).

Conjecture is known to hold for real reflection groups (see Lemma 4.4.3 of
[35]). Thanks to Ariki and Ariki-Koike (see [I] and [2]), the BMR freeness conjecture
holds for the infinite series G(de, e, n). Marin proved the conjecture for G4, Gas, G,
and G32 in [48] and [50] Marin and Pfeiffer pI‘OVGd it for G12, GQQ, 024, G27, Ggg,
G31, Gz, and G4 in [52]. In her PhD thesis and in the article that followed (see [15]
and [16]), Chavli proved the validity of this conjecture for G5, Gg, - - -, G15. Recently,
Marin proved the conjecture for Gap and Ga; (see [5I]) and finally Tsushioka for Gy7,
G1s, and G1g (see [64]). Therefore, after almost a quarter of a century, a case-by-case
proof of this conjecture has been established. Hence we have:

Theorem 1.3.5. The Hecke algebra H(W) is a free R-module of rank |W|.

The reason for recalling the BMR freeness conjecture is that in Chapter [4 a new
proof of this conjecture is provided for the general series of complex reflection groups
of type G(e,e,n) and G(d,1,n).

1.4 Motivations and main results

It is widely believed that the complex braid groups share similar properties with
Artin-Tits groups. One would like to extend what is known for Artin-Tits groups to
the complex braid groups. Denote by B(de, e, n) the complex braid group associated
to the complex reflection group G(de, e, n).

In this PhD thesis, we are interested in constructing interval Garside structures
for B(e,e,n) as well as explicit Krammer’s representations that would probably be
helpful to prove that the groups B(e, e,n) are linear. The next subsection gives an
idea about the interval structures obtained for B(e, e, n). In the second subsection, we
talk about the construction of a Hecke algebra associated to each complex reflection

10



group of type G(e, e,n) and G(d, 1,n) and its basis obtained from reduced words in the
corresponding complex reflection group. The last subsection is about the construction
of Krammer’s representations for B(e, e, n).

1.4.1 Garside monoids for B(e, e, n)

Brieskorn-Saito [II] and Deligne [3I] obtained nice combinatorial results for finite-
type Artin-Tits groups that generalize some results of Garside in [33] and [34]. They
described an Artin-Tits group as the group of fractions of a monoid in which divis-
ibility behaves nicely, and there exists a fundamental element whose set of divisors
encodes the entire structure of the group. In modern terminology, these objects are
called Garside monoids and groups. Many problems like the Word and Conjugacy
problems can be solved in Garside structures with some additional properties about
the corresponding Garside group. For a detailed study about Garside monoids and
groups, see [28]. Unfortunately, the presentations of Broué, Malle, and Rouquier for
B(de,e,n) (except for B(d,1,n)) do not give rise to Garside structures as it is shown
in [24] and [25]. Therefore, it is interesting to search for (possibly various) Garside
structures for these groups. For instance, it is shown by Bessis and Corran [4] in 2006,
and by Corran and Picantin [26] in 2009 that B(e,e,n) admits Garside structures.
It is also shown in [25] that B(de,e,n) admits quasi-Garside structures (the set of
divisors of the fundamental element is infinite). We are interested in constructing
Garside structures for B(e, e, n) that derive from intervals in the associated complex
reflection group G(e, e, n).

We use the presentation of Corran and Picantin for G(e,e,n) obtained in [26].
The generators and relations of this presentation can be described by the following
diagram. Details about this presentation can be found in the next chapter. In [26],
it is shown that if we remove the quadratic relations of this presentation, we get a
presentation of the complex braid group B(e,e,n) that we call the presentation of
Corran and Picantin of B(e,e,n).

Figure 1.2: Diagram for the presentation of Corran-Picantin of G(e,e,n).

The first step is to define geodesic normal forms (words of minimal length) for all

11



elements of G(e,e,n) over the generating set of the presentation of Corran and Pi-
cantin. This is the main result of Section 2.1 of Chapter 2] where the geodesic normal
forms are defined by an algorithm using the matrix form of the elements of G(e, e, n).
Moreover, these normal forms are generalized to the case of G(de, e, n) in Section 2.2
of the same chapter.

We will provide an idea about the interval structures for B(e,e,n) obtained in
Chapter [3] that follows essentially [58]. First, we equip G(e,e,n) with a left and a
right division. The description of a normal form for all elements of G(e, e, n) allows
us to determine the balanced elements (the set of left divisors coincide with the set
of right divisors) of maximal length and to characterize their divisors (see Theorem
. We get e — 1 balanced elements of maximal length which we denote by
A, A2 -+ Xe7L Suppose AF is a balanced element for 1 < k < e— 1 and [1, A\¥] is the
interval of the divisors of A\* in the complex reflection group. We manage to prove
that the interval [1,\¥] is a lattice for both left and right divisions (see Corollary
3.3.13). This is done by proving a property in Proposition for each interval
[1, \¥] that is similar to Matsumoto’s property for real reflection groups, see [53]. By
a theorem of Michel, see Section 10 of [54], we obtain a Garside monoid M ([1, \¥])
attached to each interval [1, \¥]. Moreover, we prove that M ([1, \¥]) is isomorphic to
a monoid that we denote by B (e, e,n) and that is defined by a presentation similar
to the presentation of Corran and Picantin, see Definition By B® (e, e,n), we
denote its group of fractions. One of the important results obtained is the following

(see Theorem [3.4.15)).
B (e, e, n) is isomorphic to B(e, e,n) if and only if k A e = 1.

When k A e # 1, each group B(k)(e, e,n) is described as an amalgamated product
of kAe copies of the complex braid group B(e’,e’,n) with ¢’ = e/e Ak, over a common
subgroup which is the Artin-Tits group B(2,1,n — 1). Furthermore, we compute the
second integral homology group of B(¥) (e, e,n) using the Dehornoy-Lafont complexes
[29] and the method of [I4] in order to deduce that B*)(e, e, n) is not isomorphic to
B(e,e,n) when k A e # 1. This is done in Section 3.4 of Chapter

The Garside monoids B®*(e, e, n) have been implemented using the development
version of the CHEVIE package for GAP3 (see [55] and [56]). In Appendix A, we
explain this implementation and provide an algorithm that computes the integral
homology groups of B*) (e,e,n) by using their Garside structures.

1.4.2 Hecke algebras for G(e,e,n) and G(d,1,n)

Ariki and Koike [2] proved Conjecture[L.3.4] for the case of G(d,1,n). Ariki defined in
[1] a Hecke algebra for G(de, e, n) by a presentation with generators and relations. He
also proved that it is a free module of rank |G(de, e,n)|. The Hecke algebra defined
by Ariki is isomorphic to the Hecke algebra defined by Broué, Malle, and Rouquier
in [I3] for G(de, e,n) (the details why this is true can be found in Appendix A.2 of
[61]). Hence one gets a proof of Conjecture for the case of G(de, e, n).

12



In Chapter 4] we define the Hecke algebra H(e,e,n) associated to G(e,e,n) as
the quotient of the group algebra Ry (B(e,e,n)) by some polynomial relations, where
Ry is a polynomial ring. It is also described by a presentation with generators and
relations by using the presentation of Corran and Picantin of B(e,e,n). Similarly, we
define the Hecke algebra H(d, 1,n) associated to G(d, 1,n) over a polynomial ring Ry
and describe it by a presentation with generators and relations by using the presen-
tation of the complex braid group B(d, 1,n).

Next, we use the geodesic normal forms obtained in Chapter 2| for G(e,e,n) and
G(d,1,n) in order to provide a nice description for a basis of the corresponding Hecke
algebra that is probably simpler than the one obtained by Ariki for the case of
G(e,e,n) and by Ariki-Koike for the case of G(d,1,n). Note that a basis for the
Hecke algebra associated with G(d,1,n) is also given in [J]. Getting a basis for the
Hecke algebra from geodesic normal forms is not very surprising since a spanning set
for the Hecke algebra in the case of real reflection groups is made from reduced word
representatives of the elements of the Coxeter group (see Lemma 4.4.3 of [35]).

By Proposition 2.3 (iz) of [51], the construction of these bases provide a new proof
of Theorem for the general series of complex reflection groups of type G(e, e, n)
and G(d, 1,n). We use Proposition 2.3 (i) of [51] to reduce our proof to find a spanning
set of the Hecke algebra over R of cardinal equal to the size of the corresponding
complex reflection group. We get Theorems [£.2.1] and [£:3.T] that are the main results
of Chapter [4

1.4.3 Krammer’s representations for B(e, e, n)

Both Bigelow [6] and Krammer [39, 40] proved that the classical braid group B, is
linear, that is there exists a faithful linear representation of finite dimension of the
classical braid group. This result has been extended to all Artin-Tits groups associ-
ated to finite Coxeter groups by Cohen and Wales [23] and Digne [32] by generalizing
Krammer’s representation as well as Krammer’s faithfulness proof. Paris proved in
[59] that Artin-Tits monoids inject in their groups (see Deﬁnition. This is done
by constructing a faithful linear (infinite dimentional) representation for Artin-Tits
monoids. The construction of the representation and the proof of the injectivity are
based on a generalization of the methods used by Cohen and Wales, Digne, and Kram-
mer. Moreover, a simple proof of the faithfulness of these representations was given
by Hée in [36]. Note that for the case of the classical braid group B,, the represen-
tations of B,, occur in earlier work of Lawrence [41].

Consider a complex braid group B(de,e,n). For d > 1, e > 1, and n > 2, it is
known that the group B(de, e, n) injects in the Artin-Tits group B(de, 1,n), see [13].
Since B(de, 1,n) is linear, we have B(de,e,n) is linear for d > 1, e > 1, and n > 2.
Recall that B(1,1,n) is the classical braid group, B(2,2,n) is an Artin-Tits group,
and B(e,e,2) is the Artin-Tits group associated to the dihedral group Iz(e). All of
them are then linear. The only remaining cases in the infinite series are when d = 1,
e > 2, and n > 2. This arises the following question:

Is B(e, e,n) linear for all e > 2 and n > 27

13



A positive answer for this question is conjectured to be true by Marin in [49]
where a generalization of the Krammer’s representation has been constructed for the
case of 2-reflection groups. The representation is defined analytically over the field
of (formal) Laurent series by the monodromy of some differential forms. It has been
generalized by Chen in [I§] to arbitrary reflection groups.

Zinno [66] observed that the Krammer’s representation of the classical braid
group B, factors through the BMW (Birman-Murakami-Wenzl) algebra introduced
in [7, 57]. In [21I], Cohen, Gijsbers, and Wales defined a BMW algebra for Artin-Tits
groups of type ADE and showed that the faithful representation constructed by Cohen
and Wales in [23] factors through their BMW algebra. In [I9], Chen defined a BMW
algebra for the dihedral groups, based on which he defined a BMW algebra for any
Coxeter group extending his previous work in [I7]. He also found a representation
of the Artin-Tits groups associated to the dihedral groups. He conjectured that this
representation is isomorphic to the generalized Krammer’s representation defined by
Marin in [49)] for the case of the dihedral groups.

Inspired by all the previous works, we define a BMW algebra for type (e, e,n) that
we denote by BMW (e, e, n), see Definitions andof Chapter 5. These defini-
tions are inspired from the monoid of Corran and Picantin of B(e,e,n) and from the
definition of the BMW algebras for the dihedral groups given by Chen in [19] and the
definition of the BMW algebras of type ADE given by Cohen, Gijsbers, and Wales in
[21]. Moreover, we describe BMW(e, e,n) as a deformation of a certain algebra that
we call the Brauer algebra of type (e, e,n) and we denote it by Br(e, e, n), see Defini-

tions and of Chapter 5. We prove in Proposition [5.3.13| that Br(e, e, 3) is
isomorphic to the Brauer-Chen algebra defined by Chen in [I8] when e is odd.

We are able to construct explicit linear (finite dimensional and absolutely irre-
ducible) representations that are good candidates to be called the Krammer’s repre-
sentations for the complex braid groups B(3,3,3) and B(4,4, 3). They are irreducible
representations of the BMW algebras BMW (3, 3,3) and BMW (4, 4, 3), respectively.
We use the package GBNP (]22]) of GAP4 and the platform MATRICS (|65]) for our
heuristic computations. In Chapter 5, we explain how to construct these representa-
tions. We conjecture that they are faithful, see Conjecture [5.4.1]

Our method uses the computation of a Grébner basis from the list of polynomials
that describe the relations of BMW (e, e, n). These computations are very heavy for
e > 5 when n = 3. However, we were able to compute the dimension of BMW(5, 5, 3)
and BMW (6, 6, 3) over a finite field for many specializations of the parameters of the
BMW algebra. This enables us to propose Conjecture [5.4.2] about the structure and
dimension of BMW(e, e, 3). In Appendix B, we provide the algorithms that enable us
to construct the Krammer’s representations and to propose Conjecture
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Chapter 2

(Geodesic normal forms for

G(de, e, n)

Contents
[2.1 Geodesic normal forms for G(e,e,n)|. . . . . . . ... ... 15
[2.1.1  Presentation for G(e,e,n)| . . . . . . ... ... 16
[2.1.2 Minimal word representatives| . . . . . . .. ... ... .. 17
[2.2  The general case of G(de,e,n)| . . . . ..o oo v oL 25
[2.2.1 Presentation for G(de,e,n)| . . . .. ... ... ... ... 25
[2.2.2 Minimal word representatives| . . . . . . .. ... ... .. 27
[2.2.3 The case of G(d,1,n)| . . ... ... ... ... ..... 32
2.3 Elements of maximal length| . . . ... ... ........ 35

The aim of this chapter is to define geodesic normal forms for the elements of the
general series of complex reflection groups G(de, e,n). This requires the elaboration
of a combinatorial technique to determine a reduced expression decomposition of an
element over the generating set of the presentation of Corran-Picantin [26] in the case
of G(e,e,n) and Corran-Lee-Lee [25] in the case of G(de,e,n) with d > 1. We start
by studying the case of G(e, e,n) and then the general case of G(de, e,n). The reason
for studying the case of G(e, e,n) separately is that we use it to prove the general case
and we will essentially use the results of the case of G(e, e, n) in the next chapters. We
therefore wanted to separate it from the other cases of the general series of complex
reflection groups.

2.1 Geodesic normal forms for G(e, e, n)

Recall that G(e,e,n) is the group of n x n monomial matrices where all nonzero
entries are e-th roots of unity and such that their product is equal to 1. We start
by recalling the presentation of Corran-Picantin for G(e,e,n). Then, we define an
algorithm that produces a word representative for each element of G(e, e, n) over the
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generating set of the presentation of Corran-Picantin. Finally, we prove that these

word representatives are geodesic. Hence we get geodesic normal forms for the groups
G(e,e,n).

2.1.1 Presentation for G(e,e,n)

Let e > 1 and n > 1. We recall the presentation of the complex reflection group
G(e,e,n) given in [26].

Definition 2.1.1. The complex reflection group G(e, e, n) can be defined by a presen-
tation with set of generators: X = {t; | i € Z/eZ} U {s3, 84, , Sn} and relations as
follows.

1 titi1 = tit;_1 fori,j € LJeZ,

tisst; = ss3t;s3 fori € Z/eZ,

st =1t;s; fori € Z/eZ and 4 < j < mn,
8i8i+18; = Si+18i8i4+1 for 3<i<n—1,

8iS; = 8;8; for |Z —j| > 1, and

S St o e

t; =1 foricZ/eZ and 87 =1 for 3 < j <n.

The matrices in G(e,e,n) that correspond to the set of generators X of this

0 ¢ 0
presentation are given by t; — t; == [ ¢ 0 0 for0<i<e-—1, and
0 0 I,
Ii_o 00 O
0 01 0 . . .
Sj > 85 = 0 10 0 for 3 < j < n. To avoid confusion, we use
0 0 0 I

normal letters for matrices and bold letters for words over X. Denote by X the set
{thth e 7t6’717 83, 7Sn}~

This presentation can be described by the following diagram. The dashed circle

describes Relation 1 of Definition [2.1.1} The other edges used to describe all the other
relations follow the standard conventions for Coxeter groups.
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Sp—1

Figure 2.1: Diagram for the presentation of Corran-Picantin of G(e,e,n).

Remark 2.1.2.

1. Fore=1 and n > 2, we get the classical presentation of the symmetric group S,.

2. Fore =2 and n > 2, we get the classical presentation of the Cozeter group of
type D,,.

3. For e > 2 and n = 2, we get the dual presentation of the dihedral group Ix(e),
see [60].

Remark 2.1.3. In their paper [26)], Corran and Picantin showed that if we remove the
quadratic relations (Relations 6 of Deﬁm’tion from the presentation of G(e, e,n),
we get a presentation of the complex braid group B(e,e,n). They also proved that
this presentation provides a Garside structure for B(e,e,n). The notion of Garside
structures will be developed in the next chapter.

We set the following convention.

Convention 2.1.4. A decreasing-index expression of the form s;s;_1---sy is the
empty word when i < i’ and an increasing-index expression of the form s;8;y1 sy
is the empty word when i > i'. Similarly, in G(e,e,n), a decreasing-index product of
the form s;8;_1---sy 1s equal to I, when i < i’ and an increasing-index product of
the form s;8;11 -+ sy 15 equal to I, when i > i, where I, is the identity n X n matriz.

2.1.2 Minimal word representatives

Recall that an element w € X* is called a word over X. We denote by £(w) the
length over X of the word w.

Definition 2.1.5. Let w be an element of G(e,e,n). We define £(w) to be the minimal
word length £(w) of a word w over X that represents w. A reduced expression of w
is any word representative of w of word length {(w).

Our aim is to represent each element of G(e,e,n) by a reduced word over X,
where X denotes the set of the generators of the presentation of Corran and Picantin
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of G(e,e,n). This requires the elaboration of a combinatorial technique to determine
a reduced expression decomposition over X for an element of G(e, e, n).

We introduce Algorithm [1| below (see next page) that produces a word RE(w)
over X for a given matrix w in G(e,e,n). Note that we use Convention in the
elaboration of the algorithm. Later on, we prove that RE(w) is a reduced expression
over X of w, see Proposition [2.1.16]

Let w, := w € G(e,e,n). For i from n to 2, the i-th step of Algorithm

transforms the block diagonal matrix ( v 0

Oi T ) into a block diagonal matrix

Wi—1 0 € G(e,e,n) with w; = 1. Actually, for 2 < ¢ < n, there exists
0 | In—it1

a unique ¢ with 1 < ¢ < n such that w;[i,c] # 0. At each step i of Algorithm if
w;[i, ¢] = 1, we shift it into the diagonal position [i, i] by right multiplication by trans-
positions of the symmetric group S,. If w;[i,c] # 1, we shift it into the first column
by right multiplication by transpositions, transform it into 1 by right multiplication
by an element of {tg,t1,---,t.—1}, and then shift the 1 obtained into the diagonal
position [é,4].

We provide two examples in order to better understand Algorithm The first
one is for an element w of G(3,3,4) and the second example is for an element w of
G(2,2,4), that is the Coxeter group of type D4. At each step, we indicate the values
of i, k, and ¢ such that w;[i,c] = ¢¥.

0 0 0 1
. 0 ¢ 0 0
Example 2.1.6. We apply Algorithm|1| to w := 0 0 & 0 € G(3,3,4).
3
1 0 0 0
0 0 1 0
Step1 (i=4,k=0 1w i 0 00
e i=4,k=0,c=1): w := wsy8384 = .
P 25354 0 0 0
0 0 01
0 0 1 0
) 0 ¢ 0 0
— — — . A / — 3
Step 2 (i =3, k=1,c=2): v :=w'sy = G 0 0 ol
0 0 0 1
0 01 0 0 1 0 0
1000 00 0
Pl P e
then w' := w't] = 010 0 , then w' := w's3 = T 0 1 0
0 0 01 0 0 0 1

Step 3 (i =2,k=0,c=1): w' :=w'sy = I4.
Hence RE(w) = sos3t1S2848382. Recall that sa = to. Thus, RE(w) = tosstitossssto.
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Input : w, a matrix in G(e,e,n), with e > 1 and n > 2.
Output: RE(w), a word over X.

Local variables: w', RE(w), i, U, ¢, k.

Initialisation: U := [1,(., (2, ..., (¢, 59 := tg, So 1= to,

RE(w) := &: the empty word, w’ := w.

for i from n down to 2 do
c:=1; k:=0;
while w'[i,c] = 0 do
‘ c:=c+1;
end
#Then w'[i, c] is the root of unity on the row i;
while Uk + 1] # w'[i, c] do

‘ k:=k+1,

end

#Then w'[i,c] = CF.

if k # 0 then
w = w'SeSe_1 - 8389ty; #Then w'[i, 2] = 1;
RE(w) := tsas3 - - - s RE(w);
c:=2;

end

w' = w'sep1 - si-18i; #Then w'[i i) = 1;
RE(w) :=8;8;—1 - * Se41 RE(w);

end

Return RE(w);

Algorithm 1: A word over X corresponding to an element w € G(e, e, n).
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0 1 0 O
. 0 0 0 -1
Example 2.1.7. We apply Algorithm|i| to w := 0 01 0 € G(2,2,4).
-1 0 0 O
-1 0 0 O
- _ 1N, N 0O 0 0 -1
Step 1l (i=4,k=1,c=1): w' :=wty = o 01 ol
0 1.0 0
-1 0 0 O
0 0 -1 0
I o _
then w' := w'sgsy = o 1 0 ol
0 0 0 1
-1 0 0 0
) — — — . e i e — 0 -1 0 0
Step 2 (i =3,k =0,c=2): v :=w's3 = 0 0 1 o
0 0 01
0 -1 0 0
. -1 0 0 0
— — — . A / —
Step 3 (i=2,k=1,c=2): v :=w'sy = o o0 1 ol
0 0 0 1

then w' = w'ty = I4.
Hence RE(w) = t182838483t1 = t1tpS3s4s3ty (since sy = tp).

Remark 2.1.8. Let w be an element of G(e,e,2), that is the dihedral group Is(e).
Denote by e the empty word. By Algorithm [1] and by assuming Convention
RE(U}) belongs to {87 th tla e 7te—17 t1t307 t2tOv e ;te—ltO}'

The next lemma follows directly from Algorithm [I]
Lemma 2.1.9. For 2 <i <n, suppose w;[i,c|] # 0. The block w;_1 is obtained by
e removing the row i and the column ¢ from w;, then by

e multiplying the first column of the new matriz by w;[i, c|.

Example 2.1.10. Let w be as in Ezample [2.1.6, where n = 4. The block ws is

obtained by removing the row number 4 and first column from ws = w to obtain
0 0 1
¢3 0 0|, then by multiplying the first column of this matriz by 1. The same can
0 ¢ 0

be said for the other block ws.

Definition 2.1.11. Let 2 < i < n. Denote by w;[i, c] the unique nonzero entry on
the row 1 with 1 < ¢ <1.

o Ifw;li,c] =1, we define RE;(w) to be the word
SiSi—1°*Sctr1 (decreasing-index expression).

20



o If w;i,c] = ¢¥ with k # 0, we define RE;(w) to be the word
Si-"Sgtk ifc:l,
SZ‘"'S3tk-t0 ’ifC:2,
Si"'Sgtkt()Sg"'Sc chzg

Remark that for 3 < ¢ < n, the word RE;(w) is either the empty word (when
w;[i,i] = 1, see Convention [2.1.4]) or a word that contains s; necessarily but does not
contain any of s;y1,8;42, -+ ,s,. Remark also that for ¢ = 2, by using Convention

we have REQ(’UJ) S {6,t0,t1, s ,te_l,tlto, s ate—ltO}-
Lemma 2.1.12. We have RE(w) = REs(w)RE3(w) - - - RE, (w).

Proof. The output RE(w) of Algorithm [1|is a concatenation of the words
RE5(w), RE3(w), - - -, and RE,,(w) obtained at each step i from n to 2 of Algorithm [I]
O

Example 2.1.13. If w is defined as in Ezample[2.1.6, we have
RE'(w) = to Sgtlto S4Sgt0.
~N S~ Y——

REQ(U}) REg(w) 1?E4(u})

Proposition 2.1.14. The word RE(w) given by Algom'thm is a word representative
over X of w € G(e, e, n).

Proof. Algorithm [I] transforms the matrix w into I, by multiplying it on the right
by elements of X. We get wxy-- -z, = I,, where x1, ---, x, are elements of X.
Hence w = z; -~ 27! = x, -2, since 22 = 1 for all ; € X. The output RE(w)
of Algorithm [I| is RE(w) = x,---x;. Hence it is a word representative over X of
w € G(e,e,n).

O

The following proposition will prepare us to prove that the output of Algorithm
is a reduced expression over X of a given element w € G(e, e, n).

Proposition 2.1.15. Let w be an element of G(e,e,n). For all x € X, we have

[(RE(zrw)) — £(RE(w))| = 1.

Proof. For 1 < i < n, there exists a unique ¢; such that w[i,c;] # 0. We denote
wli, ¢;] by aj.

Case 1: Suppose z = s; for 3 < i <n.

Set w’ := s;w. Since the left multiplication by the matrix x exchanges the rows
i—1 and 7 of w and the other rows remain the same, by Definition [2.1.11]and Lemma
we have:

RE; 1 (zw)RE;12(2w) -+ - RE, (zw) = RE;41(w)RE;42(w) - - - RE,(w) and
REs(zw)RE3(zw) - - - RE;_o(xw) = RE(w)RE3(w) - - - RE;_o(w).

Then, in order to prove our property, we should compare £; := £(RE;_1(w)RE;(w))
and £y := €(RE;_1(zw)RE;(zw)).
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Suppose ¢;—1 < ¢;, by Lemma [2.1.9] the rows ¢ — 1 and 4 of the blocks w; and w)
are of the form:

.. c B
w; 71— 1 bi—l
) a;
c d )
, 1—1 @i
Y i b1

with ¢ < ¢’ and where we write b;_; instead of a;_1 since a;_; may change when
applying Algorithm [I|if ¢;_; = 1, that is a;—; on the first column of w.

We will discuss different cases depending on the values of a; and b;_1.
e Suppose a; = 1.

I by =1,
we have RE;(w) = 8;+--Sw428c41 and RE; _1(w) = 8;—1-* - Sct28ct1-
Furthermore, we have RE;(zw) = 8; -+ Sc+28c+1
and REi_1(a:w) = 8ij—1"""Sc'+18¢ -
It follows that £ = ((i — 1) — (c+ 1)+ D)+ (i—(+1)+1) =2i—c— -1
and o = ((i—1)—c+1)+(i—(c+1)+1) =2i—c—c hence €y = £; + 1.

- Ifbi_l :Cf WithlSkS(i*l,
we have RE;(w) = 8; -+ Ser428c4+1 and RE;_q(w) = 8;_1 - - - S3trtoss - - - S.
Furthermore, we have RE;(zw) = s;---Sstptoss - -s. and RE;_1(zw) =
Si1-Su.
It follows that £; = (((i—1)—34+1)+2+(c—34+1))+(i—(+1)+1) = 2i+
c—c—=3and £y = ((1—1)—c+1)+((:—3+1)+2+(c—3+1)) = 2i+c—c'—2
hence €5 = €, + 1.

It follows that
if a; = 1, then £(RE(s;,w)) = £(RE(w)) + 1. (a)

e Suppose now that a; = (¥ with 1 <k <e— 1.

—Ifb,_1 =1,
we have REl(w) = 8; " 83tkt083 st Ser and REi_l(’LU) = 8j—1"""Sc+1-
Also, we have RE;(zw) = 8; -+ - Sc+1 and
REl-_l(xw) = 8;—1""" Sgtktosg s 8er—1.
It follows that £, = ((i—1) —(c+1) - 1)+ ((i =34+ 1)+2+(d —3+1))
2i—c+c'—band £y = (((i—1)—34+1)4+24+((¢'=1)=3+1))+(i—(c+1)—1)
2i —c+c — 6 hence €y = £; — 1.
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— I b =C withl1 <k <e—1,
we have RE;(w) = s; - - S3titoss - -+ S and
REifl(’LU) = 8;—1""" Sgtk/tosg o Se.
Also, we have RE;(xw) = 8; - - - Sgt/toSs -+ - 8. and
REi_l(a:w) = 8;—1""" Sgtkt083 cer8er—1.
It follows that £1 = ((i—1)—3+1)+24+(c—34+1)+(i—3+1)+2+(d—3+1) =
2itc+cd —band by =((i—1)—3+1)+2+((d—-1)—-3+1)+(i—3+
1)+24+(c—3+1)=2i+c+c — 6 hence €, =£; — 1.

It follows that
if a; # 1, then £(RE(s,w)) = £(RE(w)) — 1. (b)

Suppose, on the other hand, ¢;_1 > ¢;. Recall that w’ = s;w. If w'[i — 1,¢,_,] and
w'[i, ¢;] denote the nonzero entries of w’ on the rows i — 1 and i, respectively, we have
w'fi —1,¢,_] = a; and w'[i, ;] = a;—1. For w’, we have ¢,_; < ¢}, in which case the
preceding analysis would give:

if a;_1 =1, then £(RE(s;(s;w))) = €(RE(s;w)) + 1,
if a;—1 # 1, then £(RE(s;(s;w))) = £(RE(s;w)) — 1.

Hence, since s? = 1, we get the following:

if a;—1 = 1, then £(RE(s;w)) = £(RE(w)) —
if a;—1 # 1, then €(RE(s;w)) = £(RE(w)) + 1. ).

Case 2: Suppose x =t; for 0 <i <e—1.

Set w’ := t;w. By the left multiplication by ¢;, we have that the last n — 2 rows
of w and w’ are the same. Hence, by Definition and Lemma we have:
RE5(zw)RE4(zw) - - - RE, (zw) = RE3(w)RE4(w) -+ RE,(w). In order to prove our
property in this case, we should compare £; := £(RE5(w)) and £y := €(RE>(zw)).

e Consider the case where ¢; < cs.

Since ¢; < co2, by Lemma the blocks we and w are of the form:

B by 0 ;L 0 Ce_iaz . . .
Wy = <O a and wy = Qébl 0 with by instead of a; since a; may
change when applying Algorithm [I]if ¢; = 1.

— Suppose as = 1,
we have b; = 1 necessarily hence £; = 0. Since REs(zw) = t;, we have
£y = 1. It follows that when ¢; < co,

if a; = 1, then £(RE(t,w)) = £(RE(w)) + 1. (c)

— Suppose az = (¥ with 1 <k <e — 1, then by = (J*.
We get RE>(w) = trtog. Thus, £; = 2. We also get REs(zw) = t;—g. Thus,
£y = 1. It follows that when ¢ < ¢o,
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if ag # 1, then £(RE(t,w)) = £(RE(w)) — 1. (d)

e Now, consider the case where ¢; > co.

Since ¢; > ¢, by Lemma the blocks we and wj are of the form:

by 0 0 éal

—i
Wy = (O “ and w) = G b O ) with by instead of as since as may
change when applying Algorithm [I]if ¢ = 1.

— Suppose ay # (", then by # (L.

We have £; = 1 necessarily, and since (la; # 1, we have £ = 2. Hence
when ¢; > co,

if ay # (¢, then £(RE(t;w)) = £(RE(w)) + 1. (e)

— Suppose a; = (.7,
we have £1 =1 and £5 = 0. Hence when ¢y > co,

if a; = (¢, then £(RE(t;w)) = £(RE(w)) — 1. (f)
This finishes our proof. 0

Proposition 2.1.16. Let w be an element of G(e,e,n). The word RE(w) is a reduced
expression over X of w.

Proof. We must prove that £(w) = £(RE(w)).
Let x1x5 - - - X,- be a reduced expression over X of w. Hence ¢(w) = €(x1x3 -+ X,.) = 7.
Since RE(w) is a word representative over X of w, we have £(RE(w)) > £(Xx1X2 -+ X,) =
r. We prove that £(RE(w)) < r. Observe that we can write w as 1z - - -z, where
X1, &2, -, are the matrices of G(e, e, n) corresponding to x1,Xa, -+ , X,
By Proposition[2.1.15] we have: £(RE(w)) = £(RE(z122 - - x,)) < £(RE(z2x3 -+ - 2,) )+
1<el(RE(x3---x,))+2<--- <r. Hence £(RE(w)) = r = {(w) and we are done.

O

The following proposition is useful in the next chapter. Its proof is based on the
proof of Proposition [2.1.15

Proposition 2.1.17. Let w be an element of G(e,e,n). Denote by a; the unique
nonzero entry w[i,ci] on the row i of w where 1 <1i,¢; < n.

1. For 3 <1 < n, we have:
(a) if ci—1 < ¢, then
L(s;w) = L(w) — 1 if and only if a; # 1.
(b) if ci—1 > ¢;, then
L(s;w) = b(w) — 1 if and only if a;—1 = 1.

2. Ifc1 < co, thenV 0 <k <e—1, we have
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L(tpw) = L(w) — 1 if and only if ag # 1.
8. If ¢ > co, thenV 0 <k <e—1, we have
U(tpw) = L(w) — 1 if and only if a; = (*.

Proof. The claim 1(a) is deduced from (a) and (b), 1(b) is deduced from (a’) and (¥'),
2 is deduced from (¢) and (d), and 3 is deduced from (e) and (f) where (a), (b), (a'),

(t), (c), (d), (e), and (f) are given in the proof of Proposition [2.1.15]
O

Remark 2.1.18. Proposition [2.1.17 will be useful to implement in Appendiz A the
interval Garside monoids that we will construct in the next chapter.

2.2 The general case of G(de, e, n)

In this section, we generalize the geodesic normal forms to all the general series of
complex reflection groups G(de, e,n) where d > 1, ¢ > 1, and n > 2. Geodesic normal
forms for G(d,1,n) are studied in the last subsection. We start by providing the
presentation of Corran-Lee-Lee [25] of G(de, e, n).

2.2.1 Presentation for G(de, e, n)

Recall that the complex reflection group G(de, e, n) is the group of monomial matrices
whose nonzero entries are de-th roots of unity and their product is a d-th root of unity.
There exists a presentation of the complex reflection group G(de,e,n) given in [25]
ford>1,e>1,and n > 2.

Definition 2.2.1. The complex reflection group G(de,e,n) is defined by a presenta-
tion with set of generators: X = {z}U{t; | i € Z/deZ}U{ss,s4, - ,sn} and relations
as follows.

1. zt; =t;,_.z fori € Z/deZ,

zs; = s;z for 3 < j < mn,

tit,i_1 =t;t;_1 fori,j € Z/deZ,

t;sst; = sstisg fori € Z/deZ,

s;t; = t;s; fori € Z/deZ and 4 < j < mn,
SiSi+18; = Si+18iSi+1 for 3 <i<n-—1,

S;S; = S;8; fOT’ |’L — _]| > 1, and

S R R N

d=1,t2 =1 fori € Z/deZ, ands?:1f0r3§j§n.
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The generators of this presentation correspond to the following n x n matrices.

0 ¢t 0
The generator t; is represented by the matrix t; = [ ¢}, 0 0 for i € Z/deZ,
0 0 I,

z by the diagonal matrix z = Diag((a,1,---,1) where {34 = exp(2ir/d), and s; by
the transposition matrix s; = (j — 1, ) for 3 < j < n. To avoid confusion, we use
normal letters for matrices and bold letters for words over X. Denote by X the set
{z,t0,t1,- - s tage—1,83, -+ ,8n}-

This presentation can be described by the following diagram. The dashed circle
describes Relation 3 of Definition 2.2l The curved arrow below z describes Rela-
tion 1. The other edges used to describe all the other relations follow the standard
conventions for Coxeter groups.

._d®/®s7l

Sp—1

Figure 2.2: Diagram for the presentation of Corran-Lee-Lee of G(de,e,n).

Proposition 2.2.2. Let e = 1. The presentation provided in Definition [2.2.1] is
equivalent to the classical presentation of the complex reflection group G(d,1,n) that
can be described by the following diagram.

4 So S3 Sp—1 Sn

(D D—

Figure 2.3: Diagram for the presentation of G(d,1,n).

Proof. Let ¢ = 1. Relation 1 of Definition becomes zt,; = t¢z, that is t; =
z 'toz. Also by Relation 3 of Deﬁnition we have t, =z *toz" for 1 < k < d—1.
If we remove t1,--- ,t;_1 from the set of generators and replace every occurrence of
t, in the defining relations with z*ktozk for 1 < k < d — 1, we recover the classical

presentation of the complex reflection group G(d,1,n).
O

Remark 2.2.3. For d = 2, the presentation described by the diagram of Figure
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is the classical presentation of the Coxeter group of type B,,.

Remark 2.2.4. In [2])], it is shown that if we remove Relations 8 of Deﬁm’tionm
from the presentation of G(de,e,n), we get a presentation of the complex braid group
B(de,e,n). It is also shown that this presentation provides a quasi-Garside structure
for B(de,e,n). The notion of Garside (and quasi-Garside) structures will be developed
in the next chapter.

We set Convention in the case of the presentation of G(de,e,n) given in
Definition and in the case of the presentation of G(d,1,n) described by the
diagram of Figure We also set the convention that z° is the empty word. These
conventions will be helpful to provide all the possible cases of the words that appear
in Definitions and below. Also they ensure that Algorithms [2] and [3] that
we will introduce in the next subsections work properly.

2.2.2 Minimal word representatives

Consider the complex reflection group G(de,e,n) with d > 1, e > 1, and n > 2. Our
aim is to represent each element of G(de,e,n) by a reduced word over X, where X
is the set of the generators of the presentation of Corran-Lee-Lee of G(de,e,n), see
Definition 2.2.1] Recall that X denotes the set of the matrices in G(de,e,n) that
correspond to the elements of X.

We introduce Algorithm [2| below (see next page) that produces a word RE(w)
over X for a given matrix w in G(de,e,n). For d = 1, this algorithm is the same as
Algorithm [1] that corresponds to the case of G(e,e,n). We will also have that the
output RE(w) of Algorithm [2]is a reduced word representative of w € G(de, e, n) over
X.

Let w, = w € G(de,e,n). For i from n to 2, the i-th step of Algorithm

transforms the block diagonal matrix ( 181 0 : ) into a block diagonal matrix
< w’al 7 0 ) € G(de,e,n) in the same way as Algorithm We finally get
n—i+1
wy, = (5 for some 0 < k < d — 1, where ij is equal to the product of the nonzero
entries of w. By multiplying ( U(})l 7 ) on the right by 27, we get the identity
n—1
matrix I,,.
G 0 0 0
. 0 0 1 0
Example 2.2.5. We apply Algorithm|Z to w := 0 0 0 ¢ € G(9,3,4).
9
0 ¢ 0 O
0 ¢ 0 0
. 0 0 1 0
_ _ — 1Y) gy — _ I gt —
Step 1 (i = 4,k = 0,¢ = 1): W = wsy = 0 0 0 G , then w' = w't; =
o 0 0 O
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Input : w, a matrix in G(de,e,n) withd > 1, e > 1, and n > 2.

Output: RE(w), a word over X.

Local variables: w’, RE(w), i, U, V, ¢, k.

Initialisation: U := (1, Cge, 2oy €501, Vo= (1,60, G20, !
= w.

Sg := tg, RE(w) := e: the empty word, w’ :

]) S2 1= tO,

for i from n down to 2 do
c:=1; k:=0;
while w'[i,c] =0 do
‘ c:=c+1;
end
#Then w'|i, | is the root of unity on the row i;
while U[k + 1] # w'[i, ¢] do

‘ k:=k+1,

end

#Then w'li,c] = ¢k .

if k # 0 then
w = w'Ses._1 - 8389tk; ZThen w'[i, 2] = 1;
RE(w) := tySess - - - s RE(w);
c:=2;

end

w = w'Seq1 - 8i-18:; #Then w'[i,i] = 1;
RE(U)) =881 SC+1RE(’LU);

end

k:=0;

while V [k + 1] # w'[1,1] do
‘ k:=k+1,;

end

#Then w'[1,1] = ¢k;
w =w'z7k #Then w' = I,;

if k # 0 then
‘ RE(w) = z" RE(w);
end

Return RE(w);

Algorithm 2: A word over X corresponding to a matrix w € G(de, e, n).
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200 0 G 0 0 0
00 10 then w' = w’ = 0 1 0 0
0 00 Gl TWSSE g 0
0 1 0 0O 0O 0 0 1
0 ¢2 0 0
Step 2 (1 = 3,k = 1,¢c = 3): w = w'szsy = é) 8 (1) 8 , then w' = w'ty =
9
0 0 0 1
G 000 G 0 00
0 010 bl |0 0 0
010 0 , then w' := w's3 = 0 0 1 0
0 0 0 1 0 0 0 1
000 000
Step3 (i=2k=0,c=2:w=| 0 1 00 _10 1070
0 010 0 010
0 0 0 1 0 0 0 1

St@p 4 (k = 1).’ w' = w’zil = [4_
Hence RE(w) = zs3t1S2838483t182 = zs3t1tpsssasstity (since so = tg).

The next lemma follows directly from Algorithm [2]
Lemma 2.2.6. For 2 < i <mn, suppose w;[i,c|] # 0. The block w;_1 is obtained by
e removing the row ¢ and the column c from w;, then by
o multiplying the first column of the new matriz by w;[i, c].
Moreover, if we denote by a; the unique nonzero entry on the row i of w, we have

wlznaizﬁgforogkgd—l.
i=1

Definition 2.2.7. Let 1 <i < n. Let w;[i,c] #0 for 1 <c¢<i.
o Ifwy; =Ch with0 <k <d—1, we define RE1(w) to be the word z*.

o Ifw;li,c] =1, we define RE;(w) to be the word
SiSi—1 - Sct1 (decreasing-index expression,).
o Ifw;li,c] = ¢k with k # 0, we define RE;(w) to be the word
Si-'-Sgtk ifc:l,
Si”-SgtktO ifCZQ,
Si"'S3tkt053"'Sc ’LfCZg

The output RE(w) of Algorithm [2]is a concatenation of the words RE; (w), RE»(w),
-+, and RE, (w) obtained at each step ¢ from n to 1 of Algorithm [2 Then we have
RE(w) = RE;(w)REz(w) - - - RE, (w).

Example 2.2.8. If w is defined as in Ezample[2.2.5, we have
RE(w) = _z  sstitgss s4sstite, where REy(w) is the empty word.
N e N —

RE1(w)  REs(w) RE4(w)
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Proposition 2.2.9. Let w € G(de,e,n). The word RE(w) given by Algorithm@ is a
word representative over X of w € G(de, e, n).

Proof. Let w € G(de,e,n) such that the product of all the nonzero entries of w is
equal to CC’l“ for some 0 < k < d — 1. Algorithm [2| transforms the matrix w into I,
by multiplying it on the right by elements of X. We get wzy -+ - x,_1x,. = I,,, where
x1,---,x,_1 are elements of X \ {z} and x, = 27%. Hence w = x,; 'a ', .- a7’ =
2Fx._y - xy since 22 = 1 for 1 < i < r — 1. The output RE(w) of Algorithm [2]is
RE(w) = zFx,_1 ---x;. Hence it is a word representative over X of w € G(de, e, n).
O

The following proposition is similar to Proposition [2.1.15] It enables us to prove
that the output of Algorithm [2] is a reduced expression over X of a given element
w € G(de, e, n).

Proposition 2.2.10. Let w be an element of G(de,e,n). For all x € X, we have
L(RE(zw)) < £(RE(w)) + 1.
Proof. For 1 < i < n, there exists a unique ¢; such that w[i,¢;] # 0. We denote

wli, ¢;] by a;. We have Hai = C§ for some 0 < k <d—1.
i=1

Case 1: Suppose z = s; for 3 < i <n.

This case is done in the same way as in the proof of Proposition 2.1.15] We get
(a), (b), (a’), and (b'), see Case 1 in the proof of Proposition [2.1.15

Case 2: Suppose z =t; for 0 < i < de — 1.

Set w' := t;w. By the left multiplication by t;, we have that the last n — 2 rows
of w and w’ are the same. Hence, by Definition and Lemma we have:
RE;(zw)RE4(zw) - - - RE, (zw) = RE3(w)RE4(w) -+ RE,(w). In order to prove our
property in this case, we should compare £, := £(RE; (w)RE5(w)) and
£2 = K(REl(xw)REg(xw))

e Consider the case where ¢; < ¢s.

Since ¢; < co2, by Lemma the blocks wsy and w) are of the form:

o b1 0 ; 0 CE;CLQ . . .
Wy = (0 a2> and wy = <<(iieb1 0 with b; instead of a; since a; may

change when applying Algorithm [2if ¢; = 1.

— Suppose as = 1,
we have by = (% hence £ = k. We also have REz(zw) = ;1. and
RE; (zw) = z*. Hence we get £y = k + 1. It follows that when ¢; < ca,

if as = 1, then £(RE(t;w)) = £(RE(w)) + 1. (c)
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— Suppose ay = ij; with 1 < k' <de—1,

we have b; = C;:_k/. We get RE>(w) = tpty and RE(w) = zF. Thus,
£, =k +2. We also get REy(zw) = therip and RE;(xw) = z*. Thus,
£y = k + 1. It follows that when c¢; < ¢o,

if ag # 1, then £(RE(t;w)) = £(RE(w)) — 1.

=

e Now, consider the case where ¢; > co.

Since ¢; > ¢g, by Lemma the blocks we and w} are of the form:

b2 0 0 Céeal
change when applying Algorithm [2]if ¢ = 1.

—i
Wy = (0 ) and wh = Cae b2 0 ) with by instead of ay since as may

— Suppose a; # (d_ei,
we have £; =k + 1, and since ¢} a1 # 1, we have €5 = k + 2. Hence when
c1 > C2,

if a1 # (', then £(RE(t;w)) = £(RE(w)) + 1. (e)
— Suppose a; = Cd_ei, we have by = é‘:ek.
We get £1 = k+ 1 and €5 = k. Hence when ¢; > co,

if a1 = (', then £(RE(t;w)) = £(RE(w)) — 1. (f)

Case 3: Suppose = = z.

Set w’ := zw. By the left multiplication by z, we have that the last n — 1 rows of
w and w’ are the same. Hence, by Definition and Lemma we have:
RE5(zw)RE3(zw) - - - RE, (zw) = RE9(w)RE3(w) -+ RE,(w). In order to prove our
property in this case, we should compare £; := £(RE;(w)) and £ := €(RFE; (zw)).

We get w; is equal to by and w] = (4b; with by instead of a; since a; may change
n
when applying Algorithm [2|if ¢; = 1. We have b; = H a; = gj; for some 0 < k <d-—1.

i=1
Henceif k A#d—1, weget £y =kand €y =k+1landifk=d—1, weget £ =d—1
and €5 = 0. It follows that
£(RE(zw)) < €(RE(w)) + 1. (9)
O

By using Proposition [2:2.10] we apply the argument of the proof of Proposition
2.1.16)and deduce that RE(w) is a reduced expression over X of w € G(de, e,n). Hence
Algorithm [2| produces geodesic normal forms for G(de, e, n). Proposition is also
valid for the case of G(de, e, n), where we replace e by de. It summarizes the proof of

Proposition [2:2.10}
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2.2.3 The case of G(d,1,n)

We provide similar constructions for the case of G(d,1,n) for d > 1 and n > 2. We
recall the diagram of the presentation of G(d, 1,n).

Z So S3 Sn—1 Sn
()
The set of the generators is denoted by X = {z,sq,---,s,}. The generator z

corresponds to the matrix z := Diag((g4,1,---,1) in G(d,1,n) with (4 = exp(2ir/d)
and s; corresponds to the transposition matrix s; := (j — 1, j) for 2 < j < n. Denote
by X = {z, 52,83, -, Sn} the set of these matrices.

We define Algorithm [3|below (see next page) in the same way as Algorithms|l|and
It produces a word RE(w) for each matrix w of G(d,1,n). We explain the steps
of the algorithm. Let w, := w € G(d,1,n). For i from n to 1, the i-th step of the

algorithm transforms the block diagonal matrix < 0T

> into a block diagonal

matrix ( wio_l 7 0 ) € G(d,1,n). Let w;[i, c] # 0 be the nonzero coefficient on
n—i+1
the row i of w;. If w;[i,c] = 1, we shift it into the diagonal position [i,] by right

multiplication by transpositions. If w;[i, ] = C!j with k > 1, we shift it into position
[i,1] by right multiplication by transpositions, followed by a right multiplication by

, then we shift the 1 obtained in position [i,1] into the diagonal position [i, ]
by right multiplication by transpositions. Let us illustrate these operations by the
following example.

0 ¢ 0
Example 2.2.11. Letw:=| 0 0 (2] € G(3,1,3).
G 00
0 ¢ 0
Stepl (i=3,k=2,c=1):w =wz"2=|0 0 (2|, then
1 0 O
€ 0 0
w = w'ses3 = | 0 C§ 0
0 0 1
0 ¢ 0
Step 2 ( 2k =2c=1):w =wsy =[G 0 0], thenw = w22 =
0 0 1
0 ¢ 0 0 0
1 0 0], thenw wss=10 1 0
0 0 1 0O 0 1
Step3 (i=1,k=1c=1): v :=wz"'=1I;.
Hence RE(w) = zs 2z 289838922,
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Input : w, a matrix in G(d, 1,n), with d > 1 and n > 2.
Output: RE(w), a word over X.

Local variables: w’, RE(w), i, U, ¢, k.

Initialisation: U := [1,(4, (3, -+, 3_1}, RE(w) := &: the empty word,

w' = w.

for ¢ from n down to 1 do
c:=1; k:=0;
while w'[i,c] =0 do
‘ c:=c+1;
end

#Then w'[i, ] is the root of unity on the row i;
while Ulk + 1] # w'[i, ¢] do

‘ k:=k+1,;

end

#Then w'li, ] = ¢k.

if k # 0 then
W' = w'seS5e_1 538027 F; #Then w'[i, 2] = 1;
RE(w) := zFsys3 - - - s . RE(w);
c:=1;

end

w = w'Seq1 - 8i-18:5 #Then w'[i,i] = 1;
RE(U}) = 8iS;_—1°"" SC+1RE(1U);

end

Return RE(w);

Algorithm 3: A word over X corresponding to an element w € G(d, 1,n).

33



The next lemma follows directly from Algorithm[3] Remark the difference between
the next lemma and lemmas 2.1.9] and 2.2.6]

Lemma 2.2.12. For2 < i < n, the block w; is obtained by removing the row i and the
column ¢ from w;. Moreover, w1 is equal to the nonzero entry on the first row of w.

Definition 2.2.13. Let 1 <i < n. Let w;[i,c] #0 for 1 <c¢ <i.

o Ifw = C]j for some 0 < k < d—1 (this is equal to the nonzero entry on the
first row of w), we define RE1(w) to be the word z*.

o Ifw;li,c] =1, we define RE;(w) to be the word
SiSi—1-"Setr1 (decreasing-index expression).
o If wili,c] = C% with k # 0, we define RE;(w) to be the word
Si---s3zF ifc=1,
Si---S380Z°s983 -8, ifc> 2.

As for Algorithm[2] the output of Algorithm 3]is equal to RE; (w)RE»(w) - - - RE,(w).
In Example 2.2.11} we have RE(w) = _z  s2z°Sy $35:2°.
~ =

RE1(w) REs(w) RE3(w)

The proof of the next proposition is the same as the proof of Proposition [2.2.9]

Proposition 2.2.14. Let w € G(d,1,n). The word RE(w) given by Algorithm [3 is
a word representative over X of w € G(d,1,n).

The following proposition enables us to prove that the output of Algorithm [3]
is a reduced expression over X of a given element w € G(d,1,n). It is similar to

Propositions [2.1.15| and [2.2.10]

Proposition 2.2.15. Let w be an element of G(d,1,n). For all x € X, we have
L(RE(zw)) < £(RE(w)) + 1.

Proof. We have two cases. The first one is for x = s; (2 <4 < n). This is done in the
same way as Case 1 in the proof of Proposition 2.1.15] The second case is for z = 2.
This is done in the same way as Case 3 in the proof of Proposition [2.2.10] We get
(a), (b), (a’), (V'), and (g) as in the proofs of Propositions [2.1.15| and [2.2.10

O

Now, we apply the argument of the proof of Proposition and deduce that
RE(w) is a reduced expression over X of w € G(d,1,n). Hence Algorithm produces
geodesic normal forms for G(d, 1,n). We also get Proposition (1). When d = 2,
that is the case of the Coxeter group G(2,1,n) of type B,, as a direct consequence of
the proof of Proposition we have the following.

Proposition 2.2.16. Let w be an element of G(2,1,n). Denote by a; the unique
nonzero entry w[i,ci] on the row i of w where 1 <1i,¢; < n.

1. We have {(zw) = (w) — 1 <= a3 = —1.
2. For 2 <1 < n, we have:

(a) if cic1 < ¢, then (s;w) = (w) — 1 <> a; # 1.
(b) if ci—1 > ¢, then l(s;w) = b(w) — 1 <= a;—1 = 1.
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2.3 Elements of maximal length

Using the geodesic normal forms of the elements of G(de, e, n) defined by Algorithms
and [3] we will characterize in this section the elements of G(de, e, n) that are of
maximal length. We distinguish three cases: the first one is for the group G(e, e, n)
defined by the presentation of Corran-Picantin (see Definition , the second case
is for G(de,e,n) with d > 1,e > 1, and n > 2 defined by the presentation of Corran-
Lee-Lee (see Definition [2.2.1]), and the third case is for G(d, 1,n) with d > 1 defined
by its classical presentation (see Proposition .

Proposition 2.3.1. Let e > 1 and n > 2. The mazimal length of an element of
Gle,e,n) is n(n—1). It is realized for diagonal matrices w such that wli,i] is an e-th
root of unity different from 1 for 2 <i <n. A minimal word representative of such
an element is of the form

(trato)(S3tastoss) - (Sn -« -Ssty, toss - -sn),
with 1 < ko, -+, k, < e — 1. The number of elements of this form is (e — 1)(*~1),

Proof. By Algorithm|l} an element w in G(e, e,n) is of maximal length when w;[i, ] =
¢F for 2 <i<mnand (" +#1. By Lemma this condition is satisfied when w is a
diagonal matrix such that w(i, 7] is an e-th root of unity different from 1 for 2 <14 < n.
A minimal word representative given by Algorithm [I] for such an element is of the
form (tx,to)(s3tr,toss) - (Sn - Saty, toss - sy) with 1 < kg, --- | ky < (e—1) which
is of length n(n — 1). The number of elements of this form is (e — 1)~ 1),

O

(¢hm=
Ce
Denote by A the element . € G(e,e,n).

Ce

Example 2.3.2. We have RE(\) = (t1to)(sst1tess) - (Sn - - -Satitess - - -sp). Hence
£(A\) = n(n — 1) which is the maximal length of an element of G(e,e,n).

Remark 2.3.3. Consider the group G(1,1,n), that is the symmetric group S,,. There
exists a unique element of mazximal length in S, that is of the form

to(Sgto) cee (Sn—l s Sgto)(Sn cee Sgto).

This corresponds to the mazimal number of steps of Algorithm[1. The length of such
an element is n(n — 1)/2 which is already known for the symmetric group S,, see
Ezample 1.5.4 of [35].

Remark 2.3.4. Consider the group G(2,2,n), that is the Coxeter group of type D,,.
We have e = 2. Then, by Proposition[2.3.1], the number of elements of mazimal length

is equal to (e — 1)(”*1) = 1. Hence there exists a unique element of maximal length
in G(2,2,n). It is of the form

(tlto)(S3t1t053> R (Sn cee S3t1t0$3 tee Sn).
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The length of this element is n(n — 1) which is already known for Cozeter groups of
type D,,, see Example 1.5.5 of [35].

The next two propositions are a direct consequence of Algorithms [2] and

Proposition 2.3.5. Letd > 1,e > 1, and n > 2. The mazimal length of an element
of G(de,e,n) isn(n—1)+d— 1. It is realized for diagonal matrices w such that for
all 2 < i < n, we have w[i,i] = Cge with 1 < k; < de —1 and w[1,1] = (3, with
x4+ (kg kn) =e(d—1). A minimal word representative of such an element is of the
form

Zd_l(tk2t0)(53tk3tos3) s (Sn s Sgtkntosg s Sn),

with 1 < ko, -+ ,k, < de—1. The number of elements that are of maximal length is
then (de —1)(»=1),

Proposition 2.3.6. Let d > 1 and n > 2. There exists a unique element of mazimal
length of G(d,1,n). Its minimal word representative is of the form

d_l(SQZd_lsg)(Sg,szzd_152Sg,) sy Y AR T Sn)-

z
Its length is then equal to n(n +d — 2).

Remark 2.3.7. When d = 2, the group G(2,1,n) is the Cozxeter group of type B,,.
By Proposition [2.3.6], the longest element is of the form

7(822S2)(S38228283)  + - (Sp, -+ - S22Sg - -+ Sp,).

Its length is equal to n® which is already known for Coxeter groups of type B,, see
Ezample 1.4.6 of [35].
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Chapter 3

Interval Garside structures for
Bl(e,e,n)
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In this chapter, we are interested in Garside structures that derive from inter-
vals. We construct intervals in the complex reflection group G(e,e,n) which give
rise to Garside groups. Some of these groups correspond to the complex braid group
B(e,e,n). For the other Garside groups that appear, we give some of their properties
in order to understand these new structures.

3.1 Generalities about Garside structures

In his PhD thesis, defended in 1965 [33], and in the article that followed [34], Garside
solved the Conjugacy Problem for the classical braid group B, by introducing a
submonoid B, of B,, and an element A,, of B, that he called fundamental, and then
showing that there exists a normal form for every element in B,,. In the beginning of
the 1970’s, it was realized by Brieskorn and Saito [II] and Deligne [31] that Garside’s
results extend to all finite-type Artin-Tits groups. At the end of the 1990’s, after
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listing the abstract properties of B;" and the fundamental element A,,, Dehornoy and
Paris [30] defined the notion of Gaussian groups and Garside groups which leads, in
“a natural, but slowly emerging program” as stated in [28], to Garside theory. For a
detailed study about Garside structures, we refer the reader to [28]. The aim of this
section is to give the necessary preliminaries about Garside structures.

3.1.1 Garside monoids and groups

Let M be a monoid. Under some assumptions about M, more precisely the assump-
tions 1 and 2 of Definition [3.1.2] one can define a partial order relation on M as
follows.

Definition 3.1.1. Let f,g € M. We say that f left-divides g or simply f divides
g when there is no confusion, written f < g, if f¢' = g holds for some ¢’ € M.
Similarly, we say that [ right-divides g, written f <, g, if ¢'f = g holds for some
g € M.

We are ready to define Garside monoids and groups.

Definition 3.1.2. A Garside monoid is a pair (M, A), where M is a monoid and

1. M is cancellative, that is fg = fh = g = h and gf = hf = g = h for
fr9.heM,

2. there exists A\ : M — N s.t. M(fg) > A(f) + Mg) and g #1 = A(g) # 0,
8. any two elements of M have a ged and an lem for X and =<,., and

4. A is a Garside element of M, this meaning that the set of its left divisors
coincides with the set of its right divisors, generate M, and is finite.

The divisors of A are called the simples of M.

A quasi-Garside monoid is a pair (M, A) that satisfies the conditions of Definition
except the finiteness of the number of divisors of A.

Assumptions 1 and 3 of Definition [3.1.2] ensure that Ore’s conditions are satisfied.
Hence there exists a group of fractions of the monoid M in which it embeds. This
allows us to give the following definition.

Definition 3.1.3. A Garside group is the group of fractions of a Garside monoid.

Consider a pair (M, A) that satisfies the conditions of Definition The pair
(M, A) and the group of fractions of M provide a Garside structure for M.

Note that one of the important aspects of a Garside structure is the existence of
a normal form for all elements of the Garside group. Furthermore, many problems
like the Word and Conjugacy problems can be solved in Garside groups which makes
their study interesting.
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3.1.2 Interval Garside structures

Let G be a finite group generated by a finite set S. There is a way to construct
Garside structures from intervals in G.

We start by defining a partial order relation on G.

Definition 3.1.4. Let f,g € G. We say that g is a divisor of f or f is a multiple of
g, and write g <X f, if f = gh with h € G and U(f) = £(g) + £(h), where £(f) is the
length over S of f € G.

Definition 3.1.5. For w € G, define a monoid M ([1,w]) by the monoid presentation
with

e generating set P in bijection with the interval

Lw:={feG|1=f<w}and

e relations: fg="hiff,g,h € [L,w], fg="h, and f < h, that is £(f) + £(g) = £(h).

Similarly, one can define the partial order relation on G
g9 =r f if and only if £(fg~) + £(g) = £(f),

then define the interval [1,w], and the monoid M ([1,w],).
Definition 3.1.6. Let w be in G. We say that w is a balanced element of G if
[1,w] = [1,w],.

We have the following theorem due to Michel (see Section 10 of [54] for a proof).
Theorem 3.1.7. If w € G is balanced and both posets ([1,w], =) and ([1,w],, =)

are lattices, then (M ([1,w)]),w) is a Garside monoid with simples [1,w], where w and

[1,w] are given in Definition ,

The previous construction gives rise to an interval structure. The interval monoid
is M([1,w]). When M([1,w]) is a Garside monoid, its group of fractions exists and
is denoted by G(M([1,w])). We call it the interval group. We will give a classical
example of this structure. It shows that Artin-Tits groups admit interval structures.
For details about this example, see Chapter 9, Section 1.3 in [28].

Example 3.1.8. Let W be a finite coxeter group and B(W) the Artin-Tits group
associated to W .

W=<S8|s>=1, sts---=¢tst--- for s,t € S,8#t,mg = o(st) >,
Mst Mgt
BW)=<S|3§---=t5t--- for 5,t€ S, §#1>.
S~ =
Mst Mst

Take G = W and g = wq the longest element over S in W. We have [1,wo] = W.
Construct the interval monoid M([1,wq]). We have M([1,wq]) is the Artin-Tits
monoid BT (W), where BY (W) is the monoid defined by the same presentation as
B(W). Hence BT (W) is generated by a copy W of W with f g = h if fg = h and
Uf)+€(g) = ¢h); f,g, and h € W. It is also known that wy is balanced and both
posets ([1,wo], <) and ([1,wo),, =) are lattices. Hence by Theorem [3.1.7, we have
the following result.
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Proposition 3.1.9. (BT (W), w) is a Garside monoid with simples W, where wg
and W are given in Example[5.1.8

Our aim is to construct interval structures for the complex braid group B(e, e, n).
Since the interval Garside structures depend on the definition of a length function
in the corresponding complex reflection group, we will use the results and notations
of Section 2.1 of Chapter [2] where geodesic normal forms are constructed for all the
elements of G(e, e, n).

3.2 Balanced elements of maximal length

Consider the group G(e, e,n) defined by the presentation of Corran and Picantin with
generating set X, see Definition We always assume Convention Denote
by ¢(w) the length over X of w € G(e,e,n). It is equal to the word length of the

output RE(w) of Algorithm |1} see Proposition [2.1.16

The aim of this section is to prove that the only balanced elements of G(e,e,n)
that are of maximal length over X are Mo withl1<k<e— 1, where A is the diagonal
matrix such that A[i,i] = (. for 2 < ¢ < n and A\[1,1] = (C;l)n_l, see Proposition
[2:31] This is done by characterizing the intervals of the elements of maximal length.

We start by defining two partial order relations on G(e, e, n).

Definition 3.2.1. Let w,w’ € G(e,e,n). We say that w' is a divisor of w or w is
a multiple of W', and write w' < w, if w = wWw" with w’ € G(e,e,n) and l(w) =
L(w") + L(w"). This defines a partial order relation on G(e,e,n).

Similarly, we have another partial order relation on G(e, e, n).

Definition 3.2.2. Let w, w’' € G(e,e,n). We say that w' is a right divisor of w or
w is a left multiple of w', and write w' =, w, if there exists w" € G(e,e,n) such that
w=w"w and L(w) = L(w") + L(w').

Lemma 3.2.3. Let w,w’ € G(e,e,n) and let x1X3---x, be a reduced expression
over X of w'. We have w' < w if and only if V 1 < i < rl(x;z,-1 - 110) =
f(.’lﬁifl . -xlw) —1.

Proof. On the one hand, we have w'w” = w with w” = z,z,_1 -+ - 1w and the condi-
tionV 1 <i<r l(zjwiq---x1w) = £€(z;_1 - - x1w)—1 implies that £(w”) = £(w) — r.
So we get (w”) + 4(w') = £(w). Hence w’ < w.
On the other hand, since 2% = 1 for all z € X, we have {(zw) = {(w) £ 1 for all
w € G(e,e,n). If there exists i such that {(z;x;—1 - zyw) = £(z;—1 - z1w) + 1 with
1 <i<r,then l(w") = lzrzr_1---z1w) > L(w) —r. It follows that {(w') + £(w") >
{(w). Hence w' £ w.
O

Consider the homomorphism —: X* — G(e,e,n) : x — X =2 € X. If
RE(w) = ®i1xy---x, with w € G(e,e,n) and xy, s, , &, € X, then RE(w) =
T1xo T, = w wWhere xr1,xo, - , T, € X.

In the sequel, we fix 1 <k <e—1and let w € G(e,e,n).
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Definition 3.2.4. Let A be the diagonal matriz of G(e,e,n) such that \[i,i] = (. for
2<i<nand A\[1,1] = ((C1)""1. We define Dy, to be the set

{w € G(e,e,n) s.t. RE;(w) = RE;(N\F) for 2 <i< n},

where RE;(w) is given in Definition|2.1.11]

Proposition 3.2.5. The set Dy, consists of the elements w of G(e,e,n) such that for
all 2 < i <n, RE;(w) can be any of the following words:

S; Sy wzth2§z’§z,

S; - - Satp with 0 < k' <e—1, and

Si-'~S3tktosg-~-Si/ with 2 § il S 7.

Proof. We have RE;(\F) =s; - - -sgtytoss---s;. Let w € G(e,e,n). Note that RE;(w)
is necessarily one of the words given in the first column of the following table. For
each RE;(w), there exists a unique w’ € G(e,e,n) with RE(w’) given in the second
column, such that RE;(w)w’ = RE;(\F).

For RE;(w) =s;---s; with 2 <i' <, we get RE(w') =s;/_1 ---s3tgtoss - - -s;.

For RE;(w) = s;---sstpr with 0 < k' < e —1, we get RE(w') = tp—_gS3---s;. In
this case, RE;(w (w') = s; - S3tprtp _kSg -+ S; = 8; -+ Sgtitoss - - - s, = RE;(A\F).

For RE;(w) = s; - - - s3trtoss - - -sy with 2 <4’ <4, we get RE(w') =841+ -s;.

Finally, for RE;(w) = s;---sgtptosz---sy with 1 < kK < e—1, ¥ # k, and
2 < <i, we get RE(w') =8y -+ S3tp_ptoss - - S;.

In the last column, we compute £ (RE}(U})) +{(RE(w')). It is equal to ¢ (RE,(A’“)) =

2(i — 1) only for the first three cases. The result follows immediately.

E

RE; (w) RE(w')
S; 8y with 2 < v <1 S;/—1---S3tptoss - -s; Q(i — 1)
Si“‘Sgtk/ Wlth0§ k/ §efl tk/_kS3~‘~Si 2(171)
Si"'S3t]€toSg'~'Sil with 2 < 7! < ) Si/41°°°8; Q(i— 1)
Si"‘S3tk/t053"'Si/ with 1 < K <e— 1, Sy ~'53tk,k/t053'~si 2(1— ].)+
K #k and 2 <i <i 2(i' — 1)
O

The next proposition characterizes the divisors of A¥ in G(e, e, n).
Proposition 3.2.6. The set Dy, is equal to the interval [1, \F], where
[L,A] = {w € Gle,e,n) s.t. 1 2w =< AR},

Proof. Let w € G(e, e,n). We have RE(w) = REy(w)RE3(w) - - - RE, (w). Let w € X*
be a word representative of w. Denote by W € X* the word obtained by reading w
from right to left. For 3 < i < n, we denote by «; the element that corresponds to
RE;_1(w) -+ RE2(w) in G(e,e,n).
Suppose that w € Di. We apply Lemma to prove that w < A*. Fix
2 < i < n. By Proposition we have three different possibilities for RE;(w).
First, consider the cases RE;(w) =s; - -Sgtgtoss - Sy ors; --- sy with 2 <4/ <.

e .
Hence RE;(w) = s;s - - - sgtotgss - - -s; or s;7 - - - 8;, respectively. Note that the left mul-
tiplication of the matrix A\¥ by a; produces permutations only in the block consisting
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of the first i — 1 rows and the first i — 1 columns of A\*. Since A[i,i] = (¥ (# 1),
by 1(a) of Proposition the left multiplication of a;A\* by s ---s; decreases
the length maximally — that is, each generator causes a decrease of length 1. Now,
by 2 of Proposition the left multiplication of s3 - - - s;a;AF by t, decreases the
length of 1. Note that by these left multiplications, A\*[i,4] = ¢¥ is shifted to the first
row then transformed to (¥¢;¥ = 1. Hence, by 1(b) of Proposition the left
multiplication of t1s3 - - - s;0;,\F by s,/ - - - s3to decreases the length maximally. Thus,
by Lemma we have w < \*.

Suppose that RE;(w) = s;---s3tpr with 0 < k¥’ < e — 1. We have RE;(w) =
tiss3---s;. Since A¥[i,i] = ¥ (# 1), by 1(a) of Proposition the left multipli-
cation of a; \¥ by s3 - - s; decreases the length maximally. By 2 of Proposition
the left multiplication of s3 - - - s;a;A* by t5s also decreases the length of 1. Hence, by
applying Lemma we have w < A,

Conversely, suppose that w ¢ Dy, we prove that w £ AF. If RE(w) = x1 -+ - %,
by Lemma we show that there exists 1 < i < r such that £(z;z;_q ---21\F) =
l(zi_1 - w1 A¥) + 1. Since w ¢ D, by Proposition we may consider the first
RE;(w) that appears in RE(w) = RE3(w) - - - RE, (w) such that RE;(w) =
S; - -Sgtptosz sy with 1 <k <e—1, kK # k, and 2 < ¢/ < i. Thus, we have
RE;(w) = s;---sgtotiss---s;. Since A\¥[i,i] = ¢¥ (# 1), by 1(a) of Proposition
the left multiplication of a; A* by s3 - --s; decreases the length maximally. By
2 of Proposition the left multiplication of s3---s;a;\* by tp also decreases
the length of 1. Note that by these left multiplications, A\*[i,4] = ¢* is shifted to the
first row then transformed to Cé“(e_k/ = Cﬁ_k/. Since k # k', we have Cf_k/ # 1. By
3 of Proposition it follows that the left multiplication of t4/s3 - - - s;04,AF by tg
increases the length. Hence w £ A*.

O

We want to recognize if an element w € G(e, e,n) is in the set Dy, directly from
its matrix form. For this purpose, we introduce nice combinatorial tools defined as
follows. Fix 1 <k <e—1. Let w € G(e,e,n).

Definition 3.2.7. An index [i,c] is said to be a bullet if w[j,d] = 0 for all [j,d] €
{lj,d] st. j <iand d<c}\{[i,c]}. When [i,c] is a bullet, wi,c] is represented by
an encircled element.

Definition 3.2.8. We define two sets of matriz indices Z(w) and Z'(w) as follows.
o Z(w):={[j,d] sit. j <iand d<c for some bullet [i,c|}.
o 7'(w) is the set of matriz indices not in Z(w).

We draw a path in the matrix w that separates it into two parts such that the
upper left-hand side is Z(w) and the other side is Z’'(w). Let us illustrate this by the
following example.

42



@

Example 3.2.9. Let w =

0
0
@ 0 0 | €G(3,3,5). When [i,c] is a bullet,

wli, c| is an encircled element and the drawn path separates Z(w) from Z'(w).
Remark 3.2.10. Let [i,c] be one of the bullets of w € G(e,e,n). We have
[i—1,c € Z(w) and [i,c — 1] € Z(w).

An index [i,c] such that wli,c] # 0 and [i,c] is not a bullet does not satisfy this
condition.

Remark 3.2.11. The indices corresponding to nonzero entries on the first row and
the first column of w are always bullets. In particular, when w(l,1] # 0, we have [1,1]
is a bullet and it is the only bullet of w (as this nonzero entry at [1,1] is above, or to
the left of, every entry of w).

The following proposition gives a nice description of the divisors of A¥ in G(e, e, n).

Proposition 3.2.12. Let w € G(e,e,n). We have that w € Dy, (i.e. w =< \*) if and
only if, for all [§,d] € Z'(w), w(j,d] is either 0, 1, or ¢*.

Proof. Let w € Dy, and let wli, c] # 0 for [i,¢] € Z'(w). Since w € Dy, by Proposition
we have RE;(w) = s;---8y or s;---sgtptesg---sy for 2 < i/ < i (the case
RE;(w) = s; ---s3tyy for 0 < k' < e — 1 appears only when w[i,c] # 0 and [i,] is a
bullet). By Lemma [2.1.9] we have wl[i, ¢] = w;[i, d] for some 1 < d < i. It follows that
for RE;(w) = s; -+ - sy, we have w[i,c] = 1 and for RE;(w) = s; - --sstitess - sy, we
have wi, ] = ¢*.

Conversely, suppose that w([j,d] is 0, 1, or ¢¥ whenever [j,d] € Z'(w). Firstly,
consider a nonzero entry wli, c] of w for which [i,c] € Z'(w). From Remark [3.2.11] we
have i > 2. Once again RE;(w) = s;---S3tgtess - -8y or s;---sy for 2 < ¢’ <4. On
the other hand, if w(i, ¢] is a nonzero entry of w for which [i, c] ¢ Z’'(w) — that is, [i, c]
is a bullet of w, so by Lemma we have w;[i, 1] = ¢* for some 0 < k' < e —1,
for which case RE;(w) =s; - -ssty. Hence, by Proposition we have w € Dy,.

O
@
0
0
0

0

Bl

Example 3.2.13. Let w = € G(3,3,5).

0
0
0 0

For all [i,c] € Z'(w), we have wli,c] is equal to 1 or (3 (these are the boxed entries
of w). It follows immediately that w < X\ (w € [1,\]).
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Example 3.2.14. Let w = € G(3,3,5).

0G| 0 00

For all [i,c] € Z'(w), we have wli,c] is equal to 1 or (3 (these are the boxed entries
of w). It follows immediately that w € [1,\?].

@00
0 0 (G
0 (30

OOOE

There exists [i,c] € Z'(w) such that w[i,c] = (3 (the boved element in w). It follows
immediately that w ¢ [1,\]. Moreover, there exists [i’,c'] € Z'(w) such that w(i’, '] =
(3. Hence w ¢ [1,)\?].

o o O

Example 3.2.15. Let w = € G(3,3,4).

Remark 3.2.16. Let w be an element of the Coxeter group G(2,2,n). The nonzero
elements wli, c] with [i,c] € Z'(w) are always equal to 1 or —1. Hence by Proposition
all the elements of G(2,2,n) are left divisors of the unique element of maximal

length X in G(2,2,n), see Remark|2.3.4)

For example, Let w = be an element of G(2,2,4). Since

0
0
0

all the nonzero elements wli,c] with [i,c] € Z'(w) are equal to 1 or —1, it follows

immediately that w < A.

Our description of the interval [1, \¥] allows us to prove easily that \* is balanced.
Let us recall the definition of a balanced element.

Definition 3.2.17. A balanced element in G(e, e, n) is an element w such that w' < w
holds precisely when w =<, w'.

The next lemma is obvious.

Lemma 3.2.18. Let g be a balanced element and let w,w’ € [1,g]. If w' =< w, then
(W) tw =< g.

In order to prove that A* is balanced, we first check the following.

Lemma 3.2.19. If w € Dy, we have w™ ' ¥ € Dy, and \*w="' € Dy,.
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Proof. Let w € Dj. We show that w™'\* = T, \* € Dy and Xew™! = N, € Dy,
where t,, is the complex conjugate of the transpose t, of the matrix w. We use
the matrix form of an element of Dy. If [i,c] is a bullet of w, then [c,i] is a bullet
of t, = w™! and w™c,i] = w[i,¢]. Then, if [i,c] € Z'(w™!), we have [c,i] €
Z'(w). Since w € Dy, we have w[c,i] € {0,1,(¥} whenever [c,i] € Z'(w). Then
wi,c] € {0,1,({7*} whenever [i,c] € Z'(w™!). Multiplying w™' by A*, we get that
(w=IAK)[i, ¢] and (ANw™1)[i, ] are equal to 0, 1, or (¥ whenever [i,c] € Z'(w™1)\F)
and Z'(\Fw='). Hence w™'A\* and \Fw~! belong to Dy.

O
Example 3.2.20. We illustrate the idea of the proof of Lemma fork=1.

000 0 (D

@ <

@OOOO
o O

Consider w € Dy as follows and show that t,\ € Di: w =

S o o

o o o o

[l e =

Proposition 3.2.21. The element \F is balanced.

Proof. Suppose that w < A\*. By Proposition we have w € Dy, so Nfw™1 is
in Dy by Lemma Hence A = (Wrw=1)w satisfies £(N\fw™1) + £(w) = £(NF),
namely w =<, A\*.

Conversely, suppose that w =<, AF. We have \* = w'w with w’ € G(e, e,n) and
O(w') + £(w) = L(\F). Tt follows that w’ € Dy, then w'~*A* € Dy, by Lemma
/—1)\k

Since w = w , we have w € Dy, namely w < \.

O

In the following theorem, we show that the elements A* are the only balanced
elements of maximal length of G(e,e,n) for 1 <k <e— 1.

Theorem 3.2.22. The balanced elements of G(e,e,n) that are of mazimal length are
precisely \* with 1 < k < e—1. The set Dy, of the divisors of each \* is characterized
i Propositions|3.2.5 and|3.2.1%

Proof. Let w € G(e,e,n) be an element of G(e,e,n) of maximal length, namely by
Proposition a diagonal matrix such that for 2 < ¢ < n, w[i,4] is an e-th root
of unity different from 1. Analogously to Proposition [3.2.12] a left divisor w’ of w
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satisfies that for all 2 < i < n, if [i, ] is not a bullet of w’, then w'[i, c] is either 0, 1,
or wli, .

By Proposition we already have that \* is balanced for 1 < k < e — 1.
Suppose that w is of maximal length such that w[i, ] # w[j,j] for 2 < 4,5 < n and
i # j. Let s;; be the transposition matrix. We have s;;[1,1] is nonzero and so, by
Remark [1,1] is the unique bullet of s;;. Hence if [j,d] is not a bullet of s;;,
then s;;(7,d] is either 0 or 1. So, s;; left-divides w. Hence w’ := s;jlw = s;;w right-
divides w. We also have w’[1,1] is nonzero, and so [1,1] is the unique bullet of w’.
Thus, [4,4] is not a bullet and w'[j,{] = w[i, 4] is neither 0, 1, nor w[j, j] (which was
assumed different from w[i,4]). So w’ £ w, and so w is not balanced.

It follows that the balanced elements of G(e,e,n) that are of maximal length are
precisely \* with 1 <k <e—1.

O

We are ready to study the interval structures associated with the intervals [1, \¥]
with 1 <k <e-—1.

3.3 Interval structures

In this section, we construct the monoid M ([1, A\¥]) associated to each of the intervals

1, \¥] constructed in the previous section with 1 < k < e — 1. By Proposition
AF is balanced. Hence, by Theorem in order to prove that M ([1, A\¥]) is
a Garside monoid, it remains to show that both posets ([1,\*], <) and ([1, \*], <,)
are lattices. This is stated in Corollary [3:3:13] The interval structures are given
in Theorem

3.3.1 Least common multiples

Let 1 <k<e—1andlet we [1,Ak]. For each 1 < i < n there exists a unique ¢;
such that wi, ¢;] # 0. We denote w[i, ¢;] by a;. We apply Lemma to prove the
following lemmas. The reader is invited to write the matrix form of w to illustrate
each step of the proof.

Lemma 3.3.1. Let t; < w where i € Z/eZ.
o Ifcy < ca, then txto = w and
o if co <y, then t; A w for all j with j # 1.
Hence if t; 2w and t; 2w with i,j € Z/eZ and i # j, then tipty < w.

Proof. Suppose c; < ca.

Since a1 = w[1, 1] is nonzero , and above and to the left of as = w[2, ¢2] (as ¢1 < ¢2),
then [2, co] is not a bullet. It belongs to Z’(w). Since w € [1, \¥] and [2, c2] € Z'(w),
by Proposition az = 1 or ¢¥. Since t; < w, we have ((t;w) = f(w) — 1.
Hence by 2 of Proposition 2.1.17, we get as # 1. Hence as = ¢¥. Again by 2 of
Proposition since ag # 1, we have {(tw) = ¢(w) — 1. Let w’ := tw. We have
w'[1, ca] = (TFag = ¢*¢F = 1. Hence by 3 of Proposition L(tow") = f(w') — 1.

It follows that tity < w.
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Suppose g < ¢;.

Since t; = w, we have ¢(t;w) = {(w) — 1. Hence by 3 of Proposition we have
a1 = (;°. If there exists j € Z/eZ with j # i such that t; < w, then £(t;w) = £(w)—1.
Again by 3 of Proposition we have a; = (7. Thus, i = j which contradicts
the hypothesis.

The last statement of the lemma follows immediately.

O

Lemma 3.3.2. Ift; X w with i € Z/eZ and s3 <X w, then sst;s3 = t;s3t; < w.

Proof. Set w' := s3w and w” := t;w’.
Suppose ¢ < ¢s.
Since w € [1,A\¥] and [2, o] € Z’(w), by Proposition we get ap = 1 or ¢¥. Since
t; < w, we have {(t;w) = ¢(w) — 1. Thus, by 2 of Proposition we get as # 1.
Hence ay = ¢*.
Suppose that c3 < cg. Since s3 < w, we have ¢(ssw) = {(w) — 1. Hence by 1(b) of
Proposition as = 1 which is not the case. So instead it must be that ¢ < c3.
Assume ¢ < ¢3. Since ¢; < ¢a < ¢3, a1 = w[l,¢1] is a nonzero entry which is
above and to the left of a3 = w[3,c3]. Then [3,¢3] is in Z’(w). Since w € [1, A\¥] and
[3,c3] € Z'(w), we have ag = 1 or (¥. By 1(a) of Proposition we have a3 # 1.
Hence a3 is equal to ¢*. Now, we prove that s3t;s3 < w by applying Lemma
Indeed, since az # 1, by 2 of Proposition we have £(t;w') = ¢(w') — 1, and
since ag # 1, by 1(a) of Proposition we have (szw”) = £(w") — 1.
Suppose ¢co < c1.
Since ((t;w) = £(w) — 1, by 3 of Proposition we have a; = (°°.
e Assume ¢y < c3.
Since £(ssw) = £(w) —1, by 1(a) of Proposition[2.1.17, we have a3 # 1. We have
L(t;w') = £(w’) — 1 for both cases ¢; < ¢z and ¢3 < ¢1. Actually, if ¢; < c3, since
asz # 1, by 2 of Proposition we have £(t;w’) = 6(w’) — 1, and if ¢3 < ¢y,
since a; = (¢, by 3 of Proposition L(t;w') = L(w') — 1. Now, since
Cla; = Ci¢C" =1, by 1(b) of Proposition we have ((szw”) = ((w") — 1.

e Assume c3 < co.
Since a; = (., by 3 of Proposition [2.1.17, ¢(¢;
by 1(b) of Proposition [2.1.17} we have £(ssw”)

w') = £(w') — 1. Since (la; = 1,
=l(w") — 1.

O

Lemma 3.3.3. If t; = w with i € Z/eZ and s; = w with 4 < j < n, then
tiSj = Sjti j w.

Proof. We distinguish four different cases: case 1: ¢; < ¢y and ¢j—1 < ¢j, case 2:
c1 < cg and ¢; < ¢j_q, case 3: ¢z < ¢ and ¢j_1 < ¢j, and case 4: c3 < ¢; and
¢j < ¢j—1. The proof is similar to the proofs of Lemmas [3.3.1] and [3.3.2] so we prove
that s;t; < w only for the first case. Suppose that ¢; < ¢z and ¢;j_1 < ¢;. Since
t; < w, we have £(t;w) = ¢(w) — 1. Hence, by 2 of Proposition we have ag # 1.
Also, since s; < w, we have ¢(s;w) = ¢(w) — 1. Hence, by 1(a) of Proposition [2.1.17]
we have a; # 1. Set w’ := sjw. Since az # 1, then {(t,w’) = {(w’) — 1. Hence
Sjti j w.

O
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The proof of the following lemma is similar to the proofs of Lemmas [3.3.2] and [3.3.3]

Lemma 3.3.4. Ifs; 2w and s;y1 2w for3 <i < n—1, then $;5;418; = Si+15iSi+1 X W,
and if s; R w and s; 2w for 3 <4, <n and|i—j| > 1, then s;s; = sj8; < w.

The following proposition is a direct consequence of all the preceding lemmas.

Proposition 3.3.5. Let v,y € X = {to,t1, " ,te—1,83, -+ ,Sn}. The least common
multiple in ([1, \¥], <) of = and y, denoted by xVy, exists and is given by the following
identities:

o t; Vit; =tpto =titik =tjtj_g fori#j € Z/eZ,

o {;V s3=t;s3t; = sst;s3 fori € Z/eZ,

o t;Vs;=tis; = s;t; fori € Z/eZ and 4 < j <mn,

® SV Si11 = 88415 = Si+15:Si+1 for 3<i<n—1, and
o 5, Vs;=si5; =5;8 for3<i#j<nandli—j|>1.
We have a similar result for ([1, \*], <,.).

Proposition 3.3.6. Let x,y € X. The least common multiple in ([1,\*],=<,) of =
and y, denoted by x V., y, exists and is equal to x V y.

Proof. Define a map on the generators of G(e,e,n) by ¢ : t; —> t_; and s; — s;
with ¢ € Z/eZ and 3 < j < n. On examination of the relations for G(e,e,n), it
is quickly verified that this map extends to an anti-homomorphism G(e,e,n) —
G(e,e,n). Clearly ¢? is the identity, so in particular, ¢ respects the length function
on G(e,e,n): £(p(w)) = €(w). Suppose that z,y € X and z <, w and y =X, w,
we will show that = Vy =<, w. Write w = vax and w = v’y with v,v" € G(e, e, n).
Thus, ¢(w) = ¢(z)p(v) = P(y)P(v'), and since ¢ respects length, ¢(z) < d(w) and
by) < $(w). Hence ¢(x) V d(y) = d(w).
For each pair of generators, it is straightforward to check that

o(z) V ¢(y) = ¢(x V y): the only non-trivial case being when z = ¢; and y = ¢; for
i # 7, when we have:

d(ti) V o(t;) =t—; Vi_j =tto = ¢(tot—1) = d(trto).

Thus, ¢(z Vy) X ¢(w), that is ¢p(w) = ¢(z V y)u for some u € G(e,e,n). Applying ¢
again gives w = ¢(u)(x V y), and since ¢ respects length, z Vy <, w.
O

Note that Propositions and are important to prove that both posets
([1, A\¥], =) and ([1, A¥], =) are lattices. Actually, they will make possible an induction
proof of Proposition [3.3.12) in the next subsection.
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3.3.2 The lattice property and interval structures

We start by recalling some general properties about lattices that will be useful in our
proof. Let (S, =) be a finite poset.

Definition 3.3.7. Say that (S, <) is a meet-semilattice if and only if fAg := ged(f,g)
exists for any f,g € S.

Equivalently, (5, <) is a meet-semilattice if and only if AT exists for any finite
nonempty subset 7" of S.

Definition 3.3.8. Say that (S, X) is a join-semilattice if and only if fVg :=lem(f,g)
exists for any f,g € S.

Equivalently, (S, <) is a join-semilattice if and only if \/ T exists for any finite
nonempty subset 7" of S.

Proposition 3.3.9. Let (S, <) be a finite poset. (S, =) is a meet-semilattice if and
only if for any f,g € S, either fV g exists, or f and g have no common multiples.

Proof. Let f,g € S and suppose that f and g have at least one common multiple.
Let A:={h €S| f Xhand g = h} be the set of the common multiples of f and g.
Since S is finite, A is also finite. Since (9, <) is a meet-semilattice, A A exists and
NA=lem(f,g) = fVg.
Conversely, let f,g € S and let B:={h € S| h =< fand h = g} be the set of all
common divisors of f and g. Since all elements of B have common multiples, \/ B
exists and we have \/ B = ged(f,g9) = f A g.

O

Definition 3.3.10. The poset (S, <) is a lattice if and only if it is both a meet- and
join- semilattice.

The following lemma is a consequence of Proposition [3.3.9]

Lemma 3.3.11. If (S, <) is a meet-semilattice such that \/ S exists, then (S, <) is a
lattice.

We will prove that ([1, \¥], <) is a meet-semilattice by applying Proposition m
For 1 < m < £(\F) with £(\*) = n(n — 1), we introduce

([1, X)) o= {w € [1, A¥] s.t. £(w) < m}.

Proposition 3.3.12. Let 0 <k <e—1. For1 <m < n(n—1) and u,v in ([1, \¥])m,
either uVv exists in ([1, \*¥]),n, oru and v do not have common multiples in ([1, A¥]),,.

Proof. Let 1 <m < n(n —1). We make a proof by induction on m. By Proposition
B:35 our claim holds for m = 1. Suppose m > 1. Assume that the claim holds for
all 1 < m/ < m —1. We want to prove it for m’ = m. The proof is illustrated in
Figure[3.1|below. Let u,v be in ([1, A¥]),, such that u and v have at least one common
multiple in ([1, \¥]),, which we denote by w. Write u = zu; and v = yv; such that
z,y € X and £(u) = (u1) + 1, £(v) = {(v1) + 1. By Proposition [3.3.5] = V y exists.
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Since ¢ = w and y = w, x V y divides w. We can write z Vy = zy; = yx; with
lxVy) =L(x1)+1=4(y1)+1. By Lemma we have x1,v; € [1,\F]. Also, we
have ¢(z1) < m, £(v1) < m and x1,v; have a common multiple in ([1, A¥]),,_;. Thus,
by the induction hypothesis, 1 V v; exists in ([1, \¥]),,,—1. Similarly, y; V u; exists in
([1, A*]) 1. Write 21 Vo = v179 = 2109 with £(z1Vor) = £(v1)+(z2) = £(v2)+L(z1)
and write y1 V u1 = u1ys = yrug with £(yy V ur) = £(y1) + €(uz) = £(ur) + £(y2). By
Lemma we have ug, va € [1, \¥]. Also, we have £(uz) < m, £(v2) < m and ug, vo
have a common multiple in ([1, \¥]),,_1. Thus, by the induction hypothesis, us V vy
exists in ([1, \¥])_1. Write ug V vy = vous = ugvs with £(ug V va) = £(vg) + £(uz) =
L(ug) + £(vs3). Since uyovs = vasug is a common multiple of v and v that divides
every common multiple w of u and v, we deduce that u V v = uysv3 = vrous and we
are done.

Y V1
N
T T s
Ty [Ty, 2 .
N
\ AN \
\ A \
N
uy | uz2 | us NN
\ N \
\
Y2 N U3 W

Figure 3.1: The proof of Proposition [3.3.12]
Similarly, applying Proposition we obtain the same results for ([1, \¥], <,.). We
thus proved the following.
Corollary 3.3.13. Both posets ([1,\¥], <) and ([1, \*], <,.) are lattices.

Proof. Applying Proposition m ([1, A¥], <) is a meet-semilattice. Also, by defini-
tion of the interval [1, \¥], we have \/[1, \¥] = A*. Thus, applying Proposition m
([1, \¥], <) is a lattice. The same can be done for ([1, \¥], <,.).

O

We are ready to define the interval monoid M ([1, A¥]).
Definition 3.3.14. Let Dy, be a set in bijection with Dy = [1, \*] with
[1,\*] — Dyt w — w.
We define the monoid M([1, \*]) by the following presentation of monoid with
e generating set: Dy (a copy of the interval [1,\F]) and
e relations: w = w' w” whenever w,w’ and w" € [1,\*], w = w'w” and {(w) =

o(w') + £(w").
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We have that \* is balanced. Also, by Corollary [3.3.13] both posets ([1, A\¥], <)
and ([1, \¥], <,.) are lattices. Hence, by Theorem we have:

Theorem 3.3.15. (M ([1,\¥]), \*) is an interval Garside monoid with simples Dy,
where Dy, is given in Definition[5.3.14 Its group of fractions exists and is denoted by

G(M([1,A7)).

These interval structures have been implemented by Michel and the author using
the package CHEVIE of GAP3 (see [55] and [56]). We provide this implementation
in Appendix A. The next section is devoted to the study of these interval structures.

3.4 About the interval structures

In this section, we provide a new presentation for the interval monoid M ([1, A¥]).
Furthermore, we prove that G(M([1, A\¥])) is isomorphic to the complex braid group
B(e,e,n) if and only if k Ae =1 (k and e are relatively prime). When k Ae # 1, we
describe these new structures and show some of their properties.

3.4.1 Presentations

Our first aim is to prove that the interval monoid M ([1, A\¥]) is isomorphic to the
monoid B®* (e, e,n) defined as follows.

Definition 3.4.1. For 1 < k < e— 1, we define the monoid B®*(e,e,n) by a presen-
tation of monoid with

i
i

e generating set: X = {to,t1, - ,te—1,83, -, 8} and
5i5;5; = 8;5;5; for |i—j| =1,
§i§j = 5]51 fOT |Z —j| > 1,

o relations: §3t;53 = ;531; for i € L/eZ,
§it; =15 fori€Z/eZ and 4 < j <n,
gigifk = Ejfj,k fOT’ i,] € Z/QZ

Note that the monoid B%!(e,e,n) is the monoid B®(e,e,n) of Corran and Pi-
cantin, see [20]. It is shown in [26] that this monoid gives rise to a Garside structure for
B(e,e,n). The diagram corresponding to the presentation of B® (e, e, n) is as follows.
The dashed circle between g, 1, - - ,t._1 describes the relation #;¢;_1 = thfj,l. The
other edges of the diagram follow the standard conventions for Artin-Tits monoids.
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Figure 3.2: Diagram for the presentation of Corran-Picantin of B(e, e, n).

Fix k such that 1 < k < e — 1. We define a diagram for the presentation of
B®k(e,e,n) in the same way as the diagram corresponding to the presentation of
Corran and Picantin of B(e,e,n) given in Figure[3.2] with a dashed edge between
t; and t;,_; and between fj and fj_k for each relation of the form #;t,_ = fjfj_k,
i,j € Z/eZ. For example, the diagram corresponding to B(?)(8,8,2) is as follows.

2
3 i 1
,/ \\
e-,---"c-o
1 .7 o 1
e N
12
4 %0
1 1
[ ] h | [ ]
N 1,
N 4
[ ‘7
N 4
@e->----<-9o
\\ ,/
) ° 7
6

Figure 3.3: Diagram for the presentation of B(*)(8,8,2).

The following result is similar to Matsumoto’s property in the case of real reflection
groups, see [53].

Proposition 3.4.2. There exists a map F : [1,\F] — B% (e, e,n) defined by
F(w) = #1&5 - - - &, whenever X1Xa -+ X, is a reduced expression over X of w, where
;€ X for1<i<r.

Proof. Let wy; and wo be in X*. We write wy 5 wo if wy is obtained from w; by
applying only the relations of the presentation of B¥*(e, e, n) where we replace ; by
t; and 3; by s; for alli € Z/eZ and 3 < j < n.

Let w be in [1, )\k] and suppose that w; and wy are two reduced expressions over X

of w. We prove that wq 5 wo by induction on £(wy).
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The result holds vacuously for £(w;) = 0 and €(w;) = 1. Suppose that €(wy) > 1.
Write

wi = x1W'1 and wa = Xow's, with x;, x5 € X.
If x; = x9, we have z1w] = zow} in G(e,e,n) from which we get w| = w). Then, by

. . . B B
the induction hypothesis, we have w'; ~ w’y. Hence wq ~ wa.
If x; # x9, since 1 = w and x5 < w, we have x1 V 29 = w where x1 V x5 is the lem

of 1 and x5 in ([1, \¥], <) given in Proposition Write w = (21 V a2)w’. Also,

. B
write X1 V Xo = X3vy and X1 V X9 = XoVy where we can check that xyvq ~ x9vy for
all possible cases for x; and x5. All the words x;w’1, Xow's, X1 viW’, and xavow’
represent w. In particular, x;w’; and x;vi;w’ represent w. Hence w] = viw’ and by

. . . B
the induction hypothesis, we have w’; ~~ viw’. Thus, we have
/ B /
X1W 1w X1VIW .
Similarly, since xow’s and xavow’ represent w, we get
! B /
Xo VoW ~~» XoW 9.
. B
Since X1V ~ XoVsy, we have
!/ B !/
X1VIW ~ X9VoW .
We obtain:
B , B , B , B , B
Wi ™ X1W 1 v X(VIW ~ XoVoW' ~ XoW 9 ~ Wa.

B
Hence wq ~~ wy and we are done.
O

Remark 3.4.3. In the case of the Cozeter group G(2,2,n) of type D,, we have
[1,\] = G(2,2,n), where X is the unique balanced element of mazimal length of
G(2,2,n), see Remarks [2.3.4] and [3.2.16, Hence the previous result is wvalid for
G(2,2,n). This is Matsumoto’s property for the case of G(2,2,n), see [53].

By the following proposition, we provide an alternative presentation for the inter-
val monoid M ([1, \¥]) given in Definition [3.3.14

Proposition 3.4.4. The monoid B¥* (e, e,n) is isomorphic to M([1, \F]).

Proof. Consider the map p : D, — B®*(e,e,n) : w — F(w) where F is defined in
Proposition Let w = w'w” be a defining relation of M([1,A\¥]). Since /(w) =
L(w") + £(w"), a reduced expression for w'w” is obtained by concatenating reduced
expressions for w’ and w”. It follows that F'(w'w”) = F(w’)F(w'). We conclude that
p has a unique extension to a monoid homomorphism M ([1,\*]) — B%*(e, e, n),
which we denote by the same symbol.

Conversely, consider the map p’ : X — M([1,\*]) : ¥ — z. In order to prove
that p’ extends to a unique monoid homomorphism B®*(e,e,n) — M([1, \¥]), we
have to check that w; = wg in M([1,A\¥]) for any defining relation w; = wy of
B®k(e,e,n). Given a relation w, = Wy = &3y --- &, of B¥(e,e,n), we have wy =
wg = X1Xo X, a reduced word over X. On the other hand, applying repeatedly
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the defining relations in M ([1, A\¥]) yields to w = 1 @3- 2, if w = x1X2-+- X, is a
reduced expression over X. Thus, we can conclude that w; = wsg, as desired.
Hence we have defined two homomorphisms p : Dy — B®*(e,e,n) and p’ : X —»
M([1,\¥]) such that po p/ = idgon(een) and p' o p = idp1 arp). It follows that
B®k(e, e,n) is isomorphic to M ([1, \¥]).

O

Since B®*(e,e,n) is isomorphic to M([1,A¥]), we deduce that B®%(e,e,n) is a
Garside monoid and we denote by B*) (e, e, n) its group of fractions.

3.4.2 Identifying B(e,e,n)

Now, we want to check which of the monoids B®*(e, e, n) are isomorphic to B® (e, e, n).
Assume there exists an isomorphism ¢ : B¥*(e,e,n) — B®(e, e, n) for a given k with
1 <k <e—1. We start with the following lemma.

Lemma 3.4.5. The isomorphism ¢ fizes 33,584, , 3, and permutes the t; where
i € Z/eZL.

Proof. Let f be in X*. We have £(f) < £(¢(f)). Thus, we have £(&) < £(¢(Z)) for
ieX. Also, £(¢(i)) < £(¢~ (4(2))) = £(x). Hence £(&) = £(¢()) = 1. It follows
that ¢ maps generators to generators, that is ¢(Z) € {fo,t1, -+ ,fe_1,83, " ,8n}.
Furthermore, the only generator of B@k((zem) that commutes with all other
generators except for one of them is §,. On the other hand, §,, is the only generator
of B%(e,e,n) that satisfies the latter property. Hence ¢(5,) = §,. Next, §,_1 is the
only generator of B®*(e,e,n) that does not commute with 5,. The only generator
of B%(e,e,n) that does not commute with 3, is also §,_ 1. Hence ¢(3,_1) = §p_1.
Next, the only generator of B€*(e, e, n) different from §,, and that does not commute
with 5,1 is §,_2. And so on, we get ¢(5;) = §; for 3 < j < n. It remains that
d({t; |0<i<e—1})={t;|0<i<e—1}.
O

Proposition 3.4.6. The monoids B®*(e,e,n) and B®(e,e,n) are isomorphic if and
only if kNe=1.

Proof. Assume there exists an isomorphism ¢ between the monoids B@k(e e,n) and
B%(e,e,n). By Lemma we have ¢(3;) = §; for3 < j <nand ¢({f; | 0 <i<e—1})
={t;|0<i<e—1}. erte ta, for the generator of B®k(e e,n) for which ¢(t,,) = t;.
The existence of the isomorphism implies 7, +1t = taltao for each i € Z/eZ. But the
only relations of this type in B®*(e,e,n) are to, 11ta, = tag+kta,- Thus, a; = ag + k,
as =ag+2k, -+, ae—1 = ag+ (e — 1)k Since ¢ is bijective on the #;-type generators,
{ap + ik | i GZ/eZ} =7Z/eZ,so kNe=1.

Conversely, let 1 < k < e — 1 such that kK Ae = 1. We define a map ¢ :
B%(e,e,n) — B®*(e,e,n) where ¢(5;) = §; for 3 < j < n and ¢(t;) = o),
that is ¢(to) = to, ¢(t1) = Tk, ¢(t2) = tor, -+, ¢(te—1) = t(e—1)x. The map ¢ is a
well-defined monoid homomorphism, which is both surjective (as it sends a generator
of B®(e,e,n) to a generator of B¥*(e,e,n)) and injective (as it is bijective on the
relations). Hence ¢ defines an isomorphism of monoids.

O
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When k A e = 1, since B¥(e,e,n) is isomorphic to B®(e,e,n), we have the
following.

Corollary 3.4.7. B¥) (e, e,n) is isomorphic to the complex braid group B(e,e,n) for
kNe=1.

The reason that the proof of Proposition fails in the case k A e # 1 is that
we have more than one connected component in T’ that link #o, £1, -+, and fe_1
together, as we can see in Figure [3.3] Actually, it is easy to check that the number of
connected components that link #g, t;, - - -, and ._; together is the number of cosets
of the subgroup of Z/eZ generated by the class of k, that is equal to k A e, and each
of these cosets have ¢’ = e/k A e elements. This will be useful in the next subsection.

3.4.3 New Garside structures

When k A e # 1, we describe B(k)(e7 e,n) as an amalgamated product of k A e copies
of the complex braid group B(e’,e’,n) with ¢’ = e/e A k, over a common subgroup
which is the Artin-Tits group B(2,1,n — 1). This allows us to compute the center
of B%®)(e,e,n). Finally, using the Garside structure of B®*)(e,e,n), we compute its
first and second integral homology groups using the Dehornoy-Lafont complex [29]
and the method used in [14].

By an adaptation of the results of Crisp [27] as in Lemma 5.2 of [I4], we have the
following embedding. Let B := B(2,1,n — 1) be the Artin-Tits group defined by the
following diagram presentation.

q1 q2 q3 qn—2 dn—1

O O @ . O O

Proposition 3.4.8. The group B injects in B*) (e, e,n).

Proof. Define a monoid homomorphism ¢ : BT — B% (e e,n) : q1 — tit;_y,
g2 — 83,y qn—1 — Sp. It is easy to check that for all z,y € {q1,92, "+ ,qn-1},
we have lem(d(x), d(y)) = ¢(lem(x,y)). Hence by applying Lemma 5.2 of [I4],
B(2,1,n — 1) injects in B®) (e, e,n).

O

We construct B (e, e, n) as follows:

Proposition 3.4.9. Let B(1) := B(e',¢/,n) where ¢/ = e/e A k. Inductively, define
B(i + 1) to be the amalgamated product B(i + 1) := B(i) *g B(e/,e/,n) over B =
B(2,1,n —1). Then we have B®) (e, e,n) is isomorphic to B(e A k).

Proof. Due to the presentation of B()(e,e,n) given in Definition and to the
presentation of the amalgamated products (see Section 4.2 of [38]), one can deduce
that B(e A k) is isomorphic to B (e, e, n).

O
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B(e', e n)

Figure 3.4: The construction of B (e, e,n).

Example 3.4.10. Consider the case of B®®)(6,6,3). It is an amalgamated product
of kN e =2 copies of B(e/,e',3) with ¢’ = e/(k Ne) =3 over the Artin-Tits group
B(2,1,2). Consider the following diagram of this amalgamation.

The presentation of B(3,3,3) x B(3,3,3) over B(2,1,2) is as follows:

e the generators are the union of the generators of the two copies of B(3,3,3),

e the relations are the union of the relations of the two copies of B(3,3,3) with
the additional relations §3 = 55 and taty = tsty

This is exactly the presentation of B(Q)(6,6,3) giwen in Definition ,

tato 53

~

B®(6,6,3)
Proposition 3.4.11. The center of B*) (e,e,n) is infinite cyclic isomorphic to Z.

Proof. By Corollary 4.5 of [38] that computes the center of an amalgamated product,
the center of B (e, e,n) is the intersection of the centers of B and B(e,¢/,n). Since
the center of B and B(e/,¢’,n) is infinite cyclic [I3], the center of B*)(e,e,n) is
infinite cyclic isomorphic to Z.

O

56



Since the center of B(e,e,n) is also isomorphic to Z (see [13]), in order to distin-
guish B®*) (e, e,n) from the braid groups B(e,e,n), we compute its first and second
integral homology groups. We recall the Dehornoy-Lafont complex and follow the
method in [I4] where the second integral homology group of B(e, e, n) is computed.

We order the elements of X by considering 8, < §p_1 < -+ < 83 <ty < t1 <

. < i,_1. For f € B®(e,e,n), denote by d(f) the least element in X which

divides f on the right. An r-cell is an r-tuple [z1, - - , ;] of elements in X such that

T < w9 < -+ < x and z; = d(lem(xi, i1, ,x)). The set C, of r-chains is

the free ZB®* (e, e,n)-module with basis X, the set of all r-cells with the convention
Xo = {[0]}. We provide the definition of the differential 9, : C,, — Cp_;.

Definition 3.4.12. Let [o, A] be an (r+1)-cell, with o € X and A an r-cell. Denote
a4 the unique element of B¥* (e e,n) such that (aj4)lem(A) = lem(a, A). Define
the differential 0, : C, — C,_1 recursively through two Z-module homomorphisms
Sp: Cr — Cry1 and u,. : C. — C,. as follows.

ar+1[067A} = a/A[A] - UT(Q/A[A])7

with U1 = 8, 0 Opy1 where ug(f[0]) = [0], for all f € B®*(e,e,n), and
s-([0]) = 0, s-(z[A]) = 0 if a := d(alem(A)) coincides with the first coefficient in A,
and otherwise s, (x[A]) = yla, A] + s (yur(a/a[A])) with x = yo, 4.

We provide the result of the computation of 91, 02, and 05 for all 1, 2, and 3-cells,
respectively. For all x € X, we have

Oila] = (z — 1)[0],
foralll1<i<e—1,
Dalto, 1i] = tin[ti] — tklto] — [Tx] + [Fivsl,
for z,y € X with Tyr = Yyry,
Oolz,yl = (yx +1 - 2)y] + (y — zy — 1)[z], and
for z,y € X with xy = yx,
Oz, y] = (x = Dy] — (y — D[=].
For j # —k mod e, we have:

0533, t0, t;] = (83titoss — tetods + tj12k83)[to, ;] — +2k§3t~g+k[§37fj] + (tjon —
Satjron)[3, tipr] + (55 — t]+2k53 - 1)[t0,t1+k] + (33tor, — tog)[53, t] + (fanB3 + 1 —
83)[to, tr] + [33, tj2k] + tor83tr[33, to] — [33, t2r] and

353, 0, Tk] = (83tktoss — titoss + tx3s)[fo, T—k] — txBato[53, Tx] + (1 — for, +
Sator)[3s, 1] + (1 + tor3s — 83)[fo, Te] + (fk — Sats + forBati)[5a, fo] — [53, 2]

Also, for 1 <i<e—1and 4 < j <n, we have:
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03[3;,to, ti] = (35 — Dlfo, &) — tirwl55, 1] + k55, t0] — (55, Tig] + [55, T,

for z,y,z € X with ryr = yry, rz = zx, and yzy = zyz,

aS[xayvz] =
(z+ayz—yz— 1)z, y] — [z, 2]+ (xz2 — 2z — 2+ 1 —yz2)ylz, 2] + (x — 1 —yz + zyz)[y, 2],

for z,y,z € X with Tyr = yry, xz = zx, and yz = 2y,
Os[z,y,2] = (1 —w +ya)ly, 2] + (y = 1 —ay)[z, 2] + (= = Dz, 9],
for z,y,z € X with Ty = yz, xz = zx, and yzy = zyz,
O3[z,y, 2] = (1 +yz = 2) [,y + (y — 1 — 29[z, 2] + (¢ — D[y, 2], and
for z,y,z € X with Ty = yz, xz = zx, and yz = 2y,
Oz, y, 2] = (1 =y, 2] + (z = D[z, y] + (x = Dy, 2].

Let d,. = 0O, QZBO* (e,e,n) Z : C, QzB®k (e,e,n) 7 — Cr_1 RzBS* (e,e,n) Z be the
differential with trivial coefficients. For example, for dy, we have: forall1 <i<e—1,

dofto, ;] = [ti] — [fo] — [£k] + [ti+al,
for z,y € X with YT = Yyry,
da[z,y] = [y] — [2], and
for x,y € X with Ty = yzx,
dalz,y] = 0.
The same can be done for d3.

Definition 3.4.13. Define the integral homology group of order r to be
H.(B®(e,e,n),Z) = ker(d,)/Im(dyy1).

We are ready to compute the first and second integral homology groups of B(*) (e,e,m).
Using the presentation of B(k)(e, e,n) given in Definition one can check that
the abelianization of B*)(e, e, n) is isomorphic to Z. Since H;(B®) (e, e,n),7Z) is iso-
morphic to the abelianization of B*)(e, e, n), we deduce that Hy(B®* (e,e,n),Z) is
isomorphic to Z. Since Hy(B(e, e, n),Z) is also isomorphic to Z (see [13]), the first in-
tegral homology group does not give any additional information whether these groups
are isomorphic to some B(e, e, n) or not.

Recall that by [14], we have
e Hy(B(e,e,3),Z) ~ Z/eZ where e > 2,

o Hy(B(e,e,4),Z) ~Z/eZ x 7./2Z when e is odd and Hy(B(e,e,4),Z) ~ Z/eZ X
(Z/2Z)?* when e is even, and

e Hy(B(e,e,n),Z) ~7Z/eZ x Z/27 when n > 5 and e > 2.
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In order to compute Hy(B®¥) (e, e,n), Z), we follow exactly the proof of Theorem 6.4
in [T4] and use the same notations. We only point out the part of our proof that is
different from [14]. Define v; = [tN(), LTZ} + [53, tN()] + [53, t~k] — [53, Ez] — [53, t~2+k] where 1 <
i <e—1. Asin [I4], we also have Hy(B®¥) (e, e,n),Z) = (K1 /d3(Ch)) @ (K2 /d3(Cs)).
We have d3[§3, fo, L:]] = Vj —Vjtk T Vg if j # —k and d3[§3, t~0, f_k] = v_j +vi. Denote
u; = [33,10,%;] for 1 <i < e—1. We define a basis of Cy as follows. For each coset of
the subgroup of Z/eZ generated by the class of k, say {fs, %z 4k, - ,tz_s} such that
1 <z <e—1, wedefine weyix = Uptik + Upp(it1)k T+ + Uz for 0 < i <e—1,
and when z = 0, we define w;x, = uix + U@i41)p + - +u_p for 1 <7 <e—1. Written
on the Z-basis (Wi, Wak, ** , W_k, W1, Witky s Wi—ky " s Way Wadky, " »Wa—fy ")
and (Vg, Vak,**+ s Uk, U1, V1bk, " s Ul—ks " 5 Uz, Ugdky* ** »Vz—k, " ), dg 1S in trian-
gular form with (e A k) — 1 diagonal coefficients that are zero, all other diagonal
coeflicients are equal to 1 except one of them that is equal to ¢/ = e/(e A k). In
this case, we have Hy(B"¥) (e, e,3),Z) = Z(¢N)=1 x 7,/¢'7. The rest of the proof is
essentially similar to the proof of Theorem 6.4 in [14].

When n = 4, we get [34,%;] + [84,Livx] = [34,11] + [54,t0] for every i and since
2[34,1;] = 0 for every i, we get Ko/d3(Cs) ~ (Z/2Z)¢, where c is the number of
[34,%;] that appear in the solution of the congruence relations [34,%;] + [34,%i1k] =
[34, 1] + [84, 1] and 2[34,%;] = 0 in Z/eZ. We summarize our proof by providing the
second integral homology group of B(¥)(e, e, n) in the following proposition.

Proposition 3.4.14. Lete >2,n>3,1<k<e—1, ande =e/eNk.
o Ifn =3, we have Hy(B®¥) (e, e,3),7) ~ Z(NI=1 x 7, /' 7.

o Ifn =4, we have Ho(B¥ (e, e,4),7) ~ 7\ "N~ x Z/e'7 x (Z)27.)°, where c is
defined in the previous paragraph.

e Ifn>5, we have Ho(B®¥) (e, e,n),7Z) ~ Z( K=V x 7,/¢' 7 x 7. 2.

Comparing this result with Hy(B(e,e,n),Z), one can check that if k Ae # 1,
B®)(e, e, n) is not isomorphic to a complex braid group of type B(e,e,n). Thus, we
conclude by the following theorem.

Theorem 3.4.15. B (e, e, n) is isomorphic to B(e,e,n) if and only if k Ae = 1.

In Appendix A, we provide a general code to compute the homology groups of
order r > 2 of Garside structures by using the Dehornoy-Lafont complexes. In partic-
ular, we apply the code for the Garside monoids B®*(e, e, n) that have been already
implemented (see [55] and [56]). This enables us to compute the second integral
homology groups for B(¥)(e, e, n) and to check the results of Proposition
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Chapter 4

Hecke algebras for G(e,e,n) and
G(d,1,n)

Contents
4.1  Presentations for the Hecke algebras|. . . . . . ... ... 61
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[4.3 The case of G(d,1,n)| . « « v v v v v v v i i i i 74

In this chapter, we define the Hecke algebra associated to each complex reflection
group of type G(e,e,n) and G(d,1,n) as a quotient of the group algebra RyB by
some polynomial relations, where Ry is a polynomial ring and B is the corresponding
complex braid group. We define a basis for this Hecke algebra and get a new proof of
Theorem for the general series of complex reflection groups of type G(e, e, n) and
G(d,1,n). An important consequence of our computations in the case of G(e,e,n) is
that the quotient of the monoid algebra Ro(B®(e,e,n)) by the polynomial relations
is a finitely generated Rg-module, see Proposition where B (e, e,n) is the
monoid described by the presentation of Corran and Picantin.

4.1 Presentations for the Hecke algebras

We start by recalling the presentation of the complex braid group B(e, e, n) for e > 1
and n > 2, see Definition for k = 1. Note that we remove the tilde character
from each generator symbol of the presentation in order to simplify the notations.

Definition 4.1.1. Fiz e > 1, and n > 2. The group B(e,e,n) is defined by a
presentation with set of generators: {to,t1, - ,te—1,83,84, * ,Sn}t and relations as
follows.

1. tit; 1 = tjtj,1 fO’/‘ i, ] € Z/GZ,

2. t;s3t; = s3t;s3 fO’/"i S Z/BZ,
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3. s;t; =t;s; fori € ZjeZ and 4 < j < n,
4. 8i8i418; = 8;418i8i+1 for 3<i<n—1,
5. sisj =s;s; for|i—j| > 1.

Recall that this presentation can be described by the following diagram. The

dashed circle describes Relation 1 of Definition[£.1.1] The other edges used to describe
all the other relations follow the standard conventions for Artin-Tits diagrams.

Figure 4.1: Diagram for the presentation of Corran-Picantin of B(e,e,n).

Now, we recall the presentation of the braid group B(d,1,n) for d > 1 and n > 2.
Proposition 4.1.2. Fix d > 1 and n > 2. The complex braid group B(d,1,n)
1s defined by a presentation with generators z,ss,S3, +--, and S, and relations as
follows.

1. 289289 = S9282%,

2. zsj =552z for2<j <n, and
3. 8iSi118i = Si418iSi41 for 2 <1 <n—1 and s;s; = s;s; for |i — j| > 1.

This presentation can be described by the following diagram.

z

O O O -=----- O—O

Figure 4.2: Diagram for the presentation of B(d,1,n).

Remark 4.1.3. As mentioned in C’hapter@ if we add the relations t3 = 1, -

2, =1,82=1, -, s2 =1 to the presentation of B(e,e,n), we get a presentation

of the complex reflection groups G(e,e,n). Also, if we add the relations z? = 1,

s3 =1, -+, 82 =1 to the presentation of B(d,1,n), we get a presentation of the
complex reflection group G(d,1,n).
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We are ready to give the definitions of the Hecke algebras.

Definition 4.1.4. Let e > 1 and n > 2. We exclude the case (n=2, e even), see
Remark, Let Ry = Z[a]. We define a unitary associative Hecke algebra H (e, e, n)
as the quotient of the group algebra Ro(B(e,e,n)) by the following relations.

1. tffati71:0f0r0§i§efl,
2. sifasj71:0for3§j§n.

Then, a presentation of H(e,e,n) is obtained by adding these relations to the braid
relations of the presentation of B(e,e,n) given in Definition|4.1.1]

Definition 4.1.5. Let d > 1 and n > 2. Let Ry = Zla,by,ba, -+ ,bg—1]. We define
a unitary associative Hecke algebra H(d,1,n) as the quotient of the group algebra
Ry(B(d,1,n)) by the following relations.

1. 2% — b2 1 —bo2?2 — i —hy_12—1=0,

2. s?fasj—120f0r2§j§n.
Then, a presentation of H(d,1,n) is obtained by adding these relations to the braid
relations of the presentation of B(d,1,n) given in Definition .

In the previous definitions, we use the polynomial ring Ry, instead of the usual
Laurent polynomial ring R that was introduced originally in Definition[I.3:1} Actually,
by Proposition 2.3 (ii) of [5I], Conjecture (for W = G(e, e, n)) is equivalent to
the fact that H (e, e,n) of Definition [1.1.4is a free Ro-module of rank |G(e, e,n)|. The
same can be said for G(d,1,n). Then, by proving that H(e,e,n) and H(d,1,n) are
free Ryp-modules of rank |G(e,e,n)| and |G(d,1,n)|, respectively, we get a proof of
Theorem for the case of G(e,e,n) and G(d, 1,n).

4.2 Basis for the case of G(e,e,n)

The Hecke algebra H(e,e,n) is described in Definition by a presentation with
generating set {tg,t1, - ,te—1,83, ", Sn}. We will replace tg by s2 in some cases to
simplify notations. We use the geodesic normal form of G(e,e,n) defined in Section
2.1 of Chapter 2 in order to construct a basis for H(e,e,n) that is different from the
one defined by Ariki in [I]. We introduce the following subsets of H(e, e, n).

A2: { 1)
tr for0<k<e-—1,
tgto for1<k<e—1 },

and for 3 <i < n,

A= {1,
Si Sy for 3 <4 <14,
;- 83tk for0<k<e-1,

Si - S3tpsy--sy forl<k<e—land2<i# <i }.
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Define A = Ay - -+ A,, to be the set of the products as - - - a,, where as € Ay, -+ ,a, €
A,. Recall that Ry = Z[a]. The aim of this section is to prove the following theorem.

Theorem 4.2.1. The set A provides an Ry-basis of the Hecke algebra H (e, e, n).

In order to prove this theorem, it is shown in Proposition 2.3 (i) of [51] that it is
enough to find a spanning set of H(e,e,n) over Ry of |G(e,e,n)| elements. This is a
general fact about Hecke algebras associated to complex reflection groups. We have
|A2| = 2e, |A3| = 3e, - -+, and |A,| = ne by the definition of Ag, ---, and A,. Thus,
|A| is equal to e"~!n! that is the order of G(e,e,n). If we manage to prove that A is
a spanning set of H(e, e, n) over Ry, then we get Theorem Denote by Span(.S)
the sub-Ro-module of H (e, e,n) generated by S.

We prove Theorem by induction on n > 2. Propositions [£.2.4] and [£.2:0]
correspond to cases n = 2 and n = 3, respectively. Suppose that As---A,_1 is an
Ry-basis of H(e,e,n — 1). As mentioned above, in order to prove that A = As--- A,
is an Rp-basis of H(e,e,n), it is enough to show that it is an Ry-generating set of
H(e,e,n), that is A stable under left multiplication by tg,--- ,tc—1, 53, -+, and $p.
Since Ag -+ A, is an Ry-basis of H(e,e,n— 1), the set Ay --- A,, is stable under left
multiplication by tg, - ,te—1,83, -, and s,_1. We prove that it is stable under left
multiplication by s,,, that is s, (as - an) = ag - - - an—28,(an—1a,) belongs to Span(A)
for ag € Ay, -+, and a,, € A,. We will check now all the different possibilities for
an—1 € A1 and a,, € A,,.

Let us consider the case n > 3. If a,_1 = 1 and a,, € A, it is obvious that
Sn(an—1a,) belongs to Span(A,_1A,). Also, if a,,—1 € Aj,—1 and a,, = 1, it is obvious
that s, (a,—1a,) belongs to Span(A,—1A,). If ap—1 = sp—1---s;for2 <i<n-—1, we
distinguish 3 different cases for a,, that belongs to A,,. This is done in Lemmas
and [£.2.10)below. If ap—1 = 51 - - - s3t) for 0 < k < e—1, we also distinguish 3
different cases for a,, € A,,. This is done in Lemmas[.2.11} [£.2.12] and[#.2.13] Finally,
ifap_1=8n_1-"-83tpso---s;for 1 <k<e—1and2<i<n-—1, we also check the
3 different possibilities for a,, € A,,. This is done in Lemmas[4.2.14] [£.2.15], and [£.2.76]

In order to prove all this, we first need to establish the following two preliminary
lemmas.

Lemma 4.2.2. Fori,j € Z/eZ, we have t;t; € Span(Asz).

Proof. If i = j, then we have t? = at; + 1 € Span(Az). Suppose i # j. We have
tit;—1 = t;t;—1. If we multiply by ¢; on the left and by ¢;_; on the right, we get
tjtit; ; = t3t; 1t; 1. Using the quadratic relations, we have

tjti(ati_l + ].) = ((th + 1)tj_1t1'_1, that is

atjtiti,1 + tjti = atjtjfltifl + tjfltifl.

Replacing t;t;,_1 by t;t;_1 and t;t;_1 by t;t;_1, we get

at?tj_l +tt; = atit? | + tj_1t;—1. Using the quadratic relations, we have
a(atj + 1)tj_1 +tit; = ati(ati_l + 1) +t;_1ti—1, that is

a’tity + atj_1 +1tt; = a’tity + at; + tj_1t;—1. Simplifying this relation, we get

tjti = tjfltifl + a(ti — tjfl).
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Now, we apply the same operations to compute t;_1¢;_; and so on until we arrive
to a term of the form ¢4ty for some k € Z/eZ. Thus, if i # j, then t;t; belongs to

Span(As \ {1}).

Lemma 4.2.3. For 1 < k < e — 1, we have titg € Ro(tito) + Ro(t1to)? + -+ +
Ro(tlto)k + Roty + Rota + - - - + Rotp_1.

Proof. We prove the property by induction on k. The property is clearly satisfied for
k=1. Let k > 2. Suppose t_1tg € Ro(tito) + Ro(t1to)? +- -+ Ro(tito)* ' + Roty +
Rota + -+ + Rotg—_o. We have that tg1tp = titr_1. Multiplying by tx11 on the left
and by g on the right, we get t%_Htkto = trp+1trtr—1to. Using the quadratic relations
and replacing tyy1ty with t1tg, we get (atgy1 + 1)tgto = titotg—1to. After simplifying
this relation, we have tto = t1to(tk—1t0) — a(tito)to. Using the induction hypothesis,
we replace t;_1tg by its value and we get titg € ti1to(Ro(tito) + Ro(tito)? + -+ +
Ro(tlto)kil + Rotl + Rotg + -+ Rotk_g) + Ro(tlto)to. This is equal to Ro(tlto)Q +
Ro(t1to)® + -+ -+ Ro(tito)* + Ro(tite)ts + Ro(tito)ta + - -+ Ro(tito)tx—2 + Ro(tito)to.
Now (t1to)tm is equal to tpymi1tmtm € Rotito + Rotme1 for 1 < m < k — 2 and
(tlto)to € Ro(tlto)-i-Rof,l. It follows that titg € Ro(t1t0)+R0(t1t0)2+' . '+R0(t1t0)k+
Rot1 4+ Roto + -+ - + Rotp—1.-

O

Proposition 4.2.4. Let x = t; with |l € Z/eZ. For all ay € Ag, we have xas belongs
to Span(As).

Proof. This is an immediate consequence of Lemma [£.2.2] O

Remark 4.2.5. We excluded the case n = 2 and e even in Definition [[.14 In
this case, there are two conjugacy classes of reflections. One can define H(e,e,2)
for e even in the same way as Deﬁm’tion with Ry = Z[ay, as] and two types of
polynomial relations t2 — a1t; — 1 = 0, t;’s corresponding to the first conjugacy class
and t? —agt; —1 =0, t;’s corresponding to the second conjugacy class. Similarly
to Proposition one shows that Ay is stable under left multiplication by t; for
i € Z/eZ. Then, by Proposition (2.8) (i) of [21], As is an Ry-basis of H(e,e,2) for e

even.

Proposition 4.2.6. For all as € A2 and as € As, the element s3(agas) belongs to
Span(AsAs).

Proof. The case where a; € A; and as = 1 is obvious. The case where a; = 1 and
as € Ao is also obvious.

Case 1. Suppose as =t for 0 < k < e —1 and az = s3.
We have sstiss = trssty € Span(AgAs).

Case 2. Suppose as =t for 0 < k<e—1landaz=sst;for0<i<e-—1.
We have s3trsst; = trsstpt;. After replacing trt; by its decomposition over A (see
Lemma, , we directly have s3tisst; € Span(A2As3).

Case 8. Suppose as =t for 0 < k < e — 1 and az = s3t;tg or ag = s3t;tgss for
1 <l <e—1. We have sgtysstitoss = tpsstititoss. By replacing txt; by its value (see
Lemma , we obviously have sstpsst;ty and sstgsstitoss belong to Span(AgAs).
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Case 4. Suppose ag = tptg for 1 < k < e —1 and a3 = s3. We have s3(azasz) =
s3trtoss € SpaH(AgAg).

Case 5. Suppose ay = titg with 1 <k <e—1and a3 = s3t; with 0 <[ <e—1.
We have s3(aza3) = sstitosst;. Recall that by Lemma we have titg € Ro(t1to)+
Ro(t1t0)2 +---4+ Ry (tlto)k + Rot1 + Roto + - - - + Rotr—1. Replacing titg by its value,
we have to deal with the following two terms:
satysst; with 1 <o <k —1 and s3(t1t9)%sst; with 1 <z < k.

The first term is done in Case 2. For the second term, we decrease the power of
(t1to) and use titg = ti41t; to get sg(tito)” *tiy1tisst;. We apply a braid relation
and then get s3(t1t0)® 't;4153t;53. Again, we decrease the power of (t1to) and use
tito = ti4ali41- We get 83(tlto)l’72tl+2tl2+153t153 € R()Sg(tlto)m72tl+2tl+153tl53 +
Ross(ti1to)* %ty 083t183. We continue by decreasing the power of (¢1t) and we get in

the next step that s3(azasz) belongs to Ross(t1to)® 3ti1183t153 +Ross(tito)*  3ti1283t153

+Ros3(t1to)* 3t11183t183 +Ross(tito)® 3t113s3t;s3. Inductively, we arrive to terms of
the form sstitot, s3ti(s3)® (0 <z’ <e—1and z” € N). Replace t1tg by ty 1ty , we

get Sgtx/+1(tx/)233tl(83)z” which belongs to RoSgtx/_;,_ltx/ Sgtl(Sg)x” +R0$3tx/+1s3tl(33)m .

Replacing t,/11t, by t;41t; and applying a braid relation in the first term, we get
Rosstir1ssti(s3)® T +Rosstyp1s3ti(s3)® . Since s = asz + 1, it remains to deal
with these 2 terms:

s3tes3t; and s3t,ss3t;s3, for some 0 <z < e — 1.

Tt is easily checked that they belong to Span(AgAsz).
Case 6. Suppose ag = titg and a3 = s3tjtg or ag = sstitpss (1 <k, 1 <e—1).
By Case 5, we get two terms of the form s3t,sst; and s3t,sst;s3. Multiplying them
on the right by to then by s3, we get that s3(agas3) obviously belongs to Span(AsAj).
O

In the sequel, we will indicate by (1) the operation that shifts the underlined
letters to the left, by (2) the operation that applies braid relations, and by (3) the
one that applies quadratic relations. The following lemma is useful in the proofs
of Lemmas [4.2.13] [£.2.15 and [4.2.16] Denote by S} _; the set of the words over
{Tfo, cor  te_1,83, - 757171}-

Lemma 4.2.7. Let 3 <i <n. We have s, - -+ 845354 - -+ 8; belongs to Span(S}_,A,,).

Proof. If i = 3, we have s,, 8453 € R8sy, 8453 + Rosp -+-s4 (the last term is
equal to 1 if n = 3). If i = 4, we have s,, - - - 845354 € RSy, - 845354 + Rosp, -+ 87 €
Rgs3sn -+ S3+RoSp « - - sS4+ Rosy, - - 85. The last term is equal to 1 if n = 4. Let ¢ > 5.

We have s,, - - - 345?,)34 -+ 8; belongs to RoSy, -+ $48384 -+ Si+Rosp -« - 553?155 ---8;. We

apply the quadratic relation s7 = ass + 1 to the second term and get

RoSy -+ 858485 -+ 8; + Rosy, - - - sGSgs(; -++8;. And so on, we apply quadratic relations.
We get terms of the form s, - - Sgp415kSk+1 -5 with £+ 1 < 4 and a term of the
form s, - - si+1sisfflsi.

We have s, - - - si+1sisi2715¢ belongs to

Rosp -+ 8i415:8i—158; + Rosp -+ - Si418; + Rosp -+ 841 C

RoSi—18n -+ 8i—1+RoSn -+ 8i118i + RoSn - - - 8i4+1 (the last term is equal to 1 if i = n).
Hence it belongs to Span(S)_;A,).
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The other terms are of the form s, - sgi1Spsp+1-+-8; (B + 1 < 7). We have
St Sk1SESk41° " Si =
Sp o Sh2SkSkA1SkShes S =
SkSn " Sk+2Sk+1Sk+25kSk+3 " Si =

SkSn " Sk4+15k+25k+15kSk+3 """ Si =
SkSk+18n " Sk4+2Sk4+1SkSk+3 " Si—15¢-
We apply the same operations to sg3, -+, ;-1 and get

—~
=
—

SkSk41- " Si—25n " SkSi

—~
V)
—

SkSk4+1 " Si—25n " 8iSi—15iSi—2 """ Sk

—~
—
—

SkSk+1 " S8i—285n """ 8i4+18i—-15i5i—15i—2 """ Sk
SkSk41 " Si—1SnSn—1" " Sk,
which belongs to Span(S;:_;A,).
O

Lemma 4.2.8. If ap_1 = Sp_18p—2-+-8 with3 <i<n—1 and ap = SpSpn_1- - Sy
with 3 <" <mn, then sp(an—1a,) belongs to Span(An,—1A,).
Proof. Suppose i < i'. We have s,(an—1a,) is equal to
SnSn—15n—2" " SiSnSn—1"""Si/ =
SnSn—15nSn—2 " SiSn—1""" Sy -
Sn—18nSn—15n—2"" " SiSn—1""" S =
Sn—15nSn—15n—25n—1 """ SiSn—-2 """ Sy’ =

Sn—15nSn—25n—15n—2 """ SiSp—2 " Sy’ =

Sn—15n—-25nSn—15n—2 " 8;Sn—2 " S4/.
We apply the same operations to the underlined letters s,,_5---s; in order to get
Sn—1Sn—2° " Si/—1SnSn—1 - - - $; which belongs to Span(A,,_1A,).

Suppose © > i'. We have s,(an—1a,) is equal to s,5,1 - S;iSpsp—1--- 5. We
apply the operations (1) and (2) and get $,—18,8n—1 " S$iSn—1 - Si. Then we apply
the same operations to s,,_1 and get s,,_15,_25,8n_1" " SiSpn_2 - Si. Since ¢ > ', we
write $;128;4+15; I Sp—o - -+ S and get Sy —15n—25nSn—1" " SiSn—2 " Si+2S8;4+15i " - Si’-
Similarly, we apply the same operations to s,—_s, - -, s;42 and get

(2)

Sn—1""8i4+18n " " Si4+18iSi4+18; " " - S/ =

—
—

2 =
Sn—1-""8i4+18n " " $i4+28i5i+15;Si—1" " Sy =

—
=

Snfl'"Sisn"'5i+25i+1i3i71"'3i’ =
ASp—1°*SiSn """ Si+15iSi—1" "8y T Sp—1"""8iSp """ Si+28i+1S8i—1 """ Si’-
The first term belongs to Span(A,_1A,). For the second term, the underlined let-
ters commute with s, --- ;425,41 hence they are shifted to the left. We thus get
Sn(an—1a,) is equal to as,_1--8;Sp - Sy + Sp_1-+*8iSn - - - Si+1 which belongs to
Span(A,—1A,).

O
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Lemma 4.2.9. Ifa, 1 = $p_1---8; with3 <1 <n—1 and a, = S, - Sstr with
0<k<e-—1, then sp(an—1ay) belongs to Span(A,—1A,).

Proof. This corresponds to the case i’ = 3 in the proof of Lemma with a right
multiplication by #; for 0 < k < e—1. Since 7 > 3, by the case i > i’ of Lemma [4.2.8
we have $p,(an—1a,) = aSp—1 -+ 8iSp -+ S3tk + Sp—1-*-838n - - - Si+1tx. In the second
term, t;, commutes with s, - - - s;41 hence it is shifted to the left. We get s, (an—1a,) =
ASp—1"""8iSn - S3tk + Sp—1 - S3tkSn - - - S;+1 which belongs to Span(A,_1A,).

O

Lemma 4.2.10. Ifa, 1 = sp_1---8; with3 <i <n—1anda, = S, - S3tLS283 - - Syr
withl1 <k<e—1and 2 <i <n, then sy(an—1ay,) belongs to Span(A,_1A,).

Proof. According to Lemma [£.2.9] we have
sn(an,lan) = aSp—1°""SiSp " S3tk82 cee 8yt + Sp—1 S3tk8n crr 841820 Sy The
first term is an element of Span(A,,_1A,,). We check that the second term also belongs
to Span(A,—1A,). Actually,

If i" < i, the second term is equal to s,_1 - S3tkSy -+~ Siqy1852 - - - Sir.
The underlined letters commute with s, ---s;+1 and are shifted to the left. We get
Sp—1-°"" 83tks2 ©+8i18p 841 € SpaH(An_lAn).

Ifi! > i, we write $;_18;8; 41 In 8o+ 8 and get Sp_1 -+ S3tkSp - - Si11(82 -+ - 8i7) =
(

—

Sp—1 - 83tkSp - Sip1(S2 - 8i—15:Sit1 - Sir)

—~
DN
—

Sp—1 - 83tESa - Si—18n - Siq1(SiSiv1 - Sir)

—~
=
~—

Sp—1-S3tRS2 - 8i_18n - 8iSi415:(Sig2 - Sir)

—~
=
~—

Sp—1""S3lES2 - $i—18iSn - 3i+1si(5i+2 T Si’)

—~
no
—

Sp—1""+S3lES2 - $i—18iSn - 3i+23i+15i+25i(51+3 e Si’)

—~
—
~—

Sp—1-""83tKS2 " 8i—18i8n *** Sit18i+25i+18i(Sit3 - Sir)

Sp—1-""83tkS2 " 8iSiy18n +  SitaSit15i(Siy3 - Sir)-
We apply the same operations to the underlined letters s; 3, - -+, siy. We finally get
Sp—1°"S3tkSa - Si_18n -+ S; € Span(A,—1A,).

O
Lemma 4.2.11. Ifap,_1 = Sp_1---83tp with 0 <k <e—1 and a, = s, ---8; with
3 < i<, then sp(an—1a,) belongs to Span(An—1Ay).
Proof. We have s, (a,—_1a,) is equal to

1
SnSn—1°""83tkSn - S =

—
—

—~
-

SnSn—18n " S3tkSn—1°""8; =

—
N

Sn—18nSn—1"" " 83tkSn—1"""S; =

—
-

Sn—18nSn—18n—28n—1"""83tkSp—2---8; =

—
N

Sn—18nSn—28n—18n—2 """ 83tkSp—2---8; =

Sn—1Sn—28nSn—1" " S3tgSn_2---s;. Now we apply the same operations for s,,_a, - - -

If i = 3. We get sp—1---S3S,Sn—1 - Sstrxss. Next, we apply a braid relation
to get Sp—1---838,8n—1 - lpSsty, then we shift ¢, to the left and we finally get

Spm—1-"83tkSnSn—1 - - - 83t which belongs to Span(A,,_1A,).
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Ifi > 3. We directly get s,,—1 -+ $;8;—18n - - - S3tx which also belongs to Span(A,,_1A;,).
O

Lemma 4.2.12. Ifa, 1 = Sy_1---83tp with0 <k <e—1 and a, = s, - s3t; with
0<i<e—1, then sp(an—1ay,) belongs to Span(A,_1A,).

Proof. By Lemma [4.2.11] one can write s, (an—1an) = Sn—1- - 83tkSnSn—1 - - S3txt;.
By Lemma where we compute t;t;, we directly deduce that s, (a,—1a,) belongs
to Span(A,—1A,).

O

Lemma 4.2.13. Ifa,_1 = sp_1---S3tp with0 < k <e—1 anda, = S, - S3t;So - S;
with2 <i<n and 1<l <e—1, then s,(an—1a,) belongs to Span(S;_,A,).

Proof. By the previous lemma, we have s, (a,—1an) = Sp—1 - S3tgSn - - - Sstrti(sa - 8;).
By Lemma the case i = 2 is obvious. Suppose i > 3. After replacing
tit; by its value given in Lemma we have two different terms in s, (an—10a,)
of the form s, 1 83tkSn -+ S3tz(s2---8;) with 0 < & < e — 1 and of the form
Sp—1 " S3tkSn - S3te(s3 - 8;) with0 <z <e—1.

For terms of the form s,,_1 « -+ s3tgs, - - 3tz (s3--+8;) with 0 <2z < e—1, we have

—~
DN
—

Sn—1 - S3lksn -+ S3la(s3- - 5i)

—~
[l
—

Sp—1-"83tkSyteS3ts(Sa- - 5;)

—~
=
—

Sn—1 - S3tktesn - S3ta(sa- - 5i)

—~
N
—

Sp—1-" " 83tkteSy -+ - 545354ts (85 -+ 8;)

—~
-
—

Sp—1-" " 83tkteSy - - 535453tx (85 -+ 8;)
Sp—1 - S3tptys3sy - 83ty (S5 84).
We apply the same operations for the underlined letters to get
Sp—1°"S3tptsS3 -+ Si—18p - - - S3t, which belongs to Span(Sk_;A,).
Consider the terms of the form s,,_1 - - S3tgSy - - - S5tz (s2- - 8;) with0 < a <e—1.
If x # 0, they belong to Span(A,_1A,).
Ifx =0, wehave s,,—1 -+ - S3tgSy - - - S3to(S283 -+ 8;) € RoSp—1 -+ S3lpsn - - S3tpss - - Si+
RoSn—1---83tLSy """ 545384 - -+ 8;. The first term correspond to the previous case (with
x = 0) and then belongs to Span(S_;A,). By Lemma the second term also
belongs to Span(Sy_;A,).
O

Lemma 4.2.14. If a1 = Sp_1---83tkSo---s; with2<i<n—-1,1<k<e-1
and a, = $p -+ 8y with 3 <14’ < n, then s,(ap_1a,) belongs to Span(A,_1A,).
Proof. Suppose i < i'. We have s, (a,_1a,) is equal to

@

Sn"'SStk52"'3i5l"'si’ P
SnSn—18n * "~ 83tkS2 - SiSp—1- " Sy =
Sn—1SnSn—1- " S$3tkS2 -+ SiSn—1""" Si =
Sn—15nSn—15n—28n—1" " S3lkS2 - SiSp—2- - Sy =

Sn—15nSn—28n—18p—2 - S3tkS2 "+ SiSp_2- - Sy =
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Sn—18n—-28nSn—18n—2 " S3tpS2 -+ SiSp—2 " Si'4+1Si/-
We apply the same operations to the underlined letters and
we get §p_1 8y Sn - S3tkS2 - 8;Sy.
If ! =i+ 1, we directly have s, (an—1ay) € Span(A,—1A,).
Ifi' > i+ 1, then we write s;/118;8;—1 in the underlined word of
Sp—1°°""8Si'Sp - SgtkSQ s 88y and get

@

Sn—_1" “Si,s’n'.'sit‘rlsi’si,*l ...83tk82...siﬂ =
2
Sp—1°""8i'8p ** Sir418¢Sir—18i/ + - S3lpS2 -+ S; =

)

Sp—1°""Si'Sp " Sir418¢ 18y Sir—1 -+ S3lkS2 -+ 8 =

—~
~

—~

Sp—1""87—18n - S3lgse---s; which belongs to Span(A,_1A,).
Suppose i > i'. We have s, (a,—1a,) is equal to

Sp v 83lpSa -+ 8i8y -+ sy, We shift s, to the left and apply a braid relation to get
Sn—1SnSn—1---S3tkS2 -+ - S;Sp—1---Sy. Write $;128,4+1 in the underlined word to get
Sn—15nSn—1"S3tkS2 " SiSn—_1- " Si+2Si+1 - Sir. We apply the same operations to
the underlined letters to get
(2)
(1)

Sp—1-""8i415n - S3lpS2 - Si418iSi418i—1" Sy =

Sp—1-""8iSp - S3tpSa -+ 8;_18iSi415i—1- - Si (The details of the computation is
left to the reader). Then we have

Sp—1""Si418n - S3tES2 - $iSiq18iSi—1 " Sy

—

Sp—1"8iSn - 83LES2 1 Si—18iSi418i—1" " Sy =
Sp—1"8iSn - S3tES2 - 8i—15i5i—18i418i—2 " St =

Sp—1""8iSn " 83tkS2 - $i8i—158iSi+18i—2 " * " Si/ =

Sp—1°"*5;_15p "+ 53LkS2 "+ 8;_25,_15;Si+15;—2 " Sy+1Si. We apply the same op-
erations to the underlined letters and we finally get
Sp—1**Si'418n - S3lES283 « - - $iS;415i. We write s;7_15; 8,41 in the underlined word
and get Sp—1 - Sy415n - S3tkS283 Sy _18¢ i1+ - 8iSi+15¢. We shift sp to the
left. We get $p—1 -+ Si7415n -+ - S3tkS2S3 -+ S7—1S#Si/+1Si7 -+ - S;Si+1. We apply a braid
relation and get Sp—1---Si415n - S3tkS2S3 -+ Si#—18¢ 415 Si/+1 * * - SiSi+1. NOW we
shift s;/41 to the left and get -

(@)
Sp—1"*Si/418n "+ Sy 415/ Sir418i/—1 -+ - S3tpS2 -+ Sip1 =

—~
N

Sp—1""*8i/4+1Sn " Si’Sir+18¢Sir—1 "+ S3lkS2 -+ Sit1 =
Sp—1""*8i/+1SiSn "+ Sir+18¢Sir—1 "+ * S3lkS2 -+ * Sit1 =
Sp—1-""8#Sp - S3tpSa - Sit+1, which belongs to Span(A,_1A,).

O

Lemma 4.2.15. Ifa,—1 = Sp—1---Satgsa---s; with2<i<n-—-1,1<k<e—1and
Up, = SpSn—1 - S3t; with 0 <1 <e—1, then sp(an—1a,) belongs to Span(S)_iA,).

Proof. By the final result of the computations in Lemma we have s, (an—1an)
is equal to s,—1 -+ 835y, + - - S3tkS283 - - - S;41t. We shift ¢; to the left and get
Sp—1--S38p - S3tpsasst; -+ sip1. By Case 5 of Proposition [£.2.6] we have to deal
with the following two terms:

® S, 1835y - S3tyS3tiSq - S;41 and
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® Sp_1:::8535, - S3lyS3t15384 - Si41 With 1 <zl <e—1.

The first term is of the form

—~
N
—

Sp—1°"838p " S3tzS3tiSq - Sit1

—~
=
—

Sp—1"838p " SalzS3tytiSqy - - Sit1

—~
=
—

Sp—1"83tySp - 33txtl574' Tt Sit1

—~
N
—

Sp—1-+"83tySp - 848384l t1S5 - - Sit1

—~
[
—

Sp—1-+"83tySp - 838483t t1S5 - - Sit1
Sp—1+8314838n 848341185+ S;428;11. We apply the same operations to the
underlined letters, we get s,_1--S3tyS3 - S;_1Sp - - - S4S3tzt1S;11. Finally, we shift
Si+1 to the left and get s,,—1 - S3tyS3 - S;Sp - - - SaSstzt;. Since 2 < i <n—1 and by
the computation of ¢,¢; in Lemma the lemma is satisfied for this case.
The second term is equal to

2
Sp—1°"838p - 83ty 8318384+ 811 =

—
~

—
~—

Sp—1°"838p " 1830118384+ 8i41 =
Sp—1---S3typSn - - S3tyt;1S3S4 - - Siy1. We replace t,t; by its value given in Lemma
22 we get terms of the three following forms:

® Sy 1---83tySy - S3tmtoSsSe - Sip1 wWith 1 <m <e—1,
® Sy 1 853tpSn - S3tmS3Se - Sip1 with 0 <m <e—1,
Y e t e 2 Y

Sp—1 S3lzSn 545354 Si41-

The first term belongs to Span(S;_;A,,). The third term also belongs to Span(S_; A,,).

n—1
This is done by using the computation in the proof of Lemma For the second
term, we have

2
Sp—1""-830gSp - 848318384 Si41 =

—~
—

—
—

S'n,fl'"SSta:Sn"'s4tm83tm874"'si+1 =

—
~

Sn—1-°"S3latmSn - - 545354t S5+ - Siy1 =

—
—

Sp—1"""S3talmSn -+ 838483tm S5+ Si+1 =

Sp—1 - S3tgtmS3Sn -+ S4S3tmSs - - - Si12S:i+1. We apply the same operations to the
underlined letters and get s,—1 - - S3tatmS3 -+ Si—1Spn - - - S3tmSi+1. Now we shift s;11
to the left and finally get s,,—1 -« s3t,tmS3 - 8;Sp - - - Saty, with 2 < ¢ < n — 1 which
belongs to Span(Sy_;A,).
Note that for i = 2, we get terms that are equal to the itemized terms (given at the
beginning of this proof) after replacing sy - - s;+1 by 1.

O

i<n-1,1<k<e—1
i < n, then sy(an—1ay,)

Lemma 4.2.16. If a,_1 = Sp—1--- SatisSa - 8; with 2
and a, = S, ---S3t;So-- 8y with 1 <[ < e—1 and 2
belongs to Span(S}:_1Ay).

<
<

Proof. According to the computation in the proof of Lemma [.2.15] we get the fol-
lowing possible terms. They appear in the proof of Lemma [£.2.15] in the following
order.
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1. 8 ---s3tty with 0 <zl <e—1,

2. Sp - S3tmtosz - Siy1 with 1 <m <e—1,
3. Sp- 83ty with0<m<e—1,

4. 5n~~s4s§54~~5i+1

We show that the product on the right by s3---s; of each of the previous terms
belongs to Span(S;_;A,).

Case 1. Consider the first term sy, - - sst t;(sa---sy) with 0 < z,l <e—1. We
replace t,t; by its decomposition given in Lemma we get these terms

® S, ---S3lptosg sy withl <m<e—1,

® S, - S3tymsg sy with0<m<e—1,
2

® Sp 5453854 Sy

The first term belongs to Span(S’_;A,). The third one is done in Lemma For
the second one, we have

—~
=

Sn...sgthS...Si,

—~
—
—

Sn'tﬂSStmﬂsz’

—~
D
—

tmSn * - 85458354tm S5 -+ S/

—~
—
—

tmSn + - 835483tm S5 -+ Sy
U S3Sn -+ - S4S3lmSs -+ - Sy—18. We apply the same operations to ss, -+, sy—1 and
get £,,83 - 825y, - - - 83ty 5. We shift s/ to the left and finally get
tmS3+ Sir—18n * * * S3tm which belongs to Span(Sk_;A,).

We now consider Case 3 because we use the computation we made in Case 1. In
this case, the term is of the form s, - -+ sgty(s2- - sy) with0<m <e—1. Iif m #0,
then it belongs to Span(S;_;A,). If m =0, we get two terms s, - - - s3tpss3 - - - s and
Sp -+ 845584+ 8y. The first term is done in Case 1. The second term is done in
Lemma 2.7

Consider Case 4. We replace s,, - -+ 845354 - -+ 8;+1 by its decomposition given by
the computation in the proof of Lemma [£.2.7 We multiply each term of the decom-
position by sy ---s; on the right and we prove that it belongs to Span(S;_;A,) in
the same way as the proof of Lemma,

Finally, it remains to show that the term corresponding to Case 2 belongs to
Span(S’_;A,). It is of the form s, - - - $3tmtoss -+ Siy1(s2-+-sy) with 1 <m <e—1.

Suppose i’ < i. We have

1
Sp o 83lm 8283 Si1182 - Sy =

—
—

—
-

Sp - S3lm 52535284 - - - Sit183 Sy =

—~
-

Sp ot 83153528384 -+ - Si4183 Sy =

—~
N

Sp - tmS3tmS28384 + - Si4183 - Sy =

—~
—

tmSn -+ S3tmS28384 -+~ Sj4183 - Sy =
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—~
DN
—

tmSn - 836283848385+~ 84184 " "+ Sy =

—~
N2

tmSn - 836254838485+ - 84184 " "+ Sy =

—~
=

tmSn " - 8453841/ 82838485 - Si4184 Sy =

—~
N2

tmSn - - 83548300 82838485 - Si4184 -+ Sy =

tmS3Sn « ++ $483tmS2838485 ** * Si+184 - - Sv—18i.  We apply the same operations to
84y v, Siy—1 tO get 1,83+ -8y _18p -+ - 83t 5253 - - 5;5;415. We shift s to the left
and finally get ¢,,53 - Si/Sp, - - - S3tinS2S3 - - - $;8;+1 which satisfies the property of the
lemma since i’ < i <n — 1.

Suppose i’ > i. As previously, we have

@
Sn"‘33tm3283"‘Si+1$72"'5i/ =

(

~—

tmsn e SgthQSg e Si+1573' ce 8
U S38n * ++ 830m 8283 -+ - 84184 -+ Syr.
Now we write s;5;41 in 54 - - - sy and get ¢,,535,, - - - 53t 5253 - - Si4154 * - * 8iSi41 " - * Syt
We apply the same operations to s4, ---, s; to get
tmS3 - S;iSn 83ty 8083 - - - 5i512+15i+2 --+8;. Applying a quadratic relation, we fi-
nally get at,,s3---8;Sp -+ S3tmS253 -+~ Sy +tmS3 -+ SiSp -~ S3t;mS2S3 -+~ SiSita - Sir-
The first term satisfies the property of the lemma. For the second term, we write
Sit2Sit+1 N Sy -+ 83 Of £y, 83+ 8;8y -+ - S3tSaS3 -+ S;Si4a -+ - Sy and get
1)
tnS3 -+ SiSn " Si+28i+1 "+ S3lmS283  ** SiSiy2 - Si/ =
(2)
tnS3 - SiSn " Si+28i+15i+2 " * " S3tmS283 +* SiSit3 Sy =
@)
tnS3 - 8iSn " Si+18i+2S8i+1 " S3tmS283 *+* SiSi+3 Sy =
L83 8i415n - - S3tmS253 -+ 8;S;43 - S¢. We apply the same operations to s;43,
-+, s and finally get t,,53---8;_18, -+ - S3tmS2s3--- ;. Since ¢/ —1 < n — 1, this
term belongs to Span(S;:_;A,).

O

By Proposition 2.3 (i¢) of [5I], we get another proof of Theorem for the
complex reflection groups G(e,e,n). Moreover, from our previous computations, we
need not to inverse the generators of H(e,e,n). Recall that the monoid described
by the presentation of Corran and Picantin is denoted by B®(e,e,n). We have the
following result.

Proposition 4.2.17. The quotient of the monoid algebra Ro(B® (e, e,n)) by Relations
1 and 2 of Definition[4.1.4] is a finitely generated Ry-module with generating set equals
to A.

The above proposition is interesting because of the following phenomenon. If one
tries to define the Hecke algebras from the Broué-Malle and Broué-Malle-Rouquier
diagrams of complex braid groups, the more general hope would be to define them
over a polynomial ring with no invertibility conditions, namely as quotients of the
monoid algebra of the monoid described by the diagram and then prove that they
are finitely generated over the polynomial ring. This happens in the case of Coxeter
groups. However, it is proved in [50] that this is not the case in general, and in par-
ticular for the case of the infinite series of complex reflection groups of type G(d, 1,n)
(see Subsection 3.2.3 of [50]). This motivates the previous proposition where our
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result is expressed without any invertibility condition by using the monoid of Cor-
ran and Picantin B®(e,e,n). This therefore provides an additional interest to our
construction.

4.3 The case of G(d,1,n)

Let d > 1 and n > 2. Let Ry = Zla,by,ba, - ,bq—1]. Recall that the Hecke
algebra H(d,1,n) is the unitary associative Rp-algebra generated by the elements
z,89,83, - , Sy, with the following relations:

1. 289280 = S92522,

2. zsj =sjzfor2<j <n,

3. 8iSit18i = Si418iSi41 for 2 <i <n—1and s;s; = s;8; for [ — j| > 1,

4. 2% — b1zt — byt — ... —py_12—1=0and s?—asj—120f0r2§j§n.

We use the geodesic normal form defined in Section 2.2 of Chapter [2] for all the
elements of G(d, 1,n) in order to construct a basis for H(d, 1,n) that is different from
the one defined by Ariki and Koike in [2]. We introduce the following subsets of
H(d,1,n).

A= { 2¢ for0<k<d-1 1},

and for 2 <i<n,

Ai: { 1a
Sicr Sy for 2 <4 <1,
Si+ - 892 forl<k<d-1,

Si- 859289 sy for1<k<d-land2<i <i }.

Define A = A{A5--- A, to be the set of the products aias - - - a,, where a; € Ay, -+,
a, € A,,. We prove the following theorem.

Theorem 4.3.1. The set A provides an Ry-basis of the Hecke algebra H(d,1,n).

We have |A1| = d, |A;] = id for 2 < ¢ < n. Then |A| is equal to d"n! that is the
order of G(d,1,n). Hence by Proposition 2.3 (i) of [51], it is sufficient to show that
A is an Ry-generating set of H(d,1,n). This is proved by induction on n in much the
same way as Theorem We provide some preliminary lemmas that are useful in
the proof of the theorem.

Lemma 4.3.2. For 1 < k < d — 1, the element (s2252)* belongs to Y. Roli)a,
A EAL,
Aee Al

where Ay = {1, 89, 802, 8922, - -+ ;592871 50289, 592%50, -+, 592755}

Proof. The property is clear for k = 1. Let k = 2. We have (s3252)? = s9253250.
We apply a quadratic relation and get as2z52259 + s222s2. Applying a braid relation,
one gets azspzs3 + s222sp. Using a quadratic relation, this is equal to a®zsyzse +
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azs9z + $22%s9, where each term is of the form Ajde with Ay € A and Xy €
{1, 89,802, 82252, 52228 }.

Let k > 3. Suppose the property is satisfied for (sg2s2)3, ---, and (s22s2)
We have (s9282)F = (s2252)" 1(s92s2). By the induction hypothesis, the terms that

appear in the decomposition of (s3252)¥~1 are of the following forms.

k—1

e ¢ with0<c<d-—1,
o %592 with0<c<d—-1land0<c <k-2,
° zCSQzC/SQWithOSCSd—landlgc’gk—l.

Multiplying these terms by s3zss on the right, we get the following 3 cases.

Case 1: A term of the form z°s92s9 with 0 < ¢ < d — 1. It is of the form A )As
with A1 € A7 and Ay € AIQ

Case 2: A term of the form z€s92¢ s92s9 with 0 < c¢<d—1and 0 < ¢ <k — 2.
We shift z¢ to the right by applying braid relations and get zcsgzs}zc/. Applying a
quadratic relation, this is equal to az¢892592° + 21552 . Now we shift z¢ to the
left by applying braid relations and get az°"¢ sozss 4+ 2°T1s92¢". Each term is of the
form Aj Ao with Ay € A; and Ay € AS.

Case 3: A term of the form 268226/53282 with0<cec<d—-land1<c <k-1.
By applying a quadratic relation, we have 208220/83282 = 02592 $9280+26522° TLss.
The first term is the same as in the previous case. Then both terms are of the form
Ao with A\ € A; and )\, € A/2

Lemma 4.3.3. For 1 <k < d— 1, the element (so252)"sy belongs to Ry(szzs2)F +
Roz(s9282)F 1 4+ - 4+ Roz* " 1(s9289) + Rosa2*.

Proof. For k = 1, we have (s2282)sy = 82253 = a82283 + s22. Then the property is

satisfied for £ = 1. Let k > 2. Suppose that the property is satisfied for (sozs5)* 1.

We have (s2282)%sy = (s2282)(s2282)* 1sy. By the induction hypothesis, it be-

longs to Ro(s2252)(52252)F 71 + Ro(s2252)2(s2282)F 72+ - -+ Ro(s2252) 2% 2 (s9282) +

Ro(s2252)s22F 1. Then it belongs to Ro(s2252)"+Roz(s2289)F 14 -+ RpzF~2(59257)?
+ Roz"1(s2250) + Rosa2*. Tt follows that for all 1 < k < d—1, the element (s32252)%s5

belongs to Ro(s2z52)F + Roz(s2252)8 1 + -+ + RozF~1(sg282) + Rosaz”.

]
Lemma 4.3.4. For 1 < k < d — 1, the element s9z"s9 belongs to > RoAiAa,
A €A,
)\26[\’2’
where Ay = {17823522782223 e 8228 59280, (52232)27 e ,(82282)k}'

Proof. The lemma is satisfied for k = 1. For k = 2, we have s922

So = 52252_152252.

Using that 551 = S9 —a, we get SQZS%ZSQ — asg282289. Now we apply a braid relation

then a quadratic relation and get (s2282)% — azs9253 = (82252)% — a%252289 — azsa2
which satisfies the property we are proving.

Suppose the property is satisfied for so2%~1so. We have so2Fsy = s025 15 59250 =

5927 1580289 — asy2¥1sazsy by replacing sy by sa — a. For the second term, we

shift 2#~! to the right and get s2zs,2*~!. We apply a quadratic relation to get

as22592" 1 + 2502%~1 then we shift 2°~! to the left and finally get az* 'syzsy +
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2592871, where each term is of the form A\ Ao with A\; € A; and Ay € AY.
For the first term s925 15559259, by the induction hypothesis, the terms that appear
in the decomposition of s52¥~1s, are of the following forms.

e z¢and 2°so with 0 <c<d-—1,
° ZC(SQZSQ)CI with0<c<d-land1<c <k-1,
e 2%552¢ with0<c<d—land1<¢ <k—2.

Multiplying these terms by sozso on the right, we get the following 3 cases.

Case 1. We have 2°s2259 and 2°5982289 = a2°82289 + 2°T1sy, where each term in
both expressions is of the form A; Ay with Ay € Ay and As € AL,

Case 2. The term 26(52282)0182282 = Zc(52282)6/+1 is of the form A Ao with
A1 €A and Ay € AY since 1 < <k-—1.

Case 3. We have ZCSQZCISQZSQ = zcsngch/ = G/ZCSQZSQZC/ + zc“stC/. The first
term is equal to zc+c/82252 and the second term is equal to ZC'HngC, with 1 < ¢ <
k — 2. Both are of the form A Ay with A\; € Ay and \g € A,

O

The following proposition ensures that the case n = 2 of Theorem works
properly.

Proposition 4.3.5. For all a; € Ay and as € As, the elements zajas and ssaias
belong to Span(A;As).

Proof. Tt is readily checked that zajas belongs to Span(A;As). Note that when the
power of z exceeds d — 1, we use Relation 1 of Definition

It is easily checked that if a; € Ay and ay = 1, the element syajas belongs
to Span(A1Az). Also, when a; = 1 and as € Ay, we have that syajas belongs to
Span(AjAsz).

Suppose a; = zF with 1 < k < d —1 and ay = s5. We have sgaqas is equal to
s22%s9. Hence it belongs to Span(A;Az).

Suppose a1 = z* with1 <k <d—1and as = s92% with 1 < k' < d—1. We have
SoG1ay = SQZkSQZk/. We replace s92”so by its decomposition given in Lemma
then we use the result of Lemma to directly deduce that 5927592 belongs to
Span(A1Az).

Finally, suppose a; = 2* with 1 < k < d—1and ap = 52zk/52 with1 <k <d-—1.
We have saaias is equal to sszFsszF s5. We replace s22%sy by its decomposition
given in Lemma[f.3:4] Then by the results of Lemmas[4.3.3] and [1.3:2] we deduce that
5928 s92% 59 belongs to Span(AjAs).

O

In order to prove Theorem [.3.1] we introduce Lemmas [£.3.6] to [£.3.15] below that
are similar to Lemmas [£.2.7) to [£.2.16] Along with Proposition [£:3.5] they provide
an inductive proof of Theorem that is similar to the proof of Theorem
Therefore, by Proposition 2.3 (i7) of [51], we get another proof of Theorem for
the complex reflection groups G(d,1,n). Let n > 3. Denote by S;_; the set of the
words over {z,$2,83, -+ ,8,—1} The rest of this section is devoted to the proof of
Lemmas to
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Lemma 4.3.6. Let 2 <i <n. We have s, --- 535353 - - 5; belongs to Span(S;_;A,,).

Proof. The proof is the same as the proof of Lemma [£.2.7] If ¢ = 2, we have that
Sp -+ 8355 belongs to Rys,, - - - s352+Rosy, - - - s3. We continue as in the proof of Lemma
we get two terms of the form (see line 7 of the proof of Lemma [4.2.7):

Sp ot Skr1SkSka1 - -8 with k+1 <4 and s, -+ 8;118i7_,5;.

We also get that the first term s,, - -+ ;115587 s; belongs to Ros;_18, -+ 8i—1 +
RoSpn -+ Si418;+ RSy - - - Si+1 (the last term is equal to 1 if ¢ = n). Hence the element
Sp - Sit18:5._1s; belongs to Span(S:_;A,).

As in the proof of Lemma the element s, - - Sk115kSk+1 -+ S; 1S equal to
SkSk+1" " Si—18nSn—1- - - Sk. Hence it belongs to Span(S’_;A,).

O

Lemma 4.3.7. If a1 = Sp—1Sn—2---8; with2 <i<n—1 and ap, = Sy, -+ - s with
2 <4’ <n, then sy(an—1a,) belongs to Span(A,—1A,).

Proof. The proof is the same as for Lemma [1.2.8]
If i <4/, then we get sp(an—1an) = Sp—18n—2 - Si—18n -+ 8; which belongs to
Span(A,—1A,).
If i > @', then we get s, (ap_1an) = aASp_1+8Sp - Sir +8n -+ SiSp -+ - Si+1 which
also belongs to Span(A,_1A,).
]

Lemma 4.3.8. Ifa, 1 = $p_1---5; with2 <i<n—1 and a, = s, - 522" with
0<k<d-1, then sp(an—1a,) belongs to Span(A,—1A,).

Proof. This case correspond to the case i’ = 2 in the proof of Lemma with a
right multiplication by z* for 0 < k < d—1. Since i > 2, by the case i > i in the proof
of Lemma[4.3.7] we get, using the same technique as in the proof of Lemma[4.2.9] that
Sn(an_1ay) is equal to as,—1 - 8;Sp - S92F 4+ 8189288, - - Si+1 which belongs
to Span(A,—1Ap).

O

Lemma 4.3.9. Ifa,_1 = Sp_1---5; with2<i<n—1and a, = S, - 52289+ 55

with 1 <k <d—1 and 2 <i <n, then s,(an—1a,) belongs to Span(A,_1A,,).

Proof. The proof is exactly the same as the proof of Lemma [£.:2.10] According to the

computation in the proof of Lemma [£.3.8] we have

S (An—1an) = aSp—1+8iSp 8228 (82 8ir) + Sp_1 -+ 52278, -+ - sip1(82+ -+ 8ir).

The first term is an element of Span(A,,_1A;). For the second term, we follow exactly

the proof (starting from line 3) of Lemma :

If i <, we get 8,1 ---522889 -+ 848, - s;11 which belongs to Span(A,_1A,,).

If i’ > i, we get s,_1---822"89 -8y _18,---s; which also belongs to Span(A,,_1A,).
O

Lemma 4.3.10. Ifa, 1 = sp_1- cos9zk with 1<k <d-—1and a, = s, -+ 8; with
2 < i <mn, then sp(an—10a,) belongs to Span(A,_1A,).
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Proof. We follow exactly the proof of Lemma [£.2.11] and we get the following terms.
If i =2, we get 5,1 - 525, - S22s9 (see line 8 of the proof of Lemma
which belongs to Span(A,,_1A,,).
If i > 2, we get S,_1---5;_18,--- 522" (see the last line of the proof of Lemma

4.2.11)) which also belongs to Span(A,—1Ay).
O

Lemma 4.3.11. Ifa,_1 = Sp_1---522" with1 <k <d—1 and a, = s, - - - 522" with
1<1<d—-1, then sy(an—1a,) belongs to Span(A,—1A,).

Proof. By the case i = 2 in the proof of Lemma we get sp(an—1an) =
Sp_1--- 825y - 535928802t If we replace sg92Fsqz! by its decomposition over AjAs
(this is the case n = 2 of Theorem see Proposition , we get the three
following terms:

® S, 1828, --832°with0<e<d—1,
® S, 1828y 832°892¢ with0<c<d—1land0<c <d-—1,
® S, 1828y 8325802 so with0<e<d—1land1<¢ <d-— 1.

The first term is equal to S, - - - $22°8y, - - - 83 which belongs to Span(A,_1A,).
The second term is equal t0 S,_1 - - - $228, - - - 83522° which belongs to Span(A,_1A,).
Finally, the third term is equal to s,,_1--- 8225, - "SQZC,SQ which also belongs to
Span(A,—1A,).

O

Lemma 4.3.12. Ifa, 1 =81 " s02F withl <k <d—1anda, = S, -+~ Sozls9-+-s;
with2 <i<nand1<1<d-1, then sy(an—_1a,) belongs to Span(S;_;A,).

Proof. According to the proof of the previous lemma, we have to deal with the fol-
lowing three terms:

® Sy 18228, - 83(8208) for 0 <e<d—1,
° sn_l---52zcsn--~338226l(52--~si) for0<c<d—-land0<c <d-1,
. sn_l---52zcsn--~32,zc/52(52--~si) for0<c<d—-land1<c¢ <d-1.

For the first case, we have s, ---53525354---8; = Sy -+ 52535254 ---5;. We shift
s and s4 to the left in the previous expression and get sos, --- 5453545255+ 8; =
828y * 8354835285 - -+ 5;. We shift s3 to the left in the previous expression and get
82835y -+ 8285 -+ 8;. We apply the same operations to ss, ---, s; and get
8983+ 8;_18, -+ S2. Hence the term of the first case can be written as follows
Sp—1-""822%S3 -+ 8;_18p - S2. Since i —1 < n — 1, it belongs to Span(SX_;A,).

For the second case, we have a term of the form s,,_1 -+ - $22°s,, - - - 3332:50/ (s2++-8;)
for0<c<d—-1land 0<c¢ <d-—1. If ¢ # 0, this term belongs to Span(S’_;A,)
and if ¢ = 0, by the computation in the proof of Lemma it also belongs to
Span(S;:_1A,).

For the third case, we have s,,_1---822°8,, - -+ 8225’ 5%53 R T
ASp—_1-*+822°8, ~++822° 89+ 8;+8p_1-"+522°8, -+~ 522° 83---5;. The first term is an
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*

!
element of Span(S;_;A,,). For the second term, we have s,,_1 -+ - $22°8,, -+ - $22 83+ &;

! . .
= Sp_1°°°822°8y - S283 - -8;2°, where s, 5283 --5; is already computed in the
first case. It is equal to so---S;_18, - - S2. Hence the term is of the form
/ .
Sp—1-""822%89 "+ 8;_18y -+ 822° which belongs to Span(S}:_;A,).
O

Lemma 4.3.13. Ifa,_; = Sp_1---822"s9---8; with2 <i<n-1,1<k<d-1
and a, = sy - -+ sy with 2 < i’ < n, then s,(an—1a,) belongs to Span(A,_1A,,).

Proof. We follow exactly the proof of Lemma [£.2.14]

Suppose i < i'. If i’ =i+1, we get 8, (Gn_10n) = Sn_1 - Sit15n - S22783 -+~ 8111
which belongs to Span(A,_1A,), see lines 9 and 10 of the proof of Lemma If
i' > i+1, weget s, 1-8p_15, - S522¥s9 - - - 5; which belongs to Span(A,,_1A,), see
line 16 of the proof of Lemma [£:2.14]

Suppose i > i'. We get 8, (an_1an) = Sp_1--8i8n - 822789+ 5111, see the last
line of the proof of Lemma Hence s, (an—1an) belongs to Span(A,—1A,).

O

Lemma 4.3.14. Ifa,_1 = Sp_1-- 5928895 with2<i<m—1,1<k<d-1
and a, = sy, -+ 822" with 0 <1< d — 1, then s,(a,_1a,) belongs to Span(S;_;A,,).

Proof. According to the computations in the proof of the previous lemma, we have
Sp(Gn_1Gp) = Sp_1-++ 525y -+~ 822759 - -+ 8;,12'. We shift 2! to the left and get

Sp(Qn_10y) = Sp_1-+- 525y - 53(522Fs2) 283 -- 5,41. If we replace (s92¥s9)z! by its
decomposition over AjAg (this is the case n = 2 of Theorem see Proposition

[4.3.5]), we get terms of the three following forms:
® Sp_1-:8528, 53283841 with 0 <e<d—1,
° sn,l---SQSn--~33203220/33~-~si+1 with0<c<d—-land0<c <d-1,
° sn_l~~~825no~53z‘3522‘:/52$3o~si+1 with0<e<d—-land1l<c¢ <d-1.

The first term is equal to s,_1 - S22°sy, - '-545334 coe8ip1 with 2 <@ < n— 1.
Thus, by the proof of Lemma it belongs to Span(S_;A,).
The second term is equal to s, _1 -+ S§22°S;, - - - S3S253 - - - sleC/. We have

Spc+-838283---8;41 1S equal to Sg---8;S, --- 8. This is done in the first case of the
proof of Lemma Hence we get sp—1 - 82259+ 8;Sp - -+ SQZC, which belongs
to Span(S;;_1Ay).
The third term is equal to s,,_1 - 822, - - - SQZCISQ ---s;41. Hence it belongs to
Span(S;:_;A,).
O

Lemma 4.3.15. Ifa,_1 = Sp_1---522%s9---8; with1 <k <d—-1,2<i<n-1
and a, = Sy, - s92ls9 -+ sy with 1 <1< d—1,2<i <n, then s,(a,_1a,) belongs
to Span(Sk_,A,).

Proof. According to the proof of the previous lemma, we have to prove that the
following three terms belong to Span(S}_;A,):

® S, 18228, 848384 Sip1(s2--rsy) for 0 <e<d—1,
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° sn_l~~522652~~sisn~~52261(52~~si/) for0<c<d—1land0<c <d-1,
° sn_l~~szzcsn~o5226/52~'si+1(52~~si/)for()gcgdfl and 1 <¢ <d-1.

The first case is similar to Case 4 in the proof of Lemma [£.2.16]

For the second term, if ¢’ # 0, it belongs to Span(S_;A,) and if ¢ = 0, by the
computation in the proof of Lemma it also belongs to Span(S’_;A,).

For the third term, we apply the same technique as in Case 2 of the proof of
Lemma We get that s, - - - 592 859 - - - Six1(82 -+ 8y) is equal to:
If ¢/ <14, it is equal to s983 - S8y, « - - 5226/52 Ce S
If i/ > 4, it is equal to s983 -+ 87 _15y, - - - 3226152 <. 8.
It follows that S,_1---$92%8, 822 8- - - Siy1(s2--+sy) for 0 < ¢ < d —1 and
1< <d—1 belongs to Span(S;:_1Ap).

O

Remark 4.3.16. We remark that for every d and n at least equal to 2, our basis never
coincides with the Ariki-Koike basis as illustrated by the following example. Consider
the element 527;5% = 8$9289.89 which belongs to the Ariki-Koike basis. In our basis, it
1s equal to the linear combination asszse + Soz, where Sozso and ssz are two distinct
elements of our basis.
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Chapter 5

Toward Krammer’s
representations and BMW
algebras for B(e,e,n)

Contents
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[6.3 Tsomorphism with the Brauer-Chen algebra] . .. ... . 91
[6.4  Constructing Krammer’s representations| . . . . . . . . . 112

In this chapter, we construct irreducible representations of some complex braid
groups B(e, e,n) by defining a BMW algebra for B(e, e,n) and by studying its prop-
erties. We call these representations the Krammer’s representations for B(e,e,n).
We provide Conjecture [5.4.1] about the faithfulness of these representations. We also
provide Conjecture about the structure and the dimension of the BMW algebra.

5.1 Motivations and preliminaries

Both Bigelow [6] and Krammer [39, 40] proved that the classical braid group is linear,
that is there exists a faithful linear representation of finite dimension of the classical
braid group B,. We recall that B,, is defined by a presentation with generators
{s1,82, -+, 8n—1} and relations s;8;118; = 8;4+18;8;+1 for 1 <i <n—2and 8;8; = 8;58;
for | — j| > 1. It can be described by the following diagram:

S1 So Sn—2 Sn—1

The representation of Krammer p : B, — GL(V) is defined on an R(q, t)-vector
space V' with basis {z, | s € R} indexed on the set of reflections (4, j) of the symmet-

ric group S, with 1 <4 < j <n — 1. Its dimension is then #R = @ We denote
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x(i,jy by @i j. The representation is defined as follows.

42
SkTh,k+1 = tq Tk k11,

seTik = (1 — @)@k + qTi k1, 1<k,

$kTi g1 = Tig +tqF T (¢ = Vg g1, 1 <k,

sk, = 1q(q — 1)Tp k1 + qTr41,5, kE+1<jy,

SkTh41,5 = Thyj + (1 — @Q)Trg1j, k+1<j,

SKTij = Tij, i1<j<kork+1<1i<j,and
SpTij = Tij + tq(’“_i)(q - 1)2$k,k+1a 1<k<k+1<jy.

The faithfulness criterion used by Krammer can be stated for a Garside proup. It
provides necessary conditions to prove that a linear representation of a Garside group
is faithful. Let M be a Garside monoid and G(M) its group of fractions. Denote
by A and P the Garside element and the set of simples of M, respectively. Define
a(x) to be the ged of z and A for x € M. Let p : G(M) — GL(V) be a linear
representation of finite dimension of G(M) and let (Cy).cp be a family of subsets of
V indexed by the set of simples P. If the C, are nonempty and (pairwise) disjoint
and xCy C Cy(gy) for all x € M and y € P, then the representation p is faithful.

Krammer’s representation as well as the faithfulness proof have been generalized
to all Artin-Tits groups of spherical type by a work of [32], 23], and [59]. Note also
that a simple faithfulness proof was given in [36]. Marin generalized in [49)] this rep-
resentation to all the 2-reflection groups. His representation is defined analytically
over the field of (formal) Laurent series by the monodromy of some differential forms
and has dimension the number of reflections in the complex reflection group. It was
conjectured in [49] that this representation is faithful. It has also been generalized by
Chen in [18] to arbitrary reflection groups.

In type ADE of Coxeter groups, the generalized Krammer’s representations can
be constructed via BMW (Birman-Murakami-Wenzl) algebras. For more details, see
Section 1.4.3 of Chapter 1. We recall the definition of the BMW algebra for the case
ADE as it appears in [21].

Definition 5.1.1. Let W be a Cozeter group of type Ay, D, for any n, or E, for
n = 6,7,8. The BMW algebra associated to W is the Q(I,x)-algebra with identity,
with the generating set: {S1, S, -, S, }U{F1, F,--- | F,,}, and the defining relations
are the braid relations along with:

1. mF; =1(S? + mS; — 1) with m = l;i;l for all 4,

2. S;F; = F;S; =17 F; for all i, and

3. FyS;F; = lF; for all i,j when s;5;8; = 5;5;5;.

For the proof of the following proposition, see Propositions 2.1 and 2.3 of [21].

Proposition 5.1.2. We have S; is invertible with Si_l = S; +m —mF;. We also
have Fi2 = xFi and SJSLFJ = FiSjSi = FiFj when §i5j8; = §55;5;.
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If Il = 1, then the BMW algebra of Definition degenerates to the following

Brauer algebra, see [8] and [20]. In this case, m = ll_i;l = 0 and Relation 1 of

Definition degenerates to S? = 1. Hence we have S; ' = S;. By Proposition
we still have the relation F? = zF; in the Brauer algebra.

Definition 5.1.3. Let W be a Coxeter group of type Ay, D, for all n, or E, for
n =6,7,8. The Brauer algebra associated to W is the Q(x)-algebra with identity, with
the generating set: {S1,S2, -+, S} U{F1, Fa, -+, F,}, and the defining relations are
the braid relations along with:

1. S? =1 for all i,

2. F? = xF; for all i,

8. S;F; = F;S; = F; for alli,

4. F;S;Fy = F; for alli,j when s;5;8; = 555;5;, and
5. 8;5:F; = F;S;S; = FyF; when s;5;8; = 5j5;5;.

Chen defined in [I8] a Brauer algebra for all complex reflection groups that gen-
eralizes earlier works in [8] and [20]. Completing his results in [I7], Chen also defined
in [I9] a BMW algebra for the dihedral groups Iz(e) for all e > 2 based on which
he defined a BMW algebra for any Coxeter group that degenerates to the Brauer
algebra introduced in [I8]. It is also shown in [I9] the existence of a representation
for each Artin-Tits group associated to Iz(e). The representation has dimension e
and is explicitly defined over Q(a, ), where o and 8 depend on the parameters of
the BMW algebra. It is also conjectured in [I9] that this representation is isomorphic
to the monodromy representation constructed by Marin in [49].

Attempting to make a similar approach in order to explicitly construct faithful
irreducible representations for the complex braid groups B(e, e, n), we define a BMW
algebra for B(e, e,n) that we denote by BMW(e, e, n), see Definitions and
We show that it is a deformation of an algebra that we denote by Br(e,e,n) and we
call the Brauer algebra, see Definitions [5.2.5] and [5.2.60 We also show in Proposition
that Br(e, e, n) is isomorphic to the Brauer-Chen algebra defined by Chen in
[18] for n = 3 and e odd. By using the BMW algebra BMW(e, e, n), we explicitly
define what we call the Krammer’s representations for B(3,3,3) and B(4,4,3) by
using the package GBNP [22] of GAP4 without being able to go further since the
computations become very heavy for e > 5. In the last section, we provide some
conjectural properties about BMW(e,e,n) and the Krammer’s representations, see

Conjectures and

5.2 BMW and Brauer algebras for type (e, e,n)

We are inspired by the monoid B®(e,e,n) of Corran and Picantin in order to con-
struct a BMW algebra for the complex braid groups B(e, e,n). The presentation of

B®(e,e,n) is given in Definition for k = 1 and described by the diagram of
Figure It consists of attaching the dual presentation of the dihedral group I5(e)
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with generating set {fo,%1,--- ,f._1} to the classical presentation of the braid group
of type A,_1 with set of generators {t;, 33,34, -+ ,5,} for all 0 < i < e — 1. Inspired
by the definition of Chen of the BMW algebra for the dihedral groups in [I9] and the
definition of the BMW algebra for the type ADE of Coxeter groups in [2I], we define
a BMW algebra for B(e,e,n) as follows. We distinguish the cases when e is odd and
even and we suppose n > 3.

Definition 5.2.1. Suppose e odd. We define the BMW algebra associated to B(e, e, n)
to be the Q(I, x)-algebra with identity, with the generating set:

{Tz | iEZ/EZ}U{Sg,S4,"' ,Sn}U{EZ | iEZ/EZ}U{F3,F4,"' 7Fn}7

and the defining relations are the relations of BMW of type A, _1 for
{T;, S3,54, -+, Sp} U{E;, F3,-- , F,} with 0 < i < e—1 as described in Definition
along with the dihedral BMW relations that can be described as follows:

1. Ti = TziflTi72T‘Z':11 and Ez = T;‘,lEi,QTiill fOT all i € Z/eZ, ) 7é 0, 1,
2. T\Ty- Ty =ToT, - Tp,

€ €

3. mE; = (T? + mT; — 1) for i = 0,1, where m = S

1—z ’

4. T,E; = BT, =17 E; fori=0,1,
5. EATyTh ---ToEy = lEq, where 1 <k <e—2, k odd,
—_——

k
6. BEoTiTy---ThEy =1Ey, where 1 <k <e—2, k odd,
—_———
k

7. TvTy - ToE1 = EqTy Ty -+ - Ty,

—— ——
e—1 e—1

8. ToTy - ThEy = ExToTy -+ Ty

—— ——

e—1 e—1

Definition 5.2.2. Suppose e even. Let m = v — v~ and x be such that m = li:; .
We define the BMW algebra associated to B(e,e,n) to be the Q(I,v)-algebra with
identity, with the generating set:

{Tz | iEZ/eZ}U{Sg,S4,"' ,Sn}U{EZ | iGZ/GZ}U{Fg,F4,"' ,Fn},

and the defining relations are the relations of BMW of type A, _1 for
{T;,S5,S54, -+ ,Sn} U{E;, F5,--- , F,,} with 0 <i < e—1 as described in Definition
[5-1-1) along with the dihedral BMW relations that can be described as follows:

1. Ti = Tzi—lTi—ZT‘Z'i]i and Ez = T’i_lEi_gTizll fO’I" all i € Z/BZ, ) 7é 07 1,
2. T\Ty- Ty =ToT, - Th,

e e
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3. mE; =l(T? + mT; — 1) fori=0,1,

4. T;E; = E;T; = lilEi fOTi =0,1,

5. EIoTy - - ToEy = (’Ufl +Z)E1 fOTi =4k+1< 6/2 and i =4k + 3 < 6/2,
Y

K2

6. EchTo---TiEy= (v 1 +1)Ey fori=4k+1<e/2 and i =4k + 3 < e/2,
ﬁ_/

K2

7. YTy ---ThEy = EgThTy - - Ty = v~ L Ey,
——— ———

e—1 e—1
8. Tyly---ToFE, = E{ToTy --- Ty = U_lEl,
—_—— —_——
e—1 e—1

9. EgAE, = E1AEy = 0, where A is any square-free word over {Ty,T1} of length
at most e — 1.

Remark 5.2.3. Additional relations for the BMW(e,e,n) algebras can be found in
the same way as in Lemmas 2.1 and 5.1 of [19] for the dihedral groups. Also we
can get additional relations similar to those of Propositions 2.5 and 2.8 of [21] that
correspond to the BMW algebra of type A,,.

Remark 5.2.4. There exists a natural quotient map BMW(e,e,n) — H(e,e,n) by
sending T; to t;, Sj to s;, E; to 0, and F; to 0, where {to,t1,--- ,te—1,53,84, "+ ,Sn}
is the set of generators of H(e,e,n), see Definition ,

In Deﬁnition when [ = 1, BMW(e, e, n) degenerates to the algebra Br(e, e, n)
that we provide in Definition below and that we call the Brauer algebra of type
(e,e,n). In this case, we have m = 0 and Relation 3 of Definition degenerates
to T? = 1. Hence we have T, ' = T; for all i. We still have E? = 2E; and F? = zF}

for all 7 and j, see Proposition In Proposition |5.3.13] we prove that Br(e, e, n)
coincides with the Brauer algebra defined by Chen in [I8] for n = 3 and e odd.

Definition 5.2.5. Suppose e odd. We define the Brauer algebra Br(e,e,n) to be the
Q(z)-algebra with identity, with the generating set:

{Tz | iEZ/eZ}U{Sg,S4,"' ,Sn}U{El | iGZ/GZ}U{Fg,F4,"' ,Fn},

and the defining relations are the relations of the Brauer algebra of type A,_1 for
{T;, 53,54, ,Sp} U{E;, F3,--- , F,} with 0 <1i <e—1 as described in Definition
[5-1-3 along with the normalized dihedral Brauer relations that can be described as
follows:

1. Ti = ﬂ_lTi_Qn_l and T1T0 e Tl = TOT1 e TO fO’I’i S Z/GZ,

€ e

2. B, =T, 1F; 5T; 1 fO’/‘ all i € Z/GZ,

3. T? =1 fori=0,1,
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4. E? =xE; fori=0,1,
6. E1T0T1 "‘T()El :El, where 1 S k S 672, k Odd,
N——

k
7. BEoThTy---TiEg = Ey, where 1 <k <e—2, k odd,
—_——
k

8. ThTy---ToE1 = EcThTy - - - To,
—— ——
e—1 e—1
9. TyTh -- - ThEog = ExToTy - - - Ty
—— ——
e—1 e—1
In Definition when ! =1and v =1, BMW(e, e, n) degenerates to the algebra

Br(e, e, n) that we provide in Definition below and that we call the Brauer algebra
of type (e, e, n) for e even.

Definition 5.2.6. Suppose e even. We define the Brauer algebra Br(e,e,n) to be the
Q(z)-algebra with identity, with the generating set:

{Tl | 1 GZ/@Z}U{S&S;;,'“ ,Sn}U{EZ | iEZ/eZ}U{F3,F4,-~- 7Fn},

and the defining relations are the relations of the Brauer algebra of type A,_1 for
{T;, 53,54, ,Sp} U{E;, F3, -+, F,} with 0 <1i <e—1 as described in Definition
along with the normalized dihedral Brauer relations that can be described as
follows:

1. Tl = EflTi,QCZjifl and T1T0 ce TO = TOT1 s T1 fOT‘i S Z/eZ,

€ €

E, =T, {FE;,_5T;_4 fOT all i € Z/eZ,

T? =1 fori=0,1,
E? =xE; fori=0,1,
TiEi :E,LT’,L :Ez fO?“’L'ZO,l,

S G o e

E\TyTy---ToE1 = Ey, where i =4k +1<e/2 ori=4k+3 <e/2,
%‘/_/
7. EgThTo---ThEy = Eo, wherei =4k +1<e/2 ori =4k +3 < e/2,
%.,_/
8 Ty ---TiEy = EyT1Ty---T1 = Ey,
—_—— —_——

e—1 e—1

9. TyTh ---ToE1 = EZToTh - T = E17
—_—— —_——

e—1 e—1
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10. EgAE, = E1AEy =0, where A is any square-free word over {Ty,T1} of length
at most e — 1.

Remark 5.2.7. In the definition of Br(e,e,n), one can replace Relations 6 and 7
of Definitions[5.2.9 and[5.2.6 by E1ToTy -+ - ToF1 = uFE1 and EgThTy---T1Ey = nEy
S——— S———

i i
for a given parameter p. In our definitions, we set u = 1 in the dihedral relations
that we call the normalized dihedral Brauer relations.

Proposition 5.2.8. The group algebra Q(x)(G(e,e,n)) injects in the Brauer algebra
Br(e,e,n).

Proof. Define a map r from the set of generators (of the presentation of Corran and
Picantin) of the group algebra Q(x)(G(e,e,n)) to the set of generators of Br(e, e, n)
by r(t;) = T; and r(s;) = S; for all i € Z/eZ and 3 < j < n. Also define a map 7’
from the set of generators of Br(e, e, n) to the set of generators of Q(x)(G(e,e,n)) by
' (T;) = t;, r'(S;) = s;, 7' (E;) =0, and r’'(F;) =0 foralli € Z/eZ and 3 < j < n. On
examination of the relations of Q(x)(G(e,e,n)) and Br(e, e, n), it is readily checked
that r extends to a morphism from Q(z)(G(e,e,n)) to Br(e,e,n) and r’ extends to
a morphism from Br(e, e,n) to Q(z)(G(e,e,n)). We have r’ or = id, where id is the
identity morphism on Q(z)(G(e,e,n)). Hence r is injective.

O

In the following two propositions, we provide additional relations that hold in
Br(e, e, n).
Proposition 5.2.9. When e is odd, we have
ErEoFy = FEy,

(5.1)
EoE,Eo = E,.

Proof. Suppose that e is odd. By Relation 8 of Definition|5.2.5| we have 1Ty - - - To 1 =
—_———

e—1

EOT1T0 te To. Since T02 = land T12 = ]., this 1mphes that E1 = TOT1 cee T1EOT1T0 cee To.
——

e—1

e—1 e—1
Hence ElEo = TOT1 ce T1EOT1T0 cee T()EO = TOT1 s T1EOT1T0 ce T1E0 with e — 2

e—1 e—1 e—1 e—2

odd. By Relation 7 of Definition [5.2.5] we get F1FEq = ToTy ---T1 Ey. It follows that
———
e—1
E\EoEy = ToTy - - - T EoToTy -+ - Ti Eo 11Ty - -+ To
e—1 e—1 e—1
=TTy - ThE Ty - - ThEoThTo - - Ty =
e—1 e—2 e—1
ToT, - - - TV EgT\ Ty - - - Ty = F4. Similarly, one can prove EgE1Ey = Ey.
e—1 e—1

O

Remark 5.2.10. By Relation 10 of Definition[5.2.9, we have EyEqEy = EgE1Ey =0
when e is even. That’s why in the previous proposition, we only consider the case e
odd.
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Proposition 5.2.11. Fore > 3 and for 0 < k <e—1, we have

Ty, S3E), = F3T,S3 = F3 By,

(5.2)
S3Tp by = EpSsTy, = EpFs,

ELF3E), = Ej,

W F3 By, % (5.3)
FsELFs = Fs,
Ty F3E, = S3Ey,

kF3E) 3By, (5.4)
S3EpF3 = T F3,
ExFyTy, = EiSs,

wF3 Ty %53 (5.5)
F3ELS3 = F3Ty,

TWFyTy, = Sy ExSs. (5.6)

Proof. Equation (5.2): We have F3 = TkSgE;wS‘?j1T,;1 =T, 53E;,55T),. Thus, F3E;, =
13,83 1 Ss Ty Eyy = TinS3ExSsEy = Ti,S3 Ej.

Equation (5.8): By Equation (5.2), we have ExF3 = ES3Ty. Hence EpF3E), =
EyS3T Ey = EpSsE, = Ey. Similarly, one can prove F3E,F3 = Fj.

Equation (5.4): We have Ty F3E, = Ty Ty SsEy, = T,ngEk = S3E). Similarly, one
can prove S3EpF3 =T F3.

Equation (5.5): We have E F3Ty, = EpSsTiT, = EiSs. Similarly, we prove
F3E,S3 = FyT.

Equation (5.6): We have F5 = T, S3ES3T; by Equation (5.2). Hence T F53T) =
T2S3EpS3T? = S3ESs.

O

From now on until the end of the next section, we set the convention that an
expression of the form 11Ty ---T; is equal to Ty. Then, an expression of the form
—_———

-1

T1T0 . 'Tl EO T1T0 . 'Tl is equal to Eo.

-1 -1
In Br(e,e,3), for 0 < k < e — 1, one can express Ty in terms of Ty and T and Ej,
in terms of Ty, 11, Fy, and E;. We have the following.

Lemma 5.2.12. For 0 <k <e—1, we have

TTo-- Ty ToTy -~ Ty if k is odd,

_ . _ k—1 k—1
¢ Tk - ﬂ,_TI/ T1T0 e T1TOT1T0 e Tl Zf k is even.
2k—1
k—1 k—1

Ty - ToEA\ToTy --- T if kis odd,

° Ek — k—1 k—1
T\To---ThETW\To--- Ty if k is even.
k—1 k—1
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Proof. For k = 0, we have T1Ty---T7 = Ty by the convention. Let 1 < k < e — 1.

———

-1
For k = 1, we have Ty = T1Ty - - - T1. From Relation 1 of Definitions [5.2.5| and [5.2.6
—_———

2k—1
we get To = T1ToT,. We also have T3 = ToT 1. After replacing 15 by 1171077,
we get Ty = ThTyT1T1T1ToT;. Using that T12 =1, we get T3 = ThYToTToTy. Let
k > 3. Inductively, we get Tiy1 = Titp—11yx = Th1To---Th Th'To---Th ThTo---Th =

2k—1 2(k—1)—1 2k—1
TWTyTWTy--- Ty =TiTy---T1. Hence for all 1 <k <e—1, we have T, = Th'Ty---T7.
—_———
2k—1 2k+1 2k—1
It is clear that this expression is equal to 11Ty - - ToT ToTy - - - Ty if k is odd and
k—1 k—1

Ty -ThToTh Ty -+ - Ty if k is even.

k—1 k—1

Let us prove the expression for Ej for 0 < k < e — 1. For k = 0, it corresponds
to the convention we have set. The expression is obvious for £ = 1. From Relation
2 of Definitions and we have Ey = T1EyT,. We also have F3 = To EqT5.
After replacing Ty by T1ToT1, we get B3 = ThYToTyE1T1TTy. Using the fact that
T1E1 = E1T1 = El, we ﬁnally get E3 = TlToElToTl. Let £ > 3 and k£ odd.
Inductively, we get Ey1 = T Ex—11), =

TWTy---Ty TvTy--- Ty Eog TvTy---Ty ThTy -+ Ty =

2%k—1 k—2 k—2 2%k—1
NTy---Ty By ToTy -+ Ty =
k+1 k+1

TlTO"Tl EO TlTO"'Tl.

k k
Similarly, if k is even, we get Fx41 = T1Ty---To E1 ToTy---T7.
k k

O
In the following lemma, we extend the result of the previous lemma to all k € N.
Lemma 5.2.13. Let k € N. In Br(e,e,3), we have
o T, =TTy --T1 and

2k—1

Ty ToEAToTy --- T if k is odd,

° Ek _ k—1 k—1
Ty -ThET\Ty--- Ty if k is even.
k—1 k—1

Proof. Let k € N. We have k =k +zefor 0 <k <e—1and x € N. Let k' # 0.
In Br(e, e, 3), we have Ty = Tg/40e = Tir. We show that Ty, = 11Ty --- T1. Actually,
—_——

2k—1

T1T0 s T1 = T1T0 s T1 = T1T0 s T1 TOT1 s To. It is clear that TQT1 s TO is equal
—_———
2k—1 2(k'+ze)—1 2k’—1 2zxe 2ze
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to 1. Hence 11Ty ---Ty = ThTy---1y = Tps. It follows that for all £ € N, we have

2k—1 2k’ —1
T, =T1Ty---Ty. For k' =0, it is easy to check that Ty, = T1Ty---T1 = Tp.
——— ———
2k—1 2ze—1

Now, we prove the second item of the lemma. Assume that e is odd. We have
to distinguish two different cases: k odd or k even. We provide the proof for the
case k odd. The proof when k is even is similar and left to the reader. Suppose k
is odd with k = k' + ze for 0 < k' < e—1 and x € N. We prove that E;, = E, =
T\ Ty - ToEAToTy - - T

k—1 k—1

First consider x even. Then k' is odd. We have

N1y ToErToTy - Th = Thy - - ToEr ToTy - Ty =

k—1 k—1 k'+xe—1 k'+xe—1
T1T0'~~T0 TlTo‘-‘TO E1 ToTl‘HTl T()Tl-'-Tl.
k'—1 ze Te k' —1

By Relation 8 of Definition [5.2.5] we have ToTy---Ty E1 = ToFEo TiTy---Ty. Re-
—_——— —_———

e e—1
placing ToEy by FEy, we get To1y---Ty E1 = Ey TyTy---Tp. Similarly, we have
—_—— —_——

e—1

TlTo'“Tl EO == T1 TOT1~-~T1 Eo = T1E1 TOTl"'Tl = E1 ToTl-"Tl. ThU.S,
—— —— —— ——

e—1 e—1 e—1

we get TITO"'TO E]_ = T1T0-~'T1 T()Tl"-TO E1 = T]_To--~T1 EO T]_TQ---TO =
———

e e e—1

2e e
Ey TyTy---Ty ThiTo---To = Ey. Since z is even, it follows that T1Ty---To E1 =
—_———

e—1 e—1 xe
FE,. Similarly, one can check that Fi; Ty ---17 = FE,. It follows that E, =
—_——
TTy---ToE\ToTy--- Ty =TTy Ty Ey ToTy---T1 = Eyr.

k—1 k—1 k'—1 k'—1
Consider x odd. Then k' is even. Using the same technique, we also get Ej =
Ty ToErToT - Th = Eyr.

k—1 k—1

Assume that e is even. As for the case e odd, we have to distinguish two different
cases: k odd or k even. We provide the proof for the case k odd. The proof when
k is even is similar and left to the reader. Suppose k is odd with k¥ = k¥’ + xe for
0<k'<e—1and z e N. We prove that E, = B, = T\Ty---ToE1TyTy - - - T1. Since

k—1 k—1
e is even and k is assumed to be odd, we have k' is odd for all z € N. We have

NTy--ToErToTy - Ty = ThTo - - ToEr ToTh - Ty =

k—1 k—1 k'+xe—1 k'+xe—1
Ty Ty ToTy Ty By ToTy - Ty ToTy --- T
k'—1 Te Te k'—1
We have T1T0 R TO E1 = TOT1 ce T1 E1 = TOT1 cee TO E1 that is equal to E1 by Rela-
e e e—1
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tion 9 of Definition [5.2.6] Similarly, one gets T17Ty - -- Ty Ey = Ey and By ToTy --- T =
——— ———

El. It follows that Ek = T1T0 e TOE1TOT1 LR T1 = T1T0 cee T() E1 TOT1 cee T1 = Ek/.

k—1 k—1 k'—1 k'—1

O

In our study of the BMW and Brauer algebras, we restrict from now on to the
case n = 3 so that the computations (by hand or by using a computer) are feasible.

5.3 Isomorphism with the Brauer-Chen algebra

Recall that Chen defined in [I8] a Brauer algebra for all complex reflection groups
and found a canonical presentation for this algebra in the case of Coxeter groups and
complex reflection groups of type G(d,1,n). For the symmetric group, it coincides
with the classical Brauer algebra, see [8]. For simply laced (mgs € {1,2,3} in Defi-
nition and finite Coxeter groups, it coincides with the definition of the simply
laced Brauer algebras described by Cohen, Frenk, and Wales in [20]. For the case
of G(d,1,n), the cyclotomic Brauer algebra introduced by Héring-Oldenburg in [37]
appears as a component of Chen’s algebra.

We start by recalling in Definition the Brauer-Chen algebra B(e, e, 3) asso-
ciated to the complex reflection group G(e,e,3) for all e > 1. Next, we prove that
our definition of the Brauer algebra Br(e,e,n), see Definition coincides with
the definition of the Brauer-Chen algebra when n = 3 and e odd. Thus, it provides a
canonical presentation for B(e, e,3) when e is odd. At the end of this section, we ask
the question whether Br(e, e, n) is isomorphic to the Brauer-Chen algebra B(e, e, n)
for all e and n.

Denote by s; ;.1 the reflection of G(e,e,3) of hyperplane H; jx: 2 = ¢ *z; for
1<i<j<mnand 0<k<e—1 Wedenote s; ;. by s and s, j.,» by ' when there
is no confusion. The corresponding hyperplanes can also be denoted by Hs and Hy,
respectively. Let R be the set of reflections of G(e, e, 3).

Definition 5.3.1. Let s; ;.1 and sy 0 be two reflections of G(e,e,3) and L the
codimension 2 edge H; j.;, N\ Hy ji.1r. We say that L is a crossing edge if
{s € R | LC Hs}=1{sijk, S jk . Otherwise, L is called a noncrossing edge.

Proposition 5.3.2. Let s; ;.1 and sy jr.1r be two different reflections, we have
H; j.x N Hy jrg is a noncrossing edge. Hence there is no crossing edges in G(e, e, 3).

Proof. Let s; ;. and s,/ jr.,v be two different reflections. If ¢ = ¢/ and j = j/, it is easy
to check that H; ;. N Hy ji.p is a noncrossing edge. Suppose ¢ # i’

Case 1: i =1 and i’ = 2. Note that i’ cannot be equal to 3 since i’ < j'. We have
two possibilities depending on the values of 5 and j:

® S1.2:k and S$2.3:k'

® 513 and So 3., for all 0 < k, k' <e—1.
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For the first case, we have Hy o N Hy 3.0 C Hogpr—p. Thus, Hy o5 N Hygp is a
noncrossing edge. For the second case, we have Hy 3, N Ha 3.0 C Hy 25— Thus,
Hj 3.5, N Hy 3.5 is a noncrossing edge.
Case 2: i =2 and 7 = 1. This is done in Case 1.
Since i < j, we note that ¢ # 3 and then all the cases are done. Hence there is no
crossing edges in G(e, e, 3).

O

Let s, s’ be two different reflections of G(e, e,3). We define
R(s,s') ={s" e R | s"ss" =4}

to be the set of reflections that conjugate s into s’. We are able to provide the defini-
tion of Chen of the Brauer algebra that we denote by B(e, e, 3), see Definition 1.1 of [18].

Definition 5.3.3. The Brauer-Chen algebra B(e, e, 3) is the unitary associative Q(z)-
algebra generated by {T,, | w € G(e,e,3)}U{eij |1 <i<j<n0<k<e-—1}
with the relations:

1. TyTy =Ty if ww' =w" for w, w', W' € G(e,e,3),

2. Tseijik = €ijikTs = €ijk, where s =s; j,

3. (eij)” = weijun,

4. Tweijix = e jrw Ty if wsw™t =8, where s = s g, 8’ = sir jrwr, {8,8'} CR,
5. eijwei i = Trey jrp = € 5Ty,

forr e R(s,s"), where s = 8; j.p, 8 = sy jow, and {s,s'} C R,
6. e ;e jrir =0 when R(s,s") =0 with s = s; . and 8" = Sy jr.pr.
When there is no confusion, one can replace Ty, by w for w in G(e, e, 3).

From now on, we restrict to the case when e is odd. Our aim is to prove that the
Brauer algebra Br(e, e, 3) is isomorphic to the Brauer-Chen algebra B(e, e, 3) for e odd.

We start by explicitly writing all the cases of Relations 4, 5, and 6 of Definition
5.3.3l For this purpose, we distinguish 6 cases depending on the choice of s and s’
in R and determine for each case all the elements w € G(e, e, 3) such that wsw=! = s'.

Every element w € G(e,e,3) will be written as a product zixo---x,, x; €
{to,t1,"* yte—1,83} with RE(w) = X1X3---X,, where RE(w) is the reduced word
representative for w over the generating set X of the presentation of Corran and Pi-
cantin of G(e, e, 3) introduced and studied in Chapter 2.

Note that every time we have wsw™! = s’ for s,s' € R and w € G(e,e,3), we
get wls'w = s. Hence every time we have a relation Tweijke = e jrh Ty, we
also have T,,-1ey ji.ir = €; 56 Tw-1. If w:=1r € R, every time we have a relation
em;kei/,j/;k/ = Trei/,j/;k/ = ei,j;kTr, we also have ei’,j’;k'ei,j;k = Tfeivj;k = ei/7]‘/;k/Tr.
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Case 1: s =519 and s’ = sy o/

Ci1 C2 C3
Let w= [cs ¢5 ¢ | be an element of G(e,e,3). We determine the solutions of
Cr Cg C9

the equation wsm;kw_l = Ss19.4. It is easy to check that we get ¢y # 0. Thus,
we necessarily have cg3 = ¢g = ¢ = cg = 0 since w is monomial. Set cg = Cé with
0 <l <e—1. We have two different cases.

The first case is when ¢y is nonzero and ¢4 = Cf+k/02 for which case w =
0 C2 0

<§+k/02 0 0 | with the product of the nonzero entries being 1, that is
0 0 ¢

2= Ce_(k+kl+l). We get two cases depending on the parity of k + &' + 1.

If k+ k' +1is even, then ¢y = C.;(kJrk,H)/z and w is equal to

0 C(:(k+k’+l)/2 0
W — Cék+k/—l)/2 0 0
0 0 Cé

e If | =0, then w € R and w = txys . Relation 5 of Deﬁnition@ is:
2
€1,2:k€1,2:k = tk+2k/ €12k = 61,2;ktk+2k'-

We refer to this case as Case (1.1).

o If | # 0, then w ¢ R and w = t,s3titgss with x = W Relation 4 of
Definition B.3.3] is:

. ’
t$53tlt083€1)2;k = 61’2;k1t$83t1t083, with © = W

We refer to this case as Case (1.2).

If k+ k" + 1 is odd, then k + k' 4+ + e is even and we have c3 = CQ(IHIC/HH). Hence

_ktk'dite
2
_ ktk/4lte (/:' Ce
_ 2 _ btk —l—e
co = and w = btk Sloe
2 Ce Ce P} O 0
0 0 ¢

e If [ =0, then w € R and w = t, with x = %/” Relation 5 of Deﬁnitionm
is:
€1,2:k€1,2:k = Lg€1 2:k' = €1,2:kty, With z = W

We refer to this case as Case (1.3).
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o If | # 0, then w ¢ R and w = t,s3t;tgss with x = % Relation 4 of
Definition £.3.3] is:

. / —
t183tlt08361,2;k = 61’2;k/t183tlt083, with x = W.

We refer to this case as Case (1.4).

The second case is when ¢; is nonzero and c; = (f"kcl for which case w =
C1 0 0

0 Cf/_kcl 0 | with ¢? = C‘f’k/*l. Similarly, we get two cases depending on the
o o

parity of k — k' — L.

k=K' —1

k—k/—1 Ce 2 0 0
If k— k' —liseven, thenc; = ¢ ? andw= 0 C’“/‘Q’“"’ ol We have
e
0 o
w = tytosstitoss with x = k/_zk_l. Relation 4 of Definition is:
tytosstitosser o = €1,2;k txtos3titoss, with z = kliQkil.
We refer to this case as Case (1.5).

, k—k'—lte

If k — k' —lis odd, then k—k'—I+eiseven and ¢ = (¥ =% ~!*+¢ Hencec; = (. 2
k—k/—l4e
Ce 2 0 0
and w = 0 C:‘/*k% o | Wehave w = t.tosstitoss with z = Eokolte
0 0 ¢
Relation 4 of Definition [5.3.3] is:
twt053tlt033el)2;k = el’g;kltztosgtthS;),, with x = %
We refer to this case as Case (1.6).
Case 2: s =519 and s’ = sg 3./
Cc1 C2 C3
We have s = t;, and s’ = tgtyrs3tpto with0 < k, k' <e—1. Letw= [cs c¢5 c¢g | be
Cy Cg Co

an element of G(e, e,3). We determine the solutions of the equation wtyw ™" = s 3.4

It is easy to check that we get c3 # 0. Thus, we necessarily have ¢; = co = cg =9 =0
since w is monomial. Set c3 = Cé with 0 <[ < e — 1. We have two different cases.

. . /_ . — /_
The first case is when ¢, is nonzero and cg = (¥ ~*¢; with ¢2 = ¢+ -1
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k—k'—1
Ifk— k' —lis even, we have cs = (. 2 and in this case we have

0 0 ¢
k—k/—1
w= | *2 0 0 | with w =t_;s3tw__:1tg. Relation 4 of Definition |5.3.3
K —k—1 2
0 Ce Z 0

is:
t_183tw—k—1to€1,2;k = €2 3:k'T 153t 11— Lo.
2 2

We refer to this case as Case (2.1).

0 0 ¢
k—k'—l+e k—k/—l4e
Ifk—k —lisodd, we have ¢y = (. ? and w = | 2 0 0
k —k—lte
0 Ce 2

with w = t,lS3tk/,k2,l+eto. Relation 4 of Definition is:
t_183t ) —k—1yet0€1,2;k = €2,3:k' T 1830 1/ ——14e L0-
2 2
We refer to this case as Case (2.2).

. . / —(k+k +1
The second case is when ¢5 is nonzero and ¢; = Cf“‘k ¢5. Then we have cg = (e (k+k'+D)

—(k+k'+1) ktk’—1
Ifk+k +1is even, we get c5 = (. 2 and c; =( 2 .
0 0 ¢
—(k+k'+1)
We have w = 0 Ce ? 0 | with w=1%_;s3¢ psr—:.
(k+k'=1) 2
G 0 0
e If | = —k — k¥ modulo e, then w € R and w = tpipS3tkrr - Relation 5 of
Definition [5.3.3] is:

€1,2;k€2,3:k' = btk S3Th4h/€2,3;k = €1,2:kTk4k/ S3Ck4 k-

We refer to this case as Case (2.3).

o If | # —k — k' modulo e, then w ¢ R. Relation 4 of Definition is:
t_183tksn—1€12:k = €23k 11538 pan/—1.
2 2

We refer to this case as Case (2.4).

—k—k'—lte ktk’—lte

If K+ k' +1is odd, we have c5 = (. 2 and c; = 2 for which case
0 0 ¢
—k—k' —1+e
w = 0 Ce 2 0 | with w =t_;s3trix’_11.. Relation 4 of Definition
k+k’—lte 2
Ce 2 0 0

0.3.3] is:
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t1S3tpin/—14e€1,2:k = €23kt 1S3T ks’ —1ve -
2 2

We refer to this case as Case (2.5). Note that if | = —k — k&’ modulo e in this case,
we get w € R and the corresponding relation in B(e, e, 3) is the same as in Case (2.3).

Case 3: s =519 and s’ = sy 3/

C1 C2 C3
We have s =t and s’ = s1 3 = tisste. Let w= [ca ¢5 c6 | be an element of
Cr Cg C9

G(e,e,3). We determine the solutions of the equation ws o ,w™" = s1 34 We get
cg is nonzero. Set cg = (é with 0 <1 < e —1. It follows that ¢4, = c5 =c3 =c9g =0
since w is monomial. We get two cases.

The first one is when ¢y is nonzero and c¢; = §§+k/02 for which case we get
0 C2 0 ,
w = 0 0 ¢ | with & = ¢ *FTF D,
§+k Co 0 O
7<k+2k’+l>
—(k+k'+1) 0 Ce
Ifk+k +1liseven, then cg = ¢ 2 . We get w = 0 0 ¢
k+k/—1
Ce ? 0 0
with w = tlt083tk+;;/,l. Relation 4 of Definition is:
titoSst prnr—1€1,2: = €1 3:k LitoS3T par/—1 .
2 2
We refer to this case as Case (3.1).
—k—k'—l4e
Ifk+k +1isodd, then Kk + %k + 1+ e is even and ¢c; = (¢ 2 . We get w =
—k—k'—lte
0 Ce 2 0
0 0 Cé with w = t;tgs3t k1x’—i1. . Relation 4 of Definition [5.3.3] is:
k+k!—l+e 2
Ce 2 0 0
titoS3t kar/—1ve €1,2;k = el,s;k'tlt053t ktk!—lte -
2 2
We refer to this case as Case (3.2).
The second case is when ¢; is generic and cg = Cf/_kcl for which case w =
C1 0 0
0 0 ¢t | with ¢ = ¢h—+ -1
0 ¢F*er 0
k—k'—1 k' —k—1
Ifk—k —liseven,thenc; =¢ 2 andcg=¢ 2 . Weget
k—k'—1
Ce ? 0 0
w= 0 0 ¢
K —k—1

0 ¢ =® 0
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e If | =k — k' modulo e, then w € R and w = tp_p/tos3ti _xto. Relation 5 of
Definition 3.3 is:
€1,2:k€1,3:k = €1,2;ktk—k/toS3tk —kto = tk—ktoSsle —klo€1, 3k
We refer to this case as Case (3.3).

o If [ £ k — k' modulo e, then w ¢ R. We have w = t;tgsst_r_:. Relation 4 of
2
Definition [5.3.3] is:

titosstx —k—1to€1 2,k = €1,3;ktitoSat w—r—ito.
2 2

We refer to this case as Case (3.4).

k—k'—l+e
If k— k' —lisodd, then k — k' — Il +eiseven and ¢; = (¢ 2 . We get w =
k—k' —ite
¢ ® 0 0
0 0 ¢! | with w = t;tgs3t w_x_iic to. Relation 4 of Definition [5.3.3] is:
K —k—lte 2
0 Ce 2 0

titosstn/ —k—1reto€1,2;k = €13,k titoS3t w/ —k—1+c to-
2 2
We refer to this case as Case (3.5). Note that if ] = k — ¥’ modulo e in this case,
we get w € R and the corresponding relation in B(e, e, 3) is the same as in Case (3.3).
Case 4: s = 593 and s’ = So 3.4/

We have s = 533, = totrsstrto and s = 89.3:k' = totr S3trto with 0 < kK <e—1

1 C2 C3
and k £ K. Let w= |cs ¢5 c¢g| € G(e,e,3). We determine the solutions of the
Cr €8 C9

equation ws = s'w. We get ¢; is nonzero. Set ¢; = Ci with 0 <[ < e —1. Then we
have co = ¢3 = ¢4 = ¢7 = 0 since w is monomial. We get two different cases.

The first case is when c¢g is nonzero and cg = Cé“"’k/cG for which case w =
¢ 0 0
0 0 ¢ |. We also have ¢2 = ¢(ZF % ~l. We get two cases depending

0 e 0
on the parity of k + &' + [.

G 0 0
—k—k'—1 —k—k'—1
Ifk+k"+liseven,thencg=¢ 2 andw=|0 0 e 2
k+k'—1
0 ¢ 0

o Ifl =0,thenw € Rand w =t _x_ oS3t row to. Relation 5 of Definition [£.3.3] is:
2

2

€2,3;k€2,3:k' =t —i—r' t0S3l nsw to€2,3;k" = €2,3;kt —k—r' t0S3t nyn’ Lo-
2 2 2 2
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We refer to this case as Case (4.1).
o If I #£ 0, then w =1t _j__1toS3t gaw—ito ¢ R. Relation 4 of Definition [F.3.3] is:
2 2

t_h—w—1t0S3t pan/ —1 t0€2,3;k = €2,3;k't k-1 1083t kw1 to.
2 2 2 2

We refer to this case as Case (4.2).

G 0 0

If k+ k' +1is odd, then ¢g = (. 2 andw= |0 0 Ce 2
k+k’—lte

0 ¢ 2 0

e If/=0,thenw € Randw =t __y/ 1. tgS3t xor’+. tg. Relation 5 of Definition [5.3.3] is:
2 2

€2,3:k€2,3;k' = U —b—r'+e 1053t han'+e 10€2 3;k" = €2 3;k1 —k—r'+e L0S3E htn/+e Lo
2 2 2 2

We refer to this case as Case (4.3).

o If #£ 0, wehave w =t _y_i/—11c t0S3t pew —14c to & R. Relation 4 of Definition [5.3.3] is:
2 2

t—pn/—14e 0838 pan’ —i4e t062,3;k = 62,3;k't —b—b'—1+e 1083 pan/ —11e L0
2 2 2 2

We refer to this case as Case (4.4).

. . /_ .
The second case is when c¢5 is nonzero and cg = Cf kes for which case w

¢ 0 0
0 ¢ 0 . We also have ¢2 = ¢F=F~1,
0 0 ¢FFes
¢ 0 0
E—k'—1 k—k'—1
Iftk—k —liseven, thencs =¢ 2 andw= |0 ( 2 0 with w =
B —k—1
0 0 Ce ?
tr_w—itosst s _r_1tps3. Relation 4 of Definition is:
2 2

tk,k/,l t083tk/,k,z t0836273;k = 62’3;k/tk7k/71 t083tk/,k,l t083.
2 2 2 2

We refer to this case as Case (4.5).

¢ 0 0
k—k'—lte k—k'—lte
Iftk—k"—1lis odd, then ¢c5 = (. 2 andw=\]0 ( °? 0 with
K —k—lte
0 0 Ce *

W=t _11.t0S3t &’ k11 toS3. Relation 4 of Definition [£.3.3] is:
2 2

Chon'—14e 083t 1/ —i—14e t0S3€2,3;k = €2,3:k'T k=i’ —14c L0S3T k' —k—14c L0 S3-
2 2 2 2

We refer to this case as Case (4.6).
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Case 5: s =533 and s’ = sy 3/

We have s = s33.x = totisstito and 8 = $134 = tprsstp with 0 < k& < e— 1.

C1 C2 C3
Let w = |c1 ¢5 c6| € G(e,e,3). We determine the solutions of the equation
7 Cg Cg

ws = s'w. We get ¢4 is generic nonzero. Set cqy = (:é with 0 <[ < e —1. Then we
have ¢; = ¢7 = ¢5 = ¢g = 0 since w is monomial. We get two different cases.

The first case is when c¢3 is nonzero and cg = Cf*k c3 for which case w =
0 0 C3

l . ek —
¢ 0 0 | with ¢z = ¢+

0 (rez 0

—k—k'—1
—k—k'—1 0 0 Ce :
Ifk+k +1liseven, then c3 = (. 2 and w = | 0 0 with
k+k/—1
0 (o 2 0
W =t pynr41 83t paw —1 to. Relation 4 of Definition [5.3.3] is:
2 2
tk+l;’+l 83t k+g’—zt0€2,3;k = el,s;k'twg’ﬂ 83t pyn’—1to-
2
We refer to this case as Case (5.1).
—k—k'—l4e
2
—k—k'—lte 0 0 Ce
Ifk+k +1isodd, then c3 = (. ? and w = ! 0 0
k+k'—l4e
0 ¢ 2 0

With w =t s w 114e S3t saen'—11e to. Relation 4 of Definition [£.3.3] is:
2 2

Cran/ yie S3tuin/ —14ct0€2,3;k = €1,3;k' T an/s14e S3Lnan/ —14¢ 0.
2 2 2 2

We refer to this case as Case (5.2).

The second case is when ¢y is nonzero and cg = (f"kcz for which case w =
0 Co 0
¢t o 0 and ¢ = (b1
0 0 (Fke
k—k/—1
2
k—k/—1 0 CG 0
If k— k' —lis even, then co = ¢ > andw= | 0 0
K —k—1
0 0 Ce 2

o If I = k' — k modulo e, we get w = t3/_, € R. Relation 5 of Definition £.3.3] is:

€2.3:k€1,3;k' = th/—k€1,3:k" = €2 3:klk/ k-

We refer to this case as Case (5.3).
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o If I £ k' — k modulo e, we get w = tw_i1S3tw_w_itoss ¢ R. Relation 4 of
2 2
Definition 3.3 is:

Ui/t 8381w —k—11053€2 3.k = €1,3;k/E 1/ —k+1 S3L k' —k—1 0 S3.
2 2 2 2

We refer to this case as Case (5.4). Note that if | = &’ — k modulo e in this
case, we get w € R and the corresponding relation in B(e, e, 3) is the same as
in Case (5.3).

k—k'—lt+e
k—k/—l4e 0 <€ : 0
Itk —k" —1lis odd, then cg = (. 2 and w = | ¢ 0 0 with
k' —k—l4e
0 0 Ce ?

w = tk’—k2+l+e s3t Wokovre toss ¢ R. Relation 4 of Definition is:

Ui/ —ktitre S3E 1 k11 1083€2 3,k = €1 3;k/E i/ —k+i+e S3T 1/ —k—14c L0S3.
2 2 2 2

We refer to this case as Case (5.5).

Case 6: s =513 and s’ = sy 3/

We have s = 51,3k = tk83tk and S/ = S1,3;k' = tk/Sgtk/ with 0 S k,k‘l S e — 1 and

ci C2 C3
k # k'. We determine the solutions of the equation ws = s'wforw = ¢4 ¢5 ¢ | €
Ccr Cg Cg

G(e,e,3). We get cs is nonzero. Set c5 = ¢! with 0 < I < e — 1. Then we have
co = cg = ¢4 = cg = 0 since w is monomial. We get two different cases.

. . ’ .
The first case is when c3 is nonzero and c; = ¢¥** ¢3 for which case

0 0 C3
w= 0 ¢t 0| with 2 = (R KL
ey 00
—k—k'—1
2
—k—k'—1 0 0 Ce
If k+ k' +1is even, then c3 = (. °? and w = 0 ! 0
k+k/—1
Ce * 0 0
o If I =0, then w € R with w =t . s3tsiw . Relation 5 of Definition [£.3.3] is:

2 2

€1,3:k€1,3;k' = Urtn’ S3Lrar €1,3;k7 = €2 3;kt kan! S3Lptn’ -
2 2 2 2

We refer to this case as Case (6.1).

o If I #0, then w ¢ R and w = t jqw 11 S3t i —i - Relation 4 of Definition is:

2

titrr 1S3 kin/ =1 €1 33k = €1 3/ ke’ 41 S3T tn 1 -
2 2 2 2

We refer to this case as Case (6.2).
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—k—k'—lte

—k—k' —lte 0 0 ge
Ifk+k +1lisodd, then cg = (. ? and w = 0 ! 0
k+k’—lte
(e ? 0 0

with w = tk+kl+[+e Sgtk+k/7l+e .
2 2

e If/ =0, thenw € Rwithw = t414/1c S3t krw+e . Relation 5 of Definition [5.3.3] is:
2 2
€1,3;k€1,3;k' = Lhin/+e S3Tptn’ e €1,3;k" = €2,3;kl han/+e S3Tptn/te -
2 2 2 2

We refer to this case as Case (6.3).

o If] # 0, then w ¢ R with w = ¢ yyr' 114 53¢ pn’—11c - Relation 4 of Definition [(.3.3] is:
2 2

Ui/ vive S3Eiin’—14e€1,3:k = €1,3:k' T ki’ +ive S3Lhin/—ite -
2 2 2 2

We refer to this case as Case (6.4).

. . /_ .
The second case is when ¢; is nonzero and cg = C:f ke, for which case w =
C1 0 0

0 ¢ 0 with ¢} = ¢F=F'—1,
0 0 ¢Ftey
k—l;'—l
E—k'—1 Ce 0 0
Iftk—k —liseven, thency = (¢ ? and w = 0 ¢ 0 with w =
K —k—1
0 0 (o 2
titosstx—x—1toS3. lation 4 of Definiti is:
ttosat -1 tos3 Relation 4 of Defini IOHIEEIIS
titosst —k_1t0S53€1,3:k = €1,3;kT1t0S3T & k1 £0S3.
2 2
We refer to this case as Case (6.5).
k—k' —i+e
2
k—k'—l4e e 0 0
If k— k' —1lis odd, then ¢; = (. 2 and w = 0 ¢ 0 with
k' —k—lte
0 0 ¢ 7
w = t;tgs3t x—x_11. toS3. Relation 4 of Definition is:
2

titoS3tr —k—1+e t0S3€1,3;k = €1,3:k L1083t 1 —k—14e L0 S3-
2 2

We refer to this case as Case (6.6).

Remark 5.3.4. From the sixz cases above, one can check that Relation 6 of Definition
does not occur in the case of B(e,e,3) when e is odd.

The following lemmas are useful in the proof of Proposition [5.3.8] below.
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Lemma 5.3.5. The following relations hold in B(e, e, 3).

1. Let k € N. We have ty, = t1ty---t1.
——

2k—1
2. For2 <k <e—1, we have €10, = tp_1€1,2:5—2tk—1-

3. For0 <k <e—1, we have
tito -ty €120 tot1---t1 if kis odd,

k—1 k—1
€1 9.1 = . .
1,2k titg-- -t €1,2:0 titg - -t Zf k is even.
—_——— —_———
k—1 k—1

Proof. The first item of the lemma is obvious. It is done in the same way as the proof
of the first item of Lemma [5.2.13

Since tp = tp_1tp—atp—1 for 2 < k < e — 1, by Relation 4 of Definition [5.3.3} we
have tk—lel,Q;k—Z = 61,2;ktk—1, that is €1,2;k = tk_16172;k_2tk_1. Hence we get the
second relation of the lemma.

Using the previous relation, one can prove the last statement of the lemma by

induction in the same way as the proof of the second item of Lemma [5.2.12
O

Lemma 5.3.6. Let 0 < k < e — 1. The following relations hold in B(e,e,3) for e
odd.

1. e1;x€2,3,0 = S3tk€2,3,0 = €1,2;k53tx and
€2.3,0€1,2;k = lkS3€1,2;k = €230k S3-

2. e1,2:k53€1,2;k = €1,2;k and
€2,3;0tk€2,3:0 = €2,3,0-

Proof. From Case (2.3) above, for ¥’ = 0, we have ejore230 = trSstreaso =
e12;ktkS3t,. Using Relation 2 of Definition we get ego.xe23,0 = S3tpea 30 =
e1,2:x83t,. We also have (tyssty)ss(tgssty)” = tg. Hence, from Relations 5 and

2 of Definition we also get es 306125 = tkS3€12%6 = €230tkS3. Moreover,
multiplying sstrpess.o = e1,2.x53tr on the right by ej 2., we get sstressz.oer2r =
e1,2;kS3tker 2. Using Relation 2 of Deﬁnition@ we get S3t,€2.3.:0€1,2:k = €1,2:k53€1,2:k-
NOW, replace €2.3;0€1,2;k by tk83€1’2;]€, we get s;;tktks;;el,g;k = €1,2;kS3€1,2;k, that is
€1,2:k53€1,2;k = €1,2;k- Similarly, we also get ez 3.0tre2 3.0 = €2.3:0.

O

Lemma 5.3.7. The following relations hold in B(e,e,3) for e odd.

1. Let 1 <k <e—2 and k odd, we have:
e1,2;1 tol1 - to €121 = €1,21 and
———

k
€1,2:0 t1tg - -t1 €1,2,0 = €1,2:0-
~—_———
k
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2. tlto e t() 6172;1 = 6172;0 tlto e to and
—— —

e—1 e—1
toty---t1 e1,2,0 = €1,2;1 tol1---11.
~——— ~———

e—1 e—1
Proof. Consider Case (1.1) above. In this case, we have w = twyw € R, where
2

k + k' is even. Suppose k and k' are both even. We have ¢, = t1to---t1 (see the
—_———

2

ktk/ —1
first item of Lemmal5.3.5)). The first equation of Relation 5 of Definition becomes

bLito---tiergotito- -t bato---t1 €120 Lito-- -1 = tito-- -t tato - -~ t1 €120 Lato - - L1
N—— —— —_— Y ——

k—1 k—1 K —1 K —1 Kk —1 K —1 K —1
After simplification, we get

€1,2;,0 t1to -+ t1 t1to -+ t1 e1,2,0 = tot1---t1 t1tp---t1 €1,2,0 = to€1,2;0 = €1,2;0-
—_——— —— —_———— ———

k—1 k'—1 k! k1
Similarly, the second equation of Relation 5 of Definition [5.3.3] gives

€1,2,0 t1to - -t1 titp---t1 €12.0 = €1,2;0-
—— ——
k-1 k-1
o Ifk < ]41/, then we get €1,2;0 totl ooty €1,2;0 = €1,2;0; that is €1,2;0 tlto At €1,2;,0 =
—_—— ——
K —k K —k—1
e1,2:0, where £’ — k — 1 is odd.
o If k > K/, then we get eq 2,0 tito---t1 €1,2,0 = €1,2,0, where k' —k — 1 is odd.
——
k—k'—1
The case when k and k' are both odd is done in the same way and we get
e1,2;1 toti---to €121 = e1 if B < k' and ey 91 fot1---to €121 = €12 if K > K,
—— ——

K —k—1 k—k'—1
where k' — k — 1 is odd. In conclusion, the first statement of the lemma is satisfied.
Since toty - --t1 tg tito - - -to = t1, then by Relation 4 of Definition [5.3.3] we have
—— ———
e—1 e—1
totl s tl €1,2;0 = €1,2;1 totl s tl. AISO, since tlto s t() tl t0t1 e tl = io, by Relation
— ~— —_—

e—1 e—1 e—1 e—1
4 of Definition [5.3.3] we also have t1tgy - - - tg €1,2;1 = €1,2:0 titg - - tg.
—— ——

e—1 e—1

O

In the remaining part of this section, our goal is to prove that the algebra Br(e, e, 3)
is isomorphic to B(e, e, 3) for all e > 3 and e odd.

Consider the map v on the set of generators defined by ¥ (Ty) = to, ¥(T1) = t1,
$(83) = s3, Y(Ep) = €120, ¥(E1) = e1,2:1, and Y(F3) = ez3,0.

Proposition 5.3.8. For e > 3 and e odd, the map 1 extends to a morphism from
Br(e, e, 3) to B(e,e,3).

Proof. In order to prove that ¢ extends to a morphism from Br(e, e, 3) to B(e,e, 3)
for e odd, we should show that 1 preserves all the relations of Definition We
have two types of relations: the relations that correspond to the Brauer algebra of
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type Ag for {Ty, S3} U{Ek, F3} for 0 < k < e —1 (see Definition and Relations
1 to 9 of Definition

Relation 1 of Definition @ gives t7 = 1 and s% = 1 that are particular relations
of the first item of Definition [£.3.3]

Relation 2 of Definition gives €7 5, = wei o and €3 55 = wey 3, that are
particular relations of the third item of Definition [5.3.3]

Relation 3 of Definition @ gives tre1 ok = €12kt = €12 and Szesso =
€2.3,053 = €2 3;0 that are particular relations of the second item of Definition

Relation 4 of Definition gives €1 2:x53€1,2;k = €1,2;% and e 3.0tL€23,0 = €230
By the second item of Lemma [5.3.6] these relations hold in B(e, e, 3).

Relation 5 ofDeﬁnition@gives €1,2;k€2,3;0 = Sgtkezg;o = 6172;k53tk and €2.3:0€1,2;k =
trksse1 2.6 = €230tks3. By the first item of Lemma @, these relations hold in
B(e,e,3).

Relation 1 of Definition [5.2.5| gives tp = tx_1tp_otx—1 and t1tg---tg = tot1---t1

N—— ——

e—1 e—1

that are particular relations of the first item of Definition [5.3.3]
Relation 2 of Definition gives €1 9. = ti_1€1,2.6—2tx—1. By the second item
of Lemma [5.3.5] these relations hold in B(e, e, 3).
Relations 3, 4, and 5 of Definition [5.2.5] are already checked. Relations 6 and 7 of
Definition [5.2.5 give €1,2:1 totl N 'to €1,2;1 = €1,2:1 and €1,2;0 tlto N 'tl €1,2;:0 = €1,2:0-
—— ——

k k
By the first item of Lemma these relations hold in B(e, e, 3).
Relations 8 and 9 of Definition [5.2.5| give t1tg---to e1,2;1 = e1,2;0 tito---to and
—— ——

e—1 e—1
tot1---t1 €1,2;0 = €1,2;1 tot1 - -t1. By the second item of Lemma [5.3.7] these relations
N—— ——

e—1 e—1
hold in B(e, e, 3).
It follows that 1 extends to a morphism from Br(e, e, 3) to B(e, e, 3).

O

Lemmas [5.3.9] [5.3.10] and [5.3.11] below will be useful in the proof of Proposition
312 below.

Lemma 5.3.9. Let 0 < k k' < e—1 withk # k' and k + k' even, the following
relations hold in Br(e, e, 3) for e odd.

2 2

2. Ty 3Ty Ty F3Tyy = Tharr S3Twirr T F3Thr = T F3T Thorr S3Twsns -

2

Proof. Suppose k and k" are both even. We have Ty Ey =
2
TTo- Ty T'Ty-- Ty Eo ThTo-- Ty =ThTo-To Eo ThTy--- Ty =

k+k'—1 k'—1 k'—1 k k'—1
T\Ty--- Ty Eg T\ Ty - Ty.
k-1 k'—1
Also we have Eka+k/ = T1T0 s T1 Eo T1T0 s T1 T1T0 cee T1 =
2
k—1 k—1 k+k'—1
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T1T0 c ‘Tl EO TOT1 . ~T1 = T1T0 o ‘Tl EO T1T0 . 'Tl that is equal to TME]C’
2

k—1 K’ k—1 k'—1
It remains to show that EyFEy = T Er. We have

EvEy =T\ Ty---T), Eog TiTy---Ty TiTy--- Ty Eo TyTo---T.

k—1 k—1 k'—1 k'—1

o If k& > k/7 then we have EkEk/ = T1T0 s Tl EO T1T0 s TO EQ T1T0 s T1 =

k—1 k—k' k' —1
T1T0 . ~T1 EO TlTo . ~T1 E() T1T0 . 'Tl. Since k — k/ —1 iS Odd7 by Relation 7
k—1 k—k'—1 k-1
of Definition [5.2.5] we replace Ey T1Ty -1 Eg by Eg and get
—_———
k—k'—1
T\Ty---Ty Eg Ti1y - -- Ty which is equal to Tyyw Er.
2
k—1 k' —1
o If k< k/, then EkEk/ = TlTO"'Tl Eo TOT1 . "T1 EO TlTO"'Tl =
k=1 K —k K1
T'Ty--- Ty Eg Wy Ty EgThly---Th =TTy -Th Eo Wy T\ = Thuw Epr.
2
k—1 K —k—1 k'—1 k—1 k' —1

Hence we get Relation 1.

For the second relation, we have Ty, F3T3, Ty F3Ty = S3E,S353FES3 = S3EEy:S3
and TM SgTMTk/Fg,Tk/ = S3TMS3S3E]€/53 = S3TME]€/53. Similarly, we have
TkFngQTkJrTM S32T’“+T’f’ = SgEkTHTk/ 59‘3. By Relation 1, we det that Relation 2 holds in
Br(e, e, 3).

The case when k and k' are both odd is similar and left to the reader.

O

Lemma 5.3.10. Let 0 < k, k' < e — 1 with k # k', the following relations hold in
Br(e, e,3) for e odd.

1. TyTWFsToTy T FsTy = Ty T FsThw = ToTe FsTeTo T g
2. By ToTw FsTiy Ty = Tiqrr S3Tqry ToTh F3TTo = Ey Thoyrr SsThqa -

PT‘OOf. We have TkToTk/ = T1T0 ce T1 = Tk+k/- Then ToTkFngToTk/Fng/ =
N—_——
2(k+k")—1
ToTkF3Tk+k/F3Tk/ = ToTkFng/. Since TkTOTk-’—k = Tk/, we have ToTk-Fng-/ =
T()TkFngToTk/_k. AISO, since Tk/_ka/ = T()Tk, we get Tk-/_ka/Fng/ = ToTkFng/.
Hence we get Relation 1.

Let us now prove the first identity of Relation 2, that is E ToTy F5 =
Tk+k’S3Tk:+k’ ToTk/F3. We have Tk+k/T0Tk/ = Tk+2k’~ AISO, we have Sng+2k/F3 =
Ek+2k/F3. We compute Tk+k’Ek+2k/-

Ifkis even, then T1T0 e T1 TlTO s T1 EO T1T0 s T1 =

2k+k)—1  k+2k'—1 k+2k'—1
T\To---Ty Eo ThTo--- Ty ToTy -+ Ty =
k k—1 2k’
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TWTy---Ty BEog ThTo Ty To ThTy - T1 = EpToTy.

k—1 k—1 2%k’ —1

The case when k is odd is similar and left to the reader. Hence we get the first
identity of Relation 2.

For k even, the second identity is
Tk+k/S3Tk;+k,/ E; Tk+k’SBTk+k’ = ToTy F5Ty Ty 1t is easy to check that Tivw ExTiqr =
Ejyopr. Hence Ty S3Tipr By Thoyrr S3Thyrr = Thanr S3 Epyorr S3Thqr =
Tk+k’Tk+2k’ Fg Tk+2k/Tk+k’~ It is easy to check that Tk+k’Tk+2k/ = ToTk/ and we are
done. The case when k is odd is done in the same way and is left to the reader. [

Lemma 5.3.11. Let 0 < k, k', 1 <e—1 withk # k' and k—k —1 even, the following
relations hold in Br(e, e, 3) for e odd.

1. T]{;/ETOS?,TW,)C,[TO Ek TOT;C/,)C,ZS?,TOI-‘[T]« - F3.
2 2

2. Tk/TOT;@,k/,LTO(TOTl)kS?,Tk',k,LTO F3 TOTk’fgeflS3(T1TO)kTOTk—I;'—lTOTk’ = F3,

Proof. Let us start by proving the first identity. Suppose k is even.

o If k/ 2 k + l7 we have Tk/fkszO Ek T()T;c/fkfz =
2 2
T\Io---Ty To ThIo--- Ty BEo T'Ty--- Ty To T --- T =

k'—k—1—-1 k—1 k—1 k'—k—1—1
N'Ty---Ty Eo ThTo - Ty = Ejr—y.
k'—1—1 k'—1—1
We should prove that Ty T;T9S3 Er—; S3ToT;Tx = F3, that is
T TiToTy —; F3 Ty Ty Ty = F3. 1t is easily checked that Ty Ty ToT—; = 1

and the relation we want to prove follows immediately.

o If kl <k -+ l, let z = kl — k-1 —+ 2e. We have Tk’—k—LTO Ek TOTk’—k—l, =
2 2
TypoTo By ToTye = ThTo---Ty To ThTo---Ty Eo ThTo---Ty To ThTo---Th.

x—1 k—1 k—1 x—1
After simplification, this is equal to T1To---T1 Eo ThTo - Th = Er—142-
k' —l+2e—1 k' —l+2e—1
We should prove that T/ T;T9Ss Ex—j12. S3ToTiTy = F3. This is done as in
the previous case.

Note that the case when k is odd is similar and is left to the reader. Hence we get
Relation 1 of the lemma.

For the second relation, we have SsTw _w_1 Ty F5 ToTw—x—1S3 =
SaTw 1S3 Eo S5Tur—n1Ss = Twrss ST s Eo Tarsos S3Th sy

S’u;pose K >k+1 2VVe have T;\/2 et Ey Tzk/ et is eq121a1 to Ek/2 k—i- We get
T 1= Wk 1S3 By Sng/ et =T = Wk T gy F3 Ty gtk ot =

T0T1 T Fs ThT - On the one hand, we have
K —k—1 Kk —k—1
T ToT kit To(ToT1)* ToTy - Ty = T ToTwerr 1 To ToTy -+ Ty ToTy -+ Ty =
2 —_——— 2
k' —k—l 2k K —k—1
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ToToTeew—s ToTo- Ty ToTy - Th = T ToTeer— TiTo Ty =
2 2 ————

2k—1 k'—k—1 k'+k—1—1
TwTo ThIly--- Ty Ty --- Ty =TTy ToTy - Ty =Ty ThTy---Th =TTy = 1.
k—k'—1—-1 k'+k—1-1 2k’ 2k'—1

On the other hand, we also have TyTy - - - Ty (T1T0)*ToT w1 ToTj = 1 since it is the
D 2
K —k—1
inverse of Ty ToTx_w i To(ToTy)* ToT, - - Th.
2 D e

K —k—1
The relation we want to prove follows immediately.
Suppose k' < k+1. Let x = kK —k —1+4+2e. We have Tw_s_y Fy Tw-sn_y =

Ty Eo Tojg = TiTo---Ty By TiTo---Ty = Ey. We get TynTy Fy TyTy o, where

r—1

z—1
TI/QTZ = T1T0 . 'T1 T1T0 ce T1 = T()T1 ce TO with z = k/ — k-1 + 2e. Slmllarly to

x—1 2z—1 T

the previous case, we show that Ty ToT_w— To(ToT1)* ToTy --- Ty = 1.
—a —_———

Hence the second relation of the lemma is satisfied in Br(e, e, 3).
O

Consider the map ¢ on the set of generators defined by ¢(tx) = Tk, ¢(s2,3.%) =
ToTSsTiTo, ¢(s1,3:%) = TeSsTk, ¢ler2k) = Ek, Plessn) = ToTpF3TxTp, and
¢(61,3;k) =Ty F3T}.

Proposition 5.3.12. For e > 3 and e odd, the map ¢ extends to a morphism from
B(e,e,3) to Br(e,e, 3).

Proof. Mapping Relations 1, 2, and 3 of Definition by ¢, we get relations that
are clearly satisfied in Br(e, e, 3). Relation 6 of Definition [5.3.3] does not occur when
e is odd, see Remark [5.3.4] For Relations 4 and 5 of Definition [5.3.3] they have been
explicitly written in the 6 cases above. We prove that the image by ¢ of the relation
we get in each case is satisfied in Br(e, e, 3).

Consider Case (1.1). In the first paragraph of the proof of Lemma we showed
that if £ and &’ are both even, we get the following relations.

o If k < I, then we get e1,2,0 t1to---t1 €120 = €1,2,0, where k' — k — 1 is odd.
—_———

K —k—1
The corresponding relation in Br(e,e,3) is Ey T17Ty---Th Ey = Ep which is a
—_——

K —k—1
case of Relation 7 of Definition [5.2.5]

o If k > k', then we get €1 2.0 t1to - - t1 €1,2,0 = €1,2;0, Where k—k’ —1 is odd. The
—_———

k—k'—1
corresponding relation in Br(e, e, 3) is a case of Relation 7 of Definition

The case when k and k' are both odd is done in the same way.
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We now consider Case (1.3) because it is similar to the previous case. We have
l=0and w =ty € R with k + k" odd. Suppose k even and &’ odd. We have

2
trin'te = t1tg -+ -t1. Relation 5 of Definition [5.3.3]is
s —_——

ktk'+e—1
tito---t1 er2,0 tato - - -t Lito---to er21 totr -t =
N—— —— — N——

k—1 k—1 k-1 K —1
titg---t1 tato -~ -to €e1,2;1 totr -+ -ty =tilo-- -1 €121 fol1 -+ -t =
—— — —_— N——

k+k'+e—1 k'—1 k'—1 k+e k'—1
t1t0 s tl totl s tl €1,2;1 totl s tl. After simpliﬁcation by tlto s tl on the left and
—— —— ——

k—1 et1 k=1 k-1
by totl s 'tl on the I‘ight, we get €1,2;0 tlto s 'tl tlto . ‘to €1,2;1 = totl s t() €1,2;1 =
—— —_— —
k'—1 k—1 k'—1 e
titg - -ty e1,2,1. Multiplying by tot; - - -1 on the left, we get
—— N——
e—1 e—1

tot1---t1 e1,2;0 t1to---t1 tito---to €1,2,1 = €1,2;1-
—_———— —_——— ——
e—1 k—1 k' —1

o If k< k/7 we get totl ooty €1,2;0 tlto ooty tlto ce t() €1,2;1 =
— — ——
e—1 k—1 k'—1
totl cee tl €1,2;0 totl e to €1,2;1 = totl cee tl €1,2;0 tlto e to €1,2;1 that is equal to
—— —— —— N
e—1 k'—k e—1 k'—k—1
e1,2:1 tot1 - t1 tito - -t e1,2;1 by the second item of Lemma [5.3.7]
—— —

e—1 k'—k—1
Since 0 S k’/—k‘ S 6—1, it is equal to €1,2;1 totl R tl €1,2;1 = €1,2;1 totl tee to €1,2;1-
—_—— ——

e—k'+k e—k/+k—1
Hence in Ble, e,3), we have ey 2.1 tot1---to €1,21 = €1,2,1-
—_———

e—k/+k—1
Since 0 <e—k'+k—1<e—1and e— k" + k—1is odd, by Relation 6 of
Definition [5.2.5] it is clear that the image of this relation by ¢ is satisfied in
Br(e, e, 3).
o If k> k‘/, we get €1,2;1 totl . "tl tlto . "tl €1,2;1 = €1,2;1, that is
—— —

e—1 k—k'
e1,2:1 tot1 - -to €1,2;1 = e1,2;1. This is similar to the previous case.
——

k'—k+e—1

The case when k is odd and &’ is even is done in the same way.

Consider Case (1.2). We have w = t,s3t;tgss with k+ k' +1 even and x = %/H
Relation 4 of Definition [5.3.3]1s t,s3t1tos3 €1,2; = €1,20 tesstitoss. We need to show
that T,,55T,T0S3 Ey, = By T,S53T,15Ss in Br(e, e, 3), that is

T, 53111y S3 By S3ToT1S3T, = Ejr.

We have T, S3T;TyS3 Ey, SsTo11S3T, = T,.S3T,ToTy F3 Ty 1oT;S5T, by Equation "
of Proposition [5.2.11| and T; 7Ty, = ThTo---Th To ThTy--- Ty = Thly---Ty = Thyy.

21—1 2k—1 2(k+1)—1
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Hence T, STy ToTy Fs ThToT1 53Ty = T S3Thqq I3 Ty 1531, = 135353 By 53531, =
Tz Ek+l Tz We prove that TI Ek+l Tx = Ek/.

Suppose k + [ even. Since k + k' + [ is even, we have k' even. We have
Epg=T1Ty---Ty BEg T'Ty---Ty and T, Eyqq T =

k+1-1 k+1-1
le—‘()"'Tl TIT‘(]"'TI EO TIT‘()"'TI TlTO"'Tl :TIT‘()"'T‘O EO CZ-‘()T‘l"'cz—‘l =

k+k'+1—1 k+1—1 k+1—1 k+k'+1—1 k’ k’
T\To-- Ty By TWTy---Ti = E.
k'—1 k'—1

The case k 4+ [ odd is done in the same way.
Case (1.4) is similar to Case (1.2).
Consider Case (1.5). We have k — k' — [ is even and w = t,tgsstitoss with

xr = % Relation 4 of Definition is 1,t083t1t0S3 €10,k = €1,2:k tolos3titoss.
We prove the following relation in Br(e, e, 3):

T, ToSsTiToS3 Er S3ToT1S3ToT, = Eyr.

Actually, TIT()SgT‘lT()Sg Ek SgToj—’ngToTx = TZET()S?,T‘lToTk F3 TkToﬂSz),ToTaj =
TacTOS?)Tk—i-l F3 Tk-HSSTOTx = TwT()S% Ek+l S?%T()Tw = TITO Ek+l ToTI. One can
easily check that for both cases k 41 even (then &’ is even) and k + [ odd (then &’ is
Odd) we have TzTO Ek+l Ton = Ek/.

Case (1.6) is similar to Case (1.5).

Consider Case (2.1). In Br(e, e, 3), we show that

Tk’j—‘lTOSB,Tk’—k—lTO Ek TOT}c’—k—l S3T07-‘1Tk/ - Fg.
2 2

This is the first identity of Lemma [5.3.11]

Cases (2.2), (2.4), and (2.5) are similar to Case (2.1).

Consider Case (2.3). The identity we prove in Br(e, e, 3) for this case is given by
the second item of Lemma [5.3.10)

Cases (3.1), (3.2), (3.4), and (3.5) are done in the same way as the first item of
Lemma [(.3.111

Case (3.3) is similar to the first item of Lemma [5.3.10
Cases (4.1) and (4.3) are done in the same way as the second item of Lemma [5.3.9

Consider Case (4.2). In Br(e, e, 3), we prove

T7k72k/7zT()Sng+1;/71Tk F3 Tka+glflS3T0T7k72klfl = TOTk-/ F3 TkJTO.
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Suppose k < k' — 1. We have Tyyw 1Ty, = T1Ty---Ty. Similarly, we have
2 ———

k'—l—k
TkaJrk/,l = T0T1 e Tl, Tk/ToT,k,k/,l TO = T1T0 e T(), and T()T,k,k/,l T()Tk,/ =
2 N—— 2 N——— 2
k'—k—1 k'—k—1

ToTy ---Ti. Then we should prove
———
k' —k—1
TlTO"'TO 53 TlTO"'TO F3 TOTl "'Tl Sg TOTl"'Tl == Fg.

k'—k—1 k'—k—1 k'—k—1 k'—k—1

Set k' — k — | = 2. The equation we prove is equivalent to
T, ToSsT, Ty F3 ToT,S3ToT, = F.

The left-hand side is equal to TITOSBT;DS?,EQS?)TI SgToTw = T;vaT'wS?,T‘IEZ‘QTVm SgTwToTw
= T2, 53Ty Eo TypS3Toy = ToyS3 Eoy S3Ton = T3, F3T3, = F.
The case when k > k/ — [ is done in the same way.

Case (4.4) is done in the same way as Case (4.2).

Consider Case (4.5). In Br(e, ¢, 3), we show

Tk:’TOTk—k’—l TOS?)Tk’—k—lTOSSTOTk F3 TkTOSSTOTk—k’—lSBTOTk—k/—lTOTk:’ - Fg.
2 2 2 2

For 0 S x S € — 1, we have S3(T1T0)ES3TO = Sg(TlTo)zilTlT()SgTo =
Sg(TlTo)IilTlngOS;; = S3T,53TS3 = T, 53T, 1T Ss3.

Also for 0 < 2z < e — 1, we have Sg(TlT())ISng = Sg(TlTo)wingTlngl =
Ss(T1To)* " ToT1 S5T1 S5 = S3Ty 41531153 = Ty153T 01111 S5.

Similarly, one can prove that for 0 < a < e — 1, we have TpS3(ToT1)*S3 =
SgT()TxS?,Tx and T153(TOT1)m53 = SgToT;KSng_;,_l.

Suppose k' —k—1 > 0. Using the previous relations, we have S3Tx —x—1 ToS3To Tk
2

S3(T1To) S S3ToTy =T 1 S3Tw—is 1 T9S3 T Ty - - Th =
2 2 —_———
2k—1
T%uwfzsﬁ(jljb)k4§715511 ToTy--- T =
—3 —_———
2k—2
Tk’—k—lTk’—k—l,_,’_lSBTk/—k—l_,’_lTlS,?, TOT1 . 'T1 == (T()Tl)ks;gTMTOSg.
2 2 2 —_——— 2

2k—2

Also we get TyToSsToTwr 1S3 =TyTy--- Ty ToSs(ToTy) 2 S5 =
2 —_——
2k—1

T1T0 te T1 SgTOTk',k,l SBTk’—k—l — TlTO ce TO S3TOT)€/,k,l SSTk’—k—L Tk’—k—l -
N—_—— 2 2 ———— 2 7 t+1 2

2k—1 2k—2
T1T0 cee TO S3TOTk/,k,l SngTo = .- = SgToTk/,k,l Sg(TlTo)k. The equation we
—— 2 2

2k—2

prove is then

Tk/TOTk,,;/,lTO(TOTl)kSng/,;,lTO F3 ToTw i S3(T1T0)kT0Tk,,;/,,TOTk/ = Fj.

110



This is Relation 2 of Lemma |5.3.11l Note that the case when k' — k — [ < 0 is similar
after replacing T/ _,_, by T‘“'*’C*we’ where 0 < % +e<e—1.
2

2

Case (4.6) is similar to Case (4.5).

Consider Case (5.1). In Br(e, ¢, 3), we show that
Tk+7§’+LS3Tk+l;’—lTk 3 TkTOTOTkH;’—lSSTHg’H =Ty F3 T
This is similar to Case (4.2). Also Case (5.2) is similar to Case (5.1).

Consider Case (5.4). In Br(e, e, 3), we show that
Tk/_k+153Tk/_k_zTongoTk F3 TkTOSgTOTk/—k—lS3Tk/_k+L = Tk/ F3 Tk/.
2 2 2 2

This is done in the same way as Case (4.5). Also Case (5.5) is similar to Case (5.4).

Consider Case (5.3). In Br(e, ¢, 3), we show
ToT FsTiTo Th FsTi = T T FsThr = ToTe FsTu Ty Thr ..

This is Relation 1 of Lemma [5.3.10l

Note that Cases (6.2) and (6.4) are similar. They are done in the same way as
Case (4.2). Also, Cases (6.5) and (6.6) are similar. They are done in the same way
as Case (4.5). Case (6.3) is similar to Case (6.1). Consider Case (6.1):

In Br(e, e, 3), we show

TywFsTyy Tiw F3Th = Tosw S3Twsw T FsThr = TiF3Th Tosw S3Twen -
2 2 2 2

This is Relation 2 of Lemma [5.3.9)
O

The following proposition is a direct consequence of Propositions[5.3.8 and [5.3.12]

Proposition 5.3.13. The algebra Br(e, e, 3) is isomorphic to B(e,e,3) for all e > 3
and e odd.

Proof. Tt is readily checked that ¢ o1 is equal to the identity morphism on Br(e, e, 3).
It is also straightforward to check that i o ¢ is equal to the identity morphism on
B(e,e,3). The only non-trivial cases are to check that ¢ o ¢(e23.5) = €23 and
o dlenzk) = ez

For the first case, we have ¢ o ¢(ea 3.1x) = V(LT F3TiTo) = totres sotrto. Since
titosz, s.ktoty is equal to sz 3.0, by Relation 4 of Definition @ we have titoes s =
ez.3.0tkto, that is ez 3., = totres s.0tkto. Hence ¢ o ¢(ez s.x) is equal to eg 3.k.

For the second case, we have o ¢(e1 3.5) = Y(TkF5T)) = tre2 3.0tk Since s1,3.5 =
ts2,3.0tk, by Relation 4 of Definition we have tpes 3.0t, = €1 3.,. Hence
o ¢(e1,3:) is equal to e 3.k.

In conclusion, the algebra Br(e, e, 3) is isomorphic to B(e, e, 3) for all e > 3 and e
odd.

O
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Corollary 5.3.14. The set {wEy} U{wF3} for w € G(e,e,3) and 0 <k <e—11is
a generating set of Br(e,e,3) for e odd.

Proof. By Proposition [5.3.13] since Br(e, e, 3) is isomorphic to B(e, e, 3), we get the
generating set of Br(e, e, 3) described by Chen in Theorem 5.1 of [I8].
O

In Proposition[5.3.13] we proved that the Brauer algebra given in Definition[5.2.5]is
isomorphic to the Brauer-Chen algebra for n = 3 and e odd. Even if this isomorphism
corresponds to a small value of n and e odd, it is tempting to think that the Brauer-
Chen algebra associated to a complex reflection group G(e,e,n) defined by Chen in
[18] is isomorphic to the Brauer algebra Br(e, e, n) given in Definitions and
for all e and n. This enables us to ask the following question: Is the Brauer-Chen
algebra isomorphic to Br(e, e, n) for all e and n?

5.4 Constructing Krammer’s representations

Recall that in type ADE of Coxeter groups, the generalized Krammer’s represen-
tations can be constructed via the BMW algebras. We attempt to construct ex-
plicit linear representations for the complex braid groups B(e,e,n) by using the al-
gebra BMW(e, e,n). We call these representations the Krammer’s representations
for B(e,e,n). We adopt a computational approach using the package GBNP (ver-
sion 1.0.3) of GAP4 ([22]). We are able to construct Krammer’s representations for
B(3,3,3) and B(4,4,3). We also provide some conjectures about the BMW algebra
and about Krammer’s representations, see Conjectures [5.4.1] and 5.4.:2] We use the
platform MATRICS ([65]) of Université de Picardie Jules Verne for our heuristic com-
putations. We restrict to the case n = 3 in order to make these computations more
efficient.

The algebra BMW (e, e,n) is defined by a presentation with generators and re-
lations, see Definitions and The list of relations of BMW(e, ¢, 3) for a
given e is defined with GBNP as a list L of non-commutative polynomials. Once
a Grobner basis of L is computed, BMW(e, e, 3) is the quotient of the free algebra
< Ty, T1,S3, Ey, E1, F3 > by the two-sided ideal generated by the list of the non-
commutative polynomials (or its Grobner basis). The indeterminates m and [ of
BMW(e, ¢, 3) are specialized over Q or over a finite field when the computation over
the rationals is very heavy. For the implementation, see Appendix B.

We compute a basis of the quotient algebra BMW(e, e,3) by using the function
BaseQA. The dimension of BMW(e, e,3) can be computed with DimQA. Right multi-
plication by an element of BMW(e, e, 3) is a linear transformation A, : BMW —
Endg(BMW). The matrix of this linear transformation with respect to the base is
computed by using the function MatrixQA. Denote Ry, Rs, - -+, Rg the images by A,
of Ty, T, S3, Ey, E1, and F3, respectively. We define the left multiplication to be
A;: BMW — Endg(BMW) with Ly, Lo, ---, L¢ the images by A; of Ty, T1, Ss,
FEy, E1, and F3, respectively.
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Krammer’s representation for B(3,3,3)

Here we explain the algorithm that enables us to construct Krammer’s represen-
tation for B(3,3,3), see Appendix B for the implementation.

For many specializations of m and [ over QQ, by using the function DimQA, we get
that the dimension of BMW (3, 3, 3) is equal to 297. We remark that 297 = 54+3x9? =
#(G(3,3,3)) + 3 x (#R)?, where R is the set of reflections of the complex reflection
group G(3,3,3).

After computing Ry, Ry, - - -, and Rg with GBNP, we define the matrix algebra A
over Q generated by R;, R, ---, and Rg. Then we compute the central idempotents
of A by using the function CentralIdempotentsOfAlgebra of GAP4. We get a cen-
tral idempotent of trace equal to 243 = 3 x 92. Denote this element by i;.

We use the generator of the center of the complex braid group B(3,3,3) that is
T1TpS3T1TpS3. We compute its image by A, that we denote by N,. We compute
11N, in the basis (i1, N, i1N22). For many specializations of the parameters m and
l, we clearly have ilNz?’ = l%il and we guess that the minimal polynomial of i1 N, is
X3 - l% One can set | = \> for a rational specialization of A and redefine the algebra
A over Q and compute its central idempotents. We get an idempotent element of
trace equal to 81 and i1 A is the algebra corresponding to Krammer’s representation.
This method will be used for B(4,4,3). However, we find a faster way to construct
the representation for B(3,3,3) without computing the central idempotent elements.
We describe this method now.

In BMW(e,e,3), we have E; = LT72 +1T; — L and E; = zE; for i = 0,1,

m
where x = % Let E; = %, we get %Tf +1T; — % = W_TZ?H7 that is
%Tf +1T; —1— 7~ = 0. We factorize this equation and get (T; — })(T; + m+ 1) = 0.
We determine

Ker(N, — A3 N Ker(Ry — A\ 7%).

We get a vector space of dimension 9 stable by left multiplication and define Kram-
mer’s representation ps by providing A = p3(Tpy), B = p3(T1), and C = p3(Ss3) in
Mgyo(Q(m, ) after interpolation of the coefficients over Q in order to get the cor-
responding coefficients over Q(m, A). We checked that A, B, and C satisfy all the
relations of BMW (3,3, 3). The representation is defined over Q(m, \) as follows.

0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
1 0 —m 0 0o o =™ o o
0 1 0 -m 0 0 m0 0
A=| 0 m? 0 m 0 1 mo0 0
0 —-m(m?+1) 0 —m? 1 —-m 0 0 0
0 0 0 0 0 0 = 0 0
—ml om(m? 1) —m —m® 0 0 Asy 0 1
m(m+1) m*(m?+2) ™ m(m*+1) 0 0 Ag7 1 —m
L A3 A3 ’ .



. 4 \3_ 21 2 _ 4,2 2,y
with A8,7 _ m(A*—mA 7:7(771 +1)A4+m*) and Ag77 _ m(A*m—\ 7)\n7+)\m 4+ m)_

[ & 0 0 0 0 0 0 0 0
0 -m 0 0 0 = 0 0 0
0 0 0 0 0 0 A—m 0 0
—)\77371 0 ;73} -m 0 1 % 0 m()\)\_m)
B= |20 a0 A A-m mRemtl g 2 gmh
e A—m 0 0 0 0 0 0 0
e 0 0 0 0 -m 0 0
B8,1 38,2 38,3 38,4 Bg,s BS,G 38,7 BS,S 38,9
| Boa Bys S M 0 0 ’”(17;’”) 0 0 |
7m3 3_ m 2_ m 7m2 2_ m m2 m 2_ m m2
with Bg; = (A/\6(2/\—)7\n) Abm) Bsy = (A i\ +m?tl) Bss = %7
—m 2_ m m2 m(— 2 m —m m2 m —m m2
Bya= —m¥dmimd) poo_ mAAn) g mmOmiAem) p —mmt )
—A(m?2 —om2(\2— m(—\2 m—m?2
Bgg=—A, Bgg = %, By = w, and Bg o = %
[—m 0 0 0 0 A 0 0 0 ]
0 = 0 0 0 0 0 0 0
m2  mAS 0 A3 A3 —mAd —m 2 8
0 0 0 0 0 0 &L 0 0
—m (Am+1) -1 1 A2
C= |3 75 = 0 0 A2 x 0 o
Loomlom g 9 0 0 0 0 0
0 mA3 0 A3 0 0 -m 0 0
Csa Cso Cs3 0 %22 “Nm-m? Cs7 0 —X\—m?
_m?2 2_ —m
1Co.1 Co,2 7/’%; 0 m(>:\2+1) (fj‘ 1) /\32 1 —2m |
2(a2 2 7m2 2m m3 m m 2 m2
with Cg 1 = wa Cgo = (A 14 tAtm) Cg 3= %a
2 2 2 2 2 2 2
08,7 _ —m(X ;nz +1)’ 09) _ —nL(A)\B—m )7 and 0972 _—m (A ;4>\nz+7n )

Absolute irreducibility being an open condition (see [43]), it is sufficient to check it
for one arbitrary specialization. For a rational specialization of m and A (for example
m = 2 and A = 17 as in Appendix B), we check that the dimension of the matrix
algebra generated by A, B, and C' is equal to 81. Hence p3 is absolutely irreducible
over Q(m, \).

We get two other irreducible Krammer’s representations p4 and p4 for B(3,3,3)
by replacing A by 3\ and (3, respectively. The trace of the matrix BAC is equal to
+. Hence ps, ph, and pj are pairwise non-isomorphic. We deduce that if BMW(3, 3, 3)
is of dimension 297 over Q(m,!), we know all its irreducible representations: those
from the representations of the Hecke algebra H(3,3,3) and those that correspond
to the Krammer’s representations. In particular, it is semi-simple. This is one of the
reasons that led us to state Conjecture [5.4.2] at the end of this section.
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Let m=r— % and \ = %, we checked that the restriction of the representation ps
to a parabolic subgroup of type A is isomorphic to the direct sum I of the Cohen-
Gijsbers-Wales representation of type Ay and of the Hecke algebra representation asso-
ciated to the permutation action of the symmetric group Ss on R\{s1,2.0, $2,3:0, $1,3:0}»
where R is the set of reflections of G(3,3,3). Note that this property is satisfied by
the monodromy representation, see Proposition 4.7 in [49]. The representation K is
as follows.

33 0 t3(rt —r?) 0 0 0 0 0 0

0 1fr—r 1 o 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 0 1/r—r 0 0 1 0 0

K(Ty)=| 0 0 0 o 0 0 0 1 0
0 0 0 0 0 1/r—r O 0 1

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 1/fr—7r 0

0 0 0 o 0 1 0 0 0

[1/r—7r 0 1 0 0 0 0 0 0]

0 33 B3 (rt —r?) 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

0 0 0 1/r—r 0 0 0 1 0

K(Ss)=| 0 0 0 0O 1fr—r 0 0 0 1
0 0 0 0 0 0 1 0 0

0 0 0 0 0 1 1/r—=r 0 O

0 0 0 1 0 0 0 0 0

0 0 0 0 10 0 0 0

Krammer’s representation for B(4,4,3)

The method used for B(4,4,3) is similar to the one used for B(3,3,3). We get
for many specializations of the parameters of the BMW algebra v and [ that the
dimension of BMW (4,4, 3) is equal to 384. We remark that 384 = 96 + 2 x 122 =
#(G(4,4,3)) +2 x (#R)?%, where R is the set of reflections of G (4,4, 3).

In order to get a model of Krammer’s representation over Q using GAP, we set
a rational specialization of v and [ such that v = p? and [ = A\? (v and I are square
numbers). We compute the central idempotents and search for the central idempotent
iy of trace 122 = 144. Hence i, A is the algebra corresponding to Krammer’s represen-
tation. This enables us to construct the Krammer’s representation of B(4,4,3) that
we denote by p4, see Appendix B for the implementation. We conjecture that this
Krammer’s representation is faithful, see Conjecture [5.4.1] We provide the matrices
A = ps(Ty), B = ps(Th), and C = ps(Ss3) over Q(u, \) that we get after interpolation
of many rational specializations of 1 and A. As for the case of B(3,3,3), we checked
that A, B, and C satisfy all the relations of BMW(4,4,3) and that p, is absolutely
irreducible over Q(u, A) since the dimension of the corresponding matrix algebra for
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a given specialization of the parameters (u = 2 and A = 3 as in Appendix B) is equal
to 144.

The matrix A is equal to
%,0,0,0,0,0,0,0,0,0,0,0]
0,0,0,0,1,0,0,0,0,0,0]
w20 0, 1.,0,0,0,0,0,0,0,0,0]
00000000071,0}

(e x HeA=Y) 0,0,0,0,0,0,0,2,0,0,0]
(u>A3)

[
[0,
[
[0
[
(=1 (?Agf Aoid) 1 0,0,0, & *;2“),0,0,0,0,0,0]
[0,
[{
[=
[—
[+
[

)
[L

0000000001}

ap'?—5u84+3ut—1 —1 —(pt-1)2
—ut "ru(us)\z}; © )OOO(H )000 (Mﬂ4 )7# 070]

556;21 ,0,0,0,%,0,0,0, = “*” ,0,0,0]
((’;7;)1 ,0,0,0,0,0,0, 2, *0‘“;1)*,( ’;*” 0,0]

(ot “j“*“) 00,1,00000()@,0]
0000001000()(““)]

The matrix B is equal to
0,0,1,0,0,0,0,0,0,0,0,0]
000100000000]

1,0“;“)000000000]
010(““)00(“‘1)00000]

_2 — — —

(Ml le)(u 1)001(M 1)00000]

pt B > (u5>\)
ut ) pt b p?

000000,A2,00000]

000000“‘*1)&5’—;2?‘*”01000]
0000000,1,“;“)000]
000000,%‘;?,00010]
0000000001<““>0]

0000000‘*1)0000 L],

[
[
[
[
[
[( u12+2u —2pt +1) —(u -1)° —(u! —1)2 (—p +1) 1, (= LL+1) 0,0,0,0,0,0]
[
[
[
[
[
[

The matrix C is equal to
(—p'+1)  (—pt+D)
n2 ’ (/L4—/L)\—1)’0 0 0

e l—15.,0,0,0,0,0,0]

? (pt

0. 5.0.0.0,0,0.0,0,0.0,0]
3
e T I TS P pA A =1 pF (pi—pa =1y ’W’O’

000000,&“0000,0]

pt=1 —pt41 —pt41 ApS—2ut41) e ST
0 CE: 2703 X 0 p? ’#4*#>\*1’#7(H4*#>\*1)’0’0 0}

%M,O,O,O,O,O,O,O,O,O,O,O}

[

[

[O I =T =2 A BN —p +1 ,0,0 pt=1 pt—1 0.0 — O]
[

[ ) pE—pA—1° X0
[
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00**‘“00000]

,3,0,*(“;;1)*00000}

“““4’10’““00000/1 0,0, 751,

ub
AN Hp"— 2/14)\ 134N 0 7(,1471),\ 0
Y ut )

[ 7)\27
pt +2u —2u +1 b Stout—1 pP-2pt41 —pt41 1 —pBt2pt

[ C PE ) 1INZ 07 ltz(,u‘l—lt/\—l)’Cg 7 M2’0’ ApT=pA— 1)H3’0 O]
p'?43 u S_gut41 T +2u -1 pS—2p* 41 —pt+1 1

[ ,Co,2 uo ,0,0,0, w8 (pt —u/\ 1)’0 0, /\(M“—u/\ 1)u’0’ u? 2]
Ay */f)\ 2u +u/\+1) pi-2pt 41 —Apt—pA=1) ptol —A® *2/1 +1)

E A, SIS, 10,0, AR 0,0,0,0,0)

; _ =DA% (pt —2p N —pd— 1)
with 0572 = EANZ (A pa—1) ) -
Cr o — =D A (2 1) (A4 p — 2H9A2*3H8)\*H6)\3*2#7+3M°)\2+3M4>\+M2>\3+#‘3*2#>\2*/\)
8,2 — WO (uE—pa—1) ’
—(u=1)*(p+ 1) (w2 +1)* (¥ —p®rA—2p* +)
Cg 7T = (p 110
’ (ut ,#/\ 1)
Clo o — (u—l)(u+1)(u ) (o —p ! N2 =P A= +A2)
9,2 = EEN3 (A —pA=T) :

Recall that Chen studied the BMW algebras for the dihedral groups in [19] and
was able to construct irreducible representations for the Artin-Tits groups associated
to the dihedral groups. He also conjectured that these representations are isomor-
phic to the monodromy representations. Each of our explicit representations p3 and
p4 is constructed via the corresponding BMW algebra. We proved that these rep-
resentations are absolutely irreducible and have dimension the number of reflections
of the complex refection group. We also studied the restriction of ps to parabolic
subgroups. All these properties are satisfied for the generalized Krammer’s represen-
tations. That’s why we think that p3 and ps are good candidates to be called the
Krammer’s representations for B(3,3,3) and B(4,4,3), respectively. We also think
that each of these representations is isomorphic to the monodromy representation
constructed by Marin in [49], where he conjectured that the monodromy representa-
tion is faithful, see Conjecture 6.3 in [49]. This enables us to propose the following
conjecture about the explicit Krammer’s representations ps and p4.

Conjecture 5.4.1. The Krammer’s representations ps and py are faithful.

Our method uses the computation of a Grébner basis from the list of polynomials
that describe the relations of the algebra BMW(e, e,n). It it is not possible to make
these heavy computations for e > 5 when n = 3. However, we try to compute the
dimension of the BMW algebra over a finite field. We were able to compute the dimen-
sion of BMW(5, 5,3) and BMW(6, 6, 3) over a finite field for many specializations for
m and [, see Appendix B for the implementation. The computations for BMW (6, 6, 3)
took 40 days on the platform MATRICS of Université de Picardie Jules Verne ([65]).
For all the different specializations, we get that the dimension of BMW(5,5,3) is
equal to 1275 and the dimension of BMW(6, 6, 3) is equal to 1188. Recall that we get
297 for BMW(3, 3,3) and 384 for BMW (4,4, 3). We remark that for e =3 or e = 5,
we get that the dimension of BMW(e, e,3) is equal to #(G(e,e,3)) + e x (#R)?,
where R is the set of reflections of G(e,e,3). Also, we remark that for e = 4 and
e = 6, we get that the dimension of BMW (e, e, 3) is equal to #(G(e, e, 3))+§ X (#R)>.
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Based on the previous experimentations, we conclude this section by proposing
the following conjecture.

Conjecture 5.4.2. Let K = Q(m, 1) and let H(e, e, 3) be the Hecke algebra associated

to G(e,e,3) over K. Let N be the number of reflections of the complex reflection group
G(e,e,3).
Over K, the algebra BMW (e, e, 3) is semi-simple, isomorphic to

H(e,e,3) ® (Mn(K))  if eis odd,
{ H(e,e,3) @ (Mn(K)? if eis even,

where My (K) is the matriz algebra over K of dimension N%. In particular, the
algebra BMW e, e, 3) has dimension

#(G(e,e,3)) +ex N2 if eis odd,
#(G(e,e,3)) + £ x N? if eis even.
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Appendix A

Monoid and homology
implementations

We start by explaining the way to implement the Garside monoids B®*(e, e, n) into
GAP by using the package CHEVIE ([55]) of GAP3. We provide the implementation
of these monoids by defining the function CorranPicantinMonoid that can be found

in [56].

Recall that for 1 < k < e — 1, the monoid B®*(e,e,n) is defined by the following
presentation.

e Generating set: X = {to,t1, -+ ,te—1,83, " ,&n}.
§Z§J§Z = §j§i§] fOT‘ |Z —]| = ].,
§i§j = §j§i fO?" |’L —]| > 1,
e Relations: §3~i S3 = Eiggl?z fO’I" i€ Z/CZ,
§j~i=£i§] fori€eZ/eZ and 4 < j <mn, and
EitNZ,k = fjfj,k fO?" i,J € Z/eZ.

Also recall that B®* (e, e, n) is isomorphic to the interval monoid M[1, \¥] constructed
in Chapter 3| where A € G(e,e,n) is the diagonal matrix such that A[i,i] = (.
for 2 < i < nand A[1,1] = (- "V, We showed that B®*(e,e,n) is a Garside
monoid with Garside element A\* and with simples [1, A\¥], a copy of the interval

[1,\¥] € G(e,e,n), see Theorem [3.3.15

In order to construct these Garside monoids, we create a record M containing some

specific operations for the monoid B®*(e, e, n) and then call CompleteGarsideRecord (M).

Since we are dealing with interval monoids, we provide a second argument
rec(interval:=true) to CompleteGarsideRecord. We name the function
CorranPicantinMonoid. It takes three arguments: e, n, and k and defines the monoid
B®k(e,e,n). Note that the simples of the interval structure of B®*(e, e, n) are defined
as elements of the complex reflection group G(e,e,n).
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First, we define the list M.atoms of the atoms of B (e, e,n). It consists of tg, t1,
-+, te—1, S3, *++, S, that are elements of G(e,e,n). Next, we define the operation
M.IsLeftDescending(s,) that tells whether M.atoms[é] divides the simple s on the
left. To do this, we use the matrix form of the elements of G(e, e, n) and apply Propo-
sition Since the atoms satisfy (M.atoms[i])? = 1, we automatically have the
operation M. IsRightDescending(s, i) that tells whether M. atoms|[i] divides the simple
s on the right. Moreover, we define the operation M. IsRightAscending(s, ) that tells
whether the product of the simple s by the atom M. atoms[i] is still simple. This is sim-
ply done by calling the function M.IsLeftDescending(s~'M.delta,i) where M.delta
is the Garside element A\* € G(e,e,n). Other operations should also be defined like
M.identity that is the identity element of the monoid and M.stringDelta that de-
fines how the Garside element should be printed in normal forms.

Finally, we define the Reverse operation for the simples. Since B®¥ (e,e,n) is an
interval monoid, if (M.delta)?=M.identity, the Reverse operation is just the func-
tion  — 27! and is then automatically defined. This is the case when e = 2k.
In the other cases, the function x — 2! sends CorranPicantinMonoid(e,n, k) into
CorranPicantinMonoid(e,n,e — k). Thus, we equip M with a field M. revMonoid con-
taining this monoid. The implementation is as follows.

CorranPicantinMonoid := function ( arg )
local e, n, k, M, W, i, deltamat, r, cr;
e := arg[1];
n := arg[2];
if Length( arg ) = 2 then
k = 1;
else

k := arg[3] mod e;
if k = 0 then
Error( "k must not be divisible by e" );
fi;
fi;
r := [ Concatenation( [ -1 * ECe ), 11, [1 .. (n-2)1=*0) 1;
for i in[1 .. n-11] do
Add( r, Concatenation( [ 1 .. (i - 1)1 *o0, [ -1, 11,
[1..(@-1i-1)1=*x0));

od;
cr := Copy( r );
cr[1][1] = -1 * EC e ) =~ (-1 * 1);
W := PermRootGroup( r, cr );
M := rec(

group := W,

operations := rec(

Print := function ( M )
Print( "CorranPicantinMonoid(", e, ",", e, ",", n, ")" );

if k <> 1 then
Print( ||[n’ k, n]u )’
fi;
end ) );
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M.atoms := [ W.2, W.1 1;
fori in[2 .. e-1] do
Add( M.atoms, M.atoms[(i - 1)] ~ M.atoms[i] );

od;
Append( M.atoms, W.generators{[ 3 .. n 1} );
M.mat := function ( s )
return MatXPerm( W, s );
end;
M.IsLeftDescending := function ( simp, i )
local m, cl, c2;
m := M.mat( simp );
if i <= e then
cl := PositionProperty( m[1], function ( x )
return x <> 0;
end );
c2 := PositionProperty( m[2], function ( x )
return x <> 0;
end );
if ¢l < c2 then
return m[2] [c2] <> 1;
else
return m[1][c1] = E( e ) = (-1 * (i - 1));
fi;
fi;
i=1-e+ 2;
cl := PositionProperty( m[i - 1], function ( x )
return x <> 0;
end );
c2 := PositionProperty( m[i], function ( x )
return x <> 0;
end );
if ¢l < ¢c2 then
return m[i] [c2] <> 1;
else
return m[i - 1][cl] = 1;
fi;
end;

M.IsRightDescending := function ( simp, i )
return M.IsLeftDescending( simp =~ (-1 * 1), i );
end;
M.IsRightAscending := function ( simp, i )
return M.IsLeftDescending( simp =~ (-1 * 1) * M.delta, i );
end;
M.IsLeftAscending := function ( simp, i )
return M.IsRightDescending( M.delta * simp ~ (-1 * 1), i );
end;
M.identity := W.identity;
deltamat := IdentityMat( n ) * E( e ) ~ k;
deltamat[1][1] := EC(e ) - (k *x (1 - n));
M.delta := PermMatX( W, deltamat );
M.stringDelta := "d";
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M.orderDelta := Order( W, M.delta );
M.showmat := function ( s )
local t;
if IsPerm( s ) then
PrintArray( M.mat( s ) );
else
for t in s.elm do
M.showmat( t );
od;
fi;
end;
if k <> e - k then
if Length( arg ) = 4 then
M.revMonoid := arg[4];

else
M.revMonoid := CorranPicantinMonoid( e, n, e - k, M );
fi;
M.Reverse := function ( b )
local res, s;
if Length( b.elm ) = O then
return M.revMonoid.E1t( [ ], b.pd );
fi;
res := [ 1;
for s in List( Reversed( b.elm ), function ( y )
return M.revMonoid.DeltaAction( y ~ (-1 * 1), b.pd );
end ) do
res := M.revMonoid.AddToNormal( res, s );
od;
return GarsideEltOps.Normalize( M.revMonoid.Elt( res, b.pd ) );
end;
fi;
CompleteGarsideRecord( M, rec ( interval := true ) );
return M;

end;

For example, M := CorranPicantinMonoid(3,3,1) defines the classical Garside monoid
of Corran and Picantin B®(e,e,n) and M := CorranPicantinMonoid(10,3,2) defines
the Garside monoid B®%(10, 10, 3).

Now, we provide an application of this implementation in order to compute the
second integral homology group of B (e, e,n), the group of fractions of the monoid
B®F(e,e,n), see Proposition One needs to implement the differential d,. after
defining the two Z-module homomorphisms s, and w,., see Definition [3.4.12] This is a
general procedure when we compute the homology groups of Garside structures using
the Dehornoy-Lafont complexes. On his webpage [46], Marin published the imple-
mentation (into GAP3) that he used in his paper [47] for the homology computations
for some complex braid groups. We use the same file with some changes in order to
be compatible with the new distribution of the package CHEVIE of GAP3 and the
implementation of the monoid B®*(e, e,n). The implementation (with comments) is
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given at the end of this Appendix. This allows us to compute the matrices of the
differentials do and d3. We denote these matrices by M2 and M3, respectively.

In order to compute the second integral homology group, one can use the package
HAP of GAP4, see [46] for the implementation. We simply use SAGE to compute
the second integral homology group of B(¥)(e, e, n). For example,
if M := CorranPicantinMonoid(e,n, k) for some parameters e, n, and k, we get two
matrices M2 and M3 from GAP3. Using SAGE, we put the following commands in
order to get the second integral homology group.

M2 = matrix(ZZ,M2)

M3 = matrix(ZZ,M3)

C = ChainComplex({3:M3,2:M2},degree_of _differential = -1)
C.homology(2)

Homology computation: the matrices of the differentials

# Define an interval monoid M

M := CorranPicantinMonoid(10,3,2);

# Define the atoms and the simples of the Garside monoid

allatoms := M.atoms;;

allsimples := LeftDivisorsSimple(M,M.delta);;

# The next function returns the left lcm of a list of elements in M

leftlcmlist := function ( L )
local res;
if Length( L ) = O then
return M.B( [ ] );
elif Length( L ) = 1 then
return L[1];
elif Length( L ) = 2 then
res := LeftLem( L[1], L[2] )[1];
return res;
else
res := LeftLem( L[1], leftlemlist( L{[ 2 .. Length( L ) 1} ) )I[1];
return res;
fi;
end;

# A chain is a list of elements of the form [c,[m,cellll]
# where m is an element of M, cell is an element of the basis of the chain,
# c is an integer coefficient that describes the linear combination
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# The next function left multiples a chain by an element of M

leftmultipliemlst := function ( lst, m )
local res, i;
res := ShallowCopy( lst );
for i in [ 1 .. Length( res ) 1 do
res[i]1[2][1] := m * res[i][2][1];

od;
return res;
end;
# The next function add to a chain the element chc := [c,[m,celll]
addelmtochain := function ( 1lst, chc )
local res, i, fait;
res := ShallowCopy( lst );
fait := false;
for i in [ 1 .. Length( res ) ] do
if res[i]l[2] = chc[2] then
res[i][1] := res[i]l[1] + chc[1];
fait := true;
fi;
od;
if fait = true then
return Filtered( res, function ( y )
return y[1] <> 0;
end );
else
Add( res, chc );
return res;
fi;
end;

# The next function returns the list of all the n-cells of M

cellsM := function ( n )
local pr, res, la;
if n = 1 then
return List( [ 1 .. Length( M.atoms ) ], function ( y )
return [ M.B( y ) 1;
end );
elif n = 0 then
return [ [ 1 1;
else
pr := cellsM( n - 1 );
la := List( [ 1 .. Length( M.atoms ) ], M.B );
res := Concatenation( List( la, function ( a )
return List( pr, function ( y )
return Concatenation( [ a ], y );
end );
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end ) );

res := Filtered( res, function ( y )
return Position( la, y[1] ) < Position( la, y[2] );
end );
res := Filtered( res, function ( y )
return

y[1] = M.B( First( [ 1 .. Length( M.atoms ) ], function (a)
return (RightGcd( leftlcmlist( y ), M.B( a ) )[1]
<>M.BCL[ 1))
end ) );
end );
return res;
fi;
end;

# Next, we define S_n, R_n, and D_n

allfunctions := function ( valuel, value2, cl, n )
local ch, 1lst, ce, co, lcmA, it, alpha, alphadA, yy, retl, ret2, res, i,
res2, g, A;

if value2 = "lst" then

1st := ShallowCopy( cl );
if Length( 1st ) < 1 then

Error( "Error in arguments.\n" );
fi;
res := allfunctions( valuel, "ch", 1st[1][2], n );
if 1st[1]1[1] <> 1 then

for i in [ 1 .. Length( res ) ] do

res[i][1] := res[i][1] * 1st[1][1];

od;
fi;
res := Filtered( res, function ( y )
return y[1] <> 0;
end );

if Length( 1st ) = 1 then
return res;

else
res2 := allfunctions( valuel, "lst", 1lst{[ 2 .. Length( 1st ) 1},
n);
for g in res2 do
res := addelmtochain( res, g );
od;
res := Filtered( res, function ( y )
return y[1] <> 0;
end );
return res;
fi;
else

ch := ShallowCopy( cl );
if n <> Length( ch[2] ) then
Error( "Error in dimension.\n" );
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fi;
if valuel = "S" then

ce := ch[2];

co := ch[1];

lcmA := leftlcmlist( ce );
it := co * lcmA;

if it = M.BC [ 1 ) then
return [ ];
fi;
alpha := M.B( First( [ 1 .. Length( M.atoms ) ], function ( a )
return RightGed( it, M.B( a ) )[1] <> M.BC [ 1 );
end ) );
alphaA := LeftLcm( alpha, lcmA )[1] * lcmA ~ -1;
yy := co * alphaA =~ -1;
if n > 0 then
if alpha = ce[1] then
return [ ];
fi;
fi;
retl := [ 1, [ yy, Concatenation( [ alpha 1, ce ) 1 1;
ret2
:= allfunctions( "S", "lst", leftmultipliemlst( allfunctions(
"R", "ch", [ alphaA, ce ], n), yy ), n);
return addelmtochain( ret2, retl );
elif valuel = "R" then
if n = 0 then
return [ [ 1, [M.BC[ 1), [ 1111;

else
return
allfunctions( "S", "lst", allfunctions( "D", "ch", ch, n ),
n-1);
fi;

elif valuel = "D" then
if n = 0 then
return [ 1;

else
alpha := ch[2][1];
if n =1 then
return
leftmultipliemlst( addelmtochain( [ [ 1, [ alpha, [ 1 ]
11, -1, TMBCL 1), [ 111, chl1] );
else

A := ShallowCopy( ch[2]{[ 2 .. Length( ch[2] ) 1} );
lcmA := leftlcmlist( A );
alphaA := LeftLcm( alpha, lcmA )[1] * lcmA ~ -1;
retl [ 1, [ alphaA, A ] 1;
ret2 := allfunctions( "R", "ch", [ alphaA, A ], n - 1);
ret2 := List( ret2, function ( y )

return [ y[1] * -1, y[2] ];

end );

return leftmultipliemlst( addelmtochain( ret2, retl ),
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ch[1] );
fi;

fi;
else

Error( "Error in arguments.\n" );
fi;

fi;
end;

# The next function computes the matrix of d_n

diffmatr := function ( n )

local bseB, bseA, res, g, pr, vv, h;
bseB := cellsM( n - 1 );
Print( "cellsM(", n - 1, ")=", Length( bseB ), "\n" );
bseA := cellsM( n );
Print( "cellsM(", n, ")=", Length( bseA ), "\n" );
res := [ 1;
for g in bseA do

pr := allfunctions( "D", "ch", [ M.BC [ 1), gl, n);

vve := [ 1;

for h in bseB do

Add( vv, Sum( List( Filtered( pr, function ( y )
return y[2][2] = h;
end ), function ( y )
return y[1];
end ) ) );

od;

Add( res, ShallowCopy( vv ) );
od;
return res;

end;

# The matrices we need to compute the
# second integral homology group with SAGE are:

M2 :

TransposedMat (diffmatr(2));

M3 :

TransposedMat (diffmatr(3));
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Appendix B

Implementation for Krammer’s
representations

In this appendix, we provide the implementation of the BMW algebra for types
(3,3,3), (4,4,3), (5,5,3), and (6,6,3) using the GBNP package of GAP4, see [22].
We also provide the method used in order to construct Krammer’s representations for
the complex braid groups B(3,3,3) and B(4,4, 3). For the computations, we use the
platform MATRICS of Université de Picardie Jules Verne, see [G5].

Recall that the BMW algebra is defined by a presentation with generators and
relations, see Definitions [5.2.1] and First, we load the package GBNP and set
the standard infolevel InfoGBNP and the time infolevel InfoGBNPTime. The variables
are tg, t1, S3, €g, €1, and f3, in this order. In order to have the results printed out
with these symbols, we invoke GBNP.ConfigPrint. Next, we enter the relations of
the BMW algebra. This is done in NP (non-commutative polynomial) form. The
inderminates m and [ in the coefficient ring of the BMW algebra are specialized (over
Q or a finite field) in order to make the computations possible. We print the relations
using PrintNPList. Next, we compute a Groébner basis of the set of relations using
the function Grobner and then calculate a basis of the quotient algebra with BaseQA.
This is done for types (3,3,3), (4,4,3), (5,5, 3), and (6, 6,3) below. For types (3,3, 3)
and (4,4, 3), we define the right and left multiplication of the corresponding matrix
algebra and apply the method explained in Section 5.4 of Chapter 5 in order to
get the Krammer’s representations over Q for B(3,3,3) and B(4,4,3) for a certain
specialization over QQ of m and l. This is given in KrammerRep of the following codes.

The case of BMW (3, 3,3) and Krammer’s representation of B(3,3,3),
terminates after 10 minutes

LoadPackage ("GBNP") ;

SetInfolevel (InfoGBNP,1);
SetInfolLevel (InfoGBNPTime,1) ;
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GBNP.ConfigPrint("t0","t1","s3","e0","el","£3","h1");
Print ("Define the algebra BMW(3,3,3) by generators and relations: \n");
m := 2; la := 17; 1 := 1la~3;

Mo := [[[[7,2],[2,711,[1,-1]1],
[CC7,21,011,01,-111]5;

M1 := [[[[1,2,1],[2,1,2]],[1,-11],
[rcrs,3,11,03,1,311,[1,-111,
[[[2,3,2],[3,2,31],[1,-111,
[crs,2,1,7,3,21,02,1,7,3,2,111,[1,-1111;;

M2 := [[[[4],[1,1],011,011,(1,-1/m,-1,1/m]],
[cesl, 02,21,021,1011,1,-1/m,-1,1/ml1],
[CCel,3,3],03],011,[1,-1/m,-1,1/m]11]5;

M3 := [[[[1,4],[41]1,[1,-1/1]],
[fc2,s1, 0511, [1,-1/117,
[Cr3,61,0611,01,-1/11115;

M4 := [[[[4,2,4],[4]1],[1,-1]1],
[fes,1,51,0511,[1,-111,
[Ccs,s3,51,0511,[1,-111,
[(r6,2,61,[611,[1,-111,
[[[4,3,4],[411,[1,-111,
[[(6,1,6],0611,[1,-1]11,
[cee,2,1,7,61,0611,[1,-111,
[[[4,7,3,2,4],[41],[1,-111];;

L := Concatenation(MO,M1,M2,M3,M4);;
PrintNPList (L) ;

GL := Grobmer(L);;

BGL := BaseQA(GL,7,0);;

N := Length(BGL);;

bwords := List(BGL,y->y[11[11);;

tt0 := MatrixQA(1,BGL,GL);;

ttl := MatrixQA(2,BGL,GL);;
ss3 := MatrixQA(3,BGL,GL);;

ee0 := MatrixQA(4,BGL,GL);;
eel := MatrixQA(5,BGL,GL);;
ff3 := MatrixQA(6,BGL,GL);;
gens := [tt0,ttl,ss3,eel,eel,ff3];;
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alg := Algebra(Rationals,gens);;

vectb := function ( i )
local res;
res := List( [ 1 .. N ], function ( y )

return O;
end );
res[i] := 1;
return res;
end
end;
multr := function ( mot )
if Length( mot ) = 0 then
return IdentityMat( N );
fi;
return Product( gens{mot} );
end;

gensleft := List([1..Length(gens)],i->
List (bwords,w->vectb(1)*multr(Concatenation([i],w))));;

Print("End of the first step:
Computation of the left and right multiplication.\n");

zz:=Product(gens{[2,1,3]1})"2;;

zzml2:=zz-(1/1la"2)*IdentityMat (N);;
rsiml:=gens[1]-(1/1a~3)*IdentityMat(N);;

eq:=TransposedMat (Concatenation(List ([zzml2,rsiml] ,TransposedMat)));;
neq:=NullspaceMat(eq);;

Print("End of the second step: Computation of the basis.\n");

KrammerRep:=List (gensleft,g->List (neq,v->SolutionMat (neq,v*g)));;

Print ("End of the third step: Krammer’s representation.\n");

The case of BMW (4, 4,3) and Krammer’s representation of B(4,4,3),
terminates after 1 day

LoadPackage ("GBNP") ;

SetInfolevel (InfoGBNP,1);
SetInfolLevel (InfoGBNPTime,1) ;

GBNP.ConflgPrlnt (lltoll s ngqn s ng3n s neQ" s ngqn ) ng3n ) "ho" ) llhlll) s

Print("Define the algebra BMW(4,4,3) by generators and relations. \n");
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v :=4; m:=v-1/v; 1 := 9;

Mo := [[C[7,1],[1,717,[1,-111,
[cez,11,073,01,-111,
[res,21,12,811,11,-111,
[rrs,21,011,01,-1111;;

M1 := [[[[1,3,1],[3,1,3]],[1,-1]1],
[[[2,3,2],[3,2,31],[1,-111,
[f[1,2,1,21,[2,1,2,11],[1,-1]1],
rcrs,2,1,8,31,02,1,8,3,2,1,811,[1,-1]11,
rers,2,1,2,7,8,31,02,1,2,7,8,3,2,1,2,7,811,[1,-1111;;

M2 := [[[[4],[1,1],011,011,(1,-1/m,-1,1/m]],
[cesl, 02,21,021,1011,1,-1/m,-1,1/ml1],
[CCel,3,3],03],011,[1,-1/m,-1,1/m]11]5;

M3 := [[[[1,4],[41]1,[1,-1/1]],
[fc2,s1, 0511, [1,-1/117,
[Cr3,61,0611,01,-1/11115;

M4 := [[[[6,1,6],[6]],[1,-1]1],
[[[4,3,4],[411,[1,-111,
[[[6,2,6],[6]1]1,[1,-111,
[C(5,3,5],0511,[1,-111,
[cee,2,1,8,61,0611,[01,-111,
[Cr2,4,8,3,2,41,[2,411,[1,-111,
[cre,2,1,2,7,8,61,0611,[1,-111,
[ces,7,8,3,2,1,51,0611,01,-1111;;

M5 := [[[[2,1,2,4],[4,2,1,2]11,[1,-111,
[rra,2,1,51,05,1,2,111, [1,-111,
[Cl1,2,1,2,4]1,[411,[1,-1/(1*w)]1],
[fri,2,1,2,51,05611,01,-1/A*v)11,
[[[4,2,4],[411,[1,-(1/v)-111,
[C(5,1,51,0511,[1,-(1/v)-111,
[C[4,5],0]1,[1,01],
[[[5,4],011,[1,0111;;

L := Concatenation(MO,M1,M2,M3,M4,M5);;

PrintNPList (L) ;

GL := Grobner(L);;

BGL := BaseQA(GL,8,0);;

N := Length(BGL);;

bwords := List(BGL,y->y[1]1[1]);;
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tt0 := MatrixQA(1,BGL,GL);;
ttl := MatrixQA(2,BGL,GL);;
ss3 := MatrixQA(3,BGL,GL);;

ee0 := MatrixQA(4,BGL,GL);;
eel := MatrixQA(5,BGL,GL);;
f£f3 := MatrixQA(6,BGL,GL);;

gens := [ttO,ttl,ss3,ee0,eel,ff3];;
alg := Algebra(Rationals,gens);;
vectb := function ( i )

local res;
res := List( [ 1 .. N ], function ( y )

return O;
end );
res[i] := 1;
return res;
end
end;
multr := function ( mot )
if Length( mot ) = O then
return IdentityMat( N );
fi;
return Product( gens{mot} );
end;

gensleft := List([1..Length(gens)],i->
List (bwords,w->vectb(1)*multr(Concatenation([i],w))));;

Print("End of the first step: Computation of the left
and right multiplication.\n");

idc := CentralldempotentsOfAlgebra(alg);;
Print ("End of the second step: Computing the central idempotents.\n");

rsiml := (idc[1]*gens[1])-(1/1)*IdentityMat(N);;
neq := NullspaceMat(rsiml);;

KrammerRep := List(gensleft,g->List(neq,v->SolutionMat(neq,v*g)));;

Print("End of the third step: Krammer’s representation.\n");
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The case of BMW(5,5, 3), terminates after 4 days

LoadPackage ("GBNP") ;

SetInfolevel (InfoGBNP,1) ;
SetInfolevel (InfoGBNPTime,1);

GBNP. ConfigPrint (lltoll R ngqn R ng3n R neQ" R ngqn s nge3n s "ho" s llhlll) R

p := 103; F := GF(p); m := 263; 1 := 151;

r := NumeratorRat (1/m)*Z(p)~0/DenominatorRat (1/m)*Z(p)~0;
s := NumeratorRat(1/1)*Z(p)~0/DenominatorRat(1/1)*Z(p)~0;
m := NumeratorRat (m)*Z(p)~0/DenominatorRat (m)*Z(p)~0;

1 := NumeratorRat(1)*Z(p)~0/DenominatorRat (1)*Z(p)~0;

Mo := [[[[7,1],[1,71],[1,-111,
[ff7z,11,03,01,-111,
[res,21,102,811,11,-111,
[[[8,2],011,[1,-1111;;

M1 := [[[[1,3,1],(3,1,3]],[1,-1]1],
[[[2,3,2],[3,2,31],[1,-111,
[cri,2,1,2,11,102,1,2,1,211,[1,-111,
rces,2,1,s,31,I02,1,8,3,2,1,811, [1,-111,
rces,2,1,2,7,8,31,02,1,2,7,8,3,2,1,2,7,8]11, [1,-111,

rcrs,2,1,2,1,8,7,8,31,

[2,1,2,1,8,7,8,3,2,1,2,1,8,7,811,[1,-1111;;

M2 := [[[[6],[3,3],[3],011,[1,-r,-1,r]1],
[CC41,01,11,011,03],01,-,-1,x]1],
[C(5],[2,2]1,[2],00],[1,-r,-1,r]11];;

M3 := [[[[1,4],[4]]1,[1,-s]],
[ff2,51,051]1,[1,-s11,
[CC3,61,[61]1,[1,-s1115;

M4 := [[[[6,1,6],[6]],[1,-111,
[[[4,3,4],[411,[1,-111,
[[[4,2,4],[4]],[1,-1]],
[[[4,2,1,2,4],[41],[1,-1]1],
[ces,1,51,0511,[1,-111,
[ces,1,2,1,51,0511,[1,-111,
[[[6,2,6],[61]1,[1,-111,
[C(5,3,5],0511,[1,-1]11,
[cee,2,1,8,61,0611,[1,-111,
[[[2,4,8,3,2,4]1,[2,41],[1,-111,
[cee,2,1,2,7,8,61,0611,[1,-111,

[ce2,1,5,7,8,3,2,1,51,[2,1,5]1]1, [1,-11],
(cre,2,1,2,1,8,7,8,61,[611,[1,-111,
[ce,1,2,4,8,7,8,3,2,1,2,41,[2,1,2,411, [1,-1111;;;
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= [[[[4,5,4],[4]1]1,[1,-111,

[[[5,4,5],05]1,[1,-1]11,
[[[4,8,7,8,4],[41]1,[1,-s11,
[ces,7,8,7,51,0511,[1,-s1115;

L := Concatenation(MO,M1,M2,M3,M4,M5);;

PrintNPList (L) ;

L := List(L,y->[y[1],Z(p)~0*y[2]11);;

GL := Grobmer(L);;

BGL := BaseQA(GL,8,0);;

Print("For p equal to ",p,"the length of BGL is ", Length(BGL),". \n");

The case of BMW(6, 6, 3), terminates after 40 days

LoadPackage ("GBNP") ;

SetInfolevel (InfoGBNP,1);
SetInfolLevel (InfoGBNPTime,1) ;

GBNP. ConfigPrint ( "to" s npqn s ng3n s "eQ" s e s nEgn s "ho" s "hl") ;

p := 103; F := GF(p); v := 2; m := v-1/v; 1 := 1;

r := NumeratorRat(1/m)*Z(p)~0/DenominatorRat (1/m)*Z(p)~0;
s := NumeratorRat(1/1)*Z(p)~0/DenominatorRat(1/1)*Z(p)~0;
u := NumeratorRat (1/v)*Z(p)~0/DenominatorRat(1/v)*Z(p)~0;
m := NumeratorRat (m)*Z(p) ~0/DenominatorRat (m)*Z(p) ~0;

1 := NumeratorRat(1)*Z(p)~0/DenominatorRat (1)*Z(p)~0;

= [ocelr,11, 01,711, [1,-111,
(rfz,11,01,01,-117,
([(8,2],[2,811,[1,-111,
(8,271,011, [1,-1111;;

M1 := [[[[1,3,1],[3,1,3]],[1,-11],
(ff2,s,21,03,2,311,[1,-111,
[[[172,1)2:1,2]:[2:1)271,2)1]],[1:_1]])

rcrs,2,1,8,31,02,1,8,3,2,1,811,[1,-111,
rees,2,1,2,7,8,31,02,1,2,7,8,3,2,1,2,7,811, [1,-1]11,
rces,2,1,2,1,8,7,8,31,
[2,1,2,1,8,7,8,3,2,1,2,1,8,7,811, [1,-111,
rces,2,1,2,1,2,7,8,7,8,31,
[2,1,2,1,2,7,8,7,8,3,2,1,2,1,2,7,8,7,811,[1,-1111;;
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M2 := [[[[6],[3,3],[3],00]1,[1,-r,-1,r]],
[CC41,([1,1],021,000,0¢,-7,-1,7]1],
[C0s],02,21,021,001,[1,-r,-1,7]11];;

M3 := [[[[1,4],[41]1,[1,-s11,
[[f2,5],[51],[1,-s11,
[CC3,6],[61]1,[1,-s111;;

M4 := [[[[6,1,6],[6]],[1,-111,
[[[4,3,4],[4]1]1,[1,-111,
[([6,2,6],[611,[1,-111,
[ces,3,51,0811,01,-111,
[cee,2,1,8,61,0611,[1,-111,
[[[4,8,3,2,4],[41]1,[1,-1]1],
[(r6,2,1,2,7,8,61,0611,[1,-111,

(ces,7,8,3,2,1,51,0611,[1,-111,
[ree,2,1,2,1,8,7,8,61,[611,[1,-111,
[C[4,8,7,8,3,2,1,2,4]1,[411,[1,-111,
[rre,2,1,2,1,2,7,8,7,8,61,0611,[1,-111,
[res,7,s,7,8,3,2,1,2,1,51,[611,[1,-1111;;

M5 := [[[[2,1,2,1,2,4],[4,2,1,2,1,2]1],[1,-1]1],
[fri1,2,1,2,1,51,05,1,2,1,2,111,[1,-111,
[C[1,2,1,2,1,2,4],[4]1],[1,-s*ul],
[fri,2,1,2,1,2,51,0511,[1,-s*ul],
[[[4,2,4],[41],[1,-u-1]1],
[C(5,1,5],0511,[1,-u-111,
[[[4,5],011,[1,01],

[[[5,4],011,[1,011];;

L := Concatenation(MO,M1,M2,M3,M4,M5);;
PrintNPList(L);

L := List(L,y->[y[1],Z2(p)~0*y[21]1);;

GL := Grobmer(L);;

BGL := BaseQA(GL,8,0);;

Print ("For p equal to ",p,", the length of BGL is ", Length(BGL),".\n");
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Compte-rendu m

Dans ce compte-rendu nous mettons en évidence les motivations, les enjeux et les
apports de cette thése en exposant ses principaux résultats. Nous commengons par
rappeler les définitions des groupes de réflexions complexes, des groupes de tresses
complexes et des algébres de Hecke.

Groupes de réflexions complexes

Nous rappelons la définition d’un groupe de réflexions complexes et la classification
de Shephard et Todd des groupes finis de réflexions complexes. Nous rappelons aussi
la définition des groupes de Coxeter et la classification des groupes de Coxeter finis
et irréductibles.

Soit n un entier positif non nul et soit V' un C-espace vectoriel de dimension n.

Définition. Un élément s de GL(V) est appelé une réflexion si Ker(s — 1) est un
hyperplan et si s* =1 pour un entier d > 2.

Soit W un sous-groupe fini de GL(V).

Définition. W est un groupe de réflexions complexes si W est engendré par l’ensemble
R des réflexions de W .

On dit que W est irréductible si V' est une représentation linéaire irréductible
de W. Tout groupe de réflexions complexes peut étre écrit comme produit direct
d’irréductibles (cf. Proposition 1.27 de [42]). Donc on peut se restreindre a I’étude
des groupes de réflexions complexes irréductibles. Ces derniers ont été classifiés par
Shephard et Todd en 1954 (cf. [62]). La classification est comme suit.

Proposition. Soit W un groupe de réflexions complexes irréductible. A conjugaison
pres, W appartient a l'un des cas suivants :

e La série infinie G(de,e,n) qui dépend de trois paramétres entiers strictement
positifs d, e et n (cf. la définition suivante).

o Les 34 groupes exceptionnels Gy, -+, G37.

1Lorsque la langue de rédaction de la dissertation est ’anglais, I’Université de Caen Normandie
nous demande d’inclure un compte-rendu de la thése rédigé en francgais.
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Nous donnons la définition de la série infinie G(de, e, n) ainsi que certaines de ses
propriétés. Pour la définition des 34 groupes exceptionnels, consulter [62].

Définition. G(de,e,n) est le groupe des matrices monomiales de tailles n x n telles
que

e les coefficients non nuls de chaque matrice sont des racines de-iéeme de 'unité
et

e [e produit des coefficients non nuls est une racine d-ieme de l'unité.

Remarque. Le groupe G(1,1,n) est irréductible sur C"~* et le groupe G(2,2,2) nest
pas irréductible donc il est exclu de la classification de Shephard et Todd.

Soit s; la matrice de la transposition (i,i + 1) pour 1 < i < n—1, t, =

0 ¢t o R 0
¢ O 0 et ug = d , oll I, est la matrice identité de taille k x k
0 In—l
0 0 I,
et (; est la racine l-iéme de I'unité égale a exp(2im/l). Le résultat suivant peut étre
trouvé dans la section 3 du chapitre 2 de [42].

Proposition. L’ensemble des générateurs du groupe de réflexions complezes G(de, e, n)
est comme suit.

e Le groupe G(e,e,n) est engendré par les réflexions t., s1, a2, <*+, Sp—1.
e Le groupe G(d,1,n) est engendré par les réflexions uq, s1, So, **+, Sp—1.

e Pourd # 1 et e # 1, le groupe G(de,e,n) est engendré par les réflexions ug,
tde; S1, 82, ", Sp—1-

Considérons maintenant W un groupe de réflexions réels. Par un théoréme de
Coxeter, il est connu que tout groupe fini de réflexions réel est isomorphe & un groupe
de Coxeter. La définition des groupes de Coxeter par une présentation par générateurs
et relations est la suivante.

Définition. Supposons que W est un groupe et que S est un sous-ensemble de W.
Pour s et t dans S, soit mg égal a Uordre de st dans W si cet ordre est fini et égal
a 0o sinon. On dit que (W, S) est un systéme de Cozeter et que W est un groupe de
Cozeter si W admet la présentation avec ensemble générateur égal 6 S et relations :

o relations quadratiques: s> =1 pour tout s € S et

o relations de tresses: sts---=1tst--- pour s,t € S, s #t et mg # 0.
—— ==
Mst Mst

La présentation d’un groupe de Coxeter peut étre décrite par un diagramme ou
les noeuds sont les générateurs de la présentation qui appartiennent a S et les arétes
décrivent les relations entre ces générateurs. Nous suivons les conventions standard
des diagrammes de Coxeter. La classification des groupes de Coxeter finis irréductibles
comporte :
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— Type A, (le groupe symétrique S,,11): @ @ -------- °

S1 S9 S3 Sn
— Type By: [ ) @ @ -------- )

S1 .\
o—o - -————--- °

~ Type Dy: e S s $n

S1 52
— Type Iz(e) (le groupe diédral): o °

- H37 F4a H47 EG; E7 et ES'

Remarque. En utilisant la notation des groupes qui apparaissent dans la classifica-
tion de Shephard et Todd, nous avons : type A,_1 est G(1,1,n), type B, est G(2,1,n),
type D,, est G(2,2,n) et type Is(e) est G(e,e,2). Pour les groupes exceptionnels, on
a Hs = Gas, Fy = Gag, Hy = G3o, Es = G35, 7 = G3s et Eg = G3r.

Groupes de tresses complexes

Soit W un groupe de Coxeter. On définit le groupe d’Artin-Tits B(W) associé & W
comme suit.

Définition. Le groupe d’Artin-Tits B(W) associé a W est défini par une présentation
avec un ensemble générateur S en bijection avec l’ensemble générateur S du groupe

de Coxeter et les relations sont seulement les relations de tresses §t5--- = t5t- - - pour
—— =
Mst Mst

3, te S et3 =+ t, ol mg € Z>9 est lordre de st dans W.

Soit W = S,, le groupe symétrique avec n > 2. Le groupe d’Artin-Tits associé
a S, est le groupe de tresse ‘classique’ noté B,. Le diagramme suivant décrit la
présentation par générateurs et relations de B,,.

Broué, Malle et Rouquier [13] ont réussi & associer un groupe de tresses complexes
pour chaque groupe de réflexions complexes. Ceci généralise la notion des groupes
d’Artin-Tits associés aux groupes de réflexions réels. Nous fournissons la construction
de ces groupes de tresses complexes. Tous les résultats peuvent étre trouvés dans [13].

Soit W < GL(V) un groupe fini de réflexions complexe. Soit R l’ensemble des
réflexions de W. Soit A = {Ker(s —1) | s € R} Varrangement des hyperplans et
X =V \ JA le complémentaire des hyperplans. Le groupe de réflexion complexes
W agit naturellement sur X. Soit p : X — X/W la surjection canonique. Par
un théoréme de Steinberg (cf. [63]), cette action est libre. Donc, elle définit un
recouvrement galoisien X — X/W qui donne lieu a la suite exacte suivante. Soit
r € X,ona
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1 —m(X,2) — m(X/W,p(z)) — W — L.
Ceci nous permet de donner la définition suivante.

Définition. On définit P := 71(X,z) le groupe de tresses complexes pur et B :=
71 (X/W,p(x)) le groupe de tresses complexes associés a W.

Soit s € R et H, I’hyperplan correspondant. On définit le lacet 05 € B donné
par le chemin « dans X. Choisissons un point zy ‘proche de H et loin des autres
hyperplans’. On définit + le chemin dans X égal & s.(371) o907, ot ¥ est n’importe
quel chemin dans X de z & g, 5.(3 1) est 'image de 3! sous I’action de s et g est
un chemin dans X de xp a s.zg autour de 'hyperplan H;. Le chemin ~ est illustré
par la figure suivante.

On appelle o, une réflexion tressée associée a s. Les réflexions tressées satisfont
la propriété suivante (cf. [I3] pour une preuve).

Proposition. Soient s1 et s deux réflexions conjuguées dans W et soient o1 and oo
deux réflexions tressées associées a s1 et so, respectivement. Les réflexions tressées o
et o9 sont conjuguées dans B.

Une réflexion s est dite distinguée si son unique valeur propre non-triviale est
exp(2im/o(s)), ou o(s) est l'ordre de s dans le groupe de réflexions complexes. On
peut associer une réflexion tressée o, a chaque réflexion distinguée s. Dans ce cas, on
appelle o4 une réflexion tressée distinguée associée a s. On a le résultat suivant (cf.
[13] pour une preuve).

Proposition. Le groupe de tresses complexes B est engendré par les réflexions tressées
distinguées associées aux réflexions distinguées de W .

Remarque. Par un théoreme de Brieskorn [10], le groupe de tresses complezes asso-
cié a un groupe de Coxeter fini W est isomorphe au groupe d’Artin-Tits B(W) associé ¢ W.

Une propriété importante des groupes de tresses complexes est qu’ils peuvent étre
définis par des présentations finis par générateurs et relations qui ressemblent aux
présentations des groupes de Coxeter. Ceci généralise le cas des groupes de tresses
complexes associés aux groupes finis de Coxeter (consulter la remarque précédente).
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Des présentations des groupes de tresses complexes associés a la série infinie G(de, e, n)
et a certains des groupes exceptionnels peuvent étre trouvées dans [I3]. Des présen-
tations des groupes de tresses complexes associés aux autres groupes exceptionnels
sont données dans [3], [3] et [45].

Algébres de Hecke

Généralisant des résultats précédents dans [12], Broué, Malle et Rouquier ont réussi
a généraliser d’une maniére naturelle la définition de 1’algébre de Hecke (ou Iwahori-
Hecke) des groupes de réflexions réels & n’importe quel groupe de réflexions complexes.
En effet, ils ont défini ces algébres de Hecke en utilisant leur définition des groupes
de tresses complexes que nous avons déja rappelée. Nous donnons maintenant la déf-
inition de ces algébres de Hecke ainsi que certaines de leurs propriétés.

Soit W un groupe de réflexions complexes et B le groupe de tresses complexes
associé. Soit R = Z[as,i,a;é] ou s appartient & un systéme de représentants des
classes de conjugaison de réflexions distinguées dans W et 0 < i < o(s) — 1, ot o(s)
est ordre de s dans W. On choisit une réflexion tressée distinguée o5 pour chaque
réflexion distinguée s. La définition d’une réflexion tressée distinguée a été donnée
avant.

Définition. L’algebre de Hecke H(W) associée o W est le quotient de l'algebre du
groupe RB par lidéal engendré par les relations

o(s)—1
Uso(s) - § a's,io-sl
1=0

ol o4 est la réflexion tressée distinguée associée G s et s appartient & un systéme de
représentants des classes de conjugaison de réflexions distinguées dans W .

Remarque. Du fait que deux réflexions tressées distinguées associées o deux réflex-
tons conjuguées dans W sont conjuguées dans B et du fait que les relations qui définis-
sent l’algébre de Hecke sont des relations polynomiales sur les réflexions tressées, la
définition précédente de l’algébre de Hecke ne dépend pas ni du choix du systéme
de représentants des classes de conjugaison des réflexions distinguées dans W, ni du
choix de la réflexion tressée distinguée associée & chaque réflexion distinguée. De plus,
elle coincide avec la définition usuelle des algébres de Hecke (cf. [13] et [50)]).

Remarque. Soit W un groupe de Coxeter fini d’ensemble générateur S. L’algébre
de Hecke (ou Iwahori-Hecke) associce & W est définie sur R = Zlay,ay'] par une
présentation avec un ensemble générateur ¥ en bijection avec S et les relations sont

050105+ = 010504 - -+ avec les relations polynomiales af = a105+ag pour tout s € S.
—_—— —
Mst Mt

Une conjecture importante (la conjecture de liberté de BMR) sur H(W) a été
donnée dans [I3]:

Conjecture. L’algebre de Hecke H(W) est un R-module libre de rang |W|.
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Cette conjecture a été utilisée par un certain nombre d’auteurs en tant qu’hypothése.
Par exemple, Malle ’a utilisé pour prouver que les caractéres de H (W) prennent leurs
valeurs dans un corps spécifique (cf. [44]). Notons que la validité de cette conjecture
implique que H(W)®g F est isomorphe a I’algébre du groupe FW, ou F est la cloture
algébrique du corps des fractions de R (cf. [50]).

Cette conjecture est vraie pour les groupes de réflexions réels (cf. Lemma 4.4.3 de
[35]). De plus, par un travail de Ariki [I] et Ariki-Koike [2], cette conjecture est aussi
vraie pour la série infinie G(de, e, n). Marin a prouvé la conjecture pour G4, Gas, G2
et G32 dans [48] et [50]. Marin et Pfeiffer Pont prouvé pour G2, Gaa, Gas, Gaz, Gag,
G31, Gss et G4 dans [52]. Dans sa thése de doctorat et dans Uarticle qui a suivi (cf.
[15] et [16]), Chavli a pouvé la validité de cette conjecture pour G5, Gg, -+, Gig.
Récemment, Marin a prouvé la conjecture pour Goo and Gy (cf. [51]) et finalement
Tsushioka pour Gy7, Gig et Gig (cf. [64]). Il s’ensuit alors le théoréme suivant :

Théoréme. L’algébre de Hecke H(W') est un R-module libre de rang |W|.

La raison pour laquelle nous rappelons la conjecture de liberté de BMR est que
nous en donnons dans cette thése une nouvelle preuve dans le cas des séries infinies
des groupes de réflexions complexes de type G(e, e, n) et G(d, 1,n).

Formes normales géodésiques pour G(de, e, n)

Rappelons que G(e,e,n) est le groupe des matrices monomiales de taille n x n ou
les coefficients de ces matrices sont des racines e-iéme de l'unité et le produit des
coefficients non nuls de chaque matrice est égal & 1. Soient ¢ > 1 et n > 1. On
rappelle la présentation de Corran-Picantin de G(e, e,n) donnée dans [26].

Définition. Le groupe de réflexions complexzes G(e,e,n) peut étre défini par une
présentation ayant comme ensemble générateur X = {t; | i € Z/eZ}U{s3, 84, , Sn}
et les relations sont les suivantes.

1. titi_1 = tjt;_1 pouri,j € Z/eZ,

tisst; = sst;ss pour i € Z/eZ,

sjt; =1t;8; pouri € Z/eZ et 4 < j < n,
8;8i+18i = Si+18iSit1 pour 3 <i1<n-—1,

8;8; = 8;8; pour |t —j| > 1 et

S & o e

t? =1 pouri € Z/eZ ets?zlpour?)gjgn.

Les matrices de G(e, e,n) qui correspondent & I’ensemble des générateurs X de la

0 ¢* 0
présentation sont données par t; — t; := | ¢! 0 0 pour 0<¢<e—1et
0 0 In—2
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Ii—» 0 0 0
) 0 0 1 0 . L. .
Sj > 85 = 0 10 0 pour 3 < j < n. Pour éviter les confusions, nous
0 0 0 Iy

utilisons des lettres en gras pour désigner les générateurs de la présentation et des
lettres normales pour désigner les matrices correspondantes. Notons par X ’ensemble

{t(]vtla"' 7te—1753a"' 7Sn}'

Cette présentation est décrite par le diagramme suivant ou le cercle pointillé décrit
la relation 1 dans la définition de la présentation. Les autres arétes suivent les con-
ventions standard des diagrammes des groupes de Coxeter.

Remarque.

1. Poure =1 et n > 2, on retrouve la présentation classique du groupe symétrique
Sh.

2. Poure=2 etn > 2, on retrouve la présentation classique du groupe de Cozeter
de type D,,.

3. Pour e > 2 etn =2, on retrouve la présentation duale du groupe diédral Iz(e),
consulter [60].

Remarque. Dans leur article [26], Corran et Picantin ont prouvé que si on enléve
les relations quadratiques de la présentation de G(e,e,n), on obtient une présentation
du groupe de tresses complexes B(e,e,n). Ils ont aussi prouvé que cette présentaton
fournit une structure de Garside de B(e,e,n). La notion de structure de Garside sera
développée par la suite.

Notre but est de représenter chaque élément w € G(e,e,n) par un mot réduit
sur X. Ceci nécessite 1’élaboration d’une technique combinatoire qui détermine une
expression réduite sur X qui représente w. Nous avons introduit un algorithme qui
produit un mot RE(w) sur X pour chaque élément w de G(e, e,n). Nous avons prouvé
que RE(w) est une expression réduite sur X qui représente w. Nous allons donner
une idée de cet algorithme.
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Soit wy, := w € G(e,e,n). Pour ¢ allant de n jusqu’a 2, I’étape i de l'algorithme
Wy 0

transforme la matrice diagonale par blocs ( 0T
n—

) en une matrice diagonale

Wi—1 0

par blocs de la forme < 0 y—

> € G(e,e,n) avec w; = 1. En effet, pour

2 <4 < n, il existe un unique ¢ avec 1 < ¢ < n tel que w;[i, c] # 0. A chaque étape de
lalgorithme, si w;[i,c] = 1, on décale le 1 jusqu’a la position diagonale [i,i] par une
mutiplication & droite par des matrices de transpositions. Si w;[é,c] # 1, on décale
cette racine de 'unité a la premiére colonne par une multiplication & droite par des
transpositions, puis on la transforme en 1 par une multiplication par un élément de
{to,t1, -+ ,te—1}. Enfin, on décale le 1 obtenu en position [i, 2] & la position diagonale
[i,4] grace & une multiplication & droite par des matrices de transpositions du groupe
symétrique S,,. Nous avons le lemme suivant :

Lemme. Pour 2 <i <n, supposons que w;|i,c] # 0. Le bloc w;_; est obtenu
e cn enlevant la ligne i et la colonne ¢ de w; et puis
e en multipliant la premiére colonne de la nouvelle matrice par w;l[i, c].

L’algorithme précédent se généralise aux autres cas de la série infinie des groupes
de réflexions complexes G(de,e,n) pour d > 1, e > 1 et n > 2. Nous avons utilisé
la présentation de Corran-Lee-Lee des groupes G(de,e,n), cf. [25]. Elle est définie
comime suit.

Définition. Le groupe de réflexzions complezes G(de, e, n) est défini par une présenta-
tion ayant comme ensemble des générateurs X = {z}U{t; | i € Z/deZ}U{s3,84, - ,Sn}
et les relations sont :

1. zt; = t;_.z pouri € Z/deZ,
. z8; = 8;z pour 3 < j < n,

. titi—l = tjtj—l pour ’L,] S Z/deZ,

2
3
4. t;s3t; = sst;s3 pour i € Z/deZ,
5. st; =t;s; pouri € Z/deZ et 4 < j <n,

0. SiSi+1S; = S;4+15iSi+1 pour 3 <1 <n—1,

7. 8;8; =s;s; pour |[i —j| > 1 et

8 zl=1, t2 =1 pour i € Z/deZ ets?zlpour?)gjgn.

Les générateurs de cette présentation correspondent aux matrices n X n suiv-

0 ¢} 0
antes : Le générateur t; est représenté par la matrice t; = [ ¢}, 0 0 pour
0 0 I,

i € 7Z/deZ, z par la matrice diagonale z = Diag((q,1, -+ ,1) ou (g = exp(2in/d), et
s; par la matrice de la transposition s; = (j — 1, j) pour 3 < j <mn.

Cette présentation peut étre décrite par le diagramme suivant. La fléche courbée
au-dessous de z décrit la relation 1 de la définition précédente.
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Sp—1

Définition. Soit e = 1. La présentation de la définition précédente est équivalente a
la présentation classique du groupe de réflexions complezes G(d,1,n) qui est décrite
par le diagramme suivant.

Z So S3 Sp—1 Sn

(D —O

Remarque. Pour d = 2, la présentation décrite par le diagramme précédent est la
présentation classique du groupe de Coxeter de type By,.

Les algorithmes qui produisent des formes normales géodésiques pour G(de, e, n)
et G(d,1,n) sont les algorithmes 2 et 3 que nous avons donnés dans le chapitre 2 de
cette dissertation. Nous ne rappelons pas ces deux algorithmes dans ce compte-rendu.
Ils sont similaires & ’algorithme qui produit des formes normales géodésiques pour
les groupes G(e, e, n).

Nous allons maintenant donner les éléments de G(e,e,n) de longueur maximale.
Il s’agit d’une application directe de l'algorithme qui produit les formes normales
géodésiques de G(e, e, n).

Proposition. Soit e > 1 et n > 2. La longueur mazimale d’un élément de G(e,e,n)
est n(n — 1). Elle est réalisée pour les matrices diagonales w telle que wli,i] est une
racine e-iéme de l'unité qui est différente de 1 pour 2 < i < n. Un mot réduit qui
représente cet élément est de la forme

(troto)(satrstoss) - (sn---s3ty, toss - sn),
avec 1 < ko, ,k, < e—1. Le nombre d’éléments de cette forme est (e — 1)(”*1),
(¢ Hn=
. Ge
Notons par A I’élément ) € G(e,e,m).

Ce

Exemple. Nous avons RE(X) = (tito)(sstitess) - (sp---sstitoss---s,). Donc
LX) =n(n—1) ce qui correspond d la longueur mazimale d’un élément de G(e,e,n).
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Remarque. Considérons le groupe G(1,1,n) qui est le groupe symétrique Sy. Il
existe un unique élément de longueur mazimale dans S, qui est de la forme

to(sato) - -+ (Sn—1---s3to)(sp - - - s3tp).

Ceci correspond au mombre mazimal d’étapes de l’algorithme. La longeur de cet élé-
ment est n(n — 1)/2 ce qui est déja connu pour le groupe symétrique Sy, consulter
Ezample 1.5.4 de [35)].

Remarque. Considérons le groupe G(2,2,n) qui est le groupe de Cozeter de type
D,,. Nous avons e = 2. Donc, par la proposition précédente, le nombre d’éléments de
longueur mazimale est égal a (e — 1)(”_1) = 1. Ainsi, il existe un unique élément de
longueur mazimale dans G(2,2,n) qui est de la forme

(tlto)(53t1tosg) s (Sn s 53t1t053 ce Sn).

La longueur de cet élément est n(n — 1) ce qui est déja connu pour les groupes de
Cozeter de type D,,, consulter Example 1.5.5 de [35].

Algébres de Hecke pour G(e,e,n) et G(d,1,n)

Nous allons donner la définition des algébres de Hecke associés aux groupes de réflex-
ions complexes G(e,e,n) et G(d,1,n). Nous utilisons la présentation de Corran et
Picantin du groupe de tresses complexes B(e, e, n) et nous utilisons la présentation
classique du groupe d’Artin-Tits B(d, 1, n).

Définition. Soient e > 1 et n > 2. Soit Ry = Z[a]. On définit une algébre de Hecke
associative et unitaire H(e,e,n) comme quotient de l’algébre du groupe Ry(B(e,e,n))
par les relations suivantes :

1. tf—ati—1:0p0ur0§i§e—1,

2. s?—asj—lepour?)ngn.

Donc, une présentation de H(e,e,n) est obtenue en ajoutant les relations précé-
dentes auz relations de la présentation de Corran et Picantin de B(e,e,n).

Définition. Soient d > 1 et n > 2. Soit Ry = Za,by,ba, - ,bg—1]. On définit
une algebre de Hecke associative et unitaire H(d,1,n) comme quotient de 'algébre du
groupe Ro(B(d,1,n)) par les relations suivantes :

1. 2% — b8l —pozd=2 ... _py 1z2—1=0,
2. s?—asj—1:0p0ur2§j§n.

Donc, une présentation de H(d,1,n) est obtenue en ajoutant les relations précé-
dentes auz relations de la présentation classique de B(d,1,n).
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Dans les définitions précédentes, nous avons utilisé ’anneau des polynémes Ry au
lieu de 'anneau usuel des polynémes de Laurent R que nous avons déja introduit dans
la définition générale des algébres de Hecke. En effet, par Proposition 2.3 (i7) de [51],
la conjecture de liberté de BMR (appliquée au cas de G(e, e, n)) est équivalente au fait
que H(e,e,n) est un Ry-module de rang |G(e, e,n)|. La méme chose est valable pour
G(d,1,n). Donc, en prouvant que H(e,e,n) et H(d,1,n) sont des Ryp-modules libres
de rang |G(e, e, n)| et |G(d,1,n)|, respectivement, on obtient une nouvelle preuve de
la conjecture de liberté de BMR pour les cas de G(e,e,n) et G(d, 1,n).

On utilise la forme normale géodésique que nous avons introduite précédemment
pour G(e, e,n) afin de construire une base de H(e,e,n) qui est différente de celle de
Ariki définie dans [I]. On introduit les sous-ensembles suivants de H (e, e, n).

A2: { ]-7
tr pour 0 <k <e—1,
tgtp pour 1 <k<e—1 1}

et pour 3 << n,

A= {1
Si S pour3§i/§i7
$; - St pour 0 <k <e-—1,

S; - S3tksa--sy pour l<k<e—1let2<i <i }.

Définissons A = Ay --- A, I'ensemble des produits as---a, ol as € As, -+ ,a, €
A,,. Nous avons prouvé le théoréme suivant :

Théoréme. L’ensemble A fournit une Ry-base de l’algebre de Hecke H(e,e,n).

Notons par B® (e, e,n) le monoide décrit par la présentation de Corran et Picantin.
Nous avons aussi prouvé le résultat suivant :

Proposition. Le quotient de ’algébre du monoide Ro(B®(e,e,n)) par les relations
polynomiales qui définissent H(e,e,n) est un Ro-module de type fini engendré par A.

La proposition précédente est intéressante pour le phénomeéne suivant. Si nous
essayons de définir les algébres de Hecke a partir des diagrammes de Broué-Malle et
Broué-Malle-Rouquier des groupes de tresses complexes, nous pouvons espérer de les
définir sur un anneau de polynémes sans des inverses c’est-a-dire comme quotients
des algébres des monoides décrits par les diagrammes et de prouver que ces algébres
sont de type fini sur 'anneau des polynoémes. Ce phénoméne apparait dans le cas
des groupes de Coxeter. Cependant, il est prouvé dans [50] que ce n’est pas le cas
en général et en paticulier pour le cas des groupes de réflexions complexes de type
G(d,1,n), consulter la sous-section 3.2.3 de [50]. Ceci motive la proposition précédente
otul le résultat est exprimé sans des conditions d’inversibilité en utilisant le monoide
de Corran et Picantin B® (e, e,n). Ceci donne alors un intérét supplémentaire a notre
construction.

Nous revenons maintenant au cas de 'algébre de Hecke H(d,1,n) définie avant
par une présentation par des générateurs et relations. Nous allons construire une base
de H(d,1,n) qui est différente de celle de Ariki et Koike, cf. [2]. On introduit les
sous-ensembles suivants de H(d,1,n).
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A= { 2 powr0<k<d-1 1},
et pour 2 < i <mn,
A= {1,
i Sy pour 2 < i’ <4,
Si"'SQZk pOUYlSde_la

Si- 85928y sy pour 1<k<d—-let2<i <i L

Définissons A = AjAy -+ - A, I'ensemble des produits ajas - a, ot ay € Ay, -+,
a, € A,,. Nous avons démontré le théoréme suivant :

Théoréme. L’ensemble A fournit une Ry-base de l’algebre de Hecke H(d,1,n).

Remarque. On remarque que pour d et n au-moins égauz G 2, notre base de H(d,1,n)
ne coincide jamais avec la base de Ariki-Koike comme le montre l'exemple suivant.
Considérons l’élément szzsg = 89289.82 qui appartient a la base de Ariki-Koike. Dans
notre base, il est égal & la combinaison linéaire asqzsg + S22, 0U Soz2S9 et Soz sont
deuz éléments distincts de notre base de H(d,1,n).

Monoides et groupes de Garside

Dans sa thése de Doctorat, défendue en 1965 [33] et dans larticle qui a suivi [34],
Garside a résolu le Probléme de Conjugaison pour le groupe de tresses ‘classique’
B,, en introduisant un sous-monoide B;f de B, et un élément A, de B qu’il avait
appelé élément fondamental. Il a prouvé I'existence d’une forme normale pour chaque
élément de B,,. Au début des années 70, Brieskorn-Saito et Deligne ont remarqué
que les résultats de Garside s’étendent a tous les groupes d’Artin-Tits, consulter [11]
et [31]. A la fin des années 90 et aprés avoir lister les propriétés abstraites de B;' et
de I’élément fondamental A,,, Dehornoy et Paris [30] ont défini la notion de groupes
Gaussiens et groupes de Garside, ce qui a mené a la théorie de Garside. Pour une
étude détaillée sur les structures de Garside, le lecteur est invité a lire [28]. Nous
fournissons ici les préliminaires nécessaires sur les structures de Garside.

Soit M un monoide. Sous certaines hypothéses sur M, plus précisément les hy-
pothéses 1 et 2 de la définition suivante d’un monoide de Garside, nous pouvons
définir un ordre partiel sur M comme suit.

Définition. Soient f,g € M. On dit que f divise a gauche g ou tout simplement
f divise g s’il n’y a pas de confusion, et on écrit f X g, si fg' = g pour un certain
g € M. De la méme maniere, on dit que [ divise a droite g, et on écrit [ =<, g, si
g f = g pour un certain ¢’ € M.

Nous donnons maintenant la définition d’un monoide et groupe de Garside.

Définition. Un monoide de Garside est une paire (M,A) ou M est un monoide et

1. M est simplifiable c’est-a-dire fg = fh = g =h et gf = hf = g = h pour
fr9,heM,
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2. il existe \: M —> N t.q. M(fg) > AMf)+A(g) et g# 1= A(g) #0,
3. deux éléments quelconques de M ont un pgcd et un ppcm pour =X et <, et

4. A est un élément de Garside de M c’est-a-dire ’ensemble de ses diviseurs a
gauche coincide avec l’ensemble de ses diviseurs a droite, engendre M et est

fini.
Les diviseurs de A s’appellent les simples de M.

Un monoide quasi-Garside est une paire (M, A) qui satisfait les conditions de la
définition précédente sauf pour la finitude de I’ensemble des diviseurs de A.

Les hypothéses 1 et 3 de la définition précédente impliquent que les conditions de
Ore sont satisfaites. Ainsi, il existe un groupe de fractions du monoide M dans lequel
il se plonge. Ceci nous permet de donner la définition suivante.

Définition. Un groupe de Garside est le groupe des fractions d’un monoide de Gar-
side.

Considérons une paire (M, A) qui satisfait les conditions de la définition précé-
dente. La paire (M, A) et le groupe des fractions de M fournissent ce qu’'on appelle
une structure de Garside de M.

Notons que 'un des aspects importants de la structure de Garside est 'existence
d’une forme normale pour les éléments du groupe de Garside. De plus, beaucoup de
problémes comme le Probléme des Mots et le Probléme de Conjugaison sont résolus
dans les groupes de Garside, ce qui rend leurs études intéressantes.

Soit G un groupe fini engendré par un ensemble fini S. Il existe une maniére
de construire des structures de Garside & partir d’intervalles dans G. Nous allons
expliquer ceci par la suite. Commencons par définir une relation d’ordre partiel sur

G.

Définition. Soient f,g € G. On dit que g est un diviseur de f ou que f est un
multiple de g et on écrit g = f si f = gh avec h € G et £(f) = £(g) + L(h), ou £(f)
est la longeur sur S de f € G.

Définition. Pour w € G, on définit le monoide M([1,w]) par la présentation de
monoide avec

e cnsemble générateur : P en bijection avec l'intervalle
[Lwl:={feG[13f3w}et

o relations : f g=h si f,g,h €[l,w], fg=h et f < h c’est-a-dire £(f) +L(g) =
o(h).

De la méme maniére, on peut définir la relation d’ordre partielle sur G

g =, f siet seulement si £(fg~1) + £(g) = L(f),
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ensuite définir Uintervalle [1, w], et le monoide M ([1,w],).

Définition. Soit w un élément dans G. On dit que w est un élément équilibré de G
st [1,w] = [1, w],.

Nous avons le théoréme suivant qui est di & Michel (consulter la section 10 de [54]
pour une preuve).

Théoréme. Siw € G est un élément équilibré et si ([1,w], <) et ([1,w],, =) sont

des treillis, alors (M ([1,w]),w) est un monoide de Garside avec simples [1,w], ot w
et [1,w] sont donnés dans la définition d’un monoide d’intervalle.

La construction précédente donne lieu & une structure de Garside. Le monoide
d’intervalle est M ([1,w]). Quand M ([1,w]) est un monoide de Garside, son groupe
des fractions existe et est noté par G(M([1,w])). On lappelle le groupe d’intervalle.
Nous donnons un exemple classique de cette structure qui montre que les groupes
d’Artin-Tits admettent des structures d’intervalles.

Exemple. Soit W un groupe fini de Coxeter et B(W) le groupe d’Artin-Tits associé

aW.
W=<S8|s*=1, sts---=tst--- pour s,t € S, s # t,mg = o(st) >,
~mst~ msi~ ~ " _
BW)=<S8|35ts---=t8t - pour §,t € S, §#1t>.
Mst Mmst

Prendre G = W et g = wqg élément de plus grande longueur sur S dans W. On
a [1,wo] = W. Construisons le monoide d’intervalle M([1,wo]). On a M([1,wo])
est le monoide d’Artin-Tits BT(W), ou BT (W) est le monoide défini par la méme
présentation que B(W). Donc, BT (W) est engendré par une copiec W de W avec
fg="~hsifg="hetl(f)+Lg) =Lh); f,g et h € W. Il est aussi connu que

wo est équilibré et que ([1,wol, <) et ([1,wo]r, =) sont des treillis. Par le théoréme
précédent, il s’ensuit le résultat suivant.

Proposition. (BT (W), wp) est un monoide de Garside avec simples W, ot wo et W.
sont donnés dans ’exemple précédent.

Notre but est de construire des structures d’intervalles pour le groupe de tresses
complexes B(e,e,n). Comme les structures de Garside d’intervalles reposent sur la
définition d’une fonction qui décrit la longueur dans le groupe de réflexions complexes
correspondant, nous allons utiliser la forme normale géodésique que nous avons déja
définie auparavant pour le groupe G(e, e,n) afin d’étudier les structures d’intervalles
du groupe de tresses complexes B(e, e, n).

Structures d’intervalles pour B(e, e, n)

11 est prouvé par Bessis et Corran [4] en 2006 et par Corran et Picantin [26] en 2009
que B(e,e,n) admet des structures de Garside. Il est aussi prouvé dans [25] que
B(de,e,n) admet des structures de quasi-Garside. Nous sommes intéressés dans la
construction des structures de Garside de B(e,e,n) qui dérivent des intervalles dans
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le groupe de réflexions complexes G(e, e, n).

La description d’une forme normale géodésique de G(e, e, n) nous permet de déter-
miner les éléments équilibrés de G(e, e,n) qui sont de longueur maximale et de déter-
miner aussi 'ensemble de leurs diviseurs. Soit A la matrice diagonale de G(e,e,n)
telle que Afi,i] = (. pour 2 <i <mn.

Proposition. Les éléments équilibrés de G(e,e,n) de longueur mazimale sont \F
pour 1 <k <e-—1.

Nous avons défini une technique combinatoire simple qui permet de reconnaitre si
un élément de G(e, e,n) est un diviseur de A\*¥ ou pas en utilisant directement sa forme
matricielle. Ceci nous permet de caractériser explicitement I’ensemble des diviseurs
de A* que nous avons noté par Dj,.

Soient A* un élément équilibré et [1, \¥] D'intervalle des diviseurs de A\* dans le
groupe de réflexions complexes. Nous avons prouvé dans Proposition [3.4.2] une pro-
priété pour chaque intervalle [1, \¥] qui est similaire & la propriété de Matsumoto pour
un groupe de réflexions réels. Ensuite, nous avons prouvé que [1, \¥] est un treillis
pour la division & gauche et & droite (consulter Corollary de cette dissertation).
Par le théoréme de Michel, nous obtenons alors le résultat suivant :

Théoréme. Nous avons que (M ([1,\*]), A¥) est un monoide de Garside d’intervalles
avec simples Dy, ot Dy, est ’ensemble des diviseurs de \E. Son groupe des fractions
existe et est noté par G(M([1, \F])).

De plus, nous avons prouvé que M ([1, \¥]) est isomorphe au monoide que nous
avons noté par B®k(e, e,n). Ce dernier est défini comme suit :

Définition. Pour 1 < k <e—1, on définit le monoide B®k(e,e, n) par une présen-
tation de monoide avec

e ecnsemble générateur : X = {to,t1, -+ ,te_1,83,- - ,8n} et
§i§j§i = §j§i§] pour |Z —j| = 1,
gigj = §j§Z pour |l *]| > 1,

o relations : §3l;33 = t;83t; pour i € Z/eZ,
§it; =15 pour i € Z/eZ et 4 < j <n,
titi_p = fj~j_k pour i,j € Z/eZ.

Notons que le monoide B®!(e,e,n) est le monoide B®(e,e,n) de Corran et Pi-
cantin, consulter [26]. Notons par B*)(e, e, n) le groupe des fractions (qui existe par
la structure de Garside) de B®*(e,e,n). L'un des résultats importants obtenus est le
suivant :

Théoréme. B*)(e,e,n) est isomorphe a B(e,e,n) si et seulement si k Ae=1.

Quand k A e # 1, chaque groupe B(’“)(e, e,n) est décrit comme un produit amal-
gamé de k A e copies du groupe de tresses complexes B(e',e’,n) avec e’ = e/e A k,
au-dessus du sous-groupe d’Artin-Tits B(2,1,n — 1).
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B(e', e n)

De plus, nous avons calculé le deuxiéme groupe d’homologie sur Z de B*) (e, e, n)
en utilisant les complexes de Dehornoy-Lafont [29] et la méthode de [I4] afin de
déduire que B*) (e, e, n) n’est pas isomorphe a un certain B(e,e,n) quand k A e # 1.
On rappelle le résulat suivant de [14] :

e Hy(Ble,e,3),Z) ~7Z/eZ o e > 2,

Z)
o Hy(B(e,e,4),Z) ~ Z/eZ x Z/2Z quand e est impair et Ho(B(e,e,4),Z) =~
7.)eZ x (Z./27)? quand e est pair et

e Hy(B(e,e,n),Z) ~7Z/eZ x Z/2Z quand n > 5 et e > 2.

Les monoides de Garside B®*(e,e,n) ont été implémentés par Michel et 'auteur
(consulter [55] et [56]). Dans Appendix A, nous avons fourni cette implémentation et
nous avons donné un code générique qui permet de calculer les groupes d’homologie
d’une structure de Garside en utilisant les complexes de Dehornoy et Lafont. Nous
avons appliqué ce code aux groupes B(k)(e,e,n) afin de vérifier le calcul de leurs
groupes d’homologie.

Représentations de Krammer et algébres de BMW

Bigelow [6] et Krammer [39, 40] ont prouvé que le groupe de tresses classique est
linéaire c’est-a-dire qu’il existe une représentation linéaire fidéle de dimension finie
du groupe de tresses classique B,,. Rappelons que B,, est défini par une présentation
avec comme ensemble générateur {si, sa, -+ ,S,—1} et les relations sont s;8;418; =
8i+18:8;41 pour 1 <¢ <n—2, et s;5; = sj5; pour |i — j] > 1. Cette présentation est
illustrée par le diagramme suivant :

S1 So Sn—2 Sn—1

La représentation de Krammer p : B, — GL(V) est définie sur un R(q, t)-espace

vectoriel V' de base {xs | s € R} indexée par I’ensemble des réflexions (4, j) du groupe
n(n—1)

symétrique S,, avec 1 <i < j <n — 1. Sa dimension est alors égale & #R = ——5—.

Notons z(; ;) par z; ;. La représentation est définie comme suit :
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2
SETk k41 = tq Tk k41,

seik = (1 — @)Tik + qTi kg1, i<k,

$kTigh1 = Tip + g (g = Dag g, i<k,

STk, = 1q(q — 1)Tp kg1 + qTrt1,, E+1<y,

SkTh41,j = Thyy + (1 — @)Tri1j, k+1<y,

SkTij = Tij, i1<j<kouk+1l<i<ijet
SkTij; = Tj4 + tq(kii)(q — 1)2$k,k+la 1<k<k+1<j.

Le critére de fidélité utilisé par Krammer peut étre énoncé pour un groupe de Gar-
side. Ce critére fournit des conditions nécessaires qui assurent qu’une représentation
linéaire d’un groupe de Garside est fidéle. Soit M un monoide de Garside et G(M)
son groupe des fractions. Notons par A et P ’élément de Garside et I’ensemble des
simples de M, respectivement. Définissons «(x) le pged de x et A pour x € M. Soit
p: G(M) — GL(V) une représentation linéaire de dimension finie de G(M) et soit
(Cz)zep une famille de sous-ensembles de V' indexée par I’ensemble des simples P. Si
les C; sont non vides et deux a deux disjoints et si zC), C Cy(,y) pour tout z € M et
y € P, alors la représentation p est fidéle.

La représentation de Krammer ainsi que la preuve de fidélité ont été généralisées
a tous les groupes d’Artin-Tits de type sphérique par les travaux de [32], [23] et
[59]. Notons aussi qu'une preuve simple de la fidélité a été donnée dans [36]. Marin
a généralisé dans [49] cette représentation & tous les groupes de 2-réflexions. Sa
représentation est définie analytiquement sur le corps des séries formelles de Laurent
par la monodromie de certaines formes différentielles et elle est de dimension égale au
nombre de réflexions dans le groupe de réflexions complexes correspondant. Il était
conjecturé par Marin dans [49] que cette représentation est fidéle. Elle a aussi été
généralisée par Chen [I8] a tous les groupes de réflexions.

Pour le type ADE des groupes de Coxeter, les représentations de Krammer général-
isées peuvent étre construites a partir de 'algébre de BMW (Birman-Murakami-
Wenzl). Nous avons détaillé ceci dans lintroduction de la dissertation. Dans ce
compte-rendu, nous allons juste rappeler la définition de ’algébre de BMW pour le
cas ADE, consulter [21].

Définition. Soit W un groupe de Coxeter de type A,, D, pour tout n, ou E, pour
n=06,7,8. L’algebre de BMW associée a W est la Q(l, x)-algébre unitaire d’ensemble
générateur {S1,S2, -+, S} U{F1, Fy, -+, F,} et les relations sont les relations de
tresses avec les relations suivantes :

1. mF; =1(S? + mS; — 1) avec m = l;i;l pour tout i,

2. S;F; = F;S; = 7' F; pour tout i et

3. F;S;F; = lF; pour toul i,j quand s;5j5; = 5j5;5;.

Pour la preuve de la proposition suivante, consulter Propositions 2.1 et 2.3 de [21].

Proposition. On a S; est inversible d’inverse S;l = S, +m — mF;. Nous avons
ausst Ff =k et S;5:F; = F;S;S; = FiF quand 5;5;5; = 5;5;5;.
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Sil =1, cette algébre de BMW dégénére a ’algébre de Brauer suivante, consulter

[8] et [20]. Dans ce cas, on am = l;i;l = 0 et la relation 1 de la définition précédente

devient S? = 1. Ainsi, on a S, ' = S,. Par la proposition précédente, nous avons
toujours la relation F? = zF; dans l’algébre de Brauer.

Définition. Soit W un groupe de Coxeter de type A,, D, pour tout n, ou E, pour
n =06,7,8. L’algébre de Brauer associée a W est la Q(x)-algébre unitaire d’ensemble
générateur {Sy,S2, - ,Sp} U{Fy1, Fa,--- ,F,} et les relations sont les relations de
tresses avec les relations suivantes :

1. S? =1 pour tout i,

2. Ff =z F; pour tout 7,

3. S;F; = F;S; = F; pour tout 1,

4. FiS;Fy = F; pour tout 1,j quand s;5;5; = 5;5;5; €t
5. 8;5:F; = F;5;S; = FyF; quand 5;5;8; = 5j5;5;.

Chen a défini dans [I8] une algébre de Brauer qui généralise les travaux de [§] et
[20). Complétant ses résultats dans [I7], Chen a aussi défini dans [19] une algébre de
BMW pour les groupes diédraux I(e) pour tout e > 2 a partir de laquelle il a défini
une algébre de BMW pour tous les groupes de Coxeter qui dégénére a l'algébre de
Brauer qu’il avait déja introduite dans [I8]. Il est aussi prouvé dans [I9] I'existence
d’une représentation des groupes d’Artin-Tits associés aux groupes diédraux. La
représentation est de dimension e et elle est définie explicitement sur Q(«, 8) ou « et
B dépendent des parameétres de l’algébre de BMW. 11 est aussi conjecturé dans [19]
que cette représentation est isomorphe a la représentation monodromique construite
par Marin dans [49].

Algébres de BMW et de Brauer pour le type (e, e,n)

Nous nous sommes inspirés par le monoide de Corran et Picantin pour construire une
algébre de BMW pour le groupe de tresses complexes B(e,e,n). Nous utilisons la
définition de 'algébre de BMW associée aux groupes diédraux [19] et la définition de
BMW des groupes de Coxeter de type ADE [2I]. Nous distinguons les cas o e est
impair et e est pair.

Définition. Supposons que e est impair. On définit l'algébre BMW(e,e,n) associée
a B(e,e,n) comme étant la Q(I, x)-algébre unitaire avec l’ensemble générateur

{TL' | 7€ Z/eZ} U {53,54,"' ,Sn} U{EZ | 1€ Z/EZ}U{F3,F4,'~' 7Fn}7
et les relations sont les relations de l’algébre de BMW de type A,,_1 pour
{T;, S3,54, -+ ,Sp} U{E;, F5, -+, F,,} avec 0 < i < e —1 avec les relations de type

diédral sutvantes :

1. Ti = T;‘,]_Ting‘iill et Ez = T;,lE,L‘,QTiill pour tout 1 € Z/GZ, ) 7& 07 1,
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2. Iy Ty =TTy - - - Tp,

(& €

3. mE; = (T? +mT; — 1) pouri=0,1, ot m = S

l—z ’

4. T,E; = E;T; =17 E; pouri=0,1,
. ElT()Tl c ‘T()El = lEl, ou 1 § k S e — 2, k impair,
———

k
6. EoThTo---ThEyg=1Ey, ol <k <e—2,k impair,
—_———
k

7. T\Ty - ToEy = EqTiTo -+ To,

——— ——
e—1 e—1

8. ToTy---TyEy = E\ToTy - T

—_—— —_———

e—1 e—1
Définition. Supposons que e est pair. Soient m =v —v~1 et x tels que m = l*l_l
On définit ’algébre BMW(e, e, n) associée a B(e,e,n) comme étant la Q(I,v)- algebre
unitaire avec ’ensemble générateur

{Tz | iEZ/€Z}U{53,S4,"' ,Sn}U{EZ | iGZ/eZ}U{F3,F4,-~- ,Fn},

et les relations sont les relations de ’algébre de BMW de type A,_1 pour
{T;, S3,S4, -+ , S} U{E;, F3, -+, F,,} avec 0 < i < e —1 avec les relations de type
diédral suivantes :

1. T, =TiaTioT Y et By = Tio1E; 9T,y pour tout i € Z/eZ, i # 0,1,
2. T\Ty Ty =ToTy - Th,

e €

3. mE; = (T? + mT; — 1) pouri=0,1,

4. TiE; = E;T; =17 'E; pouri=0,1,
5. ETyTy - -ToE = (’U_1 +Z)E1 pour 1 =4k +1< 6/2 eti=4k+3 < 6/2,
—_—
6. EoT\1y---T1Ey = (’Ufl +Z)E0 pO’U,TZ:4k?+1 < 6/2 eti=4k+3< 6/2,
M
i
7. TyTy-- T\Ey = BTy Ty -~ Ty = v~ 'Ey,
—_——— —_———
e—1 e—1
8 ToTy - ToEy = E\ToTy -+ Ty = v By,
———— ———
e—1 e—1

9. EgAE; = E1AEy =0, ot A est un mot sans carrés sur {Tp, T1} de longueur au
plus e — 1.
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Pour des spécialisations | = 1 et v = 1, I’algébre BMW (e, e, n) dégéneére en ce que
nous avons appelé 'algébre de Brauer associée. Elle est notée par Br(e,e,n). Nous
avons prouvé que Br(e, e, n) coincide avec 'algébre de Brauer-Chen définie par Chen
dans [I8] pour n = 3 et e impair. Donc Br(e, e, 3) fournit une présentation canonique
de I’algébre de Brauer-Chen pour e impair. A la fin de la section 5.3 de la dissertation,
nous posons la question si I'algébre de Brauer Br(e, e,n) que nous avons définie est
isomorphe a ’algébre de Brauer-Chen pour tout e et n.

Représentations de Krammer du groupe de tresses
complexes B(e,e,n) et conjectures

Rappelons qu’en type ADE des groupes de Coxeter, les représentations de Krammer
généralisées se construisent via les algébres de BMW. Nous tentons la construction
de représentations linéaires explicites des groupes de tresses complexes B(e, e, n) en
utilisant P’algébre BMW(e, e,n). Nous appelons ces représentations : les représenta-
tions de Krammer de B(e, e, n).

Nous adoptons une approche combinatoire et nous avons utilisé le package GBNP
(version 1.0.3) de GAP4 (|22]) pour nos calculs. Notre méthode repose sur le cal-
cul d’une base de Grobner de la liste des polynomes qui définissent BMW (e, e, n).
Nous avons trouvé une méthode pour construire des représentations de Krammer ex-
plicites pour B(3,3,3) et B(4,4,3). Nous notons ces deux représentations par ps et
P4, respectivement. Dans la section 5.4 de la dissertation, nous donnons ces deux
représentations en expliquant la maniére de les construire. Dans Appendix B, nous
avons fourni les codes qui ont permis de faire ces constructions. Nous avons utilisé la
plate-forme MATRICS ([65]) de I’Université de Picardie Jules Verne pour nos calculs
heuristiques.

Rappelons que Chen a étudié les algébres de BMW pour les groupes diédraux
dans [19] et il a été capable de construire des représentations irréductibles des groupes
d’Artin-Tits associés aux groupes diédraux. Il a aussi conjecturé que ces représen-
tations sont isomorphes aux représentations monodromiques correspondantes. Nos
représentations ps et ps sont construites a partir de l'algébre de BMW. Nous avons
prouvé qu’elles sont absolument irréductibles et sont de dimension égale au nombre
de réflexions dans le groupe de réflexions complexes correspondant. Nous avons aussi
étudié la restriction de p3 aux sous-groupes paraboliques maximaux de B(3,3,3).
Toutes ces propriétés sont satisfaites pour les représentations de Krammer général-
isées. C’est pour ces raisons que nous pensons que les représentations ps et p4 sont
de bons candidats pour étre appelées les représentations de Krammer de B(3,3,3)
et B(4,4,3), respectivement. Nous pensons aussi que ces deux représentations sont
isomorphes aux représentations monodromiques de B(3, 3,3) et B(4,4, 3) construites
par Marin dans [49], ou il conjecture que la représentation monodromique est fidéle,
consulter Conjecture 6.3 de [49]. Ceci nous permet de proposer la conjecture suivante
sur les représentations de Krammer explicites p3 et p4.

Conjecture. Les représentations de Krammer ps et py sont fidéles.
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La méthode de construction de ps et p4 repose sur le calcul d’une base de Grébner
de la liste des polynomes qui définissent les relations de BMW(e, e, n). Ce n’est plus
possible d’appliquer ces calculs trés lourds pour e > 5 quand n = 3. Cependant, nous
avons essayé de calculer la dimension de 'algébre BMW (e, e,n) sur un corps fini.
Nous étions capables de calculer les dimensions de BMW(5,5,3) et BMW(6, 6,3) sur
un corps fini pour beaucoup de spécialisations des paramétres m et [. Les calculs
pour BMW(6, 6, 3) ont pris 40 jours sur la plate-forme MATRICS de 1'Université de
Picardie Jules Verne ([65]). Pour toutes les différentes spécialisations, nous avons
trouvé que la dimension de BMW(5,5,3) est égale a 1275 et celle de BMW(6, 6, 3)
est égale a 1188. Notons que nous avons obtenu 297 pour BMW(3, 3, 3) et 384 pour
BMW(4,4,3). On remarque que pour ¢ = 3 et e = 5, nous obtenons que la dimen-
sion de BMW (e, e, 3) est égale a #(G(e,e,3)) + e x (#R)?, oit R est 'ensemble des
réflexions de G(e, e, 3). De plus, on remarque que pour e = 4 et e = 6, nous obtenons
que la dimension de BMW (e, ¢, 3) est égale a #(G(e,e,3)) + § X (#R)>.

En se basant sur les précédentes expérimentations, nous proposons la conjecture
suivante :

Conjecture. Soit K = Q(m, 1) et soit H (e, e, 3) l'algebre de Hecke associée a G(e, e, 3)
sur K. Soit N le nombre de réflexions du groupe de réflexions complexes G(e, e, 3).
Sur K, l'algebre BMW (e, e,3) est semi-simple, isomorphe a

H(e,e,3)® (Mn(K))®  sie est impair,
He,e,3) ® (Mn(K))*?  sie est pair,

o My (K) est lalgebre des matrices sur K de dimension N2. En particulier, ’algébre
BMW(e, e, 3) est de dimension

#(G(e,e,3)) +ex N2 si e est impair,
#(G(e,e,3)) + £ x N? i e est pair.
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Interval Structures, Hecke Algebras, and Krammer’s Representations for the
Complex Braid Groups B(e, e, n)

Abstract: We define geodesic normal forms for the general series of complex reflection
groups G(de,e,n). This requires the elaboration of a combinatorial technique in order
to determine minimal word representatives and to compute the length of the elements of
G(de, e,n) over some generating set. Using these geodesic normal forms, we construct in-
tervals in G(e,e,n) that give rise to Garside groups. Some of these groups correspond to
the complex braid group B(e,e,n). For the other Garside groups that appear, we study
some of their properties and compute their second integral homology groups. Inspired by
the geodesic normal forms, we also define new presentations and new bases for the Hecke
algebras associated to the complex reflection groups G(e,e,n) and G(d, 1,n) which lead to
a new proof of the BMR (Broué-Malle-Rouquier) freeness conjecture for these two cases.
Next, we define a BMW (Birman-Murakami-Wenzl) and Brauer algebras for type (e, e, n).
This enables us to construct explicit Krammer’s representations for some cases of the com-
plex braid groups B(e,e,n). We conjecture that these representations are faithful. Finally,
based on our heuristic computations, we propose a conjecture about the structure of the
BMW algebra.

Keywords: Reflection Groups, Braid Groups, Hecke Algebras, Geodesic Normal Forms,
Garside Structures, Interval Garside Structures, Homology, BMR Freeness Conjecture, Brauer
Algebras, BMW Algebras, Krammer’s Representations.

*Kokk

Structures d’Intervalles, Algébres de Hecke et Représentations de Krammer des
Groupes de Tresses Complexes B(e,e,n)

Résumé : Nous définissons des formes normales géodésiques pour les séries générales des
groupes de réflexions complexes G(de,e,n). Ceci nécessite 1’élaboration d’une technique
combinatoire afin de déterminer des décompositions réduites et de calculer la longueur des
éléments de G(de, e,n) sur un ensemble générateur donné. En utilisant ces formes normales
géodésiques, nous construisons des intervalles dans G(e,e,n) qui permettent d’obtenir des
groupes de Garside. Certains de ces groupes correspondent au groupe de tresses complexe
B(e,e,n). Pour les autres groupes de Garside, nous étudions certaines de leurs propriétés et
nous calculons leurs groupes d’homologie sur Z d’ordre 2. Inspirés par les formes normales
géodésiques, nous définissons aussi de nouvelles présentations et de nouvelles bases pour les
algebres de Hecke associées aux groupes de réflexions complexes G(e, e, n) et G(d,1,n) ce
qui permet d’obtenir une nouvelle preuve de la conjecture de liberté de BMR, (Broué-Malle-
Rouquier) pour ces deux cas. Ensuite, nous définissons des algébres de BMW (Birman-
Murakami-Wenzl) et de Brauer pour le type (e,e,n). Ceci nous permet de construire des
représentations de Krammer explicites pour des cas particuliers des groupes de tresses com-
plexes B(e, e, n). Nous conjecturons que ces représentations sont fidéles. Enfin, en se basant
sur nos calculs heuristiques, nous proposons une conjecture sur la structure de I’algébre de
BMW.

Mots clés : Groupes de Réflexions, Groupes de Tresses, Algeébres de Hecke, Formes Nor-
males Géodésiques, Structures de Garside, Structures d’Intervalles, Homologie, Conjecture
de Liberté de BMR, Algébres de Brauer, Algébres de BMW, Représentations de Krammer.
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