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Introduction

Iwahori—Hecke algebras appeared first in the context of finite Chevalley groups, as centraliser
algebras of the induced representation from the trivial representation on a Borel subgroup.
In type A, this corresponds to inducing the trivial representation on the subgroup of upper
triangular matrices to the whole group of invertible matrices. Since then, both the structure and
the representation theory of Iwahori-Hecke algebras have been intensively studied. In particular,
they have been defined independently as deformations of the group algebra of finite Coxeter
groups. Further, connections with many other objects and theories have been established (this
includes, for instance, the theory of quantum groups and knot theory). Many variations and
generalisations of the “classical” Iwahori-Hecke algebras have already been defined. Among these,
we will be interested in the following ones: Ariki-Koike algebras, Yokonuma—Hecke algebras and
finally quiver Hecke algebras.

Generalising real reflection groups, which are the same as finite Coxeter groups, complex
reflection groups are finite groups generated by complex reflections, that is, by endomorphisms
of C™ that fix a hyperplane. As in the case of finite Coxeter groups, there is a classification
of irreducible complex reflection groups (| ]). This classification is given by an infinite
series {G(r,p,n)} where r,p,n are positive integers with r = dp for d € N*, together with 34
exceptional groups. More precisely, the group G(r,p,n) can be seen as the group consisting of
all n x n monomial matrices such that each non-zero entry is a complex rth root of unity, and
the product of all non-zero entries is a dth root of unity. If £ € C* is a primitive rth root of
unity, the latter group is generated by the elements

n
s=EEi1+ Y Epp,

k=2
_ n
t1=EB12+ & "By + Z Ej k.,
k=3
ty == Ea,a-{—l + Ea-l—l,a + Z Ek,k7
1<k<n
k#a,a+1
for all @ € {1,...,n — 1}, where E} is the elementary n x n matrix with 1 as the (k, ¢)-entry
and 0 everywhere else.

Aiming at generalising the construction of Iwahori-Hecke algebras, Broué-Malle | | and
Broué, Malle and Rouquier | | defined such a deformation for every complex reflection group,
also known as Hecke algebra. Ariki and Koike | | defined such a Hecke algebra H,, (¢, u) in
the particular case of G(r, 1,n), the so-called “Ariki-Koike algebra”, where ¢ and w = (uq, ..., u,)
are some parameters. Later on, Ariki | ] also defined a Hecke algebra for G(r,p,n). For a

suitable choice of parameter u and weight A of level r (that is, a tuple of non-negative integers of
sum ), the Hecke algebra H2, (¢) of G(r,p,n) can be seen as a subalgebra of H} (q) := Hy(q, ).

On the other hand, shortly after the introduction of Iwahori-Hecke algebras, Yokonuma [Y0]
defined the Yokonuma—Hecke algebras in the study of finite Chevalley groups as well. These



algebras arise as centraliser algebras of the induced representation from the trivial representation,
but on a maximal unipotent subgroup, contrary to Iwahori—-Hecke algebras. In type A, this
corresponds to inducing the trivial representation on the subgroup of upper unitriangular
matrices to the whole group of invertible matrices. Similarly to Ariki-Koike algebras, the
Yokonuma-Hecke algebra Y, ,(q) of type A, where d € N*, can be viewed as a deformation of
the group algebra of G(d, 1,n). However, the wreath product structure G(d,1,n) ~ (Z/dZ)1 &,
now appears in the definition by generators and relations.

We now focus to the representation theory of the algebras introduced above. Let us first
recall some results about the symmetric group &,, on n letters. We know since Frobenius that
the irreducible representations {D*}y of &,, over a field of characteristic 0 are parametrised
by the partitions of n, that is, sequences A\ = (A\g > -+ > A\,_1 > 0) of positive integers
with |A] == Ao+ -+ A1 = n. When the ground field is of prime characteristic p, the
irreducible representations {D*}, are now indexed by the p-regular partitions of n, that is, the
partitions of n with no part repeated p times or more. However, in this case some representations
may not be written as a direct sum of irreducible ones. We say that the representation
theory is non-semisimple. Hence, we are also interested in the blocks of the group algebra,
that is, indecomposable two-sided ideals. Blocks also partition both sets of irreducible and
indecomposable representations. Brauer and Robinson proved that these blocks are parametrised
by the p-cores of the partitions of n, proving the so-called “Nakayama’s Conjecture”. We refer
to | | for more details about the representation theory of the symmetric group.

If A is a weight of level r = 1, the representation theory of HA(¢) is similar to the one of the
symmetric group: if HA(q) is semisimple then its irreducible modules {D*}, are parametrised
by the partitions of n. Otherwise, they are parametrised by the e-regular partitions of n while
the blocks of Hﬁ(q) are parametrised by the e-cores of the partitions of n, where e € N is the
smallest non-negative integer such that 1 +q +--- + ¢! = 0. We now consider a weight A
of arbitrary level r. In the semisimple case, Ariki and Koike have determined all irreducible
modules for HnA(q) They are parametrised by the r-partitions of n, that is, by the r-tuples
A= AO AC=D) of partitions with [A] == [AO| 4+ ... + [AC=D| = n. The modular case was
treated by Ariki and Mathas | , |, and also by Graham and Lehrer | ] and Dipper,
James and Mathas | ], using the theory of cellular algebras. This theory provides a collection
of cell modules, also called in this case Specht modules. These modules allow to construct a
complete family of irreducible H2 (¢)-modules {D*}. This family can be indexed by a non-

trivial generalisation of e-regular partitions, known as Kleshchev r-partitions (see | ) -
Similarly, the naive generalisation of e-cores to r-partition, the e-multicores, do not provide in
general a parametrisation of the blocks of HA(q). In fact, Lyle and Mathas | | proved that

the blocks of HA(q) are parametrised by the multisets of s-residues modulo e of the r-partitions
of n, where k € (Z/eZ)" is a multicharge corresponding to A. Finally, an important result in
the representation theory of HA(g) is a theorem of Ariki | |, proving a conjecture of Lascoux,
Leclerc and Thibon | |. The theorem has the following consequence in characteristic O:
determining the decomposition matrix of H2(q) or the canonical basis of a certain integrable
highest weight ;[e—module L(A), where 5A[6 denotes the Kac-Moody algebra of type Aél_)l, are
equivalent problems. Together with the works of Lascoux, Leclerc and Thibon | | and
Jacon [ ], which compute this canonical basis, we are thus able to explicitly describe the
decomposition matrix of HA(q) (see also Uglov [Ug]).

In the semisimple case, Ariki | ] used Clifford theory to determine all irreducible modules
for Hz‘},n(q). In the modular case, Genet and Jacon | | and Chlouveraki and Jacon | ]
gave a parametrisation of the simple modules of Hﬁn(q) over C, and Hu | ) | classified
them over a field containing a primitive pth root of unity. Furthermore, Hu and Mathas | ,



| gave a procedure to compute the decomposition matrix of Hﬁn(q) in characteristic 0
under a separation condition (where the Hecke algebra is not semisimple in general). We also
mention the work of Geck | ], who deals with the case of type D (corresponding to r = p = 2).
All these works studying the representation theory of H{;n(q) use the shift map on r-partitions,
defined by

X = (WD AT A0 A=)y

for any r-partition A = (/\(0), e ,)\(T_l)), where r = dp. If X is a Kleshchev r-partition of n, the

restriction of the irreducible HA(¢)-module D* to a H;:n (¢)-module is isomorphic to a sum of
irreducible modules, whose number depends on the cardinality of the orbit [A] of A under the
action of o.

Concerning Yokonuma-Hecke algebras, their natural presentation in type A has been trans-
formed since the original work of Yokonuma (see | , , , , ). The
representation theory of Yokonuma-Hecke algebras has been first studied by Thiem | ,

, ], while a combinatorial approach to this representation theory in type A has been
given in | ) ]. In this latter paper | ], Chlouveraki and Poulain d’Andecy
introduced and studied generalisations of these algebras: the affine Yokonuma—Hecke algebras
and their cyclotomic quotients, which generalise affine Hecke algebras of type A and Ariki-Koike
algebras respectively. The interest in Yokonuma—Hecke algebras has grown recently: in | ]
(see also [ |), the authors defined a link invariant from Yokonuma—-Hecke algebras which is
stronger than the famous ones obtained from classical Iwahori-Hecke algebras of type A, such
as the HOMFLYPT polynomial, and Ariki—-Koike algebras. Another topologically interesting
object is the subalgebra of the Yokonuma—Hecke algebra known as the algebra of braids and
ties. This algebra has been introduced by Juyumaya [ | and the original definition has been
generalised to all finite complex reflection groups by Marin [Mar].

A new aspect of the representation theory of Ariki-Koike algebras was developped around the
2010s. Partially motivated by Ariki’s theorem, Khovanov and Lauda | , | and
Rouquier [Rou] independently introduced the algebra R,,(I"), known as a quiver Hecke algebra
or KLR algebra. This led to the categorification result

U, (gr) ~ @ [Proj(R.(I))],

n>0

where U, (gr) is the negative part of the quantum group of gr, the Kac-Moody algebra associated
with the quiver I, and [Proj(R,(I"))] denotes the Grothendieck group of the additive category
of finitely generated graded projective R,,(I')-modules. Moreover, considering some cyclotomic
quotients RA(T") of the quiver Hecke algebra, Kang and Kashiwara [ | also proved a
categorification result for the highest weight U, (gr)-modules, as conjectured by | ].
More specifically, for each dominant weight A the algebra R, (I") has a cyclotomic quotient
RA(T) that categorifies the corresponding highest weight module L(A).

When I' =T, is the quiver of type AS—)p we thus obtain a connection between the Ariki—
Koike algebra HA(g) and RA(T'). A big step towards understanding this connection, and
thus cyclotomic quiver Hecke algebras, was made by Brundan and Kleshchev | ] and
independently by Rouquier | ]. The first two authors proved that, over a field, Ariki-Koike
algebras are particular cases of cyclotomic quiver Hecke algebras, providing a family of explicit
isomorphisms. Rouquier also gave an affine version of this isomorphism. Brundan and Kleshchev
noticed that the Ariki—-Koike algebra inherits the natural Z-grading of the cyclotomic quiver
Hecke algebra, a fact that allows us to study the graded representation theory of Ariki-Koike
algebras (see for example | ). Moreover, they established a graded version of Ariki’s



categorification theorem, where the whole quantum group U, (gle) appears (and not only its
specialisation f;A[e at v = 1). Note that, inspired by the work of Brundan and Kleshchev | ],
Hu and Mathas | ] constructed a graded cellular basis for H2(¢q). This was the first
example of a homogeneous basis for HA(q).

Our aim in this thesis is to generalise some of these previous results. The results we give are
a compilation of the papers [ , , |. First, in Chapter 1 we prove some results
on cyclotomic quiver Hecke algebras. More specifically, we study cyclotomic “disjoint quiver’
Hecke algebras and fixed point subalgebras for automorphisms built on quiver automorphisms of
finite order. Then, in Chapter 2 we give a cyclotomic quiver Hecke-like presentation for Hﬁn(q),

?

in particular this algebra is a graded subalgebra of HA(¢). In Chapter 3 we show that cyclotomic
Yokonuma—Hecke algebras are a particular case of cyclotomic quiver Hecke algebras, where the
quiver is in fact the same as for Ariki-Koike algebras. Chapter 4 is largely independent from the
others. It is mainly concerned with a purely combinatorial problem, namely the link between
orbit cardinalities for the shift action on multipartitions and on their multisets of residues.
We then apply this result to the representation theory of Hi’,\’n(q). Finally, in the very short
Chapter 5, we present some works in progress (both in collaboration).

We now give the content of each chapter in more details. In Chapter 1, given a quiver I
and n € N* we define the quiver Hecke algebra R, (") and its cyclotomic quotient RA(T),
where A is a weight. Note that we also define these algebras in the more general setting of | ],
where the quiver is replaced by a matrix of bivariate polynomials. In Section 1.3 we study the
decomposition of R, (I") and its cyclotomic quotients when I" is not connected. For instance, if
I' =TT IIT? where I'!, I'? are full subquivers of T' then

Rn(F) ~ é Mat(z) (Rk (Fl) QR R, —k (FZ)).
k=0

The general statements are given at Theorems 1.3.47 and 1.3.57. Although similar situations have
already been studied in the literature (see, for instance, | , Theorem 3.15] or | , Lemma
5.33]), the result we obtain in our context seems to be new and of independent interest. In
Section 1.4 we start with an automorphism o of finite order p of the quiver I'. The automorphism o
naturally induces a homogeneous automorphism of R,,(I"). The subalgebra R,,(I")? of fixed points
is automatically Z-graded. The interesting point is that we are able to give a homogeneous
presentation for R, (I"')? that looks like the presentation of R, (I"), see Corollary 1.4.18. We
then extend these results to certain cyclotomic quotients, the homogeneous presentation being
given at Theorem 1.4.36. Note that these results in | | were proved when the order of o is
invertible in the base ring of R, (I"), in contrast, the proofs here are characteristic-free.

Now let ¢ be a non-zero element of the base field and let e € N* U {co} be minimal such
that 1 +¢+--- 4+ ¢! = 0. In Chapter 2 we recall the definition of the Hecke algebra H2(q)
(respectively H;,\n(q)) of type G(r,1,n) (resp. G(r,p,n)), where A is a weight of level r and
where n,p € N* with p dividing r. We prove in §2.2.3 that the two different presentations

that we find in the literature for Hf},n(q), namely | , |, are isomorphic. Recall that I'.
denotes the cyclic quiver with e vertices (a two-sided infinite line when e = o0). In Section 2.3,
we prove that the isomorphism of Brundan and Kleshchev | ] between HA(q) and RA(T,)

can easily be generalised to the general algebra H,(q,u), see Theorem 2.3.6. We find a family of
isomorphisms between Hy,(¢,u) and a cyclotomic quotient of Ry, (' /), where p’ is the number
of g-orbits in w and I, is the quiver given by p’ disjoint copies of I'c. Using the results of
Section 1.4 and a particular element of the above isomorphisms family, we find a cyclotomic
quiver Hecke-like presentation for H;I},n(Q)- Using Section 1.3, we can also deduce another result:
the above isomorphism gives a new proof of a well-known Morita equivalence of Ariki—Koike



algebras (proved by Dipper—Mathas | 1), see Theorem 2.3.19. This Morita equivalence
theorem is an important result in the representation theory of Ariki—Koike algebras: it shows
that it suffices to study the case where u consists of a single g-orbit. The proof of | | uses
a general argument, namely the existence of a projective generator for H,(q,u). It is thus
interesting to find out that this Morita equivalence comes in fact from an explicit isomorphism.

In Chapter 3, given n,d € N* and a weight A, we define the cyclotomic Yokonuma—-Hecke
algebra Y;’l‘,n(q). It is a generalisation of the Ariki-Koike algebra H2 (q). Then, we follow the proof
of | ] to obtain a family of isomorphisms between Yﬁn(q) and RA(T. 4), see Theorem 3.5.1
and (3.5.2). We also treat the degenerate case, see Theorem 3.6.20. In both cases, the calculations
are either the same as in [ | or without difficulty. Moreover, as in the Ariki-Koike case,
the isomorphisms are over a field. The chapter ends with Section 3.7, where we show that an
isomorphism of Lusztig [L.u] (when A has level 1) and Poulain d’Andecy [PA], expressing Yé}m(q)
in terms of Ariki—Koike algebras, is a particular case of the isomorphism of Section 1.3. We also
prove that we recover the explicit version of this isomorphism, as used in [ , PA]. Note
that all the isomorphisms we obtain are over a field, while in [Lu, , PA] the isomorphisms
are over a ring.

In Chapter 4, we study the shift map A — A on r-partitions of n, as defined above. More
precisely, let e,p € N with p # 0 dividing e. Recall that the blocks of H2(g) are indexed by the
multisets of x-residues modulo e of the r-partitions of n, where A is a weight of level r associated
to the multicharge x € (Z/eZ)". This multiset can be viewed as a subset of Q1 := N%/¢% and
for any r-partition A of n we denote by a,(A) the corresponding element of Q1. We can define
a shift map a + o - o on QF, which we again denote by o. This shift is compatible with the
shift on r-partitions of n in the following way:

ag(CA) =0 - ag(N),

for any r-partition X of n. If [a] denotes the orbit of « € @t under the action of o, the above
equality shows that #[a,(A)] < #[A]. The aim of Chapter 4 is to prove a converse statement.
More precisely, there always exists an r-multipartition p of n such that #[u] = #[a.(N)], see
Theorem 4.2.31 and Corollary 4.2.34. To that extent, we first recall in Section 4.2 the abacus
representation of a partition. We use it to parametrise the subset of QT given by k-residues of
r-partitions. As a consequence, the main theorem reduces to a convex optimisation problem
with integral variables and linear constraints. Section 4.3 is devoted to technical tools that we
need to prove the main theorem. The main result of this section is an existence theorem for a
binary matrix with prescribed row, column and block sums. Without the block sums condition,
we recover a particular case of a theorem of Gale [Ga] and Ryser [Ry]. Finally, in Section 4.4 we
prove the main theorem of the chapter, first using a naive approach and then making it work
using Section 4.3. In Section 4.5, we first quickly recall the theory of cellular algebras. Then
we study the cellularity of H}’,\,n(q) and we give a direct application of the main theorem to the
maximal number of “Specht modules” of Hi’}’n(q) when restricting Specht modules of the blocks
of Hp(q)-

Chapter 5 is devoted to some work in progress. We first quickly describe a effort to endow
H{;n(q) with a cellular structure, where we have to slightly change one cellularity axiom. The point
is to consider a particular graded cellular basis, diagrammatically constructed by Webster [\We]
and Bowman [Bow]. This work is in collaboration with Jun Hu and Andrew Mathas. In a second
part, we give the idea of a work with Loic Poulain d’Andecy and Ruari Walker, who proved a
type B version of the graded isomorphism theorem of Section 2.3. Our aim is now to give a
type B version of the Morita equivalence of Ariki—-Koike algebras, as we did in §2.3.4.
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Notation

Here, we introduce some notation that we will extensively use throughout this thesis. Let K
be a set and n € N*. A K-composition of n is a (finitely-supported) tuple of non-negative
integers indexed by K with sum n. We write a =x n if a = (ay,) € N is a K-composition of n.
For any d € N*, we will write |=¢ instead of |=¢, 4. A weight is a finitely-supported tuple
A = (A;) € N of non-negative integers indexed by K. The level of a weight A = (Ag)pex € N
is E(A) = ZkelC Ak.

Let a = n. We denote by ¢ the subset of K" formed by the elements k = (k1,...,k,) € K"
such that

#{ae{l,...,n} 1 ke =k} =,

for all k € IC, that is, (k1,...,ky) € K% if and only if for all k € K, there are exactly oy integers
a €{1,...,n} such that k, = k. The subsets K% are the orbits of K™ under the natural action
of the symmetric group &,, on n letters; in particular, each K¢ is finite.

We denote by F' a field and we consider ¢ € F*. Except in Section 3.6, we always have q # 1.
We consider the minimal e € N* U {oco} such that 1 +¢q+---+¢* ' =0. If ¢ # 1 and e # oo
then ¢ is a primitive eth root of unity. We define

I {Z/eZ, if e # oo,

Z, otherwise.

11



Chapter 1

Quiver Hecke algebras

This chapter is an adapted and revised version of [ , ]

1.1 Overview

This chapter consists of three sections, the last two of them being independent from each other.
We first define in Section 1.2 quiver Hecke algebras and their cyclotomic quotients. Then, we
study in Section 1.3 the decomposition of a cyclotomic quiver Hecke algebra according to the
connected components of the underlying quiver. Finally, we give in Section 1.4 a presentation of
the fixed point subalgebra for an algebra automorphism that comes from a quiver automorphism
of finite order. Note that, contrary to [ |, the proofs are characteristic-free. The presentation
that we obtain is similar to the one of a cyclotomic quiver Hecke algebra.

We now give an brief overview of the chapter. Let K be a set and Q = (Q i)k ek be a
family of bivariate polynomials satisfying the condition (1.2.1). An important example of such a
family is given at (1.2.14), where Q is defined by a loop-free quiver of vertex set K. Let A € N(X)
be a weight and a be a family of monic polynomials. We define in Section 1.2 the quiver Hecke
algebra R,,(Q) and its cyclotomic quotient RA%(Q). We then give a basis for R, (Q) as a module
and a generating family for R2%(Q). We begin Section 1.3 by some quick calculations about the
minimal length representatives of the cosets of a Young subgroup in the symmetric group &,
on n letters. The main results of the section are given in Theorems 1.3.47 and 1.3.57, where we
prove an isomorphism about (cyclotomic) “disjoint quiver” Hecke algebras. In Section 1.4, we
consider a permutation of K of finite order p for which @ is invariant (see (1.4.1)). When Q is
associated to a loop-free quiver, this permutation is a quiver automorphism. To this permutation,
we associate in Theorem 1.4.5 an automorphism of R, (Q) of finite order p and we easily give in
§1.4.1 a presentation of the fixed point subalgebra (Corollary 1.4.18). In contrast, we need a
little more work in §1.4.2 to do the same thing for the cyclotomic quotient R2%(Q). We give a
presentation for the fixed point subalgebra in Theorem 1.4.36. Note that in [ ] we assumed
that p was invertible in the base ring, assumption that we here drop.

1.2 Definition

We define quiver Hecke algebras and their cyclotomic quotients. We end the section by recalling
some properties of the underlying modules.
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1.2.1 General definition

Let K be a set and A a commutative ring. Let v and v be two indeterminates over A and
Q = (Qri )k ek be a matrix of bivariate polynomials. We assume that the polynomials
Qki € Alu,v] satisfy
(et =t a2
Qrk =0,
for all k, k' € K.

Let o =g n. The quiver Hecke algebra R,(Q) associated with (Qg )k wekx at a is the
unitary associative A-algebra with generating set

{e(B)eere U{yr, - ynt U{d1, .o Pnaa} (1.2.2)
and the following relations:
> elk) =1, (1.2.3a)
keK

e(k > (k) = Gy e (k), (1.2.3b)
we(k) =e(k )ya, (1.2.3¢)
wbe( ) = e(sp - k), (1.2.3d)
YalYa' = Ya’'Yas (1.2.36)
VbYa = YaVb, if a #b,b+ 1, (1.2.3f)
Yothy = Yy s, if |b—b| > 1, (1.2.3g)

De(k if ky = kpy1,
Uypire(k) = {(ybw” + Letk), o= e (1.2.3h)

ywove(k), if ky # ki1,

De(k if ky = kpi1,
Yp+1¢ve(k) = (Veys + Le(k), l b (1.2.3i)

Voype(k), if ky # ko1,

together with
Vie(k) = Quy by (Y Ypr1)e(k), (1.2.4a)
Qkakc+1 (yC»yc+1)7QkC+2,kc+1 (yC+27yC+1) . _
¢c+1wcwc+le(k) = ¢c¢c+1¢c€(k) + e<k)7 if kc - 'kc+27
Yeper1bee(k), otherwise,

(1.2.4b)

forall k € K, a,d’ € {1,...,
transposition (b,b+ 1) € &,,.
Remark 1.2.5. Let k€ K% a € {1,...,
ka = ka+2 is

n}, bb €{l,...,n—1}and c€ {1,...,n

n — 2} and let P := Q

ayka+1 *

Sasbatbasie(k) = Yothupac(k) + L b)) = Plas2 von1) gy

— 2}, where sy, is the

The relation (1.2.4b) for

(1.2.6)

Writing P(u,v) = >_,,>0 4" Pn(v), we get that the right side of (1.2.6) is well-defined and is an

element of A[Ya,Yat1,Yas2]e(k).

Remark 1.2.7. The generators in [Rou] are given by 1 = e(k), 4k = yae(k) and 7, = Yge(k).



When the set K is finite, in a similar way we can define the quiver Hecke algebra R,,(Q) as
the unitary associative A-algebra with generating set

{e(B) teern U{yr, - yn} U{t1, . b1} (1.2.8)

together with the same relations (1.2.3)—(1.2.4), where (1.2.3a) is replaced by

> e(k)=1. (1.2.9)

keK™

Defining for any « =g n the central idempotent

e(a) = > e(k) € Rn(Q), (1.2.10)
keK«
we have:
e()Rn(Q) =~ Ra(Q),
thus:
R.(Q)~ P Ra(Q). (1.2.11)
akExn

Note that this equality can be seen as a definition of R, (Q) is K is infinite.

We conclude this paragraph by introducing cyclotomic quotients of these quiver Hecke
algebras. Let A = (Ap)rex € N be a weight and a =g n. Let Pol® be the set of
families (ag)rex of monic polynomials with coeffficients in A such that aj has degree A and let
a = (ar)rex € Pol®. Following | , §4.1], we define the cyclotomic quiver Hecke algebra
RA%(Q) at a as the quotient of the quiver Hecke algebra Ry (Q) by the ideal Z2¢ generated by
the relations

ak, (y1)e(k) = 0, (1.2.12)

for all k = (kq,...,k,) € K% Similarly, if K is finite we define the cyclotomic quiver Hecke
algebra RA9(Q).

1.2.2 Case of quivers

Let T" be a loop-free quiver with vertex set K. For any k # k' € K, we write dj, ;y for the number
of arrows from k to k’. The Cartan matriz of T' is the matrix C' = (cg )k ek defined by

2, il =k
Ci k' = . (1213)
—dj 1 — dyr j;, otherwise,

for all k, k' € K. Following [ , §3.2.4] we associate with I' the matrix (Qp i)k ic i of bivariate
polynomials given by @) := 0 and

Qe (1, v) = (= 1) (4 — v) "% (1.2.14)
for any k, k" € K with k # k’. Moreover, we define:
R‘0¢<F) = Ra(Q)a

and if K is finite we also set R, (I") = Ry, (Q).
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We will be particularly interested in the case where I' has no multiple edges. In this case,
the definition (1.2.14) reads

0, ifk=Fk,
1, if kK,
Qe (u,v) = ¢ v —u, if k— K, (1.2.15)
u— v, if b+ K,
—(u—)? fESK,

where:
e we write k -/ k' when k # k’ and neither (k, k') or (K, k) is an edge of T;
e we write k — k' when (k, k') is an edge of T and (£, k) is not;
e we write k « k' when (K, k) is an edge of I and (k, k') is not;
e we write k S k' when both (k, k') and (K, k) are edges of T.

In this case, the defining relations (1.2.4) become in R,(I")

0, i ky = ko,
e(k), if kp 7~ kpt1,
vie(k) = < (ypr1 — vp)e(k), if ky — ko1,  (1.2.16a)

(Yo — Yor1)e(k), if ky  kpp1,
(Yor1 = Yb) (Yo — Yor1)e(k), if kp S kpya,
(Yeer1ve — 1)e(k), if kero = ke = ket

Yer1¥erre(k) = (Weberate + Le(k), Tf Ferz = ke i et1,
(Veber1¥e + 2Yer1 — Ye — Yera)e(k), if keyo = ke S keqt,
VYeber1ee(k), otherwise,

(1.2.16b)
foralke K¢ be{l,...,n—1}and c€ {1,...,n —2}.

We now give a remarkable fact about quiver Hecke algebras. Its proof only requires a simple
check of the different defining relations.

Proposition 1.2.17. Let I' be a loop-free quiver with vertex set K. The quiver Hecke algebra
Ro(T") is Z-graded via

dege(k) =0,
deg y.e(k) = 2, foralla e {1,...,n},
degqe(k) = —Chy korss forallae{l,...,n—1},

forall k € K*.

Now let A = (Ag)rek € N&) be a weight. We define a particular case of cyclotomic quotient
of Ry (I'), which will be important in Chapters 2 and 3.
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Definition 1.2.18. The cyclotomic quiver Hecke algebra R2(T") is the quotient of the quiver
Hecke algebra Ry (T") by the two-sided ideal Z2 generated by the relations

y (k) =0, (1.2.19)
for all k € K. In other words, if a® € Pol% is given by af(y) := y** for any k € K, then
RA(I) = RO (D).

Note that RA(T") inherits the grading of Re(T'). If K is finite, the cyclotomic quotient RA(T")
is obtained by quotienting R,,(I") by the relations

yie(k) =0,

for all k € K™. Moreover, we have e(a)RAMT) ~ RA(T) and
Ry (D)= @ R (D),
aEgn

and this can be considered as a definition of R2(T") if K is infinite.

1.2.3 Properties of the underlying modules

For each w € G,,, we now choose a reduced expression w = sg4, - - - 54, and we set:

T

Yw = Ya, Yo, € Ru(Q). (1.2.20)

Because of (1.2.4b), we cannot apply Matsumoto’s theorem (see, for instance, | , Theorem
1.2.2]), as in the case of Iwahori-Hecke algebras: the element v, may depend on the chosen
reduced expression for w € &,,. However, we can still use these elements to give a basis of R, (Q).
In fact, we have the following theorem ([[Rou, Theorem 3.7], | , Theorem 2.5)).

Theorem 1.2.21. The family
{Ywyi™ ---ynre(k) :w € &,,mq € NJk € K}
is a basis of the free A-module R (Q).

We do not have an explicit basis for the cyclotomic quotient, however we have the following
finiteness result of | , Corollary 4.4].

Theorem 1.2.22. For any weight A € N¥) and family a € Pol®, the A-module RA(Q) is
finitely generated.

Now assume that I' is a quiver with no loop. Let a |Fx n and let A € N) be a weight. We
will give a more precise version of Theorem 1.2.22. The following lemma appears at [ ,
Lemma 2.1] in the case where I' has (no loop and) only single edges, but the proof straight away
generalises to our case.

Lemma 1.2.23. The elements y, € R2(T') are nilpotent for any a € {1,...,n}.
We thus recover a particular case of Theorem 1.2.22.
Theorem 1.2.24. The family
BA = {uy™ - ymme(k) cw € S,,mg € Nk € KO},

is finite and spans RA(T') over A. In particular, if A = F is a field then R2(T') is a finite-
dimenstonal F'-vector space.

Note that it is not clear how to extract an F-basis from the generating family of Theo-
rem 1.2.24, or even to explicit a basis. Let us mention the works of Hu and Mathas [ | or
Hu and Liang [ ], for instance, who gave examples of explicit bases in very particular cases.
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1.3 Disjoint quiver isomorphism

In this section, we prove a general result on quiver Hecke algebras in the case where the quiver
is given by a disjoint union of full subquivers, see Theorems 1.3.47 and 1.3.57. The isomorphism
is built from the following map (see (1.3.50)):

Uy w — th/wlbﬁl)Et/,t,

for any w € e(t)R,(Q)e(t), where Ey ; are elementary matrices. In §1.3.1.2 we introduce the
elements 7¢, the minimal-length representatives of the right cosets of &, under the action of
the Young subgroup &) where A =4 n. This will lead to some calculations which will only be
needed to explicit our homomorphism Wy (. Then, in §1.3.2 we will study the elements 1), and
we will go on with the previous calculations. In §1.3.3 we prove the theorem for the quiver Hecke
algebra and in §1.3.4 we prove it for the cyclotomic quotients.

1.3.1 Setting

For simplicity we assume here that the set K is finite. We define J =Z/dZ ~ {1,...,d}. We
consider a partition of K into d parts K = L;csK;. We recall that the left action of w € &,, on
tuples is given by w - (z1,...,%5) = (Ty-1(1), - -, Ty-1(n))- We may use some elementary theory
about Coxeter groups: we refer for instance to | ] or | ]. In particular, in that context
we will denote by /¢ the usual length function &,, — N.

1.3.1.1 Labellings and shapes

Let X =4 n. We define the integers Ai,...,Aq, given by Aj .= i +---+ \; for any j € J. In
particular, we have Ay = A\; and Ay = n. We also set Ag := 0. In this section, from now on the
letter A always stands for a d-composition of n.

Definition 1.3.1. Let k € K™ and t € J".

o We say that k is a labelling of t when
k’a € K{a,

for all a € {1,...,n}, that is,
ke € Kj <= t, =],

for all @ € {1,...,n} and j € J. We write K for the elements K" which are labellings
of t.

e We say that t has shape X |=q n and we write [t] = X if for all j € J there are exactly \;
components of t equal to j, that is,

#laec{l,....,n}ta =7} =},
for all j € J. We write J* for the elements J" with shape \.

The sets J* are exactly the orbits of J™ under the action of &,,, in particular [w - t] = [{] for
every w € &, and t € J". Moreover, the cardinality of J* is
n!



We write t* € J* for the trivial element of shape A, given by

=7 = A_1<a<), (1.3.3)

a:
forall a € {1,...,n} and j € J, that is,
= (1,...,1,....d,...,d),

where each j € J appears exactly \; times. Note that K ~ Ki\l X - X K;‘d.

1.3.1.2 Young subgroups

Most results of this section are well-known. However, since in the literature they are stated
either for a left or a right action (see Remark 1.3.16), for the convenience of the reader we state
all of them with a left action. We remind the reader that some calculations made here will only
be used in §3.7, namely with Lemmas 1.3.19 and 1.3.20.

Let A =4 n. The following group:

6>\ IZGMX'--X(‘S)\UZ,

can be seen as a subgroup of &,, (the “Young subgroup”), where we consider that & PYa
S({Aj—1+1,...,A;}). Recall that:

e the group &, (resp. &,,) is generated by s1,...,8n—1 (T€Sp. Sx,_;+1,---,5x,-1);
e the subgroup &) is generated by the elements s, for all a € {1,...,n} \ {A1,..., Aq}.
In particular:
wjwy = wiw; in Sy, (1.3.4)
for all j # j" and (w;, wy) € &, x Sy, -

Remark 1.3.5. If w = sq, -+ 84, € &) is a reduced expression, by (1.3.4) we can assume that
there is a sequence 0 =t rg < ry < --- < rg_1 < rq = r such that for each 5 € J, the word
Sap 41" Say, is reduced and lies in &;. The converse is also true: if for each j € J we have a

] . . .
reduced word Sap; 117" Sar, C] X then their concatenation sq, - - 84, € Gy is reduced.

The following proposition is straightforward.
Proposition 1.3.6. The stabiliser of t* under the action of &, is exactly S.
We now study the right cosets in &,, for the (left) action of &j.
Lemma 1.3.7. Two words w,w' € &, are in the same right coset if and only if w™'-t* = w'~1- 4.

The proof is straightforward from Proposition 1.3.6. An element C' € &),\&,, is thus
determined by the constant value t := w™! -t} € J* for any w € C. We write C; for the coset C
(as each t € J™ has a unique shape, we do not need to precise the underlying composition in the
indexation). Noticing that my = |&,|/|S,|, we conclude that the cosets are parametrised by
the whole set J?, that is, G\\&,, = {Ci}en-

We know by [ , Proposition 2.1.1] that each coset C; has a unique minimal length element:
we write m¢ € Cy for this unique element. In particular, since Lemma 1.3.7 gives

weC —= w-t==t" (1.3.8)

for all w € &,, we obtain the following proposition.
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Proposition 1.3.9. The element w¢ is the unique minimal length element of S, such that
Tt =t (1.3.10)

Remark 1.3.11. The decomposition into right cosets is obtained in the following way. Given
w € &, we know that w belongs to the coset C¢ with t :=w™!- t*. The element @ ! :== maw™?
stabilises +*, thus lies in &y and we have w = wny.

Proposition 1.3.12. The elements m¢ are given by
m(a) =A—1 +#{b<a:t =1},
foranya € {1,...,n}.

An example is given in Figure 1.1. To prove Proposition 1.3.12, we will use the vocabulary

{1,...,6} 1 2 3 4 5 6
t 3 1 3 2 3 1
& 1 1< 2 "3 3 3
{1,...,6} 1 2 3 4 5 6

Figure 1.1: The permutation m¢ for A .= (2,1,3) =3 6 and t == (3,1,3,2,3,1).

of “tableaux” (see for example | , §3.1]). As a quick reminder, a A-tableau T is a bijection
{(jym) e N*:1<j<dand 1 <m < \} — {1,...,n}; the tableau T is row-standard if in
each rows, its entries increase from left to right. Here are two examples of A-tableaux, with
A=(2,1,3) 3 6:

6| 2|

9

i

13|5\ 61|4\

the first only being row-standard.

To any t € J*, we associate the M-tableau 7; given by the following rule: for any j € J and
m € {1,..., )}, we label the node (j, m) by the index a of the mth occurrence of j in t, that is,
by the integer a € {1,...,n} determined by:

to=jand #{b<a:t =t} =m. (1.3.13)

In particular, the tableau 7 is row-standard; conversely, each row-standard A-tableau is a 7
for a unique t € J*. With the notation of Figure 1.1, here are two examples of row-standard
A-tableaux:

Tt:26\ 7 T = 2\

315 | 14]5]6 |
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We consider the natural left action of the symmetric group &,, on the set of A-tableaux: if
w € &, and T is a A-tableau, the tableau w - T is obtained by applying w in each box of T. If
now 7 and T’ are two A-tableaux, we write 7 ~ T’ if for all j € J, the labels of the jth row
of T are a permutation of the labels of the jth row of 7.

Lemma 1.3.14. For any w € &,, and t € J* we have
w-Ti~ T = w-t=1t
Proof. If j € J and m € {1,...,);}, we denote by a[j,m] the label of the box (j,m) of T;.
By (1.3.13) we have t,; ,,,) = j. We get:
w-Ti~Tp <= VjeJVme{l,..., \j}w(a[j,m]) € {1 +1,..., A}
— VjeJVmel{l,.. .,)\j},tg(a[j’m]) =
= Vi€ J¥me {1, N} B ajm)) = taljml
= Vae{l,...,n}thu =ta
= Vae{l,....n}t) =t, 1,
w-Ti~Tp <= P =w-t
as desired. ]

Proof of Proposition 1.3.12. Let t € J*. There is a unique element d(t) € &, such that
Ti = d(t) - Tpr, that is, d(t)~1 - Ty = Tia. By the equation of the coset C; given at (1.3.8) and

Lemma 1.3.14, we get that d(t)~! € C. Applying | , Proposition 3.3], we know that d(t)~!
is the unique minimal length element of C;. As a consequence, we have d(t)~! = 7 and thus:
e Te = Ter. (1.3.15)

Let j € Jand m € {1,...,);}, and let a (respectively ) be the label of the box (j,m) in T¢
(resp. Tp). In particular, by (1.3.13) we have o = Xj_1 + m. Moreover, by (1.3.15) we have
mi(a) = . We conclude that the announced formula is satisfied, since, by a last use of (1.3.13),
we have j =t, and m = #{b<a:t =t,}. O

Remark 1.3.16. In | ], the author considers the elements of &,, as acting on {1,...,n} from
the right, by iw := w(i) where i € {1,...,n} and w € &,, is a permutation. This is the right
action of GP. In such a setting, we read products of permutations from left to right.

Lemma 1.3.17. Let t € J* and let 7 = Say ** * Sa, be a reduced expression. Then
Sap, * (Wm - t) # wpy, - £,
for allm € {1,...,r}, where wy, == 5q4,,,, " Sa, (With wy,, =1 if m=r).

Proof. Let us assume that s,,, - (W, - t) = Wy, - t and define T == 54, - Sa,,_; Sapmsr ** * San- Using
the assumption and the equality 7 - t = £}, we see that the element 7, satisfies 7 - t = ¢ too.
As the element 7 is strictly shorter that m (since sq, - - - Sq, is reduced), this is in contradiction
with Proposition 1.3.9. O]

Remark 1.3.18. Using t = 7rf1 -t in Lemma 1.3.17, we get the following similar result for 77(1.

If mg - Sa, " *Sq, 1S a reduced expression, then
! A / A
Wy - ¢ #Sam'(wm't%

for all m € {1,...,r}, where w],, == sq4,, ;" * Sa;-
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The next two lemmas are not essential to the proof of the main theorem of this section,
Theorem 1.3.47; however, they will allow us to relate our construction to the one of | , PA].
Lette J"and a € {1,...,n—1}. We give in the next lemma the decomposition of Remark 1.3.11
for the element m¢s,. This is in fact a particular case of Deodhar’s lemma (see, for instance, [ ,
Lemma 2.1.2]).

Lemma 1.3.19. Let t € J" and a € {1,...,n—1}. The element ms, belongs to the coset Cs, +,
more precisely we have:

{Swt(a)ﬂ-t ’Lf ta = ta+1,
T¢Sq = i
Tsq-t if ta # tat1-

Proof. First, from (1.3.8) we have s, - (54 - t) = t* (where \ = n is the shape of t) thus ms,
lies in the coset Cj_.+.

We assume that t, = t,11. We have 7rtsa7rt_1 = (m(a), m(a + 1)), and we conclude since
mi(a + 1) = m(a) + 1 by Proposition 1.3.12.

We now assume that t, # t,41. Using the same Proposition 1.3.12, we know that the
permutation w = 7 '7,,.« € &, is supported by {a,a 4+ 1}. Thus, either w = s, or w = id.
Since t # s, - t we have 7y # 74,1, hence w # id. Hence, we get w = 34, that is, msq = 75,4 O

We now generalise the result of Lemma 1.3.19 in the case t; = tqy1.

Lemma 1.3.20. Lett€ J" and a € {1,...,n — 1} with t, = ty41. Let sp, -+ sp, be a reduced
expression of m and set wy, = s, ., - Sy, Ifbe {1,...,n — 1} satisfies s, = Wi Sqw,," for

some m € {0,...,r}, then:

.
TtSa = Sby *** Sby, SbSbpy1 *** Sby
s a reduced expression. Moreover, every reduced expression of ms, s as above.

Proof. We first make an observation. As t, = t,41, we deduce from (1.3.8) that the element
mSe remains in C;. Hence, by minimality of m¢ we have:

E(msa) > E('R—t). (1321)

Let now sp, - - - sp, be a reduced expression of m¢ and let b € {1,...,n — 1} and m € {0,...r}
such that s = wmsaw;ll. We have:

MiSa = by *** Sbyy WmSa = Sby *** by bW = Sby " ** Sbyy SbSbyygy *** by

and this expression is reduced since £(msq) = £(m¢) + 1. Conversely, let sy - - s, be a reduced
expression of mgs,. Since £((m¢Sq)Sa) < £(mesq), we can apply [ , §5.8 Theorem]: we know
that there is some m € {0,...r} such that Spy - “ 8y -+ sp. is a reduced expression of i, where
the hat denotes the omission. We have:

Sbé...sb;‘:sz)...sbin...sbg‘sa’

thus:
—1

Sb;n = WmSaWy, ,

her = e Sy n = b/ and:
where wy, = sy sy, We now set b :=b,,, and

b '_{;_1 ifpe{l,...,m},
p = .
v, ifpe{m+1,...r}

Moreover:
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e the expression sp, - -+ 55, = Sty t Sy, Sy, = T s reduced;
e we have w,, = S,y T Sb T Sbyr " Sbyj
e we have s, = Sy = WmSaW

b b, moaWpn »

thus the reduced expression ms, = Spy ***Sb, = Sby *** Sby SbSby iy * Sb, 1 of the desired form. [

m+1

Remark 1.3.22. Let sp, -+ sp,. = m be a reduced expression and set wy, = sp,, ., **
any m € {0,...,r}, there exists ¥’ € {1,...,n — 1} such that sy = wy,s,w,,' if and only if
wm(a + 1) = wy,(a) £ 1. Moreover, as Lemma 1.3.17 ensures that wy,(a + 1) > w,(a), we have
wm(a+1) =wn(a) £1 <= wyla+1) = wpy(a) + 1.

- 8p.. For

T

We end this subsection by introducing a notation. If t € J* and k € K"A, we define:
k' =71 kc K'Y (1.3.23)

in particular, we may denote by k' the elements of K*.

1.3.1.3 A “disjoint quiver” Hecke algebra

We consider the setting of §1.2.1. Note that since K is finite, we can consider the quiver Hecke
algebra R, (Q). Recall that the generators of R, (Q) are given at (1.2.8) and are subject to
the relations (1.2.3)—(1.2.4), where (1.2.3a) is replaced by (1.2.9). As we noticed in §1.2.3, the
elements 1), do not satisfy the same braid relations as the elements s, € &,. In particular,
if sy, -+ - sp, is a reduced expression different from the chosen one for w € &,,, we may have
Uy - - Up, # Y. However, according to Remark 1.3.5 we can assume that we chose the reduced
expressions such that

%; = ¢w1 e .w’UJd7 (1'3-24)

for all w = (w1, ...,wy) € 6. To that extent, we can first choose some reduced expressions for
the elements of the subgroups &,; for all j € J and then by product we obtain the reduced
expressions of the element of &y. We now assume that we did such choices. Note that, concerning
the elements of S, \ &), we can arbitrarily choose their reduced expressions.

We now assume that the matrix @) satisfies

Qrp =1, (1.3.25)

for all j # j" and (k, k') € Kj x Kj. When the matrix @ is associated with a quiver I" (recall
§1.2.2), the condition (1.3.25) is satisfied when I' is the disjoint union of d proper full subquivers
I't, ..., 79 It means that:

e if v is a vertex in I' then there is a unique 1 < j < d such that v is a vertex of I'/;
e if (v,w) is an edge in I" then there is a (unique) 1 < j < d such that:

— the vertices v and w are vertices of IV,

— the edge (v,w) is an edge of I'V.

Such a disjoint union in d proper subquivers will be encountered in Chapters 2 and 3. Moreover,
regarding the Cartan matrix of I' (defined at (1.2.13)) we have

Ck.k' = 0, (1.3.26)
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for all j # 5’ and (k, k") € K; x Kj, that is, up to a permutation of the indexing set, the Cartan
matrix of I' is block diagonal. Finally, for any j € J we define

Vi, K € Kj, QL = Qup- (1.3.27)
For each j € J and n’ € N, we have an associated quiver Hecke algebra R, (Q7).

1.3.1.4 Useful idempotents

We define in this section some idempotents of R,,(Q) which are essential for our proof. Thanks
to the defining relations (1.2.3b)—(1.2.3d) and (1.2.9), for each A =4 n the following element:

=Y Y e(k), (1.3.28)

teJ> keKt

is a central idempotent in R, (Q), that is, e(\) = e(\)? commutes with every element of R, (Q).
Moreover:

e if \ =4 n is different from A then e(A)e(N) =0
e we have 3y ,e(A) =1;

hence we have the following decomposition into subalgebras:

Ru(@) = @ eNRa(Q). (1.3.29)

AEan

For any t € J*, we also define the following idempotent:

keKt

We can note that e(X) = > j» e(t). Moreover, we have e(t)e(t') = 0 if t' € J™\ {t}. We now
give some lemmas which involve these elements e(t).

Lemma 1.3.30. Let t € J*. We have the following relations:

VaYatr1€(t) = Yaae(t), if ta # tat1,
YaYae(t) = Yat+19ae(t), if ta # tata,

Vae(t) = e(t), if ta # tat1,
Var1¥atar1e(t) = Yaar1vae(t), if ta # tato.

Proof. Let us first prove the first one. Let k € K. We have k, € Ky, and k11 € Ky, 41 with
ty # tat1 thus k, # kqy1. Hence, we get the result using the defining relation (1.2.3h) by
summing over all k € K. The proofs of the second and the last equalities are similar.

Let us now prove 12e(t) = e(t) if t, # to41. Let k € K. We have k, € Ky, and kg1 € K,
with t, # teq1 thus Qp, k.., = 1 (see (1.3.25)). Hence, the defining relation (1.2.4a) gives
Y2e(k) = e(k), and we again conclude by summing over all k € K*. O
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1.3.2 About the elements ¢,

Here we prove some identities which are satisfied by the elements we have just introduced. Some
of them will be essential to the proof of Theorem 1.3.47, while others will only be used in §3.7,
namely with Lemmas 1.3.39 to 1.3.41. We first study some properties about the elements 9y,
for any t € J". We begin by the most important one, which is mentioned in the proof of | ,
Lemma 3.17].

Lemma 1.3.31. Let t € J". If sq, -~ 54, and Sp, - - - sp, are two reduced expressions of my, then:

Yay - Ya,e(t) = Py -~ P, e(t).

In other words the element Vr.e(t) € Ry, (Q) does not depend on the choice of a reduced expression
for .

Proof. By Matsumoto’s theorem, it suffices to check that every braid relation in sg, - - - 54, also
occurs in g, - - - g, e(t). By (1.2.3g), it is true for length 2-braids so it remains to check the
case of the braids of length 3.

Suppose that we have a braid of length 3 in s4, - - - S4,, at rank m. Thus, we have a,, =
Umt2 = a1 £ 1. We set a = min(am,, am+1). With w) :== sq, -+ 84, _, and w, = Samis " Saps
we have:

Wi (8q8a415q)Wr = Wi(Sa4+150Sa+1)Wr,

and we have to prove, with ¥ = ¥, - - - ¥q,, , and Yr =g, 5 Va,,

P (%%H%)%@(Q =1 (7/}a+1 YaVat1 )¢r€(t) .

Using (1.2.3d), this becomes, where s := w; - t,

V(Yatar1¥a)e(s)r = Vi(Yar1¥atat1)e(s) . (1.3.32)

By Lemma 1.3.17, we have sS4, *(Sapi2°5) 7 Sam.o5. Thus, we have either sq-(sq41°5) # Sa41-5
or Sg+1 - (Sq - 8) # Sq - 5. Both cases give s, # 8442, hence, applying Lemma 1.3.30 we know
that (1.3.32) holds. O

Remark 1.3.33. In particular, if k € K* then ¢, e(k) € R, (Q) does not depend on the choice of
a reduced expression for m¢ (note that ¢ e(k) = ¥re(t)e(k)).

Similarly to Lemma 1.3.31, using Remark 1.3.18 we prove that for any t € J* the element
e()ih, 1 =¥, 1e(t) € Ru(Q), (1.3.34)

does not depend on the chosen reduced expression for m 1. 'We now give some analogues of the
results of Lemma 1.3.30.

Proposition 1.3.35. Let t € J*. We have:
w,r;l%t@(f) = e(t)7
U re(t) = e(th).

Remark 1.3.36. Both factors wﬂ_zl and 1, do not depend on the choices of reduced expressions:

for instance, using (1.2.3d) we have 1)_-19re(t) = ¥_-1e(t")1br, thus we can apply Lemma 1.3.31
t t
and (1.3.34).
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Proof. We only prove the first equality, the proof of the second one being entirely similar. Let
Say -+ - Sa, be a reduced expression for . We prove by induction that for every m € {1,...,r+1}
we have

wﬂt—”/]me(t) = war o 'wamwam e T/JaTe(t)- (1337)

First, the case @ = 1 comes with the definition of ¢_-1e(t}) and re(t). Now, if (1.3.37) is true
t
for some m € {1,...,r} we have, using (1.2.3d),

Vp1Ume(t) = Yo, - Vi Vi, (Wi - Yaypy - Va, (1.3.38)

where wy, = 54,,,, * - * Sa,- By Lemma 1.3.17, we know that (wy, - t)a,, # (Wm * t)a,,+1. Hence,
by Lemma 1.3.30 we have 92 e(wy, - t) = e(wy, - t) thus (1.3.38) becomes

wﬂflwme(t) = 1/1117" e 'wam+1 e('wm : t)wam+1 T %M
which becomes, with a last use of (1.2.3d),
wﬂ;lwme(t) = war T wam+1wam+1 o 'ware(t)-

Thus (1.3.37) holds for every m € {1,...,r+1}, in particular for m = r+1 we get the statement
of the Proposition. O

Once again, what follows is not essential to the proof of the main result Theorem 1.3.47.
However, it will allow us to relate our construction to the one of | , PA]. With a similar
proof as Proposition 1.3.35, we obtain the following lemma.

Lemma 1.3.39. Leta € {1,...,n} and t € J*. We have
yalﬁme(t) = Q/meﬂ;l(a)e(t)y
Yaro1e(t) = U 1y e(t).
We now want to see what is happening with Lemma 1.3.19 for the associated elements ),,.

Lemma 1.3.40. Let t€ J" and a € {1,...,n — 1} such that t, # tor1. We have
e(t)@bwrlwﬂsa« = 6(’()1[)(1,
Proof. By Lemma 1.3.19 we have {(75,.¢) = ¢(m) £ 1. We now simply distinguish cases.

o We first assume that ¢(ms,.¢) = ¢(m¢) + 1. Hence, applying Lemma 1.3.31 for the elements
Ur,,. and P, we have e(t')r, = e(t")1r 1. Finally, using Proposition 1.3.35 we have:

e(t)@bwrlwﬂsa.t = 'l;bﬂ;le(t)\)lﬁmwa = 1/J7T;1¢m€(f)¢a = €(f)¢a-

e We now assume that £(7,,.¢) = £(m¢) — 1. Hence, we have £(r; 1) = E(ﬂs_al_t) + 1. Recall that
7' = samy Y. Using the extension (1.3.34) of Lemma 1.3.31, we get e(t) -1 = e(t)hh,
@ t sa-t
and finally:

e(t)¢w:1wﬂsa~t = ae(sq - t)wﬂgal't¢7rsa-t = 1ae(sq - t) = e(t)tq.
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Lemma 1.3.41. Lett€ J" anda € {1,...,n—1} such that t, = to41. The element s, e(t) €
R, (Q) does not depend on the choice of a reduced expression for ms,. In particular,

wm 7,/}@6({) = ¢7rf (a) Qbme(f) :

Proof. As in the proof of Lemma 1.3.31, it suffices to prove that every 3-braid relation which
occurs in a reduced expression of ms, is also satisfied in the corresponding element of R,,(Q)e(t).
By Lemma 1.3.20, we know that any reduced expression of m¢s, can be written s, - - - sp,, where
there is m € {0, ...r} such that:

e the word sp, - - 3p,, - - - Sp, is a reduced expression of my;

e we have s, = wmsawfnl with wp, == $p,,,.1 - Sp

-

We suppose that a 3-braid appears in sy, - - - sp, at index [, that is, we have b; = bj12 = b1 £ 1.
We set b := min(b, b1 1). We want to prove that, with iy = vy, -9y, and 9y =y, , - Py,

V1(Ypp19n)1bre(t) = V1(Yps1¥ptpg1)re(t).

To that extent, as in the proof of Lemma 1.3.31, thanks to Lemma 1.3.30 it suffices to prove
that s, # 5,40 Where s .= sp, . -+ - 5p, - L.

e If m <[+ 1 then applying Lemma 1.3.17 we have sy, - (S,,, - 5) # Sp,,, - § thus s, # 5p19.
e The case m = [+ 1 is impossible: as b; = b9, if m =1+ 1 we would have b,,—1 = by41

and this is nonsense since the expression sp s, ., is reduced (as a subexpression of the
reduced expression sy, - - - 8, - - - Sp, = 7).

m—+41

e If m =1+ 2 then by Lemma 1.3.17 we get sy, - (Sp,,, - §) 7 Sp, - 5 thus 5 # s5p49.
e Finally, if m > [+ 2 then we can notice that

5:3bl+3...§b ...Sb.t

m T

(since sp,, - (W - t) = Wy, - (8 - t) = Wy, - t; recall that s, = wys,w,,! and t, = te1).
Hence, we deduce once again the result from Lemma 1.3.17.

The last statement of the lemma is now immediate. As t, = t,11, we can use (1.3.21
hence Vs, e(t) = Y bee(t). Moreover, applying Lemma 1.3.19 another consequence of (1.3.21
is £(Sr(a)T) = £(m) + 1, thus we get Yrs,e(t) = VYra)¥re(t). Finally, we have 1z, e(t)
wmwae(t) = wm(a)wme(w'

)
)

O

1.3.3 Decomposition along the subquiver Hecke algebras

We are now ready to prove the main result of this section: we will give in Theorem 1.3.47 a

decomposition of R, (Q) involving the algebras R,,;(Q’) for j € J.

1.3.3.1 A distinguished subalgebra

In this paragraph, we prove the key of Theorem 1.3.47. Recall that we have set in (1.3.27)
Qh = Qn,

for any j € J and k, k' € Kj. Let A\ =4 n be a d-composition of n. We define the following
algebra:

RA(Q) =Ry, (@) @ @Ry, (Q).
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With ey := e(t"), we prove here that we can identify Ry (Q) with the subalgebra e\R,,(Q)ex
(with unit ey). We reindex the generators ¢1,...,%y, -1 and y1,...,y»; of RAj(Qj), respectively

by ¥x; 41, -+, ¥x;—1 and yx,;_;+1,- .., Ya,. In particular, we set
Vi = Yy ® - @ P, € RA(Q),
for any w = (wy,...,wq) € &) and
Pk, .. kY =e(kh) ® - ®e(k?) € Ry(Q), (1.3.42)

for any k = (k',..., k%) € KM x --- x K;‘d.
Lemma 1.3.43. The following family:
{Yut - yime(k),w € &y, ma €N k€ K}, (1.3.44)

is an A-basis of exR,(Q)ex. Moreover, the algebra exR,(Q)ey is exactly the (non-unitary)
subalgebra of R, (Q) generated by:

o the elements Pqey for alla € {1,....n}\{A1,..., Aa};
o the elements ygey for all1 < a < n;
o the elements e(k) for all k € KY.

Proof. The first part is a immediate application of Theorem 1.2.21, (1.2.3¢c), (1.2.3d) and
Proposition 1.3.6. It remains to check that eyR,,(Q)ey is the described subalgebra, subalgebra
that we temporarily denote by R. First, all the listed elements belong to e R,,(Q)ex. Note
that to prove yqex € exR,(Q)ey for any a # Aj, we can either use the above basis, or we can
simply use (1.2.3d) to get Yaen = Yae3 = extbger. Hence, we have R C eyR,(Q)ey. Finally, we
conclude since every element of the basis (1.3.44) lies in R. O

Lemma 1.3.45. There is a unitary algebra homomorphism from Ry (Q) to exR,(Q)ex.
Proof. We define the algebra homomorphism from Ry (Q) to exR,,(Q)ey by sending:
e the generators ¥ € R)(Q) for any a € {1,...,n}\ {A1,..., Aq} to Yeex € exRn(Q)en;
e the generators y, € R)(Q) for any b € {1,...,n} to ypey € exR,(Q)en;
e the generators e¥ (k) € R)(Q) for any k € K* to e(k) € exRp(Q)en.

It suffices now to check the defining relations of Ry(Q). We will only check (1.2.3h)—(1.2.4b),
the remaining ones being straightforward.

(1.2.3h). Leta & {A1,...,A¢} and k € K©'. If k, € Kj, as a # Ajs for any j' we have ko1 € K
(cf. (1.3.3)). Hence, in R)(Q) the relation (1.2.3h),

(ya¢§ + 1)6®(k), if ka — ka+17

® O (k) =
Yo Yatr€” (k) {yaﬂ)?e@(k’)v if ko # ka+1,

comes from the corresponding relation in Ry, (Q7). The same relation,

(yawa + 1)e(k)7 if kg = ka+1a
ya%@(k)a if ka 7é ka-‘rla

is satisfied in eyR,(Q)ey, as a relation in R, (Q).

¢aya+1€(k3) = {
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(1.2.3i). Similar.

(1.2.4a). Similarly, the indices kq, kq+1 are in a same K;. Hence, the relation (1.2.4a) in R)(Q)
comes from a relation in Ry, (Q7), and the same relation is satisfied in eyR,,(Q)e.

(1.2.4b). For any j € J and a € {A\j—1 +1,...,A; — 2}, the relation (1.2.4b) is a relation from

R, (Q7), and this same relation is satisfied in exRp(Q)en.
O

Proposition 1.3.46. The previous algebra homomorphism R (Q) — exR,(Q)ey is an isomor-
phism. In particular, we can identify Rx(Q) to a (non-unitary) subalgebra of R, (Q).

Proof. We know by Theorem 1.2.21 that Ry, (Q?) has for basis

mx._,+1 m. - y Aj
{wwjy)\,-jl—il ...y)\j Je(k]) Twj € 6,\j,ma eN K ¢ ij}.

J

Hence, the family
{ Sy?"bly?ne@(k)wé 6)\ama Gva eKi\l X X Ké\d}a

is a basis of R)(Q). We conclude since by (1.3.24) the homomorphism of Lemma 1.3.45 sends this
basis onto the basis of exR,,(Q)ey given in Lemma 1.3.43. (In particular, note that %% € Ry (Q)
is sent to Yyex € exRy,(Q)ey for any w € G).) a

1.3.3.2 Decomposition theorem

We recall the notation my introduced at (1.3.2) for any A =4 n.

Theorem 1.3.47. We have an A-algebra isomorphism

Rn(Q) = @ Matm,Ra(Q).

AEan

Note that, with a similar proof, we can also give such an isomorphism if K is infinite,
decomposing the algebra R, (Q) for any o =x n. The remaining part of this paragraph is
devoted to the proof of Theorem 1.3.47. Due to (1.3.29), it suffices to prove that we have an
A-algebra isomorphism

e(AM)R,(Q) ~ Mat,,, RA(Q). (1.3.48)

Let us label the rows and the columns of the elements of Mat,,, RA(Q) by (¥,t) € (J*)2, and
let us write Ey ; for the elementary matrix with one 1 at position (¢, t) and 0 everywhere else.
Recall the following property satisfied by the Ey :

Vi, t,5,8 € J By Ey g = 6o By s (1.3.49)
We have the following A-module isomorphism, where t,t' € J*,
e(t)Rn(Q)e(t) ~ RA(Q)Ey 4.

Indeed, let us define
Oy RA(Q)Ey — e(t)Rn(Q)e(t),
) (1.3.50)
Py e(t)Rn(Q)e(t) = RA(Q) By,
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(I)t’,t(UEt’,t) = 1/J7rt—/1’l)1/17n, fOI' all RS R)\(Q),
Uy ((w) = (Q/)ﬂ—t,wwﬂ,rl)Et/’t’ for all w € e(t)R,,(Q)e(t).

The goal sets of (1.3.50) are respected, according to (1.2.3d), (1.3.10) and Proposition 1.3.46.
Indeed, for instance we have, for any v € Ry(Q) ~ exRn(Q)ex,

Py (vEy ) = ¥ —10n,
= 1/1;,16(9)”6(9)%1
= e(;gl : t)‘)wﬂ;wwme(ﬂfl )
= e()ivdme(t) € e(t)Ra(Q)e(t).

Remark 1.3.51. Our map ®y ¢ is similar to | , (17)].

Furthermore, these two maps ®y and Wy ¢ are clearly A-linear and by Proposition 1.3.35
these are inverse isomorphisms. We now set:

@ Dy ¢ - Maty,, RA(Q) = e(MNRn(Q),
t,teJ>

D Vv e(NRH(Q) = Maty,, RA(Q).

t,teJr

(1.3.52)

From the properties of ®¢ ¢ and Wy, the above maps are inverse A-module isomorphisms; it
now suffices to check that ¥ is an A-algebra homomorphism. This property comes from the
following one:

Uy t(wy )V s (W 5) = Uy s(wy (s ), (1.3.53)

where t,t, 5,6 € J*, wy ¢ € e(t)R,(Q)e(t) and wy ¢ € e(s")Rn(Q)e(s). The equality (1.3.53) is
obviously satisfied when t # s’ since both sides are zero, thus we assume t = s'. We have, using
Proposition 1.3.35 and noticing that wys = e(t)wys,

Uy ((wy ) Ve s (e s) = Py ((wp 1) Pis(wis)
= (Vrywy 1) (Vrwist, 1) By (Ey s
[ (i T
= wmr wt’,twjﬂ—lwme(t)]wbswﬂ—l Ey
t S5
= 1/1@, wt’,twt,slﬁﬁs—l Ey 5
= \Ilt/,s(wt/,tws’,s)'

Finally, the maps ®, and ¥, are inverse A-algebra isomorphisms. We deduce the isomor-
phism (1.3.48) and thus Theorem 1.3.47.

Remark 1.3.54. For any k € K, we write here k* == m- k € K. Using Proposition 1.3.35 and
Lemmas 1.3.39, 1.3.41, we can give the images of the generators of e(A\)R,,(Q) for each t € J*
and k € K':

U, (e(k)) = e(k:*)EL 6
Ua(Yae(k)) = Yr(a)e(K") B, forall a € {1,...,n},
Uy (Yae(k)) = ataly 1e(k*)Es, ¢,

Ymy
1/J

s , .fta tor1,
{ att 1 7 tat foralla e {1,...,n—1},

1/}7“(0,)6 Et 6 if ta = ta+17
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(note that wsa.tsawt_l =

id if ¢ t
{1 ift, # a+1, cf. Lemma 1.3.19). We observe that these images

Sm(a) if t, = ’ta+1
look like those described in | , (22)] and [PA, (3.2)—(3.4)].

Remark 1.3.55. We consider the setting of Proposition 1.2.17. We can prove that the algebra
isomorphism R;,(Q) >~ @) ,,Mat,;,, RA(Q) is a graded isomorphism (with the canonical gradings
on the direct sum, matrix algebras and tensor products). In particular, we have (recall the
notation k' of (1.3.23))

deg vy —1e(k) = deg re(k') =0,
t/

as a consequence of Lemma 1.3.17 and Remark 1.3.18. Indeed, if fors € J” and a € {1,...,n—1}

we have s, # §,41 then for any k € K* we have ¢y, ,,, = 0 (cf. (1.3.26)).

1.3.4 Cyclotomic version

Let us consider a weight A = (Ag)ker € NK and a family a = (ag)rex € Pol. For any j € J,
we write AJ € N&i (respectively o/ € Pol%) the restriction of A (resp. a) to K;. We show here
how the isomorphism of Theorem 1.3.47 is compatible with cyclotomic quotients, as defined
in (1.2.12).

1.3.4.1 Factorisation theorem

For any A =4 n, we define the cyclotomic quotient Rf\x’a(Q) of R\(Q) by
141 d .d
RAUQ) =Ry, * (@) @ Ry (QY),
that is, Rf\x’a(Q) is the quotient of R)(Q) by the two-sided ideal generated by the relations
a, (Ya)e(k) = 0, (1.3.56)

for all k = (k1,...,kn) € K anda € {Aog+1,..., Aq_1 + 1}.

Theorem 1.3.57. The isomorphism of Theorem 1.3.47 factors through the cyclotomic quotients,
in other words we have

RA(Q) ~ @ Mat,, RyY(Q).

AEan

Proof. Let X\ =4 n and let J (resp. J)) be the two-sided ideal of e(A)R,,(Q) (resp. Rx(Q))
generated by the elements in (1.2.12) (resp. (1.3.56)). It suffices to prove that Wy (J) = Mat,,, J,.
We first prove W) (J) C Mat,,, Jy. Each element of J can be written as

Ay
Z z Z v chimy{”e(kt) w.

v,wERL(Q) teJX kle Kt [m=0

By (1.2.3d), Proposition 1.3.35 and Lemma 1.3.39, the previous element becomes

Ayt
Z Z Z m/’wgl ch;myﬁfu)e(m'k*) Yrow.
m=0

v,wERR(Q) teJ* kte Kt
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As W, is an algebra homomorphism and Mat,,, J) is a two-sided ideal, it suffices to prove that
for any k € K** and t € J* we have, with a :== (1),

Ay,
Z Ckam\lj)\(y;ne(k)) € Matm)\(j)\)'
m=0

The above element is exactly
Aky

Z Ckamygne(k)EtMA
m=0

(recall that m» = id), hence we are done since the element ngkio CkomYgre(k) lies in Ty, in
particular, there is a j € J such that a = X;_1 + 1, cf. Proposition 1.3.12.
We now prove J O ®,(Mat,,, Jy). Each element of Mat,,, J can be written

Aka
S Y Y ¥ v[zckamyzew,t

t,¥eJX v,weRN(Q) ge gt a€{Ao+1,...,Ag_1+1} m=0

w.

As @, is an algebra homomorphism and J is a two-sided ideal, it suffices to prove that for
any t,t € JA ke K and a = Aj_, + 1 for j € J we have

Ake
Y cham@a(yg'e(k)Eyy) € 3.
m=0

We consider an element s € J* which satisfies s; = j (we can take for instance s := (1, a)-t");
note that 75(1) = XAj—1 + 1 = a. Using (1.3.49), we can write the above element

Ay,
Z Ckamq))\ (y;ne(k)Et’,s)(I))\(Eﬁ,t)a
m=0

hence it suffices to prove that

Ak,
a= " cym®r(yy'e(k)Eyy),
m=0

belongs to the ideal J. We obtain

Ay,

o = Z ckamwﬂfy;ne(k)wﬂs
m=0

Ay,
= Z ckamwﬂ—/1wﬂﬁygl(a)e(ks)
m=0 ¢ ;

A,

= djwt—/l"l}ﬂ's Z Ckamyine(ks)v

m=0

where we recall the notation k° € K* from (1.3.23). We have kj = k,, thus we obtain

Ags
o= qpﬂ:llz/;ﬂs Z cremyy e(k?),
m=0
€J
and we are done. O
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1.3.4.2 An alternative proof

We explain here how we can get Theorem 1.3.57 from | , §3.2.3]. We assume that @ is
associated to a (finite) quiver I' with no loops. As we saw in §1.3.1.3, for any j € .J the matrix Q7
is associated to a full subquiver I'V of I'. Any I'V is a union of connected components of I" and
I'= Hjejrj. We assume that A = 7, c i Agwy, where the wy, are the fundamental weights related
to the ambient Cartan datum (we refer to | , §3.2.2] for more details). We define the set

Kp = {(kym)e K xN:ke K,me{0,...,Ax}}.

For any t = (k,m) € Ka, we write k; := k and w; := wy. Finally, for convenience we introduce
some notation:

e we write =4 instead of =k, ;

e if i (respectively v) is an r-composition (resp. s-composition), we set mz = :i;:::}”ﬁ; in
particular with the 1-partition v := (u1 + -+ 4 p1r) we recover my, = my,.
Theorem 1.3.58 ([ , Theorem 3.15]). There is an algebra isomorphism
A w
Ry~ € Maty,, (@ Rn;(r)> :
(ne)tl=an teKp
If we look closer to the proof of | ], comparing to the proof of Theorem 1.3.47 the idea

is still to consider some elements e(t) but with idempotents which “refine” the idempotents
e(k) (these idempotents are indexed by K}, which is much bigger than K™). In particular, the
following isomorphism for any A =4 n, writing (n7); for the restriction of (n;)ick, to K,j,

Mat,,, R4 (T) =~ P Matyn,,, | (@ Rﬁf(l“)) (1.3.59)
(ne)tFEan teKa

with (’I’Lg )t ':Aj /\j
for all

implies our Theorem 1.3.57 by summing over all A =4 n. In order to prove (1.3.59), we can
simply apply Theorem 1.3.58 to the factors R)’}j (I'V) of Rf (T"). We have, for any j € J,

Rfjf(rj)g &y Matm(ng ( X R‘;:E(Fj)). (1.3.60)

(n}) FaiNi €K ps

Before going further, we give the following lemma. Let us mention that we can find a
non-cyclotomic statement in [Rou, Corollary 3.8]; see also [ , Proposition 2.4.6] and [ ,
Lemma 1.16].

Lemma 1.3.61. Let j € J. If k € K; then R%+(T') ~ R&+(T7).

Proof. Tt suffices to prove that every e(k) € Rn(I') with k € K™\ K}' vanishes in R*(I"). To
that extent, we prove by induction on a € {1,...,n} that for all k € K",

there exists b € {1,...,a},ky, ¢ K; = e(k) =0 in Ry*(T). (1.3.62)

First, we shall verify this proposition for a = 1. Let k € K™ such that 3b € {1,...,1},k, ¢ K;.
We obviously have ki ¢ Kj, in particular ki # k thus it follows directly from the cyclotomic
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condition (1.2.12) that e(k) = 0 in R¥*(I"). We now assume that (1.3.62) is satisfied for some
a€{l,...,n—1} and we let k € K" such that there exists b € {1,...,a+ 1} with k, ¢ K;. We
know from the induction hypothesis that e(k) = 0 in R+ (I") if k, ¢ K; or kqy1 € K, hence
it remains to deal with the case k, € K; and ko1 ¢ K. Recalling (1.3.25), this implies that
Qka kars = 1. In particular, the defining relation (1.2.4a) becomes

Yie(k) = e(k). (1.3.63)
Besides, using (1.2.3d) and the induction hypothesis, we have

Yee(k) = e(sq - k)1 =0 in Ry*(T).
T

Thus, left-multiplying by ¢, and using (1.3.63) we get e(k) = 0 in R¥*(I") which ends the
induction. Finally, for a = n, we get that if k € K™\ K7 then e(k) = 0 in Ri*(I'). O

We now go back to the proof of (1.3.59). Using Lemma 1.3.61, the isomorphism (1.3.60)
gives

R{(D) ~ ®R)’\‘jﬂ‘ M=x p Matm(nz) ( (09 R;’;(F)) .

) ) . t
jed JjeJ (”i)t':/\]’)‘]' tEK y;

We obtain

RL(T) ~ b ®Matm(nj) ( X R:;(P))
(nt)t |:A7’L jed t tGKAj t

with (n{)t):A]- Aj
for all

b Matm .y -m(0 X & RI(D)
(n1)i=an ¢ v/ \jestek,;

with (’n‘l)t)ZAj )\j
for all j

RYT) ~ P Mat,,, (@ R;j;(r)) .
(ne)tEan teKp

with (ni)t):A]‘ Aj
for all

12

Finally, we deduce (1.3.59) and thus Theorem 1.3.57 from the equality m,\mf‘m) = M(n,)-

1.4 Fixed point subalgebra

Let Q = (Qr ')k ek be a family of bivariates polynomials with coefficients in A as in §1.2.1.
Let o be a permutation of K of finite order p € N* such that

Qo(k),ok) = Qk ks (1.4.1)

for all k, k' € K.

Remark 1.4.2. In the particular case where @ is associated to a loop-free quiver I' (cf. §1.2.2),
this condition means that for any k, k' € K with k # k’, there are so many arrows from k to
k' as from o(k) to o(k'), that is, we have dg(k)’a(k/) = dj v and thus Co(k),o (k') = Ckk'- In other
words, the map o is a quiver automorphism of T.
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Example 1.4.3. Let T' be the following quiver:
1

N
0/2j3

The permutation o of the vertex set {0,1,2,3} given by
o(0) =1, (1) =0, o(2) =2, o(3) =3,

satisfies the o-invariance condition (1.4.1) (see Remark 1.4.2).

The permutation o naturally induces a map o : K" — K", defined by o(k) := (o(k1),...,0(ky))
for any k = (k1,...,k,) € K™. Note that this map commutes with the action of &, on K™. For
any « =g n, the following lemma explains how o : K™ — K™ restricts to K% (compare to [Boy,
after Lemma 5.3.2]).

Lemma 1.4.4. For any a g n, the map o : K™ — K™ maps K¢ onto K7“, where o - « is
the K -composition of n given by:
(J ) a)k = Q—1(k)s

forallk e K.
Proof. Let k € K™. We have:

k has a4 components equal to k for all k € K
<= o(k) has aj components equal to o(k) for all k € K,
<= o(k) has a,-1(;) components equal to k for all k € K
<= o(k) has (0 - @), components equal to k for all k € K.

We conclude that k € K¢ <— o(k) € K7 O
We can now explain how o induces an isomorphism between (cyclotomic) quiver Hecke

algebras. We will also give a presentation for the fixed point subalgebras.

1.4.1 Affine case

In the affine case, we will be able to give a basis for the subalgebra of the fixed points of o. As
an easy consequence, we will give a presentation of this subalgebra.

Theorem 1.4.5. Let o =g n. There is a well-defined algebra homomorphism o : Ro(Q) —
Rs.a(Q) given by:

ole(k)) =e(o(k)), for all k € K%,
0(Ya) = Ya, foralla e {1,...,n},
o (tq) = g, forallae{l,...,n—1}.

Proof. We check the different relations (1.2.3) and (1.2.4), thanks to the ¢ invariance (1.4.1)
of () and the following fact:
o(k)a = o(ka),

for all @ € {1,...,n} and k = (ki,...,k,) € K". Note that to prove (1.2.3a) we use the
additional fact that o : K* — K7 is a bijection. O
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Remark 1.4.6. If T is a loop-free quiver, the homomorphism o : R, (I') = Re.o(I") is homogeneous
with respect to the grading given in Proposition 1.2.17.

We want to study the fixed points of o. To that extent, we first need to find an algebra which
is stable under o. Let [a] be the orbit of o under the action of (o). Note that since o = idy,
the cardinality of [o] divides p. For any a =k n we define the following finite subset of K™:

K= | | K°, (1.4.7)
Bela]

and similarly we define the following unitary algebra:

Ri)(Q) = D Rs(Q) (1.4.8)
Bele]

We obtain an automorphism o : Ri(Q) — R4 (Q) of order p.

Remark 1.4.9. We have R, (Q) ~ ©[yR[4](Q), in particular, for any k € K" the idempotent e(k)
of R, (Q) belongs to R,)(Q) if and only if k € K,

We consider the equivalence relation ~ on K generated by
k~o(k), (1.4.10)
for all k € K. We extend it to K® by:
k~o(k), (1.4.11)
for all k € Kl
Definition 1.4.12. We write K. for the quotient set K1/~

For any element v € K,[;a], its cardinality o, divides p and we have

v ={k,0(k),....0" (k)] (1.4.13)
for any k € ~.

Definition 1.4.14. For any v € K([,Od, we define

ke

These elements e(y) have the property of being fixed by . Note that for any k € ~,
by (1.4.13) we have

0y—1

e(v) = > e(d?(k)). (1.4.15)

J=0

We now give the analogue of Proposition 2.2.11, by describing all the fixed points of o.

Theorem 1.4.16. The following family:
Bf, = {1/1wy1”1 ceyrme(y) rw € Spymy, ... ,my € Njy € K([Tod}7

is an A-basis of Ri4)(Q)7, the A-module of the o-fived points of Riq)(Q).
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Proof. First, by Theorem 1.2.21 we know that Bj,) := Ugc[]Bg is an A-basis of Riy(Q). Hence,
the family Bﬁl} is A-free. Moreover, each element of Bfa] is fixed by o. Define

F={wy(™ - yp tw € &yyma, . ..,my € N} C Ry (Q)7,
so that
By = {fe(k) . feF ke K[O‘]},
Bf, = {fe(fy) cfeF,ye K([,a]}.
Now let h € Riq(Q) be fixed by 0. We want to prove that h lies in spanA(Bﬁx]). Using

Theorem 1.2.21, we can write
h=> Y hprfe(k)

fEF keKlel
where hyj € A. We have
h=o"1(h)
=Y Y hyrfe(o (k)
feF keKl
=2 D> hretwfel
feF keKkl
Thus, since By, is A-free, we have
hik=Nyok),

for all f € F and k € K[®l. In particular, for each f € F and v € Ki—a] there is a well-defined
scalar hy.. We obtain

h = Z Z Z hyyfe(k)

FEF e cled ke

= Z Z hf,’yfe(’)/)

JEF e flel
thus h lies in spanA(Bﬁl]). O
Theorem 1.4.16 allows us to give a presentation of the algebra Rj,)(Q)7. First, let us note
that for any a,b € {1,...,n} and v € K},a], the expressions
Ya =W, Ya F Vos

together with the quantity s. -~ for any ¢ € {1,...,n — 1}, are well-defined. Moreover, for
any a,b € {1,...,n} and y € K([,a], the bivariate polynomial @, -, is also well-defined, by the
o-invariance condition (1.4.1).

Remark 1.4.17. In contrast, if 4" is another element of K then the expression v, = ~. (for
instance) is not well-defined.

Corollary 1.4.18. The algebra R[a](Q)" has the following presentation. The generating set is

{eM} exete Uy, oun} U, ¥}y (1.4.19)
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and the relations are

> e(y)=1,

~eKl!

e(v)e(y) = 6y e(7),
Yae(7) = e(7)Ya;
Ype(y) = e(sp - 7)Y,

YalYa' = Ya'Ya,
wbya = ya%
Yooy = Yy,

(Yot + 1)e(y),
yothve(7),

(Vo + 1)e(v),
Upye(),

Ypypr1e(y) = {

Yor1pe(y) = {

and

1/156(7) = Q%ﬁb+1 (yb') yb+1>e(7)7

ifa#bb+1,
if b= > 1,
if Yo = Vo1,
if Yo # Yor1,

if Yo = Yor1,
if Yo 7 Yor1,

¢c+1¢c¢c+1e(’y) - {¢c¢c+l'¢ce(’y)’

forall’yEK([,a], a,a’ €{1,...,n}, bt/ €{l,...,n—1} and c € {1,...,n —2}.

(1.4.21a)

Qne, ¢ )Y -Q c+2:7¢ c+2,Yc .
Yeper1¥ee(y) + estets Weet ) =Dy pers Weray +1)6(7)a if Yo = Vet2,

otherwise,

(1.4.21D)

Proof. Let us temporary write e(v)?,yJ and 17 for the generators of Corollary 1.4.18, and
write R? for the algebra which admits this presentation. Given the defining relations (1.2.3)
and (1.2.16) of Ri,)(Q) and the o-invariance condition (1.4.1), there is a well-defined algebra

homomorphism f : R? — R4 (Q) given by

fle()7) =e(v),
fya) = Ya,
f(¢g) = d}aa

We can notice that the family

BO' — {wg(:UT)ml ‘e (yg)mne(v)d W e G'ruma € N77 € K([Ta]} )

for all y € K,
forall a € {1,...,n},
forallae {1,...,n —1}.

spans R? over A, where the elements 17, are defined as in (1.2.20), with the same reduced
expressions. We recall from Theorem 1.4.16 that the family

f'a} = {%;y{”l ceyire(y) tw € Gy,mg € Njy € K{[fa}}

is an A-basis of R[Ua](Q). Noticing that the algebra homomorphism f maps B? onto Bf;], we

deduce that
e the family B is linearly independent;

e the map f surjects onto R,)(Q)°.



Finally, the family B is a basis of R?. In particular, the homomorphism f sends a basis to a
basis hence f is an isomorphism. O

The reader may have noticed the similarity between the relations (1.4.20) and (1.4.21)
defining R4(Q)7 and the relations (1.2.3) together with (1.2.4) defining R (Q). However, now
the indexing set for the idempotents is generally not an &,,-stable subset of Z" for Z an indexing
set.

In the case where I' is a loop-free quiver with simple edges, the relations (1.4.21) become,
with the notation of §1.2.2,

0, if v = Y41,
e(7)s if v 7 Yor1s
dre() = 3 (W1 — w)e(r), if v — 41, (1.4.22a)

(Yp — Yo1)e(7), if v < Yo+1,
(Yor1 — yb) (Yo — Yor1)e(), if v S Ypr1,
(Yetber1be — 1e(y), If Yet2 = Ye = Vet

wc-i—lwcwc—i—le(’Y) _ ( Wer1Ve + 1) ( ) ?f Yet+2 = Ve < Vet
(Veber1te + 2Yer1 — Ye — Yer2)e(), if Yer2 =7 S Yet1,
Yetber19ce(), otherwise,

(1.4.22D)

forall*yeKO[—a],be{l,...,n—l} and c € {1,...,n — 2}.

Remark 1.4.23. If T' is a loop-free quiver then o : Rp,(I') — Rpy(I') is homogeneous (cf.
Remark 1.4.6) and the subalgebra R,)(I')? is a graded subalgebra of Rj,(I"). More precisely,
we can give an analogue of Proposition 1.2.17: there is a unique Z-grading on R[a](F)" such
that e() is of degree 0, the element y, is of degree 2 and 1,e(7) is of degree —c,, 4,,, (this
quantity is well-defined, recall Remark 1.4.2).

1.4.2 Cyclotomic case

Recall the Definition 1.2.18 of a cyclotomic quiver Hecke algebra. For any a =g n, we want the
algebra homomorphism o : Ry (Q) — Rs.o(Q) to factor through cyclotomic quotients. Contrary
to the affine case, it will be more difficult to get a presentation for the fixed point subalgebra of
the cyclotomic quiver Hecke algebra (recall that we do not have an analogue of Theorem 1.2.21).
Contrary to | |, we will give here a characteristic-free proof.

Let A € N be a weight and a = (az) € Pol®. Recall from §1.2.1 that aj is a monic
polynomial of degree A; with coefficients in A. As for K-compositions, we define the weight
o-A e NK) by

(0’ : A)k = Aa—l(k),

for all k € K, and the family o - a € Pol&? by
(0 a)k = as-1(k),
for all k € K.

Lemma 1.4.24. We have o(I2%) = 380 In particular, the algebra homomorphism o
Ra(Q) — Roa(Q) induces an algebra homomorphism o™ : RA%(Q) — RIA7*(Q).
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Proof. We notice that for any k € K the quantity
o (ar, ()e(k)) = ax, (v1)e(o (k)),

lies in Z9:4°7® since Ay, = (o - A k), and ag, = (0 - @), k), Hence o(Z2) C 7287 and we
have equality by repeating the argument with o~!. O

Until the end of this section, we make the following o-stability assumption on our weight
A e N(K),
Ak = Aoy, (1.4.25)

for all k € K, and also the corresponding o-stability assumption on a € Pol%,
ar = ag(k), (1.4.26)

for all k € K. In other words, we assume that A =0 - A and a = o - a. Equivalently, the weight
A € N5 (respectively the family a € Pol%) factors to an element A of N(&/~) (resp. Pol& /o)
with the notation of (1.4.10).

Remark 1.4.27. If T is a loop-free quiver, if the o-stability condition (1.4.25) is satisfied then the
o-stability condition (1.4.26) is automatically satisfied, in the setting of a cyclotomic quotient
RA(T") (recall Definition 1.2.18).

Similarly to (1.4.8), we define:
A'7 .. A‘?
R[Q}Q(Q) = @ R@ a(Q)-
pelal
This algebra is the quotient of Ri,)(T") by the two sided ideal

Ao Aa
T = P 5
Bela]

generated by the elements ay, (y1)e(k) for all k € K. We deduce from Lemma 1.4.24 the
following statement.

Lemma 1.4.28. We have J(I[I;]’a) = I[g]’a. Moreover, o : Riq)(Q) — Riq)(Q) induces an algebra

homomorphism o™ : R[/;’]u(Q) — R[j;’]a(Q)-

If 7o)« Rioy (@) — RA’G(Q) is the canonical projection, by definition the induced automor-

[o]
Aa

phism ™% satisfies

oo o] = Ta] © 0 (1.4.29)

We will often write o as well for the automorphism o+,

Definition 1.4.30. We define R[I;f(Q)U as the A-algebra of the fixed points of R[’;’]Q(Q) under
A7a.

the automorphism o

The following lemma is an easy consequence of | , Lemma 2.22] when p is invertible in A.
We prove here a characteristic-free version.

Lemma 1.4.31. The family
{wwy’lm cylre(y) rw € Spyma, ..., my € NJy € KLO‘}} ,

spans R[j;]a(Q)U over A.
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Proof. By Theorem 1.2.21, we know that the family
FAS = Ly oy i w € S, my,. .., my € N} C R[ ] ‘(Q)7,

is such that
{fe(k:) L feFM ke KM} :

spans R[A’Q(Q) over A. Let h € RA’Q(Q)U and write

o] [a]

h = Z Z thcfe

feFhapeKla

where hyy € A. For any j € Z we have

= > > hfaf )fe(k

feFM peKle

Since h is o-invariant, by (1.2.3b) we obtain

Yo hyrfetk)= > hyeimfe(k), (1.4.32)

fEFNa JEFNe

for any k € K9, For each v € K,[;a], fix a representative k. € v, so that

v ={ky,0(ky),. . 0" (k) ]
as in (1.4.13). We deduce from (1.4.32) that

oy—1

= > > > ey fe(ol(ky)

feFhe eglel j=0

oy—1

= 2 2 Dk felol(ky)

fe]:Aa GKa] 7=0

= > > hpw felv)

fe}-A,a ’YGKc[,a]

Finally, we prove that the family {fe(y): f € FA® v € KL[TQ}} spans R[a] (Q)? over A thus we
are done. O

Since A (respectively a) satisfies the o- Stability assumption (1.4.25) (resp. (1.4.26)) and
considering the canonical map K7 = K"/~ — (K/~)", we may also consider the algebra
(R[a](Q)U)A’a, the quotient of R[a](Q) by the two-sided ideal I[ }’a generated by the following
relations:

ay, (y1)e(v) =0, (1.4.33)

for all v € Ky I In order to give a presentation of R[ ] *(Q)?, we want to prove that this algebra
is isomorphic to

(R (@)™ = Ria) (Q)7 /TR,

for which we know a presentation. The following lemma was proved in | , Lemma 2.24]
under the assumption that p is invertible in A. Once again we now drop this assumption.
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Lemma 1.4.34. We have
Tof NR@)(Q)7 = Tgfl,-

Proof. Since for any v € K5 we have ay, (y1)e() € [a] “NR4)(Q)7, we obtain I[a} NR(Q)7 2

I[A ® _ We now want to prove the converse inclusion. The idea of the proof is the same as for
Lemma 1.4.31. Let

Fo={thut™ ...y cw € Gpoma, ... my € N} C Rpyy(Q)°

For any f € F, choose w € &,, such that f = ¢,y{" ...y for some my,...,m, € N and
define wy = w. By Theorem 1.2.21, we know that the family

{fek): f € F ke Kl
is an A-basis of Rj,)(Q). Moreover, since
fe(k) = e(wy - k) f,
for any f € F and k € K, the family
{e(k:)g ckeKl ge .7:},

is also an A-basis of Rj)(@). We now consider an arbitrary element h of Z[A ]a NR(Q)7. We
can write

h= 3 > hrgrfar(y)e(k)g

f,9€F keKlal

- Z Z hf gk fak, Z/l)ge(wg_ k)
f.9EF keKlel

= 3 3 kS, )ge(k),
f.9EF keKlel

with hy g € A. For any k € K we define

= Y Pigw,kfagw, k), (119 € Ria)(Q)7,

[,9eF
so that
= > ok
keKlel
For any j € Z we have
= Y oo (k))e(k).
keKlal

Since h is o-invariant, by (1.2.3b) we obtain

o(k)e(k) = o(o7 (k))e(k), (1.4.35)
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for any k € K[®l. For each v ¢ KC[,O‘}, fix a representative k, € v. We obtain from (1.4.15),
(1.4.35) and the o-invariance of a that

oy—1
h= Y Y 60 (k)e(o7 (ky)
vekll =0
oy—1
= Z Z¢(k7)e(0j(k7))
vekld =0
oy—1

= D > D Mgk fuy k) (1)ge(o? (ky))

ekl =0 f.9eF

oy—1

- Z Z Z hf»ngg'kwfa’(wg"Y)l(yl)e(gj(wg'k’Y>)g

Jeklol j=0 f.geF

= 5% bk, Faguy (n)els 2o

ek f.9€F

thus h € T2 since f,g € Ry (Q)7. O

[a],o

We are now ready to state the main theorem of this section. Recall that this is a characteristic-
free version of | , Theorem 2.26].

Theorem 1.4.36. The algebras Rf}x’]a(Q)U and (R[a] (Q)")A’u are isomorphic. In particular, the
generators (1.4.19) together with the relations (1.4.20), (1.4.21) and (1.4.33) give a presentation

g

of R(Q)”.

Proof. Recalling Corollary 1.4.18, we begin by noticing that the given presentation is a pre-
sentation of (R[a](Q)U)A’a. In particular, we can define a homomorphism of algebras f :

(Riag (Q)°) ™" = RA(@) by

fle(r) = e(v), for all y € K,
f(Wa) = Ya, forall a € {1,...,n},
J(Ya) = v, foralla € {1,...,n —1}.

The algebra homomorphism f is surjective by Theorem 1.4.16 and Lemma 1.4.31, and injective
by Lemma 1.4.34. Thus f is an algebra isomorphism and we are done. O

Remark 1.4.37. Let T' be a loop-free quiver. The grading of Remark 1.4.23 on Rj,)(T")7 thus

gives a grading on R[’;ja(F)“, for which ¢ is homogeneous (recall Remark 1.4.6). Moreover,

the algebra R[lzéia(F)” is a graded subalgebra of R[l;’]a(l“).
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Chapter 2

Hecke algebras of complex reflection
groups

This chapter is adapted from | .

2.1 Overview

In this chapter, we generalise an isomorphism of Brundan and Kleshchev between the Hecke
algebra of type G(r,1,n) and the cyclotomic quiver Hecke algebra of type A. Then, we use the
results of Chapter 1 to give a cyclotomic quiver Hecke-like presentation for the Hecke algebra of
type G(r,p,n), that is, for the complex reflection groups of the infinite series. In addition, we
give an explicit isomorphism which realises a well-known Morita equivalence between Ariki—Koike
algebras.

We now give an overview of the chapter. Let r,p,d € N* be some integers with r = dp. Let
¢ € F* be a primitive pth root of unity and J := Z/pZ ~ ({). Recall that e € N* U {co} is the
order in F* of ¢ € F'\ {0,1} and that I = Z/eZ (with I = Z if e = 00). Finally, we consider a
tuple A = (A; ;) where (,j) € I x J and A; ; € N. We begin Section 2.2 by defining in §2.2.1 the
Hecke algebra H, (¢, u) of type G(r,1,n), also known as Ariki—Koike algebra, which we write
HA(g,¢) when each wuy, is of the form (/¢’. The algebra H?(q, () is generated by some elements
S,T1,...,Th—1, subject to relations (2.2.2b)—(2.2.2f) and the “cyclotomic” one:

[III (s -¢a)™ =0

il jeJ

(see (2.2.6)). We define in Proposition 2.2.9 an important object of this chapter: the shift
automorphism o of HQ(q, ¢). It maps S to (S and is the identity on the remaining generators
T1,...,T,_1. We then start §2.2.2 by defining the Hecke algebra H;{;\,n(Q) of type G(r,p,n). Our
definition, from | |, differs from Ariki’s | ]. However, in §2.2.3 we prove that if p > 2
then the two definitions are equivalent (this fact is mentionned in | ] but we did not find
any proof in the literature). We then prove in Corollary 2.2.19 that HQ,n(Q) is the fixed point
subalgebra of H?(q, ¢) under the shift automorphism. We introduce in §2.2.4 a divisor p’ of p,
together with the set J’ := {0,...,p’ — 1}, such that the map I x J' 3 (i, j) > (/¢’ is one-to-one
and has the same image as I x J 3 (i,5) + ¢/¢*. We then define a finitely-supported tuple A,
indexed by I x J’, associated with the tuple A € NU*J) (see Proposition 2.2.39). We also
introduce the notation HA (¢, ¢) and Hﬁn(q). The reader should not get afraid of confusing the
two notations A and A: we will not use N after Section 2.2.
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We generalise in Section 2.3 the main result of | ]. The calculations are entirely similar,
hence we do not write them down. More precisely, we prove the following F-isomorphism
(Theorem 2.3.6):

Ho (g, ) = R (De ).

The quiver I, ;v is given by p’ copies of the cyclic quiver I'. with e vertices (which is a two-sided

infinite line if e = 00), where w is such that the set {u1,...,u,} is a union of p’ orbits for the
action of (¢) on F*. In particular, in the setting of | | we have p’ = 1. Moreover, we
deduce that this isomorphism realises the well-known Morita equivalence of | ] involving

Ariki-Koike algebras, see §2.3.4.

In Section 2.4, we show with Theorem 2.4.15 that the isomorphism of Theorem 2.3.6 can
be chosen such that the shift automorphism of H2(g,¢) corresponds to an automorphism of
RA(T, /) coming from an automorphism of the quiver I'c ,, as described in Section 1.4. The
automorphism of I', ,; maps a vertex v = ¢7q" for any (i,j) € K == I x J' to o(v) := (v. We then
see how it “shifts” the vertices. Using the results of Section 1.4, we finally deduce a cyclotomic
quiver Hecke-like presentation for Hﬁn(q) in Corollary 2.4.17. In particular, this implies that
Hﬁn(q) is a graded subalgebra of H2(q, ¢) (Corollary 2.4.18) and that H]’}’n (¢) does not depend
on ¢ but on the quantum characteristic e (Corollary 2.4.19).

2.2 The ungraded algebras

We recall the standard definitions for the Hecke algebras of the complex reflection groups of the
infinite series. Let n,r € N*.

2.2.1 The Hecke algebra of type G(r,1,n)

Let w = (uy,...,u,) be an r-tuple of elements of F*. We recall here the definition of the
Ariki-Koike algebra Hy,(q,u).

Definition 2.2.1 (| , ]). The algebra H,(q,u) is the unitary associative F-algebra
generated by the elements S, T1,...,T,_1, subject to the following relations:

T

[1(S—w) =0, (2.2.2a)

k=1
(T +1)(Th — q) =0, (2.2.2b)
ST1ST) = T4 ST} S, (2.2.2¢)
ST, = T,8, ifa>1, (2.2.2d)
ToTy = TyTs, if [a —d'| > 1, (2.2.2¢)
TpTy1 Ty = Tor1 Ty Tos1, (2.2.2f)
for all a,a’ € {1,...,n} and b€ {1,...,n—1}.
Using the terminology of | |, we say that the algebra Hy,(q,u) is a Hecke algebra of type

G(r,1,n). Note that if ¢ = 1 and w is such that (2.2.2a) is S” = 1 then H,,(¢, u) is isomorphic to
the group algebra of G(r,1,n). In general, we say that H,, (¢, u) is a deformation of F[G(r,1,n)].
Let X1 := S and define for any a € {1,...,n — 1} the elements X 1 € Hy,(¢q,u) by

qXar1 =Ty X Ty. (2.2.3)

These elements X1, ..., X,, pairwise commute ([ , Lemma 3.3.(2)]). Moreover, Matsumoto’s
theorem ensures that (2.2.2e) and (2.2.2f) allow us to define T, := T}, - - - T,, for any reduced
expression w = Sq, -+ - Sa,, € Gy, where s, € &, is the transposition (a,a + 1).
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Theorem 2.2.4 ([ , Theorem 3.10]). The elements
XXM, (2.2.5)
forallmy,...,my, € {0,...,r — 1} and w € &, form a basis of the F-vector space H,(q,u).
Let A= (N ;) € NU*J) be a weight. We assume that £(A) = 7, and we choose the parameters

U1, ...,u, such that the relation (2.2.2a) in H,,(¢q, w) becomes
IT11 (s-¢d)™ =o. (2.2.6)
el jeJ

Definition 2.2.7. In the above setting, we define H?(q, () = H,(q, u).

We will often need the following condition on A:
Nij=Nij =N, foralli e I and j,5' € J. (2.2.8)

In this case, the weight (A;)ics has level d = 7. Moreover, we can write (2.2.6) as

I (s-e0)" - T(s )" o

icl jeJ il
Thus, we get the following result.

Proposition 2.2.9. Suppose that N satisfies (2.2.8). There is a well-defined algebra homomor-
phism o : HMNq, ¢) — HMNq,¢) given by:

o(S) = (S,
o(Ty) =Ty, forallae{l,...,n—1}.

The homomorphism ¢ has order p, in particular ¢ is bijective. We will refer to o as the
shift automorphism of H?(g,¢). In the remaining part of this section, we assume that (2.2.8) is
satisfied, so that the shift automorphism is defined. The following lemma is an easy induction.

Lemma 2.2.10. For every a € {1,...,n} we have 0(X,) = (X,.

Proposition 2.2.11. The elements of HMq, () fized by o are exactly the elements in the F-span
of X{" - X" Ty, for allmy,...,my €{0,...,7 =1} and w € &,,, with the additional following
condition:
my+---+my =0 (mod p).
Proof. Let h be an arbitrary element of H?(q,¢). By Theorem 2.2.4, we can write, with
m = (Mg)a,
h= Y hmwX{™ - X T,

mEN",wEGn
0<mg<r

for some hyp . € F. Applying Lemma 2.2.10, we have
U(h) — Z hm,wcml+m+m"X{m .. ‘XZI"TW,

meN" weS,
0<mg<r

thus o(h) = h if and only if ("™ =1 when A, # 0. We conclude since ¢ is a primitive
pth root of unity. O

Note that the family in Proposition 2.2.11 is free (by Theorem 2.2.4), this is a basis of
HA(g,¢)?, the fixed point subalgebra of H?(g,¢) under the shift automorphism o.
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2.2.2 The Hecke algebra of type G(r,p,n)

Assume A satisfies the condition (2.2.8). In particular, for any < € I and j € J we have A; j = A;.

We will first define the algebra that Ariki | | associated with G(r,p,n), and then relate this
algebra to HA(q, ¢).
Definition 2.2.12 (] , ]). We denote by HR, (¢) the unitary associative F-algebra
generated by s,t},t1,...,t,—1, subject to the following relations:
pi\"
I1 (3 —q ) =0, (2.2.13a)
iel
(t1+ 1)t —q) = (ta + 1)(ta —q) =0, (2.2.13b)
thtat] = tot)ta, (2.2.13c)
tata+1ta = ta+1tata+1, (2213d)
(tht1to)? = (tatht1)?, (2.2.13e)
tita = tat], ifae{3,...,n—1}, (2.2.13f)
taty = tpta, if |a — b| > 1, (2.2.13g)
stq = tgs, ifae{2,...,n—1}, (2.2.13h)
stity = titys, (2.2.13i)
stititity ... = tystitaty .., (2.2.13j)
p+1 factors p+1 factors

forall a,b € {1,...,n —1}.

Using the terminology of | ], we say that the algebra Han(q) is a Hecke algebra of type
G(r,p,n).
Remark 2.2.14. Assume that p > 2. The reader may have noticed that the above presentation is
not the one given by Ariki | |. Instead of (2.2.13j) Ariki gives the following relation:

-2
3 2—p b B 1—k .,
stity = (q 175’1751) tisti +(g—1)) (q lt’ltl) st. (2.2.13))

We claim that these two presentations define isomorphic algebras (we refer to §2.2.3 for more
details). We conclude this remark by mentioning that the generators of | | are given by
ap = s,a; =t} and ap =ty for all k € {2,...,n}.

The next proposition proves that we recover the Ariki-Koike algebra H?(q) := H?(¢, 1) when
p=1
Proposition 2.2.15. The algebra homomorphisms ¢ : H’l\n(q) — HMNq) and+ : HA (q) — H{\n(q)
given by

¢(S) = Sa
QZ)(t/l) = 71T1S7
(tq) = Ty, forallae{l,...,n—1},
and
P(S) = s,
V(Ty) = ta, forallae{l,...,n—1},

are well-defined and inverse to each other. In particular, the algebras H’l\m(q) and HP(q) are
isomorphic.
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Proof. Note that since p = 1, the relation (2.2.13j) becomes st} = t1s, thus we have
th = s Mys. (2.2.16)

Note by (2.2.13a) that s is indeed invertible, since ¢ # 0 and ¢(A) = r > 0. We now check
that 1 is an algebra homomorphism: all relations are straightforward except (2.2.2¢), but this
one follows from (2.2.13i) and (2.2.16). Concerning ¢, again all relations are straightforward,
except (2.2.13e) (if n > 3). Note the following consequence of (2.2.2¢):

ST STy = T STy S (2.2.17)
In the following calculation, we adopt the following conventions:
e we use color when a quantity simplifies;
e we use underbrace when we will use a relation;

e we use parenthesis when we did use a relation.

We have:

G(t1)d(t1)(t2)(t1)d(t1)d(t2) = B(t2)B(t1)d(t1)d(t2)d(t))b(t1)
< |:S_1T15} ThT5 [S_lTIS} T, =15 |:S_1 T15:| T, |:S_1T15} T .
— — ———

——
(2.2.17) (2.2.2d) (2.2.17)
<~ S_lTlS TV T (T1 ST1 S_l)T2 = (S_ng)TlS TV T (Tl STIS_l)
—_—— —— —_——
(2.2.2f) (2.2.2f)

—Ti S(T2 T Tz)STl (Tgsfl) =TT S(Tz T TQ)STlS“
——  —— ——  ——

— 1T (TQS) T (S TQ)TlTQ =15T} (TQ S)T1 (STQ)Tl
—_— ——

<~ TlTQSTls(Tl ) = (T1T2T1)5T15’
< ST15T1 = T15T15,

which allows us to conclude. Finally, the composition ¢ o1 is the identity on the set of generators
{S,T1,...,T,—1}, and using (2.2.16) we find that 1 o ¢ is the identity on the set of generators
{s,t},t1,...,tn—1}. Hence, the algebras homomorphisms ¢ and 1) are inverse isomorphisms and
this concludes the proof. O

We now state the main result of this section.

Theorem 2.2.18. The algebra homomorphism ¢ : H;\’n(q) — HMq, ¢) given by:

o(s) = 7,
(b(t&) = S_lTIS7
P(ta) = Ta, forallae{l,...,n—1}.

is well-defined and one-to-one. Moreover, the elements X" --- X™T,, € HMq,¢) for all
my,...,mp €40,...,7 =1} and w € &, such that mi +---+my, =0 (mod p) form an F-basis
of p(H},.(q))-
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Proof. If p =1 we deduce the result from Theorem 2.2.4 and Proposition 2.2.15. If p > 2, by
Remark 2.2.14 this is exactly | , Proposition 1.6]. O

In particular, using Proposition 2.2.11 we get the following one.

Corollary 2.2.19. The algebra H{,\’n(q) is isomorphic via ¢ to HM(q, ).

2.2.3 Two isomorphic presentations

We assume that p > 2. We prove here the statement of Remark 2.2.14: in the algebra H]’;n(q),
the relations (2.2.13j) and (2.2.13j’) are equivalent. We will even prove a slightly more general
statement, cf. Proposition 2.2.22. Let A be a unitary ring and ¢ € A* an invertible element.
Let s,t},t1 some symbols that satisfy

(th+ 1)t — ) = (b + 1)(t1 — @) = 0. (2.2.20)
Lemma 2.2.21. We have:
2 p2 1—k
- - _ - g -1, 1,1
(¢ 'ht) Ptast] + (g — 1) D (¢ 'hte) sty = (7t L)Lttt st
k=1
p—2 factors p—2 factors

Proof. For p =2 we obtain
tyst) = tyst],

which is obviously true. If the equality is satisfied for p — 1 > 2, we obtain

p—2
_ 2— _ 1—k
(¢ "ht)” Ptastl + (g — 1) > (¢ 'Hhtr) st
k=1
p—2
= (¢ 'ti0)* Ptasty + (g — 1) > (¢ tit)" Pty + (¢ — 1)sty
k=2
p—3
= (¢ Mht) g )P Pt + (g — 1)(g 7 eyt) T Y (g7 ) T sty + (g — 1)sth
k=1
(p—1)—2

= (¢ ' tht) 7 (¢ Ht) PP Vst + (¢ — 1) Z g ) TR sty | 4 (g —1)st]

_ — — —1
= (¢ M) T T T ) (L ) tsth + (g — 1)st]
———— N——
p—3 p—3
— -1
= q(t7y T )Lttt st 4 (g — 1) st].
—_———— H/—/

p—1 p—3
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Let us now distinguish between two cases. If p is even, using gt;* = t; — (¢ — 1) we obtain

p—2

- 2— _ 1—k
(g 't)" Phisty + (g = 1) D (a7 i) sth
k=1
_ —1,—1 r=1,—1N / / /
= q(tl tl e tl tl )(tltl e t1t1)t13t1 + (q — 1)81:1
p—1 p—3
_ —1 -1
=ty )t = (g = DIttt tsth + (g — 1)st)
2 3
p— rP—
—1 -1 -1 —1 -1 -1
= (t7M T T ) (it tt)tst — (g = D) (Tt ) (it )t sty + (g — 1) st
p—2 p—2 p—2 p—3
_ —1 —1 _
= (7ML T ) (it tt)tst) — (g — Dt sty + (g — 1)st]
p—2 p—2
_ -1 -1
= (t7 Mt T ) ()t st
p—2 p—2

thus we are done. If p is odd, similarly we obtain, now using qt’l_l =t/ —(¢g-1),

p—2
_ 2— _ 1-k
(¢ "ht)” Ptastl + (g — 1) D (¢ Hhtr) st)
k=1

— —1
M Tty . ) tst + (g — 1)st)
p—1 p—3
D[ = (g = Dttt tsth + (g — 1)st]
N——
p—2 p—3
_ _ —1 _
Dttt tsty — (@ — DT D (it it tsth + (g — 1)st]
p—2 p—2 p—2 p—3
— —1 — _
= (t7 M )ttt tst) — (g — Dt sty + (g — 1) st
p—2 p—2
— -1 —
= (t7 M) D (it ) tst],

p—2 p—2

1, -1
= Q(t1 115/1

=t

SR

thus we are done. O

Proposition 2.2.22. We assume that s,t),t1 satisfy, in addition to (2.2.20), the following
relation:

stity = titys. (2.2.23)

The relations

2- p2 1—k
stit) = (q_lt'ltl) ptlstll +(q—-1) Z (q_lt/ltl) st (Ar)
k=1
and
stitithty ... = tistitat) .., (BM)
pt+1 p+1

are equivalent.
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Proof. By Lemma 2.2.21, relation (Ar) is equivalent to

1

_ —1,— —
sthty = (7t T ) (L ittty )t st

p—2 factors p—2 factors

If p is even, this reads

1

— — — —1
sthty = (t7 T Lt T )ttt )t st

p—2 p—2

whence we obtain
thty .. ity sthity = tit] .. tit] tyst].
—_—— —_——
p—2 p—2
Thus, using (2.2.23) to bring s to the left on both sides, we obtain

stity ... thty = tystity .. tt],

p+1 p+1

which is the desired result: the relations (Ar) and (BM) are equivalent.
relation (2.2.24) reads

1

_ — —-1,—
sthty = (7t D (L ity tst],

p—2 p—2

whence we obtain
toth .. tyty sthity = ity ..ttty st
—_——— —_———
p—2 p—2
Thus, using (2.2.23) to bring s to the left on both sides, we obtain

tysty ... thty = sthty .. tt],

pt+1 p+1

which is the desired result: the relations (Ar) and (BM) are thus equivalent.

(2.2.24)

Now if p is odd,

d

Using Proposition 2.2.22, it is now clear that the algebra H;p\,n (¢) is isomorphic to the one

defined by Ariki in | |, as stated in Remark 2.2.14.

2.2.4 Removing repetitions

The following map:
IxJ — FX

(i,4) — (g"”

is not one-to-one. The first aim of this subsection is to find a subset J' C {0,...,p — 1} ~J
such that the restriction of the previous map to I x .J’ has the same image and is one-to-one.

Moreover, for our purposes, we would like relation (2.2.6) to be of the form

ITII (s-¢a)™ =0,

iel jeJ’

(2.2.25)

where A = (A;j)icrjer € NU*T) g a weight of level r. The second aim of this subsection
is to know for which tuples A € NU*/) of level r there is some A € NU*/) guch that the
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relation (2.2.6) in HP(q, ¢) is exactly (2.2.25). We will be particularly interested in the case
where N satisfies (2.2.8). This will require some quite long but easy computations.
Let us define the following integer:

p =min{m € N*: ("™ € (¢)} € {1,...,p}, (2.2.26)

together with the following set:
J ={0,...,p) —1}.

/ b, if@ZOO,
p:

Lemma 2.2.27. We have:

p .
Zd(pe)” if e < oo.
In particular, the integer p' divides p and depends only on p and e.

Proof. The statement for e = co is obvious since each element of (¢) \ {1} has infinite order.
Thus, we now assume that e < co. For any m € N*, the order of (" in F'* is m. Since ¢ is
a primitive eth root of unity, the set (g) is precisely the set of elements of F'* of order dividing e.

Hence:

p . .
(Me(q) & ———— dividese
2 ged(p, m)

p . .
<= ——— — divides gcd(p, e
ged(p,m) zed(p,€)

———— divides gcd(p, m).
ged(p,e) (e, m)

We conclude that the minimal m € N* such that (™ € (¢) is p' = O

p
ng(p’e) :

The first aim of this subsection is achieved thanks to the next lemma, which is a immediate
consequence of the minimality of p'.

Lemma 2.2.28. The elements (Iq' for alli € I and j € J' are pairwise distinct.

Let us denote by 1 the (unique) element of I such that:

=g, (2.2.29)

Note that p’ =p <= n=0 < (q) N {(¢) = {1}. In particular, if 7 # 0 then e < co. In that
case, we are not necessarily in the setting of | ] (see [Lemma 2.6.(a), loc. cit.]). We now
consider the following map:

!/
J X TLjwl — J ’ (2.2.30)

(J,a) — j+pa
where w = &. Tt is well-defined and surjective, hence bijective by a counting argument.
Equation (2.2.6) becomes

[T (s-¢a)™ =TIT1 II (s-¢@)ee)™ "

i€l jeJ i€l jeJ’ a€l/wZ

=TI11 II (s- gjqi+na)"ivj+’)’“, (2.2.31)

1€l jeJ' a€l/wZ
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For each (i,7) € I x J', we define

A= > Njiva (2.2.32)
V'€l a€Z/WZ
i'+na=i

so that, by (2.2.31),
A Ay
ITTI (s—¢a')™ =TI T1 (s -¢ia) ™
i€l jeJ i€l jeJ’
Hence, relation (2.2.6) transforms to the desired one (2.2.25). Conversely, it is clear that each
weight A € NU*7) comes from some A € NUX/) through (2.2.32), that is, for each A € NU*/")
there is some A € NUX/) such that (2.2.32) is satisfied. Indeed, given any A € NUX7) it suffices

to set
‘ {Am if j is the image of (3,0) by the bijection of (2.2.30),
iyj =

0 otherwise,

for all (4,j) € I x J.

Definition 2.2.33. Let A € NUX/) be a weight of level r. We consider A € NU*J) g weight
of level r which gives A through (2.2.32). We write H2(¢,¢) := H?(¢,¢). In particular, the
relation (2.2.6) becomes (2.2.25).

We now assume that the weight A € NUX) satisfies the condition (2.2.8), that is, factors to
A € N We want to know which condition we recover on A. The defining equality (2.2.32)

becomes
Nig=2_ >, M,
i'el a€Z/wZ
i'+na=i

for any ¢ € I and j € J'. In particular, for any ¢ € I and j,j" € J' we have A;j = A; jy = Ay, so
that A € NU) is a weight of level wd, and

Ai=> > Ay, (2.2.34)
'€l a€Z/wZ
i'+na=i

forall ¢ € I.
Lemma 2.2.35. For any i € I we have

0 ifidnl, (2.2.36)

#la € LjwLina =i} = { 1 ifienl (2.2.37)

Proof. The result is straightforward if n = 0, in particular in that case we have w = 1. Thus we
assume 71 # 0, in particular e < co and I = Z/eZ. Let us compute the cardinality of the fibre
of ¢ under the following group homomorphism:

¢ :

7z — 1
a — 7na.

First, the image of ¢ is I, which proves (2.2.36). The element w lies in ker ¢. Indeed, we have

order(¢?") = order(¢"), hence
e

w = 77 2.2.38
ged(e,n) ( )

52



thus e = ged(e, n)w | nw. As a consequence, we have a well-defined surjective map

¢: | 2wl — nl
a — na’

We have, using (2.2.38),

nl = (NZ + eZ)/eZ ~ Z/mZ =7Z/WZ,

thus, by a counting argument we get that the map ¢ is bijective. This concludes the proof. [J
The second aim of this subsection is achieved thanks to the following proposition.

Proposition 2.2.39. A weight A € NU) of level wd comes from a weight N € NU) of level d
through (2.2.34) if and only if for alli € I,

Ai = Ai+777
that is, if and only if the weight A factors to a weight A € NU/1) of level d.

Proof. First, by applying Lemma 2.2.35 to (2.2.34), we obtain the equivalent equality

A= > A= D Ay, (2.2.40)

i'el i €i+nl
i —ienl

for all i € I. The necessary condition is hence straightforward. We now suppose that A € N()
factors to a weight A € NU/7) of level d. For any ~ € I/nI, we choose any w non-negative
integers A; for i € y such that 37, A; = A,. We conclude that (2.2.40) and thus (2.2.32) hold
since A; = A if ¢ € . O

The reader may have noticed the similarity of the equation of Proposition 2.2.39 with the
condition (1.4.25). In §2.4.2 we will explicitly make the link between these two conditions.

Definition 2.2.41. We write H2 (¢, ¢) :== H? (¢, ¢) and Hﬁn(q) = HQ,n(Q) if A € NU) of level wd
and A € N of level d are as in Proposition 2.2.39. In particular, the cyclotomic relation (2.2.6)
in HA(q, () is exactly (2.2.25).

2.3 The graded isomorphism of Brundan and Kleshchev

In this section, we generalise an isomorphism of Brundan and Kleshchev | | involving
HA(g,1) to the case of the algebra H2(q, ().

2.3.1 Statement

We consider the quiver I'. defined as follows:
e the vertex set is {¢'};c/;

e there is a directed edge from v to qu for each vertex v of I',.
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We will often identify the vertex set with I in the canonical way. In particular, if ¢ is a vertex
then there is a directed arrow from 7 to ¢ + 1. For any 7,7’ € I, with the notation of §1.2.2 we
have

i—i < [i'=i+1landi#d +1],
i+i < [i=i{+1andi #i+1],
iSi = [i=i+1andi =i+1],
i/i = i#d, i 1
The quiver I, is the cyclic quiver with e vertices if e < oo, and a two-sided infinite line if e = co.

FEzample 2.3.1. We give some examples of quivers I'., where we use the identification between
the vertex set of I', and 1.

Quiver I'y 051

!

N — =

Quiver I'y

w— O

I

Quiver 'y > 22— -1—0—1—52— -

We recall the notation p’ and J' introduced at §2.2.4. We set K := I x J'. Let us consider p

non-zero elements v, ..., vy—1 of F' which lie in distinct orbits under the action of (¢) on F*,
that is,
Ug
— ¢ (q), for any k # . (2.3.2)
Uy

We then consider the quiver I' defined as follows:
e the vertex set is V = {’qui}ie],jel]/;
e there is a directed edge from v to qv for each vertex v of I'.

Since the elements vy lie in different g-orbits, the vertex set V of I' can be identified with
K =1 x J'. More precisely, we have the following decomposition:

V= |_| {qui}iej‘ (2.3.3)
jed’
Since:

e the subquiver of I with vertex set {vjqi}iel is a copy of I'¢;

e for any j,j € J' with j # j/, there is no arrows between any element of {vjqi}iel and
{Uj’qz}iej;
e the set J' has cardinality p’;

we conclude from (2.3.3) that T is exactly p’ disjoint copies of T'.. Thus, the quiver I" depends
only on e and p’ and we write I' = T, ;. This quiver is loop-free and has no multiple edges.

As a consequence, we will often write (7, j) € I x J' for the vertex v;q° € V of . y. For any
i, € I and j,j’ € J', what precedes ensures that the vertices (¢,j) and (¢/,j’) are in a same
copy of T, if and only if j = j'. Further, there is a directed edge from (7, ) to (¢/,7’) if and only
if j = 7/ and there is a directed edge in I, from i to .
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Ezample 2.3.4. We give three examples of quivers I'. ,y. For aesthetic reasons, we write i; instead
of vjg'. We also recall from Lemma 2.2.27 that p’ = —2—~ ife < 0o and p’ = p if e = 0.

ged(p,e)
Case (e,p) = (2,3) 01 = 11 02 = 12 03 = 13
Case (e,p) == (2,6) 01 = 11 02 = 12 03 = 13

c— -2 — -1 — 0 —1 — 2 —---

Case (e,p) = (00,2)
> 2 — —1lg — 0 —1g — 2 —> - --

Now let A = (Ap)rex € N be a weight of level . Mimicking the definition of HA (g, ¢), let
us choose a tuple u € (F*)" which is given by exactly A; ; copies of vjq" for each (i,5) € I x J’
and set HA (¢, v) :== H,(¢,u). As a result, the relation (2.2.2a) in H,(q,u) is
TTIT (S —vig)™ =o. (2.3.5)
iel jeJ'
The remaining part of this section is devoted to the proof of the following theorem. Recall

the definition of the cyclotomic quiver Hecke algebra R2(I', /) from Section 1.2.

Theorem 2.3.6. There is an explicit F'-algebra isomorphism
H () ~ Ry (Te ).

Brundan and Kleshchev | ] proved Theorem 2.3.6 for p = 1. In that case, we have
p’ = 1, the tuple v has only one component (that can be taken equal to 1) and I’y = T.
Moreover, we say that the algebra RA(T.) is the cyclotomic quiver Hecke algebra of type A. We
will see that the same argument as in | | proves the general case. Such an isomorphism,
for e < oo, was already obtained by Rouquier | , Corollary 3.20].

2.3.2 Candidate homomorphisms

Recall the definitions X7 := S and ¢X441 = T4 X1, from (2.2.3). To prove Theorem 2.3.6,
it suffices to give an isomorphism between H2 (g, v) (defined at (2.3.9)) and R2(T. ) for any
a =g n. Let M be a finite-dimensional H2 (¢, v)-module.

Lemma 2.3.7. For any a € {1,...,n}, the eigenvalues of X, on M are of the form vjq" for
1€l andjelJ.

Proof. The statement is of course true for a = 1 by (2.2.6). By induction, using | ] or [Gr,
Lemma 4.7] we know that any eigenvalue of X,; differs from an eigenvalues of X, by a power
of q. O

Hence, as the elements X7, ..., X, pairwise commute, we can write M as a direct sum of
generalised simultaneous eigenspaces

M= P M(k),
keK™
where M (k) = M(4,7) is defined by, for any k = (3,5) € K" ~ I" x J'",
N
M(z,j) = {mGM: (Xa—vjaqla) m = 0 for all 1 gagn},

where N > 0. Note that all but finitely many M (k) are reduced to {0}. We now consider the
family {e(k)}gexn of projections associated with the decomposition above. In particular:
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e we have e(k)e(k') = 0y pre(k);
e we have >,y e(k) =1id (this is a finite sum since all but finitely many e(k) are zero);
e we have e(k)M = M(k).

Remark 2.3.8. We already used the notation e(k) for some generators of RA(I', ,y). This abuse
of notation will be justified by the proof of Theorem 2.3.6, where we prove that these elements
can be identified.

Since e(k) is a polynomial in X1,..., X, we have e(k) € HA(¢,v). Now if a =g n is a
K-composition of n, the following element:

e(a) = Y e(k) € H(q,v),
keko

is a central idempotent (the reader should compare this definition to (1.2.10)). We thus get a
subalgebra
H2 (¢, v) = e(a)Hp (g, v). (2.3.9)
Remark 2.3.10. The subalgebra H2 (¢, v) is either {0} or a block of H2(q,v) (see | ]). This
block has unit e(a).
Recall that the elements y, € R2(T ) for all a € {1,...,n} are nilpotent (Lemma 1.2.23).

Hence, each power series f(y1,...,yn) € F|[y1,...,yn]] in these elements is a well-defined element
of Rg}(Fe’p/). In particular, for any a € {1,...,n — 1} and k € K the following power series is
well-defined in R2 (T, ):
1, if ko = kat1,
Po(k) = { T € FllYas Yaral), (2.3.11)
’ (1= ) (U= va(B)arr (k) ) ik # hayr,
where A
Ya(k) = vj,¢" (1 — ya), (2.3.12)
if k= (i,7). For any k = (i,j) € K =1 x J', we define
koo i k. i
¢" = q, q q_l, (2.3.13)
Uk = Uj, V—f =75,

in particular we obtain y, (k) = v, ¢ (1 — y,) for any k € K™. Note that

-1 _ Yat+1(k) — ya(k)

B Yatr1(k)

(kg @5 — v @F) + Ok, " Y0 — Uk €5 Yo
B ya—i—l(k) ‘

Thus, by (2.3.2) we know that this expression is indeed invertible when k, # kqy1.

For any (w, f) € &, X F[[y1,---,yn]], we denote by f* € F[[y1,...,yn]] the usual right action
of won f. For instance, if w = 7 is a transposition then f7(y1,...,yn) = f(Yr(1),- - Yr(n))- Let
us give a lemma involving this action (see, for instance, | , (2.6)]).

1= Ya(K)Ya+1(K)

Lemma 2.3.14. For any f € F|y1,...,yn]],a € {1,...,n— 1} and k € K* we have

wafsae(k) + 8a(f)e(k)7 Zf ko = ka—f—h
wafsae(k)¢ Zf ktl 7& ka—i-la

where 8,(f) = =L e Fl[y1,...,un]].

- Ya—Ya+1

f”pae(k) = {
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Proof. This is a consequence of (1.2.3f), (1.2.3h) and (1.2.3i). O

We say that a family {Qa(k)}eef1,..n—1},kexe Of elements of F[[y,...,yn]] satisfies the
property (BK) if

Q. (k) is an invertible element of F[[ya, Ya+1]], (2.3.15a)
(k) =1—q+ qYa+1 — Ya, it kg = kay1, (2~3-15b)
(1— P.(k))(q+ P.(k)), if kg / kqu1, (2.3.15¢-1)
1-— P, (k
(L= Pa(k))(q + Fa(k)) if ko — kar1, (2.3.15¢-ii)
Ya+1 — Ya
ak a a'ksa: 1*Pak Paki
Qa(k)Qa(sa - k) (1= Pulk))g + Falk)) if ko ¢ ks, (2.3.15c-iii)
Ya — Ya+1
1—-P,(k P,(k . .
( (k))(g + Fa(k)) if ko 5 kast, (2.3.15¢-iv)
(ya-l-l - ya)(ya - ya+1)
Qa+1(Sa+15q¢ - k)°* = Qa(saSat1 - k)%F1. (2.3.15d)

We can now give the key of Theorem 2.3.6.

Theorem 2.3.16. Let {Qu(K)}ac(i,.. .n—1},keke be a family of elements of F[y1, ..., yn]] which
satisfies (BK). There exist unique F-algebra homomorphisms f : HA(q,v) — RA(T.,) and
g:RAMT. ) — HA(q,v) such that

f(Xa) = Y valk)e(k),

keK«

F(Ty) = (tQu(k) — Py(K))e(k),

keK«

and, recalling the notation (2.3.13),

9Wa) = > (1—v_p,q " Xo)e(k),

ke K>
g() = Y (Ty + Py(K))Qu(k)'e(),
ke K>
foralla€e{l,...,n} and b € {1,...,n — 1}. Moreover, these homomorphisms are inverse to

each other, hence HA(q,v) ~ R(I)}(Fe,p’)'

We will explain at the beginning of §2.3.3.2 how the elements P,(k) and Q,(k) are considered
as elements of HA (g, v). We note that there exist such families {Qa(k)}ak, see §2.4.1 for further
details.

2.3.3 Proof of Theorems 2.3.6 and 2.3.16

In this subsection, we first check that the maps of Theorem 2.3.16 indeed define algebras
homomorphisms: we check that the different defining relations (2.2.2b)—(2.2.2f), (2.2.6) (for f)

and (1.2.3), (1.2.16), (1.2.19) (for g) are satisfied. The proof is exactly as in [ , Section 4]:
we will only give some details when the elements v; are involved. The remaining parts of the
argument require only notational changes from [ ].
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2.3.3.1 The map f is a homomorphism

We prove that the images of the generators of H2 (¢, v) by f satisfy the defining relations.

The proof of the quadratic relation (2.2.2b) is exactly the same as the one for | ,
Theorem 4.3]. Namely, it suffices to check that for any k € K we have f(T,)%e(k) = (q —
1) f(T,)e(k) + ge(k), and the result follows since 3 pcxa e(k) = 1 in RA(T, ).

The equality f(X1)f(X2) = f(X2)f(X1) is clear. Hence, to check the length 4-braid
relation (2.2.2¢) it suffices to prove that ¢f(X2) = f(T1)f(X1)f(11). We will in fact prove that
for any a € {1,...,n — 1},

qf (Xa+1) = f(To) f(Xa) f(Ta). (2.3.17)

Since we have just checked the relation (2.2.2b) for f(7,), it suffices to prove that for any
ke K,

f(Xa)f(Ta)e(k) = (f(Ta) +1- Q)f(XaJrl)e(k)'
Once again, the rest of the proof is exactly the same as in the corresponding part of the proof
of | , Theorem 4.3]. We write down here some of the details since we have to add some v;
in the calculations. We have

X Toe(k) = (Ya(sa - k)YaQal(k) — ya(k)Pu(k)) e(k)
= (Yatar1(k)Qa(k) + 8, s 1 01,0 Qu(k) = yalk) Pu(R)) e(k),

and:
(To +1 - @) Xatr1e(k) = (YaQa(k) — Po(k) +1 = q) yat1(k)e(k).

Considering the two cases k, # kqt+1 and k, = kq11 separately and using (2.3.11), (2.3.12)
and (2.3.15b), we can easily prove that the two above quantities are equal.

The commutation relations (2.2.2d) and (2.2.2¢) are straightforward from the defining
relations in RA (T'ep), and for (2.2.2f) we can reproduce the corresponding part of the proof
of | , Theorem 4.3]

Finally, let us prove that the cyclotomic relation (2.2.6) is satisfied, that is,

11 (f(Xl) - quk)Ak =0.

keK

We have, using (1.2.3a) and (1.2.3b),

Ag
T () -ud)" =T | X (d™ (=) - vid) e<k>]

keK keK |keKe
A
=111 (Uqukl(l—yl)—vqu) ke(k)]
keK |keK>
A
= % T (om0 =) - o)™ etk
keK> ke K

By (1.2.19), for any k € K the term for k = k; vanishes, hence we get the result.

To conclude, the map f : HA(g,v) — R2(T'c,) defined on the generators X1, 7}, ...,Th_1
yields a homomorphism of algebra. By restriction, we get an algebra homomorphism f :
H2(g,v) - RA(T. ). In particular, the image of X, for @ > 1 is the one given in Theorem 2.3.16,
thanks to (2.2.3) and (2.3.17).
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2.3.3.2 The map g is a homomorphism

In this paragraph, for any m € R2(T. /) we also write m = g(m) € H2(g,v). In particular, we
have

Ya= > (1—v_g,q "X, )e(k) € HA(q,v),
ke K«

thus we can consider the power series P, (k) and Q. (k) as elements of H2 (¢, v), namely

Yo=Y (Ta+ Pa(k))Qa(k) "e(k) € HA (q,v).

keK«~

Following Lusztig, define the following “intertwining element” in H2(g,v) for any a €
{1,...,n—1} by
o, =To+(1—q) > (1-X X)) etk)+ 3 e(k),

ke K* keK*~
ka;ﬁk‘a+1 ka:ka+1

where (1 — XaXa_jl)_le(k:) denotes the inverse of (1 — XaXa_il)e(k:) in e(k)HA(¢q,v)e(k). Notic-
ing that y,(k)e(k) = X,e(k), we can check the following equality:

Oy = > (Tu+ Pa(k))e(k).
ke K>

We can give an analogue of | , Lemma 4.1]. Once again, we just have to write a (respectively
k, k) instead of their r (resp. ,%), both in the statements and the proofs. Among all the relations
in the lemma, we will make here an explicit use of the following one:

Dy Xqe(k), if ko # kot

' (2.3.18)
O, Xpe(k) + (qXor1 — Xo)e(k), if kg = kgi1.

XaJrl(I)ae(k) = {

We now check the different relations of R2(I. /). Relations (1.2.3a)—(1.2.3g), (1.2.16)
and (1.2.19) follow as in the corresponding part of the proof of | , Theorem 4.2]. To
check (1.2.31), again we just follow the corresponding part of the proof of | , Theorem 4.2],
but we need to add some v;’s. We have

Yar1¥ae(k) = (1 = v_k, ¢ " Xa11)PaQa (k) 'e(k).
If kg # kqt1, using (2.3.18) we get
Yar10ae(k) = PaQa(k) ™ (1 = v_r,q " Xa)e(k) = Yayac(k),
whereas if k, = kg1 We obtain

Yar1¥ae(k) = (1 = v_k,q " Xap1)(Ta + 1)Qa(k) ' e(k)
= (T + 1)1 = 0,07 Xa) + 0,075 X = v, 0" K1) Q) (k)
= ("paya + 1)e(k),

since (v_j,q " Xy — v_p, ¢  Fe Xo11)e(k) = Qu(k)e(k). The proof of (1.2.3h) is similar.
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2.3.3.3 Conclusion

Asin | , Lemma 3.4], we have:

f(e(k)) = e(k) € R (D),

for all k € K. Tt is now an easy exercise to show that f o g is the identity of RA (Pepr), and
then that g o f is the identity of HA(q,v). Hence, the homomorphisms f and g are inverse
isomorphisms and Theorem 2.3.16 is proved. Summing the F-isomorphism HA (¢, v) ~ RA (Cepr)
over all a =x n, we thus get the statement of Theorem 2.3.6. Note that since H2 (g, v) is zero
for all but finitely many «, the same thing happens for R{)}(Fe’p/). In particular, the direct sum:

RrILX(Fe,p’) = @ Ré}(re,p’)v
aEgn

has a finite number of non-vanishing terms.

2.3.4 An unexpected corollary

For any j € J', let us write A7 for the restriction of A to I x {j} ~ I. Since Ic, is given
by p’ disjoint copies of the quiver I'y, we know from Theorem 1.3.57 that there is an algebra
isomorphism
0 /-1
RMTep) ~ €D Matp, (Rf\‘o (Te)® - ®RY, (Fe)),
A=gn

| .
where m)y = W For any j € J', we set:

Hﬁ}j (Q) = Hﬁ}; (q7 Utriv)v

where vy has only one coordinate, equal to 1. In particular, we saw from Theorem 2.3.6
or | | that we have the F-isomorphism Hfj (q) ~ Rf]] (T'¢). We deduce the following result.

Theorem 2.3.19. Let v € (F*)? satisfying the distinct q-orbit condition (2.3.2). We have an
(explicit) F-algebra isomorphism

0 p/—1
M)~ @ Maty, (B (@) 51 (@),
A=gmn

In particular, the algebras HA (¢, v) and @ Y J,an\XOO (@)®-- ~®H§}p/,711 (q) are Morita equivalent.
e
Note that since the following condition is satisfied (recall (2.3.2)):

H H H (qa(vjqi) — vj/qi/) e F*,

j<j'edig’el —n<a<n

the Morita equivalence is known by [ , Theorem 1.1]. Therefore, Theorem 2.3.19 provides
an explicit isomorphism from which the Morita equivalence of | ] follows.
Remark 2.3.20. If A = ... = AP'~1 by [PA, Corollary 3.2] or Chapter 3 we know that the

algebra of Theorem 2.3.19 is a cyclotomic Yokonuma—Hecke algebra of type A, as introduced
in [ ].
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2.4 Restricting the grading

In this section, we prove our second main result, given in Corollary 2.4.17: we give a cyclotomic
quiver Hecke-like presentation for H}’}’n(q). The key is to make a careful choice for the family

{Qa(k)}a,k-

2.4.1 A nice family

We consider the quiver I, ,; with vertex set V' = {qui}z‘el,jejl ~ K =1xJ of §2.3.1, where
V0, .-, Vpy—1 € F* satisfy (2.3.2). We give here a particular choice for the family {Qq(k)}q -
We recall the definition of the family {P,(k)},x of (2.3.11) and also the property (BK), defined
by the conditions (2.3.15).

Lemma 2.4.1 (] , (5.4)]). The family {Qq(k)}i<a<n kexn given by:
1= q+qYat+1 — Ya, if ka = kay1,
Qu(k) = { 2=l if ko < ka1 o7 ka S kay1,
1 — Pu(k), otherwise,

satisfies the property (BK).

Remark 2.4.2. The condition “kq < kqy1 OF kg S kqr1” is equivalent to “vg, q* = qug, Hq’“a“”.
With k = (¢,7), that means “iq = i,41 + 1 and j, = jat1”

The family given in [ , (4.36)] would be the following one:
1 —q+ qYa+1 — Ya; if ko = ka1,
(Ya(k) = qyat1(k))/(Ya(k) = yas1(k)),  if ka 7/ kas1,
Qe (k) = (ya(k) — qyat1(k))/(Wa(k) — yar1(k))?, if ko = kay1, (2.4.3)
Ok, q*, if kg < kapi,
Uk, 0"/ (Ya(k) = yat1(K)), if kg S Kat1.

We will see in Remark 2.4.16 why the choice of Lemma 2.4.1 is more adapted to our problem.
For the convenience of the reader, we will now give a proof of Lemma 2.4.1.

Proof of Lemma 2.4.1. First, let us prove that Q,(k) is well-defined. If k, # k,y1 we have

_ (=9)Yat1(k) .
Pa(k) = 3 () “yachy thus:

_ qyaJrl(k) - ya(k) _ qQUk, 11 qka+1(1 - ya+1) - Uk’aqka(l - ya)
Yar1(k) — ya(k) Yar1(k) — ya (k)

In particular, if ky < kqy1 or kg S kot1 we get (recall Remark 2.4.2):

1_Pa(k)

k
Vo4 a(ya - ya+1)
1= P, (k) = Jha ,
( ) ya-i—l(k) - ya(k)

thus:
1 — P,(k) B vkaqk‘l

Ya+1 — Ya B ya(k) — Ya+1 (k)’

which is well-defined.
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As suggested in | |, we now notice that, if kq # kqt1:
(1 = Py(sq-k))* = q+ Pa(k). (2.4.4)

This is a straightforward consequence of the equality P, (k) + Py(sq - k)% =1 — q (see | )
(4.28)]). Let us now check that (BK) is satisfied. First, the element Q,(k) is of course invertible
when k, = ko1 (since 1 — g # 0), and the invertibility in the remaining cases follows from the
above calculations so (2.3.15a) holds. Moreover, equation (2.3.15b) is true by definition.

We now check the different relations (2.3.15¢) involving Qq(k)Qa(Sa - k)%*. If kg 7/ kat1
(in particular, k, # kqt+1) then Qq(k) = 1 — P,(k) and we immediately deduce (2.3.15c-i)
from (2.4.4). If ky — kqt1 then Qq(k) =1 — P,(k) and Qu(sq - k) = 1=Polsak) - g

Ya+1—"Ya

q+ Pa<k>
Ya — Ya+1 ’

Qa(k)Qa(sa - k)™ = (1 — Pu(k))

0 (2.3.15¢-ii) holds. The proof of (2.3.15¢-iii) is similar. Now if k, & kq41 then Qq(k) = 1=Fa(k)

- Ya+1—Ya
and Qq(sq - k) = %(f“yf), thus:

1= Pu(k) g+ Palk)
Ya+1 — Ya Ya — Ya+1 ’

Qa(k)Qa(sa : k)sa =

0 (2.3.15¢-iv) holds.
Finally, to prove equation (2.3.15d) it suffices to see that Py11(Sq+154 - k)% = Pa(SaSat1 -
k)set+1. This equality follows from [ , (4.29)] and the braid relation $454+18¢ = Sa+1SaSa+1-
O

Remark 2.4.5. We deduce from the calculations made at the beginning of the proof of Lemma 2.4.1
that Qa(k) = QaBK(k) if ko = kay1, ko 7/ kay1 or ko S Koy

2.4.2 Intertwining

In this subsection, we show how our previous works allow us to prove the main result of this
chapter, Corollary 2.4.17. For any j € J, let us set v; := (7. It follows from the definition of p’
that vo, ..., vy_1 satisfy the distinct g-orbit condition (2.3.2). In particular, the vertex set of
I'cp can be identified with V' = {(jqi}ig,je‘p. Let us consider a weight A = (Ag)gex of level r,
such that

Nij =N j= A, foralli € I and 7,5 € J'. (2.4.6)

We suppose that the associated tuple A = (A;);er, of level wd, satisfies the condition of
Proposition 2.2.39, that is (recall the notation 7 of (2.2.29)),

A = Ay, for all i € I, (2.4.7)

so that the algebras HA(q, ¢), Hﬁn(q) (recall Definition 2.2.41) and the shift automorphism of
HA (g, ¢) (recall Proposition 2.2.9) are well-defined. We will use the above condition (2.4.7) and
the results of Section 1.4 to define a particular automorphism o of R2(I'; ).
Let us define o : V — V by:
o(v) = (v, (2.4.8)

for all v € V. Note that o is well-defined since V is also given by {qui}iGIJ‘eJ. Moreover, the
reader may have noticed the similarity with the map of Proposition 2.2.9.

Lemma 2.4.9. The map o : V — V induces an automorphism of the quiver I'c ., that is:
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e the map o :'V — V is a bijection;
o if (v,v') is an edge of T'¢py then (o(v),o (V")) is also an edge of T .
In particular, the map o satisfies the assumptions of Section 1.4.

Proof. The first point is satisfied since  is a root of unity. Now let (v,v’) be an edge of I, .
By definition, we have v' = qu, thus (v' = ((qv) = ¢({v). Hence, we have o(v') = go(v), thus
we have proved that (o(v),o(v’)) is an edge of I'e ;,y. We conclude recalling Remark 1.4.2. O

The action of o on V' is algebraically easy. Let us now describe how o acts “graphically” on
the set V' of the vertices of I, that is,on K =1 x J'. Let i € I,j € J" and set v := gt We
have:

a(¢’q") = ¢t (2.4.10)
Hence, if j < p’ — 1 then o just translates the vertex v to the copy of T'. directly on its right. If
j=p —1, we have j+1=p' ¢ J' thus we write:

o(" ) = = gt =g (2.4.11)

It means that v is translated to the first copy of I'. and rotated by n. Note that depending on e
and p/, there may not be any translation or rotation.

FEzxample 2.4.12. Recall the quivers of Example 2.3.4.

Case (e,p) = (2,3). We have p’ = 3,77 = 0 and the map o is given by the product of 3-cycles
(01,02, 03)(11, 12, 13).

Case (e,p) = (2,6). wehavep’ = 3,1 = 1 and the map o is given by the 6-cycle (01,02, 03,11, 12, 13).

Case (e,p) = (00,2). we have p’ = 2,17 =0 and the map o is given by the product of transposi-
tions [[;c7(41,12).

In particular, note that o has indeed order p.

By Theorem 1.4.5 and Lemma 1.4.24, the permutation ¢ of the vertices of V' induces an
isomorphism R2(T'. /) — RZA(T.,/) for any a =k n. Let us now check that the weight A
satisfies the o-stability condition (1.4.25).

Proposition 2.4.13. For any k € K =1 x J" we have A = Ay-
Proof. We have seen above that for (i,7) € I x J'
e if j <p' —1then o(i,j) = (i,7+1);
o if j=p' —1then o(i,j) = (i +n,0).
Thus, we deduce the result from (2.4.6) and (2.4.7). O

By Lemma 1.4.28, we know that the map ¢ induces an automorphism of the cyclotomic
quiver Hecke algebra R2(T. /). We will refer to it as the shift automorphism of R2(T ).

Lemma 2.4.14. The power series yu(k), Po(k) and Qq(k) of RA(T.y) are shift-invariant.
Moreover:



Proof. The first statement is clear since y, and y,41 are shift-invariant (by definition, just recall
Theorem 1.4.5). Recall that V = {qui}iel’jep ~ K is the vertex set of I'c ;. The image
of k € K™ in V™ is (¢Figh, ... CFnghn), where CFg¥ = (I¢t if k = (i,7) (recall (2.3.13)). In
particular, the image of o(k) in V™ is (C¢F1¢™, ..., (¢Fn¢F). Thus, we have

ya(o(k)) = ¢¢Fg (1 = ya) = Cyalk).

Hence, if k, # ka1 we have
Palo(k) = (1~ 0)(1 ~ yalo (k) (o (k) )
= (1 - ) (1~ & uRyaia (k) 1)
== Pa(k)7

and this equality is obvious is k, = kq4+1. The last equality Qq(c(k)) = Q4 (k) is now immediate.
O

Let us now denote by & : HA(q,¢) — H2 (g, ¢) the shift automorphism of HA (g, ¢) (defined
in Proposition 2.2.9). Recalling the choice for v that we made at the beginning of §2.4.2, we
consider the F-algebra isomorphism f : HA(g,¢) — RA(I'.,/) from Theorems 2.3.6 and 2.3.16,
defined with the family {Q,(k)}qx of Lemma 2.4.1.

Theorem 2.4.15. We have o~ o f = foq.

Proof. Since we deal with algebra homomorphisms, it suffices to check the equality on the
generators S, T, ..., T,_1 of HA(q, (). We successively have, using Lemma 2.4.14 (recall that,
by definition, S = X1):

o o f(8) = > o y(k)e(k))

keK™
= > uni(k)e(o™ (k)
keK"
= > yi(o(k))e(k)
keKn
=¢f(5)
= f(¢9)
— foa(s).
and:
o o f(T) = Y o ([taQalk) — Pulk)]e(k))
keK™
= Z [1aQa(k) — Pa(k:)]e(a_l(k))
keK™
= Z W}aQa(J(k)) - Pa(g(k))]e(k)
keK™
= Z [waQa(k) - Pa(k)]e(k)
keK™
= f(Ta)
= fod(Ty).
Note that the above sums over K™ are in fact finite, since all but finitely many elements
e(k) € RA(T,,) are zero (recall, for instance, §2.3.3.3). O
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Remark 2.4.16. Theorem 2.4.15 fails if we consider the homomorphism f built from the family
{QB¥(k)}ax of (2.4.3). For instance, Lemma 2.4.14 is no longer valid with QPK(k), since if
ka — ka+11

Q" (o(k)) = ¢CPg™ = CQ¥ (K),
and the same result holds if k, — kgy1.

We now recall some notation and facts from Section 1.4. If o = n, we denote by [a] its orbit
under the action of (o) (this action is defined in Lemma 1.4.4). We have an associated subset
Kl = Ugea) K B of K™ (see (1.4.7)). The quotient set of K® by the equivalence relation ~
generated by k ~ o(k) for all k € K is K (Definition 1.4.12). Here, each equivalence class
S K has cardinality o, = p, and is given by v = {k,0(k),...,0? ! (k)} for any k € ~.
Finally, thanks to the canonical map K"/~ — (K/~)" and Lemma 2.4.9, for any v € K5 and
a € {1,...,n} we have well-defined statements v, = Y4+1,Va — Ya+1, €tc. (see Remark 1.4.2

and before Remark 1.4.17). Moreover, since A is o-stable (Proposition 2.4.13) the integer A, is
well-defined.

Corollary 2.4.17. The F-algebra isomorphism f : H*(q,¢) — R (T, ,) induces an isomor-
phism between Hﬁn(q) and RTI}(F€7P/)U. Hence, we have the following F-algebra isomorphism:

H;},n(Q) = @ R[ﬁ] (Tep)?,
[a]

where [a] runs over the orbits of the K-compositions of n under the action of (c), and the
subalgebra H;}[a](q) has a presentation given by the generators

{eM} cglor UYL, un} UL, na )

@
o

and the relations (1.4.20), (1.4.22) and

for all v € K([,a].
Proof. Using Theorem 2.4.15, for any h € H2(¢,¢) we have:
G(h)=h <= fod(h)=f(h) <= o "o f(h) = f(h) < f(h) =00 f(h),

hence:
h is fixed under ¢ <= f(h) is fixed under o.

Using Corollary 2.2.19, we get:
HA (q) ~ HA(g, )7 ~ R, )7,

as desired. We deduce the second statement from the equality RA(T'.,/)° = @[Q]R[ﬁ] (Dep)?
(note that this direct sum is finite by Theorem 2.3.16) and Theorem 1.4.36, where we gave a
presentation for R[’;] (Ce ). O

Recall from Remark 1.4.37 that Rf}(Fe’p/) is naturally Z-graded. From this grading, Theo-
rem 2.3.6 and the isomorphism f, we can endow H2 (g, ¢) with a (non-trivial) Z-grading.

Corollary 2.4.18. The shift automorphism & : HX(q, ¢) — H2A(q, ¢) is homogeneous with respect
to the previous grading and the subalgebra Hﬁn(q) is a graded subalgebra of HA (¢, ().
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Proof. Recall from Remark 1.4.37 that o : RA(T.,) — R2(I'.,/) is homegeneous and that
RA(T ep')’ is a graded subalgebra. We thus deduce the first assertion from Theorem 2.4.15 and
the second one from Corollary 2.4.17. O

We now give an analogue of a classical corollary of | , Theorem 1.1].

Corollary 2.4.19. If § € F'\ {0,1} has the same order e € N>o U {oc0} as q then
Hp (9) = Hpo(a),
as F-algebras.

Proof. We know from Lemma 2.2.27 and Theorem 2.3.6 that the algebras H2(q) and HA(§)
are isomorphic to the same cyclotomic quiver Hecke algebra Rﬁ(f‘e,p/). Moreover, we have the
following isomorphism:

H}/},n(q) = R;}(Fe,p’)ga

where o is uniquely determined by the quiver I'; ; and the element 1 € I such that ¢"7 = CP/. To
prove that Hé\’n(cj) ~ H;},n(q), it thus suffices to prove that there is a primitive pth root of unity

¢ € F* such that:
=

(recall from Lemma 2.2.27 that p’ does not depend on the chosen primitive pth root of unity).
To deal with the case e = oo, it suffices to set ¢ := (. Recall that, in that case, we have n =0
and p’ = p. Hence, we now assume that e < co. Since ¢ and ¢ are both primitive eth roots of
unity, there is some a € Z, invertible modulo e, such that § = ¢®. In particular, for any k € Z
we have § = ¢®t*¢. Since ¢ = (p/, we get:

- 4

" = (¢Tr)”
Therefore, it suffices to prove that there is some k € Z such that a + ke is invertible modulo p,
that is, such that ¢ = ¢*t*¢ is a primitive pth root of unity. A quick (but very powerful)
argument is to use Dirichlet’s theorem about arithmetic progression (see also [ , Lemma
3.5]): since a and e are coprime, the set {a + ke}ren contains infinitely many prime numbers.

In particular, it contains a prime g which does not divide p, hence which is coprime to p. It now
suffices to choose k € N such that p = a + ke. O
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Chapter 3

Cyclotomic Yokonuma—Hecke
algebras

This chapter is adapted from | ].

3.1 Overview

In this chapter, we prove that cyclotomic Yokonuma—Hecke algebras of type A are cyclotomic
quiver Hecke algebras and we give an explicit isomorphism together with its inverse. As in
Chapter 2, we use the isomorphism of Brundan and Kleshchev | ] and the quiver is given
by disjoint copies of the cyclic quiver I'.. However, the generalisation is now not straightforward.
Finally, we relate this work to an isomorphism of Lusztig involving Yokonuma—Hecke and tensor
products of Iwahori—-Hecke algebras of type A.

We now give a brief overview of the chapter. Given d € N*, we first define in Section 3.2
the cyclotomic Yokonuma—Hecke algebra Yé\’n(q) where ¢ € F'\ {0,1} has order e € N>o U {o0}
in F* and A is a weight. We begin Section 3.3 by considering in Yﬁn(q) a natural system
{e(a)}ar, n of pairwise orthogonal central idempotents. Then, as in | | (and Chapter 2)
we define some “quiver Hecke generators”, now for YA (q) == e(a)Y;’l"n(q), and we check that
they satisfy the defining relations of the quiver Hecke algebra RA (T'¢.q) (see Theorem 3.3.1),
where I'; 4 is the quiver given by d disjoint copies of the cyclic quiver I'. with e vertices defined
in §2.3.1. In Section 3.4 we define the “Yokonuma-Hecke generators” of R2(I', ;) and again
check the corresponding defining relations, see Theorem 3.4.1. We can now prove in Section 3.5
the main theorem of the chapter, Theorem 3.5.1: we have an F-isomorphism of algebras

Y2 (a) = R (Te)-

Indeed, we prove that we have defined inverse algebra homomorphisms. Note that we also have an
F-isomorphism Y;’l\’n(q) ~ RA(T.q), see (3.5.2). We justify in Section 3.6 that the isomorphism
of Theorem 3.5.1 remains true for the degenerate cyclotomic Yokonuma-Hecke algebra Y2 (1)
that we define in §3.6.1, see Theorem 3.6.20. We end the section with Corollary 3.6.22,
which states that, under certain conditions, the algebras Yé‘n (¢) and YL{}n(l) are isomorphic.
We end the chapter with Theorem 3.7.3, where we show that we recover the isomorphism
Yﬁn(q) ~ @AbanathHﬁ}(q) of [Lu], where m) = ﬁ and the algebra H{(g) is a tensor
product of Ariki—Koike algebras. More precisely, we recover the explicit form given in | , PA],
see Theorem 3.7.10.
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3.2 Setting

Let d € N* and assume that the field F' contains a primitive dth root of unity £. In particular,
the characteristic of F' does not divide d. Recall that ¢ € F* and e € N* U {oo} is minimal such
that 14+ ¢+ ---+ ¢! = 0. Except in Section 3.6, the element ¢ will always be taken different
from 1. Recall that I = Z/eZ (with I = Z if e = c0) and set J = Z/dZ ~ {1,...,d}. Unless

mentioned otherwise, we have K = I x J. We will use the quantum characteristic of I, given by

e, ife< oo,

0, ife=o0.

chary(F) := {
In particular, we have I = Z/char,(F')Z and char;(F) is exactly the usual characteristic of F.

3.2.1 Cyclotomic Yokonuma—Hecke algebras

Let A = (A)ier € N be a weight with £(A) = 3o, A; > 0. The cyclotomic Yokonuma-Hecke
algebra of type A, denoted by Yfzn(q), is the unitary associative F-algebra generated by the
elements

91y Gn—1,t1, .., In, X1, (3.2.1)

subject to the following relations:
ty =1, (3.2.2a)
tatar = ta'la, (3.2.2b)
tago = Gots,(a); (3.2.2¢)
g = a+ (¢ = Dgres, (3.2.2d)
9o = 9’ I, if [b—10'| > 1, (3.2.2¢)
9et19cGet1 = YeJet19e (3.2.2f)
X191X191 = 1. X191 X1, (3.2.2g)
X196 = X1, if b > 1, (3.2.2h)
Xite = ta X1, (3.2.2i)
[T =) =o. (3.2.2j)

el

for all a,a’ € {1,....,n}, b0 € {1,...,n—1} and c € {1,...,n — 2}, where ¢, = ézjeJtitijl’
Note that the presentation comes from | |, excepting the normalisation in (3.2.2d) which
was used in | |. In particular, it comes from (3.2.2j) that X; is invertible in Yfl‘m(q).
When d = 1, the algebra Y (¢) is the Ariki-Koike algebra H2(q) := H2 (g, 1), defined in
Chapter 2 and used in [ ], hence is a deformation of F[G(r,1,n)] where r := ¢(A). In this
case, the element e, becomes 1. We write g((ll) (respectively Xfl)) for the element g, (resp. Xi)
when d = 1, that is, considered in H2(¢). Finally, note that when 7 = 1 then Yain(q) = Yfi\’n(q)
is a deformation of F[G(d,1,n)].

Following | |, we define inductively X,y for any a € {1,...,n — 1} by

ar+1 = gaXaGa (323)

(note that the ¢ comes from our different normalisation in (3.2.2d)). As for X, we introduce the

notation Xél) to denote X, in the case d = 1. The family {¢1,...,tn, X1,..., X, } is commutative
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and we have the following equalities:

9 Xe = Xagp, if a #b,b4 1, (3.2.4a)
P Xp+1 = Xogy + (¢ — 1) Xpt160, (3.2.4b)
Xb+196 = 9o Xp + (¢ — 1) Xpt16, (3.2.4¢)

foralla e {1,...,n} and be {1,...,n—1}.
The proof of the following result is the same as in | , Proposition 4.7], where we write
w = Jay * - * Ja, for a reduced expression w = s4, - - - Sq, € &,. By Matsumoto’s theorem (see for
instance [ , Theorem 1.2.2]) the value of g,, does not depend on the choice of the reduced

expression, since the generators g, satisfy the same braid relations as the elements s, € &,.

Proposition 3.2.5. The algebra an(q) s a finite-dimensional F-vector space and a generating
family is given by the elements g, X" -+« XEnt( -+ - tor for all w € &y, ug € {0,...,L(A) — 1}
and vy € J.

Note that the above family is actually an F-basis of Yé}m (¢q), although here we will never
make use of this fact (see | , Theorem 4.15]).

3.2.2 The quiver

Recall from §2.3.1 that the quiver I'c 4 is given by d disjoint copies of the cyclic quiver I, with e
vertices. The quiver I'; 4 is described in the following way:

e the vertices are the elements of K :=1 X J;
e for each (i,7) € K there is a directed edge from (i,7) to (i + 1, 7).

In particular, there is an arrow between (¢, j) and (¢, j/) in T 4 if and only if there is an arrow
between i and i’ in I', and j = j'. Moreover, the set K is finite if and only if e is finite. We
consider the diagonal action of &, on K™ ~ " x J", that is, 0 - (2,5) == (61,0 - 5). We will
need the following notation:

I% = {i € I" : there exists j € J" such that (¢,5) € K*},
J% = {j € J" : there exists © € I" such that (¢,7) € K“}.

The sets I¢ and J% are finite and stable under the action of &,,. Note that K¢ is included in
I* x J* (we don’t have the equality in general).
Finally, we extend the weight A € N of §3.2.1 to an element of N(!)| which we still denote
by A, by defining
Aij = Ay,

for all (i,7) € K = I x J. We will consider the cyclotomic quiver Hecke algebra RA (T, 4), as
defined in Chapter 1.

Remark 3.2.6. The cyclotomic Khovanov-Lauda algebra of | ] is the quiver Hecke algebra
RA(T,), that is, the algebra RA(T. ). We write eV (4), y((ll) and 1/1((11) for the generators of
RA(T.). The reason for this notation will appear in §3.3.1.

69



3.3 Quiver Hecke generators of Y2(q)

In this section, our first task is to define some central idempotents e(a) € Yﬁn(q) for any
a Eg n, with Y, e(a) = 1. We will then prove the following theorem.

Theorem 3.3.1. For any a g n, we can construct an explicit algebra homomorphism
pry : RY(Teq) = Y2 (q),
where YA (q) == e(a)YQn(q).

Note that Y2(g) is a unitary algebra (if not reduced to {0}), with unit e(c). To define this
algebra homomorphism, it suffices to define the images of the generators (1.2.2) and check that
they satisfy the defining relations of the cyclotomic quiver Hecke algebra: the same strategy was
used by Brundan and Kleshchev in | | for d =1.

For a generator g of RQ(Fevd), we will use as well the notation ¢ for the corresponding
element that we will define in Y2(q). There will be no possible confusion since we will work
with elements of Y2 (q).

3.3.1 Definition of the images of the generators

We define now our different “quiver Hecke generators”.

3.3.1.1 Image of e(¢,7)

Let M be a finite-dimensional Yf},n(q)—module. Each X, acts on M as an endomorphism of
the finite-dimensional F-vector space (see Proposition 3.2.5). In particular, by (3.2.2j) the
eigenvalues of X7 can be written ¢* for i € I. Hence, applying | , Lemma 5.2] we know that
the eigenvalues of each X, are of the form ¢’ for i € I. Concerning the t,, by (3.2.2a) (they are
diagonalisable and) their eigenvalues are dth roots of unity.

As the elements of the family {X,,t,}1<a<n pairwise commute, using Cayley—Hamilton
theorem we can write M as the direct sum of its weight spaces (simultaneous generalised
eigenspaces)

M(i,3) = {v e M: (Xa - qi“)NU = (ta - fj“) v=0foralll<a< n} (3.3.2)

for (¢,7) € I x J", where N > 0 and ¢ is the given primitive dth root of unity in F' that we
considered at the very beginning of Section 3.2. Observe that some M (i, 5) may be reduced to
zero; in fact, only a finite number of them are non-zero.

Remark 3.3.3. The element e, acts on M(%,5) as 0 if j, # jo+1 and as 1 if j, = jat1.

We can now consider the family of projections {e(k)}xexn associated with the decomposition
M = @penM (k). The element e(k) is the projection onto M (k) along @y 4 M(K'), in
particular e(k)? = 0 and if k # k' then e(k)e(k’) = 0. Moreover, only a finite number of
projections e(k) are non-zero.

As the e(k) are polynomials in X1,..., Xy, t1,...t, (in fact e(k) is the product of commuting
projections onto the corresponding generalised eigenspaces of X, and t,), they belong to chkn(q).

Remark 3.3.4. The above polynomials do not depend on the finite-dimensional Yﬁn(q)—module M.
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We are now able to define our central idempotents. We set, for any o =g n,

keK«~

Since K is a &,,-orbit, the element e(«) is indeed central. Though we will not use this fact, we can
notice that according to [PA, Corollary 3.2] and | ], the subalgebras Y2(q) := e(a)Y;%n(q)

which are not reduced to zero are the blocks of the Yokonuma—Hecke algebra Yf}’n(q); see
also [ , §6.3]. For d = 1, the element e(«) is the element e, of | , (1.3)].
We will sometimes need the following elements:

e(a)(@) = ) ela)e(d,j) = D elid),

jeJe ‘j.EJ(’
‘ o e (3.3.5)
e(a)(d) = Y ela)e(i,j)= Y e(i,j).
icle icl®
(i,j)e K™
For d = 1, we recover with e(«)(%) the element e(¢) of | , §4.1]; we denote it by eV (4).

Finally, note that:
e(a)(2) - e(a)(d) = e(a)(d) - e(a) (@) = e(2,5).

From now, unless mentioned otherwise, we always work in Y2 (q). Every relation should be
multiplied by e(«) and we write e(z) (respectively e(j)) for e(a)(2) (resp. e(a)(7)).
We give now a few useful lemmas.

Lemma 3.3.6. Letac {l,...,n—1} and j € J. If jo # jat+1 then

gae(d) = qe(j),

gaXa—I—le(j) = Xagae(j)7
Xa+1ga€(j) = gaXae(j)~

Proof. We deduce it the from relations (3.2.2d), (3.2.4b), (3.2.4¢) and from eqe(j) = 0 (since
Ja 7 Ja+1, see Remark 3.3.3). O

For the next lemma, we should compare with | , (15)].
Lemma 3.3.7. For anya € {1,...,n— 1} and j € J* we have g.e(3) = e(sa - J)ga-

Proof. Let M := Y2(q). Given the relation (3.2.2c), we see that g, maps M (5) to M(s4 - J).
Fix now 7 € J* and let 3’ € J* and v € M(5). If 3’ = j then we obtain

gae(J)v = e(5q - J)gav (= gav),
and if 3’ # 7, since g,v € M (s, - 3') we have
gae(d)v = e(8q - J)gav (= 0).

Hence, e(sq - J)ga and gee(7) coincide on each M (j') for j € J< thus coincide on M = @sz(j’)
and we conclude since M = Y2(q) is a unitary algebra. O

Corollary 3.3.8. Leta € {1,...,n} and j € J*. If jo = jat1 then g, and e(§) commute.

71



Remark 3.3.9 (About Brundan and Kleshchev’s proof - I). Let a € {1,...,n—1}. If j € J*
satisfies j, = jai1, the following relations are satisfied in the unitary algebra e(5)Y2(q)e(4)
between gqe(j) and the elements Xpe(j) for any b € {1,...,n} with b # a,a + 1:
9a =4+ (¢~ 1)ga,
qXat+1 = gaXafa;
9aXp = Xp9a,

9aXat1 = Xaga + (¢ — 1) Xar1,

Xa+19a = gaXa + (¢ — 1) Xat1.
These are exactly the relations (3.2.2d), (3.2.3) and (3.2.4) for HA(¢) = Yﬁn(q). Hence, when

these only elements, together with e(l)(i) for any 2 € I%, and these only relations, together
with those involving the elements e(!)(), are used to prove any relation (*) in [ , §4] (in
HA(q)), we claim that the same proof in Y2 (q) holds for (%), involving g,e(j) instead of g((ll),
the elements letle(j) instead of Xlgl)il and e(4, j) instead of e(V)(3). If j satisfies in addition
Ja+1 = Ja+2, we can add to the previous list the element g,+1e(j), which stands for 91(121-
Lemma 3.3.10. For any a € {1,...,n — 1} and (¢,j) € K% such that j, # jot+1 we have
ga€(1)e(g) = e(sa - 1)gae(J), that is, gae(i,J) = e(sa - (4,5))9a-

Proof. Given Lemma 3.3.6, we show as in Lemma 3.3.7 that g.e(?)e(g) = e(sq - 2)gq€(3). We
obtain the final result applying Lemma 3.3.7. O

3.3.1.2 Image of y,

We are now able to define the elements y, € YA (q) for alla € {1,...,n}. We define the following
elements of Y2(q) for any a € {1,...,n}:

Yo = Z (1 — q_i“Xa) e(t) € Yg(q).
S

We can notice that _; (¢’ — X, )e(4) is the nilpotent part of the Jordan—Chevalley decomposition
of X,. In particular, the element y, is nilpotent. As a consequence, we will be able to make
calculations in the ring F[[y1, ..., yn]] of power series in the commuting variables yi, ..., y,. We
will sometimes also need the following element:

ya(i) = qia(l - ya)a
which satisfies

Ya(2)e(?) = Xqe(2). (3.3.11)
We end this paragraph with a lemma.
Lemma 3.3.12. For any 7 € J* such that j, # ja+1 we have

9aYa+1€(J) = Yagae(d),
ya+1gae(j) = gayae(j)'
Proof. Indeed, we have goyat+1€(d) = 3 ;(9a — ¢+ gaXa+1)e(%,7) and applying Lemmas 3.3.6
and 3.3.10 we obtain
gaya+1e(j) = Z (1 - q_ia+1Xa)e(5a : i)gae(j)
ele

= > (1 - ¢ " Xa)e(i)gae(d)

el
= yagae(j)-
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3.3.1.3 Image of v,
We first define some invertible elements Q4(%,7) € F|[[Ya, Ya+1]]* for any a € {1,...,n — 1} and
(¢,5) € K* by

1 =g+ qYat+1 — Ya, if iq = ta+1,
(Ya(2) = q¥a+1(2))/(Ya(?) = Ya41(2)),  if ia 7 dat1,
(ya(i) - qya—i-l(i))/(ya(i) - ya+1(i))2a if ia — ia—f—l; if ja = ja+17

Qa(iaj) = h ep - .
q', if 4q < ta+1,
¢/ (Ya(2) = Yat1(8)), if iq S a1,
f(l,j7 if ja ;é ja+17

where fq; € {1,q} is given for j, # ja41 by

. q, if ja < ja+la
fa,j = oo .
17 lf Ja > Ja+1,
with < being any total ordering on J = Z/dZ ~ {1,...,d}. For d =1 or for j, = ja+1, the
power series Q4 (%, J) coincides with the definition given at | , (4.36)].

Remark 3.3.13. The elements Q,(¢,5) depend only on (iq,iq+1) and (ja,ja+1). Moreover, as
in | | the explicit expression of Q4(%,7) for j, = ja+1 does not really matter. Only its
properties are essential, namely, those in Lemma 3.3.16.

Remark 3.3.14. The scalar f, ; is only an artefact: if ¢ admits a square root ¢'/? in F, we can
simply set f, j == g2
Finally, we give an easy lemma about the elements f, ;.

Lemma 3.3.15. Leta € {1,...,n—1} and j € J*. If jo # jat1 then fojfas.j =4

Asin §2.3.2, for any Q € F[[y1,...,ys]] and 0 € &,, we have an element Q7 € F|[y1, ..., yn]]
obtained by place permutation of the variables. We will use later the following properties satisfied

by Qa(2, ), where Q7(4,7) == Q(2,5)7 (see | ; (4.35)]).
Lemma 3.3.16. Leta € {1,...,n— 1} and (i,3) € K*. We have
a1(2,9) = Qe (sa+15a - (2, 7)),
Qut (1, 5) = Qa1 (SaSat1 - (2, 7))
Proof. We check only the first equality, the second being straightforward considering (¢', 3') =

SqSat1 - (3,4). For any i € I, let us write y4(i) = ¢’(1 — y4), so that y4(i) = y4(i4). Noticing
that s,1+184 = (a,a+2,a + 1), we obtain, if j,+1 = jat2,

1= ¢+ qYat1 — Ya, if Ggy1 = iaro,
(Yaliat1) — @Yat1(ia+2))/ Walia+1) — Ya+1(lat2))s  if dat1 7 das2,
Qa(sa+150 - (4,3)) = { Waliat1) — @War1(iar2))/ Walias1) = Yar1(iar2))?,  if day1 = iato,
g, if ig41 < daio,
¢t/ (Ya(iat1) = Yat1(iat2)), if ig11 S dayo,

and we conclude using y,(ig+1)°"" = ya(ia+1) and ya+1(ia+2)°* " = yar2(iar2). If jat1 # Jat2s
q, if ja+1 < ja+27

s » and this is exactly fo41,. O
1, lf Ja+1 > Ja+25

we have Qa(sa-i-lsa' (7'7.7)) = fa,(a,a+2,a+1)-j = {
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Let a € {1,...,n — 1}. We now introduce the following element of Y2 (q):

Co=gat(1-q) ) (1—XaXJ+11)71€(i,J')+ > elizg),

(i.d)ek® (i.§)e K"
?Q¢Z.a+1 ta=la+1
Ja=Ja+1 Ja=Ja+1

where (1 — XaXa_il)_le(k:) denotes the inverse of (1 — XX, )e(k) in e(k)Y2(q)e(k). Note

that this element is indeed invertible, since for any k = (¢, J) with i, # i,41 its only eigenvalue
1 — ¢*e~*a+1 is non-zero, thanks to the definition of I. In particular, we have

Pae(d) = gae(d),

if jo # ja+1. For d =1 we get the “intertwining element” defined in | , §4.2], and we write
it oY,

Though we will not need this until Section 3.4, we define now the power series P,(%,j) €
F[lYa, Ya+1]] for any a € {1,...,n — 1} and (3,7) € K by

1, if i =dar1, o _
Palig) = {(1 SOLEIOTERIO R I A AR
07 if ja 7é ja+1-
For d =1 or for j, = jat+1 we recover the definition given at | , (4.27)]. Moreover, we have
the following equality:
Oy = Y (9o + Pa(k))e(k). (3.3.17)
ke K>~

Indeed, the only non-obvious fact to check is P,(%,7)e(¢,7) = (1 — ¢)(1 — XaXaj:l)_le(i,j) if
iq 7 ta+1 and jg = jat+1, but this is clear by (3.3.11). We will also use the following equality
(the same one as in Lemma 3.3.16):

P(fil (7’7.7) = P;a+1(8a+15a : (17.7)) (3318)

Lemma 3.3.19. Leta,a’ € {1,...,n—1} and b € {1,...,n}. We have the following properties:

Dae(j) = e(sa - ) Pa, (3.3.20a)
Dqe(i, j) = e(sa - (4,5))Pa; (3.3.20D)
Qo Xp = XpPq, ifb+#a,a+1, (3.3.20c)
Payy = YpPa, ifb#a,a+1, (3.3.20d)
P4Qu (k) = Qu (k) Pq, if la —d'| > 1, (3.3.20¢)
DBy = Dydy, if la—d| > 1. (3.3.20f)
Proof. We will use results from | , Lemma 4.1] (which is this lemma for d = 1).

(3.3.20a) Using Lemma 3.3.7, it is clear if j, # jq4+1 since then ®qe(j) = gqee(J) = e(sq - J)9a =
e(sq - J)®4. Using Corollary 3.3.8 it is clear if j, = jq41 since e(j) commutes with every
term in the definition of ®,,.

(3.3.20b) If jo = Ja+t1, we claim that the relation comes applying (3.3.20a) and Remark 3.3.9 on the
equality @gl)e(l)(i) =eW(s, - i)@&l). If ju # jat1 it follows directly from Lemma 3.3.10.

(3.3.20c) Straightforward using (3.2.4a) and since e(%,j) are polynomials in Xi,..., X,.
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(3.3.20d) Using (3.3.5), (3.3.20b) and (3.3.20c) we get:
Qoyp = Z(l - qiibXb)e(Sa ’ (7'7.7))(pa
2
=Y (1 —q " Xp)e(sq - 8)Pa = ypPa,

since (Sq + 2)p = ip-
(3.3.20e) Since Qu (k) € F([Yar,Yar+1]] and @’ # a,a+1 and o’ +1 # a,a+1 it follows from (3.3.20d).
(3.3.20f) Let us write ®, := ®, — g,. Using (3.2.4a) and Lemma 3.3.10 we obtain

=~ _ -1 ..
Puge = gor | (1 —q) Z (1- XaXa—&l) e(sar - (3,7))
iaﬁéia-l»l
ja:ja+1

+ > else - (5,9)) | = 9w Pa,

i'a:i‘aﬁ»l
Ja=Ja+1

and exchanging a and a’ we get ga<fa/ =d, go- Noticing that DDy = Dy P, (we do not
use here |a — a’| > 1) and using (3.2.2¢), we obtain
0Py = (ga + Pa)(gor + Par)
= gada + Pager + Ja®ur + PaPy
= 9a'9a + 9o Pa + Pwrga + 0Dy
= (9’ + @) (90 + Pa)

=0, P,.
O
We are now ready to define our elements v, for any a € {1,...,n — 1}:
Vo= Y PaQa(k)"e(k) € Y (0).
keK~

As usual, we write 1/1&1) for 1, when d = 1, and this element wél) corresponds with the v,
of | , §4.3]. Note finally that for any j € J* we have

Yae(j) = f(;;gae(j)’
if ja 7é jaJrl-

3.3.2 Check of the defining relations

We now check the defining relations (1.2.3), (1.2.16) and (1.2.19) for the elements we have
just defined. The idea is the following: when an element e(,7) lies in a relation to check,
if jo = jay1 then we get immediately the result by Remark 3.3.9 rewriting the same proof
as | , Theorem 4.2], and if j, # jat+1 then it will be easy (at least, easier than in | )
to prove the relation. Recall that we always work in YA (q). In particular every relation should
be multiplied by e(«) and we write e(z) (respectively e(j)) instead of e(a)(2) (resp. e(a)(7)).
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(1.2.19) We do exactly the same proof as in HA(¢). Let (i,5) € K® and set M = Y2(q).
Recall that the action of X; on M is given by the action of e(a)X;. By (3.2.2j) we have
[Tier (X1 — ¢') = 0, hence

11 {(Xl - qi)Ai e(i)} =0. (3.3.21)

icl

As an endomorphism of M (%), the element (X; — q")Ai is invertible if ¢ # i1 since its only

eigenvalue (g't — qi)Ai is non-zero (note that A; may be equal to 0). This means that there exist

elements (X7 — qi)_Aie(i) such that (X7 — qi)Aie(i)-(Xl — qi)_Aie(i) = e(¢). Hence, multiplying
by all these inverses, the equation (3.3.21) becomes

(X1 — ") e(i) =0.
. . Ai _ 4! Ai ./ .
Finally, since y; " = Y e (1 — ¢ 1X1) "e(d') we obtain
Ai . . —1 Al o e
Y 16(,1/,‘7) = (1 —dq Zle) 16(1'3.7) =0.
(1.2.3a) Straightforward from the definition of e(k) for all k € K.

(1.2.3b) Idem.

(1.2.3c) Straightforward since y, and e(k) both lie in the commutative subalgebra generated
by t1,...,t, and Xq,..., X,.

(1.2.3d) Straightforward by (3.3.20b) and since Q,(k’) and e(k’) commute with e(k).
(1.2.3e) True since {X,}, is commutative.
(1.2.3f) True by (3.3.20d).
(1.2.3g) Let |a — b > 1. We have, using (1.2.3d), (3.3.20e) and (3.3.20f),
Vathy = ; PaQa(k) ()t
=Y 0,Qa(k) 'e(sy - k)
k
= PaQa(k) PyQu(sp - k) e(sy - k)
k
=Y ®Qu(sp - k) ' aQal(k) e(sy - k).
k

Hence, noticing that Q. (k) = Qa(sp - k) and Qp(sp - k) = Qu(sqSp - k) (see Remark 3.3.13) we
obtain

Yathy =Y PoQs(s6 - k) hae(sy - k)
k
=Y ®yQu(sp - k) 'e(sasy - k)a
k
= ¢b¢a-
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(1.2.3h) First, if k = (¢, ) satisfies j, = ja+1 then by Remark 3.3.9 we obtain from

@b(l)y(l) e(l)(’i) = (yél)@/;él) + 1)6(1)(i)’ if iq = tat1,
@ datd yDypVe® (4), if g # i1,

the following equality:

(yawa + 1)6(7'7.7)7 if ia = Z.a-l—l and ja = ja+17

¢y+1€(i>j):{ .. P . . .
o yawae(%J% if iqg # iar1 and Jo = Jay1-

Hence it remains to deal with the case j, # ja+1 (and no condition on ¢). Using Lemma 3.3.12
we obtain

YaYar1€(i,J) = ®aQa(d,5)  Yarre(3, )
= f1j9aYar1€(%, 5)
= o jYagae(i, )
= %a®aQa(4,5) " e(4, )
= YaPae(s, J)-

Finally, we have proved

(yad}a + 1)e(k)a if kg = kaJrl»

lbaya-&-le(k) - {yawae(k})’ if ka 7é ka—f—l)

which is exactly (1.2.3h).
(1.2.3i) Similar.

Remark 3.3.22. Thanks to relations (1.2.3f), (1.2.3h) and (1.2.3i), given f € F|[yi,...,ys]] and
k € K“ such that k, # kq+1 we have fipse(k) = 14 f%*e(k). In particular, this holds if j, # jat1
with k = (4, ).

(1.2.16a) Once again, the result is straightforward if j, = j,+1 using Remark 3.3.9. Let us
then suppose j, # ja+1. Hence, necessarily we have k, -/ ko1 so we have to prove 2e(k) = e(k).
We have

Vae(k) = Yac(sq - k)i
- (I)aQa(Sa : k)ile(sa : k)¢a
= f;sla.jgaq)aQa(k)_le(k)
= (fasagfag) " gae(k).

Applying Lemmas 3.3.6 and 3.3.15 we find ¢2e(k) = e(k) (recall e(k) = e(i)e(§) = e(j)e(4))
thus we are done.
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(1.2.16b) If jo = Ja+1 = Ja+2, We get the result using Remark 3.3.9. Let us then suppose that
we are not in that case: we have to prove ¥, 19q0qr16(k) = Yathar1tqe(k). We will intensively
use (1.2.3d). Note also that

_ -1 .. .p - . . .

(ga + (1 - Q)(l - XaXaqtll) ) 6(17.7)7 if ig # Qg1 and jo = jat1,

Cbae(’i,j) = (ga + 1)€(iaj)7 if ig = ig11 and jo = Jat1,
gae(,7), otherwise (jo # Ja+1),

and
o PaQal(i3) 7 e(5,5), i ja = Jat1,
Yae(t,3) =4 ., 7. R
fa7jgae(z7.7)7 if Ja 7& Ja+1-

It is convenient to introduce some notation. The couple (¢,7) shall only be modified
by the action of s, or s,t1, hence we only write ((ia,ia+1,%a+2), (Jas Jat1s Ja+2)) for (2,7).
Moreover, for clarity we forget comas and only write the indexation, substituting 0 to a. Thus,
((fay tat1, ta+2), (Ja» Jat1s Jat+2)) becomes ((012),(012)). Finally, as &,, acts diagonally on I x J
we can write (012) instead of ((012), (012)). Because an example beats lines of explanation, here
is one: Ype(102) stands for Yge(s, - k).

Case jo = j1 # jo. Let us first compute 119011€(012) and ¥g11pe(012). We have

Y1¢011e(012) = P110oe(021)1h
= 1e(201)¢hoth1
= 0,Q1(201)1e(201)1hge)1.

Since Q1(201)7! € F[[y1, y2]] and recalling Remark 3.3.22 we obtain
w1¢0¢16(012) = @16(201)7#0@?0 (201)711/11 = ‘1316(201)1/)0¢1Qi081 (201)71.

By Lemma 3.3.16 we have Q7°°*(201) = Q1(201)%%1 = (Q1(201)%0)*1 = (Qo(s150 - (201))51)%1 =
Q0(012). Hence,

D1poie(012) = @1e(201)¢ot1 Qo(012) .
As

Yoth11oe(012) = o1 oe(012)Qp(012) 7,

to have (1.2.16b) it suffices to prove
D1e(201) ot = Yot Poe(012). (3.3.23)
We now distinguish two subcases. If ig # ¢; then
B1e(201) ot = (g1 + (1 —g)(1 = X1 X5 ) ") hoe(021)¢hr.

Recalling (3.2.4a) and Lemma 3.3.6 we obtain

®1e(201)hotr = f(f(lom) (9190 + (1= q)go(1 — Xon_l)il) Y1e(012)

_ _ _1.—1
= f07(1021)f17(1012) (919091 + (1 - Q)gogl(l - XUXI 1) ) 6(012)‘
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Using the braid relation (3.2.2f) this becomes, recalling (3.3.20b),

®1e(201)hotp1 = f(;(lom)fi(lmg) (909190 + (1 = q)gog1(1 — Xonl)il) e(012)

= f(;(1021)f1_,(1012)9091 (90 +(1-q)(1- X0X1_1)_1) e(012)

= fo_,(1021)f1_,(1012)9091‘1)06(012)

= fo. (021 f1.(012)9091€(102) @,

and then, noticing that fi 012) = f1,(102) and fo,(021) = fo,(120), We obtain
P1e(201) 3oty = f&(llzo)f£6012)gogle(102)<I>0

= f(;(lmo)goe(l?o)lbl%
= o1 Ppe(012),

thus (3.3.23) is proved in the case ig # i1. Now if ig = i1 then

®1e(201) = (g1 + 1)e(201),
Dpe(012) = (go + 1)e(012),

thus with the same calculation as above (even easier) we obtain
@16(201)%1/11 = f&(logl)fl_’(lolg) (919091 + 9091)6(012)

= f[i(llgo)fi(llog) (909190 + 9091)6(012)
= o1 Ppe(012),

so we got (3.3.23). Until the end of the proof we use the same arguments as here, arguments
which we will thus not recall.

Case jy # j1 = jo. Similar.

Case jy = j2 # ji. Once again we begin with the computation of ¥1¢p11e(012) and
Yo110e(012). We have

Y1bo1e(012) = 1h1PrQo(021) e (021)eh; = b1 Poe(021)h1 Q3 (021) 1,

and
¢0$1¢0€(012) = 1/)0@1@1(102)716(102)1#0 = zpotﬁle(102)w0Q‘i°(1O2)*1.
Since Qg (021)~1 = Q{°(102) 7L, it suffices to prove
1 Poe(021)1)1 = Yo P1e(102)1).
Once again we distinguish two subcases. If iy # iy then
1 Ppe(021)1)1 = 11e(201) Do)y
_ -1
= Frongt (90 + (1= @)1 = XoX 1)) re(012)
_ _ _1,—1
= f17(1201)f17(1012) (919091 + (1 - Q)g%(l - X0X2 1) ) 6(012)
_ _ _1.—1
= f17(1201)f1’(1012) (919091 + (1 - Q)Q(l - X0X2 1) ) 6(012)'
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Similarly, we find

Yo®1e(102)10 = hoe(120)P1)o
= fotanygo (91 + (1= )1 = X1 X51) ") woe(012)
= fo 120y fo (012) (909190 +(1—q)g5(1 - Xon_l)_l) e(012)
= fo 20/ fo (012) (goglgo + (1 —q)q(1- XoXil)_l) e(012),
thus we conclude since fi (201) = fo,(012) and f1,(012) = fo,(120) (We see it on this particular case
or we can use Lemma 3.3.16). Now if iy = i2, as above we obtain, with « = f1 (201) f1 (012) =
To120) fo(012):
919091 + g7 )e(012)
919091 + q)e(012)

(
(
(909190 + q)e(012)
(

909190 + g3)e(012)
®1e(102)10e(012).

Y1 Poe(021)1hy

(67
(07
(07
(07
Yo

Case #{ja, ja+1,Jat+2} = 3. We have jo # jot1 and jo # jat2 and joy1 # Jat2 thus we
immediately obtain

w1w0¢16(012) = f;(lggl)f(i(logl)fi€012)9190916(012)
= f(;(luo)fl_,(1102)f(;(1012)9091906(012)
= ob11boe(012),

since f1,(201) = fo,(012)7 fo,(021) = f1,(102) and f1,(012) = fo,(120)-

3.4 Yokonuma-Hecke generators of RA(T")

Let A be a weight as in Section 3.3. The aim of this section is to prove the following theorem.

Theorem 3.4.1. For any o =g n, we can construct an explicit algebra homomorphism
PYR : Yéx,n(Q) — RA(Te.0).

Note that we do not consider yet Y2 (¢). In particular, it suffices to define the images of
the generators (3.2.1) and check if they satisfy the defining relations (3.2.2) of the cyclotomic
Yokonuma—Hecke algebra. As in Section 3.3, we use the same notation for a generator and its
image.

3.4.1 Definition of the images of the generators

It is easier this time to define these images. First, since the elements y1, ..., ¥y, are nilpotent
(Lemma 1.2.23), we can consider power series in these variables. Hence, the quantities P,(k),
Qa(k) and y,(i) that we defined in §3.3.1 are also well-defined as elements of R2(I'. 4). We
define finally as in (3.3.5) the elements e(3) and e(j) of RA(I'. 4) for any i € I* and j e Je.
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We recall that £ is a primitive dth root of unity in F'. Our “Yokonuma—-Hecke generators” of
RA(T, 4) are given below.

Ja = Z (VaQa(k) — Py(k)) e(k), for any a € {1,...,n — 1},
keK«
ty = Z Eae(y), for any a € {1,...,n},
jeJo
X, = Z ya(2)e(2), for any a € {1,...,n}.
ele

As usual, we write g((zl) and thl) for the corresponding elements when d = 1, thus recovering
the elements of | , §4.4].

Remark 3.4.2 (About Brundan and Kleshchev’s proof - IT). This remark is similar to Remark 3.3.9.
Let 7 € J such that j, = j,+1 and consider a relation in [ , §4] that involves only wc(bl),

e (4) and ylgl) for any ¢ € I* and b € {1,...,n} and that proof does not require any cyclotomic
relation (1.2.19). Then by the same proof, the same relation holds between 14e(j), e(é, 7) and
ype(§) in the unitary algebra e(§)RA(Te 4)e(5). If § satisfies in addition jo41 = jat2, we will be
able to add relations with @Dtglﬁl, which we substitute by 1g+1€(7).

3.4.2 Check of the defining relations

As in §3.3.2, we will use Remark 3.4.2 when j, = j,4+1 to get the result from the same
corresponding proof of [ , Theorem 4.3], and when j, # jo4+1 we will need a few calculations.

(3.2.2a) Straightforward since e(j)e(j’) = d; je(5) and ¢d=1.

(3.2.2b) Straightforward since e(j)e(j’) = e(3')e(j).

(3.2.2¢c) According to (1.2.3a), it suffices to prove tygae(i, ) = gats,)e(%,3) for every (i,7) €
K®. For (¢,7) € K%, we have, using (1.2.3d),

togac(i, ) = to(1aQal4,5) — Pa(i, 5))e(i, 5)
=ty [e(sa - (4,5))%aQali, 5) — e(i,5) Pa(i, 5)]
= 6o Doy, Qqali, 3)e(4, 5) — € Pa(i, j)e(i, 5)
= 1aQa(i,5)E5 e (4, §) — Pa(i, )Eve(i, 5),
and ' ' 4
Gatsa)€(8:3) = gal*e®e(i, ) = VaQa (i, 5)E*® (i, ) — Pa(i, §)E7We(i, 7).

As (843 )b = Js.(v) (by definition of the action of &, on J"), it suffices to prove the following:

Pa(iaj)gjb = Pa(imj)gjsa(b)'

But this is clear if b ¢ {a,a + 1} since b = s4(b), and if b € {a,a + 1} it is clear if j, = ju+1 and
obvious if j, # ja+1 since then P,(4,7) = 0.
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(3.2.2d). Let (i,5) € K and let us prove g2e(i,35) = (¢ + (¢ — 1)gaca)e(, 5). Summing over
all (2,7) € K% will conclude. If j, = jo41 then it is immediate applying Remark 3.4.2 on
(gc(bl))2 =q+(q— 1)g((11) and left-multiplying by e(%), recalling eqe(g) = e(j) and Corollary 3.3.8.
If now j, # jat1, since eqe(j) = 0 it suffices to prove g2e(i,j) = qe(i,j). But, recalling
Qa(ivj) = fa,j and Pa(i7j> =0,

9ae(i,5) = 9a(VaQa(i, 5) — Pa(i, 3))e(s, 5)
= fa,jgawae(ivj)
= fa,j9a€(Sa - (2,J))%a

= fai (VaQalsa - (5,5)) = Pa(sa - (i, 5)) ) ac(i, 5)

= fa,jfa,sa-nge(i7j)7
hence we conclude using Lemma 3.3.15 and (1.2.16a), since jg # jo+1 implies (iq, jo) 7 (fa+1, Jat1)-
(3.2.2e). Let us prove gogre(k) = grgae(k) for every k € K. By (1.2.3f) the element

commutes with the elements P, (k) and Qu(k) of F|[ya,Ya+1]]. Moreover, Qu(sp - k) = Qa(k)
and Py,(sp - k) = P,(k), hence

Jagve(k) = ga(%Qb( ) — Py(k))e(k)

= gae(sp )wab(k) gae( ) (k)
= (%aQa(k) — Pu(k)) Qs — (YaQa(k) — Pu(k)) Py(k)e(k)
= VaPpQa( ) b(k)e(k) — wab( ) w(K)e(k) — 1aQa(k)Py(k)e(k)
+ P, (k) Py(k)e(k),

and we conclude since that expression is symmetric in @ and b (recalling (1.2.3g)).

(3.2.2f). Again it suffices to prove go+19a9a+1€(%,73) = gaga+19a€(s, ) for all (¢,5) € K. If
Ja = Ja+1 = Ja+o we get the result using Remark 3.4.2. Let us then suppose that we are not in
that case. We will intensively use (1.2.3d). Recall the following fact:

.o (waQa(iaj) _Pa(iaj))e(iaj)v ifja :ja+1a
gae(zaj) - .. . . .
fa,ﬂbae(ld), if Ja ?é Ja+1-

Finally, as during the proof of (1.2.16b) in §3.3.2, we write for example gge(102) instead of
ga€(Sq - k). Thus, given our hypothesis on jo, j1 and jo we have:

Y1o11e(012) = Po1p11he(012). (3.4.3)

Case jo = j1 # jo. Let us first compute g1g0g1€(012) and gog190e(012). We set o ==
J1,012) fo,(021)- We have:

919091€(012) = f1 (012)9190€(021)%)y
= f1,(012)fo,(021)91€(201)¢01/11

= a¢1Q1<201)w0¢1€(012) — 04P1(201)@/}0w16<012)
= ath19h1p1€(012)Q50% (201) — anhorpre(012) PO (201).
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We have already seen that Q7°*'(201) = Q(012) and similarly we have P;°%(201) = Py(012)
(see (3.3.18)). Hence we obtain, using (3.4.3) and noticing fi (012) = fo,120) and fo,(021) = f1,(102),

919091€(012) = apoth1¢0e(012)Qo(012) — agporpre(012) Fy(012)
= arhorb1e(102)1Qo(012) — fi (012) fo,(021)%0e(021)11 Po(012)
= f1,(102)fo,(120)¢0€(120)¢11/)0Q0(012) - f1,(012)90¢1€(012)P0(012)
= f1,(102)90%1€(102)10Q0(012) — gog1 P(012)e(012)
= g0g1 (0Qo(012) — Py(012))e(012)
= g0g190e(012),

so we are done.
Case jo 75 j1 = jg. Similar.

Case jyp = jo # j1. Given these assumptions we have
Y2e(012) = ?e(012) = ¢(012). (3.4.4)
Hence, llSil’lg (344)7 with « = f17(012)f17(201)7

919091€(012) = f1 (01291 (¥0Q0(021) — Py(021))e(021))
= f1,(012)91€(201)%0Q0(021)11 — f1 (012)91€(021) Py (021)1)q
= b1 e(012)Q5 (021) — arp?e(012) P35 (021)
= agor11oe(012)Q7°(102) — arhge(012) Py (102)
= atppe(120)1)1Q1(102)yg — ahpe(102) Py (102)1o.

Noticing f1(012) = fo,120) = Jfo,(102) and f1,201) = fo,(012) We finally obtain

919091€(012) = fo (012)90 (¥1Q1(102) — P1(102))e(102)%g
= fo,(012)9091¢0€(012)
= g09190€(012).

Case #{jo, 71,72} = 3. We immediately obtain

919091€(012) = f1 (201) fo,(021)f1,(012)¥1%0%1€(012)
= fo,(120).f1,(102) fo,(012) P0¥1¢0e(012)
= g0g190e(012),

since f1,(201) = fo,(012) and fo,(021) = f1,(102) and f1,(012) = fo,(120)-

(3.2.2g). Since for a € {1,...,n — 1} it is clear that X,1X, = X4 X441, it remains to prove
that ¢ X, 11 = gaXage and we will conclude taking a = 1. As we proved (3.2.2d), it suffices to
prove (3.2.4b). Let (¢,7) € K“ and let us prove

Xagae(ivj) + (g — 1)Xa+le(i7j)a if jo = Jat1,

gX+1€(i,j):{ .. P .
e Xagae(%])a lf]a#]aJrl-
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Again, we deduce the case j, = jot+1 from Remark 3.4.2. If j, # jqa+1 we have, using (1.2.3d)
and (1.2.3h),
gaXay1€(i,5) = ¢ gae(i, 5)(1 = yat1)
= qla“fa,jwa(l - ya+1)e(i7j)
= qza+1fa,j(1 - ya)e(sa : (Z’J))l/)a
= fa,anwae(iaj)
= agae(i7j)'
(3.2.2h). We prove in fact (3.2.4a), that is, g, Xp = Xpgs for b # a,a + 1. As y, commutes
with 1, by (1.2.3f) we have, for any k € K% (where y,(k) = y,(¢) with k = (3, 7)),
gaXpe(k) = gae(k)ys(k)
= yb( )(@Z)aQa( ) - a(k))e(k)
= yb( ) ( : )¢aQa( )_ yb(k)e(k)Pa(k)
= ngae(k)7

since yp(k)e(sa - k) = 00D (L — g)e(sa - k) = 01— yp)e(sa - k) = Xpe(s - k).
(3.2.2i). We prove in fact X,tp = tpX, for every a,b. That is straightforward from (1.2.3c).

(3.2.2j). We have, using (1.2.3a)—(1.2.3c),

A
[Mea-a"=1113 (" (1= y1) - ') 6(1')]

i€l iel |iele

=TI > (" —wm) - qi)Ai e(i)]

el [iel™

_ ZH{( (1 — ) —q)Aie(i)}.

el el

Noticing that for each ¢ € I the term for ¢ = ¢; vanishes by (1.2.19), we get the result.

3.5 Isomorphism theorem

We give now the main result of this chapter. Let A be a weight as in Sections 3.3 and 3.4.

3.5.1 Statement

Theorem 3.5.1. There is a presentation of the algebra Y2 (q) given by the generators (1.2.2)
and the relations (1.2.3), (1.2.16) and (1.2.19), that is, we have an F-algebra isomorphism

Ré} (Fe,d) - YQ (Q)
Since Yfi\,n(q) = Bar KnYé}(q), we deduce the following algebra F-isomorphism:
m(Cea) = Y (q)- (3.5.2)

Note that we already saw in §2.3.3.3 that there are only finitely many non-zero terms in the
decomposition RA(T', 4) = Dok rcn RA(T..4). Now recalling that the cyclotomic quiver Hecke
algebra is naturally graded (Proposition 1.2.17), we obtain the following corollary.

R
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Corollary 3.5.3. The cyclotomic Yokonuma—Hecke algebra inherits the grading of the cyclotomic
quiver Hecke algebra.

Moreover, as we obtain a presentation of Yfl‘n (¢) which does not depend on ¢, we also get
another one (see Corollary 3.6.21 for a slight improvement).

Corollary 3.5.4. Let § € F'\ {0,1}. If charg(F) = chary(F') then the algebras Yé\’n(q) and
Yf}’n(cj) are isomorphic.

Let us now prove Theorem 3.5.1. First, as we have a (non-unitary) algebra homomorphism
YA(q) — Y;’zn(q), by Theorem 3.4.1 we get an algebra homomorphism Y2(g) — RA(T'.4), that
we still call pyr. We will prove that pyr : Y2(g) — R2(Teq) and pry : R2(Teq) — Y2(q)
(from Theorem 3.3.1) satisfy pyr o pry = idga(r » and pry © pyr = idya(q). Since these are
algebra homomorphlsms it suffices to prove that they are identity on generators To clarify the
proof, let us add a ¥ on the quiver Hecke generators of Y2 (q) and a ® on the Yokonuma-Hecke
generators of R2(T. q).

3.5.2 Proof of PYR © PRY = ldR{)}(F)

We have to check that pyr(pry(e(k))) = e(k) for all k € K, that pyr(pry (Ya)) = Yo for all
1 < a < n and that pyr(pry(¥e)) = 9, for all 1 < a < n.

Let us start by finding the image of e(k) by pyr o pry. By definition of pry we have
pry (e(k)) = eY(k), so we have to prove pyr(eY(k)) = e(k). Let M = RA(T.4). The
algebra homomorphism pyr gives M a structure of Y2 (g)-module, finite-dimensional thanks to
Theorem 1.2.24. If M (k) denotes the weight space as in (3.3.2), by Remark 3.3.4 we know that
the projection onto M (k) along @y 4 M (k') is given by pyr (eY(k)). We prove that e(k) is this
projection too.

Let (4,7) € K®. For any 1 < a < n, we have pyr(X,) = XE = Y, (g% — glay,)e(i’) so:

X g =Y |(q% — ¢*) - g pa eld).

i'el

Since y, is nilpotent, thanks to (1.2.3a)—(1.2.3b) we have

{veM:(XE—qia)Nu:o}z 3 (i) | M,

hence, for N > 0 we have
. R i N .
M(i) = {v eM: (X} —g*) v=0foral a} = e(i) M.

In a similar way we have M(j) = e(§)M where M(j) == {v € M : (t} — ¢Ja)v = 0 for all a},
thus
M(k) = e(k)M.

Hence, as @M (k) = M we conclude that e(k) is the desired projection and finally e(k) =
pyr(e¥ (k).
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The end of the proof is without any difficulty. We have:
pyr (PrY (Wa)) = pyR(¥S) = D [1 - qiiaPYR(Xa)} pyr(e¥ (%))
el

=3 [1-a X7 e(d)

icle
=D [1=a™ Y wa(ie(@)| e(d)
iele i'el>

L= g7 ya(d)] ()

1= g7 g (1 - ya)] e(3)

ele
= Ya-
Thus, we have pyr (QY (k)) = Qa( ) and pyr (PY(k)) = P,(k). Hence, recalling (3.3.17),
pyr(prRY (Va)) = pyr (V) ) = Y pyr(® PYR(QY(k»ilPYR(eY(k))
keKe
= 2 (Z [pvR(9a) + v (PY (K)] e(k’>) Qu(k) (k)
keK* \k'eK«
= > (98 + Pa(k)Qalk)"e(K)
keKe
= > ({ > (aQa(K) — Pu(K)) e(k') +Pa<k>) Qu(k)"e(k)
keK« k'cK~
= 3 [(aQa(k) = Pu(k)) + Pa(k)| Qa(k) e (k)
keKe
= q.

3.5.3 Proof of pry o pyr = idyéx(q)

This is even easier: we have to check that pry (gg) = g, for any 1 < a < n and that pry (X B) =
X, and pry (t&) = t, for any 1 < a <n. We have

pry(on) = Y [0d QY (k) — PY (k)] ¥ (k)

ke K«

= 3 [2.Q) (k) 1QY (k) — BY (k)] ¥ (k)

keK«~

=Y [0 PYk)] (k)

keK>
= Ya-
Recalling (3.3.11), we have

prY (X3) = D" yd (0)e¥ (i) = Y Xae¥ (i) =

ele ele

pry (te) = Y ee¥(j) = Y tae" (§) =

JjeJ™ jeJe

Finally,
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The proof of Theorem 3.5.1 is now over.

3.6 Degenerate case

In this section, we extend the previous results to the case ¢ = 1. In particular, we need to define
a new “degenerate” cyclotomic Yokonuma—Hecke algebra. Many calculations are not written,
since they are entirely similar to the non-degenerate case. Note the following thing: since the
cyclotomic quiver Hecke algebra has no ¢ in its presentation, we do not need to define some new

cyclotomic quiver Hecke algebra.
Let A = (Ag)rex € N5 be a weight; we assume that £(A) = 3 ,cx Ay satisfies £(A) > 0.
Moreover, as in Section 3.3 we suppose that for any 7 € I and 7,7’ € J, we have

Ai,j = Aivj/ = Al

In particular, we will write A as well for the weight (A;);cr.

3.6.1 Degenerate cyclotomic Yokonuma—Hecke algebras

We introduce here the degenerate cyclotomic Yokonuma—Hecke algebra: this algebra can be seen
as the rational degeneration of the cyclotomic Yokonuma-Hecke algebra Yﬁn(q).

The degenerate cyclotomic Yokonuma—Hecke algebra of type A, denoted by Yfi\,n(l), is the
unitary associative F-algebra generated by the elements

5 PN [ T 2 PN S - A (3.6.1)

subject to the following relations:

ta =1, (3.6.2a)

tate = tartas (3.6.2b)

tafo = fols,(a)s (3.6.2¢)
fi=1, (3.6.2d)

Jofv = for fos if |b—b'| > 1, (3.6.2¢)
ferifeferr = feferrfe, (3.6.2f)
TaTa = Ta'Ta, (3.6.2g)
Joxor1 = xofo + b, (3.6.2h)
foZa = Ta fb, if a#b,b+1, (3.6.21)

Tate = tara, (3.6.2j)
[z —9" =0, (3.6.2k)

el

for all a,a’ € {1,...,n}, b0’ € {1,...,n—1}and c€ {1,...,n — 2}, with ¢, := %Zjejtgtbjzl.

We obtained this presentation by setting X, = 1+ (¢ — 1)z, in Yfi"n(q), simplifying by (1 —q)
as much as we can and then setting ¢ = 1 (according to the transformation made by Drinfeld [r]
to define degenerate Hecke algebras). As in the non-degenerate case, the element e, satisfies
e2 = e, and commutes with f,. Finally, note that by (3.6.2d) and (3.6.2h) we have

Ta+1 = faxafa + faeav (3633)
Tat1fa = faTa + €q, (3.6.3b)
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for all a € {1,...,n — 1}. When d = 1, the algebra HA(1) := Yﬁn(l) is the cyclotomic Hecke

algebra of | ]. In particular, the element e, becomes 1, and f, (respectively xp) is the
element s, (resp. zp) of | , §3].
We will use the following lemma (see [ , Lemma 2.15] for the non-degenerate case).

Lemma 3.6.4. For any u,v € N and a € {1,...,n — 1} we have the following equalities:

faTaTay1 = $ama+1faa (3.6.5&)
fa LToy1 =2 fa + éq Z -meg.& ma (3.6.5b)
fatq =zqy1fa— €a Z xmxﬁjﬁ ", (3.6.5¢)

v—u—1
a+1fa + €a Z xu+m Z_g.i ", ifu<w,
0
farqrgin = B (3.6.5d)

V.U u1+mvm .
ToTyi1fa — €a Z i Toq, ifu>w.

Proof. We deduce (3.6.5a) from different previous relations. The relations (3.6.5b) and (3.6.5¢)
can be proved by an easy induction. The equality (3.6.5d) follows finally from these previous
equalities. ]

As the elements g, for all a € {1,...,n — 1} satisfy the same braid relations as the trans-
positions s, € &, for each w € &,, there is a well-defined element g, == ga, - - ga, € Yé%n(l)
which does not depend on the reduced expression w = 4, - - - Sq

.

Proposition 3.6.6. The algebra Yfl"n(l) is a finite-dimensional F-vector space and a family of

generators is given by the elements fyxy* - it -« -t for allw € &y, u, € {0,...,0(A) —1}
and v, € J.
Proof. We use a similar method to [ ) ]. As the unit element belongs to the above

family, it suffices to prove that the F-vector space V' spanned by these elements is stable under
(right-)multiplication by the generators of Y2 (1).

Let us consider « = fyayt - alnt]* ... t}’;" as in the proposition. By (3.6.2a) and (3.6.2b)
the element at, remains in V. Moreover, writing (by (3.6.2c) and (3.6.2i))

o Ul Uag—1 Uag+1 Uag+2 Un 1V1 V.
Ckfa - fwxl g1 (‘T; Lat1 ‘l) Loto " xnntl e tnn7

and using (3.6.5d) we conclude that af, € V, noticing that the element

RE e (PR E RPN
belongs to V' for every u,u,; € {0,...,¢(A) — 1}. Finally, according to (3.6.3a), to prove that
azx, remains in V' it suffices now to prove that axy € V, but this is clear by (3.6.2g), (3.6.2))
and (3.6.2k). O

Now let M be a finite-dimensional Yé}’n(l)—module. It is a finite-dimensional F-vector space
thanks to Proposition 3.6.6. By (3.6.2k), the eigenvalues of 1 on M belong to I. We prove in
Lemma 3.6.8 that all the z, have in fact their eigenvalues in I. This is the degenerate analogue
of | , Lemma 5.2], which we used in §3.3.1.
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Lemma 3.6.7. We have
TaPa = PaTat1,
¢Z = (xa-i—l — Tg — ea)(l'a — Tg+1 — ea)u

where ¢, is the “intertwining operator” defined by

¢a = fa(xa - xa—‘rl) + eq.
Proof. These are straightforward calculations. We have, using (3.6.2h),
Tada = (faTat1 — €a)(Ta — Tat1) + Talq

= fa(xa - $a+1)xa+1 + Tqt1€q

= ¢axa+1v
and
¢(21 = fa(xa - anrl)fa(fUa - xa+1) + 2fa($a - xa+1)€a + eq
= fa(faanrl — €q — faxa - ea)(l'a - $a+1) + 2fa($a - xa+1)ea + eq

= (Ta+1 = Ta)(Ta — Tat1) + €a

= ($a+1 — Lq — ea)(l‘a — La+1 — ea)-

Lemma 3.6.8. The eigenvalues of z, belong to I for every a € {1,...,n}.

Proof. We proceed by induction on a. The proposition is true for a = 1 and we suppose that
it is true for some a € {1,...,n — 1}. Let X\ be an eigenvalue of z,4; (in a algebraic closure
of F'). As the family {z,,24+1,€,} is commutative, we can find a common eigenvector v in

the eigenspace of x,11 associated with \. We have z,v = iv and e,v = dv for some i € I (by

induction hypothesis) and & € {0,1} (since €2 = e,). We distinguish now whether ¢,v vanishes

or not:
o if p,v # 0, we get by Lemma 3.6.7
Ta(Pav) = Pa(Tat1v) = Adav,
hence A is an eigenvalue for x, and by induction hypothesis we get A € I;
o if p,v =0, by the same lemma we have
Pro=N—i—0)(i—A—08v=0,

hence A\=i+6 € I.

3.6.2 Quiver Hecke generators of Y2, (1)

We proceed as in Section 3.3: we define some central idempotents, then some “quiver Hecke
generators” on which we check the defining relations of Ré}(l"e,d). The proofs are entirely similar
to the non-degenerate case (even easier; note that once again the “hard work” has been made
in | ]), hence we won’t write them down. However, we will still define the different involved
elements.
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3.6.2.1 Image of e(¢,7)

Let M be a finite-dimensional Y;’l\,n(l)—module. We know that the ¢, are diagonalisable with
eigenvalues in J. Hence, recalling Lemma 3.6.8, we can write (recall that the family {X,, ¢, }1<a<n
is commutative)

M= O MG7),
(3,7)el™xJn
with: ‘
M(i,3) = {v eM:(zq—ig)Nv=(tq— ) w=0forall<a< n}
with N > 0. Since M is a finite-dimensional F-vector space, only finitely many M4, j)

are non-zero. Considering once again the family of projections {e(k)}rexn associated with
M = @gegnM(k), we define for any o =g n

e(a) = > e(k),

keK«

and we set YA(1) := e(a)Yél\m(l). We can now define, for any ¢ € I* and j € J¢,

e(a)(i) = D e(a)e(d, ),

jeJ>

. o (3.6.9)
e(a)(d) = ) e(a)e(i, ).
el
In particular, with e(a)(2) for d = 1 we recover the element e(2) of | , §3.1].

From now on, unless mentioned otherwise we always work in YA (1). Every relation should
be multiplied by e(«) and we write e(2) and e(j) without any («).

Lemma 3.6.10. If1 <a <n and j € J* is such that j, # jo+1 then we have:
faTay1e(d) = zafoe(d),
xa+ljb€(j) ::fﬁxae(j)-

Lemma 3.6.11. For 1 < a <n and j € J* we have fqe(j) = e(sq - J)fa- In particular, if
Ja = ja+1 then fo and e(3) commute. Moreover, if jo # jat+1 then fqe(i,5) = e(sq - (2,7)) fa-

Remark 3.6.12 (About Brundan and Kleshchev’s proof - III). Let a € {1,...,n —1}. If j € J¢
satisfies j, = ja+1, when a proof in [ , §3.3] needs only the elements f,, 23, e(¢) and the
corresponding relations in HA(1), we claim that the same proof holds in e(5)Y2(1)e(5). We
extend this claim to the case j, = jot+1 = Ja+2-

3.6.2.2 Image of y,

We define the following elements of Y2A(1) for 1 < a < n:

Yo = Z (2 —ia)e(i) € YA(1).

icl>
When d = 1 we recover the elements defined in | , §3.3]. These elements are nilpotent:
we will be able to make calculations in the ring F[[y1, ..., yn]].

Lemma 3.6.13. For j € J% such that j, # jat+1 we have:

fkya+le(j):: yaf@e(j)7
ya+1jh€(j) ::fﬁyae(j)-
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3.6.2.3 Image of 9,

We first define some elements p,(%, ) € F[[Ya, Ya+1]] for 1 < a <n and (3,7) € K by:

{1 if i = iqs1, o
.. . . 1 . . I Ja = Ja+1
(4,3) = (i = tat1 + Ya — Yat1) b oif g # lat1, ¢ o

0 if ja 7’é jaJrl,

and then some invertible elements q,(¢,J) € F[[Ya,Ya+1]]” for 1 <a <mn and (¢,5) € K* by:

1+ Yat1 — Ya if ig = iat1,
1—pa(i,7) if iq 7 ta+1,
U= pa(85)?) /et — a)  if da > darr, i Jo = ot
Ga(,7) = e
1 if iq < 141,
(1 pa( ))/(ya—i-l - ya) if ig S day1,
1 if ja 7é ja-‘rl-
Remark 3.6.14. As in | |, the explicit expression of g,(%,j) does not really matter; we only

need some properties satisfied by these power series.

Lemma 3.6.15. We have:

pfﬂu(i,j) = pfﬁ“ (3a+13a ’ (7’7-7)>7
Go1(%,3) = @2 (Sa+15a - (4, 7))

We now introduce the following element of Y2 (1):

o = fot+ Z (7o — anrl)_le(i’j) + Z

(i.g)eK° (i)eK®
74'(1‘752.114»1 7f'a:'L.a,+1
Ja=Ja+1 Ja=Ja+1

where (x4 — Zq41) 'e(k) denotes the inverse of (x4 — zq41)e(k) in e(k)YA(1)e(k). In particular,
we have:

wae(j) = fae(d) if jo # Ja+1,
Pa = Z (fa +pa(k))e(k).

keK«
Moreover, for d =1 the element ¢, is the “intertwining element” defined in | , §3.2].
Lemma 3.6.16. We have the following properties:

wve(d) = e(sb - J)pb,
wpe(,J) = e(sy - (4,7)) s,

PoLa = TaPb, ifa#bb+1,
PvYa = YaPb, ifa#bb+1,
evay (k) = qv (K)o, if b= > 1,
PoPy = P b, if |b—b1]>1,

forallae{l,...,n} and bt/ € {1,...,n—1}.
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Our element v, is defined for any a € {1,...,n — 1} by

Yo=Y datalk)e(k) € YA(1).

ke K>

When d = 1 this element 1, corresponds to the v, of | , §3.3]. Note finally that for j € J*
we have:

Vae(d) = fae(d) i ja # jat1-

3.6.2.4 Check of the defining relations

Theorem 3.6.17. The elements yi,...,Yn,¥1,...,¥Yn—1 and e(k) for all k € K% satisfy the
defining relations (1.2.3), (1.2.16) and (1.2.19) of RA(Tc.q).

The painstaking verification is exactly the same as in §3.3.2: we apply Remark 3.6.12 on the
proof of | , Theorem 3.2] for the cases j, = jo+1, and when j, # jo+1 then entirely similar
(even the same) relations as in §3.3.2 are satisfied. Note two small differences with the proof
in §3.3.2:

o we write (v, — ) instead of (1 —¢q)(1 — X, X, );

e the elements f, ; are equal to 1.

3.6.3 Degenerate Yokonuma—Hecke generators of RA(I')

We proceed as in Section 3.4. Once again, the proofs are entirely similar to the non-degenerate
case, hence we do not write them down.

First of all, since the elements y1,...,y, € R{)}(Fe,d) are nilpotent we can consider power
series in these variables. Hence, the quantities p,(k), ¢q.(k) that we defined in §3.6.2.3 are also
well-defined as elements of R2(T'. ;). We define finally as in (3.6.9) the elements e(i) and e(3)
of RA(T.q) for i € I* and j € J©.

We recall that £ is a primitive dth root of unity in F. Our “degenerate Yokonuma—Hecke
generators” of RA(T', 4) are given by

for=">_ (Wvan(k) — po(k)) e(k),

keK~

ty = Z §J“e(j),
jeJjo

La = Z (Ya + ia)e(d),
el>

foralla € {1,...,n} and b€ {1,...,n —1}. When d = 1, the element f, (respectively z,) is
the element s, (resp. z,) of | , §3.4].

Remark 3.6.18 (About Brundan and Kleshchev’s proof - IV). Let a € {1,...,n—1}. If j € J* sat-
isfies ju = ja+1, when a proof in [ , §3.4] needs only the elements ¥.e(7), ype(7), (¢, j) and
the corresponding relations in R2(I'.), we claim that the same proof holds in e(5)RA(T'c.q)e(5).
We extend this claim to the case j, = jgt+1 = Jat2-

Finally, similarly to §3.6.2.4 we have the following theorem. Once again the check of the
various relations is exactly the same as in §3.4.2.

Theorem 3.6.19. The elements f1,..., fn—1,t1,...,tn,T1,...,Ty Satisfy the defining rela-
tions (3.6.2) of Y2, (1).
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3.6.4 Isomorphism theorem

We give now the degenerate version of Theorem 3.5.1.

Theorem 3.6.20. There is a presentation of the degenerate cyclotomic Yokonuma—Hecke
algebra YA (1) given by the generators (1.2.2) and the relations (1.2.3), (1.2.16) and (1.2.19),
that is, we have an algebra isomorphism:

R} (Te,a) = Yoo (1).

The proof of this theorem is entirely similar to the one of Theorem 3.5.1. In particular,
by Theorem 3.6.17 we can define an algebra homomorphism pry : Rg(Fe7d) — YA(1) and by
Theorem 3.6.19 we can define another algebra homomorphism pyg : Yé\’n(l) — R{)}(Fe’d). From
the inclusion Y2(1) C Y4, (1) we deduce an algebra homomorphism pyg : Y2(1) = RA(Tc.q).
We prove then that pry and pyR are inverse homomorphisms, taking the images of the different
defining generators.

Together with Theorem 3.5.1 we get the following corollaries (cf. | , Corollary 1.3]).

Corollary 3.6.21. If ¢ and G are two arbitrary elements of F* with chary(F') = charg(F)
then Y;’in(q) and Yéfn(cj) are isomorphic algebras.

Corollary 3.6.22. If F' has characteristic chary(F') then the cyclotomic Yokonuma—Hecke
algebra Y;’l%n(q) is isomorphic to its rational degeneration Yﬁn(l). This applies in particular
when F' has characteristic 0 and q is generic.
3.7 A commutative diagram
We assume here that F' = C. Let ¢ € C* be a primitive eth root of unity and write

BK : Hj(q) = R (Te)

for the C-algebra isomorphism of | ]. For any A\ =4 n, define HY(q) = H)‘}l (@) ®-- -®H3\d (q)
and recall from (1.3.2) the definition of the integer m). We have an algebra isomorphism

JPA: Y2, (9) = €D Mat,,, HY (q),

AE=gn
proved by Lusztig [[Lu] when ¢(A) = 1, and then explicitly constructed by Jacon—Poulain
d’Andecy | ] when ¢(A) = 1 and Poulain d’Andecy [PA] in the general case. This
isomorphism is defined on the generators as follows:
JPA(ta) = Y 9By, (3.7.1a)
teJn
JPA(Xa) = Y Xra)Fes, (3.7.1b)
teJn
JPA(ga) = Z gm(a)Et,t‘F Z VaE s, -t (3.7.1¢)
teJn teJn
Jfa:ta-ﬁ—l JCaﬁ‘éta+l

where we recall from §1.3.3.2 the notation Ey and /g € C* is a square root of q.
Remark 3.7.2. Note two slight differences with [PA]:

e our elements Ey ¢ are written E,, where y is a character of (Z/dZ)" = J";
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e Poulain d’Andecy considers left cosets instead of our right ones, in particular his minimal

length representatives m, satisfy m, = m L

Recall from §2.3.1 that the quiver I, 4 is the disjoint union of d copies of the cyclic quiver I'.
with e vertices. In particular, the vertex set of I', 4 is exactly K ~ K = I x J. The two previous
results, together with our Theorem 1.3.57, gives straightforwardly the following theorem.

Theorem 3.7.3. We have an algebra isomorphism
2 o BK o JPA : Y2, (q) ~ R (Te,a),
where:

e the homomorphism BK : @y\Mat,,, HY(q) — @ \Mat,,, RYM(Teq) is naturally induced by
BK : H(q) = R (Te);

o the homomorphism ®& : @ \Mat,, R&(Tea) — RA(Teq) is the isomorphism of Theo-
rem 1.3.57.

An algebra isomorphism Yfi‘,n(q) — RA(T.4) was already constructed in Theorem 3.5.1; we

denote it by BK. An interesting question is to know whether we recover the same isomorphism
as above. In other words, does the diagram of Figure 3.1 commute?

JPA

Yi(a) @ Mat,,, HL ()

AEan
BK BK

RA(T..4) —— A'Qj Mat,,, R (Te.q)
n an

Figure 3.1: A commutative diagram?

As we deal with algebra homomorphisms, it suffices to check that the images of the generators
of Yfin(q) are the same. We will use the following notation: for t € J" we set t* := m - t. With

A := [t], we have of course t* = t}. Moreover, we will keep on using the notation t of Section 1.3
for the elements of J", which we denoted by j from Section 3.2 to Section 3.6.

Image of t,. Leta e {l,...,n}. Recall from §3.4.1 that

BK(ts) = Y e(§)& = > e(t)e € RA(Te ). (3.7.4)

jean teJn

Recalling (3.7.1a), we obtain

BKoJPA(ta) = Y. Y &9e(k)Ey € @ Maty, R (Te.q).
teJ" ke Kt AEan
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Hence, with the usual manipulations, we obtain

®p o BKoJPA(ta) = Y D €t 1me(n ' k)

teJ" ke KV

=2 D &elk)

teJ" ke Kt

O} o BK o JPA(ty) = > &hel(t ed)s
teJn

thus it coincides with (3.7.4).

Image of X,. Let a € {1,...,n} (it is in fact enough to study the case a = 1). Recall
from §3.4.1 that

= 3" ¢ (1 —yae(@d) = Y " (1 —ya)e(k) € RA(T.q), (3.7.5)

eln keKn

where we write ¢* := ¢* for k = (i,7) € K = I x .J. Recalling (3.7.1b), we obtain

BK o JPA(X,) = Y XpyBrt € @ Matm, Ry (Te.).-
teJn )\':dn

We write, where j :=t, and A := [t],

kj .
Xewy = Y. ¢ @1 = yra)ek’) € Rfj (Te) CRY(Tea),
Kek )

where k’ € K; Y is indexed by (Aj—1+1,..., ;). Hence, we have

m(a - Z q Wt(a) 1 _yﬂ'f( )) (k) € Rﬁ}(re,d)a

kekt
and thus
X oBKoJPA(X,) = Y. Y @R (1 — yrya))e(k)Ery)
teJ" ge Kt
= 3 qk:m(a)z/;ﬂ;l — Yni(a))€(K)Ur,
teJ" ke Kt
= Z Z qkﬁ‘(a)'@bﬁt—l ~ Yri(a )Q;Z)m ( )
teJ" ge Kt
®h o BKoJPA(X,) = >0 > ¢"h 1tbr (1 = ya)e(k),
teJ" gte gt

where we have used Lemma 1.3.39. Hence, using Proposition 1.3.35 we finally obtain

A oBKoJPA(Xy) = > Y ¢ (1 —wa)elk) = Y " (1 — ya)e(k),
teJ™ ke Kt keKn

which is (3.7.5).
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Image of g,. Letae{l,...,n—1}. Recall from §3.4.1 that
BK(ga) = Y (VaQalk) — Pa(k))e(k) € RN(Te.a), (3.7.6)

keKn

where Qq(k), Po(k) € C[[ya, Ya+1]] are some power series. For convenience, we write Qa( ), P.(k) €

C[[Ya, Yat1]] the underlying power series, which satisfy Qa(k)(Ya, Yat1) = Qa(k) and Po(k)(Ya, Yar1) =

P, (k). These power series depend only on k, and kep1, that is, Qq(k)(Y,Y’) = @a/(k')(Y, Y')
and P,(k)(Y,Y') = By (K)(Y,Y") if k, = k), and kqy1 = k. Moreover, recall that if k
and s, - k are labellings of two different t € J", we have Q,(k) = /g and P,(k) = 0 (cf.
Remark 3.3.14).

Recalling (3.7.1c), we obtain

BKoJPA(ga) = Y. gm@Pii+ >, VaBis,t € P Maty, R (Tea).

teJ™ teJm AEan
ta=tat1 ta #ta+1

With j :=t, and A == [t], we have
Iri(a) = Z (qzz)m(a)Qm(a) (kj) - Pm(a) (kj))e(k]) € R)I}] (Fe) - RQ(Fe,d)

ek
(recall that k’ € K;\j is indexed by (Aj_1 +1,...,X;)), hence

Ira) = O Wri(@)Qria) (k) — Pry(ay(k))e(k) € R (Te.q).

ket

‘We obtain

A oBKoJPA(gl) = Y. > Yot (Yr(0) Qi) (k) = Prya) (K))e(k)m,

S kekT
=5
+ > D> Vav, —re(k)r,, . (3.7.7)
teJ" ekt
ta7éta+1

=Sy

We first focus on the first sum S;. Let t € J” such that t, = t,+1 and k € KY. We can notice
that thanks to Proposition 1.3.12 we have m¢(a + 1) = m¢(a) + 1. Using Lemma 1.3.39 and the
properties of Q) we have (recalling the notation k' introduced at (1.3.23)):

Qri()(R)e(k)br, = Qr(a) (B) Wri(a) Ymi(a)41)Umee (k)
= U Qr(a) (k) (Yar Yat1)e(K)
= 9 Qa(k") (Yas Yat1 (k")
= r Qa(k")e(K).
)

The same proof gives Pr () (k)e(k)Vr, = ¥ Pu(k kYe(k'). We thus have

wﬂ-:l(wm(a)Qm(a)(k) - Pm(a)(";))e(k)wm - wﬂfl(wm(a)wmQa(kt) - mea(kt))e(kt)'
Using (1.2.3¢) and Lemma 1.3.41, we obtain

wwfl(wm(a)Qm(a) (k) - Pm(a) (k))e(k)wm = 7%;1%“ (¢aQa(kt> - Pa(kt»e(kt)'
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Finally, since s, - t = t, we obtain by Proposition 1.3.35

¢7Tf—1 (¢m(a)@m(a)(k) - Pm(a)(k))e(k)qwbm = (d’aQa(kt) - Pa(kt))e(kt)v

so the first sum becomes

Z Z ”¢ wm Qm(a)(k) - Pm(a)(k))e(k)wm

teJ” keKY
a*ta+1

S (YaQa(kY) — Pa(kY))e(kY). (3.7.8)

teJ” ktekt
ta:ta+1

We now focus on the second sum Sy. Let t € J" with t, # t,41 and let k € K. By
Lemma 1.3.40 we directly have

(o *16( )¢7r5a (kt)l/}ﬂ;lwma« = e(kt)wav

thus

Yo D Vavekn, o= Yo Y Vae(k)y

teJ” keKt* teJ" Eklekt
{a7£ta+1 ta#bﬂ—l
t
= § E \/ad}ae(sa -k )
teJ" gtekt
taitan‘—l

= Z Z \/W)ae(ks“’t)

teJm EgSatcKsat

taitan‘—l
= Z Z \/ad}ae(k’t)
teJ" EkleKt
taitan‘—l
= Z Z (Qa(kt)wa_Pa(kt))e(kt)' (3'7'9)
teJ" EkleKt
taitan‘—l
Finally, by (3.7.7)-(3.7.9) we obtain
@AOBK JPA ga = Z Z waQa - a + Z Z waQa - a( ))e(k)
teJ" keKt teJ" keKt
ta=ta41 taFtat1
=3 > (WaQa(k) — Pu(K))e(k)
teJ" keKt
= Z (¢aQa(k) _Pa(k))e(k)v
keKn

which is (3.7.6). -
To conclude, we have checked that the algebra homomorphisms BK and CI)Q o BK o JPA
coincide on every generator of Y;'},n(q), hence we have the following theorem.

Theorem 3.7.10. We have -
BK = &2 0 BK o JPA,

and the diagram of Figure 3.1 commutes.
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Chapter 4

Stuttering blocks of Ariki—Koike
algebras

This chapter is a slightly modified version of | ].

4.1 Introduction

Let r,p,n € N* with p dividing r. Let A be a weight of level r associated to a multicharge
k € (Z/eZ)" such that the subalgebra Hgn(q) of the Ariki-Koike algebra HA(q) is well-defined
(see Chapter 2). Recall from the introduction that, if A is a Kleshchev r-partition of n, the
H (q)
HY . ()
Hz‘}’n(q)—modules, whose number depends on the cardinality of the orbit [A] of A under the shift
action. A natural question is then to determine the extreme cardinalities of the orbits under
this action, and thus the extremal number of irreducible Hﬁn(q)—module that appear during the
restriction process. The answer is an easy exercise when considering all r-partitions of n.

restriction D}‘l of the irreducible H2 (¢)-module D* is isomorphic to a sum of irreducible

Proposition 4.1.1. Let C := {#][A] : X is an r-partition of n} C N*. We have maxC = p and

P
minC = )

Already with this Proposition 4.1.1, we can give some results about the representation theory
of Hﬁn(q), such as the number of “Specht modules” that appear in the restriction of Specht
modules of HA(q) to Hﬁn(q) (as defined in | ). We can also prove that a natural basis
of Hﬁn (q) is not “adapted” cellular (cf. §4.5.2.5). In order to give block-analogue answers, we
introduce a shift action on QT = NZ/¢Z where ¢ € N >9 is a multiple of p. More precisely, for
any o € Q1 we define o - a by shifting coordinates by 7 = % and we write [a] for the orbit of a.
Recalling that I = Z/eZ, note that o = (o4);er € Q7 satisfies Y, oy = n if and only if o =7 n.
Hence, we can use the notation from Chapter 2: the subalgebra H@}(q) = @5E[Q]H3(q) of HA(q)

is stable under the shift automorphism o : HA(¢q) — H2(q), and we denote by Hzl}[ a](Q) the

subalgebra of fixed points . For any r-partition A, we have an associated element a,(A) € Q.
The two shift actions that we have defined are compatible in the following way: if A is an

r-partition then
a(PA) =0 - ag(N)

(see Lemma 4.2.29). Hence, if a = a,(A) we always have #[A] > #[a]. It is easy to see in
small examples that we may have a strict inequality. However, the main results of this chapter,
Theorem 4.2.31 and Corollary 4.2.34, prove that equality holds if we allow us to choose among
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all r-partitions p with ay () = ak(A). It leads to a more precise version of the “min part” of
Proposition 4.1.1.

Theorem 4.1.2. Let X be an r-partition and let o :== c;(N). There exists an r-partition p with

a(p) = o and #[p] = #[a].

Wada [Wa] proved a more precise version of the “max part” of Proposition 4.1.1. In order to
classify the blocks of Hﬁn(q), Wada proved that there (almost) always exists an r-partition p
with a,(p) = a and #[p] = p. His proof uses the classification result of | | and is very
short. In contrast, the proof of Theorem 4.1.2 that we present here is quite long and we did not
find a way to use | ]. At least, as in | |, we use the abacus representation of partitions.

Theorem 4.1.2 allows us to give the block-analogues of the results for Hﬁn(q) that we deduced
from Proposition 4.1.1, that is, the same results but for Hl‘},[ a](q) instead of H;I},n(CJ)- We can

also deduce from Theorem 4.1.2 some consequences about the blocks of H2(¢). We say that
an r-partition A (respectively an element a € Qm) is stuttering if #[\] < p (resp. #[a] < p).
By Theorem 4.1.2, we know that the block indexed by a stuttering o € Q1 always contains a
stuttering r-partition.

The chapter is organised as follows. Section 4.2 is devoted to combinatorics. More specifically,
in §4.2.1 we define partitions of integers and to each partition A we associate an element
a(d) e QT = NZ/¢Z_ Tn §4.2.2 we recall the abacus representation of partitions. In §4.2.3, to
an e-core \ we associate the e-abacus variable x = (xo,...,Ze—1) € Z°. The main fact of this
subsection is the equality

1 e—1
a(N)o = B Z %2
=0
(cf. Theorem 4.2.13). We deduce this equality from [ |, and we show how to obtain it using

abacus manipulations. In §4.2.4 we extend the previous definitions to multipartitions, so we
can in §4.2.5 define the two shift maps A — “X and «a +— ¢ - « involved in the statement of our
main results, Theorem 4.2.31 and Corollary 4.2.34. Theorem 4.2.31 is the case #[a] = 1 of
Theorem 4.1.2 and Corollary 4.2.34 is the general case.

Section 4.3 is devoted to technical tools that we need to prove Theorem 4.2.31. The reader
who wants to focus on the proof of Theorem 4.2.31 may, in the first instance, skip this section.
In §4.3.1, we study the existence of a chain of interchanges (3 9) +» (1) in a family of binary
matrices (Corollary 4.3.8). In §4.3.2, we recall a special case of a general theorem of Gale [(:4]
and Ryser [Rv] about the existence of a binary matrix with prescribed row and column sums.
We apply the results of §4.3.1 to impose extra conditions on block sums (Proposition 4.3.14).
Finally, we gathered in §4.3.3 some inequalities; in particular, Lemma 4.3.25 is a special case of
a Jensen’s inequality for strongly convex functions and Lemma 4.3.27 is an application to an
inequality involving the fractional part map.

In Section 4.4, we prove the main result, Theorem 4.2.31. After a preliminary step in §4.4.1,
we give in §4.4.2 a key lemma (Lemma 4.4.5), which reduces the proof of Theorem 4.2.31 to
a (strongly) convex optimisation problem over the integers with linear constraints. We find
in §4.4.3 a partial solution, in §4.4.4 we use Proposition 4.3.14 to find a solution and eventually
in §4.4.5 we prove Theorem 4.2.31.

Finally, we give in Section 4.5 two applications of Corollary 4.2.34. The general idea is that
we will have more precise results with Corollary 4.2.34 than with Proposition 4.1.1. We quickly
recall in §4.5.1 the theory of cellular algebras of Graham and Lehrer | ], the Ariki-Koike
algebra HA(q) and its blocks being particular cases. In §4.5.2 we use the map p = Z?;é o7 to

construct a family of bases for H;}M(q) = M(Hf;] (q)) (Proposition 4.5.18). We deduce in §4.5.2.4

that Hg[ o] (q) is a cellular algebra if #[a] = p, and Hﬁn(q) is cellular if p and n are coprime.
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Then, using Corollary 4.2.34, we show that if #[a] < p and p is odd then the bases that we
constructed for H;J\[ a}(Q) are not adapted cellular (see §4.5.2.5). Finally, in §4.5.3, we study the

maximal number of “Specht modules of HII}[ o] (q)” (see | ]) that appear when restricting

the Specht modules of Hfz} (q) to H;j},[a] (q).

4.2 Combinatorics

In this section, we recall standard definitions of combinatorics such as (multi)partitions and
their associated abaci. We also introduce two shift actions and then state our main result,
Theorem 4.2.31. We identify Z/eZ with the set {0,...,e — 1}.

4.2.1 Partitions

A partition of n is a non-increasing sequence of positive integers A = (Ag, ..., A\p_1) of sum n.
We will write |A| :=n and h(A) := h. If X\ is a partition, we denote by V() its Young diagram,
defined by:

YO = {(a,b) eN*:0<a<h(A)~Tand 0<b< A, — 1}

Ezample 4.2.1. We represent the Young diagram associated with the partition (4, 3,3,1) by
l.

We refer to the elements of }(\) as nodes. A node v € Y()) is removable (respectively
addable) if Y(N) \ {7} (resp. Y(A) U {~}) is the Young diagram of a partition. A rim hook of A
is a subset of Y(A) of the following form:

oy = {(@, V) €Y 1d >a, b > band (¢ + 1,0 +1) ¢ YN},

where (a,b) € Y(X). We say that T()\a p) 18 an h-rim hook if it has cardinality . Note that 1-rim

hooks are exactly removable nodes. The hand of a rim hook r()‘a’b) is the node (a,b’) € Tf\a,b)

with maximal b'. The set Y(\) \ r()‘a p) is the Young diagram of a certain partition 4, obtained
by unwrapping or removing the rim hook Tf\a b) from A. Conversely, we say that A is obtained

from p by wrapping on or adding the rim hook r()‘a b We say that a partition A is an e-core if A
has no e-rim hooks.

Ezample 4.2.2. We consider the partition X := (3,2,2,1). An example of a 3-rim hook is

7"(>\270) = [ N

and a 4-rim hook is for instance

7"(A1,0> =

XX
X

We can check that A has no 5-rim hook so it is a 5-core. We will see in §4.2.3 how to use abaci
to easily know whether a partition is an e-core.
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Let X be a partition. The residue of a node v = (a,b) € Y(A) is res(y) = b—a (mod e). For
any i € Z/eZ, an i-node is a node with residue i. We denote by n*(\) the multiplicity of 4 in the
multiset of residues of all elements of Y()\). Note that 3¢5 n*(\) = |\|.

Let @ be a free Z-module of rank e and let {;};cz/ez be a basis. We have Q = Oy Zay;
and we define Q" = @f;&Nai. For any a € @), we denote by |a| € Z the sum of its coordinates
in the basis {;}icz/ez- If A is a partition we define

e—1
a() = Z Opes(y) = an()\)ai cQ".
YEV(N) =0

Note that |a()\)| = |A|. More generally, if T' is any finite subset of N we will write a(T) :=

ZA/EF Olres(y)-
Remark 4.2.3. Tf 7 is an h-rim hook then a(r*) = "4 a;, 4; for some g € Z/eZ. In particular,

if 7 is an e-rim hook then a(r!) = Y91 a;.

Finally, if for o € Q1 there exists a partition A such that o = a(\), we say that a € QT is
associated with \. For an arbitrary o € QT, there can exist two different partitions A\ # u such
that & = a(\) = a(p). However, if we restrict to e-cores then the map A — «(\) is one-to-one
(see [ , 2.7.41 Theorem)] or | ]). Hence, the following subset of Q:

QF = {a € Q7 : o is associated with some e—core} ,

is in bijection with the set of e-cores. The aim of §4.2.3 is to explicit a bijection between Q*
and Z¢ 1.

4.2.2 Abaci

The abacus representation of a partition has been first introduced by James [Jam]. Here, we
follow the construction of | |. To a partition A = (Ao, ..., A\p—1) We associate the B-number
B(A) defined as the strictly decreasing sequence (Ag—1 — @)q>1, where A\,—;1 := 0 for any a > h.
Note that S(A)g = —a if @ > h. This construction can be reverted: if 8 = (54)a>1 is a
strictly decreasing sequence of integers with 3, = —a for any a > h then § = B(\) where
A= (Aog,...,A\p—1) is the partition given by A\, := B441 +a+ 1 for all a € {0,...,h — 1}. The
following result is well-known (see for instance | , 2.7.13 Lemmal).

Lemma 4.2.4. Let h € N*. A partition A has an h-rim hook if and only if there is an element
b € B(A) such thatb—h ¢ S(X). In that case, if p is the partition that we obtain by removing this
h-rim hook, then B(u) is obtained by replacing b by b — h in S(X) and then sorting in decreasing
order.

In particular, if 4 is a partition and if b € f(u) and h € N* are such that b+ h ¢ 5(u), then
replacing b by b+ h in S(u) and sorting in decreasing order is equivalent to adding an h-rim hook
to p. Indeed, the sequence that we obtain from [(u) is strictly decreasing thus is the S-number
of a certain partition A. By Lemma 4.2.4, the partition u is obtained from A by unwrapping
an h-rim hook, that is, the partition A is obtained from p by wrapping on an h-rim hook (see
also [ , Lemma 5.26]).

Lemma 4.2.4 ensures that for any partition ), there is a unique e-core X that can be obtained
by successively removing e-rim hooks. We say that A is the e-core of \. We now consider an
abacus with e-runners, each runner being a horizontal copy of Z and disposed in the following
way: the Oth runner is on top and the origins of each copy of Z are aligned with respect to a
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vertical line. We record the elements of 5(A) on this abacus according to the following rule:
there is a bead at position j € Z on the runner ¢ € {0,...,e— 1} if and only if there exists a > 1
such that S(\), =i+ je. We say that this abacus is the e-abacus associated with .

Example 4.2.5. We consider the partition A = (3,2,2,1) from Example 4.2.2. Tts S-number is
B(N) =(2,0,—1,-3,-5,...). The associated 3-abacus is

the associated 4-abacus is

and the associated 5-abacus is

e

Recall that counting the number of gaps up each bead (continuing counting on the left starting
from the (e — 1)th runner when reaching the Oth one) recovers the underlying partition.

Let A be a partition and let us consider its associated e-abacus. We give the abacus
interpretation of Lemma 4.2.4 in the two particular cases h =1 and h = e.

Corollary 4.2.6. e We can move a bead on position j € Z on runner i € {0,...,e — 1}
to the previously free position j on runner i — 1 (to the previously free position j — 1 on
runner e — 1 if i = 0) if and only if X has a removable i-node.

o We can move a bead on position j on runner i to the previously free position j on runner
i+ 1 (to the previously free position j+ 1 on runner 0 if i = e — 1) if and only if X\ has an
addable (i + 1)-node.

Corollary 4.2.7. o We can slide a bead on position j on runner i to the previously free
position j — 1 on the same runner if and only if X has an e-rim hook of hand residue i.
Hence, the partition X is an e-core if and only if its associated e-abacus has no gap, that
is, no bead has a gap on its left.

o We can slide a bead on position j on runner i to the previously free position j+ 1 on the
same runner if and only if A has an addable e-rim hook of hand residue i. Hence, we can
always add an e-rim hook of hand residue i to A.
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Ezample 4.2.8. We consider the partition A = (3,2,2,1) of Example 4.2.2. Recall that we gave
in Example 4.2.5 the e-abaci for e € {3,4,5}. The 3-abacus of A\ has only one gap thus 7"()\2,0)
is the only 3-rim hook that we can remove. The 4-abacus of A has two gaps, corresponding
to the two lonely beads on runners 0 and 2. Sliding left the bead on runner 2 (respectively 0)

corresponds to removing the 4-rim hook T(AO 1) = <] (resp. r()‘l 0 = ). The hand residue,

X|X

[x]x

[x]

X]x]

in blue (resp. red), matches since the multiset of residues is given by 2]. The 5-abacus of A

BEE

EERE

has no gap thus X is a 5-core, as we saw in Example 4.2.2.

4.2.3 Parametrisation of Q*

In this subsection, we will parametrise by Z¢~! the set Q* of all @ € QT that are associated
with e-cores. Given an e-abacus associated to an e-core A and i € {0,...,e — 1}, let us write
x;(A) € Z for the position of the first gap on the runner i. We say that zo(A),...,z.—1()\) are
the parameters of the e-abacus, or the e-abacus variables of \. We will also use the notation
z(A) = (xo(N), ..., xe—1(N)) € Z°.

Ezample 4.2.9. We use ¢ to denote the position of each z;(\). The 3-abacus associated with the
empty partition (which is a 3-core indeed), of associated S-number (—1,—2,...), is

- —0—0—@—9—— -

thus the associated parameters are xo(f)) = x1(0) = 22(0) = 0. As we saw in Example 4.2.5, the
5-abacus associated with the 5-core A = (3,2,2,1) is

thus the associated parameters are
zo(A) =x2(A) =1,  a1(A)=a3(A) =-1,  a4(A) =0.
We have the following consequences of Corollary 4.2.6.
Lemma 4.2.10. Let A be an e-core. For alli € {0,...,e — 1} we have x;(\) = n’(\) —n*tL(N).

Corollary 4.2.11. Let A be an e-core. For all i € {1,...,e — 1} we have n*(\) = n°(\) —
CC(]()\) — e — I‘ifl()\).

If A is an e-core then Lemma 4.2.10 ensures that xg(A) + - -+ 4+ zc—1(A) = 0. Using Corollar-
ies 4.2.6 and 4.2.7, we can also prove the converse.
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Proposition 4.2.12. Let xqg,...,Tc—1 € Z. Then xog+ -+ + x.—1 = 0 if and only if there is an
e-core \ such that z; = x;(\) for alli € {0,...,e—1}.

We thus have a bijection

{e-cores} A {(xo,...,Xe—1) €Lt o+ -+ - + Ty = 0} = Z.
The function n® defined on the set of e-cores is a symmetric polynomial in zg, ..., Te_1.
Indeed, exchanging the runners i and i+ 1 for any i € {0,...,e — 2} only modifies the number of

(4 1)-nodes (by Corollary 4.2.6) and we conclude since the symmetric group &({0,...,e—1}) is
generated by the transpositions (i,7+ 1) for all i € {0,...,e—2}. We will explicit this symmetric

polynomial in Theorem 4.2.13 using | , Bijection 2]. We will give in Theorem 4.2.18 an
equivalent formula, obtained by an abacus manipulation (see also [Ol, top of page 24]). We
denote by |[|-|| the euclidean norm on tuples of integers.

Theorem 4.2.13. Let A\ be an e-core. We have:
1
n°() = gl = sz

Proof. For any i € {0,...,e— 1}, our integer z;(\) is exactly the integer n; of | , §2]. Let us
recall the construction of n;. A node v = (a,b) of V() is exposed if it is at the end of a row,
that is, if (a,b+1) ¢ Y(X). For any j € Z, we define the region R; of J(\) as the set of nodes
(a,b) € Y(A) such that e(j —1) < b—a < ej. The integer n; is then defined as the greatest
integer j such that R; contains an exposed i-node (if such a node does not exist, we consider
the nodes of the “(—1)th column” of Y(A), which are all exposed). Considering the e-abacus
associated with A, it is now clear that n; = x;()), since:

e the beads on runner ¢ correspond to exposed i-nodes, by definition of the S-number
(cf. [ , 2.7.38 Lemmal);

e the rightmost bead on runner i corresponds to the i-node in the region R; for the largest
possible j (two different beads on the same runner correspond to exposed nodes in two
different regions).

Thus, we can apply the result of | , Bijection 2]: we have

A= Sl I + (b2 (V).

where b = (O, 1,...,e—1) € Z°¢ and (-,-) is the scalar product associated with ||-||. Since
Al = an'(\), using Corollary 4.2.11 and Proposition 4.2.12 we obtain
e-1
n’(A) = Al =Y _n'(A)
i=1
e e—1i-1
= S22 + 0,2 ()) = (e = D) + 33250
i= ly 0
e
zin ||2+Z]a:j (e—1)n +Z€—j—1l’j)\)

= Sl = (e = D’V = (e = 1) _ijw
;:,0_/

= Sl = (e = DV,
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and we conclude. O
Remark 4.2.14. Let A be an e-core. Using Corollary 4.2.11 and Theorem 4.2.13 we obtain
n'(A) = SllzWI? = 20(X) =+ = 21 (),

forallie{l,...,e—1}.

Ezample 4.2.15. We take p = 2 and e = 4. We consider the parameter = := (2, -1, —1,0) € Zg.
The corresponding 4-abacus is

the S-number is then (4,0,—1,—4,—5,...) and this corresponds to the 4-core A = (5,2,2). The
(1] 2[3]0] and the number of 0-nodes is 3 = (2% 4+ 12 + 1% + 02).
3

multiset of residues is

0
3
2

Ezample 4.2.16. We take p = e = 3. We consider the parameter z = (1,2,-3) € Z%. The
corresponding 4-abacus is:

o —O—0— . ; |

the S-number is then (4,1,0,—2,—-3,—5,—6,—8,—9,...) and this corresponds to the 4-core
A= (5,3,3,2,2,1,1). The multiset of residues is g (1) ? 0[1] and the number of O-nodes is

1[2]0

01

2[0

1

[0]

7=1(12+22+3?%).
We will now prove the formula of Theorem 4.2.13 using an abacus manipulation.

Lemma 4.2.17. Let 0<i < <e—1 and h € Z. Let X be an e-core and let j be the e-core
whose parameters satisfy

zi(p) = zi(A) + h,
zir () = zir(A) — h,
xj(p) = xj(N), for all j # 1,7

Then n°(u) = n°(A) + h[x;(N\) — x4 (N)] + B2

Proof. Note that the e-core p is well-defined thanks to Proposition 4.2.12. By Corollary 4.2.6
and since 7 < i/, moving beads from runner ¢ down to runner ¢’ or from runner i’ up to runner ¢
only changes the number of j-nodes for j € {i +1,...,i'}. Since 0 <i < < e — 1, we deduce
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that these operations do not change the number of 0-nodes. Hence, to determine n°(y) it suffices
to consider additions and deletions of e-rim hook, more specifically bead slides on runners 7 and
-/
i

Noticing that exchanging A\ and p changes the sign of h, an easy calculation shows that we
can assume that h > 0. Moreover, by induction it suffices to prove the lemma for h = 1. Thus,

we have

zi(p) = wi(A) + 1,
xy(p) =xp(N) — 1,
zi(p) = z;(N), for all j # 1,4

To get from the e-abacus of A to the e-abacus of p, we need to perform |J| slides on runner ¢ or
i’, where § := x;(\) — zy(\) + 1. More precisely:

e if 0 > 0 then we slide right § times the rightmost bead on runner 7' and then move it up
to runner 4 (thus we added ¢ times a 0-node);

e if 6 <0 then we move up the rightmost bead on runner ¢’ to runner i and we slide it —4
times to the left (thus we removed —¢ times a 0-node).

We conclude that n®(u) = n%(\) + d, which is exactly the desired formula for h = 1. O

Write o1 (respectively og) for the homogeneous elementary symmetric polynomial of degree
1 (resp. of degree 2) in e — 1 indeterminates. We have:

e—2
o1 (0, .. Tema) = T4,
i=0

02(Z0y .., Te—2) = Z TiT;.
0<i<j<e—2

Theorem 4.2.18. Let & = (xq,...,%c_2) € Z° 1. The number of 0-nodes in the e-core \ of

parameter T = (T, ..., Te—9, —Tg — *** — Te—2) € Z§ is n"°(\) = 01(%)? — 02(%).

Proof. We start with the e-abacus of the empty partition A(_y) = (). We use the runner e — 1 as
a buffer. For ¢ from 0 to e — 2, we apply Lemma 4.2.17 to A(;_;) and runners ¢ and e — 1 with
h = z;. The e-core A(; that we obtain satisfies

l'j(>\(z)) = xj, for all j € {0,...,i},
7;(A@y) = 0, forall je{i+1,...,e —2},

Te—1(A) = —T0 — -+ — T,
and
no()\(i)) = no()\(i_l)) + x; [l‘i(}‘(i—l)) - 1‘671()\(1'_1))] + 1‘12
If i = 0 the above formula just reads n®(X(g)) = 2§, and for any i € {1,...,e — 2} we obtain

n’(Ai)) =n’(Ag—1) + 2i[0 = (=20 — -+ — @i1)] + 27
= n"(A-1) + @i(wo + -+ + xi1) + 7.

106



Since A = A(._g), we have

as desired. ]

Remark 4.2.19. Since n®(\) = ||#||? 4+ 02(2) and z_1(A)% = (=20 — - - - — e _2)? = [|Z]|? + 202(),
we recover the formula of Theorem 4.2.13.

4.2.4 Multipartitions

Let d,n,p € N* and assume that e = np. We define r := dp and we identify Z/rZ with
the set {0,...,r — 1}. Let k = (ko,...,kr—1) € (Z/eZ)" be a multicharge. An r-partition
(or multipartition) of n is an r-tuple X = (A, ... A=) of partitions such that |A| =
MO 4. XD = n. We write A € P¥ if A is an r-partition of n. We say that & is
compatible with (d,n,p) when

Kk+d = Kk + 1, for all k € Z/rZ. (4.2.20)

Thus, the multicharge & is compatible with (d, 7, p) if and only if

k= (K0y -y Bda1,K0 + 1y Bde1 +15enne.. o+ (=11, . ka1 + (p—1)n). (4.2.21)
Ezample 4.2.22. If d =1 and n = p = 2 (thus e = 4 and r = 2), the multicharge x := (0,2) €
(Z/4AZ)? is compatible with (d, 7, p).

The Young diagram of an r-partition A = ()\(0), ey A(T_l)) is the subset of N? defined by

r—1

Y = (¥9) x {e}) .
c=0
The k-residue of a node v = (a,b,c) € Y(A) is res,(y) :=b—a+ k. (mod e). For any i € Z/eZ,
we denote by ni(A) its multiplicity in the multiset of x-residues of all elements of J(X). We
also define

e—1
ak(A) = Z Qres,, () = Znﬁ(k)ai ceqQr.
7EV(A) =0
We have |a, ()| = |A|l. By | ], the blocks of HA(q) partition the set of r-partitions of n via

the map A — a,(\). We say that two r-partitions A and g belong to the same block of HA(q) if
ak(A) = a,(p). Finally, if A is an e-multicore, for any k € {0,...,r — 1} we write

c®(A) = 2(AW)) e z¢,

for the parameter of the e-abacus associated to the e-core A(¥).

Remark 4.2.23. For ordinary partitions, which are 1-partitions, we recover the definitions of
§4.2.1 if k = 0. In particular, if ) is a partition then n?(\) = n{(\) for all i € {0,...,e — 1} and
a(X) = ag(X). Moreover, if X is an e-core then z(O(\) = z()\).
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The next lemma is straightforward.

Lemma 4.2.24. Let A be a partition and i, 0, k. € Z/eZ. We have

”i*+6()‘) = ”2:5()\)'

We now give a generalisation of Lemma 4.2.10 and Theorem 4.2.13 in the setting of multi-
partitions. Recall that we identify {0,...,e — 1} (respectively {0,...,r — 1}) with Z/eZ (resp.
Z/rZ).

Lemma 4.2.25. Let X be an e-multicore. For alli € {0,...,e — 1} we have
nfﬂ<A H_l Z xz nk

Proof. Write A = (A©) ... A=D) and let i € {0,...,e — 1}. By Lemmas 4.2.10 and 4.2.24 we
have

r—1

nl(N) — ni () = 3 [, A) — i (A®)]

_ |:ni_’ik ()\(k)) _ itk ()\(k))]
k=0
r—1

= Z Li—rky, ()‘(k))

kO

—sz e

O
Finally, for any ¢ € {0,...,e—1} define L;(z) == Zﬁ,_:lo xy for all x € Z°. By Corollary 4.2.11,
if A= ()\(0), cee )\(’”_1)) is an e-multicore we have
r—1 r—1
ng(X) = > g (AW) Z n R B) = 37 [0 OM) = Lo (@B ()] -
k=0 k=0

n) = X [SIe P = Lo, (P ). (4.2.26)

4.2.5 Shifts

We are now ready to define our two shift maps.

Definition 4.2.27. Recall that e is determined by n and p. For any i € Z/eZ we define
Onp - @ = @ity € QT, and we extend oy, to a Z-linear map Q — Q.

Definition 4.2.28. Recall that r is determined by d and p. If A = ()\(0)7 o 7)\(r—1)) ‘s an
r-partition, we define

Odp )\ 1= ()\(7“—d)7 . )\(1”—1)7 )\(0) )\(T—d—l))I

g ey
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For any a € QF, we denote by P¥ the subset of Pf given by r-partitions A such that
ax(A) = a. The two shifts of Definitions 4.2.27 and 4.2.28 are compatible in the following way.

Lemma 4.2.29. Assume that the multicharge k is compatible with (d,n,p). If X is an r-partition
then a,(4?X) = oy p - 0 (X). In other words, the map o4, induces a bijection between Pl and
PK

On,p-Q”

Proof. Recall that we are identifying Z/eZ (respectively Z/rZ) with {0,...,e — 1} (resp.
{0,...,r — 1}). We write A = (A® ..., AC=D). Using the compatibility equation (4.2.20)
for the multicharge x and Lemma 4.2.24 we have

(TP A) = ATTD L ATD AO) A rmd=1)y

)
|
—

(W=D AC=D A0 A=Ay g,

I
|
= O
3
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o .
|
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=up- n' (/\(0), . ,)\(Tfl))ai

= opp - a(A),
as desired. The second statement follows. O

Remark 4.2.30. Let p’ be an integer that divides p. We have r = dp = (p’d)z% ande = pn = ﬁ(p’n).
The multicharge x, which is compatible with (d,n, p), is also compatible with (p'd, p'n, 5): we
have kg = ki +n thus kiypq = k;+p'n. Then, applying Definitions 4.2.27 and 4.2.28 we obtain

/
P _ et
Tnp = Op/n, 5 in Q7,
/
Usp = Opd, 5> on r-partitions.
9.

P

We can now state the main theorem of the chapter, which will be proved in Section 4.4.

Theorem 4.2.31. Let X be an r-partition and let o == . (X) € QT. Assume that k is compatible
with (d,n,p). If opp - a = a then there is an r-partition p € Pf with 74rp = .
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We say that an r-partition g as in Theorem 4.2.31 is stuttering. We will often drop the
subscripts and only write o for o4, and 0, , when the meaning is clear from the context.

Ezample 4.2.32. We consider the setting of Example 4.2.22 and the bipartition X := ((5,2, 1), (1,1)).
The multiset of k-residues is
2[3]0
! [3]0] ,

thus a, () = 3(ap+az)+2(a1+as) =t a. Hence, we have o-av = awbut °A = ((1,1),(5,2,1)) # A
We now consider the partition p = (3,1,1). The residue multiset of the bipartition (u, u) is

—

[o]e]o

0J1]2] [2]3]0]
I Y
2] 9]

thus ay(p, 1) = 3(ap + a2) + 2(a1 + a3) = a. Hence, the stuttering bipartition (u, p) is as in
Theorem 4.2.31.

Remark 4.2.33. Two particular cases of Theorem 4.2.31 easily follow from Lemma 4.2.29.
(1) If °A = X then 0 - @ = « and there is nothing to prove.

(73) If X is the only r-partition in P (e.g. when the associated Ariki-Koike algebra is semi-
simple, see | ]) then “X € P% , = Pk. Hence, if 0 - & = a we conclude that X = A.

Let us denote by [A] (respectively by [a]) the orbit of an r-partition A (resp. of a € Q)
under the action of 0. We now state Theorem 4.1.2 from the introduction.

Corollary 4.2.34. Assume that k is compatible with (d,n,p) and let o« € QF such that P% is
not empty. Then #[a] is the smallest element of the set {#[A] : X € PL}. In other words, if A
is an r-partition and o = o, (N), if 07 - a =« for some j € {0,...,p— 1} then there exists an
r-partition p such that a.(p) = o and 7’ p = p.

Proof. The second part of the statement is clear. Let C be the set {#[A] : A € P45} and let
us prove that #[a] is the smallest element of C. For each A € Pf, by Lemma 4.2.29 we have
ak(PA) = 0 - ai(A) thus #[A] > #]a], hence #[a] is a lower bound of C. To prove that it is the
smallest element, it suffices to prove that there is an r-partition g € PX such that #[u] < #[a].
Write p' := #[a]. The integer p’ divides p since o has order p. By Remark 4.2.30, we know that

K is compatible with (p'd, p'n, I%). Moreover, we have agjp -« = « thus Remark 4.2.30 also gives

O'p/n’ﬁ = Q.
Hence, by Theorem 4.2.31 applied with (p'd, p'n, 5) we know that there is an r-partition p € P
such that

a1

dp,ﬂ/
P

n=p,
that is, by another application of Remark 4.2.30,

Hence, we have #[u] < p’ and we conclude since p’ = #[a]. O

Remark 4.2.35. By | ], two r-partitions are in a same P if and only if they belong to the
same block of Hﬁ(q) Thus, Corollary 4.2.34 gives a little information about the r-partitions
that belong to each block. As we mentionned in the introduction, Wada [Wa] proved that the
maximum of the set {#[A] : A € P4} of Corollary 4.2.34 is always p, provided that this set has
at least two elements. His proof is very short but relies on the (non trivial) fact that if X and p
are in P4 then they are Jantzen equivalent (cf. | ])- On the contrary, we did not find a way
to use | ] to prove Theorem 4.2.31.
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We conclude this section by a reduction step for our main theorem. We assume that the
multicharge ~ is compatible with (d,n,p). For any ¢ € {0,...,d — 1}, we define the multicharge
x©O € (Z/eZ)? by

KO = (kg, Kogds - - - Kop(p—1)d) = (Ko, ke + 1,k + (p— 1)n). (4.2.36)
We first need the following lemma.

Lemma 4.2.37. Let £ € {0,...,d—1}, let X be a partition and let p be a partition obtained from
A by wrapping on an n-rim hook. We define the two p-partitions P and pP by \P == (..., )
and pP = (p, ..., ). If o= a, ) (A\P) and B = o, (1P) then f=a+ag+ -+ 0e_1.

Proof. By Remark 4.2.3, we have o, (1) = o, (A) + @iy + -+ - + Qig4n—1 for some iy € Z/eZ.
Thus, for any j € {0,...,p — 1} we have

anﬁjn(#) =0l Ay ()

n—1
=0 a,,(\) + Z o’ - gyi
=0

n—1
= Qiptjn(A) + Z Qig+i+tjn-
=0
We obtain
5 = Q0 (Mp)
p—1
= Z Uk p+4n (1)
j=0
p—1 p—1n—1
= Z iyt (A) + Z Z Qig+itjn
=0 §=0 i=0

=oa,0(N)+ag+- -+ e
=atag+ -+ Q1.

IfA = (/\(0), cen )\(T_l)) is an r-partition, its e-multicore is the r-partition X = ()\(0), cen )\(7"_1)).
We say that X is an e-multicore if X = X, that is, if each A*¥) for k € {0,...,r — 1} is an e-core.

Proposition 4.2.38. It suffices to prove Theorem 4.2.31 for the e-multicores.

Proof. Let X be an r-partition such that o - a,(A) = a,(A) and let X be its e-multicore. By
definition of the e-multicore and by Remark 4.2.3, we have a, () = a,(X) +w X525 a; where
w € N is the number of e-rim hooks that we need to wrap on to obtain A from A. Since ()
and 3¢5 a; are both stable by o, we have o -, (X) = a,(X). If Theorem 4.2.31 is true for
the e-multicore A, we can find a stuttering r-partition 1 = 7 with o (@) = ax(X). Write
n= (ﬁ(o), . ,ﬁ(r_l)) and let 49 be a partition obtained by wrapping on w times an 7-rim
hook to i(?). We define

pbd = 1,0 forall j € {1,...,p—1},

p® = n® o forall ke {0,...,r —1}\ {0,d,...,(p — 1)d}.
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The r-partition p = (,u(o), .. .,M(T_l)) satisfies u = . Moreover, since ﬁ(o) = ﬁ(jd) for all
je{l,...,p—1}, we can apply w times Lemma 4.2.37 with ¢ := 0 starting from the p-partition
(7, ..., 5(®). We obtain

d—1
Oén(ﬂ) = @ (0) (/’L(O)a s 7/1/(0)) + Z QL0 (/*L(g)v s 7,“’(@)
/=1

e—1

1
= a0 (@Y, .. 1Y) +wd @+ > a0 (@9, 50)
=0 /=1

e—1
= an(@) +w Y o
i=0

Hence, Theorem 4.2.31 is proved for A. O

Remark 4.2.39. Since the n-rim hooks that we wrap on are arbitrary, the stuttering r-partition
in Theorem 4.2.31 is not unique in general. Moreover, using the same idea of wrapping on n-rim
hooks we can easily prove Theorem 4.2.31 in the particular case n = 1 (that is, p = e). Finally,
if A and p are as in Theorem 4.2.31 and if A is an e-multicore, then p is not necessary an
e-multicore.

4.3 Binary tools and inequalities

In this section, we introduce two technical tools that we will need to prove Theorem 4.2.31.
In §4.3.1, given a family of binary matrices satisfying some conditions, our aim is to prove that
we can find a series of compatible submatrices (§¢). We will need to study some particular cases
(Lemma 4.3.6 and Proposition 4.3.7) before stating the main result, Corollary 4.3.8. We use this
result to prove in §4.3.2 the existence of a binary matrix with prescribed row, (partial) column
and block sums. Finally, we will give §4.3.3 some inequalities. The first one will be reminiscent
of the binary setting, and the others will use convexity.

We use |-| : R — R" to denote the sum of the coordinates (we warn the reader that we do
not take the sum of the absolute values) and we write ||| for the euclidean norm.

4.3.1 Binary matrices

Given two matrices with entries in {0, 1} whose row sums (respectively column sums) are pairwise
equal, we can get from the one to the other by replacing submatrices (§9) by (9§) (cf. [Ry]).
These interchanges do not change the row or column sums, however they may change block sums.
The results of this section, particularly Corollary 4.3.5, will be used to prove Proposition 4.3.14
in §4.3.2, where we show the existence of a binary matrix with prescribed row, column and
block sums. Note that Chernyak and Chernyak | | considered matrices with prescribed row,
column and block sums, but they did not study the existence problem.

We call binary matriz a matrix with entries is {0,1}. If M is an m x n binary matrix, we
write My, for its entry at (¢,k) € {1,...,m} x {1,...,n}. We denote by v, ;(M) the binary
matrix that we obtain from M by changing the entry (¢, k) to 1 — My,. We write R,(M) for the
¢th row of M. Note that if | M| denotes the sum of the entries of M then |M| = Y",|R¢(M)|.
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M+
Finally, if the number of rows of M is even, we will systematically write M = M- where

M)
M™ and M~ have the same size, and we define (M) = Ver( .
e (M) (’Wz,k(M )

B+
B~

) is a compatible submatrix of ( A ‘ B ) if there

+
Definition 4.3.1. Let A = <ﬁ) and B = ( ) be two binary matrices with the same even

o

number of rows. We say that the matrix (}
exist ¢, k, k" such that

Af =1, B}, =0,
Ay =0, By, =1.
In that case, we will write A =/ i B. We denote by vy i 1 (A, B)

= (7 1 (A): 77, k'(B)) the pair
of binary matrices that we obtain if we replace the submatrix ( ) by (03).

7

+ +
Example 4.3.2. We consider the binary matrices A = (ﬁ_) and B = (g_) defined by
11 1 00
+ . + .
AT = (O 0) ’ BT = (0 1 O) ’
- (10 _._ (1 01
N |

The red entries prove that A =123 B. With (fT, B) = 7123(A, B), we have

~ 10 ~ 1 01
+ . + .
A"(o 0)’ B "(0 0)’
- (11 ~_ (100
A“(o 1)’ B'_<101>‘

If A and B are two binary matrices with the same even number of rows, the set of all pairs
Ye ik’ (A, B) where £, k, k" are such that A =y B is denoted by I'(A, B). Moreover, we will
write A |= B if the set I'(A, B) is non-empty, that is, if there exist ¢, k, k¥’ such that A =y B

We can generalise these notations to a family (A4;)1<i<, of binary matrices with the same
even number of rows. Let ((¢;, ki, k}))1<i<n—1 be a family of triples such that

Ai Eoy ik Ait1s
forallie{l,...,n—1}. Forany i € {2,...,n — 1} we have

7‘ 1 ):Zz 17 i— 17 / A ):Zz,k’l,k/ Al+1’

thus, according to Definition 4.3.1,

—_

(61 1akz 1) 7& (Elak )

Hence, for all i € {2,...,n — 1} we have

Zl’;zzlyzh WZk(A)a
72_1,16271( l) ’:ﬁi,ki,k; Ai+1,
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and
Vi ks (W, Lk I(Ai)) = VZ,l,k;_l('YZ,ki(Ai))- (4.3.3)

We denote by (g, k, k') ((Ai)i<i<n) the family (4;)1<i<n defined by

iyv;))1<i<n—1

A= '72 Ky (A1),
Ay 'M,k (7& 1 (A1), forallie {2,...,n— 1},

—1

A, = Wn Lk 1(An).
By (4.3.3), no choice has been made to define A4; for i € {2,...,n — 1}. Finally, we denote by
I'(Aq,...,Ay) the set of all families 7((£i:ki7k£))1§i§n—1((Ai)lgign) where ((&,ki,kg))lgign_l is
such that A1 o, gy a0 Fou_y ko1 b, Ans and we will write Ay |= - = Ay if T'(Ag,..., 4y)
is non-empty.

The following properties are straightforward from the definition.

Proposition 4.3.4. Let A and B be two binary matrices with the same even number of rows

such that A =y B. If (ﬁ, E) = Yo r i (A, B) then

Al =Af -1, B, = By, +1,
AZ_IC:AZ_k—i_l’ Bz_k/:Be_k/_17
the other entries being unchanged. Hence, the following equalities are satisfied:
AL+ Ay = Af + Ay, B}, + By, = B, + By,
Ry(AT) + Re(B") = R(A") + R(BT),  Ry(A7)+ Ru(B™) = Re(A™) + Re(B7),
and
AT = AT -1, Bt = |BY|+1,
A7 =47 +1, |B7|=|B7|-1.

As a consequence, if A= B = C and (A, B,C) e (A, B,C) then |B*| = |B*| and |B~| = |B~|.

Corollary 4.3.5. Let (A;)1<i<n be a family of binary matrices with the same even number of rows.
Assume that ig, ..., is are distinct integers such that Ay, = ... = A, and let (Ayy, ..., A;,) €
P(Aim NN 7Ais)- Then

A =145 - 1, A = 1Af ]+ 1,
AL =145+ 1, A5 =14 -1
and for allt € {1,...,s — 1} we have
A7) = 147,
45| =145,

The following, easy to prove, lemma is very important in the proof of Proposition 4.3.14.

Lemma 4.3.6. Let A and B be two binary matrices with the same even number of rows. We
assume that

|Re(AT)| 4 |[Re(B)| = |Re(A7)| + [Re(B7), for all ¢,
|AT| > A7),

Then A = B.
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Proof. Since |AT| > |A~|, there is some ¢ such that |Ry(A1)| > |R¢(A7)|. Since the matrices
have their entries in {0, 1}, for all k£ we have

(4 <16)-6)-0)-6))

1

_l’_
Thus, there is some k such that <A€k> = <0

e . Moreover, we have
Lk

|Re(BT)| = [Re(B7)| + (|Re(A7) = [Re(AT)]) < [Re(B7)I-

+
Again, we deduce that there is some k' such that (g%'> = <(1)> Finally, we have
CK!

Af =1, B}, =0,
Ay, =0, B, =1,
thus A = B. O

Let us now give a generalisation of Lemma 4.3.6 to an arbitrary number of matrices.

Proposition 4.3.7. Let (A;)1<i<n be a family of binary matrices with the same even number
of rows. We assume that

STIR(AN)| =Y IRe(A;)],  forall ¥,
i=1 i=1

AT > A7,
|AF| > A7, forallie{2,...,n—1}.
Then there exists a sequence 1 < i1,...,is—1 < n of distinct integers such that

AlEALEFAL B E A E A

Proof. We consider the following binary matrices with an even number of rows:
Bii=(4s Az o Any Ay).

For each £ we have |Ry(By")| = 75| Re(Af)| and |Ry(By)| = SF 5| Re(A; )| Thus,

|Re(AT)| + [Re(BY)| = D _|Re(AD))

i=1

= |Re(A7)]
i=1

= |Re(A7)[ + ) | Re(A7))]
=2
|Re(AD)| + [Re(BY)| = [Re(AD)| + [Re(By )

Since |Af| > |A] |, we can apply Lemma 4.3.6 to the matrices A and B;. Hence, if we define
I, as the set of integers i € {2,...,n} such that A; &= A;, then I is not empty. If n € I; then
the proof is over, and otherwise we start an induction. Assume that for some integer s we have
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some pairwise disjoint non-empty subsets Iy := {1}, I1,...,Is_1 of {1,...,n — 1} such that for
allt € {1,...,s — 1} we have

for all 44 € I, there exists i;—1 € I;_1 such that 4;, | = A,,.

In the following, we write ¢ ¢ IpU---UI;_q tomeani € {1,...,n}\ (JoU---UIl;_1). We define
the two following binary matrices with the same even number of rows:

A+ .
Af = (4) ,
i€lpU---Ulg_1

Bs = (Ai)igjou‘..ujsil.

Note that the matrix Bj is not empty since n € {1,...,n}\ (IpU---UIs_1). For all £ we have

IRi(AD) = Y |R(A))],
i€loU--Uls_1
|Ri(AD) = Y R4,
i€lgU---Uls_1
and
[Ry(BHI = > |R(A))],
iglou---ufs_1
|Re(B) = > |RuA).
1¢IoU--Uls_q
Thus,

[Re(AD) + [R(BI) = D_IR(AF)| = Y _IRe(A7)] = |Re(A7)| + [Re(BY)-
=1 i=1

Furthermore, since |A}| > |A; | foralli € 1 U-- U1 C{2,...,n— 1} and |A]| > |A]| we
obtain

ATI= 3 AT+ AT

i€l1U--Uls_1

> Y AT+ AT

€el1U---Uls_q
> |A7| - |AT| + AT
|AY| > |AS ]

As a consequence, we can apply Lemma 4.3.6 to the matrices A, and B,. Hence, the set I
of integers i € {1,...,n}\ (o U---U ;1) such that A~}= A; for some 7€ IpU---UI,_q is
non-empty. Moreover, by construction such an integer 7 is necessary in I,_1. We stop here if

n € I, and otherwise we continue the induction with Iy, I1, ..., Is.

Since the sets that we construct are non-empty, pairwise disjoint and included in {1,...,n},
there is some integer s such that n € I;. By construction, for any t € {1,...,s} if iy € I
then there exists i;—; € I;_1 such that A;, , = A;,. Hence, starting with n € I, since the sets
(It)o<t<s are pairwise disjoint and Iy = {1}, we can find a sequence 1 < i1,...,i5_1 < n of
distinct integers such that A; = A;, = ... E 4, , E A,. O
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Corollary 4.3.8. Let (A;)i<i<n be a family of matrices with the same even number of rows.
We assume that

Z\RAA?)! =N IR(Ay),  forall ¥,
] =1

\A | > A |, for some ig € {1,...,n}.

Then there exists a sequence of distinct integers i1, ...,1s distinct from iy such that
Ay E Ay E A E.. . F A, FE A,
with |Af| < |A7|.

Proof. Let m € {1,...,n — 1} be the number of i € {1,...,n} such that |A]| > |A]|. Let

(Jk)1<k<n be a reordering of {1,...,n} with j; = iy such that
|A | > |4, for all k € {1,...,m},
|A | < |A;, forallk e {m+1,...,n}.

We define the following binary matrix with an even number of rows:

A= (A, - 4.
For all £ we have . .
D ARA(AD) A+ [Ro(AT)[ = D [Re(A] )] + [Re(A7)].
k=1 k=1
Hence, we can apply Proposition 4.3.7 to the family (4;,,...,4;,,A). We find a sequence
i1,...,1s—1 of distinct elements of {jo, ..., jm} such that
Aj=Ap FAyE .. F AL FA

We conclude since A;, , = A implies that there exists is € {jm+1,...,Jn} such that A;, | =
A, O]
4.3.2 Application to binary averaging

The following result is well-known.

Lemma 4.3.9. Let wy,...,wp—1 €{0,...,p}. Foralli € {0,...,n—1} we define v; == % and
we set v = (vg,...,vn_1) € [0,1]". There exist some vectors €*,...,e?~1 € {0,1}" such that

In particular,
152 152

- ZIGJ\ = ZHEJII2 []-

If in addition |v| € N then for all j € {0,...,p— 1} we can choose € such that || = ||€/||? = |v].
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The last result is equivalent to the existence of a binary p X n matrix with row sums
(lvl,...,|v|]) and column sums (wp,...,wp—1). By a general result of [Ga, Ry], we know that
such a matrix exists, since the conjugate (p,...,p) (with |v| terms) of the partition (|v],..., |v])
dominates the partition w for the usual dominance order on partitions, where w is the partition
obtained by rearranging the entries of w in decreasing order. However, for the convenience of
the reader we give a simplified proof for the particular setting of Lemma 4.3.9.

Proof. For any i € {0,...,n — 1}, we define the set
Wi=A{wo+--+wi—1+1,...,w0+ - +w;}.

For any j € {0,...,p — 1}, we consider the element ¢/ := (eé, e ) € {0,1}" defined by

n—1

j 1 if W; contains an element of residue j modulo p,
€ = .
0 otherwise,
for any i € {0,...,n — 1}. Since W; has cardinality w; and is given by at most p successive

integers, the set of residues modulo p of the elements of W; has also cardinality w;. Hence, there
are exactly w; integers € for all j € {0,...,p — 1} that are equal to 1. The other are 0, thus

p—1
J
=0

The ith component of %Z?;é €/ is thus 2 = v; and we obtain

15

- Z e =v

p =0
Since || is additive, we deduce that %Zf;é ¢/| = |v|. Moreover, since ¢/ € {0,1}" we have
€] = [|€/]|* thus 53755 ]1€|> = ol.

Now assume that |v| € N. There are in the set {1,...,|v|p = |w|} exactly |v| integers of
residue j modulo p for each j € {0,...,p—1}. Since {W;}icqo,.. n—1} is a partition of {1,..., |wl[},
we deduce that

n—1

Z ¢ = #{elements of {1,...,|w|} of residue j modulo p} = |v|,

for all j € {0,...,p— 1}. Hence |¢/| = |v| and we conclude. O

We will use Corollary 4.3.8 of §4.3.1 to generalise Lemma 4.3.9: see Proposition 4.3.14. Let
us first give an easy lemma.

Lemma 4.3.10. Let ag,...,ap—1 be integers of sum a multiple of p. The following integer:

m :=max {a; —aj :j,j' €{0,...,p—1}} €N,
satisfies m =0 or m > 2.
Proof. Assume m < 1. Then, for all j,j' € {0,...,p — 1} we have |a; —ay| < 1. If jy €
{0,...,p — 1} is such that aj, is the minimum of {a;};c(o,.. p—1} then for all j € {0,...,p — 1},
there exists €¢; € {0, 1} such that a; = aj, +¢€;. From the hypothesis, we know that pa;, —1—2?;(1) €;

is a multiple of p, thus Z?;é €; is a multiple of p. Since €;, = 0, we deduce that ¢; = 0 for all j.

We conclude that aj, = a; for all j € {0,...,p — 1} thus m = 0. O
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We need to introduce some notation in order to state Proposition 4.3.14. For any ¢ €

(]
{0,...,d — 1} and i € {0,...,e — 1}, let wl@ € {0,...,p} and set vy) = %. For each
¢e€{0,...,d— 1} we define
o = (v(()é), e vf(i)l).

We obtain a d X e matrix

(0

V = :
U(d_l)

We assume that for all £ € {0, ...,d—1} we have [v(¥)| € N. Hence, for all £ € {0,...,d—1} we can
apply Lemma 4.3.9 (with n := e). We obtain some vectors €/() € {0,1}¢ for all j € {0,...,p—1},
such that

1724
vl = =30, (4.3.11)
Pz
and
190 = [vD]. (4.3.12)

For all j € {0,...,p — 1}, define the following d x e matrix:

(3 (0)
El =

Recall that e is a multiple of  (and e = np). We write the matrix V' with 1 blocks of the

same size V = (V[O] V[”_”), and we use the same block structure for the matrices
EI = (Ej[o] Ej[”_l]). As a consequence of (4.3.11), we have
. 1=
Vi = =3l (4.3.13)

for all 4 € {0,...,n —1}.

Proposition 4.3.14. We keep the previous notation. In addition to the hypotheses |v¥)| € N
forall £ €{0,...,d—1}, assume that for alli € {0,...,n— 1} we have |V € N. Then we can
choose the vectors €1 for all j € {0,...,p—1} and £ € {0,...,d — 1} such that the previous
properties (4.3.11) and (4.3.12) still hold, together with

|EI| = (v, (4.3.15)
forallj€{0,...,p—1} andi €{0,...,n—1}.

Ezrample 4.3.16. Take p = 4 and d = 2. With the following matrix:

1122 1|23 01 v(©
1 - — (vl |yl
V'4<02131320> <v(1>> (V v )
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we have [v(0)] = [v)] = |Vl = |VIU| = 3. The vectors ¢/¥) constructed as in the proof of
Lemma 4.3.9 are the following:

0 =(1,0,1,0,0,1,0,0), M =1(0,1,0,1,0,1,0,0),
¢ =1(0,1,0,1,0,1,0,0), 1M = (0,1,0,1,0,1,0,0),
e2<> (0,1,0,0,1,1,0,0), &M =1(0,0,1,0,1,0,1,0),
S0 =(0,0,1,0,1,0,0,1), &M =(0,0,0,1,0,1,1,0).
Thus, we have
1 010]/0100 0
EO:(01010100>:<60(1) :<E0[0}\E0“]),
010 1/01 00 el
E1:<01010100>:<61(1) :(El[o}‘El[ﬂ),
01001100 2(0)
E2:<0 A 0>:<62(1)>:<E2[0}E2[1]),
00101001 e3(0)
E3:<00010110>:<63(1)>:<E3[0}E3[1]>

However, we have |E0| = 4 # |VI0|, thus these vectors /() do not satisfy the condition (4.3.15)
of Proposition 4.3.14. Let us consider the two compatible submatrices indicated by the coloured

0[0] o[1] 1[0] 11
entries. Define A := <§2[0}> and B = (?2[10 (respectively C' := (gS[OO and D = <§3[1]>)

and set (A, B) == 71.1.1(A, B) (resp. (C, D) = 7121(C, D)). We have

E°=( A*|B* ),
Elz(0+\D+),
EQZ(A—\B—),
ES=(Cc D),
and
pe(ae)-(0 0010 0).
El:wm:(g SR
B (a5 )-(0 000 L0 0.
Bo(elo)- (0ol s)

. ~ J
The vectors &) defined for all j € {0,...,3} and £ € {0,1} by E7 = (,;(1)) satisfy (4.3.11)

and (4.3.12), together with the condition (4.3.15) of Proposition 4.3.14. In general, the existence
of such interchanges will be given by Corollary 4.3.8.
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The remaining part of this subsection is now devoted to the proof of Proposition 4.3.14. First,
note that the interchanges () <> (9 ) that are compatible with the block decomposition

EO E000] e EOn—1]
| = : : : , (4.3.17)
Epr-1 E@-DO [ ... | ple-Dh-1]

do not affect properties (4.3.11) et (4.3.12). However, these interchanges change the value of
some |E7|, as described in Proposition 4.3.4. Thus, it suffices to prove that there exists a
sequence of compatible interchanges that modifies each |E71| to |[VI1|. We endow N x N* with
the usual lexicographic order. We will use an induction on (A, N) € N x N*, where

A= max{|Eﬂﬂ| —|E' viefo0,...,n—1},4.5 € {0,...,1)—1}} €N,

and
N = #{(6,5,5) € {0,..,n =1} x {0,...,p— 1}?: [E/V] — |0 = A} e N".
Define
M::max{yEﬂi]\ ief0,...,n—1},j€ {0,...,p—1}},
m::min{|Eﬂﬂ| :ie{0,...,77—1},]'6{0,...,p—1}},
and

Nmax::#{(za])6{07""77_1}X{07"'7p_1}:’E][Z”:M})
Nuin = #{(3,7) €{0,....,n =1} x {0,...,p = 1} : |[E/F[ = m }.
We have A = M — m and N = NyaxNmin- If A =0 then by (4.3.13) we have |Ejm| = |VM| for

all 7, j so the proof is over. Assume A > 1 and let ig € {0,...,e — 1} and jo,j}, € {0,...,p— 1}
such that |E7olo]| — |Edoliol]| = A, We now consider the matrix

EJo Egolo] ... pgiolio] ... REdoln—1]
Eio ) — \ gislol ... giglio] ... gitln-11)>

given by the joth and jjth block-rows of the matrix of (4.3.17). We consider the family
(Ai)o<i<n—1 of matrices with the same even number of rows defined by

A Fold]
Ai = (A;) = (Ej{)[i]> '

for all i € {0,...,n— 1}. The hypotheses of Corollary 4.3.8 are satisfied, thanks to the definition
of igp and (4.3.12) (note that Ry(E7) = 0 and Ry(E%) = e0®). Hence, we can find a
sequence of distinct integers i1,. .., %, distinct from iy with ]A;';| < |A; | and
iy e b A
Let (A, ..., A;) € T(Asy, ..., A;,). By Corollary 4.3.5, we know that
AL = 1431,

~f|:\Af’

4.3.18
A - (4.3.18)

1t
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forall t € {1,...,s — 1}. Moreover, we have
Af =145 -1, Ay | = Ay | +1, (4.3.19a)
A = 1Af ]+ 1, A7 | =45 - L (4.3.19D)

We now want to evaluate the new values A and N of A and N that we obtain and prove that
(A, N) is strictly less than (A, N). We have

A:max{\Eﬂi1|—\Eﬂi1\ i€ {0,...,n—1},5,5 € {0,...,p—1}} €N,
and
N:#{(l,],]/) e {07777_1} « {Oavp_]-}2 . |E][l]’_|E]’[Z}| :A} EN*’

where B
Afifi =1, for some t € {0,...,s} and j = jo,

Bl = A;, if i =i for some t € {0,...,s} and j = jg,
FEilil - otherwise.
Moreover, with
M::max{lﬁj[i]\:ie{O,...,n—l},je{0,...,p—1}},
ﬁz::min{\EﬂiH:iE{0,...,77—1},j€{0,...,p—1}},

and

Ninax = #{(3,5) € {0,...,n =1} x {0,...,p— 1} : |EFI| = M},
j\?min :#{(7"])6{07anil}x{o’7p71}’EJ[l]|:m},

we have A = M — N and N = Nyax Niin. Note that by (4.3.18), for all i € {0,...,n— 1} and
j€{0,...,p—1} we have

|| = | B9 if 4 & {io, 45} or j & {jo, Jo}- (4.3.20)

By the assumption |[VI¥| € N and (4.3.13), thanks to Lemma 4.3.10 we know that A =
|AF | = |A;| = M —m > 2. Hence, by (4.3.19a) we have

10
m < |A;| < |Af| < M. (4.3.21)
Furthermore, since m < |Af| < [A; | < M, by (4.3.19b) we have
m < |Af| < |47 < M, (4.3.22a)
m < |Af] < A | < M. (4.3.22b)

Equations (4.3.20), (4.3.21) and (4.3.22) prove that M < M and m > m, thus A<AIf
A < A then (A,N) < (A, N), thus we now assume that A = A, that is, M = M and m = m.
By (4.3.20) we have

Ninas = Nunae = # { (i) € {io, s} x Lo, o} + B/ = M}
— #{(i,5) € {0, s} x Lo, o} : 1B = M} .
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Thus,
Nonase = Nowase = 1484 oy — #{ (1,5) € {ioy is} x (o, g} : | B = M},

where ¢ is the Kronecker symbol. By (4.3.21) and (4.3.22), we obtain

Nmax_NmaX = 1+6|A;"M -0 (4323)

|Af | .M
S

By (4.3.22a), we know that
O v S Oag e

tllus ({{3.23) yields Npax — Nmax > 1. Similarlx, we have Nmin — Nnin > 1. Finally, we obtain
N = NmaxNmin < NmaxNVmin = N and thus (A, N) = (A,N) < (A,N). By induction, this
concludes the proof of Proposition 4.3.14.

4.3.3 A few inequalities

We will prove some inequalities that we will use to prove Theorem 4.2.31. The setting of the
first one is reminiscent of Lemma 4.3.9 and the following ones use convexity. Recall that |-|| is
the euclidean norm on R™ and denote by (-, ) the associated scalar product.

Lemma 4.3.24. Let n € N* and h : R" — R be a function such that h — %||-||* is affine. Let
v € R™ and suppose that €°,...,eP~1 € {0,1}" satisfy v = %Z?;g & and || = ||€/||? = |v| for
all j €{0,...,p—1}. For any a € R™ we have

S N )
h - - N =
(a+v) Z h(a+€) 5
7=0
More specifically, there exists j € {0,...,p — 1} (depending on a) such that

2
vl — ||V
, o= ol

h(a+¢) < h(a+v) 5

Proof. Denote by A = h(a +v) — % Z?;é h(a + €’) the left-hand side of the equality. Note that
the Hessian matrix of the second partial derivatives of h is the identity matrix. More precisely,
since h is a degree 2 polynomial, the Taylor formula reads

1
h(a 4+ w) = h(a) + (Vh(a),w) + §Hw|]2, for all w € R",

where Vh(a) denotes the gradient of h at a. Since v = %Z?;& ¢/, the quantity that defines A
vanishes at the affine level, hence

1l 155 e
A= el ==X 00e0?)
We conclude since ||e7||? = |v|. The second assertion is straightforward. O

The next inequalities involve convexity. The first one is a particular case of a Jensen’s
inequality for convex functions. The reader may refer to | , Theorem 4]; we include a proof
for completeness.
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Lemma 4.3.25. Let n € N* and m € R. Let h: R" — R such that h — Z|-||? is convez. For
any xo, ..., rp—1 € R™ we have

124 m 22 9
W) < 55 hiag) — Sy~
pj:@ pj:()

— .1 p—1 )
where T == > Zj:() xj.

Proof. Since h — Z||-||* is convex, we have

m,_ .9 1 L m 22 9
@) = SIZ1% < = >0 ki) = o 3 gl
pj:() pj:()
Thus,
— 1% m k= 2 —12
h@) < =3 hlzs) = o | D llgl” -l
1p—l m _p—l p—1
<X ) = o | Dol — 7P+ 23 (s, m) - 2pl?
Pz P |i=o i=0
171 m [
< wg) = o | Do llws = 7P+ 2p(7, 7) — 27
p ':0 p _]:0

1! m P4
<= h(z) - % >z — 7|
O

Remark 4.3.26. The real number m of Lemma 4.3.25 is usually taken to be positive. In this case,
the map h is convex and we say that it is m-strongly convex. We have stated Lemma 4.3.25 for
a general m since we will need it to be negative in the proof of Lemma 4.3.27.

For any x € R, we denote by {z} € [0, 1] its fractional part. We have {z} =« — |z, where
|x| € Z is the greatest integer less than or equal to x.

Lemma 4.3.27. Let xg,...,xp—1 € Z be integers and let T := %Z?;(l) xj. With v = {ZT} we

have
122

v—v? <= Z(x] —7)%

Proof. Let us consider the function ¢ : R — R defined by z + {z} — {x}? + 22. It is continuous
on R\ Z, and in fact continuous on R since lim,_,,- ¢(z) = lim,_,,,+ ¢(x) = n? for any n € Z.
Moreover,

¢(z) =2 — |z] = (2% = 2[z)o + 2]?) + 2% = (1 +2[z))z - [2](1 + [=]).

Thus, the function ¢ is affine on each interval [n,n + 1[ for n € Z, with slope 2n + 1. Hence,
the function ¢ is continuous with non-decreasing left derivative thus ¢ is convex. Applying
Lemma 4.3.25 with n:= 1, m := —2 and h = {-} — {-}* we obtain

p—1

152 1 B
v < 23 ({ag) — {a3)?) + - Do (@~ @)
For any j € {0,...,p — 1} we have z; € Z thus {z;} = 0 and we conclude. O
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4.4 Proof of the main theorem

We are now ready to prove Theorem 4.2.31, which we repeat here for the convenience of the
reader.

Theorem 4.2.31. Let A be an r-partition and let o = ax(N) € QT. Assume that k is compatible
with (d,n,p). If o - a« = « then there is an r-partition p € P with “p = p.

Let A be an r-partition and assume that the multicharge x € (Z/eZ)" is compatible with
(d,n,p). Recalling the reduction step Proposition 4.2.38, we assume that A is an e-multicore.
We define

a = a,(N),
2 = 2F)(X), for all k € {0,...,r — 1},
n' = n’(X), for all i € {0,...,e —1}.

In the whole section, we assume that o - @« = a. There will be four steps in the proof, each step
corresponding to one subsection. First, we will give an expression of n° in terms of the abacus
variables (0, ..., z("=1 which takes into account the o-stability of a. We will then give a key
lemma, followed by a naive (but useful) attempt to prove the theorem. Finally, we will use the
results of Section 4.3 to conclude the proof.

4.4.1 Using shift invariance

In this subsection, we will write n° in terms of xz(k) for k€ {0,...,r—1}and i € {0,...,e — 1}
(Lemma 4.2.25). The difference with the equality of Lemma 4.2.25 is that « is now assumed to
be o-stable, which will allow us to make the expression symmetric. The map (R¢)" — R that we
obtain will be later used to apply the convexity results of §4.3.3.

Recall from §4.2.4 that we have some linear forms Lo, ..., L._1 that satisfy (4.2.26):

r—1 1

= 5 (RO - Loy ()]

k=0

Since 0 - a = a, for all jo € {0,...,p — 1} we have nQ(\) = ng("_jo)\) by Lemma 4.2.29. We
deduce that

I
_

0= 3 [l — £y (a0
k=0 2
r—1 1 9
k k
=3 |31 OIF ~ Es )]

Averaging on jg € {0,...,p — 1}, we obtain
r—1 1 9 _
w =3 [l - Lea®)]

k=0

where EE is a linear form that depends only on the residue k € {0,...,d — 1} of k modulo d.
Now, if for £ € {0,...,d — 1} we consider the map defined on R® by

1 -
gr: T — §H33H2 — Ly(z), (4.4.1)

125



we have
d—1p—1

n’ =33 go(a“HY) = f @@, 2. (4.4.2)

£=0 j=0

The map f : (R®)" — R is of the form f = £||-|? — L where L is a linear form. Moreover, define

£ (0 glaD) ng ©)

:ff(x Gt ()
p

(4.4.3)
Ve ,m(dfl)),
where, in the expression f(z(o), I AC ot B C N $(d_1)) the sequence (@, ... @1 g
repeated p times. Like f, the map f® : (R°)? — R is of the form 1|2 — L), where L) is a
linear form. Note that for all j € {0,...,p — 1} we have

d—1

£ (m(jd)7 o 7x(d—1+jd)) - th’(f’f’wﬂd))’
=0
hence, by (4.4.2) we deduce that
p—
f(;v(o),...,x(’” 1) ) Zf@ (z Gd) 7$(d—1+jd)).
7=0

4.4.2 Key lemma

Lemma 4.4.5 that we will give in this subsection is the key to our proof of Theorem 4.2.31.
Recall that oo = ae(A) satisfies 0 -« = . For any ¢ € {0,...,n — 1}, define

§; =nl —n'tl,
The o-stability of a implies that & = nitom — ni+tion+l for all jo € {0,...,p — 1}. We deduce
from Lemma 4.2.25 and the compatibility of x with (d,n,p) (cf. (4.2.20)) that

6 - Z xH‘]O?? Kk Z Z 15-—"2]];1 J)n—rg’ (444)
£=0 j=0
for all jo € {0,...,p—1}.

As noted in Remark 4.2.39, the stuttering r-partition g of Theorem 4.2.31, which satisfies
ax(p) = a, is not necessary an e-multicore. The following lemma shows that, to prove
Theorem 4.2.31, it suffices to find a stuttering e-multicore v such that o (v) = o — h(ag+ -+
ae—1) for some h € N.

Lemma 4.4.5. Suppose that 20, ... z@=1 ¢ Zg are such that

pf@ (O D) < (O D)y (4.4.6)
and
d—1p—1
Zzzz S (4:4.7)
/=0 j=0

foralli e {0,...,n—1}. Then Theorem 4.2.31 is true for the e-multicore X: we can find an
r-partition p such that o, () = o and “p = .
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Proof. For any ¢ € {0,...,d —1} and j € {1,...,p — 1}, define z(+id) = (0 ¢ Z§. For
each k € {0,...,r — 1}, let ﬁ(k) be the e-core of parameter z(¥). We obtain an e-multicore
7= @9, ... mD) that satisfies 1 = . For any i 6 {0,. e — 1} We define m® == n’ (m).
Since k is compatible with (d, n, p), we have Z ZJ O l m ey = Zk —0% )ﬁk By Lemma 4.2.25
and the assumption (4.4.7), we deduce that

mt— mitl = 5,
for all i € {0,...,n — 1}. Hence, for all i € {0,...,n— 1} we have m’ — m*™t = n® — n**! thus
m® —m’ =n® —n'. (4.4.8)

The above equality is also true for any i € {0,...,e — 1} since n’ = n*7 and m* = m**" (by
Lemma 4.2.29). Recalling the definition of f (respectively f®)) given at (4.4.2) (resp. (4.4.3)),
the assumption (4.4.6) implies

mP < nY.

Hence, as in the proof of Proposition 4.2.38 we can construct an r-partition g = (,u(o), e ,u(r_l))
such that “p = p and:

e the partition (%) is obtained by adding n® — m° times an n-rim hook to z(¥);
e we have ul9) = z0) for all j € {1,...,d — 1}.
Finally, by Lemma 4.2.37 and (4.4.8) we obtain

() = an(ﬁ) + (no - mo)(O‘O + ot aeo1)

az—i—Zn —m

1
=0

o
|
—

(n® +m" —m°)

Il Il
~ o =,
IMLIM

S

8

I
L

thus we conclude. O

4.4.3 Naive attempt
We will use the convexity of the map f : (R¢)” — R to obtain some parameters 30 .. zd-1)
that almost satisfy the conditions of Lemma 4.4.5. These parameters will not necessary be

integers: we will fix this in the next section.

Proposition 4.4.9. For any ¢ € {0,...,d — 1}, we define

1222 1
=) . * (b+3d) S e
A — E T € —7Z°.
p < p

We have
d 1p—1

pf(p>(g(0)7'_‘,g(d—1)) < f(x(o)’.” (r— 1) Zzux t+jd) _ (0) || .

EO]O
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Proof. Let £ € {0,...,d — 1} and let k € {0,...,7 — 1} be of residue ¢ modulo d. Recall the
definition of the map gy : R® — R given in (4.4.1). The map g — 3||||? is convex, thus by
Lemma 4.3.25 we deduce that

1t

90(Z9) < =3 gu(aY) Z!Iw(”’d 7",

Summing over all £ € {0,...,d — 1}, we obtain

dlpl

. ~0)12
f(:v(o),... ( 1 ZZH:U(“M 3 H

f<P>(g(0)
pﬁ 0 5=0

PR ~

"=

Multiplying by p gives the desired result. O

Remark 4.4.10. The inequality of Proposition 4.4.9 is in fact an equality since g, — 3 ||-||? is linear.

Let us now try to verify the hypotheses of Lemma 4.4.5 with the parameters 30 . zd-1D) ¢
%Ze of Proposition 4.4.9. First, for each ¢ € {0,...,d — 1} we have

11"1

~(1!)| — Z’ fﬂd Zo =0. (4.4.11)

Moreover, since ||x(£+jd) ] ,d)” > 0 we deduce from the inequality of Proposition 4.4.9 that
pfO (O, a0y < p(oO0) 4Dy, (1.4.12)

Finally, for each i € {0,...,n7 — 1} we have, using (4.4.4),

—1p—1 dlpl —1 (c457d)
ZZ%M w**ZZZ 2337 Ke
¢=03j=0 pf 0 j=03'=0

1p—ld—l

p—1 ,
= Z > %(ﬁy—ﬁra —5" )Nty
= ~——

=:j0

1 p—l d—1 P—l (€+ /d)
_ J
- 5 Z Z Lit (Go—3")n—re

Jo=0 \ =0 j'=
124
- =Y,
ponU
= ;. (4.4.13)
Hence, all hypotheses are satisfied but one: the parameters 30 .z ¢ %Zg are not

3 €
necessary in Zg.

4.4.4 Rectification of the parameters

We will construct from 20, ... z(d-1 ¢ %ZS (defined in Proposition 4.4.9) some elements
AC I C ot = Z§ that satisfy all the assumptions of Lemma 4.4.5. To that end, we will approx-
imate z(o) .., 2U@=1) ysing Proposition 4.3.14, and we will control the value of f(z(o), ceey z(dfl))
using Lemma 4.3.24. The remaining of this subsection in now devoted to the proof of the

following proposition.
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Proposition 4.4.14. There exist elements PAC I = Zg such that

d—1p—1
Zzzz Zjn—rg = Oy
£=0 j=0
for alli € {0,...,m—1} and
d—1p—1
FO GO, D) < f0 03 L33t — 502
pﬁ 0 5=0

Let ¢ € {0,...,d — 1}. Since 2 ¢ %Ze, we know that for any i € {0,...,n7 — 1} and

j €40,...,p— 1} there exist unique elements m'. ez and '), € {0,...,p— 1} such that

Jj+ip J+ip
0 0] wyl;
~ 1
Zi—jn—lig = mj-i—ip + ]p P . (4415)
The fractional part of zl( )]17 kg 18
(0) (Q' 0
~ 1
Zi ket = Jp L = Vil (4.4.16)
For each ¢ € {0,.. — 1}, we have two e-tuples m(®) = (mée),...,mg_)l) and v =
(véz), - g)l) Let 7, be the permutation of {0,...,e — 1} defined by

me(j +ip) =1 — jn — ke,

for all 1 € {O ..,n—1} and j € {0,...,p—1}. Permuting the components of e-tuples according
to mo, ..., T4_1, we obtain a map f) : : (R®)? — R that satisfies

FO (0 4 0© D) L=y = p 50 5y,

To match with the setting of §4.3.2, we define the two following d x e matrices:

m(0) ()
M = , V= ],
m(d_l) /U(d 1)
so that N
FOM+ V)= ferEO L Fd-)y, (4.4.17)

Like ), the map f% defined on the d x e matrices is of the form L2 - L where ||-||? is the
sum of the squares of the entries and L is a linear form. We now write the matrix V blockwise
in the same fashion as for Proposition 4.3.14. That is,

V= : - (V[O] V[nfl])’
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where
o (0

Vip Up_1+ip
Vi = : : : ,
(d 1) (d-1)
Yip o Upidap
for any ¢ € {0,...,n7— 1}. We now check that V satisfies the assumptions of Proposition 4.3.14.
First, for any ¢ € {0,...,d—1} the element v satisfies |v(€)| > 0 since its entries are non-negative.
Furthermore,
—1p—1
‘ = Z Z Yj —Hp
=0 7=0
—~ ©
= Z Z zZ” m v — Myt (by (4.4.15),(4.4.16))
=0 7=0
e—1 n—1p—1
~(¢ l
= 2 ) - mglzp
=0 =0 7=0
n—1lp-1 ©
(¢
= |Z( )’ szjﬂp
=0 j=0
Hence, we have |U(£ | € Z since |z | =0 and mglzp € 7Z, thus |v(£)| € N. The same argument

shows that [Vl € N for any i € {0,...,n — 1} since

1 — SR 0
|V[Z]| = Z Z Yj+ip
=0 j=0
d—1p—1

_ZZNZ(ZM Iy szﬁw

£=0 j=0 £=0 j=0
d—1p—1

=0 — Z Z mﬁm

=0 j=0

Thus, we can apply Proposition 4.3.14. There exist vectors /) e {0,1}¢ for all j €
{0,...,p—1}and £ € {0,...,d — 1} such that

1021

=36 = 4O,
P
|e7O] = [09)], (4.4.18)
|E| = |V, forallie{0,...,n—1}. (4.4.19)

In the above equality, the matrices EJl for any i € {0,...,m— 1} are defined by the same block

decomposition as V:
e(0)

El=| :(Ej[OJ Ej[n—ll),
ej(d_l)

in particular each EJ has size d x p. The map f<p> and the matrices V and EJ for all
j €40,...,p—1} satisfy the assumptions of Lemma 4.3.24. Hence, there exists jo € {0,...,p—1}
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such that )
V= IVIP

2

For each ¢ € {0,...,d — 1}, define the vector 2 by permuting the coordinates of m(®) + efo(®)
via mp. We have

FPHM + B0y < f/ (M + V) +

f<p>(z(0)’.”7 (d— 1)) FP (M + E),
thus, recalling (4.4.17),

VI - IVI?

OO, D) < (O, sty L T

*

(4.4.20)

We now check that 2@ ..., 2(¢=1 have the properties described in Proposition 4.4.14. First,
for any ¢ € {0,...,d — 1} the vector 20 is a permutation of m® + €0 Since m® € Z¢ and
00 € {0,1}¢, we have z() € Z¢. Moreover,

120 = [m(®] 4 |5

= |m®] + |v®)| (by (4.4.18))
= )
—0 (by (4.4.11)),

thus 2(0) ¢ Z§. The equality condition of Proposition 4.4.14 is satisfied, since for any 7 €
{0,...,m— 1} we have

—1p—1 d—
ZZ% Zin—xe ZZ[ Hip + i)
£=0 j=0 £=0 j=0
—1p—1
- EZO Zomjﬂp + {Ejo[z”
J
d—1p—1 ' ‘
=3 3 mily + VY (by (4.419))
£=0 j=0
d—1p—1 (6) o
= ;}2}{ jtip T ]—Hp}
J
d—1p—1 (Z
;]]ZE) i—jn—re
= §;.

It remains to prove that the value of f() (z(o), . ,z(d_l)) does not grow too much. We have

V- vz 14 Sl ek
VIZIVIE IS [0 o] = 25 55 [0 - 007

¢=0 ¢=0 i=0 j=0

Recall the definition of the vectors () for any ¢ € {0,.. — 1} given in Proposition 4.4.9.

Since for all i € {0,...,n — 1} and j € {0,...,p — 1}, eachv()

iip 15 the fractional part of

© 182 (0
~(¢ _ 4t +j5'd
Risjn—rp — P Z Lijn—re
/=0
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. (b+5'd)
and since each x;_ n—re

p—1
(©) © 2 _1 (e+5'd)  ~(0) 2
Vitip — (vj—l-ip) < ]; Z (ml Jii Ke zi—jﬁ—fie) )
§'=0

is an integer, we can apply Lemma 4.3.27. We obtain

foralli e {0,...,n—1} and j € {0,...,p — 1}, thus
[0 @] = [0 O* < ZH () — 0|2
It follows from (4.4.20) that

1d—1
(p) (,(0) (d-1) (p) (3(0) z(d=1)y 4 = O] _ 11o©?
FREO Ay < f (O 3 )+22Uv | = [lo®]?]

d—1p—1

< P (EO D) ZZ||$(€+J«1 70|,

peojo

as desired.

4.4.5 Proof of the main theorem

We now conclude the proof of Theorem 4.2.31. Let 2(0), ... 2(d=1 ¢ Z§ be as in Proposition 4.4.14.

They satisfy
d—1p—1

SN =6 (4.4.21)
(=0 j=0
for alli € {0,...,n7— 1} and
d—1p—1
FOO Dy < p) (0 D) ZZHw(Hyd (Z)HZ‘
p@ 0 7=0
Since, by Proposition 4.4.9, we have
d 1p—1
pft® (5(0)’.__,g(d—1)) < f(x(o),.. (r— 1) ZZH“T (t+5d) _ 5(0) ||
@ 075=0
we obtain
1 d-1p-1
pfP (O D) < p (2O ) ZZH (t+jd) _ (¢ H2
E 0 5=0
1 d=1p=1
+5 ZZH@"(”” 29|,
6 0 5=0
thus

pfP (20, 24D) < f®, 207D,

Remark 4.4.22. The error term % Z?;& Z?;é ||:L‘(€+j d) _z(0) ||2 vanished thanks the strong convexity
inequality of Proposition 4.4.9, the “basic” convexity inequality (4.4.12) being not accurate
enough.

The above inequality, together with (4.4.21), prove that the elements 2(0), ... 2(4=1 ¢ Z§
satisfy the hypotheses of Lemma 4.4.5. Hence, Theorem 4.2.31 is proved for the e-multicore A.
Recalling the reduction step from r-partitions to e-multicores, Proposition 4.2.38, we conclude
that Theorem 4.2.31 is true for any r-partition.
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4.5 Applications

We assume that the multicharge  is compatible with (d,n,p) (cf. (4.2.20) and (4.2.21)). We
consider the weight A € N! given by

A =#{ke{0,....,r — 1}, 5 =i}, (4.5.1)
for all ¢ € I. The compatibility condition (4.2.20) for k gives
Ai+r] = Aia

for all 4 € I, thus the Ariki-Koike algebra H2(q) = H2(q,¢) and its subalgebra Hﬁn(q) are
well-defined (see Definition 2.2.41), where ¢ := ¢" is a primitive pth root of unity. Note that
p’ = 1 and the cyclotomic relation (2.2.25) in H2(q) is

r—1
[Ts-a)" =I5 -a™) =0,
iel k=0

We present two applications of Theorem 4.2.31 and Corollary 4.2.34. First, we will recall the
definition of cellular algebras, as introduced by Graham and Lehrer | ]. The algebra H2(q)
and its blocks Hg(q) for o € QT are examples of cellular algebras. We are interested in the
fixed point subalgebras H;:[ a](q) (respectively sz},n (q)) of Hfg4 (q) (resp. HA(q)) for the algebra
homomorphism ¢. Recall that we gave in Proposition 4.5.18 bases for these algebras. In §4.5.2.4,
we prove that if #[a] = p (resp. if p and n are coprime) then H;;[ ol (q) (resp. Hé‘n(q)) is cellular.
Otherwise, using Corollary 4.2.34 we show that if in addition p is odd then none of these bases
of Hﬁ[ o] (q) are adapted cellular (see §4.5.2.5). Finally, in §4.5.3 we will study the restriction of
Specht modules of Hf;] (q).

4.5.1 Cellular algebras

Let A be an associative unitary finite-dimensional F-algebra. A cellular datum for the algebra
A is a triple (A, T, ¢) such that:

e the element A = (A, >) is a finite partially ordered set;

e for any A\ € A we have an indexing set 7 (\) and distinct elements ¢y for all s,t € T()\)
such that
{cgt NEA s te 7'()\)},

is a basis of A as an F-module;

o forany A € A,t € T()\) and a € A, there exist scalars ry,(a) € F such that for all s € T()),

c;\ta: Z rtn(a)cg‘b (mod A>’\),
vET ()

where A>* is the F-module spanned by {ck, : 4 > X and a,b € T (1) };

e the F-linear map * : A — A determined by (,)" = ¢, for all A € A and s, t € T()\) is an
anti-automorphism of the algebra A.

We say that A is a cellular algebra if it has a cellular datum. We say that a basis B of A is
cellular if it coincides with {c}} : X € A,s,t € T(A\)} where (A, T, ¢) is a cellular datum for A.
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Remark 4.5.2. If (A, T, c) is a cellular datum for A then

dim A = > #T (M)

AEA

Lemma 4.5.3. Let (A, T,c) be a cellular datum of A and let x be the corresponding anti-
automorphism. The cardinality of

{diredsteTO) @) =a,

is Cnen #T(A)-
Proof. Since (¢})" = ¢y, we have (¢})" = ¢\ if and only if 5 = t. O
Assume that (A,7,c) is a cellular datum for A. By | ], for each A € A we have

an A-module S*, called cell module, endowed with a certain bilinear form by whose radical
is an A-module. Moreover, if D* denotes the quotient of S* by the radical of by, the set
{D*: X\ € A,D* # {0}} is a complete family of non-isomorphic irreducible A-modules.

4.5.2 Cellularity of the fixed point subalgebra

We will first give more definitions from combinatorics, and recall the existence of a particular
cellular datum for H2(q) and its blocks H2(q). Then, we will construct bases for the algebra

H;\[ ol (¢) and study its cellularity. We will use the following notation:

Qr = {a € Q1 : there exists A € Pl such that a,(X) = Oz} ,

n

so that the blocks of HA(q) are the subalgebras H2(q) for any a € Q.

4.5.2.1 Tableaux

Let A = (A9 ... A\0=D) be an r-partition of n. Recall that we defined in §4.2.1 and §4.2.4 the
Young diagram Y(X) of X. A A-tableau is a bijection t = (£, ... D) Y(A) = {1,...,n}.
The k-residue sequence of a A-tableau t is the sequence

resy(t) == (Fesn (f_l (a)))

aG{l,..,n}'
A X-tableau t : Y(A) — {1,...,n} is standard if the value of t increases along the rows and
down the columns of Y(A). We denote by 7 () the set of standard A-tableaux.

Example 4.5.4. We take r = p = 2 and we consider the bipartition X := ((4,1), (1)). The map
t: Y(A) —{1,...,6} described by

| =

5[4]6] [3],

is a A-tableau (we warn the reader that we represented in the same way the multiset of residues
associated with a multipartition), but it is not standard. The tableau s : Y(A) — {1,...,6}
described by

A[5[6] [3],

1
2]

is standard. With x = (0,2) and e = 4 = 27, the residue sequence of s is res,(s) = (0, 3,2, 1,2, 3).
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Mimicking Definition 4.2.28, we define the shift of a A-tableau t = (£, ... =) by

Tgi= (D (O frmdE)y

and we denote by [t] the orbit of t under the action of o. Note that 7t is a ? A-tableau, which is
standard if t is standard. In particular the set T [A] := U,ecx7 (1) is stable under o and there is a
well-defined equivalence relation ~ on 7 [A] generated by t ~ 7t. We write T[A] := T[A]/~ for the
set of equivalence classes. Choose a lift ¢ : T[A] — T[A] of the canonical projection T[A] — T[A].
In other words, if t is any standard A-tableau then ¢([t]) € [t]. For any j € {0,...,p — 1}, we
define _

TP = {te TV : o(l) ="t}

Note that the set ’7;95()\) may be empty for some j € {0,...,p — 1}, but we have a partition
TA) = U?;(lﬂfs()\). Moreover:

if t€ T(A) then “t € T2, (“N). (4.5.5)

We have .
#T A = #TIN, (4.5.6)

where TP [A] == U”Em'ﬁfﬁ(u) — {te T\ : 6([]) = t}. In particular, the cardinality of T [A]
does not depend on ¢ and we may abuse notation by writing #7o[A] instead of 76¢[)\]. Since
#T(A) = ﬁ#T[A], we also deduce that

LT () = #7{?[}\]. (4.5.7)

Ezample 4.5.8. Recall that the multicharge x is compatible with (d,n,p). For any t € T[A], the
compatibility condition (4.2.21) ensures that there exists a unique standard tableau ¢(t) € [{]
such that 1 is in the image of the first d components of i(t), that is, such that there exists
ce{0,...,d—1} with ¢(t)((0,0,¢)) = 1. Note that when d = 1 (i.e. when r = p), this condition
is the same as res, (¢~ 1(1)) = ko. The map ¢ : T[A] — T[A] is constant on the equivalent classes
of ~. Thus, it factorises to a map ¢ : T[A] — T[A] that lifts the natural projection. In this case,
for any j € {0,...,p — 1} we have

7;¢()\) = {t € T(A) : there exists c € {(p—j)d, ..., (p—j+1)d— 1} such that £((0,0,c)) = 1}.

We will see in §4.5.2.4 another example of a lift ¢ of the natural projection.

Remark 4.5.9. Here, we chose ¢ to be a map T[A] — T[A]. If P is any subset of Pf/~, the
equivalence relation ~ is also defined on UjyjepT[A] and the equivalence classes are in natural
bijection with UjyjepT[A]. Thus, we can allow ¢ to be a lift UjxjepT[A] — Upnjep T [A]-

4.5.2.2 Cellular datum for the Ariki—Koike algebra

It is known that we can find a family
[ xePyandste TN}, (4.5.10)

that form a cellular basis of HA(q) (cf. [ ])- Recall from Section 2.2 the algebra automorphism
o : HA(q) — H2(q) of order p. Let n be the n-tuple (1,...,n) considered as an element of
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(Z/ezZ)*. By | ] (see also Chapter 2), we know that the algebra H2(q) is generated by
some elements

e(1), for any ¢ € (Z/eZ)",
Ya, for any a € {1,...,n — 1},
Yas for any a € {1,...,n},

the “Khovanov-Lauda generators”, for which

ole(?)) =e(t —mn), for any ¢ € (Z/eZ)", (4.5.11a)
0(Va) = a, for any a € {1,...,n — 1}, (4.5.11b)
0 (Ya) = Yas for any a € {1,...,n}. (4.5.11c)

The elements {e(?) : ¢ € (Z/eZ)"} form a complete system of orthogonal idempotents, that is,

e(1)? = e(3), for any @ € (Z/eZ)", (4.5.12a)
e(i)e(3) =0, for any @ # j € (Z/eZ)", (4.5.12b)
> oe(i)=1 (4.5.12¢)

i€(Z/eZ)™

Among the generators e(2) for any ¢ € (Z/eZ)"™, we know exactly the ones that are non-zero
(see [ , 4.1.Lemmal).

Lemma 4.5.13. For any i € (Z/eZ)", the idempotent e(i) € HA(q) is non-zero if and only if
there exist X € Pf and t € T () such that i = res,(t).

There is a well-defined algebra anti-automorphism * : HA(q) — H2(¢), which we now fix,
that is the identity on each Khovanov-Lauda generator (see | , §5.1]). We can find a
cellular basis of HA(g) of the form (4.5.10) such that the associated anti-automorphism is the
map *, with the additional property

€ e(res.(s))HA (g)e(res, (1)), (4.5.14)
for all A € P and s,t € T(A) (see | | and also [Bow]). Note that we recover the result
of Lemma 4.5.13. We now fix such a cellular basis.

Remark 4.5.15. The cellular bases that are constructed in | , | are graded cellular bases:
the algebra HA(q) is Z-graded ([Rou, ]) and there exists a map deg : [Ixepr T(A) — Z
such that c?t is homogeneous of degree degs + degt (see also Section 5.1). These graded cellular
bases seem to be more adapted to o than the ungraded one of [ ]: if HA(q) is semi-simple,

we can prove that o permutes the elements of the graded basis but its action on the ungraded
basis is more complicated.

The condition (4.5.14) allows us to give a more precise description of this cellular structure
for HA(q). For any o € QT with |a| = n, the subalgebra

HA (q) = Y e(i)HX(q)e(d) € HA (q),

tjele

is a block of HA(¢) if o € Q% and {0} otherwise (as we noticed in Remark 2.3.10 by | D-
By (4.5.14), when o € Qf the algebra H2(q) is cellular, with cellular basis

{cs)‘t A€ P and s, t € T()\)}

(cf. [ , Corollary 5.12]).
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4.5.2.3 Subalgebras of fixed points
Recall that H2, (q) is the subalgebra of the fixed points of o : H} (q) — H2(q). If pu: HY(q) —
HA(¢) is the linear map defined by p == Z?;(l] o7, we have p(H2(q)) = HA, (q).

Remark 4.5.16. We warn the reader that the map that we denoted by p in [ ] is the map
% w. Note that p is invertible in F'* since F' has a primitive pth root of unity (namely ¢").

We now look at the blocks of HA(q). Let o € Q% and denote by [a] the orbit of o under
the action of o (cf. Definition 4.2.27). The subalgebra HA(¢q) C HA(q) is not necessarily stable
under 0. However, by (4.5.11a) and as in Section 1.4, we have

o(HR (g)) € HRA(a), (4.5.17)

thus the subalgebra

H[a] = P HA(q

Bela]

of HA(q) is stable under o and contains HA(g). Similarly, we define Py = Upela)P5- Note
that by Lemma 4.2.29 we have [A] C P Hence, as for the tableaux, there is a well-defined

equivalence relation ~ on 73[’2Y | generated by A ~ A. We write m’* = "‘ / ~ for the set of

equivalence classes. Asin §4.5.2.2, the algebra Hf;]( ) is cellular, with cellular ba81s { NIAE 77[ o]

and s,t € T(A)}. Moreover, if HA by a]( q) C Hfg4 (¢) denotes the subalgebra of fixed points of
o H[a]( q) — H[ ]( q) then Hp [a]( ) = H(H%}(Q))-

Proposition 4.5.18. Let
o: U TN— U TIA
RIS NEF,

be a lift of the canonical projection. The family
() X ePls e TN, te TPV}, (4.5.19)
is an F-basis opr (4 (q).
Proof. Recall that p is invertible in F' (see Remark 4.5.16). It suffices to prove that the family
{0715 €{0,....p— 1} APl s € TN, te TP N},

is an F-basis of H[’}l](q). For any j € {0,...,p — 1}, define the idempotent

=Y eres(t

)\679 t€T¢( )

The family {c : A € Phs €T(A) te ’Tod)()\)} is an F-basis of Hf;] (q)ef. Since k is compatible
with (d,n,p), for any X € 7?[’21 and any A-tableau t we have

resy (7t) = res,(t) + 7.

Using (4.5.5), we deduce that a(e?) = e?_H for all j € {0,...,p— 1}. Hence the family {o7(c}) :

AEPps € T(N),te 76¢(A)} is an F-basis of ch\x](q)ej. By (4.5.12¢) and Lemma 4.5.13 we

have Z?;é e? =1 thus H@](q) = Hf;]( )e? and we conclude. O
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Remark 4.5.20. Recall from Remark 4.5.15 that the algebra Hfz] (q) is Z-graded. By Section 2.4,
the algebra Hé\[ o] (q) is also Z-graded and the basis (4.5.19) is homogeneous.

We will prove the following partial alternative:

o if #[a] = p, the family (4.5.19) is a (graded) cellular basis of H}‘:[ 01(@), for a particular
choice of lift ¢ (§4.5.2.4);

e if #[a] < p and p is odd, for any lift ¢ the family (4.5.19) is not an adapted cellular basis

of Hﬁ[a](q), in the sense of Definition 4.5.28 (§4.5.2.5).

4.5.2.4 Cellular basis in the full orbit case

Let o € QF and assume that #[a] = p. By Lemma 4.2.29, given A € 73[’;] we know that for any
t € T () there is a unique standard tableau t, € [t] whose underlying r-partition is in P5. We
have in fact t, € T(Ay), where A, is the unique element of [A] that is in PZ. We obtain a map

o:| U N — U TN
NEBE, RIS ;
t — t,

that lifts the natural projection. For any A € P[’;], we have

T(A), ifAePs
7—¢ A — ) o)
o) {@, otherwise.
The basis (4.5.19) of H}’}[a] (¢) that we obtain is thus
{m(c}) : X e Py and s,t e T(A)}. (4.5.21)

For any A € P% and s,t € T(\), we set d} = u(cd). Recall that (P5,T,c) is a cellular datum
for HA(¢q).

Proposition 4.5.22. Recall that #[a] = p. The triple (P5,T,d) is a cellular datum for
A
Hp,[a](Q)'
Proof. Tt suffices to prove that u commutes with * and induces an algebra isomorphism between
HA(¢) and H]’}[ a](q). The first point is clear: indeed, since * fixes each Khovanov-Lauda
generator and by the action of o on these generators (cf. (4.5.11)) we know that * and o
commute. Now, the restriction of y to Hg(q) is an algebra homomorphism. Indeed, for any
je{l,...,p— 1} we have o # 07 - a since #[a] = p, hence for any h,h’ € HA(q) we have
ho’ (k') = 0 (recall (4.5.12b) and (4.5.17)). We conclude since by (4.5.21), u sends a basis of
HA(¢) onto a basis of H?[a} (q). O

Corollary 4.5.23. If p and n are coprime then the algebra Hﬁn(q) is cellular.

Proof. Let us first prove that #[3] = p for all 8 € QT with |3| = n. If #[3] = p then p’ divides
p and we can write

p'n—1
B = Z Bi(ai + apri + -+ Qa—1ypm+i)
i=0
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where d == 1% and fo, ..., Byy—1 € N. We deduce that

p'n—1

=0

hence d divides n. But d also divides p thus d = 1 and p’ = p as desired. Hence, each subalgebra
appearing in the following decomposition

= P H)p(q (4.5.24)
[Bles

is cellular by Proposition 4.5.22, where Q' is the quotient of Q! by the equivalence relation ~
generated by f ~ o - 8 for all § € Q). We now easily check that H »(q) is cellular, using the
following fact: for any [3] # [3'] € QF we have hh/ =0 for all h € H[m( q) and h' € H[m( q) (cf.
(4.5.12b)). O

4.5.2.5 Adapted cellularity
Let o € QF and let ¢ be as in Proposition 4.5.18. By (4.5.7), we have

dim Y (0) = Y0 (#TON) HTP V)

)\GP[’L]

= ¥ TR HTT)

AEPE,

= Y L) S #7E ()
ey, T A=
= Y P #TTIN)

MR, D

o]

Recalling that #76¢ [A] does not depend on ¢, we obtain

dimHA ()= S P (#ToIN)% (4.5.25)
oM ey, #V ’

Remark 4.5.26. With (4.5.7) and Remark 4.5.2 we obtain the equality dim HA o)D) =5 d1m Hf;}( ).

Suppose that there exists a cellular datum (A, 7, ¢) for HA[ (). Remark 4.5.2 and (4.5.25)

alld

give two ways to write dim HA[a]( ) as a sum of squares:

dim iy (0) = S #TO? = 3 o (#ToN)”

A€A [(A] E‘B'fa]

These two sums have the same terms up to reordering if and only if for all [A] € ‘I.?’[’L], there exist

Ao - A, 2 € A such that
AT (A1) = #To[N, forall j e {1,..., #}, (4.5.27a)
and
{Am,j [\ e Py and j € {1, #1[’)\]}} _ A (4.5.27h)

Recall that the anti-automorphism * : HA(¢) — H2(¢) was fixed in §4.5.2.2.
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Definition 4.5.28. Suppose that (A, 7T, ¢) is a cellular datum for H{)‘[a](q). We say that (A, T, c)

is an adapted cellular datum if for all [A] € By, there exist Ay 1, .- ’)‘P\Lﬁ € A such that the

conditions (4.5.27) are satisfied, together with (c})" = ¢f} for all A € A and 5,t € T()).

We say that a basis B of HQ[ ol (q) is adapted cellular if there exists an adapted cellular datum
(A, T,c) for H;}[a] (q) such that B coincides with {c2, : A € A and s,t € T()\)}.

Lemma 4.5.29. Let A € P and s,t € T(X). Then pu(c})” = u(c)) if and only if

s =1, if p is odd,

s =t or o??(c)) = ), if p is even.

Proof. Since p and * commute, we have
p—1
A\ * A j (A
pleg) = plcy) = ZU](%)'
j=0

Thus, if (c})” = u(cd) then

p—l p—1
> ol(cy) =) o’(c).
j=0 Jj=0
By (4.5.11a), (4.5.12a), (4.5.12b) and (4.5.14), we deduce that there exists j € {0,...,p — 1}
such that
o =0l (). (4.5.30)

Since ¢ and * commute, we obtain
A

Cot = Uj(ct)\s)v
thus, ‘ A
o () = o (cy)-
Combining with (4.5.30), we obtain ‘
A =o%(cd)
By (4.5.11a), (4.5.12a) and (4.5.12b) and since i € (Z/eZ)™ has order p, this equality implies
that 2j € {0,p}. If p is odd then j = 0 and (4.5.30) yield ¢} = ¢ thus s = t. If p is even then
j € {0, £} and similarly we conclude using (4.5.30). The converse is straightforward. O

Given the result of §4.5.2.4, it seems natural to look for a cellular basis for H}/}[a] (q) of the

form (4.5.19). The following proposition uses Corollary 4.2.34 to give a partial answer to this
problem.

Proposition 4.5.31. If #[a] < p and p is odd then the basis (4.5.19)
AN . K ¢
() X ePEs e T, te TPV},

of H}'}[a] (q) is not adapted cellular.

Proof. Let N be the cardinality of

*

() s X e Plys € TN, e TP, 1) = m(ed) -
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Assume that the basis (4.5.19) is adapted cellular with associated cellular datum (A, 7T, c).
Lemma 4.5.3 yields, with the notation of Definition 4.5.28,

N =3 #T()
AEA

#[/\

Z Z #T( )‘[A]J

NeRp, 7=

m
> Y #Ti

[A]e‘nfa] Jj=1

= Y ST
i, FA

We have #[A] > 1 for all [A] € € Bf,)- Moreover, since #[a] < p we know by Corollary 4.2.34 that

there exists [A] € 7, such that #[A] > 1. Thus, we obtain

N> > #To[Al. (4.5.32)
RIS
But now p is odd, thus by Lemma 4.5.29 we know that

A\ A
N(cst) =Cy <= s=1t,

forall A € Pf;, s € T(A) and t € 76¢()\). Hence, the only elements of the basis (4.5.19) that are
fixed by the * anti-automorphism are the u(cl,) for all X € P and s € 76¢(A). We obtain

N= Y #T7N= Y #TN)= Y. #Tol\,

XeP, XePE, INePRr,

which contradicts (4.5.32). O

Remark 4.5.33. We can also define an adapted cellularity for Hﬁn(q), similarly to Definition 4.5.28.
Using Proposition 4.1.1, we can show that if p and n are not coprime and p is odd, then the basis
of H2, (¢) that we obtain from (4.5.19) and (4.5.24) is not adapted cellular. Note that, under
these conditions, there can exist an o € Q¥ with #[a] = p, so that the subalgebra HA [a]( q) is

cellular (cf. §4.5.2.4). This explains why we are dealing with Hp [ a}( q) and not only Wlth H (@)

4.5.3 Restriction of Specht modules

Since we have a cellular datum (P%, 7T, c) for the algebra H2(q), we have a collection of cell
modules {S* : A € P%}. In this case, the cell modules are called Specht modules. The algebra
Hﬁn(q) is not known to be cellular in general, but Hu and Mathas | | defined what they
also called Specht modules for H}’},n(q). It is a family

. p
S):je 0,...,—1},
o ie o gy
of Hi’}’n(q)—modules, the restriction of S* to a Hi’,‘,n(q)—module being

Sod--@ 5A 1 (4.5.34)
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for any A € Pf. Moreover, for any j, 5" € {0,..., ﬁ — 1}, the H2, (¢)-modules Sj‘ and Sj)) are
isomorphic up to a twist of the action of Hﬁn (¢). The purpose of the name “Specht module” is
that each irreducible Hf},n(q)—module is isomorphic to the head of a S]?‘.

By Proposition 4.1.1, we know that the maximal number of summands in (4.5.34) is ged(p, n)
when we restrict a Specht module of HA(g). Our result Corollary 4.2.34 refines this result.

Proposition 4.5.35. For any a € QF, the maximal number of summands in (4.5.34) is %

when we restrict a Specht module S* with A € 73['24, that is, when we restrict a Specht module of
Hfz} (q)-
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Chapter 5

Works in progress

In this short chapter, we quickly describe our works in progress.

5.1 Cellularity of the Hecke algebra of type G(r,p,n)

This is joint work with Jun Hu and Andrew Mathas. We began in §4.5.2 a quick study of the
cellularity of the algebra H%'}’[a] (q) = Hf;] (q)7. However, except for an easy case (see §4.5.2),
we could not find a basis with a “cellular” shape (this is precisely our “adapted cellularity”
from §4.5.2.5).

The main reason is that o behaves very badly in general towards the graded cellular basis {cg‘t}
of Hu and Mathas | |. Note that, in the semisimple case, we can prove that the map o
just permutes the elements of the latter cellular basis. We would like this situation to always

happen.

To that extent, it seems that one of the graded cellular basis introduced by Webster [We] and
Bowman | |, constructed from the diagrammatic Cherednik algebra, behaves well with respect
to 0. Note that the underlying poset order is different from the one used in | . Asin

the semisimple case, the map o just permutes the basis elements. We obtain a basis of HI‘},[ o] (q)
of the form {c} : A € A,5,t € T(\)} that almost satisfies the cellularity axioms: the condition
(Cé\t)* = cf; has to be changed. We thus define a slightly more general notion than the cellularity,
with similar applications to representation theory.

5.2 A disjoint quiver isomorphism for cyclotomic quiver Hecke
algebras of type B

This is joint work with Loic Poulain d’Andecy and Ruari Walker. In | |, Poulain d’Andecy
and Walker proved an analogue of Theorem 2.3.16 for cyclotomic quotients of affine Hecke algebras
of type B and cyclotomic quiver Hecke algebras of type B, the latter being a generalisation
of a family of algebras introduced by Varagnolo and Vasserot | ]. The aim is now to give
the analogue of Theorem 1.3.57 concering “disjoint quiver” Hecke algebras for these cyclotomic
quiver Hecke algebras of type B. As with Theorem 2.3.19, this would yield a Morita equivalence
result, a new one this time, for cyclotomic quotients of affine Hecke algebras of type B.
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Annexe A

Version abrégée

Introduction

Généralisant les groupes de réflexions réelles, aussi appelés groupes de Coxeter finis, les
groupes de réflexions complexes sont des groupes finis engendrés par des réflexions complexes,
c’est-a-dire, des endomorphismes de C™ d’ordre fini, différents de 1’identité et possédant un
hyperplan de points fixes. Comme pour les groupes de réflexions réelles, les groupes de réflexions
complexes sont entierement classifiés (| ]). Cette classification consiste en une série infinie
{G(r,p,n)} ou r,p,n sont des entiers strictement positifs avec r = dp pour un d € N*, série a
laquelle s’ajoutent 34 exceptions.

Avec pour but de généraliser la construction des algebres d’Twahori-Hecke, Broué-Malle | ]
et Broué, Malle et Rouquier | | ont défini ces déformations pour tous les groupes de ré-
flexions complexes, connues sous le nom d’algébres de Hecke. De telles déformations H,,(q, u)
ont également été construites par Ariki et Koike [ ] pour le cas particulier G(r,1,n), plus
connues sous le nom d’algébres d’Ariki-Koike, ou q et w = (uy, ..., u,) sont des parameétres, suivi
d’Ariki | ] qui a fait la méme chose pour G(r,p,n). En particulier, pour un choix adéquat
de parametre u et de poids A de niveau r (c’est-a-dire, une suite finie d’entiers positifs de
somme 1), cette algebre de Hecke H}’},n(q) de G(r,p,n) peut étre vue comme une sous-algebre de
H (g) = Ha(q, w).

Egalement dans le but d’étudier les groupes de Chevalley finis, Yokonuma [Yo] a introduit
les algebres de Yokonuma—Hecke. Elles sont définies comme algebre du centralisateur d’une
représentation induite de la représentation triviale sur un sous-groupe wunipotent maximal,
contrairement aux algébres d’Iwahori-Hecke. De fagon similaire aux algebres d’Ariki—Koike,
les algebres de Yokonuma—Hecke de type A peuvent étre vues comme des déformations de
lalgebre de groupe de G(r,1,n). Cependant, cette fois la structure de produit en couronne
G(r,1,n) ~ (Z/rZ)1 S,, apparait dans la définition par générateurs et relations.

Intéressons-nous maintenant a la théorie des représentations des algebres introduites ci-avant.
Tout d’abord, rappelons quelques faits de théorie des représentations du groupe symétrique &,
sur n lettres. Nous savons depuis Frobenius que les représentations irréductibles {D)‘} ) de &, sur
un corps de caractéristique 0 sont paramétrées par les partitions de n, c’est-a-dire, par les suites
finies A = (Mg > -+ > A\p—1 > 0) d’entiers strictement positifs de somme |[A| == g+ -+ +Ap—1 =
n. Lorsque le corps de base est de caractéristique un nombre premier p, les représentations
irréductibles {D)‘} » sont maintenant indexées par les partitions p-réguliéres de n, c’est-a-dire, les
partitions de n avec aucune composante répétée p fois ou plus. Cependant, dans ce cas certaines
représentations peuvent ne pas s’écrire comme somme directe de représentations irréductibles.
Ainsi, il est également intéressant d’étudier les blocs de 'algeébre du groupe, c’est-a-dire, les
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idéaux bilateres indécomposables. Les blocs partitionnent a la fois ’ensemble des représentations
irréductibles et celui des représentations indécomposables. Brauer et Robinson ont montré que
ces blocs sont paramétrés par les p-ceeurs des partitions de n, prouvant ainsi la « conjecture
de Nakayama ». Nous renvoyons a | | pour de plus amples détails sur la théorie des
représentations du groupe symétrique.

Si A est un poids de niveau r = 1, la théorie des représentations de Hﬁ (q) est similaire a
celle du groupe symétrique : si Hﬁ(q) est semi-simple alors ses modules irréductibles {DA} 2
sont paramétrés par les partitions de n. Dans le cas modulaire, les modules irréductibles
(respectivement les blocs) sont paramétrés par les partitions de n qui sont e-réguliéres (resp. par
les e-cceurs des partitions de n), ot e € N est le plus petit entier positif tel que 1+q+---+¢°~1 = 0.
Considérons maintenant un poids A de niveau arbitraire. Dans le cas semi-simple, Ariki et Koike
ont déterminé tous les modules irréductibles de H2 (). Ils sont paramétrés par les r-partitions de n,
cest-a-dire, les r-uplets A = (A, ..., X0=1) de partitions avec |A| = [AO] + ...+ | NO—D| =n.
Le cas modulaire a été traité par Ariki et Mathas | , ], et également par Graham
et Lehrer | | ainsi que Dipper, James et Mathas | |, grace a la théorie des algebres
cellulaires. Cette théorie produit une collection de modules cellulaires, également appelés dans
ce cas modules de Specht. Ces modules permettent de construire une famille complete de Hﬁ(q)—
modules irréductibles {D*}y. Cette famille peut étre indexée par une généralisation non triviale
des partitions e-réguliéres : on parle de r-partitions de Kleshchev (voir | , ]). De méme,
la généralisation naturelle des e-coeurs aux r-partitions, les e-multicoeurs, ne parametre pas
en général les blocs de HA(q). Lyle et Mathas | | ont en fait prouvé que les blocs de
Hﬁ(q) sont paramétrés par les multi-ensembles de x-résidus modulo e des r-partitions de n, ou
k € (Z/eZ)" est une multi-charge associée a A. Finalement, une avancée majeure dans la théorie
des représentations de HA(q) fut un théoreme d’Ariki [ |, prouvant ainsi une conjecture de
Lascoux, Leclerc et Thibon [ ]. En caractéristique 0, ce théoréme a la conséquence suivante :
il est équivalent de déterminer la matrice de décomposition de HA(¢) ou de déterminer la
base canonique d’un certain ;[e—module L(A) de plus haut poids, ou 5A[e désigne l'algebre de

Kac—Moody de type Agl_)l. Avec les travaux de Lascoux, Leclerc et Thibon [LI'T] et Jacon | ]
permettant de calculer cette base canonique, nous pouvons donc déterminer explicitement la
matrice de décomposition de HA(q) (voir aussi Uglov [Ug]).

Dans le cas semi-simple, Ariki [ | a utilisé la théorie de Clifford pour déterminer tous
les modules irréductibles pour H;:n(q). Dans le cas modulaire, Genet et Jacon | | et
Chlouveraki et Jacon [ ] ont donné une paramétrisation des modules simples de Hﬁn (q)
sur C, et Hu | , | les a classifiés sur un corps contenant une racine primitive p-ieme de
l'unité. De surcroit, Hu et Mathas | , ] ont donné une procédure pour calculer
la matrice de décomposition de H]‘[':n(q) en caractéristique 0, sous une hypothese de séparation
ou l’algebre de Hecke n’est pas semi-simple en général. Mentionnons également les travaux de
Geck [ | en type D, qui correspond au cas r = p = 2. Toutes ces études de la théorie des
représentations de Hﬁn(q) font intervenir I’application de décalage sur les r-partitions, définie
par

X = (WD ACTD A0\l

pour toute r-partition A = ()\(O), . ,)\(T*U), ou r = dp. Si A est une r-partition de Kleshchev

de n, la restriction du H2(¢)-module irréductible D* en un H]’:n(q)—module est isomorphe & une
somme de modules irréductibles, dont le nombre dépend de la cardinalité de l'orbite [A] de A
sous l’action de o.

En ce qui concerne les algebres de Yokonuma—Hecke, leur présentation naturelle en type A a
été transformée depuis les travaux originaux de Yokonuma (voir [ , , , ,
]). La théorie des représentations des algebres de Yokonuma-Hecke a d’abord été étudiée
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par Thiem | , , ], et | , | ont adopté une approche combinatoire
pour le type A. Dans le papier pré-cité | ], Chlouveraki et Poulain d’Andecy ont introduit
des généralisations de ces algebres : les algebres de Yokonuma—Hecke affine et leurs quotients
cyclotomiques, qui généralisent les algebres de Hecke affine de type A et les algebres d’Ariki—
Koike respectivement. L’intérét porté sur les algebres des Yokonuma—Hecke a récemment grandi :
dans [ | (voir également [ 1), les auteurs ont défini un invariant d’entrelacs a partir
des algebres de Yokonuma—Hecke, invariant qui est plus fort que ceux connus grace aux algebres
de Iwahori—Hecke classiques en type A, comme le polyndéme HOMFLYPT, et aux algebres
d’Ariki-Koike. Finalement, mentionnons les travaux Juyamaya | | sur l'algebre des tresses et
liens, une sous-algebre particuliere de ’algebre de Yokonuma—Hecke. Cette construction a été
généralisée par Marin | | dans le cas des groupes de réflexions complexes.

Un nouvel aspect de la théorie des représentations des algebres d’Ariki—Koike est apparu a la

fin des années 2000. En partie motivés par le théoreme d’Ariki, Khovanov et Lauda [ ,

] et Rouquier [Rou] ont indépendamment introduit I’algebre R,,(T"), connue sous le nom
d’algébre de Hecke carquois ou algebre KLR. Ils ont établi un résultat de catégorification,

Uy (ar) ~ @ [Proj(R, ()],

n>0

ou U, (gr) est la partie négative du groupe quantique de gr, 'algebre de Kac-Moody associée
au carquois I', et [Proj(R,(T"))] désigne le groupe de Grothendieck de la catégorie additive des
R, (T")-modules projectifs gradués finiment engendrés. De plus, en considérant des quotients
cyclotomiques RA(T") des algebres de Hecke carquois, Kang et Kashiwara | ] ont montré
un résultat de catégorification pour les U(g)-modules de plus haut poids, comme conjecturé
dans [ ]. Plus précisément, pour chaque poids dominant A 'algebre R, (") a un quotient
cyclotomique RA(T) qui catégorifie le module de plus haut poids correspondant L(A).

Si I' est un carquois de type Agl_)l, les résultats précédents mettent donc en évidence une
connexion entre I’algébre d’ Ariki-Koike HA(¢) et RA(T). Un pas important dans la compréhension
de cette connexion, et donc des algebres de Hecke carquois cyclotomiques, a été fait par Brundan
et Kleshchev [ ] et indépendamment par Rouquier [Rou]. Les deux premiers auteurs ont
montré que les algebres d’Ariki-Koike sont des cas particuliers d’algebres de Hecke carquois
cyclotomiques, donnant toute une famille d’isomorphismes explicites. Rouquier a lui également
donné une version affine de cet isomorphisme. Brundan et Kleshchev ont remarqué que 'algebre
d’Ariki-Koike hérite de la Z-graduation naturelle sur I’algebre de Hecke carquois cyclotomique.
Cette graduation permet alors d’étudier la théorie des représentations graduées des algebres
d’Ariki-Koike. Ils ont également montré une version graduée du théoreme de catégorification
d’Ariki. Par ailleurs, inspirés par les travaux de Brundan et Kleshchev, Hu et Mathas [ ]
ont construit une base cellulaire graduée de HA(g). Ce fut le premier exemple de base homogene
de Hp(q).

Dans cette these, notre but est de généraliser certains des résultats précédents. Les travaux
présentés sont une compilation des articles [ , , ]. Tout d’abord, dans la
Section A.1 nous montrons quelques résultats sur les algébres de Hecke carquois cyclotomiques.
Plus précisément, nous étudions les algebres de Hecke carquois cyclotomiques ou le carquois
n’est pas connexe (Théoreme A.1.2.6), ainsi que les sous-algebres des points fixes pour des
automorphismes construits & partir d’automorphismes de carquois d’ordre fini (Théorémes A.1.3.5
et A.1.3.15). Dans la Section A.2, nous donnons une présentation de « type » Hecke carquois
cyclotomique pour HA(q) (Corollaire A.2.3.2). En particulier, cette algébre est une sous-algebre
graduée de H2(¢). Nous retrouvons également un résultat important d’équivalence de Morita entre
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algebres d’Ariki-Koike, dont la démonstration differe de l'originale | | (Théoreme A.2.2.4).
Dans la Section A.3, nous montrons que les algebres de Yokonuma—Hecke cyclotomiques sont un
cas particulier d’algebres de Hecke carquois cyclotomiques. Le carquois est le méme que dans le cas
Ariki-Koike, c¢’est-a-dire, donné par une union disjointe de carquois cycliques (Théoréeme A.3.2.3).
Finalement, la Section A.4 est en tres grande partie indépendante du reste et traite d’un
probléme purement combinatoire. Nous y étudions le lien entre le nombre d’éléments de 'orbite
des multi-partitions ainsi que celui de leurs multi-ensembles de résidus par rapport a ’action
de décalage. Le résultat principal est donné avec le Théoréme A.4.1.8. Nous appliquons ensuite
ces résultats a la théorie des représentations de Hﬁn(q). Finalement, la tres courte Section A.5
décrit nos travaux en cours.

Notations

Soit K un ensemble et n € N*. Une K-composition de n est une famille a support fini
d’entiers naturels indexée par K, de somme n. Nous écrivons o f=x n si a = (o) € N est une
K-composition de n. Pour tout d € N*, nous écrivons =4 au lieu de = 4y. Un poids est une
famille & support fini A = (Ag) € N () d’entiers naturels indexées par K. La longueur d'un poids
A= (Ak)kelC e NK) gt g(A) = ZkEIC Ag.

Soit @ =x n. Nous désignons par K% le sous-ensemble de K™ constitué des éléments k =
(k1,...,kn) € K™ tels que pour tout k € K, il y a exactement «y, entiers a € {1,...,n} tels
que k, = k. Remarquons que chaque ensemble K est fini.

Nous désignons par F' un corps et nous considérons ¢ € F'*. Mise a part la Section 3.6, nous
avons toujours ¢ # 1. Nous considérons I’élément e € N*U{oo} minimal tel que 14-¢+---+¢*~1 = 0.
Si g # 1 et e # oo alors ¢ est une racine primitive e-iéme de I'unité. Nous utiliserons intensivement
I’ensemble suivant :

Z, sinon.

7 {Z/eZ, si e # o0,

A.1 Algebres de Hecke carquois

Cette section est une adaptation de | , ]. Etant donné un carquois I' sans boucle,
nous définissons en §A.1.1 I'algeébre de Hecke carquois R,,(I") et ses quotients cyclotomiques R (T").
En §A.1.2, nous donnons un théoreme de décomposition suivant les composantes connexes
de I' (Théoreme A.1.2.6). En §A.1.3 nous étudions la sous-algebre des points fixes pour un
automorphisme construit a partir d’'un automorphisme de carquois (voir les Théorémes A.1.3.5
et A.1.3.15).

A.1.1 Définitions

Soient A un anneau commutatif et u,v deux indéterminées sur A. Soit I un carquois sans
boucle, d’ensemble de sommets K (non nécessairement fini). Pour chaque k # &’ € K, notons dj, x/
le nombre de fleches de k vers k'. La matrice de Cartan de I' est la matrice C = (¢ )k kek

définie par
2, sik=F,
Ck',k" = .
—dp, jr — dyr , sinon,

pour tout k, k' € K. Suivant [Rou, §3.2.4], au carquois I' nous associons la famille de polynomes
biVariéS (Qk,k/)k,k’EK déﬁnle par kak =0 et

Quoe 11,0) = (—1)% (u — ) o,
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pour tout k # k' € K. Notons que Q' (u,v) = Qi (v, u) pour tout k, k" € K.
Soit maintenant « =g n. L’algébre de Hecke carquois Ry (T") est la A-algebre associative
unitaire de partie génératrice

{e(k) Yhera ULyt, - yn} U, i by (A.1.1.1)
soumise aux relations
> e(k) =1, (A.1.1.2a)
keK«~

e(k)e(k') = oy pre(k), (A.1.1.2b)
Yae(k) = e(k)ya, (A.1.1.2c)
Pve(k) = e(sp - k), (A.1.1.2d)
Ya¥Ya' = Ya'Yas (A.l.l.Qe)
UbYa = Ya ¥, sia#bb+1, (A.1.1.2f)
Yooy = e, si|b—0b|>1, (A.1.1.2g)

1 i ky = k1,
Sypprre(k) = § Bo¥o + Delk), = (A.1.1.2h)

ypibve(k), si kp # kb1,

De(k i kp = kpi1,
yosre(l) = | (Povo T Dek), = S (A.1.1.20)

Yoyve(k), si ky # k1,

ainsi que
vie(k) = Qrykyyr (Ybr Yp1)e(k), (A.1.1.3a)
Q ciRke ( cryJc )7Q e ke ( c Ye ) .
¢c+1¢c¢c+16(k§) _ ¢c¢c+1¢ce(kz) 4 ke, keqq YesY +1yC7ykc++22 oy 1 (Yet+2,Yet1 e(k), Si ke = hoso,
wcwc-l—l'(/}c@(k)a sinon,

(A.1.1.3b)

pour tout k € K a,a’ € {1,...,n}, b0 € {1,....,.n—1} et c € {1,...,n — 2}, ou s, est la
transposition (b,b+ 1) € &,,. Nous définissons également

Ro(T) = P Ra(I).

alEgn

Remarquons que pour chaque o =g n, I'idempotent central

e(a) == Z e(k) € R, (1), (A.1.1.4)

ke K~

vérifie
e(a)Ry,(T") = Ry(T).

Nous serons particulierement intéressés par les carquois I' ne possédant que des arétes
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orientées simples. Dans ce cas, dans Ry (I") les relations (A.1.1.3) deviennent

0, si kp = kpr1,
e(k), si ky - kpa1,
vie(k) = < (ypr1 — yo)e(k), siky — kpp1,  (A.115a)

(Yo — ybs1)e(k), si kp ¢ kpy1,
(Yor1 — ) (Yo — ypy1)e(k), si ky S kyia,
(Veer1ve — 1)e(k), si ker2 = ke = key1,

Vorrtbetberie(k) = (Veeq1ve + 1e(k), S% kevo = ke t Keta,
(Veer1Ve + 2Yer1 — Ye — Yer2)e(k), si ker2 = ke S key,
Yeper1ee(k), sinon,

(A.1.1.5b)

pour tout k € K* be{l,...,.n—1}etce{l,...,n—2}, ou:

— nous écrivons k /- k' quand k # k' et ni (k, k') ni (', k) ne sont des arétes de T';

— nous écrivons k — k' quand (k, k') est une aréte de T et pas (K, k);

— nous écrivons k < k' quand (k', k) est une aréte de T et pas (k, k') ;

— nous écrivons k Sk’ quand (k, k') et (K, k) sont des arétes de T

Donnons maintenant une propriété remarquable des algebres de Hecke carquois. La preuve
consiste seulement en une vérification de chaque relation.

Proposition A.1.1.6. L’algébre de Hecke carquois Ry (') est Z-graduée via

dege(k) =0,
deg y.e(k) = 2, pour tout a € {1,...,n},
degae(k) = —Cry kosss pour tout a € {1,...,n — 1},

pour tout k € K.

Soit maintenant A = (Ag)kex € N un poids et définissons un cas particulier de quotient
cyclotomique de Ry (T).

Définition A.1.1.7. L’algebre de Hecke cyclotomique RA(T') est le quotient de I’algébre de
Hecke R, (T") par l'idéal bilatére Z2 engendré par les relations

y (k) =0, (A.1.1.8)

pour tout k € K¢.
La graduation sur R,(T") donne une graduation sur RA(T"). Comme dans le cas non cycloto-
mique, nous pouvons définir
Ry (D)= P Ra(D),
alEgn

et on a e(a)RA(T) ~ RA(D).

(67

Lemme A.1.1.9 (] 1). Pour tout a € {1,...,n}, les éléments y, € RA(T) sont nilpotents.

A.1.2 Décomposition dans le cas de carquois disjoints

Soit T’ un carquois fini. Ecrivons I' comme ’union disjointe de d sous-carquois propres
I'l,...,T'% Notre but est de donner un isomorphisme entre R2(T) et des quotients cyclotomiques
des algebres R,/ (I').
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A.1.2.1 Cadre

Définissions J = Z/dZ ~ {1,...,d}. Considérons une partition de K en d parts K = U;c;K;.
Soit A =4 n.

Définition A.1.2.1. Soit k € K" et t € J".
— Nous disons que k est un étiquetage de t quand

ka c Kta7

pour tout a € {1,...,n}. Nous désignons par K*' I’ensemble des éléments de K™ qui sont
des étiquetages de t.

— Nous disons que t est de forme A =4 n et nous écrivons [t] = A si pour tout j € Jily a
exactement \; composantes de t égales a j, c’est-a-dire,

#lae{l,....,n}:t, =7} =\,
pour tout j € J. Nous désignons par J* I’ensemble des éléments de J” de forme .

L’ensemble J* est de cardinalité

n!
- " A1.2.2
S WIS ( )

Désignons par t* € J* 1’élément canonique de forme ), donné par
= (1,...,1,....d,...,d),

ou chaque j € J apparait exactement \; fois. Finalement, pour chaque t € J A nous définissions

I'idempotent suivant :
e(t) :== Z e(k) € R, (I),
keKt

et nous écrivons ey = e(t).

Proposition A.1.2.3. Soit t € J*. Il y a un unique élément m € &,, de longueur minimale
vérifiant
I f>\.

Proposition A.1.2.4. Soit t € J*. Les égalités suivantes sont vérifies :

l/)ﬂ:lwﬂt@(t) =e(t),

Ymirren = ex.
A.1.2.2 Isomorphisme de décomposition
Soit A =4 n une d-composition de n. Définissons I’algebre suivante :
RA(T) = Ry, (I") @ -~ @ Ry, (T).
Théoréme A.1.2.5. On peut identifier R\(T") d la sous-algébre exRy,(I)ey (d’unité ey) de Ry, (T).
Théoréme A.1.2.6. Nous avons l’isomorphisme de A-algébres suivant :

R, (T) ~ @ Mat,,, R (T").
AEan
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Indexons les lignes et les colonnes des éléments de Mat,,,, Ry (") par (¢, t) € (J*)? et désignons
par Ey ¢ la matrice avec un 1 en position (¢, t) et des 0 partout ailleurs. La clé de la démonstration
du Théoréme A.1.2.6 est I'isomorphisme de A-modules suivant :

e(t)Rn(T)e(t) = Ry(T) By,
ou t,t € J*. Pour cela, nous utilisons

Py RA(D)Ey ¢ — e(t)Rn(T)e(t),
Wy e()Rp(Te(t) — RA(T)Ey 4,

définis par :

Py (VB ) = Y, 10y, pour tout v € Ry (T),
£/
Uy (w) = (wm,wwﬂt_1)Et/7t, pour tout w € e(t)Ry,(T)e(t).
Remarque A.1.2.7. Notre application ®y ¢ est similaire & celle définie en | , (17)].

Nous pouvons aisément donner une version cyclotomique du Théoreme A.1.2.6. Le résultat
obtenu peut alors étre retrouvé en utilisant le résultat plus général | , Theorem 3.15].

A.1.3 Sous-algebre des points fixes

Soit I un carquois d’ensemble de sommets K. Soit o une permutation de K d’ordre fini p € N*.
Supposons que ¢ est un automorphisme du carquois I', c’est-a-dire, pour tout k, k' € K avec
k # k' il y a autant de fleches de k vers k' que de o(k) vers o(k’). Si Q = (Qr i)k ek est la
famille de polynémes bivariés a coefficients dans A associés & I' comme en Section A.1.1, cette
condition s’écrit

Qo(k),o(k) = Rk k' (A.1.3.1)

pour tout k, k' € K.

Définition A.1.3.2. Pour tout o =g n, la K-composiiton o - a de n est définie par
(0 Q) = o1k,

pour tout k € K.

Nous allons maintenant expliquer comment ¢ induit un automorphisme d’algebres de Hecke
carquois (cyclotomiques). Nous donnerons également une présentation de 1’algebre des points
fixes.

A.1.3.1 Cas affine

Théoréme A.1.3.3. Soit o =g n. Il y a un morphisme d’algébres bien défini o : Ro(I') —
Ro.o(T") donné par

o(e(k)) =-e(o(k)), pour tout k € K<,
0(Ya) = Ya, pour tout a € {1,...,n},
o(thg) = 1, pour tout a € {1,...,n — 1}.
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Soit [a] l'orbite de « sous I'action de (o). Pour chaque a =g n, définissions le sous-ensemble
fini suivant de K" :

K= | | K7,
pele]
et de fagon similaire, I’algebre unitaire suivante :
Ry (T) = @ Rs(I).
Bela]

Nous obtenons un automorphisme o : Rig)(I') = Rjq)(I') d’ordre p. Considérons maintenant la
relation d’équivalence ~ sur K engendrée par k ~ o(k) pour tout k € K. Cette relation s’étend

a Kl via k ~ o(k) pour tout k € K o] Ecrivons K([,—a] pour I'ensemble quotient.

Définition A.1.3.4. Pour chaque v € K([Ta], définissons

e(v) =Y e(k).

key

Ces éléments e(y) sont des points fixes de . Donnons maintenant une présentation de

Ialgebre Ry (T)7.
Théoréme A.1.3.5. L’algebre Ry (T')? a la présentation suivante. L’ensemble générateur est

{eM} cglor UYL, unt UL, ona ), (A.1.3.6)

et les relations sont

Y oe(y) =1, (A.1.3.7a)

’yEK([,D‘]

e(v)e(v') = oy e, (A.1.3.7b)
Yae(y) = €(7)Ya, (A.1.3.7¢)
Yoe(y) = e(so - 7) ¥, (A.1.3.7d)
YaYa' = Ya'Ya, (A.1.3.7e)
VbYa = Ya ¥, sia#bb+1, (A.1.3.7f)
Uyt = Yy s, si|b—b|>1, (A.1.3.7g)

1 Yy = ,
Voypre(y) = {(ym U T (A.1.3.7h)

yothve(7), 6 Vo 7 Vo1,
(Yoyp + D)e(y), StV = Yo+, .
e = . A.1.3.7
Yor1¥pe(y) {wbyww% 5 % Yo, ( )

et
1/}56(7) = Q'yb,'berl (yba yb—‘,—l)e(’)/), (A138a)
Q ¢y Ve crYe _Q c Ve c rJe .
VYer1¥eerre(y) = Yetpes1ee(y) + = S Hy);c—yl:; D H)e(’Y)a 56 Ye = Yet25
Yeter1vce(), sinon,

(A.1.3.8b)

pourtout’yEK([,a], a,a’ €{1,...,n}, bt/ €{l,....;.n—1} et ce {1,...,n —2}.
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Remarquons que les relations (A.1.3.7) et (A.1.3.8) de Ry(I')? ressemblent aux rela-
tions (A.1.1.2) et (A.1.1.3) de Ry (T"). Cependant, I’ensemble d’indices pour les idempotents n’est
en général plus un sous-ensemble G,,-stable de Z" avec Z est un certain ensemble d’indices. La
stratégie de preuve du Théoreme A.1.3.5 est de comparer une base de R[a](F)U avec une famille
génératrice de 'algebre définie par les générateurs (A.1.3.6) et les relations (A.1.3.7)—(A.1.3.8).

Dans le cas ou I' est un carquois (sans boucle et) sans fleche multiple, les relations (A.1.3.8)
deviennent, avec les notations de §A.1.1,

0, S Y = Yb+1,
e(7), St Y 7~ Vot1
rey) =< (ys1 — w)e(y), S Yo = Vout, (A.1.3.9a)
(Yo — yor1)e(v), Si Vb ¢ Vi1,
(o1 — ) (W6 — Ypr1)e(), iV S Vi1,
(Yeer1ve — 1)e(7), SI Yet2 = Ye = Vet1s
bor1tbetbesre(y) = (Yetpe1e + 1e(v), S? Vet2 = Ve ¢ Vet 1
(Yeter1¥e + 2Yet1 — Ye — Yetr2)e(7), SL Yet2 = Ve S Yet1s
VYeber1ee(), sinon,
(A.1.3.9b)

pour tout v € KC[,O‘], be{l,....n—1}etce{l,...,n—2}.

Remarquons que la sous-algebre Ry (I')7 est une sous-alegbre graduée de Ry (I'), puisque o
est homogene. Plus précisément, nous pouvons donner un analogue de la Proposition A.1.1.6 :
il y a une unique Z-graduation sur Rj,)(I')7 telle que e(7) est de degré 0, 'élément y, est de
degré 2 et 1,e(7y) est de degré —c., .-

A.1.3.2 Cas cyclotomique

Soit A € N5 un poids. Jusqu'a la fin de cette section, nous faisons I'hypothése de o-stabilité
suivante sur A :

Ak = Ao, (A.1.3.10)
pour tout k € K. De fagon similaire a (A.1.3.1), définissons
A . A
R{(T) = €D RE(D).
Beld]
Cette algebre est le quotient de Ry,)(T") par I'idéal bilatere
A . A
Bela]
engendré par les éléments yfkle(k:) pour tout k € K,

Lemme A.1.3.11. Nous avons un morphisme d’algebres o : R[’;} T — R[ﬁ} (I"), induit par
o : R[a}(F) — R[a] (F)

Nous écrirons souvent également ¢ pour désigner ’automorphisme o,

Définition A.1.3.12. Nous définissons R[‘;} (T')” comme la A-algebre des points fixes de R[‘;] (I
A

sous l'action de 'automorphisme o*.
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Nous pouvons également considérer I'algébre (R, (F)")A, le quotient de R, (I")? par 'idéal
bilatere I[’;} , engendré par les relations suivantes :

y e(r) =0, (A.1.3.13)

pour tout y € Ké“].
Lemme A.1.3.14. Nous avons

A o A
I[a] ﬂ R,[a} (F) — I[Od,o"

Théoréme A.1.3.15. Les algébres graduées R[’é] ()7 et (Ria] (F)")A sont isomorphes. En parti-
culier, les générateurs (A.1.3.6) ainsi que les relations (A.1.3.7), (A.1.3.8) et (A.1.3.13) donnent
une présentation de R[/;] (7.

Remarquons que ce théoréme est énoncé et montré dans | | sous I’hypothése que p est
inversible dans A. L’énoncé et la preuve sont ici valables en toute caractéristique, la différence
principale étant la preuve du Lemme A.1.3.14.

A.2 Algebres de Hecke de groupes de réflexions complexes

Cette section est une adaptation de [ ]. Nous commengons par généraliser un isomorphisme
de Brundan et Kleshchev entre 'algebre de Hecke de type G(r, 1,n) et ’algébre de Hecke carquois
cyclotomique de type A (Théoreme A.2.2.2). Nous utilisons ensuite les résultats de la Section A.1
pour donner une présentation de type Hecke carquois cyclotomique pour ’algebre de Hecke de
type G(r,p,n), c’est-a-dire, pour les groupes de réflexions complexes de la série infinie, voir le
Théoreme A.2.3.1 et le Corollaire A.2.3.2. Nous donnons également un isomorphisme explicite
qui réalise une équivalence de Morita bien connue entre algébres d’Ariki—Koike (cf. | ]), voir
Théoréme A.2.2.4.

A.2.1 Cas non gradués

Soient n,r € N* et soit w = (uy,...,u,) un r-uplet d’éléments de F*. Nous rappelons ici la
définition de I'algebre d’Ariki-Koike H,(q,u).

Définition A.2.1.1 (] , ). L’algebre H, (g, u) est la F-algébre unitaire associative
engendrée par les éléments S, T1,...,T,_1, soumis aux relations suivantes :
r
H(S —u) =0, (A.2.1.2a)
k=1
(T, + 1)(Te, — q) =0, (A.2.1.2b)
ST15T1 = TlSTlS, (A.2.1.2C)
ST, =159, sia>1, (A.2.1.2d)
T, Ty =TyT,, sila—adl>1, (A.2.1.2¢)
Ty Ty 1Ty = Ty 1Ty Than, (A.2.1.2f)

pour tout a,a’ € {1,...,n}etbe{l,...,n—1}.
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Suivant la terminologie de [ ], nous disons que H,,(q, u) est une algébre de Hecke de type
G(r,1,n). Soit X; := S et définissons pour chaque a € {1,...,n — 1} "élément X, € Hy, (g, u)
par

qXar1 =T, X T,

Définissons
p :=min{m e N*: (" € (¢)} € {1,...,p},

et
J'=10,...,p = 1}.

L’entier p’ ne dépend que de p et de e. Finalement, désignons par n I'unique élément de I tel que

/

=g,

Soit A = (A;;) € NUX) un poids avec L(A) = r et supposons que les parameétres uy, ..., u,
sont choisis tels que la relation (A.2.1.2a) de H,(q,u) s’écrive

[TII(s-¢a)™ =o. (A.2.1.3)

iel jeJ’
Définition A.2.1.4. Avec les notations précédentes, nous définissons HA (¢, ¢) = H,(q, u).
Si A € NU)| Palgebre HA (¢, ¢) est définie en posant A; ;= A; pour tout (z,7) € I x J'.
Proposition A.2.1.5. Supposons que A € NU) vérifie
A = ANigyy, (A.2.1.6)
pour tout i € I. Il y a un morphisme d’algébres bien défini o : H(q,¢) — HA(q,¢) donné par

o(S) = (8,
Tq,

o(T,) :

pour tout a € {1,...,n —1}.

Nous dirons que o est I’automorphisme de décalage de HA(q, ¢).

Définition A.2.1.7. Soit A € NU) vérifiant la condition de stabilité (A.2.1.6). Nous définissons
I’algebre
Hp.n(a) = Hp(a,0)",

la sous-algebre de Hﬁ(q, ¢) constituée des points fixes de o. C’est une algebre de Hecke de
type G(r, p, n).

Nous pouvons trouver dans | , | deux présentations de H;}’n(q) par générateurs et
relations. Nous montrons en §2.2.3 que ces deux présentations sont isomorphes.
A.2.2 L’isomorphisme de Brundan et Kleshchev

Dans cette section, nous montrons comment l'isomorphisme de Brundan et Kleshchev | ]
concernant 1'algebre HA (¢, 1) se généralise & HA(q, ¢).
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A.2.2.1 Enoncé

Considérons le carquois I', défini comme suit :
) % .
— l'ensemble des sommets est {q'},c;;
— il y a une fleche de v vers quv pour chaque sommet v de I'..
Le carquois T'; est le carquois cyclique a e sommets si e < 0o et une copie orientée de Z si e = co.
Considérons maintenant p’ éléments non nuls vy, ..., vy_1 de F tels que

(9),

pour tout k # [ et considérons le carquois I' défini comme suit :

— D’ensemble des sommets est V' := {’qui}iej’jej/ ;

— il y a une fleche de v vers qu pour chaque sommet v de T'.
Puisque les éléments v, sont dans des g-orbits distinctes, ’ensemble des sommets V de I’
s'identifie & K := I x J'. Plus précisément, le carquois I" est donné par exactement p’ copies
disjointes de I'c. En particulier, il ne dépend que de e et de p’. Nous écrivons donc I,y :==T.

Soit A = (Ap)kex € N¥) un poids de longueur 7. Comme dans la définition de HA (g, ¢),
choisissons un r-uplet u € (F*)" donné par exactement A; ; copies de v;q’ pour chaque (i,j) €
I x J' et posons HA(¢,v) := H,(q, w). Ainsi, la relation (A.2.1.2a) dans H, (g, u) est

1 IT (S —vig)™ =o. (A.2.2.1)

i€l jeJ’

Vg
Uy

Théoréme A.2.2.2. [l y a une famille d’isomorphismes (explicites) de F-algébres
Hﬁ(‘]v v) =~ er}(rap’)-

Brundan et Kleshchev | | ont montré le Théoréeme A.2.2.2 pour p = 1, et leur preuve
se généralise directement a ce cadre plus général. Remarquons qu'un isomorphisme comme dans
le Théoréeme A.2.2.2 pour e < co a déja été obtenu par Rouquier | , Corollary 3.20].

Définition A.2.2.3. Soit a =i n. Notons e(k) € HA (g, v) 'image de e(k) € R2(T,,/) par un
isomorphisme du Théoreme A.2.2.2. Nous définissons H2 (¢, v) == e(a)HA (¢, v).

Remarquons que Hf)}(q, v) ~ Ré}(l—‘e,p')'

A.2.2.2 Un corollaire inattendu
Pour chaque j € J', soit A’ la restriction de A a I x {j} ~ I. Définissons également
Hf}] (q) = HTI}J (¢, Variv),

ol Uiy & seulement une coordonnée non nulle, égale a 1. Combinant la version cyclotomique du
Théoreme A.1.2.6 et le Théoréme A.2.2.2, nous déduisons le théoréme suivant.

Théoréme A.2.2.4. Soit v € (FX)P' comme en §A.2.2.1. Nous avons un isomorphisme (expli-
cite) de F-algébres

0 /-1
HMgv) > @ Maty, (B (@)= 1) (@)
)\'ZJ/'I’L

En particulier, les algebres HA (q,v) et @A#ﬂan\xoo (q)®---@HY _11 (q) sont Morita-équivalentes.
( o

Nous retrouvons ainsi un cas particulier de I’équivalence de Morita de | ].

Remarque A.2.25. Si A = ... = A” 1 par [PA, Corollary 3.2] ou la Section A.3 nous savons
que l'algebre du Théoréeme A.2.2.4 est une algebre de Yokonuma—Hecke cyclotomique de type A.
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A.2.3 Restriction de la graduation

Notre but ici est d’utiliser les résultats de §A.1.3.2 pour donner une présentation de type
Hecke carquois cyclotomique de la sous-algebre Hﬁn(q).

Pour chaque j € J', définissons v; = ¢7. 11 découle de la définition de p’ que I’ensemble des
sommets de I ,; peut étre identifié avec V = {¢(7¢'};es jer. Considérons un poids A = (A;)ier
satisfaisant la condition de stabilité (A.2.1.6). Définissons o : V' — V par

o(v) = (v,

pour tout v € V. D’apres la condition de stabilité (A.2.1.6) vérifiée par A, application o induit
un automorphisme de l'algebre de Hecke cyclotomique R,’}(Fe,p/). Désignons par & : HA(¢,¢) —
HA (g, ¢) 'automorphisme de décalage de H2(q,¢). En utilisant une remarque de Stroppel et
Webster | ], nous pouvons montrer le théoréme suivant.

Théoréme A.2.3.1. On peut choisir un isomorphisme f : HX(q,() — R (T ,y) comme dans
le Théoréme A.2.2.2 tel que 01 o f = foa.

Pour chaque a g n, l'algébre Hf;} (q) = @Be[a]Hé‘(q) est stable sous &. Désignons
par H;\[a] (q) la sous-algebre des points fixes.

Corollaire A.2.3.2. L’isomorphisme de F-algébres f : HA(q,¢) — Rﬁ(Fe,p/) du Théoréme A.2.5.1
induit un isomorphisme entre H;}’n(q) et RA(T.)”. Par conséquent, lalgébre H;‘[a](q) a une
présentation donnée par les générateurs

(e}, el U0} U (1B ),
et les relations (A.1.3.7), (A.1.3.9) et (A.1.3.13).

Corollaire A.2.3.3. L’automorphisme de décalage & : H2 (q,¢) — HA(q, ) est homogéne et la
sous-algébre Hﬁn(q) est une sous-algeébre graduée de H2(q, C).

Donnons maintenant un analogue d’un corollaire classique de | , Theorem 1.1].
Corollaire A.2.3.4. Si g€ F\{0,1} a le méme ordre e € N>y U {oo} que q alors
H () =~ Hp(9),
en tant que F-algébres graduées.
La preuve repose sur le fait suivant : il existe une racine primitive p-ieme de 'unité (e Fx

telle que ¢ = C*'.

A.3 Algebres de Yokonuma—Hecke cyclotomiques

Cette section est une adaptation de [ ]. Nous prouvons que les algebres de Yokonuma—
Hecke cyclotomiques de type A sont des algebres de Hecke carquois cyclotomiques (Théo-
réme A.3.2.3). Comme dans la section A.2, nous utilisons 'isomorphisme de Brundan et Kle-
shchev | ] et le carquois est donné par des copies disjointe du méme carquois cyclique.
Cependant, la généralisation n’est maintenant plus immédiate. Finalement, nous faisons un lien
avec un isomorphisme de Lusztig (§A.3.3).

157



A.3.1 Cadre

Soit d € N* et supposons que le corps F' contient une racine primitive d-iéme de I'unité &.
Sauf mention du contraire, I’élement ¢ sera toujours pris différent de 1. Définissons J := Z/dZ ~
{1,...,d} ainsi que K = I x J. Nous utiliserons la caractéristique quantique de F, donnée par

e, sie < oo,
charg(F) = )
0, sie=o0.

En particulier, nous avons I = Z/char,(F)Z et char; (F') est exactement la caractéristique usuelle
de F.

Soit A = (A;)ier € N un poids avec £(A) = 3,7 Ai > 0. L’algébre de Yokonuma-Hecke
cyclotomique de type A, notée Yf},n(q), est la F-algebre associative unitaire engendrée par les
éléments

Jlse s Gno1,t1,+ ., tn, X1, (A.3.1.1)

soumis aux relations suivantes :
td =1, (A.3.1.2a)
tale) = tarta, (A.3.1.2b)
tagb = Gbts,(a) (A.3.1.2¢)
9 = a+ (¢ = Dgsen, (A.3.1.2d)
99y’ = Gv b, si[b—b]>1, (A.3.1.2¢)
get19c9et1 = YeGet1Ges (A.3.1.2f)
X191 X191 = 1 X191 X1, (A.3.1.2g)
Xigp = gp X1, sib>1, (A.3.1.2h)
Xitq =t X1, (A.3.1.2i)
[[(x1 =) =o0. (A.3.1.2))

iel

pour tout a,a’ € {1,...,n}, b0 € {1,...,n—1} et c€ {1,...,n —2}, ol s est la transposition
(b,b+1) € 6, et ¢ = éZjGJ tit, 1, Quand d = 1, lalgebre Yﬁn(q) est l’algeébre d’Ariki—

Koike HA (¢) := H2(q, 1), définie en §A.2.1 et utilisée dans | |. Dans ce cas, 1'élément e, est
réduit & 1. Suivant | ], définissons par récurrence X, pour chaque a € {1,...,n—1}
par

4 Xat1 = gaXaGa-

A.3.2 Isomorphisme gradué

Soit M un Yf}n (¢)-module de dimension finie. Ecrivons M comme la somme directe de ses
7
Sous-espaces propres communs

M(j) = {v € M : (t, — &9*)v = 0 pour tout a € {1,... ,n}} (A.3.2.1)

pour j € J". Considérons la famille de projections {e(j)};jen associée a la décomposition
M = &jemM(g).

Lemme A.3.2.2. Soita € {1,...,n—1} et j € J". Nous avons

26 5 qe(.i)? Sija#jaJrla
o (J) {(Q+(q1)ga)€(j)a Sija:ja+1~
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L’idée est la suivante : si j, # jqa+1 alors nous sommes dans le cas de I'algebre du groupe,
un cas facile, et si j, = j,+1 nous sommes dans le cas Ariki-Koike, donc celui de [ ]
Nous pouvons donc adapter la preuve de | ], avec des ajouts non triviaux, pour prouver le
théoréme suivant.

Théoréme A.3.2.3. Il y a une famille d’isomorphismes (explicites) de F-algébres
Yia(a) = R (Te ).

Dans I'énoncé précédent, Palgebre RA(T. 4) est définie en étendant le poids A € NU) en un

élément de N(F) via
Aij = A,

pour tout (7,j) € K = I x J. Nous pouvons définir une algebre de Yokonuma—Hecke cyclotomique
de type A dégénérée Yﬁn(l) et montrer une version analogue du Théoreme A.3.2.3, avec le méme
isomorphisme Yg’}’n(l) ~ RA(Te.q).

Pour o |=x n, définissons lalgebre YA (¢) == e(oz)Yél‘m(q) oue(k) € Yﬁn(q) désigne I'image
de I'élément e(k) € RA(T, 4) par un isomorphisme du Théoréme A.3.2.3.
Corollaire A.3.2.4. Si g est un élément arbitraire de F'*, il y a une présentation de l'algébre

YA(q) ~ RA(T.q) donnée par les générateurs (A.1.1.1) et les relations (A.1.1.2), (A.1.1.5)
et (A.1.1.8).

Comme dans | |, nous avons toute une succession de corollaires.

Corollaire A.3.2.5. L’algébre de Yokonuma—Hecke cyclotomique (possiblement dégénérée)
hérite de la Z-graduation de l’algebre de Hecke carquois cyclotomique.

Corollaire A.3.2.6. Si q et ¢ sont deux éléments arbitraires de F'* avec chary(F') = charg(F)
alors Yﬁn(q) et Yﬁn(cj) sont des F-algébres isomorphes.

Corollaire A.3.2.7. Si F est de caractéristique chary(F) alors l'algébre de Yokonuma—Hecke
cyclotomique Yﬁn(q) est isomorphisme a sa dégénération rationnelle Y;’kn(l). Cela s’applique en
particulier quand F' est de caractéristique 0 et q est générique.

A.3.3 Un diagramme commutatif

Nous supposons ici que F' = C et que ¢ € F* (avec ¢ # 1) est une racine de I'unité. Désignons
par
BK : HA(g) 5 RA(T)

un C-isomorphisme d’algébres comme dans | ]. Pour chaque A =4 n, définissons H{ (q) =
Hﬁ}l (@ ® Hf\‘d(q) et rappelons la définition de I’entier m) donnée en (A.1.2.2). Nous avons
un isomorphisme d’algebres

JPA 1 Y2}, (q) & T Mat,,, H{ (),

AEan
démontré par Lusztig [Lu] dans le cas £(A) = 1, et explicitement construit par Jacon—Poulain
d’Andecy [ | (pour £(A) = 1) et Poulain d’Andecy [PA]. Désignons également par BK :

@®\Mat,,, H{ () — @ Mat,,, R (T, ,4) le morphisme qu’induit naturellement BK : HA(¢) —
RA(T,). Notons @2 : @ \Mat,,, R&(Teq) — RA(I.q) lisomorphisme de §A.1.2.2 et BK :
Yfi%n(q) — RA(P.4) un isomorphisme comme dans le Théoréme A.3.2.3 (ot le choix est le
« méme » que pour BK).

Théoréeme A.3.3.1. Le diagramme de la Figure A.1 commute.
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JPA
@ Mat;, , Hﬁ} (q)

AEan

BK BK

Rﬁ(r&d)e—__jr__jéa Mat,, R (Te.)
n an

FI1GURE A.1 : Un diagramme commutatif

A.4 Blocs bégayants des algebres d’Ariki—Koike

Cette section est une adaptation de | |. Apres avoir rappelé quelques définitions de
combinatoire comme les (multi-)partitions, leurs (multi-)ensembles de résidus et leurs abaques,
nous énoncons les résultats principaux : le Théoreme A.4.1.8 et le Corollaire A.4.1.9, qui relient
le nombre d’éléments dans l'orbite d’un multi-ensemble sous 'action de décalage avec celui de
I'orbite d’une multi-partition associée. La suite est principalement consacrée a la démonstration
de ces résultats. En §A.4.2 nous énongons la Proposition A.4.2.5, garantissant ’existence d’une
certaine matrice binaire et en §A.4.3 nous montrons le théoréeme principal, via la résolution
d’un probléme d’optimisation sous contraintes (Lemme A.4.3.1). Finalement, nous présentons
en §A.4.4 quelques applications a la théorie des représentations de Hﬁn(q).

A.4.1 Combinatoire

Dans cette section, apres quelques définitions standards de combinatoire nous introduisons
deux actions de décalage et énongons notre résultat principal, le Théoreme A.4.1.8. Nous
identifions Z/eZ avec {0,...,e — 1}.

A.4.1.1 Partitions

Une partition de n est une suite décroissante (au sens large) d’entiers naturels A =
(X0, - -+, Ap—1) de somme n. Nous écrirons |A| :== n et h(A\) := h. Si A est une partition, nous
désignons par Y(A) son diagramme de Young, défini par

YO ={(a,0) eN?:0<a<h(A) = 1et 0<b< Ay — 1}

Nous dirons que les éléments de V(A) sont des neuds. Un ruban de A est un sous-ensemble
de Y()\) de la forme suivante :

oy = @ V) €V 1d Za, ¥ 2 bet (a + L +1) ¢ YN},

ou (a,b) € Y(A). Nous dirons que T()‘a p €st un h-ruban il est de cardinalité h. La main du

ruban T()\a,b) est le neeud (a,b’) € rE\mb) avec b’ maximal. Remarquons que I'ensemble J()\) \rf‘a’b)
est le diagramme de Young d’une certaine partition. Une partition A est un e-ceeur si A n’a pas
de e-ruban.

Soit A une partition. Le résidu d'un nceud v = (a,b) € Y(X) est res(y) := b —a (mod e).
Nous notons n*()) la multiplicité de i dans le multi-ensemble des résidus des éléments de V().
Remarquons que 55 n’(\) = |\|.
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Soit @ un Z-module libre de rang e et soit {a; };cz/cz une base de Q. Nous avons @ = @f;&Zozi
et nous définissons Q1 = @f;&Nai. Si A est une partition, définissons

e—1
a(N) = Z Qres(y) = Zni()\)ozi €Q.
i=0

YeY(A)
Le sous-ensemble suivant de Q,
Q" = {a(N) : A est un e-cceur}, (A4.1.1)

est en bijection avec 'ensemble des e-cceurs (voir | , 2.7.41 Theorem] ou | ]). Gréce
a la représentation par abaque d’une partition, nous prouvons le théoréme suivant (voir égale-
ment | , Ol)).

Théoréeme A.4.1.2. Il y a une bijection
z : {e-ceurs} — {(xo,...,xe—1) €L : o+ -+ + Te—1 = 0} = Z§,

qui vérifie

1 1 e—1

n'(N) = SlaWIP = 5 > 2i(A)?
2 2 —
=0

pour tout e-ceeur .

Définition A.4.1.3. Si A est un e-cceur, nous disons que le e-uplet z(\) € Z¢ est la variable de
e-abaque associée a A.

A.4.1.2 Multi-partitions

Soient d,n,p € N* et supposons que e = np. Définissons r := dp et identifions Z/rZ et
{0,...,r —1}. Soit kK = (Ko, ..., kr—1) € (Z/eZ)" une multi-charge. Une r-partition (ou multi-
partition) de n est un r-uplet X = (A0, ... X0=1) de partitions tel que |A| == [AO| 4+ ... +
IAT=D| = n. Nous écrivons A € P¥ si X est une r-partition de n. Nous disons que x est compatible
avec (d,n,p) quand

Kktd = Kk + 1, pour tout k € Z/rZ. (A4.1.4)

Le diagramme de Young d’une r-partition A = ()\(0), ey )\(T_l)) est la partie de N définie

par
r—1

Y = (¥9) x {e}) .
c=0
Le k-résidu d’'un nceud v = (a,b,c) € Y(A) est resg(y) == b — a + k. (mod e). Pour chaque
i € Z/eZ, désignons par n’ (\) sa multiplicité dans le multi-ensemble des k-résidus des éléments
de Y (). Nous définissons

e—1
an()‘) = Z Qres,(y) = ZHZ(A)QZ € QJr'
YEV(N) =0
D’apres | ], les blocs de HA (q) partitionnent ’'ensemble des r-partitions de n via I’application
A = ax(A). Finalement, soit A = (A ... A\"=1)) une r-partition. On dit que X est un e-multi-
ceeur si chaque A% est un e-coeur pour k € {0,...,7 —1}. Nous désignons alors par

e () = z(A®) e Z¢,

le paramétre du e-abaque associé au e-cceur A(%).
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A.4.1.3 Décalages

Nous sommes maintenant préts pour définir nos deux applications de décalage.

Définition A.4.1.5. Rappelons que e est entierement déterminé par n et p. Pour tout i € Z/eZ
nous définissons oy, - @ = a;py € QT, et nous étendons oy, en une application Z-linéaire

Q— Q.

Définition A.4.1.6. Rappelons que r est entiérement déterminé par d et p. Si A = (A, ... A1)
est une r-partition, définissons

Tdp )\ = ()\(rfd)7 . )\(7“71)7 A(0) 7)\(r7d71)).

Pour chaque o € QT désignons par P% le sous-ensemble de P¥ donné par les r-partitions A
telles que a,(A) = a. Les deux applications de décalage des Définitions A.4.1.5 et A.4.1.6 sont
compatibles dans le sens suivant.

Lemme A.4.1.7. Supposons que la multi-charge k est compatible avec (d,n,p). Si X est une
r-partition alors o (PP A) = oy p - ak(N).

Nous pouvons maintenant énoncer le théoréme principal de cette section, dont la trame de la
démonstration sera donnée en §A.4.3.

Théoréme A.4.1.8. Soit X une r-partition et soit o == a,(A) € QT. Supposons que r est
compatible avec (d,n,p). Si oy p - o = o alors il existe une r-partition p € Pf avec “4rp = p.

Nous disons qu’une r-partition g comme dans le Théoreme A.4.1.8 est bégayante. Nous
écrirons régulierement o pour désigner indifféremment o4, ou o, , quand le contexte ne porte
pas a confusion.

Désignons par [A] (respectivement par [a]) orbite d’une r-partition A (resp. de a € Q)
sous l'action de o.

Corollaire A.4.1.9. Supposons que r est compatible avec (d,n,p) et soit « € QT tel que P
est non vide. Alors #[a] est le plus petit élément de l’ensemble {#[A] : A € PL}. En d’autres
termes, si A est une r-partition et o := a(X), si 07 - a = a pour un j € {0,...,p— 1} alors il
existe une r-partition p telle que (@) = o et 7' p = p.

La proposition suivante est simple & montrer mais fondamentale pour ce qui va suivre.

Proposition A.4.1.10. I suffit de prouver le Théoréme A.4.1.8 pour les e-multi-ceeurs.

A.4.2 Matrices binaires

Dans cette section, nous introduisons un outil technique, donné dans la Proposition A.4.2.5,
dont nous avons besoin pour montrer le Théoréme A.4.1.8. Nous désignons par |-| : R" — R"
la somme des coordonnées (nous avertissons le lecteur que nous ne prenons pas la somme des
valeurs absolues).

Définition A.4.2.1. Une matrice est binaire si ses coefficients sont dans {0, 1}.

Le résultat suivant est bien connu.

162



Lemme A.4.2.2. Soit wy,...,w,—1 € {0,...,p}. Pour chaque i € {0,...,n — 1} nous définis-

sons v; ‘= % ainsi que v = (vg,...,v,_1) € [0,1]". Il emiste des vecteurs €°,..., =1 € {0,1}"
tels que
151

v=— Z €.
En particulier,

152

=D I = vl

p j=0
Si de plus |v| € N alors pour tout j € {0,...,p — 1} nous pouvons choisir € tel que |e/| = |v].

Ce dernier résultat est équivalent a ’existence d’une matrice binaire pxn de sommes (|v, ..., |v])

sur les lignes et (wy, ..., wp—1) sur les colonnes. Une telle matrice existe d’apres un résultat géné-
ral de [Ga, Ry]. La preuve de Ryser [Ry] utilise des interversions entre deux matrices binaires :

cela consiste a remplacer une sous-matrice (§ ) par (9 ) et vice versa. Cette méme stratégie

est utilisée pour donner dans la Proposition A.4.2.5 une version plus forte du Lemme A.4.2.2.
Introduisons d’abord quelques notations. Pour tout £ € {0,...,d — 1} et i € {0,...,e — 1},

0 w? o
= —. Pour chaque ¢ € {0,...,d — 1}, définissons

soit wl@) € {0,...,p} et posons v

i P
l Y4
o0 = (v(() ), e vé_)l).
Nous obtenons une matrice d X e
(0
V= :

U(dfl)

Supposons que pour chaque £ € {0,...,d — 1} nous avons |[v)| € N. Ainsi, pour tout ¢ €

{0,...,d—1} nous pouvons appliquer le Lemme A.4.2.2. Nous obtenons des vecteurs /() € {0,1}¢
pour chaque j € {0,...,p — 1}, tels que

p—1

o = ! Z @), (A.4.2.3)
Pz
et
O] = |v®)]. (A.4.2.4)
Pour tout j € {0,...,p — 1}, définissons la matrice d x e suivante :
i(0)
FJ = :
Li(d-1)
Ecrivons la matrice V avec 1 blocs de méme taille V = (V[o] e V["_l]), et utilisons la méme
structure par blocs pour les matrices B/ = <Ej O ... Ei [’7_1}).

Proposition A.4.2.5. Nous conservons les notations précédentes. En plus de I’hypothése |v(g)| €
N pour chaque € € {0,...,d—1}, supposons que pour tout i € {0,...,n—1} nous avons |[VI1| € N.
Alors nous pouvons choisir les vecteurs @) pour tout j € {0,....p—1} et £ €{0,...,d — 1}
tels que les propriétés précédentes (A.4.2.3) et (A.4.2.4) restent vérifiées, en plus de

|Ej[i]|:|v[i]|7
pour tout j € {0,...,p—1} eti € {0,...,n—1}.
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A.4.3 Preuve du théoreme principal

Nous sommes maintenant préts pour prouver le Théoreme A.4.1.8. Soit A une r-partition et
supposons que la multi-charge k € (Z/eZ)" est compatible avec (d,n,p). Rappelons 1’étape de
réduction donnée a la Proposition A.4.1.10 et supposons que A est un e-multi-coeur. Définissons

a = ag(A),
z®) = m(k)()\), pour tout k € {0,...,r — 1},
n' = n' (), pour tout ¢ € {0,...,e —1}.

Dans cette partie, nous supposons systématiquement que o - « = . Grace au Théoreme A.4.1.2
et a linvariance par décalage de «a, nous pouvons écrire

nd = f(x(o), o x(rfl)),

ou lapplication f: (R¢)" — R est fortement convexe et symétrique. Définissons également

[P (x(o), e x(d_l)) = 1f(yz:(o), el O ,x(d_l)),

’
p

0)

ou dans ’expression f(x(o), LG B )R ,m(d_l)) la séquence (@, ... 2(@=1) est répé-

tée p fois. Pour chaque ¢ € {0,...,n — 1}, définissons

6 =n' —nttL

Le point clé derriere la preuve du Théoreme A.4.1.8 est le lemme suivant, qui nous ramene a un
probléme d’optimisation.

Lemme A.4.3.1. Supposons que 20, ... z(d=1) ¢ Z§ sont tels que
pfiP) (2(0)7 e z(d_l)) < f(x(o), e, x(’"_l)), (A.4.3.2)
et
d—1p—1 ©
DD a i = 00 (A4.3.3)
£=0 j=0
pour tout i € {0,...,n—1}. Alors le Théoréme A.}.1.8 est vrai pour le e-multi-ceeur X : il existe

une r-partition p telle que o (p) = a et “p = p.
Les éléments 20 ... 2(d=D obtenus vérifient toutes les hypothéses du Lemme A.4.3.1
exceptée la suivante : ils sont en général dans %ZS mais pas nécessairement dans Z§. Nous pouvons

approcher ces points par des éléments z(0), ... 2(=1) € Z¢ qui vérifient les contraintes (A.4.3.3)
et qui sont dans Z§, grace a la Proposition A.4.2.5 appliquée avec une matrice remplie des
parties fractionnaires des coordonnées des vecteurs (). Nous montrons ensuite que (A.4.3.2) est
préservée, grace a la forte convexité de f.

A.4.4 Applications

Supposons que la multi-charge x est compatible avec (d,n,p) (cf. (A.4.1.4)). Considérons le
poids A € N! donné par
N =#{ke{0,....,r =1} : ki =i},

pour tout ¢ € I. La condition de compatibilité pour x donne

Ai+7] = Aiv
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pour tout 4 € I. Ainsi, 'algebre d’Ariki-Koike HA(¢) = HA (g, () et sa sous-algébre H}’:n(q) sont
bien définies (voir §A.2.1), ot ¢ := ¢" est une racine primitive p-iéme de I'unité. Remarquons
que p’ = 1 et que la relation cyclotomique (A.2.1.3) de HA(q) est

r—1
[16s-a)" = [[(S—q™) =0
el k=0

Définissons
Qr = {a € QT : il existe A € PF tel que a,(A) = a} .
Soit a € QF. L’algebre HA(q) est un bloc de H2(q) si o € Q% et est réduite & {0} sinon. Soit s :
HA(q) — HA(g) Papplication linéaire définie par p = ?;(1) 7. Nous avons p(H2(q)) = H2, (9).
L’algebre Hf;](q) = Bpe[q) Hf}(q) est stable par o, la sous-algebre des points fixes étant

H;\,[a](Q) = (Hf;] (Q)) .

L’algebre Hf;](q) est une algébre cellulaire graduée (cf. | , ]). En particulier, nous
pouvons trouver une base homogéene

{cﬁ‘t tAEP et s te T(/\)} ,
avec la propriété (c)* = ¢, o Pl = UgelaP§ et * : Hfg4 (q) — Hf;](q) est I'unique anti-
automorphisme d’algebre qui est 'identité sur chaque générateur de ’algebre de Hecke carquois
cyclotomique associée (voir §A.2.2).

A.4.4.1 Cellularité de la sous-algebre fixée

La proposition suivante est facile a montrer et ne requiert pas l'utilisation du Théo-
reme A.4.1.8.

Proposition A.4.4.1. Supposons #[a] = p. La famille
{icQ) X ePy etste TN} (A.4.4.2)

est une base cellulaire graduée de H}’}[a](q).

)

Corollary A.4.4.3. Si p et n sont premiers entre euz alors l’algébre Hﬁn(q) est cellulaire
graduée.

Nous voulons étudier la situation dans le cas ot #[a] < p. Généralisant (A.4.4.2), nous
pouvons donner une base de H}’D‘[a] (¢) de la forme

() X ePls e TN, te oV}, (A.4.4.4)
ot To(A) est un certain sous-ensemble de 7T (A). Nous obtenons
. b 2
dimHp (@) = > ﬁ(#%w) ; (A.4.4.5)
NEB,
ot To[A] == UpenTo[p] et P est un systeme de représentants de Pf; pour l'action de o.

Supposons maintenant que p est impair et que 1’algebre Hé‘[a] (q) est cellulaire adaptée. Cela signifie
que HII}[ o] (q) est cellulaire, et que (A.4.4.5) s’interpréte comme la « fagon naturelle » de calculer
la dimension de Hg[a](q) en utilisant la structure cellulaire. En utilisant le Théoréme A.4.1.8,

nous déduisons le résultat suivant.

Proposition A.4.4.6. Si #[a] < p et p est impair alors la base (A.4.4.4) de HA

o] (q) n'est pas
cellulaire adaptée.
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A.4.4.2 Restriction des modules de Specht

Il découle de la cellularité de Hf;} (q) que nous avons une collection de modules cellulaires {S™ :

A€ 73[’(3]}, aussi appelés dans ce cas modules de Specht. La question de savoir si ’algebre HZ‘:[ ol (q)

est cellulaire en général ou non est toujours ouverte, cependant Hu et Mathas [ | ont
défini ce qu’ils ont appelé modules de Specht pour Hzl}[ a}(q). C’est une famille

{Sj‘:jE{O,...,#?)\]—l}},

de H2, (q)-modules, la restriction de S* en un Hﬁ[a] (¢)-module s’écrivant

A ... A
oo (A.4.4.7)

pour tout \ € 77[";]. Nous déduisons du Corollaire A.4.1.9 le résultat suivant.

Proposition A.4.4.8. Le nombre mazximal de facteurs dans (A.4.4.7) est % et cette borne

est atteinte, lors de la restriction d’un module de Specht S* avec X € 73['24.

A.5 Travaux en cours

Dans cette courte section, nous donnons un bref apergu de nos travaux en cours.

A.5.1 Cellularité de I’algébre de Hecke de type G(r,p,n)

Ce travail est en collaboration avec Jun Hu et Andrew Mathas. Nous avons entamé en §A.4.4.1
une rapide étude de la cellularité de I’algebre Hﬁ[ a}(q) = Hf;] (q)7. Cependant, exceptés certains
cas simples, nous n’avons pas trouvé de base avec une « forme » cellulaire (c’est précisément
notre « cellularité adaptée » de §A.4.4.1).

La raison principale est que ¢ se comporte mal en général vis-a-vis de la base cellulaire
graduée {cg‘t} de Hu et Mathas | ]. Remarquons que, dans le cas semi-simple, nous
pouvons prouver que le morphisme o permute les éléments de la base cellulaire précédente. Nous
voudrions que ce soit toujours le cas.

Pour cela, il semblerait que I'une des bases cellulaires graduées introduites par Webster [We]
et Bowman [ ], construites a partir de 1’algébre de Cherednik diagrammatique, se comporte
bien envers . Comme dans le cas semi-simple, le morphisme ¢ permute les éléments de la base.
Nous obtenons alors une base de Hﬁ[a](q) de la forme {05’\t : A€ Ajs it € T(N)}, qui vérifie

presque les axiomes de cellularité : la condition (cg‘t)* = cp doit étre changée. Nous trouvons

alors une notion un peu plus générale de cellularité, aux conséquences similaires sur la théorie
des représentations.

A.5.2 Isomorphisme de décomposition pour des algebres de Hecke carquois
cyclotomiques de type B a carquois disjoints

Ce travail est en collaboration avec Loic Poulain d’Andecy et Ruari Walker. Dans | 1,
Poulain d’Andecy et Walker ont prouvé un analogue du Théoreme A.2.2.2 pour les quotients
cyclotomiques des algebres de Hecke affines de type B et les quotients cyclotomiques des algebres
de Hecke carquois de type B, ces dernieres algebres étant une généralisation d’une famille
d’algebres introduites par Varagnolo et Vasserot [ ]. Le but est maintenant de donner un
analogue de la version cyclotomique du Théoreme A.1.2.6, concernant les algébres de Hecke
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carquois a carquois non connexe, pour ces algebres de Hecke carquois de type B. Comme avec le
Théoreme A.2.2.4, le but est d’obtenir un résultat d’équivalence de Morita, cette fois nouveau,
pour les algebres de Hecke cyclotomiques de type B.
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Résumé : Cette thése est consacrée a 'étude des algeébres de Hecke carquois et
de certaines généralisations des algébres d’Iwahori-Hecke. Dans un premier temps,
nous montrons deux résultats concernant les algébres de Hecke carquois, dans le
cas ol le carquois posséde plusieurs composantes connexes puis lorsqu’il posséde un
automorphisme d’ordre fini. Ensuite, nous rappelons un isomorphisme de Brundan—
Kleshchev et Rouquier entre algébres d’Ariki-Koike et certaines algébres de Hecke
carquois cyclotomiques. D’une part nous en déduisons qu'une équivalence de Morita
importante bien connue entre algébres d’Ariki—-Koike provient d’un isomorphisme,
d’autre part nous donnons une présentation de type Hecke carquois cyclotomique pour
'algébre de Hecke de G(r, p,n). Nous généralisons aussi I'isomorphisme de Brundan—
Kleshchev pour montrer que les algébres de Yokonuma—Hecke cyclotomiques sont des
cas particuliers d’algébres de Hecke carquois cyclotomiques. Finalement, nous nous
intéressons a un probléme de combinatoire algébrique, relié a la théorie des représen-
tations des algébres d’Ariki—-Koike. En utilisant la représentation des partitions sous
forme d’abaque et en résolvant, via un théoréme d’existence de matrices binaires,
un probléme d’optimisation convexe sous contraintes & variables entiéres, nous mon-
trons qu'un multi-ensemble de résidus qui est bégayant provient nécessairement d’une
multi-partition bégayante.

Title: Quiver Hecke algebras and generalisations of [wahori—-Hecke algebras

Keywords: quiver Hecke algebras, Ariki-Koike algebras, Yokonuma—Hecke alge-
bras, representation theory, algebraic combinatorics

Abstract: This thesis is devoted to the study of quiver Hecke algebras and some
generalisations of Iwahori-Hecke algebras. We begin with two results concerning
quiver Hecke algebras, first when the quiver has several connected components and
second when the quiver has an automorphism of finite order. We then recall an iso-
morphism of Brundan—Kleshchev and Rouquier between Ariki-Koike algebras and
certain cyclotomic quiver Hecke algebras. From this, on the one hand we deduce that
a well-known important Morita equivalence between Ariki-Koike algebras comes from
an isomorphism, on the other hand we give a cyclotomic quiver Hecke-like presenta-
tion for the Hecke algebra of type G(r,p,n). We also generalise the isomorphism of
Brundan—Kleshchev to prove that cyclotomic Yokonuma—Hecke algebras are particu-
lar cases of cyclotomic quiver Hecke algebras. Finally, we study a problem of algebraic
combinatorics, related to the representation theory of Ariki-Koike algebras. Using the
abacus representation of partitions and solving, via an existence theorem for binary
matrices, a constrained optimisation problem with integer variables, we prove that a
stuttering multiset of residues necessarily comes from a stuttering multipartition.
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