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Chapitre 1

Introduction

Ces dernières années mes activités scientifiques se sont focalisées principalement sur deux
axes :

i) Le premier concerne la formation et la différentiation des planètes telluriques. Je
travaille sur ces questions depuis mon post-doctorat à l’université Johns Hopkins (Baltimore,
USA) avec Peter Olson. Mes travaux sur ce sujet se font maintenant dans le cadre d’un projet
financé par l’ERC depuis avril 2017. Ce projet vise à mieux comprendre les processus physiques
ayant permis la séparation du manteau et du noyau, afin de proposer un cadre quantitatif pour
l’interprétation des données géochimiques (entre autres des éléments radioactifs permettant
d’estimer la durée de la formation de la Terre) et la prédiction de quantités clefs pour l’évolution
et la dynamique globale de la Terre (température et composition du noyau). Bien que le
contexte soit géologique et planétologique, les questions posées dans ce projet incluent des
problèmes de mécanique des fluides fondamentale (fragmentation liquide-liquide et mélange
dans des écoulements turbulents). Mon travail se base principalement sur des expériences de
mécanique des fluides en laboratoire et des simulations numériques, mais aussi sur des modèles
géochimiques. Mes travaux sur ce sujet ont bénéficié de collaborations récurrentes avec Maylis
Landeau (IPGP), Peter Olson, et Frédéric Risso (IMFT). J’encadre depuis septembre 2017
la thèse de Victor Lherm sur les échanges chimiques et thermiques entre métal et silicates
lors de la formation de la Terre, et depuis septembre 2018 le post-doctorat de Vincent Clesi
(modélisation géochimique).

ii) Mon second axe de recherche concerne la convection naturelle dans les intérieurs
planétaires, et plus particulièrement dans les couches solides en interaction avec une couche
liquide. Une part importante de mes activités dans cette thématique ont portés sur la dyna-
mique du noyau interne, en continuité avec mes travaux de thèse (collaborations avec Thierry
Alboussière, Philippe Cardin, Marine Lasbleis, Sébastien Merkel, Ainhoa Lincot, Stéphane La-
brosse, Ludovic Huguet), mais j’ai depuis élargi mes activités à l’étude de la convection dans
les manteaux planétaires silicatés en contact avec un océan magmatique, un sujet sur lequel je
travaille en collaboration avec Stéphane Labrosse et Thierry Alboussière, et qui fait l’objet de
la thèse d’Adrien Morison, encadrée par Stéphane Labrosse. Dans plusieurs contextes géophy-
siques ou planétologiques, une couche solide mais déformable cristallise à partir d’une couche
liquide. La graine terrestre, qui cristallise à partir du noyau externe, est un exemple, mais on
peut penser aussi au cas d’un manteau silicaté cristallisant à partir d’un océan magmatique,
superficiel ou basal, ou à certains des satellites de glace de Jupiter ou Saturne, qui présentent
un manteau de glace en contact avec un océan d’eau liquide profond. L’interface séparant les
couches cristallines et liquides doit être très proche de l’équilibre thermodynamique, et une
déformation de cette interface peut entrainer fusion ou cristallisation. L’interface est alors
"semi-permeable", et des conditions limites adaptées doivent être utilisées pour modéliser la
convection dans la coquille sphérique. Nous avons développé un jeu de conditions limites “semi-
permeables” permettant de prendre en compte de manière simple la fusion ou la cristallisation
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induits par des déformations de l’interface [Deguen et al., 2013]. Dans le cas de la graine ter-
restre, de telles conditions limites permettent l’émergence d’un mode de convection consistant
en une translation de la graine, sans déformation interne. Dans les prochaines années, nous
comptons : (i) généraliser ces conditions limites pour les adapter à des problèmes de convec-
tion thermo-solutale, (ii) étudier de manière systématique l’effet de ces conditions limites sur la
morphologie et la vigueur de la convection, (iii) appliquer nos résultats à plusieurs problèmes
géophysiques (effet d’un océan magmatique basal sur la convection mantellique et l’évolution
thermique de la Terre) et planétologiques (le “degré 1” d’Encélade par exemple).

Lors de l’écriture de ce document, j’ai pris le parti de me focaliser uniquement sur les
travaux pour lesquels je pense avoir eu un rôle moteur. J’ai préféré exposer ma compréhension
actuelle de ces problèmes plutôt que de faire une présentation exhaustive de mes travaux. Je
ne discuterai pas en détails de projets auxquels j’ai participé de manière plus ponctuelle, et
notamment des travaux menés par Peter Olson sur l’évolution couplée du manteau et du noyau
terrestre [Olson et al., 2013, 2015], la texturation de la graine (thèse d’Ainoha Lincot encadrée
par Sébastien Merkel et Philippe Cardin [Lincot et al., 2014, 2016]), ou la convection dans une
zone dendritique (thèse de Ludovic Huguet, encadrée par Thierry Alboussière [Huguet et al.,
2016]). Une liste de mes publications est disponible dans l’annexe B, et une sélection de mes
articles dans l’annexe C.
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Chapitre 2

Formation des noyaux planétaires

La Terre s’est formée il y a environ 4.5 Gy par l’accrétion de corps pour la plupart déjà
massifs (∼ 100 − 1000 km de diamètre), constitués majoritairement de fer et de roches sili-
catées. Les modèles d’accrétion planétaires suggèrent que la distribution de la masse dans le
système solaire au cours de la formation des planètes telluriques est rapidement dominée par
des embryons planétaires dont la masse peut varier de celle de la Lune à celle de Mars, et qui
sont pour la plupart déjà différenciés. L’évolution de cette population d’embryons planétaires
est ensuite beaucoup plus lente (10-100 My), stochastique, et caractérisée par des collisions
et impacts géants entre embryons planétaires, le dernier de ces impacts étant vraisemblable-
ment à l’origine de la Lune. Ces évènements catastrophiques, très énergétiques, induisent un
chauffage intense des embryons planétaires : la dissipation de l’énergie gravitationnelle libérée
lors de l’accrétion et de la différentiation suffit en effet à provoquer une augmentation de la
température de la Terre de plusieurs milliers de Kelvin au cours de sa formation, et assurer la
fusion répétée d’une fraction significative de la planète.

La structure actuelle de la Terre et des corps telluriques du système solaire est pour une
part importante héritée des épisodes de différentiation ayant ponctués le processus d’accrétion :

(i) La formation du noyau a induit un fractionnement chimique entre métal et silicates,
qui dépend du mode de ségrégation (diapirisme, fracturation hydraulique, percolation, pluie
de fer dans un océan magmatique, ...) et des conditions physico-chimiques auxquelles la ségré-
gation a eu lieu. En raison du très lent transfert de matière entre noyau et manteau, ceux-ci
sont aujourd’hui toujours en déséquilibre thermodynamique, ce qui implique que la compo-
sition chimique de la Terre silicatée a gardé une mémoire de la différentiation et peut être
utilisée pour contraindre les processus physiques mis en jeu [e.g. Wood et al., 2006]. Ce frac-
tionnement chimique a aussi des implications géodynamiques fortes. En particulier, la nature
et l’abondance dans le noyau d’éléments radioactifs [Gessmann & Wood, 2002; Corgne et al.,
2007; Bouhifd et al., 2007], du magnésium [O’Rourke & Stevenson, 2016; Badro et al., 2016;
O’Rourke et al., 2017], ou des éléments légers (O,S,Si,...) dépendent des conditions de pres-
sion P , de température T , et d’oxydoréduction (fugacité d’oxygène fO2) auxquelles métal et
silicates ont été équilibrés [Siebert et al., 2012; Badro et al., 2015; Fischer et al., 2015].

(ii) Tout comme les éléments chimiques, la chaleur dégagée lors de l’accrétion a été parti-
tionnée entre le manteau et le noyau, d’une manière qui dépend des mécanismes physiques de
séparation des phases. La répartition de cette chaleur a défini la valeur du contraste de tempé-
rature entre le manteau et le noyau à la fin de l’accrétion, un paramètre clé pour la dynamique
de la planète, et notamment pour l’existence d’un océan de magma basal [Labrosse et al.,
2007], l’existence d’une dynamo précoce [Williams & Nimmo, 2004; Monteux et al., 2011], et
de manière plus générale pour l’évolution thermique et magnétique de la planète.

En combien de temps se sont formés les corps telluriques ? Peut-on estimer la partitionne-
ment entre noyau et manteau des éléments chimiques et de la chaleur libérée lors de l’accrétion ?
Quel était l’état de la Terre à la fin de l’accrétion ? Les données apportées par la géochimie
sont critiques pour répondre à ces questions, mais l’interprétation de ces données en terme
de processus physiques est loin d’être triviale. Un effort significatif a été dédié ces dernières
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années à la détermination du fractionnement entre métal et silicates de beaucoup d’éléments
en fonction des conditions physico-chimiques. En comparaison les modèles physiques utilisés
pour interpréter les données géochimiques ont peu évolué. L’exposé qui suit est divisé en trois
parties. Je commencerai par discuter des contraintes apportées par la géochimie sur la for-
mation du noyau, avant d’exposer ma compréhension actuelle des mécanismes physiques de
ségrégation et d’équilibrage du métal dans un océan de magma. Une dernière partie est dédiée
à mes travaux en cours et à mes projets.

2.1 Contraintes géochimiques

L’interprétation des données géochimiques pertinentes pour la différentiation noyau/manteau
peut être vue comme un problème inverse pouvant être formalisé comme suit :
I Geochronomètres
(Hf-W, U-Pb, ...)
I Fractionnement chimique
estimé entre noyau et manteau

inversion−−−−−−−−−−→


I Durée d’accrétion τa et
forme de la courbe d’accrétion M(t/τa)

I conditions P, T, fO2 d’équilibrage
I degré d’équilibrage

Les données comprennent :

1. des géochronomètres tels que les systèmes Hf-W ou U-Pb, qui permettent d’estimer la
durée de l’accrétion [e.g. Kleine et al., 2002; Yin et al., 2002; Halliday, 2004; Kleine et al.,
2004; Kleine et al., 2009; Rudge et al., 2010] ;

2. le fractionnement chimique estimé entre noyau et manteau. La plupart des éléments
sidérophiles sont plus abondants dans la Terre silicatée que ce que suggèreraient leurs
coefficients de partage métal/silicates à basse pression et température modérée, ce que
Ringwood [1966] a appelé le problème de l’excès des éléments sidérophiles. La résolution
la plus plausible de ce problème semble être un équilibrage chimique métal-silicates à
hautes température et pression, où les coefficients de partage thermodynamique de ces
éléments peuvent expliquer le fractionnement noyau/manteau estimé. La comparaison
entre le fractionnement noyau/manteau estimé et les coefficients de partage déterminés
en laboratoire permet de contraindre les conditions de pression P , température T , et
fugacité d’oxygène fO2 auxquelles métal et silicates ont été équilibrés lors de chaque
épisode de différentiation [Murthy, 1991; Li & Agee, 1996; Chabot et al., 2005; Wood
et al., 2006; Siebert et al., 2011, 2013].

Les quantités cibles incluent la durée d’accrétion τa, la forme de la courbe d’accrétion M =
M(t/τa) (où M est la masse de la planète), les conditions de pression, température, et degré
d’oxydation auxquelles métal et silicates se sont équilibrés, et le degré d’équilibrage – une
mesure de l’efficacité avec laquelle métal et silicates ont pu échanger des éléments chimiques.

Ce problème est un problème inversemal posé, au sens où le nombre de degrés de libertés est
(beaucoup) plus grand que le nombre de contraintes. Il n’y a donc pas de solution unique. En
pratique, l’inversion est souvent réalisée en faisant des hypothèses permettant de contraindre
l’inversion et rendre le problème (artificiellement) bien posé : pression d’équilibrage à une
fraction constante de la limite noyau-manteau (CMB), température d’équilibrage fixée au
liquidus de la phase silicatée, forme de la courbe d’accrétion imposée [par exemple M(t) =
Mf (1 − e−t/τa)], efficacité d’équilibrage constante, etc... Cette approche est raisonnable, et
certaines hypothèses peuvent être justifiées, mais le nombre important d’hypothèses nécessaires
pose la question de la robustesse de l’inversion.

Ce problème de non-unicité des solutions est particulièrement bien illustré par le chrono-
mètre Hf-W. L’excès de tungstène radiogénique dans la Terre silicatée peut être expliqué par
deux modèles extrêmes : (i) une durée d’accrétion et de différentiation similaire au temps de
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demi-vie de l’isotope 182Hf, permettant la génération de 182W dans le manteau après la fin
de la différentiation, ou (ii) une accrétion plus longue mais avec un équilibrage métal/silicates
imparfait, permettant de conserver dans le manteau une partie du 182W radiogénique malgré
son caractère sidérophile. La réalité est sans doute entre ces deux limites. Sous l’hypothèse
d’un équilibrage parfait entre les phases métal et silicates, le système Hf-W prédit une durée
d’accrétion de l’ordre d’une dizaine de millions d’années [Kleine et al., 2002; Yin et al., 2002].
La durée d’accrétion déduite du système Hf-W augmente si l’équilibrage est supposé ne pas
être parfait [Halliday, 2004; Kleine et al., 2004; Kleine et al., 2009; Rudge et al., 2010] : il y
a une tendance inverse marquée entre la durée de l’accrétion estimée et le degré d’équilibrage
supposé, jusqu’à une limite où Hf-W ne contraint plus la durée de l’accrétion, mais uniquement
le degré d’équilibrage [Rudge et al., 2010]. Le système Hf-W permet donc d’obtenir une borne
inférieure pour le degré d’équilibrage k (défini ici comme la fraction de métal équilibrée avec
les silicates) ; Rudge et al. [2010] obtiennent k ≥ 0.36.

Mes contributions sur ces questions, détaillées dans les paragraphes ci-dessous, incluent :
(i) le développement et la mise en équation d’un modèle géochimique de différentiation permet-
tant un équilibrage partiel de la phase métallique et de la phase silicate, et l’introduction d’une
mesure de l’équilibrage (définie par les équations (2.2) et (2.3)) prenant en compte un équili-
brage partiel du manteau, (ii) l’utilisation de ce modèle pour proposer une borne inférieure au
degré de dispersion moyen du métal dans les silicates au cours de la différentiation, et (iii) le
développement d’une méthode d’interprétation du fractionnement chimique noyau/manteau
en termes de conditions d’équilibrage permettant d’une part de s’affranchir de l’hypothèse
d’une pression d’équilibrage égale à une fraction fixe de la pression à la CMB, et d’autre part
de proposer des bornes sur l’évolution des température et pression d’équilibrage au cours de
l’accrétion.

Efficacité d’équilibrage et modèle de différentiation hors équilibre

Les premiers modèles géochimiques de différentiation noyau-manteau développés pour
prendre en compte un équilibrage imparfait ont été construit en faisant l’hypothèse que seule
une fraction k de la phase métallique est équilibrée avec la phase silicatée, la fraction 1 − k
restante atteignant le noyau sans échange chimique avec le manteau [e.g. Halliday, 2004; Kleine
et al., 2004; Kleine et al., 2009; Nimmo et al., 2010; Rudge et al., 2010]. Ces modèles ont été
appliqués au système Hf-W et ont montré l’effet d’un équilibrage partiel de la phase métal-
lique sur la durée estimée de l’accrétion. Cependant, ces modèles supposent que l’intégralité du
manteau est équilibré avec chaque volume de métal ajouté au noyau, ce qui est peu probable
[Deguen et al., 2011b; Morishima et al., 2013]. Afin de quantifier l’effet d’un équilibrage partiel
du manteau, j’ai développé un modèle en boîte, décrit sur la figure 2.1. Dans ce modèle, seule
une fraction k du métal est équilibré (comme dans les modèles précédents), mais l’équilibrage
partiel du manteau est maintenant pris en compte : on introduit pour cela un paramètre ∆
défini comme

∆ =
masse de métal équilibré

masse de silicates équilibrés
. (2.1)

∆ est une mesure du degré de dilution de la phase métallique dans la phase silicatée.
Une bonne manière de définir une mesure de l’équilibrage d’un élément x est la suivante,

Ex =
masse d’élément x échangée entre métal et silicates

masse optimale d’élément x échangée entre métal et silicates
(2.2)

où la “masse optimale d’élément x échangée” correspond à la masse échangée lorsque l’équilibre
thermodynamique est atteint, dans le cas d’une dilution infinie (∆→∞) de la phase métallique
[Deguen et al., 2014a]. Dans le cadre du modèle en boîte décrit figure 2.1, on peut démontrer
que l’efficacité d’équilibrage s’écrit

Ex =
k

1 +Dx/∆
, (2.3)
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k F dM

(1 − k)F dM

Core, cc
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Mm − ∆ k F dM

∆ k F dM

Imp. core, cimp
c

(1 − F ) dM

dM

Impactor
Imp. mantle, cimp

m

Equilibration

Figure 2.1
Modèle géochimique de différentiation noyau/manteau. Après chaque addition de masse dM
apportée par un impacteur, une fraction k de la masse de métal de l’impacteur est équilibré avec une
masse de silicates ∆ fois plus grande, avant de rejoindre le noyau de la proto-Terre. La fraction restante
1 − k rejoint le noyau sans échanger d’éléments avec le manteau. On note F la fraction massique de
métal dans la proto-Terre et les impacteurs.

où Dx(P, T, fO2) est le coefficient de partage thermodynamique de l’élément x. On peut voir
que Ex tend vers k lorsque ∆/Dx →∞, ce qui fait de cette définition une simple généralisation
de la définition classique du degré d’équilibrage. Une différence importante est la présence du
coefficient de partage thermodynamique Dx dans l’expression de l’efficacité d’équilibrage, qui
dépend donc de l’élément considéré. L’efficacité d’équilibrage d’un élément sidérophile est en
général plus faible que celle d’un élément lithophile.

Système Hf-W

L’application du modèle de différentiation présenté ci-dessus au chronomètre Hf-W a permis
de généraliser de manière très simple les travaux supposant un équilibrage parfait du manteau.
J’ai en effet pu montrer que le système d’équations obtenu en prenant en compte un équilibrage
partiel du manteau est identique au sytème d’équations utilisé par Rudge et al. [2010] pour
étudier le système Hf-W si l’on remplace le paramètre k par EW [Deguen et al., 2014a]. Une
conséquence directe est que la borne inférieure sur k obtenue par Rudge et al. [2010] est en fait
une borne sur EW : EW ≥ 0.36. On en déduit que k ≥ 0.36, comme obtenu par Rudge et al.
[2010], mais aussi que ∆ ≥ DW /(k/0.36−1) ≥ 0.56DW . En prenant pour DW ' 30 (la valeur
estimée pour le rapport de composition entre noyau et manteau, généralement utilisée pour
interpréter le chronomètre Hf-W), on obtient ∆ ≥ 17. Cela suggèrerait que le métal apporté
par chaque impact a dû être équilibré “en moyenne” avec une quantité de silicates de plus de
17 fois sa masse [Deguen et al., 2014a], ce qui indiquerait une dispersion importante de la
phase métallique au cours de la différentiation, une contrainte potentiellement forte sur les
mécanismes de séparation des phases.

Interprétation du fractionnement chimique estimé entre noyau et manteau

La mise en équation pour des éléments non-radioactifs du modèle décrit figure 2.1 donne
deux équations différentielles du premier ordre à coefficients variables pour l’évolution de la
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concentration d’un élément donné (x) dans le manteau et le noyau. Les solutions de ces deux
équations peuvent être écrites littéralement en faisant intervenir des intégrales mettant en jeu
l’évolution au cours de l’accrétion du coefficient de partage thermodynamique aux conditions
d’équilibrage, de l’efficacité d’équilibrage, et du fractionnement noyau/manteau des impacteurs
[Deguen, in prep.]. Le coefficient de partage effectif final noyau/manteau, Dfinal

x,c/m, est obtenu
en formant le rapport des concentrations dans le noyau et le manteau. On obtient

Dfinal
x,c/m =

1− F
F

1− Ix
Ix

, (2.4)

où

Ix =

ˆ 1

0

1 + ExR
imp
x,c/m

1 +Rimp
x,c/m

exp

(
−
ˆ 1

f

ExRx
f ′

df ′
)
df, (2.5)

F est la fraction massique de phase métallique dans la planète (supposée ici constante au cours
de l’accrétion), Rx = F/(1 − F )Dx, et R

imp
x,c/m = F/(1 − F )Dimp

x,c/m, où Dimp
x,c/m est le rapport

des concentrations dans le noyau et le manteau de l’impacteur [Deguen, in prep.].
La première conclusion qui s’impose est que l’expression obtenue pour Dfinal

c/m est loin d’être
transparente, et son interprétation ardue. Le fractionnement final n’est pas donné par une
simple moyenne pondérée des coefficients de partage aux conditions rencontrées lors de chaque
ajout de métal au noyau. La raison en est que le transfert d’éléments chimiques entre métal
et silicates dépend de la composition chimique du manteau de la planète, qui elle même est
fonction des épisodes précédents de différentiation.

À travers l’équation (2.4), l’estimation du fractionnement final entre le noyau et le manteau
apporte des contraintes intégrales (une par élément) sur l’évolution au cours de l’accrétion de
la valeur du coefficient de partage auquel se fait l’équilibrage, et de l’efficacité d’équilibrage et
du fractionnement noyau/manteau des impacteurs. En faisant l’hypothèse que les coefficients
de partage ont évolué de manière monotone (croissants ou décroissants) au cours de l’accrétion,
j’ai pu obtenir à partir de ces intégrales des bornes inférieure et supérieure sur la valeur de
Dx en fonction de la fraction accrétée. En utilisant les expressions de Dx en fonction de P , T ,
fO2 obtenues expérimentalement, on peut convertir ces bornes sur Dx en des bornes sur la
pression et la température d’équilibrage Peq(f) et Teq(f). Cette approche permet de s’affranchir
de l’hypothèse d’une pression d’équilibrage égale à une fraction fixe de la pression à la CMB
(fonction de la taille de la proto-Terre). Cette hypothèse a à ma connaissance toujours été
faite dans les modèles d’accretion permettant une évolution des conditions d’équilibrage [e.g.
Rudge et al., 2010; Rubie et al., 2011; Siebert et al., 2012; Rubie et al., 2015; Badro et al.,
2015; Fischer et al., 2015].

Je n’ai jusqu’ici considéré que les éléments Ni, Co, V, et Cr, qui sont à ce jour les seuls
éléments donc le comportement est bien connu jusqu’à des pressions proches de celle de la
CMB actuelle [Siebert et al., 2012; Fischer et al., 2015]. En faisant de plus l’hypothèse que
l’équilibrage a lieu à la base d’un océan de magma dont la température est au liquidus du
manteau primitif [Andrault et al., 2011], j’ai pu obtenir les bornes représentées sur la figure
2.2, pour plusieurs valeurs de k et ∆. Par souci de simplicité, la fugacité d’oxygène est ici
supposée constante (∆IW= −2.3). Sur cette figure, sont représentées en couleur les bornes
inférieures et supérieures correspondant aux quatre éléments considérés. Les zones colorées en
bleu correspondent aux domaines interdits de l’espace (f, Peq), ou, de manière équivalente,
(f, Teq). D’après ces bornes, la pression et la température d’équilibrage ont nécessairement
évolué dans la zone blanche située entre les courbes colorées.

Dans le cas d’un équilibrage parfait, la figure 2.2 montre que la pression d’équilibrage a dû
être inférieure à environ la moitié de la pression de la CMB jusqu’à ce que la Terre atteigne
une masse d’environ 90% de sa masse finale, excepté au début de l’accrétion. En revanche, la
pression et la température d’équilibrage ne sont plus bornées par le haut pendant les 10 derniers
% de l’accrétion. Les bornes obtenues sont donc naturellement cohérentes avec le scénario
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Figure 2.2
Bornes inférieures et supérieures sur le chemin Peq(f) obtenues à partir des éléments Ni, Co, V, et Cr
sous l’hypothèse d’un équilibrage parfait (Fig. a) ) ou imparfait : b) k = 0.7, ∆ = ∞, c) k = 0.47,
∆ = ∞, c) k = 0.3, ∆ = ∞, e) k = 1, ∆ = 5, f) k = 1, ∆ = 2.8, et g) k = 1, ∆ = 2.5. Sont aussi
représentés pour référence la pression à la CMB en fonction de f (ligne noire tiretée) et la moitié de
la pression à la CMB (ligne tiretée grise).

canonique de formation de la Lune à l’issue de la collision de la proto-Terre avec un corps de
la taille de Mars (soit environ 10% de la masse de la Terre) [Canup et al., 2000]. C’est un
résultat important, qui ne pouvait émerger des contraintes géochimiques qu’en autorisant une
évolution libre de la pression d’équilibrage. On peut noter que les bornes obtenues autorisent
(de justesse !) une accrétion où la pression d’équilibrage est une fraction fixe de la pression de
la CMB (ici environ 50%).

Un équilibrage imparfait (k < 1 ou ∆ fini) privilégie généralement des conditions d’équi-
librage de plus hautes pression et température. En outre, la fraction accrétée à laquelle la
pression et la température d’équilibrage ne sont plus bornées par le haut est plus petite que
dans le cas d’un équilibrage parfait. Cela autorise donc une collision finale avec un corps plus
massif.

Un point important pour finir : lorsque l’on diminue k ou ∆, la borne inférieure de certains
éléments se rapproche de la borne supérieure d’autres éléments. Lorsque ces bornes finissent par
se rejoindre, aucun trajet Peq(f) ne peux expliquer les données. Ceci démontre qu’une efficacité
d’équilibrage minimale est nécessaire pour pouvoir expliquer le fractionnement noyau/manteau
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estimé de ces éléments. On obtient donc des bornes inférieures pour les valeurs de k et ∆ : k >
0.47 et ∆ > 2.8. Ces bornes dépendent cependant assez fortement du modèle de composition
supposé, et la prise en compte d’incertitudes plus fortes sur la composition du manteau et du
noyau peut diminuer de manière significative la valeur de ces bornes. En revanche, l’utilisation
d’éléments supplémentaires, qui devrait être possible dans le futur, permettra d’apporter des
contraintes plus fortes sur l’évolution des conditions d’équilibrage au cours de l’accrétion.

2.2 Séparation métal/silicates dans un océan magmatique

Malgré l’inversion simultanée de plusieurs systèmes isotopiques et du fractionnement des
éléments sidérophiles, les modèles géochimiques de différentiation restent sous-contraints, et
pâtissent d’une compréhension insuffisante des processus physiques mis en jeux. Un des para-
mètres clef pour l’interprétation de ces données est l’efficacité d’équilibrage chimique métal-
silicates – l’efficacité avec laquelle métal et silicates ont pu échanger des éléments chimiques
au cours de la formation du noyau. La discussion de la partie 2.1 a montré l’importance du
paramètre d’efficacité d’équilibrage Ex pour l’interprétation des données géochimiques. Plus
précisément, l’expression de Ex (equation (2.3)) montre que l’estimation de Ex nécessite d’une
part une compréhension des mécanismes de transfert chimique (paramètre k du modèle en
boîte), et d’autre part d’estimer le rapport ∆ des masses de silicates et métal ayant interagi.
Ces paramètres, même s’il peuvent être contraints dans une certaine mesure par la géochimie
[Halliday, 2004; Nimmo et al., 2010; Rudge et al., 2010; Fischer & Nimmo, 2018], dépendent
de processus de mélange gouvernés par la mécanique des fluides.

L’efficacité d’équilibrage dépend de l’aire spécifique de l’interface séparant métal-silicate
(aire de l’interface/volume de métal et silicates en jeu), et de l’efficacité du transport diffusif
et convectif dans les deux phases. Les modèles de formation des planètes du système solaire
indiquent qu’une fraction importante de la masse de la Terre a probablement été apportée sous
la forme d’embryons planétaires déjà différenciés, lors d’impacts suffisamment énergétiques
pour assurer la fusion d’une fraction significative de la planète. Il est généralement supposé
que l’équilibrage métal/silicates nécessite la fragmentation de la phase métallique en gouttes
[e.g. Stevenson, 1990; Karato & Murthy, 1997; Rubie et al., 2003]. Toute la question est alors
de savoir si le métal issu des noyaux des impacteurs (diamètre 10-1000 km) peut se fragmenter
lors de sa migration à travers le manteau fondu, jusqu’à des échelles suffisamment petites (< 10
cm ?) pour permettre un ré-équilibrage efficace.

Un des objectifs de mes recherches sur ce sujet est de quantifier les échanges chimiques et
thermiques entre métal et silicates au cours de la différentiation, et de proposer des estimations
des paramètres d’équilibrage à partir de modélisation dynamique des processus de séparation
de phase. L’intérêt est double : (i) d’une part ce type de modèle permettrait d’interpréter
en termes de processus physiques les contraintes obtenues par la géochimie sur l’efficacité
d’équilibrage ; (ii) et d’autre part il est aussi possible d’utiliser les prédictions des modèles
dynamiques pour fixer l’efficacité d’équilibrage dans les modèles géochimiques plutôt que le
considérer comme un paramètre libre. Je me suis jusqu’ici concentré sur les processus de
ségrégation dans un océan magmatique, qui est la configuration la plus propice à des échanges
chimiques et thermiques entre métal et silicates.

2.2.1 Nombres sans-dimension

Considérons dans un premier temps un volume de métal, de forme initialement sphérique,
chutant dans un océan magmatique (figure 2.3). On note U sa vitesse de chute et R0 son
rayon, ρm,s et νm,s les masses volumiques et viscosités cinématiques des phases métal (indice
“m”) et silicate (indice “s”), γ la tension interfaciale entre les deux phases, et g l’accélération
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~v

ρm, ηm

ρs, ηs

γ

Figure 2.3
Définition de la géométrie d’étude : un volume d’un liquide de masse volumique ρm (la phase métal-
lique) et de viscosité dynamique ηm chute à une vitesse verticale U dans un second liquide (l’océan
magmatique) de masse volumique ρs < ρm et de viscosité dynamique ηs. On note γ la tension interfa-
ciale entre les deux liquides.

de la gravité. Ce problème est caractérisé par les nombres sans dimensions suivants :

Re =
UR0

νs
, We =

ρsU
2R0

γ
, Bo =

(ρm − ρs)gR2
0

γ
,

ρm
ρs
,

νm
νs
, (2.6)

où le nombre de Reynolds Re compare l’inertie aux forces visqueuses, le nombre de Weber We
compare l’inertie à la tension de surface, et le nombre de Bond Bo compare la flottabilité à la
tension de surface. Le problème décrit par la figure 2.3 – un volume d’un fluide chutant dans
un autre fluide – est un problème classique de mécanique des fluides, qui peut sembler simple
au premier abord. Cependant, le nombre important de nombres sans-dimension indépendants
(5) suggère que des dynamiques variées peuvent être possibles en fonction des valeurs de ces
nombres sans-dimension. C’est effectivement le cas, et une partie non négligeable de l’espace
des paramètres a été explorée, montrant des facettes variées du problème formalisé par la figure
2.3 : chute et fragmentation d’une goutte de pluie [Villermaux & Bossa, 2009], remontée de
“grandes” bulles d’air [Davies & Taylor, 1950], diapirs métalliques migrant à travers un manteau
cristallisé [Samuel & Tackley, 2008; Monteux et al., 2009; Samuel et al., 2010], etc... La gamme
de paramètres pertinents pour la chute d’un volume de métal dans un océan magmatique n’a
cependant été approché que récemment [Deguen et al., 2014a; Landeau et al., 2014; Wacheul
et al., 2014; Wacheul & Le Bars, 2017]. La difficulté de ce problème vient des conditions
dynamiques extrêmes des processus d’accrétion et de différentiation. Un volume de fer de rayon
10 km chutant à une vitesse de 100 m/s (des valeurs modestes pour un impact planétaire) a
un nombre de Reynolds de l’ordre de 1011, un nombre de Weber de l’ordre de 1012 et un
nombre de Bond de l’ordre de 1012. Re, We et Bo sont tous trois très grands : il s’agit donc
d’un processus probablement extrêmement turbulent, pour lequel la tension interfaciale et la
viscosité ont un effet négligeable sur une grande gamme d’échelles spatiales. Ceci suggère que
la dispersion de la phase métallique pourrait être prédite par des modèles ignorant la tension
interfaciale. En revanche, la tension interfaciale jouera un rôle important pour la structure de
l’écoulement à petites échelles, qui est déterminante pour le transfert d’éléments chimiques
entre métal et silicates.

Des conditions de similitude parfaite avec un impact planétaire sont impossibles à atteindre,
que ce soit par le biais de simulations numériques ou d’expériences en laboratoire, mais des
expériences dans des conditions de grands nombres de Weber, Bond et Reynolds peuvent
permettre de comprendre la physique en jeu et de développer des modèles de fragmentation et
de transfert chimique applicables au cas d’impacts planétaires. Ces conditions sont difficiles à
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atteindre dans des simulations numériques, car nécessitant une résolution spatiale et temporelle
très fine, et les simulations numériques réalisées à ce jour se sont limitées à des nombres de
Reynolds, Weber et Bond modérés pour lesquels l’écoulement reste laminaire [Ichikawa et al.,
2010; Samuel, 2012]. Nous avons pu en revanche réaliser une série d’expériences, utilisant
des solutions aqueuses pour modéliser la phase métallique et une huile de silicone de faible
viscosité pour modéliser l’océan magmatique, qui ont permis d’atteindre des conditions que
l’on pense pertinentes pour le problème de la différentiation manteau/noyau [Deguen et al.,
2014a; Landeau et al., 2014, 2016; Deguen & Risso, in prep.]. Le choix de ces liquides permet
d’atteindre des nombres de Reynolds, Weber et Bond grand devant 1 (de l’ordre de 104, soit
2 à 3 ordres de grandeur plus grand que dans les simulations numériques publiées à ce jour),
tout en ayant un rapport de densité similaire au couple fer/silicates.

2.2.2 Dispersion – entrainement turbulent

Au vu des valeurs extrêmement grandes de Bo et We, il est pertinent d’ignorer dans
un premier temps tout effet de la tension interfaciale, et de s’intéresser au cas de liquides
immiscibles, qui peut être vu comme la limite Bo,We→∞. Ce type d’écoulement constitue
ce qu’on appelle communément en mécanique des fluides un thermique turbulent (même si la
théorie peut s’appliquer aussi bien à une flottabilité d’origine compositionnelle que d’origine
thermique 1).

La figure 2.4a illustre l’évolution d’un tel thermique : un volume d’une solution aqueuse de
NaI colorée (ρ = 1502 kg.m−3) est lâché dans un grand volume d’eau. Les cinq clichés successifs
de la figure 2.4a montrent que la zone colorée grandit au cours de sa chute, ce qui indique
un mélange entre la solution colorée et l’eau environnante. En mesurant le rayon moyen de la
zone colorée, on observe que celui-ci augmente linéairement avec la distance verticale parcourue
[Batchelor, 1954; Morton et al., 1956].

Un modèle prédisant l’évolution de la dimension du thermique et de sa vitesse peut clas-
siquement être obtenu soit par analyse dimensionnelle [Batchelor, 1954], soit à partir des
lois de conservation de la masse et de la quantité mouvement en faisant l’hypothèse dite
d’entrainement turbulent, qui suppose que le flux de liquide ambiant entrainé dans le ther-
mique est proportionnel à la vitesse verticale moyenne du thermique. Le coefficient de propor-
tionnalité est le coefficient d’entrainement usuellement noté α [Morton et al., 1956]. Ce type
de modèle permet de prédire une croissance linéaire du rayon moyen du thermique,

R = R0 + α(z − z0), (2.7)

où z0 est l’origine virtuelle (qui peut être différente de la position initiale du thermique), et
une vitesse verticale de la forme

vz =
B1/2

R0
f

(
z − z0

R0
, α

)
(2.8)

→
(
B

2α3

)1/2

z−1 lorsque R� R0 (2.9)

où

B =
ρm − ρs
ρs

gR3
0 (2.10)

est la flottabilité totale de la phase métallique. L’expression de la fonction f peut par exemple
être trouvée dans Deguen et al. [2014a] ou Landeau et al. [2014] pour une différence de densité
ρm − ρs qui n’est pas nécessairement petite devant ρs.

1. Le terme thermique, ou thermal en anglais fait référence aux thermiques atmosphériques bien connus des
amateurs de vol à voile ou parapente. On peut d’ailleurs noter à ce sujet les travaux de Betsy Woodward,
amatrice de vol à voile, qui a réalisé à bord de son planeur des observations sur la structure du champ de
vitesse à l’intérieur de thermiques atmosphériques [Woodward, 1958] et les a ensuite comparé à des expériences
en laboratoire qu’elle a réalisé à Imperial College [Woodward, 1959].
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a) Thermique turbulent miscible

b) Thermique turbulent immiscible

Figure 2.4
Thermiques turbulents miscible (a) et immiscible (b). L’échelle spatiale des deux séries de photos est
la même, la largeur de chaque image étant de 19 cm. a) Évolution d’un volume de 169 mL d’une
solution aqueuse de NaI (ρ = 1502 kg.m−3) chutant dans de l’eau, à Re = 4 × 104, ρm/ρs = 1.5,
ηm/ηs = 1. L’intervalle de temps entre chaque image est de 0.3 s. b) Évolution d’un volume de 169 mL
d’une solution aqueuse de NaI (ρ = 1601 kg.m−3) chutant dans de l’huile de silcone (ρ = 821 kg.m−3,
η = 8.2 × 10−4 Pa.s), à Bo = 3.4 × 104, Re = 5.5 × 104, ρm/ρs = 1.95, ηm/ηs = 1.2. L’intervalle de
temps entre chaque image est de 0.2 s.

Dans l’article Deguen et al. [2011b], nous avons fait l’hypothèse que le modèle d’entrai-
nement turbulent pouvait être appliqué au cas d’un volume de fer chutant dans un océan
magmatique, malgré l’immiscibilité des deux phases. Nous avons ensuite pu tester cette hypo-
thèse dans deux articles [Deguen et al., 2014a; Landeau et al., 2014] où nous avons démontré
expérimentalement la validité des lois (2.7) et (2.8) dans le cas de liquides immiscibles lorsque
le nombre de Weber est suffisamment grand. La figure 2.4b montre une série de clichés d’une
telle expérience, où un volume de 169 mL d’une solution aqueuse de NaI (ρ = 1601 kg.m−3)
est lâché dans une cuve remplie d’huile de silicone de faible viscosité (1cst). On peut noter
la similitude qualitative entre ce thermique turbulent immiscible et le thermique miscible de
la figure 2.4a. L’analogie tient aussi de manière quantitative : les lois prédisant l’évolution du
rayon moyen et de la vitesse (équations (2.7) et (2.8)) sont vérifiées expérimentalement pour
des valeurs du coefficient d’entrainement (α = 0.25± 0.5) similaires aux valeurs typiquement
obtenues avec des fluides miscibles. Le mécanisme d’entrainement ne semble donc pas être af-
fecté par la tension de surface lorsqueWe� 1. Ce régime d’entrainement turbulent a aussi été
observé par Wacheul et al. [2014] et Wacheul & Le Bars [2017] dans des expériences utilisant
du gallium et des solutions de glycerol de différentes viscosités.
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Figure 2.5
Champs de vitesse (flèches) et de vorticité (échelle de couleur) obtenus par vélocimétrie PIV durant
une expérience semblable à la figure 2.4b, où 169 mL d’une solution aqueuse de NaI à ρ = 1280 kg.m−3
chute dans une huile de silicone à 1cst, Bo = 2 × 104, Re = 4.2 × 104, ρm/ρs = 1.56, ηm/ηs = 1.2.
La concentration de NaI a été choisie pour que son indice optique soit le même que celui de l’huile
de silicone, pour éviter toute déformation optique des images utilisées pour déterminer le champ de
vitesse. La figure de droite montre un agrandissement de la figure de gauche, avec le champ de vitesse
représenté sur une grille spatiale plus dense. Les distances sont normalisées par le rayon initial r0 = 3.4
cm de la solution de NaI.

Il est important de bien noter que l’évolution du rayon moyen de la zone occupée par le
liquide dense ne reflète pas une simple dispersion de la phase dense, mais bien un entrainement
du liquide ambiant, qui se déplace ensuite avec le liquide dense. En d’autres termes, il n’y a
dans ce régime pas (ou peu) de vitesse différentielle entre le liquide dense et le liquide ambiant
entrainé. Ce point est vérifié de manière indirecte par le fait que la vitesse expérimentalement
déterminée vérifie bien l’équation (2.8), qui fait l’hypothèse que le liquide entrainé a la même
vitesse verticale moyenne que le liquide dense. Nous avons pu aussi le vérifier expérimentale-
ment de manière plus directe via : (i) la détermination du champ de vitesse [Deguen, in prep.]
qui montre que l’écoulement prend la forme de celui d’un anneau de vorticité (figure 2.5), sans
différence apparente de vitesse entre les deux phases, et (ii) qualitativement par ombroscopie :
les deux liquides sont initialement portés à des températures différentes, et on visualise les va-
riations spatiales d’indice optique (dues aux variations spatiales de température) en éclairant
la cuve avec une source de lumière parallèle. Dans ces expériences, on observe que les fluctua-
tions spatiales d’indice optique sont localisées pour l’essentiel à l’intérieur du thermique, ce
qui montre que seul le liquide entrainé échange de la chaleur avec le liquide dense, et que ce
liquide chute bien à la même vitesse que le liquide dense.

Le point discuté dans le paragraphe précédent est important pour l’application aux modèles
géochimiques, car il permet d’estimer le paramètre ∆ introduit dans la partie 2.1 (le rapport
entre masse de silicates équilibré et métal équilibré, equation (2.1)). Si l’on suppose en effet
que la masse de silicates équilibrée est égale à la masse entrainée, le paramètre ∆ peut être
obtenu directement à partir de l’équation (2.7) donnant l’évolution du rayon de la zone de
mélange :

∆ =
ρs
ρm

[(
1 + α

z − z0

R0

)3

− 1

]
. (2.11)

Cette paramétrisation a depuis été utilisée dans plusieurs modèles géochimiques de différen-
tiation [Rubie et al., 2015, 2016; Badro et al., 2016; Jacobson et al., 2017; Suer et al., 2017;
Siebert et al., 2018; Mahan et al., 2018a,b].

Cette paramétrisation est valable jusqu’à ce que la phase métallique se sépare des silicates
entrainés, ce qui est possible une fois la phase métallique fragmentée si la vitesse de sédimen-
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a) Fragmentation par instabilité capillaire

b) Fragmentation de nappe

Figure 2.6
Deux mécanismes de fragmentation extraits de photographies de l’expérience montrée dans la
figure 2.4b [Deguen & Risso, in prep.]. a) Séquence d’images (pas de temps ∆t = 10 ms) montrant
la fragmentation d’un ligament par instabilité capillaire. La largeur de chaque image est de 1 cm. b)
Séquence d’images (pas de temps ∆t = 20 ms) montrant la fragmentation d’une nappe. La largeur de
chaque image est de 1.8 cm.

tation des fragments est inférieure à la vitesse du thermique. La vitesse du thermique finit
toujours par diminuer (equation (2.9)) en raison de l’incorporation du fluide entrainé, dont
la quantité de mouvement est initialement nulle, et cette condition peut donc finir par être
vérifiée si la profondeur de l’océan magmatique est suffisamment grande. Lorsque la vitesse
d’ensemble devient inférieure à la vitesse de sédimentation des fragments, l’écoulement ne peut
plus porter ces fragments, qui perdent alors leur mouvement collectif et se séparent du ther-
mique [Noh & Fernando, 1993; Buehler & Papantoniou, 2001; Bush et al., 2003; Deguen et al.,
2011b]. D’après l’équation (2.9), cela a lieu à une profondeur zsep ∼ B1/2/vsed, où vsed est la
vitesse de sédimentation des fragments. Nous n’avons pas à ce jour de prédiction théorique de
la profondeur à laquelle cette séparation de phases peut avoir lieu (il nous manque pour cela un
modèle robuste de fragmentation), mais dans le contexte de la différentiation noyau/manteau
il semble assez peu probable que ce phénomène ait été important. Pour une taille de fragments
de l’ordre du centimètre (vitesse terminale de sédimentation de l’ordre de ∼ 0.3 m/s) et un
rayon initial R0 & 10 km, on trouve zsep & 60 000 km, soit une distance très supérieure à
l’épaisseur du manteau.

2.2.3 Fragmentation, brassage, et mélange

Fragmentation

L’observation des expériences décrites dans la partie 2.2.2 montre que la fragmentation
du liquide dense en gouttelettes se produit pour l’essentiel lors d’un évènement global et
localisé dans le temps. Dans la figure 2.4b, la phase dense est essentiellement continue jusqu’au
troisième cliché, et presque entièrement fragmentée en gouttelettes au quatrième cliché. La
formation de gouttes ne résulte donc pas d’une cascade de fragmentation telle qu’envisagée
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Figure 2.7
Modèle conceptuel d’évolution d’une masse de métal liquide chutant dans un océan magmatique [Lherm
& Deguen, submitted].

par Rubie et al. [2003] et Samuel [2012], où une suite d’épisodes de fragmentation induirait une
diminution progressive de la taille des fragments, jusqu’à une taille d’équilibre où la tension
de surface ou la viscosité empêcherait toute fragmentation supplémentaire. Nous n’avons pas
observé de fragmentation secondaire ou de coalescence entre gouttes, ce qui implique que la
distribution de taille des fragments est fixée par cet évènement de fragmentation.

L’analyse d’images obtenues grâce à une caméra rapide (1000 images/s) montre que la
formation de gouttelettes résulte de deux mécanismes [Deguen & Risso, in prep.] :

1. la fragmentation de structures cylindriques – que l’on appellera ligaments par la suite –
via l’instabilité capillaire de Rayleigh-Plateau, comme illustré par la séquence de clichés
de la figure 2.6a.

2. la fragmentation de films de liquide dense, tel qu’illustré par les clichés de la figure
2.6b. Ce régime de fragmentation passe par la formation et l’étirement d’un film de
liquide dense qui, une fois percé, se rétracte très rapidement pour former des ligaments
se fragmentant ensuite par instabilité capillaire.

Ces deux modes de fragmentation sont classiquement observés dans des problèmes de frag-
mentation liquide, dans des contextes très variés. En fait, il semblerait que la fragmentation
liquide passe nécessairement par une instabilité capillaire [Villermaux, 2007], quelque soit la
nature de l’écoulement. Ce qui varie d’un problème à l’autre est la séquence de mécanismes
aboutissant à la formation de ligaments susceptibles de fragmenter par instabilité capillaire.
Dans nos expériences, la séquence observées est la suivante (figure 2.7) : (i) l’interface est
déstabilisée et déformée par l’effet combiné du cisaillement et du contraste de densité entre
les phases (instabilité mixte Rayleigh-Taylor / Kelvin-Helmoltz) ; (ii) les structures tridimen-
sionnelles générées par la déstabilisation de l’interface sont étirées et brassées par l’écoulement
moyen et les fluctuations du champ de vitesse (figure 2.5) ; (iii) ce brassage produit ligaments
et nappes, qui se fragmenteront ensuite pour produire une population de gouttes.

Dans ce scénario, l’instabilité capillaire se développe sur des ligaments étirés par l’écou-
lement. C’est un point important car l’étirement est connu pour retarder significativement
la fragmentation [Taylor, 1934; Tomotika, 1936; Mikami et al., 1975; Eggers & Villermaux,
2008]. La raison principale est la suivante. Supposons un ligament étiré, de rayon moyen r0(t),
dont la surface est modulée par une perturbation longitudinale de longueur d’onde λ (ou de
nombre d’onde k = 2π/λ). L’étirement du ligament affectera aussi la perturbation, qui verra
sa longueur d’onde augmenter en proportion de l’étirement. Si l’on suppose que la longueur
d’onde initiale correspond à la longueur d’onde optimale pour la croissance de l’instabilité
capillaire, l’augmentation de la longueur d’onde aura pour conséquence de diminuer le taux
de croissance de la perturbation. La croissance de l’instabilité jusqu’à fragmentation nécessite
donc que le taux d’étirement soit suffisamment faible pour laisser le temps à une perturbation
d’une longueur d’onde initiale donnée de grandir avant que sa longueur d’onde n’ait signifi-
cativement augmenté. En pratique, cela nécessite que le taux de croissance σ de l’instabilité
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Figure 2.8
Expérience de fragmentation d’un thermique immiscible visualisée grâce à une technique de fluorescence
induite (PLIF) : un colorant fluorescent (Rhodamine B) est ajouté à la solution de NaI, et est excité
par un plan laser vertical. L’expérience a été réalisée dans des conditions identiques à l’expérience de
la figure 2.5 : 169 mL d’une solution aqueuse de NaI à ρ = 1280 kg.m−3 chutant dans une huile de
silicone à 1cst, Bo = 2 × 104, Re = 4.2 × 104, ρm/ρs = 1.56, ηm/ηs = 1.2. Le pas de temps séparant
chaque image est égal à 0.2 s.

Rayleigh-Plateau, qui est donné par

σ =

(
γ

2ρr3
0

)1/2 [
(kr0)2 − (kr0)4

]1/2 (2.12)

si λ > 2πr0 [e.g. Eggers & Villermaux, 2008], soit supérieur au taux d’étirement ε̇ :(
γ

2ρr3
0

)1/2 [
(kr0)2 − (kr0)4

]1/2
> ε̇.

La prédiction de la distance de fragmentation nécessite donc le développement d’un modèle
pour l’évolution du taux de déformation ε̇ et pour la formation des ligaments et l’évolution
de leur rayon. Le taux de déformation ε̇ dépend à la fois de l’écoulement moyen, qui est bien
compris (partie 2.2.2), et des fluctuations du champs de vitesse, qui restent à quantifier et
modéliser. Une analyse dimensionnelle suggère une loi de la forme ε̇ ∼ vz

RWe(z)3/5 (R et vz
étant donnés par les équations (2.7) et (2.8)). Cette loi d’échelle s’avère être en raisonnablement
bon accord avec nos résultats expérimentaux, mais la gamme de valeurs testées (Bo et We)
est encore insuffisante pour la valider.

Brassage et mélange

Commençons par un point de vocabulaire. Pour les spécialistes de la mécanique des fluides
du mélange, le mélange (mixing en anglais) comprend l’ensemble des étapes menant à l’homo-
généisation à l’échelle moléculaire d’un champ, généralement scalaire, tel que la température
ou la concentration. L’état final mélangé correspond à un état de température ou composition
uniforme. Le mélange est un processus irréversible, impliquant nécessairement un effet de la
diffusion pour atteindre un état final mélangé où la température et la composition sont uni-
formes à l’échelle moléculaire. L’agitation et la déformation du champ scalaire constitue ce
qu’on appellera brassage (stirring). Le brassage, contrairement au mélange, est un processus
réversible : même s’il peut mener à une homogénéisation apparente du système, chaque parti-
cule fluide garde ses température et composition initiales, et il est possible mécaniquement de
revenir à l’état initial.
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Dans le cadre de cette définition, il peut sembler incongru de parler de mélange dans un
écoulement diphasique, mais l’utilisation de ce terme est cependant pertinente si l’on s’inté-
resse à l’évolution d’un champ scalaire (température ou concentration) défini dans les deux
phases. L’état final mélangé correspond dans ce cas à l’état d’équilibre thermodynamique du
système, c’est à dire à une température et un potentiel chimique uniformes. On parlera donc
de brassage pour l’évolution de l’interface métal/silicates, et bien de mélange pour l’évolution
de la température ou de la composition (homogénéisation de la température et du potentiel
chimique).

Nous avons vu dans la sous-partie précédente que la fragmentation de la phase métallique
nécessite la formation de nappes et de ligaments. Cela implique donc une évolution de la
topologie de la phase métallique permettant de passer d’une géométrie compacte (un noyau
d’impacteur proche d’une sphère, ou le volume de solution aqueuse libéré dans nos expériences)
à un ensemble de ligaments et de nappes de métal pouvant se fragmenter. Nos expériences
suggèrent que cette évolution de la topologie résulte de l’interaction entre des instabilités de
l’interface (Rayleigh-Taylor / Kelvin-Helmoltz), l’écoulement moyen, et les fluctuations du
champ de vitesse. Aux temps intermédiaires entre l’initiation de la déformation et la fragmen-
tation, la phase métallique se trouve sous la forme de nappes et de ligaments étirés par le champ
de vitesse ambiant. Des expériences où une technique de visualisation par fluorescence induite
a été utilisée montrent clairement que la phase dense est vigoureusement étirée avant qu’elle ne
se fragmente (figure 2.8). L’équilibrage chimique et thermique entre métal et silicates pourrait
débuter lors de cette phase : l’étirement de la phase métallique pourrait permettre un trans-
fert chimique/thermique efficace en augmentant l’aire spécifique de l’interface métal/silicates
et en maintenant des gradients forts au niveau des interfaces, via le mécanisme de stretching
enhanced diffusion bien connu dans le domaine du mélange [Ranz, 1979; Ottino et al., 1979;
Olson et al., 1984; Gurnis, 1986; Kellogg & Turcotte, 1987; Ottino, 1989; Villermaux, 2004;
Coltice & Schmalzl, 2006; Ricard, 2007].

Le mécanisme de stretching enhanced diffusion est le suivant : Supposons une tache de
colorant, initialement localisée, dans un fluide en mouvement. A moins que l’écoulement ne
soit uniforme, la tache de colorant sera déformée en fonction des propriétés locales du tenseur
des déformations, et en particulier des directions principales de déformation. En 2D, la tache
sera étirée dans l’une des directions principale de déformation, et compressée dans l’autre. En
3D, la tache sera soit étirée dans l’une des directions principale de déformation et compressée
dans les deux autres (ce qui mènera à la formation d’un filament de forme ∼ cylindrique), soit
compressée dans l’une des directions principales et étirée dans les deux autres (ce qui mènera
à la formation d’une nappe). Ce changement de topologie peut accélérer de manière drastique
l’homogénéisation du colorant, et ce pour deux raisons : (i) d’une part l’étirement augmente
l’aire de la surface d’échange entourant la tache de colorant, et (ii) la compression, qui est
essentiellement parallèle au gradient de concentration, maintient un gradient de concentration
fort, ce qui permet un transport diffusif efficace. L’effet de l’étirement sur le temps caracté-
ristique d’homogénéisation du colorant est important si le temps caractéristique d’étirement
(l’inverse du taux d’étirement) est petit devant le temps caractéristique de diffusion basé sur
la taille initiale de la tache de colorant. Dans cette limite, le temps d’homogénéisation dépend
peu de la diffusivité du colorant, et est fixé par le temps caractéristique d’étirement [e.g. Ranz,
1979; Kellogg & Turcotte, 1987; Villermaux, 2004].

Au cours de son stage de M2 et de sa première année de thèse, Victor Lherm a généralisé
le formalisme de ce mécanisme au cas de l’homogénéisation d’un scalaire dans un écoulement
biphasique, dans le but d’appliquer ensuite ce formalisme au transfert de masse et de chaleur
entre métal et silicates [Lherm & Deguen, submitted]. On considère donc un champ scalaire
distribué dans deux phases immiscibles. Ce champ scalaire peut varier de manière continue
(température) ou discontinue (composition) au niveau de l’interface séparant les deux phases
(lorsque l’on ignore les phénomènes de dissipation visqueuse et de compressibilité, une équiva-
lence mathématique stricte existe entre le problème thermique et le problème chimique [Lherm
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Figure 2.9
Évolution en fonction du temps normalisé ε̇t de la concentration (normalisée) au centre d’une nappe
étirée, à Pem = 1010 et Pes = 109, et un coefficient de partage Dm/s égal à 10−2, 1, ou 102.

& Deguen, submitted]). Victor a considéré les deux géométries pertinentes pour le mécanisme
de stretching enhanced diffusion : (i) le cas d’une nappe de métal compressée perpendiculaire-
ment à sa surface, et (ii) le cas d’un cylindre de métal étiré parallèlement à son axe de symétrie.
On note ε̇ la déformation principale, qui peut être au choix un taux d’élongation (dans le cas
du cylindre, déformation principale parallèle à l’axe du cylindre), ou un taux de compression
(dans le cas de la nappe, déformation principale perpendiculaire à la surface de la nappe). Le
problème est caractérisé par deux nombres de Péclet définis à partir du taux d’étirement ou
de compression ε̇, de l’épaisseur initiale e0 de la nappe, et des diffusivités chimique κχm (dans
la phase métal) et κχs (dans la phase silicate) :

Pem =
e2

0ε̇

κχm
, Pes =

e2
0ε̇

κχs
. (2.13)

Ces nombres mesurent l’importance relative de l’advection et de la diffusion de l’élément
chimique considéré.

Victor Lherm a pu obtenir des solutions analytiques pour l’évolution du champ scalaire
au cours du temps dans un cylindre étiré et une nappe compressée, dans le cas général où
les propriétés des deux phases (diffusivités thermique ou chimique, capacité calorifique) sont
différentes. La figure 2.9 montre l’évolution en fonction du temps de la concentration (norma-
lisée) au centre d’une nappe de métal étirée, pour des nombre de Péclet valant Pem = 1010 et
Pes = 109, et un coefficient de partage Dm/s égal à 10−2, 1, ou 102. Le temps est normalisé
par le temps caractéristique de déformation 1/ε̇. Il suffit de diviser ce temps par le nombre de
Péclet Pem pour obtenir un temps normalisé par le temps de diffusion e0/κ

χ
s . À ces valeurs de

Péclet, la concentration tend donc vers sa valeur d’équilibre en un temps très petit devant le
temps de diffusion τκχs = e0/κ

χ
s , de l’ordre de 10−9 × τκχs ! Un second point important à noter

est que le transfert d’éléments chimiques se fait sur un intervalle de temps resserré : dans le cas
Dm/s = 10−2 par exemple, le transfert d’éléments chimiques est insignifiant jusqu’à ε̇t ' 10, et
l’intégralité du transfert se fait entre ε̇t = 10 et ε̇t = 12. Ce n’est pas aussi drastique dans le cas
d’un coefficient de partage & 1, mais cette observation reste vraie : l’intégralité du transfert
d’éléments se fait pendant sur un intervalle de temps petit par rapport au temps de latence
durant lequel le transfert est négligeable. Dans le contexte de la formation du noyau, une im-
plication est qu’un équilibrage partiel serait moins probable qu’un équilibrage négligeable ou
presque parfait (i.e. k = 0 ou k = 1 dans le formalisme des modèles géochimiques).

On peut partir de la loi donnant l’évolution du champ scalaire en fonction du temps pour
obtenir des expressions analytiques pour le temps d’équilibrage t1/2, défini ici par le temps
auquel l’écart entre la valeur maximale de la température ou composition dans la phase métal-
lique et la valeur d’équilibre a été divisé par deux. Sous l’hypothèse d’un taux de compression ε̇
constant, l’expression générale obtenue pour t1/2 dans le cas compositionnel 2 admet deux ex-

2. Des expressions équivalentes existent pour le problème de transfert de la chaleur [Lherm & Deguen,
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pressions approchées dans les limites Dm/s � 1 (éléments sidérophiles) et Dm/s . 1 (éléments
lithophiles) :

t1/2 '
1

2ε̇
ln
(

2PesD
2
m/s + 1

)
si Dm/s � 1, (2.14)

t1/2 '
1

2ε̇
ln (2Pem + 1) si Dm/s . 1. (2.15)

On peut d’ores et déjà noter que le temps d’équilibrage dépend du coefficient de partage
(cela est vrai aussi pour l’équilibrage d’une goutte de métal [Ulvrová et al., 2011; Lherm &
Deguen, submitted]), ce qui est un point potentiellement important pour l’interprétation des
données géochimiques. Le point le plus important à noter est cependant l’effet du nombre
de Péclet. Lorsque PesD

2
m/s � 1 et Pem � 1, les équations (2.14) et (2.15) se réduisent à

t1/2 ' D2
m/se

2
0/κ

χ
s et t1/2 ' e2

0/κ
χ
m, ce qui correspond simplement aux temps caractéristiques

de diffusion basés sur l’épaisseur initiale de la nappe de métal, comme attendu dans la limite
de petites valeurs des nombres de Péclet. En revanche, le comportement change drastiquement
dans la limite de grands nombres de Péclet. Les équations (2.14) et (2.15) tendent alors vers

t1/2 '
1

2ε̇
ln
(

PesD
2
m/s

)
si Dm/s �

√
κχs
κχm

, (2.16)

t1/2 '
1

2ε̇
ln Pem si Dm/s �

√
κχs
κχm

. (2.17)

Dans cette limite, le temps d’équilibrage dépend faiblement (logarithmiquement) des diffusivi-
tés. À titre d’exemple, les temps d’équilibrage de deux espèces chimiques ayant une diffusivité
de 10−6 m2.s−1 (l’ordre de grandeur de la diffusivité thermique) et 10−12 m2.s−1 ne diffèrerent
que d’un facteur 2, malgré les 6 ordres de grandeur de différence de leurs diffusivité ! Le temps
d’équilibrage est donc essentiellement contrôlé par le taux d’étirement.

L’expression du champ de température ou de concentration permet aussi d’obtenir l’ex-
pression de l’épaisseur de la nappe de métal au temps t = t1/2, ce qui permet de donner
une idée du degré de brassage nécessaire pour permettre l’homogénéisation par diffusion. On
obtient ainsi

`χ ∼
2

Dm/s

(
κχs
ε̇

)1/2

(2.18)

dans le cas de l’homogénéisation d’un élément sidérophile, et

`T ∼
(κs
ε̇

)1/2
(2.19)

dans le cas de l’homogénéisation de la température, où κs est la diffusivité thermique dans la
phase silicate. Le rapport `χ/`T ∼ Dm/s (κs/κ

χ
s )

1/2 est en général grand : avec par exemple
κχs ∼ 10−10 m.s−2, κs ∼ 10−6 m.s−2, et Dm/s = 100, on obtient `χ/`T ∼ 104, ce qui indique
que l’équilibrage chimique est significativement plus tardif que l’équilibrage thermique. Des lois
similaires peuvent être obtenues dans le cas d’un cylindre étiré [Lherm & Deguen, submitted].
L’équilibrage y est un peu plus rapide et l’échelle d’équilibrage un peu plus grande, pour des
raisons géométriques.

Il est intéressant de tenter une estimation de ces longueurs, et de les comparer à des es-
timations de la taille des gouttes de métal qui résulteraient de la fragmentation. Le modèle
d’entrainement de la partie 2.2.2 (équations (2.7) et (2.8)) permet d’estimer le taux de dé-
formation associé à l’écoulement moyen, qui est typiquement > 10−4 s−1. (Le véritable taux
d’étirement est probablement plus grand en raison des fluctuations du champ de vitesse ; nos

submitted].
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estimations seront donc probablement surestimées). Avec ε̇ = 10−4, on obtient `χ entre 5 mm
et 0.05 mm pourDm/s comprit entre 1 et 100, et `T ∼ 15 cm. L’implication est que l’équilibrage
sera insignifiant si le brassage n’est pas suffisamment vigoureux pour étirer la phase métallique
jusqu’à ce point. Ces estimations sont données à titre indicatif : dans ce type de problème,
l’histoire de la déformation compte et les temps et longueurs d’équilibrage dépendent de la
dépendance temporelle de ε̇, qui reste à modéliser.

2.3 Travaux en cours et perspectives

2.3.1 Dynamique

Brassage, mélange, et fragmentation

Thèse de Victor Lherm

Les discussions de la partie 2.2.3 montrent que, dans la limite (Bo,Re) � 1, les proces-
sus de fragmentation et d’homogénéisation sont contrôlés pour une part importante par le
brassage (ou, plus généralement, par le tenseur taux de déformation ε̇(~x, t) et son évolution
temporelle). Avec Victor Lherm, nous avons dans un premier temps étudié ce problème avec
un point de vue cinématique, en imposant le taux d’élongation des structures et en calculant
leur temps d’homogénéisation (partie 2.2.3). Mais la dynamique du brassage reste à élucider :
nous pensons comprendre qualitativement la séquence de mécanismes permettant d’aller jus-
qu’à la fragmentation de la phase métallique (figure 2.7), mais nous avons besoin d’un modèle
quantitatif pour pouvoir être prédictif.

Victor a réalisé une première étude numérique de la déformation et de l’équilibrage d’un
volume de métal chutant dans un océan magmatique, dans des conditions de Reynolds et Bond
relativement grands. Pour des raisons de coût numérique, ces simulations ont été réalisées en
2D (ce qui ne permet pas l’étude de la fragmentation), mais un régime de brassage vigoureux
a pu néanmoins être atteint, qualitativement similaire aux expériences réalisées dans le régime
d’entrainement turbulent. Cette première étude numérique sera suivie par plusieurs études
expérimentales du mélange dans des écoulements que l’on rendra progressivement de plus en
plus proche de l’écoulement suivant un impact planétaire :

1. Dans un premier temps, on s’intéressera à l’homogénéisation dans des thermiques turbu-
lentsmiscibles (obtenus en libérant un volume d’eau salée dans de l’eau douce). Bien qu’il
s’agisse d’un écoulement “classique” de mécanique des fluides [e.g. Morton et al., 1956;
Scorer, 1957; Turner, 1957], cet écoulement a été assez peu étudié avec des techniques
expérimentales modernes et l’analyse de cet écoulement a pour l’instant été essentielle-
ment limité à la quantification de grandeurs intégrales – vitesse verticale, entrainement,
circulation – [Morton et al., 1956; Scorer, 1957; Turner, 1957; Bond & Johari, 2005,
2010], ou à celle de la structure moyenne des champs de concentration et de vorticité
[Zhao et al., 2013]. L’utilisation simultanée de vélocimétrie PIV et de mesure de concen-
tration par fluorescence induite PLIF (en ajourant un colorant fluorescent à l’eau salée,
et en éclairant l’expérience avec un plan laser) permettra de quantifier en fonction du
nombre de Reynolds le champ de vitesse et ses fluctuations, l’évolution de la topologie
des hétérogénéités de concentration du traceur fluorescent, la distribution spatiale (pdf)
de ce traceur, et le temps caractéristique d’homogénéisation.

2. On cherchera ensuite à quantifier le brassage et l’homogénéisation dans des thermiques
turbulents immiscibles tels que discutés dans la partie 2.2.2 : un volume d’une solution
aqueuse libérée sans vitesse initiale dans un bain d’huile de silicone de faible viscosité (fi-
gures 2.4 et 2.8). Comme dans le cas miscible, l’utilisation de vélocimétrie PIV permettra
de mesurer le champ de vitesse, et l’ajout d’un colorant fluorescent dans la phase aqueuse
permettra d’étudier l’évolution et l’étirement de l’interface entre les deux liquides. Pour
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être utilisées dans un écoulement diphasique, ces deux techniques nécessitent de mini-
miser au maximum la différence d’indices optiques entre les deux liquides pour éviter de
trop fortes distorsion optiques des champs de vitesse et de concentration. L’utilisation
d’une huile de silicone et d’une solution aqueuse de NaI permet un ajustement fin des
indices optiques en jouant sur la concentration de NaI (figures 2.5 et 2.8). L’étude de
l’homogénéisation d’un champ scalaire entre les deux phases sera plus difficile dans le
cas immiscible. On peut s’intéresser au transfert thermique entre les deux phases, en li-
bérant la solution aqueuse avec une température différente de celle de l’huile [Wacheul &
Le Bars, 2017]. Plusieurs techniques expérimentales sont envisageables (cristaux thermo-
chromiques, thermométrie PLIF à 2 couleurs). Une autre approche que j’envisage est de
résoudre numériquement l’équation de transport d’un soluté en utilisant comme champ
de vitesse des champs de vitesse déterminés expérimentalement par PIV.

Dispersion de la phase métallique par l’impact

Thèse de Victor Lherm, et collaboration avec Maylis Landeau (IPGP).

Les expériences que nous avons réalisées jusqu’ici ont des conditions initiales (liquides
initialement au repos) très éloignées de ce que l’on peut attendre après un impact planétaire,
et ignorent le brassage, la fragmentation, et le mélange qui pourraient être induits par l’impact
lui même.

Ce problème peut être étudié à l’aide d’expériences où un volume liquide est libéré dans l’air
et vient impacter un second liquide. Dans le régime de cratérisation qui est pertinent dans notre
contexte (gravity regime, où les contraintes mises en jeu sont suffisamment grandes comparées
au seuil de plasticité ou aux contraintes visqueuses pour que la résistance à la déformation des
matériaux ne joue pas de rôle), la dynamique de l’ouverture du cratère d’impact ne dépend
que de l’inertie de l’impacteur et des forces de gravité. Le rapport entre ces deux forces est
mesuré par un nombre de Froude défini par

Fr∗ =
ρi v

2
i

ρt g d
, (2.20)

où vi est la vitesse d’impact, d le diamètre de l’impacteur, ρi et ρt les masses volumiques
moyennes de l’impacteur et de la cible (le manteau de la proto-Terre). Avec cette définition, Fr∗

peut être compris comme le rapport entre l’énergie cinétique du corps impactant (∼ ρiv2
i d

3), et
la variation d’énergie gravitationnelle associée à l’ouverture d’un cratère de diamètre d dans la
cible (∼ ρtgd4). Si l’on suppose que la vitesse d’impact est proche de la vitesse d’échappement,
vi ' vesc =

√
gD, où D est le diamètre de la proto-Terre, on obtient

Fr∗ ' ρi
ρt

D

d
. (2.21)

Le rapport ρi/ρt étant de l’ordre de 1, le nombre de Froude Fr∗ dépend essentiellement des
tailles relatives de l’impacteur et de la proto-Terre. Fr∗ est de l’ordre de 1 pour les plus gros
impacts planétaires, et peut atteindre des valeurs beaucoup plus grandes dans le cas d’impacts
de petits corps. À titre d’exemple, on pense que la météorite à l’origine de Meteor Crater
(Arizona) avait un diamètre de l’ordre de 50 m, et a percuté la Terre à une vitesse supérieure
à 10 km.s−1, ce qui donne Fr∗ ∼ 105. Dans une certaine mesure, les petits impacts sont
donc dynamiquement plus extrêmes que les impacts géants – en tout cas du point de vue de
l’impacteur – et on peut s’attendre à ce que la déformation de l’impacteur associée à l’ouverture
du cratère soit plus modeste dans le cas d’impacts géant que dans le cas de petits impacts. 3

3. On peut se donner une idée de l’importance de ce point avec le calcul suivant. On peut facilement montrer
que la taille du cratère d’impact à son maximum est ∼ dFr∗1/4. Si l’on suppose que le volume de l’impacteur
se répartit uniformément à la surface du cratère sous la forme d’une nappe, l’épaisseur moyenne de cette nappe
au maximum de l’ouverture sera ∼ dFr∗−1/2. Dans le cas de Meteor Crater, on obtient h ∼ 10 cm pour une
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Il est sans doute dangereux d’extrapoler aux impacts géants l’observation que les impacts
météoritiques “récents” ont résulté en la fragmentation presque complète de la météorite. Ces
impacts sont sans doute de mauvais analogues des impacts géants car leur nombre de Froude
est trop grand.

L’ensemble de la gamme de valeurs de Fr∗ pertinentes pour la formation des planètes
telluriques (Fr∗ de l’ordre de 1 à plusieurs centaines) peut être exploré avec des expériences
d’impacts de gouttes de taille millimétrique à pluri-centimétriques relâchées de différentes
hauteurs au-dessus d’un bain d’un second liquide moins dense. Nous avons déjà réalisé plusieurs
séries d’expériences d’impacts à incidence verticale, qui seront poursuivies et modélisées dans
les années à venir. À titre d’exemple, la figure 2.10 montre plusieurs clichés issus de deux
expériences d’impacts de gouttes composée d’une solution aqueuse de NaI (ρ = 1470 kg.m−3)
lâchée au-dessus d’un bain d’eau. Les deux gouttes ont un diamètre de 4.5 mm. L’une des
expériences est réalisée à Fr∗ = 1.2, l’autre à Fr∗ = 65. Ces expériences (et de nombreuses
autres) nous ont permis d’identifier les phases suivantes :

1. L’impact de la goutte induit l’ouverture d’un cratère, qui grandit jusqu’à un rayon de
l’ordre de dFr∗1/4 (à 29 ms dans l’expérience à Fr∗ = 65, et 20 ms à Fr∗ = 1.2). Lors de
la phase d’ouverture de la cavité, la couche de liquide dense est sujette à une instabilité
que l’on interprète comme étant de type Rayleigh-Taylor (à 29 ms dans l’expérience à
Fr∗ = 65, et figure 2.11). Une particularité de cette instabilité dans ce contexte est que
l’accélération de l’interface due à l’ouverture du cratère est supérieure à la gravité, ce
qui induit une croissance radiale, et non verticale, de la zone de mélange.

2. Le cratère atteint son rayon maximal lorsque l’intégralité de l’énergie cinétique de l’im-
pact a été consommée par le changement d’énergie potentielle de gravité associé à l’ou-
verture du cratère. Cette énergie potentielle est ensuite convertie à nouveau en énergie
cinétique lors de la fermeture du cratère. La convergence de l’écoulement amène à la
formation d’un pic central. L’écoulement ascendant et convergent associé à la fermeture
du cratère et à la formation du pic central étire fortement la zone de mélange formée par
l’instabilité Rayleigh-Taylor.

3. Dans les expériences d’impacts de gouttes millimétriques, on observe (souvent) que le pic
central se fragmente en raison du développement d’une instabilité capillaire, un méca-
nisme qui n’est clairement pas pertinent dans le cas d’un impact planétaire. Ce n’est pas
le cas dans les expériences que nous avons réalisées avec des gouttes pluri-centimétriques.

4. L’effondrement du pic central ré-injecte le mélange goutte/liquide ambiant. À des va-
leurs modérées de Fr∗, ce mélange forme un nuage compact bien défini (78 ms dans
l’expérience à Fr∗ = 1.2). À Fr∗ = 1.2, le diamètre de ce nuage à t = 78 ms est envi-
ron le double de celui de la goutte, ce qui indique un brassage déjà significatif (liquide
ambiant/goutte en proportion 8 :1 dans le nuage). La dispersion de la goutte est plus
importante à Fr∗ = 65.

5. À des valeurs modérées de Fr∗, le nuage composé d’un mélange de liquide dense et de
liquide ambiant évolue ensuite comme un thermique turbulent (de 78 ms à 314 ms à
Fr∗ = 1.2). Dans cette limite, le modèle d’entrainement turbulent (c.f. partie 2.2.2)
reste applicable et l’évolution du rayon du thermique peut être prédite grâce au modèle
d’entrainement, en supposant simplement que l’origine virtuelle z0 est une fonction de
Fr∗. Les choses sont un peu moins claires à plus grand Fr∗. Une partie du liquide de
la goutte évolue effectivement comme un thermique turbulent (non visible sur la figure
2.10), mais une partie significative est laissée dans le sillage du thermique.

météorite de diamètre 50 m : on approche de la taille de la longueur capillaire (∼ 1 cm) à laquelle la tension
de surface peut commencer à jouer un rôle. Dans ces conditions on peut donc imaginer que l’impact résulte en
la fragmentation presque totale de la météorite, ce qui semble effectivement avoir été le cas.
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Figure 2.10
Clichés obtenus dans deux expériences d’impact d’une goutte composée d’une solution aqueuse de NaI (ρ = 1470 kg.m−3) chutant dans un bain d’eau, à Fr∗ = 1.2
(haut) et Fr∗ = 65 (bas). Dans les deux cas la goutte mesure 4.5 mm de diamètre (les images sont toutes à l’échelle). Le temps est compté en ms à partir d’un temps
de référence correspondant à l’instant où la goutte entre en contact avec la surface de l’eau. Le rapport de densité est de 1.47, le rapport de viscosité est proche de 1.
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Figure 2.11
Cliché tiré de l’expérience d’impact à Fr∗ = 65 de la figure 2.10, à t = 25 ms. La couche de liquide
apportée par la goutte est répartie sur toute la surface du cratère, et est sujette à une instabilité que
l’on interprète comme étant de type Rayleigh-Taylor.

Nous avons commencé l’étude détaillée de ces différentes phases, dans le but d’obtenir un
modèle prédictif de la dispersion induite par l’impact. Nous projetons de plus de développer
un dispositif expérimental permettant de réaliser des impacts obliques, plus pertinents que les
impacts à incidence verticale. Il est probable que l’angle d’impact joue sur la dispersion de la
phase métallique [Kendall & Melosh, 2016].

2.3.2 Modélisation géochimique

Le système Hf-W

Le système Hf-W peut être utilisé pour contraindre les paramètres k et ∆ quantifiant
l’équilibrage métal-silicates (section 2.1). Par exemple, Rudge et al. [2010] a obtenu que la
paramètre k devait être supérieur à 0.36, et une généralisation de cette approche permet en
plus d’obtenir une borne inférieure pour le paramètre ∆ mesurant le rapport silicates/métal
équilibrés : ∆ ≥ 17 [Deguen et al., 2014a].

Une limitation majeure de cette prédiction vient de l’hypothèse d’un coefficient de partage
du tungstène qui resterait constant au cours de l’accrétion. En réalité le coefficient de partage
DW du tungstène a nécessairement varié en raison de l’évolution des conditions T , P et fO2

auxquelles métal et silicates ont pu échanger des éléments, et ce potentiellement sur une gamme
de plusieurs ordres de grandeurs [Cottrell et al., 2009; Rubie et al., 2011]. Le choix de considérer
DW constant dans l’interprétation du système Hf-W est donc discutable, tout comme l’est la
borne obtenue ci-dessus pour ∆.

Un autre point important est la signification de ces valeurs “moyennes” de k et ∆, qui est
loin d’être claire. Il s’agit sans aucun doute de moyennes pondérées sur l’ensemble des épisodes
de différentiation, mais la nature de cette pondération n’a pour l’instant pas été explicitée.
Nous n’avons pas de raison de penser que ces valeurs soient représentatives de l’ensemble du
processus d’accrétion. Il est tout à fait possible par exemple que les valeurs obtenues soient
plus représentatives de la fin de l’accrétion, où la quantité de tungstène piégée dans le manteau
a pu être proportionnellement plus grande qu’en début d’accrétion en raison de la décroissance
probable de DW au cours de l’accrétion.

Nous projetons de reprendre l’étude du système Hf-W en prenant en compte les variations
de DW au cours de l’accrétion, et en quantifiant la sensibilité de la composition isotopique du
tungstène aux valeurs de k et ∆ en fonction de la fraction de Terre accrétée.
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Figure 2.12
Distribution de la température au sommet du noyau à la fin de l’accrétion, telle que prédite par
un modèle d’évolution thermique de la phase métallique pour des évolutions de la pression et de la
température d’équilibrage compatibles avec la répartition entre noyau et manteau de Ni et Co. Pour
comparaison, la température à la CMB aujourd’hui est estimée être supérieure à 4200 K.

2.3.3 Vers des modélisations géochimique et thermique couplées

Post-doctorat de Vincent Clesi

Le fractionnement noyau/manteau estimé des éléments sidérophiles apporte des contraintes
sur l’évolution des conditions (Peq, Teq) d’équilibrage de la phase métallique avec le manteau
de la proto-Terre [e.g. Wood et al., 2006]. Ces contraintes ont été utilisées pour prédire la
concentration dans le noyau d’éléments tels que O et Si [Rubie et al., 2011; Badro et al., 2015;
Fischer et al., 2015]. Il est tentant d’essayer de les utiliser pour prédire la quantité de chaleur
déposée dans le noyau au cours de sa formation.

On peut tenter de le faire de la manière suivante. La première étape consiste à obtenir
par inversion des trajets (Peq, Teq) qui vérifient les contraintes apportées par les éléments
sidérophiles. Si l’on se place dans le cadre du modèle d’ocean magmatique, ces conditions
(Peq, Teq) peuvent être interprétées comme étant celles de la base de l’océan de magma, et
donc celles de la phase métallique avant qu’elle ne commence sa migration à travers la partie
solide du manteau. On peut ensuite modéliser l’évolution thermique de la phase métallique
au cours de sa migration à travers le manteau solide pour prédire sa température lorsqu’elle
atteint le noyau, puis prendre en compte la compression associée à la croissance de la Terre
pour prédire sa température à la fin de l’accrétion.

À titre d’exemple, la figure 2.12 montre un histogramme de la température à la CMB
à la fin de l’accrétion obtenue pour un ensemble de trajets (Peq, Teq) compatibles avec la
concentration dans la Terre silicaté du Nickel et du Cobalt (obtenus grâce à une inversion de
type Monte-Carlo). Dans ce calcul, j’ai supposé : (i) un équilibrage chimique métal-silicates
parfait ; (ii) que l’intégralité de la dissipation visqueuse a lieu dans le manteau et que l’échange
de chaleur métal/silicates est négligeable au cours de la migration du fer à travers le manteau
solide (deux hypothèses raisonnables pour un modèle de migration par diapirisme) ; et (iii)
que le noyau est mélangé après chaque impact (et donc peut être supposé isentrope).

La figure 2.12 montre que la gamme de températures obtenues est large (de 2500 K à
4800 K pour cette inversion). La forme de la distribution n’a sans doute pas de signification
physique (elle doit dépendre de la manière dont l’espace des modèles est échantillonné), mais
il est significatif que la température obtenue pour une majorité des histoires d’accrétion soit
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plus petite (parfois de beaucoup) que la température actuelle, qui est probablement supérieure
à 4000 K [e.g. Hirose et al., 2013]. Si l’on fait l’hypothèse assez plausible que la température
du noyau à l’issue de l’accrétion a dû être supérieure ou égale à sa température actuelle, la
prédiction de la température du noyau peut donc être utilisée pour écarter des trajets (Peq, Teq)
admissibles géochimiquement mais amenant à une température trop basse. Dans ce calcul par
exemple, les trajets (Peq, Teq) donnant une température à la CMB supérieure à 4000 K ont
typiquement des pressions d’équilibrage assez faible tant que la Terre n’a pas atteint environ
80% de sa masse actuelle, puis des pressions d’équilibrages proches de celles de la CMB à la
fin de l’accrétion.

Il y a clairement beaucoup d’hypothèses et d’incertitudes dans cette approche, que ce
soit sur l’interprétation physique des valeurs Peq et Teq [Höink et al., 2006], sur l’efficacité
d’équilibrage, sur l’évolution de la fugacité d’oxygène, sur le mécanisme physique de migration
du fer à travers la partie solide du manteau, ou sur le devenir du métal liquide une fois le noyau
atteint (formation d’une stratification thermique stable, ou mélange radial du noyau ?). En
particulier, le résultat dépendra fortement du mécanisme de migration envisagé (diapirisme,
fracturation, percolation), dont dépend la répartition entre métal et silicate de la chaleur
produite par dissipation, et l’importance du transfert thermique entre le métal et le manteau.
Dans la suite de cette étude (post-doctorat de Vincent Clesi depuis septembre 2018), nous
envisageons d’explorer l’effet de ces différents facteurs sur la température du noyau à la fin de
l’accrétion, tout en incluant plus d’éléments chimiques (V, Cr, W?) lors de l’inversion pour
mieux contraindre les trajets (Peq, Teq) admissibles géochimiquement.
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Chapitre 3

Convection et changements de phase –
application au noyau interne de la Terre et
aux manteaux planétaires

Une partie de mes activités de recherche après mon doctorat a concerné la dynamique du
noyau interne de la Terre, ou graine, et notamment la possibilité que la graine puisse être le
siège de convection naturelle. Une particularité importante de la graine est que sa frontière
avec le noyau externe (ICB pour Inner Core Boundary) est une limite de phase, probablement
très proche de l’équilibre thermodynamique. Par conséquent, une déformation de l’interface
solide-liquide induite par des mouvements à l’intérieur de la graine peut s’accompagner de
fusion ou de solidification, ce qui implique un flux de matière à travers l’ICB. On a alors des
conditions limites que l’on qualifiera de “semi-perméables” (“semi” car la vitesse de changement
de phase, et donc le flux de masse à travers l’ICB, sont limités par le transport de chaleur
latente de changement de phase). Ceci peut modifier fondamentalement le mode de convection,
et nous avons développé avec Thierry Alboussière un jeu de conditions limites permettant de
rendre compte de la fusion ou cristallisation induites par une déformation de l’interface [Deguen
et al., 2013]. Dans le cas de la graine terrestre, de telles conditions limites modifient radicale-
ment le régime de convection et permettent l’émergence d’un mode de convection consistant
en une translation de la graine, sans déformation interne, avec fusion sur un hémisphère et
solidification sur l’autre [Alboussière et al., 2010; Monnereau et al., 2010; Deguen et al., 2013].

D’autres objets planétaires présentent, ou ont présenté, une couche solide en équilibre de
phase avec une couche liquide : manteau primitif cristallisant à partir d’un océan de magma,
océan de magma dans Io, ou couche de glace en contact avec un océan (satellites de glace tels
que Europe, Ganymède, Callisto, Titan, Encélade, ...). Bien que développées pour modéliser
la dynamique de la graine, nos conditions limites peuvent être appliquées à ces objets.

Dans ce qui suit, je commencerai par présenter les conditions limites que nous avons dé-
veloppées pour prendre en compte la fusion ou la cristallisation à une interface. La dérivation
de ces conditions limites est esquissée dans la partie 3.1, et présentée en détails dans l’annexe
3.A de ce chapitre (dans une version plus générale que dans les articles publiés). Je discuterai
ensuite brièvement de l’effet de ces conditions limites sur la convection dans la graine (partie
3.2) et sur la convection dans un manteau cristallisant à partir d’un océan de magma (partie
3.3).

3.1 Conditions limites à une interface solide/liquide
déformable en équilibre de phase

On considère une couche d’un solide déformable, en contact avec une couche de liquide en
équilibre de phase avec le solide. Le solide et le liquide sont des mélanges binaires de composi-
tions différentes. L’interface séparant le solide et le liquide est déformable, de topographie h.
L’interface est supposée à l’équilibre thermodynamique et peut se déplacer soit par advection
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par le champ de vitesse v = (vr, vθ, vφ), soit par changement de phase en fonction des valeurs
locales des flux de chaleur et de soluté de part et d’autre de l’interface, d’après la condition
cinématique

Dh

Dt
= vr + Vr (3.1)

où D(·)/Dt est la dérivée lagrangienne, et Vr est la vitesse de changement de phase dans la
direction radiale (l’épaisseur de solide créée ou enlevée par unité de temps). Si on suppose que
la topographie est quasi-statique, c’est à dire que Dh

Dt est très petit devant vr et Vr, alors la
vitesse radiale dans le solide est simplement égale à l’opposé de la vitesse de changement de
phase,

vr = −Vr. (3.2)

La vitesse de changement de phase est déterminée par les équations de conservation de la
chaleur (condition de Stefan) et du soluté à l’interface, qui relient Vr aux différences de flux
de chaleur et de soluté de part et d’autre de l’interface. L’estimation de Vr nécessite donc la
connaissance du flux de chaleur et du flux de soluté du côté liquide, qui dépend de l’écoulement
dans le liquide. On pourrait en théorie traiter simultanément la convection dans le liquide et
le solide, mais des simulations numériques directes sont impraticables en raison des échelles
de temps extrêmement différentes : la résolution temporelle de la convection dans le liquide
nécessite un pas de temps extrêmement petit par rapport au temps caractéristique de la
convection solide.

L’approche que nous avons développée avec Thierry Alboussière est la suivante : l’idée est
de paramétrer l’effet de la convection dans le liquide en reliant la vitesse de changement de
phase Vr à l’amplitude h de la topographie. En redistribuant la chaleur et les solutés absorbés
ou relâchés par les changements de phase, la convection tend à éroder la topographie, en
faisant fondre les bosses et cristalliser les creux. Pour quantifier cet effet, on estime les flux
de chaleur et de composition coté liquide en supposant un transport dominé par l’advection,
proportionnel aux différences de température potentielle et de composition entre l’interface et
le coeur du liquide, qui elles mêmes sont proportionnelles à la topographie. On obtient alors
une loi de la forme

Vr = − h

τφ
−A

(
qs

ρlcp,l
+ qsχ

)
, (3.3)

où τφ est un temps caractéristique de changement de phase, caractérisant la réponse de la
topographie au transport de chaleur et de soluté dans la phase liquide, qs et qsχ les flux de
chaleur et de soluté côté solide, ρl et cp,l la masse volumique et la capacité calorifique du liquide,
et A une fonction dépendant notamment de la chaleur latente de changement de phase. Dans
cette approche, l’efficacité avec laquelle la convection liquide peut transporter la chaleur et
les solutés est paramétrée par la valeur du temps caractéristique τφ. Une faible valeur de τφ
signifie un transport efficace et un changement de phase rapide.

À ce stade, la convection dans le liquide est entièrement paramétrée par τφ. Un jeu complet
de conditions limites à l’interface est donné par les équations (3.2) et (3.3), auxquelles il
faut ajouter les conditions d’équilibre thermodynamique à l’interface (température égale au
liquidus) et de continuité de la contrainte à travers l’interface. La continuité de la contrainte
normale exprime un équilibre entre les contraintes verticales induites par la convection solide
et le poids de la topographie, et fait donc apparaitre h :

−p+ 2η
∂vr
∂r

= ∆ρgh. (3.4)

où p est la pression et η la viscosité du solide. On peut ensuite exprimer h en fonction de vr
(à partir des équations (3.2) et (3.3)) et remplacer h par son expression dans l’équation (3.4),
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ce qui donne

−p+ 2η
∂vr
∂r

= ∆ρgτφ

[
vr −A

(
qs

ρlcp,l
+ qsχ

)]
. (3.5)

On obtient alors un jeu de conditions limites indépendantes de la topographie, qui devient
une variable muette du problème. Par rapport à des conditions limites “classiques”, la seule
condition modifiée par le changement de phase est la continuité de la contrainte normale.

En introduisant R, ∆T et ∆c des échelles caractéristiques de longueur, température, et
composition du problème, on peut construire une échelle de vitesse κT /R et une échelle de
pression ηκT /R2, où κT est la diffusivité thermique dans la phase solide. En adimensionnant
les variables du problème à l’aide de ces échelles caractéristiques, l’équation (3.5) devient

−p̃+ 2
∂ṽr
∂r̃

= P
[
ṽr −

1

S∗
(
q̃s +

κχ∆c

κT∆T
q̃sχ

)]
(3.6)

où (p̃, ṽr, r̃, q̃
s, q̃sχ) correspondent aux versions adimensionnées de (p, vr, r, q

s, qsχ), et où

P =
∆ρ g R τφ

η
, (3.7)

S∗ = AT
ρsL

ρlcp,l∆T
+Aχ

1− k
k

mcc
i
s

∆T
. (3.8)

Le nombre P compare le temps caractéristique de changement de phase τφ au temps visqueux
η/(∆ρ g R), qui dans ce contexte peut être interprété comme étant le temps nécessaire à la
convection dans la couche solide pour construire une topographie dont le poids équilibre les
contraintes normales convectives. Le nombre S∗ s’apparente à un nombre de Stefan dans la
limite d’un problème purement thermique (rapport entre chaleur latente de changement de
phase L et chaleur spécifique disponible cp∆T ).

En pratique nous avons jusqu’ici négligé dans l’équation (3.6) la contribution des flux de
chaleur et de soluté (limite S∗ →∞), et dans cette limite l’équation (3.6) se réduit à

−p̃+ 2
∂ṽr
∂r̃

= P ṽr, (3.9)

qui montre que la vitesse radiale à l’interface (et donc la vitesse de changement de phase) est
proportionnelle à la contrainte normale induite par la convection dans la couche solide. Dans
la limite P → ∞, on doit avoir ṽr → 0 puisque la contrainte normale (terme à gauche du signe
“=”) doit rester finie. On tend donc vers une condition d’interface imperméable classique. Dans
la limite P → 0, la contrainte normale tend vers 0 puisque la vitesse ṽr doit rester finie, ce qui
correspond à une condition limite de type perméable.

3.2 Dynamique du noyau interne de la Terre

La noyau interne terrestre, ou graine, présente une structure d’une complexité étonnante
(Fig. 3.1). Son anisotropie sismique [Poupinet et al., 1983] est aujourd’hui généralement accep-
tée mais la structure fine de la graine et l’origine de cette structure restent très mal comprises.
L’exploration sismologique de la graine a permis de significativement affiner notre vision de
sa structure et a mis en évidence des variations à la fois radiales et latérales des propriétés
sismiques [e.g. Tkalvcić, 2015; Souriau & Calvet, 2015]. L’anisotropie semble faible ou inexis-
tante dans les 100 à 400 km les plus superficiels. Cette couche ’isotrope’ présente une forte
atténuation et est asymétrique, l’hémisphère Est étant plus rapide et moins atténuant que l’hé-
misphère Ouest [Tanaka & Hamaguchi, 1997]. L’anisotropie est plus forte en profondeur, de
symétrie cylindrique au premier ordre, et alignée avec l’axe de rotation de la Terre. Une ’sous-
graine’ de rayon ∼ 500 km, présentant des propriétés élastiques encore différentes, pourrait
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Graine Noyau Manteau

Couche F
stratifiée

Concentration (Si,S,O)

Figure 3.1
Une vue schématique de la structure de la graine déduite de l’interprétation des observations
sismologiques. En plus d’une anisotropie élastique globale orientée parallèlement à l’axe de la rotation
de la Terre (flèche rouge), la graine présente des variations radiales et horizontales de ses propriétés
sismiques (vitesse de propagation et atténuation). La graine présente une asymétrie entre ses hémi-
sphère “ouest” et “est” (à peu de chose près à l’ouest et l’est du méridien de Greenwich), qui présentent
des vitesses, atténuation, et degrés d’anisotropie différents. L’anisotropie est faible ou inexistante à
proximité de la surface de la graine, et augmente en profondeur. Une “sous-graine” ayant encore des
propriétés différentes pourrait occuper la région la plus profonde de la graine. Enfin, la graine est
entourée d’une couche semblant être stratifiée de manière stable, la couche F.

être présente au centre de la graine. Enfin, une couche anormale – la "couche F" 1– stratifiée de
manière stable (appauvrie en éléments légers), est observée à la base du noyau liquide [Souriau
& Poupinet, 1991; Song & Helmberger, 1992; Yu et al., 2005; Zou et al., 2008; Cormier, 2009;
Cormier et al., 2011]. Cette observation est très difficilement explicable dans le cadre de notre
vision classique de la convection du noyau, qui prédit au contraire une très fine couche limite
instable à la base du noyau.

D’un point de vue dynamique, la complexité du modèle construit par la sismologie pose
question. De nombreux modèles ont été proposés, mais aucun ne parvient à expliquer de
manière cohérente toutes ces observations [Sumita & Bergman, 2007; Deguen, 2012].

3.2.1 État thermique et chimique de la graine

Le régime dynamique de la graine dépend de manière critique de la stratification en densité
(stable ou instable) résultant de la contribution des profils de température et de concentration
en éléments légers (Si, S, O, ...).

L’état thermique de la graine résulte d’une compétition entre refroidissement à l’ICB (fron-
tière graine-noyau) et extraction de la chaleur interne de la graine. Une convection thermique
peut potentiellement se développer dans la graine si le taux de refroidissement à l’ICB est
suffisamment important pour qu’un géotherme superadiabatique puisse s’y développer malgré
l’évacuation par diffusion de sa chaleur interne. J’ai développé un modèle d’évolution ther-
mique de la graine couplé à celle du noyau [Deguen & Cardin, 2011] qui permet de prédire
l’état thermique de la graine en fonction du flux de chaleur Qcmb à la frontière noyau-manteau
(CMB). Le résultat dépend fortement de la conductivité thermique de la graine, dont l’estima-
tion a fortement évolué ces dernières années. Lorsque j’ai commencé à travailler sur le sujet,

1. Un nom hérité des modèles sismologiques de Bullen, dans lesquels les différentes enveloppes terrestres
étaient nommées par des lettres allant de A à G. La couche D” et la couche F sont les seuls survivantes de
cette nomenclature.
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peu d’estimations étaient disponibles. La dernière estimation en date était de 36 W.m−1.K−1

[Stacey & Davis, 2008], une valeur plus faible que la valeur de 79 W.m−1.K−1 proposée plus
tôt par Stacey & Anderson [2001]. Avec ces valeurs, la convection dans la graine est plausible,
et même probable si l’on accepte la valeur de 36 W.m−1.K−1. Les choses ont changé après
2012, après que plusieurs groupes indépendants aient prédit des valeurs beaucoup plus hautes,
typiquement supérieures à 200 W.m−1.K−1 dans le noyau interne [Sha & Cohen, 2011; Pozzo
et al., 2012; de Koker et al., 2012; Gomi et al., 2013; Seagle et al., 2013; Pozzo et al., 2014;
Gomi et al., 2016; Ohta et al., 2016; Zhang et al., 2016]. Avec une telle valeur de conductivité
thermique, on prédit un géotherme fortement sous-adiabatique dans la graine, et la convection
thermique devient impossible [Deguen & Cardin, 2011; Deguen et al., 2013; Pozzo et al., 2014;
Labrosse, 2014; Lythgoe et al., 2015].

Il est cependant encore un peu tôt pour accepter définitivement cette valeur haute de la
conductivité thermique [Williams, 2018]. L’étude expérimentale de Konôpková et al. [2016]
suggère en effet une valeur beaucoup plus faible de la conductivité dans le noyau, entre 18 et
44 W.m−1.K−1. Cette exception est notable car il s’agit de la seule étude expérimentale publiée
ayant obtenue une estimation directe de la conductivité thermique, et non de la conductivité
électrique convertie ensuite en conductivité thermique à l’aide de la loi de Wiedemann-Franz
[Gomi et al., 2013; Seagle et al., 2013; Gomi et al., 2016; Ohta et al., 2016].

L’existence d’une stratification chimique et son effet dynamique (stabilisante ou désta-
bilisante) est aussi sujette à discussion. Si l’on note D = cs/cl le coefficient de partage so-
lide/liquide d’un élément donné, la dérivée logarithmique de cette définition permet d’obtenir
la relation suivante pour la variation relative de la concentration dans le solide [Deguen &
Cardin, 2011] :

dcs
cs

=
dcl
cl

+
dD

D
. (3.10)

Si on ignore les variations de D au cours de la croissance de la graine, l’évolution de la
composition du solide cristallisé reflète simplement l’évolution de la composition du liquide à
partir duquel il cristallise. Si le noyau externe est supposé bien mélangé, la concentration en
éléments légers (incompatibles) augmente au fur et à mesure de la cristallisation de la graine.
Si D est constant, la concentration en élément léger dans la graine suit l’évolution du liquide,
et on attend donc une stratification stable (augmentation avec la distance au centre de la
concentration en éléments légers). Un simple bilan de masse montre que l’augmentation de la
concentration en éléments légers est au maximum de l’ordre de 5 % (le rapport entre la masse
de la graine et celle du noyau).

La stratification chimique de la graine pourrait s’écarter de ce profil stable, et peut être
même jusqu’au point d’être déstabilisante (plus d’éléments légers au centre de la graine qu’à
sa périphérie), pour plusieurs raisons :

1. Le coefficient de partage D a pu diminuer au cours de la croissance de la graine, soit en
raison de la différence de pression entre le centre de la Terre et la position actuelle de
l’ICB, soit pour des raisons dynamiques (efficacité de compaction de la zone de mush
probablement présente au niveau de l’ICB). Il semblerait que l’effet de la pression aille
effectivement dans le sens d’une diminution du coefficient de partage thermodynamique
D, et soit suffisant pour induire des variations de D de l’ordre de plusieurs % qui peuvent
être suffisante pour contrebalancer une stratification thermique stabilisante [Gubbins
et al., 2013; Labrosse, 2014].

2. Il est possible aussi que l’hypothèse d’un noyau liquide bien mélangé ne soit pas véri-
fiée : l’étude sismologique du noyau semble indiquer la présence de couches stratifiées
à la base (la couche F) et au sommet du noyau. À moins qu’elle n’ait une origine pri-
mordiale [Arkani-Hamed, 2017; Jacobson et al., 2017], l’existence de la couche F – une
couche appauvrie en éléments légers au dessus de l’ICB – argumente en faveur d’une
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diminution au cours de la formation de la graine de la concentration en éléments légers
à la base du noyau. Si la formation de cette couche résulte d’une manière ou d’une autre
de la croissance de la graine [Gubbins et al., 2008; Alboussière et al., 2010; Gubbins
et al., 2011; Deguen et al., 2013], sa formation implique nécessairement une purification
progressive du liquide à partir duquel la graine cristallise. Ceci induit une stratification
compositionnelle instable dans la graine [Deguen et al., 2013, 2018].

Au vu des incertitudes fortes sur l’état de stratification de la graine et d’autres paramètres
importants (la viscosité de la graine en particulier, dont les estimations publiées vont de 1011

Pa.s à 1022 Pa.s [Yoshida et al., 1996; Buffett, 1997; Van Orman, 2004; Koot & Dumberry, 2011;
Reaman et al., 2011, 2012]), j’ai entrepris depuis ma thèse une exploration systématique des
différents régimes dynamiques susceptibles d’exister dans la graine. Je me suis ainsi intéressé
d’une part au cas d’une stratification instable et au développement de convection naturelle
dans la graine [Deguen & Cardin, 2011; Deguen et al., 2013, 2018], et d’autre part au cas d’une
stratification stable, en considérant un forçage dû soit à une croissance hétérogène de la graine
[Deguen & Cardin, 2009; Deguen et al., 2011a; Lincot et al., 2014], soit au champ magnétique
diffusé dans la graine [Lasbleis et al., 2015]. La comparaison des différents régimes possibles
a fait l’objet d’un article de review [Deguen, 2012], puis d’un second article dans lequel nous
avons comparé quantitativement les différents modèles proposés pour expliquer l’anisotropie
de la graine, et construit un diagramme de régime de la graine donnant le régime dominant
en fonction des deux paramètres les plus important pour ce problème : la nature (stabilisante
ou déstabilisante) et l’amplitude de la stratification thermosolutale, et la viscosité de la graine
[Lasbleis & Deguen, 2015]. Dans ce qui suit, je me concentrerai sur le régime où le changement
de phase à l’ICB a le plus d’effet : la convection naturelle, qu’elle soit d’origine thermique ou
thermo-compositionelle (partie 3.2.2).

3.2.2 Convection naturelle

Convection thermique

J’ai étudié le problème de la convection thermique dans une sphère avec des conditions li-
mites permettant la fusion ou la cristallisation à l’ICB en utilisant une combinaison d’approches
théoriques (analyses de stabilité linéaire, modèles de convection développée) et numériques.
Au vu de la forte viscosité de la graine, l’inertie peut être négligée et le problème ne dépend
que de deux nombres sans-dimension, un nombre de Rayleigh Ra et le nombre P caractérisant
les conditions limites à l’ICB.

Nos résultats montrent que les conditions limites peuvent avoir un effet spectaculaire sur
le mode de convection. La figure 3.2 montre le nombre de Rayleigh critique en fonction de
P, pour des perturbations de degrés harmoniques l = 1, 2, 3, et 4, ainsi que la forme (lignes
de courant) du premier mode instable pour trois valeurs de P. Suivant la valeur de P, deux
régimes très différents sont possibles :

1. Lorsque P � 1, les conditions limites approchent les conditions imperméables usuelles et la
convection prend une forme similaire à ce qui est observé classiquement pour la convection
forcée par chauffage interne. Le premier mode instable consiste en une cellule convective de
degré 1 tel qu’obtenu par Chandrasekhar [1961] ; à plus haut Ra, des calculs numériques
montrent que la convection devient instationnaire puis chaotique (figure 3.3 à P = 103).
Nous avons étudié ce régime à l’aide de simulations numériques, et développé des lois
d’échelles prédisant la vitesse caractéristique de convection, la largeur des cellules de convec-
tion, et le taux de fusion associé à la déformation de l’ICB par la convection [Deguen et al.,
2013].

2. Lorsque P � 1, la fusion/cristallisation à l’ICB est aisée et l’initiation de la convection
s’en trouve facilitée (la valeur du nombre de Rayleigh critique diminue lorsque P diminue).
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Figure 3.2
Courbes de stabilité marginale pour l’initiation de la convection thermique dans une sphère ayant des
conditions limites à sa surface telles que décrites dans la partie 3.1. Les courbes donnent le nombre
de Rayleigh critique Rac (la valeur du nombre de Rayleigh au dessus duquel une perturbation donnée
grandit) en fonction du nombre P, pour des perturbations de degrés harmoniques l = 1, 2, 3, et 4. On
montre aussi sur cette figure la forme (lignes de courant) du premier mode instable pour trois valeurs
de P : P = 0.1 (sous figure A), P = 17 (sous figure B), et P = 104 (sous figure C). D’après Deguen
et al. [2013].

La possibilité d’un changement de phase diminue la valeur du nombre de Rayleigh cri-
tique quelque soit le degré harmonique de la perturbation, mais l’effet est particulièrement
important pour les perturbations de degré 1.

L’effet d’une diminution de P est particulièrement drastique pour l’initiation du mode de
convection de degré 1, pour lequel on peut montrer que le nombre de Rayleigh critique
chute lorsque l’on diminue P. Le premier mode instable prend la forme d’une translation,
avec cristallisation sur un hémisphère et fusion sur l’autre. Dans cette limite, l’analyse
de stabilité montre que le nombre sans dimension pertinent est le rapport Ra/P, qui est
indépendant de la viscosité, un résultat cohérent avec le fait que le premier mode instable
est une translation sans déformation. Ce mode reste dominant dans des conditions de plus
haut Rayleigh (figure 3.3 à P = 1). Nous avons développé un modèle analytique prédisant
la vitesse de translation et le taux de fusion associé en fonction du nombre de Rayleigh et de
P, et retrouvé numériquement les prédictions théoriques [Alboussière et al., 2010; Deguen
et al., 2013].

Nous avons étudié en détail la transition entre le mode de translation et la convection par pa-
naches, qui a lieu de manière assez abrupte lorsque P dépasse une valeur de l’ordre de 30. Cette
transition est due au caractère barocline du champ de température dans le régime de trans-
lation (figure 3.3 à P = 1) : les isothermes n’étant pas parallèles aux surfaces isopotentielles,
la distribution de température générée par la translation induit un écoulement secondaire.
Cet écoulement modifie le champ de température et diminue l’amplitude de sa composante de
degré 1, ce qui diminue la flottabilité disponible pour maintenir la translation. On montre que
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Figure 3.3
Résultats de simulations numériques de convection dans la graine à Ra = 107 et P = 1, 30, 102, et
103. Sont représentés les champs de température potentielle Θ et de vorticité ω⊥ dans une section de
la graine (deux premières colonnes), et des cartes du taux de changement de phase à l’ICB (troisième
colonne). D’après Deguen et al. [2013].

le rapport entre la vitesse de cet écoulement et la vitesse de translation est proportionnel à
P, sans dépendance en Ra [Deguen et al., 2013, 2018], ce qui explique pourquoi la transition
entre les deux régimes est fixée par la seule valeur de P.

La valeur de P à laquelle on observe la transition de régime est de l’ordre de 30. En
estimant le temps caractéristique de changement de phase τφ à un millier d’année [Alboussière
et al., 2010; Buffett & Matsui, 2015], cette valeur correspond à une viscosité de l’ordre de 1018

Pa.s. La graine peut donc translater si sa viscosité est supérieure à ∼ 1018 Pa.s. La gamme
d’estimations publiées de la viscosité s’étendant de 1011 Pa.s à 1022 Pa.s, il est difficile de
conclure. On peut cependant noter que les estimations les plus récentes [Reaman et al., 2011,
2012] favorisent une viscosité haute, de l’ordre de 1021 Pa.s à 1022 Pa.s, ce qui permettrait
l’existence du régime de translation.

Convection double-diffusive

Comme discuté dans la partie 3.2.1, les valeurs hautes de conductivité thermiques ob-
tenues depuis 2012 impliquent que le profil de température dans la graine est sans doute
sous-adiabatique, et donc stable vis-à-vis de la convection. En revanche, il semble possible que
le profil de composition dans la graine soit déstabilisant [Gubbins et al., 2013; Labrosse, 2014].
Il est connu que dans ces conditions le fort contraste de diffusivité entre les champs de tempéra-
ture et de composition peut permettre le développement de mouvements de convection même
si l’effet (stabilisant) de la température sur la densité semble plus fort que l’effet (déstabilisant)
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de la composition. Ce type de convection, dite double-diffusive, a été identifié initialement dans
le contexte de la dynamique de l’océan [Stommel et al., 1956; Stern, 1960], puis étudié dans
des contextes assez variés [e.g. Huppert & Turner, 1981]. Nos travaux montrent qu’un régime
de translation double-diffusive est possible lorsque P . 30 et que l’opposé du nombre de Ray-
leigh thermique, −Ra, est inférieur à environ 6 × 103, dès lors que le profil de composition
est déstabilisant [Deguen et al., 2018]. Contrairement au cas de la translation d’origine pure-
ment thermique, ce régime de translation double-diffusive n’est dominant qu’à des nombres de
Rayleigh modérés. En pratique, cela revient à dire que le régime de translation ne peut être
dominant que si la viscosité de la graine est suffisamment élevée. Cette valeur limite dépend
fortement de la taille de la graine : elle est d’environ 3× 1021 Pa.s pour la taille actuelle de la
graine, et par exemple de 1017 Pa.s lorsque la graine ne faisait que 200 km de rayon.

Implications pour la structure de la graine et du noyau externe

La translation de la graine pourrait expliquer plusieurs observations assez énigmatiques :

1. L’asymétrie hémisphérique de la graine – Un régime de translation de la graine
avec une direction de translation d’Est en Ouest est clairement un candidat intéressant
pour expliquer l’asymétrie hémisphérique de la graine. En pratique cependant, le méca-
nisme qui produirait les variations de vitesse et d’atténuation sismique reste à élucider.
Plusieurs propositions ont été faites (croissance des cristaux de fer [Monnereau et al.,
2010] ou évolution de la texture acquise lors de solidification [Bergman et al., 2010,
2014; Al-Khatatbeh et al., 2013] au cours de la translation), mais ces propositions sont
pour l’instant restées essentiellement qualitatives. La situation est la même pour l’autre
famille de modèles, qui propose que l’asymétrie hémisphérique soit le signe d’une crois-
sance hétérogène de la graine, qui serait due à l’effet sur la convection dans le noyau
externe des variations spatiales du flux de chaleur à la frontière noyau-manteau [Sumita
& Olson, 1999; Aubert et al., 2008; Sreenivasan & Gubbins, 2011]. Un avantage du mo-
dèle de translation est qu’il produirait des variations abruptes des propriétés sismiques
entre les deux hémisphères, ce qui semble plus cohérent avec les observations sismiques
que les variations plus graduelles que l’on attendrait du modèle de croissance hétérogène
[Geballe et al., 2013].

2. La couche F – Un des attraits du modèle de translation est qu’il permet de proposer
un mécanisme de formation de la couche F observée à la base du noyau externe [Souriau
& Poupinet, 1991; Song & Helmberger, 1992; Yu et al., 2005; Zou et al., 2008; Cormier,
2009; Cormier et al., 2011]. La présence de cette couche est difficile à réconcilier avec le
modèle “classique” de convection dans le noyau externe, dans lequel la cristallisation de
la graine s’accompagne d’un flux d’éléments légers à la base du noyau. Dans ce modèle,
on attend donc la formation d’une couche compositionnelle instable (plus d’éléments
légers en profondeur) et très fine en raison de la faible viscosité du noyau. Ce que semble
montrer la sismologie est au contraire la présence d’une couche appauvrie en éléments
légers et très épaisse (∼ 200 km), ce qui est en désaccord total avec la vision classique de
la convection dans le noyau. Le modèle que nous proposons repose sur l’idée que la graine
puisse fondre localement, comme l’ont montré nos modèles de convection dans la graine.
Le produit de cette fusion est du fer presque pur, dense, qui s’étend à la surface de la
graine par écoulement gravitaire. Dans les zones où la graine cristallise, des panaches
de liquide riche en éléments légers entraînent partiellement cette couche et permettent
un mélange radial pouvant donner lieu à une variation continue de composition entre
l’ICB et le noyau externe. Nous avons testé ce modèle dans une série d’expériences qui
ont montré qu’il était possible de maintenir dynamiquement une couche stratifiée si le
taux de fusion est comparable au taux de solidification moyen [Alboussière et al., 2010].
Le modèle de translation convective que nous avons proposé s’accompagne de taux de
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fusion suffisamment forts pour permettre la formation d’une telle couche [Alboussière
et al., 2010; Deguen et al., 2013].

3. L’existence d’un gyre asymétrique dans le noyau externe – La translation de la
graine impose des conditions limites fortement hétérogène pour la convection du noyau
et la géodynamo : le flux de flottabilité à l’ICB est négatif dans l’hémisphère qui fond
(formation de liquide appauvri en éléments légers), et positif au niveau de l’hémisphère
qui cristallise. Ce forçage asymétrique pourrait avoir des conséquences observables pour
le champ magnétique terrestre et l’écoulement dans le noyau. En utilisant des modèles
numériques de la géodynamo, nous avons étudié l’effet d’un tel forçage sur la dynamo
[Olson & Deguen, 2012; Deguen et al., 2014b], et montré que l’écoulement résultant
pouvait être qualitativement similaire au gyre asymétrique observé dans le noyau par
Gillet et al. [2009]. Plus récemment, Aubert et al. [2013] et Aubert [2013] ont montré à
l’aide de simulations numériques de la géodynamo qu’un flux de flottabilité asymétrique
à l’ICB tel que prédit par le modèle de translation permet de mieux rendre compte de
la structure du champ magnétique terrestre. Les modèles fonctionnent le mieux pour
une vitesse de translation similaire à la vitesse de croissance moyenne de la graine.
Cette vitesse de translation est cohérente avec les prédictions dans le cas d’un régime
de translation double-diffusive [Deguen et al., 2018], mais faible comparée à ce que l’on
prédit dans le cas d’une translation purement thermique [Alboussière et al., 2010; Deguen
et al., 2013].

Le modèle de translation de la graine n’a cependant pas que des atouts :

1. Un modèle de translation Est-Ouest cohérent avec l’asymétrie hémisphérique ne permet
pas facilement d’expliquer l’anisotropie sismique nord-sud de la graine.

2. Un second point, et peut être le plus important, est que le régime de translation ne
peut exister que dans un domaine assez restreint de l’espace des paramètres : (i) Il
faut nécessairement que le géotherme ou le profil de concentration dans la graine soit
déstabilisant pour permettre l’initiation de la convection. C’est plausible mais incertain
(partie 3.2.1). (ii) La viscosité de la graine doit être suffisamment forte (supérieure à 1018

Pa.s dans le cas d’une translation thermique, et 1021 Pa. dans le cas d’une translation
double-diffusive). Là encore, il est possible que cette condition soit vérifiée, mais cela reste
très incertain au vu de la gamme de valeurs de viscosité proposées dans la littérature.

3.3 Convection dans les manteaux planétaires primitifs

L’idée d’utiliser les conditions développées pour la graine dans d’autres contextes m’est
venue lors d’un workshop organisé par Dave Yuen à Wuhan (Chine) en 2012. Lors de ce work-
shop, Shijie Zhong a donné une présentation très intéressante sur les structures de degré 1 dans
les planètes du système solaire (asymétrie hémisphérique de la Lune et Mars, Encélade, ...).
L’intention de Shijie était de suggérer des pistes d’explications de l’asymétrie hémisphérique de
la graine à partir d’un panorama des modèles proposés pour expliquer d’autres structures de
degré 1 observées dans le système solaire. Mais la transposition de notre approche à d’autres
planètes est aussi possible : les conditions limites que l’on a développées pour la graine, et
qui ont pour effet d’augmenter l’échelle spatiale horizontale de la convection, peuvent être
pertinentes pour d’autres objets du système solaire.

À la suite de ce workshop, j’ai étudié la stabilité linéaire d’une coquille sphérique visqueuse
chauffée en volume [Deguen, 2013]. Ces premiers travaux sur ce sujet ont par la suite motivé
une collaboration avec Stéphane Labrosse et Thierry Alboussière. Stéphane porte depuis 2016
un projet ANR qui porte entre autres sur l’utilisation de ces conditions limites dans le contexte
de la convection mantellique. Deux thèses et un post-doctorat sont en cours dans le cadre de
ce projet ANR : les thèses d’Adrien Morison (encadrée par S. Labrosse et co-encadrée par T.
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a) b) c) d)

Figure 3.4
Forme (lignes de courant et perturbation du champ de température) du premier mode instable dans une
coquille sphérique de rapport d’aspect (rapport rayon interne/rayon externe) égal à 0.6, pour plusieurs
configurations de conditions limites : a) Frontières interne et externe imperméables : (P−,P+) � 1,
b)Frontière interne perméable et frontière externe imperméable : P− � 1,P+ � 1, c) Frontière interne
imperméable et frontière externe perméable : P− � 1,P+ � 1, et d) Frontières interne et externe
perméables : (P−,P+)� 1. Adapté de Deguen [2013]

Alboussière et moi même), et de Daniela Bolrão (ETH Zurich), et le post-doctorat de Roberto
Agrusta.

Analyses de stabilité

On considère ici une coquille sphérique formée d’un solide déformable cristallisant à partir
d’une couche de liquide. On utilise les conditions limites présentées dans la partie 3.1 pour les
deux interfaces, chacune étant caractérisée par un nombre de changement de phase (P− pour
la frontière interne, et P+ pour la frontière externe). Plusieurs configurations intéressantes sont
possibles en fonction du mode de cristallisation : chacune des deux interfaces peut être au choix
imperméable (P−,+ � 1) ou perméable (P−,+ � 1). J’ai donc réalisé une analyse de stabilité
linéaire du jeu d’équations décrivant ce problème, pour des valeurs de P− et P+ quelconques.
La figure 3.4 montre la forme (lignes de courant et perturbation du champ de température)
du premier mode instable dans une coquille sphérique de rapport d’aspect (rapport rayon
interne/rayon externe) égal à 0.6, pour plusieurs configurations de conditions limites. Comme
dans le cas d’une sphère pleine (partie 3.2.2), la géométrie de la convection dans une coquille
sphérique est fortement modifiée par la possibilité d’un changement de phase aux frontières :

1. Frontières interne et externe imperméables : (P−,P+)� 1 (figure 3.4a). Il s’agit
du régime de convection Rayleigh-Bénard classiquement étudié, et qui nous servira de
référence. Dans cette limite, le premier mode de convection prend la forme de cellules de
convection dont la dimension horizontale est proche de l’épaisseur de la couche.

2. Frontière interne perméable et frontière externe imperméable : P− � 1,P+ �
1 (figure 3.4b). Lorsque l’on rend perméable la limite interne en supposant de P− � 1,
la dimension horizontale des cellules de convection devient significativement plus grande
(à peu près le double) que dans le cas de référence imperméable. Les lignes de courant
traversent la limite interne de la couche, ce qui montre que la convection y induit fusion
et cristallisation. Cette configuration peut être pertinente pour l’étude de la dynamique
de la couche de glace externe des satellites glacés où la présence d’un océan profond est
avéré (Europe, Ganymède, Callisto, Titan, Encélade, ...), mais aussi pour la convection
dans le manteau terrestre primitif si un océan de magma basal a été présent [Labrosse
et al., 2007].

3. Frontière interne imperméable et frontière externe perméable : P− � 1,P+ �
1 (figure 3.4c). Dans cette situation l’effet d’une condition limite perméable est encore
plus importants que dans le cas où c’est la frontière interne qui est ouverte. Malgré le
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rapport d’aspect étudié pour lequel la couche solide est relativement fine, le premier mode
instable est un mode de degré 1 contournant la frontière interne imperméable. Ce mode
de déformation reste le premier à émerger même pour des rapports d’aspect approchant
1. Cette configuration est pertinente dans le cas d’un manteau silicaté cristallisant par
le bas à partir d’un océan de magma (manteaux de la Lune ou de Mars pas exemple),
ou pour la convection dans les couches de glace profonde de certains satellites glacés.

4. Frontières internes et externes perméables : (P−,P+)� 1 (figure 3.4d). Lorsque
les deux frontières sont perméables, le premier mode de convection est un mode de
translation de la coquille sphérique, similaire à celui obtenu dans le cas d’une sphère
pleine (partie 3.2.2). Comme dans le cas de la sphère pleine, le nombre de Rayleigh
critique de ce régime est beaucoup plus faible que pour des régimes plus classiques, en
raison de l’absence de dissipation visqueuse dans la couche solide. Le nombre de Rayleigh
critique est proportionnel à la moyenne de P− et P+ pondérée par l’aire des frontières
interne et externe.

Pour étendre cette première étude, Adrien Morison a développé pendant son stage de M2
et le début de sa thèse un outil d’analyse de stabilité linéaire utilisant une décomposition en
harmoniques sphériques et une décomposition en polynômes de Chebyshev pour la variation
radiale des coefficients des harmoniques sphériques. L’approche est numériquement un peu
plus lourde que la décomposition en harmoniques sphériques et fonctions de Bessel sphériques
que j’ai utilisée [Deguen, 2013], mais a l’avantage de pouvoir être utilisée pour des profils de
gravité, température, et composition pouvant avoir une dépendance radiale de forme arbitraire.
Avec cette approche, Adrien a pu réaliser l’analyse de stabilité linéaire pour la convection dans
une coquille sphérique avec une différence de température imposée entre les deux frontières.
Les résultats sont qualitativement similaires à ceux que j’ai obtenus pour de la convection avec
chauffage interne. Cette étude pourra être étendue au cas d’un mode de chauffage mixte.

Une analyse faiblement non-linéaire en géométrie cartésienne [Labrosse et al., 2018] et
des simulations numériques de convection développée réalisées par Adrien Morison montrent
que l’effet des conditions limites reste fort lorsque l’on s’éloigne du seuil de l’instabilité. Le fu-
sion/cristallisation à l’une ou l’autre des frontières favorise l’émergence de mouvements convec-
tifs de plus grande échelle, et tend à augmenter la vigueur de la convection et l’efficacité du
transport de chaleur.

3.4 Travaux en cours et perspectives

Effet d’un océan magmatique basal sur la dynamique du manteau solide

Une première perspective concerne l’effet d’un océan magmatique basal sur la dynamique
et l’évolution thermique du manteau terrestre. Cette thématique est actuellement portée par
Adrien Morison dans le cadre de sa thèse, Roberto Agrusta dans le cadre de son post-doctorat,
et Stéphane Labrosse, avec des contributions plus ponctuelles de la part de Thierry Alboussière
et de moi même. Adrien Morison a implémenté dans le code StaggYY de Paul Tackley nos
conditions limites semi-perméables, ainsi que la prise en compte de l’évolution de l’épaisseur
de la partie cristallisée du manteau, et l’évolution thermo-solutale de l’océan de magma basal.
Adrien dispose donc maintenant d’un outil permettant de modéliser la dynamique et l’évolution
du manteau terrestre sur de longues échelles de temps.

Ce code sera notamment utilisé pour étudier la formation et l’évolution d’hétérogénéités
chimiques dans le manteau, et l’évolution thermique à long terme du système manteau solide-
océan de magma-noyau.
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Généralisation de la formulation des conditions limites semi-perméables

Les conditions limites telles qu’on les a développées et utilisées reposent sur un certain
nombres d’hypothèses, dont certaines sont discutables.

1. À cours terme, un premier point à étudier sera l’effet des flux de chaleur et de composition
côté solide apparaissant dans l’équation (3.6). Nous avons jusqu’ici négligé ces termes,
ce qui est raisonnable pour la graine (nous avons pu le vérifier a posteriori), mais peut-
être pas dans le cas de la convection développée dans un manteau solide ou une couche
de glace (le nombre S∗ peut être d’ordre 1). L’implémentation de ces termes dans un
modèle numérique de convection ne devrait pas poser de problème, les flux de chaleur
et de composition pouvant être calculés à chaque pas de temps à partir des champs de
température et de composition.

2. À plus long terme, il faudra s’attaquer à un point plus délicat, qui est l’hypothèse impli-
cite dans notre formulation de l’absence d’une zone biphasique (zone de mush ou slurry)
au niveau de l’interface. La présence d’une zone de mush au niveau de l’interface est
probable dans tous les applications envisagées. La solidification de zones de mush est un
problème classique [e.g. Worster, 1991] mais complexe. Des travaux récents ont proposé
des modèles paramétrés de la convection dans une zone de mush, permettant de prédire
les flux de chaleur et de composition associés à la convection interstitielle [Wells et al.,
2011, 2013; Rees Jones & Worster, 2013a,b]. La fusion d’une zone de mush a compara-
tivement été moins étudiée que la cristallisation [e.g. Hallworth et al., 2004, 2005; Yu
et al., 2015; Huguet et al., 2016] et nous sommes encore assez loin d’être en mesure de
paramétrer de manière simple la fusion d’une zone de mush.
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Annexes

3.A Dérivation des conditions limites

On considère ici une couche d’un solide déformable, en contact avec une couche de liquide
en équilibre de phase avec le solide. On suppose que le solide et le liquide sont des mélanges
binaires de compositions différentes. On note cs et cl les concentrations en soluté des phases
solide et liquide. L’interface séparant le solide et le liquide est déformable, de topographie h
(définie par rapport à la position de l’isopotentielle coïncidant en moyenne avec l’interface). On
se place dans un repère sphérique (r, θ, φ) et on note v = (vr, vθ, vφ) le champ de vitesse dans
la couche solide. L’interface est supposée à l’équilibre thermodynamique et peut se déplacer
soit par advection par le champ de vitesse v, soit par changement de phase en fonction des
valeurs locales des flux de chaleur et de soluté de part et d’autre de l’interface. Les conditions
limites vérifiées à cette interface sont :

1. une condition cinématique décrivant l’évolution de la topographie h(θ, φ) de l’interface :

Dh

Dt
= vr + Vr (3.11)

où D(·)/Dt est la dérivée lagrangienne, et Vr est la vitesse de changement de phase
dans la direction radiale (l’épaisseur de solide créée ou enlevée par unité de temps), par
convention comptée positive en cas de solidification, et négative en cas de fusion.

2. les conditions exprimant la conservation de la chaleur (condition de Stefan) et du soluté
à l’interface :

ρs LVr = (ql − qs) · er, (3.12)

(cis − cil)Vr = (qχl − qχs ) · er, (3.13)

où ρs,l est la masse volumique du solide ou du liquide, L la chaleur latente, qs,l le flux
de chaleur à l’interface du côté du solide et du liquide, cis,l la concentration de soluté à
l’interface dans le solide ou le liquide, et qχs,l le flux de soluté à l’interface du côté du
solide et du liquide.

3. deux conditions exprimant l’équilibre thermodynamique à l’interface.

(i) La température de l’interface est égale à la température du liquidus à la pression et
à la composition de l’interface :

T (h) = TL(h), (3.14)

= T 0
L −mPρlgh−mc(c

i
l − c0

l ), (3.15)

où mP = ∂TL/∂P , mc = ∂TL/∂c, ρl est la masse volumique de la phase liquide, g
l’accélération de la gravité, c0

l la concentration moyenne de soluté dans le liquide, et T 0
L

la température du liquidus pour une concentration c0
l en l’absence de topographie.

(ii) La concentration en soluté varie de manière discontinue à l’interface, le rapport des
concentrations étant fixé par le diagramme de phase. En notant k le coefficient de partage
du soluté, les concentrations à l’interface côté solide (cis) et côté liquide (cil) sont liées
par

k =
cis
cil
. (3.16)
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4. la continuité de la contrainte à l’interface. Dans le cas d’une topographie h de faible
amplitude (par rapport à l’échelle caractéristique des variations latérales de topographie),
la continuité de la contrainte normale peut s’écrire

−p+ 2η
∂vr
∂r

= ∆ρgh, (3.17)

qui exprime un équilibre entre les contraintes verticales induites par la convection solide
et le poids de la topographie. La continuité de la contrainte tangentielle nous permet de
supposer pour la convection solide une condition de surface libre (contraintes tangen-
tielles nulles), ce qui est justifié par le très grand contraste de viscosité et par le fait que
les contraintes induites par le liquide varient sur une échelle de temps très petite par
rapport à celle de la convection solide, et peuvent être supposées de moyenne nulle 2.

L’application de ce jeu de conditions limites à la couche solide nécessite la connaissance du
flux de chaleur et du flux de soluté du côté liquide (équations (3.12) et (3.13)), qui dépendent de
l’écoulement dans le liquide. On pourrait en théorie traiter simultanément la convection dans
le liquide et le solide, mais des simulations numériques directes sont impraticables en raison
des échelles de temps extrêmement différentes : la résolution temporelle de la convection dans
le liquide nécessite un pas de temps extrêmement petit par rapport au temps caractéristique
de la convection solide.

L’approche que nous avons choisie et développée avec Thierry Alboussière est la suivante :
l’idée est de paramétrer l’effet de la convection dans le liquide à l’aide d’une loi d’échelle reliant
la vitesse de changement de phase Vr à l’amplitude h(θ, φ) de la topographie. La condition
cinématique sur h permet ensuite d’obtenir une relation entre h et le champ de vitesse, qui
peut ensuite être injecté dans l’équation de continuité de la contrainte normale (Eq. (3.17))
pour faire disparaitre la topographie du problème. Pour cela, on estime les flux côté liquide en
supposant un transport dominé par l’advection, ce qui permet d’écrire

ql ∼ ρlcp,lv′δΘ = ATρlcp,lv
′δΘ, (3.18)

qlχ ∼ v′δc = Aχv
′δc (3.19)

où δΘ est la différence de température potentielle entre l’interface et la couche liquide, supposée
bien mélangée et isentropique, et δc = cil − c0

l la différence de concentration en soluté entre
l’interface et la couche liquide, v′ la magnitude des vitesses convectives dans le liquide. AT et
Aχ sont deux paramètres sans dimension que l’on peut espérer être de l’ordre de 1 si les lois
d’échelles (3.18) et (3.19) sont effectivement vérifiées. Dans cette approche, la vigueur de la
convection liquide est paramétrée par la valeur de v′. La différence de température potentielle
δΘ est obtenue en soustrayant à la température de l’interface, donnée par l’équation (3.15), la
différence de température le long d’une isentrope entre l’altitude h de l’interface et la position
moyenne de l’interface :

δΘ = (mis −mP )ρlgh−mc(c
i
l − c0

l ), (3.20)
= (mis −mP )ρlgh−mc δc, (3.21)

où mis = ∂T/∂P |s est la dérivée par rapport à la pression de la température le long d’une
isentrope. δΘ est nulle en moyenne, négative dans le cas d’une topographie positive, et positive
dans le cas d’une topographie en creux.

En combinant les équations (3.12) et (3.13) avec les estimations des flux côté liquide don-
nées par (3.18) et (3.19) et l’expression (3.21) de δΘ, on peut obtenir une expression reliant

2. Des exceptions peuvent être envisagées : rotation de la graine, convection dans le liquide forcée par des
conditions aux limites hétérogènes, etc...
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la vitesse de changement de phase à la topographie, que l’on peut écrire

Vr = − h

τφ
−

qs

ρlcp,l
+ qsχ

AT
ρs
ρl

L

cp,l
+Aχ(1− k)mccil

, (3.22)

en introduisant

τφ =

AT
ρsL

ρlcp,l
+Aχ(1− k)mcc

i
l

ρlg(mP −mis)v′
(3.23)

le temps caractéristique de changement de phase, caractérisant la réponse de la topographie au
transport de chaleur et de soluté dans la phase liquide. La concentration cil à l’interface n’est
pas connue (c’est une des variables du problème, qui dépend en particulier de la vigueur de la
convection), mais elle doit être assez proche de c0 si la convection est vigoureuse. Dans le cas
de la graine (où L/cp,l ∼ 1000 K, mc ∼ 100 K.wt.%, et cil ∼ 10 wt.%), les termes thermique
et solutal sont du même ordre de grandeur.

En insérant l’équation (3.22) dans la condition limite cinématique (3.11) on obtient une
équation pronostique pour l’évolution de la topographie,

Dh

Dt
= vr −

h

τφ
−

qs

ρlcp,l
+ qsχ

AT
ρs
ρl

L

cp,l
+Aχ

1− k
k

mccis

, (3.24)

ne faisant plus apparaître explicitement de quantités associées à la convection côté liquide. On
a donc à ce stade un jeu de conditions limites complet ne faisant intervenir que des quantités
associées à la convection côté solide, données par l’équation (3.24) pour l’évolution de la
topographie, les équations (3.15) et (3.16) pour la température et la composition à l’interface,
et la continuité de la contrainte (équation (3.17) pour la contrainte normale).

On peut simplifier un peu plus ces conditions limites en supposant que la topographie
varie lentement par rapport aux temps dynamiques τφ et h/vr (topographie quasi-statique).
C’est une hypothèse raisonnable pour des problèmes de convection dans des couches solides,
où le système convectif varie sur des échelles de temps longues (1− 100 Ma). Dans ces condi-
tions, l’équation (3.24) permet d’obtenir une expression de h en fonction de vr et des flux de
température et de composition côté solide,

h = τφvr −

qs

ρlcp,l
+ qsχ

ρlg(mP −mis)v′
, (3.25)

qui peut ensuite être inséré dans la condition de continuité de la contrainte normale [équation
(3.17)],

−p+ 2η
∂vr
∂r

= ∆ρgτφvr −
∆ρ

ρl

qs

ρlcp,l
+ qsχ

(mP −mis)v′
. (3.26)

Les conditions limites deviennent alors indépendantes de la topographie, qui devient une va-
riable muette du problème.

En introduisant R, ∆T et ∆c des échelles caractéristiques de longueur, température, et
composition du problème, on peut construire une échelle de vitesse κT /R et une échelle de
pression ηκT /R2, où κT est la diffusivité thermique dans la phase solide. En adimensionnant
les variables du problème à l’aide de ces échelles caractéristiques, l’équation (3.26) devient

−p̃+ 2
∂ṽr
∂r̃

= P
[
ṽr −

1

S∗
(
q̃s +

κχ∆c

κT∆T
q̃sχ

)]
(3.27)
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où (p̃, ṽr, r̃, q̃
s, q̃sχ) correspondent aux versions adimensionnées de (p, vr, r, q

s, qsχ), et où

P =
∆ρ g R τφ

η
, (3.28)

S∗ = AT
ρsL

ρlcp,l∆T
+Aχ

1− k
k

mcc
i
s

∆T
. (3.29)

Le nombre P compare le temps caractéristique de changement de phase τφ au temps visqueux
η/(∆ρ g R), qui dans ce contexte peut être interprété comme étant le temps nécessaire à la
convection dans la couche solide pour construire une topographie dont le poids équilibre les
contraintes normales convectives. Le nombre S∗ s’apparente à un nombre de Stefan dans la
limite d’un problème purement thermique (rapport entre chaleur latente de changement de
phase L et chaleur spécifique disponible cp∆T ).

En pratique nous avons jusqu’ici négligé dans l’équation (3.27) la contribution des flux de
chaleur et de soluté (limite S∗ →∞), et dans cette limite l’équation (3.27) se réduit à

−p̃+ 2
∂ṽr
∂r̃

= P ṽr, (3.30)

qui montre que la vitesse radiale à l’interface (et donc la vitesse de changement de phase) est
proportionnelle à la contrainte normale induite par la convection dans la couche solide. Dans
la limite P → ∞, on doit avoir ṽr → 0 puisque la contrainte normale (terme à gauche du signe
=) doit rester finie. On tend donc vers une condition d’interface imperméable classique. Dans
la limite P → 0, la contrainte normale tend vers 0 puisque la vitesse ṽr doit rester finie, ce qui
correspond à une condition limite de type perméable.
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Much of the Earth was built by high-energy impacts of planetesimals and embryos, many of these
impactors already differentiated, with metallic cores of their own. Geochemical data provide critical
information on the timing of accretion and the prevailing physical conditions, but their interpretation
depends critically on the degree of metal–silicate chemical equilibration during core–mantle differentiation,
which is poorly constrained. Efficient equilibration requires that the large volumes of iron derived from
impactor cores mix with molten silicates down to scales small enough to allow fast metal–silicate mass
transfer. Here we use fluid dynamics experiments to show that large metal blobs falling in a magma
ocean mix with the molten silicate through turbulent entrainment, with fragmentation into droplets
eventually resulting from the entrainment process. In our experiments, fragmentation of the dense fluid
occurs after falling a distance equal to 3–4 times its initial diameter, at which point a sizable volume of
ambient fluid has already been entrained and mixed with the dense falling fluid. Contrary to previous
assumptions, we demonstrate that fragmentation of the metallic phase into droplets may not be required
for efficient equilibration: turbulent mixing, by drastically increasing the metal–silicate interfacial area,
may result in fast equilibration even before fragmentation. Efficient re-equilibration is predicted for
impactors of size small compared to the magma ocean depth. In contrast, much less re-equilibration
is predicted for large impacts in situations where the impactor core diameter approaches the magma
ocean thickness.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The formation of Earth’s core produced chemical and iso-
topic fractionations which have been used to constrain the tim-
ing of differentiation (Yin et al., 2002; Kleine et al., 2002) and
the physical conditions (Wood et al., 2006; Corgne et al., 2008;
Siebert et al., 2011; Rubie et al., 2011) that prevailed early in
Earth’s history. Hafnium–Tungsten (Hf-W) systematics in particular
provide constraints on the timing of accretion, but their interpre-
tation depends critically on the degree to which the metal portion
of the impactors equilibrates isotopically with Earth’s mantle sil-
icates (Halliday, 2004; Kleine et al., 2004; Nimmo et al., 2010;
Rudge et al., 2010). Assuming full equilibration after each impact,
Hf-W chronometry implies an accretion timescale of about 10 Myr

* Corresponding author. Current address: Laboratoire de Géologie de Lyon
(LGLTPE), Université Lyon 1, ENS Lyon, CNRS, 69622 Villeurbanne, France.

E-mail address: renaud.deguen@univ-lyon1.fr (R. Deguen).

(Yin et al., 2002; Rudge et al., 2010), whereas relaxing this assump-
tion can increase this timescale by several tens of Myr, or even
render it indeterminate (Rudge et al., 2010).

Partial equilibration is usually modeled by assuming that a frac-
tion k of the metal phase delivered by each impact re-equilibrates
with the whole mantle, the remaining metal fraction 1 − k reach-
ing the Earth’s core without chemical interaction with the man-
tle (Halliday, 2004; Kleine et al., 2004; Nimmo et al., 2010;
Rudge et al., 2010). However, the compositional transfer between
metal and silicate also depends on the quantity of silicates the
metal phase equilibrates with. For example, the amount of radio-
genic Tungsten extracted from the silicates by the metal will be
insignificant if the volume of interacting silicate is small. We thus
define a more general measure of equilibration, the equilibration
efficiency Ei , as the total mass of element i exchanged between
metal and silicates normalized by its maximum possible value, had
all the metal re-equilibrated with an infinitely larger silicate reser-
voir. If a fraction k of the metal phase equilibrates with a mass
of silicates equal to ! times the mass of equilibrated metal, the

http://dx.doi.org/10.1016/j.epsl.2014.02.007
0012-821X/© 2014 Elsevier B.V. All rights reserved.
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equilibration efficiency of an element i with a metal/silicate parti-
tion coefficient Di is, from mass balances,

Ei = k
1 + Di/!

(1)

(see Appendix A for the derivation and more discussion of the
equilibration efficiency), with the metal dilution ! defined as

! = mass of equilibrated silicates
mass of equilibrated metal

. (2)

Ei approaches k when ! ≫ Di , which is the usual assumption of
disequilibrium core formation models. Importantly, Ei is element-
dependent, with efficient equilibration of an element i requiring a
metal dilution ! similar or larger than its distribution coefficient.
Tungsten, for example, had a mean distribution coefficient around
DW ≃ 30 during Earth’s differentiation, so that equilibration is ef-
ficient only if the metal mixes and equilibrates with more than
about 30 times its mass of silicates on average.

Previous disequilibrium geochemical models assuming infinite
dilution can be corrected for the effect of finite metal dilution by
substituting Ei in place of k (as demonstrated in Appendix A),
which means that previously determined constraints on k actu-
ally apply to Ei . In particular, Hf-W systematics imply that the
Tungsten equilibration efficiency EW must have been larger than
about 0.36 on average during Earth’s accretion (Rudge et al., 2010),
which requires that on average k ! 0.36 and !/DW ! 0.56. In
practice, the distribution coefficient of W may have changed by
several order of magnitude in the course of Earth’s accretion
due to possible changes in oxygen fugacity (Cottrell et al., 2009;
Rubie et al., 2011), and this makes the process of obtaining con-
straints on metal–silicate mixing from Hf-W systematics a non-
trivial matter. As an illustration, assuming an average DW around
30 (Rudge et al., 2010) implies an average metal dilution ! larger
than about 17, which argues for significant metal–silicate mixing.

Though Hf-W systematics can provide a lower bound on the
degree of metal–silicate mixing and equilibration, its use as a core-
formation chronometer is still hampered by the lack of stronger
constraints on the degree of equilibration: there is an inverse
trade-off between the assumed degree of re-equilibration and the
Hf-W accretion timescale, which even becomes unbounded when
Ei approaches it’s lower acceptable bound (0.36 according to Rudge
et al., 2010). Additional constraints on metal–silicate equilibration
are needed to properly interpret the data.

During accretion, dissipation of the gravitational and kinetic
energies associated with large impacts inevitably results in wide-
spread melting (Melosh, 1990; Tonks and Melosh, 1993; Pierazzo
et al., 1997), implying that part of the separation of the core-
forming metal phase from the silicates occurred in low-viscosity
magma oceans. Under these conditions, efficient chemical equili-
bration would be expected if the Earth had formed through the
accretion of undifferentiated bodies with the metal phase already
finely dispersed within a silicate matrix. However, it is now rec-
ognized that much of the Earth was accreted from already dif-
ferentiated bodies with sizes ranging from a few tens of kilome-
ters in diameter to objects the size of Mars (Yoshino et al., 2003;
Baker et al., 2005; Bottke et al., 2006; Ricard et al., 2009). It
is usually assumed that efficient chemical equilibration between
the cores of these impactors and the proto-Earth’s mantle re-
quires fragmentation of the metal down to scales of 1 cm to
1 m where efficient metal–silicate chemical equilibration can oc-
cur (Stevenson, 1990; Karato and Murthy, 1997; Rubie et al., 2003;
Ulvrová et al., 2011), implying a scale reduction by a factor of
104–108. Smooth Particle Hydrodynamics (SPH) simulations of the
Moon-forming impact suggest some degree of disruption of the
impactor core into 100–1000 km sized iron blobs (Canup, 2004),

but the current resolution of these models is too coarse to give any
information about smaller scale mixing and fragmentation. Hence
the fate of these large iron blobs, while critical for the interpreta-
tion of geochemical data, remains uncertain.

2. Non-dimensional parameters

We consider the evolution of an iron blob, which can be either
the core of an impactor or a fragment of an impactor core, falling
in a magma ocean. Its dynamics are characterized by the following
set of non-dimensional numbers:

Re = wd
νm

, We = ρm w2d
σ

, Bo = !ρgd2

σ
,

M = w
c

, P = ρm

ρs
, H = ηm

ηs
,

where w and d are the velocity and diameter of the falling metal
volume, ρ is density, η the dynamic viscosity, ν = η/ρ the kine-
matic viscosity, g the acceleration of gravity, σ the iron–silicate
interfacial tension, and c the sound wave velocity in the dom-
inant phase. Subscripts “m” and “s” refer to metal and silicate,
respectively, and !ρ = ρm −ρs . The Reynolds number Re compares
the magnitude of inertia to viscous forces, the Weber and Bond
numbers, We and Bo, are measures of the relative importances of
inertia and buoyancy to interfacial tension at the lengthscale d,
and the Mach number M compares the velocity of the flow to the
sound wave velocity. A list of the symbols used in the main text
and appendices is given in Table 1.

Typical values for these parameters for a metal blob 100 km
in diameter falling in a magma ocean with an initial velocity of
1 km s−1 are Re ∼ 1014, Bo ∼ 1014, We ∼ 1014, with P ≃ 2 and
H ∼ 0.1–1. Note that Re, We, Bo and M are all time-dependent.

The huge value of Re implies that the flow must have been ex-
tremely turbulent. The Weber and Bond numbers are large as well,
which implies that interfacial tension effects were unimportant ex-
cept at the smallest scales of the flow (Dahl and Stevenson, 2010;
Deguen et al., 2011). The Mach number M may be up to ∼5 just
after the impact (with an impact velocity ∼15 km s−1 and a speed
of sound ∼3 km s−1), and then decreases with time as the metal
decelerates. The flow is typically supersonic, implying that com-
pressibility effects are important.

3. Turbulent entrainment

Given the extreme values of the Weber and Bond numbers, it
is appropriate to first consider the limiting case of miscible fluids,
for which We and Bo are formally infinite. Numerous experimental
and theoretical studies have shown that the evolution of a tur-
bulent buoyant fluid falling or rising under the action of gravity
– what is called a turbulent thermal in fluid mechanics – is gov-
erned by turbulent entrainment of ambient fluid (Batchelor, 1954;
Morton et al., 1956; Turner, 1986). As an illustration, Fig. 1a shows
snapshots from an experiment in which a volume of a dense so-
lution is released into a larger volume of pure water. A small
amount of fluorescent dye has been added to the solution. The
volume of dyed fluid is seen to increase as it falls, which indi-
cates that the negatively buoyant fluid entrains and incorporates
ambient fluid, resulting in its gradual dilution (Batchelor, 1954;
Morton et al., 1956).

This effect is quantified using the entrainment hypothesis of
Morton et al. (1956), which states that the rate of entrainment of
ambient fluid is proportional to the mean velocity of the buoyant
turbulent fluid, and predicts that the radius r = d/2 of the buoyant
fluid evolves as
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Table 1
Symbols used in the main text and appendices.

Latin symbols

B Buoyancy of the metal–silicate mixture
cm,s Mean concentration (wt%) of element i in the

metal (m) or silicate (s) phase
cimp

m,s Mean concentration (wt%) of element i in the
metal (m) or silicate (s) phase of the impactor

cint
m,s Concentration of element i, in the metal (m) or

silicate (s) phase at the metal–silicate interface
!cm,s Composition difference across the boundary

layer, in the metal (m) or silicate (s) phase
Cd Drag coefficient
d Diameter of the metal–silicate mixture
dmax Maximum stable drop diameter
D Fractal dimension
Di Metal/silicate partition coefficient
Ei Equilibration efficiency
F Core mass fraction
Fc Compositional flux across the metal–silicate

interface
g Acceleration of gravity
k Mass fraction of equilibrated metal
K Coefficient of added mass
ℓ∗ Cut-off length scale
ℓK Kolmogorov scale
ℓσ Turbulent capillary scale
ℓeq Equilibration distance
Mi Mass exchange of element i between metal

and silicates
Mmax

i Maximum possible value of Mi
Mm,s Mass of metal (m) or silicate (s)
M Mass of the Earth at time t
r Radius of the metal–silicate mixture
Sℓ Area of the metal–silicate mixture measured at

scale ℓ

ST True area of the metal–silicate mixture
uℓ Turbulent velocity fluctuation at scale ℓ

V Volume of the metal–silicate mixture
w Vertical velocity of the metal–silicate mixture

Greek symbols

α Entrainment coefficient
γm/s !cm/!cs
δm,s Compositional boundary layer thickness in the

metal (m) or silicate (s) phase
! Metal dilution, i.e. the ratio of the mass of

equilibrated silicate over the mass of
equilibrated metal

ϵ Dissipation rate
ηm,s Dynamic viscosity in the metal (m) or

silicate (s) phase
κm,s

c Compositional diffusivity in the metal (m) or
silicate (s) phase

νm,s Kinematic viscosity in the metal (m) or silicate
(s) phase

ρm,s Density of the metal (m) or silicate (s) phase
ρ̄ Mean density of the metal–silicate mixture
!ρ Density contrast ρm − ρs
σ Metal–silicate interfacial tension
τeq Equilibration timescale
φ Metal mass fraction in the metal–silicate

mixture

Dimensionless numbers

Bo Bond number, !ρg d2/σ
H Viscosity ratio, ηm/ηs
P Density ratio, ρm/ρs
Pe Compositional Péclet number, w d/κc
Re Reynolds number, w d/νm
Sc Schmidt number, ν/κc

We Weber number, ρm w2d/σ

r = r0 + αz, (3)

where α is the entrainment coefficient and r0 = d0/2 the initial
radius of the dense blob. The velocity of the mixture can be calcu-

lated from the equations of conservation of momentum and mass
(Appendix B), a general expression being given in Eq. (B.12). The
velocity law (B.12) has a useful large-z asymptote given by

w =
(

r3
0 g

2α3

!ρ

ρs

)1/2(
1 + K + 3

16
Cd

α

)−1/2 1
z
, (4)

where Cd is the drag coefficient, and K the coefficient of added
mass, which accounts for the momentum imparted to the sur-
rounding fluid. These laws have been verified in a wide vari-
ety of physical settings, from laboratory experiments using ther-
mally or compositionally buoyant fluids to large scale geophysical
flows including explosive volcanic plumes (Terada and Ida, 2007;
Yamamoto et al., 2008), underwater gas plumes (Bettelini and Fan-
neløp, 1993), and atmospheric convective bursts (known as ther-
mals – hence the name – by sailplane pilots; Woodward, 1959).

Turbulent entrainment results from a combination of engulf-
ment of ambient fluid by large scale, inviscid eddies, which draws
large volumes of surrounding fluid into the turbulent region, and
nibbling, which denotes small scale viscous processes (vorticity dif-
fusion) (Turner, 1986; Mathew and Basu, 2002; Westerweel et al.,
2009). The rate at which the ambient fluid is entrained is thought
to be controlled by large scale process (Brown and Roshko, 1974;
Turner, 1986), while nibbling is responsible for eventually impart-
ing vorticity to the entrained fluid. The entrainment coefficient
appears to be independent of Re (Turner, 1969), which is consis-
tent with the rate of turbulent entrainment being controlled by the
largest inviscid eddies rather by the small scale viscous effects. In
two-fluids systems we would expect that these large-scale eddies
remain unaffected by interfacial tension if the Weber number is
large enough, in which case turbulent entrainment should still oc-
cur, at a rate similar to the case of miscible fluids. We argue here
that the concept of turbulent entrainment is indeed also applica-
ble to immiscible fluids like molten metal and silicate, provided Re
and We are large. This is demonstrated below in a series of exper-
iments with two immiscible fluids.

4. Experimental set-up

Molten silicate is modeled by a low viscosity silicone oil
(density ρs = 820 kg m−3, viscosity ηs = 1 mPa s) enclosed in a
25.5 cm × 25.5 cm × 47 cm container. A volume of NaI aqueous
solution (density ρm = 1580 kg m−3, viscosity ηm = 2 mPa s), rep-
resenting a metal blob falling into a magma ocean, is held in a
vertically oriented tube whose lower extremity is sealed using a
thin latex diaphragm, which is ruptured at the beginning of the
experiment. Tube diameters from 1.28 cm to 7.62 cm have been
used, with an aspect ratio (height of fluid in the tube/diameter of
the tube) kept to 1 in all experiments. A surfactant (Triton X-100)
is added to the NaI solution, lowering the interfacial tension of the
silicone oil/NaI solution system to about 5 mJ m−2. A small amount
of Na2S2O3 is added to the NaI solution to avoid a yellowish col-
oration of the solution. In experiments where induced fluorescence
is used to image cross-sections (Fig. 3), we use a concentration of
the NaI solution for which the refractive index of the NaI solution
matches that of the silicone oil, which is necessary to avoid optical
distortions. At this concentration, its density is ρm = 1260 kg m−3.
The exact values of the densities, viscosities and interfacial tension
are measured before each series of experiments. The experiments
are recorded with a color video camera at 24 frames per second.
Using a pixel intensity threshold method, we estimate on each
video frame the location of the center of mass z of the oil/NaI so-
lution mixture and the apparent area A of the mixture, from which
its equivalent radius is estimated as r = √

A/π .
The dense fluid is released from rest and its vertical veloc-

ity is set by the conversion of its gravitational potential energy
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Fig. 1. Analog fluid dynamics experiments on metal–silicate mixing and fragmentation. (a) Growth of a negatively buoyant thermal by turbulent entrainment at Re = 2 × 103.
Here the buoyancy of the falling fluid is due to very fine dense particles in suspension (modified from Deguen et al., 2011). A small amount of fluorescent dye (fluoresceine) is
added to the particle-laden fluid, which appears white in the pictures. (b) Fragmentation of a volume of aqueous solution of NaI salt (dyed in blue) released in silicone oil, at
We = 3 × 103, Re = 2 × 104, P = 1.9, H = 2.1. Fragmentation of the aqueous volume into droplets occurs between the third and fourth snapshots. (c) Close-ups corresponding
to the squares in (b). Small scale Rayleigh–Taylor instabilities are apparent in the first close-up. (For interpretation of the colours in this figure, the reader is referred to the
web version of this article.)

into kinetic energy, which implies that the vertical velocity initially
scales as w ∼ √

(!ρ/ρm)gr. Using this scaling for w implies that
We ∼ Bo, using the equivalent diameter of the NaI solution volume
as the length scale. The Weber and Reynolds numbers that char-
acterize the experiments are defined using as a velocity scale the
vertical velocity of the dense fluid after it has travelled a distance
equal to its initial diameter. With this definition, we found that
We ≃ 0.43 Bo in our experiments. Our choice of experimental fluids
plus the use of a surfactant to reduce the interfacial tension allows
us to reach values of Re larger than 104 and We up to 3×103, mak-
ing our experiments far more dynamically similar to planetary ac-
cretion than current numerical simulations (Ichikawa et al., 2010;
Samuel, 2012).

We have explored a wide range of parameters, with density ra-
tios P from slightly larger than 1 to about 2, and Reynolds and
Weber numbers ranging from moderate values to around 104 and
3 × 103, respectively. We focus here on the experiments we per-
formed at the largest Reynolds and Weber numbers and a density
ratio similar to that of the metal–silicate system, which are the
most relevant to the core–mantle differentiation problem. More
details about the all set of experiments will be found in a com-
panion paper (Landeau et al., in press).

5. Experimental validation of the turbulent entrainment model

Snapshots from an experiment with Bond number Bo = 6.9 ×
103, Weber number We = 3 × 103, Reynolds number Re = 2 × 104,
density ratio P = 1.9, and viscosity ratio H = 2.1 are shown in
Fig. 1b and c. After release, the dense fluid (dyed in blue) under-
goes small scale Rayleigh–Taylor instabilities (apparent on the first
snapshot) which, together with shear induced by the global mo-
tion of the fluid, generate turbulence. The volume of the falling
fluid increases with time much like the miscible fluids case shown
in Fig. 1a, indicating that entrainment is occurring in spite of im-
miscibility.

Fig. 2 shows that the equivalent radius of the NaI solution–
silicone oil mixture increases linearly with the distance travelled,
in agreement with the turbulent entrainment model predictions
(Eq. (3)). The entrainment coefficient α is in the range 0.2–0.3 in
our experiments, similar to turbulent thermals in miscible fluids
(Morton et al., 1956; Turner, 1969), which suggests that we have
indeed reached a regime for which the large scales of the flow are
unaffected by interfacial tension effects.
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Fig. 2. Time evolution of the mean radius and position of the falling fluid, in ex-
periments where a volume of NaI solution is released into silicone oil (P = 1.9).
(a) Mean radius r (normalized by r0) of the aqueous solution/oil mixture as a func-
tion of the position z (normalized by r0) of its center of mass. (b) Square of the
normalized position z of the center of mass of the aqueous solution/oil mixture
as a function of time (normalized by (!ρg/ρsr0)−1/2). The results of one experi-
ment are compared with the predictions of our model based on the entrainment
assumption shown with black lines in (a) and (b). For this experiment, the model
[Eqs. (B.8), (B.9) and (B.10)] best fits the data with α = 0.26, a drag coefficient
Cd = 0.53, and a virtual mass coefficient K = 0.5 (see Appendix B for details on the
model). The experimental results shown in the inserts illustrate the natural variabil-
ity seen in our experiments, with α varying between 0.2 and 0.3.

The predicted descent trajectory also compares favorably with
the experimental results. Once integrated in time, the asymptotic
velocity law equation (4) yields

(
z
r0

)2

=
(

2!ρg
α3ρsr0

)1/2(
1 + K + 3

16
Cd

α

)−1/2

t. (5)

Fig. 2b shows that after a short acceleration phase the experiments
agree well with the prediction of Eq. (5) that z2 ∝ t , although there
is some variability in the magnitude of the slope. The full evolu-
tion of our experiments can be explained by the model described
in Appendix B. Although the drag and virtual mass coefficients
are uncertain, the model (black curves in Fig. 2) fits very well
the experimental measurements for reasonable values of these
coefficients, with the observed variability in our experiments at-

Fig. 3. Cross-section of the NaI solution/silicone oil mixture at a distance ∼2d0 from
the origin. The experiment is illuminated with a thin light sheet exciting a fluo-
rescent dye (Rhodamine B) added to the NaI solution, which appears white in the
picture. In this experiment Bo = 4.6 × 103, We = 2 × 103, P = 1.54, H = 2.1, and
Re = 2 × 104.

tributable to imperfect control of initial conditions plus natural
variability inherent in turbulent flows.

The agreement between our experiments and the entrainment
prediction strongly supports our contention that the turbulent en-
trainment concept can be applied to immiscible fluids when We
and Re are large, and offers a simple way [Eqs. (3), (4), and Ap-
pendix B] to model the evolution of large metal masses in a
magma ocean. In particular, the linear increase of the buoyant mix-
ture radius provides a measure of metal–silicate mixing, with the
metal dilution [Eq. (2)] given by

! = ρs

ρm

[(
1 + α

z
r0

)3

− 1
]
. (6)

6. Fragmentation

Fig. 1b–c reveals that the dense NaI solution entrains and incor-
porates silicone oil before it fragments into droplets. Fragmentation
occurs relatively late in the descent process (between the third
and fourth pictures in the experiment shown in Fig. 1b–c), at a
time when a sizable volume of ambient fluid has already been
entrained. Droplets appear in a single global fragmentation event,
which is at variance with previously suggested “cascade” processes,
in which a succession of fragmentation events lead to the final
stable drop size (Rubie et al., 2003; Samuel, 2012), and “erosion”
processes, in which metal–silicate mixing occurs predominantly on
the boundary with the ambient fluid (Dahl and Stevenson, 2010).

Adding a small amount of fluorescent dye to the NaI solution
and illuminating the experiment with a thin light sheet reveals
cross-sections of the NaI solution/silicone oil mixture, one ex-
ample being shown in Fig. 3. Small scale mixing of the phases
is evident in this picture, demonstrating that oil has been en-
trained into the NaI solution and that the two phases are al-
ready intimately mixed before fragmentation occurs. This striking
observation suggests that fragmentation is a consequence of mix-
ing associated with turbulent entrainment of the ambient fluid,
with fragmentation into drops ultimately resulting from small
scale instabilities, plausibly capillary instabilities developed on fil-
aments stretched by the turbulent flow (Villermaux et al., 2004;
Shinjo and Umemura, 2010).

In all our experiments in this turbulent regime, fragmentation
into drops is observed to occur after the dense liquid falls a dis-
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Fig. 4. The fractal dimension of the oil/aqueous solution interface shown in Fig. 3,
determined using a box counting algorithm. Shown here is the number N(ℓ) of
square boxes of size ℓ required to cover the oil/aqueous solution interface as a
function of the box size ℓ. Here the box size ℓ is normalized by the size of
the smallest box fully enclosing the interface. The slope of the resulting curve is
1 − D , where D is the fractal dimension of the 3D interface. A slope of −1 is
expected for a non-fractal surface, as found here for small ℓ. The interface is frac-
tal at scales above ℓ∗ ≃ 2.3 × 10−2, which is of the same order of magnitude as
We−3/5 ≃ 1.05 × 10−2. Fitting the data for ℓ > ℓ∗ (thick black line) gives a slope
of −1.63 ± 0.03 (±1σ ), which implies a fractal dimension of 2.63 ± 0.03, slightly
smaller than D = 8/3 = 2.67.

tance equal to 3–4 times its initial diameter, with no clear trend
observed in the explored range of parameters. At this point the
volume fraction of the dense fluid in the mixture is of order 5–10%.
It is possible that the fragmentation distance becomes indepen-
dent of Re and We when these two numbers are large, but the
maximum value of We obtained in our experiments (3000) is only
6 times larger than its observed critical value for this turbulent
regime (∼500), making the explored range of We too small to test
this possibility.

7. Chemical equilibration before fragmentation – a fractal model

Fragmentation of the metal phase into drops is an important
facet of the problem of metal–silicate interactions, because drop
formation is an efficient way of increasing the interfacial area be-
tween metal and silicate, thus enhancing chemical transfer and
equilibration. However, it may not be necessary for chemical equi-
libration. The small scale mixing observed in our experiments
(Fig. 3) results in a highly convoluted interface, which should dras-
tically decrease the timescale of equilibration with the entrained
silicate.

To illustrate this point, we consider a model of metal–silicate
equilibration prior to drop formation based on the observation
that the interface separating the two fluids has a fractal na-
ture once turbulence is well-developed. Theory (Mandelbrot, 1975;
Constantin et al., 1991; Constantin and Procaccia, 1994) and ex-
periments (Sreenivasan et al., 1989; Constantin et al., 1991) show
that isosurfaces of transported quantities (composition, tempera-
ture) in well-developed turbulent flows are fractal – a consequence
of the self-similarity of the turbulent flow – with a fractal dimen-
sion predicted to be D = 8/3 for homogeneous turbulence with
Kolmogorov scaling.

It is to be expected that the interface between immiscible fluids
in a turbulent flow shares this property over the range of scales in
which interfacial tension is unimportant. Experimental support for
this assumption is given in Fig. 4, where the interface between
the oil and aqueous solution is shown to have a fractal nature

Fig. 5. A sketch of the composition profiles in the vicinity of the metal–silicate in-
terface. The situation depicted here is that of a siderophile element in excess in the
silicate phase.

with a fractal dimension at scales larger than a cut-off length
ℓ∗ . For miscible fluids, Sreenivasan et al. (1989) assumed that the
inner cut-off length is the Kolmogorov scale for isovorticity sur-
faces, and the Batchelor scale for isocompositional surfaces for high
Schmidt number fluids. For a surface separating two immiscible
fluids, we expect that the inner cut-off length will be the largest
of the Kolmogorov scale ℓK = d Re−3/4 and the scale ℓσ = d We−3/5

at which interfacial tension balances local dynamic pressure fluc-
tuations estimated assuming a Kolmogorov cascade (Kolmogorov,
1949; Hinze, 1955, and see Section 8 for more details). Typically
ℓσ ≫ ℓK , and we expect that ℓ∗ ∼ ℓσ . In our experiments, ℓ∗ and
ℓσ are numerically close (within a factor of 2, Fig. 4) and the mea-
sured fractal dimension is only slightly smaller than the theoretical
value of 8/3. Note that the observed fractal nature of the interface
is indicative of self-similarity in the flow, and that the measured
fractal dimension is consistent with Kolmogorov type turbulence
and a k−5/3 kinetic energy spectrum.

Assuming that the metal–silicate interface has a fractal nature
offers a convenient way of estimating its area AT , which according
to fractal geometry scales as AT ∼ A0(ℓ

∗/d)2−D , where A0 = πd2

is the area measured at the scale d. Using ℓ∗ ∼ ℓσ , the predicted
surface area is AT ∼ A0We

3
5 (D−2) . With D = 8/3 and We = 1014,

this implies an increase in interfacial area by five orders of magni-
tude. A timescale for chemical equilibration, τeq, can then be found
by coupling the estimate for AT with a local scaling for turbulent
mass flux at the metal–silicate interface.

We denote by κc the diffusivity of the chemical element of in-
terest. The Schmidt number Scm,s = νm,s/κ

m,s
c , where ν is the kine-

matic viscosity, is assumed to be large in both phases. Fig. 5 shows
a sketch of the composition profiles in the vicinity of the metal–
silicate interface, with definitions of the main variables. Thermo-
dynamic equilibrium is assumed at the metal/silicate interface,
so that the concentrations by mass cint

m and cint
s at the interface

are linked by the partition coefficient Di = cint
m /cint

s , but the bulk
compositions c̄m and c̄s are out of thermodynamic equilibrium,
i.e. c̄m/c̄s ≠ Di . The resulting compositional boundary layers have
thicknesses δm,s , and we denote by !cm,s the composition differ-
ence across the boundary layers. The local diffusive compositional
flux across the interface scales as κc!c/δ and the total mass flux
Fc is

Fc ∼ ρm AT κm
c

!cm

δm
∼ ρs AT κ s

c
!cs

δs
. (7)

Continuity of the mass flux across the interface implies that the
ratio γm/s of !cm to !cs is

69



280 R. Deguen et al. / Earth and Planetary Science Letters 391 (2014) 274–287

γm/s = !cm

!cs
= ρs

ρm

κ s
c

κm
c

δm

δs
. (8)

We now relate the compositional jumps !cs and !cm to the mean
composition c̄m and c̄s of the metal and silicate phases. Using
Eq. (8) together with the assumption of local thermodynamic equi-
librium (Di = cint

m /cint
s ), we obtain the following expressions for

!cs and !cm:

!cs = − c̄m − Dic̄s

γm/s + Di
, !cm = −γm/s

c̄m − Dic̄s

γm/s + Di
. (9)

Using (π/6)ρ̄ d3 for the mass of the metal–silicate mixture, the
evolution of composition in the metal and silicate phases are given
by

φ
π

6
ρ̄d3 dc̄m

dt
= −Fc, (10)

(1 − φ)
π

6
ρ̄d3 dc̄s

dt
= Fc, (11)

where φ is the mass fraction of the metal phase in the mixture.
Combining Eqs. (10) and (11) and using the metal dilution ! =
(1 − φ)/φ and Eq. (7) for Fc , we obtain

d
dt

ln(c̄m − Dic̄s) ∼ − (1 + !)(Di + !)

!(Di + γm/s)

ρs

ρ̄

6κ s
c

dδs
We

3
5 (D−2), (12)

from which we obtain an equilibration timescale τeq given by

τeq = f (!, Di,γm/s)
ρ̄

ρs

d δs

κ s
c

We− 3
5 (D−2), (13)

where the factor 6 in Eq. (12) has been omitted, on the basis that
this expression for τeq is based on an order of magnitude estimate
of the flux across the interface [Eq. (7)], in which an unknown –
presumably O(1) – factor has already been omitted. Keeping this
factor would result in a shorter equilibration timescale. In Eq. (13),
the function f (!, Di,γm/s) is given by

f (!, Di,γm/s) = !(Di + γm/s)

(1 + !)(Di + !)
. (14)

The function f is O(1) for intermediate values of ! (with a maxi-
mum always smaller than 1), but f → 0 if ! is small compared to
min(1, Di) or large compared to max(1, Di).

We now estimate the boundary layers thicknesses δ in the
metal and silicate phases (the subscript m and s will be omitted
in what follows, with the understanding that the analysis applies
to both phases). Denoting by ℓ the smallest scale of the flow in
the vicinity of the interface, then the smallest scale δ of the com-
positional field is found by balancing the strain rate at scale ℓ
with the diffusion rate at the scale δ, i.e. uℓ/ℓ ∼ κc/δ

2. Assum-
ing a Kolmogorov type velocity spectrum, the velocity at scale ℓ

is uℓ ∼ w(ℓ/d)
1
3 , where w is the large scale velocity. With these

assumptions, we obtain

δ = d Sc− 1
2 Re− 1

2

(
ℓ

d

) 1
3

. (15)

At this stage, further progress requires assumptions on the small
scale structure of the turbulence in the vicinity of the metal–
silicate interface:

1. If we assume that the turbulence structure is not affected
by the presence of the interface and interfacial tension ef-
fects, then ℓ should be the Kolmogorov scale. Eq. (15) with
ℓ = ℓK = dRe−3/4 gives

δ = d Sc− 1
2 Re−3/4, (16)

which is the Batchelor scale ℓB . With this estimate for δ, we
obtain

γm/s =
(

ρs

ρm

)5/4( κ s
c

κm
c

)1/2( ηs

ηm

)1/4

(17)

and an equilibration timescale

τeq = f (!, Di,γm/s)
ρ̄

ρs

d2

κ s
c

Sc−1/2Re−3/4We− 3
5 (D−2). (18)

2. Alternatively, one might argue that the turbulent motion in
the vicinity of the interface is damped by interfacial tension at
scales smaller than ℓσ . In this case the smallest scale of the
flow is ℓσ ∼ dWe−3/5 and the boundary layer thickness is

δ = d Sc− 1
2 Re− 1

2 We− 1
5 , (19)

which gives

γm/s =
(

ρs

ρm

)6/5( κ s
c

κm
c

)1/2

(20)

and an equilibration timescale

τeq = f (!, Di,γm/s)
ρ̄

ρs

d2

κ s
c

Sc− 1
2 Re− 1

2 We− 3
5 D+1. (21)

Choosing between the two models Eqs. (18) or (21) would re-
quire detailed measurement of the small scale structure of the
flow, or alternatively, measurements of a tracer concentration in
both phases, which are beyond the scope of our current exper-
imental set-up. We therefore choose the more conservative esti-
mate of the equilibration timescale Eq. (21) which assumes that
turbulent motions in the vicinity of the interface are damped at
scales smaller than ℓσ . For comparison, the model assuming no
effect of the interface on the turbulence structure would yield an
equilibration timescale a factor We1/5Re−1/4 smaller (typically a
factor of 5 or more smaller).

With ρs/ρm ≃ 0.5, assuming that κ s
c and κm

c are of the same
order of magnitude implies that γm/s = O(1). Since it only appears
in f (!, Di,γm/s) as a sum with Di which is ≫ 1 for siderophile
elements, the exact value of γm/s should be of little importance.
The factor ρ̄/ρs is also O(1), and ignoring it as well in Eq. (21)
yields the simplified equilibration timescale

τeq ≃ f (!, Di)
d2

κ s
c

Sc− 1
2 Re− 1

2 We− 3
5 D+1. (22)

From Eq. (22), we obtain an equilibration distance ℓeq = wτeq
given by

ℓeq ≃ f (!, Di)dSc
1
2 Re

1
2 We− 3

5 D+1, (23)

which is the distance travelled by the metal phase during the time
τeq required for equilibration of the metal with the silicate it has
mixed with. Metal and silicates equilibrate if the equilibration dis-
tance ℓeq is smaller than the magma ocean depth. Fig. 6 shows
ℓeq as a function of d for various values of w between 100 m s−1

and 1 km s−1, calculated with f (!, Di) = 0.5, κ s
c = 10−8 m s−1,

σ = 1 J m−2 and ρs = 3500 kg m−3. The equilibration distance is
always a fraction of the metal–silicate mixture diameter, which
implies that, once turbulence is well-developed, the metal should
continuously equilibrate with the entrained silicates.
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Fig. 6. Equilibration distance ℓeq/d as functions of the metal–silicate mixture di-
ameter d, for w = 100, 300, 600 and 1000 m s−1, calculated using Eq. (23) with
f (!, Di) = 0.5, κ s

c ∼ 10−8 m s−1, σ = 1 J m−2 and ρs = 3500 kg m−3.

8. Prediction for the stable drop size after fragmentation

After fragmentation, the metal–silicate equilibration timescale
depends mostly on the resulting fragments size (Karato and
Murthy, 1997; Rubie et al., 2003; Ulvrová et al., 2011). In this sec-
tion, we propose a scaling for the drop size of the metal phase
after fragmentation, as well as a justification for the scaling used
in the previous section for the cut-off length scale ℓ∗ above which
the interface (before fragmentation) is fractal. In a fully turbulent
flow, the stable drop size dd after fragmentation, as well as the
cut-off length scale ℓ∗ before fragmentation, are expected to de-
pend only on the dissipation rate ϵ , the interfacial tension σ , the
densities and viscosities of both phases, and the metal volume
fraction:

(
dd,ℓ

∗) = F1(ϵ,σ ,ρm,ρs,νs,νm,φ). (24)

Using the Vashy–Buckingham theorem, we find that ℓ∗ must be
the solution of an equation of the form

F2

[
P,H,φ,

ℓ∗

ℓK
,

ℓ∗

ℓσ

]
= 0, (25)

where we have introduced two length scales,

ℓK =
(

ν3
s

ϵ

)1/4

, ℓσ =
(

σ

ρs

)3/5

ϵ−2/5. (26)

ℓK is the Kolmogorov scale, at which turbulent kinetic energy is
dissipated into heat by the action of viscous forces; ℓσ can be
shown to be the length scale at which interfacial tension (Laplace
pressure) balances turbulent pressure fluctuations and stresses if
a Kolmogorov type turbulence is assumed (Kolmogorov, 1949;
Hinze, 1955). With ϵ ∼ w3/r (Tennekes and Lumley, 1972),

ℓK ∼ Re−3/4d, ℓσ ∼ We−3/5d. (27)

Two end-member cases are possible, depending on the relative
values of ℓK and ℓσ . Let us first compare the magnitude of the
viscous stress and Laplace pressure at a given scale ℓ. Assuming a
Kolmogorov type turbulence cascade, the velocity fluctuations uℓ

at a scale ℓ > ℓK is uℓ ∼ w(ℓ/d)1/3. Using this estimate for uℓ , we
find that the ratio of the viscous stress to the Laplace pressure at
the scale ℓ is

Viscous stress at scale ℓ

Laplace pressure at scale ℓ
∼ ηsuℓ/ℓ

σ /ℓ
∼

(
ℓK

ℓσ

)4/3(
ℓ

ℓσ

)1/3

. (28)

Two options are possible:

1. First, if ℓK ≫ ℓσ , all the energy input is dissipated at the Kol-
mogorov scale, at which scale the ratio of viscous stress and
Laplace pressure is ∼ (ℓK /ℓσ )5/3 ≫ 1 according to Eq. (28).
In this case interfacial tension is unimportant, and dd and ℓ∗

scale as

(
dd,ℓ

∗) = F3(P,H,φ)

(
ν3

s

ϵ

)1/4

∼ F3(P,H,φ)dRe−3/4. (29)

2. Alternatively, if ℓK ≪ ℓσ , then interfacial tension balances tur-
bulent pressure and stress fluctuations at the scale ℓσ , with
further smaller scale deformation of the interface inhibited by
the interfacial tension. According to Eq. (28), the ratio of vis-
cous stress and Laplace pressure is ∼ (ℓK /ℓσ )4/3 ≪ 1 at this
scale, which implies that viscous effects are unimportant. As a
consequence, the stable drop size does not depend on the vis-
cosity of either phase, nor on the viscosity ratio H, and thus
the drop size and the cut-off length scale follow a scaling law
of the form:

(
dd,ℓ

∗) = F4(P,φ)

(
σ

ρs

)3/5

ϵ−2/5 ∼ F4(P,φ)dWe−3/5. (30)

The ratio ℓK /ℓσ ∼ We3/5Re−3/4 following an impact is found to
be typically smaller than 10−2, which suggests that the drop size
or cut-off length will be set by interfacial tension rather than vis-
cosity, and will obey the scaling given by Eq. (30). When φ is small,
its effect should be negligible, as indeed observed in experiments
with dilute dispersions (Hinze, 1955; Chen and Middleman, 1967).

From analysis of Clay’s (1940) data, Hinze (1955) found that
the maximum drop size dmax in a turbulent flow with ℓσ ≫ ℓK is
given by

dmax ≃ 0.725
(

σ

ρs

)3/5

ϵ−2/5. (31)

Effects of changing the density ratio was not investigated in this
study, which focused on fluids with density ratios P ≃ 1. Theory
(Levich, 1962) and experiments (Hesketh et al., 1987) argue for
a dependence on the density ratio of the form dmax ∝ P−1/5. For
the metal–silicate system, which has P ≃ 2, this would predict a
maximum drop size about 13% smaller than what Eq. (31) predicts,
a minor discrepancy in light of the other uncertainties.

Clearly, the size of the drops produced by fragmentation of the
metal blob must depend on the details of the fragmentation mech-
anism, which are not elucidated yet, and the drop size just after
fragmentation does not have to match the prediction of Eq. (31)
(although a similar scaling is expected). Nevertheless, Eq. (31)
should give a reasonable upper bound for the fragment size, since
it predicts that larger drops would be disrupted by turbulent dy-
namic pressure fluctuations.

In a system in statistical steady state, the dissipation rate ϵ
must equal the total energy input in the system ein, which here is
the rate of work of the buoyancy forces. However, since the metal–
silicate mixture is not in statistical steady state (it can be shown
using the self-similar regime velocity (Eq. (4)) that the total kinetic
energy of the system evolves with time), dissipation does not equal
the rate of energy input, but is some fraction f of the work done
by the buoyancy forces. The rate of work of the buoyancy forces,

ein = φ̄
!ρ

ρ̄
g w, (32)

tends towards

ein = 2
[

1 + K + 3
16

Cd

α

]−1/2 ρs

ρ̄

[
!ρgr1/3

0

2α3ρs

]3/2( r0

z

)4

, (33)
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Fig. 7. Maximum stable drop size after fragmentation according to Eq. (34), as a
function of the distance travelled (normalized by the initial metal blob diameter
d0), for metal blobs with initial diameter 100 km (blue curves) and 1000 km (black
curves) with f = 0.5 (solid curves) and f = 0.1 (dashed curves). Assumed parame-
ters values are: α = 0.25, K + 3Cd/16α = 1, !ρ = 4000 kg m−3, ρs = 3500 kg m−3,
g = 5 m s−2, σ = 1 J m−2. (For interpretation of the colours in this figure, the reader
is referred to the web version of this article.)

in the self-similar regime, for which w is given by Eq. (4). Using
Eq. (33) for ein and writing the dissipation as ϵ = f ein, we find
that

dmax

d0
≃ 3

f 2/5

[
1 + K + 3

16
Cd

α

]1/5( ρ̄

ρs

)2/5 α9/5

Bo3/5
0

(
z

d0

)8/5

(34)

when the mixture has reached the self-similar regime. Here Bo0 =
!ρ g d2

0/σ . The value of f is difficult to estimate precisely, but
shouldn’t be much smaller than 1. Fig. 7 shows dmax from Eq. (34)
for metal blobs with initial diameter 100 km (blue curves) and
1000 km (black curves) with f = 0.5 (solid curves) and f = 0.1
(dashed curves), and α = 0.25. Smaller values of α would result in
smaller drop sizes. Eq. (34) predicts submillimeter-to-centimeter
maximum stable drop sizes, which is small enough to ensure fast
re-equilibration with the surrounding silicates (Karato and Murthy,
1997; Rubie et al., 2003; Ulvrová et al., 2011).

9. Discussion

9.1. On the relevance of our experiments for the core formation problem

Uncertainties about the applicability of our results to metal–
silicate mixing and fragmentation in magma oceans are due mostly
to the fact that our experiments are still very far from the im-
pact conditions with Re, We and Bo up to ten orders of magnitude
smaller than during Earth accretion. The main obstacles to im-
proving experimental as well as numerical approaches stem from
the three dimensional, turbulent nature of the flow at these ex-
treme parameters. Direct numerical simulations of turbulent flows
at such high Re are prohibitively expensive. The cost1 of a di-
rect numerical simulation resolving the Kolmogorov scale goes as
∼ Re11/4, which implies that increasing Re by a factor of 10 multi-
plies the cost by about 500.

Accordingly, a legitimate question is: how close to the dynam-
ical conditions of accretion do we need to go? In boundary free
turbulent flows involving fully miscible fluids, it is observed that

1 In a turbulent flow, the smallest scale which has to be resolved is the Kol-
mogorov scale ℓK ∼ d Re−3/4. This therefore requires ∼ Re3/4 grid points in each
direction, or ∼ Re9/4 grid points for a 3D simulations. The typical timescale corre-
sponding to the Kolmogorov scale is τK = Re−1/2d/w , which means that ∼ Re1/2

timesteps are needed for a simulation time corresponding to d/w . The total cost
therefore scales as ∼ Re9/4 × Re1/2 ∼ Re11/4.

there is no qualitative change of the flow associated with increas-
ing Re once turbulence is “fully-developed”, i.e. once there is a
range of length scales (the inertial range) for which viscosity ef-
fects are negligible (e.g. Mungal and Hollingsworth, 1989). Increas-
ing Re further increases the gap between the integral scale (the
largest scale of the flow, here the diameter of the blob) and the
Kolmogorov scale at which viscous dissipation occurs, but does not
change the slope of the kinetic energy spectrum. The entrainment
coefficient in turbulent thermals appears to be independent of Re
(e.g. Turner, 1969) once Re " 103, which is consistent with the rate
of turbulent entrainment being controlled by the largest, inviscid
eddies (Turner, 1986).

In immiscible fluid systems like metal–silicate, we should ex-
pect that a similar asymptotic regime is reached once there is a
separation of scales between the integral scale of the flow and
the Kolmogorov (dRe−3/4) and capillary (dWe−3/5) scales, so that
there is a range of scales for which viscosity and interfacial tension
do not play any role. Increasing further Re and We will increase
the ratio between the largest and smallest scales of the flow, but
should not change the phenomenology, nor the slope of the ki-
netic energy spectrum in the inertial range. By analogy with the
miscible fluid case, the entrainment coefficient in the immiscible
fluids case should not depend on We and Re once these numbers
are large enough.

While it is difficult to demonstrate without heavier instru-
mentation and actual velocity measurements that our experiments
have indeed reached a large Re, large We asymptotic regime, there
are a number of observations which are consistent with our ex-
periments being at least close to such regime: (i) the measured
coefficient of entrainment is similar to that measured in misci-
ble turbulent thermals, consistent with the entrainment rate being
independent of the interfacial tension; (ii) the observed fractal na-
ture of the interface is indicative of self-similarity in the flow, and
the measured fractal dimension is consistent with a k−5/3 spec-
trum; (iii) the cut-off length observed in cross-sections of the mix-
ture, which presumably corresponds to the capillary scale, is more
than a decade smaller than the diameter of the NaI–silicon oil mix-
ture (40 times smaller in Fig. 4).

Together, these observations support our claim that the en-
trainment model, and the entrainment coefficient value of ≃ 0.25
which we observe, should indeed apply to larger values of Re
and We. However, there is one more point which needs to be
discussed: compressibility effects, which are absent in our ex-
periments (the Mach number M is ∼10−4), may be significant
in the flow following an impact, which can often be supersonic.
This is probably the most severe limitation of our experiments.
The fact that the flow velocity is similar to the sound veloc-
ity has an important qualitative consequence for the structure of
the flow: the finite speed of sound introduces a time delay in
the transmission of pressure signals from one point to another,
which disrupts the coherence of large turbulent eddies where
the local Mach number (based on the eddy velocity scale) is
of order one or larger (Breidenthal, 1992; Freund et al., 2000;
Pantano and Sarkar, 2002). Because the rate of entrainment is
thought to be controlled by the process of engulfment of ambient
fluid by large scale eddies (Brown and Roshko, 1974; Turner, 1986;
Mathew and Basu, 2002), mixing is expected to decrease when
M approaches 1. Experiments on compressible turbulent jets and
mixing layers show that the entrainment rate indeed decreases sig-
nificantly with increasing M , before saturating at a value about five
times smaller than for incompressible flows (Brown and Roshko,
1974; Freund et al., 2000) when M " 1. An entrainment coefficient
several times smaller than the 0.25 ± 0.05 value of our experi-
ments might therefore be expected when the Mach number of the
metal–silicate mixture is O(1).
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9.2. Comparison with previous work

The reduction of a large metal blob to a drop size has been in-
vestigated by Dahl and Stevenson (2010) and Samuel (2012). Two
different scenarios have been considered by Dahl and Stevenson
(2010). In the first model, metal–silicate mixing is assumed to
occur through gradual erosion of the metal blobs by small scale
Rayleigh–Taylor instabilities. The model predicts that only rela-
tively small metal blobs (less than 10 km in diameter) efficiently
mix with silicates, so that larger blobs reach the core of the grow-
ing planet without significant chemical interactions with the sur-
rounding silicates. In the second model, Dahl and Stevenson (2010)
considered the possibility of metal–silicate mixing through turbu-
lent entrainment, similar to the model we present here, but their
analysis of the structure of the turbulence lead them to conclude
that mixing associated with the entrainment process does not pro-
ceed to length scales small enough to permit efficient chemical
re-equilibration. Our experiments suggest that mixing does pro-
ceed down to the capillary scale at which surface tension balances
dynamic pressure fluctuations, and our model for the kinetics of
equilibration predicts fast re-equilibration, implying that the metal
should continuously equilibrate with the entrained silicates once
turbulence is well-developed. However, fast equilibration between
the metal and entrained silicates does not necessarily imply a sig-
nificant flux of elements from one phase to the other, because this
also depends on the amount of metal–silicate mixing. Although
the entrainment model predicts significantly more mixing than
the Rayleigh–Taylor erosion model of Dahl and Stevenson (2010),
chemical re-equilibration remains problematic for the largest im-
pacts (see further discussion in Section 10).

Numerical models of the evolution of a metal blob falling in
molten silicates by Samuel (2012) indicate metal fragmentation oc-
curs through a sequence of events leading to the final stable drop
size, which is quite different from the picture our experiments and
analysis suggest. A major limitation of Samuel (2012) study is the
assumption of axisymmetry of the flow, a constraint that inhibits
the development of turbulence.

Regarding the size of the fragments resulting from the metal
fragmentation process, models for the maximal stable drop size
have been discussed by Stevenson (1990), Karato and Murthy
(1997), and Rubie et al. (2003). Although we argue for a differ-
ent scaling for the stable drop size (Section 8), the implications
are essentially the same: metal phase fragmentation to stable drop
size ensures fast chemical re-equilibration between the drops and
surrounding silicates.

10. Implications for planetary core formation

As shown in the introduction section [see Eq. (1)], efficient
chemical re-equilibration requires that two necessary conditions
are met: (i) that the metal phase is capable of equilibrating with
the silicates it has mixed with (i.e. that the parameter k in Eq. (1)
is of order 1), and (ii) that the metal phase equilibrates with a sil-
icate mass at least a factor Di larger (i.e. that the metal dilution
! " Di ).

With a velocity w in the range 0.1–1 km s−1 and diame-
ter d > 10 km, our model predicts that the equilibration dis-
tance ℓeq (the distance travelled by the metal phase during the
time needed for equilibration) is always smaller than about 0.6d
(Fig. 6). For example, Eq. (23) yields ℓeq ≃ 50 km for d = 100 km
and w = 100 m s−1, and ℓeq ≃ 75 km for d = 1000 km and
w = 1 km s−1, assuming κc = 10−8 m2 s−1, ρs = 3500 kg m−3,
σ = 1 J m−2, and f (!, Di) = 0.5. The corresponding equilibration
timescales are τeq ≃ 8 min and ≃75 s, respectively. Since ℓeq is
smaller than the metal–silicate mixture diameter, and small com-
pared with the typical depth of a magma ocean, the metal phase

Fig. 8. Equilibration efficiency Ei as a function of αzm/r0 (where zm is the depth of
the magma ocean) and various values of the partition coefficient D , estimated for
metal–silicate mixing in a magma ocean as predicted by the turbulent entrainment
model (Eq. (6)). Point A corresponds to the case of a metal blob falling through a
magma ocean of depth ten times its diameter, with α = 0.25. Point B corresponds
to the case of a giant impact with r0 = 0.5zm and α = 0.05.

and the entrained silicate should readily equilibrate once turbu-
lence is fully developed, which typically requires one advection
time ∼d/w , or a distance of fall ∼d. Re-equilibration should be
efficient as well once the metal phase is fragmented: the maxi-
mum stable size of the resulting fragments is expected to scale
as d We−3/5 (Kolmogorov, 1949; Hinze, 1955; Risso, 2000), which
predicts submillimeter-to-centimeter size drops, small enough for
fast re-equilibration (Karato and Murthy, 1997; Rubie et al., 2003;
Ulvrová et al., 2011). This suggests that once turbulence is well-
developed, most of the metal indeed equilibrates with the sur-
rounding silicates and k should be close to 1. Whether or not
metal–silicate equilibration has a significant geochemical finger-
print then depends on the ratio !/Di . Assuming that metal–
silicate mixing occurs through turbulent entrainment, Fig. 8 shows
that the equilibration efficiency Ei , calculated using Eqs. (1) and
(6) with k = 1, depends strongly on the quantity αzm/r0, where
zm is the depth of the magma ocean.

The above considerations suggest that efficient metal–silicate
equilibration should have been the norm for impacts in which the
magma ocean is much deeper than the impactor core diameter. As
an example, Eq. (6) predicts that a molten iron blob falling through
a magma ocean of depth ten times its diameter mixes with about
100 times its mass of silicate, assuming α = 0.25 (a relevant value
here because the large value of zm/r0 ensures deceleration of the
metal phase to subsonic velocity, irrespectively of the initial con-
ditions). The large value of zm/r0 also ensures well-developed tur-
bulence and fast equilibration. The resulting Tungsten equilibration
efficiency is EW ≃ 0.78 (point A in Fig. 8), assuming DW = 30.

The cases of impacts for which zm/r0 is not much larger than
one, which includes the Moon-forming event, are not as clear. First,
it is not obvious that the time needed for the impactor core ma-
terial to reach the base of the magma ocean would allow enough
turbulence to develop and the metal–silicate interfacial area to in-
crease sufficiently for fast equilibration. Second, and as discussed
in Section 9.1, the effect of compressibility on α may signifi-
cantly reduce the entrainment rate, allowing only a small mass
of silicate to mix with the metal. Assuming, as for turbulent jets,
a fivefold decrease of the entrainment rate due to compressibil-
ity, α = 0.25/5 = 0.05, the core of an impactor with ≃10% the
mass of the proto-Earth (r0 ≃ 0.5 zm) would mix with only about
17% its mass of silicate before it reaches the proto-Earth’s core,
giving EW ≃ 5.5 × 10−3 (point B in Fig. 8). However, the actual
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Fig. 9. Possible scenarios for metal–silicate mixing and segregation following a large impact involving a previously differentiated impactor. The metal is shown in grey, molten
silicate in light orange, and solid silicate in dark orange. The metal phase gradually mixes with the silicates through turbulent entrainment, with efficient chemical equilibra-
tion resulting from small-scale mixing. Additional mixing may be caused by the impact of the metal–silicate mixture at the base of the magma ocean. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

equilibration efficiency may depend on the details of the impact
dynamics. SPH simulations of the Moon-forming impact suggest
that in the likely case of an oblique impact, a fraction of the im-
pactor including most of its core would be sheared past the planet
before re-impacting Earth’s mantle (Canup, 2004). Some degree of
disruption of the impactor core during this process might be suffi-
cient to allow subsequent metal–silicate equilibration by increasing
the value of αzm/r0 for individual blobs.

Lastly, we point out that core–mantle segregation is a com-
plex, multi-step process and additional equilibration is possible at
other stages. In particular, the velocity of the metal–silicate mix-
ture may easily exceed hundreds of m s−1, implying an energetic
“secondary impact” when it reaches the bottom of the magma
ocean, which, as sketched in Fig. 9, could cause significant addi-
tional metal–silicate mixing (Deguen et al., 2011). (i) In the case
of an impact forming its own semi-spherical magma pool, the in-
ertia of the mixture can drive an upward flow, re-suspending iron
fragments (Deguen et al., 2011) which, in spite of likely vigorous
convection, sediment out on a timescale similar to Stokes’ sed-
imentation time (Martin and Nokes, 1988; Lavorel and Le Bars,
2009). (ii) In a pre-existing global magma ocean with a horizon-
tal lower boundary, the metal–silicate mixture will rather spread
laterally as a turbulent gravity current – analogous to a pyroclastic
flow – with possibly significant additional entrainment of molten
silicate (Hallworth et al., 1993). (iii) If the mantle is fully molten,
the metal–silicate mixture directly impacts the proto-Earth’s core,
with splashing and entrainment of mantle material into the core
(Storr and Behnia, 1999) providing additional metal–silicate mix-
ing.
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Appendix A. Equilibration efficiency

Definition. Let cm and cs denote the concentrations (in weight %)
of element i in either the metal or silicate phases, respectively.
The metal and silicate are fully equilibrated when the two phases
have reached thermodynamic equilibrium, for which the equilib-
rium concentration ceq

m and ceq
s are linked through the metal/sili-

cate partition coefficient Di by ceq
m = Dic

eq
s .

Consider a mass Mm of metal, in which we assume that a frac-
tion k Mm has been mixed and equilibrated with a mass Ms of
silicates. We define the metal dilution ! as the ratio of the mass
of equilibrated silicate over the mass of equilibrated metal,

! = Ms

kMm
. (A.1)

Given the initial values c0
m and c0

s of the concentration in the metal
and silicate phases, the concentration in the equilibrated metal ceq

m
and equilibrated silicate ceq

s are found from mass conservation,

ceq
m + !ceq

s = c0
m + !c0

s , (A.2)

which, together with the assumption of thermodynamic equilib-
rium, ceq

m = Di ceq
s , gives
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ceq
m = c0

m + !c0
s

1 + !/Di
, ceq

s = c0
m + !c0

s

Di + !
. (A.3)

The net mass exchange Mi of element i between the metal and
silicate phases can be written as

Mi = kMm
∣∣ceq

m − c0
m

∣∣ = Ms
∣∣ceq

s − c0
s

∣∣ (A.4)

= kMm
|c0

m − Dic0
s |

1 + Di/!
. (A.5)

Mi reaches a maximum value Mmax
i = Mm|c0

m − Dic0
s | when all

the metal phase is equilibrated (k = 1) and is infinitely diluted in
the silicate phase (! → ∞). We thus define the equilibration effi-
ciency Ei of element i as the actual mass exchange Mi normalized
by the maximum possible mass exchange Mmax

i . From Eq. (A.5)
and the value of Mmax

i , the equilibration efficiency is found to be

Ei = k
1 + Di/!

, (A.6)

which reduces to k when !/Di ≫ 1, the limit that is usually as-
sumed in continuous accretion models (e.g. Rudge et al., 2010).

As shown by Eq. (A.6), the equilibration efficiency Ei depends
critically on the ratio !/Di , and is small, even when k = 1, if ! is
small compared to Di . Efficient re-equilibration requires the metal
dilution to be similar to or larger than the partition coefficient of
the element considered. For Tungsten, which has DW ≃ 30, effi-
cient re-equilibration thus requires that the metal re-equilibrates
with at least 30 times its mass of silicate.

Use of Ei in geochemical models. We demonstrate here that geo-
chemical models assuming partial equilibration of the metal phase
but infinite dilution can be generalized by using the equilibration
efficiency Ei in place of k. We consider the case of continuous ac-
cretion, according to the formulation of Rudge et al. (2010) (see
their Supplementary Information). Discontinuous accretion can be
treated in the same way.

We note cm(t) and cs(t) the concentration in Earth’s mantle and
core at time t , and cimp

m (t) and cimp
s (t) the composition of the metal

and silicate phase of the impacting bodies. The mass of the Earth
is denoted by M(t), and, using F for the mass fraction of metal
in the Earth (assumed constant), then the masses of the core and
mantle are F M(t) and (1 − F )M(t), respectively. We assume for
simplicity that all impactors have the same metal mass fraction F .

Conservation of mass of element i in Earth’s core implies that

d
dt

[F Mcm] = (1 − k)F cimp
m

dM
dt︸ ︷︷ ︸

Flux of non-equilibrated metal

+ kF ceq
m

dM
dt︸ ︷︷ ︸

Flux of equilibrated metal

(A.7)

where ceq
m is the concentration in the re-equilibrated fraction of the

impactor core. One complication is that the metal of the impactor
may equilibrate with silicates from both the impactor mantle and
Earth’s mantle, in unknown proportion (Rubie et al., 2012). If c̃s
denotes the mean composition of the equilibrated silicate, Eq. (A.3)
yields

ceq
m = cimp

m + !c̃s

1 + !/Di
. (A.8)

For siderophile elements such as Tungsten, c̃s can be approximated
by cs(t). As discussed above in Definition section, the effect of re-
equilibration is significant only if the metal re-equilibrates with a
mass of silicates about Di times larger (e.g. about 30 times larger

for Tunsten). Since the mass of the impactor mantle is only about
twice the mass of its core, efficient re-equilibration of siderophile
elements requires that the impactor metal equilibrates with a mass
of Earth’s mantle significantly larger than the impactor’s man-
tle. This implies that, in cases where equilibration is efficient, the
mean concentration of the equilibrated silicate is close to cs(t). The
approximation c̃s ≃ cs(t) is not valid if the equilibration efficiency
is small, but in that situation it has little effect on the results.

Substituting Eq. (A.8) into Eq. (A.7) yields the following equa-
tion for the compositional evolution of the core:

d
dt

(Mcm) =
[
Ei Di c̃s + (1 − Ei)cimp

m
]dM

dt
, (A.9)

while conservation of element i in the mantle yields the following
equation for the mantle:

d
dt

(Mcs) =
[

cimp
s + Ei

F
1 − F

(
cimp

m − Dic̃s
)]dM

dt
. (A.10)

If c̃s is taken to be equal to cs(t), Eqs. (A.9) and (A.10) are the
same as used by Rudge et al. (2010) for stable species if Ei is
substituted for k (see their equations A.3 and A.4 in the Sup-
plementary Information). The equivalence also holds if radioactive
or radiogenic species are considered (see the Supplementary In-
formation of Rudge et al. (2010) for a detailed derivation of the
relevant equations). Results of previous accretion models, includ-
ing the bounds on Earth’s accretion derived by Rudge et al. (2010)
from Hf-W and U-Pb systematics, can therefore be generalized to
include the effect of finite dilution by using Ei in place of k.

Implications. Previous studies (Kleine et al., 2004; Nimmo et al.,
2010; Rudge et al., 2010) have shown that Hf-W systematics
can be used to infer a lower bound for the mean degree of re-
equilibration during Earth’s accretion. Assuming infinite dilution
of the metal phase, Rudge et al. (2010) found that Hf-W system-
atics constrains the fraction of equilibrated metal k to be larger
than about 0.36 on average during Earth’s accretion. If finite metal
dilution is considered, the implication is that EW ! E min

W = 0.36,
which requires that k > 0.36 and, assuming DW ≃ 30, ! ! !min =
DW /(1/E min

W − 1) ≃ 17.
A possibly important implication for modeling the abundance

of siderophile elements in the mantle is that the equilibration
efficiency Ei is element-dependent. One consequence is that con-
straints on the equilibration efficiency from Hf-W systematics do
not apply directly to other elements. The equilibration efficiency of
an element i with partition coefficient Di differs from the Tung-
sten equilibration efficiency EW according to

Ei = g(DW , Di,!)EW , (A.11)

where

g(DW , Di,!) = 1 + DW /!

1 + Di/!
.

In Eq. (A.11), the function g is an increasing function of ! if
Di > DW , and a decreasing function of ! if Di < DW . Thus the
lower bounds on k and ! deduced from Hf-W systematics imply
the following lower bound on the equilibration efficiency of an el-
ement i:

Ei ! E min
i =

{
1+DW /!min

1+Di/!min E min
W if Di ! DW ,

E min
W if Di # DW .

(A.12)

The constraint on the equilibration efficiency becomes weaker for
elements that are more siderophile. For example, the lower bound
on the equilibration efficiency is E min

i ≃ 0.14 for an element with
Di = 100, and only E min

i ≃ 0.017 for an element with Di = 103.
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Thus low equilibration efficiency should be considered when mod-
eling the core/mantle partitioning of highly siderophile elements
(e.g. Wood et al., 2006; Corgne et al., 2008).

Appendix B. Turbulent entrainment model

Integral relationships. We consider a buoyant spherical mass of ini-
tial radius r0 and density ρm = ρs + !ρ released with an initial
(downward) velocity w0 in a fluid of density ρs . Owing to entrain-
ment, the mean density of the metal–silicate mixture evolves with
time according to

ρ̄(t) = ρs + (ρm − ρs)φ = ρs

[
1 + !ρ

ρs
φ

]
, (B.1)

where φ = r3
0/r3 is the metal phase volume fraction. The buoyancy

of the metal–silicate mixture,

B = g
ρ̄ − ρs

ρs
V = g

!ρ

ρs
φV , (B.2)

is conserved in absence of density stratification in the ambient
fluid. Here V is the volume of the turbulent fluid and r is its mean
radius.

We adopt the standard entrainment assumption of Morton et
al. (1956) for which the local inward entrainment velocity ue is
proportional to the magnitude of the mean vertical velocity w of
the mixture,

ue = α|w|, (B.3)

where α is the entrainment coefficient. With this assumption, the
equation of conservation of mass becomes

4π

3
d(ρ̄r3)

dt
= 4πr2ρsα|w|, (B.4)

while conservation of momentum becomes (e.g. Bush et al., 2003)

4π

3
d
dt

[
(ρ̄ + Kρs)r3 w

]
= ρs B − 1

2
Cdρsπr2 w2. (B.5)

Here K is the coefficient of added mass, which accounts for the
momentum imparted to the surrounding fluid (Escudier and Max-
worthy, 1973). The second term on the right hand side of Eq. (B.5)
is the hydrodynamic drag Fd , with Cd the drag coefficient.

Using Eq. (B.1) to write ρ̄ as a function of φ, Eqs. (B.4) and (B.5)
become

dr
dt

= α|w|, (B.6)
[
(1 + K )r3 + !ρ

ρs
r3

0

]
dw
dt

= g
!ρ

ρs
r3

0 − 3α

[
1 + K + Cd

8α

]
r2 w2.

(B.7)

Noting that w = dz/dt , Eq. (B.6) implies that dr/dz = α.
We now non-dimensionalize lengths by r0, time by [ρs r0/

(!ρ g)]1/2, and velocity by (r0 g !ρ/ρs)
1/2. In non-dimensional

form, equations (B.6), (B.7) then become

dr̃

dt̃
= α|w|, (B.8)

[
(1 + K )r̃3 + !ρ

ρs

]
dw̃

dt̃
= 1 − 3α

[
1 + K + Cd

8α

]
r̃2 w̃2, (B.9)

where the tilde (‘∼’) denotes non-dimensional variables. The initial
conditions are

r̃ = 1, z̃ = 0, and w̃ = w0

(r0 g !ρ
ρs

)1/2
at t̃ = 0. (B.10)

In Fig. 2, we use a least-square inversion procedure to find
the values of α, K and Cd for which the model described by
Eqs. (B.8)–(B.10) best fits our experimental data on the position
of the center of mass z̃ and radius of the mixture r̃ as a function
of time.

Analytical solutions. Using dr̃/dt̃ = α dz̃/dt̃ = αw̃ , Eq. (B.9) can be
re-written as
[
(1 + K )r̃3 + !ρ

ρs

]
α

2
dw̃2

dr
= 1 − 3α

[
1 + K + Cd

8α

]
r̃2 w̃2, (B.11)

the solution of which is

w̃2 = 2
α

r̃∫

1

(!ρ
ρs

+ (1 + K )x3)γ −1

(!ρ
ρs

+ (1 + K )r̃3)γ
dx +

( !ρ
ρs

+ 1 + K
!ρ
ρs

+ (1 + K )r̃3

)γ

w̃2
0,

(B.12)

where

γ = 2 + Cd

4(1 + K )α
= 2

1 + K

(
1 + K + Cd

8α

)
. (B.13)

The integral on the RHS of Eq. (B.12) can be calculated analytically
if Cd = 0, or if !ρ/ρs → 0 (for arbitrary K and Cd).

The solution (B.12) has a large-z asymptote given by

w̃ =
[

2
(

1 + K + 3
16

Cd

α

)
α3

]−1/2 1
z̃
, (B.14)

which corresponds to the self-similar regime of a turbulent ther-
mal, consistent with the form given in Eq. (2) of the paper. Once
integrated, Eq. (B.14) yields

z̃2 =
[(

1 + K + 3
16

Cd

α

)
α3

2

]−1/2

t̃. (B.15)

K and Cd act in exactly the same way in the self-similar regime.
Furthermore, 3/(16α) ∼ 1 if α ≃ 0.25, which implies that K and
Cd have a quantitatively similar effect.
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Core merging and stratification following
giant impact
Maylis Landeau1*, Peter Olson1, Renaud Deguen2 and Benjamin H. Hirsh1

A stratified layer below the core–mantle boundary has long
been suspected on the basis of geomagnetic and seismic
observations1–3. It has been suggested that the outermost
core has a stratified layer about 100 km thick3–6 that could be
due to the di�usion of light elements7,8. Recent seismological
evidence, however, supports a layer exceeding 300km in
thickness of enigmatic origin9–11. Here we show from turbulent
mixing experiments that merging between projectile and
planetary core following a giant impact can lead to a stratified
layer at the top of the core. Scaling relationships between
post-impact core structure and projectile properties suggest
that merging between Earth’s protocore and a projectile
core that is enriched in light elements and 20 times less
massive can produce the thick stratification inferred from
seismic data. Our experiments favour Moon-forming impact
scenarios involving aprojectile smaller than theproto-Earth12,13

and suggest that entrainment of mantle silicates into the
protocore led to metal–silicate equilibration under extreme
pressure–temperature conditions. We conclude that the thick
stratified layer detected at the top of Earth’s core9,10 can be
explainedas a vestige of theMoon-forminggiant impact during
the late stages of planetary accretion.

Giant impacts have been implicated in the formation of Earth’s
Moon12–14 and the crustal dichotomy onMars15. The energy released
by giant impacts allows the liquid metallic core of the projectile
to fall through a fully molten magma ocean and merge with
the protocore of the accreting planet under extreme turbulence
conditions16,17 (Fig. 1a). Accretion scenarios predict themetal added
to the protocore after each collision was either enriched or depleted
in light elements depending on the oxidation state of the projectile
and on the thermodynamic conditions during metal–silicate
equilibration18, implying that compositional stratification in the
post-impact core is most probable. Numerical simulations of giant
impacts12–14,17 capture large-scale dynamics of core formation, but
not the turbulence, which is crucial for predicting the post-impact
stratification of the core.

Figure 1b,c is the schematic of the first experiments on merging
and turbulent mixing following impacts aimed at predicting the
post-impact structure of the core. A liquid volume of radius R,
representing the projectile core, is released into a two-layer liquid,
the upper layer representing an impact-induced magma ocean
that extends to the core–mantle boundary (CMB, the interface in
our experiment), the lower layer representing the protocore. The
released liquid, whose density is varied relative to the lower liquid,
is immiscible with the upper liquid but miscible with the lower, with
which it eventually merges. The upper layer depth zu, analogue for
the magma ocean depth, is fixed so that the aspect ratio Z= zu/R
is smaller than 4, as expected for giant impacts. Details of the

experimental set-up and dimensionless parameters are given in
the Methods.

Figure 2 shows the first steps of the merging process
for both positive and negative values of the density ratio
P= (ρl−ρr)/(ρr−ρu), where the subscripts u, l, r indicate
the upper, lower and released liquids, respectively (previous core
formation studies19,20 use the term merging to signify absence of
chemical equilibration; here it refers to the dynamical sequence
in Fig. 2). As the released volume sinks in the upper liquid, it
entrains liquid drops, generating a turbulent cloud of the two
immiscible liquids, intermingled at small scales (right column in
Fig. 2). The cloud penetrates deep in the lower layer, forming a
turbulent fountain that collapses and spreads beneath the interface
as a turbulent gravity current. Unexpectedly, the volume of upper
liquid entrained into the lower liquid is comparable to the released
volume. During the gravity current stage, the released liquid
mixes with a significant volume of the lower liquid, while drops
of entrained upper liquid sediment upward toward the interface.
Collapse of the cloud mixture below the interface, irrespective of
the sign of P , demonstrates that entrainment of upper liquid has
transiently reduced the cloud density to below that of the lower
liquid. Turbulent fountaining (Fig. 2) implies that, during Earth’s
accretion, metal–silicate mixtures penetrated into the protocore,
collapsed, and spread below the CMB, whereupon the entrained
silicates sedimented upwards as drops toward the magma ocean.

Figure 3 illustrates the longer-term behaviour in our exper-
iments, following sedimentation of the immiscible drops. For
released liquids denser than the lower liquid (P < 0, Fig. 3b), the
collapsing fountain destabilizes into plumes, initiating an overturn
event that yields a global stratification throughout the entire lower
liquid. In contrast, following releases lighter than the lower liquid
(P>0, Fig. 3a), a turbulent gravity current spreads and settles at the
top of the lower liquid, producing a localized stratified layer below
the immiscible interface and unstratified conditions below.

For lighter releases (P > 0), we quantify turbulent mixing and
residual stratification in the lower liquid in terms of V/V0, where
V denotes the volume of the residual stratified layer (see Methods
for details) and V0 denotes the initial volume of the released
liquid. Efficient mixing occurs wherever the gravity current is
turbulent: the more efficient the mixing, the larger the ratio V/V0.
Our experimental results reveal that V/V0 depends on both the
density ratio P and the aspect ratio Z , such that the least-squares
best-fitting power law is V/V0= c1P c2Z c3 , where c1= 1.13± 0.3,
c2=−0.34±0.02 and c3= 0.89± 0.08, as shown in Fig. 4a. The
signs of these power-law exponents are consistent with previous
studies on entrainment at a density interface and with force balance
arguments (Supplementary Information). Our experimental scaling
forV/V0 means that fountain collapse induces extensivemixing and
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Figure 1 | Turbulent core merging after a giant impact. a, Sketch of the merging of the core of a projectile and a protoplanet after a giant impact.
b, Experimental set-up at time t=0 (side view). The upper, lower and released liquids are analogues for the magma ocean, the protocore and the
projectile core, respectively. c, Sketch of an experiment at times t>0.
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t = 0.4 s t = 0.6 s t = 1 s t = 1.6 s t = 1.6 s

t = 0.6 s

t = 0.4 s t = 0.8 s t = 1.2 s t = 1.8 s t = 1.2 s

t = 0.4 s

Figure 2 | Collapsing fountain during the first steps of the merging process. a, Released liquid lighter than the lower liquid, P≈ 1.68× 10−2, Z=2.
b, Released liquid denser than the lower liquid, P≈−1.63× 10−2, Z=2. The first five columns are photographs at di�erent times t in a single experiment.
The right column displays close-ups of the rectangular sub-regions in a and b, showing turbulent intermingling between entrained upper liquid and
released liquid.

produces a stratified layer 20 or more times as voluminous as the
projectile core.

Extrapolated to giant impacts, our experiments with P < 0
suggest thatmergingwith a projectile core depleted in light elements
produces global stratification throughout the protocore whereas
experiments with P > 0 demonstrate that localized stratification
can be produced at the top of the protocore after merging with a
projectile core enriched in light elements. In the latter situation,
the final structure of the protocore depends on the mass ratio and
the density difference between the protocore and the projectile
core, as shown by the regime diagram in Fig. 4b, obtained from
our experimental scaling law for mixing (Fig. 4a). For each giant
impact, Z depends on the size of the projectile core but also on
the excavation mechanism16 and the deformation of the projectile
core, processes that are poorly constrained. However, we find that
allowing for variations in Z has little effect on our conclusions
(Supplementary Information) and therefore, in Fig. 4b, we assume a
constant value Z=2, typical of giant impacts.

Dashed and solid contours in Fig. 4b quantify the amount of
mixing between the merged cores. Regions below the solid curve

correspond to impacts that mix the entire protocore with the
projectile core, yielding no distinct layers, whereas for impacts above
the solid curve a residual stratified layer is produced at the top of
the protocore by incomplete mixing. Blue dotted contours in Fig. 4b
show the density deficit of this residual layer, obtained from mass
balance, using the initial core density difference and the amount of
mixing predicted by the scaling law in Fig. 4a.

Results of planetary accretion simulations21,22 suggest that most
giant impacts involve projectile cores smaller than 0.2 Earth’s
protocoremass. Such impacts correspond to the blue shaded regions
in Fig. 4b, assuming an upper bound of 10% for the core density
contrast23. The darker blue region comprises core density contrasts
on the order of these found in geochemicalmodels of core formation
by reduced projectiles18. Nearly all impacts in the darker blue
region lie within the incomplete mixing regime, implying that, in
the aftermath of most Earth-building giant impacts with reduced
projectiles, the core was left with compositional stratification at
its top.

Therefore, Earth’s present-day core structure offers clues about
the last great impact that our planet experienced. On the basis of
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Figure 3 | Long-term dynamics after fountain collapse. a, Formation of a
stratified layer for released liquids less dense than the lower liquid
(P≈ 1.68× 10−2, Z=2). b, Overturn of the entire lower liquid for releases
denser than the lower liquid (P≈−1.63× 10−2, Z=2).

seismic evidence, the authors of ref. 9 have argued for a density
anomaly of 0.75% distributed over a 300-km-thick layer at the
top of Earth’s core. In order for this layer to date from planetary
accretion, it must have withstood erosion by convective motions
underneath (Supplementary Information), and may have thickened
by 10–100 km by molecular diffusion since its time of formation
(Supplementary Information), suggesting an initial layer thickness
of 200–300 km. The red filled rectangle in Fig. 4b corresponds to
projectiles capable of producing such a stratified layer by turbulent

core merging following a giant impact; such projectiles have a core
mass ratio in the range 0.04–0.05 and an initial density 3.8%–5.0%
smaller than the protocore. The possible range of core mass ratios
extends to 0.04–0.07 when allowing for density differences due to
temperature or multiple impacts (Supplementary Information). A
Moon-forming projectile in this size range is consistent with impact
simulations on a fast-spinning Earth13 and with predictions from
accretion simulations22.

At the other extreme, the green shaded region in Fig. 4b
corresponds to collisions between two bodies of comparable size, an
alternative scenario14 for the Moon-forming impact. Such impacts
are located below the solid curve in Fig. 4b, suggesting that the entire
protocore mixes with the projectile core, erasing any pre-existing
layering and implying that heterogeneity below the CMB developed
after the main phase of accretion was over. Our experiments with
P<0 suggest similar outcomes after merging with a projectile core
depleted in lighter elements18. Yet, it is difficult to explain how a
300 km stratified layer would develop without invoking substantial
post-accretional mass transfer into or out of the core. According
to our experiments, it is easier to explain the present-day core
stratification as a primordial layer produced by the Moon-forming
collision involving aMars-sized or smaller projectile12,13, with a core
enriched in light elements. This Moon-forming impact scenario
is also supported by geochemical properties of the Earth and the
Moon, which can be explained by aMars-sized, reduced projectile24.

Core merging in the aftermath of giant impacts has far-reaching
implications for composition and dynamics of planetary cores. The
extent of metal–silicate equilibration after giant impacts is crucial
in interpreting isotopic and geochemical data18–20. Previous fluid
dynamical studies25–27 concluded that, in the aftermath of giant
impacts, the projectile core does not emulsify significantly within
the magma ocean, implying little or no geochemical signature. In
contrast, fountain collapse below the CMB (Fig. 2) suggests that
chemical equilibration is not restricted to the magma ocean but
extends deep inside the core, where silicate drops are entrained
during the core merging process, allowing for significant signatures
on mantle composition (Supplementary Information).

During fountain collapse, the magnetic Reynolds number (ratio
of flow-produced induction to diffusion of magnetic field) probably
exceeded 108, large enough for a short-lived but intense dynamo
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Figure 4 | Core stratification after merging with a projectile core enriched in light elements. a, Experimentally measured volume of the residual stratified
layer normalized by the released volume versus least-squares best-fit power-law scaling in terms of the density ratio P (varying from 1.7× 10−3 to 1.1) and
the aspect ratio Z. Error bars indicate measurement uncertainties. b, Regime diagram for the final structure of the core from Fig. 4a, assuming Z=2 (see
text). Black curves are contours of the stratified layer-to-core volume ratio V/Vc as a function of the core mass ratio and the core density contrast
(normalized by the protocore density). Blue dotted curves are contours of the mean density deficit in the stratified layer (normalized by the protocore
density). We assume the density contrast between metal and silicates is half the metal density, and we equate volume and mass ratios, neglecting
compressibility e�ects. The red rectangle locates projectiles that produce a 200–300 km layer with a 0.75%–1.10% density contrast. Blue regions: likely
domain for giant impacts (see text) including a Moon-forming impact with a Mars-sized or smaller projectile12,13. Density contrasts of the order of those
found in geochemical models of core formation18 are depicted in darker blue. Green region: Moon-forming impact between two objects of comparable
size14, assuming constant core–mantle mass ratio.
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capable of magnetizing crustal rocks (Supplementary Information).
After dissipation of the impact kinetic energy and death of
this transient dynamo, stabilizing compositional stratification
inherited from giant impacts delayed, and perhaps suppressed, core
convection and dynamo action. This scenario is consistent with
the previously reported relationship between large impacts and
the cessation of the dynamo on Mars28. A compositional layer at
the top of Earth’s core produced after a giant impact would have
prevented dynamo action within the layer and could have delayed
the initiation of a convective geodynamo underneath by a few
thermal diffusion times. The thermal diffusion timescale through
a 300-km-thick layer is approximately 0.14Gyr, which is consistent
with the presence of an early dynamo 3.4Gyr ago, as recorded by
palaeomagnetic observations29.

Finally, we note that stratification observed in the F-layer at the
base of the outer core may be another vestige of core formation30,
the residue from a merger with an impactor core depleted in
light elements (Supplementary Fig. 2b). In this report we consider
only projectile cores falling vertically under their own buoyancy.
Additional simulations and experiments using a range of projectile
shapes, velocities and compositions would be needed to model the
full history of core formation.

Methods
Methods, including statements of data availability and any
associated accession codes and references, are available in the
online version of this paper.
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Methods
A tank of width L=25.5 cm and height 47 cm is filled with two immiscible liquids:
an aqueous solution (density ρl=999±1 kgm−3, viscosity µl=1±0.1mPa s)
below a low-viscosity silicone oil (density ρu=819±1 kgm−3, viscosity
µu=1±0.1mPa s), referred to as the lower liquid and the upper liquid, with
thicknesses zl and zu, respectively. A volume V0=103ml is released at time t=0
following the procedure used in an earlier study27. A blue dye (food colouring) is
added in the released liquid. The flow is visualized using back-illumination through
a diffusive screen and recorded by a colour video camera at 24 frames per second.

We release aqueous solutions of ethanol and sodium chloride of various
concentrations such that the density contrast between the released and lower liquid
varies between−95 kgm−3 and 105 kgm−3. The viscosity µr of the released liquid
varies in the range 1±0.1–2.9±0.1mPa s. A surfactant (Triton X-100,
concentration 2ml l−1) is added to the lower and released liquids to lower their
interfacial tension with the upper liquid to values in the range
2.6±0.1–5.5±0.1mNm−1.

At the end of each experiment, the image intensity provides information about
the dye concentration, and hence the final distribution of released liquid in the
lower layer. Since the released liquid has a different density from the lower liquid,
the image intensity also provides information about the shape of the final
stratification in the lower layer.

If the light is monochromatic and the released and lower liquids have the same
refractive index, the concentration in released liquid averaged in the direction
perpendicular to the image is related to the image intensity through the
Beer–Lambert law

C(x , z)=a log
I(x , z)
I0(x , z)

(1)

where a is a constant, z is the distance to the upper–lower interface, x is the
coordinate in the horizontal direction, I(x , z) is the intensity at location (x , z) in
the final image, and I0(x , z) is the intensity at location (x , z) in the back field image
taken before the release. Integrating equation (1) over the entire image, and
remembering that the total mass in released fluid is conserved and equal to ρrV0,
we obtain

a=
ρrV0

L
∫ L
0

∫ zl
0 log (I/I0)dz ′dx ′

(2)

For releases lighter than the lower liquid, a stratified layer eventually forms at
the top of the lower liquid. For each experiment, we use the profile C(x , z) to
estimate the characteristic layer volume V such that V comprises 96% of the
released liquid mass, assuming a flat, uniform layer in the horizontal direction. We
measure V before molecular diffusion affects the layer thickness.

In our experiments, the light is not monochromatic and deviations from the
Beer–Lambert law (1) cause errors in the released liquid concentration and in

V/V0. By calibrating log(I/I0) against known released liquid concentrations, we
estimate that discrepancies between C and the concentration in released liquid are
of about 15%, uncertainties on the exponents c2 and c3 in our scaling law for V/V0

are smaller than 10%, and uncertainties on the prefactor c1 are less than 30%.
The dimensionless control parameters are:

Z=
zu
R
, P=

ρl−ρr

ρr−ρu

Bo=
(ρr−ρu)gR2

σr
, Oh=

√
ρrνr
√
σrR

ρl

ρu
,

zl
R
,

L
R
,

νr

νu
,

νl

νu
,

σr

σl

where g is the acceleration due to gravity, R is the equivalent spherical radius of the
released volume, ν is kinematic viscosity, ρ is density, and σ is the interfacial
tension with the upper liquid. The subscripts r , u and l denote the released, upper
and lower liquids, respectively. Values for P , Z , Bo, Oh, ρl/ρu and νl/νu in our
experiments are compared with plausible values after giant impacts in
Supplementary Table 1. In all of our experiments, the ratios νr/νu and σr/σl lie in
the range 0.7–2.6 and 0.7–1.5, respectively. The ratio zl/R is in the range 5–14 such
that zl is larger than the depth at which the released liquid penetrates in the lower
layer (equal to 2R at most in our experiments), the relevant regime for most giant
impacts (blue regions in Fig. 4b); this ensures that zl/R does not significantly affect
the dynamics of the impact at the immiscible interface separating the upper and
lower liquids. The dimensionless tank width L/R is equal to 9.1. Experiments at the
two largest density ratios P , where mixing stops before the gravity current reaches
the tank walls, fit on the same scaling law as the other experiments (Supplementary
Fig. 1), suggesting that the dimensionless tank width L/R does not significantly
affect the amount of mixing.

The Bond number Bo measures the importance of the buoyancy force versus
interfacial forces and the Ohnesorge number Oh measures the importance of
viscous forces to inertial forces. In this study, Bo and Oh are kept larger than 190
and smaller than 0.01, respectively. According to our previous studies26,27, such
values ensure that, in all of our experiments, the released liquid produce turbulence
during its fall through the upper liquid, forming a self-similar cloud. Turbulence is
a key ingredient for giant impacts, missing in impact simulations12–14,17. We assume
that, within this asymptotic, turbulent regime, Bo and Oh do not affect the mixing
rate (as detailed in Supplementary Information).

Within this turbulent cloud regime, we study the effect of the density difference
ratio and the dimensionless depth of the upper fluid Z . Applied to giant impacts,
Z represents the dimensionless depth of the magma ocean.

Data availability. The authors declare that any additional data supporting the
findings of this study are available from the corresponding author on request.
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Melting-induced stratification above the Earth’s inner
core due to convective translation
Thierry Alboussière1,2, Renaud Deguen1,3 & Mickaël Melzani1

In addition to its global North–South anisotropy1, there are two
other enigmatic seismological observations related to the Earth’s
inner core: asymmetry between its eastern and western
hemispheres2–6 and the presence of a layer of reduced seismic
velocity at the base of the outer core6–12. This 250-km-thick layer
has been interpreted as a stably stratified region of reduced com-
position in light elements13. Here we show that this layer can be
generated by simultaneous crystallization and melting at the sur-
face of the inner core, and that a translational mode of thermal
convection in the inner core can produce enough melting and
crystallization on each hemisphere respectively for the dense layer
to develop. The dynamical model we propose introduces a clear
asymmetry between a melting and a crystallizing hemisphere
which forms a basis for also explaining the East–West asymmetry.
The present translation rate is found to be typically 100 million
years for the inner core to be entirely renewed, which is one to two
orders of magnitude faster than the growth rate of the inner core’s
radius. The resulting strong asymmetry of buoyancy flux caused
by light elements is anticipated to have an impact on the dynamics
of the outer core and on the geodynamo.

The original observation7 of seismic compressional (P)-wave velo-
cities slower than the adiabatic PREM14 model in the lower outer core
has since been confirmed and incorporated in one-dimensional global
models AK135 (ref. 10) and PREM2 (ref. 11). That discrepancy from
the adiabatic profile could result from a wrong interpretation caused
by the nearby complex inner core, because sensitivity kernels have a
width of several hundred kilometres at body-wave frequencies15, or
might also be attributed to floating crystals12,16. Gubbins et al.13 show
that this last explanation is not possible but that the observed seismic
velocities can be explained by a stratification in light elements (and
temperature). However, the stratification mechanism by crystalliza-
tion and melting of crystals at different depths has not been completely
elucidated.

We propose that a dense layer can develop when melting and
crystallization occur only at the inner-core boundary (ICB). Where
crystallization takes place, light elements are released, providing light
fluid; where melting takes place, dense fluid is produced. It is possible
to quantify these effects in terms of flux of buoyancy. Let us denote
Dr as the fraction of density jump across the ICB that is due to
composition partition between solid and liquid phases. For a rate
of crystallization V, the buoyancy flux is DrgcV, where gc is the
magnitude of gravity17 on the ICB (subscript c is for ‘core’). For
melting, the buoyancy flux is –DrgcV. The idea is that part of the
heavy fluid would remain at the bottom, while the rest would be
entrained by the light fluid. Conversely, part of the light fluid would
mix with the dense fluid in the dense layer while the rest would cross
the dense layer and contribute to convection within the main part of
the outer core. This idea has been validated experimentally as follows.

The experiments consist of simultaneously injecting constant
fluxes of light and dense fluids at the bottom of a fluid cavity. The
cavity is a box of perspex 20 cm high and with a 15 cm 3 15 cm
horizontal cross-section. It is initially filled with salted water (initial
concentration x0, in wt% NaCl). At the bottom of the cavity, there is a
porous layer (sponge) below which the cross-section is divided into
two disconnected parts: on one side light fluid is injected (xl , x0)
and on the other side heavy fluid is injected (xh . x0), where xl and xh

are the salt concentrations of the light and heavy fluids in wt% NaCl.
Both density differences x0 2 xl and xh 2 x0 and both flow rates are
controlled and set to be constant during the experiment. The injec-
tions of fluids start simultaneously through pipes from reservoirs
with the desired concentration. The excess fluid is removed through
an overflow at the top of the cavity.

The geophysically relevant case is when the positive buoyancy flux
exceeds the negative one, because on average the inner core is grow-
ing. When the negative buoyancy flux induced by the heavy fluid is
less than 80% of the amplitude of the light fluid, no dense layer is
observed: the entrainment caused by the rise of light plumes is suf-
ficient to mix the heavy fluid as it is released by the bottom boundary.
However, when the heavy buoyancy flux is more than 80% of the light
buoyancy flux, a dense layer grows at the bottom of the cavity. It has
been observed experimentally that the condition for the existence of
the dense layer is really a condition for the buoyancy fluxes, as
described above; it does not specifically depend either on the volume
flow rates or on the density differences between the fluids. This jus-
tifies our convection experiment as an appropriate model of a melt-
ing/crystallization process for the inner core.

On Fig. 1, an experimental run is shown. This experiment corre-
sponds to a case in which the heavy fluid buoyancy flux was 83% that
of the light fluid. The initial concentration and concentrations of the
dense and light injected fluids were x0 5 4 wt%, xh 5 6 wt% and
xl 5 1.65 wt% NaCl respectively. The volume flow rate of the dense
fluid was Qh 5 3.9 3 1027 m3 s21 and that of the light fluid was
Ql 5 4.0 3 1027 m3 s21. The experiment was run twice under the
same conditions: in the first instance, the injected dense fluid was
coloured with potassium permanganate and photographs of the set-
up were taken at different times after the beginning of the injections.
A dense coloured layer forms at the bottom and its thickness grows
linearly with time. It is also possible to see convection plumes going
up on the right-hand side, carrying along some of the heavy coloured
fluid in the upper part of the cavity. In the second instance, the
synthetic schlieren method has been used18,19, providing a quantitat-
ive two-dimensional field of refraction index with which to visualize
the concentration gradients: their horizontal components are shown
on the middle row of Fig. 1, showing convection plumes of light fluid
on the right-hand side of the cavity, while their vertical components
are shown on the bottom row, visualizing the dense layer and its

1Laboratoire de Géophysique Interne et Tectonophysique, CNRS, Observatoire de Grenoble, Université Joseph Fourier, Maison des Géosciences, BP 53, 38041 Grenoble Cedex 9,
France. 2Université de Lyon, CNRS UMR5570, site UCB Lyon 1, 2 rue Raphaël Dubois, bâtiment Géode, 69622 Villeurbanne, Université Lyon 1, ENS de Lyon, France. 3Department of
Earth and Planetary Sciences, Johns Hopkins University, Baltimore, Maryland 21218, USA.
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growth. The concentration field is computed from its gradient, and
averaged along the horizontal direction: the resulting stratification
profile is shown in Fig. 2. There is clearly a region of stratified fluid,
above which density is nearly uniform. The thickness of this layer
grows linearly with time, its volume being 50% to 90% that of the
total volume generated by the light and heavy fluxes.

Melting part of the inner core at a significant rate is difficult while
it is crystallizing (on average over its surface) as a result of secular
cooling. The most plausible mechanism is that a topography is
formed dynamically on the ICB so that the temperature of the adja-
cent fluid of the outer core exceeds the melting temperature. That
excess temperature is then responsible for heat transfer from the
outer core to the ICB, providing latent heat for fusion: in this way
topography can be related to the rate of melting.

The dynamical model we put forward to account for significant
melting on the ICB results from the combination of three physical
elements: the thermal state of a superadiabatic inner core, gravita-
tional equilibrium and finite heat exchange of latent heat with the
outer core. In superadiabatic conditions, a uniform velocity in the
inner-core V, say from west to east along the x-axis (see Fig. 3),
generates a global superadiabatic temperature gradient in the same
direction proportional to the residence time in the inner core; such a
gradient would hence be inversely proportional to V, and propor-
tional to a positive source term S < 10215 K s21 defined by secular
cooling and thermal conduction along the adiabat (see Methods and
ref. 20):

LH

Lx
~

S

V
ð1Þ

where H is the temperature relative to the adiabat Tad in the inner
core anchored to the ICB17. It follows from the volume expansion
coefficient21 a 5 1.1 3 1025 K21 and inner-core density (on the
ICB17) rs 5 1.28 3 104 kg m23 (subscript s is for ‘solid’) that there
exists a density gradient –arshH/hx. The resulting gravity field and
density distribution generate unbalanced forces on the inner core, so
that it is displaced a distance d in the x direction. In the Methods, we
derive the gravitational field and potential associated with this mass
distribution, from which it is possible to calculate the net gravita-
tional force FG exerted on the inner core and the net pressure force FP

exerted by the outer core on the inner core

FGzFP~
16 p2

9
G rlc

3 a
LH

Lx
rs

c2

5
{ rs{rlð Þd

� �
ex ð2Þ

where G is the universal gravitational constant, c 5 1,220 km is the

radius of the inner core17, rl~1:22 | 104 kg m{3 is the outer core
density on the ICB17 and ex is the unit vector in the direction of the
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Figure 1 | Visualization of the growth of a dense layer in an experimental
run. We used dye injection (a) and measurement of horizontal (b) and
vertical (c) density gradients. The experimental cavity is initially filled with a
4 wt% NaCl water solution. From t 5 0, a constant flux of 1.65 wt% NaCl
solution is injected at the bottom on the right-hand side of the cavity while a
6 wt% NaCl solution is injected on the left-hand side. The dense fluid is
coloured with potassium permanganate (a), visualizing a growing dense
layer at the bottom, at four different times after the injection of the dye. The
synthetic schlieren method is used in a second identical experiment: the
horizontal gradient of refraction index in b highlights the convective plumes
and the vertical gradient in c reveals the dense layer.
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Figure 2 | Evolution of the concentration profile during the growth of a
dense layer. The concentration field is extracted from the gradient of
refraction index. It is averaged along the horizontal direction and shows the
time evolution of the dense layer since injection of the dye.
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Figure 3 | A schematic representation of the translational convective
mode. The centre of the inner core O is shifted by a distance d away from the
centre of the Earth C, which would be its equilibrium position if its density
were uniform. That shift causes a thermal departure from the adiabat at the
ICB, generating melting on one side and crystallization on the other side.
Hence a uniform flow exists in the inner core (arrow labelled V): in the case
of a superadiabatic regime, a gradient of temperature develops, as
represented by greyscale shading. Its associated changes in density and
gravitational potential lead to a new mechanical equilibrium for the inner
core, corresponding to a shift in position in the same direction as initially
assumed. r is the distance from the centre O of the inner core and h is the
angle between the x axis and the direction of the point where H is evaluated.
V is the rate of crystallization, and c is the radius of the core. R is the distance
between the point at which the gravitational potential U is calculated and the
centre of the Earth C. M is a dummy point, used to define r, H and R. The
dotted circle is the position of the ICB in the absence of density gradient
(centred on C). See Methods.
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temperature gradient. The equilibrium condition that both forces
balance provides the shift d as a function of the thermal gradient
hH/hx

d~
a LH

Lx
rsc

2

5 rs{rlð Þ ð3Þ

Then, the displacement d is associated with a non-uniform pressure
distribution on the ICB (see Methods), yielding a small temperature
departure dT from the adiabat (see Fig. 4)

dT~rlgc d cos h mP{madð Þ ð4Þ
where mP 5 8.5 3 1029 K Pa21 is the Clapeyron slope22,
mad 5 (aTad)/(rcp) 5 6 3 1029 K Pa21 is the adiabatic gradient,
gc~G 4p

3
rsc is the gravity on the ICB and cp 5 850 J kg21 K21 is the

specific heat capacity23. That departure is accommodated by a ther-
mal boundary layer in the outer core, with a corresponding heat
transfer of typical magnitude u9cpdT, where u9 5 1024 m s21 is a
typical velocity scale in the outer core. That heat transfer must be
balanced by the release or absorption of latent heat

L V cos h~u’cpdT ð5Þ
where L 5 900 kJ kg21 is the latent heat coefficient24,25. Finally, com-
bining equations (1), (3), (4) and (5), we can express the translational
velocity as

V 2~
4pG

15

u’ cp r2
s rl a mP{madð Þ S

L rs{rlð Þ c3 ð6Þ

Depending on the heat flux at the core–mantle boundary, the history

of the inner core shows a first phase dominated by growth _cc!c{1,
followed by the development of the translational instability (see
Supplementary Information), when its radius was around 400 km,
leading to the dominant present translation V / c3/2 of the order of
5 3 10210 m s21, while the growth rate is of the order of 10211 m s21

(Fig. 5).
The latter scaling law implies that the translational convection is

faster along a long axis of the inner-core oblate spheroid (see
Supplementary Information), that is, perpendicular to the rotation
axis. It follows that the temperature gradient is preferentially aligned
with such a long axis, which again reinforces convection in that
direction. Moreover, the Earth’s aspherical mass distribution—
which has essentially a degree 2, order 2 geometry26—is responsible
for elongating the inner core slightly along an east–west axis and
induces a degree 1 translational convection in the inner core through
a bifurcation produced by instability (see Supplementary
Information). We propose that the translational flow has a west to
east orientation, which is responsible for the observed hemispherical

asymmetry of the inner core: grain growth during the transit from the
western hemisphere to the eastern hemisphere may explain the dif-
ference in seismic properties27. The temperature difference of a few
kelvin between the hemispheres is another source of asymmetry.

According to our experiments, a melting rate above 80% of the
crystallization rate is necessary for a dense layer to form, which geo-
metrically implies that the translation velocity V is more than 20
times that of the inner-core growth rate. From Fig. 5, we see that this
happens only when the core–mantle boundary heat flux exceeds
10 TW, and only since the inner-core radius was 1,100 km, some
200 million years ago. Extrapolating from our experiments, 50% of
the volume of melt produced since then would correspond to a layer
250 km thick. The experimental excess concentration is found to be
10% of the concentration difference between light and heavy injected
fluids. In the Earth’s core, where the concentration of light elements
is about 10%, a difference in concentration of around 1% across the
dense layer is expected. This is indeed coherent with the observed
seismic velocities13.

Our convection mechanism ignores deformation in the inner core
and compositional buoyancy. With a finite effective viscosity, tem-
perature variations along gravity isopotentials induce an internal
flow with deformation that affects the translational mode. We have
estimated that the internal flow is weak compared to translation for
an effective viscosity above 1018 Pa s. Enrichment in light elements of
the outer core (a few per cent) has been invoked28,29 to imagine a
stabilizing mechanism for convection in the inner core. This is specu-
lative, however, because the fraction of light elements incorporated in
the inner core may have decreased more rapidly than the fraction of
light elements incorporated into the outer core increased, given that
gravity on the ICB is getting larger, reinforcing convection and com-
paction in the mush.

Invoking an excessively asymmetric buoyancy flux on the ICB calls
for further study of the dynamics of the outer core and the geody-
namo. The stratified layer is expected to be dynamically isolated and
to act as a filter between the inner core and the rest of the outer core,
but there might subsist some hemispherical asymmetry in the outer-
core dynamics.

METHODS SUMMARY
The mode of convection associated with the translation of the inner core is not

standard. Therefore, it is presented in the Methods. Thermal buoyancy is the

driving force; however, unlike classical convection, the damping is not due to

δδ
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Adiabat

Melting curve
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T
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δT
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Figure 4 | Thermal departure from the adiabat due to the displacement of
the inner core and heat transfer at the ICB. A thermal boundary layer forms
in the outer core to adjust to the different radii of the ICB on the melting and
crystallization sides.
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Figure 5 | Growth rate of the radius of the inner core and uniform
convective velocity as functions of the inner-core radius. They are plotted
for different values of the heat flux Q at the core–mantle boundary. Thin
solid lines show the mean solidification (crystallization) rates ċ of the inner
core. Dash-dotted lines show the translation velocities V, calculated with the
assumption of a constant S. Thick solid lines show the translation velocities
V, with S(t) calculated (see Supplementary Information) from the core
thermal evolution model of ref. 30.

LETTERS NATURE | Vol 466 | 5 August 2010

746
Macmillan Publishers Limited. All rights reserved©2010 86



viscous and/or thermal diffusion. Damping is set by the capacity of the outer core
to extract or supply latent heat on the ICB.

Full Methods and any associated references are available in the online version of
the paper at www.nature.com/nature.
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METHODS

We present here in some detail an analytical model of inner-core translation. The

model results from the combination of three physical phenomena: the thermal

state of the inner core, gravitational equilibrium and phase change restrictions

due to finite heat exchange with the outer core.

Thermal evolution of the inner core. In the inner core, owing to secular cooling,

any parcel of matter experiences a decrease in temperature with respect to its

initial curve of constant entropy. However, as the inner core grows, newly solidi-

fied material is set to a lower and lower entropy value. Hence the inner core is

thermally stable if formerly solidified matter is colder than the current adiabatic

profile attached to the liquidus temperature at the ICB, as a result of diffusion. If

not, it is unstable to thermal convection.

It is convenient to introduce a potential temperature H(r, t) 5 T 2 Tad(r, t),

where the adiabat Tad(r, t) is anchored at the ICB (that is, H 5 0 at the ICB). At

inner-core conditions, the equation of conservation of entropy can be simplified

(see Supplementary Information) and written as

LH

Lt
z vN+ð ÞH~k+2HzS tð Þ ð7Þ

where k is the thermal diffusivity of solid iron. This form of the entropy equation

captures first-order effects of compressibility by retaining the contribution of

adiabatic heating or cooling during vertical advection31. The source term is

S tð Þ~k+2Tad{ _TT ad ð8Þ

where _TT ad~LTad=Lt is the difference between thermal diffusion along the adia-
bat and secular cooling and is independent of space. The sign of S determines

whether or not the inner core is superadiabatic and likely to convect. It is

uncertain because S is the difference between two poorly constrained quantities

of comparable magnitude. A young inner core (large secular cooling) and small

thermal diffusivity favour a superadiabatic temperature regime (positive S) and

instability. The low estimate of thermal conductivity given recently by Stacey and

Davis20 together with the young inner core age favoured by recent core thermal

models30, 32,33 make it plausible: with a conductivity k 5 36 W m21 K21 as sug-

gested by ref. 20, the inner core would be superadiabatic if its age is of the order of

a billion years or less. S(t) can be calculated for any given thermal history of the

core (see Supplementary Information); it is a decreasing function of time, with

typical values of 10–100 K per billion years. In what follows, we assume that S is

indeed positive, and will use a nominal value of S 5 10215 K s21 < 30 K per

billion years.

If it is superadiabatic, the inner core is mechanically unstable. Classical ther-

mal convection will develop if the inner-core viscosity is not too large34–36, but

the fact that the ICB is not fixed allows for a new instability consisting of a

translation (see Supplementary Information for a linear stability analysis).

Under the assumption that the viscosity of the inner core is large enough, this

mode becomes dominant and the motion is effectively restricted to be a trans-

lation, with velocity V. Assuming that the Péclet number (Pe 5 Vc/k, where c is

the radius of the inner core) is very large, the terms hH/ht and k=2H can be

neglected in equation (7), which now takes the simple form

LH

Lx
~

S

V
ð9Þ

for a uniform velocity V in the direction of the x axis (see Fig. 3). With a

boundary condition of H 5 0 on the crystallization side, the solution is

H~ rcos hz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2{r2sin2h
p� � S

V
ð10Þ

where r is the distance from the centre O of the inner core and h is the angle

between the x axis and the direction of the point where H is evaluated (see Fig. 3).

The component H goes back to zero on the melting side within a thin boundary

layer (not visible on the schematic Fig. 3) of thickness k/V= c, which can be

resolved when thermal diffusion is considered. The maximal temperature devi-

ation from spherical symmetry is thus DT 5 2cS/V.

Mechanical equilibrium. The thermal asymmetry induced by a translation of

the inner core is accompanied by a density asymmetry and it is anticipated that

the inner core as a whole will be shifted in the direction of the thermal gradient in

an attempt to move the centre of mass of the inner core towards the centre of the

Earth: the light part is emerging while the dense part is sinking. We show here

that a new equilibrium state with the inner core translated by a distance d in the x

direction results from a balance between the gravitational forces applied on the

inner core and the pressure forces on the ICB. A correct estimate of the position

of the inner core requires the evaluation of the change in self-gravitational
potential resulting from the change in mass distribution.

For the sake of simplicity and tractability, density in the outer core is supposed

to be uniform. In the inner core, density variations in the direction of the

uniform velocity are kept in the analysis, but perpendicular variations are

ignored. They would lead to degree 2 spherical harmonic contributions with

little contribution to the displacement d. Adiabatic spherical symmetric density

variations are ignored because they contribute to d only by slightly changing the
average density of the inner core. Density in the inner core is thus expressed as

r~rlz rs{rlð Þ{a
S

V
rsrcos h ð11Þ

where a is the volume thermal expansion coefficient of the inner core, and rl and

rs are the density of the liquid outer core and solid inner core. In equation (11),

the first term on the right-hand side (that is, rl) is the contribution of the liquid

core, centred on C, and the other two terms on the right-hand side are the

contributions of the inner core, centred on O, separated from C by a distance

d. Let us introduce the gravitational potential U, such that gravity is g 5 2=U,

obeying the Poisson equation =2U 5 4pGr, with G the universal gravitational

constant. From equation (11), the corresponding gravitational potential is found

to be

U

4pG
~rl

R2

6
z rs{rlð Þ r2

6
{a

S

V
rs

r3

10
{

c2r

6

� �
cosh ð12Þ

where r denotes the distance between the point at which U is calculated and the

centre of the inner core O and R the distance between the same point and the

centre of the Earth C (see Fig. 3). In the derivation of equation (12), the potential

had to be determined inside and outside the inner core, whereas potential and

gravity are continuous across the ICB. The formula (12) is the gravitational

potential within the inner core. Noting that R2 5 r2 1 2drcosh 1 d2, equation

(12) becomes

U

4pG
~rs

r2

6
zrl

d2

6
{a

S

V
rs

r3

10
{

c2r

6

� �
cos hzd rl

r

3
cosh ð13Þ

The total gravitational forces exerted on the inner core can be readily evaluated as

FG~{

ð
inner core

r+U dV~{4pG d rlrs

ð
inner core

+
r

3
cosh

� �
dV ð14Þ

Only the contribution from the last term in equation (13) remains, because the

other terms cancel out or have no contribution. Indeed, the distribution of
masses within the inner core exerts no net gravity force on the inner core itself

and only the outer core has a non-zero contribution when the inner core is not

centred. We finally obtain

FG~{
16 p2

9
G d rlrsc

3 ex ð15Þ

Within the liquid outer core, we assume hydrostatic equilibrium

{+P{rl+U~0, which provides a simple relationship between pressure P

and the potential U evaluated in equation (13)

P~{rl U ð16Þ
up to an additive constant. It is then possible to evaluate the net pressure force

exerted by the outer core on the ICB

FP~{

þ
ICB

Per dS~
16 p2

9
G rlc

3 a
S

V
rs

c2

5
zrld

� �
ex ð17Þ

The net force exerted on the inner core is then

F~FPzFG~
16 p2

9
Grlc

3 a
S

V
rs

c2

5
{ rs{rlð Þd

� �
ex ð18Þ

Static equilibrium of the inner core (F 5 0) is reached when the inner core is

translated by a distance equal to

d~
a S

V
rsc

2

5 rs{rlð Þ ð19Þ

Kinetics of phase change at the ICB. The displacement of the inner core

implies that pressure is no longer uniform on the ICB. This corresponds to a

temperature difference dT between the adiabat and the liquidus temperature

along the interface:

dT~{dP mP{madð Þ ð20Þ
where dP denotes the pressure variation on the ICB and mP and mad are the

Clapeyron slope and adiabatic gradient (in the liquid phase) respectively.

Pressure variations on the ICB can readily be determined from the previous

calculations on gravitational equilibrium. Pressure in the liquid is related to

the gravitational potential (through equation (16)). The gravitational poten-

tial (13) is evaluated on the ICB r 5 c, with equation (19) taken into account
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U

4pG
~

rs

6
c2zd2z2 dccosh
� 	

ð21Þ

Hence, the pressure variation on the ICB follows from equations (16) and

(21)

dP~{rlgcdcosh ð22Þ

where gc~G 4p
3

rsc is the gravitational acceleration in r 5 c. From equation

(20), the temperature departure from the adiabat is

dT~rlgc d cosh mP{madð Þ ð23Þ
The adiabat is thus higher than thermodynamic equilibrium on the eastern

side and lower by the same amount on the western side. We do not assume

that the actual temperature of the solid–liquid interface is dependent on the

rate of melting or crystallization, dynamic undercooling being very small for

metals. We consider instead that a thermal boundary layer develops in the

outer core, which is the cause of heat exchange, that is, supply or extraction

of latent heat (see Fig. 4). Heat conduction in the solid and in the liquid are

smaller contributions and are fairly equal and opposite. Moreover, it is

assumed that the rate of crystallization (and melting on the other side) is

much bigger than the growth rate of the inner-core dc/dt, where c(t) is the

radius of the inner core. Fusion and crystallization are thus supposed to be of

equal magnitude: this can be expressed in a single form Vcosh, where V is the

assumed uniform velocity of the inner core. Heat transfer in the liquid outer

core is related to the amplitude of velocity fluctuations u9 in the outer core:

we have little knowledge regarding u9 near the ICB, so we take them to be of

the same order of magnitude as the velocity at the core–mantle boundary

estimated from the secular variation of the magnetic field, which is

1024 m s21. The simplest estimate for the heat transfer coefficient is cpu9.

Hence, the heat budget at the ICB is

L V cosh~u’ cp dT ð24Þ
where L is the latent heat. This equation relates the velocity V (rate of

crystallization on one side, melting on the other side) to the thermal depar-

ture from the adiabat dT at the interface, which is itself related to the dis-

placement d of the inner core by equation (23).

Results of the model. All elements of the model have been analysed and now we
put them together. Equations (23) and (24) provide a relationship between d and V

L V~u’cprlgc mP{madð Þd ð25Þ
corresponding to the thermal aspect of the problem. Using the independent mech-

anical equation (19), the displacement d can be eliminated and the solution for the

translation velocity V can be obtained as

V 2~
4pG

15

u’ cpr2
s rl a mP{madð ÞS
L rs{rlð Þ c3 ð26Þ

Representative values of the parameters involved are G 5 6.67 3 10211

m3 kg21 s22, u9 5 1024 m s21, cp 5 850 J kg21 K21 (ref. 23), rs~12,800

kg m{3 and rl~12,200 kg m{3 (ref. 17), a 5 1.1 3 1025 K21 (ref. 21),

mP 5 8.5 3 1029 K Pa21 (ref. 22), mad~ aTð Þ



rlcp

� �
~6|10{9 K Pa{1,

L 5 900 kJ kg21 (refs 24, 25), and c 5 1,221 km (ref. 17). With S 5 10215 K s21,

the translation velocity obtained for the present state of the inner core is found to

be V^7:7 | 10{10 m s{1, which is faster than the growth rate of the radius of

the inner core by a factor of around 70. This is a justification for neglecting the

growth of the inner core in the analysis. The associated displacement is derived

from equations (25) or (19). Its value is d^95 m. The maximal temperature

disequilibrium is dT^0:01 K, while the non-adiabatic temperature difference

across the inner core is DT 5 2cS/V^ 3.2 K. Because dT is very small compared

toDT, the boundary condition H 5 0 is justified to a good approximation from the

point of view of the inner core. It is also possible to determine the maximal time of

residence in the solid inner core, which is 2c=V^100 million years.
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a b s t r a c t

The seismological exploration of the Earth’s inner core has revealed unexpected and puzzling structural
complexities. Its elastic anisotropy is now well established, and has been shown to vary spatially. There
is a well defined hemispherical dichotomy in anisotropy and attenuation, and significant variations in
the radial direction, with weaker anisotropy in the uppermost regions, and possibly different properties
in an ‘‘innermost inner core’’ of radius 300–600 km. Perhaps even more puzzling is the observation of a
stably stratified layer at the base of the outer core, which has recently been proposed to result from
melting of inner core material. If confirmed, the presence of this layer has major implications for our
understanding of convection in the outer core. Inner core differential rotation with respect to the
mantle remains controversial. We will review here recent progress in understanding the dynamics of
the inner core. A number of different models have been proposed for the development of the inner
core’s structure and formation of the stable layer at the base of the outer core, and particular care will
be taken to clarify under which conditions the proposed mechanisms can be active.
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1. Introduction

The existence of the Earth’s inner core was inferred by Lehmann
(1936) from the observation of P-waves in the core shadow zone,
which she interpreted as being due to the reflection of P-waves at a
deep seismological discontinuity, the inner core boundary (ICB).
Although the solidity of the inner core was initially debated—and
formally proved rather recently (Dziewonski and Gilbert, 1971), it
was soon suggested that the inner core is made of solid iron, and
results from the crystallization of the outer core (Birch, 1940; Jacobs,
1953). It has been long recognized that crystallization of the inner
core has a key role in powering the Earth’s dynamo (Verhoogen,
1961; Braginsky, 1963; Gubbins, 1977; Loper, 1978). The idea that
the inner core could be internally dynamic emerged later, one of the
triggers being the discovery that the inner core is elastically
anisotropic: body waves travel faster along the Earth’s rotation axis
than perpendicularly to it (Poupinet et al., 1983).

The seismological exploration of the inner core is a difficult
task. The inner core is a small target (its volume is less than 1% of
the Earth), and is concealed from our view by the mantle and the
highly heterogeneous D00 layer of the lowermost mantle. PKP-
waves can be used as reference phases to minimize the effect of
D00 heterogeneities, but this is effective for only a limited range of
epicentral distances (see Fig. 1 for a description of the main
P-wave phases in the core). Normal modes are only sensitive to
large scale structures, and their sensitivity to the deepest part of
the inner core is weak. Body waves are sensitive to much smaller

scales, but at 1 Hz the Fresnel zones are typically ! 300 km wide
(Calvet et al., 2006), which means they sample and average
relatively large regions as well.

In spite of all these difficulties, an increasingly complex picture
of the inner core is emerging (see Souriau, 2007;Tkalcić and
Kennett, 2008 for recent reviews). Significant radial and lateral
variations of seismological properties, including anisotropy, have
been identified, and the unexpected complexity of the inner core
remains a challenge to explain.

Although some of the main results of seismology and mineral
physics will be reviewed briefly in Sections 2 and 3, the emphasis of
this review is on the dynamics of the inner core. After discussing the
thermal and compositional state of the inner core in Section 4, we
will discuss the role of solidification (Section 5) and deformation
(Section 6) in the development of the inner core internal structure,
before discussing possible models of formation of an anomalous
layer at the base of the outer core (Section 7), and the possibility and
implications of inner core differential rotation (Section 8).

2. The main questions

2.1. What is the origin of inner core anisotropy? Of its radial and
lateral variations?

P-waves sampling the inner core travel faster along the direction
of Earth’s rotation than perpendicular to it (Poupinet et al., 1983).
This observation, together with the anomalous splitting of core
sensitive modes, has been interpreted as elastic anisotropy of
the inner core (Morelli et al., 1986; Woodhouse et al., 1986).
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Heterogeneities in D00 may explain part of the traveltimes anomalies
(Bréger et al., 2000a,b; Romanowicz and Bréger, 2000), but differ-
ential traveltimes of PKPDF and PKPBC waves have provided compel-
ling evidences that the anomalies indeed originate from the inner
core (Shearer et al., 1988; Creager, 1992; Song and Helmberger,
1993). Shear-waves traveling in the inner core are extremely difficult
to observe, but there is one report of observation of shear-wave
splitting in the inner core, which suggests an average shear-wave
anisotropy of 1% in the western hemisphere (Wookey and Helffrich,
2008). The inner core also exhibits a clear attenuation anisotropy,
P-waves traveling parallel to the Earth’s rotation axis being more
attenuated (Souriau and Romanowicz, 1996, 1997; Cormier et al.,
1998; Oreshin and Vinnik, 2004; Yu and Wen, 2006). The positive
correlation between velocity and attenuation is the opposite of what
is observed in the mantle, thus suggesting a different attenuation
mechanism.

There is a general agreement about weaker anisotropy in the
eastern hemisphere than in the western hemisphere (Tanaka and
Hamaguchi, 1997; Creager, 1999; Garcia and Souriau, 2000; Niu
and Wen, 2001; Deuss et al., 2010; Leykam et al., 2010; Irving and
Deuss, 2011), the two hemispheres being defined in reference to
the Greenwich meridian. The uppermost inner core is isotropic or
weakly anisotropic and highly attenuating (Shearer, 1994; Song
and Helmberger, 1995b; Creager, 1999; Garcia and Souriau,
2000), with again a hemispherical structure, the eastern hemi-
sphere being faster and more attenuating. The hemispherical
pattern of traveltime anomalies can be explained by either a
different anisotropy level (Creager, 1999), or by a hemispherical
variation of the thickness of the isotropic layer, with a thickness
of ! 100 km and ! 400 km in the eastern and western hemi-
spheres, respectively (Creager, 2000; Garcia and Souriau, 2000).

The depth dependence of anisotropy in the deeper inner core is
more controversial. There are evidences for the presence of an
innermost inner core of radius 300–600 km exhibiting a possibly
different anisotropy geometry (Ishii and Dziewoński, 2002, 2003;
Beghein and Trampert, 2003; Sun and Song, 2008a,b; Niu and
Chen, 2008) and a lower attenuation (Li and Cormier, 2002;
Cormier and Li, 2002; Cormier and Stroujkova, 2005).

The North–South orientation of the anisotropy suggests that
either Earth’s rotation or the magnetic field plays a role in the
development of inner core anisotropy, which in turn suggests
possible couplings with the outer core and the dynamo. A number
of models have been proposed so far (Sections 3–6), but we are
still short of a model able of explaining all the complexities of the
inner core structure in a self-consistent way.

2.2. Is there a stably stratified layer at the base of the outer core?
If yes, how has it been formed and sustained?

Model PREM (Dziewonski and Anderson, 1981) exhibits only
very slight deviations from a well-mixed adiabatic state in the
outer core. This is consistent with the idea of vigorous core
convection, which is expected to allow only minute deviations
from an adiabatic profile (e.g. Stevenson, 1987) except in very
thin boundary layers at the top and bottom of the core. Yet
Souriau and Poupinet (1991) have found evidences of significant
deviations from PREM of the P-wave velocity profile at the base of
the outer core. Traveltimes of PKPBC and PKPCdiff (P-waves
diffracted along the ICB) suggest the presence of a region of low
P-wave velocity gradient in the bottom ! 150 km of the outer
core. This observation has then been confirmed by a number of
studies (Song and Helmberger, 1992; Yu et al., 2005; Zou et al.,
2008; Cormier, 2009; Cormier et al., 2011), and has been included
in global models AK 135 (Kennett et al., 1995) and PREM2 (Song
and Helmberger, 1995a). Yu et al. (2005) suggested that this layer
exhibits an hemispherical structure, with the P-wave velocity
profile being closer to PREM in the eastern hemisphere. This is
problematic from a geodynamical point of view, because of the
difficulty to sustain large lateral density variations in the outer
core, unless the viscosity in this region is significantly larger than
usually thought (Cormier, 2009). Cormier et al. (2011) demon-
strated however that the hemispherical structure proposed by Yu
et al. (2005) is not required by the data.

The observation of this anomalous layer, sometimes called the
‘F-layer’,1 is puzzling, and seems very difficult to reconcile with
our current view of outer core convection, where crystallization of
the inner core is thought to drive convection through the release
of buoyant, light element rich liquid. The low P-wave velocity
gradient is most probably indicative of a stable density stratifica-
tion, which is just the opposite of what we expect. The layer is
also much thicker than what we can expect for a convective
thermo-chemical boundary layer. Models for the formation of this
layer are discussed in Section 7.

2.3. Is the inner core differentially rotating? What does it imply?

Following theoretical (Gubbins, 1981) and numerical (Glatzmaier
and Roberts, 1996) predictions of inner core differential rotation with
respect to the mantle, a number of seismological observations have
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Fig. 1. (a) Traveltimes of the main core phases as a function of epicentral distance
D. (b)–(d) Ray paths of the main core phases with epicentral distance equal,
respectively, to 1401, 1501, and 1701. In the epicentral distance range 145–1551,
two different PKP phases coexist: PKPAB (red) samples mostly the outer part of the
outer core, while PKPBC (orange) samples the base of the outer core. Whenever
possible, PKIKP-waves (also called PKPDF) are compared to a reference PKP phase,
either PKPAB or PKPBC, to minimize the effect of source mislocation and mantle
heterogeneities. This is possible for only a limited range of epicentral distances (or
equivalently, of the depth of the ray turning point). The PKPBC phase exists only for
epicentral distances between 1451 and 1551, which correspond to a turning point
o400 km below the ICB. For deep ray paths (epicentral distance 41551, turning
point 4400 km below the ICB), PKIKP and the reference phase PKPAB sample quite
different regions in D00 , as can be seen in (d). PKPCdiff is a compressional wave
diffracted around the inner core boundary. (For interpretation of the references to
color in this figure caption, the reader is referred to the web version of this article.)

1 In reference to a layer present in early seismological models between the
outer core and the inner core, the E and G layers in Bullen’s nomenclature (Jeffreys,
1939; Bullen, 1947). The original F-layer had much more dramatic features,
including a strong P-wave velocity discontinuity at its boundary with the outer
core. The PKiKP precursors interpreted as a discontinuity at the top of the F-layer
were later shown to be due to scattering of PKP-waves in D00 (Cleary and Haddon,
1972; King et al., 1973), and the F-layer disappeared from global Earth models.

R. Deguen / Earth and Planetary Science Letters 333–334 (2012) 211–225212

91



Author's personal copy

been reported, with most recent studies indicating a rotation rate
between 0.0 and 0.31/yr. In addition of being fascinating in its own
right, differential rotation can have profound consequences for other
aspects of inner core dynamics, as well as outer core dynamics. For
example, the strength of the toroidal magnetic field at the ICB, a
potentially critical parameter for inner core internal dynamics
(Section 6.3), depends in part on the rate of differential rotation
(Aurnou et al., 1996). The observed rate of differential rotation can be
used to put constraints on inner core viscosity (Buffett, 1997),
another key parameter for inner core dynamics. Finally, one impor-
tant question is whether or not differential rotation is compatible
with the observed hemispherical structure of the inner core (Section
8).

2.4. Why is the inner core so attenuating? Why is the S-wave
velocity so low?

Body waves indicate that the inner core is highly attenuating,
with the P-wave quality factor QaC1002400 in the upper half of
the inner core, but possibly higher, ! 600, deeper (Li and Cormier,
2002; Cormier and Li, 2002; Oreshin and Vinnik, 2004). Some
normal modes seem to indicate very low attenuation in shear,
with the shear quality factor Qm in the range 1000–4000 (Masters
and Gilbert, 1981; Fukao and Suda, 1989), while others require a
much lower QmC902110 (Widmer et al., 1991; Durek and
Ekstrom, 1996; Resovsky, 2005). Andrews et al. (2006) have
shown however that the high apparent Qm of some normal modes
is likely to be an artifact due to anelastic mode coupling, which
argues for the low value of Qm.

Note that the low value of Qm would make the observation of
shear waves in the inner core (the PKJKP phase) unlikely (Shearer
et al., 2011). Reported observations of PKJKP, if correct, may
indicate a much higher Qm, at least for certain paths (Wookey
and Helffrich, 2008; Shearer et al., 2011).

Even with the low value of the normal mode estimate of Qm,
there is a disagreement between the attenuation derived from
normal modes and body waves. P-waves attenuation results from
a combination of attenuation in bulk (compression, quality factor
Qk) and attenuation in shear ðQmÞ. In the mantle, the attenuation
in bulk is negligible (Qk high), which seems to be also the case in
the inner core (Resovsky, 2005). In this case, the P-wave quality
factor is related to Qm through QaC ð3=4ÞðVP=VSÞ2QmC7$ Qm,
where VP and VS are the velocity of P and S-waves, respectively
(e.g. Souriau, 2007). Thus QmC100 would imply QaC700, which
is about twice higher than its observed mean value. Possible
explanations include a finite Qk or a frequency dependence of Qm.
Another possibility is that the observed attenuation of body
waves is partly due to scattering by kilometer scale heterogene-
ities, as suggested by the observation of PKiKP waves coda (Vidale
and Earle, 2000).

The S-wave velocity is constrained by normal modes, and
appear to be much slower ð ! 3:5 km s%1Þ than the P-wave
velocity, which indicates a low rigidity. Both the high attenuation
and the low S-wave velocity may be indicative of the presence of
melt deep in the inner core (Section 5.2).

3. Origin of elastic anisotropy in the inner core

Seismic anisotropy can originate from either the preferred
orientation of elastically anisotropic iron crystals (lattice pre-
ferred orientation, LPO), or from the anisotropic distribution of
two phases with different elastic properties (shape preferred
orientation, SPO). Both are possible in the inner core. As discussed
below, iron is likely to be elastically anisotropic at inner core
conditions, which makes LPO a natural candidate for explaining

the anisotropy of the inner core. Another possibility is that the
seismic anisotropy results from the preferential orientation of
elongated liquid inclusions (Singh et al., 2000).

It is generally accepted that the stable phase of pure iron at
inner core conditions is hexagonal close packed (hcp) (Tateno
et al., 2010). However, it is clear that both the outer and inner
cores are alloyed with nickel and some lighter elements, possibly
Si, S, O (Alf!e et al., 2002; Badro et al., 2007). Although the
concentration of light elements is smaller in the inner core
(Jephcoat and Olson, 1987), the presence of both nickel and light
elements may stabilize cubic phases (either body-centered cubic,
bcc, of face-centered cubic, fcc) at the expense of the hcp phase
(Vočadlo et al., 2003; Dubrovinsky et al., 2007; Côté et al., 2008;
Kuwayama et al., 2008).

The elastic properties of the candidate iron phases remain
subject to debate. Even the sense of anisotropy of hcp iron is
unclear. Low temperature, high pressure calculations (Stixrude
and Cohen, 1995; Laio et al., 2000) suggest that P-wave propaga-
tion is faster along the c-axis than along the a-axis, in agreement
with low pressure/low temperature hcp analogs. Experimental
determination of the elastic constants have suggested a fast
direction lying at an intermediate angle between the a- and
c-axis (Mao et al., 1998; Merkel et al., 2005), but this is now
thought to be an artifact due to texturing of iron aggregates in
diamond anvil cells due to non-hydrostatic stress (Antonangeli
et al., 2006). In the first published ab initio study of iron at
pressure and temperature of the inner core, Steinle-Neumann
et al. (2001) found that the sense of anisotropy reverses at high
temperature, with the a-axis being faster than the c-axis. The
validity of their treatment of temperature effects has been
questioned (Gannarelli et al., 2003, 2005), and a fast c-axis is still
generally thought to be more likely (Antonangeli et al., 2006). Yet
recent ab initio calculations at inner core pressure and tempera-
ture (Vočadlo et al., 2009) again suggest that the sense of
anisotropy reverses at high temperature. Recent studies favour a
c-axis slightly faster than the a-axis, with a pronounced velocity
minimum at an intermediate direction (Sha and Cohen, 2010;
Chen et al., 2011). Fewer studies have addressed the elastic
anisotropy of cubic phases, but they suggest a large anisotropy
of up to ! 12% with the /111S directions being the fastest and
the /100S being the slowest (Belonoshko et al., 2008).

It should be clear from the above discussion that there is still
no consensus on the nature of the stable phase in the inner core
and on the elastic properties of the candidate phases. It is
significant however that all candidate phases appear to be
elastically anisotropic—although sometimes only weakly (Sha
and Cohen, 2010), which supports the idea that seismic aniso-
tropy in the inner core results from the lattice preferred orienta-
tion of iron crystals. Most models of inner core anisotropy
therefore rely on the preferential alignment of iron crystals, either
through solidification texturing where LPO is acquired at the ICB
as a result of crystallization (Section 5), or deformation texturing
resulting from plastic flow within the inner core (Section 6).

4. Inner core thermal and chemical evolution

Understanding the thermal and chemical evolution of the
inner core is a prerequisite for understanding its internal
dynamics. As discussed further in Section 6, the viability of a
number of possible dynamical models of the inner core depends
critically on the thermal and chemical density stratification of the
inner core. An unstable density profile promotes natural convec-
tion, while a stable density profile in most cases inhibits vertical
motions because deformation of isodensity surfaces would induce
restoring buoyancy forces.
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The core crystallizes from the center outward because the
melting temperature of the core mixture increases with depth
faster than the (adiabatic) core geotherm (Jacobs, 1953). As the
core cooled from an initially fully molten state, the geotherm
crossed the melting temperature profile first at the center of the
core and the inner core nucleated. Further cooling results in
outward crystallization, at a rate which is controlled by heat
extraction from the core by mantle convection. One consequence
of this unusual solidification mode is that the inner core is
effectively cooled from above, a configuration which is potentially
prone to thermal convection. Thermal convection further requires
that cooling is such that the inner core temperature profile is
superadiabatic. This depends on a competition between extrac-
tion of the inner core internal heat by diffusion and advection,
and cooling at the ICB (Sumita et al., 1995; Yukutake, 1998;
Buffett, 2009; Deguen and Cardin, 2011). It can be shown that
inner core superadiabaticity depends on the sign of

SðtÞ ¼ kr2Tad%
dTad

dt
, ð1Þ

where Tad is the inner core adiabat anchored at the ICB and k the
thermal diffusivity (Deguen and Cardin, 2011). Here dTad=dto0
and kr2Tado0. Fast cooling and a low inner core thermal
diffusivity ðS40Þ promotes superadiabaticity; slow cooling and
high thermal diffusivity ðSo0Þ results in a stable thermal strati-
fication. Although radiogenic heating has been initially proposed
as the chief energy source for inner core convection (Jeanloz and
Wenk, 1988), its role is probably secondary compared to secular
cooling (Yukutake, 1998; Deguen and Cardin, 2011). Note that the
cooling rate 9dTad=dt9 most probably decreases with time—even if
the heat flux at the core–mantle boundary (CMB) remains
constant—because, as the inner core grows, the latent heat and
gravitational energy released by inner core growth take an
increasingly important part in the heat budget of the core.
Superadiabaticity is therefore more likely early in the inner core
history.

The thermal state of the inner core is directly controlled by the
core thermal history and, ultimately, by the magnitude of the
CMB heat flow. The requirement for inner core superadiabaticity
can be written as a function of either CMB heat flow or inner core
age (Sumita et al., 1995; Yukutake, 1998; Buffett, 2000, 2009;
Deguen and Cardin, 2009, 2011). From Eq. (1), it can be shown
that a good first order criterion for superadiabaticity of the inner
core is that its age tic is smaller than a critical age

tc
ic ¼ tk

dTs

dTad
%1

! "
, ð2Þ

where tk ¼ r2
ic=ð6kÞ is the timescale of thermal diffusion in the

inner core, and dTs=dTad is the ratio of the Clapeyron slope dTs=dP
over the adiabat dTad=dP (Deguen and Cardin, 2009, 2011). It is
also to some extent useful to think in terms of deviations from
superadiabatic heat flux at the CMB: It can indeed be shown that
the requirement for inner core superadiabaticity is close to the
requirement for a superadiabatic CMB heat flux when the inner
core is small. This would be an exact criterion if the cooling rate of
the core and its thermo-physical properties were uniform in the
outer core and inner core. This is not exactly true, but a detailed
calculation shows that the above criterion is still a useful and
relatively accurate rule of thumb when the inner core is young
and the contributions of latent heat and gravitational energy to
the core heat budget is small.

The advantage of thinking in terms of deviations from adia-
batic gradient at the CMB lies in the fact that we do have some
constraints on CMB superadiabaticity. Before the nucleation of the
inner core, the only significant energy source for core convection
and dynamo action was cooling from the CMB. Dynamo action at

this time implies that the CMB heat flux was larger than adiabatic,
by a factor which depends on how dissipative the Earth’s dynamo
is. Since there is no evidence from paleomagnetism for a period
with no dynamo in the past ! 3:5 Gyr, it seems likely that the
CMB heat flux has been superadiabatic prior to the nucleation of
the inner core. According to the discussion of the previous
paragraph, this suggests that the conditions for superadiabaticity
in the inner core were likely met as well early in its history.

Keeping a superadiabatic inner core geotherm up to now is
significantly more difficult. It is still quite plausible if the core
thermal conductivity is as low as suggested by Stacey and Davis
(2008). With a thermal conductivity of k¼28 W m%1 K%1, this
requires a CMB heat flow of 7–15 TW, which is plausible accord-
ing to the most recent estimates (Lay et al., 2008). On the other
hand, the very high values estimated by Sha and Cohen (2011) for
hcp iron at inner core conditions ð ! 160 W m%1 K%1Þ and by de
Koker et al. (2012) for liquid iron alloys at core condition (140–
220 W m%1 K%1 at the ICB), would almost certainly imply that the
inner core is thermally stably stratified. Given the very large
range in published thermal conductivity estimates (Stacey and
Davis, 2008; Konopkova et al., 2011; Sha and Cohen, 2011; de
Koker et al., 2012), whether the inner core is thermally unstable
or not remains an open question.

In addition, the inner core may have developed a composi-
tional stratification due to the gradual enrichment of the outer
core in light elements expelled during crystallization. Since the
concentration of a given element is related through the partition
coefficient D to the concentration in the liquid from which it
crystallizes, we expect the development of a stable compositional
stratification in the inner core (Stacey, 1992; Deguen and Cardin,
2009; Buffett, 2009). The reality may be more complicated
however: the effective partition coefficient D is likely to change
during the course of inner core crystallization, because the
efficiency of interstitial melt extraction by compaction and con-
vection is expected to increase as the inner core grows and the
gravity increases. This may weaken to some extent the composi-
tional stratification (Alboussi!ere et al., 2010; Deguen and Cardin,
2011). Also, the compositional evolution of the inner core would
be very different if a stable iron rich layer form at the base of the
outer core (see Section 7).

5. Crystallization of the inner core, and solidification
texturing

5.1. Solidification regime

In multicomponent systems, such as metallic alloys or sea
water, preferential release of incompatible solutes during solidi-
fication results in the build up of a solute-enriched boundary
layer ahead of the solidification front. Because incompatible
solutes generally depress the freezing point, the liquid in the
vicinity of the solidification front can become supercooled (see
Fig. 2 and its caption). Crystallization of the inner core is unusual
in the sense that, because of the effect of pressure on the
solidification temperature, the solid is hotter than the liquid and
heat flows from solid to liquid, contrary to what is typical in
metallurgy and laboratory experiments. As is apparent in Fig. 2,
this situation actually favours supercooling because the tempera-
ture gradient at the ICB is negative rather than positive.

In practice, this supercooled region usually does not persist.
The system evolves toward thermodynamic equilibrium through
the formation of a two-phase region, with the solid phase being in
the form of either a rigid matrix of dendrites (dendritic or mushy
layer) or isolated crystals in suspension (slurry layer), a process
called equiaxed solidification in metallurgy. Dendritic growth
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results from a morphological instability of the solidification front,
and is the most common solidification regime in metallurgy. The
morphology of the dendrites depends on the crystal symmetry. A
good example of cubic materials dendrites is given by ammonium
chloride solutions as shown in Fig. 2b. In contrast, hcp materials
such as ice or zinc produce dendrites in the form of elongated
platelets as shown in Fig. 2c. In alloy castings, equiaxed crystal-
lization usually becomes predominant only when the bulk of the
fluid is supercooled (Kurz and Fisher, 1989).

The possibility of constitutional supercooling at the ICB was
first discussed by Schloessin (1974). Loper and Roberts (1981) and
Fearn et al. (1981) have shown that the conditions for constitu-
tional supercooling at the ICB are likely met, thus suggesting
dendritic crystallization. Linear stability analysis (Shimizu et al.,
2005; Deguen et al., 2007) also support dendritic solidification.
Shimizu et al. (2005) have investigated the possibility of forma-
tion of a slurry layer at the ICB, but found dendritic growth to be
more likely. However, as advocated by Morse (1986, 2002), a
possibly important limitation of these studies is that the effect of
convection is not, or only partially, included in the stability
analysis. Alexandrov and Malygin (2011) have included the effect
of vertical, laminar advection in their stability analysis, and
predict morphological instability and dendritic growth under
downwellings, and possibly a slurry layer localized below upwel-
lings. The effect of vigorous convection and mixing in the melt on
the solidification regime remains poorly understood however.

5.2. Trapped melt in the inner core?

One possible consequence of either dendritic or equiaxed
solidification is that some light element rich liquid can be trapped
within the inner core, a possible explanation for its high Poisson
ratio and high attenuation (Doornbos, 1974; Cormier, 1981; Loper
and Fearn, 1983). Fearn et al. (1981) have shown that light
element rich melt can be thermodynamically stable deep in the
inner core: Even at the center of the Earth, the temperature is
quite close to the liquidus at core composition (about 100 K
below if the inner core geotherm is adiabatic, and at most

! 300 K in the unlikely limit of an isothermal inner core), and
may be above the solidus (Fearn et al., 1981; Deguen et al., 2007).
However, the actual melt fraction depends on the efficiency of
melt extraction through interstitial convection (Worster, 1997)
and compaction of the solid matrix (Sumita et al., 1996). An
analytical model by Loper (1983) suggests that the solid fraction
should increase to essentially one in less than a kilometre due to
convection in the melt. The compaction length is probably smaller
than 1 km as well (Sumita et al., 1996), which implies that
compaction should expel most of the interstitial fluid within a
few kilometres. It does not mean necessarily that the melt
fraction tends to zero after a few compaction lengths because:
(1) permeability generally decreases with melt fraction, so that it
is increasingly difficult to extract the last melt and (2) depending
of the dihedral angle of the partial melt in the iron matrix, the
permeability can vanish at a finite melt fraction.

Observational evidences for partial solidification in the inner
core are inconclusive. The presence of melt deep in the inner core
was first proposed as a possible explanation for the high attenua-
tion in the inner core (Doornbos, 1974), and later on the basis of
its high Poisson ratio. Recent ab initio calculations (Vočadlo,
2007a) confirm that partial solidification can explain the inner
core Poisson ratio if it contains about 8% liquid, but other studies
suggest that the low rigidity of the inner core might actually be an
intrinsic property of solid iron at high pressure and temperature
(Falzone and Stacey, 1980) or due to defects and grain boundaries
(Belonoshko et al., 2007).

5.3. Solidification texturing

Karato (1993) has advocated that iron crystals may align with
the magnetic field during solidification. He argues that iron is
expected to be paramagnetic at inner core conditions. This is
supported by the calculations of Grechnev et al. (2003), although
the magnetic susceptibility is expected to decrease with tem-
perature and vanish at the melting point. Noting that hcp metals
(but not cubic metals) usually have anisotropic magnetic suscept-
ibility, Karato (1993) proposed that small crystals nucleated

Fig. 2. (a) Compositional and thermal conditions near the ICB in the case of planar solidification. Preferential release of incompatible light elements results in the
formation of a compositional boundary layer, with higher light element concentration w (thick grey line, upper panel) near the ICB. The profile of solidification temperature
Ts (grey dashed line) results from the combined effect of variations in composition (Ts decreases with increasing w) and pressure (Ts decreases with decreasing P). Ts must
be compared with the geotherm (thick line), which is adiabatic in the outer core far from the ICB, and connects to the ICB through a thermal boundary layer. The region
ahead of the ICB where ToTs is supercooled. (b) and (c) Solidification textures due to dendritic growth of cubic crystals (b, ammonium chloride aqueous solution) and hcp
crystals (c, ice grown from an aqueous NaCl solution). The view is parallel to the growth direction. (c) was modified from Bergman et al. (2002).
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ahead of the ICB would align with the ambient magnetic field
during sedimentation because of their induced magnetic moment,
as observed in experiments by De Rango et al. (1991). Effective
alignment requires that grain rotation is faster than sedimenta-
tion, which is expected to depend on the magnitude of the
susceptibility anisotropy and magnetic field, the crystal size,
and flow conditions, including turbulence. No quantitative model
has been formulated yet.

Solidification texturing is likely if the inner core crystallizes
dendritically (Bergman, 1997; Bergman et al., 2000). Dendrites
usually grow along preferred crystallographic direction, because
of anisotropy in melting entropy, and tend to align with the local
heat flux (e.g. Chalmers, 1964). This results in a preferred texture,
and elastic anisotropy (Bergman, 1997), dictated by the heat flow.
Experiments involving non-dendritic solidification also shows
solidification texturing (Brito et al., 2002).

Bergman (1997) suggested that solidification texturing can be a
key ingredient of inner core texture and anisotropy. Noting that heat
transport in the outer core is expected to be more efficient in the
cylindrically radial direction due to the effect of rotation on convec-
tion, Bergman (1997) suggested that crystals would grow preferen-
tially in that direction, which would result in a cylindrical elastic
anisotropy. Such texture also results in attenuation anisotropy
(Bergman et al., 2000), with the direction perpendicular to the
growth direction being more attenuating. In a cylindrically growing
inner core, this would result in a stronger attenuation along the
rotation axis, in agreement with seismological inferences (Bergman,
1997). A potential difficulty of this model is that, even if the ICB heat
flux is larger in the equatorial belt than in the polar region (Fig. 3),
the local heat flux might still be predominantly radial, parallel to the
local gravity field. In this case, solidification texturing would lead at
first order to a spherically symmetric radial texture and anisotropy.
Note that such a radial texture may not be incompatible with the
isotropic layer inferred from body-wave seismology: with a radial
anisotropy, the traveltime of PKPDF would depend on the depth of
the turning point, but not on the direction of the ray, so that the layer
would appear as seismically isotropic.

Additional solidification texturing may come from interactions
with the flow in the outer core (Bergman et al., 2002, 2003).
Hydrodynamic interactions would be limited if iron has a cubic
symmetry because of the axisymmetric morphology of cubic den-
drites, but may be important if iron is hcp and crystallizes as
platelets. In the Arctic, sea ice often exhibits a strong preferred
crystal orientation, with the c-axis having a similar orientation over
areas of sometimes several hundred of square kilometers
(Cherepanov, 1971). The c-axis appears to align with the mean
direction of oceanic currents (Weeks and Gow, 1978, 1980), which
suggests alignment results from hydrodynamic interaction with the
ice platelets. This has been confirmed in experiments demonstrating
that ice crystals having platelets perpendicular to the flow (c-axis
parallel to the flow) grow at the expense of the others (Langhorne,

1983; Langhorne and Robinson, 1986). This supports the idea that
persistent large scale flow in the outer core, controlled by an
heterogeneous CMB heat flux (Sumita and Olson, 1999; Aubert
et al., 2008) or by the CMB topography (Calkins et al., 2012), may
induce a preferred orientation of hcp iron crystals over large areas
(Bergman et al., 2002; Aubert et al., 2008). Unfortunately, there is no
systematic theoretical or experimental results including the effect of
platelet spacing and solidification rate, making an extrapolation to
inner core conditions hazardous. Bergman et al. (2002, 2003) have
shown experimentally that flow within the dendritic layer can also
lead to strong textures, with the platelets now oriented preferentially
parallel to the flow (c-axis perpendicular to the flow).

Variations of the solidification rate can also result in variations
in texture and melt content, as proposed by Aubert et al. (2008) to
explain the hemispherical structure of the inner core (Fig. 3). For
example, interdendritic spacing typically changes with the soli-
dification rate V as V%1=4 (Kurz and Fisher, 1989), which means
that a ! 30% variation in solidification rate would induce a ! 7%
variation in interdendritic spacing. It remains to be shown how
sensitive the seismic properties are to such texture variations.

As discussed above, some degree of solidification texturing
seems likely, and it is important to know how such texture
subsequently evolves with time. Deformation (see Section 6)
can probably rework a solidification texture. Spontaneous evolu-
tion seems likely as well according to Bergman et al.’s (2010)
experiments on annealing of directionally solidified alloy. In these
experiments, Zinc–Tin ingots with an initially strong solidification
texture were kept for several days at a temperature high enough
to allow for partial melting of the alloy, thus modeling the
evolution of a portion of a dendritic layer buried below the ICB.
The unexpected result is a dramatic loss of texture and decrease
in grain size during annealing. This would limit the importance of
solidification texturing to the uppermost inner core.

6. Dynamical regimes

We now turn to a discussion of the various dynamical models
of the inner core involving large scale deformation. The study of
inner core dynamics is made difficult by the very large uncertain-
ties on several key parameters. We have already discussed in
Section 4 the thermo-chemical evolution of the inner core and its
implications for the density stratification—stable or unstable—of
the inner core. The implications would become more apparent in
the discussion below. A second critical point is the inner core
rheology. This is obviously of primary importance for at least two
reasons. (i) LPO development depends on the microscopic defor-
mation mechanism. Since diffusion-controlled creep does not
induce LPO, deformation texturing requires that deformation is
accommodated for a significant part by dislocation creep. (ii) The
dynamics of the inner core depends critically on its effective
viscosity. Published estimates from mineral physics (Yoshida
et al., 1996; Van Orman, 2004; Reaman et al., 2011) and
geodynamics (Buffett, 1997; Mound and Buffett, 2006; Koot and
Dumberry, 2011) span roughly ten order of magnitudes, with
estimates ranging from 1011 Pa s to 1022 Pa s. Note that since the
rheology can be stress-dependent, the inner core ‘viscosity’ is not
a fully intrinsic property of the iron aggregate, but should in
general be a function of the flow considered. Recent discussions of
the inner core rheology can be found in Sumita and Bergman
(2007), Vočadlo (2007b) and Reaman et al. (2011).

6.1. Thermal convection

Thermal convection has been the first model proposed for the
origin of the inner core anisotropy (Jeanloz and Wenk, 1988;

Fig. 3. Time averaged solidification rate at the ICB in a numerical dynamo model
with heterogeneous CMB heat flow, adapted from Aubert et al. (2008). The color
scale shows the relative deviation (in %) of the averaged solidification rate from
the spatial mean. (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)
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Wenk et al., 1988), in analogy with convectively induced aniso-
tropy in the upper mantle. As already mentioned in Section 4, the
first key question is the thermal and chemical state of the inner
core. Natural convection requires that the inner core is unstably
stratified. Inner core thermal convection is forced by the core
thermal evolution, and as noted in Section 4, the inner core is
more likely to be superadiabatic—and convect—early in its
history (Buffett, 2009; Deguen and Cardin, 2011; Cottaar and
Buffett, 2012).

An important property of inner core convection is that the ICB
is a phase boundary, which implies that solidification or melting
can occur if the interface is displaced away from equilibrium.
Convection, or any internal dynamic process, would induce a
dynamic topography at the ICB, with the topographic stress
balancing the viscous stress and dynamic pressure associated
with convective motion. This results in lateral variations of the
freezing rate, with higher than average solidification rate in
troughs and lower solidification rate, or even melting, at crests.
In practice, phase change is rate limited by the ability of outer
core convection to supply or evacuate the heat absorbed or
released by melting or solidification. Equating the rate of latent
heat release or absorption with an estimate of the convective heat
flux in the outer core, Alboussi!ere et al. (2010) estimated that a
topography of amplitude h will evolve at a rate

dh
dt
¼%

h
tf

, ð3Þ

where the timescale of phase change tf is

tf ¼
L

cpu
dTad

dr
%

dTs

dr

! ": ð4Þ

Here L is the latent heat, u is the typical convective velocity in the
outer core, dTad=dr is the adiabatic gradient in the outer core at
the ICB, and dTs=dr is the gradient of solidification temperature at
the ICB. tf is found to be of the order of 1000 years.

Inner core thermal convection depends on two non-dimen-
sional numbers. One is a Rayleigh number

Ra¼
argSr5

ic

6k2Z , ð5Þ

where S is the effective heating rate defined in Eq. (1), a is the
thermal expansion coefficient, g the gravity at the ICB, ric the
inner core radius, k the thermal diffusivity, and Z the dynamic
viscosity of the inner core. Ra is related to the age of the inner
core through S, with fast inner core crystallization leading to
higher values of Ra. Because of the possibility of phase change at
the ICB, inner core convection depends also on a second number
defined as

P ¼
Drgrictf

Z : ð6Þ

P is the ratio of the phase change timescale tf to the timescale
of viscous relaxation of a topography of wavelength ! ric,
Z=ðDrgricÞ, where Dr is the density jump at the ICB. Two very
different regimes are possible depending on the value of P.

In the limit of large P, phase change can be neglected and the
ICB can be considered as an effectively impermeable boundary. At
high Rayleigh number, the regime is typical of large Prandtl
number, high Rayleigh number internally heated convection, with
cold plumes falling down from the ICB and a passive return flow
(Fig. 4b) (Weber and Machetel, 1992; Deguen and Cardin, 2011;
Cottaar and Buffett, 2012). In this regime, the convective velocity
scales as U ! ðk=ricÞRa1=2 and is typically of order 10%9 m s%1 or
larger (Deguen and Cardin, 2011; Cottaar and Buffett, 2012).

A successful model of inner core dynamics must be able to
explain the large scale North–South seismic anisotropy. This may
be problematic for this convection regime, because (i) it is likely
dominated by relatively small scale, time-dependent motion and
(ii) it is not obvious why a North–South orientation should be
preferred. In the inner core, the effect of the Coriolis force is
vanishingly small and cannot affect the flow. Buffett (2009) has
shown however that another consequence of Earth’s rotation, the
centrifugal acceleration, may favour a degree one pattern aligned
with the rotation axis. The limitation is that effective alignment
requires the convection to be only slightly supercritical. Buffett
(2009) argued that if convection stops, the last active mode would
be a degree one convection aligned with the rotation axis. In
simulations with an evolving inner core where convection stops,
Deguen and Cardin (2011) found that the transition from convec-
tion to quiescence is often abrupt, and that the last motions are
dominated by relaxation of small scale density heterogeneities
left behind by convection. Another possibility is to envision some
degree of coupling between convection and other forcings (see
discussions in Sections 6.2 and 6.3).

When phase change is fast compared to viscous deformation
(P small), a new regime called ‘convective translation’ is possible
(Monnereau et al., 2010; Alboussi!ere et al., 2010). Perhaps surpris-
ingly, it can be shown that a rigid inner core (Z-1, P-0) is
unstable if its temperature profile is superadiabatic (Alboussi!ere
et al., 2010), the result of the instability being a global translation of
the inner core with melting in one hemisphere and solidification in
the other (Monnereau et al., 2010; Alboussi!ere et al., 2010). The rate
of translation, found to be equal to ðk=ricÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6
5ðRa=P

q
Þ by Alboussi!ere

et al. (2010), is set by the magnitude of S and the ability of outer core
convection to supply or evacuate the latent heat absorbed or
released by melting and solidification. It may be significantly larger
than the mean growth rate of the inner core. When the assumption
of inner core rigidity is relaxed and finite viscosity is considered, the
translation mode still dominates as long as Pt30, the plume
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Fig. 4. Regime diagram for thermal convection in the inner core. The age of the
inner core is normalized by the critical age for superadiabaticity introduced in Eq.
(2). The inner core is stably stratified if T ic 41:6, unstable early in its history but
stable now if 0:9oT ic o1:6, and unstable up to now if T ic o0:9. If the inner core is
superadiabatic, the mode of convection depends primarily on the parameter P
defined in Eq. (6). Convective translation is the preferred mode if Pt20, while
plume convection dominates if P is large (Z small, tf large). The temperature field
is shown in the case of convective translation in a and chaotic plume convection in
(b) (red is hot, blue is cold). (For interpretation of the references to color in this
figure caption, the reader is referred to the web version of this article.)
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convection regime being dominant when P is larger (Deguen et al.,
2011a; Mizzon and Monnereau, 2011). With a phase change time-
scale tfC1000 year, this corresponds to a critical viscosity of a little
more than 1018 Pa s.

Convective translation cannot by itself explain the N–S aniso-
tropy, but has been proposed as a possible explanation for the
hemispherical dichotomy of the inner core. There is almost no
deformation associated with the translation, so deformation
texturing is not expected. However, Monnereau et al. (2010) have
suggested that grain growth during the migration from the
crystallizing hemisphere to the melting hemisphere results in
hemispherical variations in grain size which may be at the origin
of the hemispherical asymmetry. Multiple-scattering due to
differences of orientation between iron grains can indeed produce
the velocity and attenuation variations required to explain the
data (Calvet and Margerin, 2008; Monnereau et al., 2010), with
solidification in the Western hemisphere and melting in the
Eastern hemisphere. Grains, or regions of similar grain orienta-
tion, must reach a size roughly comparable to P-wave wave-
lengths for scattering to have a significant effect on velocity and
attenuation (Calvet and Margerin, 2008). Monnereau et al.’s
(2010) model requires typical grain size of several hundred of
meters in the crystallizing hemisphere and ! 10 km in the
melting hemisphere. One other possible source of texture varia-
tions has been suggested by Bergman et al. (2010) on the basis of
annealing experiments already discussed in Section 5.3. In the
context of convective translation of the inner core, these experi-
ments suggest that the strong solidification texture of newly
crystallized iron would be gradually lost during translation
toward the melting side of the inner core (Bergman et al.,
2010). In this model, the crystallizing side would be strongly
textured, while the melting side would be essentially elastically
isotropic (Bergman et al., 2010). Finally, one possible way to
explain the presence of an innermost inner core in the context of
convective translation is to assume the presence of a phase
change within the inner core. This is possible, but the range of
composition at which this can occur is tight (Kuwayama et al.,
2008).

The possible development of a compositional stratification in
the inner core add yet another complication to the problem of
inner core convection. If strong enough, a stabilizing composi-
tional stratification can shut off thermally driven convection
(Buffett, 2009; Cottaar and Buffett, 2012) or localize it in the
deep inner core (Deguen and Cardin, 2011). However, a stabilizing
compositional stratification may not develop if the base of the
outer core becomes enriched in iron as a result of melting (Section 7),
or, in the translation regime, if the translation is fast enough.

6.2. Topography relaxation

Given the difficulties that faces thermal convection, Yoshida
et al. (1996) have proposed a model in which heterogeneous
growth of the inner core drives a large scale axisymmetric flow.
Since the inner core crystallizes in response to outer core
convection, its local instantaneous solidification rate must reflect
the structure of outer core convection, and be spatially hetero-
geneous. Solid iron being denser than liquid iron, the topography
resulting from non-uniform growth must relax viscously, with a
timescale tZ ! Z=ðDrglÞ, where l is the horizontal length scale of
topography. tZ is at most ! 10 kyr for l! ric. Provided that the
growth pattern persists on a timescale larger than tZ, hetero-
geneous growth will drive a flow in the inner core (Yoshida et al.,
1996). Yoshida et al. (1996) argue that the inner core is expected
to grow faster in the equatorial region owing to the influence of
rotation on outer core convection. This would sustain a flow from
the equator to the poles, as shown in Fig. 5a. Stress and strain rate

associated with this flow are rather small however, and deforma-
tion texturing is expected to be negligible (Yoshida et al., 1996).
Rather, Yoshida et al. (1996) proposed that the inner core
anisotropy results from recrystallization under the stress field
associated with the residual ICB topography. The model correctly
predicts the global orientation of the seismic anisotropy, but the
preferred orientation is found to develop very slowly, on a Gyr
timescale if Z! 1021 Pa s (Yoshida et al., 1996). Anisotropy devel-
opment would be even slower if the viscosity is smaller, because
the stress level is commensurate with viscosity in this model.

The geometry and magnitude of the flow forced by hetero-
geneous solidification depend critically on the density stratifica-
tion in the inner core (Deguen and Cardin, 2009). If the inner core
is stably stratified, the flow depends on the amplitude of the
growth rate anomaly and on the ‘buoyancy number’ B defined as

B¼
gr3

ic

Zuic

@r
@r

$ %
, ð7Þ

which compares the effect of buoyancy and viscous forces
(Deguen and Cardin, 2009). Here /@r=@rS denotes the mean
density gradient in the inner core after subtraction of the effect of
adiabatic compression. As an example, the geometry of the flow is
shown in Fig. 5b for B¼%104 and a solidification rate twice larger
at the equator than at the poles. The stable stratification inhibits
radial motion and force the flow to be quasi-horizontal, localizing
it in a shear layer of thickness ! ric9B9

%1=5
. An interesting

consequence is that strain rates are higher than in the absence
of stratification because of the localization of the flow. This
implies that deformation texturing can be effective (Deguen
et al., 2011b). The flow geometry calculated by Yoshida et al.
(1996) remains valid only if B\%102, which requires a viscosity
probably higher than 1022 Pa s (Deguen et al., 2011b).

A possibly important point is that 9B9 increases dramatically
with time, suggesting an evolution of the flow during inner core
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Fig. 5. Flow associated with the continuous relaxation of a topography sustained
by outer core convection. Red denotes regions of rapid solidification, and blue
regions of slow solidification. (a) and (c) show the flow in the case of a neutrally
buoyant inner core, with axisymmetric degree 2 forcing (a) and hemispherical
forcing (c). (b) and (d) show the effect of a stable density stratification ðB¼%104Þ
on the flow pattern, with the same forcing as in (a) and (c). Streamlines
(isocontours of a streamfunction). (For interpretation of the references to color
in this figure caption, the reader is referred to the web version of this article.)
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history (Deguen and Cardin, 2009). The effect of the stratification
was negligible when the inner core was small, but becomes
progressively more important as the inner core grows. This can
result in a layered structure, with the deep inner core only very
weakly affected by deformation, and the upper layers with a
strong deformation texture (Deguen et al., 2011b). Deguen and
Cardin (2009) suggested that the deepest part of the inner core
may preserve a fossil solidification texture acquired when 9B9 was
small and the deformation weak. This is not supported by the
annealing experiments of Bergman et al. (2010), which suggest
that solidification textures would be quickly lost.

Deformation induced by heterogeneous growth of the inner
core can be forced by a topography of any geometry, as long as
there is some degree of persistence of the growth pattern. If the
CMB heat flux was spatially homogeneous, the pattern of inner
core growth would be zonal on average. However, the CMB heat
flux is likely to exhibit strong lateral heterogeneities, as inferred
from seismology and predicted by numerical models of mantle
convection (van der Hilst et al., 2007; Nakagawa and Tackley,
2008). Sumita and Olson (1999, 2002) and Aubert et al. (2008)
have shown that heterogeneous CMB heat flow can produce a
long-term deviation from axisymmetry in inner core growth rate.
More recently, Calkins et al. (2012) have shown that the effect of
the CMB topography on the outer core flow can also result in large
scale lateral variations of the mean inner core growth rate. Fig. 3
shows an example of the time averaged inner core growth rate in
a dynamo simulation with an heterogeneous CMB heat flow by
Aubert et al. (2008). The first order result is that the solidification
rate is higher in the equatorial belt than in the polar regions in
accordance with Yoshida et al.’s (1996) hypothesis (although the
region of highest growth rate is shifted toward higher latitudes in
this particular simulation). In addition, the pattern of ICB heat flux
also shows longitudinal variations, with faster crystallization in
the Eastern hemisphere. Based on this prediction, Aubert et al.
(2008) interpreted the seismological hemispherical dichotomy as
resulting from texture variations due to the difference of solidi-
fication rate. Another possibility is to invoke deformation asso-
ciated with the continuous relaxation of the resulting
hemispherical topography (Regnier, 2009). A degree 1, order
1 growth rate anomaly would induce a translation (Fig. 5c) if
the stratification is weak. If the inner core is stratified, deforma-
tion would be localized in thin shear layers (Fig. 5d), as in the case
of equatorial forcing.

If the inner core is unstable against thermal convection,
convective velocities would probably be significantly (orders of
magnitude) larger than the flow driven by topography relaxation,
as suggested by numerical simulations of inner core convection.
Topography relaxation might promote the emergence of large
scale convective modes, but convection would probably still be
dominated by small scales.

6.3. Magnetic field

Karato (1999, 2000) considered the effect of the Maxwell
stress on the ICB associated with the toroidal magnetic field,
and showed that latitudinal variations of the Maxwell stress can
drive an axisymmetric flow within the inner core (Fig. 6). Buffett
and Bloxham (2000) considered the direct volumetric effect of the
Lorentz force associated with the toroidal magnetic field diffused
in the inner core. In both cases, the geometry of the flow reflects
that of the toroidal field Bf near the ICB, and its magnitude is set
by a balance between magnetic and viscous forces, with typical
velocity scaling as U ! B2

fric=ðm0ZÞ, where m0 is the magnetic
permeability of the vacuum. Karato (1999, 2000) assumed that
melting and solidification occurs almost instantaneously in
response to deformation of the inner core boundary, which in

the model results in very large radial velocities and phase change
rate at the ICB. As discussed above (Section 6.1), the rate of phase
change at the ICB is limited by the ability of outer core convection
to transport heat and solute, and it is a relatively slow process.
Use of more realistic boundary conditions would probably
weaken the predicted flow to some extent, and this should be
investigated.

Karato (1999, 2000) used a rather large value for Bf at the ICB
ð10%2%10%1 TÞ which is based on the idea of a strong toroidal field
in the core. However, systematic exploration of numerical
dynamo models support the idea of equipartition of magnetic
energy between poloidal and toroidal fields (Christensen and
Aubert, 2006), and scaling theories predict typical intensities of
a few mT for both poloidal and toroidal field within the core
(Christensen and Aubert, 2006; Aubert et al., 2009). Indirect
estimates of the intensity of the magnetic field within the core
yield values of a few mT (Gillet et al., 2010; Buffett, 2010), in
agreement with scaling theories. These estimates are not sensitive
to the toroidal field, so the presence of a strong toroidal field near
the ICB, if not supported by numerical simulations, is not
precluded by the observations. In particular, differential rotation
of the inner core can induce a strong toroidal field at the ICB, in
proportion to the rate of the differential rotation. With a rotation
rate ! 0:21=yr as currently favoured, analytical models and
numerical simulations (Aurnou et al., 1996, 1998) predict ICB
toroidal field peak values of order 10%2 T at most. As a conse-
quence typical stresses and velocities might be two order of
magnitude smaller than estimated by Karato (1999, 2000) for his
choice of viscosity value. The flow can still be quite vigorous if the
viscosity is small enough.

If the inner core has a stable density stratification, Buffett and
Bloxham (2000) have shown that the flow induced by the toroidal
field becomes vanishingly small, because the Lorentz force can to
a large extent be balanced by buoyancy forces induced by tilting
of isodensity surfaces. The realization that a stable stratification
would impede radial flow has been a motivation for the search of
predominantly horizontal flows, which are not affected by a
stable stratification. Buffett and Wenk (2001) suggested that the
azimuthal component of the Lorentz force, which results from a
combination of the poloidal and toroidal magnetic field, can
produce such a flow (Fig. 6), with a typical azimuthal velocity
ufC0:1BzBfr3=ðm0Zr2

icÞ, where Bz is the component of the mag-
netic field aligned with the rotation axis. Being horizontal, this

Fig. 6. The Lorentz force is expected to drive a flow in the inner core which is a
combination of a poloidal flow [red arrows, (Karato, 1999)], due to the toroidal
component of the magnetic field, and an azimuthal flow induced by a combination
of the toroidal and poloidal components of the magnetic field [blue arrows, Buffett
and Wenk (2001)]. (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)
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flow is unaffected by the presence of a stable stratification. This
mechanism has sometimes been criticized on the basis that
deformation is more vigorous in the uppermost inner core, which
may lead to a stronger anisotropy in the upper part of the inner
core. However, the smaller strain rate in depth can be compen-
sated by a longer deformation history. As an illustration, Fig. 7
shows the cumulated strain predicted by Buffett and Wenk’s
(2001) model over the inner core history, calculated with the
assumption that Bf and Bz at the ICB are constant in time. This
may not be a very good assumption, so this should be understood
as illustrative rather than quantitative. Still, it does make the
point that the most deformed material in this model is at an
intermediate depth rather than at the surface of the inner core.

If the inner core is unstable against thermal convection, the
Hartmann number, defined as

Ha¼
B2ric

m0ZU
, ð8Þ

can be used to asses the importance of the Lorentz force for the
convection style.2 A large value of Ha means that magnetic drag
dominates over viscous drag, at least at the largest scales, which
suggest that the Lorentz force may impose its symmetry to the
large scale modes of the convection. Conversely, the effect of the
Lorentz force is expected to be negligible if Ha51. With
U ! ðk=ricÞRa1=2 as predicted for thermal convection, and assum-
ing BC3 mT and SC10 K=Gyr, the Lorentz forces are expected to
alter significantly the convection pattern if the viscosity is smaller
than ! 1016 Pa s. ‘‘Magneto-convection’’ is an interesting candi-
date to explain inner core anisotropy, since it is expected to have
both the correct symmetry and high strain rates. This has yet to
be explored in details.

More recently, Takehiro (2010) has proposed that heteroge-
neous Joule heating associated with the magnetic field diffused
within the inner core can force a relatively vigorous flow, with

typical velocity ! 10%11 m s%1 for a toroidal magnetic field of
10%2 T. The forcing has the correct geometry to explain a North–
South axisymmetric anisotropy. An appealing feature of this
model is that, being driven by horizontal variations in heating
rate, it is not impeded by a stable stratification. However, as in
Karato (1999, 2000), a limitation of this study is that phase
change at the ICB was assumed to be instantaneous. Again, use
of more realistic boundary conditions is expected to weaken the
flow. If the inner core is convecting, such differential heating may
promote axisymmetric convective modes.

6.4. Discussion

All models discussed above are physically sound, and may be
active if the inner core is in the correct parameters regime. One
key step for understanding inner core dynamics is therefore to
estimate the magnitude of the non-dimensional parameters
introduced above, which is in some cases extremely challenging.
Various combinations of these mechanisms are possible in theory,
but the above discussion suggests two main families of dynamical
models for the inner core:

(i) If the inner core has an unstable density profile, thermal
convection (or possibly thermo-chemical convection) is likely
to be the main source of motion within the inner core, with
possible coupling with the magnetic field or ICB topography
relaxation. Thermal convection alone, whether in the plume
regime or in the convective translation regime, is unlikely to
produce a N–S oriented anisotropy, unless it remains slightly
supercritical (Buffett, 2009). Coupling with either the mag-
netic field of differential inner core growth may be at the
origin of the N–S anisotropy.

(ii) If the inner core is stably stratified, a very different dynamic is
expected. The stable stratification in most cases inhibits radial
motions, and tend to confine deformation in the uppermost
inner core. Mechanisms possibly active include deformation
induced by the zonal component of the Lorentz force (Buffett
and Wenk, 2001), topography relaxation (Yoshida et al., 1996;
Deguen and Cardin, 2009), or deformation induced by Joule
heating within the inner core (Takehiro, 2010).

An important point is that all of the non-dimensional para-
meters introduced above are time-dependent, which implies that
the dynamics of the inner core can evolve with time, with
possibly a transition from one dominant mechanism to another
at some time in the inner core history. In particular, it is possible
that the inner core has been superadiabatic early in its history,
and has become thermally stable later (Fig. 4). In this case, the
inner core dynamical regime would have switched from a con-
vective dynamic to a stably stratified dynamic, a possible expla-
nation for the layered structure of the inner core.

7. The anomalous layer at the base of the outer core—an
evidence for inner core melting?

The seismological observation of a stably stratified ! 150 km
thick layer at the base of the outer core is obviously difficult to
reconcile with the classical picture of outer core convection,
where buoyant liquid is released at the ICB by inner core crystal-
lization. This is an extremely puzzling observation, but seismolo-
gical evidences have been accumulating and seem robust.
Gubbins et al. (2008) have convincingly shown that, if real, the
stratification must be of compositional origin. Thermal stratifica-
tion or the presence of a suspension of solid particles are unlikely
to result in P-waves velocity variations of the correct magnitude
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Fig. 7. Cumulated deformation in the inner core due to the azimuthal Lorentz
force in the inner core, calculated from the model of Buffett and Wenk (2001) with
the assumption of a constant magnetic field intensity at the ICB and an inner
core radius increasing as the square root of time. Assuming the same magnetic
field geometry as in Buffett and Wenk (2001), the strain rate _Erf can be integrated
in time to give the strain as Eðr,yÞ ¼ 1

10ðBzBftic=m0ZÞ sin yðr=ricÞ
2 lnðr=ricÞ. The

strain has a maximum ð1=20eÞðBzBf=m0ZÞtic in the equatorial plane at r ¼
ric=

ffiffiffi
e
p

C740 km. We assume here Z¼ 1016 Pa s, Bz¼2 mT and Bf ¼ 20 mT as in
Buffett and Wenk (2001), and an age of the inner core of tic ¼ 1 Gyr.

2 Note that the definition of the Hartmann number used here is different from
the one usually used in magnetohydrodynamics, Ha¼

ffiffiffiffiffiffiffiffiffi
s=m

p
BL, where s is the

electrical conductivity and L a length scale of the flow, which assumes that the
electric current j is dominated by the contribution of the motion-induced current
su$ B. In the inner core, the motion-induced electric current is negligible
compared to the electric current diffused from the outer core to the inner core.
Using Amp!ere’s law j¼m%1

0 =$ B gives the expression of Ha used in Eq. (8).
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(Gubbins et al., 2008). The thickness of this layer is much larger
than diffusion length scales, even on a gigayear timescale: The
process at its origin therefore must rely on advective transport.

Ideas about how to form an anomalous layer at the base of the
outer core date back to a dynamical model by Braginsky (1963) of
the F-layer present in early seismological models. Braginsky
(1963) considered the core to be Sulphur rich, with a Sulphur
concentration above that of the eutectic, an assumption now
thought to be incorrect. Cooling of the core would then result in
the crystallization of a Sulphur rich solid lighter than the
surrounding liquid. These light crystals would rise and remelt,
thus releasing some Sulphur upper in the layer. This implies a net
outward transport of S which results in the formation of a
compositionally stratified layer.

Although Braginsky’s theory has been abandoned when the
evidences for Jeffrey’s F-layer disappeared, the model is in
qualitative agreement with the properties of the stratified layer
inferred from modern seismology (Souriau and Poupinet, 1991).
Gubbins et al. (2008) proposed a model which is dynamically
similar to that of Braginsky (1963), except that the core was
assumed to be on the iron-rich side of the eutectic, in accordance
with current models. The underlying idea is that an iron-rich
liquid can be produced through a two-step purification process,
involving crystallization followed by melting. Because light ele-
ments are incompatible, solidification results in an iron-rich solid,
which gives an iron-rich liquid when melted. Gubbins et al.
(2008) envisaged a model in which iron freezes ahead of the
ICB, at the top of the stratified layer, and melts back while
sedimenting. This process results in a net inward transport of
iron, with preferential release of light elements at the top of the
layer and melting of iron rich solid within the layer. Gubbins et al.
(2008) demonstrated that the structure of the resulting stratified
layer can be compatible with seismological observations.
Although thermodynamically consistent, the model suffers from
a number of dynamical issues. It is plausible that crystallization
takes place in a slurry layer ahead of the ICB (Section 5.1), but it
remains to be shown how such a layer can evolve toward a state
where crystals melt back while falling toward the ICB.

Two more recent models (Alboussi!ere et al., 2010; Gubbins
et al., 2011) are again based on Gubbins et al.’s (2008) idea that
melting is required to produce an iron rich melt, although here
melting is assumed to occur directly at the ICB rather than within
the stratified layer. Alboussi!ere et al. (2010) suggested that the
layer has been generated by simultaneous melting and crystal-
lization at the ICB. Melting inner core material produces a dense
iron-rich liquid which spreads at the surface of the inner core,
while crystallization produces a buoyant liquid which may carry
along part of the dense melt as it rises. The stratified layer results
from a dynamic equilibrium between production of iron rich melt
and entrainment and mixing associated with the release of
buoyant liquid. Laboratory experiments in an idealized config-
uration show that the concept is viable (Alboussi!ere et al., 2010),
but suggest that a large rate of melt production is required to
sustain a stable layer. Possibly important ingredients are absent
from these exploratory experiments (rotation, thermal convection
above the stable layer, y) and their effects on the formation and
dynamics of the layer need to be properly investigated.

Melting part of the inner core at a significant rate while the
core is cooling and the inner core crystallizing on average is
obviously difficult. Alboussi!ere et al. (2010) proposed that melt-
ing occurs in response to inner core internal dynamics through
the formation of a dynamical topography at the ICB (see also
discussion in Section 6.1). The melting rate is then limited by the
ability of outer core convection to provide the latent heat
absorbed by melting, and only a significant topography can lead
to a non-negligible melting rate. A number of the mechanisms

described in Section 6 could in theory produce a dynamic
topography susceptible to induce melting, but most of them are
too weak to induce significant melting. For example, although
Karato (1999) has predicted very large melting rates associated
with Maxwell stress induced deformation, this was due to the
assumption of instantaneous melting and solidification when the
ICB is deformed. Thermal convection appears to be the mechan-
ism the most susceptible of producing a large dynamical topo-
graphy and significant melting. In the convective translation
regime, the melting rate can be very large as shown in Fig. 8a,
up to several tens of times larger than the mean growth rate of
the inner core (Alboussi!ere et al., 2010). In the low viscosity
convection regime, the melt production can still be significant if
the viscosity is not too small, and has a positive feedback on the
vigour of convection, with freezing localized above plumes roots
and melting above upwellings (Fig. 8b). The main limitations of
this mechanism are: (i) thermal convection requires fast inner
core growth and a low thermal conductivity, (ii) the viscosity
must be large enough ðZ\1017 Pa sÞ to yield a melt production
high enough to sustain a stable layer according to Alboussi!ere
et al.’s (2010) experiments, (iii) the kinetics of phase change (the
timescale tf defined in Section 6.1) is uncertain, and might slow
down once the stable layer is formed.

Gubbins et al. (2011) proposed that melting occurs in response
to outer core convection. They presented dynamo simulations

a

b

c

Fig. 8. Melting and solidification at the ICB. (a) Rate of phase change at the ICB
associated with convective translation (S¼30 K/Gyr, Z¼ 1020 Pa s), normalized by
the mean growth rate of the inner core. Red is melting, blue is solidification. The
boundary between melting and solidifying regions is contoured in dark gray.
(b) Same as (a), but when convection is in the turbulent plume convection regime
(S¼30 K/Gyr, Z¼ 3$ 1017 Pa s). (c) Instantaneous solidification ð40Þ and melting
ðo0Þ rate, normalized by the mean inner core growth rate, due to outer core
convection in a simulation by Gubbins et al. (2011). (c) was modified from
Gubbins et al. (2011). (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)
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with a strongly heterogeneous CMB heat flux, in which the ICB
heat flow was observed to be locally inward, thus inducing
melting (Fig. 8c). Melting of the inner core by outer core convec-
tion requires the temperature of the liquid close to the ICB to be
locally above the ICB temperature, which is possible if the liquid
cooling rate is locally smaller than at the ICB. Inward ICB heat flux
is not observed in many other dynamo simulations with hetero-
geneous CMB heat flux (e.g. Aubert et al., 2008; Olson et al., 2010),
which raises the question of the robustness of this mechanism. In
particular, the possibility of inner core melting by outer core
convection must depend on the vigour of the convection and the
efficiency of turbulent mixing. Gubbins et al.’s (2011) simulations
are only slightly supercritical, and it is not clear yet that this
behaviour would persist for conditions more similar to Earth’s
core. Another difficulty of this model is that it may not be self-
sustaining. Assuming a stable layer indeed develops, it would
probably be at least partially decoupled from outer core convec-
tion and melting at the ICB may become more problematic.

Cormier et al. (2011) explored the possibility that melting and
freezing regions can be identified from elastic and anelastic
properties of the top of the inner core. Large scale variations of
velocity, attenuation, coda can be interpreted as regions of
melting or solidification, but the interpretation remains ambig-
uous, in part because of our incomplete understanding of the
expected effect of solidification or melting on the texture and
seismological properties.

8. Inner core differential rotation, and the hemispherical
dichotomy

Inner core differential rotation has been predicted by Gubbins
(1981) from considerations of the torque balance on the inner
core. The basic idea behind inner core rotation is that persistent
zonal flow in the outer core can entrain the inner core through
magnetic and (to a lesser extent) viscous coupling (Gubbins,
1981; Glatzmaier and Roberts, 1996; Aurnou et al., 1996;
Aubert and Dumberry, 2011). The moment of inertia of the inner
core is so small that, to avoid unbounded acceleration, its
differential rotation must adjust so that the net torque applied
on the inner core remains essentially zero (Gubbins, 1981). This
implies that the inner core must on average corotate with the
overlying fluid.

An additional torque comes from the gravitational interaction
between the mantle and the inner core. Large scale density
heterogeneities in the mantle induce perturbations of the iso-
potential surface coinciding with the ICB. The torque arising from
the gravitational interaction between the mantle heterogeneities
and the ICB topography would balance the magnetic torque if the
inner core rotates by more than half a degree (Buffett, 1997),
which implies that the inner core must be effectively locked to
the mantle, unless the ICB topography adjust sufficiently rapidly,
most plausibly through viscous relaxation, to avoid an excessively
high gravitational torque.

The occurrence of inner core differential rotation in numerical
simulations by Glatzmaier and Roberts (1995a,b, 1996) has
prompted a search for inner core differential rotation from the
seismological community. By the mid-nineties, the seismological
models of the inner core had acquired complexities (tilted
cylindrical anisotropy, lateral heterogeneities) that could in prin-
ciple be used to track a possible differential rotation. The rate of
super-rotation predicted ð ! 11=yrÞ was large enough to be poten-
tially observable on a decadal timescale. Various approaches have
been used to infer the rate of inner core differential rotation, with
varied degree of success and sometimes conflicting results. Early
seismological studies inferred an eastward differential rotation at

a rate ! 11=yr, in accordance with the results of the Glatzmaier–
Roberts dynamo (Song and Richards, 1996; Su et al., 1996). Later
studies yielded smaller rotation rates (Creager, 1997; Vidale et al.,
2000; Poupinet et al., 2000; Laske and Masters, 2003; Zhang et al.,
2005), with the preferred value being now between 0 and
! 0:31=yr (see discussion in Souriau, 2007). Note that a number
of these studies are compatible with no net differential rotation
(Makinen and Deuss, 2011).

Inner core differential rotation may be difficult to reconcile
with the presence of an hemispherical dichotomy in seismic
properties (Sumita and Bergman, 2007; Aubert et al., 2008;
Waszek et al., 2011). If longitudinal variations in seismic proper-
ties are related in some way to inner core/mantle coupling, then
rotation of the inner core at the seismologically inferred rate
would be expected to average out lateral texture variations and
result in almost perfect axisymmetry. If the hemispherical asym-
metry results from solidification texturing as proposed by Aubert
et al. (2008), then the net differential rotation during the time
needed to grow the layer, about 100–300 Myr, must have been
only a fraction of a full revolution (Aubert et al., 2008). The
texturation timescale might be smaller if the asymmetry is due to
deformation texturing rather than solidification texturing, but
this might still be too large.

Possible solutions of this apparent paradox include:

(i) The observed super-rotation is part of an oscillation rather
than a steady differential rotation. This is supported in
particular by a recent study of inner core differential rotation
in numerical dynamo calculations, which predicts a very
small mean rate of differential rotation, of the order of
11/Myr, but fluctuations of amplitude similar to the seismo-
logically inferred super rotation (Aubert and Dumberry,
2011). This is also supported by some seismological studies
which suggest that the mean super rotation is much smaller
(Waszek et al., 2011; Makinen and Deuss, 2011) than pre-
viously thought. An additional complication, pointed out by
Dumberry (2010), is that longitudinal variations of inner core
solidification rate (Aubert et al., 2008) can result in differ-
ential rotation of the inner core. In this model, differential
rotation results from the likely misalignment of the ICB
topography associated with heterogeneous crystallization
and the mantle-induced longitudinal variations of ICB geoid,
which induce a torque applied by mantle mass heterogene-
ities on the inner core. Using a solidification pattern from
Aubert et al. (2008) and models of the CMB geoid, Dumberry
(2010) predicts a retrograde (westward) differential rotation,
and estimates that this gravitationally driven inner core
differential rotation can result in a full rotation of the inner
core in a few Myr. This is too slow to explain the seismolo-
gically inferred rotation rate, but still fast enough to make the
existence of the hemispherical dichotomy problematic.

(ii) The mechanism at the origin of the hemispherical dichotomy
is internally driven, rather than being forced by heat flux
variations at the CMB. This is the case of the convective
translation proposed by Monnereau et al. (2010) and
Alboussi!ere et al. (2010), although complications might arise
from gravitational interactions between mantle mass hetero-
geneities and the ICB topography associated with the
translation.

9. Summary

Seismology has provided an increasingly refined—but
enigmatic—picture of the inner core, and this trend is likely to
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continue, as new datasets become available (e.g. Leykam et al.,
2010) and new methods are developed (e.g. Irving et al., 2009). In
parallel, there is a need to confront more quantitatively dynami-
cal models to seismological observations. This requires the
knowledge of the stable mineralogical phase at inner core condi-
tions, as well as its elastic and rheological properties. Calculating
the deformation-induced texture has been done for a number of
models (Jeanloz and Wenk, 1988; Yoshida et al., 1996; Buffett and
Wenk, 2001; Wenk et al., 2000; Deguen et al., 2011b), but the
result is extremely dependent on the choice of mineralogy, elastic
properties, and dominant slip systems. Because we are far from a
consensus on these questions, it has not been attempted here to
discuss the ability of each of the deformation mechanisms to
explain quantitatively the elastic anisotropy of the inner core. For
solidification texturing models, one difficulty is that the sensitiv-
ity of seismological properties to the texture and melt content is
difficult to estimate. Analogue solidification experiments using
ultrasounds might help (Bergman, 1997; Bergman et al., 2000;
Brito et al., 2002).

Although numerous models have been proposed for the inner
core dynamics, most of them can exist only under certain
conditions. The dynamical regime of the inner core depends on
only a few key parameters, the most important being:

(i) the density stratification, which depends mainly on the inner
core growth rate (hence on the CMB heat flow) and on its
thermal diffusivity,

(ii) the viscosity (and more generally the rheology),
(iii) the magnitude of the magnetic field, and its toroidal compo-

nent in particular, at the ICB,
(iv) the deviation from isotropic growth of the inner core.

Progress made in both computational and experimental high
pressure mineral physics have been such that we can be optimis-
tic about the determination of the stable mineralogical phase and
its elastic, rheological and thermal properties. Some of the points
above also require a better understanding of mantle and core
dynamics on a global scale, including D00 dynamics and CMB heat
flux, core–mantle coupling, and magnetic field generation. Indeed,
perhaps one of the most important messages concerning the
inner core is that it cannot be understood independently of core
and mantle dynamics and evolution.
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Vočadlo, L., 2007b. Mineralogy of the Earth–the Earth’s core: Iron and iron alloys.
In: Schubert, G. (Ed.), Treatise on Geophysics, vol. 1, pp. 91–120.
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S U M M A R Y
Inner core translation, with solidification on one hemisphere and melting on the other, provides
a promising basis for understanding the hemispherical dichotomy of the inner core, as well
as the anomalous stable layer observed at the base of the outer core—the so-called F-layer—
which might be sustained by continuous melting of inner core material. In this paper, we study
in details the dynamics of inner core thermal convection when dynamically induced melting
and freezing of the inner core boundary (ICB) are taken into account.

If the inner core is unstably stratified, linear stability analysis and numerical simulations
consistently show that the translation mode dominates only if the viscosity η is large enough,
with a critical viscosity value, of order ∼3 × 1018 Pa s, depending on the ability of outer core
convection to supply or remove the latent heat of melting or solidification. If η is smaller, the
dynamic effect of melting and freezing is small. Convection takes a more classical form, with
a one-cell axisymmetric mode at the onset and chaotic plume convection at large Rayleigh
number. η being poorly known, either mode seems equally possible. We derive analytical
expressions for the rates of translation and melting for the translation mode, and a scaling
theory for high Rayleigh number plume convection. Coupling our dynamic models with a
model of inner core thermal evolution, we predict the convection mode and melting rate as
functions of inner core age, thermal conductivity, and viscosity. If the inner core is indeed in
the translation regime, the predicted melting rate is high enough, according to Alboussière
et al.’s experiments, to allow the formation of a stratified layer above the ICB. In the plume
convection regime, the melting rate, although smaller than in the translation regime, can still
be significant if η is not too small.

Thermal convection requires that a superadiabatic temperature profile is maintained in the
inner core, which depends on a competition between extraction of the inner core internal heat
by conduction and cooling at the ICB. Inner core thermal convection appears very likely with
the low thermal conductivity value proposed by Stacey & Loper, but nearly impossible with the
much higher thermal conductivity recently put forward by Sha & Cohen, de Koker et al. and
Pozzo et al. We argue however that the formation of an iron-rich layer above the ICB may have
a positive feedback on inner core convection: it implies that the inner core crystallized from an
increasingly iron-rich liquid, resulting in an unstable compositional stratification which could
drive inner core convection, perhaps even if the inner core is subadiabatic.

Key words: Numerical solutions; Instability analysis; Seismic anisotropy; Heat generation
and transport.

1 I N T RO D U C T I O N

In the classical model of convection and dynamo action in Earth’s
outer core, convection is thought to be driven by a combination
of cooling from the core–mantle boundary (CMB) and light el-

ements (O, Si, S, . . . ) and latent heat release at the inner core
boundary (ICB). Convection is expected to be vigorous, and the
core must therefore be very close to adiabatic, with only minute lat-
eral temperature variations (Stevenson 1987), except in very thin,
unstable boundary layers at the ICB and CMB. To a large extent,
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seismological models are consistent with the bulk of the core being
well-mixed and adiabatic, which supports the standard model of
outer core convection. Yet seismological observations indicate the
existence of significant deviations from adiabaticity in the lower-
most ∼200 km of the outer core (Souriau & Poupinet 1991). This
layer, sometimes called F-layer for historical reasons, exhibits an
anomalously low VP gradient which is most probably indicative of
stable compositional stratification (Gubbins et al. 2008), implying
that the lowermost 200 km of the outer core are depleted in light
elements compared to the bulk of the core. This is in stark contrast
with the classical model of outer core convection sketched above:
in place of the expected thin unstable boundary layer, seismological
models argues for a very thick and stable layer. Note also that the
thickness of the layer, ∼200 km, is much larger than any diffusion
length scales, even on a Gy timescale, which means that if real this
layer must have been created, and be sustained, by a mechanism
involving advective transport.

Because light elements are partitioned preferentially into the liq-
uid during solidification, iron-rich melt can be produced through a
two-stage purification process involving solidification followed by
melting (Gubbins et al. 2008). Based on this idea, Gubbins et al.
(2008) have proposed a model for the formation of the F-layer in
which iron-rich crystals nucleate at the top of the layer and melt back
as they sink towards the ICB, thus implying a net inward transport of
iron which results in a stable stratification. In contrast, Alboussière
et al. (2010) proposed that melting occurs directly at the ICB in
response to inner core internal dynamics, in spite of the fact that the
inner core must be crystallizing on average. Assuming that the inner
core is melting in some regions while it is crystallizing in others, the
conceptual model proposed by Alboussière et al. (2010) works as
follow: melting inner core material produces a dense iron-rich liquid
which spreads at the surface of the inner core, while crystallization
produces a buoyant liquid which mixes with and carries along part
of the dense melt as it rises. The stratified layer results from a
dynamic equilibrium between production of iron-rich melt and en-
trainment and mixing associated with the release of buoyant liquid.
Analogue fluid dynamics experiments demonstrate the viability of
the mechanism, and show that a stratified layer indeed develops
if the buoyancy flux associated with the dense melt is larger (in
magnitude) than a critical fraction (�80 per cent) of the buoyancy
flux associated with the light liquid. This number is not definitive
because possibly important factors were absent in Alboussière et al.
(2010)’s experiments (Coriolis and Lorentz force, entrainment by
thermal convection from above, . . . ) but it seems likely that a high
rate of melt production will still be required.

A plausible way to melt the inner core is to sustain dynamically a
topography that will bring locally the ICB at a potential temperature
lower than that of the adjacent liquid core, which allows heat to
flow from the outer core to the inner core. The melting rate is then
limited by the ability of outer core convection to provide the latent
heat absorbed by melting, and only a significant ICB topography
can lead to a non-negligible melting rate. More recently, Gubbins
et al. (2011) and Sreenivasan & Gubbins (2011) have proposed that
localized melting of the inner core might be induced by outer core
convection, but the predicted rate of melt production is too small to
produce a stratified layer according to Alboussière et al. (2010)’s
experiments. Furthermore, it is not clear that the behaviour observed
in numerical simulations at slightly supercritical conditions would
persist at Earth’s core conditions.

Among the different models of inner core dynamics proposed
so far (Jeanloz & Wenk 1988; Yoshida et al. 1996; Karato 1999;
Buffett & Wenk 2001; Deguen et al. 2011), only thermal convec-

Figure 1. A schematic representation of the translation mode of the inner
core, with the grey shading showing the potential temperature distribution
(or equivalently the density perturbation) in a cross-section including the
translation direction (adapted from Alboussière et al. 2010).

tion (Jeanloz & Wenk 1988; Weber & Machetel 1992; Buffett 2009;
Deguen & Cardin 2011; Cottaar & Buffett 2012) is potentially able
to produce a large dynamic topography and associated melting.
Thermal convection in the inner core is possible if the growth rate
of the inner core is large enough and its thermal conductivity low
enough (Sumita et al. 1995; Buffett 2009; Deguen & Cardin 2011).
One possible mode of inner core thermal convection consists in a
global translation with solidification on one hemisphere and melt-
ing on the other (Monnereau et al. 2010; Alboussière et al. 2010;
Mizzon & Monnereau 2013). The translation rate can be such that
the rate of melt production is high enough to explain the forma-
tion of the F-layer (Alboussière et al. 2010). In addition, inner core
translation provides a promising basis for understanding the hemi-
spherical dichotomy of the inner core observed in its seismological
properties (Tanaka & Hamaguchi 1997; Niu & Wen 2001; Irving
et al. 2009; Tanaka 2012). Textural change of the iron aggregate
during the translation (Bergman et al. 2010; Monnereau et al. 2010;
Geballe et al. 2013) may explain the hemispherical structure of the
inner core. Inner core translation, by imposing a highly asymmetric
buoyancy flux at the base of the outer core, is also a promising
candidate (Aubert 2013; Davies et al. 2013) for explaining the exis-
tence of the planetary scale eccentric gyre which has been inferred
from quasi-geostrophic core flow inversions (Pais et al. 2008; Gillet
et al. 2009).

However, inner core translation induces horizontal temperature
gradients (see Fig. 1), and Alboussière et al. (2010) noted that finite
deformation associated with these density gradients is expected
to weaken the translation mode if the inner core viscosity is too
small. They estimated from an order of magnitude analysis that the
threshold would be at η ∼ 1018 Pa s. Below this threshold, thermal
convection is expected to take a more classical form, with cold
plumes falling down from the ICB and warmer upwellings (Deguen
& Cardin 2011). Published estimates of inner core viscosity range
from ∼1011 to ∼1022 Pa s (Yoshida et al. 1996; Buffett 1997; Van
Orman 2004; Koot & Dumberry 2011; Reaman et al. 2011, 2012)
implying that both convection regime seem possible.

The purpose of this paper is twofold: (i) to precise under what con-
ditions the translation mode can be active, and (ii) to estimate the rate
of melt production associated with convection, in particular when
the effect of finite viscosity becomes important. To this aim, we de-
velop a set of equations for thermal convection in the inner core with
phase change associated with a dynamically sustained topography at
the inner core boundary (Section 3). The kinetics of phase change is
described by a non-dimensional number, noted P for ‘phase change

 at B
iblio Planets on N

ovem
ber 14, 2016

http://gji.oxfordjournals.org/
D

ow
nloaded from

 

106



1312 R. Deguen, T. Alboussière and P. Cardin

number’, which is the ratio of a phase change timescale (introduced
in Section 2) to a viscous relaxation timescale. The linear stability
analysis of the set of equations (Section 4) demonstrates that the
first unstable mode of thermal convection consists in a global trans-
lation when P is small. When P is large, the first unstable mode is
the classical one cell convective mode of thermal convection in a
sphere with an impermeable boundary (Chandrasekhar 1961). An
analytical expression for the rate of translation is derived in Section
5. We then describe numerical simulation of thermal convection,
from which we derive scaling laws for the rate of melt production
(Section 6). The results of the previous sections are then applied
to the inner core, and used to predict the convection regime of the
inner core and the rate of melt production as functions of the inner
core growth rate and thermophysical parameters (Section 7).

2 P H A S E C H A N G E AT T H E I C B

Any phase change at the ICB will release or absorb latent heat,
with the rate of phase change v being determined by the Stefan
condition,

ρs Lv = −[[q]]icb, (1)

which equates the rate of latent heat release or absorption associated
with solidification or melting with the difference of heat flux [[q]]icb

across the inner core boundary. Here ρs is the density of the solid
inner core just below the ICB, and L is the latent heat of melting.
The heat conducted along the adiabatic gradient on the outer core
side is to a large extent balanced by the heat flow conducted on the
inner core side, the difference between the two making a very small
contribution to [[q]]icb. Convective heat transport in the inner core
is small as well. Convection in the liquid outer core is a much more
efficient way of providing or removing latent heat and −[[q]]icb is
dominated by the contribution of the advective heat flux �(θ , φ) on
the liquid side, which scales as

� ∼ ρl cplu
′δ�, (2)

where δ� is the difference of potential temperature between the
inner core boundary and the bulk of the core (Fig. 2), u′ is a typical
velocity scale in the outer core, and ρ l and cpl are the density and
specific heat capacity of the liquid outer core in the vicinity of the
inner core boundary (Alboussière et al. 2010).

We choose as a reference radius the intersection of the mean
outer core adiabat with the solidification temperature curve (Fig. 2),
and note h(θ , φ) the distance from this reference to the inner core
boundary. At a given location on the ICB, the difference of po-
tential temperature between the ICB and the outer core is δ�(θ ,
φ) = (mp − mad)δp(θ , φ), where δp(θ , φ) is the pressure differ-
ence between the ICB and the reference surface (see Fig. 2), mp =
dTs/dp is the Clapeyron slope, and mad = dTad/dp is the adiabatic
gradient in the outer core. Taking into account the local anomaly
	 ′ of the gravitational potential (due to the ICB topography and in-
ternal density perturbations), we have from hydrostatic equilibrium
δp = −ρ l(gicbh + 	 ′), which gives

δ� = −(m p − mad)ρl gicb

(
h + 	 ′

gicb

)
, (3)

where gicb is the average gravity level on the surface of the inner
core. The surface heq(θ , φ) = −	 ′/gicb is the equipotential surface
which on average coincides with the ICB.

Figure 2. Temperature profiles (thick black lines) in the vicinity of the inner
core boundary. Profile 1 corresponds to a crystallizing region, while profile 2
corresponds to a melting region. The thin black line is the outer core adiabat
Tad and the thin grey line is the solidification temperature profile.

If the inner core is convecting, with a velocity field u(r, θ , φ, t) =
(ur, uθ , uφ), then the total rate of phase change is

v = ṙic + ∂h

∂t
− ur , (4)

where ṙic is the mean inner core growth rate, ric(t) being the inner
core radius. Using eqs. (2)–(4), the heat balance (1) at the inner core
boundary can be written as

ur − ṙic − ∂h

∂t
∼ h + 	 ′/gicb

τφ

, (5)

where the timescale τφ is

τφ = ρs L

ρ2
l cpl

(
m p − mad

)
gicbu′ . (6)

With u′ ∼ 10−4 m s−1 and typical values for the other parameters
(Table1), the phase change timescale τφ is found to be of the order
of 103 years, which will turn out to be short compared to the dy-
namic timescale of thermal convection in the inner core (∼1 Myr
or more). Noting �ρ = ρs − ρ l, the viscous relaxation timescale
τ η = η/(�ρ gicb ric) is at most ∼0.1 Myr (for η = 1022 Pa s), small
as well compared to the inner core dynamic timescale. We therefore
adopt the hypothesis of isostasy and neglect ∂h/∂t in (5), the heat
transfer boundary condition finally adopted being written

ur − ṙic = h + 	 ′/gicb

τφ

, (7)

where the unknown proportionality constant in eq. (2) has been
absorbed in τφ , and will be treated as an additional source of un-
certainty.
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Table 1. Thermophysical parameters used in this study.

Parameter Symbol Value

Inner core radiusa ricb 1221 km
Solidification temperatureb Ticb 5600 ± 500 K
Gruneisen parameterc γ 1.4 ± 0.1
Thermal expansionc α (1.1 ± 0.1) × 10−5 K−1

Heat capacityd cp 800 ± 80 J kg−1 K−1

Latent heat of meltingd, e L 600–1200 kJ kg−1

Density jump at the ICBa �ρ 600 kg m−3

Density in the inner corea ρs 12 800 kg m−3

Density in the outer core at the ICBa ρl 12 200 kg m−3

Gravity at the ICBa gicb 4.4 m s−2

Radial gravity gradienta g′ 3.6 × 10−6 s−2

Thermal conductivityf k 36–150 W m−1 K−1

Isentropic bulk modulusa KS 1400 GPa
Clapeyron/adiabat slopes ratiog dTs/dTad 1.65 ± 0.11
aFrom PREM (Dziewonski & Anderson 1981).
bAlfè et al. (2002).
cVočadlo (2007).
dPoirier (1994).
eAnderson & Duba (1997).
fStacey & Anderson (2001), Stacey & Davis (2008), Sha & Cohen (2011),
de Koker et al. (2012) and Pozzo et al. (2012).
gDeguen & Cardin (2011).

3 G OV E R N I N G E Q UAT I O N S

3.1 Equations within the inner core

The starting point for the dynamics of thermal convection in the
inner core is expressed as general entropy, momentum, continuity
and gravitational equations:

ρT
Ds

Dt
= ∇ · (k∇T ) + τ : ε, (8)

0 = −∇ p − ρ∇	 + ∇ · τ, (9)

0 = ∂ρ

∂t
+ ∇ · (ρu) , (10)

∇2	 = 4πGρ, (11)

where ρ, T, s, k, τ , ε, p, 	 and u denote density, temperature,
specific entropy, thermal conductivity, shear-stress tensor, rate of
deformation tensor, pressure, gravitational potential and velocity
fields, respectively and where G is the universal gravitational con-
stant. In eq. (9), inertia has been neglected and the gravity field g
has been written using the gravitational potential g = −∇	.

These equations are then linearized around a state of well-mixed
uniform but time dependent entropy, s, hydrostatic pressure p, den-
sity ρ, gravity g and gravitational potential 	 depending only on
radius and time, such that ∂ p/∂r = −ρ g, with g satisfying the grav-
itational equation ∇2	 = 4πGρ and g = −∇	. Linearized vari-
ables are introduced such that s = s + s ′, ρ = ρ + ρ ′, T = T + �,
p = p + p′, 	 = 	 + 	 ′ and g = g + g′. T (r ) corresponds to an
adiabatic profile, and � = T − T (r ) is a potential temperature. The
linearized governing equations take the form

ρ T
Ds ′

Dt
= ∇ · (k∇�) + τ : ε − ρ T

∂s

∂t
+ ∇ · (

k∇T
)
, (12)

0 = −∇ p′ − ρ∇	 ′ − ρ ′∇	 + ∇ · τ, (13)

∂ρ ′

∂t
= −∂ρ

∂t
− ∇ · (ρu) , (14)

∇2	 ′ = 4πGρ ′. (15)

Using Maxwell relations, we obtain a linearized expression of ρ ′ in
terms of s′ and p′

ρ ′ =
(

∂ρ

∂s

)
P

s ′ +
(

∂ρ

∂ P

)
s

p′ = −α ρ T

cp
s ′ − 1

ρ g

∂ρ

∂r
p′, (16)

where α and cp are the volume expansion coefficient and specific
heat capacity corresponding to the reference adiabatic state. With
this expression for density fluctuations, eq. (13) can be written as

0 = −ρ∇
(

p′

ρ
+ 	 ′

)
+ α ρ g T

cp
s ′ er + ∇ · τ, (17)

where er is the unit radial vector. The equation of entropy fluctua-
tions (12) can be rewritten as

ρ
D T s ′

Dt
= −αgT

cp
s ′ur + ∇ · (k∇�) + τ : ε − ρ T

∂s

∂t

+ ∇ · (
k∇T

)
. (18)

Then, the anelastic liquid approximation (Schubert et al. 2001;
Anufriev et al. 2005) can be made, which consists in replacing the
general linearized expression for entropy,

s ′ = cp

T
� − α

ρ
p′, (19)

by its first term only,

s ′ � cp

T
�, (20)

under the condition αT Di � 1 (Anufriev et al. 2005), where
Di = α gicb ric/cp is the dimensionless dissipation number, which
compares the inner core radius ric with the natural length scale for
adiabatic temperature variations, cp/(α gicb). In the inner core, Di
� 0.07 × (ric/1221 km)2 and α T � 5 × 10−2, so that the anelastic
liquid approximation can be made safely. An alternative analysis
(Alboussière & Ricard 2013) indicates that cp/cv − 1 � 1, where
cv is the specific heat at constant volume, is the relevant criterion
for the anelastic liquid approximation. Since cp/cv − 1 = γαT and
the Gruneisen parameter γ is of order unity, this criterion is well
satisfied. Under the liquid anelastic approximation, the momentum
eq. (17) and entropy eq. (18) can then be written as

0 = −ρ ∇
(

p′

ρ
+ 	 ′

)
+ α ρ g � er + ∇ · τ, (21)

ρ
D

(
cp�

)
Dt

= −αρg�ur + ∇ · (k∇�) + τ : ε

− ρ cp
∂T

∂t
+ ∇ · (

k∇T
)
, (22)

where terms involving ∂cp/∂t and ∂ρ/∂t have been neglected in
(22).

The importance of self-gravitation is best estimated by analyzing
its effect in terms of vorticity production. We form the vorticity
equation by taking the curl of eq. (13), which gives

0 = ∇ρ̄ × ∇	 ′ + ∇ρ ′ × ḡ + ∇ × (∇ · τ ) , (23)

= dρ̄

dr
er × ∇h	

′ − ḡ ∇hρ
′ × er + ∇ × (∇ · τ ) , (24)
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1314 R. Deguen, T. Alboussière and P. Cardin

where ∇h denotes the horizontal part of the gradient. The first term
on the right-hand side originates from the interaction between the
mean radial density gradient and the horizontal gradient in 	 ′,
and is to be compared with the second term, which results from the
interaction between horizontal density gradients and the mean radial
gravity field. From the gravitational equation, ∇2	 ′ = 4πGρ ′, we
find that 	 ′ ∼ 4πGρ ′λ2, where λ is the typical length scale of the
temperature and gravitational potential perturbations. Using this
estimate for 	 ′ the ratio of the first two terms in eq. (24) is

|∇ρ̄ × ∇	 ′|
|∇ρ ′ × ḡ| ∼ dρ̄

dr

	 ′

ḡρ ′ ∼ dρ̄

dr

4πGλ2

ḡ
. (25)

Noting that dρ̄/dr = −(dρ̄/dp)ρ̄ ḡ = −ρ̄2 ḡ/KS and that ḡicb =
(4π/3)Gρ̄ ric, we obtain

|∇ρ̄ × ∇	 ′|
|∇ρ ′ × ḡ| ∼ 3

ρ̄ ḡicbric

Ks

λ2

r 2
ic

∼ 3
Di

γ

λ2

r 2
ic

, (26)

where the Grüneisen parameter γ � 1.4 is equal to ᾱKS/(c̄pρ̄).
Since Di/γ � 0.05, the vorticity source arising from self-

gravitation effects might be up to ∼15 per cent of the total vorticity
production if the length scale of convection is similar to the inner
core radius, but has a much smaller contribution when λ/ric is small.
Although the approximation might not be very good in cases where
λ is comparable to ric, we will ignore here the radial variations of
ρ̄, without which the force arising from self-gravitation is potential,
and is therefore balanced by the pressure field. The density in the
inner core is assumed to be uniform: ρ = ρs . To be consistent, g is
assumed to be a linear function of radius, g = gicbr/ric. Density in
the liquid outer core is assumed to be uniform as well: ρl = ρl . This
is not correct for the outer core as a whole, but this is an excellent
approximation within the depth range of the expected topography
of the inner core boundary, so that ρ l is the density of the outer core
close to the inner core for our purpose.

The rheology is assumed to be Newtonian, with uniform effec-
tive viscosity η. Furthermore, viscous and adiabatic heating can be
neglected since the dissipation number is small (Tritton 1988). We
further assume that the thermal conductivity and thermal expansion
are uniform. With κ = k/(ρs cp) the thermal diffusivity, our final
set of equation is

∇ · u = 0, (27)

0 = −∇ (p′ + ρs	
′) + α ρs gicb

ric
� r er + η∇2u, (28)

D�

Dt
= κ∇2 � + S(t), (29)

where the effective heating rate S(t) is defined as the difference
between secular cooling and heat conducted down the adiabat:

S(t) = κ∇2T − ∂T

∂t
. (30)

S can be shown to depend mainly on time, not radius. When this
term is positive (strong secular cooling and/or weak conduction),
the inner core is superadiabatic and natural convection may develop.

3.2 Expression of boundary conditions

Despite the fact that we have stressed the necessity for a non uniform
temperature on the inner core boundary when phase changes occur
(in Section 2), we shall now argue that the boundary condition

for thermal convection within the inner core is well approximated
by � = 0 at r = ric. Indeed, the lateral variations of potential
temperature associated with the ICB dynamic topography will be
found to be of order 10−2 K or smaller (corresponding to a dynamic
topography �100 m), while potential temperature variations within
the inner core will be found to be of order 1 K or larger. We thus
assume

�(r = ric) = 0. (31)

The mechanical boundary conditions are tangential stress-free
conditions (the fluid outer core cannot sustain tangential stress) and
continuity of the normal stress at the inner core boundary. With the
assumption of small topography, the normal vector is very close to
the radial unit vector and the stress-free tangential conditions can
be written as

τrθ = η

[
r

∂

∂r

(uθ

r

)
+ 1

r

∂ur

∂θ

]
= 0, (32)

τrφ = η

[
r

∂

∂r

(uφ

r

)
+ 1

r sin θ

∂ur

∂φ

]
= 0, (33)

where the spherical coordinates (r, θ , φ) are used, while the conti-
nuity of the normal stress gives[[

2η
∂ur

∂r
− p

]]
icb

= 0, (34)

where [[. . .]]icb denotes the difference of a quantity across the ICB.
Using again the decomposition p = p + p′, this becomes

ρl gicbh − p′+ − 2η
∂ur

∂r
− ρs gicbh + p′− = 0, (35)

where the subscripts + and − denote the liquid and solid sides
respectively and where overlapping adiabatic hydrostatic states have
been used for the liquid and solid regions. This condition can also
be written as

− �ρ gicb h + ρl	
′ − 2η

∂ur

∂r
+ p′− = 0, (36)

because integrating the hydrostatic equation in the liquid outer core
leads to p + ρ l	 constant, which applies also to perturbation quan-
tities.

Finally, the radial velocity ur at the ICB is related to the topogra-
phy h and gravitational potential perturbation 	 ′ through the heat
balance at the ICB (eq. 7).

3.3 Set of equations

Introducing two new variables,

ĥ = h + 	 ′

gicb
, (37)

p̂ = p′− + ρs	
′, (38)

one can write the momentum and entropy equation, together with
the boundary conditions relevant when phase change is allowed
between solid inner core and liquid outer core:

∇ · u = 0, (39)

0 = −∇ p̂ + α ρs gicb

ric
� r er + η∇2u, (40)
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D�

Dt
= κ∇2� + S(t), (41)

with boundary conditions at r = ric from (31), (32), (33), (36) and
(7):

� = 0, (42)

τrθ = η

[
r

∂

∂r

(uθ

r

)
+ 1

r

∂ur

∂θ

]
= 0, (43)

τrφ = η

[
r

∂

∂r

(uφ

r

)
+ 1

r sin θ

∂ur

∂φ

]
= 0, (44)

− �ρ gicb ĥ − 2η
∂ur

∂r
+ p̂ = 0, (45)

ur − ṙic = ĥ

τφ

. (46)

It can be seen from (45) and (46), that ĥ is not necessary for the
resolution of the equations, although it can be recovered once the
problem is solved, and can be eliminated between these two equa-
tions, leaving only one boundary condition:

− �ρgicbτφ(ur − ṙic) − 2η
∂ur

∂r
+ p̂ = 0, (47)

Incidently, it can also be seen that there is no need to explicitly
solve the gravitational eq. (15), since 	 ′ has been absorbed in the
modified pressure (38).

The governing equations and boundary conditions are now made
dimensionless using the age of the inner core τ ic, its time depen-
dent radius ric(t), κ/ric(t), ηκ/r 2

ic(t) and S(t)r 2
ic(t)/(6κ) as scales

for time, length, velocity, pressure and potential temperature, re-
spectively. Using the same symbols for dimensionless quantities,
dimensionless equations can be written as

∇ · u = 0, (48)

0 = −∇ p̂ + Ra(t) � r + ∇2u, (49)

ξ (t)
∂�

∂t
= ∇2� − [u − Pe(t)] · ∇�

+ 6 −
[
ξ (t)

Ṡ(t)τic

S(t)
+ 2 Pe(t)

]
�, (50)

where r = r er and Ṡ(t) = dS(t)/dt . The last terms in (50) are due
to dependency of the temperature scale on time, when used to make
the equations dimensionless. Three dimensionless parameters are
needed

ξ (t) = r 2
ic(t)

κτic
, (51)

Pe(t) = ric(t)ṙic(t)

κ
, (52)

Ra(t) = αρs gicb(t)S(t)r 5
ic(t)

6κ2η
. (53)

The dimensionless boundary conditions, at r = 1, can be written

� = 0, (54)

τrθ = r
∂

∂r

(uθ

r

)
+ 1

r

∂ur

∂θ
= 0, (55)

τrφ = r
∂

∂r

(uφ

r

)
+ 1

r sin θ

∂ur

∂φ
= 0, (56)

− P(t)(ur − ṙic) − 2
∂ur

∂r
+ p̂ = 0, (57)

where we have introduced the ‘phase change number’ P character-
izing the resistance to phase change:

P(t) = �ρ gicb(t) ric(t) τφ(t)

η
. (58)

P is the ratio between the phase change timescale τφ and the viscous
relaxation timescale τ η = η/(�ρ gicb ric) (equivalent to postglacial
rebound timescale). P = 0 corresponds to instantaneous melting
or freezing, while P → ∞ corresponds to infinitely slow melting
or freezing. In the limit of infinite P , the boundary condition (57)
reduces to the condition ur = 0, which corresponds to impermeable
conditions. In contrast, when P → 0, eq. (57) implies that the nor-
mal stress tends towards 0 at the boundary, which corresponds to
fully permeable boundary conditions. The general case of finite P
gives boundary conditions for which the rate of phase change at the
boundary (equal to ur) is proportional to the normal stress induced
by convection within the spherical shell.

A steady state version of the set of eqs (48)–(58) is found by using
r 2

ic/κ as a timescale instead of τ ic, and keeping ric and S constant.
All the equation remain unchanged except the heat equation which
now writes

∂�

∂t
= ∇2� − u · ∇� + 6. (59)

This will be used in Section 6 where numerical simulations with
constant inner core radius and thermal forcing will be used to derive
scaling laws.

With the assumptions made so far, the velocity field is known to
be purely poloidal (Ribe 2007), and we introduce the poloidal scalar
P defined such that

u = ∇ × ∇ × (Pr) . (60)

Taking the curl of the momentum eq. (49) gives

Ra(t)L2� = (∇2
)2

L2 P, (61)

where the angular momentum operator L2 is

L2 = − 1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
− 1

sin2 θ

∂2

∂φ2
. (62)

Horizontal integration of the momentum equation (see Forte &
Peltier 1987; Ribe 2007, where this is done component-wise in
spherical harmonics) shows that, on r = 1

− p̂ + ∂

∂r

(
r∇2 P

) = C st. (63)

This expression can be used to eliminate p̂ in the boundary condition
(57). Noting that

ur = 1

r
L2 P, (64)
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continuity of the normal stress at the ICB (eq. 57) gives the following
boundary condition at r = 1:

∂

∂r

(
r∇2 P − 2

r
L2 P

)
− P(t)

(
1

r
L2 P − ṙic

)
= C st, (65)

while the stress-free conditions (55) and (56) take the form

r
∂

∂r

[
1

r 2

∂

∂r
(r P)

]
+ 1

r 2
L2 P = C st, (66)

which can be rewritten as

∂2 P

∂r 2
+ (

L2 − 2
) P

r 2
= C st. (67)

At this stage, there are two unknown scalar field variables, � and
P. They are expanded as

� = tm
l (r, t) Y m

l , (68)

P = pm
l (r, t) Y m

l , l ≥ 1, (69)

where Y m
l (θ, φ), for l ≥ 0, m ∈ [−l; l] are surface spherical har-

monics, which satisfy L2Y m
l = l(l + 1)Y m

l . The momentum eq. (61)
takes the form

Ra(t)tm
l = D2

l pm
l , (70)

where

Dl = d2

dr 2
+ 2

r

d

dr
− l(l + 1)

r 2
. (71)

The stress-free boundary condition (67) can be written as

d2 pm
l

dr 2
+ [l(l + 1) − 2]

pm
l

r 2
= 0, l ≥ 1, (72)

and the boundary condition (65), derived from normal stress bal-
ance, as

d

dr

[
rDl pm

l − 2l(l + 1)
pm

l

r

]
= l(l + 1)P(t)

pm
l

r
, l ≥ 1. (73)

With (72), the equation above can also be written:

r 2 d3 pm
l

dr 3
− 3l(l + 1)

dpm
l

dr
=

[
l(l + 1)P(t) − 6

r

]
pm

l , l ≥ 1. (74)

The thermal equation is also written in spherical harmonic expan-
sion but cannot be solved independently for each degree and order
due to the non-linearity of the advection term, which is evaluated
in the physical space and expanded back in spherical harmonics.

4 L I N E A R S TA B I L I T Y A NA LY S I S

We investigate here the linear stability of the system of equations
describing thermal convection in the inner core with phase change
at the ICB, as derived in Section 3. The calculation given here is a
generalization of the linear stability analysis of thermal convection
in an internally heated sphere given by Chandrasekhar (1961). The
case considered by Chandrasekhar (1961), where a non-deformable,
impermeable outer boundary is assumed, corresponds to the limit
P → ∞ of the problem considered here.

We assume constant Ra and P (and ξ = 1, Pe = Ṡ = 0), thus
ignoring that the base diffusive solution itself is time-dependent.
This assumption is essentially correct when the growth rate of the
fastest unstable disturbance is much larger than the growth rate of

the radius of the inner core. The basic state of the problem is then
given by

�̄ = 1 − r 2, (75)

ū = 0, (76)

which is the steady conductive solution of the system of equa-
tion developed in Section 3. We investigate the stability of this
conductive state against infinitesimal perturbations of the temper-
ature and velocity fields. The temperature field is written as the
sum of the conductive temperature profile given by eq. (75) and
infinitesimal disturbances �̃, �(r, θ, φ, t) = �̄(r ) + �̃(r, θ, φ, t).
The velocity field perturbation is noted ũ(r, θ, φ, t), and has an as-
sociated poloidal scalar P̃(r, θ, φ, t). We expand the temperature
and poloidal disturbances in spherical harmonics,

�̃ =
∞∑

l=0

l∑
m=−l

t̃m
l (r )Y m

l (θ, φ) eσl t , (77)

P̃ =
∞∑

l=1

l∑
m=−l

p̃m
l (r )Y m

l (θ, φ) eσl t , (78)

where σ l is the growth rate of the degree l perturbations (note that
since m does not appear in the system of equations, the growth rate
is function of l only, not m).

The only non-linear term in the system of equations is the advec-
tion of heat u · ∇� in eq. (59), which is linearized as

ũr
∂�̄

∂r
= −2r ũr = −2L2 P̃ . (79)

The resulting linearized transport equation for the potential temper-
ature disturbance is(

∂

∂t
− ∇2

)
�̃ = 2L2 P̃. (80)

Using the decompositions (77) and (78), the linearized system of
equations is then, for l ≥ 1,

Ra t̃m
l = D2

l p̃m
l , (81)

(σl − Dl ) t̃m
l = 2l(l + 1) p̃m

l , (82)

with the boundary conditions given by eqs (72) and (73), with
t̃m
l (r = 1) = 0.

Developing the t̃m
l in series of spherical Bessel functions and

solving for p̃m
l , we obtain an infinite set of linear equations in

perturbation quantities, which admits a non trivial solution only if
its determinant is equal to zero (see Appendix A for the details of
the calculation). This provides the following dispersion equation,∣∣∣∣∣
∣∣∣∣∣[ql

3(P)α2
l,i + ql

4(P)
] [

1 − 4l + 6

α2
l, j

]
− [

ql
1(P)α2

l,i + ql
2(P)

]

+
(

σlα
4
l,i + α6

l,i

2l(l + 1)Ra
− 1

)
1

2
δi j

∣∣∣∣∣
∣∣∣∣∣ = 0, with i, j = 1, 2, . . . (83)

where ||· · ·|| denotes the determinant. Here αl, i denotes the ith zero
of the spherical Bessel function of degree l. The functions ql

1(P)
to ql

4(P) are given in Appendix A by eqs (A24), (A25), (A27) and
(A28).

Solving eq. (83) for a given value of l and σ l = 0 gives the
critical value Rac of the Rayleigh number for instability of the
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Thermal convection in Earth’s inner core 1317

Figure 3. Stability diagram for convection in a sphere with phase change at
its outer boundary. The neutral stability curve (l = 1) obtained by solving eq.
(84) with σ 1 = 0 is shown by the thick black line. The dashed line shows the
approximate stability curve given by eq. (86). The neutral stability curves of
higher modes (l = 2, 3, 4) obtained by solving eq. (83) with σ l = 0 are shown
by the annotated thin black lines. The neutral stability curves for l ≥ 5 are
not shown to avoid overcrowding the figure. The thick grey curve annotated
‘Translation’ is the neutral stability curve of the translation mode, given by
eq. (94). Streamlines of the first unstable mode at points A (P = 0.1), B
(P = 17) and C (P = 104) are shown in the upper figure.

degree l mode, as a function of P . The resulting marginal stability
curves for l = 1–4 are shown in Fig. 3. The first unstable mode is
always the l = 1 mode, for which eq. (83) reduces to∣∣∣∣∣
∣∣∣∣∣
(

Ra − α6
1,i + σ1α

4
1,i

4

)
δi j + α2

1,i

Ra

P + 20

3 α2
1, j

Ra

∣∣∣∣∣
∣∣∣∣∣ = 0. (84)

A useful first approximation is obtained by keeping only the i =
j = 1 terms, thus setting the (1, 1) component of the matrix to zero.
This gives a simple analytical form for the growth rate,

σ1 =
(

4

α4
1,1

+ 80

3 α6
1,1

)
Ra + 4

α2
1,1

Ra

P − α2
1,1 (85)

and for the critical Rayleigh number,

Rac = α6
1,1

4

[
1 + α2

1,1

P + 20

3

1

α2
1,1

]−1

, (86)

with α1, 1 � 4.4934. When P � 1 or P � 1, Rac and σ l have the
following limits:

Rac −→

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

α8
1,1

4α2
1,1 + 80/3

� 1547 when P → ∞,

α4
1,1

4
P � 101.9 P when P → 0,

(87)

σ1 −→

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
4

α4
1,1

+ 80

3 α6
1,1

)
Ra − α2

1,1 when P → ∞,

4

α2
1,1

Ra

P − α2
1,1 when P → 0,

(88)

Higher order approximations can be obtained by retaining more
terms in the determinant. For P � 1, the critical value of Ra con-
verges towards

Rac = 1545.6, (89)

in agreement with Chandrasekhar (1961)’s result (the value given
by Chandrasekhar (1961) is twice the value given here, because
of different definitions of Ra). When P � 1, the relevant non-
dimensional parameter is the ratio Ra/P , which is independent of
the viscosity and of the thermal diffusivity. An exact value of the
critical value of Ra/P will be given below (eq. 94).

The pattern of the first unstable mode can be calculated by solving
the system (A39) given in Appendix A for given P and Ra. The
first unstable modes calculated in this way for points A, B and C
(P = 0.1, 17 and 104) in the stability diagram are shown in Fig. 3.
As shown in Appendix A, the l = 1, m ∈ [− 1, 0, 1] components of
the poloidal scalar can be written as

p̃m
1 =

∞∑
i=1

A1,i

[
j1(α1,i r )

α1,i
+ j2(α1,i )

3
(r − r 3) + j2(α1,i )α2

1,i

2 P r

]
,

(90)

where the coefficients A1, i are found by solving the system of eqs
(A39). Here j1 and j2 denote the spherical Bessel functions of the
first kind of order 1 and 2, respectively. From eq. (90), it can be seen
that

p̃m
1 →

( ∞∑
i=1

A1,i j2(α1,i )α
2
1,i

)
2

P r when P → 0, (91)

which corresponds to a translation (it can be verified that a l =
1 flow with pm

1 ∝ r corresponds to a flow with uniform velocity).
This is the dominant mode when P is small, as illustrated in Fig. 3
(point A, P = 0.1). There is no deformation associated with this
mode.

At high P , the term in 1/P in eq. (90) becomes negligible, and
the first unstable mode is identical to the classical single cell degree
one mode of thermal convection with shear-free boundary and no
phase change (Chandrasekhar 1961), as illustrated in Fig. 3 (point
C, P = 104). There is no melting or solidification associated with
this mode, which is apparent from the fact that the streamlines of
the flow are closed. At intermediate values of P , the first unstable
mode is a linear combination of the high-P convection mode and
of the small-P translation mode.

Allowing only for the translation (i.e. keeping only the p1,i ∝ r/P
terms), the dispersion relation (84) reduces to∣∣∣∣∣
∣∣∣∣∣δi j − 4

α4
1,i

Ra

P

∣∣∣∣∣
∣∣∣∣∣ = 0. (92)

Using Sylvester’s determinant theorem, we find that∣∣∣∣∣
∣∣∣∣∣δi j − 4

α4
1,i

Ra

P

∣∣∣∣∣
∣∣∣∣∣ = 1 − 4

Ra

P

∞∑
i=1

1

α4
1,i

, (93)

which allows to write the critical value of Ra/P as(
Ra

P

)
c

= 1

4

( ∞∑
i=1

1

α4
1,i

)−1

= 175

2
= 87.5, (94)
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1318 R. Deguen, T. Alboussière and P. Cardin

where we have used Sneddon (1960)’s result that
∑∞

i=1 α−4
1,i =

1/350. The critical value 175/2 is exact, and is to be preferred
to the approximate value (101.9) obtained in eq. (87). Eq. (94) gives
the marginal stability curve shown in grey in Fig. 3. Although the
translation mode can be unstable at all value of P provided that
Ra is large enough, it is apparent in Fig. 3 that the one cell con-
vection mode is the first unstable mode whenever P is larger than
�Rac/(Ra/P)c � 17 (point B in Fig. 3).

Finally, it can be seen in Fig. 3 that the critical Rayleigh number
Ral

c for higher order modes (l > 1) is also lowered when P � 17.
However, the decrease in Ral

c is not as drastic as it is for the l =
1 mode because, whatever the value of P , viscous dissipation al-
ways limits the growth of these modes. The effect of P on Ral

c

becomes increasingly small as l increases. This suggests that allow-
ing for phase change at the ICB would generally enhance large scale
motions at the expense of smaller scale motions.

5 A NA LY T I C A L S O LU T I O N S
F O R S M A L L P
We now search for a finite amplitude solution of inner core convec-
tion at small P . In the limit of infinite viscosity (P → 0), the only
possible motions of the inner core are rotation, which we do not
consider here, and translation. Guided by the results of the linear
stability analysis, we search for a solution in the form of a transla-
tion. Alboussière et al. (2010) found a solution for the velocity of
inner core translation from a global force balance on the inner core,
under the assumption that the inner core is rigid. One of the goal of
this section is to verify that the system of equations developed in
Section 3 indeed leads to the same solution when P → 0.

If the viscosity is taken as infinite and P is formally put to
zero, searching for a pure translation solution and ignoring any
deformation in the inner core leads to an undetermined system.
Translation is an exact solution of the momentum equation, but the
translation rate is left undetermined, because all the terms in the
boundary conditions (55), (56) and (57) (zero tangential stress and
continuity of the normal stress) vanish. This of course does not mean
that the stress magnitude vanishes, but rather that the rheological
relationship between stress and strain via the viscosity becomes
meaningless if the viscosity is assumed to be infinite. The ICB
topography associated with the translation is sustained by the non-
hydrostatic stress field which, even if η → ∞, must remain finite.
One way to calculate the stress field is to evaluate the flow induced
by the lateral temperature variations associated with the translation,
for small but non-zero P , and then take the limit P → 0. If only the
‘rigid inner core’ limit is wanted, it suffices to calculate the flow at
O(P). The effect of finite viscosity on the translation mode can be
estimated by calculating the velocity field at a higher order in P .

5.1 Translation velocity at zeroth order in P
Noting V0 the translation velocity at zeroth order in P , the poloidal
scalar takes the form

p0
1 = V0

2
r, (95)

with Y 0
1 = cos θ , in a cylindrical coordinate system of axis parallel

to the velocity translation. If V0 is large enough, the temperature
eq. (50) has a fast convective solution whereby u · ∇� balances
the constant 6. Imposing � = 0 at the ICB on the crystallizing

Figure 4. Temperature field (left, red = hot, blue = cold) and vorticity field
at O(P) (right, blue = negative, red = positive) in a meridional cross-section
(the direction of translation is arbitrary).

hemisphere, and ignoring a thin boundary layer below the ICB on
the melting hemisphere, the temperature field, shown in Fig. 4, is

� = 6

V0

(
r cos θ +

√
1 − r 2 sin2 θ

)
(96)

(Alboussière et al. 2010). This results in a uniform temperature
gradient in the translation direction, with the l = 1, m = 0 component
of the temperature field being

t0
1 = 6

V0
r. (97)

This temperature field induces a secondary l = 1, m = 0 flow which
must vanish when P → 0. We therefore write p0

1 as

p0
1 = V0

2

[
r + p̂0

1,1P + O(P2)
]
. (98)

Inserting this form for p0
1 and the temperature degree one compo-

nent t0
1 into the momentum eq. (70) gives

12
Ra

P
1

V 2
0

r = D2
1 p̂0

1,1, (99)

from which we can already infer that

V0 ∼
√

Ra

P . (100)

Eq. (99) has a general solution of the form

p̂0
1,1 = Ar + Br 3 + Cr 5, (101)

where A, B and C are constants to be determined.
From the momentum eq. (99), we obtain

C = 3

70

Ra

P
1

V 2
0

. (102)

The stress-free boundary condition (72) for a degree one compo-
nent,

d2 p0
1

dr 2

∣∣∣∣
r=1

= 0, (103)

leads to

B = −10

3
C = −1

7

Ra

P
1

V 2
0

. (104)

Finally, the condition of continuity of the normal stress (74) leads
to

(−3B + 18C − 1) P − 2P2(A + B + C) + O(P2) = 0, (105)
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which implies that

− 3B + 18C − 1 = 0. (106)

Note that the constant A is left undetermined: considerations of the
velocity field at order P2 and of the temperature field at order P
are required to determine it. With B and C given by eqs (104) and
(102), eq. (106) gives the translation velocity V0 as

V0 =
√

6

5

Ra

P . (107)

In dimensional unit, the translation rate is given by

κ

ric

√
6

5

Ra

P =
(

1

5

ρs

�ρ

αS

τφ

)1/2

ric (108)

which, with τφ given by eq. (6), is exactly the same solution as that
found in Alboussière et al. (2010) from an analysis of the global
force balance on the inner core. As expected, the translation rate
is independent of the inner core viscosity η and of the thermal
diffusivity, and is an increasing function of the heating rate S and a
decreasing function of the phase change timescale.

The potential temperature difference across the inner core is
12/V0 in non-dimensional units, and

12
Sr 2

ic

6κ

(
5

6

P
Ra

)1/2

=
(

20
�ρ τφ S

ρs α

)1/2

(109)

in dimensional units.

5.2 Translation velocity at O(P)

The translation velocity at O(P) can be obtained by calculating the
temperature field at O(P) and the velocity field at O(P2), which
allows to determine the constant A in the expression of the poloidal
scalar at O(P) (eq. 101). The procedure, detailed in Appendix B, is
complicated by the non-linearity of the heat equation: coupling of
higher order harmonics component of the temperature and velocity
fields contribute to the l = 1 component of the temperature field.
Taking into account the effect of the non-linear coupling of the l =
2 components of the temperature and velocity fields, we obtain

V =
√

6

5

Ra

P
[
1 − 0.0216 P + O(P2)

]
. (110)

which suggests that the effect of deformation becomes important
when P is a significant fraction of 1/0.0216 � 46, in agreement
with the prediction of the linear stability analysis.

The temperature field and the φ-component of the vorticity field
at O(P), as calculated in Appendix B, are shown in figure (4).

5.3 The effect of the boundary layer

Let us finally discuss the influence of the thermal boundary layer
that must develop in the solid inner core near the melting side
when a convective translation exists. From the thermal eq. (50),
and with the boundary condition (54), a thermal boundary layer
of thickness V −1 results from the balance between convective and
diffusive terms, so that the degree one temperature component (97)
may be approximated by

t0
1 � 6

V

[
r − eV (r−1)

]
. (111)

We now note that

D1

[
eV (r−1)

] =
(

1 + 2

V r
− 2

V 2r 2

)
V 2eV (r−1), (112)

so that to a good approximation,

D1

[
eV (r−1)

] � V 2eV (r−1) and D2
1

(
eV r

) � V 4eV (r−1) (113)

when V � 1. Under this assumption, the resulting general solution
for the velocity poloidal component (101) becomes

p0
1 � V0

2

{
r +

[
Ar + Br 3 + Cr 5 − 10

V 2
0

V 6
eV (r−1)

]
P + O(P2)

}
.

(114)

Following the same path as above, in the limit of infinite viscosity,
the translation velocity V is found to be

V � V0

(
1 − 5

V0
− 5

V 2
0

+ 30

V 3
0

− 30

V 4
0

)
(115)

when the effect of the boundary layer is taken into account.

5.4 Melt production

We define the rate of melt production Ṁ as the volume of melt
produced at the surface of the inner core by unit area and unit of
time, averaged over the ICB. In the case of a pure translation, the
volume of melt produced by unit of time is simply given by the trans-
lation velocity V multiplied by the cross-section πr 2

ic of the inner
core, so Ṁ is given by

Ṁ = V × πr 2
ic

4πr 2
ic

= V

4
. (116)

For a more general inner core flow, Ṁ can be calculated from the
radial velocity at the ICB as

Ṁ = 1

2
|ur (ric) − ṙic| = 1

8π

∫
θ,φ

|ur (ric) − ṙic| sin θ dθdφ, (117)

where the overbar . . . denotes the average over a spherical surface.
In the case of a l = 1, m = 0 flow, this reduces to

Ṁ = 1

4π

∫
θ,φ

|p0
1 cos θ | sin θ dθdφ = 1

2
|p0

1 | (118)

and gives Ṁ = V/4 for a pure translation, which has p0
1 = V/2.

6 N U M E R I C A L R E S U LT S
A N D S C A L I N G L AW S

6.1 Method

The code is an extension of the one used in Deguen & Cardin (2011),
with the boundary condition derived in Section 3 now implemented.
The system of equations derived in Section 3 is solved in 3-D, using
a spherical harmonic expansion for the horizontal dependence and
a finite difference scheme in the radial direction. The radial grid
can be refined below the ICB if needed. The non-linear part of
the advection term in the temperature equation is evaluated in the
physical space at each time step. A semi-implicit Crank- Nickolson
scheme is implemented for the time evolution of the linear terms and
an Adams–Bashforth procedure is used for the non-linear advection
term in the heat equation. The temperature field is initialized with
a random noise covering the full spectrum. We use up to 256 radial
points and 128 spherical harmonics degree. Care has been taken
that the ICB thermal boundary layer, which can be very thin in the
translation mode, is always well resolved.

The code has the ability to take into account the growth of the
inner core and the evolution of the internal heating rate S(t), which is
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calculated from the thermal evolution of the outer core (Deguen &
Cardin 2011). In this section, we will first focus on simulations with
a constant inner core radius and steady thermal forcing (internal
heating rate S constant). Simulations with an evolving inner core
will be presented in Section 7.

Each numerical simulation was run for at least 10 overturn times
ric/Urms, where Urms is the rms velocity in the inner core.

6.2 Overview

As already suggested by the linear stability analysis (Section 4) and
the small P analytical model (Section 5), the translation mode is
expected to be dominant when P is small. This is confirmed by
our numerical simulations. As an example, Fig. 5 shows outputs of
simulations with the same Rayleigh number value of Ra = 107 and
P = 1, 30, 102 and 103. Snapshots of cross-sections of the potential
temperature field and vorticity (its component perpendicular to the
cross-section plane) are shown in the first and second columns, and
maps of radial velocity ur(ric) at the ICB are shown in the third
column. ur(ric) is equal to the local phase change rate, with positive

values corresponding to melting and negative values corresponding
to solidification.

At the lowest P (P = 1), the translation mode is clearly dom-
inant, with the pattern of temperature and vorticity similar to the
predictions of the analytical models of Section 5 shown in Fig. 4. In
contrast, the convection regime at the largest P (P = 103) appears
to be qualitatively similar to the regime observed with impermeable
boundary conditions (Weber & Machetel 1992; Deguen & Cardin
2011), which corresponds to the limit P → ∞. At the Rayleigh
number considered here, convection is chaotic and takes the form
of cold plumes originating from a thin thermal boundary layer below
the ICB, with a passive upward return flow. At intermediate values
of P (P = 30 and 102), phase change has still a significant effect
on the pattern of the flow, with large scale components of the flow
enhanced by phase change at the ICB, in qualitative agreement with
the prediction of the linear stability analysis. Note that at P = 102,
there is still a clear hemispherical pattern, with plumes originating
preferentially from one hemisphere.

More quantitative informations on the structure of convection can
be found by estimating a characteristic length scale of the flow. We
calculate here the mean degree �̄u of the flow from the time averaged

Figure 5. Snapshots from numerical simulations with Ra = 107 and P = 1, 30, 100 and 103, showing potential temperature � (first column), azimuthal
vorticity ω⊥ (second column) and radial velocity ur(ric) at the outer boundary (third column).
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Figure 6. Mean degree �̄u of the kinetic energy (as defined in eq. 119), as
a function of P , for simulations with Ra = 104, 105, 106 and 107. The grey
scale of the markers give the Rayleigh number of the simulation. �̄u is close
to 1 for P � 29 for all Ra, although the departure from 1 increases with Ra
when P approaches 29 from below.

kinetic energy spectrum, defined by Christensen & Aubert (2006)
as

�̄u =
∑

� �E�
k

Ek
, (119)

where

E�
k = 1

2

∑
m

(um
� )2 and Ek =

∑
�

E�
k . (120)

With this definition, �̄u → 1 if the flow is dominated by degree
1 components, as in the translation mode, and increases as the
characteristic length scale of the flow decreases.

Fig. 6 shows the calculated value of �̄ for Ra = 104, 105, 106

and 107 as a function of P . �̄ remains very close to 1 as long as
P is smaller than a transitional value Pt � 29. There is a rapid
increase of �̄u above Pt , showing the emergence of smaller scale
convective modes at the transition between the translation mode and
the high-P regime. We interpret this sharp transition as being due
to the negative feedback that the secondary flow and smaller scale
convection have on the translation mode: advection of the potential
temperature field by the secondary flow decreases the strength of
its degree one component and therefore weakens the translation
mode, which in turn give more time for smaller scale convection to
develop, weakening further the degree one heterogeneity. The value
of Pt does not seem to depend on Ra in the range explored here.
Fig. 6 further shows that ICB phase change has a strong influence on
the flow up to P � 300, which is confirmed by direct visualization
of the flow structure.

Fig. 7a shows the translation rate V (circles) and time averaged
rms velocity (triangles) as a function of P for various values of Ra.
Here both V and Urms are multiplied by Ra−1/2. The grey dashed line
shows the analytical prediction for the translation rate in the rigid
inner core limit. Below Pt , there is a good quantitative agreement
between the numerical results and the analytical model. The fact
that Urms � V for P < Pt indicates that there is, as expected, neg-
ligible deformation in this regime. V and Urms diverge for P > Pt ,
the translation rate becoming rapidly much smaller than the rms
velocity. As already suggested by the evolution of �̄, phase change
at the ICB has still an effect on the convection for P up to ∼300.
Phase change at the ICB has a positive feedback on the vigor of the

Figure 7. (a) Rms velocity (triangles) and translation velocity (circles) as a
function of P , for Rayleigh numbers between 3 × 103 and 107 (grey scale).
The inner core translation rate is found by first calculating the net translation
rate Vi = x, y, z of the inner core in the directions x, y, z of a cartesian frame,
given by the average over the volume of the inner core of the velocity
component ui = x, y, z [which can be written as functions of the degree 1
components of the poloidal scalar at the ICB, see eq. (B42) in Appendix

B]. We then write the global translation velocity as V =
√

V 2
x + V 2

y + V 2
z .

The grey dashed line shows the prediction of the rigid inner core model. (b)
Ṁ × Ra−1/2 as a function of P , the grey scale of the markers giving the
value of Ra. The grey dashed line shows the prediction of the rigid inner core
model, showing excellent agreement between the theory and the numerical
calculations for P small.

convection: melting occurs preferentially above upwelling, where
the dynamic topography is positive, which enhances upward mo-
tion. Conversely, solidification occurs preferentially above down-
wellings, thus enhancing downward motions. This effect becomes
increasingly small as P is increased, and the rms velocity reaches
a plateau when P � 103, at which the effect of phase change at the
ICB on the internal dynamics becomes negligible.

Fig. 7(b) shows the rate of melt production (defined in eq. 117),
multiplied by Ra−1/2, as a function of P for various values of Ra.
Again, the prediction of the rigid inner core model (eq. 116, grey
dashed line in Fig. 7 b) is in very good agreement with the numerical
results as long as P < Pt . For P > Pt , the rate of melt production
appears to be inversally proportional to P .
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1322 R. Deguen, T. Alboussière and P. Cardin

Figure 8. Translation rate and melt production, normalized by the low P
limit estimate given by eq. (107), as a function of Ra/P , for P = 10−2.

6.3 Scaling of translation rate, convective velocity
and melt production

We now turn to a more quantitative description of the small-P
and large-P regimes. We first compare the results of numerical
simulations at P < Pt with the analytical models developed in
Section 5. We then focus on the large-P regime, and develop a
scaling theory for inner core thermal convection in this regime,
including a scaling law for the rate of melt production.

6.3.1 Translation mode

Fig. 8 shows the translation rate (circles) and the rate of melt pro-
duction Ṁ (diamonds), normalized by the rigid inner core estimate
given by eq. (107), as a function of Ra/P , for P = 10−2. The trans-
lation rate increases from zero when Ra/P is higher than a critical
value (Ra/P)c which is found to be in excellent agreement with the
prediction of the linear stability analysis. Increasing Ra/P above
(Ra/P)c, the translation rate increases before asymptoting towards
the prediction of the rigid inner core model (dashed line). The pre-
diction of our model including a boundary layer correction (eq. 115,
black line in Fig. 8) is in good agreement with the numerical results
for Ra/P � 103, demonstrating that our analytical model captures
fairly well the effect of the thermal boundary layer. As expected
(see Section 5.4), the rate of melt production is equal to 1/4 of the
translation rate.

Fig. 9 shows the effect of increasing P on the translation rate. In
this figure, we have kept only simulations with Ra/P larger than 105

to minimize the effect of the boundary layer, and further corrected
the translation velocity with the boundary layer correction (eq. 115)
found in Section 5.3, in order to isolate as much as possible the effect
of P on the translation mode. The O(P) model developed in Section
5.2 (eq. 110, black line) agrees with the numerical simulations
within 1 per cent for P up to ∼3, but fails to explain the outputs
of the numerical simulations when P is larger, which indicates that
higher order terms in P become important.

Overall, our analytical results (stability analysis and finite am-
plitude models) are in very good agreement with our numerical
simulations when P is small, which gives support to both our the-
ory and to the validity of the numerical code.

Figure 9. Translation rate (normalized by the low P limit estimate given by
eq. (107)) as a function of P , for different values of Ra/P . The thick black
line show the prediction of the O(P) model given by eq. (110).

6.3.2 Plume convection

If P is large, the translation rate of the inner core becomes van-
ishingly small, but, as long as P is finite, there is still a finite rate
of melt production associated with the smaller scale topography
arising from plume convection. A scaling for the melt production
in the limit of large P and large Ra can be derived from scal-
ing relationship for infinite Prandtl number convection with im-
permeable boundaries. Parmentier & Sotin (2000) derived a set
of scaling laws for high Rayleigh number internally heated ther-
mal convection in a cartesian box, in the limit of infinite Prandtl
number, but we found significant deviations from their model in
our numerical simulations, which we ascribe to geometrical ef-
fects due to the spherical geometry. We therefore propose a set
of new scaling laws for convection in a full sphere with internal
heating.

Quantities of interest are the horizontal and vertical velocities u
and w, the mean inner core potential temperature 〈�〉, the thermal
boundary layer thickness δ, the thermal radius of the plumes a, the
average plume spacing λh, and a length scale for radial variations of
the velocity, which we note λr (see Fig. 10). The horizontal length
scale λh is related to the number N of plumes per unit area by
N ∼ 1/λ2

h .
Outputs of numerical simulations (〈�〉, δ, rms velocity Urms, rms

radial velocity wrms, rms horizontal velocity urms, N) are shown in
Figs 11(a)–(d) for Ra between 105 and 3 × 108. The boundary layer
thickness δ is estimated as the ratio of the mean potential tempera-
ture in the inner core, 〈�〉, over the time and space averaged potential
temperature gradient at the ICB: δ = −〈�〉/〈∂�/∂r〉icb. The time-
averaged number N of plume per unit area is estimated by counting
plumes on horizontal surfaces on typically 50 different snapshots.
Both 〈�〉 and δ follow well-defined power law behaviours over this
range of Ra. In contrast, the rms velocities and plume density N
seem to indicate a change of behaviour at Ra close to 107. For Ra <

107, the vertical velocity increases faster than the horizontal ve-
locity, while at larger Ra horizontal and vertical velocities increase
with Ra at roughly the same rate.

We start our analysis by first noting that under statistically steady
state conditions, the heat flux at the ICB must be equal, in a time-
averaged sense, to the heat production within the inner core. In the
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Figure 10. A schematic of inner core plume convection, and definition of
the length scales used in the scaling analysis. Streamlines of the flow are
shown with thin arrowed grey lines.

thermal boundary layer, heat transport is dominated by conduction
and the non-dimensional heat flux −〈∂�/∂r〉icb is equal to 〈�〉/δ.
This must be in balance with the non-dimensional internal heat pro-
duction. With our scaling, the mean potential temperature gradient

should be equal to –2 on average, which implies that δ should be
equal to 〈�〉/2. We can therefore write

δ = 〈�〉
2

∼ Raβ, (121)

where β is to be determined. We further assume that the thickness of
the thermal boundary layer is set by a local stability criterion, that is,
that the boundary layer Rayleigh number Raδ = (αρsgicb�δ3)/(κη)
is on average equal to some constant, which is equivalent to state
that Raδ ∼ 1. Using non-dimensional 〈�〉 and δ, Raδ is related to
the inner core Rayleigh number Ra by Raδ = Ra 〈�〉δ3. Given that
〈�〉 ∼ δ, this implies that Ra〈�〉δ3 ∼ Ra δ4 ∼ 1, which gives
β = −1/4.

The best fit of the numerical results (Figs 11a and b) gives
〈�〉 ∼ Ra−0.240 ± 0.005 and δ ∼ Ra−0.236 ± 0.003, in fair agreement
with the predicted scaling. In Cartesian geometry, Parmentier &
Sotin (2000) found β = −0.2448. Deschamps et al. (2012) found
β = −0.238 for thermal convection in internally heated spherical
shells.

The vertical plume velocity w is set by a balance between the
buoyancy stress, ∼Ra〈�〉a, and the viscous stress, ∼w/λh. This
gives

w

λh
∼ Ra 〈�〉 a. (122)

In addition, the heat flux advected by the plumes, Nw〈�〉a2, must
scale as the ICB heat flux, which, as already discussed above, must
be ∼1. Since the number of plumes per unit area is N ∼ 1/λ2

h , this

Figure 11. (a) Mean potential temperature 〈�〉 as a function of Ra for P larger than 103. (b) Boundary layer thickness δ. (c) RMS velocity Urms (squares),
rms vertical velocity wrms (diamonds), and rms horizontal velocity urms (circles). (d) Number of plumes N per unit surface. In figures (a) to (d), the thick red
lines show the predictions of the scaling theory developed in Section 6.3.2 with β = −0.238. The dashed lines show the result of the individual least square
inversion for each quantity for Ra ≥ 105.
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gives

1 ∼ a2

λ2
h

〈�〉w. (123)

The plume thermal radius a is related to the thermal boundary layer
thickness through the conservation of mass, which when applied at
the roots of the plumes implies that

δu ∼ aw. (124)

Finally, conservation of mass in one convective cell implies that

u

λh
∼ w

λr
. (125)

This gives four eqs (122)–(125) for five unknowns (u, w, a, λh,
λr). The system can be solved if additional assumptions are made on
the scaling of λr. For high Pr, low Re convection, a natural choice
would be to assume that radial variations of w occur at the scale of
the radius of the inner core. This implies λr ∼ 1, and solving the
system of eqs (122)–(125) with β = −0.24 gives a ∼ Ra−0.14, u ∼
Ra0.82, w ∼ Ra0.72 and N ∼ Ra−0.2, which agrees very poorly with
the numerical results.

This poor agreement might be due to the spherical geometry. In a
sphere, plumes converge towards each others while sinking, which
is not the case in cartesian boxes, and is not a very significant effect
in a spherical shell for which, like in Earth’s mantle, the radius of the
inner shell is a significant fraction of that of the outer shell. If Ra is
large and the average plume spacing is small compared to the inner
core radius, we might expect that the geometry of the convective
cells becomes self-similar, with λr ∼ λh. With this assumption, we
obtain

λh ∼ λr ∼ Ra1+5β, (126)

u ∼ w ∼ Ra2+7β, (127)

a ∼ δ ∼ 〈�〉 ∼ Raβ . (128)

Assuming a scaling of the form given by eqs (126)–(128), it is
possible to inverse simultaneously all variables for β, the result of
the inversion being β = −0.238 ± 0.003 (±1σ ). The prediction of
eqs (126)–(128) with this value of β are shown with red lines in
Fig. 11a–d for Ra ≥ 107. They agree with the numerical outputs
almost as well as individual inversions, which demonstrates the
self-consistency of our scaling theory.

We can now derive a scaling for the rate of melt production Ṁ .
The starting point is the continuity of the normal stress at the ICB,
given by eq. (57). The local melting/solidification rate is given by
the value of ur − ṙic at the ICB (ur − ṙic > 0 means melting, and
ur − ṙic < 0 means solidification) which, according to eq. (57), can
be written as

ur − ṙic = P−1

(
−2

∂ur

∂r
+ p̂

)
. (129)

As discussed above, we have

∂ur

∂r

∣∣∣∣
icb

∼ w

λr
∼ Ra1+2β . (130)

The dynamic pressure is given by the horizontal component of the
Stokes equation,

0 = −∇H p̂ + (�u)H (131)

Figure 12. Rate of melt production (multiplied by P) as a function of Ra,
for numerical simulations with P ≥ 103. The value of the critical Rayleigh
number as predicted by the linear stability analysis in the limit of infinite P
(eq. 89, Rac = 1545.6) is indicated by the arrow.

which implies that

p̂ ∼ u

λh
∼ Ra1+2β . (132)

Both terms follow the same scaling, which implies that the global
rate of melt production scales as

Ṁ ∼ Ra1+2βP−1. (133)

With β = −0.238 ± 0.003, we obtain Ṁ ∼ Ra0.524±0.006P−1.
Fig. 12(b) shows P Ṁ as a function of Ra, for P ≥ 103 cor-

responding to the plume convection regime. There is an almost
perfect collapse of the data points, which supports the fact that
Ṁ ∝ P in this regime. The kink in the curve at Ra � 3 × 104

corresponds to the transition from steady convection to unsteady
convection. Above this transition, the data points are well fitted by
a power law of the form Ṁ = aP−1 Rab. Least-square regression
for Ra ≥ 3 × 105 gives a = 0.46 ± 0.04 and b = 0.554 ± 0.006, in
reasonable agreement with the value found above. In dimensional
terms, Ṁ � a(κ/ric)P−1 Rab and the mass flux of molten material
is ρic Ṁ � ak/(cpric)P−1 Rab.

7 A P P L I C AT I O N

7.1 Evolutive models

The analytical model for the translation mode and the scaling laws
for large-P convection derived in the previous sections strictly apply
only to convection with ric and S constant. We therefore first check
that our models correctly describe inner core convection when ric

and S are time-dependent, by comparing their predictions with the
outcome of numerical simulations with inner core growth and ther-
mal history determined from the core energy balance.

To account for the inner core secular evolution, we follow the
procedure explained in Deguen & Cardin (2011), where the growth
of the inner core and its cooling rate are determined from the core
energy balance. In this framework, a convenient way to write S(t)
is

S = ρs g′γ T

KS
3κ

[
f (ric) T −1

ic − 1
]
, (134)
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Table 2. Correspondence between τ ic and Tic for three values of
inner core thermal conductivity, assuming dTs/dTad = 1.65 ± 0.11
(Deguen & Cardin 2011).

k (W m−1 K−1)
36 79 150

0.8 1.18 ± 0.23 Gy 0.54 ± 0.11 Gy 0.28 ± 0.06 Gy
Tic = 1.0 1.48 ± 0.29 Gy 0.68 ± 0.13 Gy 0.36 ± 0.07 Gy

1.2 1.77 ± 0.35 Gy 0.81 ± 0.16 Gy 0.43 ± 0.08 Gy

where f (ric) is a decreasing order one function of ric defined in
Deguen & Cardin (2011) (eq. 19, p. 1104), g′ = dg/dr , KS is the
isentropic bulk modulus, γ the Grüneisen parameter, and

Tic =
(

dTs

dTad
− 1

)−1
τic

τκ

, (135)

where τ ic is the age of the inner core, τκ = r∗2
ic /(6κ) is the cur-

rent inner core thermal diffusion time, and dTs/dTad is the ratio
of the Clapeyron slope dTs/dP to the adiabat dTad/dP . The non-
dimensional inner core age Tic is a convenient indicator of the
thermal state of the inner core, with Tic < 1 implying unstable strat-
ification for most of inner core history (see Deguen & Cardin 2011,
fig. 3a). We give for reference in Table 2 the values of the age of the
inner core τ ic corresponding to Tic = 0.8, 1 and 1.2, for a thermal
conductivity equal to 36, 79 and 150 W m−1 K−1. With the inner
core growth history determined from the core energy balance and
S(t) calculated from eq. (134), the evolution of Ra(t) and P(t) can
then be calculated.

Fig. 13(a) shows the trajectories of the inner core state in a
Ra − P space for four different scenarios, superimposed on a
regime diagram for inner core thermal convection. According to
eq. (6), the ICB phase change timescale scales as τφ ∝ r−1

ic , and
therefore P ∝ ric always increases during inner core history. In
contrast, the evolution of Ra(t) is non monotonic, with the effect of
the increasing inner core radius and gravity opposing the decrease
with time of the effective heating rate S(t). Because S eventually
becomes negative at some time in inner core history, Ra reaches
a maximum before decreasing and eventually becoming negative,
resulting in a bell shaped trajectory of the inner core in the Ra − P
space. The maximum in Ra may or may not have been reached yet,
depending on the value of Tic.

The scenarios A–D shown in Fig. 13a have been chosen to illus-
trate four different possible dynamic histories of the inner core. In
cases A and C, which have Tic = 0.8, Ra remains positive and su-
percritical up to today, thus always permitting thermal convection.
In cases B and D, which have Tic = 1, Ra has reached a maximum
early in inner core history, before decreasing below supercriticality,
at which point convection is expected to stop. In these two cases,
only an early convective episode is expected (Buffett 2009; Deguen
& Cardin 2011). In cases A and B, which have η = 1020 Pa s, P(t)
is always smaller than the transitional Pt and thermal convection
therefore should be in the translation regime; Cases C and D, which
have η = 1017 Pa s, have P(t) > 102 > Pt and thermal convection
should be in the plume regime.

Fig. 13(b) shows outputs from numerical simulations correspond-
ing to the inner core histories shown in Fig. 13(a). The numerical
results are compared to the predictions for the rms velocity Urms

Figure 13. (a) Trajectories of the inner core state in a Ra − P space, for the four cases A, B, C and D discussed in the text. The line annotations give the
value of Tic for each case. The dashed lines shows the future trajectory of the inner core. (b) Time evolution of V, Ṁ , Urms and ṙic for cases A to D. Red line:
inner core growth rate ṙic. Black line: translation rate V. Orange line-: rms velocity Urms. Blue line: dimensional melting rate (κ/ric)Ṁ . Predictions for the rms
velocity (or translation velocity in the translation regime) and melting rate Ṁ are shown with thick dashed and dash-dotted lines, respectively. In the η = 1020

Pa s cases, the translation model (eq. 115) is used to predict V and Ṁ . In the η = 1017 Pa s case, the high-P scaling is used for Urms and Ṁ . In the η = 1020

Pa s, Tic = 0.8 and Tic = 1 cases, the translation rate and the rms velocity are equal. For these simulations, the Rayleigh number was calculated assuming a
thermal conductivity k = 79 W m−1 K−1 and a phase change timescale τφ = 1000 yr. Values of other physical parameters used for these runs are summarized
in Table 1.
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(equal to the translation rate Vtr in the translation regime) and melt-
ing rate Ṁ from the analytical translation model (eq. 116) and the
large-P scaling laws (eq. 133). The agreement is good in both the
translation and plume convection regimes, except at the times of
initiation and cessation of convection.

There is always a lag between when conditions become supercrit-
ical and when the amplitude of convective motions become signif-
icant, due to the finite growth rate of the instability. From eq. (88),
the timescale for instability growth, τ = 1/σ , is approximately (in
dimensional form)

τ � 5
r 2

ic

κ

(
Ra

P − Ra

P

∣∣∣∣
c

)−1

�
( ric

600 km

)2 90 Myr
Ra
P

Ra
P

∣∣
c

− 1 (136)

in the translation regime, and

τ � 77
r 2

ic

κ
(Ra − Rac)−1 �

( ric

600 km

)2 80 Myr

Ra/Rac − 1
(137)

in the large-P regime. In both cases, the timescale for the growth of
the instability will typically be a few tens of Myr, thus explaining the
delayed initiation of convection seen in the numerical simulations.

In cases B and D, the flow occurring after t � −0.46 Gy, at a time
where the models predict no motion (because S < 0), corresponds
to a slow relaxation of the thermal heterogeneities left behind by
the convective episode.

Apart during the initiation and cessation periods of convection,
the models developed for steady internal heating and constant inner
core radius agree very well with the full numerical calculations, and
can therefore be used to predict the dynamic state of the inner core
and key quantities including rms velocity and melt production rate.

7.2 Melt production

Experiments by Alboussière et al. (2010) have shown that the de-
velopment of a stably stratified layer above the ICB by inner core
melting is controlled by the ratio �B of the buoyancy fluxes arising
from the melting and freezing regions of the ICB. By using the ana-
lytical translation model and the scaling laws for plume convection
developed in the last two sections, we can now estimate today’s
value of �B as a function of the state and physical properties of the
inner core, and assess the likelihood of the origin of the F-layer by
inner core melting.

With Ṁ being the non-dimensional rate of melt production de-
fined in eq. (117), the mean solidification rate is (κ/ric)Ṁ + ṙic from
conservation of mass. The buoyancy flux associated with the release
of dense fluid by melting can be written as −�ρχ gicb(κ/ric)Ṁ ,
while the buoyancy flux associated with the solidification is
�ρχ gicb[(κ/ric)Ṁ + ṙic], where �ρχ is the fraction of the ICB
density jump due to the compositional difference. According to Al-
boussière et al. (2010)’s experiments, a stratified layer is expected
to form above the ICB if the magnitude of the buoyancy flux asso-
ciated with melting is more than 80 per cent of the buoyancy flux
associated with solidification, that is, if

�B = �ρχ gicb(κ/ric)Ṁ

�ρχ gicb[(κ/ric)Ṁ + ṙic]
= Ṁ

Ṁ + ṙic ric/κ
> 0.8, (138)

which requires that
κ

ric
Ṁ > 4 ṙic. (139)

In the translation regime, in which Ṁ = V/4, this requires that
the rate of translation is at least 16 times larger than the mean
solidification rate of the inner core.

The current inner core growth rate can be expressed as

ṙic = 3κ

ric

f (ric)(
dTs
dTad

− 1
)

Tic

(140)

where the function f (ric) � 0.8 at the current inner core radius
(Deguen & Cardin 2011). Using this expression, the buoyancy ratio
�B is

�B = 1 −
[

1 +
(

dTs

dTad
− 1

) Tic

3 f (ric)

V

4

]−1

(141)

in the translation regime, with the translation velocity V given by
eq. (115), and

�B = 1 −
[

1 +
(

dTs

dTad
− 1

) Tic

3 f (ric)
aP−1 Rab

]−1

(142)

in the high-P regime.

7.3 Today’s inner core regime and rate of melt production

The inner core dynamic regime depends mostly on the value of
its non-dimensional age Tic and of P , both parameters being very
poorly constrained. The value of Tic dictates whether the inner core
has a stable or unstable temperature profile, and the parameter P
determines the convection regime if the inner core is unstable against
thermal convection. Other parameters have a comparatively small
influence on the inner core dynamics, and on the value of �B. With
this idea in mind, it is useful to rewrite the Rayleigh number as a
function of P and Tic:

Ra = αρs gicb Sr 5
ic

6κ2η

= A
[

f (ric) T −1
ic − 1

]
P, with A = α2ρ2

s gicbr 3
icT

2 k �ρ τφ

. (143)

The exact value of the pre-factor A affects the value of �B, but
not the inner core regime (stably stratified inner core, translation,
or plume convection) which is determined by P and Tic. The un-
certainty on A comes mostly from the uncertainty on τφ , which is
difficult to estimate without a better understanding of the dynamics
of the F-layer. If P and Tic are kept constants, changing A by an
order of magnitude would change the translation velocity and melt-
ing rates (in both regimes) by a factor of ∼3. Fig. 14 shows �B as a
function of Tic and P , calculated from eqs (141) and (142) with Ra
given by eq. (143) and A = 3 × 105 (corresponding to parameters
values given in Table 1). Fig. 14 serves both as a regime diagram
for the inner core, and as a predictive map for �B and the likelihood
of the development of a stratified layer at the base of the outer core.

The inner core has currently an unstable thermal profile only if
Tic is smaller than �0.87. The mode of thermal convection then
depends on P , with the translation regime (small P) being the most
efficient at producing melt. Plume convection generates less melt,
but the rate of melt production still remains significant as long as
P is not too large (η not too small). The critical value of �B =
0.8 (white contour in Fig. 14) suggested by the experiments of
Alboussière et al. (2010) is almost always reached in the translation
regime, but only in a small part of the parameter space in the plume
convection regime.
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Figure 14. Inner core regime diagram and map of the buoyancy ratio �B, as
functions of P and Tic. The corresponding values of η assuming τφ = 1000 yr
are given on the right hand size vertical axis. According to Alboussière et al.
(2010)’s experiments, inner core melting can produce a stably stratified layer
at the base of the outer core if �B > 0.8 (white contour).

8 C O M P O S I T I O NA L E F F E C T S

We have so far left aside the possible effects of the compositional
evolution of the outer and inner core on the inner core dynamics.
We will argue here that the development of an iron rich layer above
the inner core can have a possibly important positive feedback on
inner core convection: irrespectively of the exact mechanism at the
origin of the F-layer (Gubbins et al. 2008, 2011; Alboussière et al.
2010), its interpretation as an iron rich layer implies a decrease
with time of light elements concentration in the liquid just above
the ICB. This in turn implies that the newly crystallized solid is in-
creasingly depleted in light elements, and intrinsically denser, which
may drive compositional convection in the inner core. The recipro-
cal coupling between the inner core and the F-layer may create a
positive feedback loop which can make the system (inner core + F-
layer) unstable. The mechanism releases more gravitational energy
than purely radial inner core growth with no melting, and should
therefore be energetically favored.

We note c s and cl the light element concentration in the inner
and outer core, respectively, cs,l

icb their values at the ICB, and ċs,l
icb =

dcs,l
icb/dt their time derivatives at the ICB. The concentration in

the liquid and solid sides of the ICB are linked by the partition
coefficient k, cs

icb = k cl
icb. Introducing c̃ = c − cs

icb, the equation of
transport of light element can be written as

Dc̃

Dt
= κc∇2c̃ + Sc, c̃(ric) = 0, (144)

with

Sc = −ċs
icb = −k ċl

icb − cl
icb

dk

dt
, (145)

which is an exact analogue of the potential temperature transport eq.
(29). The only—but important—difference is that the source term
Sc is a dynamic quantity which depends on the convective state of
the inner core and on the dynamics of the F-layer rather than being
externally imposed like the effective heating rate S, which means
that the dynamics of the inner core and F-layer must be considered
simultaneously.

In general, the fact that the thermal and compositional diffusiv-
ities are different can be of importance, and would lead to double-
diffusive type convection. However this is not the case in the trans-

lation regime, for which diffusion does not play any role as long
as the translation rate is large enough (i.e. if the Péclet number
Pe = Vric/κ � 1). Thanks to the potential temperature/composition
analogy noted above, the translation model developed for thermal
convection can be extended to include compositional effects, the
translation rate being given by

V =
[

1

5

ρs

�ρ

(αS + αc Sc)

τφ

]1/2

ric (146)

when compositional effects are accounted for. We therefore
need to compare the magnitudes of αS and αc Sc = −αc k ċl

icb −
αc cl

icb dk/dt . Assuming (Gubbins et al. 2008) that the light element
concentration at the base of the F-layer is currently about twice
smaller than the outer core mean concentration, coc � 5 wt. per
cent, we obtain ċl

icb ∼ −0.5 coc/τic ∼ −10−18 wt. per cent s−1 with
τ ic ∼ 1 Gy. With αc � 1, this gives −αc k ċl

icb ∼ 10−19 s−1 if k � 0.1
and −αc k ċl

icb ∼ 10−20 s−1 if k � 0.01, which is similar or larger
than the thermal contribution α S ∼ 10−5 × 10−15 ∼ 10−20 s−1. The
term −αc cl

icb dk/dt might be positive as well. According to cal-
culations by Gubbins et al. (2013), the variation with temperature
of the partitioning behaviour of Oxygen can produce an unstable
compositional gradient. As discussed in Alboussière et al. (2010)
and Deguen & Cardin (2011), the effective partition coefficient may
also decrease with time because of dynamic reasons (the efficiency
of melt expulsion from the inner core increases with inner core
size), which would also imply that this term is positive.

There is an additional feedback, this time negative, which comes
from the effect of composition on the solidification temperature,
which increases with decreasing light element concentration. The
decreasing light element concentration at the base of the F-layer
implies that the ICB temperature decreases with time at a slower
rate than if the composition is fixed, which results in a smaller
effective heating rate S (eq. 30). For a fixed inner core growth rate,
this decreases the ICB cooling rate by an amount equal to −mc ċl

icb,
where mc = ∂Ts/∂c ∼ −104 K (Alfè et al. 2002) is the liquidus slope
at the inner core boundary pressure and composition. This adds a
term −α mc ċl

icb in eq. (146). If only one light element is considered,
the ratio of the stabilizing term α mc ċl

icb over the destabilizing term
−αc k ċl

icb is ∼α mc/(αc k) ∼ −0.1/k. The two terms are of the same
order of magnitude if k ∼ 0.1, but the negative feedback dominates
if k is smaller.

The above estimates are clearly uncertain, and a dynamic model
of the F-layer will be required for assessing in a self-consistent
way the effect of the development of the F-layer on inner core
convection. There are several feedbacks of the formation of an
F-layer on inner core convection, either positive or negative, and
it is not clear yet whether the net effect would be stabilizing or
destabilizing. Still, it does suggest that the effect could be important,
and worth considering in more details.

9 S U M M A RY A N D C O N C LU S I O N S

Inner core translation can potentially explain a significant part of
the inner core structure, but its existence depends critically on the
value of a number of poorly constrained parameters. In this paper,
we have studied in details the conditions for and dynamics of inner
core thermal convection when melting and solidification at the ICB
are allowed. We summarize here the main results and implications
of our work:

(i) If the inner core is convectively unstable, linear stability anal-
ysis (Section 4), asymptotic calculations (Section 5), and direct
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Table 3. Summary of theoretical results and scaling laws for the translation (P � 29) and plume
convection (P � 29) regimes. In the plume convection regime, the value of β obtained by fitting the
numerical outputs to our scaling theory is β = −0.238 ± 0.003.

Translation regime Plume convection regime
P � 29 P � 29

Onset ( Ra
P )c = 175

2 Rac = 1545.6

Velocity scaling , V or Urms
κ

ric

√
6
5

Ra
P 0.96 κ

ric
Ra2+7β

Rate of melt production, Ṁ 1
4

κ
ric

√
6
5

Ra
P 0.46 κ

ric
Ra1+2βP−1

〈�〉 Sr2
ic

κ
( 10

3
P
Ra )1/2 2.9 Sr2

ic
κ

Raβ

Number of plumes per unit area, N – 0.07
r2
ic

Ra−2−10β

Strain rate ε̇ ∼ Urms
λ

∼ √
NUrms – 0.25 κ

r2
ic

Ra1+2β

Ra = αρs gicb Sr5
ic

6κ2η
, P = �ρ gicb ric τφ

η
.

numerical simulations (Section 6) consistently show that the con-
vection regime depends mostly on a non-dimensional number, the
‘phase change number’ P , characterizing the resistance to phase
change (eq. 58). The convective translation mode dominates only if
P < 29, which requires that the inner core viscosity is larger than a
critical value estimated to be ∼3 × 1018 Pa s. If P is larger (smaller
viscosity), melting and solidification at the ICB have only a small
dynamic effect, and convection takes the usual form of low Prandtl
number internally heated convection, with a one-cell axisymmetric
mode at the onset, and chaotic plume convection if the Rayleigh
number is large.

(ii) With published estimates of the inner core viscosity rang-
ing from 1011 to 1022 Pa s (Yoshida et al. 1996; Buffett 1997; Van
Orman 2004; Mound & Buffett 2006; Koot & Dumberry 2011;
Reaman et al. 2011, 2012), the question of which mode would
be preferred is open (although we note that the latest estimate
from mineral physics, 1020–1022 Pa s (Reaman et al. 2012), would
put the inner core, if unstably stratified, well within the translation
regime).

(iii) The two convection regimes have been characterized in de-
tails in Sections 4–7; a summary of theoretical results and scaling
laws for useful dynamic quantities (rms velocity, rate of melt pro-
duction, mean potential temperature, number of plumes per unit
area, and strain rate) is given in Table 3. If the inner core is unstably
stratified, the rate of melt production predicted by our models is
always large enough to produce an iron-rich layer at the base of the
outer, according to Alboussière et al. (2010)’s experiments, if the
inner core is in the translation regime (Fig. 14). In the plume con-
vection regime, the rate of melt production can still be significant if
P is not too large (η not too small).

(iv) Being driven by buoyancy, a prerequisite for the existence
of convective translation is that an unstable density profile is main-
tained within the inner core. Thermal convection requires that a su-
peradiabatic temperature profile is maintained with the inner core,
which is highly dependent on the core thermal history and inner
core thermal conductivity. With k = 36 W m−1 K−1 as proposed
by Stacey & Davis (2008), this would be very likely (Buffett 2009;
Deguen & Cardin 2011). However, several independent groups (Sha
& Cohen 2011; de Koker et al. 2012; Pozzo et al. 2012) have re-
cently argued for a much higher core thermal conductivity, around
150 W m−1 K−1 or higher. This would make thermal convection
in the inner core, whether in the translation mode or in the plume
convection mode, impossible unless the inner core is very young

(�300 Myr or less, which would require a probably excessively
high CMB heat flux).

(v) Compositional convection might be a viable alternative to
thermal convection, either because the temperature dependency of
the light elements partitioning behaviour can produce an unstable
compositional profile (Gubbins et al. 2013), or because of a possibly
positive feedback of the development of the F-layer on inner core
convection. As proposed in Section 8, the formation of an iron-rich
layer at the base of the outer core over the history of the inner
core implies that the inner core crystallizes from a source which is
increasingly depleted in light elements. This in turn implies that the
newly crystallized solid is increasingly depleted in light element,
which results in an unstable density profile. Whether this positive
feedback is strong enough to overcome the stabilizing effect of a
possibly subadiabatic temperature profile depends on the dynamics
of the F-layer, and further work is needed to test this idea.
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Gubbins, D., Alfè, D. & Davies, D., 2013. Compositional instability of
Earth’s solid inner core, Geophys. Res. Lett., 40(1–5), 361–363.

Irving, J., Deuss, A. & Woodhouse, J., 2009. Normal mode coupling due
to hemispherical anisotropic structure in Earth’s inner core, Geophys. J.
Int., 178(2), 962–975.

Jeanloz, R. & Wenk, H.-R., 1988. Convection and anisotropy of the inner
core, Geophys. Res. Lett., 15, 72–75.

Karato, S.-I., 1999. Seismic anisotropy of the Earth’s inner core resulting
from flow induced by Maxwell stresses, Nature, 402, 871–873.

Koot, L. & Dumberry, M., 2011. Viscosity of the earth’s inner core: con-

straints from nutation observations, Earth planet. Sci. Lett., 308(3–4),
343–349.

Mizzon, H. & Monnereau, M., 2013. Implications of the lopsided growth for
the viscosity of Earth’s inner core, Earth planet. Sci. Lett., 361, 391–401.

Monnereau, M., Calvet, M., Margerin, L. & Souriau, A., 2010. Lopsided
growth of Earth’s inner core, Science, 328, 1014–1017.

Mound, J.E. & Buffett, B.A., 2006. Detection of a gravitational oscillation
in length-of-day, Earth planet. Sci. Lett., 243, 383–389.

Niu, F.L. & Wen, L.X., 2001. Hemispherical variations in seismic velocity
at the top of the Earth’s inner core, Nature, 410, 1081–1084.

Pais, A. & Jault, D., 2008. Quasi-geostrophic flows responsible for the
secular variation of the Earth’s magnetic field, Geophys. J. Int., 173,
421–443.

Parmentier, E.M. & Sotin, C., 2000. Three-dimensional numerical experi-
ments on thermal convection in a very viscous fluid: implications for the
dynamics of a thermal boundary layer at high Rayleigh number, Phys.
Fluids, 12, 609–617.

Poirier, J.-P., 1994. Physical properties of the Earth’s core, C.R. Acad. Sci.
Paris, 318, 341–350.

Pozzo, M., Davies, C., Gubbins, D. & Alfè, D., 2012. Thermal and elec-
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A P P E N D I X A : L I N E A R S TA B I L I T Y
A NA LY S I S

We investigate here the linear stability of the system of equations
describing thermal convection in the inner core with phase change
at the ICB, as derived in Section 3. The calculation given here is a
generalization of the linear stability analysis of thermal convection
in an internally heated sphere given by Chandrasekhar (1961).

We assume constant Ra and P . The basic state of the problem is
then

�̄ = 1 − r 2, (A1)

ū = 0, (A2)

which is the steady conductive solution of the system of equa-
tion developed in Section 3. We investigate the stability of this
conductive state against infinitesimal perturbations of the temper-
ature and velocity fields. The temperature field is written as the
sum of the conductive temperature profile given by eq. (A1) and
infinitesimal disturbances �̃, �(r, θ, φ, t) = �̄(r ) + �̃(r, θ, φ, t).
The velocity field perturbation is noted ũ(r, θ, φ, t), and has an as-
sociated poloidal scalar P̃(r, θ, φ, t). We expand the temperature
and poloidal disturbances in spherical harmonics,

�̃ =
∞∑

l=0

l∑
m=−l

t̃m
l (r )Y m

l (θ, φ) eσl t , (A3)

P̃ =
∞∑

l=1

l∑
m=−l

p̃m
l (r )Y m

l (θ, φ) eσl t , (A4)

where σ l is the growth rate of the degree l perturbations.
The only non-linear term in the system of equations is the advec-

tion of heat u · ∇T , which is linearized as

ũr
∂�̄

∂r
= −2r ũr = −2L2 P̃. (A5)

The resulting linearized transport equation for the potential temper-
ature disturbance is

∂�̃

∂t
= ∇2�̃ + 2L2 P̃ + 6. (A6)

Using the decompositions (A3) and (A4), the linearized system of
equations is then, for l ≥ 1,

Ra t̃m
l = D2

l p̃m
l , (A7)

(σl − Dl ) t̃m
l = 2l(l + 1) p̃m

l (A8)

with the boundary conditions given by eqs (72) and (73), with
t̃m
l (r = 1) = 0.

We expand the temperature perturbations t̃m
l (r ) as a series of

spherical Bessel functions of the first kind jl,

t̃m
l =

∑
i

Al,i jl (αl,i r ). (A9)

The spherical Bessel functions are defined as

jl (r ) =
√

π

2r
Jl+ 1

2
(r ), (A10)

where J denotes Bessel functions of the first kind. αl, i is the ith zero
of Jl+ 1

2
, and therefore of jl as well. The functions jl(αl, ir) for i = 1,

2, . . . , ∞ and a given l form a complete set of orthogonal functions
on [0, 1], and satisfy the orthogonality relation∫ 1

0
r 2 jl (αl,i r ) jl (αl, j r )dr = δi, j

2

[
jl+1(αl, j )

]2
. (A11)

The spherical Bessel functions are eigenfunctions of the operator
Dl , such that

Dl jl (αl,i r ) = −α2
l,i jl (αl,i r ). (A12)

Writing the poloidal scalar perturbations p̃m
l as

p̃m
l =

∑
i

Al,i pl,i , (A13)

the functions pl, i are solutions of

Ra jl (αl,i r ) = D2
l pl,i , (A14)

which has a general solution of the form

pl,i = Ra

α4
l,i

jl (αl,i r ) + Bl,i r
l + Cl,i r

l+2. (A15)

We now use the boundary conditions at r = 1 to find the constants
Bl, i and Cl, i. The condition of zero tangential stress (eq. 72) can be
rewritten as

Dl p̃m
l − 2

d p̃m
l

dr
+ 2 [l(l + 1) − 1] p̃m

l = 0, (A16)

which, recalling that jl(αl, i) = 0 and noting that

Dl p̃m
l =

∑
i

Al,i

[
− Ra

α2
l,i

jl (αl,i r ) + Cl,i (4l + 6)r l

]
, (A17)

gives

Cl,i = 1 − l2

l(l + 2)
Bl,i + 1

l(l + 2)

Ra

α3
l,i

j ′
l (αl,i ). (A18)

From the continuity of the normal stress at r = 1 (eq. 73), we obtain

Bl,i = − [2(l − 1) + P]−1

[
1

l(l + 1)
+ 2

α2
l,i

]
j ′
l (αl,i )

αl,i
Ra

−Cl,i + [2(l − 1) + P]−1 6

l
Cl,i . (A19)

The derivative of jl which appears in eqs (A18) and (A19) can be
evaluated from the recurrence relation

n

r
jn − d jn

dr
= jn+1 (A20)
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(Abramovich & Stegun 1965). Recalling that jl(αl, i) = 0, eq. (A20)
with n = l gives

j ′
l (αl,i ) = − jl+1(αl,i ). (A21)

Inserting eq. (A18) in eq. (A19), we obtain{
4l(l + 1) − 2 + (2l + 1)P − 6

l

}
Bl,i

=
{

l + 2

l + 1
+

[
2(l2 + 3l − 1) + P − 6

l

]
1

α2
l,i

}
jl+1(αl,i )

αl,i
Ra,

(A22)

which we rewrite as

Bl,i =
(

ql
1(P) + ql

2(P)

α2
l,i

)
jl+1(αl,i )

αl,i
Ra, (A23)

where

ql
1(P) = l + 2

l + 1

[
4l(l + 1) − 2 + (2l + 1)P − 6

l

]−1

, (A24)

ql
2(P) = 2(l2 + 3l − 1) + P − 6

l

4l(l + 1) − 2 + (2l + 1)P − 6
l

. (A25)

With this expression for Bl, i, the constants Cl, i are given by

Cl,i = −
(

ql
3(P) + ql

4(P)

α2
l,i

)
jl+1(αl,i )

αl,i
Ra, (A26)

where

ql
3(P) = (l2 − 1)

l(l + 2)
ql

1(P), (A27)

ql
4(P) = (l2 − 1)ql

2(P) + 1

l(l + 2)
. (A28)

Now, using eqs (A13) and (A15) for p̃m
l and eq. (A9) for t̃m

l , the
heat eq. (A8) gives

∑
i

Al,i

(
σl + α2

l,i

2l(l + 1)
− Ra

α4
l,i

)
jl (αl,i r )

=
∑

i

Al,i

(
Bl,i r

l + Cl,i r
l+2

)
. (A29)

Multiplying eq. (A29) by r2jl(αl, jr) where j is an integer in [0; ∞],
integrating in r over [0; 1], and using the orthogonality relation
(A11), we obtain

Al, j

(
σl + α2

l, j

2l(l + 1)
− Ra

α4
l, j

)
1

2

[
jl+1(αl, j )

]2

=
∑

i

Al,i Bl,i

∫ 1

0
r l+2 jl (αl, j r )dr

+
∑

i

Al,i Cl,i

∫ 1

0
r l+4 jl (αl, j r )dr, ( j = 1, 2, . . .). (A30)

Eq. (A30) forms a set of linear homogeneous equations for the
constants Al, j, which admits non-trivial solutions only if its secular
determinant is equal to zero.

Before calculating the secular determinant of the system of equa-
tions, we evaluate the two integrals on the right hand side, starting
with the integral of r l + 2jl(αl, jr). Using the formula(

1

x

d

dx

)m [
xn+1 jn(x)

] = xn−m+1 jn−m(x) (A31)

(Abramovich & Stegun 1965) with m = 1 and n = k + 1 gives

d

dx

[
xk+2 jk+1(x)

] = xk+2 jk(z), (A32)

which allows to write, with k = l,∫ 1

0
r l+2 jl (αl, j r )dr = 1

αl+3
l, j

∫ αl, j

0
xl+2 jl (x)dx

= 1

αl+3
l, j

[
xl+2 jl+1(x)

]αl, j

0
= jl+1(αl, j )

αl, j
. (A33)

Now, using the recurrence relation

jn−1 + jn+1 = 2n + 1

r
jn (A34)

(Abramovich & Stegun 1965) with n = l + 1, we rewrite the integral
of r l + 4jl(αl, jr) as∫ 1

0
r l+4 jl (αl, j r )dr = 1

αl+5
l, j

∫ αl, j

0
xl+4 jl (x)dx (A35)

= − 1

αl+5
l, j

∫ αl, j

0
xl+4 jl+2(x)dx

+ 2l + 3

αl+5
l, j

∫ αl, j

0
xl+3 jl+1(x)dx . (A36)

The two integrals on the RHS can be calculated using the relation
(A32) with k = l + 2 and k = l + 1, respectively. With further use
of the recurrence relation (A34), we finally obtain∫ 1

0
r l+4 jl (αl, j r )dr =

[
1 − 4l + 6

α2
l, j

]
jl+1(αl, j )

αl, j
. (A37)

With the integrals estimated above, the system of eqs (A30) can
be rewritten as

Al, j

(
σl + α2

l, j

2l(l + 1)Ra
− 1

α4
l, j

)
1

2

[
jl+1(αl, j )

]2

=
∑

i

Al,i

{(
ql

3(P) + ql
4(P)

α2
l,i

)[
4l + 6

α2
l, j

− 1

]

+ ql
1(P) + ql

2(P)

α2
l,i

}
jl+1(αl,i )

αl,i

jl+1(αl, j )

αl, j
, ( j = 1, 2, . . .).

(A38)

Introducing Ai = ( jl+1(αl,i )/α3
l,i )Al,i , and dividing by jl + 1(αl, j)/

αl, j, we finally obtain

∑
i

Ai

{ [
ql

3(P)α2
l,i + ql

4(P)
] [

1 − 4l + 6

α2
l, j

]

− [
ql

1(P)α2
l,i + ql

2(P)
] (

σlα
4
l,i + α6

l,i

2l(l + 1)Ra
− 1

)
1

2
δi j

}

= 0, ( j = 1, 2, . . .). (A39)
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This forms an infinite set of linear equations, which admits a non
trivial solution only if its determinant is zero:∣∣∣∣∣
∣∣∣∣∣[ql

3(P)α2
l,i + ql

4(P)
] [

1 − 4l + 6

α2
l, j

]
− [

ql
1(P)α2

l,i + ql
2(P)

]

+
(

σlα
4
l,i + α6

l,i

2l(l + 1)Ra
− 1

)
1

2
δi j

∣∣∣∣∣
∣∣∣∣∣ = 0, (A40)

with i, j = 1, 2, . . . . Solving eq. (A40) for a given value of l and σ l =
0 gives the critical value Rac of the Rayleigh number for instability
of the l mode as a function of P . When solving numerically eqs
(A40), the precision on Rac depends on the maximum value of i
and j retained in the calculation, but the value of Rac converges
relatively fast with i, j.

The pattern of the first unstable mode can be calculated by solving
the system (A39) in Ai for given P and Ra, which gives Al, i and
allows to calculate the poloidal scalar p̃m

l from eqs (A13) and (A15).
With l = 1, we have q1

1 = 1/(2P), q1
2 = 1/3, q1

3 = 0 and q1
4 = 1/3,

so that the functions p1, i can be written as

p1,i = j1(α1,i r )

α1,i
+ j2(α1,i )

3
(r − r 3) + j2(α1,i )α2

1,i

2 P r, (A41)

and the general form of the l = 1, m ∈ [−1, 0, 1] components of the
poloidal scalar is

p̃m
1 =

∞∑
i=1

A1,i

[
j1(α1,i r )

α1,i
+ j2(α1,i )

3
(r − r 3) + j2(α1,i )α2

1,i

2 P r

]
.

(A42)

To a good approximation, the first unstable mode is given (to within
a multiplicative constant) by keeping only the i = j = 1 term,

P̃ �
{

j1(α1,1r )

α1,1
+ j2(α1,1)

3
(r − r 3) + j2(α1,1)α2

1,1

2 P r

}
cos θ. (A43)

A P P E N D I X B : T R A N S L AT I O N R AT E
AT O(P)

In order to estimate the translation velocity at O(P), we need to
determine the parameter A in the O(P) expansion of p1 (eq. 101),
which was left undetermined. To do so, we need to consider the
thermal field at O(P) and the velocity field at O(P2). This is more
challenging because, owing to the non-linearity of the heat equa-
tion, coupling of higher order components of the temperature and
velocity fields contribute to the l = 1 component of the temperature
field at O(P), and to the l = 1 component of the velocity field at
O(P2).

As before, we consider a steady state approximation of the heat
equation where advection and internal heating balance,

u · ∇� = ur
∂�

∂r
+ uθ

r

∂�

∂θ
= 6. (B1)

Using Legendre polynomial expansions of the poloidal and temper-
ature field,

� =
∞∑

l=0

tl Pl (cos θ ), P ′ =
∞∑

l=0

pl Pl (cos θ ), (B2)

eq. (B1) can be rewritten as

6 =
[∑

l

l(l + 1)
pl

r
Pl (cos θ )

]
×

[∑
l

dtl
dr

Pl (cos θ )

]

+1

r

[∑
l

1

r

d

dr
(r pl )

dPl (cos θ )

dθ

]
×

[∑
l

tl
dPl (cos θ )

dθ

]
(B3)

(We can use Legendre polynomials rather than full spherical har-
monics because we restrict the calculation to axisymmetric flows.
This gives slightly simpler expressions.) The l = 1 and l = 2 com-
ponent of the temperature field being much larger than higher order
components (with odd l components being zero), we consider only
the l = 1 and 2 terms. Multiplying eq. (B3) by sin θ and integrating
over [0 π ] in θ then gives

12 = 4

3

p1

r

dt1

dr
+ 12

5

p2

r

dt2

dr
+ 4

3

1

r 2

d

dr
(r p1) t1

+ 12

5

1

r 2

d

dr
(r p2) t2 (B4)

which can be rewritten as

3r 2 = d

dr

(
1

3
r p1t1 + 3

5
r p2t2

)
. (B5)

Integrating eq. (B5) gives

r 3 + cst = 1

3
r p1t1 + 3

5
r p2t2. (B6)

We now expand the Legendre components of the temperature and
poloidal scalar fields as

t1 = 6

V0

[
r + t̂1,1P + O(P2)

]
, t2 = 1

V0

[
t̂2,0 + O(P]

)

p1 = V0

2

[
r + p̂1,1P + O(P2)

]
, p2 = V0

[
p̂2,1P + O(P2]

)
(B7)

and insert these expressions in eq. (B6). The zeroth order terms
cancel, and eq. (B6) then writes

0 =
(

r p̂1,1 + r t̂1,1 + 3

5
p̂2,1 t̂2,0

)
P + O(P2) (B8)

which implies that

t̂1,1 = − p̂1,1 − 1

r

3

5
p̂2,1 t̂2,0. (B9)

B1 l = 2 components of the thermal field and velocity field

We now calculate the l = 2 component of the temperature field
at zeroth order in P , which will then be used to find the l = 2
component of the velocity field at O(P).

It will be useful to first note that

D2
l (ra) = [a(a + 1) − l(l + 1)] [(a − 2)(a − 1) − l(l + 1)] ra−4,

(B10)

from which we find that

(
D2

1

)−1
(ra) = ra+4

(a + 6)(a + 4)(a + 3)(a + 1)
(B11)

and

(
D2

2

)−1
(ra) = ra+4

(a + 7)(a + 5)(a + 2)a
. (B12)
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The l = 2 component of the temperature field at zeroth order in
P can be found by direct integration of the temperature field given
by eq. (96):

t2 = 5

2

6

V0

∫ π

0

√
1 − r 2 sin2 θ P2(cos θ ) sin θdθ

= 5

2

9

4V0

{
1

r 2
− 1

3
+ 1 − r 2

2r

(
1

3
+ 1

r 2

)
log

(
1 − r

1 + r

)}

= 15

8V0

+∞∑
k=1

(
1

2k − 1
+ 2

2k + 1
− 3

2k + 3

)
r 2k

= 1

V0

+∞∑
k=1

αkr 2k (B13)

with

αk = 30k

(2k + 3)(2k + 1)(2k − 1)
. (B14)

From this, we can calculate the associated velocity field,

p2 = Ra
(
D2

2

)−1
t2 (B15)

= Ra

V0

(
D2

2

)−1

(+∞∑
k=1

αkr 2k

)
(B16)

= 5

6
V0P

(
D2

2

)−1

(+∞∑
k=1

αkr 2k

)
(B17)

= V0P
+∞∑
k=1

5

6

αk

(2k + 7)(2k + 5)(2k + 2)2k
r 2k+4. (B18)

The general solution for p̂2,1 is

p̂2,1 = A2r 2 + B2r 4 +
+∞∑
k=1

βkr 2k+4, (B19)

where

βk = 5

6

αk

(2k + 7)(2k + 5)(2k + 2)2k
(B20)

= 25

2(2k + 7)(2k + 5)(2k + 3)(2k + 2)(2k + 1)(2k − 1)
, (B21)

The constants A2 and B2 have to be determined from the boundary
conditions. The stress free condition gives

3A2 + 8B2 +
+∞∑
k=1

βk [2 + (k + 2)(2k + 3)] = 0 (B22)

and the continuity of normal stress gives, ignoring O(P) terms,

− 15A2 − 21B2 +
+∞∑
k=1

βk(2k + 7)(2k2 + 2k − 3) = 0. (B23)

From eqs (B22) and (B23), we obtain

B2 = − 1

19

+∞∑
k=1

(k + 1)(4k2 + 24k + 19)βk � −0.0211 (B24)

and

A2 = 1

57

+∞∑
k=1

k(32k2 + 186k + 211)βk � 0.0346. (B25)

B2 l = 1 temperature field at O(P) and velocity field
at O(P2)

Inserting in eq. (B9) the expression found above for the l = 2
component of the velocity field, t̂1,1 is now given by

t̂1,1 = − p̂1,1 − 3

5

(
A2r + B2r 3 +

+∞∑
k=1

βkr 2k+3

)(+∞∑
k=1

αkr 2k

)
.

(B26)

After some rearrangements, we obtain

t̂1,1 = − p̂1,1 − 3

5

+∞∑
k=0

(A2αk+1 + B2αk + γk − β0αk) r 2k+3, (B27)

where

γk =
k∑

i=0

αiβk−i . (B28)

We can now determine the l = 1 flow field by integrating the
Stokes equation with the above temperature field. Noting

p1 = V0

2

[
r + p̂1,1P + p̂1,2P2 + O(P3)

]
(B29)

the second order contribution is given by

V0

2
P2 p̂1,2 = 6

V0
P Ra

(
D2

1

)−1
t̂1,1, (B30)

or

p̂1,2 = 10
(
D2

1

)−1
t̂1,1 + Dr + Er 3. (B31)

We obtain

p̂1,2 = − 1

28
Ar 5 − 5

756
Br 7 − 5

2376
Cr 9

−30

5

+∞∑
k=0

A2αk+1 + (B2 − β0)αk + γk

(2k + 9)(2k + 6)(2k + 7)(2k + 4)
r 2k+7

+Dr + Er 3 (B32)

which gives

p̂1,2 = − 1

28
Ar 5 + 25

31752
r 7 − 5

66528
r 9

−30

5

+∞∑
k=0

A2αk+1 + (B2 − β0)αk + γk

(2k + 9)(2k + 6)(2k + 7)(2k + 4)
r 2k+7

+Dr + Er 3. (B33)

The constants A and E can be determined from the boundary con-
ditions. The no-stress condition gives

E = 5

42
A − 115

24948
+

+∞∑
k=0

A2αk+1 + (B2 − β0)αk + γk

(2k + 9)(2k + 4)
(B34)

and continuity of the normal stress gives

23

7
A = −6E + 316

1173
− 30

5

+∞∑
k=0

A2αk+1 + (B2 − β0)αk + γk

(2k + 9)(2k + 6)(2k + 7)(2k + 4)

× 2(k + 3)(4k2 + 24k + 29). (B35)
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Using eqs (B34) and (B35), we obtain

A = 131

1764
− 3

2

+∞∑
k=0

A2αk+1 + (B2 − β0)αk + γk

2k + 7
� 0.0617.

(B36)

The average velocity ūx in the x direction, defined as

ūx = 1

Vic

∫
Vic

ux dV (B37)

is less than the infinite viscosity limit (here Vic is the volume of the
inner core). Indeed, noting that ux = urcos θ − uθ sin θ , and that

ur =
∑
l,m

l(l + 1)
pm

l

r
Pl , (B38)

uθ =
∑
l,m

1

r

d

dr

(
r pm

l

) ∂ Pl

∂θ
, (B39)

we find

ūx = 3

4π

∫ 1

0

∫ π

0

[
2 p1 cos2 θ + d

dr
(r p1) sin2 θ

]
r sin θdrdθdφ

(B40)

=
∫ 1

0

[
4p1 + 2r

dp1

dr

]
r dr =

∫ 1

0
2

d

dr

(
r 2 p1

)
dr (B41)

= 2 p1(r = 1) (B42)

= V0

[
1 + (A + B + C) P + O(P2)

]
, (B43)

which gives

ūx �
√

6

5

Ra

P
[
1 − 0.0216 P + O(P2)

]
. (B44)
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ABSTRACT: In a number of geophysical or planetological settings, including Earth’s inner core, a sili-

cate mantle crystallizing from a magma ocean, or an ice shell surrounding a deep water ocean—a situa-

tion possibly encountered in a number of Jupiter and Saturn’s icy satellites—a convecting crystalline 

layer is in contact with a layer of its melt. Allowing for melting/freezing at one or both of the boundaries 

of the solid layer is likely to affect the pattern of convection in the layer. We study here the onset of 

thermal convection in a viscous spherical shell with dynamically induced melting/freezing at either or 

both of its boundaries. It is shown that the behavior of each interface—permeable or impermeable— 

depends on the value of a dimensionless number P (one for each boundary), which is the ratio of a  

melting/freezing timescale over a viscous relaxation timescale. A small value of P corresponds to perme-

able boundary conditions, while a large value of P corresponds to impermeable boundary conditions. 

Linear stability analysis predicts a significant effect of semi-permeable boundaries when the number P 
characterizing either of the boundary is small enough: allowing for melting/freezing at either of the 

boundary allows the emergence of larger scale convective modes. The effect is particularly drastic when 

the outer boundary is permeable, since the degree 1 mode remains the most unstable even in the case of 

thin spherical shells. In the case of a spherical shell with permeable inner and outer boundaries, the most 

unstable mode consists in a global translation of the solid shell, with no deformation. In the limit of a full 

sphere with permeable outer boundary, this corresponds to the “convective translation” mode recently 

proposed for Earth’s inner core. As another example of possible application, we discuss the case of 

thermal convection in Enceladus’ ice shell assuming the presence of a global subsurface ocean, and 

found that melting/freezing could have an important effect on the pattern of convection in the ice shell. 
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INTRODUCTION 

The seismologically observed hemispherical 
asymmetry of the inner core (Irving and Deuss, 2011; 
Niu and Wen, 2001; Tanaka and Hamaguchi, 1997) 
has recently been interpreted as resulting from a 
high-viscosity mode of thermal convection, consisting 
in a translation of the inner core with melting on one 
hemisphere and solidification on the other (Albous-
sière et al., 2010; Monnereau et al., 2010). This “con-
vective translation” regime can exist because the 
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boundary between the inner core and the outer core is 
a phase change interface, which means that deforming 
the inner core boundary (ICB) by internal stresses can 
induce melting or freezing. Melting occurs when the 
ICB is displaced outward, and crystallization occurs 
when the ICB is displaced inward, at a rate which de-
pends on the ability of outer core convection to supply 
or evacuate the latent heat of phase change. Because 
there is no deformation, and therefore no viscous dis-
sipation, associated with it, the translation mode is 
dominant whenever phase change at the inner core 
boundary proceeds at a fast enough rate. 

The situation where a convective crystalline shell 
is in contact with its melt is encountered in a number 
of other geophysical or planetological problems, in-
cluding convection in a silicate mantle crystallizing 
from below from a magma ocean, or from a basal 
magma ocean (Ulvrová et al., 2012; Labrosse et al., 
2007), or convection in an ice shell surrounding a deep 
water ocean, a situation possibly encountered in sev-
eral of Jupiter and Saturn’s icy satellites (Tyler, 2008; 
Spohn and Schubert, 2003; Kivelson et al., 2000). If 
one of the boundaries is impermeable, the translation 
mode predicted for a full sphere obviously cannot ex-
ist, but we might anticipate that allowing for phase 
change at the other boundary will modify the pattern 
of convection and favor larger scale modes (Monne-
reau and Dubuffet, 2002). We will study here the on-
set of thermal convection in a uniformly heated spher-
ical shell with boundary conditions allowing for dy-
namically induced melting or freezing at either or both 
of the boundaries.  
 
PROBLEM DEFINITION 

We consider a viscous solid spherical shell of 
outer radius R and inner radius γR, in contact with 
melt layers either above or below, or both (see Fig. 1). 
Superscripts “+” or “-” will be used for quantities 
taken at the outer or inner boundary, respectively. The 
solid shell has constant density ρs, the layers below 
and above have densities mρ

−

 and mρ
+ , respectively, 

and we note Δρ+ = ρm
+ − ρs  and Δρ− = ρm

− − ρs . To en-
sure long term mechanical stability of the solid layer, 
w e  m u s t  h a v e  m s mρ ρ ρ− +> > ,  o r 0ρ+Δ <  a n d 

0ρ−Δ > . The inner and outer boundaries are phase 
change interfaces, and melting and freezing can there- 

r R=

r

r= R

P+

P

s
m m

 
Figure 1. A sketch of the problem considered here. 
 
fore occur when the interface is displaced by internal 
stresses. This will be described below with a parame-
trization of the relationship between the freezing or 
melting rate and the dynamic topography of the inter-
face, which has been developed for describing con-
vection in Earth’s inner core (Deguen et al., 2013; 
Alboussière et al., 2010). 

To be consistent with the assumption of constant 
density ρs, the acceleration of gravity g in the spherical 
shell is assumed to vary linearly with radius r, 

'g g rer= − , where ' / /g dg dr g R Cst+= = = and er is 
the radial unit vector, which is relevant to situations 
where the depth dependence of the density is too small 
to have a significant effect on the mean gravity profile. 
While this is not true in a number of situations of 
geophysical interest (like in Earth’s mantle), we will 
make this assumption for two reasons: (i) it is (ma-
thematically) the simplest configuration (Chandrasek-
har, 1961), and (ii) the case of the inner core, for 
which g is essentially linear in r, corresponds to the 
limit 0γ → of the problem discussed here. Consider-
ing a more general form for g is likely to give qualita-
tively similar results. 

The spherical shell is heated volumetrically at a 
rate ρscpsS (with cps the specific heat capacity of the 
solid layer, and S the heating rate in K/s). The rheolo-
gy is assumed to be Newtonian and temperature and 
pressure independent, with a constant viscosity η. 
Thermal convection in the spherical shell is then de-
scribed by the conservation equations for mass, mo-
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mentum, and entropy, which take the form  

0u∇ ⋅ =                               (1) 
20 s sp g uα ρ η= −∇ − Θ + ∇                (2) 

2u Sst
κ

∂Θ
+ ⋅∇Θ = ∇ Θ +

∂
                (3) 

under the Boussinesq approximation. Here sα and κs 
are the thermal expansion coefficient and thermal dif-
fusivity in the solid shell, respectively. 
 
Boundary Conditions 

The rate of melting/freezing at each interface de-
pends on the ability of convective motion in the melt 
layer to transport the heat absorbed or released by the 
phase change. Given a topography h(θ,ϕ )  of the 
boundary (defined here in reference to the isopotential  
surface which coincides on average with the boun-
dary), the rate of erosion of the topography by melting 
or freezing is set by a balance between the rate of la-
tent heat release or absorption, ( / )L u h ts rρ ± − ∂ ∂ , with 
the convective heat flux on the melt side, which 
should scale as 'l l plc uρ δ± ± Θ , where L is the latent heat 
of melting, ru±

 is the radial component of the solid 
layer flow velocity at the boundary, plc±

 
the specific 

heat capacity of the melt, u' a typical velocity scale for 
convective motion in the melt layer, and ( , )δ θ φΘ  the 
difference of potential temperature between the boun-
dary and the adjacent melt. The boundary is assumed 
to remain very close to thermodynamic equilibrium 
(more justifications in Deguen et al. (2013)), and is 
therefore at the melting temperature mT ± . The poten-
tial temperature variation ( , )δ θ φΘ  along the boundary 
results from the combined effect of the pressure de-
pendency of mT ±  and of the adiabat in the melt layer, 
so that a topography h induces a difference of poten-
tial temperature between the boundary and the melt 
layer given by  

( )p ad lm m g hδ ρ± ± ± ±Θ = − −
                 

(4) 

where /P sm T P± ∂ ∂=  is the Clapeyron slope, and 
/ad adm T P± ∂ ∂= is the adiabatic gradient in the melt 

layer at each boundary. With this expression for δΘ, 
the heat balance described above gives  

r
h hu
t φτ

±
±

∂
− =
∂

                          (5) 

where the timescale for phase change, φτ
± , is  

2
~

'
s

l pl P ad

L
c m m g uφ

ρ
τ

ρ
±

± ± ± ± ±−
               (6) 

with /( )P m lm T Lsρ ρ ρ± ± ± ±= Δ from the Clapeyron relation, 
Equation (6) can be rewritten as  

2 2

~
1 / '
s

l pl m ad P

L
c T m m g uφ

ρ
τ

ρ ρ
±

± ± ± ± ± ± ±Δ −
       (7) 

Assuming that the phase-change timescale φτ
±  and 

the viscous relaxation timescale ( )/ g Rητ η ρ± ± ±= Δ  
are both small compared to the dynamical timescale of 
the shell (overturn time), we can neglect /h t∂ ∂  in 
Equation (5), which gives the boundary condition  

r
hu
φτ

±
±=                               (8) 

The mechanical boundary conditions are tangen-
tial stress-free conditions and continuity of the normal 
stress at both boundaries. Under the assumption of 
small topography, the stress-free tangential condition 
writes  

1 0r
r

u u
r

r r r
θ

θτ η
θ

⎡ ⎤∂∂ ⎛ ⎞
= + =⎢ ⎥⎜ ⎟∂ ∂⎝ ⎠⎣ ⎦

           (9) 

1 0
sin

r
r

u u
r

r r r
φ

φτ η
θ φ

⎡ ⎤⎛ ⎞ ∂∂
= + =⎢ ⎥⎜ ⎟∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦

       (10) 

at r=γ and 1, where τrθ and τrφ are the (r, θ) and (r, φ) 
components of the deviatoric stress tensor τ  continu-
ity of the normal stress at each boundary is written as  

[ ] 2 0r
rr h

h

u
p p

r
τ η

⎡ ∂ ⎤⎡ ⎤⎡ ⎤− = − =⎢ ⎥⎢ ⎥⎣ ⎦ ∂⎣ ⎦⎣ ⎦
        (11) 

where [ ]...⎡ ⎤⎣ ⎦ denotes the difference of a quantity across 
the boundary. When expanded around the mean posi-
tion of the boundary, Equation (11) gives  

2 0
urg h p
r

ρ η± ± ∂
−Δ − + =

∂
               (12) 

under the assumption that pressure fluctuations on the 
melt side are negligible compared to pressure fluctua-
tions on the solid side (e.g., Ribe, 2007). With h   
related to ur by Equation (8), Equation (12) gives a 
boundary condition for ur only 

2 0r
r

ug u p
rφρ τ η± ± ± ∂

−Δ − + =
∂

            (13) 
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The topography h is an implicit variable of the prob-
lem, and can be calculated a posteriori from the radial 
velocity at the boundary. 
 
Non-Dimensional Set of Equations 

The governing equations and boundary condi-
tions are now made dimensionless using the thermal 
diffusion timescale κs/R2, the outer radius R, κs/R, 
ηκs/R2, and SR2/(6κs) as scales for time, length, veloc-
ity, pressure and potential temperature, respectively. 
Using the same symbols for dimensionless quantities, 
the system of equations (1–3) is then written as  

0u∇ ⋅ =                              (14) 
20 rp Ra re u= −∇ − Θ + ∇                 (15) 

2 6u
t

∂Θ
+ ⋅∇Θ = ∇ Θ+

∂
                 (16) 

where the Rayleigh number is defined as 
5

26
s

s

g SR
Ra

αρ
ηκ

+

=                        (17) 

The Rayleigh number defined here is based on the 
outer radius R, not the shell thickness (1–γ)R. Also, 
note that the Rayleigh number used here is half that 
defined by Chandrasekhar (1961). The dimensionless 
boundary conditions at r=γ or 1 can be written 

( ) γγΘ =Θ ,
 

(1) 0Θ =                    (18) 

1 1 0
sin

r ruu u ur r
r r r r r r

φθ

θ θ φ
⎛ ⎞∂ ∂∂ ∂⎛ ⎞ + = + =⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

  (19) 

02 r
r

uu p
r

± ∂
±Ρ + − =

∂
                  (20) 

where the “phase change numbers” P+ and P–
 are de-

fined as (Deguen et al., 2013; Deguen, 2012)  

φ

η

τ
τ

±
±

±Ρ =                              (21) 

where φτ
± is the timescale for erosion of a topography 

by melting or freezing, as defined in Equation (6), and 
( )/ g Rητ η ρ± ± ±= Δ  is the viscous relaxation timescale 

at the length scale R. The phase change numbers P+ 
and P– are measures of the resistance to phase change 
on each boundary. In the limit of infinite ±Ρ , the 
boundary condition (20) reduces to the condition 

0ru± = , which corresponds to impermeable conditions. 

In contrast, when 0±Ρ → , Equation (20) implies that 
the normal stress tends toward 0 at the boundary, 
which corresponds to fully permeable boundary con-
ditions (e.g., Monnereau and Dubuffet, 2002). The 
general case of finite ±Ρ gives boundary conditions for 
which the rate of phase change at the boundary (equal 
to ru± ) is proportional to the normal stress induced by 
convection within the spherical shell. Note that we 
have defined P+ and P– using the absolute value 
of ρ±Δ , so that both P+ and P– are positive. Be-
cause ρ−Δ is negative, this introduces a minus sign 
before P– in the boundary condition (20) for the inner 
boundary. 

With the assumptions made so far, the velocity 
field is known to be purely poloidal (Ribe, 2007) and 
we introduce the poloidal scalar P defined such that 

( )ru Pre=∇×∇× . Taking the curl of the momentum 
equation (15) gives 

2 2 2 2( )RaL L PΘ= ∇                      (22) 

where the angular momentum operator L2 is  
2

2
2 2

1 1sin
sin sin

L θ
θ θ θ θ φ

∂ ∂ ∂⎛ ⎞= − −⎜ ⎟∂ ∂ ∂⎝ ⎠
     (23) 

Horizontal integration of the momentum equation (15) 
(Ribe, 2007) shows that, on both boundaries  

( )2p r P Cst
r
∂

− + ∇ =
∂

                   (24) 

Using this expression to eliminate p in the boundary 
condition (20), and noting that 21

u L Pr r
= , continuity 

of the normal stress at each boundary (Equation (20)) 
gives the following boundary condition for the poloid-
al scalar at r=1 or γ 

2
2 22 L Pr P L P Cst

r r r
±∂ ⎛ ⎞∇ − − ±Ρ =⎜ ⎟∂ ⎝ ⎠

        (25) 

while the stress-free conditions (19) give 
2

2
2 2( 2)P PL Cst

r r
∂

+ − =
∂

                  (26) 

at r=γ or 1. 
 
STEADY BASIC SOLUTION 

The governing equations and boundary condi-
tions presented in the previous section admit a steady 
solution (denoted by an overbar ...) in which the ve-
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locity field is 0u =  and the potential temperature 
field Θ  is given by the steady state, conductive ver-
sion of Equation (3), which writes 

20 6=∇ Θ+                           (27) 

with ( 1) 0rΘ = = , the general solution of Equation (27) 
is of the form  

21 aa r
r
−

Θ = + −                       (28) 

where the constant a depends on the thermal boundary 
condition at r=γ. The stability analysis could be car-
ried out for the general potential temperature profile 
given by Equation (28), but we will consider only the 
case a=1. This is mathematically simpler, and, in ad-
dition, will allow us to extrapolate easily the results to 
the case of Earth’s inner core, for which the basic dif-
fusive potential temperature profile is given 
by 21 rΘ= −  (Deguen et al., 2013). The potential 
temperature at r=γ is then 2( ) 1γ γΘ = − . 
 
LINEAR STABILITY ANALYSIS 

We now investigate the stability of the basic 
conductive state against infinitesimal perturbations of 
the temperature and velocity fields. The present analy-
sis follows the analysis presented in Chandrasekhar 
(1961) (Chapter VI-60), where the stability analysis is 
treated in the case of impermeable boundaries, which 
corresponds to the limit of infinite P+ and P–. The case 
of thermal convection in a full sphere with boundary 
conditions as described above, which corresponds to 
the limit 0γ → of the problem considered here, has 
been treated in Deguen et al. (2013).  

The temperature field is written as the sum of the 
conductive temperature profile given by Equation (28) 
with a=1 and infinitesimal disturbances 
Θ% : ( , , , ) ( ) ( , , , )r t r r tθ φ θ φΘ =Θ +Θ% . The velocity field 
perturbation is denoted by ( , , , )u r tθ φ% , and has an asso-
ciated poloidal scalar ( , , , )P r tθ φ% . We expand the tem-
perature and poloidal disturbances in spherical har-
monics  

0

( ) ( , ) l

l
tm m

l l
l m l

t r Y eσθ φ
∞

= =−

Θ =∑∑% %               (29) 

1
( ) ( , ) l

l
tm m

l l
l m l

P p r Y eσθ φ
∞

= =−

=∑∑% %              (30) 

where σl is the growth rate of the degree l perturba-
tions (note that since m does not appear in the system 
of equations, the growth rate is function of l only, not 
m). 

The only non-linear term in the system of equa-
tions is the advection of heat u ⋅∇Θ  in Equation (16), 
which is linearized as  

22 2r ru ru L P
r

∂Θ
= − = −

∂
%% %                   (31) 

The resulting linearized transport equation for the po-
tential temperature disturbance is  

2 22L P
t
∂⎛ ⎞−∇ Θ =⎜ ⎟∂⎝ ⎠

% %                     (32) 

Using the decompositions (29) and (30), the linearized 
system of equations is then, for l ≥1  

2m m
l l lRat D p=% %                          (33) 

( ) 2 ( 1)m m
l l l lD t l l pσ − = +% %                 (34) 

where the operator Dl is defined as 
2

2 2

2 ( 1)
l

d d l lD
dr r dr r

+
= + −                 (35) 

The stress-free boundary condition is written as  

[ ]
2

2 2( 1) 2 0
m m
l ld p p

l l
dr r

+ + − =
% %

 
1l ≥          (36) 

with r=1 or γ on the upper or lower boundary, and the 
boundary conditions derived from the continuity of the 
normal stress are given by  

2 ( 1) ( 1)
m m

m l l
l l

p pd rD p l l l l
dr r r

+⎛ ⎞
− + = + + Ρ⎜ ⎟

⎝ ⎠

% %
%   (37) 

2 ( 1) ( 1)
m m

m l l
l l

p pd rD p l l l l
dr r r

−⎛ ⎞
− + = − + Ρ⎜ ⎟

⎝ ⎠

% %
%    (38) 

at the outer and inner boundaries, respectively (note 
the different signs of the right-hand-side terms). We 
expand the potential temperature perturbation ( )m

lt r%
 

as  

1( ) ( )m
l lj ll lj

j
t r A C r

r
α= ∑%                 (39) 

where the functions ( )ll ljC rα  are defined as 
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( 1/ 2) 1/ 2 1/ 2 ( 1/ 2)( ) ( ) ( ) ( ) ( )ll lj l lj l lj l lj l ljC r J J r J J rα α γ α α γ α− + + + − += −                                      (40) 

(Chandrasekhar, 1961). Here Jk denotes the Bessel 
function of the first kind of degree k, and the constants 
αlj are the jth zeros of the function Cll(r). By construc-
tion, Cll(αliγ)=0. As discussed by Chandrasekhar 
(1961), the functions Cll(αlir) form an integral set of 
functions satisfying the orthogonality relation 

1

1/ 2,( ) ( )ll lj ll lk l j jkC r C r rdr N
γ

α α δ+=∫           (41) 

where 
2

1/ 2
1 / 2, 2 2 2

1/ 2

( )2 1
π ( )

l lj
l j

lj l lj

J
N

J
α γ

α α
+

+
+

⎡ ⎤
= −⎢ ⎥

⎢ ⎥⎣ ⎦
         (42) 

Writing the poloidal scalar perturbations ( )m
lp r% as  

( ) ( )m
l lj lj

j
p r A p r=∑%                     (43) 

and injecting the expansions of ( )m
lt r%  and ( )m

lp r%  
given by equations (39) and (43) in the momentum 
equation (33), the functions plj are solutions of the 
equation 

2 ( )
.ll lj

l lj

C r
D p Ra

r

α
=                      (44) 

Noting that 

2( ) ( )ll lj ll lj
l lj

C r C r
D

r r

α α
α

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
             (45) 

equation (44) has a general solution of the form

2 ( 1) ( 1)
1 2 3 44

( )ll lj j l j l j l j l
lj

lj

C rRap B r B r B r B r
r

α
α

+ − + − −= + + + +                                           (46)

The coefficients 1...4
jB are determined by the boundary 

conditions at the inner and outer boundaries of the 
shell, as explained in APPENDIX A. 

Injecting the above solution for plj and the poten-
tial temperature expansion (39) in the linearized heat 
Equation (34), we obtain after some manipulations an 
infinite set of linear equations in Alj (see Chandrasek-
har (1961)), which admits a non trivial solution only if 
its determinant is equal to zero. With our choice of 

basic state and g∝r, and following Chandrasekhar 
(1961), we find a characteristic equation of the form 

2

1/ 2, 4 0
2 ( 1)

lk
l k kj kj

lk

RaN Q
l l
α

δ
α+

⎡ ⎤
− − =⎢ ⎥+⎣ ⎦

      (47) 

where ... denotes the determinant, and where the 
functions Qkj are defined as 

1
2 ( 1) ( 1) 3/ 2

1 2 3 4( ) j l j l j l j l
kj ll lkQ C r B r B r B r B r r dr

γ

α + − + − −⎡ ⎤= + + +⎣ ⎦∫                                        (48)

Solving Equation (47) with the 1...4
jB determined 

by the boundary conditions (APPENDIX A) gives the 
critical Rayleigh number l

cRa for a perturbation of de-
gree l. The pattern of the first unstable modes can be 
calculated by solving the system in Alj for given P–, P+, 
and Ra, which then allows to calculate the poloidal 
scalar ( )m

lp r% from equations (43) and (46). 
 
RESULTS AND APPLICATIONS 

Figure 2 shows the critical Rayleigh number cor-
responding to the degree one mode as a function of P– 
and P+ for three configurations: (i) the outer boundary 
is impermeable ( 1+Ρ >> ) and P–

 is varied from per-
meable to impermeable conditions; (ii) the inner 

boundary is impermeable ( 1−Ρ >> ) and P+ is varied 
from permeable to impermeable conditions; and (iii) 
P+=P–, with boundary conditions varied from permea-
ble to impermeable. For all three configurations, there 
is a marked change in the critical Rayleigh number at 
some transitional value of P– or P+, with the critical 
Rayleigh number being significantly smaller when P– 
or P+ are smaller than this transitional value, corres-
ponding to permeable conditions. 

In what follow, we will focus on end-members cases, 
for which each boundary is either permeable ( 1±Ρ << ) 
or impermeable ( 1±Ρ >> ), which gives four end-member 
configurations. Figure 3 shows the critical Rayleigh 
number as a function of l and γ for the four end-member 
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Figure 2. Critical Rayleigh number of the l=1 mode 
for (a) impermeable outer boundary, and variable 
P–; (b) impermeable inner boundary, and variable 
P+; (c) variable P– and P+, with P–=P+. 
 
cases. The pattern of the first unstable mode (as well 
as the second for the 1−Ρ << , 1+Ρ >>  cases) is shown 
in Fig. 4. The degree lc of the first unstable mode is 
shown in Fig. 5 as a function of γ. Each end-member 
case is described below. 
 

(P+, P–)>>1—Impermeable Boundaries  
Letting P+ and P– tend toward infinity, the prob-

lem tends toward the case of Rayleigh-Bénard convec-
tion in a spherical shell with impermeable stress free 
boundaries, as discussed in Chandrasekhar (1961). 
This will be used as a reference case for the present 
study. The results found here are identical to that 
found by Chandrasekhar (1961) (except that, as ex-
plained above, the Rayleigh numbers shown here are 
half that found by Chandrasekhar (1961) because of 
different definitions). The degree one mode is the first 
unstable mode for γ smaller than about 0.23. The de-
gree lc of the first unstable mode then increases rapidly 
when γ is increased (Fig. 5). The corresponding wave-
length is commensurate with the shell thickness 1–γ: 
assuming a relationship of the form lc=a/(1–γ)+b 
(which, given that λc~1/lc when 1cl >> , is equivalent 
to λc~1–γ), least square Inversion of lc(γ) gives 
lc=2.17/(1–γ)–1.35, which is shown as a grey 
dash-dotted line in Fig. 5. The fit is indeed good, con-
sistent with the assumption of a critical wavelength 
proportional to the layer thickness. 
 
(P+, P–)<<1—Permeable Inner and Outer Bounda-
ries 

On the other extreme, when both boundaries are 
fully permeable, the first unstable mode is always the 
degree one mode (Figs. 3 and 5), which takes the form 
of a solid translation of the spherical shell (Fig. 4 and 
APPENDIX B). The limit of a full sphere (γ=0) cor-
responds to the “convective translation” mode recently 
proposed for Earth’s inner core (Alboussière et al., 
2010; Monnereau et al., 2010). 

Since this mode consists of a pure translation, 
there is no deformation, and therefore no viscous dis-
sipation in the shell. This of course does not mean that 
this is a non-dissipative mode. There is viscous (and 
magnetic in the case of Earth’s inner core) dissipation 
in the melt layers associated with the redistribution of 
the latent heat of phase change. The melt layers must 
provide mechanical work to account for the dissipa-
tion associated with the redistribution of the latent heat, 
which means that this mode of convection is ultimate-
ly limited by the vigor of convective motions in the 
melt layers. It can be shown (APPENDIX B) that the 
emergence of the translation mode requires that the 
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Figure 3. Critical Rayleigh number for convection as a function of degree l, for the four end-member cases 
described in the text, for various values of γ. Note the different scales used for Rac

l. 
 
quantity 

2p
RaR
γ+ −

=
Ρ + Ρ

                       (49) 

is higher than a critical value which is a function of γ 
only. The quantity P++γ2P–

 is, save for a factor 1+γ2, 
the boundary area weighted mean of P–and P+. Figure 
6 shows the critical value of RP for the translational 
instability as a function of γ calculated using Equation 
(72) of APPENDIX B. When 0γ → , the critical value 
tends toward the value of (Ra/P+)=175/2=87.5 found 
by Deguen et al. (2013) for a full sphere. RP then in-
creases with γ. 

The limit 0γ → is relevant for Earth’s inner core 
dynamics (Deguen et al., 2013; Mizzon and Monne-
reau, 2013; Alboussière et al., 2010; Monnereau et al., 
2010). The case of a spherical shell with phase change 
at both boundaries might be relevant for the early dy-
namics of Earth’s mantle, which may have started 
crystallizing at mid-depth from a magma ocean, with a 
surface magma ocean and a basal magma ocean (La-
brosse et al., 2007). 

(P+<<1) and (P–>>1)—Permeable Outer Boundary, 
Impermeable Inner Boundary 

When the inner boundary is impermeable 
( 1−Ρ >> ) and the outer boundary fully permeable 
( 1+Ρ << ), the degree one mode is again found to be 
always the most unstable mode (Figs. 3 and 5), even 
when γ approaches 1. In contrast with the case where 
both boundaries are permeable, the degree 1 mode 
now does involve deformation, and the decrease in Rac 
compared to impermeable boundary conditions is 
therefore not as drastic as when both boundaries are 
permeable. The critical Rayleigh number tends toward 
a finite value when 0+Ρ → , because even with a ful-
ly permeable boundary, viscous dissipation always 
limit the development of the mode. 

This configuration could be relevant for the initi-
ation of convection in a silicate mantle crystallizing 
from below from a magma ocean. The stability analy-
sis predicts that in this configuration the first unstable 
mode is the degree one mode shown in Fig. 4. How-
ever, one key point in this configuration is the lifetime 
of the magma ocean. Melting/freezing at the interface 
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Figure 4. Pattern of the first unstable mode of thermal convection in a spherical shell (streamlines), with 
aspect ratio γ=0, 0.2, 0.4, 0.6 and 0.8, and P– and P+ either small or large compared to 1. Impermeable 
boundaries (P±>>1) are shown by a thick line, permeable boundaries (P±<<1) are shown by a thick dashed 
line. In the case P–<<1, P+>>1, we also show the second most unstable mode. Only the m=0 modes are 
shown. 

 
would play a role only if the instability growth is fast 
enough compared to magma ocean crystallization, 
which can happen on a ky timescale in the absence of 
an insulating atmosphere or crystallized lid (Soloma-
tov, 2000). 
 
(P+>>1) and (P–<<1)—Impermeable Outer Boun-
dary, Permeable Inner Boundary 
    When the outer boundary is impermeable (P+>>1) 
and the inner boundary fully permeable (P–<<1), the 
relationship between the degree lc of the most unstable 
mode and γ becomes non-monotonic (Fig. 5, solid 

blue line). lc first increases with γ, similarly to the case 
of impermeable boundaries (except lc is smaller when 
the inner boundary is permeable), but the l=1 mode 
becomes again the most unstable mode when γ ex-
ceeds ≈0.841. Looking at the critical Rayleigh number 
as a function of l (Fig. 3), there appears to be two local 
minima, one at l=1 and the other at a higher l, once γ is 
larger than ≈0.72. The two minima are quite close for 
all values of γ, which suggests that the l=1 mode 
would be important even if it is not the most unstable 
mode. In Fig. 5, we show in blue the degree of the 
most unstable mode (blue solid line) in this 
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Figure 5. Degree lc of the first unstable mode as a 
function of the aspect ratio γ, for different confi-
gurations. The solid gray line corresponds to the 
case of impermeable inner and outer boundaries. 
The solid blue line corresponds to the case of im-
permeable outer boundary and fully permeable 
inner boundary. The dashed blue line shows the 
degree of the local minimum at l strictly larger 
than 1 in the case of impermeable outer boundary 
and fully permeable inner boundary (see text). The 
solid black line corresponds to the cases of fully 
permeable inner and outer boundaries, and of fully 
permeable outer boundary and impermeable inner 
boundary, for which the most unstable mode is al-
ways the degree 1 mode. 
 
configuration, as well as the degree of the local mini-
mum at l strictly larger than 1 (blue dashed line). 

The pattern of both the most unstable and second 
most unstable modes is showed in Fig. 4. The pattern 
of the degree one mode is found to be close to a trun-
cated version of the pattern of the degree one mode of 
convection in a full sphere (compare with the γ=0 
case).  

This configuration may be relevant for the dy-
namics of icy satellites having an ice mantle overlying 
a global subsurface water ocean, which might be the 
case of several of Jupiter and Saturn’ moons, includ-
ing Enceladus (Waite Jr. et al., 2009; Nimmo and 
Pappalardo, 2006), Europa (Tyler, 2008), Callisto, 
Ganymede and Titan (Spohn and Schubert, 2003). It 
might also be relevant for thermal convection in a si-
licate mantle overlying a basal magma ocean, as might 
have been the case on Earth early in its history (Ul-
vrová et al., 2012; Labrosse et al., 2007). The stability 

analysis suggests that the length scale of convection 
would be significantly larger if melting/freezing at the 
interface is important. 
 
DISCUSSION AND CONCLUSION 

The linear stability analysis presented here pre-
dicts a significant effect of phase-change boundaries 
when either P–

 or P+ are small enough: allowing for 
melting/freezing at either of the boundaries results in 
the emergence of larger scale convective modes. The 
effect is particularly drastic when the outer boundary 
is permeable, since the degree 1 mode remains the 
most unstable even in the case of thin spherical shells. 
It seems likely that allowing for melting/freezing at 
one boundary will still result in larger scale convection  
at supercritical conditions, but the results presented 
here will clearly have to be supplemented by finite 
amplitude numerical calculations at supercritical con-
ditions. In addition, the assumption of Newtonian rhe-
ology and constant viscosity limits the direct applica-
bility of our results. The effect of variable  
viscosity would have to be investigated, in particular 
for application to icy moons, for which order of mag-
nitude variations of viscosity across the layer may be 
expected. The pattern of convection is also likely to 
depend on the temperature profile of the basic state 
(McNamara and Zhong, 2005). 
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Figure 6. Critical value of the quantity 
(Ra/(P++γ2P–))c for the translation mode in the limit 
of small P–

 and P+, as a function of the inner to 
outer radius ratio γ (solid black line). The dashed 
black line shows the value of 175/2 found analyti-
cally by Deguen et al. (2013) for a full sphere (γ=0).  
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At this stage, we have suggested some possible 
geophysical or planetological applications of our re-
sults, but specific studies will be needed to assess the 
applicability of our results in particular settings. In 
each situation, the value of P of the boundary must be 
evaluated, which necessitates some understanding of 
the dynamics of the melt layer in contact with the solid 
layer. 

As an example, let us discuss the case of Encela-
dus. Enceladus exhibits a strong hemispherical asym-
metry, with the Southern Hemisphere being much 
younger and active that the Northern Hemisphere 
(Porco et al., 2006). One plausible explanation for the 
observed asymmetry is degree one convection (Steg-
man et al., 2009; Grott et al., 2007). Enceladus may 
have a global subsurface ocean (Tyler, 2009; Waite Jr. 
et al., 2009; Nimmo and Pappalardo, 2006), and it is 
therefore legitimate to consider the possible dynamical 
effect of melting/freezing at the inner boundary of the 
ice shell. Whether phase change at the inner boundary 
of the ice shell can alter significantly the pattern of 
convection depends on the value of P– with γ=0.6 
(Schubert et al., 2007), the effect of phase change 
would be significant if P– is smaller than about 10 (Fig. 
2). With a viscosity of order 1014 Pa·s (which corres-
ponds to the viscosity near the melting point), a radius 
R=250 km, 50ρ−Δ = kg·m-3 and g–≈0.1 m·s-2, we find 
that P–<10 if the timescale for phase change φτ

−  is 
smaller than about 25 years. With φτ

−  given by Equa-
tion (7), L=300 kJ·kg-1, cpl=4 000 K·kg-1·K-1, Tm=275 
K, and 1–mad/mP~1, this would require typical con-
vective velocities around 1 cm·s-1 in the melt layer. 
Tyler (2009) estimates that eccentricity tides would 
have typical flow amplitude around 1 mm·s-1 in a 100 
km thick ocean and 1 cm·s-1 in a 10 km thick ocean. 

This would give P–
 in the range 10–102, so P– may 

plausibly be small enough for a significant effect of 
melting/freezing on the pattern of convection. Includ-
ing the effect of temperature on viscosity is likely to 
make the effect of melting/freezing stronger because 
the effective viscosity for relaxation of a large scale 
topography would be larger, possibly by several order 
of magnitude, than the high homologous temperature 
value of 1014

 Pa·s assumed here. This would yield a 
lower effective value of P–, and a more permeable 
boundary. Whether or not the effect is strong enough 
to allow the emergence of a strong degree one convec-
tion mode remains an open question. The answer 
might also depend in part of the dynamical effect of 
radial viscosity variations in the ice shell (McNamara 
and Zhong, 2005; Zhong and Zuber, 2001), which will 
have to be taken into account.  
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APPENDIX A - COEFFICIENTS B j 

1…4 
The coefficients B j 

1…4 introduced in Equation (46) 
are determined for each degree l by the boundary con-
ditions at the inner and outer boundaries of the shell. 

Using expression (46) for plj, the tangential stress 
boundary condition (Equation (26)) gives 

2 2 3 1 2
1 2 3 4 3 3/ 2

'( )
( 1) ( 2) ( 2) ( 1) ll ljj l j l j l j l

lj

C
B l B l l B l l B l Ra

α γ
γ γ γ γ

α γ
− − − − −− + + + + + − =

                       
(50) 

at r=γ and  

2 2
1 2 3 4 3

'( )
( 1) ( 2) ( 2) ( 1) ll ljj j j j

lj

C
B l B l l B l l B l Ra

α
α

− + + + + + − =
                                  (51) 

at r=1. 
The boundary condition (25) derived from the continuity of the normal stress gives 

140



Renaud Deguen 

 

680

2
1 2

3 1
3 4

2 2

3 3 / 2

31 1
2 2

2 12
2 1 2

'( )
1

2 ( 1)

j l j l

j l j l

lj ll lj

lj

B l B l
l

lB l B l
l

C
Ra

l l

γ γ γ γ

γ γ γ γ

α γ α γ

α γ

− −
−

− −
− − − −

⎛ ⎞ ⎛ ⎞Ρ Ρ
− + + − + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞Ρ − Ρ

+ + + + + +⎜ ⎟ ⎜ ⎟+⎝ ⎠ ⎝ ⎠
⎡ ⎤

= +⎢ ⎥
+⎢ ⎥⎣ ⎦

                                         
(52)

at r=γ and 
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(53)

 

at r=1. 
Equations (50), (51), (52) and (53) form a linear 

system of equations for B j 
1…4 which is solved for each 

degree l. The B j 
1…4 are then used to calculate the func-

tions Qkj in the characteristic equation (47). 

APPENDIX B – TRANSLATION MODE 
We consider here the onset of the degree 1 mode 

in the limit of small Ra, P–, and P+, but finite 
Ra/(P++γ2P–). With l=1, the tangential stress free con-
ditions (50) and (51) give  

11 15
2 3 3 5 / 2

1

'( )
3

jj j

j

C
B B Ra

α γ
γ

α γ
−+ =               (54) 

11 1
2 3 3

1

'( )
3

jj j

j

C
B B Ra

α
α

+ =                  (55) 

while the normal stress continuity conditions (52) and  
(53) yield 

2 2
1 11 15

1 2 3 42 3 3 / 2
1

'( )36 2
2
j jj j j j
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C
B B B B Ra

α γ α γ
γ γ

γ α γ
− −
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1 11 1

1 2 3 4 3
1
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6 3 2
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α α

α
+

⎡ ⎤
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                                        (57) 

when 1−Ρ <<  and 1+Ρ << . Using equations (54) and 
(55), the coefficients 2

jB and 3
jB can be eliminated from 

equations (56) and (57), which give 
5 / 2
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1 4

1

'( )
3

2
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C
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Noting that  

3/ 2 1
11 1

1 3/ 2 1

( )2'( )
( )

j
j

j j

J
C

J
α γ

α
πα α
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11 1
1

2'( )j
j

C α γ
πα γ
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(Chandrasekhar, 1961), solving equations (58) and (59) 
yields 

3/ 2
3 / 2 1 3/ 2 1

1 2 2
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J J RaB
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                                     (63) 

It can be seen that 2
jB , 3

jB and 4
jB are all ~Ra, 

while 2
1 ~ /( )jB Ra γ+ −Ρ + Ρ . In the limit of small Ra, 

P–, P+, but finite Ra/(P++γ2P–), we therefore have 

1 2 3 4( , , )j j j jB B B B>> . To a good approximation, p1j is 
then given [from Equation (46)] by  

1 1
j

jp B r≈                             (64) 

and the poloidal scalar of the first unstable mode is 
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∑ ∑                                              (65) 

which corresponds to a translational motion (it can be 
verified that a l=1 flow with P∝r corresponds to a 
flow with uniform velocity). 

In the limit of small Ra, the characteristic equation 
(47) for l=1 now writes  

2
1

3/ 2, 0
4

k
k kj kjN Q
α

δ − =                  (66) 

where 
1

5. / 2
1 11 1( )j

kj kQ B C r r dr
γ

α= ∫                (67) 

Making use of recurrence relations of the Bessel func-
tions (Abramovich and Stegun, 1965), we find that the 
integral in Equation (67) can be written as  
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which allows to write Qkj as 
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Now, rewriting Equation (66) as  

2
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and using Sylvester’s determinant theorem, we find 
that  
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from which, using Equation (69), we obtain the critical 
value of Ra/(P++γ2P–) 
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S U M M A R Y
Seismic studies indicate that the Earth’s inner core has a complex structure and exhibits a
strong elastic anisotropy with a cylindrical symmetry. Among the various models which have
been proposed to explain this anisotropy, one class of models considers the effect of the
Lorentz force associated with the magnetic field diffused within the inner core. In this paper,
we extend previous studies and use analytical calculations and numerical simulations to predict
the geometry and strength of the flow induced by the poloidal component of the Lorentz force
in a neutrally or stably stratified growing inner core, exploring also the effect of different types
of boundary conditions at the inner core boundary (ICB). Unlike previous studies, we show
that the boundary condition that is most likely to produce a significant deformation and seismic
anisotropy is impermeable, with negligible radial flow through the boundary. Exact analytical
solutions are found in the case of a negligible effect of buoyancy forces in the inner core
(neutral stratification), while numerical simulations are used to investigate the case of stable
stratification. In this situation, the flow induced by the Lorentz force is found to be localized
in a shear layer below the ICB, whose thickness depends on the strength of the stratification,
but not on the magnetic field strength. We obtain scaling laws for the thickness of this layer,
as well as for the flow velocity and strain rate in this shear layer as a function of the control
parameters, which include the magnitude of the magnetic field, the strength of the density
stratification, the viscosity of the inner core and the growth rate of the inner core. We find that
the resulting strain rate is probably too small to produce significant texturing unless the inner
core viscosity is smaller than about 1012 Pa s.

Key words: Numerical solutions; Composition of the core; Seismic anisotropy.

1 I N T RO D U C T I O N

The existence of structures within the inner core was first discovered
by Poupinet et al. (1983), who discussed the possibility of lateral het-
erogeneity from the observation of P-waves traveltime anomalies.
These were then attributed to the existence of seismic anisotropy
(Morelli et al. 1986; Woodhouse et al. 1986), with P-waves travel-
ling faster in the north–south direction than in the equatorial plane.
Since then, more complexities have been discovered in the inner
core: a slight tilt in the fast axis of the anisotropy, radial variations
of the anisotropy with a nearly isotropic upper layer, hemispherical
variations of the thickness of the upper isotropic layer, an innermost
inner core with different properties in anisotropy or attenuation
and anisotropic attenuation (See Souriau et al. 2003; Tkalčić &
Kennett 2008; Deguen 2012; Deuss 2014, for reviews, and refer-
ences therein).

The seismic anisotropy can be explained either by liquid inclu-
sions elongated in some specific direction (shape preferred orien-
tation, SPO; Singh et al. 2000) or by the alignment of the iron
crystals forming the inner core (lattice preferred orientation, LPO).

In the case of LPO, the orientation is acquired either during crys-
tallization (e.g. Karato 1993; Bergman 1997; Brito et al. 2002) or
by texturing during deformation of the inner core. Several mecha-
nisms have been proposed to provide the deformation needed for
texturing: solid state convection (Jeanloz & Wenk 1988; Weber &
Machetel 1992; Buffett 2009; Deguen & Cardin 2011; Cottaar &
Buffett 2012; Deguen et al. 2013), or deformation induced by exter-
nal forcing, due to viscous adjustment following preferential growth
at the equator (Yoshida et al. 1996, 1999; Deguen & Cardin 2009),
or Lorentz force (Karato 1999; Buffett & Bloxham 2000; Buffett &
Wenk 2001).

Thermal convection in the inner core is possible if its cooling
rate, related to its growth rate, or radiogenic heating rate is large
enough to maintain a temperature gradient steeper than the isen-
tropic gradient. In other words, the heat loss of the inner core must be
larger than what would be conducted down the isentrope. However,
the thermal conductivity of the core has been recently reevaluated
to values larger than 90 W m−1 K−1 at the core mantle boundary
(CMB) and in excess of 150 W m−1 K−1 in the inner core (de Koker
et al. 2012; Pozzo et al. 2012; Gomi et al. 2013; Pozzo et al.
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2014), and this makes thermal convection in the inner core unlikely
(Yukutake 1998; Deguen & Cardin 2011; Deguen et al. 2013;
Labrosse 2014). Inner core translation, that has been proposed to
explain the hemispherical dichotomy of the inner core (Monnereau
et al. 2010), results from a convection instability (Alboussière et al.
2010; Deguen et al. 2013; Mizzon & Monnereau 2013) and is there-
fore also difficult to sustain.

Compositional convection is possible if the partition coefficient
of light elements at the inner core boundary (ICB) decreases with
time (Deguen & Cardin 2011; Gubbins et al. 2013) or if some sort of
compositional stratification develops in the outer core (Alboussière
et al. 2010; Buffett 2000; Gubbins & Davies 2013; Deguen et al.
2013) so that the concentration of the liquid that crystallizes de-
creases with time. However, the combination of both thermal and
compositional buoyancy does not favour convection in the inner
core (Labrosse 2014).

The strong thermal stability of the inner core resulting from its
high-thermal conductivity (Labrosse 2014) is a barrier to any ver-
tical motion and other forcing mechanisms need to work against
it. This situation has already been considered in the case of de-
formation induced by preferential growth in the equatorial belt
(Deguen & Cardin 2009), and has been shown to produce a layered
structure. Deguen et al. (2011) and Lincot et al. (2014) evaluated
the predictions of anisotropy from this model and found that al-
though it can induce significant deformation, it is difficult to explain
the strength and geometry of the anisotropy observed in the inner
core.

In this paper, we consider another major external forcing that
was proposed, Maxwell stress. This was first proposed by Karato
(1999) who considered the action of the Lorentz force assuming
the inner core to be neutrally buoyant throughout. This situation is
rather unlikely and, as discussed above, we expect the inner core
to be stably stratified. Buffett & Bloxham (2000) have shown that
in this case the flow is confined in a thin layer at the top of the
inner core, similar to the case discussed above for a flow driven by
preferential growth at the equator. However, the growth of the inner
core gradually buries the deformed iron and this scenario may still
produce a texture in the whole inner core. All these previous studies
considered a fixed inner core size and infinitely fast phase change
at the ICB. The moving boundary brings an additional advection
term in the heat balance which can influence the dynamics. In
the context of inner core convection Alboussière et al. (2010) and
Deguen et al. (2013) have proposed a boundary condition at the ICB
that allows for a continuous variation from perfectly permeable
boundary conditions, that was considered in previous studies, to
impermeable boundary conditions when the timescale for phase
change is large compared to that for viscous adjustment of the
topography.

In this paper, we investigate the dynamics of a growing inner
core subject to electromagnetic forcing, and include the effects of
a stable stratification, of the growth of the inner core and different
types of boundary conditions. We propose a systematic study of the
dynamics induced by a poloidal Lorentz force in the inner core and
develop scaling laws to estimate the strain rate of the flow.

In Section 2, we develop a set of equations taking into account
the Lorentz force and a buoyancy force from either thermal or com-
positional origin. Analytical and numerical results are presented in
Section 3, scaling laws for the maximum velocity and strain rate
are developed in Sections 4 and 5 and compared to numerical solu-
tions. In Section 6, we use our results to predict the instantaneous
strain rates and cumulative strain in the Earth’s inner core due to
the Lorentz force.

2 G OV E R N I N G E Q UAT I O N S

2.1 Effect of an imposed external magnetic field

The magnetic field produced by dynamo action in the liquid outer
core extends up to the surface of the Earth, but also to the centre-
most part of the core. Considering for example a flow velocity of the
order of the growth rate of the inner core gives a magnetic Reynolds
number (comparing advection and diffusion of the magnetic field)
of the inner core of about 10−5. This shows that the magnetic field
in the inner core is only maintained by diffusion from its boundary.

Two dynamical effects need to be taken into account: the Lorentz
force and Joule heating. The Lorentz force acts directly on the
momentum conservation, while Joule heating is part of the energy
budget and modifies the temperature distribution, inducing a flow
through buoyancy forces.

In this paper, we will discuss the effect of the Lorentz force in
the case of a purely toroidal axisymmetric magnetic field with a
simple mathematical form. The effect of Joule heating in the case
of a nongrowing inner core was studied by Takehiro (2010) and will
not be investigated further here.

The poloidal magnetic field intensity at the CMB can be inferred
from surface observations of the field at the Earth’s surface, but
both poloidal and toroidal components are poorly known deeper in
the core. The root mean square (rms) strength of the field at the
ICB has been estimated using numerical simulations to be around
a few milliteslas (e.g. Glatzmaier & Roberts 1996; Christensen &
Aubert 2006). It can be also constrained by physical observations:
for example, Koot & Dumberry (2013) give an upper bound of
9–16 mT for the rms field at the ICB by looking at the dissipation
in the electromagnetic coupling, while Gillet et al. (2010) suggest
2–3 mT from the observation of fast toroidal oscillations in the core.
Buffett (2010) obtains similar values from measurements of tidal
dissipation. Numerical simulations also predict a strong azimuthal
component Bφ at the vicinity of the inner core, possibly one order
of magnitude higher than the vertical component Bz (Glatzmaier &
Roberts 1996), though this depends on the magnitude of inner core
differential rotation.

Buffett & Wenk (2001) have considered the effect of the az-
imuthal component of the Lorentz force resulting from the com-
bination of the Bz and Bφ components of the magnetic field. We
will focus here on the effect of the azimuthal component of the
magnetic field, for which the associated Lorentz force is poloidal
and axisymmetric. The flow calculated by Buffett & Wenk (2001)
is decoupled from the flow induced by the azimuthal component
of the magnetic field, and thus the total axisymmetric flow can be
obtained by simply summing the two flows.

One of the most intriguing feature of the Earth’s magnetic field is
the existence of reversals. However, since the Lorentz force depends
quadratically on the magnetic field, its direction is not modified by
a reversal of the field. For simplicity, we will consider that the
magnetic field is constant in time.

The magnetic field inside the inner core is calculated by diffusing
the field from the ICB. The magnetic Reynolds number for the
inner core being very small, B is not advected by the flow. Because
the seismic observation of anisotropy is of large scale, and also
because low-order toroidal component penetrates deeper inside the
inner core, only the lowest order of the azimuthal component of the
magnetic field is taken into account, following the work of Karato
(1999) and Buffett & Bloxham (2000).

We consider a purely toroidal axisymmetric field of degree two in
the vicinity of the ICB, of the form B|ICB = B0 sin θ cos θ eφ (Buffett
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Figure 1. Meridional cross sections showing the intensity of the magnetic
field (a), the Lorentz force FL (b) and the nonpotential part of the Lorentz
force f L as defined in eq. (3) (c).

& Bloxham 2000). Solving ∇2B = 0, the field inside the inner core
is

B = B0
r 2

r 2
ic

cos θ sin θeφ, (1)

in spherical coordinates, which is associated to an electric current
density J = 1

μ0
∇ × B, where ric is the radius of the inner core and

μ0 is the magnetic permeability.
The Lorentz force is a volume force given by FL = J × B. The

Lorentz force can be decomposed as the sum of the gradient of a
magnetic pressure and a nonpotential part as FL = −∇Pm + f L,
which is a unique Helmholtz decomposition for ∇ · f L = 0. With
the magnetic field as defined in eq. (1), we find that Pm and f L are
given by

Pm = 1

7

B2
0

μ0

r 4

r 4
ic

(
3

2
cos2 θ + 1

5

)
(2)

and

f L = B2
0

μ0ric

r 3

r 3
ic

[(
3 cos4 θ − 15

7
cos2 θ + 4

35

)
er

+ cos θ sin θ

(
4

7
− 3 cos2 θ

)
eθ

]
. (3)

The potential part of the Lorentz force can only promote a new
equilibrium state but no persisting flow. We are thus only interested
in the non potential part of the Lorentz force, shown in Fig. 1. Eq. (3)
provides a characteristic scale for the force as B2

0 /μ0ric.
Karato (1999) investigated the effect of the Maxwell stress by

applying a given normal stress on the ICB. This is different from
our study, where, as in Buffett & Bloxham (2000), we consider a
volumetric forcing, as shown on Fig. 1, and not a forcing on the
surface of the inner core.

2.2 Conservation equations

2.2.1 Conservation of mass, momentum and energy

We consider an incompressible fluid in a spherical domain, with
a newtonian rheology of uniform viscosity η, neglecting inertia.
Volume forces considered here are the buoyancy forces, with density
variations due to temperature or compositional variations, and the
Lorentz force as defined above.

The equations of continuity and conservation of momentum are
written as

∇ · u = 0, (4)

0 = −∇ p′ + �ρ g + η∇2u + f L, (5)

where u is the velocity, p′ the dynamic pressure that also includes
the magnetic pressure, �ρ the density difference compared to the
reference density profile, and g = gicr/ricer the acceleration of
gravity with gic the acceleration of gravity at r = ric.

The density depends on both the temperature T and the light
element concentration c. We define a potential temperature as
� = T − Ts(r, t), with Ts(r, t) the isentropic temperature profile
anchored to the liquidus at the ICB, and introduce a potential com-
position C = c − cs

ic(t), where cs
ic(t) is the composition of the solid

at the ICB. We will consider separately the effects of composi-
tion and temperature, but both can induce a density stratification,
which is quantified through a variation of density �ρ which is either
ραT� or ραCC, where ρ is the reference density, and αT and αC the
coefficients of thermal and compositional expansion, respectively.
Because the potential temperature and composition are solutions of
mathematically similar equations, we will use a quantity χ which is
either the potential temperature � or composition C. In this paper,
quantities that apply for both cases will have no subscript, whereas
we will use T for quantities referring to the thermal stratification,
and C for compositional stratification.

The momentum conservation eq. (5) is thus written as

0 = −∇ p′ + αρχ gic
r

ric
er + η∇2u + f L. (6)

The equations for the evolution of the potential temperature (energy
conservation) and of light element concentration (solute conserva-
tion) have a common form, which will be written as

∂χ

∂t
+ u · ∇χ = κ∇2χ + S(t), (7)

where κ is the diffusivity of either heat (κT) or composition (κC)
and S a source term given by

ST (t) = κT ∇2Ts − ∂Ts

∂t
(8)

and

SC (t) = −∂cs
ic

∂t
. (9)

As discussed in Deguen & Cardin (2011), the inner core is stably
stratified when the source term S(t) is negative, and no convective
instability can develop. In this paper, we will focus on this case,
with either ST(t) or SC(t) negative.

2.2.2 Growth of the inner core

To take into account the growth of the inner core, we use a front fix-
ing approach to solve the moving boundary problem (Crank 1984)
by scaling lengths with the inner core radius ric(t) at time t. We
define a new coordinate system with r̃ = r/ric(t). This modifies
slightly the spatial derivatives by bringing a factor 1/ric(t) to radial
derivatives, but also adds a radial advection term in the equations
where the time derivative is present. In the new coordinate system,
we obtain

∂

∂t

∣∣∣∣
r̃

= ∂

∂t

∣∣∣∣
r

+ r̃
uic(t)

ric(t)

∂

∂ r̃

∣∣∣∣
t

, (10)
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where uic(t) = dric/dt is the instantaneous growth rate of the inner
core. Eq. (7) becomes

∂χ

∂t
+ 1

ric(t)
(u − r̃ uic(t)er ) · ∇χ = κ

r 2
ic(t)

∇2χ + S(t), (11)

where · ∇ and ∇2 are now spatial derivative operators in the
new coordinate system (r̃ , θ, φ), with θ and φ the colatitude and
longitude.

2.3 Dimensionless equations and parameters

2.3.1 Definition of the dimensionless quantities

The set of equations (4), (6), (7) is now made dimensionless, using
ric(t), the age of the inner core τ ic, κ/ric(t), ηκ/r 2

ic(t) and �ρχ as
characteristic scales for length, time, velocities, pressure and density
variations. The density scale �ρχ is the difference of density across
the inner core due to either thermal or compositional stratification.
The quantity χ is scaled by �ρχ/αρ. The characteristic velocity
scale is defined using the diffusion time scale rather than the inner
core growth rate, to make it usable in both the growing and non-
growing inner core cases. The quantity S(t) is made dimensionless
using r 2

icαρ/κ�ρχ . Using the same symbols for the dimensionless
quantities (including using now r for the dimensionless radius r̃
defined in the last subsection), we obtain

∇ · u = 0, (12)

0 = −∇ p′ + Ra(t) χ r er + ∇2u + M(t) f L , (13)

ξ (t)
∂χ

∂t
= − (u − Pe(t) r er ) · ∇χ + ∇2χ + S(t) − χξ

˙�ρχ

�ρχ

,

(14)

with four dimensionless parameters defined as

Ra(t) = �ρχ (t)gicr 3
ic(t)

ηκ
, (15)

M(t) = B2
0 r 2

ic(t)

μ0ηκ
, (16)

ξ (t) = r 2
ic(t)

κτic
, (17)

Pe(t) = uicric(t)

κ
. (18)

The last term in eq. (14) comes from the time evolution of the scale
for χ , �ρχ/αρ.

ξ (t) and Pe(t) characterize the growth of the inner core. The Péclet
number Pe(t) compares the apparent advection from the moving
boundary to diffusion. A large Péclet number thus corresponds to a
fast inner core growth compared to the diffusion rate. In the case of a
nongrowing inner core, Pe = 0, Ṡ(t) = 0 and the relevant timescale
is no longer τ ic but the diffusion time scale, which gives ξ = 1. This
approach allows us to treat both nongrowing and growing cases
with the same set of dimensionless parameters.

M(t) is an effective Hartmann number, which quantifies the ratio
of the Lorentz force to the viscous force, using thermal diffusivity in

the velocity scale. This effective Hartmann number is related to the
Hartmann number often used in magnetohydrodynamics (Roberts
2007), Ha = Br/μ0ηλ, through M = Ha2 λ/κ , where λ is the mag-
netic diffusivity.

Ra(t) defined in eq. (15) is the Rayleigh number that characterizes
the stratification, and is negative since �ρχ is negative for a stable
stratification. The density stratification depends on the importance
of diffusion, and on the time-dependence of the inner core radius.
Expressions for �ρT and �ρc will be given in Section 2.3.2.

To solve numerically the momentum eq. (13), the velocity field is
decomposed into poloidal and toroidal components. The complete
treatment of this equation and the expression of the Lorentz force
in term of poloidal and toroidal decomposition are described in
Appendix A.

2.3.2 Simplified growth of the inner core

A realistic model for the inner core thermal evolution can be ob-
tained by calculating the time evolution of the source term ST(t) and
the radius ric(t) from the core energy balance (Labrosse 2003, 2015),
as done by Deguen & Cardin (2011). The result is sensitive to the
physical properties of the core. To focus on the effect of the Lorentz
forces, we choose a simpler growth scenario and assume that the
inner core radius increases as the square root of time (Buffett et al.
1992). Using ric(t) = ric(τ ic)(t/τ ic)1/2 with ric(τ ic) the present radius
of the inner core, the growth rate is thus uic(t) = ric(τic)/2

√
τict .

This leads to the following expressions for the control parame-
ters:

Ra(t) = Ra0
�ρχ (t)

�ρχ,0
t3/2, (19)

M(t) = M0 t, (20)

ξ (t) = 2 Pe0 t, (21)

Pe(t) = Pe0, (22)

where the subscript 0 corresponds to values for the present inner
core, and t is dimensionless.

The Péclet number Pe(t) is constant and equal to Pe0 =
r 2

ic(τic)/(2κτic), and the parameter ξ is proportional to Pe0. We
are left with only three independent dimensionless parameters: the
Rayleigh number Ra0 characterizes the density stratification, the
effective Hartman number M0 the strength of the magnetic field,
and the Péclet number Pe0 the the relative importance of advection
from the growth of the inner core and diffusion.

The value and time dependence of �ρχ (t) depends on whether a
stratification of thermal or compositional origin is considered:

(i) In the thermal case, the source term for thermal stratification
ST(t) defined in eq. (8) can also be written as

ST (t) = ρg′γ T

KS

[(
dTs

dTad
− 1

)
ric(t)uic(t) − 3κT

]
, (23)

where dTs/dTad is the ratio of the Clapeyron slope to the adiabat
gradient, g′ = dg/dr = gic/ric, γ the Gruneisen parameter, and
KS the isentropic bulk modulus (Deguen & Cardin 2011). With
ric ∝ t1/2, the product ric(t)uic(t) is constant, and so is ST.
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Solving the energy conservation equation for the potential temper-
ature (χ = �) assuming u = 0, ric ∝ t1/2, and ST constant gives

� = ST r 2
ic

6κT (1 + PeT 0/3)

[
1 −

(
r

ric(t)

)2
]

(24)

in dimensional form (see Appendix B for the derivation). If
Pe0 � 1, then the potential temperature difference �� across the
inner core is ST r 2

ic/6κ , which corresponds to a balance between
effective heating (ST) and diffusion. In contrast, �� tends towards
STτ ic if diffusion is ineffective and Pe0 � 1. From eq. (24), we
obtain

�ρT = αT ρ ST r 2
ic

6κT (1 + PeT 0/3)
(25)

and

RaT = αT ρ gic ST r 5
ic

6ηκ2
T (1 + PeT 0/3)

. (26)

With gic ∝ ric and ric ∝ t1/2, this gives RaT ∝ r 6
ic ∝ t3 and

RaT (t) = RaT 0 t3. (27)

(ii) We estimate the density stratification due to composition from
the equation of solute conservation, assuming that the outer core
is well-mixed and that the partition coefficient is constant. The
compositional Péclet number is large (PeC ∼ 105 with a diffusivity
κC ∼ 10−10 m s−2) and solute diffusion in the inner core is therefore
neglected.

The composition of the solid crystallized at time t at the ICB is
estimated as

cs
icb(t) = kcl

0

(
1 −

(
ric(t)

rc

)3
)k−1

(28)

(see Appendix C), from which the density difference across the
inner core is

�ρC (t) = αCρ
[
cs

icb(t) − cs
icb(t = 0)

]
, (29)

= αCρkcl
0

⎡
⎣(

1 −
(

ric(t)

rc

)3
)k−1

− 1

⎤
⎦ . (30)

We take advantage of the smallness of (ric(t)/rc)3 < 4.3 × 10−2 to
approximate �ρC as

�ρC (t) 
 αCρk(1 − k)cl
0

(
ric(t)

rc

)3

, (31)

which gives

RaC = �ρC (t)gicr 3
ic(t)

ηκC
= αCρk(1 − k)cl

0gicr 6
ic(t)

ηκCr 3
c

. (32)

With gic ∝ ric and ric ∝ t1/2, this gives RaC ∝ r 7
ic ∝ t7/2 and

RaC (t) = RaC0 t7/2. (33)

2.4 Boundary conditions

The Earth’s ICB is defined by the coexistence of solid and liquid
iron, at the temperature of the liquidus for the given pressure and
composition. By construction, the potential temperature � and con-
centration C are both 0 at the ICB : �(ric(t)) = C(ric(t)) = 0. The
mechanical boundary conditions are tangential stress-free condi-
tions and continuity of the normal stress at the ICB.

When allowing for phase change at the ICB, the condition of
continuity of the normal stress gives

− P(t)(ur − uic) − 2
∂ur

∂r
+ p′ = 0 (34)

in dimensionless form. The parameter P(t) was introduced by
Deguen et al. (2013) to characterize the phase change, and is the
ratio of the phase change timescale τφ to the viscous relaxation
timescale τ η = η/(δρ gicric),

P(t) = τφδρ gicric

η
, (35)

where δρ is the density difference between liquid and solid iron at
the ICB. τφ has been estimated to be ∼103 yr (Alboussière et al.
2010; Deguen et al. 2013). The limit P → 0 corresponds to per-
fectly permeable boundary conditions where the phase change oc-
curs instantaneously, and P → ∞ corresponds to perfectly imper-
meable boundary conditions with no phase change allowed at the
boundary.

With ric(t) ∝ t1/2 and τφ constant, the parameter P(t) is expressed
using the current value P0 = P(t = τic) as

P(t) = P0 t. (36)

2.5 Numerical modelling

The code is an extension of the one used in Deguen et al. (2013),
adding the effect of the magnetic forcing as in eq. (6). The system
of equations derived in Appendix A in term of poloidal/toroidal
decomposition is solved in axisymmetric geometry, using a spheri-
cal harmonic expansion for the horizontal dependence and a finite
difference scheme in the radial direction. The nonlinear part of
the advection term in the temperature (or composition) equation is
evaluated in the physical space at each time step. A semi-implicit
Crank-Nicholson scheme is implemented for the time evolution of
the linear terms and an Adams-Bashforth procedure is used for the
nonlinear advection term in the heat equation.

The boundary conditions are the same as in Deguen et al. (2013),
but for most of the runs we use P = 106, which correspond to
impermeable boundary conditions as discussed in Section 2.4.

When keeping the inner core radius constant, the code is run until
a steady state is reached. Otherwise, the code is run from t = 0.01
to t = 1.

3 F L OW D E S C R I P T I O N

3.1 Neutral stratification

In this subsection, we investigate the effect of the boundary condi-
tions on the geometry and strength of the flow by solving analyt-
ically the set of equations in the case of neutral stratification. The
analytical solution for neutral stratification has also been used to
benchmark the code for Ra = 0.

In the case of neutral stratification, with Ra = 0, the equations
for the temperature or composition perturbation (14) and momen-
tum conservation (37) are no longer coupled. The diffusivity is no
longer relevant and the problem does not depend on the Péclet num-
ber. Eq. (37) is solved in Appendix D using the boundary conditions
presented in the previous section. The flow velocity is found to be
proportional to the effective Hartman number M times a sigmoid
function of P . The solution is shown on Fig. 2, with dimension-
less maximum horizontal velocity and root mean square velocity
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(a)

(b)

Figure 2. Analytic solution for Ra = 0. (a) Evolution of the dimensionless
velocity as a function of the phase change number P , with streamlines for
P → 0 (left) and P → ∞ (right). The rms velocity and the maximum of
the horizontal velocity are plotted. (b) Evolution of the rms velocity as
a function of η, with velocity in m s−1. Except for the viscosity and the
phase change time scale τφ , the parameters used for definition of P and
M are given in Table 1. The kink in the curves corresponds to the change
in regime between large P (low viscosity) and low P (large viscosity),
and the corresponding viscosity value is a function of the phase change
timescale τφ .

as functions of the phase change number P , as well as stream-
lines corresponding to the two extreme cases, P = 0 (fully per-
meable boundary conditions) and P → ∞ (impermeable boundary
conditions).

In the limit P � 1, corresponding to permeable boundary con-
ditions, the streamlines of the flow cross the ICB, which indicates
significant melting and freezing at the ICB. In contrast, the stream-
lines in the limit P � 1 are closed lines which do not cross the

ICB, which indicates negligible melting or freezing at the ICB.
The velocity is proportional to the effective Hartmann number M
whereas the P dependence is more complex. The velocities reaches
two asymptotic values for low and large P values, separated by a
sharp kink. The discontinuity in the derivative of the maximum hor-
izontal velocity slightly above P ∼ 102 corresponds to a change of
the spatial position of the maximum, when the streamlines become
closed and the maximal horizontal velocity is obtained at the top
of the cell and no longer at its bottom. The change of behaviour of
the boundary from permeable to impermeable induces a significant
decrease of the strength of the flow, since the velocity magnitude
in the P � 1 regime is one order of magnitude smaller than when
permeable boundary conditions (P � 1) are assumed.

Fig. 2(b) shows the maximum of the velocity, now given in m s−1,
as a function of the viscosity, using typical values of the parame-
ters given in Table 1 and five different values for the phase change
timescale τφ , from zero to infinite. In term of dimensionless param-
eters, a high viscosity corresponds to small Hartmann number M
and phase change number P . Changing the timescale τφ translates
the position of the transition between the two regimes, the viscosity
value corresponding to the transition being proportional to τφ , but
does not change the general trend of the curve, which is a linear
decrease of the velocity magnitude in log-log space, except for the
kink between the two regimes. The linear decrease is due to the vis-
cosity dependence of the Hartmann number M ∝ η−1. For typical
values of the phase change timescale between 100 and 10 000 yr,
the kink between the two regimes occurs at a viscosity in the range
1017−1021 Pa s.

In what follows, we will focus on the conditions which are the
most favourable to deformation due to the poloidal component of
the Lorentz force, and therefore focus on the case of low viscosity
and large P . The ICB would act as a permeable boundary only if
P � 102 (see Fig. 2), corresponding to η � 1017 Pa s. Under these
conditions, the typical flow velocity would be �10−12 m s−1, that is
two orders of magnitude or more smaller than the inner core growth
rate, and would be unlikely to result in significant texturing. For
this reason, we will let aside the high viscosity/low P regimes to
focus on low viscosity/high P cases, for which the ICB acts as an
impermeable boundary. This gives boundary conditions very dif-
ferent from previous studies, where perfectly permeable boundary

Table 1. Typical values for the parameters used in the text, and typical range of values when useful.

Parameter Symbol Typical value Typical range

Magnetic field B0 3 × 10−3 T 10−1–10−3 T
Thermal diffusivitya κT 1.7 × 10−5 m2 s 0.33–2.7 × 10−5 m2 s
Chemical diffusivityb κχ 10−10 m2 s 10−10–10−12 m2 s
Viscosity η 1016 Pa s 1012–1021 Pa s
Age of IC τ ic 0.5 Gyr 0.2–1.5 Gyr
Density stratification (thermal case)c �ρT 6 kg m−3 0.5–25 kg m−3

Density stratification (compositional case)d �ρC 5 kg m−3 1–10 kg m−3

Phase change timescale τφ 103 yr 102–104 yr

Inner core radiuse ric(τ ic) 1221 km
Acceleration of gravity (r = ric) gic 4.4 m s−2

Density of the solid phasee ρ 12 800 kg m−3

Density difference at the ICB δρic 600 kg m−3

Thermal expansivity α 10−5 K−1

Permeability μ0 4π × 10−7 H m−1

aObtained using k = 163 W m−1 K−1, cp = 750 J K−1 kg−1 (Pozzo et al. 2012; Gomi et al. 2013).
bFrom Gubbins et al. (2013).
cAssuming S = 10 − 1000 K Gyr−1 (Deguen & Cardin 2011).
dFrom Deguen & Cardin (2011).
eFrom PREM Dziewoński & Anderson (1981).
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conditions were assumed (Karato 1999; Buffett & Bloxham 2000).
In particular, this implies that the flow velocity estimated by (Karato
1999) was overestimated by one order of magnitude.

According to eq. (36), the parameter P varies linearly with time,
which means that P must have been small early in inner core’s
history. However, this is true for a very short time, when the inner
core radius was very small, of the order ric(τic)/P1/2

0 , and this
episode is unlikely to have observable consequences in the present
structure of the inner core.

3.2 Zero growth rate

We first investigate the effect of the Lorentz force without taking into
account the secular growth of the inner core (Pe = 0). Fig. 3 shows
the vorticity and temperature fields obtained for different values
of the Rayleigh number, at a given effective Hartmann number
M = 104, for a thermally stratified inner core.

When the Rayleigh number is small, the vorticity field is orga-
nized in two symmetric tores wrapped around the N-S axis.The
stratification is too weak to alter the flow induced by the Lorentz
force and the temperature field is advected and mixed by the flow.
The velocity field is equal to the one calculated analytically for
Ra = 0 (see Section 3.1 and Appendix D).

However, when the Rayleigh number is larger, the flow is altered
by the stratification and is confined in an uppermost layer, as found
by Buffett & Bloxham (2000). The velocity is smaller than in the
case of neutral stratification. The temperature field is strongly strat-
ified and the perturbations due to radial advection are small. The
flow obtained here is similar to the flow induced by differential
inner core growth with a stable stratification (Deguen et al. 2011),
with a notable difference: we impose a large P implying a near zero
radial flow vr across the ICB, whereas Deguen et al. (2011) impose
a given vr as the driving force. The confinement of the flow in a
thin layer is likely to concentrate the deformation and thus we may
expect higher strain rates for a highly stratified inner core, but a
different spatial distribution of the deformation.

To explore the parameter space in terms of Rayleigh and effective
Hartmann numbers, we computed runs with Rayleigh numbers from
−103 to −107 and effective Hartman number from 100 to 106. The

Figure 3. Snapshots of meridional cross-section of the temperature and
the vorticity fields for M = 104 and a constant inner core radius, for four
different values of the Rayleigh number (from top right, going clockwise:
Ra = −104, −6 × 104, −105, −106). When the stratification is large
enough (Ra = −106), the flow is confined at the top of the inner core and
the temperature field has a spherical symmetry. When the stratification is
weak (Ra = −104), the flow is similar to the one in Fig. 2 for Ra = 0 and
the temperature is almost uniform. The vorticity is scaled by κT /r2

ic and the
temperature by Sr2

ic/6κT . For uic = 0, Sr2
ic/6κT reduces to Ts(0) − Ts(ric).

Figure 4. Maximum velocity (normalized by the Hartmann number M) in
the upper vorticity layer, for a zero growth rate. The velocity is scaled by the
diffusion velocity κ/ric. The maximum size of the dots corresponds to the
value for Ra = 0 computed analytically. For some values of (M, −Ra), the
vorticity field is plotted in the meridional cross section. The red line with a
slope of 1 shows the limit between the two regimes.

maximum velocity (normalized by M) is plotted in Fig. 4 as a proxy
to determine the regime. The largest velocity coincides with the
flow velocity obtained for neutral stratification. The vorticity field
corresponding to some of the points in the regime diagram are also
shown in Fig. 4.

The systematic exploration of the parameter space reveals two dif-
ferent dynamical regimes, which domains of existence in a (−Ra,M)
space are shown in Fig. 4. In the upper left part of the diagram (large
effective Hartmann number, low Rayleigh number), the flow is very
similar (qualitatively and quantitatively) to the analytical solution
for a neutral stratification, and deformation extends deep in the inner
core. This regime is characterized by a negligible effect of the buoy-
ancy forces, and will therefore be referred to as the weakly stratified
regime. In the lower right part, the flow is confined in a shallow layer
which thickness depends on the Rayleigh number only (not on M)
and in which the velocity is smaller than for neutral stratification.
This regime will be referred to as the strongly stratified regime.

3.3 Growing inner core

To investigate the effect of inner core growth, we compute several
runs with a given set of parameters (Ra0, M0, Pe0), with the time
t between t = 0.01 and t = 1. Unlike in Sections 3.1 and 3.2, the
dimensionless numbers evolve with time, as described by eqs (19)
to (22).

Fig. 5 shows the evolution of the vorticity field in six simulations,
for a thermal stratification, with the same Rayleigh and effective
Hartman numbers, RaT0 = −106, MT0 = 104, but different values
of the Péclet number, which corresponds to increasing diffusivity
from left to right. For each run, snapshots of the vorticity field
corresponding to four time steps are shown, from top-right and
going clockwise.

Fig. 5 shows that the thickness of the upper layer increases with
increasing Péclet number. The transition between the two regimes
of strong and weak stratification is shifted towards larger Rayleigh
numbers when the Péclet number is increased. At low or moder-
ate Péclet numbers (Pe0 ≤ 102 in the cases presented here), the
magnitude of vorticity is almost constant time, implying that the
deformation rate in the uppermost layer is also constant.
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Dynamics induced by the Lorentz force 555

Figure 5. Snapshots of the vorticity field for simulations with dimensionless parameters M0 = 104, Ra0 = −106 and Pe0 = 0.01, 1, 10, 102, 103 and 104 (from
left to right), with ric ∝ t1/2. Each panel corresponds to one simulation, with four time steps represented: t = 0.25, 0.50, 0.75 and 1 dimensionless time, from
top-right and going clockwise. See Fig. 8 for strain rates of corresponding runs.

4 S C A L I N G L AW S

In this section, we determine scaling laws for the thickness of the
shallow shear layer and the maximum velocity in the layer in the
strongly stratified regime from the set of equations developed in
Section 2. We will first discuss the transition between the strongly
stratified and weakly stratified regimes discussed in Fig. 4. We will
then focus on the strongly stratified regime and estimate the defor-
mation in the uppermost layer. Thermal and compositional strati-
fication are discussed separately. The flow in the weakly stratified
regime is given by the analytical model discussed in Section 3.1 and
Appendix D for neutral stratification.

4.1 Balance between magnetic forcing and stratification

We start here by discussing the transition between the strongly
stratified and weakly stratified regimes. We base our analysis on
the vorticity equation obtained by taking the curl of the momentum
conservation equation (eq. 13),

0 = −Ra(t)
∂χ

∂θ
eφ + M(t)∇ × fL + ∇2ω, (37)

where ω = ∇ × u is the vorticity. The quantity χ (denoting ei-
ther potential temperature or composition) is split into two parts,
χ = χ̄ (r, t) + χ ′(r, θ, t), where χ̄ is the reference radial profile cor-
responding to u = 0. The vorticity equation then writes

0 = Ra
∂χ ′

∂θ
eφ + M ∇ × f L + ∇2ω. (38)

In the vorticity equation, the three terms must balance if the effect
of stratification is important. Starting from a state with no per-
turbations, χ ′ = 0, the flow velocity is initially set by a balance
between the Lorentz force and the viscosity force. Isosurfaces of
χ are deformed by the resulting flow, and the buoyancy force in-
creases, eventually balancing the magnetic force if the stratification
is strong enough. In this case, further radial motion is prevented and
the flow tends to be localized in a layer below the ICB, as found in
our numerical simulations. Denoting by δ the thickness of the shear
layer and u and w the horizontal and vertical velocity, respectively,
the vorticity is ω ∼ u/δ. We therefore have, from eq. (38),

(−Ra)χ ′ ∼ M ∼ u

δ3
. (39)

The perturbation χ ′ thus scales as

χ ′ ∼ M

−Ra
(40)

if the stratification is strong enough for the induced buoyancy forces
to balance the Lorentz force.

The effect of the stratification is negligible if the buoyancy forces,
which are ∼−Raχ ′, cannot balance the Lorentz force, which is ∼M.
Since χ ′ is necessarily smaller than |χ̄(ric) − χ̄(0)|, which by con-
struction is equal to 1, the effect of the stratification will therefore
be negligible if M � −Ra. This is consistent with the boundary
between the two regimes found from our numerical calculations, as
shown in Fig. 4, as well as with the results of Buffett & Bloxham
(2000) who found that the Lorentz force can displace isodensity
surfaces by ∼ricM/(−Ra). This estimate is valid for both a growing
or nongrowing inner core.

4.2 Scaling laws in the strongly stratified regime

The reference profile χ̄ is solution of

ξ
∂χ̄

∂t
= ∇2χ̄ + Pe r · ∇χ̄ + S(t) − ξ

˙�ρχ

�ρχ

χ̄. (41)

Subtracting eqs (41) to (14), and assuming that χ ′ � χ̄ , we obtain

ξ
∂χ ′

∂t︸ ︷︷ ︸
∼ξχ ′

= ∇2χ ′︸ ︷︷ ︸
∼χ ′/δ2

− u
∂χ ′

∂θ︸ ︷︷ ︸
∼uχ ′

− w
∂χ ′

∂r︸ ︷︷ ︸
wχ ′/δ′

− w
∂χ̄

∂r︸ ︷︷ ︸
∼wχ̄∼w

+ Pe r · ∇χ ′︸ ︷︷ ︸
∼Peχ ′/δ

− ξ
�̇ρ

�ρ
χ ′

︸ ︷︷ ︸
∼Peχ ′

.

(42)

Three of these terms depend on the growth rate: ξ∂χ ′/∂t,
Pe r · ∇χ ′, and ξ �̇ρ/�ρχ ′. With our assumption of ric ∼ t1/2,
we have ξ = 2Pe t and thus ξ � Pe. Thus, the largest term among
the growth rate-dependent terms is Pe r · ∇χ ′ ∼ Pe χ ′/δ.

Comparing the effect of the diffusion term, which is ∼χ ′/δ2,
with the inner core growth term, which is ∼Peχ ′/δ, we find that the
effect of the inner core growth is negligible if

Pe � 1

δ
. (43)

This suggest the existence of two different regimes depending on
whether Pe is small or large. We develop below scaling laws for
these two cases.

4.2.1 Small Pe limit

Neglecting the growth terms, we have

0 = ∇2χ ′︸ ︷︷ ︸
∼χ ′/δ2

− u
∂χ ′

∂θ︸ ︷︷ ︸
∼uχ ′

− w
∂χ ′

∂r︸ ︷︷ ︸
wχ ′/δ

− w
∂χ̄

∂r︸ ︷︷ ︸
∼wχ̄

. (44)
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The conservation of mass implies that u ∼ w/δ, and with
χ ′ ∼ M/Ra, we obtain

0 = ∇2χ ′︸ ︷︷ ︸
∼M/Raδ2

− u
∂χ ′

∂θ︸ ︷︷ ︸
∼uM/Ra

− w
∂χ ′

∂r︸ ︷︷ ︸
uM/Ra

− w
∂χ̄

∂r︸ ︷︷ ︸
∼uδ

. (45)

We now assume that the advection of the perturbation χ ′ is small
compared to the vertical advection of the reference state, which
requires that δ � M/(−Ra). Balancing the advection and diffusion
terms, we obtain

M

(−Ra)δ2
∼ uδ. (46)

Combining this expression with the relation u/δ3 ∼ M obtained
from the vorticity equation (eq. 39), we have

δ ∼ (−Ra)−1/6, (47)

u ∼ M (−Ra)−1/2. (48)

4.2.2 Large Pe limit

In this limit, the diffusion time is larger than the age of the inner
core, which allows us to neglect the diffusion term. Keeping only
the largest growth rate-dependent term, and using eq. (39), we have

0 = − u
∂χ ′

∂θ︸ ︷︷ ︸
uχ ′

− w
∂χ ′

∂r︸ ︷︷ ︸
uχ ′

− w
∂χ̄

∂r︸ ︷︷ ︸
uδ

+ Pe r · ∇χ ′︸ ︷︷ ︸
PeM/δRa

. (49)

Assuming again that the advection of the perturbation is small com-
pared to the vertical advection of the reference state, the main
balance is between the second and third terms, which gives

u δ ∼ Pe M

δ (−Ra)
. (50)

Combined with uδ ∼ Mδ4 from eq. (39), we find that the thickness
and maximum velocity of the upper layer are

δ ∼
(

Pe

−Ra

)1/5

, (51)

u ∼ M

(
Pe

−Ra

)3/5

. (52)

Two conditions have to be fulfilled for these scaling laws to be
valid. First, we must have Pe � 1/δ, which is Pe � (−Ra)1/6 using
eq. (51). Also, we have assumed that the upper layer is thin (δ � 1)
and that the horizontal advection is small compared to the vertical
one.

4.2.3 Time dependence

Our derivation does not make any assumption on the form of the
inner core growth ric(t), and the scaling law validity should not
be restricted to the ric(t) ∝ t1/2 case assumed in the numerical
simulations.

These scaling laws are valid at all time during the growth of the
inner core, provided that Pe � 1/δ and δ � 1 and that the time
dependence of the control parameters is properly taken into account.

For example, under the assumption of ric ∝ t1/2 and with M, Ra and
Pe given by eqs (20), (27) and (22), we obtain

δ ∼ (−RaT 0)−1/6 t−1/2, u ∼ MT 0(−RaT 0)−1/2t−1/2 (53)

for the thermal case (small PeT), and

δ ∼
(

PeC0

(−RaC0)

)1/5

t−7/10, u ∼ MC0

(
PeC0

(−RaC0)

)3/5

t−11/10

(54)

for the compositional case (large PeC).

4.3 Comparison with numerical results

Fig. 6 shows the thickness of the uppermost vorticity layer and the
maximum horizontal velocity obtained in numerical simulations
with a constant inner core radius, which corresponds to the small
Péclet number limit. When −Ra/M � 1, the flow has the geometry
and amplitude predicted by our analytical model for Ra = 0. When
−Ra/M � 10 and the thickness of the upper layer is smaller than

0.3, the data points align on straight lines in log-log scale, with
slopes close to the predictions of the scaling laws developed in
Section 4.2.1 (eqs 47 and 48).

Fig. 7 shows the vorticity layer thickness and maximum ve-
locity as functions of Pe/(−Ra), in log-log scale, for runs in the
large Péclet limit. The thickness of the upper layer and the maxi-
mum velocity align on slopes close to the 1/5 and 3/5 slopes pre-
dicted in Section 4.2.2. Fig. 7 has been constructed from runs with
M = 1, but we have checked that, as long as the condition

Figure 6. Results from simulations with a constant inner core radius. Evo-
lution of the thickness of the uppermost vorticity layer (a) and maximum
horizontal velocity (b) with the absolute value of the Rayleigh number −Ra.
Colours correspond to different values of the effective Hartmann number
M, and dashed lines to the corresponding −Ra = 10 M line. The veloc-
ity has been scaled with the effective Hartman number and the extreme
value for low −Ra corresponds to the analytical model with no stratification
(black horizontal dotted line). The solid black lines are the best fit for δ <

0.3, δ = 1.81(−Ra)−0.16 ± 0.013 and Vmax = 0.44M(−Ra)0.506 ± 0.002. The
orange lines show the slopes predicted in Section 4.2.1.
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Dynamics induced by the Lorentz force 557

Figure 7. Thickness of the uppermost vorticity layer (a) and maximum
velocity (b) as functions of −Pe/Ra. 50 runs are plotted, with Ra0 from
−3 × 103 to −1010 and Pe0 from 13 to 5000, with 10 time steps for each runs,
and filtered by Pe0 � 1/δ. Solid green lines are the best fit for δ < 0.25, which
is δ = 1.24 (−Pe/Ra)0.192 ± 0.04 and Vmax = 0.143 M (−Pe/Ra)0.56 ± 0.09.
The red lines are expected scaling laws developed in Section 4.2.2.

−Ra � M is verified, the geometry of the flow does not depend
on M and that the velocity is proportional to M.

5 S T R A I N R AT E

Fig. 8 shows the von Mises equivalent strain rate for the runs cor-
responding to Fig. 5, highlighting regions of high deformation. The
von Mises equivalent strain rate is the second invariant of the strain
rate tensor, measuring the power dissipated by deformation (Tome
et al. 1984; Tackley 2000; Wenk et al. 2000). Comparing Figs 5 and
8, we see that the deformation and vorticity fields have a similar
geometry when the flow is organized in several layers, whereas the
location of the regions of high deformation and high vorticity differ
when the effect of stratification is small and the flow is organized
in one cell only. In this case, which is similar to that studied by
Karato (1999), the maximum deformation is at the edges of the
cells, whereas in the case of large stratification, the strain is con-
fined in the uppermost layer. In the strongly stratified regime, the
deformation can be predicted from the scaling laws discussed in
Section 4.2, as ε̇ ∼ u/δ in dimensionless form, or ε̇ ∼ uκ/δr 2

ic in
dimensional form.

In the small Pe number case, relevant for the Earth’s inner core
with a thermal stratification, using the scaling laws (47) and (48)

for the velocity and shear layer thickness gives

ε̇(t) ∼ κ

r 2
ic(t)

u

δ

 0.2

κ

r 2
ic(t)

M(t)(−Ra(t))−1/3. (55)

In the large Pe number case, relevant for the Earth’s inner core
with a compositional stratification, using the scaling laws (51) and
(52) for the velocity and shear layer thickness gives

ε̇(t) ∼ κ

r 2
ic(t)

u

δ

 0.1

κ

r 2
ic(t)

M(t)

(−Ra(t)

Pe(t)

)−2/5

. (56)

Notice that ε̇ is proportional to η−2/3 and η−3/5 in the thermal
and compositional cases, and therefore increases with decreasing
viscosity in spite of the fact that the velocity in the shear layer
decreases with decreasing η. This is because the thickness of the
shear layer decreases with viscosity faster than the velocity.

These scaling laws give upper bounds for the actual strain rate
in the inner core, which evolves with time because of the time
dependence of the parameters. The quantity 1/ε̇ is the time needed
to deform the shear layer to a cumulated strain ∼1.

To estimate the cumulated deformation in the inner core, we
assume that the strain rate ε̇ found above is applied only on the
uppermost shear layer of thickness δ. The simplest is to assume that
both ε̇ and δ are evolving slowly with time, on a timescale long
compared to the time δ/uic over which a layer of thickness δ is
crystallized. Assuming that the strain rate ε̇(t) is given by u/δ

within the shear layer of thickness δ and is negligible elsewhere, the
cumulated deformation is then

ε ∼ ε̇δ

uic
∼ u

Pe
, (57)

with u the dimensionless maximum horizontal velocity given by
eqs (48) or (52) depending on the value of the Péclet number. With
u dimensional, the cumulated strain can also be written as

ε ∼ u

uic
. (58)

The deformation magnitude below the upper shear layer is given
by the ratio between the horizontal velocity induced by the Lorentz
force and the growth rate of the inner core.

A more elaborated method of estimating ε is discussed in Ap-
pendix E. The results are close to what eq. (57) predicts for
r > 0.3 ric(τ ic), but are more accurate for smaller r. The va-
lidity of both estimates is restricted to conditions under which
the strong stratification scaling laws applies, which requires that
M � −Ra. This is only verified if the inner core radius is larger
than ric(τ ic)(M0/Ra0)1/4 
 0.02 ric(τ ic) in the thermal case, and
ric(τ ic)(M0/Ra0)1/5 
 0.07 ric(τ ic) in the compositional case.

Figure 8. Snapshots of the von Mises equivalent strain rate for simulations with dimensionless parameters M0 = 104, Ra0 = −106, and Pe0 = 0.01, 1, 10,
102, 103 and 104 (from left to right), with ric ∝ t1/2. Each panel corresponds to one simulation, with four time steps represented : t = 0.25, 0.50, 0.75 and 1
dimensionless time, from top-right and going clockwise. See Fig. 5 for plots of the vorticity field of corresponding runs.
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6 A P P L I C AT I O N T O T H E I N N E R C O R E

To determine in which regime is the inner core, the first step is to
estimate the ratio −Ra/M

−Ra

M
= −�ρgicricμ0

B2
0

= −�ρ

1 kg m−3

(
3 mT

B0

)2

7.5 × 105. (59)

Notice that this does not depend on the viscosity. Plausible di-
mensionless numbers for the Earth’s inner core are obtained from
typical values given in Table 1 and summarized in Table 2. The
density stratification is �ρ ∼ 1 kg m−3 irrespectively of the nature
of the stratification (Deguen & Cardin 2011; Labrosse 2014). Vary-
ing the parameters within their uncertainty range can change the
ratio −Ra/M by an order of magnitude at most. The ratio −Ra/M
is thus unlikely to be smaller than 1, irrespectively of the thermal or
compositional origin of the stratification. The inner core is strongly
stratified compared to magnetic forcing.

If the stratification is of thermal origin, the Péclet number is on
the order of 1 (Pe0 = 2.8). Fig. 5 shows that the low Péclet number
scaling laws still agree reasonably well with the numerical results
for Péclet numbers around 1; the low Péclet number scaling laws can
therefore be used to predict the flow geometry and strength in the
thermal stratification case. If the stratification is of compositional
origin, the Péclet number is large (Pe0 ∼ 105) and thus the large
Péclet limit scaling laws apply.

Estimates of the thickness of the upper layer, of the maximum
velocity in this layer and of the expected strain rate are given in
Table 3, using values of parameters of Tables 1 and 2. Because the
viscosity is poorly known, we express these estimates as functions
of the viscosity. As an example, assuming a viscosity of 1016 Pa s
gives a shear layer thickness of 94 and 60 km in case of thermal and
compositional stratification. The velocity in this layer is expected
to be several orders of magnitude lower than the growth rate, and
instantaneous deformation due to this flow is small: the typical
timescale for the deformation is of order 102 Gyr for both cases,
for η = 1016 Pa s. These values are obtained for the present inner
core, which means it is the deformation timescale for the present

uppermost layer. The deformation ε ∼ u/Pe is a decreasing function
of the radius, and thus is higher in depth: compared to below the ICB,
the strain at r = 0.5 ric is multiplied by 2 for thermal stratification,
and by 4.6 for compositional stratification.

As can be seen in eqs (55) and (56), the strain rate in the shear
layer is a decreasing function of the stratification strength. This is
the opposite of what Deguen et al. (2011) found in the case of
a flow forced by heterogeneous inner core growth (Yoshida et al.
1996). The flow geometry is similar to what has been found here
if the inner core is stably stratified, with a shear layer below the
ICB in which deformation is localized, but, contrary to the case of
the Lorentz force, the strength of the flow and strain rate increase
with the strength of the stratification. This difference is due to
the fact that the velocity is imposed by the boundary conditions
at the ICB in the case of heterogeneous inner core growth case,
and therefore does not decrease when the stratification strength is
increased. In contrast, the velocity in the shear layer produced by
the Lorentz force depends on a balance between the Lorentz force
and the viscous forces, and decreases with increasing stratification
strength.

Using the scaling laws developed above (eqs 55–57), the cumu-
lated strain below the shear layer is given by

εT ∼ 5.6 × 10−4

(
1016 Pa s

η

)1/2 (
B0

3 mT

)2

, (60)

and

εC ∼ 2.4 × 10−4

(
1016 Pa s

η

)2/5 (
B0

3 mT

)2

. (61)

This shows that a viscosity lower than 1010 Pa s is required to obtain
a deformation larger than about 1. Such a low viscosity seems
unrealistic and this suggests that no detectable anisotropy would be
produced in the bulk of the inner core.

Using the method in Appendix E to estimate the strain, the de-
formation is found to be two orders of magnitude larger close to the
centre of the inner core than at the edge. This means a nonnegligible
strain for viscosity lower than 1012 Pa s.

Table 2. Typical values of the dimensionless parameters discussed in the text for the present inner core, using typical
values from Table 1.

Dimensionless parameter Symbol Thermal Compositional

Rayleigh number Ra 1016 Pa s
η

× (−2.8 × 108) 1016 Pa s
η

× (−8 × 1012)

Effective Hartmann number M
(

B0
3×10−3 T

)2
1016 Pa s

η
× 63

(
B0

3×10−3 T

)2
1016 Pa s

η
× 1.07 × 107

Péclet number Pe 2.8 4.7 × 105

Phase change number P 1016 Pa s
η

× 104 1016 Pa s
η

× 104

See the definitions of the dimensionless parameters in the text.

Table 3. Estimates of the thickness, maximal horizontal velocity and strain rate of the upper layer for thermal stratification
(low Pe) and compositional stratification (large Pe).

Thermal stratification, low Péclet Compositional stratification, large Péclet

Thickness δ
(

η

1016 Pa s

)1/6 × 94 km
(

η

1016 Pa s

)1/5 × 60 km

Maximal horizontal velocitya u
(

1016 Pa s
η

)1/2 × 2.2 × 10−14 m s−1
(

1016 Pa s
η

)2/5 × 0.9 × 10−14 m s−1

Instantaneous strain rateb ε̇
(

1016 Pa s
η

)2/3 × 7.4 × 10−12 yr−1
(

1016 Pa s
η

)3/5 × 4.8 × 10−12 yr−1

Strain ε = u/Pe
(

1016 Pa s
η

)1/2 ric
r × 5.6 × 10−4

(
1016 Pa s

η

)2/5 ( ric
r

)11/5 × 2.4 × 10−4

aThis value has to be compared with a typical value for the growth rate: uic(τ ic) ≈ 10−11m s−1.
bAt t = τ ic.
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The uppermost layer has a different behaviour because it does
not have enough time to deform. This could stand for an isotropic
layer at the top of the inner core, as observed by seismic studies. We
expect this layer to be of the order of one hundred kilometres thick
for thermal or compositional stratification.

7 C O N C LU S I O N A N D D I S C U S S I O N

Following previous studies (Karato 1999; Buffett & Wenk 2001),
we have developed a complete model for evaluating the deformation
induced by the Lorentz force in a stratified inner core, investigating
the effect of boundary conditions and neutral and strong stratifica-
tion in the case of thermal or compositional stratification.

Calculating the flow for neutral stratification with different me-
chanical boundary conditions, we show that the boundary conditions
depend on the values of the viscosity. If the viscosity is low, the ICB
acts as an impermeable boundary, with no radial flow across the
ICB, whereas if the viscosity is large the ICB acts as a permeable
boundary, with fast melting and solidification at the ICB. We find
that the velocity is larger than the inner core growth rate if the vis-
cosity is lower than 1016 Pa s. Unlike previous studies, the boundary
conditions assumed here are of impermeable type.

If the inner core has a stable density stratification, then we find
that the stratification strongly alters the flow induced by the poloidal
component of the Lorentz force. The deformation is concentrated in
a thin shear layer at the top of the inner core, which thickness does
not depend on the magnetic field strength, but depends on both the
density stratification and the Péclet number, which compares the
timescales of inner core growth and diffusion.

However, the deformation rate in this regime is predicted to be
too small for producing significant LPO in most of the inner core,
unless the inner core viscosity is smaller than 1010–1012 Pa s. The
cumulated deformation can be two orders of magnitude larger close
to the centre of the inner core, but remains smaller than 1 if the
inner core viscosity is larger than 1012 Pa s.

We have made a number of simplifying assumption, but relax-
ing them is unlikely to significantly alter our conclusions. Our
estimated values of the deformation are probably upper bounds.
The effective strain in the inner core induced by the poloidal
Lorentz force is expected to be even smaller than these values.
Indeed, we use assumptions that maximize the strain rate in the
inner core.

(i) The geometry and strength of the magnetic field have been
chosen to maximize the effect of the Lorentz force: the degree
(2,0) penetrates deeper in the inner core than higher orders (smaller
length-scales) and is less likely to vary with time. The smaller scale
components of the magnetic field vary on a shorter timescale, which
make them more sensitive to skin effect.

(ii) We have assumed the magnetic field to be time-independent,
a reasonable assumption because the fluctuations associated with
outer core dynamics occur on a timescale short compared to the
timescale of inner core dynamics. The evolution of the magnetic
field strength on the timescale of inner core growth is poorly con-
strained, but seems unlikely to have involved order of magnitude
variations.

(iii) Though a growth law of the form ric ∝ t1/2 has been assumed
in the numerical simulations, our derivation of the scaling laws
(Section 4.2) makes no assumption on the inner core growth law,
and our scaling law should therefore also apply if this assumption
is relaxed.

Finally, we have focused on the effect of the azimuthal component
of the magnetic field, which produces a poloidal Lorentz force in the
inner core, and have left aside the combined effect of the azimuthal
and z−component (parallel to Earth’s spin axis), which produce
an azimuthal Lorentz force driving an azimuthal flow (Buffett &
Wenk 2001). There is no loss of generality involved, because the
axisymmetric poloidal flow we have investigated and the azimuthal
flow calculated by Buffett & Wenk (2001) are perfectly decoupled,
and add up linearly. The azimuthal flow is horizontal, and is there-
fore not affected by the thermal and compositional fields and their
perturbations by the axisymmetric poloidal flow. Conversely, since
the flow and density perturbations induced by the axisymmetric
poloidal Lorentz force are axisymmetric, they are not affected by
an azimuthal flow. The azimuthal flow velocity is

vφ = − 1

10

Bz Bφ

μ0 η

r 3

r 2
ic

sin θ (62)

(Buffett & Wenk 2001), and the associated strain rate is

ε̇(r, θ ) = ε̇r,φ(r, θ ) = 1

10

Bz Bφr 2

μ0ηr 2
ic

sin θ. (63)

This is always larger than the strain rate predicted by our scaling laws
in the strongly stratified regime (eqs (55) and (56) for thermal and
compositional stratification), which implies that this deformation
field will dominate over deformation due to the poloidal component
of the Lorentz force.
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A P P E N D I X A : P O L O I DA L / T O RO I DA L
D E C O M P O S I T I O N

A1 Momentum equation using poloidal decomposition

Following Ricard & Vigny (1989) and Ribe (2007), a flow induced
by internal density anomalies in a constant viscosity fluid is purely
poloidal in a spherical shell, if the surface boundary conditions also
have a zero vertical vorticity. Considering also that the external
forcing by the Lorentz force is purely poloidal (r · ∇ × FL = 0),
no toroidal flow is expected in our problem. The velocity field can
thus be written by introducing the scalar P defined such that

u = ∇ × ∇ × (Pr ), (A1)

where r = rer is the position vector.
Applying r · (∇ × ∇ ×) to eq. (13) , we obtain that

0 = Ra(t)L2� − (∇2)2 L2 P + M(t)r · (∇ × ∇ × FL ), (A2)

where L2 is the operator defined by

L2 = − 1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
− 1

sin2 θ

∂2

∂φ2
. (A3)

The last term of eq. (A2) is computed from the Lorentz force
defined in eq. (3) and gives

r · (∇ × ∇ × FL ) = 8r 2(1 − 3 cos2 θ ) = − 16√
5

r 2Y 0
2 , (A4)

where Y 0
2 =

√
5

2 (3 cos2 θ − 1).
Eq. (A2) becomes

0 = Ra(t)L2� − (∇2)2 L2 P − M(t)
16√

5
r 2Y 0

2 . (A5)
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When expanding the two scalar field � and P with spherical
harmonics Y m

l (θ, φ) that satisfy L2Y m
l = l(l + 1)Y m

l , we defined
new variables tm

l and pm
l by

� = tm
l (r )Y m

l , (A6)

P = pm
l (r )Y m

l , l ≥ 1. (A7)

Eq. (A5) is eventually written as

D2
l pm

l + 16√
5l(l + 1)

M(t)r 2δ2lδ0m − Ra(t)tm
l = 0, l ≥ 1, (A8)

where δ is the Kronecker symbol and Dl is the second-order differ-
ential operator defined by

Dl = d2

dr 2
+ 2

r

d

dr
− l(l + 1)

r 2
. (A9)

A2 Poloidal decomposition of the boundary conditions

From Deguen et al. (2013), the boundary conditions at r = 1 are
written as:

τrθ = η

[
r

∂

∂r

(uθ

r

)
+ 1

r

∂ur

∂θ

]
= 0, (A10)

τrφ = η

[
r

∂

∂r

(uφ

r

)
+ 1

r sin θ

∂ur

∂φ

]
= 0, (A11)

− P(t)(ur − uic) − 2
∂ur

∂r
+ p′ = 0. (A12)

P(t) is the dimensionless parameter that characterizes the resistance
to phase change as defined in eq. (35).

In term of poloidal decomposition of the velocity field, the set of
equations for the boundary conditions at r = 1 is modified as

d2 pm
l

dr 2
+ [l(l + 1) − 2]

pm
l

r 2
= 0, l ≥ 1, (A13)

r
d3 pm

l

dr 3
− 3l(l + 1)

1

r

dpm
l

dr
=

[
l(l + 1)P(t) − 6

r 2

]
pm

l , l ≥ 1.

(A14)

A P P E N D I X B : T H E R M A L
S T R AT I F I C AT I O N

We derive here the expression of the reference diffusive poten-
tial temperature profile given in eq. (24), under the assumption of
ric ∝ t1/2.

The reference potential temperature is the solution of

∂�

∂t
− r̃

uic(t)

ric(t)

∂�

∂r
= κT

r 2
ic(t)

1

r̃ 2

∂

∂r

(
r̃ 2 ∂�

∂ r̃

)
+ ST , (B1)

obtained from eq. (11) by taking χ = � and u = 0. The source
term ST is constant if ric ∝ t1/2. The potential temperature � is
a function of r̃ , κT, ric(t), ST and uic(t) only. According to the
Vaschy-Buckingham theorem, we can form only three independent
dimensionless groups from these variables (6-D variables—three
independent physical units), one possible set being �/(ST r 2

ic/κT ),
uicric/κT and r̃ . With ric ∝ t1/2, uicric/κT is constant and equal to

Pe0. The potential temperature must therefore be of the form

� = ST r 2
ic(t)

κT
f (r̃ , PeT 0). (B2)

By definition, the potential temperature is equal to 0 at the ICB,
which implies f (r̃ = 1, PeT 0) = 0. With ric(t) = ric(τ ic)(t/τ ic)1/2

and noting that r 2
ic(τic)/(κT τic) = ξT 0 = 2PeT 0 (see eqs 17 and 21),

inserting eq. (B2) into eq. (B1) yields

0 = f ′′ + f ′
(

2

r̃
+ PeT 0r̃

)
− 2PeT 0 f + 1, (B3)

where f ′ and f ′′ stand for the first and second derivatives of f with
respect to r̃ . Looking for a polynomial solution in r̃ satisfying
f (r̃ = 1, PeT 0) = 0, we find that f = (1 − r̃ 2)/(6 + 2PeT 0),
which gives

� = ST r 2
ic(t)

6κT (1 + PeT 0/3)

[
1 −

(
r

ric(t)

)2
]

. (B4)

A P P E N D I X C : C O M P O S I T I O NA L
S T R AT I F I C AT I O N

The source term Sc of the conservation of light elements is directly
related to the evolution of the concentration of light elements in the
solid that freezes at the ICB ċs

ic(t). Following Gubbins et al. (2013)
and Labrosse (2014), this term depends both on the evolution of
the concentration in the liquid outer core, which increases when the
inner core grows because the solid incorporates less light elements
than is present in the outer core, and on the evolution of the partition
coefficient between solid and liquid.

In this paper, we will focus on the simplest case for which the par-
tition coefficient does not depend on temperature or concentration.
Thus, the concentration in the solid is increasing with the radius of
the inner core, as the concentration in the liquid increases. This will
promote a stably stratified inner core, whereas Gubbins et al. (2013)
and Labrosse (2014) focused on the potentially destabilizing effects
of variations of the partition coefficient.

To estimate the light element concentration, we note
Mc = Mic + Moc the total mass of the Earth’s core. When in-
creasing the inner core mass by d Mic, the mass of the outer core
light elements decreases by d (cl Moc) = −cs

icd Mic. The total mass
of the Earth’s core is constant, which gives d Moc = −d Mic and

d cl

cl
= (k − 1)

d Moc

Moc,
(C1)

where k is the partition coefficient defined as k = cs
ic/cl .

Eq. (C1) can be integrated with the assumption of a constant
partition coefficient. Integration between (cl

0, Mc) and (cl, Moc),
corresponding to before the inner core formation and any time
after, this gives

cl (t) = cl
0

(
Moc

Mc

)k−1

. (C2)

When ignoring radial density variations in the outer core, the ratio
Moc/Mc is simply 1 − (ric/rc)3. Taking into account compressibility
(radial density variations in the core) and the density jump at the
ICB results in a stratification approximately 15 per cent larger. The
light element concentration at the ICB is thus directly obtained from
the liquid concentration as

cs
ic(t) = kcl

0

(
1 −

(
ric(t)

rc

)3
)k−1

. (C3)
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A P P E N D I X D : A NA LY T I C S O LU T I O N
F O R N E U T R A L S T R AT I F I C AT I O N

We solve eq. (A8) for a neutral stratification, Ra = 0, with the
boundary conditions (A13) and (A14) described in section (A2).

Eq. (A8) is thus written as

D2
l pm

l + 16√
5l(l + 1)

Mr 2δ2lδ0m = 0, (D1)

and can be solved analytically.
Except for (l = 2, m = 0), pm

l = 0 is solution of the eq. (D1) and
verifies the boundary conditions (A13) and (A14).

For (l = 2, m = 0), we have

D2
l p0

2 + 8

3
√

5
Mr 2 = 0, (D2)

and for r = 1

d2 p0
2

dr 2
+ 4

p0
2

r 2
= 0, (D3)

r
d3 p0

2

dr 3
− 18

1

r

dp0
2

dr
=

[
P(t) − 1

r 2

]
6p0

2 . (D4)

Eq. (D2) is solved considering a sum of polynomial functions,
and adding the boundary conditions (D3) and (D4), we obtain the
coefficient p0

2 as

p0
2(r ) = M

337
√

5

(
−r 6 + 14

5
r 4 − 9

5
r 2 + 204

5

r 4

19 + 5P

− 544

5

r 2

19 + 5P

)
. (D5)

From the coefficients pm
l , the vertical and horizontal velocities

are

ur =
∑
l,m

l(l + 1)
pm

l

r
Y m

l , (D6)

uθ =
∑
l,m

1

r

d

dr

(
r pm

l

) ∂

∂θ
Y m

l , (D7)

with Y m
l the surface spherical harmonics.

The root mean square velocity (Vrms) of the system is defined as

V 2
rms = 3

4π

∫ 2φ

0

∫ π

0

∫ 1

0

(
u2

r + u2
θ

)
sin θr 2 dr dθ dφ. (D8)

From eqs (D7) and (D8), we obtain the maximum absolute value
of the horizontal velocity and the rms velocity that are shown on
Fig. 2. Both graphs have a sigmoid shape, and thus we are mostly
interested in the extreme values for each velocity, which are given
in Table D1.

Table D1. Extreme values for rms veloc-
ity and maximum of the absolute value
of the horizontal velocity for two extreme
values of P . Velocities are proportional to
M and thus only the value v/M is given.

P → 0 P → ∞
Vrms/M 0.06609 0.00805
max |uθ (r, θ )|/M 0.06944 0.01270

A P P E N D I X E : I N T E G R AT I O N OV E R
T I M E O F T H E D E F O R M AT I O N

E1 General discussion

In general, the texturation mechanism is a nonlinear process, but an
upper bound of the total deformation can be inferred by considering
that the strain adds up linearly. The material is deformed at a strain
rate ε̇ during the time δ/uic needed to grow a layer of thickness δ,
and so

ε(r (t)) = ε̇(t)
δ(t)

uic(t)
= u

Pe
, (E1)

with Pe = uicric/κ .
This equation leads to simple forms at the low and large Péclet

limits, with ε ∝ t−1/2 for thermal stratification and low Péclet, and
ε ∝ t−11/10 for compositional stratification and large Péclet. In what
follows, we will compare the simple estimate given above with
results of more elaborate calculations.

The total deformation of a given material during a time τ can be
inferred more precisely by

∫ τ

0 ε̇(t) dt . Using dimensionless quanti-
ties described in the main sections, the deformation of a stratified
sphere subject to a magnetic forcing is

ε(r ) =
∫ 1

0
ε̇(r, t) dt, (E2)

with ε̇ the strain rate function that will be described by a rectangular
function as

ε̇(r, t) =
{

ε̇vM (t) κ

r2
ic (t)

if ric(t)(1 − δ) < r < ric(t).

0 elsewhere.
(E3)

The estimations of ε̇vM depend on the scaling laws defined in
Section 5, and also on the time dependence of the parameters we
have defined.

Because ric(t)(1 − δ) < ric(t) ∀t, integrating over time the function
defined by (E3) is equivalent to integrate it between tmin(r) and
tmax(r), where tmin and tmax are defined by ric(tmax)(1 − δ) = r and
ric(tmin) = r,

ε(r ) =
∫ tmax

tmin

ε̇vM (t)
κ

r 2
ic(t)

dt. (E4)

E2 Low Pe—Thermal stratification

In the low Péclet limit, the dimensionless thickness, maximal hor-
izontal velocity and strain rate of the uppermost layer are given
by

δ ∼ (−Ra)−1/6, (E5)

u ∼ M (−Ra)−1/2, (E6)

ε̇ ∼ M(−Ra)−1/3. (E7)

In dimensional form, δ happens to be constant with time for
thermal stratification

δ = 1.9643ric(τic)(−Ra0)−1/6. (E8)

Thus, tmin and tmax are easy to defined as

tmin(r ) = τic

(
r

ric(τic)

)2

, (E9)
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tmax(r ) = τic

(
r + δ

ric(τic)

)2

, (E10)

except for time close to τ ic because the inner core has not enough
time to be deformed, and tmax = τ ic. For small radius, the limit will
be defined by δ = 1, which is here −Ra(t) = M(t), about 28 km for
typical values of the parameters.

For thermal stratification and time dependence as defined previ-
ously, the instantaneous deformation is

ε̇(t)
κ

ric(t)
= 0.2148 M0(−Ra0)−1/3 κ

r 2
ic(τic)

τict−1, (E11)

= ε̇0 τic t−1, (E12)

with ε̇0 in s−1 and t in s.

ε(r ) =
{

ε̇0τic 2 ln r−δ

r , for r < ric(τic) − δ,

ε̇0τic 2 ln ric (τic)
r , for r > ric(τic) − δ,

(E13)

The strain rate is assumed to be constant over the layer δ whereas
we could have used numerical results of the simulations to have
the exact repartition and profile of strain over radius and time. But
because the von Mises strain rate profile over radius is close to a
rectangular function, it is easier to work with an analytic solution
such as the one discussed here. It implies a linear increase of the
absolute value of the strain, which is unlikely. This will in general
overestimate the total strain.

Comparison between the strain computed from (E13) and the
simplest solution u/Pe discussed in the text is plotted on Fig. E1.
The solution u/Pe is a good approximation for radius larger than
0.3 τ ic, except in the uppermost layer, in which the deformation did
not occur completely yet. It is interesting to notice that this magnetic
forcing is expected to be several orders of magnitude more efficient
when the inner core was younger.

E3 Large Pe—Compositional stratification

For compositional stratification,

δ =
(

Pe

−Ra0

)1/5

ric(τic)

(
t

τic

)−1/5

. (E14)

Figure E1. Strain as a function of the radius of the inner core for ther-
mal stratification (a) and compositional stratification (b). Integration from
eq. (E4) is the red line (analytical solution for thermal stratification and
numerical solution for compositional stratification), and the blue lines stand
for the estimation u/Pe, which is valid for r > 0.5 ric. The minimum ra-
dius is computed for Ra/M = 1, limit under which the strong stratification
approximation is no longer valid.

No exact solution for inverting ric(τ ic)(tmax/τ ic)1/2 −
δ(τ ic)(t/τ ic)−1/5 = r can be found. Fig. E1(b) shows the strain rate
according to numerical integration and the approximation u/Pe.
u/Pe is a good approximation for r > 0.3 ric.
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