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Résumé

Dans cette thése, nous étudions la controlabilité et la stabilisation pour des équation hy-
perboliques et dispersives.

La premiére partie de cette thése est consacrée a la stabilisation du systéme de Stokes
hyperbolique. La propagation des singularités pour le systéme de Stokes semi-classique est
établie dans chapitre 1. La preuve repose sur la stratégie de Ivrii et Melrose-Sjostrand.
Cependant, par rapport a 'opérateur de Laplace, la difficulté est causée par la pression qui
a un effet non trivial pour les solutions concentrées au bord. Nous utilisons la paramétrix
des solutions prés d'un point elliptique ou hyperbolique. En suite, on traite les solutions
concentrées prés de 'ensemble «glancing» par une décomposition micro-locale. L’effet de
la pression est alors bien controlé grace a la géométrie. Finalement on utilise un argument
récurrence pour terminer la preuve. Par conséquent, nous prouvons la stabilisation du
systéme de Stokes hyperbolique dans le chapitre 2 sous la condition de controle géométrique
sur le support de 'amortissement.

La deuxiéme partie est consacrée & la controlabilité et la stabilisation de 1’équation
de Kadomtsev-Petviashvili ( KP en bref). Dans le chapitre 3, en utilisant ’analyse semi-
classique, nous avons prouvé la contrélabilité verticale pour des données dans L?(T). De
plus, un résultat négatif concernant la controlabilité horizontale est aussi obtenu. Dans
le chapitre 4, nous considérons la controlabilité de I’équation de KP-I linéaire. C’est un
modéle intéressant dans lequel la vitesse de groupe peut étre dégénéré. Plus général, on a
obtenu le plus petit ordre requis pour assurer 1’observabilité des équations de KP-I frac-
tionnaire linéaire. Finalement dans le chapitre 5, nous avons montré la controlabilité et la
stabilisation des ’equations de KP-II et 5SKP-II avec grandes données initiales dans ’espace
de Sobolev, si la donnée initiale satisfait certaines hypothéses de compacité partielles. Ceci
généralise la controlabilité des solutions de KP-II avec données petites dans le chapitre 3.






Abstract

In this thesis, we deal with the control and stabilization for certain hyperbolic and disper-
sive partial differential equations.

The first part of this work is devoted to the stabilization of hyperbolic Stokes equation.
The propagation of singularity for semi-classical Stokes system is established in Chapter
1. This will be done by adpating the strategy of Ivrii and Melrose-Sjostrand. However,
compared to the Laplace operator, the difficulty is caused by the pressure term which
has non-trivial impact to solutions concentrated near the boundary. We apply parametrix
construction to resolve the issue in elliptic and hyperbolic regions. We next adapte a fine
micro-local decomposition for solutions concentrated near the glancing set. The impact of
pressure to the solution is then well controled by geometric considerations. As a conse-
quence of the main theorem in Chapter 1, we prove the stabilization of hyperbolic Stokes
equation under geometric control condition in Chapter 2.

The second part is devoted to the controllability of Kadomtsev—Petviashvili(KP in
short) equations. In Chapter 3, the controllability in L?(T) from vertical strip is proved
using semi-classical analysis. Additionally, a negative result for the controllability in L?(T)
from horizontal strip is also showed. In Chapter 4, we prove the exact controllability of
linear KP-I equation if the control input is added on a vertical domain. It is an interesting
model in which the group velocity may degenerate. More generally, we have obtained the
least dispersion needed to insure observability for fractional linear KP I equation. Finally
in Chapter 5, we prove exact controllability and stabilization of KP-II equation and fifth
order KP-II equation for any size of initial data in Sobolev spaces with additional partial
compactness condition. This extends the exact controllability for small data obtained in
Chapter 3.
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Chapter O

Introduction en francais

0.1 Vue d’ensemble de la théorie du contréle d’EDP

Les objectives de cette thése sont les problémes de contrélabilité et stabilisation pour des
équations hyperboliques et dispersives. Ces équations peuvent étre considérées comme les
systémes dynamiques de la forme

a—U+.»4U:/\/'(U), (0.1.1)
ot
ou l'opérateur linéaire A est anti-symmétrique sur certain espace hibertien H, tandis que le
terme non-linéaire N'(U) est assez special pour que le systéme (0.1.1) posséde des quantités
conservées, comme la masse et I'énergie, etc. Cela constitue une grande famille de modéles
mathématiques découlant de la physique et des sciences de l'ingénieur, qui décrivent les
phénomeénes de propagation des ondes.

0.1.1 Controlabilité, Observabilité et Stabilisation

Le probléme de controle s’écrit sous la forme abstraite suivante:

oU
S HAU=N(U) +Bf,t € [0,T] (0.1.2)
U0)=U, e H

ou H est un espace hibertien sur lequel le demi-groupe engendré par A est bien défini,
B est 'opérateur de contrdle avec un certain controle f a choisir. Pour le probléme de
contréle interne, Bf est supporté dans un ouvert et le cas le plus fréquent est B = 1,,.

La question de la controlabilité exacte est de savoir si étant donné un état initial
Uy au temps t = 0 et un état final U; au temps t = T, on peux trouver un controle
f € L?([0,T);;H) tel que la solution de (0.1.2) satisfait & U(T) = U;. En particulier,
lorsque I’état final est donné nul, nous parlons de contrélabilité exacte a zéro.
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Pour le systéme linéaire

U
- HAU=Bfte [0, 7] (0.1.3)
U@)=U, e H

La méthode HUM de Jacques-Louis Lions [47] rameéne la controlabilité exacte a zéro a la
validité d’une inégalité d’observabilité pour le systéme adjoint. Plus précisément, pour le
systéme adjoint

ou
— AU =0,te[0,T
ot A ’ 0.7 (0.1.4)
U (T) =Ur e H,
la controlabilité exacte a zero est equivalent a I'inégalité d’observabilité
T
0O < ¢ [ 18U
Pour les systémes réversibles, on a A* = —A (typiquement les équations hyperboliques et

dispersives que 'on va considérer dans cette thése), et donc la contrdlabilité exacte a zero
implique la controlabilité exacte.

La stabilisation est une autre terminologie liée & la controlabilité. Il s’agit de remplacer
le controle Bf dans (0.1.2) ou (0.1.3) par un retour qui ne dépend que de la solution.
Stabilisation signifie que I'on peux utiliser le retour pour stabiliser le systéme dans le sens
que la solution converge vers certain équilibre. Ce probléme est pratique dans des domaines
de l'ingénieur, car en réalité, les équilibres sont souvent instables. Dans de nombreux cas,
les retours servent de termes d’amortissement qui décroissent 1’énergie des systémes.

0.1.2 Quelques résultats sur des équations linéaires typiques

Dans cette section, nous allons rappeler quelques résultats sur la controlabilité de trois
types d’équations d’évolution linéaires.

Equation de la chaleur

Equation de la chaleur
ou—Au=0

est une EDP de type parabolique qui décrit la distribution de la chaleur (ou variation
de témperature) dans une région au fil du temps. La propriété de dissipation nous per-
met d’obtenir la controlabilité exacte a zéro en temps 1" > 0 quelconque par un controle
supporté dans un ouvert w C €2 quelconque.

Théoréme 0.1 (Lebeau-Robbiano[45],Fursikov-Imanuvilov|23|)
Soit Q un domaine borné régulier de R et w C Q un ouvert non vide. Soient T > 0 et
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ug € L2(Q2). Alors il existe un controle g € L*([0,T] X w) tel que la solution de
O — Au = 1,9, uli— = up

satisfait u(T) = 0.

Dans [45], les auteurs ont introduit une méthode appelée la stratégie de Lebeau-
Robbiano, ce qui est trés utile pour obtenir la controlabilité d’EDPs paraboliques. Es-
sentiellement, il s’agit d’utiliser I'inégalité de Carleman pour construire le contrdle en une
infinité d’étapes ou 'on "tue" les basses fréquences, puis on utilise la forte dissipation a
hautes fréquences. L’estimation plus générale

l91ullz2() < C(T)|luol| 22 (o)

est établie. On appelée fonction de coiit la meilleure constante C(7") dans l'inégalité
C(w,)

précédente. Dans [21], il s’avére que C(T) ~e~ 7  quand T — 0.

Bien que nous n’allons pas traiter les équations paraboliques dans cette thése, une
motivation du résultat de Chapitre 2 vient de comprendre la fonction de cotit pour le
systéeme de Stokes, qui est parabolique.

Equation des ondes

Typiquement, I’équation des ondes
0Pu— Au =0

décrit le phénomeéne de propagation d’ondes acoustiques, de la lumiére, de la vibration
des cordes et du champ électro-magnétique. Les hautes fréquences se propagent selon la
loi d’optique géométrique. En mathématique, la propagation d’ondes est décrite par la
propagation de singularité pour les équations hyperboliques. Plus précisément, le front
d’onde, ou la mesure micro-locale(semi-classique) se propagent le long du flot géodésique
dans l'espace de phase. Ceci a permis aux auteurs de [52] et [5] d’obtenir la condition
optimale pour la contrélabilité d’équation des ondes.

Avant énoncer le résultat célébre, nous rappelons la définition de la condition de controle
géométrique. Soit (M, g) une variété riemannienne compacte, sans bord ou & bord assez
régulier. Dans le dernier cas, on suppose que les géodésiques de M n’ont pas de contact
d’ordre infini avec M. On dit que un ouvert non vide w C M satisfait la condition
de controle géométrique, s’il existe T° > 0 tel que toute géodésique généralisée de M de
longueur supérieure a 1" rencontre 'ouvert w.

Théoréme 0.2 ([5])

Soit M une variété riemanienne compacte a bord lisse. On suppose que les géodésiques de
M n'ont pas de contact d’ordre infini avec OM. Supposons que louvert non vide w C M
satisfait la condition de contréle géométrique. Alors pour tout (ug,uy) € H(M) x L*(M),
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il existe un controle g € L*([0,T); L?(M)), supporté par [0, T| x w, tel que la solution unique
de
83“ — Au = g, (u, Ou)|i=0 = (uo, uy)

satisfait (u, Opu)|=r = (0,0). De plus, pour ’équation d’ondes amorties
O*u — Au + a(x)du = 0,
avec Uamortissement 0 < a € C(M) et w = {z : a(x) > 0},0on a stabilisation uniforme

1(u(t), Oeu(t)) |z L2 < Coe™ | (u(0), Oru(0) |12

Ce résultat est initialement montré par la propagation du front d’onde. La preuve peut
étre simplifiée en utilisant la mesure de défaut introduit indépendamment dans [25],[60]. Il
y a plein de travaux pour les controlabilité et stabilisation dans ce cadre d’analyse micro-
locale. Par exemple, le meilleur taux de décroissance exponentielle en fonction du spectre
et des moyennes de a(x) sur les géodésiques de M est obtenu par Lebeau dans [43], la sta-
bilisation uniforme pour un amortissement peu-régulier a(x) est obtenu dans Burq-Gérard
[9], le meilleur taux de décroissance polynomial est obtenu dans |2] lorsque la condition de
controle géométrique n’est pas satisfaite, et les contrélabilités et stabilisations des autres
systémes hyperboliques (le systéme de Lamé, ’équation d’ondes couplé) sont obtenus dans
Burg-Lebeau[10], Dehman-Raymond|[18|, Dehman-Le Rousseau-Léautaud|[19], etc.

Dans le chapitre 2, nous considérons la stabilisation d’un systéme de Stokes hyper-
bolique. Ce systéme est lié au systéeme de Lamé au point de vue de la modélisation. Il
mélange le phénomeéne de la propagation d’ondes et le probléme aux limites d’opérateur
elliptique.

Equation de Schrédinger

L’équation de Schrodinger
i0u = (—Au+V(x))u

joue un role fondamental en mécanique quantique, comme l’équation de Newton en mé-
canique classique. La solution u s’interpréte comme la fonction d’onde d’un systéme quan-
tique.

Le résultat le plus général sur le controle de ’équation de Schrédinger libre est du a
Lebeau.

Théoréme 0.3 (Lebeau|42])

Soit M une variété riemannienne compacte et w C M satisfaisant la condition de contréle
géométrique. Alors pour T > 0 et ug € L*(M) quelconques, il existe un contréle g €
L2([0,T]; L*(M)), supporté dans [0,T] x w tel que la solution de

i+ Au = 1,9,u(0) = v

satisfait uw(T) = 0.
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Dans ce résultat, la condition de controle géométrique n’est pas nécessaire. En raison de
la vitesse infinie de propagation des équations dispersives, la condition géométrique sur w
pour avoir le controlabilité dépend des propriétés géométriques de la variété sous-jacente.
Principalement, si les trajectoires sont instables(exemple typique: le tore), on pourrait
avoir l'observabilité de la solution de I’équation de Schrodinger dans un ouvert w non vide
quelconque. En revanche, si les trajectoires sont stables (exemple typique: la sphére), il
y a certains ouverts dans lesquels on ne pourrait pas avoir 1’observabilité en temps fini.
Ceci est due a la concentration & 1’équateur des fonctions propres de hautes fréquences. La
compréhension de 'effet de la géométrie sur la dispersion et ’observabilité est beaucoup
plus compliquée. Le résultat suivant semble un point de départ de cette direction.

Théoréme 0.4 (Jaffard|31],Burq-Zworski[12])
Soit M = T?. La conclusion du Théoréme 0.3 est vraie pour un ouvert w C T? non-vide
quelconque.

La controlabilité exacte de I’équation de Schrodinger avec un potentiel V- € C*°(T?) est
aussi obtenu dans [12] en utilisant la méthode de forme normale semi-classique. Ce résultat
est amélioré pour V € L dans Anantharaman-Macia [3] comme une conséquence de la
structure fine de la mesure semi-classique. Dans Bourgain-Burg-Zowrski 7], le résultat dans
[12] est amélioré au cas V' € L?*(T?) par une méthode différente & 1’aide de la dispersion.

0.1.3 Quelques résultats pour les équations des ondes et les équa-
tions dispersives nonlinéaires

Jusqu’a présent, Il semble que l'on ne s’ait pas sorti d’un petit voisinage des équations
linéaires dans le domaine de I'analyse des EDP. Les méthodes pour traiter les problémes
nonlinéaires sont extrémement limitées. Néanmoins, de nombreux phénoménes de physique
modélisés par EDPs sont, soit avec de bonnes structures nonlinéaires, soit une petite per-
tubation des équations linéaires. Sous certain niveau de non-linéarité, ces EDPs se com-
prennent efficacement.

Beaucoup d’EDPs dispersives sont semi-linéaires, dans le sens ot elles peuvent étre
résolues par la formule d’itération de Duhamel

t
U(t) = e U + / e~ EOAN(UH))dt!
0

dans des espaces fonctionnels adaptés. En effet, la résolution dépend de la propriété dis-
persive du groupe linéaire e~*A ainsi que de la non-linéairité que I'on peut autoriser. D’un
coté, ’analyse harmonique nous fournit divers types d’estimations de e~*A avec lesquelles
on a des flexibilités pour résoudre les équations dans les espaces fonctionnels plus petits.
D’autre part, les non-linéarités raisonnables doivent respecter la régle: grande non-linéarité
pour des données petites(sur-critique) tandis que non-linéarité petite pour des données
grandes (sous-critique). D’un point de vue heuristique, les hautes fréquences de la solution
des équations sous-critiques se comportent comme les équations linéaires a mesure que le
temps passe. Ceci est le point clé pour avoir une bonne théorie de Cauchy.
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La théorie du contréle dépasse la théorie de Cauchy. Une fois qu’on a établi le car-
actére bien-posé et la controlabilité pour la partie linéaire, la contrélabilité des équations
nonlinéaires avec données initiales petites est présque gratuite. Ce type de résultat de
s’appele controlabilité locale, ce qui est souvent suivi d’'un argument de point fixe. Pour
obtenir la controlabilité pour des données grandes, une fagon possible est la stratégie de
«stabilisation-controlabilité locale» que nous allons expliquer. Cette méthode s’effectue en
deux étapes. La premiére étape consiste a établir la controlabilité locale et la deuxiéme
étape consiste a obtenir la stabilisation pour les équations nonlinéaires. Alors le controle
désiré est la combinaison d’un controle de retour et un contréle local. Le désavantage de
cette méthode est aussi claire. Pour réaliser le contréle, on a besoin d’attendre longtemps,
ce qui n’est pas pratique dans le domaine de I'ingénierie.

Dans ce qui suit, nous allons présenter des résultats sur la stabilisation des ’equations
des ondes et dispersives.

Théoréme 0.5 (Dehman-Lebeau-Zuazua[20],Dehman-Gérard[16])
Soient a(x) > ¢ > 0 pour |z| > R et 1 < p < 5. Etant donnée Ey > 0, il existe des
constantes C' > 0,v > 0, telles que la solution u de

Otu — Au+ a(x)0u +u+ [uftu =0, (t,x) € Ry x R*  (u, du)|mo = (uo,u;)

satisfait

Elu)(t) < Ce " Elu)(0), Vt >0,

a condition que E[u](0) < Ey, ou la fonctionnelle d’énergie est

1 1
Elul(t) = _/ (IVezu(t,z)]? + Ju(t, z)P)de + —— [ |u(t, =) da.
2 R3 p+ 1 R3

Dans ce théoréme, le cas d’énergie sous-critique 1 < p < 5 est résolu dans [20] tandis
que le cas critique p = 5 est obtenu dans [16]| en utilisant la méthode de décomposition
en profils introduit initialement par Bahouri-Gérard [4] pour les équations des ondes. La
généralisation de ce résultat a une variété compacte riemannienne avec certaines conditions
supplémentaires est due a Laurent|40|, voir aussi Joly-Laurent [32] pour une méthode
différente.

Pour I’équation de Schrodinger nonlinéaire sur une variété compacte, les controlabilités
et stabilisations sont initialement obtenues sous certaines hypothéses raisonnables. Plus
précisément, on a

Théoréme 0.6 (Dehman-Gérard-Lebeau|17])

Soient M une variété riemannienne compacte de dimension 2(sans bord), 0 < a € C*°(M)
et w={x:a(x) > 0}. Supposons que w satisfait la condition de controle géométrique et la
propriété de prolongement unique pour certain opérateur de Schrodinger linéaire particulier.
Alors, étant donnée Ry > 0, il existe constantes C' > 0, > 0, telles que la solution u de

10+ Au — a(z)(1 — A) " ra(x)0u = |ulP~ u
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satisfait

Elu)(t) < Ce " Eu](0), Vt>0

a condition que ||u(0)|| g < Ry, o la fonctionnelle d’énergie est
Eu](t) = 1/ |Vou(t,z)* + L/ lu(t, z)|Pda.
2 M T ) p + 1 M )

Pour NLS cubique en dimension 1, la stabilisation dans L? est obtenu dans Laurent
[38]. L’analogie du Théoréme 0.6 en dimension 3 est obtenue dans Laurent [39].

Un autre exemple typique d’équation dispersive est I'équation de Korteweg—de Vries(KdV
bref). C’est un modéle mathématique pour décrire les surfaces d’eau peu profonde dans
un canal. L’équation de KdV

O+ OPu + udyu = 0

a de riches propriétés mathématiques. En particulier, c’est un systéme intégrable avec
une infinité de lois de conservation. Concernant la stabilisation de KdV, on a le résultat
suivant:

Théoréme 0.7 (Laurent-Rosier-Zhang|41])
1l existe v > 0 de sorte que pour tout Ry > 0, il existe une constante C' > 0 telle que pour
ug € L3(T) avec |lug||rz < Ry, la solution u de

O+ OPu + udu = Au
avec donnée initiale ug satisfait
||U(t)”L2 S Ce_7t||u0||Lz, Vt 2 O,

ou lopérateur A est définie par
Af(a) = ale) (560) = [ ata)sta)a')

pour certaine fonction a € C®(T) fixé avec [pa = 1.

Dans la deuxiéme partie de cette thése, nous allons montrer quelques résultats sur la
controlabilité et la stabilisation de I’équation de Kadomtsev—Petviashvili equation, ce qui
est la généralisation de KdV en dimension 2.
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0.2 Reésultats principaux obtenus par 'auteur

0.2.1 Partiel

La motivation des résultats dans la premiére partie de cette thése est double. Considérons
le systéme de controle de Stokes

ov—Av+ Vp= f1, dans R x ,
divev =0 dans R x 2,
v=20 sur R x 09,
v(0,2) = vy € H,

(0.2.1)

ou
H={uec L*0)?*:divu=0u-v|p=0}

et v(z) est la normale sortent unitaire de €2 au point = € 9. Il est bien connu (voir par
exemple [22]) que pour tout vy € H, (0.2.1) est controlable exacte a zéro a temps 7' > 0
quelconque. De plus, on a

1/ Lol 220y < C(D)l[voll2(e)-

Une question naturelle consiste a le cott de contréle C'(T'). D’aprés le «Control Trans-
mutation Method»(CTM) introduit par Miller[49], la controlabilité exacte a zéro du
systéme de Stokes hyperbolique

Pu—Au+Vp=f1, inRxQ,
divu=0 in R x Q, (0.2.2)
u=20 on R x 09,

a un certain temps Ty > 0 entraine que l'ordre de coiit de controle du systéme de Stokes
(0.2.1) est et quand 7" — 0, comme dans le cas de ’équation de la chaleur.

Le systéme de Stokes hyperbolique ((0.2.2) avec f = 0) est intéressant en soi. Il est lié
a un modele de I'élasticité pour des milieux incompressibles. Plus précisément, il découle

du systéeme de Lamé dans la théorie de 1’élasticité linéaire lorsque un parameétre tend vers
Vinfini ([47]).

Le probléme que nous allons considérer dans cette thése est la stabilisation du systeme
de Stokes hyperbolique

O?u— Au+ Vp + a(x)du =0 dans R x ,
divu=0 dans R x €,
u="0 sur R x 012, (0.2.3)

(u(0,2), 0wu(0,x)) = (up,v9) € V X H,

ot V= {u € H}Q)?: divu=0}. Dans (0.2.3), Pamortissement a € L>(Q2) est satisfait
a(z) > 0, pour tout = € .
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Si u = u(t,z) est une (assez lisse) solution de ce systéme, on définit son énergie

Elu(t) = %/Q(](?tu(t,x)]2+ \Vu(t, z)])dz, VteR.

Lorsque il n’y a pas d’amortissement, c’est-a-dire a = 0, ’énergie est conservée, alors qu’en
général elle est décroissante:
dE[u]
dt

= —/Qa(a:)\ﬁtu(t,a:)]2da: <0.

D’aprés un argument standard, (voir Chapitre 2 pour plus de détails), le taux de décrois-
sance exponentielle de E[u](t) est équivalent a 'inégalité d’observabilité

To
Ev](0) < C’TO/ /a(x)|8tv(t,:v)]2dasdt (0.2.4)
0 w
pour le systéme de Stoke hyperbolique original
D?v—Av+Vp=0 dans R x €,
dive =0 dans R x ,
v=0 sur R x 012, (0.2.5)

(v(0,2),0w(0,2)) = (vo,v1) € V x H,

Ce systéme est bien-posé et la régularité cachée d,ulpg € L*(00Q) est vraie si ) est étoilé
(voir [47]). Notons que w = {z : a(x) > 0}, lorsque w est intersection de 2 et d’un voisinage
de 09 dans R?, I'observabilité (0.2.4) est établie dans [14] par la méthode de multiplicateur
élémentaire . Ceci permet d’obtenir (voir [14]) 'ordre de cotiit du controle du systéme de
Stokes, si 2 est étoilé. Par rapport a I’équation des ondes, il est naturel de s’interroger si
(0.2.4) est varie lorsque w satisfait la condition de controle géométrique. Dans le chapitre
2 de cette thése, nous allons donner une réponse affirmative.

Théoréme 0.8

Soit @ C R? est un domaine lisse, borné et étoilé. On suppose que les géodésiques de
Q n'ont pas de contact d’ordre infini avec Q. a € C(Q) est une fonction non-negative
support dont le support satisfait la condition de contréle géométrique. Alors, il existe les
constantes Cy et « telle que pour tout (vg,v1) € V x H, la solution v(t) de (0.2.5) satisfait
(0.2.4).

Par rapport au probléme aux limites pour l’équation des ondes étudié dans [5], la
difficulté est la présence du terme Vp dont le comportement est assez compliqué au bord.
On se raméne a l'observabilité du systéme de Stokes semi-classique.

Une réduction heuristique est la suivante. D’aprés ’équation, on note que Vp €
H (R x Q) et pour t fixé, p(t,-) est une fonction harmonique dans €. Micro-localement
pres de la variété caractéristique 7% = |£]%, on a 2V, (1p) € L*(Q), ou p est la transforma-
tion de Fourier en temps t. Choisissons la paramétre semi-classique h = % > 1 et prenons
la transformation de Fourier en variable de temps de 1’équation, on a

WA —-1Du+hV,g=0, hdivi=0 0.2.6
(
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avec q = %ﬁ Notons que la solution (%, h~1q) est une fonction propre du systéme de Stokes
statique
—Av+VP =X, dive=0

avec valeur propre A = h~!. Plus général, nous considérons le systéme

— h?Av — v+ hVq = f dans Q
h divv =0 in Q (0.2.7)
U|ag =0

avec f € H petite au certain sens. Il est prouvé dans le chapitre 2 que le Théoréme 0.8 est
une conséquence de I'observabilité pour le systéme (0.2.7):

1
ol < € (ol + 1112 0.2:)

Pour montrer (0.2.8), nous allons établir un théoréme de propagation des singularités dans
le chapitre 1, dans le cadre de la mesure semi-classique, qui est intéressant en soi.

Théoréme 0.9

Soit @ C R? est un domaine lisse, borné et étoilé. On suppose que les géodésiques de )
n‘ont pas de contact d’ordre infini avec 0S). Supposons que (uy) et une suite de solutions
du probléeme de quasi-mode (0.2.7) avec paramétre semi-classique h = hy. Supposons que
fe € H, ||fellz@) = olhi) et w, convergent faiblement vers 0 dans L*(Q). Soit p est
une mesure semi-classique associé & une sous-suite de la paire (ug, hy), alors suppp est
inwvariante le long du flot de Melrose-Sjostrand.

Nous faisons quelques remarques sur ce résultat. Premiérement, la mesure p est a valeur
matricielle hermitienne, et on n’a pas obtenu l'invariance de la mesure g mais celle de
supp(u). Deuxiémement, notre hypothése que uy tendent vers 0 dans L?*(€2) est naturelle,
car chaque suite de la fonction propre de 'opérateur de Stokes est un exemple important.

La démonstration est adaptée de la stratégie de V.Ivrii et Melrose-Sjostrand [48]. Nous
allons donner le schéma comme suit:

e Propagation a I'intérieur: Pour un opérateur pseudo-différentiel A a support compact
dans € x R?, l'intégration par parties et le calculs symbolique impliquent

?

([=r*A — 1,A]u,u)L2(Q) =o(1), h—0.

>

e On construit une parameétrix standard et montre que le support de p ne contient pas
de point de la région elliptique & C T*0f2.

e On utilise la structure de I’équation et on montre que le support de p se propage le
long du rayon brisé .
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e On utilise la méthode de commutateur positif pour traiter le cas ou les rayons sont
proche de G. D’une part, pour un opérateur A bien choisi , on a

7
E Im((—hZA — 1)U, AU)LQ = (Bou, U)LQ
ou l'opérateur B a un symbole principal réel positif. D’autre part, en utilisant
I’équation, on a, aprés micro-localisation, que

%Im((—th — D, Au)p2 = (Big,w) 2 +o(1), h— 0.

Le but est de montrer que (Bjq,u)rz = o(1). Pour ce faire, on fait une micro-
localisation de la solution selon la distance a la surface «glancing» G que leur traite
séparément. Pour la partie proche de G, on utilise le fait que la pression p décroit
rapidement dans le sens transverse tandis que les solutions, aprés micro-localisation,
ne peuvent pas se concentrer trop prés du bord. Pour la partie un peu loin de G, elle
est bien controlée grace a la géométrie et la récurrence.

0.2.2 Partie I1

La deuxiéme partie de cette these est consacrée a la contrélabilité de I’équation de Kadomt-
sev—Petviashvili(KP bref)

0o (Oru + O2u + udyu) + Aou = 0 (0.2.9)

ou A = 1. Cette équation est nommeée aprés Boris Borisovich Kadomtsev et Vladimir losi-
fovich Petviashvili. Elle décrit la propagation des ondes nonlinéaires en eau peu profonde.
Elle modélise une onde d’eau de grande longueur d’onde avec force de rappel faiblement
nonlinéaire et dispersion en fréquences. Dans le cas ou la tension superficielle est faible
par rapport a la force gravitationnelle, on utilise A = 1(KP-II) ; dans le cas contraire, on
utilise A = —1(KP-I). En raison de I’asymétrie en variables x et y, les ondes décrites par
I'équation de KP se comportent séparément dans la direction de propagation (direction x)
et la direction transversale (direction y). L’oscillation en direction y tend & étre plus douce
(une petite déviation).

Ces équations se posent naturellement dans I’étude de la stabilité transversale des
solitons d’équation de Kortewed de-Vries (KdV) et son analogie d’ordre supérieur. Ils
sont largement étudiés dans des contextes nombreux et divers ([33],[51],[53]).

Pour des distributions avec moyenne horizontale nulle, c¢’est-a-dire fqr u(z,)dr =0, on
peut réécrire (0.2.9) sous la forme non-locale

Ayu + Opu + udyu £+ 0, ' 0w = 0.

Nous allons étudier le probléme de controlabilité pour I'équation de KP avec données
périodiques et nous organisons le probléme de contréle comme

Oyu + 3i’u + ul,u £ 8;18§u =4f.
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L’opérateur G est construit afin de maintenir la moyenne horizontale nulle. Plus précisé-
ment, pour un domaine de controle vertical de la forme w = (a,b) X T, on fixe une fonction
réelle non-négative g € C%(w) avec fT g = 1. Puis, on définit le controle par

G(1) (o) = 6200w = 9(0) (hio) = [ ot ). (0:2.10)

Si le domaine de controle est une bande horizontale w = T x (a,b), on définit le controle
via

Gh(e, ) = Gy(h)(x,y) = 9(v) (hmy) - h(x',wdx') | (0.2.11)

KP-II linéaire

Dans le chapitre 3, nous allons montrer la controlabilité exacte de I'équation de KP-II
linéaire lorsque le domaine de controle est une bande verticale. Ce type de controle n’est
pas artificiel puisque ’équation de KP modélise 'onde d’eau en dimension 2 dans un canal
étroit, et la direction de propagation d’onde doit étre proche de ’axe de = en réalité.

Théoréme 0.10
Etant données T > 0, ug,u; € LE(T), il existe un controle f € L*((0,T); L*(T)), tel que la
solution u de

O+ Ou + 8;18516 =Gf,  uli=0 = uo

avec G = G satisfait ul—7 = uy.

Lorsque le domaine de controle w est une bande horizontale, on ne peut pas avoir la
controlabilité de I'équation de KP-I linéaire et KP-II linéaire, pour 7" > 0 quelconque.

Proposition 0.1
Supposons que w =T X (a,b). Pour T > 0 quelconque, la controlabilité déquation de KP-1
linéaire et KP-II linéaire n’est pas vraie.

En utilisant I'estimation bilinéaire de KP-II introduit par J.Bourgain dans [6], la con-
trolabilité locale en temps petit de ’équation de KP-II est aussi obtenue dans le chapitre
3.

Théoréme 0.11
Soit T > 0. Il existe 1 > 0 telle que pour toute ug,uy € L§(T?) ayant ||uo|| 22y < r et
i || p2r2y < 7, il existe un controle f € L*((0,T); L§(T?), tel que la solution u de

O+ u + 0;10516 +ud,u=Gf, uli=o=uo

avec G = G| satisfait ul—p = u;.
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L’esquisse de la démonstration du Théoréme 0.10 se déroule comme suit. D’aprés la
méthode HUM standard, on se raméne a montrer 1’observabilité suivante

T
|2(0)]]3, < CT/O |Gu(t)||3dt (0.2.12)

pour toute solution u de I’équation de KP-II linéaire. On remarque que le symbole principal
de I’équation est p, = k3 — mTQ Contrairement a I’équation des ondes et a 1’équation de
Schrodinger, il n'y a pas d’homogénéité entre les variables z et y. Nous séparons les
fréquences en plusieurs régimes:

L

o |Dy|? ~|D,| ~ 75, la vitesse de groupe en direction de x est ~ 75

1

o |D,|*~ hi% > |D,| ~ 5, la vitesse de groupe en direction de z est ~ e

o 1 < D>~ % < |Dy| ~ 7, la vitesse de groupe en direction de z est ~ .
o 1~ D> < |Dy| ~ 5.

o 1~ |D,*~|D,| ~1.

Pour les premiers trois régimes, on utilise la forte propagation en direction x. Pour le
quatriéme régime, on utilise la dispersion en direction y. Le cinquiéme régime se traite par
la compacité .

KP-I Linéaire
Dans le chapitre 4, nous étudions la controlabilité de ’équation de KP-I linéaire
O+ Pu— 0, 0u =0 (0.2.13)

ot le domaine de controle w = (a,b) x T est une bande verticale. Contrairement a KP-II, la

vitesse de groupe de (0.2.13) s’annule quelque part car la symbole £_ = p_ = k3 + %3 nést
pas monotone en variable k. Malgré cette dégénérescence, la dispersion forte en direction
de x nous permet d’obtenir

Théoréme 0.12
Etant données T > 0 et ug € L3(T?),u; € L3(T?), il existe un controle f € L*((0,T); L*(T?))
tel que la solution u de l’équation

Ou+ Pu—0,'00u=Gf, uli—o=uo (0.2.14)

satisfait ul—r = u;.



14 Chapter 0. Introduction en frangais

Afin de comprendre 'effet entre la dispersion et la dégénérescence, nous étudions aussi
la validité de 'observabilité pour des équations de KP-I linéaire fractionnaire de la forme

Oyu — | Dy|*Opu — 9,1 02u = 0. (0.2.15)

Nous allons montrer la dichotomie suivante qui donne le taux de dispersion nécessaire pour
avoir 'observabilité (ou également, la controlabilité exacte).

Théoréme 0.13 o Sia > 1, alors pour T > 0 quelconque, il existe Cr > 0, telle que

T
||u(0)||%2(T2) < CT/ i \Gu(t, z,y) Pdzdydt

o Jr

est vraie pour toute la solution u de (0.2.15).

e 5i0 < a< 1, alors pour T > 0 quelconque, il existe une suite de solutions (u,) de
(0.2.15), telle que
T
lim fo fm Gun(t, z,y)|*dtdrdy _

n—o0 Hun(o)”%ﬁ(qﬁ)

On esquisse le point clé de la démonstration du Théoréme 0.13. Pour se ramener au
probléme unidimensionnel, on est obligé de traiter les cinq régimes comme ceux pour KP-II.

La seul différence intervient dans le régime |D,| ~ |D,|+2 ~ %, puisque le symbole

1
p=¢"¢+ 2
3
1
a deux points critiques fo =+ (a +1)a+2' Un effort supplémentaire est nécessaire pour

I’analyse pres de ces deux points.
On note ¢a(§) = [€]° + ¢, u = eilso/Ply alors
h** Dy — ®(hD,)v = 0, (0.2.16)
avec ®(&) = ¢(E + h|&/h]). Le point critique de ® prés d’origine est o, = & — h|&o/h] €
(0,h). De plus, ®(0p,) = ®'(0,) = 0,9"(0p,) # 0. Remplagant v — vexp (ﬁ&?ﬁ’f), on

peut supposer que ®(o;,) = 0. Donc l'observabilité de u en fréquences localisées a &, est
équivalent a l'observabilité de v en fréquences localisées a o, ~ 0. D’ un point de vue

heuristique, 'équation de KP-I linéaire se raméne a (0.2.16) h*™ Dy — cb” PO p2p2y = O(h)
par développement de Taylor, ou v se localize en fréquence |D,| < %

Proposition 0.2
Soit 0 < a < 1. Etant donnée T > 0, il existe une suite w,, de solutions de [’équation
R Dyw,, + (hy Dy )*w, = 0,
telle que
x)wy,(t, ) |Pdedt
i Jelotayun(t.o)pdade
[ (0)]172

n — .
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D’aprés cette propriété,
e 5i 0 < a <1, l'observabilité localisée n’est pas vraie pour tout 7" > 0. Ceci dit que

la dégénérescence bat la dispersion.

e Si o = 1, la dispersion est la méme que pour I’équation de Schrodinger. Si o > 1,
I'effet de dispersion est plus fort que 1’équation de Schrodinger, donc dans ces deux
cas, ’observabilité localisé est vraie pour tout 7" > 0. Ceci dit que la dispersion bat
la dégénérescence.

KP-II avec donnée grande

Dans le chapitre 5, nous étudions la controéllabilité et la stabilisation pour des équations de
types de KP-II avec données initiales grandes. Les résultats principaux dans ce chapitre
sont les suivants.

Théoréme 0.14
Soient s > 0, Ry > 0. Il existe C > 0,7 > 0 et 09 > 0 tels que

[u(t)]

pour toute la solution u de ’équation de KP-II amortie

Hs(T?) < Ce_th’LLoHHs(Tz), Vit >0

Ou + Ou + a;laiu + ud,u = —G*Gu

avec donné initiale qui satisfait ||[uol| ms(r2y < Ro, [[uo||m-10(12) < do.

En combinant la stabilisation et la controlabilité locale établies dans le chapitre 3, on
déduit la controlabilité suivante

Corollaire 0.1
Soient s > 0, Ry > 0. Il existe T > 0, dg > 0, telles que si ug, u; € H§(T?) satisferait

[[woll s (r2) < Ro, [[urllmsr2y < Ro, [[uoll a-10(r2) < o, [|wr || r-ror2) < do,
il existe un contréle Gh avec f € L*((0,T); H*(T?)) tel que l’équation

Opu + Ou + 3;13514 +ud,u=Gf
admet une solution u € C([0,T); H{(T?)) qui satisfait

u(0) = ug, u(T') = uy.

On fait quelques remarques sur ces résultats. Premiérement, la condition ||ugl/g-10 <
dp < 1 sera appelée 'hypothése de petitesse en basse fréquences horizontales(en variable x).
On a besoin de cette petitesse parce que dans notre preuve, nous ne somme pas capable
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de montrer 'observabilité pour le régime dans lequel les fréquences en x sont bornées
tandis que les fréquences en y sont hautes. Essentiellement, dans ce régime, 1’équation
peut étre considérée comme un systéme de Schréodinger nonlinéaire couplé en variable y.
Dans ce cas, la propagation en direction x est négligeable et la propagation en variable y
ne nous aide pas pour avoir 1’observabilité dans une bande verticale. Dans le chapitre 3,
on a utilisé l'effet de dispersion (I'inégalité d’Ingham) en variable y pour surmonter cette
difficulté. Cependant, puisque H —30 est I’espace fonctionnel critique de KP-II par rapport
au changement d’échelle, 'effet nonlinéaire ne pourrait plus étre ignoré comme un systéme
de Schrodinger nonlinéaire en y. Donc éliminer 'hypothése de petitesse en basse fréquences
horizontales est un probléme compliqué.

On doit également mentionner que la régularité dont on a besoin pour obtenir la sta-
bilisation d’équation de KP-II est H® avec s > 0. Ceci est du a la difficulté de prouver la
propagation de petitesse en basse fréquences dans L2. Dans le cadre général, afin de mon-
trer la stabilisation, on a besoin de la propriété de semi-groupe nonlinéaire afin d’itérer.
Dans chaque étape d’itération, il faut assurer la petitesse en basse fréquences horizontales
pour continuer. Contrairement & la norme L?, les basse fréquences, ou en équivalence, la
norme de Sobolev avec indice negatif en x, n’est pas conservée le long du flot nonlinéaire.
Donc un autre probléme naturel apparait:

Probléme 0.1
Est-t-il existe s < 0 telle que pour tout T' > 0, toute solution globale u de l’équation de
KP-II satisfait

sup ||ul|gso(r2y < C(T, [|u(0)|[r=o(r2))?
te[0,7

Toute réponse positive & ce probléme avec une borne plus faible Cp({|u(0)( z2(r2)) a
droite pourrait améliorer le théoréme 0.14 & s > 0. On croit que ce probléme 0.1 est
intéressant en soi car il est relié & l'existence de solution faible de I'équation de KP-II
au-dessous de L*(T?). Les analogies de ces problémes dans le cadre de 1'équation de
Schrodinger nonlinéaire, I’équation de KdV (sans amortissement) ont bien été étudié, voir
par exemple [36],[35] et leurs bibliographies.

0.3 Quelques problémes ouverts liés a cette thése

Nous fournirons quelques problémes ouverts liés a cette thése.

Concernant le systéme de Stokes hyperbolique, on conjecture que la contrélabilité exacte
de (0.2.2) a temps T' > Teo est vraie. Ici Tgee est le temps avant lequel toute géodésique
généralisée de la vitesse 1 rencontre 'ouvert w.

Probléme 0.2

Soit Q@ C R? est un domaine lisse, borné et étoilé. On suppose que les géodésiques de
n’ont pas de contact d’ordre infini avec 0. Soit w C 0 un ouvert non vide qui satisfait
la condition de controle géométrique. Supposons que T > Tgoco. FEst-ce que pour tout
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(ug,uy) € V x H, il existe un controle f € L*([0,T]; L*(Y)), supporté par [0,T] x w, tel
que la solution unique de (0.2.2) satisfait (u, Ou)|=r = (0,0) ?

Une autre direction intéressante est la controlabilité des équations dispersives «dégénéréess.

Le mot dégénéré peut signifier plusieurs choses. L’équation de KP-I linéaire est un exem-

2

ple dont ’ensemble de points critiques de symbole est {3 2T _ . Un autre exemple

£
est 'opérateur hypoelliptique, typiquement 'opérateur de Grushin Ag = 07 + 2°02. La
controlabilité de I’équation de la chaleur avec I'opérateur de Grushin a attiré des intéréts
récemment , voir par exemple [34], [37].

Probléme 0.3
Trouver des conditions sur w pour lesquelles on a la contrélabilité exacte pour l’équation
de Grushin Schridinger

10w+ Aqu = 1,,f.

Concernant les équations de KP, en plus du probléme mentionné précédemment, il est
aussi intéressant de généraliser le résultat sur KP-I linéaire au cas non-linéaire.

Probléme 0.4
Obtenir la controlabilité et la stabilisation pour ’équation de KP-I avec des données péri-
odique.
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Chapter 1

Semi-classical propagation of singularity
for Stokes system

1.1 Introduction

Let Q € R? be a smooth bounded, star-shaped domain. Consider the eigenvalue problem

of Stokes equation

divug =0 in Q (1.1.1)
urlon =0

where uy € (H*(Q))2NV |Jug|/z2 = 1, are R¢—valued normalized eigenfunctions and
V ={uec (Hy(Q)":divu=0}.
We collect several facts which are well-known in functional analysis:

e 1y forms a orthonormal basis of
H={uc (L*Q)*: divu=0u-v|p =0}
The canonical projector IT : (L2(2))? — H is called Leray projector.
e The pressure P, € L*(Q2)/R satisfies [, P, = 0.
o [Vurllz: = X llurllzz < OGNV Pill2 < CXG P2 < COAR

We rephrase the system (1.1.1) by semi-classical reduction. Taking hy = )\,;1 and qp =
)\,:113;{;, dropping the sub-index, we obtain the following h—dependent quasi-mode system

— h*Au—u+hVqg= fin Q
h divu=01in (1.1.2)
u’aQ =0

21
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with the following conditions:
lull 2 = 1, |hVul| 2 = O(1), [|h*V*ul|: = O(1),

11V gl = O1), f € H,[[f][r> = o(h).

When h is small, the corresponding solution v = u(h) can be interpreted as high-frequency
quasi-mode as its mass, i.e., the L?—norm, is essentially concentrated on the frequency
scale b1

Before stating the main result, it is worth mentioning the eigenvalue problem of Laplace
operator in semi-classical version:

— h*Au—u=01in Q
{ pou=E (1.1.3)

U‘ag = 0.

One method to capture the high-frequency behavior of the solutions of (1.1.3) is to use semi-
classical defect measure associated to a bounded sequence (ux) of L?(€2) and to a sequence
of positive scales h; converging to zero. This measure is aimed to describe quantitatively
the oscillations of (uy) at the frequency scale h,:l. More precisely, for any bounded sequence
(wy,) of L?(R%), there exists a subsequence of (wy) and a non-negative Radon measure
on T*R? such that for any a(z, &) € S(R?),

]}L%lo(a(x, hi Dy )w|w) 2 ey = (1, @).
When () is a bounded domain, the precise definition of defect measure corresponding to
the boundary value problem will be described later.

Let us mention that a counterpart of semi-classical defect measure, micro-local defect
measure, was introduced by P.Gérard [25] and L.Tartar [60] independently. These objects
are widely used in the study of control and stabilization, scattering theory and quantum
ergodicity, see for example [10], [8], [26].

In the context of semi-classical defect measure, the classical theorem of Melrose-Sjostrand
about propagation of singularity for hyperbolic equation can be rephrased as follows:

Theorem 1.1 ([26])

Assume that € is a smooth, bounded domain with no infinite order of contact on the
boundary. Suppose p is the semi-classical defect measure associated to the pair (ug, hy)
where (uy) is a sequence of solutions to (1.1.3) (with h = hy,) which are bounded in L*(2).
Then p is invariant under the Melrose-Sjostrand flow.

We will give the precise definition of Melrose-Sjostrand flow and the associated concept
of the order of contact in the second section. Intuitively, these flows are the generalization
of geometric optics. No infinite order of contact means that the trajectory of the flow can
not tangent to the boundary with an infinite order.

The main result of this paper is as follows.
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Theorem 1.2

Assume that € is a smooth, bounded star-shaped domain with no infinite order of contact
on the boundary. Suppose (uy) is a sequence of solutions to the quasi-mode problem (1.1.2)
with semi-classical parameters h = hy. Assume that fi € H, ||fillr2@) = o(hi) and
converges weakly to 0 in L*(Q). Assume that u is any semi-classical measure associated to
some subsequence of (uy, hy), then supp(p) is invariant under Melrose-Sjostrand flow.

We make some comments about the result. Firstly, the measure p is Hermitian matrix-
valued, and we have no information on the precise propagation for p except for supp(u).
Secondly, since the eigenfunctions of Stokes operator converge weakly to 0 in L?(£2), our
results includes this special case.

An application of Theorem 1.2 is the stabilization of a hyperbolic Stokes system under
the geometric control condition. Let us consider the following hyperbolic-Stokes equation
with damping

Ofu— Au+ Vp + a(x)du =0 in R x Q,
divu=20 in R x €,
u=20 on R x 012, (1.1.4)

(u(0, ), 0u(0,x)) = (ug,v9) € V X H,

The energy

Elu)(t) = %/Q(|8tu|2 + [Vul?)dz

is dissipative. This is the main objective in the next Chapter.

Let us describe briefly our strategy for the proof of Theorem 1.2. The pressure term ¢ is
harmonic and in heuristic, it can only have the influence to the solution near the boundary.
We will prove that the measure is propagated in the same way as Laplace quasi-mode
(semi-classical analogue of wave equation) along the rays inside the domain. When a ray
touches the boundary, we need a more careful analysis between the wave-like propagation
phenomenon and the impact of pressure. It is difficult to get a simple propagation formula
near the boundary, comparing to the treatment of quasi-mode problem of Laplace operator
as in [10],[26]. We partition the phase space into elliptic region £, hyperbolic region H
and glancing surface G. It turns out that there is no singularity accumulated near elliptic
region. For the hyperbolic region, the propagation argument is also standard, with an
additional treatment when the incidence of the ray is right. Near the glancing surface, we
will follow the arguments of V.Ivrii’'s and Melrose-Sjostrand. The main difference is that
we will encounter two new cross terms essentially of the form (g|u)z2 after certain micro-
localization. To overcome this difficulty, we further micro-localize the solution according
to the distance to the glancing surface G and treat them separately. For the part nearing
G, we use the fact that the pressure decays fast away from the boundary while the solution
can not concentrate too much near the boundary, provided that it is micro-localized close
enough to the glancing surface. For the part away from G, it can be well-controlled by
geometric considerations.
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1.2 Preliminary

1.2.1 Notations

We will sometimes drop the sub-index & for a sequence of functions (uy) and semi-classical
parameters hy. In this circumstance, the notion ||ul|x = O(1),0(1) as h — 0 should be
understood as |lug||x = O(1),0(1) as k — oo (thus hy — 0) up to certain subsequence.

As in the introduction, we always use
V ={uc H}(Q)Y : div u = 0}
and
H={uc L*(Q)Y :divu=0,u-v|sgq =0}
In this paper we always use v to denote the outward normal vector on 0f2.

For a manifold M, we let T'M be its tangent bundle and T*M be the cotangent bundle
with canonical projection

m:TM(or T*M) — M.
We will identify system (1.1.2) as a system on differential form
h*Apu —u+ hdg = f in Q
hd*u =0 in Q (1.2.1)
u|39 = 0
where the unknown u € A'(2) is 1-form, and
d: AP(Q) — APTH(Q),d* : APTH(Q) — AP(Q)

are exterior differential and divergence operator on forms, with respectively. Recall also
that he Hodge Laplace operator is defined by

Ay =dd* + d*d = (d + d*)>.

In the turbulent neighborhood of boundary, we can identify the €2 locally as one side
of the turbulent neighborhood denoted by Y, = [0,¢) x X, X = {2/ € R*"! : |2/| < 1}.
We denote by 9, = Yi|,—o and Y? = Y, |,~o. For € Q, we note x = (y,2’), where
y € [0,6),2" € X, and x € 09 if and only if x = (0,2’). In this coordinate system, the
Euclidean metric dz? can be written as matrices

9= ( (1) g(y?xv ) 7= ( (1) g*(&x’) )

with ’§/|Z*1(y,m’)) =& g Yy, o)) car = gjkﬁégl/c be the induced metric on T*02, parametrized
by . Note that |§’|§,1(07$,) = (&,971(0,2")¢)ca—r = ¢7"€}E; is the natural norm on T*9Q,
dual of the norm on 7912, induced by the canonical metric on Q. Write (z,€) = (y,2',1,£)
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and denote by |£| the Euclidean norm on T*R?. For u,v € A'(Y,) with support in the local
chart of turbulence neighborhood, we define the L? norms and inner product on [0, ¢y) x X

via
falfoy = [ [ (wlu/AeiG@rasa,
(ulv) L2y = (ulv)y, / / (u|v)+/det(g)da’dy,
laly, M2z, = /X (uly, ) uly, ) /det(g)de,
(u|v) 20y, (Y) iz/X Iy, ) \/Fdx

where for u = ugdy + u;da" ;v = vody + v;dz”,
(ulv) = ugvy + u;Trg?"*

In certain situations we also use global notation for L? inner product:

(ufv)q == / wwds, (flghn = [ f-gdo

We will identify the unknown vector fields u, v, etc. and their dual 1-form. Formulation of
differential form will simplify some calculations. In the turbulence neighborhood, we write
a vector field

9 =, 9
X=X+X,—, X|= Xj=
e T EI: I 5a7
and we write X = (X}, X ). The normal component obeys the following convention:

(0,a) = —av.

As in [13], we will write down system (1.1.2) in the turbulent neighborhood. For
u = (u|,u1), equation (1.1.2) can be written as:

(—R*Ay = Dy + hVaq = fj,
(—hQAg —Duy +hdyqg = f1,

Oy(+/detguy) =0

(1.2.2)
hodiv juy + _
Vdet g
where
W2A = B0 — N(y,a',hD,s) + hMy(y, ', hD.) + hMi (y, 2')h),,
WAy = h*92 — N*(y,2',hDy) + hML(y,x’ hD.) + hNy(y,x")hd,,

h div ju = det qgu| J)

\/det Z O 3

h2A%(y,«’, hD,) has the symbol \? = |¢/ |2 > and My | are both first-order matrix-valued
semi-classical differential operators.
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1.2.2 Geometric Preliminaries

Denote by T} the vector bundle whose sections are the vector fields X (p) on  with
X(p) € T,00 if p € Q. Moreover, denote by *T*Q) the Melrose’s compressed cotangent

bundle which is the dual bundle of *TQ. Let
§:T*Q =P T*Q

be the canonical map. In our geodesic coordinate system near 0, *TQ) is generated by
the vector fields %,- b 52 ,y(% and thus j is defined by
1 1

5o

iy, 2", &) = (y. 2" 0 =yn,&).

The principal symbol of operator P, = —(h?A + 1) is

ply, @', 0, &) =07 + 1€ 210y — 1.
By Car(P) we denote the characteristic variety of p:
Car(P) == {(z,€) € T*Rg : p(z,€) = 0}, Z = j(Car(P)).
By writing in another way
p=n"—r(y, &), ry, 2, &) =1- ’flyzfl(y,x')a

we have the decomposition
T°0=EUHUG,

according to the value of ry := r|,—o where
E={ro<0},H={ro>0}G={ro=0}.

The sets £, H, G are called elliptic, hyperbolic and glancing, with respectively.

For a symplectic manifold S with local coordinate (z,(), a Hamiltonian vector field
associated with a real function f is given by

ofo  of o

I=9¢0z  9z0C¢

Now for (z,¢) € Q far away from the boundary, the Hamiltonian vector field associated to
the characteristic function p is given by

We call the trajectory of the flow
s (2,8) = (z + €, )
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bicharacteristic or simply ray, provided that the point x + s£ is still in the interior.

To classify different situations as a ray approaching the boundary, we need more accu-
rate decomposition of the glancing set G. Let 1 = 0,7|,—o and define

G = {(2/,&) s ro(2!,€') = 0, H] (r) = 0,Yj < k; HE (1) # 0}, k > 0

G*E = (2, &) i ro(a’, &) =0, £ (2, €) > 0},G% =G>T UGH.

No infinite order of contact means that we can decompose G into
(o ¢]
g=J¢g.
=2

Given a ray ~(s) with 7(v(0)) € Q and 7(y(so)) € 9 be the first point who attaches

the boundary. If v(sg) € H, then n.(y(so)) = £+/70(7(s0)) be the two different roots of

2 = ry at this point. Notice that the ray starting with direction n_ will leave (2, while the
ray with direction n, will enter the interior of €2. This motivates the following definition
of broken bicharacteristic:

Definition 1.1 (]28])
A broken bicharacteristic arc of p is a map:

s€l\ Bwr~(s)eT*Q\ {0},

where I is an interval on R and B is a discrete subset, such that

1. If J is an interval contained in I\ B, then s € J — 7(s) is a bicharacteristic of p
over §2.

2. If s € B, then the limits v(s%) and y(s™) exist and belongs to T:Q \ {0} for some
x € 02, and the projections in T,;0Q \ {0} are the same hyperbolic point.

When a ray 7(s) arrives at some point py € G, there are several situations. If py € G>T,
then the ray passes transversally over py and enters T*Q immediately. If py € G*~ or
po € G for some k > 3, then we can continue it inside T*9€) as long as it can not leave the
boundary along the trajectory of the Hamiltonian flow of H_, . We now give the precise
definition.

Definition 1.2 ([28])
A generalized bicharacteristic ray of p is a map:

s€T\ B y(s) € (T"Q\ T*0N) UG

where I is an interval on R and B is a discrete set of I such that po~y = 0 and the
following:
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1. y(s) is differentiable and X = H,(y(s)) if y(s) € T*Q\ T*0Q or (s) € G>+.

ds

2. Bvery s € B is isolated, v(s) € T*Q\ T*0Q if s # t and |s — t| is small enough, the
limits (s*) exist and are different points in the same fibre of T*0).

3. v(s) is differentiable and ’fl—z =H_,,(v(s)) if v(s) € G\ G*>T.

Remark 1.1
The definition above does not depend on the choice of local coordinate, and in the geodesic
coordinate system, the map

s = (y(s),m*(s). 2'(s), €'(s))
1s always continuous and
s+ (2'(s),'(s))
1s always differentiable and satisfies the ordinary differential equations
dz’ or d¢§  Or

& e o
the map s — y(s) is left and right differentiable with derivative 2n(s*) for any s € B
(hyperbolic point).

Moreover, there is also the continuous dependence with the initial data, namely the map

(5,0) = (y(s,p), 772(37 p), :L'/(S, p); fl(sa p))
is continuous. We denote the flow map by (s, p).

Remark 1.2

Under the map j : T*Q —b T*Q, one could regard ~(s) as a continuous flow on the
compressed cotangent bundle *T*Q, and it is called the Melrose-Sjostrand flow. We will
also call each trajectory generalized bicharacteristic or simply ray in the sequel.

It is well-known that if there is no infinite contact in G, a generalized bicharacteristic is
uniquely determined by any one of its points. In other words, the Melrose-Sjostrand flow
is globally well-defined. See 28] for more discussion.

1.2.3 definition of defect measure

We follow closely as in [8] and the one can find in [26] for a little different but comprehensive
introduction.

We denote by S™ the usual symbol class. Define the partial symbol class S3' and the
class of boundary h-pseudo-differential operators A}" as follows

Sy = {a(y, 2, &) : BSUI[) ]|8§‘,8?,a(y,x',§')| < Crap(l41ENmP}.
a,B3,y€(0,e0

A =2 Opi™(S™) + Opy (&) 1= A + AR .
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Consider functions of the form a = a;+agy with a; € C2°(2 x R?) which can be viewed as
a symbol in S, and ay € C®(Y, x R¥!) can be viewed as a symbol in Sg,. We quantize a
as follows: Take ; € C>°(2) equal to 1 near the z—projection of supp(a;) and oy € C°(R?)
equal to 1 near the z—projection of supp(agy). Define

OB} (@) (0 ) =gz [, ¢ e e e

1 i(z’—z’){l
+<2wh>d1/ T aal ! E)paly, ) (4, &) dE
RQ -1

According to the symbolic calculus, the operator Op;"%?(a) does not depend on the choice

of functions ¢;, ¢, modulo operators of norms Oz s p(ho"), and we will use the notion

com

Opy(a) in the sequel. Notice that the acting of tangential operator Op,,(as) can be viewed
as pseudo-differential operator on the manifold 02, parametrized by the parameter y €
[0, €0). The bounded family of operators A}’ is defined uniquely up to a family of operators
with norms uniformly dominated by Ch, as h — 0. See [26] for more details. Moreover,
for any family (Ay), such that

[An = Opy(a)l| 222 = O(h),
the principal symbol o(A) is determined uniquely as a function on 7*0f2, smoothly de-
pending on y, i.e. o(A) € C=([0,¢y) x T*0NQ).

When we deal with vector-valued functions, we could require the symbol a to be matrix-
valued. Now for any sequence of vector-valued function wy, uniformly bounded in L?(Q),
there exists a subsequence (still use wy, for simplicity), and a nonnegative definite Hermitian
matrix-valued Radon measure p; on T*€2 such that

Ilcir%(ophk<ai)wk|wk)L2 = (p;,a) := / tr (adp;).
— *()

For a proof, see for example [8], and the micro-local version was appeared in [25].

From now on the symbols and operators will be scalar-valued unless otherwise specified.
Suppose u; be a sequence of solutions to

— hiAuk —up + i Var = fi, (uk, fk> € (HZ(Q> N V) X H,
. . (1.2.3)
hidivug, = 0,in
under the assumptions below:
lullz2) = O(1),  fir € H and || fil|z2(q) = o(h),
(1.2.4)

1V a2 = O(1), / gz = 0.
Q

The following result shows that the interior measure p; is supported on the Car(P).
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Proposition 1.1
Let a; € C°(Q x R?) be equal to 0 near Car(P), then we have

lim (Opy,, (a;)ur|ur)r2 = 0.
k—o0

Proof. Note that the symbol b(z, ) = % € S° is well-defined from the assumption on

a;. From symbolic calculus, we have
Opp, (a;) = Bu, (—hp A — 1) + Oz 12 (hy,).
Therefore
(B, (—hiA = Duglug) 2 = (B, felur) 2 — (BuohaeVai|ug) 12
= o(1) + ([MV, Br,lar|ux) 2 — (h,V Bh,qx|ug) 12
=o(1), as k — o0,

where in the last line we have used the symbolic calculus, integrating by part, and Lemma
1.3. |

Now we denote by Z = j(Car(P)). Proposition 1.1 indicates that the interior defect
measure u; is supported on Z. To define the defect measure near the boundary, we have
to check that if ap € C°(U x R471) vanishing near Z (i.e. ay is supported in the elliptic
region for all y small) then

lim (Opy, (as)ur|ur)r2 = 0.
k—o00

Indeed, this can be ensured by the analysis of boundary value problem in the elliptic region,
which will be given later. Now for any family of operator A, € A, let a = o(A}) be the
principal symbol of A, and we define x(a) € C°(Z) via k(a)(p) := a(j7(p)). Note that Z
is a locally compact metric space and the set

{k(a) :a = o(Ap), A, € AV}

is a locally dense subset of C°(Z). We then have the following proposition, which guarantees
the existence of a Radon measure on Z:

Proposition 1.2
There exists a subsequence of ug, hi, and a nonnegative definite Hermitian matriz-valued
Radon measure u, such that

’}Lrgo(Ahkuk]uk)Lz = (u,k(a)),a = c(A),VA, € A).

The proof of this result can be found in [8], see also [10] and [25] for its micro-local
counterpart. Notice that if we write a = a; + ay, then

(Apug|ug) — tr (ai(p)dpi(p)) + / tr (ag(p)dp(p)).
T*Q Z

The following result shows that information about frequencies higher than the scale h;, !
does not lost, and the measure p contains the relevant information of the sequence (uy).



1.3. A priori information about the system 31

Proposition 1.3
The sequence of solution (uy,) is hx—oscillating in the following sense:

lim Tim sup / (un(€)[2de = 0,9 € O=(Q),
l¢|>Rh; !

B—=0o0 pooo
€0 — I
lim Tim sup / dy / [y, €)[2de’ = 0, v € C= (),
Roo0 koo Jo ¢’|>Rh; "

where in the second formula, the Fourier transform is only taken for the x' direction.

The proof will be given in appendix.

1.3 A priori information about the system

1.3.1 Information about the trace

We consider the semi-classical Stokes system

—R*Au—u+hVg=f (u, f) € (H* Q) NV)x H
. : (1.3.1)
h divu = 0,in €2

Assume that ||u||2() = O(1), || fllz2(@) = o(h). Taking inner product with u and integrating
by part, we have ||hVul|2(q) = O(1). Since ¢ € L*(2)/R, we may assume that [, gdz = 0.
From the regularity theory of steady Stokes system, (see [62], page 33), Poincaré inequality,
we have

12290 12y = O(1). a2y = O™, [Vl 2@y = O(1).
The following is a direct consequence of trace theorem for gy = ¢|aq-

Lemma 1.1
90l ir1/2(00) = O(h™1).

There is hidden regularity for the normal derivative.

Lemma 1.2
ho,ulaq = (hOyu),0) and ||hOyulacl|r20) = O(1).

The proof of this lemma will be given in appendix A in which we use the fact that (2
is star-shaped. We will recover some information for low frequencies from the following
lemma:

Lemma 1.3
Suppose u — 0 in L*(Q). Then after extracting to subsequences, we have hNVq — 0 weakly
in L*(2) and hq — 0 strongly in HY?(Q).
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Proof. We may assume that hVq — r weakly in L?(Q2) and Rellich theorem implies that
hq — P strongly in L?(2), and thus VP = r with the property [, P = 0. Moreover it
is easy to see that AP = 0 in Q. Since the sequence (h?V?u) is bounded in L?, then up
to a subsequence, h?V?u — W weakly in L% From Rellich theorem, the sequence (h*u)
converges strongly in L? and the strong limit must be 0 due to u — 0 weakly in L2 Thus
W = 0 and this implies that VP = 0. Finally, we must have P = 0 since it has zero mean
value. The last assertion follows from Rellich theorem. |

1.3.2 Semi-classical parametrix of the pressure term

In system (2.4.1), the family of pressures ¢ satisfy the boundary value problem of Laplace
equation
_h2Aq = 07 n Qa Q|dQ = 4o

with unknown boundary data gy. We denote by PI(qy) the Poisson integral of the cor-
responding harmonic function with trace go. Let N be the Dirichlet-Neumann operator
satisfying

Ngo = 9,P1(qo)|oa-

Next we study the behaviour of the sequence of pressure ¢ in the regime of frequency scale
h~!. We always fix the notation

)\(y7x,7§,) - |§,|g*1(y,:fc’) ~ |§/|

Let Y = (—€p,€)y X X, and Y} = [0, ), X X,. We first have the L? bound of ¢, micro-
locally away from & = 0.

Lemma 1.4

Let (fn)o<n<1 be a h—dependent distributions such that || f| 12y = O(h™N). Assume that
for any x € C(R*"), vanishing near ¢ = 0, we have ||X($ath)fh||H y = O(h™1).
Then

3 (Rn
X (x, hD..) fall 12 geny = O(h™%).
Proof. Assume that {|£| < 250} Nsupp(x) = 0. Take & € C°(R") such that
(&) =1,1¢] < o, P(E) =0, €] > 26,.

We write

From the support property we have ®(hD,)x(z, hD,)f = Ope(h*). Thus (1-®(hD,))x(z,hD,)f =
O3 (h7). Let b(&) = [€]'*(1 — ®(€)), and we have b(hD,)x(z, hD,)f = Orz2(h™2). Since
b(€) # 0 on supp(x), we have

IX(2, hD3) fll 2y < ClIB(AD.)X (2, hDy) f || gy + Chl|x (2, ADg) fll2@ny < Ch72
|
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Lemma 1.5
Given 8y > 0 and p,@ € C=(Y,). For any xs, € C(Yy x R¥Y) such that xs,| = 0 if
My, 2, &) < 20, we have

120D (xa0) (9) | 2z ) + B2 (BOPA(X50) (90)) ly=0 ]l r2(ma-1) < Ty

Proof. Write D; = 12 we have HhDj(gpq)HLQ(Ri) = O(1). Note that
J

!/

@X% (ya ZU/, 6/) € Sga

. g
and if we let x; = B X then
d—1
Pxoo (0,7, 0D ) (pg) = Y X (y, 7', kDo )hD;(0q) + O (1) = Opaggay (1),
j=1

where the implicit bound in big O depends on dy, ¢, ©. For the boundary term, we observe
that @Opy,(Xs,)(©q)ly=0 = Opr/2(ga-1y(h~") from trace theorem. Thus from Lemma ?7?,

gb/oph(X(sO)(Sany:O = OLQ(Rd,l)(h_l/z)_ n

We express semi-classical Laplace operator h?A, in the geodesic coordinates of turbu-
lence neighborhood Y by

Py =R+ g70,0;+h>_ M;(y,2')hd; + hH(y,a')ho,
2 J

where 0; = 895;. We make the ansatz

Ay, o) = W [ atw v e o€
then we calculate
P@)(y. ', &) =W / (h202a + g™ (h20;0a — g™ €lg}a)) €7 0(¢')de’
+W / (ihg™€L0;a) ¢ 0(¢")de’
+W / ((h*M;0;a + ihM;Ela) + h* HO,a) 6#9(5')055’.

We next look for the formal semi-classical expansion

a(ya h7 .’El, 5/) = Z hjaj(y> h7 .CC/, 5/)

320
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with a; € ng and hkﬁjaj € ngJrk. We obtain

1

Pt = (2mh)d-1

/((h23§&0 - gijfifjao)

+h(@gjk§,'€8jao + Z'Mjééa,g + hQHﬁyaO)
+h(h?8}ay — g7* € an)
+h2<g]k8j8ka0 + Mjajao)

+h*(ig”" &,0;01 + iM;Eiar + h* HOyay)
+h2(h*0ay — g*€i€as)

- )e T 0(g)dE

Pick ¢1,0 = @1]an, ¢1 € C2(Y). For gy = 1,040, We put
0(¢) = Fal@(€)) = (2xh)~D / Go(a')e "< M,
Rd-1
ao(0,-) =1, a;(0,-) =0,Vj =1,

and we define the functions a; inductively as follows: firstly we define ag

YAy, g .
aoly, 2/, &)=e "0 Ny, 2, &) =\ /gigle, ~ €],

and the quantity

h2 y2>\2
(hQag - /\2)6L0 =h (ﬁ 12

2 y
(0,\) + %A@y/\ - 28y/\) e

can be viewed as of order h. Next we set a;, j > 1 implicitly by solving a sequence of linear

ODEs:
h?0lay — Nay = — h™ 1 (h?0) — N)ag — (ig"* 0500 + iM;Ejag + h* HO,ap).
hzajan - gijfifj@n = gijaiaj@an + M;0;a,_)
igjkﬁ,'ﬁ(?jan,l + Z-Mjééan,1 + h2H8yan,1), n Z 2.

—
=

Unfortunately, the functions a; constructed above are not symbols, since they have
singularities when ¢ = 0. This indicates that we can only obtain information of ¢(h) from
such parametrix away from & = 0. We modify the construction above by setting

yA _
Ao(y, ', &) = e mabs,(Npa(y, ), (y,2,&) € RE x RT

with 15, = ¥(05"),v € C®°(R,) satisfying ¢(s) = 1 when s > 1 and (s) = 0 when
0<s< % We next modify other A; in the same manner. Indeed, the ODEs which define
A; are linear ODEs in y variable. Thus for j > 1, A;(y,2’¢’) = 0 when A(y,2’,¢’) < %0.
We define the particular class of symbols in Sg.
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Definition 1.3
. . O o¥
&)= {a € %1 |(hd,)' 0% caly,a’, &) < Clvae_h} :

Lemma 1.6 .
The symbols constructed above can be chosen to satisfy A; € ;7 for all j € N.

The proof will be given in appendix.
In summary, we have A ~ 3., hiA;, and a tangential symbol Bs,(y,2’,&’) compactly
supported in A(y, 2, &) < %0, such that
@PyA(y, ', hDyw)(¢1.090) =9 Bs,(y, 2's hDar)(01040) + Opres (R),
poA(0, 2", hDy) (01,000) =PoOPy, (15(A))(91,090) + Oree (h).
The following proposition states that the parametrix constructed above is an approximation

of the pressure ¢ in the relevant semi-classical scale.

Proposition 1.4
There exists A € SY with principal symbol

B2ERS

AO(ya xla 5/) = exXp ( h

) wtso ()‘(% xla 6/))901 (ya x/)a

which satisfies asymptotic expansion A ~ Z WA, A € Egj. Moreover, for any
Jj=>0

@, Y1 € CSO(YJF), 901|supp(<p) = 17
we have pOpy,(xs,4;)(¢1.0q) = OLZ(Ri)(l) for all j, and

PP, (X5) (910) = POPL (X5, A) (P1,000) + Opaeay (),
POP, (X510, (914) = 9OPy (X5 AA) (01,040) + Opagee ) (h**),
POP1 (X )19y (#10) = POPL (X M) (P1,060) + O3 e (B'1),

where o = ¢laa, 1.0 = P1]99: X500 = Xoo |ly=0-

We postpone the proof of this proposition in appendix. A direct consequence is that
the singularity of the pressure ¢ must concentrate in a very thin strip near the boundary.

Lemma 1.7
With the same x5, € C°(Yy x R¥™1) and 1,0 € C(Y,) for any 0 < yo < €0, we have

€0 oy
| 10m ) (210 oy < Cife™ F 4 1),

Yo

where the constant Cs, only depends on &y and is independent of yo and h.
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Proof. The second term appearing on the right hand side comes from all the possible
remainder terms. It suffices to estimate the term

€0
[ 16001066 A0) 100 s

Yo

Since @1 0q0 = OLQ(Rd—l)(h71/2), micro-locally, we have for each fixed y > 0 that

. 181 o
0Py (xsy A0) (p1.0d0) | 2(ra—s) SCRTY2 Y " bz sup [0 o (x5 Ao)| + O(h)
pl<ca ¥

<Ch~Y2e~% (1 Y (%)") +O(h™).

1<m,n<Cd

Squaring and Integrating the right hand side in y variable yields the desired conclusion. W

1.4 Main Steps of the Proof

The proof of Theorem 1.2 can be divided into several steps according to different geometric
situations. We want to show that for any given point py €® T*Q, if py & supp u, then
(s, po) ¢ supp p for any s > 0. The first step is to show that if py € T*Q, py ¢ supp p,
then (s, po) ¢ supp p for all s > 0 provided that 7(y(-, po)|0,s)) N O = @. This can be
summarized by the following proposition, in which we have stronger conclusion that the
measure is also invariant under the flow.

Proposition 1.5
For any real-valued scalar function a € C°(Q x RY) vanishing near £ = 0, we have

d

%(Ma ao 7(37 )> = 0.

Proof. Let A = Op,(a) and P = —h?A—1. We apply equation and Lemma ?? to calculate

> ([P, Alulu)g = E(AU'PU)Q — E(APU|U)Q

- %(Am f—hVq)a— %(A(f — hVg)lu)a

_%(Au|th)Q + %(Athm)g +o(1) (1.4.1)
([, hdiv Julg)a + ([, ¥ ]glu)a + o(1)

= i(Op;,(Va) - ulg)a — i(Op,(Va)glu)o + o(1)

= i(u|Op,(Va@)q)o — i(Op,(Va)qlu)a + o(1).
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where we have used integrating by part freely, thanks to the fact that A has compact
support in z € Q. Now we claim that for any x € C°(T*(2), we have

(u[Opy (VX))o = o(1).

We know that ¢ = Op2(q)(1) micro-locally away from § = 0 since hVq = Op2(1). On the
other hand, h*A(Op,(Vx)q) = Or2(q)(h) and this implies that Op,(Vx)q = or2(1) since
the symbol of h2AOp, (V) vanishes away near £ = 0 as well as x near the boundary. In
view of the definition of u, this completes the proof. |

For the second step, we need prove that if py € £, then p = 0 in a neighborhood of py.

Proposition 1.6
ule = 0. If we let v be the semi-classical defect measure of the sequence (hiO,u|oq, hi),
then vlg = 0.

The third step consists of proving that after reflection near a hyperbolic point, the
measure f is still zero.

Proposition 1.7
Suppose py ¢ suppp and there exists so > 0 such that v(so, po) € H and w(y(s, po)) € 2
for all 0 < s < sg. Then there exists 6 > 0 such that

W(V(" pO)‘[so,soﬂS]) M suppu = 0.

Next step is to prove the propagation near a diffractive point.

Proposition 1.8
Suppose py & suppp and there exists so > 0 such that y(so, po) € G** and 7(v(s, po)) € 0
for all 0 < s < sg. Then v(so, po) & suppp.

To deal with higher order contact, we will use induction. First let us introduce

Definition 1.4 (k— propagation property)

For k > 2, we say that k—propagation property holds, if along generalized ray (s, po),

the following statement is true: For some oo > 0, if Y(-, po)lj.co) N supp(p) = 0 (or

Y(+, o) (=o0,00 N supp(p) = 0) and (oo, po) € U G’ (or v(—00, po) € U G’), then
2<5<k 2<5<k

v(00, po) & supp() (or ¥(—00, po) & supp(u) ).

The last step for the proof of Theorem 1.2 can be reduced to

Proposition 1.9
k—propagation property holds for all k > 2.



38 Chapter 1. Semi-classical propagation of singularity for Stokes system

1.5 Near &

This section is devoted to the proof of Proposition 1.6. We set Q(y, z’,¢’) := v/A? — 1 and
define Qp, = ¢Op;,(Qx0)p1 with xo € CSO(R?,_l) with support near £ in which 1+6§ < A <
C'. With a bit abuse of notation, we refer qo, ¢ to be pOp,(x0)¥190, ¥OP,(X0)¥1¢q and u to
be pOp,(xo)p1u. In this manner, we can combine the parametrix in last section to write
the system (1.1.2) as

{ (=205 + Qp)uy j + g"*hdyy (Op,(Ao)go) = Ryj = Opaae)(h), 151)

(=20, + Q3)us + hdy(Opy,(Ao)go) = Ri = Opagga)(h).

Note that the symbol Ag(y, 2’,¢’) is defined in last section which equals to e~ since A > 1.
Take ¢ € C*(Ry), with Y] = 1,¥pe,00) = 0. Denoting the extended distributions
of u by w = (wj,wy) = (u,ur)¥(y)ly>0, we have from standard elliptic parametrix
construction (see Appendix A) that modulo that O proo (me ) (h>),

{ wy; = E(y, 2, hDy, hDo) (= (y) g’ hdy (Op,(Ao)qo) + 2hv; @ y—0 + (y) Ry ),

wy = E(y, 2, hDy, hDy)(—h(y)9,(Opy(Ao)ao) + 1 (y) Ry)-
(1.5.2)
where v = hdyu|y—o = Op2 (1). Recall that the principal symbol of £ is given by

o xo(&)ely,«)
' 7]2 + )‘(yv Il? 5/)2 -1

Now we need a lemma which deals with the trace of error terms:

Lemma 1.8
Assume that R = pOp,(xo)p1R + On=(h>), then if |{(y) Rl j2re) = O(h), we have

1E(y, 2", hDy, hD2) (W () R)ly=oll y2 a1y = O(R'?).

Proof. From the parametrix construction above, we know that

C
8a / /E s /; s ! < @ .
| y,x’ ;€ (y L5n €)| — 772 + Q(y,x’,f”)Q

Therefore, the symbols nE(y,x';n,£') and Ay, 2/, &) E(y,x';n,£’) are uniformly bounded
in S°. Thus E(y,2; hD,,hDy)(¢YR) = Or2ga)(h) = Oprge)(1), and from interpolation,
we have E(y,2'; hDy, hD,)(¢YR) = OHz/s(Ri)(hl/?’). The conclusion then follows from trace
theorem that H*(R%) — H* Y/2(R?!) is bounded for s > 1/2. [ ]
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Proof of Proposition 1.6. Denote by F,(qo) = 6 the semi-classical Fourier transform of ¢,
we calculate

E(y7 *1'/7 hDy7 hDJ?/) (w(y>hayoph(‘40)q0)

B S e ¢ 0(E )y, ) xo () )
= @ d//e dzdn/ Oy ey N )de' + R,

Z(yn-!—x&)
_ ) Bi(n.2. €)o7 )x0l€) , ., (153)
B 27rh // U + Q*(y, 2, ¢) dndé
B2 et By(n, o', )y, 2')xo(€)
~ @nh)i / dﬁ/ Pt Qurer i

with reminder term R; = OLQ(Rd)(h)7 where \g = A|,—o,

(ot €) / e m+/\(zw 5)) )\(Z<§/>£>hdz’
and

By(n,2",¢) :/ W(h2)2(0.M) (hz, o/, £ )em Az D)zq,
0

We notice that

innB Il / /
s [ R 2,

is a bounded symbol in Sg,. Thus the second term on the right hand side of (??) is equal
to Ry = OCO(Ry- Lz(Rdl—l))(h) and we may concentrate on the first term.

Write
Ahz, o' £)

o

(n’x g / 1/) hZ —(in+A(hz,2' &)z

Taylor expansion gives
! ¢! 1 d
AN\ (2 of | () —e= N (2, &) + / o (e ez, of (i) )
0

1
_/\0 Z)‘O( 5 ) + h/ f)t(z, ZE,, gl)e—A(htz,x’,g’)zdt
0
with
Pi(z, 2, &) = =22 (N, N) (htz, o', € )b (htz)+2(0,\) (htz, o, &) (htz)+2X(htz, o, &)Y (htz).
)\0(37/7 6/)
(i + Ao(2', §"))(E")

1
777 I € / / —(in+A(htz,2' "))z <€/> Pt(z, :L“', 5’)dzdt.

Thus we have Bi(n,z',¢') = + hél(n, x' &), where
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Note that near a point in &, |8§,8§,Rg(z,x’,§’)| < C,p2?, independent of ¢, h, hence the
symbol

Riy.o'.§) = [ S 20 B .0/ €y € 5.

Therefore, the symbol in the principal term of E(y,2’, hD,, hD,/)(¢(y)ho,O0p;,(Ao)q)
equals to

Kl(y,$/,£l> :)‘0(33/75/)/ (772 + dn + hKl(Z/?x 5)

=21 o (y, ') x0 (&) +hE (y, 2, €)

=27 Aoy, ') x0(§)

o >+hfﬁ(y,x’,£’)-

Note that

Ei(y,',€") = 2mhop(y, ") xo(£) (620’10 : 22)22 + 2Q(€)\0:- Q)) =0

near £, we have
E(y7 xlv hDya th’)(w(y)hayOph(AO)QO) = El (ya ZL‘I, hD:c’)QO + Rl + RQa

with Ry = OC(Ry;LQ(R?l))(h). We claim that Ry = Opiraey(1) and thus by interpolation,

| R1| gr2/3may = O(h/?). Indeed, the reminder terms R; comes from symbols of the form
hS~! (in both 7 and &’ variables), and the symbolic calculus yields 0,Ry = Op2(ra)(1), and
8$/R1 - OLQ(Rd)(l).

We next calculate the parallel component
ﬂ_ zA(z,zl,ﬁ/) .
L) 2, ol ) 0(E)

1 i(y—2)n ek ,
(2h d//w(@e ' dZdn/ 7+ Qy, ', ¢)? ‘

i(='¢ +yn)

)90( )XO th’gﬂz ik ,
27Th // 77 _|_Q y, g/) d df/ @Z) g (Z,l’)dz

i(a'e +yn) +yn)

(€)ey, 2)xo(€) ;o ,
27Th // (n? _|_ Q y, ', £)?) By ji(n, 2, " )dnd§
= Ez(y, 2, hDy )qo

in+/\(z,:c/,£/)
_fz

BQ,jk(na$/7£/):/D P(z)e gjk(z,x/)%dz.
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Define

yn

en By jr(n, ', &)y, ,)X0(§/>d77
n? + Q(y, 2, &) 7

Ko ji(y,2',&) = /

and from similar argument we can write

+ h[?2(y7 xla 5/)

@0,z ewTTI@(y’x,)XO(f/)
Kar(y, ', = ¢ (0, >/ (n* + Q(y, 2, &)?)(in + Ao(2', €'))

and the principal symbol of Ey(y, ', hD,/) is elliptic if \g(¢’) > 1 and y small enough.
Finally,

E(y,x', hD ,th/)(2hv ® dy—o)

1(yn+cc )
Fu(v)(€) sO(y, ' )xo(§) ..
= d€é'dn + Orampay(h
1o e oy o) v (€) a
iz h s 0 ,
/fh Q('y, ;U” §/> df ‘|‘ OLQ(Rd)(h>

= E (y,x WDy )v + Oz gay(h),

and again, E5(y,2’, hD,/) is elliptic near \o(§’) > 1. Moreover, the reminder terms are
indeed of O H2/3(Rd)(h1/ 3) from the same argument as for R;. Now the boundary condition
(wy, wy)|y=0 = 0 and trace theorem yields

E1(0,2',hDy)qo = OL%R;dfl)(hl/S),

Es(0,2', hDy)go + E(0,2', Dy )v = O 5 gy (h'/?),

Therefore, from the ellipticity of Ey, Fs, E3, the measure of pressure at the elliptic region
vanishes, so does the measure of v, namely o|s = v|s = 0. In summary, the proof of
Proposition 1.6 is complete.

1.6 Near H

We take @1, p € C°(Y,) such that ¢1|spp(s) = 1. For any tangential symbol b € C2°(Y; x
R?1), we define the pseudo-differential operator B;, = ¢Op,(b)¢1, with compact support
in Y;. We will change the notation of tangential variables (2/,¢’) to (z, ). We always work
in local coordinate (y, ) and sometimes abuse the notation u = ¢ u, ¢ = p1q as compactly
supported functions in Y,. Note that gy, the trace of ¢ is not bounded in L? in priori.
Fortunately, it turns out that gy = O2(1), micro-locally near a point in H.
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1.6.1 L? bound of boundary datums

Take b(ya Z, 5)7 bl (y7 T, 5) S Ogo([(), 60) X H)? such that b1|[0750/2)><8UPP(b) =1. Let Q(y7 Z, 5) =

V1= My, x, )2 (y, x,&). We will first factorize the operator (—h?A—1) near a hyperbolic
point.

Lemma 1.9
For 0 <y < €y, we have

Bh(_hQA - 1) = _(hDy - QZ)(hDy - Q}:) + R = _(hDy - Qf:)(hDy - Q;) + RH:
where R', R" € C*([0, €], AU ™=(9R)), and QF have principal symbol +Q(y,, ).

Proof. The proof is quite standard, and we follow the construction in [10] by translating
word by word to the semi-classical setting. In local coordinate, we have

Bu(—h*A —1) = B*D; + R(y,x, hD,) + hMy(y,2')hD, + hMy(y, ©)h D,

with o(R) = Q2. Set ¢ = VQ(y,2,¢"), Qf = Op,(¢) and Q7 = —Qf — hM,. Direct
calculation gives
h
(hDy - Qf)(hDy - QI) = h2D§ - (QT)Q - thMl - (Ql+ + Qf)hDy - ;%(Qf)
= h*Dy = (QF)* + hMhD, — M(Q My — i9,(Q7))-

Thus By(—h*A —1) — (hD, — Qf)(hD, — Q7) = hT}, with some operator T3, bounded in
L?. Now for j > 1, suppose that we have

Bh(_hQA - 1) - (hDy - Qj)(hDy - Q]_) = thja
. T.
then we set Q;-'EH = Q;.t+h15i+1 with S;Zrl + 95,41 =0, o(SH o(T5)

; ) = 3@

and obtain that

By(=h*A = 1) — (hDy — Q1) (hDy — Q1)

. , 3 B A B hitl B : B
=h"T; + h'](S]trle + Qj_SjJrl) - h](Ser + Sj+1)hDy - Tay<5j+1) + hzjsfﬂsjﬂ
::hj+17}+17

for some operator T;;; bounded in L?. The proof is then complete by induction.
]

Define w = ¢1u — hV(p1q), w* = By(hD, — Qif)w and its boundary values wg :=

w*|,=¢. Note that pP,w = ¢f.

Proposition 1.10
| BrhOyw. || 12may = O(1), and consequently, ||wjf||L2(Ri) = O(1).
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Proof. From h div u = 0, we have ph div w = 0, hence
go(hayuu_ +h diV”wH) = OLQ(Ri)(h),

where in local coordinates,

Vdet(g)wy ;).

diV”wH =

1 d—1
Ve 2

Therefore,
||th8wa||L2(Ri) S O(h) + HthdiV”wH”LQ(Ri) = O(l)

Now we recall a semi-classical version of hyperbolic energy estimate.

Lemma 1.10
Suppose A, = Opy,(a) is ellptic (with real-valued symbol a smoothly depending on t) of
order 0 on a compact manifold M and w are solutions of the h— dependent equations

(hDy + Ap)w =g, (t,z) € R x M.
Assume that for any compact time interval I and small h,
[wllrzxany < CU), lgllzaxan < CU)A,
then we have for all small h,

sup [lw(t)|| 2y < C(I'),YI' C I compact.
tel’

Proof. By symmetry, we only need to treat the case hD; — Aj,. Take x(t) € C°(I'), and
we may assume that 0 € I’ with x(0) = 1. Multiplying by x(¢) to the equation, we have

(hDy — Ap)(xw) = xg + [X, hDy — Aplw =: r = Or2@xan (h).

We now calculate

d , .
ha(xw|xw)(t)L2(M) = (thDyxw|xw) r2ary + (Xw|ihDyxw) r2(ar

= i(Ap(xw) + 7|xw) r2(ary — i(xW|An(XW) + 1) 2201
= i((An — A})xw|xw) L2 (ary + i(r[xw) 2ary — i(xw|7) L2(ar

Integrating the formula above from 0 to sup I’, we finally have ||w(0)||%2(M) =0(1). N

Lemma 1.11
[wy || z2ga-1) = O(1).
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Proof. From Proposition 1.10, we have (hD,—Qj )wT = OL?(Ri y(h). Applying the previous

lemma to wi, we have||w3fl||L2(Rg_1) = O(1). Combining the boundary condition, we have
Bi(Qy — Q) (hdyq)ly=0 = —Br(Qy — Q;, )hNgqo = wy | —wy | = Opaga-1)(1).
Remark that in priori, N is a first order pseudo-differential operator, and we only have
I BuhN qo| r2@a-1y < | Bull-15 02N Goll -1 ra-1) = O(h™1).

From the exact pricipal symbol of Q3°, we have || B,hN qo|| r2ra-1y = O(1), and the constant
in big O depends on the micro-local cut-off b(y, 2’,£’). As a consequence, ||w3fL||Lz(Rd_1) =

o(1).

It remains to study wﬁt. Notice that their boundary values are
woi,” = By(v — (hDyhvllq)’yzo) - BthhV”qo,
where v = (hdyu)|y—o = Orzga-1y(1). All terms are obviously bounded in L?*(R*") except

the trace of B,hVhD,q. To bound it, we use the support property of b and Proposition
1.4, hence B,hV | hDyq|,—o = —BphV RN gy = Or2ma-1(1)- [ |

Again by hyperbolic estimates, we can establish the following results:

Proposition 1.11
HwiHLQ(R‘}r) = O(1). In particular,

IBuhDywll gy + 1BahN ol 2 a1y + | Br* Aotoll p2ga-1) = O(1),
where Ag = Apq, the Laplace-Beltrami operator on 0S2.
Proof. 1t remains to prove HthQAOqOHLQ(Rgfl) = O(1). Indeed,
Bphoyw, =Brhoyu; — h23h82q

0y+/det
:thhﬁyui + h2B,, ( Z 9;( g'* Okqo) + (g)ayq> )

vd 1<] k<d—1 det(g)
Thus
thaywﬂy:o = th2AOQO + OLQ(Rdfl)(l)a

thanks to hdyu; = 0 and ByhNqy = Orzga-1y(h™). From wy, = BphDyw.|,— +
BrQiihNqy = Orz2ra-1y(1), we deduce that ByhDyw, |y,—0 = Op2ra-1y(1), and these yield
Hth2AOQOHL2(Rd*1) = O(l)

[ |
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Corollary 1.1
1BV al| 2 ey = o(1).

Proof. We will go back to the global notation in this calculation. It would be suffices to
show that B,hVq = ¢Op,,(b)p1hVq = 0r2(0)(1) since there are only change of bounded

weight in the integral with respect to the measure /det(g)dydz and dydz in local co-
ordinate, and the former admit us to apply integrating by part and the structure of the
equation in a simple way. We calculate

(BrhVq|BrhV q)r2(q) =([Bn, hV]q|BahVq) 120) + (RV Big| BrhVq) 12(q)
:0(1) — (Ahth|hdivthVq)Lz(Q)
+(Brhqo| Br(h0,q)|o0) 1259
=0(1) + (Brhqo| BLhN qo) r2(69),

where we have used the fact that hq = 072(0)(1) and Ag = 0 in the calculation. Now from
Lemma 1.3, we know that hg — 0 weakly in H'(Q) and hgy — 0 strongly in L?(992). The
last term is o(1) since ByhNqy = Op2(a0)(1). |

1.6.2 propagation of singularity

In this subsection, we prove Proposition 1.7.

We factorize —h?A — 1 as (hD, — Q7)(hD, — QF) + R* near 2, € H and choose
Qi with principal symbols £Q(y, z,£) = /1 — A2b, (y, ,€), as in the previous subsection.
Take ¢ € C°(]0, €0))with ¢ = 1 in a neighborhood of y = 0. By an abuse of notation, we

introduce
wt = Biﬁ;(hDy - Q}T)w7

with B;f has principal symbols ¢ (y)b* (y, z, £) where b*are solutions of

obt n "
a— + HQ(y,.’E,E)b = O, b |y=0 = bo, (].6].)
Y
bo is another micro-localization near zy with b |supp(s,) = 1 and Hob = {Q, b}. Note that the
compact support of 1(y)b* can be chosen to be arbitrarily close to the semi-bicharacteristic
curves v& corresponding to the principal symbol p. Moreover, b* are invariant along v=*.
Under these notations, Proposition 1.7 can be rephrased as follows

Proposition 1.12
Let o be the defect measure of u. If

b+,u]—0<y§eo = O(b_ﬂ]-0<y§eo = 0)7

then we have
b plocy<e, = 0(b" 1locy<e, = 0).

Moreover, we have in fact b*p = b"p = 0 in this case.
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The proof will be divided into several lemmas. First we calculate
(hDy - Qf)wi = [hDy - Qi ijLEKhDy - Qi)w + B}jlt(hDy - Qi)(hDy - Qi)w,
and
h h
(0D, ~ @i, Bi) = SO0p, (0,6° F Hob*)i(y) + 50/(4) B + R

The first operator vanishes thanks to the definition of b*, and the remainder term R" =
Op2(re)(h?). Therefore we have

IR (hDy — Qi )wll 2 gy = O(h?).
and consequently

(WD — Qi) = 0/ ()t + g*,
with g = OLQ(Ri)(h>'

Lemma 1.12
Let p* be the semi-classical defect measure of w®, b is defined as above. Suppose b*ut1locy<e, =
0, then we must have b*p* = 0 and pg = 0, where u3 is the defect measure of wi = w*|,—o.

Proof. Take yo = €o/2, we first claim that |[w™*(yo)||z2 = o(1). Indeed, from the assumption
and compactness, the measure u* vanishes in a small neighborhood of semi-bicharacteristic
curve v*. Thus ||wi||L2([y07EO}XRd—1) = o(1), provided that we choose supp(by) small enough
in the definition of w®*. Finally, repeat the argument in the proof of Lemma 1.10, we have

—hllw* (yo)| 72 @a-1) = Z/ (@ — (@) )xw™ [xw™*) p2ga—1)(y)dy + o(h).
Yo

The claim then follows.

Integrating the identity

d

g (00 gy = GG = (QF) W0 ) sy + 208 () ) ey

+ 2Im(w*|g*) 2 (ra-1)

from y = z < yp to y = yp, we have

Yo
[l (2172 a1y < C/ 1™ (W) 172 a1y dy + o(1).

Using [ [[w*(y)[[72a1ydy = o(1), we obtain that | wy || 2 ga-1) = o(1). [ ]
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Remark 1.3

Away from the boundary, the defect measure of u equals to the defect measure of w, and it
propagates along the bi-characteristic curves v*=. Since we can essentially decompose w into
wt and w™ near a hyperbolic point, we call w (w™ )the incoming wave and the out-coming
wave. Thus the above proposition asserts that if we have no singularity of w* (w~) along
incoming wave(out-coming wave) near the boundary but strictly away from the boundary,
then there is no singularity of the boundary data of incoming wave(out-coming wave).

Changing the role of y = yy and y = 0 in the proof of Lemma 1.12, we conclude that if
pE =0, then b*p* = 0.

To finish the proof, we need understand how the singularity transfers form boundary
data of in-coming wave to the boundary data of out-coming wave.

Lemma 1.13
ps = 0 implies that ug 1ezo = 0. Consequently, ¥ lezo = 0.

Proof. By symmetry, we only need deduce pg1ez0 = 0 from pf = 0. For § > 0, we define

bos(e.§) =t ) (13 (HE ).

with some ¢ € C*°(R), 9| [22) = 1. We define b3 (y, z, £) by solving ODE (1.6.1) with initial
data by 5.Let Bffh be the associated PdO with principal symbol bgc. From compactness and
continuity dependence of the initial data, we have such that § < A(y,z,§) < ¢o < 1 on

supp(bs(y)) for 0 < y < €. Since in Y, x R41, % ~ 1. Since

b (y, x,8) =boo v (y) ' (%,8), by(y,2,8) =bosor (y) " (x,9),

+
we have that zii is a smooth function with compact support in Y, x R?"!. Denote by
wy = Bffh(hDy — Q7 )w, associated with semi-classical defect measure p5, we have y3 =

4\ 2 2
put (;%) . In particular, ,ugfo = uy <1 — 1 (%)) and supp(uy) C supp(u*). On the
boundary, B;h and By, coincide and will be denoted by Bf{h. Taking the trace of wgt, we

have
{ w;&” = —ithv + z’h2B§’h8y(Vq)|| |y:0 —+ thQZhv”qm

wgfo,L = ithh28§q]y:0 + Bg,hQ;hayq,y=07

where v = hdyuly—g = Op2(1). Similarly, we have

Ws o = —iB3 v + ih” B ,0,(Vq) | ly=0 + B3, Q5 hV o,
Wso,1 = iB§7hh2(9§q]y:0 + Bg,hQ}:hayq’?J:O'

Notice that o(Q) = —0(Q}, ), and write o = —Bj,h*Aoqo, f = B3, Q; hN qo, we have

wffaL =iaF B+ Op2(h).
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From assumption ||wg, | [lz2 = o(1), we have |lia — f[|7, = o(1), and this implies that
]2 + [|18]]? — 2Im(cr|8) = o(1). We claim that Im(«|3) = o(1).
Indeed, we first note that from Proposition 1.11 and the ellipticity of A/, we have that

qo = Op2ra-1)(1), micro-locally away from £ = 0. Now from trace theorem and Proposition
1.4, we have

ﬁ = A(S,th + OL2(R§‘1)(h1/3)

for some PdO with real-valued principal symbol as, compactly supported and vanishing

for ANy, z,&) < 6/4. Similarly,
a = Af 0 + o2 (ra-—1y(1)

for some PdO with real-valued principal symbol af. Thus Im(a|8),2 = o(1), since all
the principal symbols involved in the inner product are real-valued. Now from ||c| 2 =
0(1), [|B||z2 = o(1), one can deduce that the terms on the righthand side of wj}, | involving

pressure are also orz (1), and v = o2 (1) follows since wy, \ = 0r2(ra-1)(1). Therefore 5, =

0 and consequently iy = 0 from Lemma 1.12. This implies that py1yss = g~ 1yss = 0.
Since § > 0 is arbitrary, we have that b=~ 1¢.o = 0. Moreover, Corollary 1.1 implies that
,U,l&go =0. |

Now we finish the proof of Proposition 1.12 by showing the following lemma.

Lemma 1.14
wt =0 implies that u= = 0.

Proof. We need deal with ¢ = 0. Take @Z be a cut-off function which equals 1 in a neigh-
borhood of 0. Pick any € > 0, we define the operator

By = Op, (6(A\(y, 2.€) /) B}

Applying divergence equation for w*

By hdivyw® + ByFho,wt = Opama)(h),

we have . .
1By hdywi || p2ge ) < 1By~ hdivywi || 2@ay + Re(h)

with R.(h) — 0, as h — 0 for each fixed ¢ > 0. By estimating the operator norm from its
symbol, we have
||B;’ih8wa||L2(Ri) < Ce+ Rc(h),

and
lim sup HB;’ih@waHLz(Rd) < Ce.
h—0*t *

Using the equation hD,wi = QfwT + OL?(Ri)<h)> we have

lim sup || By fwaLz(Rd) < Ce
h—0+ *
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Finally let € — 0, we have ,uflgzo = 0. Therefore 17 = 0. As a consequence of Lemma
1.12(more precisely, using the proof of Lemma 1.12), ,u(fL 1le—o = 0. Now let fi4, pp be the

defect measures of & = —Bh?Ayqo, f = ByQnhN qo, and let p;a1p be the defect measure
of iav + 5. Denote also by p,s the limit corresponding to the quadratic form (Apa|f).
Similarly for pz,. Note that 1,5 = [i5e. From

(:uioz-i-ﬁv 1§:0> - <Mom 1§:0> + <:u,37 1§:0> - <2 Im Hags 1§:0> =0

(Hiats: Le=0) = (Has Le=0) + (ks: Le=o) + (2Im fiag, Le=o) = 0,

we have po1¢—9 = p1ple=o = 0. Next we consider parallel components. The key claim is
that the measure corresponding to ByQi-hVqo vanishes on the set {£ = 0}.

Indeed, from Lemma 1.3 and trace theorem, hgy — 0 strongly in L?(92). From the
ellipticity of A/, there exists a classical pseudo-differential operator E of order —1 such
that EN = I + R, where R is a non semi-classical smoothing operator.

We want to show that

lim lim sup HBgBZ’OthVHqOHLz(Rd_l) = 0.
e—=0 Ko

From symbolic calculus and the strong convergence of hqy in L?(R¢™1), it suffices to prove

lim lim sup || AV} By B} Qi qo|| 2 a1y = 0. (1.6.2)
=0 p0

We write

WV BYB; Qi qo =hV | BBy Qi EN'qo — hV By By’ Qif Rqo
=V EB}B;’QihNqo + hV BB} Qi EIN qo (1.6.3)
~hV BB Qy, Rao.

Here we are taking the commutator between a semi-classical operator and a classical
pseudo-differential operator, hence the semi-classical symbolic calculus is not applicable.
Instead, it is not difficult to check that for any a € C°(T*00Q), E € S;é,

la(@, hDy), Bz, D;)] = hOp(S™) + Op(S~7),

where the implicit constants only depend on the semi-norms of the symbols a(x,§) and
E(z,€). Notice that hV”B,?, BZ’O, Q}f are uniformly bounded operators in L? with respect
to h, thus V| BYB;’Qi R, V| BYOp(S~2)N, hVBOp(S—)N are uniformly bounded op-
erators in L2 with respect to h. Thus from the strong convergence of hqy, the last two
terms on the right hand side of (1.6.3) are killed when we let A — 0 first. Thus (1.6.2)
follows from the vanishing of the measure of £ = Bg@fh./\/'qo on the set {£ = 0}. Com-
bining the assumption that Uar,||1£=0 = 0, we deduce that u&ngzo = 0. The proof is now
complete. |



50 Chapter 1. Semi-classical propagation of singularity for Stokes system

1.7 Near G>+

In this section, we will follow the strategy of V.Ivrii (see [30] or [28]) to prove Proposition
1.8. Denote by G = det(g) and P, = h?Ay — 1, we have

Lemma 1.15
In local coordinate Y, , we have

g 0 0
Ph == —hQL_ <\/agla_y) + Rh = h2D§ + Oph(r> + OLQA)LQ(I’L).

Moreover, Ry, is a matriz-valued second order differential operator in x with scalar principal
symbol r(y,x,&) =1 — XNy, z,£)?, which is self-ajoint with respect to the (-|-)r2(y,)-

The proof is direct calculation and will be given in the appendix.

In a fix local coordinate in Y., we identify u = pju,q¢ = ¢1q and all the operators B
by ¢Bepr.

Proposition 1.13
For any tangential operator B with scalar principal symbol b(y, x, &) which vanishing near
& =0, we have

limsup || BhDyulr2v,y < sup  |r(p)|2[b(p)].
h—0 pEsupp (b)

Proof. We calculate

(BhDyu|BhDyu)y,

([B, hDylu|BhDyu)y, + (hDyBu|BhD,u)y,
O(h) + (Bu|Bh?Du) 12(v,)

O(h) — (Bu|BRu)2(y,) + (Bu|BPyu)y,
O(h) — (Bu|BRu)y, — (Bu|Bhdq)y, .

Integrating by part and using symbolic calculus, we have

(Bu|Bhdq)y, =(BulhdBq)y, + (Bu|[B, hd]q)y,
= — ([hd", Blu|Bq)y, + (Bul[B, hd]q)y,
=O0(h),

thanks to the fact that B has scalar-valued principal symbol. |

The proof of Proposition 1.8 is based on the following integrating by part result.

Proposition 1.14
Given real scalar-valued tangential symbols ag, ay, there exist tangential operators Ay, Ay (constructed
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in the local coordinate) with real, scalar-valued principal symbol ag, a1 and A = A1hD,+ Ay,
such that for any 1-form w with compact support in Y., we have

2
2 .
5 Im(Pyw|Aw)y, = (AihDyw|hDyw)sy, + Re E (C;(hDy)wlw)y, + O(h),

j=0

where the tangential operators C; have scalar-valued principal symbol c;(y, x,€) and

Z Cj(y’ xz, 5)77] = {p7 a}'

5=0
Proof. We first calculate
[y (VGg tho,w)|Aw | — 2 (aw| = g (VGgthd,w)
_Zh \/ag y g y v ih \/@g Y g Y v,

=(hDyw|AshDyw)ay, + (A1hDyw|hDyw)ay,
1 1
jLE(hDyw|hDyAw)y+ — E(hDyAw|hDyw)y+
=(hDyw|A1hDyw)ay, + (AihDyw|hDyw)ay,
1

1
+%(hDyw|[hDy7 A]w)Y+ - E([hDya A]w|hDyw)Y+

1 1
jL%(hDyw|AhDyw)y+ — %(AhDymeyw)n,

and the last two terms on the right hand side equal to

1 ) 1
E(A hD,w|hDyw) — (AThDyw|hDyw)ay, — %(AhDyw]hDyw)y+.

We want to construct operators Ag, A; such that A% = A; + O(h?) and A* = A + O(h?).

Assume that

~ h
a; =2 a&o) + ;agl)

with real-valued agj ) (not necessarily scalar-valued). From

/<A1u|v>\/5dydxz/ (G Ayu, v) eV Gdydz,
Yy

Yy

the symbol of A7 is equal to the symbol of \%Oph(dﬁ*)\/ﬁg_l, which can be expressed by

k
bl(yny;f) = Z (%) bgk)<y7x7€)7

k>0
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with
j g aqo . (J ——
W0e9-3 S (1 (ﬁa5 axagﬂ) DWGTY), k1
=0 |a|+|B|+i=k
We have that
B =al”, bV =—alV+ Y & (%agagago)) L 9(VGg )
|l +]8]=1
We set ) B
g a Y (——
ago) —ay, agl) =3 | |%:1 a? (ﬁag 893@&0)) .af(\/@g b,

thus A% = A; + O(h?). Note that agl) is matrix-valued while ago) is real and scalar-valued.

The construction of Ay is similar. We observe that (hD,)* = hD, + h\/LéDy(\/gﬁ_l)
and set A
ap = aé ) 4 aél).
Aj has symbol which can be expanded as
bo = Z <ﬁ>k k)
S - 0
k>0

with béo) = a((]o) and

1 _
b () = (19 (%agagag”) LOP(VGgY, k=1, (17.1)
5=0 |a|+|8l+i=F
Note that
(hDy)* A} — AThD, =[(hD,)", A]] + A1(hD,)" — AThD,
h hl g . h g _
—_ A* R 1 A* A* 1
o, + Y | To, VG, i) + L o, (VG

and its symbol can be expanded as

with ko = 0 and

<8b1+b1\/_ ,(VGg~ )),
= X ) (F=o.vGr )

h g ——1 h h|a\ a Qo g ——1
- <8yb1 +b1ﬁay(\/ég )) + - > ar{og. o0} ﬁay(\/ég Lb ), k>2,

o >1
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where

{3§,3§}(f1,f2) = a?flagﬁ - 3?f28?f1-
We set b(()o) = ap and a(()l) such that aél) = b(()l) + k1 (it has a solution thanks to (1.7.1)).
Finally, we construct A; by ¢10p,(a@;)¢1 in local coordinate and one verify easily that

AT — Al + OL2~>L2(h?)7 A* — A+ OLQ*)LQ(hQ).

Therefore
1 1
I = (hDyw|AihDyw)ay, + E(hDythDy, Alw)y, — E([hDy’ Alw|hDyw)y, + O(h).

We next calculate
1

1

]- * *
h(Aw|Rw)y+ :?((A R— R A)wlw)y,
== ([A, Rlwlw)y, +O(h)

since R is self-ajoint and A* — A = Op2_,2(h?). Moreover, the principal symbol of =-[A, R]
is {r,a}. This completes the proof. [ |

Now assume that we are working near a diffractive point p € G>* in Y, where

or
a—y200>0

The following lemma is a semi-classical version of Lemma 24.4.5 in [28]. The proof is a
little more complicated, due to the different equation that we are considering.

Lemma 1.16
Let B; = oBjp1, with real, scalar-valued tangential principal symbol b, 7 = 0,1,2, com-
pactly supported and

2

> 0y 2, 0 = —(y, x,m,€) when * = r(y, x,€),

J=0

with some smooth function 1 € C*(R? x (RT\ {0})). Further assume that

or 2
dr # 0, % >0,on{y=r=0}nN U supp(b;).

=1

Then one can chose compactly supported, tangential operators V;, 7 = 0,1 with real, scalar-
valued principal symbols 1;, j = 0,1 which satisfy

¢0(y7$7f) = w(y7x707£)7¢1(y7x7£) - aﬁ(yvxaoag) when n= T<yax7§) - 07
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so that for any solution u of Pyu = f — hVq, hdivu = 0 with u|,—o = 0 in trace sense, we
have
2
Re > (B;j(hDyYv[v)y, + [[Wov + WihDy|fa ) + (OPyvlv)y,
=0

—o(1)

(1.7.2)

as h — 0, where v = @Op,(x)p1u and x € C=(Y, x R4 has support near p € G>*. ©
is a tangential operator which depends on 1;,b;, whose principal symbols are scalar-valued.

The proof is based on the following elementary lemma, for which the proof can be found
as Lemma 24.4.3 in [28],

Lemma 1.17 o

Let X be an open subset of R = {x € R" : x; > 0}, and let r € C=(X). Assume that r
is real-valued, that dr # 0 when r = 0 and that ad—;l >0 when r =z, = % =0 forj #1.
Let

Flt.a) =Y fy(a)0

be a quadratic polynomial in t with coefficients in C*(X) such that

F(t,x) = —(t,2)* when t* = r(z),
where p € C*°(Rx X). Then one can find 1o, 1,0 € C®(X) with ¢o(x) = (0, x), ¢ () =
%—f(O,x) when r(x) =0, and

F(t,2) + (dola) + t(2))” < 0(2)( — r(2))it € R,z € X,

Proof of Lemma 1.16. Choose C*° functions ¢y (y, z,£) and ¢4 (y,x,€) as in the previous
Lemma with ¢,(y, z,§) = 8%2/)|y:0,j = 0,1 when n = r(y,z,&) = 0 and so that

2
Z bj’l]j + (% + nw1)2 S 9(y,£,f)(7]2 - ’I“).

=0

Since 19, ¢ and each b; are compactly supported in variables (y, z, ), we may assume that
6 is smooth and with compact support. Define © = ¢Op,, ()1, ¥; = ¢Op,(¢;)¢1,j =0,1
and consider the quantity

2
Re Z(Bj(hDy)jv]v)y+ + ((To + ¥1hD,)*v|v)y, — (ORDyv|hDyv)y, + (ORyv|v)y, .

J=0

The expression above can be written in the form

> (Ci(hDy)Yvlv),,

j=0
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where the tangential operators C; have real, scalar-valued principle symbol. Moreover,

2
> iy, w61 <0.

J=0

However, since the symbol is not bounded in 7 and we can not apply sharp Garding
inequality directly. To resolve this issue, we extend each ¢; to ¢; € C™(R x R?*¥2) who
agrees with ¢; on y > 0 up to order m, any given order, of derivatives. This is possible
since any order of y derivatives of all the symbols has continuous limit as y — 0. We still
use the notation c¢; in what follows. Let v = v1,> and we use the boundary condition
v|y—o = 0 and calculate
y)
Y.

(i Cj(hDy)'v v) = (i C;(hD,)'v
= <¢ (%) Z;Cj(hl?y)jy y)
(o (25 o

=]+ 11,

+

for any big number A > 0. Now we apply sharp Gading inequality to the first term to get
I < Cyh,

with some constant C'y depending on A. The second term is essentially in the elliptic
region and we define its symbol

: |
=9 1= (-0 () L n T o)
7=0 Y

(-0 (2)9),
(- (25))),

2hD
+C (E(y7$, hDy7 th)X(yawa th)(1y>0hVQ>‘ <1 - w ( A y) Q)) )
Yy

hence we can bound

1] <O(h) + C (E<y, 2 hDy, hD)x(y, 2, hD.) Poas

=0(h) +C (E(y, x,hDy, hD,)x(y, z, hD,)(2hw & 6,—0)

with w = hDyul,—o. Note that to obtain the expression above, one can not use symbolic
calculus to deal with commutator between tangential symbol and usual symbol. How-
ever, since P, is a differential operator, we can compute its commutator with x(y, z, hD,)
directly.
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Now from Proposition 1.22, the limsup of the third term on the right hand side when
h — 0 can be bounded by €(A) with /}im €(A) = 0. Here we can use the flat metric to
—00

estimate the L? norm. The second term on the right hand side can be bounded by
Chl|(1 = h*Ay.) "2 (w ® Syo) || L2qay | (1 — R*Ay 1) 20| 2 (ray < CR'®
for any s € (%, 1). Here we have used the fact that §,—o € H *(R,) for any s > % and h®v
is bounded in H*(R?) since v|,—o = 0 and hV, v is bounded in L*(R?).
Therefore, for any A > 0, we have proved that

limsup |[11] < €(A),
h—0

and this completes the proof. [ |

Adapting to the notations in this section, Proposition 1.8 can be rephrased as follows

Proposition 1.15

Suppose p € G**, and py € T*Q approaching to p such that dyr(po) > 20,r(p) > co. Let
v— = [po, p| be a segment of the generalized ray issued from py to p (the trajectory under
the canonical projection is tangent to the boundary at p). Suppose py ¢ suppu. Then we

have p ¢ suppp.

Proof. Take a small neighborhood T’y of py such that I'yNsuppy = &. Take a small neigh-
borhood Wy € Q x R such thatg—;(y,a:,f) > co/4 > 0. Shrinking W} if necessary, we

assume that each point (y,x,&) € Wy with r(y,z,£) > 0 can be connected by a (possibly
broken) ray issued from I’y with at most one reflection or tangency at 9. It suffices to
prove the following statement:

For any y € C>°(Q x R4™!) with supp x C Wy, small enough, we have
©Op;, (x)p1u = o0r2(1),h — 0.
As in [28], we construct test functions which satisfy some properties as follows:

Lemma 1.18
There exists

a’(ya z,n, 5) = aO(y7 Z, f) + al(y7 Z, 5)777 aj € CSO(WO)
with the following properties:
1. a1(0,z,&) = —t(x,£)?, for some t € C*(T*9Y,),
2. For some large M > 0, when p = n* —r(y,x,£) = 0, we have
{p’ CL} +aM = _¢<y7 Z,, 5)2 + W(y, x, é’)(,r] - 7”1/2(:% xz, 5))7 a = 827
where s € C®(Y, x (R4\ {0})),0 € C®(Yy x R*\ {0}) and w € C=®(Wy). Moreover,

T supp w > 0.
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The construction is exactly the same as in [28] and will be given in the appendix D for
the sake of completeness.

Now we take x € C°(Wy) with x = 1, in a neighborhood of supp a;U supp as. Let
v = ¢Opy,(x)¢1u, and we calculate
(Brv]Av)y, =(¢O0p,(x)e1EnulAv)y, + ([Pr, Opy(x)e1]ulAv)y,
=(O0p, ()1 fAv)y, — (#Opy,(X)p1hdg| Av)y,
+([Ph, 9Opy, (X)p1]ul Av)y, .

Here we have used the differential form formulation to calculate the inner product. Notice
that {p, x} = 0 on supp a; and f = or2(h), hDyu, |,—o = 0, thus
2 2

7 Im(Ppv|Av)g = o(1) — ; Im([pOpy, (x)p1, hd]q| ApOpy, (X)p1u)y,
(1.7.3)

2
+e Im(Opy, (x)q|hd* (ApOpy,(x)p1u))y, .

From Proposition 1.14,

2
4 2
S (G5, elo)y, = ~(AD,ulhDyv)ay, ~ 5 1m([$Op (V1. hdlgl Av)y,
=0 (1.7.4)

9
+y Im(pOpy, (x)p19/hd" (ApOp, (X)p1u))y, + o(1).

Since the principal symbol of A is scalar-valued, by using d*u = 0, we could write

%Im(sooph(x)solqlhd*(A¢Oph(x)<p1u))Y+ = (¢Op,(x)¢q| Tu)y, + O(h)

where T = T + T, hD,, Similarly,

2
=5 Im([vOp, (X) 1, hdlglAv)y, = (T2q|Av)y, + O(h),
where T, are matrix-valued tangential pseudo-differential operators with principal symbol
supported in supp(x) Using Lemma 1.16 for the function

2
S e+ aM —aly %) = i,

J=0

we have

Re (Z cy(hDy)jum) — Re(®(hD, — O )vlp(y, z. hD.)v)y,

7= + (1.7.5)
+ Re(Mv|Av)y, + (OPw|v)y, + [Wov + W1hDyvl[72(y,)

<o(1) + Chlvlli2(v, ),



58 Chapter 1. Semi-classical propagation of singularity for Stokes system

where the compact supported tangential operator @ has scalar-valued principal symbol
¢ € C(Wp) and 7|supp ¢ > 0, ¢ = 1 in a neighborhood of supp w. @ is the operator
constructed in the hyperbolic region with principal symbol /2. This is possible since in
the proof of Lemma 1.18, we indeed have r > §%|£|? on the support of w. Note that the
principal symbol of A is positive on 2 —r = 0, we can apply Lemma 1.16 again to the
term (Muv|Av)q and bound it from below by

o(1) = [(©1Fv[v)y. |-
Thus we have
— (AthDyv|hDyv)ay, + [Wov + W1hDyv]| 72y,
< o(1) + Chl|v]Z2iy,) + Cl(OP,|v)y,| + Cl(B1Pyv]v)y, |
+ [Re(¢Opy, ()1 (hDy — Q4)vl¢Opy, (w)p1v)y,
+ [(T2g[Av)y, [+ [(#Opn (X) P19 Tu)y, |.

The terms on the left hind side are essentially positive from semi-classical sharp Garding
inequality, hence we only need to control the terms on the right hind side. The term
(©P,v|v)a| + [(©1Pyv|v)q| = o(1) follows from the equation and symbolic calculus since
the principal symbols of © and ©; are scalar-valued. We claim that

(1.7.6)

Re(w0py(9) @1 (hDy — Q1 )vl¢Opy, ()¢rv)y, | = o(1), h—0. (1.7.7)

Indeed, micro-locally on supp ¢, r = 6 > 0, hence in the region where \*(y,z,£) < 1, we
could construct @), Q)_ micro-locally such that

Py = (hDy - @f)(hDy - ©+) + O(h™)
as we have done in the hyperbolic case. From symbolic calculus and Corollary 1.1, we have
(hD, — @,)(hDy — @Jr)u = OLg’I(h) + hVq = OLgyz(l), micro-locally on supp ¢.

Therefore the measure u concentrates on {n = —/r}U{n = /r}, on the support of ¢. For
any point p; € supp ¢Nsupp u, with n(p1) = —+/r(p1) < 0, the backward generalized ray
issued from p; must enter I'y without meeting any point in G>%, since along the backward
flow, 1 is decreasing. Consequently, away from the boundary, u = op2(y,)(1) and hence
(hDy — Q4 )u = or2(y, (1), micro-localized near n = —+/r. From the fact that hD, — Q_ is
micro-locally elliptic near n = /r. Near the boundary and some point p; € H N supp(¢),
any point can be connected backwardly to I'y by at most transversal reflection. Thus
(1.7.7) holds true.

It remains to control the last two terms involving pressure. We just treat one of them,
and the other can be treated in the same way.

Pick ¢o € C2°((—2,2)) which equals 1 on (—1,1). Define

Xe(ya l’,é) = X(ywxa 5)900 (T(y7x7€)€_1) :
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We fix any € > 0, small enough, and write

(T2q|Av)y, =(T2q|ApOpy, (xc)p1u)y,
+(T2q| ApOpy, (X — Xe)p1u)y, (1.7.8)
:IIh’E + II}L,E.

We first deal with Ij, .. Notice that from Proposition 1.13, we have
lim sup |10, Opa(xe)prullzzqr) < Ce'’?.
%

We then apply Cauchy Schwartz to estimate

Yo Yo
/0 ||SOOPh(Xe)801U||i2(QY+7\@dm)dy < Ch_2/0 /

Cy
< 52 1hDyeOpy (xepr) 2z,

y 2
/ hDyoOpy,(xe)pru(s, x)ds| drdy
0

Choose 6 € (0,1/2), and yo = he~?, we estimate

Yo €0
| Ihe| < ( /0 + / > [(T29| ApOD,, (X )L1) 12 oy, vGawy |y
Yo
1 — <
< Ceg(HhDyOph(Xe)uH%%’y +O(h)) + Ce™ 7,
where we have used Lemma 1.7. Note that that lemma is applicable even when the micro-

local cut-off y;, there is matrix-valued.

In summary we have

limsup || < C(e'"% + e ),
h—0

We now turn to the estimates of 11} .. This can be done from geometric argument.

Let
Se={(y,2,8) 1 r(y,2,8) = e,y < 4de/co} N Wh.
We claim that for any ray v with v(0) € Ty and T'(s¢) € Se, 7|jo,5 N G* = 0.

Indeed, by contradiction, assume that for some v and s; € [0, so], we have p1vy(s;) €
G>T. After time s;, along v we have

?)ZQUaﬁ:ayT’ Z CO/4a
with y(s1) = n(s1) = 0,m(so) > /e. This implies that so — s1 > 4y/€/co and y(sg) >

coT?/4 > %. The claim follows.
Now we write
1T = (po (coy/€) T2q| ApOpy (X — Xe)Pru)y,
+ ((1 = o (coy/€)) Taq|ApOp;, (X — Xe)pru)y, -
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From the discussion above, the first term on the right hand side above tends to 0 as
h — 0 for any fixed € > 0. while the second term is controlled from above by

€0
/5 / C(y, @, hD,)q|* dudy
€99
4C

for some zero order pseudo-differential operator with principal symbol ¢(y, x,§), and supp

cN{{ =0} =0. Using Lemma 1.7, we have limsup |/ ]| = 0 holds for any ¢ > 0. Notice
h—0
that the left hand side of (1.7.5) is independent of €, we have

lim sup((— A1 A Dyv|hDyv)ay, + [[¥ov + ©1hDyvl|72(y, ) = 0.
h—0

From the construction of ag, a1 and the corresponding expression of ty, 11, we can choose

another different ag, ai, such that the function % + @sz is independent of ¥+ 111 on supp
X (see appendix D). It follows then

||U||L2(Y+) + ||hDyU||L2(Y+) = 0(1), h — O,

and this completes the proof. [ |

1.8 Near G*> and G* for k > 3

This section is devoted to the proof of Proposition 1.9. Before proving it, we need some
preparation. In what follows, we take tangential operator

A= ¢Op(a)p, A" = A+ OLQ(QY+)(h2).
Proposition 1.16

1 1 1
E(([P7 A]U|U)Y+ = E(AU|PU)Y+ - E(APU|U>Y+ + O(h)

Proof. The proof goes in exactly the same way and much simpler than the diffractive case,
and we omit it here. |

Let ro = r|y=o and r; = 9yr|,=o. Direct calculation gives

da  Or Oa
H,a=2 ——+H_,a
“= My Tayan T
Pick py € G*~ C T*0O\{0} and a small neighborhood U C T*9Q\{0} of py. Let L C U
be a co-dimension 1 hypersurface containing py in 7*9€2 and transversal to the vector field
H_,,. For small positive numbers 6,7 > 0, define

LE(6, 75 po) == {exp(tH_,,)(p) € U : p € L,dist (p,po) < 6*0 < +t <7}
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When there is no risk of confusion, we write it simply as L*(d, 7). Define also

FE(6,7) = {(y,x,6) : 0 <y <%, (,€) € L¥(5,7)},
F(6,7)=F*(6,7)UF(5,7).

Let C; > 0 sufficiently large and dy > 0, 79 > 0 sufficiently small so that § < dg, 7 < 79
1
[r(y, 2,8 < 5Cr6° (1.8.1)

in F(9,7) for all 0 < 0 < 4,0 < 7 < 79. With the same constant Cy, we further define the
sets

VEOG,7) i ={(y,2,n,€) : 0 <y < 6%/2,(x,€) € L*(5,7)}

( ) :
U{(y,2,n,€) : 6/2 <y < 6%, (x,€) € L*(0,7),|n| < Ci6},
W=(6,7) :={(y,2,n,§) : 0 <y < 6%/2,(x,§) € L*(5,7)}
U{(y,.’l?,?],f) : 62/2 S ) S 527 <x>£) € Li(év 7—)7 ‘77’ S 201(5}a

V(6,7) =V, YUV (6,7),W(51)=W,7)UW(4,7).

We need test functions constructed in [48]:

Lemma 1.19 ([48])

Let I = [0,€),. There exist 0 > 0,50 > 0,79 > 0 small enough with § < 0 < 1 and
families of smooth functions as € C°(I x U), g5, hs € C*(Yy x R, X Rg_l \ {0}) for any
0 < d < g, with the following properties:

1. as >0, suppas C F(§,00) U F~(4,6%) .
as(0,exp(tH_,,(po))) # 0,V0 <t < do.
as > 0 on suppas if 0 < &' < & < &y and as is independent of y for 0 <y < §2/2.

gs + hs = —Hpa(;.

in W(8,7), g5 > 0 and gs > 0 when as # 0.

a1
6. For any m > 1 and any multiple index o € N, |g5s ™ 0%gs| = Os(1), locally uniformly
on W(0,7y), where the implicit constant inside Os(1) depends on oo, m and §.

7. supphs C I x L™(4,0%) x R,), and suppgs U supphs C suppas, gs, hs are independent
of n for 0 <y < 6%/2.

For the convenience of the reader, we will recall the proof in the appendix D.

According to the lemma, we have a(gém) = 295_1/2895 = O(1), this implies that gé/z €
C®(W(6,7)). Set bs := gé/z € C°(W (4, 1)). Note bs may not be smooth and with compact
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support. We need split it into two parts as follows: Let ¢; € C°(R) such that ¢; = 1
ifo0<y< % and ¢; = 0 if y > %. Let ¢ € C®(Q x R?\ {0}2) with compact support
in x, &, n variables, such that ¢o > 0 and ¢ = 0 whenever y < % or |n| > 2C14. Indeed,
we can choose k € C°(R), non-negative, smooth and with compact support, such that
k(z) = 0 when |z| > 2C16 and k(z) = 1 when |z| < 3C16. Now let ¢s(y,x,7,§)? =

(1 - qbl(y)z)/{(éiln)Xé(yax)g) with X§|supp(a5) = 1; SUPP(X&) C F+(57 05) U Fﬁ((sa 0-6) We
observe that

2

3
W*(6,7) Nsupp (1 — ¢ — ¢3) C {(y,x,n,f) P Sus 6%, In| > 5C19, } :

We finally put b5, := ¢,bs,j = 1,2. Note that bs; € C°(F(0,7)) is a tangential symbol
( since for y > %, supp(gs) C supp(as) is compact ) while b5 € C2°(W (0, 7)) is a usual
interior symbol with compact support in 7€)

1.8.1 Gliding case

The propagation of support of y near a gliding point in G>~ can be stated as follows:

Proposition 1.17
Suppose py € G>~ and LT (0, 70) U L™ (89, T0) C G*>~ for some &y, 79 > 0. Then for any
o > 0 with 0y < 719, such that if

{(,2.1.€) 1 0 <y < 0% (,) € L7(3,6% po) } N supp(p) = @
for some 0 < § < 0y, then exp(tH_,,)(po) ¢ supp(p) for any t € [0,09).

We need several lemmas.

Lemma 1.20
Suppose a € C°(R?*?), b € C>([0,1], C=(R2E@=1)) with the following support property:

a(y,z,n,€) =0 if y < co <1 or [n| > Col¢].
Then the usual symbolic calculus for a(y,x, hDy, hD,)b(y, x, hD,) still valid. In particular,
a(y,x,hD,, hD,)b(y,z,hD,) = c(y,x,hD,, hD,) 4+ Or2_2(h),
with
c(y, z,1,8) = aly, x,n,€)b(y, z,£)

We postpone the proof in the appendix F.

Lemma 1.21

Given any p1 € G, there exists 6y > 0,7, > 0,01 > 0 with 6, K 01 and 0101 < 171 such that
if p € T*0Y and dist(p, p1) < 62 for some 0 < § < 6y, then dist(y(s, p), (s, p1)) < C6? for
|s| < 01d. In particular, v(s, p) € W (0, 1) for all |s| < o46.
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Proof. Write ~(s, p) and exp(sH_,,)(p) in coordinate as

m(s) = (y(s),n(s), 2(s),£(s)) and 72(s) = (5(s), 7(s), (s), £(s))-

From ¢ = 21,7 = O(1), we have y(s) < C's? and the same estimate holds for §(s). Let

d(s) = |a(s) = 2(s)]” + [&(s) — E(s) P,

and then d(s) < C+/d(s). This implies d(s) < C16% for all |s| < 046. By the same ar-
gument, we have dlst(exp(sH o) (p)sexp(sH_,,)(p1)) < C6%. The conclusion then follows
from triangle inequality. |

We will see the crucial role of py € G>~ in the following lemma:

Lemma 1.22
Assume that 61,7 are parameters given in the previous lemma. Suppose that —Cy <
Oyr(p) < —co < 0 for all p € W(d1, 7). Define S, W, m)N{r > ey < €}
for sufficiently small € > 0. Then along any ray ¥(s, p1 ) in W(dy,m) with p1 € S, if
y(y(=t,p1)) = 0 for some 0 < t < 1, we have r(y(y(t, p1)) > ci€, where ¢; depends only
on W(61, T1).

Proof. Assume py = (y1,x1,m,&) € Se and (s, p1) = (y(s),z(s);n(s),£(s)). Let s3 =
inf{0 <s <7 :y(—s)=0}. For s € [—s3,0], y =21, —Cy <1 = Jyr < —cy.

There are two possibilities. If n; > /€, then n(—s3) > n; > 0 since 1 < 0. Otherwise,
0

m < —+/¢, and we denote by so = inf{s € [0, s1] : n(—s) = 0}. Fromn, = / nds > —Cyp$a,

—89

we have sy > % Moreover,

‘ ‘ ’771‘2
y1 — y(—s9) = 2m189 — / ds/ jids’ < 2my59 + Cps2 < C
0

Now from

y(=52) = y(—s2) — / / jds' < Colss — sal?.

(Y(=s2) =)  |m|”
Cy Cy e

I Cov/€
n(—s3) = —/ nds > cols3 — so| > OC’\/—
_ 0

v

we have |s3 — s[> > and finally
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Proof of Proposition 1.17. For any ¢, we define the operator

1
P, As
]’L[’ 5]

i

Né'/ —

with principal symbol ny = —Hpas = gs + hy. Define operators
B j:= Opy,(by;),5 = 1,2, Nsz = Op,,((1 — o] — ¢3)ns).

Write hy j = gb?h(;/, Hgy j = Op,(hy ), = 1,2. The proposition will follow if we can show
that for any ¢’ < 4,

2
}Llﬂ%zl |Bs jull 2y, = 0 (1.8.2)
]:

We remark that hs 1, bs 1 are both tangential symbols while s o, by 2 are interior sym-
bols vanishing near the boundary. Observe also that Ny 3 is interior pseudo-differential
operator with symbol vanishing near the boundary as well as on p~!(0), thanks to the fact
that in W(&',7), |r(y,z,&)| < 5C6™. Thus Ny su = or2(v,)(1) as h — 0 for ¢ > 0 small
enough. Moreover, from the assumption on the support of u near the original point pg we
have Hg ju = orz (1). Now set

M(S/’j = (ﬁ?N(;/’j — Bg’,jBél,j — H§’,j7j — 1’ 2.

From symbolic calculus, we have My ; = Op2_,12(h) is a tangential operator. Note that
definition of My 2, we will encounter the composition of tangential operator with interior
operator Op,(¢3). Since ¢ has support far away form y = 0 and n = 0, the symbolic
calculus still valid thanks to Lemma 1.20. Therefore My o = Or2_,;2(h) is an interior
operator. Finally, we have obtained

2
N5 = N 3+ Z(B:;’,jBéhj + Hy j) + OLQ(Y+)—>L2(Y+)(h)'

Jj=1

Combining all the analysis above and the Proposition 1.16, we have

2
2 1 .
S UBssulliage < (1) + = [m([As, hllghu)y. | + - [Tm(glhd” (45)y.

j=1

(1.8.3)
=o(1) + |(¢| T1u)y, | + [(Toqlu)y, |

where T, Ty are compactly supported matrix-valued tangential operators with principal
symbols vanishing outside supp(as).

To finish the proof, we need show that the right hand side of (1.8.3) is o(1) as h — 0.
Pick x € C°(R) such that x(s) =1if 0 < s < 5 and x(s) =0is s > 1. Let x.(y,,§) =
x(e7'r(y, z,€)). Denote by

Ine = [(T100py, (x)prulg)y, |, 1ne = [(T1(1 = ¢Opy (xe)pr)ulq)y, | -
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The treatment of I, . is exactly the same as in the diffractive case, so we have

lim lim sup I = 0.
=0 h0 ’

For Il ., we may assume that the the integral of y variable is only from [0, €], since for
y > € we can use the rapid decreasing of ¢ as in the treatment of I, .. According to
Lemma 1.21 and Lemma 1.22, the measure of T;(1 — ¢Op,,(xc)¢1)u vanishes, since all the
backward generalized rays starting from each point in S, will enter the small neighborhood
of pgp € G*~ by at most reflection at boundary. From the propagation theorem in the
hyperbolic case(Proposition 1.7), the proof of Proposition 1.17 is complete. [ |

Remark 1.4
We remark that as a consequence of Proposition 1.17, the measure of q(or hVq) also
vanishes along exp(tH_,,) for t € [0,00).

1.8.2 high order contact

In this subsection we will use a new coordinate system in a neighborhood Wk of pi € o
in [0, 9] X T*00:

(s m,2,8) = (y,m,2,0), 2 = (21,7), ¢ = (€1, ¢)
with p = n* —r,r = {4+ yr1(z,¢) + O(y®), G = o, where 7o = 7|y—o, 71 = 0,7 —o. This is
possible since d,¢rg # 0, if € # 0. Along the generalized bicharacteristic flow (s), (z, ()
satisfies

z = _aCr(y(‘S)a Z(S), C(S>)7 C = (’)Zr(y(s), Z(S)a C(S))
This implies that in Wk, —Z; ~1>0, as y — 0, and thus s — z(s) is strictly decreasing.
Moreover, ¢; ~ y0,,7r1, as y — 0.

Suppose now k > 3, we have locally that
G" = {(2,0) : 1 = 0,0, 71(2,() = 0,V < k = 3,957*r1(2,¢) # 0}
Define X, := {(z,¢) : 957*r1(2,¢) = 0,0 2r1(2,¢) # 0}. From implicit function theorem,

'y Y2
Y is locally a hypersurface and we can write it as

Ek = {(Z,C) C R = @k(’zlug)}'
G* can be viewed locally as a closed subset of ¥j.

Since the map s — 2z;(s) is bijective, we may assume that along each ray, z;(0) =
©1(2(0),¢(0)), and
21(s) < Ox(2'(s),((s)),s > 0,
51(5) > Bk((5), ((5)), 5 < 0,

We see that all the generalized rays are transversal to the codimension 2 manifold(locally)
Y. Moreover, a ray passes %y if and only if y(0) = 0 and ¢(;(0) = 0. Now we define the
set near py,

¥ = {(y,n, 2 ¢) € Car(P) N Wi : 21 F O4(2, ¢) > 0}.
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Note that the gliding rays exp(sH_,,) intersect transversally to 3 and H_,, = —0J,, inside
T*0S). Thus we can re-parametrize the gliding flows by z;. Moreover, Zki NG’ =0,Vj >k,
provided that we choose W}, small enough. In other word, z; gives a foliation of T*0¢2 near
Yy for small |21 — Ok (2, Q).

The following proposition is a long time extension of Proposition 1.17, adapted to the
notations introduced above.

Proposition 1.18
Suppose py € G near py € Xy with coordinate (z,(), 21 > Ox(2,(). Then there exists
0o > 0, sufficiently small such that if

{(y.2,n,6) 1 0 <y < 0% (2,€) € L7(0,6% po) } N supp(p) = &
for 0 <6 < &y, then exp(sH_,,)(po) ¢ supp(u) for any s < z; — Ok (', ().

In other words, each generalized ray, issued from gliding set outside supp(u) does not
carry any singularity until it touches some point in G* for k& > 3.

Proof. The proof is purely topological. For each py = (z,() ¢ supp(u) and z; > 0, let
sp:=sup{s:s <2z — (2, (), exp(s’H_,,) ¢ supp (u),Vs € [0,s)}. The existence of s;
is guaranteed by Proposition 1.17. It remains to show that s; = 2; — ©4(2/, (). By contra-
diction, suppose s; < z; — O(2/,(), then the point p; = (z; — s1,2,¢) is in G>~. We can
apply Proposition 1.17 again to obtain that for some small oy > 0, exp(do H_,,)(p1) ¢supp
(u) for any 6 € [0,1]. This is a contradiction of the choice of s. [

As a consequence, we have

Corollary 1.2
Suppose py € G>~ and py ¢ supp(u). Let y(s) be the generalized ray passing py with
Y(0) = po. Then (s) ¢ supp(p) for any s € [—so, so), provided that y|_s, s) C G>.

Combining the analysis near a diffractive point and a gliding point, we have already
established the k—propagation property for k& = 2. We will argue by induction to prove
k—propagation property for all £ > 3. To this end, we need an intermediate step. Let us
first introduce a notation

T(po;6) :=={(y,2;2,) : 0 <y < 6% (2,¢) € L7(6,6% po)}

and a definition

Definition 1.5 (k-pre-propagation property)
For k > 2, we say that k-pre-propagation property holds, if the following statement is true:
For any p, € GF, there exists a neighborhood Vi, of pi in T*0S, and 6, > 0,04 >
0,0r0r <, depending on Vi, such that for any py € (QQ’_ U U Q’j) N Vi, if T(po;0) N
3<j<k
supp(p) = 0 for some 0 < & < 0y, then exp(sH_.,)(po) ¢ supp(u) for all s € [0, 0%0).
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The key step is the following inductive proposition.

Proposition 1.19
Suppose k > 3 and (k — 1) propagation property holds true, then k-pre-propagation property
also holds true.

We do some preparation before proving this proposition. Select a neighborhood Wi
of p, € GF in T*00 (and contained in W}) with compact closure such that in W such
that |952r1(p)| > ¢ > 0 for all p € Wj,. By abusing the notation, we will refer G* to be
G¥ N Wy in the sequel. According to the asymptotic behaviour of the flow exp(sH_,,) as
s — 0, we have for any given (z; = O(2{, (o), 25, Co) € GF,

ri o exp(sH_r,)(2, Go) = br(2, Co)s" % + O(s" 1),

where by # 0 can be viewed as a function of points in G*. From compactness, we can
choose o > 0,6 > 0 depending only on W, such that for all p € G,

1
lbr(p)| > 6 > 0,|r; o exp(s™-0)(p)| > §]bksk’2|, Vs € [—0,0) U (0, o].

Now we define a smaller neighborhood Vj, of p; such that for any py € Vi, and §; > 0, 04 >
0, exp(sH_,,)(LE (0, 025 po)) C W, for all |s| < 03dy. Moreover, |ryoexp(sH_,,)(po)| < k.
We also put Wy, = [0,02] x Wy, Vi = [0,82] x Vj.

Choosing a cut-off as € C2° with as = 1 near py, we define
Ss.c := supp (as) N{y <e,r > €}

for any 0 < ¢ < 6 . Note that near Ss. (thus near p; € G*, k > 3) we have |r;| < 0, and
this implies that ¢; 2 €, near Ss..

We divide the proof of Proposition 1.19 into several lemmas.

Lemma 1.23
Given any generalized ray v(s) = (y(s),n(s), 2(s),C(s)) with y(s0) € '(po;d) N G>™ and
Y(s1) € Sse. Assume that |(s,.s,) C Car(P) N Wy, then v(s) & GF for all s € [sg, s1].

Proof. Take T+(py;8) := ['(po;0) N L} and identify points in ¥ as their projection to
(y,x,€). Let Fy(may be empty) be the union of generalized rays issued from T'"(pg;d)
which meet G*. Note that along both real trajectories v(s) and exp(sH_,,), s > 21 is
strictly decreasing, it suffices to show that Fj, N S5, C X} since generalized rays intersect
with X, transversally,.

We argue by contradiction. Assume that some ray in F, satisfies y(so) € I'"(po;0),
7(0) € G*, and () € S5, for s < 0 < s1. Write exp(sH_,,)(7(0)) = (3(s),¢(s)), and

rioexp(sH_p,)(2/(0),¢(0) = r1(2(s),C(s)) = bus* > + O(s* 1), 5 = 0,
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More precisely, we have
/ N x 1 _
[0x(2'(0), C(ON)] = 6> 0, [r1(2(s), ()] = 5 [bws" 2], Vs € [=0,0) U (0, 0].

After shrinking support of as if necessary, we may assume that s; < o. According to the
parity of k£ and the sign of by, there are several situations.
If by < 0, then no longer k is y(s) € G>~ for all s € (0,0). This is impossible since
rov(s;) > e. Otherwise by > 0, in this case we have 7,(2(s),((s)) > bys*72/2, for all
€ (0,0), and

(2m1)(2(5), C(s))
( .,71) o exp(sH_, (2'(0),¢(0))
— s (r1 0 exp(sH 1, (2'(0), €(0)))
— (k= 2)bps* + 0(s"7%) < 0,Vs € [0, 0),

(1.8.4)

thanks to Jor|y—9 = 0,r|y=0 = 0. Taking the difference with real trajectory v(s) =
(y(s),n(s); 2(s), ¢(s)), we have

Using the fact that (2(0),¢(0)) = (2(0),¢(0)) and y(s) = O(s?), we have

021 (y(s), 2(5), C(5)) = D2471(3(5), {(s)) = O(s).
This together with (1.8.4) imply that
G < yd:m1(y(s), 2(5), ((5)) + Coy® < Coly® +ys), 5 = 20,
=G +yri(z0) + 0(y?), (¢(0), y(0)) = (0,0),

where the constant Cy and the implicit constant inside the big O only depend on supp as.

Applying the formula Hyy(0) = 2(H_,,)" ?ry = 2by(k — 2)! > 0 and Taylor expansion,
we have

(1.8.5)

20y, k k+1 b, k
= —_— > _—
(1.8.6)
2

b
ST O(sF) > —— 1> 0,5 € (0,0).

Injecting in (1.8.5), we have ;(s) < Co(e? + €s) for all s > 0 small as long as y(s) < € and
v(s) ¢ Ss.. For these s,
C1(s) < Cp€?s + €s?/2).
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Setting so = inf{0 < s < 51 : Y(s) € Ss.}, we know that along the flow, 2/e = 2n(sy) =
1 1
Y(s2), and this implies that sy ~ €2+ since y(s) > € if s > €2¢-1.

In summary, we have
45y 2
€ <710, <20 2D 4 e+ Cre’.

However, this contradicts to r = (; + yr; + O(y?), provided that 6, < 1, € < 6 < 1.

Lemma 1.24
The conclusion of Proposition 1.19 holds if py € G*~

Proof. Adapting the notations and argument in the proof of Proposition 1.17, we have

2
2 1 «
S UBssulay,, < o1) + - [n([As, hdlalu)y, | + 7 [In(alhd (Asw)y, | (187)

j=1

The goal is to show that the last two terms on the right hand side tend to 0 as h — 0.

We denote by 7(s) the gliding ray exp(sH_,,) such that §(so) = po for some sy < 0.
Suppose 7(0) = p € G* for some k > 3 and 7(s) € G~ for s € (89,0). In view of Corollary
7?7, we may assume that pg is close enough to p, and |sg| is small. Pick y € C2°(R) such that
x(s) =1if0 < s <3 and x(s) =0if s > 1. Forany € > 0, let x.(y,z, ) = x(e 'r(y,z,£)).
Let

2 2
Ine = 3 [(hd*(£Op(x)Pr1w)[@)v, | - [ne = | (hd" (1 = Op, (x)pr)ul)v, | -

The treatment of [}, . is exactly the same as in the diffractive case, we have

lim lim sup I, = 0.
=0 po

For 11}, ., we only concern about the integral from [0, €] in y variable.

From Lemma 1.23, any ray entering Ss . can at most pass G7 for j < k. Applying (k—1)
propagation property, we deduce that for any cut-off ¢, with supp(¢c) C Ss., supp (¢e)N
supp(u) = 0. Therefore

limIl,. =0
h—0 ’

for any € > 0. This completes the proof.

Lemma 1.25 '
The conclusion of Proposition 1.19 holds if pg € G7 for some 3 < j < k.
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Proof. Taking a micro-local cut-off 1(y, x,£) with support near py, we have

leOpy (V) prull L2y, = o(1)

from the assumption that py ¢ supp (). Note that along the flow of H_,, and on supp
(1—9)NV}, we have |r1(0,z,£)| > ¢(¢,0) > 0. Hence from Corollary 1.2, if exp(tH_,,)(po) €
G*~ for all t € (0,06), and then exp(tH_,,)(po) & supp(u). Otherwise exp(tH_,,)(po) €
G** for all t € (0,04), we claim that we still have exp(tH_,,)(po) ¢supp(u) from geometric
consideration.

Indeed, by considering the backward generalized ray, we conclude that for any sy €

(0,0%0), there exists p € Wy, so that y(so,p) = exp(soH_r,)(po) where (s, p) is the
generalized ray issued from p. From this fact we must have v(s,p) ¢ G* for s € (0, so),
since any ray intersecting with G* will enter 7*Q or G>~ immediately, provided that the
neighborhood W, is chosen to be small enough.

Therefore, to conclude, we only need to show that
pef{(y,z¢):0<y <8 |(2¢) = pol <%}

We will prove this by comparing two flows exp(sH_,,)(po) = (2(s),((s)) and (s, p) =
(y(s),n(s),2(s),((s)). Taking the difference the two dynamics, we have

d -

75 (21(8) = Z1(8)) = = 0ear(y(s), 2(5), C(5)) + (0, 2(s), C(s)) = O(y(s)),

L((5) — 7)) = Olyl5)), -((5) — E(s)) = O((y(s)), 2 = 2m(s).

Note that |n|? = |r| = O(1) and y(so) = 0, Z(s0) = 2(0), ((s0) = (o), we have
y(s) < C(s — s0)? for all s € [0, s0).
Hence y(0) < Co26? < 6%, provided that o7 < 1/C. Moreover,

1(2(0),¢(0)) — po| < Cspp < Copd® < 52

Proposition 1.20
Suppose that (k-1)-propagation property holds. Then k-pre-propagation property implies
k-propagation property.

Proof. Up to re-parameter the flow, we may assume that py € G* and ~(s) is the generalized
ray such that v(0) = pg. We also denote v(s) by (s, po) in view of flow map. Suppose
v(s0) ¢supp p for some so < 0 and ¢|5,,00N supp (1) = 0. Our goal is to show that
po ¢supp p. Let ox_1 > 0 be the required length in the definition of (k — 1)— propagation

property.
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Let 6, > 0,04 > 0 and Vj, neighborhood of py € G¥ in T and V}, neighborhood of
po in [0, €] x T*09), as in the definition of k-pre-propagation property which satisfy the
conditions in the paragraph in front of Lemma 1.23. Note in particular that we have V; N
G; =0 for all j > k. Without loss of generality, we may assume that |so| < min{oy_1, 0%}

and ~(sg) € V4, since otherwise we can choose s) < 0, |s)| small enough and replace ~(so)
by (s0)-

Let Ty C Vi, be a neighborhood of ~(so) so that [on supp(p) = 0. For d; > 0 small
with §; < o}, we set p; = exp (—"’“T‘SIH_TO) (po) and define

Us, = {p = (y:1,2¢) € Car(P) : 0 <y < 61, [(2,() — ;| < 67}
From continuous dependence of the generalized bi-characteristic flow, we have
Us, C v(s0,1), provided that §; small enough .

Now we claim that for possibly smaller §; > 0, we have

Y(s1,Us,) N G2 = 0,951 € (50,0).

=k

Indeed, it suffices to prove that v(sy, Us,) N G* = (0 since there are no point of G7 in V}, for
j > k. First from transversal intersection between the flow exp(sH_,,) and X, we deduce
that at p1, 21 > Ox(2/, (). By choosing d; smaller, there is some constant ¢; > 0, such that
for all p € Us,, 21 > O1(2',¢) + €; holds. In particular, Us, C 3. We calculate

Loy (o) ¢ 0Ok, 001

ds@k(z (8)7g(8))_82/ ds + aC ds

B 0r 00 0r
0z o¢'"  0C 0z

Note that in V;, we can write r = ¢; + yr1(z, ) + O(y?), hence

Next we argue by contradiction, assume that for some s; € (sg,0) and p € Us, we have
v(s1,p) € GF and (s, p) ¢ G for any 0 > s > s;. In this case we have |y(s)| < C|s — 5|
for all s € [s1,0]. Therefore we must have

LOu(().C(s))| < Cls — ]
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Combining with z; ~ —1, we have

0
(< (51). {(51)) <OK(Z(0),£(0)) + C / s — s1]ds
<2(0) + Cs?
:z1 / d21d —|—C 2

<z(s1) — Ci]s1| + Cs;
<z(s1),

provided that |sg| is chosen to be small enough. This implies that v(sy, p) € X, which is
a contradiction.

From (k — 1)-propagation property, we know that Us, N supp(u) = 0. Therefore, apply-
ing k-pre-propagation property with respect to p; and Us,, we deduce that py ¢ supp(u),
and this completes the proof. |

1.A Proof of Lemma 1.2

Proof of Lemma 1.2. The first assertion follows from hdivu = 0 and Dirichlet boundary
condition, while we apply a multiplier method to prove the second. From the geometric
assumption on €2, we can find a vector field L € C'(2) such that L|sq = v(see [50], page
36). In global coordinate system, we write L = L;(v)d,,. By using the equation, we have

/ Lu - fdx :/ Lu - (—h*Au — u + hVq)dx,
Q Q

—/QLu-udx——/ ()0, u'u’ du

/ 0y, (L;(x)u') uida + / div L(z)|ul2dx
_/Q Lj(z)u(z )azju@dﬂ/div L(x)|ul?dx

:/ Lu - udzx + / div L(z)|ul*dz,
0 Q
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1
and thus / Lu - udr = —5/ div L(x)|ul*dz = O(1). Next we calculate
Q Q

h/ Lu - Vgdx = —h/ U0y, (Lj0y,q) dx
Q Q
= —h/ u- L(Vq)dr — h/(div L(x))u - Vqdx
0 Q

= —h/ u-[L, V]gdx — h/ div L(z)u - Vgdx
Q Q
= 0(1),

—hQ/LuiAuidx:—hZ/ |8,,ui|2da+h2/VL(Vui,Vui)dx
Q o0 Q
—|—h2/Lj(x)8§jmkui8xkui
Q
:—hz/ |8Vui|2d0+h2/VL(x)(Vui,Vui)dx
o0 0

+ h2/ Ou; (LjOp,u’) Oy’ dz — 2 / div L(x)Vu' - Vu'(z)dx,
Q 0

h? / On; (LjOp,u') Opyu'de = h? / L-v|dul|*do — h? / Lj(2)0y, ' 03, u'dz,
Q 0N Q

2

o h? . . . h :
—h? / LulAdide = —— [ |9,u'[* do+ / VL(x)(hVu', hVu')dz—— / div L(x)|Vu'|*dx.
Q 2 o0 Q 2 Q

Observing that [, Lu - fdz = o(1), we have

|hd,ul? do = O(1).
o0

1.B Standard elliptic theory

The differential operator is given by

Ph - Oph(TIQ + A<y7'x/7§,)2 -1+ hm(y: Il?"agl))u

where the principaly symbol p = n? + A\? — 1 is scalar while m is matrix valued. When
micro-locally near the region p > 0, we want to construct the parametrix of the inverse of
P. Denote by U the turbulent neighborhood (two sided ) of 9€2. Take ¢ € C*(U), xo €
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C>=(R?1) and the support of ¢ is contained in a coordinate patch near the boundary. We

put
0._ Xo(&)e(y, 2')
F= O (772 + My, o, §)? = 1) ’

and we define matrix valued pdo E', [ > 1 inductively via

1
1 _ 0 0
E*xp=— E ;E%%E x oy, p— E° xm,
ja=1
n 1 fe% k o 1 o k o
E" % p=— E mas/mE X 8x,7yp — E WQWE X am/’ym-

|a|+k=nk#n |a|+k=n—1

(1.B.1)

For any N € N, we set
N
Ey=> hE,
§=0

and then
EN oP = X()(h,Dw/)()O(y, LL’/)Id + RN, HRNHL2~>L2 = O(hN+1>.

Proposition 1.21
The sequence of solution (uy) is hx—oscillating in the following sense:

R—oo fsoo

fim timsup [ [ e = 0¥ € C2(@),
|¢|>Rh;

€0 J—
lim lim sup / dy / G (y, €)|2de = 0,V € C=(Q),
0 |¢'|>Rhy !

R—oo p oo

where in the second formula, the support of ¢ is contained in some local coordinate patch
near the boundary, and the Fourier transform is only taken for the x' direction.

Proof. We drop the subindex k in the proof. For the first formula, one can use the equation
of u to obtain

(—=h*A = 1)(pu) = g = Or2(1),

" e ¢
fo OIS [ e e <

For the second formula, it will be sufficient to show that

()

for some x € C°(—1,1). We write w = uly>0,g = gly>0,v = hOyuly—o = Or2(y=)(1). We

=0
L2

lim lim sup
R—o0o koo

apply the parametric construction above with xo(¢') = 1—x (%) . Let en(y,2',n,¢&') be the
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symbol of the operator Ey, which is meromorphic in  with poles ni = =i VA (y, 2/, €)% — 1.
Moreover,

ON,a

[0%en(y. a',n, &) < == (1.B.2)

We take ¢ be a slight enlargement of ¢ such that g = ¢. Then

D,
Ey o pPw = (1—X<th )> (pw) + Ryw.

From the jump formula, Pw = § + 2hv(z") ® d,—o. We have

hD, o
(1 — X ( R )) (QO’U)) = FEy (ng + S02h'l} X 5y:0> + OLiﬂm,(hN+1).

From symbolic calculus,

HEN({bfgv)”Li’r, < Z sup ’aaeN(yaxl7n7€I)’ + Cha

‘O[| Scd (y,-T/ 777’§/) €R2d

and it vanishes after the limit procedure, thanks to (1.B.2). We next express

- ™ i(a'—2") ¢ ~
En(@2hv ® §,=0) =@yt /Rm_l) e wn(y, 2, §)e(0, 2 )u(2)dzdE,
with -
WN(,% lJ? 5,) = / eN(ﬁ% xla n, 5,)6%@]

To calculate wy for y > 0, we deform the contour of integral in 7 in the half plane Im 7 > 0.
From Residue formula, we have

iyn;{

wn(y, o', &) = 2miRes(en(y, o', n, &) ind e ™ .

The principal symbol of wy is given by

Qu.r.e) ) (1 -x (%))
“Xp<‘y v ) 2Qy,7,€)

Qly, 2, &) = /Ay, 2/, &) — 1.

Therefore

limsup || Ex (92hv @ dy—o)|| 12 |
h—0 -

[o.¢]
C
<Cra [ sup 102 ceonlya' €l dy < 7
0 @) : R
la|<Cd
where we have used the point-wise estimate

A4 R2-1

C.e” 3R Y\
a P el <« 27 - .
|0 egwn (Y, 7', &) < 2 _1 <1+<h> )



76 Chapter 1. Semi-classical propagation of singularity for Stokes system

Given x(y,2',&") € C=([0, ¢g) x R?=2) the following proposition can be deduced in the
same manner.

Proposition 1.22
Let wy = x(y, 2", hDy)(ur), wy = Lysoug. Then for x; € C°(R),0 < x1 < 1,x1 = 1 near

0, we have
hy D

Proof. We have Pw = g + 2hv(z") ® d,—¢ with ||g||L2 = 0(1), ||v||L2 = O(1). Note that

the functions g, v here may not coincide with the functions in the proof of Proposition 1.3.
We define

= 0.
L2(R4)

lim lim sup
R—o00 k00

z!

N
En =Y WE' + Ry, ||Ryllizs2 = O™,
j=0

Py, 2) (1 —x1 (3))
7’ + Ay, ', ) — 1

with E° = Op,, ( )Id and E',l > 1 as in (1.B.1). This implies that

hD - -
(1 - X1 <?y>) (pw) = En(pg + 2hpv @ dy=) — Ryw.

Consequently, we have

lim hmsup ||EN(gog)||L2 = 0.

R—oo @’

En(2h&0 @ §,—0) (y, 2')

m e .
~ (2rh)T /Rz(d_m e aly,2’,€)§(0, 2 )u(2")d"dg,
Wlth a(y"x,,é—/) — / GW%QN(y,x/,n,f/)dn

Observe that

Co (1= x1 (%))
(iug |0% §/€N<ZJ,37 7, < 1+n2)(1+y2)’

and this implies that

lim limsup | En(2h@v ® 6= o)HLz =0.

R—oo  ps0 @’
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1.C Proof of technical results in section 3

Proof of Lemma 1.6. The proof can be reduced to the point-wise estimate of the solution
F(y) of the ODE:

—hz% L AWRP(y) = Gly), F(0) = F/(0) =0,

with 0 < ¢; < AM(y)? < ¢z, G € C([0,00)), and |G(y)| < Ce~# for all y > 0. By rescaling
z = ¥, it reduces to prove the exponential decay of the solution W of the ODE:
d*w

d?

+V(2)W(z) = g(2), W(0) = W'(0) =0,

with 0 <1 <V(z) <9, g € C®([0,00)) and |g(z)| < Ce* for all z > 0.
For this, we first notice that W is smooth and in H*(R,) for all s > 0. To prove the

60z
exponential decay, we pick 6.(z) = e% with dg > 0 to be chosen later. One observe easily
that 0 < 0.(z) < 20p0.(2) for z > 0. We multiply by 6.1V to the both sides of the equation
and integrate it, then

/ (OW)YW' + 0.V W?) dz = / 0.WGdz.
0 0

Notice that O/W'W > —2500|W||W'| > —600.(|W|* + |W'|?), by choosing
. cp 1 ¢
S a-°
0<m1n{4,4,2},

O (|W']” + W) dz < 2(Ge™?|| 2wy W | 2R, ).

we have that

thanks to Cauchy-Schwartz and the fact that 6, < 2% uniformly in e. From dominating
convergence theorem, we have We%* € L%(R,) and W’e®* € L?(R,). Finally, from theory
of elliptic regularity, we have that We%* € L>(R,),W'e%* € L>(R,). [ |

Proof of Proposition 1.4. We choose ¢y € C°(Y,) such that

©1]supp(z) = 1s P2lsupp(p) = 1.

We first claim that
©20P, (X5 47) (01,000) = Op2(ra)(1). (1.C.1)

Indeed, we can write

020D, (A;X50) (01,090) = P20, (A;)100D, (X0 ) (01,090) + hp20Dy, (B;Xs) (91,040)
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with B; € £ 7 and Xs, has similar support property as xs,. Thus from symbolic calculus,
we have for each fixed y > 0,

oy Y\ "
422008 (43 ()3 (1)) (1,000 o < Cre= F 0~ (14 (£)"7),

thanks to Lemma 1.5. Integrating for y > 0 yields (1.C.1).
By taking supp(xs,) small such that poxs, = Xs,, We have that

2 (Opy(Xe0) (010) — Opp(Xs A)(P1.000)) = w + Op2(ga ) (h)
with
w = 2 (O, (X5,) (¥19) = OPp (X5 )1020P4 (A) (P1.040))
Lemma 1.5 implies that w = OLQ(Ri)(l) and hD,w = OLQ(Ri)(l). The trace of w satisfies

wly—o = ©2,00D; (X6, (1 — Vs,(A0))) (©1,090) = Oproo(ma-1y(R™).

w satisfies the equation (we use vy = 199 here)

Pyw = @1 [Py, 020D, (X5)] (014 — 92005, (A) (01,090)) + Oproc (rey (h™). (1.C.2)

Notice that p1q — p20p;,(A)(¢1.090) = OL?(Ri)(Ua micro-locally for A > %, the right hand
side of (1.C.2) is equal to OLQ(Ri)(h> as well as OHl(Ri)(l). Multiply by w = pw to the
both sides of (1.C.2) and integrate it, we have

/ / w(y, ") Pywdz'dy = O(h).
0 Rd—1

The left hand side can be integrated by part as

/ / wPywdx'dy = — / / |hO,w|*da’dy — / h* (wd,w) |, =odz’
0 Rd—1 Rd—1 Rd—1

/ / ¢*hd;whopwdz'dy + O(h).

1<] k<d—1
This implies that
||hDy,x’wHL2(]Rj_) + ”wHLQ(Ri) = O(h'?).

Using this smallness and redo the integrating by part argument, we can improve each
bound in the procedure above and obtain that

1Dy arwl| 2 ey + [0l p2ga) = O(BY?).
To conclude, we observe that
phdyw =phd,Opy,(Xs,)(919) — ©hd,Opy,(Xs,)20p,(A) (¥1,040)
=pO0py,(X50) 10y (©19) — 0Dy (Xs50) 20Dy, (hDy A) (©1,040)
+OL2(ra)(h) (1.C.3)
=pO0py,(Xs,) 10y (19) — 0Py, (X5 AA) (¢1,090)
+O0r2(grd) (h)

Y
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where we have used symbolic calculus and Lemma 1.5 several times. Plugging into (1.C.2),

we have that Pyw = OL2(R1)(h), wly—0 = Opoo(ra-1y(h>). We decompose w = w; + wy

with Pow; = Pyw, wy|y—o = 0 and Pywy = 0, ws|,—¢ = w|y—o. From elliptic regularity of

boundary value problem, we have h?w; = Opz(re y(h) and h*wy = O H2 (R y(h>?) and thus

ho,w = OHl(Ri)(]_>. From interpolation, we have hd,w = OH%(Rd)(hi). Observe that the
+

error terms on the right hand side of (1.C.3) can be also bounded by OHI(Ri)(]_) and thus

OH% (&1 )(hj) by interpolation. This completes the proof.

1.D Construction of test functions

We first give the detailed construction of a = ag + a1n used in the first step of the proof of
Propositionl.15, which closely follows from [28].

Proof of Lemma 1.18 . : Given x; € Cg°(—2,2) with x1|—1,1) = 1 and x, € C*(-3,3)
such that xs|(—2,2) = 1. Consider xo(t) = e 1'1,., with smoothness. We work in the local
coordinate (y,,€), and assume (0, g, &) € G>T with [&] ~ 1. Set ¢ = ¢g + @11 with

1

|£|,¢0(y,$,§) = y2 + |J} - ZE0|2 + |§ - €0|2‘

¢1(y7 xz, 5) =

We calculate
Hp¢ =" (28y¢0 - {T7 ¢1}) + (ﬁl&y?" - {T, ¢0} Z 20 > 0

provided that |n| < ¢q for some ¢q > 0 and Wy is choosing small enough such that g—; > 4c
in it. The positivity then follows from the direct calculation:

{r, éo} =201 - ( —x0) — 20,7 - (£ — &),
§

8y¢0 :2y7 {T’, §b1} = 817” . @

2
f(y,x,n,f) = X2 (%) Xo <]- - ?) .

The desired functions ag,a; are chosen to be the remainder when f is divided by p =
n* — r(y,z, ) thanks to the Malgrange preparation theorem:

We next take

Flyz,m,€) = (1 = r(y,2,)9(y, 2,7, €) + ar(y, =, &)n + a(y, z, ).
On the support of f, we observe that

¢0(y:x7§) = |(y,l’,§) - (Oa$07€0)|2 S 357 % + ¢0 S 57
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which implies < §|¢|. Moreover, on supp fNsuppdx2(d~1dy), we have ¢y > 26, dg+p1n <
§, and these imply n < —§|€|, hence r(y, z,£) = n* > §%£|?, when p =n? —r = 0.

Direct calculation yields

é b0\ 2 -t
Hy,f + M|+ ¢* = xo (1—5) H, <X2 (?0) ) - (1—X1 (w) >N>
with
2 H
Vo (%) (6 (1-2) 22— (1-2) anig) e v = () 407

Here N > 0 on supp(z)) if we choose § > 0 small enough. Observe that when 1 = r'/2 > 0,
2
we have xo(1 — §1¢)H, <X2 (5*1%)2) =0, (1 - X1 (%) ) N = 0. We then define a

function

o (1=9) H, (x: (3)°) - (1 - (#)3 N

2r1/2

oy, z,8) = — lp=—r172Lr(y,2.6)>0

and then
H,f + fM|E| + 4% = o(n — r'/?),when p = > —r = 0.

Therefore, on p = 0, we have
Hya+ aM|g] + 4% = o(n —r'/?).

It is left to check the smoothness of functions ¢, and p. Indeed, on the support of

W, o1n| < 26, ¢p < 36, and thenl — % < 3. Notice that i?gg = t2, we have
0

b (o [ o\ o (MES . 6\ .
N”‘XQ(é)\/X“(l 6) 6G<Hp¢’1 5)<¢

since the function G(a,t) = v/1 —at? € C* for ¢t < 3,|a| < 1. This implies that ¢ € C*°
provided that ¢ is chosen small enough.

For ¢, the smoothness comes from the fact that on the support of

Xo (1 = ?) , <X2 (%)2) e — (1 ~ X1 (%)3 Ny,

we have r > §2|£|?. Moreover, ¢ has compact support.

Finally, from the definition of a, we have

f(y»xvnag)_f(va7 _nvf) 00
2 = /rme) € o

al(y,x,f) =
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f(yax>77a£) +f(y,x, _n75>|

ao(y, ¢, &) = 5 —tr/rwg) € Ce -
we deduce that g—£ = —%XQ (%)2% (1 — %) < 0, hence
flysx,n,8) — fly,x,—n§) 1 /1 of
- [ Y ds < 0.
o 2/ an(y,x,sn,O s <0

Define 1/2
1 [tof
t(yvxvé) = (_5 /_1 a_n<y7x7Sn’g)ds‘n_\/r(y,x,§)> ’

one can show that ¢ is a smooth function with compact support.
The last observation is that a = f > 0 on p = 0, hence s = f1/2|p:0 e Cx.

We give some more calculations: Let ¢y = |y, 91 = g—f|y:0, when n = r = 0. Thus
at (._'L'(), 50)7

o, ) = S C:E0),

)
or 0, zg,
i, 60? =xh1) 50,060 20D 1)) > o,
or 70, &0)? 1
2010 €0) = = XG0 5 0. €0 2B — 3 1) 6030, 20,005
()Mo (0
—I—XO( ) ¢(15( 20, bo) > 0, for § small enough since xg(1) < 0.
Observe that near (zg, &), we have % ~ —(MZO’,&—O)X()/(I), provided that ¢ is small enough.
U X0(1)5
Now if we make a different choice of § > 0, the difference between two ratios % and

Y is non-zero. This implies that we can choose a further cut-off x near (0,xz¢,&p) such
0

that [|oOpy,(x)erullayv,) = o(1) and [|@Op,(x)hDyerullzy,) = o(1) from [pOpy (¢ +

Yin)erulrzevy) = o(1) and [[@Opy, (Yo + vin)prullr2y,) = o(1). u

Next we recall the proof of Lemma 1.19, which is essentially given in [48].

Proof of Lemma 1.19. : From the transversal property, we can choose a new coordinate
(s,t) in U such that py = (0,0) and H_,, = 0; in this coordinate.

Step 1. Consider the function y(u) = ewoA 1,3/4. It is easy to check that x is smooth and
non-increasing with the property:

N x(u) = O((—=x)V™),VN € N,m > 1,locally uniformly.

Step 2. Next we choose f € C*°(R) such that 8 > 0 vanishing on (—oo, —1) and be strictly
increasing on (—1, —3) and be equal to 1 on (—1,00). We modify 4 such that

ONB = O(pY™), YN € N,m > 1,locally uniformly.
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Step 3. Choose f € C*°(R) so that f vanishes on (—oo,1/2) and is strictly increasing and
convex on (1/2,00) with f(1) > 1.

Now we set 3 ’ 9
B t t S Y
“‘5—&(452)X(05+ 5 +f<52>)’
and
=5 (35 ) Hox(w)
ith u— St 4 5P Y\ Finally we define hs = —H Note that
w1 U—H—F?—i—f(ﬁ) Inally we denne ns = —1Iiyas — gs. INOte tha

Supp(a(s):{(yasat) _52<ti5+’_+f< ) i}

hence it is clear that (1)(2)(3)(4) in Lemma 1.19 are satisfied.

Since r = ro 4+ O(y), when H_, acts on functions independent of  we have
H, = 0; + O(y)0s + O(y)0; + O(6)0,,

since |n| = O(0). Therefore, we have

~a=5 () (5 + 00 + 005 + 0015, ) X + O (w)

S(£) (o (E) o) rommm)

provided that §,0 < 1. In the calculation above, we have used the fact that x(u) =
O(x'(u)) on the support of gs. Thus (5) in Lemma 1.19 follows.

(6) follows from the construction of .

To check (7), we observe that supp gsUsupp hs Csupp as. Moreover, from the con-
struction, gs, hs is independent of n whenever 0 < y < %. Finally, to check the sup-
port of hs, we write hy = —H, (6 (52)) x(u). Since f is independent of y,n, we have
H, (B (%)) = H_. (B(%)), which is supported on I x L™(4,6%) x R,, thanks to supp

5/ - [_17_%]' u

1.E  Proof of Lemma 1.15

Lemma 1.26
In local coordinate Y, , we have

G, 9
P, =—h (\/Eg—l—) + Ry, = h*D? + Opy(r) + Orap2(h).

2 9 O
VG Oy oy
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Moreover, Ry, is a matriz-valued second order differential operator in x with scalar principal
symbol r(y, z,&) = 1 — Ay, x,§)?, which is self-ajoint with respect to the (-|-)r2¢y,)-

Proof. Denote by y = 2°, 9y = 8,,0; = 0,,,j = 1,2,---d — 1. Let v € A'(Y}) and
w € A*(Y,) written in the form

u = updz’ + ujdxj, w = ngdxo Adr? + wjkda:j A dx®.
We have from direct calculation that
du =(0ou; — ju)dx’ A da? + Opu,da’ A da”,

L RPN
ﬁao(u()@) \/@33(9 WVG),

d*w :%&C(wojgjk\/@)dxo
1 .
— g (30(10%9“\/5) + O (VG (g7 g™ — g mgkl)> dx’

From direct calculation, h2Apyu = h?(dd* + d*d)u = vodz® + v;dz? + Ryu with

(VG
Vg = — h28gu0 - hZ%aouoa
h2
v =— h*ou — ﬁgjlao(gklv G)Oouy,

and the Rju consists only the tangential derivatives 0;. Hence in the matrix form,

d'u = —

Moreover, one easily verified that L; = Ly, thus R} = Ry,. |

1.F Proof of Lemma 1.20

Proof of Lemma 1.20. For our need, it suffices to prove the last assertion. We first let
Ay, =aly,z,hD,, hD,) and By, = b(y,z, hD,), then

1 i(z—al)e+i(y—y’)
Bty ) = s [ [ e ) ay o dean,

where

1 i(@—2) (&' —¢)
w(y’,y,ﬂc,n,é):< //e maly,x,n, &)Y, 2, €)dE dz.

27h)4-1
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Talor expansion gives

1
o, y,x,n,8) = oy, y,2,0,&) + (Y — y)/ Opp(ty’ + (1 —t)y,y,z,n,&)dt.
0

Denote by c(y,z,n,€) = ¢(y,y,x,n,&), it is obvious that ¢ is an interior symbol, since it
can be viewed as a tangential symbol for fixed 7, and we have (1+ [£])™ < (1+ €]+ |n])™

for all m € R on the support of ¢, thanks to the supporting property of a. Now we note
Cy = c(y,z,hD,, hD,), and write Ay Byu = Chu + Rju, where

1 1 i(e—a’)e+i(y—y )n
Ruly.a) = [ g J] T oty v uly )y o' dea
0

ot 1 i(o—a")etiy—y')
:m/o dtW //6 w00y ey Y.y, E)uly, 2 )dy da' dédn
1
=: ih/ Cyu(y, x)dt.
0

with ¢ (v, y,z,m,8) = o(ty' + (1 — )y, y, 2,1, §). Notice that

1

/ i(z=2)(& =) , , ,
a’r]ay’ct<yaywran7§) - W//e h anCL(yaIﬂ%&)(ayb)(t?J + (1 —t)y,Z,f)df dz.

We need to be careful here since 9,b only exists for y > 0 and at the point y = 0, the
right derivative (97")*b(0) := lim 0™b(y) exists for any order m. Since we are dealing
y—0

with Dirichlet boundary condition, we always apply a tangential operator B(y,z, hD,) to
functions u(y,z) with u|,—o = 0 in the trace sense. We could thus extend u(y’,2") by
u(y',2")1y>oin ¢ in the expression of the form

1 i(@—a’)e'+ily—y)n
W//e g ey, z,n, §uly’, ') dy'dv'dSdn.
Therefore, we have

sup |0§‘8?b(ty’ +(1=1)y,2,8)| < Cnap ¥m €N a, 3 € N

v,y >0,0<t<1,2,€
Now it is reduced to prove the uniform L? boundness of the operator

Thu = Ky, o'y, 2)u(y’, 2’ )dy'd2’,
Rd

with kernel

i(e—aNe+i(y—y)n
Kh(y,>$,;yaff) = /de h ’ Ht(ylayaxanvg)dndg
R

(2mh)4
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where

1
Hy(y', y,z,n, &) =1

y',y=>0 (27Th)d71
From Schur test lemma, we need to show

sup / |Kh(y,7$,ay7$)|dy/dl’/ S Cl < 0,
R4

(y,oc)E]R:lL
sup / |Kn(y', 'y, ) |dyde < Cy < oo,
(v @' )eRT JRY
with C, Cs independent of h and ¢.
We first define

/ e Far(y,a,m €+ Obi(ty + (1— By, a — 2, ¢)ddC.

kh(yaxa’w?U) = / 6iv£+iwnHt(y - hwayax7n>€)d77d€7
R4

(2m)4

hence,

1 -y x—a
ThU(y,CC) = m /]Rd kh <yaxa Y hy ) h > u(y',x')dy'dx/.
+

Notice that H;(v',y,x,n,§) are tangential symbol, parametrized by (v',y,n). Moreover,
it is compactly supported in (y, z,n, ) variables, uniformly in the first variable y’. Thus,
O 0¢ Hy(y — hw, y,x,n,§) has compact support in (n,§) and

|a777na?Ht(y - hw7 Y, T, 1, §)| S Cm,a
for any m € N and a € N?~!. Thus, integrating by part in the expression of kj, yields
sup |k (y, 2, w, v)] < C(1+ fw| + o).

(y,@)
Therefore, we obtain
1
/d |Kh(ylax/7y7 )’dy/dQT - hd
R

+ R¢

/

y—y’x—x I
kh (yaxa h 3 h )’dyd‘r

= ]kh(y,m,w,v)ldwdv
S Cly

and
/ /

y—vy r—2x
kh (y7x7 h ) L )‘dydx

§/ sup|kh(y,:p,w,v)|dwdv
Re (y,z)

1
/ (K (y, oy ) |dyde = -5
]R

< Ch.






Chapter 2

Stabilization of Hyperbolic-Stokes
System

This chapter is based on a joint-work with Felipe Chaves-Silva.

2.1 Introduction and Main Results

Let Q C R? (d > 2) be a smooth, bounded star-shpaed domain whose boundary 9 is
smooth, w be a small subset of 2 and let T" > 0.

In this paper, we are interested in the stabilization problem for the following hyperbolic
Stokes system:

O2u— Au+ Vp+a(z)du =0 in R x Q,
divu=20 in R x €,
u=10 on R x 092, (2.1.1)

(u(0,2), 0u(0,x)) = (ug,v9) € V X H,

where V' and H are the usual spaces in the context of fluid mechanics, i.e.,

V ={uec H}(Q)*:divu=0}

and

H={uec L*)?*:divu=0u-v|p =0}
and v(z) is the outward normal to €2 at the point € 9Q. In (2.1.1), the damping term
a € L>*(Q) and satisfies a(z) > 0, for all z € Q.

If u=wu(t,x) is a (sufficiently smooth) solution of the system, we define its energy as

Elu)(t) = %/Q(\@tu(t,x)\z + |Vu(t, z|*)dx, Vte€R,

87
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and when there is no damping, namely a = 0, the energy is conserved, while in general we
only have that E[u](t) is non-increasing:
dE|u]
dt

:-/M@@MUM%xSO
Q

As for other hyperbolic systems, the stabilization problem for (??) concerns about the
decay rate in time of the energy E[u](t) under appropriate assumptions on the damping
term.

It is well-known that stabilization problems are closely related to observability and
exact controllability problems in abstract settings. In fact, if we consider the undamped
system

Pu—Au+Vp=0 in R x Q,
divu=20 in R x Q,
u="0 on R x 012, (2.1.2)

(u(0, ), Ou(0,x)) = (uog,v0) € V x H,

we say that (2.1.2) is observable at time 7" with observation in w if there exists C' > 0 such
that

T
H%w+wm@gc/l/@mummma (2.1.3)
0 w

for every (ug,v9) € V x H.

When (2.1.3) holds, one can show that for any (ug,v9) € V x H there exists f €
L%((0,T) x w)? such that the solution of

0?u — Au+ Vp = f1, in R x Q,
divu=20 in R x €,
u=>0 on R x 012, (2.1.4)

(u(0, ), 0u(0,z)) = (ug,v0) €V X H,

satisfies

w(T,xz) =0, Ow(T,z)=0,

that is to say, system (2.1.4) is exact controllable at T with control localized in w. Never-
theless, it is important to mention that a complete characterization of the sets w for which
(2.1.3) is true remains open. A partial answer to this question was given by the first author
in [14].

The motivation for studying the stabilization of system (2.1.1) is two folded. First,
system (2.1.2) is the hyperbolic counterpart of Stokes system, which is the linearized version
of the well-known Navier-Stokes equation in fluid mechanics. In fact, if we know that
system (2.1.2) is exact controllable at some time 7" > 0, with control applied to some
control region w, then the so-called Control Transmutation Method can be applied to
obtain the null controllability at any time and the optimal cost of controllability (in time)
for the Stokes system (for more details, see [14]). On the other hand, system (2.1.2) comes
from simple models of dynamical elasticity for incompressible materials. More precisely, it
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can be derived as a limit model of Lamé system in linear elastic theory when one parameter
tends to infinity ([47]). For the sake of completeness, in the Appendix we give a derivation
of system (2.1.2) from Lamé system. It is important to remark that the stabilization
problem for the Lamé system has been already studied in [10].

To state our main results, let us introduce several concepts. Some terminologies and
notation will be clear in the next section.

Definition 2.1

We say that the support of a non-negative function a € C(S)) satisfies the geometric control
condition (GCC in short) if there exists T > 0, such that each generalized bicharacteristic
ray (t) with speed 1 issued from a point p € T*Q enters the set {x € Q : a(x) > 0} in a
timet <T.

We recall that an open set 2 has no infinite order of contact, if in the decomposition
T*00 =EUHUQG,

we have .
g=J¢g.
=2

Here, the sets £, H,G are called elliptic zone, hyperbolic zone and glancing zone, respec-
tively, and G7 are the sets of points with j—th order of contact. The precise definition of
this sets will be given in the next section.

Our first main result is as follows.

Theorem 2.1

Suppose Q C R? is a smooth, bounded star-shaped domain with no infinite order of contact
and a € C(Q) is a non-negative function whose support satisfies the geometric control
condition. Then, there exist positive constants Cy and o such that for any (ug,ve) € V X H,

the corresponding solution u(t) to (2.1.1) has the exponential decay:

Elu](t) < CoE[u](0)e ", Vt > 0. (2.1.5)

In what follows, we say that the stabilization of (2.1.1) holds if (2.1.5) holds true.

Remark 2.1

As a byproduct of the proof of Theorem 2.1, we obtain the null (exact) controllability at
some time T of system (2.1.4). Namely, there exists T > 0 and a control f € L*([0,T] X w)
such that the corresponding solution u to (2.1.4) satisfies (u(T),0u(T)) = (0,0). However,
we do not know the control time T explicitly, since we prove the observability inequality
(2.1.3) by reducing it to a quasi-mode estimate.

Let us mention that if a is supported in a neighborhood of boundary 0f2, the same
result is true by adapting the strategy in [14], where the author has proved the exact
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controllability of the system (2.1.4) with w be a neighborhood of 99Q2. Our result is a great
generalization of the result obtained in [14].

The pioneering work of J.Rauch and M.Taylor [52] related the exponential decay of
damped wave equation to geometric control condition (GCC) of damped region on compact
Riemannian manifold without boundary.

Until the celebrated work of C. Bardos, G. Lebeau, and J. Rauch [?], the presence of
the boundary has been understood and the exactly controllability for wave equation as well
as the exponential stabilization are obtained under (GCC). The proof mainly relies on the
propagation of singularity under Melrose-Sjostrand flow. Later on, the tool of micro-local
defect measure, introduced by P.Gérard and L.Tartar independently, has been used to
simplify the proof of these results and adapt to many other problems, see for example [10]
for Lamé systems and [19] for a coupled wave system. The key ingredient of the measure-
based proof is the propagation formula, which can be viewed as a transport equation for
defect measure. As a consequence, the propagation of singularity can be derived as a
special case of measure invariance under bicharacteristic flow.

For the present system (2.1.1), the presence of the pressure term Vp introduces nontriv-
ial difficulties if we want to adapt the strategy in [10] directly, due to the rough regularity
of time-dependent harmonic function p(t,z). However, follow the semi-classical reduction
in [9], it turns out that the exponentially stabilization of (2.1.1) can be reduced to the
following semi-classical version observability estimate:

Proposition 2.1
Assume that a € C°(Q) and fQ adz > 0. Suppose the following statement holds true:

3ho > 0,C > 0 such that YO < h < hg,¥(u,q, f) € H*(Q) NV x H'(Q) x H

solves the equation
—h*Au—u+ hVq = f, (2.1.6)

implies

1

Then we have the stabilization of (2.1.1).

Note that the system (2.1.7) is just a quasi-mode equation of stationary Stokes sys-
tem, and in particular, if f = 0, the solution u(h) is a eigenfunction of Stokes operator
corresponding to eigenvalues h=2.

The proof of (2.1.7) is based on the propagation of semi-classical measure u treated in
the previous chapter. We give a brief recall here. The sequence of pressure ¢ are harmonic,
and their impact on the solution only occurs at the boundary. It has been shown that
the measure is propagated along bi-characteristic rays which is invariant under the flow.
When a ray touches the boundary, more careful analysis between the wave-like propagation
phenomenon and the impact of the pressure yield the propagation of the support of the
measure u along generalized bi-characteristic ray defined in [48|.
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We organize this paper as follows. In section 2, we recall the propagation result given in
the previous chapter. In section 3, we follow the strategy in [9] to reduce the stabilization
to semi-classical observability (2.1.7). In section 4, we prove the semi-classical observability
by adapting the propagation result. Finally in Appendix, we give the derivation from Lamé
system to system (2.1.1).

2.2 Review of Semi classical propagation of singularity

Now let us recall the several results proved in the last chapter.

(2.2.1)

—Rh*Au—u+hVg=f (u, f) € (H* Q) NV)x H
h divu = 0,in €

Assume that ||ul|z2¢) = O(1), || fllr2¢ = o(h). and u — 0 in L*(Q). Let p be a semi-
classical defect measure associated with (u, h) (some subsequence of it). The precise def-
inition and some properties of w is given in the last chapter and we will not recall it here
for simplicity.

In the interior, the full transport property of defect measure is proved.

Proposition 2.2
For any real-valued scalar function a € C2(Q x RY) vanishing near £ = 0, we have

d

lmaon(s,)) =0.

The following proposition illustrates that near a elliptic point on the boundary, there
is no accumulate of singularity.

Proposition 2.3
ule = 0. If we let v be the semi-classical defect measure of the sequence (hipO,ug|sq, h),
then vlg = 0.

When a ray travels near a hyperbolic point or point in the glancing surface, the knowl-
edge of the singularity is much less. Nevertheless, we have

Theorem 2.2

Assume that 2 is a smooth, bounded star-shpaed domain with no infinite order of contact
on the boundary. Suppose (uy) is a sequence of solutions to the quasi-mode problem (2.1.1)
with semi-classical parameters h = hy. Assume that fr € H, ||fillr2@ = o(hi) and
converges weakly to 0 in L*(Q). Assume that u is any semi-classical measure associated to
some subsequence of (uy, hy), then suppp is invariant under Melrose-Sjostrand flow.
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2.3 Reduction to Semi-classical observability

This section is devoted to the proof of Proposition2.1. In fact, It is classical from [24] that
stabilization or observability of a self adjoint evolution system is equivalent to resolvent
estimates. See also [9], [11].

Recall that the damped system is given by

Otu — Au+ a(x)du+Vp=0,(t,z) e R x Q
divu = 0,in

u(t, )]oo =0

(u(0), 0u(0)) = (up,v0) €V x H

(2.3.1)

We always assume that Q C R is a bounded domain (open, connected set). We use
v to denote the outward normal vector on 02 and the damping term a € L*(Q2) with
a(x) > 0.

We also consider the undamped system

Otu—Au+Vp=0,(t,z) € R x
dive = 0,in Q

u(t, )]oa =0

(u(0), Ou(0)) = (ug,v9) € V. x H

(2.3.2)

2.3.1 Some functional analysis preliminaries

We work with a Hilbert space H :=V x H, equipped with the norm
1(f9) 113 = HVfH%?(Q) + HQH%Q(Q)'

and denote II : L?(Q)Y — H be the orthogonal projector(Leray-projector) and A = IIA
be the Stokes operator. We consider the operator:

A= ( Y ) (2.3.3)

D(A) = (VN H*Q)) x V.

with domain

In order to use semi-group theory, we first show that for some A > 0, the operator (A — \)
is invertible: Take (f,g) € V x H, and consider the system

{v—/\u:f

Au— (Ha+ Nv =g (2.3.4)
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We consider the bilinear form
B(uy,ug) = / Vuy - Vugdx + /()\2 + Aa(z))uy - ugde,
0 Q

defined on V' x V. We then conclude from Lax-Milgram that for A > 0, there exists u € V'
such that for any w € V| we have

B(u,w) = —/Q(g-w+ (a(x) + N\ f - w)dz.

Set v = Au + f, we have solved the system (2.3.4) in weak sense. Standard regularity
argument gives that for A > 0.

(A=N"1:H — D(A),
is a bounded, and (A — \)™' : H — H is compact. Moreover, if A € Spec(A), we must
have Re A < 0. This will be clear in the proof of Proposition 2.6.

However, since the operator A is not maximal dissapative, the Hille-Yoshida theorem
is not applicable. A slightly general modification ensures the existence of semi-group e**
which evolves the initial data in D(A) and solves the equation (2.3.1) with more regular
data.

For solution u, dyu to (2.3.1), we consider the energy functional
1
Elul(t) = 5 [ (Qu(t.) + |Vut.))da,
Q

and we calculate

d 2
EEM@) = /Qatu - (0fu — Au)dx

= —/atu-Vpdx— / a(x)|Opu|*dx
0 Q

<0,
thus

Elul(t) < Elul(s),Vs < t. (2.3.5)
By density argument, we can solve (2.3.1) with initial data in H such that the energy

dissapation (2.3.5) still holds.

2.3.2 Observability and Stabilization

In this section, we will prove the stabilization for damped system is equivalent to observ-
ability for undamped system. For this part, we follow closely in the appendix of [9] in
which the authors have sketched the standard argument for damped wave equation.
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We first introduce the quantity

/ / x)|Ou(t, z)|*dzdt,

and it quantifies the dissipation of the energy:

Proposition 2.4
The following assertions are equivalent:

1. Stabilization: There exists Co,ac > 0, such that for every solution u € C(R;V N
H?(Q)) NCHR; V) to the damped system (2.3.1), we have

Elu)(t) < CoEu](0)e ", Vt > 0.

2. Observability: There exists C' > 0 and T > 0, such that, for every solution v €
C(R;V N H*(Q)) N CHR; V) to the undamped system (2.3.2), the observability in-
equality holds:

E[v](0) < CDP)(T).

Proof. We first claim that the stabilization of damped system is equivalent to the observ-
ability of damped system.

It is clear that

Let us first assume the stabilization of damped system. Argue by contradiction, suppose
the observability of damped system does not hold. We first choose T, > 0 large enough
such that Cye 270 < % We can select a sequence of solutions (uy) and such that

Elug](0) =1, D[ug)(Ty) — 0, as k — oo.

We thus have

% > Coe=D > Blug](Ty) = Elug)(0) — Dlug] (To) = 1+ o(1), as k — oo,

which leads to a contradiction.

Let us now assume the observability for damped system, i.e.
E[u](0) < CD[u)(T),
We may assume that C' > 1, from the energy dissapation and observability, we have

1

BlulleT) = Eul(0) - Dl < (1- & ) B )
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For any t > 0, we write m = | 2|, therefore we have

Bll(t) < Elul(m) < (1 - g)mEM(ox

after choosing Cy, a appropriately, we have the stabilization of damped system.

Our second step is to justify the equivalence between observability of damped system
(2.3.1) and undamped system (2.3.2). To do this, we denote u and v be solutions of the
damped and of the undamped system, respectively, with the same initial data at ¢t = 0.
Let w = v — v, and simple calculations yield

O*w — Aw = —adu — Vq,
8t2w — Aw + adyw = —adw — Vq,
with some pressure function q.

We calculate

dE’[ 1(t) = —/a(x)|8tu|2dx+/a(x)@tu-atvdm—/ﬁtw-qux,
dt Q Q Q

and the last term of left hand side vanishes, thanks to d,w € C(R; V). Thus we can write

ZE[ ]() _/Qa(x)’atuIde+/a(ﬂﬁ)@tu-@vdm

Q

or equivalently
d
L Blw)(t) = / o(2)0yu - Dpwda.

it g

Integrating the two expressions above and using the inequality of the type
|ab| < €lal® + C(e)|b|*, Ve > 0,
one easily get
Elw|(T) < B min (D[u)(T), D[v)(T)),¥T > 0, (2.3.6)
where B is another absolute constant.

Now suppose we have observability for the damped system (2.3.1), if D[u](T") < D[v|(T),
the observability of undamped system (2.3.2) is trivial. Now assume that D[u|(T) >
D[v|(T), we deduce from (2.3.6) that

Efw](0 ) Elu)(0) < CD[u)(T) < CDWT) + CD[)(T)
C(E[w](T) + D|(T)) < CD[(T).

The derivation of observablhty from undamped system to the damped follows in the same
way, and we omit the details. |

Remark 2.2
Since the domain D(A) is dense in H and the observability and energy decay only involves

the L? norm of Vu and Ou, thus the same result of proposition 2.4 holds if we replace
ue CR,VNH*(Q)NCHR; V) tou e C(R; V)NCHR; H).
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2.3.3 Resolvent estimates and stabilization

Recall that from the previous sections, the study of damped system (2.3.1) is equivalent

to the project system
dt\ O )\ A —1I o )’
' ¢ t (2.3.7)

( aﬁfu ) e C(R;V x H).

We will use the notation U = (u, d;u)" in the sequel.

In this part, we follows almost the same way as in the appendix of [9], only to pay
attention to the changing of working spaces (appearance of the pressure term and diver-
gence free structure). Moreover, we add some technical details which may seems standard
to experts in analysis but not disposable for many applied people.

From last section, we know that the observability of undamped system (2.3.2) is equiva-
lent to the stabilization of damped system (2.3.1), therefore we will concentrate ourselves to
the study of stabilization of (2.3.1). The following result is standard in semigroup theory:

Proposition 2.5

Consider a semi-group e'* on a Hilbert space X, with infinitesimal generator L defined on
D(L). Then if there exists C > 0,8 > 0 such that the resolvent of L, (L — \)™! exists for
Re A > —6 and satisfies

VA€ C’:={z€C:Rez> —3},|[(L— A"z <C.
Then there exists M > 0 such that for any t > 0,

ot

||€tL||£(X) < Me 2.

We need a lemma from complex analysis. We temporarily use the convention of Fourier

transform ) -
a(T) = E/ eiitTU(t)dt.
Lemma 2.1

Let u,v be two continuous functions with support in Ry = (0,00). Assume moreover that
u,v € L*(Ry) and v has compact support. From Winer-Paley theory, we know that the
Fourier transform v admits a holomorphic extension to C and of exponential type. Given
ap > 0, suppose that the Fourier transform u is also holomorphic in S,, = {z € C:Imz <
ap} and satisfies

[u(z)| < Clo(2)|,Vz € S,,.
Then for any a < ag, e™u(t) € L*(R,) and

/ &2t |y (1)[2dt = / AT + ia)|%dr.
0 —0o0
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Proof. We first claim that
/ e (t)|*dt = / [0(7 + ia)|*dT,Va € R. (2.3.8)
0 —00

Indeed, since v is compactly supported,

~ : 1 * at i
(1 +ia) = \/_2_7r/0 e®e "o (t)dt

which is analytic in @ and rapidly decreasing in 7 for each fixed a € R. Thus one easily
deduce from the Plancherel (or calculate the integral directly) that (2.3.8) is true.

As a consequence, u(. +ia) € L*(R) for each a < ag. Notice also that v € L*(R, ), thus
for each a with Rea < 0, the formula

/ eQ“t]u(t)Pdt:/ U(T + ia)|*dr (2.3.9)
0 —

o0

holds true and analytic with respect to a. In particular, |u(z)| < C[0(2)],z € S,, implies
that u(7 + ia) is rapidly decreasing in 7 for each fixed a < ag. For z = 7 +ia with a < ay,
consider the integral

Fla,t) = \/_/ () dr = \/ﬂ/ (2)dr € IA(R).

From Cauchy integral theorem, we have that

F(a,t) )e'Tdr = eu(t) € L*(R).
wn=" () € ()
From this, we conclude that (2.3.9) follows for all a < ay. |

Remark 2.3
In the previous lemma, the same results hold true if we replace u,v to be Hilbert-space
valued functions.

proof of proposition 2.5. The basic tool to prove this proposition is the Fourier-Laplace
transform in time variable. From the property of strongly continuous semi-group, we know
that there exists wy > 0 such that (see [61])

€| ) < 0, Wt > 1.

Take uy € D(L), and pick a nonnegative cut-off y € C*(R) such that y = 0,v¢ < 1 and
X = 1,Vt > 2. We define u(t) := x(t)etl“tug for some w > wy and thus v € L¥(R; X).
Moreover, we have the equation

(0 +w — L)u = x'(t)e"“tuy =: v(t).
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By taking Fourier transform we get
(i1 +w — L)u = 0(7).

Since v is compactly supported in positive axis in time variable, the ¥(7) has a holomorphic
and bounded extension in any domain of the form

Se={r€eC:Im7 < a},a>0.

From the assumption on the resolvent, we deduce that (i +w — L) is invertible if 7 € S5,
and thus u(7) admits a bounded holomorphic extension to Ss,,, which satisfies

[a(r)[lx < CllO(T) |-
Apply Lemma 7?7, we deduce that

/ wMW%ﬁw—/‘mm+u%+®m%x

o0 —00

<C [ IR(E + il + D)
<C [ e 9ol < Clluo]

We remark that one need use various types of Winer-Paley theorems to justify the above
calculations, thanks to the fact that u(t),v(t) is supported on [1, 00) and furthermore v(t)
has compact support. Take w < wy + g in the definition of u, we have that

ot
e 2 e uol| 2@, vy < Chlluol| -

Thanks to the semi-group structure and uniform bound principal, we have that there exists
My > 0, such that for any interval I C (0,4o00) of length 1,

[f(t+ s)|

sup o < M.
veromoniser  |f ()] ’

with f(t) = ||e'Tugl||x. Therefore, for any T > 0,
™ 2 5T 2
/T e f(1))Pdt > e te{rg%ﬂ“f(tﬂ :
Therefore,

T+1
F@+DF <M min (FOF < [P

te[T,T+1] - T

This implies the exponential decay

st
e ugllx < Me™= |Juol| x-
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Now we can introduce the semi-classical observability

Proposition 2.6 B
Assume that a € L*(Q) N C°(Q) and [, adx > 0. Then the stabilization of system (7?) is
implied by the following statement:

Jho > 0,C > 0 such that Y0 < h < ho,Y(u,q, f) € H*(QQ) NV x H(Q) x H
solves the equation
—h*Au —u+ hVq = f,
we have .
lull 2@ < C (H@UQUHL?(Q) + E”f”ﬂ(ﬂ)) : (2.3.10)

For the proof, we need two lemmas.

Lemma 2.2

Let L be a linear operator on Hilbert space X with a compact resolvent (L —1d)~!. Suppose
the spectrum Spec(L) C {z : Rez < 0} and satisfies that for any o € R, L—io is invertible
and satisfies the uniform bound

sup ||(L —io) 7| < oo.
o€R

Then there exists 6 > 0, such that

sup [[(L = A7 < oo,
A€C?

where C7 :={z € C:Rez > —a} for any o € R.

Proof. Write
sup [|(L —io) || = C
ceR

We denote R(z) = (L — 2)7! for 2 € p(L) :== {2z : 2 € C\ Spec(L)}. Take 2y € p(L), we
write

L—z=(L—z)Id+ (L —2)" (20— 2)),

and for |z — zo| < T we have

1
L—zo)~H]?
IR < 1R(z0)[1 D> |2 = 20" I(L = 20) M |" < R(20).
n=0

Therefore, for A with [Re A| < 6, where 0 < 6 < 55, we have |R(A)|| < C. To conclude,

we only need show that there exists C; > 0, such that

sup [|[(L—2)71| < Cy.

Rez>§ H



100 Chapter 2. Stabilization of Hyperbolic-Stokes System

Consider the holomorphic equivalence ¢ : C° — D, = L.

—1 1
o) = (O = T

z+1
where D := {( : |(| < 1} be the unit disk. One easily verifies that the operator-valued
function

®(¢) = R(y(C)) : D — L(X)

is analytic and satisfies the Cauchy integral formula

e
PG = 5§ g iNGED.

Since dist (0D, p(C%)) > ¢ > 0 for some ¢, depends only on &, we deduce that for any

z€C™9, ©
L O VR ¢
2mi 7{41 ¢ — SO(Z)dCH = €0

I7G) < |

Lemma 2.3 (Unique Continuation of Stoke Operator)

Let 0 > 0 and u € V satisfies that

Au = ou.

Then if ul, = 0, we must have u = 0.

Proof. 1t is equivalent to write
—Au+Vp=ciu, divu=0,u¢c V,/pdx: 0.
Q

Take divergence of the equation, we have Ap = 0. The vanishing of u in w implies that
p equals to a constant in a component of w. Now since {2 is connected, the maximum
principal implies that p = 0 in 2. Therefore we have reduced to unique continuation of
eigenfunction of Laplace operator, and this implies that « = 0 in (2. [ |

proof of proposition 2.1. We need show that the semi-classical observability implies the

stabilization.

Note that the operator (A — \) is invertible for any A > 0. One write
A—z=>Id+ (1 -2)(A-1d) ") (A-1),VzeC.

Since Id + (1 — z)(A — Id)~! is Fredholm with index 0, we infer that A — 2 is invertible
iff it is injective. In light of the previous lemmas and the Proposition 2.5, we only have to
prove the fact that

3C > 0, such that Vo e R,U € D(A),F € V x H,(A—io)U = F
implies U]l < CI|Flla.
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We argue by contradiction. If it is not true then we can find sequences (o,,), (U,), and
(F,) such that

(A = i0)Un = Fo, Ul = 1 | Fullw < -
After extracting subsequences we may assume that o, — o, and we write
Un = (tn, )", Foo = (fns gn)".
We have several cases to analyse, according to the limit value o.
1. 0 = 0: In this case, we have AU, = o(1)3, which is equivalent to
U = 0o(1) g1, Aun, — Hav, = o(1) e,

thus Au, = o(1)r2. Taking inner product with w,, and integrating by part we have

/ YV Pdz = o(1).
Q

This contradicts to ||Up,||x = 1.

2. 0 < |o] < oo: In this case we have AU, — iocU,, = o(1)y, or equivalently,
Un — iouy = 0(1) g1, Auy, — (io + Ia)v, = o(1) 2.
Thanks to Poincaré inequality, we deduce that
Au,, —io(io + Ha)u, = o(1) 2.

Applying Rellich compact embedding theorem followed by extracting to suitable sub-
sequences, we may assume that

U — u, in L*(Q),u, — u, in V.

Taking inner product with u,,, we have

—/ (Vu,|?dr = —a/ ]ui|d:t—|—ia/a(x)|un|2dx—|—o(1),
Q 0 Q

which implies that au = 0 in 2. Thus we can conclude that u is an eigenfunction
of Stokes operator A and vanishes in a non trivial open subset of {2. The unique
continuation property for the system

—Au+Vp=c*u, divu=0

implies that u = 0. As a consequence, we have that u, = o(1)y1,v, = o(1)z2. This
contradicts to the original assumptions.



102 Chapter 2. Stabilization of Hyperbolic-Stokes System

3. |o| = oo: We only study the case o,, — +o00o (the other one is obtained by considering
U,).

Let h, = 0,1, and we deduce from the system AU, — io,U, = o(1)y:
hZ Au,, + u, — ih,Iau, = h2af, + ih, f, + h2g, = or2(hy)

hpvn — ity = hy fr, = o(h )H

hZ Av, + v, — ih,Ilav, = ihng, — h2Af, = or2(hy) + og—1(hy).

Define the operator P, = h?A + Id — ihlla on H with domain H*(Q) NV, we have
(dropping the subindex n for the moment)

(Prulu)re = HUH%Q(Q) - Hhqu%Z(Q) - ihHal/QuH%%Q)

Taking imaginary part, we have

| Poel| 2y l|ul L2

1/2, 112 <C’
a2l z

Applying the semi-classical observability to the equation
h2Au + u = ihllau + f

with f = o72(h), we have

nm&mnsc(mw%mgmy+ (1B +hwdﬂmu2>)

. (2.3.11)
<—Ifllzellull 2@ + ﬁ”f”%z(m
This implies that
[tnlz20) < h—annHLz = o(1).
To conclude, observe that v,, satisfies
h2 Avy, + v, = o (hy) + om-1(9y(h2),
and we claim that if (h?A + 1)v = f; + f2, then
[0]lz20) + [[RV V] L2
<C (Hal/szL2 . HlehLQ(Q) N ||f2||}1:21(9)) | (2.3.12)

Assume the claim for the moment, we thus have ||, Vv, || 2) = o(1), and ||V, || 2) =
o(1), thanks to w,, + ih,v, = ih, f,. This contradicts to the original assumption.
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Now we turn to the proof of the claim. By density, (2.3.10) still valid when v € V.
Taking inner product of v with P,v, we have

(Pavlv)zz = ol 72i0) = 1RV V][ 72(0) — ihlla'?v]|72q

Therefore, by taking real part and injecting (2.3.10), we have

Ph'U L2(Q
10l + el < € (o 2ol + L2122 ) (23.13)

By taking real and imaginary part of (P,v|v) 2, we have

[Pl 2@l 2@
h )
Substituting (2.3.14) into (2.3.13), we obtain that

1Pwllz@llvllze | 1Pz
1RV |72y + Vl[720) < C ( A - ,

(2.3.14)

la'/?v]|21q) <

h?

and this implies that

| Proll L2 (@)
e

Thus P, is bijective from H?*(2) NV to H and hence invertible. From the fact that
P, = (1+ (2 —ihlla)(h*A — 1)) (h*A - 1),

HhVUHLz(Q) + “UHL?(Q) < (C

P, can be written as composition of a positive operator and a Fredholh operator of
index 0. From the estimate above, we conclude that

C
1P |z e << oIy ez < h?
Now come back to the equation (h?A + 1)v = f; + fo. Taking g € H, and letting
w = Ph’lg7 we have
(v]g) 12 =((h*A + 1)v|w) 2 + ih(v|aw) 2
=(fi + folw)r2 + ih(av|w) 2

<| Allzz@ 12 gllz200) (2.3.15)
Aol Helalvlio

TAT AT
<C (e ol + 1 loloo

This completes the proof.
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2.4 Apriori Estimates for the quasi-mode system

Now we consider the quasi-modes of Stokes system

{ — hiAuk — Ug + thqk = fk, (uk, fk) € (H2(Q> N V) X H,

2.4.1
hkdivuk = 0, in Q ( )

To simplify the notation, we drop the sub index k£ and just keep the semi-classical parameter
h everywhere. Note that the functions u, v, etc. should be understood as u(h),v(h), etc.

Assume that
ullz2) = O1), [| fllz2() = o(h).

Taking inner product with « and integrate by part, we have

One can always assume that fQ qdz = 0, since ¢ € L*(2)/R. From the regularity theory
of steady Stokes system, (see [62], page 33), and Poincaré inequality, we have

1929%ull 20y = O(1), [l 20y = O™, [11¥g]| 20y = O().
We now give some estimates on the trace. Write gy = ¢laq,

Lemma 2.4
lallz2) = O(h™), llgoll 200y = O(h™Y); llqol 200) = O(R7H).

Proof. Since ¢ is harmonic function, then one can apply trace theorem H*(2) — H*~1/2(90Q)
for any s € R. Hence the conclusions follows from these and interpolations.

Lemma 2.5
hal,u|ag = (ha,,u”,0>, and Hha,,ubQHLz(aQ) == O(l)

Proof. The first assertion follows from hdivu = 0 and Dirichlet boundary condition, while
we apply a multiplier method to prove the second. From the geometric assumption on 2,

we can find a vector field L € C'(Q) such that L|gq = v(see [50], page 36). In global
coordinate system, we write L = L;(z)J,,. By using the equation, we have

/ Lu - fdx :/ Lu - (—h*Au — u + hVq)dx,
0 0

—/QLu‘udx——/ ()0 u' v’ da

/axj u') de+/9div L(z)|u|*dz
_/Q Lj(z)u'(2)0, uda:+/gdiv L(z)|u|*dx

:/ Lu - udzx + / div L(x)|ul*dz,
Q Q
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1
and thus / Lu - udr = —5/ div L(z)|ul*dz = O(1). We next calculate
Q Q

h/ Lu - Vqdr = —h/ U0y, (Lj0y,q) d
0 Q
= —h/ u- L(Vq)dz — h/(div L(x))u - Vgdx
Q Q

= —h/ u-[L,V]gdx — h/ div L(x)u - Vgdx
Q Q
= O(1>7

—h2/Lu’Auidac:—h2/ |8l,ui|2d0+h2/VL(Vui,Vui)dx
Q o0 Q
+h2/Lj(x)8§jxkui8$kui
Q
:_h2/ |auui|2da+h2/VL(x)(vui,vui)dx
o0 Q

+ h? / Ou; (LjOppu’) Oy’ dr — 2 / div L(x)Vu' - Vu'(z)dw,
Q Q

L-v ‘&,ui‘Q do — h2/ Lj(x)ﬁxkuiazjmkuidx,
Q Q

hz/axj (Ljﬁxkui) 6’xkuidq; = h2/
Q 0
) ) h? . ) . h? )
—h? / LuiAvide = —— [ |0,u'[" do+ / VL(x)(hVu', hVu')dz—— / div L(z)|Vu'|*dz.
Q 2 o0 Q 2 Q

Observing that [, Lu - fdx = o(1), we have

/ \hd,ul? do = O(1).
o0

Lemma 2.6
Under additional assumption that

||a1/2

ukHLz(Q) = 0(1),
after extracting to subsequences, we have hyVqy — 0 L*(Q) and up — 0 weakly in L*(12).
Therefore from Rellich theorem, we have hq — 0, strongly in L*(Q).

Proof. We may assume that hVq — r, weakly in L?(Q), and Rellich theorem implies that
hq — P, strongly in L*(Q), and thus VP = r, with the property [, P =0. Now we claim
that AP =0 in Q.
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Indeed, take any ¢ € C3°(Q2),
/VP-V90:1im/th~Vg0:0.
Q h—0 Jq

Now suppose uy — U, weakly in L*(Q), wy = hiu, — W, weakly in H?(Q), by taking the
weak limit in the equation, we have

—~AW — U + VP =0, in L*().

Notice that a'/?uy, — 0,a'/?wy, — 0, strongly in L?(£2), and this implies that Ul, = W/, =
0. Therefore, in a connect component w’ of w, we have VP = 0. However, P is a harmonic
function, then P =const., thanks to the fact that 2 is connected. Note that fQ P =0,
hence P = 0. Moreover, from Rellich theorem that wy, — W strongly in L?(2), and on the
other hand ||Afux| 12) = 0(1) we must have W = 0. Therefore U = 0. [ ]

2.5 Proof of the Observability Estimates

In this part, we will prove the Proposition 2.1 under the assumption in Theorem 2.1 on 2
and w.

We argue by contradiction, suppose (??) is not true, we can then choose a sequence
(U, Py Qs ) € H*(Q) NV x Ry x HY(Q) x H satisfies equation

—hZAuy, — Uy + Vg, = fa (2.5.1)
with the following properties:
lunll 2@y = 1, [ fall 20y = 0(Bn), [la"?un | 12y = 0(1),n — oo

Up to extracting to subsequence, we can associate (uy,h,) with a semi-classical defect
measure p. From the h,—oscillating(see the previous chapter) of the measure p and
a'?up, — 0 in L2(Q) we deduce that (u,a) = 0, namely w N w(supp(u)) = 0, where
we denote 7 : T*Q — Q be the canonical projection.

Denote ¢(s, p) be the globally defined generalized bicharacteristic flow, thanks to the
geometric assumption that {2 has no infinite contact. Pick any point pg with 7(pg) € w.For
any time segment [0, so|, there are several situations:

Either ¢([0, so], po) C £, or there exist w(¢([0, sol, p0)) N O # 0, then from the as-
sumption on §2, all points ¢(s,py) with s € [0,s0] and 7(¢(s,p0)) € O must lie in
HUG> UG UU;»3 6" Now Theorem 2.2 implies that

supp (@(s;*)«pt) C supp ().

Therefore, we have
¢([07 80]7 PO) N supp (M) == @
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We now invoke the geometric control condition to deduce that

ﬁ Gy < U ¢([07T0]7p0)>

pPoOEW

for some Ty > 0 and thus g = 0. This contradicts to the assumption that

/Q|un(x)\2d:c =1

2.A  Formal derivation of hyperbolic Stokes system

We will derive the hyperbolic Stokes system (2.1.2) from certain limit procedure of Lamé
system from elastic theory:
Otw — pAw — (A + p)Vdivw = 0, (t,2) € [0, T] x Q
w(t, . )]oa =0 (2.A.1)
(w(0), drw(0)) = (wo, 20) € (Hy(Q) x L*(2))*

where the solution w(t, ) is vector-valued.
Define u(t, z) := w(t/\/p, v), then we find that

A
Otu — Au — ﬂVdivu = 0.
1

We let € = ﬁ < 1, in the case that A > p > 0. Thus we obtain a family of equations

O*u. — Au + Vp. =0, (t,7) € [0,T] x Q

ue(t, )]oa =0 (2.A.2)

(e(0), Bruc(0)) = (uo,e, vo.) € (Hy(8) x L*(€2))*
where p, = —1divu, and satisfies [, p.dz = 0.

We make further assumption on the family of initial data (ug.,vo ) so that
(0,5 v0,e) — (o, vo)||H1xr2 < Ce
for some divergence free data (ug,v9) € V x H. In particular, we have

HdiVUQE”LQ(Q) S Ce.

From the well-posedness of Lamé system, we have that u. € C([0,T]; H}(2)), Qyu, €
C([0,T]; L*(£2)), and p. € C([0,T]; L*(2)). Moreover, we have the conservation of energy

1
Blud = 5 [ (0 + [Vu +lp) do
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and therefore | .
Elu] = —/ (|u0,6|2 + |v07€|2 + —|divu075|2> dz.
2 Jq €

From this, we have, up to some subsequence of (u,, d;u.)

divu, — 0, in L2([0,T]; L*(Q)),
ucx — u, xweakly in L>([0,T]; Hy (Q)),
Opuex — Oyu, ¥weakly in L>([0, T]; L*(2)).

From the uniform bound of ||O;uc|| zoo(jo,r;2(2)), and apply Ascoli theorem, we have that

(up to some subsequence)
u. — u, in C([0,7]; L*(Q)).

Using the equation, we conclude that || Vpe|| o (0,771 () is uniformly bounded. Combine

with the fact fQ pe = 0, we have that ||p€||Loo([07T];L2(Q)) is uniformly bounded, thus up to
some subsequence, we may assume that

pex — p, *weakly in L=([0, T]; L*(Q)).

Now it is not difficult to verify that (u, p) is a weak solution to (2.1.1). Moreover, p satisfies
the zero mean condition
/ pdx = 0.
Q
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Chapter 3

Exact Controllability for linear KP-II
equation

This chapter is based on a joint-work with Ivonne Rivas.

3.1 Introduction

The Kadomtsev-Petviashvili equation better known as KP is
02 (Opu 4 O2u 4 ud,u) £ (9Zu =0 (3.1.1)

and it was introduced by Kodomtsev and Petviashvili (see[33]) in 1970 from the study of
transverse stability of the solitary wave solution of the Kortewed de-Vrie (KdV) equation.
The KP equations are completely integrable and can be solved by inverse scattering trans-
form. Moreover, the equation (3.1.1) has been studied separatyly depending the on the
sign is used, with negative sign is known as KP-I equation, otherwise is the KP-II equation,
these propagation of the trajectories behave very differently from one equation to another
one and do not allow us to study at the same time. In this paper, we concentrate on the
KP-II equation.

Concerning about the Cauchy problem, the KP-II equation has been well studied. In
the pioneering work of J.Bourgain [6], he proved the global well-posedness of KP-II equation
in L?(T?) by using the Fourier restriction norm introduced by himself. For non-periodic
setting, Takaoka and Tzvetkov in [57] demonstrated local well-posedness in anisotropic
Sobolev space H*"*(R?) with s; > —3 and s, > 0. Hadac, Kerr and Koch in [27] proved

global well-posedness and scattering for small data in critical functional space H _%’O(Rz).
Molinet, Saut and Tzvetkov in [51| showed the local and global well-posedness for partially
periodic data.

We will address the exact controllability problem for KP-II equation. Before getting

111
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into the problem, we observe that (3.1.1) can be written as
Oy + Fu+ udyu £ 0, ' Oju = 0,

where the Fourier multiplier 9;! is defined by

— 1

ok, n) = =v(k
2ok, ) = —-u(k,n)
for all functions
v € DY(T?) := {v € D'(T?) :9(0,1) = 0 for all [ € Z}.
For any s € R, we denote by Hj(T?) := H*(T?) N D}(T?), a closed subspace of H*(T?).
The internal control problem that we are interested in studying in this paper is as

follows: Given T' > 0 and ug,u; € L2, does there exist a control input h € L*((0,T); L*(T?)
in order to make the solution of

(3.1.2)

O+ Bu + 0, 0ou + udyu = G(h), (t,z,y) e R xTxT,
ult:O = Uy € L(2)<T2)7

satisfy w(T,-) = u?

The first step is to consider the internal control problem for linearized KP-II equation

3 -192,, _
{atu + 0yu+ 0 ayu =¢g(h), (@zy) e RxTxT, (3.1.3)

u|t:0 =Ug € Lg(T X T)

In order to keep the solution u(t) in L2, we need to define the control input Gh to keep
it in the space D}(T?). In this paper, we only consider the case where the control region w
is either a vertical strip or a horizontal strip.

For a vertical control region of the form w = (a,b) x T, we fix a non-negative real
function g € C%(T?) with fT g = 1. In this case, we define the control input by

G(h)(z.y) = Go (W) () = 9(a) (h<x,y> -/ g(w’)h(w’,y)dw’) , (3.1.4)

when the control region is a horizontal strip of the form w = T x (a, b), we put the control
input as

Gh(z,y) == G| (h)(z,y) = g(y) <h(w,y) - /Tg(y’)h(fﬁ,y’)dy’) : (3.1.5)

Our first result, gives a positive answer to the internal controllability of the linearized
KP-II equation on vertical region:
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Theorem 3.1
Given T > 0. For any ug,u; € L3(T), there exists a control h € L*((0,T); L*(T)), such
that the solution w of (3.1.3) with G = G, satisfies u(T) = uy.

For vertical region, once the exact controllability for linearized KP-II is established, we
can adapt the technique in the Cauchy theory of KP-II equation to prove exact controlla-
bility for KP-II in local sense.

Theorem 3.2

Given T > 0. There exists R > 0 such that for any ug,uy € L
R and ||u1||2r2) < R, there exists a control hy € L*((0,T); L
u of (3.1.2) with G = G, satisfies u(T) = uy.

(T?) satisfying |[uo||r2(r2) <

(T?), such that the solution

OO N

Remark 3.1

In [6], KP-II equation is globally well-posed in HS(T?) for all s > 0. Our results Theorem
3.1 and 3.2 also hold for any data in H3(T?). The reason for working in L*(T?) is that the
quantity

u(t, z,y)*dzdy
T2

is conserved along KP flow (3.1.1) and hence L* is the natural space to address the control
problem.

On the contrary, for the controllability on horizontal region, we have a negative answer
which shows that the exact controllability for linearized KP-II equation can not hold at
any time 7" > 0 when the control region is a horizontal strip.

Theorem 3.3
Given T > 0 there exists u; € L*(T?) and there does not exist h € L*((0,T); L3(T?)) such
that the solution u of (3.1.3) with G = G| satisfies u(T) = uy.

The proof and disproof of controllability for linear equation rely on the propagation of
singularity for KP-II flow. Because of the asymmetry in the horizontal,z, and vertical,y,
coordinate, the waves described by the KP-II equation behave differently in the direction of
propagation (x-direction) and transverse (y- direction). It turns out that the propagation
on the horizontal direction is KdV like and much stronger than the propagation on the
vertical direction. The heuristic is that any singularity will travel into some vertical control
region in a very short time while the singularity cannot travel vertically into the horizontal
control region in finite time. For this reason, we believe that the following formal criteria
for the exact controllability is valid, although further efforts are needed to proved it:

1. If the control region w satisfies that any horizontal geodesic will enter it before some
time Ty > 0, then (3.1.3) is exact controllable for any time 7" > 0.

2. If there is a horizontal geodesic which does not intersect with w, then the exact
controllability for (3.1.3) cannot hold for any time 7" > 0.
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In fact, the setting of the control problem, namely the good definition of the operator
G, for general control region should different from what we have done for vertical and
horizontal strip. It seems that there is no obvious way to keep the control input to be
localized and simultaneously have zero horizontal mean. This observation suggests that
we should look for the control problem directly for the equation

02 (Oyu + O3u) + (9§u =Gh

instead of the non local version (3.1.3).

The paper is organized as follows. In section 2, some results of well-posedness are
mentioned, they will recover importance in the proof of the controllability of the full control
system. In section 3, the linear controllability is established by proving the observability
inequality. In section 4, the local controllability of the nonlinear equation is proved by
fixed point argument. In section 5, we construct a counterexample to complete the proof
of Theorem 3.3.

3.2 Notations and Preliminaries

Throughout this article, we use the identification T = R/(27Z) = [—m,7|/Zs. We need
the following classical inequality

Proposition 3.1 (Ingham inequality [29])
Suppose A\gy1 — A\, > v for all k € Z. Then for oll T > 27”, there exists two positive
constants Cy, Cy depending only on v and T such that

CIZ’&k‘z < / Zakezt)\k

keZ kEZ

dt < ) laxl”

keZ

Now we briefly review the Cauchy theory of KP-II and we mainly follow the material
in [51]. The initial value problem

3 —-192 — 2

u|t:0 = Uy € L(2)<T2)7

is proved in [6] by Bourgain to be globally well-posed when uy € H*(T?) for s > 0. Bourgain
introduced a Fourier restriction norm by

Xsbby T / Z

(k,l)ez?

< T, k, 1) >> (o1, k, l)>2b<(/€, l)>28‘a<7—7 k,l)‘QdT

1

where o(7,k,1) = 7 — k* + % and (-) = y/1+|-]? For T" > 0, the norm in the localized
time interval [0, 7] is defined by

||u| X;,b,bl = inf{||w| X s.bby w(t) = U(t)OH(O,T)},
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Define by the linear evolution flow S(t) = e (9340:79))  We have the following linear

estimate

Proposition 3.2
For s >0, —%<b’§0<%<b§b’~|—1,bleRandT§1, we have

The proposition above is false for the end points b’ = —% and b = % However, for

periodic problem, it seems that we can not avoid to use these end points. To compromise,
we need to use another norm

e L)) [P

< o7 =) R

b’ by -
X‘Sv 201
T

/ t S(t — ) F(t')dt’

s,b,b1
XT

and the restricted spaces Z%S defined in the same manner. With these auxiliary norms,
the linear estimate now holds true.

Proposition 3.3
Under the same conditions as in Proposition (3.2)

1
)b s$—5 "
tnz; 2

HS(t)uo + /Ot St —t)F(tdt < Cllug|

%’blmz“”% Hs —|—C||F||X;,%

X T

The essential of the proof can be found in [58]. To show that the equation (3.2.1) is
locally well-posed in the spaces with the Fourier restriction norm through the integral form
of the solution

t
u(t) = S(t)uo + / S(t — T)udyudr, (3.2.2)
0
the following bilinear estimate is crucial

Proposition 3.4
([51]) There exist 3 < by < 2 and v > 0 such that for all functions u,v € X2 with

/u(t,x,y)dm = /v(t,x,y)dm =0,
T

T

the following bilinear estimate holds

0. (u)]

< CT"|Ju|

1 1 1 v
b 8,— s b H |
271 T2 02071

Z, XT

1
S,— s,§,b1 I
T T XT

provided that s > 0.
We remark that this bilinear estimate is essentially established by J.Bourgain in [6].

We adapt to the statement in [51] here, in which the authors dealt with partially periodic
data.
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3.3 Linear controllability on vertical strip

In this section, the study of the internal controllability of linear system (3.1.3) is addressed
by defining a linear operator in Proposition 3.10, which characterize the control input of
the linear system and drives the solution from an initial state ug to a final state u;. Notice
that from reversability, the exact controllability is equivalent to null controllability: given
any initial state ug € L3, find a function h € L*((0,T) x T?) so that the equation satisfies
u(0, ) = up and u(7,-) = 0. Hence, we will study the null controllability.

The classical strategy to study the null controllability is to show the observability
inequality for the adjoint system associated to the equation, in the KP-II case, it matches
with the homogeneous linearized KP-II equation:

{8tu+6§u+6$18§u =0, (t,z,y)e RxTxT,

3.3.1
ulieo = o € LA(T), ulper = us € L2(T), (3:3.1)

From classical Hilbert Uniqueness Method (HUM), one can deduce that the null con-
trollability is equivalent to the observability for its adjoint system.

Proposition 3.5
Given T > 0, the system (3.1.3) is null controllable at T if and only if there exists a
constant C' = C(T') > 0 such that

T
o[22y < © / \Gult,2)Pdedt, Y € X(T). (3.3.2)
0 T

The region where the control will be placed is a vertical strip given by
w:= (a,b) x T
and the operator G = G, is given by (3.1.4). The region w will allow us to get a reduction

of the KP-II equation (3.3.1) in one dimension. As it is stated in the following Remark:

Remark 3.2
Ezpanding the solution u(t,x) to (3.3.1) in Fourier series in y variable

U(t, xz, y) = Z Cll(t, x)eilya
lez
we find that for each l € Z, a; satisfies the equation
8tal + ai’al — l28;1al =0
Therefore, by changing notations, the equation (3.3.1) can be reduced to the study of fol-
lowing A-dependent equation
{&u + Pu— N9 u=0, (t,2) e RxXT,

3.3.3
uli—o = ug € LE(T), ( )
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3.3.1 Observability inequality

Thanks to Proposition 3.5, the proof of Theorem 3.1 is reduced to the proof of (3.3.2).
From the previous remark and Plancherel’s theorem, we can further reduce the observability
(3.3.2) to the following uniform observability for the family of system (3.3.3).

Theorem 3.4
Given T' > 0. There ezists C = C(T) > 0 such that for all A > 0,

T
[uol|72¢r) < C /0 /T Gu(t, z)|*dxdt (3.3.4)

holds for all solution u of (3.3.3).

Now we concentrate to the proof of this theorem. The strategy is as follows. First
we reduce (3.3.4) to a weaker one, which on the one hand is the observability for high
frequencies and on the other hand gets rid of the normalization part. Next we use time-
scaling and semi-classical reduction, inspired by the work of Lebeau in [42], to reduce this
weak observability for system (3.3.3) to an inequality of the same form but for another
semi-classical system. The third step is to reduce the inequality in the previous step to
a frequency-localized one. Finally, we use propagation argument to prove the frequency-
localized semi-classical observability.

Reduction to weak observability

The weak observability takes the form, uniformly in A > 0,
T
ol 72y < C/O /T lg(@)u(t, ) [Pdwdt + C|luol|F-1(r). (3.3.5)

First, we prove a lemma concerning about the commutator of a high frequency cut-off
and the operator G

Lemma 3.1
Take 1—x € C(R) with supp(x) C {|¢{] > 1} and x|jg=2 = 1. Then, we have

T
/0 1A D), Glu(t, )2t < CH2[u(0)|2¢n,
Proof.

/0 |x(hD,), Glu(t, ) [2apmydt < O + 11,

- / / l9(x), x(hD)]ult, 2, y)Pdadt,

[ ]

2

dxdt,

o0) [ oW BDayule, e’ = (1) (st0) [ o))
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Symbolic calculus yields (though ¢ is not assumed to be smooth, the following estimate
still valid)

Ig(2), x(hD2)l| 212 < Ch,

and hence due to the conservation of L? norm

T
1< O [ ) eyt = CHTIl0) g

For 11, we first calculate (for simplicity the variable ¢ is omitted in here)

(g<x> / g(x')(x(th)U)(x')dx’) (1) - x(hDy) (g<x> / g<x’>u<x’>dw') 0
S50 S (x(hhy) — x(hD) G0 ))

1170
Since,
IX(hlx) = x(RD)| < X || hfl = 1],
we have
2
11 <er ST GO RS I - dgeam)
! 110
§0h22|§ (Z”l—” 9(11)] > (Z |u(ly )
! 1170 110
<CR|[ullFaey > b = PG PG
111 £0
:Ch2|fu||%2(1r)
due to g € C(T). [ |
Proposition 3.6
(3.3.5) implies the following full observability inequality
T
||u0||%2(1r) < C/o /T IGu(t, z)|*dxdt. (3.3.6)

Proof. The proof is essentially a unique continuation argument. However, by the \-
dependence family of equations, we will divide the proof in two steps.

First, we prove that for any given A > 0, (3.3.6) holds with constant C' > 0 which may
depend on A. We argue by contradiction, assuming that (3.3.6) is not true, then we can
select a sequence u,, of solutions to (3.3.3) so that

|tn(0)|| 2r) =1 and hm / /]gun (t, )|’ dzdt = 0.



3.3. Linear controllability on vertical strip 119

After extracting to some subsequence, we may assume that u,(0) — ug, weakly in L?(T).
One can easily verify that uy € L2. Moreover, from semi-group property, u,(t) — u(t)
weakly in C([0, T]; L*(T)) and u(t) is the distributional solution to (3.3.3) with initial data
ug. Since G : L2 — L2 is a bounded operator, we have that Gu(t,-) = 0 in L3(T) for a.e.
t € [0,7]. This means that u(t,x)|, = C(t) in D'(w) for a.e. t € [0,T]. Moreover, from
the strong continuity of the semi-group on L2,

c(t) = /Tg(x)u(t,x)dx,‘v’t € [0,7].

and C(t) is a continuous function in ¢. Therefore we have that
g(z) (u(t,z) = C(t)) = 0, in C([0,T]; L*(T))

and thus u(t, x)|zew = C(t) in D'(w) for all ¢ € [0,7]. Now, if we rewrite the equation
(3.3.3) as 9, (0su + 3u) + Au = 0 and evaluate u for x € w, we have that u|, = 0 in D’(w).

We claim that u = 0. Indeed, consider the following set:
N = {ug € L3(T) : u(t, )|, = 0,Vt € [0,T]}.
Apply inequality (3.3.5) and we have that
Juol[2 < Clluol|m-r(r)
for all ug € A. This implies that the subspace A/ in L3(T) is finite dimensional.
Thus, for any ug € NV, we can write the solution in the form

S(13_2\21-1) 4
U(t,&:) — E alezt(l A%l )€le,

1<fil<M

this trigonometric polynomial is smooth and it vanishes in w. From classical result (see for
instance [44]), a; = 0 for all 1 < |[| < M. This implies that u = 0.

Since the weak limit of u,(0) is 0, we have [ g(2)u, (¢, 2)dz — 0 and hence | gu,|| L2(o,r1x1) —
0. Moreover, up to a subsequence, we have ||u,(0)|/z-1(r) — 0, due to Rellich theorem.
This is a contradiction to the assumption that |lu,(0)| r2r) = 1.

For the second step, we need to prove (3.3.6) uniformly in A\. Again, we assume that
(3.3.6) is not true. Then there are a sequence of positive numbers A, > 0 and a sequence
solutions u,, to (3.3.3) with parameters A, such that

T
ltn(0)]| 2y =1 and  lim / /|Qun(t,m)|2dwdt = 0.
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Up to a subsequence, we may assume that A, — A\, € [0,00]. Suppose A\, < 00, similar

argument as in Step 1 will lead to contradiction.

The possibility that is left to study is Ao, = co. We write
u,(0) = Z an,le”x
1£0

and the corresponding solution to (3.3.3) satisfies

At<l3 )\2)
7 —n .

l
un(t,z) = E A 1€ el

140

For any €y > 0, we set

. A2
(co) it P=F) i (c0) (co)
ul0) = E (1€ el pleo) =g, — (),

n n n
01> =
235

From Lemma 3.1, we have

T

T
/0 |G (1) 21yt <Ot (0)][ 22y + C / (Gt ) (1) 23 .

Thus, there exists C' > 0 such that for any ¢y > 0, we have

T
limsup/ HQuﬁfO)(t)H%g(T)dt < Cé,
0

n—oo

T
fimsup | G0l (03t < O
0

n—oo

For any e > 0 small, we can take ¢y > 0 small enough such that

S0P <

>+
<0

and then )

< gl Zem 1w () 72m)-
L2(T)

Hg@:) [ o

Thus, from (3.3.5),

6l (0)]| 72y < Ce® + Ceg + [[ulf (0)]|3-1(r)
<C(€ +¢),

(3.3.7)
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holds true for n large enough.

On the other hand, direct calculation yields

/0T||9U£E°)(t)l|%zmdt: /OTZ > (E(z—zl)—ﬁ(z)ﬁ(h))amhe“(’lu) dt

1§|l1|§1/6(}

>0 S G L) — GO0 Pl

1 1<|lh|<1/eo

=C Z Cly |an,l1 |2

1< [<1/e0

with ¢, = >, [9(0 = l1) — g(1)g(l1)|*, where we have used the Ingham inequality, due to
the assumption that A\, — co. Notice that the constant C' can be chosen independent of n
and ¢, provided that we choose n large enough such that

22 \2 2
12— -2y ”’z >0 and T > —.
Z ( ! ) 1 ll ll + 1 ’}/ ’7

1<]l1|<1 /e

Note that ¢, > [g(0) — g(l1)?]* and g(0) = 1, hence there exists a constant ¢y > 0,
independent of ¢, € and n, so that ¢, > ¢y for all 1 < |l;] < 1/€. Thus, for sufficiently
large n,

e C [T
mw@mmSQKH%W@m%ﬁsag
Therefore,

1 = lim sup || (0) |72y = [lus? (0l Z20my + 105 (0)1Z2my < Cleg +€) < 1,

n—oo

which cannot happen. |

3.3.2 Reduction to semi-classical observability

Now, we consider the semi-classical equation of the following form:

(3.3.8)

howu + (hody)*u — (hd,)'u =0, (t,x) € RxT,
u|t:0 = Uy € L(2)<T)>

Proposition 3.7
Assume that there exists Ty > 0 such that the following semi-classical observability

To
||U0||%2('H‘) < C/o /T|g(a:)u(t,a:)|2dxdt + C’||u0||12q_1(m (3.3.9)

holds for any solution u to (3.3.8) with initial data uy € L2, uniformly for 0 < h < 1.
Then for any T > 0, observability inequality (3.3.5) holds true.
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Proof. Tt sufficient to prove (3.3.5) when A > 1 is large enough since for bounded A > 0, it
can be viewed as a pertubation of linear KdV equation and the constant C' in front of the
right hand side can be chosen to be continuously depended on \. For A large enough, we
write A2 = -5 and (3.3.3) becomes

h
h*0uu + (hd,)*u — (hd,)'u = 0.
Consider the scaling in time variable w(t, z) = u(h?t, x), we have

how + (hdy)*w — (hd,)'w = 0.
Now from (3.3.9), we have

To
0y <€ [ [ latautt,a)Pdode+ Clao)lf-s g,

changing back to the variable u(t, x),

C h2Ty
O ey < 55 [ [ late)uts. o) Pdsds + Clu) s

Due to the time-translation invariant and conservation of H*-norm under the semi-classical
flow, we have for any M € N,

lu(ME*To) ||y = ||U( Wiz

(M+1) h2T0
S /]g u(s, )| d:)sds+C’Hu(Mh2To)HH

Mh2Ty

(M+1)h2Ty
- [ lata)uts, ) dads + Clu@) -

Mh2T,

Summing M from 0 to egh™2 with Ty < T,

Ja(O) s, < & / / 9(x thdxdt+—||<>||%{-lm.

This completes the proof. |

Reduction to frequency localized semi-classical observability

We use a standard homogeneous Littlewood-Paley decomposition. Take y € C2°(R) with
support suppy C {1/2 < [£] < 2} and ¢, € C2°(R) such that

> () = 1,¥6 #0,

kEZ

where 1, (&) = (2F€).
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Proposition 3.8
There ezists g > 0,hg > 0, small and Ty > 0, Cy = Co(eg) > 0 such that for all k € Z,
with 28h < €,

D)) < Co [ [ laahnhDayutt )Pzt (33.10)

holds true for all solutions u(t,x) of (3.3.8), uniformly in h € (0, hg).

We will prove this proposition in the next subsection. In fact, from the proof, we can
deduce that if Proposition 3.8 holds true for some ¢y > 0, hy > 0, it is also true for any
other parameter e, h; such that ¢, < ¢y and hy < hg without change of the constant
C() = 00(60).

Lemma 3.2
Proposition 3.8 implies (3.3.9).

Indeed, applying Lemma (3.1), we have

lgr(hDYullZamy <2l|vk(hDz)(gu) 2y + 2l (2°hDs), glullfsr)
<2/ (hDs)(gu)lz2er) + Co(2"R)* [ u(t) [ 72r).

where the constant Cy = Cy(eg) for some fixed but small g > 0. Now for any ¢; > 0, we
have

S e DuO) [ <Co Y L/Omumpa@wwmém

k<log (€1 /h) k<log, (e /h) ¥ 0

+ Co Ty Z (2°R)?[[w(0)[| 72 )
k<logs(e1/h)

To
s%/ ()22t + CoToe]|u(0) e,
0

Thus, from Littlewood-Paley decomposition,

To
”WW@mﬁ%A AM@W@WWﬁ+%%ﬂMW@m+%M®%um
We then choose € < €22 to obtain (3.3.9).

In summary, we have showed that in order to prove the uniform observability inequality
(3.3.6) for all solutions of (3.3.3), it suffices to prove the observability (3.3.10) for all
solutions of (3.3.8), uniformly in 0 < h < 1 and k € Z such that 2*h < ¢ holds.
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Propagation estimate with parameter dependence symbol

This section is devoted to the proof of Proposition 3.8. We need some preparation about
h—pseudo-differential calculus. For m € R, let S™ be the set of h-dependent functions
a(x,&, h) with parameter h € (0, 1) such that for any indices «, 3,

sup 0207 aw,&, )| < Cap(1+ €)1,

(2,£,h)ER29x(0,1)

For a € S™, we denote by Opj (a) the h—pseudo-differential operator acting on Schwartz
functions via )
i(z—y)-§ ~
Opya)f (@) i= = [ “F alo € Ry
(27Th) R2d

We refer [63] for symbolic calculus and another basic properties about h—pseudo-differential
operator. For functions on a compact Riemannian manifold, h— we can also define
h—pseudo-differential operator by using local coordinate and partition of unity.

Now let us consider the following e—dependence symbols:

et 1
p(o) = (£-€) 0. 0o = (F-¢2) o,
where x € C2°(R) with supp(§) C {o < [{] < 8} for some 0 < o < 3, > 2 and x = 1
in a neighborhood of {1/2 < [£| < 2}. Denote P. = Op;(p.) and Q. = Opj(¢c). Denote
Uc(t), V.(t) solution operators to the equations

BQU(t) + Ud(t)P. = 0,

{UE(O) i (3.3.11)
LOVe(t) + Ve(H)Qe = 0,

{Vﬁ(O) 0 (3.3.12)

The flow associated to the vector fields H,,_, H,_ is explicitly given by

¢¢m@w=(m—(%+%0 @w+(3—@)x@m@)

Pet(T0,60) = (l'o — (&] + 3e fo) (&)t + (%0 - 6458) X%&J)@fo)

with respectively.
From Egorov’s theorem (see [63]), we know that for any symbol a(x, &) € CX(T*M),

Uo(—t)Op; (a)U(t) = Ops (a0 ¢ey) + Opa_y2(h),
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V.(—1)Op; (a)Vi(t) = Ops(a o pes) + Opayr2(h).

We remark that the bound Op:z_,;2(h) is independent of € < 1 since all the semi-norms of
the symbol p,, g can be chosen continuously depending on e.

Now we prove the following localized observability estimates:

Proposition 3.9 N L
There exists Cy > 0,Ty > 0,hg > 0 such that for all uy € L3(T), all h < hg

~ To _
[ (hDy)uol| 72y < C'o/0 1gU(t)(hDq)uol|72x)dt, (3.3.13)

~ To _
[¢(h Dy )ug|| 72y < C0/0 1gVe(t)¥(h Dy )ugl| 72y dt. (3.3.14)

Proof. Here we only prove the first inequality, and the second one will follow in the same

manner. Consider the symbol a(z,&) = g(z)*)(€) (strictly speaking, ¢ is not smooth
and we need approximate it by smoothing functions) and its quantization Op;(a) =

(9(x))*(hD,), where @Z is a slight enlargement of 1) wo that 1%/) = 1 and suppzz C
{a < |¢| < B}. From Egorov’s theorem, we have

Uc(=t)Op;(a)Uc(t) = Op;(a o ¢ey) + Orz_yr2(h), uniformly in e < 1.

Note that on the support of a, x'(§) = 0, and thus we have

4
Pet(20,80) = (-Io - (6—2 + 353) i, fo) :
&

Notice that ‘% + 358‘ > ¢g > 0, uniformly in €, on the {—support of @Z Therefore, for

some Ty = Ty(co) > 0, and ¢; > 0, we have

To
/ ao ¢edt > c1 > 0.
0

Now we calculate

To _
AT AT A

:/0 0 <9Ug(t)¢(ﬁD$)uo,gUe(t)@/)(thW(th)uO)L2(T) “

= [ (00D D)

~ (Opx(br) o FD. o b FDJua)
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with br, (z,§) = fOTO a o ¢ dt modulo hSP. Thus, from Sharp Géarding inequality,
~ ~ C ~ ~ ~
(Opﬁ(bToW(th)Uo,@/)(th)uo)m(T) > 51||¢(th)“0||%2(?) — Chl[¢(hDy)uol|72 -

To conclude the proof, we just need choose ho < min{ %, 1}. [ |
Now we prove Proposition 3.8

Proof. Fox fixed h < 1, we divide k € Z into three regimes:
Regime I: |k| < Ny for some large natural number Ny

This regime corresponds to the case || ~ 1. Let uy = ¢ (hD,)u, the equation satisfied
by wy, is simple (3.3.8). In this case, we can either use (3.3.13) or (3.3.14) with parameter

¢ = 1 to obtain that (note that i = 2k ~ h in this regime)
T T
[V (h Dz )uol| 72y < CO/ / 190k (hDa)u(t)]| 22 (pydt.
o Jo

Regime 1I: k < —Ny for some large constant Ny

Look back to our first micro-localization, this case corresponds to |¢| ~ 27% > 1.
Define a new semi-classical parameter hy = th < 1 and rescale the time variable by
setting wy(t, z) := ¥(hpDy)u(2%*t, 2), up = ¥(hiDy)u, we find the equation satisfied by
W - _ _ .

hi.Oywy, + (hk(?m)?’wk + 24’“(h(9m)’1wk =0.

then by applying (3.3.13) to wy with e = 2 < 1 and I = hy, we obtain

To
4 (0) 22, < C / lgwe(t) 22 dt.

From conservation of L?—norm along the flow, we apply the inequality above 272 — 1
times to obtain

—2k:_1

1 , C 2 (M+1)22kTy )
ﬁ“uk(o)ﬂm(m < 5o Z lgur ()| 72(m) dt
M=0

M22kT,

g [ o Ol

and this is exactly

To
(R D) u(0) 22y < C / g (DY) oyt
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Regime III: k > Ny

This case corresponds to || ~ 27% < 1. Define the new small semi-classical parameter
hi, = 2*h, thanks to the restriction that 2Fh < ey < 1.

Denote uy, = ¥ (hy,D,)u and define vy (t, ) = uy(2-2%t, ). vy solves the equation
Ek@vk + 2_4k(fﬁk8m)31)k + (%kax>_lvk = 0.
Applying (3.3.14) with h= Ek, e = 27% we obtain that

To
|mmwams04 g0 (6) 22

Again by conservation of L?—norm as in the argument of regime II, we finally have

To
mmw;msc/ e (t)][22 .
0
[ |

Once the observability inequality (3.3.5) has been established the internal controllability
for the linear KP II is obtained, we conclude this section by summarizing it in the following
proposition:

Proposition 3.10
ForT' > 0 given. There exists a bounded linear operator

Y : (L3(T?)) — L2(0,T; L2(T?))

such that for any ug, ur € L*(T?), the control defined by h := Y (ug,u1) drives the solution
of

3 —192, _ 2
Ou+ Ogu+ 0y 'Ou = Gh, (t,r) € R x T? (3.3.15)
u|t:0 = Uog,
to u(T) = uy.
Moreover, there exists C > 0 such that for any ug,u; € L*(T?), we have
| (w0, wr) || 20,7522 (12y) < C| (w0, wr) || (22 (72))2-
3.4 Local controllability of Nonlinear equation
For the full KP-II control system
deu+ Pu+ 0, 02u + udyu = Gh, (t,x) € R x T?, (3.4.1)
uli=o = Uo, U|i=r = u1,
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in order to prove the existence of a u € L*(0,T; L*(T?)) solving u|i—o = g, t|i=r = u1,
we will reduce it to a fix point problem by standard argument. The solution defined by
(3.4.1) with control input h is given by

u(t) = S(t)ug + v(t,u) + /Ot S(t — t)Gh(t)dt

with .
v(t,u) = / S(t —t"ud,udt'.
0

It must satisfy
T
s = S(TYuo + (T, w) + / S(T — #)Gh(¥)dt.
0
Choosing the control input of the form A = Y (ug, w), this implies that
T
S(T)uo + / S(T — ¥)Gh(t)dt' = w.
0
This indicates that w = u; — v(7T,u). In summary, define the nonlinear map I" by
t
D(u) = S(t)ug + v(t,u) + / S(t —t")Gh,(t)dt
0
with
hy = Y(ug,uy —v(T,u)),
and we need to find a fix point of I'.

0,2,b1 0,% 0,2,b1 0,2
From (3.2.2) we define the map I' : X;)?"" N Z;2 — X2 N Z,? as
t t
I'(u) = S(t)up + / S(t —T1)Gh,dr + / S(t — T)ud,udr. (3.4.2)
0 0
From the bilinear estimates and linear estimate, we have

IOl g0 ot < € (o + 19Tl oy, + il )

b 0
271 2
X NZp T

IN

C(Mﬂmw+WMWWHWMﬂWUme+W@%M)

T

< 0 (Jualoen + sl + 1l )

T

and C' > 0 does not depend on ug. For R > 0, let B = Bg(0) be the ball center at cero
with radio R, that is
0,16 0,1
Bri={ue X;?*"'NZ*: HuHXO’%,b1

T

1 <R}

0
’2
nZy
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and

P < O (Jluollzzce) + llzeeny + B2) (34.3)

1 1
i 0,2
5501 5

NZy

Additionally, for u,v € Br we have

) = D) oy | ste=ngh.—anir

Xp2nz

(3.4.4)

b1

NI
NI

0.1 <C‘
3=
T

0, 0,
X720z,

+

t
/ St —t')(ud,u — voyv)dt'|| | )
0 X;’?’bl ﬂZ,%j

<C T (o, us = o(T,w) = Yo, s = (T )| opin o
T T

t
+C ‘ / S(t —t')(udyu — vOyv)dt'|| | )
0 X;’ﬁ’blng’i
SC”U(T7 u) - U(T7 U)” O,%,bl 0,% (345)
T mZT
=] oo ol
SCHU_v”Xg,%,blHu‘i‘U”X;,%,bl (346)
1
<gllu =2l o310, (3.4.7)

T

by using properties of the bounded linear operator Y. Choosing 6 > 0 and R > 0 such that
2C6 + CR* < R and CR < 5 with |Juo||r2(r2y < 0 and |lu1||z2(r2) < 6. We can conclude
from (3.4.3) that the image of By through I' stays in the ball B and from (3.4.4) that I’
is a contraction.

3.5 Non Controllability in horizontal strip

In this section, we will address the exact control problem of linearized KP-II equation
(3.1.3) with G = G and prove Theorem 3.3.

We first construct a counterexample of observability inequality for 1D semi-classical
Schrodinger equation for short time.

Lemma 3.3
Assume that w = (—m,a)U (o, w]. Then for any T > 0, there exists a sequence of solutions
Uy, to

. 292 _

Up =0 = Uno € L3(T)
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such that
lim inf ||un,0HL2(T) >0
n—o0

T
lim / / (£, ) Pzt = 0.
2

Proof. Take G(z) = =7 and define G (x) = \/%G (ﬁ) Denote the Fourier coefficient
of G by
1
gen (k}) _/ Gen( ) fzkzd \/_/ G fzenk:sd

2

and

The coefficient function g (z) satisfies the following estimates:
g™ |z = O(&/?), (™) =) = O(€/*), I1(9™)" | =) = O(€)/?). (3.5.2)
Take an even cut-off functiony) € C°(R) with supp ¢ C [-B,B] and 0 < ¢ < 1,

Yl—pp = 1. We define
Up,o = den(/{)w(hnk)eikx,

kEZ

and then the corresponding solution to (3.5.1) is given explicitly by

IL’) _ den (k)@b(hnk)ei(kxik%"t).

kEZ

We need estimate the mass of initial data. Firstly,

G [[Famy = D g™ (W) ~ 1

kEZ

holds from Plancherel theorem and the definition of g (k). We next estimate the mass
away from the frequency scale h_ !, that is

D= whak)g )P < Y g (k)P

keZ |k|>hn b
€
n /G zkenzdz
|k|>h lb
2
€ 1 d _.;
= E _n2 G(z)———e kenzqy
Am? | Jr —ike, dz
-1
|k|>hn'b

1 112
< Z mHGHLI(Ry

|k|>hntb
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By setting €, = v/h,, < 1, we have ||(1 —¢(h,D,))G||12(ry < 1 and then ||un ol z2(r) ~ 1.
It remains to estimate the term on the right hand side of observablhty inequality.
Observe that uy, is localized by |k| < 7= in frequency and by |z| < ¢, in space obeying

uncertain principal (e,h, 2> 1). Since the wave packet of the frequency scale smaller than
Bh, ! moves at velocity < 2Bh, !, it will remain small for [¢| < T in w. More precisely, we
need dispersive estimate for |u,(t,z)| when = € w and |t| < T.

Now we choose B > 0 so that |z — 2Bt| > ¢y > 0 mod 27 for all z € w and |t| < T

Write
= K
kEZ
with ,
K(n)(z) :gen(2)¢(h Z) (zz—hn2%t)

t,x

From Poisson summation formula, we have

Z 27rm

meZ

For fixed m € Z,

—

K(n)(Zﬁm) / g (z)@b(hnz)em”’(z)dz
R

= [ e

1
with £ = ﬁj and ¢, ,(z) = (r — 27m)z — h,2°t. We then integrate by part to get
ngt T
i d 1 d (g™ hn, ,
Kf?(%m) = / — ( - — (g (221/}( Z))) elre(2)
’ R dz ngt,m<2> dz Z(pt,x(’z)

After tedious calculation, we have

d (1 d (g ()
dz <wéx( )dz < i} +(2) ))
(g D (hnz) + 20 (9 )Y (A z) + h2a)" (hp2) g

(0t2)?
(g7 ) + bt (ha2)g ")l
(SOtx)
39 (ha2) (1)

(%)
From (3.5.2) and the choice €, = /h,, we have

— Cel |0l e
K™ (2rm)| < . B
K (2mm)| < oslp | (@ — 2hy2t) — 20m]?
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For any = € 2mp + (—m, —a) U (a, ], | — 2h,2t] > ¢o > 0 module 27, it holds

(n Cel/?
K” (2 <C ”
Z| (2mm)| Z,CO_Qﬁm PIE

mez meL
§C’ei/2.
Therefore,
/T/ [un (t, 2)|2dzdt < Ce*T|w| — 0, as n — oco.
0 Jw
|
Remark 3.3

Uniform observability estimate for semi-classical Schridinger equation only holds for fre-
quency scale %

Now we prove Theorem 3.3 by disproving the horizontal observability.
Theorem 3.5
Suppose w =T x ((—m,a) U (a,w]) C T2. Then for any T > 0, the observability inequality

T
4(0) 2252, < C / / [Gutt, )Py

can not hold.

Proof. For any T' > 0, we will construct a sequence of solutions w,, to the linearized KP-II
equation such that

T
l4n (0)]| 2(r2) ~ O(1) and  lim |G, (t, x,y)|*drdydt = 0.
T2

n—oo 0

Denote by w,(t,y) the sequence of solutions to the semi-classical Schrodinger equation
which satisfies the conditions in Lemma 3.3. Define

(t T y) - Un(t y eh" ehn = Zvn ky hnk2t) (%+E)
keZ

Then u,, solves linearized KP-II equation. Moreover,

[un (0} z2(22) = [[0n(0) | 2(x) ~ O(1),

and

T T
/ / u, (t, 2, y) Pdedydt = / / v, (¢, ) |Pdtdy — 0,as n — oco.
0 w 0 (=m,a)U(a,7]
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Now we claim that

lim [ g(y)vn(t,y)dy — 0in L>([0,T]; L*(T)).

n—oo T

Indeed,

=Y kg (k)g(hyk)e*

kEZ

/T 9y )vn(t, y')dy'

=1 2+ X0 | G R (dye

[k|<M - |k[>M

1/2

<erllgll 2 MY + 1G | 2ry | D 19K
|k|>M

and the right hand side tends to 0 as n — oo since we can choose M to be arbitrarily large

before taking the limit in n. The validaty of the claim implies that g(y) / gy, (t, 2,y )dy — 0
T

in L*([0,T] x T?). This completes the proof. [






Chapter 4

Exact controllability of linear KP-I
equation

4.1 Introduction

The precise model considered here is the linear KP-I equation
O+ Pu— 0,1 0iu =0, (4.1.1)

where the Fourier multiplier 9, is defined by

for all functions
v € Dy(T?) := {v € Dy(T?) : 1(0,1) = 0 for all [ € Z}.

We denote by LZ(T?) = L?*(T?) N D)(T?). For a vertical control region of the form w =
(a,b), x Ty, we fix a non-negative real function g € CZ(T) with [, g = 1. In this case, we
define the control input by

G(h)(z.y) = G. (W) () = 9(a) (h<x,y> -/ g(x’)h(sc@y)dx’) . (1.12)

The main result of this note is the observability from a vertical region.

Theorem 4.1
For any T > 0, there exists Cp > 0, such that for any solution u € C'(R; L3(T?)) of (4.1.1),
we have

T
O Eay < Cr [ [ 16ut, )Py (4.1

135
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As explained in chapter 3, a consequence of HUM method of Lions [47] is the exact
controllability of linear KP-I equation from vertical domain.

Theorem 4.2

Given any T > 0 and uy € L3(T?),u; € L3(T?), there exists f € L*((0,T); L*(T?) such
that the solution of the equation

O+ PBu—0;'00u=Gf uli—o = ug (4.1.4)

satisfies uly—r = uy.

Remark 4.1
When the control region is a horizontal strip of the form w = T, x (a,b), and we put the
control input as

Gih(z,y) == g(y) (h(fc,y) —/Tg(y/)h(x,y’)dy’) (4.1.5)

Then for any given time T > 0, the similar observability (4.1.3), replacing Gu by Gyu, does
not hold true. The argument is the same as the treatment for linear KP-II in chapter 3.

The main part of this note is devoted to the proof of Theorem 4.2. In appendix, we
discuss the validity of the observability for fractional linear KP I of the form

Oyu — | Dy|*0pu — 9,1 92u = 0. (4.1.6)

We will prove the following dichotomy result which asserts the least dispersion needed for
the observability.

Theorem 4.3 1. If a« > 1, then for any T > 0, there exists Cp > 0, such that

T
Jul0) oy < Cr [ [ 1Gutt ) Pdudyde
0 JT2
holds for any solution u of (4.1.6).

2. If 0 < a < 1, then for any T > 0, there exist a sequence of solution (u,) of (4.1.6),
such that

lim fOT fT2 |gun(t; z, y)|2dtdxdy _

n—boo [ (01272
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4.2 Notations and Preliminaries

4.2.1 Notation

We identify T? = R?/(27Z?) with fundamental domain [—7, 7]%. The Fourier transform
on T¢ is denoted by

£(&) = (2m)™ Tdf(z)e—”fdz, £ ezl

In the case where there is no risk of confusing, we will also use fto note the Fourier trans-
form of one variable. For the derivative, we sometimes use the notation D; = %&g, D, = %81.

We will only use L? based norms for this linear problem, hence we denote by

[0l := llvllz2cray, [[vlls == vl ey, [1fllr == 1F 20252 (v

We will also use the inner product notations

(u,v) := /Td u(z) -v(x)de, (f,w)r ::/0 y f(t, z)w(t, x)dxdt,

where d = 1 or 2, which will be clear in the context.

Symbols and quantization on Torus

We briefly review the h pseudo-differential calculus on torus. For m € R, let S™ be the
set of h-dependent functions a(x, &, h) with parameter h € (0,1) such that for any indices
a? /67

sup ]82‘8?@(96,5, h)| < Cq (1 + €)™ 181 (4.2.1)
(2,€,h)ER2x (0,1)

For a € S™, we denote by Opy,(a) the h pseudo-differential operator acting on Schwartz

functions via )

Op(a)110) = (g [, ¢ ot &1 o).

We refer [63] for symbolic calculus and another basic properties about h pseudo-differential
operator. For functions on a compact Riemannian manifold, we can define h pseudo-
differential operator by using local coordinate and partition of unity. On the torus, we can
also use the global definition of pseudo-differential calculus. Denote by Sj;,. be symbols in
S™(R?*?) which are 27-periodic in z € RY, namely

a(x + 27k, &) = a(z,€), V(z,€&) e R* ke Z%
Symbols in S7 can depend on h with uniform estimate (4.2.1),though the dependence

per
is not displayed in our notation. We quantize a € S™, as an operator on S’(T?) via the

per
formula

o @10 = 3 o [ [ e 0 S s (122)

kezd
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From Poisson summation formula, we have

Opy(a)f(z) =Y alz, hak) f(k)e™™. (4.2.3)

kezd

The globally defined quantization via (4.2.3) is equivalence to (modulo AS™"1) the usual
definition via partition of unity, see the exercise in the book [1].

4.2.2 Quick review of 1D semi-classical reduction

Expanding the solution u(t, x,y) to (4.1.1) in Fourier series in y variable
u(t,z,y) = aylt,x)e™,
=
we find that for each [ € Z, a; satisfies the equation
8tal + ai’al — l2(9;1al =0

Therefore, by changing notations, the equation (4.1.1) can be reduced to the study of the
following A dependent equation

O+ Fu+ N9 u=0, (tz) eRxT, (4.2.4)
u|t:0 =1Up € Lg(T)’ -
We take A = 75 and rewrite (4.2.4) as
WD — (hD,)*u— (hDy) =0, (t,x) €RxT, (4.2.5)
uli—o = uo € LE(T), -

The solution u depends on the parameter h and we will drop the dependence in the sequel.
From the same proof of Proposition 3.6 in chapter 3, we reduce the proof of Theorem 4.1
to the following weak observability.

Theorem 4.4
T > 0 be given. There exist a constant Cy > 0 and a sufficiently small number hg > 0,
such that for all h € (0, hg), the solution u of the h dependent equation (4.2.5) satisfies

T
HWWg@AAmmmmwm+@mwy (4.2.6)

We use a standard homogeneous Littlewood-Paley decomposition. Take v € C°(R)
with support suppy C {1/2 < |¢] < 2} and ¢, € C2°(R) such that

D W€ =1, V{0,
nez

where ¥, (§) = ¥(2"€). With this notation, we further reduce the proof of Theorem 4.4 to
the following frequency-localized estimate.
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Proposition 4.1
Let T > 0 and eg > 0 be given. There exist hg > 0, small and Cy = Cy(€9, T) > 0 such that
for all n € Z which subject to 2"h < ¢,

To
[Yon(hD2)u(0)]* < Co/ /|g(fﬂ)¢n(th)U(t,x)\2dxdt (4.2.7)
o Jr
holds true for all solutions u(t,z) of (4.2.5).

The derivation from Proposition 4.1 to Theorem 4.4 is simple and can be found in
chapter 3. The remaining part of this note is devoted to the proof of (4.2.7). We summarize
the path of the proof as follows:

e Regimes n > Ny and n < —Ny: n < —Nj corresponds to the very low frequency
regime in which the term (hD,)~' dominates the dispersion. n > Ny corresponds to
the very high frequency regime in which the term (hD,)? dominates the dispersion.
The arguments are similar as for linear KP-II.

e Regime |n| < Ny: This is the essential difference between KP-I and KP-II. The group
velocity of KP-I could be very small in this regime.

4.3 The proof of Proposition 4.1

4.3.1 Regimes far from critical points

Let us consider the following e—dependence symbols:

et 1
p(o = (£+6) 10 wln9 = (1+e¢)x@.
where x € C2°(R) with supp(x) C {u < [{| < v} for some 0 < pp < 1, v >2and x =1
in a neighborhood of {1/2 < || < 2}. Denote by P. = Op;(p.) and Q. = Op; (qc).We use
the notations U(t), Vc(t) to represent solution operators to the following two equations

LO.U(t) + U (t)P. = 0,

{UE(O) 0 (4.3.1)
LOVe(t) + Ve(t)Qe = 0,

{Vé(o) 0 (4.3.2)

The flows associated to the vector fields H,_, H, are explicitly given by

64

&

64

bet(20,&0) = (350 + ( %

+ 353) X(&o)t + ( + 53) X/(fo)t,fo) ;
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%A%£®=(%+(—%+ﬁfﬁ>ﬂ&ﬂ+(@+e&)XQM£O

with respectively.

From Egorov’s theorem (see [63]), we know that for any symbol a(x,&) € C(T*M),
U.(=t)Op; (a)U(t) = Opj(a © ¢es) + Opayp2(h),

Ve(=1)Op; () Ve(t) = Opg(a o per) + Opzospa ().

We remark that the bound Oj2_, ;2 (%) is independent of ¢ < 1 since all the semi-norms of
the symbol p., g can be chosen continuously depending on e.

Now we prove the following localized observability estimates:

Proposition 4.2 N L
There exists Co > 0,Ty > 0,hg > 0 and & > 0 such that for all ug € LE(T), and all h < hy

~ To ~
[v (h Dy )uo||* < Co/o lgUe(#)e(hDz)uo|[*dt, (4.3.3)

~ TO ~
e Dl < Co [ gV, ()0 (D, ol (13.4)
0
uniformly in € < dy.
Proof. Here we only prove the first inequality, and the second one will follow in the same

manner. Consider the symbol a(x,£) = g(z)?¥(€) (strictly speaking, g is not smooth
and we need approxmlate it by smoothing functions) and its quantization Op;(a) =

(g(x))? w(hD ), where ¢ is a slight enlargement of ¢ so that 1) = v and SUPPX | qupp () =
From Egorov’s theorem, we have

Uc(—t)Opj(a)Uc(t) = Opj(ao ¢er) + Opayp2 (h), uniformly in e < 1.

Note that on the support of a, x'(§) = 0, and thus we have

©et(20,80) = (330 + ( + 350) tjfo) .
a

We choose &g = do(, V), sufficiently small, such that ’—% + 3&2

€ < dp on the {—support of QZ Therefore, for some Ty = Ty(cp) > 0, and ¢; > 0 , we have

To
/ ao Qe dt > c; > 0.
0
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Now we calculate
[ v a
= [ (st D0, DD )
_ /0 " (U=t (RD2)g*Ult)uto, 0 (B Yo )
= (opﬁ(bTO)w(ﬁDx)uO, w<7sz>uo) )
with by, (z,€) = [ a0 ¢ ydt modulo hS°. Thus, from Sharp Garding inequality,
(Opa(br ) (hD o, w(hD. o) = S (AD. ol = ChI (D, uo .

To conclude the proof, we just need choose ho < min{ %, 1}. [ |

As a consequence, we can proof Proposition 4.1 in the easy regimes:

Corollary 4.1
There exist hg > 0 and a integer Ny which depends on &y in Proposition 4.2, such that for
all h < hg, |n| > No, and 2"h < €, the inequality (4.2.7) holds true.

Proof. Take Ny € N such that 27N < 27195, Fix hy < min{Q*Noeo,%} > 0. We
first consider the case n < —N,. Define a new semi-classical parameter 7Ln =2"h < 1
and rescale the time variable by setting wy(t, ) = 1(h,D,)u(22"t, ). w, satisfies the
following equation:

Oy, + (hn®y )W, + 27 (hndy) " wy = 0.

Applying (4.3.3) to w, with € = 2" < §, and h = h,, we obtain that

To
lwa (O < C / lgen (£) 2.

From conservation of L? norm along the flow, we apply the inequality above 272" —1 times
to obtain
(M+1)22"T, To

—2n —1
1 2 C 2
Ol < o §j L lmorra= S [ oo

22nTO

and this is exactly

lon(hD)u(O)|? < € / gta(hD. ) u(t)|Pd.
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We next_consider the case n > Ny and 2"h < €. Define the new small semi-classical
parameter h, = 2"h, thanks to the restriction that 2"h < ¢, < 1. Denote by u, =

Y(h,D,)u and define v, (¢, ) = u,(272*t, z). Thus v, solves the equation
IOty + 27 (hn0y)? vy + (hny) " 0n = 0.

Applying (4.3.4) with h= %n, e = 27" we obtain that
To
lon(0)]? < C / lgva(t)|%dt.
0

Again from conservation of L? norm as in the previous argument, we finally have

To
lun(O)|? < C / lgun(8)]2dt.

4.3.2 Near the critical points

Now we prove inequality (4.2.7) for |n| < Ny. Since Ny only depends on i, v > 0 which is
chosen in a priori, it would be suffices to prove the inequality for n = 0 only. Rewriting
(4.2.5) as

h*Dyu — ¢(hDy)u = 0,u = (hD,)u,

with Fourier multiplier ¢(¢) = &3 + % There are only two zeros of ¢'(£) = 3% — E%’

say o = i%' Splitting (&) = ¥4 (§) + ¥-(§) with ¢y = Y1es, and ¢ = Y1, it
would be sufficient to prove (4.2.7) for u = ¢, (hD,)u. For § > 0, we take another cut-off
Xs € C(R) such that

Xo(O)lie—eoi<s =1, X5(&)|je—go>26 = 0.

Taking § > 0 smaller, we may assume that xs(£)¥(£) = xs(€). On the support of (1—xs)1,
we have [¢'(£)| > ¢5 > 0, thus the same propagation argument as in the previous subsection
yields

I(1 = X5(hDy))to (hDy)u(0)[|* < 05/0 5 lg(L = xs(hD2))yps (hD,)u(t)|Pdt  (4.3.5)

for some Cjs, Ty depending on § > 0. To complete the proof, it remains to prove the similar
inequality for xs(hD,)u. Indeed, the sum of the two frequency pieces on the right hand
side can be bounded by || g4 (hD)ul|7, +CsTh|[u(0)||* in which the error term comes from
the commutator [g, xs(hD,)].
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Before treating the term ys(hD,)u, we make a further simplification. Denote by v =

Xs(hDy)u, v = e”%o“w, and then w(k) =7 (k + {%J ) We see that
h?Dyw — ®(hD,)w = 0,w(0) = 05(hD,)wy, (4.3.6)

with

o) =0 (e 0| L)) s = x (41| 2))
Note that the support of 85 is now near the origin and
12 B & &
oG- [R)

We are now ready to close the demonstration of Proposition 4.1 by proving the following,
which is the main ingredient of this note:

¢'(on) = 0, " (o) =

Proposition 4.3
There exist constants 0 > 0,hg > 0 small and Cr > 0 such that for all 0 < h < hy and
w = Os(hD,)w, h dependent solution to (4.3.6), we have

[w(0)]* < CT/O /Tug(x)w(t)wdt.

The proof is down by splitting the frequency into two parts. One part contains cluster of
relatively low frequencies and we control it by spectral inequality. The other part contains
relatively high frequencies and will be controlled by propagation estimate after rescaling
the time variable. First we notice that the inequality would not change if we replace w by

—iq)(};h)t), We may assume that ®(o;,) = 0. Denote by r, = h~ '}, € [0,1). For any

ng € N, we define the sharp frequency truncation

Monof = > flk)e™.

|k|>n0

w exp (

We divide the proof into several lemmas.

Lemma 4.1
Given T > 0, there exist Ny € N, hg > 0, Cr > 0, such that for any integer ng > Ny, h < hg
and T > 0,

T
I, w(O)|? < Cr / lg(@)w(t)|2dt (13.7)
holds true for all solutions of (4.3.6).

Proof. We rewrite
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h
with 2710 = 44,270 = %. From almost orthogonal inequality
Mo, w(0)[* <4 > [l (2'hDy)w(0)]%,
I<I<Lo

we need estimate each term in the summation. By choosing ny > Ny large, we denote by
hy = 2'h < nio a new semi-classical parameter. We put w = ¢(h1D,)w, and then w solves

27 h3 Dy — ®y(hyD,)w = 0,

with ®;(&) = 22®(27'¢). Note that @, is a symbol with uniform bound in [ for [£] < 2 as
well as all of its derivatives. We rescale the time by setting v (¢, z) := w(27'h3t, z), hence

tht’U - (I)l(tha:)U = 0.

Notice that |9:®;(£)] = |2!'®'(271€)| ~ 1 for £ € suppyy. From the same argument as in the
proof of Proposition 4.2, there exist 7y > 0 and Cp;, > 0 such that

To
16 Dy)o(0)][2: < C, / / 9z Vot ) [Pt

holds true for all h; = 2'h, provided that h < hg is small enough and ny > Ny is large(while
keeping the relation hng < 1). Back to the function w, we have

To
(Do) Ol = [ DO <Cr, [ [ la(w)itn Dot )Pt
h1hTy
h1 Yw(t, z)|*dzdt.
Thanks to the conservation of L? norm, we have for all g € N
) ) (g+1)h1hTy
(D2 )w(0)3 = (Do JuwlahidTo) - < % [ [ lat@yeuD ot a) Pz
1 Janinty
Summing ¢ from 0 to L%J we have

|4 (h1 Dy)w(0) |72 < CT/ /Ig Yw(t, z)|Pdxdt. (4.3.8)

Thus
S @rD)w(O)]2 <Cr 3 / [ la@w@nDyutt, ) dode
lo<I<Lo 1p<I<Lg
Z C’T/ / [0(2'h D) (gw)(t, z)|> 4+ 22 h2|w(t, z)| ?) dadt
lo<I<Lo

C
<Cy / / lgw(t, o)Pdedt + L [w(0)]|2,
o JT Un

where we have used the simple commutator estimate ||[g, 1 (2'hD,)]||r2z2 < C2'h in the
second inequality. This completes the proof by choosing ng sufficiently large. |
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We need the following spectral inequality, and the proof is classical and can be found
in [44].

Lemma 4.2
There exists an positive increasing function k : R, — R, such that

2

Z |cx|? §m(m0)/ g(x) Z cre™| da. (4.3.9)

[k <mo ’ [k <mo
The following elementary lemma is needed in the final argument.

Lemma 4.3
For any r € [0, 1), there exist py, 1o € [%, %}, such that

M1 + Mo = 2r mod Z. (4310)

Proof. We denote by {z} := x— |z], the fractional part of a real number. If }L <{2r} < %,

then there exist 11, 2 € [&, %], such that (4.3.10) holds true. If 3 < {2r} < 1, we can
choose p; = o € (%,%), and then 2u = 2r mod Z. For 0 < {2r} <

M1=/~02=M€[%7§)- u

}L, we choose

Now we finish the proof.

Proof of Proposition 4.3. Let hg, Ny as in Lemma 4.1. Fix h > 0 and ng > 2N, while
keeping hn} < 1 and k(ng + 2)h < 1. From Lemma 4.3.10, for any ng € N satisfies
hn} < 1, there exist puy, po € [%, %} and my € —N, such that

(ng + p2) + (mo + py) = 2rp,. (4.3.11)

Put My := h™'\/®(h(ng + p2)). Recall that @ is strictly increasing for £ € [0y,) and
strictly decreasing for £ € (—§, 04]. Thus there exist £* < ry,, such that ®(¢*) = h?>M7. We
fix 0 > 0 small such that 2 < ®”(¢) < 12 for all || < 4. Thus § < % <9. We claim
that for sufficiently small h > 0, we have

- 5}

Indeed, Taylor expansion gives

Vit (€Y' o

2 o 2

(0 + p2 = 1)" + O(h*mp),

with implicit constant in big O depending only on sup |®"(£)|. As a consequence, we
56(—5,5)
have

*

mo—i‘ﬂl—g—

| = O(hM?). (4.3.12)
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The claim follows easily by choosing h small enough.

Define a slightly different frequency truncation

o ka+zt§>(hk)
wp(t,z) = E wo(k)e , Wy =w—wg.
k:|®(hk)|<h2MZ

From (4.3.9) and the property of ®, we have

WM@WSMM+%TA£AM@mﬁwWMﬁ

Note that Hz%owH = wy, then from Lemma 4.1 we have

mes%Ammwww

We next calculate

/ / x)wg(t,x) - g(x)w(t, x)dxdt‘

hk1)|<h2M2 |P(hk2)|>h2 M3

~ 5 (@ (hk2)—®(hk1)) _ 4
- 270G (ky — ko) @o (ka0 (ko) B*
Z Z 7G(ky 2)Wo (k1)wo(ks) O (hky) — ®(hk,y)

|®(hk1)|<h2 M2 |®(hks)|>h2 M3

<Ch? Z Z |G (ky — ko) (k1 )00 (k)| & (hky) i O (hk,)

|®(hk1)|<h2M2 |®(hks)|>h2 M2

with G(z) = g(x)?. If (ky — rp,) (ke — ) > 0, we have

|®(hks) — ©(hky)| =

k1

in the case |k —r,| > 1. If otherwise |k1 — 7| < 1, we directly estimate

h2M?
wmwwmmmm@ﬁ—wp@w0> !
£€[—2h,2h] 2

hka
/ @’(t)dt‘ > h|® (hk1)||ko — k1| > ch®|ky — ki),
h

(4.3.13)

(4.3.14)

N / / Z @B(’ﬁ)@\o(/ﬂz)6*"('“’k2)xe%(q’(hkz)f¢(hk1))dwdt

by taking ng reasonable. There are two possibilities in the case of (k; — ) (k2 — 1) < O:
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either ky > ng + 1,% < ki <mrp orky< L%J .1 < k1 < ng. For the first case, we have

D(hky) — ®(hky) >P(hks) — P(£7)

" 2 * *
:Egyﬂ(@—%>(@+%~am>+mmM®

(I)” o h2

z%(l@ — k1) (ko +mo + pp — 2r3,) + O(h* M)
(I)” h2

Z%le — lﬁKno —+ 1 + mo + H1 — 27”]1) -+ O(hSMg)
|ky — ky|h?

> = -

- 16

by choosing h small enough, thanks to (4.3.11), (4.3.10) and (4.3.11). In the case that

ko < {%J, we have

(hky) — @(hk1) >—F5"—

This implies that

V2w (t,x) - w(t, x)dmdt‘ <Ch Z G (k1 — ka)||wo (k)| (k2]
ko

<Ch (Z |@(/~c>|> wo

keZ

where we have used Young’s convolution inequality. From this, we could improve the
estimate of ||w,(0)]]* as follows.

|mm®W§Mm+mT/‘/mm@@WMﬁ

T
=k(no +2)T / /]g w(t, z)*dzdt — k(ng + 2)T / /|g(az)wH(t,x)|2dxdt
o Jr

—2K(ng + 2) TRe/ / Dwg (t,z) - g(z)w(t, x)dedt

<k(ng+2)T /0 lgw(®)[*dt + Chri(no + 2)T |w(0)|,
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and
[w(0)[* =[lwr (0)]|* + [lwe (0)[|?
<(Cr+ k(ng+2)T) /0 | gw(t)||?dt + Chr(ng + 2)|Jw(0)|>.

The last term on the right hand side can be absorbed to the left, and this completes the
proof. |

4.A On the observability of fractional linear KP I

In this appendix, we will give a proof of Theorem 4.3 for fractional KP I equation
Oyu — | Dy|*8pu — 9,1 02u = 0. (4.A.1)
When a > 1, the proof of observability can be reduced to the 1D uniform observability of
M Dw — @, (hD,)v = 0,v = xs(hD,)v,

with ®5(&) = ¢, (§ +h {%J) 0 (&) = [€]7¢ —l—l after doing the same reduction as for

5 7
the linear KP-I. Thus it would be sufficient to prove Proposition 4.3 for solutions of (4.A.1).
Actually, the proof of Proposition 4.3 works also in the case @ > 1. For o = 1, we need a

little more argument.

Taylor expansion gives

_ (Dlll(Uh

~—

P (¢)
Note that ®(os) = ¢7(§) = 24, is independent of h, and we have
©y(hD;) = h*Ao(Dy — 1) + O(|| @' 2=)) (AD5 — 01)%).
with 7, = 3 € [0,1). For 0 <0 < 1, we decompose
V=01 + vy, U = XA(;(hl/gDI)X(;(th)v.

Then vy solves
Dtl)l — A()(Dx - ah)2vl == OL2%L2 (Aé)’l}l

We denote by Sy, (t) the semi-group associated with the evolution Schrédinger operator
D; — Ay(D, — 0)?. From observability for classical Schrodinger equation, we have

I ()2 < Cr / 190 ()0 (0) 2t
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with constant C'r independent of oy, € (0,1). For this independence assertion, we refer to
Lemma 2.4 of [12]. Therefore, we have from Duhamel formula that

2

T
loa ()2 <Cr / it

T
SCT/ lgv1 (t)]|?dt + ACHS vy ||7 (4.A.2)
0

t
gui(t) —g/ Or2_,r2(8)vy (¢)dt!
0

T
<Cr [ llgoi(0)Pdt + AC3ux (O,
0

where we have used the conservation of L? norm in the last step. For given T' > 0, we take
0 > 0 sufficiently small in a priori, and thus

T
[or (0)]* < C'T/ | g1 (t)]|2dt.
0

The estimate of vy follows in the same way as in the proof of Lemma 4.1. Therefore we
have

T
a0 < Cr / lgva(6)[12dt.
0

Finally, from the commutator estimate H [X 45(R2 D) xs(hD,), g] < Ch'/3, the proof

. HL2—>L2
is complete.

We now construct the conterexample of observability for the case o < 1. The construc-
tion is in the same spirit as in [56].

Proposition 4.4
Suppose 0 < o < 1. Then for any T > 0, there exists a sequence v,, solutions of

hit® Dy, + @1 (h,Dy)v, = 0,

such that .
) fo f v, (t, 2)|2dxdt
lim = =
n—00 fT |, (0, z)|2dx

22

Proof. We may assume that w = (—m, =) U(8, 7]. Take G(z) = e~z and define G (x) =
L@ (ﬁ) Denote the Fourier coefficient of G by

NG

I : o .
g (k) —/ G (z)e ™ dy = Ve G(2)e Mz,

en
2 J_ . 2 J_ =
€n

The coefficient function g (z) satisfies the following estimates:

g ey = O(er/). 1(g™ ) lloe @y = O(ex), (g™ |y = O(&)/?). (4.A.3)
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Take an even cut-off function ¢p € C°(R) with supp ¢ C [-B,B] and 0 < ¢ < 1,

Yl—pp = 1. We define
vno = O g (k) (huk)e™,

kEZ

with }L\; = h}™®. The corresponding solution is given explicitly by

. it®, (i k)
den h k)exp | ikr — ——5—
kEZ ha =

We first estimate the lower bound of the mass of initial data.

G oy = D lg™ (k)P

kEZ

holds from Plancherel theorem and the definition of g* (k). We next estimate the mass
away from the frequency scale h_ 1, that is

S| v@me®| < 3 e ®)

keZ |hnk]|>b

2
€n

< il /RG(z)e_““”Zdz

| k]| >b

€ 1 d )
— n G v —iken d
o 472 /R (Z)—iken dz6 =z
hnk|>b

2

/
= 41@%2 ”Ll(R)
k| >b

By setting e, = \/h, < 1, we have I|(1 —¢(Ean))GE”||L2(T) < 1 and then [|vy, ol z2(r) ~ 1.

Now we choose B > 0 so that |z — ||®7|| oo (-5, Bt| > 2co > 0 mod 27 for all v € w =
(—m,—p) U (B,7) and |t| < T. Write

valt, ) = Y K1 (k)
keZ

with

~_lta

~ ~1
Kt(z)(z) = g (2)Y(h,2) exp (zzx —ihy TPy (hp " z)t) :

From Poisson summation formula, we have

ZK(n 2m).

meZ
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For fixed m € Z,

—

Kt(z;)(27rm) :/gE"(z)@Z)(hnz)ewm(z)dz
R

- / G ()06 () L2 (7))

1 ~_lte 1
with £ = —i and ¢ .(2) = (x — 2mm)z — hp Py (hy “2)t. Thus
'Lgpt a:( ) dz

= d (1 d (@) ) e
Ktz (2mm) = /Rdz (iwz,gg(z)dz( i) ) )T

After tedious calculation, we have

d ( ! g<gfn<z>w<ﬁnz>)>
dz \igl,(2)dz \ g .(2)
(g 0 (hn2) + 29 ) (hn2) + D20 (hn2) g™
(0t)?
3((9°) ¥ (hnz) + hatt (hn2)g) &l
(¢1e)?
_396"1#( )(Sotx)
(¢l '

From (4.A.3), we have

. Cer ¢ llwes e
|K )(27Tm)|§ sup ®) : 5.

[hnel<B (x —2mm) — ﬁfl_f“ 0 (%}LT’ 2)t

Note that from Taylor expansion,
B (i 2)t = (0 Izt — O (0n)on, i ot

for some 0, € (ohn,ﬁﬁ?’ z). Therefore, for sufficiently large n, and for any = € 27Z +
(_ﬁv —Oé) U <ﬂ7ﬂ-]7

T — E{T‘(I)’l(ﬁﬁj‘z)t > ¢ > 0 module 2,

thus

1/2
Z |K(n) 2tm)| <C’Z Cen
|CO —27(m — p)|?

meZ

§C’671/2
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holds for any p € Z. Therefore,
T
/ / lun(t, z)|2dzdt < Ce*Tiw| — 0, as n — oo,
0 w

Corollary 4.2
Suppose 0 < o < 1, then for any T > 0, the observability for u,, solutions of (4.A.1) does
not hold true.

Proof. We take h,, v, as in Proposition 4.4. Define

_at2
un(t, z,y) = wy,(t, ) exp (iyhn 2 ) ,

_a+t2
where (h, 2 ) is a sequence of positive integers which converges to infinity. w, solves

(4.A.1) means that

heT 0wy, — |hn Dy |*hnOpwy, — b 'O Mw, = 0.
i€
Now we set w,, = v,e LTSJZB, and we have from Proposition 4.4 that

fo Jpe lg()un(t, = y)|2dxdydt
n—)oo f-ﬂa ‘un O x y)dedy

We finally need replace / |g T)u, (t, v, y)|*dvdydt by / |gun(t,x,y)|2da7dydt.
This is guranteed by

/g(x')un(t,x',y)dx' — 0, in L*((0,7T) x T,)
T

from our construction. This completes the proof. |



Chapter 5

Control and Stabilization of Nonlinear
KP-11 type equations

5.1 Introduction

The precise models considered here are KP-II equation

0o (Ot + O3u + udyu) + Oou = 0, (t,z,y) € R x T? (5.1.1)
and fifth order KP-II equation, or 5KP-II in short,*

O (Ot — Ogu + udyu) + Oou = 0, (t,z,y) € R x T?, (5.1.2)

These equations arise naturally in the study of transverse stability of the solitary wave
solutions of the Kortewed de-Vries (KdV) equation and its higher order analogues. They
have been widely studied in many different contexts([33|,[51],[53])

In the periodic setting, both KP-II and 5KP-II are known to be global well-posed for
L? initial data (see [6], [55]). The two models are infinite dimensional Hamiltonian system
and the first conserved quantity for them are

Mlul(t) = / u(t, z,y) dxdy.
T2
Moreover, the solutions to (5.1.1) and (5.1.2) must satisfy
/u(t,x, y)dxr =0
T

in the distributional sense, we may rewrite the equations in a non-local version

O+ (—1)"71 02w + udyu + 0,1 00u = 0,

More generally, one could add the third order linear term ad2u to the equation.

153
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where the Fourier multiplier 9, is defined by

— 1
o 1v(k = —ou(k
ok, n) Z.kv( )
for all functions
v € D)(T?) := {v € D'(T?) : ©(0,m) = 0 for all m € Z}. (5.1.3)

We will study (5.1.3) in control point of view with a forcing term f(¢,z,y) added as
control input:
O+ (=102 u + udu + 9,1 00w = f, (5.1.4)

where f is assumed to be supported in a given region w C T2. In control theory, the
following two problems are essential:

Exact controllability: Given initial state uy and final state u;, can one find a control
input f such that the equation (5.1.4) admits a solution u which satisfies u(0) = uo and
Stabilization: Can one find a feedback control law f = KCu such that the resulting system

oyu + (—1)l_16£l+1u + udyu + 8;105u = Ku

is asymptotically stable as t — co? Those problems are firstly studied by Russel-Zhang for
KdV equation (see [54]) and widely extended to other dispersive models in last decades.
Most notably, [20],[16],[40], for nonlinear Klein-Gordon(wave) equation, [17],[39] for non-
linear Schrodinger equation, [41] for KAV equation and [46] for Benjamin-Ono equation

The set up of control problems for KP type equations is a little different. We observe
that there is no obvious way to keep the control input f to be localized and simultaneously
have zero horizontal mean, unless the region w C T? is a vertical strip of the form (a, b) x T
or a horizontal strip T x (a,b). When w is prescribed as a horizontal strip, it is proved
in [56] that the observability estimate can not hold for linear KP-II equation, due to the
weak propagation phenomenon in y direction. Therefore, we address the problems of exact
controllability and stabilization only for w = (a,b) x T in this paper. In this case, the
control input f should be of the form

F=6h=g6o) (o)~ [ gl a')

where
g€ CX(T),{zreT:g(x)>0}=(a,b) and /Tg(x)dx = 1. (5.1.5)

We fix the assumption above throughout this paper. For the stabilization, the feedback
control law is given by

f=-G"Gu.
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The resulting closed-loop system is called damped KP-II equation

Opu+ Olu+ 0, Ou + udpu = =G*Gu,  (t,w) € R x T, (5.1.6)

u|t:0 = Ug € Lg(T2)7 -
and damped H5KP-II equation

Ou — Odu + 8;13514 +ud,u = —G*Gu, (t,z) € R x T? (5.1.7)

u’t:() =Up € Lg(Tg) o

To state our main results, we define the do— partial compact subset of L2(T?) by
Sso = {uo € L(T?) : [luolla-10(r2) < G0} -
The main results in this paper for KP-II equation are as follows.

Theorem 5.1
Let s > 0, Ry > 0 be given. Then, there exist C' > 0,v > 0 and 0y > 0 such that the
imequality

[[u(t)]

holds for every solution w of damped KP-II equation (5.1.6) with initial data in Ss, such
that ||uo|

Hs(T?) S Ce_,yt||U0| HS(T2)7t >0

HS(TQ) S RO.

From the usual arguments combining with the stabilization theorem and exact control
result for small-data established in chapter 3, we have the exact control result for large
data as follows:

Corollary 5.1
Let s > 0, Ry > 0 be given. There exist T > 0, 8o > 0, such that if ug,u; € Hi(T?) N Ss,
satisfy

l|uo || s (r2) < Ro, [[ur ]| ms(r2)y < Ro,

then one can find a control input Gh with h € L*((0,T); H*(T?)) such that the system
(5.1.4) with | =1 admits a solution u € C([0,T]; H3(T?)) satisfying

u(0) = ug, u(T) = uy.

For 5KP-II, less regularity of the initial data is needed for stabilization and exact
controllability. More precisely, we have

Theorem 5.2
Let s > 0, Ry > 0 be given. Then, there exist C' > 0,v > 0 and 09 > 0 such that the
inequality

||u(t)||Hs(T2) < CeiﬂytH’U/(]HHs(TQ),t >0

holds for every solution u of damped KP-II equation (5.1.7) with initial data in Ss, such
that ||uo|

ms(r2) < Ro.
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Corollary 5.2
Let s > 0, Ry > 0 be given. There exist T > 0, 8o > 0, such that if ug,u; € H3(T?) N Ss,
with

|uol| s (r2y < Ro, [|u|| s (r2) < Ro,

then one can find a control input Gh with h € L*((0,T); H*(T?)) such that the system
(5.1.4) with | = 2 admits a solution v € C([0,T]; H3(T?)) satisfying

u(0) = ug, u(T) = uy.

Let us make some comments on the results. Firstly, we call the condition that data in
Ss, the smallness assumption of low horizontal frequency( in x variable ). For both KP-II
and HKP-II, we need this smallness assumption because in our argument in section 5, we
do not prove the observability for the regime where the frequency in z remains bounded
while the frequency in y is high. Heuristically, we can view this regime as a coupled system
of nonlinear Schrédinger equation in y variable. In this case, the propagation in x-direction
is negligible and the propagation estimate in y variable could not help us to observe the
solution from the vertical control region. In chapter 3, for linear KP-II, we exploit certain
dispersive effect (Ingham inequality) in y variable to resolve this difficulty. However, since
H~30 is the scaling-critical functional space for KP-II equation, the non-linear effect can
no longer be ignored when we treat it as a system of nonlinear Schodinger equation in y
variable. Therefore, How to remove this low horizontal frequency condition is a challenging
nonlinear problem.

We also mention that the result we have obtained for KP-II equation is slightly weaker
than 5KP-II equation. It is attributed to a prior: estimate for Sobolev norms of solutions
below L2. In general framework of proving stabilization, we need semi-group property
of the equation to iterate. In each step of iterating, our argument need the smallness
of low horizontal frequency portion of the solution. However, low frequency portion, or
equivalently, Sobolev norm with negative index in z, is not conserved along the nonlinear
flow. This gives rise to the following problem:

Problem 5.1
Does there exist s < 0 such that for any given T > 0, any global solution u of equation
(5.1.6) satisfies

sup H’LLHHs,O(TZ) S C(T, HU(O)HHs,O(TZ))?
te[0,7

Any positive answer of the problem above with the weaker bound C(T', [|u(0)||L2(2)) on
the right hand side will improve the Theorem 5.1 to all s > 0. We believe that Problem 5.1
has its own interest since it relates to the existence of weak solution of KP-II below L?(T?).
Similar problems in the context of nonlinear Schrédinger equation, KAV equation without
damping term have been studied intensively, see for example [36],[35] and the references
therein. Nevertheless, partially due to the local-well posedness of periodic 5KP-II equation
below L?(see [55]), we are able to apply almost-conservation trick, or I-method, to achieve
a priori estimate of negative Sobolev norms of solutions of 5KP-II equation.
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We organise the paper as follows. In the second section, we introduce some notations
and state several basic propositions of Bourgain type functional spaces related to both
KP-IT and 5KP-II equation. In the third section, we prove the global well-posedness of
damped KP-II and damped 5KP-II equation. Next, we use energy estimate to prove
that the smallness condition of low horizontal frequencies of KP-II and 5KP-II equation is
persistent along the nonlinear flow. In the fifth section, we prove the observability estimate
for high horizontal frequencies of both inhomogeneous KP-II type equations by adapting
the dyadic propagation estimate for linear equation in chapter 3. The final section devotes
to the proof of stabilization. We also add an appendix to give a proof of stabilization of
linear KP-II type equations by using observability inequality established in chapter 3.

5.2 Notations and Preliminaries

5.2.1 Notations

We begin by some notations which are standard in Partial Differential Equations. We use
the notation A < B or A = O(B) to denote the estimate that |A| < C'B for certain uniform
constant. We also use the notation |A| < Cy, 4,...B of |A| < C(A;, As,---)B to denote
various constants C', depending on the quantities Ay, As, - - -, which may change from line
to line. We will use Japanese bracket () := /14|

We identify T = R/277Z. For 2r—periodic function f on R, we define its Fourier

transform on Z by
~ 1 [ :
Fofk)=f(k)= 2 (z)e *dy,
We identify function f on T? by 27 —periodic function f on R?. The Fourier transform on

72 is denoted by

f(n) = # N (2)e " "dxdy

with z = (z,y) € T? and n = (k,m) € Z*

We introduce some notations about one-dimensional Little-wood Paley projection. Fix
a cutoff function 7 such that

neCrR),0<n<1,n|11 = 1,supp(n) C [-2,2].

We define

6(6) = 1(€) ~ 1(26) and o(9) = 0 ()

Throughout the paper, capitalized variables such as N, M, Ny, My, --- are assumed to be
dyadic and large or equal than 1. Summations over these capitalized variables are presumed
to be dyadic summation. We define Littlewood-Paley projector

Pyf=F ' onFof . Quf = F, ' OnFyf
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for N > 1 and
Pof = F,'n(2)Fof, Qof = F, 'n(2:)F, f.
We have
PO"’ZPN: 17Q0+ZQM:1-
N M

We will also use

P>N( or Q>N) = Z PN( or QN)7P§N< or QSN) =1- P>N( or Q>N)-

K>N

We need the notations of non-dyadic spectral projection. We denote by

Hkoof = ‘Fx—11|k|=k00‘/rxf> H#O = F;11k¢ofx77rmof = ‘Fy_l]-|m|:m0‘/—_.yf7

H>p, = Z Hy, Hsgy = Z Hp, Hegy = 1 = Hopg, Iagy = 1 — Ilsy,
ka‘o k‘>k‘0

and similarly for T, Tmg, T<mos T<mg-

5.2.2 Functional spaces

Anisotropic Sobolev spaces H*®*2(T?) is defined via the norm

I Wreocry = Y (k> 1 m)*2 | f(k,m)

(k,m)ez?
The free groups associated with the linearized KP-II and 5KP-II equation are defined as

2 - 2
S f #(°=5) ke, m), U(0)] (k) 7
€ €

S(i)f(k, m) = f<k7m)7 U(t)f(k, m) = f<k7 m)

with respectively. Anisotropic Bourgain spaces adapted to periodic KP-II and 5KP-II
equations are defined via the norms

: T~ 3 m) 17— 3 (k, m))2 (k)21 (m)?2|a(T, k, m)|2dr,
g = Z)/< ol > (= po(h, m) ™ (R (> 2, b, m)
e = Y[ <T‘p5 ’> " — ol ) (R ()2, k)

(k,m)€ez2
with respectively, where

2 m2

p3(7—7 kam) = ks - %apS(Ta kam) = k5 - ?
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We make some conventions here. If there is no risk of confusing, we denote by X*152:%:1 the
Bourgain spaces of KP-II or 5KP-II. We also denote by X*1*2% if b; = 0 and X*° simply
ifSl = S9 = S,bl = 0.

The norm in the localized time interval I is defined by

1wl xs152000 (ry 7= IE{[|w]] xo100.000 2 w(E)[1 = u(t)]r}.
When I = [0,7] we also denote by X®vs2:brb2(T) In general, we estimate the norm
Xeusbbi([) by estimating ||¢rul| ys1.s0m for time localization version of u, where 7 =

B(T1), '€ CR(R), () = 1, [t < L and (t) = 0 for |¢] > L.

Proposition 5.1
For—%<b’§b<% and 0 < T < 1, we have

wonsgrt < CTV V]| ooz

[¢rul

We have the following linear estimate for 5KP-II.

Proposition 5.2
For—%<b’§0<%<b§b’+1,T§1, we have

1.
1_
HwT(t)U(t)uOHX;l,sQ;b < OT2 " | HS(T2)-
t /
‘ ¢T/ Ut —t)F(t)dt' < CT O F|| oyopr
0 X§1732ab 5
For KP-II, it seems that we can not avoid to use the end points & = —% and b = %

However, the analogue of the linear estimate above is false. We need an auxiliary norm

b_l

[ullyse = [[{T = p3(n))" "2 (n)*ulliz s

and the restricted spaces Y**(I) defined in the same manner. We let
Z*M(I) = X3 (1) N Y *(T).
With this axillary norm, the linear estimate now holds true.

Proposition 5.3 1.
142 (8)S ()|

< Clluol

Zs,% HS(TQ)

< C|F|

zZ%2

1.
Z573

Yr(t) /0 t St —t)Ft)dt
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sup

t
/S(t—t’)F(t’)dt’
te[0,7 0

All the constants C' are independent of T

< CMIF .-y
H(T2)

We summarize several basic properties of these spaces:

1. Xsvs2bbi is a Hilbert space. For b < b, 8] < s1,8, < s9,b] < by, Xovsbbi g
continuously imbedded in the space X®152:"b1

2. Z%2(I) € C(I; H*(T?)) for any s € R.

3. X< C Y* holds for any € > 0.

4. Given any finite interval I, if ' < b,0] < by, s] < s1,8, < s, then the space
Xs152001(T) is compactly imbedded into X *1-2:%1(T).

We note that bounded sequence may not have weak limit in the space Zsé(l ) since it is
L! based space and Banach-Alaoglu theorem is not applicable.

We now recall the bilinear estimates needed for Cauchy problem and energy estimate.
For KP-II, we have

Proposition 5.4 (|6],[51])

There exist }l <b < g and v > 0 such that for all functions u,v € Xs2b with

/u(t,x,y)dm = /U(t,x,y)dx =0,
T

T

the following bilinear estimate holds

|

J0-(u0) g < Cllul g ol + Clol gl
with some 0 < b < %, for all s > 0. As a consequence,
t
o) [ st Opurttronuoenar| <Ol gl o

for some v > 0. All the constants C' are independent of T

For 5KP-II, we have

Proposition 5.5 ([55])
There exist }L <b < g b > %,b’ < %,b+b’ < 1, then

10 (uv)]|

s1,89;—b/, 1 S CHUH‘ Sl,SQ;b,bln/U“‘ s1,59;b,b71 «
X, 4 X5 X5
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Moreover,

for some v > 0.All the constants C' are independent of T .

< CT"|u|

b b
XS,S, 01
5

X;,s;b,bl ”'U‘ Xgl,sz;b,bl

oy Ut = ) ()0, (v (¢t

5.3 Cauchy-Problem for nonlinear system with damping

First we prove global well-posedness of damped KP-II equation

(5.3.1)

dpu+ u+ 0,1 00u + udyu = —G*Gu,  (t,r) € R x T?,
U|t:0 = Uug € HS(TQ),

Theorem 5.3
Fiz any s > 0. For any given T > 0 and any uy € H(T?), there exists a unique solution

we Z%2(T) N C([0,T]; HE(T?)) of (5.3.1). Moreover, we have the following estimate

[ ul 7% (1) < oT, HUOHLZ(W))HUO\ Hs(T2)-

The positive function o(T, R) depends polynomial in T.

Proof. Given ug € Hg(T?). For each v € Z%2(T), we extend v to a function on R x T? and
still denote by v. For any given ug € H(T?), define the map

By (0)() = S(t)uo — /O S(t — 1) (o) ()t — /0 ' S(t — )G Gu(t)dt.

For t <T <1, we rewrite it as

B (0)0) = 6180w 0) [ S0 —01(0) [ S(t-0)G Grolti.

Define the ball

Br(r)={ue€ Z;’§ |57 <r}

1
z>2(T)

From linear and bilinear estimates, we have

[Py (w)]

ot <C (lolliecre) + 10: (u0?)

<c (||uo|

yot 167Gzl

s 107Gy )

mser2) + T ||[Yrul i
3

We estimate

1G*Guorull,. -y < CIG*Grull . yec < CT> | rul|xeo.

X%~
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1G"Grul

o SNG*Grul

Xs,s;—% Xs,s;—%-‘—e,bl .

For —% < b < 0, we calculate

=)
x Dy

<CT"||v]lxs0 + [[¢orv]
<CTY=b1|v|

]

Yrv

X 58307 ,b1 S ||¢TU|

Xs,b’

Xs,b’+b1

X0,

provided that b; + & < 0, thanks to Proposition 5.1. Applying the estimate above to
V= —% + ¢ and v = G*Gru, we have
Xs,s;%,lq)

[P (w)]

y < C (Jluol

Z%2

HS(TZ) + TV HwTuH‘QXvS,S;%,bl + TV Hfl/}Tu’
for some v/ > 0, thanks to the condition b; < g. This implies that

+ T |[¢rul

[Py ()] o2y + T [rul

iy < C (Il

2
253(1) 73 () ZS’%<T>> ‘

Similar manipulation yields

[P (1) = Py (u2)]

gy < CT” (1+ ]

z5(T Zs’%(T)> lur = o

Therefore, by taking r > 2C||ugl|grs(r2) and T = T(||uo||) > 0, the map ®,, : Bp(r) —
Br(r) is well-defined and contraction. This implies that For any given uy € Hg(T?), there
exists Ty = To(||uo| m=(r2)) such that the solution u € Z53(Ty) N C([0, Tp): H(T?)) exists
and unique. Moreover, |jul| < 2C||uol| s (r2)-

7+l 73 (1)

7% (1)
We next extend this local solution to global one. First we consider the case s = 0.
From the mass dissipation

t
ol Zecrzy = ()l Z2re) +/ 1Gu(t) |2 =)t
0

we have a priori bound
Hu(t)”mr?) < HUOHLQ(T?)-
This implies the global existence for s = 0.
Now we want to prove the global existence for all s > 0. Suppose that ug € H?(T?),
let v = Oyu, w = Jyu, then v, w satisfy the same equation

O + v+ 9, 05v = =0, (uwv) — G*Gu.
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We have that

< Collollzy + G (14l ) o

HUHZO’%(T ZO’%(T)‘

_ 1
For T < Ty (||| z2(z2)) = min {2T0(||u0||L2(T2)), (2C0(1 + [[toll 2cr2)) ™ } , we have

loll o ziz2y < Cllvll 1oy 7y < Chllvollzzcre).

Now since ||u(t)||2(r2y < |Juol|r2(r2) for all ¢ > 0, we can extend v globally. The same
argument holds true for w = O,u. Taking w; = 8§u,w2 = 8§’u, we have that u €

C(Ry; HY*(T?)). From the equation
Pu=—v— @c_lﬁsu —ulu — G*Gu,
we obtain that for any 7y > 0 and 0 < t < Ty,

102u(t)]| L2 (r2) <I[v(t)12m2) + 10, " O2u(t) || 1272
+C (HU(t)HL?(TZ) + ||U(75)HL%(T;L;O(T))Hawu(f)||Lg°(T;L§,(T))> :

Using one-dimensional Sobolev imbedding and interpolation, we finally have

sup (|05 (t)| 2 (r2) < C(To, luoll ms(r))
te(0,To]

and u € C(Ry; H3(T?)). From induction, if uy € HZ¥(T?) for k € N, we have that
u € C(Ry; H*(T?)). Other values of s can be obtained from interpolation result. This
completes the proof. The assertion that a(T, Ry) is polynomial in 7" follows from inductio
and partition of [0, 7] for large 7' > 0. [

For damped 5KP-II

(5.3.2)

dpu — Ou + 0, Oou + udyu = —G*Gu,  (t,z) € R x T?,
u|t:0 = Up € HS(T2)7

we have

Theorem 5.4
Fiz any s > 0. For any given T > 0 and any uy € HS(T?), there exists a unique solution

u € X2M(T) N ([0, T); Hy(T?)) of (5.4), where L <b <2 and 1 < b < 2. Moreover,
we have the following estimate

||U| X;’S;b’bl(T) S C(T7 ||u0||L2(’]1’2))||u0| Hs(T2)-
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Proof. The proof is similar as the proof of Theorem 5.3, with the minor difference of the
choice of functional spaces. We just write down the contraction step here. Define the map

Buo(0) = 1OV (O =300 [ V(=)0.0302) (00t —n(0) [ V(=)' Gualt)ar

and the ball
Br(r) = {u€ X3*""(T) : ||ul

Xss,s;b,bl (T) S ’f‘}

Applying Proposition 5.2 and Proposition 5.5, we have
[P ()|

e SC (ol + Tl sy + 119" Goral] o

<C (uollscrny + TNl g, + T gl g )

where to the last inequality, we have used the estimate

(0(Diag))”
vl Srvllgees = g
5
SCTl_bH’U| X2:5i0:0 + ||| X;,s;b’+b1,0
1-b—b1
SCT H'UHX;,S;O,O’
thanks to b4+ b; < 1. This implies that
||(I)u0 (u)| Xg*s?bvbl (T) S C (||U0| Hs(T?) + T ||77Z)Tu||§(§,5;b,b1 (T) + " ||77Z)Tu| ngs%bh (T)> .

Similar manipulation yields

[@up (1)~ @ty (12| 01y < CT (14

(2] ey (T)) 1=t o

By choosing r > 0 large and T > 0 small enough, &, is a contraction map on Br(r). W

5.4 Long time a priori estimate

5.4.1 KP-II

Next we prove a lemma which ensures the smallness of low frequency portion as well as
H~1° norm along KP-II flow.

Proposition 5.6
Assume Rg > 0,1y > 0 are given. For any € > 0, there exists a small number dg > 0, such
that for all solutions u of (5.1.6) with

[w(O)|| 25 (r2y < Ro, [[u(0)|| zr-1.0(12) < do,

the solution satisfies

sup [a(t)l oz < e
tE[O,To]
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Proof. First we note that from Cauchy theory,

1 < C(To, Ry).

lull .y <

S,
Zy

Since for any N,
1
[ull3-10er2) < 1P<notullZ2(r2) + WHUH%%T%
0
it would be suffice to estimate || P<y,u(t)]|72 (r2)- We perform a simple energy estimate.

Let v = P<y,u, and w = u — v. v solves the equation

1 1
(0, + 02 + 8;185)1) = Py, <—§0x(vz) — 0, (vw) — éﬁx(wz) —GGv+ w)) :
We have
30y = = IG0 @By — [ v0u(ww) = 5 [ vou(w?
o dt v L2(T2) = v L2(T2) TQU 2 (VW 9 TU (W

+5 [ Pooe?) - [ Go-gu.
TZ

2 -

From bilinear estimate, we have

lo(Bagray = 1O Bacray <CUoN oy (Il gong 10l gooon + 101y
To

+C||vl oo (o703 22(x2) 1w || £ov (0,70 ):22(72))
ull oz

SCTSTO <HuHXO,0;%*b1 Hw| X531 T Hw’ A2XS’5;%'Z’1>
0

oyl e ogzacrey Wl oozt ey
0

< C(T07 RO)

We complete the proof by choosing Ny large enough and §y small such that

5(2) + C(To, R(])N(TS < g

5.4.2 5KP-II

Fix sy € (O, }1) The Stronger dispersion of 5KP-II enable us to prove a finer energy
estimate in H—*09(T?) for bounded L? solutions.
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Proposition 5.7

Assume that Ry > 0,7y > 0 are given. Then there exists a positive increasing function

B Ry xRy = Ry, such that for all solutions u of (5.3.2) with ||u(0)| r2(r2y < Ro, we have
1

8sq TTses
sup |u(t)|| g-s00(r2) < B(Th, Ro) 750 Hu(O)H;fgsg,o(Tz).
te[0,T0)]

Furthermore, for any fivzed Ry > 0, 5(Ty, Ry) depends polynomial on Tj.

Corollary 5.3
Assume Rg > 0,1y > 0 are given. For any € > 0, there exists a small number dg > 0, such
that for all solutions u of (5.3.2) with

lu(O)llzzz2) < Ros lu(0)llr-rozs) < o,

the solution satisfies
sup ||u(t)| 1oy < e
te[0,To]

Remark 5.1

The choice of 69 will be the power of € divided by power of Ty. One can also use local Cauchy
theory in H=*00(T?) for 5KPII to prove Corollary 5.3 directly, which will be enough for
the final proof. However, the small number dy depend exponentially on Ty in this way. In
what follows, we choose to prove Proposition 5.7 via energy estimate, both for relaxing the
restriction on 0y and its own interest.

For the proof, we will perform a slightly different energy estimate as in the last section.
Inspired by the "I-method", firstly introduced by C-K-S-T-T in [15], we define the operator

Inu = F;le(k)ﬁgu,

where the Fourier multiplier

N
9(6) = 17 |€| < N,e(f) = Wa ‘€| > 2N.

for some 0 < 59 < i and a large dyadic number N > 1 to be chosen later. In what follows,

we denote by I the operator Iy.

Lemma 5.1

C
I, Gl 2mre < N

where the constant C' only depend on the operator G.

Proof. Since all the operators are acting on functions of L?(T), it suffices to estimate for
functions of one variable. For any f € L*(T), we calculate

NG ey = DD (gors — 91T, ) (O(K) — 0(k1)) F (k)| -

kE€Z |k1€Z
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We estimate the sum according to kk; > 0 and kk; < 0. If £ and k; have the same sign,
say positive, we use the fundamental theorem of calculus

0(k) — 0(k1)] = \(k | e+ (1 A)k)dA\ < Clb— bl

Thus

2

-~

> (Geetr — GrTr)(O(k) — O(k1)) f (K1)

k1#0,k1k>0

02
S

kEZ
02
<

D

kEZ

2

-~

Z |l€ - k1|(9k—k1 - gkﬁkl)f(lﬁ)

k1 #0

from Young’s convolution inequality and Cauchy-Schwartz, since g € C2°(T) yields (kgx)rez €
[}. If k and k; have different sign, the only contributions of the sum comes from:

| —N<k<Ok>Nor0<k<N.k <—N.
2k<—N,0§k1§NOI"k>N,—N§/€1§O
3. ’k’>N,’k‘1|>N,kk‘1<O.

In both situations we could bound the summation by

~ ~ C
||gk||l21(|k>N|)||f(k)||l22(k) + ||gk||z22Hgk|’z22(|k>N|)Hf(k?)sz?(k) < N2

thanks to Young’s convolution inequality, Cauchy-Schwartz and the fact that g € C°(T).
[ |

We need a dyadic version of bilinear estimate proved in [55].

Lemma 5.2 ([55])
Let uy and uy be two functions defined on R x T? such that

AN m2. .
supp(uj) = {(Tj,k’j,m]’) : ’k‘j‘ ~ Nj, <Tj - k? + j_J> ~ LJ} , ] = 1,2
J
Then

||PN(U1U2)||L2(Rx1r2)

) N, N,)i
<C(Ly A Lg)2(Ly V La)T(Ny A N2)é<}V—;)HU1||L2(R><’]I‘2)HU2||L2(R><’]I‘2)-
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Corollary 5.4
We have that for any uy,us, any 0 < € < 1,

(P, u1) (Pryuz) | 22y < Ce(Ny A Nz)%(NlNﬁi||U1||Xo,o;%+e,o

|U’2 ||X0,0;21xf+e,0 .

The proof of Proposition 5.7 follows the I-method firstly introduced by the authors
of [15]. In order to take advantage of several cancellation relations, we first introduce
some notations briefly. For any two triples (Ny, No, N3), (N7, N3, N3) € (2V)?, we define an
equivalence relation

(N1, Na, N3) ~ (N1, N3, N3)

iff there exists a permutation o, such that (N,q), No(2), No)) = (N1, Ny, N3). We denote
by P all the equivalence classes and [V, Ny, N3], the elements in P. P is the quotient set
of (2V)?/S3 and it gives a partition of (2V)3 .

Proof of Proposition 5.7.

[(udu)(t) - Tu(t) — 2 Re / 1G"Gu(t) - Tu(t)

T2

d
MO =~ 2Re [

T2

< —2Re /2 T(ud,u)(t) - Tu(t) — 2Re/ [1,G*Glu(t) - Tu(t).

We split
/T 2 10,(u®)(t) - Tu(t) = / > 10,(Py,uPryu)(t)TPy,ult).

T2 N1,N2,N3

where the dyadic summation is taken over all dyadic numbers Ny, Ny, N3 > 1. Moreover,
since [ P<y = 1, we can only take the summation above over all triples (N, N2, N3) such
that Nyax :== N1 V N V N3 > &

Indeed,

To estimate the increasing of ||[Tu(t)||3., we need integrate it over the time interval [0, T']
and we denote by Iy, n, n,;. Using the symmetric notation, we rewrite the summation we
want to estimate as

Z TNy No ) = Z Z Ini Ny Ny

P, Nmax>4 P, Nmax> (N1:N3,N3)€[N1,N2, N3]

To remove the annoyed non-smooth time localization 1jy 7], we perform as in [15]. For any
fixed term [N7, Ny, N3] € P, we pick a smooth approximation to the identity G(t) of width
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N;;EO and deﬁne CL[N17N27N3} (t) = 1[07TO]*G[N1,N2,N3] and b[N17N27N3] (t) = 1?07710] _a[Nl,NQ,Ng,] (t)3
We first estimate the contribution of iy, n, ny)(t) to Iny N, n)- From Corollary 5.4, we have

/ b o (1100 (P uPyya) (£ TPy a(t)
RxT?2

=101n5,, Vo, ] () Pyl L2 (mcr2) || 1 O ( Prvy u Py ) || 2 (2
SCNmax”P]\HUPNQuHLQ(RXTg)Hb[Nl,NQ,N3]HLQ(R)HPNSUHLOO(R§L2(T2))

SCENI;:)% ||b[N1,N2,N3} ||L2(R) ||u||§<0,0;%+e,07

where to the last inequality we have used the property that ||bpny ny, ngllze < Np22. We
thus write I[N1,N2,N3} = J[Nl,Ng,Ng} + T'[N1,N2,N3]» with

‘][N17N2,N3} = § : JN{,Nz',Né’T[NthN:s] = I[N17N27N3] - ‘][N17N27N3]
(N{,N4,N5)€[N1,N2,N3]

and

JNl,Ng,Ng :/ Iax(PvaPNQU)(t)]PN3U(t),U = a[N1,N2,N3](t)u-
Rx T2

since ajn, n,,n) is uniformly bounded in L> with respect to the equivalence class [Ny, Ny, N3].
We next investigate the contribution ajn, n, n,)(t). From the trivial estimate for the ap-
proximation of identity and the Sobolev estimate

H(flf2)HH%+E(R) S CGHfluH%JrS(R)’|f2HH%+6(R)’

we have that

[P, < CellPv;ull o4 +e0 Nmax

X070;%+€,7 max *

To estimate Jin, n,,ny], We use Plancherel in space and time to calculate

JINy N2, N3]

_ / S ika(ks)0(k) 3 g O (74, 1) O (73, )
T34+74=0

n3+n4=0 (N{,N4,N%)E[N1,Na,Ns]

_ / ST ik ka)0(ks + ka)0(ks) > [T o (75.m)

1+72473=0 1) 4y 4 n3=0 (N!,N,N4)€E[N1,Na, N3] j=1
3
. 2 —
= —Z/ E k?30<k?3) E H’UNJ{(T]‘,TL]')
T1+72+73=0 n1+n2+n3=0 (N},N4,N,)E[N1,N2, N3] j=1
3

. 3
_—é/ Z Z’@Q(/@V Z H@(ijnj)a
T1+72+73=0

ni+nz+n3=0 j=1 (N{,Né,Né)E[NhNQ,Ng] j=1
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where to the last step, we have used the fact that the permutation of indices of (7;,n;)
keeps the symmetric summation

3
D [ o (55, n5)
(N/ N/ Nl)e[Nl,NQ,N?,] j=1

invariant. For fixed [N, Ny, N3], it would be suffice to estimate the term in which Ny <
Ny < N3. We further decompose the modulation of each v, and we have

_ Ly,L2,L3
J[Nl,Nz,Ns} - § JNl,Ng,Nga
Ly,Lo,L3
where
3
Ly,L2,L3 E E
JN1,N2,N3 - / ( k 6 ) UL N (Tj,ﬂj),
T2 4+73=0 1y g fns=0 Jj=1
and

UL, (Tj,15) = b, (15— ps(ny))) o, (k;)0(75,m5).
Case 1: Ny ~ Ny ~ N3: In this case, we may assume that L, < Ly < L3. From Lemma
5.2, we estimate

2 4
Jivdals <o Nna VT Nmax 5.4.1
N1,N2,Ng —*~'€ N2so HUL N; ||X002+60 ( X )
max L€L4L§ j=1

The modulation condition for fifth order KP-II

3

kimg — ksmy)?
Z(Tj _p5(nj)) = —5k1k}2k‘3(kj§ + k3l€1 + k%) . ( 1773 3 1)

: k1kakis
7=1
implies that Ly > C N2 Npi,. Thus
Ce
L1,La,L
Z JNi,NQQ,]\?g S 3 1006H HX00§+5 0’
Ly,La,L3 rhax
provided that we take e < 400
Case 2: N; < Ny ~ N3: By symmetry, we only need estimate J ]f,l’LQ’ ‘N, separately ac-
cordlng to Ly = Lpax or Ly € L3 = Lpa. From modulation condltlon we have

Liax 2 N N;i. Using mean value theorem, we observe that

3
> ki0(ky)? =kn0(k7) + kol (ka)® + ks (0(k2)? + 2Kk10(ks + Ny )0 (K + My ))
j=1

=0 (N1)
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We apply Lemma 5.2 to estimate

ORI D S S (TP
N1,N2,N3 — L;N; X00§+eo
Ly,L2,L3,L1=Lmax L1,L2,L3,L1=LmaxZN§N1 L LEL2N14 j=1
C.
_TOOE” ||X002+eo
max

Similar estimate yields

Ce
L1,L2,L
2 > IR < e

N<«N1~N3,N1ZN L1,L2,L3,L3=Lmax max

In summary, we have

I[N1,N27N3] < m” HXO e

- We fix e < m and thus
T —
/ / Iax(uz)(t)fu(t)dtdxdy‘
o Jr
Cellull® o Culf? log(N)?
- Z I[Nl,Ng,Ng] < Z lXoé+ < Xo’i;
P, Nunax> & P N>y DVifiax I

since for any fixed dyadic number Ny,
#{[N1, N2, N3] : Nyax = No} < 3log,(No)?.

Combining with Lemma 5.1, we have

Ce <|IUI|§(;50;;+E,O + ||U||§(%)o;g+e,o>

Sup Tu(t 7 S Tu(0 2 +
tE[O,Tl]H ()HLz(Tz) | ()HLz(Tz) =

Notice that

[w(®) [ g-s00(r2) < [[Tu(t)][2(r2) < N*[[w(t)[| g-s0.0(r2),
we have that for any 0 < t < Ty,
B(T()’ RU)

e lzr=so0r2) < N [[u(O)llzr-s0 0002y + =

Y

P

with 8(Ty, Ry) = C.(a(Ty, Ro)*R3 + 1). We complete the proof by optimally choosing

N = ( 6(T07R0) )H—SSO
”U<O)”H—Soﬂ0(1r2)
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5.5 Observability for high frequencies

In this section, we will consider the inhomogeneous linearized KP-II type equations in a
uniform way

O+ (=12 u + 9,1 0%u = F, (5.5.1)
where the system is KP-II if [ = 1 and 5-KP-II if [ = 2. Each Fourier mode in y, u,,,
satisfies

Oty + (=102, — m20, = F. (5.5.2)

To capture the high frequency information |m| > 1, we write |m| = # and reduce
the study of (5.5.2) to the semi-classical equation

0w 4+ (—1) 7N (RO P w — (h,) tw = RS, (5.5.3)

5.5.1 Semi-classical estimate

To perform the one dimensional analysis and simplify the notation, we introduce semi-
classical Bourgain space via the norm

lull oo = |17 — B2 (k) (R K2
where 1
L) = 2+ _ 2
p(k) -

We need a lemma. In what follows, we pick a family of parameter-dependent cutoff

functi(;n (Xeo)o<eg<1 € CP(R) with x(r) = 1,¢0 < |r| < % and x(r) = 0 for |r| < ¢ or
|7”‘ > o

Lemma 5.3
Fiz p € C*(T). For any given ¢y > 0, there exists a constant C,y = Cey(p) > 0 such that

[Tso [(€42(h D)™ — (haDy) ™o, ] Xeo (M D2 2y 2 < Ceola, (5.5.4)
Mo [((71 D) — €2(ha Dy) ™) lzo, @] Xeo (M D) 12y 2 < Coghas (5.5.5)
uniformly for any 0 < e <1 and 0 < hy < 1.

Proof. The proof follows from direct calculation. We only prove (5.5.4) and (5.5.5) will
follow in the same way. Take v = y,(h1D,)u, we have

1 . -
F (€2 (D)™ = (hDy) ™) T (pv) (k) = (e””(hlk)?’“ - m) Ligo@(k — k1)B(k),
k1
1
F (¢ (¥2(h D)™ — (hiDy) ™ ") ILsov) (k) = Z (8“2(}111@1)2”1 — ) 1i,20P(k — k1)0(ky).
1h1

k1
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Taking the difference of the two expressions, we have (note that v(0) = 0)
F (H7£0 [<€2l+2(h1Dz)2l+1 _ (thg;)_l)H7£0; 30} U) (k‘)
1 /1 1
(HFPAFL (2T 201 ~

k170
We conclude by the algebraic manipulation

1 1
2042 2041~ ) 2042 20+1
(6 (hlk) hlk‘) <€ (h1k1> _hlkl)

2
=hy(k — ky) (Z ( 2l;_ ! > (2 (haky ) (ha(k — k1)) + % (ki% + (k;lk—k_/,%k)>>

j=0

since all the factors (k — k1)’ will fall on ¢ as derivatives and all the power (hik;)® is a
bounded Fourier multiplier. [ |

For dyadic number N > 1, we denote by wy = Pyw, fxy = Py f. Pick ¢ € C°(R) with
0<¢ <1,9|1/21/9 =1, ¥(t) = 0,[t| > 1. For any T > 0, we define ¢p(-) := (T ).

Lemma 5.4
Gwen T > 0, there ezrist a small parameter O < hg < 1, such that for all 0 < h < hy,
<N 2 (5.5.3) satisfies

2100h ’

[or(Ownllze <Crhlllbr(Ownl oy llvr@fnll oy
S X (5.5.6)
+Cr[[¢r(t)gwnllzz

where the constant Cr depends only on T > 0.

Proof. In the calculation below, all the implicit constants depend on T'. Let
A(z, hD,) = p(a)p' (hD,) "' x(hD,)

where the cutoff Y = y2-100. Denote by vy = r(t)wy and P, = h?*19, — ip(hD,). On
the one hand, we calculate

<%[A(x, hDy), Pylv;, Uj) =- (%[A(x, hD,), p(hDq)]vn, UN)

2
LtA,z

2, (5.5.7)
=(¢'()ow, o)z, + OM)lowllzs -

In the calculus above, we have used symbolic calculus and the Poisson bracket(see [63])
that {¢(z)x(§)p' (€)™, p(&)} = ¢'(z)x(£). On the other hand, we calculate the commutator
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by using the equation Pywy = h¥*+! fy that

% ([A(e,hD,), Pilow . vx) 2. :% (A, hD,)Paon). on) 2 — (PuA(e, hD,)(ww). on) )
= (W A(z, hD,) fxtr, wN)ng + (R A(x, hD, )hw, UN)L%@
+ (B A(w, hDy)on, Y ) .+ (B A, ADp)grwn, Prfn) 1,
=h*'(A(z, hDy )Y f, Yrwn)rz + W (A(z, hDy)rwy, brfn)pz,
+O(h2l)||¢TwN||igz-

(5.5.8)
From Cauchy-Schwartz, we have
h? (A(z, th)iﬁTwN,l/foN)ng < h¥ "H#OSO(x)p/(th)_IX(hDac)wTwNH ||¢TfNH X0 1.
(5 5 9)

We need estimate the two terms on the right hand side. For the first term, though the
Fourier multiplier p/(h.D,)~'x(hD,) is uniformly bounded on X:“**"" multiplication by
() is not. We observe that for any space-time function Gy = PyvGy,

1Mo ()Gx 20 SIG %0,
2

I oo (@) G e =T ()Gl + B4 [ (241D, = p(hD.)) ()G o

SIGNIZ o + 24| [ Maagp(w) (b2 Dy = p(h D)) G

s,0
Xh

A2 ([TLg [(R41D, — p(hD,) Lo, o] G|

5,0
h

1
Yoo+ gy Mo (A D)Mo, ] Gl

s,0
Xh

NIIGNI

|Gyl

Xsl,

<l
~ p4

thanks to Lemma 5.3. From interpolation, we have

1
ot S3lIGwIL

h

[Tz (2) G|

h

Therefore,

h% )(A(L hDg)prwn, ¥rfn)e | S

||77Z)TU)N||X2,% ||¢TfN||X2,—% :
Similarly,

h* )(A(l“» hD,)Yr fn, ¢TwN)L§,$

S thwTwNHXfL,% ‘WTJENHXZ,f%-
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Combining (5.5.7),(5.5.8), we have obtained that

(¢ (x)Yrwn, wTwN)L?’Z <

MOl oy 190l oy

h

for any function ¢ € C*(T). Fix any xy € T and any smooth function 6, there exists
¢ € C*(T) such that

¢'(z) = 0(z) — 0(z — l‘o)-
Now we take § > 0 such that supp(6) { reT: gz 4} and this implies that
(0(- — xo)Yrw, @/)TwN)Lgx =

+Crllgrwn ||%§z :

[¥r(Eywnll oy (O Fxll oy

h

Now we conclude by choosing a finite set S of xg such that

|J supp(6(- — o)) = T

ToES

Lemma 5.5
G’iven T > O There exists 0 < ¢¢g < 1 and 0 < hg < 1,hg < €, such that for any

T <N< s, and any solution wy of (5.5.3), we have

lWr@wnlzz, <Corh™ Nlvr@wsll oy lvr@) fxll o3
’ h h

2 (5.5.10)
+CqrlYr(t)gunliz:

where the constant Cg, v depends only on €y, T

Proof. We first chose ¢y > 0, small enough to fit the semi-classical pseudo-differential
calculus, which will be made precise implicitly later. Define a new semi-classical parameter
hy =2 =1 < ¢, we rewrite the equation (5.5.3) as

h%l+1€2l+28tUJN - ipe(thm)wN = €2l+2h%l+1fN (5511)

with

p€<§-> — 62l+2£2l+1 . 1
§

Define the operator A(z, hiD,) = p(x)p.(hiD,)"'x(h1D,). As in the proof of previous
lemma, we compute the commutator

1
= ([Alw, D), B 20, — ipe(ha D) | by, brwn)

1
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in two ways. From symbolic calculus, we have

1
—(TA h Da: h2l+1 2l+28 . hiD
Iy ([ (w,h1Dg), hi e ipe(h )} wTwNa'@DTwN)Lt’m (5.5.12)

= (¢'(x) 7wy, wN)L?,x + O(hl)H@DTwNH%gI-

We remark that the implicit constant in big O is independent of €. Using equation satisfied
by wy, we have

1

e ([A(z, hiDy), W20, — ip (D 2] ¢TU1N7¢T’U)N)L2
1

— ]2+ (A(a:,thx)waNijwN)L%z 4 RAH2 (A(x, thf’f)wTwmwaN)ng (5.5.13)

+O(R' ) [hrwnllZ; -

Combining (5.5.12),(5.5.13), we have

‘(A(x, hi Dy )Yr [ wTwN)Lix
(A(z, hi Dy )yrwy, ¢TfN)L§’I

(Sﬁl(f)@bTwNa@/JTwN)Lg’m Shie

+h%l€2l+2

(5.5.14)

The two terms on the right hand side are of the same type. Hence we only detail the
estimate for the second term. For N ~ i and any frequency localized space-time function

Gn = PyGy, we have|| Il p(x )GNHXso S ||GN||Xs,07 and

100 (@) Gl SIGN e + [ Topla) (Dy = D2 4+ W= D) Gy o
+ [T [(D2 = D21 4 W=D, ] G o
SN e + ([T [(D2F! = h= D), ] G| 0

||H7A0 [(DiHl o h7(21+2)D;1)H7§0, go} GN|

XS,O

1
=t Lo [ D™ — D 0,D,) )L, 6] G
1

X0
1 _
=i s | (€72 (D)™ = (7 Do) ™Mo, 0] G| oo
1
1
:W |G| x50

thanks to Lemma 5.3. Thus from interpolation, we have

lp(x) S e ZHIIGNII e
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Therefore,
h%lemw (A(xathx)wTwNawaN)Lgx Shl1€l+1||¢TwN||Xo,%“waNHXo,f%
’ h h

The rest argument is the same as in the proof of Lemma 5.4.
[ |

Lemma 5.6
Given T' > 0. There exists 0 < €9 < 1 such that for any h > 0(not necessarily small) and

any N > % v #, all solution w to (5.5.3) satisfies

lor@unlBy . <Cor N7 ortywnll ozller@ fvl oy
’ h

h

2 (5.5.15)
+Cqrl[¢rt)gwn|z:

where the constant Ce, v only depends on €y, T

Proof. We first choose ¢y > 0 as in Lemma 5.5. Set h; = eh ~ % < ¢y and we rewrite the
equation 5.5.3 as

R 0wy — iqe(hiDy)wy = W3 fy (5.5.16)
with
2042
Ge(6) =& -
‘ §

Define A(x, hyD,) = ¢(x)q.(hiD,) " x(hy1D,) and we calculate on the one hand that

1 .
h_ ([A($7 thw)v h%Hlat - Zq€<h1D:ﬂ)]¢TwNa wTwN) 2.

1
= (¢ (@)rwy, Yrwn) g+ O(h)llrwllz; |

where the implicit constant in the big O does not depend on h;,h and e. On the other
hand, we use the equation to write

1 )

h_ ([A(J:? thw)v h%Hlat - Zq€<h1Dx)]¢TwNa wTwN) 12
1 t,x

=h3" (A(x, i D) Yr fx, wTwN)ng + 3 (A(x, hy Dy )rwy, waJ\f)L%z

FOW)[Yrwnls
We estimate

R (A, aDy)grwn, drfn) e | S BTk A(z, hn De)yrwnl| oy llorfull o-y-
' h h
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For Gy = PyGy, we have ||H¢0g0(x)GN||XZ,o < HGN”XZ’O’ and

T2 ()G |

xet SIGNlxar + [T [(De + DEF = B2 D70, o] G|

X0
1

SIGwlxr + rom [To [ge(ha Do) 0, ] Gl 0
1

< 1

Nh—%lHGNHx;’L

Therefore, from interpolation and Lemma 5.3, we have

lp(x)

1

X2’7 Al | :

2

,_.

Applying the estimate above to Gy = ¢.(h1D,) ' x(hiD,)wy, we have
W (A, Do) Yrwn, vrfn) | S illbrwnl| oy llorfall oy
! h h

The rest argument is the same as in the proof of Lemma 5.4 and we omit the details. W

Proposition 5.8
Fiz ey > 0,7 > 0. There exists 0 < hg < 1, Cqyr > 0, 0 > 0, and a dyadic number
No > 1, such that for all h < hg, all Ny > Ny, and all solution w of (5.5.3),

1
o7 Py wllzs SC&07TF19"¢TPZN1/QM||X2,% ||¢TP2N1/2f||Xo,—%
C

607

N2

+Car (9P 2w) 72 + [ Pon,awllzs -

Proof. Denote by wsn, <y, = P>n, P<n,w. Fix any ¢) < 1 as in Lemma 5.5 and 5.6. We
also denote by Ny = Ae,* with the big constant A > 0 to be chosen later such that

hA < 271%¢ < 1. (5.5.17)

From Lemma 5.5, we have

> Wrenlly, <Cor 30 N rtusl el oy

& <N<so;, & <N<;mm;
+Cor Y, lr(t)gunlis -
G*NS 2100h

We note that here and in the sequel, the summations taken over N, M and another captical
alphabets are all dyadic summations. Using the commutator estimate

C
g, Px]llze—z2 < N
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we have

o (£)ws vy <2005 1175
l
€
<Ce.r ffz [ (t)w> Ny 2,<2-99n-1 HX;),% [0 () f>No2,<2-990-1 HXZ,—% (5.5.18)

E0 607

+Ce, 7 |1¥1 Pongj2 Pa-oon=1 (g2 o p2) |72 + [r(Owsnoslzz
where the constants C¢, 7 may change while keeping the dependence of ¢, and T'.

From Lemma 5.4, we have

S lurunl <Cr 3 Kller®ul oy e Syl ooy

1 2100 2100 h
st SNSZE <N<22

100h

+0r Y lvr(t)gwnllzs

1 5100
100y, <N< h

2

From the commutator estimate, we have

2
> rgunlly, < Cr|[rPe_y Poaw (qusny)|

2100 t,z

+ Crh* [rwsny 27z

2100h 7N<

and thus
2

TW 1 2100
H¢ =100, S TR g2

<0Th H@/}Tw i <2101
=2l0Tp>="h

5101
2101h’§7h

ng,% (5.5.19)

2
+Cr HwTP - P<2100 (gw>NO/2) L2

t,x

+ CThZWTszo/?Higx-

Finally from Lemma 5.6 and similar arguments, we have
2

I
€
0
SCEO,T_AI “¢Tw2 29

HwT“’z¥

waE%

0,-%

0.3
Xn Xp

2
Lt,a:

2 (5.5.20)
€
+ CEO,TA_%HQ/JTUJEN()mH%gI.

2
+Ce.r H%%@(ng]\fom) o

t,x

Finally, by choosing A% > 210¢2C,, 7+ 2'% and hy < we have that for all h < hy,

€0
2100 4 7

1
lbrwsmollZs SCEO,TWHWWZNOMHXO,% ||¢Tf2No/2||X2,—% + Coorllgwsno2llzz

+ ]i; ||@/JT7~U>N0/2||L2 :
0

for some € > 0. The estimate still holds true for any N; > Nj.
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5.5.2 high-frequency estimate for inhomogeneous linear equation

Proposition 5.9
Given T > 0, there exist a large dyadic number Ny > 0 and C = C(T, Ny) > 0 such that
for any solutions u to (5.5.1) and any Ny > Ny, we have

C C
19r () Pe il Z2mscrz) <5 ll9r(ull oy 190 (OF oy + 1m0 Poni jpull 2
1 1

+CYr(t)gPo vy ull72 @) -
(5.5.21)

Moreover, the same inequality holds if the second term on the right hand side is replaced
by HwT(t)(gple/W)H%%Rx?ﬂ)'

Proof. Take an integer mg > 0 such that mgy' < hg, where hg > 0 is given in Proposition

. : . 1
5.8. For any integer m, |m| > mg, we define a semi-classical parameter h = |m|” 71, and
from Proposition 5.8, we have

C
197 () Po vy Tt 2 g2y SWHW@)MUHXO,% [ (O)mm Fll o3

C
+m||T/JT(t)WszNI/ﬂ”%%RxT?) + 11 (£)g7m Po ny j20| 22 gser2) -
1
(5.5.22)

Summing over all integers |m| > my, we obtain that

157 () Po vy o |72 ey SWHIﬁT(t)WzmoUHXo,% 17 @) T2me F| o3

C
1 () g7 2mo Pony ull 22 gscrzy + m||¢T(t)ﬂzmopzf\h/?u”%?(Rx’ﬂ‘Q)7
1

where we have used that fact that 7, is interchangeable with the multiplication by g(z).
Now we claim that the inequality (5.5.22) also holds true Indeed if we change m,,u by
T<moW. This fact can be deduced easily by repeating the proof of Lemma 5.6.

Indeed, in the proof of Proposition 5.8, the semi-classical parameter is chosen so that
h < hy ~ m This means that mg ~ 2100(”1)]\[(1)“. The small number ¢; > 0 can be

firstly fixed to fit the hy pseudo-differential calculus (in = variable). The dyadic number
Ny > % has been fixed after fixing €. We can then choose Ny > N, large enough, such

that Ny > % Therefore, we can apply the proof of Lemma 5.6 to gain a factor Ny in
0
front of [|¢(£)my F| o1, uniformly in 0 < m < mq (In the proof of Lemma 5.6, we do the

semi-classical analysis with respect to hy ~ €h instead of k). Summing over all 0 < m < my
yields

C
1o () Pory w20t 72 o) SWH@DT(UW#WHXO,% [orO)m20Fll o

C
+’WT(t)QW#OPENl/ZUH%%Rx?r?) + mH¢T(t)ﬂ¢0P2N1/2U|’%%Rxﬂr?)
i
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since g commutes with 7<,, 7. To complete the proof of (5.5.21), it remains to treat the
zero Fourier mode myu. Notice that v = P>y, mou satisfies the inhomogeneous KdV

8t?J + (—1)l_10gl+1v = PZN17T7£OF

equation and the argument in the proof of Lemma 5.6 still valid.

Finally, In order to replace ||¢7(t)P>n, 2(gu)| 2@xt12) by [|[¥7(t)P>nN, /2(G0) || L2(RxT2),
we write

GPsn,jou = g(x) Pop, pu — g() (/ P2N1/49($')P2N1/2Ud$') :
T

Since g is smooth, we have || P>y, /49| L2(m) < N%, and we finally obtain that

C
1 (6) Py ull 2 ey <5 l19m (Ol go g 19 (0 F oy
1

C
| (8)G Py, jatl| 722y + m'|¢T‘Ple/2u||%2(RXT2)‘
1

[ |
5.6 Stabilization
5.6.1 Conditional observability for data in L?(T?)
We first prove the conditional observability for both general KP-II type equations
Ou+ (=1)!7102 w4+ 0,1 02u + ud,u = —G*Gu,  (t,z) € R x T?, (5.6.1)
Um0 = ug € H(T?), o

Proposition 5.10
Given Ry > 0,T > 0, there exist eg > 0 and Cr > 0, such that for allug € L3(T?) satisfying
|uol| z2(r2)y < Ro, if the solution u to (5.6.1) with [ =1 or | = 2 satisfies

sup ||u(t)||g-roer2) < €o,
te[0,T

then .
ol < Cr [ 1Gu(O st
The constant Cr depends only on T, Ry and €q.

Proof. We argue by contradiction. Suppose there exists a sequence u,, o € L3(T?) with

||un,0HL2(']T2) < Roagi_{glo ||UnHLOO([O,T};H*LO(T?)) =0,
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and i
lim - _
nee ||un,0 HLQ('I[Q)
Denote by a,, := ||t 0] r2(r2) and 3, ;= sup ||un(t)||H71,0(Tz). From Cauchy theory, we

te[0,7)

< (T, Ro), if Il =1 and [[up || yo.0001 .y < (T, Ry) if | = 2.
5

have [u,ll 0

(T) (T)

Case 1: o, — a > 0.

After normalization, we may assume that |[u,o||r2(r2) = 1 for all n and

T
lnllZ2(0,7/2:22m2) = 75
L2((0T/2):L2(T?) = T

since

t
[ ()17 2(p2) = l1tm0ll72(r2) —/ Gt (8) |72 2yt
0

Thanks to Corollary 5.9, for any large number N;, we have

1
2

Cl *
”PZNlu"H%Q([O,T/Z}xTQ) SWHunHX%% [(unOpup + G gun)”X;
- c (5.6.2)
401 [ 1Pt et + S P, o
0 1

where the constant C is independent of N;. From Cauchy-theory, commutator estimate
and bilinear-estimate, we have

OQ(Ta RO)
HPZNIUTIH%Q([O,T/Q]xTQ) < TN + On, (5.6.3)
1

with 9,, — 0 as n — oo. Since

I P<nvytnll T2 0.0 /2xm2) < NillunllZa o,z 2y -10) < Nidn,

we have that (T, o)
2 y 410
lnll 220 72 xm2) < TN + N .

Now we take Ny large enough such that

Cy(T,Ry) T
T — < .
N 20

Therefore,

T i ] < G(T, Ro) - r
— < limsup ||uy, S — <an
10 = n_mp L2((0,7/2)xT2) N? 20



5.6. Stabilization 183

which is a contradiction.
case 2: o, — a = 0.

In this case, we make the substitution u, := **. w, satisfies

0+ 02+ (1)), = —aun Oy, — GG,

The classical boot-strap argument yields (u,) is a bounded sequence in E(T'), where
BE(T) := 2% (T) if | = 1 and E(T) = XJ"""(T) if | = 2. Observe that ||@,(0)|| z2(r2) = 1,
and

T
/0 ngNn(t)Hi2(T2)dt — 0.

Note that in this case, the nonlinear term o,u,0,u, — 0 strongly in F(T) and we do
not need the smallness of ||uy, ||z-1.0¢r2y (it is not necessarily small). We need the following
lemma from linear analysis.

Lemma 5.7

Denote by So41(t) = e (T =00)  Then,

T
| P<o @150 (0) | 7272y < CT/ 1G Py Sar1 ()0 (0) |72 g2y d,
0
in which My > Ny and the constant Cr only depends on T > 0.

Proof. The proof is explicit calculation. We write

. m2
U(]f, x, y) = PSNOQZMO S2[+1 (t)u((]) — Z ak7m61km+lmy€7”<k2lﬂ*T)
0<]k|<2No,|m|>Mq /2

. . i 20+1_ m?2
Gu(t,z,y) = Z ethotimy Z (Gr—k1 = GrGr1 ) Aky me ()

k,|m|ZM()/2 0<|k‘1|§2N0
2
T ) T 7it(k,2l+1im72>
/ 1Gv (@) |72(p2ydt = Z / Z (Gk—ky — GKGR ) Ak me N B/ dt
0 0

k,‘m‘ZM()/Q 0<|k‘1‘§2N()

=0 Z (Z |ty — gk9k1|2> [y
k

k1,lm|>Mo/2

> Col[v(0) [ Z2(r2)-

For the first inequality, we have used Ingham inequality since for My > N, and the spectral
gap

1 1
k%l—kl . k%l-ﬁ-l +m? (_ _ _) ‘ > >0 (5.6.4)
ka kb

inf
k1#k2,0<|k1],| k2| <No
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and 7y can be chosen independent of Ny, provided that we fix My > Ny large enough.
This implies that the constant (' is independent of Nj.

For the second inequality, we use the fact that
1 2w

—ikx
- d
o [ ot s

gk

which satisfies go = 1 and |gx| < 1 for all k£ # 0. Therefore,

: 2
inf 5 ke — >co>0
0< k1| <No - |gk k1 gkgk1| = 0

independent of Ny. Hence the constant C5 does not depend on Nj. |

We apply this lemma to u,(0). Take My > Ny and we have

1Py @6t (0) |72 72
2

t
GP<n, / Sor1(t — ') upn Oy, () dt’
0

T
<Cr [ 0P (Ol ot + Cr
0

L2([0,T]xT2)
t 2
+Cr ngNO/ Sor1(t —t")G*Gu, (t)dt’
0 L2([0,T]xT2)
T 2 21712 Cr 2
<Cr ||gun(t)||L2(T2)dt + CTanHunHE(T) + WHUTLHE(T)'
0 0
This implies that
. — C
lim sup || Peany @102t (0)|[2272) < <5 (5.6.5)
n—00 0

Applying Corollary 5.9, we have

02 (T7 RO)

5
Ne ot

|15 NoUn | £2(10,7/21xT2) <

as in Case 1. Notice that

1d
2dt

~2

i _ w? _ e
1Po o tin [ Z2p2) = — an/ P nytn - PopyOr (7) dx —/ P NyUn P> 3y G Gindr,
T2 e

Integrating in time, bilinear estimate yield

~ 1
| P> Nyt (0)|| L2(r2y < Cp (—9 + 5n) ;
Ng
thanks to «,, — 0. By choosing N, large enough and My > N, for sufficiently large n, we
have || P<an, Q<211 Un (0)]| r2¢r2) > 5. Up to a subsequence, we assume that u,(0) converges
to weakly to @ in L?(T?). Thus from Rellich theorem, we have that

1

1P<2ne @2y ol 22y 2 5 (5.6.6)



5.6. Stabilization 185

by taking Ny and M, large enough. Now since a,u,0,u, — 0, strongly in L2([0,T] x T?)
as well as G*Gu,,, there exists a subsequence of wu,, (still denoted by wu,) which converges to
u weakly in L*([0,T] x T?) and @ is the solution of linear KP-II equation

Oy + (—1) 182G + 071027 = 0
ﬂ|t:0 = ao S L(Z)(TQ), (567)
Gii| = 0, in D)(T?).

On the support of g, we have u(t, z,y) = C(t,y). Rewriting the equation as
Ou(Ou + (=) 0241 0) + 02U = 0,

we have that 92C(t,y) = 0 and thus % rjx» = C(t), in the distributional sense. From the
equation, we also have 9,02 j 1) = —C’(t) in D'([0, T] x w). Take non-zero function
X € C*(w), depending only on x variable and y > 0, we have

—i-Tcwwmﬁ/

2 0 T

T
x@)de = [ vty [ @), 0%t 0,y)dudy =0
0 T2

T

from integrating by part on y variable. This implies that / C'(t)y(t)dt = 0 for any

0
€ C((0,7)). Thus C'(t) = 0,a.e. and |, = Cj in the distributional sense. The unique

continuation argument for linear KP-II (see [56]) yields w = Cy = 0 since u € Dj. This
contradicts to (5.6.6). [

As a consequence, we have the L? stabilization.

Corollary 5.5
Let s > 0, Ry > 0 be given. There exist C' > 0,7 > 0 and oy > 0 such that the inequality

||u(t)||L2(T2) S CB_WHUQHL%W)J > 0

holds for every solution u of damped KP-II equation (5.1.6) with initial data in Ss, such
that ||u0”Hs('ﬂ‘2) < Ro.

Proof. The proof follows from a standard argument by using semi-group property. Let
T > 0,69 > 0 as in Proposition 5.10. Let

log ¢y — log Ry
Nao =
0 log(Cr — 2) —log Cr

J + ]_,To = ’I’L()T.

From Corollary 5.6, there exists §y > 0 such that if u(0) € Ss,, we have

sup ||u(t)||g-1o(r2y < €o.
te[0,To]
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Thus we can apply Proposition 5.10 for time interval [nT, (n + 1)T] with 0 <n < ny — 1.
Thus

(n+1)T 1
ol (24 DT ey = DD~ [ 160Nt < (1 5 ) BTl

This implies that
1 n
Ju(nT) oy < (1= =] Nu(0)]3 (5.6.8)
Cr

for n < ng — 1 and [|u(Tp)[|72(2) < €. Since the L? norm is non increasing, (5.6.8) holds
true for all n. This completes the proof. |

The same argument yields the stabilization for 5KP-II.

Corollary 5.6
Let Ry > 0 be given. There exist C' > 0,7 > 0 and 69 > 0 such that the inequality

||u(t)||L2(T2) < 06_7t||u0||L2(T2),t >0
holds for every solution u of damped 5KP-1I equation (5.1.7) with initial data in Ss, such

that HuUHLQ(TQ) < Ro.

5.6.2 Stabilization for in H*(T?)

Proof of Theorem 5.1. Now we turn to the proof of stabilization for general s > 0. This is
a consequence of L?— stabilization and a stability argument. We mainly follow the strategy
in [41], in which the authors dealt with the stabilization for KdV equation.

Define the semi-group Sg () be the solution map associated with the dissipative equation

dpu + Pu + Qgglc?ggu = —G*Gu, (t,r) € R x T? (5.6.9)
uli=o = uo € Lg(T?),
We need the following lemma about the bilinear estimate for the semi-group Sg(t).
Lemma 5.8
Let I C R be any finite time interval. Then the bilinear estimate
||Sg(t)U0| Zs’%(l) S O(I)HU0| Hs(TQ). (5610)
t
/0 Sg(t — )0 (uwv)(t)dt’ b < C(D)||u| ZS,%(I)||U| 24 (5.6.11)

holds true.
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The proof is similar as in [41]|. For the sake of completeness, we briefly recall the proof
here.

Proof. We may assume that I = [0,7]. From Duhamel furlmula, we have

S(t)uy = S(#)uo — /0 S(t— )G G (Se (1ot

For the first inequality, we use the usual bilinear estimate and the fact(see the proof of
Theorem 5.3)

167Gl < CT"|v|

(5.6.12)

1 1
7572 (T) 753 (T)

to get

[:Sg (t)uol we(r2) + CT || Sg (t)uo|

753 (T) <Cluol Z3(T)"

Then (5.6.10) follows for all 7" < Ty with Ty < (20)_5. For T' > Tj, we can partition

[0, 7] into finite many intervals of length at most 7 and conclude by induction. Now we
prove (5.6.11). Observe that

/ 8ot — VF ()l = / S(t — 1V F ()t
— /tS(t —t) (/H/ S(—t”)Q*QSg(t”)F(t’)dt”) dt’

- /0 St — 1) F(r)dr

- /0 "S- ( /0 ' GGSg(r a)F(a)do) dr,

where in the last step, we have used the change of variable 7 = ¢’ +t,0 = t'. Put
F = —0,(uv). Applying Lemma 5.4, the usual bilinear estimate, we have that

/0 St — ) ( /0 G*GSg(r — 0)F(0) da) "

Thus there exists Ty > 0 such that CTy" < 1 and (5.6.11) is true for all T < Ty. The case
T > T, follows from (5.6.10) and induction. [

<cor”

/0 Sg(t — 7)0y(uv)(7)dT

1 1 )
z>2(T) Z°32(T)

Now we prove the stabilization for any s > 0. We first deal with the case s = 3.
From L?— stabilization and Cauchy theory, for any 7" > 0, there exists a number Cp =
C(T, ||uo| z2(r2)) such that for all ¢ > 0,

I3y < O ol
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In particular, given any 7" > 0 and € > 0, there exists T} = T} (e, ||uo|| 2(r3)) > 0 such that
for any ¢t > 17,
”unzov%([t,tﬁ]) Se

Let v = dyu or dyu as in the proof of Cauchy problem, thus
O + Opv + 0, ' 0iv = =0, (uv) — G*Gu.

We first assume that Suppose that ug € Hj(T?). Fixing t* = T}, we write

v(t) = Sg(t)v(0) —/0 Sg(t — )0, (uv)(t)dt'.

From stabilization result for linear KP-II equation (see Appendix), we have that for any
T >0,
156 (£)v(0) ]| L2(r2y < Coe™* [u(0)]] L2(x2)

where the constants Cy, ¢g are independent of 7" and ¢*. From the proof of Cauchy problem,
we have

Jo((n+ DTz <Coe™ 0T ety + Callull ot sy 12020 sy

SCDG_COTH’U( )HL2(T2 + OTEHU” [nT (n+1)T])

We also have

1]l o < Crllo(nT)| L2 (r2) + Crel|v]] 0

[nT (n+1)T7) [nT (n+1)T])"

Now fix any ¢; € (0,¢g), we take T > 0 large enough such that

Coe T < 1e’ClT
5 )

Then we fix T" and choose ¢ > 0 small enough so that

1 1
Cre < = C’%e<4 —al,

Thus we have

[o((n+ 1)T) || z2(r2) < (Coe™ " +2C7€) [v(nT)| 1212
<e”|o(nT) || p2(r2).-

Therefore,
HU(t)HLQ(TQ) < C(HU(O)’|L2(T2))€7clt”1}( )HLz T2), for all ¢ > 0.

By taking v = 92u, Jju, the same arguments yields

185 (t) | 2cr2) + [[w(t) [ mros(r2y < C(l|uollmscrz))e™|[w(0) || (2.
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From the equation
—Ou = Pu+ 0, Oju+ udyu + G*Gu,

we have that
|8%u(t) | 2oy <Nyl ey + 105 0u(t) | 2
1 1
+C )l (1+ a2 gy 10300 Fa g2y ) -

This implies that
cjt

Hu(t) ”H3(’]I‘2) < C(”uoHHB(Tz))ef

for some 0 < ¢; < ¢;. Now by induction, the stabilization holds for any s € 3N. To
complete the proof, it would be suffice to deal with the case s € (0,3). Observe that
w = u — v satisfies

Ow + PPw + 8;18510 = —0z(w(u+v)) — G*'Gw,
we can repeat the argument above to obtain
lu(t) = v(®)ll 22y < Croe™ " u(0) — v(0)l] 2(2),

for all [|u(0)||z2(my2 < Ro, [[v(0)||2r2) < Ro. Applying interpolation theorem 5.5, the H*
stabilization holds true. |

Finally, the proof of Theorem 5.2 follows the same way as for KP-II by changing the

functional spaces adapted to the Cauchy problem of 5KP-II equation. We thus omit the
details.

5.A Stabilization for linear equation

Consider the damped general linear KP-I1

_1\l-1921+1 -19524 = —G* 2
{@H( DO ut 0,100 = =G"Gu, - (t,a) € R X T, (5.A.1)

U|t:0 = Ug € L%(Tz),
Proposition 5.11
Let s > 0. There ezists constants C' = CL,v = ~v5 > 0 such that for all solutions u to
(5.A.1) with initial data uy € HS(T?),

lu()llecr2y < C'e™ uo| s (r2).

Proof. First we assume that s = 0. From semi-group property, it suffices to show that
there exists 7' > 0 and Cr > 0 such that for all solutions uy € L3(T?),

T
ol 72y < CT/O 1G:Sg(£)u(0) 172 (2)dt, (5.A.2)
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where we denote by S\ j56(t) the linear semi-group associated to (5.A.1). In chapter 3 2,
we know that the observability for undamped linear KP-II holds true, namely

T
HUOH%?(T?) < OT/ |’g52l+1(t)U0H%2(T2)dt- (5.A.3)
0

We denote by u(t) = Sg(t)ug and v(t) = S(t)ug and w(t) = v(t) — u(t). w solves
(0 + (—1)7 1o+ ¢ 9,102 w = G*Gu.

Multiplying by w and integrating on T?, we have

1d

5 il = [ Go(®)- Gult)dady — Gu(t) ey
TQ

<C(ONIGv)[ 722y — (1 = OIGut)l|7z2)-

Thus .
lew(8) 22, < C(e) /0 G0t |2 (5.A.4)

T T
1t [ 1600t < [ 1Gu(0) et then

T T
lt0l122m2) = 10(0)|Zpey < O / 1G0(t)[[25msyd < Cr / |Gt .

Otherwise, we have

T T T
o[22y < Cr / |G| gpalt < Cr ( / 1Gua(t) 2y + / ugw@)r\zmdt).

From (5.A.4) we have

T
1
|Gw|| 20,1 x12) SC||w||L2(0,1)x12) < C(E)TQ/ |Gul| L2(j0,11xT2),
0

and this gives (5.A.2). To finish the proof of general s > 0, we first observe that
[w(t)]] o5z 12y < C'e™ g o (2,

for any integer s;. Next we replace u by d;u and deduce that the stabilization holds for
any uy € H312 s, 55 € N. Other values of s follows from interpolation. This completes
the proof. |

2Though the we only treat KP-II equation, namely [ = 1, in chapter 3, the generalization to any integer
I > 1 is trivial.
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5.B Nonlinear Interpolation result

Let (Ag, A1) and (By, By) are two pair of Banach spaces. Ay C A, By C By. Suppose that
the map (nonlinear) T': Ay — By and T : A; — B satisfies

o [|Ta—=Tbl5, < f(llalla, [[bla)lla = bl3,,Va, b e Ay,
o |Tallg, < g(llalla)lall,, Va € Ao,

where f, g are continuous functions.

Theorem 5.5 ([59])
Forany0 <6 <1,1<p< oo, we have

— 1—n)B+na
ITall(zo.5.),, < Ca@llalla) =" f(llalla,, 2llalla,)"lall G2,

where n and q are given by

I-n 1-0a

no 0 f

q:max{l,#}.
(1 =n)B+no

: : _ _ T2(2 _ _ 3 (2 __ s _
9 0 — - ) - - ) — g T 4
In our apphcamons we take A BO L (T ) Al Bl H (T ) 0 3 P 2. Thus
(HS, L2)6’,2 = H? for 0 < s < 3. T be the solution map U(O) — U(t) and a = ﬁ = 1, n = 6.
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