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Chapter

Introduction

1.1 Introduction au sujet et résultats existants

Commencons par présenter quelques résultats connus sur les cones réels et complexes, et
sur les taux de croissance exponentielle associés a des cocycles.

1.1.1 Cones et trou spectral : de Perron-Frobenius a Birkhoff
Le théoréme de Perron-Frobenius

En 1907 et 1908, Perron et Frobenius ont prouvé le théoréme suivant [Per07, Frol2] :

Théoréme (Perron, Frobenius). Soit A € My (R) a coefficients strictement positifs. Alors
A admet un trou spectral : A a une valeur propre simple A > 0, associée a un vecteur
propre u G coordonnées strictement positives, telle que Y € Spe(A), |p| < A.

Autrement dit, une telle matrice admet une valeur propre simple dominante. Ce
théoréme posséde de nombreuses applications, dont la plus connue est sans doute I’existence
d’une mesure invariante pour les chaines de Markov irréductibles. Le point clé de la preuve
est de considérer le cone ]Rﬂf des points & coordonnées positives. Ce cone est envoyé par A
dans lui-méme, et méme dans son intérieur. La technique standard consiste alors a consid-
érer une section de ce cone et a étudier le maximum de la fonction de dilatation x +— Hﬁc—ﬂ'
sur cette section.

Cependant, il semble naturel de vouloir étudier une notion de contraction du cone lui-

méme, plutdt que de se restreindre a une section.
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RY ARY) A2(RY)

A™(RY)
Vect(u)

Figure 1.1: Contraction et convergence dans le cadre du théoréme de Perron-Frobenius

A chaque itération de A, le cone A"(RY) se contracte un peu plus, et "converge" en un
certain sens vers une droite, qui est la droite propre associée a la valeur propre dominante
A. Cette convergence ne peut pas étre euclidienne : étant donné un point z, la suite A™(x)
peut tout a fait diverger, pendant que sa direction se rapproche de la droite propre. C’est
donc une convergence au sens projectif qui entre en jeu ici.

Les cones de Birkhoff

Cette idée que le trou spectral provient fondamentalement d’une contraction "projective"
d’un cone a été mise en évidence trés concrétement par Birkhoff [Bir57] a la fin des années
1950. Il introduit une métrique projective de Hilbert sur des cones et démontre un principe
de contraction.

Définition. Soit E un espace de Banach réel. On appelle cone de E tout sous-ensemble
non vide de E, stable par multiplication par RT. On étudie généralement des cones fermés
convezes. Un cone fermé convexe est dit propre si C N —C = {0}.

On dira qu’un cone fermé conveze C est borné s’il existe un hyperplan affine fermé H
tel que H intersecte chaque demi-droite vectorielle de C exactement en un point et tel que
H NC soit borné. En dimension finie, cette condition est équivalente o C N —C = {0}.

Etant donné un cone C, on note C* = C \ {0} son cone épointé.

Définition. Soit C un céne convexe fermé propre. Soit x,y € C*. La droite affine projective
passant par x et y intersecte alors C U —C en un segment. On définit la distance projective
de(z,y) entre x ety relative au cone C par le logarithme du birapport de x et y relatif a ce
segment. Autrement dit, c’est la distance hyperbolique entre x ety dans la section du cone
par la droite complexe passant par x ety (voir Figures 1.2 et 1.3).
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Figure 1.3: de(z,y) = de(2',y) car le bi-
rapport est conservé par la projection rel-
ative a l'origine. La distance d¢ est bien
projective.

Figure 1.2: Dans cette configuration,
[l —bl-ly — all

d =1 .
e(w,y) = log o 1 3]

Cela définit une métrique sur les droites vectorielles du cone C, et on a :

Théoréme (Principe de contraction de Birkhoff). Soit C un cone convexe fermé propre et
T : E — E une application linéaire continue qui envoie C* dans lui-méme. St le diamétre
A de T(C*) est fini pour la distance d¢, alors

Ve,y € C*,de(Tx, Ty) < tanh (%) de(z,y).

————
<1

De plus, pour tout x € C*, la suite des T™(Vect(x)) converge géométriquement vers une
unique droite D C C fixe par T.

Lorsque le cone est en plus borné et d’intérieur non vide, ce principe ameéne a montrer
qu'un tel opérateur 7" admet un trou spectral. Dans le contexte du théoréme de Perron-
Frobenius, une matrice A a coefficients strictement positifs envoie le cone C = RY dans son
intérieur, et cette condition suffit en dimension finie pour que le diamétre de A(C) pour de
soit fini. Le cone Rf étant borné et d’intérieur non vide, on obtient alors un trou spectral
pour A : c’est le théoréme de Perron-Frobenius.

Le cadre plus large de cette théorie permet de généraliser le théoréme de Perron-
Frobenius, en démontrant ’existence de trou spectral pour les opérateurs uniformément
positifs. Appliqué a des opérateurs de transfert, cela fournit des propriétés ergodiques fortes
pour les systémes dynamiques correspondants, telles que la décroissance exponentielle de
corrélation. En voici un exemple dont le lecteur pourra trouver les détails dans [Wal82,
Bal99, Bal00] :

Proposition. On considére le cercle S' et T : St — S! une application C* uniformément
expansive, i.e. telle qu’il existe C' > 0,\ > 1 tels que Vn € N, |(T™)'| > CA" (par exemple,
T peut étre une petite perturbation de l’application de doublement de l’angle). On consideére
Uopérateur de transfert £ : C1(S') — C(S') défini par :

P(y)
R '

Vo € C'(SY), (Lo)(z) =

yeT—1
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Cet opérateur envoie le cone {¢ > 0} dans lui-méme. Il est méme uniformément positif,
et donc posséde un trou spectral. Cela permet d’obtenir des constantes K > 0,n < 1 telles
que:

Vo, € C'(SY),

[ o @)z~ | o)dr | v

< [ Jotald.

Ce type d’approche est particulierement efficace pour étudier des petites perturbations
d’un opérateur. Si 'opérateur contracte un cone de maniére facilement descriptible, on
peut en général montrer que des perturbations de cet opérateur contracte ce méme cone et
donc obtenir les résultats précédents pour ces opérateurs perturbés.

1.1.2 Le cas complexe : un cas... plus complexe
Définition et exemple de cone complexe

La question se pose alors de savoir si des constructions similaires sont possibles dans un
espace de Banach E complexe. La théorie des perturbations requiert en général des es-
timations complexes uniformes (voir e.g. [Rue79, Rug02| ou encore [NN87, BRS05| dans
le cadre de processus additifs de Markov), au lieu d’une simple condition de diamétre fini
dans un cone. Ainsi, Rugh donne & la fin des années 2000 une définition de cone complexe
et construit une jauge projective qui vérifie un principe de contraction et fournit un trou
spectral [Rugl0].

Pour définir naturellement les cones complexes, on essaye d’adapter la définition du cas
réel :

Cone réel Coéne complexe
C#0D «— C#0
C fermé <— C fermé
RtC=C +— CC=C
C convexe et CN —C = {0} <+— C ne contient pas de C-s.e.v. de dimension 2

La notion de "demi-droite complexe" n’ayant pas de sens, les cones complexes sont en
fait réunion de droites complexes, et non de demi-droites comme dans le cas réel. Toute
hypothése de convexité est alors compromise ; on remplace cette hypothése et I’hypotheése
de propreté C N —C = {0} par une condition qui traduit la méme idée : C est dit propre si
C ne contient pas de s.e.v. de dimension 2. C’est ce fait qui nous permet dans le cas réel de
bien définir dc : lorsqu’on réalise la section du cone par une droite affine D, cette section
est un segment dans la droite projective D correspondante. Le méme type de phénomeéne
se produit dans le cas complexe et permet de définir une jauge sur les cones complexes.

Voici un exemple simple d’un tel cone. Soit D une droite complexe de E et H un
hyperplan fermé, supplémentaire de D dans E. On note 7 la projection (continue) sur D
parallelement & H. L’ensemble C,, = {z € E | ||(Id —7)(x)|| < al||w(x)||} est alors un cone
complexe propre et borné. C’est I’analogue complexe du cone standard réel en forme de
sablier (voir Figure 1.8).

Nous présentons maintenant les jauges sur les cones complexes.
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La jauge de Rugh et le principe de contraction

Etant donné deux points x,y non nuls d’un céne complexe C, nous allons nous inspirer de
la métrique de Hilbert réelle pour construire de(z,y). Essentiellement, on veut définir de
comme la distance hyperbolique (voir e.g. [CG93]) entre = et y dans la section du cone par
la droite complexe passant par x et y.

Définition. Soit S(x,y) la section du cone par la droite affine compleze C,,, passant par
x ety.

e Six ety sont colinéaires, cette section est la droite toute entiere, et on pose alors

dC(:L‘7y) = 0.

e Sinon, Uhypothese de fermeture et "C ne contient pas de s.e.v. de dimension 2"
nous assure que S(z,y), vu comme sous-ensemble de la sphére de Riemann C,,, est

hyperbolique, i.e. évite au moins trois points de ((Z\y Son intérieur S°(x,y) est alors
une surface de Riemann hyperbolique. Deux cas se présentent :

— Si les points x et y sont dans la méme composante connexe U de S°(x,y), on
pose de = dy(x,y), o dy est la métrique hyperbolique sur U (voir Figure 1.4).

— Sinon, on pose de = 0.

Figure 1.4: Quand la section S(z,y) est simplement connexe, elle est biholomorphe au
disque de Poincaré . Dans ce cas, de(x,y) est égale a la distance dp(Z, 7) entre les images
de x et y pour la métrique de Poincaré dp.

Cette jauge est projective : si 2’ est colinéaire & z et y’ est colinéaire a y, alors S(z/, /)
est 'image de S(z,y) par la projection p : C,, — C, s relative a 'origine (voir Figure
1.5). Comme cette projection est une application conforme, la métrique hyperbolique est

conservée et donc de(2',y') = de(x,y).
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Figure 1.5: Le domaine rouge S(2’,y’) est le projeté du domaine bleu S(z,y) relativement
a l'origine.

Cette jauge n’est pas une métrique projective, car elle ne vérifie pas 1'inégalité triangu-
laire. Elle vérifie cependant la condition de séparation : si x et y ne sont pas colinéaires,
de(z,y) > 0. Mais elle reste tout a fait utilisable pour obtenir des résultats similaires au
cas réel. En définissant une notion de cone borné analogue a celle des cones réels, Rugh
obtient le résultat suivant :

Théoréme (Rugh). Soit C un cone compleze propre et T : E — E une application linéaire
continue qui envoie C* dans lui-méme. Si le diameétre A de T(C*) est fini pour la jauge de,
alors il existe n = n(A) < 1 tel que

Ve, y € C* de(Tx, Ty) < n.de(x,y).

St de plus le cone C est d’intérieur non vide et borné, alors T admet un trou spectral,
de rapport 1.

Une application simple de cette théorie est une généralisation du théoréme de Perron-
Frobenius :

Théoréme (Rugh). Soit A € My(C). Supposons qu’il existe ¢ > 0 telle que
\V/i,j, k},l € [[1, N]], |Im Aijfik” <c<Re Az‘jAkl'

Alors A a un trou spectral.

La jauge de Dubois

Bien que cette jauge d¢ soit définie selon le méme principe que la métrique de Hilbert et
fournisse les résultats désirés dans les espaces de Banach complexes, elle a I'inconvénient
d’étre difficile & évaluer ou a estimer. En effet, le domaine S(x,y) n’est pas toujours
facilement descriptible et les calculs de distance hyperbolique peuvent rapidement devenir
compliqués. De plus, comme déja mentionné, ce n’est pas une métrique.

Dans cette optique, Loic Dubois définit en 2009 [Dub09] une nouvelle jauge dc, elle
aussi comparable dans sa définition avec la métrique de Hilbert.
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Définition. Soit C un cone complexe propre. Soit x,y € C*. On considére les ensembles
Ee(z,y) ={2€C | zx —y ¢ C} et |Ec(z,y)| ={|2| | 2 € Ec(z,y)}. On définit alors

o Oc(x,y) =0 six ety sont colinéaires ;

sup |EC($7y)’ .
e dc(x,y) =log (inf Eo(z.9)] sinon

Cette jauge vérifie les propriétés présentées pour de. De plus, si le cone C est linéairement
convexe - tout x ¢ C est contenu dans un hyperplan fermé ne rencontrant pas C - alors
cette jauge est une métrique projective. Si le cone est de plus borné, cette métrique est
compléte. Enfin, on a de nouveau le principe de contraction, avec constante de contraction
n = tanh (%), comme dans le cas réel.

Dubois introduit également une notion de céne dual. Pour un cone C linéairement
convexe, son dual est

C':={leFE'|Vxell(x)#0}

Dubois peut ainsi exprimer la jauge dc a 'aide des éléments de C'. Dans le cas réel, le
cone dual est défini par C' := {l € E' | Vo € C,l(x) > 0} (voir e.g. [LN14]) et n’a pas
d’équivalent complexe. La construction de Dubois correspond a une généralisation du cone
dual réel ouvert {l € E' | Vo € C*,l(z) > 0} : il faut alors vérifier si 'adhérence du coéne
dual complexe satisfait de bonnes propriétés.

1.1.3 Cocycles et taux de croissance exponentielle
Le théoréme d’Oseledec et ses extensions

Le théoréme d’Oseledec [Ose68|, aussi appelé théoréme multiplicatif ergodique, décrit le
comportement asymptotique de cocycles agissant sur un fibré vectoriel vis-a-vis d’un sys-
téme dynamique.

Définition. Soit (Q, F, u, T) un systeme dynamique ergodique et E un espace de Banach.
On appelle cocycle une application mesurable M : (w,n) € Q x N— M € L(E) vérifiant
pour presque tout w :

Vm,n >0, M7+ = M, M.

Cela est équivalent a se donner une famille mesurable (M,),cq de L(E) et définir
M = Mpn-1, ... Mp,M,. On peut définir de maniére semblable un cocycle dans le cadre
d’un espace topologique €2 et d’une application continue T

Une version de ce théoréme est donnée ci-dessous :

Théoréme (Oseledec). Soit (Q, F, u, T) un systéme dynamique ergodique inversible et E
un espace vectoriel de dimension d. Soit M un cocycle vérifiant

V(w,n) € QA x N, M € GL(F) ;
Jiylog [ M2 ds(w) < oo et [, log H(Mi)*lH dju(w) < oo.
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Alors il existe des réels Ay > -+ > A, et des applications mesurables 1, ..., E; de €
dans la grassmannienne G(E) (I’ensemble des sous-espaces de F) tels que pour p-presque
tout w € € :

E=FE(w)® - @ Ex(w); My(E;j(w))=E;(Tw) Vi € [1,k] ;

1
Vi € [1,k],Vv € E;(w), Brf Elog | M5 ()] = N

Pour presque tout w € €2, I'espace E admet une décomposition en sous-espaces, préservée
par 'application T, telle que le cocycle M ait une croissance exponentielle sur chacun de
ses sous-espaces, de I'ordre de e’ sur le i-iéme. Les réels i, ..., \; sont appelés exposants
caractéristiques, ou exposants de Lyapunov.

Le cas le plus parlant d’utilisation est de considérer une variété riemannienne €2 et
une application T' de classe C'*¢. Le cocycle M™ = D(T™),, décrit alors Paction de T
sur l'espace tangent. La décomposition obtenue est alors une décomposition de l’espace
tangent en sous-espaces correspondant a différents taux de croissance exponentielle par
la transformation 7. La direction F; est la direction "dominante", c’est-a-dire celle avec
le taux de croissance le plus élevé. Lorsque les angles entre les différents sous-espaces
peuvent étre controlés, on se retrouve dans une configuration similaire a celle des sections
précédentes, ou les points de 1’espace tangent se rapprochent d’une certaine direction - qui
cette fois-ci est mobile avec le temps.

Figure 1.6: Le théoréeme d’Oseledec, avec A\; > 0 et Ay < 0.

Ce résultat clé pour les systémes dynamiques a par la suite été profondément étudié et
généralisé sur de nombreux points : retrait de ’hypothése d’inversibilité de la dynamique
et du cocycle, régularité en w des familles F;(w), évolution des exposants pour des pertur-
bations du cocycle, cas d’espaces de dimension infinie, etc.

En 1979, Ruelle démontre que lorsque le cocycle M contracte une famille de cones de
I’espace reé¢l E de dimension finie, ’espace E; est de dimension 1 et 'exposant de Lyapunov
dominant A; est analytique. Autrement dit, en considérant une application t — (M7 (t))
analytique et vérifiant les conditions précédentes, I’exposant A (¢) correspondant au cocycle
(M2(t)) est analytique en t. Pour la régularité des exposants suivants, Ruelle applique ce
résultat au produit extérieur AP M, : si ces opérateurs contractent une famille de cones réels
dans lespace A" E, alors la somme des p premiers exposants de Lyapunov est analytique.
Cependant, cette derniére condition est en pratique difficile & vérifier.

Vient ensuite la conquéte des espaces de dimension infinie. Ruelle étend en 1982
le théoréme d’Oseledec a des opérateurs compacts dans les espaces de Hilbert [Rue82].



CHAPTER 1. INTRODUCTION 11

En ce qui concerne les espaces de Banach, c’est Mane qui démontre un an plus tard le
théoréme pour des cocycles compacts et injectifs, vérifiant de plus une condition de continu-
ité [Man83|. Dans ces cas-1a, 'espace F se décompose en F = E(w)®- - -® Ey(w) D Fri1 (w),
ou les espaces E;(w) sont des espaces rapides de dimension finie, & croissance exponentielle
correspondant a l'exposant de Lyapunov \;, et Fj1(w) est un espace lent de codimension
finie, dont la croissance est exponentiellement plus lente que celle des E;(w).

Une des principales difficultés a relever fut alors de se défaire le plus possible des hy-
pothéses contraignantes sur le cocycle : compacité, injectivité, condition de continuité.
Dans un article de 1987, Thicullen [Thi87] arrive & se libérer de la condition de continu-
ité en w et affaiblit I'hypothése de compacité en considérant une condition de compacité
asymptotique. Il étudie également le cas d’opérateurs non-injectifs : dans ce contexte, il
démontre 'existence des espaces lents de codimension finie et mesurable en w. De plus, il
existe alors une suite ();) d’exposants de Lyapunov qui sont les seuls taux de croissance
exponentielle possibles. Ces derniéres années, les travaux de Quas, Froyland, Lloyd et
Gonzales-Tokman fournissent ’existence d'une décomposition d’Oseledec pour des cocycles
d’opérateurs quasi-compacts non inversibles, et appliquent ce résultat a 1’étude d’opérateurs
de transfert ([FLQ13, GTQ14]).

Ce théoréme d’Oseledec et ses extensions continuent encore d’étre étudiés. Le question
de la régularité des exposants et de la décomposition en sous-espaces a été abordée par
Rugh [Rugl0| pour des familles d’opérateurs sur un espace de Banach complexe contrac-
tant des cones - étendant ainsi le résultat de Ruelle dans [Rue79| pour des cones réels
en dimension finie. Sous certaines conditions d’uniformité dans la contraction des cones, il
démontre que le premier exposant de Lyapunov, ainsi que 1’espace associé, sont analytiques.

Plus récemment, Froyland, Gonzalez-Tokman et Quas ont démontré un principe de sta-
bilité des exposants de Lyapunov par ajout de bruit, ainsi de convergence en probabilité des
espaces associés : d’abord en dimension finie [FGQ15], puis pour des opérateurs compacts
sur un espace de Hilbert [FGQ17].

Les décompositions dominées

La décomposition précise en sous-espaces n’étant pas définie dans tous les cas, et les taux
de croissance n’étant eux non plus pas toujours bien définis, une notion proche de la dé-
composition d’Oseledec a fait récemment 1'objet d’études plus poussées : la notion de
décomposition dominée (en anglais, dominated splitting). Plutot que de trouver une dé-
composition trés précise isolant chacun des taux de croissance possibles dans un sous-espace
E;, on cherche & mettre en évidence un "trou de croissance", similaire & un trou spectral,
et une décomposition de I'espace qui y est adaptée : £ =V, & W, ol tous les vecteurs de

V., ont une croissance par le cocycle exponentiellement plus grande que celle des vecteurs
de W,,.

Définition. Soit (0, F,u,T) un systéme dynamique ergodique inversible et E un espace
de Banach. Soit (M) un cocycle sur E. On note G(E) la grassmannienne de E, c’est-a-
dire l’ensemble des sous-espaces vectoriels fermés de E. On dit que le cocycle admet une
décomposition dominée de taux n €]0,1[ s’il existe une constante C > 0 et une application
mesurable w — (V,,, W,,) € G(E) x G(E) telle que, pour presque tout w € §) :

E = Vw S¥ Ww ; Mw<vw) = ‘/TUJ ; Mw(Ww> C WTW;
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[ M5 (w)]|
Vn € N*,  sup = < Cn".
veViwew,, || ME()| !

loll=[lwl=1
Une définition semblable peut étre donnée dans le cas ou {2 est un espace topologique
et 1" est une application continue. Cette notion a des applications profondes en théorie
ergodique et en analyse matricielle (|BM15], [BV05], [GWO06], [Mor10], [PS09]).
Dans le cas de la dimension finie, Bochi et Gourmelon [BG09| caractérisent 1'existence
d’une décomposition dominée, d’espace rapide de dimension k, par une décroissance expo-
nentielle du rapport entre la k-iéme et la (k + 1)-iéme valeur singuliére du cocycle :

Théoréme (Bochi, Gourmelon). Soit Q un espace topologique compact et T :  — Q un

homéomorphisme. Pour une matrice A € My(R), on note o1(A) > -+ > g4(A) ses valeurs

singuliéres, qui sont les racines carrées des valeurs propres de la matrice positive AT A.
Soit M : Q x N — GLy4(R) un cocycle. Alors il y a équivalence entre :

o [l existe C >0, n €]0, 1] tels que
Vw € Q,n > 0, 0541 (M) < Cnoy (M) ;

e Le cocycle (M) admet une décomposition dominée E = V,&W,, telle que dimV,, = k
pour tout w € 1.

Blumenthal et Morris généralisent ce théoréme & des cocycles d’opérateurs injectifs sur
des espaces de Banach dans [BIM15]. Dans le cas de la dimension finie, ils en obtiennent
une version quantitative ne nécessitant pas la compacité de ’espace (2.

Dans le cadre de notre approche avec des cones, c’est la deuxiéme caractérisation des
décompositions dominées donnée par Bochi et Gourmelon [BGO09| qui se révéle la plus
intéressante.

Théoréme (Bochi, Gourmelon). Soit Q un espace topologique compact, T : Q@ — Q un
homéomorphisme et M : Q@ x N — GL4y(R) a valeurs dans un compact de GLg(R). On note
Gr(RY) I’espace topologique des sous-espaces de dimension k de Re. Alors il y a équivalence
entre :

o Le cocycle (M) admet une décomposition dominée E = V,&W,, telle que dimV,, = k
pour tout w € €.

o [l existe un sous-ensemble fermé C C Gp(R?) envoyé dans son intérieur par tous les
opérateurs du cocycle et un espace de dimension d — k transverse a tous les éléments

de C.

o [l existe un sous-ensemble fermé C' C P(R?) envoyé dans son intérieur par tous les
opérateurs du cocycle, qui contient la projection PE d’un espace de dimension k, et
qui n’intersecte pas la projection PF d’un espace de dimension d — k.

L’existence d’une décomposition dominée se traduit par la contraction d’un ensemble
C constitué d’espaces de dimension k, qui pourrait ainsi généraliser la contraction de cone
formé par une réunion de droites. Ces objets, parfois appelés multicones, ont été étudiés
dans le cas de SLy(R) dans [ABY10], avec une description précise pour des multicones
associés a une paire de matrices. Plus récemment, ils ont été utilisés dans [BoM15| pour
étudier la régularité du rayon spectral inférieur de sous-ensembles de G'L4(R).
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1.2 Plan et contributions de la thése

Dans la plupart des travaux mentionnés précédemment, les résultats de trou spectral et de
régularité sont obtenus pour isoler une valeur propre simple dominante ou le plus grand ex-
posant de Lyapunov, associé a un espace de dimension 1. Les cones utilisés sont des réunions
de droites ou de demi-droites qui ne contiennent pas d’espace de dimension supérieure.

L’objet principal de cette thése et de définir et d’utiliser des cones complexes constitués
d’espaces de dimension p dans un espace de Banach pour isoler p valeurs propres dominantes
ou les p premiers exposants de Lyapunov (avec multiplicité). Le Chapitre 2 rappelle certains
résultats connus sur les grassmanniennes des espaces de Banach et les compléte pour pré-
parer leur utilisation dans la suite. Nous définissons dans le chapitre 3 les cones complexes
p-dimensionnels ainsi que’une jauge sur ces cones, et énongons un principe de contraction.
Cela nous améne & démontrer, pour un opérateur contractant un tel cone, I'existence d’un
trou spectral séparant les p valeurs propres dominantes du reste du spectre. Cette théorie
fournit également un théoréme de régularité analytique pour les exposants de Lyapunov
d’un produit aléatoire d’opérateurs contractant un méme cone. Enfin, nous développons
dans le Chapitre 4 une notion de céne dual pour ces cones p-dimensionnels. Le théoréme
de régularité précédent est alors complété et nous donne l'existence et I'analyticité d’une
décomposition de I'espace en "espace lent" et "espace rapide".

Le lecteur trouvera dans I’Appendice les démonstrations des résultats utilisés pour ma-
nipuler les grassmanniennes et ’agebre extérieure. Nous avons aussi fait le choix de reporter
dans cette appendice des énoncés plus techniques sur les cones complexes p-dimensionnels
mais néanmoins importants pour les théorémes principaux. En particulier, nous y démon-
trons un résultat d’équivalence entre la distance de Hausdorff et la jauge définie sur les
cones.

1.2.1 Grassmanniennes

Le premier chapitre commence par rappeler des résultats standards (voir par exemple [Ber63,
Kat95]) sur 'ensemble G(FE) des sous-espaces fermés d’un espace de Banach E, appelé grass-
mannienne de E. La distance standard sur G(FE) est la distance de Hausdorff dy, définie
par

W W € G(E), dy(V, W) — max (sup d(x, Sw), sup d(z, Sv)) |

€Sy yeSy

ou Sy et Sy sont les sphéres unités de V et W. Cette distance fait de G(E) un espace
métrique complet. Cependant, pour les estimations faites par la suite, les calculs seront

généralement faits dans I’algébre extérieure. Etant donné un espace V' = Vect(zy, ..., z,) de
dimension p, on peut le représenter dans l’algébre extérieure A” E par le vecteur xq A~ - - Ay,
Une autre base (7}, ...,z,) donnera un vecteur j A --- Az, colinéaire a z1 A -+ Az, On

étudie donc tout d’abord deux normes sur A" E, définies par
Définition. Sily,...,l, € E' et xy,...,x, € E, on définit

(WA Ny N ANxp) = det(((L, z5))ig)-
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Cette formule s’étend en une forme linéaire sur \* E, encore notée ly A---Al,. On définit
la norme ||.||np sur N' E par

[@llay = sup [{lL A Ay, @)
o lpEE
llLill=1

On définit la norme ||.||nap sur A\ E par

|2l ndp = i Y [lil]--- Izl
%

ot linfimum est pris sur toutes les décompositions v =) x1 A -+ A1,
i

Les résultats principaux sur ces normes et leurs relations entre elles sont compilés et
démontrés dans l'appendice. Le lecteur y trouvera également une comparaison avec les
normes définis sur 'algebre tensorielle Q" E.

Ces deux normes ne sont pas équivalentes sur A” F, mais elles le sont si on se restreint a
des éléments de A” F qui s’expriment comme somme d’un nombre k fixé de tenseurs purs.
On définit alors une distance extérieure sur I’ensemble G,(E) des sous-espaces de dimension
pde E :

Définition. Pour VW € G,(E) :
. p p .
dnp(V.W) = nf{[Jo = w]|ny | (v,0) € \"V x \"W with [[o]|np = [[w]ln, = 1}

C’est la distance de Hausdorff entre \*'V et N’ W dans la grassmannienne de dimen-
sion 1 de (A" E,||.|[a1p)-

Cette distance est équivalente a la distance analogue définie avec la norme ||.||r4,. On
montre alors le résultat suivant :

Théoréme A. La distance d,, est équivalente a la distance de Hausdorff dy sur G,(E).

Figure 1.7: La distance de Hausdorff entre deux sous-espaces.



CHAPTER 1. INTRODUCTION 15

La preuve de ce théoréme repose sur l'utilisation de "bonnes décompositions" qui per-
mettent d’avoir des estimées sur ||.||zp-

Définition. Soit V' un espace vectoriel de dimension p. On dit qu’une famille (z1,. .., x,)
de vecteurs unitaires de V' est une bonne décomposition de V' s’il existe des formes linéaires
li,...,l, de norme 1 surV telles que

Vi€ [1,p],V) > i,z; € kerl;.

Cette définition remplace la notion d’orthogonalité existant dans les espaces de Hilbert.
Pour une telle famille (zy,...,2,), la norme ||z A - -+ A xp||r1p est minorable. On raisonne
alors avec de telles bases pour obtenir nos résultats sur les espaces de dimension p.

1.2.2 Définition des cones p-dimensionnels complexes et premiéres
applications

Dans un espace de Banach complexe E, on définit une notion de cone p-dimensionnel, réu-
nion d’espaces p-dimensionnels, par analogie avec les cones complexes décrits précédemment
qui sont réunions de droites complexes.

Cone complexe "classique" Coéne complexe p-dimensionnel, ou "p-cone"
C#0, Cfermé <+— C+#0, C fermé
CC =C <— C estréunion de s.e.v. de dim. p
C ne contient pas de s.e.v. de dim. 2 <— C ne contient pas de s.e.v. de dim. p+ 1

Un exemple de tel cone peut étre obtenu a partir d'une projection sur un espace de
dimension p, comme dans le cas des cones classiques. Si I'espace E se décompose en
E =F &G avec dim F = p et GG fermé, on note 7 la projection sur F' paralléelement a G et
pour a > 0, I’ensemble

Cra={r € E | ||(Id—m)(z)|| < allz ()]}

est un p-cone de E. La figure suivante en donne une illustration dans le cadre réel :

Figure 1.8: En rouge, le cone standard associé a la projection orthogonale selon (Oz). Son
complémentaire est un 2-cone, associé a la projection orthogonale sur le plan (zOy).
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Il s’agit ensuite d’obtenir une jauge relative au p-cone C, qui s’applique aux sous-espaces
vectoriels de C de dimension p. Si V' et W sont deux sous-espaces p-dimensionnels de C,
on définit

Q(V,W) = sup  del(a,y),
zeV* ycW*
ou d¢ est définie (au choix) comme la jauge de Rugh ou la jauge de Dubois pour les cones
complexes classiques. Les conditions sur le cone C nous assurent que cette définition a bien
un sens et que de(V, W) >0si V #£ W.

On montre alors le principe de contraction suivant :

Théoréme B. Soient Ei, Ey deux espaces de Banach complexes. Soit T : Fy — FEy une
application linéaire continue et Cy C Ey, Co C Ey deuz p-cones tels que T(Cy) C C5. Alors
pour tous espaces V,W de dimension p inclus dans Cy,on a de,(TV,TW) < d¢, (V,W).

De plus, si A = diamg,(TCy) < 00, il existe n < 1, ne dépendant que de A, tel que pour
tous V,W de dimension p inclus dans Cy, on a

de,(TV, TW) < n.de, (V,W).

On définit alors une notion d’ouverture bornée similaire & celle des cones classiques, et
on obtient un théoréme de trou spectral :

Théoréme C. Soit C C E un p-cone d’intérieur non vide dans G,(E) et d’ouverture
bornée. Soit T € L(E) tel que T(C*) C C* et diame(TC) = A < oco. On noten < 1 le
coefficient de contraction donné par le théoreme qui précéde. Alors T a un trou spectral,
i.e. 1l existe un sous-espace V- de dimension p et un supplémentaire fermé W de V', stables
par T, tels que

sup | Sp(Tjw)| < ninf |Sp(Tv)

Y

ot |Sp(Tjy)| (resp. W) désigne Uensemble des modules des éléments du spectre de Ty
(resp. W ).

1.2.3 Analyticité de la somme des p premiers exposants de Lya-
punov

Pour démontrer I'analyticité du taux de croissance correspondant aux p directions les plus
rapides pour un cocycle, nous avons besoin d’une uniformité de la contraction de cone
considérée. Etant donné un cone C d’ouverture bornée et d’intérieur non vide dans G,(E),
on introduit ’ensemble

M= {M e L(E) | M(C*) C C*,diam¢(M(C*)) < A, M(C) € Clpl},

ou Clp] :== {z € C | B(x,p|lz||) C C} est un sous-ensemble de C, qui contient un
sous-espace de dimension p pour p assez petit. Soit (2, F, u,T’) un systéme dynamique
ergodique (pas nécessairement inversible) et notons & (€2, .#) ’ensemble des applications
Bochner-mesurables de 2 dans .#. Lorsque la dynami(%ue n’est pas inversible, il est plus
pratique d’utiliser des cocycles a gauche, définis par Mw") = M, M., ... M 1, pour une
famille d’opérateurs (M,),cq. On démontre le résultat de régularité suivant, qui généralise
le théoreme 10.2 de [Rugl0] :
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Théoréme D. Soitt € D— M(t) € &2, ) une application telle que

1. (t,w) € D x Q — M,(t) € L(E) est mesurable et pour tout w € Q, Uapplication
t— M,(t) est analytique.

LA MO0 0y N
2. sup{ AP RLL )| |5 Mu(t)] :w e Q,t ED} < 00.

3. Jo Nlog [|M.,(0)]]] < oo.

Alors pour tout t € D, la limite

1 .
lt) = Tim —log | A" (& (1) |

existe pour p-a.e. w € 0 and est (u-a.e.) indépendante de w. De plus, lapplication
t = xp(t) est analytique.

Lorsque la dynamique est inversible, ce théoréme permet de montrer I'analycité de la
somme des p premiers exposants de Lyapunov associés au cocycle (dans le sens habituel).

Ezemple. Soit (&,)nez des variables aléatoires i.i.d & valeurs dans . Pour ¢ € D, soit

1048, t+¢&, it
M,(t)=1| t+¢&, 6 &n
i, 0 1

Alors les trois exposants caractéristiques (avec multiplicité) du produit aléatoire des (M, (t))
sont analytiques.

1.2.4 Cones duaux

Dans cette derniére partie, on définit une notion de céone dual d’'un p-cone C. Pour com-
mencer, on introduit I’ensemble des supplémentaires topologiques de sous-espaces du cones,
GC(C) :={V € GP(E) | VW € G,(F) t.q. W C C,V @ W = E}, appelé supplémentaire
grassmannien du coéne C. Pour V sous-espace de F, on note V+ C E’ I'orthogonal de V,
défini par V- = {l € E' | Vz € V,l(x) = 0}. Le cone dual de C est alors un sous-ensemble
du dual E’ :

C = U VL.
VeGc(c)
Il est constitué de sous-espaces de dimension p de E' : Si V' = Vect(ly,...,l,) est dans

C’ et W est un sous-espace de dimension p de C, alors les (I;y7) forment une base du dual de
W. Cette définition généralise celle de Dubois dans le cadre des cones complexes classiques.
On démontre des correspondances entre les propriétés du cone C et de son dual C :

Proposition E. Le p-cone C est d’intérieur non vide dans G,(E) si et seulement si son
cone dual C' est d’ouverture bornée.

Le p-cone C est d’ouverture bornée si et seulement si son cone dual C' est d’intérieur
non vide dans G,(E').
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Dans ces conditions, C’ est presque un p-cone : il n’est pas fermé. En considérant sa
fermeture, on obtient un ensemble qui est presque un cone. Il en a toutes les propriétés,
sauf celle d’étre réunion d’espaces de dimension p : il peut y avoir des éléments "isolés"
qui ne font pas partie d'un p-espace inclus dans le cone. Cependant, dans le cas des cones
de projections, ces problémes disparaissent :

Proposition F. Soit a > 0, E = F'& G une décomposition topologique de E avec dim F' =
p, et m: E — F la projection sur F' parallélement a G. Alors

(CW,!Z)/ = CWT,I/W
i.e. le cone dual de Cr, est le cone associé a la projection w' dans le dual, avec coefficient
1/a.

Dans ce cadre, on peut obtenir un principe de contraction et un théoréme de trou
spectral pour les opérateurs duaux. Mais plus important, 1'utilisation des cones duaux
permet d’obtenir un théoréme de décomposition dominée. En se placant dans le cadre
d’opérateurs envoyant un cone C, dans C,p avec b < a, on obtient :

Théoréme G. Soit # = {M € L(E) | M(C;,) C C;,}. Soit € D M(t) € &, .4)
une application vérifiant les hypothéses du théoréme D.

Alors il existe une application (t,w) € D x Q — (V,(t), W,(t)) € G,(F) x GF(E),
mesurable en w et analytique en t, telle que E = V,,(t) @ W, (t) soit une décomposition
dominée de E de taux n = § pour tout t € D.

Enfin, nous proposons des pistes pour généraliser ce théoréme dans le cas de p-cones
d’ouverture bornée et d’intérieur non-vide.

1.2.5 Appendice

Pour rendre la lecture plus cohérente, les résultats et démonstrations concernant la topologie
des grassmanniennes, les normes sur l'algebre extérieure A\ E et leurs estimées sont réunis
dans ’appendice.

Nous y comparons également la distance de Hausdorff dg avec notre jauge de lorsque
les espaces considérés sont "loins" du bord du céne :

Proposition H. Soit 0 < a <b. Alors dg et dc,, sont équivalentes sur le sous-cone Cr .
En particulier, st un cone C contient Crp, alors de et dg sont équivalentes sur Cr .

Pour mieux comprendre les p-cones C, nous établissons des liens entre C[p], les cones de
projections Cy 4, et la topologie de C dans la grassmannienne. En particulier, nous montrons
qu'un cone est d’'intérieur non vide dans G,(E) si et seulement si il contient un cone de
projection.

1.3 Pistes de recherche

1.3.1 Développements autour des cones duaux

L’utilisation des cones duaux se révele pour 'instant assez difficile dans le cas de p-cones
quelconques. Plus particuliérement, le fait que le dual d’'un p-cone ne soit pas nécessaire-
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ment un p-cone est un obstacle majeur. Il serait donc intéressant de trouver des conditions
sur le cone C pour que son dual C’ soit lui aussi un p-cone.

Une autre approche possible serait de définir une notion plus large de cone multidimen-
sionnel, qui engloberait les duaux de p-cones. Cette piste est peut-étre la plus prometteuse :
nous fournissons & la fin du Chapitre 4 deux propositions qui poussent a penser que les
cones duaux ont de bonnes propriétés pour adapter les preuves présentées ici, en particulier
pour généraliser le Théoréme G.

Dans [Dub09], Dubois relie la gauge de d’un cone complexe C de dimension 1 avec son
dual C’ via la formule suivante :

Proposition (Dubois). Soit C un cone compleze. Supposons que tout v ¢ C est contenu
dans un hyperplan fermé H, ne rencontrant pas C. Notons éc la jauge de Dubois et C' le
come dual de C. Alors

l
Va,y € C*,0¢(r,y) = sup log (
1,mec’

En particulier, sous ces hypothéses, cette proposition permet de montrer que d¢ est une
métrique. Une formule analogue est valable pour la métrique de Hilbert sur les cones réels
convexes fermés (voir par exemple [LN14]). Il est donc naturel de se demander si notre
jauge d¢ sur les p-cones peut s’exprimer a ’aide du cone dual.

Enfin, cette approche pourrait permettre de répondre & la question suivante : étant
donné deux p-cones C; C C tels que diame,(C1) < oo, est-ce que diame; (Cy) < oo 7 Si la
réponse est affirmative, cela pourra fournir un résultat de trou spectral pour les opérateurs
duaux et étre utilisé pour obtenir des décompositions dominées.

1.3.2 Applications a des opérateurs de transfert

Dans le cas d’opérateurs de transfert, les cones standards permettent d’obtenir des informa-
tions sur la premiére valeur propre d’un opérateur. Cette démarche est intéressante notam-
ment parce qu’elle s’applique aux petites perturbations d’opérateurs connus : nous avons
cité précédemment les perturbations de 'opérateur de transfert £ associé a ’application T'
de doublement de I'angle sur le cercle S' (voir e.g. [Bal99)).

L’utilisation de p-cdnes pourrait donner une description plus précise du spectre de tels
opérateurs. Dans I’exemple précédent, une approche naturelle serait de considérer des cones
associés aux projections spectrales de 'opérateur de transfert £. La difficulté est alors de
considérer les bons espaces fonctionnels et d’obtenir des estimations raisonnables sur les
perturbations de T' qui répondent au critére de contraction des cones.

1.3.3 Cones de dimension infinie - variétés stables et instables

Les cones considérés dans cette thése sont des réunions d’espaces de dimension p ne con-
tenant pas d’espace de dimension p + 1. Une telle condition n’est pas applicable si on
cherche & définir des cones qui soient réunions d’espaces de dimension infinie. On peut tout
de méme définir un cone associé a une projection. Si £ = F'@® G est une somme topologique
de sous-espaces et si m désigne la projection sur F' parallélement a GG, I'ensemble
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Cro = {z € E[[|(Id=m)(2)[| < a||7(2)]|}

est bien défini pour a > 0. Cependant, une contraction d’'un tel cone ne s’accompagne
pas forcément d’un trou spectral. Considérons par exemple l'opérateur de décalage

2N — 12(N)
(an)nGN — (07 Qp, A1, a2, . .. )

En posant F' = {(an)nen | a0 = 0}, G == Vect((1,0,0,---)) et 7 la projection sur F
parallelement & G, I'opérateur T envoie Cr; dans C; /o Mals n’a pas de trou spectral. Les
conditions de contraction seront donc plus difficiles & exprimer et & manipuler pour de tels
cones de dimension infinie.

Un autre moyen de considérer ces cones Cr, est de regarder les sous-espaces qui sont
obtenus comme des graphes d’applications linéaires de F' dans G. Pour les cones de di-
mension finie p, cela correspond exactement aux sous-espaces de Cr, de dimension p. On
pourrait alors utiliser des techniques de transformée de graphe pour étudier les cones de
dimension infinie ; cependant, les méthodes présentées dans cette thése semblent diffi-
ciles a transposer dans ce cadre. En particulier, le recours de I’algébre extérieure ne peut
s’appliquer.

Enfin, il serait intéressant de voir si des conditions de contraction de cones au sens
de la jauge de peuvent suffire pour obtenir l'existence de variétés stables et instables.
L’approche standard pour ce type de question (voir par exemple [KH95]) utilise des cones
mais repose sur des estimations lipschitziennes et sur des transformées de graphes, qui
demandent des conditions assez fortes d’hyperbolicité sur les opérateurs. L’utilisation des
notions introduites dans cette thése pourrait permettre de réduire les hypothéses assurant
I’existence de ces variétés.

T:



Chapter

(Grassmannians

In this chapter, we look at the Grassmannian of a Banach space E. The Grassmannian
G(F) is the set of closed subspaces of E. In finite dimensions, the grassmanian is easy
to study thanks to the compactness of the unit sphere. Equipped with the Hausdorff
metric, it is a compact manifold; its connected components are exactly the sets G,(E) of
p-dimensional subspaces of E for p € N [Bo07V].

One can also embed G,(F) into P(/\" E), mapping a subspace V' = Span(z1,...,,) to
the line generated by 1 A - -+ A x,. The coordinates in A" E of x; A --- Az, are called the
Pliicker coordinates of V. More details on this can be found in [Har92|.

In infinite dimensions, several complications arise. First, the unit sphere is no longer
compact: the Hausdorff distance between two unit spheres Sy and Sy, can be only a
supremum and not a maximum. However, it still defines a distance on G(E) and makes
G(E) a complete metric space. General results on this distance are available in [Ber63]
and [Kat95].

Looking at the exterior algebra A" E, the difficulties pile up. As A" F is no longer
finite-dimensional, the choice of the norm on A E is important. In the case of Hilbert
spaces, a canonical inner product can be defined on A E; but in the Banach spaces case,
there is no canonical norm. One can define several "natural" norms on this space: however,
they are not equivalent. And even when they can be compared, the constants linking them
explode when p goes to infinity.

In dynamical systems, both approaches have been used to obtain results on character-
istic exponents and their associated spaces, and on dominated splittings. Raghunathan
gave another proof of the original Oseledec theorem using the exterior algebra [Rag79|. In
the Hilbert space setting, Ruelle also used tensors to prove the multiplicative ergodic theo-
rem [Rue82|. These methods heavily rely on the use of singular values: in these cases, the
product of the p largest singular values of a linear operator A can be more easily studied
through the largest eigenvalue of AP(A*A). The associated eigenvector in A” FE then gives
the corresponding subspace in G,(E).

More recently, the preferred approach for Banach spaces uses the Grassmannian equipped
with the Hausdorff metric and the gap between two spaces to realize the computations.
See e.g. [Blul6] and [GTQ15] where Oseledec’s theorem is proved via volume calculations
on Banach spaces. In [GTQ14], Gonzalez-Tokman and Quas use a notion of "nice basis",
which has some properties in common with the "right decomposition" we introduce here.

21
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This latter notion is more convenient for our proofs and computations.

The first section of this chapter goes over G(FE) and the Hausdorff distance and recalls
some of its properties. The second section introduces some natural norms on A” E and
defines the notion of right decomposition (z1,...,x,) for a p-dimensional space V. This
allows us to obtain an element z; A --- Az, in A’ E representing V' whose norm can be
controlled. We then define a distance on G,(E) using the norms on the exterior algebra,
and show that this distance is equivalent to the Hausdorff distance on G,(E).

Background material for Grassmannians and some related technical proofs have been
relegated to the Appendix. In particular, we study precisely the norms on A’ E: we show
that they can be seen as the quotient of corresponding norms on the tensor algebra @” F,
and we compare these different norms. We also prove that these norms are equivalent when
looking at elements which are sums of a fixed finite number of tensors.

2.1 Hausdorff distance and gap for Grassmannians

In this chapter, (E, ||.||) is a normed vector space and E’ its dual. For x € E and A C E,
we denote d(z, A) the distance from z to A, defined by d(z, A) = inf{||lx — y|| | y € A}.
For any subspace V of F, we denote Sy the unit sphere of V. We first recall the notion of
topological complement (see e.g. [Brel0], Section 2.4), which is used throughout the thesis.

Definition 2.1.1. Let V' be a closed subspace of E. We say that a subspace W of E 1is
a topological complement of V if E =V & W and W s closed. This is equivalent to:
E =V &W and the projection onto V parallel to W s a bounded linear map. In this case,
we say that E =V & W 1is a topological decomposition of E.

The usual reference for the geometry of Grassmannians is [Kat95]. We recall here some
of the results. However, some statements in [Kat95| are not proved or are left to the reader.
We therefore offer a proof for these for completeness in Section 5.1 of the Appendix.

First, let us define the Hausdorff distance dg on G(F).

Definition 2.1.2. The Grassmannian G(E) of E is the set of closed subspaces of E. For
p € N*, G,(E) denotes the set of p-dimensional subpaces of E and GP(E) denotes the set
of closed p-codimensional subpaces of E. We define :

dy: G(E)xG(E) — R*
(V,W) > max <sup d(x,Sw), sup d(z, SV))

€Sy yESw

i.e. dg(V, W) is the Hausdorff distance between the unit spheres of V. and W.

The application dy defines a metric on G(F) and (G(F),dy) is a complete metric space
when F is a Banach space (see e.g. [Ber63]). However, the distance dy can sometimes be
troublesome to compute. In most cases, we actually compute the gap between two spaces
V and W and use the following lemma to get dgy(V, W).

Definition 2.1.3. Let VW € G(E). The gap §(V,W) between V and W is defined as
S(V,W) = supd(x, ).

€Sy
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Lemma 2.1.4 (|[Kat95|, Chapter IV, Section 2.1). Let x € E with ||z|| =1 and V,W be
elements of G(E). Then d(z,V) < d(z,Sy) < 2d(z,V) and

We now define the minimal angle between two subspaces V,W € G(FE).

Definition 2.1.5. Let V,W € G(E). The minimal angle 0(V,W) € [0, 3] from V to W is
defined by
sin@(V,W) = inf{|jv —w|| | ve V,|v]| =1, w e W}

Unlike the Hausdorff distance dy which helps estimate how close two subspaces are,
the minimal angle tells us how far they are to each other. This can also be seen with the
following proposition.

Proposition 2.1.6 (|[BIM15, Blul6]|). Let V,W € G(E) be topological complements and 7
be the projection onto V' parallel to W. Then

1
sing(V,W) = —

[l
and sin (W, V) < 2sin6(V, W).

Finally, the Grassmannian G(F) has the structure of an analytic manifold. One can
find details in [Bo07V].

Definition 2.1.7. We define charts (Upq, ¢rc) on G(E) as follows. If E = F & G is a
topological decomposition of E, let Upq be the set of topological complements of G and

g25 ) E(F,G) — UF,G’
£G - f — graph f.

This forms an analytic atlas of G(E) compatible with the topology given by dy, making
G(FE) an analytic Banach manifold.

2.2 Right decompositions and metrics on the Grassman-
nian

In this section, we first introduce two norms ||.||rqp, and |[|.||s, on the exterior algebra
A\’ E. We compare these norms and give ways to get upper bounds on them. To ease the
reading, we just state these results; the norms on the exterior algebra, their relationship
with norms on the tensor algebra, and the proof of these results are compiled in Section 5.2
of the Appendix. When referring to either of ||.||rayp or |||, indifferently, we use ||.||a -
One obstacle to get lower bounds of the norm of x; A --- A x,, is that the ||z;|| can be
big while ||z A -+ A x|, is small. To prevent this from happening, we define a notion
which resembles orthogonality: the right decomposition. Given a p-dimensional space V',
we first take x; € V' of norm 1 and [; a linear form on V of norm 1 such that [;(z;) = 1.
Then we take x5 of norm 1 in the kernel of {; and l5 a linear form on V of norm 1 such that
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lo(x9) = 1. Iterating this process, we take x;;1 of norm 1 in the kernel of ly,...,l; and [;1; a
linear form on V' of norm 1 such that /;;1(x;1) = 1. Such a basis (x,...,xz,) of V is called
a right decomposition, and the linear forms /; are used to get bounds on ||z A« -+ A zp|[a -
We use this to prove that the norms ||.||rq, and ||.|[s, are equivalent when restricted to
the subset of A” E contaning the sums of a fixed finite number of simple tensors.

Finally, we define a new distance on G,(E). Given two subspaces V' = Span(zy,...,z,)
and W = Span(yi,...,y,) in G,(E), we look at the distance between z; A --- A x, and
y1 A+ - Ayp, or more precisely at the distance between the lines of A" E generated by these
two elements. Using well-chosen right decompositions, we show that this new distance is
equivalent to dy on G,(E).

2.2.1 Norms on the exterior algebra

For the definition and basic properties of the exterior algebra A" E, we refer to [BoOTA].
We define our norms on A” E. The norm ||.||xa, looks at the different decompositions of
an element x in simple tensors: the norm is then given by taking the infimum, over all
decompositions of z, of the sum of the norms of these simple tensors. The norm |||, is
defined using the dual E’: the norm of an element x is the supremum of the |(, z)|, where
[ is taken in a specific subset of A" E'.

Definition 2.2.1. For z € N\’ E, we define

l2llnap = inf Y [laill- |z
%

where the infimum is taken over all (finite) decompositions x = Y x{ A--- Az}, and

(2

|zl[np = sup (LA Al ).
I, lpEE
llL:]]=1

We have the following properties for the norms ||.||r¢p and .||, For the proofs of
these results, see Section 5.2 of the Appendix.

Proposition 2.2.2. On A" E, we have ||.||np < (vP)P |- Adp-

Lemma 2.2.3. Let x € E and u € A" E. Then

(1) lz Aullnps < (p + Dl lullap

(1) [z Aullraper < [l |lullrap -

Lemma 2.2.4. Let x1,...,Zp,Y1,...,Yp € E such that ||x;]| = ||yl = 1 for all i € [1,p].
Then

(i) [Jer Ao Ny =y A Aypllarg < ppl max (o — vill),

(i) lley A Ny =y Ao Agpllaap < pomax((lzi — yil]).
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2.2.2 Right decompositions

We now introduce the notion of adapted linear form and right decomposition. The main
interest of these notions is the following: if (z1,...,x,) is a right decomposition, then the
z; are "far" from each other and create a volume, and therefore ||z; A --- A z,|| cannot be
too small. Then in practice, for arbitrary zf A .-+ A :,17;), we first find a right decomposition
(z1,...,1,) of the subspace Span(z},...,}), compute ||} A --- A x| and then compare
the element @) A -+ Ax) to x1 A~ Ay

Definition 2.2.5. Let E be a normed vector space and v € E. We say that a linear form
[ : E — C is adapted to x if ||l|| = 1 and I(z) = ||z||, which is equivalent to ||l|| = 1 and
Vy € kerl, ||z + y|| > ||z||. The hyperplane kerl is said to be adapted to x.

Such a linear form always ezists (as a consequence of the Hahn-Banach theorem,).

Remark. A natural way to think about this is to see ker!/ as a set of vectors "orthogonal"
to x. The difference with the euclidian case is that given such a z "orthogonal" to z, z is
not necessarily "orthogonal" to z.

Definition 2.2.6. Let E be a normed vector space and V' be a p-dimensional subspace of
E. We say that (z1,...,x,) is a right decomposition of V if ||z;|| = 1 for all i and there
exists linear forms ly, ... 1, such that

e [; is adapted to x; for all i,
o x; € kerl; for all j > i.
We say that the l; are linear forms adapted to the decomposition (x4, ..., x,).

Remark. This definition means that the vectors xs, ..., z, are "orthogonal" to z; ; the vec-
tors x3, ..., x, are "orthogonal" to z; ; etc. This would be our equivalent of an orthogonal
basis.

The next lemma show that having a right decomposition (zy,...,z,) gives a lower

bound on ||z A -+ A || arp-

Lemma 2.2.7. If (z1,...,%,) is a right decomposition of V and (l1,...,l,) are adapted
linear forms, then (x1,...,x,) is a basis of V' and the l; are independent (and therefore are
forming a basis of V' ). Moreover, ||x1 A+ Axp||ap > 1.

Proof. Let (x,...,x,) be a right decomposition of V" and ({y,...,[,) adapted linear forms.
Then

(LN Ny N+ - Ny = det((l;, x5))

10 - 0
= ! o as Vi, (l;,z;) = 1 and Vj > i,x; € ker|;
G
1
=1

So the [; are independent, the x; are independent and ||z; A -+ A zp||ap > 1. ]
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Remark. If (z4,...,x,) is a right decomposition of V' in V', we can extend to E the adapted
linear forms (using the Hahn-Banach theorem), and therefore (xy,. .., x,) is a right decom-
position of V' in E. Being a right decomposition only depends on the z;.

We now present two ways to get a right decomposition. The first one is to get a right
decomposition as the completion of the right decomposition of a smaller subspace. The
second one is the Auerbach basis. Auerbach bases are useful to get estimates on coordinates
of a point, given its norm. However, there is a drawback: if Vi C V5, we usually cannot
complete an Auerbach basis of V] into an Auerbach basis of V5. The broader notion of
right decomposition is thus necessary to get the results we desire; the estimations we get
on the coordinates are however not as powerful.

Proposition 2.2.8. (completion of a right decomposition). Let E' be a normed vector space
and V' be a p-dimensional subspace of E. Given x1,...,xx € V such that (xq,...,25) i a
right decomposition of Span(z1, ..., xy), there exists Tyi1,...,x, € V such that (z1,...,1z,)
15 a right decomposition of V. In particular, V' has a right decomposition.

Proof. Let k < p and let lq,...,[; be linear forms on V adapted to the decomposition
(x1,...,2k). As dim(ﬂf:1 kerl;) > p—k > 0, we can take x4 € ﬂle ker [; with ||z 1| = 1

and let [y, be a linear form adapted to xgy 1. Then (z1,...,2541) is a right decomposi-
tion of Span(xy,...,xk+1). By iteration, we get: (z1,...,z,) is a right decomposition of
Span(xy,...,xp), and given Lemma 2.2.7 and dim(V) = p, the p-tuple (zi,...,2,) is a
right decomposition of V. m

Proposition 2.2.9 (Auerbach basis, see e.g. |[Thi87]). Given V a p-dimensional space,
there exists a right decomposition (z1,...,x,) of V with adapted linear forms (lv,...,1,)
such that ||z;|| = ||l;|| = 1 for all i, and l;(x;) = d;; for all i,j (where &;; is the Kronecker
delta). Such a basis is called an Auerbach basis.

Lemma 2.2.10. Consider (z1,...,x,) an Auerbach basis of a p-dimensional space V. If

p
x =Y ax; €V, then |a;| < ||z| for all i € [1,p].
i=1
Proof.

Vi € [Lpl, lai = [li(x)] < [[lll- [z} = ll=]]. O

Ezample. Consider R? equipped with ||.|l. and denote (ej,e3) its canonical basis. Then
(e1,e2) is an Auerbach basis. The vector e; 4 1es (of norm 1) can not be completed into an
Auerbach basis; it can, however, be completed into a right decomposition by (e; + %62, €s).

Proof. Let (e7,e3) denote the dual basis of (e1,e2). One can easily check that (eq,es) is an
Auerbach basis, with associated linear forms (e, €3).

The vector x = e; + %62 is a unit vector. Consider /; a linear form of norm 1 such that
l[i(z) = 1. As the only affine line tangent to the unit sphere of ||.||« in x is & 4+ Span(es),
[; must have its kernel equal to Span(es) (see Figure 2.1). Then [; is collinear to e5. By
contradiction, assume x can be completed into an Auerbach basis (x,y). Then we have
y = tes. As before, any linear form [y of norm 1 such that l3(y) = 1 must have its kernel
equal to Span(e;). Then x ¢ kerly, which is impossible since (x,y) is an Auerbach basis.
However, (x,e5) is a right decomposition, as it does not require = € ker ls. O
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x + ker! ker e}

Unit sphere ,f(ir,‘ \7||:>07 777777777777777777

! T | €2 1

| | o

| } ker e | |

************** | Unit sphere for [l |
Figure 2.1: If [(x) = 1 and = + ker! is Figure 2.2: (z,€2) is a right decompo-
the red line, then [(2') = 1 and ||2/| < 1, sition, but is not an Auerbach basis as

preventing [ from having norm 1. x ¢ keres.

P

Lemma 2.2.11. Let (x4, ...,x,) be a right decomposition of V and x = > a;x; € V. Then
i=1

la;| <27 Y|z|| for alli € [1,p].

i—1 i—1

Proof. As (l;,x) = > ax(li, xx) + a; and ||l;]] = 1, we get |a;| < ||z|| 4+ > |ax| and therefore
k=1 k=1

la;| < 271|z|| by induction. O

Finally, we show that when we only look at sums of a fixed finite number of tensors,
the norms ||.||rp and||.| g, are equivalent.

Lemma 2.2.12. Let k € N. The norms ||.||np and ||.||aap are equivalent on the subset Sy
of N" E containing the sums of at most k simple tensors.

Proof. From Proposition 2.2.2, on A" E, we have ||.||xp < (/D) Adp-

Let # = Y o7 A--- Az, € S and denote F' = Span(x}). Then dim F' < kp. We
i=1
consider (eq,...,eq) a right decomposition of F' and (i, ...,ls) the corresponding linear
forms (d < kp). In this basis, we can write x = > Are;; A--- Ae;,. Then
1< <ip

[y = [CGiy A Al )] = A
which gives

kp
lelhar < 3 Palleall-lesll < 3 Hx\m,ps(p)|rx|m,p.

11 <---<ip 1< <ip

O

2.2.3 Equivalence between the Hausdorff distance and the exterior
algebra metric

Now we have all the tools to define a new metric on G,(E) and compare it to the metric
dy. For that, see that if (z1,...,2,) and (y1,...,y,) are bases of the same p-dimensional
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space V of E, then z1 A--- Az, and y3 A« - - Ay, are collinear in A” E. We can thus identify
the p-dimensional space V of E to the vector line Span(zy A---Axz,) of A’ E. We say that
x1 A\ --- ANz, represents V, or is a representative of V.

The following definition, proposition and theorem are stated and proved for the norm
Il.llnp = |-llatp. They remain true for ||.||x, = ||-|[rdp, thanks to Lemma 2.2.12.

Definition 2.2.13. For V € G,(E), A’V is a I-dimensional subspace of \' E. Hence we
define for V.W € G,(E) :

. p p .
dnp(V.W) = nf{|Jv —wllr, | (v,0) € N7V x \"W with o]lnp = lw]la, = 1}

This corresponds to the Hausdorff distance between the complex lines NPV and N''W
in (N E, |llnp)-

Proposition 2.2.14. If z € A’ V,y € A" W with ||z||np = |lYllrp = 1, then

dpp (VW) = it [z = Ay, = min 2 = Ayl

Moreover, d(x,Span(y)) < dx,(V, W) < 2max(d(z, Span(y)), d(y, Span(z))).

Proof. The first part is a consequence of dim A’V = dim A’V = 1. Lemma 2.1.4 applied
to A"V and A" W gives us the second part. O

Theorem 2.2.15. For every p € N*, there exists a constant ¢, > 0 such that: for every
normed vector space E, for all VW € G,(E),

1
—dg(V,W) <dp,(V,W) < c,du(V,W).

5
In other words, the metrics dg and da, are equivalent on G,(E).

Proof. Let p € N* and E be a normed vector space. Let V, W be p-dimensional spaces in
E and set d .= dg(V,W).

As mentionned before, since Lemma 2.2.12 states that the norms |||y, and ||.||rq, are
equivalent when restricted to sum of at most two simple tensors, we only have to prove the
theorem for ||.|[rg,. We thus show the following inequalities:

Lt
3(vp)

Let us first prove the second inequality. Let z1 A--- Az, be a right decomposition of V.
For all 4, there exists y; € W such that ||z; — y;|| < d and ||y;|| = 1. Then, by Lemma 2.2.4,
ler Ao Axp —yr A= Ayl < dpp! . As xy A--- Az, is a right decomposition of V, the
inequality ||zq A -+ A xp| > 1 holds by Lemma 2.2.7. Let

A A A A
z = T GAPV and y = h Yp E/\pVV.
e fes A Ay

dg(V,W) < dpnp(V, W) < 2p.ph)du(V,W).

We have ||z|| =1 and ||z — y|| < d.p.p! . Thus d(z,Span(y)) < d.p.p! . By an argument
of symmetry, Proposition 2.2.14 shows that d, ,(V, W) < (2.p.p!).d = (2p.p")dg(V,W).
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Now we prove the remaining inequality of our proposition. Let z € V with ||z]| = 1
such that d(z, W) > d/3. Let [ be the linear form on W + Span(z) such that {(x) =1 and
lw = 0. We first estimate ||/||. For A € C* and w € W, we have

Ad d
> % = §|l()\x+w)].

Therefore [|I|| < 3/d. Using the Hahn-Banach theorem, we can extend [ to a linear
form on E, still called I, with ||I|| < 3/d. Let l; := [/||l||. Using Proposition 2.2.8, let
(x,xq,...,x,) be a right decomposition of V' with adapted linear forms (I1,ls,...,1,). Let
(y1,--.,ya) be a basis of W.

Then for all A\ € C,

1
1Az +wll = [Allle + sl = [Ald(z, W)

leAzg N ANay = A A Ayl > A Al e Axg AN ANxpy — Ayt A=+ Ayyp)|
> (LA ANl x ANxg A+ Ay
1
I 0 0
> 1
(x) - 0
1
> L

—

As x, x5, ..., 1, are unit vectors, ||z A xy A -+ A xpl| < (y/P)P by Proposition 2.2.2 and

therefore )
Span(yy A -+ A yp)) >

(VPP

TANT2 N Nxp
|z Aag AN Ayl
By Proposition 2.2.14, we get

1 d 1
dp (VW) > > - Ay (V,W). 0

(VPP[IH = 3(vp)r 3(vp)P

Finally, the following propositions show the completeness of G,(E) and of the set of
simple tensors in A’ E.

Proposition 2.2.16. Let (V,,)nen € Gp(E)Y such that V,, =V € G(E). Then'V € G,(E).
In particular, G,(E) is closed in G(E) and thus is a complete metric space.

Proof. Let x1,...,2,41 € Sy. There exists sequences (xﬁ”))nzo, e (9:,(,?1)@0 satisfying

Vi,vn > 0,2 eV,

such that xgn) — ;. Using Lemma 2.2.4, we get xﬁ”) A A 37;721 — Ty A ATy

n—oo n—oo
Since dim(V,) = p, we have z\™ A .-+ A %(;1)1 = 0 for all n, so 1 A -+~ Axp = 0 and
therefore dim(V') < p.
We now prove that dim(V') > p. There exists an integer N such that dy(Vy, V) < =

= Tppl
Let (y1,...,y,) be a right decomposition of Vi. There exists z1,...,2, € V such t%gt
ly; — ;]| < ﬁ for all i, and using Lemma 2.2.4, we get ||z A+ Azp— 1 A+ Aypllnp < 3
As (y1,...,yp) is a right decomposition, [|y1 A -+ A yplla, > 1 and therefore we have
|21 A Apl|arp > 5. In particular, z1 A - -+ Az, # 0, hence dim(V) > p. O
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Remark. A similar proof using the exterior product shows that if V,, — V and dim(V') = p,
then dim(V,,) = p for n large enough. Also, if V,, — V and dim(V,,) < oo for all n, then
dim(V) < oo. In particular, the set of all finite-dimensional subspaces of E is a closed
subset of G(E) (and therefore is a complete metric space).

Proposition 2.2.17. The subset {x1 A+ ANz, | 21,...,2, € E} of N\' E is a complete
metric space for ||.||ap-

Proof. Let o, = 27 A--- Ay be a Cauchy sequence for ||.[[5 . If there is a subsequence a,,

such that «,, — 0, then «, - 0. Otherwise, for n big enough we have ||a,|[r, > 1/c
n—-+0oo

for some constant ¢ > 0, hence V,, := Span(z7, ... ,x;}) is a p-dimensional subspace of F.
Since dn, and dy are equivalent, (V},) is a Cauchy sequence in the complete metric space
(Gp(E),dy) and therefore converges to some V' € G,(E). Let (xq,...,z,) be a basis of V
such that a = 21 A - -+ A x,, satisfies ||a|[r, = 1. Proposition 2.2.14 and the fact that d,,

and dg are equivalent show that there exists a sequence \,, € C with |\, | = 1 such that
An
[lewn|

Let pn, = ||anl|ap/An. Since (o) is a Cauchy sequence, it is bounded and we can assume

llanllrp < ¢ for all n. Hence 1/¢ < |u,| < ¢ and therefore (o, — pna) - 0. Then
n—-+0o0

a, —a — 0.

n——+o0o

A,

| 1tn — Np| = ||pnex — :upaHA,p < | ppner — anHA,p + [ — O‘pHA,p + ”NPO‘ - ap”/\,p'

This shows that (u,) is a Cauchy sequence and therefore converges to some p € C*. This

gives us o, — pa and achieves the proof. O
n—-+o0o



Chapter

p-dimensional cones and applications

3.1 Preliminaries

3.1.1 Introduction

The Perron-Frobenius Theorem [Per(07, Frol2| asserts that a real square matrix with strictly
positive entries has a spectral gap, i.e. it has a positive simple eigenvalue and the remaining
part of the spectrum is strictly smaller in modulus.

In a seminal paper |Bir57|, Birkhoff generalized this theory: he showed a contraction
principle for projective cones C equipped with the Hilbert metric. If a linear map 7" satisfies
T(C*) C C*, then it is a contraction for this metric. Moreover, if the diameter of T'(C*) is
finite for this metric, then T is a strict contraction.

These notions for real cones were extended to complex cones, as introduced by Rugh
in [Rugl0]. The gauge used is no longer necessarily a metric, and relies on the hyperbolic
metric on sections of the cones. Using this theory, he obtained a contraction principle for
complex cones, a spectral gap theorem, and regularity results for the first characteristic
exponent of random products of operators preserving a complex cone. This was further
studied by Dubois [Dub09], with a new gauge which is easier to use and which is a metric
for some specific complex cones.

The aformentionned works only concern the leading eigenvalue or characteristic expo-
nent. In [Rue79|, Ruelle remarks that such analytic properties can be obtained for the
p first characteristic exponents for some families of operators, by applying the result he
had for the first exponent to the p-exterior product of operators T' A --- A T. However,
cone contraction can be difficult to check for p-exterior products, especially as there is
no canonical norm on the exterior product A’ E of a Banach space E. More recently,
Blumenthal, Quas and Gonzalez-Tokman have used several tools on Grassmannian spaces
to get more concise and intuitive proofs for the Oseledec theorem [Blul6, GTQ15]. They
also obtained, with Morris and Froyland, results on splittings and stability of characteristic
exponents [BIM15, FGQ15]. This approach avoids the use of exterior algebra, making it
more geometric and natural. However, it does not give rise to analytic properties for the
exponents of the splitting. In this chapter, we address this issue by using similar tools and
also the exterior algebra to get our results.

Specifically, we use complex multidimensional cones. Real multidimensional cones were

31
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notably used to characterize dominated splitting for cocycles on finite-dimensional vector
bundles by Bochi and Gourmelon in [BG09|. In [ABY10], the case of SLs(R) is studied
in detail and a complete description of multidimensional cones associated with a pair of
matrices of SLy(R) is obtained. More recently they have been used in [BoM15| to study
the regularity of the lower spectral radius of subsets of GL4(R). Our approach is more
general as we study multidimensional cones in Banach complex spaces and operators which
are not necessarily invertible.

In Section 3.1.2, we recall some known results on one-dimensional complex cones from
[Rugl0] and [Dub09]. We introduce the notion of complex cone, and a projective gauge dc,
giving rise to a contraction principle. Under some regularity assumptions on the complex
cone, such a contraction has a spectral gap. In Section 3.2, we define the notion of p-
dimensional cone and construct a cone gauge dc(V, W) between p-dimensional subspaces
V and W contained in the cone. We then deduce from the contraction principle on one-
dimensional complex cones a contraction principle for p-dimensional cones. In Section 3.3,
we generalize the regularity notions from complex cones to p-dimensional cones to obtain
a spectral gap theorem for p-cone contractions. Finally, in Section 3.4, we prove a theorem
on the analyticity of characteristic exponents of random products of cone contractions. We
illustrate this result on the following example: if (§,) is a sequence of independent and
identically distributed random variables with values in the Poincaré disk D, then for ¢t € D
the characteristic exponents of the product of

1048, t+¢&, it
M,(t)=| t+¢&, 6 &n
i, 0 1

is analytic in ¢.

3.1.2 Definitions and results for classic complex cones

In this section, we recall some definitions and results from [RuglO] and [Dub09], which

serve as a foundation for our work. In the sequel, £ denotes a complex Banach space. For
a subset X C E, we write X* = X \ {0}.

Definition 3.1.1. We say that a subset C C E is a closed complex cone if it is closed in
E, C-invariant and C # {0}. Such a cone is said to be proper if it contains no complex
subpaces of dimension 2. We refer to proper closed complex cones as C-cones.

Definition 3.1.2. Given a C-cone C, we define the gauge of Rugh éc : C* x C* — [0, o]
between two points x,y € C* as follows:

o Ifx and y are co-linear we set oc(x,y) =0,

o [fx and y are linearly independent, we define S(z,y) = C N (z + C(y — x)) as the
section of C by the affine complex plane passing through x and y, and:

— If x and y are in the same connected component U of the interior S°(x,y) of
this section, then we set 6¢(x,y) = dy(x,y) where dy is the hyperbolic metric on

U;



CHAPTER 3. P-DIMENSIONAL CONES AND APPLICATIONS 33

— otherwise, we set d¢(x,y) = oo.
This gauge is symmetric and projective, i.e. oc(y,x) = dc(x,y) = dc(Ax,y) = dc(x, Ay).
For information on the hyperbolic metric on Riemann surfaces, we refer to [CG93].

Definition 3.1.3. Given a C-cone C and x,y € C*, we consider the set

Ec(z,y)={2€C |2z -y ¢C}

and denote |Ec(z,y)| = {|z| | 2 € Ee(z,y)}. The gauge of Dubois dc : C* x C* — [0, o00]
between x and y is defined as follows:

o Ifx and y are co-linear we set dc(x,y) = 0

o [fx andy are linearly independent, we set dc(x,y) = log(b/a), where b = sup |Ee(z,y)|
and a = inf |Ec(z, y)|.

This gauge is symmetric and projective.
The following results are valid for each of these gauges.

Proposition 3.1.4 (Rugh, Dubois). Let F1, Ey be complex Banach spaces. LetT: Ey — Es
be a continuous linear map and Cy C Ey, Co C Ey two C-cones such that T(C}) C C5. Then
for all z,y € C, we have oc,(Tx,Ty) < o¢,(x,y).

Moreover, if A = diame, (TC;) < oo, there exists n < 1 depending only on A such that
for all x,y € Cy we have

56’2 (T$7 Ty) S 77'5& (ZE, y) :

We introduce the notion of bounded aperture and reproducing cone and recall a theorem
from [Rugl0].

Definition 3.1.5. For K > 0, we say that a C-cone C is of K-bounded aperture if there
exists a linear form m : E — C such that Vx € C, ||m||||z]| < K|m(z)].

Moreover, we say that the cone is of K-bounded sectional aperture if for all x,y € FE,
the cone C(x,y) = C N Span(x,y) is of K-bounded aperture, i.e. there exists a linear form
My, : Span(z,y) — C such that

Vu € C(,y), [[may[l[lul] < Klmay(w)]

Definition 3.1.6. We say that a C-cone C is reproducing if there exists a constant A > 0
and k € N* such that for all x € E, there exists x1,...,xx € C satisfying x = x1 + -+ - + xp,
and ||z1]| 4 - - + [lzi | < Allz].

Theorem 3.1.7 (Rugh). Let T' € L(E) and let C be a reproducing C-cone of bounded
sectional aperture. Suppose that T is a strict cone contraction, i.e. T(C*) C C* and
diam¢(TC*) < oo (as in Proposition 3.1.4). Then T has a spectral gap.
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3.2 Multidimensional cones and contraction principle

3.2.1 Definition of p-cones

In [Rugl0], Rugh defines a notion of proper complex cone which can be seen as an union
of C-lines which does not contain any 2-dimensional subspace. We extend this definition
to introduce higher dimensional cones. Then we use the gauge/metric defined in [Rugl0|
and [Dub09] to define a "distance" on our cones.

In the remainder of this chapter, p denotes a positive integer.

Definition 3.2.1. We say that a subset C C E s a closed p-dimensional cone if C is a
union of p-dimensional subspaces of E, is closed, and C # ().
We say that a closed p-dimensional cone C is proper if it does not contains any (p+1)-
dimensional subspace of E. We refer to proper closed p dimensional cones as p-cones.
Such a cone C can thus also been seen as a collection of p-dimensional subspaces, instead
of a subset of E. We denote

G,(C)={Veg,r) |V CcC(}

the subset of the Grassmannian of E of p-dimensional spaces contained in C. In the sequel,
we sometimes abuse the notation and use C to denote G,(C).

Remark. A p-cone is always C-invariant. For p = 1 we get the usual definition of proper
closed complex cone.

Remark. This definition is more general than the one for multicones in [BG09|, where a
transverse subspace of codimension p is required.

Example. Let F be a p-dimensional subspace of F, and G a closed complement of F' in F.
Let 7 : E — F be the projection on F' parallel to G. Then for all a > 0, the set

Cra={z € E[[|(Id—m)(2)[| < a|x()[|}

is a p-cone of E. Such a cone is called a projection cone.

We now define a "distance" on the p-dimensional spaces of a p-cone, using the gauge
defined on 1-dimensional complex cones in [Rugl0] or in [Dub09]. If ¥ is a classic complex
cone, we denote by d¢ either of these 1-dimensional gauges on 4. We use quotation marks
on the word "distance" as this object may not satisfy the triangle inequality.

Definition 3.2.2. Let C C E be a p-cone and x,y € C*. We define the 1-dimensional
"distance" dy c(x,y) by :

e dic(r,y) =0 if Span(z,y) CC,

o dic(x,y) = dcrspan(zy) (%, y) otherwise (in this case, CNSpan(x,y) is a proper complex
cone).

Let C be a p-cone and V. W C C be p-dimensional subspaces of EI. We define the "cone
distance between V and W as :

dC(v7 W) = sup dl,C($7 y)

(zy)e(V*, W)
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If Cy is a p-cone contained in C, the diameter of C; in C s
diame(Cy) = sup{de(V, W) | V, W p-dimensional subspaces contained in C; }.

Remark. If Span(z,y) € C, then d; ¢(z,y) > 0.

Let V' # W be p-dimensional spaces contained in a p-cone C. The cone C is proper so
we have V + W ¢ C. Hence there exist © € V, y € W such that Span(z,y) € C. This
implies that d¢(V, W) > 0.

Ezample. Let 0 < a < b. Defining our "distance" with respect to the gauge for [Dub09],
we have Cr o C Cryp and diame,, (Cro) < 2log (Zf—g)

Proof. Let z,y € Cr, with decompositions x = zr + x¢ and y = yp + ye with respect to
E = F @ G. To estimate dc,,(z,y) we must find an upper and lower bound for the set
Ee, ,(x,y) = {2 € C| zz —y ¢& Crp}. The gauge is projective, so we can assume that
lzr|| = |lyr|| = 1, and therefore we have ||z¢||, ||yc| < a.

Let z € C with |z| > 22 Then

Iz.2¢ = yell < [zla+a <b(|z[ = 1) < bl|z.2p — yrl],
s0 2& —y € Crp. Similarly, if |z| < Z;—Z, then

Iz.2¢ = yall < [zla+a <b(1 = |z]) < bl|z.2p = yrl],

so zx —y € Cryp. This gives inf |E¢_, (z,y)| > er—‘; and sup |Ec_, (z,y)| < 22, hence

b+ a b+ a
dc, ,(x,y) < log <(b a)2) = 2log <b — a) .

3.2.2 Contraction principle for p-cones

We can now formulate the following contraction principle:

Theorem 3.2.3. Let Ey, E5 be complex Banach spaces. Let T : Ey — Fy a continuous
linear map and C; C FEy, Co C Ey two p-cones such that T(C}) C C5. Then for every
p-dimensional spaces V,W contained in Cy, we have de,(TV, TW) < d¢,(V,W).

Moreover, if A = diame,(TCy) < oo, there exists n < 1 depending only on A such that
for all p-dimensional spaces V,W contained in Cy, we have

de,(TV,TW) < n.de,(V,W).

Proof. The proof relies on the result known for the 1-dimensional cones. Recall that in
the definition of our "distance", the only points (z,y) contributing to the supremum are
the ones for which Span(z,y) ¢ C. For these points, Span(z,y) N C is a proper closed
1-dimensional cone, allowing us to use the results of [Rugl0] and [Dub09]. When we have
Span(z,y) € C, we use the notation C(x,y) := Span(z,y) NC.

Let V,W be p-dimensional subspaces of F; contained in C;. Let x € V* y € W*. If
Span(zx,y) C Cy, then Span(Tz,Ty) = T Span(x,y) C TC; C Cy. As T(Cy) C C;, we have
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(TV)* =T(V*), (TW)* = T(W*), and TV and TW are p-dimensional subspaces of Es.
The definition of d¢, gives us:

de,(TV, TW) =sup{dic,(z,y) | (=,
= sup{dy¢,(Tz,Ty) |
= sup{dic,(Tz,Ty) |
= sup{de, s,y (T2, T

y) € (TV*, TW*)}
(z,y) € (V5 W)}
(z,y) € (V*,W*),Span(Tz, Ty) € Cs}
y) | (z,y) € (V*, W), Span(Tz, Ty) SZ Ca}.
For all (z,y) € (V*, W*) such that Span(T'z, Ty) € Cs, the map T} span(sy) : SPan(z, y) —
Span(Tz, Ty) satisfies T'(Cy(z,y)*) C Co(Tx, Ty)*. Using Proposition 3.1.4, we get

562(Tx,Ty) (TZL‘, Ty) < 501 (z,y) (ZE, y)
Hence

| (z,y) € (V*,W*),Span(Tz, Ty) ¢ Cs}
’ (m?y> (V*,W*),Span(x,y) SZ Cl}
(1‘, ) ( ,W*),Span(x,y) SZ Cl}
(z,y) € (V*, W)}

de,(TV,TW) < SUP{5C1(m,y)(5E> Y)
< Sup{(SCl(x,y)(x> y)
< sup{dic, (z,y) |
< sup{dic, (z,y) |
< de, (V,W).

For the second part of the statement, we show that diame,rz7y)(T(Ci(z,y))) < A,
where the diameter is taken with respect to the gauge dc,(r21y) on classic complex cones.
Let u,v € Ci(z,y). If v and v are collinear, d¢,(rs 1y (Tu, Tv) = 0. Otherwise, we have
Span(u,v) = Span(z,y), hence d¢,(rz,1ry)(Tu, TV) = dcy(rure)(Tu, Tv) < dyc,(Tu, Tv). As
Tu,Tv € Cy, there exists p-dimensional subspaces Z, and Z, such that v € Z, C C; (and
similarly for v). Then T'Z, C Cy (and similarly for v) and we have

Ocy(rary)(Tw, Tv) < de,(TZ,, TZ,) < A.

Using Proposition 3.1.4, we get a constant n < 1 such that: for all (z,y) € (V*, W*)
such that Span(Tz,Ty) € Ca, dcyrury) (T2, Ty) < 1.0¢, (24 (x,y). The same reasoning as
before then provides the desired result.

]

Remark. 1f E is finite-dimensional, the finite-diameter condition is satisfied when the inclu-
sion T'(C}) C int C; holds. In this specific case, the arguments employed can be compared
to the ones used in the proof of Theorem B in [BG09].

Ezample. For 0 < a < b, recall Cr o C Cry. if T € L(E) satisties T'(Cy ) C C; ,, then T satis-
fies the assumptions of Theorem 3.2.3 and we have (using the Dubois gauge from [Dub09]):
For all p-dimensional spaces V, W contained in Cy,

de, ,(TV,TW) < Z.de_,(V, W),

a
b
i.e. T'is a contraction on the set of p-dimensional spaces of C, , with respect to the "distance"
de_, .



CHAPTER 3. P-DIMENSIONAL CONES AND APPLICATIONS 37

3.3 Regularity of p-cones and spectral gap theorem

We first define a notion of bounded aperture for p-cones, then use it to compare norms
with our cone "distance". We finally use these comparisons to get a spectral gap result.
In this section, we denote by ||.||,, any of the previous norms on A" E defined in Chapter
2: as we never make computations on more than 2 simple tensors, Lemma 2.2.12 ensures
that these norms are equivalent. We may also use the notation ||.|| for [|.||,,. We denote
by |.| the standard hermitian norm on C”.

3.3.1 Aperture of a p-cone

Definition 3.3.1. We say that a p-cone C C FE is of aperture bounded by K > 0 if there
exists a continuous linear map m : E — CP such that Vo € C, ||m||.||z] < K|m(x)|.

We say that a p-cone C C E 1is of sectional aperture bounded by K > 0 if for any
two p-dimensional spaces V' and W contained in C, there exists a linear map myw :
Span(V, W) — C? such that Yz € C N Span(V, W), |myvw||.||z] < K|myw(x)|.

Lemma 3.3.2. Let C C E be a p-cone of sectional aperture bounded by K > 0. Let VW be
p-dimensional spaces contained in C and m = myw a linear map satisfying the inequality
from Definition 3.3.1. Then for all x € V*, there exists y € W* such that

o(V, W),

iz ~ ol = o

Moreover,
K
|z = yll < 5—|m(z)|de(V, W).
]|

Proof. We normalize m so that ||m|| = K. Then for all z € V* |m(x)| > ||z| > 0, so
myy : V. — CP is injective, and therefore bijective. Similarly, myy : W — CP is bijective.
Let x € V*. Then there exists y € W* such that m(y) = m(z) # 0. In particular m(x)
and m(y) are collinear. This allows us to use the computations from [Rugl0] and [Dub09].
Let ' = ey and y = |m(y)|
Case 1: wzth the gauge from [Rug10]

Let uy = (14+A)2'+ (1= \)y’ pour A € C. Then |m(uy)| = |(1+ ) fm + (1= A) | = 2.
When uy € C, we get (using Definition 3.3.1):

Al =91l < fluall + (2l + 1y]) <2+ 1+ 1< 4.

We mimic the proof of Lemma 3.4 in [Rugl0] to get our result: let R := T A 7T If uy € C,
then |A\| < R and therefore S(2/,y') C B(0, R) (see Definition 3.1.2). As a bigger set implies
a smaller hyperbolic distance, we get:

11 1+ }%
de(x,y) = dso(w y)(—=1,1) = dpo,r)(—1,1) = dp(— 5, ) = 2log
R'R -1
This shows M = % < tanh(%) < dC(jf’y) < dC(Z’W), which gives the desired

results as m(x) = m(y).
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Case 2: with the gauge from [Dub09]
Here we mimic the proof and computations in [Dub09]. If x and y are collinear, then
|* — ¢/|] = 0 and the proof is over. Otherwise, let Ec(2',y) = {z € C | za’ — ¢/ ¢ C}.
As Im(2' —y)| = 0 < ||/ — /||, we get ' — ' ¢ C and therefore 1 € Ex(2/,y'). Let
0 <a<inf|Ec(z,y)| and b > sup |Ec(2’,y')|. Clearly, we have a < 1 < b.

b—1 1—a
I < I - P
U =
— —a
< . I - I
S Ggmler' =Pl =g =)
. L050-a)
b—a
,Vb—a
= "t ya
log(b 1
= 2tanh M) < —log(b/a).
4 2
Hence ||z’ — ¢/|| < 3de(z,y) < de(V, W), O

We now extend this result to representatives z; A - - - A x,, of p-dimensional spaces.

Definition 3.3.3. If V is a complex Banach space and m : V — CP is a continuous linear
map, we consider the map m : N’V — C obtained from the alternating p-linear map

(z1,...,2p) = detep(m(z1), ..., m(xp)).
The following lemma gives bounds on the norm ||77]].

Lemma 3.3.4. Let C be p-cone of E of aperture bounded by K > 0 with m : E — CP a
continuous linear map such that Vx € C, |m||.||z| < K|m(z)|. Then

e For the norm ||.||nap, we have ||m| < ||m|[? and

K?
VSpan(zy,...,z,) CC,|lx1 A Axp|adgpy < H—]m(:vl A=Ayl

m||P
e For the norm .||, we have

V(@1 .yap) € B fi(an A - Aay)| < ||m||p||$1 A Apllag ;
VSpan(xy,...,xp) CC,|log A Aap|lnp < (VD)P T ||p|m(:c1 A Ayl

This lemma is proved in Section 5.3 of the Appendix.

Lemma 3.3.5. Let C C E be a p-cone of sectional aperture bounded by K > 0. Let V,W be
p-dimensional spaces contained in C and m = myw a linear map satisfying the inequality
from Definition 3.5.1. If (x1,...,2,) is a basis of V and (yi,...,y,) is a basis of W, then

p

< q.—
= lmlpp

H o RVANAR YA LAY dC(VW)
m(zy A Axp) (A AYy) ’

where a, > 0 is a constant depending only on p.
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Proof. By Lemma 2.2.12, it suffices to show this for one of the two norms ||.|[n;, and ||.|| -
Here, we use the norm ||.||rqp-

Given two bases (71,...,2p) and (2,...,2,) of V, 11 A... Axp and o) A ... A7), are
collinear (as it is for two bases of W). Hence we only have to show the result for one
particular basis of V' and one particular basis of W.

Let (e1,...,ep) be the canonical basis of CP. The map m;y : V — CP is bijec-
tive, as proved for Lemma 3.3.2. Then there exists a basis (z1,...,2,) of V such that
(m(z1),...,m(z,)) = (e1,...,e,). Similarly to the proof of Lemma 3.3.2, we choose

(y1,-..,yp) in W such that m(z;) = m(y;) = e; for 1 <1 < p. In particular (y1,...,y,) is
a basis of W. Note that |m(z;)| = |m(y;)| = 1 for all i, and

m(xy A= Axp) =m(p A Ay,) =1

Using Lemma 3.3.2, we get: for all 4, ||z; — y;|| < ——=dc(V, W). Using the latter inequality,

K
]|

the fact that ||z;|| < ” 7 and Lemma 3.3.4, we get:

lza Ao ATy — i A A Y|

< @ —y) Ama A Azl 4 g A (@2 A Azy =g A Ay
< Mz = y)llllze A Axpll + lylllza Ao Az —ya Ao Ayl
K KpP-1 K
< ——de(V, W) + lea Ao Axy, —ya A Ayl
[[m]] [mf[p=t [Jm]| ? g
KP K
< e de(VIW) + — [z Ao Ay —ya A= Ayl
[ml ml ’ ’

By induction on p, we get

KP
B v, =
[[m[?

Example. Let F be a p-dimensional subspace of F, and G a closed complement of F' in F.
Let 7 : E — I be the projection on [ parallel to G and a > 0. Then the cone C;, is of
bounded aperture. Indeed, let ¢ : ' — CP be an isomorphism and define the continuous
linear map m : E — C? as m = ¢pon. For v = xp + 2 € Crq, |m(x)| = |¢(zp)| >

1 1
[ T e e

Remark. In the previous example, the isomorphism ¢ can be chosen such that ||¢| and
|¢~!|| only depends on the dimension p.

|21 Ao ATy = A Ayl <D

[l]]-

3.3.2 Spectral gap theorem

We now use the estimates given by the previous lemmas to prove the following proposition:

Proposition 3.3.6. Let C C E be a p-cone of sectional aperture bounded by K > 0. Let
T € L(E) such that T(C*) C C* and diame(T(C*)) = A < oco. Let n < 1 be the contraction
coefficient given by Theorem 3.2.3. Denote T the operator of LIN' E) induced by T. Then:
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(i) There exists a unique p-dimensional subspace V' contained in C fized by T. Given
a representative h EA/\pE of V. with norm 1, h is an eigenvector for T for some
eigenvalue A\ € C* : Th = \h.

(ii) There exist a map ¢ : {z1 N --- ANz, | Span(zy,...,z,) C C} — C and constants
R, C < oo such that for all (xy,...,x,) with Span(xy,...,z,) C C and all n € N*,

NPT (2 A Ap) —e(@y A Axp).hl| <Ol A Ay,
lc(z1 A= Aap)| < Rl|zg A+ Ayl

Remark. Given a p-dimensional subspace W contained in C, the conditions TW C W and
TW =W are equivalent since T(C*) C C*.

Proof. In this proof, we use the norm ||.|[r, = [|-||rtp-

(1). Let Vo = Span(?,...,z)) be a p-dimensional subspace contained in C and let

To =) A Axp/lz) A~ Al Let Vi, = T"V,. We construct recursively a sequence (Z,)
of elements of A" E. Given #,, Definition 3.3.1 gives us a functional m, of norm K adapted
i (T,

with V,, and V1. Let A\, = — . By Lemma 3.3.4, we have )\, €]0, ||T||(\/]_9K)p]

Mo (Z,)
We then define:
M7 .
T = ——""_ € Span(T"2,).
+1 ||)\771T50n|| p ( 0)

It is a representative of V,,.1 in A” E. By Lemma 3.3.5 and the contraction principle in
Theorem 3.2.3, we have:

Bn T,
Ma(@n) (T2

As |my(2,)| < K? by Lemma 3.3.4, we get

< ayde(Va, Virr) < apAn" ™

@ — A T || < apAKPY™ 2,

Combined with the fact that ||Z,| = 1, we get &, — Zny1|| < 2a,AKPy""'. Thus (Z,)
is a Cauchy sequence and so is (V},). By Proposition 2.2.17, there exists V € G,(E) and
h € AP E representing V such that z,, — handV,, — V. AsCis closed, V is contained

n—oo n—oo
in C.
We now show that V' is a fixed space. We have:
|/\n - )‘n+1| < ”(T - An)jn|l + ||(>‘n+1 - T)in-HH + H(T - )‘n)(fn-&-l - fﬁn)”
Given our inequalities and the fact that |\,| < ||T\|(\/ﬁK )P, we get
(T = Xa)aall = Mal |20 = A T2l < I1T(VPE)Pap AP

(A1 — T)in—f—l“ = [Ant1]- [ Znt1 — Ar:illffn+l|| < HTH(\/]_)K)papAKpnn ;
(T = M) Engr = Za) | S NT = Ml [ En1 — &l < 201+ (VPE)P)IT lap AKPR" "
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Summing these three inequalities shows that

Ao = Al < ap((VPEY + n(VPE)? + (2 + 2(VPE)) AT K7y~

s0 that A, — A€ C. As ||, — N\ T =0, we get INh — Th|| = 0, hence Th = Ah.

AsTC* C C* thls proves A # 0 and V is ﬁxed by T'.
The space V' is unique: if W satisfies TW = W, then de(V,W) = de(TV,TW) <
nde(V, W), hence de(V,W)=0and W = V.

(7). We now prove the second part of our proposition. We follow the method and
computations from [Rugl0]. Let g, = T"%o. For this computation, we choose a functional
M (A" )

()
lcn| < (VP)PKP||A"9,|| by Lemma 3.3.4. Using Lemma 3.3.5, we get:

my, : E — CP of norm K adapted with V' and V,, and set ¢, = . In particular,

gn n—1
—— — — < ayde(V,,V) < a,An" .
|- | < et <o
Multiplying by |m,(A""4,)|, we obtain
A" = o] < 10 ) ey 80 < a7 )
which then gives
||)‘_n_1yn+1 - )‘_ngnH = )‘_1/\_ngn+1 - A_lf(cnh> - /\_ngn + Cnh
— AT — enh) — (A — cnh)”
< (L ATTDap K2 A" gall An .

This shows |A™" g, 4] < (1 +(1+ )x‘lHTH)aprAn”_l) |A""n]|. Iterating this pro-
cess, we get for n > 1:
n—2 N
T (1 (1 A KA ) A9
T (1 (U AP ap Ak A

(R

A

IN

IN

a., KP/A A
exp (<1+A 72 ) A7 ol

::R
We now show that the sequence (c,) converges. We have, using (x) for the second
inequality:

l(Cuss — )i A
ch—Hh - Ainilgn-i-l - Cnh + %‘71T(>‘7nyn)||

||Cn+1h - Ainil?gn-HH + ||)‘71T§)‘7n?)n - Cnh)”

ap K2 AT" " Gt | A" 4 |AT T ap K2 A" g | A=
(n+ AT ap KP A~ R Zo]|.

|Cn+1 - Cn|

VARVARVANI



CHAPTER 3. P-DIMENSIONAL CONES AND APPLICATIONS 42

The sequence (c,) is therefore a Cauchy sequence and converges to ¢* € C. Summing
the previous inequality from n to infinity, one gets

oo AT S
|Cn —cC ’ < %T]HaprAn 1R||J}0H
Using (%) again, this shows
—n * 1+ AilT n—1|| 4 n| A
I3 = ehl) < ST g krar el < olaal,

Thus, the limit ¢* depends only on %y and not on the choice of the m,: we can note this
limit ¢(Zo). Moreover, |c¢(Zo)| = ||c(Zo)h] = Um |[A""g,| < R||Zol.
n—oo
O

Remark. We present here another method to show that V is a fixed space in the proof of
(7). Let x € V. There exist x,, € V,, such that x,, — =z, and this sequence is bounded by

n—0o0
some M > 0. Then T'z,, — Tz and therefore
n—oo
d(Tz,V) < d(Tz,Tx,)+d(Tx,, V)
< d(Tz,Txy) + [Ty ||da(Vata, V)
< d(Tz,Tx,)+||T||M dg(Visr, V) .
— 0 — 0

Thus d(Tx,V) =0 and Tx € V, proving that V is fixed by T.

The spectral gap theorem requires another regularity assumption on our cone C. For
example, for C reduced to a p-dimensional space V', the identity map satisfies the hypotheses
of Proposition 3.3.6 but does not have a spectral gap. We therefore introduce the notion of
p-reproducing cone, which means the cone must give us information about all p-dimensional
directions.

Definition 3.3.7. We say that a p-cone C C E is p-reproducing if there exists k € N* and

A >0 such that for all (xy,...,x,) € EP, there exists ((1,...,2}))1<i<k such that

Vi e [1,k], Span(zi,...,z))CC;

k
TIN- ATy =D T] N A
i=1

k . .
>l A Ayl < Allar A A
1=

Proposition 3.3.8. Let a > 0 and F,G be topological complements: E = F @& G and the
projection ™ onto F' along G is continuous. Then the cone Cr, is reproducing.

The proof of this proposition is technical and can be found in Section 5.4.1 of the
Appendix. We also prove in Section 5.4.3 the following criterion implying reproductibility
(see Proposition 5.4.11).



CHAPTER 3. P-DIMENSIONAL CONES AND APPLICATIONS 43

Proposition 3.3.9. Let C be a p-cone such that G,(C) = {W € G,(E) | W C C} has
non-empty interior in G,(E). Then C is reproducing.

Remark. We often abuse the notation and write "C has non-empty interior in G,(E)" for
"G,(C) has non-empty interior in G,(E)".

We now state our spectral gap theorem:

Theorem 3.3.10. Let C C E be a reproducing p-cone of sectional aperture bounded by
K > 0. Let T € L(E) such that T(C*) C C* and diame(T(C*)) = A < oco. Let n < 1 be
the contraction coefficient given by Theorem 3.2.3. Then T has a spectral gap, i.e. there
exists a p-dimensional subspace V' and a closed complement W of V', both invariant under
T, such that

sup | Sp(Tyw)| < n.inf |Sp(Tjv)

where ‘Sp(TW)! (resp. W) denotes the set of moduli of elements in the spectrum of Ty
(resp. W ).

Y

Proof. By Proposition 3.3.6, there exists a unique p-dimensional subspace V' contained in
C fixed by T'. We chose a representative h € A’ E of V: h is an eigenvector for T' for some
eigenvalue A € C*, i.e. Th = Ah.

Let (x1,...,2,) € EP and = 21 A- - - Ax,. Then Definition 3.3.7 gives us a decomposi-
LN N ) )
tion & = ) 2% where each 2* = 2} A-- -Ax;, represents a subspace of C. By Proposition 3.3.6,
i=1
we get a constant C' > 0 and a map ¢ such that

AT (27) — c(a?).h]| < Cn" |||,
hence

k
INT"T(E) = (e(ah) + -+ 4 e(@®)-h] < Oy Y et < C AR 2|
i=1

where A is the constant given by Definition 3.3.7. We define ¢(&) = c(2!) + - - - + c(a*).
Then |c¢(z)| < R.A.||Z||, and letting n — oo in the previous inequality shows that the value
¢(z) only depends on Z and not on the decomposition. Given the linearity of T, we can
extend ¢ to a linear map ¢: A\’ E — C such that for all & = a1 A -+ Az,

INT"T(2) — e(@).hll < CA||]. (*)

Let V' C C be the p-dimensional space fixed by T given by Proposition 3.3.6. Let
(h1,...,hy) be a basis of V' in which Tjy is triangular, and (Ay,..., ),) the diagonal coef-
ficients (which are the eigenvalues of T with multiplicity), ordered by decreasing modulus:
|A1] > -+ > |Ay|. Since h is a representative of V', it is a complex multiple of hy A - -+ A hy,.
Up to dividing the map ¢ in (*) by this complex value, we can assume h = hy A -+ A hy,.
AsTh=ThiA---ANThy, =X\ ... \p.hi A--- Ah, =\ ...\,.h and Th = Ah by Proposi-
tion 3.3.6, we get A = A; ... \,. Taking & = h and letting n go to infinity in (*) shows that
c(h)=1.

Consider the linear maps m; : £+ V defined by

WI([E) = C(hl AN hi—l ANxT N hi—l—l AN hp) h, .
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The map 7; is a projection onto Span(h;), and furthermore 7; o m; = 0 if ¢ # j. Thus
T =m +---+ 7, is a projection onto V' parallel to
ker(m) ={z € E |Vi,m(z) =0} ={x € E | Vi,c(hy A---hizy Az A hip1 A hy) =0}
From (%), we get
V(z1,...,2p) € EP e(Tay A--- ANTxy) = Ao dpe(x A+ - Axy).
This gives for all x € E:

C(hl AR hi—l ANTx A hi-‘,—l A hp)
A AN A e(Thy A+ Thioy NTa AThiy AThy)
= )\iC<h1 VAR hi—l VANK VAN hi+1 A hp)

In particular, this shows that ker(7) is stable by T'. Let x € E. We have:

|ha A= Ahpoy A (T (Id —7) ) ||

=i A Ahp g AT " —c(ha Ao ANy y AD)ATRy A= A hy|

= AT AT R A AT ey AT — Noe(hy A=+ A by A 2)h]|

= AP IATT (hy A A hyy A) —c(hy A -+ A by_y Az)h]|

S CAN ™0™ [Py A -+« N hyp—1 A x|, (xx)

where the last inequality comes from (x). To conclude our estimation we need the following
lemma, proved in Section 5.3 of the Appendix:

Lemma 3.3.11. Let V be a p-dimensional subset of E and W a closed complement of E.
Let hy, ..., hy,_1 be independent vectors of V.. Then there exists B > 0 such that:

Yy € Willha A= Ahpa Ayl = Bllyll-
We apply this lemma to (%) with W = ker(7) and y = (7"(Id —7)x):
17" (Ad =m)z ]| < Flha A= Ay AT (A =m)2) | < = Ap])* [l A= Ahpy A ]
This proves that sup |Sp(Tjw)| < n|A,| = n.inf | Sp(Tjy)|. O
Proposition 3.3.12. The application ¢ : N\’ E — C which satisfies
Vi=a1 A Az, € N B YR > 0,[]AT(E) - o@).h]| < CAp|i]

can be written as a simple tensor ly\- - <N, where l; : © — c(hqaA- - -Ahi—t AT AR A+ -Ahy).

Proof. As seen in the previous proof, we have for all x € E, [;(Tr) = \ili(r). Hence for
allz e APE, A NL(T2) = o X i Ao AL(2) = Ny A+ Aly(Z), and therefore
LA ANLATT ) =1 A - ANlp(2). As |INT"T(2) — c(2).h] - 0, we get

LA ALE) =L A ALWTTE) — L A= Aly(c(2).h) = c(2). O

n—-+00
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3.4 Cone contraction for random products of operators

In this section, we prove the analyticity of the sum of the p first characteristic exponents of
a random products of operators contracting a cone. First we show that the Grassmannian
of p-dimensional subspaces of a p-cone and the corresponding set in the exterior algebra
share the same analytic structure. We then state our theorem and introduce some tools to
begin our proof. We provide bounds for the norms of our operators given by their value on
elements of the cone. Finally, we use these bounds to show the analyticity of the subspaces
corresponding to the characteristic exponents, and achieve the proof.

In this section, ||.||,, denotes the norm ||.||,s, on A” E. We consider a p-cone
C of aperture bounded by K > 0 and with non-empty interior in G,(£). We set
a linear map m : F — C? such that ||m| = 1 and for all z € C, |z| < K|m(z)].
Given a Banach space F', x € F and r > 0, we denote by B(z,r) the ball of center z and
radius r relative to the norm of F.

Definition 3.4.1. Given a p-cone C, recall
G,(C) :=={W C C | W is a subspace of dimension p}.

We define the subset Cp_y of N’ E by

~

Cone1 :={z1 AN~ ANzp | m(z1 A--- Azp) =1 and Span(zy,--- ,z,) CC},

where m(xy A -+ A xp) = det(m(zy),...,m(xp)).

3.4.1 Identifying G,(C) and C,—;

In the next propositions, we prove that we can identify G,(C) and 5m:1. More precisely,
G,(C) considered as a submanifold of G,(E) and C,n_1 considered as a submanifold of N E
share the same analytic structure. Then the p-dimensional subspaces in C can be considered
as elements of C,,—; for analytic purposes, and as elements of G,(C) for geometric purposes.
Another way to consider the cone would be to see it as a subset of the projective space
P(E), as in [BG09]. However, the set C,,—; allows us to do explicit and direct estimates
which would be difficult to do without the norm on A" E.

Proposition 3.4.2. The map

~

G - Cm:l — gp<c)
xy A Axp, —  Span(xy,...,xp)

1s a homeomorphism.

Proof. If Span(xy,...,x,) = Span(yi, ..., Yp), then 1 A--- Az, = Ayy A - -+ Ay, for some
A€ C. Then, as m(zy A---Axp) =m(pr A Ayp) =1, weget \=1and o1 A--- Az, =
y1 N\ -+ ANyp. Hence G is injective.

Let W € G,(C) and x4, ..., x, such that W = Span(x,...,2z,). Then x; A--- Az, # 0,
and, since Span(zy,...,x,) C C, we get m(z1 A --- Ax,) # 0 (as in Lemma 3.3.5). Hence
W = G(A(”—1 A---Ax,) and G is surjective.

m(z1Aza A Azp)
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Let 2y A--- Az, and y; A --- Ay, be elements of CAmzl. Then m < lzg A A xp|a-
Denoting by C' the constant given by Theorem 2.2.15 and using Proposition 2.2.14, we get:

du(G(ry A= A xp)’ Gy A A yp)) < Cd/\,p(G@l ARRRA xp)>G<yl JARERNA yp))

TN AT, YA Ay
lzo A Al Tl A Al
§QCHﬁzH./i\rel(fc‘Hxl/\---/\wp—)\yl/\--~/\yp\|
<2l for A Ay — g1 A Ayl

< 2C.inf
AeC

hence G is Lipschitz.

We denote x =21 A -+ Axp, y =y1 A+ Ay, x’:% andy’:m. Note
that z = #ﬁ;,) and y = % By Theorem 2.2.15 and Proposition 2.2.14, there exist a
constant C' > 0 and A € C with |A| = 1 such that |2’ — /|| < Cdy(G(z),G(y)). Hence,
using Lemma 3.3.4,

' — Ay My Y
_ < ||lZ_29 _
e < |t + [t - 7
KP Am(y') —m(a')
< "\ e
< I = W1+ PRy
m(\y — a’)
< =N+ | ==
i 1~ A @ty
KP K2
< 2" = Ay'|| + 2" = Ayl
[[rm|” [[m][”
KP(KP +1
KU 1) 6 (G, Gw)
[l
and G~! is Lipschitz. Therefore G is a homeomorphism. O]

We now show that these two sets also share the same analytic structure.

Proposition 3.4.3. The map G™': G,(C) — N’ E is an embedding, where G,(C) is given
its analytic structure from G,(E).

Proof. Let Wy € G,(C), and (xy,--- ,x,) a right decomposition of Wy. Given Fy a closed
complement of Wy in E, the map

L € L(Wy, Fy) — graph L

is a local chart around Wy. In particular, Wy = graph Ly where Ly = 0. Let H € L(W,, Fp)
and W = graph(Lo + H). Using the notations v =3 A--- Az, and hy = x3 A--- A Hx; A
<o N\ xp, We get:
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. o B (1 + Hxy) A+ A (xp, + Hay) x
G =GN = B He) A A Gy T Hay) )
r+ Y hi+o(H) x

m(z) + S, m(h;) +o(H)  m(x)

_ B m(h;) o x h; o o
"O ?mm+(m>mm+§ﬁ@+(m (o)
A3\ SRS

- - (SRG) = T o

m(h; 1
Hence G is differentiable with analytic derivative H s — (;géx)z) T+ ;mhl

We now show that G™' is an immersion. Let H € L(W, Fy) in the kernel of the

m(h; 1
derivative, i.e. satisfying — <;g(<x)i T+ ;Whl = 0. Denoting I the set of indices 7

such that h; # 0, we verify easily that {h;};c; U{x} is a linearly independent set of vectors
of A E, thus I = (). Therefore for all i, Hz; € Wy and Hz; € Fy, hence Hx; = 0 and
H = 0. The derivative of G~! is injective and G~! is an homeomorphism onto its image
by Proposition 3.4.2, hence G~! is an embedding.

m

3.4.2 Statement of the theorem

Recall that the p-cone C has aperture bounded by K > 0 and non-empty interior in G,(E).
We see later that such a cone has a transverse subspace of codimension p, in a similar
fashion to the cones in R? in [BG09]. For p > 0 small enough, the set

Clp] == {z € C | B(x, pllz])) € C}

contains a p-dimensional subspace. We fix such a value of p > 0. This notion is studied
in more detail in Section 5.4 of the Appendix. We also fix A < +00 and write 7 for the
contraction constant given by Theorem 3.2.3.

Definition 3.4.4. We define the set
M ={M e L(E)| M(C*) C C*,diamc(M(C*)) <A, M(C) C Clp]}.

We consider (2, ) a probability space and 7 : 2 — € a measurable p-ergodic applica-
tion. Given a Banach space F', we denote by Z(, F') the Banach space of (u-essentially)
bounded mesurable maps equipped with the (u-essentially) uniform norm on F. If A is a
subset of F', we denote by &(€2, A) the set of Bochner-measurable maps from € into A.

For (M,),ecq € &(Q2, A ), we denote by MM = M, -+ M.n-1, the product of operators
along the orbit of w € 2. The goal of this section is to prove the following theorem:

Theorem 3.4.5. Lett € D — M(t) € &2, .4 ) be a map on the Poincaré disk such that
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1. (t,w) € DxQ+— M,(t) € L(FE) is measurable and the map t — M, (t) is analytic for
all w € Q) ;

A MOl , .
Q'Sup{H/\pMUH |£ M, ()H.wEQ,tED}<oo,

3. [ } log ||Mw(0)||‘ < 00.
Then for all t € D, the limit

Xp(t) = hm—logH/\ M

n—oo M,

exists for p-a.e. w € Q and is (u-a.e.) independent of w. Moreover the map t — x,(t) is
real-analytic and harmonic.

Remark. We can compare this theorem to Theorem B from [BG09]. In [BG09|, a con-
traction of a multicone gives rise to a dominated splitting for the cocycle; in our case, a
p-cone contraction gives rise to analyticity for the growth rate of dimension p. Moreover,
in Theorem 3.4.5, we do not require £ to be finite-dimensional nor the operators to be
invertible, and the compacity of the base space €2 and the invertibility of the dynamic are
not needed.

Remark. This theorem applies in particular if we consider 7 a continuous projection onto a
p-dimensional space and operators mapping C, into C,; with 0 < b < a. See Section 5.4
of the Appendix for more details.

We now begin the proof of Theorem 3.4.5. In the remainder of this chapter,
for any linear operator M on F, M denotes the induced operator on A" E.

First, we describe how the set .# acts on the p-cone C.
Definition 3.4.6. For M € L such that M(C*) C C*, we define
{ é\mzl — é\mzl
M - AT

Mx
T (Mz)

which is analytic (as a restriction of an analytic map). By the identification Cony ™ G,(C),
Ty can be seen as

Ty gp(c) — gp(c)

M W = M(W)

Lemma 3.4.7. Let (My)pen € AN, Let M™ = M, o---0o M; and 7™ := 730 =
Ty, © -+ omyy. Let v,w € Cp—q. Then

I (w) = 7 (w)|[np < Cy*
where C > 0 only depends on p, K and on the definition of A .

Proof. Let V.W € G,(C) be the p-dimensional subspaces represented by v and w. Using
Lemma 3.3.5 and ||m/| = 1, we get a constant a, > 0 such that

||7T(")(U) _ ( My < aprdc( (V),W(”)(W)) < a, KPn"A. [
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3.4.3 Upper and lower bounds for the elements of the cone

Our next step is to understand and control ||]\/4\ |ap for M € .. To do that, we use

—

estimates on m(M(v)), where v is representing a subspace V' C Clp]. We first state two

lemmas which give ways to estimate ||]\/4\ ||r,p with simple tensors and || M||. Their proofs
can be found in Section 5.3 of the Appendix.

Lemma 3.4.8. Let M € L(E) and consider the operator norm of M on N’ E given by

||]T4\||A7p = sup ||]T4\(:17)||Ap Then this supremum is given by its value on the set of simple
[z]ln,p=1
tensors, 1.e.

[Mlrp=— sup  [[M(zi A Awp)|ap

lziAAzp|la,p=1

Lemma 3.4.9. Let M € L(E). We have
1M1, < A" ]| 10 < 2.

The next two lemmas allow us to use the fact that some space W is in Clp] to get
estimates on what happens when we move around it. This is then used to prove the
estimates on ||M ||, in Lemma 3.4.12.

Lemma 3.4.10 asserts that under some conditions, if we can move around a p-space
W e C following directions yy, . .., y, for some time > 0 and stay in C, then ||yy A--- Ay,||
cannot be too large and is controlled by 7.

Lemma 3.4.10. Letr >0, x1,...,%p,Y1,...,Yp € E such that
o for alli € [1,p], m(y;) € Span(m(zy), ..., m(z;)) ;
o for all (t1,...,t,) € CP with |t;| <r, Span(zy + tiya, ..., 2y + tpy,) C C.

Then
KP
lyr A= Al < 2l Ao Al

Proof. We first observe that given aq,...,ap,b,...,b, € E/, we have

Y (arteab) A Alay+eby) =La A Aay,
€1,..,ep€{—1,1}

Then

PP |lyr A Al = 2P[[ryn A ATy, ||

> My Feam) A A(ry, +epmy)|
€1,..,ep€{—1,1}

> | (x1 + e1791) A"'/\(9€p+€p7“yp)||
€1,...,ep€{—1,1}

K? > im((z1+e1ryr) A=+ A (xp+5pryp))|
81,...,8176{—1,1}

IAN - IA

IN
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where the last inequality comes from Lemma 3.3.4 (recall that |m]| = 1).

For ¢ € [1,p], set f; = m(x;) € CP. Possibly after multiplicating the z; by com-
plex phases, we may assume that m(zy A --- A x,) = det(fi,...,f,) > 0. Possibly af-
ter multiplicating the y; by complex phases, we may further assume that the matrix of
(m(y1),...,m(y,)) in this basis (fi,..., fn) is of the form

0 . %
0 0 ap
with a;; > 0. Then for (¢,...,t,) € [-r,r|P, the complex value

m((zy 4 tiyr) A A (@ + Lpyp)) = Mz A A xp)1<1}<p(1 + tiaii)
is in fact a real number. As this quantity is never equal to 0, it is even in R, . We finally
get

PP lyy A Ayl < KP > | (21 + erry) A A (zp + €,7yp))|
e1,,ep€{—1,1}
= K? > m((x1 +e1ryr) A= A (2 +€pTYp))
517"'78106{_171}

= KPm > (z1+eryn) A A(Tp + €pryp)
€1, ,ep€{—1,1}

= KPm (2P A\ -+ A xp)
< PKP||zy A Ayl

where the last inequality is given by Lemma 3.3.4. We thus have
KP
||y1/\--~Ayp||Sr—p||x1/\--'/\17p||- 0

In the next lemma, given a p-space W € C|p], we find x = 21 A - - - Az, representing W
and y = y1 A\ --- Ay, verifying properties similar to the ones from the previous lemma.

Lemma 3.4.11. Let W € Clp] and M € . Let x € N\’ E representing W and y € \' E
be a simple tensor. Then there exists decompositions v = x1 A+ ANz, and y =y1 A+ AYp

1
verifying the following properties (compare with Lemma 3.4.10) with r = p (M) ’ :

pvp iyl
e m(My;) € Span(m(Mzy),--- ,m(Mux;)) for alli € [1,p] ;

o for all (ty,--- ,t,) € CP with |t;| <r, Span(z; + tiy1, - -+ ,2p + tpy,) C C.

Proof. Write © = x1 A+ - - Ax,, where ||z1]] = - -+ = ||x,]| and (ﬁ, ce ”iﬁ) is an Auerbach
basis of W. We denote (f1,---,fp) = (m(Mxy),--- ,m(Mz,)) ; it is a basis of CP as
W c C. If y = 0 then the decomposition y = 0 A --- A 0 works. Otherwise, consider V'
the p-dimensional space represented by y, and let us build recursively a p-tuple (y1,--- ,¥y,)

such that
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o Y=y A ANYp;
o (yi/llvalls--- ,up/llupll) is & right decomposition of V' ;
e m(My;) € Span(fi,---, f;) for all i € [1,p].

If yi,- -+ ,y; are built with linear forms (I1,--- ,l;) on V| we consider the restriction m;
of moM toV NkerlyN---Nkerl; :

m;: VNkerly N---Nkerl; — Span(fi,---, fp).

If m; is not injective, then we take y;11 € kerm; \ {0} and [;;; a linear form associated
with y; 1. If m; is injective, then dimm;(V Nkerly N--- Nkerl;) > p — i, therefore we
have m;(V Nkerly N---Nkerl;) N Span(fi,-- -, fir1) # {0}. Thus we can take y;1 # 0 in
VNkerly N---Nkerl; such that mo M(y;+1) € Span(fi,---, fix1), and ;11 a linear form
associated with y;.1.

We can now write y = y; A -+ Ay, with (vi/||vall, -+, yp/llypl]) a right decomposition
of V' such that m(My;) € Span(fi,---, f;) for all ¢ € [1,p]. Without loss of generality,
we may assume ||y1]] = -+ = ||ypl|. Let (t1,---,%,) € CP with |t;| < r for all ¢, and

u = Y Ni(x; + t;y;) an element of Span(zy + t1y1, -+ , 2, + tpy,). We want to show that
u € C, by using the fact that Span(zy,--- ,2,) C C[p]. Since (H:v TR ”x ”
basis, by Lemma 2.2.10 we have |A;|.||z;|| < [|>_A;z;||, and then
J
Hyz

We have |y1]| = -+ = ||yl and (ya/||lvalls -+, yp/l|Upll) is & right decomposition of V.
By Proposition 2.2.7 and Proposition 2.2.2, we get

) is an Auerbach

ilili s

9:ll” = Tyl - Nlwoll < (V)P llyll-

: p (= H) iy .
Since r = ( (by definition) and ||z1]| = - -+ = ||x,/|, this becomes
pvp \ |yl '

P P V4
il < (ﬁ) ol < (ﬁ) el - el < (ﬁnxiu) .
rp rp rp

Thus we have ||y;|| < £flz;||. Combining the latter inequality with (x) gives:

|ti] p
I Aitayill < D=1 A5 < pll oAl
i i TPy J
Using > N\jz; € Clp], we therefore get u = > A\(z; + t;y;) € C. This proves
j 5
Span(xy + t1y1, -+, Tp + tpy,) C C, which achieves the proof. m

We can now use the two previous lemmas to get bounds on ||J\/4\ || given by elements of
Clol.
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m(Mz)

m(z)

1
K?

Lemma 3.4.12. Let M € .#, W C Clp] a p-dimensional space and x € N\’ E representing
W. Then —~
—~ py/pK*\" | (M)
<137 < (225 ) |
p m(x)

Proof. Let y € A" E be a simple tensor. By Lemma 3.4.11, we get decompositions z =
i1 N--- ANz, and y = y; A --- Ay, such that the decompositions Mz = Mxy A -+ A Mz,

1
and My = My, A --- N\ My, satisfy the hypothesis of Lemma 3.4.10 for r» = ﬁﬁ (%) "

This gives

— pvPEN |yl | =
||My||s(—f ) Mol 37z .
o) Tal

The properties of m given in Lemma 3.3.4 then show:
= pv/PEN\?
I < (225) ke

By Lemma 3.4.8, HZ\//T || is given by its supremum over the simple tensors, so we have

m(Mz)

Nyl

—

13 < (WW)p (M)
- p m(x)
Lemma 3.3.4 also gives
[m(Mz)| < [M||[lm]]. ||| < M| K£P|m()]. O

3.4.4 Fixed subspace, analyticity and end of the proof

Before continuing the proof of Theorem 3.4.5, we need to define &(£2,G,(C)) (the set of
mesurable maps from € to G,(C)) and what it means to be analytic on this space. Since
neither G,(E) or A\’ E are Banach spaces, the analyticity has to come from the manifold
structure, i.e. from the charts on G,(E). Fortunately in our case, when studying G,(C), we
can restrict the space we look at to a single chart.

We have something even better: there exists a chart of G,(E) which covers G,(C) and
in which the image of G,(C) is bounded. Indeed, consider V; = kerm and W, € G,(C).
Then Wy N Vo = {0} and given the dimension and codimension of these objects, we have
E = Wy®V, (and they are topological complements since they are closed). For W € G,(C),
W is a complement of Vp, so the chart A € L(Wy, Vy) — graph A € G,(E) covers G,(C).
Moreover, if graph A € G,(C), then for x € W, we have x + Az € C and

[Az| < [lz + Azl + [lz]| < Kfm(x + Ax)| + |[z]| = K|m(z)| + [lz] < (K + D]j=]]

Therefore the image of G,(C) in the chart L(W,, V) is bounded by (K + 1). Now let
&(2,G,(C)) be the set of measurable maps from Q to G,(C). Then by identifying G,(C)
and L(Wy, Vy), we can consider &(£2,G,(C)) as a subset of #(2, L(W), Vb)), thus giving it
an analytic structure. We define the analytic structure of &(€2, CAmzl) by the identification

Cre1 = G, (C).

We can now define our objects properly and formulate a fixed point theorem.
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Definition 3.4.13. Fort € D, we define:

e { F090) ~ £(2,6,(0)
t (Vw)weQ = 7Tt<v) W 7TMw(t)(vjrw) = Mw(t)(vrw)

Or equivalently,

E(Crr) — &, Crur)

]\éu\(t) (Vrw)
m(Me(t)(vre))

(t
Lemma 3.4.14. Fort € D, m has a unique fived point V*(t) in &(£2,G,(C)) - or equiva-
lently, v*(t) in & (82, Cpme1).

Tt -

(Vo)wea = T (V) 1w = T (Vrw) =

Proof. Let t € D. There exists C' > 0 such that diam(7}(£(2,6,(C))) < Cn™ by
Lemma 3.4.7. Pick Vj € G,(C) and define VO(t) = Vj for all w € . Then the sequence
defined by V™"t (t) = m(V™(¢)) is a Cauchy sequence. As C is closed, G,(C) is a closed
subset of G,(E), hence a complete metric space. Therefore &(€2,G,(C)) is complete and
V™(t) converges to some V*(t) € &(£,G,(C)). As m is continuous, V*(¢) is a fixed point
and the uniqueness follows from Lemma 3.4.7. n

We now use this fixed point and the previous lemmas to compute x,(t) as defined in
Theorem 3.4.5. Then we show that t — v*(t) is analytic and conclude with the real-
harmonicity of ¢ — x,(%).

Definition 3.4.15. We define the map

D — £(Q,C)
: (M (t)7, (1)) " : _.
PR e ( o) >eﬂz(m<Mw<t>vw<t»)weg = (p(t))uen

Lemma 3.4.16. Fort € D, x,(t) = [log |p.(t)|du(w).

Proof. As v*(t) is a fixed point of m;, we have V(t) € .#(C) C Clp| for all w € 2. By
Lemma 3.4.12 and since m(v},(t)) = 1 by Definition 3.4.13, there exist Cy,Cy > 0 such
that for all w € Q and t € D,

Ch

TW

m (M. Bv(0)| < DL < C.

i (Matyr, )]

This means that |p,(t)| is equivalent to ||]\/4\w(t)|| < || M, ()]|P. By Assumption 2 of
Theorem 3.4.5, this is dominated by || M, (0)||?, which is log-integrable by Assumption 3 of
the same theorem. This proves (w > log |p,(t)]) € L*(, ). Applying Lemma 3.4.12 to

MSV(t) and v*.(t), we get

Ch

ThW

a (M@0 < 10| < c.

A (M)
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Then ) - . - .
Zlog [MMPM @)l = =1og|m [ MM (#)wr,. (t -
Lo M0 = Liog|m (M eza0)| +0 (3
_ 1 n_l"‘ @ * ]‘
= ﬁlog klgom (Mw ()0, () || +O -
= it +0 (X
- ni= Og |Prkw n .

As (w — loglp,(t)]) € L'(Q,u) and 7 is ergodic, Birkhoff’s ergodic theorem gives
'Mén) (t)H o [ log |p.,(t)|dpu(w), which is the desired result. O
n—-+00

1
—log
n

Lemma 3.4.17. Let W € Clp] and w = G~' (W) € N\’ E representing W (recall G is the
correspondance map defined in Proposition 3.4.2). Consider h € A\’ E such that w + h is
in G71(G,(C)). Then

I (w + h) = 7™ (w)|| < Cn* k]| + o||A]])
as h — 0, where C' is a constant depending only on p, K, and p.

Proof. Let W and W), be the vector spaces represented by w and w + h. As W C Clp],
Proposition 5.4.12 of the Appendix gives us constants r,C; > 0 (depending on p) such
that de(W, W},) < Cydg (W, W},) when dg (W, W,,) < r. By Proposition 3.4.2, the condition
dg (W, W),) < r is satisfied when h is small enough. Then, recalling that ||m| = 1,

n n - M ™) (w+h) T w
H,/T( )('LU + h) - 7T( )(w)H - m(ﬂ(n)(erh)) - m(fw\(n)w)
a, KPde(M™W, M™W,,) by Lemma 3.3.5
a, KPn"de(W, W) by Theorem 3.2.3

a, KPCyn™dyg (W, W)
a, KPCLCon™d (W, W) (Cy from Theorem 2.2.15)
ap, KPC1Con"| MZIZH - ||ZUT||||

(1l + o(llAl]).

VAN VARVAR VAN VAR VAN

As w € Cp_y, Lemma 3.3.4 shows that 1 < ||w| < KP. Therefore the constant C' only
depends on p, K, and p. O

Lemma 3.4.18. The map t € D — v*(t) € &(Q,G,(C)) is analytic.

Proof. 1f 0 < p/ < p, the set C[p'] is a neighborhood of C[p] in G,(E). Indeed, let W C C[p],
set d = ﬁ%) and consider W’ € G,(E) such that dg(W,W’) < d. Let 2’ € W'\ {0}
and ¢y € E such that ||| < p||2'||. As dg(W,W') < d, there exists € W such that
|z — || < d||z]]. Then

12" +y) =zl < [l&"==l|+[ly'| < dlle|+p" 12| < dllz]|+p"(d+D)llz] < (d+ p'(d+ 1)) [|=]]

Since d = 2(’)17—#;,), we get d+ p/(d+1) = %’)/ < p which gives ||(z' +v') — z|| < plz||

and therefore 2’ + ¢ € C. This shows that 2’ € C[p'] hence W’ C C[p']. We proved
Ba, (W,d) C C[p] for all W C C[p], therefore C[p'] is a neighborhood of C[p] in G,(E).
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Consider the map

D x &(Q2,6,(Clp/2))) — €(2,6,(C))

: (t,v:wr ) > (V)

To see if this map is analytic, we remember that there is a chart of G,(E) which covers
G,(C) and in which the image of G,(C) is bounded: the image of G,(C) in some chart
L(Wy, Vo) is bounded by (K + 1). In this chart, we can write ® as

D x B(B(Q, LWy, Vo)), K +1) — B, LW, V)
(t,A:w— A) — 7 (A)

where 7; is the map 7; seen in this chart.

We denote A*(t) the element of B (#(2, L(Wy, Vp)), K + 1) corresponding to the fixed
point v*(t) € &(£2,G,(C)). Let ty € D and denote by Ty = Dy, (A*(to)) the derivative of
T, at the fixed point A*(¢y). By Lemma 3.4.17 and Proposition 3.4.3, T’ = Dwt(:)(A*(to))
verifies || T{|| < Cn™ for some constant C. Then the spectral radius of Tj is less that 7 and
therefore the derivative Id —T1j of v — A — 7;(A) is invertible at the fixed point A*(ty).

We can now apply the implicit function theorem and conclude there is an analytic
function t — A*(t) defined on a neighborhood of ¢y for which A*(¢) — 7,(A*(t)) = 0. This
proves the analyticity of ¢ — A*(t) and therefore the analyticity of ¢ — v*(t). O

D

The following lemma gives an upper-bound for the derivative of M\w(t) and is proved in
Section 5.3 of the Appendix.

Lemma 3.4.19. Fort e D,

|570] <o |A s | o)

Under the assumptions of Theorem 3.4.5, this gives

d —
— M, (t
o Mu(t)

<L)

IA" Mo @)

We now have everything in place to achieve the proof of our main theorem.

p—1
whereC:sup{“/\ Mo )] | LM, : w GQ,tE]D)}.

End of the proof of Theorem 3.4.5. Let w € Q. The map ¢ — p,(t) is analytic by Defini-
tion 3.4.15 and Lemma 3.4.18. In order to prove the analyticity of ¢ — logp, (), we need
to define a complex logarithm in a consistent way. Let ¢ > 0 and t, € D. As t — v*(t)
is analytic, there exist § > 0 such that ||vZ (t) — vl (to)| < KPe for |t —ty| < 0. By
Lemma 3.4.19, we can choose § small enough such that H]\//Tw(t) — ]\/Zw(to)H < 5||M\w(t0)||.
Then for |t — | < d, we get

po®) = pulto)]l = |7 (M0, (t) = Malto)vi, (1)) |
ITLa(t)er, () — MLo(to)ot (to) |
1My () = Mo (o) [ |07, ()] + [ Moo (fo) |07, (8) = o7, (to)
el Mo (to) [P + [| Mo (o) 1|07, (£) — v7, (o)

—~

2KP|| M(to)|le.

VAN VAN VAN VAN
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By Lemma 3.4.12, |p,(to)| > ClHJ/\/[\w(to)H for some constant C; > 0, hence

Polt) _ 1‘ < 2KPe/C).
pw(to)
Fixing ¢ small enough such that 2K7¢/Cy < 1/2, we have pw((tt)> — 1’ < 1/2. Then, for
Puwllo
’t - tO‘ S 57
Pu(t) Pu(t)
Xt—xt:/log dw:Re/log dp(w
p() p( 0) pw<t0) l’[’( ) pw(t()) lu( )

where log is the usual logarithm on C\ R_. Thus the map ¢ + x,(t) is real-analytic. This
concludes the proof of Theorem 3.4.5. O

Remark. When the dynamic is invertible, one can see that we obtain the same result for
M .= M n-,--- M,. The theorem then shows the analyticity of the sum of the p largest
Lyapunov exponents (with multiplicity). These Lyapunov exponents exist by standard
results as we have exhibited a vector bundle V(¢) of finite dimension p invariant by M,,(t).

Ezample. Let (£,)n,>0 be a sequence of independent and identically distributed random
variables with values in ID. Consider for t € D

10+, t+6&, it
i, 0 1

One can check that M, (t) maps C,; into Cr g5, where 7 is the orthogonal projection
on the first two coordinates. Conditions 1 and 3 of Theorem 3.4.5 are clearly satisfied, and
condition 2 is also satisfied as det M, (t) > 43 and || M,(t)|| and ||%M,(t)|| are bounded.
By Theorem 3.4.5,

X2(t) = lim % log [[(My(t) A My(t)) - - - (Mn(t) A My (1))

exists almost surely and defines a harmonic function of ¢ € D. We can do a similar reasoning
1

to show that y;(t) = lim — log || My (t) - - - M,,(t)|| exists and defines a harmonic function of
n

t € D. Thus the first two characteristic exponents of the random product of ¢ — (M,,(t))
are harmonic. Moreover, by Birkhoff’s theorem, we get

. 10 +t6 t+6& it
x3(t) = lim - logdet (M (t)--- M,(t)) =E [log| t+ & 6 &l
i 0 1

thus all three characteristic exponents of the random product of ¢ — (M, (t)) are harmonic.



Chapter

Dual cones

In this chapter, we introduce dual cones for p-cones in a complex Banach space. Some
notions of dual cones have been introduced for real and complex cones of dimension 1.

If C is a proper closed convex cone on a real Banach space, its dual cone C’ is defined
as (see e.g. [LN14])

C'={leFE |Vzell(z)>0}.

If C is a proper complex cone on a real Banach space, Dubois introduces a notion of
convexity in [Dub09]: a complex cone C is said to be linearly convex if for all x ¢ C, there
exists a closed hyperplane H, such that H, NC = {0}. For such a cone, he defines its dual
cone as

C'={leFE |Vzel,l(z)#0}.

Here we are interested in making transposed operators act on dual cones to obtain
dominated splittings.

In Section 4.1, we recall some results on orthogonal spaces in the dual space E’ and
define for p-cones in E a notion of dual cone as an union of p-dimensional spaces in E’. Then
we study in Section 4.2 some properties of the dual cones. We show that it has almost
all the features of a p-cone. Moreover, we prove that a p-cone C has bounded aperture
(resp. has non-empty interior in G,(E)) if and only if its dual C’ has non-empty interior
in G,(£’) (resp. has bounded aperture). We also study in detail the case of projection
cones Cr,. In Section 4.3, we show that an inclusion of cones in £ implies the inverse
inclusion for the dual cones, and use this to apply the results from Chapter 3 to transposed
operators. Finally, this notion of dual cones allows us to prove a dominated splitting result
in Section 4.4, extending Theorem 3.4.5: a cocycle contracting reasonable p-cones admits
a dominated splitting with fast space of dimension p, and this splitting varies analytically
with the cocycle.

4.1 Orthogonals in £’ and dual cones

We now introduce a notion of dual cone for p-cones. If C is a p-cone of E, there are two
ways to consider its dual cone: as a union of subspaces of codimension p in E, or as a

o7
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p-cone in the dual space E' of E. Recall that G,(E) (resp. G,(E’)) denotes the set of
p-dimensional spaces of E (resp. E’), and GP(FE) (resp. GP(FE')) denotes the set of closed
p-codimensional spaces of E (resp. E').

Definition 4.1.1. Given V C E, we define V- C E' by Vt ={l € E' | Vx € V,l(x) = 0}.
Given V' C E', we deﬁneV’LCE by V4t ={r e E|VlieV' Ii(x)=0}.

Definition 4.1.2. Let C be a p-cone. We define:
e GCC) :={V € GP(E) | VW € G,(E)st. W C C,V & W = E} the grassmannian

complement of C;

e C:= |J V the co-cone of C in E;
VeGC(C)

o C':= |J V* the dual cone of C in E'.
VeGe(C)

Remark. Note that the sets GC(C), C and €' may be empty. However, this is never the
case when C has bounded aperture.

We first identify the closed p-codimensional suspaces of C.

Lemma 4.1.3. Let V € GP(E). IfV C C, then V € GC(C); i.e. every closed subspace V
of codimension p in C is a subspace satisfying the condition

VW e G, (E)st. WcCC,VaeW=E.

Proof. Let V' € GP(E) such that V' C C and let W € G,(E) such that W C C. Let
z € VAW. Then z € CNW. By definition of C, there exists Vi € GC(C) such that = € V;.
As ViNW = {0} (by definition of GC(C)), we get = 0 and thus VN W = {0}. As
V e GP(E) and W € G,(E), the subspaces V' and W are topological complements. This
proves V € GC(C). O

We now show some standard results on orthogonals for the Grassmannians of £ and
E'.

Lemma 4.1.4. We have the following implications:
(i) If V! € G,(E'), then V'*+ € GP(E).
(ii) If V € GP(E), then V*+ € G,(E).

Proof. (i). Let V' = Span(ly,...,[,) be a p-dimensional space of E’. Consider the linear

map
E — (%

r = (Li(z),....[(x)).
Assume that L is not surjective. Then its image is contained in a subspace H of CP of
dimension p — 1, and therefore there exists (a1, ...,a,) € C?\ {0} such that

p
Ve € E, Zaili(:v) =
i=1

L:
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This contradicts the fact that [y, ..., [, are independent. So the map L is surjective, hence
there exist vectors ey, ..., e, of E such that [;(e;) = 9, ; for all ¢, j € [1,p].

We now show that £ = ker L & Span(ey,...,e,). By definition of the e;, we have
ker L N Span(ey, ..., e,) = {0}. Moreover, for every x € E, we have

P P

r= (x — Zli(a:)ei) + Zli(:c)ei ,
i=1 i=1
Gl:e;L ESpangerl ..... ep)

which proves that £ = ker L + Span(ey, ..., e,) and therefore £ = ker L @ Span(ey, ..., €,).
As V't = ker L, the subspace V'* is closed and has codimension p.
(i1). Let V € GP(E) : there exists W € G,(E) such that V and W are topological
complements. Let W' := L(WW,C) be the dual space of W. Then the map
|

Restryy : I
w

is an isomorphism. Indeed, if [ € V* satisfies lw =0, then [jy = 0 and {jy = 0, hence l =0
and the map Restry is injective. Given Iy € W', we define [ € E' by [jy = 0 and ljy = .
This linear form is continuous (therefore in £’) as V' and W are topological complements.
This proves the surjectivity of the map Restry,, which gives dim V+ = dim W' = p. O

Lemma 4.1.5. We have the following implications:
(i) If V € GP(E), then (VH)* =V.
(ii) If V' € G,(E'), then (V'*): =V".

Proof. Given V € GP(E), we immediately have V C (V1)t. As codim(V1)t = p =
codim V' by the previous lemmas, we get (V4)+ = V.

Similarly for V' € G,(E’), we have V' C (V'+)1 and the dimensions are equal, therefore
(V'Ht=v". O

The following propositions estimate the gap and the Hausdorff distance between or-
thogonals.

Proposition 4.1.6. Let V,W € GP(E), and V', W' € G,(E’). Then
0V, W) = o(V=, W),
S(V!, W'y = o(V'*H W),

Proof. The proof of the first inequality can be found in Chapter IV, section 2.3 of [Kat95].
The second one is just this first one applied to V = V' and W = W'+, using Lemma 4.1.5.
O

Corollary 4.1.7. Let VW € GP(E), and V', W' € G,(E"). Then
dy(V,W) < 2dp (V> WH),
dp(V!,W') < 2dg (V"W).
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Proof. This is a consequence of Proposition 4.1.6 and Lemma 2.1.4. n

We now prove that the only p-dimensional subspaces of a dual cone C’ are the ones
which define it, i.e. orthogonals of elements of GC(C).

Proposition 4.1.8. Let C be a p-cone and C' be its dual cone. Let V' € G,(E') such that
V' C C'. Then there exists (a unique) V € GC(C) such that V' = V.

Proof. Let V' = Span(ly,...,l,) be a p-dimensional space of E’ such that V' C (', and
set V = (V') (which immediately gives V' = V+). Let us show that V € GC(C). Let
W e G,(FE) such that W C C, and W' := L(W,C) be the dual of W. Consider the map

Ve — W

Restryy : N

Let | € ker Restryy. We have [ € C, so there exists V; € GC(C) such that | € V1.
Then E =V, ®W, Iy, = 0 and [y = 0, hence [ = 0. This shows that the map Restry is
injective, therefore surjective given the dimensions.

Let z € VN W. Then for all I € V', I(z) =0. As x € W and Restryy, is surjective, this
shows that [(z) = 0 for all [ € W', hence x = 0. We thus have VNW = {0}, V € GP(E)
and W € G,(E), therefore V& W = E. As this holds for all W € G,(E) such that W C C,
this proves that V € GC(C). O

4.2 Properties of dual cones

In this section, we look at some properties of the co-cone and the dual cone, which makes
the latter "almost a p-cone" of E’. Properties of bounded aperture for C or openness of
C in G,(E) translates into properties for C’. Finally, we look at the particular example of
p-cones C , defined with respect to a projection 7.

Proposition 4.2.1. Let C be a p-cone. The co-cone C does not contain any subspace of
codimension p — 1.

Proof. 1f there exists V' C C with codimV = p — 1, then for any W C C with dim W = p,
we have V N W # 0. Therefore there exists x € VN W \ {0}. As 2 € C, there exists
V; € GP(FE) such that z € V, and V,, @ W = E. This contradicts x € W\ {0}. O

Proposition 4.2.2. Let C be a p-cone. The dual cone C' does not contain any subspace of
dimension p + 1.

Proof. Assume there exists V' C C with dim V' = p+1. Let (y, ... ,lp+1) be a basis of V",
and let

Vo= | Span(\+ pila, s, Ly L))
(Am)eC2\{(0,0)}

Let us show that Vj is a subspace of F, of codimension < p — 1. The set Vj contains 0
and is clearly stable by scalar multiplication. Let z,y € V4. By definition of V), there exists
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(A, ) € C2\{(0,0)}, (N, ') € C*\{(0,0)} such that Ay (x)+ uls(z) = Ny (y)+1'la(y) = 0.
We denote [ = A\l + puls and m = Ny + i/l .

If [ and m are collinear, say for example m = al, then x,y € Span(l,l3,..., 1, l,11)",
and therefore we get  +y € Span(l,ls,...,1,,l+1)" C Vp .

Otherwise, we have (m(z)l — l(y)m)(z +y) = 0 and m(x)l — I(y)m € Span(ly,l3) \ {0},
which leads to z+y € Span(m(z)l—1(y)m,ls,. .., 1,,1,+1)* C Vi. Therefore V; is a subspace
of F.

Since (ly,...,l,+1) are independent, the subspace Span(ly,ls,...,l,,,11)" is strictly
contained in VO, hence codim V < p. The space V) is an union of subspaces of the co-cone
C, so we have Vi C C. This contradicts Proposition 4.2.1 which states that C does not
contain any subspace of codimension p — 1. O

Remark. However, this proposition does not ensure that C’ is a p-cone of E’. Indeed, C’ is
not closed. Moreover, its closure is not necessarily a p-cone of E’. For example, if _C =W
is a single p-dimensional subspace of E, then C'\ {0} = {l € E' | {j # 0}, giving C' = E’.

Proof. Let | € E' such that ljyy # 0. Then there exists (ly,...,1,) linear forms on W such
that (w,l2,...,1,) is a basis of L(W,C). Using the Hahn-Banach theorem, we extend
these linear forms into forms of E’. The p-tuple (I, s, ... ,lp) is independent in E’ as the

restrictions on W are independent. Therefore V' := kerl N ﬂ ker /; is a closed subspace of

E of codimension p, with V- N'W = {0}. This shows V & W E, hence V € GC(C) and
levtcc.

Conversely, if I € C', there exists V' € GP(E) such that V ® W = E and [jy = 0. In this
case, if Iy = 0, then [ = 0. This achieves the proof of C'\ {0} = {l € E" | ljy # 0}. O

So it is possible for the closure of the dual of a p-cone to contain a (p + 1)-dimensional
subspace. Looking at the example above, it seems that this phenomenon appears when the
p-cone C of E is not "wide enough": this results in the dual cone being "too wide". We
remedy this problem with the next propositions.

Definition 4.2.3. Let C be a p-cone. We say that C is linearly convez if for all ¢ C,
there exists V,, € GP(FE) such that V, € GC(C).

Remark. For p = 1, this gives the definition of linear convexity for classic complex cones
introduced by Dubois in [Dub09].

Remark. When C is linearly convex, the co-cone C C Eisequal to E \C.

Proposition 4.2.4. Let C be a p-cone. The interior of {W € G,(E) | W C C} in G,(E) is
non-empty if and only if the dual cone C' has bounded aperture (and so does its closure).

Proof. Assume that the interior of {WW € G,(E) | W C C} in G,(F) is non-empty, i.e. there
exists Wy € G,(E) and r > 0 such that W C C for all W € By,, (W, r). Consider the map

B — W= L(W,C)

Restryy, : I oy
o

Let [ € C'. There exists V € GC(C) such that [ € V4. We want to bound ||/|| using
llwo||- Let zy € V. As V is a complement to all p-dimensional subspaces of C, the vector
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xy is not in C. If d(zy, W) < r/8, then by Proposition 5.4.7 of the Appendix there exists
a p-dimensional subspace W; such that zy € W and d(Wy, W) < r. We deduce that
Wi C C, which contradicts zy ¢ C. Hence d(zy, Wy) > r/8. By Lemma 2.1.6, this shows
that sin 6(V, Wy) > r/8, hence ||y, w, | < 8/r (where 7y w, is the projection on V' parallel
to Wo)

Let z € F with [|z|] = 1 and with decomposition © = zy + zy with respect to
E =V &W,. Then

[L(@)]| = [l1zw)ll < woll-lew | < [lwo -z — 2zv | < [hwell-(1 + 8/r) |,
giving ||1]| < [[{jwp||-(1 + 8/7). We have
Vel ||l < (1+8/r)| Restry,(1)]-

Since W{ is p-dimensional and the linear map Restry, : ' — W} is continuous, this proves
that the dual cone C’ has bounded aperture.

Conversely, assume the dual cone C’ has bounded aperture and let m : £ — CP be
an operator of norm 1 such that Vi € C',||l|| < K|m(l)|]. Let W} = kerm € G(E’) and
let Wy == W§t € G,(E). Let W € G,(E) with dy(W,W,) < =. We want to prove that
W cc.

First, we show that for all V. € GC(C), W+ NnV+ = {0}. Let l € WtnNnV+ As
dy(W,Wy) < 4, we have dy(W+, W3-) < 5= by Corollary 4.1.7. Thus there exists a
linear form ly € Wj" = ker m such that ||l — lo|| < 5&|/{[. We can now estimate |m(l)|:

1 1

< ] = I~ 1o)] < 1t~ loll < il
where the first inequality stems from the bounded aperture of C’, as [ € V+ C C’. Thus
[=0and WtnV+={0}.

By contradiction, assume W ¢ C: there exists z € W with « ¢ C. As C is linearly
convex, there exists V' € GC(C) such that 2 € V. Then we can decompose W into the sum
W =W, @& (WnV), with dimW; < p. The sum W + V is a closed subspace of F, and
W+V =W ®V ¢E, as dimW; < p and codimV = p. We can therefore find a linear
form [ # 0 such that {;y 1y = 0: this contradicts W+ N V+ = {0}.

We have shown that if W € G,(F) satisfies dg (W, Wy) < 7%, then W C C. This means

1K

B(Wy, 1) C{W € G,(E) | W C C}. O

Proposition 4.2.5. Let C be a p-cone. Then C has bounded aperture if and only if its dual
cone C' has non-empty interior in G,(E') (and so does its closure).

Proof. Assume C has aperture bounded by K > 0 and let m : E — CP such that ||m| =1
and ||z|| < K|m(x)| for all x € C. We set Vy :== kerm and V] = V. Let r > 0 and
V' € G,(E') such that dg(Vy,V’) <r. We set V := V'; by Lemma 4.1.5, V+ = V', By
Lemmas 4.1.6 and 2.1.4, we have §(V, Vp) = o(V", V) < 2r.

Let z € V and x¢ € Vj such that ||z — x| < 3r||z|. Then

m(2)] = |m(z = zo)| < [lmllllz — 2ol < 3rflz].
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Setting 7 = 4, this shows that « ¢ C (if z # 0). This proves that for all W € G,(E)
such that W C C, we have VN W = {0}. As V € GP(F), we get V € GC(C). Thus
V' = V1t C ', and therefore the interior of C" in G,(E’) is non-empty since it contains

Conversely, assume the dual cone C’ has non-empty interior in G,(E’). Let Vj € G,(E')
such that: for all V' € By, (V],r), V' C C' . By Proposition 4.1.8, we have: V'+ € GC(C)
for all V' € By, (Vy,r). Using Corollary 4.1.7, we have By, (Vo,7/2) C GC(C), where
Vo =Vg*+. Let W C G,(F) with W C C and let m : E — W be the (continuous) projection
onto W (of dimension p) parallel to ;.

Let x € C*, with decomposition z = xy, + zw with respect to £ = V; & W. By
Lemma 5.4.7, there exists a subspace V, € GP(FE) such that dg(V,, Vo) < 8dg(

|$||’V0)
Then
[m ()| = llew | = d(z, Vo) = _HdeH(an‘/O) > EHIH
as V, cannot be in B(Vy,r/2) because x € V, N C. This shows that C is of bounded
aperture. n

Proposition 4.2.6. Let C be a p-cone. If the interior of {W € G,(E) | W C C} in G,(F)
is non-empty, then the closure of the dual cone C' does not contain any (p+ 1)-dimensional
space.

Proof. The closure C’ of the dual cone C’ is obviously closed. By Proposition 4.2.4, there
exists m : B/ — CP and K > 0 such that VI € C', ||l|| < K|m(l)|]. This inequality extends
to C': since m takes its values in a p-dimensional space and is non-vanishing on C’ \ {0},
the set C’ can not contain any (p + 1)-dimensional space. ]

In the latter case, one can wonder if the closure C’ of the dual cone C’ is a p-cone of E'.
It is closed and does not contain any any (p + 1)-dimensional space. However, C’ may not
be an union of p-dimensional spaces anymore.

There is a particular case in which this holds true and that we study in more detail in
the following sections: the case of cones C, , associated with a projection 7. Here, the dual
cone is much more explicit.

Definition 4.2.7. Let F,, E5 be Banach spaces. For T : Ey — FEs a continuous linear
map, we denote by T the operator

Sl o= loT.
Lemma 4.2.8. Let E = F & G be a topological decomposition of E and and w: E — F be
the projection onto F parallel to G. Then E' = G+ @ F* is a topological decomposition of

E', and the projection onto G* parallel to F*+ is w'.

Proof. Let | € E'. Since 7 is continuous and 7' o7 = (ro7)" = 7', the map 7' is a

continuous projection. Then [ =lox + (I — [ o w) and we have:

lckern' & Ve e El(r(z) =0 Vo e Fl(z)=0s1¢€ F
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lcker(ld—n") & Ve € B l(z —n(z)) =0 Ve e G,l(z) =01 € G-
Therefore 7" is a projection onto G+ parallel to F*+ and E' = G+ @ F*. n

Proposition 4.2.9. Let a > 0, E = F & G be a topological decomposition of E with
dim F = p, and 7w : E — F be the (continuous) projection onto F parallel to G. Then

/ 1 /
{te B[ (1d=m)(D] < —llm (DI} € (Cra)’ € Cor 170

TV
essentially C 1/a with a strict inequality

In particular, (Cr,) = Cr71/a 08 a p-cone of E'.

Proof. First, we show that {{ € E' | [Id—x")(1)|| < L7 ()]} C (Cra)'. Let V' be a
p-dimensional subspace of {l € E' | [[(Id—=")(1)|| < 1||#"()||} and F’ := L(F,C) be the
dual space of F. The map

Vi — F
Restrp : .
is an isomorphism. Indeed, if [ € V' verifies [|p = 0, then ||l o 7| = 0, and as | € C.7 /4,

[ = 0. The considered map Restrp is injective, and bijective as V' and F’ have same
dimension p.

Let W € G,(E) such that W C C.,. By contradiction, let us assume there exists
z € VENW\ {0} and denote (zr,z¢) its components with respect to E = F @& G. As
x € Crq, we have xp # 0, and we may assume for simplicity that ||zp| = 1. Then there
exists lp € F” such that ||ly]| = 1 and lo(zp) = 1. The map Restrp is an isomorphism, so
there exists [ € V' such that [|p = ly; in particular, [(zp) = 1 and |[lo 7| = 1.

Given that z € V1, we have 0 = (z) = 1 + I(zq), ie. l(xg) = —1 (and z¢ # 0). It
follows that

1 1
L= [l(ze)] < [(1d =m YD llzell < —llx" Dl-leell = ~ el

This shows that ||z¢|| > a = a||xp||, which is absurd since x € W C C,,. Therefore, we
get that V- NIW = {0}, and , as it holds for all W C C, ,, this proves that V'* € GC(Cy..).
Hence V' = (V'*)* is a subspace of (Cy,)’, which achieves the proof of the first inclusion
of our proposition.

Now we show the second inclusion of our proposition. Let [ € (C,,)". By definition,
there exists V € GC(C,,) such that [ € V4. Let z¢ € G. As V @& F = F, there exists
zy €V, xp € F such that g = zy + zp. Then g — xr € V, and since VN C,, = {0},
we get allzp| < |zall.

Moreover, z¢ — xp € V implies I(zg — xr) = 0, hence:

1
Uze)| = [l(zp)| < Lol lzpll < [l o7 |lzc]

This shows that |[(Id —7")()[| < X[l7"(1)||, which means that | € C,7 1 /q.
0

Lemma 4.2.8 also allows us to show analyticity for the applications mapping a space to
its orthogonal:
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Proposition 4.2.10. The maps L : GP(E) — G,(E') and L : G,(E') — GP(E) are recip-
rocal analytic maps.

Proof. The fact that they are reciprocal maps is simply a reformulation of Lemma 4.1.5.
One can also see that Corollary 4.1.7 implies that these are homeomorphisms.

Let F € GP(F) and G be a topological complement of F. Let f € L(F,G) and denote
V = graph f € GP(F). Let denote 7 (resp. mg) the projection onto F parallel to G (resp.
onto G parallel to F). Let also | € E’. With respect to the decomposition £/ = F+ & G+,
we have | = lp1. + g =lomg+ [l omp. Then

leV+ lomp+lomg eVt

Vo e Filomp(x+ f(x)) +lomg(x + f(z)) =0
Vo e Filomp(x)+long(f(z)) =0

Ve e Elomp(x) +lomg(f(rp(z))) =0

Vo € E,lomp(x) = —(forr) (lomg)(x)

Vo € B g (x) = —(f o 18) (lp2)(x).
This proves V+ = graph(—(forp)" : F+ — G*). The map

roreee

feLFG)— (forp) € L(F*,GY)

is analytic, therefore the map V € GP(E) — V* € G,(F') is also analytic.

Let I’ € G,(E') and G’ be a topological complement of F’ in E’. Setting F' = F'*+ and
G = G, we get F' = F+ and G’ = G and have a setting similar to the previous one. Let
g € L(F',G") and V' = graphg € G,(£').

Let (e1,...,e,) be a basis of G and consider the dual applications ef € E’ associated
with the decomposition E' = Span(ey,...,e,) @ F. Note that (e],...,ey) is a basis of Ft.
Let x € F and x = ¢ + xp its decomposition with respect to £ = F' & . Then

z eVt Vie V' i(x)=0
Vi e Fl,l(a;) +g(l)(z) =
Vi e FYl(zg) + g(l)(zr)

( 0
viel, p]]7€1(xc)+g(6i‘)( r) =0
—;g(ei)(m)ei

0

S

Denote by A(g) the linear map in L(F,G) defined by A(g)(zr) = — Z —g(el)(xrp)e;.

We get V't = graph(A(g)). Themap g € L(F',G") — A(g) € L(F,G) is analytlc, therefore
the map V' € G,(E') — V'*+ € GP(E) is analytic.
]

4.3 Applications of previous results to dual cones

In this section, we look at operators acting on cones and shows how it translates into
transposed operators acting on the dual cones. We then apply results from Chapter 3 to
transposed operators.
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Lemma 4.3.1. Let Cy, Cy be p-cones. If C; C Cy, then GC(Cy) C GC(Cy), Cy C Cy, and
C, C (.

Proof. 1t is a direct consequence of the definitions. O
Proposition 4.3.2. Let T': E — E be a continuous linear map. Then
(i) for all V € G(E),(TT)"(V+) = (T(V))*,
(ii) for all V' € G(E'), T~} (V") = (TT(V’))
(iii) for all V' € G(E"),(TT (V') =T~ 1(V'%).
Proof. Let V be a closed subspace of E. Then

le (T (VY & loT eVt
& VeeVI(T(x)) =
& Vyel(V), (y)=
& le(T(V))*

which proves (7).
Let z € E. Then

x e TH (V™) T(z) € V'*
Vi€ V' I(T(z)) =
Ve T (V)1 (:U)

ze (TT(V))™.

teee

which ends the proof of (i7). Moreover, we have

e (TT(V): & YieT (V),l(z) = 0
e VeV, (T(x) =
& T(x) e V’L
& zeT YV,
and this achieves the proof of (ii7). O

Proposition 4.3.3. Let C be a p-cone andT : E — E be a continuous linear map such that
CnkerT = {0}. Then (T(C)) C (TT)~YC"). If T is surjective, then (T(C)) = (TT)~1(C").

Proof. Consider V' € G,(E'). Then

V' c (TC) <« V't eGOo(TC) by Proposition 4.1.8
SV G, C), VB TW = E
= VW € G,(C), T"Y(V*)®W = E (this implication is proved below)

SYW e G, C),T"(V)teW=E by (ii) of Proposition 4.3.2
& (TH(V)*t e GO(C)
sTH(V)c]l by Proposition 4.1.8

=V (TN,

which shows the desired results.
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We now prove the implication noted earlier: assume that for all p-dimensional subspaces
W C C, we have V'* @ TW = E. Let W C C be a p-dimensional subspace. The subspace
T-YV') is closed as T is continuous and W is closed as it is finite-dimensional. Let
reTH(VY)NW. Then T(x) € V' NTW = {0}, hence x € ker T. As CNkerT = {0}
and x € W C C, we get x =0, i.e. T H(V'H)nW = {0}.

Let x € E. Then T'(x) can be decomposed in T'(z) = v+T(w) withv € V' and w € W.
Then T'(x—w) =v € V"t ie. o—w € T-Y(V'!), hence x € T-1(V'L)+W. This proves that
E =T7YV") @ W is a topological decomposition. In particular, T-1(V'+) = (TT(V"))*
is a subspace of codimension p, so it belongs to GC(C).

If T is surjective, we now show the converse. Assume that for all p-dimensional subspaces
W cCC, THVY)eW = E. Let W C C be a p-dimensional subspace. Let z € V- NTW.
There exists w € W such that z = T(w). As z € V', we get w € TH(VH)nW = {0},
hence z = 0 and V* NTW = {0}.

Let x € E. As T is surjective, there exists y € F such that x = T'(y). Let y = z 4+ w be
a decomposition with respect to T-1(V'*) @& W = E; then x = T(2) + T'(w) € V'* + TW.
Hence £ = V' @ TW, and it is a topological decomposition as both sets are closed. [

This allows us to obtain the following proposition:

Proposition 4.3.4. Let C1,Cy be p-cones of E and T : E — E be a continuous linear map
such that T(C}) C C3. Then TT(Cy) C Cy.

Proof. By Lemma 4.3.1, we have C C (T'C;)". By Proposition 4.3.3, we get the inclusion
(TC,) C (TT)7X(C}), therefore Cy C (T'")~Y(C}) and T (Ch) C Cj.

We now show that ker T NC, = {0}. By contradiction, assume that there exists [ € C}
such that 77 (1) = 0 and [ # 0. Let W € G,(E) be a subspace of C;. As T'(C;) C C3, TW is
a p-dimensional subspace of C5. As loT = 0, we have ljpy = {0}. Given that [ € Cj, there

p

exists V € GC(Cy) such that [ € V+; we can write V = kerl N () ker[; where (,1s,...,1,)
i=2

are independent linear forms. Then

p p
TWAV =TW NkerlN(\kerl; = TW, N (| ker;,
1=2 dim=p =2
——
codim=p—1
hence TW NV # {0}, with is impossible as TW is a p-dimensional subspace of C, and
V € GC(Cy). Therefore ker TT NCy = {0} and T (C) C C}*. O

This last proposition prompts us to extend our contraction principle stated in Theo-
rem 3.2.3 to dual cones. Unfortunately, we run into two difficulties : the dual cones (or
more importantly their closure) may not be p-cones, and the hypothesis of finite diameter
for the cones may not translate into finite diameter for the dual cones. The former obstacle
is avoided by only considering p-dimensional spaces contained in the dual cone, but the
latter has yet to be solved.

Proposition 4.3.5. Let E1, Es be complex Banach spaces. Let T : E1 — E5 a continuous
linear map and C; C Ey, Co C Es two p-cones such that T(Cy) C C;. Assume that C; and
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Cy have non-empty interior in G,(Ey) and G,(E2). Then we can define cone gauges on the
closure of dual cones C{ and Cjy, and for every p-dimensional spaces V', W' contained in C,
we have da(TTV’,TTW’) < d@(V’, w.

Proof. By Proposition 4.2.6, we know that C; and C} are closed and do not contain any
(p + 1)-dimensional spaces. This is enough to define the "distances" or and dgr as in
Definition 3.2.2. Denote by ¢ the gauge of Rugh or the gauge of Dubois for proper complex
cones (see Section 3.1.2).

Let V!, W' C C} be p-dimensional subspaces of E’. We define da as :

da(V’, W' = sup d1,@(l7 m),
(L,m)e(VI* W)

where dl,?{(l’m) = 0 if Span(l,m) C C, and else dl,?;(lfm) = Oz

CiﬁSpan(l,m)U’m)' This
last one is well-defined since C; N Span(l,m) is a proper complex cone (of dimension 1):
it is non-empty closed, does not contain any 2-dimensional space and is stable by scalar
multiplication (this last property holds for C} since it is satisfied by C}).

For the same reason as in Definition 3.2.2, if V' # W', then da(V’,W’) > 0. By

Proposition 4.3.4, we have TT_(CQ*) C Ci*. We can now follow the exact same proof of
Theorem 3.2.3, applied to Ch, C; and operator T'", to get dT(TTV’, TTW') < d@(V’, w’).
O

In the present setting, a strict contraction principle would require the implication: if
diame, (T'Cy) < oo, then diama(TTCQ) < 00. This remains an open problem. Of course, in
the case of cones associated with projections, we can get those results:

Proposition 4.3.6. Let £ = F' & G be a topological decomposition with dim F' = p and
let ™ be the projection onto F parallel to G. Let 0 < a <b. LetT : E — E a continuous
linear map such that T(C;‘nb) C Cy 4+ Then for all p-dimensional spaces V,W contained in
Crp, we have

a
b

and for all p-dimensional spaces V', W' contained in C.v ;,, C E', we have

de, ,(TV,TW) < —.de, ,(V, W),

a
b

Proof. The first inequality is the one from the example following Theorem 3.2.3. Using
Propositions 4.3.4 and 4.2.9, we get that T'" (C+ 1/a) CCrr 1 and applying the same result

de,,, (T"V' , TTW') < —de_,, (V' W).

1/a

to B/, TT and 7', we get for all p-dimensional spaces V', W' contained in Crt1/a C B

TV . T"W') < 1/6 de

/! ! a
. =—.d
1/ Vi, W) c

d
¢ b

7r,1/a( 7r71/a( W,l/a(vl7 W,) D

This reasoning can also apply to get a spectral gap theorem for T'7:

Theorem 4.3.7. Under the hypotheses of Proposition 4.3.6, T " has a spectral gap, i.e. there
exists a p-dimensional subspace V' of E' and a closed complement W' of V', both stable by
TT, such that sup |Sp(T|;V,)| < ¢inf ]Sp(T|‘T/,)|

Proof. We apply Theorem 3.3.10 to E' and T'", as T (C* ) C Cr 1 and Cr yy, has

w',1/a
bounded aperture and is reproducing. O
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4.4 Dominated splitting for random products of opera-
tors contracting a cone

Even if the dual cones gives us results on the operator 7" on E’, this is not where their true
usefulness resides. The main point of using dual cones is to obtain a dominated splitting
for T or for a random product of operators, i.e. to decompose F into a "fast space" (the one
corresponding to the p largest Lyapunov exponents) and a "slow space" with an estimate
of the speed ratio on these two subspaces.

Moreover, under assumptions similar to the ones in Theorem 3.4.5, we obtain analytic
regularity for this dominated splitting. As we do not know whether finite diameter for
p-cones implies finite-diameter for the associated dual cones and whether the dual cones
are p-cones, we have to consider cones associated with projections (for which we know this
fact) to state the following theorem. However, since these two problems are the only issue,
we do the proof of Theorem 4.4.3 with the most general tools possible. We offer at the end
of this chapter potential ways to get around these obstacles.

Definition 4.4.1. Let 7 € L(E) be a continuous projection of E onto a p-dimensional
space, and 0 < a <b. We define A4 :={M € L(E) | M(C;,) CC; .}

We denote by A the diameter of the cone C,, in the cone Cr;, by 1 the contraction
constant associated with A, by m : E — CP a linear map of norm 1 and K > 0 the
constant making C.; a cone with aperture bounded by K. In order to keep notations
similar to Definition 3.4.4, we set p > 0 such that C,, C C;[p]. In particular, we have
M(Crp) C Crplp] for all M € 4.

We recall the notations we used to state Theorem 3.4.5. We consider here (2, ) a
probability space and 7 : 2 — ) an invertible measurable p-ergodic application. Given
a Banach space F', we denote by ({2, F') the Banach space of (u-essentially) bounded
mesurable maps equipped with the (p-essentially) uniform norm on F. If A is a subset
of F', we denote by &(2, A) the set of Bochner-measurable maps from 2 into A. For
(My)wea € &Q, A ), we denote by M := M n-1,, - -- M, the product of operators along
the orbit of w € €. Note the difference of order when comparing to Theorem 3.4.5, and
that this theorem and its proof still applies as 7 in invertible. We specify how in the proof
of Theorem 4.4.3.

Definition 4.4.2. Let (M,)weq € &, #). We say that a Bochner-measurable map
w i (Vo,, W,,) € G,(E) x GP(E) is a dominated splitting of ratio o €]0, 1] if there exists
C > 0 such that:

VYw € Qa E = Vw @Ww ) Mw(vw) = V;'w ’ Mw(Ww) - WTw ;

Mn
Yw e Q,Vn € N*,  sup M < Ca".
el wew, [ M (v) ]l
v||=l|lwl||=1

Theorem 4.4.3. Lett € D — M(t) € &Q, ) be a map such that

1. (t,w) € Dx Q— M,(t) € L(E) is measurable and the map t — M, (t) is analytic for
allw e Q.
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LA MO0 oy N
2. sup{ AP ILL )| | 5 M ()] - EQ,tED} < 0.

3. Jo Nlog [|M,, (0)]]] < oo.

Then there exists a map (t,w) € D x Q — (V,(t), W, (t)) € G,(E) x GP(E), measurable in
w and analytic in t, such that w — (V,(t), W, (t)) is a dominated splitting of E with ratio
n=4¢ forallteD.

Proof. First, we get our "fast space" from the fixed p-dimensional space we have built in
the proof of Theorem 3.4.5. We have considered the map

- { &(2,G,(C)) — &(2,G,(C))
(Vi)wea = m(V) :w = mag, ) (Vew) = My,(t)(Vey)
and have shown it has a fixed point. As we reversed the order of the product in the
definition of M™ used in Theorem 3.4.5, the m; we consider here is defined by m;((V,,),eq) :
w = M.-1,(t)(V;-1,). Like in Lemma 3.4.14, for ¢t € D, m has a unique fixed point V()
in &(92,G,(Crp)), meaning that:

Ve € Q, Mo ()(V, (1) = Vi (t).

Like in Lemma 3.4.18, the map t — V/(¢) is analytic. We show later that V (¢) is the
fast space of our dominated splitting.

We now aim to construct a subspace W (t) wich acts as the slow space for our dominated
splitting. To achieve this, we find a fast space in E’ for the transposed operators and the
dual cone, and take its orthogonal to get the slow space in F.

Let 4" :={M" | M € #}. Then we have .#" C {A € L(F') | A(Cr1/0) CCript-
The set .# " is a subset of L(E') satisfying Definition 3.4.4 (for cones in E’). Thus we
apply the results obtained in the proof of Theorem 3.4.5 to the map t — M(¢)", which
first requires verifying the assumptions of this theorem:

1. As M € L(E) — M" € L(FE') is analytic and measurable, Assumption 1 in Theo-
rem 4.4.3 shows that (t,w) € D x Q + M,(t)" € L(E) is measurable and the map
t > M,(t)" is analytic for all w € €.

-
2. For every Banach space F, M € L(F) and k € N*, we have \*(MT) = (/\]’C M>

and |MT| = ||M]. Since the transposition commutes with <, Assumption 1 in
p—1 M (t T
Theorem 4.4.3 shows that sup { ||||/\/\p i L{(sz()lH” | LM ()] :weQte ]D)} < 0.

3. As [ M || = | M| for all w € Q, we have [, [log || M..(0)7||| < occ.

All the conditions of Theorem 3.4.5 are satisfied for the cocycle of transposed operators.
As before, there exists an analytic map W'(t) in (€2, G,(Cr71/,)) C &(§2, E') such that:

Yw € Q, M, ()T (W) (1)) = W/ (t).
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Let W, (t) := W! (t)*. As the map W' € G,(E') — W't € GP(E) is analytic by
Proposition 4.2.10, the map (t,w) — W, (t) is Bochner-measurable, and analytic in ¢. The
following computations give the inclusion needed with respect to (M, (t)). Let w € Q,
t € D. Using Lemma 4.1.5, we have

W8 = My(t) (W(1)

Wr(®)™ = M. Wt

WTw(t) = (Mw(t)T<Ww(t)l)>

Wro(t) = My(t)"" (W,(t)*)*) By Lemma 4.3.2
Wro(t) = M)~ (Wa(1)),

hence M, (t)(Wry(t)) C W, (t). Finally, since W/,(t) C Ci7 1/, C (Crp)’, Lemma 4.1.8
shows that W, (t) € GC(Crp). As V,(t) C Crp, we have E = V,,(t) & W,(¢) for all
(t,w) e Dx Q.

To show that this decomposition is a dominated splitting, it remains to estimate the
speed ratio between the two subspaces. Since the following reasoning does not depend on

the parameter ¢, we omit it for the rest of the proof. In order to lighten the notations, we
also set C = Cy (and therefore C[p] = Crp[p]).

Let n € N* and w € Q. Let v € V,, and w € W, with |[v|| = ||w| = 1. Letx:v—i-%w.
Denoting P the projection onto V,, parallel to W, we have x € C, 2. As V,, C C[p], we

get from Lemma 5.4.9 of the Appendix the inclusion C,2 CC. Let V” CC,2 CChea

p-dimensional subspace containing x. By our contraction pr1nc1ple from Theorem 3.2.3,

de(MOVE MDV,) <nde(VE,V,) < Anp”

Using an approach similar to Proposition 3.3.6, let z; A --- A x, be a representative of
M73V® of norm 1, and y; A- - - Ay, be a representative of M[V,, of norm 1. By Lemma 3.3.5,

mxl/\.../\xp) m(yr A ... Ayp)

H TN AT NA LAY

‘ < a,KPde(MLVE, M2V,) < a, KPAn".

Then, as ||m|| =1 and |[z1 A--- A x| =1,

M1 A AT A LAY
A A T)

therefore d(zq A ... Az, Span(yr A ... Ayp)) < a, KPAn™ . By Proposition 2.2.14 and an
argument of symmetry, we have d,(MV* M?V,,) < 2a,KPAn". Using Theorem 2.2.15,
we get some constant C' > 0, depending only on p, K and A, such that

[L'l/\.../\l’p— SaprAnna

Ay (MPV*, Viny) < O

This shows that d< M ()
| Mz ()

M™Mz) = Mr(v) + £ > M3 (w) € Ving, ® Wing,. Hence

(Spatsy ) = O

Tk an) <Cn". Aszxz =wv+ p2—2w e V,d W,, we have
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ie.
Mi(w) 2|| M ()] o
[ M (w)]|] - pPIME(w)]]
w.
eWrng

Since Vin, C Clp| and Win,, C GC(C), we have sin 0(Vyn,, Win,) > p by Lemma 5.4.9
of the Appendix. We deduce that sin (W, ny, Vin,) > p/2 by Lemma 2.1.6, hence

P oo 2@
2= Mz ()]

Since M2V* is contained in C[p] and W, C GC(C), we get sin (M V* Winy,) > p
by Lemma 5.4.9 of the Appendix. Thus we have d(M7(x), Winy,) > p||[M2(x)||. This gives
d(M™(v), Wyny,) > p||M2(x)||, showing that || M2 (v)|| > p||M*(x)||. Finally, we obtain the
following inequality:

b o o 2]
2= " M w)]

n

1.e.

M@
MWUH‘4C

Thus the decomposition £ =V, & W,, is a dominated splitting, with speed ratio n. [

4.4.1 Discussion overcoming obstacles to generalization

The key point of the proof of Theorem 4.4.3 is to apply the results from Theorem 3.4.5 to
the transposed operators acting on dual cones. But in the general case, the dual cones may
not be p-cones. Moreover, finiteness of the diameter d¢(M(C)) does not ensure finiteness
of the diameter for the corresponding dual cones. To generalize Theorem 4.4.3 to sets .4
defined as in Definition 3.4.4, we would also need to prove that the inclusion M (C) C C|p]
gives rise to a similar inclusion for the dual cones.

The next propositions partially address the latter two obstacles.

Proposition 4.4.4. Let C be a p-cone and 0 < p < 1 such that Clp|] contains a p-
dimensional space. We define the dual Clp|" of Clp| as in Definition 4.1.2, and by extension
of our previous notations, we write:

(Clp) [p/8] = {l € E" | B(l, ngll) C Clp)'}-
Then C" C (Clp]') [p/8]-

Proof. Let V! C C" be a p-dimensional subspace of C'. Consider V" € G,(E’) such that
the gap between V' and V" satisfies §(V', V") < p/2. Then, by Corollary 4.1.7, we get
SV VM) < p/2.

Let W C Clp] be a p-dimensional space. By contradiction, assume that there exists
r € V"N W with ||z]] = 1. Then d(z,V'*) < p/2, so there exists v € V'*+ such that
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|z —v| < p/2. Sowv € B(x,p), and as x € W C C|p], we have v € C. This is impossible by
Definition 4.1.2, as V' C C'.

Therefore V"~ NW = {0} and E = V"+ @& W is a topological decomposition. As this
holds for all W C Clp], we get V" € C|p]'.

Now, let [ € C' and m € E’ such that ||l — m| < (p/8)||l]|. By definition of the
dual cone, there exists a p-dimensional space V' C C’ containing [. By Proposition 5.4.7
of the Appendix, there exists a p-dimensional subspace V" of E’ containing m such that
d(V', V") < p/2. Then by the previous argument we have V" € Clp|’, hence m € C[p]'.
This shows that B(l, £||I]|) C C[p]’, i.e. I € (Clp]') [p/8]. O

Proposition 4.4.5. Let C be a closed subset of E, stable by scalar multiplication, and not
containing any p + 1-dimensional subspace. Let 0 < p < 1. Using the gauge of Dubois (see
Definition 3.1.3), we define a gauge dc on the set G,(C) of p-dimensional subspaces of C as
in Definition 3.2.2. Then

diame (C[p]) < 2log(1/p),
where diame(Clp]) = sup{dc(V.W) | VW € G,(Clp])}. In particular, this holds for the

closure of dual cones of p-cones with non-empty interior in G,(E).

Proof. Let V,W € G,(C) and consider x, y non-zero elements of C[p]. The gauge of Dubois is
projective, so we can assume ||z|| = ||y|| = 1. Let z € C with |z| < p. Then zz—y € B(y, p)
hence zz —y € C. Similarly, if |z| > 1/p, zz —y € C. Hence inf{|z| | zz —y ¢ C} > p and
sup{|2| | zz —y ¢ C} < 1/p, and di¢(w,y) < log 2 = 2log(1/p).

This holds for all z,y € Clp|*, so we get dec(V,W) < 2log(1/p), which achieves the
proof. O]

As the sets C[p]" and C" are not p-cones, this makes a potential proof of Theorem 4.4.3
in the general case very tedious. We believe this obstacle may be overcome by studying in
detail the sets of p-dimensional subspaces contained in C[p]" and C'.
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Chapter 5

Appendix

5.1 Topology of the Grassmannian

In this section, we prove the results stated in Section 2.1 of Chapter 2.
Proposition 5.1.1. The application dy defines a metric on G(E).

Proof. The symmetry and positivity of dy is immediate. Let VW € G(FE) such that
dg(V,W) = 0. Let x € Sy. Then d(z, Sw) = 0, and as W is a closed subspace of F, we
have x € Sy,. Thus Sy C Sy and similarly Sy C Sy, hence Sy = Sy and V = W.

Let U,V,W € G(E). Let ¢ > 0. Let © € Sy. There exists a vector y € Sy such that
|z —y| < du(U,V)+e. Then there exists z € Sy such that ||y —z| < dgy(V,W)+e. Thus
|z —z|| < dg(U,V)+dg(V,W)+ 2e and we get d(z, Sw) < dy(U,V) + dg(V, W) + 2.
Similarly, for all z € Sy, d(z,Sv) < dg(U,V) + duy(V,W) + 2¢. This proves

and the triangle inequality follows as ¢ — 0.
O

Lemma 2.1.4 (|[Kat95|, Chapter IV, Section 2.1). Let x € E with ||z|| =1 and V,W be
elements of G(E). Then d(x,V) < d(z,Sy) < 2d(z,V) and

max(6(V, W), 0(W,V)) < du(V, W) < 2max(5(V, W), (W, V)).

Proof. The inequality d(z, V) < d(z, Sy) is immediate. Let € > 0 and set d == d(z, V) and

e > 0. There exists y € V such that ||z —y|| < d + . By slightly changing y if we must,

we can assume y # 0. Let yop = . If ||y|| < 1, we have:

llyll”
190 =yl = llgoll = llyll =1 = [le = (@ =) <T - (1= (d+e)) =d +e
If ||y|| > 1, we have:
lyo —wll =1yl = llwll = [l = (@ —y)| =1 <1+ d+e-1=d+e

Thus, in all cases, ||z — yol| < ||z — |l + |y — wol| < 2d + 2¢, hence d(z, Sy) < 2d + 2¢.
Letting ¢ — 0, we get d(z, Sy) < 2d.

75
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Applied to all x € Sy, we get
S(W,V) <du(V,W) <26(W, V).
By symmetry, we obtain the desired inequalities. O

Proposition 5.1.2. Let E be a Banach Space. Then (G(E),dy) is a complete metric
space.

Proof. Let (V;)nen € (G(E))YN be a Cauchy sequence for dy. Let

V= {x € E | There exists (z,)neny with Vn € N, z,, € V,, and z,, —_ x}

It is clear that V is a subspace of E. Let us show that dg(V,,V) — 0 (here we extend
the definition of dy to all subspaces). Let ¢ > 0. There exists an increasing sequence of
indices (n;);>0 such that for all i, m,n € N, we have dg(V,,,, V) < mi;(f;” when m,n > n;.
Let N > ng and y € Sy,. Then there exists z,, € Sy, such that [ly — .| < e
Given the definition of the n;, there exists z,gi1,...,2n, € Sv, y,---, 9y, such that
Vk € [no+ 1,n], ||z — xn,|| < €. Iterating this process, we build a sequence () such
that for all ¢ > 0 and for all k& € [n; + 1, n441], 2% € Vi and ||z — 2, || < 5.

We now show that it is a Cauchy sequence in E. For all i > 0, for all m,n > n;, defining
ki, ko by n € [ng, + 1,0k, 1] and m € [ng, + 1, ng,11], we have :

ko
[T = @all - < |20 — T, | + (|20 = Ty, || + kzk %0, — Ty
=k

oo
[ 13 £ N
y—i-g-i-z?—k as ki, ko >1
k=i

<5 (%)

IN

Hence (zy) is a Cauchy sequence in E and therefore there exists x € E such that x, — x.
Since ||zg|| = 1 for all k, we get ||z]| = 1, hence = € Sy. Letting m = ng and n — oo in the
previous inequality, we get ||, —z[| < 4g, so ||y — x|| < 5e (where y € Sy,  is the element
from which we built our sequence). Hence

sup d(y, Sy) < be (xx)
YESvy

and this holds for all N > ny.

Let z € Sy. By definition of V, there exists a sequence (xj)r>0 with x5, € Vj, for all
k > 0 such that z; — x. By normalizing the xj, we can assume ||zx|| = 1. As x — x, there
exists a ko > ng such that ||z — x| <e. Let N > ng. As dg(Viv, Vi,) < e (by definition
of ng), there exists y € Sy, such that ||z, — y|| < 2e. Then ||z — y|| < e+ 2¢ < 3¢, and
therefore d(z, Sy, ) < 3e.

This gives us : VN > ng, supd(zx, Sy, ) < 3¢. Combining this with (xx) we get

€Sy

VN Z no,dH(VN, V) S He.

The last point left to show is that V is closed. Let (yx)ren € VY such that yp — y € E.
If y=0, y € V. Otherwise, we can normalize y and the y; and suppose ||y|| = |lyx|| = 1.
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We must build a sequence (xy) with x € Vi, and xp — y. Let (n;) be, as before, a sequence
of indices such that Vm,n > n;, dg(W,,,W,,) < 2L We construct the sequence (zy,) step by
step, for k € [n;, njy1 — 1]. For i € N, there exists p € N such that ||y, — y|| < 5. Using
the reasoning we did to get (%), there exists x,, € Sw, ,...,Tn,,, 1 € SW,,,,—1 such that

Vk € [ni, nipa — 1], lyp — @kl| < 57, and then we get:

5
Vk € [[ni7ni+1 - 1]]a ||y - Ik” < E
The sequence (zx)r>o then satisfies V& > ny, |y — x| < % so zy — y. As x; € V; and
xr — Yy, we get y € V and so V is closed. O]

Proposition 2.1.6 ([BIM15, Blul6|). Let VW € G(E) be topological complements and ©
be the projection onto V' parallel to W. Then

1
sinf(V, W) = —

Il
and sin O(W, V') < 2sin0(V, W).

Proof. We have
o]

[l sup

veV,weW,v+w##0 HU i" w”

— sup _—
vev,vl=twew ||+ w||

iﬂf{Hif —w| [veV v =1weW;

sinf(V, W)’

The second equality follows since

1 1 1
nf(W.vV) = > > = —sin (V. W). ]
smbWV) = a = = T o] = 2]~ 20

5.2 Norms on the exterior algebra

In this section, we consider (F, ||.||) a complex Banach space and we study norms on the
tensor algebra Q" F and the exterior algebra A" E. We show that the norms defined on
the exterior algebra A’ E can be obtained as quotient norms of corresponding norms on
X? E. We show that in non-finite dimension, these norms are not equivalent. However,
they are equivalent if we only look at elements which can be decomposed into a sum of k
tensors, where k is a fixed integer.

The norms on @’ E have been thoroughly studied in [Gro52]. In particular, ®" E is
never a complete space when FE is of non-finite dimension. We invite the interested reader
to read [Gro52| for more details and for information on the completions of Q" E.

Here we look at three natural norms. The first one looks at the different decomposition
of an element x in simple tensors: the norm is then given by taking the infimum, over all
decompositions of z, of the sum of the norms of these simple tensors. The second one is
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defined thanks to the dual E’: the norm of an element z is the supremum of the |(l, z)],
where [ is taken in a specific subset of @ E' or A’ E’. The last norm is used in the case
of Hilbert spaces: it rises from the canonical inner product defined on ®” E' or A" E'.

Definition 5.2.1. For z € Q" E, we define

17|l 0,dec = lanHleH . ||$;||
i

where the infimum is taken over all (finite) decompositions x =Y} ® --- ® x,; and
i
|z|lo; = sup (L ®- - @I, x).
Iy lpEE
l[Lll=1
We denote by ||.||opr the associated norm.
Definition 5.2.2. For z € \" E, we define
2]y = Nellndec = nE Y _ll23 -l
i
where the infimum is taken over all (finite) decompositions x = Y x{ A--- A x},; and
i
[2linip = lleliae = sup (LA~ Al ).
Iy lp€E

llL:]l=1

If E has an inner product {.|.), then we define an inner product on N\ E by extending
the formula
Ty A N [yr Ao Ayp)a = det (2| 95) )1<ig<p)

We denote by ||.||apr the associated norm.
We also define on \' E the norms ||.||gq.decs ||-log: and ||.||@qpr obtained as the quotient

norms of ||.||®,dec; ||-||®,l and ||'||®,pr-

Proof. First, we prove that [.|[sdec is @ norm. Let z,y € APE and A € C. If z =
Zx’l A--- A is a decomposition of , then Az = 2/\%1 A--- A} is a decomposition of \z.
K]

Taking the infimum over all decompositions of x, we get [|AZ||adec < |All|Z]|Adec- IEA =0,
then [|0.z]] = 0 = 0.||z||adec- If A # 0, then our reasoning gives ||Z||xdec < ‘—§\|||/\a:|

A,dec
hence H)‘x“/\,dec = |/\A|HxH/\,deC' ‘ . ; ; j j
i J ‘ ’

is a decomposition of @ +y, thus [lill - [}/l + Sllyill - 52l > & + yllrdec. Taking
i j

1
the infimum over all decompositions of = and y, we get || z]|a dec + [|Y||rdec = |17 + Yl A dec-
The separation comes from the Proposition 2.2.2 shown later in this section.
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We now prove that ||.|[s; is a norm. The homogeneity and the triangle inequality are
immediate. Let z € A" E such that ||z[,; = 0. Let = > 2} A--- Az}, be a decomposition
i

of x. If we take (f1,..., fi) a basis of Span((x%);;), then we can write

T = Z Uiy, fis N A i

1< <--<ip<k

Taking for (ly,...,1x) the dual basis of (fi,..., fr) and extending these linear forms to
E with the Hahn-Banach theorem, we get 0 = (l;, A--- Al;,,x) = a;,.;,, hence x = 0.
This proves the separation of the norm ||.||x.

Finally, one can easily check that the formula above defines an inner product on A E.

[]

We now prove that our norms on A” E are, up to a constant, the quotient norms
obtained from the norms on Q" E.

Proposition 5.2.3. On \" E, we have ||.||oq.dec = ||-|| r.dec-

Proof. Let z € A" E and z = Y i A--- Az} a decomposition of z. Thenu = Y i ®- - @1},
5 5

represents = in X" E. Hence

||x||®q,dec S ||u||®,dec S ZHJ;ZIH . ||l’;||

(2

Taking the infimum over all decompositions for x, we have ||z||gq.dec < ||Z||A dec-

Let x € AP E and let u represent z in Q" E. Let u = > 2{®-- -®$§3 be a decomposition
of u. Then x =Y i A--- A}, 50 ||z][ndec < D24 - - - ||| Taking the infimum over all

% %
decompositions for u, we have ||z||x gec < ||t]|@.dec. As it holds for every u representing x,

we have ||z||x dec < ||| @q,dec- -

Proposition 5.2.4. Assume E is an Hilbert space. Let (e,)nen be an orthonormal family
of E. Then {e;, @ --- ® €;, | i1,...,i, € N} is an orthonormal family of @" E and
{eq Ao Ney, | in <--- <y} is an orthonormal family of \' E.

Proof. 1t is an immediate verification. O]

Proposition 5.2.5. Assume E is an Hilbert space. On \' E, we have ||.||gqpr = \/LIT!“‘H/\J)T‘

Proof. We denote &, the symmetric group of degree p and ¢ : &, — {—1,1} the sign
application. Let z € A"E and u = Y uj ® -+ ® u}, representing = in @"E. Then

x = zi:ull/\- Auy,. We denote z* i= ujA- - A, u' = w1 ®- - @uy, and ug, = Uy ) Q- - Qg

for o € &,. These notations are made such that z = Y 2’ and u = > u’. We set u, =y ul.
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First we show that ||u,||gpr = [|©]|gpr:

(Ug | Us)e = Z(Uza | ul)e
1,j ‘ '
= ZJW | Ugy) (U | o))
= ([ ug) oy, [ )
Z’J
= <U | U>®

Now we link [[][ppr to (u0)scs,
(| x)p = Z(xilx%

= Zdet((<uk | uf))1<kisp)

= Z >

o){uy | u 1)> <U; | Ui(p)>

1,7 0€G, (
= > T (o) | e
- 3 <Pa>z<u | e
= Y o) e

o€,

So [lzlRr < 22 Kl uo)al < 3 ulloprlluollop < 32 lullf, = plllullop. Taking

oeG, o€, ce6p
the infimum over all representmg x, we get ||z||ap < \/_H:c\|®q -
Letx—le A, € APE. Then u = 537 3 e(0)aly) © - e R'FE
i 0€6),
represents . We note u = Y. u"“ this decomposition.
1,066,

Using the same notations as before for this particular decomposition, we now show that
for all o' € &, u,y = e(0’)u. For 0,0’ € &, and index i, we have:

uy = ﬁf(")f’fi/oo(n ® @ T
= 5e(0)e(0" 0 0)ahipy @ @ XL
_ E(O_l)ui,a’oa‘
Hence uy = >, ul = 3 e(0)u""*" = (o’ )u.
1,066, 1,066,
Then (z | x)p = > e(0){(u | up)e = >, (u | u)e = pl{u | u)g, hence the inequality
€6, o€,
||x||/\,pr > \/HHCEH@(LPT" U

Proposition 5.2.6. On A\’ E, we have ||.||gq; = (1/P)]]-||as-
Proof. Let x € A\PE and v = Y u} ® - ® u}, representing = in @” E. Then we have
r=Yuy Ao Aul . Let by, -+ 1, € B' with |[l1]| = --- = ||| = 1. We get (using the



CHAPTER 5. APPENDIX 81

definition of the determinant):

(WA Npx) = deze e(o){lo( >"-<la(p)=$§}>
= ZU;G e@){lo) @+ ®lop), 11 @ -+ @ x3)
= Ugép (@)l © -~ ® lo(p), Z$1®“~®x§)>
= UEZGP (@){lo) ® -+ @ lo (), u >

Therefore we have ||z|[,; < p!||lul|o,;, and taking the infimum over all u representing x
we get [[z]lng < plllzllegr |
Let 2 = Y a2 A--- Az, € A\"E. Then u := ,Zz ()U(1® @y, €QNE

1 0€G),
represents x. Let ly,--- 1, € E' with ||;]| = --- = ||[,]| = 1. We have:
(L@ @lu) = 5373 (o)l ) o, 7p)
1 0€6y

= S Al A AL g A A
= SA A, ).

Hence |Ju||lg; = Z%Hx”/\,l and therefore ||z]/gq; < Z%||x||/\l O

We now compare these norms. First, we prove a lemma which is useful when comparing
the inner product norm to the other ones. It is a simple extension of the Cauchy-Schwarz
inequality.

Lemma 5.2.7. Let (ay,) € C™, with p > 2. Then
0<k<n—1
1<i<p
n—1 n—1
Zam cap| S 4| JakalP | ) Jagl?
k=0 k=0

Proof. For p =2, it’s the Cauchy-Schwarz inequality. Assume the lemma is true for p > 2.

Let (ak,) e C*»+1) Applying the result for p, we get

0<k<n-—1
1<i<p+1

n—1 n—1 n—1 n—1

Zak,l"'ak,p-ak,p—i-l < Z|ak,1|2"' Z|ak,p—1|2‘ Z|ak,p|2|ak,p+l|2

k=0 k=0 k=0 k=0

Since Z [ Z lakpi1]* > Z lakp|?|ak ps1]?, we get the final result for p + 1. O

k=0 k=0 k=0

Proposition 5.2.8. Assume E is an Hilbert space. On Q" E, we have ||.||gpr < ||.|lo.dec-
If E is not finite dimensional, these two norms are not equivalent.
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Proof. Let x =Y 21 @ --- @), = Y 2" € Q" E. Then

(2| 2)e| = |22(a" | xj)@'

Z’]

< 2l [ e Kag | af)]
173 - . .

< 2lzlllall- -l [l
1/7‘7

= (et 130 (z_nxin---nx;;n) .

7 J
Hence ||z pr < Dollz4]| - ||z} Taking the infimum over all decompositions of z, we
5

get [|zflgpr < (7] o,dec-
We suppose that F is not finite-dimensional. Let (e,),en be an orthonormal family of
n—1
E and let @, = 3 €ppi1 @ €pia2 @+ + @ €ppip. We have ||z, |lepr = v and ||z, ||g.dec < 1.
k=0
Let z, = > 2} ® --- ® x}, be a decomposition of x,. Let F' = Span((z})) C E and G be

the orthogonal complement of Span((e,)nen) N F in F. Let (g1,--- , gq¢) be an orthonormal
basis of G. We write, for [ € [1,p], 2! = > a%le, + Zb;-’lgj. Then ||z}[|* > >"|a%'|* and
n 7 n

. . > 1 y . .
Ty = E T1®- - ®x, = E ( E ag, - -aZ’f) er, ®- - -®ey, +tensors involving some g;.
i kp \ i

0<k1,,
n—1
Asz, = Y erpr1 @€ppra®- - - Q€kpip, We can identify the two formulas. The terms involving
k=0

some g; are thus equal to zero and

n—1
_ 2,1 i,p
Tn = § (§ :ak?p-i-l o 'akp+p)€kp+1 Q@ Crpyp -
k=0 i
N -~ J/
=1
Hence
n—1 1 .
—_ Z? PR Z?p
n = kz Zakarl akp+p
=0 i

n—1 . .
S S al
. kp+1 kp+p
i k=0

n—1 _ )
< Z\/glaﬁﬂll--,/ S |ai?, 2 by Lemma 5.2.7
KA = =
< 2laill -zl
KA

Therefore ||| @dec > n. As we proved ||z,|lg.dec < n, we get ||z,|lg.dc = n and

Han&dec = \/ﬁHan&pw ]



CHAPTER 5. APPENDIX 83

Proposition 5.2.9. Assume E is an Hilbert space. On \' E, we have ||.||npr < VDI || A dec-
If E is not finite dimensional, these two norms are not equivalent.

Proof. This is a consequence of Proposition 5.2.8, Proposition 5.2.5 and Proposition 5.2.3.
O

Proposition 5.2.10. Assume E is an Hilbert space. On Q" E, we have ||.||lo1 < ||-lle.pr-
If E is not finite dimensional, these two norms are not equivalent.

Proof. Assume that the space E is a Hilbert space. Let x € @" F and [4,...,l, € E' with
1]l = --- = ||l,|| = 1. By Riesz’s representation theorem, there exists yi,...,y, € E with
llyall = -+ = [lypll = 1 such that I; = (y; |.) for all i € [1,p]. Then for all z4,...,x, € E,

<l1®...®lp’x1®---®xp> = <l1,$1>"'<p7xp>
= (i lz) (| 7p)
@Oy 1O DT,

Hence [(h @ -+ @1y, 2)| = [(11 @ - @y | D)o| <11 @ - @ yplloprlzllopr < [2]lemm-
Taking the supremum over all Iy, ..., 1,, we get ||z]lg; < ||2|lgpr-

We suppose that E is not finite-dimensional. Let us show that the two norms are not
equivalent. Let (e,),en be an orthonormal family of £ and consider

n—1

Ty = § CLp+1 X €kp+2 ®- R €kp+p-
k=0

We have ||z,]|@r = v/1 and, taking I; = (e; | .), we get ||, |le; > 1.

Let ly,...,l, € E' with ||l1]| = --- = ||l,|| = 1. By Riesz’s representation theorem, there
exists yi1,...,y, € E with ||y1]| = --- = ||yp|| = 1 such that [; = (y; |.) for all ¢ € [1, p]. Let
F = Span((yx)1<k<p) and G be the orthogonal complement of Span((e,,)nen) N F in F. Let
(g1,---,9a4) be an orthonormal basis of G. We write, for [ € [1,p], yi = > yinen + D 21;9;-

n j

We have

(W@ ®l,x)| = |<?/11®"'®yp\93>®|
= |Z<y1®"'®yp|ekp+1®€kp+2®"'®6kp+p>®|
k=0
n—1

| Z Y1, kp+1 - 'yp,kp+p|
k=0

n—1 n—1
< > |yl,kp+1\2 EEYDY |yp,kp+p|2 by Lemma 5.2.7
k=0 k=0
< - Nl
= 1,
hence ||z,]s; < 1. Since we have also shown |[|z,|g; > 1, we get ||z,||g; = 1 and
Han&pr = \/ﬁl"xn’ ®,l- O

Proposition 5.2.11. Assume E is an Hilbert space. On \' E, we have ||.|[x1 < VDI apr-
If E is not finite dimensional, these two norms are not equivalent.
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Proof. This is a consequence of Proposition 5.2.10, Proposition 5.2.5 and Proposition 5.2.6.
]

Proposition 5.2.12. On Q" E, we have ||.||gs < ||-||lo.dec-
Proof. Let © = Y 2 @ --- @ a} and let Iy,--- [, € E with ||l = -+ = ||l ]| =
Then [(h®--- @1y, )| = |Z<llaf€i> by, 7)| < ZWMAH Ul 7] < ZH%H -l |1

Taking the supremum over all [; and the mﬁmum over all decomposmons of x, we get
[2llos < llzlledec- O

Proposition 5.2.13. On A" E, we have ||.|[r; < p!].

Proof. This is a consequence of Proposition 5.2.12, Proposition 5.2.3 and Proposition 5.2.6.
]

A refinement of this estimate is given by the following proposition, stated earlier in
Chapter 2:

Proposition 2.2.2. On \" E, we have ||.|[np < (VD) adp-

Proof. Let x =Y a3 A--- Aaj and let Iy, ... 1, € E' with |[l]| = --- = [|[,|| = 1. Then
(A Al = DA Ayt A Ay
< YA Al i A A
lbl’l e (I 7h)
< > |det :
<lla p <lp,:1,’p>
< S(pPlanl -l

where the last line is given by Hadamard’s inequality. Taking the supremum over all /;
and the infimum over all decompositions of x, we get x|, < (v/P)P]|Z|| A dec- O

Remark. The previous method to prove the non-equivalence of the norms does not work
without the inner product setting:

Let us consider ['(N), (e, )nen the canonical family of I'(N) and I : (u,)neny € IHN) — > uy,.
n>0
n—1
As before, we note x, = Y €xpi1 @ €ppr2 ® -+ @ €gpyp. Then we have
k=0

n—1

(@ ®la)=Y 1x---x1=mn,
k=0

hence n < ||z, [log < ||7a]lo,dec <, giving ||z, = ||74]lo,dec = 7

We finally state two lemmas which gives bounds on ||. ||, with lower-dimensional norms.

Lemma 2.2.3. Let x € E and u € A\’ E. Then



CHAPTER 5. APPENDIX 85

(1) llz Aullpper < (p+ Dl lullrg

(i) [z Aullagprr < [l lullrdgp -

Proof. (i). Let x € E and let ly,l5,- - ,l,+1 be independent linear forms of norm 1 on E.
A ptl , N
Let ll = ll JANEE lifl A lfL'Jrl VANRIIVAN lp+1 and f U € /\pE — Z(-l)l—i_lll(ﬂf)ll('u,) For all
i=1

(1, -+ ,xp) € EP we have 4 A+ Alpi(x Az A+ Axp) = f(xg A+ Axp). Then for all
uve N'E :

p+1 - .

WA Np(e Au) = flu) =Y (=1 (@)i(w).
i=1
pt1

Hence |l; A Alpyr(z Aw)| < S |L(2)].|l(w)] < (p+ 1)||z].]|u|| np and therefore
—1

1

[z A ullprper < (p+ D)l lullnp-

(7). Let w =Y uj A---Aul. Then Y x AujA---Aul is a decomposition of z Au, hence
i 5
|2 A ullagper < Dollf][Juf]] - - - |lup]l. Taking the infimum over all decompositions of u, we

(2
get [lz Aullraprr < ll2l-llullnap-
O

Lemma 2.2.4. Let x1,...,%p,Y1,...,Yp € E such that ||z;|| = ||y;|| = 1 for all i € [1,p].
Then

() for A Ay =y Ao Al gy < poplomax(flz; — will),
(ii) llex A Nap =yu A Agpllaap < p-max([|z; — uil]).

Proof. For k € [1,p], we set ap = x3 A --- Axg and By = y1 A --- A yr. Note that
ap = g1 AN Tk and ﬁk = Bk—l N Yk -
Let d = max(||z; — y;||). Using Lemma 2.2.3, we get

oy = Bpllay < llap—1 A (p = yp)llatp + (o1 = Bp—1) A Upllatp
< pod.||ap-_1|lap-1 + D-llop—1 — Bp—1||atp-1
S dp' +p'||ap—1 - Bp—l“/\l,p—l )

and the desired result follows by recursion. This reasoning is easily adjusted to get the
result for ||.|[ndp- O

5.3 Estimates on the norms of induced operators on
N E

In this section, we provide the proofs for the bounds on norms of operators on A" E used
in Chapter 3.



CHAPTER 5. APPENDIX 86

Lemma 3.3.4. Let C be p-cone of E of aperture bounded by K > 0 with m : E — CP a
continuous linear map such that Vx € C, |m||.||z| < K|m(z)|. Then

o For the norm ||.|rap, we have ||| < ||m||P and

K?
VSpan(zy,...,z,) CC,|lx1 A Axp|adgpy < W!m(xl A= ANyl

1P
o For the norm ||.|x1p, we have

V(@1 ap) € B fi(a A Aap)| < HmH”HJ}l(/\ ATl ;
p
VSpan(zy,...,z,) CC,|lxr A Axp|larp < (\/]_))pHm“p|m(x1 ANyl

Proof. We first prove these inequalities for the norm ||.||rq,. Let u € AP E and consider
u=> i N A SB; a decomposition of u. For m : E — CP, we get:

()] < MlmEi A Azl
2 | det(m(zy), ..., m(z,))]
2 [m(z)]] - -~ lm(z, )|
[l P32 {23 - - Ml ]l
Taking the infimum over all decompositions of u, we get |m(u)| < ||m|?||ul|rq, hence
[[7i]| < [|m][P.

VARVARVANIVA

Now, let C be p-cone of E of bounded aperture with m : £ — CP such that for all
u € C, ||m|.||ul] < K|m(u)|. Let Span(zy,...,z,) C C. As in the proof of Lemma 3.3.5,
we can find 27, ..., 2, € C such that m; A+~ Ax, =2y A--- Az and (m(x1),...,m(zp)) is
an orthogonal basis of CP. Then

K \” L
oA Al < gl < () )] mGap)] = b A A )
We now prove the inequalities for the norm |||, Let x1,..., 2, € E. By linearity of

m and homoegeneity of the norm, it suffices to prove the inequality for any non-zero vector

of A" E collinear to x1 A -+ A x,. Let (eq,...,e,) be the canonical basis of CP. As in the
proof of Lemma 3.3.2, myy : V' — CP is bijective. Then there exists a basis (21, ...,z,) of

Span(wy,...,x,) such that (m(z}),...,m(z})) = (e1,...,e,). Note that (2,...,z,) is an
Auerbach basis of Span(x,...,x,), where the associated linear forms are the coordinate
functionals of m : E — CP. Then m(zy A--- Ax,) = 1 and (2} /[|2}]],...,2,/[|z,]]) is a

right decomposition. Thus

@y A= Aap)l < lm(a)]] ()]
< lm|Plly] - [l ,
/
< Ml getg A< A ]
< lmfPllah A A2l
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The second equality is a consequence of the corresponding inequality for ||.|[ s, and
Proposition 2.2.2.
]

Lemma 5.3.1. Let V be a p-dimensional subset of E and W a closed complement of E.
Let hy, ..., hy,—1 be independent vectors of V. Then there exists B > 0 such that:

Yy e Willha A== Nhpa Ayll = Bllyll-

Proof. We prove this result for the norm ||.||5;,, which is enough by Lemma 2.2.12.
Let ly,...,l,—1 be linear forms such that [;(h;) = 1, [;(h;) = 0 if i # j, and l;w = 0.
Let y € W and let [ be a linear form on V' + Span(y) such that ljy, = 0 and I(y) = [|y||.
Then

lp—
‘hl/\/\hpfl/\yH 2 <m/\ =1 /\ﬁ,hl/\"'/\hpfl/\:lﬁ

-1l
1 0 --- 0
1 oot
> det 0
1l A= 112 Lo 10
0 - 0yl
> lyll,

1l Al mw |
where 1, is the projection onto W parallel to V. We get the desired result by setting
1

B (independent of y € W).

I Y R [y [
O

The remainder of the lemmas of this section use the norm ||.||r4,, as in Section 3.4 of
Chapter 3.

Lemma 3.4.8. Let M € L(E) and consider the operator norm of M on N E given by

||]\/4\||A7p ‘= sup ||]/\4\(x)||Ap Then this supremum is given by its value on the set of simple
l[z]ln,p=1
tensors, 1.e.

[Mllrp=— sup  [[M(zi A Azp)|ap

lziAAzp|lA,p=1

Proof. Let |U\/4\||o = sup HM(JH A+ A xp)|lap. By definition of ||J/\4\|| we have

lziAAzpla,p=1

||]\/4\||A,p > ||]\7H0 Let u € A" E and write u = Y 2} A--- Az} a decomposition of u. Then
IMull <Y 1M (2 A= Az < IMIlo Y Nl A Al < 1Mo Y Nl -l |-

Taking the infimum over all decompositions of u, we get HM\ ul| < ||]\/4\ llo-|lz||, which shows
that [| M| < [|M]lo.
[

Lemma 3.4.9. Let M € L(E). We have

—~ p—1
1y < [ A" 2|01 < )
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Proof. Let u € A" E and write u = Y 2} A - Az}, a decomposition of u. Then Mu =
> Mz A--- A Mzl is a decomposition of Mu and

— ; p— p—1 i i
|6l < - Il | A MG A <STUMIAT M| il i)

Taking the infimum over all decompositions of u, we get ||]/\/[\u||/\7p < [IMNAP Ml g,
hence ||M||x, < |M|.]] A®~" M||. An immediate induction gives the second inequality. [

Lemma 3.4.19. Fort e D,
/\ p—1
ML) < M) |5 Me®)]|
o] <IN o] [l
Under the assumptions of Theorem 3.4.5, this gives
[0 <ve o]

LA M (t)
IA” Mo, (8]

Proof. Let xy,...,x, € E.

whereC—sup{ ||||dt ()||:w€Q,tE]D>}.

d — d
—M,(t)xr A ANxy = — (My(t)zg A--- AN M,(t)z,)
dt dg J
= > M,z A+ A <£Mw(t)xk) A NM,(t)z,,
k=1

which gives

—~

p—l
W ns <o N7 aw0] | G| tal. o)

I

Let u € A" E and write u = ) 2} A --- Az}, a decomposition of u. Then

| iton] <o | A s o] - S hetn- o

Taking the infimum over all decompositions of u, we get

SN (| < H M,(
[ o] <o A 0] | Fasio | 4

L) H <p A" M) Hdt )H )

h
ence || —
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5.4 Links between C, C[p], C., and the Hausdorff topol-
ogy on G,(E)

In this section, we study the relation between C[p] and interior in G,(E), between C|p] and
projection cones, and between the Hausdorff distance dy and the gauge de. Those results
give us a better intuition of how C[p], the projection cones and dc behave concretely.

First, we give the proof of Proposition 3.3.8: a projection cone C,, is reproducing.
Then, we connect the projection cone C, , to estimates on the Hausdorft distance dy. We
prove that if a cone C contains a projection cone C; ,, then the gauge de and the distance
dp are equivalent on the subcone C, o for all ' < a.

Finally, we establish the equivalence between C being of non-empty interior in G,(E),
C containing a projection cone, and C[p| containing a p-dimensional subspace. This leads
to a simple criterion for a cone C to be reproducing: satisfying the equivalent conditions
from the previous sentence. We conclude by showing that if V' is a p-dimensional subspace
contained in C|p|, then d¢ and dy are equivalent on a neighborhood of V.

5.4.1 Projection cones are reproducing
Here we prove Proposition 3.3.8 from Chapter 3:

Proposition 3.3.8. Let a > 0 and F,G be topological complements: E = F & G and the
projection ™ onto F' along G is continuous. Then the cone C, , is reproducing.

Proof. We use the norm ||.||q, for this proof. Let (xy,...,x,) € EP be a right decomposi-
tion and let x;, = 2 + 2¢ be the decomposition of z;, in E = F & G. Then

TIN ATy = Z xfl/\--~/\xgp.
(S1,...,8p)E{F.G}P

We estimate the terms :1:‘191 VARRRWAN a:;?”. Up to a change of sign, such a term can be written
as xf Ao Aaf Az A Aaf L Let k€ [0,p] and let us prove by recursion the following:

For all n € [0, p — k], the tensor zf A--- Az Ax§ A--- Az can be decomposed into
a sum of 2" simple tensors aq, ..., as such that the subspaces represented by the «; are
in Cr _a_ and sl < K@il - Wizl - - - ||z, || for some constant K.

For clarity, we denote by C, the cone C; _« . The result is clearly true for n = 0.

gp—n
Assume the result is true for n € [0,p — k — 1]. By our recursion hypothesis, there exists

2
. i i FAa o AP ArG A A2G  — AxG

tensors a; representing subspaces in Cy, such that z;, A - Az Az A---Aay = Z%O‘Z/\xjnﬂ'

1=

We now show how to decompose a; Az¢ _ into 2 simple tensors. Let W; C C, be the (k+n)-

In+1
dimensional space represented by «;. There exists a p-dimensional space W C C,, such that

W; C W. Let y € W with ||y|| = 1 such that sin §(W;, Span(y)) > 1/2. Then

gr—n gr—n
G G G
- 125, lly) + i A 15, lly.

G
Oél /\ Z; jn+1 a jn+1

In+1

=a; N\ (z

The (k + n + 1)-dimensional subspace represented by the second term is contained in
W cC, C C,y1 and we have:
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8p n

G

s A 2 g lly]| < el 22 06
< Kol o Il o, 12 e
P—n
< LR =l -l -l .00

¢ _ g

]n+1
8p n

We now prove that the first term «a; A (x5 || ]n+1||y) represents a subspace

contained in C,, ;. First, let u = u; + \(2§ 5
with u; € W; and A € C. Since W; C C,, we have u; = uZ + uZG with
Then

[ ||y) be a vector in this subspace,
a1l = [lu]l.

gp—n

U =u; + )\( Jn+1 H Jn+1 Hy) - (uF Jn+1 Hy) (u + )\x.]n+l)

We estimate the norms of each of the latter terms. As sin§(W;, Span(y)) > 1/2,

p_ 8" | il r_ 8"
ui >\|| ]n+1” a‘nd ui A||'rjn+1||y ]n+1||7
therefore
P 18p—m
H 7] —Hu I+3 WH%MIH
On the other hand, we have
[+ Aag ] < [[uf ]+ 25
8P " F
< P |
—n—1 —n
< SPT uf—%AHx]’nﬂHyH-
That shows that u € C,y1 and thus a; A (25, — L $ Ily) represents a subspace
contained in C,,;. A computation similar to the first case show that
G 8p—m 8p—m
ain = Z e8| < (1450 ) K=l fa ol ol

We have shown that «; /\xj ., can be decomposed in a sum of 2 simple tensors representing
subspaces of C,, 1. Moreover, we have proved that the norm of these tensors is bounded by

Kol - Mo lllzll -zl

2”
where K, ;1 = (1 + Spa > K,||Id —=|| . Since xf:/\- . -/\xf:/\ijl/\- . -/\JUjCiJrl = Z%ai/\xﬁﬂ,
1=

this achieves the recursion.
To conclude, the result of the recursion for n = p — k shows that we can decompose

op—k

A /\x /\$ N - Zal

1 Jp k
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where the «; represent subspaces of C,_; C Cr,, and [Joy]| < C||z4]|...[|z,] for some
constant C' (depending on p, 7 and a). Since we have shown

TN AT, = Z xfl/\"'/\ﬁgp,
(S1,...,5p)E{F,G}P

x1 A --- Az, can be decomposed into a giant sum Y «; (with |I| < 47) where «; represent
i€l

subspaces of C,,. As we can choose (z1/||x1]|,...,z,/|lz1]|) to be a right decomposition

without changing x; A --- A ), we get by Lemma 2.2.7:

Sllesll < [Z[Cle] . llegll < 4°Cles A+ Azyllaig < 4Cbylay A--- A,
iel
where b, is a constant given by Lemma 2.2.12. This proves that the cone C; , is reproducing.
O

5.4.2 Comparing the Hausdorff metric and the gauge d¢

In this section, we consider £ = F' & G a topological decomposition with dim /' = p, and
7 the continuous projection on F' parallel to G. We first state a very simple lemma to
estimate norms in projection cones. In the remainder of this chapter, we define our cone
gauges with the gauge of Dubois [Dub09] (see Definitions 3.1.3 and 3.2.2).

Lemma 5.4.1. Let a > 0. For every © € Cr,, the inequalities |n(z)|| > = l=| and
1(Ad =m) ()] < al[=|[[|z]| hold.
Proof.
2]l < lw (@) | + [ (Ad =m) (@)[] < [lw(2)]| + allx (@)} = (1 + a) |7 ()] ;
I(d =m) ()] < allx(2)|| < allr|[]l=]- O

In the next lemma, we consider a subspace V' and prove that V' and F' being close is
equivalent to V' being in a projection cone centered on F'.

Lemma 5.4.2. Let 0 < d < ||[Id—7||7!, a > 0, and consider V a p-dimensional subspace
of E. We have:

o Ifdy(V,F)<d, thenV C Cy, where vy = % ;

o IfV CCry, then dy(V, F) < 2a||||.

Proof. Assume that dy(V, F) < d. Let x € V with ||z|| = 1 and consider the decomposition
r = xp + x¢ given by m. Then for all yp € F, z¢ = (Id —7)(x — yr): this shows that

lza|| < [|Td—r|d. Then we have [lzp|| > 1 — ||Td—7.d > Sl |zgl|, and therefore
x € Cyr,y for v = % . This proves V' C Cy .

Assume that V € C;,. Let x € V with ||z|| = 1 and consider the decomposition
r = xp + xg given by m. Then d(z,zp) = ||z¢| < a||7|| hence d(z, Sp) < 2al|x].
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We claim that 7y : V' — F is an isomorphism. Indeed, it is injective as V' C Cr 4, and
as dim V' = dim F, it is bijective. Let y € F' and « € V such that 7(x) = y (it exists as 7y
is surjective). Then

d(y,V) < lly — 2| = [|(1d =m)(2)]| < a][=|
by Lemma 5.4.1. Thus d(y, Sv) < 2a||7|| and we finally get dy(V, F) < 2a||7||. O

Given a projection cone Cy ,, we now get an upper-bound for the cone gauge dc, , given
by the Hausdorff distance to the center-space F'.

Lemma 5.4.3. Assume dim F = p < co. Let 0 < a’ < a. Then for every p-dimensional
subspace V' contained in Cr o/, we have

at+a\ (1+a)|ld 7|
/ dH

a—a

de. ,(V, F) < log ( v F).

a
where dc, , is defined with the gauge of Dubois dc, .

Proof. Let V be a p-dimensional subspace contained in C; . Let x € V and y € F with
|lz]| = |lyll = 1. We write x = 2p + ¢ and y = yp + 0 for the decompositions of z and y
with respect to £ = F & G.

Let z € C. If |z] < %, then simple manipulations yield:

alz| flzrl + 2] [lzall < allyell
2l [lzell < allyrll — alz].[lzFll

2l lzall < allys — zzpl],

allyr||

alzr|=llzell

then zx —y € Cr,. We then have, using the gauge d¢, , of Dubois (see Definitions 3.1.3
and 3.2.2):

_alyrll 14 lzcl|
oo <o T ) s (S el o (1),

allzp|| = [zl

50 2& — Yy € Cr 4. Similarly, if |z| > (which is defined and positive as x € Cr o),

As el < %’ and z — log(T2) is convex on |0, %/], we get

allz |l
a+ad\ a ||z a+d\ |zgl
5C7ra($7y) S log . S log .
’ a—a ) dalxp| a—a ) dl|zp|

We now obtain an upper-bound on ||z¢g|| using the Hausdorff distance between the
subspaces V and F'

dg(V,F) > d(z,F) by Lemma 2.1.4
Z d(.TG,F)
> ealld( e, F)
> ||zg||sin(G, F) (Definition 2.1.5)
> |zl by Lemma 2.1.6.

[ 1d =
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This proves that ||zg|| < ||Id =7 ||dg(V, F). By Lemma 5.4.1, we have ||zr| > 1/(1+d’).
Finally, we get

dc,..(7,y) < log ( (V, F).

Since the gauge of Dubois is projective, taking the supremum over all (z,y) € Sy X Sy
ends the proof of the lemma. n

a+a\ (1+d)||1d—n||
/ dy

a—a a

Remark. For o' = a/2, this gives: for every p-dimensional subspace V' contained in Cy 4,

de, .(V, F) < log(3)

24a)|ld—m
Rtaid-n], o .
a
The next lemma states that, given positive real a and o’ with o’ < a, a small enough
cone centered in V' € C  is a subset of C, ,.

Lemma 5.4.4. Let 0 < a’ < a, V C Cr o of dimension p and my the projection on V
parallel to G. Then

a—a

Cry.s CCryq , where 6 = T

Proof. Let x € CWV oo and x = xy + x¢g its decomposition with respect to . Consider
’ 1+al
the decomposition zy = xp + 2, associated with £ = F' & G. Then z = xp + (2 + 2¢),

and, using the estimates from Lemma 5.4.1,

/

a—a
lve +zall < llagl + llzall < a'llzell + 5 n Sllzvll < dllzell + (@ = d)l|lzpll < allzl.
This proves that € C,, hence Cr,, 5 C Cr 4. O

We now have all the tools to prove the equivalence between the cone gauge and the
Hausdorff distance on specific subsets of our cone.

Proposition 5.4.5. If 0 < a’ < a, then dg and dc, , are equivalent on Crqr.

Proof. Let 0 < a’ < a. Let V,W be subspaces of dimension p contained in C, ». As Cy o
has aperture bounded by some K > 0, let m : E — CP be a linear map of norm 1 satisfying
Definition 3.3.1. Let £ = 2; A --- A x, be a representative of V and § =y A--- Ay, be a
representative of W, with ||Z|| = ||g|| = 1. Then, by Lemma 3.3.5, there exists a constant
a, > 0 such that

m(z)  m(g)
Using Lemma 3.3.4, we get
. m(T) .
- Y
m(y)
showing that d(z, Span(y)) < a,KPdc, ,(V,W). By an argument of symmetry, Proposition

2.2.14 shows that d.\(V,W) < 2a,K?dc, ,(V,W). Using Theorem 2.2.15, there exists a
constant C' such that dy(V, W) < Cde, ,(V,W).

"x Il < o, K7de. .. (v, W).

< apKP||lm(2)de, . (V, W) < ap KPde,  (V, W),
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Now, we prove the converse inequality. Let my, be the projection on V' parallel to G.
We want to estimate ||7y||. Consider x € E, © = xy + z¢ its decomposition with respect
to E =V &G and zy = xp + 2 the decomposition of zy with respect to E = F & G. As
V € Cr o, we have

lzv]| < (1 +d)lzp| < (1+ )|z

Hence |7y || < (1 + &)||7|| and therefore
I1d =y || <1+ (14 a’)|x]]. (%)

. a=d (1+QA+a")||7|)) D s
Set 6 := =% and D > 0 such that T () D S 35

o If dy(V,W) < D, then using Lemma 5.4.2 and Inequality (%) we get W C Cry ot

By Lemma 5.4.4, we have Cr, 5 C Crgq, hence dc, ,(V,W) < de, (V,W). Then,
Lemma 5.4.3 shows that

de. (V. W) < log(3) 220N A v |

T,a 6 dH(M W)?

and the inequality () gives

(2+0)(1+ (A +d)xl)

e, , (V. W) < log(3) ;

dg(V,W).

o If dy(V,W) > D, then let A < 2log (%%

a—

) be the diameter of Cy o for dc, ,. Then

A

A
de. (V,W)< =.D< —
C‘rr,a(7 )_D _D

du(V,W).

Thus we have

2+9)d+ 0 +d)rl) A
) "D

de, . (V,W) < min <log(3) ) dy (V, W)

and dy and de, , are equivalent on Cr qr. O

Corollary 5.4.6. Let C be a p-cone of bounded aperture, containing a projection cone Cr .
For 0 <d < a, dy and dc are equivalent on Cy 4.

Proof. The exact same argument as before shows that there exists a constant C' such that
dg(V,W) < Cde(V,W). Moreover, as Cr, C C, we get d¢c < de,, and the previous
proposition gives us the desired result. O

5.4.3 The sets C[p|, C;4, and the interior of C in G,(F)

We now study the set C[p] and its relationship with the interior of C in G,(£). First, we
prove a lemma stating that if x is close to a subspace V € G,(F), then there exists a
subspace V, € G,(F) containing = which is also close to V.
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Proposition 5.4.7. Let r > 0. Let V € G,(E) and x € E with ||z|| = 1 such that
d(z,V) <r. Then there exists V,, € G,(E) containing x such that

d(Vy, V) <4r and §(V,V,) < 4r.
This also gives dy(V,, V) < 8r.

Proof. If x € V, then V, =V immediately gives the desired result. When r > }l, since the
gap ¢ and the distance dy are bounded respectively by 1 and 2, any subspace V, containing
x works.

Otherwise, let u; € Sy be a closest element to x in V (it exists as V' is finite-
dimensional). By Lemma 2.1.4, we have ||z — u;|| < 2r. Using Proposition 2.2.8, we
complete u; into a right decomposition (ui,us,...,u,) of V with adapted linear forms
(l,...,1,), and denote Vo = Span(us,...,u,). We set V, = Span(z,us,...,u,). It is
a p-dimensional space as © ¢ V. Now, we prove that this space V, satisfies the stated
inequalities.

p
Let y = ax + Y a;u; € V, with ||y|| = 1. First, see that
i=2

(@) =14+ h(x—u)| >1— |z —u|| >1—2r

Then

()| _ ()]
1-2r 1-2r
since |ly|| =1, ||l;]| = 1 and r < 1/4. We can now compute:

la] <

<2,

d(y, V) = nf |ly —vf| < [larz — arw|| < Jan[je —w | < 4.

p

This shows that §(V,,V) < 4r. Now, let y = ajuy + > au; € V with |ly|| = 1. By
i=2

Lemma 2.2.11, we have |a;| < 1. Then we have

d(y,Ve) = 1t fly — o]l < flarws — a2l < aalfjz — | < 4r,
proving that 6(V,, V) < 4r. The inequality dy(V,, V) < 8r follows from Lemma 2.1.4. [

Lemma 5.4.8. Let C be a p-cone. Then C has non-empty interior in G,(E) if and only
if there exists p > 0 such that C[p] = {x € E | B(x,p||z||) C C} contains a p-dimensional
subspace.

Proof. Assume that C has non-empty interior in G,(£), i.e. there exists a p-dimensional
space Wy C C and r > 0 such that VW € By, (Wy,r),W C C. Let x € Wy with ||z|| =1
and y € B(x,r/8). Then by Proposition 5.4.7, there exists W € G,(E) such that y € W
and dy (W, Wy) < r. Then W C C and y € C, which shows that B(z,r/8) C C and therefore
WO C C[p}

Conversely, assume that there exists p > 0 such that C[p] = {z € E | B(z, p||z||) C C}
contains a p-dimensional subspace Wy. Let W € By, (W, p). For all x € W with [|z| = 1,
there exists xo € Wy with ||xo|| = 1 such that d(z,x¢) < p. Then x € B(xg, p) C C, hence
W C C and C has non-empty interior in G,(F).

[
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The next lemma achieves to connect C[p] and the projection cones. These results are
summed up in the subsequent proposition.

Lemma 5.4.9. Let C be a p-cone and p > 0 such that C[p] contain a p-dimensional space.
Let V. € G,(E) such that V. C Clp] and W a p-codimensional subspace in GC(C) (see
Definition 4.1.2). Let P be the projection onto V' parallel to W. Then sin@(V,W) > p.
Moreover, the cone CP o associated with P satisfies: C 2 CC.

Proof. If W € GC(C), then W NC = {0}. Since V C C[p], we get W N B(z,p) =0 for all
x € V with ||z|| = 1. This proves sin(V,W) =inf{|lx —y|| | z € V,||z|]| = 1,y € W} > p.
By Lemma 2.1.6, we also have || P|| < % .

Let Vi € C, 2. Then Lemma 5.4.2 shows that dy(V1,V) < %2||P|| <
of Lemma 5.4.8, as V' C C[p], we get V1 C C. This proves the inclusion C,, ,» C C.

4

£. By the proof

[
Proposition 5.4.10. Let C be a p-cone. The following assertions are equivalent:
(1) C has non-empty interior in G,(E);
(ii) There exists p > 0 such that C[p] contains a p-dimensional subspace;

(111) there exists a continuous projection m onto a p-dimensional subspace and a > 0 such
that C contains Cr .

In particular, every projection cone satisfies these conditions.

Proof. The equivalence between (i) and (i7) is exactly Lemma 5.4.8. The implication
(13) = (i7i) is given by Lemma 5.4.9. Finally, assume there exists a continuous projection
7 onto a p-dimensional subspace F' and a > 0 such that C contains C,,. Let d > 0 such

that % < a. Then Lemma 5.4.2 shows that for all V' € By, (F,d), V C C,, CC,

hence C has non-empty interior in G,(E). O
We now obtain a criteria to show that a cone is reproducing (see Definition 3.3.7).

Proposition 5.4.11. Let C be a p-cone satisfying any of the assertions given in Proposi-
tion 5.4.10. Then C is reproducing.

Proof. This is a direct consequence of Proposition 5.4.10 and the fact that every projection
cone is reproducing (Proposition 3.3.8). ]

We conclude this section by establishing the result used in the proof of Lemma 3.4.17
in Chapter 3.

Proposition 5.4.12. Let C be a p-cone of bounded aperture and p > 0 such that C[p]
contains a p-dimensional space Vy. Then there exists a constant r > 0, depending on p
and p, such that the cone gauge dc and the Hausdorff distance dy are equivalent on the

neighborhood Bg, (Vo,r) of Vg.
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Proof. Consider W a p-codimensional subspace in GC(C) and denote by P the projection
onto Vj parallel to W. By Lemma 5.4.2, there exists a constant r > 0 such that: for every
p-dimensional subspace V' with dg(Vp, V) < r, we have V C C p o2~ Moreover, Lemma 5.4.9

states that C, ,2 C C. Then Corollary 5.4.6 shows that d¢ and c?H are equivalent on C, .2,
» 4 78
therefore on By, (Vo, 7).
One can check that the constant r given by Lemma 5.4.2 and the constants of equivalence
from Corollary 5.4.6 only depends on p, p and || P]|. Since ||P|| < /l) by Lemma 5.4.9, they
only depend on p and p. O
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