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Résumé

Dans cette theése, on s’intéresse au probléme de Cauchy pour des équations quasi-linéaires
dispersives. Pour une telle équation, I’enjeu est de montrer 1’existence et 1'unicité d’une solution
de I’équation avec une donnée initiale prescrite dans un espace fonctionnel le plus large possible.
Nous étudierons deux modeles décrivant 1’évolution de la surface d’un fluide satisfaisant certaines
conditions physiques.

La premiere partie est consacrée a 1’étude de ’équation de Kadomtsev-Petviashvili avec forte
tension de surface (KP-I). Cette équation posseéde une structure Hamiltonienne et admet donc une
fonctionnelle d’énergie préservée par le flot. Afin d’obtenir des solutions définies globalement en
temps, on cherche donc a construire un flot dans I’espace de Banach naturellement associé a cette
énergie. De plus, on se restreint & des espaces contenant des solutions particulieres (les solitons
linéaires de KdV), on impose donc une condition de périodicité dans la direction transverse & la
propagation du fluide.

On commence par illustrer le caractere quasi-linéaire de I’équation en montrant a priori que le
flot dans cet espace ne peut pas étre tres régulier. Ceci restreint 1’éventail des méthodes connues
pour résoudre ce type de probléme. On a donc recours a la méthode dite de restriction de la
transformée de Fourier en temps petits développée récemment par Ionescu, Kenig et Tataru
pour traiter ce méme modele sans condition de périodicité. On obtient ainsi I’existence globale
et I'unicité de la solution du probleme de Cauchy dans I’espace d’énergie. Enfin, on montre que
le flot ainsi construit est continu mais pas uniformément continu sur les ensembles bornés de
I’espace d’énergie.

Une application intéressante de la construction d’un flot global sur I'espace d’énergie conte-
nant les solitons linéaires est de lever une restriction sur les perturbations admissibles dans un
résultat de Rousset-Tzvetkov sur la stabilité orbitale des solitons linéaires de faible vitesse.

Dans la deuxieme partie de la theése, on s’intéresse a 1’équation KP-I d’ordre cing, qui est
une alternative au modele précédent dans le cas d’une tension de surface avoisinant une valeur
critique pour laquelle Deffet dispersif devient plus faible. Pour cette équation, le comportement
quasi-linéaire ne se manifeste que pour des données périodiques dans la direction transverse,
et les autres cas avaient été étudiés précédemment dans les travaux de Saut et Tzvetkov. On
considere ici des données également périodiques dans la direction de propagation. On montre
que pour certains choix de périodes, le flot ne peut pas étre régulier. Afin de traiter le probleme
indifféremment des périodes spatiales, on utilise donc une nouvelle fois la méthode précédente
pour construire un flot global dans I’espace associé au Hamiltonien de ce modeéle.

Abstract

This thesis investigates the Cauchy problem for some quasilinear dispersive equations. Being
given such an equation, the goal is then to construct a unique solution to this equation with
a prescribed initial data belonging in a function space as large as possible. We will study two
models describing the time evolution of the surface of a fluid in a particular regime.

The first part of this thesis is devoted to the study of the Kadomtsev-Petviashvili equation in
the case of strong surface tension (KP-I). This equation has a Hamiltonian structure, so it admits
an energy functional which is preserved under the flow. In order to recover solutions which are
globally defined in time, we thus seek to construct a flow map in the Banach space naturally
associated with the energy. In addition, we restrict ourself to spaces including some special
solutions (the KdV line soliton), so we require the functions to be periodic in the transverse
direction.



We start by illustrating the quasilinear behaviour of the equation : we show that a flow map
defined on this space cannot be too regular. This limits the range of applicable methods known
to solve this kind of problem. We thus use the so-called small times Fourier restriction norm
method recently developped by Ionescu, Kenig and Tataru to deal with the same model without
the periodicity assumption. We thereby obtain the global existence and uniqueness of a solution
to the Cauchy problem in the energy space. At last, we prove that the flow map constructed
this way is continuous yet not uniformly continuous on the bounded sets of the energy space.

An interesting application of the construction of a global flow on the energy space containing
the line solitons is to get rid of an extra condition on admissible perturbations in a result of
Rousset-Tzvetkov on the orbital stability of the small speed line solitons.

In the second part of the thesis, we turn to the fifth-order KP-I equation, which is an alterna-
tive to the previous model should the tension surface come close to a critical value in which the
dispersive effect becomes weaker. Regarding this equation, the quasilinear behaviour only man-
ifests when solutions are periodic in the transverse direction, and the other cases were treated
in the work of Saut and Tzvetkov. We study the case of functions which are also periodic in the
direction of propagation, and we show that at least for some choice of periods the flow map fails
to be smooth. In order to treat the problem regardless of the periods, we make another use of
the method above to construct a global flow in the space associated to the Hamiltonian of the
equation.
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Chapitre 0

Introduction

Ce chapitre est une version frangaise abrégée des chapitres 1 et 2.

0.1 Généralités

Le but de cette these est de construire des solutions pour des équations aux dérivées partielles
dispersives non-linéaires. De telles équations se mettent sous la forme d’un probléme d’évolution

Ou = Lu+ N (u), (0.1.1)

ou la fonction inconnue u : (¢t,x) € R x Q — u(t,x) € R appartient & un espace fonctionnel X
en tout temps, Q est un domaine dans R? (avec conditions au bord périodiques en présence d’un
bord), £ est un opérateur linéaire anti-adjoint sur X et A est une non-linéarité. De tels modéles
d’évolution se rencontrent fréquemment dans I’étude de phénomenes physiques ondulatoires et
non-linéaires, en particulier comme modeles de dynamique des fluides dans certains régimes.
Dans cette these, on consideére des modeles de type KP, dans lesquels d = 2, 2 = R x T ou
Q= T2 (et T< est le tore de dimension d) et les opérateurs ont la forme particuliére

L=0,A (0.1.2)

et

avec A un opérateur (pseudo) différentiel symétrique et f:u € R+— uP ot p € N avec p > 1.

Les équations de Kadomtsev-Petviashvili ont été introduites en 1970 [KP70] par les deux
auteurs afin de modéliser 1’évolution vers la droite sur ’axe des abscisses de la surface d’un fluide
incompressible, irrotationnel et non visqueux de faible profondeur sur un fond plat, présentant
des oscillations de faible amplitude et grande longueur d’onde avec une faible dépendance dans
la direction transverse a la propagation.

L’équation KP-I

Opu+ PBu - 0,1 0%u 4 udyu =0 (0.1.4)

correspond & une forte tension de surface, alors que ’équation KP-I11
O+ Ou + 8;18§u +udgu =0 (0.1.5)

modélise le fluide avec une faible tension de surface. En fait, la tension de surface intervient
devant le terme de dispersion 93 dans le modele. En particulier, pour une valeur critique des



parametres physiques, le coefficient devant ce terme s’annule. Il faut alors considérer un régime
moins non-linéaire, modélisé cette-fois par ’équation KP-I d’ordre 5

Opu — Ou — a;laju + udyu = 0. (0.1.6)

Les opérateurs £ et A/ considérés dans cette thése ont la forme particuliere (0.1.2)-(0.1.3).
Ainsi, I’équation (0.1.1) peut-étre vue comme une équation Hamiltonienne

Owu = J - VH(u), (0.1.7)

ou l'opérateur symplectique est ici J = 0, et le Hamiltonien est donné par

H(u) = %(Au,u) + /Qu(:r)pﬂdx, (0.1.8)

(p+1)

ol (-) désigne le produit scalaire dans L%(£2).

Pour une équation de la forme (0.1.7), 'énergie H est (au moins formellement) préservée par
le flot. De plus, en multipliant I’équation par u et en intégrant en z, puisque £ est anti-adjoint
et f est réelle, on obtient que la norme L?(£2) de u est également conservée par le flot.

En pratique, cela signifie que si X = L?(), ou si X est un espace dont la norme est plus
faible que (A-,-), et si u est une solution définie sur [0;7] ot T > 0 dépend de la taille de la
donnée initiale, alors les quantités conservées fournissent un contréle a priori sur la norme de la
solution, qui permet d’étendre celle-ci & un intervalle de temps quelconque.

Une fois obtenu un modéle du type (0.1.1), la problématique est la suivante : étant donné ug
dans un espace fonctionnel X, on cherche une unique solution au probléme

{atu = Lu+ N (u), (0.1.9)

u(t=0)=up € X.

Plus précisément (cf. [Tzv04])
Définition 0.1.1

Le probléme de Cauchy (0.1.9) est dit (localement) bien posé dans X si les conditions
suivantes sont satisfaites :

(i) pour tout ensemble borné B C X, il existe un temps T > 0 et un espace de Banach X
qui s’injecte continiiment dans C([0;T], X) tels que pour toute donnée initiale ug € B
il existe une unique solution u € X définie sur [0;T] et vérifiant (0.1.1) sur [0; T

(ii) le flot @ : ug € X — u € X ainsi défini est continu

Remarque 0.1.2. Le probléme est dit globalement bien posé lorsque (i)-(ii) ont lieu pour tout
temps T > 0.

Ainsi, dans le cas ou la norme de X est controlée par une loi de conservation qui est bien définie,
il y a équivalence entre localement et globalement bien posé.

Une stratégie générale pour prouver le caractére bien posé est, en s’inspirant de la preuve du
théoreme de Cauchy-Lipschitz pour les équations en dimension finie, d’appliquer un argument
de point fixe sur une formulation intégrale de I’équation. Dans notre cas, il s’agit de la formule
de Duhamel

t
u(t) = eup + / LN (u(t')) . (0.1.10)
0



Lorsque cette stratégie aboutit, la propriété de contraction montre que le flot ainsi obtenu est
au moins Lipschitz. On peut alors définir une notion plus fine de caracteére bien posé pour
discriminer les problémes selon la régularité du flot (voir [Tzv04] pour une présentation détaillée
sur ce point) :

Définition 0.1.3

Le probléeme (0.1.9) est dit semi-linéairement bien posé s’il est bien posé et que le flot
D :uyg € X — u € X est uniformément continu sur les boules fermées de X. Sinon, il est
dit quasi-linéaire.

Dans cette these, on étudie des cas ou le probléeme (0.1.9) est quasi-linéaire. Dans la section
suivante, on va présenter les méthodes de construction de flots pour des équations d’évolution
de type (0.1.1).

0.2 Concernant le probleme de Cauchy pour les EDP dis-
persives non-linéaires

L’étude des EDP dispersives non-linéaires fait ’objet de travaux de recherches depuis plusieurs
décennies, et plusieurs méthodes ont été développées pour construire des flots sur des espaces
fonctionnels de plus en plus larges.

La stratégie générale pour obtenir le caractere semi-linéairement bien posé est de trouver des
espaces fonctionnels F(T) C C([0;T], H?) et N(T) tels que l'on ait une estimation linéaire

lulleery S lluollgs + 110 = L)ullnery » (0.2.1)

et une estimation non-linéaire

p—1
V() = N gy S = ollery (lelbeery + lelmeny) (022)

(0.2.1)-(0.2.2) permettent alors de boucler I'estimation de point fixe dans F(T') (la contraction
étant assurée soit par une hypotheése de petitesse sur la donnée soit par le gain d’'un facteur 70+
dans 'une des deux estimations précédentes).

Le cas le plus simple est de regarder le probleme (0.1.9) lorsque N' = f, i.e en I'absence de
dérivée dans la non-linéarité. Dans ce cas, en notant

t
D:ues / =Lyt )at! (0.2.3)
0

Popérateur de Duhamel, une estimation brutale montre que cet opérateur est continu de Xp =
C([0; T], H®) dans lui-méme. De plus, I'estimation

f(w) = )l ge S C s lull oo s 0] oo ) {1 = vl o (el oo + 0] )
Fllu=l[pe (ull s +[[0l[g2)} 5 (0.2.4)

valable pour s > 0 et u,v € H*N L, montre que f est également bornée de X1 dans X lorsque
s > d/2 (par l'injection de Sobolev H(¥/2)+ < [>°). Cela permet d’obtenir (0.2.1)-(0.2.2) avec
F(T) = N(T) = C([0; T, H?).
Cependant, cet argument n’est plus valable lorsque f est remplacée par 0, o f. Une maniére
de contourner cette difficulté est de regarder un probleme approché
{atus = LEuf +NE(UE),

wt = 0)  uf : (0.2.5)



pour lequel il est plus facile de construire une solution u®. On cherche ensuite & obtenir la
compacité de la famille de solutions (u¢) et, en passant a la limite & — 0 & récupérer une solution
du probléme original (0.1.9).

Généralement, on prend £¢ = L + €A afin de bénéficier de Veffet de lissage du noyau de la
chaleur pour récupérer la dérivée, et l'existence d’une unique solution u® est garantie par un
argument classique. De plus, on a ’estimation d’énergie

d 2 2
3 1Ol S (D) (@), (DY N=(w ()5 S 1V (] oo [1u” ()[4 (0.2.6)
ou D = —iV et la derniére inégalité est obtenue par intégration par parties et par une estimation

de commutateur due & Kato et Ponce :
Lemme 0.2.1 ([KP88])

Soient f € H*NWL>® et g€ H*"'NL>, 5> 0, alors

(DY, Mgl e < M1 1lee

9l + 1V Fll oo gl o - (0.2.7)

En utilisant le lemme de Gronwall et I'injection de Sobolev H*® «— W% pour s > 1+ d/2,
on obtient que pour T petit (uniforme en ) la famille (u®) est bornée dans C([0;T], H®) et
un argument de compacité permet d’en extraire une sous-suite convergeant vers une solution w
unique dans C([0; 7], H*) N {d,u € LLL>}. En utilisant la méthode de Bona et Smith [BS75],
on montre enfin que le flot est continu. Ainsi, on arrive au résultat général

Théoréme 0.2.2

Le probléme de Cauchy (0.1.9) est localement bien posé dans H® pour s > 1+ d/2.

Le théoréme général ci-dessus permet ainsi de construire un flot local dans des espaces X assez
restreints : en effet, si la dimension est grande ou 'ordre de A est faible, alors I'espace d’énergie
X est strictement contenu dans Ht4/2)* et on ne peut donc pas en déduire directement que le
probléme est globalement bien posé.

Par contre, cette méthode n’exploite pas du tout le caractere dispersif de £ : en effet, pour
un tel opérateur L, le flot linéaire a la propriété remarquable de "disperser" la donnée initiale.
Quantitativement, cela se traduit par des estimations de la forme

"etﬂuO”Lm(Q) S ‘t|_a HuouLl(Q) (028)

Avec un argument supplémentaire, on obtient I'estimation de Strichartz : pour certains couples
(g,r) le flot linéaire n’est pas seulement unitaire de H® dans L°°([0; T], H®) mais aussi borné de
L? dans L9([0;T], L"), et

el . S lulla 029)

Ce gain d’intégrabilité permet, dans le cas ot N' = f ne comporte pas de dérivée, de mettre en
place directement (0.2.1)-(0.2.2) avec F(T') = C([0;T], H*) N LLL" et N(T) = L%/LT, pour un
s < d/2 et un couple admissible (g,r) bien choisi. Cela permet par exemple de montrer que le
probléme de Cauchy pour I’équation de Schrédinger non-linéaire cubique est globalement bien
posé dans L?(R) [Tsu87].

Cette méthode s’adapte également dans le cas d’une non-linéarité avec une dérivée, mais il
faut alors obtenir d’autres estimations dans diverses normes LYL? ou LIL} et avec un gain de
régularité. C’est par exemple le cas de ’équation KdV, pour laquelle les estimations de Strichartz

S Mluoll 2 (0.2.10)

‘ ‘eftaz |D|1/4UO‘
LiLee




de lissage local

—t83
e UOHLgCLf S luollze (0.2.11)

et de fonction maximale X
oo

paps Sl (0:212)
(pour s > 3/4 et T €]0;1]) permettent d’obtenir le caractére semi-linéairement bien posé dans
H*(R), s > 3/4 [KPV91].

Pour obtenir une propriété de contraction dans des espaces moins réguliers et en présence
d’une dérivée dans N ou lorsque la donnée est périodique, il faut alors chercher d’autres espaces
F(T) et N(T), plus adaptés a ’équation considérée.

11 semble qu’un choix optimal de tels espaces soit réalisé par les espaces F = X%t et N =
X#*=1 introduits par Bourgain [Bou93a] pour traiter les équations de Schrédinger non-linéaire
et Korteweg-de Vries périodiques (voir aussi [RR82] dans le cas des ondes non-linéaires). Ces
espaces sont définis comme ’adhérence de la classe de Schwartz pour la norme

all e = ISC0ulgy e = || (60— 0" 69) ]| (0213)

On voit que ce sont des espaces de type Sobolev adaptés au flot linéaire de (0.1.1). En particulier,
Pestimation linéaire (0.2.1) dans ces espaces résulte d’une estimation générale sur les fonctions

d’une variable du type
t
o [ oty
0

ou ¥y est une version lisse de l'indicatrice de [0; 7.
Dans le cas ou M(u) = 9, f(u) et f(u) = uP, on est donc ramenés & montrer une estimation
multilineaire du type
P
830 H (7

i=1

S 9l (0.2.14)
H?b

p

ST il (0.2.15)

Xs,b—1 =1

avec b’ < b pour conclure. On voit que la dérivée en x est récupérée par le gain de régularité
sur b. Une fois (0.2.15) prouvée, on peut conclure 'argument de point fixe, permettant ainsi de
construire un flot semi-linéaire.

De nombreux outils pour prouver (0.2.15) ont été développés, par exemple en utilisant I'in-
égalité de Holder puis en estimant chaque terme grace aux estimations de Strichartz. Mais on
peut aussi obtenir (0.2.15) directement, en exploitant les interactions entre plusieurs solutions
linéaires, et on obtient alors de meilleurs estimations que le seul recours aux estimations de Stri-
chartz (qui mesure seulement une solution linéaire). En particulier, Tao [Tao01] a fait une étude
systématique de telles estimations et de leur optimalité dans plusieurs contextes. Lorsque N ne
comporte pas de dérivée, la procédure précédente permet d’obtenir la propriété de contraction
dans des espaces moins réguliers et également dans le cas de fonctions périodiques. Lorsque la
non-linéarité comporte une dérivée, un des arguments clé pour la récupérer est un effet de lissage
obtenu grace a une relation algébrique du type

w(ér + &) —w(&r) —w(&2)] Z [& + &f? (0.2.16)
(ici dans le cas d’une non-linéarité quadratique) oli w est le symbole de L. Par exemple, une telle

estimation permet d’obtenir le caractére semi-linéairement bien posé dans H*(R), s > —3/4 pour
I'équation KAV [KPV96] et dans L?(T?) et L2(R?) pour I'équation KP-IT [Bou93b).
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Cependant, I'existence de résonances pour lesquelles la relation (0.2.16) n’est plus vraie n’est
pas seulement une difficulté technique : Molinet, Saut et Tzvetkov [MST02b] ont montré qu’une
interaction résonante basse fréquence-haute fréquence empéche le flot d’étre régulier (au moins
C?), ce qui implique que (0.2.1)-(0.2.2) ne peuvent avoir lieu pour aucun choix de F(T) et N(T)).
Il faut alors abandonner les méthodes de point fixe et revenir aux méthodes de type énergie et
compacité comme pour le théoréeme général 0.2.2.

Comme expliqué ci-dessus, lorsque ’équation n’est pas semi-linéaire, on ne peut pas espérer
montrer que le flot non-linéaire est une perturbation du flot linéaire sur un intervalle de temps
fixé. Mais Koch et Tzvetkov [KT03] ont observé que pour une donnée localisée en fréquences, le
flot agit linéairement sur des temps petits (de 'ordre d’une puissance négative de la fréquence).
On obtient alors une version améliorée de (0.2.8) sur ces intervalles de temps. Bien siir, le prix
a payer est qu’il faut alors "empiler" ces estimations sur tous les petits intervalles de temps pour
récupérer une estimation sur des temps 7' = O(1). Mais en choisissant convenablement la taille
des petits intervalles, on obtient des estimations a priori permettant d’utiliser un argument de
compacité dans des espaces de régularité plus faible que dans la théorie générale de Kato. Cette
nouvelle procédure consiste donc a trouver des espaces F(T'), N(T') et B(T) dans lesquels on
puisse obtenir les estimations

lullgry S Nullgry + IV (W)l lnr) (0.2.17)
IV (W)l Iy S ||U||11).*(T) (0.2.18)
lullgery S ol + llul iz (0.2.19)

On a vu plus haut que les espaces de Bourgain permettent de capter un gain de régularité
par rapport a la méthode d’énergie standard. Il est alors naturel de chercher a bénéficier de
Pefficacité des espaces de Bourgain sur ces petits intervalles de temps. Cette procédure a été
formalisée par Ionescu, Kenig et Tataru [IKTO08] dans le contexte de I’équation KP-I sur RZ.
L’idée est d’obtenir (0.2.17)-(0.2.18)-(0.2.19) avec des espaces F(T') et N(T') ayant une structure
de type X*" uniformément sur les intervalles de taille N~ pour chaque composante dyadique
Pyu de la norme. On ne peut alors pas conclure directement par une méthode de point fixe
puisqu’il faut d’abord empiler ces estimations comme dans la méthode précédente, ce qui fait
apparaitre l'espace d’énergie B(T'). On utilise alors (0.2.17)-(0.2.18)-(0.2.19) pour obtenir une
borne a priori sur les solutions et conclure par un argument de compacité. Notons qu’il faut de
nouveau travailler (en utilisant I’argument de Bona-Smith) pour obtenir seulement la continuité
du flot.

0.3 Présentation des travaux de theése

0.3.1 Le probléeme de Cauchy pour 1’équation KP-I

Dans cette section, on s’intéresse a I’équation KP-I
Opu + O3 — 3;18§u + udyu =0 (0.3.1)

Cette équation s’inscrit dans le formalisme général introduit au chapitre précédent. En effet,
L= —03+ 09,97, on I'opérateur 9, est défini comme le multiplicateur de Fourier de symbole

, et N(u) = 8a:f(u) = 81(_’“2/2)'

1
(singulier) —
i

§
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Résultats antérieurs

Le probleme de Cauchy pour cette équation a été étudié de maniére intensive depuis plusieurs
décennies. La méthode de Kato a été utilisée par plusieurs auteurs [Uka89, IMS92, Sau93, IMS95,
IN98] pour obtenir le caractére bien posé local de (0.3.1) (et également pour une nonlinéarité
avec une puissance plus générale) dans un sous-espace (adapté au symbole singulier de £) de
H*(Q), s>1+d/2=2avec 2 =R?ou Q) =T? Comme on I'a vu a la section précédente, cette
méthode n’est pas sensible & la forme particuliere de 'opérateur 93 — 9, 183. En particulier, elle
s’applique également pour I’équation KP-II, pour laquelle 'opérateur linéaire est 92+ 0, 182.
Cette derniére équation a alors été étudiée par Bourgain [Bou93b], qui a montré que le probléeme
de Cauchy est globalement semi-linéairement bien posé dans L?(£2) pour Q@ = R? et Q = T2.
La preuve de l'estimation bilinéaire (0.2.15) utilise de maniére cruciale le signe de 'opérateur
linéaire. Plus précisément, en notant

wrr(m,n) :=m> —n?/m

le symbole de I'opérateur linéaire pour ’équation KP-II, la relation algébrique

wrr(ma + ma,n1 +n2) —wrr(mi, n1) — wrr(me, na)

__ama {3(m1 )+ <”1 _ "2)2} (0.3.2)

my + ma mi Mg

montre que les seules résonances sont triviales, et fournit ainsi un effet de lissage qui permet de

récupérer la perte de dérivée dans la non-linéarité. Cette méthode a été rafinée dans plusieurs

travaux [TT01, IM01, Had08] et culmine avec le résultat de Hadac, Herr et Koch [HHKO09] qui

montre le caractére bien posé global et la diffusion dans l’espace critique pour le changement

d’échelle H~1/20(R?). Le probléme est également globalement bien posé dans L?(Rx T) [MST11].
Pour ’équation KP-I (0.3.1), la situtation est différente : le symbole est maintenant

wr(m,n) =m? +n?/m

et le signe "+" entre les deux termes positifs de (0.3.2) devient un signe "-". Ainsi, il y a un
ensemble assez large de fréquence réonantes, et I’estimation bilinéaire n’est alors plus vraie sur
R? [MST02b]. Molinet, Saut et Tzvetkov ont également montré que ces résonances empéchent le
flot d’étre régulier et ainsi, les méthodes de point fixe ne peuvent pas s’appliquer. De plus, Koch
et Tzvetkov [KTO08] ont montré que le probléeme n’est effectivement pas semi-linéaire au sens de
la définition 0.1.3 en exhibant une famille de solutions qui empéche le flot d’étre uniformément
continu.

En utilisant alors la méthode d’énergie en temps petits présentée a la section précédente,
Kenig [Ken04] puis Ionescu et Kenig [IK07] ont montré que le probléme est globalement bien
posé dans le second espace d’énergie

Z*(9) := {ug € L?, Opuo € L?, 8, '0yug € L?, Ojuo € L?, 8, °0;up € L*} (0.3.3)
avec Q =R?ou ) € {R X T,Tz} respectivement. En effet, 'espace (0.3.3) est lié & une quantité
conservée par le flot : en plus du Hamiltonien

1 1, ._ 2 1
H(u) = 3 \|8zu||iz + 3 |05 16?/UHL2 - E/Qu?’dxdy (0.3.4)
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la fonctionnelle

3 5 5
Z(u) = 3 ||8§u||22 + G ||8;28§u||; +5 ||5‘yu\|i2 5 /u2(8;28§u)

_95 19002, 9 [ 200 j/ A
6/u(8_r Oyu) +4/u aru+24 u®  (0.3.5)

est également conservée par le flot sur Z? ([MSTO02a]). Ainsi 'espace (0.3.3) permet de donner
un sens a cette fonctionnelle et d’avoir encore équivalence entre localement et globalement bien
posé. En fait, ’équation (0.3.1) admet une infinité de quantités formellement conservées, mais il
n’est pas évident de trouver un cadre fonctionnel permettant de les justifier [MST02a]. La preuve
de [Ken04, TK07] repose sur l'estimation de Strichartz localisée en fréquence et en temps petits
L :

||e’ p@p]zuo\|L2(M§M,l))% S Aa(M,N) [|uo|| 2 (0.3.6)
ol P§; et PX sont des projecteurs spectraux. Le coefficient Ag(M, N) dépend de la géométrie
du domaine spatial :

MO si Q =R2
Ag(M,N) SS(AVNM2)2M* si Q=RxT (0.3.7)
(1VNM=2)/2ME/8+ gi Q = T?

Notons que pour Q = R?, I'estimation (0.3.6) a lieu méme sur des intervalles de temps de taille
O(1) et pour des fonctions non localisées en fréquence (avec une perte de dérivée pour le cas
limite L%L;‘; [Sau93]).

(0.3.6) permet alors de contrdler ||0,u| \LlTLgcy, qui est la quantité clé dans l'estimation d’éner-
gie classique (0.2.6).

Afin de diminuer le nombre de dérivées en = requises par la méthode précédente, Ionescu,
Kenig et Tataru ont alors introduit la derniere méthode de la section précédente et ont ainsi
obtenu le caractére bien posé global dans I’espace d’énergie

E(R?) := {ug € L?,0ug € L*,0; ' 0yup € L?} (0.3.8)

associé au Hamiltonien. Cette amélioration par rapport a la méthode précédente est ’analogue
de la méthode de Bourgain par rapport a la méthode de point fixe dans les espaces de Strichartz :
elle permet d’incorporer 'effet bilinéaire dans la non-linéarité, et d’obtenir ainsi une meilleure
estimation qu’en utilisant seulement (0.3.6) et I'inégalité de Holder.

Le point clé de la preuve de [IKT08] est une estimation bilinéaire pour la partie résonante de
la non-linéarité :

sup |[¢r(8)0:R(Paryu - Parv)l| xo.-1/2
|I|~M—1

S(MyAMy AM)™Y2 sup ooy, () Patllxoase sup [[¢n, (8) Pasvll g0z (0.3.9)
[Ty|~M [Z2|~M; 2

ou le supremum est pris sur les intervalles de temps I C [0;T], et Py, est la projection sur les
fréquences |m| ~ M; et R est la projection de Py, u- Ppg,v sur 'ensemble des fréquences vérifiant

lwr(mq 4+ ma, n1 + na) —wr(my, ny) —wr(me, ne)| < mama(my + ma)|

i.e ou leffet de lissage pour I’équation KP-II n’a pas lieu.
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Lorsque © = T2, Zhang [Zhal5] a alors adapté la preuve de [IKT08] et a obtenu Ianalogue
de (0.3.9) mais avec une perte de dérivée :

sup |41 ()0 R(Pay - Pagyv)|l x0.-1/
||~ =1

S osup ||9n (8) Payullxoa sup (|9, (8) Pan, vl 012 (0.3.10)
[Ty~ [I2|~M; 2

ce qui restreint la régularité en x et implique le caractere bien posé dans un espace strictement
plus petit que 'espace d’énergie (& une différence logarithmique pres).

Le probléme de Cauchy sur un cylindre
Le principal résultat de cette these est le suivant :

Théoréme 0.3.1

Le probléeme de Cauchy pour (0.3.1) est globalement bien posé dans l'espace d’énergie
ERxT).

La preuve de ce résultat fait I'objet du chapitre 3. Comme dans [IKTO08], le point clé de la
preuve est 'adaptation de (0.3.9) dans le cas 2 = R x T, sans perte de dérivée. Pour cela, il
faut adapter la preuve de (0.3.9) de maniére analogue & [Zhal5], mais en tirant parti du fait
que la variable de Fourier correspondant & la direction principale de propagation vit dans R (et
non dans Z), ce qui permet de mesurer précisément les petites variations des lignes de niveaux
de la fonction de résonance. Notons que dans le cas ou cette fréquence est un entier, la mesure
de comptage est trop grossiére pour capter ces petites variations. Dans le cas non résonant, il
faut également adapter l'estimation de Strichartz usuelle [Sau93] : on obtient l’analogue pour
des fonctions localisées en fréquences et en temps petits mais avec une légere perte de dérivée
qui nécessite une petite modification des espaces de Ionescu, Kenig et Tataru. Enfin, remarquons
qu’un argument supplémentaire permet d’obtenir I'unicité dans I’espace dans lequel on construit
la solution, et non uniquement au sens de limite de solutions réguliéres.

A propos du soliton de KdV

L’équation (0.3.1) est connue pour admettre des solitons 2D (des ondes progressives localisées)
[dBS97], mais également les solitons 1D de I’équation KdV dont (0.3.1) est une extension a deux
dimensions. Contrairement aux "lumps’, les solitons 1D

-2
uc(t, x,y) = Qc(x — ct) avec Q.(x) := 3¢ - cosh (\fx) (0.3.11)

ne sont pas localisés dans la direction transverse, et n’appartiennent donc pas a ’espace d’énergie
E(R?), ce qui motive I’étude de (0.3.1) sur Rx T. La question de la stabilité orbitale de ces solutions
particuliéres a déja été étudiée par Rousset et Tzvetkov [RT12] : en utilisant I’étude spectrale
de [APS97] et en reprenant le schéma de preuve de [Ben72] (voir [GSS87] pour un argument
général), ils ont ainsi obtenu la stabilité orbitale de (u.) pour les petites vitesses 0 < ¢ < 4/ V3
et pour des perturbations dans le second espace d’énergie Z?(R x T) (0.3.3). L’argument de
[RT12] n’utilisant que ’Hamiltonien de (0.3.1), il est directement transposable a des solutions
u € E(R x T). Ainsi, le flot construit au chapitre suivant permet d’obtenir le
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Corollaire 0.3.2

Le soliton de KdV est orbitalement stable dans I'espace d’énergie E(R x T) pour les petites
vitesses 0 < ¢ < 4/+/3.

Sur la régularité du flot

Molinet, Saut et Tzvetkov [MSTO02b] ont montré que le flot pour (0.3.1) sur R? ne pouvait pas
étre de classe C2. En exploitant le méme phénomeéne de résonance, on a un résultat analogue sur
RxT:

Proposition 0.3.3

Soient (s1,s2) € R2. Alors il n’existe pas de temps T > 0 tel que le flot engendré par
Iéquation (0.1.4) ®; : ¢ — u(t), t € [-T;T), soit C*-différentiable en zéro de

H 2 (RxT):={ug € L*RxT), |D[5'ug € L*(Rx T), |D[?ug € L*(Rx T)}

dans H***2(R x T). On a un résultat analogue sur E(R x T).

Alinsi, cette proposition motive ’abandon des méthodes de point fixe (qui fournissent un flot
analytique) et le recours aux méthodes d’énergie raffinées. En utilisant 'argument de Bona et
Smith [BS75], le flot construit au chapitre suivant est alors continu. En adaptant un résultat de
Koch et Tzvetkov [KT08], on montre alors que le probléme de Cauchy pour (0.3.1) sur R x T
n’est effectivement pas semi-linéaire au sens de la définition 0.1.3 :

Théoréme 0.3.4

Le flot pour I’équation (0.3.1) n’est pas uniformément continu sur les bornés de
C([-1;1,E(Rx T)).

0.3.2 L’équation KP-I d’ordre 5

On s’intéresse maintenant a I’équation KP-I d’ordre 5

Opu — Ou — 8;18§u +udgu =0 (0.3.12)

Un comportement différent selon le domaine spatial

Le probléme de Cauchy pour (0.3.12) a été précédemment étudié par Saut et Tzvetkov [ST00,
STO01]. En utilisant la méthode de Bourgain, ils ont ainsi obtenu que (0.3.12) est globalement semi-
linéairement bien posée dans les espaces d’énergie E?(R?) et E?(T xR) associés au Hamiltonien de
(0.3.12). Cependant, en utilisant une interaction basse fréquence - haute fréquence résonante, les
auteurs ont montré que ’estimation bilinéaire ne peut avoir lieu dans aucun espace de Bourgain
lorsque (0.3.12) est posée sur T2. Comme pour 'équation KP-I standard, cette obstruction n’est
pas seulement technique, puisqu’on a la

Proposition 0.3.5

Soient (s1,s2) € R%. Alors il existe une période A > 0 telle pour tout T > 0, le flot D\
engendré par (0.3.12) n’est pas C*-différentiable en zéro de H***2(T3) dans H®*2(T3%), ou
T3 =T x A7!T. De plus, on a un résultat analogue sur E*(T3).

Ainsi, au moins pour certains choix de période, les méthodes de point fixe ne peuvent pas
s’appliquer. Contrairement a l’équation KP-I standard, qui est quasi-linéaire quel que soit le
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choix du domaine spatial, I’équation (0.3.12) présente un comportement qualitatif radicalement
différent selon que la donnée est périodique dans la direction transverse ou non.

Résultats sur le probleme quasi-linéaire

En utilisant la méthode d’énergie en temps petits, Ionescu et Kenig [IK07] ont montré que le
probléeme de Cauchy pour (0.3.12) est globalement bien posé dans I'espace d’énergie E2(R x T).
Ce résultat repose sur 'estimation de Strichartz en temps petits

||e™* Py PRuol| , » (1V NM =32 EYDF )| (0.3.13)

(IHISM=2)Lgs, S
Dans le cas ou la donnée est également périodique en x, il faut remplacer ’estimation d’intégrale
oscillante de [IK07] par une estimation sur une somme exponentielle : on obtient alors I’analogue
de (0.3.13) mais avec une perte de dérivée

€42 P P o] o oy, S (1Y NM3V2MOSDT |y, (0.3.14)

En utilisant cette estimation dans la méthode d’énergie en temps petits, on obtient alors la condi-
tion s > 2+ 15/32 qui est plus restrictive que la méthode d’énergie standard. Cette obstruction
vient du fait que 'ordre élevé de 'opérateur £ apporte un meilleur effet de dispersion seulement
lorsque la variable z vit sur la droite R (ce qui est quantifié grace au lemme de Van Der Corput)
et que cet effet n’est plus présent si la donnée est périodique en x (car les sommes exponentielles
décroissent plus lentement).

Pour construire un flot sur un espace plus large que H*(T?), s > 2, il faut alors utiliser la
méthode de Bourgain en temps petits. La méthode s’appuie sur I’estimation de la partie résonante

sup | ||w1(t)81m(PM1u ’ PMQ’U)HXU»*U?
||~ 2

5 I'y2 (Mla My, M) sup ||'(/]I1 (t)PMluHXUJ/? sup ||w12 (t)PM2U||XU,1/2 (0315)
[I1|~M; 2 |Io|~M; 2

ot dans ce cas on travaille sur des intervalles de temps de taille M2, et
Dre = (My A My A M)™1/2
Dans le cas de R?, Guo, Huo et Fang [GHF17] ont montré que cette estimation est valable avec
Dre (My, My, M) = (My A My A M)™Y2(My v My v M)™3/2

On voit que sur le tore on a une perte de dérivée similaire a celle dans le cas de ’équation KP-I
standard. Néanmoins, (0.3.15) est suffisante pour obtenir le

Théoréme 0.3.6

L’équation (0.3.12) est globalement bien posée dans I'espace d’énergie E?(T?).

Bien qu’énoncé et démontré au chapitre 4 sur un tore carré, la preuve de ce théoréme s’adapte
de manieére directe au cas d’un tore de périodes quelconques, il n’y a donc pas de contradiction
avec la proposition précédente. On peut alors se demander si le probléeme est effectivement quasi-
linéaire au sens de la définition 0.1.3. Notons qu'un argument clé dans les préliminaires de la
preuve consiste a travailler avec des solutions & moyenne nulle en z. On peut toujours se ramener
a ce cas puisque d’une part la moyenne en x d’une solution est constante (en t et y) et d’autre
part la transformation
Ty = u(t,x,y) — u(t,z + 0t,y) — 0
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laisse ’équation invariante, ce qui réduit le probléme en prenant 6 = f.l. uo(x,y)dz. Or la trans-
formation Ty n’est pas uniformément continue. La preuve de [KT08] et du théoréme 0.3.4 repose
d’ailleurs sur 'utilisation d’une version localisée (dans le cas de variables non périodiques) de
cette transformation. Cet argument est tres général : ainsi, méme pour I'équation KdV, le flot
n’est pas uniformément continu car également préservé par cette transformation [KT06]. Or,
sur L2(T), cette équation est connue pour étre semi-linéairement bien posée sur 'hyperplan des
données & moyenne nulle, par le travail de Bourgain [Bou93a]. Ainsi, une vraie manifestation
du caractere non semi-linéaire du probleme serait de montrer que le flot n’est pas uniformément
continu méme sur les hyperplans de données & moyenne fixée.
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Chapter 1

Overview of some methods for
solving the Cauchy problem for
dispersive PDEs

This chapter contains an extended version of chapter 0 sections 0.1-0.2.

1.1 Preliminaries

The aim of this thesis is to develop on the low regularity well-posedness theory for some
nonlinear dispersive PDEs exhibiting a quasilinear behaviour.
We will consider evolution equations having the form

Ou = Lu+ N(u) (1.1.1)

We restrict ourself to scalar equations u : (t,x) € R x  — u(t,x) € R. Here u(t,-) lies in a
functional space X, 2 is a domain in R? (complemented with periodic boundary conditions in
the case of a domain with boundary), £ is a skew-symmetric linear operator on X, and A is the
nonlinearity. Such equations arise frequently in the study of wave-like phenomena, in particular
as asymptotic models in fluid mechanics. In this thesis, we consider KP type equations in which
d=2,Q=RxTor Q=T? (where T? is the d dimensional torus) and the linear and nonlinear

operators take the form
L=0A (1.1.2)

and

N(u) = 9, f(u) (1.1.3)

with A being a symmetric (pseudo) differential operator and f : « € R — u? where p € N with
p>1.

1.1.1 Modeling

In this subsection, we briefly indicate how (1.1.1) appears in fluid mechanics. We follow the
book [Lan13].

The Kadomtsev-Petviashvili equations have been originally derived in 1970 [KP70] in order
to describe the time evolution of the surface of an incompressible, irrotational, inviscid shallow
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fluid on a flat bottom with small amplitude, long wavelength oscillations and weak dependence
in the transverse direction. We will take into account both gravity g and surface tension o.

Defining hq (respectively a, L, L,) to be the characteristic depth (respectively amplitude,
longitudinal scale, transverse scale), we then introduce the relevant shallowness, nonlinear and
transversality parameters § := ho/L,, € := a/hy and v = Ly/L,. Then the aforementioned
regime corresponds to §, &,y — 0. In order to get a model having both dispersion and nonlinearity,
we will then consider the particular regime

e, §=y=12 (1.1.4)

Starting from Euler equations, after nondimensionalisation and scaling we get that the free
surface z = n(t, z,y) satisfies, in the limit € — 0, the wave equation

On—02n=0

Thus it decouples into two components 74+ going respectively to the left and to the right, and at
order 1 in € the wave going to the right satisfy

€ 1
Out + Ous + 5 (a;la§n+ + <3 - b) no + 377+3xn+) = o(e) (1.1.5)

B
where b := o /(pgh?) = - and B = o /(pgL?) is the Bond number (and p is the density, assumed
to be constant).
It is worth noticing that the surface tension has a strong effect on the dispersion. We can
then distinguish three cases depending on the physical properties of the fluid :
1 1 1
b<-,b>-andb=
3 3 3
In the first two regimes, since the constant in front of the dispersive term is non zero, we can
perform a last change of variables and rescaling to get the canonical forms

xT

Opu+ u + 0,1 05u+ udyu =0 (b < 1/3 : KP-II equation) (1.1.7)

Opu + O2u - 3718§u + udyu =0 (b > 1/3 : KP-I equation) (1.1.6)

The last regime corresponds to b ~ 1/3. For this critical value of the rescaled Bond number,
in order to keep dispersion in the model, we need to work in a less nonlinear regime, replacing
(1.1.4) with

e, §=c* v=/c (1.1.8)

and b ~ 1/3 with b = 1/3 4+ fe. The component going to the right satisfies at order 1 in &

€ A 1
Ont + Ozns + 5 <3x Yoy — BOny + gaim + 377+5’x77+> =o(e) (1.1.9)

Thus taking 8 = 0 and with another change of variables and rescaling, we obtain the canonical
form of the fifth-order KP-I equation

6tu—815.u—8;18§u+u8xu: 0 (1.1.10)
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1.1.2 Hamiltonian structure of the equation

As we required the operators £ and NV to have the particular form (1.1.2)-(1.1.3) then (1.1.1)
possesses a Hamiltonian structure :

Ou=J - VH(u) (1.1.11)

Here the symplectic operator is given by J = 0, and the Hamiltonian functional is defined as

H(u) = %(Au,u>+ (ler1) /Qu(x)p“dx, (1.1.12)

where (-) is the scalar product in L?(£2).

Now, for an equation under the form (1.1.11), the Hamiltonian (also called energy) #H is (at
least formally) conserved by the flow.

There is actually another conservation law for the equation : if we multiply it by u and then
integrate over 2, using that L is skew-adjoint and that f is smooth and real-valued, we get that
the L2(£2) norm of u is also an invariant of the equation.

This means that in both cases X = L?(Q) or X = D(A) (when A is semibounded from below,
and D(A) is its form domain), the corresponding conservation law makes sense, and allows one
to have an a priori control on the corresponding norm (with the help of some Sobolev type
inequalities to control the superquadratic terms F(u) in #), which allows one to extend the
solution to any time 7" > 0.

1.1.3 Well-posedness, semilinear and quasilinear equations
Once we have a model of type (1.1.1), we are looking to solve the Cauchy problem

(1.1.13)

Ou = Lu+ N(u)
u(t=0)=wup € X

where ug is given, belonging to a function space X.
Definition 1.1.1

The Cauchy problem (1.1.13) is said locally well-posed in X if the following conditions are
satisfied :

(a) for any bounded set B C X, there exists a time T > 0 and a Banach space Xr
continuously embedded in C(]0; T, X) such that for every ug € B there exists a unique
solution u € C([0;T), X) satistying (1.1.1) on [0; T

(b) the flow map ® : ug € X — u € X is continuous

Remarks 1.1.2.

(i) If X7 = C([0;T), X), (1.1.18) is said unconditionnally well-posed.

(i) The notion that we are more interested in is that if (a)-(b) stands for any choice of T > 0,
(1.1.13) is said globally well-posed.

(i@i) It is important to notice that in the definition above, we require T to depend only on B
(that is, on ||uo|| ) and not on the particular profile of the data. This is because we will
deal with subcritical problems : for critical ones, it is more involved.
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(iv) Sometimes, another condition is required : the persistence of regularity. This means that
if X = X* belongs to some Banach scale (X*), then for any s' > s, if ug € X* C X* then
u(t) stays in X', This sometimes leads to a slightly weaker definition of uniqueness, in
the sense of the unique limit of smooth solutions. For the models we consider, we will have
both properties.

The purpose of this thesis is then to show that the Cauchy problem for the models of subsec-
tion 1.1.1 are globally well-posed in some suitable function space X. As observed in the previous
subsection, if we are able to get local well-posedness in spaces X such that the conservation laws
make sense, but large enough such that these conservation laws control the norm in X, then we
get global well-posedness in X.

So, how large can we expect X to be to still get local well-posedness 7 Note that, besides the
conservation laws of the previous subsection, when Q = R? equations of type (1.1.1) generally
possess a scale invariance : if u is a solution, so is

ux(z,t) == Nu(\z, \°t) (1.1.14)

for some appropriate choice of exponents «, 3, (depending on £ and f). In particular, com-
puting the H*® norm of uy, one can define the scaling reqularity s. = v/a — 1/2 for which
lluall grse = [|u]|ggse for any A > 0. Thus, for regularity below s, rescaling induces a growth of
norms as A — 400, so it is expected that the Cauchy problem is ill-posed.

In order to prove local well-posedness above the scaling regularity, one can mimic the Cauchy
theory in finite dimension and look at the integral formulation of (1.1.1)

t
u(t) = e“ug +/ LN (u(t'))dt! (1.1.15)
0

The Duhamel formula above means that in order to solve (1.1.1) one can look for a fixed point of
the right-hand side of (1.1.15). If one succeeds to do so, then one can reasonably hope to recover
a flow map which is at least Lipschitz, since the nonlinear function f is assumed to be smooth.
This motivates the following stronger notion of well-posedness (see [Tzv04]) :

Definition 1.1.3

The Cauchy problem (1.1.13) is said to be semilinearly well-posed if it is well-posed in the
sense of definition 1.1.1 and moreover the flow map ® : ug € X — w € X is uniformly
continuous on bounded sets of X.

Remark 1.1.4. When the flaw map is not uniformly continuous, the problem is said to be
quasilinear.

However, there has been several examples of semilinear ill-posedness. For energy-supercritical
models, this has been investigated by Lebeau [Leb05] in the context of the nonlinear wave equa-
tions (see also [ACO09] for the nonlinear Schrédinger equation). Concerning one dimensional
models with general power nonlinearity f(u) = uP (nonlinear Scrodinger equation, generalized
KdV equation), it has been proved that there is semilinear ill-posedness below the scaling regu-
larity (for large p) in the focusing cases[BKP196] by using solitary waves, and then even above
[KPV01] and in the defocusing cases [CCTO03]. Still, the Cauchy problem for these equations is
semilinearly well-posed at higher regularity, so the quasilinear behaviour only manifests at very
low regularity. In contrast, the problem for the KP-I equation on R? has been shown by Mo-
linet, Saut et Tzvetkov [MSTO02b] to be quasilinear at any regularity, which requires a different
approach to the problem.
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The situation is again different in the case of fully periodic equations. For example, in the
case of the KdV equation on the circle, the flow map is not uniformly continuous on any ball of
H~L(T) [KT06], yet it is on the hyperplanes of data with prescribed mean value. This is because

the Galilean transform
u(t,x) — u (t,x —|—t/ udx) - / udx (1.1.16)
T T

itself is not uniformly continuous.
In the next section, we will see different methods to prove that (1.1.13) is locally well-posed,
and in particular how to deal with quasilinear equations.

1.2 Solving the Cauchy problem for some nonlinear dis-
persive PDEs

The study of (1.1.13) has gathered the attention of researchers for a few decades now, and
different methods to get local well-posedness at lower and lower regularity have been developped.

1.2.1 Semilinear well-posedness at high regularity without derivative
in the nonlinearity

In order to construct a solution by using an iteration scheme based on the Duhamel formula
(1.1.15), the general strategy is to get two abstract estimates : a linear one

el ey S ol + 110 = L)ullagery (12.1)

and a nonlinear one

p—1
ING) = N @)y S 1o = vllecry (lllwery + lolleery) - (1.2.2)

for some functional spaces F(T') C C([0; T], H®) and N(T) (and the contraction property is then
obtained either with a gain of a factor 7% in (1.2.1) or (1.2.2), or with a smallness assumption
on the data).

The simpler setting to try to apply this strategy is when there is no derivative in the nonlin-
earity and for a high enough regularity. Let us define the Duhamel operator

t
@:u»—>/ =Lyt at! (1.2.3)
0

Then, with the assumptions on f, A is continuous from H® to H® when s > d/2 and we have
the estimate

1f(w) = F)l[ge S C s [ull oo s 0] oo ) {1 = vl o (el oo + 0] )
Fllu =l pe (ull s + [0l ge)} s (1.2.4)

which holds for s > 0 and u,v € H* N L, so that the condition s > d/2 comes from the Sobolev
embedding H® — L.

Using that e'# is unitary in H® on top of that, we readily obtain that ® is also bounded from
L>(R,H?) to L>®(R, H®), that is (1.2.1)-(1.2.2) hold with F(T) = N(T') = C([0;T], H®) which
implies that

Xr = u > e“ug + D o N(u) (1.2.5)
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is a contraction mapping on a closed ball of C([0; 7], H*) for a T' > 0 depending only on ||ug|| -,
so existence follows. Uniqueness in the whole class C([0; T], H®)) is a consequence of the energy
estimate

d
% llu—vll7e S (w= v, f(u) = f(0))z2 S Clfull g s [[0]] g [Ju = ]l 72 (1.2.6)

where the first inequality uses the skew-symmetry of £ and the second one follows from (1.2.4).
All in all, we arrive at the

Theorem 1.2.1
The problem (1.1.13) with N' = f is locally semilinearly well-posed on H® for any s > d/2.

The argument above relies on the continuity of A/ from H® to H*® for s > d/2, thus we have to
modify it when there is a derivative in the nonlinearity.

1.2.2 Kato’s theory for quasilinear equations

Another approach is to look at an approximate equation

{8”‘6 = Lo+ NP () (1.2.7)

uf(t =0) =uf

for which it is easy to get a unique solution u® and then to recover a unique solution to (1.1.13)
by letting € — 0. In view of the previous remark, the idea is then to choose the regularization
procedure such that ® o N¢ is continuous from L (R, H®) to L>°(R, H*). This can be performed
in several ways : a common one is to take £ = L + €A in order to take advantage of the
smoothing effect of the heat kernel. Indeed, the Duhamel formula for (1.2.7) reads

t
() = g + / =t N (i (#)) Y
0

g . . . . . . . . .
and now e’“” is no more unitary but a contraction semigroup instead, and is infinitely smoothing.

This latter property allows us to check that the same argument as above applies, thus we get
existence and uniqueness of u¢ € C([0; 7], H®) solution of (1.2.7). In order to pass to the limit
e — 0, we derive the energy estimate

%Hua(t)lﬁqs S W (), N (W () e S [V (Ol poe O (O] o) [l ()] - (1.2.8)

where we have used that £° is maximally dissipative, and the last inequality follows by integra-
tions by parts, (1.2.4) and the commutator estimate

Lemma 1.2.2 ([KP88])
Let s > 0 and f,g € H°* N L*, then

NICD)s; flgll Lz S 1 1as 1191l + 1V Fll oo 191 gre-1 (1.2.9)

Thus the use of Gronwall’s lemma and the Sobolev embedding H® — W1 for s > 1 + d/2
provide that for a small 7" uniform in ¢, the family of solutions (u®) is bounded in C([0; T, H?).
Moreover, using again (1.2.7) we get that u° is also bounded in WH1([0; T, H=™) for m large
enough. With both bounds we recover a strong limit in C([0; T], H;,™") which coincides with the

loc
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weak limit in L°°([0;T], H®), and this limit is a solution of (1.1.1) in distributional sense. The
continuity in time at the H*® level follows from the energy estimate (1.2.8) for the limit, and the
uniqueness from the energy estimate for the difference equation.

The continuity of the flow map follows from an argument due to Bona and Smith [BS75] : if
we have data ug , — uo in H® with corresponding solutions u,, and u, then introduce a frequency
approximation of identity P. and denote uj, and u® the solutions issued from P.ug, and P.ug.
Then from the same energy estimate as above, one can take a common time of existence to
all these solutions, and using the energy estimate for the difference equation, one can control
terms ||v° — ||y S C(R) ||vg — vol| s where R is the radius of a ball in H® containing all the
solutions on the common time of existence, and v and v® are any of the solutions above. Thus,
using triangle inequality to insert terms with ¢, one can take £ small enough and n large enough
to make ||u, — u||L%CHS small, hence the continuity of the flow.

Thus we recover the general

Theorem 1.2.3
The Cauchy problem (1.1.13) is locally well-posed in H® for s > 1+ d/2.

Note that, although we had semilinear well-posedness in absence of derivative in A/, the limiting
procedure does not allow us to recover it when N = 9,f, and we must even use the extra
argument described above to get only continuity of the flow map.

A crucial remark though is that both theorems 1.2.1 and 1.2.3 work equally well for a maxi-
mally dissipative operator £¢ and do not take into account all the power of the skew-symmetry
of £. This will be investigated in the next subsection.

1.2.3 A fixed point argument in Strichartz spaces

Let us first consider the case of a nonlinearity without derivative. To provide a concrete
example, we shall study the Cauchy problem for the cubic nonlinear Schrédinger equation

i0pu + 02u = |u*u, (t,z) ER xR (1.2.10)

It does not fit exactly into the abstract setting defined at the begining of this section since we
choose to consider only real-valued equations, yet it will allow us to illustrate the method.

As we explained above, the idea to get below the regularity threshold s > 1/2 of theorem 1.2.1
is to measure more accurateley the oscillations in the linear evolution et In our example, the
kernel of the unitary group can be computed exactly, which shows that the free solutions enjoy
the time decay property ‘

Thus, with a duality (TT*) argument and the use of Hardy-Littlewood-Sobolev inequality, we
obtain the so-called Strichartz estimate

|| S 17 ol (L.2.11)

ezt@

2
Iuo’ S luoll e (1.2.12)

LiLe

and its inhomogeneous version
t
‘ / ei(t_tl)aiu(t’)dt’
0

This means that the linear flow is not only unitary from H* to L{° H*® but also bounded from L?
to LL>°. Therefore, (1.2.12)-(1.2.13) imply that (1.2.1) holds with F(T') = C([0; ], H*) N L} L>®

5 ||’U/HL;1/3L1 (1213)
LiLee )
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and N(T) = L4T/3L1. To deal with (1.2.2), we use Holder’s inequality to get

Pl | as g S T2l o Nl oo S T2 N0l

This allows us to perform a fixed point argument in a closed ball of F(T') just as in subsec-
tion 1.2.1 to get existence, and uniqueness follows from (1.2.6) with the Sobolev embedding
L>2([0;T), HA/2F) < L1([0;T], L>) being replaced by the Strichartz estimate. This provides
semilinear well-posedness for this equation, even global thanks to the conservation of the L?
norm [Tsu87].

As we can see, in the argument above the boundedness of © o N relies only on the Strichartz
estimate, so can one expect to tackle problems with a derivative loss ?

Let us look now at the Korteweg-de Vries equation

Opu + O2u + udyu = 0 (1.2.14)

In view of the energy estimate (1.2.8), the key quantity to bound is H8Iu||L1TLOO. In order to do
so, we can look for a replacement of (1.2.12). The Strichartz estimate reads here

Heft82|D|l/4u0‘

e S Nl (1215)
where |D|® is the Fourier multiplier with symbol |£|°. As we can see, (1.2.15) recovers only
1/4 of the derivative, so we cannot perform a contraction argument directly in the space Xr =
C([0;T), H®) N {0,u € L%L>}. More precisely, using the Strichartz estimate (1.2.15), we have
the linear estimate

1% (W, S Hooll g + T udoul| 2 gy

which holds for s > 3/4 and T €]0; 1]. For the nonlinear estimate (1.2.2), we use the commutator
estimate (1.2.9) and the fact that H°(R) is still a algebra at this level of regularity, to get the
bound
/2 { |l + 1l DI Oeull )
In order to close the nonlinear estimate, we thus see that we need to control ||u - 0,|D|*ul|;> .
T,z

Hence we finally take for the abstract contraction principle the spaces
F(T) :=XrN{|DI*d,u € LYL7} N L2LT and N(T) = L7.H®

Therefore we are left with proving the linear estimate for the contribution of the two extra norms
we added to Xp. This is performed thanks to the smoothing estimate

—td; <
[ore= |, 5l (1.2.16)
along with the maximal function estimate
—t0;) <
o], ol (1.2.17)

which holds for any s > 3/4 and T €]0;1]. Thus existence follows again from the contraction
principle in a closed ball of F(T') and uniqueness in the whole class C([0; T], H*)N{0,u € L% L>}
follows from the energy estimate above, hence the local well-posedness in H*, s > 3/4 [KPV91].
As remarked in [KPV93Db], this is as far as one can go with this method for this equation,
since
1825 (ol s o S ol g = s > 3/4

Thus another approach is needed in order to get well-posedness at lower regularity.
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1.2.4 The Fourier restriction norm method of Bourgain for semilinear
equations

In the previous method, the abstract linear estimate (1.2.1) was a consequence of the Strichartz
estimate (and its inhomogeneous version), and the nonlinear one followed from Hoélder’s inequal-
ity, whereas F(T) was the space associated with the Strichartz type estimates and N(7T') its
dual.

Now the previous method collapses when one moves to periodic equations. Indeed, the
dispersion relation (1.2.11) clearly fails globally in time (since on a compact domain the decay
of the L> norm contradicts the conservation of the L? norm), but even locally (see [BGT04,
Remark 2.6]). Moreover, for nonperiodic equations, as remarked before we have pushed the
precedent method to its limits. Thus another choice of spaces (F, N) must be made.

The groundbreaking idea of Bourgain [Bou93a] was to introduce the spaces X*° (see also
[RR82] in the context of nonlinear wave equation), defined through the norm

e = IS(=uOl g e = |[G0 = £ (¥)°u| (1:218)

We can already make a few comments : first, we see that in the time variable, u is measured in
a Sobolev type space (instead of a Lebesgue space as before) to take into account the gain of
regularity in time within the Duhamel operator. Second, again from the definition these spaces
are precisely tailored to measure the linear flow. In particular, the linear estimate

[Yrullg S lwollgs + lldr (9 = £) ullx (1.2.19)

with F = X% N = X*?~1 and v is a smooth characteristic function of [0; T, now reduces to
a general time variable estimate

[bruollgops < lluollge

HwT I3 ()t ’ (1.2.20)

o S gl o

for any b > 1/2, and no Strichartz estimate is needed at this stage. And third, the functions in
X are defined on the entire space R x €, so in order to have F C C([0;T], H®) one needs to
truncate in time and taking the norm

[lullgry = nf{[[al| xo » @ =won [0;T]}.

This is possible since X spaces are stable by multiplication by smooth functions in the time

variable : )
rullyew ST flullgon (1.2.21)

for any b’ < b.

Thus in order to get a contraction property all the difficulty is concentrated on the nonlinear
term. In the case of a power nonlinearity N (u) = 9, f(u) with f(u) = uP, we are thus left with
proving a multilinear estimate of the form

p

i=1

p
ST il e (1.2.22)

Xs,b—1 i=1

with b < b.
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To prove (1.2.22), one can now use the Strichartz and local smoothing estimates : as explained
in [Gin96, Tao06], one has the general estimate

11y < 1l xo.ar2+ (1.2.23)

for any space-time functional space Y stable by multiplication by bounded time dependent
functions. In particular, one can take for Y the LYL% type space involved in the Strichartz
type estimates.

Let us come back to the cubic NLS (1.2.10) and illustrate how the Strichartz estimate (1.2.12)
can be injected in the X*? framework through (1.2.23) : interpolating between the conservation
of the L? norm and (1.2.12), we obtain first the L’ estimate

_itd?
He ztamuo‘

<
o S ol

Applying the principle (1.2.23), this provides the bound

s < Ml oo

and another interpolation with the obvious equality ||f]|;2 = ||f]|xo.0 leads to
t,x
A llzs S F oo+ (1.2.24)
This allows to close the fixed point argument in XIOJ(U 2)+, since the trilinear estimate is a

consequence of
L P [ P e [ [P
STYO iz, < TYO lul om0

where the first and second estimates are the dual versions of (1.2.21) and (1.2.24). This leads
to global semilinear well-posedness in L?(R), which was already proved by the previous method
[Tsu87]. However, to estimate the nonlinear term we resorted to (1.2.24), and since X*? is
precisely the space where linear solutions live, one can prove the same estimate for periodic
solutions directly in these spaces without using the intermediate steps. In the case of the periodic
cubic NLS, Bourgain [Bou93a] proved that (1.2.24) holds (and even the endpoint case b = 3/8)
by a direct estimate on the Fourier series. This allowed him to get the global semilinear well-
posedness in L?(T) through the same argument as above.

In the case of a derivative nonlinearity, the same procedure can be applied : if we look again
at the KdV equation (1.2.14), interpolating between the Strichartz estimate (1.2.15) and the

trivial estimate He_tag uoH , = [luo|| ;- and using a Sobolev inequality provides the estimate
LeL

_ 93
o=

< H‘Dll/se—tagu()‘

L8

t,x

<
Lspa ™ lluoll-
which gives, through the principle (1.2.23), the estimate
llgs, S 1o

Interpolating again with the obvious equality ||f||;2 = ||f||x0.0, we obtain the bound
t,x

Al s S Il xo.ar+ (1.2.25)
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On the other hand, we can also interpolate between (1.2.16) and (1.2.17) to get for T €]0; 1]

493

L2

S [[ID17 078w

Ly
Thus, using again principle (1.2.23) and interpolating with the previous bound, we finally get
Hf||L4TT Sl xo-.are- (1.2.26)

We can finally use this bound to prove the bilinear estimate (1.2.22) : for u,v € X0, 1/2 < ¥ <

b, we can define U(1,&) := (7 — §3>b/]-"t7x(u)(7', &) such that [|u|| yo.r = [|U]| 2, and similarly for
v. Then by duality (1.2.22) can be rewriten as

/ / (&1 + &)
R2JR2 (1 + 10— & — f§>17b<71 - §§’>b (2 — f§>b
U (11,60)V (12, &2)w(my + 72,81 + §2)dmidTedéidSe S|U|[ 2 (V]| a [Jwl] . (1.2.27)

As before, there are two main difficulties to deal with : the presence of a derivative in the
nonlinearity, and the power nonlinearity itself. For the first one, a key ingredient in the proof of

Bourgain is that the term <7'1 + T — fi’ — §§>17b (which expresses a gain of temporal regularity)
can be written as

(m+m—(&+&)°+ 9(51,52»1717

where the resonant function is defined as

Q&1,6) = (& +&)° - & - & =366(6 + &) (1.2.28)
This algebraic identity implies that
max {(11 + 72 — (&1 + &)*), (11 — &), (2 — &)} 2 |&&(6 + &) (1.2.29)

To end the argument, we divide the domain of integration in subdomains depending on which
term dominates in the fraction above and on the symmetries in 7; and ;. For example, for the
case {3 > & > 1 and max{...} = <7'1 +710— (& + 52)3>, then the contribution of this region in
the left-hand side of (1.2.27) can be bounded by

’

_ —b’ —b
L L8 n - (=) &)V (rm&uln + 1.6 + &)l dndradéadés
Rz JR
Using Cauchy-Schwarz, Plancherel and Holder, we estimate this last term with
_ —v' _ _ —v’
I -] 7 o - ey

where the last inequality follows from (1.2.26). This leads global semilinear well-posedness in
L?(R). Again, Bourgain proved directly that (1.2.25) holds also for periodic functions (with
b = 1/3), hence the same result on L?(T) [Bou93a]. Actually, further interpolations between
(1.2.15)-(1.2.16)-(1.2.17) allow to take s > —5/8 on R [KPV93al).

Two further improvements can be made in the setting of X spaces : the first one is that,
when (1.2.24) does not hold, one can look for a version of this estimate with loss of derivative.
That is, we look for estimates of the form

wllgz S NUM e [V I1e [[wl] 2

L4 L* |

1Pvullps < N [[Pyvull o (1.2.30)
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where Py is a projector on the set of frequencies |¢| ~ N. For example, again for the cubic NLS
equation on T, Bourgain proved that (1.2.30) holds with ¢ = 6 and « = 0+. These frequency
localized estimates allow us to cut the integral in (1.2.27) in dyadic pieces and then to evaluate
the contributions of these dyadic regions depending on the relation between the dyadic numbers
N; and to use (1.2.30) for each piece. This remark leads to the second and most significant
improvement : instead of estimating each frequency piece of one linear solution as in (1.2.30),
one can bound directly the interaction between two (or more) linear solutions. For example, one
has the bilinear improvement of (1.2.24)

[1Pxy s - Pryuzllpe S (N0 N2) ™2 | o o izl oo (1.2.31)

which holds in the regime (N7 V N3) > (N7 A N3). Tao [Tao0l] made a systematic study of
estimates of type (1.2.31). Coming back to the KdV equation, such a strategy was successfully
carried out by Kenig, Ponce and Vega [KPV96] who proved local well-posedness in both H*(R),
s > —3/4 and H*(T), s > —1/2, and that this regularity is critical in the sense of semilinear
well-posedness. Actually, the proof of this result relies on a direct computation of the bilinear
interactions within the integral (1.2.27) without resorting to dyadic decompositions, yet Tao
[Tao01] proved that both approaches are equivalent and the former allows to unify the treatment
of both periodic and nonperiodic multilinear estimates.

We can cite another result in the same spirit as above : Bourgain [Bou93b] proved semilinear
global well-posedness of the KP-II equation

Opu+ Oju + 8, 02u + udpu =0 (1.2.32)

in both L?(T?) and L?(R?). His argument relies on the two features that we have encountered :
a bilinear Strichartz type estimate for frequency localized functions, and a smoothing effect due
to the algebraic identity

|(m1 +ma)® — (1 + n2)?/(m1 +ma) —mi +ni/my —m3 +n3/mo|

2
mim n n
|12{3(m1+m2)2+<12> }‘
my + me my Mg
> |mima(my +ma)|  (1.2.33)

which is similar to the one for the KdV equation (1.2.29) and allows to recover the derivative in
the nonlinearity.

Let us resume what we have obtained so far : in the case of a pure power nonlinearity, this
method allows to have a unified treatment of the periodic and nonperiodic cases, and for this
latter the bilinear refinement allows to improve on the results given by the previous method.
In presence of a derivative, we have seen that for both the periodic and nonperiodic cases, this
improves on the previous method under the condition that the resonant set defined by

{ ”Z fj(;oz . (1.2.34)

where w is the symbol of £, is simple enough. And in both these settings, the estimates obtained
close the fixed point argument and yield semilinear well-posedness. In the light of these results,
is it possible to adapt the method to equations presenting a larger set of resonant frequencies ?

Molinet, Saut and Tzvetkov [MST02b] have proved that in the case of the KP-I equation, the
resonant set contains a non trivial low-high interaction (change the plus sign in a minus sign in
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the second line of (1.2.33) above) which causes the bilinear estimate to fail in any Sobolev type
space. This is even more pathological : it prevents the flow map from being smooth (even C?).
This implies that any fixed point method is destined to fail, and in particular one has to find a
general approach different from the one explained at the beginning of this subsection. We will
see how to improve on the standard energy method of subsection 1.2.2 in this case.

1.2.5 A refined energy method for quasilinear equations

As mentioned above, the contraction principle must be forsaken when dealing with quasilinear
equations. Heuristically, the lack of regularity of the flow map arises when the nonlinear effect
supplants the linear evolution in fixed time. Let us explain this through the KP-I equation

Opu + O3u — 8;18§u +udpu =0, (t,z,y) €R x T? (1.2.35)

We have already seen that, compared to the KP-II equation, this equation enjoys a large set of
resonant frequencies which prevents the smoothing effect allowing to recover the derivative in
the nonlinearity. Let us see why it also prevents any fixed point method to be successfull. This
is better illustrated in the periodic setting : we start from a (complex-valued) datum

uo(x,y) _ eiw + nfsei(anra(n)y)

where a(n) is chosen such that (1,0,n,a(n)) lies in the resonant set, and ug is normalized such
that ||ug||ge.0 ~ 1, where H*? refers to the anisotropic Sobolev space with norm

ol e s = 1[{Dz)™ (Dy)**uoll 12 = [[{n)*" (k) *ug (n, k)|l 2
The first Picard iteration yields the linear solution
t(92—0;102)

up(t,z,y) =e" ug = e'?t +n"%e'n

where o1 (t,z,y) = 2+t and ¢, (t,2,y) = nz + a(n)y + ta(n)?/n are the phase functions of the
free solutions. Our choice of frequencies means that

p1+on = (n+ Dz +a(n)y +ta(n)?/(n +1) =t ppi

is also the phase function of a free solution. Thus the second iterate can be computed as
t : — . ’ . ’
ug(t, z,y) = uy (t, , y) — / o (t=t)(83-0,197) {ewl(t ). 33;71756“'9"& )} at’ + r(t, z,y)
0

with ||7(t)| gs0 = O(1) as n — 4o00. Now, since we chose resonant frequencies, the dominant
nonlinear term in us becomes

t
/ e—(t—t’)(aﬁ—a;laj)nl—sewnﬂ(t’)dt/ — tpl—seienti(t)
0

Finally, we get ||ua(t)||ye0 ~ [tln +O(1). So, in order for us to behave like the linear flow
(which preserves the H*" norm), we must have |t| ~ n~!. This suggests that if one wants to get
a unique solution in a fixed interval of time from a data ug then one has to control each frequency
piece localized around N on time intervals of size N™!, and then sum up these estimates. This
idea was first used by Koch and Tzvetkov [KT05] in the context of the Benjamin-Ono equation.
Another way to state it is that even if, in the standard energy method, the regularity s for which
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the estimate ||8IuHL1TLOo < ||u\|L§sts holds for any time 7" > 0 is limited, it still holds at lower

regularity on time intervals of size N=%, o > 0, when u is replaced by Pyu. Of course, the
greater « is, the lower s can be taken, but then the number of such time intervals needed to
cover [0; 7] for a fixed T > 0 becomes larger, thus there is a balance to find, with an optimal
choice for . Let us illustrate this on the Benjamin-Ono equation

Opu + HO?u + udyu = 0 (1.2.36)
where H is the Hilbert transform, defined as the Fourier multiplier
Hu(§) := isign(§)u(§)

Integrating on [0; T] the standard energy estimate, we have
2 2 2
ullZee e S Mluollge + 1102wl Ly poo [[ullzec s

so that once again we seek to control ||0,u| |L1TL°°~ Equation (1.2.36) admits the same Strichartz

estimate as the nonlinear Schrédinger equation (1.2.12). In particular, for frequency localized
solutions Pnu, we can use the Duhamel formula on time intervals I = [a;b] to get the bound

10: Pl 1,1y S 1PN LI P (@)l + N [[Pa )] 1 g g }

To get an estimate on a fixed time interval [0;7T], we can cover it with ~ T'/|I| time intervals
of length |I| as above, and then sum their contribution in the left-hand side, thus getting the
bound
10z Prullpy po S TN || Prvul | e pa + IPAN? || Py (u®)] | 1
T T T

Finally, in order to have both the linear and nonlinear terms at the same regularity, we must take
|I| = N~1. So we readily see that the size of the time intervals I recovers 3/4 of the derivative in
the nonlinearity (this is possible because there is an integral in time in front of the nonlinearity,
thus we can sum the contributions of the small time intervals in L1 without gaining a power of
|I]). The nonlinear term is then estimated classically since at this level of regularity (s > 5/4)
H*(R) is still an algebra. Thus after summing the contribution of the spectral projections Pyu,
we obtain an a priori bound on solutions and we can finish the compactness argument as in
Kato’s theory, to obtain local well-posedness in H*(R), s > 5/4 [KT03].

We can summarize the above procedure to get the a priori bounds needed for the compactness
argument as

[ullpiry < llullgery + 110 — L)ullng(ry (a linear estimate) (1.2.37)

2 . .
|’8x(u2)||N(T) S llullw(ry (a nonlinear estimate) (1.2.38)

2 2 2 .
lullgry S lluollfs + llullger) [lullg(r) (an energy estimate) (1.2.39)

where F(T') = C([0; T], H®) N {&;u € LlTL‘X’}, N(T) = LLH*! and B(T) = L H®.

In particular, compared to (1.2.1)-(1.2.2) (which cannot hold for any choice of spaces F and
N due to the quasilinear nature of the equation), we see that in the linear estimate (1.2.37) the
first term in the right-hand side (corresponding to the free solution) introduces an auxiliary space
B(T) instead of the data ||ug|| ., which in turn requires a third estimate (1.2.39) on this term to
close the a priori bound. This is because to derive the linear estimate, one applies the Duhamel
formula on each small time subinterval where the data is actually the value of the solution at the
boundary of the interval, thus when one recombines these estimates one has to control all these
boundary values instead of just the one at ¢t = 0.

As for the fixed point methods, we see that the choice of the spaces F(T'), N(T) and B(T) is
crucial. The next section explains how to tailor them to fit a given equation.
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1.2.6 The small time Fourier restriction norm method

As we have seen before, the major benefit of resorting to X *:* spaces over L} L4 type spaces is
to get a bilinear improvement over the Strichartz type estimates. In the refined energy method
above, we used the latter framework, thus can we adapt the former in the context of frequency
dependent small time spaces ?

This procedure has been carried out by Ionescu, Kenig and Tataru [IKTO08] in the context
of the KP-I equation on R%2. The general idea is again to find some functional spaces F(T) C
C([0;T),H®), N(T) and B(T') in which (1.2.37)-(1.2.38)-(1.2.39) hold.

First, let us fix a dyadic number N and project the functions v on the frequency region
|€] ~ N. Then, the computation at the beginning of the previous subsection suggests that the
resonant low-high interaction should be controllable on time intervals of size N~ for some o > 0.

For fixed N, we thus consider a time interval Iy = [a; ] of size N2, and we estimate 91, Pyu
in X*'/2 (here we use a Besov version of the Bourgain space to recover the limit case b = 1/2).
As for the standard X spaces, we then have the linear estimate

Wrn Prullxonre S [[Pxwl@)]] s + |11y Pn (s = L)ul| xo.-1/2 (1.2.40)

The first term in the right-hand side of (1.2.40) is estimated with ||PNU||L°<>(IN,HS)' This implies
that we then need to control all the contributions of the small intervals in an ¢°° manner :
otherwise, any sum on the Iy of the L>°(Iy) norms above would lose a factor TN corresponding
to the number of such intervals needed to cover [0; 7], and this loss of derivative at this stage
would not be recovered in the subsequent estimates. Thus the space F (respectively B, N) is
constructed as follow : first, localize in frequency and time and measure in the X*1/2 space
(respectively L°H®, X s,—1/ %), then take the sup on the small intervals and then sum up in
frequencies in a Besov way.

As for the second term, we have to prove a small-time analogue of the dyadic bilinear
Strichartz type estimate (1.2.31) : after splitting u; and wue in dyadic pieces, we then have
to control ||¢7, PnOx(un, - un,)|| ys.—1/2. Now, we see how this small time truncation helps with
the resonant low-high interaction : if N7 < No ~ N then we can move the time localization to
both uy, and uy, (for the former this is allowed since, again, we require a uniform control on
all the small time intervals). This implies that, even if we are not in the KP-II regime (1.2.33),
according to the uncertainty principle the modulations (7; — w(§;)) are still bounded from below
by N;, thus providing an extra smoothing effect (compared to the standard bilinear estimate)
which helps to recover the derivative. Of course, the key point of the analysis is to establish the
estimate

[ 1y P ORWry, uny V1 ns)| | o1 S |0, 0 || oo |[Crng ue] | an)e (1:241)

where R is the projection on the set of frequencies where the KP-II smoothing relation fails. The
remaining non resonant interaction is estimated with the same arguments as in the standard
Bourgain method, thus proving (1.2.38).

Finally, we see on the second term of (1.2.40) that we need the energy estimate to close the
a priori bound. It is derived similarly to the standard energy estimate, but after the integration
by parts and commutator estimate, we use again a dual version of the dyadic bilinear estimate
above (and the corresponding one for the non resonant interaction), thus leading to

2 2 3
all ez < lluol - + llullder (1.2.49)

Combining (1.2.37)-(1.2.38)-(1.2.42) leads to an a priori bound on |[u||gy) which allows us
to end the compactness argument as in the previous method. Let us finally outline that we have
to use again the Bona-Smith argument to get only the continuity property of the flow map.
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Chapter 2

Statement of the results

This chapter is an english version of chapter 0 section 0.3.

2.1 The Cauchy problem for the KP-I equation

This section is devoted to the study of the KP-I equation
8tu+6§u—8;18§u+u8mu: 0 (2.1.1)

This equation is described by the general formalism of the previous chapter, with £ = —93 +

1
0, 185, and the operator 9, ! being defined as the (singular) Fourier multiplier with symbol —

i&’
and here the nonlinearity is N (u) = 8, f(u) = 9, (—u?/2).

2.1.1 Previous results on the Cauchy problem

The Cauchy problem for this equation has been studied extensively for a few decades. The
first results were due to several authors [Uka89, IMS92, Sau93, IMS95, IN98| by mean of Kato’s
theory, to get local well-posedness of (2.1.1) (and some more general power nonlinearity) in a
subspace of H*(Q)) adapted to the singular symbol of £, where s > 1+ d/2 = 2 and Q = R? or
Q = T2. As we have already seen in the previous chapter, this general method does not take
into account the precise form of the operator 93 — 9, '9;, and in particular it applies equally
to the KP-II equation for which the linear operator becomes 92 + 9, 185. This former equation
has then been studied by Bourgain [Bou93b] who obtained global semilinear well-posedness in
L?(Q) for both © = R? and = T2 by using a contraction principle in X*? spaces. As we
have already encountered, the proof of the bilinear estimate heavily relies on the sign within
the symbol wrr(m,n) :== m3 — n?/m for the linear operator in the KP-II equation, and more
precisely on the algebraic relation

wrr(ma + ma,n1 +n2) —wrr(mi, n1) — wrr(me, na)

= s {3(m1 T me)? + <nl - ”2)2} (2.1.2)

my + mo mp Mg

which shows that the KP-II equation only has trivial resonances, when one frequency vanishes,
which can be removed by the Galilean transform (1.1.16). The general strategy of subsection 1.2.4
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was improved in a series of papers [TT01, IM01, Had08] and was at its height with the result
of Hadac, Herr and Koch [HHKO09] who proved (small data) semilinear global well-posedness in
the scale critical space H~1/20(R?). The problem was shown to be also semilinearly globally
well-posed in L2(R x T) [MST11].

Concerning the KP-I equation (2.1.1), the problem behaves differently : since the symbol is
now wr(m,n) = m> — n?/m then in (2.1.2) there is a minus sign instead of a plus sign between
the positive terms. This means that there is a large set of resonant frequencies, which causes the
bilinear estimate to fail on R? [MST02b], and even prevents the flow map from being of class C?,
thus condemning any attempt via a contraction principle. Moreover, Koch and Tzvetkov [KT08§]
have proved that the problem is indeed semilinearly ill-posed in the sense of definition 1.1.3, by
exhibiting two families of solutions which are initially arbitrarily close but become distant as
soon as time evolves.

By using the refined energy method of subsection 1.2.5, Kenig [Ken04] and then Ionescu and
Kenig [IK07] got global well-posedness in the "second energy space"

ZQ(Q) = {uo S LZ, 85110 S L2, 8;285U0 S L2} (2.1.3)
where ) = R? and Q € {R X T,TQ} respectively. Indeed, the space (2.1.3) is related to another
conserved quantity : besides the Hamiltonian

1 1. 2 1
H(u) == \|(‘3wu||2Lz + = |0z 18yu‘|L2 - f/ udady (2.1.4)
2 2 6 /g
the functional

3 5 5
Z(u) = 5 (|02l + 2 [|07203u][}. + 5 10,ull? — 2 /u2(a;285u)

9 -1 2 9 [ 250 5 [ 4
6/u(89” Oyu) +4/u azu+24 ut (2.1.5)

is also (at least formally) conserved under the flow. Actually (2.1.1) admits an infinite number
of conserved quantities, yet it is not clear how to find a functional space where they make
sense [MST02a]. The proof of [Ken04, IK07] relies on a small time Strichartz time estimate for
frequency localized data

e P Phuo]| . S Aa(M, V) [Juol | » (2.1.6)

(IHISM=1)Lg,

where Py, and Py are spectral projectors. The loss Aq(M, N) in the above estimate depends on
the geometry of the spatial domain :

MOt if O = R?
Ag(M,N) S (IVNM2)2 M0t if Q=R x T (2.1.7)
(1V NM=2)Y2 MG/ if Q = T?
Let us note that, when Q = R?, estimate (2.1.6) holds even for time intervals of size O(1) and

for nonlocalized data [Sau93].
(2.1.6) allows then to proceed as in subsection 1.2.5 and to control ||81'“HL1TL°° .

In order to reach the natural energy space

E(R?) := {ug € L?,0ug € L*,9;'0,up € L?} (2.1.8)
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associated with the Hamiltonian, Tonescu, Kenig and Tataru [IKT08] then implemented the short
time Fourier restriction norm method introduced in subsection 1.2.6, obtaining thereby global
wellposedness in this space.

The key point in the proof of [IKTO08] is a bilinear estimate for the resonant interaction :

sup |91 (t)0:R(Pas,u - Parv)|] xo,-1/2
I|~DM -1

S(MyAMy AM)™2 sup lbr, () Paryul o2 sup [|¢0n, () Pagvl[ g0z (2.1.9)
[T |~Mt [I2|~My 2

where the supremum is taken over all time intervals I C [0; T'], Py, is the projection on frequencies
|m| ~ M; and fR is the projection of Pys,u - Pyg,v on the set of frequencies satisfying
wr(ma + ma2,n1 + n2) —wi(mi,n1) —wr(ma, n2)| < [mama(ma + ma)|

i.e where the smoothing effect of KP-II fails.
In the case Q = T2, Zhang [Zhal5] adapted the proof of [IKT08] and showed that (2.1.9)
holds with a loss :

sup |41 ()0 R(Pary e - Prry )|l xo0.-1/2
|I|~DM 1

< osup UL ()P ullxone  sup [|[Yn () Panvl| xoue  (2.1.10)
[Iy|~M? Iz |~ M52

which restrains the range of regularity in x and provides local well-posedness in a functional
space strictly embedded in the energy space.

2.1.2 The Cauchy problem on a cylinder

The main result of this thesis is the following :
Theorem 2.1.1
The Cauchy problem for (2.1.1) is globally well-posed in the energy space E(R x T).

The proof of this theorem is the object of chapter 3. As for the proof of [IKT08], the key point is
to show that (2.1.9) holds without loss in the case Q2 = R x T. This requires to adapt the proof of
(2.1.9) in the same manner as [Zhal5] but taking advantage of the fact that the Fourier variable
dual of z is not an integer, which allows us to measure more accurately the small variations of
the level lines of the resonant set. Let us underline that in the fully periodic case the counting
measure is too rough to capture these small variations. For the non resonant contribution in the
bilinear estimate, we also need to replace the standard Strichartz estimate [Sau93] which is no
longer available : we then get the same estimate for small time and frequency localized data up
to a small loss which requires a small modification of the short time Bourgain spaces of Ionescu,
Kenig and Tataru. At last, we note that our uniqueness criterion is in the sense of defnition 1.1.1
and not only as the limit of smooth solutions.

2.1.3 Regarding the line soliton

Equation (2.1.1) is a two dimensional generalization of the KdV equation (1.2.14), which is
known to admit special traveling waves solutions called solitons

-2
Uc(t, z,y) = Qc(x — ct) with Q.(z) := 3¢ - cosh (fm) (2.1.11)
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Thus these solutions are also special solutions of the KP-I equation. However, they are not
localized in the transverse direction (since they are independent of y) so they cannot belong to
the energy space E(R?). This is what motivates the study of (2.1.1) on the spatial domain R x T.
The orbital stability of this class of solutions has been investigated by Rousset and Tzvetkov
[RT12] : by using the spectral study of [APS97] and the general argument of [Ben72, GSS87]
they obtained orbital stability of the family (u.) for small speeds 0 < ¢ < 4/4/3 and under
perturbations in Z2(R x T) (2.1.3). Their argument actually relies only on the conservation
of the Hamiltonian of (2.1.1) and the extra assumptions on the perturbations (namely, two

derivatives in z instead of one, and / zu(z,y)dx = 0) were only technical since the only global

R
well-posedness result known was that of Ionescu and Kenig [IK07] which used the second energy.
Thus our global well-posedness result above shows that these assumptions can be removed, thus
leading to

Corollary 2.1.2
The line solitons (u.) are orbitally stable in E(R x T) for small speed 0 < ¢ < 4//3.

From [RT12], the family (u.) is known to be unstable for ¢ > 4/+/3. The critical case ¢ = 4//3
has been recently investigated by Yamazaki [Yam17]. His proof uses again the second energy
to work with the corresponding flow on Z2(R x T), yet it seems like the argument relies again
only on the conservation of the Hamiltonian, and since the branch of the Zaitsev solutions (with
which the branch of line solitons bifurcates at ¢ = 4/+/3) is also in the energy space, one can
reasonably think that the corollary above extends to the critical speed.

Moreover, (2.1.1) possesses also solitons localized in both variables x and y [dBS97], called
lumps. In a recent result, Liu and Wei [LW17] proved their non degeneracy and orbital stability
in the energy space E(R?). The scheme of their proof is to study the non degeneracy of a family
of y-periodic traveling waves (Qy), k € [0;1/2] whose period goes to infinity as kK — 0 and which
then converge to the lump. For k — 1/2 then @ converges to the above line soliton. Thus our
theorem 2.1.1 provides a good setting to study the orbital stability of these traveling waves in
the energy space E(R x T).

2.1.4 Concerning the regularity of the flow map

Molinet, Saut and Tzvetkov [MST02b] have proved that the flow map of (2.1.1) on R? cannot
be of class C2. This result relies on a resonant low-high frequency interaction in the nonlinearity.
By exploiting the same resonances, we can adapt their result on R x T :

Proposition 2.1.3

Let (s1, s2) € R%. Then there exists no time T > 0 such that a flow map of (2.1.1) ®, : up —
u(t), t € [-T;T) is C?-differentiable around 0 from

H**2(Rx T):={ug € L* (R x T), |D[3'ug € L*(Rx T), |D[?uo € L*(Rx T)}

to H***2(R x T). The same result holds with H®'-*2 being replaced by the energy space.

This proposition motivates to drop the iteration methods (which provide a smooth flow map)
and the use of a compactness argument. To get well-posedness in the sense of (1.1.1), we have to
use Bona-Smith argument [BS75] to prove that the flow is still continuous. We then show that
the problem is indeed semilinearly ill-posed in the sense of (1.1.3) by adapting the argument of
Koch and Tzvetkov [KT08] :
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Proposition 2.1.4

The flow map for (2.1.1) is not uniformly continuous on the bounded sets of
C([=1;1, ER x T)).

2.2 About the fifth-order KP-I equation

Now we move to the study of the fifth-order KP-I equation

Opu — u — 9, 02u + udyu =0 (2.2.1)

2.2.1 A qualitative behaviour depending on the geometry of the do-
main

The Cauchy problem for (2.2.1) was previously studied by Saut and Tzvetkov [ST00, ST01].
By using the fixed point method of subsection 1.2.4, they obtained global semilinear well-
posedness in both energy spaces E2(R?) and E?(T xR) associated with the Hamiltonian structure
of (2.2.1) :

2 2 2 _ 2
lullge = llullz2 + [|02ul [ + (|05 Oyul [ . -

However, they discovered a resonant low-high frequency interaction which causes the failure of

the bilinear estimate in Bourgain spaces when (2.2.1) is considered on T2. Just as the standard
KP-I equation, this obstruction is not just technical since it leads to the

Proposition 2.2.1

Let (s1,s2) € R%. Then there exists a period A > 0 such that for any T > 0, the flow
map ®; ) of (2.2.1) fails to be C*-differentiable at 0 from H*'*2(T3) to H**2(T3), where
T3 =T x A™!T. Again, this result is also true in the energy space E*(T3).

This implies that, at least for some torus Ti, the iteration methods will not work. This is in
contrast with the standard KP-I equation, which is quasilinear whatever the domain is, whereas
(2.2.1) has a radically different behaviour if the functions are periodic in y or not. In particular
there is a substantial gap of regularity between the well-posedness theory on R? or on T3.

2.2.2 The results on the quasilinear equation

By implementing the refined energy method (subsection 1.2.5), Tonescu and Kenig [TK07]
have proved that (2.2.1) is globally well-posed in the energy space E?(R x T). Their result relies
on a small time Strichartz type estimate

€ PR Pt || gar-oyps, S (1Y NMHVIME2E g, (2:22)
which is proved by a TT* argument since the kernel is an oscillating integral in the dual variable
of x and an exponential sum in the transverse variable. With the Poisson formula one can get rid
of the latter which is transformed into a Gaussian oscillating integral (modulo acceptable error)
which is computed explicitly, and the former is estimated by a standard argument. Note that
the factor M(~1/2)* coming from this former integral reflects the high dispersion effect in the
direction. However, when the data is also periodic in z we have to estimate an exponential sum,

which spoils this dispersive effect so that we obtain the same estimate as (2.2.2) with a loss

[ P PRvo]| o< ar-2ypee S (1 NMT3)VZMEET fug| (2.2.3)
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Plugging this estimate in the refined energy method restricts the well-posedness regularity to
s > 2+ 15/32 which is worse than the standard energy method for quasilinear equations.

Thus, when the data is periodic in both variables, the only local well-posedness result were
that of I6rio and Nunes [IN98] in H*(T?) when s > 2. In order to get well-posedness in a larger
space allowing to use the conservation laws to globalize the solutions, we then have to implement
the short time Fourier restriction norm method. As for the standard KP-I equation, it relies on
estimating the resonant contribution

102 R (unr, var )y, S T2 (M, M, M) [Jullg,, lv]lg,, (2.2.4)

where in this case the small time intervals have size M2, and the loss is T'r2 = (M;AMyAM)~1/2,
As far as R? is concerned, Guo, Huo and Fang [GHF17] have proved that this estimate holds
with Tre (M7, Mo, M) = (My A My AM)=Y2(M; vV My Vv M)™3/2. As we can see, the loss between
I't2 and I'g2 is very similar to that between (2.1.9) and (2.1.10) and actually is a consequence of
the same phenomenon. Nevertheless, (2.2.4) is still sufficient to get the

Theorem 2.2.2

The periodic fifth-order KP-I equation (2.2.1) is globally well-posed in the energy space
E3(T?).

To conclude, we make a few remarks : first, this result is proved in chapter 4 on a square torus,
yet the proof can easily be adapted for a general torus with any period, thus the method we
employed is consistent with proposition 2.2.1. One can then ask whether it is ill-posed in the
sense of definition 1.1.3. Let us highlight that a key point in the proof is the preliminar reduction
to data with zero z mean value (which is an invariant of the dynamics). Namely, we construct
a flow map ®? defined on the subspace E2(T3) of data with zero z-mean value, and then we use
the transformation
T} := uo(z,y) — ug(x + 0t,y) — 0

to construct a flow on the whole energy space E?(T3) by the formula

Oy i=T" ) 0 F 0 Ty

’ug)

taking 6(ug) : fT uo(x, y)dz (which is a quantity actually independent of y and invariant under
the equation). But for ¢ €]0;1] the transformation T}, is not uniformly continuous on any
Sobolev space : indeed, take n € N and s1,s2 € R and dei%

Un(2,9) :=n"** cos(nz) +n~' and v, (x,y) := n~** cos(nx)
Then u,,,v, € H%2(T?) with

|[un — UTLHHSLsz =cnt ”_>—+>oo 0

but
||T9(un)(un) — Tg(vn)(vn)||H%S2 = ||77f51 cos (n[m + nilt]) —n"~ % cos(nx ||HS1 o 2 |sin(t/2)] >0

as soon as t €]0; 1]. This is a very general fact : the same proof works for any periodic Hamiltonian
equation under the form (1.1.11), for example for the KdV equation. However on L?*(T) this
equation is known to be semilinearly well-posed on the hyperplane of data with zero mean value
[Bou93a] (see also [KT06, Appendice A]). By the way, the proof of [KT08] and of theorem 2.1.4
relies on a localized version of this transform (in the case of non periodic variables). Thus a real
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expression of the quasilinear behaviour would be to prove the semilinear ill-posedness even for
data with prescribed mean value.

The final remark is that it may be possible to adapt the proof of theorem 2.1.1 to show that the
same resonant estimate as for (2.2.1) on R? holds on Rx T (that is [rx1(M1, Mo, M) = T'ra (M1, Mo, M)
with our previous notations) which would yield global well-posedness in L?(R x T) (see re-
mark 4.3.7).
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Chapter 3

The short-time Fourier restiction
norm method for the KP-1
equation on a cylinder

This chapter essentially contains the article [Rob18], to appear in Annales de 'Institut Henri
Poincaré (C) Analyse non-linéaire.

3.1 Introduction

3.1.1 Motivations

The Kadomtsev-Petviashvili equations
8tu+8§u+68g18§u+u8zu:0 (3.1.1)

were first introduced in [KP70] as two-dimensional generalizations of the Korteweig-de Vries
equation
Ou + 8§u +ud,u =0 (3.1.2)

They model long, weakly nonlinear waves propagating essentially along the z direction with a
small dependence in the y variable. The coefficient € € {—1;1} takes into account the surface
tension. When this latter is strong (e = —1), (3.1.1) is then called KP-I equation, whereas KP-II
equation refers to a small surface tension (e = +1).

The KdV equation (3.1.2) admits a particular family of traveling waves solutions, the so-called
solitons Q.(x — ct) with speed ¢ > 0 :

-2
Q.(z) := 3¢ - cosh (\fx)

From the work of Benjamin [Ben72], we know that these solutions are orbitally stable in H!(R)
under the flow generated by the KdV equation (3.1.2), meaning that every solution of (3.1.2)
with initial data close to Q. in H'(R) remains close in H'(R) to the Q.-orbit (under the action
of translations) at any time ¢t > 0.

Looking at (3.1.1), we see that every solution of the KdV equation (3.1.2) is a solution of
the KP equations (3.1.1), seen as a function independent of y. It is then a natural question
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to ask whether Q). is orbitally stable or unstable under the flow generated by (3.1.1). In order
to do so, we first need a global well-posedness theory for (3.1.1) in a space containing Q.. In
particular, this rules out any well-posedness result in an anisotropic Sobolev space H®1:°2(R?).
A more suited space to look for is the energy space for functions periodic in y :

ER x T) := {ug(z,y) € L*(RxT), dyup € L*(RxT), 0;'0yuo € L*(RxT)}  (3.1.3)

x

where T = R/27Z. Indeed, due to the Hamiltonian structure of (3.1.1), the mass

M(u)(t) ::/ u?(t, z,y)dady (3.1.4)
RXxT
and the energy
E(u)(t) :== /R . {(amu)2(t7x,y) + (0,1 0yu)? (t, z,y) — %u?’(t, x,y)} dzdy (3.1.5)

are (at least formally) conserved by the flow, i.e. M(u)(t) = M(u)(0) and

E(u)(t) = E(u)(0), for any time ¢ and any solution u of the KP-I equation defined on [0,t]. The
conservation of the energy allows one to extend local solutions in C([-T,T], E) into solutions
globally defined. In this article, we thus focus on the following Cauchy problem for the KP-I
equation set on R x T :

(3.1.6)

dyu+ O3u — 07 ' 02u + udyu =0, (t,z,y) eR*xT
uwt=0)=up €c ERxT)

3.1.2 Well-posedness results

The KP equations (3.1.1) have been extensively studied in the past few decades. Using a
standard energy method, I6rio and Nunes [IN98] proved existence and uniqueness of zero mean
value solutions in H*, s > 2, for both KP equations on R% and T2. From the point of view of
well-posedness, the KP-II equation is much better understood. Indeed, since the pioneering work
of Bourgain [Bou93b], we know that the KP-II equation is globally well-posed on both L?(R?)
and L?(T?). On R? Takaoka and Tzvetkov [TT01] and Isaza and Mejia [IMO1] pushed the
low regularity local well-posedness theory down to the anistropic Sobolev space H*!:*2(R?) with
s1 > —1/3, so > 0. Later, Hadac [Had08] and then Hadac, Herr and Koch [HHKO09] reached the
threshold s; > —1/2, so > 0 which is the scaling critical regularity for the KP-II equation. As
for the initial value problem on R x T, in order to study the stability of the KdV soliton under the
flow of the KP-II equation, Molinet, Saut and Tzvetkov [MST11] proved global well-posedness
on L2(R x T).

The situation is radically different regarding the Cauchy theory for the KP-I equation. From
the work of Molinet, Saut and Tzvetkov [MST02b], we know that this equation badly behaves
with respect to pertubation methods. In particular, it is not possible to get well-posedness of
(3.1.6) using the standard Fourier restriction norm method of Bourgain, nor any method using a
fixed point argument on the Duhamel formula associated with (3.1.6) since Koch and Tzvetkov
[KTO08] proved that on R?, the flow map even fails to be uniformly continuous on bounded sets
of C([-T,T],E). It is thus expected to have the same ill-posedness result on R x T. Using the
refined energy method introduced in [KT03], Kenig [Ken04], and then Ionescu and Kenig [IK07]
proved global well-posedness in the "second energy space’

7> ={uel? duecl? 0,°0uc L’}
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for functions on R?, and both R x T and T2, respectively. Lately, Ionescu, Kenig and Tataru
[IKTO08] introduced the so-called short time Fourier restriction norm method and were able to
prove global well-posedness of the KP-I equation in the energy space E(R?). Zhang [Zhal5]
adapted this method in the periodic setting and got local well-posedness in the Besov space
Bé,l(Tz), which is almost the energy space but still strictly embedded in it. Overcoming the
logarithmic divergence that appears in [Zhal5] to reach the energy space E(T?) is still an im-
portant open problem. In our case, we prove the following theorem, which answers the global
well-posedness issue in the partially periodic setting :

Theorem 3.1.1

(a) Global well-posedness for smooth data
Take ug € E*(R x T). Then, (3.1.6) admits a unique global solution

u=2"(up) € C(R,E®(RxT))
which defines a flow map
O* :E®(RXxT)—=CR,E®RxXT))

In addition, for any T > 0 and o € N*,

19% (o) || peeme < C(T' @ [[uo]|gn) (3.1.7)

(b) Global well-posedness in the energy space

For any ug € E(R x T) and T > 0, there exists a unique solution u to (3.1.6) in the
class
C([-T;T],E)NnF(T)NnB(T) (3.1.8)

Moreover, the corresponding global flow
®':E - C(R,E)

is continuous and leaves M and £ invariants.

The function spaces E*, E>, F and B are defined in section 3.4 below.

3.1.3 Stability results

As far as stability issues are concerned, Mizumachi and Tzvetkov [MT12] proved that the
KdV line soliton is stable under the flow generated by the KP-II equation on L?(R x T) for
any speed ¢ > 0. Regarding the KP-I equation, Rousset and Tzvetkov [RT12] proved that Q. is
orbitally unstable in E*(R x T) under the KP-I flow constructed on Z2?(R x T) in [IK07], whenever
¢ > ¢* = 4/4/3, and that it is orbitally stable if ¢ < ¢*. Thus, as a byproduct of [RT12] and of
our theorem 3.1.1, we can extend the range of admissible perturbations in [RT12, Theorem 1.4]
to get

Corollary 3.1.2

Assume ¢ < 4/+/3, then Q.. is orbitally stable in E.
More precisely, for every ¢ > 0, there exists § > 0 such that for every ug € E(R x T)
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satisfying
[luo — QcHE(RxT) <9
we have

: 1
[ 0005 0.) = Qe =), <

The proof of corollary 3.1.2 is a straightforward adaptation of the argument in [RT12]. Indeed,
the proof of [RT12, Theorem 1.4] only uses the extra conditions d2u € L?, 9;20;u € L* to have
the global solutions from [IK07]. For the sake of completeness, we present the outlines of the

proof in section 3.11.

3.1.4 Strategy of the proof

Let us now briefly discuss the main ingredients in the proof of theorem 3.1.1.
As pointed out above, it is irrelevant to look for functions spaces F(T') — C([-T,T],E) and
N(T) such that any solution to (3.1.6) satisfies

1. a linear estimate

||u||F(T) S lwollg + Ha:c(UQ)HN(T) (3.1.9)

2. a bilinear estimate
||5x(m))”N(T) < H“HF(T) HUHF(T) (3.1.10)
In order to construct solutions in E, we will thus use the functions spaces F(T"), N(T") and B(T")
introduced in [IKTO08]. Those spaces are built to combine the idea introduced in [KT03] of a

priori estimates on short times (depending on the frequency) for frequency localized solutions,
with the standard Bourgain spaces X of [Bou93b]. Thus, we will replace (3.1.9)-(3.1.10) with

1. a linear estimate

ullery S ollser + 10262 |y (3.1.11)

2. a bilinear estimate
10z (uo)lInry S Nullpery 1ol (3.1.12)

3. an energy estimate
lullBery S ol + Hullper) (3.1.13)

With (3.1.11)-(3.1.12)-(3.1.13) at hand, we will get the existence part of theorem 3.1.1 from a
standard continuity argument.

To get uniqueness, we will prove the analogue of (3.1.11)-(3.1.12)-(3.1.13) for the difference
equation, at the L? level :

1w = ollry S 16— kg + 1908 = o)+ ) Hiery (3.1.14)
102{(u = v)(u+ v)}Hixr) S M= vllFe) v+ 0llpe, (3.1.15)
|lu — U||2§(T) S [luo — ’UO||2L2 + lu+ U||F(T) |Ju — ”H%(T) (3.1.16)

The main technical difficulties, compared to the case of R?, are the lack of a scale-invariant
Strichartz estimate, and the impossibility to make the change of variables as in the proof of
[IKTO08, Lemma 5.1 (a)] to estimate the volume of the resonant set. The first one is handled
with frequency localized Strichartz estimates in the spirit of [Bou93b, MST11]. For the second
one, we follow Zhang [Zhal5, Lemma 3.1], but looking closely on the computations we are able
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to take advantage of the smallness of the intervals in which the frequency for the x variable varies
(note that this is not possible in [Zhal5] since this frequency lives in Z) and to recover the same
estimate as in [IKTO08] in this case. We also use a weighted Bourgain type space to deal with the
logarithmic divergence in the energy estimate.

3.1.5 Organization of the chapter

Sections 3.2 and 3.4 introduce general notations as well as functions spaces. In section 3,
we first prove proposition 2.1.3. We begin the proof of theorem 3.1.1 in section 3.5 by proving
estimate (3.1.11). After establishing some general dyadic estimates in section 3.6, sections 3.7
and 3.8 deal with (3.1.12) and (3.1.13) respectively. The proof of theorem 3.1.1 is then completed
in section 3.9. Finally, in the last sections 3.10 and 3.11 we prove proposition 2.1.4 and we we
recall the arguments to obtain corollary 3.1.2.

3.2 Notations

— We use the notations of [Mol07] to deal with Fourier transform of periodic functions with a
large period 2rA > 0. Let A > 1 be fixed. We define (dg), to be the renormalized counting

measure on A\~ !'Z : )
[u@@an =1 ¥ ula)
geENT1Z

In the sequel, all the Lebesgue norms in ¢ will be with respect to (dg)y. Moreover, the
space-time Lebesgue norms are defined as

o/r 1/p
||f\|L§,qL: = {/Rxxlz (/R |f|’“d7’> dé(dq)x}

For a 2w A-periodic function f, we define its Fourier transform as

27

f(q) :=/ e f(y)dy, ge AT'Z
0

and we have the inversion formula

f(y) = / ¢ F(q) (dq)

We write Ty := R/27A\Z. Whenever A\ = 1 we drop the lambda.

— The Fourier transform of a function ug(x,y) on R x Ty or u(t,z,y) on R? x Ty is denoted
uor Fu:

W q) = / e g ) dady, (€9) €R X X712
X Tx

and
u(r, &, q) = / e Ty (¢ 3, y)dtdady, (7,€,q) €R* x A'Z
R2><T)\

Fiu stands for the partial Fourier transform of w(t,z,y) with respect to ¢, whereas Fy, u
means the partial Fourier transform of u with respect to space variables x, y, and similarly
for Fyp, Fy.

We always note (7, £, q) € R?x\~1Z the Fourier variables associated with (¢, z,y) € R2xT.
We note eventually ¢ = (£,q) € R x A71Z.
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— We denote * the convolution product for functions on R or A™'Z : to specify the variables,
F&) ') means (Fg)(0) = [ fla = aglal)do
Ror A\-1Z

— We use the "bracket" notation (-) for the weight in the definition of inhomogeneous Sobolev

spaces, i.e
s/2

(€)= (1+¢)
— U(t) is the unitary group defined by the linear evolution equation associated with (3.1.6) :

Vuo € L2R x Ty), U(t)uo(€,q) = ¢™ED55(¢, )

where
w(é,q) =& +¢*/¢

We also note
¢

J(Tvgaq) = Tiw(EaQ) = 7—753 - z
the modulation associated with (3.1.6).

— For positive reals a and b, a < b means that there exists a positive constant ¢ > 0 (inde-
pendent of the various parameters, including \) such that a < ¢ - b.
The notation a ~ b stands for a < b and b < a.

— We note M € R’ (respectively K > 1) the dyadic frequency decomposition of || (respec-
tively of (c)), i.e M € 2% and K € 2N.
We define then

D/\,M,K = {(Ta§7q) € R2 X A_lz, |£‘ ~ M? <U(T’§7q)> ~ K}

and

Dam<k ={(1,6,q) ER*x X'Z, [¢| ~ M, (0(7,&,q)) SK} = U Dy p i
K'<K

We note also
Im = {M/2 < |€] <3M/2}

and

(=

wr={l§l <3M/2y = | T
M'<M

— We use the notations M; A My := min(M;, M) and M; V My := max(M;, My).
For My, My, M3 € R, Muin < Mpeq < My, denotes the increasing rearrangement of
Ml, ]\42,]\437 ie

Mmin = Ml A\ M2 A 2\437 Mmaw = Ml \ M2 \ M3
and Myeq = M1+ Mo + M3 — Myyae — Miin
— We use two different Littlewood-Paley decompositions : the first one is homogeneous (on

24) for ||, the last one is inhomogeneous for (o) € 2N.
Let x € C§°(R) with 0 < x < 1, suppx C [-8/5;8/5] and x =1 on [-5/4;5/4].
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— For M € 2%, we then define ny/ (&) = x(£/M) — x(2¢/M), such that suppnys C
{5/8M < |§] < 8/5M} and ny =1 on {4/5M < |§] < 5/4M}. Thus £ € suppny =
€Ty and €] ~ M.

— For K € 2N, we also define p;(0) := x(0) and px(0) := x(0/K) — x(20/K), K > 1,
such that supppx C {5/8K < |o| < 8/56K} and px =1 on {4/56M < |o| < 5/4K},
K > 1. Thus o € supppx = (o) ~ K.

— When needed, we may use other decompositions Y, 77 and p with the similar properties
as x, 1, p and satisfying Y = 1 on suppy, 77 = 1 on suppn and p = 1 on suppp.

— Finally, for & € R, we note x.(z) := x(z/k).

— We also define the Littlewood-Paley projectors associated with the previous decompositions

Pyru = f_l (nM(é-)a) and PgMU = Z Pyru = -/—"_1 (ij(f)a)
M'<SM

Moreover, we define
PLow = P<2,5 and PHigh =1- PLow

— The energy space Ej is defined as in (3.1.3) for any period 27\ :
ERxTy) :={up € L*(Rx T)), Oyug € L*(Rx Ty), 97 0yuo € L*(R x T»)}
It is endowed with the norm
luollg, = 11{&) - p(&; @) - uoll 2

i.e E) is a weighted Sobolev space, with the weight defined as

p(&0) = ((©7"a/€), () eRxA'Z (3:21)
so that )
1€) - p(&, 9)I =1+£2+Z—2 (3.2.2)
ie )
lluollg, = lluoll7z + [|8zuollr2 + ||05  Oyuol| ;.

More generally, for a € N, we define

B = {uo(e,y) € 2R xTo), lluollmg = 146)" - p(€a) - Wl 2 < +00}  (3:23)

and
EY =[] EX (3.2.4)
aeN*

— For a real &, we define
€y =AM ez

— For a set A C R?, 1, is the characteristic function of A and if A is Lebesgue-measurable,
|A] means its measure. Similarly, if A C A™1Z, its measure with respect to (dq), will also
be noted |A|. When A C Z is a finite set, its cardinal is denoted #A.

— For M >0and s € R, < M* means < C.M*¢ for any choice of £ > 0 small enough. We
define similarly M*t.
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3.3 Failure of the bilinear estimate in the standard Bour-
gain space

In this section we prove proposition 2.1.3, thus showing that we cannot use the contraction
principle to solve (3.1.6). Indeed, since the nonlinearity depends analytically upon u, using a
Picard iteration scheme on the Duhamel formula would yield an analytic flow map data-solution
(see [Bou93al).

The proof of this result is a straightforward adaptation of [MST02b, Theorem 5.1] to the
case of partially periodic data : it exploits the same resonant interaction between low and high
frequencies in the nonlinear term.

Indeed, proceeding by contradiction, let us assume that there exists 7' > 0 and ¢t € [-T;7T]
being such that the flow map ®; is C2. Then the map v € R — ®;(y¢) is C? as well and admits
the Taylor expansion

2

Y
2e(19) =7 (0y) 520 2e(79) + (@)}, o ®:(v9) + 0(7”)
Moreover, as ®; is C?, we have a bound
2
[©@)F o @:30)||,.,... S lelliger. (3:3.1)

Now, recall that ®;(v¢) is the unique solution at time ¢ to (3.1.6) with initial data e, thus it
satisfies the Duhamel formula

t
Di(vp) =U(t)p + / U(t = t')0u (19)0: P () dt!
0
Now a direct computation gives

(0),,—0 ®:1(79) = Ut = ur(t,2,)
and

0% ®ulr9) = = [ U= 010,11 = us(r..9)

As explained above, the contradiction to (3.3.1) will be raised by choosing the initial data as a
resonant sum of a low and a high frequency piece.
Let us then set
o(z,y) :=F Y{L+ H}

where
L(¢,q) = a7 ?1(¢ € [a/2;0],q = 0)
and
H(E,q) = a 2N—7220(¢ € [37VAN; 374N + o], g = N?)

are respectively the low and high frequency piece, meaning that we choose the parameters 0 <
a <1< N, N € N. The amplitude of each piece is such that

ol gror.on ~ 1

Actually, one can take Ry instead of ¢ to work with real functions and check that the same
argument as below applies (it just produces harmless lower order terms), so for the sake of
simplicity we do not present this refinement.
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Let us now compute ug. As in the proof of [MST02b, Lemma 4], we use the formula
t ., eit(r—w) — 1~
/me_”“f@ﬁdﬂ::c/n———————ff@ﬁdT (3.3.2)
0 R T —W

which is true for any test function f for which both sides of (3.3.2) are well-defined.

To prove (3.3.2), let us notice that both sides vanish at ¢ = 0 and that their derivative with
respect to t agree at any time.

Thus, using first the Fourier inversion formula in z,y and then applying (3.3.2) leads to

it(r—w) _
ot z,y) = c/ Z{eZ vyt €T 71 (uy *xuy) dédr
g€z
It remains to compute Uy x u :
(w1 *ur)(7, €, q) = F{U @)} x F{U(t)}
= (0o(T — w)@) * (So(T — w)P)

:/RZ5O(T—W(51,Q1)—w(f—&,q—ql)) P(&1,q1)P(& — &1,9 — q1)d&

Q€Z

Now, in view of the definition of ¢, we can write uy as the sum of 3 interactions : L x L, H x H
and L x H. If we use the resonant function (see 3.6.9 below)

Q& q,6,q1) = wq) +wl€—6,9—q1) —w(&,q)

and the bilinear functional

Blf.g)(t, €, q,&1. q1) = c&e™™@(EDHUETEL0)/2 4 gine (1Q(E, q,&1,q1)/2)
f&,01)96 —&,9—q),

where sinc stands for the cardinal sine function

sin(:z:).

sinc(z) =
x

Then F, yus reads

]:z,yUQ(taqu) = C/ Z {B[LaL}(t7£7qvglaql) +B[HaH](t757Q7§17ql)

Raez
+2B[L, H|(t,€, 4,61, 1)} d&
= fi(t,§,9) + fa(t,€,9) + f3(t, €, 9)
We remark that for fixed ¢ > 0, f1, f2, f3 are disjointly supported thanks to the definition of L
and H, thus
lluz(t, Mg o = [[Foy F5E )] o oo

We are left with estimating Q(, ¢, &1,41) on the support of B[L, H]. In view of its definition, we
can express the reonant function as

a4 (e (32 s (2 150))
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We get that for (£,q,&1,¢1) € suppB[L, H](t,.), the following etimate holds :

Q& 0,6, q1)] S N (3.3.4)
Indeed, g1 =0, g =q—q1 = N?, & € [a/2;0] and € = €&+ & € [37VAN+/2; 37 V4N +24a],
which leads to

Vi~ (2120 <ouB and Vag (£ - T50) < il g 295ty
1 —q1 1 - 61

Combining the estimates above with (3.3.3), we finally infer (3.3.4).
If we choose now av = N~(1+9)/2 0 < ¢ <« 1, we get at last the lower bound

£t € )] 2 IHIN'= 7221 (¢ € [37Y4N + /237N +2a], ¢ = N?)

which implies
llua (Ol grer.ea 2 [Ha'/2N = [( N34/

This raises a contradiction with (3.3.1) when taking 0 < ¢ < 1 < N.
In particular, taking s; = 1 and so = 0, we have ¢ € E(R x T) with

~1

q
HMENHﬂMM+H(L+H)
L2(RxZ)

£

and
o (®lls 2 (172 fo(0) g > (17 fs @ .0 2 N 00

so the same conclusion holds on E(R x T).

Thus, equation (3.1.6) cannot be treated with the standard Bourgain method, nor any con-
traction principle argument. In what follows, we use instead the short-time Fourier restriction
norm method developped by Ionescu, Kenig and Tataru [IKTO08], which is a compactness argu-
ment, to construct a global flow to (3.1.6).

3.4 Functions spaces

3.4.1 Definitions

Let M € 24,
First, the dyadic energy space is defined as

E,\’M = {UQ S E?\v Prrug = Uo}

As in [IKTO08], for M € 24 and by € [0;1/2], the dyadic Bourgain type space is defined as

Xﬁ’jM = {f(1,§,q) € L*(R* x A 'Z),suppf CR x Ty x A7'Z,

1l = D KB i llor (T — w)fll e < oo
' K>1

where the extra weight Sy i is

K
=1V —
Pk (1V M)3
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This weight, already used in [Bou93b, MST11, GPWW11], allows to recover a bit of derivatives
in the high modulation regime, thus preventing a logarithmic divergence in the energy estimate.
Then, we use the XifM structure uniformly on time intervals of size (1 Vv M)~! :

Fy = {ult,z.y) € C (R Ex ), Payu=u,
||u||F§1M = ti;lepR Hp . f{X(lvM)*l(t — tM)U}HXi}M < +oo}
and
N)\b,lM = {U(t,aj‘,y) ecC (R7E)\,M) 5 PMU =u,
o« . 1
||U||N§1M = ti}lepR H(T —w+i(lVM) 'p- .F{X(lVM)fl(t — tM)U}HX;%M < —|—oo}
For a function space Y — C(R, EY), we set
Y(T) = {u e C(-T. T, ES), lfully < +oo}

endowed with
||u\|y(T) =inf{||u|ly, weY, u=von [-T,T|} (3.4.1)

Finally, the main function spaces are defined as

F$P(T) = {u € C([-T,T], ES),

1/2
— 2 2
[l oy 1= (A;O(l v M2 ||PMU||F§,1M(T>> <400y (3.4.2)

and

NYP(T) = {u € C([-T,T],ES),

1/2
« 2
M>0 ’

The last space is the energy space

BX(T) := {u € C([-T, T], EX),

1/2

2 2

||u||B‘;(T) = ||P<1u0||}3<; + Z sup ||PMU(tM)||E§ < +00 (3.4.4)
M>1tME[-T.T]

For b; = 1/8, we drop the exponent.
If moreover a = 1, we simply write F(T'), N»(T') et BA(T).

We define similarly the spaces
En by b1
EA,JVI; F)\7M7 N)\7M
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which are the equivalents of E a/, Ffle Nf\’lM but on an L? level, i.e without the weight p(, q).
In particular,

2 2 2 -1 2
ez~ D2 0V M2l o+ 110 Byl i g (3.4.5)
M>0 , i

For the difference equation, we will then use the L?-type energy space

BA(T) :={u € C([-T;T],L*(R x Ty)),

2 2
iy = Pertollye + 57 sup [[Parutan)lfZs < +o0 b (3.46)
M>1tm€[-THT]

and the spaces for the difference of solutions and for the nonlinearity are

B (1) o= {u € C(T3T), L2 R x T)),

2 L 2
(= 1\42;0 ||PMu||—F;}M(T) < +oo} (3.4.7)

and

NoH(T) = {u € C([-T; T], L*(R x Ty)),

2 L 2
HUHN*AM T = 1\;0 ||PMUHN;1M(T) < +OO} (3.4.8)

3.4.2 Basic properties

The following property of dyadic Bourgain type space is fundamental :
Proposition 3.4.1

Let M € 2%, by € [0;1/2[, far € X3'),, and v € L*(R) satisfying

—

() S 7 (3.4.9)
Then, for any Ko > 1 and ty € R :
Ko B30 |10 (7 = ) F {7 (Kot = t))F " far}|| 2 S By 1fntllxg, (34.10)
and

> K60 o (r = @) F {y(Ko(t = to)) F~ far}| 1o S Wl o (3.4.11)
K>Ko Y

and the implicit constants are independent of Ky, to, M or .

We will have several uses of the following estimate
Lemma 3.4.2

For any M € 2% and fy € XR,M7 we have

||fMHL§7qL; S ||fMHX§,M (3.4.12)
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Proof :
We decompose fp; according to its modulations :

farllzz rr < > o (T = w)fullps rs
, &= ,

<K || @) =) el |,

K>1 EqT

Next, using Cauchy-Schwarz inequality in the 7 variable, we control the previous term with

Z K1/2

K>1

[t =t = 2] ot =)l

Now, since for any fixed (£,q) € R x A71Z,

‘,5}(7' —w){(r —w)_1/2HL2 < 1, the sum above is

finally estimated by

> K'Y pr(r—w)full: =11 mllxo
£.q,7 A, M
K>1

Now we prove the proposition.

Proof :

Let us begin by proving (3.4.10). Using that ||xx, (7 — w)||;2 < Ké/Q, we estimate the term on
the left-hand side by

1/2 5b
K88 o |[Ixzeo (T = )l 2

(K3 e 3 06517)) %o fu|

L 2
L&,q

5 ﬂ?\/ILKO H(eir to/’?(KO_IT/)) *r fM‘

b,
(3.4.10) then follows from using Young’s inequality L™ x L' — L* and (3.4.12), since 5 € L
by the assumption (3.4.9).

Now we prove (3.4.11). We decompose f)s according to its modulations and then distinguish
two cases depending on the relation between K and Kj :

> K20 o (T — w)F {y(Kolt — t0) F " far } | 2

K>Ko
< 3 K8 S [[ontr — ) (707 ) e (o, (7 — ) )|
K>Ko Ki>1
=2 X 0+ > 0=1+0
K>Ko K1<K/10 K>Ko K1Z2K

For the first term, we have |7 — 7/| ~ K since |7 —w| ~ K and |7/ —w| ~ K7 < K/10, thus using
Young inequality L x L' — L°°, the estimate lprllr2 S K'/? and then summing on K > Kj,
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we get the bound

15 > K8k Y [ex(r—w) (1FP2550) *e (s (7 = @) fan)|

K>Ko K;<K/10

L2

—1/2 —
SKPOY |l
K1<K/10

|l (7 =) fallze

This is enough for (3.4.11) after using (3.4.12) and

s+1/p—1 s~
SETPTUI 15 (3.4.13)

5/\
=i

and the right-hand side is finite by the assumption on gamma (3.4.9).
Finally, 1T is simply controlled using Young L' x L? — L? and (3.4.13) :

s Y K28y g
K12 Ko

—_—
'YKo—l

I ||pK1(T_W)fM||L2 5 ||fMHXilM

O

Remark 3.4.3. For the loss in (3.4.10) to be trivial, we need either by =0 or Ko < (1V M)3.
In particular, in the multilinear estimates we cannot localize the term with the smallest frequency

on time intervals of size M}, when by > 0.

The next proposition deals with general time multipliers as in [IKTO8] :

Proposition 3.4.4

Let M >0, by € [0;1/2], fm € Ff}M (repectively N/l\’jM) and my; € C*(R) bounded along
with its derivatives. Then

4
— k
||mM(t)fM||Fi>1M < <Z(1 v M)~k HmSM)HLw> ||fMHF§1M (3.4.14)
' k=0 ’
and
4
— k
||mM(t)fMHNi1M < (Z(l v M)~k ngw)HLw> ||fMHN§1M (3.4.15)
' k=0 ’

respectively, uniformly in M > 0 and A > 1.

Proof :
Using the definition of F;\“M, we write

||meM||F§1M = Sué)R Z Kl/Qﬁg}[,K P prc (7 — W) F {x(ovany-1 (¢ = tar)mar(8) far }]| Lo
, MER =5

Next we estimate

|F {xvan-1(t = tar)mas }| (7) < ||xavan-1(t — tM)mMHLl S VM) marl] e
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and

d4
‘]‘-{X(lvM)fl(t — t]\/[)mM}| (T) = |7"_4 }—@ {X(lvM)*l(t — tM)mM}‘

SIS [ v e

Thus we obtain
|F {xavan-1(t = tar)mas }| (1)

< <i(1 v M)~* ng’?HLm> (1v M)V M) )
k=0

Using (3.4.10) and (3.4.11) with ¢ty = tar, Ko = (1V M) and y(t) = F1(r)""* concludes the
proof of (3.4.14). The proof of (3.4.15) follows similarly.

O
The last proposition justifies the use of F(T') as a resolution space :
Proposition 3.4.5
Let a € N*, T €]0;1], by € [0;1/2] and u € F" (T)). Then
lullpgeme S ullpoor () (3.4.16)
and
lullpee 2, S Mullgsen o (3.4.17)
Proof :

The proof is the same as in [IKT08, Lemma 3.1] : let M € 24, ups be an extension of Ppru to R
with ||UMHFb1 <2 ||PMuHF and ¢ty € [-T;T), then it suffices to prove that

ar(T)
P+ Feyunt(tallz | S [lp- F {xavan-+(t = tan)unr }| x|
Using the properties of x and the inversion formula, we can write
wnt (tar) = {xvan -1 (- = tar)unr } (tar) = /R]:t {xavany-1(t = tar)uns } (1) 7dr

Thus, using (3.4.12), we get the final bound

I+ Feyuna(ta)llz < o+ F {xavan-1(t— tM)W}HLz o

Slp- F{xavan-1(t — tM)W}HXilM
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3.5 Linear estimates

This section deals with (3.1.11) and (3.1.14).
Proposition 3.5.1

Let T >0, by € [0;1/2] and u € BY(T), f € NV (T) satisfying
Opu + 03u — 8;18§u =f (3.5.1)
on [-T,T] x R x Tj.
Then u € Ff\"bl (T) and
H“”Fj’bl oy S lullge @y + HfHN‘;vbl(T) (3.5.2)

Proof :

This proposition is proved in [IKT08] (see also [KP15]). We recall the proof here for completeness.
Looking at the definition of F$"(T) (3.4.2), N$*(T) (3.4.3) and B$(T) (3.4.4), we have to

prove that VM > 0,

1Psrullgss vy < 1Partiollsg + 1Pac Fll e oy 360< M <1

p |
1Paless, ) S s IPwu(tanlsg + 1P Sllys, o) 370 > 1

Let M > 0. As in [KP15, Proposition 2.9, p.14], we begin by constructing extensions ups

(respectively fM) of Pyru (respectively Py f) to R, with a control on the boundary terms.
To do so, we first define the smooth cutoff function

Xavmy-110t +T)ift < =T
ma(t) =S Lift € [T, 7]
Xavm)-1/10(t =T)if t > T

Next, we define fM on R with -
faa(t) == mar () far (2) (3.5.3)
where fys is an extension of Py f to R satisfying || far|| o < 2|[Parf|] o )
N, M M

So fas is also an extension of Py f, with suppfa C [T — (1V M)~1/5,T + (1 v M)~1/5].
From (3.5.1), we have that

Pryu(t) = U(t) Paruo +/0 Ut —t") Py f(t')dt on [-T,T) (3.5.4)
Thus we define uy; as
upr(t) == mps(t) {U(t)PMuo +/O Ut — t’)fl\}(t’)dt’} , t€R (3.5.5)

The choice of EM and ujs is dictated from the necessity to control the boundary term. First
using (3.4.15) with mp; we have

v

< ||P
i, 1Par fll e oy

55



and uys defines an extension of Pyru.

Moreover, if ty ¢ [=T,T], from the choice of mys, we can write x(van-1(t — tar)un(t) =
Xavan-1(t = tar)Xvary -1 (t — tar)uar(t) for a ta € [T, T]. Then, using (3.4.10) and (3.4.11)
we get

sup a0 = )il S oo avan-+ (0~ )]

— by
tp E[-T,T ty €[-T,T) KXam

Thus it suffices to prove

sup |[p- FAX( — tar)unHixe S luar(0)llgg +

tmE€[-T,T)
sup H(T—w—l—i)_lp-f{x(t—ﬂ})f;f}‘ o ifM<1
E»;ER \, M
and
swp lp- F D (= bl S sw |||+
tar €[—T,T] A, M t/A;E[—T,T] ES

sup H(T—w+Z‘M)71p~f{XM—l(t—&)HM}HXM itM>1

tameR N
Note that, since mp; =1 on [-T,T] and w is a solution of (3.5.1), for t5; € [-T,T], we have

tm __
Pryu(tar) = Ultar) Paruo + Ut —t") fr(t)at’
0

and thus
up(t+tar) = mar(t +tar) {U(t)PMU(tM) + /Ot Ut —t') far(t' + tM)dtl}
Finally, it suffices to prove that
I+ F {x(t = ta)mar U (O Paruo} o S 1177(0) g (35.6)

and

Hp.f{x(t—tM)mM(t) /OtU(t—t’)f&(t’)dt'H

by
XM

S H(T —w +i)_1p-}'{x(t —tM)]”z\?H ., (35.7)
X, M
for the low-frequency part, and
[P~ F {xar—1 @mar (t+ ean)U () Parultan) iy S Huar(tan)lleg (3.5.8)
and
t —
o7 frarsOmunte ) [ 0= OFs 4000
0 X3,
slle—wrianTp- Flamt -], (359
A, M
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for the high-frequency part.
To prove those estimates, we first notice that, since ¢ € [0;¢] and ¢ € suppxva)-1, we can

write H/I as

Pt +t) = 3" fualtar+t) = 3 ¥ (VM) —n) fartar +t)

[n|<100 | <100
where v : R — [0; 1] is a smooth partition of unity, satisfying suppy C [—1;1] and for all z € R,
Z Y(x—n)=1
nez

The second observation is that, for a fixed ¢,;, we have for the homogeneous term
[P F Dxar-1 (O)ma (t+ Ean)U (@) Paru(tan) Hi o S [macV (@) Paru(tan)ll g

so we can remove the localization mp/(¢) thanks to (3.4.14), and similarly for the inhomogeneous
term.
Computing the Fourier transform in the left-hand side of (3.5.6) and using the bound

< K73/2

loxctr w5~ % [loxctriny .

since ¥ € S(R), we then obtain
I~ F {x(t ~ )V ) Paruo} 1

S DKV i [ox(r —w)p - ™ TOR(r — ) Parug|| | S I Paruoll
K>1

The proof of (3.5.8) is the same replacing the first bound by
HpK(T — )M (MY (r - w)>’2HL2 <M IEY2(1v MUUK)?
For (3.5.7) and (3.5.9), a computation gives first

F {X(lvM)l(t) /0 U= ) farn(tar + t’)dt’} (7)

T F {far ) ()7

Now, we distinguish between two cases, whether |7/ —w—+i(1VM)| ~ |7/ —w| or |7/ —w+i(1VM)| ~
(1v M).
First, if |7/ — w| 2 (1V M), we have

XAV M)~ Hr — 7)) =RV M)} (7 - w)) ‘
(" — w)

XAV M)~Hr — w))

i(7" —w+i(1Vv M))

<

~

(v M)~ —1)) ’
i(r —w+i(1V M)
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Now if |7/ — w| < (1V M) we apply the mean value theorem to X so that
XV M)THr =) = X((AV M) = w)) = 1V M)TIX(0) - (7' —w)
fora § € [r —7';7 — w]. Thus we have

?((1 \/M)il(’r 77—/)) — 2((1 \/M)I(Tw))‘ s (1 \/M)il ‘5(\/(9”

(! —w)

S —w+i(Lv M) 7Y (0)]

Finally, using the assumption on 6 and that X € S(R), we have in both cases

(v M)~ -1)) —Q((1VM)1(T—W))‘
(! —w)

4

< (AvM)y N r=1))"
~ T —w4+i(1VM)

T —w4+i(1VM)

(v M) (r—w)) ™ ’

Coming back to (3.5.7) and (3.5.9), the left-hand side can be split into

Sy
nlgljoo p'(l\/M)—l/R <(17>/M;)+§(1\/J\% Flfun} (r)|dr’ P
<(1\/M)_1(T—w)>74 ’ /
+In;00 e /R T —w+i(1V M) F S} ()] dr Xt

A, M

The first term is handled with (3.4.10) and (3.4.11) with Ko = (1V M) and vy = F~! {<~>74}.
This term is thus controlled by

sup |p- (7 —w+i(LV M) F {faradl [ S || ]|,
|n]<100 Fm

where in the last step we have used that
(1Y MYt —n) = 5((1V M)t = n)xvan (¢ — (1V M) "'n)

and (3.4.10)-(3.4.11) to get rid of .
It remains to treat the second term. By definition of the Xf\f p horm, we can write it

S KV o |lp(r—w)p- (1v M)

K>1
/R Lo

= " K28 | p (7 = w0 M) TF {fara ],
K>1

(v M) (r—w)

T —wti(1V M) Fifund (7)) a7

px(r =w)av an =@y my T - w) ™|

L2 2
L&‘q
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Now, since

_ _ —4
DKV (L M)AV M) THE) T okl e S 1
K>1

we can use (3.4.12) to bound the last term with

Hp' |(r" —w+i(1 \/M))_l]:{fM,n}HLi,

L2 5 Hp : (T/ —w+ i(l v M))_lf{f]\/[’n}”xilzw
§.q 7

which concludes the proof through the same argument than above.

Proceeding in the same way at the L2 level, we have also

Proposition 3.5.2

Let T > 0, by € [0;1/2] and u € By '(T), f € Nx" (T) satisfying (3.5.1) on [~T,T] xR x Ty.
Then
lllgzos oy S ulbgsry + 1 llgsos (35.10)

3.6 Dyadic estimates

As in the standard Bourgain method, we will need some bilinear estimates for functions
localized in both their frequency and their modulation. This section deals with estimating
expressions under the form [ f1 * fa - f3 which will be useful to prove the main bilinear estimate

(3.1.12) as well as the energy estimate (3.1.13). The following lemma gives a first rough estimate

Lemma 3.6.1

Let f; € L*(R? x A=1Z) be such that suppf; C D a,.<x, NR? x I;, with M; € 24, K; € 2N
and I; C \™'Z,i=1,2,3. Then

3
/ fxfo f3 S MYZEY2 02 T (3.6.1)
RZxA-1Z =1

Proof :

The proof is the same as in [IKT08, Lemma 5.1 (b)]. We just have to expand the convolu-
tion product in the left-hand side and then apply Cauchy-Schwarz inequality in the variable
coresponding to the min : if, for example, K1 = K,p;,, we have

/ f1*f2'f3=/ / filt =12, (= C2) - fa(m2,(2) f3(T, {)dmedrd(ed(
R2xA-1Z R2xA-1Z JR2xA-1Z

Using Cauchy-Schwarz inequality in 7, the previous term is less than

/R><>ﬁ12 »/I;X)\flz ||f3(<)||L3

/Rfl(T — 79,0 — C2)f2(7'2,C2)d7'2

d¢ed¢
L2
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Next, a use of Young’s inequality L' x L? — L? in 7 gives the bound

Lo MA@ 1@ G~ @y, daac
RxA\—1Z JRxA\—1Z 1

Finally, using again Cauchy-Schwarz inequality in 77, the previous term is controlled with

Lo IOl Il K215 - @l deade
RxA—1Z JRxA"1Z 1

We get (3.6.1) when proceeding similarly for the integrals in & and g.

3.6.1 Localized Strichartz estimates

The purpose of this subsection is to improve (3.6.1). All the estimates we need are already
used in [MST11] in the context of the KP-IT equation. We briefly recall the outline of the proof
here for the sake of completeness.

First, we are going to use the following easy lemmas :

Lemma 3.6.2

Let A C R x A™'Z. We assume that the projection of A on the ¢ axis is contained in an
interval I C R. Moreover, we assume that the measure of the g-sections of A (that is the sets
{q € X1Z,(&.q) € A} for a fixed &) is uniformly (in &) bounded by a constant C. Then
we have

IA| < C|1] (3.6.2)

Proof :
The proof is immediate : by definition

Al :/I</1A(§7Q)(dQ)A> te< [cag=ci

(I
Lemma 3.6.3
Let I, J be two intervals in R, and let ¢ : I — R be a C! function with infee s ' (€)| > 0.
Then 1
zed, plx) eI} < —/———F—— 3.6.3
tred e e IS g v (3:0:3)
and W
qEJIJNAZ p(q) el ,§<> 3.6.4
t @€ D12 e, 1@ (364
Proof :

Let us define
J={zeJ, o(x)el}

and
In={qeJNX'Z, o(q) €1}
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We just have to use the mean value theorem and write

|J|= sup |z —m1|= sup W

r1,22€T r1,2€T

for a 6 € [x1; 2], and (3.6.3) follows since sup,, ,,c 7 [@(z2) — @(21)| < || by definition of J.
The proof of (3.6.4) is the same, using that

<A+ sup [ge — i
q1,92€ T

by definition of (dq)x.

O
Lemma 3.6.4
Let a # 0 ,b, ¢ be real numbers and I C R a bounded interval. Then
2 < |I|1/2
{z €R, az +bx+c€[}|w|a‘1/2 (3.6.5)
and
—1 2 < |I|1/2
HaeX'Z, ag® +bg+cel}| S afi/? (3.6.6)
Proof :

We begin by proving (3.6.5). By the linear change of variable x — z + b/(2a) it suffices to
evaluate N N B
{ver, ay? € T}| with T=1+b%/(40) —c, [T = |1|

Writing e := sign(a), the measure of the previous set is
/le{ayQ)dy = |a|71/2/RlEI z?)dz

— Ifo¢ el, by symmetry we may assume e/ C R and write el = [x1; x2) With 0 < 21 < 9.
Then an easy computation gives

~ B B dy
R 27 ‘: 1/2/1 _ 2\dy — 1/2/1 _ ay
Hye ,ay’ € } |al A (e1300) (%) dz = | g [wl,wz](y)2\/g

= [a| V2 [Vl = lal TV (Vaz — Vo) < JalTVRL?
— If 0 € el : defining I := (eI U —I) NRT = [0; 23] we have
Hy R oy’ € T}‘ S 2|a|_1/2/ 1+ (@®)da = 2[a| ™22z S Jal =212
R

The proof of (3.6.6) follows from (3.6.5) through the same argument as in the proof of (3.6.4).
O

The main estimates of this section are the following.
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Proposition 3.6.5 (Dyadic L* — L? Strichartz estimate)

Let My, My, M3 € 2%, Ky, Ky, K3 € 2N and let u; € L?(R? x A\=1Z), i = 1,2, be such that
supp(u;) C Dx m; <k, Then

RS

HlDA,M3,§K3 s U *u2HL2 S (Kl A K2)1/2Miz/ii

(1 v ER) A A M) 2 sl (3.6.7)
Moreover, if we are in the regime K4, < 107'9M; MyMs then

~u1*u2|| <(K1/\K2)1/2M1/2

H]'D/\,Mg,gKg 12~ min

max

BV ) P o Nl 2 (3.6.8)

Proof :

These estimates are proven in [MST11, Proposition 2.1 & Corollary 2.9] and [ST01, Theorem
2.1, p.456-458] for functions f; € L?(R? x Z) but with a slightly different support condition :
the localization with respect to the modulations is done for the symbol of the linear operator
associated with the KP-IT equation (i.e @(¢,q) = €2 — ¢?/¢), and the fifth-order KP-I equation
(w®™(m,n) = —m® —n?/m) respectively. As a matter of fact, the proof only uses the form of the
expression (q1/&1 — g2/&2) but does not take into account its sign within the resonant function.
Thus we can obtain the similar estimates for the KP-I equation. Let us recall the main steps in
proving these estimates : first, split u; and uy depending on the value of &; on an Mj scale

||1DA,Mg,<K3 CU *uQHL’z < Z Z HlDA-,M3,<K3 “ULE *uu‘ |L2
kez tez

with
Wi j = Ljng, (1) s (§i)
The conditions |[§| ~ Mz, & € [kMs, (k + 1)M3] and & — & € [(Ms; (£ 4+ 1)M;) require ¢ €
[k — ¢; —k + ¢] for an absolute constant ¢ > 0. Thus we have to get estimates for functions u;
supported in Dy ar, x, N{& € I,} for some intervals I;.
Moreover, we may assume & > 0 on supp u; (see [STO1, p.460]). This is crucial as £ ~
&1V (€ — &) in this case.

Squaring the left-hand side, it then suffices to evaluate

/R><R+><)\12

Using Cauchy-Schwarz inequality, the integral above is controlled by

2
/ 1Dy sy <xey - w1 (T1, G )ue(T — 71, ¢ — 1 )dmd&i(dgr)a| drdé(dg)s
RXR4XxA—1Z

2 2
sup |Are.ql - llullp2 [[uzll7
7,£20,g€D X M5, < K3

where A; ¢ 4 is defined as

Areq ={(r,0) ERXRy x X 'Z,& €6 - & €1, 0K & ~ My,
0<E—& ~ My, (11 —w(C1)) S K1, (T—711—w((—G)) S Ko}
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Using the triangle inequality in 7y, we get the bound
|Are.ql S (K1 A K2) [Bre gl

where B ¢ , is defined as

Breg={GER xA'Z, G e, -6 €, 0K & ~ My,
0<E—& ~ M, (1—w(() =2, ¢~ ¢, —C) S (K1 V Ka)}

where € is the resonant function for (3.1.6), defined on the hyperplane (; + (2 + (3 =0:

(é1g2 — &oqn)?
§16283

ML %%ﬁ+v&ﬁ—(“—%f}<%w

Q(C1, G2, C3) = w(C1) +w(Ce) +w((3) = —361&283 +

_fl +&2 & &

Now, (3.6.7) follows directly from applying lemma 3.6.2 and (3.6.6) to B, ¢ 4 since its projection
on the & axis is controlled by |I;| A |I2], whereas for a fixed &, the cardinal of the ¢;-section

is estimated by <(K1 V Ko) Y2 (M A M2)1/2> using (3.6.6) as 7 — w(¢) — (¢, — ¢1,—C¢) is a

polynomial of second order in ¢, with a dominant coefficient ~ (M; A My)~t. Thus
Breal S (1] A 11D)((F v K2) /2 (0, A M) %)

which gives the estimate (3.6.7) when applied with I; = [kMs;(k + 1)M3] N Ty, and Ir =
[(Ms, (£ + 1)Ms] N Tz, and using Cauchy-Schwarz inequality to sum over k € Z.

In the case Knar < 10710M My My, we compute

0
oq

B ¢ 1/2
@ 9= qy 2{ (Q+3gl(££1)£)}

&G & §&1(€—¢&1)

Thus, from the condition |Q| < Kpae < 10710M; My M3 we get

1/2

£ ~ Mmaa:

> |l . _
laE—a) §(§—&)¢

At last, we can estimate |B;¢ | in this regime by using (3.6.4) instead of (3.6.6), which gives
the final bound

e
oq

|Breql S (I A LD (K V Ko) M,

max

and (3.6.8) follows through the same argument as for (3.6.7).
O

Remark 3.6.6. The estimate (3.6.7) is rather crude, yet sufficient for our purpose. (3.6.8) is
better than (3.6.10) below in the regime Kpap < MiMoMs, My < 1. Thus we do not need to
use some function spaces with a special low-frequency structure as in [IKT08] to deal with the
difference equation, therefore we get a stronger uniqueness criterion. Note that we can perform
the same argument in R?.
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3.6.2 Dyadic bilinear estimates

We are now looking to improve (3.6.8) in the case My, > 1. We mainly follow [Zhalb,
Lemma 3.1]. However, in our situation the frequency for the z variable lives in R and not in Z,
and thus the worst case of [Zhal5, Lemma 3.1] (when Kyneq S Mimaw Mimin) is avoided. So, using
that this frequency is allowed to vary in very small intervals, we are able to recover the same
result as in [IKT08, Lemma 5.1(a)]. Again, we will crucially use lemmas 3.6.2 and 3.6.3.

Proposition 3.6.7
Let M;, K; € 2N and f; : R x \™'Z =+ R*, i = 1,2,3, be such that f; € L*(R? x \™1Z) with

suppfi C D, <K, -
If Kppow < 10719M My M3 and Kpneq 2 Mppas, then

KiKK3

1/2
W) il 2 1 follpz Ifsll e (3.6.10)

/ fok fo - frdrde(d)s < <
RZ2x\—1Z

Proof :
We begin as in [IKT08, Lemma 5.1(a)]. Defining

I(fr, fo f5) = /

RZx A1

. J1x fo - fzdrdg(dg)a

we observe that

I(f1, for f3) = T(f1. f3, f2) = T(fa. f3. 1) (3.6.11)

where we define f(x) := f(—z). Thus, as HJFHH =1|f|l;2, up to replacing f; by f;, we may

assume K < Ko < K3.
Moreover, since the expression is symmetrical in f1, fo we can assume My < M.
We first write

I(f1, for fs) = / fux fa - fadrde(dg)s

R2xA\—1Z

= / / f1(m1,C1) fa(72,C) fa(m1 + 72, (1 + (2)dT1dT2d (1Al
RZxA~1Z JRxRt xA—1Z

Defining f7(6,C) i= fi(0 +w(¢), <) we get ||77

M;}. Changing variables, we have

Lo = lfill2 and suppf]" C {16] S K, l¢] ~

Z(f1, f2, f3) :/R2 e /R2 Ailsz(ahél)ff(oza@)

fF 01+ 02+ Q1 Coy —Ci — C2), G+ C2)dB1dfad Ay

}

where the resonant function

q1 q2

& &

06— @) = g { Vol + el + 2 - 2

has been defined in (3.6.9) in the proof of the previous proposition.

} {\/§|§1 + &l -
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Thus

I(fhfz,fa)=Aff(91,C1)ff(9z,Cz)
fEO + 02 4+ ¢, G, —C1 — C2), G+ C2)dBrdfad(dCo
with

A= {(01,01,02,C) € (RPx AT'2Z)2 |G| ~ My, |6+ &| ~ M3, |6;] S K,
01 4 02 + Q(C1,C2, —C1 — C2)| S K3, i=1,2}

We can decompose A C I¢k, X I<k, x B with B defined as

B:={(C1,2) € RxAT'Z2)%, |&] ~ M;,i=1,2, |& + & ~ M,
0] < K3} (36.12)

We can further split

B:|_|Bg

[ISKs /K2
with
By = {(Cl,@) € B, Qc [EKQ; (6 + 1)K2]} (3613)
and as well for f3 :
=) f with £7,00,6,9) == Ly, 1) k0 (0) £ (6,€,9) (3.6.14)

[ISKs /K2

Next, using Cauchy-Schwarz inequality in 65 then 01, we obtain

2
Lg2

Tt 3 [ e[ 0t

[€|SK3/ K2

: Hf;%e(el +0:+ Q.6 + &, +qz)‘

ey )
By

[e|<Ks/ K2

o df;d&1déa(dgr)a(dgz)a
02

fl#(ehgl)ql)‘

‘ff(‘gz,&,%)‘

2 2
L81 L92

: Hféﬁ(@,& +& a1+ Q2)HL2 d¢&1d€2(dgi)a(dg2)a

This allows us to work with functions depending on (&1, ¢1), (€2, ¢2) only, losing just a factor
Kll/2 in the process. The informations || < K3 and suppfs C I<k, X Ja, X A7'Z have been

kept in the decomposition on £ of B and ff .
Finally, defining

fz#(eiafia%)

gi(€irai) = | | i=L2and goel6a) = [[£500.6,0)
i

2
LG

and writing

Jo(91,92,93.0) = / 91(&1,q1)92(&2,92) 93,0 (&1 + &2, q1 + q2)dE1dE€a(dgr) A (dga) x (3.6.15)

B,
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it suffices to prove that

KoKy \Y?
J = J , g < _—
% (91,92, 93.0) S (M1M2M3> ||91||L§M1 ||92||Lg21q2 % 93,0

As we are in the regime K,,q, < MjMsMs, € is close to zero. Since ¢; € A™'Z, we cannot
just make a change of variables as in [IKT08, Lemma 5.1(a)]. Thus, to take into account that

2
(\/3«51 + \/§€2)2 ~ (ql — q2> , we split By depending on the values of ¢; and gs.

& &
First, as in [IKT08, Lemma 5.1(a)], we can split

1/2
2, } (3.6.16)
£.q

By:=BftuBf uB,TUB, "~
with

Bever = {(517%)’ (&2,q2) € By, sign(& + &2) = €1, sign (gi — Zz) = 62}

where ¢; € {£1}.
Since the transformations (&1, q1), (§2,¢2) — (2161, 82q2), (€1€1,€2q2) maps B, to Bt it
suffices to estimate

J (91,92, 93.0) :== /B++ 91(&1,01)92(&2,92)93,0(&1 + &2, @1 + g2)d€1dEa(dgr) A(dga) x

4

Moreover, the definition of € and the condition || < K3 give

(e 2 o K
‘\/g(& &) (51 §2>‘ S 1£162] ~ M1 M, (3.6.17)
on BZ‘*‘.
Now, we can define
Qi1(&1,q1,62,92) == {M;(JYQ (1 — ﬁg%)/&J €z (3.6.18)
and P
Qa(&1,q1,&2,q2) = Q1(&1,q1,€2,q2) — { 11(2 2 (g2 + \/35%)/£2J €z (3.6.19)

So we can split BZJF according to the level sets of Q1 and Q> :

Bf*= || Bua.e
Q1,Q2€Z

where By g,,q, is defined as
Big,0, = {(&1,q1), (b2, q2) € Bf T, Qi(&1,q1,&2,42) = Q1, Qa(€1,q1,80,q2) = Qa}
From definitions (3.6.18) and (3.6.19), for (&1, 1), (§2,¢2) € Br,0,,0,, Q2 is such that

_ | MMz (o g2
o | (22 e+ )
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Thus,

Qa1 Q2 Ko Ky
Lo Bera)e | e @D g (@) (3.6.20)
Finally, if (&1, 1), (§2,92) € Be,g,,0, we obtain from (3.6.9) and (3.6.20) that
_ L& K @ g
Q& q1,82,92) = &+ & Mo, (Q2+v) ( 6 6 +V3[4 +52|>
&6 K, Ky Q2+v
=L (@) <2\/§+ TR TAGEYS) +£2)> (3.6.21)
with
v <1

in the definitions of ); allows us to have kit and kel of the
1M 1 2
same order, and thus to keep an error v of size O(1) in this "change of variables". The measure
M.
of the ¢;-sections of By g, @, is then controlled with M2Ml =1 (as Ko 2 M), 1 =1,2.

1Mo
Using (3.6.17), we get

The choice of the parameter

K3
Qi 5 22
2
Moreover, by definition

9(517 q1,82, QZ)
K,

V(€1,q1),(§2,q2) € By, £ = {

and so a key remark is that if (&1,41), (§2,¢2) € Be,0,,0, :

§162
M7 M,

(3.6.22)

(Q2+v) (2\/§+ K2 Qs +V>J

€:£(£1a£27Q2): \‘ M1M2 fl +§2

Using that |&| ~ M;, & + & ~ M3, |Q2] < K3/Ks and that we assumed K3 < 107100 My M,
we get that

Ky Q2+v

MMy & + &

which means that for any fixed @1, @2 there is at most 10 possible values for £ such that By g, 0,
is non empty.

Let us write Jo,, o, the contribution of the region By g, g, in the integral J,*. To control
Jr.0.,0Q, we first use Cauchy-Schwarz inequality in g1, g2, &1,&2 ¢

<107°

J0.g1.Q: S ||91HL2(B§21) ||92||L2(Bé11Q2)

1/2
: {/ &+ & a+ Q2)d§1d§2(dQ1),\(dQ2),\}
Be,q1.Q2

where we define
By, = {1, q1) € T, x A7'Z,

K. K
V3¢t + Qle@& <qi < V3E+(Q1+ 1)]\41;4251} (3.6.23)
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and

Bél,Qz = {(§2aQ2) S ng X )\_12

—V3EG +(Q1 — Qo) < g2 < —V3E 4+ (Q1 — Qo + 1)MKM & } (3.6.24)

MM

Let us start by treating the integral over By g, Q.-
If (&1,q1), (§2,92) € Brg, ., We can parametrize the ¢;-sections with

L= @ — {\[51 + Q1 M1M2§1] ez
and
ro 1= Q2 — [—\/365 + (@1 Q2) fz} ex'z
KoM,
h th
such that 0 < rlNMM

As we assumed My < Ml, the go-sections of By g, g, are then smaller than the ¢;-sections, and
thus 0 < r; + 72 S rp. So if £, & are fixed, we obtain :

/ / 1,0 o, (61,01 €2, 02)2 (61 + €2, 1 + 02) (A1) (dga)

=//1[0;K2/M2](T1)1[0;K2/M1](7“2)9§,e (&1 + &2,

[\/55%’ + Qlj&fl} +r + [—\/353 +(Q1 — Q2)

< K2
NM

[\/5512 + Q1 ﬁ& — V38 + (O Qz)M 7 52] 7”) (dr)a

M1M2 52] ) + 7“2) (dri)a(dra)a

110,05 /0] (|7"|)93 o (&1 + &,

The integral over By g, g, is thus controlled by

Ko\ /2 ,
Sanes 5 (37) Norllsqog, loellioqog, o [ [ Soacan e (6 + &

|:\/§§%+Q1M ;4 &1

— V38 + (@ Q2) 52] + 7‘> 01510152(017‘),\}1/2

It remains to sum those contributions : using the previous estimate and that for fixed @1, Q2
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the sum in ¢ runs over at most 10 integers,

T="> > > e

[0|SK3/K2 Q1EZ|Q2|SK3/K2

Ky 1/2
SY Y (52) Nl Il )

Q1€Z|Q2|<K3/K>

/ / 0:52 /03] (7)) 93¢ (€1 + &2,

0| <Ks /K>
1/2
{\/gff + le& — V32 +(Q, Qz)M A 52] 7’) d§1d§2(dr)>\}

Next, a use of Cauchy-Schwarz inequality in 5 then @ gives

1/2 1/2

Ko \'? 2 2
15(32) | Sl (X 5 el

QieZ Q1EZ|Q2|<K3/K>

bup > > / / 0:k2/02) (17195 0 (€1 + &2,

Y Q2| SKs/ Ko [€|SK3/Ka

[\/3512 + Qle@& — V38 + (s Qz)

1/2
52] + 7“) d§1d§2(d7")/\}

Now, from the definitions of B, (3.6.23) and Bp, , (3.6.24) :
1/2

2
S lllBemy | =lollz = Ilfille

Qi1eZ
and

1/2 1/2

1/2
2 < (K3 / 2
Z Z ||92||L2(B§217Q2) ~\ K, Sup Z H92HL2(BQ1,Q2)

Q1€Z|Q2|SK3/K> 2 Qiez

(5 e = (5
“\K, 92lez, ., ~ \ K, 2lize

To conclude, it suffices to prove

sup Z Z / / 0:2 /1] ([71) 93,0 (€1 + 2,

U Q2| SKs/ Ko [€)SKs /K

V4 Qa6 - VA (@ - Qo)

2:| ) dfl dfg d’l“
S

2 Il (3029
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Here, we can see the interest of splitting f;’é over £ : the sum over £ is controlled by the sum
over Q2 thanks to (3.6.22), whereas a direct estimate on this sum would lose an additional factor
K3/K5 (or in other words, when &1, &3, Q2 are fixed, we do not have the contribution of the full
L? norm of ff in the # variable, which allows us to sum those contributions without losing an
additionnal factor).

We begin the proof of (3.6.25) with the change of variables & — £ := & + & : the left-hand
side now reads

sup Z Z / / [0; K2 /Ms) (Ir]) 932(

Y QI SKs/ Ko |4 SKs/ Ko

5 Q27

[\/gf( —262) + Quy; 52] + 7“) d&odg(dr)a

Now, using (3.6.22) and the definition of g3 ¢, we have that for fixed &, Q1, &2, Q2,7
2 J—
> G (5, {ﬁs( 262) + Quy 6~ QQM TS ] + r>

[€|<Ks/ Ko
(€ —&)6 K, ( K, Q2—2>
< 1> »&/har 4 _ .
s [1(oe [Co20 - (2va 4 2222

(€ —&2)6 K, Ky Q2+2
ML (Q2+2) (2\/§+M1M2 5 >D

(7 <9§ {ff(i 262) + Qg 5 Q2 +r) do

= M252]

Now, fixing only £, and @)1, integrating in & and r and summing over ()2, we can write the
previous term as

/JM2 /1[0 K3 /Ms) (W)/ 1{0 € I(£,6,Q2)}

: (fB ) (0757 [90(57 Q17£27 QQ)])\ + T) da(dT)Ad£2

Q2 \<K /K>

where the interval I(&, &>, Qo) is defined as

16620 = S50 Q-2 (2v3 4 o2 2 22)

My M, M1M2 €
(€ — &)L Ks Ky Q2+2
BT (Q2+2) (Nﬁ TATA : )}

and the function ¢ is defined as
#(6: Q&2 Q2) 1= VBE(E = 260) + Quyp -6 — Qe 6o

In order to recover the L? norm of ff in q, we decompose the previous term in

YD // oo /1{061@ £,Q2)}

|Q2|SKs /K>

()% (0,€,n) dO(déa(dr) ) (dn)x
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where the set A, (£, Q1,Q2) C R x A71Z for n € A™1Z is defined as

K, K,

An(&le»QZ) = {(527T) € j]\/[2 X [_Ev MQ]’

(6, Q1,6,@2) €[n—rin+ A1 *7"[}

First, using the localizations |£| ~ M3, |&2] ~ My and |€ — &3] ~ M; and the conditions |Q2| <
Kg/KQ and K3 < 10710M1M2M3, we have for any f,SQ,QQ :

I(£,6,Q2) C {|0] € [¢7"K2(Q2 — 2),cK2(Q2 + 2)] }

for an absolute constant ¢ > 0.
Thus we are left with estimating

A/A_lz 2 /Rl {16 € [e™! K2(Q2 — 2); Ko (Q2 + 2)]}

Q2| SKs/ K2

AR (€,Q1,Q2)| (fF)2(0,€,m)d0(dn)s  (3.6.26)

K
We trivially control the measure of the r-sections of A,, with 2ﬁ2' It remains to estimate

2
the measure of the projection of A,, on the & axis, uniformly in n, £, Q1 and Q2. To do so, we

9]
are going to make a good use of lemma 3.6.3. We are then left to compute % :
2
&p KQ
ZF 93¢ —
0, V3 Q: M, M,

Now, as |Q2| < K3/K» and K3 < 10710M; My Ms, we obtain that

dp
—Z |~ 2V3|¢] ~ M.
‘852 |§| 3

So, applying (3.6.3), we get that the projection of A, (£, Q1,Q2) on the & axis is controlled
by )\_1M§1. A use of lemma 3.6.2 finally leads to

|An(§7 Qla Q2)| ,S )\_1

My M;

uniformly in n, &, Q1, Q2.
Getting back to (3.6.26), we have

K, B S
R T Qﬂgml{@e[(s Ka(Qs — 2); cKo(Qs + 2)]}
S (FF)(0,6,m)d0(dn)

KQ #12
S i | [0 T} (120,60 an)s

Now, neglecting the 6 localization and integrating in &, we finally get (3.6.25), which completes
the proof of the proposition.
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Remark 3.6.8. In the case (x,y) € T? ([Zhal5, Lemma 8.1]), we can still use lemma 3.6.3, but
since &5 € Z in that case, we have to use (3.6.4) instead of (3.6.3), and thus we have the rougher
estimate

[An| S (1+M3 )<

as M; > 1 for localized functions on T2. Thzs is the main obstacle to recover the same estimate
as in R? or R x T, and the cause of the logarithmic divergence in the energy estimate.

The following corollary summarizes the estimates on / f1* fo - f3 according to the relations

between the M’s and the K’s
Corollary 3.6.9

Let f; € L*(R*xA\™'Z) be positive functions with the support condition supp f; C Dx m; <K
1=1,2,3. We assume K ,eq > Mpaz = 1.

(a) If Kipar < 10710M1M2M3 then

1 2
/ o e S S (i A M) ML TIE Ul 62
R2 x i1

(b) If Kppax = MiMoMs and (M;, K;) = (Mmin, Kmae) for an i € {1,2,3} then

AQ \ lzfl*fQ'fS S (LA Mouin) 1/4Mn_u11:6HK1/2 ‘szLz (3.6.28)
e i=1

(c) If Kpaow 2 MiMoMs but (M;, K;) # (Mpmin, Kmaz) for any i = 1,2,3 then

Az A-17 fl * f2 ’ f3 5 (1 \% Mmin)1/4Mmz5zé4 HK11/2 ||fz||L2 (3629)
X7 i=1

Proof :

Using the symmetry property (3.6.11), we can assume K3 = K,,4,. Note that, since M0 > 1
and in order for the integral to be non zero, we must have (1V Myin) < Mpmed ~ Mipaz. Then
we treat the different cases.

Case (a) : This has already been proven in the previous proposition in the case M, > 1.

If My <1, (3.6.27) follows from (3.6.8), since K3 = Kpar = (K1 V K2) 2 Mpaz.

Case (b) : M3 = M. Then, if M3 > 1, (3.6.28) follows from (3.6.7) since

<(K1 V Ko)YA(M; A M2)1/4> < (K V Ky)Y?

as (K1 V K2) 2 Mpaz.
If M3 < 1, since this is symmetrical in f; and fo we may assume that K7 = K7 A Ko. Then we
apply (3.6.7) with fi and f3 to get (3.6.28) since K5 1/4 < M YA L2 and K_1/2 K- 1V2 <

f min med ~
—1/2
Mok

Case (c) : Again, (3.6.29) follows from (3.6.7) since
(K1 v E2) (M A M) YY) S (I V )2 M ALV M)

72



O

We conclude this section by stating another estimate which takes into account the weight in
the definition of the energy space :

Proposition 3.6.10

Let f; € L?(R? x A\='Z) be positive functions with the support condition suppf; C Dx ;. K,
1=1,2 for M3 >0, K3 > 1. Then

105 sty ey~ F1 % ol | o S (LY MOMYZ K2 - fullpe || £l e (3.6.30)

Proof :

We follow [IKT08, Corollary 5.3 (b)&(c)] : we split the cases M7 < 1 or My 2 1 and we

~

lal
E1¢E)

decompose f1 on its y frequency in order to estimate p(§,q) ~ 14+ ———

Case 1:If M; >1
\ql

We then have p(§, q) ~ |§|2 We split
Z flll:11<M2(Q)fl+ Z 11L(q)fl
L>M? ! L>M?

such that
1L0s iy ey 1% ol € 30 LM 1 Foll
L>M?
after using (3.6.1). Now, for L = M? we have L™Y2p ~ M; (1 + M ?|q|) > M; ' = L'/?2M;?,
and for L > M} we also have L=1?p ~ L=Y2(1 + LM;?) > L'/?M; 2. Thus, using Cauchy-
Schwarz inequality in L, we obtain

HlD/\,J\ISTKP,.fl*f2HL2§MT1n/l’2n ;/zzn”fQHL? Z L~ 1/2M2Hp fl HLZ
L>1\/I2

1/2 1/2 _
S MEMYEKYE M7 p- fill

min min

Case 2 : If M; <1
This time, we split the y frequency for L > 1 since for M; < A~! there is just the frequency

g=0:
A=) =L.@h+) 1ln(gh

L>1 L>1

For L = 1, we have L=/?p > 1 = LY/2 and for L > 1, we also have L=/?p > L'/2M; ' > L1/2,
Thus, using again (3.6.1) and then Cauchy-Schwarz inequality in L, we only get in that case

Hle,J\/Ia,Kd 1 *f2 L2~ Z L1/2Mrln/zi 1'17’L/22n ||fl HL2 ||f2||L2
L>1

<M71n/51 rln/zizL_l/QHP f1HL2||f2||L2
L>1

1/2 1/2
SMZKN2 p- fille || foll o
O
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3.7 Bilinear estimates

The aim of this section is to prove (3.1.12) and (3.1.15). We will treat separately the interac-
tions Low x High — High, High x High — Low and Low X Low — Low. Those are the only
possible interactions, since for functions f; localized in |§;| ~ M;, we have

/fl*fQ'fS#O:MminSMmed“’Mmam

3.7.1 For the equation
We first prove (3.1.12).
Lemma 3.7.1 (Low X High — High)

Let My, My, M3 € 2% with (1V M;) < My ~ M3 and by € [0;1/2[. Then for uy, € Ng’Ml
and vy, € Nﬁle, we have

1/2
1P s (aar, - var)ys, S M3 lualleg | lloaslig, (3.7.1)

Proof :
By definition, the left-hand side of (3.7.1) is

sup H(T —wHiMs) " p- F {XI\/[B—I(t — tary ) Pary Oz (ungy - UMQ)}HX“

targ €R A.Mg

Let v : R — [0; 1] be a smooth partition of unity, satisfying suppy C [—1; 1] and

Vo € R, Zv(m—m):l
meZ

Since (1V My) < My ~ Ms, we have

Xnyt (t—twmy) = Z Xyt (t— tMg)VMgl (t—tay — M{lm)
[ml,|n|<100

v -1 (E—ta, — My 'm— (1V My)"'n)

Since we take the supremum in m and n, without loss of generality, we can assume m =n = 0.
Thus, if we define

fl(IVMl) = X(van) (T — @) F (Yavan)-1 (t — tag )uns, ) and
1Kl = pK, (7’ — w)]: (’y(lle)—l(t — tMS)uMl) , if Ky > (1 V Ml) (3.7.2)
and as well for v
£ = xan (T — w)F (VM,;I(t - tMe,)UMz) and

2K2 = PK, (T — w)f (’7]\/12—1@ — tM3)’UM2) , if Ko > M, (373)
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by splitting the term in the left-hand side according to its modulations, we then get

||PM38T (uM1 ’ UMQ)HNZ’I
M

< sup Z i: H(T —w +iM3)_1p~]-"{PM38w]-"_1 (flKl *f21{2>}H

EM3ER pe S (VML) Ko > M,

= sup Z Z Z K?}/Qﬁg/lfa,Ka

EMsER pe S (VML) Ko > My K >1

' "(T—eriMs)*lP'PKs(T_w)f{PMsaf”}kl ( o 2KQ>H

X, Mg

L2

Let us start with the modulations K3 < M3 : the first factor in the previous norm allows us to
gain a factor (M3 V K3)~! which makes up for the derivative, thus

1<KZ;M K32 || = w0+ M) 'p - prca (7 — ) F { Par 0 F 1 (£ £52) }]
xH3 3

L2

1/2 K Ko
S E K3 H]'DA‘JM;;,g]ML; 'p'fl *f2
1< K3< M3

L2

and using that Z Kg/ 2 < M; /% we get that the previous sum is controlled with
1<Ks<Ms

1/2 K; Ko
M, Hle‘NI:;,gl\/I:; P ity

L2

Proceeding as well for the modulations K3 > Mz and choosing a factor K3 ' instead of M3 ', we
get now

1/2 57b
Z K3/ BZ\}&Ks

K3z>Ms;

(T-wHMs)_lP'PKa(T—W)f{PMﬁJ_I( i ;(2)}‘

L2

—1/2 by
5M3 E K3 ﬁ]\/[g,Kg
K3>Ms

K Ko
lDA,]M:;,gKg P fl *f2 12

In particular, the first sum over the modulations K3 < M3 is controlled by the first term in the
second sum over the modulations K3 > Ms.
Finally, it suffices to show that VK; > (1V M;), i =1,2,

K, Ko
1D>\,M3,§K3 'p'fl * Ja

—1/2 gby
M Z Ky ﬂM:sJ(%
K3>Ms

L2

< M2 (Kll/QHp' o

) (271

Indeed, combining all the previous estimates, summing over K; > (1V M;) and using the defini-
tions of £ (3.7.2), (3.7.3), the left-hand side of (3.7.1) is controlled by

. LQ) (3.7.4)

T O SIS OV

K12(1vMy)

1/2 K>
L2 Z Ky Hp 2 e
K> Ms

(0]



The first sum is

1V M) || xavan (T = W) F (Yavan) -2 (t = tag)uas ) || 1

+ Y K |pow (7= @) F {yavan - (= tar)uan }|
K1>(1\/1\/[1)

As x =1 on suppry, we have
Yavay) -1 (t = tars) = Yavar) -1 (t = tar)Xavar) -1 (E = tar)
so this term is controlled by ||uay, ||F§ thanks to (3.4.10) and (3.4.11) with
My

f=F{xavm)-1(t —ta)un, }

and KQ = (1 V Ml)
We can similarly bound the second sum by ||vag,||po -
X, Mo

For now, we have established some estimates on expressions in the form
/f1 * fo - f3. Thus we first have to express p- f1 x fo according to (p- f1) and (p- f2). So, using

the localizations in |&;| and the relation between the M;, we can estimate

_|_
P&+ &, 0 +Q2)N1+M

(&1 + &)

|(12\ |§1|<§1> |Q1|
< el .
S g T er Talka)

S (€2, q2) +

e 615)

We then treat separately the low and high frequency cases.
Case 1 : If My < 1.
We use the previous estimate to get

K1 Kg
HlDMS,éKs .p.fl *‘f? L2

Mi(1vV M) % K
M32 H]-DA*M3v<K3 '(p.fl 1)* 2 ’ L2

=I+1I

K K.
5 HlD,\,MS,gK3 1 ! *(p'f2 2)

_|_
L2

To treat I, we use (3.6.30) :

15y M) - (9] - 152
L2 L2
Using that Ko > My ~ M3, we obtain
I's (K1K2)1/2]‘/111/2]\4?:1/2Hp'flK1 L2 P2 L2

Next, as we can exchange the roles played by f1 and fs in (3.6.30), we can also apply this

estimate to control 17 :
Mi(1V M
= I(Mgl) (v MM - || £

L? L2

76



Using that My < 1 < M3 ~ Ms, we directly get

115 MY M P (K K) 2 |- 0

Finally
K K 1/2 4 ,—1/2 1/2 1/2

HlDMﬁ“gKB.p.fll*fQQ LzS’Ml/ M / .Kl/ Hp L2K2/ Hp L2

so after summing
—1/2 K K
Z K ﬂM3K3 DM3,gK3'p'f11*f22
K32M3
< 1/2 1/2H K 1/2H
M, Lo Ky ||p L

since

Z 1/2 1/2
K BM?, Ks N
K3>Ms

This is (3.7.4) in that case.
Case 2 : If My > 1.
It is still sufficient to use (3.7.5) if K3 is large enough .
Indeed, let us split the sum over K3 into two parts, depending on whether K3 > MZMj3 or
Ms < K3 < M{Ms.
Case 2.1 : If K3 > MZMs;.
We proceed as in the case M; < 1 to get

K
HlD}uB <K3 P f 2 12
My(1V M)
K K 1 1 K K
SHJ'DA,MS.QK?,.JCI 1*(p'f2 2) L2+T32H1D>\’A43’<K3.(p.fl 1)* 22 2
=141
As previously,
P o 50|l sol| < s g g
As for II, we have again
IT <MY MR | |p - fE
< MR )M |- £
It remains to sum for the modulations K3 > MZM3 :
1/2 K K
Ms Z K / BMS K3 DNMswéKs et L2
K3>M3ZM;y
1/2 ( -1/2 K 1/2
s (122 o2 ) (3 |- £5%,) - @79
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since y y
1/2 1 1/2
E Ky 61\/13 s S My Mg
K3>M3?Ms

ﬁMg,M2M3

and for M > 1, we have M{ Mz < M so Bag, azag, = 1.

Case 2.2 : If M3 < K3 < M?Ms.

We improve (3.7.5) using the resonant function (cf. (3.6.9)). Observe that, since ({1, (2,¢3)
and the hyperplane (; + (2 + {3 = 0 are invariant under permutation, we have

1/2

Dt Q=1 — €2, G2, C1) + 367

_®|_ | & g
S1+& & &1(61 + &)

Since suppf; C Dy m,,<k; and [ fi* fo- f3 #0 = |Q| S Kinax, we deduce the bound

X

lq1 +Q2\

m ~ p(§ QQ) + M1/2M3 2K1/2 (377)

max

P& +&,a+q) S1+

Therefore, we have the bound

K K
100y e 150 1

1D, iy, <rs le*(p~f2K2) L2+M1‘1/2M 1gc1/2

max

K K
1DA,Mg,<K3 'fl ! *f2 2

~ ’

as M1 S Mg.

To treat those terms, we distinguish the cases of corollary 3.6.9.

Case 2.1 (a) : If Kppae S M1 MoMs. In that case we estimate Km/az in the second term and then
apply (3.6.27) to both terms to get the bound

M?2M;
—1/2 K Ko
§ : K I\/Ig,Kg 1DA,M3,gK3'p'f1 * Jo 12
Kj_JVIJ

Sin () My 2 (KB 2 |p- £

Case 2.2 (b)&(c) : If Kppao 2 M1MoMs. Then we lose the factor Km/az in the first term and use
(3.6.7) for both terms with the indices corresponding to K, and Kp,eq, getting the final bound

M2 Ms

1/2
M; Z K /ﬁMe,Ka
K3=

K K
DA‘M3,<K3 pefrt RS

S In (M) - (K1 K2) 2 [p- 1

(]
Lemma 3.7.2 (High x High — Low)

Let My, My, M3 € 2% with My ~ My 2> (1V M3), and by € [0;1/2[. Then for uy;, € Nngl
and vy, € NQ’MQ, we have

3/24+4b —
1Pasg0c (e, - vas)ln, S M3 (0 M) fuan g sy, (37
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Proof :

We proceed similarly to the previous lemma, but this time the norm on the left-hand side only

controls functions on time intervals of size (1V M3)~! whereas the norms on the right-hand side

require a control for time intervals of size My 1 Thus will cut the time intervals in smaller pieces.
To do so, we take -y as in the previous lemma. Since now M; ~ My 2 (1V Ms), we can write

X(1vag) -1 (E—ta) = Z Z X(1vatg)—1 (= tar)van, (= tar, — My 'm)
|m|<Ma(1vMs) =1 [n] <100

v (= tay — My 'm — My ')
As previously, without loss of generality, we can assume m = n = 0, and defining
fr=F{y (Mi(t —tary)) unr, }
and
fa o= F{y (Ma(t — tary)) vasy
it then suffices to prove that VK; > (1V M;) :

Ko

_ ~1/2 op K
Mo(1V M3)™t - Mj Z Ky / Bty ics [|1Dsasg cnes P ST % S

K3>(1VMs)

L2

S MLV M) UK -

1/2 Ko
L2K2/ Hp~f2

., (379

where we have denoted
fiM2 = xnm, (T —w) fi and fZK’ = pk, (T —w)fi, Ki > M,

As previously, we need to estimate p(§; + &2, ¢1 + g2) with respect to p(€1,¢1) and p(&2,¢2) :

lg1 + g2
161 + &2 (61 + &2)
<14 €1](1) |q1] n €2](€2) |q2]
161+ &2l (€1 + &2) [&1l(€1) €1 + &2l (€1 + &2) [€21(&2)
SMEM; 1V M) (p(ér,qr) + p(éa, q2))  (3.7.10)
Just as before, we distinguish several cases.

Case 1.1 : If M3 < 1and K3 > M3 :
We use (3.7.10), so that the left-hand side of (3.7.9) is controlled with

P61+ 82,01 +q2) S1+

R b1—1/2 K K
MS Z [(31 / {HJ'D/\,M3,<K3 ’ (p S 1) * fy?
K3>M3

L2

K K
+H1DA,M3.<K3 '.fl ! *(p'fQ 2)

Using (3.6.30) and that My ~ My > 1 and K1, Ky 2 M, we get the bound

)

SRR

K>
min D f2
K3>M25

K
p'f1 '

L2 L2

S ML (K)o | [l A

L2 L2
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which suffices for (3.7.9).
Case 1.2 : If M3 <land 1 < K3 < Mj :
We improve the control on p in this regime by using Q as in (3.7.7). We get in this case

1/2

n+tqe @ &2 2 —1/2 7-1/2
D |GG - G, ) + 36| S M+ My K
b6 & |GG e O T @@ TG 2+ My Koo
from which we deduce
P&+ &0+ g2) S Mop(&r,q1) + My K2, (3.7.11)
Using this estimate, we get the bound
M3
bi—1/2
M2 32 K {1 e, 0 H) 2 152
Ks=1
+M?:1/2M2_1K71n/<12w lDA,M3,<K3. 1K1*f2K2 LZ}

Observe that the term within the braces is the same as in case 2.2 of lemma 3.7.1, so we control
it the exact same way to get the final bound

M3 M (K K)'Y? Hp o p-fa

L2 L2

Case 2.1 : If M3 > 1 and K3 > MjM; "
We use again (3.7.10) so that the left-hand side of (3.7.9) is controlled with

—1/2 by 290 r—2 K Ko
M, E : KS ﬁMg,K3M2M3 {H]'DA,Mg,gKE, : (p'fl )* 2
Ks>MiM; '

K K
+H1D>\,1\43,§K3 “J1 ! *(p'fz 2)

)

With (3.6.30) again, we obtain the bound

K K
min p'fll p'f22

Z K§1/25?\}3,K3M§M3_2 . M2M§/2K1/2

L2 L2

K3>MiM; !

< ]\423/2+4l>1M?)7174b1 (K1 Ko) Y2 Hp fEa

1/2 K
L2K2/ Hp 2"

L2
Case 2.2 : If M3 > 1 and M3 < K3 < M3M; "
(3.7.11) becomes in this case
P&+ o, q1 + q2) S My Mop(&r, qu) + M3 P K2, (3.7.12)

So the use of (3.7.12) allows us to bound the left-hand side of (3.7.9) with

MyM;?
27 r—1 —1/2 5by K, K>
M2M3 § : K3 BMg,K;; 1D)\,J\43,<K3 '(p'fl )* 2
K3=M3

L2

+M;1/2M2_1K1/2

max

K K.
le,M;},gK:} ity

Proceeding similarly to the previous cases, we finally obtain the bound

o)

M21+4b1M37174b1 3 (K1K2)1/2 Hp . fll(l

1/2 K
L2K2 Hp 2"

L2
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O
Lemma 3.7.3 (Low X Low — Low)

Let My, Mo, M3 € 2% and by € [0;1/2[. Then for uy, € F)?’Ml and vy, € Ff\{Mz we have

P2, 0z (unn, - var)llys, S (M Mo M) 2 [luas, | o | Mlowsllrg (3.7.13)

Proof :
As in the previous lemmas, it is enough to prove that VK, Ko > 1,

—1/2 5by
M; E K, BMS,KS
Ks>1

K K
1D>\,I\/13,g1(3 'p'fl ! *f2 :

L2

SKf/sz-flKl

1/2 K
L2K2/ Hp'f22

.7.14
L, (714

By symmetry, we may assume M; < Ma, so similarly to (3.7.10), we have in this case
P&+ & a1 + q2) S MaM3 (p(&1,q1) + p(&2, 42))
It then suffices to use (3.6.30) along with the previous bound to get (3.7.14) :

—1/2 pby
Ms Z K3 5M3,K3
Ks>1

K K
1D)\,JV13,§K3 'p'fl ! *f2 2

L2
< M, Z K§1_1/2M1/2 K12 P‘f1Kl

min~ T min
Ks3>1

P fa

L2 L2

< (M My M3)Y?% - (K Ky) Y2 Hp - P fa?

L2

O

L2

Proposition 3.7.4
Let T €]0;1], > 1 and by € [0;1/8]. Then for u,v € FY'°(T) we have

||6$(UU)||N<;,I31(T) S ||u||F§’0(T) ||UHF§’°(T) + ||U||F;’°(T) H’UHFC;’O(T) (3.7.15)

Proof :
For M; € 2%, let us choose an extension uys, € FY ar, Of Py u satisfying

s llrg , < 211Psellig o)

and let us define vy, analogously.
Using the definition of FY"" (T)) (3.4.2) and N (T) (3.4.3), it then suffices to show that

3 (1Y M) || Pag,0a(ung, - vas,)| 2
My, Mz, M35 e

2 2
< 2 {@v iy, (v M) fleanlizg
My, M>

2 o 2
+ (1\/M1)2||U1\/11||F;M1 (1v My)? ||UM2||F/‘\)$M2} (3.7.16)
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Since the left-hand side of (3.7.15) is symmetrical in v and v, we can assume M; < Mo.
Then we can decompose the left-hand side of (3.7.16) depending on the relation between My, Mo
and Mg :

> (1Y My)® || Pag s (s, - vas,) |3y
My, Mz, Ms>0 e

3
Z Do (VM) || Pag0u(uar, - vasy) [y
Py X, Mg

(My,M2,M3)EA;

where

{ Ml,MQ,Mg EQZ (1\/M1)<M2 Mg}
= {(My, My, M) € 2%, (1 V Ms) < My ~ Ms}
A3 i= { (M1, My, M) € 2%, Mypqn S 1}

Using lemma 3.7.1, the first term is estimated by

(1V M3)** ||Pag, 0 (unr, - var,)| 30
> N
(My,Ma,Ms)EA; s

2 2
S>> MV M) luan, |z Moanllzy
> M1 s M2
M2>1 M;<M>

which suffices for (3.7.16). For the second term, the use of lemma 3.7.2 provides the bound
> (1V M3)** || Pag, 0 (uns, - vas,)|[ogmn
X, M3

(My,Mo,M3)EAs
34+8b14+2(a—1 2 2
Sy Myt )HUM1||FQYM1||UM2HF)?7M2

M>>1 Mi~Mo

which is enough for (3.7.16) since by € [0;1/8]. Finally, lemma 3.7.3 allows us to control the last
term by

> (1V M3)** || Pazy O (un, - UM2)||N§1M
(My,M2,M3)€A3

2 2
Z Z My M, HUM1||FQEM1 ||’UM2HFS,M2

M, €2-N MQEQ_N

which concludes the proof of the bilinear estimate.

3.7.2 For the difference equation

The end of this section is devoted to treating (3.1.15). Let b, € [0;1/2].
We begin with the low frequency interactions :

Lemma 3.7.5 (Low X Low — Low)

Let My, Mo, My € 2=%. Then for uy, € F)(\)’M1 and vy, € FS’MQ, we have
1/2
HPM361 (uMl vM2)||N/\7M3 < M3Mmm ||U‘1\/[1||F/l\771M1 ||UM2‘|F;}A12
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Proof :
Proceeding as for the previous lemmas, it suffices to prove that for all K1, Ky > 1 and fiKi :
Dy i<k = Ry,

—1/2 b K K.
MS Z K3 / /8M37K3 ! 1D>\,M3,gxs . tx 2 2 12
Ks>1
1/2 K K
< MaM,/[2 - (K Kp)'? Hf1 el L

This follows directly from (3.6.30).

t
Lemma 3.7.6 (High x High — Low)

Let My, My, M3 € 2Z with My ~ M, Z (1 V Mg) Then for Up, € Fg M; and Un, € F)(\),MQ’
we have
1 Paty 0 (unty - van,)l|im— S (1A M3)* 2 Mo ||ung, | |[oas, || pon
NA,M;», FA,]vll A, Mo
Proof :

Following the proof of lemma 3.7.2; it is enough to prove that for all K; > (1 V M;) and fiKi :
Dy <k = Ry,

MsMoy(1v Ms)™ 3" K VPBMs, K™ ||1p, oy - P % £

K3>(1\/M3)

L2

S (1A M) 20, - (K B) 2| £ [ £

L2 L2
This is a consequence of (3.6.7).

O
It remains to treat the interaction between low and high frequencies. Since u and v do not play
a symetric role anymore, we have to distinguih which one has the low frequency part.

Lemma 3.7.7 (Low X High — High)

Let (1V M) < My ~ M3 and up;, € F)?,My M, € F)?,M2~ Then

1/2 1/4
1Pas 0 (s, - oas) g 5 M1 D)0 fuan ol
, M3 ’ ’

Proof :
Foolowing the proof of lemma 3.7.1, it suffices to prove that for all K; > (1V M;) and fiKi :
D)\7M <K; — R+,

EERS
Ky Ko
1DA.M3,<K3 "1 x 2

M; Z K§1/23M3,K3b1
K3>Ms;

L2

<My ) ) |||l s

L2 L2
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Again, this follows from using (3.6.7).

Lemma 3.7.8 (High X Low — High)
Let (1V Mz) S My ~ Mz and uny, € FY ), va, € FY .. Then

|| Prig Oz (unty 'UM"’)HM S (1V Ms) ||UMlHF7H”M2HF§M2

0
X, My

Proof :
As previously, it is enough to prove

E —1/2 K; Ko
Ms KS H]'DA,Mg,gK3 'fl *fQ
K3>Ms

L2
S (VML) - (K k)2 || £

for K; > (1V M;) and fiKi : Dy om; <x; — Ry

Following the proof of lemma 3.7.1,we distinguish several cases.
Case 1 : If My < 1.

This is a consequence of (3.6.30).

Case 2 : If M > 1.

P fa?

L2

We split the sum over K3 into two parts. The high modulations part K3 > Ms;M; is treated
again with (3.6.30), whereas for the sum over the modulations M3 < K3 < M2 M3 is controlled

by using (3.6.28) (which is the worst case of corollary 3.6.9).

We finally combine the previous estimates to get

Proposition 3.7.9

Let T €]0;1], by € [0;1/2] and u € Fy (T), v € FL°(T). Then

||8x(uv)”N7)\b1(T) N Hu”Fi)\O(T) ||/U||F§\’O(T)

Proof :

First, for My, My € 22, we fix an extension Upn, € Fg’Ml of Py, u to R satisfying

HuMle <2 ||PJ\/Ilu‘|m(T)

and similarly for vy, .

Using the definition of KO (3.4.7) and WAbl (3.4.8), it then suffices to show that

Z ||8I(uM1 'UM2)||?VE;1

(T)
My, Mo, M3€2Z Ao Mg

< uan, By (1Y Ma)? [Joa, |30 (o
A, M (T) A Mz( )
, My s

My, Mye2%
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As in the proof of proposition 3.7.4, we separate 4 cases, so it suffices to show that for ¢ €
{1a 2a 3) 4})

> ot on)Bm— g S D0 Nl 1V M) lloanlg oy
(M1,M2,M3)€B; »Ms My, M3€27 .
with
B, = {(M My, M3) € 27 Z}
By = {(M M27M3) , M, NMQZ(l\/Mg)}
B3 = {(M My, Ms) € 2%, My ~ M5 2, (1\/M1)}
B, = {(Ml,Mg,Mg)EQZ My ~ M3 2, (1\/M2)}

This follows from lemmas 3.7.5, 3.7.6, 3.7.7, and 3.7.8 respectively.

3.8 Energy estimates

In this section we prove the energy estimates (3.1.13) and (3.1.16). As the nonlinear term is
expressed as a bilinear form, we will need some control on trilinear form to deal with the energy
estimate :

Lemma 3.8.1

Let T € [0;1], My, My, M3 € 2% with My,4, > 1, and by € [0;1/8]. Then for u; € F)l\’jMi(T),
i € {1,2,3}, with one of them in F i’jMi (T') (in order for the integral to converge), we have

3
/ uyusugdtdzdy
[0,T]XRXTx

S Ab1 (M’!nina Mmax) H Hqu bl (T) (381)
i=1 )\ M,

where

A (X,Y) = (X AXD)2 4 <(WX))%1 (3.8.2)

Proof :
Using the symmetry property (3.6.11), we may assume M; < Mo < Ms. We begin by fixing

some extensions uy;, € F)\ a, of ui to R satisfying ||uar, ||—— BT < 2| |ug||=— )’
M; M;

Let v : R — [0;1] be a smooth partition of unity as in the proof of lemma 3.7.1, satisfying now
suppy C [—1;1] and

VEER, Y 4(t—-n)=1 (3.8.3)
nezZ

We then use v to slice the time interval in pieces of size My !
/ uyuguzdtdedy =y / Fim % foun - f3ndTd€(dq)x (3.8.4)
[0;T]XRXTx nez JRZXATIZ

where we define
fim = F (v(Mst — n)1jo ruar,)
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We can divide the set of integers such that the trilinear form is not zero into two subsets
A= {n € Z, y(Mst —n)lp 1 = v(Mst — n)}
and B = {TL € Z\A, /fl,n*fln ' f3,n 7A O}

Let us notice that #A4 < M3 and #B < 4
Let us start by dealing with the sum over A :

S [ Rt f

neA

Ks | ¢K
< Ms sup E / 2 fa
nEA| g Ko Ty, JREXATIZ

where ffil is defined as

Fir€.0) = pre, (7 = (& Q) fin(7.6,0), i =1,2,3if K; > Mj (3.8.5)

and
fiI,\/VILB(T’&q) = XJV[3(T - w(&vQ))fi,n(ﬂ&Q)v 1=1,2,3

Then, we separate the sum into three parts depending on the relations between the M’s and the
K’s as in corollary 3.6.9 :

n n
R2xA\—-1Z R2xA\—1Z

K1 K2, K3 i=1 (K1,K2,K3)EA;
with
Ay = {(K1, K2, K3) € 2N, K; > M3, Kpae < 1071°M My Mg}
Ay = {(K1, K2, K3) € 2V, K; > M3, K1 = Koy 2 MiMaM;}
Az = {(K1, K2, K3) € 2V, K; > M3, Ky = (K2 V K3) 2 M1 M Ms}

We treat those terms separately, using the estimates of corollary 3.6.9. Denoting J; the contri-
butioin of the region A; in the sum, we have

1/2 1/2
|J1‘ S M3 sup Z (Mmzn A Mnnn maz H K / ‘
A K Ko K> Ms

’L 7L 2

S (Mpin A M,

’HL’L?’L

after using (3.6.27) and

sup Z 1/2

neA K> M,

N=— 3.8.6
i F)?,M7 ( )

Indeed, (3.8.6) follows from the definition of ff;’ (3.8.5), the fact that x(1va,)-+ = 1 on the
support of gt and the use of (3.4.10) and (3.4.11).
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Proceeding analogously, we get

1V M. 1/4 3
sl S Mgsup S ML, (()) 15|75
=1

M im
nE€A k) Ka, Ks>Ms maz

L2

b 3
(1V Mpin)\ >
< | = "7/ N |
”( Moo E““ZHFE,M

by using (3.6.29) and that by € [0;1/8].
Finally, the last contribution is controlled thanks to (3.6.28), (3.8.6) and the weight ﬁ?\}h K"

[l Ssup > S (A M) 1/4HK1/2]

ne K1 2Mi1MyMs K2, K32 M3

fZTL

L2

1V Mpin)® " 1
MmlnMQ

max

<(1 /\Mmm)l/4(

1/2 || sk
sup Z 5Ml K1K1/ Hfmll

A K 2 My Mo My L2
This suffices for (3.8.1) since
1/2 || ¢k
sup Z BJV[hKl 1/ Hf1,ﬁ , < ||UM1HFb1
neA K1 > My My Ms X, My
as we only need to use (3.4.11) in this regime.
Let us now come back to (3.8.4). It remains to treat the border terms. We have
K Ky K
z/ B e D SR BN Ve
neB REXA~ neB K1,K2,K3 Ixamiz
where g is defined as
gli = pk, (1 — w)F (v(Mst — n)lp rung,) , i =1,2,3, K; > 1 (3.8.7)

Once again, we separate the different cases of corollary 3.6.9. Let us define G; the contribution
of the region A; in the sum above.
Using (3.6.27), we can control the first term :

|G1| S ( min A\ Mmzn) 2 M;Léx sup Z H K1/2 (388)
€b (K1,K2,K3)€A; 1=1
Now, we need to replace (3.8.6) by an analogous estimate on B :
1/2 K;
sup sup K; ‘ Gim||,, S s o (3.8.9)

neB K;>Ms

Let us prove this estimate. Using the definition of gZ (3.8 7), if we note uyy, := v(Mst — n)upy,
then we have to estimate

T~ o —

= HpKi(T —w) - Lo x F (ung,)

K;
gi,n L2 L2
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We then split F (uaz,) depending on its modulations :

o]l < S o =) Tom o (o —)F @)
K<K;/10
+ Y ek =0 F Lo F ok (' — ) F @)} = 1+ 11

K>K;/10

To treat I, we use that ‘@(7—7/)‘ <=7~ K; ! since |1 — w| ~ K; and |7 — w| ~
K < K;/10. Thus, from Young inequality L> x L' — L> we deduce that

K

(o (7' = w)F (uxr,))|

21 Slloxe’ = F @1l 1
»q T

which is enough for (3.8.9) due to (3.4.12) and then (3.4.10)-(3.4.11).
To deal with I, we simply neglect the localization pg, (T — w), use Plancherel identity, then

neglect the localization 1jp.7) and use Plancherel identity again and that Kil /2 < K2 to get
K200 Y KV low(r —w)F ()il SIIF (aar)
K>K;/10 "

This proves (3.8.9) after using again (3.4.10)-(3.4.11).
Coming back to (3.8.8) and using (3.8.9) along with #8B < 4, we then infer

|Gl S (i (My Mo M3))* (Miin A M)V My, H il -

as Z 1< (In (M1M2)>3. This is enough for (3.8.1).
(K1,K2,K3)€A;
Let us now turn to G2. We use (3.6.28) combined with (3.8.9) to get

|G| S (1A Mypin) VMY MEDT Y mWLIIbupbupi(/ ‘gfﬁ L
(K1,K2,K3)€A2
which is sufficient as well.
Finally, we treat G3, using now (3.6.29) and (3.8.9) :
< N/ D+ r(=5/4)+
|G3| ~ (1 \4 Mmzn) Mmaw Z maz H Sup SU.p gz n L2
(Kl,Kg,K.‘;)GAg.

which concludes the proof of lemma 3.8.1.
|

Following [IKT08, Lemma 6.1 (b)], we then use the previous estimate to control the special
terms in the energy estimate 3.1.13 :
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Lemma 3.8.2

Let T €]0;1], by € [0;1/8], M,M; € 2%, with M > 10(1 vV My), and u € Fy',(T), v €
Fyy, (T). Then

/ Pyru - Ppy( Py, v - Opu)dtdzdy
[0,T]XRXTx

< My Ay, (My, M) || Py, v||—— P ulP— 3.8.10
S My Ay, (My, M) [Pyl ) >l MQUHF;}MZ(T) ( )

by
MM A~ M

Proof :
First, we split the integral in the left-hand side of (3.8.10) into two terms

/ PMU~PM(3$UPJMIU)
[0, T]XRXTx

:/ P]\/[’U,'PM8$U'PM1U+/ PMu-[PM(amuPMlv)—PMawu~PM1v]
[0,T]xRXTx [0,T]XRXTx

=I+1I
The first term is easy to control : integrating by parts and using (3.8.1), we get the bound

1

*/ (PMu)2 . 8zPMlv
[0,T]xRXTx

Il =
11=|3

< My Ay, (M, M) || Pyul>— || Pas v||[——
S MidAy, (My, M) || M“”F;’}M(T)” Mlv||F§}M1(T)

To deal with I, we proceed as for the previous lemma : after choosing some extensions (still

denoted u € F)l\’lM and v € F)l\’lMl) of u and v to R, we split the integral in

e / PMun . [PM((?Q:U”PMI’U”) — PMa$un . PMl’l)n]
nez R2><T>\
where we define w,, := ljp ry(Mt — n)u and v, := 1 7)y(Mt — n)v for a function 7 as in the
previous lemma.

Using Plancherel identity, we can write I1 as

= Py, - K(C,C)an(C — 1)y Parvn (C1)dGrd
,;/qu it | B G Q) (C = Gk Pary on(G)dGdC

where the kernel K is given by

K6 = S5 fonel©) — (€ — €] (6) S mana(€ — &)

&1 AT

The last sum appears since |{| ~ M and || ~ My < M/10, thus | — & | ~ M.
Using the mean value theorem, we can bound the kernel with

O @) S maE-e) Sim@) Y muE-6) (8.11)

& Mo~ M Mo~ M

Therefore, as in [IKT08, Lemma 6.1 (b)], (3.8.10) follows after repeating the proof of (3.8.1) and
using (3.8.11).

[K(C,G)l S
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O
We finally prove (3.1.13). From now on, we fix b = 1/8 and drop the parameter when writing
the main spaces.
Proposition 3.8.3
Let T €]0;1] and u € C([-T,T), EY) be a solution of

Opu + 3w — 7 0yu + udyu = 0 (3.8.12)
u(0,2) = up(x)
on [-T,T]. Then for any a > 1,
2 2 2
lulle () S [luollge + Iulle, () lullze () (3.8.13)

Proof :
Using the definitions of B(T) (3.4.4) and p (3.2.1) along with (3.4.5), it suffices to prove

sup M ||Pagyultar,)lI 72 — M3 || Paryuoll7e
Ms>1 targ e[-T;T]

a 2
S llulleyery D M IPsullien () (38.14)
Ms3>1

and

sup MOV || P07 Oyultary)| |72 — M5 @V || Pag, 05 Byuo |
Mz>1tms €[-T5T]

a 2
Slulleyry Do M3 N|Pasullzn ) (3.8.15)
Msz>1 e

Let us start with (3.8.14).
Applying Py, to (3.8.12), multiplying by Pz, u and integrating, we get

s d

M-
2 2 2
1Pasuttan) 5 = 1 Pasol i = [ 5 IPwguto) 3 a

S

tars
/ / Py - Py, (u0pu)dt'dedy|  (3.8.16)
0 RXTx

since 93 and 9, 135 are skew-adjoint.
We separate the right-hand side of (3.8.16) in

M1<M3/10 [01t1W3]><R>< A 1
1 /() ( M3)2U : 1 M1U . 6.51 Mzudtdxdy ( 0. )
N12M3M2>0 [ 175M3]><R>< N 38 ]8
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Using (3.8.10) and Cauchy-Schwarz inequality in M7, the first term (3.8.17) is estimated by

2
(3817) S > MyAy, (My, Ms) || Pag,ul|—— o Y IPaullis— -
M;<Ms/10 My Mo~ Ms A, Mo

S fulf > Pl
~ F(T) 2 by
A oy F)\YMQ(T)

since
1/2

> AV M) TIMPA, (My, Ms)? | S
0<M1<M3/10

Thus

o 2
> M5 (3.8.17) S [[ullg, o) lullgs (1)
Ms>1

To treat (3.8.18), we use (3.8.1) and then we separate the sum on My depending on whether
MlNMgzMQOI‘leMQZMgi

(3.8.18) Z Z Ma Ay, (M2, Ms3) HHPMUH T

M1NM3 Mo<Ms;

+ > MaAy, (Ms, M) HHPMUH T =I+1I
My 2 Mz Ma~M;

Applying Cauchy-Schwarz inequality in M> we get the bounds
I <||Puyul P |Ju
S 1PalEr— o Il
and

171 < Z My Ay, (M3, My) || Prrull—— e
M; > Ms Ms

PrroullP——
o Pl

Summing on M3 and using Cauchy-Schwarz inequality in Ms and M; for 11, we finally get

> ME - (38.18) S lullg, ) llulleg )
Ms>1

+ 3> M Ay, (Mg, My) M || Pagul|—— o (T)||PM1 ul e Y
M3>1 M, 2> Ms; )\]‘/13 ,\M

2
S ||UHF>\(T) HU||F§(T)

Now we turn to the proof of (3.8.15).
This time, we apply Pu, 0519, to (3.1.6), we multiply by Pus,d; '0,u and we integrate to get

‘HPMsa aUtMs ||L2 ||PM3 0; 10 u0||L2

<

~

/ P, 05 0yu - Pag, 0, 10, (ud,u)dtdedy|  (3.8.19)
[0 t]yjs] XRX Ty
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using again the skew-adjointness of 93 and 9, 165.
The right-hand side of (3.8.19) is similarly split up into

/ PMgax_layu - Pypy (Paryu - Oyu)dtdady (3.8.20)
M1<M3/10 [0,tar; ] XRX T
> Z/ (Pasy)20; 10y - Pagyu - 9, Pygyudtdady (3.8.21)
M2 Ms M> [0,tar5 ] XRXTA

Writing v := 9 '9,u, using (3.8.10) and Cauchy-Schwarz inequality in M;, we obtain

2
(3820) 5 Z MlAb1 (Ml, M3) ||P]\/[1U||FT(T) Z ||UM2HFT(T)
Mi1<Ms/10 A, My Mo~ Ms X, Mg

2
< |u Z P, 07 Oyul| o
S ||FA(T) Mg~MgH 20z Oy |’F§}M2(T)

which is enough for (3.8.15) after summing on Ms.
As for (3.8.21), we separate again the sum on My :

(3821)=I1+4+11= Z Z / (Pas,)?v - Pag,u - Opvpg, dtdady
My ~Mg My <M; ¥ (0805 ] XRXTx

+ Z Z / (P]\/IS)Q’U . PMlu . a:rPMg’Udtdxdy
My > Mg Ma~DM; [0,tar5 ] XRXTx

For the first term, we use again (3.8.1) which gives

s > > Ma Ay, (Ma, M3) || Paryol|—
A, M

Py u||——— Py vl —/——
13(T>|| vy | , |1 Par, |
My ~Ms My<Ms

b b1
F,\,lM (T FAJVQ (T)

1

We first sum on Ms by using Cauchy-Schwarz inequality to get the bound

> My |[Payollm—  Pa il lullg, o
Mi~Ms ’ F;‘)?MS(T) ' F;J}Ml(T) @

and then we can sum on M3 using Cauchy-Schwarz inequality again to get (3.8.15) for this term.

For the second term, we apply also (3.8.1), then we first sum on M3 using Cauchy-Schwarz

inequality and M; S M} (=1 in this regime, and finally sum on M; using again Cauchy-

Schwarz inequality to get (3.8.15).

O
In the same spirit, following [IKT08] we have for the difference equation
Proposition 3.8.4
Let T €]0,1] and u,v € F»(T) satisfying
Oyu + OFu — 051 0yu + Oy (uv) = 0 (3.8.22)
(0, z) = up(x)
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on [-T,T] x R x Tx. Then

alt= ey < lluol 22 + el ory el sy (3.8.23)

and to deal with the equation satisfied by Prgn0z(ui — u2) we need

Proposition 3.8.5

Let T €]0;1] and u € F\(T) with u = Pyigru. Moreover, let v € Fx(T), w; € Fx(T),
i=1,2,3, and w; € Fx(T), i = 1,2,3 and finally h € F(T) with h = P<1h. Assume that u

satisfies
3
Oyu + aiu — (9;1(9511 = PHigh(Uamu) + Z PHigh(wiwg) + PHigh,h (3824)
1=1
on [-T;T] x Rx Tyx. Then
3
[l ey S luollzz + [olle, oy el ey + lallgsery Y lwillgse lwillesqr — (3:8:25)
i=1

Proof :

3.8.23) follows from (3.8.25) after splitting up w into Ppo,u and Ppigpu and observing that
g

Prignu satisfies an equation of type (3.8.24).

To prove (3.8.25), we follow the proof of proposition 3.8.3. Using the definitions of By(T)
(3.4.6), it suffices to prove

2 2
sup || Paryu(tar)||7e — [[Parsuol |7
Ms>1 tMs €[=T5T]

3
S ol oy el ey + el by D il lgsery Hwilles ey (3:8:26)
=1

Take M3 > 1. Applying Py, to (3.8.24), multiplying by Ppzu and integrating, we get

2 2 s 2
[[Pargultas)l| 72 — [|Parsuol|72 = @ || Parsu(t)|[72 dt

<

targ
/ / Par,w - Py, PHigh(uaxv)dt’dxdy‘
0 RxTy

3
>
i=1

since 92 and 9, 185 are skew-adjoint. The term in h vanishes after applying Pp,, due to its
frequency localization.

t M-
/ ’ / PM3u~PMSPHigh(wiwg)dt’dxdy' (3.8.27)
0 RXTx
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To treat the first term in the right-hand side of (3.8.27) we split it up in

/ Pyryu - Pyry (Pyryv - Opu) dtdady (3.8.28)
My <Ms/10 [0,tar3] XRXTx

+ > / (Pag,)?u - Py, v - 0y Py, udtdady (3.8.29)

M1>]\/[3 M, 0t1\43 XRX Ty

The first term (3.8.28) is estimated similarly to (3.8.20) with o = 1 and exchanging the roles of
u and v, whereas for (3.8.29) we proceed as for (3.8.21).

To treat the second term in the right-hand side of (3.8.27), we perform a dyadic decomposition
of w; and w}. By symmetry we can assume M7 < Mo, thus either My < My ~ My or M3 <
My ~ M. Then we apply (3.8.1) to bound the sum on M3 by

D DL D An(My M)

Ms>1 Mao~Ms Mlgjvfg

HPM3U|| a3
v

||PM1w’LH ;11V[1(T HPIWQ 2|| ;11k12(T)

T ) MMy

Mo>1 Myi~Mz 1< Ms<S Mo

(T)

. HPMSUHWMS(T) HPlez'Hinl

P wil|—=—
oy Pl

(T) Nowtp (1)

For the second term, we can just use Cauchy-Schwarz inequality in M3 and My since My ~ My 2,
M3 > 1. For the first term, we use that

> A (M M) [ Par il — ) S llwillesry
0<M; <M, 1

Note that this is the only step where we need (3.6.8) to avoid a logarithmic divergence when

summing on very low frequencies, thus we do not need the extra decay for low frequency as in
[IKTO8].
Thus we finally obtain

3
Z (3.829) < Z ||U\|ﬁ(T) Hwi”ﬁ(:ﬁ) ||w§|\ﬁ(T)
M1 i=1

which concludes the proof of (3.8.25).

3.9 Proof of Theorem 3.1.1

We finally turn to the proof of our main result. We follow the scheme of [KP15, Section 6].

We begin by recalling a local well-posedness result for smooth data :

Proposition 3.9.1

Assume ug € ES°. Then there exists Ty €]0;1] and a unique solution u € C([=Tx;T)\], EY®)
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of (3.1.6) on [=Tx; Tx] x R x Tx. Moreover, T = T'(||uo||gs ) can be chosen as a nonincreasing
A
function of|\u0||E§,.

Proof :

This is a straightforward adaptation of [IN98] to the case of partially periodic data. Indeed,
proposition 3.9.1 follows from the standard energy estimate (see for example [Ken04, Lemma
1.3))

[ull g < Cor ol g x0 (Cor 10t 1 ) (3.9.1)

along with the Sobolev embedding

||axu||L1TL;§/ ST HUHL;OE}

O
3.9.1 A priori estimates for smooth solutions
In this subsection we improve the control on the previous solutions.
Proposition 3.9.2
There exists €y €]0; 1] such that for ug € ES® with
uollg, < €0 (3.9.2)

then there exists a unique solution u to (3.1.6) in C([—1; 1], ES®), and it satisfies for o = 1,2, 3,

||“HF;(1) & ||U0||E<; (3.9.3)

where C,, > 0 is a constant independent of \.

Proof :
Let T=T (||u0||E§> €]0;1] and u € C([-T; 17, ES®) be the solution to (3.1.6) given by proposi-

tion 3.9.1. Then, for 77 € [0; T, we define
Xy a(T') = |\u||B§(T/) + \|u8xu|\N§(T,) (3.9.4)
Recalling (3.5.2)-(3.7.15)-(3.8.13) for oo € N*, we get
||“||F§(T) S ||UHB§(T) + Hf“N(;(T)

||8x(uv)”Ng(T) < ||“HF§(T) HUHF)\(T) + ||UHF>\(T) HU”F;(T) (3.9.5)
||U||213§(T) S ||U0||i:<; + HUHFA(T) HUH%‘;(T)
Thus, combining those estimates first with o = 1, we deduce that
X0 1(T')? < e l|uollg, +c2 (X1 (T)® + Xn 1 (T')Y) (3.9.6)
Let us remind here that the constants appearing in (3.5.2)-(3.7.15)-(3.8.13) do not depend on

A > 1, so neither does (3.9.6). Thus, using lemma 3.9.3 below and a continuity argument, we
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get that there exists To = To(eo) €]0; 1] such that Xy 1(T) < 2¢€p for T € [0;Tp]. Thus, if we
choose ¢y small enough such that

1
2cocoen + deacien < B

then
Xa1(T) < [luollg,

for T € [0; To).
(3.9.3) for @ =1 then follows from (3.5.2).
Next, substituting the estimate obtained above in (3.9.5), we infer that for a = 2,3

Xk,a(T)2 < Ca HUOHfE; + EZEOXA,Q(T)Q

which in turn, up to chosing ¢y even smaller such that cheq < 1/2, gives (3.9.3) for a = 2, 3.
To reach T' = 1, we just have to use (3.9.3) with a = 3 along with (3.4.16), and then extend
the lifespan of u by using proposition 3.9.1 a finite number of times.

O

Therefore it remains to prove the following lemma :

Lemma 3.9.3

Let T €]0;1] and v € C([-T;T),E$°). Then Xy; : [0;T] — R, defined in (3.9.4), is
continuous and nondecreasing, and furthermore

Jim X 1(T") < col[uolg,

where ¢y > 0 is a constant independent of \.

Proof :
From the definition of B(T) (3.4.4) it is clear that for u € C([-T;T],EY),
T" + |[ullg, (7+) is nondecreasing and continuous and satisfies

Tl,igl()”UHBA(T/) S ||u0||1-:A

where the constant only depends on the choice of the dyadic partition of unity.
Thus it remains to prove that for all v € C([-T;T],E), T — |||, (77 is increasing and
continuous on [0; 7] and satisfies

Jim [lollyy 7y = 0 (3.9.7)

The proof is the same as in [KP15, Lemma 6.3] or [GO16, Lemma 8.1] : first, for M > 0 and
T’ € [0;T], take an extension vy; of Pyrv outside of [T T, then using the definition of N/\I“M
we get

1Pl o S I @earllyn S 1o F e Bl
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Using the Littlewood-Paley theorem, we obtain the bound

1/2
2
[0l () = (Z (1vM)? |PM”||N§}M(T'))

M>0

1/2
S <Z (1vM)?|p- f{xT/(t)vM}llia>

M>0
S ||XT’”||L2TEA S (Tl)1/2 Hv”LOTCEA (3.9.8)

This proves (3.9.7) and the continuity at 7" = 0. The nondecreasing property follows from the
definition of |||y, (3.4.1). It remains to prove the continuity in 7o €]0; 7.

Let € > 0. If we define for ug € L2 (R x T) and L > 0,
Prug := F~! {xr(w(&, q))uo}
then by monotone convergence theorem we can take L large enough such that
1(Id = PL)vlln, (1) <€

Then it suffices to show that there exists g > 0 such that for r € [1 — dg; 1 + o],

loLling o) = 0Ll Iy oy | < €

Thus we may assume v = Prov in the sequel. In particular, Py;v = 0 if M3 > L.
As in [IKTO8], we define for r close to 1 the scaling operator

D, (v)(t, z,y) :=v(t/r,x,y)

Proceeding as in (3.9.8), we have
Hv - DT’/To (U)HNX(T/) /S (T/)1/2 HU - DT’/TD(U)HL%OE‘b\ T?’}O 0

where we use that v € C([-T;T], Ex) to get the convergence.
Consequently, we are left with proving

oy < Hminf 10, )]y o (399
and
hmj}lpHDr(U)”Nx(rTo) < HUHNX(TO) (3.9.10)

Let us begin with (3.9.9). Fixing € > 0 and r € [1/2;2], for any M € 24, M? < L, we can choose
an extension vas, of Py D, (v) satisfying va, = Py Dy (v) on [—rTy;rTp] and

loatellyss < IPMD @)l )+

Since Dy /. (var,r) = Pyv on [—To; Tp], it defines an extension of Pyrv and thus
1/2
2
ollery < | D2 (VM [[Dye(oars) [y

MSLY/?
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Finally, it remains to prove that
|1 Dyye(oar )| ym < 90) [lonsrl [y (3.9.11)

to get (3.9.9), where 1 is a continuous function defined on a neighborhood of » = 1 and satisfying
hn?iw(?") =1
T—

From the definition of N>\b1 M We have

193w,

= sup ||(1 —w+i(1V M) pF {xava-1 (- = tar)D1yr(vare) | oo
tym €ER A, M

and a computaton gives
Xavan-1 (- = tar)D1yr(vare) = D1jr (Xeuvan -1 (- = 7tar)var,)
so that
F{xavan-1(- = tar) D1y (vrer) } =7 Dy (F {xravary-1 (- — rtar)vnsr })

Thus, using the definition of X;’\f o the left-hand side of (3.9.11) equals

P12 sup E Kl/Qﬁ?\}IK
tmMERK>1

H(TT —w+i(1V M) pg(rr — w)pF {Xr(lvM)—l (- — tTw)UM,rH

L2

Now, for 7 ~ 1, we observe that for K > 10'°L, we have |7| ~ |7 — w| ~ |rT — w| ~ K, whereas
for K < L we have |7|, |7 —w| and |r7 —w| < L.

Thus,
1 B 1
(rr—w)2+(AVM?2 (—w?2+(1VM)?
Sht=rj(1vL)? e +1 TRATIE (3.9.12)
and the use of the mean value theorem provides
> pre(r—w)if K >10"L
P (rT —w) = pr (T —w)| S 1 =7 ;’SFL S plr—w) K S L (3.9.13)
K'<L

Combining all the estimates above, we get the bound

[CREsI

< 9(r) sup H(r w1V M) pF {XT(WM)A(- - @)W,T}Hxhl (3.9.14)

tm A M
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where 1(r) = r—1/2 (1+C@avL)?r— 1|)3/2 — L
rT—r
It remains to treat the time localization term : using the fundamental theorem of calculus,
we have

—1

F(t —ty) = Xr(1van -1 (t — tar) — X(1var)-1 (t — ta) = / s o(s(1V M)(t —tar))ds
1

with ¢(t) := tx'(t). In particular, for r € [1/2;2], from the support property of x, the support
of F(- —tp) is included in [tpyr —4(1V M);tpar +4(1 vV M)], thus we can represent

F(t—ty) = F(t—tar) Y y(1VM)(t—tar — O)xuvan— (= tar — €1V M)
<4

where v is a smooth partition of unity with suppy C [—1; 1] satisfying Vz € R, ny(x —0)=1.

lez
Now, using Minkowski’s integral inequality to deal with the integral in s, the right-hand-side

of (3.9.14) is less than

90) ( oarollyes, + [ Lot X iy an)eF {plsi v an(e - )

Favan-1 (t = tar = (1Y M) O)xavan -1 (t—tar — (1V M)_IK)UMJ-H o ds)
XM

with I(r) = [1;r= 1] if r € [1/2;1] and I(r) = [r~ ;1] if r € [1;2].
Since ¢(t) = tx'(t) and ~ are smooth, twice the use of (3.4.10) and (3.4.11) (with Ky =
s(1VvV M) and Ko = (1 V M) respectively) provides the final bound

1D jr(0arn)|[yor < 6() (14 Clin(r)]) foarpll e (3.9.15)

(here we used that the implicit constant in (3.4.10) and (3.4.11) are independent of s). This
concludes the proof of (3.9.9).
To prove (3.9.10), as before we may assume v = Ppv. Given € > 0 for any M > 0 we take an

extension vys of Pyv outside of [~Tp; To] and satistying [[var]| yor < |[Parv]| yon (1) + € Then
A, M A, M

for r € [-1/2;2], D,(var) defines an extension of Py D, (v) outside of [—rTp;rTp]. Then, since

in the proof of (3.9.15) we did not use the dependence in r of vys,, the same estimate actually

holds for vy, and thus
[Dr(one)ll yor - < P(L/7) [[var]| you
A, M A, M

which is enough for (3.9.10) and thus concludes the proof of the lemma.

3.9.2 Global well-posedness for smooth data

In view of the previous proposition, theorem 3.1.1 (a) follows from the conservation of the
energy.
Indeed, take up € ES° satisfying

luollg, <e1<eo (3.9.16)
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and let 7% :=sup{T > 1, [[u(T)||g, < +oo} where u is the unique maximal solution of (3.1.6)
given by proposition 3.9.2. Then, using the anisotropic Sobolev estimate (see [Tom96, Lemma
2.5])

1/2

uo(z,y) dedy < 2||uol[35° ||0suoll 2 | |05 1 8yuol |

RXTx
we have for T < T*

(3.9.17)

la(T)llg, = M(u(T)) + E(u(T)) +1/R Tu3(T,z,y)dwdy

3
< M@UT)) + E@T)) + 2 [[u(T) 22 |,0(T)]] 12 || 05 Byu(T)| |

< M(u(T)) + E(u(T)) + 2M(u(T)) |[u(T)]|g,
Thus, from the conservation of M and £ (as u is a smooth solution), we finally obtain
[T, S M) + E(uo) < +00

for any T' < T* provided €2 < 1/4, from which we get T* = +oc.

Finally, let us notice that equation (3.1.6) admits the scaling
ux(t,z,y) = A Lu(AT 2 ATV 20, A7 y), (2,y) € R X Tan, (3.9.18)

meaning that uy is a solution of (3.1.6) on [~\%/2T; A3/2T| xR x Ty, if and only if u is a solution
of (3.1.6) on [-T;T] x R x Ty,. Moreover,

ur O]y, <A~ [u(0)llg,,

Thus, take ug € ESC. If |[uo|/g, > €1, then there exists
9

- —4
A= (Iluol sy, ) ~ e lluollgs, > 1
such that [|lug||[g. < €1 (since €; > 0 is independent of A > 1). Thus, if uy € C(R,Eio)\o) is
AN
the unique global solution associated with ug  satisfying (3.9.16) , then
u(t,x,y) := )\uA()\Smt, A2, Ay) €C (R, Ei‘(}))

is the unique global solution associated with wuy.

The rest of the section is devoted to the proof of theorem 3.1.1 (b).

3.9.3 Lipschitz bound for the difference of small data solutions

Let T > 0, ug,vg € E) and u,v in the class (3.1.8) be the corresponding solutions of the
Cauchy problems (3.1.6). As before, up to rescaling and using the conservation of M and &, it
suffices to prove uniqueness for T'= 1 and

||UOHEA ) ||UOHEA Se <6

Set w := u —v. Then w is also in the class (3.9.2) and solves the equation

dow + OBw — 9710w + 0, <w- “;”) —0 (3.9.19)
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on [—1;1] x R x Tx. Then, since ug, vy satisfy (3.9.2), using (3.9.3) and then (3.4.17), (3.5.10)-
(3.7.17)-(3.8.23), we obtain for e; small enough

2 S |‘w|‘ﬁ(1) < uo — wvol 2 (3.9.20)

5oy

||w||L‘[>jl;1

from which we get v = v on [—1;1] if up = vo.

3.9.4 Global well-posedness in the energy space
In this subsection we end the proof of theorem 3.1.1 (b). We proceed as in [IKT08, Section 4].

Take T > 0, and let up € Ey and (ug,,) € (E)N such that (up,n) converges to ug in Ej.
Again, up to rescaling we can assume |[uo||g, < €< e and [|ugy|lg, < e<e2. Using again

the conservation of M and &, it then suffices to prove that (®°°(ug,)) € (C([—1; 1,EX)Y is a
Cauchy sequence in C([—1;1], Ey).

For a fixed M > 1 and m,n € N, we can split
19 (uo,m) = @2 (wo,n)l Lo g, < [P (u0,m) = P (P<rrtiom)l| p~g,
+ HCDOO(PgMUO,m) - (I)oo(PﬁMUO,n)‘|L<1>OEX + HCDOO(PéMUO,n) - (IDOO(UOJL)HLgoEA

Since
ST (P<aruo )| poepa < Cla, M)

thanks to (3.1.7), the middle term is then controlled with the analogue of (3.9.1) for the difference
equation along with a Sobolev inequality with « large enough, which gives

|‘(I>OO(P§MUO,77L) - (I)OO(Pgl\/IUO,n)HLtfoE)\ g C(M) ||u0,m - uO,n”E)\
Therefore it remains to treat the first and last terms. A use of (3.4.16) provides
||q)oo(u0,m) - q)oo(PéMUO,m)HLTCE)\ S H(I)oo(uo,m) - q)oo(PéMUO,m)HF)\(U
and thus we have to estimate difference of solutions in F»(1). Let us write uy := @ (ugm),

ug 1= O®°(Pcprug,m) and v := ug — us.
Using (3.5.2) and (3.7.15) combined with (3.9.3) we obtain the bound

llg, ) S llls, ) + lolle, 1y €

Therefore, taking € small enough, it suffices to control |[v[|g, ;). Using the definition of B,(1)
(3.4.4), we see that
vllg, ) < [[P<ivollg, + |[P>20]lg, 1)

Now, in view of the definition of By (1) and B(1), we have
HP>2”||BA(1) ~ |‘amp>2v||§(1) + ||a;18yp>2v||ﬁ(1)
Combining this remark with the previous estimates, we finally get the bound

1ollg, 1) < lvollg, + 1Po20m0]l55 0y + || P>20; 055 (3.9.21)
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We now define U := Pgign0,v and V := PHighaz_layv. We begin by writing down the equations
satisfied by U and V :

8tU + 8§U — 8;18§U = PHigh(_Ul . BIU) + PHigh(—PLowul . 6§PL0wv)
+ PHigh(_PHighul . 8£PLOU,U) + PHigh(—ﬁxU . 693(“1 + u2)) + PHigh(—U . aiuz) (3.9.22)

and

at‘/ + 3§V - a;lagv = PHigh(_ul : amV) + PHigh(_PLowul ' aa:PLowaz_layv)
+ PHigh(prighul . 8zPLow8;18yv) + PHigh(f”U . 8yu2) (3923)

Let us look at (3.9.22). We set h := —Prouu1 - 02 Prowv, wy = —Prighur, W) = 02 Ppowv,
wy 1= —0,v, wh = Oy(u1 + uz) and w3 := —v, wh = 2uy. Since uj,uz € Fy(1) we have
v € F)(1), thus h, w; and w, satisfy the assumptions of (3.8.25). Thence we infer

2 2 2
UI55a) < 1102vollzz + lluallg, 1y Ul lF5
2
+ U5 (||PHighU1||Fj(1) 1102 Prowv]g
+ ||arv”ﬁ(1) [0 (u1 + U2)||ﬁ(1) + ||”Hﬁ(1) Hainﬁ(l))

Therefore, using (3.9.3) and (3.9.20), the previous estimate reads

||U||%(1) S ||UOH?-3A te ||U||%(1) + HUHﬁu) (5 ||UOHL§
[0l 1y €+ ool 2]l )
Proceeding similarly for V', we obtain the estimate
2 S o5 ol 4E 1%
||V||ﬁ(1) ~ H © yUOHLi + H“1||FA(1) | Hﬁ(l) + ] ||ﬁ(1)
. (HpHighulel) HawPLowaglayuHﬁu) +lollEsa) Hawaglayuzy\ﬁ(l))
after applying (3.8.25). Again, a use of (3.9.3) and (3.9.20) gives
2 2 2
‘|V||ﬁ(1) S vollg, +€ ||V||ﬁ(1) + HVHﬁu) (6 ||U||FA(1) + ||U0HL§ ||U2||F§(1))
Combining the estimates for U and V along with (3.9.21), we get the final bound
lolle, (1) S Mlvolle, + €llolle, 1) + [1P<aruo.mllg [lvollz2
since [Jusllps 1) < llu2(0) g by (3.9.3).

Taking € small enough and M > 1 large enough concludes the proof.

3.10 Failure of uniform continuity for the flow
In this section, we continue the analysis initiated at section 3.3 by constructing a sequence of

solutions "responsible" of the quasilinear behaviour, thus showing that the regularity of the flow
map obtained in section 3.9.4 above is sharp. Here is the precise statement of proposition 2.1.4
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Proposition 3.10.1

There exists two positive constants ¢, C' > 0 and two sequences (u,) and (u,) of solutions to
(3.1.6) in the space C([—1;1], E(R x T)), satisfying for any t € [—1;1],

sup |[un (t)|[g + sup |[un ()||[g < C (3.10.1)
and att =0
nll)r_l‘_loo [|r, (0) — upn (0)||g =0 (3.10.2)

but such that for any t € [—1;1],

lim inf [[un, (t) — un (t)||g = clt] (3.10.3)

n——+oo

Proof :

At section 3.3, we saw that the smoothness of the flow map was limited by the resonant low-high
interaction. Using a finer analysis of this interaction, Koch et Tzvetkov [KT08] displayed a family
of solutions on which the flow map does not act uniformly continuously. The goal of this section
is then to construct similar solutions which are periodic in the y variable.

Following the idea in [KT08], we perturb the plane wave cos(w(&o, q0)t + o + qoy) (solution
of the linear problem, with w defined in (3.10.5)) to get an approximate solution of (3.1.6). The
choice of & and go is made so that d:w(&o, g0) = 0.

First, let N € N be a large integer and X := v/3N. To construct a solution of finite energy,
we will apply a spatial cutoff to the plane wave above. Let x € C2°(R, [0;1]) be a smooth cutoff
function satisfying suppy C [—2;2] and x = 1 on [—1;1]. For our approximate solution to have
an atiderivative, we define then the cutoff 1(z) = x(x) — x(z + ) where z) = 10y/3\7 in order
to decouple the two pieces. Let us finally define our family of approximate solutions

ug(t, x,y) == A=32\ () cos (P g (t, 2, 7)) — A" 00, (2) (3.10.4)

where {[A is a cutoff with the same properties as ) with the extra assumption % = 1 on suppwy,
and where the phase function is a perturbation of the phase for a plane wave :

Dy o(t,x,y) = 4N3t + Ao+ V3N 2y +0t, (t,z,y) €[-1;1] xRx T (3.10.5)

with 6 € [-1;1].
Let us observe that from our choice of A we have v/3\? € N. Moreover, by construction of ),

/Rz/u(:v)dx =0

thus ug(t) € E(R x T) for any t,6 € [—1;1]. Indeed, straightforward computations (we refer to
[KTO08] for the details) give ug(t) = or2(1), dyug(t) = Or2(1) and after integrations by parts

97 9,up(t) = VB2 cos & — \/g)\_?’/Q/ ) sin ®dz’ = Or2(1)

uniformly in ¢, 6 € [—1; 1] and A.
Next, using Leibniz rule and integrating by parts, we get

(00 + 02 — 9,192) ug = —OA 32\ sin @ + O(A?)
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which gives, after using that zz = 1 on supp®, that the nonlinear term is finally
ugdyug = ON"3/%1hy sin @ + O(A73/2)

Thus
(9 + 02 — 07102 o () + g (t)Daug(t)|] ., S AT/ (3.10.6)

uniformly in ¢,0, \. At last, for ; =1 and 6, = —1, we have the lower bound

102 (6) = uma () 2 = ||\ 720 (sin @y = sin@_y)|| |+ 02
Dy + q’l)

5 +O0(N3/2)

’2>\_1/2¢>\ sin (t) cos (

L2
> clt] + O(A3/%) (3.10.7)

Finally, we can take for u, and w, the genuine solutions arising from u;(0) and u_;(0) with
A = v/3n. (3.1.7) shows that they are uniformly bounded in C([—1;1], Ey), and they stay close
enough to the approximate solutions thanks to (3.10.6) and a standard energy estimate. So we
can conclude the proof of proposition 3.10.1 as in [KT08].

O

3.11 Orbital stability of the line soliton

In this last section, we turn to the proof of corollary 3.1.2. We briefly recall the main steps
of [RT12, Section 2].

Let us remember that equation (3.1.6) has a Hamiltonian structure, with Hamiltonian E(u).
To study the orbital stability of Q.(x — ct), we first make a change of variable to see Q.(z) as a
stationary solution of (3.1.6) rewriten in a moving frame :

dyu — cOyu + O — 0, " O7u + udpu = 0 (3.11.1)
Equation (3.11.1) still has a Hamitonian structure, with the new Hamiltonian
Ec(u) == E(u) + cM(u)

The key idea of the proof is then to show, as for the orbital stability of ). under the flow of
KdV [BenT72], that the Hessian of £. about Q. is strictly positive on the codimension-2 subspace
H :={{v,Q.) 12 = (v,Q.) 12 = 0} to get a lower bound on E.(®(ug)(t)) — E.(Q.) in term of
2 (o) (®) — Q|

To study D%E.(Q.) on H, we begin by computing

_ 2
Ec(Qe + (1)) = E(Qe) + (Haﬂcvli? + Ha:v layUHLz + C||”Hi2 _/R TQC : U2d$dy)
x

— / vi3dady
RxT

The linear term in v vanishes since Q. is a stationary solution.
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Using the Plancherel identity in the y variable, we can write the Hessian of £, about Q. as
the sum of the bilinear forms

1
5 D?Ec(Qe)(v,v) = Y BE(Fyu(t, @, k), Fyo(t, z, k)
keZ
with
~ ~ ~ _1~112 ~ s
B (3(),50)) = 11053113 + 12 1105151, + <l — [ Qo-de

Observe that BY is the Hessian about Q. of the Hamiltonian associated with the KdV equation
in a moving frame, and thus by the study in [Ben72] B? is H! bounded from below as desired.
To treat the terms with k # 0, first make the change of test function

f(x) =0, ' Fu(t,z, k) € L*(R)
Then, using that k? > 1, we can write
BE(Fyu(t, @, k), Fyo(t,z, k) = (Lof, f)
where the linear operator L. is defined as
Lo:=0—cO?+0,Q.0, + 1

Since Q.. is exponentially decreasing, 9,Q.0, is compact with respect to 92 — cd? + 1 and thus
Spec, L C [1,+00[. To get a lower bound on (L.f, f), it remains to study the existence of
negative eigenvalues. Following the method of [APS97], a change of variables leads to consider
the eigenvalue problem

g —4 <1— 2)9”+3u29:0 (3.11.2)
cosh
where 16
3v? = 07(1 - o)

and Ag < 0 is the possible negative eigenvalue. Using again the exponential decreasing of @, g
behaves at infinity as a solution of the linear equation

Y —4n” 4+ 30°h =0 (3.11.3)
For each characteristic value p of (3.11.3), there is an exact solution
gu(x) == e (p® + 2p — 3y tanh(z))
of (3.11.2). For these solutions to behave as e#* at infinity, this requires
pd 20— 3u% =0
As p is also a characteristic value, this implies 4 = 1 and thus v? = 1 from which we finally infer

16

2

= (1 —
8—3( )\0)

Consequently, there is no possible negative eigenvalue \ if ¢ < ¢* = 4/1/3.
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Hence we have a lower L? bound for the bilinear form associated with £., which provides the
bound

- —1~1(2
Bi(0,9) 2 ||0z 0]
Linearly interpolating with the obvious bound (since Q. < 3c¢)
~ ~12 —1~(|2 ~12
B:(v,9) > 10507 + |05 19| [ . — 2¢][0][7

yields to an L? lower bound for B¥, which in return provides the final bound

~ o~ ~112 _1~112

By (9,9) 2 |[oll7 + k2 105 1]

uniformly in k.

The last trilinear term / v® is treated with the anisotropic Sobolev inequality (3.9.17).

Combining all the bounds from below finally provides a control of ||w||g in term of £.(Q. +
wg) — E.(Q.) for any w € H. The end of the proof is then standard (cf. [Ben72],[RT12, Section

2).
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Chapter 4

Study of higher-order KP-I
equation on the torus

This chapter essentially contains the paper [Rob17].

4.1 Introduction

The KP equations arised in [KP70] as fluid mechanics models for long, weakly nonlinear two-
dimensional waves with a small dependence in the tranverse variable. The usual KP equations
are

3tu+32u+63;18yu+u5‘mu =0 (4.1.1)

where the coefficient € depends on the surface tension. The KP-I equation corresponds to e = —1,
and the KP-II equation to e = 1. The Cauchy problem for these equations has been extensively
studied in the past twenty years. The KP-II equation is known to be locally well-posed in the
scale-critical space H~1/29(R?) [HHKO09], and globally well-posed in L?(R x T) [MST11] and
L?(T?) [Bou93b].

As for the KP-I equation, some ill-posedness results [MST02b, KT08] have shown that this
equation does not have a semilinear nature, in the sense that it cannot be treated via a perturba-
tive method. Tonescu, Kenig and Tataru [IKTO08] thus developped the short-time Fourier restric-
tion norm method to overcome the resonant low-high interactions responsible of the quasilinear
behavior, therefore obtaining global well-posedness in the energy space on R%2. The adaptation
[Zhal5] in the periodic setting revealed a logarithmic divergence in the energy estimate due to a
bad frequency interaction in the resonant set, establishing therefore a local well-posedness result
in the Besov space B%’l(Tg) which is strictly larger than the natural energy space. To overcome
this difficulty and recover a global well-posedness result in the energy space, one can look for a
better dispersion effect by either removing the assumption of periodicity in one direction [Rob18],
or studying higher-order models.

To pursue this latter issue, we investigate the Cauchy problem for the periodic fifth-order
KP-I equation

Oyu — Ou — 0, ' 00u + udpu =0, (t,2,y) € Rx T? (4.1.2)

First, as noticed by Bourgain [Bou93b] in the context of the periodic KP-II equation, any (peri-
odic in space) solution of (4.1.2) has a constant (in y) z-mean value, i.e if (m,n) € Z? are the
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Fourier variables associated with (x,y) € T2, then the Fourier coefficients of u with respect to
(x,y) satisfy the extra condition

u(t,0,n) =0forneZ\ {0} (4.1.3)

In particular, in t = 0 we see that the initial data must satisfy (4.1.3). As in [Bou93a, Bou93b],
we will make the additional assumption that ug(0,0) = 0, which is not restrictive since for data
up with non zero constant z mean value, we will just have to set v := ug—1ug(0, 0) which satisfies
the above condition and the modified equation

Oy — 8511 + cOpv — 5);1851) +v9,v =0

with ¢ = 4(0,0). Our analysis of (4.1.2) applies equally to the above modified equation, since
the extra lower order term does not change the resonant function (see its definition in (4.3.7)
below).
Now, to work with initial data satisfying the constraint (4.1.3), we introduce the subspace of
distributions
Dy(T?) == {ug € D'(T?), ug(0,n) =0 Vn € Z}

in which the operator ;! is well defined as

1 __
9y ug(z,y) = F " {Z.muo(mﬂ)}

The equation (4.1.2) has another interesting feature : it possesses some conservation laws. Indeed,
the mass

M(ugp) := /T2 ud (z,y)dedy (4.1.4)

and the energy

1
E(ug) = / {(azuw?(x,y) + (07 10,00 (2,) — 3w, y>} dady (4.1.5)
T2
are conserved by the flow. Therefore, to obtain a global well-posedness result, it suffices to
construct local solutions to (4.1.2) and they will be automatically extended globally in time as
soon as the above quantities are bounded.
In view of the precedent remarks, we will thus work in the energy space defined as

x

E(T?) == {uo € DY(T?) N L*(T?), dZuo € L*(T?), 0, '0yuo € L*(T?)} (4.1.6)

endowed with the norm

1/2
luollg := (1ol 7= + [|02uol 7. + [|07 9ol )

For initial data in this space, the mass is clearly finite, and due to the anisotropic Sobolev
inequality (3.9.17) of Tom [Tom96, Lemma 2.5] the energy is bounded as well.

The first results on the Cauchy problem for (4.1.2) were obtained by Iério and Nunes in the
general setting of [IN98] where it has been shown to be locally well-posed for zero mean value
initial data in the space H*(T?) for s > 2 by adapting the general quasi-linear theory of Kato.
This model has then been studied in the work of Saut and Tzvetkov [ST99, ST00, ST01], where
it has been proved that this equation is globally well-posed in the energy spaces E(R?) and
E(T x R) by using the standard Bourgain method. Li and Xiao [L.X08] have then pushed forward
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with this approach and got global well-posedness in L?(R?). However, a counter-example is built
in [STO1] to show the failure of the bilinear estimate in the usual Bourgain spaces when u is
periodic in both variables, initiating thereafter a systematic study of such quasilinear behaviours
in dispersive equations (see [Tzv04] for a detailed presentation of this issue). This implies that
another approach is needed. Using the refined energy method of [KT03], Ionescu and Kenig
[IK07] proved global well-posedness in E(R x T). Very lately, Guo, Huo and Fang [GHF17]
proved local well-posedness in H*°(R?) for s > —3/4 and the initial-value problem (4.1.2) for
periodic initial data in the energy space remained open. In this note, we prove the following.

Theorem 4.1.1

(a) For any ug € E®(T?), there exists a unique global smooth solution
u =: &> (up) € C(R,E>(T?))
to (4.1.2) and moreover, for any T > 0 and o > 2 we have

12 (uo) | oo e < C (T 0, [[uol|-) (4.1.7)

(b) Take any ug € E(T?) and T > 0, then there exists a unique solution u to (4.1.2) in the
class
C(-T;T,EynF(T)NnB(T) (4.1.8)

This defines a continuous flow ® : E — C(R, E) which leaves M and £ invariants.

The functions spaces E>, F(T') and B(T') are defined in section 4.2 below.

Now, in view of the above definition of the energy space, one may be surprised by the gap
in regularity between the Cauchy theory in R? [GHF17] and our well-posedness result. This is
explained by the difficulty to evaluate accurately the measure of the resonant set in the periodic
setting. See remark 4.3.7 below for more details.

To prove Theorem 4.1.1, we will then use the method of [IKT08] and prove the linear, bilinear
and energy estimates in the spaces F,N and B.

Section 4.2 introduces general functions spaces and their basic properties. We prove some
dyadic estimates in section 4.3 which we will use in sections 4.4 and 4.5 to prove energy and
bilinear estimates respectively. The proof of Theorem 4.1.1 is finally completed in section 4.6.
As a final comment, we give the proof of proposition 2.2.1 at then end of section 4.6.

Notations

For positive real numbers a and b, a < b means that there exists a positive constant ¢ > 0
(independant of the various parameters) such that a < ¢ - b.

The notation a ~ b stands for a < b and b < a.

For z € R? we set (x) := (1 + |=|?)'/2.

For a set A C R, 14 is the characteristic function of A and if A is Lebesgue-measurable, |A|
means its measure. When A C Z is a finite set, its cardinal is denoted #A.

For M > 0and s € R, < M*~ means < C.M?*~¢ for any choice of € > 0 small enough. We define
similarly M.

Let (7,m,n) € R x Z% denote the Fourier variables of (t,z,y) € R x T2. We define the unitary
group

U(t) = e—t(8i+6;18§) _ ]_-;lle—itw(m,n)]:ly
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where w(m,n) := m® + %2
We note M, K € 2N the dyadic frequency decompositions of |m| and (r + w(m,n)). We define
then Dy x := {(r,m,n) ERx Z?, |m| ~ M, (1 +w(m,n)) ~ K} and Dy < := U Dy k.
K'<K
We note also Iy := {5M/8 < |m| < 8M/5} and I<pr = ) Tar-
MM
We use the notations My A My := min(M;, Ms) and My V My := max(My, Ms).
For My, M3, M3 € RY, Muyin < Mpmed < Miae denotes the increasing rearrangement of My, Ms, M3,
ie

Mmin = M1 A M2 A ]\437 Mmax, = M1 V M2 vV M3
and Mmed = Ml + M2 + M3 - Mmaa: - Mmzn

We define now the Littlewood-Paley decomposition. Let x € C2°(R) with 0 < x < 1, suppx C
[-8/5;8/5] and x =1 on [—5/4;5/4].
For K € 2N, we then define n;(z) := x(z) and nk () := x(z/K) — x(2v/K) if K > 1, such that
suppnk C Ix and ng =1 on {4/5K < |z| < 5/4K} for K > 1. Thus (7 + w(m,n)) € suppnig =
(T +w) € I and |7+ w| ~ K for any K € 2N.
When needed, we may use another decomposition Y, 7 with the same properties as x, 1 and
satisfying ¥ = 1 on suppy and 1 = 1 on suppn.
Finally, for k € R%, we note x.(z) := x(z/k).

We also define the Littlewood-Paley projectors associated with the sets I :

Pyu = F~' (15, (m)i) and Poyu:= Y Pyu=F' (15, (m)d)
M'<M

4.2 Functions spaces and first properties

4.2.1 Definitions
The energy space E was defined in (4.2.5). More generally, for o > 2, we define

E7(T?) := {uo € D4(T*) N L*(T?), ||uollgw = [[{m)7 - p(m,n) - o[ 2 < +o0} (4.2.1)

and
E* = () E°
o>2
with the weight p defined as
L —22 *\2
p(m,n) = ((m) 2, (m.n) € (Z°)

so that with this definition E = E2.
Let M € 2N. As in [IKTO08], for b € [0;1/2] the dyadic Bourgain type space is defined as

Xt = {f(T,m,n) € L*(R x Z?),suppf C R x Iy x Z,

11, == 3= K llpx(r +w)fllps < +oo

K>1
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When b = 1/2 we simply write X ;.
Then, we use the X}, structure uniformly on time intervals of size M 2 :

Fy = {u(t,z,y) € C(R,E%), Pyu=u,
lullr, = sup [lp- F (a2t~ tanublg, < +oc
tmER
and
Nas = {u(t,z,y) € L* (R,E®), Pyu=u,
ullyy, = sup |[p- |7+ w+ M2 7 F fearalt = tanul|| < -|—oo}
tmER Xm
For a function space Y — C(R, E*), we set
Y(T) = {u e C([-T.TL.E®), |lully(r < +oo}

endowed with

ully(py == nf{[|ully, weY, u=won[-T,T} (4.2.2)
Finally, the main function spaces are defined as
1/2
o o 2
FoNT) =S u € C([-T,TLE"), |[ullposiry == | D M* (| Parul e o) < 4oop (4.2.3)
M>1
and
1/2
N(T) = {u € LA([-T,TLE), [Jullnoiry = | S M*|Parully,, o) < 4oop (4.24)
M>1

The last space is the energy-type space which is the analogue in this context of the usual space
L=([~T:T], B7)

BY(T) := {u € C([-T,T],E%),
1/2
lallgrery = | S5 sup  [Paultan)llar | < +oop (4.25)

M>1 tm €[-T,T)

Again, for F, and Fo°(T), if b = 1/2 we just drop it. We do the same for o = 2.

For the difference equation, we use similar spaces Fy;, Ny and F(T), N(T) and B(T') which
are the same as the above spaces but without the weight p and at regularity ¢ = 0. Let us notice
that in view of the definition of p we then have

2 2 —4(19—-1 2
gy oy ~ Nellg () + M |0z ay““TM(T)
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4.2.2 Basic properties

We collect here some basic properties of the spaces X, F(T) and N(T'). The proof of these
results can be found e.g in [IKT08, GO16, KP15, Rob18].
First, for any fi; € Xy, we have

mllez, o1 S IFmllx,, (4.2.6)

m,n

Moreover, if we take v € L?(R) satisfying
V() S ()~ (4.2.7)
then for any Ky > 1 and t; € R we have

1/2HXK0 (T + w)F {7(Ko(t — to)) 71fM}HL2

+ > K'Y |pr(m 4 w)F {y(Ko(t — to))F " far}]| 2 Sl fullx,,  (4:2.8)
K>K,

and the implicit constants are independent of M, Ky and tg.
For general time multipliers my; € C*(R) bounded along with its derivatives, as in [IKTO0S]
we have the bounds

4
mas (8)fael 1y S (Z (v )~ |[mf) HLW) 1fasll, (429)
k=0
and
4
- k
llma () fully,, S (Z(l v M)~k ng\l)HLm> HfMHszv}bl (4.2.10)
k=0

We will also use [GO16, Lemma 3.4] to get a factor 7°F in the estimates in order to avoid
rescaling :

Lemma 4.2.1
Let T €]0;1] and 0 < b < 1/2. Then, for any u € Fy(T),

lall g, oy S T2 |l gy oy (4.2.11)
and the implicit constant is independent of M and T.

The last estimate justifies the use of F(T) as a resolution space :
Lemma 4.2.2
Let 0 > 2, T €]0;1] and u € F(T). Then

lull e S Nallgrery (12.12)

4.2.3 Linear estimate

In this last subsection, we recall a linear estimate which replaces the usual estimate in the
context of standard Bourgain spaces. The proof is the same as the one of [IKT08, Proposition
3.2].
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Proposition 4.2.3

Let T > 0 and u, f € C([-T;T],E>) satisfying
Opu — O — 8;18511 =f (4.2.13)
on [-T,T] x T2
Then for any o > 2, we have
||u||F<’(T) S ||u||BU(T) + ||f||Na(T) (4.2.14)
and
lullgery S llullgery + 1l (4.2.15)

4.3 Dyadic estimates

We prove here several estimates on the trilinear form fR Y72 fi* f2- f3 which replace [IKT08,
Corollary 5.3] in our context.
For the proof of the following easy lemmas, we refer to [Rob18, Section 3].

Lemma 4.3.1

Let f; € L*(R x Z?) be such that suppf; C Dus, <, "R x Z x I;, with M;, K; € 2\ and
I, CZ,i=1,2,3. Then

3
/R S” Forfor fs S MY2KY2 i) TNl (43.1)

z2 =1

Lemma 4.3.2

Let A C Z2. We assume that the projection of A on the m axis is contained in an interval
I C Z. Moreover, we assume that the cardinal of the m-sections of A (that is the sets
{n € Z,(mp,n) € A} for a fixed mgy) is uniformly (in mg) bounded by a constant C. Then
we have

Al < C(I))

Lemma 4.3.3

Let I, J be two intervals in R, and let ¢ : I — R be a C! function with inf,ec;|¢'(z)| > 0.
Assume that {n € JNZ, p(n) € I} #0. Then

#{neJNnZ, go(n)EI}§<|I|> (4.3.2)

infres ¢ (2)|

Lemma 4.3.4

Let a # 0 ,b, ¢ be real numbers and I C R a bounded interval. Then

|I|1/2
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The main estimates of this section are the following :
Proposition 4.3.5

Let M;, K; € 2N, i =1,2,3, and take u1,us € L?(R x Z?) be such that supp(u;) C D, <k, -
Then

‘Ul*'LLQH < (Kl/\K2)1/2M1/2

H]'DMS,gKB 2~ min

: <(K1 v K)Y(My A M2)1/4> luall 2 lJuzll 2 (4.3.4)

Moreover, if we are in the case Kqr < 10710 M Mo M3 M?

max’

then

HlD}VIngKS tu1 *UQHLQ ,S (Kl A K2)1/2M111/ii

(K1 ER) 2 (M M) ™2 )l g szl 2 (43.5)

Proof :

These estimates are the analogue of those proved in [ST01, Subsections 2.1& 2.2] in the context
of the bilinear estimate in standard Bourgain spaces. The proof is very similar to that of [Rob18,
Proposition 5.5]. First, we split u; and ug depending on the value of m; on an M3 scale, meaning

HlDM3~<K3 g3 *uQ‘ |L2 < Z Z HlDMg,gK3 C ULk *U2,jHL2 (4.3.6)
kez jez

with
Wi j 1= Liings, (1) bs) () U

The conditions |m| ~ Ms, my € [kMs,(k + 1)Ms] and m —my € [jMs;(j + 1)M;3] require
j € [k — ¢; —k + ] for an absolute constant ¢ > 0.
Squaring the norm in the right-hand side of (4.3.6), it suffices to evaluate

/ E 1DMg,<K3 (Tvmvn) / E ul,k(T17m17nl)
R R
(

(m,n)ez? my,ny1)€EZ?

U (T — T, m —my,n— nl)dﬁ\z dr
Using Cauchy-Schwarz inequality, the integral above is controlled by

2 2
sup IAT,m,n| : Hul,kHLz ||u2,j||L2
(7ym,n)ED N, < K3

where A, ., , is defined as

Arn = {(Tl,ml,nl) ERxZ>miel,m—m € I,

(1 —w(my,m)) S Ky, (t—11 —wim—my,n—mnq1)) S Ko}
with the intervals

Iy = Ing, O [EMs; (k + 1)Ms) and I; = Iy, N [ Ms; (5 + 1)Ms)
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Using the triangle inequality in 7y, we get the bound
|Ar,m,n| S (Kl A K2) |Br,m,n|

where B,  is defined as

B‘,-ymm = {(ml,nl) c Z2, mi € Ik,mfml S Ij,
(T +w(m,n) — Q(my,n1,m—mi,n—n1)) S (K1 VKs)}

and the resonant function Q is defined as

Q(my,n1,ma,ng) = w(my,ni) + w(ms,ng) — w(my +me,ny + nay)

(m1n2 — m2n1)2

= 5myma(my + ma)a(my, me) — myma(my + ms)
1ma(mi 2

2
mim n n

= bmymag(my + ma)a(my, me) — # (ml _ m2> (4.3.7)
1 2 1 2

with
2 2 2
a(my, mg) = mi +mime +ms ~ M7 ..

First, in the case K,nqp < 10710M; Mo M3 M?2, ., we estimate | B+ mn| with the help of Lemma 4.3.2
and 4.3.3. Indeed, its projection on the m, axis is controlled by |Ix| A |I;|. Now, we compute

ol _,lm n-m =2 (5my(m — mqi)ma(m m—m)—Q)1/2
oni| “|mi m-—mi| T |mi(m—m) ! ' b '
Thus, from the condition |Q| < Kpae < 10710M; My M3 M2, we get
o0 m 1/2
— 22— - - ~ M. Mmaz
an. | ‘ml (m =) my(m — my)ma(my,m —my) 3

So we can estimate | B, | in this regime by
|B'r,m,n| 5 <|Ik| /\ |I]|><(K1 \/ KQ)(MBMmaz)71>

For (4.3.4), note that we can neglect the localization 1p,, ., thus we can use the argument
of [ST01, Lemma 4] and assume that m; > 0 on the support of u;. To get a bound for |B: 1/,
we now use Lemma 4.3.4 instead of Lemma 4.3.3. Indeed, we can write

T —w(m,n) — Q(mi,n1,m —my,n—nq)

=7 —w(m,n) — bmmy(m — my)a(my,m —mq)

m%n2 —2mimnin m2 9
n
mym(m —my) mim(m —my)
which is a parabola in n; with leading coefficient
m 1 1 1
= >

my(m —mq) mi m—my ~ miA(m—my)
Thus for a fixed my, the cardinal of the ni-section is estimated by

<(K1 V K)Y2(M; A M2)1/2>
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thanks to (4.3.3). So we get the final bound

Bronanl S (Tl A LD ( (B v E) 20002 )
These bounds for |A; ,, | finally give (4.3.4) and (4.3.5) by using Cauchy-Schwarz inequality to
sum over k € Z, since |I| S My A M3 and |I;| S My A Ms.

O

Remark 4.3.6. In the context of standard Bourgain spaces, we cannot recover some derivatives
in the regime Kpape < M3Mpa: Since

<(K1 V K2)1/2(M3Mmaa:)_l/2> =1

in that case. This is the main reason for the bilinear estimate to fail in [STO1, Section 5] and

for our choice of time localization on intervals of size M2, .

Remark 4.3.7. Estimate (4.3.5) may seem rough, but a more careful analysis of the dyadic
bilinear estimates in the resonant case (that is, the analogue of

[GHF17, Lemma 3.1 (a)] for periodic functions) in the spirit of [Zhal5, Lemma 3.1] leads to the
bound

mazx

" K, 1/2 K, 1/2
K K3)Y2M7L . A(My A M) — 22
(K1 K) maz ((M1 /\MQ)M,,LM) [( ! 2)<MmmM >]

showing that, in the case Ko = Kpeq < MyinM3 .. and My A My = My, (4.5.5) is actually

optimal. Comparing with [GHF17, Lemma 3.1], we see why there is such a gap in regularity
between the well-posedness in R% and T2.

As in [IKT08, Corollary 5.3], we conclude this section by summarizing the main dyadic estimates
that we will use throughout the forthcoming sections.

Corollary 4.3.8

Assume My, My, M3, K1, Ko, K3 € 2N with K; > M? and f; € L*(R x Z?) are non negative
functions with the support condition suppf; C D, k,, © = 1,2. Then

1/2
200y * 11 ol o S Mylot Moo (Koin Komar) K e | fill 2 11 fol 2 (4.3.8)

for any b € [1/4;1/2], and

3/2 1/2 1/2
LDay sy 1% Fol] o S MPMYZ K2 D Fillpe || £l e (4.3.9)

Proof :
(4.3.8) follows directly from (4.3.4) and (4.3.5) above.
For the proof of (4.3.9), we follow [IKT08, Lemma 5.3] : we split

Z fin=1p <M3 n)f1 + Z 1y (n

N>M? N>M3
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such that

1/2 1/2
10 cney i foll e S S0 NY2MYZ K2 N Al £l e
N>M}

after using (4.3.1).
Thus, using Cauchy-Schwarz inequality in IV, we obtain

1/2 1/2 _
HlDMs,Kg_ 'fl*fQHLQ SMm/inKm/ianQHL? E N 1/2M§||p'f1,NHL2
N>M?
3/2 1/2 1/2
<SMYEMYE R p - Al e || foll 2

min’ T min

O

4.4 Energy estimates

In this section, we prove the energy estimates which allow to control the B-norm of regular
solutions and the B-norm of the difference of solutions.

Lemma 4.4.1

There exists po > 0 small enough such that for T' €]0; 1] and u; € Fi, (T), © € {1,2,3}, with
one of them in Fy;,(T), then

|/[ ] 2ulungdﬁdycdy
0,T]xT

If moreover My < M /16, and u € Fy(T), v € Fay, (T), we have

3
" 1/2
<2 T il (4.4.1)
=1

/ Py - Py (P, v - Opu)dtdady
[0,T]xT2

3/2 2
STOM [|Paollmmy O 1Pl (44.2)
Mo~M

Proof :
From symmetry, we may assume M; < My < M3. Let u; € F)y, be extensions u; to R, satisfying

1@llpy, < 2l
Let v € C2°(R) be such that v : R — [0; 1] with suppy C [—1; 1] and satisfying

vVt € R, Z’yg(tfy)zl

vezZ

117



Then

/ uyusugdtdzdy
[0:T]x T2

= Z Z /R><22 (pK3 (T + W)]: {1[0;T]7(M31a:vt - V)Eg})

VISMZ, o0 K1 K2, Ks2MZ,
(o, (7 4+ @) F { Loy (Mot — v)ur })
* (prcy (T + W) F {Ljo.ry (Mt — v)uz }) dT|
where there are at most 7 M2

2 4z interior terms v for which 1jo,myy(M2,,.t — v) = y(M2 .t — v),

and at most 4 remaining border terms where the integral is non zero. The property of X, (4.2.8)
allows us to partition the modulations at K; > M2,
Let us now observe that, using (4.2.8), for the interior terms we have

sup > K ||p (7 + w0)F {y (Mgt = )@} ] 2 S @l
veZ K> M2 i

max

Thus, since we can take po = 1 for those terms, (4.4.1) follows from (4.3.8) with b = 1/2 and the
estimate above.
For the remaining border terms, we use that

sup  sup Kil/2 HpKi(T +w)- ZI./[O;\T] * FAy(M2 oot — V)0 }
v K;>M?

max

|, sl

Fu,

which follows through the same argument as for the proof of (4.2.8) (see [Rob18]). Thus we can
use (4.3.8) with b < 1/2 to get (4.4.1).

(4.4.2) then follows from the one of (4.4.1) through the same argument as in [IKT08, Lemma
6.1].

O

We can now state our global energy estimate.

Proposition 4.4.2
Let T €]0;1[ and u € C([-T,T], E*) be a solution of (4.1.2) on [T, T]. Then for any o > 2,

2 2 2
lullge(zy S [luollge + T [lullp ) [[ulles () (4.4.3)

Proof :
From the definition of the B norm and the weight p, we have the first estimate

o 2(c—2 —
ulioiry S D0 sup (MNP uttar,)l o + M52 (0,0, Pasyultar,)|| 2
M3>1tM3€[7T;T]

For the first term within the sum, using that u is a solution to (4.1.2), we have

sup  M37||Pyu(tar)|l 2 S M3 || Pagyuol| -
tM3€[—T;T]

+ Mz°

/ . Pyr,u - Py, (u0pu)dtdezdy
[0;T]xT
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We can divide the previous integral term into

> o

M;<Ms/16

/ Pyryu - Py, (Pagyu - Opu)dtdady
(05T x T2

© Yy

/[0 — Pfﬁu - Ppru - Oy Py udtdzdy
My >Ms M2>1 X

Using (4.4.2) for the first one and (4.4.1) for the second one, we get the bound

o r3/2 2
Z M32 Ml/ HPMluHFT/,I(T) Z HPMQUHFT/IQ(T)
M1<Ms/16 Ma~Ms

+ > Y MFTMy(My A Ms)'?
M1 >Msz M2>1

NPany ul b oy 1Pas vl oy 1 Pats vl o

For the sum on the first line, we use Cauchy-Schwarz inequality to sum on M; (as we have 1/2
derivative to spare) and then sum on M3 by writing My = 2¥ M3 with k € Z bounded and then

a use of Cauchy-Schwarz inequality in Ms3.

For the second line, we cut the sum into two parts My 2 M3z ~ My and My ~ M; 2 M3, put 20
derivatives on the highest frequency, and then use Cauchy-Schwarz again to sum on the lowest
frequency (we have again 1/2 extra derivative) and then the biggest. Thus the term above is
bounded by the right-hand side of (4.4.3).

It remains to treat the sum with the antiderivative. Proceeding similarly and writing v := 0, layu,

we get

sup Mg(afz) H8;18yPM3u(tM3)HL2 < Mg(afz) |05 "0y Pas, uo| ‘LZ
t]\/jse[—T;T]

+ M32(0_2)

/ Prryv - Pag, (u0gv)dtdady
[0;T]xT?
which is analogously dominated by

2(c—2) 4 +3/2 2
S M TIM Pl Y 1Pl
M;<Ms3/16 My~ Ms

Y MMy (M A M)
Mleg M2>1
’ ||PM1U||W(T) ||PM2U||ﬁ,2(T) ||PM37}||1T43(T)
For the first line, we run the summation over My, M>, M3 as before, whereas for the second

line, we split the highest frequency into M? (Mo V M3)2(?=3) (My A M3)3/? and then perform the
summation as above.

]

Remark 4.4.3. In the dyadic summations above, we see that we are 1/2-derivative below the
energy space, thus a simple adaptation of our argument would actually yield local well-posedness
in H*v°2(T?) with s; > 3/2,s9 > 0. For our result to be more readable, we chose not to present
these technical details here.
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Remark 4.4.4. FEven with the local well-posedness result mentioned above, our result is in sharp
contrast with the local well-posedness of [GHF17] in the case of R?. This highlights the quasilinear
behaviour of equation (4.1.2) in the periodic setting. From the technical point of view, the X s
structure is used in [GHF17] on time intervals on size M~', whereas in our case, the use of the
counting measure instead of the Lebesgue measure in the localized bilinear Strichartz estimates
requires us to work on time intervals of size M2 which explains the gap in regularity between
these results.

To deal with the difference of solutions, we also prove the following proposition.

Proposition 4.4.5

Assume T €]0;1[ and u,v € C([-T,T], E®) are solutions to (4.1.2) on [—T,T] with initial
data ug,vg € E*°. Then
2 2 2
= 01y S o = vollZe + T llu + ey Il — olfzer, (444
and
2 2 2
|lu— UHB(T) < luo — vollg + T4 ||UHF3(T) [Ju— UHF(T) (4.4.5)
Proof :

We proceed as in the previous proposition, except that now w := u — v solves the equation

_ u-+v
Opw — 05w — 0 16510 + 0y (w 5 > =0 (4.4.6)
w(t =0)=ug — v

For (4.4.4), we write

||U UH]23 T sup Hl Ms(u v)(tM3)||2l2 5 ||l Mg(UO UO)H2Z2
(T)
M321t1\43€R Ms>1

+ / Prrw - Prgy (WO w 4+ wdyv 4+ v0,w) dtdady
[0;T]x T2

}

The first integral term with wd,w can be estimated by [[w|[gr) HwH% the exact same way as
the first term in the previous proposition with ¢ = 0.
As in [Zhal5], for the other two terms, we use again (4.4.1) and (4.4.2) to bound them with

™y Yy (M2M3/2H1+Mf/zn2)

M3>1 My <Ms/16 Ma~Ms

+ Z Z Z M2M31/2(H1+H2)

Ms2>1 My 2 Mg Ma~M,

+3 Y Y M+ In)
M3>21 Mi~Ms My<Ms

where we have noted

1 := HwHFI\/I3 HwHFMl ||U||FA12 and Il = ||w||FM;3 ||UHFM1 Hw”FMz
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Observe that, as for Proposition 4.4.2 above, we have 1/2 derivative to spare. Moreover, using
the relation between the M;’s, we can always place all (3/2)+ derivatives on the term containing
v, thus we can sum by using Cauchy-Schwarz to bound all these terms with the right-hand side
of (4.4.4).

By the same token as for (4.4.3), we can estimate the left-hand side of (4.4.5) by ||up — v0||i3
plus two integral terms

Z M / Pyr,w - Pry, (w0 w 4+ wdyv 4+ v0,w) dtdady (4.4.7)
Mz (05T x T2
and
/ P, W - Py, (WO, W + w0,V + 00, W) dtdady (4.4.8)
Moo |10 xT2

where in the latter W := 9, '0,w and V := 9, 0, v.

For (4.4.7), we proceed exactly as previously. Again, the first integral term has already been
treated in the proof of (4.4.3). For the other terms, now we have 11/2 derivatives to distribute,
and using again the relation between the M;’s we can place 2~ derivatives on each w and the
remaining ones on v and then run the summations, the worst case being the term Py, w -0y Pas,v
in the regime M; < My ~ Mj3 since there are 5 highest derivatives, thus we need to put 3 on v.

It remains to treat (4.4.8). Once again, the first term within the integral appeared in the
proof of the previous proposition, thus we only need to deal with the last two terms. We proceed
the same way as above, since there are 3/2 derivatives to share, and w can absorb 2, V can
absorb 1 and v can absorb 3.

O

4.5 Short-time bilinear estimates

The aim of this section is to prove the bilinear estimates for both the equation and the
difference equation. We mainly adapt [IKTO08].

Proposition 4.5.1

There exists 11 > 0 small enough such that for any T €]0;1] and o > 2 and u,v € F7(T),

102 (@)l ry S T {Ifullpe ) 0l + ullpr lolleni ) (45.2)

Proof :
Using the definition of F7(T') (4.2.3) and N?(T') (4.2.4), the left-hand side of (4.5.1) is bounded
by
> M3 || Par, O (Pay v - Pagy0)l| vy, o)
My, M, Mg

For My, M, € 2N, let us choose extensions upr, and var, of Pyru and Py,v to R satisfying

lunty ||y, < 20[Paryullp,, () and similarly for vag,. Since the previous term is symmetrical
1 1

with respect to u and v, we can assume M; < M.

To treat the term above, from the definition of the F, and Njs norms, the property of the
space Xps (4.2.8) and the use of Lemma 4.2.1, it suffices to show that there exists b € [0;1/2)
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such that for all K; > M?, i =1,2,3 and f € L?(R x Z?) with suppf" C D, <x;y i = 1,2
then

M72nam o z : —1/2
M?2 .MS o KS / H1DN13=<K3 'p.flKl *fQKQ L2
3 2
Ks>M?
< M2MZ (K A K)P (K1 v Ko)Y/? Hp'flKl ]|, @s2)

Indeed, for a smooth partition of unity v : R — [0; 1] satisfying suppy C [—1; 1] and for all ¢t € R

doAlt—v)?=1

veZ

then define for |v| < M2, M3

117(; = PK, (T + w) : "T:{Fy (Mglaa;M3_2t - Z/) u]\/fl}

with px, a non-homogeneous dyadic decomposition of unity partitioned at K; = M2, and
similarly for fQKj Then the norm within the sum is bounded by the left-hand side of (4.5.2)
(after taking the supremum over v), wherease summing on K; > M?, i = 1,2, using (4.2.8) and
Lemma 4.2.1 and summing on M, Ms then the right-hand side of (4.5.2) is controlled by the
right-hand side of (4.5.1) (see e.g [Rob18] for the full details).

We then separate two cases depending on the relation between the M;’s.
Case A : Low x High — High.
We assume My < My ~ Ms. In that case, for (4.5.2) it is sufficient to prove

—1/2 K K
My Yy Ky H1DA43,<K3'1"f1 tx S
K3 >M?2

L2

p- £y, (453)

min- max

< In(Myin ) M2 M2 (K| A Ko)P (K V Ko) 2 Hp- I

L2 L2

fora be[1/4;1/2).
Since K; > M?, i = 1,2, then for the large modulations, we combine (4.3.9)(for both f; and
f2) with the obvious bound
p(my 4+ ma,ny +ng) < MPMgp(my,ny) + p(ma, na) (4.5.4)

to bound the sum for K3 > M3M; by

MM A Ky) Y2 (K, \/Kz)prff“ p- £y

L2 L2
for any b € [0;1/2].

For the small modulations M2 < K3 < MZM3, the sum runs over about In(M;) dyadic
integers. Moreover, using the definition of € (4.3.7), we can replace (4.5.4) with

p(m1 +ma,ny +n2) S p(ma,n2) + M11/2M3_3K1/2 (4.5.5)

max

Indeed, this follows from the definition of Q which implies

1/2
n n m
Im| ™ Jma|  \[maom|
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In the case K, 40 < 10_10M1M2M3M3n
use (4.3.5) to get the estimate

we then use (4.5.5), use the bound on K., and then

ax)

K K
[0y oy e 11 5 18

S |[200 iy - 0 H 5 (0 1)

L2 L2
1/2 5 r—1—
S (KminKma:r)1/2Kfnede/mMm<lm 2 ‘p i e [P 3 L2
for any b € [0;1/2]. Thus the sum in this regime is estimated with
In (M) M,/ M2 (B A K (K v o) Y2 ([ 1| |l 15|

which suffices for (4.5.3).

In the regime K4, = My MyMsM?2,,, we apply again (4.5.5), loose a factor K,ln/(fx in the first
term, and then use (4.3.4) instead of (4.3.5) to obtain

K K.
[0y sy e 11 5 18

< KY2 prol/2p -2

max-'tmin max

L2

1DMB,gK3 '(p'flKl)*(p'fQKQ)

L2
—5/4— K K.
< BaninKomae) KMt~ |- 19| |- 55|,
for any b € [1/4;1/2] which is controlled by the estimate in the previous regime.
Case B : High x High — Low.
We assume now My ~ My 2 Ms. (4.5.3) becomes in this case
anazM3 Z K?)_l/z HlDMg,gKg b flKl * 2K2 L2
K3>M2
S M (M) MM, 12 (K1 A ) (B v )2 || | |- 5] (456)

For the high modulations K3 > M2 MO

min-max?

we use (4.3.4) along with the obvious bound

3

p(my +ma,ny +n2) S W

min

(p(m1,n1) + p(ma,n2)) (4.5.7)
to estimate the left-hand side of (4.5.6) with

M2 M—1/2(K1 /\Kg)l/z(Kl \/Kg)b Hp f1K1

maz-""min

P fa

L2 L2

for any b € [3/8;1/2].
In the regime MZ < K3 < My 2MS$ we replace (4.5.7) with
p(my +ma,ny +ng) S M2 M2, .p(mi,ng) + M_PPKL2 (4.5.8)

min min max
Indeed, this follows from the same argument as for (4.5.5). Proceeding then as in the previous
case, we infer the final bound

1n(M,m)MS—Q”JWW(K1 A Ko)YV2 (K v K,)? Hp - fie

max min

K
p'f22

L2 L2

O

The end of this section is devoted to the short-time bilinear estimate for the difference equation.
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Proposition 4.5.2

There exists pz > 0 small enough such that for any T €]0;1] and u € F(T), v € F(T),

192 (w) sy S T 1l gy ol (4.5.9)

Proof :
Similarly to (4.5.2), now it suffices to prove
_ —1/2 K K
anazM3 ! Z K / HlDMS,gKg D E S P 12

K3>M?2

< M2(Ky A K)P (K V EKo)Y? Hf{“ p- |l (5.0
We proceed as above, except that now v and v do not play a symmetric role anymore, thus we have
to separate three cases. (4.5.10) then follows directly from (4.3.8) in the cases High x High —

Low and Low x High — High and from (4.3.9) in the case High x Low — High.

L2 L2

O

4.6 Proof of Theorem 4.1.1

We finally turn to the proof of our main result.
The starting point is the local well-posedness result for smooth data of Iorio and Nunes.

Theorem 4.6.1 ([IN98])

Assume ug € E*. Then there exists T = T(||uo||gs) €]0;1] and a unique solution u €
C([-T;T),E>®) of (4.1.2) on [-T;T] x T2

4.6.1 Global well-posedness for smooth data

In view of this result and of the conservation of the energy, for Theorem 4.1.1 (a) it remains
to prove (4.1.7), which will follow from the following proposition along with (4.2.12).

Proposition 4.6.2

Let 0 > 2. For any R > 0, there exists a positive T = T(R) ~ R~/ (#0Vi1) gsuch that for any
up € E* with ||ug||g < R, the corresponding solution u € C([—T;T], E>) satisfies

||u||FU(T) < Co [uol|ge (4.6.1)

Proof :
We fix 0 > 2 and R > 0 and take ug as in the proposition.
Let T = T (||uol|lgs) €]0;1] and u € C([-T;T],E>) be the solution to (4.1.2) given by
Theorem 4.6.1. Then, for 77 € [0; T], we define
(1) = ey + et (462

In order to perform our continuity argument, we will use the following lemma, whose proof is a
straightforward adaptation of [Rob18, Lemma 8.3].
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Lemma 4.6.3

continuous and nondecreasing, and furthermore

lim X, (1) < -
Jim X (17) S luol g

Recalling (4.2.14)-(4.4.3)-(4.5.1) for ¢ > 2, we then get

2
ells () S lullgo oy + 11020 g o)
2 2 2
||uHBf’(T) S lluollgs + 11 ||U||F(T) ||u||Fo(T)

102 ) lgo (2 S T (11l ol ey + iy el o
Thus, combining those estimates first with ¢ = 2, we deduce that

Xo(T)? < 1 [Juol|, + 2T 0 Xo(T)? + 3T Xy (T)*

Let u € C([-T;T],E*®), 0 > 2 and T €|0;1]. Then X, : [0;T] — R defined above is

(4.6.3)

(4.6.4)

for T €]0;1]. Let us set R = 01/2 |[uo||g- Then we choose Ty = Ty(R) €]0; 1] small enough such

that ~ ~
Tl (2R) + c3To" (2R)? < 1/2

Thus, using Lemma 4.6.3 above and a continuity argument, we get that
Xo(T) < 2R for T < T
Using then (4.2.14), we deduce that
lullpry S lluollg

for T < To(||uo||g)-
Using again (4.2.14)-(4.4.3)-(4.5.1) for o > 3 along with (4.6.5), we then obtain

ullgo () S lllgo () + [ flIne ()
2 2 2
lullgeo () S luollge + T4 [[uollg [[ullps(r)

1102 )| |go cry < T ol |l

We thus infer
X, (T)? < G ||uo| [z + GTH RX,(T)? + T R2X, (T)?

So, up to choosing Ty even smaller, such that
TR+ &TY"M R? < 1/2

we finally obtain (4.6.1).

125

(4.6.5)



4.6.2 Uniqueness

Let u, v be two global solutions of (4.1.2) with data ug, vy € E(T?), and fix T, > 0.
Using now (4.2.15)-(4.4.4)-(4.5.9), we get that for T € [0; T%]

oo,

2 2 2
|lu — UHE(T) S luo —wollp2 + T |Ju+ vllp ) |lu — ”HF(T) (4.6.6)

‘ax <(uv)u+v

Xo(1)? S lluo = vollz2 + T |lu+ vllpez,y Xo(T)? + T2 [Ju + vllpr, ) Xo(T)?

O <(u_v)u;”> HN(T)

2 2
T3 llu + vllper,y + To" u+vllpr,) <1/2

lu— U||f(T) Sllu— UHE(T) +

‘ ™ ||U+UHF(T) ||U*U||f(T)
N(T)

Hence we infer

where, as in the previous subsection,

(T) = Il — ol +]

Thus, taking Ty €]0; 1] small enough such that

we deduce that Xo(T') < ||uo — vol| = on [0; Tp] which yields u = v on [—Tp; Tp] provided ug = vo.
Since Tp only depends on [[u + v||g(z,, We can then repeat this argument a finite number of time
to reach 7.

4.6.3 Existence

Again, in view of the conservation of mass, momentum and energy, it suffices to construct
local in time solutions. To this aim we proceed as in [IKT08, Section 4].

Take R > 0, and let vy € E with [|ug||g < R and take (ug ;) € (E)N with l[uo,jllg < R,
such that (ug ;) converges to uy in E. Using the same argument as for Theorem 4.1.1 (a), it
suffices to prove that there exists T = T(R) > 0 such that (®*(ug ;)) is a Cauchy sequence
in C([-T;T),E). Indeed, this provides the conservation of the mass, momentum energy for the
corresponding limit, which allows us to extend the result to any time 7" > 0.

Let T = T(R) given by Proposition 4.6.2. For a fixed M > 1 and k,j € N, we can split

192 (uo k) = D% (w0, )l e < 127 (uo,k) = = (Partuo )l o
+ 1% (Pearuo k) = @7 (Pamruo j)l| oo + (127 (Pearuo ;) — @7 (uo )l oo g
The middle term is controlled with the standard energy estimate
2
|Ju - UHL;?E
2 2
S Mo = wol s + (11 + vl poe + 10u( + )13 goo ) llu = 0]}

S lluo = vollg + T lJu+vll oo lu = vl 7
E LPE LPE
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where the second line follows from a Sobolev inequality. Since
12 (P<rrvo )l peeme < Co l|P<aruo,jllge
thanks to (4.1.7), we deduce that
122 (P<aruok) = @7 (Pearvo )l poop < C(M) [[uok = uo,jllg

Therefore it remains to treat the first and last terms. Writing u := ®>°(ug ), v := @ (P<artio,i)
and w :=u — v, a use of (4.2.12) provides

19 (uok) = @ (Peartuop)llpoep S |1wlle(r)

As before, defining now X (T") := wllg(7r) + [[wOpw + vO,w + WOy v|| (1), We get from (4.2.14)-
(4.4.5)-(4.5.1) the bound

X(T")? < [luo — vollg + T |[v]lps gy X (T)? + T2 [Ju+ v|[fpn) X(T7)?
From (4.6.1), we can bound

lollgs(ry S [P<aruo rllgs S C(M)

and
2
llu+vllpr) S R?

Thus, taking M large enough and T' < T(R) small enough such that
THC(M) +T?*"M R* < 1/2

concludes the proof.

4.7 Remarks on the regularity of the flow map

Let us finally justify proposition 2.2.1.

First, note that our analysis above does not take into account that we work on the flat torus,
thus the same arguments apply to a torus T2 = T x A™'T with any period A > 0, providing a
continuous flow map @, : up € E =E(T3) — u(t) € E.

As in section 3.3 in the previous chapter, we show that the flow map for equation (4.1.2) is
not C? by using a resonant low — high interaction. It had already been used in [ST01] to prove
the failure of the bilinear estimate in the Bourgain spaces.

We proceed then just as in the proof of proposition 2.1.3. Again, we set

uo(z,y) == F *{L+ H}
with now the low and high frequency pieces being defined by
L(m,n)=1(m =1,n=0)

and
H(m,n) = N"*'73%21(m =N — 1,n = a(N))
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for N € N to be chosen later. Note here that the frequency «(N) in y lives in AZ. In order to
annul the resonant function, we have the ansatz

n=N(N-1)V5N2—5N +5

For n € A\Z, writing n = An with n € Z, we are thus looking for a A > 0 such that for N € N then
VBNZ —5N + 5 = M. If we take A = v/5¢ with £ € N, setting then X = 2N —1 and Y = 27 we
are thus left with finding the integer solutions to

X2 —4y?=-3 (4.7.1)

Note that we want N — 400 in the following, so we have to choose ¢ € N such that the above
hyperbola has an infinite number of integer points. Now, it is well known that the solutions
(Xk, Yy) to (4.7.1) are given by

Xy, + YVl = (Yo + VIXo)(uy, + Vevy,)

where (X, Yp) is a particular solution and (ug,v) is a solution to Pell’s equation u? — fv? = 1.
If ¢ is square free, Pell’s equation has an infinite number of solutions uy, + vV0vy = (ug + vV0vo)*
where (ug, vg) is the fundamental solution, thus it is enough to find a square free integer ¢ such
that (4.7.1) has at least one solution. For example, we can take £ = 7 and (X, Yy) = (2,1). This
choice of A = /35 provides an infinite set of numbers { N} such that

a(Ng) := Ng(Nj —1)4/5N2 = 5N, +5 € \Z (4.7.2)

With this definition of ug and for N € { Ny}, note that we have

woll greren ~ 1

With the same notations as in section 3.3, we have the lower bound for the second variation of
the flow map in the direction of ¢

(b Mg ea 2 [ Fa) F3(8 ) o e

with

f;ylfs (t, , y) _ caz Z Z ei(mz+ny+tw(m,n))eitQ(m,n,ml,nl)/2

(m,n)€Z3 (m1,n1)€Z3

t - sinc (¢Q2(m,n,my,n1)/2) L(my,ny)H(m —my,n —nq)}
From the definition of the resonant function (4.3.7) and the choice of a(N), we have
Q(N, a(N),1,0) = 0
With the definition of L and H, this provides the lower bound
[fat,mym)| 2 [INI=173521 (m = N, = a(N))

which implies
w2 (O] gror.on 2 [EN

S2 ~v

Letting N — +o0, this raises again a contradiction with (3.3.1).
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In particular, for s; = 2 and sy = 0 we have vy € E?(T?) with

~1

n
ol e ~ [toll sz + || = (E + )| )

and
uz(t)|lg2 = || Fiy fs@)]] o0 2 [HIN

thus the same conclusion holds in E?(T?).
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