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Introduction

Un fluide est un milieu matériel parfaitement déformable sous l'action d’une force ex-
térieure. En général on a deux types de fluides, fluides compressibles tels que les gaz et
plasma et des fluides incompressibles tels que les liquides. La trajectoire d’'une particule
décrit le mouvement selon I’écoulement du fluide laminaire ou turbulent. Le premier type
d’écoulement est caractérisé par des lignes de courant paralléles qui se traduisent par un
faible nombre de Reynolds contrairement au deuxiéme type d’écoulement ot le nombre
de Reynolds est élevé et qui présente en tout point un caractére tourbillonnaire. Dans le
cadre de cette thése, nous nous intéressons a 1’étude théorique et numérique de ces deux

types de modéles d’écoulement, en particulier les écoulements dans des milieux poreux.

Pour faire face a chaque type d’écoulement et sa mise en ceuvre, nous nous intéressons a
I'optimisation des structures hydrauliques telles que les passes & poissons. Ces structures
jouent un role d’un pont de passage entre le milieu marin et les riviéres favorisant et fa-
cilitant la migration quotidienne ou annuelle des espéces aquatiques des eaux salées vers
les eaux douces pour la reproduction et pour accomplir leurs cycles biologiques. A titre
d’exemple largement connu, le saumon qui est capable de nager des centaines de kilométres
en amont. Quand une barriére artificielle est construite dans un ruisseau, des réglements
juridiques européens obligent I'installation d’une passe migratoire afin de permettre aux
espéces de surmonter la barriére.

Les passes a poissons sont des structures hydrauliques placées a coté des barrages perme-
ttant aux poissons de traverser vers I'amont du fleuve. La plupart de ces structures sont
construites en pente divisées en plusieurs bassins. Dans la littérature, de nombreux types
de passes a poissons existent, celles de Denil [2], ou bien & fentes verticales VSF (Vertical
Slot Fishway) [9]. Ce dernier type fait 'objet de notre étude. Du point vue physique, la
vitesse de I’écoulement du fluide dans ces structures est relativement faible permettant des
pauses de repos. De plus ces structures permettent une bonne dissipation d’énergie. Ces
caractéristiques nous ont conduit a privilégier et optimiser le choix de ce type de passe a

poissons.

Un probléme d’optimisation de forme consiste a trouver une forme dite optimale dans un
ensemble de domaines admissibles qui minimise une fonction objective reflétant les condi-
tions de confort pour les poissons. La recherche liée a I'optimisation de forme fait partie du
domaine de controle optimal gouverné par des équations aux dérivées partielles. Le prob-
léeme de controle intervient dans plusieurs domaines d’applications tels que 'ingénierie, la
construction navale, aéronautique, génie civil et autres. Au fil de ces derniéres années,

cet horizon de recherche attire de plus en plus I'attention la communauté mathématiques



appliquées et ingénierie [8) 149, 59| 64], 60, [58].

Pour répondre a notre problématique, nous explorons différents types de modéles d’écoulements.
Dans un premier lieu, nous introduisons un systéme hyperbolique des eaux peu profondes.
Ce modele dérivant des équations de Navier-Stokes incompressible en utilisant la méth-
ode d’approximation de Boussinesq ol les variations de densité sont négligeables sauf
Ieffet gravitationnel. Ce modéle est largement utilisé dans le cas de la modélisation des
phénomeénes géophysiques a surface libre pour simuler de nombreux phénoménes naturels
en raison de son efficacité.

Le but de I’étude est de trouver une structure optimale de la structure hydraulique perme-
ttant aux poissons de franchir 'obstacle dans des conditions convenables. Nous donnons
une formulation mathématique du canal composé de dix bassins avec des fentes verticales
afin d’obtenir un débit moyen adapté & une grande variété d’espéces migratrices. Les

équations bidimensionnelles en eaux peu profondes avec terme source s’écrivent

——+V.0=0 dans Q2 x (0,7T)

ot

50 g (0.0.1)
E—l—ﬁ.(Q@ﬁ)—%gHﬁ(H—n):f dans Q2 x (0,7T)

avec H est la hauteur de 'eau; U = (u1,us) est le vecteur de vitesse; u; et uy sont les
composantes x et y de la vitesse d’écoulement, respectivement; @ = (u1H,usH) est le
débit d’eau; n est la géométrie du fond; g est 'accélération de gravité et ? représente tous
les effets de frottements du fond et les forces de la pression atmosphérique. Nous associons

au systéme de Saint-Venant bidimensionnel les conditions initiales et aux limites suivantes

H(0) = Ho, Q(0)=Qp  dans

Q» 7= curl %) sur 9o X (07 T) (002)
Q* _ Ql sur 7y; X (OaT)

H=H, sur yg X (OvT)

avec vy est le bord latéral, v, et v5 sont les bord d’entrée et de sortie respectivement.
L’optimisation de forme est liée & une fonction objective qui dépend des capacités de nage
du poisson.

Tout d’abord, nous calculons sa dérivée de forme en fonction des variables d’état et des
variables adjointes en dérivant un systéme adjoint. Les résultats d’existence et d’unicité
du systéme adjoint sont prouvés a ’aide des techniques pseudo-différentielles. Une méth-
ode de volume fini est adoptée pour résoudre le probleme d’état combinée avec
deux algorithmes de minimisation (algorithme de simplexe et gradient projeté) pour la

résolution du probléme d’optimisation de forme.
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Le deuxiéme type de modéle basé sur un écoulement peu profond est un modéle mul-
ticouches. Le modéle multicouches est introduit pour éviter les calculs cotiteux des équa-
tions de Navier-Stokes lorsque le débit est encore dans le régime peu profond.

Commencons par les équations de Navier-Stokes non stationnaires

Op+ V.(pt) =0 dans Q x [0,T] (0.03)
O(p) + V.(pud @ @) = V.Xr + pg dans Q x [0,T]
avec X7 est le tenseur donné par
Yr = —pld + p(V@ + (V&)')
et g = (0,—g) € R? est I'accélération de gravité, et p est une viscosité donnée.
En suivant la méthode initiée par Audusse et al. [I4] . La hauteur de l'eau est di-

visée en un certain nombre de couches ot ’hypothése de Saint-Venant peut étre appliquée
a chaque couche. En considérant une vitesse verticale non constante, le profil vertical de

la vitesse horizontale est décrit par le systéme multicouches suivant

Oihy, + vx'<haﬂ:H,o¢) = Ga+% -G 1.

a—3

pat(haﬂ:H,a) + pvx-(haﬁH,a ® ﬂH,a) - vaz (,Uha(va:ﬂ:H,a + (VxﬁH,a)/))

1 — — 1 — —
— ipGa+%<uH7a+l + uH,a) — §pGa,%(uH,a -+ ’U,H,afl)

—M(I?M% — [?a_%) — pghoVi(zp + h) — haVips.

(0.0.4)

avec Gg41/2 est le flux normal de masse a I'interface entre les couches o — 1 et a.

Nous montrons 'existence et I'unicité d’une solution forte du systéme multicouche bidi-
mensionnel. Cela se fait en plusieurs étapes: ’analyse du probléme linéarisé, I'obtention
d’une estimation a priori et enfin 'utilisation d’un schéma de Picard pour le traitement
du cas non linéaire. Afin d’étudier le probléme d’optimisation de forme, nous procé-
dons a la généralisation de la technique multicouches aux équations hydrostatiques de
Navier-Stokes tridimensionnelles et dérivons un systéme multicouches 3-D. La description
de I’écoulement multicouches de Saint-Venant permet de déduire une structure optimale
de la passe a poissons en minimisant une fonction cotit donnée modélisant la facilité de
passage du poisson a travers la structure vers les zones de reproduction, de croissance ou
d’alimentation. Nous dérivons un systéme adjoint lié au modéle multicouche 3-D obtenu
et exprimons la dérivée de domaine de la fonction objective en termes des variables d’état
et des variables adjointes. Nous présentons deux procédures de minimisation: la premiére
est un algorithme de simplexe et la deuxiéme est un algorithme de type gradient (gradient

projeté).
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Le troisiéme type d’écoulement d’eau est basé sur le modeéle de milieux poreux station-
naire. L’écoulement des fluides dans les milieux poreux est généralement décrit par les

équations de Brinkman Forchheimer [29]:

—vAu+ (u.Vu+ta|u|*u+Vp=finQ; Vau=0 dans

u=20 sur Iy

(0.0.5)
U=gq sur F1
ug—;ﬁ —pn =10 sur I'y

avec u et p représentent respectivement la vitesse et la pression. v est le coefficient de
Brinkman, a est le coefficient de Forchheimer. f désigne les forces extérieures et a € [1, 2]
est un nombre réel choisi de maniére appropriée tout au long de ce travail. 'y est le bord
latéral, I'y est le bord d’entrée, du haut et du fond, et I'y est le bord de sortie.

Dans un premier temps, nous avons examiné si le probléme est bien posé et nous avons
montré 'existence et 'unicité d’une solution faible du probléeme .

Parmi les difficultés lices a Papproximation numérique de la solution du probleme (0.0.5)),
la contrainte d’incompressibilité "div u =0" puisque le champs de vitesse u et la pression
son dissociés.

De multiple méthodes sont utilisées pour la relaxation de cette contrainte. Nous pouvons

citer:

1. La méthode de pénalisation. Nous pouvons citer comme référence; J. Shen [19], et
R. Temam [36]

Vs +ept =0 in Qx[0,T]

2. Compressibilité artificielle, nous rappelons les travaux de Chorin [20] et de R. Temam
|37]

Var+ep; =0 in Qx[0,7T]

3. La pression stabilisée

Vs —eAp" =0 in Qx[0,7T], g% =0 in 002 x [0,7T]

introduit par Temam [36] et Chorin [20, 21].

4. La méthode de pseudo-compressibilité
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V.af —eAp; =0 in Qx [0,T), gi; =0 in 09 x [0,T]

Durant ce travail, une méthode de pénalisation est utilisée pour relaxer la contrainte
d’incompressibilité de la vitesse. Le probléme perturbé associé au probléme ((0.0.5)) s’écrit

1
—vAuf + (uf.V)u® + §(V.u€)uE +a|u |*ut+Vp*=f dansQ

Vauf+ep®=0 dans 2
u® =0 sur Iy (0.0.6)
ut =g sur I’y
1/% —p'n=20 sur I's

Afin d’évaluer I'utilité de I'approche de pénalisation, nous dérivons des estimations a priori
utiles pour entamer ’analyse de I'erreur. Nous utilisons une méthode de Faédo-Galerkin
pour prouver l’existence d’une solution faible du probléme perturbé . Le probléeme
d’optimisation consiste a minimiser une fonction cotit. Nous exprimons son gradient de
forme en fonction de la vitesse u comme variable d’état, des variables adjointes, et le
vecteur unité normal au bord du domaine.

Ces derniéres années, la méthode d’éléments finis est utilisée dans plusieurs domaines
d’ingénierie et d’analyses numeériques [62], 57, [63]. Nous adoptons une méthode d’éléments
finis discréte pour approximer la solution du probléme pénalisé et établir des estimations a
priori afin de prouver la convergence de la solution approchée vers la solution de ’équation
de Navier Stokes Forchheimer. Le probléme d’optimisation est implémenté en utilisant la

méthode adjointe continue et la méthode d’éléments finis.

Le dernier type de modeéle d’écoulement est décrit par les équations de Navier-Stokes

Forchheimer non stationnaires

u —vAu+ (u.V)u+a|u|*u+Vp=f dansQ

Vau=0 dans Q)
u=20 sur Iy
(0.0.7)
uU=4yq sur Fl
Vg—:; —pmn =20 sur 'y
Ult:O = Uo

Dans un premier lieu, nous montrons l’existence et 'unicité d’une solution faible du prob-
leme (0.0.7). Les estimations d’erreur de la vitesse et de la pression sont établies a Iaide
d’une méthode d’énergie.

Ensuite, nous entamons I’étude du probléme perturbé en deux parties; la premiére est
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consacrée au traitement du probléme linéarisé. La deuxiéme partie traite le probléme non

linéaire.
Le probléme perturbé prend la forme

1
ui — vAuF + (ut.V)u® + §(V.u5)u5 +alu|*us+Vp*=f dansQ

Vaus+ep*=0 dans €2

ut =0 sur Iy (0.0.8)
ut =g sur I'y

V% —p'n=0 sur I'y

U8|t=0 = Up

Une discrétisation en temps est mise en place en utilisant un schéma d’Euler. Ce dernier
est combiné a une discrétisation totale d’éléments finis discréte pour approcher le probléme
perturbé et dériver une estimation d’erreur de la vitesse et de la pression afin de montrer

la convergence de la solution approchée vers la solution du probléme initial ((0.0.7)).

Le probléme d’optimisation de forme consiste & trouver une forme optimale de la structure
en minimisant une fonction cotit. Nous établissons un systéme adjoint associé au probléme
perturbé puis nous calculons le gradient de forme de la fonction & minimiser en fonction
des variables d’état et adjointes. Le probléme d’optimisation est implémenté en utilisant

la méthode adjointe continue et la méthode d’éléments finis.

Dan ce qui suit, nous détaillons le lien entre les différents types de modéles d’écoulements
mentionnés et les chapitres de cette thése.

Dans le premier chapitre, nous considérons les équations des eaux peu profondes bidimen-
sionnelles avec les conditions initiales et aux bords .

Nous traitons ces équations en cinqg sections. La premiére section est consacrée a la for-
mulation mathématique de la structure du VSF. Nous donne la définition de la fonction

colt & minimiser comme suit

J— %/DT/Q |7 =7 | dde%/oT/Q | rot() |? dudt (0.0.9)

avec U = Q est la vitesse de 'eau et (H, 5) sont solutions du systéme ((0.0.1])-(0.0.2]).

La vitesse g est une vitesse cible liée a la capacité de nage des poissons. Elle s’écrit

T (1, 19) = { (,0) st a2 < 5007 (0.0.10)

(0,0) sinon
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La deuxiéme section est concernée au calcul du systéme adjoint associé aux équations ((0.0.1))
et la fonction cotit . Le systéme adjoint obtenu prend la forme

— — —

—— + —(QV)F.Q — gH(V.7) — gVn.F = —(Q -0 ¢

Fi )ﬁ - acirl(curl(%)).%

T (@) (TG = ()4 Seiri(curi(D)
(0.0.11)
avec les conditions aux limites et finale suivantes
p(T)=0, 7(T)=0 dans 2
7.n =0 sur o x (0,7)
(gH — H—i)?ﬁ =0 sur v x (0,7T) 0.0.12)

I = 1 =
p+ - (Q.7)}i + F(Q'ﬁ)F_ gcurl(—)? =0 sur e x (0,7T)

avec (H, @) € L*(0,T;R) x H*(0,T;9) est solution du systeme (0.0.1)), et (p,7) €
(L>([0,T]; H*(Q2)))>.
la troisiéme section est dédiée a la dérivation de domaine de la fonction coit en

—\

fonction des variables d’¢tat (H, @) les variables adjoints (p, 7)
Théoréme 0.0.1. Soit V € Lip(2;R?). Si les fonctions A, J et L sont différentiables par

rapport au domaine €2 dans un ensemble admissible Xy, alors la dérivée du domaine de la

fonction 5 a Q2 € Xy prend la forme

9 Q.Y = 9 J(QH,Q).V — 9 A(Q; H,Q;p, 7).V
of o o
; (0.0.13)
+ —aQL(Q;p,F).V
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pour V € Lip(Q; R?), et (H, Cj) est solution du systéeme (0.0.1)) avec les condition initales
et auz bords (0.0.2)) et (p,7) est solution du systéeme adjoint (0.0.11) avec les conditions
finales et aux bords (0.0.12)).

La quatriéeme section regroupe des résultats concernant ’existence et 'unicité du sys-
teme adjoint (0.0.11)). Nous commencons par l’écrire sous une forme conservative

O om0+ N, )0 = 5(0.G.7) (00.14)

0 A—ul —uuy F —gVn.r
M<Haé): 1 2ul U2 7S(H7@>W): _Gl
0 0 U1 _GQ
et
0 — U Uy 2 — u%
N(H,Q) = |0 Us 0
1 Uy 2U2

Ensuite, nous montrons 'existence et l'unicité de la solution du systéme ((0.0.14]) en util-
isant les opérateurs pseudo-différentiels

Théoréme 0.0.2. Si WO € H5(R?) et S € L2 (R, H*(R?)), s > 2, alors il existe une

loc 27

constante C(t) indépendante de € €0, 1] tel que
IWellze < COU W s + 1S IToeqong et (0.0.15)
]

Corollaire 0.0.1. $iW° € H*(R?) et S € Lio (R, H*(R?)), s > 2, alors le systeme (0.0.14)

loc

admet une solution W € H*(R?) dans Uintervalle de temps [0,T). O

Théoréme 0.0.3. Si W0 € H*(R2) et S € L (R, H*(R?)), s > 3, alors le systéme (0.0.14)

loc 2

admet une solution unique dans H*(R?). O

Dans la derniére section, nous adoptons une méthode de volumes finis pour résoudre les
équations de Saint Venant ({0.0.1]) combinée & un algorithme de simplexe ou un algorithme

de gradient projeté pour la résolution du probléme d’optimisation de forme et minimiser

la fonction objective .

Dans le deuxiéme chapitre, nous nous intéressons aux équations de Navier-Stokes non
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stationnaires ((0.0.3)).

Le but de cette étude et d’adopter une approche multicouches qui consiste a subdiviser
la hauteur de I’eau en plusieurs couches .. Nous notons la hauteur de I'’eau dans chaque
couche par h, et par ug, la vitesse horizontale.

Dans la premiére et la deuxiéme section, nous donnons une formulation mathématique du
probléme puis nous dérivons le systeme multicouche bidimensionnel .

La troisiéme section est concernée par 1’étude de 1'existence et l'unicité du systéme multi-
couches 2-D. Afin d’étudier I'existence et I'unicité de la solution du systéme , nous le
transformons sous forme d’un systéme de deux équations I'une est hyperbolique et I'autre

est parabolique. Nous considérons U = (uq, ..., un), le systéme a étudier s’écrit

N
8th + @E (h Z lgUﬁ) == —Gl/g
ps=1

U — v0,U = —g0,h(1, ..., )" — g0,z5(1,...,1)T — = JCps(l LD

+G1/2 (Z 150, uﬁ) U+ (Z lsug >

(

(0.0.16)
9 8 a.’EIZB
9, (U?) — —a h+ (TU)O,U + (TU)US » (VU) ;
v bl Ox2B O h (XU) (YU)
7U
( _G”Q( h )

ou T,V W XY, et Z sont des matrices données et elles dépendent de h, U, zp.
Dans cette partie, nous montrons I'existence et 'unicité de la solution du systéme (0.0.16)).
Pour cela, nous montrons ce théoréeme

Notation 0.0.1. 1. Soient U € C(0,T, H'(R)) et h € C(0,T, H'(R)), on définit la

norme
R R =IO IR+ R I
2. Soient U € C(0,T, H'(R)) et h € C(0,T, H*(R)), on définit la norme
R T =1 U I+ 1 2113
3. Soient U € C(0,T, H*(R)) et h € C(0, T, H*(R)), on définit la norme

IR 15 =1 U 15 + 1113
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4. Soient U € C(0,T, H*(R)) et h € C(0,T, H*(R)), on définit la norme

IR 3 5= U 15+ 1l 113

Théoréme 0.0.4. On considére le systéme (0.0.16|) avec la condition initiale
(U, h)(0,2) = (U%x),h°(z)) € H*(R) x H3(R)
On suppose z,,ps € H*(R), et on note
=2 (|| (U°1°) [|2_s)

On suppose qu’il existe une constante positive 1o telle que 1nﬂg R%(z) > my > 0. Alors il
existe T' > 0 telle que le systéme (0.0.16) admet une solution forte (U,h) vérifiant

1. U € C(0,T, H*(R)) N C*(0, T, L*(R) N L*(0, T, H*(R))
2. he C(0,T, HX(R)) N C'(0, T, H'(R))

3. Vtel[0,T]

Ve e R, h(t,x) > in]fR hO ()
zEe

maz (H WUR)(E) a2, ( / e 1 d7)5> <

La preuve de ce théoréeme est divisé en trois sous sections; l’estimation des termes

sources, 1’étude du systéme linéarisé, et la construction d’une suite convergente vers la

solution du systeme ((0.0.16]).

Nous écrivons le systéme ({0.0.16)) sous la forme compacte

U —v0,,U=5=5,+5, + Sps + S
(0.0.17)

avec

U = Z lﬂUﬁ, Sb = —gé?sz(l, vy 1), Sh = —g@xh(l, ceey 1), Sps = —gaxps(l, cey 1)

S =80+ 8% 1 g 4 g 4 ™) 4 5@ 4 g 4 g®) 4 ) 4 gU0)
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ou

N N

U Ozh

L WA I Do L

p=1 p=1

Ozh )
S = (T =2L)0)0,U; S = (T—I)U) U=~ S = 2 (W = 2Ly)U) ==
1) Vi Ow22B o8) Vi O22B o9V Ozh  0) U

Snl - §VU Lo Snl - _§VU ) Snl - _§W8$UTaSnl - 2V(X+Y>ﬁ

Dans ce qui suit, nous supposons que le fond est non pénétrable: ’échange de masse au
fond est nulle (G, = 0).

Proposition 0.0.1. On suppose U(t,.),h(t,.) € H*(R) tel que h > 1o, avec ny est une

constante donnée strictement positive. alors on a

e Soient S,F définis dans (0.0.17), alors S,F € HY(R), et nous avons les estimations
sutvantes
1S <CA+ (| U ) 25 + (| TR N3 5+ (1T AR5 ) [ (UR) [|2_s
+ g llzp 2+ I ps [l

(0.0.18)
I F Il <C I (UA) I3 5 (0.0.19)

e Soient (U, h), (U, k") € H*(R) x H3(R) tels que
| (Uh) |2 3<E, |(Uh) |25 < E,ethh >n>0 (0.0.20)

ou E, et ny sont des constantes, alors

| S(U,h) - S B) hWSCAU+E+E*+E* | (U~U,h—h")|s3 (0.0.21)

| F(Uh) — F(U ,K) |h< Cys || (U =U' h—h') |2 3 (0.0.22)

Aprés avoir établi les estimations des sources termes, nous entamons 1’étude du systéme
linéarisé S R ~
U —v0,,U = S(U, h,0,U,dph,Opzh) := S
B B 3 B (0.0.23)
Oth + u0,h = F(U,h) := F := —0,(u)h

avec U, et h sont connues. Nous divisons 1'étude du systeme ([0.0.23) en deux systemes;

I'un parabolique
oU— vo,,U:=5
(Par)
U(0,.) =U°.) € H*(R)
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et I'autre hyperbolique

Oh+ U0.h=F
(Hyp)
n(0,.) = h° € H*(R)
Nous montrons les résultats suivants
Proposition 0.0.2. Si S € C(0,T, H'(R)) pour T > 0, alors
1. le probléme (Par)) admet une solution forte U vérifiant
Uec C0,T; H(R)) N CY(0,T; L*(R)) N L*(0, T; H*(R)) (0.0.24)

2. il existe deux constantes positives C et Cy, qui peuvent dépendre de la viscosité, tel
que pour tout t € [0,T]:

t t
| UG 12 +Cy / U ) 2dr < ¢ (u U012 +C / | 8(r,.) H%df)
(0.0.25)
]

Lemme 0.0.1. Soit T > 0 tel que F' € C(0,T; H'(R)), et & € L*(0,T; H*(R)), h° €
H*(R)
Alors

1. Le probleme admet une solution forte h telle que:
h e C0,t; H'(R)) N C'(0,T; L*(R)) (0.0.26)
2. Pour tout t € [0,T], on a l'inégalité d’énergie:
)< em (a0 s [ Om By far) (0020
0
avec

Cy > 0, est une constante donnée et Ez := sup || @ ||2
0<t<T
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Proposition 0.0.3. Soit T > 0 tel que F € C(0,T; H*(R)), & € L=(0,T; H*(R) et
h® € H*(R)
Alors

1. Le probleme (Hyp|) admet une solution forte h telle que:

h e C0,t; H*(R)) N C(0,T; H'(R)) (0.0.28)

2. Pour tout t € [0,T] on a linégalité d’énergie:

t
) e < 5 (100 o+ [ OB Fry loar)  0029)
0
avec
Cy > 0, est une constante donnée et Ez := sup || @ ||
0<t<T

A la fin de la preuve du théoréme 0.0.4, nous construisons une suite récursive (U7, h9)) =
( ©) ()

ui”’ . uy h9)) ey comme suit
o V(t,z) €0, 7] xR, (U®,hO) (t,2) = (U, h°)(z) € H*(R)
e Vj e N, (UUFD hUHTD) est solution de
QUYTY — 19, U = 5(5)  dans [0,T] xR
OhU) — W9, R+ = FUIHY dans [0,T] x R (0.0.30)
(U9 h9Y0,.) = (UD RO () dans R
ou pour tout 7 € N:
SU) — S(U(j), h(j),8xU(j),8xh(j),8mh(j)),
FUa+) ~Ghja — 8x(ﬂ(j+1))h(j)
nous définissons les constantes
By =2 (U°1) s et m =g inf K(x)
Proposition 0.0.4. Soit (h°,U°) € H*(R) x H*(R). Alors il existe T > 0 petit tel que

o La suite (UY hD) ey est bien définie et satisfait, pour tout t € [0,T) et tout j € N:

UY e C(0,T, H*(R)) N C(0,t; L*(R)) N L*(0, T; H*(R)) ( |
0.0.31
h9) € C(0,T; H*(R)) N C*(0,T; H'(R))



o V(t,z) €[0,T] xR etVjeN, ona

I OD, RN (E,.) 2 2= Eo

1/2
([1o9eoga) < &

I (t,z) > ny>0
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(0.0.32)

(0.0.33)

Aprés I'étude du systéme multicouches 2-D avec I'existence et 'unicité de sa solution,

Nous généralisons 1’approche mutlicouches aux équations de Navier Stokes hydrostatiques

non stationnaires 3-D dans la quatriéme section

Vau=0
oU I(Uw) *’U
E—f—v (U@U)+ - +V$p_'u822
% _ _
0z g
avec les conditions aux bords
w(t,z,z) =0
a—U(t:v z) = kU (t,z,y, zp)
H 82 gy Ly b)) — s Ly Y, 2p
oUu
—— (¢t h) =
{ta ) =0
p(t,z,h) =0

et la condition cinématique

%—FU(twh)Vh w(t,z,h) =0

ouu(t,x,z) = (u,v,w) est le vecteur vitesse; et U (t, z, z) =

(0.0.34)

(0.0.35)

(0.0.36)

(u, v) est la vitesse horizontale.

Nous dérivons un systéme multicouches a partir du systéme ({0.0.34)). Ce systeme est utilisé

pour la modélisation des structures de passe & poissons.

systéme multicouches suivant:

4.
“ D

Oh,

o +V,q,=0

aqa g 2 h

o+ Ve (1 @0, + §9ahah) = SV, (5 ) - ghaVem — ko
h —h ha-1q, — h

—|-2y alo+1 a+19 a—14q, a1 fO?“ a = 1’“_7]\/‘

B2 hot B2haps T RZha s + B2 ha

Pour cela, nous considérons le

dans Q4 x [0,T]

dans Q4 x [0,T]
(0.0.37)
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avec les conditions aux bords et initiales suivantes
ha(0) = ho,  qa(0) = qo dans €,

Goa-m =0, curl (2—0) =0 sur vy x[0,T]

@ (0.0.38)
Ja = QT sur v x [0,T]
ha = ho sur v2 x [0,T]
Ensuite, nous dérivons un systéme adjoint a partir du systéme ((0.0.37)),
ap 1 d.
T +h_g(q“'v)r'q“ +gVhor+gVzr — kah_i'r
—9 h?x—&—lqa - hihtx—l—lqa—s—l + 2h0¢h?x+1qa P
: (h?x-i—lha + hahoﬂrl)z '
+ 2w 2hihoc—1qo¢—1 - Qhahgz—lqa - hahi—lqa—l - hi—lqa -
o (hahafl + hi—lhoz>2 .
S (% . 'v) Z—; . acurl(cm‘l(%)).% dans Q, x [0,T] (0.0.39)
or 1 1 . T hoi1m
L Vp— —(q.V)r— — ko + 24
g VP e V) = (V) o ke e T
4+ 9 ha_l'r‘
Vo
"h2hey + B2 _ihg
L%y 4oL curt(euri(22))  dans 9, x [0,7]
= —(= - — url (=2 ans €, ,
I B Tha T
avec les conditions finales et aux bords suivantes
p(T)=0, »T)=0 dans €,
rn=>0 sur 7y x [0, 7]
—%.r.n =0 sur L x [0, 7] (0.0.40)
1 1 o q, 9
(p+—(q,7)n+ —(q,n)r— —curl(=2)T =0 sur 72 x [0,T)
ha h ha 2

et nous calculons la dérivée du domaine de la fonction objective a chaque couche a:

1t q 2 o [T q 2
o = — e dtd — (== dtd .0.41
j 2/0 /Qauha vl x+2/0 /Qa'“”“(ha)' . (0.0.41)

Pour le calcul de la dérivée du domaine de la fonction cotit (0.0.41]), nous montrons ce
résultat
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Théoréme 0.0.5. Soit V € Lip(Qy;R?), alors la dérivée du domaine de la fonction j
par rapport a ), € X{; est donnée par

o . 0 0
a_gza.]oc(Qa)-V - _Ja(Qou homqa)'v - 8_Qa

0,
q o [T q
(O b q,) = & / / Ll / / | curt(ay 2
. 2 /o Q. he

~
Jl Qa ha, qa) J3(9a7ha7qa)

A s @i i) // p+// (Vaqo)p

(thmqu 7") (Qa,hmqu ’l")

A A

A (QathHQ(wp7 ) (Qllrhouqoup: )

[ gewn [ e (5)-

QOMhDHQ()up? ) (Qoﬁhouchpv )

[ s [

(Qomhoz q4;5pT) A8 (Qouhouq(x p,T )

/ / aqa+1 ha+1qa 7
. hiHh + h2hata

-~

A (Qa,hasgy;pT)

/ / alqa haqalT
e e TR hy

-~

AaO(Qomhouqa ;p,'l‘)

Aa(Qai has Goip,T).V (0.0.42)

avec

et

ot (ha,q,) est solution du systéme d’état (0.0.37)) avec les conditions intiales et aux

bords (0.0.38)), et (p,r) est solution du systeme adjoint (0.0.39) avec les conditions fi-
nales et aux bords ((0.0.40)). O]

La derniére sections est dédiée aux méthodes numériques utilisées. Nous comparons
deux techniques de résolution pour le probléme d’optimisation de forme; la premiére est

une méthode qui ne s’appuie pas sur I'utilisation du gradient de la fonction objective dans
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ses itérations. la deuxiéme technique est de type gradient, Elle fait une appel du gradient
de la fonction cotiit & chaque itération. Enfin, nous donnons quelques exemples de tests

numériques.

Quant au troisiéme chapitre, nous nous intéressons aux équations de Brinkman Forch-

heimer stationnaires ((0.0.5)).

L’étude dans ce chapitre est faite en plusieurs sections.
Tout d’abord, nous donnons une définition des espaces a utiliser pour la suite. Pour d=2,

3 nous définissons
X = (HY Q) Y =129), V= {ge H'(Q)} , M= {q e 2 [ ais :o}
Q
et X est espace dual de X.
Dans la premiére section, nous montrons l'existence et 1'unicité d’une solution du prob-

leme ((0.0.5)), puis nous introduisons le probléme perturbé ([1.0.6)). L’existence d’une solu-
tion faible du probléme pénalisé est prouvée en utilisant une méthode de Féado-Galerkin.

Théoréme 0.0.6. Soit Q un domaine borné dans R™ (n > 0), f € X' est une fonction
donnée. alors le probléeme perturbé (1.0.6) admet une solution qui satisfait

v 3 3 « (3 1
3 IV 1Pt s 1535 +e 7 IP< o I F I (0.0.43)

A la fin de cette section, nous établissons les estimations d’erreur de la vitesse et de la

pression en norme H' et L? respectivement.

Théoréme 0.0.7. Soit (u®, p®) solution du probléeme (1.0.6) et (u,p) est la solution dans
X X Y/R du systeme (0.0.5). Alors

(p°) €Y  est borne uniformment en & (0.0.44)
et quand ¢ — 0.
u® —u dans X (0.0.45)
et
p°—p dansY (0.0.46)

ot P est la projection orthogonale dans Y de p sur (ker B*)*. et nous avons des estimations

sutvantes
| u* —wl|m + || p°—p|< Ce (0.0.47)

avec C' est une constante indépendante de .

ou
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kerB*={q € Y|(q,V.v) =0 forallve X}

Dans la deuxiéme section, nous entamons 'analyse du probléme du controle optimal. Le

probléme d’optimisation de forme consiste & minimiser la fonction suivante
1 € 2 o €\|2
J(Q) == [ |u° —uglde + = [ |curl(v®)|*dx (0.0.48)
2 Ja 2 Jo
o u° est solution du probléme ((0.0.5)) et ug est une vitesse cible dépendante des capacités

de nages des poissons et de leurs natures. o est un parameétre de vorticité.
Le systeme adjoint associé au probleme (|1.0.6)) et la fonction cott (0.0.48]) s’écrivent

1 1
—vAv + (Vud)T v — (uf.V)v — §V<u€.’l}) + §(V.u5)v + aluf|* 72 (Juf 2o + a(uf.v)uf)

+Vq = (uf — ug) — ocurl(curl(v)) dans )

Vou+eg=0 dans €
v=0 sur 'gUT'y
VO_U + 2(uf.n)v — ng = ocurl(u®).T sur I'y

n

(0.0.49)
La deuxiéme partie de cette section est concernée au calcul du gradient de forme de la
fonction objective (0.0.48]) en fonction des variables d’état u®, p® et les variables adjointes
v, and q
ou®

_ 1 € 2 g €\|2 v €
VJ = 2]u —ug|” + 2|cu7"l(u )°+ oo (Qljan ocurl(u )/\n)] n (0.0.50)

La quatriéme partie de cet axe se focalise sur I’étude d’une méthode pénalisée d’éléments
finis. Nous discrétisons le probléme ((0.0.5)), et nous associons au systéme obtenu le prob-

léme discret et perturbé suivant

Trouver u§ € X" tel que

1
v(Vus, Vo) + ((u5.V)us, vp) +§(V.u‘2,u‘;.vh) + a(|us |*us,, vp)

—I—é[((v.u‘;)(v.vh)) = (f,vs) pour tout v, € X"
(0.0.51)
De maniére analogue que pour le probléeme continu, nous démontrons l'existence de la
solution du probléme discret et perturbé . Ensuite, nous établissons une estimation

d’erreur en terme de la norme H' et L? pour la vitesse et la pression respectivement.
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Théoréme 0.0.8. Soit (u,p)e X x Y solution du probleme (0.0.5)) et (u5,p5) définis
par (0.0.51)) alors

3 a C
| uw—us |1 < (——1—1——01) (1+—) inf || u—wvp |1
r vr Br ) vhexh

(0.0.52)
Cs Cs
+— inf, Ip—an Il +=2¢ |l pa
vr g B
et
. . V(?) ) -+ CLOl O
- H L< - 1 C f -
I e (R e N (S TR PR
04 3 a . CH
1+ 2 (214 %¢ £ |p—
(145 Core ) int lo-al +5e
(0.0.53)
[
ol I'espace d’élément finis Z” est défini par
Zh = {qh S Yh|qh —qp € ]{IGTBZ} (0054)
avec
kerB; = {q, € Y"| 1(¢yV.vy) =0 Vo, € X"} (0.0.55)

et X" Y" sont les espace d’éléments finis associés a (X,Y).

Dans la derniére section de ce chapitre, nous adoptons une technique de type gradient pour
résoudre notre probléme d’optimisation et minimiser la fonction cofit combinée
a une méthode d’éléments finis discréte pour approcher le probléme .

Le quatriéme chapitre se rapporte a I’étude des équations de Navier-Stokes Forchheimer
non stationnaires . Il est divisé en plusieurs sections.

Dans la premiére section, nous nous préoccupons de certaines résultats utilisées pour la
suite du chapitre. Nous donnons la formulation mathématique du probléme puis nous
mettons en place quelques propriétés de régularité sur la fonction f et la pression p.

La deuxieme section est divisée en deux parties. Dans la premiére, nous étudions le cas
linéaire des équations de Navier Stokes Forchheimer non stationnaires et nous dérivons

une estimations d’erreur qui sera utilisée dans la deuxiéme partie pour le cas non linéaire.

Théoréme 0.0.9. Supposons ug € (H(Q))4 (d = 2, 3), et f € L*(Q2), alors
1

lle()I] + (/;He(S)H?dS)Q <CVe Vte[0,Ty)
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Supposons ug € (HF () (d = 2, 3), f € L*(Q) et tfy € L*(0,T; H(R)), alors

Ville(®)|] + tle()] + (/ s2||q||2ds)2 <Ce Vie[0,T)

Ce résultat obtenu sera utilisé pour déduire une estimation générale pour ’analyse

d’erreur du systéme non linéaire

Théoréme 0.0.10. Supposons ug € X, f € L*(Q) et tf, € L*(0,T; H'(Q?)), alors nous

avons les estimations d’erreurs suivantes

1
. -
Vi |u— || + Vot ju — uf]; + </ 82||p—p€||2d>2 < Ce Yte€)0,To)
0

La troisiéme section est consacrée au controle optimal; nous introduisons un prob-

léme d’optimisation de forme, nous calculons une équations adjoint associée au probléme
perturbé ((0.0.8)) et la fonction coiit suivante

I r
J(Q):§/0 /Q|u5—ud|2dxdt+%/0 /Q|curl(u5)|2dxdt (0.0.56)

Le systéme adjoint s’écrit

4

\

1 1
—v — VAV + (Vu) v — (v.V)v — §V(u£.v) + §(V.u‘5)v + alu®|*2(Juf PV + a(u®.v)ud)

+Vq = (0 — uy) — ocurl(curl(u®)) dans Q x [0, T

Vv+eq=0 dans 2 x [0, T
v=0 sur (ToUTy) x (0,7
I/% +2(u®.n)v — ng = ocurl(u®).7 sur I'y x [0, 7]
v(T)=0

(0.0.57)

Ensuite, nous calculons le gradient de forme de la fonction objective (0.0.56|) en focntion

des variables d’états et adjointes

— 1 € 2 a €\|2 du® v €
VJ = 2]u uql® + 2|curl(u)| + 8n'(2yan ocurl(u®) An )| n (0.0.58)

Pour ce qui suit, nous définissons les formes suivantes

1/2

a(u,v) = v(AY2u, AV2v), a.(u,v) = v(AY*u, AY*V), co(u,v) = (alul®u,v) Yu,v €

X
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avec A = —PyA = A est Vopérateur de Stokes et Py est la projection orthogonale dans
L*(Q) sur Hot H= {veL*),: V.wv=0, van|p =0}, avec ' =T UL U,

Dans la quatriéme section, nous adoptons une méthode d’éléments finis pour discrétiser le
probléme continu en espace et une schéma d’Euler pour une discrétisation en temps. La
formulation variationnelle de 1’équation et de ’équations pénalisée s’écrit

respectivement comme suit
Trouwver (u,p) € L>(0,T;Y)NL*0,T; X) x L*(0,T; M) tel que

(ug,v) + a(u,v) — d(v,p) + d(u, q) + b(u, u,v) + co(u,v) = (f,v), V (v,q) € X x M
(0.0.59)
et

Trouwver (ue,p.) € L=(0,T;Y)NL*(0,T; X) x L*(0,T; M) tel que
(ter, ) + a(ue,v) — d(v, p.) + d(ue, @) + £(pe, @) + b(ue, ue, v) + caue, v) = (f,v)

V (v,q9) e X x M
(0.0.60)

avec les données initiales suivantes; u(0) = ug et u.(0) = wuy.
Nous définissons la discrétisation en temps de la formulation faible perturbée (0.0.60)

avec le schéma d’Euler

(dewl,v) + alu?, v) = d(v,p?) + d(ul, q) + e(p?, q) + b(u, uZ,v) + ca(uf, v) = (f(ta), v)

(0.0.61)

pour tout (v,q) € X x M, et 1 <n < N, ou0 < At < 1 est le pas de temps, t,, = nA,
n _ ,n—1

tn =T, (u2,p?) = (uo,0) et dyul = uETtE pour 1 <n < N, et dyul est défini comme

suit
(dyul,v) = alug, v) + ((ug-V)ug, v) + co(ug,v) = (£(0),v), Yo € X with divv =0

Nous supposons que le couple de données (ug, f) vérifie

4wl + sup {IIFON +I1£®I} < € (A0)
t€[0,T]
Nous obtenons les résultats suivants

Théoréme 0.0.11. Supposons que (Ag) et ce < 1 sont vérifies, il existe une constante
ko > 0 tel que si koAt <1, alors

[AY22|P + Aty (dea? |+ | AcaZ |+ 1921 + aljuZ[737) < © (0.0.62)

n=1
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[l deua|]? + || Aca|* + 12 ]F + At Y JAY 2 dwal | < © (0.0.63)

n=1

pour tout 1 <m < N, avec ||.||1 est la norme de l’espace de Sobolev H'(Q).

Nous supposons pour le couple (X3, M) des espace d’éléments finis associés a X and M,

que
Il existe un opérateur rp, : D(A) N X — X}, tel que (A1)
(div(u —rpu),qn) =0, Yge M, q, € M, (0.0.64)
1AY2(u = rya)|| < chl|Aull, [lp — mupl] < chllpll, ¥pe H @AM (0.0.65)

De plus, nous supposons l'inégalité inverse
[|AY20,]| < ch7H|val|, Yvi € X, (0.0.66)
et la condition inf-sup

(dﬂ) (Vh)a qh)
ql| < ¢ sup ——7—7,
lall < e sup Ty,

Théoréme 0.0.12. Supposons que (A0) et (Al et eco < 1, Atky < 1 sont vérifiées.
Alors on a

th e My, (0067)

[alul[* + AL AP+ aAt > a5, < C, (0.0.68)
n=1 n=1

AV WGP+ ALY ([l | < O+ Ch2AE Y [[AY2 (= uly)|P[July ],

n=1 n=1

) (0.0.69)
+Ch_2AtZ [ul — ugh||2||Al/2ugh||27
n=1
pour tout 1 < m < N.
avec (ul,,p%,) est solution du probléme approximé suivant
(deulty, vn) + a(u,, vn) — d(vn, p) + Ay, an) + (P, an) + b(ul,, uly, vy) (0.0.70)

+eo(uly, vn) = (f(tn),vn), Y(vn,qn) € Xp x M),

avec ul, = rpug, p%, = 0. et (X}, Mj,) sont les espaces d’éléments finis associés a X et M.
Dans la derniére section, nous implémentons une méthode d’élément finis sous Freefem+-+
pour résoudre le probléme perturbé , combiné & une méthode de gradient projeté
pour la résolution du probléme d’optimisation de forme afin d’en déduire une forme opti-

male de la structure de type VSF.
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Chapter 1
(zeneral introduction

A fluid is a deformable material medium in the case of the action of an external force. It
consists of free particles which move relative to each other. For example, liquids are not
very compressible fluids; they maintain their volume whatever their forms and present a
clean surface. Contrariwise, the gases are compressible fluids. A fluid in a liquid or gaseous
state is characterised by a density and a viscosity. The density represents the number of
molecules per volume unit. The viscosity characterises the velocity of the fluid movement.
There are many types of flow. In particular, we cite the laminar and turbulent flow. The
first type represents parallel straight current lines. The second one is a disorganised flow

with the presence of turbulences.

Among the applications of these water flow models are the problems associated to the
optimization of fishways structure. In fact, some types of fish accomplish their daily or
annual migrations and for long or short distances to complete their life cycles. We are
interested in diadromous fishes which migrate between sale and fresh water. These migra-

tory fish species are threatened by urbanization, agriculture, or dams.

Dams are built through centuries by men for agriculture, navigation, electricity or eco-
nomic reasons. They represent impassable barriers for migratory species for their repro-
duction or feeding areas during the rise of the rivers. To meet this challenge, man thought
to buit fishways for permitting fish to pass with comfortable conditions. Fishways (fish
ladder, or fish passage) are hydraulic structures placed near from dams or weirs to allow
migratory fishes to cross to upstream river. Most of these channels are built with a slope
to the ground and they are divided into some pools. The speed in the channel pools should
not be very high to deplete the fish or prevent them from continuing their journeys to the
breeding areas. Several types of fish passage are know nowadays. The best references are
Clay [1I] for the pool and weir type, Katopodis et al. [2] for the Denil fishways and for the

vertical slot type Rajaratnam et al. [9].

35



36 CHAPTER 1. GENERAL INTRODUCTION

In this thesis, we are involved in the third type of fishways: vertical slot fishway (VSF).
VSF has an area of low velocity for fish to rest during upstream passage, a good energy
dissipation. This makes them suitable to sites where fish passage is needed at different
times of the year and for a maximum number of small species. Naturally, the aim is to
find optimal forms of VSF in order to facilitate the crossing of migratory species through

dams in convenient conditions.

The goal of a shape design problem is to find an optimal shape domain in a set of admis-
sible domains when a cost functional achieves a minimum or maximum on this domain.
The research of shape design is part of optimal control field governed by partial differential
equations and it has variety of applications in engineering. In particular, the design of
bridges and dams. Recently, Many researcher and mathematicians have been interested
in this field of research [8], [49] 59 (64 [60, [58].

Our purpose is to investigate these structures with different low models. The first one is
based on the shallow water equations. The shallow water systems are a hyperbolic systems,
introduced at the end of the nineteenth century by A.J.C Barré de Saint-Venant since 1871
[55]. These equations are derived from the incompressible Navier-Stokes equations using
the Boussinesq approximation, in which the density variations are neglected everywhere
except in the gravity term. They are used to model free-surface geophysical fluids in shal-
low flows. Due to their numerical efficiency, They are now widely used for the simulation of

many current phenomena: environmental pollution, natural disasters, and climate change.

The aim here is to assess the possibility of using a two-dimensional shallow water model
to compute the flow pattern in vertical slot fish ladder and deduce an optimal structure
allows fish to cross the obstacle in a convenient conditions. We begin by giving a math-
ematical formulation of channel consisting of ten pools with vertical slots for obtaining a
mean flow suitable for large variety of migratory species. The 2-D shallow-water equations

with source terms may be written as
OH
92 NG =0 in Qx (0,7)
ot
85 5 (1.0.1)
E+?.(6®ﬁ)+gﬂ€(ﬁ—n) -7 i Qx(07)
Where H is the water depth; U = (u1,u9) is the velocity vector; u; and us are the x and
y components of flow velocity, respectively; @ = (u; H,us H) is the unit-width discharge;

71 is the bottom geometry; g is the gravitational acceleration and ? represents all effects

of bottom friction and atmospheric pressure. We complete the 2-D Saint-Venant system
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with the following initial and boundary conditions
H(0)=Ho, Q0)=Co nQ
Qit=0, curl (%) =0 on~yx(0,7T)

=it on % (0,T)
H = H, sur o x (0,7)

(1.0.2)

where vy is lateral boundary, 7, et v, are the inflow and outflow boundary respectively.
The optimum shape design involve an objective function linked to fish’s swimming apti-
tudes.

Firstly, we compute its shape derivative in term of state variables and adjoint variables
according to the derivation of an adjoint system. Existence and uniqueness results for
the adjoint system are stated using the Lax symbolic symmetrizer for hyperbolic systems
and pseudo-differential techniques. A finite volume method is set up to solve the state
problem combined with two minimizing algorithms (Free gradient algorithm and

Spectral projected gradient) for the resolution of the shape optimization problem.

The second sort of shallow flow based model is a multilayer model. The multilayer model
ovoids the expensive Navier-Stokes equations when the flow is still within the shallow
regime.
Starting from the non stationary Navier-Stokes equations
Op+ V.(pt) =0 in Q x[0,T] (1.03)
O(p) + V.(pug @ 4) =V.Xr +pg in Qx[0,T]

with the stress tensor symbol 3+ is given by
Yr = —pld + p(Vi + (V&)')

and where g = (0, — g)/ € R? is the gravity acceleration, and y is a given viscosity.

Following the methodology initiated by Audusse and al. [I4].Then the water height is
divide into a number of layers where the hypothesis of Saint-Venant can be applied in
each layer. By considering a non constant vertical velocities, the vertical profile of the

horizontal velocity is described by the following multilayer system

8tha + vm(haﬂ:H,a) = Ga+% - Ga,%-
pat(haﬁ:H,a) + pvx-(haﬁH,a @ ﬁ:H a) - V . (uha(vxﬁH,a + (VxﬁH@)/))
= %PGQJF%(T_L’H atl +Ura) — 5 ,%( o+ Una1)

_,U(I?OHr% _R—) ) pgh Ve ( h) h vxpS-

(1.0.4)
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where G11/2 is the normal mass flux at the interface between layers o — 1 and «.

We prove the existence and uniqueness of a strong solution for the 2-D multilayer sys-
tem. The proof is done in several stages: the analysis of the linearized problem, the
obtaining of an a priori estimates and at the end a Picard scheme for the transition to
the nonlinear case. In order to deal with the optimum shape design problem, we proceed
with the generalization of the multilayer procedure to the 3-D hydrostatic Navier-Stokes
equations and extract a 3-D multilayer system. The multilayer Saint-Venant description
of flow allows to derive an optimal fishway structures with respect to the shape of the
variable domain for some given cost functionals modeling the ease of fish passage over
the structure to their breeding, growing or feeding areas. We derive an adjoint system
related to the obtained 3-D multilayer model and express the domain derivative of the
cost function in terms of the state and adjoint variables. We present two minimizing
procedures: the first one is a free gradient algorithm and the second is a gradient type

algorithm namely spectral projected gradient.

The third water flow is based on the stationary porous media model. Fluid flow in porous

media are usually described by Darcy Brinkman Forchheimer equations [29]:

—vAu+ (u.Viut+alul|*u+Vp=finQ; Vau=0 inQ

u = onTy

(1.0.5)
u=gq onI'y
l/g—z —pn =20 on I’y

where u and p present respectively the velocity and the pressure. v is Brinkman coeffi-
cient, a defines Forchheimer coefficient. f denotes the exterior forces and « € [1,2] is a
real number chosen appropriately throughout this work. I'y is the lateral boundary, I'; is
inflow, top and bottom flow boundaries, and I's is the outflow boundary.

Firstly, we investigated the well posedness aspect of the problem. We show the existence

and uniqueness of a weak solution of the boundary problem (|1.0.5]).

The importance of the treatment of the incompressibility constraint has been recognized

since a long time. Among the method adopted to relax the constraint V.u = 0, we cite
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1. The penalty method. We refer here to J. Shen [19], R. Temam [306]
Var+ep=0 in Qx[0,T]

2. Artificial compressibility, we mention here the works of Chorin [20] and of R. Temam
1371

Vs +ep; =0 in Qx[0,7T]

3. The projection method

Vo —eAp" =0 in Qx [0,T], aa% —0 in 99 x [0,T]

introduced by Temam [36] and Chorin |20} 2T] and has a high computational cost.

4. The pseudocompressibility method

a £
Vo —eAps =0 in Qx [0,T], 6% =0 in 9Q x [0,T]

In this work, a penalty method is used to relax the constraint of incompressibility for the

velocity. The penalized problem related to the system (|1.0.5)) writes

1
—vAuE + (ue.V)uf + Q(V.us)ua +alu |*u+Vp=f inQ

Vauf+ep®=0 mn )

uE =0 on Ty (1.0.6)
ut =g onI'y

IJ% _ pen =0 on 'y

In order to asses the usefulness of the approach, we establish some a priori estimates
helpful to build the error analysis. The existence of a weak solution for the penalized
problem (|1.0.6)) is proved using a Facdo-Galerkin method. The design objective is to min-
imize a comfort function. We express the shape gradient of the cost function in terms of
the velocity value as a state variable, the adjoint variables and the unit normal vector to
the boundary of the domain.

Nowdays, several works are interested in the finite element method employed in almost do-
main of engineering and numerical analysis [62], 57, [63]. A discrete finite element method is
introduced to approximate the solution of the penalized problem. We establish a priori es-
timate which proves the convergence of the approximate penalized solution to the solution
of the Navier stokes Forchheimer equation. The optimization procedure is implemented

using the continuous adjoint method and the finite element method.
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The last type of flow model is described by the non stationary Navier-Stokes Forch-

heimer equations

u —vAu+ (uVju+alul|*u+Vp=f inQ

Vau=0 in )
u=0 on I'y
(1.0.7)
u=gq on I
V% —pn=20 on 'y
U|t:0 = Ug

We begin by showing the existence and uniqueness of solution for the initial problem ((1.0.7)).

Error estimates for the velocity and the pressure are established via the energy method.

Next we treat the penalized problem along two parts; the first one is the study of the

linearized problem and the second is the treatment of the nonlinear problem.

The perturbed problem is written as

1
u; — VAU + (u.V)uf + E(V.ua)u8 +a|luw |*uw+Vp =f inQ

Vaut+ep=0 i )

ut =0 onlTy (1.0.8)
ut =g onI'y

y% —p'n=20 on 'y

Ua’t:o = Uo

We introduce a time discretization by the use of a backward Euler scheme combined with
fully discrete finite element method to approximate the penalized problem and establish
an error estimate for the velocity and the pressure which will be used to show the conver-

gence of the approximate solution to the solution of the initial problem.

The shape optimization problem is to find the shape which is optimal in that it mini-
mizes a comfort cost functional. We derive the adjoint system associated to the penalized
problem. We compute the gradient in terms of state and adjoint variables. The optimiza-
tion procedure is implemented using the continuous adjoint method and the finite element
method.



Chapter 2

Optimum Hydrodynamic Design using
Shallow Water Equations

2.1 Introduction

Many species of salmon, shad, giant catfishes, dorado, sturgeons and eel migrate between
the sea and the rivers to complete their life cycle. Free migration routes for fish are crucial
to their survival. We take interest in diadromous fish species which immigrate between

sale and fresh water.

We distinguish some types of diadromous fish: Anadromous fish (as salmon, smelt,
American shad, hickory shad, striped bass, lamprey, gulf sturgeon,...) which live and grow
in the salt water, and migrate to freshwater rivers and lakes to reproduce. The Anadromous
fish eventually return to freshwater to spawn. About half of all diadromous fish in the
world are Anadromous. Adult Catadromous (American eel, European eel, inanga, shortfin
eel, longfin eel) live in fresh water, then migrate to the sea for breeding. After hatching,
they migrate back to freshwater where they stay until growing into adults. Catadromous
fish undertake a great migration from freshwater to spawn in the marine, and they die
there due to the effort made for migration. About one quarter of all diadromous fish in
the world are catadromous. Amphidromous species (bigmouth sleeper, mountain mullet,
sirajo goby, river goby, torrentfish, Dolly Varden) migrate between estuaries and coastal
rivers and streams (in both directions). Amphidromous fish live in freshwater for breeding

and they leave to the marine for feeding and growing.

The presence of dams without fish passes appears to be a major contributing factor in
the decline of migratory species. Fishways have been designed to provide safe passage for
migratory species inhabiting the river to get pass towards their breeding or feeding areas.
The utility of such systems has been demonstrated around the world. The best general

reference here is Clay [I] for the pool and weir type, Katopodis et al. [2] for the Denil
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fishways and for the vertical slot type Rajaratnam et al. [9].

Vertical slot ladders are quite common and use a large narrow slot to control water
flow and depths in the pools between slots. This allows fish to swim upstream without
leaping over an obstacle. This design reasonably handles the seasonal fluctuation in water
levels and is not sensitive to impoundment or upstream water surface elevation changes.

The chapter is devoted to the study of vertical slots fishway. The aim of this work is to
assess the possibility of using a two-dimensional shallow water model to compute the flow
pattern in vertical slot fish ladder and deduce an optimal structure allows fish to cross the
obstacle in a convenient conditions.

The reminder of the chapter is organized as follows. The next section is dedicated to
the mathematical formulation and the introduction of the objective function related to
the optimal shape design. In sections 3 and 4, we use a method of transport to describe
a variational domain in the optimization process. Then the adjoint equations are derived
by employing the differentiability of an saddle point problem which includes a Lagrange
multiplier function. Section 5 is assigned to the well-posedness of the adjoint system using
an approach based on pseudo-differential calculus. The last section provides numerical
methods (finite volume scheme combined to minimizing algorithms) with some design

examples to prove that our approach could be very useful for the practical purpose.

2.2 Mathematical model

A vertical-slot fishway, shown in Figure 1, is a rectangular channel ) C R? with a sloping
floor that is divided into 10 pools by baffles. The pools have a double function: they
ensure a proper dissipation of the energy of water flowing through the fish pass, and
provide resting areas for the fish. It is worth pointing out that the geometric features of
each pool are with a width of 0.97m, a length of 1.213m, also two transition pools, one at
the beginning and other at the end of the channel with the same width and a length of
1.5m. Inside each pool, two baffles are built. They have a width of 2r = 0.061m and are
vertical to the lateral fishway boundary. The channel is constructed with a slope relative

to the ground.

Figure 2.1: Fishway and ground plan 2: each pool is designed by dashed lines
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The shallow water equations are used to simulate a variety of problems related to
environment and coastal engineering. These equations can be obtained by integrating the
incompressible Navier-Stokes equations in depth and taking into account the kinematic
and kinetic boundary conditions. The 2-D shallow-water equations with source terms may

be written as
o0H

86 6 (2.2.1)
Wju?.(@@? CgHV(H-n)=F i Qx(0,7)
Where H is the water depth; U = (u1,u9) is the velocity vector; u; and us are the x and
y components of flow velocity, respectively; @ = (u; H,usH) is the unit-width discharge;
71 is the bottom geometry; g is the gravitational acceleration and 7 represents all effects

of bottom friction and atmospheric pressure.

We introduce three parts of the boundary of (2: the lateral boundary denoted by 7,
the inflow boundary denoted by v, and the outflow boundary denoted by 5. We take for
70 the unit outer normal vector to boundary. To obtain a well-posed problem, we add to

this system an initial and boundary conditions defined by:

H(O)=Hy, O0)=Qo n®Q, O7=0 curl (g) —0 on v x (0,7),

6:6217 on v x (0,7, H = Hy; on v, x (0,7)
(2.2.2)
The geometry of the vertical slot based on the use of guide elements to lead smooth
hydraulic flow into the next slot. The positioning of the guide elements was carried out

at two different locations, a and b, which configure the shape of the fish ladder Q (Figure

29).

Xemi I b(by,b;) i Yimax

Figure 2.2: Prototype geometry: details of slot and pool
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The design variables a and b are subject to constraints in order to ensure a positive

influence on the flow in the individual pools. These constraints are formulated as

1 3
7 1213 < yrys < 7 1213
(2.2.3)

1
0<yo,a< 7097

In order to provide a comfort conditions during the fish passage and permit to a
maximum number of fishes to pass to the river upstream, the following constraints are
introduced

ys —y1 = d; =0.1
(2.2.4)
Y2 — Ya > dy = 0.05

A shape optimization problem consists in the minimization of a functional J € R, also
called cost function depending on the design variables a and b defining the shape within
the admissible constants defining the admissible set X. We have a direct calculation loop
for the functional: from a parametrization (a, b) we define a domain §2(a, b) on which we
compute the state equation solution W = (H, @) and the cost function J(Q(a, b)):

J:x=(a,b) € X — Q) — W Q) — J(x,Qz), W(Q(x)))

We consider that the shape of the structure is efficient if the associated energy dissipation
leads to a velocity of water close to a target velocity ¢ related to fishes species and mini-
mizing the flow turbulence in the channel.

The target velocity is given by

(¢,0) if 2y <5097

2.2.5
(0,0) otherwise ( )

7(3317 .TQ) = {
Thus, we want to minimize the following cost function

- %/OT/Q |7 =7 |2 d:cdt+%/OT/Q | rot() |? dudt (2.2.6)

with o > 0 is the vorticity parameter, and 72? where (H, 6) is solution of the shallow
water system ([2.2.1]) with the initial and boundary conditions (2.2.2)).
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2.3 Adjoint system

We consider (p,7) two test functions space in L>(0,T; H?(w))?. The variational formula-
tion of the state system (2 is given by

Find (H, @) € L>(0,T; H*(w))? such that

A(w, H,Q;p,7) = L(w;p, ™) Y(p,7) € L=(0,T; H*(w))?

where
A(W’Hv@Pf)Z/w/OT{% +VQ}p+// {—+v ®Q)+9HV( — )}

L(w;p,7) = /M/OTJF.F

We reformulate the objective function as J(w, H, Cj) = j(w), such that
1 4 @ 2 T @
_ x 7 _ (=) |2
s [ 1G-S [ renc)

Theorem 2.3.1. let (H,Q) € L*(0,T;R) x H2(0,T;w) solution of the system (2 , and
(p,7) € L*(0,T;R) x H?(0,T;w) two test functions, then the adjoint system assocmted to
the state system ([2.2.1)) take the form

ap 1 =S N\ - A = — - @ ) Q
e m(@ V)r.Q — gH(V.r) — gVn.r __’_(H — )H2 — acurlgcurl( )).H2
or = 1 =, 1 s ,= 1.0 . o - Q
~5 " VP~ E(Q V) — E(Vr) Q= E(E — V) + Ecurl(curl(ﬁ))
(2.3.1)
with final and boundary conditions
([ p(T) =0 n o w
™(T) =0 n o w
7. =0 m x (0, T
, 70 % (0,1) (2.3.2)
(gH — H—;)m =0 in v x (0,7T)
1 - 1~ o Q
(G N+ — (O — X curl(-L)F = ; T
|+ g @+ @A - a7 =0 in 5 x (0,7)
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Proof. We consider the Lagrangian function (for details see [4],[7] given by

Lag<w7H7Q_);p7F) - J(W, H7 @) —A(W,H,Q_),p,f}) +L<W7H7 Q)paf)

By integration by parts of the function A(w, H, Q: p. r), deriving in H the function A and
J and using the adjoint state (Oy Lqg(w, H, Q: p, 7) = 0), we obtain the following equation:
inwx (0,7)

- Q Q -

£ _(@ﬁ)q?@ — gH(ﬁ.F) — gﬁnf: —(E — v)ﬁ — acurl(curl(

=

=

p(T)=0 in w
rin=0 in v % (0,7)

(gH — =2)7ii =0 in vy x(0,7)
By integration by parts of the function A(w, H, Q:p, r), deriving in @ the function A and

J and using the adjoint state (0QLag(w, H, Q;p, ) = 0), we obtain the following equation:
inw x (0,7)

leyn 1.3 . a - Q
T U) + ﬁcurl(curl(ﬁ))

i =0 in 7 x (0,7)

)T=0 in v x(0,7)
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Finally, the adjoint system is given by:

Op 1 2= .= > = 9] J - g, @
~ 5 + m(@ V)F.Q — gH(V.7) — gVn.7 —H—(E - v)m - acurlgcurl(ﬁ)).ﬁ
oF o ol o1 1.F . Q
5 VP E(Q V)r— E(VT) Q= ﬁ(ﬁ —0)+ —Curl(curl(ﬁ))
(2.3.3)
with final and boundary conditions:
([ p(T)=0 in w
7(T) =0 n o w
Fii =0 in o x (0,T
) 0% (0,7) (2.3.4)
(gH — F;)F.ﬁ =0 in v x (0,7)
1 1 - o Q
—(OPNF L —(O7)F — — Y. ’ T
| o+ @+ o (@) — feurl((2)7T =0 in 3% (0.7)
O

2.4 Shape derivative

In this section we give a description of the domain derivative of the objective function j.
Let wy be a fixed domain, and we suppose that it is a bounded open subset of R? with
Lipschitz boundary. We denote by Lip(wy; R?) the Lipschitz applications domain, which
is defined by

Lip(w; R*) ={¢:wo — R? / Ik >0 suchthat

| o(x) —o(y) S E v —yll, V(z,y) € wox wo}

We denote by Op the subset of bi-Lipschitz homeomorphisms of wy. It is an open subset
of Lip(wp; R?) and it is defined by

Oy = {1 : wg — Y(wy), bijective [ € Lip(wo;R?), v~ € Lip(1(wo); R?)}

The admissible domain denoted by Xj is a set of domains w which are bound by bijective

Lipschitz functions to the fixed domain wy. It is given as follow

XO = {w = Z/J(WO) / ’l/) € 00} (241)
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Theorem 2.4.1. Let V € Lip(w; R?), and if the functions A, J and L are differentiable

with respect to the domain w in the admissible set Xy, then the domain derivative of j at
w € Xy takes the form

3]’(@))-‘7 = QJ(W;H, Q).V - 3A(OJ;H, Q;p, 7).V
Ow Ow Ow (2.4.2)

where

—/ /gHﬁn.F(ﬁ.V'), for V € Lip(w; R?)
0 w

wp,F)V //f 6‘7 for vELip(w;]RZ)

9w HQ)V—E/T/HQ—JHWV //|curl J2(9.7)
Ow T 2 )y S H

for V e Lip(w;R?), and with (H,Q) is solution of the state system (2.1) with initial and
boundary conditions (2.2), and (p,T) is solution of the adjoint system (3.1) with final and
boundary conditions (3.2).

Proof. Let w € Xy, such that w = ¥ (wp) with ¢ € Oy. We consider F' € Lip(w;R?) a
bi-Lipschitz homeomorphism such that w = F(w) € X,o. Let V € Lip(w; R?) such that
V=F-1I

We define the function d by d : w € Xy — d(w) € R, and we introduce a transported

function called d

d: F € Lip(w;R?) = d(F) = d(F(w)) = d(w) € R.
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Thus, the domain derivative of d at a given w € X, writes

ﬁd(w).v ai_,gz(l) V. for V e Lipw;R?) (2.4.3)

Oow

The calculation of the domain derivative of j is done by introducing the transported
functions of A, L, and J. In order to realize this computation, we define the function A

as a sum of a number of functions as follow

6
Alw, H,Q;p,7) =Y A¥w, H,Q;p,7)
k=1

Explicitly
< B oq
A(WJH>Q7P7F> - _p_'_ VQP+ a_
\0 0 w
A(wHme A%wHme A3 (w,H,Gsp,7)
)
+/ /V(E r+/ /gHV 7’+/ / gHVnr
0 w
A4(w,H,G;p,7) A5 (w,H Q p,7) (w,H Qp )

With a similar manner we define J as a sum of

2
= Z J¥(w, H
k=1

//H——V\F //rcurz
eon- [ [

Next, for computing the domain derivative of each function above, we introduce its trans-

Since,

and

ported function. In particular for the first function

T
Al(w,H,@;p,ﬁ—/ /a_Hp’
0o Jo Ot
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we introduce the transported function

AYF,H,Q;p,7) =A(F(w),HoF ', §oF YpoF ' FoF)

= Al (w, // “=p | det(VF) |

As it is known, F —| det(VF) | is a differentiable application. Its derivative writes

o7 | det(VF) | (I).V =V.V, for V € Lip(w;R?)

and we have for V € Lip(w; R?)

o Y Lo [TroH -
a_wA (w7H7Q7p7F)V _a_FA (I>E7Q7B7@V_/O /wﬁp(v‘/)

For the second function A?(w, H, @; p,T), we consider the following transported func-

tion

AXF,H,Q;p,7) = A*(F(w),HoF ' ,QoF ,poF ! FfoF!

- A Gpn = [ [@For V@

where the inner product "X:Y" is expressed as X : Y = Z XY,
k=1

~—

)p | det(VF) |

Taking into account that the application F' — VF'oF is differentiable. Its derivative

takes the form

8%<§F_1 o F)(I).V =—-V.V, for V e Lip(w:R?)

Then, for V € Lip(w; R?)

a%AQ(w,H,@;p,F).V =0 2 H.Gp 0V

For the third function A3(w, H, C_j; p,T) , we consider the following transported function
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A?’(F,E,Q;Q,f) = A3F(w),Ho Fﬁl,go Fﬁl;]_oo F 1l FoF™)

o N .
= A(w,H,Q;p,T) = N 7| det(VF) |
0 w

Consequently, for V € Lip(w; R?)

d -9 - s (Tl = o
A H G0 T~ G0V - [ [ i)

For the function A*(w, H, Cj; p,7) , we consider the following transported function
AYF.H,Qip,7) =AY F(w),HoF ', QoF ipoF !, FoF ") = A'(w, H,q;p,7)

v .J . 3
- / /(VF—l oF) :V(=®Q).F|det(VF) |
0 w

With a similar manner used for the function A?(w, H, C_j; p, ) we obtain for Ve Lip(w; R?)

0 = — 0

oA H Gip.).V = 52 AL Gip. D).V
//w%w [ frwer-wag
[ fengren- [ [s

Finally, with same calculations, we get the domain derivative of the other functions for
V € Lip(w;R?)

a o T . T . .
% 5(w,H,Q,p,F) V = / gHVH. 7 (V.V) —/ gH(VV)'VH.T
0 w 0 w
—A%w,H,Q;p, 7).V = — gHVn.7(V.V)
ow 0o Ju

For J(w, H, Q;p,f”) and L(w, H, Q: p, ), we follow the same steps computation above.
Then we get for V € Lip(w; R?)
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o L 1T g ) o o
ol eV =5 [ 157 ey
3,]2@ H4G).V = g/T | curl(2) |2 (V.V)
Ow T 200 L

9 T .

a—wL(w;p, 7).V = /0 wf r(V.V)

Finally, By injecting all previous results in (2.4.2]), we obtain the formula for the domain
derivative of the objective function j at w € X in terms of (H,@Q) solution of (2.2.1)-(2.2.2),

and (p, ™) solution of (22.3.1)-(2.3.2). O

2.5 Analysis of the adjoint problem

2.5.1 Pseudo-differential tools

In this section, we present some properties on pseudo-differential operators. We restrict
ourselves to the main tools which will be used in the following. We consider w is a set
of R?2. We define S as the space C™ of complex-valued functions defined in R?, which

decrease faster than any polynomial function of | z | as | x |[— oo (their derivative are so).

The spatial Fourier transform p(&) of p(x) € S writes

56 = [ pla)e s

conversely, the inverse formula takes the form

L L e
) = o [ Pl

Consider a sequence of scalar o = (;);=1,2, the o derivative is given by

1

Dep(x) = 27 Joo E°p(€)e s dg
1
where D* = D{"'...Dg", and D; = —,ai. We note the integral above by p(D) = D
1 0T;

p(D) is called the differential operator with symbol p(§) = £“. The differential operator
depends the space variable too in general. More generally, the differential operator of

order k can be written as

p(z, D) = Z ar(z)D*

| <k
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for some smooth coefficients a, (). The symbol of this differential operator writes

p(e.€) =Y anl®

jal <k
For instance, for u € S, we have the following formula

bl Dyu(e) = F2, 0o 0l6) = 75 [ plo)at)eas

There are some restrictions about the differential operators. In particular they are associ-
ated only to polynomial symbols. More generally, we can treat a general class of symbols
by introducing the pseudodifferential operators. For instance, if p(x, &) is a functions in

the researched admissible class, it verifies
|0 p(x, €)] < cal(§)™ 1
and
|0p(2, §)] < caA(§)™
We define the Sobolev space H*(R?), s € R as

HYR?) = {W € 8 = (1+ | £ )W (€) € L*(R?)}

g+ is the usual Sobolev norm based on L?,

W]

o=l AW |2y, with A® = (1 — A)2

where A is the Laplace operator.
Let p(z,§) be a C* function. p(z,§) € S, m € R means that

| DIDEP(,€) |< Cap(L+ | €)™ Vo, B € R

And p(z,&) € S™ means that:

p(:r;,ﬁ) ~ ij(l',f)

j<m
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where p;(z,§) is such that: for | £ |> 1,

pi(z,r§) = rp;(2,€), [£[=1, r>1
Pseudo-differential operator P defined by:
P, D) = [ ol (e (25.1)

is called of order m if p(x,&) € S™. OP(X) denotes the set of operators with symbols in
X

2.5.2 Main result

In this section, we establish a conservative form of the adjoint system obtained in the
previous section. We present a standard method to construct a symmetrizer of the found
system. In order to obtain a conservative form of our adjoint system (2.3.1)), we set

Q = (Huy, Huy)', ¥ = (r1,75)" and @ = (v1,v2)". We consider the following scalar quanti-

—

. Q . Q - Q. @ 1wy 1
ties; F1: (ﬁ - v)ﬁ le acurl(curl(ﬁ)).m, G, = ﬁ(ﬁ —v1)+ aﬁ(ayxug — Oyyuy) and
u
G2 = ﬁ(ﬁ — U2> + Q’E(amIUQ — &Cyul).
After heavy calculus the system ([2.3.1]) takes its conservative form
oW = oW = OW < -
—+ M — +NH,Q)— =S5(H,Q,W 2.5.2
MG+ NG = (.67 (252)
Where W = (p,r1,m2), ¢ = \/gH
0 A—ud  —uu F —gVn.r
M(H,Q) = |1 2ul U2 ) S(H,@,W) - _Gl
0 0 U1l _GQ
and
0 — U Us ?— ug
N(H,Q)= |0 Us 0
1 Ul 2U2
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Definition 2.5.1. The system (2.5.2) is hyperbolic if the matric E = M(H, @)nl +
N(H, C})ng is diagonalizable.

Proposition 2.5.1. If uy,us, ¢ € R, then the system (2.5.2)) is hyperbolic.

Proof: The matrix £ = M(H,Q).ny + N(H,Q).ny writes

2 2 2 2
0 (¢® —uj)ny — ugugng  —ujugny + (¢ — us)ng
FE = n1 2u1n1 -+ UMy Uo2M
N9 U1N9 uUiny + 2u2n2

which is diagonalizable, and has the following three eigenvalues
)\1 = uini + Usng — ¢, )\2 = U1nN1 + uU2na, )\3 = UuUni + U2Ng + ¢

Moreover, The eigenvectors of the matrix E writes

] wng +ugng + ¢ 2(uing —ugny)  —(uing + ugng) + ¢
X =— —nN1 —2n2 nq
2c
—MN9 2711 N9
and we have
1 UL — Ny Uy — C.No
-1
X 7=10 —C.ng c.ny
1 uL + c.ny Ug + C.No

2.5.3 Existence and Uniqueness using the pseudo-differential cal-

culus
2.5.3.1 Construction of symmetrizer

The objective of this subsection is to construct a symmetrizer of the system (2.5.2)) . In

order to achieve this, we introduce a standard definition of the symmetrizer notion.

Definition 2.5.2. Let R(t,z, W, £) be a smooth function on RxR2xR3xR2, homogeneous
of degree 0 in &. R(t,x, W, &) is called a symmetrizer of the system (2.5.2) if

-

R(t,z, W &) is a positive definite matriz,

and

R(t, x, W,ﬁ).{M(H, Q)& + N(H, Q){g} is self-adjoint for each (t,z, W,fl,ﬁg).
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O
We define the following operator P

P(t,z,W,8) = M(H, Q)¢ + N(H, Q)& (2.5.3)

We will diagonalize the matrix P(t, x, W, ¢ ) and we will use the eigenvectors of its adjoint
matrix to define the symmetrizer of the system (2.5.2). In general, it becomes difficult in
some case to find a symmetrizer which verifies the properties in the definition above. In the

following, we present a standard method to construct a symmetrizer for the system ([2.5.2)).
Proposition 2.5.2. If uj,us,&,& € R, then the matriz P(t, x, W,é) is diagonalizable.

Proof. The matrix P(t,z, W, €) has three distinct eigenvalues

o = w & +ubs —c, e =wdy +us, oz =ui) +wée +c

The conjugate operator P(t,x, W, £)* of P is diagonalizable, and its eigenvectors write

1 0 1
Pr=|u—c&|, o= |—c&|, 3= |u1+c&
Ug — C.§2 0.51 Ug + C.fg

The symmetrizer of the system (2.5.2)) writes

R(t,x,W,€&) = PP} + P,P; + P3P (2.5.4)
Explicitly
[ 1 Uq U2 ]
B , & 2
R(t,z, W,&§) =2 |t U+ 5(51 +1) uug + 55152 (2.5.5)
c? , L,
Uz Uy + 55152 uy + 5(52 +1)

Which is self-adjoint, and we note that

o uag + & ugan + &
RP=P'R=2 |uay + 36 a b

Uprg + 2y b c
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1 1
where a = 5{(21@ +c*(nf+1))ag +4uyc*ni }, b = 5{(2”1’“2 +26&) g+ A (ur &y +uxé)
1
and ¢ = 5{(2u§ +c*(n3 + 1)) ag + 4uac?ng}.

Finally, in order to derive an energy estimate we define the operator () using the sym-

metrizer R as: )
Q= 5(R + R*) 4+ KA (2.5.6)

where K is selected to make Q) a positive definite operator in L?.

Lemma 2.5.1. Let the operator P be defined by the expression in (2.5.3)). If Q € C*(S°)
then
< QPv,v>|< C(|v e [ vz (2.5.7)

Lemma 2.5.2. (Kato Ponce commutator [1()]) Let the operator P be defined by the ex-

pression in ([2.5.3)), then

1A Plo [z < CHI VP ool v |

g1+ || P

0 [|oo}

HS

2.5.3.2 Existence and uniqueness

The objective of this section is to prove the existence and uniqueness of the adjoint system

solution. In order to assume that, we introduce the Friedrich’s mollifier {J.}.~0, and we

define the regularized system obtained from ([2.5.2)) by:

OW. + J.M(H,Q)d,(J.W.) + J.N(H, Q)d,(J.W.) = J..S(W.)

. . (2.5.8)
W.(0,z) = W(0,x)
We define the following operators
P.() = JM(H,Q)0,() + J.N(H,Q)d,(.) (2.5.9)

and
9-(W2) = J..S(Wy) (2.5.10)
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The definition of the symmetrizer R and the regularized operator (). using R., will help us

to derive an energy estimate by applying A°® and symmetrizer (2.5.4) to the system (12.5.8))
to estimate < ASW€, QEASWQ >

d - -
7 < NWL, QNW, > = 2<N°

OW..
ot

QN >+ < MW, QANW. > (2.5.11)
The second term of the right hand side can be raised as the following: from definition|2.5.2

the construction of the symmetrizer R, gives

< AW, RAAW. >| < O(| We [len) || We |

2
Hs

Using the description of the regularized operator (). in (2.5.6|), we get

< AW., QUAW. >| < C(| We [|ov) || W |

2
Hs

It remains to deal with the first term of (2.5.11]

OW.

WaQsASWE > =< QEASJsPeWsaASWe >4+ < QsAsgsaAsWs >

< A?
The second term in right hand side can be raised as
| < QeNge, AW > | < C(|[We [as)|[We ||z

Next, we will try to raise the first term. It can be decomposed as

< QN JPWL,NW. > = < QPN JTW., AT W, > + < Q:[A*, P)JW,., A5 J.W, >
+ < [Q.A%, JP.JW., ASW, >
(2.5.12)

The operator [Q.A®, J.] is bounded in the H*~! norm. the term < [Q.A%, J.| P- JEWE, AW, >

can be raised by
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< [QA®, JPJ W, MW, > < C(| We ||er) || BoJ W || pge—r || W |

HS
Using Moser’s inequality (see [5]) for the term || P.J.W. ||zs-1 yields
< [QN®, JAPJWo, MW, > < C(| We |l=) || We || e (2.5.13)

The operator [A®) P.] has order s, and we use the results of lemma to raise

|< Qe[A*, PLLW, AL, > < C | AW |z {[| VP [[oo]l W |

Hs—1
+ || P ‘HS WE ”oo}
Since
|< Q[A®, PJIW, N T W, >| < C | We |l {l| VP Jlooll We ||z
+ H F. |H5 We ||oo}
From the previous expression and using the Sobolev embedding we deduce:
|< QA PJIWo, NI W, > < C(| We llas) || We || as (2.5.14)
We use the results of Lemma.5.1 for the first term of the equation ((5.4.13))
1< QPN J W, N TW. >| < C(| We lare) || We || s (2.5.15)
The three inequalities ([5.4.14))-(2.5.15)) and the Cauchy inequality yields
d STT) STT) T
o AW QAW > < COU W 1 + 1S oo, (2.5.16)

Using the previous results, we prove the following theorem

Theorem 2.5.1. Let W° € H*(R?) and S € LS (R, H*(R?)), s > 3, then there eists a

loc

constant C(t) independent of € €]0,1] such that

I W7 < CO{IW° |

i+ S om0} (2.5.17)
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Proof. We observe that the product < ., Q).. > defines an equivalent norm in H® and use

Gronwall’s inequality to get

IWo I < COLU WO N5 + 1S 1o (2.5.18)
O

Corollary 2.5.1. Let W° € H*(R?) and S € Lio(R,H*(R?)), s > 3, then the sys-

loc

tem ([2.5.2) have a solution W € H*(R?) in the time interval [0,T].

Proof. Let € €]0, 1], Using theorem.5.1 in a Banach space, we have the energy inequality
in terms of WE
d

=< AW, QAW > < ([0, Te{]| W |

ws 11 S oo m)} (2.5.19)

The existence of a function S(t) independent of £ €]0, 1] and an interval time [0,T] yields

from Gronwall’s inequality:

W |

< S(t) Vte[0,T]

then {W_, € €]0,1]} converges to a limit W solution of the system (2.5.2). The sequence

{W., e €0,1]} is bounded in C([0,T], H*(B(0,r))) and {%, e €]0,1]} is bounded in
C([0,T), H*=1(B(0,7))) by definition of (2.5.8) with B(0,r) is a ball. And we have the
compact inclusion H*(B(0,r)) C H* 1 (B(0,r)).

Ascoli’s theorem with interpolation inequalities arguments gives the existence of a sub

sequence Waj such that
We; — W in C([0,T], C'(B(0, 1))

the limit T verifies the system (2.5.2)) in the distribution sense. O
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Theorem 2.5.2. Let W° € H%(R?) and S € LS (R, HY(R?)), s > 2, the system (2.5.2)

loc

has an unique solution in H*(R?).

Proof: We suppose that the problem (2.5.2)) has two solutions Wy et Wy such that:

Wh M (H,G)0,(h) + N(H, G0, (W) + S(H, G. W)
a(?/é (2.5.20)
o = ~[M(H.Q)0:(W2) + N(H,Q)9,(Wa)] + S(H,Q, W)

We define W = W, — Vf@, then W satisfies the following equation:

—— = —[M(H,Q)d,(W)) + N(H,Q)d,(W1)]W — [M(H,Q)d,(Wr) + N(H,Q)d,(W:)|We
+[M(H,Q)0,(Wy) + N(H, Q)0,(Wa)|We + S(H,Q,Wy) — S(H, @, Ws)
(2.5.21)

Other side, we have

— - - =

S(Hqu Wl) - S(H7 Q7 W2) = 3<H7 év le WQ)(Wl - W2>

— —. —

1

where S(H,Q,Wl,wz):/ g Wy + (1 — ")Wa)dr, with g(.) = S(H,Q,.)
0

and

- - - —.

[M(H, Q)d,(Wy — W1) + N(H,Q)d,(Wy — W1)] = (Wy — Wa).a(H, Q, Wy, Ws)

Consequently
aW = g — - - - - — —
E = [M(H, Q)@x(Wl) -+ N(H, Q)ﬁy(Wl)]W —+ W.G(Wl, WQ, D)WQ

the operator [M(H,Q),(.) + N(H, @)8y()] is strictly hyperbolic and using the calculus

of the proof of theorem.5.1 we infer

d . - .
Z W< C@) | WL (2.5.22)

Using Gronwall’s inequality we deduce W = 0.
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2.6 Numerical methods

The shallow water equations are a set of nonlinear hyperbolic equations. The nonlinear
character combined with the hyperbolic type of the equations can lead to discontinuous
solutions in finite time. In order to formulate simple and robust numerical procedures, the

two-dimensional shallow water equations (2.2.1)) are cast in conservation form with source

terms
oU + 0, F(U)+0,G(U) =S8U) (2.6.1)

where

H Hu, Huy

U= |Hu |, F(U) = | H4 +igH?* |, GU) = Hujus

Huy Huqus Hu3 + 1gH?

and
0
fo +gHay77

2.6.1 Finite volume method

Finite volume schemes for the shallow water systems consist in using an upwinding of the
fluxes. The problem domain is first discretized into a set of triangular cells T; forming an
unstructured computational mesh. Let At be the constant time step and define ¢,, = nAt

for n =0, ..., N. At each discrete time ¢,, we note U" the approximated solution value.

Denote by E(U) = (F(U),G(U)) the physical fluxes. By integrating the equation ([2.6.1)

on a triangle 7T}, we obtain

/T. Ut /T V.E(U) = /T S(U) (2.6.2)

We note n; the normal on the edges of triangle T;. Using the divergence formula / V.E(U) =
T;

/ E(U).n;dl’. The equation (2.6.2) takes the form
oT;

/T, Ut+/aT‘ E(U).n,-dF:/T. S) 2.63)

The term E(U).n;dl’ can be calculated as
T,
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U).n;dl' = Eingi.dli;
| B z sl

The equation ([2.6.3]) becomes

3
| Ti | Ui+ Y | Eijnggdliy =| T; | S (2.6.4)

j=1

where n;; is the normal on the edge T;/T;, E;; are the discrete fluxes on the interface T; /T;
and dl;; is the length of the interface 7;/T;.

Thus, we now have an equation for each cell i of the form
[ &
7 ]:1
We make a finite difference approximation to the time derivative to obtain the scheme

Ut =y

<
w
—_

| T3 | 4

Finding the value of the fluxes at the interface is of primary importance. A variety of

approximation techniques have been developed to allow efficient calculation of the solution
3

to the Riemann problem. The Roe solver is used to evaluate the term Z Eij.ni;.dl;.
j=1

2.6.2 A gradient free algorithm

The design variables related to the shape €2 depend on the two positions of the slot

y = (a, b) = (y1, v2, ys, ya) (Figure 2.2). We redefine the objective function (2.2.6) in
the following way ®; : R* — R where ®;(y) = J(Q(y)). Thi> finite volume scheme (12.6.6)

Q7

—— which induces an approxi-
n
7

yields, for each time t,, an approximated velocity 7? =

mate objective function

D Atzz /H ur - HZ—i-Oz/\curl (7" | (2.6.7)

n=1 ecT;

ﬁ
Finally, we collect all linear constraints (2.2.3]) and (2.2.4)) in a function ¢,: R* — R1°

1 1 3 3
. (51213 — y1, ~1.213 — ys, y1 — 2121, ys — 21.213, —pp,
¢2(y17y27y37y4> - 4 4 1 4 1
—Yy, Yo — 50.97, Ys — 50.97, 0.1 —ys 4+ y1, 0.05 — Yo + ya)

(2.6.8)
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_> —
These constraints are satisfied if and only if ¢ o(y) < 0. The functional ®; can be penalized

to include geometric and state constraints

D(y) = Bi(y) + 8 mar{($a(y));, 0} (26.9)

with (3 is a penalty parameter.

Due to the essentially geometric nature of the problem, we propose a direct search tech-
nique for solving the discretized control problem. The Nelder Mead "simplex” algorithm
is one of the most widely used methods for nonlinear optimization. The method attempts
to minimize a scalar-valued nonlinear function using only function values, without any
derivative information. The method constructs a sequence of simplices as approximations
to an optimal point. To describe Nelder-Mead iterations, we begin with an arbitrary
simplex of 5 vertices y1, s, ..., ys. We evaluate and order our function on these vertices
O(y;) < P(ys) < ... < P(y5). The vertex associated to the maximal value is replaced with
a new point y(v) = (1+v)y* — vys, where y* is the centroid of the convex hull {y1,...,y4}.
The value of v is chosen from this set of values: vs = —0.5, v, = 0.5, v, = 1, v3 = 2. The

choice of these values is determined according to the following algorithm

Calculate and sort ®(y1), ®(y2), ..., P(y5)
While | ©(ys) — ®(y1) | is not sufficiently small, calculate y(v5) and &3 = ®(y(v3)) then

a) If &5 < ®(y;) then calculate , = ®(y(v,)). If ®5 < @, replace ys with y(v,);
otherwise replace ys; with y(v3). Go to (f)

b) If ®(y;) < @5 < D(y4) then replace y; with ys and go to (f)

c) If ®(ys) < @5 < ®(ys), then calculate ¢, = ®(y(r,)). If &, < &g replace y5 with
z(v,) and go to (f). Otherwise go to (e)

d) if ®(y5) < ®g then calculate ¢5 = ®(y(v5)). If &5 < ., replace ys with y(v5) and
go to (f). Otherwise go to (e)

e) For j =2,...,5, set y; = y1 + 35(y; — 1)
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f) Resort values of ® at each resulting vertex

To prevent stagnation at non-optimal point, a modification proposed by Kelley [3] is

used. This technique consists to replace the current simplex by a smaller one.

Theorem 2.6.1. Let f a strictly convex function. Then if Nelder-Mead method is applied

to f, then no shrink steps are performed.

Proof. Shrink steps occur when the out and inside contraction are tried and fail. Firstly,

we consider that the out contraction is taken. Out contraction occurs when ®(x,,) < &5 <

®(xpy1). z(vy) = 32* + 32(vg) and if we use the convexity of ® we have:

0y = O(2(1y)) = D57 + 32(vp)) < 32(2%) + 3P(2(vp)) < maz{®(z*), Py}

®(z*) = P(+ 31", x;). Using the convexity of ® we have ®(2*) < ®(2"), then maz{®(z*), Ps} =
. Finally ¢, < @5 and the out contraction is taken (the shrink step is not applied).

Secondly, the inside contraction is performed only if ®(z,+1) < 5. x(vs5) can be written

as convex combination z(vs) = %x* + %x”“. If we use the convexity of ® we obtain:
®5 = D(x(vs)) = P(32° + 32" < 18(z*) + 10(2"™) < maz{®(z*), P(z")}

maz{®(z*), ®(z"™!)} = ®(z"!), then the inside contraction is taken.

For the rest, let ®} be the value of ® on the vertex 1 (1 = 1,...,n+1) and iteration k.

Theorem 2.6.2. Let ® a bounded functiona from below on R™. Then if the Nelder-Med
algorithm is applied to ® then

1. The sequence {®}} is convergent.

2. If only a finite number of shrinks occur, then all the n+1 sequences {®t}, I=1,...,n+1,
converge and their limits satisfy @1 < ®2 < ... < &1 (where & = klim Pt ).
—+o00

3. If only a finite number of non-shrinks occur, then all the simplex vertices converge

to a single point.

Proof All the values of the sequence {®; } are bounded by below by zero (® is bounded
from below by zero). {®}} is a decreasing sequence, then it is convergent.

For1=1,...n, ® < &' then if we pass to limit

dl < VI € [1,n]
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2.6.3 Spectral projected gradient

The second adopted approach for resolving our shape optimization problem is consisting
in use of a gradient technique called Spectral projected gradient (SPG). This method

use the projection into a closed and convex ), subset of R* of all the points y € R*

satistying (£2.3)- E21).
3 1
We denote 01 — 03 = 1—11213, 51 = (53 = 11213, O9 = 04 = 0, (52 = (54 = 1097 Then the

admissible set € is defined as

Qoz{y:(y17y27y3ay4> €R4: Uzéylgéw 1.21,...,4,

(2.6.10)
Ys —y1 > di, Yo —ya > da}
The optimization problem can be reformulated as
min j(y). (2.6.11)

yeQo

Through the iterations of the appointed algorithm above the gradient of the cost function

is called and used before calling the projection function as follow:

(a). (Initialization). Let y € Qq, and let € > 0 be a positive tolerance.

(b). (Search direction computation) Let d = Pqo,(y — nVj(y)) — g, with 7 is a positive
constant given by

- First iteration n = 1.

- Other iterations: Let y be the current point and gy teh previous point. Calculate

r=y—ygandy=Vj(y)—Vj(7) . Then, if 27y > 0, take n = g; elsewhere,
-y
take n as a fixed positive value.

(c). (Termination) If d = 0 (in practice, || d ||2< €), then stop: ¥ is a stationary point of
j on Qo.

(d) . (Step-size) Calculate a value & € (0,1] such that j(7 + &d) < j(y) + £6Vj(y)Td,
with § > 0 (usually, § € [107*,107!]). For the determination of a suitable step-size

¢ by an iterative way, we choose ( as a positive constant (usually, ( = 2), take
0, = j(y) and Oy = 6Vj(y)7d, and then for p = 0,1,2,... define £ =
when j(g + £d) < 61 + £6s.

—, and stop
CP
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(e) (Update) Define § = 5 + £d, and go to (a) with g = 7.

The value of j in this algorithm is computed from the expression . And y = Py, (2)
is the projection of z € R* onto €. It is calculated by minimizing a quadratic function of
the distance of z to {2y as follow
min ! |y — 2 ||5= min 1ZTZ — 2y + 1yTy (2.6.12)
yeQo 2 yeQo 2 2
It leads to minimize

( (1 1
i E 2,2 o a2
min {221 ZY; + 2%}

(Y1,Y2,y3,Y4) T
=1

subject to o; <y; < b1 =1,...,4

L Ys—y1 = di, Yo —Ys = do
E=
(. L 2 2 2
min (2 4 23) — (211 + 23y3) + 5 (w7 + v3)
(y1,y3) 2
subject to o; <y; < d;,0=1,3
\ Yz —y1 > dy,
and
(
i 1 1
min —(25 + 27) — (2292 + 2aya) + = (43 + ¥3)
(y2,y4) 2 2
subject to o; < y; < 65,1 = 2,4
Yo — Ya > da,

\
In order to resolve the two quadratic problems, we use the Karush-Kuhn-Tucker (KKT)
technique, and the way of resolution of the two above problems is analogous. To release
that, we begin by the first quadratic problem and we choose ¢ = 07 = 03, and = §; = d3,
then from the five constraints, only three are kept. Finally the optimization problem is
reformulated as

. 1
min c— (hzy + lbxs) + = (22 + 23)
(21,22) 2

subject to x5 <6,
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where ,o, 9, dy, ¢, and [;, i=1,2, are real numbers.

We consider

0 -1 —0
A= 1 0 5 b= o )
—1 1 dy

Then the linear constraints write
Ar—v=0>b, v>0,

where v = (vy,v9u3)T is the slack variables. The cost function is strictly convex and
quadratic in R%2. Then the optimisation problem has an unique solution which satisfies
the KKT conditions

v = Ar—0»

—l+x=ATw,

v>0, w>0,
viw =0,

where [ = (I, 15, 13), and w = (wq, wq, w3) is the vector of the Lagrange multipliers associ-
ated to the three constraints above.

The unique optimal solution writes
r=1+ATw
which gives
r1 =11 +ws — w3
To = ly — wy + ws

For computing the Lagrange multipliers w;, we resolve the following LCP problem

v=(=b+ Al) + AATw

v>0, w>0

vTw =0

9j, . 9

Finally, the gradient of the cost function Vj(y) = (Q(gj), —(y), =(¥), 9
hn Y2 Y3

: (g)) called

Ya

along the algorithm iteration above can be approximated for a fixed §y € ¢ and t > 0

small enough, by

9j _ J(7+te) —j(7)

5y W)~ ,
Yi t

for i=1,..,4.
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2.6.4 Design examples

The characteristics of the flow in vertical slot fishways depended mainly on the specific
pool design, such as the geometry of the pool. We conduct three different designs of
vertical slot fishways with I or L shaped baffle.

The two different types of vertical slot fishways (VSF): a standard VSF and a multi-slot
VSF were tested with the same physical and numerical conditions. All initial and boundary
conditions are taken constants. Hy = H(z,0) = 0.5m, Qo = Q(z,0) = (0;0)m?s™*,
Q; = —0.065/0.97 m?s~!, and H, = 0.5 m. the target velocity is ¢ = 0.8 m.s™!. The
vorticity parameter is a = 0. The penalty parameter is § = 500. In these experiments,
we consider that only the bottom friction stress is applied associated to Chezy coefficient

of 57.36. For fish passage with comfortable conditions, we put d; = 0.1 and dy = 0.05 (see

comfort constraints (2.2.4)).

2.6.4.1 Vertical Slot Fishway ("I" shaped baffle-rectangular slots)

The fishway model consisted of a 12.13 m long, 0.97 m wide and 1.213 m deep flume,
which contains 10 pools. There are two rectangular vertical slots in each pool with the

geometric dimensions that are detailed in figure (see [6]).

Figure 2.3: Geometric characteristics of a pool with "I" shaped baffle

In the case of the initial random shape (Figure , we observe that the main flow fol-
lowed a curved path as it crosses the slot, and directly hit the opposite wall. Two low
velocity recirculation regions appeared in the two sides of the jet. In the optimal shape
configuration (Figure , the curved trajectory of velocity is removed, and the velocity
is close to the uniform target velocity v for the optimal points a = (0.5721,0.1487) and b
= (0.8786,0.0520).
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Figure 2.4: TInitial random velocity field in the central pool

Figure 2.5: Optimal velocity field in the central pool based on gradient free algorithm

2.6.4.2 Vertical Slot Fishway ("I" shaped baffle-oblique slots)

We considered the fishway under study, whose scheme is shown in Figure We maintain
the same hydrodynamic and numerical conditions as the previous test. The time interval

for the simulation was T" = 300s.
The results show a recirculation regions flowing in opposite directions for the random

Xmax

- 2 |
alayas) I

Figure 2.6: Geometric characteristics of a pool with "I" shaped baffle

initial shape (Figure . In the case of the optimal shape the two large recirculation
regions at both sides of the slot are highly reduced (Figure [3.12]). the obtained optimal
points are a = (0.6170,0.1477) and b = (0.8792, 0.0554).
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12
0.8

04
0.2

Figure 2.8: Optimal Shape based on spectral projected gradient algorithm and corresponding velocity

2.6.4.3 Multi-Slot Fishway ("L" shaped baffle)

The third test consists to consider the same rectangular form of fishway shown in Figure
, but the two vertical baffles are replaced by three vertical baffles (Figure [3.13]). The

third slot is made to use it as a break waves.

Figure 2.9: Geometric characteristics of a pool with "L" shaped baffle

We consider that the form of fishway depends only on the three points a(aq, as), b(b1, bs)
and c¢(cq1, ¢2). The constraints (2.2.3) are rewritten as

11213 < ay, by, < 31213
(2.6.13)
0 S CLQ,bQ,CQ S % 0.97

We replace the constraints (2.2.4) by the following constraints
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b —a; >d; =0.1

as — by > dy = 0.05

ap —c1 > ds = %0.0SO5
Co— Qg > dy = 50.0305

(2.6.14)

Finally, the objective function conserves the same writing. We collect all six ten constraints
defined in (2.6.13)- (2.6.14) in a function &, : R® — R16 defined by:

1 1 1 3
(=1.213 —ay, ~1.213 — by, ~1.213 — ¢y, a; — -1.21,
4 3 4 5 4 41
b1 — 11213 C1 — 11213, —Qa9, —bg, —Cq, A9 — 5097,

_>
@2(a1,@2,51,52701,02) =

1 1
bQ — 5097, Cy — 5097, 0.1-— bl + as, 0.05 — as + bg,

1 1
500305 —ap + C1, 500305 + as — 62)
(2.6.15)
We use the free gradient algorithm defined previously (Nelder-Mead) to minimise the

penalty function written as:
O(y) = O1(y) + B maz{(D(y));, 0} (2.6.16)

The numerical modeling was carried out using the same physical and numerical require-
ments as the previous tests. The time interval for the simulation was 7" = 300s. The
obtained optimal points are a =(0.5521,0.1581), b = (0.7770,0.0818), ¢ = (0.3500,0.2431).

Figure 2.10: Non Optimal Shape and corresponding velocity

Figure [3.14] shows the water velocity at final time of the simulation corresponding to the
initial random configuration. Three different regions are distinguished: a main flow region
where the maximum velocities in the pool occur and two low velocity recirculation regions.
The main flow first passed the slot, then flowed back after blocking by the "L" shaped
baffle.

In the controlled case (Figure , the circulation areas near slots are strongly reduced.

The results pointed out that design is better in terms of velocity and flow pattern.
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0.03
0.02

00

Figure 2.11: Optimal Shape based on gradient free algorithm and corresponding velocity

2.7 Conclusion

The optimal shape design techniques combined with a robust total variation diminishing
scheme for solving the state system can be considered as useful tools for practical fishway
design purpose.

Residence in an area of large scale turbulence will cause the fish to become confused, lose
equilibrium and have a reduced swimming aptitude. Simulations of variant configurations
provide a detailed flow structures in vertical slot fish ladder and allow to identify hydraulic
issues and propose an appropriate type of construction. Of the three designs studied,

design 3 is recommended for practical use, in terms of velocity and flow pattern.
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Chapter 3

Shape optimization of fishways in
multilayer flow based on optimal

control theory

3.1 Introduction

Through centuries, dams are built for electricity, for navigation, or for agricultural rea-
sons. These constructions are considered as barriers for some fish species, especially when
crossing to the river upstream. For this, we need to ensure building a specific hydraulic

structure to facilitate fish immigration between saline and fresh water called fishways.

Fishways are designed to enable migratory species to cross the river going to their feeding
or growing areas. Those structures are useful to control the water flow and to assure a
safe passage of small species. Different designs of fish ways exist; the pool and weir type
[1], the Denil fishways [2], and the vertical slot type [9].

In this chapter we are interested in the vertical slot fishways, which are used frequently
nowadays in a large range of hydraulic and biologic environments, as the structure is built
with some slots vertical to the boundary of the channel, allowing a good control of the
flow and the elevation of the water in the areas near from slots. This way of structure

design allows migratory fish to cross dams more easily.

Considering flows with large friction coefficients or with important wind effects, the hori-
zontal velocity can hardly be approximated by a vertical constant velocity as in the Saint-
Venant system. A multilayer approach can be a good alternative to the computational

issues associated with the free surface Navier-Stokes system. This procedure consists to

1)
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divide the water height to a number of layers where the hypothesis of Saint-Venant can
be applied in each layer. The method leads to a precise description of the vertical profile
of the horizontal velocity.

The multilayer Saint-Venant description of flow allows to derive an optimal fishway struc-
tures with respect to the shape of the variable domain for some given cost functionals
modeling the ease of fish passage over the structure to their breeding, growing or feeding

areas.

The chapter is organized as follows. The section 2 is devoted to the deduction of a
general multilayer Saint-Venant system from the incompressible Navier-Stokes equations.
In section 3 will look more closely to a particular model under the hypothesis of hydrostatic
pressure. Section 4 deals with the analysis of the local in time existence and uniqueness
of solution for the 2D multilayer system. A 3D version of the multilayer model is used to
examine an optimal control problem applied to fishway structures, and derive the adjoint
system of the multilayer system obtained from the hydrostatic hypothesis in section 5.
Finally in the last section, we compare a free gradient and a gradient type algorithm with
some numerical examples with structures already used for fishway modeling [6],[11]. The

experiments prove a best control of the water flow in the fishway channel.

3.2 Multilayer approach

3.2.1 Preliminaries

In this section we are interested in the multilayer model which to be an approximation
of the Navier-Stokes equations. This procedure consists in a discretization of the fluid
domain into a number of layers and establishing a velocity vector and scalar pressure
which are independent of the vertical variable. We suppose that the vertical velocity is
linear with respect to the vertical variable z.

Let T be a given positive constant. We denote by €2 the fluid domain. The non-stationary

Navier-Stokes system in a d-dimensional space (d = 2,3) takes the form:

{ Op+ V.(pi) =0 on [0,T] x 2 (32.1)

O(pt) +V.(pu@ud) =V.Xr+pg on [0,T] x Q

with the stress tensor symbol 37 is given by
Sr = —pld + p(Vi + (V&)')

and where g = (0, —g)" € R? is the gravity acceleration, and y is a given viscosity.



3.2. MULTILAYER APPROACH 7

Figure 3.1: description of the multilayer division of the fluid domain.

For obtaining a multilayer system, we introduce a vertical discretization along the z di-
rection of the water depth into N € N* layers of thickness h, (¢, z) with N+1 interfaces
Lot1/2(t) of equation z = zai1/0(t, ) for o = 0,1,..., N (see figure 1). We denote by
2, = 212 the equation of the bottom interface I'y(t) and by z, = zy11/2 the equation of

the free surface interfaces I';(¢). the thickness of each layer « is ha = Zat1/2 — Za—1/2

where 24412 = 2 + Zhﬁ for « = 1,..., N. Finally the height of fluid is defined as
B=1

The boundary of the fluid domain is divided into I'y(¢) the bottom boundary, T's(¢) the
free surface boundary and O(t) the vertical inflow/outflow boundary. We set 0€Q(t) =
y(t) UTs(t) UBO(t). The domain flow () is consisting of a set of subdomain 2,(¢) in
each layer. Let Wt) = nglm where:

O, (t) = {(x,z);a: € Ig(t) and 2412 < 2 < Za+1/2}
8Qa(t) = Fa_1/2<t> U Fa+1/2(t) U @a(t>, with (322)
Ou(t) = {(z,2);2 € ly(t) and za_1/2 < 2 < Zat1/2}

where I (t) is the projection of the fluid domain onto the horizontal plane. The in-

flow /outflow boundary can be considered as a set of boundary domains in each layer «.

It is given by the expression O(t) = UN_,0,(t).

We introduce some notations:

(i) the differential operator is defined as V = (0y,,..., 0, ,,0), then we set V :=
(0t; V) = (O, Oyy vy Oy 1, 02)y and V = (Ozyy ooy Oy )
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(ii) we denote by 7jr 441/, the time-space unit normal vector to the interface I'y(t) and

is given by

(atza—l-l/% sza+1/27 _1>/
V1+ [ Ozas1ye P+ | Vezagiye 2

ﬁT,a+1/2 =
(iii) we denote by 7,1/ the space unit normal vector to the interface I',(t), and is
defined as

(V:vza+1/27 _1)/
\/]_+ ‘ vx2a+1/2 |2

ﬁa+1/2 =

(iv) if a and b are two tensors of sizes (n,m) and (n,p) respectively, (a;b) is the tensor
concatenation of a and b of size (n,m+p)

The following section gives some results about the jump condition of the mass and mo-

mentum conservation law.

3.2.2 Weak solution with discontinuities

Definition 3.2.1. We consider that the velocity vector @, the pressure p and the density
p are possibly discontinuous across the interfaces I'aiq/2(t) for @ = 1,...,N — 1. Then

(U, p, p) is a weak solution of (2.1) if we have the following proprieties:
(i) In each layer Q,(t) the triplet (@, p, p) is a standard weak solution of (2.1).
(ii) (d,p,p) verifies the following conditions at I'qy1/2(t), for o =0,...,N:
(a) For the mass conservation law,
[(p: Pﬁ)hraﬂ/g(t) o122 =0 (3.2.3)

where [(a;b)]|r,, () denotes the jump of the pair (a;b) across Uai1y(t),

(@D, 0 = (@D = (@B
(b) For the momentum conservation law,
[(pti; pi ® U@ — ET)]\raHm(t) M1at172 =0 (3.2.4)

]

In the following we assume that the velocity vector and the pressure are independent of

the vertical variable and the vertical velocity is linear with respect to z. And we write:



3.2. MULTILAYER APPROACH 79

—

Tl = Uo = (UHo, Wa),  Pa = Djan()

with
az'lj:H@ = 0, azpa = O7 5’zwa = da(t,x) (325)

for a smooth function d,(t,z). Where @y, and w,, respectively represent the horizontal

and vertical velocities on layer «.

In order to satisfy the mass and momentum conservation two jump conditions at the

interfaces must be verified
(i) Mass conservation jump conditions
The vector @y, verifies
"ﬁ[,a—lﬂ(tax) = Uy op1)0(t, ) = Una(t, ©) (3.2.6)
where

- A + R
Ut ai1/o = (UH Q00 Tairyo) A0 UG o = (Ut a0 (0) a1 (0)-

Then the mass conservation jump conditions are verified by 4 if

Gayijp =G = G;FH/Q (3.2.7)
where
Gii1je = OZarije + Bras1-VaZarip — WL 1
G;+1/2 = Oizat1/2 + Una-VaZat1j2 — Woi1/2
and Gl‘ L1/2 is the normal mass flux at the interface I'q11/2(t)

(i) Momentum conservation jump conditions

We suppose that the tensor D(#) = Vi + (Vi) has an approximation D:—H/Z at the

interface Iy, 1. It verifies the following conditions:

R . . 1 Ga+1/2 —
MD;E+1/2.77Q+1/2 = NDa+1/2"'7a+1/2 + 5 ['U/]|Fa+1/2(t) (328>
\/1+ | Vazayiye |2
where
ﬂrH,a 12+ﬁ;1,a 1/2 w+0¢ +w_o‘ |

Dy < +1/ : +1/ ) (Vz( Ha+1/2 5 H, +1/2)) +Qm,a+1/2
Da+1/2 = +

Wy, + wy, ’

(Vx ( H,o+1/2 ; H, +1/2>) +QH,a+1/2 2Qu 0412

(3.2.9)
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The unknown C:j is a new variable introduced for approximating the second order deriva-

tives in z of 4. The following equation must be satisfied

Q- 0.7 =0, with Q= (@, Q) (3.2.10)

In the following, we assume that the fluid is incompressible in all the fluid domain (i.e the

density is a positive constant)

3.2.3 Vertical velocity

The horizontal velocity is determined and is independent of the vertical variable z. We use
it to define the vertical velocity profile. We consider z € |z, 1 /25 Zat1 /2[, the integration
with respect to z of the first equation of system ([3.2.1]) gives

walt, v, 2) = wl |t w) = (2 = Za-12)Valma(t,v), for a=1,...N

Using the conditions (3.2.7]) at the interfaces, we obtain

w-i-

at = (ﬁH,Oé+1 - ﬁH,oz)'vxza+1/2 + w;+1/2 (3211)

N

The algorithm in follow computes the vertical velocity using the horizontal velocities:

1. Let G4/ be known and using (3.2.7) at the bottom, The quantity wf/z writes
wg = ’L_l:HJ.VwZB + 8tzB — G1/2

2. Then, for o = 1,..., N and z € |z4_1/2, Za+1/2[, We have

wWo(t,z,2) = w;“_l/Q(t,x) — (2 = 2a-1/2) Vo Up,a(t, v) (32.12)
w::+1/2 = (ﬁH,a—I—l - ﬁH,a)'vxZa-i-l/Q + w;+1/2

where

_ . " B .
wa+1/2 - wa|l“a+1/2(t) - wa—1/2 havx-“H,a-

Then the velocity vector @@ writes 4(t, z, 2)j0. 1) = Ua(t, z,2) for a =1, ..., N with

’

ot z,2) = (aH,a(t, 2),wl_y (@) = (2 — Za1/2) VoBaalt, x)) , (3.2.13)

where w;r_l/z(t, x) comes from ({3.2.12]).
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3.3 Hydrostatic pressure multilayer model

Now, we consider the hypothesis of hydrostatic pressure to construct our model. That is

expressed as:

pa(t,x,z) :pa+1/2(t,$) +P9(2a+1/2 - Z) (331)
with
N
Pat1/2(t, ) = ps(t,z) + pg Z hs(t, z) (3.3.2)
B=a+1

where poy1/2 is the kinematic pressure at the interface I'yy1/2(t), and pg represents the
free surface pressure.

The pressure variable is written in terms of layer depth in each layer «.
Remark 3.3.1. The unknowns of the model are the layer depth h,, and the velocities i, .

Definition 3.3.1. The weak formulation of (3.2.1) in Q. (t) writes for all ¢ € L*(Qu(t))
and for all v € H' (Q,(t))?

(0 :/ (V.1y)pd)
Qu(t)
/ pg.vds) :/ patﬁa.de—i—/ P Vidy). vdS
Qal(t) Qa(t) ol
"‘/ (Vi + (Vua : VodS) — paV.de (3.3.3)
Qal(t) Qalt
+/ <<2Ta+1/2 +pa+1/21d) _'a+1/2> wdl
Loyiy2(t)
_/ ((Eiaﬂp +pa—1/21d) -ﬁa_l/Q) wdl,
. Ta—1/2(t)

We consider that THE velocity-pressure pairs verify (3.2.5)), this leads to choose the
test functions such that 9, = 0 and

!

v=(vg(t,x), (2 —2p)V(tx)) (3.3.4)
where vy (t,z) and V(t,x) do not depend on z.
e Mass conservation

We consider a scalar test function ¢ = ¢(t,z) € L*(Q4(t)) independent of z. by integrating,
projecting on the horizontal axis and taking into account (3.2.7)), we obtain the mass

conservation laws
(9tha + vx.(ha’ljl:H@) == Ga+1/2 - Ga,1/2, o = 1, ceey N. (335)

Where Gy 41 Trepresents the mass exchange at the free surface, and the quantity G,

represents the mass exchange at the bottom.



82CHAPTER 3. SHAPE OPTIMIZATION OF FISHWAYS IN MULTILAYER FLOW BASED ON OPTII

e Momentum conservation

We choose test functions © € H'(Q,) verifying ([3.3.4). By respecting this structure of
test function and projecting on the horizontal axis, then taking into account (3.2.8)), we

obtain the horizontal momentum conservation laws, for a« = 1,..., N,
PO (haBia) + PV (haBia @ ra) — Va. (bha(Velia + (Vilna)))
= %pGa—k%(ﬁH,O{-ﬁ-l +Uga) — %pGa_%(ﬁH,a + Uga-1) (3.3.6)
1Koy = Koo1) = pghaVa(zp + h) = haVaps

where the term I?a 41 comes from the expression and we have

= (1 [ Vazary ) D3 s 31

with [.]z is the horizontal components of the vector. Then

/
. Uprorl T oyl Whart T Whapt =
Ka-ﬁ-% = -DH 9 .sza_i_% — Vz 9 - QH,OH—%

(3.3.7)

. With the hydrostatic hypothesis
, ..., N takes the form,

K.,

=

Finally, We introduce the kinematic viscosities v = a

— |

the multilayer system in d-dimensional case, for a =

( Otha + Va(hatime) = Goyr = Gy 1.
p@t(haﬁH,a) + pvz-(haﬁH,a ® ﬁH,a) - Vx (Mha(vxﬁHya + (vﬂﬁﬁH,a)/)) ( )
3.3.8

1 — — 1 — —
= 530G o1 (BHas1 + Una) = 50Go 1 (Una + Uha-1)

\ —,u(l?oﬁ% — l?a_%) — pghoVi(zg + h) — hoVips.
with K, 11 comes from (3.3.7)).

After the obtaining of the horizontal velocity proprieties and the description of the
vertical velocity profile in the general case, we are interested on the study of the multilayer
system with a linear axis of the horizontal variable x € R. Some proprieties of existence

and uniqueness of solution will be revealed in the following part.

3.4 Analysis of the 2D multilayer system

Let us now consider the 2D multilayer system which is defined as a particular case of the
d-dimensional multilayer model . We study the existence and uniqueness of solution
of this system in three parts; the first one is the estimate of the source terms, Next we
treat a linearised system, and finally we use a Picard scheme to construct a convergent

sequence to the solution of our model.
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3.4.1 Mass conservation

Let us denote by h, the water height in each layer and by h the height of water. And let
fora=1,...,N, h, = l,h with [, a positive constant wich represents the fraction of the

water height,

dla=1 (3.4.1)

In this case, we can denote the horizontal velocities @y o by us. If we use (3.4.1)), and
sum the equations ({3 with respect to aw = 1, ..., N, we obtain

«

Goss = Gijp = Y (Dihg + Du(hgup)) (3.4.2)
B=1

We consider G, 1= 0, for &« = N the continuity equation writes

N
p=1

We will use the obtained results in the previous subsection to extract the momentum

equation.

3.4.2 Momentum conservation

We use the equation (3.4.3) and rewriting (3.4.2) with a sample manner to get

Gorr = Gip+ Y ls(0h + 0, (hug)

B=1
N

=Gy + Z Iy ( (hug) = > Oa(lyhay) — G1/2>
y=1

Consequently

G..

1
2

N
=(1—-Lo)Gijp+ Y _banOulhu,), a=1,..N (3.4.4)
=1

where L, :==1; + ... + l,, and for o,y € {1,..., N }:

—y° ) = (I=La)ly, if v<a,
B=1\YBy — 6 v

—L,l, otherwise
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where g, is the standard Kronecker symbol.

Now using (3.4.1)) and the expression (3.4.4)), the equation (3.3.6)) takes the form

1 1
1,0y (hug) + 140.(hu?) — 1,0, (2vh0us) + 140, [h (;ps + gg)] — la;psﬁzh

ua + Ua—1 ga 1y — (uaJrl + Ua)fa ’y] (huv)

l\.’)lr—\

N
25l
v=1

= — loghOzgp — v (l?a+% —Xa_%)

— ((tgs1 + ua)(1 = L) G o,

1
- 5[((”6! + Ua—1)(1 = La-1)
(3.4.5)
fora=1,..., N, with Ly =0 and
Ka-ﬁ-% = 28mua+;za+% —azwa+% _QH,a+%
+ —
u = +é b ots and w = oy +wa+%
oty T T 9 ati T 9
., N. Itis

We define g, variable of the horizontal discharges in the layer Q,(t), for a =1
written as q, = hu,. Using (3.4.3]) and (3.4.5)) the model to be analysed is the following

N
Oih + 0, (hz lgUﬁ) = — G1/2
p=1

2 h 1 o 1
(q_a + 9= + _pSh - ZV(axQOz - q_axh)> - _pSaxh
p h p

(

N
1
+ Z ﬁ[(%x + Q(x—l)fa—l,'y (qa+1 + qa)ga 'y] (CIfy) =g hOZB

=1 @

La)]|G1)2,
(3.4.6)

) = g L0+ 201~ Lat) = ((gus + )1 -

I
| =
/N
le
+
Nl—
I
i
Q
|

L,

The flow equation is based on the evaluation of the source term (Ka I Ka7§> There-

fore, the expression of the quantity <f€a 41— [?OH%) can be expressed using the variables

ha, ta, zp and Qg as follow
(Ravy = Foy) =

1= aac(wa-ké - wa—%) - <QH,0¢+% - QH,a—%) :

28mua+%za+% — 2895’&0[_%2&_5

From the expression of the vertical velocity,
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_ _ 1+ - o+ -
Wopl = Wo 1 = z(wa+%+wa+% W wa_%)
1 _ +
= 3 2wa+% + (Ugr1 — ua)arzwr% — 2wa7% + (ug — ua_l)&ﬂza_%
1

= = ((Ua+1 — ua)8x2a+% + (e — ua_l)(?zza_% — 2ha6xua>

\)

Observing that z, 11 = 2B+ Lah we infer that

(Rarsy = Racy) = 0ultiass + 10)0u(25 + Lah) = 0ulta + 1o 1)0(25 + La1h)

2

1
+ 0y (haOztia) — 5(% ((tas1 — Uua)0x(z + Laoh))

1
— 50 (ta = 1a-1)0u(25 + La-1h) = Qs = Qrracy )
(3.4.7)
Finally, the expression (|3.4.7]) is expressed as
2 2 2 1 2
(Rars = Kacy) = 0(hatta) = 5 (a1 = ta1)0225
1 2
- §(Laua+l + laua - Lafluafl)axh
1
-+ §8z(ua+1 — ua_l)asz (348)
1
+ §ax(Lo¢ua+1 + laua - La—lua—l)axh
- <QH,0¢+% - QH,a—%)
where,
Ua+1 — U
QH,aJr% = -

hala + ha+1la+1

The following section gives some results for the existence and uniqueness of the 2-D mul-
tilayer system. We begin by casting the system (3.4.6|) into a system composed of two
equations; the first one is a hyperbolic equations associated to the height of water, and an

parabolic equation associated to the water flow.

3.4.3 Existence and uniqueness of solution model

The definition of the 2D multilayer system permits to study more of its characteristics.

In particular, the existence and uniqueness of its solution. In order to achieve this, we
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consider the following system:

( N
Oh + O, (h > zﬁu6> = —G1/
=1
O (hatie) + 0p(hoti?) — 0, (20haOyuy)

+ Z (Ua + Ua—1)8a-1,4 — (Ua + Uat1)Ean] Ou(huy) (3.4.9)

ha q 3
= _ghaaxh’ - ghaazzB - _aasz - V(Ka+l - K
P 2

a-1)

|5 e+ 0 )~ L) = (s +ua) (1~ L)) Gy

In order to cast the system as parabolic type system, firstly we notice that

B, , 1
<Ka+% - Ka—l) = haaxxua + 28xho¢axuo¢ + uaaxxhoz - _(ua-l—l

! 5 — Uy 1)0%2p
1 ,o 1
§(L Ua+1 + l ala — Laflua71>azh + §ax(ua+1 - uafl)axZB
1
+ 58 (ua+1 - ua—l)asz
1
+ éax([/auoﬂrl + laua - Lafluafl)amh - (QH@JF% - QH’Q7%>

- <QH,a+% - QH,a7%>

(3.4.10)
Let U = (uy,ug, ..

(

., uy), the unknown couple (h,U) satisfy the following system

N
Oih + 0, (h Z l5U5> = —Gl/Q
p=1

U — v0,,U = _gazh<1> XX ) - ga ZB 1)T -~ :EpS(l 1)T

+G1/2 (Z 150, uﬂ> U+ (Z lyus ) %

—9,(U?) — %20 h+ (TU)3,U + (TU) 8 » 2(VU)

mh (V@ U)8 .2 U Ozh (XU)

- z 2
9 R g WaU)=m + 2r s e

(3.4.11)

a$xZB

h

+g(WU)

(2U)
| ~Cey
Where T,V,W XY ,and Z are matrices defined as:
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MULTILAYER SYSTEM

(

1 )
Ta,,@ - i(ga,ﬁ - 50{—1,5)7 Zf a = B
1 )
Ta,g = —iéa_lﬂ, Zf o = 5 + 1
T :<Ta,,6’) Wlth @ )
1
Top = %5&,57 ifa=p8-1
T.5=0, otherwise,
\ 9.
( 1
Va,gzl—; ifa=p+1
. 1 .
V =(V,p) with ¢ V5= R ifa=p-1
Va,g =0, otherwise,
\
(W5 =1, if =8
Lo ,
Waﬁ — / 1, Zf o = ﬁ + 1
Wa,ﬁ_l_aa ZfOé:ﬁ—l
Was =0, otherwise,
\
(X L : 3 1,..N—1
aﬁ_m, ifa=p0 for a=1,...,
1
X =(X, ith ¢ Xog=—"———"—""—, 1 =p—-1
(Xa,) Wi B T ) ifa=p
Xap =0, otherwise,
(
(Voye——  ifa=pf 2., N
B = , if o= or a=2,...,
& la(la + lafl)
1
Y =(Y, ith Yogs=—""—"—, i = 1
(Ya,) wi R - if a=p+
Yo5 =0, otherwise,

and

87
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Zap = la, ifa=0 for a=2,...N
Zog=—(1—1L,), ifa=p-1

Z :(Zoa”b’) with .
Za,ﬁzl_Lafb Zf&:5+1

Zag =0, otherwise,
\

Definition 3.4.1. 1. Let U € C(0,T, H(R)) and h € C(0,T, H'(R)) we define the
norm

W) =T IE+ 1A
2. Let U € C(0,T, H(R)) and h € C(0,T, H*(R)) we define the norm
TR T =TT+ A3
3. Let U € C(0,T, H*(R)) and h € C(0,T, H*(R)) we define the norm
WA =N U3+ 1 I3
4. Let U € C(0,T, H*(R)) and h € C(0,T, H*(R)) we define the norm
U5 s=ITU 5+ 23
Theorem 3.4.1. We consider the system (3.4.11)) with initial condition
(U, 1)(0,z) = (U°(z), h°(z)) € H*(R) x H*(R)
We suppose z,,ps € H*(R), and we denote
E=2(] (U°1°) [l2_3)

We suppose that there exists a positive constant ny such that inﬂg R%(z) > no > 0. Then
BAS

there exists T > 0 such that the system (3.4.11) admits an unique strong solution (U,h)
satisfying

1. U e C(0,T, H3(R)) N CY(0, T, L2(R) N L2(0, T, H3(R))
2. h e C(0,T, H*(R)) N C*(0,T, H'(R))
3. Vte[0,T]

Vo € R, h(t,z) > inf h°(z)

zeR

mazx (H U h)(E, ) l2_2, (/OT [RUCONE dT)%> <E

The proof of this theorem will be detailed in the following subsections. We begin by
the estimation of source terms. Next, we treat a linearised multilayer system, and finally,

we construct a convergent subsequence which converges to the system solution.
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3.4.3.1 Estimates on the source terms

The system ([3.4.11)) cast in the form
8tU — VammU =5

(3.4.12)
Oh + u0h = F
with
S =Sy + Sh+ Spg + Sni
F = -Gy — 0. (u)h
where
( N
U= Z lgUg
B=1

Sb - _gaa:ZB(la 71)

Sh = —g@zh(l, ey 1)

S = _ga$p5(1aa1)

| Su=80+8% + 8% + 85 + 87 + 8% + 87 + 85 + 857 + 85"
with
8 h
Sy = Grya(ly — Z) ; S = Zlﬁa ug S\ = Zlﬂuﬁ
ath v @mh
S = (T = 2AN0),U; 57 = (T =TI U= 8 = 5 (W = 200)U) =7
() _ Yy Oma?B @) _ Vi Oz o) _ Y %h
Sul = VU= 80 = =g VU=20 S = —SWo,U =~
U

SU0 — 9 (X + Y)is

Lemma 3.4.1. (Moser inequality [J]). Let f, g € H*(R) for s > 1. Then fg € H*(R) and
there exists Cyy > 0 independent of f and g such that:

I fglls < Cu |l f sl g lls (3.4.13)

In what follows, we suppose that the bottom is non penetrable. Then the the mass
exchange at the bottom is G/ = 0. We also give some results about the estimates for

the source terms



90CHAPTER 3. SHAPE OPTIMIZATION OF FISHWAYS IN MULTILAYER FLOW BASED ON OPTII

Proposition 3.4.1. We suppose that U(t,.),h(t,.) € H*(R) such that h > 1o, with ny a

given constant. Then we have

o Let S,F defined as in (3.4.12), then S,F € H*(R), and we obtain the following esti-

mates

1Sl <COA+ [ (UR) ll2s+ 1 (UR) 3 5+ 1 (UR) I3 5) | (UR) |25
+ gl zp 245 I ps [l

(3.4.14)
| F s <CI(UR)I; (3.4.15)

o Let (U h),(U',h") € H*(R) x H3(R) such that
| (U,R) |2 s< E, |(U,K) |23 < E, andh,h" >ny >0 (3.4.16)

Where E, and ny are constants, then

| S(UR) = SU B WS CA+E+E*+E) || (U-U,h—h") |23 (3.4.17)

| F({Uh) — F{U B) 1< Cye || (U=U'h—=1) |2 3 (3.4.18)

Proof. Firstly, for more simplicity we denote || . |

I M2y By -

asm) by || - ||s, for s > 1 . And

Estimates on F:

[ F = [ =0u(u)h |k
< C| O (a)h |y
<C|(Uh) |3 using (3.4.13)

For estimating the variation of F(.,.), we write

Op(W)h — Op(u )R = 0p( — u')h + Op(t' )b — Dp(u' )1
= Oy(a@ —u)h + 0, (u)(h — 1)
which gives

I FUR) = FU ) Iy < Cu | U=U"|l2+Cas || h=h" |2
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Estimates on S: we begin by estimating Sy, Sp, and Sp:

IISb {1

IN

gl 2 l2

1Sk b < gl Al

I'Sps Il < 5 [T ps [l

For S,,;, we estimate all its components

U U
\%4hH—W+H8()H2

5 (U _ hoU—0:0U _0.U 0.k
"\n) " n? T h R

o, U 2
na()nkz(”——l HUWnam@
770 770

The Sobolev embedding of L*>® — H!, yields to

2
na()W<ﬂaU” LU
77 77

0 0

and

U

Then

Since

U
5 U e (1 )

With a same approach, we obtain

1S9 <o) U3

1S5 1< Cono) LU I3 A Nl (L [ A )
IS5 <o) | U3

IS < C(T) [ U 3l A ll2 1+ | B l2)
IS5 1< Co, W) [ U 1]l Bah ll2 (1+ || B [J1)
1SS h< Cw, Vinoozg) | U [l (14 || B 1)
1SS 1h< Cw, Voo ze) | U [l (14 || B |h)
1S5 i< Clno, Wov) [ U Jlall B2 (14 || 2 1)

| S8 < Clno, v, X, Y) | U [l (1 || A 1)

Now let S = S(U,h) and S" = S(U’,h"), We compute the variation of S(.,.)

91
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Si— St =—g0,(h—h") Yi=1,.,N

- (Z zﬁaxuﬂ> U-U)+ (Z 1s(Dpus — axu’ﬁ)> U
B=1

B=1
N
SIS U'dh a ]
+ | D lous | 50 Zzﬁuﬁ (h' —h)
B=1
Sy =S4 = (T = 2Ly)0) ) < U')+ (( —21N><U—U>) 0.U
: Uu-U
S9-S5 = (T~ Tn)U) 0k + ( ~ T Ouh
N , U'(W —h
+<(T—1N)U) ha( ) (( —IMU)%@M
/ ’ 1 /
S-S =3 {((W 2y )( ) + (W =20)U") 20, (h = 1)
+ (W — 20U’ 8mh

h

+ <W(8xU')> 0.1’ ,hh h)

S0 _ g0 _ 2y(<(X+Y)(U U))1

h2

<(X +Y)U,) (R —h)(h + h))

h2h'?
Then using Lemma n and m 3.4.16|) yields

1Sh =S, i < Cllh=h |y

188 — 83 < £ 1U—-U | ; .
18 — S < %Fﬂ 1U-U" | +%E2 [ h—h" s 7153 | h—0 |
0

1S5 — S < 2%E |1U~U" |2 . .

I % - Sﬁ I < 2= B[ U=U" |y +—E* | h =} |l +5E* | h— &' ||
C?O 0770 c UG

1S9 =S < —E|U=U |y +—E | h=h s +=E* || h= |

15D —SDy < Z | U-U |y +=E| h—h |
Mo Uh)
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/ C / C /
158 —S® 1, < Z | U-U |1 +=E| h—h |
& " c
1S9 -S| < ZE|U-U |la+—E|h—=h|ls +E>[|h = 1" |
7700 75) o
1857 =S | < S U-U W +=E* | h=h"|h
o Mo
Adding these inequalities, we get (3.4.17)). ]

3.4.3.2 Study of the linearised problem

Now, We consider the following linearised problem of the system (3.4.11)):

U — vy, U = S(U, h,8,U, 8,h, Dyeh) =S
(3.4.19)

Oph + U0,h = F(U,h) := F := —Gyjy — 0,(0)h
where U, and h are known. We separate the problem ([3.4.19) into two Cauchy problems
OU— vd,U =S
(Par)
U(0,.) =U°.) € H*(R)

and

oh+ wd,h=F
h0,.) = h € H2(R)
Proposition 3.4.2. Let S € C(0,T, H'(R)) for T > 0.

1. The initial value problem (Par)) has an unique strong solution U which satisfies:

Uec C0,T; H(R)) N CY(0,T; L*(R)) N L*(0, T; H*(R)) (3.4.20)

2. There exist two positive constants C and Cy, depending only on the viscosity such
that for any t € [0,T]:

106 e [ 10 Bar < ¢ (100 [ 1501 ar)
(3.4.21)

Proof. Existence: We note K* the Green Kernel of the operator 0, — v0,,. Then, the

solution of problem (Par) is given by
Wt 2) € [0.T] x R, U(t,z) = [K"'+ U (x / K4 §(s, )ds

Then U € C(0,T; H*(R)). Moreover, we note that
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U =1v9,,U+ S € C0,T;L*R))
Consequently
U € C(0,T;H*(R)) N CY(0, T; L*(R))

Uniqueness. We multiply the first equation of system (Par) by U and integrate with
respect to x, we obtain, for any A > 0:
1d
2dt
Derive with respect to x, multiplying by 0, U and integrating in space, yields, for
any A > 0:

A 1, =
U+ | U P < SHUR+5 8P

1d
2dt
Finally, we derive (| two times with respect to x, multlply by 0., U and integrate in

!\5U|!2+V|\3mU!\2 —H@UH2+ oS

space. We obtain an approximation in terms of derivative of S. After the integration of

the source term, we have for any A > 0,
| [ 080, | = | [ 0,80, 0ds| £ 510U P 50 05
Let (4 ::H;y —A>0. By summiig the previous inequahtles we obtain:
CNUB+GIUIE < MUR+ 1517

The Gronwall Lemma gives the estimates (3.4.21]). The uniqueness of solution is given by
the priori estimate (3.4.21]). [

Lemma 3.4.2. We suppose u € L>(0,T; H*(R)) for T > 0. Then there exits C > 0 such
that

| Opz(UOLR) — UDpueh | < C sup || u(r,.) ||2]| b |2, YA € L®(0,T, H*(R))
0<r<T

Proof. We compute the difference
Ope (WO ) — UOpzeh = 20, (1) Opzh + Ope(u)Oph
Using the embedding of L™ < H' we obtain
| (D2 (udyh) — ubpeeh)(t, ) | < C S Il u(r, ) [l2ll A, ) [l
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Lemma 3.4.3. Let T > 0 such that F € C(0,T; H'(R)), and @ € L>(0,T; H*(R)),
h® € H*(R)
Then

1. The problem (Hyp|) has an unique strong solution h such that:

h e C0,t; H'(R)) N C'(0,T; L*(R)) (3.4.22)

2. For allt € [0,T] we have the energy inequality for k = 1,2:

t
[ At ) Il < Ot <H W+ [ e F) I dT) (3.4.23)
0
with
C, > 0, is a given constant and E5 == sup || @ ||
0<t<T

Proof. Uniqueness. We multiply (Hyp) by h and integrate with respect to x we obtain

1d __h? .
st = = [a.y+ [ Fn
Al [a0.(5) + |

Using the Holder inequality applied to the right hand side and integrating by parts its
first term, we get
1d 1
a2 < Z
s IhIE < 5
We divide the previous inequality by || h || we get

Eg [l o+ 1 F Al Al

d .
S Ihl s CE [ Rl + ] £l (3.4.24)

for some constant C' > 0.
Deriving one time (Hyp|) with respect to x, multiplying by d,h and thank to

/3m(ﬂaxh)8xhd:p = — l/11(@]1)2(&
R 2 Jr

We obtain the estimate

d .
o 10:h | < CEg || O:h || + || 0.1 | (3.4.25)

By combining the inequalities (3.4.24) and (3.4.25)) we have for some constant C' > 0:

d .
Il = CEgll Rl + 1 F L (3.4.26)

The Gronwall lemma gives ((3.4.23)).

Existence. We use the characteristic method: we define
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d
EX(& xz, t) = U(S, X(57 Z, t))

X(t07 C(],t) =g € R
where x(s,z,t) is a characteristic curve. Then the solution of (Hyp| takes the form:

vt € [0,T],Vy € R, h(t,y) = h°(x(0,y,t)) + /OtF(T,y,t))dT

which gives the smoothness of h in C(0, T; H'(R)) N C'(0, T; L*(R)). O
Proposition 3.4.3. Let T > 0 such that F € C(0,T; H*(R)), @ € L*(0,T; H*(R) and
h® € H*(R)

Then

1. The problem (Hyp|) has an unique strong solution h such that:

h € 0(0,t; H*(R)) N C*(0,T; H'(R)) (3.4.27)

2. For allt € [0,T] we have the energy inequality

t
) e < e (100 o+ [ OB Fry loar)  3a2s)
0
with
Cy > 0, is a given constant and Ez == sup || @ |-
0<t<T

Proof. Uniqueness. We differentiate (Hyp|) two times with respect to x, we multiply by

O..h and we integrate in space:

1d _ -
—— || Ouh ||2 — _/am(ﬂaxh)(?mh—l—/amFamh
2dt R R
by integration by parts we have:
1 1
/ WDyhOh — — / 1B, (Dah)?) = 4= / 0 (1) (Duh)?
R 2 Jr 2 Jr
Since p
o 10mh |l = CEq | hllz + | Ona " || (3.4.29)

Adding (3.4.24)-(3.4.26)-(3.4.29)), the Gronwall lemma gives (3.4.28]).

Existence. We differentiate (Hyp|) with respect to x. We define ¢ := 0,h, then it verifies
Orp + WDpp = O, F — Op(10)

#(0,z) = 9,h°(z) € H'(R)
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We follow an iterative technique to solve the previous problem with the initial condition
#°(t, ) = 0,h°(x),V(t,x) € [0,T] x R

Define, for j > 1, ¢ with
9 4 10,0V = O, F — 9, () U=V
¢ (0,7) = 0,h°(z) Vo € R)
Since
1 0.F = 8x(@)¢V =" [y < || F |2 +CEz || V71 |

thus, we have ¢\) € C(0,T; H'R)) according to the lemma 4.3. To prove the convergence
of ((b(j))j to 0,h, we write

O, (¢(j+1) — ¢(j)) = 0,(a1) (¢(j) — ¢(j—1))
if we use j times the energy estimate (3.4.28)), we obtain
t
| pUFD —p0) ||, < eCQEat/ e~ POz || V) — UV ||y dr
0

E:t) ! -
< s OB (g0, [ om0 1y ar)
J- 0

The right term tends to zero as j goes to +00. This gives the convergence of (gb(j))j to
0,h in H', and then the H?-regularity of h. m

Proposition 3.4.4. Let S € C(0,T; H'(R)), h € C(0,T; H*R)), and @ € L™(0,T; H*(R),
then

1. the system

8tU — V@MU =85
Oh + 1Oyh = F

has an unique strong solution (U,h). which belong to

U c C0,T; H*(R)) N C*(0,T; L*(R)) N L*(0, T; H*(R))

(3.4.30)
h e C(0,T; H*(R)) N C*(0,T; H'(R))
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2. If we denote E;; = max{ sup | @ ||2, sup H h ||2}, there exists C, K > 0 such

0<t<
that: for any t € [0,T]
1/2
Ay +(/ | 86, uldr) ]

e, m) g +(/ I 5 ”m)”]

(3.4.31)

OB 22 < KeHFar

and

2
(/ U ||3d7) < KeCUtE,

Proof. Uniqueness. According to the assumptions, the source term F of the hyperbolic

equation belongs to
C(0, T;H'(R)) N L*(0, T; H*(R))
and we observe that

I E(r, ) llz < Co(l+ Bzp) 1U((r,.) lls (3.4.32)

for some constant C'g depending of zp.

The Cauchy Schwartz inequality gives:

1/2

¢ t
/ e~ CR)E; ;7 || F(T, ) ||k dr < eC4(1+Eaﬁ)2t (/ H U(T, ) ||§ dT) (3.4.33)
0 0

with Cy is a constant depending on Cg and C'(k).
The inequality (3.4.21]) gives the existence of two constant depending only on the viscosity

C’i, C’;, such that
t 1/2
1T° (2 + (/ IS(r,) 117 dr) ] (3.4.34)
0
1/2

, t ~ 1/2
(/ e ||3dr) < el || 0 ||2+(/0 1 5(r,.) ||ng> ] (3.4.35)

Combining inequalities (3.4.34)), (3.4.35)) and (3.4.33) yields to

et ([ 08 1) /2]

(3.4.36)

1 U(t,.) [2< Cpe!

and

t
/ efc(k)Eﬁjb‘r || F( ) ||k dr < Cr eCs (1+E;
0
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with C5 = Cy + C,.

The estimations (3.4.31) result from inequalities (13.4.28) and (3.4.36]). The uniqueness
of the solution is proved by the priori estimate (3.4.31]).

Existence. By the proposition 1S € €0, T;H'(R)) and F € H'(R). The proposi-
tion gives the existence and uniqueness of U such that

U € C(0,T;H*(R)) N C*(0, T; L*(R)) N L*(0, T; H*(R))
Since
F e C(0,T; H'(R)) N C*(0, T; L*(R)) N L*(0, T; H*(R))

and by the lemma[3.4.3]and the proposition [3.4.3] we obtain the existence and the unique-

ness of h which satisfies:
h e C(0,T;H'(R)) N C'(0, T; L*(R))
To get more regularity in space, we derive the problem with respect to x, and

at<axU) - Vazx(axU> = axg

(0,U°,0,h°) € H'(R)
We can follow the same process as in the latest part of Proposition [3.4.3] to complete the
proof. O

Lemma 3.4.4. Let S € C(0,T;L*[R)), h € C(0,T; H(R)), and @ € L>(0,T; H'(R),
then

1. The system

oU —vd,,U =S

has an unique strong solution (U,h). which belong to

U c C0,T; H(R))n C*(0,T; L*(R))

(3.4.37)
h e C(0,T; H'(R))

2. There exists C, K > 0 such that: for any t € [0,T]

e, ) I +(/ I 5, ||2d7>1/2]

(3.4.38)

IO 1 < KU
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where
Bz = maa:{ sup || @ |1, sup || A Hl}
0<t<T 0<t<T
Proof. The proof of this lemma is similar to the one of the proposition [3.4.4] O

For proving the existence of solution of the non-linear system ([3.4.12)), we construct a
sequence which is solution of a linear problem and converges to the strong solution of the

non linear problem. This complete the proof of the theorem (3.4.1)).

3.4.3.3 Picard’s iterative scheme

We define a recursive sequence (U@, h0) = (w7 ul? h@) ey as follows:

o V(t,z) €0, T] xR, (U®,hO) (t,z) = (U°,h°)(z) € H*(R) x H*(R)

e Vj € N, (UUTD pl+D) is a solution of:
QUUY — 19, UYY = S(j)  on [0,T] xR
orutY) — gWg pUH) = pUI+) - op [0, 7] x R (3.4.39)
(U9, h9Y0,.) = (UO, A () on R
where for any j € N:
Sl — S(U(j), h9 9,U9 9,hD 9, A9,
FUa+) ~Gija — 9, (V)R
We also define
Ey =2 (U%A") |23

1. ..
=g

Proposition 3.4.5. Let (h°,U°) € H*(R) x H*(R). Then there exists a small T > 0 such
that

o The sequence (U(j),h(j))jeN is well defined and satisfies, for any t € [0,T] and any
Jj €N

U9 e C(0,T, H*(R)) N C(0,t; L*(R)) N L*(0, T; H*(R)) ( |
3.4.40
h9) € C(0,T; H*(R)) N C*(0,T; H'(R))
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o V(t,z) € [0,7T] xR and Vj € N, we have:

1 OD, R () 2 2= Eo

1/2 3.4.41
(/HUJ) H?dT) < B, (3.4.41)

R (t,z) > 19>0 (3.4.42)

For the proof, we introduce the following regularization result (for more details see [12])

Lemma 3.4.5. Let (U, h) € C(0,T; H'(R)) then There exist two positive constants C and
C" such that

1G5l < ClU |2 (3.4.43)

ICilh < Ol (B,U) s (3.4.44)

Proof. (of proposmlonm Applying Prop051t10non (U© pO)) gives the existence
(UMD, W) € €(0,t; H*(R)) for any ¢t > 0. The characteristic formula applied to A",

yields, V¢ > 0:

t
WO(y) = KO(0,y.8) + / FOD (s, (s, g, 1))ds
0
> 2ny + C(Eo)t

> o

Which proves (3.4.42)) for j = 1.
We apply the inequality ((3.4.31)) in Propositionmm (UM, A, we get for any t < T}:

( / | 5© ||1d7)1/2] (3.4.45)
( / | S© y|1d7>1/2] (3.4.46)

| (UM, RW)(2,.) (o 2< KeUHFan

and

1/2
([ 1ome gar) < ecosss

We use the Proposition with S© we obtain
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¢ 1/2
mazx <H UM, K¢, ) 22, </ | UD(r,.) |2 d7'> ) <
0

2y | B 1
JCU+E; )% [70 + (C’(EO)(l + Ey+ Eg + Eg) +g 2 |2 —I—; | ps H2> \/%}

We define for t € RT

Lo

t) = K C(l-‘rEi:L’;L)Qt
s(?) e 5

1
; (0<Eo><1 SE 4B B +g | all ] s Hz) ﬁ}

The continuity of ¢ regarding to time t allows to find 0 < 7} = Ti(no, Eo, 2, ps) such
that (3.4.41)) is satisfied for any ¢ < T7. We choose T := T}

Next, we pass from j to j+1. If for any j € N, (UW, h0)) satisfies (3.4.40), (3.4.41))
and (3.4.42)) for any t < T, Proposition 4.4 shows the existence of (U1 pU+1),
We apply the inequality (3.4.31) to (U hU+D) we get with similar manner, for any

tS Tll
E t ' 1/2
2+ ([ rsoegar)
0

Finally, we use the inequality revealed in Proposition with SU), we obtain

H (U(jJrl)(t? ')7 h'(jJrl))(ta ) HQ_QS KGC(1+E1§,E)2t

| (UGTFD R (3, ) [l2 o<
. [E 1
K eCU+E; 7)% [70 + (C(EO)(l +Ey+EC+ED gl 22 +; | ps Hg) \/ﬂ

As the previous way, for T' = T3, The estimation is satisfied for any t < T;. We
choose T :=T;.

The inequality for rank j+1 can be shown as the same manner of rank 1, this
ends the proof with 17" := T}

Now, it remains to prove the convergence of the sequence built above. In this order,
we will proceed as the following way, for j > 1 the couple (UUT) — W) pU+h — p0))
satisfies
(0 — v0yz) (U(j+1) — U(j)) = SU) — g0
B, (0D — pG)) — g0, (RUHD — pG)) = FUIH) _ FG-13) _ 9 p0)(gli) — gl
(U(j+1) — U@, pluth — h(j)) 0,.)=0
(3.4.47)

The source term of the second equation can be written as
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Fo— PUHD _ pU-19) _ g p) (gl0) — gU-D)
— RO (@) — g0y — 9,5 (YD) — R — §,h0) (@) — gli-D)
Using Lemma [3.4.1] yields to
| F 1< CEy || (UW = U0 b0 — p0) |l 1 +Cp(1+ Eo) | UVTY —UY) ||, (3.4.48)
and

| F |]o< CEy || (U9 —UU=D b — pG=DY Iy o +Cp(1+ Ep) || UV — U@ ||; (3.4.49)

With a similar manner as (3.4.17)) we obtain
| SO — SUD < C(1+ Ey+ EZ + E3) || (UY) —UU—1 pb) — pl-1) [ERE!

Using (3.4.38)) proved in the lemma 4.4, for any ¢ < T we have the following estimate
I (U(J'H) — W puth h(j)) (t, ) | 1
. 1/2
< O(EO)GC(1+EO)2t (/ I (U(j) _ U(j_l), pl) — h(j—l)) (1,.) ”% 1)
. _
We apply the previous inequality j times to get
I (U(jH) — U pu+) h(j)) t, ) | 1
| 1/2 1
< C’(Eo)]em < sup || (U(l) _ U(O)7 h) h(O)) H%_1> ( )

0<t<T Kij!

with K = C(1 + Ep)2.

Which gives the existence of the subsequence (U, h(1)); such as
(UW, hYY — (U,h) strongly in C(0,t; H'(R))

Jj—00
Moreover, Proposition 4.5 gives, up to subsequence, the convergence:

) — U weakly in LQ(O, T HS(R))v

J—00

while for every fixed t < T

(UD )y —~ (Uh) weakly in H?(R)

j—o0
The solution (U,h) for the system ([3.4.12) belongs to C(0,T; H'(R)) N L>(0, T; H*(R)),
satisfying V¢, z € [0,7] x R
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h(t,l’) Z Mo > 07

and

max<|r U, R)(E,) e (/ |ut, ung) ) < I,

Finally, it remains to prove (U, k) € C(0,T; H*(R)). By regularizing: we consider (U¢, h®) =
(pe x U, pe * h), where p.x is the Friedrich’s mollifier with respect to the space variable. If
we apply p.x to system ([3.4.12]) we get:

OUe — v, Us = S° + C&
Ouhe — W OLhE = F* + CF (3.4.50)
(U=, h9)(0,.) = (pe * U, pe % h°) € C

where S® = p. xS F* = p. x F and

CS - (at - Va$$)<UE) — Pe* (atU - Vaa:a:U)
Cf = (0ih® — 0, (h*u®)) — pe * (Oph — O, (hu))

The lemma gives as € goes to zero:

C5,Cf — 0,
(U, he) — (U, h).

Therefore, at the uniform limit we have (Uh) € C(0,T;H*(R)). The energy estimate
gives the uniqueness and this end the proof of theorem O

The study of the incompressible Navier-stokes equations inspires an approach which we
have to use to establish a multilayer system, and show the existence and uniqueness of its
solution. In the following section, we are interested in design optimisation of vertical slots
fishway. For this aim, we will use the hydrostatic Navier-Stokes equations, and deduce the

associated multilayer system.

At the first step, we consider the height of water as a subdivision of layers «, and find
the height and the horizontal velocity of water in each layer a. The next step consists
to find an optimal shape of fishway corresponding to a velocity close to a given target
velocity. Finally, it remains to derive the adjoint system from the multilayer state system

in each layer, associated to the hydrostatic Navier-Stokes equations.
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3.5 3-D Multilayer system and fishway shape optimiza-
tion

In order to treat an optimal problem requiring a 2-D horizontal velocity, we are oriented
towards a generalization of the previous multilayer method to the 3-D hydrostatic Navier-

Stokes equations.

We suppose that wu(t, z, z) = (u,v,w) is the velocity vector and let U(t,z, z) = (u,v)
be the horizontal velocity. The hydrostatic model of Navier-Stokes system writes

( Vau=0

ou o(Uw) U
E‘FVW(U@U)"‘T*‘VzP—MaZQ (3.5.1)

9p _

with the boundary conditions

w(t,x,z,) =0
ou

"oz

ou

g(t,l‘,h) =0

p(t,z,h) =0

(t,z,2z) = KU (t, z,y, z)
(3.5.2)

and the kinematic boundary condition

% +U(t,z,h)V,h —w(t,z,h) =0 (3.5.3)

The combination of the third equation of the system (3.5.1) and the fourth boundary
condition of ({3.5.2]) gives the expression of the pressure p(t,x,z)

p(t,z,2) = g(h —2) (3.5.4)
The following subsection describes the technique for extracting the 3-D multilayer system

from the system ({3.5.1]).

3.5.1 3-D Multilayer system

The water height is divided in the vertical direction z into a set of layers. In each layer «,

for a« =1, ..., N, let us denote by h, the water height, where

ha = 2at1/2 — 2a—1/2, With 2411/2 = 2 + Zgzl hg
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with 2z, is the bathymetry of the bottom.
and we define the averaged horizontal velocity u, as

1 Za+1/2
u,(t,x) = h_/ Ul(t,z,z)dz

Za—1/2

We introduce an indicator function 6, (¢, z, z) in each layer

Lif zaciy2 <2< Zot1)2
On(t,x,2) = / / yfora=1,..., N
0 otherwise

which verifies
a0,

dw
E + Vx.((gaU) + 9 0 (3.5.5)

Integrating the equation (3.5.5)) in the vertical direction z, taking into account the condi-
tion (3.5.3)) in each layer «, and using of the definition of u, (¢, z) yields

oh
e .(h =
ey + V. (hauy) =0

Now, we integrate the equation (3.5.4]) in each layer «, the form of hydrostatic pressure

corresponds to

Za+1/2 Za41/2 Za41/2
/ V.pdz = / gV.hdz = ngh/ dz = ghaV.h (3.5.6)

Za—1/2 Za—1/2 Za—1/2

If we integrate the second equation of (3.5.1)) in the vertical direction z, and take into

account the kinematic boundary condition (3.5.3), we get for a =1,..., N

a Za41/2 Za41/2
/ Udz:+ V, / UxUdz |+ ghoVih = —ghoVez

8t Za—1/2 Za—1/2 (357>

ou oU
+M5(t7 T, Za+1/2) - ,Uzg(t, x, Za—l/Z)

We apply a finite difference method in the vertical direction to the term

ou ou
Mg(t T, Zat1/2) — Mg(ta T, Za—1/2),

we obtain for a horizontal velocity u, and water hight h, in each layer «, the following
multilayer model of the system (3.5.1])

( Oh

== - hoz o) =0

5 +V..(hau)

ahoz a

(%“ Vo (hatte ® Ua) + GhaVah = —ghaVazs — katia (3.5.8)
Ugt1 — Ug Uy — Uq—1
Wy—— — Wy ——————— =1,..,.N
e ha+1 + ha Vot ha + hafl fOT “
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with
0ifa=0
kEifa=1
ko = s Va=18 pifa=1.,N
0ifa#l
0ifa=N

We can write the previous system in terms of conservative components in the left hand

side as follow:

( Oh

° - h'a a) —

5 +V.(hauy) =0
Oh,u, he,
B Ve (hatte ® Ua) + 2Va(hah) = 2102V, (22 ) = ghaVaz — katta  (3.5.9)
ot 2 2 h
Uqt+1 — Uq Uy — Ug—1
o, ol ~ a5, Ua T Yot —1...N

\ i ha+1 + ha Yot h'oc + hoc—l fOT “

In the following, we give a definition for the shape optimization problem. We also define

the geometry of the fishway to be optimized and give the system which governs the channel.

3.5.2 Optimal problem

In this section we are interesting in fishway structures. They are composed of succession
of pools. There are also two transition pools, one in the beginning and the second at the
end of structure. Two baffles are built in each pool and are vertical to the lateral channel
boundary. The fishway is built with a slop relative to the ground (Figure

gl

Figure 3.2: Prototype geometry: details of ten pools

We divide the water height into N layers, and we denote by h, the height of water in each
layer « = 1,..., N. And by by u, the horizontal velocity in these layers.

If we denote by Q € R? the fishway channel, and by Q, the domain of layer o defined
in . If we define g, = hau, then water height and horizontal flow in each layer «
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along an interval time [0,T] are governed by the following multilayer system

( Ohyg .

— +V.,q,=0 in Q% [0,T]

ot
0 he
T Vo (12 ©4,) + SVa(hah) = $12V, (7> — gha Vo — kay®
o . (3.5.10)
haq - ha 19 ha—lq - haq — .
92 . a+1 t1%a 2 o a a—1 Qa T

e hi—;—lha + h2hat ) lhiha—l + hZ,_1hq " < [0.7]

| fora =1,..,N

We denote by 7o the lateral channel boundary, and by 7! and 72 the inflow/outflow
boundary in each layer « respectively. Then the initial and boundary conditions are

written as:
.

ha<0) = h07 QQ(()) =qo m Qa

Go-m =0, curl (Z—a) =0 in v x[0,7T]
8 (3.5.11)
Qo = Q1T in v x [0,7]
ha = hy mn 734 X [OaT]

\

We take into account that the global geometry of each pool depends only of the two
points a and b at the end of baffles (see figure . The position of these points change
along flow for controlling the water velocity and permitting to maximum of fishes species

to across the dam construction. In this order, two constraints are written:

1 3
7 1213 < yrys < 7 1213

X (3.5.12)
0<y2ys < 1 0.97

Other constraints are adding for assuming a comfortable passage of a maximum num-

ber of fishes. These constraints are written as:

ys — 1y = dy =0.1
(3.5.13)
Y2 — Ya = do = 0.05
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Figure 3.3: Prototype geometry: details of slot and pool

The optimization problem consists in the minimization of a functional J(.) € R, also
called objective function depending on the variables a and b (Figure . The purpose of
our work is to establish an optimal fishway structure and obtaining a velocity close to a
target velocity named v in each layer o depended of fishes swimming ability. The velocity

v is given by:

(¢,0) if 2 <5097
v(xy,29) = (3.5.14)
(0,0) otherwise
and the objective function in each layer is defined as:
1 [T T
Ja = 5/ / I % —v |? d:vdt—{—%/ /Q | curl(%) 2 dadt (3.5.15)
0 o « 0 « «

with o > 0 is the vorticity parameter, and q, = hou, where (h,,q,) is solution of the

multilayer system (3.5.10)) with the initial and boundary conditions ([3.5.11)).
The global objective function to be minimized takes the form

J=> ja (3.5.16)

In the following subsection, we derive an adjoint system related to the state system (|3.5.10))
and the objective function (3.5.15)).

3.5.3 Adjoint system

We consider (p, ) two test functions space in L>(0,T; H*(2))?. The variational formula-
tion of the state system (13.5.10)) in each layer a for « = 1,...; N is given by
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Find (ha,q,) € L=(0,T; H*(2))?* such that

Aa(Qas has s, 1) = Lo(Qa;p,7) Y(p,7) € L®(0,T; H*(Q))?

where

Aa(QOMhaaqa;p’ = +vqa}

® q,) + V(h h)}

//{ ( )—gthb kZz}.r
aqa+1 ha+1qa haflqa - haqa—l
— %, ‘
/ /a { h2 1o + hZhay 3 1h§ha71 + h2_1ha "

We rewrite the cost function in each layer as J,(Qaq, ha, q,) = Ja(€2), such that

l\DIQ

1 T T
(o @) = 5/ / | 9o o | dtdr + %/ / [ curl(22) [ drde (35.17)
0 Qa « 0 Qq e}

Theorem 3.5.1. Let (p,7) € L>(0,T; H*(Q2))? be two tests functions. The adjoint system
of the equations (3.5.10) with initial and boundary conditions (3.5.11)) writes

( 8p 1 qd.
e —|—h—3(qa.V)r.qa +gVhaor+ gVz.r — kah—g.'r

hi—l—lqa h h'OH-lanrl + 2h ha+1qa P
(h2i1ha + hZhay1)?

Qh’ih‘a—lqafl B 2haha—1qa - hahgz—lqafl _ hi—lqa r

—2v,

W
o (hgzhozfl"’"hi—lha)2
qa q. 9o .
. = <h_a —v> he ac'u,rl(curl(h ). ne in Qq x [0,T] (3.5.18)
or 1 1 ’ T hot1T
L Up— (g, V) — — fo— + 204
gt VP g eV = (V) o ke Bage g T
ha,17’
2o
T e T e
=L o curt(ewri(32)) in Q. x [0,7]
\ 1, Oha url(cur I m Qg ,
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with the final and boundary conditions

p(T)=0, r(T)=0 in Qg

rmn=>0 in v x [0,7]

—%mn:0 in % [0,7] (3.5.19)
1 1 o q, o,

(p+—(g,7)n+ —(q,n).r— —curl(=2)T =0 in 3 x[0,T]

where (ha,q,) is solution of (3.5.10)-(3.5.11))

Proof. We define a Lagrangian function as the following way:

Lag(Qaa hou qa;pﬂ‘) = Joc<Qom haa qa) - Aa<Qa> hm q.;D, ’I‘) + La(Qa;pa ’I‘)

By applying an integration by parts on the function A,(Qq, ha,q,;p,r), deriving with
respect to h, the function A, and J,, and using the adjoint state of L,y (see [4])

0 ~
a_haLag(Qom hon q.:DP, r)-ha =0
for any arbitrary direction hq, to obtain the following system: in 2, X [0, 7]
(9p 1 d.
~ +h—g{(qa.V)r.qa + gVhor+ gVzr — kah—a.r

9y hes19a — halat1Gas + 2hahi 14, o
“ (ha-s—lha + hgzha-i-l)Q
2hiha—1qa—1 - 2h04h(2x—1qoz - hahgx—lqa—l - hi—lqa r
(h?xha—l + hi—lhoz)z .

+ 2]/&—1

— (e )L dayy 9o
= (ha v) n acu'rl(curl(ha)).h3

with final and boundary conditions

p(T) =0 in Qo

rm=0 in o x [0,T]
q1 .
—y T = 0 in vy x[0,T]
Next, we derive with respect to u, the functions A, and J,, then we use the adjoint state
0

a_qaLag(Qom haa qa;pa r)‘éa = 0

for any arbitrary direction q,, to get: in Q, x [0, 7]
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or 1 1 ’ T hot1m
- - —(q,- - — ko— + 2v,
ot vp ha (9a V) ha (Vr)ga + ha e heyiha + hZhat
ho—17 1 q, 1 q.,
+ 2041 o LI = h_a(h_a —v)+ Jh—acurl(curl(h—a))
with final and boundary conditions:
r(T)=0 m €,
rmn=0 in vy x [0,T]

1 1
(04 3 (@or)nt - (@um) o — Ceurl(G2)T =0 in 92 x 0.7]

]

The following subsection gives results about the domain derivative of the objective

function (3.5.15)) in each layer « in terms of adjoint and state variables.

3.5.4 Domain derivative

The study of the cost function will be done in each layer a. Now, let Q2 be a fixed do-
main, and we suppose that it is a bounded open subset of R? with Lipschitz boundary.
We denote by Lip(Q8;R?) the Lipschitz applications domain, which is defined by

Lip(Q2:R?) ={¢: Q% - R?* / 3k >0 such that

| o) =) I<kllz—yl, V(xy) € xQ}

We denote by 0 the subset of bi-Lipschitz homeomorphisms of Q2. It is an open subset
of Lip(QY;R?) and is given by

Oh = {¥ - Q0 = (), bijective /4 € Lip(QQ;R?), " € Lip(y(Q)); R?)}

Then, the admissible domain denoted by X is a set of domains €, which are bound by

bijective Lipschitz functions to the fixed domain Q2. Tt is given as the follow way
X0 = {0 = (@) / e b} (3.5.20)

Theorem 3.5.2. Let V € Lip(Qq; R?), then the domain derivative of jo, at Q. € X° takes
the form

g . 0 0
a_%]a(Qa>~V - EJQ(QQ’ hou qa)~v - a_QaAa(Qaa haa q.:P, T>V
(3.5.21)

0
+ a—%La(Qa,p, T’)V
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where (hy,q,) is solution of the state system (3.5.10) with initial and boundary condi-

tions (3.5.11)), and (p,r) is solution of the adjoint system (3.5.18)) with final and boundary
conditions (3.5.19)).

In the following, we give the computation details for each derivative term cited in the
previous theorem.
Let Q, € X°, such that Q, = ¥(Q°) with ¢» € 0°. We consider F' € Lip(Qy;R?) a
bi-Lipschitz homeomorphism such that w, = F(Q,) € X. Let V € Lip(Qq; R?) such
that V. =F — I.
We define the function d by d : Q, € X? — d(w,) € R, and we introduce a transported

function called d as the follow way
d: F € Lip(QuiR?) — d(F) = d(F(Q,)) = d(w,) € E.
Thus, the domain derivative of d at a given Q, € X° is defined by

) )
5 (00) V. =

= aFg(I) .V, for V € Lip(Q,;R?) (3.5.22)

The computation of the domain derivative of j, is done by introducing the transported

functions of A,, L., and J,. For this aim, we define the function A, as a sum of a number

oo [ s [ [ %

of functions as follow

T
An(Qu P @ o) =/

AL (Qq, ha 1Q0oiD5T) A2 (Qa, ha 1Q0;PT) A3 (R, ha q,;D.m)
o[ st oarrs [ [ g5
[e% Qa
A2 Qa;gqapr) A5(Qa;arqap?“)
ha r
/ / 92w (7) r +/ / ghaVazp.m
A8(Qq haqap A7 (Qa haqapr)
aqa+1 ha-i-lq(x
ko— r—/ / r
/ / h§+1h T h2hant
A8 (Q ha »d o3Py 'P) (Qa ha q.;P, 7‘)

/ / 2]/ a 1qo¢_h04qa 1’)"
“h2ha_1 + h2_ hg

Al(Qq 7ha 14 0iPT)
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We kept J, as

Ja(Qas has q,) = 5 // qa— H2 //\curl—o‘

Qa ha,da,) J2(Qashasq,)

s

Next, for computing the domain derivative of each function above, we introduce its

transported function. In particular for the first function

T
oh
Aa Q(Jé?ha?qa;p?’r _/ / “ Y
( = o o

we introduce the transported function

Ay(F by, q ;p,r) = ALF(Q0), b, o F g o F po F o F7Y)

_Al(waa ar) 4o D, T / /

As it is known, F' —| det(V,F) | is a differentiable application. Its derivative writes

F) |

iF | det(V.F) | (I).V =V, V, for Ve Lip(Qa;Rz)

Hence, for V' € Lip(Q,; R?)

0
00,

0
a(Qaahavqa;p7T)‘V - _Al([ahaaq 7p7 )V

[

For the second function A2(Q.,ha,q,;p,7) , we consider the following transported

function

AN(F,hy,q ;pr) = ALUF(Q0), b0 F g o F po Flro F7Y)

- Ai(waa hon q.:P, ’I")

:/O / (VoF 1o F) :V,(q )p|det(V,F) |

2
where the inner product "X:Y" is expressed as X : Y = Z XY
k=1
Taking into account that the application F — V,F ' o F is differentiable and the

derivative is written as
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aQF(V@«F—l oF)(I).V =-V,V, for V € Lip(Q.;R?)
Then, for V' € Lip(Q,; R?)

0 0
5 Aa(Qas ha @oipm).V = =A% by, q 5p,1).V

For the third function A3(Q4, ha,q,;p,T) , we define the transported function
AY(F by qipr) = ANF(Q) hyo F7lq o F‘l;p oF ' roF™)

= A2 (Wa, Py @i D> T /

+F) |

Consequently, for V' € Lip(Q,; R?)

) o

5. Aa(a) ha, @aip, 7).V = 55 AL hay 4,0 1)V

T 8q
= —2r(V,.V
/O [ Ser(v.v)

For the function A%(Q4, ha,q,;p,T) , the associated transported function

AL(F,h,,q ;p1r) =ALF(QW),h,oF g o F ipoFlro F)

- Ai<wa7 hou q.;P, T)

// (V,F Lo F)t V(%a®q)r|det(VxF)|

115

As the same manner used for the function A%(Qy,ha,q,;p,7) We obtain for V €

Lip(Q,; R?)
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0
09,

O b 09,7V = LAY by g0V

/ / (Vo) 32 e (v, V)

/ / (V.V)! xqa)h.

Lt
—/0 /QQ(VIV qa.Vw)Z—Z.r

Finally, we get the domain derivative of the other functions for V' € Lip(Q,;R?)

0
Qoy ha, o0 T) / V hoh).r(V,.V
0, al 0. 2 (hah).r( )
/ / (Va V 2(hoh).r
ag (Qowhauqoupa / / gh2 (V V)
_ 92 L
/0 / SR (VL V)VL (50w
0
aQ (Qa7ha7qoup7 / / gh \Y% 22T V V)
8 a
aQ (Qa,ha,qa,p, / / k q V V)
0 haQui1 — hat1q
Qomh‘aa ar at = VxV
o, Al Qo P57 / / Yh2 he + W2ho r(Ve.V)
and
9 10 ha-19, — haq, 4
89 A (Qa;havqaap7 / / Va— 1h2h 1+h(21_1ha.'f’(vx.V)
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For Jo(Qa, ha, q,;p,7) and Ly (Qa, ha, g.; p, ), we follow the same approach and we get
for V € Lip(Q,; R?)

0

S Qe a,).V / / (V..V)
(9 qa 2

o gV =5 [0 [ ) 9.v)
O Qg )V =0

aQa @ oup7 . -

By using all the previous results in (3.5.21]), we obtain the formula for the domain

derivative of the objective function j, at Q, € X in each layer .

3.6 Numerical resolution

In this section, we formulate the multilayer system (3.5.10)) into a conservative system with
source term. let us denote X, = (ha,q,)" With ¢, = (¢a.z; ay), then the system (3.5.10)

can be written as

X,
68 (hy Xa) =8p(h, Xo) +8.(X0a)+ Su(Xa-1, X0, Xoq1) for a=1,..,N
(3.6.1)
with
o,z o,y
Gw g Go,2q
o, a,xYo,y
F(h,X,)= | tahh =3 (3.6.2)
2
qOé7qué7y q@yy g
2 hoh
I, he |2
0
0
9429 (T
Sh,X,)= 2" %\ )|, S)(Xa)=|—-ghadrz (3.6.3)
g ha —ghad
—h28y( ) 9NaOyZp
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and

0
SV(XO!—]_7 Xa7 Xa-i—l) - k _'_ 2 ua+1 — u, 2 Uy — Up—1 (364)
—RaUq Vo7 — &Vo—17———F
ha+1 + ha ! ha + hafl

The approximation of the system of conservation laws (3.6.1]) is based on a finite volume

type dicscretization.

3.6.1 Finite volume method

Finite volume schemes for the shallow water systems consist in using an upwinding of the
fluxes. The problem domain is first discretized into a set of triangular cells T; forming an
unstructured computational mesh. Let At be the constant time step and define ¢,, = nAt
for n =0, ..., N. At each discrete time ¢, we note X-" the approximated solution value.
By integrating the equation on a triangle T;, we obtain

/&Xa—l—/ V.F(h,Xa):/ S(hy Xas1, Xa, Xa_1) (3.6.5)
T; T; T;

K3

where S(h, Xot1, Xo, Xa—1) = Sp(h, X o) +5:(X o) + 50 (Xa-1, Xo, Xat1), and n; is the
normal on the edges of triangle 7;.
By applying the divergence formula, the equation (3.6.5) writes as

/ 0 Xo+ | F(h,X,).ndl = / S(hy Xas1, Xas Xa_1) (3.6.6)

Using a gauss formula for the second term of the left hand side to obtain

3
F(h, Xa)nZdF = Z Fwnwdlm
oT; j=1

The equation ([3.6.6) takes the form

3
| T3 | 0 X + Y Fijnigdlyy =| T; | S (3.6.7)
j=1

where n;; is the normal on the edge T;/T}, F;; are the discrete fluxes on the interface T; /T
and dl;; is the length of the interface 7;/T;.

Therefore, we now have an equation for each cell ¢ of the form

3
1
&gXa = _lT»| Z anwdlw —+ S (368)
% =1
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A finite difference approximation is adopted to obtain the scheme

At
j=1

Xi,n—i—l — Xi,n .
« «@ | ,I‘z

3
The Roe solver is used to evaluate the term Z Fij.mi;.dl;.
j=1

In what follow, we will present two approaches. The first one does not need the gra-
dient of the cost function trough its algorithm iterations. The second technique is called
spectral projected gradient. It calls the gradient of the functional we want to minimize

along the iterations. Finally we compare the results of each used technique.

3.6.2 A gradient free algorithm

The geometry of the vertical slot based on the use of guide elements to lead smooth
hydraulic flow into the next slot.

The positioning of the guide elements was carried out at two different locations, y =
(a, b) = (v1, Y2, Y3, ya) (Figure [£.2), which configure the shape of the fish ladder.

We formulate the shape optimization problem as a constrained problem depending on all

linear constraints (3.5.12)) and ((3.5.13]). We redefine the objective function (3.5.15) in the

following way ®! : R* — R where ®. (y) = J,(Q4(y)). The discrete approximation of the

objective function in each layer a can be written as

B0) = 5SS [lur -7 o [Jan@n @610

n=1 e€T; €

Here u’" is the discrete horizontal velocity obtained by the finite volume method (3.6.9)).
Next, we collect all linear constraints (3.5.12)) and (3.5.13)) in a function

@2 R* » RY
1 1 3 3
9 (11213 - yl, 11213 — Y3, Y1 — 1121, Ys — 1—11213, —1Ya,
o (Y1, Yo, Y3, Ya) = 1
—Y4, Yo — 50-97, Ys — 50-97, 0.1 —y3 + w1, 0.05 -y + ya)

(3.6.11)

These constraints are satisfied if and only if ¢?(y) < 0. Lastly, we penalize the functional

P! as follow

aly) = Bly) + 8 ) maz{(}(y));0} (3.6.12)
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with ( is a penalty parameter.

The discrete objective function to minimize writes

Oy) = Paly) (3.6.13)

For solving the non linear optimization problem, firstly we adopt a gradient free method
named "Nelder-Mead" simplex technique. The Nelder-Mead technique, begins with an ar-
bitrary simplex of 5 vertices y1, 4o, ..., y5. it evaluates and order the cost function on these
vertices ®(y;) < P(y) < ... < D(ys5). The vertex associated to the maximal value is re-
placed with a new point y(v) = (1+v)y* — vys, where y* is the centroid of the convex hull
{y1,...,ya}. The value of v is chosen from this set of values: vs = —0.5, v, = 0.5, v, = 1,

vg = 2. The choice of these values is determined according to the following algorithm

Calculate and sort ®(y1), ®(y2), ..., P(ys)
While | ®(y5) — ®(y1) | is not sufficiently small, calculate y(v3) and &5 = ®(y(vg)) then

a) If &5 < ®(y;) then calculate ®, = ®(y(v,)). If &5 < @, replace ys with y(v,);
otherwise replace ys; with y(v3). Go to (f)

b) If ®(y;) < ®g < O(y4) then replace y5 with yg and go to (f)

c) If ®(ys) < @5 < P(ys), then calculate ¢, = P(y(r,)). If &, < &g replace y5 with
z(v,) and go to (f). Otherwise go to (e)

d) if ®(ys) < ®g then calculate ¢5 = ®(y(v5)). If &5 < @, replace ys with y(v5) and
go to (f). Otherwise go to (e)

e) For j =2,...5, set y; =y1 + 3(y; — v1)
f) Resort values of ® at each resulting vertex

To prevent stagnation at non-optimal point, a modification proposed by Kelley [3] is

used. This technique consists to replace the current simplex by a smaller one.
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3.6.3 Spectral projected gradient

The second adopted approach to solve the shape optimization problem is consisting in
the use of a gradient technique called Spectral projected gradient. This method use the
projection into a closed and convex w, subset of R* of all the points y € R* satisfying
(5.12)-(5.13) in each layer a.

We denote a1 = a3 = 31.2137 by = b3y = 21.213, as = ay =0, by = by = ;10.97. Then the

admissible set w, is defined as

wa:{y:(y17y27y37y4) €R4: a; Syngz; izla"'747

(3.6.14)
ys — 1 > dy, Yo —ys > da}
The optimization problem can be reformulated as
min J,,(y). (3.6.15)

YEWx
Through the iterations of the appointed algorithm above, the gradient of the cost function
is called and used before calling the projection function as follow

a) Initialization: Let § € w,, and let £ > 0 be a positive tolerance

b) Search direction computation: Let d = P, (y — nVJa(y)) — y, where V.J, is the

gradient of the cost function and 7 is a positive constant given by

- First iteration n =1
- Other iterations: Let y be the current point and g the previous point. Calculate
r=g—gandy = VJ,(7)—VJy(7) . Then,if 2Ty > 0, take n = #; elsewhere,
Yy

take n as a fixed positive value

¢) Termination: If d = 0 (in practice, || d ||2< €), then stop: ¥ is a stationary point of

Jo on wy

d) Step-size: Calculate a value ¢ € (0,1] such that J, (7 + &d) < J.(9) + £6V I (9)Td,
with § > 0 (usually, § € [107%,107!]). For the determination of a suitable step-size

¢ by an iterative way, we choose ( as a positive constant (usually, ( = 2), take
1

0, = J,(y) and Oy = 6V J,(§)"d, and then for p = 0, 1, 2,... define £ = o and stop

when J, (7 + &d) < 01 + €0

e) Update: Define § = g + £d, and go to (a) with gy =g

The value of J, is computed using the expression (3.6.10)). Let y = P,,_(2) is the projection

of z € R* onto w,. P, (z) is deduced by minimizing a quadratic function of the distance
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of z to w, as follow

which is equivalent to

1

1 1
min o [l y =z [[= min 52" — 2"y + Sy'y (3.6.16)

2

( (1 1
i E 2,2 oy a2
min 2 {222 ZiY; + 2yz}

(y1,Y2,Y3,94)

subject to a; <vy; < b, i=1,...,4

Yz — Y1 = dy, Y2 —Ys = dy

\

. 1 1
min ~(27 +23) — (211 + 23y3) + = (Y1 + v3)
(y1,93) 2

2

subject to a; <y; <b;,i=1,3

Yz — Y1 > dy,
N and
) 1 1
min —(25 4 27) — (2292 + zaa) + = (v3 + 1)
(y2,y4) 2 2

\

subject to a; < y; < bj,1=2,4

Yo — Ya > da,

In order to solve the two quadratic problems, we use the Karush-Kuhn-Tucker (KKT)

technique: Begin by the first quadratic problem and we choose a = a; = a3, and b = b, =
bs, then from the five constraints, only three are kept. Finally the optimization problem

is reformulated as

1
min c— (lhzy + lbxs) + = (22 + 23)
($17w2) 2

subject to x9 < b,
Z1 Z a,

To — 1 > dy,

where ,a, b, di, ¢, and [;, i=1,2, are real numbers.

Let
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Then the linear constraints write as
Ar—v=0b, v>0,

where v = (vl,vgvg)T is the slack variables. The cost function is strictly convex and
quadratic in R%2. Then the optimisation problem has an unique solution which satisfies
the KKT conditions
v = Ax—b
—l+x=A"w,
v>0, w>0,
viw =0,

with [ = (I3, 12, 13), and w = (w1, we, w3) is the vector of the Lagrange multipliers associated

to the three constraints above.

The unique optimal solution satisfies
r=10+ATw

For computing the Lagrange multipliers w;, we solve the following LCP problem

v=(=b+ Al) + AATw

v>0, w>0

vTw =0

3.6.4 Numerical results
3.6.4.1 Transcritical flow over a bump

To validate the numerical method based on the use of the multilayer system treated in this
work, we introduce the test transcritical flow over a bump which is proposed by Castro et
al. [13].

The domain is a channel of 21 m of length and 2 m of width with a bump of 5.75 m of
length and it has a height of 0.2 m. For the boundary condition, we take a discharges of 2
m3/s at the inflow boundary , and a water height of 0.6 m in the outflow boundary. The

vertical viscosity is 0.001 m?/s and the Strickler coefficient is 25.

Figure represents the 3D mesh for the flow over a bump. The 3D horizontal velocity
module for six layers is represented in figure The used method may to capture the
shock as shown in figure
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Figure 3.4: 3D mesh of the flow

Figure 3.5: velocity field of 6 layers

3.6.4.2 Fishway Tests

The nature of the water flow in vertical slot fishways is influenced by the geometry of
pools. We carry out three different tests of designs of vertical slot fishways with I or L
shaped baffle. The fishway structures are composed of succession of pools and built with

a slop relative to the ground

Figure 3.6: Ten pools fishway configuration used in the study

The numerical simulation for the three tests is done with the same physical and numerical
conditions. All initial and boundary conditions are taken constants. hy = hq(z,0) =
0.083m, qo = qu(z,0) = (0;0)m?*s™ !, ¢ = —0.065/0.97 m?s~!, and hy = 0.5 m. the target

velocity is ¢ = 0.8 m.s L.

The vorticity parameter is @« = 0. The penalty parameter is
£ = 500. In these experiments, we consider that only the bottom friction stress is applied
associated to Chezy coefficient of 57.36. For fish passage with comfortable conditions, we

put d; = 0.1 and dy = 0.05 (see comfort constraints (3.5.13])).
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3.6.4.2.1 Slot Fishway ("I" shaped baffle-rectangular slots)

Numerical simulations are focused to study the rectangular baffles as shown in figure[4.2]
(see [6]). For initial random shape (figure [3.7 and [3.9)), we observe circulation region near
form baffles compared to the optimal shape the velocity is almost uniform and is close to
the target velocity v. The turbulence flow is removed for optimal points positions ayy =
(0.4640;0.1595) and byps = (0.8920;0.0378) for the Nelder Mead algorithm (NM) and
aspe = (0.4930;0.1646) and bgpe = (0.7102;0.0685) for the spectral projected gradient
(SPG).

Figure 3.7: SPG: Non Optimal Shape and corresponding velocity in the ten pools at T =
300

Figure 3.8: SPG: Optimal Shape and corresponding velocity in the ten pools at T = 300
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Figure 3.9: NM: Initial (left) and optimal (right) velocities for central pool at T = 300
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Figure 3.10: NM: Initial water elevation at T = 300

Figure 3.11: NM: Optimal water elevation at T = 300
3.6.4.2.2 Vertical Slot Fishway ("I" shaped baffle-oblique slots)

We consider that the baffles under study are obliques (Figure [3.12)), instead of rectan-
gular baffles as done in the first experiment.

Xmin

Figure 3.12: Scheme of the first pool

We observe that the circulation area are removed (Figure and right) compared
to the velocity in the initial structure (Figure and left) for the optimal points
ayy = (0.4645,0.1478) and byy = (0.7625,0.0769) for Nelder Mead technique, and
aspc = (0.4075,0.1050) and bgpg = (0.7990,0.0350) for the spectral projected gradient.
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Figure 3.13: NM: Initial (left) and optimal (right) velocities for central pool at T=300

Figure 3.14: SPG: Initial (left) and optimal (right) velocities for central pool at T=300

3.6.4.2.3 Multi-Slot Fishway ("L" shaped baffle)

The third test consists to consider the same structure of fishway (Figure , but the
two vertical baffles are replaced by three vertical baffles Figure [3.15

Figure 3.15: Scheme of the first pool

We consider the form of fishway depends now on the three points a(yi, y2), b(ys, y4) and
c(ys,ys). The comfort constraints are rewritten as
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1 3
—1.213 < w1, ys,y5 < — 1.213
4 4 (3.6.17)

1
0 <Y2,¥s,¥6 < 3 0.97

The stability constraints are written as

ys —y1 > dy = 0.1

Y2 — Ya = do = 0.05
1 .6.

1

Finally, in each layer «, the objective function conserves the same writing. We collect all

sixteen constraints defined in (3.6.17]) and (3.6.18)) in a function

P2 : RS — RS
1 1 1 3
(51.213 — yl, ~1.213 — ys, ~1.213 — ys, y1 — -1.21,
4 5 4 5 4 41
9 Ys — 11213 Ys — 112137 —Y2, —Y4, —Y6, Y2 — 50977
(I)a(ylay27y37y4>y5ay6) = 1

Ya — 50.97, Yo — 50.97, 0.1 —ys+wy1, 0.05 —y2 + ya,

1 1
50-0805 = y1 + g5, £0.0305 + > - Ye)

(3.6.19)
The associated penalty function takes the form
16
aly) = Doly) + 8 maz{(®(y));, 0} (3.6.20)
j=1
For the spectral projected gradient, the matrix A and b are replaced by
0 -1 0
0 0 1 3 1 1
A= b= (—-1.213,-1.213,-0.0305,0.1)T
1 0 _1 9 ( 4 74 ) 2 ) )
—1 1 0

0 0 1 1
A= b= (~50.97,0, 50.0305,0.05)"

-1 0 1 2
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for the vertical projection.

1
For numerical simulations, the geometric parameters are d; = 0.1, dy = 0.05, d3 = =0.0305,

dy = 10.0305. The obtained optimal position points are

any = (0.5160,0.1663), byy = (0.7964,0.0437) and cypr = (0.3446,0.2927) for Nelder
mead algorithm, and agspe = (0.4786;0.1548), bspe = (0.6660;0.0892), and cspg =
(0.3448;0.3735) for the spectral projected gradient.

We observe the disappearance of the circulation area in the optimal structure (Figure
and [3.18]) compared to the initial random design (Figure and .

Figure 3.17: NM: Optimal Shape and corresponding velocity at T=300
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Figure 3.18: SPG: Non Optimal Shape and corresponding velocity at T=300
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Figure 3.19: SPG: Optimal Shape and corresponding velocity at T=300
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3.7 Conclusion

The multilayer model is adopted to avoid the expensive Navier-Stokes equations and is
used in order to compute the free surface flow in vertical slot fishways. Design of effective
fishways is becoming increasingly important. Numerical tests prove that the 2D multilayer
Saint-Venant combined with an optimal shape design techniques is an alternative to 3D
hydrostatic Navier-Stokes system. The numerical simulations evaluated the performance
of various regular pool geometries. The study underlines the important influence of slot
layout on flow characteristics. This study also assessed that the multi-slot design is suitable

in terms of velocity and flow pattern.



Chapter 4

Analysis and finite element
approximation of optimal control

problem based on porous media model

4.1 Introduction

The shape optimisation problem consists to find an optimal shape in an admissible set. It
is a branch of the control domain by the partial differential equations.

The purpose of this chapter is the study of different proprieties for the porous media
equations based on the Navier Stokes equations with damping. We begin by showing the

existence and uniqueness of the solution for the following boundary problem

—vAu+ (u.Vutalul*u+Vp=f inQ

Vau=0 in 2
u=20 on Ty (4.1.1)
u=gq on I
yg—Z—pn: on I’y

where Q € R? (d=2, 3) is the fluid domain; I'y is the lateral boundary, I'; is inflow, top
and bottom flow boundaries, and I's is the outflow boundary; u is the velocity; p is the
pressure; v is the viscosity; n is the unit normal vector to the boundary 0. « € [0, 2] and

a > 0 are real numbers. We introduce a perturbed problem related to the state system
(4.1.1) as

131
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1
—vAU + (ut.V)u® + Q(V.u‘f)u5 +alu |*us+Vpt=f inQ

Vau +ep =0 mn <)

u* =0 on T (4.1.2)
us =g onIy

V% —p'n=20 on 'y

Along this chapter, we restrict the treatment to the case g = 0 for the system . We
study the existence and uniqueness of a weak solution by using a Faedo-Galerkin method.
A penalized problem is introduced to derive an error priori estimates and show that the
perturbed problem has a convergent solution as O(e) where ¢ is the penalty parameter.
We study a penalized finite element method approximation to establish existence and

uniqueness and to derive an error estimates for the approximated solution.

This kind of water flow is used to study a shape optimization problem of fishways. We
look for finding an optimal shape of fishways by minimizing a cost function. Such optimal
structure allow to a maximum number of fishes to cross to the river upstream.

The construction of dams is a very old activity; the first known works date back to 5,000
years and are located in the Middle East. It has continued to grow ever since. These
structure are used usually for agriculture, electricity, or for navigation, But they consti-
tute impassable obstacles to the free movement of fish and may contribute to the extinction
of fish populations as Salomon, Trout, and Eels. In order to resolve achieve this challenge,
men think to built the hydraulic structure which permit to migratory species to cross to
the river upstream. Fishways represent a comfortable way for migratory species to across
through dams. Our objective in this chapter is to simply the fishes passage to their pro-
duction or feeding areas and assure to provide a rest area between pools. In our study we

are interested by the vertical slots fishways (see [9]).

Vertical slots fishways are used frequently in the world. The vertical slots provide a good
energy dissipation and create a quiet areas between pool which allows to fishes to have
some rest before crossing one pool to another. Such structure is designed with a slope to
the ground. It permits to small species to pass the circulation zones in the pool with less
efforts which is not the case for other types of fishways; as the pool and weir type (Clay
[1]) and the Denil type (Katopodis et al. [2]).

The chapter is organized as follows. The next section deals with the analysis of the
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perturbed problem and the derivation of an error estimates to prove the convergence of
the penalized solution. the section 3 is devoted to optimal control through which we will
minimize a cost functional to obtain an optimal shape design of the fishways structures. A
penalty finite element method approximation is introduced. Then we derive an error esti-
mates and approximate the solution of the problem by discrete penalized solution. Finally
in the last section, we adopt a gradient type algorithm with some numerical examples for
2D and 3D cases with structures already used for fishway modelling [6],[11].

4.2 Mathematical model

4.2.1 Preliminaries

We restrict the study of the system to the case g = 0 along this section. The
generalized case is treated in the introduction section and along study of the control
problem based on the use of the penalized problem.

For the rest of the chapter, we denote by ||.]| the L2>-norm and by ||.||x the norm of H*(Q).

And we define the following Sobolev spaces

X = (HYQ), Y =I}Q), ¥ ={ge H'Q)} | M—{qemﬂ); /quw—o}

0(Q) = {ue (H'(Q)u=00onTouUTl}
Vo(Q) = {ue (H*(Q)u=00nToUI}
V,() = {fue (HY(Q)|u=00nTy, u=gonTli}
V,(Q) = {u € (H*(Q)u=00nTy, u=gonl}
(

,V.u)=0,VqeL*Q)}

We give the property of monotonicity for any mapping F given by F : x — |x|*x

(Julu—|v|*vV,u—v) >0 (4.2.1)

We also denote by Cg%;, the set of all C* real vector functions u = (uy, ..., uq) (d=2, 3)
with compact support in €2 such that V.u = 0.

We begin by showing here the existence and uniqueness results which will be used in the
next sections. We prove that the velocity is bounded in term of the L? norm. For the

existence of the solution, we use a Faedo-Galerkin method.
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4.2.1.1 Existence of weak solution
In this subsection, we study the system
—vAu+ (u.Viutalul*u+Vp=f inQ
Vau=0 in 2 (4.2.2)

u=0 on 05}
The weak formulation of the system (4.2.2) takes the form

Find (u, p) € C5%;, () X Y such that

v(Vu, Vo) + ((u.V)u,v) + a(|u|*u,v) — (p, V.v) = (f,v) Vv € C5%,(Q)
(4.2.3)
(Vau,q) =0Vqge M

The next result proves the existence of the velocity and show that it is bounded in norm
L2

Theorem 4.2.1. Let Q be a bounded domain in R (d =2, 3), f € X is a given exterior
function. There exist at least a weak solution of (4.2.2)) satisfying

v o 1
3 | Vu|* +a || ufiz.< % | f N5, for0<a<10 (4.2.4)
and
Ip IS CU fllx + I Vull + [ Vu |* + [ u || gas) (4.2.5)

for some positive constant C.
For the proof, we use the coming lemmas

Lemma 4.2.1. Suppose that Q is a bounded locally Lipschitzian domain of R (d=2, 3),
QW CQ QA0 Let Fe X andu € X such that

(Fou) = 0

then there exists a unique P € L*(Q) satisfying

(F,u) = / PV .udx and/Pda::O
Q Q
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Lemma 4.2.2. Assume that Q is an arbitrary domain in R? (d=2, 3), and let f € X .
Then

1. The vector V € Hy, (Q) satisfies [4.2.3) for all v € C§%;,(Q) if and only if there
exists P € L2 () satisfying the identity

loc

v(VV,Vw) + (V.V)V,w) + (a|V|*V,w) = (P,V.w) + (f,w) (4.2.6)
for all w € C§%,, (€2).

2. If, Moreover, Q) is bounded and Lipschitzian and f € X', V € (HY(Q))? (d=2, 3),
then

PeY, with /de:O
Q

and (4.2.6)) holds for all w € X.

Proof. 1t is clear that (4.2.6) implies (4.2.3)). If Q is locally Lipschitzian, the functional
F(w) :=v(VV,Vw) + (V.V)V,w) + (a|V]*V,w) = (f,w) (4.2.7)

is linear and bounded in w € X and it becomes zero when w € X and V.w = 0. Using
the Corollary 3.5.1 in [22] and lemma there exists P € Y such that

F(w) = (P,V.w) (4.2.8)

for all w € X, thus satisfying (4.2.6). If 2 is an arbitrary domain, we use Corollary 3.5.2
in [22] to deduce the existence of P € L7,,(Q2) satisfying ([4.2.8) Yw € Cg%,,(€2). O

loc

Lemma 4.2.3. Consider F: R™ — R™ be a continuous function such that for some
K >0

F(£).£>0

for all & € R™ with | € |= K. Then there exists § € R™ with | & |< K such that
F(&) = 0.

Proof. (of theorem (4.2.1))) Existence of the velocity field: We consider an orthonormal
basis (wy) in X and define the sequence (u,,) € X satisfying

V(Vt, Vi) + (. V) U, wi) + (@ | U, |* U, wi) = (f, wi) (4.2.9)

where for each m € N

U = > G0k (4.2.10)
k=1
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We multiply (4.2.9) by &k and sum with respect to k to obtain
V| Vg 2 +a || wm 15522= (frum) <IF x| Vi, || (4.2.11)
By Hoélder inequality we get
5 || Vi, ||* +a || up ||°L“ifa_ o, I % (4.2.12)

Next, we introduce the following function

(F(£),8) :==v(VE,VE) +a(| €17 6,8 — (f,6)
We have
(F(€),8) 2v[el>+all €z = f il el

=Wl =1 flx) €l +all €Nz

1

when || € ||= K, K > — || f ||y The lemma [4.2.3| gives the existence of u,, solution
v

of (4.2.9) for each m. Moreover, the sequence (u,,) is bounded by (4.2.12)), then there

exists a subsequence denoted (u,,) which

U — win X N LOT2(Q) (4.2.13)
From the Sobolev embedding theorem we get
Uy, — win LO7° (4.2.14)

with € is some positive constant. For the convergence of three quantities in (4.2.9), we

proceed as follow; as m — co we have
(Vuy, Vi) — (Vu, Vwy) (4.2.15)
For the two remaining terms, we develop
| (- V)i, W) — (w0 V), wy) |
<[ ((um = ). V), wp) | + | (0. V)t — w),wy) |

The first quantity can be raised by

T <[ wi llzsll Vet [t —w |22

< ¢ | wg (Ll Ve [ wm = [l

By (4.2.14) we obtain

lim 7W =0

m—o0
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It remains to raise the term 72
T <[ (u.V)wg, (ty —u)) |
<P ul[zsll Vwg [[|| wm —u |23

< C | wg ] wm —u [
Therefore,
lim 7® =0
m—00

Finally, we obtain the ensuing convergence result
| (- V), wi) — (. V)u,wy) [= 0, m — oo

For the last term, we use

137

(4.2.16)

[ (Pt [ty wie) = (L | w,we) [ < (| (um = @), wp )| 4 [((fum | = Jul*)u, wy

— 76 7@
Fort the first term 7®), thank to the embedding theorem
T® < Csuplwgl-[wm||Gase|[um — ul| o
and according to a = 10 — 2¢ we obtain

lim 7® =0

m—r0o0

The last term 7@ can be raised with the same approach
T < Cllum — ul|po—e.[[um||Fasz | [wp] | s
For p = oo and a = 10 — 2¢, we have

lim 7W =0

m— 00

Therefore

Hm (|t | U, wi) = (] w |© w, wy)
m—0oQ

From (4.2.16)-(4.2.17)), the velocity v € X satisfies the equation

v(Vu, V) + ((u.V)u, wi) + (a | w |* u, wi,) = (f, wg)

(4.2.17)

(4.2.18)

Finally, we write any ¢ € X as a limit of a linear combination of wy. Then the velocity

u € X satisfies
v(Vu, Vo) + (u.Vu, @) + (a | u|* u, ) = (f,¢) forallp € X
Using (4.2.12) one gets

v o 1
R R P e WA

(4.2.19)

(4.2.20)
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Existence of the pressure field: Supposing that €2 is locally Lipschitzian, thanks to lemma (4.2.2]):
there exists p € Y satisfying (4.2.3]) and

/pdx =0 (4.2.21)
Q

Consider the problem
VW =p

WeX (4.2.22)

W < Tlpll

As p € Y and satisfies (4.2.21)), the problem (4.2.22) has a solution thanks to the theorem
3.3.1 in [22]. Setting w = W in (4.2.6) to obtain

pI* < C (1l + [ulh + [fullpate + [Jul[F) [Ipl] (4.2.23)
O
Lemma 4.2.4. Consider u,v € X such that (4.2.20)) holds for u and v ,then

[[ul®u = Jv[*[| < OV (u = v)]] (4.2.24)

After the study of the existence of the solution for the boundary problem, we proceed
to treat the uniqueness of the solution.
4.2.1.2 Uniqueness of weak solution

This theorem states the uniqueness of the weak solution for the boundary problem (4.2.2)).

Theorem 4.2.2. Let Q be a bounded domain in R? (d=2, 8), locally Lipschitz, and f € X .
2
If v is "big enough” and 3 < a < 2, then the weak solution of (4.2.2)) is unique.

Proof. Let us suppose that the problem (4.2.2)) has two weak solutions u; and us.

Define ¢ = u; — uy and write
v V(ug —ug) |2 +(((ug — u2).V)ug, uy — ug) + (alug|*uy — a|ug|*ug, uy — ug) = 0
which leads to
v || V(ur —uz) |7 +(((ur — u2).V)ur, uy — us)

+(alur|*(ur — uz), (ur — uz)) + a((Jur|* — |ug|*)uz, ug — uz) =0
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This gives
v V(uy —ug) I = —(((u1 — u).V)ur, uy — up)

—(alu|*(ur — uz), (w1 — u2)) (4.2.25)

—a((|ur]® — ug|*)ug, uy — us)

The first term on the right hand side in (4.2.25]) implies

| = (w1 — u2).V)ur,uy —ug)] <[ Vg || . || ug —ug ||74
. (4.2.26)
< = | fllxll wr —ug |1
1%
Using the embedding of L% «— H*
C
| = (((u1 = u2).V)ur, ur — ug)| < ;1 | fllxe ]l un —uz |3 (4.2.27)

3a 2
We now turn to the other terms using 1 < - <a+ 2, i.e.,g < a < 4, we obtain

| = (afun| (w1 = u2), (s —u2))| = [afus|*|ur — uaf?|

< a | Judl ]l Jur = uaf? || 2

< al funl (18l wr —uy 176 (4.2.28)
&

< ca || uy [|Fasell V(ur —uz)

< call fllxll V(= ug) |2

3 2
The last term on the right of (4.2.25)), and according to 1 < 7& <a+2, i.e.,g <a<4
we obtain
| = al(lu]* = fuz|*)uz, (w1 = u2))| < csaex || f || V(wr = ua) | (4.2.29)

Replacing (4.2.26),(4.2.28) and (4.2.29)) in (4.2.25)) yields
c
v I V(= ug) |I? —(;1 If lxr e || £l +esaa || f [lx) [| V(ur = ug) [[P< 0

We conclude, for v big enough, that u; = us. O

The established inequalities prove that the velocity u is bounded. In the next subsec-
tion we treat the penalized problem related to the Navier Stokes equations with damp-
ing . We use a penalty method to overcome the difficulties associated with the
constraint "V.u = 0".

Among the method adopted to relax the constraint V.u = 0 we cite

1. The penalty method. We refer here to J. Shen [19], R. Temam [30]
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Vs +epf =0 in Qx[0,T]

2. Artificial compressibility, we mention here the works of Chorin [20] and of R. Temam
1371

Var+ep; =0 in Qx[0,7T]

3. The projection method

£

dp

V.uf —€Ap5 =0 in 2 x [O,T], a—n

=0 in 0Q x[0,T]

introduced by Temam [36] and Chorin |20} 21| and has a high computational cost.

4. The pseudocompressibility method

op°

Vs —eAp; =0 in Qx[0,7T], n

=0 in 0Q x [0,T]

4.2.2 Perturbed equation

Let us now give the penalized formulation associated to the Navier Stokes equations with

damping
vAuUF + (uf.V)u® + %(V.us)ug +aluf|®ut + Vp* = f inQ
ep +V.aur =0 in 2 (4.2.30)
u* =0 on 082

The penalized weak formulation of the equation (4.2.30) writes for € > 0

Find (u®,pf) € X x Y such that
1 1
v(Vus, Vo) + (ue.V)us,v) + 5((V.u€), ut.v) + al|u|u®, v) + E(V.us, V.u) = (f,v)

e(p®,q) + (Vur,q) =0
(4.2.31)
forallve X and g €Y.

Here are some elementary proprieties of the functional defined by T'(w, u,v) = ((w.V)u,v)+

1
5((V.w), u.v) for (w,u,v) € X3. T is trilinear and there exists a positive constant C' > 0

such that
T(w,u,v) <Cllwliflwlillvll V(w uv)eX? (4.2.32)
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Moreover, T satisfies
1
(w.V)v,v) + 5((V.w), v) =0 foralw,ve X (4.2.33)
and

(w.V)u,v) + %((V.w),u.v) = —((w.V)v,u) — %((V.w),v.u) for all (w,u,v) € X?
(4.2.34)

We begin with an existence result.

4.2.2.1 Existence of weak solution of the perturbed problem

The following theorem asserts that the solution for the perturbed problem (4.2.30) exists
and it is bounded.

Theorem 4.2.3. Let Q a bounded domain in R? (d =2, 3), f € X is a given exterior
function. Then the perturbed problem (4.2.30) has a weak solution satisfying

v 1
5 IV 12 4a || v 342, 4¢ || p° IIP< o I f [ (4.2.35)

Proof. We consider (wy) an orthonormal basis of X and (r;) an orthonormal basis of Y.
Let X, =< wa, ..., w,, > and Y,, =<y, ..., r,, > for some positive integer m. We define

the sequence (uf)) and (pS,)

u, = kamwk, P, = Z¢kmrj (4.2.36)
k=1 k=1
the approximate solution of u® and p°® such that

1
v(Vue,, Vwyg) + (us,.V)us,, wy) +§(V.ufn, us,.wy) + a(|us, |*us,, wy,)

(4.2.37)
—(p5,, Vo) = (f,wr) fork=1,...,m

e(ps, )+ (Voas,,r) =0, forj=1,.,m (4.2.38)

We multiply by &y, the equation (4.2.37)) and by v, the equation (4.2.37)) and sum with
respect to k and j to get

m

v Vg, 1 +a | ug, 1585 +e Lok, 1= (Fu) <UL F el Vg, |l (4.2.39)
Using the Holder inequality to have

v o 1
3 IV P a [l 1522 +2 195 IP< o 1 F I (4.2.40)
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For the convergence of the all terms on the left hand side in (4.2.37]), we follow a similar

process as in the previous section. u° satisfies

1
v(Vus, Vuwy) + (u®.V)u®, wy,) +§(V.u5, u.wy) + a|uf|“us, wy)

(4.2.41)
—(p°,Vawg) = (fywg)  fork=1,...m
For all p € H'(2) written as a linear combination of wy, u® and p° satisfy
1
V(i Vi) + (.Y, 9) += (V. 0 0) + al|u7] 2, )
2 (4.2.42)
—(°. V)= (f,9) ¥V peH(Q)
Using (4.2.40)) to infer that
v € € « (4 1
3 IV 1Pt w1535 +e 07 IP< o I F I (4.2.43)
]

In the following section, we firstly use the fact that u® is bounded to show that p® is
bounded. Next, We extract a subsequence convergent to the boundary problem solution.

Finally, we establish the error estimates.

4.2.3 FError estimates

We consider that (u®, p®) are solutions of the problem (4.2.30)) and let s be the norm

V)uo) + LV, .
$= sup | (w-V)uv) + 5(V.w,u) | (4.2.44)
wowex [l w 1]l w [l v [l

Then, the data v and f are assumed to satisfy
s
= | flly<1 (4.2.45)

The equation (4.2.45) can be written differently; there is a fixed r with 0 < r < 1 such
that

s

S st (4:2.46)

This lemma gives the convergence of non linear terms which will be used in this section.
Lemma 4.2.5. If uy - u € X. Then for allve X

klim ((ug.-V)ug,v) = (u.V)u,v)

—00

klim (V.ug, u.v) = (Vou, wo)

klim (V.ug, V.u) = (V.u, Vo)

(4.2.47)

lim (fug|*uk, v) = (Jul*|u, v)
k—o0
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Proof. For the last term, we use Lemma [4.2.4]

I (P, = ] *w) [ <]V (ug =) ]

We introduce the inf-sup condition: there exists a constant S > 0 such that

sup (0, V-0) >B\dllz forallgeY (4.2.48)

vexwzo) |l vl

where
G={qeY|g—q=-constant}, Z={qlqeY} and| | z= glEIGIIfR lg+z] (4.2.49)
We also define the operators B € £(X,Y") and B* € L(Y,X) by

(¢, V) = (¢, Bu)y .y = (B¢ v)x' v x (4.2.50)

We have
Bv=V.w and B*q=Vq (4.2.51)

and

KerB* ={qeY|(¢,V.v) =0 forallve X} = {constants}

The ensuing theorem shows that the perturbed pressure is bounded. The convergence of
the couple (uf, p°) is asserted by the extraction of a subsequence convergent to the solution
for the boundary problem (4.2.2)). We also give a priori estimate for the velocity and the

pressure.

Theorem 4.2.4. Let (u,p®) be solution of the problem (4.2.30) and (u,p) the solution
in X x Y/R of the problem (4.2.2)). Then we have

(p°) €Y isuniformly bounded in e (4.2.52)
and as € — 0.
ut —u inX (4.2.53)
and
=P oinY (4.2.54)

where p is the orthogonal projection in Y of p onto (KerB*)*. And we have the following
estimates
[ —ulh+[p"—pl<Ce (4.2.55)

with C is a positive constant non depending of €.
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Proof. We use the second equation in (4.2.30)) into the first equation in (4.2.31]) we obtain

1
—(p*, V) = (f,v) — v(Vus, Vo) — (u°.V)us,v) — i(Vué, ut.v) — (aluf|*u®, v) for all
ve X

Thanks to (4.2.32)) and Lemma m
((p=, Vo)l < (ILf lxr +v Tuf flo +Cy [ wf [} +Coa |l v 1) [[ o [y for all v € X
Applying this in the inf-sup condition with ¢ = p* € Y, and using the fact that Vu® is
uniformly bounded, we get
. C

[P 3 (4.2.56)
with C is a constant no depending of €. Using the second equation of (4.2.30)) and the
definition of ker B*

(p°,q) =0 for all ¢ € KerB*

Then
p° € (KerB*)tinY
Since
I 7° llz= p° |
Therefore
P < % (4.2.57)

(p®) is uniformly bounded in €.

The couple (uf, pf) is uniformly bounded in X x Y. Then there exists a subsequence
without lose of generality denoted (u?, p®) convergent to (u,p) € X x Y. We know already
that (kerB*)* is closed and convex that is gives (kerB*)* is weakly closed and p° €
(kerB*)* — p € (kerB*)*.

Let us now show that (u, p) is solution of the problem . We use the second equation

of (4.2.30)), we have
1
(¢, V.uf) = —¢ (q, —gv.uf) = —&(q,p°)

Therefore
(g, Vur)| <ellq|llp°| (4.2.58)

And by lemma ([4.2.5)), V.u® — V.u in L*(Q2). we get

(¢, V.uf) = (¢, V.u) as e —» 0

Passing to limits in (4.2.58) and using (4.2.57)) yields
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(¢,Vau)=0forallgeyY

Therefore the second equation of (4.2.2)) is verified.
Using lemma [£.2.5] and the previous result gives

hII(l)(VUE, Vv) = (Vu, Vv) forallve X

e—

lirré((us.V)ue, Vo) = (u.V)u,Vov) forallve X

E—

g%(v.u ,uto) =0 forallve X (4.2.59)
lir%(\ u® |*ut, Vo) = (|u | u, Vo) forallve X

E—

lin%(pa, V)= (p,V.0) forallve X

We replace these limits in the first equation (4.2.30]) implies that the limit of (u®,p®) is
solution of the problem (4.2.2)).
Finally, it remains to establish the estimate (4.2.55]). Subtracting the first equation (4.2.2))

from the first equation of (4.2.30) and using the second equation of (4.2.30)) gives

(p° —p, V) =v(V(u* —u), Vv) +((u.V)us,v) — (u.V)u,v) + %(V.ua, us.v)
+(a | v |*uv) — (a|u|*u,v) Yoe X

(4.2.60)
Taking v = u® — u yields

0F =V =) = v 0 = B+ 0 ) (Vo 0 — )
—((u.V)u, (u* —u)) + a(|u®|*u®, (u® — u)) — a(|u|*u, (u® —u))

(4.2.61)
Rewriting the fourth term on the right hand side in (4.2.61]),

—((u.V)u,u® —u) = ((v° —u—u®).V)(u® —u+u), (u® —u))

(((w* = ). V), (v —u) + (v — w).V)(u —v), (u° — u))
—((u".V)u, (v = u)) = ((u°.V)(u — u), (u° —u))
We note that

—((u.Vu,u® —u) = (((u® —u).V)u©, (u® —u)) — (u°.V)us, (u® — u))
(4.2.62)
(V.(u® —u),uf.(uf —u)) — =(V.uf,u.(u® —u))

1 1
2 2
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Replacing the previous result in (4.2.61)) yields to

(" =5 V(5 —u) = vl v —ullf +(((v° = u). V)us, (v —u))

1
—|—§(V.(uE —u),uc.(uf —u)) + a(|u®|“u® — |u|%u, (u® —u))
> v v —ulff —s v —ulif v |
(4.2.63)
We use the fact that (u°) is bounded and by the inequality (4.2.46)) we obtain
v
e, < Z(1 —
e ths L1 )
Consequently
((p° = p), Vo(we —w)) Zvr [ uf —u
By the second equation in (4.2.30)) we have
€ 2 € = e € €~ £ ~ € ~ e 112
i< Es _ 5 AT 4.2.64
Il —ullis B —p%07) = — (b —1°0) = | p—1" | (4.2.64)
Therefore
€ 2 € ~ 3 ~
— < — - . 4.2.
I —ullis o =p Il 2 (4.2.65)
We now observe that
(w".V)uF,v) = ((v°.V)u©,v) + ((u.V)us,v) (4.2.66)
—((u.Vu,v) = (u.V)(u® —u),v) — (u.V)u®,v) (4.2.67)
1 1
§V.ua,ua.v) = §(V.(u‘E —u),ut.v) (4.2.68)
Injecting (4.2.66)-(4.2.68)) in (4.2.60) to get
(p* —p, Vo) =v(V(u —u), Vu) + (v —u).V)ut,v) + (u.V)(u® —u),v)
. (4.2.69)

§(V.(u6 —u),ut.v) + a(|uf]*u® — |u|*u, v)
Using in the condition inf-sup (4.2.48)) gives with g =p —p
19 =5 12 = (v | uf =l sl I+ 0w ) 1w = fl +Cra |l wf —u )
Note that pf,p € (ker B*)*, and from ([4.2.46)) we obtain

1
7 =plls 5 @+20=ry+Ca) |lv —u L
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Therefore 4
" =p< 3 | u® =l (4.2.70)
where A = (3 — 2r)v + C1a.
Putting (4.2.70)) in (4.2.65]) to have
A
& — < —1lplle. 4.2.71
Ju —ulh< 2 7] (271)

Finally, we substitute (4.2.71)) in (4.2.70]) to infer that

2

vr 32

I p"=DII< 19 e (4.2.72)
0

After the study of different proprieties about the boundary and penalized problem, we
pass to the shape optimization. We introduce in the ensuig section the shape optimization
problem. We derive an adjoint equation related to the perturbed equation. Finally, we

compute the gradient of the cost function in terms of state and adjoint variables.

4.3 Control problem

During this section, we introduce a shape optimization problem to minimize an objective

function. We derive an adjoint system related to the coming penalized problem

1
—vAuf + (u.V)us + Q(V.u‘f)uE +alu |*u+Vpr=f inQ

Vauf+ep®=0 in Q)

u* =0 on Ty (4.3.1)
ut =g onTy

V% —pn=0 on I’y

and compute the shape gradient of the cost function in terms of state and adjoint variables.

For simplicity we assume that f = 0. We first define the objective function
J(Q) = 1(Q) + J(Q2) (4.3.2)

where

1

T(Q) = ; /Q U — ug|?dz, and Jo(Q) = %/Q]curl(usﬂ%ﬂ
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with u, is the target velocity. It depends on the ability of fish swimming.

We introduce also the following functions

F(Q,u,p,v,q) = /

Q

—/qV.uadx—E/qpadx
Q Q

Then the optimization problem can be expressed as

1
<uVu€ : Vo + (v V)ut.o+ E(V.us)us.v + alu®|*u v — pEV.v> dx

1
Qrgfllgd J(Q) = 3 /Q |uf — ug|*dx + % /Q \curl(uf) |*dz

(4.3.3)
such that (u®, p°) satisfies the eugtaion (4.3.1))

4.3.1 Adjoint system

We begin by deriving an adjoint system associated with the penalized system (4.3.1)). This

theorem describes the adjoint system related to the general penalized problem (4.3.1]).

Theorem 4.3.1. Let (uf,p°) € V,(Q) x Y. The adjoint system associated to the equa-

tion (4.3.1)) takes the form

1 1
—vAv + (Vud)T v — (uf.V)v — EV(UF.U) + E(V.ue)v + aluf|* 72 (Juf 2o + a(uf.v)uf)

+Vq = (uf — ug) — ocurl(curl(v)) on

Vo+eqg=0 on €2
v=20 onl'yUI
v
Vo + 2(uf.n)v — ng = ocurl(u®).T on Ty
n
(4.3.4)
Proof. Let L(Q2,u®,p®,v,q) be a Lagrangian functional defined by
L(Q,u®, p°,v,q) = J(Q) — F(Q,u,p%,v,q) (4.3.5)

We first derive L with respect to the state variable p in any direction p € M to obtain
aL g € ~ = N,
—(Q,u",p%,v,q9).p= | pVude+ | epgdx
op* Q Q

The variation p is arbitrary, we get

Vu+eqg=0 onQ (4.3.6)
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Next, we derive L with respect of the state variable u® in the arbitrary direction @ € V(1)

to have
L
0 = guE(Q,ug,pE,v,q).ﬂ
= /(ue — ug).udzr + a/ curl(u®).curl(t)dx
Q Q

1
- / |:VV1~L Vo4 (. V)utv + (u.V)i.v + §(V.ﬂ)ug.v + (Vuf)uw| de
0
+ / qV.udr — / [alu®|*@ + aclu®|** (v @)u"] v do
Q 0

= /Q[(u6 —ug) — aczfrl(curl(ue)) + vAuE — (Vud) v+ (uf.V)v

1 1
+ §V(u€.v) - é(V.ue)v — (al|u®|*v + aa|u®|* (v v)uf — Vq|.i dx

+ / <Ocurl(u5)7' — (V@ +2(u.n)v — nq)) ads
T an

Considering an arbitrary direction « which vanishes in neighbourhood of the boundary

I'y, we write

1 1
—vAv + (Vud)T v — (us.V)v — §V(UE.U) + §(V.u5)v + aluf |72 (|uf v + a(uf.v)uf)
+Vq = (vF — ug) — ocurl(curl(vf))
An arbitrary @ in I'y gives

9]
g 2(uf.n)v —ng = ocurl(u®). 7 onTy

on

Finally we obtain the adjoint system

1 1
—vAv + (Vud)T v — (uf.V)v — §V<u€.’l}) + §(V.u5)v + aluf|* 72 (Juf 2o + a(uf.v)uf)

+Vq = (uf — ug) — ocurl(curl(v)) on

Vou+eg=0 on {2

v=20 on FO U Fl

VO_U + 2(uf.n)v — ng = ocurl(u®).T on Iy
n

(4.3.7)
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4.3.2 Shape gradient

In this subsection, we express the shape gradient using the state and adjoint systems.
Consider Q be a reference domain in R?, the perturbation of Q by the velocity method is

described as the flow defined by the initial value problem

dx
g“’ X) = V(t, x(t)), (4.3.8)

x(0,X) =X,
Let T}(X) = x(t,X), VX € Q.
Let €; be a perturbation domain of Q2 and J(€2) be a functional associated to ;. The
shape derivative of the functional J(€2;) at Q in the direction of the deformation field V

1s written as

4T V) = Tim ~ (J() — J(Q)).

t—0 ¢

If dJ(Q;V) exists for all V € C([0,T]; (D*(R?))?), for small positive constant T, the

functional J is called shape differentiable at €2 and its shape gradient satisfies
dJ (V) = (V. V) (0 @)2y x(or @)

We assume that the boundaries I'y and I'y are fixed in the admissible set of domains. And

we define the velocity field admissible domain as follow
Vaa =4{V € C%0,7;(C3(R?))?)| V=0 on Uy}

The use of the velocity V for ¢ > 0, implies the transformation of the domain {2 into
Q, = T,(Q) by the velocity method with formulation (4.3.8).

Let us find an expression of the derivative of the saddle point problem j(t) with respect
to t, where

](t> = min N max . L(Qtauiupiavtaqt>
(ug,p§)EVy(Qe) XY () (vt,q)€VD () XY ()

and (ug,p:) and (v, q) are solutions of (4.3.1) and (4.3.4) in the perturbed domain €,
respectively.

We consider the Hilbert spaces which depend on the parameter t defined by
Vo() = {uw o Ty wf € Vp(Q)}

V() = {w o T s w € V()

~

V() = {poT s pev@)}

Since T; and T, ! are diffeomorphisms, the parametrisation do not influence j(t), and we

have
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Jj(t) = min max  L(Q,u o T, pfo T, vo Tt qo T, )
(u®,p)eVy(Q) XY () (v,9)EVH(Q) XY ()
We introduce the following functions which depend on the parameter t

1
Ii(t) = A |uf o T, 1 — ugl®dx + % /Q \curl(uf o T; 1) |*dx,

(t) = / WV 0T Y Vwo T + (i o T ). V) o T, Y. (w0 T,
Faluf o TP (uf o T ). (w0 Tr) — (5F o Ty )V.(v o Ty ) ]da

- [ etV o T e e [ (0T 0 o T e
Qt Qt

The Lagrangian functional writes
L(Qu o T, p o T, wo Tyt qo Ty ) = () — ()
If ®:[0,7] x R? — R is sufficiently smooth, we have the following Hadamard formula

o
4 O(t, z)dx|i—o = a—(O,x)dac+/ ®(0,2)V (0, X).nds (4.3.9)
dt Jq, q Ot 50

Let V(0,X) € Vg4, and observe that V(0,X) = V. Therefore we can derive the shape
gradient using the formula (4.3.9):

d / /
%L(Qt’ us o Ttilape © Tflv vo Ttilv qo Ttil)‘t=0 = ll(o) o ZQ(O) (4'3'10)

where

1,(0) :/Q(ua—ud).(—VuE.V)da:+a/chrl(ua)curl(—VuE.V)dx
(4.3.11)

1
+—/ (|uf—udy2v.n)ds+3/ (|eurl(w®)|2V .n)ds
2 Jr, 2 Jr,

’

,(0) = /Q[VV(—VuE.V) : Vo +vVu® : V(=Vou.V)

+ ((=Vus.V).Vu)o + (v*.V(=Vu'.V).v + (u°.Vu©).(-Vuv.V)
%V.(—Vua.V)ua.v + %V.ua(—VUS.V).v + %V.uaua.(—Vz}.V)

+ ac|u®|* 2 (= Vur. V.uf) (uf v) + aluf|*(=Vus.V).v

+ a|u®|*u®.(=Vu.V) — (Vp.V)V.v

—pV.(=Vo.V) = ¢V.(=Vu.V) — (V') (—Vq.V)]dx
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Using Green’s formula and the condition u* = 0 on I'y, we obtain

1
L) = — / (~vAu (0 V) + LV + alu [ + Vp).(Vo.V)da
Q

—l—/Q(V.uE)(Vq.V)dx + /Q(V.v)(Vp.V)daH— /[—VAU + (Vu) v — (uf. V)

Q

1 1
—§V(u€.v) 2(V ) v + alu®|* 2 ([ufPo + a(ufv)uf) — Vql.(Vus.V)dz

)

_/r [ug—z + 2(u.n)v — ng|.(Vu.V)ds _/r [((;il —ng|.(Vv.V)ds

—I—/ [vVu® : Vo + (u°.Vu) .o + alu®|“u®.v — pV.u — ¢V.uf|V.n ds
To

(4.3.12)
Replacing (4.3.11) and (4.3.12) in (|4 3.10) and using the fact that (u®,p®) is solution
of (4.3.1) and (v,q) is solution of (4.3.4]) respectively yields to

d
dI(V) = Ll

1
- ‘/ (Ju" = ual® + olcurl (u)[*)V.n)ds + / v 2% 4 ng). (Ve V)ds
2 Lo To on

+ /F O[VW — np].(Vo.V)ds — / (VW : Vo)V.n ds

On T

—0 /FO(?;; (curl(u®) An))V.nds
(4.3.13)
Note that u* = 0, v=0 in I'y we have

n.(Vu'.V) =Vu . (n®n).V.an=Vu'.nn(V.n) = (V) (V.an) =0, Veel, (4.3.14)

ov ov  Ou® Ov .
n (V. V) =Vu . (n®n).V. m = on o —(V.n) = (Vu® : Vu)Von (4.3.15)
With a similar manner we obtain
ou® out Ov .
n.(Vo.V) =0, on (Vo V) = on .a—n(V.n) = (Vu® : Vo)V.n (4.3.16)

Substituting (4.3.14))-(4.3.16]) in (4.3.13) the shape derivative takes the form

. _ 1 e 2 o £\ 12 au 81} _
dJ(; V) = /ro {2|u uq|* + 2|curl(u e+ o (2V8n ocurl(u®) An )| V.nds
(4.3.17)

Consequently, the shape gradient writes
ou’

— 1 e _ 2, 7 2, 27 @_ €
VJ = {2|U Ul +2|curl( u®)|” + o (QVan acurl(u)/\nﬂn (4.3.18)



4.4. FINITE ELEMENT METHOD 153

After the computation of the gradient of the objective function and the derivation of the
adjoint system, we adopt a discrete finite element method to discretize the penalized prob-
lem. We establish an error estimates to prove the convergence of the discrete approximate

solution to the boundary problem solution.

4.4 Finite element method

We consider a finite element space €, of Q. Let Q) = U Ty, with {T}} is a partition of 2
into non overlapping elements. Let us introduce the finite element dimensional space X"

of X = (H}(Q))4, d=2 or 3 as follow
X" ={ve (C)!| v, € Q" forall T, C U} (4.4.1)

where Q" is the space of polynomials functions of degree k given by

d
QF = span {H x?i
i=1

We define the integration rule I(.) by

0<b < k:} (4.4.2)

E G

[tz =119)= 37> glebyut (143)
&2 k=1 i=1

where z¥ € (), are the integration point coordinates, w¥, 1 <i < Gy, 1 < k < E, are
the integration weights of the Gauss rule I(.) on any element Q; and E is the number of
elements in the mesh.

The pressure space Y is piecewise discontinuous defined with the points in the integration

above. We have for any ¢, € Y"
I(qnV.n) = (qn, Voup)  forall v, € X" (4.4.4)

For f € (X", and for ¢ > 0 fixed we introduce the approximate perturbed problem reads
as
Find u5 € X" such that

1
v(Vus, Vo) + ((u.V)us, vy) +§(V.ui, us o) + a(|us,|us,, vp)
1 (4.4.5)
+EI((V.u2)(V.vh)) = (f,vp) forall v, € X"

Moreover, the approximate pressure verifies

1
Py (zf) = —EV.U‘Z(I?), 1<i<@G, 1<e<FE (4.4.6)

K3 K3
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We assume again that the condition (4.2.46)) is satisfied by f

Sh S
o I f ||(Xh)’§ PE] [ fllxy<1-r (4.4.7)

The next result focuses on the existence of a weak solution for the approximate perturbed
problem ({4.4.5)).

Theorem 4.4.1. Assume that the regularity of the data (4.4.7) holds for h, e > 0. We

have the following proprieties

1. There exists a solution to the approximate perturbed problem .
2. The sequence (u5) € X" is uniformly bounded in e.
3. The following estimates
U 1 a5 e 00 1P o I I (14.8)

hold.

Proof. We follow similar steps as for the continuous problem in theorem to obtain

1
| up, llxn < > 1S Ml acny (4.4.9)

[]

We set the inf-sup stability condition for the approximate problem. We suppose, there

exists a constant (3, > 0, such that
I(qnV.vp)

> Bl dn llz forall g, €Y" (4.4.10)
mexh |l on [lv

We introduce the finite element space Z” with
an=1{q € Y"|qh — qn € KerB;;} (4.4.11)
We also define the operators By, € L(X", (Y")), By € L(Y",(X")") by

I(gnV .vp) = (qn, Bron)yny syn = (Bhan, On) (xny xxns  Jor all (v, qn) € X yh

(4.4.12)
The kernel of the operator B} is defined by
KerB;, = {q, € Y"| I(qyV.v3,) = 0 Vo, € X"} (4.4.13)
The norm on Z" in (4.4.10)) writes
ldn llzn= , inf |l gy+aqn| (4.4.14)
g,€KerBy

The main idea of these results is that the pressure is bounded in ¢ and that the solution
for the approximate penalized problem (4.4.5) converges to the solution of a boundary

approximate problem.
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Theorem 4.4.2. Consider that u5 is solution of the problem (4.4.5) in X" and the pressure

p; defined by ([4.4.6) in Y". Then
(i) The approxzimate discrete pressure p5 is uniformly bounded in €.

(i) The couple (u5,p5) converges to the solution (up,psn) of the problem

Find (up,pr) € X" x Y™ such that

1
V(V’Lbh, V’Uh> + ((uh.V)uh, Uh) +§((V’U,h), uh.vh) + a(|uh|°‘uh, Uh)
—(pn, Voup) = (f,vn) forall v, € X"

(qn, Vo) =0 forall g, € Y"

Proof. The theorem ensures that (u§) € X" is uniformly bounded in e.
Replacing (4.4.6)) in (4.4.5)

I(p; Vo) =— (f,on) +v(Vu5, Vo) + ((u5,.V)us, vp)

1
+§(v.uz, us o) + a(|ug | us, vp)
Substituting this results in the discrete inf-sup condition (4.4.10)),

. 1 . c c C
155 v = {1 £ Ny +0 1165 Db L 2 e o 1} < S
Bh Bh

Or p5 € (KerB;)*t, we infer that
I Ph lzn=Il i, |

Therefore, (4.4.16) gives

. C
I'p5 1< =~

~ B

Since C is independent of ¢.

(4.4.15)

(4.4.16)

(4.4.17)

The sequence (u5, p5,) is bounded, then there exists a subsequence denoted (u5, pf§, ) without

lose of generality which converge to (up,pn) € X" x Y". And we have
lim 7(qnV u3,) = I(gnVup), forall g, € yh
e—

Using (4.4.6),
I Vig) = —el(qnps) < e |l an |l 25, |l

We use the fact that (p5) is bounded, and we pass to limits as € — 0 to obtain

I(gyV.vp) =0

(4.4.18)
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Therefore the second equation of (4.4.15)) is established. For the first equation of (4.4.15))

we use

lim v(Vu;, Vo) = v(Vuy, Vo) forall v, € X"

e—0

lir%((ui.V)ui,vh) = ((up.V)up,v)  forall v, € X"
e—

1 1
lim §(V.u‘,€l,ui.vh) = E(V.uh,uh.vh) forall vy, € X"

e—0
lir%(|ui|aui,vh) = (Jup|“un, vp) forall v, € X"
e—
lin%(pi,v.vh) = (pn, V.up) forall v, € X"
E—

]

We are now in a position to give an priori estimates of the error for the solution of
the discrete penalized problem (4.4.5) and the solution of the approximate state prob-

lem (4.4.15]).

Lemma 4.4.1. Consider (u5,p5) € X" x Y" defined by (4.4.5) and (up,pn) € X" x Y"
solution of the problem (4.4.15)). Then

a

| uf, —un W< e—= Il pn | (4.4.19)
Bn
and
€ CZ
I ph =P lI<ezz on ] (4.4.20)
h

where Cy and Cy are two positive constant non depending in €.

Proof. We use the definition of the discrete pressure in (4.4.6)) in the equation (4.4.5)) and
we subtract (4.4.15)) to have

1
v(V(ug = un), Von) + ((ug Vg, on) + 5 (Votg, jon) + alluq|*uh — fun|*un, vn)

1
—((up.-V)up,vp) — é(V.uh,uh.vh) + (prn — 95, V.or) =0 forall v, € X"

(4.4.21)

With some calculus, for v, € X" we obtain
((uh-V)ug, vn) = (((wh, — wn).V)ug, vn) + ((un-V)ug, vp), (4.4.22)
—((up-V)up,vp) = —((up. V) (up — uj), vp) — ((up.V)ug, vp) (4.4.23)

1 1 1
5((V.u‘,€l),ui.vh) = E(V(ui — up), uy.vp) + é(v.ui,ui.vh), (4.4.24)
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1 1 ) 1 .
—5((V.uh),uh.vh) = 5((V.uh), (w5, — up).vp) — §(V.uh, uj, . vp,) (4.4.25)

Replacing (4.4.22)-(4.4.25)) in (4.4.21)), yields to

(p5, — pn, Voup) = v(V(u§ — up), Vop) + (((u§, — up).V)us, o) + ((un. V) (45, — up), vp)

1 1
5 (Ve(ug = un), whvn) + 5 (Veun, (wh, — un).vn) + allup|[*uj, = Jul*un, vn)
(4.4.26)
Substituting in (4.4.10) and using (4.4.7) and (4.4.9))
U v+2v(l—r)+aC 8
155 = i v DI gy, (14.27)
Or, pi and py, are in (KerB;)*, then
I 65 = Dn Ml zn =l £5 — b |l
Consequently, (4.4.27) gives
. v(3—2r)4+aCs | .
| 2 —pn (1< 5 | i — un (1 (4.4.28)

Consider v, = uj — uy, in the equation (4.4.21) to write

1
(h = pny V(i = un)) = v [, = un ([ (0 V), 0, = un) + (Vg i (uf, = un)))

(Y, = un) — (V- (0, )

+a(lug |, ug, — un) — al|un|“un, uj, — un)
(4.4.2)
Using up, = —(u§ — up, — u5) and thanks to (5.2.13), and the inequality (4.4.27), (4.4.29)

takes the form

(5, = pn, Vo (uf, —un)) = v [l uf — wn [IF +(((uf, = un).V)ug, (uf, — un))

+5 (Vo(u), = un), u-(uf, — w))
+a(|up|“uf, u, — un) — allup| un, uj, — un)
> v g —un [F —s 1] wf, = [l g [l
By and , we infer
(Ph = pn, V- (uj, — un)) 2 wr || uf, — up |7

Using (4.4.15|)

1
| uf, — un I3< ;(Pi — Ph, V.uj)
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The use of the property (4.4.6]) gives

€
| uj, —up |7 < V—T(Pi — Dh, D)
. i g _ _ i e 2
o (ph ph,Ph) or || Pp — Pn ||
Therefore
€
| ujy, — up [7< — | 25 —pn Il 2n |l (4.4.30)

Substituting (4.4.30) in (4.4.28)) gives

(3—=2r)v+akK,
vrfy,

| up, —up [3< el pu | (4.4.31)

Replacing this results in (4.4.28)) to get

(v(3 —2r) +aky)?

VTB}%

I 95 — pn [I7< ellpnl (4.4.32)

(3—=2r)v+ak;
vr

Finally the desired estimates (4.4.19) and (4.4.20)) are obtained with Cy =
(v(3=2r) +aK;)?

vr
Theorem 4.4.3. Assume that (u,p) and (up,pp) are solutions of the problem and
(4.4.15) respectively. Then

and Cy = O

3 a C C
R (— g —01) <1+ —) Lol + 2 o (4433)
r vr 578 vr

for all v, € X" and all ¢, € Y", and

/

o v(3 —2r)+aC C
15— lln & ﬁh) uu—uh|\1+(1+—)up—qhu for all g € V"

Bh
(4.4.34)

Proof. We introduce the finite space X" = {Uh € X" (qn,V.op) =0 forall g, € Yh}.
Since u;, € X" and v, € X", let v, = up, — vy, in  ([4.4.15)) to get

1
v(Vup, V(up, —vp))+  (un.V)up, up — vp) + §(V.uh, up-(up — vp))
(4.4.35)
+a(lup|®un, up, — o) = (f,un, —vy) forall v, € Xt

Subtracting the quantity

1
V(Vvh, V(Uh - Uh)) + ((Uh.V)Uh, Up — Uh) + §(V.Uh, ’Uh.(uh - Uh)) + (Z(|Uh|a7jh, Up — Uh)
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from the both sides of (4.4.35)), multiplying (4.2.2) by v = uj, — v, and substituting here
in the right hand side

V(V(Uh — Uh)7 V(uh — Uh)) + ((uh.V)uh, Up — Uh) + %(V.uh,uh.(uh — Uh))

1
+a(|up|*up, up — vp) — (0. V)vp, up, — vp) — §(V.vh, vp-(uh_vy))

—al[vn]*on, un = vn) (4.4.36)
=v(Vu, V(up —vp)) + (w.V)u, up, — vp) + al|u|*u, up — vp)

—(p, V.(up, —vp)) — v(Vor, V(up —vp)) — (0p.V)op, up, — vp)

1
—§(V.Uh, v (up — vn)) — a(|vp|®vp, up, — vy) for all v, € XM
Or, v, € X" (p, V.(up—vp)) = (p—qn, V.(up—vyp,)). Adding and subtracting ((u.V)vp,, up, —

vp,) on the right hand side in the previous result

v(V(up — o), V(up, —vp)) + ((up.V)up, up, — vp) + %(V.uh, up-(up — vp))

—|—a(|uh|°‘uh - |Uh|a1)h, Up — Uh) - ((Uh.V)Uh, Up — Uh) - é(V.vh, vh.(uh - Uh>)
=v(V(u—wvp), V(up, —vp)) + (u.V)(u —vp), up, — vp) + a(u|*u — |vp|*vp, up, — vp)
—(p = qn, V-(up — vn)) + ((u — vp.V)op, up — vp) — %(V-(U — Up), Un-(Un — Un))
(4.4.37)

for all v, € X".
The first part of the equality above can be simplified as

v(V(up — o), V(up, —vp)) + ((up.V)up, up — vp) + %(V.uh,uh.(uh —vp))

+a(lup|*up, — |op|“vp, up, — vg) — (V5. V) vp, up, — vp) — §(V.Uh, Up-(up, — vp))

= V(V(uh — Uh>, V(uh — Uh)> -+ ((uh.V)uh, up, — Uh) -+ %(V.uh, uh.(uh — Uh))

Vp — Uh).V)(’Uh — Uh), Up — Uh) — ((uh.V)(vh — Uh), Up — Uh)

—(((

(v, — up).V)up, up — vp) — ((un.V)up, up, — vg)

(V-(vn = un), (vn — un)-(un — vn))) — %((V-Uh)a (vn = un)-(un — vn))
——(V.(’Uh — Uh), uh.(uh — Uh)) — §(V.uh, uh.(uh — Uh))

2
+a(|up|“up, — |vp|* v, up — vg)

= V(V(uh — Uh), V(Uh — Uh>> + (((Uh — vh).V)uh,uh — Uh) -+ %(V(uh — Uh), uh.(uh — Uh>>

+a(]uhlauh — \vh\avh,uh — Uh)
(4.4.38)

> v | up = o [ =5 || un — o 1] wn 12> vr || un —on |} (4.4.39)
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Substituting (4.4.39)) in (4.4.37)) and thanks to (4.4.7)), the fact that (uy) is bounded and
the Cauchy Schwartz inequality, we have

1 S a
| up —on (< = (1 +=(lwll + o) + —Cl) | u—vn [lx
T v v

(4.4.40)
Cy
+t—1p—a|
vr
for all v, € X" and ¢, € Y".
Simplifying (4.4.40) gives
1 5 a
lu—un < |1+~ (14 S ull+ lon )+ 2C) | lu—vn s
(4.4.41)
Co
+—1lp—a|
vr
We define v, = [, u as the orthogonal projection of u on X". We have
_ — inf _
lu =TIl wlli=inf =i
and
Ty w <l v lh
Using these properties in (4.4.41)) and the fact that (u) is bounded yields
3 a ) C
| w—up |1 < {— -1+ —C’l] inf |Ju—uvplh+— | p—aqnl (4.4.42)
r vr | v,exh vr

It remains to estimate the term inf | w — vy ||;. For this end, we solve an auxiliary
thXh

approximate penalized variational Stokes problem:

let vy, € X" for all € > 0, Find z; € X" such that
1
(Vz, V) — gI((V.zZ)(V.wh)) = (Vup, V) forall wy, € X" (4.4.43)

There exists an unique solution z; € X" of the problem ([4.4.43)). We define the associated

pressure w5 € Y as

1
my (zf) = —gv.zi(xf), 1<i<G, 1<e<FE (4.4.44)

(2

The sequence (25, 7%) converges in X" x Y” to the solution (zp,,m,) € X" x Y" of the

problem

Find (zp,, ) € X" x Y such that

(Vzn, V) — (7, V) = (Yo, V) for all wy, € X"
(4.4.45)
(qn, V.zp) =0 forall g, € Y"
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So,
|| S——— le sup (V(Uh - Zh)7vwh)
wpEXh || Wh ||1
Using (4.4.45|) to infer that
V.
| 'vn = 20 [l1= supy, ¢ xn (T, V. 100)
| w1
The discrete inf-sup condition gives
v = 2n 1= Bu || 20 [l 2n (4.4.46)

Consider wy, = up, — 25, in (4.4.45)). Since (7, V.z,) = 0 and combine (4.4.45)) and (4.2.2))

to have (m,, V.u) = 0 and since (g, V.(u — vy)) = 0 for all ¢, € KerB;j, we obtain
lzn — o [IF< C L i+ g [l e —on [h
The infimum over all ¢;, € Ker B} implies
I2n = vn [T< C || #n 120l w = v |1,
By the inequality (4.4.46)),
C
|2n —vn (1< = luw—on s
B
which gives
C
luanlis (145 ) Hu=wlh
B

2, € X" according to the problem (4.4.45). The infimum over all z;, € X" gives

inf || u—zp, 1< (1 + g) |w—ovy |y forall v, e X" (4.4.47)
zpEXP /Bh

Substituting the (4.4.47)) in (4.4.42)) gives the estimate (4.4.33)).

Now, let us derive the pressure estimate. From the discrete inf-sup condition (4.4.10)

applied to ¢, = q, — pn, we have

. 1 I((gn — pr) V.0
| Gn — pn |20 < == sup (gn = pr)V-0n) (4.4.48)
Bh opexn | vn |1
Using (4.4.4),
I((gn — pr)V.op) = (qn — p, V.up) + (p — pr, V.up) (4.4.49)

Multiplying (4.2.2)) by vj, and subtracting ({4.4.15))
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(p—pn, Voup) = v(V(u—up), Vor) + (w.V)u,vn) — ((up.V)up, vp)

1
—5((V.uh), up.vp) + alu|®u, vy) — alup|*un, vp)

forall v, € X"

Using similar calculus as in (4.2.66)- (4.2.71]), the triangle inequality and (4.4.7)) to get

(P = pn, Vo) < [Vllu = uplly + 20(1 = 7)lfu = unl s + aCllu — upl[1] | vn 3
Injecting this result in (4.4.49) and using (4.4.46)) yields to

R R v(3—2r)+alC C
|| Gn — D || 20 < ( ) | u—up i+ p—an |
Bh B

/

Consequently

A o v(3—2r)+aC C’

15 =pnlln <l p—dn lln +28 /3) i+ p—gn |
h Bn

IN

B B
which finish the proof. n

3—2r) + aC C’
V3= 2r) ta ||u—uh|rl+(1+—) Ip—anl

Theorem 4.4.4. Let (u,p)e X x Y be the solution of (4.2.2) and (u5,p;) be defined
by (A3 then

. 3 a cy\ .
lu-uilhs (3-1420) (145 ) ot fu-ul,

Cy . Cs
+— inf - +—¢
ot lp—an 45 I

(4.4.50)

and

L v(3—2r)+aCy (3 a C )
| p =05 |20 < ( ) 1(——1+—C’2> (1—1——3) inf || u—ovy |1
Bn r vr h ) onexh

1"

Cy (3 a . 8.
L= (- -1+ £ |lp— c
+( *3 (T + WCH)) Jof e —anll e o |
(4.4.51)

Proof. For the first inequality, we use the triangle inequality
o —=u <[l w—un [y + [} un — uj [|s

Using the inequalities (4.4.33) and (4.4.19). The infimum over v, € X", ¢, € Y" implies
the estimate (4.4.50)).

With a similar manner
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1D —=05 lze <l D= Dnllzn + || Dr— D5, [| 20
=D =pnllze + 1l D0 — 55
[l

Remark 4.4.1. For ¢ a small positive constant, the inequality (4.4.20)) show that ||py|| is
bounded.

4.5 Numerical resolution

4.5.1 Numerical implementation of optimization problem

In this subsection we study the approach called spectral projected gradient to solve the
shape optimization problem which consists to minimize the discrete cost function defined
by

B(y) = %i; [/en u™ — |2 —|—04/e | curl(u™) |2} . (4.5.1)

The used method is based on the successive projections into a closed and convex £

subset of R* of all the points y = (y1, y2, y3, y4) € R? satisfying

1 3
-1.213 < < -1.213
A >U1,Ys > A

. (4.5.2)
0 < yo,ys < 1 0.97
and for a comfortable fish passage other constraints are set up:
ys—y1 = dy =0.1
(4.5.3)

Y2 — Ya = do = 0.05

1 3 1
We denote a1 = ag = 11.213, by = by = 11.213, as = ay =0, by = by = 10.97. Then the

admissible set () is defined as

Q:{y:(y17y27y37y4)€]R4: azgyngu Z.:]-)"'v47

(4.5.4)
ys—y1 > di, Yo —ys > do}

The optimization problem writes
min J(y). (4.5.5)

y€Qo
The optimal position y € €y is found through the following algorithm using the compu-
tation of the cost function gradient and the projection functions.

Let n =1,y € Q and € > 0 be a positive tolerance.
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1. Compute d = Py, (y —nVJ(y)) — g, with VJ is the gradient of the cost function J
and 7 is a positive constant given by

- Consider y the current point and g the previous point. Compute z = §y — y and
y=VJ(@)—-VJG) . Ifzly >0, take n = #; elsewhere, take 1 as a fixed positive
Yy

value.
2. Stop when d = 0 (in practice, || d ||< €) and 7 is a stationary point of J on €.

3. Set g =y + &d, with £ is defined as the step size. And go to (1) with § = .

The value y = Pq(2) is the projection of z € R* onto Q. It is computed by minimizing

a quadratic function of the distance of z to 2 as follow

. 1 2 . 1T T 1T
17}16151§Hy—2\]—r£§r21§z FmZ Yty y (4.5.6)

which is equivalent to
4
. 1, 1 2}
min =2 T AT Y
(y1,y2,3,y4) ; {2 ity
subject to a; <y; < b;,i=1,..,4
ys —y1 > dy, Yo —ys > do

In order to solve the two quadratic problems, we use the Karush-Kuhn-Tucker (KKT)
technique: Choose a = a; = ag, and b = b; = b3. We need three constraints with the

optimization problem

. 1
min c— (hzy + lbxs) + = (22 + 23)
(z1,x2) 2

subject to x9 < b,

where ,a, b, dy, ¢, and [;, i=1,2, are real numbers.

Consider the following matrix
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Then the linear constraints write
Ar—v=0>b, v>0,

where v = (v1,vov3)7 is the slack variables. The optimisation problem is solvable with
unique solution due to the convexity of the cost function in R%2. The obtained solution
satisfies the KK'T conditions

v = Axr—1D

—l+x=AT)\,

v>0, A>0,
vI'A =0,

where [ = (I1,1s,13), and A = (A1, A\, A3) is the vector of the Lagrange multipliers associated

to the three constraints above. The unique optimal solution writes
r=1+ AT\
which gives
T =10+ — A3
Tg=1lp — A+ A3

For computing the Lagrange multipliers \;, we solve a LCP problem which takes the form

v=(=b+ Al) + AAT)
v>0, A>0

vIA=0

Remark 4.5.1. The gradient of the cost function is computed using the formula established

in section 3.

4.5.2 Numerical examples

The techniques for the optimal design, developped in the previous sections, are investi-
gated. We verify the approach for the calculation of mean flow in a vertical slot fishways
(VSF). There exist various approaches to design a VSF, whose objective is to dissipate
the energy of the inlet jet and to create flow conditions in the pool that enable the fish
to ascend in comfort circumstances. We realize three different tests of designs of VSF
with I and L shaped baffle that are the most adopted for upstream passage of fish in river

obstructions.
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Vertical-slot fishway

15m 120m |

e TTTTTTTTTT

12m

Ground Plan

Figure 4.1: Conceptual layout of a vertical slot fishway

The structure of a fishway is consisting of a succession of ten pools (Figure . Each pool
has a length of 1.213m and a width of 0.97m. We also have two transition pools, one at
the beginning and the other at the end of the channel with a length of 1.5m and a same
width as the other pools.

The numerical simulation for the three tests is done with the same physical and numerical
conditions. All initial and boundary conditions are taken constants. the inflow velocity is

¢ = 0.1 m?s~!, the target velocity is ¢ = 0.8 m.s~ 1.

The vorticity parameter is o = 0.
The viscosity is 0.01. The exterior function is f = 0. For fish passage with comfortable

conditions, we put d; = 0.1 and dy = 0.05.

4.5.2.1 Vertical Slot Fishway (2-D "L" shaped baffle-oblique slots)

The set of Equations [£.2.31] is solved by the finite element method4.4.5] combined with
projected gradient for the resolution of the shape optimization problem [4.5.1 The

implementation uses the FreeFem++ software.

FreeFem++ is a partial differential equation solver that has an advanced automatic mesh
generator, it uses fast algorithms such as the multi-frontal method UMFPACK with several

triangular finite elements. The central pool of the computational domain that is shown in

Figure [£.2]
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L=3

2.7 or2

W
/

Figure 4.2: Fish pass geometry and mesh in the central pool

In Figure calculated flow contour plots of the approximated velocity components
both for the random and the optimal shape.

Figure 4.3: Initial (left) and optimal (right) velocities for central pool

We observe that the circulation areas near of slots are removed for the optimal shape see
Figure (right) compared to the initial random structure see Figure (left).

4.5.2.2 Slot Fishway (3-D "I" shaped baffle-rectangular slots)

This numerical example performs a 3-D computational fluid dynamics model for VSF.
We consider a 3-D channel of ten pools. The geometry of slots in each pool is rectangular
as shown in the Figure [£.4]

The existence of the slots in the fishway provides a good dissipation of energy and quit
areas between pools allowing to fishes to have a rest in the pool before the begin to across
to an other pool (Figure [4.4). The ensuing results present the velocity for ten pools and
compare the water flow in the random and the optimal shape.

As for the initial random shape (Figure , there are a circulation areas near from slots
compared to the obtained optimal shape (Figure . The results are clearly observed
for the central pool. Moreover, the present 3-D calculations showed that the common

assumptions in VSF that the flow is 2-D is not in general valid.
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Figure 4.5: Velocity fields for non optimal ten pool configuration

Figure 4.6: Velocity fields for optimal ten pool configuration

The corresponding cost function reduction is given in figure We observe a decreasing
of the cost function J in terms of the nature of the fish ladder geometry. As soon as the

guidelines slots become optimal the objective function reached a minimum value.
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o B E B B8 E

Figure 4.7: Objective function evolution

4.5.2.3 Slot Fishway (3-D "L" shaped baffle-oblique slots)

We present results for 3-D existed fishway design in nature with L shaped oblique baffie.
The different dimensions for the initial structure used are (Figure [4.2(left) and Figure
4.8 (left)) slot width by = 0.3 m, basin length L = 3 m, and widths W = 2 m. Length
and width proportions are i = 10 and % = 6.6. These standard values are issued from
current VSF designs [1 ©]. A triangular discretization in space is used to descretize the
fluid domain 2. The density of mesh is large near from slots compared to the other zones.

Numerical simulation are done with 19000 triangles.

Figure 4.8: 3-D Example of Fiswhay with oblique slots and mesh in the central pool

The following results present the velocity for ten pools and compare the water flow in
the initial and the optimal shape. As for the initial structure (Figure , there are a
circulation areas near from slots compared to the obtained optimal shape (Figure .
We observe clearly the recirculation regions flowing in opposite directions for the initial
shape compared to results in the optimal shape where the recirculation areas near from

slots are reduced.

The figure illustrates the decreasing of the cost function J in terms of the nature

of the fish pass structure.
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Figure 4.9: Non optimal velocity for ten pool

Figure 4.10: Optimal velocity for ten pool
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Figure 4.11: Objective function evolution

4.6 Conclusion

The design optimization is extended to the penalty porous media model and has been
successfully used in hydraulic shape optimization. Based on the Navier Stokes Forchheimer

model, the penalized system has been analyzed and a finite element method are considered.
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Error estimates of the velocity and the pressure are derived in term of H! and L? norm
respectively. 2-D and 3-D examples have been presented, and the corresponding results

have demonstrated the usefulness and robustness of the approach.



172CHAPTER 4. ANALYSIS AND FINITE ELEMENT APPROXIMATION OF OPTIMAL CONTROL |



Chapter 5

Hydrodynamic design optimization
using non stationary porous media

model

5.1 Introduction

In this chapter, we are interested in studying the non-stationary Navier Stokes Forchheimer

equations
(w, —vAu+ (uV)uta|ul*u+Vp=Ff inQ,
Vaua=0 mn €,
u=20 on Iy,
5.1.1

0
Va—z —pn = on I's,
11|t:0 = Uy on Q,

\

where Q is an open bounded set in R? (d = 2 or d = 3) with a sufficiently smooth boundary
0. The unknown functions here are u(z,t) = (uy(x,t), us(z,t), us(x,t)) and p = p(x,t),
which stand for the velocity filed and the pressure of the flow, respectively. In damping
term, @ > 1 and a > 0 are two constants. The given function ug = ug(x) is the initial
velocity and the constant v > 0 represents the viscosity coefficient of the flow. The vector
n is the unit normal vector to the boundary 02 = I'y U I'; U I'y, where I'y is the lateral
boundary, I'; is inflow, top and bottom flow boundaries and I's is the outflow boundary.
The resolution of the problem could be difficult numerically, caused by the

incompressibility constraint V.u = 0. A popular strategy to overcome this difficulty is te

173
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relax the incompressibility term with the penalty approach. Our purpose is to use a penalty
method which was introduced by Courant [23] and used by Temam [36] as an application
for studying the Navier Stokes equations, to treat the Navier Stokes Forchheimer equations.
The penalty method is to establish an approximation of the couple (u, p) solution of
by (u®, p°) solution of the following penalized problem

1
u; — vAU® + (u°.V)u® + E(V.ue)u€ +a|u |*u 4+ Vp=f inQ,
Vau+ep*=0 i €0,
u* =0 on Iy,
(5.1.2)
ut = g on Fl,
8 S
4 —p'n=20 on Iy,
on
u®|i—o = ug in Q.

\

In this chapter, we take into consideration the case of Dirichlet boundary conditions
uppo = 0. We prove the existence and uniqueness of the initial problem solution. We
separate the penalized problem into two parts; the linearised problem and the nonlinear
one. We derive an adjoint equation from the penalized problem and compute the shape
gradient of the objective function. Finally we set up a time discretization and we employ it
with a discrete finite element method to discretize the penalized problem and approximate

the discrete perturbed equation solution.

The penalized problem model is considered to study an optimization problem related
to fish pass structure, which consist to find an optimal shape of fishway structures by
minimizing a cost function. The procedure 1 is to adopt a finite element method to solve
the non-stationary Navier Stokes equations with damping and combine it with a gradi-
ent type algorithm called spectral projected gradient to solve the optimization problem in

order to find a velocity close to a target velocity associated with fish swimming capabilities.

The chapter is organized as follow; The second section is devoted to the preliminaries
useful for the analysis. A linearised problem is treated to show some error estimates.
In the last part of this section we study a non linear problem to establish a general
error priori estimates. The section 3 deals with the shape design. We define a shape
optimization problem. We derive the adjoint system and compute the shape gradient of
the cost function. The section 4 treat a time discretization by the use of a backward Euler
scheme combined with a finite element method to approximate the penalized problem and

derive an error estimate for the velocity and the pressure. Finally, in the last section, we
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use a spectral projected gradient method to solve the shape optimization problem and we

show some numerical results to prove the efficiency of this technique.

5.2 Mathematical model

5.2.1 Preliminaries

For the upcoming section we will study the following unsteady incompressible Navier

Stokes Forchheimer equations

u — vAu+ (u.V)u+aju|*u+ Vp=fin Q x [0,T] (5.2.1)

Vau=0in Qx[0,7], ulgo =0, u=o =ug (5.2.2)

We consider the following notations]

H={vel*Q),: Vw=0, vl =0}, where T =T UT; U,

V={veH}Q): V.v=0}

X = (YO (@=23), Y =1%0) , ¥ = (g @), 31 = g 1@ [ gaz =0}
Q

Vo(Q) = {u e (H'(Q)u=00nToUT;}
() = {u € (H'(@)u=00nTo, u—gon Ty}
Vo () = {u € (H*(Q)¥u=00nTyU Fl}
V,(Q) = {u € (H*(Q2)u=00nTy, u=gon Fl}

X ={ve (Hj Q)| (g, Vv)=0,Yqe L*)}
H=2(Q): the dual space of H*(Q2) N H} ()
Py the orthogonal projector in L*(€2) onto H
A = —PuA = A: the Stokes operator, which is an unboubded positive self-adjoint closed
operator in H with domain D(A) = H?*(Q) N V. We denote also by ||.||x the norm of
H"*(Q), In particular, we will use ||.|| to denote the norm in L*(€2) and (.,.) to denote the
scalar product in L*(2).
Now, we introduce some operators associated with the Navier Stokes equations and the
perturbed problem

B(u,v) = (WV)v, B(u,v)=(w.V)v+ %(V.u)v,

b(u,v,w) = (B(u,v),w), bu,v,w)=(B(u,v),w).

We observe that
b(u,v,v) =0 YueH, veHQ). (5.2.3)

We can also verify by integration by parts that

I The vector functions and vector spaces will be indicated by boldface type.
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~ 1
b(u,v,w) = 5 [b(u,v,w) — b(u,w,v)] Yu,v,we H})(Q).

It is easy to verify that b verifies
b(u,v,w) = —b(u,w,v), Yu,v,w € H}(Q). (5.2.4)

Consequently, we have
b(u,v,v) =0 Yu,v e H(Q). (5.2.5)

We have also the two following inequality which will be used in the upcoming sections

b(u, v, w) < [[ulli|[v][?|IvI[3[]w]] ¥v € H*(Q) N Hy(2), Yu,we Hy(Q).  (5.2.6)

([ulli[[v]h W]l Ya,v,w € H}(Q),

)
- [[ullo[vIlllwll Yu € H*(Q) N H(Q), Vv, w € Hj(€),
b(u,v,w) < (5.2.7)
[[ullo[[v][L[w]] Vu € H*(Q) N Hg(Q), Vv, w € Hy(),
o

L [l [v]l][w]| vv € H?*(Q) NHY(Q), Yu,w € H}(Q).

1
We introduce A.u = —vAu — =V(V.u), which is the operator related to the penalty
€

method. It is a positive self-adjoint operator from H?*(Q) N H{(Q) onto L*(Q2) and the
powers A7 of A (8 € R) are well defined and we have

1
(AV2u, AV2v) = (Vu, Vv), (AY?u, AY?v) = (AY2u, AY2v) + = (divu, divv)
g

for all u,v € X.
For ¢ sufficiently small, we have
|Au|| < C||A.u|| Yue H*(Q)N X,
1
IVu|| < C||A2u|| Vue X, (5.2.8)
|AZMu|| < Ofjul|l—2 Vue H*(Q).

for C a positive constant.

Lemma 5.2.1. We have the following Gagliardo-Nirenberg inequalities

[Vllze < cllvl[2(|AY2V][V2, Jv]] < el] AV, Yo € X (5.2.9)
IVvllze < cl|AY2v][Y2[[Av]['2, [JAY2v]] < cl|Av]], Vv e D(A) (5.2.10)
[Vlze < cllv][V?[[Av]["2, Vv € D(A) (5.2.11)

where ¢ is a general positive constant depending only on Q.
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Lemma 5.2.2. There exists a constant co > 0 depending on €2 and such that if ce <1,

[Av]] < eol|[Acvll, [JAY2v]] < eol|[AL2V]] (5.2.12)

We write some lemma of Gronwall type which will be used in the following.

Lemma 5.2.3. (Gronwall lemma) Let y(t), h(t), g(t) and f(t) be non negative functions
verifying

y(t) + /Ot h(s)ds < y(0) + /Ot(g(s)y(s) + f(s))ds YO <t <T, with /0 g(t)dt < M,

then
y(t) +/O h(s)ds < exp(M)(y(0) —l—/o f(s)ds) VO<t<T.

Lemma 5.2.4. (discrete Gronwall lemma). Let y"™, h™, g", f™ be nonnegative series

verifying

m m T/k
yh kY Rt < kY (M4 "), with kY g" <M Y0 <m < T}k
n=0 n=0 n=0

Suppose kg™ < 1 ¥n and let 0 = max (1 —kg")™", then
0<n<T/R

YU kYR < eaploM)(B+EY ), Ym < T/k

n=1 n=0

We give the property of monotonicity for any mapping F given by F : x — |x|*x
(Ju|*a = |v|*vV,u—v) >0 (5.2.13)
The following Sobolev inequality is useful to deal with the nonlinear form F.
lp < IVvll, 1<p<6 (5.2.14)
It is Known that if 99 is smooth enough, we have for any v € V N H?(Q)
[vll2 < [|Av]| (5.2.15)

We define the following functional G(u) = PF(u). In the coming result, we derive an
estimate for the velocity’s second derivative, the velocity’s derivative with respect to time

and the pressure.
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Lemma 5.2.5. We assume that the given data ug and f satisfy the following reqularity
u, € Vn H*(Q), f f € L*(Q) (S1)
Then there exists Ty < T such that the solution of the system - satisfies:
lu(®)ll2 + [l (@) + (O] < V€ [0, Th]. (5.2.16)

Proof. Take the inner product of the equation (5 with Au and integrate all to get

2dt||VuH2+7||Au||2 —b(u, u, Au) — a(|u|®u, Au) + (f, Au). (5.2.17)

Combining the inequalities (5.2.8])-(5.2.11)) with Young inequality, we have

b(u, u, Au) < —||Au||2 +C'||VuS, (5.2.18)

a(|u|"u, Au) < ||Au||2 + C|| V2O, (5.2.19)

Substituting ([5.2.18)) and ( into and using the fact that

(f,Au) < HAU\\2 ,YHfHZ,

we obtain

~ 3
24 2 v 6 2112, 9
th”V ul|” + IIAUH < [Vl + 27||f|| (5.2.20)

In particular, It is equivalent to solve the following equation (by assuming C’ > 1):

d .
Sy < Cy(0)*, with y(t) = Ve + Cr, y(0) = [Vu(0)|* + O
and C; = 3 sup ||f]|?. The equation above has a solution in [0, 7] where T} < 1
t 2y osé)T . 4 o P a0y(02
! and
— an
Co
y(t) < V2y(0), teo, Th].
So, for all ¢ € [0, T1] with T} = min{T7, Cio}, we have
IVu(®)|* < V2(|[VuO)| + C1) = Cs, (5.2.21)
Consequently, using (5.2.20) and ([5.2.21]), to infer that
T
sup |[Vu(t)|]* + fy/ |Awu(t)||*dt < C, vt € [0, T1]. (5.2.22)
0<t<Ty 0
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Deriving one time the equation ((5.2.1]) with respect to ¢, we obtain

wy — YAu + aF' (w)uy + B(ug, w) + B(u, u) + Vp, = f, (5.2.23)
Multiplying the relation ((5.2.23)) with u;, we get
1d

el + AV * = —a(F" (w)ur, we) — bue, w, we) + (£, wr).
2dt

Since (F'(w)u;)-u, is positive definite, using the inequalities (5.2.8]), Holder’s and Sobolev’s

inequalities yields to
1 1 1
sarllwl® + Al Vuel® < elluelllelFllwl3 1Vl + 507

v 1
< §||V’unt||2 + C(llullr lwll2) [ * + §||ft||2'

Using Cauchy-Schwarz inequality, estimates (5.2.15) and ([5.2.22)), to have:

T Ty % Ty %
[ tuellu@lzds < ([ eias) ([ laeids) <c G2z
0 0 0
Applying Gronwall Lemma to (5.2.24)), we obtain:
T
e ||* + ’y/ [V (s)||*ds < C, vt € [0, T1]. (5.2.25)
0

Multiplying the equations ([5.2.1]) by Au, we get
fYHEu”Q = _<ut7 K’U,) T a<|u’au7£u) - b(u7 ’U,,A’U,) - (fa AU)
AT @ A A Tux
< gHAUH2 + 29 [lue]* + a| (Jul*w, Au)| + [b(u, u, Au)| + gHAuH2 + 29| I

Similarly as in (5.2.19) and ([5.2.18)) we control the nonlinear terms. Using (5.2.21)), ([5.2.25))
and ([5.2.15)), we infer that

|lulls < C, Vit € [0, T1]. (5.2.26)
For the pressure estimate, we use the equation (5.2.1]) to have
IVpll < (luell + v IVl + alful* | + | B(w, w)]]). (5.2.27)

Using the Holder’s and the inequalities (5.2.8)), the estimates (5.2.21)) and ([5.2.26]), since
H'(Q) — L*), we obtain

1B(w, w)||* <Cllullas2l V]| 2ase

@

(=2 o(2h)
SCO[Jwllarall Awlly ™ o

2(1z2) - 3(252)
SOl Aully = lullon™ < C.

Substituting the inequalities (5.2.21)), (5.2.25)) and ([5.2.26]) in (5.2.27)), we obtain the pres-

sure estimate. O
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In the case where the initial data u(0) and f(0) satisfy some nonlocal compatibility

conditions, we take ty > 0 and we assume that we have an initial data (ug, pg) such that
[uo —u(to)| < CK*, [V (uo —ulto)]| + |V (po — plto))|| < Ck.

Lemma 5.2.6. Under the same assumptions of the lemma[5.2.5, we suppose in addition
that
-ft7 ftt < O([OaT]7 L2<Q)) (83)

Then, the solution of the system (5.2.1)) satisfies

t
lue(O)112 + Vel +/ (luee ()12 + lpee()T) ds < C, Vit € [to, Th]. (5.2.28)

to

Proof. Deriving one time the equation (5.2.1)) with respect to ¢, to have
Uy — ’yﬁut + aG' (u)uy + B(ug, u) + B(u, u;) = f, (5.2.29)

Multiplying the equation (5.2.29) by ﬁut, we obtain:

%%HvutHZ + ’YHKU’tHZ = _(ft7 zut) ‘f‘}?(’ll,t, u, Aut) + b(’ll,, Uy, Aut)
+a(F'(u)uy, Auy)
< 2N Aw? 4 2[1F )17 + [0(we, w, Auwy)| + [b(w, wy, Auy)|
+al(F'(uw)wy, Auy)]

With a similar manner as in lemma [5.2.5] we write

(e, w, A < B+ Cllull3 Ve (5.2.30)

b(u, u, Auy)| < %Ilﬁutll2 + Clull2 Ve (5.2.31)

Next,

al (F'(w)uy, Auy)| < Cla+ 1)l [u]| [ A < %Ilﬁutﬂ2 + Cllal S V[ (5.2.32)

Combining the previous estimates together and using the inequality (5.2.14)), (5.2.21]) and

(15.2.26), to obtain

d ~
F Ve’ + Al Awl? < 4llf.[° + OVl (5.2.33)

Thanks to Gronwall’s inequality, we infer that

to<t<Ty

t
sup ||[Vu(t)|)* + ”y/ |Au,(s)||*ds < C, Vit € [to, T1). (5.2.34)
to
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Now, differentiating the equation ([5.2.23)) with respect to t, we have

Uy — VAU + CLF”(U)|Ut|2 + CLF/(U)Utt +2B(uy, ur) + B(uy, w) + B(u, uy) + Vpyu = fu.

(5.2.35)
Taking the inner product of the relation (5.2.35)) with w4, to get
1d
5@”“%”2 F Al Vur|? = = a(F"(w)|wdl?, we) — a(F' (), wy)

- 2b(’U/t7 Uy, utt) - b(’um u, Utt) + (ftta utt)-

Since (F'(uw)uy) - wy is positive definite, using Young’s inequality, we have
d
%%HuttHQ + Y Vual® < 3l1Full® + 1B (w)|wel®, wer)| + 2[b(ue, we, uee)|

—i—]b(utt, u, utt)‘-
Thanks to (5.2.14)), (5.2.21) and (5.2.34)), since H'(Q) < L*(1),

((F"(w) e, w)| < alor+ 1) ([l Juel)
< ola+ Dlfulls Juellilwel
<

Cllwe])® + Cllull2 V[ Vae||* < Clluul* + €. (5.2.36)

Using Young, Holder inequalities, the inequality (5.2.8))- (5.2.11) and estimate (5.2.16)),

we have

b(twet, w, wee)| < [Jwge || ]| w2 we| < %HVuttHQ + Clluy*. (5.2.37)

[b(we, we, wee)| < flwellzflwelli el < CIVIP + (el 5] el (5.2.38)

Replacing ([5.2.36))-(5.2.38)) in ((5.2.36)), using (5.2.34]) and applying Gronwall Lemma yield

Ty
JualP 45 [ IVual9)|ds < C (5.2.30)

to
Multiplying the equations ([5.2.1]) with Awuy, we obtain:
V[Aw2 = (e, Auy) — (f,, Aug) — a(F'(w)ug, Auy) — b(uy, w, Auy)
—b(u, uy, Auy)
< %HuttHQj HAw? + %MftHZ + al(F"(u)ug, Auy)
+[b(us, w, Aug)| + [b(u, ur, Auy)

For bounding the nonlinear terms we apply a similar estimations as in ((5.2.30)-(5.2.32)),
thanks to (5.2.15)), (5.2.39) and ((5.2.34)), we deduct

HutHg S C, YVt € [to, Tl] (5240)

We can obtain the remaining estimates in ([5.2.28)) by following same arguments of Lemma
5.2.5. Notice that (5.2.34) is an analogue of fti | Ay (s)||%ds for uy instead of u,. O
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Moreover, if we assume that

tf, € L*(0,Ty; H'(Q)), (S2)
We obtain the pressure estimate

tp, € L*(0,T1; HY(Q)) (5.2.41)

In this section we focus on the existence, the uniqueness and the regularity for the penalized

problem associated to porous media model ((5.2.1))-(5.2.2)).
The associated penalized problem to the equations (5.2.1))-(5.2.2) writes

W — VAW + B(u', u) 4 a|uf|®u® + VpF = £ in Q x [0, 7], (5.2.42)

Vo' +ep =0, in Qx[0,7], u®lsgo =0, u|=o = uy, (5.2.43)

~ 1
where B(u,v) = (u.V)v + E(V.u)v is the modified bilinear term.
Using the operator A., we can reformulate the perturbed system (5.2.1)-(5.2.2)) as

u + A + B(uf,uf) + aluf|*u® = f (5.2.44)

u’losg =0, u’li=p = uy (5.2.45)

Lemma 5.2.7. Under the assumption , there exists Ty < T and a positive constant
C independent of € such that

t t t
||u€||2—|—g/0 ||u5||fds+a/0 ||u5||if§32ds+€/0 p°]|%ds < O, Yt €[0,Ty]. (5.2.46)

Proof. We use the inner product of (5.2.42)) with u® and (5.2.43]) with p® to obtain

1d N
5 g7 1P+ IV + al [w[[ 725 + eflp]2 = (fu)
1 v
< 2 —|IVus 2
< [P + 5[V
By integrating with respect to t, we get the inequality (5.2.46]). O

Theorem 5.2.1. Consider u,v € X such that (5.2.46) holds for u and v, then

[F () = F(v)[| < Cllu—v] (5.2.47)

For the upcoming sections we work in [0, 7y] with Ty = min(Ty,T3). For simplicity we
To
denote by [|v|[r»(x) the norm (/ |[v|[%dt) Y7 in LP(0,Ty; X). C is the generic constant

0
than can take different values in different palaces.
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5.3 Error Analysis

The main result of this section is stated in Theorem [5.3.2 The proof is split into two
steps: the error of the linear case is given in the first step and the second one is related to

the error behavior for the fully nonlinear problem.

5.3.1 Linearised problem

The results of this subsection will be used in the next subsection to complete the analysis
of the nonlinear Navier Stokes equations.

We consider the linearised Navier Stokes equations at u =0 :

w —vAu+Vp=f

(5.3.1)
Vu=0, u(0)=mu
The associated perturbed problem to the system (5.3.1)) takes the form
u; —vAu +Vp* =f
(5.3.2)
Vs +ep =0, u®(0) =ug
Let e = u—u® and ¢ = p — p°. Subtracting (5.3.2) from ([5.3.1]) to get
e, —vAe+Vqg=0 (5.3.3)
V.e+eqg=cep, €0)=0 (5.3.4)
The following result summarizes the error relating to the linearized problem
Lemma 5.3.1. Let assume , we have
e[| pee(z2) + \/;HGHLZ(Hl) + \/EHQHH(LQ) < Cye (5.3.5)
leflzzz2) < Ce (5.3.6)

Proof. Multiplying ((5.3.3) by e and (j5.3.4)) by ¢ and summing up, we obtain
Ld, o 2 2 a2 o Eqilg2
el — < 2 e
e llell? + VI Vel + <llgll? = e(p,) < Sllall? + 5lpl

We integrate the previous inequality from 0 to ¢ < Ty, and we use the fact that e(0) =0
and lemma [(.2.5] to have
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llellfoe w2y + VllellTa gy +ellglla ey < Ce

which is equivalent to (5.3.5]).
To deduce the assertion , we need to introduce the auxiliary problem: for 0 <t < T
we define (w, @)

w, + VAW + Vo =e(s) V0<s<t,

(5.3.7)
Vw =0, w(t)=0.
Firstly, we derive the following inequality
V|[Wlpemz) + VO[22 < Cllel] 2wz (5.3.8)

For this aim, we use the inner product of (5.3.7) with Aw, and we integrate from 0 to ¢,

to obtain
vIIwll2mzy + [IVW(0)|[ 22y < Cllel| 2w
Using the projection operator Py on (5.3.7) to get
1wl 2wz < Cllef| 2w
We use the equation (5.3.7)) again to get
IVl 1212y < Cllell 2w

This latter inequality completes the demonstration of (/5.3.8]).
We now multiply the equation ((5.3.7) by e(s), using (5.3.3]) and fact V.w = 0 we obtain

lell* = (ws,e) +v(Aw,e) + (Vo e)

— %(W7 e) — (e, w) —v(Ve,Vw) + (Vo, e)

= L w.e) + (V. w) — (6, V.) = - (w. ) ~ =(.17)

We integrate from 0 to ¢, and the fact w(t) = e(0) = 0 gives

t ¢
/0 |le[[*ds = _/0 e(¢,p")ds < 5”¢||12(L2) + 0552Hp€||%2(1,2)

with Cj is a positive constant depending only of §. Applying (5.3.8)) and choosing § small
enough to have

t
/ lelPds < O sy < C<* ¥ 1€ [0.Th).
0

The following result is necessary for the subsequent investigations.
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Lemma 5.3.2. Provided and are satisfied, we have
t
/ s?||ps|Pds < C Yt e 0, Ty
0

Proof. We derive one time with respect to t on - ) and (| -, we get

€y — VAet + Vqt =0 (539)
Ve +eq=cep, e0)=0 (5.3.10)
Multiplying (5.3.3)) by te; and ((5.3.10)) by tq to get
tell2 + 22 2y tallz =2 2 Sgl2 4 et
lell2 + 2 2 119el2 + S < llallz = 2IITell2 + Sllall + et )

v et?
< §||Ve||2 +¢el|ql]* + 7||pt||2

Integrating from 0 to ¢, using Lemma [5.3.6], (5.2.41)) and Gronwall lemma, we derive
t
/ slled]2ds + ¢le|? + <{|q||2 < Ce (5.3.11)
0

We Multiply (5.3.9) by t?e; and (5.3.10)) by t?¢; and we sum up we obtain

lLd
st Nedl” + vVl + sl = tlled|* + t*(pe, ¢r)

2 2 et? 2
< tlle]| +—||th| +—||pt||

Integrating over [0, t], using ) and ( we get

t ¢ t
s/smmmwsc/swm%m4k/smﬁW@305

0 0 0

The results follows from the previous inequality and (5.2.41]). n

Lemma 5.3.3. We suppose that and are satisfied then

t t
tlle()]|* + 1// s||Ve(s)||*ds + 8/ sllq(s)|]Pds < Ce* Vt € [0, Tyl (5.3.12)
0 0

t
t2|We<t>||2+/ 2llq(s)|Pds < Ce2 Vi €[0Ty (5.3.13)
0

Proof. We consider the decomposition

H(Q) =V oV where VI ={(-A)"'Vq, g€ L*Q)}
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and v = (—A)7'Vq if and only if —Av = V¢ and v|sq = 0. We note that for p(t) €
L%*(Q)/R there exists a unique ¢(t) € V+ such that V.p(t) = p(t) with

Io@) < Clip(0)]] ¥t € [0, To]. (5.3.14)

Moreover, if p;(t) € L?(Q)/R, we then have V.¢;(t) = p;(t) such that

I eu(t) [h< Cllp (]| YT € [0, To). (5.3.15)
Multiplying (5.3.3) by te and (5.3.4) by tq, we sum up and use ([5.3.3)), we infer

1d 1 1
S itllell? -+t Vel +<tllall? = 5llel|? +=t(p. @) = Sl + £t(V ., 0)

1 1
= §||e||2 —et(Vg,p) = §||e||2 + et(es, ) + evt(Ve, Vi) (5.3.16)

1 d
- §He| |2 + 5%?&(8, 90) - 8(8, 90) - €t(e7 Qot) + &TVt(ve, VQO)

By the assumption (S1I)), we have v/tp € L>=(0, Ty; H*(Q)/R). Using (5.3.14) we obtain
t t
et(e(t), o(t)) < Zlle(®* + *tlell® < Flle(®)]* + Ce*

By integrating (5.3.16|) from 0 to ¢, using the previous inequality, the Cauchy-Schwartz
inequality, Lemma [5.3.6, (5.2.41]) and ([5.3.15)) we deduce

t
tlle(t)|? +/0 (vs||Ve(s)]|” + eslla(s)]]*)ds
t t t
<c i C [ lelPds ezt [ flp(s)lPds+C2 [ 2llgu(s) s
0 0 0
t
< e 02 [ (P + sl Pyds < €
0
Taking the inner product of (5.3.3)) with t2e;, (5.3.10]) with t?q we deduct
1d ed

Blled P + 5 #IVel? + 52

Using equation ([5.3.3]) and the inequality ([5.3.15]) to obtain

et?(py, q) = et*(V.py, q) = —et* (¢, Vq) = et*(ey, ;) + ct*(Ve, V)

t2|lq|[* = tllell} + etllqll* + t*(pe. q) (5.3.17)

t2

< Slled® + e” 2l [P + ]| Vel* + 28] [ Vi
t2

< Clledl? + £)1vel? + Ce |

We integrate ((5.3.17) and using the Gronwall lemma to have

t
/ s*[le(s)|[*ds + ¢*[|Ve||* + et*[q(t)[|* < Ce* Vit € [0, Ty
0
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Again from the equation ([5.3.3|)
lal* < ClIVall2y < C(l|Ael2y + [led 21) < C(lle]|T + [lex]?)

Consequently

To To
| lalias < o [ el + ledyis < ¢
0 0

The result below describes the behavior of the linear error part.

Theorem 5.3.1. Assume the assumption . Then, there exists a constant C' depending

on the given data such that

eIl + (/Otlle(8)||?d8>2 < CVe Vtel0,Ty).

If we assume moreover the hypothesis , then

t 3
ﬁue<t>u+tue<t>ul+(/ s2HqH?czs) < Ce Ve[0T
0
holds.

The following subsection treats the transfer of the results that have been derived for

the linear case to the non linear one.

5.3.2 Error estimates for the nonlinear perturbed problem

We consider the following intermediate linear equations

vi —vAv + Vv = f — B(u,u) — aju|*u (5.3.18)

Vv+ey=0, v(0)=u,, (5.3.19)

with u is solution of the Navier-Stokes equation with damping (5.1.1)).
Taking £ = v —u, ¢ = v — p, and subtracting (/5.3.18])-(5.3.19)) from (5.1.1)), we get

& —VvAE+ V=0
(5.3.20)
V.E+ep=—ep, £0)=0.

The next Lemma describes the control of the errors through the non-linearities.
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Lemma 5.3.4. We suppose that and are valid. Then we have

(/ Hf(sﬂl?ds)% VAL + HIED L + (/ 52H¢<3>||2d5>% <Ce Vie 0T

Proof. The lemma is a consequence of LemmaJ5.3.1] and Theorem/5.3.1] applied to the
problem ([5.3.20)). n

We now take n = u® — v, ¢ = p° — v, and subtracting ([5.3.18))-(5.3.19) from ([5.2.42))-
(5.2.43]) to obtain

n — vAn + B(uf,uf) — B(u, u) + a([uf|*u® — |u|®u) + Vg =0 (5.3.21)
V.n+eq=0, n0)=0 (5.3.22)

Or R R R y

B(u®,u®) — B(u,u) = B(u®,u® —u)+ B(u® — u,u°)
] ) (5.3.23)
= B(u,§ + 1) + B(£ + 1, u)
We rewrite the equation (5.3.21)) as

e+ Ay + B0, € + 1) + B(€ +n,u°) + a(|[u’|*u® — [u]*u) = 0 (5.3.24)

The following theorem states a general priori estimate for the errors e = u — u® and
q = p—p°; with (u, p) are solutions of the state problem (5.1.1)), and (u®, p®) are solutions

of the penalized problem (}5.2.42]).
Theorem 5.3.2. Assume that and hold. Then we have

Vil[u(t) — v (@)]] + vl lul) — v (@) + ( / 32||p<t>—p€<t>||2d)2 < Ce Ve, Ty,

Proof. Multiplying (5.3.24) by A-'n, we obtain

1d

1 ~ ~
1A20][* + vl = =b(u, € +n, A-'n) — b(§ + 1, u, A ) — a(juf|*u® — [u[*u, A7)
2di

=5L+ 1+ I3
Using (5.2.7), (5.2.8), and Cauchy Schwartz’s inequality we derive that

I < O |la] € +ml|[[AZ Il < Clluf||2[[€ + nll[[VAZ ]|
_1 1% c _%
< Clla@ [l (€l + DA > nll < < lnll* + ClIEl* + Cllu® 3] As >l
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With the same argument, we have
o< 212 4 Cleli? - Clial 2ILAZ 2012
2 < Il + ClIEN" + Clul ]| A= *nl]
For the third term we proceed similarly

_1
Iy < Cllu® — ulfs|[Ae *n]]

_1
< C(l[u’|l3 +[lull) + C[|A< *n]?
Adding the above inequalities we get

d _1 . _1 .
prLLEE n|[vlInl]* < CIENP + C(A+[[u®ll3 + [[ul D] A: 2nl]* + C(|[u®][5 + [[ull3)
(5.3.25)

Thanks to lemma [5.2.

(@

To
i / (|[us]|5 + |Ju][3)dt < C, we can apply the Gronwall lemma
0

to ((5.3.25)), using lemma 2.8 to obtain
_1 t t
A n(@IF + [ Ins)IPds <€ [elPds < e vee0.nl (5:326)
0 0
We now multiply the equation (5.3.21f) by ¢n and ([5.3.22)) by tq and we sum them up, then

using (5.2.7) and Cauchy Schwartz’s inequality one gets

1d 1 ~ ~
o Il vl [Vl + <tllgl? = S11alf* — 1h(u, € + ) — t5(€ +n, w, )

— at(|u[*u® — [u|"u,n)
1
< SlInll* + CellulalI€ + nllalInll + Ctllulla[1€ + nllalInl] + Ctllu® = ull1[|n]]

1
< SlInll* + Cellwllal1€ + nllalInll + Ctllullo[1€ + nllulInll + Ctll (0 = v) = (@ = V)[[s[|n]

IN

1 g
Sl + Ctllwlls[[€ + il Inll + Ctllall2[1€ + nllillnll + Ctlln = ]l Inll

IN

1 vt
§||77||2 + EIIVUII2 + CHENF + Ct(|[u®[|* + [Jul[*)]]n]]*

We integrate from 0 to t and use (5.3.26]), Lemma 2.8 and the Gronwall lemma we get

t t
Aol +v [ slIVa)Pds e [ slla|ds < c= (5.3.27)
0 0
We now derive one time with respect to the equation ([5.3.22))
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Multiplying the equation (5.3.21)) by t?n,, and (5.3.28)) by t?¢, summing them up to get

vd ed
- __t2 2 — t 2 t 2
9 dt 9 di ||Q|| v || ;77“ € ||Q|| (5'3'29)

_t26<u67§ + 7, nt) - t21~)(§ + n,u, nt) - at2(|u5|au€ - |u|au7 77t)

Pl +5 2Vl +

For the first nonlinear term in the right hand side, we proceed as follow
£2b(u®, € +n,m) < £*[[u[2]€ + 7l |||

t2
< g||77t||2 + O [ |[5([[€]1T + [l

t2
< g||77t||2 + O[3 + C?|[u| 3]Vl [?
With the same manner we obtain

- 2
£*b(€ +n,u,m) < gllmll2 + Ce|[ul |3 + C?[ul 3|Vl

For the last non linear term we have

at*(Juf[*u® — [u[*u,n,) < at?||ne][[0® — ul);
t2
< Sl + Ol — €11
Summing the above inequalities into (5.3.29)) to get
d d
Pllnll + v 2Vl + e 2l P < vl V)l -+ et
+ O + [ Val) (][5 + [[u][3) + C]ln — €It
We integrate from 0 to t, using ([5.3.27)) and the Gronwall lemma we obtain
t
| s + 21900 + 2l < €= (5330)
0
Using (j5.2.7), we have
1B(u®, & +n)||-1 < CUN | IE +nlh) < C[E[ Il + [n]])

1B +n,w)l[-1 < C(l[ul[1]|€ +nll) < CUall][E]l + [n]]1)
a([u®|*u® — [a|*u) < C(J¢][ + [Inl])
From and we obtain
Vg =~ +vAn = B(u, & +n) = B(E +n,u) — a(ju’[*u’ — |u]*u)
consequently, by applying the above estimates on the previous equation we get

To To
/ 2|lqllPds < / 2||Vq|? ds < C
0 0

which end the proof of the theorem 4.2.2. O]
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5.4 Control problem

5.4.1 Adjoint equation

In this section we derive an adjoint equation related to the equation (5.1.2)). For simplicity
we assume that f= 0.

First, we define the objective function
J(Q) = J1(Q) + J2(Q), (5.4.1)

where

17 o [T
J1(Q2) = 5/0 /Q|u6 — wy|*dtdr, and Jo(Q) = 5/0 /Q|cu7’l(u5)|2dtdx.

Then the optimization problem can be expressed as

e o [T
min J(Q2) = —/ / lu® — uy|’dtdr + —/ / |curl(u®) |Pdtdzx
Q€Qua 2Jo Ja 2Jo Jo (5.4.2)

such that (u®, p®) is solution of (5.1.2)

Theorem 5.4.1. Let (u®,p°) € H*(0,T;Q) X Y be solution of the penalized problem
(5.1.2). Then the adjoint equation associated to the equation (5.1.2) takes the form

( —vy — VAV + (Vud) v — (v.V)v — %V(us.v) + %(V.ue)v + aluf|* 2 (Juf PV + a(u®.v)ud)
+Vq = (0 — uy) — ocurl(curl(u®)) in Q% [0,T]
Vv+eq=0 in Q x [0,7T]
v=0 on (ToUT) x [0,T]
V(‘?_Z +2(u’.n)v — ng = ocurl(u®).7 on 'y x [0,T]
L v(T) =0

(5.4.3)

Proof. We define also the following function

T
1
F(Q,u®,p°,v,q) = / / <u§ +vVu® : Vv + (u".V)u'.v + §(V.u5)u5.v + a|u5\o‘u5.v) dtdx
o Jo

T
—/ / (pEV.V —qgV.u® — 5qp5> dtdzx.
0o Ja
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Let L(§2,u%, p°, v, q) be a Lagrangian functional defined by
L(Q,u®,p%,v,q) = J(2) — F(Q,u’,p°,v,q), (5.4.4)

we first derive L with respect to the state variable p in any direction p € M (£2), we obtain

L
gp(ﬂu,p v, q).p //va—irepq dtd:zc

the variation p is arbitrary, we get
Vv+eqg=0 onf. (5.4.5)

Next, we derive L with respect of the state variable u® in the arbitrary direction a € V()

we have

8L

(Qu7p, ,q).a

/ / u® — uy).aocurl(u).curl(a ))dtdm

- / / ( VA4 UVE: VY 4 (V)Y £ (0 V)i %(V.ﬁ)ug.v + (v.uf)ﬁ.v) dtd

/ / gV.u — (alu®|*t + aa|u®|**(u".a)u’). >dtdx
= / / (ug —uy) — ocurl(curl(v¥)) 4+ v, + vAu® — (V') v + (u°.V)v
Q

1 1
+ §V(u5.v) — i(V.ua)V — (au®|*v 4 ac|uf|* % (uf.v)u® — Vq) A dtdz

T
+ / / (UCUT[(US)T — (V@ +2(u.n)v — nq)> adtdzr + / [v.a]i dx.
o Jr, on Q

Considering an arbitrary direction t which vanishes in neighbourhood of the boundary

I's, we obtain
1 1 -
—Vt—VAv+(Vu)T.V—(uE.V)V—§V(ua.v)—|—§(V.ua)v+a|u|°‘_2(|u5|2v+a(ua.v)u5)+Vq = (u*—uy)—ocurl

and an arbitrary u in I'y gives

0
AR 2(u.n)v —ng = ocurl(u®).r  only

on
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Finally we obtain the adjoint equation

1 1
( —vy — VAV + (Vu) v — (v.V)v — §V(u5.v) + §(V.u€)v + alu®|* 2 (Ju®Pv + a(u®.v)ud)
+Vq = (0° — uy) — ocurl(curl(u®)) in Q2 x1[0,7T]
Vv+eq=0 in Q x [0,7T]
v=0 on (ToUT) x [0,T]
ua—v +2(u.n)v — ng = ocurl(u®).7 on 'y x [0,T]
n
L v(T) =0
(5.4.6)
0

5.4.2 Shape gradient

In this subsection, we will try to express the shape gradient using the velocity method
(see Céa [4]), via the state and adjoint problems.

Let © be a reference domain in R?, the perturbation of € by the velocity method is
described as the velocity field

V(t)(x) =V (t,z), Ve € Q,t > 0.
It can generate transformations

T,(V)X = z(t,X),t > 0,X € ,
the flow defined by the initial value problem

X X) = Vi)

x(0,X) = X,

(5.4.7)

with the initial value X given. Let €; be a perturbation domain of Q and J(£2) be a
functional associated to €);. The shape derivative of the functional J(€2;) at Q in the

direction of the deformation field V is written as

dJ(Q V) = lim (82 = /().

t—0 t

If dJ(;V) exists for all V. € C([0,T]; (D*¥(R?))?), for small positive constant T, the

functional J is called shape differentiable at {2 and its shape gradient verifies

I V) = (VI V) (0r(reyzy x(pr (a2
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We assume that the boundaries I'; and I'y are fixed in the admissible set of domains, and

we define the velocity field admissible domain as follow
Ve = {V €C°0,7;(C*(R*)*)|[V=0 on Iy UL},

The use of the velocity V for t > 0, implies the transformation of the domain €2 into
Q, = T,(Q2) by the velocity method with formulation ([5.4.7). Let us find an expression of
the derivative of the saddle point problem j(t) with respect to t where

](t) = Hlil’l N max R L<Qt7u§7p§7vt7Qt)
(ug,py) Ve () XY () (ve,qe) EVO(2) XY (L2¢)

with (u,p) and (v,q) are solutions of (5.1.1)) and (5.4.3) in the perturbed domain €,

respectively.

We consider the Hilbert spaces which depend on the parameter t defined by
Vo(Q) = {wr o T s w € ()
V() ={u o T ": u eV, (Q)}
V() = {p oTyl: pre Y(Q)}

since Ty and T, ' are diffeomorphisms, the parametrisation do not influence j(t). And we

have

jt) = min max LQu,u oI, L pf o, ,voT t go T, )
(us,p%) €V, ()XY () (v,q)€Vo () xY ()

we define the following functions which depend on the parameter t

1 (7 T
Ii(t) = —/ lu® o T;' — uy|dx + 2/ |curl(u® o T, )| *dtdw,
o Jo

/ [ Vo) Vive T 4 (o 1)) o T ) (v o Ty )
Q4
Fafut o TP o T (v o ) — (4 o TV (v o T deda

//qu (uo Ty )dtdx—a/ / (qo Ty 1) (pf o Ty Y)dtdx
Qt Qt

The Lagrangian functional writes
L(Quu o Ty, pPo Ty vo Iy qo T H) = li(t) — la(t)

If ®:[0,7] x R? — R is sufficiently smooth, we have the following Hadamard formula

%/OT/Qt<I>(t,x)da:|t:0—/OT/Q%—T(O,JJ)dJ:Jr/OT/m B(0,2)v(0, X)nds  (5.4.8)



5.4. CONTROL PROBLEM 195

We consider V(0, X) € V.4, and observe that V(0, X) = V. Therefore we can derive the
shape gradient using the formula (5.4.7))

d _ B _ _ _ ’ /
L u o T, Lot o T vo Tt qo Ty Y)imo = §1(0) — 15(0) (5.4.9)

where

T T
:/ /(uE —u,).(—Vu'.V)dz + a/ /curl(ug)curl(—VuE.V)d:c
0 Q 0 Q
17 o (T
+ _/ / (Ju® — ug/*V.n)ds + —/ / (|curl(u®)|*V.n)ds
2 0 To 2 0 Ty

(5.4.10)

1,(0) = / ' / [(=VUuE. V) + (=Vv.V)u® + vV (=VwE. V) : Vv + vVu® : V(-Vv.V)
+ ((=Vu".V).Vu®).v + (u".V(=Vu".V).v + (u".Vu®).(-Vv.V)
%V.(—VUE.V>UE.V + %V.ue(—VuE.V).V + %V.usus.(—VV.V)

+ aalu®|* 7 (=Vu. V.u)(u'.v) + aju®|*(=Vu'.V).v
+ aju®|*u®.(=VVv.V) — (Vp.V)V.v
—pV.(=VVv.V) —¢V.(=Vu°. V) — (V.u*)(—Vq.V)|dz

Using Green’s formula and the condition u®* = 0 on I'y, we obtain

T
/ 1
I,(0) = —/ /[(uf —vAu® 4 (u°.V)u® + §V.u5u5 + a|u®|*u® + Vp).(Vv.V)|dtdx

//Vu Vqutd:p+/ /VV Vdetdx—l—// i — VAV + (Vu') v

—(u*.V)v — —V(u V) + ;(V u®)v + aluf|* 2 (Ju*v + a(u.v)u®) — Vq|.(Vus. V)dtds

/ / 1/——|—2u n)v —ngl.(Vu® thds—/
Fo I‘0

—|—/ / [vVu® : Vv + (u”.Vu®).v + a|u’|"u’.v — pV.v — ¢V.u°|V.n dtds
0

)dtds

(5.4.11)
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Replacing (5.4.10) and (5.4.11) in (5.4.9) and using the fact that (u®,p®) is solution
of (5.1.2) and (v, q) is solution of (5.4.3)) respectively yields

d
I V) = Ll

:%/T/ ((yuf_udP+a|curz<u€)|2)v.n)ds+/T/ [Ug—z+nq].(Vu5.V)dtds

/ /F / /F [(vVu® : Vv)V.ndtds
—a/ /1“ u®) An))V.ndtds

Note that u® = 0 and v =0 in I'j we have

(5.4.12)

n.(Vu“.V) =Vu'.(n®n).V.n = Vu.nn(V.n) = (V.u)(V.an) =0, Vel (5.4.13)

ov . dv _ 0u® Ov .

7 (Vu'.V) =Vu'.(n®@n).V. n" on 8n(v n) = (Vu*: Vv)V.n (5.4.14)
Similarly we obtain

nwvv) =0, 2 wvv) = 2 Yy n) - (Ve vv)Vn (5.4.15)

on dn On
Substituting (5.4.13), (5.4.14) and (5.4.15)) in (5.4.12)) the shape derivative takes the form

r 1 o ou®
dJ(; V) = —luf — g+ = [(u®)|? .
@V = [0 g =i Glewniwp + G

Consequently, the shape gradient writes

(QVa—V —ocurl(u®) A n>] V.ndtds
on
(5.4.16)

I R ,  Ou® ov
VJ = [§|u uy| —|—2|curl( u’)|* + o (2V0n ocurl(u®) An || n (5.4.17)

5.5 Discrete finite element method

5.5.1 Preliminaries

In this section we write some results and notations which will be used in this work.
We define the following forms

a(u,v) = v(AYV2u, AV2V), a.(u,v) = v(AY*u, AY*V), co(u,v) = (a|ul®u,v) Vu,v €
X
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d(v,q) =(V.v,q), YWwe X, Vge M

We shall make two standing assumption on the datum uy and f

The initial velocity ug(x) € D(A) with divay = 0 and the forcing function
f(z,t) € HY(0,T;Y) satisfy (A1)
[Aug|| + sup {|[f @) + [If. (D[} < C,
te[0,T
for some positive constant C.
We recall the two weak formulations concerning the initial problem and its penalized.
Find (u,p) € L=(0,T;Y) N L*0,T; X) x L*(0,T; M) such that

(ug, v) +a(u,v) —d(v,p) + d(u,q) + b(u,u,v) + co(u,v) = (f,v),¥(v,q) € X x M
(5.5.1)

and

Find (u.,p.) € L=(0,T;Y) N L*(0,T; X) x L*(0,T; M) such that
(uer, v) + a(ue, v) = d(v, p) + d(u., ) + £(p-, @) + b(ue, u., v) + ca(u., v) = (£, v)

for all (v,q) € X x M
(5.5.2)

with the initial data u(0) = uy and u.(0) = ug respectively.

Now, we define the time discretization of the penalized weak formulation (5.5.2) by
the backward Euler scheme

(dpuZ, v) +a(ul,v) —d(v,pZ) + d(uZ, q) + e(pl, q) + b(uZ, ul, v) + ca(u, v) = (f(tn), v)

(5.5.3)

for all (v,q) € X x M, and 1 <n < N, where 0 < At < 1 is the time step size, t,, = nA,
n _ yyn—1

ty =T, (u?,p?) = (ug,0) and dyu? = % for 1 <n < N, and dyu® satisfies the

following equation
(dpa?,v) = a(ug, v) + ((ug.V)ug, v) + co(ug, v) = (£(0),v),Vv € X with divv =0
By using the inequality , we infer that
lda|| < v]|Aug|| + || (wo.-V)uol| + [|AY2uo|| + || (0)]|

(5.5.4)
< || Aug|[ + ef[uo ||| A uo|[* + || (0)]|
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We begin with a general regularity result, on the perturbed solution, useful for the

establishment of an error bound associated with the finite elements discretization.

Theorem 5.5.1. Under the assumptions (Al]) and Ce < 1, there is a constant kg > 0
such that if koAt < 1, then the following estimates hold

A2+ At (|ldo?|* + ||AuZ [P + [[p2]]* + al[ul][557.) < C, (5.5.5)
n=1
deu|[2 4+ [[Aal |2 + [l + Ae S [JAY2da|P < C. (5.5.6)
n=1

forall1 <m < N.
Proof. Taking (v,q) = 2(u?, p2)At in (5.5.3), using (5.5.3]) and the relation
2u—v,u) = [[ul]* = ||v|]? +|ju—V]|? VuveY (5.5.7)

to have
a2 []? = [Juz =Y * + 2v|[AY2al|PAL + aAt Y00 (a2 |54 < 20If (ta)[][JuZ]|At

We sum this inequality from 1 to m and using (5.2.9) and the Young inequality, to obtain

a2+ vAL Y |JAY>ul|)? + alt > al|[882 < JJuol* + v eAt Y [If ()| < C
n=1

n=1 n=1
(5.5.8)
We can establish from ([5.5.3) that
diul + vA.ul + B(ul,ul) + alul|*ul = f(t,) (5.5.9)

Taking the scalar product of with (v~ 'dyu” + A;u?)At in Y and using the relation
2(AY2(u—v), Al?u) = ||[Aul] — [[AV?])? + [|[AV?(a = V)PP, Vu,ve X (5.5.10)
we obtain
Az —[[ A2 a2 4 v | dp | PAE 4 vl Aoz | PA
+eo(u?, vl du® + Au?)At + b(u?,u?, v da? + Aou?)At - (5.5.11)

= (f(t,), v 'du + Acu)At

Using (5.2.11)-(5.2.12), we get
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Firstly
b(u?, u?, v du” + A.u?)|

< cl]AY2uz|[[Juz ||z |[v dpu + Acu?|]

< |2+ 2] A2 4+ vl a2 A 2 AL P
Secondly

_ 1 v
a(ul v+ A < |2+ Ao
e | Az P AL Puz | P

Finally

1 v
[(F (8n), v dpuz + Acud)| < fldiuz]]” + Sl A + v ellf (8]
Combining these inequalities with (5.5.11)) to obtain
1
1/2. 1/2. p— _ n n
ALz |P —[JAL Pz 2 (ol |+ v Aoz ) At
Feo(um, v ldput + Acu?) < dy||AY2u?|PAL 4 vl (8 |[2AL

with d, = v=te(l + v=2||u?||?)||AY?u?||?>. Summing this inequality from 1 to m and

observing that A;/Quo = AY?u,, we get

1 & "
||ALY2ur||? +§At Z(V’ll\dtugHQ + v||Acu?|?) + At Z co(ul, vt dpul + Aul)

< |[APuo| P+ ALY da||AVaZ([P + v eAt Yy (15 ()]

n=1 n=1

< CH ALY dy||AV*ur|P?
n=1

(5.5.12)
1
If we take At such that d,,At < 3 by applying lemma 2.4 to (5.5.12) we infer

1 m n m
||A;/2u;n||2+§mZ<y—1||dtug||2+y||A€ug||2)+Atan(ug, voldul+Al) < Ceap(2At Y d,)
n=1 n=1 n=1

(5.5.13)

for all 1 <m < N. By using ((5.2.12)), (5.5.8]), and ([5.5.12)) there exists a constant Cy > 0
such that

2ALY “d, < C and dy = v c(1+ v |[ul|?)]|AY?u|]* < = Cy (5.5.14)

n=1

N —
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forall1 <m < N.

Next, using (5.5.3)) to obtain

(dyu?, v) + a.(dpu?, v) + b(dyu”, u?,v) + b(u?', du”, v)

1 tn (5.5.15)
+a (d; (Jul|*al),v) = <—/ ft(t)dt,v) , Ywe X
At th_1
We take v = 2d;ulAt in (5.5.15) and we use ((5.2.5)) and (5.5.7) to obtain
a2 |[* = |ldpal || + 20]| AV dpu? | PAt + 2b(dpu?, u?, dpul) At
(5.5.16)

tTL
+2a (d; (Jul|*al), dal) At <2 (/ f.(t)dt, dtug)
tn—1

Since 2a(d;(Ju?|*u?),d;u?) > 0 thanks to (5.2.13). We use (5.2.9) and (5.2.12) to get

Firstly
2[b(deuz, uz, )| < cf|dal][[|AV2dpaz]|0]| Az

+cf |dpur| V2 [| A2 dpal||32] | AY 2 |2 a2
1%
< §||A5dtug||2 + dy||dyu?| >

Secondly

tn tn
([ suindme )1 < Gladarie 4o [ ipoPa
tn—1 tn—1

Adding these inequalities and replacing them in (5.5.16|) we have

[ldea?|[* — |ldyal || + v]| AL ?d;ul| P At

tn (5.5.17)
< (e + du)||deul | PAE 4 e / £ (1) dt
tn—l

Summing this inequality from 1 to m and using (5.5.4), (5.5.13)) and (5.5.14) we obtain

lda? (| + vAL Y AV dul|P < C, VI<m < N (5.5.18)

n=1

Finally, we can establish from (5.5.3), (5.5.15) and the inf sup condition [?| that

v|[Acu|| < [ldpaZ|| + || B(uZ, ul)]] + || [u2[*aZ|| + |1 (t.)]] (5.5.19)

12111 < elldeal|] + vel| AuZ|] + el | B(uZ, u2)|| + el[[u?|*uZ|| + el f(ta)]]  (5.5.20)

Applying (5.2.11))-(5.2.12)), we get
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1Bz, ut)l| < | AY>uz([[[uz||p~ < of| A2z ]]]|AcuZ| 2|z ]/
v
< Il Aul|| + v el ul ]| A uz|?
and
[[[uZ[*uZ]] < ¢f|A-ul]]
Replacing theses inequalities in (5.5.19)) and ([5.5.20)) and using (5.2.12]), we obtain

vl AP < v [dat] P+ v el a2 |2 AV |+ v el ()P (5.5.21)

1217 < e ([den?||* + [ AcuZ||?) + cv™2|[u2 | PLAY 22 ||* + [1f ()] (5.5.22)

AEY (1] < At (|ldal| | + [[AcuZ]?)
n=1

- (5.5.23)
HeAEY (v |PlIAY a2 1t + [ F(t)]17)
n=1

Combining the inequalities ([5.5.21)-(5.5.23)) with (5.5.13))-(5.5.14)) and (5.5.18)), we end the
proof of the theorem [5.5.1 O

5.5.2 Finite element penalty method

Let us consider a real positive parameter h. We denote by (X}, M}) the finite element
pair of (X, M). It is a discretization of these domain into triangles 7.
We introduce the L?-orthogonal projections: m, : M — M, defined by

(Thas qn) = (¢, qn), Yqg € M, q, € M,

We shall make standing the assumption for the finite element pair (X}, M},)

There exists a mapping rj, : D(A) N X — X, such that (A2)
(div(u —rpu),qn) =0, Yg e M, q, € M, (5.5.24)
1AY2(u = xpu)|| < chl|Aull, [Ip — mupl| < chllplly, ¥p € H'(Q)N M (5.5.25)

Moreover, we suppose the inverse inequality

[|AY 20| < ch™Y|val|, Vvi € Xp (5.5.26)
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and the inf-sup condition

gl < ¢ sup L0Wn). @)

gy e M 5.5.27
SO Ay 0 V€ M (5:5.27)

Let us introduce the following finite element discretization of the formulation (|5.5.3])

(dea,, vi) + a(u, vi,) — d(vi, p2) + d(ul, an) + (0%, an) + b(ul,, uly, vy) 5259
+eo(uly, vi) = (f(tn), Vi), Y(Vh,qn) € Xp X M),

where u%, = ruo, p%, = 0, and {u?,}_ | C Xj, and {p?,}._, C M, are the finite element

approximations of {u?}_, € X and {p"}"_, C M respectively.

Theorem 5.5.2. Suppose (Al)) and (A2) and ecy < 1, Atky < 1 are valid. Then the

following proprieties holds

b |[? + At A2+ adt Y ul |52, < G, (5.5.29)
n=1

n=1

A2 4+ ALY [|daudy|[2 < €+ Cho2AE Y [[AY2 (a2 — w2 uly |1,
n=1 N =t (5.5.30)
FOREALY [ful — 4 A2, |,

n=1

forall1 <m < N.

Proof. In a similar manner as the estimation (5.5.8]) in the Theorem [5.5.1, we can de-

rive (|5.5.29)).
Next we can establish from ([5.5.28|) that

(dtu?hv Vh) + a(u?h’ Vh) - d(Vh,P?h) + d<dtu?h7 Qh) + g(dtp?ha Qh) + 6(11211’ u?hv Vh)

tca(uly, vi) = (f(tn), Vi), Y(vh,qn) € Xp X M,

(5.5.31)
Setting (vp, qn) = 2(dyuly,, p&,)At in (5.5.31) and using (5.5.10)), we get
2||deuy|PAL + v||AVul, P = v]|AYV2ul P+ e(llpl P — (12 11)
(5.5.32)

+2c0 (U, dyul, ) At + 2b(u?,, u,, doul ) At = 2(f(t,), doul,) At

Applying (5.2.9)-(5.2.11)), (5.2.5) and (5.5.26]), we obtain

2|Z~)(u?ha uzy, dtu?h” < 2|B(u?h —ul,uj, dtu?h)| + 2|l~7(ug, uzy, dtu?h)|
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2|B(u?7u?h’dtu?h)| < c|[Auz|[||AY?ad, || |du, |
< Ly P+ el Auz Py AV
2fb(u, i diwy)| < ey, — w5 14 2|
el A2, — ) 2 el AV 2y
< e 12+ ch=2] A2 — ) P
Heh 2| ul — g, | Pl AV ug,|?
el douly)| <l |+ el A2 |2

n 1 n
2/(f (8n), diuZy)| < ZlldruZy | + el [ (2

Replacing these inequalities in ((5.5.32)). with some sample calculation we obtain
AP [P = ARl P+ [ dpaly PAE + ([[p5 )17 — e )
< cf|Au|Pl|AVRuL, [[PAt + ch 7 |AYA (a2 — ug,)|Pl[uz, | PAt - (5.5.33)

+ [Jul — g, [[PAY2ug, [ At + of|[AY2ul, |2 + cf £ (£)] 7

Summing these inequality from 1 to m and using Theorem 5.5.1{and ((5.2.12)) we get ([5.5.30)
0

In order to establish the error estimates of the finite element penalty method, we
introduce the following Galerkin projection Ry; (X, M) — X3, Qp : (X, M) — M), defined
by

a(u - Rh<u7p)7 Vh) _d(vhap - Qh<u7p)) + d(u - Rh(uap>7 Qh> + 5(p - Qh(uvp)a Qh) =0

V(vh,qn) € Xn x My,
(5.5.34)
for all (u,p) € X x M with divu+ep = 0.

Lemma 5.5.1. Under the assumptions (Al), (A2), coe < 1 and koAt < 1, the Galerkin
projection (R, Q) verifies

lu— Ry(w.p)l| +h[|AV2(u— Ry(a,p))l| +hllp — Qn(u, p)l|

< c,h([[A2u]l +lpl]), Y(u,p) € X x M

(5.5.35)

lu— Ry(u,p)|| +hl|AY?(a = Ry(u,p))|| + hllp — Qu(u, p)]]

< Coh2([[Aul| +[lplh), V(u,p) € D(A) x H'(Q) N M

(5.5.36)
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with diva + ep = 0, where ¢, is a general positive constant depending only on 2 and v.

Proof. The Galerkin projection has its stability from ([5.5.27)) and (5.5.34)), and we have
v
V[ AV R (u,p)I[* < SIIAY2RA(w p)II* + e ([[AY 20l * + [[p]]) (5.5.37)

1@n(u,p)II < e (|42 Ry (u, p)]| + [|A2ul] + []p]]) (5.5.38)
Using (5.5.37)-(5.5.38) and the triangular inequality, yields to
|AY2(u — Ry (w,p)|| + ||p — Qu(u,p)|| < e, (HAI/ZUH + HpH) (5.5.39)

for all (u,p) € X x M with divu +ep = 0.
Let consider the dual problem: find (®,¥) € X x M such that for all (v,q)e X x M

a(v,®) +d(v,¥) —d(®,q) +(q,¥) = (v,u — Ry(up)) (5.5.40)
By using the lemma 4.2, the problem ([5.5.40) has a unique solution (®, V) satisfying
[Auf] + [[¥]]; < c|[u— Ru(u,p)]| (5.5.41)

Taking (V7 Q) = (u_Rh(u7p)7p_Qh(uap)) in 5540 and (Vha Qh) = (rhq)a ﬂ-h\I}) in 5534
and using ([5.5.25)) and (5.5.41)) we infer that

lu — Ryp(w,p)]? =a(u— Ry(u,p),® —1,®) +d(u— Ry(u,p), ¥ —m,¥)
—d(® —1,®,p — Qu(u,p)) +e(p — Qn(u,p, ¥ — m¥)
< e, h(||AY?(u = Ry (u, )| + [Ip — Qn(w, p)|)(||A®]] + [[¥[]1)

S Cuh(||A1/2<u - Rh(u7p))|| + ||p - Qh(uvp)H)Hu - Rh(uap)H
(5.5.42)

The estimation ([5.5.35)) is a consequence of (5.5.42)) and ([5.5.39)) .
We consider (u,p) € D(A) x (H*(2) N M) with divu +ep = 0. based on (5.5.24)-(5.5.25)

and (5.5.34)), we deduce that
|AY2 (rpu — Ry (uw, p))|| +|lmap — Qn(u, p)]

< ¢ (||AY2(u = rpu)[| + [[map — pll)

< ch(([Aul[ +[p][1)
Therefore, using the triangles inequality and ([5.5.25)) yields to

1AY? (0 = Ry(u, p))|| + [Ip — Qu(w, p)|| < coh (|| Aul| + [[p]]1) (5.5.43)
Combining (5.5.43)) and (5.5.42)) to obtain
[lu— Ru(u,p)l| < cuh® (| Aul] +lpl1) (5.5.44)

Combining (5.5.43)-(5.5.44)), we obtain the estimation (5.5.36)) O
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5.6 Numerical resolution

5.6.1 Numerical methods

In this subsection we study the approach of spectral projected gradient for solving the
shape optimization problem. This method use the projection into a closed and convex €2

subset of R* of all the points y = (y1, y2, y3, va) € R* satisfying

1 3
-1.213 < < -1.213
1 S U1,Ys > 1

) (5.6.1)
0<ys,ys < 1 0.97
and for a comfortable fish passage other constraints are added as
ys —y1 = dy =0.1
(5.6.2)

Y2 — Ya > dy = 0.05
1 3 1
We denote a1 = a3 = —1.213, by = b3 = 11.213, as =ays =0, by = by = 10.97. Then the
admissible set € is defined as

Qoz{y:(y17y27y37y4) ER4: algylgbzu izla"'747

(5.6.3)
Yys — 1 > di, Yo —Ys > do}

The optimization problem takes the form

min J(y). (5.6.4)

IS

The optimal position y € €2y is found through the following algorithm using the compu-

tation of the cost function gradient and the projection functions.
a) Begin with § € 2 and € > 0 a positive tolerance.

b) Compute the projection d = Py, (y — nVJ(y)) — y, where V.J is the gradient of the

cost function with 7 is a positive constant chosen according to particular conditions.
c¢) Stop if d = 0 (in practice, || d ||< €).
e) Define § = y + &d, with ¢ is the descent step. Go to (a) with § = 7.

The value of J in this algorithm is given by the ensuing discrete formula

B(y) = %EN:Z MH w7 | —1—04/6 | curl(u™) \21 . (5.6.5)

n=1 e€T;
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y = Po,(z) is the projection of z € R* in Q onto Q. It is computed by minimizing a

quadratic function of the distance of z to 2 as follow

1 o L g o L7
min o ly—2z]| =minz2"z 2 y+§y y (5.6.6)
which is equivalent to

(1 1
min Z {5222 — 2 + 5‘%2}

(y1,92,y3,94) T
=1

subject to a; <y; < b, i=1,...,4

\ Ys —y1 = di, Yo —ys > do

We separate the previous quadratic problem into two quadratic problems the first one for

the abscesses, the second for the ordinates and we write

. 1
min —(2} +23) — (211 + 23y3) + = (¥ + 3)
(y1,93) 2

subject to a; <y; < b;,1=1,3

ys —y1 > dy,
and
. 1 1
min —(25 + 23) — (2292 + zaya) + = (v5 + 1)
(y2,y4) 2 2

subject to a; <vy; < bji=2,4

Y2 — Ya > da,

A Karush-Kuhn-Tucker (KKT) technique is used to solve the two quadratic problems
above. We begin by the first one and we choose a = a; = a3, and b = b; = bs. We kept

only three constraints and write the optimization problem to be solved as

1
(mln) Cc— (lliL'l + 12.1'2) + 5(33% + QZ’%)
Z1,T2

subject to x9 < b,
Z1 Z a,
Ty — 1 > d,

where ,a, b, dy, ¢, and [;, i=1,2, are real numbers.

We choose the following matrix
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A= 1 0 5 b= a )
11 d,

Then the linear constraints write
Ar—v=>b, v >0,

where v = (vy,vyu3)T is the slack variables. The optimisation problem has an unique

solution due to the convexity of the cost function in R?. This solution satisfies the KKT

conditions
v = Ar—»
—l+x=AT\
v>0, A>0,
I\ =0,

where [ = (I3, 15, 13), and A = (A1, A2, A\3) is the vector of the Lagrange multipliers associated

to the three constraints above. The unique optimal solution writes
=1+ AT\

which gives

1 =11+ Xy — A3

To=1lp— A\ + A3
For computing the Lagrange multipliers \;, we solve a LCP problem which takes the form

v=(=b+ Al) + AAT)
v>0, A>0
vIA=0

Remark 5.6.1. The gradient of the cost function is computed using the formula established

m section 3.

5.6.2 Numerical results

In this subsection we present some results about the optimization of a fishway using finite
element method investigated in the previous sections to solve the state problem combined
with a projected gradient algorithm for the resolution of the optimization problem. The

domain fluid is considered as a rectangular channel consisting of ten pools. Inside each
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Vertical-slot fishway

15m 120m |

=SIRI R RIRIRIRIRLRLRI

Groﬁﬁ'd Plan

Figure 5.1: Schematic description of fishway structure

pool, two baffles in form of I or L are built and they are perpendicular to the lateral
boundary. The length and width of baffles vary according to the nature of the studied
fishway structures. In figure we give a description of the fishway structure.

We conduct two 3-D tests of fishway design mostly used for the modelling of fishway
passage. Firstly, we begin by a 3-D channel with I shaped baffle (Figure (right)).
Next, we consider a L shaped baffle design (Figure (left)). The numerical simulation
for the two tests is done with the same physical and numerical conditions. All initial and
boundary conditions are taken constants. the inflow velocity is u; = 0.1m?s~!, the target
velocity is ¢ = 0.8 m.s~!. The vorticity parameter is ¢ = 0. The viscosity is 0.01. The
exterior function is f= 0. For fish passage with comfortable conditions, we put d; = 0.1
and dy = 0.05.

L=3

2.7 or 2

W=

! A S Xrmin
5 14 s K
5 ﬂ = r ﬂ 25 et

Figure 5.2: Fish pass geometry L shaped baffle (left) and I shaped baffle (right) for the

central pool

5.6.2.1 Slot Fishway (3-D "I" shaped baffle-rectangular slots)

The state penalized problem (5.2.42))-(5.2.43)) is solved by the finite element method
(5.5.28]) combined with a spectral projected gradient algorithm for the resolution of the
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shape optimization problem (5.4.2)).
This test consists to consider a 3-D geometry of pools with two rectangular baffles as

shown in the Figure [5.3]

Figure 5.3: Configuration of central pool

The coming results gives a description of the velocity for ten pools related to the natures

of the studied shape of fishway structures.

Figure 5.4: Initial and random shape and corresponding velocity for ten pools

Figure 5.5: Optimal shape and corresponding velocity for ten pools

We observe that the recirculation areas near of slots are removed for the optimal shape
(Figure |5.5)) compared to the initial random structure (Figure[5.4)). The velocity is almost
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null in the areas near from the boundaries behind slots for the optimal shape which pro-
vides a rest zones for fish before to begin the passage from the current pool to the next

one. These results appears clearly in the following examples for the central pool (Figure
5.6| (right))

Figure 5.6: Initial and random shape (left) Optimal shape (right) and corresponding

velocity for the central pool

5.6.2.2 Slot Fishway (3-D "L" shaped baffle-oblique slots)

In this subsection we give results of numerical simulations in 3-D dimension with a L
shape baffle. We consider a channel of ten pools. Each pool has two vertical slots. The
small one is oblique and the longest is in the form of L and they are vertical to the lateral
boundary. The different values corresponding to the geometry of pools are shown in the
figure (left). An example of the first pool geometry is given in the Figure

Figure 5.7: 3-D example of fishway with porous medium (left), Mesh of the central pool
(right)

The following results represent the velocity for ten pools in the initial random shape
(Figure and the optimal shape (Figure . The nature of the studied structure
takes part of the minimization of turbulence by the use of the form L of baffles which are
considered as a break waves of water.

The velocity is almost close from the uniform target velocity uy for the optimal shape
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Figure 5.8: Non optimal shape and corresponding velocity for ten pools

Figure 5.9: Optimal shape and corresponding velocity for ten pools

(Figure [5.9).

We give numerical results for the central pool in the ensuing figures. Turbulence ap-
pears clearly in the areas near from slots in the figure (left). For the optimal shape
(Figure (right)), the nature of velocity permits a suitable passage for fish and provides
for them a rest in the zones where the velocity is almost null.

Figure 5.10: Non optimal shape and corresponding velocity for the central pool

5.7 Conclusion

In this work, we have studied the Navier Stokes Forchheimer equations. A penalty method
has been introduced to examine different properties of a penalized problem along two

parts the first one is the derivation of an error estimation and use it for the global error
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estimates found in the second part. A finite element method has been used to discretize
the fluid domain and derive an error estimate for the velocity and the pressure in term
of norm H' and L? respectively. Numerical results were presented for Two 3-D examples
for fishways structures. The obtained results stated the robustness and efficiency of the

adopted technique.
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Optimisation de forme et applications aux ouvrages hydrauliques : Analyse
mathématique et approximation numérique

Résumé : Nous nous intéressons a I’étude théorique et numérique de plusieurs modéles d’écoulement
(Saint-Venant, multicouches, milieux poreux stationnaires et non stationnaires) et de leurs appli-
cations & 'optimisation de formes de certains ouvrages hydrauliques. Nous explorons le caractére
bien posé des systémes, nous dérivons un systéme adjoint lié & chaque modéle.

Une méthode de pénalisation est utilisée pour relaxer la contrainte d’incompressibilité.

Nous exprimons le gradient de forme en fonction de la vitesse comme variable d’état, des variables
adjointes, et le vecteur unité normal au bord du domaine. Nous adoptons une méthode d’éléments
finis discréte pour approcher la solution du probléme pénalisé et établissons des estimations a
priori afin de prouver la convergence de la solution approchée vers la solution du systéme non
perturbé.

Le probléme d’optimisation est implémenté en utilisant la méthode adjointe continue et

la méthode d’éléments finis.

Mots clés : Equations des eaux peu profondes, Méthode de multicouches, Equations de mi-

lieux poreux, Méthode d’éléments finis.

Shape optimization and applications to hydraulic structures : Mathematical
analysis and numerical approximation

Abstract : We are interested in the theoretical and numerical study of different flow models
(shallow water system, multilayer, stationary and non stationary porous media) and their appli-
cations to the shape optimization of some hydraulic structures.

We explore the well-posedness of the models and derive the adjoint equations related to each
System.

A penalty method is used to relax the incompressibility constraint. We express the shape gradient
of the cost function in terms of the velocity value as a state variable, the adjoint variables and
the unit normal vector to the boundary of the domain.

We propose a discrete finite element method to approximate the solution for the penalized prob-
lem and establish a priori estimates to prove the convergence of the approximate solution to the
solution of the non perturbed problem. Error estimates for the velocity and the pressure are
given.

The optimization procedure is implemented using the continuous adjoint method and the finite

element method.

Keywords : Shallow water equations, Multilayer method, Porous media models, Finite element
method.
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