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Résumé:

L’équation de Kramers-Fokker-Planck est I’équation d’évolution pour les fonctions de
distribution décrivant le mouvement brownien des particules dans un champ externe. Cette
équation a été dérivée et utilisée pour décrire la cinétique de la réaction chimique.

L’un des problemes fondamentaux est d’analyser le comportement en temps grand des
solutions de I'équation de Kramers-Fokker-Planck dépendant du temps (t) et de prouver
que ces solutions convergent exponentiellement vers I’équilibre lorsque ¢ tend vers +o0.

Afin d’étudier le probleme de retour exponentiel a 1’équilibre, une méthode efficace consiste
a étudier I’écart spectral, qui est réduit a 'analyse de la compacité de la résolvante de
I'opérateur de Kramers-Fokker-Planck.

Dans cette direction, cette these porte sur la théorie spectrale des opérateurs de
Kramers-Fokker-Planck dégénérés et présente des conditions suffisantes pour la compacité
de la résolvante.

Cette these consiste principalement en trois parties bien articulées, qui ont fait ’objet de
trois articles différents.

Le premier article porte sur I'analyse du cas de potentiel polynomial de degré inférieur ou
égal a deux. Dans cette situation, l'opérateur de Kramers-Fokker-Planck est évidemment
quadratique. Ce travail conjoint avec Francis Nier et Joe Viola a abouti a des estimations
sous-elliptiques optimales avec un controle uniforme des inégalités par rapport aux
coefficients du polynome. Ce controle est dii & un calcul exact basé sur I'apparition d'une
structure quaternionique.

Dans le deuxieme article, nous investissons les résultats précédents et nous 1’étendons, avec
des corrections logarithmiques, a une classe de polynomes de degré supérieur ou égal a trois
dont les modeles asymptotiques a I'infini apres changement d’échelle sont de degré inférieur
ou égal a 2.

Le troisieme article est consacré a I’étude du cas de potentiels homogenes de degré
strictement entre 2 et 6. Il étend a son tour I'estimation sous-elliptique établie dans le
deuxieme article dans une situation homogene sous controle des valeurs propres de la
matrice hessienne du potentiel.

Mots-clés:

Estimations sous-elliptiques, résolvante compacte, opérateur de Kramers-Fokker-Planck,
Laplacien de Witten, semi-groupe, quaternions, transformation de Bargmann.

AMS-2010: 35Q84, 35H20, 35P05, 47A10, 14P10, 20G20






Abstract:

The Kramers-Fokker-Planck equation is the evolution equation for the distribution
functions describing the Brownian motion of particles in an external field. This equation
was derived and used to describe reaction kinetics.

One of the basic problems is to analyze the large time behavior of solutions to the
time-dependent Fokker-Planck equation and prove that these solutions converge
exponentially towards the equilibrium as time ¢ goes to 4o0.

In order to study the exponentially trend problem, an efficient method is to investigate the
spectral gap, which is reduced to analyze the compactness of the resolvent of the
Kramers-Fokker-Planck operator.

In this direction, this thesis concerns the spectral theory of Kramers-Fokker-Planck
operators with degenerate potentials and provides sufficient conditions for the resolvent
compactness.

The work beeing conducted in this thesis includes three main parts well articulated, which
have been the subject of three different papers.

The first paper focuses on the analysis of the case of polynomial potential with degree less
than three, where obviously the Kramers-Fokker-Planck operator is quadratic. This joint
work with Francis Nier and Joe Viola led to optimal subelliptic estimates with a uniform
control of the inequalities with respect to the polynomial’s coefficients. This control is due
to an exact calculus based on a quaternionic structure.

In the second paper, we invest the previous results and we extend it, with logarithm
corrections, to some class of polynomials with degree greater than two whose asymptotic
models at infinity, after scaling, are of degree less three.

The third paper is devoted to the study of the case of homogeneous potentials of degree
strictly between 2 and 6. It extends in its turn the subelliptic estimate showed in the
second article in an homogeneous situation under a control of the eigenvalues of the
Hessian matrix of the potential.

Keywords:

subelliptic estimates, compact resolvent, Kramers-Fokker-Planck operator, Witten
Laplacian, semigroup, quaternions, Bargmann transform.

AMS-2010: 35Q84, 35H20, 35P05, 47A10, 14P10, 20G20
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Chapitre 1

Introduction

1.1 Positionnement du probleme

1.1.1 Introduction

Pour un potentiel V' de classe C*° sur R¢, 'opérateur de Krames-Fokker-Planck est défini
sur R?? par

1
Ky = pd, — 0,V (q)0, + 5(—Ap —i—p2) .

Dans cette these, nous nous intéressons a 1’étude de certaines propriétés spectrales et des
criteres de compacité de la résolvante pour des opérateurs de Kramers-Fokker Planck en
présence de potentiels dégénérés.

Cette étude spectrale est étroitement liée, comme nous le verrons dans la Partie 1.1.1.1, a
I’étude des processus stochastiques de diffusion de la physique statistique.

L’étude des équations de Kramers-Fokker-Planck, version équation aux dérivées partielles
des processus stochastiques de Langevin pour le mouvement brownien, ont connu une
nouvelle jeunesse ces dernieres années dans la communauté mathématique.

Dans cette direction plusieurs progres ont été faits sur le calcul analytique précis des temps
de vie d’états métastables dans des situations assez générales.

Par ailleurs la théorie générale des dynamiques associées a été mieux comprise et
généralisée a des cadres géométriques variés par les travaux de Hérau-Nier [HerNi,
Bismut-Lebeau [BiLe], Helffer-Nier [HeNi|, Eckmann-Hairer [EcHa] et
Hérau-Hitrik-Sjostrand [HHS]...

Parmi ces travaux, Helffer et Nier ont posé la question, avec une réponse partielle, de la
relation entre les propriétés spectrales de 'opérateur de Kramers-Fokker-Planck (processus




CHAPITRE 1 : Introduction

de Langevin en position-vitesse avec diffusion partielle en vitesse) et celles de Laplacien de
Witten AS)) = —A\,+ |VV(q)]" = AV (q) (évolution uniquement de la position avec
diffusion totale).

Dans [HeNi] le lien entre les deux opérateurs A%ﬁ)) et Ky a été précisément décrit et a
abouti a la conjecture suivante :

Conjecture 1.1.1. L'opérateur Ky est a résolvante compacte si et seulement si Ag)) est a
résolvante compacte.

La partie nécessaire de cette conjecture a déja été établie par Helffer et Nier (cf. [HeNi],
Théoreme 1.1]). L’'implication inverse reste encore ouverte jusqu’a présent pour un potentiel
général, et elle est en effet valide sous certaines conditions sur le potentiel V (cf. Partie 1.4).

Par I'un des résultats élémentaires sur les opérateurs de Schrodinger, nous voyons que le
Laplacien de Witten est a résolvante compacte si

|VV(q)|2 — AV (q) — +o0, quand  |g| = +o0 .

Plus généralement (voir [Hel][HeNi][BoDaHe| par exemple), 'opérateur Agfo) est a
résolvante compacte s’il existe un certain ¢t €0, 2[ tel que

t|VV(q)|2 — AV (q) — +o0, quand  |g| = +o0 .

Par ailleurs, une étude approfondie a été faite par Helffer-Nier [HeNi| suivant I’approche des
groupes de Lie nilpotents de Rothschild-Stein [RoSt] et Helffer-Nourrigat [HeNo], montre
que si aucun polynome non nul d’un certain ensemble canonique contenant V' n’admet un
minimum local alors Ag) est a résolvante compacte (cf Partie 1.3). En particulier, cette
étude met en évidence I'influence du signe de V' sur la compacité de la résolvante de ASJ).
L’exemple le plus connu dans cet esprit est V (g1, g2) = ¢7¢3 en dimension 2. En effet, pour

cet exemple 'opérateur ASO‘), est a résolvante compacte alors que Agf‘)/ ne l’est pas.

La difficulté de I’étude pour 'opérateur de Kramers-Fokker-Planck Ky vient du fait qu’il
n’est ni autoadjoint, ni elliptique. De nombreux travaux ont été réalisés dans le cas
polynomial ou d°V < 2 (voir [Hor][HiPr|[Vio] [Viol][AlVi]). Néanmoins, dés qu'un potentiel
général est considéré, différents types de conditions suffisantes sur V' (q) ont été examinées
par Hérau-Nier [HerNi|, Helffer-Nier [HeNi], Villani [Vil] et Wei-Xi Li [Li]. Ces premiers
résultats ne considerent que des variantes de la situation elliptique a I'infini (pour un
potentiel non dégénéré), qui ne distinguent pas le signe £V (¢). Une amélioration
significative de ces travaux a récemment été apportée par Wei-Xi Li [Li2] basée sur
certaines méthodes de multiplicateurs. Dans [Li2], Wei-Xi Li a montré que pour des
potentiels similaires & V(q1, ¢2) = ¢2¢3, les résultats pour K.y étaient les mémes que pour

Af‘), (voir Partie 1.4).



1.1 Positionnement du probleme

Dans cette voie, nous visons a développer avec cette these une étude systématique des
opérateurs de Kramers-Fokker-Planck. Notre objectif est en particulier de donner des
conditions suffisantes sur V' pour que Ky soit a résolvante compacte et que ces conditions
soient bien satisfaites. Une telle analyse approfondie une grande ressemblance avec les
criteres de compacité déja établis pour Laplacien de Witten AV et conforte ainsi 'idée que
la conjecture 1.1.1 soit vraie (c.f Parties 2, 3, 4).

Ce probleme présente ainsi de nombreux aspects du point de vue de I'analyse
mathématique : ellipticité dégénérée des équations aux dérivées partielles (hypoellipticité,
sous-ellipticité) ; groupe et algebre de Lie (condition de Hérmander pour I'hypoellipticité),
algebre de Lie nilpotente (approche de Rotschild-Stein [RoSt] et hypoellipticité maximale
de Helffer-Nourrigat [HeNo|[HeNi][Nie]) ; extension au cadre de la géométrie riemannienne
via les Laplaciens de Witten et le Laplacien hypoelliptique de Bismut ; analyse spectrale
semiclassique puisque la limite de basse température (utilisée en chimie, physique ou autres
sciences faisant appel au mouvement brownien) n’est rien d’autre qu'une limite
semiclassique.

1.1.1.1 Lien avec ’approche probabiliste
1.1.1.1.1 Rappel sur les équations différentielles stochastiques (SDE)

Soient
b:R"xRy — R* et B:R"xR; — M,(R)

deux fonctions ou M, (R) désigne 'espace des matrices carrées de taille n & coefficients réels.
Considérons I"équation différentielle stochastique (SDE)
dX =b(X,t)dt + B(X,t)dW , (1.1.1)

ou X (-) € R™ est un processus stochastique et dW(-) est un ”bruit blanc” de dimension n
avec covariance

E(dW (s) dW (t)) = do(t — s) .
Rappelons que pour une fonction lisse (x,t) — u(x,t) la formule d’'Ito s’écrit

du(X, dt+Z—dX + = Z 31’18:15] dX; dX; (1.1.2)

7]_

avec dt2:0, det:O, AWy dW) = by dt .
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Lorsque X résout I’équation (1.1.1), en appliquant la formule d’Tt6 (1.1.2), on obtient

ou “
du(X,t) = —dt (X, t)dt + (Bd (BBY);; dt
X, 1) = ot + Z 8362 ) dt + (B dw), Z 8x (’M]
——dt Zaxl (X, t) dt + (B dw);]
R 0*u
T 2 Z Ox;, 0xj Biyin Bj g AWiy AW,
11,J1,12,J2=1 0l
1
= [Oyu + b.0,u + §8x.(BBt)8mu}dt + Oyu.(BdW) . (1.1.3)

En particulier, si vy est une observable indépendante de la variable du temps t, la formule
(1.1.2) mene a la relation

vo(X (1)) = vo(X(0)) + / <b.8xvo + lﬁx.(BBt)axvo(X(s))> ds
0 (1.1.4)

/81)0 ).BdW .

Le lien entre les équations différentielles stochastiques et les semi-groupes de diffusion est
obtenu apres calcul de I'espérance conditionnelle,

v(xg,t) = E(vg(X,t); X(0) = x0) ,

pour une observable

¢
v(wg, t) = vo(x0) + / <b.(9mv + %8$.(BBt)8wv) (xo,s)ds +0 .
0

Notons que dans la derniere formule, on utilise le fait que si une fonction measurable G
vérifie

E(/OtG(s)Qd,S) < oo alors E(/OtG(s)dW(s)> =0.

Notons

L=—bo,— %Gx.(BBt)ax . (1.1.5)

On obtient alors



1.1 Positionnement du probleme

t
v(xo,t) = vo(z0) +/ (—Lw)(s)ds = e vy |
0
ou encore

(1.1.6)

o = —Lv = b.0,v+ %@U.(BBt)@xv
v(t=0) = .

Pour plus amples détails sur les équations différentielles stochastiques voir [Ris|[Nel|[Eva].

1.1.1.1.2 Application aux processus de diffusion réversibles

Prenons un potentiel V(q) de classe C>°(R?) et considérons
b(q) = -8,V (q) , B=+2Id. (1.1.7)

Dans ce cas le champ de transport est un gradient et le processus de diffusion est dit alors
réversible.

Avec les données (1.1.7), la SDE (1.1.1) s’écrit
dq = —8,V(q)dt + V2dW ,
et le générateur du semi-groupe correspondant (voir (1.1.7)) est donné par
L=0,V(q)0, — A, = (0,V(q) — 0,)0, .
De plus la mesure de probabilité invariante vaut

e_V(q)

_ 5 g —V i 1/mpd
a fRn e V@ dg dgq (a condition que e”" soit dans L' (R%, dg)).

Supposons alors que e~V € L (R%, dg) ou encore "% € L*(R4, dq) et écrivons
9,V (q)
2
1 1

= (0~ 304V (@)) (0, + 30,V (4))

<

_v v
2 2

Le (9V(q) — 9y) - (e2 (9, +

)

=€

1 1
= _Aq + Z|8qv<q)|2 - QAqV(Cﬁ .

Définition 1.1.2. Etant donné un potentiel V € C*(R?), le Laplacien de Witten associé a

% est défini par

A, : CF(RY) — L(R?, dg) ,
AO — A+ LoV @)P - 2a,v(0)
V/2 T ¢ T 1%V Y o aV\d) -

5
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Le Laplacien de Witten a été initialement introduit par E. Witten [Wit] sur une variété
compacte. Etant donnée une fonction de Morse V (une fonction C*> n’ayant qu'un nombre
fini de points critiques, tous non dégénérés), le Laplacien de Witten est défini sur les
formes par

A =dyod, +diody, ondy=e¢"odoe" .

Dans ce papier, on ne considere que les Laplaciens de Witten sur les O-formes dans 1’espace
R?, et dans ce cas, il est donné par la Définition 1.1.2.

1.1.1.1.3 Application aux processus de diffusion non réversibles

Considérons maintenant le cas ou R" = ]R;l X RZ , X = (q,p), et prenons

b(a,p) = <_aq‘];_p>  B= (8 ﬁ(I)de> '

La SDE (1.1.1) se lit alors

{dq =pdt
dp = —0,V(q)dt — pdt +~/2dW .
Le générateur du semi-groupe correspondant (cf. (1.1.7)) vaut
Ky = —p0y + 0,V (4)0, + (=0, + )0y
et son adjoint formel est
Ky = pdy — 9,V (4)0p — (0, + )0y ,

La mesure de probabilité invariante est donnée par

o~ B4V (@)
M(q,p) =

dqd
[ e Ev@)

a condition que M(q,p) € LY(R?*¢, dqdp) , ou de fagon équivalente, que e~V € L}(R?, dg).
Supposons donc que e~V € LY (RY, dq) et écrivons

2 2
(p +V(Q)) y _(P +V(g)

T K e ) = pd, — 9,V ()0, + (=0, + =p)(0, + =p) .



1.2 Propriétés spectrales et relations entre Agfo) et Ky

Définition 1.1.3. Etant donné un potentiel V € C>®(R?), l'opérateur de
Kramers-Fokker-Planck est défini par

Ky : C°(R*) — L*(R*, dqdp) ,

1 1
KV = pi?q — E)qV(q)@, + (—8,, + ép)(ﬁp + §p) .

Remarques 1.1.4. La partie réelle de Ky,

d

%(K—Hf +K.v)= (_ Op + 1p> <8p+ 1p> =—A,+ }l|p|2 90

2 2

est le hamiltonien d’un oscillateur harmonique en p.

La partie imaginaire de Ky,

(Kyv — K. v) = POy — 5’qV(q)0p

1
2

est le champ de vecteurs hamiltonien associé a l’énergie classique E(q,p) = %2 +Viq) .

1.2 Propriétés spectrales et relations entre AEE) et Ky

1.2.1 Propriétés spectrales de Laplacien de Witten

Commencons tout d’abord par rappeler certaines définitions élémentaires .

Définition 1.2.1. On appelle "symbole principal” de ['opérateur différentiel
D= Z ao(x)D* d’ordre m la fonction

|a|=0

om(z, &) = Z a.(z) £

|a|=m
(ot les aq(x) € C*(RY) et D = (Dy,, ..., Dy, ), Dy, = —i0y,)

Définition 1.2.2. L’opérateur différentiel © est dit "elliptique” au point x € € si et
seulement si

VECSRIN{0}, om(z,6)# 0.

Lopérateur ® est dit "elliptique” dans €2 s’il est elliptique pour tout point x € ().

7
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Remarque 1.2.3. Le Laplacien de Witten A%ﬁ]) =—A,+ |0,V (q)]> — AV(q) est un
opérateur elliptique dans RY. Clairement, son symbole principal vérifie

VEERN{0}, 0a(q, &) = [I€)*# 0.

Il est important de noter que l'ellipticité de Ag) en tant qu’opérateur différentiel donne de
la régularité et des informations locales, mais ne dit rien sur des estimations globales tant
qu’on n’a pas fait d’hypotheses sur le comportement de V(g) et de ses dérivées a l'infini.

1.2.1.1 Application du théoreme de Simader

Définition 1.2.4. Un opérateur symétrique (A,D(A)) est dit essentiellement autoadjoint
si sa fermeture est autoadjointe.

On rappele ci-apres quelques criteres et propriétés de base des opérateurs autoadjoints

respectivement essentiellement autoadjoints (on peut par exemple regarder [ReSi] pages
256-257).

Proposition 1.2.5. Soit T un opérateur symétrique défini sur un espace de Hilbert H. Les
assertions suivantes sont équivalentes.

(1) T est autoadjoint.

(11) Ker(T* £+ i) = 0.

(111) Ran(T +i)est dense dans H.

Proposition 1.2.6. Soit T un opérateur symétrique défini sur un espace de Hilbert H. Les
assertions sutvantes sont équivalentes.

(1) T est essentiellement autoadjoint.

(i1) T est fermé et Ker(T* £ 1) = 0.

(111) Ran(T i) est dense dans H.

Preuve. On applique la proposition 1.2.5 a A = A* et on utilise le fait que A est
symétrique alors Ran(A + i) = Ran(A £ 1)

Remarque 1.2.7. Si de plus T est positif, on a Ran(T) C Ran(T =+ i) (soit
u € Ker(T £ 1) alors il existe u € D(T) tel que Tu = +iu. Par suite
(Tu,u) = (+iu,u) = +il|u||®>. Or T est positif donc uw =0 d’ot u € Ker(T) )

Théoréme 1.2.1 (Théoreme de Simader). Un opérateur de Schridinger positif
—A+W(x) avec W € C*(R?) est essentiellement autoadjoint sur C3°(R?).

8



1.2 Propriétés spectrales et relations entre Agfo) et Ky

Nous renvoyons par exemple le lecteur & [Hel] (voir Théoreme 6.6.2) pour une preuve du
théoreme 1.2.1.

Le Laplacien de Witten A%ﬁ)), étant positif par construction, est essentiellement autoadjoint
sur C3°(R?). Autrement dit, il admet une unique extension autoadjointe et sa fermeture
autoadjointe a pour domaine

DAY = {u e LARY), Ay e L?(Rd)} .
Lemme 1.2.8. Le noyau de Laplacien de Witten Ag]) avec domaine
DY) = {ue L*®?Y), APue 2R}

est donné par

Ce™V s eV e L*(RY)

Ker(AS))) = {u € D(A&E)) : d(e"u) =0 dans D’(Rd;Rd)} = { 0 cinomn

Démonstration. Pour tout u € D(A&?)) ,
(u, AP ) = ||dyulagey ot dy =0, + 0,V (g) .

D’autre part, pour tout u € L?(R?)

d(eu) =" 0,,(e"u)dg; = zd: eV (0y, + 0,V (q))udg
' i=1
=e"(9,+ 0,V (q))udq = " (dyu) dq .
Il en résulte alors I’équivalence
de"u) =0 dans D'(R4RY) < dyu=0 dans D'(RLGRY) .

Si u est dans Ker(AS))) alors u est dans le domaine D(A%ﬁ))) tel que Ag/o)u = 0. Ainsi on
obtient

0= (u, AP w)e = [[dvuls |
ce qui donne dyu = 0. Réciproquement, si dyu = 0 au sens des distributions pour un

certain v dans le domaine de AEE), alors comme A%ﬁ)) = di,dy dans D'(R%R?), on a
directement dyu = 0. O
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1.2.2 Propriétés spectrales de 'opérateur de KFP

Dans cette sous-section, on donne une version hypoelliptique du théoreme 1.2.1.

Définitions 1.2.9. Soit A un opérateur non borné dans un espace de Hilbert H avec
domaine D(A).

x On dit que A est accrétif si

Re(u, Au) >0, Vue D(A) .

x Un opérateur accrétif A est accrétif maximal s’il n’admet aucune extension accrétive B
avec domaine strictement plus grand (ou encore s’il est fermé, accrétif et 1 € p(—A)).

x Un opérateur accrétif A est essentiellement accrétif maximal si sa fermeture est accrétive
mazimale.

Lemme 1.2.10. Soit (A,D(A)) un opérateur défini sur un espace de Hilbert H avec
domaine dense dans H.

Si A est accrétif alors il est fermable, sa fermeture A est accrétive et pour tout A € C,

Ran(\ + A) est dense dans Ran(\ + A).

Lemme 1.2.11. Soit (A,D(A)) un opérateur défini sur un espace de Hilbert H avec
domaine dense dans H.

1) Si A est fermé et accrétif, alors I + A est injectif et Ran(I + A) est dense dans H.

2) Si A est accrétif mazimal, alors (0,+00) € p(—A) et pour tout A >0, AN + A)~! est
un opérateur de contraction sur H .

3) On suppose que A est accrétif alors on a l’équivalence suivante :

A est accrétif mazimal < il eziste X > 0 tel que Ran(\ + A) est dense dans H.

Pour les preuves des lemmes 1.2.10 et 1.2.11 et pour plus de résultats sur la notion
d’accrétivité maximale on peut regarder les livres de Dautray-Lions [Dali] (Volume 5,
Chapitre XVII) et [Dav].

Théoréme 1.2.2. Soit V(q) € C*(RY), l'opérateur de Kramers-Fokker-Planck défini sur
Cs°(R?*) par

1 d .
Ky = —-A,+ Z|p|2 ~3 + Xy, ou Xo=p9d, —VV(q)o,
est essentiellement accrétif maximal.
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1.2 Propriétés spectrales et relations entre Agfo) et Ky

Pour prouver ce dernier résultat on montre que le rang de Ky + (g + 1)1 est dense dans
L*(R??) et on utilise ainsi le lemme 1.2.11 pour conclure. La démonstration du théoréeme
1.2.2 est faite en détail dans [HeNi| (voir Proposition 5.5).

Remarque 1.2.12. Comme Ky défini au départ avec domaine C5°(R?*?) est
essentiellement accrétif maximal, le domaine de sa fermeture est donné par

D(Ky) = {u e L*(R*), Kyue L*(R*))} .

1.2.3 De Kramers-Fokker-Planck au Laplacien de Witten
Dans [HeNi] (cf. Proposition 5.19), Helffer-Nier ont établi les relations suivantes entre
I'opérateur de Kramers-Fokker-Planck Ky et le Laplacien de Witten AS)).

Proposition 1.2.13. Soit V € C>*(RY).
i) Si Uopérateur Ky est a résolvante compacte alors Agﬁ)) est aussi a résolvante compacte.

i1) Si 0 est dans le spectre essentiel de AEE) alors 0 est de méme dans le spectre essentiel
de K:I:V-

Démonstration. Supposons que (1 + A%B))’l n’est pas compact. Alors il existe une suite
orthonormée (uy)ren dans le domaine de Agg) tel que

(ur, A ) = vz
est bornée (ou dy = 9, + 9,V (q)).
Considérons, la suite définie par
Uk(g.p) = ur(q)(2m)~ e P/t
Cette suite est orthonormée dans L?(R??) et satisfait pour tout k € N,
KyvU, = 7)Y (dyui(q))pe ™ /* dans D'(R?) .

Dot Uy € D(Ky) = {u € L*(R*), Kyu € L*(R*)} (voir Remarque 1.2.12). De plus il
existe une constante ¢ > 0 telle que pour tout k € N,

||KVUk||L2(R2d) S CHdvuk||L2(Rd) .

Ainsi la suite (Uy)ren est une suite orthonormée tel que || Ky Ugl|z2 est uniformément
bornée. Si Ky, avait une résolvante compacte, nous pourrions extraire une sous suite de
Cauchy Uyi. Cela implique immédiatement que u; devrait étre une suite de Cauchy dans
L*(R9). Mais ceci est en contradiction avec le fait que uy, est une suite orthonormée.

11
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Pour ii), rappelons tout d’abord que A € C appartient au spectre essentiel d'un opérateur
(A, D(A) C L*(R")) s’il existe une suite othonormée (uy)reny dans L2(R™), avec uy € D(A),
telle que klim |(A = Nuyg|| = 0. Cette condition est suffisante en général et c’est une

—+00

condition nécessaire et suffisante si 'opérateur A est autoadjoint. Supposons que
0¢€ UESS(A@ ). 11 existe alors une suite orthonormée (uy)ren dans L2(R?), avec

Uy € D(A%ﬁ))) tel que klim ||A$)Uk||L2(Rd) = 0.
—00

En conséquence, la suite Uy(q, p) = ux(q)(2m)~4e 7°/* est une suite orthonormée dans
L*(R?%), qui vérifie U, € D(Ky) et

”KVUkHL2(R2d) < CHd\/ukHL2(Rd) kjroo 0.

1.3 Critéres de compacité de Laplacien de Witten (Résultats
connus)

Lemme 1.3.1. (Formule de Localisation IMS)
Soit Z@/Jj(q)z = 1 une partition de 'unité sur R%. On a
jeN

Dy = (=D — |0 (q) -

jEN

Démonstration. Pour tout u € C§°(RY),
—Ag(Pu) = —h; Ay (1) u — juld gy — 2V, V (hu)
1
= — ;A (¥))u — §U(Aq%2 — 2|V, [%) = 2|V Pu — 24,V Vu

1
= —;Ag(Yj)u — QUAW? — | VPu — Vi Vu .

Or Zzpj(q)2 =1, donc

jEN

D (FA) W) =Y = Ay (vy)u — V[ u .

jeN jeN
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1.3 Critéres de compacité de Laplacien de Witten (Résultats connus)

Proposition 1.3.2. On considere le Laplacien de Witten Agﬁ)) avec domaine
DAY = {u e LARY), Ay ¢ L?(Rd)} .

S’il existe une application continue R : R — R telle que pour tout u dans D(Agfo))
”R(Q)UH%%W) < (u, A >L2 (Rd) T HUHL2(R‘1 ; (1.3.1)

avec  lim R(q) = 400, alors Ai/) est a résolvante compacte.
lg|l—+o0

Démonstration. Supposons par contradiction que (1 + A&ﬁ)))*l n’est pas compact. Il existe

alors une suite u,, € D(AS))) tel que

||un||L2(Rd) =1
—0
H( AY 4+ + 1)tn|| r2ray < ¢ pour n assez grand.
Il s’ensuit que pour tout entier naturel n assez grand,
(s AP ) < (i, (AP + Vi) < | 2y [(AY + Dt | 2y < ¢ (1.3.2)

Considérons maintenant une partition de I'unité C*, ¥1(q)? + 12(q)* = 1, telle que v soit
a support compact (qui sera fixé a la fin). En particulier Vi, et Vi), sont C* a support
compact. En utilisant la formule de localisation IMS (voir Lemme 1.3.1) on obtient

[\

(s A1) = (W11t AP 1) + (g, ADYo1) = (0, [V Pun) . (1.3.3)

j=1

Comme pour j € {1,2}, les fonctions Vi); sont C* a support compact, il existe une
constante ¢ > 0 tel que

2

>t [V P} < gy = ¢ - (1.3.4)

j=1

Compte-tenu de (1.3.2), (1.3.3) et (1.3.4) on obtient

¢ > (tn, AVu) > (g, AV Yun) + (i, AV ouy,) —

On en déduit alors qu’il existe une constante C' > 0 tel que

C > (W, AP Yrun) + Uty AP Yo1,) + a2z - (1.3.5)

13
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D’autre part en utilisant ’hypothese (1.3.1),
(ot AP Gt} + ot T2y > I1R(@)2t0nF2ga - (1.3.6)
Ainsi (1.3.5) et (1.3.6) donnent
C' > (1, AP Pruy) + [ R(q) a2 g0y + U113 g0) -

Soit € > 0, en choisissant 1, et 1 tel que R(q) > % dans le support de 15, on obtient ainsi

0 20
C 2 (nttn, AP r1un) + = [[Yrtnl[ gy + 120Gz -
Par suite

||¢2un|li2(Rd) S %
Yrug € HY(RY)  car (yun, AP Y1) = [[(95 + V) (V1) |22 zay < C'

Comme Yyu, € HY(R?) et 1), est & support compact, on peut extraire de ;u, une sous

2
suite w,, vérifiant ¢ u,, L—+> v. Or par hypothese u,, — 0 donc v = 0.
n—-—+0oo

Ainsi pour tout € > 0,

€ €
HunkH%2(Rd) = leunkH%Q(Rd) + HwQUHkH%2(Rd) < 515

ce qui est absurde car [Ju, || r2ge) = 1. O

:67

D’apres la proposition 1.3.2, si
IVV(g)]? = AV(q) — +o0  quand g — +oo,

alors Ag?) est a résolvante compacte. Une combinaison avec un argument de crochet (voir
[BoDaHe][Hel|[HeNi]), montre que c’est encore vrai sous la condition plus faible qu’il existe
existe t € [1, 2] tel que

t{VV(q)]> — AV(¢) — +o0  quand |g| — 400 .

Un autre résultat connu (voir Corollaire 5.10 dans [HeNi]) dit que si le potentiel
V € C*°(RY) satisfait 'hypothese 1 suivante alors Ag)) est a résolvante compacte.

Hypothese 1. Pour tout |a| > 1, il existe une constante C,, > 1 tel que
105V (q)] < Ca(0,V (q)) -
1l existe des constantes C' > 1, M > 1 tels que
1L
CHa)» < (9,V(q)) < Clg™ .
Remarque 1.3.3. L’hypothése 1 implique que la hessienne Hess V (q) est contrélée par le
gradient 0,V (q) a linfini.
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1.3 Critéres de compacité de Laplacien de Witten (Résultats connus)

1.3.1 Premiers exemples et observations

Lemme 1.3.4. Etant donnés deuz potentiels Vi, Vs € C>®(RY), on a linégalité suivante
(dans le sens des formes quadratiques sur C3°(R?))

AD > 20,Vi(q) - 0,Va(q) + 19,Va(q)? — AVa(g) .

Démonstration. Soit u € C°(RY) |

Ay +10,(Vi + Va)|* = A(Vi + Va) Ju, u)
Dy +|0VA* = AV + (19,Val* + 20,Vi ()9, Va(a) — AVa)u, u)
ADu,u) + ((|0,Va]* +20,Vi0,Vs — AV)u, u)

(105V2]? + 20,V10,Vo — AVa)u, u) .

0
<AE/1)+V2U’7 u> =

<_
<_

o~ o~~~

>

Exemple 1 : Dans L?(R?), on considére V = V] + V5 ou

146
2

Vilgr, q2) = Q%qg . Valgr,q2) = (Q% + qg) pour [g[>1,0<d<1.

En passant aux coordonnées polaires,
(q1,q2) = (rcosf,rsin@) , r € R%, 6 € [, 7),

on obtient

Vi=7r%0), )= . Vo=r" avec r>1.
Par suite
AVy=(1+40)0r 2 < (14+6)d:=c.
Ainsi, d’apres le lemme 1.3.4
AY > 8(1+6)r*p(0) + (1 +0)2r% —c > (1+6)7% —c.

Comme 1irr+1 (14 6)%r* — ¢ = 400, on conclut d’apres la proposition 1.3.2 que AES) est a
r——>+00

résolvante compacte.

Remarquons que dans la direction § = 0 , la hessienne de V' croit comme r? alors que le
gradient de V est borné par r® < r. Donc c’est un exemple d'un potentiel pour lequel A%ﬁ))
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est a résolvante compacte alors que I’hypothese 1 n’est pas satisfaite.
Exemple 2 : On considére V = -V} = —¢iq3

A = =2, + |0, Vi()? — AVi(g) > —AVi(g) = 2(¢2 + ¢%) — +o0 .

lg|—+o0

D’ou AS)) est a résolvante compacte.
Exemple 3 : Dans le cas du potentiel V = +V; = ¢?¢3, on montre que 0 € UESS(AQ)), ce
qui implique que la résolvante de AS)) n’est pas compacte. En effet, pour x € C°(R?) on a

(xe ™, AP (xe™)) = (xe ™V, —(9, — V) (8, + 0,V )xe ™)
= 1/(9, + 8,V) (xe V)|
— |1(Bx)e" |2

On prend x,(q) = ¥(27"r)(0),n € N, ot Yy est a support compact autour de § = 0 avec
1o = 1 dans un petit voisinage et supp ¥ C ( avec ¥ = 1 autour de 1.

L2 (rRd)

L2®rd)

4’2)

On pose u,, = yne~ V. Cette suite est orthogonale et vérifie

<una Ag))un> H( IXTL) VHL2 Rd)

||un||%2(Rd) B [xne™V ||L2(Rd)
3 n
J2 07 D#ﬂPkwd2—%r‘ﬂ¢4ﬂ¢%P]e‘ﬁ A0y drdg
= — —0 .
f 1% M [0l ]6728%(9)22”rdrd6 n—too

En vue des exemples 2 et 3, on conclut que la compacité de la résolvante de A depend
du signe de 7y (o 7y est un parametre de friction).

1.3.2 Résultat de Helffer-Nier

Dans cette partie, nous rappelons les criteres d’hypoellipticité maximale développés par
Helffer et Nourrigat [HeNo] et son application pour Laplacien de Witten (voir
[HeNi][Nie][Nou]).

1.3.2.1 Notion de micro-hypoellipticité maximale

Dans Rgtl, on considere 'algebre de Lie engendrée par les champs de vecteurs

X; =0, , Yi=0,V(Q)o, j=1,--.d. (1.3.7)

16



1.3 Critéres de compacité de Laplacien de Witten (Résultats connus)

Pour tout 75 € R*, on considere la représentation unitaire Ily ;, de 'algebre de Lie dans
L*(R41) donnée par

HV,TO(Xj) - aqj ) HVTO( ) a V( )ZTO .
Notons
L; :Xj—z'Yj:&h. —if)qu(q)ﬁt , jg=1---.,d. (1.3.8)

Ainsi on peut réécrire le Laplacien de Witten sous la forme

T()V - ZHVTO HVTO(L )

_ZHV’?’O Y2+Z[X17Y;D

= HV,TO(L*L) .

Définition 1.3.5. Le systéme Lq,--- , Ly défini sur Rd+1 dans (3.2) est dit
micro-hypoelliptique mazimal autour de qy dans la dzrectzon 7> 0, 57l existe un voisinage
de qo wy, et une constante ¢ > 0 tels que l’estimation

d d
> (I0vm (Xl ey + Ty, (Y5l ) < €] D MLl gy + il |

j=1 Jj=1
est vrate pour tout 7o > 0 et pour tout u € C§°(wy, ).
Notation 1.3.6. Pour r € N on note E,. l’ensemble des polynomes de degré inférieur ou
égal ar :

ET:{PGR[q17q27"'>Qd}7 degPST}

Définition 1.3.7. Pour un polynome P € E,., on définit la fonction R? :R? — R par

Rp'()= Y 10gP(a)™ . (1.3.9)

1<]a|<r

Remarque 1.3.8. La notion de micro-hypoellipticité maximale, nous conduit a considérer
les inégalités globales

d

Z (||Hv,m (Xj)uH%?(Rd) + ||HV,TO(YJ‘)U||%2(R<1)>

J=1

< 05(Z||nvm Dl ey + OBy (0)[ulz e
(1.3.10)
pour 1o >0 et 6 € {0,1}.
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Définition 1.3.9. L’estimation (1.3.10) est dite estimation maximale (avec reste quand

§=1).

Par un changement de variable u(45%), on voit que 'estimation maximale (1.3.10) pour un
potentiel V' € E,. implique la méme estimation pour un potentiel ¢ — V' (go + Aq). De plus,

si on note

Cs(V,19) = sup ! y
weC® (R >1
TS (2 0w (Ll gy + SR Ol
]:

d
> (T (Xl + 1 ()

b

I’ensemble des potentiels V' pour lesquels Cs(V, 79) < Cjs est fermé. Cette remarque a
conduit a introduire la notion d’un ”"ensemble canonique”.

Définition 1.3.10. Un sous ensemble L de E, est un "ensemble canonique” s’il est
wmwvariant par des opérations de changement d’origine et d’échelle c’est a dire s’il vérifie les
trois propriétés suivantes :

1) Si P € L ety e R alors le polynéme définie par
Qq) =Plg+y)—Ply), YgeR’,
est ausst dans L.
2)8i PeL etXA>0 alors Q(q) = P(\q) € L.
3) L est un sous ensemble fermé de E,.

Notation 1.3.11. Soit V' un potentiel dans E,., on note Ly le plus petit ensemble
canonique qui contient V.

1.3.2.2 Estimation maximale et compacité de Agﬁ))

Proposition 1.3.12. Si l’estimation mazimale (1.5.10) est vérifiée pour un certain Ty fixé
alors il existe une constante ¢ > 0 tel que

00 21 0
Vu e CERY IR ullfame < o (u, AW + Julles

ot la fonction R‘z/1 est définie dans (1.3.9).

St de plus ‘ |lim R‘Z/l(q) = +o00 alors le Laplacien de Witten est a résolvante compacte.
q|—+o0
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1.3 Critéres de compacité de Laplacien de Witten (Résultats connus)

Théoréme 1.3.1 (Théoreme de Helffer-Nier). Pour un potentiel V € E,., si on suppose
que :

2. aucun polynome non nul de l’ensemble canonique Ly N E,._1 n’admet un minimum local

(ot Ly est le plut petit ensemble canonique, c’est a le plus petit sous ensemble fermé de E,
(muni de sa topologie naturelle) contenant V' et invariant par des opérations de
changement d’origine et d’échelle) ;

alors le Laplacien de Witten A%ﬁ)) a une résolvante compacte. De plus on a l’estimation
avec reste ((1.3.10) avec § = 1))

La preuve du théoreme 1.3.1 est basée sur une double récurrence assez fine sur la
dimension et sur le degré du potentiel V' (cf. [Nie]).

Pour appliquer le théoreme 1.3.1, nous devons déterminer I’ensemble Ly N E,._;. Par
conséquent, il faut déterminer les polynomes P d’ordre » — 1 apparaissant comme limites :

P= lim V(g, + A ) — V(q) ,

n—-ao0

pour une suite (\,, ¢,) avec A, — 0. Les coefficients de ces polynoémes doivent satisfaire

lim  A(02V)(ga) = (92P)(0) .

n—>-—+o0o

En particulier, pour un polynéme V' homogene de degré r, ces polynomes sont donnés par

P= lim (ANV(-+q,)—\NV(g)),

n—>-+o0o

pour une suite (A, g,) avec A, — 0. De plus les coefficients de ces polynémes doivent
satisfaire

lim A7 (9;V)(gn) = (05 P)(0) .

n—-—+oo

Notons que dans ce cas on a pour tout n € N,

V(gn + Ang) — Vi(ga) = ij—: +q)) — vun(j—:))

=NV + ) = NVEE) = NV +4,) = NV ()

Pour des exemples d’application voir pages 109--112 dans [HeNi].
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1.4  Conditions suffisantes pour la compacité de (1 +
Ky)™! (Résultats connus)

Proposition 1.4.1. On considere l'opérateur de Kramers-Fokker-Planck

1 d
Ky = pdy = 0,V (@3, + (= 8, + 7l = 3)

S’il existe une application continue R : R — R tel que
IR(@)ullZ2gee) < [ Kvullfeges + lullfages . Yu € D(Ky)

avec | |lim R(q) = +o0, alors Ky est a résolvante compacte.
q|—+o0

Démonstration. On suppose que (Ky + 1)~ n’est pas compact. Il existe alors une suite
un, € D(Ky) tel que

||| L2 m2ey = 1
U, — 0
| (Kv + 1)t p2r2ey < ¢ pour n assez grand.

Pour tout u € D(Ky ), on a
d 1 2

Re{u, (Ky + )u) = 5 (<u, “ A+ (u, %u)) ,
d 2
Re(u, (Kv + 5)u) < |[ullp2mee) | Kvull 2gea) + 5 el z2gas)

1 1 d
< §||KVU||%2(R2¢1) + (5 + 5)”“”%2(1&2% :

Alors la suite u,, vérifie

2
P
(s =gt + G, Bt < 20 (1Kl gy + )
A(I Ky + V)unageasy + 22 aes)

d(c® +1),

IN

IN

2
2

IN

ou la deuxieme inégalité est bien vérifiée car Ky est accrétif. On en déduit alors que
Opin, puy, € L*(R??).

D’autre part, en utilisant le fait que pour toute fonction ¥ € C*(R%) on a

Ky(q) — WKy = pog(q)
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et en considérant une partition de 'unité C>, 11(q)* + ¥2(q)? = 1, avec 11 & support
compact (précisé plus loin), on obtient pour tout u € D(Ky),

[ Kvull72ges = (u, Ky Kyu)
= (u, K- (¢1(9)* + ¥2(9)?) Kvu)

2
= > (1K () e gy — (1, (00355)0) )
j=1
Or il existe une constante C' > 0 tel que pour tout u € D(Ky),

G, (p03)u) < Clpulagany < C (1Evulagan, + lullZaqean) )

Ainsi il existe une constante C' > 0 tel que
2
O (vl ey + Ny ) = S 1 (0 g0) ey + vty + oy
j=1

On utilise maintenant I’hypothese

1y ($2u) | T2 gea) + W2l foggeey = 1R(@)¥2ull 72 @oay

avec ’estimation précédente et on en déduit que

O (Vv agony + gy ) 2 150 (vt B + ol 3oy + I R (@)t [y -

(1.4.1)
Or par hypothese, il existe une constante ¢y > 0 tel que
vl o geay + lunlZ2ggesy < co - (1.4.2)
En combinant (1.4.1) et (1.4.2),
Ceo > | Kv ($rtn)[72mza) + 116nl[72gea) + | R(@)$2tn | 72 g0 - (1.4.3)

La norme || Ky 41ty 2(rea) est bornée (d’apres I'inégalité (1.4.3)). Or Ky est localement un
opérateur hypoelliptique de type 2 suivant la terminologie de Hormander, suivant le modele
pd, — A, + p? avec [0y, pd,] = 9, d’homogénéité 3, tandis que supp(11uy,) est compact en g.
On en déduit que 1, u, est borné dans H?/ 3(RY).

Soit € > 0, on choisit 1; et 1 tel que R(q) > @ dans le support de 5. Ce choix implique
I'inégalité suivante

QCCO

Co = || Ky (Y1) 72 oy + 1t T2 ggee) + [v2ttn |72 g2a) -
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Ainsi [[1oun || 2@eay < €.

Comme Yu,, € H* *(RY) et yupn, pu, sont bornés dans L, on peut extraire de 9yup,
L2

une sous suite qui vérifie ¢;u,, — v, or on a par hypothese u,, = 0 donc v = 0.
n—-+oo
On obtient par suite
2 _ 2 2 <& °_
HunkHLQ(RQd) = ||¢1Unk||L2(R2d) + ||¢2Unk||L2(R2d) ) + 2= €,
ce qui est absurde car ||u,||r2ges) = 1. O

1.4.1 Premiers Résultats

L’analyse de la compacité de la résolvante se fait a I’aide d’estimations sous-elliptiques. On
peut envisager au moins deux types de méthodes : 1) a la Kohn telle quelle a été adaptée
par Hérau-Nier [HerNi], Helffer-Nier [HeNi], Wei-Xi Li [Li][Li2] ou encore dans les méthodes
dite hypocoercives de Villani [Vil], 2) a la Helffer-Nourrigat, comme par exemple pour
traiter le Laplacien de Witten, qui met en jeu une structure de groupe de Lie nilpotent
(voir[HeNo|[RoSt]). La premiere ne donne pas les exposants optimaux contrairement a la
deuxieme, qui fournit de ce fait des pistes pour chercher des contre exemples. Sur des
problémes liés, on notera également le travail de Helffer-Mohamed [HeMo].

La méthode de Kohn a été ensuite utilisée par Hérau-Nier [HerNi| pour étudier le cas des
potentiels V(q) qui se comportent comme des fonctions homogenes a l'infini. Plus
précisément, si V(q) est une fonction C* qui vérifie

Hypotheése 2. Il existe n > 1 et pour tout o € N? il existe Cy > 0 tel que
Vg € RY, 05V (q)] < Ca(1+ (g minlel2r)
Il existe deux constantes Cop = Cy(V) > 0 et Cy = C1(V) > 0 tel que
Vg eRY, £V(g) > CoH g™ = Co et |0,V(q)] = CT gy ™" = C1,

alors Hérau-Nier [HerNi| ont établi a I’aide d’un calcul pseudo-différentiel I’estimation
hypoelliptique isotrope suivante,

1Al 2agany < Cv (I ullaqgan) + [0l22qean))

ou

11 2
€ = min(-, :
4" 4n — 2

1
), A= <1 — A=A+ 10,V () = AV () + §Ip|2>
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En développant les résultats et la démarche de Hérau-Nier, Helffer-Nier [HeNi] ont obtenu
I'estimation

1
IAF )22 gy < Cv (I Evulaggan + [ullfagen) | (1.4.4)
pour des potentiels V' € C*> plus générals vérifiant I’hypothese suivante.

Hypothese 3.
A0, M >1, VYgeR: CNg)w < (9,V(g) < Clgh™

Va e N |a| > 1,3C, > 1, [0V (q)| < Cal0,V(q)) -

Remarquons ici que 'exposant }1 dans l'estimation (1.4.4) n’est pas optimal. Un meilleur
exposant, qui semble étre % comme on le voit dans [RoSt], peut étre obtenu par des
méthodes explicites dans le cas particulier ou V' (¢) est une forme quadratique non dégénéré
(voir [HeNi]). Dans [HeNi], Helffer-Nier ont étudié aussi le cas ou V(q) vérifie

Hypothese 4.

1
Yo €N’ Ja| =2, |5V ()] < CaldyV (@) ™™ avec o> 3,
et ont obtenu alors 'estimation
2
110,V (@) Ful3gany < Co (15l agany + llBagany ) (1.45)

Ce résultat généralise en particulier celui du cas quadratique non dégénéré. De plus,
Pexposant 2 dans (1.4.5) est meilleur que } qui apparait dans 'estimation (1.4.4).

1.4.2 Résultats de Wei-Xi Li

Dans cette sous section on présente certains résultats récents développés par Wei-Xi Li
[Li][Li2]. Ces résultats donnent des criteres de compacité de la résolvante de Ky avec
potentiel V(q) € C%(R?). En particulier, les criteres développés dans [Li2] impliquent un
controle des valeurs propres positives de la matrice hessienne du potentiel V (q).

Le premier résultat di a Wei-Xi Li est démontré dans [Li] sous des hypotheses d’ellipticité
et sans controle des signes du potentiel. Il est rappelé dans le théoreme suivant.

Théoréme 1.4.1. Soit V(q) € C2(RY) une fonction a valeurs réelles qui satisfait pour un
5 < %, la propriété :

s
2

Via|=2,3C, >0, [92V(q)| < Ca<1 + |0qV(q)|2> . (1.4.6)
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Il existe alors C > 0 et & > 0 tels que pour tout u € C°(R*?) |

2
102V (@) Full2easy < C (1Kl paquan + [l pagaae) )
et
5 1
10 = Ag)¥ullpaqeany + (1 = Ap + 5 2ullasy < C (I Kvullpaggasy + o ) -

Deplus&estégald%sis<§5—55@—<s< et——ﬁsi—<s<—

D’apres ce théoreme, si nous prenons en particulier s = £, nous avons ’estimation

hypoelliptique optimale suivante

wiln

2 2
1105V (D)7l 2 (raay + |(1 = Ag)3ull p2reay < C(| Ky ull p2mes) + [l 2(rasy) -

Rappelons que le critere établi par Helffer-Nier et énoncé dans le deuxieme point du
théoreme 1.3.1 montre 'importance du signe de V' (q) pour la compacité de la résolvante de
Laplacien de Witten. En ce qui concerne l'opérateur de Kramers-Fokker-Planck, la
conjecture de Helffer-Nier 1.1.1 suggere fortement qu’il devrait avoir la méme propriété
microlocale comme pour Laplacien de Witten. Nous remarquons ici que I'inconvénient de la
condition (1.4.6) est qu’elle ne donne aucune information sur la dépendance du signe de
V(q). Cependant, Wei-Xi Li a donné dans [Li2] (Théoremes 1.2 et 1.3) certaines conditions
suffisantes pour la compacité de la résolvante de l'opérateur de Kramers-Fokker-Planck,
reposant principalement sur le signe des valeurs propres de la matrice hessienne

(Ogiq;V )1<i,j<a- Ainsi ces progres présentent les premiers résultats reflétant cette propriété
de dépendance, qui joue un role important dans l'analyse de la compacité de la résolvante
pour le Laplacien de Witten.

Les deux résultats suivants sont extraits de [Li2] (Théoremes 1.2 et 1.3).

Théoréme 1.4.2. Soit V(q) € C3(RY). On note Ni(q) , o 1 <1 < d les valeurs propres de
la matrice hessienne

(Ogiq; V(@) 1< <a -
A chaque q € R, on associe l'ensemble des indices noté I, donné par
I,={1<1<d, tel que \(q) >0} .
Sl existe une constante ¢ > 0 telle que,

VqeR?, ZA ) < {0,V (q))5 (1.4.7)

alors on a les résultats suivants :
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(i) 1l existe une constante ¢ > 0 telle que pour tout u € C§°(R*?) |
1
103V (@] S ulageay < e(Hvullagan + lull 2o - (1.4.8)
Par conséquent, si | ‘lim 10,V (q)| = +o0, lopérateur de Kramers-Fokker-Planck est a
q|—+o0
résolvante compacte.
(11) Si on suppose de plus qu’il existe o > 0 telle que

lim («|9,V(g)]* — AV (q)) =+, (1.4.9)

lgl—+o0

alors on peut trouver une constante ¢, > 0 telle que pour tout u € C{°(R?*?)

Bl ~
1010,V (9) 2 = AqV (@) Bl paquay < G (IEvull pagesey + Nulageony) -
Ceci implique que l'opérateur de Kramers-Fokker-Planck est a résolvante compacte.

Théoréme 1.4.3. Soit V(q) € C*(R%). On suppose qu’il existe une constante 7 > 0 tel que
la matrice

Ar(q) = (aiTj(Q))lgiJSd ) aiTj =71(9,V)

est définie positive pour tout g € R, o1 6;; désigne le symbole de Kronecker.

4
5

(aqz'v) (an V) - a‘]inV + T(Sij )

Alors il existe une constante ¢ > 0 tel que pour tout u € C3°(R??) |

L - L
|||aqv<Q)|20u||L2(]R2d) + Z |||aij<Q)’80u||L2(]R2‘i) < C(HKVUHL?(R?fl) + ||u||L2(R2d)> :

1<i,j<d

Par conséquent, si  lim <]8qV(q)| + > |GZJ(Q)|> = 400, l'opérateur de
lg|—-+o0 1<i,5<d
Kramers-Fokker-Planck est a résolvante compacte.

Les preuves des deux théoremes précédents sont bien détaillées dans [Li2] et ils reposent
principalement sur des méthodes de multiplicateurs.

1.4.2.1 Application sur I’exemple V (g, q2) = — ¢?¢3

Dans le cas ou V(q) = —q3¢3, il est bien connu (voir Proposition 10.19 dans [HeNi]) que le
Laplacien de Witten A%ﬁ)) est a résolvante compacte, alors que 0 appartient au spectre

essentiel A(_O‘)/ et sa résolvante ne peut donc pas étre compacte. En examinant maintenant
le méme potentiel susmentionné, on voit ci-apres que les hypotheses des théoremes 1.4.2 et
1.4.3 sont valides pour V(q) = —¢?¢3 et violées par V(q) = ¢?q¢3.
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Application du Théoréme 1.4.2 :

Le potentiel V(q1, q2) = —¢3q5 vérifie les hypotheses du théoreme 1.4.2. En calculant

(qz-qj' )ISMS?— —4q1¢o —qu ) |q <>| = 9192"‘ 91Q2— Q1QQ|Q|

la somme ) A;(¢) qu’on cherche a estimer ne contient en réalité qu'un seul terme, la seule
j€lq

racine positive A = —|q|? + v/|q|* + 12¢3¢2. En multipliant par le conjugué (en supposant

qg#0)ona

_ 124743 o 2¢i6 _ Aqigslel® _ 3 3 v
a2 + V/]al* + 124363~ lal® gt gl

Le reste est simple a faire :
Si |g| > 1, alors

< CRlaV@F <30V <30+ V@)

Et si |g| < 1, il suffit de remarquer que dans ce cas

= —lql* + /It +12¢3@3 < g +\/lg* F 1233 <1 +V1+12=1+V13<5.

Par suite
A <5(1+19,V(q)) -

Donc dans tous les cas, c’est-a-dire pour tout ¢ € R?, on a
A <5(1+19,V(q)) -
On peut donc prendre ¢ = 5 comme constante pour ’hypothese (1.4.7).

D’apres l'item (i) du théoréme 1.4.2, il existe une constante ¢ > 0 tel que pour tout
u € C°(RY)

1
1124V (@) T ull ey < eI ull sy + lullz2e ) -

Cette derniere estimation nous dit rien sur la compacité de la résolvante de 'opérateur de
Kramers-Fokker-Planck associé & V (g1, q2) = —¢iq3 (car 9,V (q) s’annule suivant les deux
lignes ¢; = 0 et g = 0). Dans ce cas, on utilise I'item (ii) du théoreme 1.4.2.

En effet, le potentiel considéré vérifie I'hypothese (ii) du théoreme 1.4.2 : Pour tout a > 0,
lim (a0, V(9)I* = AV(9)) = lim (dagiglql” +2lg") = +oo,

lg|—=+o0
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(dans I’énoncé du théoreme il suffit de trouver une seule constante av > 0 qui vérifie
I’hypothese), alors on peut trouver une constante ¢, > 0 tel que pour tout u € C°(R?),

1 ~
ledogV(@)* = AgV (@) ull 2y < CallKvulliegs) + llull 2es).

Ceci implique que 'opérateur de Kramers-Fokker-Planck est a résolvante compacte.

Application du Théoréme 1.4.3 :

Le potentiel V(q,q2) = —qiq5 vérifie 'hypothese du théoreme 1.4.3. On cherche 7 > 0, tel
que la matrice A, (q) = (af;(¢))1<ij<2, avec terme général

af; = T(0V)3 (04, V)(0y, V) — B, V + 7035
soit définie positive pour tout ¢ € R%. En effet, on a pour tout 7 > 0,
trace(A,) = 7(9,V )/ ((aqy)? + (anV)Q) — (V4 OV)+27>0.
I1 faut donc prouver l'existence d’'une constante 7 > 0 tel que det(A,) >0 :
On a
det(A;) = 72(0,V) M+ 7( = 160,V) " (@102)" + 200} + ) ) — 12(mae)?

Pour ¢ fixé le déterminant est un polynome en 7 de degré 2. Il faut alors étudier quand ce
polynome de degré 2 est strictement positif. Il suffit d’écrire une telle condition comme une
inégalité avec 7 et prendre un 7 suffisamment grand pour que ¢a marche pour tout q.

Le coefficient dominant du déterminant est positif, donc si on note b(q) la racine la plus
grande de ce polynome (a ¢ fixé), une condition suffisante est d’avoir 7 > 1 + b(q) pour
tout ¢. Cette condition est bien vérifiée puisque b(g) est majorée en g.

Ainsi, d’apres le théoreme 1.4.3 il existe une constante ¢ > 0 telle que pour tout
u € C°(RY) |

L r S
110,V (@B ull e+ > af @B ull s < o | Kvullgs) + lull )

1<i,j<2

Dans notre cas, lim <|(9qV(q)| + > |afj(q)|> = 400, donc d’apres la proposition
lq|—+o0 1<4,;<2

1.4.1, lopérateur de Kramers-Fokker-Planck est & résolvante compacte.

1.5 Principaux résultats de cette these

Le coeur de ce travail de these se décompose en trois parties bien articulées, qui ont fait
I’objet de trois articles distincts. Rappelons que I'approche de Helffer-Nourrigat sur
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I’hypoellipticité maximale appliquée au Laplacien de Witten consiste a faire une double
récurrence sur le degré du polynome et la dimension de l'espace (apres réduction de la
dimension quand il y a des invariances par translation). Pour la récurrence sur le degré, ce
sont des estimations uniformes par rapports aux coefficients pour des polynomes de degré r
qui donnent des estimations qualitatives, sans controle des constantes par rapport aux
coefficients, pour des polynomes de degré r+1. De ce point de vue le premier cas non trivial
pour l'opérateur de Kramers-Fokker-Planck est le cas des potentiels de degré inférieur ou
égal a 2. Des estimations sans controle des constantes dans les inégalités sous-elliptiques
étaient connues (cf. [Hor|). Par ailleurs, un potentiel de degré inférieur ou égal a 2, donne
un opérateur de Kramers-Fokker-Planck a symbole quadratique pour lequel la théorie
générale (voir [Hor|[HiPr|[HPV2][Vio][Viol|[AlVi]) nous dit que I'on peut tout calculer tres
précisément. La mise en place de ce calcul pour aboutir a des inégalités sous-elliptiques
optimales a été difficile a mettre en place et a fait finalement apparaitre une structure
quaternionique intéressante. Une fois le cas des polynomes de degré inférieur ou égal a 2
traité précisément, nous pouvons nous attaquer a des estimations sous-elliptiques avec des
potentiels de degré supérieur mais dont les modeles asymptotiques a I'infini apres
changement d’échelle sont de degré inférieur ou égal a 2. Les corrections logarithmiques
dont on ne peut pas se débarrasser dans le cas quadratique, sont fort heureusement
absorbées grace au théoreme de Tarski-Seidenberg, outil tres classique dans un cadre
algébrique (potentiel polynomial). C’est I'objet du deuxieme article.

Une fois ce travail fait quasiment tous les exemples présentés par Helffer et Nier dans
[HeNi| pour comparer le Laplacien de Witten et 'opérateur de Kramers-Fokker-Planck,
étaient completement traités exceptés le cas simple de potentiels homogenes, non
nécéssairement polynomiaux, de degré supérieur a 2. Ce dernier point est partiellement
traité dans le troisieme article, ou I’homogénéité remplace les arguments plus implicites
donnés par Tarski-Seidenberg et donne dans les cas qui manquaient de meilleurs résultats.

Nous donnons dans les paragraphes suivants un résumé un peu plus détaillé de chaque
chapitre. Commencons par fixer quelques notations. On considere dans les énoncés des
résultats qui suivent, 'opérateur de Kramers-Fokker-Planck défini sur R?? par

1
Ky = p0y = 0V ()0 + 5 (=8 +p7)
avec domaine
D(Ky) = {u € L*(R*), Kyue L*(R*)} ,
o1 V(q) est un potentiel qui ne dépend que de la variable de position ¢ € R%. On note

1
O, = §(Df, +p°), Xy =pd;— 0,V (q)0,
Pour tout ¢ € R?, on définit dans cette these

Trovi= Y. v, Ty@ =- >  vlg.

veSpec(Hess V(q)) veSpec(Hess V (q))
v>0 v<0
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Ay (q) = max{(1 + Tr+,v(q))2/3, 1+Tr_v(q)},
4/3 1+ Tr_v(q)
" (log(2 + Tr- v(q)))?

By = max{min |V V (¢)|
qERd

1.5.1 Enoncé des résultats du chapitre 2

Plusieurs travaux ont été consacrés a I’étude de certain opérateurs différentiels
quadratiques non autoadjoints et non elliptiques dont en particulier 'opérateur de
Kramers-Fokker-Planck avec polynome V(q) de degré inférieur ou égal a 2 (Cf.
[Hor|[Sjo][HiPr|[HPV2][Vio] [Viol]|[AlVi]). Nos premiers résultats dans [BNV] établissent
des estimations sous-elliptiques globales pour 'opérateur de Kramers-Fokker-Planck Ky,
avec potentiel polynomial V(q) de degré inférieur ou égal & 2. Dans nos preuves nous nous
inspirons des techniques développées par Hitrik, Pravda-Starov, Viola, et Aleman dans
[HiPr|[Vio|[Viol] et [AIVi]. Ce qui est particulier dans nos résultats, qui sont résumés dans
les théoremes 1.5.1 et 1.5.2; est le controle uniforme des inégalités par rapport aux
coefficients du polynome V.

Théoréme 1.5.1. Soit V(q) un polynome de degré inférieur ou égal a 2. Il existe une
constante ¢ > 0, indépendante de V, telle que l’estimation sous-elliptique avec reste

[ Kvull72mea + Avllulf2@ze) > C<||OPUH%2(]RM) + | Xy ul| 72 gea

4OV @) ulaquany + DY ulaqasn)
(1.5.1)
est vraie pour tout u € D(Ky).

Théoréme 1.5.2. Soit V(q) un polynome de degré inférieur ou égal a 2. Il existe une
constante ¢ > 0, indépendante de V, telle que on a

Iyl L2 g2a) = ¢ By l[ullzgea)

C

A
1+ 2¢

Byl o) > (1Opul2a gy + Xl g

o 140V (@)l gy + Do) 3 g )
pour tout u € D(Ky).

Comme premiere conséquence du théoréme 1.5.1, si [0,V (¢)| tend vers 'infini lorsque |q
tend vers l'infini, alors Ky, est a résolvante compacte.

Les deux théoremes précédents se déduisent du résultat suivant.
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Proposition 1.5.1. Soit V(q) un polynome de degré inférieur ou égal a 2. Il existe une
constante ¢ > 0, indépendante de V| telle que

d

> lID,

i=1

e VYA |1 oy + (1105, V(9) e FVHYAY| 2 oy < =

~
m\ul o

pour tout t > 0.

De plus,

+o0
c
HK_1HL L2(R24 S/ HeitKVHL r2(r2a)dt < .
v llL(L2(R2)) ] (L2(R24)) VBy
Notons tout d’abord qu’étant donné un potentiel polynomial a valeurs réelles
Vig) = > V,q® défini sur R? avec d°V = 2, on peut supposer a l’aide d’un changement

o <2
de variables orthogonal que

%1 0 ... 0

0 1%)) 0
Hess V =

0 0 ... Vq

Comme la constante V n’apparait pas dans la formule de Ky, elle peut étre fixée a 0. Dans
cette situation, on a les deux cas suivant :

e Si Hess V' est non dégénérée, une translation en ¢ réduit le probleme a
Vi =Y 2. (1.5.2)
— 2 "

e Si Hess V' est dégénérée, un bon choix d’une base orthonormale et une translation
donnent :

d
Vi
Vi) =ha+),5a (1.5.3)
1=2

ol A\; est défini par |A| = min |V V(¢)| > 0.
gcR4

Pour démontrer les résultats que nous venons d’énoncer, il y a essentiellement deux types
d’argument a utiliser.

e Comme les estimations de la proposition 1.5.1 sont exprimées en termes de semi-groupe,
elles peuvent étres démontrées apres séparation des variables d'un polynome de la forme
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(1.5.2) ou (1.5.3). En effet, comme e "V est un produit de semi-groupes de contraction
commutatifs par rapport a chaque variable (g;, p;), il suffit d’écrire

d d
Z ||Mi€_t(KV+\/Z)||£(L2(R2d)) S Z ||Mi6_t(KVi(qi)+ai)||£(L2(R2)) MZ = |D(h| ou MZ = |anV(q)| 9

i=1 i=1

ou V;(g;) désigne le potentiel uni-dimensionnel a variable ¢;, avec Vi(q;) = % ou

Vilg1) = M1, Vi(g) = % pouri > 2, o; = [y|Y2siv; <0, o = Vil/3 siv; >0eta; =0
si 8§iV = (. La deuxieme estimation de la proposition 1.5.1 est encore plus simple et elle
découle d’un calcul exact de la norme du semi-groupe associé a 'opérateur Ky . Par
conséquent, la proposition 1.5.1 sera le résultat de ’analyse des trois potentiels

uni-dimensionnels V(q) = :I:VTqQ, v>0,et V(g) = Mg, M €R.

Une fois le probleme ramené en dimension 1, nos résultats et nos formules sont exprimés
explicitement a I’aide des biquaternions (ou quaternion complexe).

e Le deuxieme argument consiste a utiliser les résultats d’interpolation de Lunardi (voir
Remarque 5.11, Théoreme 5.12 et Corollaire 5.13 dans [Lun]). En effet, en combinant la
premiere inégalité de la proposition 1.5.1 avec le fait que

[Re((Op, XvJu,u)|] < Ce([l |1Dgl3ull* + [ 105V (@) 3ull®) + €| Opul?

pour tout u € D(Ky) (ou € > 0 est suffisamment petit), on obtient I'estimation du
théoreme 1.5.1. Ensuite la premiere estimation du théoreme 1.5.1 n’est qu’une réécriture de
I’estimation de la résolvante donnée dans la proposition 1.5.1. En combinant ’estimation
de la résolvante avec le résultat du théoreme 1.5.1, on obtient ainsi I’estimation sans reste
du théoreme 1.5.2.

Ces résultats ont fait ’'objet de l'article [BNV] en collaboration avec Francis Nier et Joe
Viola et seront prouvés dans le chapitre 2.

1.5.2 Enoncé des résultats du chapitre 3

Le chapitre 3 de ce manuscript reprend le contenu de larticle [Ben]. Cet article propose
une étude de 'opérateur de Kramers-Fokker-Planck Ky associé a une certaine classe de
polynomes V' (q) de degré r > 3, dont le comportement a I'infini est quadratique. Nous
donnons ici I'énoncé du résultat principal de [Ben| avec quelques éléments de sa preuve.
Précisons au préalable quelques notations.

On désigne dans cette these par, Ry oli n € N*, la fonction définie sur R? par

R (@)= > 102V ()™ .

n<|o|<r
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Pour tout x > 0, on note
2(r) = {a € RY, [VV(g)| 2 x( [Hess V(g)| + RV (@) +1) } -

On introduit

Hypothese 5. [l existe des grandes constantes ko, Cy > 1 tel que pour tout k > Ky
polynome V' (q) satisfait les propriétés suivantes

1
Tr_v(q) > ETrJﬁV(q), pour tout q € R\ ¥(k) avec |q| > Cy , (1.5.4)
1

de plus si R?\ X(k) n’est pas borné,

R, (q)!

li VT, 1.5.5
|g|££oo |Hess V(q)| ( )
g€RI\S(x)

On a alors le théoreme

Théoréme 1.5.3. Pour tout polynéme V(q) de degré r supérieur a deuz vérifiant
U'hypotheése b, il existe une constante Cy, > 1 telle que

1 2
[ Kvulli: + Cvllullf. > C—V<|\L(0p)U\|i2 +ILIVV (g)])3)ull2

+ LL({[Hess V(g) ) ullts + LD Hullfs)
(1.5.6)

pour tout u € D(Ky) ot L(s) = IO;(J;IFI) pour tout s > 1.

En conséquence, si V(q) vérifie 'hypothese 5, alors 'opérateur Kramers-Fokker-Planck Ky
est a résolvante compacte et il a donc un spectre discret.

Mentionnons aussi qu’on sait déja que pour un polynome V vérifiant '’hypothese 5, le
Laplacien de Witten AS)) est a résolvante compacte car les modeles asymptotiques a I'infini
sont de degré inférieur ou égale & 2 sans minimum local (Voir théoreme 10.16 dans [HeNil).

Il est & remarquer que malgré la perte logarithmique dans (1.5.6), nous sommes tres
proches des exposants optimaux figurant dans Iestimation (1.5.1).

Expliquons un peu I'hypothese 5 et en particulier I'idée derriere la partition

Y(k) U (RT\ X(k)) : La région (k) est celle ott le gradient de V' domine sa hessienne et ses
dérivées d’ordre supérieur. L’analyse, dans cette région, est essentiellement la méme que
dans les cas elliptiques traités dans [HerNi] [HeNi] et [Li]. Dans la région complémentaire
R?\ ¥(k), c’est la hessienne de V' qui domine, au voisinage de l'infini, le gradient et les
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dérivées d’ordre supérieur. Ici les estimations précises du modele quadratique donné par le
deuxieme ordre de développement de Taylor doivent étre utilisées. En effet, la
démonstration du théoreme 1.5.3 repose principalement sur deux techniques :

e La premiere consiste a construire une partition de I'unité localement finie suivant la
variable de position ¢ € R,

D@0 =>_% (Rv 4)( qj)) =1 (1.5.7)

JEN jeEN

ou

supp X; C B(0,a) et x; =1dans B(0,b)
pour certains g; € R? avec 0 < b < a indépendants de j € N. L’existence d’une telle
partition de I'unité est une conséquence immédiate de la lenteur de la métrique R‘z/d(q)qu2

>3\ 1

(3C > 1, Vq,q¢ € R?, R‘Z,S( g—dq¢| <C™1= (%) < (), qu'on a bien vérifié dans
le lemme A.4 de [Ben]. Ceci permet d’une fagon générale, d’obtenir des estimations globales
a partir d’'une étude locale.

e Il est naturel de considérer une approximation quadratique pour V'(q), bien choisie, afin
d’étendre les résultats de [BNV], déja établis dans le cas d°V < 2. Pour un certain x > 1
donné et pour tout entier naturel j, cette derniere approximation est donnée par

02V (q)) N
Vj(2)(q) — Z %(q —q)~, (1.5.8)
0<a|<2 '
ou
¢ = qj si supp x; C X(k)
q; € (supp x;) N (Rd \ E(n)) sinon.

Il se trouve qu’en utilisant les deux techniques citées plus haut, il faut évidemment bien

controler les erreurs dues d’une part a la partition de 'unité et d’autre part a

I’approximation quadratique. Ceci est assuré en ajustant le parametre x a la fin de la

preuve. De plus le passage d'une estimation pour K, en une pour Ky nécessite le recours
J

au résultat suivant.

Lemme 1.5.2. Soit V' un polynome de degré r > 3. On considere une partition de ['unité
localement finie comme dans (1.5.7). Pour tout o € N¢ avec |a| € {1,2} et pour tout j € N,
il existe une constante cqq, > 0 telle que

>3, , |ot]
9, Vig) — 03‘6(2)(61)‘ < Cadyr (R; (qj)) (1.5.9)

est valide pour tout q € supp x; = B(q;, aR‘Z,S(qj)_l).
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Par conséquent, si V' satisfait ’hypotheése 1, il existe une constante assez grande k1 > kg tel
que pour tout kK > k1 et tout 7 € N,

2—1

0.V2(a)| < 10,V ()] < 2

aqvj@)(q)) (1.5.10)
pour tout g € (supp x;) NX(k) et

2—1

Hess Vj(2) (q)‘ < |Hess V(q)| <2 ‘Hess Vj(Q) (q)

: (1.5.11)

pour tout g € (supp x;) N (Rd \ E(H)) avec |q| > Cy(k) ot Co(k) > 0 est une constante

assez grande qui dépend de k.

La preuve du théoreme 1.5.3 est basée en particulier sur une conséquence théoreme de
Tarski-Seidenberg examinée dans ’annexe 3.B. En effet, cette approche nous a permis
d’absorber les corrections logarithmiques dont on ne peut pas s’affranchir dans le cas
quadratique.

Si on veut étendre le résultat du théoreme 1.5.3 & des classes de fonctions V' (¢) non
polynomiales, nous n’avons plus le droit d’utiliser I’argument algébrique de
Tarski-Seidenberg. Par contre ce résultat reste évidement valable dans le casou V =V + V5
avec Vi est un polynome satisfaisant 'hypothese 5 et V5 est une fonction dans S(RY).

1.5.3 Enoncé des résultats du chapitre 4
Nous verrons dans cette partie une extension du théoreme 1.5.3 dans le cadre des potentiels
homogenes de degré 2 < r < 6 dans C*(R¢\ { 0}) satisfaisant 'hypothese suivante.

Hypothese 6.
VgeS:={qgeR? |¢=1}, 9,V(g) =0=Tr_y(q) >0. (1.5.12)

Le résultat principal établi dans [Benl] s’énonce comme suit.

Théoréme 1.5.4. Pour tout potentiel V(q) vérifiant U’hypothése 6, il existe une constante
Cy > 1 telle que

1 2
|Evuls + Cvlullis > & (IEOul + LTV (@) ull
+ 1L ((Hess V(g))$)ul3 + LL((Dy) ul )

(1.5.13)

pour tout u € D(Ky) ot L(s) = 1ogs(Jerlr1) pour tout s > 1.
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Soulignons tout d’abord que I'estimation sous-elliptique établie dans le théoreme 1.5.4 est
la méme obtenue dans le cadre polynomial du théoreme 1.5.3.

Corollaire 1.5.3. L’opérateur de Kramers-Fokker-Planck Ky avec potentiel V(q) vérifiant
I’hypothése 6 est a résolvante compacte.

Il est important de noter que le résultat du corollaire n’est pas valide dans le cas d'un
polynome homogene de degré deux avec hessienne dégénérée. Dans ce cas avec hessienne
dégénérée en effet, 'opérateur de Kramers-Fokker-Planck est invariant par translation dans
la direction du noyau de la hessienne par calcul direct et donc ne peut étre a résolvante
compacte.

Mentionnons par ailleurs que le corollaire est en accord avec les résultats de Wei-Xi Li
[Li][Li2] et ceux de Helffer-Nier sur Laplacien de Witten avec potentiel homogene [HeNil].

Pour démontrer le théoreme 1.5.4, nous nous appuyons sur les arguments suivant :

e Nous considérons tout d’abord une partition dyadique suivant la variable de position
q € R? (voir proposition 4.2.1 du chapitre 4),

> x3g) =2 2lal) + % 2lal) + > X227 gl) = (1.5.14)

j>—1 7j>1

ou les fonctions de troncature o, ¥ et X_1 appartiennent respectivement a Cgo(} %, %D,
Cso(]3,3[) et C5°([0, 5]). 1 existe alors une constante uniforme ¢ > 0 tel que

(1+40) | KvullZaggas + clullzagan > D I1KvullZges | (1.5.15)

j=-1
pour tout u € C§°(R??) avec u; := y;u.

Par homogénéité du potentiel V, on peut réécrire I'inégalité (1.5.15) comme suit

(L +40) | Ky ullZageas + clullzgean > D 10l age (1.5.16)

j>—1

ou

1 1 1 '
Kjyv =ph®00,) = h20,V ()0, + 5(=Ap +%) ,  h=272717,

jd : — 3 8
vi(q,p) =22 u;(2'q,p) , supp v; C C 1= {q € R%, 2 <lq| < 5} .

e L’idée est ensuite d’introduire I'ensemble des zéros du gradient de V' (q),

={qeC, 9,V(qg)=0},
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qui est compacte par continuité de 'application g — 9,V (¢) sur la couronne fixe C

Tr_ : , ) .. :
W‘% est uniformément continue sur tout voisinage compact de K, il

existe €; > 0 tel que

Comme q —

TY—,V(Q)

d(q, Ko) < e = ——=D
(@ Ko) <@ 1+ Tryv(q)

> %0 : (1.5.17)

N . Tr_
ol € := min HT’—V(q()).
(]GKO ry vg

D’autre part, par définition de K; et par continuité de ¢ — 9,V (q) sur C, il existe une
constante €5 > 0 (qui dépend de €) tel que

Vqel, d(gKo) > e = 10,V(q)] > €. (1.5.18)

Ces remarques nous ramenent a considérer un nouveaux découpage suivant la variable de
position ¢ € R?, & savoir une partition de I'unité localement finie

> benlg) =1

keKy,

au voisinage de C, ol pour tout k € K, := {k €74 k| < W} ,

. 1 »
qi.n = |1n(h)\h”k, supp Ok, C B(Qk,ha ’ 1n(h>|hy) ) Opp, =1 in B(Qk,ha 5’ ln(h)\h ) )

avec v est parametre fixé tel que

3, 1
16 16(r — 1)

1 3
e (1.5.19)

<rv<
On considere ensuite 1’ensemble
-[(61) - {k S Kh , Supp ek,h C {q eC ; d(qv KO) Z 61}} :

L’idée derriere I'introduction de la deuxieme partition de 'unité est de pouvoir analyser et
bien controéler les deux cas suivant, en vue d’utiliser une approximation quadratique.
Cas 1 k & I(e1). Dans cette situation, le support de la fonction de troncature 6y peut

intersecter ’ensemble des zéros du gradient de V.
Cas 2 k € I(€1). Dans ce cas, le gradient de V' est non nul pour tout ¢ dans le support de

gk,h-

On renvoie ici le lecteur au chapitre 4 pour trouver davantage de précisions sur ’analyse
des deux situations sur-mentionnées.
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1.6 Conclusion et perspectives

L’étude des opérateurs de Kramers-Fokker-Planck sur divers espaces a donné lieu a de trop
nombreuses publications pour qu’on puisse espérer en faire une liste exhaustive. Beaucoup
de questions ont émergé, ont été résolues ou sont restées partiellement ouvertes dans des
cadres géométriques variés. Parmi lesquelles, ’analyse de la conjecture de Helffer-Nier :

Conjecture 1.6.1. L'opérateur Ky est a résolvante compacte si et seulement si Ag?) est a
résolvante compacte.

La partie nécessaire de cette conjecture étant déja établie par Helffer et Nier (cf. [HeNi],
Théoreme 1.1]), 'objectif de cette these était en particulier de considérer des exemples et
des situations pour lesquelles I’analyse de la compacité pour Laplacien de Witten est bien
développée et voir si I'implication inverse de la conjecture reste encore vraie.

Dans 'article de Helffer et Nier [HeNi|, les auteurs ont, pour la premiere fois, 1'idée
d’utiliser des criteres d’hypoellipticité maximale, dont la notion est développée par Helffer
et Nourrigat [HeNo|[Nou|, pour en déduire un critere de compacité de la résolvante pour
Laplacien de Witten.

Ce dernier critere, étant basé en particulier sur une récurrence sur le degré du potentiel
polynomial, I'idée de cette these était de développer une telle analyse systématique pour
I'opérateur de Kramers-Fokker-Planck. Naturellement, notre point de départ était 1’étude
du cas d’un potentiel polynomial avec degré inférieur ou égal a 2. Cette étape d’étude
basique, a abouti a des estimations sous-elliptiques optimales avec un controle uniforme des
constantes. C’est 'objet de l'article [BNV].

L’apparition d’une structure quaterionique dans [BNV], qui a fortement simplifié 1’étude,
ouvre la voie vers des possibles pistes de recherche d’applications pour autres modeles
d’opérateurs a symboles quadratiques.

Une fois le cas des polynomes de degré inférieur ou égal a 2 est soigneusement traité, nous
avons poussé le degré du polynome en considérant des potentiels de degré supérieur ou égal
a 3 mais dont les modeles asymptotiques a 'infini apres changement d’échelle sont de degré
inférieur ou égal a 2. Dans cette situation, malgré les corrections logarithmiques
apparaissant dans le cas quadratique, nous avons pu établir une estimation sous-elliptique
pour Ky, tres proche d’étre optimale grace essentiellement au théoreme de
Tarski-Seidenberg. C’est le contexte de l'article [Ben].

Avec ce dernier travail, nous avons traité quasiment tous les exemples présentés par Helffer
et Nier dans [HeNi] pour comparer le Laplacien de Witten et 'opérateur de
Kramers-Fokker-Planck sauf le cas de potentiels homogenes, non nécéssairement
polynomiaux, de degré supérieur a 2. Ce dernier cas est partiellement traité dans [Benl]| et
a abouti a des meilleurs résultats.
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Apres tout, la conjecture 1.6.1 de Helffer-Nier est encore loin d’étre completement résolue.
Elle peut étre décomposée en plusieurs questions qui n’ont recu aucune réponse, parmi
lesquelles :

1. Dans le cas d’un potentiel polynomial, est-il possible de montrer que 'opérateur de

Kramers-Fokker-Planck Ky est a résolvante compacte s’il vérifie les mémes criteres
développés par Helffer-Nier dans le cas de Laplacien de Witten (cf. Théoréeme 10.16 dans

[HeNi]) ?

2. Peut-on étendre le résultat du théoreme 1.5.4 (établi dans l'article [Benl]) dans le cas
d’un potentiel homogene de degré r > 6 dans C*°(R?\ {0,1}) ? Que se passe t-il en
particulier pour le cas polynomial V(q) = —¢i(q} + ¢3)™ avec n € N\ {0,1}?

3. L’équivalence (1.6.1) est-elle vraie pour un potentiel général V € C=(R%)?

Ces questions ouvrent la porte a d’autres travaux de recherche et d’autres possibles pistes
d’extension.
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— Chapitre 2

Structure quaternionique et analyse des
opérateurs de KFP avec polynomes de
degrés inférieur a 3 (article rédigé en
anglais)

Article [BNV], rédigé en anglais, soumis pour publication.
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2.1 Introduction and main results

2.1 Introduction and main results

In this work, we consider the Kramers-Fokker-Planck operator given by

1
Ky =pdy = 0.V (0)0, + 5 (=8 +p%),  (a,p) € R*, (2.1.1)

d
where ¢ denotes the space variable, p denotes the velocity variable, z.y = > z;y;,
j=1

d
2? = 3" 5 and the potential V(q) = > V,¢* is a real-valued polynomial function on R
j=1 <2
with d°V = 2. After making an orthogonal change of variables one may assume that its
Hessian matrix is

1%} 0 0

0 1%) 0
Hess V = .

0 0 ... Vq

The constant term Vj does not appear in Ky and can be set to 0 and we distinguish two
cases :

e If Hess V' is non-degenerate, a translation in ¢ reduces the problem to
d u
—q; . 2.1.2

e If Hess V is degenerate, a good choice of orthonormal basis and a translation give :

=g + Z Qz ) (2.1.3)

where Ay is invariantly defined by [A;] = min [V V(q)| > 0.
q€R

As established in [HeNi] (see Proposition 5.5, page 44), the non-selfadjoint operator Ky is
maximal accretive when endowed with the domain

D(Ky) = {u e L*(R*), Kyue€ L*(R*)}. The question about the compactness of the
resolvent combined with subelliptic estimates is intimately related with the return to the
equilibrium or exponential decay estimates. As pointed out in [HerNi| and [HeNi], the
analysis of Ky is also strongly related to the one of the Witten Laplacian

AEE) = —A,+ |VV(¢)|* = AV (q) for which maximal hypoelliptic techniques developed by
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avec polynémes de degrés inférieur a 3 (article rédigé en anglais)

Helffer and Nourrigat in [HeNo] provide accurate criteria for general polynomial potentials
Vi)

Within this maximal hypoelliptic analysis of Ag,o) there is a recurrent interplay between
qualitative estimates and quantitative estimates in terms of the size of the coefficients of
the polynomial V'(g). The general idea is that the study of the operator A&?) as g — 00
when V' is a degree r polynomial, is reduced to a quantitative version of subelliptic
estimates for A , where 1% belongs to some family of polynomials related to V' with
degree less thanfr, and 7 is a large parameter.

”Quantitative estimates” means that we consider subelliptic estimates with a good and
optimal control of the constant with respect to the parameter 7. Remember also that the
compactness of the resolvent on Ag/o) obtained by maximal hypoelliptic techniques, relies
on the fact that no polynomial V of the family associated with V' admits a local minimum.
It shows in particular that the compactness of the resolvent of Af‘)/ and A(f]‘)/ differ and the
first non trivial example comes with the potential £V (q1, ¢2) = £¢}q¢5 in R%. For the
Kramers-Fokker-Planck operator Ky , no sufficient condition until the recent work by
Wei-Xi Li [Li2] exhibited such a different behavior.

We hope to develop the same strategy for the non self-adjoint operator Ky as for the
Witten Laplacian Aﬁg) , namely try to get the optimal subelliptic estimates for some class
of polynomial functions V' (¢q), by making use of quantitative estimates for some lower
degree polynomials. The case d°V < 2 for which the Weyl symbol of Ky is a polynomial of
degree < 2 in the variable (¢, p, &, &,) allows a lot of exact analytic calculations and was
already deeply studied in [Hor|[Sjo|[HiPr|[Vio|[Vio2][AlVi]. Nevertheless exploiting those
exact analytic expressions for the semigroup kernel or symbol (Mehler’s type formulas) or
for the spectrum does not solve completely the question of optimal quantitative subelliptic
estimates for the non self-adjoint operator Ky . The semiclassical regime which can be
handled quite accurately via symbolic calculus gives results after rescaling essentially when
the transport part pd, — 9,V (q)0, is small compared to the diffusive—friction part # )
Actually, we are mainly interested in the other regime where the Hamiltonian dynamics is
stronger than the diffusive and friction part. The difficulty then appears clearly, because
understanding the operator Ky requires the understanding of the Hamiltonian dynamics
associated with pd, — 9,V (q)0, which, for a general polynomial V' exhibits a rich variety of
phenomena, and which, for a polynomial of degree < 2, already contains the three types of
dynamics : a) elliptic (bounded trajectories when V' is a positive definite quadratic form);
b) hyperbolic (trajectories escaping exponentially quickly in time to infinity when V' is a
negative definite quadratic form) ; and c¢) parabolic (trajectories escaping polynomially
quickly in time to infinity when V is linear).

At a more fundamental level, understanding the operator Ky when the transport term is
dominant also proceeds in the same direction as Bismut’s program : in [Bisl|, Bismut
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introduced his hypoelliptic Laplacian in order to interpolate Morse theory (in the high
diffusion-friction regime via the Witten Laplacian) and the topology of loop spaces
(dominant transport term). The difficult part with a dominant transport term was
understood only for the geodesic flow on symmetric spaces making use of the specific
algebraic structure in [Bis2].

With this respect our simpler case also requires a better understanding of the underlying
algebra, and it appeared that after using the general FBI-techniques the
Kramers-Fokker-Planck evolution with quadratic potentials, even in dimension d = 1, is
reduced to some linear dynamics on C* which are easily computed after elucidating some
quaternionic structure. In this specific case, this also completes the unfruitful attempts in
[HeNi], Section 9.1, to exhibit some useful nilpotent Lie algebra structure for
Kramers-Fokker-Planck operators. Actually, quaternions and Pauli matrices are related to
the su(2) Lie algebra, so the Lie algebra structure decomposition useful to the analysis of
Kramers-Fokker-Planck operators with polynomial potentials is certainly not nilpotent.

Denoting

1
O, = 5( 12)—1—]?2)

and

Xy =pdy — 0,V (q)0, ,

we can rewrite the Kramers-Fokker-Planck operator Ky defined in (2.1.1) as

Ky =Xy + 0,.

In this work, we are mainly based on recent publications by Hitrik, Pravda-Starov, Viola,
and Aleman [AlVi], [Vio2], and [HPV2] which deal with operators having polynomial
symbols of degree less than or equal to two.

Notations :

Vi>0
Tr_ = — Z v,
;<0
A=max{(1+Try)*? 1+ Tr_},

1+ Tr_
(log(2 + Tr_))?

B = max{|\|*?, }.

The main goal of this work is the following subelliptic estimates.

Theorem 2.1.1. Let V(q) be a potential as in (2.1.2) or (2.1.3). Then there exists a
constant ¢ > 0 that does not depend on V' such that the subelliptic estimate with a
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remainder term

[ Kyl 72 geay + Allull72geay > C<||OPUH%Q(RM) + | Xvul| 72 gea

+ ||<3qV(Q)>2/3U||%2(R2d) + ||<DQ>2/3UH%2(R24)>
(2.1.4)
holds for all uw € D(Ky).

Theorem 2.1.2. Let V(q) as in (2.1.2) or (2.1.3). Then there is a constant ¢ > 0
independent of the polynomial V' so that the subelliptic estimate without a remainder
c

1+ 4

| BVl = —— (10pul3aggan, + 1 Xvula gan,

IOV (@) sy + 1D a2 g
holds for all u € D(Ky).

The two previous Theorems are both consequences of the following result.

Proposition 2.1.3. Let V(q) as in (2.1.2) or (2.1.3). Then there exists a constant ¢ > 0,
independent of V', such that

d
- — C
) (”‘D%’ e VIV L paqgany) + [[10V (g)]e t(KVJr\/Z)HE(H(de))) =3
=1
for allt > 0.
Moreover,
1 +o00 K c
”K_ HEL2 R2d S/ He_ V”£L2 R2d dt < — .
villeareeny < | (preadt <
Acknowledgements

Joe Viola is grateful for the support of the Région Pays de la Loire through the project
EONE (Evolution des Opérateurs Non-Elliptiques).

2.2 Reduction to a one-dimensional problem

Interpolation results of Lunardi (see Remark 5.11, Theorem 5.12 and Corollary 5.13 in
[Lun]) show that the first inequality of Proposition 2.1.3 combined with the fact that

[Re([Op, Xylu, u)] < Ce(|l [ Dgl3ull® + 1| 10,V (@) [7ull*) + €| Opul|*
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for all u € D(Ky) (where € > 0 is small enough), implies the subelliptic estimates given in
Theorem 2.1.1. Theorem 2.1.2 is then a consequence of Theorem 2.1.1 and the second
inequality of Proposition 2.1.3.

Details are given below.

Proof of Proposition 2.1.3. Since this result is expressed in terms of the semigroup, it can
be studied by a separation of variables for a potential of the form (2.1.2) or (2.1.3).
Actually e=*5V is a product of commutative contraction semigroups with respect to each
variable (g;,p;), and it suffices to write

d d
> | Me™tEVEYA|| Lo gaay) < > My it T L pageyy My = | Dy | or My =9,V ()],
=1 i=1
where V;(g;) denotes the one-dimensional potential in the ¢; variable, with Vi(q,) = V12q% or

viq? . 1/2 ; 1/3 . .
Vi) = Miar, Vi(gi) = 5= fori > 2, a; = |y /2 if v; <0, oy = ;" if 1 > 0 and a; = 0 if

Qi_V = 0. The second estimate of Proposition 2.1.3 is even simpler. Hence Proposition 2.1.3

will be the result of a careful analysis of the three one-dimensional potentials V(q) = i’%Q

v>0,and V(q) = \g¢, \ € R, developed in the next sections. O

Proof of Theorem 2.1.1. In this proof we use nearly the same notations as in [Lun]
(Remark 5.11, Theorem 5.12 and Corollary 5.13). Set

T(t) = e {VATKY)
L2 — L2(R2d) ,
E = {uc L*(R*), qu,0,u € L*(R*)}

I

where F is equipped with the norm

d

lall, = 3~ (112,

=1

Ul sy + 1100,V (@)l 2y ) + 3o,

Applying Lemma 2.3.4 and Proposition 2.3.1, we obtain by separation of variables

| T ()] 2(z2,m) < forall ¢>0.

~
w\wl o

If m =3 and 8 = 3, then by Theorem 5.12 in [Lun], one has the following embedding of
real interpolation spaces

<L2,D((\/Z+ KV)3)> c <L2,E> (2.2.1)

s 0,p

P

45



CHAPITRE 2 : Structure quaternionique et analyse des opérateurs de KFP
avec polynémes de degrés inférieur a 3 (article rédigé en anglais)

for all § € (0,1), p € [1,+00]. In particular for § = 2,

,={ueL? |Dg)iueL? |0,V(q)iue L? forall 1 <i<d},
(2.2.2)

12, B); = (L%, E)

2
3

wlro

where the complex interpolation space [L?, E]: is equipped with the norm

d
lullzz.m, = >~ (11104

=1

2
3

2 2
Pl ey + 11100V (@)l agany) + el 2aqaany

Moreover in view of Remark 5.11 and Corollary 5.13 in [Lun],

(L2 D(WVA+Kv))) = D(VA+ Ky) (2.2.3)

1
3,2

(since L? is a Hilbert space and (VA + Ky) is a maximal accretive operator). Thus taking
into account (2.2.1), (2.2.2) and (2.2.3)

D(VA+Ky) C {ueL? |D,|iue L? |8,V(q)|3ue L? foralll<i<d}.

Hence there exists a constant ¢ > 0 such that
d

2 2
> (11Dg Bl + 1125V (@) Ful) < ell(VA+ Ky )ull3 (2:24)
=1
holds for all uw € D(Ky).
Write for u € D(Ky),
I(VA+ Ky)ul[72 = (VA + Op)ulliz + | Xvull7: + 2Re([0,, Xv]u, u) | (2.2.5)

SO

2Re([0,, Xv]u, u)| < ‘Re(u, (D,,Z.in v pl-@qu(q)>u>‘

IN

M- 11+

(IRew, (Dy, Dy, Ju)| + [Reu, pidy,V(g)u)])

u>>

(et pit ) + e, 10,V (@) Fu) + e, 1Dy, ) + e, | Dy )

=1

(¢, il 04,V () ) + (| Dy,

'in

-

1

7

-

=1

(2.2.6)
< c(ellOpullis + cll(VA+ Ky ullt:)
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where (2.2.6) is due to the Young inequality ts < it‘l + %s% for all t,s > 0 and the last line
is a consequence of (2.2.4).

Therefore, combining the last inequality with (2.2.5), we obtain
I(VA+ Kv)ulf > [(VA+ Opullf + | Xvullfe — c| el Opull2 + col| (VA + Kv)UH%z]
> (1= ce)[|(VA+ Op)ullze + | Xvull7e — ced (VA + Ky )ul7:

for all u € D(Ky).

To complete the proof, it is enough to use the above inequality with (2.2.4) and the fact
that

2(AlluliZz + 1 Kvull3s) = (VA + Ky ull3:

for all w € D(Ky). O

Proof of Theorem 2.1.2. If Tr_ + |A;| # 0, by Proposition 2.1.3, there exists a constant
¢ > 0 such that

—+oco +o0
HK\;lan(L?(RQd)) = ||/ eftKthHz:(m(Rw)) < / HeftKVHz:(Lz(de))dt
0

<

=8

Consequently, for all u € D(Ky),

2
c
[l (geay < EHKVUH%Z(RM) :
Combining the above inequality, along with (3.1.5), one gets immediately the global
subelliptic estimates

C/

1+ %

K vl = —— (10pul3agan + 1 Xvulz e
400V (@) ull gy + KDY ulfagean)  (2:27)

for all u € D(Ky).
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2.3 Subelliptic estimates with remainder for non-degenerate
one-dimensional potentials

2 2

The operator Ky with a potential V(¢q) = F4&- = —e**“L (where v > 0 is a parameter
and a € {0, }), is unitarily equivalent to
1 2 2 1o’ —iQ 2t
K,o= 5(—81, +p°) + (e ﬁ)e (paq +e q8p>
=0, + zX,

where z := €'“\/v and X,, :=i(e “*pD, + €"“qD,). Actually introducing the possibly
complex parameter z allows us to use the same computations for both cases because they
involve entire functions of z € C. On the other hand, some identities make sense only when
a € {O, %} , particularly those involving O, (the harmonic oscillator in ¢) or the symplectic
product. Below we sum up the cases to be studied :

V(g) | « z
2 10 Vv

In this one dimensional case, we use the following notations :

1
_(DIZJ +p2)a

1 1 .
Oy =5(D7+¢") , Ouog=5(e ™Dy +e™¢") , Op=7

2 P
X, =i(epD, +¢e*qD,) , Y.=i(e"pq—e"“D,D,),
where o € {0,%} and O,iay = €%*O, in the final applications.
The Hamilton map written as a matrix equals
n "
Yeo Uee
HQ =
" "

where q(q,p,&;, &) is the Weyl-symbol of the operator (), meaning
Q - qw<q’p7 an Dp) - qw(x’ Dac) , L = (Q7p> :

L, ! d.
Qu(z) = /R4d el@=a)-Ey (:r; —; * ,f) u(z") ﬁdz'.

We use the nonstandard notation where Hy is indexed by the operator () instead of the
symbol q to avoid introducing redundant notation for the symbols of each operator
considered and to reserve ¢ for the position variable ¢ € R? throughout.

48



2.3 Subelliptic estimates with remainder for non-degenerate
one-dimensional potentials

Noticing that O,, Oy, Oiay, Xo, Y, and K, , have quadratic symbols, the corresponding
Hamilton maps are written accordingly Ho,, Ho,, HOcmq7 Hx,, Hy, and Hg,, , . Let
E = HOqu—Opv I:= H_Oemq_op, J:=H_x,, and K := Hy, denote respectively the

Hamiltonian matrices associated to the operators Ogiay — Op, —Ogiag — O,, — X, and Y,,.
Then one has
0 0 e %> 0 0 0 —e2a 0
0 0o 0 -1 0 0 0 —1
E = eQia 0 0 0 ) I= €2ia 0 0 0 )
0 1 0 0 0 1 0 0
0 —je 0 0 0 0 0 —je "
—jei@ 0 0 0 0 —je 0
S = 0 0 0 et |’ K= 0 —1e" 0 0
0 0 ie” ™ 0 —et 0 0 0

Note that £ commutes with I, .J, K and IJ = K with the relations

E* =1

and FE=F,

JP=K?*=—1foralla € R, 3.
=1, J=—-¢e"J K=—e""K whenaec{0,7/2}. (23.2)

~l

These relations, IJ = K, and (2.3.1) ensure that (1,1, J, K) can be considered
algebraically as a basis of (bi-)quaternions. Note in particular that

for all o € R, while the relations

0 —Idge) B -
(IdRz 0 )—31n(a)E+cos(a)] , Ho, = 5 (E—1)

hold for a € {0, T} .

The commutation property with the matrix £ can be interpreted as follows at the operator
level : consider the two commutators [Op,Xa] =1Y, and [Oemq, Xa] =1Y,. Then the

operator O.iay — O, commutes with O, and X, . Once this reduction is done, the
quaternionic structure can be guessed as well from the operator level after computing all
the commutators of O, Ogiag, X, and Y, .
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2.3.1 General estimate when V(q) = :I:”TQ2 , v>0

Proposition 2.3.1. Let v > 0 be a parameter and o € {O, %} There exists a constant
C > 0, independent of v, such that

Iv/v O e etV L2 gey < —

t2

w Q

holds for all t > 0.

Lemma 2.3.2. One can find a function dy(t) > 0, specified below in (2.3.8)(2.3.9), defined
in [0, 400 such that for all §(t) € [0,00(¢)[

5(1)0q

e TR | o gey) < 1

1s satisfied for all t > 0.

Proof. The exact classical quantum correspondence, valid for Q; = ¢, j = 1,2,3, when g,
are complex-valued quadratic forms, with associated Hamilton maps Hy, (alternative
notation of H,, with our convention) and positive Hamilton flows exp Hg, (see [Hor|[Vio]),
says that

exp Hg, exp Hg, = exp Hg, <= e WemiQ2 — 4710

We will determine conditions such that the canonical transformation
exp Hiso, exp H ik, .,

is strictly positive in the sense defined in (2.3.5). Working from the Hamilton flow, one can
therefore compute exactly ([Vio2], Proposition 4.8) a compact operator of the form e~@2
for ()2 quadratic such that

e*(S(?f)Oqef’L'Qg _ efi(S(t)(i—qu)efin _ ieﬂ't(i—lm,&) — Lo tKua

Applying this equality to the dense set of linear combinations of Hermite functions, this
shows that e (e takes L?(R?) to the domain of e?®%% with the estimate

5()0q,,

e “Hve]| 2y = leT P || cirame)) < 1

We will compute

eié(t)Hoq e_itHKu,a

which will be done by using biquatertionic expressions. The compactness of e 7?2, and the
fact that its norm is bounded by 1, is a consequence of the positivity condition (2.3.5)
which will be checked explicitly.
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Set, for all t > 0, s(t) = e *Hxva and ko(8) = e*®Hou | and consider the canonical

transformation
—itH i L(E
fi(t) = e wHy, o — 612( +1+422J)

for all £ > 0. Let n; denote

n1:\/N(]—i—QZJ):\/1—|—4z27é0whenz7£:|:%

such that © = % satisfies 02 = —1.

Using the fact that £ commutes with [ and J, and the formula (2.A.1) ,

K(t) = e'zPelam? = e’éE(Ch(%) +1 Sh;?) (I + 22J)>
— i3t (C(t) i ST + 2zJ)> . (2.3.3)

The functions R 3 ¢t — C(¢) and R 5 ¢ — S(¢) do not depend on the choice of the square
root v/ 1+ 422, because ch is an even function and sh an odd function. Moreover, they are
real when z € RU iR, which corresponds to z = e"\/v, o € {0, %} )

On the other hand,

i i 2ic _ i 2ic
/{0(5) —e i6(t)Ho, _ 625(15)6 E6 s0(t)es I

i 2 5 t . 5 t .
— 300 E(ch<—(2)62m) i sh(—(2)62”‘)[> . (2.3.4)
When o = d 0 denotes the matrix of the symplectic form on R** | the equality

o = sin(a)E + cos(a)] holds when o € {0,2} (and only in those cases mod ). As
established in [Vio2], it is possible to write e!®Qie=tra = =7i@2 with Q, = ¢¥, with e7@2
a compact operator, when the canonical transformation gk satisfies the strict positivity
condition

z'[a (W, f<;0/-£2> — J(E, z)} >0 for all z€ C*\ {0} . (2.3.5)
This condition is equivalent to the condition that the Hermitian matrix
i((/fofi)*a/fo/i — 0) = i(/@*/ﬁ;amo/ﬁ — O') = i(/i*/ig()'/iolf — a) ,
is positive definite, or equivalently that
ko(io)ro — (K°) 71 (i0) ()™ = ko (8)(io) ko (0) — K*(—t)(io) k(1)

is positive definite.
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Since E' commutes with I, J and K, the spectral decomposition of E allows us to study
2-by-2 matrices instead of 4-by-4 matrices : T'f(iE)Ty = £1d , where

1 0
1 0 1 «m (10
0 +1
Letting
S £ S >~ e [(EO
~ . B 0 — el A . 0 +ei@
J = TiJTj: == (—iem O ) ) K — T:EKT:I: - <:F€7ja O > )
we get

T ko(8)(i0) o (8) T = 0O [i sin(a)e(t) — s(t) cos(a) + i<cos(a)c(t) =S sm(a)s(t))ﬂ ,
(2.3.6)
where ¢(t) = ch(8()e?®) and s(t) = sh(5(t)e?*) . Similarly,
Tt k" (—t)(io)k(—t) Ty = €Tt [ + sin(a) <C’2(t) (- (22)2)52(75)) — 2cos(a)C(1)S(t)
+icos(a) (02@) T (1- (2z)2)52(t))7 + 2isin(a)C()S(4)]
+ dzicos(a) SP(t) T F 4z sin(a)s2(t)f?] .
(2.3.7)
Taking into account (2.3.6) and (2.3.7),
T ko(6) (i) ko (8) T — Tik*(—t)(io)k(—t) Ty = £ <sin(a)c(t) ¥ cos(a)s(t))
+ e“( + sin(a)(1 + 25?) + 2 cos(a)cs)
+i [eﬂ@)e“ (cos(a)c(t) + sin(a)s(t))
- e:Ft(cos(a)(l +252(t)) F 2 sin(a)C(t)S(t))] ig
— 4zieT cos(a)S*(t)J + 4zeT sin(a) S*(t) K
:e”(a + bl 4] + df() .

The determinant of the Hermitian matrix
g <Tj*:/~§0((5) (i0) k0 (8) T — T@*(-t)(za)n(—t)n) is equal to

PP+ A+ A =1— (24452 — ) F et (1 — PO (205 F (1+25% - eﬂ)> :
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Let do(t) > 0 be the function which cancels the determinant, or equivalently for which one
has, for all ¢ > 0,

2(252 — (ch(t) — 1)) — (1 — 60 2““)(205 +sh(t) F (252 — (ch(t) — 1))) .

After some computation, we find that this function is independent of the sign in the
expression above and is given by
6721'04

2A(t)
do(t) = 5~ In (1 - 2C(1)S(1) + sh(?) +A(t)) ! (238)

where  A(t) := (252@) — (ch(t) — 1)) . (2.3.9)

We know that, when 0 = 0 and a € {0, 7}, the Hamilton flow x(t) is positive because

e 0 is a compact operator (see [HeNi][HiPr]). By connectedness of the set of positive
definite hermitian matrices and because the result holds for §(¢) = 0, the flow ko(d)x (1) is a
positive canonical transformation so long as the determinant is positive on [0, §]. Therefore

d(t) € [0, 6o(t)[ implies

t)Oq

He e tK"O‘HE L2(R2)) S <1 ,

because any such compact Schrodinger evolution has norm less than 1 (see [Vio2]). O

Proof of Proposition 2.3.1. When 0 < ¢y < 1, there exists a constant ¢ > 0 independent of
v such that

So(t) > cvt?

holds for all 0 < t <ty := . This can be seen via the expansion

1-H |

E153 + O ((1+[22)%°)

2A(t)
ke (1 T A 120050 + Sh(t))

which is uniform with respect to the parameter v for all ¢ €]0, to] .

We write the quantity ||/ Oge =" EratV¥)| 112 ge)) in the form

||1 Iy \/ O 676(15 t)O‘?e*tK”‘e tf“ﬁ L2(R2)) if 0<t <ty,

H\/De_t\/; /Oq 6_6(t0)0065(t0)0qe_tOKu,ae_(t_tO)Ku,a H[:(LQ(RQ)) lf t Z to ,
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where Lemma 2.3.2 is applied with §(¢) = 607('5) . For both cases we get the upper bounds
v —5(t)0y 5(t)0q p=tKva|| o~tVV  if <
50 \H d(t)Oqe ||/\||e i ||J.e if 0<t<t,
S~—— P <1 <1
<2 B
> \/gt%

<1+ﬁ>ge‘tf“(1+ff>év ge 20| [t Rna || om0 Ena || E ¢ > .

gl _ (t=tg)
<e 2

<%
2

\ (I+vv)24/6(tg)
For the second case t > ty, we use

=9

/
70 Co % 2 _ Q

SetE V) ‘o &
(I4+Vv)ze ><( TN )>< < 37 (1+\/;)3/2 Cyﬁxe St%.
This ends the proof of Proposition 2.3.1 and gives

IVIID] + g P < (23.10)
for all t > 0.
O

2.3.2 Improved remainder, case V(q) = ”7‘12, v>1

In this section we follow the explicit methods of Aleman and Viola in [Vio][AlVi].
Following [HSV][HPV] it makes use of an FBI transform, which in this specific case is
nothing but the usual Bargmann transform

1 _=w?=2?/2
Byu(2) = Sop—mxaa /R2 e 7 u(y) dy

with By : L*(R?, dy) — L*(C%* e (dz)) N Hol(C?) unitary.
Lemma 2.3.3. Forv > }1, the adjoint operator
1
K = 5(=02+1%) - ﬁ(paq . qap) = 0, — VI X:

1s transformed via the Bargmann transform By into

By(K,z)'By ="'2Md. , M= (\(/)D _1/;>

and
[Ba(e™" 5 u)](2) = (Bau)(e ™z).
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Proof. Although it may be proved by a direct computation, it is instructive as an
illustration of the general method to follow the lines of [AlVi] or [Vio], Example 2.7.
Remember that it is made in essentially two steps : 1) Write the operator, up to an additive
constant, in the ”supersymmetric” form *(D, — A, 2)B(D, — A_x) after some real canonical
transformation in R?? (here d = 2); 2) transform the supersymmetric form into itz M(¢ after
some linear complex canonical transformation associated with an FBI-transform.

Step 1 : The two variables (¢, p) are gathered in the notation = = (¢,p) € R? , with dual
variable £ = (§,,&,) € R?. The hamiltonian matrix associated to K s,z is given by

0 —ivg 0 0
g _live o0 0
Kos ™ 0 0 —ivw

"5 0
0 -1 iyv 0

Set A, e, = E”*% the eigenvalues of Hy~ _ with their associated eigenvectors

v,y

tX _ (1 Z.)‘61762 ()‘61,62)2 -V i()‘61,€2)2 - V)
€1,€2 ) \/; ) )\61762 ) \/; )

where €1, €, € {£1}. In the case a = 7, one has n; = /1 —4v = iv/4v — 1 for v > i.
As a first step we need to determine the following two spaces :
_ _ _ € 2
A= I@Oker(f[% M) {(A_m> , zeC }

and

A= P ker(HK;g—)\I):{<Aiw>, :UGCQ},

Im A>0

where A, and A_ are two matrices in My (C) satisfying ‘AL = AL and £Im(AL) > 0.

The matrix A, is given by A, = By jB% where

1 —1—ny 7/ —i—ing

2\/v 2\/v
B1+ = and B2+ = s
1 —14n1 i —i+ing
2\/v 2\/v

so A, = ild . Similarly, A_ = B 'B,_ with

1 14+nq —Z —i+ing
2\/v 2\/v
Bi_ = and By_ = ,
1 1—nq — —i—1in]
24/v 2\/v
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so A_ = —ild. This means, after [Vio] formula (2.3), that the real canonical
transformation on R* is nothing but the identity.

Hence it suffices to write K = in the form
2

K*

s
I/,§

= YD, — A,2)B(D, — A_z) |

for all z = (q,p) € R?, where the matrix B is found by identification of the two sides :

Step 2 : Once A, and A_ are known, the complex canonical transformation is given by

1 —1
" (‘(1 —iA )AL (1- iA+)1> ’
with associated quadratic phase ¢4, : C* x C* — C
iz —y)? 1 (z —y)? 932]

which is the one entering in the definition of the associated FBI transform (which is Bs) .
The computation of BoK ) » B5 then comes from Egorov’s theorem
2

—A,
Id

K:’%(K*IZ) A ( ) B(—=A_1d)x'Z = i'zM¢

with M = (1-iA,)B=2B= (\9; _f) .

The weight e2?(*) [(dz) occurring in the range of By is ¢(z) = % which is coherent with
the formulas (2.6) and (2.7) of [Vio], ¢(z) = i(!x\Q - thx) because
C=(1—iAd) ' (1+iA,)=0. O
Lemma 2.3.4. There exists a constant ¢ > 0 independent of v > 1, such that for allt >0

— ™ 14 / .
and allu € L*(R?), uy = e R Y satisfies

v 2 2 2 —0g + 4, ik, z+v5)
5 (el + Dol + lguelams) ) = IWo(— e "5

C
UH%%R?) < t_guuH%Z(RZ)'
(2.3.11)

Proof. Set a, = a:]/;q and a; = _(?;;q so that agal = aja,+1 = 5(D2+¢*+1) . The identity

7t(KV’%+V1/3 7t(KV’%+V1/3 7t(KV’%+V1/3

vl|ake )22 p2y = vlle ul2s gey + vlage 2,

_1/3 —t(KV%.H,l/s

< ve ™" |lul|22 gay + vlage )2
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2.3 Subelliptic estimates with remainder for non-degenerate
one-dimensional potentials

7t(KV7% “+v

p
reduces the problem to that of estimating ||\/va,e 1 3)||. By taking the adjoint, it

suffices to prove that

| o

—t(K* W+V1/3) *
||\/;6 Y2 aqf||L2(R2) S ||f||L2(R2) (2.3.12)

[SI[9Y)

t
is satisfied for all f € L*(R?, dgdp) and for all ¢t > 0.

Conjugating by the Bargmann transform By, the creation operator
Bsyay Bs = Bg(_(r)"\/;q)Bik = % is nothing but multiplication by the complex component z,

in C? = C, x C,. The inequality (2.3.12) is therefore equivalent to

||\/;6_t(MZBZ+V1/3)ZqU||H¢ < t£3||u||H¢ (2313)
2
2
for all u € H, = L*(C?, e L(dz)) N Hol(C?), with ¢(2) = % :

Let u € Hy , setting v(2) = z,u(z), one has e M=%y (z) = v(e~*™2) and it follows that
e 2gully, = [ fo(e MRl M), e O L

_ ethﬁrM/ |,U(Z/)|2|Z(/J|26—¢(z’)6_2[¢(eth/)—¢(z/)]L(dzl) ‘
c2

So our problem is reduced to the proof of the existence of a constant ¢ > 0 that does not
depend on v such that

1 tM |2 2
=5 | lefM 27—z ) _4,,1/3 C
sup |z,|%e 2< e < —
2€C? vt
for all t > 0.

Let us start by checking that z — ¢(e™2) — ¢(2) defines a positive definite hermitian form
fort > 0.

From the expression given in Lemma 2.3.3, M is easily written in terms of Pauli’s
matrices :

1 1
M = ild_ 50'3-2\/50'2 5

with = ((1) (1]) . 09 = ((Z) BZ> and o3 = ((1] _01) )

Recall that Pauli’s matrices are involutory :

2_ 2 _ 2 _ _ . —
0] =05 = 03 = —1010203 = 1d
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and that (Id, —ioy, —ioe, —io3) can be interpreted as a basis of (bi)quaternions.

Using formula (2.A.1), one has for all t > 0

GtM:€

|+

(cw) + 25@)(—%03 RNZE

From this, we compute

(eM)eetM — ot (1 1 252(t) — 2C(1)S(t)oy — 4@52(75)01)
e'(a+v),

with a = 1+ 25%(t) and v = —2C(t)S(t)o3 — 4\/vsi(t)o; .

*e!M are given by

M =e'(at/—-N®)),

2
where N(v) = — <2C(t)S(t)) (4\/552(15)) = —45? — 45* < 0 owing to
(4v — 1)S? + C? =1, and where y/—N(v) is the usual square root.

The eigenvalues of (e!M)

In order to prove that the hermitian form z — ¢(e!Mz) — ¢(2) = 'z( (e™)* (™) —1d ) z is

positive definite, it suffices to check A_ > 1 for all ¢ > 0, A, being clearly strictly larger
than 1. The eigenvalue A_ equals

A= et(l -+ (1 + 52) _ zls“ /1 + 52) — etefQArgsh\S\

which is larger than 1 if and only if sh(¢/2) — [S| > 0 or [sh(t/2) — S(¢)][sh(t/2) + S(t)] > 0
because sh(¢/2) > 0. This is true since both factors vanish at ¢ = 0 with a positive
derivative for ¢t > 0 owing to ch(t/2) > 1 > £ cos(5v4v —1).

Now denote

r=VAv —1; Quz) = 'z [(etM)*(etM) — Id]z and  Si(z1,20) = "5 [(etM)*(etM) — Id] 2

for all z = (21, 29) € C x C. Writing z, = [(z) where [ is a linear form with kernel
ker | = Ce,, <(C2 = Ce, ® Ce, where ¢, = (1,0) and e, = (0, 1)>, we construct an

orthonormal basis (e, e,) for Q; with

1

4\/v S?(t)
(1—e=H)+2S2(t)+2S(H)C(t)
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2.3 Subelliptic estimates with remainder for non-degenerate
one-dimensional potentials

where

Si(ep, eq) = —4/v et S?(t)

Si(ep,ep) =€ [(1—et) +25%(t) + 25(¢)C (1)

In this new basis, z = ae€l, + Be, then (z) = a l(e)) and Q4(z) = |a|*Qi(e}) + |6]*Q:(ep).
This gives immediately

_ —1al2Q(el) 1812 Q¢ (ep)
e = ol Pe T
and then
1 tM 22 sQy (e’ Y12 2[( /)‘2 2
) 2(|e 2] |z|) g e 2[l(ey)] Y (e
sup |zq|“e = sup |l(e,)|"e” 2 = sup oe 7 =c¢ =c
sup [2| sup fi(ey) Q) Qe Qe

where ¢y = sup oe™? and
UER+

4(sh2(g) - 52(15))
(1 —et)4+252(t) + 25(t)C(¢t)

Qi(ey) = Si(ey,e) =

Recall that, in the case @ =  and for v > 1, we define C(t) = cos(%4t) and S(t) =

All that remains is to control the following quotient for all ¢ > 0 :

L (=) +28() (S(t) + C(t))

Qule}) 4[sh2(g) . 52(75)}

Sl =

e Starting with the case when t > %,

(&

4
N=(1-e"+ 25(t)<5(t) + C(t)) <1+—<2.
On the other hand,

15(1)] < sh(%) implics D > sh?(L) .

t
2
Then
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for all t > %.
e Now observe that for ¢t < %, one has the following two expansions :

+oo £2k+1

sh(%) +8(t) =) (=D + (—1)k)m
k=0 ‘
and
¢ +00 £2k+1
sh(5) = S(t) = D (== + (—1)k)m .
Furthermore,

— 1| _ (ri + 1)t°
25 x 120

which implies

1 t (r? —1) ri+1
= (sh(t St)>1— L= T
t(s (5)+501)) = 13 9 % 120

16 2 x 4% 1 2 8
>1_16_ S1_-_ A _° 2.3.14
- 48 25 x 120 — 3 15 15 (23.14)
Similarly,
t r?+1 (ri—=1t 4+ D3 (r2 - 1)t
Wiy~ gy~ s N _ 1
()=S0 =5 = S 18 Taxa0
_ (P D (rt)?
- 48 4 x 20
< (r? + 1)t3l
- 48 5’
which gives
t (r2+1)t3 4
h(=) — > X - 2.3.1
S (2) S(t) > 18 o (2.3.15)
Taking into account (2.3.14) and (2.3.15) we get
t t 8 (ri+1t* 4
> — 2y - >Stx — x ~ AT T
D> (sh(2) +S(t)><sh(2) S(t)> e
On the other hand,
2 1 2
N=(1-e")+25(t) (S(t) + C(t)) —2t+(1— %>t3 . ;4” t 4+ O(ri)
r? 1+7r?
(o1 _Ty2 1,3 4) ‘
H(2+ - - e+ o)



2.4 Resolvent estimates when V(q) = —V—SQ, v>1

Hence N < ¢t for all ¢t < % and

< — for all tgi.
1

c
3

Sl =

vt

Qu(ey)

Thus there exists a constant ¢ > 0 such that, for all u € Hy,

< ||ul|? forall t< 4
—thaz 2 < ]/t3HuHH¢ — r
||€ un||H¢ = Ce_t”uH%{d) for all t > %

which is equivalent to

£ 4
KD x < \/T?HUHL? for all t < -
||€ 7aqU||L2 > { C@it||'U||L2 for all > %

for all v € D(K, z).

From this, we deduce that

1 <yl if t< &
g < Sl 1S4
ce ol i >

for every v € D(K,, z). When 0 <t < %, we clearly have

jus
’2

|Q

1
—t(v3+K, =
Ivrage™" 8 a@ey <

[SI[5Y)

t

When ¢t > %, we obtain the same result by writing
i, c 1\ 5 5
cre Pt = — (1/575) e’
t2
and noting that the function s*2e~* is bounded on [0, 00). This establishes the inequality
for all £ > 0 and completes the proof of the lemma. O

2.4 Resolvent estimates when V(q) = s ]

In this section, we use the same notations as in the previous one and we take o = 0. Giving
the exact norm of the semigroup e~*%»° allows us to control the resolvent of the operator
K, p. When doing so, a logarithmic factor appears, with optimality up to an exponent.
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Lemma 2.4.1. For everyt > 0, one has

— Argsh | S
”e tKuO“E L2 RQ)) = € e < (t))

where

Proof. Using (2.3.3) and (2.3.4), we directly compute that

(k(t) 71 k(L) := e 00 = (itE (a + bl — cJ) (a + 0l + cJ) :
with a = C(t), b=145(t) and ¢ = 2izS(t) .

Note that (a + bl — cJ) ( + bl + cJ) = a? — b* 4 ® +v. Furthermore, a®> + 0> +c? =1

and (a® — b* + ¢?)? + = 1. It follows that
N(v) =1 — (a? b2—|—c) 1—(1—2b%)%=4b*(1 — b?).

Denote sh(u) = v/—b2, so \/—N(v) = 2sh(u) ch(u) = sh(2u).

The eigenvalues of (k(t))~! k(t) are given by

1
— =é(a®* -+ 2+ /—N())
M1
p=e(a* = b+ —/—N(v))
1
— =e'(a> - b+ —/—N(v))
M2

pe =e(a® = 0>+ ++/—N()) .
Therefore (see [Vio2] Theorem 1.3),

_ 1 —1 Args —N(v —Argsh(vV/—
le™ "0 £r2qme)) = (“117)4 = ¢ 2 A VN — o Argsh(V=0)
2

where

Proposition 2.4.2. There exists some ¢ > 0 such that, for all v > c,

1
I3y < 52
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2.4 Resolvent estimates when V(q) = —V—SQ, v>1

Proof. Observing that

—+o00o —+o00
1K 5l 22y = ||/ e 0 dt|| 2 (me)) < / &0 £r2qreydt |
0

we aim to obtain an upper bound of the right-hand side.

Using the exact norm of the semigroup generated by K, o, we write

dt

400 400 — Argsh (Sh(:nTl)> +o00
/ ||€_tK”’O ||£(L2(R2))dt = / € ! dt = /
0 0 0 sh(“2L)

ni

ni

tn 2
+ 1+(M>

2du

/log(V) 2du /
0 sh(u) +1/n? +sh*(u) 718 sh(u
1 too
< 2( og(v) +/ e‘”du)
1 log(v)

log(v) l) < lo\g;(_u) '

1 14

This completes the proof.

2.4.1 Optimality with a logarithmic factor
Proposition 2.4.3. One can find a function u € L*(R?) such that

||Ku,0u||L2(R2) S C

N
—||U 2(R2
=l

where ¢ > 0 is a constant that does not depend on the parameter v > 1.

Proof. We recall here that

1
Koo = 5(—3§ +p?) + ﬁ(pﬁq + q8p> =0, +VvXp .

For all u € D(K, ),

| Kooulldaqee) < 2(10pullagee) + vl Xoulaes ) -
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then to prove the Proposition we will look for a function u € L*(R?) such that

HOPUH%?(R?) + V”XOUH%%RQ) v
Tl = “log(v) -
Consider the Gaussian
v(g,p) = 7

and set

1 [ 1 [t
u(q,p) = Z/ e*pds = Z/ ©s(q,p)ds
0 0

sXo

where (g, p) = e*9¢(q,p) and L > 0 is a constant to be specified at the end of the proof.

One has

d
E‘Ps = XO(QDS) = (paq + qap)@s .

Let (q(t), p(t)) be the solution of the following system :
w1 =P
Ip=gq
with (¢(0),p(0)) = (qo, po). The solution is given by
q(t) = ch(t)qo + sh(t)po

p(t) = sh(t)go + ch(t)po -
The function ¢, verifies

D (orlal=9)-0(-5)) = s — L a(=8)p, — p(~5)0p =0

then

©s(q,p) = wolq(s),p(s)) = w(ch(S)q + sh(s)p, sh(s)q + Ch(S)p)

ch(s)q + sh(s)p 2—|— sh(s)q + ch(s)p
:%exp(_< ) 2( ))
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2.4 Resolvent estimates when V(q) = —V—SQ, v>1

For all p € [0, +oc], [ullzr = ellze. In particular, ]z = [lgllue = 1.
Let’s start by calculating || Xou|| 122y :

X 1/LX “*opd 1/L—d d 1( )
U= — e s = — saS = — — .
CETS T PETL)y @t T Ty

As a result,

1 1
| Xoul[72ge) = EHSOL — ¢lli2@e) = ﬁ<||90L||2L2(R2) + 1ol 72 (re) —2 /R2 Ly dqdp)

%,1_/%,1_/

- %<1_/R?SDLSO dqdp> .

We directly compute that

2 2
<ch(L)q+sh(L)p> + (Sh(L)q+ch(L)p> 5

1 g
/ v1(q, ) (¢, p)dadp = —/ e z e
R2 T JR2
1 / —%[2ch2(L)q2+2chQ(L)p2+4sh(L)ch(L)qpi|
N ™ Rze
1 _1 ¢ 1 [ (2m)?
S (@) AN@P) Jadp = = —
7r/Rze ’ “r=g det(A)
where
2ch?(L)  2ch(L)sh(L)
A pu—
2ch(L)sh(L)  2ch?*(L)
Then

9 1
2 _
[ Xoull72ge) = ﬁ(l N ch(L)> '

Now, let’s find a lower bound for ||u||%2(R2) ;

L /L
/ / Re( s, s Psy) £2(r2)d51dS2
o Jo
L L

= ﬁ/ |:/ Re<90s17 (;052>L2(]R{2)d32] dSl
0 S1

2
52:?14—5 L2 0

1
HUH%Q(RQ) T 72
2
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But

S1X0 (81+S)X0¢>L2(R2)

Re <9031+37§051>L2(R2 = <€
< S1Xo SXO

e g0> L2(R2)

_ /R ©s(q,p)e(q, p)dgdp = ch—l(s) '

For L > 2 we obtain

D — / /
LR) L20 0

ds ds;
L L
2 2

2 2 L |
> 2 d = — ds|d
=12 /0 /0 127 /0 [ /0 ch(s) 5] o1
C

>+ (2.4.2)

SISl

The final step is the upper bound of ||O, u||L2 R2)
2 Lt 2 I 2
[0y = 10n(3 [ x(0:)a) ey < 75 [ 100l

With O, = 3(D2 + p?), we want to compute

—sXo Opeon

10ppsl 22y = le wollr2)

SXO(PO)'

For any u € L*(R?), e¥*ou(q, p) = u(e*(q, p)) where
s chs shs
© T\ shs chs /-

Egorov’s theorem gives that, for any symbol a(q, p,&;, &),

(because e~*X is unitary and o, = e

Ca a*(q,p, Dq, Dp)e et =a “(e” (q p)e (Dq7Dp))‘
In particular, writing O, = (D2 + ¢?) as well,

e 5X0 (p* + Df))eSXO = (—sh(s)q + ch(s)p)* + (sh(s)D, + ch(s)Dp)2
= sh?(s)¢? — 2ch(s)sh(s)gp + ch?(s)p?
+ Shz(S)Dg + 2ch(s)sh(s)D,D, + chz(s)D;
= 2¢h?(s5)O, + 2sh*(s)O, + 2 ch(s) sh(s)(D,D, — qp) -
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2.5 Degenerate one-dimensional case

We have chosen ¢ an eigenfunction of both O, and O, with eigenvalue %, and
D,D,po = —qppo. Therefore

e X005 N0p, = (%(ch%s) 4 sh*(s)) — 2ch(s) sh(s)qp) ©o -

This can be interpreted as the sum of products of the first two orthonormal Hermite

functions : if
ho(z) = Y42 hy(x) = V2aho(x) |

then ¢o(q,p) = ho(g)ho(p) and
e 00,0 = %(ChQ(S) +sh?(s))ho(q)ho(p) — ch(s) sh(s)h1(q)ha(p).

This type of tensor product forms an orthonormal family, so by the Pythagorean relation
the square of the norm can be computed as the sum of squares of the coefficients :

1 1
10003l 7282y = Ile™**°Ope™ 0 ol|72g2) = Z(Chz(S) +sh?(s))” + ch?(s) sh®(s) = 1 ch(4s) .
Thus we deduce that

< il (2.4.3)

The estimates in (2.4.1) and (2.4.2) taken with (2.4.3), allow us to establish that

4L 1
Kl _ [0yl + v Xoul2s _ ¢ +v(1 - atn)
JulF: - o

Now letting L = 1°g4(”) , we get the desired inequality

v
IKoullfs < ¢ i——ulli- -

log(v)

2.5 Degenerate one-dimensional case

Lemma 2.5.1. Let \; € R be a parameter. Consider the operator

1
Ky = pd, — M0, + 5(—85 +p?—1)
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with domain D(K,) = {u € L*(R?), Kyu € L*(R*)}. There exists a constant ¢ > 0 such
that
c

(D2 + A)e™ D 12y < —

.

holds for all t > 0.

Proof. For each &, fixed, there is a metaplectic operator on L?*(R,) which, via conjugation,
takes ip.§; — i\ D) to ipy /§3 + A? while leaving O, invariant. Taking the direct integral of

this rotation (whose angle depends on &,) gives a unitary equivalence between the operator

Kl and 1
K, = §<2ip, /D2 4+ X} + (=02 4+ p* — 1)).
We also note that /D2 + A? is left invariant by the rotation in the variables (p,&,).

It is shown in [Vio2] that

i(t1+ite

le”

cos(ty) — ch(ts)
e = esp ()

for all t; € R and all t, < 0 , where P, = %(Di +a22 -1+ 2@'bx—b2), b € R. Applying this
result with t; = 0, t; = —t < 0 and b = b(&§,) = /&2 + AT , we obtain

_— b2 ch(t)—1y;2
1/ D2 + A2e 4| yarey) < sup [0~ )|  pape)) = sup b2 et )
£,€R o€

(We remark that this inequality can be strengthened to an equality by taking the tensor
product of explicit optimisers for the norm of e~*** with functions in ¢ localized in phase
space near the optimising &,.)

ch(t)—1

For all ¢ € [0,1], denote f,(t) = b2’ ® —2% and u(t) = % —L=th({)-L<o.

. _ —a
Since max we™ " = < when a > 0, we get

zeR

_ 3 gult)
bt exp (u(t)bZ) < Z(t) =: F(t).

The expansion u(t) = th({) — £ = 52 + O(t*) yields lim;_,o F(t) = 24 and the function F is

1y
D
bounded on the interval [0,1]. Replacing b* with 7 4+ A}, we conclude that, for ¢ € [0,1],

_ C
(D2 + AD)e D 22 mey) < e
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2.A Biquaternions

For all t > 1, just write with ¢y = 3,

_ _ —(t— _t c
105+ XDe S gragayy < (D7 + ND)e ™ | paqgey ™" | puagey e < 5
<t 2
[

2.A Biquaternions

We define a biquaternion W as follows :
W =a+bi+cj+dk
where a, b, ¢, d are complex numbers and i, j, k multiply according to the rules

iP=j=k"=ijk=-1

ij=—ji=k
jk=—kj=i
ki=—ik=j.

For convenience we use a vector notation for biquaternions as follows :

W=a+v, v=0bi+cj+dk.

The conjugate of a biquaternion W is given by

conj(W)=a—0bi—c¢j —dk .

The biquaternion ring By is isomorphic to the matrix ring My (C). This can be seen via the
following map :

f : BQ — MQ(C)

a+bi+cj+dkn—>M:(

a+bi cH+di
—c+di a—bi

The "norm” N (W) of a biquaternion W is

N(W) = conj(W)W = det(M) = a® + b* 4+ * + d* .
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Note that the norm is homogeneous of degree 2 and may take complex values. In particular,
a biquaternion W is invertible if and only if N(W) # 0. In this case its inverse is given by

N UD)

= — =
(W) N(W)
Exponential and spectrum.

Let a + bi + ¢j + dk = a + v be a biquarternion such that N(v) # 0. In this case v = ;( )

verifies 9% = —1.

Hence write

A

k=0
(DN R (DM N ()
- (kz_o 24)! +kz_0 2k +1)! %)

= e( cos v Mv
- ( (VN@)) + o) ) (2.A.1)

The above computation do not depend on the choice of \/N(v) because cos is even and sin
is odd.

Finally the set of A € C such that (a + v — \) is non-invertible can be explicitly determined :

(a+ v — ) is non-invertible if and only if 0 = N(a +v — \) = (a — A\)? + N(v) if and only if
e {a:l: —N(v)}.
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with some class of polynomials

Abstract

In this article we study some Kramers-Fokker-Planck operators with a
polynomial potential V' (¢) of degree greater than two having quadratic limiting
behavior. This work provides an accurate global subelliptic estimate for KFP
operators under some conditions imposed on the potential.
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3.1 Introduction and main results

3.1 Introduction and main results

The Kramers-Fokker-Planck operator reads

1
KV = paq — (9qV(q)8p + 5(—Ap +p2) y (q,p) S de, (311)

d

where ¢ denotes the space variable, p denotes the velocity variable, z.y = > z;y;,
j=1

d
x? = 3~ 5 and the potential V(¢) = > Vag® is a real-valued polynomial function on R?
J=1 || <

with d°V =r.

There have been several works concerned with the operator Ky with diversified
approaches. In this article we impose some kind of assumptions on the polynomial
potential V' (¢), so that the Kramers-Fokker-Planck operator Ky admits a global subelliptic
estimate and has a compact resolvent. This problem is closely related to the return to the
equilibrium for the Kramers-Fokker-Planck operator (see [HeNi][Nie][Nou]). As mentioned
in [HerNi] and [Nie], the analysis of Ky is also strongly linked to the one of the Witten
Laplacian A%ﬁ)) = —A,+ |VV(q)]" = AV (q). This relation yielded the Helffer-Nier
conjecture stated by Helffer and Nier :

(1+ Ky)™! compact < (1 + A%ﬁ)))’l compact . (3.1.2)

This conjecture has been partially solved in basic cases (see for example [HeNi], [HerNi]
and [Li]), whereas for the operator AEB) very general criteria of compactness work for
polynomial potential V' (q) of arbitrary degree. These last criteria require an analysis of the
degeneracies at infinity of the potential and rely on extremely sophisticated tools of
hypoellipticity developed by Helffer and Nourrigat in the 1980’s (see [HeNo|, [Nie]). Among
the the particularities of these last analyses, we mention that the compactness results
obtained for degenerate potentials at infinity were not the same for A f‘)/ as A(_O‘)/. The
typical example which was considered is the case V(qi, g2) = ¢i¢3 in dimension d = 2 : The

operator A(f{)/ has a compact resolvent, while A(f‘)/ has not.

In the case of the Kramers-Fokker-Planck operator, there have been extensive works
concerned with the case d°V < 2 (see [Hor][HiPr][Vio][Viol][AlVi][BNV]). Nevertheless, as
far as general potential is concerned, different kind of sufficient conditions on V' (¢) had
been examined by Hérau-Nier [HerNi|, Helffer-Nier [HeNi], Villani [Vil] and Wei-Xi Li [Li].
These first results considered only variants of the elliptic situation at the infinity (for
non-degenerate potential), which did not distinguish the sign £V (g). Lately a significant
improvement of those works has been done by Wei-Xi Li [Li2] based on some multipliers
methods. In [Li2], Wei-Xi Li showed that for potentials similar to V (g1, ¢2) = ¢}q5 the
results for K4y were the same as for Af‘)/, thus comforting the idea that the conjecture
(3.1.2) is true.
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The ultimate goal would be to develop a complete recurrence with respect to d°V for the
Kramers-Fokker-Planck operator like it is possible to do for the Witten Laplacian as
recalled in [HeNi] (cf. Theorem 10.16 page 106) and [Nie] by following the general approach
of Helffer-Nourrigat in [HeNo] and [Nou]. Although we are not able to write a complete
induction, we establish here subelliptic estimates for Ky for a rather general class of
polynomial potentials with criteria which distinguish clearly the sign of V'(¢). The
asymptotic behaviour of those polynomials is governed by at most quadratic parameter
dependent potentials, and the global subelliptic estimates in which arise some logarithmic
weights are know to be essentially optimal in the quadratic case (see [BNV]).

Denoting
1
OP - E(D; +p2) )
and
Xy =po, — 0,V (q)0, ,

we can rewrite the Kramers-Fokker-Planck operator Ky defined in (3.1.1) as
Ky =Xy +0,.
Notations : Throughout the paper we use the notation

()= VITTF.

For an arbitrary polynomial V (q) of degree r, we denote for all ¢ € R?

Trovi) = Y, v,

veSpec(Hess V(q))
v>0

Tr_v(q) = — > v(q) -

veSpec(Hess V (q))
v<0

Furthermore, for a polynomial P € E, := {P € R[Xy, ..., Xy], d°P < r} and all natural
number n € {1, ...,r}, we define the functions R;" : R? — R and R7" : RY — R by

B (@)= > |05P(@)|™ (3.1.3)
n<|a|<r

Rp"(q) = > 02 P(g)| ™ . (3.1.4)
|al=n

For arbitrary real functions A and B, we make also use of the following notation

AxB < Jc>1:c'|B|<|A| <c|B| .
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This work is essentially based on the recent publication by Ben Said, Nier, and Viola
[BNV], which deals with the analysis of Kramers-Fokker-Planck operators with
polynomials of degree less than 3. In this case we define the constants Ay and By by

Ay = max{(1 + Try )31+ Tr_y},
]_ —|— TI'_7V

(log(2 + Tr_y))z} ’

By = max{min |V V(q)|*/?,
qER4

As proved in [BNV], there is a constant ¢ > 0 such that the following global subelliptic
estimate with remainder

[ Ky ull72mea + Avllulf2@ze) > C<||OPUH%Q(]RM) + | Xvul| 72 gea
40V (@)l gy + Do) 3z )
(3.1.5)
holds for all u € C5°(R?*?). Moreover, there exists a constant ¢ > 0 such that
1yl aay 2 ¢ By [[ull 2@y (3.1.6)

holds for all u € C5°(R?*?). Hence combining (3.1.5) and (3.1.6), there is a constant ¢ > 0 so
that

C

| Kyl e, (1022 ey + 1 Xl g

> -
= A
L+ 5>
OV @)l aguany + D) ulagean) (317
is valid for all u € C§°(R??). The constants appearing in (3.1.5), (3.1.6) and (3.1.7) are
independent of the potential V' and depend only on the dimension d and the degree of the
polynomial V. We recall here that for a smooth potential V' € C*(R?), our operator Ky is

essential maximal accretive when endowed with the domain C5°(R??) [HeNi] (cf.
Proposition 5.5 page 44). As a result the domain of its closure is given by

D(Ky) = {u € L*(R*), Kyu e L*(R*")} .

Consequently by density of C3°(R??) in D(Ky) all estimates stated in this paper, which are
checked with C§°(R??) functions, can be extended to the domain of Ky .

Given a polynomial V' (q) with degree r greater than two, our result will require the
following assumption after setting for x > 0

2(w) = {q € B [VV(@)I > ([Hess Vig) + By (0)' +1) }

where |Hess V(g)| is the norm of the matrix (92 , V(q))1<ij<d -

qi,45
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Assumption 1. There exist large constants ko, C7 > 1 such that for all kK > kg the
polynomial V' (q) satisfies the following properties

1
Tr_v(q) > aTery(q) , for all ¢ € R\ X(k) with |q| > Cy , (3.1.8)
moreover if R\ X(k) is not bounded
Ry (¢)*
lim —Y 2 —=0. 1.
=00 |Hess V(q)| . (8:.1.9)
q€RNX(r)

Those assumptions and in particular the partition R? = (k) U (R?\ ¥(k)) have a simple
interpretation. The region (k) is the one where the gradient dominates the Hessian and
the higher order derivatives so that the analysis in this region is essentially the same as in
the various elliptic cases discussed in [HerNi|[HeNi] and [Li]. On the contrary, the Hessian
dominates the gradient and the derivatives of higher degree in the region R?\ ¥() and the
accurate estimates of the quadratic model given by the second order Taylor expansion have
to be used. Finally the parameter x will be adjusted in the end of the proof so that the
main subelliptic estimates control the error terms due to partitions of unity and Taylor
expansions. Distinguishing the sign of the potential arises in particular when the region
R?\ ¥(k) is considered. Actually Tr, v and Tr_ 1 play different roles in the accurate
subelliptic estimate without remainder (3.1.7) for polynomials of degree less than 3.
Tarski-Seidenberg Theorem and some of its consequences reviewed in Appendix 3.B
transforms the assumption (3.1.9) into Ry, (¢)* = O(|Hess V(¢)|'™") as |¢| = +o0,

q € R?\ X(k), for some v > 0 (with [Hess V(q)| = +00 as |q| — +o00, ¢ € R\ X(k)).
Alternatively one could simply assume from the beginning the existence of such a v > 0.
We mention here that one knows that for a potential V' satisfying assumption 1, the
resolvent of the Witten Laplacian A%ﬁ)) is compact (since the asymptotic models at infinity
are of degree less than 3 without a local minimum. C.f Theorem 10.16 [HeNi] ).

In Section 3.4 of this paper we provide some explicit families of polynomial potentials for
which the conditions (3.1.8), (3.1.9) both hold.

Our main result is the following.

Theorem 3.1.1. Let V(q) be a polynomial of degree r greater than two verifying
Assumption 1. Then there exists a strictly positive constant Cyy > 1 (depending on V') such
that

| Kvulzz + Cvllulz: > Civ(uuop)uu; FIZUVV (@) %)l
+ | L({Hess V(@) Dullfz + LDy ullf:)
(3.1.10)
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holds for all w € D(Ky ) where L(s) = % for any s > 1.

Corollary 3.1.2. If V(q) is polynomial of degree greater than two that satisfies
Assumption 1, then the Kramers-Fokker-Planck operator Ky has a compact resolvent.

Démonstration. Proof of Corollary 4.1.3
Assume 0 < § < 1. Define the functions f5 : R — R by
f3(@) = [VV (@)1 + [Hess V()| .

From (3.1.10) in Theorem 3.1.1 there is a constant Cy > 1 such that
1 2
[ Evuls + Cvllulls 2 & ({u fu) + ILOpullEa + LD ullsz)

holds for all u € C°(R??) and all 6 € (0,1). In order to prove that the operator Ky has a
compact resolvent it is sufficient to show that | |lim f5(q) = +o0.
q|—+oo

To do so, assume A > 0 and denote x = AT . If q € ¥(k), one has
IVV(q)[3070 > 10 = 4.

If g € RY\ X(k) by (3.1.9) in Assumption 1, lim |HessV(q)| = +o0. Hence there exists

lgl—+o0
q€RN\ (k)

a constant 7 > 0 such that [Hess V(q)|'™° > A for all ¢ € R4\ X(x) with |q| > n.
[

Remark 3.1.3. The results of Theorem 3.1.1 and Corollary 4.1.3 can be extended in the
case when V = V| + Vo where V7 is polynomial satisfying Assumption 1 and Vs is a
function in S(R?).

3.2 Preliminary results

This work is essentially based on two main strategies. The first one consists in the use of a
partition of unity which is the most important tool that allows one to pass from local to
global estimates.

In this paper, given a polynomial V' (q) we make use of a locally finite partition of unity
with respect to the position variable ¢ € R?

D@ => % (Rv 4)( qj)) =1 (3.2.1)

jEN jEN
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where
supp X; C B(0,a) and Xx; =1in B(0,b)

for some ¢; € R? with 0 < b < a independent of j € N. In our work we need to choose the
constant a less or equal to min(C~!, C"~1), where the constants C' and C” are those in
Lemma 3.A.5. Such a partition is described more precisely in Lemma 3.A.8 after taking
n = 3. In our study introducing this partition yields to errors that are under control.

The second approach lies in the decomposition of the operator Ky onto two parts so that
the first one be a Kramers-Fokker-Planck operator with polynomial potential of degree less
than three. On this way, based on [BNV], we derive the result of Theorem 3.1.1.

In order to prove Theorem 3.1.1 we need the following basic lemmas.

Lemma 3.2.1. Assume V € R|qy, ..., q4] with degree r € N. Consider the
Kramers-Fokker-Planck operator Ky defined as in (3.1.1). For a locally finite partition of
unity namely X?(q) =1 one has

jEN

vl = Y (1Kv (Gl Eaen = 100 ulagas ) (3:22)
JEN

for all u € C3°(R*).

In particular when the degree of V' is larger than two and the cutoff functions x; have the
form (3.2.1), there exists a constant ¢4, > 0 (depending only on the dimension d and the
degree of V') so that

>3
vl sgan 2 32 (1 0w Bagany — carRy (@ loxsuliogan) - (323)
JEN

holds for all u € C3°(R?*?).

Proof. First let V be a real-valued polynomial on R? of degree r € N. Assume that
u € C5°(R??). On the one hand,

IEKvulfe = > (Kvu, xjKvu) =Y (u, Kyx Kvu) .
jEN jEN
On the other hand,
S IVl =) (u, x; Ky Kyxgu) .
jEN jeN
Putting the above equalities together
1K vullze = > 1Ky Ogu)llze = Y (u, (KyxG Ky = x Ky Kvxg)u) -

jEN jEN
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Using commutators, we compute
Ky xiKv = Kyxilxg, Kv ]+ Kyx; Kvxg
= Kix;lxg: Kv ]+ Ky, x [Kvxg + XKy Kvy;
= Kyx;[xg, Kv]+ [Kx*/»Xj]([Kv,Xj] + XjKV> + X BV Evx; -
Thus
KyxGKv = i KvKvxg = Kvxg[xa, Kv ]+ LKV G DBy + [Kvs xg 1o [Kv,xg] -

Now it is easy to check the following commutation relations

X5, Bv] = —[Kv,x;] = =[P, xi(q) ] = —pdyx;
(K, x5 ] = [=p0g; xi(q) | = —pIyx;
[K\*/an] © [K%Xj] = —(Paqu)z .

Collecting the terms, we obtain

S KKy = KK = Y (Ko (—p0i) + (P0G Ky = (0,)°)
JEN jEN
2 2
« X X
=3 (5 ( = p0u(E) — oK = (0,:)?)
jeN
== 00X .
jeN

where in the last line we make use of Y~ x3(¢) = 1.
jeN

From this it follows immediately that

IEvalz: = > (v OGwlle — (o))

jEN
for all u € C§°(R??).
Next, suppose that the degree of V' is greater than two and x;(q) = X; (R\Z/S(qj)(q — qj)) for
all indices j and any ¢ € R? with
supp X; C B(0,a) and x; =1in B(0,b) .

Then we can write

D Mwdp)ull® = > 1wdx)xyul?

jEN JEN j/eN
>3
<car ¥ Ry () lIpxgul®
jeN
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where ¢4, is a constant that depends only on the dimension d and the degree of V. Here
the last inequality is due to the fact that for each index j there are finitely many j' such
that (9,x;)x; is nonzero. O

Before stating the following lemma, we fix and remind some notations.

Notations 3.2.2. Let V' be a polynomial of degree r larger than two. Consider a locally
finite partition of unity Y x3(q) = 1 described as in (3.2.1).

jEN
Set for all K >0
J(k) = {j € N, such that supp x; C 2(“)} )
where we recall that

n(k) = {a € RY, [9V(9)[ = k( [Hess V(g) + Ry () +1) }

For a given k > 0 and all indices j € N, let V;-(Q) be the polynomial of degree less than three
given by

VP = > aq‘;—qu)(q —q))*, (3.2.4)
0<|al<2 '
where
a4 = 4 ifj € J(x)
{ qj € (supp x;) N (Rd \ Z(H)) otherwise.

Lemma 3.2.3. Assume V' a polynomial of degree r larger than two. Consider a locally
finite partition of unity described as in (3.2.1). For a multi-index o € N of length
la| € {1,2} and all j € N, one has

o fe >3 |Oé|
9 V(a) — 9, Vf”(q)‘ < Cadyr (RV (q’-)) (3.2.5)
for any q € supp x; = B(q;, aR‘Z/B(qj)*l), where coq, = Y. (a C)lBl=lal,
3<IBI<r

As a consequence, if V' satisfies Assumption 1, there exists a large constant k1 > Ko so that
for all k > k1 and every j € N,

271

0.V (@)| <10,V ()] <2

V)| (3.2.6)
for every q € (supp x;) N X(k) and

271 : (3.2.7)

Hess Vj(2) (q)‘ < |Hess V(q)] <2 ‘Hess Vj(z) (q)

for any q € (supp x;) N <Rd \ E(/@)) with |q| > Ca(k) where Cy(k) > 0 is a large constant
that depends on k.
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Proof. Let V' be a polynomial of degree r greater than two. In this proof we are going to
need the following equivalence

Ry (q) < Ry (¢) (3.2.8)

satisfied for all ¢, ¢’ € supp x; and proved in Lemma 3.A.5. That is, there is a constant
C' > 1 such that for every ¢, ¢ € supp xj,

>3 +1
(ng (4) ) <C. (3.2.9)
Ry (¢)
Assume a € N9 of length |a| € {1,2}. For every j € N, observe that
PV (q)) Y
AR A OIS s (Ul
3<|p|<r '
Bza
197V ()] 181-lod
< 5 e
3<§6|:<T CE
B>a

for any ¢ € R%. Hence regarding the equivalence (3.2.9), there exists a constant cq g, > 0
(depending as well on the multi-index «, the dimension d and the degree r of V') so that

fel ay(2) 1 >3, , 18] 123 —1Bl+]a
o Via) - 35V, <q>]s3§<rm(m @) ('R (@)
B>a

= Z ﬁ(a C)\BI—Ia\ (sz/g(q;)> o

3<|BI<r
B>a

> |l
< coar (B (0) (3.2.10)

holds for all ¢ in the support of y;, where the constant C' > 1 is the one in (3.2.9) and
COA,d,T e Z (a C)Mﬂ_la‘

3<[Bl<r

In the rest of the proof, let the polynomial V' (q) satisfies Assumption 1. In view of (3.2.10),
we get when |a| =1

‘VV(C]) - VV]'(Q)(Q)‘ < crar Ry (d)) (3.2.11)
for all j € N and any ¢ € supp x;, where ¢ 4, = Y. (aC)¥I=1. By virtue of the
equivalence (3.2.9), it results from (3.2.11) e

)VV(Q) - V‘/j@)(q)) < ¢1,4,C Ry (q) (3.2.12)
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for every ¢ € supp x;. Given k > ko, it follows from (3.2.12) and the definition of X(k) that

Cl,d,rC

VVia) = YV )| < S 9V
< 24819y (g) (3.2.13)
K4

for all ¢ € (supp x;) N X(k). For the above second inequality we know that |VV(q)| > 1 for
every ¢ € (supp x;) N X(k), indeed since ¢ € (supp x;) N X(k),

3
IVV(q)| > ki >kl >1.

Taking the constant xk; > kg such that % < %, we get for every kK > K1

1
VV(@)l = IVVP @l < [VV() = YV (0] < 5IVV (0] |
for any ¢ € (supp x;) N 2(k). Therefore, for every x > &,
1 3
SV @I < IVV (9l < 5IVVP(0)
holds for all ¢ € (supp x;) N X(k).

On the other hand when |a| = 2, by (3.2.10) there is a constant ¢y 4, > 0 so that for all
jeN
05V (q) — 02V (q)] < caur Ry ())? (3.2.14)

holds for every q € supp x;, where ca 4, = >, (aC)FI72.
3<|BI<r

Using the fact that R;’(¢) > R5"(0) for every ¢ € R%, we derive from (3.2.14) that

R (q))"

(6% Q (2)
|aq Vi(g) — aq VJ ()] < Cz,d,rw ,

for all ¢ € supp ;.

Assuming k > Ko, we obtain using (3.1.9) in Assumption 1, if [¢}| is large enough

1 /
S 1avial - Y 10Vl < Y 105V ia) - 07V @) < 5 IHess V(g
18l=2 18l=2 18l=2

for any ¢ € (supp x;) N (Rd \ E(K)). In other words,
1 3
5[Hess Vi (q)] < [Hess V(q)] < 3 [Hess V()

holds for all ¢ € (supp x;) N (Rd \ E(K)) with |q| > Cy(k) where Cy(k) is a strictly positive

large constant depending on . O
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Lemma 3.2.4. Consider two positive operators A and B on a Hilbert space H such that
v|ull* < (u, Au) < (u, Bu)

for all u € D where D is dense in D(BY?) with v > 1. For all ay € [0,1] and k € N, there
exists Ciao0 > 1 such that

Aao Bao
A A ¢ N AR —y) 3.2.15
" Toglasarye ) = Chene U ogBrarmyyit) 3:2:19)
for any u € D.
Proof. Assume that A, B are two positive operators so that
v|ull* < (u, Au) < (u, Bu) , (3.2.16)

holds for all u € D with v > 1. For a € [0, 1], the application T + T is operator monotone
according to Example 6.8 in [Sim|. This provides the inequality

v |ull* < (u, A%u) < (u, B*u) , (3.2.17)

for any u € D and every « € [0, 1], which is of course related with interpolation in Hilbert
spaces.

Furthermore, for any positive operator C' > ¢Idy , ¢ > 0, with domain D(C) we define its
logarithm defined by the functional calculus satisfies for all u € D(C) and all v € H

ce—1

(v,log(Chu) = ali_}r&(v, = u) . (3.2.18)
Using (3.2.16),
log(v) ||ul|* < (u,log(A)u) < (u,log(B)u) , (3.2.19)
——

>0

holds for all u € D. Integrating (3.2.17) with respect to a over [0, o] where o € [0, 1] we
get

! 0 —Tu u ! Y —Tu
Furthermore by (3.2.19)
1 1 1 )
(u, log(B)u> < (u, log(A)u> < og(v) ||lul|® - (3.2.21)
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Therefore from (3.2.20) and (3.2.21), for any «g € [0, 1] there exist C,, C 4., > 1 such that

Aco B

Bao
g = " iog(B)

“ log(B)u> '

u> + CVHU||2 < Cl,ao,u<

Once the constant Cj, o, > 1 is known for £ > 1, the same integration with respect to
a € [0, ap| provides the constant Cyiq.a0 > 1. We proved by induction on k € N, the
existence of a constant Cj o, > 1 such that

Ao B

U Tog(AN)F ™ = Gt oyt

or equivalently
Aco B«
< ).
<’LL, (log<Aa0/2>)ku> — Ck@‘oﬂ’(u? (10g(Ba0/2>>ku>

]

Lemma 3.2.5. Assume V(q) a polynomial of degree r greater than two. Let 3~ x3(q) be a
jeN
locally finite partition of unity defined as in (3.2.1). For each j € N, choose any
qj € supp X;-
There is a constant ¢ = ¢(d,r) > 1 such that
(02— Ay + R (@)Y 0) < ¢Sl 52 — A, + B () x0) (3.2.22)
jeN
is valid for all u € C°(R?*?) and any o € [0, 1].
As a consequence, there ezists a constant ¢ = ¢(d,r) > 1 so that
> 1 1 > 1
SoIL((1 =8+ B @) )xul? = <L (1=, + B (@D )ul?, (32.23)
jEN

holds for all u € Cg°(R??), where L(s) = % for all s > 1.

Proof. We first set Ey = L?(R?*?) and
E, = {u e LAR™), (u, (2 — Ay + R, (¢)"u) < +oo} endowed respectively with the

norms || - ||g, = || - | z2(r2a) and || - ||z, defined as follows for all u € L?(R*?)

>3
[ull%, = 2llullZogeay + | DgullFaggeay + 1Ry (9)*ull 72 ge2a

>3
= 12— Ay + Ry (0))"?ull7ge) -
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3.2 Preliminary results

By Theorem X.29 in [ReSil], the operator 2 — A, + Ry’ (¢q)* is essentially self adjoint on
C3°(R?*¥) and hence E; corresponds to the spectrally defined subspace of L*(R??).

Given a partition of unity as in (3.2.1), define the linear map
T : Ey — (L*(R*)Y, u s (u))jen = (X;u)jen
and denote Fy :=Im T'. Notice that T : Ey — Fy is unitary. Indeed for all u € Ej,

ITullz, =D Ixgullze = llullze = [lull, . (3.2.24)
jEN
further the inverse map of T is well defined by
T_l : F() — E(), (uj)jeN = U = ZX]'U]' .
jeN
Now introduce the set
>
Iy = {(Uj)jeN € Fo, Y (uj, (2= Ay + Ry (")) < +OO} 7
jEN
with its associated norm defined for all (u;)jen € Fy by
>3
||(Uj)jeN||%1 = Z (ZHUJH%%RM) + ”unjH%?(R?d) + Ry (Q;)2UJ|’%2(IR{201)>
jeN

>3
=3 12— A0+ Ry ()" 5132 @oay -

jEN

Assume u € Ep. For all j € N, let ¢; € supp x;. Observe that

I Tulli, — el = 1 (2= g+ Ry (6))uy) = (u, (2 = Ag + Ry (9)*)u)|

jEN

= > g, —Dguy) — (u,—Agu) + > (uy, (Ry ()" = Ry (9)")uy)]
jEN JEN

<Y (ug, —Aquy) = (u, = Agu)| + Y (uy, [RY (6)' = Ry (9)*|uy) -
jEN jEN

(3.2.25)
Since we are dealing with cutoff functions satisfying 3 |Vy;|? < ¢ Ry’ (¢)? and owing to
jEN
the equivalence R‘Z/‘; (q) < R‘z/d(qg) for all ¢ € supp x;, it follows from (3.2.25)

>3
1TwullF, = NulE) < e (ug, Ry (67) ) < el Tullf,
jeN
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and
>3
|1 TullF, = lullf, ] < éfu, Ry () 'u) < dllullz,

where ¢y, ¢} are two strictly positive constants. As a result

1
T llle < 1Tulls < Ve + Dl (3.2.26)
1

In view of (3.2.24) and (3.2.26), we conclude by interpolation that for all a € [0, 1]
T:E,— F,

verifies ||| z(za.r) < (¢ +1)2 and | T7Y| z(pma) < (€1 + 1)2, where E, and F, are two
interpolated spaces endowed respectively with the norms
lulle. = 112 = &g + By () 2ul| aasy
and
> o
1)) enllm, = D112 = Ag + Ry ()" w2 gzey -
j
JEN
Hence there is a constant ¢ > 0 so that

(u, (2= A+ By (@))u) < e (uy, (2= Ay + Ry (g))u;) (3.2.27)

jEN

holds for all u € C5°(R?*?) and any « € [0, 1]. In order to prove (3.2.23), repeat the same
process as in Lemma 3.2.4. Starting with

2°[ul]® < {u. (2 Ay + By (0))u) < €3y, (2 Ay + B wy) . (3:2.28)

JEN

for all u € C3°(R?*?) and any « € [0, 1], use the functional calculus in the left-hand side and
the Fourier transform in the right-hand side. When integrating with respect to o € [0, 2]
we can interchange for any fixed u € C{°(R??) the sum and the integral in the right-hand
side of (3.2.28) since the partition of unity is locally finite. This leads to

Vu € CO(R*™,  (u, ¢(1 — A, + RT3 (g)Mu) < ¢ Z(u, ol — A+ R‘Z/-?’(q;-)4)u>

jeN

with ¢(t) = %. By referring again to the functional calculus for the left-hand side

and the Fourier transform for the right-hand side, the proof is finished after noticing the

uniform equivalence
o(t) > B
sup | ——= S
te[1,400) (?/J(t)

1/3
When @D(t) = logl(—"iﬁ' L]
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3.3 Proof of Theorem 3.1.1

In this section we present the proof of Theorem 3.1.1. In the sequel for a given polynomial
V(q) with degree r greater than two, we always use a locally finite partition of unity

> o) =3 (R @)a—a) =1,
jeN jeN

where
supp X; C B(0,a) and x; =1in B(0,b)

for some ¢; € R? with 0 < b < a independent of the natural numbers j, defined more
specifically as in Lemma 3.A.8 with n = 3. As mentioned before we choose the constant a
less or equal to min(C~!, C"~1), where the constants C' and C’ are those in Lemma 3.A.5.

Proof. Let V(q) be a polynomial with degree larger than two that satisfies Assumption 1.
Assume u € C5°(R?*?). In the whole proof we denote u; = x;u for all natural number j.

From Lemma 3.2.1 we get

>3
1 vullZaqeon > S (1Kvas sy — carRy (@ o o)) - (330
JEN

Given Kk > Ko, set

J(k) = {j € N, such that supp x; C E(K,)} )

For all indices j € N, let Vj(Q) be the polynomial of degree less than three given by

02V (q)) N
L OEEY — g,
0<al<2 '
where
4 = 4 if j € J(k)
q; € (supp x;) N (Rd \ E(K)) otherwise.

We associate with each polynomial Vj@) the Kramers-Fokker-Planck operator K ,¢).

J
Observe that using the parallelogram law 2(||z||* + ||y]|*) — ||x + y||*? = ||l= — y||* > 0,

D K vulfegen = ||K\/j<2)uj + (Kv — K\/j(2>)uj||%2(R2d)

JjeN jeN

1
> (§|!va<2>uj|liz(m) —(VV(g) - v‘/j@)(q))apuj!l;(wd)) . (332)

jEN
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On the other hand, by (3.2.5) in Lemma 3.2.3

Y 1YV (@) = YV @)1z gan) < crar D Ry (€))% 105172 o0, - (3:3.3)
JEN JEN
Combining (3.3.1), (3.3.2) and (3.3.3) we get immediately
Rvulaan = 3 (I s Waquany — e (6205 sy — car R (0 s e ) -
jeN
Therefore, making use of the equivalence (3.A.5), it follows
1 >3
Vvulagan = 3 (G 0w aman — B (0)2 (5, Optihpoeany )« (3:34)
jeN
where ¢, = 2(c} 4, + car C?).

Using respectively the Cauchy-Schwarz inequality and then the Cauchy inequality with
epsilon (for any real numbers a,b and all € > 0, ab < ea® + ibQ),

>3 >3
Ry (@) s, Ogts) = i, Ry () R, K o)

>3
<, By (@) sl - 1 |
>3 2 1
< (e (@)2) Tl + 1 o

Putting the above estimate and (3.3.4) together we obtain

1 >3
[vul? = 3 (Gl ol = ()R (@) s ) - (3:3.5)

jEN

From now on assume k > k1, where k1 > K is introduced in Lemma 3.2.3. Remember as
well that the constants Cy, Cy(k) are given respectively in Assumption 1 (see (3.1.8)) and
Lemma 3.2.3 (see (3.2.7)). By introducing C(x) > max(Cy, Cy(k)), which will be fixed
later, we set for each k,

I(k) = {j € N, such that supp x; C {q € Rd, lq| > C(’f)} } :

The rest of the proof is divided into three steps. The first one is devoted to the control of
the terms in the the left-hand side of (3.3.5) for which j € I(k) for some large k > kg to be
chosen. At the end of the first step the constants x > k1 and C'(k) > max(Cy, Ca(r)) will
be fixed. The second step is concerned with the remaining terms for which the support of
the cutoff functions y; are included in some closed ball B(0,C’(x)). We finally sum up all
the terms in Step 3 and refer to Lemma 3.2.5 after some elementary optimization trick in
the last step.
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Step 1, j € I(k), K > k1 to be fixed : As proved in [BNV], there is a constant ¢ > 0 such
that for all j € I(k)

15 sl + Ayl > (10,051 + 140,V @) s + KDyl . (33.6)

where

A 2 =max{(1+Tr 2B 14 Tr v )
VY

+7v]_(2>)
e ma,X{(l + Tr+,v(q;))2/37 1 + Trf,V(q‘;)} °

Hence there is a constant Cy > 0 so that

2
16wl + (1 10Co) g > Co ([0l + 1140,V (0)) o1

(2
Vi

(DY 2+ 108 2) , (33.7)

1/4

where we use the notation ¢; = 2(Hess V/(q}))"/* throughout the proof.

Recall that as mentioned in [BNV], the constant ¢ in (3.3.6) does not depend on the

polynomial Vj(z) and then so is the constant Cy in (3.3.7).
Now for all indices j € I(k) we distinguish two cases : either j € J(k) or j & J(k).

Case 1. Assume j € J(k). Then taking into account the inequality (3.2.6) in Lemma 3.2.3
and using the estimate (3.3.7) we obtain

16 o (142000 s 2 O (1O I + 11 @3V (@)
FID w108 s [?) L (3.38)

Furthermore, since for all indices j € N the quantit R ¢})? is always greater than
J Y vy (g Vs g
[Hess V'(q;)], there exists a constant cq > 0 so that for every j € J(k),

t? = 16(Hess V(q;)) < Cd<R\72(q;~)2> :

Using the fact that the metric R, (¢) dg? is R, (q) dg>-slow (see Definition (3.A.2) and
Lemma 3.A.5), it follows

t! < ca(Ry (9)%)

for every ¢ € supp x;. Hence there is a constant ¢/, > 0 (depending on the dimension d)
such that

< 3e(( D 102V (@) ™)? + By (0)?)

|a|=2

< cy{[Hess V(q)| + Ry (a)*) .
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holds for any ¢ € supp x;. Now, since for every ¢ € R? on has R‘Z/3 (q) > Ry7(0) , we derive
from the previous estimate that for any ¢ € supp x;;,

t; < cy(|Hess V(q)| + o575

99

Cd

ol

< — max(L, Ry"(0)*)(9,V (q)) (3.3.9)

K
Collecting the estimates (3.3.8) and (3.3.9), we get for kK > K
c”d

16 e P+ (14 100) = max(1, 777 (0) )[40,V (@)

> C (105311 + 10,V (@)l + 11D s |2 + 1085 s |2)

Choosing ko > k1 so that

> (1+100) 2 max(1, R7"(0)2) |

C 79
2 %]
the following inequality

1
15yl 2 € (1051 + 51100,V (@) | + 11D | + 108 11?) . (3.3.10)

holds for all j € J(k) with kK > ks.

Since j € J(k), there is a constant ¢; > 0 so that

%@q‘/(q»é > ¢y (Hess V(q)) . (3.3.11)

holds for all ¢ € supp x;. In addition, using the equivalence (3.A.5) it follows

1

{0V (@) 2 ld V(@ > cn Ry (a)! = r By (g))" (3.3.12)

for any ¢ € supp ;.
Putting (3.3.10), (3.3.11) and (3.3.12) together,
1
Ky @usl® > C<||Opuj||2 + ;L||<3¢1V(€I)>2/37~Lj||2 + [(Dg)

+ aal|{Hess V(@) 2|2 + o By (6)) sl + 10]12u 1)
(3.3.13)

holds for all k¥ > ks.
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Case 2. Assume j ¢ J(k), with kK > kg > K1 > K. Hence by Assumption 1 (see (3.1.8)),
one has

Tr_v(q) # 0 for all ¢ € (supp x;) N (R%\ ¥(x)) such that |q| > C; .
In particular, since |¢;| > C'(x) > C1,
Trﬁvj@) =Tr_y(q;) #0 .
Referring again to [BNV],

I 2 ¢ By sl

where
4/3 Ty
B = ( v : Y )
Vj() max IEIIRIIH ( )| (10g(2—|—Tr_7‘/j2))2
1+ Tr_v(q)
= max | min VV 473, = > 0.
< E]Rd’ ( ) (log(2 + Tr_v(q))))? 7
Hence we get in particular
1+ Tr_v(q)
K, ou|)* > c - uil|? . 3.3.14
” Vj(2) JH = (10g(2+Tr,7V(q§)))2H JH ( )

Using again condition (3.1.8) in Assumption 1, there is a constant C; > 1 so that
1

§TT—,V(Q}) 20 Ty v(g) ,

holds, which in turn implies

1
Tr_v(q) > §Tff,v(qj) 20 —Tryv(g) > Tr_v(q;) + Try v(qj)) (3.3.15)

Then it follows from (3.3.14) and (3.3.15)

20, T

\/1 + [Hess V' (q})|
log(2 + [Hess V'(q})])

By Assumption 1 (see condition (3.1.9)) and (3.3.16), applying Lemma 3.B.6, there is
d € (0,1) and a positive nondecreasing function Ay, on (0,400) such that
Aswy(0) = +00 as o — 400, and such that

1+ [Hess V(q;)] 1
> _ H V /. 1-46
(log(2 + |Hess V(qg)\))2 2 (1 + |Hess V(g;)[)

1Ky @ul® > | w[* . (3.3.16)

|Hess V(g )|1_6

s(x) (195])
2

>l\:)|>—t

v

Ry (¢)' >
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Here Lemma 3.B.6 relying on Tarski-Seidenberg is crucial as shows the following argument

|g|—+o0 H(q) .
~ ———— and lim H(q) = +o0,
log(H (q)) gl oo (@)

R'(q)

where R(q) is a function which plays the same role as R, (¢) and still satisfies

lim 2@

lgl—++o0 H(@
satisfies

= 0. For a non-polynomial function V', we may think of a function R(q) which

“R(@) < max  |92V(q)]s < CR(q),

c ¢E€B(g, 1) lol=3

with C' > 1 and b > 0 independent of ¢ for |¢| large enough.!

Alternatively the asymptotic behaviour (3.1.9) of Assumption 1 should be replaced by
something like R(q)* = O(H(q)'™") with v > 0 as |q| = +oo, ¢ € R4\ B(k) or

R(q)* = O((%)) (with |Hess V(q)| — +oo as |q| = +o00, ¢ € R4\ X(k)) .

Therefore we get from the above inequality and (3.3.16),

As() (C(k))
9

|\va<2>%”2 > Ry ()4 luy]? - (3.3.17)

Next, remind that ¢; = 2(Hess V(¢}))"/*. By (3.2.7) in Lemma 3.2.3, the equivalence

t; < 2(Hess V(g))/* (3.3.18)
holds for any ¢ € supp x; with |g| > C(k) > C2(k). From (3.3.7) and (3.3.18) we see that
Kyl + (14 100517 = C (10,1 + 140,V @)

+ [[(Hess V(g))"?u;|* + [ (Dg) > u; > + 9t§*|\uj||2) :
(3.3.19)

One has by (3.2.6) in Lemma 3.2.3,

@,V (q)) = 5(0,V (a)) (3.3.20)

N | —

for all ¢ € (supp x;) N X(k). On the other hand, for every ¢ € (supp x;) N (Rd \ E(/{)) ,

>3 ]_ 4
[Hess V(q)| + Ry (¢)* +1 > ElaqV(q)F ) (3.3.21)

6

1 As example, we may take the function V on R? equal to Oc)gir)g(l +cos(0)) in polar coordinates for r > 1.
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Furthermore, it results from Assumption 1, in particular (3.1.9), that for all
¢ € (supp x;) N (R1\ D(k) ),

5)
2[Hess V(q)| + C*'R; (¢)* +1 < §|Hess V(q)| - (3.3.22)
From (3.3.21) and (3.3.22) we get for every ¢ € (supp x;) N <Rd \ E(K))) ,

2 4 2 2
H Vv > —\VV 3 H \% > > —
Hess V(o) > - [VV(g)lf  [Hess V(g > 2 > =
Hence there exists a constant ¢” > 0 such that

(Hess V(q)) > %<8qV(q)>4/3 , (3.3.23)

for any ¢ € (supp ;) N (Rd \ z(n)) with |g| > C(k) > Ca(k).
The above inequality combined with (3.3.20) and (3.3.19) leads to
1Kol + (14100 uy 1”2 C(HO uy|* + H(D )| + Oty |

aminp o0,V () P+ 5 (Hess V()20 )
(3.3.24)

for all K > Ko .

Collecting the estimates (3.3.24) and (3.3.16) we get

(log (1)) 1Ky ows|* = C”(IIOpUjIIQJr||<Dq>2/3ujll2+91f§*||uj||2

/!

1 ¢ 1
+min(zgs, K)||<3qV(Q)>2/3ujIIQ + 5 [[(Hess V(g ) ) :
(3.3.25)
In order to reduce the written expressions we denote
O (Hess V(g))"/? (9V (9))*? &
W log(th) T T log(th 7 T log(th 7 M log(th)

The estimate (3.3.25) can be rewritten as follows

: 1 < (D))
15, sl = € (15l + 5 Al + minCas, =) 1As sl + 9l Asgu I + 11 gy l)

(3.3.26)
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Using (3.3.26) and (3.3.17) we obtain

/!

7 7 1 : 1 C
(1+C )Hva(Q)uj”z >C <||A1,juj||2 + §||A2,j“j||2 + mln(§, ﬁ)||/\3,j“j||2 + 9| Ay ju?

(D)
+ gt

>3
Wl + Aseo(CONRY (6)) sl
Therefore in both cases, that is for all j € I(k) where k > kg

1
||va(2)uj||2 > C® <||A1,juj||2 + ([ Az usl1* + E||A37ﬂij||2 + || Ay ju]?

< >23

+11q o5 (T

wyl[? + min (k, Ase) (C(0)) B ()l ]?) -
(3.3.27)

Due to the elementary inequality u*/? + v* > L+ (u 4 v*)?/3 satisfied for all u,v > 1, we
obtain for all K > ko

< >23 2 1 : A 2 1 A 2
Fogiary I + g min (5 A CON) B () sl 2 gl (3328)

where

1+ D2+ R ()Y
" log(t1) '

In conclusion, we get by (3.3.27) and (3.3.28) for every j € I(k) with kK > Ky
1Ky @us® = 0(3)(HA1JUJH2 + [ Agguyl* + %HA&J'uJ'HQ + [[Ag gy

s 5 min (kA (o)) R (@) s )
We now fix the choice firstly of C'(x) and secondly of . Because lim,,; Ay (0) = 400,

we can choose for any x > ko, C(k) > max(Cy, Cy(k)) such that Ax.)(C(x)) > x. We then
choose kK = k3 > ko such that

o O®k
—g min ("fs,AE(w)(ffs)) =3 = > ()
where ¢}, is the constant in (3.3.5),
1 >3 c®
> (Gl = () B @ hwl?) = 2= D2 (gl + Az u ]

JE€I(k3) j€I(K3)
1 1
+ gl 4+ A2+ — A7)
K3 Co
(3.3.29)



3.3 Proof of Theorem 3.1.1

Step 2, j & I(k3) : The set N\ I(k3) is now a fixed finite set and we can define

CW = max |A @+ su Hess V(q)) + (9,V (q))*/?
JEN\I(k3) VJ'( ) quupI;X]- (< (q)> < q <q)> )
t4 2 >3 4
__J 1 / 1 R= /
+(log(t;¥))2 + (1 + (cg,)7) (L + By (q5))

From the lower bound (3.1.5) we deduce

1 >3 C >3
ZHKV]@)%'HJFC(‘L)HUJHQ—(C&,T)zRv (@) luyl* > 1 1053117 + [[{Dg)uIP] + (14 Ry (g)))* s
+2
+ 110,V (9))* s |* + | (Hess V() 2uyl|* + | =L w1
log(t?)
With the quantities
Op (Hess V(g))"/? (0,V (q))5
Mo =g AT g M o)
og( j) og( j) 0og j)
e DRy
A log(t}) ’ 53 log(t})
where t; > 2 we deduce
> (GIE el = () 2Ry (@) s + €9y )
J¢1(k3)
(5) 2 2, 1 2 2 1 2
>0y (||A1,juj|| + [[Aguyl” + H—3||A3,juj|| + [[Agus]]” + %||A5,juj|| ) , (3.3.30)
J#1(K3)

Collecting (3.3.5), (3.3.29) and (3.3.30), there exists a positive constant C®) > 1 depending
on V such that

1
IKvullfz + COlullfz > =z > (”ALjujHZ + (| Mg gy P + (1A 5
C'6)
JEN
gl + 1A g 1)
(3.3.31)

Step 3. In this final step, set L(s) = % for all s > 1. Notice that there exists a

constant ¢ > 0 such that for all z > 1,

1
inf t>-L .
2> log(%) = c (z)
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In view of the above estimate,

1 1 22
2 2 2
[ A jus]l” + ;1||A4,juj|| =7 /(—(log(t;*))Q +15) dptu; (N)

1 A )
> g/(log(tj) +tj) dﬂu]()‘)

1
> — L0
3

here we recall that dj,;(\) = d(E(\)u;,u;) where E()) is the spectral family.

Summing over j, we obtain the first term in the desired estimation (3.1.10). Likewise for
the second term

1 1
[[As ju|* + ZHAALJUJ‘HZ > C—4HL(<8qV(q))2/3)ujll2 :
with

D L0V (@) usl® = IIL(8,V ())**)ull? -

jeN
To obtain the third term in (3.1.10) write similarly
2, 1 2o 1 /2y, |12
1Az jusll” + 7 A uyll” = C—5||L(<HGSS V(@) sl

with

> IL((Hess V(q))"*)uyl|* = || L((Hess V()" /*)ull* .

jEN
In the same way
o 1 2 o 1 2 >3, g\ 2
s 551" + g lAaguill™ = LA+ Dy + By (g5)7)% s ”
By Lemma 3.2.5 we get

> 1 1 > 1
S IL((1+ D2 + Ry (¢)") 5 )uy))* > %HL((l + D2+ Ry (g)")3)ull?

jeN
To conclude, just remark that

(u, (1+ D2 + Ry (q)")u) > (u, (1 + D2)u) > (u, (D2)u) > ||ul|?
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holds for all u € C5°(R??), then applying (3.2.15) in Lemma 3.2.4 with
A= 1+ D>+ Ry (q)*), B=(D?), ap = 2 and k = 2 we obtain

IL((1 + D2 + Ry ()")3)ull? > || L((D2)3)u)? > 017|!L<<Dq>2/3>u||2

for all u € C°(R??).

Finally collecting all terms, we have found Cy > 1 such that

1 2
[Kvullz + Cyllul7. > C—V(HL(Op)UH%z + [ILUVV (q)) 3 )ullZ:

+ 1L ((Hess V(g))*)ull3= + 1L((D) P yul2: )
(3.3.32)

holds for all u € C5°(R??) . Because C°(R?*?) is dense in D(Ky ) endowed with the graph
norm, the result extends to any u € D(Ky ). O

3.4 Applications

This section is devoted to some applications of Theorem 3.1.1. In each of the following
examples we examine that the Assumption 1 is well fulfilled. We recall here that one knows
that for a potential V' satisfying assumption 1, the resolvent of the Witten Laplacian Ag))
is compact (see Theorem 10.16 in [HeNi]). In the cas of the Witten Laplacian, the following
examples were in particular considered in [HeNi| (C.f Proposition 10.19 and Proposition
10.21)

Example 1 : Let us consider as a first example of application the case

Vg, q) = —¢i¢5, with ¢ = (q1,¢2) € R* |

By direct computation

—2a.a2
o = (508) 1,V = el

23 —4
Hess V(q) = (—4q(1]2% —321(1212) , [Hess V(g)| = 24/lql* + 6aiq3 =< lqI* ,

Ry (q) = [4ga]'? + |4q |3 + 2 x 4/
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It is clear that the trace of Hess V(q) given by —2|q|? is negative for all ¢ € R?\ {0} . Hence
Tr_v(q) > Tryv(q) forall g€ R* g > 1.

Moreover, for all £ > 0 the algebraic set R? \ 3(k) is not bounded since (0, ¢2) € R? \ X(k)
for all ¢ € R. Furthermore for k > 1 chosen as we wish

>
Ry (g)* gl
m D —0,
|g|—+o0 |HGSS V(q)| lg|—=+o0 |q|2
q€R?\X(x) qeR?\X(x)

since Ry, (¢)* < |q[*? when |q| > 2% x 43/4.

Below we sketch as example ¥(800) in a blue color.

FIGURE 3.1 : Contour lines of V(q1, ¢2) = —¢iq3

The compactness of the resolvent of Ky in this case follows from Corollary 4.1.3.

Example 2 : Let n € N. The polynomial V(q) = —¢3(q} + ¢3)" verifies the Assumption 1
only for n = 1.
A straightforward computation shows that

2¢1(|q)*" + ngilql*™")
0,V(q) = — ( 2nq2qf|q\2(”_1) )

4 2| 12 4 2 3

_ +5ngilq)® + 2n(n — 1)¢f 2nqiga|q|* + 2n(n — 1)g¢iqe

H Vv 9| g|2(n—2) |Q| 1 1 1
s Vig) = =2ld 2nq1g2lq” +2n(n — Vgdas  ngilal® + 2n(n — 1)qig3

Notice that the trace of Hess V' (¢) equals

—2|g"? (\ql4 +5ngilq)* + 2n(n — 1)gi +ngilgl® + 2n(n — 1)qfq§> <0,
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for all ¢ € R?, |g| > 1. Hence
~Tr_v(q) + Tryv(q) <0, forany ¢ € R?, |¢| > 1.

In addition for all x > 0 the set R? \ X(k) is not bounded since (0, ¢2) € R*\ X(x) for all
¢ € R.
For ¢ large enough |Hess V(q)| < |¢[** and | D3V (q)| < |q|**! then

R (q)t _ (|gfPn )3
[Hess V(q)| |q|*"

Hence
Ry (¢9)*
lim —Y Y —0 ifandonlyif n<2.
ld—+oo |Hess V' (q)| Y

q€R*\X(x)

Taking as example x = 800, we get the following shape of ¥(800) colored in blue.

FIGURE 3.2 : Contour lines of V(q1, ) = —¢3(¢3 + ¢3)

In this example, the hypothesis of the Theorem 3.1.1 is satisfied only for n = 1. By
Corollary 4.1.3, we deduce that the Kramers-Fokker-Planck operator Ky with potential
V(q) = —qi(gi + ¢3) has a compact resolvent.
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Example 3 : For e € R\ {0, -1}, we consider V(qi,q) = (¢¢ — q2)® + €q3. For all ¢ € R?
one has

_ 4q1(af — q2) _ 2 _ _2(g? —
o @ = Ly ) 10 @] = el - )]+ = 2 - )+ 2e]

— 12¢7 — 4, —4q B 9
Hess V(q) = ( 4 21+6)) Hess V(q)| = |12¢% — 4qo| + 8|q1| + 41 + €| ,
Ry (q) = (24]qu])"/? +3 x 413 4 2414

In this case, we are going to show that for all x > 0 the algebraic set R? \ (k) is bounded.
Let (q1,q2) € R*\ X(k) then

ol

(IHess Vig)| + B (@) +1) = 1[VV (o)
Up to a change of coordinates X; = q1, Xo = ¢ — ¢» the above inequality is equivalent to
<4|2X12 + Xo| + 8| X | + 4[1 + €] + ((24|X1|)1/3 +3x 43 4 241/4)4 + 1)
> %(4\X1X2| =201+ )Xy + 26X12|)§ .

Using the triangle inequality in the right-hand side and the reverse triangle inequality with
4 4 4
the elementary inequality (u + v)3 > u3 4 v3 satisfied for all u,v > 0, it follows that

4 c 4
X+ 1|+ 1] + (1K1 +¢) = (120 + 0] - 2P| + 10G]F) . (34.)

Suppose first that | X;| < 1. Inequality (3.4.1) implies

4
3

C/
| Xo| + ¢ > - 12(1 + €) Xy| — |2 X7 (3.4.2)

The right-hand part in the above inequality is bounded from above by |Xs| 4+ ¢; where ¢; is
some positive constant. Now we distinguish two case :

Case 1 : If $|2(1 + €) X5| < [2eX?] or equivalently |X5| < |12—J:€||X12| then |X,| < ‘12_;| .

Case 2 : Otherwise, if £|2(1 + €)X5| > [2¢X?| , then we get

Cl
[Xo| +e1 > —1 + €| X
Using the fact that € # —1, we deduce that X5 must be also bounded.
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Now if | X;| > 1, we derive from (3.4.1) the following estimates

4
X024 | X 4 e3> C—: 21+ €)Xa| — [2¢X2||° (3.4.3)

C
X0 41X e > XX (3.4.4)

Here we study three cases.
e Firstly if £]2(1 4 €)X| > |2eX?| or equivalently |X;| < [5£||X,| then (3.4.3) gives

1+e€ c 4
(L DXl e = (14 ) Xol5 .

Since € # —1, it follows that X5 is bounded and so is Xj.

o Now if 2|2(1 + €)X»| < [2eX7| or equivalently |Xa| < |5555/|X7| the estimates (3.4.3)
leads to
€ Cq 8
1 X2 > —leXq|3 .
0+ DG+ 2 e’

Since € # 0, it follows that X; is bounded and so is Xs.
e Finally if $]2(1 + €) X5| < [2eX?| < 2]2(1 + €)X>|, then by (3.4.4)

[SMI

2¢
1+e¢

Hence since € # 0, X7 is bounded and then X is so.

C €
(U =X + e = 2 (16— X3

2(1+¢)

Below we sketch as example 3(2) in a blue color.

FIGURE 3.3 : Contour lines of V(q1,q2) = (¢ — ¢2)* + 0.5¢3 .
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We conclude that for e € R\ {0, —1}, the Assumption 1 is satisfied, and therefore by
Corollary 4.1.3, Ky has a compact resolvent.

For e = 0, thanks to [HeNi| (see Proposition 10.21 page 111), we know that the Witten
Laplacian defined by

AY = 0, +|[VV(@)] ~ AV(g) . q= (v1,12) € R?

has no compact resolvent and then the Kramers-Fokker-Planck operator Ky has no
compact resolvent.

This example was studied in the case of the Witten Laplacian operator by B.Helffer and
F.Nier in their book [HeNi]. A small mistake was made in [HeNi| in Proposition 10.21. In
fact the equations l1; = l13 = l317 = 0 should be replaced by (1 + €)l1; = l12 = l111 = 0.
When € = —1, we can eventually construct a Weyl sequence for the Witten Laplacian
operator in the following way. In this case the potential V(q1,q2) = (¢ — q2)* — ¢ is equal
to —2¢2¢3 + 41

In order to construct a Weyl sequence for AS?)? it is sufficient to take X(M) where Y is

n
a cutoff function supported in [—1, 1] and then consider the sequence

(g2 +n?)

un(q1, q2) = X( )exp(—=V(q1, g2)) -

2

The support of u, is then included in —n? —n < g5 < —n? + n. Hence the u,’s have

disjoint supports for large n.

Therefore we have

2
n
—2m? < gy < -5 and - i’ —qf < Vg, ) < —n’q —qf < —n’qi .

As a result, we get for n large

(un, AV ) [1(0g + 94V (9)) ()|
a2 Tk
@ P 1

lunl> 'm0

Here to get the lower bound of the the above quantity we restrict the integral in ¢; = O(%)
As a conclusion, for ¢ = —1 the Witten Laplacian attached to V(q1, ¢2) = ¢?¢5 + (g3 + ¢3)
has no compact resolvent and then the Kramers-Fokker-Planck operator Ky has no

compact resolvent.
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3.A Slow metric, partition of unity

The purpose of this appendix is to state with references or proofs the facts concerning
metrics which are needed in the article. We first remind the following definitions.

Definitions 3.A.1. A metric g on R™ is called a slowly varying metric if there exists a
constant C' > 1 such that for all z,y € R™ satisfying g.(z — v,z —y) < C~' it follows that

C™g2(2,2) < gy(2,2) < Cyalz, 2) (3.A.1)
holds for all z € R™.

Let g' and g be two metrics. We say that g* is g>-slow if there is a constant ¢ > 1 such
that for all x,y € R™

Gz —y,x—y) <c =gz 2) < gy(z2) <cegu(z,2) (3.A.2)
holds for all z € R™.

Remark 3.A.2. The second statement in the above definitions is a typical application of
the notion of the second microlocalisation developed by Bony-Lerner (see [BoLe]).

Remark 3.A.3. Property 3.A.1 will be satisfied if we ask only that
3C > 1,Vz,y,2 €R™, go(z —y, 2 —y) <O ' = g,(2,2) < Cg.(z,2) . (3.A.3)

Indeed, assuming (3.A.3) gives that wherever g,(x —y,x —y) < C~' (which is less than or
equal to one since C > 1 from (3.A.3) with z=y) this implies g,(y — z,y — ) < C~! and
then g,(z,2) < Cgy(z,z), so that (3.A.1) is fulfilled.

Notations 3.A.4. Forr € N, let E,. denote the set of polynomials with degree not greater
than r :

E, ={PeR[X), .. X, P <1} .

For a polynomial P € E, of degree r € N* and for n € {1,...,r}, the function RIZ)" ‘R 5 R
1s defined by

Ry (@)= > |02P(q)™ . (3.A.4)

n<|a|<r

In the present article we are mainly concerned with the metric ¢" = Rf,n(q)2 dq* where
n € {1,...,r} which satisfies the following properties.
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Lemma 3.A.5. Let P € E,., where r € N* is the degree of P and let n be a natural number
in {1,...,7}.
1) The metric g" is slow : There exists a uniform C' = C(n,r,d) > 1 such that

>n - Ry () \*!
R —J|<0ot' = (£ <C 3.A5
P (@lg—d] < (an(q,)) < (3.A.5)

2) The metric g"~* is g"-slow : There is a constant C' = C'(n,r,d) > 1 so that

>n , , R2n71 +1 ,
Rp' (Qlg—q1 <07 = (an_—lés,)Q <C (3.A.6)
P

Proof. The dimension d is fixed. Assume n,r € N* with n < r. The set

Ky = {? € E,/E,y, R2'(0) = Rp'(0) = 1}
is a compact set of E,/E,_, , where P € E,/E,_; can be identified with the polynomial
Plg)= Y 8"L%O)qa. For any ¢ > 0, the mapping

al

n<|al<r
K,,x B(0,0) — [0,400)
— n — L
(P, 1) = Rp(t) = 3 [9P()|
la|>n

is continuous because s +— s” is continuous on [0, +00) for any v > 0. On the compact set
K, , x B(0, ) it admits a maximum M,, , , and a minimum m,, ., which cannot be 0.
Actually R;" (to) = 0 means 2 P(ty) = 0 for all & € N¢ | |a| > n, and by the Taylor
expansion 09 P(t) = 0 for all t € RY, o € N?, |a| > n, which contradicts R%n(()) =1.

>

Now for a general V' € E, with d°V > n, we know that for all g € R, Ry (q) #0 . We
thus consider for any ¢ € R?, the class P, of V(¢ + Ry (¢)~'t) in E./E,_; . It satisfies

>n

Ry ()= Y |00P(t)F = Ry (o) 'Ry (g + Ry () 7't)

n<|al<r

and in particular B
0)=1 , P,eK,,.

Therefore we obtain for p =1

>n >n —1
t
(<) = [, < (BUER @D )
Ry (q)

which implies, with ¢ = ¢ + z+ )
RV (Q)

+1
n R 1
(R\Z/ (@))g—4¢'| < 1> = ( v (Q)> < max{Mmr,l»m—} -

R‘z/ (q’) n,r,1
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We conclude the proof of 1) by choosing C'(n,r,d) = max {Mnml, ﬁ, 1} and by
applying the more general result to P € E, such that d°P =r.

Let us prove 2). We still work in K,,, = {F € E./JE, 1, R%H(O) = R, (0) = 1} and with
now a given p €]0, 1]. From the proof of 1) we know that there exists M, .1, My 1 > 0 such
that

mn,r,l S R%n (t) S Mn,r,l

forall ¢, ¢ <o<1landall P€ K, .
In particular there exists a constant (), , such that

VP € K,, vt € B(0,0) C B(0,1), max [0;P(t)] < Ch,. (3.A.7)

n<la|<r

For any P € E, in the class P € F,/E,_;, we decompose R?H(t) into

_ L n
Ry = Y |o8Pw)|"T + RS (1)
18l=n—1
By the Taylor expansion
P+ p(0)
oyP(t) —ojP(0) = > tha 8l =n—-1,

1</ |[<r—n+1
and owing to (3.A.7), there exists a constant C,,, > 0 such that the inequality
195 P(5)] = 105 P(O)]| < Crro

holds for all € N¢ |3 =n—1,andallt e R, || <p<1.
The uniform continuity of s — s#1 on [0, +00[ now implies

S P - S 00P@)| T | < ennlo)

|8l=n—1 |8l=n—1

with lim, .o &,.,(0) = 0 uniformly with respect to P € P, P € K,,, and
q € B(0,0) C B(0,1).
On side we write

BE0 <Y 00P@) T 4 Moy
|B]=n—1
< 3 PO+ enrl0) + M
|B]=n—1

>n—1

<max(1,e,,(0) + Mp,r1)Rp

(0).
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On the other side we have

Rp0)< Y |07PO)|T + My
|Bl=n—1
1
S Z |85P(t) nt +5n,r(g) + Mn,r,l
|Bl=n—1
n,r Mnr 2n—1
< max(1, 2@ £ Moy ey ).

mn,r,l

For g,, €]0, 1] chosen small enough such that ¢, ,(gy) < M, .1, we deduce

+1
— — _ R (¢ 2M,,
VP e K,,,VYP e P,vte B(0,0n,), (ﬁ) < max(2M,, .1, : ,1> _
P n,r

For V' € E, such that d°V' > n we apply the previous estimate to
P,(t) = V(q+ Ry"(q)~'t), with P, € K, ., which leads to

+1
. Rzn—l QMnT
(RV @la—d1 < 0r) = (V—@> < max(2My 1, -2

Ry (q) M1
We conclude the proof by choosing C’(n,r,d) = max(2M,, .1, %, ﬁ) and by applying
the more general result to P € E, such that d°P =r. O]

Remark 3.A.6. The proof of 1) gives a more general result than the slowness, namely
when n,r,d are fixed : For any A > 0 there exists C\ > 1 such that

.- +1
(Rp (@)lg—q] <)) = (g:gg) <.

without assuming that A\ > 0 is small. Actually it is even possible to estimate Cy in terms
of A — oo by applying (3.A.5) to the polynomial tP, t € [0, 1], with

1 5>n n 1. >n

tnRp (q) < thp (¢) <trRp (q)-

The main feature of a slow varying metric is that it is possible to introduce some partitions
of unity related to the metric in a way made precise in the following theorem. For more
details and proof see [Horl] ( Section 1.4 page 25).

Theorem 3.A.7. [Horl] For any slowly varying metric g in R™ one can choose a
sequence x, € R™ such that the balls

B, = {a:; \/gxy(m —x,,r—1,) < 1}
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form a covering of R™ for which the intersection of more than N = (4C3 + 1)™ balls B, is
always empty (C is the constant in (3.A.1)). In addition, for any decreasing sequence d;
with Y d; = 1 one can choose non negative ¢, € C3°(B,) with Y ¢, =1 in R™ so that for

J
all k

65 (591, ue)| < (NCOV N a0y v1) -+ /9 (Ui yi) /i -+ di

where C' is the constant in (3.A.1) and Cy is a constant that depends only on m.

Regarding the above Theorem we have the following result.

Lemma 3.A.8. Let P € E,, where r € N* is the degree of P and n € {1,...,r}, then there
exists a partition of unity Z U(¢)* = 1 inR? such that :
jeN
1) For all ¢ € RY, the cardinality of the set {j,V;(q) # 0} is uniformly bounded.
2) For any natural number j € N,

supp ¥, C B(qj,aR;n(qj)_l) and V;=1 in B(qj,bR;n(qj)_l) ,

for some q; € R with 0 < b < a independent of j € N .
3) For all o € N®\ {0}, there exists co, > 0 such that

S0P < caRy (0)2

JEN

Moreover the constants a,b et ¢, can be chosen uniformly with respect to P € E,., once the
degree r € N and the dimension d € N are fized.

3.B Around Tarski-Seidenberg theorem

In this appendix we give an application of the Tarski-Seidenberg Theorem [Hor2|, which we
state in the following geometric form. We first introduce a few basic concepts needed for
the statement.

Definition 3.B.1. A subset of R" is called semi-algebraic if it is a finite union of
intersections of finitely many sets defined by polynomial equations or inequalities.

Definition 3.B.2. Let A C R™ and B C R™ be two sub-algebraic sets. The function
[+ A— B is said to be semi-algebraic if its graph I'y = {(x,y) € Ax B; y= f(z)} is a
semi-algebraic set of R™ x R™.
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Theorem 3.B.3. [Hor2/(Tarski-Seidenberg) If A is a semi-algebraic subset of
R = R™ @ R™, then the projection A" of A in R™ is also semi-algebraic.

Proposition 3.B.4. [Hor2] If E is a semi-algebraic set on R*™ and
f(z) =inf{y € R; 3z e R",(x,y,2) € E}
18 defined and finite for large positive x, then f is identically 0 for large x or else
flz)=Az*(1+0(1)), z— 400

where A # 0 and a is a rational number.

We refer to [Hor2] (see Theorem A.2.2 and Theorem A.2.5) for detailed proofs of
Theorem 3.B.3 and Proposition 3.B.4.

In the final part of this section we list and recall the following notations.

Notation 3.B.5. Let P be a real-valued polynomial on R? with d°P = r. For all natural
number n € {0,--- ,r} and every q € R?

Ry (@)=Y |0sP(@)|™ (3.B.1)
n<|a|<r

R5"(q) = |05P(q)|™ . (3.B.2)
|al=n

Lemma 3.B.6. Let & be an unbounded semialgebraic set and V' a polynomial in
Rlq1, ..., qa| of degree r € N* satisfying the following assumption

>n g
lim RY—(QL ~0, (3.B.3)
lal=+00 Ry (q)
qeEY
where a € Q,n,m € {0,1,--- ;v — 1}, n > m, are fized numbers.

Then there exist § € (0,1) and a positive nondecreasing function Ag : (0, +00) — [0, +00)
so that

VeS, Vo> 0, lgl 20, As(@RS (@) < R7M(g)"

lim As(o) = )
and m s(0) = +o0
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Proof. Let V be a real-valued polynomial on R? with degree r € N*. Suppose that there
are « € Q,n,m € {0,1,--- ,r — 1} such that

>n

=0, 3.B.4
ll=+oo Ry™(q)? ( )
qeEX

where ¥ is a given unbounded semialgebraic set

After setting 7 = 2 LCM<|B|, min(n,m) < || < r) , (where the abbreviation LCM stands
for least common multiple), define the functions ]Aé‘z/” and E‘im for all ¢ € R? by

~>n

B @)= 3 108V(gl®

n<la|<r

AR

laj=m

and

1

1 ~ 1
Notice that one has the equivalences R;"(q) = (R‘Z/n(q)> " and Ry™(q) < <R§ ( )> for

all ¢ € R? where the functions Ry and Ry are defined respectively as in (3.B.1) and
(3.B.2). Clearly the Assumption (3.B.4) is equivalent to

T () (3.B.5)
la|—=+o0 RV (q)2
qGE

Remark here that R, (¢q) and R5™(q) are polynomials in ¢ € R variable. Furthermore, the
Assumption (3.B.5) can be written as follows

Ry (9)* < e(g) Ry™(9)?

for all q € 3 where

€(q) = inf {e >0, cR7™(q)? — E‘Z/n(q)o‘ > O} : | |hm €(g)=0. (3.B.6)
q|—+o0
qEZ
Now, following the notations of Proposition 3.B.4, we introduce the set

E = {(q, 0,¢) € R™ such that eﬁ‘im( )2 R;"( )* >0 and |¢|* > 92} ,
and the function f defined in R, by

f(o) :inf{e>0 : 3¢ eRY, (q,0,¢) EE} . (3.B.7)
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By Tarski-Seidenberg Theorem (see Theorem 3.B.3), the function f is semialgebraic in p.
Moreover f is defined, finite and not identically zero. Then by Proposition 3.B.4, there
exist a constant A > 0 and a rational number ~ such that

fo) = Ad” + 0ps100(07) -
By the definition (3.B.7) and (3.B.6), liljrn f(0) =0 and then v < 0. Hence for p > 1, we
o0—+00
know f(o) < 24 . We deduce for |¢| > 1,

M

D" D= 2 A s 2
R @ < HaD R0 < 5o (3.B.3)
and 1v1/2 1
PR o < —= R 339

q|
In particular, since R, (q) > R5"(0) > 0, R7™(q) does not vanish for ¢ € ¥ with |¢| > 1.
On the other hand, notice
YgeS o 21, Ry™(g) <cldl” (3.B.10)
The inequalities (3.B.8) and (3.B.10) lead to
Ry (@) < Clgf*m "

for every ¢ € ¥ with |g| > p > 1. Therefore since R, (q) > R5"(0) > 0 we deduce
Iy < 277
Using again (3.B.10) we get

1 orr
g (3.B.11)
bl ISP
lal = Ry™(g)>
for any ¢ € & with || > 1.
From (3.B.9) and (3.B.11), we deduce the existence of gy > 1 such that
_ /2 /2 . _
VgeS lg>0>a>1, 2 v(g) < 4 Ry (g)* < e3 Ry™(g)2 w0 .
2A 2A
(3.B.12)

We now take § = 120 € (0,1) and

Arr
[v1/2 .
T { QVM if 02> 00

2Acrr
0 otherwise .
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The function Ki : (0, 400) — [0, +00) is clearly positive and due to (3.B.12) it satisfies

Ve S, Vo> 0, lql 20, Ag(0R ()" < Ry"(a)")
and lim JN\E(Q) = 400.

0—r+00

To conclude, it is sufficient to take Ag : (0, +00) — [0, +00) defined by

=m(\2(1-¢)
Ag(0) = inf %
la>e Ry (q)*

which is non decreasing and larger than ]\i . O
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Kramers-Fokker-Planck operators with homogeneous potentials

Abstract

In this article we establish a global subelliptic estimate for
Kramers-Fokker-Planck operators with homogeneous potentials V' (¢) under
some conditions, involving in particular the control of the eigenvalues of the
Hessian matrix of the potential. Namely, this work presents a different approach
from the one in [Ben], in which the case V(q1,q2) = —qi (¢} + ¢3)" was already
treated only for n = 1. With this article, after the former one dealing with non
homogeneous polynomial potentials, we conclude the analysis of almost all the
examples of degenerate ellipticity at infinty presented in the framework of
Witten Laplacian by Helffer and Nier in [HeNi]. Like in [Ben], our subelliptic
lower bounds are the optimal ones up to some logarithmic correction.

Key words : subelliptic estimates, compact resolvent, Kramers-Fokker-Planck operator.
MSC-2010 : 35Q84, 35H20, 35P05, 47A10, 14P10

Contents
4.1 Introduction and main results . . . . .. ... ... ... ... 117
4.2  Observations and first inequalities . . . . . . .. ... .. ... .. ... 120
4.2.1 Dyadic partition of unity . . . . . ... ..o 120
4.2.2 Localisation in a fixed Shell . . . ... .. .. ... ... .. .. 122

4.3 Proofof themainresult . . . . . . . . . . . . ... ... 123




4.1 Introduction and main results

4.1 Introduction and main results

In this work we study the Kramers-Fokker-Planck operator
1
Ky = pd, — 0,V (q)0, + 5(—Ap +p%), (¢,p) € R*, (4.1.1)

where ¢ denotes the space variable, p denotes the velocity variable and the potential V' (q)
is a real-valued function defined in the whole space Rg.

Setting
1
Op=5(Dp+p°),  and Xy =pd, =0,V (9)d, ,

the Kramers-Fokker-Planck operator Ky defined in (4.1.1) reads Ky = Xy + O,,.
We firstly list some notations used throughout the paper. We denote for an arbitrary
function V(q) in C>(R%)

Tryv(g) = > v(q),

veSpec(Hess V(q))
v>0

Trvi)=— Y, v

veSpec(Hess V(q))
v<0

In particular for a polynomial V' of degree less than 3, Try y and Tr_ y are two constants.

In this case we define the constants Ay and By by

Ay = max{(1 + Try )31+ Tr_y},
4/3 1 —+ TI'_,V
"(log(2 4+ Tr_y))?

}.

By = max{min |V V(q)|
gER4

This work is principally based on the publication by Ben Said, Nier, and Viola [BNV],
which concerns the study of Kramers-Fokker-Planck operators with polynomials of degree
less than three. In [BNV] we proved the existence of a constant ¢ > 0, independent of V|
such that the following global subelliptic estimate with remainder

[ Kvull72mea + Avllul72gze) > c(||0pu||%g(R2d) + | Xy ul| 72 gea

+ 110,V (9))*ull 72 g2ay + ||<Dq>2/3UI|%z(de))
(4.1.2)

holds for all u € C5°(R??). Furthermore, there exists a constant ¢ > 0, independent of V,
such that

|Kvullbages = ¢ Byllul2agas - (4.1.3)
(R24) (R24)
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is valid for all u € C3°(R??). As a consequence collecting (4.1.3) and (4.1.2) together, there
is a constant ¢ > 0, independent of V', so that the global subelliptic estimates without
remainder

c

I Kvul[fageay > ——
1+ 4

(1Ol gy + 1Kyl e
10V (@)l s gey + 1 (Dg) ul3agaay) (4.1.4)

holds for all u € C5°(R??). Here and throughout the paper we use the notation

()= VIFTP.

Moreover we remind that for an arbitrary potential V € C>®(R?), the
Kramers-Fokker-Planck operator Ky is essentially maximal accretive when endowed with
the domain C°(R??) (see Proposition 5.5, page 44 in [HeNi]). Thanks to this property we
deduce that the domain of the closure of Ky is given by

D(Ky) = {u € L*(R*), Kyu e L*(R*)} .

Resultantly, by density of C3°(R??) in the domain D(Ky) all estimates written in this
article, which are verified with Cg°(R??) functions, can be extended to D(Ky ). By relative
bounded perturbation with bound less than 1, this result holds as well when

V e C>®(R\ {0}) is an homogeneous function of degree r > 1.

Our results will require the following assumption after setting
S={qeR’ |¢=1}. (4.1.5)

Assumption 2. The potential V(q) is a homogeneous function of degree 2 < r < 6 in
C®(R4\ { 0}) and satisfies :

Vges§, 9,V(g) =0=Tr_y(q) >0. (4.1.6)

Our main result is the following.

Theorem 4.1.1. If the potential V(q) verifies Assumption 2, then there ezists a strictly
positive constant Cy > 1 (which depends on V') such that

1 2
[ Kvullz + Cyllull7. > C—V<||L(0p)UHiz + 1LYV ()3 )ull72

+ | L((Hess V(@) B)ullfa + I1L(D,) ulffa )
(4.1.7)

holds for all w € D(Ky ) where L(s) = ﬁ for any s > 1.
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Corollary 4.1.2. The Kramers-Fokker-Planck operator Ky with a potential V(q)
satisfying Assumption 2 has a compact resolvent.

Proof. Let 0 < 6 < 1. Define the functions f5: R? — R by
fs(a) = [VV (@)1 + [Hess Vi(g)"* .

As a result of (4.1.7) in Theorem 4.1.1 there is a constant Cy > 1 such that

1 2
IRvul+ Cululls > o (G fsu) + 12Ol + LDl
holds for all u € C°(R?*?) and all 6 € (0,1). In order to show that the operator Ky has a

compact resolvent it is sufficient to prove that ‘ |lim fs(q) = +oo. It is a matter of how
q|—+o0

different derivatives scale. Consider the unit sphere S = {q € R?: |¢| = 1}. By Assumption
(4.1.6), at every point on S either VV # 0 or |[Hess V| # 0. Then the function fs is always
positive on S. By hypothesis, fs is continuous on S and therefore it achieves a positive
minimum there, call it mgs > 0.

For any vy, |y| > 1 there exists A > 1 such that y = Aq for some ¢ € S. By homogeneity,

Vi) =XV (5) =XV

and therefore, by the chain rule
[VV(y)| =X VV(g)]

and
[Hess V (y)| = A" 2|Hess V(q)].

Adding these up,
|Vv(y)|%(176) 4 ’HeSSV(y)‘lié > 2\(1-9) min{%(rfl),r72}f6(q) > mé)\(lfé)min{g(rfl),rfﬂ
which goes to infinity as |y| = A — oo, since by assumption r > 2. O]

Remark 4.1.3. The result of Corollary does not hold in the case of homogeneous
polynomial of degree 2 with degenerate Hessian. In the case with degenerate Hessian, the
Kramers-Fokker-Planck operator is indeed invariant by translation in the direction of the
kernel of the Hessian and then it could not have a compact resolvent.

Remark 4.1.4. Our results are in agreement with the results of Wei-Xi Li [Li/[Li2] and
those of Helffer-Nier on Witten Laplacian with homogeneous potential [HeNil].
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4.2 Observations and first inequalities

4.2.1 Dyadic partition of unity

In this paper, we make use of a locally finite dyadic partition of unity with respect to the
position variable ¢ € RY. Such a partition is described in the following Proposition. For a
detailed proof, we refer to [BCD] (see page 59).

Proposition 4.2.1. Let C be the shell {.CB € R, % < x| < g} . There exist radial functions
X and ¢ valued in the interval [0, 1], belonging respectively to C°(B(0, 3)) and to C3°(C)
such that

Vr € RY, x(z) + Z(b(?‘jx) =1,

Jj=0

Vo eRIN\{0}, ) ¢(27z)=1.

jEz
Setting for all ¢ € R,
x(29 x(29
xlo) = 20 .
(X2(2q) + 2 ¢2(2*j’+1Q)> <X2(QQ) + ¢2(2Q))
Jj'>0
o(2'q ?(2q
Xo(q) = 24 = (2q) :
<X2(2Q) + > (2 161)) <X2(2Q) +¢*(2q) + ¢2(Q)>
Jj'>0
9—Jj+1 9—Jj+l1
and for j > 1,  yi(q) = $(2777q) - $(2777q) ;
(ee)+ L eerag) (5 eeg)
Jj'>0 J1<5'<j+1
we get a locally finite dyadic partition of unity
>3 (0) = 2 2la) + X62la) + ) X gl) = (4.2.1)
Jj=—1 §>1
where the cutoff functions Yo (r) = 0 -, X(r) = ¢(9) + and
2 2
(XQ(Q)+¢2(Q)+¢2(%)) ( ¢2(277 +1q))
0<j<2
X-1(r) = % when |g| = r, belong respectively to C§°( L% %[ ), C3°( ]%,%[ ) and
<x2(q)+¢2(Q)
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Lemma 4.2.2. Let V be in C*°(R%\ {0}). Consider the Kramers-Fokker-Planck operator

Ky defined as in (4.1.1). For a locally finite partition of unity X?(q) =1 one has
j>-1

vl egan = > (KOG R — 100l ) (422)

j=z-1
for all u € C3°(R*).

In particular when the cutoff functions x; have the form (4.2.1), there exists an absolute
constant ¢ > 0 so that

(1 +4C)||KVUH%2(RM) +C||u||%2(]R2d) 2 Z ||KV(Xju)||iQ(R2d)7 (4.2.3)

j=—-1

holds for all u € C3°(R?*?).

Proof. The proof of the equality (4.2.2) is detailed in [Ben]. Now it remains to show the
inequality (4.2.3), after considering a locally finite dyadic partition of unity (described as
below Proposition 4.2.1),

Y X =1, (4.2.4)

Jj=—1

where for all j € N, the cutoff functions x; and x_; are respectively supported in the shell
{qeRY, 293 <|q| <278} and in the ball B(0,273).

Since the partition is locally finite, for each index j > —1 there are finitely many j’ such
that (0,x;)x; is nonzero. Along these lines, there exists a uniform constant ¢ > 0 so that

> @dex)ullze = > D 1pdex)xiullz:

j=-1 jz2—=1j5>-1

1
=¢ Z (2j)2HpXjuH%2 ; (4.2.5)

Jj=—-1
holds for all u € C§°(R?*?).
On the other hand, for every u € C{°(R??),

1
c Z —<2j>2 Ipx;ull7e < dellpullf: < 8cRe (u, Kyu) < de(||ull7: + || Kyvull3:) . (4.2.6)
i>1

Collecting the estimates (4.2.2), (4.2.5) and (4.2.6), we establish the desired inequality
(4.2.3). O
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4.2.2 Localisation in a fixed Shell

Lemma 4.2.3. Let V(q) be an homogeneous function in C*(R%\ {0}) of degree r and
assume j € Z. Given u; € C5°(R??), one has

| v usllaany = [ K5vsl e

where the operator Ky is defined by

1 ;
gpaq —(2)719,V (@), + Oy , (4.2.7)

Ky =
and v;(q,p) = Q%Uj(qu,p>.
In particular when u; is supported in {geR?, 273 < |q| <278}, the support of v; is a
fized shellC = {qeR%, 3 <|q| <%} .

Proof. Let j € Z be an index. Assume u; € C5°(R??) and put

jd .
vi(q,p) = 22 u;(2q, p) . (4.2.8)

Since V' is homogeneous of degree r, its gradient d,V (¢) is homogeneous of degree r — 1. As
follows, we can write

;_ﬁi o
Kyuj(q,p) =Kv<2 2 v;(2 ]q,p)>
—jd

=275 ((277p0, — () 10,V (@)D + Op)uy ) (2 a,p)
Notice that if
PR 8
supp uj C 1 q €RY, 277 <g| <250,

the cutoff functions v;, defined in (4.2.8), are all supported in the fixed shell

_ 3 8
C = R Z<lgl< =% .

O
Remark 4.2.4. Assume j € N. If we introduce a small parameter h = 27207 then the

operator K v, defined in (4.2.7), can be rewritten as

1y_1 h
Ky = 1 (VAp(ha*50,) = VRO,V ()9, + 5 (=8, +17)) -

> =
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Now owing to a dilation with respect to the velocity variable p, that with (v/hp, \/Eap)
associates (p, hd,), we deduce that the operator Ky is unitary equivalent to

~

1 1 1
Riv = 7 (p(h* 590,) = 0,V (q)hd, + S (~h*D, + 1))
In particular, taking r = 2,
-~ 1 1
Riv =5 (p(h0,) = 0,V (@hd, + 5(~h*D, + 1)) |

is clearly a semiclassical operator with respect to the variables q and p. However if r > 2,
the operator Ky is semiclassical only with respect to the velocity variable p (since

1 1
h2T2-1 > ). For a polynomial V(q), the case r = 2 corresponds to the quadratic
situation. Eztensive works have been done concerned with this case (see

[Hor[[HiPr][Vio][Vio1][AlIVi][BNV]).

4.3 Proof of the main result

In this section we present the proof of Theorem 4.1.1.

Proof. In the whole proof we denote

—_ 3 8
C = R Z<lgl< =% .

Assume u € C5°(R??) and consider a locally finite dyadic partition of unity defined as in
(4.2.1). By Lemma 4.2.2 (see (4.2.3)), there is a uniform constant ¢ such that

(1 +4¢) | Kyl fagas + cllullfagan = D 1Kvuylze e (4.3.1)
Jj=-1
where we denote u; = x;u. We obtain by Lemma 4.2.3 and the estimate (4.3.1)
(1 +40) | Kvull2ages + cllullzagen = Y 150l 7ages (4.3.2)
j>—1
where the operator

1 .
—p0y — (QJ)T_lﬁqV(q)ﬁp +0,,

Ky = 5;

and v;(q,p) = 2%uj(2jq,p) . Setting h = 2720=1J one has

_ 1 1 1
Ky =p(h®™@13,) — h™20,V(q)0, + 5(—Ap +p?) .
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In the analysis we will focus on the case when j > J, with J large enough, or equivalently
J
h < h; with h; small enough. The remaining error terms in »_ will be absorbed in the
j=—1
end by the term C’v||U||iz(Rd) in (4.1.7) by taking Cy large enough.

Now, fix v > 0 such that

3 1 1 3
P cu<i4—> 4.3.3
6 60— " 88— (433)

Such a choice is always possible when 2 < r < 6. Taking v > 0, satisfying (4.3.3) and a
function 6 € C°(RY) such that > (- — k)? = 1, we define for all ¢ € RY,

kezd
() = O — )
En\q) = ’ln(h)|h” q qk,h 9
with g5, = h¥|In(h)|k. Denoting K, = {k €7 k| < W} , one has

in the neighborhood of C, where for any index k € K,
. 1 ”
supp Ox.n C B(qen, |In(R)|h"),  Opn =1 in B(gn, §| In(h)|R") .
Using this partition we get through Lemma 4.2.2 (see (4.2.2)),

_o, 1 _9,
IEivuslize > S (1Kiv sl = ()20 |00 22) - (4.3.4)
keKy,

In order to reduce the written expressions we denote in the whole of the proof
W,j = ijh?)j .

Taking into account (4.3.4),

1
1K vgll72 > ) <||Kj,vwk,j||%2 — 2|In(h)|2h7=1 2”||w/~c,j||L2||Kj,vwk,j||L2>
keKy,

1 9, 1 _o,
> 3 (SIE w3 — 201 m(m)| 2R 2R g 34 (43.5)

keKy,

Notice that in the last inequality we simply use respectively the fact that

Ipwell72 < 2Re(wy, Kjyvwig) < 2llwill 2 || K vwnl 2
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and the Cauchy inequality. From now on, set
Ko={qeC, 9,V(q)=0} .
Clearly, by continuity of the map q ~ 9,V (q) on the shell C (which is a compact set of R?),
we deduce the compactness of K.
Tr_ v(g)

SIHCG q — m
exists €; > 0 such that

is uniformly continuous on any compact neighborhood of K, there

Tr_v(q)

dq, Ko) < e = ——\9
(@ K) < 1+ Tryv(q)

€0
> — 4.3.6
> (4.3.0)

. Tr_
where € := min HT’—V(q()).
quO ry vg

On the other hand, in view of the definition of K, and by continuity of ¢ — 9,V (¢) on C,
there is a constant e; > 0 (that depends on €;) such that

VgeC, d(g,Ko) >e = 0,V(q)|>e. (4.3.7)
Now let us introduce

Ya)={qeC, dlgKo)=a},

I(ey) ={k € Ky, supp O C X(e1)} .

In order to establish a subelliptic estimate for Ky, we distinguish the two following cases.

Case 1 k ¢ I(e1). In this case the support of the cutoff function 6y, might intersect the set
of zeros of the gradient of V.

Case 2 k € I(e1). Here the gradient of V' does not vanish for all ¢ in the support of 6y ,.

The idea is to use a quadratic approximating polynomial

93V (@ 1) N
Vi => QT!M((J — Q) -

la]<2

near some ¢y , € supp 0y, to write

1
> K jvweglie = <§||Kj7vk<’2}3wk,j||%z — (K — Kj,vlgfg)wk,j||%2> 7

keKy, keKy,
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or equivalently

1 1 )
D vwnslie 2 32 (G sl = 7= @V (0) = 05 @)yt -

J
keKy, kEK),

’

(4.3.8)

Then based on the estimates written in [BNV], which are valid for the operator K vz, we
deduce a subelliptic estimate for K V2, after a careful control of the errors which appear in
(4.3.5) and (4.3.8).

Notice that one has for all ¢ € R?,
V(g) = Vi (@) = Ollg — gul®) - (4.3.9)

Accordingly, for every ¢ in the support of wy ;,

10,V (0) — 0,V,2(9)| = O(lq — dj,l?)
= O(|In(h)]*n*) . (4.3.10)

Combining (4.3.8) and (4.3.10), there is a constant ¢ > 0 such that

1 (Iin()[2h2
> K willie = Y- (G ol — e 2=l 0uwe,l132)
keKy, keEKy,
1 (I1n()[2h2?
> 3 (I ymwnlEs — 20 =5 = llw 2| K ol o2
keKy,
1 (I In()[2h2)*

keKy

Putting (4.3.5) and (4.3.11) together,

1 (I In(h)[2h2)* PPy
15wl = D (G, sl = 8¢ Sl | = 20| (w75 e )
keKp, '
(4.3.12)
On the other hand, owing to a change of variables ¢” = qhQ(Tl—U, one can write
e P e (13.13)

where the operator Kj V@ reads
"k,h

K.

(2)
J7Vk7h

1 1 1
= p0, = W 20,VE (BT )0, + S (=8, + 7).
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and

1 _, q
d U}( 1 )
hatr—=1) h20-1)

wy,(q,p) = p) -

In the rest of the proof we denote

H:=h2heD > 1.
Case 1. In this situation, we use the quadratic approximation near some element
Qpopp € SUPD g N (RT\ X(e1)).

From now on assume j € N. In view of (4.3.6), Tr—,Vk(fo =Tr_v(q,,) # 0. By (4.1.3),

1+ HTr

~ RTIC)
K. oy |3 > Lk W || %2 - 4.3.14
IR v Onsllie 2 ¢ o TR y@))? I e (4.3.14)
' k,h
In the same way
~ 1+ HTr_ v(q,)
K, ol > - T 132 - 43.15
| v Ukille = Cgen HTr_y(q},,)))? w72 ( )

Using once more (4.3.6),
€
Trov(ghn) 2 5 (L Trpy () (4.3.16)

where we remind that ¢y = min ——=*“_Consequently

geKo T v()”
[Hess V(gh)| > Trv(ghs) > 5 (4.3.17)

and

—_

€

T v(q,) > iTr*,V(q;c,h) + ZO
, €

> min(1, g)(Tf—,v(QZ;,h) + Ty v (grn))

> ~ min(1, %0)|Hess Vi(dn) - (4.3.18)

(1 + Trs v (k)

vV
— N =

[\

Furthermore by continuity of the map ¢ — Tr_y(¢) on the compact set C, there exists a
constant €3 > 0 such that Tr_ (¢) < €3 for all ¢ € C. Hence

%0 <Tr v(dp,) <es. (4.3.19)
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From (4.3.15), (4.3.18) and (4.3.19), we deduce for an other suitable choice of ¢ > 0,

H ~ 12
WHwaHLQ .

Iy @72 > €

It follows from the above inequality and (4.3.13), that

H

ank,ﬂ@ . (4.3.20)

||Kjvvk(2}3wk7j||%2 Z Cc

Now using the estimate (4.3.20), we should control the errors coming from the partition of
unity and the quadratic approximation. For this reason, notice that our choice of exponent
v in (4.3.3) implies

(IIn(h)[*R>")* H
S Ty
— ———2v H
(’ ln(h)l 2hr=1 )2 < (log(H))2 -

As a result, collecting the estimates (4.3.12) and (4.3.20), we deduce the existence of a
constant ¢ > 0 such that

[ Ksvusliie = ¢ Y K, paweglie - (4.3.21)

keKy,

Via (4.1.2), there is a constant ¢ > 0 so that

1) g)) 3 |2

IRy ing 2+ (1 + 10) H[Hess V(g | @112 = e( 105,112 + I (h™ 20,1, (1

2 . ~
D) B 12+ H[Hess V(qh) 1)
(4.3.22)

Hence using the inverse change of variables ¢ = —%4— , we obtain in view of the above

h2(r—1)
estimate and (4.3.13),

_1 2
15,y g P+ (1 4+ 106 H[Hess V(g )l wnsl? > e(|0pwnsl? + 14020,V (0))

0 D P + HHess Vi) s )
(4.3.23)

Or by (4.3.18) and (4.3.19),

€0 ’ 263
— < |Hess V' < —
9 = | €S8 (Qk,h)l — min(l, 550) )

(4.3.24)
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Putting (4.3.23) and (4.3.24) together, there is a constant ¢ > 0 so that

1 2 _1 2 2
1,y P+ Hlwe sl 2 e(10pwe 12 + 166777 Dy g 12 + 1020,V (@) b

 H g ? + ([ [Bess V(gf)]) e 1)
(4.3.25)
On the other hand, for all ¢ € supp wy,;,
[Hess V(q) — Hess V(q).0)| = O(la — ghsl) = O n(h)|*) (4.3.26)

Therefore by (4.3.24) and (4.3.26), we obtain for every ¢ € supp wy ; and all j sufficiently
large.

1 3
§|Hess V(qen)| < [Hess V(q)| < §|Hess V(den)! - (4.3.27)
From (4.3.25) and (4.3.37), there exists a constant ¢ > 0 so that
1 2 _1 2 2
Iy 4+ H w2 > e 0,01+ AT D, |2 + 150,12 (@) o
¥ Hlfu 2+ | (H Hess V(@) b )
(4.3.28)

is valid for all j large enough.

Furthermore, taking into account the condition (4.3.3) on v, one has for all ¢ € supp wy ;
such that |9,V (q)| < |In(h)|?h*”, and every j sufficiently large

1
H=ze b2,V (q)]5 . (4.3.29)
On the other hand, by (4.3.10), all ¢ € supp wy; such that |0,V (¢)] > |In(h)|*h* satisfy
1 3
510V (@) < 10,3 (@) < 510,V (a)] (1.3.30)
In such a way, considering (4.3.28), (4.3.29) and (4.3.30)
L2
1, w1 + (2 + H)llwgl* > C<||Opwk,j||2 + (R0 Do) swyl|* + (2 + H) Jwi1*
1 1 2
+ [|(H [Hess V(q)])2wrgl|* + [Ih 2|3qV(q)|>?’wi«:,j||2> :
(4.3.31)
Putting (4.3.20) and (4.3.31) together,
1 2
P 12 (R0 D)5
(H a2+ )"+ ez
s Vig)!
log(2+ H)

(2+ H)z
wi|* + | )wk,jH2

log(2+ H

(h210,V (@))5

log(2+ H) W ) ’
(4.3.32)

I, e > c

wig[* + |
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holds for all j > jg, for some jo > 1 large enough.

Now let us collect the finite remaining terms for —1 < j < jo. After recalling h = 277 and
1 1
H = h 2501 we define

(1) _
¢y’ = max
—1<5<j0

Ay + sup  ((HlHess V(q)]) + (b5 19,V (q))*?)
B gesupp (x;0k,n)
(2+H) 2 (| In(R)[*A*)* IR
RN A— B e —— 2 1 r—1 v .
(log(2 + H))? 8¢ h? + 2l m(m)h )

From the lower bound (4.1.2), we deduce the existence of a constant ¢ > 0 so that

(I In(R)[*h2")* I
—IIKv@WmII + (e — 8¢ ¢ S = 2| ()| PR g

= C(Hopwk,jw (77T DY g+ (0 H10,V (@) o

2+ H):

HIH 1/2 2 ( 112

- Hess V@) 2+ s 1)
(4.3.33)

holds for all —1 < 7 < 7.

Finally, collecting (4.3.21), (4.3.32) and (4.3.33),

_1 2 1

h2t-0D,)3 (2+ H)z

2 2> ( 12 { q 12 2

Il + 2ol >e 3 (I et L
€1

(H |Hess V(Q)D%

+ log(2+ H)

VDR, ).

2

(4.3.34)

is valid for every j > —1.

Case 2. We consider in this case the quadratic approximating polynomial near gy . Using
once more [BNV] (see (4.1.2)), there is a constant ¢ > 0 such that

~ ~ ~ ~ 2 _1 2 1 2
1K yrng 2 + Hllnsll? = c(10,,5112 + 1(Dg) s 2 + 10050,V (77 7)) 5 2
(4.3.35)

As a consequence of (4.3.13) and (4.3.35),

1 2 _1 2 2
1K, yerwisll® + w2 > e 10wl + 15700 D) S 12 + 14030,V (@) o 2)
(4.3.36)
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By (4.3.7) and (4.3.10),
1 (2) 3
510V (@] < 10,Vi (@)l < 510,V (@)l (4.3.37)

holds for all ¢ € supp wy; and any j large. Then, it follows from (4.3.37) and (4.3.36),

15, yrwesl® + Hlle P > (10wl + 1166777 Dg) I + 10410,V () ) s 12)
(4.3.38)

Or in this case, in view of the (4.3.7), one has [0,V (q)| > €, for all ¢ € supp wy, ;. Hence it
results from the above inequality

1 2 _12 _1 2
1yl = e 0w 2 + 10770 Dy I12 + 11 (A5 Fn | + 1310,V (a)) P11
(4.3.39)

Furthermore, by continuity of ¢ — |Hess V(¢)| on the compact set C, one has for all
q € supp wy; and any j large
1

Z(h_%)

4
3

> ¢ H|Hess V(q)| . (4.3.40)
Then by the above inequality and (4.3.39), we get
L2 1.2
1 sl 2 (10w + 1070 DY+ ) e P

o+ I Hess V(@) gl + 116070,V (0)) w1
(4.3.41)

for every j > j; for some j; > 1 large.

Now, in order to absorb the errors in (4.3.12), notice that our choice of exponent v in
(4.3.3) implies

(|1n(h]>1\22h2v>4 < b3
(In(h)|2h7T~2)2 <« h™5 .

Now set

ot = m[ sup ((H[Hess V(g)]) + (h~3 9,V (q))*")

1SSt | gesupp (x;0k,1)

C+H) oo (PR

M B2 + 2(|1n(h)|_2hi1—21/)2
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Seeing (4.1.2), we deduce the existence of a constant ¢ > 0 so that

1 D _ g (I()PE)!
SIS | + (eff) — 86 TR 2

> c([|Opwig|I? + | (A7 Do) | + 10210,V (q)[)* w5

(2+ H)?
+ [[(H Hess V(g)])! ]| + Ilmwsz) :
(4.3.42)

= 2(| In(R)| 7R )2 w1

holds for all —1 <5 < 7;.

Thus, combining the estimates (4.3.12), (4.3.41) and (4.3.42)

2+ H)z

4 1
1K vl + S ol > e > (IIOpwk,jll2+ [{h>= Dy ) g2+ H)

kel(er)

wig[* + | w ||

+ [[(H[Hess V(q)[) 2wy * + H<h*§\3qV(Q)!>§Wk,jHQ) :
(4.3.43)
holds for all j > —1.

In conclusion, in view of (4.3.34) and (4.3.43), there is a constant ¢ > 0 such that

0 (h7 0 D,)3 2+ H):
Koov 2 4+ .12 > 2:( P 12 q 12 12
h

NS
log(2+ H) )"
(4.3.44)

(H|Hess V(q)])>
log(2 + H)

wigl* + |

+1

holds for all j > —1.

Finally setting L(s) = % for all s > 1, notice that there is a constant ¢ > 0 such that
forall x > 1,

T 1
inf t>-L(x). 4.3.4
52 log(t) = c (z) (4:3.45)
After setting the quantities
A O _ (H[Hess V(q)|)'"? _(h2 0,V (@)
Y log(2+ H) T log(2+ H) = % log(2+ H)
(2+ H)* _ (D)3

Y log2+ H) T log(2+ H)
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4.3 Proof of the main result

we get through the estimate (4.3.45), for every j > —1 and k € K},

1
A1 jwk 72 + ZHA4,jwk,jH%2 > 1 ||L(Op)wi |7
1 1 2
A5 jwr ;72 + ZHA4,jwk,jH%2 > | L({(h7@0 Dy Yy |22
1 1
[ As 5w ;|72 + Z\|A4,jwk,j||%2 > c3|| L((H|Hess V(q)|)2)wy ;|7 ,

1 _1 2
1 jwisl* + 1A jwisllze = el LR 10,V (@))*)wigl7a -
From the above estimates and (4.3.44),

6 L 2
Gl + e losl2 = ¢ D (IO g 2 + (AT D)y
keKy,

+ IL((HHess V(@) w12 + IR0,V (@) w12
(4.3.46)

Therefore in view of Lemma 2.5 in [Ben| conjugated by the unitary transformation of the
change of scale,

7 . 2
Gl + PNl = e(IEOp) 12 + (T D)o

L [Hess V(@)))os 12 + LR 10,V (@))F)o 1) |
(4.3.47)

or equivalently
1K |” + e lug ) > C(HL( P [1* + [IL({Dg) 3 uy *

D (Hess V) 2 1+ 1E(@,V (@) o )
(4.3.48)
for every j > —1.

Therefore, combining the last estimate and (4.3.1), there is a constant Cy > 1 so that
2
vl + Collulageny = o (1@l + 12D ul?

o+ IIL((Hess V(g))5)ul + IL((0,V (a)) )l
(4.3.49)
holds for all u € C§°(R?*?). O
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