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Abstract

Besides the emblematic studies of the Higgs boson and the search of new physics beyond the
Standard Model, another goal of the LHC experimental program is the study of the quark-
gluon plasma (QGP), a phase of nuclear matter that exists at high temperature or density, and
in which the quarks and gluons are deconfined. This state of matter is now re-created in the
laboratory in high-energy nucleus-nucleus collisions. To probe the properties of the QGP, a very
useful class of observables refers to the propagation of energetic jets. A jet is a collimated spray
of hadrons generated via successive parton branchings, starting with a highly energetic and
highly virtual parton (quark or gluon) produced by the collision. When such a jet is produced
in the dense environment of a nucleus-nucleus collision, its interactions with the surrounding
medium lead to a modification of its physical properties, phenomenon known as jet quenching.

In this thesis, we develop a new theory to describe jet quenching phenomena. Using a
leading, double logarithmic approximation in perturbative QCD, we compute for the first time
the effects of the medium on multiple vacuum-like emissions, that is emissions triggered by the
virtuality of the initial parton. We show that, due to the scatterings off the plasma, the in-
medium parton showers differ from the vacuum ones in two crucial aspects: their phase-space is
reduced and the first emission outside the medium can violate angular ordering. A new physical
picture emerges from these observations, with notably a factorisation in time between vacuum-
like emissions and medium-induced parton branchings, the former constrained by the presence
of the medium. This picture is Markovian, hence well suited for a Monte Carlo implementation.
We develop then a Monte Carlo parton shower called JetMed which combines consistently both
the vacuum-like shower and the medium-induced emissions.

With this numerical tool at our disposal, we investigate the phenomenological consequences
of our new picture on jet observables and especially the jet nuclear modification factor RAA,
the Soft Drop zg distribution and the jet fragmentation function. Our Monte Carlo results are
in good agreement with the LHC measurements. We find that the energy loss by the jet is
increasing with the jet transverse momentum, due to a rise in the number of partonic sources
via vacuum-like emissions. This is a key element in our description of both RAA and the zg
distribution. For the latter, we identify two main nuclear effects: incoherent jet energy loss
and hard medium-induced emissions. Regarding the fragmentation function, the qualitative
behaviour that we find is in agreement with the experimental observations at the LHC: a
pronounced nuclear enhancement at both ends of the spectrum. While the enhancement of hard-
fragmenting jets happens to be strongly correlated with RAA, hence controlled by jet energy
loss, the enhancement of soft fragments is driven by the violation of angular ordering mechanism
and the hard medium-induced emissions. We finally propose a new observable, which describes
the jet fragmentation into subjets and is infrared-and-collinear safe by construction (therefore
less sensitive to hadronisation effects) and we present Monte Carlo predictions for the associated
nuclear modification factor.
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Résumé

Outre les tests du Modèle Standard des particules, un autre objectif du programme expérimental
du grand collisionneur de hadrons (LHC) est l’étude du plasma de quarks et de gluons, une
phase de la matière qui existe à haute température ou densité, et dans laquelle les quarks et
les gluons sont déconfinés. Ce plasma est aujourd’hui recréé en laboratoire dans des collisions
d’ions lourds de haute énergie. Pour sonder les propriétés du plasma, on mesure des observables
associées à la propagation de “jets” en son sein. Un jet est une gerbe collimatée de hadrons très
énergétiques générée par des émissions successives de partons à partir d’un quark ou d’un gluon
virtuel produit par la collision. Quand de telles gerbes se propagent dans le milieu dense créé
par la collision de noyaux lourds, leurs interactions avec ce milieu entraînent une modification
de leurs propriétés physiques, phénomène que l’on appelle "réduction des jets".

Dans cette thèse, nous développons une nouvelle théorie permettant de décrire la réduction
des jets. En utilisant l’approximation double logarithmique en chromodynamique quantique
perturbative, nous calculons pour la première fois les effets du milieu dense sur les émissions
de type vide dans les jets. Ces émissions sont précisément celles déclenchées par la virtualité
initiale du parton source. Nous montrons que les cascades de partons dans le milieu diffèrent
de celles qui se développent dans le vide à cause des diffusions multiples par les constituants
du milieu: l’espace de phase pour les émissions de type vide est réduit et la première émission
à l’extérieur du milieu peut violer l’ordonnancement angulaire. Une nouvelle image physique
émerge alors de ces observations, dans laquelle les émissions de type vide sont factorisées en
temps par rapport à celles induites par le milieu. Cette image a l’avantage d’être markovienne,
et donc adaptée pour une implémentation Monte-Carlo des cascades de partons, que nous
développons dans le programme JetMed. Ce programme combine donc de façon cohérente les
cascades de type vide et les cascades induites par le milieu.

Grâce à cet outil numérique, nous nous intéressons ensuite aux prédictions de notre théorie
sur des observables de jets, et en particulier le facteur de modification nucléaire des jets RAA,
la distribution Soft Drop zg et la fonction de fragmentation. Ces prédictions se révèlent être en
bon accord avec les mesures du LHC. Nous trouvons que la perte d’énergie des jets augmente
avec leur impulsion transverse à cause d’une augmentation du nombre de sources partoniques
produites par les émissions de type vide dans le milieu. C’est un élément essentiel dans notre
description de RAA et de zg. Pour cette dernière observable, nous identifions deux principaux
effets nucléaires: la perte d’énergie incohérente des jets et les émissions induites par le milieu
relativement dures. Le comportement de la fonction de fragmentation que nous obtenons est en
accord avec les mesures du LHC ; en particulier nous observons une augmentation prononcée
du nombre de fragments durs et mous. Dans la partie dure, cette augmentation est corrélée
avec RAA et donc controllée par la perte d’énergie des jets. Au contraire, l’augmentation de
fragments mous est due à la violation de l’ordonnancement angulaire et aux émissions dures à
petit angle induites par le milieu. Nous proposons finalement une nouvelle observable qui décrit
la fragmentation des jets en termes de sous-jets, donc moins sensible aux effets d’hadronisation,
et nous la calculons en collisions d’ions lourds.
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Chapter 1

General introduction

1.1 Quantum chromodynamics

1.1.1 Quarks and gluons

Quantum chromodynamics (QCD) is the quantum theory of the strong interaction. The strong
interaction binds together the protons and neutrons in atomic nuclei. However, protons and
neutrons and the other bound states of the strong force called hadrons, such as the pions, kaons,
etc, which are detected in high-energy experiments are not the elementary degrees of freedom
of the theory. These elementary degrees of freedom from which quantum chromodynamics is
formulated are called quarks and gluons : they are the fundamental constituents of the hadronic
matter, the matter sensitive to the strong interaction.

The existence of “point-like” constituents inside hadrons is revealed in high energy scattering
experiments, such as the deeply inelastic electron-proton scattering: at asymptotically high
momentum transferred (squared) Q2 during the collision process, the scattering cross-section
behaves as if the proton was made of free elementary particles. This phenomenon was one of
the first experimental evidence for quarks and gluons within hadrons [1, 2, 3].

In high energy experiments like deep inelastic electron-proton scattering or those described
in Section 1.2 of this introduction, special relativity effects cannot be neglected. The theoretical
framework to deal with quarks and gluons is thus quantum field theory. Quarks and gluons
are the elementary degrees of freedom in the sense that they appear as elementary fields in
the Lagrangian LQCD(ψf , Aµ) of quantum chromodynamics. ψf (x) are the quark Dirac fields
labelled by their flavour indices f = u, d, s, c, b, t for the six quark flavours of the Standard
Model and Aµ(x) is the gluon vector field.

1.1.2 Non abelian local gauge symmetry and asymptotic freedom

Local SU(3) gauge symmetry. This Lagrangian is strongly constrained by the local gauge
invariance principle. More precisely, on imposes that LQCD is invariant under SU(Nc = 3) local
transformations of the quark fields:

ψ′f (x) = U(x)ψf (x) , U(x) = exp(iεa(x)ta) (1.1)

with {ta}1≤a≤N2
c−1 a set of generators in the fundamental representation of the su(Nc) Lie

algebra and εa(x) arbitrary functions of the space-time coordinates. The index a is called a
colour index. Since the group SU(Nc) is non commutative for Nc > 1, the SU(Nc) gauge
symmetry is said non-abelian [4]. As part of the fundamental representation of SU(Nc), quarks

13



14 CHAPTER 1. GENERAL INTRODUCTION

carry a colour charge, pretty much like electrons and positrons carry an electric charge in
quantum electrodynamics (QED). The number Nc of possible “colours” is 3 in the physical
world.

A system of free quarks with (bare) masses mf is simply described by the free Lagrangian1:

L(ψf ) =

nf∑
f=1

ψ̄f
(
iγµ∂µ −mf

)
ψf (1.2)

but is not invariant under (1.1). In order for this Lagrangian to be invariant under the trans-
formation (1.1), a gluon field Aµ belonging to the adjoint representation of SU(Nc) must be
included, with the following transformation rule:

A′µ(x) = U(x)AµU
−1(x)− i

gs
∂µU(x)U−1(x) , Aµ(x) = Aaµ(x)ta, (1.3)

and the quark fields must couple with Aµ via a covariant derivative ∂µ → Dµ = ∂µ − igsAµ in
(1.2). gs is the (bare) strong coupling constant that quantifies the strength of the strong interac-
tion. The fact that gluons carry also a colour charge, as member of a non-trivial representation
of the gauge group, leads to a rich set of phenomena specific to the strong interaction.

One can then check that the following Lagrangian is invariant under the transformations
(1.1)-(1.3) and is unique if renormalizability and parity invariance are also enforced:

LQCD(ψf , A) = −1

4
TrFµνF µν +

nf∑
f=1

ψ̄f
(
iγµDµ −mf

)
ψf (1.4)

The gauge field tensor Fµν depends on the gluon gauge field Aµ as:

Fµν = ∂µAν − ∂νAµ + gs[Aµ, Aν ] (1.5)

This gluon field is the analogous of the photon field in quantum electrodynamics: gluons are
said to mediate the strong interaction. This mediation is realized by means of the covariant
derivative Dµ in the second term of the Lagrangian. The QCD Lagrangian is remarkable in
several respects.

Gluon self-interaction. The gauge field Aµ is self interacting at tree level because of the
non-abelian term gs[Aµ, Aν ]. In comparison, the gauge field of quantum electrodynamics is the
photon field, and photons do not interact between themselves at the lowest non trivial order in
the electromagnetic coupling e. This has important phenomenological consequences, especially
for QCD jets, as we shall see.

Asymptotic freedom. As it is, the Lagrangian (1.4) has no predictive power beyond tree-
level in perturbation theory because of the UV divergences appearing from the one-loop order.
These divergences are cured thanks to the renormalization procedure: the bare coupling gs is
discarded for the benefit of the renormalized strong coupling constant g. A by-product of this
procedure is that g acquires a scale dependence, g(µ), with µ a sliding energy scale one chooses
to define the renormalized coupling. Measurable quantities are invariant with respect to the
choice of µ. To satisfy this requirement, the variations of the function g(µ) are constrained

1We adopt standard particle physics units with ~ = c = 1.
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by the β-function of QCD which is calculable order by order in perturbation theory (hence
assuming that g(µ) is small)2:

∂g(µ)

∂ log(µ)
= β(g(µ)) = −β0

g3

4π
+O(g5) , β0 =

11CA − 2nf
12π

> 0 (1.6)

CA = (N2
c − 1)/(2Nc) is the Casimir factor of the adjoint representation of su(Nc). At one loop

order in perturbation theory, that is using only the first term in the Taylor expansion of β(g),
one gets:

αs(µ) =
1

β0 log
(

µ2

Λ2
QCD

) , αs =
g2

4π
(1.7)

where ΛQCD ∼ 0.2 GeV3 is the confinement or QCD scale discussed in the next point. A striking
feature of the strong running coupling is that αs(µ) → 0 as µ → ∞. This property is known
as asymptotic freedom [5, 6, 7, 8]. For a physical process governed by the strong interaction
and involving a typical momentum transfer of order Q, the more Q is large: Q � ΛQCD, the
more αs(Q) is small and hence the more the process becomes similar to what one would expect
of a non interacting theory of quarks and gluons. In this regime, perturbative techniques,
generically gathered under the term “perturbative QCD” (pQCD) are the standard tools to
predict the behaviour of such physical processes. This is the realm of high energy collision
experiments such as those performed at the Large Hadron Collider (LHC).

Confinement. On the other hand, when µ→ ΛQCD ∼ 0.2 GeV, the strong coupling becomes
very large suggesting that perturbative techniques and perturbative degrees of freedom (quarks
and gluons) become irrelevant. This is closely related to another property of QCD, confinement,
even if it is still not clear how confinement emerges from the QCD Lagrangian. This property
states that in normal conditions of temperature and pressure, free quarks and gluons cannot
exist and are always confined within colour neutral bound states called hadrons. At least,
this is an experimental fact up to now: there are no free quarks and gluons, nor coloured
particles, measured in low temperature/pressure experiments. At low energy scales, below or
around ΛQCD, the QCD Lagrangian is “solved” using lattice field theory. The quark and gluon
fields are anchored on a finite lattice and the equations are studied numerically on a computer.
Lattice QCD is very powerful to compute the mass spectrum of hadrons for instance.

1.1.3 Phases of hadronic matter

In our discussion of confinement, we have avoided to precise what we meant by “normal con-
ditions of temperature and pressure”. This paragraph intends to specify these conditions. Let
us enclose some hadronic matter in a finite box of volume V , in thermodynamical equilibrium
with a heat bath of temperature T and a particle reservoir with baryon chemical potential µB.
The baryon chemical potential is the chemical potential associated with the baryon number B:

B =
1

3
(Nq −Nq̄) (1.8)

for a system with Nq quark and Nq̄ antiquark. How does this matter behave as the temperature
of the heat bath, the volume of the box or the chemical potential µB are varied? This section
is a short review of what is known on this subject.

2In this thesis, the natural logarithm of x is noted log(x).
31 GeV ' 1.6× 10−19 J and 1 fm = 1× 10−15 m.
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Hadron Gas

Quark-Gluon Plasma

Figure 1.1: The conjectured phase diagram of QCD matter (extracted from [9]) projected on the
plane (µB, T ). The Boltzmann constant is set to one kB = 1 for the units of the horizontal and vertical
axis. The nuclear liquid-gas phase transition is the small line at the bottom of the diagram. The low
temperature but high µB part of the diagram with the “colour superconducting” phase is not discussed
here, but is relevant for neutron star physics.

Basic features. Some features can be guessed with very few physical inputs. For instance,
as the radius of hadrons is of order Rh ∼ 1 fm, there should exist a critical volume for our box,
of order Vc = 4πR3

h/3. Indeed, for a volume smaller than Vc, hadrons cannot fit in the box
any more. Another interesting regime is the very high temperature regime. We have seen that
pQCD has a self-emergent scale characteristic of the strong interaction, ΛQCD: one expects
that quarks and gluons are the relevant degrees of freedom for T � ΛQCD/kB, because the
strong coupling constant αs(kBT ) — naturally evaluated at a scale of the order of the thermal
energy of the system — becomes very small from the asymptotic freedom property of QCD.
Thus, in the high temperature phase T � ΛQCD/kB, the system behaves like an ideal gas of
(free) quarks and gluons. This phase is known as quark-gluon plasma. In the present thesis,
there is almost no need to give further details on this phase as all the knowledge required to
understand these lines is encoded in this definition. For completeness, we provide now some
additional materials from hadronic physics and lattice QCD on the conjectured phase diagram
of QCD shown Fig. 1.1.

Liquid-gas phase transition of nuclear matter. We start from the ordinary temperature
T ∼ 270-290 K and baryon chemical potential 0.9 . µb . 1 GeV/kB. Under these conditions,
the hadronic matter in our box is a mixed phase between vacuum and droplets of Fermi liquid
formed by the nucleons — protons and neutrons — inside nuclei. The interaction between
the nucleons looks very much like the Van der Waals interaction between electrostatic dipoles:
this is confirmed by lattice QCD results on the nucleon-nucleon force and by calculation in the
chiral field theory which is an effective field theory of QCD at low energy (see [10] for a review).
Thus, in the same way as water undergoes a liquid-gas transition, we expect a first order phase
transition towards a Fermi gas of free nucleons when the temperature increases. The critical
point of the transition is located around T ′c ∼ 10-20 MeV/kB and µ′Bc ∼ 900-920 MeV/kB.
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Figure 1.2: (Left) QCD equation of state at zero chemical potential µB = 0 obtained from lattice
calculations by the HotQCD collaboration [13]. The curve labelled “HRG” corresponds to the prediction
from the hadron resonance gas model, whereas the dotted line at the top is the non-interacting (free)
gas limit. (Right) Variation of the chiral susceptibility defined by (1.10) with 6/g2 (g is the gauge
coupling, and T grows with 1/g2) for several lattice volumes Nt ×N3

s × a4 with a the lattice spacing.
The figure is taken from [14].

Hadron resonance gas. Now, let us heat even more this system of free nucleons (or pions
at lower chemical potential). This corresponds to the phase diagram of hadronic matter for
µB . 1 GeV and T & 10 MeV. If we heat this system, we know from experiments that more and
more hadronic resonances are produced: the number density ρ(m) of hadronic states with mass
betweenm andm+dm grows exponentially ρ ∼ exp(cm). This hadronic phase is called “hadron
resonance gas” (the degrees of freedom are still hadrons). The exponential growth cannot go
forever, otherwise, the partition function of the system diverges at a temperature known as the
Hagedorn temperature Th = 1/c [11]. From experimental data, Th ≈ 150 MeV/kB, value close
to ΛQCD. This suggests that Th should be interpreted as an upper limit for the hadronic phase
and should be close to the transition temperature between this phase and a deconfined phase
where quarks and gluons are liberated [12]. The exact nature of this phase transition is still
unknown.

Lattice QCD results for µB = 0. As explained in the first part of this introduction, lattice
QCD is extremely useful to understand QCD in the strong coupling regime. In thermal QCD at
finite temperature, the partition function is evaluated numerically on a finite lattice. Unfortu-
nately, because of the so-called sign problem, lattice simulations cannot access non-zero baryon
chemical potential (at least until now) [15]. Hence, lattice QCD provides reliable informations
on the QCD phase space restricted to the line µB = 0. Results from the HotQCD collaboration
[13] are shown in Fig. 1.2-left for the energy density ε, the pressure p and the entropy density
s = (ε+ p)/T as a function of the temperature T of the bath. At low temperature, the predic-
tions from the hadron resonance gas description are in good agreement with the lattice QCD
results. At high temperature, the curves converge towards the non-interacting limit of a free
gas of massless quarks and gluons following the Stefan-Boltzmann equation of state:

3p

T 4
=

ε

T 4
= n

π2

30
(1.9)
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with n = 2(N2
c − 1) + 7Ncnf/2 the total number of internal degrees of freedom. However, even

at T ∼ 400 MeV/kB, the free limit is not reached suggesting that residual interactions have
still an important role, in agreement with perturbative results in QCD at finite temperature.
To sum up, at zero chemical potential, lattice QCD predicts a gradual transition between the
hadron resonance gas and the deconfined phase.

There is another transition related to the deconfinement transition known as the chiral
phase transition: at high temperature T � ΛQCD/kB, the light quarks (up and down) can
be considered as massless and the QCD Lagrangian (1.4) is symmetric under global chiral
transformations of the light quark fields. At low temperature T � ΛQCD/kB, chiral symmetry
is spontaneously broken, with the pions being the Nambu-Goldstone bosons associated with this
symmetry breaking. Lattice QCD enables to have a more quantitative insight on the location
of the transition. The order parameter is the chiral susceptibility defined by:

χ =
T

V

∂ log(ZQCD)

∂ml

(1.10)

where ZQCD is the QCD partition function in the grand canonical ensemble at µB = 0 and
ml is the mass of the light quarks. A plot of the chiral susceptibility for several values of the
volume lattice is shown in Fig. 1.2-right from [14]. A clear peak is visible as a function of 6/g2

(6/g2 scales like the temperature T of the heat bath). However, this peak is independent of
the volume of the lattice, showing that the chiral transition at µB = 0 is not first nor second
order but rather an analytic cross-over. The location of the peak defines the pseudo-critical
temperature Tc of the transition, whose value is around 150 MeV/kB.

For non vanishing chemical potential the nature of the chiral transition is still unknown,
even if there is a hint for a first order phase transition as shown Fig. 1.1. The determination of
the critical point is an active field of research both on the theoretical and experimental sides.
Regarding the link between the chiral and the deconfinement transition, they should occur at
about the same temperature. Therefore, understanding the chiral transition is crucial to precise
the shape of the phase diagram of hadronic matter.

1.2 Heavy-ion collisions

How do physicists probe the QCD phase diagram experimentally? The very early Universe
was probably a hot soup of free quarks and gluons, so physicists could look for relics of this
epoch to infer some properties of the quark-gluon plasma. Also, the heart of neutron stars
might be an interesting natural laboratory for studying QCD at high density. Besides these
two occurrences of QCD matter at extreme temperature or density in Nature, this matter is
studied on Earth in high energy experiments by colliding together heavy nuclei with a large
number of nucleons. The two main accelerators used for this purpose are the Relativistic Heavy
Ion Collider (RHIC) based at the Brookhaven National Laboratory on Long Island (US) and
the Large Hadron Collider (LHC) based at the border between France and Switzerland, near
Geneva.

1.2.1 Experimental aspects

We start by describing briefly some experimental aspects relating to nucleus-nucleus collisions
relevant for this thesis, and especially the second Part. At RHIC, the heavy nuclei are mainly
atoms of copper (Cu), gold (Au) or uranium (U). At the LHC, most of the data discussed in
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incoming nuclei

strong fields

non-equilibrium QGP

equilibrium QGP

hot hadron gas

freeze out

T

X

Figure 1.3: (Left) Space-time diagram of a nucleus-nucleus collision (figure from [16]). The horizontal
axis is the beam axis, and the vertical axis is the proper time of an observer in the laboratory frame. As
the nuclei are ultra-relativistic, their worldlines lie on the light cone with apex at the collision event.
By Lorentz contraction, the nuclei appear as thin sheets of matter. The hyperboles are lines with
constant fluid proper time τ =

√
T 2 −X2: it is the proper time of an observer comoving with a fluid

element in the Bjorken expansion model. The several stages of the collision between two values of τ
are described. The first stage, during which the partons (mostly gluons) are freed by the collision, lasts
∼ 0.2 fm. In the second stage, with 0.2 . τ . 1 fm, the partonic matter rapidly approaches thermal
equilibrium. The longest stage in the yellow region corresponds to a QGP in thermal equilibrium, up
to τ ∼ 10 fm at the LHC. The cooling of the QGP leads to a hot system of hadron resonances which
finally becomes a system of free hadrons at the freeze-out proper time τ ∼ 10 − 20 fm. (Right) The
coordinate system in the laboratory frame adopted in this thesis. The two incoming nuclei are shown
before the collision, together with their trajectories. A dijet event is illustrated as well: two cascades
of energetic partons develop back to back in the transverse plane with respect to the beam axis.

Part II come from lead-lead (Pb) collisions analysis. A run of xenon-xenon collisions (Xe) also
took place at the LHC during fall 2017.

In such high-energy collisions, two beams of heavy and entirely ionised nuclei accelerated
at nearly the speed of the light circulate in opposite directions in a large synchrotron. The
Lorentz factor of the nuclei in larger than 2500 at the LHC! These two beams meet in specific
locations of the ring where particle detectors are built. When the two beams meet, two nuclei
belonging to their respective beam collide and create a myriad of particles (∼ 35000 on average
in frontal collisions at the LHC) which are measured in the detectors. Understanding what
happens between the collision and the particle detection is the main goal of these experiments.
The current “standard model” of a high energy nucleus-nucleus collision is pictured in Fig. 1.3-
left. Shortly after the collision, a plasma of free quarks and gluons is created that lives during
approximatively 10 fm (∼ 10−23 seconds). After being formed, it expands essentially along the
beam direction, cools down and hadronises into final-state hadrons.

To understand the experimental data shown in Chapter 7, a bit of vocabulary and kinematic
notations are useful.

Laboratory frame. The laboratory frame is an inertial frame such that the center of mass
frame of the two nuclei is fixed at the origin O of the coordinate system. In this frame, the
total 3-momenta of the colliding nuclei vanishes and O is the location of the collision event. To
each event in Minkowksi space, one associates a four vector Xµeµ, with {eµ} the basis vectors
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of the laboratory coordinate system and Xµ the coordinates of the event. This basis is chosen
so that e1 = ex is parallel to the beam axis. The vector e2 = ey is parallel to the impact
vector. The impact vector is a vector in the plane transverse to the collision axis connecting
the centers of the two incoming nuclei. The vector e3 = ez lies in the transverse plane and is
orthogonal to e2. Finally, e0 = et = u where u is the 4-velocity of an observer fixed in the
laboratory frame. This coordinate system is pictured Fig. 1.3-right. For collisions with exactly
zero impact parameter, the choice of the vectors e2 and e3 is arbitrary as long as the basis {eµ}
is orthonormal and direct (in the sense of the metric tensor gµν).

In this frame and coordinate system, one defines the following quantities related to a generic
4-momentum p = pµeµ of a particle:

Energy: E =p0 (1.11)

Transverse momentum: pT =
√
p2

2 + p2
3 (1.12)

Rapidity: y =
1

2
log

(
p0 + p1

p0 − p1

)
(1.13)

Pseudo-rapidity: η =
1

2
log

(√
p2

1 + p2
2 + p2

3 + p1√
p2

1 + p2
2 + p2

3 − p1

)
(1.14)

For massless particles (p2 = pµpµ = 0), one has y = η, and in the mid-rapidity region (y =
0), one has E ' pT . In this thesis, the geometrical aspects of high-energy massless particle
production are simplified: they are considered as produced in the transverse plane with p1 = 0.
Energy and transverse momentum are therefore synonyms. The pseudo-rapidity is related
to the angle θ in the spherical coordinate with axis e1 by η = − log(tan(θ/2)). Finally the
azimuthal angle in these spherical coordinates is defined as pT cos(φ) = py.

Collision energy. An important quantity is the center of mass energy of the collision, noted√
s defined by the first Mandelstam variable:

s = (p1 + p2)2 (1.15)

where p1 and p2 are the 4-momenta of the two colliding particles. Experimentalists control this
quantity by tuning the beam energy Ebeam in the laboratory frame, since

√
s = 2Ebeam. In

nucleus-nucleus collision, this quantity is averaged per nucleons, so that the common quantity
is the

√
s per nucleon pair:

√
sNN =

Z

A

√
s (1.16)

for a generic nucleus A
ZX. At the LHC, most of the data related to jets in heavy-ion collisions

discussed in this thesis have
√
sNN = 2.76 TeV or

√
sNN = 5.02 TeV.

Centrality. The impact vector is difficult to measure experimentally and especially its length,
the impact parameter. Instead, experimentalists use the concept of centrality. Centrality can
be obtained directly from data. There are several ways of defining a centrality. Starting from
a set of events called minimum-biased (meaning there is no further requirement on how these
data should be, besides the registration trigger), these events are sorted according to the value
of an observable N which is a monotonic function of the impact parameter. For instance, one
can bin the events according to the total particle multiplicity or the total energy deposited in
the detectors. One easily understands that the more the impact parameter is small, the more
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Figure 1.4: (Left) Pseudo-rapidity distribution of charged particles measured by the PHOBOS detector
at RHIC in gold-gold collisions for several centrality classes [18]. The bands correspond to systematic
uncertainties. From the left to the right panels,

√
sNN increases from 19.6 GeV up to 200 GeV. The

more the centrality is small, the more the rapidity plateau is high. (Right) pT spectra of charged
particles measured by the ATLAS Collaboration [19] in proton-proton and lead-lead collisions for
several centrality classes. Note that the Pb-Pb spectra are rescaled by the thickness function 〈TAA〉 to
account for the higher hard scattering rate in Pb-Pb collisions (w.r.t pp) as a single nucleus contains
several nucleons.

the total multiplicity or energy is large. Another possible observable is the energy deposited
in the “zero-degree” calorimeter, located close to the beam direction. This energy is related to
the number of spectator nucleons, and therefore increases as the impact parameter increases.

A centrality class 0 − c(n) is then a subset of the data such that a fraction c(n) satisfies
N ≥ n. For instance, in Fig. 7.1a, 0 − 10% centrality means that the events selected for the
measurement belong to the 10% events with highest particle multiplicity.

To relate quantitatively the centrality to the impact parameter b, one uses the following
geometric relation (see e.g. [17]):

c ' πb2

σAAin

(1.17)

This formula neglects the fluctuations in the probability distribution of measuring a value n of
N given the impact parameter b, and assumes that the nucleus A behaves like a “black disk”
for b . R, with R the nucleus radius.

Single particle spectra. As emphasized, nucleus-nucleus collisions at high energy produce
a myriad of particles. To organise the data and get an intuition about the event shape, one
first looks at particle spectra. Once a centrality class is selected, experimentalists measure in
this class the multiplicity of particles more differentially with respect to their kinematics or
their species. There are two basics but important features regarding the particle spectra as a
function of the rapidity (or pseudo-rapidity) and transverse momentum:

• At mid-rapidity, for |y| ' |η| . 2, the particle multiplicity (averaged over all events in a
centrality class) exhibits a flat plateau (see Fig. 1.4-left), meaning that the distribution
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is approximatively boost-invariant along the beam direction. This boost invariance is
a natural consequence of the initial symmetry of the collision: at very high center of
mass energy, all inertial observers sightly boosted with respect to the beam axis in the
laboratory frame see the same collision of two ultra-relativistic nuclei, and thus the same
final particle distribution. As a boost along the beam is equivalent to a shift in the
rapidity y, this explains the central rapidity plateau. The boost invariance with respect
to the beam axis is often called “Bjorken hypothesis” or “Bjorken model” [20].

• The transverse momentum spectra of detected particles is steeply falling with pT , as
shown Fig. 1.4-right. The majority of particles produced in heavy-ion collisions are “soft”,
with pT . O(1) GeV at the LHC. It has recently been observed that the mean pT of
charged hadrons is proportional to the temperature of the plasma [21]. The shape of the
spectrum shown in Fig. 1.4-right naturally divides the possible measurements into two
categories: those related to the “bulk” where soft particles dominate, and those related
to the hard tail of the pT spectrum, called “hard probes”. As we shall see, the physical
mechanisms at play are very different, although each kind provides valuable informations
on the nature of the matter produced in heavy-ion collisions.

1.2.2 Flow in heavy-ion collisions

To understand more precisely the pattern of the bulk particles, one can perform a more refined
measurement than the simple rapidity or pT distribution we have just discussed: measuring pair
correlations. More precisely, one can measure the distribution of particle pairs separated by
an azimuthal angle ∆φ and (pseudo)-rapidity ∆η in a given centrality class. This distribution
C(∆φ,∆η) is shown Fig. 1.5-right, as measured by the ATLAS detector at the LHC in PbPb
collisions. On the left figure, the same distribution is shown in pp collisions for comparisons.
They are dramatically different, enlightening that new physics is involved in heavy-ion collisions
with respect to pp. Indeed, if a heavy-ion collision was only an incoherent “sum” of elementary
pp collisions, the distributions should look the same.

For central and no too peripheral collisions, the pair correlation is almost independent of η,
the large peak at ∆φ = ∆η = 0 excepted. As a function of ∆φ, one observes by eye a cosine
modulation of the correlation, maximal at ∆φ = 0 and π. The picture in pp is very different
even if the peak at ∆φ = ∆η = 0 is present. The correlation depends strongly on η and there
is no cosine-like modulation. We leave the discussion of the peak at ∆φ = ∆η = 0 for the next
section: we will see that QCD predicts strong correlations between almost collinear particles
(thus with ∆φ = ∆η = 0) due to the existence of high pT QCD jets.

On the contrary, what explains the specific pattern of the two-particle correlations in heavy-
ion collisions is generically called “flow”. The flow picture for multi-particle correlations relies on
the following hypothesis (see e.g. [24]): particles are emitted independently in a single event so
that all multi-particle correlations in an event can be obtained from the single particle probabil-
ity distribution. This probability distribution P1(φ, y, pT ) determines the probability of having
one particle with a given rapidity, azimuth and transverse momentum. This probability density
is itself a random variable, as it fluctuates from one event to another. Non trivial correlations
among pairs (as well as higher numbers of particles) are generated by these fluctuations.

In the Bjorken model, P1(φ, y, pT ) does not depend upon rapidity, but has a non trivial
dependence with the azimuthal angle. It is usually expanded as a Fourier series:

P1(φ, y, pT ) =
1

2π

+∞∑
n=−∞

Vn(pT ) exp(−inφ) (1.18)
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Figure 1.5: (Left) Two-particle correlation measured by the ATLAS Collaboration in pp collisions with√
s = 13 TeV and small total multiplicity (less than 20 reconstructed charged particles in the final

state) [22]. The peak at ∆φ = ∆η = 0 due to QCD jets has been truncated. The other local maximum
at ∆η = 0 and ∆φ = π is caused primarily by back-to-back dijet events (i.e. momentum conservation).
(Right) Same quantity measured by the ATLAS Collaboration in lead-lead collisions with

√
sNN = 2.76

TeV [23]. The panels display three different centrality classes. For peripheral collisions (80-90%
centrality), the 2-particle correlation distribution looks like the one in proton-proton collisions on the
left. In most central collisions (0-10%) or a mid-centrality (30-40%), the boost invariance is manifest,
one observes a ∆φ wave, and strong correlations at ∆φ = 0 even for large values of ∆η.

and vn = Vn/V0 is called nth anisotropic flow.
What motivates the flow hypothesis? If the medium created after the collision thermalizes,

the flow hypothesis is naturally justified, since thermalization destroys initial correlations so
that particles are finally emitted independently. If thermalization is a sufficient condition for
flow, one should keep in mind that it is not a necessary condition [25]. The great success
of the flow hypothesis combined with hydrodynamical predictions for P1 in explaining the
experimental data is in itself the best argument in its favour.

From a given model (usually an hydrodynamic picture for the medium evolution), theorists
can predict the single particle distribution P1 and its fluctuations. How is this compared to
data? One cannot measure directly this probability distribution because it is defined event-by-
event: the particle spectrum in one event has intrinsic large statistical fluctuations (essentially
because the number of particles is not that large once kinematic cuts are applied). Instead,
by measuring the pair correlation as in Fig. 1.5, which is averaged of many events, one can
infer the value of the underlying theoretical single particle probability density. Indeed, the flow
hypothesis leads to the following probability distribution for the event-by-event pair correlation
(neglecting for simplicity the pT dependence of Vn):

C(∆φ,∆η) =
1

2π

+∞∑
n=−∞

|Vn|2 exp(n∆φ) (1.19)

=
V 2

0

2π

(
1 + 2

+∞∑
n=1

|vn|2 cos(n∆φ)
)

(1.20)
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so that the nth Fourier harmonics of C(∆φ), traditionally called vn{2} [26] reads

vn{2} ≡ 〈〈exp(n∆φ)〉〉 =
〈|Vn|2〉
〈V 2

0 〉
(1.21)

where the double bracket on the left is an average over pairs in a single event followed by an
average over all events in a centrality class. The average on the right is an event average since
P1 and therefore Vn are also random variables.

In the hydrodynamical picture of the plasma evolution, P1 is dictated by the anisotropy
of the initial energy density profile. This holds for the values of Vn in a single event, but
also for their fluctuations (meaning that the fluctuations of the initial geometry translate into
fluctuations of P1). In non-central collisions, the medium created after the collision is strongly
deformed in the transverse plane (it has an “almond shape”): pressure gradients push more
particles in the direction parallel to the impact parameter than in its perpendicular direction.
This means that one expects higher pair correlations for ∆φ = 0 and ∆φ = π. This explains
the strong cosine modulation, or mathematically the large v2 (elliptic flow [27]), observed in
Fig. 1.5-right at mid-centrality where the initial collision anisotropy is larger. Higher harmonics
in the modulation are driven by v3, v4 etc, [28, 29] themselves related to the anisotropy of the
initial energy density profile and its fluctuations.

Measurements of vn{2} are confronted to theoretical predictions of vn. This constrains the
parameters entering into the hydrodynamical calculation of the single particle distribution P1

such as the viscosity of the plasma [30] (see [31] for a review).

1.2.3 Other probes of the quark-gluon plasma

It is not our intention to give an exhaustive discussion of the experimental probes of the
quark-gluon plasma. Beside flow measurements, other informations about the QCD matter
produced in nucleus-nucleus collisions are inferred from electromagnetic probes: for instance
if the medium thermalizes, thermal photons are emitted and their distribution can provide
interesting informations about the thermodynamics of the plasma (see [32] for a review). There
are also a lot of theoretical and experimental efforts to measure the production of bound states
of heavy quark-antiquark, called quarkonia, in heavy-ion collisions (see [33] for a recent review).
The hot surrounding medium can destroy the binding between the quark and the antiquark.
The suppression of quarkonia was therefore proposed as a signature of quark-gluon plasma
formation [34].

1.3 QCD jets and jet quenching

Jets are collimated spray of energetic hadrons. The formation of such structure at high energy
is predicted by perturbative QCD: the enhancement of soft and collinear radiative processes is a
common feature of (unbroken) gauge theories with a massless gauge boson such as QED or QCD.
In QCD, as gluons can easily radiate soft and collinear gluons because of the self interaction
highlighted in the first section, the development of soft/collinear cascades is accentuated with
respect to QED. Thus, the formation of jets is a direct consequence of the non-abelian nature of
the gauge symmetry. Nowadays, jets are used on a daily basis in collider experiments and precise
tests of the Standard Model often rely on precise predictions regarding QCD jet production.
For a theoretical introduction to jets in pp collisions, we refer the reader to the first part of
Chapter 4.



1.4. READING GUIDE 25

In heavy-ion collisions, jets are also produced. This shows that even if new physical phenom-
ena such as flow are at stake in nucleus-nucleus collisions, the standard features of the strong
interaction like jet production have not disappeared. In Fig. 1.5-left, the peak at ∆φ = ∆η = 0
is caused by QCD jets, since a jet is essentially a collection of collinear particles. In flow
physics, QCD jets are considered as “non-flow” correlations which are removed by implement-
ing a rapidity gap ∆η > ∆ηcut when measuring vn{2}. On the contrary, for jet physics in
heavy-ion collisions, the main topic of this thesis, bulk particles and flow are treated as part of
the background which must be removed.

To reduce the effect of this background, it is advantageous to focus on high pT jets, as those
produced at the LHC. Jet observables belong then to the set of “hard probes” of the quark-
gluon plasma. By the Heisenberg uncertainty principle, high-pT jets are formed over a very
short time, of order 1/pT , after the collision and thus before the medium formation. For such
short time scales, it is allowed to deal with the perturbative degrees of freedom of QCD: the
quarks and gluons. The general physical picture for the jet evolution in proton-proton collision
is the following: a hard scattering between two partons inside the incoming protons typically
produces a pair of high pT partons that propagate back-to-back in the transverse plane. By
hard scattering, we mean that the momentum transfer is large, of order pT . What happens next
to one of these partons? As the parton is not yet on its mass-shell (strictly speaking, on-shell
quarks or gluons do not exist), it can further radiate, predominantly soft and collinear gluons,
which further radiate and so on (as illustrated Fig 1.3-left). This partonic cascade develops over
a large time scale, of order 1/ΛQCD � 1/pT since for times larger than 1/ΛQCD the partonic
picture breaks down.

In heavy-ion collisions, this cascade interacts with the surrounding medium created after the
collision. We shall discuss extensively these interactions in this thesis (e.g. the Introduction 2
of Part I for a brief overview of the plasma-parton interactions). These latter have a significant
effect on jet measurements in heavy-ion collisions with respect to pp collisions. The modification
of jet properties in heavy-ion collisions is commonly named jet quenching. We refer the reader
to Chapter 7 for an introduction about jet quenching measurements at the LHC. The most
salient one is the strong suppression of high pT jets in lead-lead collisions at the LHC.

This thesis deals with jet quenching physics. Starting from pQCD and the parton language,
we develop a new picture for the parton shower in the presence of a quark-gluon plasma (Part I).
This picture includes so far only the expected dominant effects of the plasma-jet interaction in
the so-called leading logarithmic approximation of pQCD. We tried to circumscribe the validity
of our approximations and acknowledge the limitations of this picture as best as possible. The
good qualitative agreements between our calculations and the measurements done at the LHC
for several observables (Part II) are encouraging, and we hope for a better understanding of jet
quenching phenomena from this new foundation in the future.

1.4 Reading guide
To conclude this introduction, we would like to provide a short “reading guide” to precise the
internal logic of this thesis and highlight the new contributions to the field. This thesis is
divided into two parts. The first part is theoretical, while the second part is dedicated to the
phenomenology of jet quenching at the LHC.

The main purpose of Part I is to explain in details the new factorised picture of jet evolution
in a dense QCD medium which is the heart of this work: this is done in Chapter 5 and the
description of the Monte Carlo parton shower based on these ideas is the subject of Chapter 6.

In that respect, the interest of the two opening chapters, Chapter 3 and Chapter 4 is
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twofold. On one hand, it enables to provide the material necessary to understand the arguments
presented in Chapter 5 and the concepts used in Part II. On the other hand, even though no
significant breakthrough is presented in these two introductory chapters, there are some new
developments:

1. We give new (as far as we know) simple analytic formulas for the on-shell and off-shell
gluon emission spectra in a dense medium (Section 3.3.3.3, Eq. (3.140)-(3.141)) with
full dependence on transverse momenta and energy, valid in an expanding medium. We
use these formulas to justify the factorisation between virtuality driven processes and
medium-induced processes detailed in Chapter 5.

2. Still in an expanding medium, the medium-induced spectrum integrated over transverse
momenta from a colour singlet dipole is derived in Section 3.4.2, Eq. (3.198).

3. In the same spirit, the effect of decoherence on in-medium vacuum-like emissions with
short formation times studied in Section 3.4.3 is very important for the resummation
scheme presented in Chapter 5, Section 5.2. This calculation is an important step to
prove that angular ordering holds inside the medium.

4. In Chapter 4, Section 4.2.3.3 (and Appendix E), we present and calculate a new jet
substructure observable relevant in heavy-ion collisions and studied in this context in
Chapter 10: the fragmentation function from subjets [35, 36].

5. In Chapter 4, Section 4.3.4 we give a criterion for the medium dilution so that medium-
induced jet fragmentation satisfies scaling properties.

Then, Chapter 5 is essentially based on the work published in [37]. We give further argu-
ments to justify the physics exposed in this short Letter, and we clearly delineate the approx-
imations behind the resummation scheme. The extension of [37] to Bjorken expanding media
is also extensively discussed.

In Chapter 6, the Monte Carlo parton shower JetMed [38] is presented in details, and
compared to other existing in-medium Monte Carlo parton showers.

The phenomenological study of Part II is entirely based on the theoretical picture for jet
fragmentation and its implementation as a Monte Carlo parton shower described in details in
the first part. All the phenomenological results on the jet nuclear modification factor and jet
substructure observables in PbPb collisions presented in Part II are new. We point out that,
Section 8.3.2 excepted, Chapter 8, Chapter 9 and Chapter 10 are essentially extracted from the
following papers [35, 39, 40].
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Chapter 2

Introduction: jet quenching theory

The next chapter develops in detail the formalism for calculating emission processes in a dense
medium. We will make of course several assumptions, both in the modelling of the medium
and in the dominant effects at play. On the contrary, with the present chapter, we would like
to provide a broad overview of the field in order for the reader to get an intuition about the
context of this thesis.

We have divided this introduction into two sections. The first section focuses on the energy
loss of a test particle while propagating in a quark-gluon plasma. This problem is very well
documented in the literature since the first measurement of the suppression of highly energetic
hadrons in gold-gold collisions at RHIC.

The second section deals with the interplay between the medium effects (and in particular
the energy loss covered in the first section) and the virtuality of the leading parton produced in
the hard partonic scattering. This virtuality is the driven mechanism of jet fragmentation in the
vacuum. There are many models for describing this interplay, but a first principle derivation
in QCD is often missing.

2.1 Parton energy loss in media

There are two approaches for the problem of parton energy loss in a quark-gluon plasma de-
pending on the modelling of the medium. For a weakly coupled medium, the medium can be
described as a collection of scattering centers, and one can calculate the interaction between
the test parton and the scattering centers using weak coupling techniques. In this section,
we review the two main mechanisms for energy loss at weak coupling: the collisional and the
radiative energy loss.

I will not discuss AdS/CFT calculations in the strong coupling regime, as this thesis relies
on perturbative methods. We refer to [41] for a review on this topic. Nevertheless, we point
out that weak coupling methods in QCD at finite temperature work very well even when the
strong coupling constant evaluated at the plasma thermal energy αs(kBTp) is not that small
(∼ 0.4) [42].

2.1.1 Collisional or elastic energy loss

The collisional energy loss is due to the elastic scattering of an incoming energetic on-shell
parton with a plasma constituent. A typical Feynman diagram for the elastic process is shown
Fig. 2.1-left. Bjorken has given a first estimation of the collisional energy loss for a massless
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p, p0 ≫ k0 p′0 = p0 − ∆E ≫ k0

k0 ∼ Tp

p, p0 ≫ q0
i , qi,⊥

q1

k0 = ω, k⊥
q2

Figure 2.1: (Left) Typical Feynman diagram for the leading order calculation of the elastic energy
loss. The red parton is a medium constituent. (Right) Typical Feynman diagram involved in the
calculation of the inelastic energy loss. In the opacity expansion scheme, this diagram appears at the
N = 2 order since there are two scattering centers. The BDMPS-Z result resums all orders in opacity,
in the regime where all momenta transferred are soft.

quark, per unit length x in the plasma [43]:

dE
dx

= −8

3
πα2

sT
2
p

(
1 +

nf
6

)
log
(qmax

qmin

)
(2.1)

where Tp is the plasma temperature, nf the number of active quark flavours in the plasma
and qmin/max the minimal (maximal) momentum transferred by the collision. The minimal
momentum transferred is of order of the Debye mass µD ∼ gTp which characterizes the plasma
(see Chapter 3, section 3.2.3), whereas the maximal momentum transferred is of order p0.

This calculation has then been improved, taking into account quark masses [44], plasma
screening effects [45, 46], finite length effects [47] or running coupling corrections [48] and
corrections beyond t-channel scattering [49]. Multiple elastic collisions are often included via
the linear Boltzmann transport equation with a collision kernel incorporating the elastic 2→ 2
process, as in the LBT jet quenching model [50].

Collisional energy loss is the dominant process at low particle momentum and can bring
non-negligible corrections to radiative processes when quark masses are taken into account
[51, 52]. The goal of this thesis is to develop an unified picture for high-pT jet fragmentation.
For this reason, direct elastic contributions to the energy loss are neglected (i.e. processes
like in Fig. 2.1-left), but the effects of elastic collisions on radiative emissions and transverse
distributions are taken into account.

2.1.2 Radiative or inelastic energy loss

In the radiative process, the scattering centers trigger a gluon emission by putting the incoming
parton off its mass shell. The process is inelastic as an additional parton populates the final
state. We first present the theoretical calculations where only one additional (soft) gluon is
emitted. Then, we present the current strategies to go beyond the single gluon emission process.

2.1.2.1 Single gluon emission

A typical Feynman diagram is shown in Fig. 2.1-right. Radiative energy loss is the dominant
process at high momentum. That is why the second chapter of this thesis is partly dedicated
to the computation of the medium-induced gluon spectrum. From the single gluon emission
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spectrum per unit energy ω, noted dN/dω, it is straightforward to calculate the energy loss:

∆E =

∫
dω ω

dN
dω

(2.2)

where the integration boundaries depend on the validity regime of the calculation of dN . To
get the energy loss per unit length, one can differentiate the result with respect to the path
length of the parton through the medium, noted L.

There are several formalisms in the literature related to the calculation of the radiative
gluon emission and energy loss. For a detailed comparison between all these formalisms, see
[53].

• The Baier-Dokshitzer-Mueller-Peigne-Schiff and Zakharov (BDMPS-Z) formalism resums
multiple scatterings on static colour charges via a path integral that can be computed
explicitly in the multiple soft scattering regime [54, 55, 56, 57, 58, 59, 60, 61]. For a
static medium with quenching parameter q̂ defined as the mean transverse momentum
k⊥ squared acquired via collisions per unit (light cone) time along the eikonal test parton
trajectory, q̂∆t ∼ 〈k2

⊥〉, the gluon emission spectrum per unit energy ω reads:

ω
dNBDPMS−Z

dω
≈ 2αsCR

π

{ √
ωc
2ω

for ω � ωc
1
12

(
ωc
ω

)2

for ω � ωc
(2.3)

with ωc ≡ q̂L2/2. The
√
ωc/(2ω) tail is characteristic of the Landau-Pomeranchuk-

Migdal effect in QCD (see Chapter 3, Section 3.3.3.4). The angular dependence of the
gluon spectrum has been obtained in [62, 63], the generalization to massive quarks in [64]
and expanding media in [62, 65, 66].

• The opacity expansion scheme organizes the calculation in terms of the number of static
scattering centers. This approach has been pioneered by Gyulassy, Levai, and Vitev
(GLV) in [67, 67, 68] for the first leading terms and Wiedemann in [69] for the all order
resummation. This all order resummation reproduces the BDMPS-Z result when the
scatterings are soft. However, the gluon spectrum with N = 1 scattering center gives
somehow a significantly different result:

ω
dNGLV

dω
≈ αsCR

π

q̂L

µ2
D

 log
(
µ2
DL

2ω

)
for ω � 1

2
µ2
DL

π
4

(
µ2
DL

2ω

)
for ω � 1

2
µ2
DL

(2.4)

for a medium with quenching parameter q̂.

• Whereas the two previous formalisms consider static scattering centers, Arnold, Moore
and Yaffe (AMY) calculate gluon production directly in a thermal QCD background
[70, 71].

As emphasized in [72, 73], the modern view to unify the GLV and BDMPS-Z results is the
following: the GLV formula gives an accurate description of the hard tail ω � ωc ∼ q̂L2/2
of the medium-induced spectrum coming from hard single scattering and the Bethe-Heitler
regime ω � ωBH ∼ q̂`2/2, with ` the medium mean free path, whereas the BDMPS-Z result
encompasses the multiple soft scattering regime ωBH ≤ ω ≤ ωc.

On the other hand, the AMY formalism gives a more rigorous description of the interaction
between the test parton and the scattering centers using results from QCD at finite temperature:
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instead of relying on the Gyulassy-Wang model [74] for the elementary scattering cross-section
off plasma constituents as in the BDMPS-Z or GLV calculations, the AMY formalism uses an
hard-thermal-looped resummed version of this cross-section. In the multiple soft scattering
regime, this amounts to a redefinition of the quenching parameter q̂.

In Chapter 3, we present a detailed calculation of the gluon radiative spectrum within a
“CGC-like” formalism inspired by the close relation between gluon production in proton-nucleus
collisions and parton energy loss in heavy-ion collisions [75].

Even if the first QCD calculations of radiative energy loss in plasma date back to the mid
nineties, this is still an active topic. The systemic analytic expansion around the harmonic
oscillator solution started in [72] has been carried out up to the next-to-next-to-leading order
in [76] for the energy spectrum and next-to-leading order for the broadening distribution [77]. A
novel method for resumming multiple scatterings beyond the standard harmonic approximation
can be found in [78].

2.1.2.2 Multiple emissions

Going beyond the single gluon emission in inelastic processes is a complicated task in pertur-
bative QCD, even in the vacuum. Formally, this requires to compute Feynman diagrams with
multiple gluons in the final state. For two gluons, such calculations have been performed in the
series of papers [79, 80, 81, 82] with several approximations (static medium and multiple soft
scatterings approximations for instance).

That said, there is a physical regime where multiple medium-induced emissions can be seen
as a classical branching process, in an approach pioneered by Baier, Mueller, Schiff and Son
to describe thermalization in heavy-ion collisions [83]. In this regime, the resummation of
multiple branchings is done via a Boltzmann kinetic equation with a branching rate given by
the BDPMS-Z one and a collision kernel taking into account elastic 2→ 2 processes. This will
be studied at length in Chapter 4, section 4.3 (see also references therein). Former attempts to
resum multiple medium-induced gluons consider that these emissions follow a Poisson process
[62, 84]. In a certain sense, the effective theory for medium-induced jets described in Chapter 4
Section 4.3 is a generalization of these ideas beyond the Poisson ansatz.

2.2 Interplay between virtuality and medium effects

So far in this introduction, we have implicitly ignored the virtuality of the parton losing part of
its energy in the plasma: the incoming test parton was on its mass shell. However, the driven
mechanism for jet fragmentation in the vacuum1 is the initial virtuality of the parton escaping
the hard scattering. For a jet fragmenting in a dense environment, this should be also true, at
least for high pT jets. Consequently, a picture combining together virtuality-driven radiations
and medium-induced emissions is essential to have a more precise understanding of how jets
evolve in the plasma.

Models. The current treatment of this question is rather incomplete and unsatisfactory. Some
models postulate that the fragmentation occurs as in the vacuum up to some arbitrary virtuality
scale before quenching effects or that the vacuum-like fragmentation occurs completely outside
the medium after the quenching of the virtual leading parton. A more detailed comparison
between Monte Carlo event generators is given in Chapter 4, Section 6.5. There are some notable

1In this thesis, by “vacuum”, we always mean in e+e− or pp collisions.
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counter-examples. For instance, the higher-twist approach [85, 86] in which the vacuum-like
fragmentation in the plasma involves modified DGLAP splitting functions including higher-
twist contributions due to the medium. The parton shower Q-Pythia [87] uses also medium
modified DGLAP splitting functions taking into account medium induced emissions in the
multiple soft scattering regime. Finally, the Monte Carlo event generator Jewel [88] which
uses a selection rule based on formation time arguments in the generation of a vacuum-like
branching or a medium scattering.

Colour coherence. On the theory side, this question has driven recently a lot of activity.
The most important results obtained in this direction are related to the concept of coherence.
A jet is a quantum object, and as such, it has a typical coherence size, or more precisely a
coherence angle in this context. For a jet fragmenting in the vacuum, an emission with a
transverse wavelength larger that the opening angle of the leading dipole at the formation time
of the emission is emitted coherently by the dipole, irrespectively of its internal structure. For a
leading colour singlet dipole, large angle gluon emissions are therefore suppressed. The medium
modifies this coherence property: the multiple interactions with the scattering centers break
the quantum coherence of the jet after a time called the decoherence time. This phenomenon
has been highlighted in [89, 90, 91] from pQCD first principles and some phenomenological
applications are considered in [92, 93, 94]. Note that a similar idea appears also in the reference
[95]. Medium-induced decoherence and the coherence property of jets with respect to the plasma
show that the (quantum) interplay between virtuality and medium effects is not trivial.

Towards an unified picture of jet fragmentation. The presence of a finite volume
medium addresses the problem of jet fragmentation (or more generally the decay of virtual
particles) in an inhomogeneous space-time. In that respect, jet quenching in heavy-ion colli-
sions is a unique background for understanding QCD jet properties in an open quantum system.
There are still open questions but we believe that the theoretical first part of this thesis answers
part of them :

• the concept of “off-shellness” and “on-shellness” when a parton is embedded in a dense
weakly coupled medium is clarified in Chapter 5, Section 5.1.

• In contrast to prior expectations, decoherence has no significant role for the in-medium
vacuum-like fragmentation at leading logarithmic accuracy. However, decoherence plays
a crucial role for the subsequent fragmentation in the vacuum once the medium is diluted.
This is explain in Chapter 5, Section 5.2.

• At this accuracy and in the multiple soft scattering regime, the vacuum-like fragmentation
factorises from the “higher-twist” medium effects. The factorisation scale is not an ad-hoc
arbitrary choice: it is given by the virtuality scale that marks the transition between
off-shellness and on-shellness. This virtuality scale is set by the medium itself.





Chapter 3

Emissions and decays in a dense QCD
medium

In this chapter, we calculate cross-sections for the decays of off-shell or on-shell partons in the
presence of a dense QCD medium. These calculations are performed at leading order in the
strong coupling constant αs when this coupling is not enhanced by the large density of medium
scattering centers, and to all orders in αs in the opposite situation. We provide new analytic
formulas for the full dependence of these cross-sections with the emission kinematics.

Such formulas will be the building blocks for the jet calculations made in the next chapters
since these chapters deal with the all order resummation of the simple processes calculated
here. The formalism used to derive them is inspired from the Colour Glass Condensate (CGC)
formalism [96].

The first section provides benchmark results for the decay of off-shell particles in the vacuum.
The second section deals with our modelling of the dense QCD medium. In the third section,
we discuss medium-induced emissions. In the last section, we examine the medium effects on
quantum interferences in emission processes.

3.1 Some benchmark results in the vacuum

In this section, we recall the main results regarding the decay of a time-like slightly off-shell
parton in perturbative QCD. Roughly speaking, a slightly off-shell time-like parton is an internal
leg of a Feynman diagram such that the kinematics of the final state particles enforce the 4-
momentum squared q2 of the leg to be positive and almost 0 (the propagator “blows up”). A
more precise definition will be given in the context of collinear and soft factorisation.

For simplicity, we consider the e+e− annihilation process so that we do not have to deal
with incoming space-like partons1. As we will only perform leading order calculations in this
chapter, we focus on the corresponding leading order calculation in the vacuum. However,
many results exist beyond leading order [98, 99, 100].

3.1.1 Collinear factorisation at leading order

In this e+e− annihilation process, we assume that the final state is made of n QCD partons,
with 4-momenta labelled by pi, i ∈ {1, ..n} — there is no additional difficulty if the final states
particles are non-QCD partons. We are interested in the limit of the e+e− → {n partons}

1Considering together initial and final state almost on-shell partons rises additional difficulties, see [97]
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amplitude squared when two outgoing partons (say 1 and 2) become collinear. In this con-
figuration, one defines pµ as this collinear direction, with p2 = 0. The splitting fraction z
and the transverse momentum kµ⊥ of the splitting are defined thanks to the standard Sudakov
decomposition of p1 and p2:

pµ1 = zpµ + kµ⊥ −
k2
⊥
z

nµ

2pµnµ
, pµ2 = (1− z)pµ − kµ⊥ −

k2
⊥

1− z
nµ

2pµnµ
(3.1)

with nµ a light-light vector such that kµnµ = 0. The collinear limit is defined by k⊥ → 0.
The leading order factorisation theorem for the tree-level amplitude squared of the process

states that [101]:

|Mn(p1, p2, .., pn)|2 −→
k⊥→0

|Mn−1(p, p3, ..pn)|24παs
z(1− z)

−k2
⊥

Φab
i (z) (3.2)

in the limit where the partons 1 and 2 become collinear. In this result, the colour sums have
been performed as well as the average over the polarizations of the decaying parton i. a and b
are the flavour index of partons 1 and 2 whereas i is the flavour index of the parent parton. In
the collinear limit −k2

⊥ = z(1 − z)(p1 + p2)2 ' p0(z(1 − z)θ)2, with θ the polar angle between
the 3-vectors ~p1 and ~p2.

This formula says that in the collinear limit, the amplitude squared of the process factorizes
into two subprocesses: the e+e− → {n − 1 partons} process and the decay of the almost on-
shell parton i into a and b. Therefore, a classical picture for multiple collinear decays emerges
from this factorisation theorem. In the additional soft limit z → 0, this factorisation formula
becomes, written now at the level of the full differential cross-section:

dσn(p1, p2, .., pn) −→
k⊥→0

dσn−1(p, p3, ..pn)
αsCi
π

dk2
⊥

k2
⊥

dz
z

(3.3)

In this thesis, the factor appearing in front of dσn−1 will often be denoted as the Bremsstrahlung
spectrum or vacuum-like emission spectrum. In this chapter and especially in Section 3.3, we
aim at calculating this soft-collinear factor in the presence of a dense QCDmedium. To calculate
this factor, we use the fact that it can be derived considering the i→ {a, b} process alone, where
i is the decaying parton created at a fixed vertex xµi .

3.1.2 Eikonal factor: soft factorisation at leading order

There is another regime where the same kind of factorisation holds: when one of the final state
gluon is soft. The soft limit of, say p1, is defined as pµ1 → 0, meaning that all components of
the four-vector of the gluon go to zero. In this case, the n-parton tree-level amplitude squared
discussed above factorizes as [100]:

|Mn(k, p2, .., pn)|2 −→
kµ→0

4παs

n∑
i,j=2

Sij(k)|M(i,j)
n−1(p2, ..pn)|2 , Sij(k) =

pµi pjµ
(pµi kµ)(pµj kµ)

(3.4)

The sum, which formally breaks the exact factorisation (contrary to Eq. (3.2)), is a consequence
of gluons carrying colour and thus producing colour correlations between the outgoing partons.
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The amplitude squared |M(i,j)
n−1|2 depends on the prong (i, j) which emits the soft gluon:

|M(i,j)
n−1(p2, ..pn)|2 = [Ma1,..,bi,..,bj ,..,an

n−1 (p2, ..pn)]?T cbiciT
c
bjcj

[Ma1,..,ci,..,cj ,..,an
n−1 (p2, ..pn)] (3.5)

with all the colour indices left explicit. The factor Sij(q) is called the eikonal or soft factor. It
encompasses the soft gluon radiation pattern of an off-shell antenna. We calculate it in details
in the vacuum and estimate it in the presence of a dense medium in Section 3.4.3.

This eikonal factor S has a very interesting property, known as angular ordering. To see
this, let us rewrite it in terms of the opening angle θij of the prong and the angles θgi(j) between
the gluon and the parton i(j):

Sij(k) =
1

k02

1− cos(θij)

(1− cos(θgi))(1− cos(θgj))
(3.6)

=
1

k02

(
S̃ iij + S̃jij

)
(3.7)

In the second line, we split the eikonal factor into two symmetric pieces:

S̃ iij =
1

2

(
1− cos(θij)

(1− cos(θgi))(1− cos(θgj))
+

1

1− cos(θgi)
− 1

1− cos(θgj)

)
(3.8)

For S̃jij, one switches i ↔ j. When the kernel S̃ iij is averaged over the azimuthal angle in
the plane transverse to the direction of the 3-momentum of i, this vanishes if θgi ≥ θij (and
similarly if one averages over the azimuthal angle in the plane transverse to j). This means
that the soft gluon radiation is confined inside a cone of opening angle θij around either the i
or the j direction. This is the angular ordering property. For a general presentation of colour
coherence, we refer the reader to Ref. [102], Chapter 4. A detailed calculation of the azimuthal
integral is done in [101], and we will perform a similar calculation in Section 3.4.3.

3.2 Modelling of the dense QCD medium
In this section, we develop the formalism necessary to set up the calculation of radiative gluon
emissions in the presence of a dense QCD medium. To summarize, the medium is a classical
background gauge field generated by static colour charges in the rest frame of the plasma. These
static colour charges have Gaussian fluctuations to account for the thermal fluctuations of the
plasma. A test particle propagating through the plasma undergoes a Coulomb-like interaction
with the scattering centers.

3.2.1 Infinite momentum frame and conventions

Boosted frame. In order to use the technology and computational tools developed in the
context of eA and pA collisions [75], we always consider the scattering of a projectile moving
with the velocity of light in the positive x3 ≡ z direction on a dense medium, the target,
boosted very close to the light cone and moving in the negative z direction. The projectiles
considered throughout this chapter will be an on-shell or off-shell parton, or a colour dipole.
In the off-shell case, we have of course in mind the decay of highly virtual parton coming from
the hard scattering process.

The frame where the dense medium is boosted near the light-cone branch x+ = 0, named
“boosted frame” therein, is not the same as the laboratory frame defined in the Introduction 1.
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They are related by a boost transformation with parameter β → −1 which leaves the plane
(x, y) = (x1, x2) = (X1, X2) invariant:(

x0

x3

)
=

(
cosh(ψ) sinh(ψ)
sinh(ψ) cosh(ψ)

)(
X0

X3

)
, β = tanh(ψ) (3.9)

In the end, the differential cross-sections obtained in this chapter are boosted back to the
laboratory frame for phenomenological applications. As these cross-sections are boost invariant
along the z direction, this transformation is equivalent to use the laboratory frame values of
all the physical parameters in the formulas derived in the boosted frame. To say it differently,
when plugging numbers into the final cross-section formulas, one can directly use quantities
measured in the laboratory frame, such as the quenching parameter (related to the density of
scattering centers) or the jet path length, to get the cross-section in the laboratory frame.

Light-cone coordinates. It is convenient to introduce the light-cone coordinates defined by
the following transformation:

x+ =
x0 + x3

√
2

, x− =
x0 − x3

√
2

(3.10)

where xµ ≡ (x0, x⊥, x3) is the coordinate system in the boosted frame. The transverse co-
ordinate x⊥ = (x1, x2) ≡ xi orthogonal to the z direction is unchanged by the light-cone
transformation. We adopt the following convention for the metric signature ηµν : (+,−,−,−).
The product of two four vectors u·v is ηµνuµvν = u+v−+u−v+−u⊥v⊥ and the Lorentz invariant
phase space is:

d4p δ(p2 −m2) =
dp+d2p⊥

2p+
(3.11)

We note ∂µ ≡ ∂
∂xµ

the derivative operator. In the light cone coordinate system, ∂+/− = ∂
∂x+/− .

Due to the particular form of the metric in light cone coordinates, ∂+ = ∂− and ∂− = ∂+ so
that ∂µ∂µ = 2∂+∂−−∂2

⊥. We point out that the subscript ⊥ refers to the transverse coordinate
with respect to the direction of motion of the projectile which is also the z axis. This notation
is adopted in order to make a clear distinction with the transverse coordinate with respect to
the beam axis, noted with a “T ” subscript. Also, we use contravariant indices for the transverse
vectors, meaning that ∂ix⊥ ≡ ∂

∂xi
= − ∂

∂xi
. The minus factor is crucial to get the right result for

the interference spectrum in Section 3.4.2.
When dealing with an off-shell incoming projectile, we will always call xµi the coordinate

vector of the vertex where the off-shell particle is emitted. The particle enters the plasma at
light-cone time x+ = x+

0 . We consider massless QCD partons only.

Cross-sections. In this chapter, we basically compute cross-sections. In order to obtain the
right prefactors in front of our formulas, one should be careful with both the normalization of
single particle states and the cross-section definition.

Let us consider that the scattering occurs in a finite 4-dimensional box of volume VB =
SB × T 2

B where SB is the transverse area of the box and TB is the size of the box in the time
and longitudinal direction. In our final formulas, the volume of the box will be sent to infinity.
The cross-section is then defined as:

dσ =
1

TBΦ0

dP (3.12)
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where Φ0 is the flux of incoming particles. In the case at hand, the incoming state is a single
particle state moving with the speed of light in the +z direction. The flux is then given by
|~v|/(SBTB) = 1/(SBTB) (in high energy physics units, with c = 1).

The emission probability dP reads

dP =
| 〈out|in〉 |2

〈out|out〉 〈in|in〉
∏
j

TBSB

(2π)3
dp3

jd
2pj⊥ (3.13)

with all the produced particles in the out state labelled by j. The factor TBSB is required to
enforce ∫

TBSB

(2π)3
dp3d2p⊥ = 1 (3.14)

The single particle states are normalized as follows:

〈p|p〉 = 2p0(2π)3δ(p3 = 0)δ(p⊥ = 0) (3.15)

= 2p0

∫
dx3

∫
d2x⊥ (3.16)

= 2p0SBTB (3.17)

Combining all these expressions together when the incoming state is a single particle state one
finds:

dσ =
1

TB

| 〈out|in〉 |2
2p0

∏
j

dp3
jd

2pj⊥

(2π)32p0
j

(3.18)

=
1

TB

| 〈out|in〉 |2
2p0

∏
j

dp+
j d

2pj⊥

(2π)32p+
j

(3.19)

To get the second line, we have recognized the Lorentz invariant phase space for the emitted
particles. Note the unusual remaining size factor TB. Of course, it will cancel in all our final
results.

3.2.2 The background gauge field Aµm
The dense medium generates a classical background gauge field Aµm. The classical approxima-
tion is natural in the weak coupling limit where the QCD coupling constant g(kBTp), evaluated
at the typical thermal energy of the in-medium partons, is small. At weak coupling, the
tree-level order dominates the projectile-target interactions. As tree-level and classical approx-
imation are equivalent, the weak coupling limit supports the classical nature of the background
gauge field. This gauge field is produced by a classical current of colour charges. In a non-
abelian gauge theory, such a clear separation between sources and gauge field is rather unusual
because the colour current is only covariantly conserved. The choice of the light-cone gauge
leads nevertheless to this simple picture.

We first consider the case of a static medium with a time-independent colour charges density
in the laboratory frame. The extension to the case of a longitudinally expanding medium is
discussed in Section 3.2.4. In the laboratory frame, the 4-current density J µ

m,lab — in the adjoint
representation of SU(Nc) — reads:

J µ
m,lab = ρ̄a(x⊥, X

3)taUµ , Uµ = (1, 0, 0, 0) (3.20)

= ρ̄a
(
x⊥, (X

+ −X−)/
√

2
)
taUµ , Uµ = (1/

√
2︸ ︷︷ ︸

+

, 1/
√

2︸ ︷︷ ︸
−

, 0, 0) (3.21)
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with ρ̄a the charge density and Uµ the four velocity of the fluid in the laboratory frame (which
is also the rest frame of the plasma since the fluid is static).

In the boosted frame defined in 3.2.1, with boost parameter β = tanh(ψ) → −1, the
4-current J µ

m becomes:

J µ
m = ρ̄a

(
x⊥, (e

−ψx+ − eψx−)/
√

2
)
tauµ , uµ = (

+︷ ︸︸ ︷
eψ/
√

2,

−︷ ︸︸ ︷
e−ψ/

√
2, 0, 0) (3.22)

' ρa(x
+, x−, x⊥)taδµ− (3.23)

In the second line, we neglect the + component of the 4-velocity of the fluid, since for β ' −1,
ψ → −∞ and only the minus component remains in this limit. The density ρa is now the
density in the boosted frame ρa ' e−ψρ̄a/

√
2 which is larger than ρ̄a because of the Lorentz

contraction in the z direction. Now, we argue that the x− dependence of the current is irrel-
evant. We are interested in high energy scatterings where the partons propagating through
the medium conserves the + component of their momenta. This boost invariant statement is
formalized within the eikonal regime presented Section 3.3.1.1. We will see that neglecting the
x− dependence of the medium gauge field leads to an exact conservation of the + component of
the projectiles. Consequently, one can take ρa(x+, x−, x⊥) as independent of x− and evaluated
at x− = 0 since the right-mover partons propagate near this light cone branch

ρa(x
+, x⊥) ≈ e−ψ√

2
ρ̄a

(
x⊥,

e−ψ√
2
x+

)
(3.24)

To sum up, the current (3.23) has only one non-trivial minus component, meaning that all the
colour charges of the medium are left movers with the speed of light, and is taken as independent
of x− ≈ 0, simplification valid for eikonal scattering of right-movers. Note however that the
standard approximation in pA collision within the CGC formalism ρa ∝ δ(x+) is not allowed
here for reasons that will become obvious at the end of our calculation: this would neglect
emissions with formation time smaller than the projectile in-medium path length and those are
precisely the interesting ones in jet quenching physics.

Now, let us choose the light cone gauge A+
m = 0 and the 4-current form given by (3.23)-

(3.24). In this gauge, the colour current associated with the colour charges of the medium does
not couple with the gauge field Am, leading to a lot of simplifications. Indeed, the 4-current
(3.23)-(3.24) is, in principle, a leading order result which could receive higher order corrections
from the feedback of the gauge field on the current. However, it is not the case in this gauge
(and in the Lorentz gauge ∂µAµm = 0 as well, see [103] or [104]). To see this, let us write the
covariant conservation of the colour current [Dµ,J µ

m] = 0, which reads in the light cone gauge:

∂+J −m − ig[A+
m,J −m ] = 0 (3.25)

and is automatically satisfied by the form (3.23) with our gauge choice provided that ∂+J −m = 0.
This means that the colour charge distribution ρa in the current (3.23) is independent of x− to
all orders in g. In an other gauge, the current J −m would acquire a higher order x− dependence
via Wilson line conjugation associated with the colour precession of the medium colour charges
in the self-generated gluon field. Thus, the light cone gauge A+

m = 0 enables to have a simple
picture of the medium in the infinite momentum frame with a clear separation between colour
sources and gauge field.

In the light-cone gauge A+
m = 0, it is furthermore possible to solve the classical Yang-Mills



3.2. MODELLING OF THE DENSE QCD MEDIUM 41

equations [Dµ,Fµνm ] = J ν for the gauge field [105]:

∂+(∂µAµm) + ig[Aim, ∂+Aim] = 0 (3.26)
[D−, ∂+A−m]− [Di,F i−m ] = J − (3.27)

∂+F−im + [D−, ∂+Am⊥]− [Dj,F jim] = 0 (3.28)

One easily sees that Aµm(x+, x⊥) is a solution of (3.26), (3.27) and (3.28) if

Aim,a = 0 , ∂2
⊥A−m,a = −gρa(x+, x⊥) (3.29)

The equation (3.29) is very similar to the Poisson equation in electrostatic. It can be solved in
Fourier space:

A−m,a(x+, x⊥) = g

∫
d2k⊥
(2π)2

e−ik⊥x⊥

k2
⊥

ρa(x
+, k⊥) (3.30)

This equation is our starting point to calculate the statistical correlations of the gauge field in
the next subsection.

3.2.3 Statistical properties of Aµm
The collection of colour charges ρa(x+, x⊥) is a statistical field, as in the McLerran-Venugopalan
model [106, 107, 108]. In our modelling of the quark-gluon plasma, this accounts for the thermal
fluctuations of the distribution. For gauge symmetry reasons, the 1-point correlation function
vanishes 〈ρa〉 = 0. For an ideal (non-interacting) quark-gluon plasma in thermal equilibrium,
the colour charges are uncorrelated so that the 2-points correlation functions read:

〈ρa(x+, x⊥)ρb(y
+, y⊥)〉 ≈ nδabδ(x

+ − y+)δ(x⊥ − y⊥) (3.31)

As ρa, the average squared charge density n is the one measured in the boosted frame, n =
e−ψn̄/

√
2, with n̄ the average squared charge density in the plasma rest frame, which scales like

the plasma temperature T 3
p for an ideal quark-antiquark gas with vanishing baryon chemical

potential. For a static, infinite, homogeneous plasma, n̄ does not depend on x+ nor x⊥. The
form of the correlator (3.31) in a longitudinally expanding medium is discussed in the next
section.

We assume Gaussian statistics meaning that the probability distribution is entirely known
from these one-point and two-points correlations. This amounts to neglect the interactions
between the scattering centers and the non-linear self interactions. As we shall see, the latter
approximation is not valid for very long range correlations, larger than the Debye screening
length.

From the linear property of (3.30), the background gauge field A−m is also Gaussian dis-
tributed. Combining equations (3.31) and (3.30) together, one easily finds its 2-point correlator
in coordinate space:

〈A−m,a(x+, x⊥)A−m,b(y+, y⊥)〉 = nδabδ(x
+ − y+)Υ(x⊥ − y⊥) (3.32)

with

Υ(u⊥) = g2

∫
d2k⊥
(2π)2

e−ik⊥u⊥

k4
⊥

(3.33)

Note that we ignore the potential transverse dependence of the squared charge density n in this
calculation. The function Υ is the inverse Fourier transform of the Coulomb elastic scattering
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cross-section Υ̃(k⊥) = g2/k4
⊥. Written like this, the Fourier transform is not well defined due

to the infrared singularity as k⊥ → 0. It has to be regulated in some way. Actually, even for an
ideal quark-gluon plasma, one cannot ignore screening effects: in the rest frame of the plasma,
long range interactions are screened above the characteristic Debye length λD = 1/µD where
µD is the Debye mass. This provides a natural infrared cut-off |k⊥| ≥ µD for the integral (3.33).

To be more precise and for the sake of completeness, we briefly review the two mains
regularizations of(3.33) encountered in the literature:

1. for a thermal plasma in equilibrium, the two-point correlation function of the gauge
field (3.32) is naturally regularized by the retarded propagator with hard thermal loops
resummed. This accounts for Debye screening and Landau damping of the colour fields.
The elastic cross-section reads then [109]:

1

2
n̄Υ̃HTL(k⊥) =

µ2
DTp

k2
⊥(k2

⊥ + µ2
D)

(3.34)

2. Another way to regulate the Coulomb divergence is to consider a Yukawa type cross-
section by analogy between mass screening and Debye screening [110]:

Υ̃Yuk(k⊥) =
g2

(k2
⊥ + µ2

D)2
(3.35)

The emergence of the scale µD in this problem enables to clarify the validity regime of the
assumption of instantaneous and independent interactions during the longitudinal motion of a
test parton through the medium, namely the δ(x+ − y+) in (3.31). First of all, from QCD at
finite temperature (see [42] for a review), one knows that:

µD ∼ gTp (3.36)

in the plasma rest frame. Then, the elastic mean free path ` ∼ 1/(n̄σ`) in this frame is
parametrically of order µ2

D/(g
4n̄) ∼ (g2Tp)−1 with g4/µ2

D the order of magnitude of the elastic
cross-section σ`. Thus, for a weakly coupled quark-gluon plasma:

`� λD (3.37)

The elastic mean free path being much larger than the typical duration of plasma interaction,
it is allowed to treat collisions as independent and instantaneous, at least in the weak coupling
regime.

3.2.4 Bjorken expansion

In order to include the longitudinal expansion of the quark-gluon plasma in our medium mod-
elling, we use a pragmatic approach relying on the results derived in the static case following
[65, 111] for example. By longitudinal expansion, we mean here the expansion of the plasma
in the beam direction X ≡ X1 = x1, which is not the X3 = Z axis of the coordinate sys-
tem in the laboratory frame (see Introduction 1). In the Bjorken model, the plasma is ho-
mogeneous in the transverse direction with respect to beam axis and boost invariant along
the beam direction. This implies that the fluid state variables depend on the proper time
τ =

√
X02 −X12 =

√
T 2 −X2 of fluid elements only. Fluid state variables such as tempera-

ture or density are well defined if the fluid reaches local thermal equilibrium.
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The temperature field is a function of τ : Tp(Xµ) = T̂p(τ). For an ideal hydrodynamical
expansion, T̂p(τ) satisfies [20]:

1

T̂p

dT̂p

dτ
+
c2
s

τ
= 0 (3.38)

where cs ≤ 1/3 is the sound velocity in the plasma, assumed to be constant. The resolution of
(3.38) gives: ( T̂p

T̂0

)3

=
(τ0

τ

)3c2s
(3.39)

meaning that the average squared charge density n̄ (defined in the rest frame of a fluid element)
follows also a power law since n̄ is proportional to T 3

p for an ideal quark-gluon plasma,

n̄(τ) = n̄0

(τ0

τ

)3c2s
. (3.40)

Now we argue that the dominant effect of the longitudinal cooling on the results obtained
in the static case is to introduce a x+ dependence of the squared charge density n(x+) in (3.31)
and (3.32). Indeed, if we focus on a space-time region close to the plane x1 = X = 0 and close
to the light-cone branch x− = 0, one has the following identities:

τ = T = X3 =
e−ψ√

2
x+ (3.41)

This means that in this space-time domain, the longitudinal cooling can be mimicked by a X3

modulation of a static current. We have already justified why the region x− = 0 is relevant
in high energy scatterings. By focusing on the region x1 = 0, we also assume that the highly
energetic partons propagate through the medium in the plane transverse to the beam axis. To
generalize the present results for dijet production at non-zero rapidity, one can use a boost
along the beam direction [111].

Therefore, we can refer to the calculations done in the static case to obtain the current and
the gauge field in the boosted frame (see Eqs. (3.23)-(3.24) and (3.30)). In the end, the only
difference relies in the x+ dependence of n(x+) in the 2-point correlators (3.31) and (3.32).
Using (3.40) and (3.41), one finds n(x+) ' e−ψn̄0(x+

0 /x
+)3c2s with x+

0 = e−ψτ0 the light cone
time at which the projectile enters the plasma in the boosted frame. With n0 = e−ψn̄0 the
initial density in the boosted frame, this is rewritten:

n(x+) = n0

(
x+

0

x+

)γ
, 0 ≤ γ ≡ 3c2

s ≤ 1 (3.42)

We will use explicitly this formula inside the quenching parameter defined in the next section.
The resulting x+ dependence of the quenching parameter is important for the discussions in
Chapter 5, sections 5.1.3 and 5.2.4.

3.3 Medium-induced emissions

3.3.1 Transverse momentum distribution in the eikonal approxima-
tion

Before exploring the medium-induced emission spectrum, let us start with the following more
simple exercise as a warm-up. The projectile is a highly energetic on-shell quark with four-
momentum pµ = (p+, p−, p⊥) and we want to compute the cross-section for producing one quark
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with four momentum p′µ = (p′+, p′−, p′⊥) out of the medium, to all orders in gAµm and order 0 in
g. In the high energy limit, one neglects the quark mass. As usual in quantum field theory, one
must first calculate the scattering amplitude M(p′, p) ≡ 〈p′|p〉. This amplitude depends also
on the spins s, s′ and colours j, j′ of the incoming and outgoing quarks. Then, the differential
cross-section is given by

d3σ

dp′+d2p′⊥
=

1

TB2p0(2π)32p′+

(
1

2Nc

∑
s,s′,j,j′

|M(p′, p)|2
)

(3.43)

From the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula, the amplitude 〈p′|p〉
is related to the truncated quark propagator in momentum space Dtc(p, p

′|Am) according to:

〈p′|p〉 = lim
p2,p′2→0

1

Zψ
ūs(p

′)Dtc(p, p
′|Am)us(p) (3.44)

with Zψ the quark wave function renormalization constant. We keep the dependence of the
quark propagator on the background field explicit (in the vacuum, this calculation would be
pointless since 〈p′|p〉 ∝ δ(4)(p′ − p) for idealized quark asymptotic states). Hence, to calculate
(3.43) to all orders in gAµm, we need to calculate the truncated quark propagator Dtc(p, p

′|Am).

3.3.1.1 In-medium eikonal quark propagation

Calculating Dtc(p, p
′|Am) exactly is complicated. However, in the eikonal regime, there exist

explicit analytic formulas. In this regime, the incoming quark moves along the light cone +
direction with a large p+ →∞ component, i.e. p+ � |p⊥| (and so p− � |p⊥|) which is conserved
during the scattering process p+ ' p′+. This means that the momentum transferred by the
background field, q = p′ − p is small: −q2 � p+2.

There are several methods to obtain the eikonal truncated quark propagator. The S-matrix
element (3.44) in the high energy limit has been obtained for instance in [112] in light-cone quan-
tization using the boost invariance of the S-matrix (see also [113] in conventional quantization).
A pedestrian methods consists in calculating and resumming all the Feynman diagrams with
external field insertions to all orders. The calculation is sketched in [114] and done precisely in
[115, 116]. One can show that the coupling of the incoming particle with the external field is
independent of the representation of the Lorentz group to which the particle belongs. In par-
ticular it is the same for scalar particles as for Dirac fermions. We note γµcl(x

+) = γµcl(0) +uµx+

the classical path of the incoming quark through the medium, parametrized by the x+ coor-
dinate along the quark trajectory with γµcl(0) ≡ (0, x−, x⊥) and uµ = pµ/p+ (uµ in light cone
coordinates). The result of this calculation in the scalar case is then:

Dtc (p, p′|Am) = 2p+

∫
d2x⊥dx− eix

−(p′+−p+)−ix⊥(p⊥−p′⊥)[W (γcl)]j′j (3.45)

where W (γcl) is the Wilson line along the path γµ(x+):

W (xcl) = T

[
exp

(
ig

∫ ∞
−∞

dx+Am,µ(γµ(x+))uµ
)]

(3.46)

The operator T is the usual time ordering operator: in expanding the exponential, the colour
matrices Am,µ are ordered with decreasing time x+ from the left to the right. For fermionic
quarks, the truncated propagator reads ūs(p′)Dtc(p, p

′|Am)us(p) = δss′Dtc(p, p′|Am), reflecting
the fact that quarks conserve their spin in the eikonal limit.



3.3. MEDIUM-INDUCED EMISSIONS 45

Formula (3.45) enables to justify a posteriori why it is allowed to take a x− independent
4-current and background gauge field (it is even more transparent in the derivation done in
[112]). If we are interested in the regime p′+ ' p+, neglecting the x− dependence of Am,µ in
the integral (3.45) gives a δ(p′+ − p+) factor as requested. This is independent of the gauge
choice. It turns out that Am,µ does not depend at all on x− for a current of the form (3.23) in
the light cone gauge A+

m = 0. Hence, for u⊥ = 0:

ūs(p
′)Dtc(p, p

′|Am)us(p) = 4πp+δss′δ(p
′+ − p+)

∫
d2x⊥ e

−ix⊥(p′⊥−p⊥)[W (x⊥)]j′j (3.47)

W (x⊥) = T
[

exp
(
ig

∫ ∞
−∞

dx+A−m(x+, x⊥)
)]

(3.48)

An other approach is to use the worldline formalism to write an exact formal expression for
the propagator. In the worldline formalism, the full scalar quark propagator in the background
field Aµm reads:

D(p, p′|Am) =

∫ ∞
0

dτ
∫
Dx(τ ′) eip

′x(τ)−ipx(0)T

[
exp

(
i

∫ τ

0

dτ ′
1

2
ẋ2 − gAµ,m(x)ẋµ

)]
(3.49)

Then, in the eikonal approximation, the path integral (3.49) is calculated with the saddle-point
method at the lowest order. The saddle point is the classical trajectory of the particle, and
after truncation of the propagator, one gets formula (3.45). This technique explicitly shows that
the eikonal approximation is equivalent to neglect quantum fluctuations around the classical
path. For non-scalar particles, formula (3.49) can be modified to take into account the non-
trivial Lorentz structure. However, in the eikonal/saddle-point approximation, these terms are
irrelevant so Eq. (3.45) is very general.

3.3.1.2 Transverse momentum broadening

When taking the square of the amplitude 〈p′|p〉, this generates a Dirac delta δ(p′+−p+) squared,
which should be understood as:

δ(p′+ − p+)2 ≡ δ(p′+ − p+)
1

2π

∫
dx− (3.50)

= δ(p′+ − p+)
1

2π

TB√
2

(3.51)

The second equality comes from the normalization of the one particle states. Indeed, using the
result (3.48) in the vacuum, that is with W (x⊥) = 1, and for p′ = p one gets:

〈p|p〉 = 4πp+δ(p+ = 0)

∫
d2x⊥ (3.52)

= 2p+SB

∫
dx− =

√
2p+SBTB (3.53)

The last equality is precisely (3.17). Hence, the volume factor TB cancels with the 1/TB in the
cross-section and using 2p0 '

√
2p+ with eikonal accuracy in (3.43), the two factors 1/

√
2 gives

a factor 1/2. Finally, one gets

d3σ

dp′+d2p′⊥
=
δ(p′+ − p+)

(2π)2

1

Nc

∫
d2x⊥d2y⊥e

−i(x⊥−y⊥)(p′⊥−p⊥)Tr
(
W (x⊥)W †(y⊥)

)
(3.54)
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The wave function renormalization constant is equal to one at this order (see [116]). The last
step of the calculation is to average over all statistical configurations of Am using the results of
Section 3.2.3. Performing the trivial integration over p′+, the previous equation becomes:

d2σ

d2p′⊥
=

1

(2π)2

∫
d2b⊥d2u⊥e

−iu⊥(p′⊥−p⊥) 1

Nc

〈
TrW

(
b⊥ + u⊥

2

)
W †

(
b⊥ − u⊥

2

)〉
(3.55)

Thus, we are left with the calculation of the average of two Wilson lines with “impact parameter”
b⊥ and separated by a transverse distance u⊥. The standard way to make this calculation to all
orders in g is to expand the product of the two Wilson lines up to the first non trivial order in g
(leading order in opacity), using the expression for the correlation between the medium gauge
field (3.32). One easily finds, for a medium with constant density in the transverse plane,

1

Nc

〈
TrW

(
b⊥ + u⊥

2

)
W †

(
b⊥ − u⊥

2

)〉
= 1− g2CR

∫ ∞
−∞

dx+n(x+)[Υ(0)−Υ(u⊥)] +O(g4)

(3.56)
CR depends on the representation of su(Nc) in the Wilson line (CR = CF here). To all orders
in gAµm, the average of two Wilson lines exponentiates (see [117]):

1

Nc

〈
TrW

(
b⊥ + u⊥

2

)
W †

(
b⊥ − u⊥

2

)〉
= exp

(
−g2CR

∫ ∞
−∞

dx+ n(x+)
(
Υ(0)−Υ(u⊥)

))
(3.57)

Dipole cross-section. In this chapter as well as in Chapter 4, we will often encounter the
dipole cross-section appearing inside the exponential in (3.57) and defined by:

σd(u⊥) ≡ 2

∫
d2k⊥
(2π)2

(
1− eik⊥u⊥

)
Υ̃(k⊥) (3.58)

= 2
(
Υ(0⊥)−Υ(u⊥)

)
(3.59)

with Υ̃ defined in (3.34)-(3.35). In the case at hand, this dipole is the effective qq̄ dipole formed
by the quark in the amplitude and the “antiquark” in the complex conjugate amplitude. This
dipole cross-section can be estimated in the regime where the transverse size of the dipole u⊥
is smaller than the Debye length. In this case, the integral is controlled by small values of
k⊥ between µD and 1/u⊥ so that a Taylor expansion of the factor (1− exp(ik⊥u⊥)) up to the
second order gives the leading behaviour of σd(u⊥):

u⊥ � λD =⇒ σd(u⊥) =
g2

16π
u2
⊥ log

(
1

µ2
Du

2
⊥

)
+O(u2

⊥) (3.60)

With this estimate, one defines the quenching parameter q̂R in colour representation R:

g2CRn(x+)σd(u⊥) ≡ 1

2
q̂R(x+, u⊥)u2

⊥ +O(u2
⊥) (3.61)

Using (3.61) and (3.58), one gets:

q̂R(x+, u⊥) = 2πα2
sCRn(x+) log

(
1

µ2
Du

2
⊥

)
(3.62)

Thus, the quenching parameter depends on the size of the dipole crossing the medium.
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Let us now come back to (3.57). In order to avoid complications due to the transverse
modelling of the medium, let us consider the differential cross-section per impact parameter.
The final result of this subsection is then:

d4σ

d2b⊥d2p′⊥
=

1

(2π)2

∫
d2u⊥ exp

(
−iu⊥(p′⊥ − p⊥)− g2

2
CR

∫ ∞
−∞

n(x+)σd(u⊥)dx+

)
(3.63)

We now discuss the physical meaning of this equation. The outgoing quark acquires a
transverse momentum after propagation through the medium. One can generally define the
probability distribution P(k⊥, t1, t2) for an incoming quark to end up with a transverse mo-
mentum k⊥ after propagation through the medium between x+ = t1 and x+ = t2:

P(k⊥, t1, t2) =
1

(2π)2

∫
d2u⊥ exp

(
−iu⊥k⊥ −

g2

2
CR

∫ t2

t1

n(x+)σd(u⊥)dx+

)
(3.64)

This probability is properly normalized as σd(0⊥) = 0. It is also explicitly boost invariant in
the sense that one can use the average density of colour charges n measured in the laboratory
frame provided that t1 and t2 refer to the light cone time along the quark trajectory in this
frame. This is a generic feature of all the cross-sections calculated in this chapter.

The harmonic approximation. The harmonic approximation for the quenching parameter
is very well suited for analytic approximations and captures the mean features of the multiple
soft scattering regime. In this approximation, one neglects the logarithmic dependence of the
quenching parameter in (3.61), by fixing u⊥ at the typical transverse size R⊥ encountered in
the calculation at hand,

q̂R(x+) ≡ 2πα2
sCRn(x+) log

(
1

µ2
DR

2
⊥

)
(3.65)

In most of the calculation done in this chapter, the typical transverse size R⊥ is given by the
inverse of the maximal transverse momentum acquired via collisions during a propagation time
L, namely Qs =

√
q̂L2. This enables to define the quenching parameter through the implicit

relation:

q̂R = 2πα2
sCRn(x+) log

(
q̂RL

µ2
D

)
(3.66)

From this equation, one sees that q̂ is reduced by two powers of αs, however, this reduction is
compensated by the large value of n in a dense medium. This is characteristic of the calculations
performed in this section, to all orders in α2

sn. With a constant q̂R, the probability distribution
(3.64) is Gaussian and accounts for the random diffusive walk in the transverse plane of the
quark due to the “kicks” given by the medium constituents. In this thesis, one should keep in
mind that the parameter q̂ is always the adjoint q̂A. Whenever necessary, we restore the index
to avoid any ambiguity. Finally, for an expanding medium, q̂R depends on x+. Using (3.42) in
(3.66), this dependence is written q̂(x+) = q̂0(x+

0 /x
+)γ in the harmonic approximation.

2The antenna pattern in Section 3.4 is an exception, as R⊥ ∼ θqq̄L ≤ 1/Qs if the opening angle θqq̄ of the
dipole is smaller than θc.
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3.3.2 One-gluon emission spectrum

3.3.2.1 Effective generating functional for soft gluon emissions

Now, we turn to the calculation of the one-gluon emission spectrum from an on-shell or off-shell
incoming quark. With respect to the previous section, we are now looking for the cross-section
for producing one gluon with 4-momentum kµ after the propagation of the highly energetic
quark through the medium, to leading (first) order in g but all orders in gAm. We consider a
quark, but as the eikonal propagator of a gluon has the same expression, with a Wilson line
in the adjoint representation, all the calculations of this section are valid for a gluon emission
from an eikonal gluon with the substitution CF → CA.

The basic ingredient of this calculation is the amplitudeM(k, p′, p) ≡ 〈k, p′|p〉 from which
one gets the cross-section:

d6σ

dp′+d2p′⊥dk+d2k⊥
=

1

TB2p0(2π)62p′+2k+

(
1

2Nc

∑
s,s′,λ,j,j′,c

|M(k, p′, p)|2
)

(3.67)

where the sum runs over all initial and final colours j, j′, c, spins s and s′ and physical polar-
izations λ of the emitted gluon. We use the eikonal approximation for the quark propagation.
This means that the emitted gluon cannot be too “hard”. More explicitly, the constraints on
the 4-momentum of the gluon are k+ � p+ ' p′+ and k⊥ � p⊥, p′⊥.

From the LSZ reduction formula, the amplitude M(k, p′, p) is related to the time ordered
three-point Green function of the theory. The generating functional of these Green functions
in QCD in the presence of the background field Am is

Z[Jµ, η̄, η | Am] =

∫
DAµDψ̄Dψ δ(G[Aµ]) exp

(
iSg[A

µ|Aµm] + i

∫
d4x ψ̄i /Dψ

+i

∫
d4x (JµAµ + η̄ψ + ηψ̄)

)
(3.68)

where Sg[Aµ|Aµm] is the part of the Yang-Mills action depending only on the gluon and medium
fields and δ(G[Aµ]) is a gauge-fixing prescription. We work in the (physical) light cone gauge
A+ = 0. As we consider an energetic quark which propagates through the medium, we shall
need to compute correlation functions with at least one ψ̄ and one ψ. It is then convenient to
introduce the following effective generating functional:

Zeff[Jµ|Am] =
(
− i δ

δη̄j
′
s′ (y)

)∣∣∣
η̄=0

(
− i δ

δηjs(x)

)∣∣∣
η=0

Z[Jµ, η̄, η|Aµm] (3.69)

=

∫
DAµDψ̄Dψ δ(G[Aµ])ψj

′

s′ (y)ψ̄js(x) exp
(
iSg[A

µ|Aµm]

+i

∫
d4x ψ̄i /Dψ + i

∫
d4x JµAµ

)
(3.70)

In the eikonal propagation approximation, it is possible to integrate out exactly the fermionic
degrees of freedom using the propagator D(x, y|A+Am) discussed in the previous section. It is
even more convenient to use the truncated propagator δss′Dtc(p, p′|A+Am) in order to reduce
the initial and final quarks according to the LSZ procedure. Our effective generating functional
is then:

Zeff[Jµ|Am] =

∫
DAµδ(G[Aµ])δss′Dtc(p, p′|A+Am) exp

(
iSg[A

µ|Aµm] + i

∫
d4xJµAµ

)
(3.71)
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with Dtc(p, p′|Aµ +Aµm) given by (3.45).
From the LSZ reduction formula, the amplitudeM(k, p′, p) is now related to the one point

function of this effective generating functional:

M(k, p′, p) = lim
k2→0

k2

iZ
1/2
A Zψ

〈Aµ,c(k)〉εµλ(k) (3.72)

〈Aµc (z)〉 ≡ 1

Z0

(
− i δ

δJµ,c(z)

)
Zeff[Jµ|Am]

∣∣∣
J=0

(3.73)

In the light cone gauge A+ = 0, only the transverse components of the polarization vector
εµλ(k) = (0, ε⊥ · k⊥/k+, ε⊥) and Aµ matter. Written explicitly, the above formula is

〈Aic(z)〉 ∝ 1

Z0

∫
DAµ δ(G[Aµ])eiSg [Aµ|Aµm]Aic(z)T

[
eig

∫∞
−∞ dx+ (A−(x+,x−,x⊥)+A−m(x+,x⊥))

]
j′j

(3.74)

where the ∝ symbol abbreviates all the factors and integrals over x⊥ and x− in (3.45). As in the
transverse momentum distribution calculation, we choose a coordinate system where x− and
x⊥ are constant along the classical path of the incoming quark. We point out that the brackets
in (3.74) refer to the quantum expectation value of the quantum operator A and should be
distinguished from the statistical averages over background field configuration performed later
on in this section.

3.3.2.2 Gluon propagators beyond the eikonal approximation

As we shall see after this short digression, the calculation of (3.74) at a given fixed order in gAµ
requires to know the gluon propagator Gµν

ab (z, x) in the background field beyond the eikonal
approximation discussed in (3.3.1.1):

Gµν
ab (z;x|Am) ≡ 1

Z0

∫
DAµδ(G[Aµ])eiSg [Aµ|Aµm]Aµa(z)Aνb (x) (3.75)

We focus here only on the i− component of the gluon necessary to pursue this calculation. The
other components are given in Appendix A and will be used mainly in Section 3.4.

Since the external field appearing in Sg[A
µ|Aµm] does not depend on x−, the propagator

Gµν
ab (z, x) depends on z− and y− only through the difference z− − y−. The linearisation of the

Yang-Mills equations around the background field leads to the following formula for the −i
component3 (see [103] or [118]):

Gi−
ab (z, x|Am) = ∂ix⊥

∫
dk+

2π
e−ik

+(z−−x−) i

2k+2Gab(z+, z⊥;x+, x⊥|k+) (3.76)

with the scalar propagator G satisfying the Green equation(
iδab∂− + δab

∇2
x⊥

2k+
+ gA−m,dT dab

)
Gbc(z+, z⊥;x+, x⊥|k+) = iδacδ(z

+ − x+)δ(2)(z⊥ − x⊥) (3.77)

This propagator satisfies also the Chapman-Kolmogorov relation:

Gab(z+, z⊥;x+, x⊥|k+) =

∫
dw⊥Gad(z+, z⊥;w+, w⊥|k+)Gdb(w+, w⊥;x+, x⊥|k+) (3.78)

3We do not include the k+ + iε prescription for retarded propagators to keep our expressions compact.
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if x+ < w+ < z+.
The solution of the equation satisfied by G has an elegant representation in term of a

path integral as in non-relativistic quantum mechanics. Indeed, Eq. (3.77) is formally a two-
dimensional Schrödinger equation in a non-abelian potential for a particle with effective mass
k+. Its Green function reads:

G(z+, z⊥;x+, x⊥|k+) =

∫ r⊥(z+)=z⊥

r⊥(x+)=x⊥

Dr⊥(ξ) exp

(
ik+

2

∫ z+

x+

dξ ṙ2
⊥(ξ)

)
Wz+

x+ (r⊥(ξ)) (3.79)

In the strict eikonal approximation given by the saddle point evaluation of the path integral,
this propagator reduces to a Wilson line over the classical path in the adjoint representation,
in agreement with our calculation of the gluon eikonal propagator. The propagator (3.79)
includes sub-eikonal corrections by averaging Wilson lines over random quantum motions in
the transverse plane.

One may wonder why the eikonal approximation is not enough for our purposes. The eikonal
approximation is given by the saddle point evaluation of (3.79), approximation valid when the
phase in the exponential is large. For a gluon propagating over a distance L through the
medium, this phase is parametrically of order k+(∆r⊥/L)2L, with ∆r⊥ the typical variation
around the classical trajectory. By the uncertainty principle, ∆r⊥ is of the same order than
1/k⊥ where k⊥ is the measured transverse momentum of the gluon. Consequently, the eikonal
approximation is valid when:

k+
( 1

k⊥L

)2

L� 1⇔ k+

k2
⊥
� L (3.80)

In more physical terms, this inequality means that the variation of the gluon transverse coor-
dinate L∆θ ∼ Lk⊥/k+ while propagating over a distance L is much smaller than the quantum
fluctuation ∼ 1/k⊥ in the transverse motion. That said, we recognize in (3.80) the condition
stating that the formation time of the gluon is larger than the gluon in-medium path length.
This is a too strong condition, as we do not want to focus only on this kinematic regime: we
will see later than many interesting physical phenomena happen when k+/k⊥ � L. Therefore,
we shall use the propagator (3.79) for the emitted gluon.

3.3.2.3 Details of the amplitude calculation

Now, we detail the general method for calculating 〈Ai(z)〉 at a given order in g and all orders
in gAm. To proceed, we expand the time ordered Wilson line in Dtc(p, p′|A + Am) thanks to
the following formula, obtained after discretization of the integral:

T
[
e
∫ xf
xi

dx+A(x+)
]

= lim
N→∞

∏
n=N..1

eεA(xn) (3.81)

with ε = (xf − xi)/N , xn = xi + εn. Keeping only the first two lowest order terms in gAµ, it is
easy to see that∏
n=N..1

eigε(A
−(x+

n )+A−m(x+
n )) =

∏
n

eigεA
−
m(x+

n )+ig
∑
n

∏
p=N..n+1

[
eigεA

−
m(x+

p )
]
εA−(x+

n )
∏

q=n−1..1

[
eigεA

−
m(x+

q )
]

Now, if we take the limit N →∞, we obtain

T
[
eig

∫∞
−∞ dx+(A−(x+,x−,x⊥)+A−m,c(x+,x⊥))

]
=W∞

−∞(x⊥)

+ ig

∫ ∞
−∞

dy+W∞
y+(x⊥)A−(y+, x−, x⊥)W y+

−∞(x⊥) (3.82)



3.3. MEDIUM-INDUCED EMISSIONS 51

where W t2
t1 (x⊥) is the Wilson line (3.48) for a path from x+ = t1 to x+ = t2 with x⊥ fixed.

The first term cancels in the path integral over Aµ in (3.73) because the 1-point quantum
correlation function is null by convention (no tadpoles). The second term involves the gluon
propagator Gi−(z;x|Am) determined in the previous paragraph beyond the eikonal approxima-
tion, which describes the propagation of the gluon inside the medium between the emission
point x = (y+, x−, x⊥) and z. Gathering everything together with the colour indices explicit,
one gets

〈Aic(z)〉 = ig

∫ ∞
−∞

dy+Gi−
cb (z+, z−, z⊥; y+, x−, x⊥|Am)

[
W∞
y+(x⊥)tbW y+

−∞(x⊥)
]
j′j

(3.83)

In this formula, the Wilson lines are in the fundamental representation of su(Nc). To simplify
the colour algebra, it is convenient to express the product of the three matrices inside the
bracket as a colour rotation in the adjoint representation of su(Nc):

W∞
y+(x⊥)tbW y+

−∞(x⊥) = W∞
−∞(x⊥)W †,y+

−∞ (x⊥)tbW y+

−∞(x⊥) (3.84)

= W∞
−∞(x⊥)Wy+

−∞,bd(x⊥)td (3.85)

In the first line, we have used the unitarity of the Wilson lines and in the second line, the
definition of the adjoint representation. Calligraphic letters, as in W , are used for Wilson
lines in the adjoint representation. Inserting this relation and the representation (3.76) of the
propagator into the Fourier transform with respect to z− of the amplitude in coordinate space
(3.83), one finds:∫

dz− eik
+z−〈Aic(z)〉 =

−g
2k+2 e

ik+x−W∞
−∞(x⊥)

×
∫ ∞
−∞

dy+ ∂iy⊥=x⊥Gcb(z
+, z⊥; y+, y⊥|k+)Wy+

−∞,bd(x⊥)td (3.86)

The last step consists in taking the Fourier transform with respect to the remaining z+ and
z⊥ components of the final position of the gluon and to multiply by k2 in order to follow the
LSZ recipe. The multiplication by k2 in Fourier space corresponds to the application of the
operator −2ik+∂−z −∇2

⊥ in the remaining space coordinates.
Now let’s assume that the background field Am goes to 0 at sufficiently large light cone

time y+ ≥ T . Then we split the integral at y+ = T . As T is arbitrary, we can take T → ∞
at the end of the calculation so that the integral between T and +∞ vanishes. In the y+ ≤ T
piece, we insert a Chapman-Kolmogorov relation for the propagator with intermediate time T
and intermediate transverse momentum w⊥:

Gcb(z+, z⊥; y+, y⊥|k+) =

∫
dw⊥Gce(z+, z⊥;T,w⊥|k+)Geb(T,w⊥; y+, y⊥|k+) (3.87)

The propagator G(z+, z⊥;T,w⊥|k+) is free so the operator −2ik+∂−z −∇2
⊥ gives −2ik+δceδ(z

+−
T )δ(w⊥ − z⊥) leading to a trivial w⊥ integral. After Fourier transform, one gets:

k2〈Aic(k)〉 =
ig

k+
eik

+x−W∞
−∞(x⊥)eik

−T

×
∫ T

−∞
dy+

∫
d2z⊥e

−ik⊥z⊥ ∂iy⊥=x⊥Gcb(T, z⊥; y+, y⊥|k+)Wy+

−∞,bd(x⊥)td (3.88)
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In order to have a meaningful mathematical expression in the limit T → ∞, we should have
deformed the light cone z+ integration contour in the Fourier transform with respect to z+ to
ensure the adiabatic switching of the interactions. This amounts to add a small imaginary part
isign(z+)ε4 to the k− component of the 4-momentum k in the previous expression. Using the
following relation obtained after a trivial integration by part in y+:

lim
ε→0

e−εT
∫ T

−∞
dy+ f(y+) = lim

ε→0

∫ T

−∞
dy+ e−εy

+

f(y+) (3.89)

one shows that, apart from the pure phase eik−T which cancels anyway in the amplitude squared,
the limit T →∞ is given by:

k2〈Aic(k)〉 =
ig

k+
eik

+x−W∞
−∞(x⊥)

×
∫ ∞
−∞

dy+ e−ε|y
+|
∫

d2z⊥e
−ik⊥z⊥ ∂iy⊥=x⊥Gcb(∞, z⊥; y+, y⊥|k+)Wy+

−∞,bd(x⊥)td

(3.90)

with the implicit limit ε→ 0 taken after the integration. This concludes the calculation of the
amplitude for the one-gluon emission process at leading order in g. However, this result resums
to all orders gAm by means of Wilson lines. Recall also that the equality here is a small abuse
of notation as one should integrate over x⊥ and x− according to (3.45).

3.3.2.4 The cross-section averaged over Am
The amplitude (3.90) involves three Wilson lines. This means that we should compute the
average of six Wilson lines over background field configurations in order to get the cross-section,
which is a very complicated task. However, in the full cross-section (3.67), we are not really
interested any more on the distribution over the 4-momentum p′ of the outgoing quark. If we
integrate the cross-section (3.67) over p′+ and p′⊥, the integral yields a δ(x⊥− x̄⊥) with x⊥, x̄⊥
the transverse coordinate of the quark in the direct amplitude and in the complex conjugate
amplitude respectively. This considerably simplifies the calculation of the inclusive one-gluon
emission cross-section per impact parameter x⊥:

d5σg

d2x⊥dk+d2k⊥
≡
∫

dp′+
∫

d2p⊥
d8σ

d2x⊥dp′+d2p′⊥dk+dk⊥
(3.91)

since the transverse coordinate x⊥ of the incoming quark is now frozen in the direct and complex
conjugate amplitude. Summing over the polarization states λ and spin s, s′ one gets:

k+ d5σg

d2x⊥dk+d2k⊥
=

1

16π3

1

Nc

∑
j,j′,c,i

|k2〈Aic(k)〉|2 (3.92)

The wave function renormalization constants in (3.72) are equal to 1 at this order and one
checks that all the factors in formula (3.72) (and in particular the 1/TB) give a factor 1/(16π3)
using the same tricks as for the calculation of the transverse momentum distribution.

4ε should not be confused with ε defining retarded propagators.



3.3. MEDIUM-INDUCED EMISSIONS 53

Before writing explicitly the value of the modulus square, we need to perform the colour
algebra:

1

Nc

[W∞
−∞(x⊥)td]j′j × [W ?,∞

−∞ (x⊥)t?,d̄]j′j =
1

Nc

[W∞
−∞(x⊥)td]j′j × [t†,d̄W †∞

−∞(x⊥)]jj′ (3.93)

=
1

Nc

Tr(W∞
−∞(x⊥)tdtd̄W †,∞

−∞ (x⊥)) (3.94)

=
CF

N2
c − 1

δdd̄ (3.95)

It is convenient to make appear the 1/(N2
c − 1) factor for the future average of Wilson lines in

the adjoint representation. Now, the cross-section (3.92) averaged over Am reads:

k+ d5σg

d2x⊥dk+d2k⊥
=

αsCF

(2π)2k+2 2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dȳ+e−ε(|y

+|+|ȳ+|)
∫

dz⊥dz̄⊥e−ik⊥(z⊥−z̄⊥)

× 1

N2
c − 1

〈
Tr ∂iy⊥=x⊥G

†(∞, z̄⊥; ȳ+, y⊥|k+)∂iȳ⊥=x⊥G(∞, z⊥; y+, ȳ⊥|k+)Wy+

ȳ+ (x⊥)
〉

(3.96)

with αs ≡ g2/(4π). We used the property G(y+; ȳ+) = G†(ȳ+; y+) (following the equivalent
property for Wilson lines) to write the integral over ȳ+ ≥ y+ as the complex conjugate of
the one over y+ ≥ ȳ+. Note that the remaining colour precession associated with the Wilson
line Wy+

ȳ+ occurs between the creation time ȳ+ in the complex conjugate amplitude and the
absorption time y+ in the direct amplitude.

The latter expression can be further simplified if we manage to use the locality in light cone
time y+ of the background field correlations. To do so, we use the Chapman-Kolmogorov rela-
tion to write the scalar propagator G†(∞; ȳ+) as the product of two propagators, one between
ȳ+ and y+, followed by one between y+ up to +∞ with intermediate transverse momentum u⊥.
Then,

1

N2
c − 1

〈
TrG†(∞, z̄⊥; ȳ+, ȳ⊥|k+)G(∞, z⊥; y+, y⊥|k+)Wy+

ȳ+ (x⊥)
〉

=

1

N2
c − 1

∫
d2u⊥

〈
TrG†(y+, u⊥; ȳ+, ȳ⊥|k+)G†(∞, z̄⊥; y+, u⊥|k+)G(∞, z⊥; y+, y⊥|k+)Wy+

ȳ+ (x⊥)
〉

=
1

(N2
c − 1)2

∫
d2u⊥

〈
TrG†(y+, u⊥; ȳ+, ȳ⊥|k+)Wy+

ȳ+ (x⊥)
〉

×
〈
TrG†(∞, z̄⊥; y+, u⊥|k+)G(∞, z⊥; y+, y⊥|k+)

〉
(3.97)

Thanks to the locality in time of the background field correlations, the average of the four
Wilson lines factorizes into the product of averages of only two Wilson lines. Now, let us define
the following general quantities:

S̃gg(k⊥, a⊥, b⊥) ≡ 1

N2
c − 1

∫
dz⊥dz̄⊥ e−ik⊥(a⊥−b⊥)e−ik⊥(z⊥−z̄⊥)

×
〈
TrG†(∞, z̄⊥; y+, a⊥|k+)G(∞, z⊥; y+, b⊥|k+)

〉
(3.98)

Kqg(y+, a⊥; ȳ+, b⊥|c⊥) ≡ 1

N2
c − 1

〈
TrG†(y+, a⊥; ȳ+, b⊥|k+)Wy+

ȳ+ (c⊥)
〉

(3.99)

where S̃gg is the equivalent of the Fourier transform of the dipole S-matrix (3.54) with sub-
eikonal corrections and Kqg is the effective qg dipole propagator inside the medium between ȳ+

and y+.
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One can show (see Appendix A) that for Gaussian statistics, S̃gg is a function of a⊥−b⊥ only,
that is S̃gg(k⊥, a⊥, b⊥) = Sgg(a⊥ − b⊥). On top of that, the Fourier transform of the “dipole
S-matrix” Sgg is not modified by sub-eikonal corrections included in the scalar propagator,
namely:

Sgg(u⊥) = exp

(
−g

2

2
CA

∫ ∞
y+

n(x+)σd(u⊥)dx+

)
(3.100)

From our calculation of the average of two Wilson lines for Gaussian correlations in (3.57), the
function Kqg(a⊥; b⊥|c⊥) can be written:

Kqg(y+, a⊥; ȳ+, b⊥|c⊥) = K(y+, a⊥ − c⊥; ȳ+, b⊥ − c⊥) (3.101)

with the general function K defined as a path integral:

K(y+, a⊥; ȳ+, b⊥) =

∫ r⊥(y+)=a⊥

r⊥(ȳ+)=b⊥

Dr⊥(ξ) exp

(
−
∫ y+

ȳ+

dξ
ik+

2
ṙ2
⊥(ξ) +

g2CA
2

n(ξ)σ(r⊥)

)
(3.102)

With these notations, and after a shift of the integration variable u⊥ → u⊥+y⊥, the inclusive
one-gluon medium-induced cross-section reads:

k+ d5σg

d2x⊥dk+d2k⊥
=

αsCF

(2π)2k+2 2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dȳ+e−ε(|y

+|+|ȳ+|)

×
∫

d2u⊥e
ik⊥u⊥Sgg(u⊥)∂iy⊥∂

i
ȳ⊥K(y+, y⊥ + u⊥ − x⊥; ȳ+, ȳ⊥ − x⊥) (3.103)

with the derivative taken at y⊥ = ȳ⊥ = x⊥. This is the main result of this section. It has been
obtained in this form by Armesto, Salgado and Wiedemnann in [62, 64, 69], Zakharov [59, 60]
and BDMPS [56, 61].

Even if this cross-section has been obtained from a “CGC-like” formalism, it is actually very
general and its applicability range goes beyond the traditional underlying assumption of this
formalism. For example, it shown in [69, 72] that using (3.103) with the effective propagator
Kqg calculated at the leading order in opacity (i.e truncating the calculation to the first order
in nσd), one gets the GLV spectrum [67, 67, 68].

In the next section, we shall give some analytical results for the cross-section (3.103) in
the multiple soft scattering regime and in the harmonic approximation, which are the main
underlying assumptions leading to the BDMPS-Z spectrum. From now on, we shall forget
about the dependence of the spectrum on x⊥, the transverse coordinate of the incoming quark.
Integrating over it gives the transverse surface of the target, but if we decide to normalize the
cross-section σg by this surface, the factor cancels. We thus define the gluon spectrum as

k+ d3N

dk+d2k⊥
≡ k+ d5σg

d2x⊥dk+d2k⊥ |x⊥=0⊥

(3.104)

and deal with this quantity for the rest of this section.

3.3.3 The multiple soft scattering regime

In this subsection, we focus on the harmonic approximation which captures the main features
of the multiple soft scattering regime. The harmonic approximation enables to perform almost
entirely analytically the calculation of the complicated formula (3.103).
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3.3.3.1 Some useful analytic formulas

Within the harmonic approximation, Sgg becomes a simple two-dimensional Gaussian function:

Sgg(u⊥) = exp

(
−1

4

∫ ∞
y+

dx+ q̂(x+)u2
⊥

)
(3.105)

The in-medium effective propagator K is delicate to handle written in the form (3.102). Fortu-
nately, exact analytical forms are known in the harmonic approximation. In this case, it reads
(see [65] and Appendix A):

K(y+, u⊥; ȳ+, x⊥) =
−k+

2πiS(y+, ȳ+)
e

−ik+

2S(y+,ȳ+)

[
C(ȳ+,y+)u2

⊥+C(y+,ȳ+)x2
⊥−2u⊥x⊥

]
(3.106)

with C(t, ξ) ≡ ∂ξS(ξ, t) and S(t, ξ) is the solution of the second-order linear differential equa-
tion:

∂2S(t, ξ)

∂t2
+
iq̂A(t)

2k+
S(t, ξ) = 0 (3.107)

S(ξ, ξ) = 0 ,
∂S(t, ξ)

∂t |t=ξ
= 1 (3.108)

The function S satisfies S(t, ξ) = −S(ξ, t). The function C is also a solution of this differential
equation, with different initial conditions though: C(ξ, ξ) = 1 and ∂t=ξC(t, ξ) = 0. Since the
Wronskian Wr(t, ξ) of the differential equation is constant:

Wr(t, ξ) ≡ ∂tS(t, ξ)C(t, ξ)− S(t, ξ)∂tC(t, ξ) = 1 (3.109)

one has [119],

− ∂t
(
C(t, ξ)

S(t, ξ)

)
=

1

S2(t, ξ)
(3.110)

When q̂(t) is only piece-wise continuous, the solutions S and C must be chosen in such a way
that they are continuous and derivable in their first argument at any points (however the second
derivative may not exist everywhere).

In the limit q̂ → 0 or y+ → ȳ+, the effective propagator converges toward the adjoint of the
free scalar propagator:

lim
q̂→0
K(y+, u⊥; ȳ+, x⊥) = G†0(y+, u⊥; ȳ+, x⊥) (3.111)

K(y+, u⊥; ȳ+, x⊥) ∼
y+→ȳ+

G†0(y+, u⊥; ȳ+, x⊥) (3.112)

with the free scalar propagator given by

G0(y+, u⊥; ȳ+, x⊥) ≡ k+

2πi(y+ − ȳ+)
exp

(
ik+(u⊥ − x⊥)2

2(y+ − ȳ+)

)
(3.113)

=

∫
d2q⊥
(2π)2

eiq⊥(u⊥−x⊥) exp

(−i(y+ − ȳ+)

2(k+ + iε)
q2
⊥

)
(3.114)

Using this property, one easily shows that the spectrum (3.103) vanishes in the limit q̂ → 0.
As expected, an on-shell incoming quark cannot radiate in the vacuum.
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3.3.3.2 Importance of the adiabatic prescription

Before giving the analytic results for (3.103) using the expression of Sgg and K, let us make few
comments on the adiabatic regulator ε. In most calculations of the BDMPS-Z spectrum in the
case of a finite path length L, the calculation of (3.103) is performed by cutting the integral over
y+ in pieces: (−∞, 0), [0, L] and (L,∞) in order to use the vacuum propagator G0 wherever it
is necessary. For the in/in term, corresponding to y+ ∈ [0, L] and ȳ+ ∈ [0, y+], the adiabatic
regulator is not necessary since the integral is convergent on the compact domain. However,
if there is no sharp boundary such as in an expanding infinite medium5, this procedure is not
allowed. As the limit ε→ 0 must be taken after the integration, this complicates the analytic
calculation of the full cross-section in the expanding infinite medium case.

In order to highlight how the adiabatic switching works, we calculate the cross-section
(3.103) in the vacuum for an off-shell quark created by a hard process occurring at y+ = 0. We
first take the limit q̂ → 0 in the integral. There are two ways to proceed but in any cases, one
has to keep track of the ε dependence. The first way is to calculate

k+ dN
dk+d2k⊥

=
αsCF

4π2k+2 2Re

∫ ∞
0

dy+

∫ y+

0

dȳ+e−εy
+−εȳ+

×
∫

d2u⊥e
ik⊥u⊥∂iy⊥=0⊥∂

i
ȳ⊥=0⊥G

†
0(y+, y⊥ + u⊥; ȳ+, ȳ⊥) (3.115)

integrating first over u⊥. This gives k2
⊥ exp(ik−(y+ − ȳ+)) so

k+ d3N

dk+d2k⊥
= 2Re

{αsCFk2
⊥

4π2k+2

∫ ∞
0

dy+

∫ y+

0

dȳ+e−ε(y
++ȳ+)+ik−(y+−ȳ+)

}
(3.116)

= lim
ε→0

αsCFk
2
⊥

4π2k+2

(
2

ε2 + k−2 −
1

k−2 + ε2

)
(3.117)

=
αsCF
π2

1

k2
⊥

(3.118)

which is the standard Bremsstrahlung spectrum in the vacuum. Changing the time ordering in
the double integral, one can also choose to integrate first over y+, and even if the calculation
is more difficult, it gives the same result:

k+ dN
dk+d2k⊥

= 2Re
{αsCFk2

⊥
4π2k+2

∫ ∞
0

dȳ+e−2εȳ+

∫
d2u⊥e

ik⊥u⊥2εK0

[
2
(ik+u2

⊥
2

)1/2

ε1/2
]}

(3.119)

= lim
ε→0

2Re
{αsCFk2

⊥
4π2ω2

∫
d2u⊥e

ik⊥u⊥K0

[
2
(ik+u2

⊥
2

)1/2

ε1/2
]}

(3.120)

=
αsCF
π2

1

k2
⊥

(3.121)

where K0 is the zeroth Bessel function of second kind.
Both ways of doing the calculation give the right answer. However, if we decide to forget

about the ε dependence in the integral over ȳ+ in (3.116) or in (3.119), we would have obtained
the Bremsstrahlung spectrum with an incorrect factor 2! [63] We expect this kind of feature to
appear also in the medium calculation with q̂ 6= 0, enlightening the importance of the adiabatic
prescription.

5This academic situation is nonetheless considered in Chapter 5 Section 6.1 or Chapter 4, Section 4.3.4.
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With a non zero q̂, the best we can hope is this spurious factor 2 to be general. Fortunately
it is, and we shall use the following lemma in the next section:

lim
ε→0

Re

∫ ∞
0

dy+

∫ y+

0

dȳ+ e−ε(y
++ȳ+)f(y+, ȳ+) = lim

ε→0
Re

∫ ∞
0

dy+ e−εy
+

×
∫ y+

0

dȳ+f(y+, ȳ+)− 1

2φ2
(3.122)

for f(y+, ȳ+) ∼ exp(iφ(y+− ȳ+)) as y+, ȳ+ →∞, with φ a real phase. This lemma is important
as it enables to forget about the ε dependence in the first integral over ȳ+. In the medium,
one can always find a primitive of the integral over ȳ+ without the exponential adiabatic
switching, thanks to the Wronskian relation (3.110). The remaining integral over y+ is even
often convergent so the limit ε→ 0 is trivial.

The proof of (3.122) goes this way: first, we re-order the integrals, integrating first over ȳ+.
This is allowed as both integrals are convergent as long as ε > 0. Then, we cut the integral
at ȳ+ = T with T large enough so that the the difference |f(y+, ȳ+)− exp(iφ(y+ − ȳ+))| is as
small as desired. This is possible since by assumption, f(y+, ȳ+) ∼ exp(iφ(y+ − ȳ+)) for large
values of y+ and ȳ+. Then, one can remove the ε prescription in the piece with ȳ+ ≤ T , since
the integration domain is compact. On the other piece, one notices:∫ ∞

T

dȳ+

∫ ∞
ȳ+

dy+eiφ(y+−ȳ+)−ε(y++ȳ+) =
i

2φε
+

1− 2iTφ

2φ2
+O(ε) (3.123)∫ ∞

T

dȳ+

∫ ∞
ȳ+

dy+eiφ(y+−ȳ+)−εy+

=
i

φε
+

1− iTφ
φ2

+O(ε) (3.124)

Taking the real part and then the limit ε→ 0 concludes the proof. We emphasize the importance
of Re in the lemma, as well as the condition φ ∈ R.

3.3.3.3 Transverse momentum dependence of the BDMPS-Z spectrum

Without loss of generality, let us assume that the density of scattering centers n(x+) has support
only for x+ ≥ x+

0 , so that the parton enters into the medium at this time. Then q̂(x+) decreases
smoothly with x+. We split the integral over y+ and ȳ+ in three pieces Ib/b, Ib/i and I i/i with
y+, ȳ+ ∈ (−∞, x+

0 ], y+ ∈ [x+
0 ,∞), ȳ+ ∈ (−∞, x+

0 ] and y+, ȳ+ ∈ [x+
0 ,∞) respectively in order

to use the expression (3.106):

k+ d3N

dk+d2k⊥
=
αsCF
π2

(
Ib/b + Ib/i + I i/i

)
(3.125)

If the jet has a finite path length through the medium, meaning that q̂(t) suddenly vanishes
for t ≥ L, one can obtain even more transparent formulas in terms of L. The results for the
brick problem or for an eikonal parton with finite path length through an expanding plasma are
given in Appendix B. Equivalently, if the hard vertex location is distinct from x+

0 , one can use
the junction method described in Appendix B to properly adapt the general formulas presented
in this section.

In/in term. The in/in term is also the spectrum of an off-shell quark created at y+ = x+
0 . If

we introduce the following quantity:

Q2
s(y

+) =

∫ ∞
y+

q̂(ξ)dξ (3.126)



58 CHAPTER 3. EMISSIONS AND DECAYS IN A DENSE QCD MEDIUM

10 1 100 101

t t0 [fm]

10 3

10 2

10 1

100

101

(G
(t)

) a
nd

 
(G

(t)
) [

Ge
V

1 ]

= 1 GeV, t0 = 0.1 fm

G(t) G(t)

Rate functions for infinite jet path length

= 0, q0 = 1.5 GeV2/fm
= 1, q0 = 21 GeV2/fm

 
 

10 1 100 101

t t0 [fm]

10 3

10 2

10 1

100

101

(G
(t)

) a
nd

 
(G

(t)
) [

Ge
V

1 ]

= 1 GeV, t0 = 0.1 fm, L = 4 fm

G(t) G(t)

Rate functions for finite jet path length

= 0, q0 = 1.5 GeV2/fm
= 1, q0 = 21 GeV2/fm

 
 

Figure 3.1: The functions G (plain curves) and Ḡ (dashed curves) for a static medium (γ = 0, red
curves) and an ideal expanding plasma (γ = 1, blue curves). Only the real parts are represented. On
the left hand side, the medium is infinite and G, Ḡ are solutions of (3.130) and (3.135) respectively. On
the right hand side, q̂(t) suddenly vanishes for t ≥ L. The functions G and Ḡ are the only continuous
solutions of the equations (3.130) and (3.135) (see Appendix B). The black dotted curve is the q̂ → 0
limit of G, i.e. 1/(t− t0), which is also the solution of (3.130) when q̂ = 0.

which corresponds to the transverse momentum squared acquired by the gluon during its prop-
agation after y+, the I i/i reads:

I i/i = 2Re

∫ ∞
x+

0

dy+

∫ y+

x+
0

dȳ+−e−ε(y
++ȳ+)

S2(y+, ȳ+)

Q4
s + 2ik+C(ȳ+,y+)

S(y+,ȳ+)
(k2
⊥ +Q2

s)(
Q2
s + 2ik+C(ȳ+,y+)

S(y+,ȳ+)

)3 e

−k2
⊥

Q2
s+2ik+ C(ȳ+,y+)

S(y+,ȳ+) (3.127)

Now, one can use our lemma (3.122) to integrate over ȳ+. Indeed, if q̂(t) goes to 0 at large
time, one sees that the integrand becomes a pure vacuum phase of the form exp(ik−(y+− ȳ+))
and thus satisfies the condition of (3.122). Moreover, one can find a primitive with respect to
ȳ+ when there is no exp(−εȳ+) factor using the change of variable ȳ+ → C(ȳ+, y+)/S(y+, ȳ+).
Naming the function

G(y+) =
C(x+

0 , y
+)

S(y+, x+
0 )

=
∂y+S(y+, x+

0 )

S(y+, x+
0 )

, (3.128)

the final remarkably simple formula for the in/in term, taking into account the correction due
to (3.122) is:

I i/i = 2Re

∫ ∞
x+

0

dy+e−εy
+ G(y+)

Q2
s(y

+) + 2ik+G(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+G(y+)

)
− 1

k2
⊥

(3.129)

To check this result, and in particular the presence of the corrective term in (3.129), one verifies
easily that in the limit q̂ → 0 where Q2

s(y
+) → 0 and G(y+) → 1/(y+ − x+

0 ), one recovers the
standard Bremsstrahlung spectrum 1/k2

⊥. The function G−1 satisfies the following non linear
differential equation (of Riccati kind):

dG−1

dy+
= 1 +

iq̂(y+)

2k+
(G−1)2 , G−1(x+

0 ) = 0 (3.130)



3.3. MEDIUM-INDUCED EMISSIONS 59

and is represented Fig. 3.1-left. For a static medium, with constant q̂(t) = q̂0, the function G
is:

Gbrick(y+) = Ω cotan
(

Ω(y+ − x+
0 )
)
, Ω2 =

iq̂0

2k+
(3.131)

Before/in term. The calculation of the before/in term is more tedious because of the mul-
tiple transverse integrals. However, there is no subtlety due to the limit ε→ 0 as the integrals
over y+ and ȳ+ decouple. To do the calculation, the trick consists in inserting a Chapman-
Kolmogorov relation at intermediate time y+ = x+

0 . The effective propagator between ȳ+ and
x+

0 then reduces to a standard (adjoint) vacuum propagator. Introducing the function:

Ḡ(y+) =
C(x+

0 , y
+)C(y+, x+

0 )− 1

S(y+, x+
0 )C(y+, x+

0 )
=
∂y+C(y+, x+

0 )

C(y+, x+
0 )

(3.132)

one gets:

Ib/i = 2Re

∫ ∞
x+

0

dy+e−εy
+ Ḡ(y+)

Q2
s(y

+) + 2ik+Ḡ(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+Ḡ(y+)

)
(3.133)

− 2Re

∫ ∞
x+

0

dy+e−εy
+ G(y+)

Q2
s(y

+) + 2ik+G(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+G(y+)

)
(3.134)

Note the nice cancellation between the in/in term and the second term of the before/in term in
the full on-shell spectrum. This term has also the right q̂ → 0 limit ∼ −2/k2

⊥ since the function
Ḡ(y+) goes to zero in this limit.

Also, the function Ḡ satisfies again a Riccati differential equation:

dḠ
dy+

+ Ḡ2 +
iq̂(y+)

2k+
= 0 , Ḡ(x+

0 ) = 0 (3.135)

The behaviour of Ḡ is very similar to the one of G since both G and Ḡ satisfy the same
differential equation. The main difference lies in the initial condition and the behaviour at
y+ = x+

0 since G(y+) ∼ 1/(y+ − x+
0 ) whereas Ḡ(y+) → 0. This is clear from Fig. 3.1. For a

static medium, this function reads:

Ḡbrick(y+) = −Ω tan
(

Ω(y+ − x+
0 )
)
, Ω2 =

iq̂0

2k+
(3.136)

Before/before term. Last but not least, the before/before term requires also some care. In
this term, the effective propagator K(y+; ȳ+) is a free propagator and the Fourier transform of
the dipole cross-section Sgg is independent of y+ and ȳ+ since it is associated with the total
transverse momentum acquired during the full propagation. Using the representation (3.114)
of the free scalar propagator, this term reads:

Ib/b = Re

∫
d2q⊥
(2π)2

1

q2
⊥

∫
d2u⊥e

i(k⊥−q⊥)u⊥Sgg(u⊥) (3.137)

= Re

∫
d2q⊥
(2π)2

1

q2
⊥

∫
d2u⊥ exp

(
iu⊥(k⊥ − q⊥)− g2

2
CA

∫ ∞
x+

0

n(x+)σd(u⊥)dx+

)
(3.138)

In the harmonic approximation used so far in this section, the integral over u⊥ is the Fourier
transform of a Gaussian function giving:

Ib/b =
4π

Q2
s

∫
d2q⊥
(2π)2

1

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s

)
(3.139)

with Q2
s ≡ Q2

s(x
+
0 ).
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Full results and discussion. It turns out that the inclusive one gluon emission spectrum
for an incoming on-shell quark has a very simple analytical form in the multiple soft scattering
limit and harmonic approximation. We first give the result for an on-shell incoming quark.
This situation is rather academic since the hard probes of the quark-gluon plasma produced
in heavy-ion collisions are off-shell time-like quarks. However, this spectrum will help us to
understand the physics contained in the off-shell one (cf. Chapter 5). This on-shell spectrum
reads:

k+d3Non-shell

dk+d2k⊥
=
αsCF
π2

[
4π

Q2
s

∫
d2q⊥
(2π)2

1

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s

)
+2Re

∫ ∞
x+

0

dy+ Ḡ(y+)

Q2
s(y

+) + 2ik+Ḡ(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+Ḡ(y+)

)
− 1

k2
⊥

]
(3.140)

where we have removed the adiabatic prescription for compactness. As expected, this spectrum
vanishes in the limit q̂ → 0, since in this limit Ḡ(y+)→ 0, so that the last term cancels exactly
the before/before term.

On the other hand, the spectrum of an off-shell quark from a hard-vertex located at light
cone time x+

i is:

k+d3Noff-shell

dk+d2k⊥
=

2αsCF
π2

Re

∫ ∞
x+
i

dy+ G(y+)

Q2
s(y

+) + 2ik+G(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+G(y+)

)
− αsCF

π2

1

k2
⊥

(3.141)

With respect to (3.129), note that the lower boundary is now x+
i . If the medium “starts” at

x+
0 ≥ x+

i , the function G is the only continuous function satisfying (3.130) for all y+ ≥ x+
i

with G−1(x+
i ) = 0. This off-shell spectrum is more generally considered in the literature, albeit

never written under the simple form (3.141).
Whereas the “off-shell” spectrum is mathematically well defined, the first term of the on-

shell spectrum corresponding to the before/before integral is ill-defined since the integral is
divergent. An infrared cut-off |q⊥| ≥ µ is required for the integral over q⊥ to make sense and
then the question of how choosing this cut-off arises. Note that this feature is not related to the
harmonic approximation. Indeed, the 1/q2

⊥ behavior when q⊥ → 0⊥ of (3.137) is independent
of the value of σd.

As a matter of fact, as on-shell quarks do not exist in QCD because of confinement, it
is natural for the on-shell spectrum to be ill-defined. The divergence of the before/before
term corresponds to huge wave-length gluons with very long formation time formed before the
interaction with the medium and that subsequently undergo transverse momentum broadening.
In a confining theory, there is an upper limit on the formation time, or equivalently an upper
limit on the wave-length of any emission that translates into a lower bound of order µ ∼ ΛQCD

for the q⊥ integral. Note that in the equivalent QED calculation, there is no such singularity
as the emitted photon does not further interact with the medium: this divergence is specific
to QCD [69]. In Section 3.4, where we deal with an initial colour singlet dipole instead of an
on-shell incoming quark, we will see more precisely how the divergence of the before/before
term is cured in pQCD.



3.3. MEDIUM-INDUCED EMISSIONS 61

0.02 0.05 0.1 0.2 0.5 1 2 5 10 50
k  [GeV]

10 2

10 1

100

101

102

Ra
tio

 to
 B

re
m

ss
tra

hl
un

g

L = 4 fm, t0 = 0.1 fm, = 0.25 GeV

= 1 10 GeV
On-shell medium-induced spectrum

= 0, q0 = 1.5 GeV2/fm
= 1, q0 = 21 GeV2/fm

 
 

0.02 0.05 0.1 0.2 0.5 1 2 5 10 50
k  [GeV]

0

1

2

3

4

5

Ra
tio

 to
 B

re
m

ss
tra

hl
un

g

L = 4 fm, t0 = 0.1 fm, ti = 0 fm

= 1 10 GeV
Off-shell medium induced spectrum

= 0, q0 = 1.5 GeV2/fm
= 1, q0 = 21 GeV2/fm

 
 

Figure 3.2: On-shell (left) and off-shell (right) medium induced spectra as a function of k⊥ for several
values of ω ≡ k+. The spectra are normalized by the leading order Bremsstrahlung spectrum. For the
off-shell spectrum, the location of the hard vertex is ti = 0 fm and the parton enters the medium at
t0 = 0.1 fm. For the on-shell spectrum, the bands correspond to the variation of the regularization
scale µ by a factor 2. The red curves correspond to the “brick” medium with constant q̂0 density
(γ = 0), whereas the blue curves correspond to the Bjorken expansion of an ideal relativistic plasma
(γ = 1). For the ideal plasma, the value of q̂0 is chosen to scale with the brick calculation in the
soft limit of the k⊥-integrated BDMPS-Z spectrum (see Fig. 3.3 and discussion on this subject in
Chapter 4-Section 4.3.4).

A curiosity. The µ regularization of the before/before term is of course not unique. It is
interesting to notice that the adiabatic switching prescription provides another natural way
to regularize the integral. A calculation of the before/before term leaving unintegrated the
integral over t ≡ y+ − ȳ+ gives:

Ib/b =
−1

ε
Re

∫ ∞
0

dt
Q4
st+ 2ik+(k2

⊥ +Q2
s)(

Q2
st+ 2ik+

)3 exp

( −k2
⊥t

Q2
st+ 2ik+

− εt
)

(3.142)

The integral is well defined as long as ε > 0 but of course, does not have a finite limit as ε→ 0.
For any non-zero ε, the integral is cut for t = |y+ − ȳ+| ≥ 1/ε. Since |y+ − ȳ+| is also the
formation time of the emission, it is clear that the µ regularization and the ε regularization are
related by:

µ2 ∼ 2k+ε (3.143)

3.3.3.4 Integrated medium-induced spectrum: LPM effect

Now, we investigate the medium-induced spectrum integrated over k⊥. We first naively attempt
to integrate the on-shell spectrum. Indeed, since in this section we are only interested in the
purely medium-induced component and not the virtuality driven part, the on-shellness of the
quark should prevent the existence of a k⊥-divergent Bremsstrahlung component. However, this
is not the case because the medium inevitably puts the quark out of its mass-shell, leading to a
Bremsstrahlung tail at small k⊥ (long formation time). We then consider the standard method
encountered in the literature, where the k⊥ integrated spectrum is defined as the integral of the
off-shell spectrum minus its q̂ → 0 limit. In this case, the collinear singularity of the off-shell
spectrum is regularized by the vacuum limit.
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Integral of the on-shell spectrum. Doing a brute force integration of (3.140), one notices
that the two divergent pieces cancel each other exactly in the limit where the infrared cut-off
defining the before/before term goes to 0. Indeed, the broadening probability (or the Fourier
transform of the dipole cross-section in the more general case) is normalized to 1 once integrated
over k⊥. Thus, we are left with a purely medium induced component, that would vanish in the
absence of the external field, given by:

k+dNon-shell

dk+
=

2αsCF
π

Re

∫ ∞
x+

0

dy+Ḡ(y+) (3.144)

Using the Wronskian relation C∂y+S − S∂y+C = 1, one can perform the integral over y+:

k+dNon-shell

dk+
=

2αsCF
π

lim
T→∞

log
(∣∣∣C(T, x+

0 )
∣∣∣) (3.145)

As it is, this limit is not defined. We will prove this in Chapter 4, Section 4.3.4, but this
can be understood from Fig. 3.1 as well. For a power law decrease of q̂(y+) = q̂0(x+

0 /y
+)γ, Ḡ

behaves like 1/y+ at large y+ if γ ≥ 2, and is therefore non-integrable. The physical reason for
this divergence lies in the collinear singularity at small k⊥. The interactions with the medium
put the parton off-shell and thus, the incoming quark can radiate gluons according to the
Bremsstrahlung spectrum. We shall also come back to this point in Chapter 5. If γ < 2,
G(y+) ∼

√
q̂(y+)/(2iω) for y+ → ∞. In this case, G(y+) is non integrable for a different

reason: the amount of radiations induced by the medium is infinite for an infinite jet path
length because the medium dilutes too slowly. This suggests that one should integrate the
function Ḡ up to y+ = x+

0 + L (another argument based on the shape of the k⊥ spectrum is
given in Appendix B). This integral reads:

k+ dÑ
dk+

=
2αsCF
π

log
(∣∣∣C(x+

0 + L, x+
0 )
∣∣∣) (3.146)

This spectrum is perfectly well defined, whatever the value of γ is. If γ ≥ 2, it includes a
substantial amount of vacuum-like collinear emissions with k2

⊥ & 2k+/L.

Integral of the (regularized) off-shell spectrum. As mentioned above, an alternative
way to proceed consists in subtracting the genuine vacuum Bremsstrahlung contribution to the
off-shell spectrum of a quark created at y+ = x+

0 (i.e we fix x+
i = x+

0 in (3.141)):

k+ dN
dk+

≡
∫

dk2
⊥

(
k+d3Noff-shell

dk+d2k⊥
− αsCF

π2

1

k2
⊥

)
(3.147)

Both terms in the integral lead to a divergence but the full integral is convergent. The genuine
vacuum spectrum can be written as an integral over y+ using (3.129) in the limit q̂ → 0. The
integral over k⊥ is easy and gives:

k+ dN
dk+

=
2αsCF
π

∫ ∞
x+

0

dy+

(
G(y+)− 1

y+ − x+
0

)
e−εy

+

(3.148)

The vacuum regulator corresponds to the limit of G when q̂ → 0, and can be directly derived
from the defining differential equation (3.130) with q̂ = 0.
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As the integral is convergent, one can now remove the adiabatic switching. In order to
control the divergences for y+ → x+

0 ,∞, let us introduce two cut-offs ν and T :

k+ dN
dk+

=
2αsCF
π

lim
ν→0,T→∞

Re

∫ T

x+
0 +ν

dy+

(
G(y+)− 1

y+ − x+
0

)
(3.149)

=
2αsCF
π

lim
ν→0,T→∞

Re

∫ T

x+
0 +ν

dy+∂y+S(y+, x+
0 )

S(y+, x+
0 )

− log
(
(T − x+

0 )/ν
)

(3.150)

=
2αsCF
π

lim
T→∞

log

( |S(T, x+
0 )|

T − x+
0

)
=

2αsCF
π

lim
T→∞

log
(∣∣∣C(x+

0 , T )
∣∣∣) (3.151)

where we used S(x+
0 + ν, x+

0 ) ∼ ν when ν goes to zero. This result has been obtained in [119]
starting directly from the integral over k⊥ of (3.103) with its vacuum limit subtracted.

As for (3.144) the limit (3.151) is not defined if the medium expands too slowly, with a
power γ ≤ 2. In this case, one must also take into account the finite path length L of the
parton through the medium. We refer the reader to the calculations presented in Appendix B
in this case. We show that formula 3.151 is still valid if the argument of the function C is
changed:

k+ dN
dk+

=
2αsCF
π

log
(∣∣∣C(x+

0 , x
+
0 + L)

∣∣∣) (3.152)

Note the nice symmetry between (3.152) and (3.146). On the contrary, if γ > 2, the inte-
grand in (3.149) behaves like q̂(y+)y+/(2iω) at large y+, and is therefore integrable (see again
Section 4.3.4). The collinear divergence highlighted in the on-shell spectrum is cured by the
vacuum subtraction of the same collinear divergence.

The brick case - LPM effect. To understand the specificity of the BDMPS-Z spectrum,
let us consider the brick model where q̂(t) = q̂ for t < L and vanishes for t ≥ L. As shown in
Appendix B where we find the solution C of (3.107) continuous and derivable for all t ≥ 0, one
gets:

Cbrick(0, L) = Cbrick(L, 0) = cos(ΩL) , Ω2 =
iq̂

2k+
(3.153)

so that the BDMPS-Z spectrum reads:

k+dNbrick

dk+
=

2αsCF
π

log
∣∣∣ cos

(1 + i

2

√
q̂

k+
L
)∣∣∣ ≈ 2αsCF

π

{ √
ωc

2k+ for k+ � ωc
1
12

(
ωc
k+

)2

for k+ � ωc
(3.154)

with ωc ≡ q̂L2/2. Note that for the brick model, the spectra (3.152) and (3.146) give the same
result because the cosine function is even.

The
√
ωc/k+ behaviour is a consequence of the so-called Landau-Pomerantchuk-Migdal

(LPM) effect in QCD [120, 121]. The formation of the gluon is a quantum process which is not
instantaneous. The formation time tf as given by the uncertainty principle is tf ∼ 2k+/k2

⊥.
During this time, if it is larger than the medium mean free path `, the quark-gluon pair
interacts coherently with many scattering centers so that the gluon acquires a typical transverse
momentum of order k2

⊥ ∼ q̂tf in the multiple soft scattering regime. Inserting the quantum
relation for tf , one gets the following relation for the formation time tf,med and transverse
momentum kf,med of medium-induced radiations in the multiple soft scattering regime:
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Figure 3.3: Integrated BDMPS-Z spectrum (formula (3.152)) as a function of ω ≡ k+, for a static
medium (γ = 0) and an expanding ideal plasma (γ = 1). The value of q̂0 in the latter case is chosen so
that both spectra scale exactly in the soft limit. The relation is given by (4.97). In this soft limit, the
asymptote is ∝

√
ωc/ω (dotted black line). The dashed blue line is the integrated on-shell spectrum,

i.e. formula (3.146) for comparison.

tf,med =

√
2k+

q̂
, k2

f,med =
√

2q̂k+ (3.155)

Hence, for medium induced emissions, the formation time is fixed once the energy k+ of the
emission is fixed. The condition tf ≥ ` translates into a lower limit in k+: k+ ≥ ωBH ∼ q̂`2 for
the validity of our calculation.

The scale ωc should be understood as the maximal energy of a medium induced emission that
can develop over a time L from multiple scatterings. Indeed, tf,med ≤ L implies k+ < ωc. Then
ωc is also the upper limit of validity of our calculation relying on the multiple soft scattering
and harmonic approximation. This upper limit enables also to better constrain the validity of
the eikonal approximation for the incoming quark: one should impose p+ � ωc. One can find
an equivalent calculation of the gluon emission spectrum relaxing the eikonal approximation
for the incoming parton in [122, 123].

This concludes the study of the BDMPS-Z spectrum in QCD which encompasses the regime
ωBH ≤ k+ ≤ ωc. In the Bethe-Heitler regime, k+ ≤ ωBH, the spectrum k+dN/dk+ scales as
αsL/`, i.e. an incoherent sum of radiation spectra. In the regime k+ ≥ ωc, it becomes dominated
by the contribution coming from a single hard scattering (GLV spectrum, order 1 in opacity).
This regime is captured by the present formalism [72] but requires to go beyond the harmonic
approximation for the dipole cross-section σd.

3.4 Interferences in the multiple soft scattering regime
The last section was devoted to medium-induced emissions by an incoming eikonal quark or
gluon either on its mass shell or infinitely off-shell since created at a vertex with some fixed
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light cone time x+
i . In this section we shall discuss the scattering of a dipole, i.e. a qq̄ pair,

off the medium, assuming that the dipole is initially in a colour singlet state. Considering an
initial colour singlet state enables to study the effects of interferences on the emission spectrum.

This section is organized as follows: the first part sets up the formalism for the calculation
of the emission spectrum from a colour dipole in the medium. The limit q̂ → 0 of the result
gives the eikonal factor presented in 3.1. In the second part, the effect of interferences is stud-
ied in details for medium-induced emissions, removing by hand the standard Bremsstrahlung
emissions. Finally, in the third part, interferences are discussed for the vacuum-like emissions
as well.

3.4.1 Effective generating functional for soft emissions from a colour-
singlet dipole

3.4.1.1 General formalism

We have already developed the major part of the formalism necessary to set-up the calculation
of a gluon emission from a qq̄ pair. Hence, we shall give less details in this section and refer
the reader to Section 3.3.2. Our starting point will be again an effective generating functional
for soft gluon emissions where the fermionic degrees of freedom have already been integrated
out using the eikonal propagators for the quark and antiquark in the presence of an external
(quantized and/or classical) gauge field.

The main difference with respect to the previous section is the initial colour state of the qq̄
pair. This state is the colour singlet state:

|φ〉 =
1√
Nc

∑
α

|α〉 ⊗ |α〉 (3.156)

with {|α〉} a basis of the fundamental representation of SU(Nc). It is the only normed state of
a qq̄ pair invariant under all colour rotations. The effective generating functional for processes
involving a qq̄ pair in the initial and in the final state is:

Zeff[Jµ|Am] =
1√
Nc

∑
α

∫
DAµδ(G[Aµ])Dtc,βα(p, p′|A+Am)Dtc,γ̄α(p̄, p̄′|A+Am)

× exp

(
iSg[A

µ|Aµm] + i

∫
d4xJµAµ

)
(3.157)

where we have omitted the spin dependence δss′ , δs̄s̄′ and written explicitly the colour indices
of the truncated propagators in order to highlight the fact that the initial state is fixed. This
generating functional fully incorporates the quark degrees of freedom in the eikonal limit, via a
colour rotation of the dipole from the state |φ〉 to a generic state |β〉⊗|γ〉. Note that the Wilson
line for the anti-quark truncated propagator is in the conjugate fundamental representation.

We are interested in the gluon emission cross-section with the qq̄ pair in the final state,
but we do not care about the dependence of this cross-section with respect to the final state
momenta p′ and p̄′. If we integrate over the kinematic variables of the final qq̄ pair, the classical
paths in (3.45) of both partons will be frozen in the amplitude and in the complex conjugate
amplitude, as noticed in Section 3.3.2.4. For the inclusive gluon emission cross-section, one
can directly replace the truncated propagator Dtc in (3.157) by Wilson lines along the frozen
classical paths.

Let us then call γµq (x+) and γµq̄ (x+) the respective classical path of the quark and the
antiquark in Minkowski space. It is convenient the choose x+ as the parameter along the path
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of both particles because x+ plays the role of time in light-cone coordinates for a right mover
at the speed of light. In light cone coordinates, these paths are parametrised according to:

γµq (x+) = (x+, γ−q (x+), γq⊥(x+)) (3.158)
γµq̄ (x+) = (x+, γ−q̄ (x+), γ q̄⊥(x+)) (3.159)

so that the quark and antiquark Wilson lines read:

W q,∞
−∞,βα(γq|A+Am) = T

[
exp

(
ig

∫ ∞
−∞

dx+
(
Aµa(γq) +Aµm,a(γq)

)
tauµ

)]
βα

(3.160)

W
q̄,∞
−∞,γ̄α(γq̄|A+Am) = T

[
exp

(
− ig

∫ ∞
−∞

dx+
(
Aµa(γq̄) +Aµm,a(γq̄)

)
taūµ

]]
αγ̄

(3.161)

with uµ = dγµq /dx+, ūµ = dγµq̄ /dx+ constant “4-velocity” vectors. These 4-vectors are related
to the 4-momentum of the quark and the antiquark by pµ ' p′µ = p+uµ and p̄µ ' p̄′µ = p̄+ūµ.

The inclusive one gluon emission probability is related to the one-point vacuum expectation
value given by our effective generating functional through the LSZ reduction formula. In the
light-cone gauge, only the transverse components Ai, i = 1, 2 contribute to the matrix elements
for the gluon emission. Consequently, we consider

〈Aia(z)〉 =
1

Z0

(
−i δ

δJi,a(z)

)
Zeff[Jµ|Aµm]

∣∣∣
J=0

(3.162)

in order to obtain

k+ d3N

dk+d2k⊥
= lim

k2→0

1

16π3

〈∑
β,γ̄

∑
a,i

∣∣∣k2〈Aia(k)〉
∣∣∣2〉 (3.163)

where the big brackets refer to a statistical average. All the spin sums have already been
performed and there is no average over initial colours since the initial state is fixed. As in
(3.104), the surface of the target has been integrated out.

3.4.1.2 Summary of the cross-section calculation

Amplitude. Then, we proceed in the same way as in the last section: we develop the gener-
ating functional up to the first order in gAµ thanks to the following expansion of the Wilson
line:

W q,∞
−∞,βα(γq|A+Am) =W q,∞

−∞,βα

+ ig

∫ ∞
−∞

dy+
[
W q,∞
y+ Aµb (γq(y

+))tbuµW
q,y+

−∞

]
βα

+O(g2AµAνuµuν)

(3.164)

where all the Wilson lines in the right hand side are Wilson lines over the external field only.
The generalization for the antiquark Wilson line (3.161) is straightforward.

Consequently, to the first order in g but all orders in gAm, the vacuum expectation value
of Aia reads (we have again omitted the tadpole terms):

〈Aia(z)〉 =
ig√
Nc

[
W q,∞
−∞

∫ ∞
−∞

dy+Giµ
ab(z, γq(y

+))uµWq,y+

−∞,bct
c
]
βα

[
W q̄,∞†
−∞

]
αγ̄

− ig√
Nc

[
W q,∞
−∞

]
βα

∫ ∞
−∞

dx+Giν
ab̄(z, γq̄(x

+))ūνW q̄,x+

−∞,b̄c̄

[
tc̄W q̄,∞†

−∞

]
αγ̄

(3.165)
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In this expression, we have introduced the gluon propagator Gµν(z, x) defined in (3.75). The
sum over α associated with the colour singlet state is implicit. The y+ coordinate corresponds
to the emission time of the gluon from the quark, whereas x+ is the emission time from the
antiquark. We have also written the conjugation of the matrices tb and tb̄ as colour rotations
with Wilson lines in the adjoint representation Wq,y+

−∞,bc and W
q̄,∞†
−∞ , as in the calculation (3.84).

Using the representation of Gµν(z, x) in terms of the scalar propagator in the background
field and the generalization of formula (3.76) for the other Lorentz indices given in Appendix A,
we perform the Fourier transform with respect to z−:∫

dz− eik
+z−〈Aia(z)〉 =

ig

2k+
√
Nc

∫ ∞
−∞

dy+eik
+γ−q (y+)

(i∂iy⊥
k+

+ ui
)
Gab(z+, z⊥; y+, y⊥|k+)Wq,y+

−∞,bc ×
[
W q,∞
−∞ t

c
]
βα

[
W q̄,∞†
−∞

]
αγ̄

− ig

2k+
√
Nc

∫ ∞
−∞

dx+eik
+γ−q̄ (x+)

(i∂ix⊥
k+

+ ūi
)
Gab̄(z+, z⊥;x+, x⊥|k+)W q̄,x+

−∞,b̄c̄

[
W q,∞
−∞

]
βα

[
tc̄W q̄,∞†

−∞

]
αγ̄

(3.166)

In this formula, it is implicit that the transverse coordinates y⊥ and x⊥ are evaluated at
the corresponding transverse position of the quark and the antiquark, i.e. y⊥ = γq⊥(y+) and
x⊥ = γ q̄⊥(x+). With respect to Eq. (3.86), the main difference is in the pure phase eik+γ−q (y+)

(and similarly for the antiquark) that appears inside the integral over the emission time and
not outside. Indeed, in the present calculation, one cannot generally find a coordinate system
where both the quark and the antiquark have a classical path γ(x+) with constant transverse and
minus components. These phases have important consequences as we shall see when discussing
the result of this calculation.

Colour algebra. Before completing the Fourier transform of the vacuum expectation value of
Aia(z), it is convenient to perform the colour algebra when summing over all final colour indices
β and γ̄ of the qq̄ pair in the amplitude squared. This amplitude squared contains four terms
corresponding to a direct emission by the quark, by the antiquark and the two interferences
terms. The choice of the initial state of the dipole (the summation over α) enables to simplify
the colour algebra in the product between the amplitude and its complex conjugate. For
instance, the algebra for the interference terms reads:

1

Nc

∑
α1,α2,β,γ̄

[W q,∞
−∞ t

c]βα1 [W q̄,∞†
−∞ ]α1γ̄[W

q,∞†
−∞ ]α2β[W q̄,∞

−∞ t
c̄]γ̄α2 (3.167)

=
1

Nc

∑
α1,α2

tcα2α1
tc̄α1α2

=
1

Nc

Tr(tctc̄) (3.168)

=
CF

N2
c − 1

δcc̄ (3.169)

In fact, all the four terms give the same δcc̄CF/(N2
c − 1) factor, so we will not write explicitely

the fundamental Wilson lines appearing in Eq. (3.166) in the following formulas.
Finally, the application of the k2 operator in coordinate space −2ik+∂−z −∇2

⊥ and the Fourier
transform to momentum space work exactly as in the calculation of a soft gluon emission by
a quark. It is again important not to forget the adiabatic switching of interactions, and the
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analogous of formula (3.90) is:

k2〈Aia(k)〉 = g

∫ ∞
−∞

dy+e−ε|y
+|+ik+γ−q (y+)

∫
d2z⊥e

−ik⊥z⊥
(i∂iy⊥
k+

+ ui
)
Gab(z+, z⊥; y+, y⊥|k+)Wq,y+

−∞,bc

− g
∫ ∞
−∞

dx+e−ε|x
+|+ik+γ−q̄ (x+)

∫
d2z⊥e

−ik⊥z⊥
(i∂ix⊥
k+

+ ūi
)
Gab̄(z+, z⊥;x+, x⊥|k+)W q̄,x+

−∞,b̄c̄ (3.170)

The indices c and c̄ are free but they will be contracted with δcc̄ once the amplitude is squared.

Amplitude squared. The last step consists in squaring this amplitude. We expect that the
direct terms by the quark or the antiquark to be very close to (3.96), apart from the phase
eik

+γ−(y+). The full gluon cross-section is decomposed as:

k+ d3N

dk+d2k⊥
= k+ d3N qq

dk+d2k⊥
+ k+ d3N qq̄

dk+d2k⊥
+ (q ↔ q̄) (3.171)

The two terms (q ↔ q̄) are calculated switching the quark and the antiquark in the formulas.
The direct emission spectrum from the quark is:

k+ d3N qq

dk+d2k⊥
=
αsCF
(2π)2

2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dȳ+e−ε(|y

+|+|ȳ+|)eik
+(γ−q (y+)−γ−q (ȳ+))

∫
dz⊥dz̄⊥e−ik⊥(z⊥−z̄⊥)

(i∂iy⊥
k+

+ ui
)(−i∂iȳ⊥

k+
+ ui

) 1

N2
c − 1

〈
TrG†(∞, z̄⊥; ȳ+, ȳ⊥|k+)G(∞, z⊥; y+, y⊥|k+)Wq,y+

ȳ+

〉
(3.172)

and the derivatives are taken at y⊥ = γq⊥(y+), ȳ⊥ = γq⊥(ȳ+).
The qq̄ term is a sum of two terms from the amplitude (3.170) squared:

k+ d3N qq̄

dk+d2k⊥
≡
∫ ∞
−∞

dy+

∫ y+

−∞
dx̄+ ...+

∫ ∞
−∞

dȳ+

∫ ȳ+

−∞
dx+ ... = 2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dx̄+ ... (3.173)

with, as usual, the integration variable x+ coming from the complex conjugate amplitude noted
x̄+. Moreover, in the interference term, the productWq,y+

−∞W q̄,x̄+†
−∞ cannot be simplified as easily

as in the direct terms. This product is responsible for the effect that we will discuss in details
in this section: decoherence.

k+ d3N qq̄

dk+d2k⊥
=
−αsCF
(2π)2

2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dx̄+e−ε(|y

+|+|x̄+|)eik
+(γ−q (y+)−γ−q̄ (x̄+))

∫
dz⊥dz̄⊥e−ik⊥(z⊥−z̄⊥)

(i∂iy⊥
k+

+ ui
)(−i∂ix̄⊥

k+
+ ūi

) 1

N2
c − 1

〈
TrG†(∞, z̄⊥; x̄+, x̄⊥|k+)G(∞, z⊥; y+, y⊥|k+)Wq,y+

−∞W q̄,x̄+†
−∞

〉
(3.174)

and the derivatives are taken at y⊥ = γq⊥(y+), x̄⊥ = γ q̄⊥(x̄+). These results have been obtained
independently in [124] and in [91].

3.4.1.3 Medium average

In order to go beyond the previous equations, we need to average over the background field
describing the medium. The two basic ingredients are the medium average of two Wilson lines
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calculated in (3.57) with equal initial and final times, and the fact that the background field
correlations are local in time.

In Eq. (3.57) the two classical paths have a very simple dependence with x+, namely u− = 0
and u⊥ = 0⊥. The generalization for generic paths is straightforward:

1

N2
c − 1

〈
TrWy+

2

y+
1

(
γ
)
Wy+

2 †
y+
1

(
γ′
)〉

= exp

(
−g

2

2
CA

∫ y+
2

y+
1

dx+ n(x+)σd
(
γ⊥(x+)− γ′⊥(x+)

))

' exp

(
−1

4

∫ y+
2

y+
1

dx+ q̂A(x+)
(
γ⊥(x+)− γ′⊥(x+)

)2

)
(3.175)

We used the harmonic approximation for the dipole cross section σd in the second line.
The Chapman-Kolmogorov relation for G is inserted in (3.172) and (3.174) in order to use

the locality property. In the direct term, this is done as in (3.97). In the interference term,
one does the same trick without forgetting to decompose the adjoint Wilson line for the quark
colour rotation: Wq,y+

−∞ = Wq,y+

x̄+ Wq,x̄+

−∞ . The final result involves then the Fourier transform of
the dipole cross-section Sgg related to the broadening of the final state gluon defined in (3.98),
the effective propagators Kqg and Kq̄g which depends on the path of the qq̄ pair and a colour
dipole in the adjoint representation Sqq̄:

Sqq̄(x̄
+, z+) ≡ 1

N2
c − 1

〈
TrWq,x̄+

z+ W q̄,x̄+†
z+

〉
(3.176)

It is interesting to notice that an adjoint dipole appears in relation with a qq̄ dipole. This
function describes the colour precession of the colour currents of the quark and antiquark and
not that of their colour states. They are objects belonging to the adjoint representation contrary
to the states, which are in the fundamental one. See [91] for more details.

This average can be calculated from the formula (3.175). With all these pieces, the direct
and interference terms for the gluon emission cross-section read6:

k+ d3N qq

dk+d2k⊥
=
αsCF
(2π)2

2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dȳ+e−ε(|y

+|+|ȳ+|)eik
+(γ−q (y+)−γ−q (ȳ+))

×
(i∂iy⊥
k+

+ ui
)(−i∂iȳ⊥

k+
+ ui

)∫
d2v⊥e

ik⊥v⊥Sgg(v⊥)Kqg(y+, y⊥ + v⊥; ȳ+, ȳ⊥|γq)
(3.177)

k+ d3N qq̄

dk+d2k⊥
=
−αsCF
(2π)2

2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dȳ+e−ε(|y

+|+|ȳ+|)eik
+(γ−q (y+)−γ−q̄ (ȳ+))Sqq̄(ȳ

+,−∞)

×
(i∂iy⊥
k+

+ ui
)(−i∂iȳ⊥

k+
+ ūi

)∫
d2v⊥e

ik⊥v⊥Sgg(v⊥)Kqg(y+, y⊥ + v⊥; ȳ+, ȳ⊥|γq)
(3.178)

with the derivative taken as explained above. Because of the non-trivial paths followed by the
quark or the antiquark, the effective propagators Kqg (or Kq̄g) are a bit more complicated than

6We have renamed the bound variables ȳ+ = x̄+ and ȳ⊥ = x̄⊥ in the interference term to highlight the
symmetry with the direct term.
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in (3.99) as they depend on the classical path γq/q̄ followed by the quark or the antiquark.

Kqg(y+, y⊥; ȳ+, ȳ⊥|γq) ≡
1

N2
c − 1

〈
TrG†(y+, y⊥; ȳ+, ȳ⊥|k+)Wq,y+

ȳ+

〉
(3.179)

= e−ik
+(u⊥(y⊥−ȳ⊥)−u−(y+−ȳ+))K

(
y+, y⊥ − γq⊥(y+); ȳ+, ȳ⊥ − γq⊥(ȳ+)

)
(3.180)

with K defined in (3.102). The phase appearing in front of the effective propagator used in the
calculation of the BDMPS-Z cross-section is a consequence of the geometry of the dipole. Of
course, this phase can be one in an adapted coordinate system, but as emphasized before, one
cannot generally find a coordinate system where this phase is one for both the quark and the
antiquark effective propagators.

3.4.1.4 Onium scattering with the medium

So far, we have deliberately not specified the forms of γµq (x+) and γµq̄ (x+) to keep the discussion
as general as possible. In this subsection, as a warm up for the antenna calculation, we consider
the scattering of an onium with a medium. The onium enters into the medium at light cone
time x+

0 . This simple model for heavy mesons will provide a solution to the divergence of the
on-shell spectrum encountered in Section 3.3.3.3.

The onium is defined as an highly energetic (i.e. eikonal) qq̄ pair in colour singlet state with
fixed transverse separation X⊥. One can then choose a coordinate system such that:

γµq (x+) = (x+, 0, 0⊥) (3.181)
γµq̄ (x+) = (x+, 0, X⊥) (3.182)

Hence, for an onium, u− = ū− = 0 and u⊥ = ū⊥ = 0 and all the new phases enlighten in
the previous discussion disappear. Consequently, if the transverse size of the medium is much
larger than |X⊥| and if one assumes that the density of scattering centers is slowly varying
on typical scales of order |X⊥|, it means that the calculation we have made in the previous
section is correct also for the direct terms. We only need to calculate the interference term
which simply reads:

k+ d3N qq̄

dk+d2k⊥
=
−αsCF

(2π)2k+2 2Re

∫ ∞
−∞

dy+

∫ y+

−∞
dȳ+e−ε(|y

+|+|ȳ+|)Sqq̄(ȳ
+,−∞)

×
∫

d2u⊥ e
ik⊥u⊥Sgg(u⊥)∂iy⊥=0⊥∂

i
ȳ⊥=X⊥K(y+, y⊥ + u⊥; ȳ+, ȳ⊥) (3.183)

The before/before interference term. Now, we calculate the before/before component of
the interference term, defined by y+, ȳ+ ∈ (−∞, x+

0 ]. In this domain, the effective propagator K
is free and the qq̄ dipole factor Sqq̄ is equal to 1. Using (3.114) to represent the free propagator,
one ends up with the following result:

k+d3N qq̄,b/b

dk+d2k⊥
=
−αsCF
π2

Re

∫
d2q⊥
(2π)2

eiq⊥X⊥

q2
⊥

∫
d2u⊥e

iu⊥(k⊥−q⊥)Sgg(u⊥) (3.184)

' −αsCF
π2

[
4π

Q2
s

∫
d2q⊥
(2π)2

cos(q⊥X⊥)

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s

)]
(3.185)

where we use again the harmonic approximation to get the second line. Combined with the
before/before direct terms calculated in (3.139), the divergence in 1/q2

⊥ due to the before/before
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term of the on-shell spectrum is cured by the cos(q⊥X⊥) factor:

k+ d3N b/b

dk+d2k⊥
=

2αsCF
π2

[
4π

Q2
s

∫
d2q⊥
(2π)2

1− cos(q⊥X⊥)

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s

)]
(3.186)

which is a perfectly well defined integral. The factor 1−cos(q⊥X⊥) now cuts the long wavelength
emissions with |q⊥| . 1/|X⊥| before scattering. Physically, the very soft gluons do not resolve
the onium and are thus suppressed.

3.4.2 Medium-induced emissions from a colour singlet antenna

In this section, we consider a colour singlet qq̄ antenna. We are interested only in the medium-
induced spectrum from this antenna. We leave the study of the vacuum-like pattern to Section
3.4.3. As we are only interested in the medium-induced component, we shall subtract the
vacuum limit q̂ → 0 of our result as in the discussion of the LPM effect in the previous section.

Let us first define an antenna as an eikonal qq̄ pair created at a fixed vertex with light cone
time x+

i = x+
0
7 with fixed opening angle θqq̄. The corresponding classical trajectories are:

γµq (x+) = (x+, u−(x+ − x+
0 ), u⊥(x+ − x+

0 )) (3.187)
γµq̄ (x+) = (x+, ū−(x+ − x+

0 ), ū⊥(x+ − x+
0 )) (3.188)

Let us choose our z axis aligned with the direction of motion of the center of mass of the qq̄
pair. The opening angle θqq̄ of the pair is related to the transverse velocities u⊥ and ū⊥ from
the relation p2 = 2EĒ(1− cos(θqq̄)) with p = (p+ p̄) ' (p′+ p̄′) and E, Ē the respective energy
of the quark and the antiquark. Thus, 2pµp̄µ = p+p̄+(1− cos(θqq̄)). Finally, using the relation
pµ = p+uµ,

2uµūµ = 1− cos(θqq̄) '
θ2
qq̄

2
(3.189)

in the small angle approximation. The product 2uµūµ = 2u− + 2ū− − 2u⊥ū⊥ is also equal to
(u⊥ − ū⊥)2 since u2 = ū2 = 0 or equivalently 2u− = u2

⊥ and 2ū− = ū⊥ (massless partons).
For an antenna, the qq̄ dipole factor Sqq̄ has a simple expression, in the small angle limit

and harmonic approximation. From (3.175), one gets

Sqq̄(ȳ
+) = exp

(
−1

8
θ2
qq̄

∫ ȳ+

−∞
dξ q̂A(ξ)(ξ − x+

0 )2

)
(3.190)

3.4.2.1 The energy spectrum

In a first place, we are not interested in the transverse momentum dependence of the gluon
spectrum. In the previous section, we have seen that the off-shell spectrum associated with the
emission from a quark created at x+

0 is divergent once integrated over k⊥. To get a meaningful
result, a subtraction of the vacuum radiation pattern is necessary. So, we aim at calculating:

k+ dN
dk+

=

∫
d2k⊥

(
k+ d3N i/i

dk+d2k⊥
− lim

q̂→0
k+ d3N i/i

dk+d2k⊥

)
(3.191)

7The generalization to any value of x+
i is straightforward.
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where the i/i label refers to the in/in term where y+, ȳ+ ≥ x+
0 , since the antenna is created at

this time.
We work within the multiple soft scatterings and harmonic approximations. For symmetry

reasons, the k⊥-integrated spectrum for direct emissions by the quark or the antiquark is exactly
the same as the one calculated in Section 3.3.3.4. It is given by the expression (3.151).

The interference term is more complicated as one cannot avoid the difficulties due to the
phases. As the only dependence on k⊥ is inside the Fourier transform factor exp(ik⊥v⊥),
the integration over k⊥ gives a Dirac delta function (2π)2δ(2)(v⊥). The final result, for the
interference term, is:

k+dN qq̄

dk+
≡
∫

d2k⊥

(
k+ d3N qq̄,i/i

dk+d2k⊥
− lim

q̂→0
k+ d3N qq̄,i/i

dk+d2k⊥

)
(3.192)

=
−αsCF
π

2Re

∫ ∞
x+

0

dy+

∫ y+

x+
0

dȳ+e−ε(y
++ȳ+)

( −Sqq̄(ȳ+)

S2(y+, ȳ+)
eφ(y+,ȳ+)

(
1 + φ(y+, ȳ+)

)
+

1

(y+ − ȳ+)2
eφ0(y+,ȳ+)

(
1 + φ0(y+, ȳ+)

))
(3.193)

with the functions φ and φ0 defined as (in the small angle approximation):

φ(y+, ȳ+) =
−ik+θ2

qq̄(ȳ
+ − x+

0 )

4

(
1 +

C(y+, ȳ+)

S(y+, ȳ+)
(ȳ+ − x+

0 )

)
(3.194)

and

φ0(y+, ȳ+) ≡ lim
q̂→0

φ(y+, ȳ+) (3.195)

=
−ik+θ2

qq̄(ȳ
+ − x+

0 )

4

(
1 +

ȳ+ − x+
0

y+ − ȳ+

)
(3.196)

From (3.193), one clearly sees that the unregularised interference term is divergent because of
the 1/S2 with S(y+, ȳ) ∼ y+ − ȳ+ as y+ → ȳ+.

Note that this expression is completely symmetric in the exchange q ↔ q̄ so the other q̄q
interference term is also equal to (3.193). The expression (3.193) can be further simplified using
the Wronskian relation (3.110). The ε prescription can be removed as the integral is convergent,
and one can switch the order of integration, integrating first over y+. If we define the quantity:

G∞(ȳ+) ≡ lim
T→∞

C(T, ȳ+ + x+
0 )

S(T, ȳ+ + x+
0 )

(3.197)

then, the full interference term can be expressed as a single integral over ȳ+:

k+dN qq̄

dk+
=
−2αsCF

π
Re

∫ ∞
0

dȳ+

ȳ+

(
Sqq̄(ȳ

+ + x+
0 )e−

ik+θ2qq̄ ȳ
+

4

(
1+G∞(ȳ+)ȳ+

)(
1 +G∞(ȳ+)ȳ+

))
+

2αsCF
π

Re

∫ ∞
0

dȳ+

ȳ+
e−

ik+θ2qq̄ ȳ
+

4 (3.198)

In the limit θqq̄ → 0, the interference term is exactly equal to minus the direct term. As
expected, colour singlet antenna with vanishing opening angle do not radiate.
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3.4.2.2 Time-scales in the interference term

Formula (3.198) is general and valid for any continuous function q̂(t). Combined with (3.151), it
allows for a straightforward numerical calculation of the medium-induced spectrum generated
by a colour singlet antenna. However, the different time scales involved in the integral are
difficult to extract without assuming a particular time dependence of q̂. In order to have an
insight on the physical content of the interference term, let us consider an infinite medium with
constant q̂(t) = q̂ created at x+

0 = 0. In this simple model, the function G∞(ȳ+) is independent
of ȳ+, since the medium is invariant by light-cone + translation:

G∞(ȳ+) =
1 + i

2

√
q̂

k+
(3.199)

Note that an infinite medium with constant q̂ does not satisfy the assumptions made for the
calculation of the direct terms in the previous section, as the function q̂(t) does not vanish
at large times. Consequently, the direct terms are ill-defined in this model. Nevertheless,
as we shall see, thanks to the suppression mechanism of interference due to decoherence, the
following formula with the upper boundary set to the characteristic length of the medium is
a good approximation for the interference term in a finite medium. That said, the present
discussion for the interference term is meant to illustrate the time scales characteristic of the
interference pattern. The complete formula (3.198) becomes:

k+dN qq̄

dk+
=

2αsCF
π

∫ ∞
0

dt
t

[
exp

(
− 1

24
q̂θ2

qq̄t
3 − 1

8

√
q̂k+t2θ2

qq̄

)
×(√

q̂

k+

t

2
sin
(k+tθ2

qq̄

4
+
t2θ2

qq̄

√
q̂k+

8

)
−
(

1 +

√
q̂

k+

t

2

)
cos
(k+tθ2

qq̄

4
+
t2θ2

qq̄

√
q̂k+

8

))

+ cos
(k+tθ2

qq̄

4

)]
(3.200)

The last term is the vacuum subtraction required to have a well-defined integral because of the
singularity at t = 0. One can now identify four time scales in the expression (3.200) (see also
the detailed discussion at the level of the k⊥ unintegrated spectrum in [91]).

1. The vacuum interference time ti,vac is the characteristic time scale for interferences of
vacuum-like emissions: interference occurs when the transverse size of the dipole θqq̄ti,vac is
shorter than the transverse wavelength∼ 1/k⊥ of the emission. For vacuum-like emissions,
k⊥ ' k+θ. Using θ = θqq̄ in the relation 1/k⊥ = θqq̄ti,vac, this gives the following expression
for ti,vac:

ti,vac =
2

k+θ2
qq̄

(3.201)

This scale is the only one remaining in the limit q̂ → 0 (that is why it is really a vacuum-
like time scale), and corresponds to a purely imaginary phase in formula (3.198) or (3.200).

2. The medium induced interference time ti,med is the characteristic time scale for inter-
ferences of medium induced emissions. Instead of using k⊥ ' k+θqq̄ in the relation
1/k⊥ = θqq̄ti,med, one uses the typical transverse momentum at formation kf,med ∼ (q̂k+)1/4
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of medium-induced emissions, cf. (3.155):

ti,med =
2

kfθqq̄
=

23/4

(q̂k+)1/4θqq̄
(3.202)

This time scale appears in the exponential suppression factor in (3.200) as well as in the
imaginary phase seen in the sine and cosine functions.

3. The medium induced formation time tf,med discussed in the previous section:

tf,med =

√
2k+

q̂
(3.203)

This time scale is the only one involved in the direct terms (besides the length L of the
medium, see below).

4. The decoherence time coming from the dipole qq̄ factor Sqq̄. For a constant q̂, Sqq̄ can be
calculated exactly:

Sqq̄(t) = exp

(
− 1

24
q̂θ2

qq̄t
3

)
= exp

(
−1

6
(t/tcoh)3

)
, (3.204)

tcoh =

(
4

q̂θ2
qq̄

)1/3

(3.205)

It is independent of the energy k+ of the emission.

The numerical prefactors for these time scales have been chosen so that they are equal at a
special energy scale ω0(θqq̄) defined by:

ω0(θqq̄) ≡
( 2q̂

θ4
qq̄

)1/3

(3.206)

The ordering of the four time scales is the following:

tf,med ≤ tcoh ≤ ti,med ≤ ti,vac if k+ ≤ ω0(θqq̄)
tf,med ≥ tcoh ≥ ti,med ≥ ti,vac if k+ ≥ ω0(θqq̄)

(3.207)

with equality for k+ = ω0(θqq̄). In terms of these time scales, the interference term for constant
q̂ in an infinite medium reads:

k+dN qq̄

dk+
=

2αsCF
π

1√
2tf,med

∫ ∞
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dt
t

{
exp

(
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− 1

16
√

2

( t
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)2)
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t sin
( t
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+

1

16
√

2

( t

ti,med

)2)
−
(√

2tf,med + t
)

cos
( t

2ti,vac
+

1

16
√

2

( t

ti,med

)2)]
+
√

2tf,med cos
( t

2ti,vac

)}
(3.208)
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3.4.2.3 Discussion

Now that we have identified the main time scales in the interference term, we would like to
discuss the effect of this term on the full medium-induced spectrum as a function of the opening
angle θqq̄ of the dipole and the energy k+ of the medium-induced emission. Thus, we need to
re-introduce a characteristic path length L of the antenna through the medium so that q̂(t)
vanishes when t ≥ L. We shall consider only emissions with k+ � ωc, i.e tf,med � L, so that
all the approximations made to derive the BDMPS-Z spectrum (direct terms) are valid.

As a first step, we need to understand how the four time scales involved in the uninte-
grated medium-induced spectrum are related with the length L. We now call this unintegrated
medium-induced spectrum the “medium induced rate” for the following reason. In the regime
k+ ≤ ωc, the BDMPS-Z spectrum is proportional to L/tf,med. Hence one can interpret tf,med as a
(constant) rate for medium-induced emissions that can occur everywhere over the characteristic
length L:

k+d2N qq

dk+dt
' 2αsCF

π

√
q̂

4k+
=

2αsCF
π

1√
2tf,med

(3.209)

so that

k+dN qq

dk+
=

∫ L

0

dt k+d2N qq

dk+dt
=

2αsCF
π

√
ωc

2k+
(3.210)

as shown in (3.154). Thus, the direct emission rate depends on the medium induced formation
time only, whereas the interference emission rate depends on the medium induced formation
time and the three other time-scales ti,vac, tcoh and ti,med appearing in the exponential, either
as real or imaginary phases. These three phases depends on θqq̄.

Now, from the formula (3.200), the interference rate exactly cancels the direct rate for all
t ≤ L if the exponential is equal to one for t ≤ L, i.e if the three following conditions are
satisfied: ti,vac � L, tcoh � L and ti,med � L. Fortunately, the conditions tcoh � L implies the
other two. Indeed, the condition tcoh ≥ L is equivalent to ω0(θqq̄) ≥ ωc since:

ωc
ω0(θqq̄)

=
( L

tcoh

)2

(3.211)

As we consider only emissions such that k+ ≤ ωc, we see from (3.207) that the three time scales
tcoh, ti,vac and ti,med are ordered as follows tcoh ≤ ti,med ≤ ti,vac. Hence, if tcoh � L, one has
also ti,vac � L and ti,med � L. The condition tcoh � L can be expressed more naturally as a
condition on the dipole opening angle θqq̄. Defining the critical angle θc such that tcoh(θc) = L,
the decoherence time is much larger than the characteristic length of the medium if θqq̄ � θc,
with

θc ≡
2√
q̂L3

(3.212)

To sum up, when θqq̄ � θc, there is no exponential suppression of interferences and the inter-
ference term cancels the direct terms: the medium-induced spectrum is strongly suppressed for
a colour singlet dipole. The case tcoh � L⇔ θqq̄ � θc is simple then: for a colour singlet initial
state, the medium-induced spectrum vanishes. For a colour octet initial state, one can show
that the medium-induced spectrum is equal to the medium-induced spectrum of a gluon. This
leads to the following general statement: when the opening angle of the dipole is smaller than
θc, the dipole emits medium-induced gluons as a single colour charge depending on the initial
colour state of the dipole [91, 124, 125].
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Figure 3.4: Interference effects in the medium-induced spectrum from a colour singlet antenna for a
static medium, in the regime ω � ωc. On the left plot, the medium-induced rate (3.213) is represented
as a function of the dimensionless time t/tcoh, for several values of ω ≡ k+. The large time limit of the
rates is twice the constant BDMPS-Z rate for a single quark. On the right plot, the integrated rate
(between 0 and L) is represented as a function of ω/ω0(θqq̄). The dotted lines correspond to the soft
limit of the BDMPS-Z spectrum for a static medium multiplied by a 2.

Let us now focus on the other regime L � tcoh ⇔ θqq̄ � θc. These inequalities are also
equivalent to ω0(θqq̄)� ωc. Consequently, the characteristic energy scale ω0(θqq̄) belongs well to
the multiple soft scattering regime. One can trust formula (3.200) even when the medium has
a finite length since the rate vanishes when t > L > tcoh due to the exponential decoherence
suppression. Combining all the terms together, the full medium-induced rate from a colour
singlet antenna in the regime θqq̄ � θc and k+ � ωc reads:
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=

4αsCF
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√
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√
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+

√
4k+
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t
cos
(k+tθ2

qq̄

4

)}
(3.213)

In the regime L � tcoh, since ω0(θqq̄) � ωc, one has to distinguish two cases: either
k+ ≤ ω0(θqq̄) or ωc ≥ k+ ≥ ω0(θqq̄). In the case k+ ≤ ω0(θqq̄), the interference rate vanishes
for t > tcoh and the other time ti,med and ti,vac are irrelevant because of the ordering (3.207).
In the limit L � tcoh, after integrating the full rate between 0 and L, the net result is an
incoherent sum of the emission spectrum by the quark and the antiquark. If L & tcoh, one
observes numerically a small suppression due to the interference rate integrated for t ≤ tcoh.

The case ωc ≥ k+ ≥ ω0(θqq̄) is more delicate, because the interpretation of (3.213) as
a formation rate is ambiguous. Indeed, from the ordering (3.207), the interference rate is
controlled by ti,vac and thus becomes oscillatory. This is shown Fig. 3.4a. The exponential
suppression of the interference is controlled by ti,med. The interference spectrum obtained after
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integrating the interference rate between 0 and L gives the average of the oscillatory integral
which is typically zero. Consequently, the full spectrum is again twice the spectrum of a single
colour charge. Thus, even if the rate interpretation of (3.213) when ωc ≥ k+ ≥ ω0(θqq̄) is
not allowed, the integrated spectrum is still the incoherent sum of two BDMPS-Z spectra, as
shown Fig.3.4b because the interference is a quantity proportional to ti,med � L suppressed
with respect to the direct terms.

3.4.3 Decoherence effects in the vacuum-like radiation pattern

In the previous subsection, we have discussed the effect of the interferences on the medium-
induced radiations only, as the standard vacuum radiation pattern was subtracted off in order
to have a convergent k⊥ integral. The effect of the medium on the vacuum-like radiation
pattern from a colour singlet antenna is the subject of this last subsection. We will comment
the potential overlap between these two calculations in due course.

In the vacuum, we have seen in Section 3.1 that the radiation pattern of a colour singlet
dipole presents the property of angular ordering: no radiations are allowed outside the opening
angle of the dipole. This is a consequence of quantum interferences associated with the colour
coherence of the dipole. In the medium, the qq̄ dipole factor Sqq̄ washes out the colour coherence
of the dipole so we expect non trivial effects on the vacuum-like radiation pattern.

Calculating the full differential emission spectrum d3N/dk+d2k⊥ from a colour singlet an-
tenna is complicated and the final result is not as simple as the differential emission spectrum
from a single quark. However, one can easily understand the effect of the factor Sqq̄ on the
vacuum radiation pattern with a simple calculation. This is the subject of the first subsection,
where we explain the effect of decoherence with a simple toy model. In the second subsection,
we consider the same antenna as in Section 3.4.2, but we constrain the gluon to be vacuum-like
by choosing a kinematic regime in which the formation time is either very short or very long.

3.4.3.1 Shockwave limit of the emission cross-section from onium scattering

Let us first consider again the scattering of the onium briefly discussed in Section 3.4.1.4. How-
ever, the onium is now highly virtual, that is both the quark and the antiquark are created
at light cone time x+

0 = 0. This toy model enables to understand the main features of deco-
herence in the medium. Since the transverse size of the dipole is fixed to |X⊥|, contrary to
the antenna where the transverse size increases with time as θqq̄t, the interference criterium is
simply |X⊥| . |1/k⊥| and does not depend on time.

In the vacuum, the full double differential cross-section, after integration over the azimuthal
angle is:

k+ d2Nvac

dk+dk⊥
=

4αsCF
π

1

k⊥

(
1− J0

(
X⊥k⊥

))
(3.214)

When k⊥ � 1/X⊥, the spectrum behaves as an incoherent sum of two Bremsstrahlung spectra.
On the contrary, when k⊥ � 1/X⊥, the spectrum is suppressed and vanishes in the limit
k⊥ → 0.

In the presence of the medium, the radiation pattern is modified. We are not interested
in the medium-induced emission generated by the scattering. Consequently, we can take the
shockwave limit of the full spectrum, that is L → 0 with Q2

s = q̂L fixed. The medium is a
brick with fixed length L and constant q̂, starting at x+

0 = 0. In this limit, only the out/out
term with y+, ȳ+ ≥ L → 0 contributes to the spectrum for a qq̄ pair created at x+

0 = 0. The
out/out direct terms are trivial and give one 1/k2

⊥ term for the quark and the antiquark. Let
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us calculate the out/out interference term:

k+d3N qq̄,o/o

dk+d2k⊥
=
−αsCF

(2π)2k+2 2Re

∫ ∞
L

dy+

∫ y+
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dȳ+e−ε(y
++ȳ+)Sqq̄(ȳ

+,−∞) (3.215)

×
∫

d2u⊥e
ik⊥u⊥∂iy⊥=0⊥∂

i
ȳ⊥=X⊥G0(y+, y⊥ + u⊥; ȳ+, ȳ⊥) (3.216)

=
L→0

−αsCF
π2

exp
(
− 1

4
Q2
sX

2
⊥

)cos
(
X⊥k⊥

)
k2
⊥

(3.217)

The exponential is entirely due to the factor Sqq̄ associated with the decoherence of the qq̄ pair.
The full off-shell onium spectrum in the shockwave limit reads, again after integration over the
azimuthal angle:

k+ d2N

dk+dk⊥
=

4αsCF
π

1

k⊥

((
1− J0

(
X⊥k⊥

))
+
(

1− e− 1
4
Q2
sX

2
⊥
)
J0

(
X⊥k⊥

))
(3.218)

This expression is very simple. For small dipole, with X⊥ � 1/Qs, the decoherence factor
has no effect as long as k⊥ > Qs and the spectrum becomes identical to the vacuum spectrum
(3.214). However, if the dipole is large enough, namely X⊥ & 1/Qs, the long wavelength
radiations, with k⊥ � 1/X⊥ are not forbidden anymore by the interferences. Indeed, the
spectrum behaves as (1 − exp(−Q2

sX
2
⊥/4))/k⊥. The factor exp(−Q2

sX
2
⊥/4) can be interpreted

as the survival probability of the dipole in a colour singlet state, configuration which forbids
long wavelength emissions. A numerical evaluation of (3.218) is shown Fig. 3.5a.

3.4.3.2 Decoherence in the antenna radiation pattern

Let us now turn to a more physically relevant scenario: the emission of a vacuum-like gluon by
a qq̄ antenna inside a dense medium. On may wonder why the medium would play any role in
the emission of a vacuum-like gluon. The situation is pretty much like for our off-shell onium:
the decoherence of the pair may lead to a modification of the vacuum-like radiation pattern,
destroying interferences and hence allowing extra radiations.

Vacuum-like emissions with very short formation time. To understand more precisely
the effect of Sqq̄, we try the following exercise: we replace the effective propagators Kqg and
Kq̄g by the free vacuum propagator G†0 and we neglect the subsequent transverse momentum
broadening. As we are interested in vacuum-like emissions (VLEs), these simplifications do
not drastically change the physical picture of the vacuum-like antenna radiation pattern for
emissions such that:

ωc � k+ � p+, p̄+ , Qs � k⊥ � p⊥, p̄⊥ (3.219)

Note that that this limit is different from the soft limit considered in [89, 90]. We focus here on
vacuum-like emissions with a very short formation time, hence occurring inside the medium.
The formation time is so short that the formation process cannot be triggered by the multiple
soft collisions, as it would take at least a time tf,med for producing it in this way. We will
see in Chapter 5 that the kinematic constraints (3.219) are actually too strong: in-medium
VLEs satisfy k⊥ � (2q̂k+)1/4 instead of (3.219). We leave for further studies the question of
whether the calculation below gives a good estimate of the in-medium VLE pattern also in this
regime. As a last comment, we emphasize that this kinematic regime was not considered in our
discussion of the medium-induced spectrum by an antenna since we assumed k+ � ωc.
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Figure 3.5: Decoherence effects on colour-singlet dipoles with two different geometries: the “onium”
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In this limit, the sum of the direct terms is an incoherent sum of two Bremsstrahlung
spectra:

k+ d3Ndirect

dk+d2k⊥
=
αsCF
π2

(
1

(k⊥ − k+u⊥)2
+

1

(k⊥ − k+ū⊥)2

)
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αsCF
2π2k+
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1

kµuµ
+

1

kµūµ

)
(3.220)

where the transverse momentum k⊥ has been shifted to take into account the change of coor-
dinate system due to the geometry of the antenna. The qq̄ interference term has the following
structure:

k+ d3N qq̄

dk+d2k⊥
=
−αsCF
4π2k+2

(k⊥ − k+u⊥)(k⊥ − k+ū⊥)

× 2Re

∫ ∞
0

dȳ+

∫ ∞
ȳ+

dy+e−ε(y
++ȳ+)Sqq̄(ȳ

+)eik
µuµy+−ikµūµȳ+

(3.221)

with 2k+kµuµ = (k⊥ − k+u⊥)2. In the vacuum, i.e without the factor Sqq̄, the qq̄ and the q̄q
terms combine to give the famous antenna radiation pattern discussed in Section 3.1:

k+ d3Nvac

dk+d2k⊥
=
αsCF
π2

[
1

(k⊥ − k+u⊥)2
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1
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− 2
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(k⊥ − k+u⊥)2(k⊥ − k+ū⊥)2

]
=
αsCF
2π2

pµp̄µ
(pµkµ)(p̄µkµ)

(3.222)
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If the medium has a size L and constant q̂, the integral (3.221) is cut at ȳ+ = L. The piece
with ȳ+ ≥ L gives the same contribution as (3.222) with an additional factor Sqq̄(L) [89, 90]
corresponding to the survival probability of the dipole in a colour singlet state after a time L
and a phase cos(kµ(uµ − ūµ)L). The piece with ȳ+ ≤ L cannot be calculated analytically:

k+d3N qq̄+q̄q

dk+d2k⊥
=
−2αsCF
4π2k+2

(k⊥ − k+u⊥)(k⊥ − k+ū⊥)
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1

(kµuµ)(kµūµ)
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1

kµuµ
− 1

kµūµ

)∫ L

0

dȳ+ sin
(
kµ(ūµ − uµ)ȳ+

)
exp

(
− 1

6
uµūµq̂ȳ

+3
)]

(3.223)

with Sqq̄(L) = exp(−1
6
uµūµq̂L

3) ' exp(−(θqq̄/θc)
2/6).

With this expression, the discussion is pretty much the same as in the onium case. When
the opening angle of the dipole θqq̄ is small, i.e. θqq̄ � θc, the survival probability Sqq̄(L) ∼ 1
as well as the exponential inside the integral. Consequently, the two terms in (3.223) gives the
standard vacuum interference spectrum so that the full spectrum is the vacuum one (3.222).
Large angle soft emissions are suppressed (angular ordering) because of the interferences.

However, if θqq̄ � θc or equivalently L � tcoh, the factor Sqq̄(L) vanishes. One can safely
take the limit L → ∞ for the integral in the second term of (3.223). After the change of
variable k(ū− u)ȳ+ → t, one gets:

k+d3N qq̄+q̄q

dk+d2k⊥
' −2αsCF

4π2k+2

(k⊥ − k+u⊥)(k⊥ − k+ū⊥)

(kµuµ)(kµūµ)
Iqq̄(kµ) (3.224)

and the integral Iqq̄ defined by:

Iqq̄(kµ) =

∫ ∞
0

dt sin(t) exp

(
−1

6

uµūµ
(kµ(ūµ − uµ))3

q̂t3
)

(3.225)

With this form where the standard vacuum interference spectrum factorizes, it is clear that the
Iqq̄ factor plays the same role as the factor exp(−Q2

sX
2
⊥/4) for the decoherence of the onium in

the shockwave limit. It induces a mismatch between the direct terms and the interference term
which allows for large angle radiations outside the opening angle θqq̄. To see that, we write the
full antenna radiation pattern in the limit L� tcoh as:

k+ d3N

dk+d2k⊥
' αsCF

2π2

(
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(pµkµ)(p̄µkµ)
+
(
1− Iqq̄(kµ)

)kµuµ + kµūµ − k+uµūµ
k+(kµuµ)(kµūµ)

)
(3.226)

Now, we want to show that the second term is precisely the large angle contribution due
to the rapid decoherence of the qq̄ pair while propagating through the medium. There is one
difference with respect to the onium case: the factor 1− Iqq̄(kµ) is dynamical since it depends
on the kinematic kµ of the emission. To understand more precisely how, we estimate this factor
neglecting the exponential inside the integral for t ≥ tcoh and replacing it by one for t ≤ tcoh.
One finds:

1− Iqq̄(kµ) ' 1−
∫ k·(ū−u)tcoh

0

dt sin(t) (3.227)

= cos
(
k · (ū− u)tcoh

)
(3.228)

With this approximation, the antenna spectrum reads:
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]
(3.229)
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with k̃ = k/k+. This spectrum can be decomposed symmetrically into two components, each
component having a collinear singularity when kµ is aligned with the quark or antiquark direc-
tion:

k+ d3N

dk+d2k⊥
=

(
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+ k+ d3Nk||q̄
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(3.230)

with
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)
(3.231)

and similarly for the antiquark term, with u↔ ū exchanged. Now, we average d3Nk||q over the
azimuthal angle φ around the quark direction. The following geometrical relations are useful:

2uµūµ = 1− cos(θqq̄) (3.232)

2k̃µuµ = 1− cos(θq) (3.233)

2k̃µūµ = 1− cos(θq̄) = (1− cos(θqq̄) cos(θq))− sin(θqq̄) sin(θq) cos(φ) (3.234)

where θq/q̄ is the emission angle with respect to the quark/antiquark direction. After averaging
over φ, the first piece gives the standard angular ordered spectrum, whereas the second is more
complicated:

k+ d2Nk||q

dk+dθq
=
αsCF
π

sin(θq)

1− cos(θq)

(
Θ
(

cos(θq)− cos(θqq̄)
)

+J0(|x2|) cos(x1) +
(

cos(θqq̄)− cos(θq)
) ∫ dφ

2π

cos(x1 − x2 cos(φ))

λ1 − λ2 cos(φ)

)
(3.235)

with x1 = 1
2
k+tcoh cos(θq)(1 − cos(θqq̄)), x2 = 1

2
k+tcoh sin(θqq̄) sin(θq), λ1 = 1 − cos(θqq̄) cos(θq)

and λ2 = sin(θqq̄) sin(θq). The remaining φ integral can be estimated neglecting the phase inside
the numerator: ∫

dφ
2π

cos(x1 − x2 cos(φ))

λ1 − λ2 cos(φ)
' J0(|x2|) cos(x1)

| cos(θq)− cos(θqq̄)|
(3.236)

This approximation enables to put the antenna pattern in the following compact form:

k+ d2Nk||q

dk+dθq
=
αsCF
π

sin(θq)

1− cos(θq)

(
Θ
(

cos(θq)− cos(θqq̄)
)

+ J0(|x2|) cos(x1)Θ
(

cos(θqq̄)− cos(θq)
))

(3.237)

With respect to (3.226), the latter formula is even more transparent because the geometry of the
emission is explicit: the term proportional to Θ(cos(θqq̄)− cos(θq)) corresponds to the radiation
outside the cone, which would be forbidden in the vacuum. The amount of radiation with θq ≥
θqq̄ is controlled by the factor J0(|x2|) cos(x1). In analogy with the factor 1− exp(−k2

⊥/Q
2
s) for

the onium toy model, we call it the decoherence factor ∆>θqq̄ . In the small angle approximation:

∆>θqq̄ ' J0

(
1

2
k+tcohθqθqq̄

)
cos

(
1

4
k+tcohθ

2
qq̄

)
(3.238)

= J0

(
tcoh
tf

θqq̄
θq

)
cos

(
1

2

tcoh
ti,vac

)
(3.239)
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Out-of-cone radiations scale with tcohθqq̄/(tfθq) in the short formation time limit, for θqq̄ �
θc. Note the somehow unexpected θqq̄/θq geometric factor. In Chapter 5-Section 5.2 we will
generalize this calculation to multiple emissions. We will show that the kinematic constraints
(3.219) — and also the less strong condition k⊥ ≥ (2q̂k+)1/4 — actually impose that the factor
∆>θqq̄ vanishes, so that in-medium VLEs with short formation times remain angular ordered!

Vacuum-like emissions in the long formation time limit tf � L. This is the limit
considered in [89, 90]. For these emissions as well, one can approximate the effective propagators
Kqg and Kq̄g by the free vacuum propagator G†0 and remove the broadening factor Sgg because
these emissions come from a time integration domain where there is no medium any more.
More precisely, the out/out interference term where y+ ≥ L and ȳ+ ≥ L dominates in the
infrared limit, and is precisely given by the first term of formula (3.223). Taking the limit
kµ(uµ − ūµ)L → 0 in this out/out term, corresponding to the regime k+θ2

qL, k+θ2
q̄L � 1 i.e.

tf � L, one gets the full spectrum in this limit:

k+ d3N

dk+d2k⊥
' αsCF

2π2

(
pµp̄µ

(pµkµ)(p̄µkµ)
+
(
1− Sqq̄(L)

)kµuµ + kµūµ − k+uµūµ
k+(kµuµ)(kµūµ)

)
(3.240)

leading to the following spectrum, once averaged over the azimuthal angle around the quark
direction for instance:

k+ d2Nk||q

dk+dθq
=
αsCF
π

sin(θq)

1− cos(θq)

(
Θ
(

cos(θq)− cos(θqq̄)
)

+
(
1− Sqq̄(L)

)
Θ
(

cos(θqq̄)− cos(θq)
))

(3.241)

This time, the decoherence factor ∆>θqq̄ = 1 − Sqq̄(L) is not dynamical (as in the onium toy
model), in the sense that it does not depend on the kinematic of the emission in the soft limit.
For large antenna θqq̄ � θc, 1 − Sqq̄(L) ' 1 whereas for small dipole 1 − Sqq̄(L) ' 0. The
physical interpretation is the following: after propagation through the medium over a distance
L, the antenna does not remain in a colour singlet state with a probability 1−Sqq̄(L). Thus, a
gluon with formation time tf � L can be emitted at any angle, with a probability 1− Sqq̄(L)
(“anti angular-ordering” effect [89, 90]). To conclude, we emphasize that these emissions are
included in the calculation of Section 3.4.2 since the subtraction of the limit q̂ → 0 removes only
the angular-ordered vacuum-like pattern. The resummation of such emissions is considered in
Chapter 5-Section 5.2.



Chapter 4

Jets in vacuum and jets from
medium-induced emissions

With respect to the previous chapter, where we have computed cross-sections for one emission,
this chapter deals with multiple emission cross-sections. At first sight, one may wonder why
such cross sections are important at all, since multi-particle production comes with sub-leading
powers of αs, which is supposed to be small. This reasoning is true to some extent. In certain
regions of the phase space for emissions, that we shall specify in this chapter, the smallness of
αs may be compensated by a large dimensionless parameter so that the standard perturbation
theory breaks down. Consequently, being able to estimate such cross-sections is crucial to
improve the precision of our calculations.

How is this related to jets? The concept of jets has originally been developed to give a
precise meaning to non fully inclusive cross-sections in perturbative chromodynamics, without
relying on the concept of hadrons which are not under control in this regime. Once a well-suited
jet definition is provided, a theorist can calculate in pQCD any jet cross-section at a given order
in αs. Jets are object with a rich “internal structure”, which can be defined either in terms of
the hadronic content of the jets, or even better, in terms of subjets. There is now an increasing
interest in such observables related to the internal structure of jets. As we shall see, once one
knows how to calculate multiple emission cross-sections, it is straightforward to calculate jet
substructure observables.

The first section of this chapter is a textbook recap on jets in the “vacuum”, that is in
electron-positron annihilation and proton-proton collisions. The second section makes the link
between multi-particle cross-sections from an off-shell parton in the soft and collinear region of
the phase space and jet substructure calculations in the vacuum. The third section is dedicated
to the multiple branching regime for medium-induced radiations from an incoming on-shell
parton. The emphasis is put on the mathematical similarities between these two distinct
regimes.

4.1 Jets in e+e− annihilation and pp collisions: generalities

Perturbative quantum chromodynamics has quarks and gluons as elementary degrees of free-
dom. However, due to confinement, these degrees of freedom are never directly measured in
experiments as they do not constitute the asymptotic states of the theory. Instead of deal-
ing with quarks and gluons to calculate physical observables such as cross-sections, a way to
circumvent this problem is to deal with jets.

83
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4.1.1 IRC safety and jet definitions

A standard calculation and experimental test of pQCD is the inclusive e+e− annihilation into
hadrons cross-section and its ratio with respect to µ+µ− production. For this fully inclusive
observable, there is a well defined and reliable αs expansion of the cross-section written in terms
of Feynman diagrams with partonic final states, even if the experimental final states are hadrons.
This is a consequence of the Kinoshita-Lee-Nauenberg theorem [126, 127] which guarantees the
cancellation of infrared divergences for inclusive observables over QCD degenerate states and
thus, a reduced sensitivity to hadronisation corrections.

If one wants to go one step further and calculate more exclusive processes in pQCD, it is
necessary to build observables which are protected by the Kinoshita-Lee-Nauenberg theorem.
Such observables are generically called infrared and collinear (IRC) safe. The precise definition
is the following: let us call Vn(k1, .., kn) the functional constraints on the n-particle phase space
(ki is the 4-momentum of a particle) that define the value of this observable at a given order
(related to n) in αs. For the cross-section σV associated with this observable to be well defined,
i.e. without infrared singularity, to all orders in perturbation theory, V must satisfy:

1. ∀(i, j), Vn+1(k1, .., ki, .., kj, .., kn+1) −→ Vn(k1, .., ki + kj, .., kn+1) as ki and kj become
collinear, in the sense of (3.1).

2. ∀i, Vn+1(k1, .., ki, .., kn+1) −→ Vn(k1, .., ki−1, ki+1, .., kn) as kµi → 0.

Sterman-Weinberg jets. Historically, the first IRC safe exclusive observable calculated in
pQCD is the Sterman-Weinberg dijet cross-section in e+e− annihilation [128]. This dijet cross-
section is defined as the cross-section for events such that all but a fraction ξ

√
s, ξ � 1 of

the initial energy
√
s is deposited within two cones of opening angles R. This cross-section is

fully inclusive with respect to soft and collinear gluon emissions. The famous result for the
differential cross-section per solid angle d2Ω = sin(θ)dφdθ in the laboratory frame, obtained by
Sterman and Weinberg, is

dσ2−jet

d2Ω
=

dσ0

d2Ω

(
1− αsCF

π

(
4 log(R) log(ξ) + 3 log(R) +

π2

3
− 5

2
+O(ξ, R)

)
+O(α2

s)

)
(4.1)

to first order in αs, with αs evaluated at
√
s. (dσ0 is the Born level cross-section.) Higher order

corrections O(α2
s) have been calculated [129]. This observable is also the first jet definition. A

jet definition is a systematic way of organizing the final state so that any exclusive jet cross-
section is always IRC safe.

Modern jet algorithms. Nowadays, more practical jet definitions are used in the high
energy community (see [130] for a modern review on jets). They have the advantage of being
easily implemented in experiments and more convenient for higher order theoretical predictions.
The most used are jet definitions from a sequential recombination algorithm, such as the kt,
Cambridge/Aachen and anti-kt algorithms. The basic idea of these recombination algorithms
is to cluster final state particles together iteratively, according to a given rule, until no particle
remains. The final clusters are called jets.

A sequential recombination algorithm makes use of a distance measure between final state
particles and a recombination rule when merging particle together. The distance measures are
a little bit different in e+e− collisions and in pp or AA collisions, essentially because one does
not know a priori the total energy of the collision of the two partons inside the protons. We



4.1. JETS IN THE VACUUM: GENERALITIES 85

focus here on the more relevant pp or AA case, and we provide the definition of the “generalized
kt algorithm”, based on the distance dij between two particles and a beam distance diB:

dij = min(p2p
T,i, p

2p
T,j)∆R

2
ij , ∆R2

ij = ∆η2
ij + ∆φ2

ij (4.2)

diB = p2p
T,iR (4.3)

where ∆Rij is the distance between i and j in the rapidity-azimuth plane and (p,R) are free
parameters. Starting from a list of final state particles — called pseudo-jets in this context —
the algorithm then goes as follows,

1. Iteratively find the smallest distance among all the dij and diB:

• If the smallest distance is of dij kind then pseudo-jets i and j are removed from the
list and recombined using the recombination scheme into a new pseudo-jet k, which
becomes part of the final state pseudo-jets.

• If the smallest distance is a beam distance , pseudo-jet i is called a jet and removed
from the list.

2. Go back to the previous step until all the pseudo-jets in the list have been exhausted.

The standard recombination scheme (“E-scheme”) consists in simply adding the 4-momenta of
particles i and j to get the 4-momentum of k.

For p = 0, this algorithm is called Cambridge/Aachen [131, 132]. The declustering sequence
is ordered in angles. For p = 1, it is called the kt algorithm [133] and the declustering sequence
is ordered in kt. For p = −1, this algorithm is known as the anti-kt algorithm [134]. One can
check that any n-jet cross-section in the sense of this jet definition is an IRC safe observable
(provided that a lower cut-off is imposed on the transverse momenta of jets).

4.1.2 Resummation of large logarithms and matching

Even for IRC safe cross-sections with a well defined expansion in powers of αs, each order of the
perturbation may go with a large dimensionless parameter of the form log(Q/Q0) where Q is a
hard scale and Q0 a soft scale (often introduced to make the observable IRC safe). Such large
logarithms, remnants of the infrared singularity of the theory, may spoil the convergence of the
perturbation series in the region of the phase space where Q� Q0. Formula (4.1) exhibits this
kind of behaviour: for very small jet radii R, |αs log(R)| � 1 so that a fixed order calculation
is not enough to get an accurate answer.

Under these circumstances, an all-order resummation is required to take into account all
the terms in the full perturbation series which are enhanced by large logarithms (for jet cross-
sections with small radii, this program has been carried out in [135]). In the next section, we
will obtain resummed results for several jet substructure observables.

It is enlightening to understand more precisely the general structure of a resummed result.
Let us first define the cumulative cross-section ΣV for the observable defined by the Vn∈N
constraints on the n-body phase space:

ΣV (v) =

∫ v

0

dv′
1

σV,0

dσV
dv′

(4.4)

where v is the value of the observable (without dimension for this discussion) and σV,0 is the
Born level total cross-section for V . For a certain subclass of IRC safe observables (see [136, 137]
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for more details), and in the region of the phase space where L ≡ | log(v)| � 1, the resummation
exponentiates with the following form:

ΣV (x) ' exp
(
Lg1(αsL) + g2(αsL) + αsg3(αsL) +O

(
αn+2
s Ln

))
(4.5)

where αs is evaluated at the hard scale Q of the problem. The functions gi are analytic
functions that resum to all orders powers of αsL ∼ 1. From this general structure, one defines
the logarithmic accuracy as follows: at leading logarithmic (LL) accuracy, one keeps only the
Lg1 term, at next-to-leading logarithmic (NLL) accuracy, one keeps the Lg1 + g2 terms and
so on. In this thesis, we define the double logarithmic accuracy as the leading logarithmic
approximation where the strong coupling is fixed. This corresponds to the first order expansion
of g1(x) ' g′1(0)x, so that:

ΣV (x) =
∞∑
n=0

(g′1(0))n

n!
(αsL

2)n (4.6)

where the double-logarithmic all order resummation is explicit. The double logarithmic ap-
proximation is physically insightful because the resulting formulas are often very simple.

Matching with fixed order calculations. We emphasize that such a resummation is re-
quired only in a region of the phase space where logarithms are large. To obtain an accurate
answer all over the phase space, resummed and fixed order results must be combined according
to a matching scheme. Such a matching scheme must avoid double counting between terms
included in the all order result and terms in the fixed order.

4.2 Jet substructure calculation

The previous discussion was rather abstract in order to keep things as general as possible. In
this section, we would like first to make concrete this resummation for the special case of jet
substructure observables. The “coherent branching algorithm” defined in the first subsection
provides an intuitive way to resum multiple emissions thanks to an effective classical branching
process. The second goal of this section is to give some vacuum benchmark results for the
second part of this thesis where we analyse these observables in heavy-ion collisions.

4.2.1 The coherent branching algorithm

The coherent branching algorithm enables to calculate multi-partons QCD amplitude squared
in the phase space where such emissions are enhanced by large collinear/soft logarithms, taking
into account the coherence property of soft gluon emissions [138, 139, 140, 141]. Its precision
depends on the process and the observable under consideration. For example, in e+e− annihi-
lation, it is accurate at NLL in the relevant phase space region where the thrust or the jet mass
distributions are enhanced by large logs [142]. Yet, it is generally accurate at LL, and some
NLL corrections are included as well, but not all of them: single logarithms and non-global
logarithms from multiple soft emissions at commensurate angles are missing for instance.

The algorithm relies on the following results, valid at least to LL accuracy:

1. The probability distribution for multi-particle production from a highly virtual parton in
the soft and collinear regime can be generated by a classical Markovian branching process.
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2. The evolution variable for this process is the angle of emission with respect to the parent
particle, in order to account for the strict angular ordering of soft gluon emissions.

3. The rate of the branching process is given by the leading order O(αs) cross-section (dif-
ferential in the transverse angle) for producing one other parton from a virtual parton,
in the collinear regime. This cross-section is averaged over the azimuthal angle of the
produced particle:

d2Pbca (z, θ) =
αs(k⊥)

π
Φbc
a (z)dz

dθ
θ

(4.7)

with Φbc
a (z) the DGLAP splitting functions given in Appendix C, z the splitting fraction

of parton b, and k⊥ = z(1− z)pT θ.1

To be useful in realistic applications, this algorithm has to be combined with fixed order cal-
culations for producing the initial partons with transverse momentum pT . Hence it is assumed
implicitly the factorization between the exclusive hard cross-section and the decay of the pro-
duced partons into soft and/or collinear emissions. Note that because of the azimuthal average,
informations about the direction of the produced particles in the transverse plane with respect
to the initial parton 3-momentum are lost.

Let us define the generating functional for a jet initiated by a parton i = q, q̄, g, with
transverse momentum pT and time-like virtuality squared t2 = z0(1− z0)p2

T θ
2. z0 and θ are the

energy fraction and opening angle of the first splitting. Yet, the generating functional depends
only upon θ,

Zi(pT , θ | u(k)) =
∞∑
n=0

∫
d3k1...d3kn u(k1)...u(kn)P

(n)
i (k1, ..., kn) (4.8)

where P (n)
i (k1, ..., kn) is the probability density for exclusive production of particles with 3-

momenta k1,...,kn and u(k) is an auxiliary profile function. Probability conservation ensures
that Zi(pT , θ, | u(k) = 1) = 1. The complete knowledge of the generating functional enables
to calculate any multi-parton inclusive cross-section. For example, the probability distribution
Di(k) for measuring at least one parton with 3-momentum k in the final state is given by:

Di(k) =
δZi(pT , θ | u(k))

δu(k)

∣∣∣
u=1

(4.9)

The Markovian property of the branching process leads to the following master equation
in backward form, known as Modified Leading Logarithm Approximation (MLLA) equation
[102, 143]:

∂Zi(pT , θ | u)

∂ log(θ)
=

1

2!

∑
(a,b)

∫ 1

0

dzΦab
i (z)

αs(k
2
⊥)

π

(
Za(zpT , θ | u)Zb((1−z)pT , θ | u)−Zi(pT , θ | u)

)
(4.10)

where the sum runs over all distinct pairs of partons (a, b). This master equation has a simple
probabilistic interpretation [144]. The first term is a gain term associated with the splitting
of a i-jet into two subjets with splitting fraction z and 1 − z. The second term is a loss term
associated with all possible splittings of the initial jet i. The factor 1/2! is a symmetry factor

1We assume a purely transverse initial parton and work in the small angle approximation.
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to avoid a double counting of decays. The logarithmic derivative with respect to θ enforces
the angular ordering. In order to regulate the collinear divergence as θ goes to 0, and to avoid
the Landau pole in the running coupling, one puts by hand a transverse momentum cut-off
kT > k⊥,min in this equation. Then, the initial condition for this differential equation is

Zi(pT , θ → 0 | u) = u(pT ) (4.11)

in agreement with the fact that on-shell partons with t = 0 cannot radiate.

4.2.2 Jet fragmentation function

The jet fragmentation function D(x) is defined by the number dN of jets having one constituent
with transverse momentum fraction x = pT/pT,jet between x and x+ dx:

D(x) ≡ 1

Njets

dN
dx

(4.12)

normalized by the total number Njets of selected jets. This observable is not IRC safe but it
remains nonetheless a relatively simple observable. The price to pay is a strong sensitivity of
any calculation in pQCD with respect to the infrared cut-offs involved in the calculation. Also,
even if D(x) is itself IRC unsafe, its evolution with the hard scale (i.e. the pT of the jet) can
be obtained from pQCD.

In this section, we investigate the predictions of the coherent branching algorithm for this
observable. We will ignore subtleties related to the fixed order calculation and matching with
the resummed result. Hence, we focus on the following problem: starting with an off-shell
parton with transverse momentum pT decaying inside a cone of opening angle θ, what is the
inclusive probability Di(x|pT , θ) of measuring a parton with transverse momentum fraction x
in the final state?

This quantity is easily obtained from the generating functional:

Di(x|pT , θ) ≡
∫

d3k δ(k0 − xpT )
δZi(pT , θ|u(k))

δu(k)

∣∣∣
u(k)=1

(4.13)

From (4.10), it is straightforward to write the corresponding evolution equation forDi(x,Q =
pT θ) (the sum over pairs (a, b) is implicit):

∂Di(x,Q)

∂ log(Q)
=

∫ 1

0

dz
αs(k

2
⊥)

2π
Φab
i (z)

[
1

z
Da

(x
z
, zQ

)
+

1

1− zDb

( x

1− z , (1− z)Q
)
−Di(x,Q)

]
(4.14)

with initial condition Di(x,Q = 0) = δ(1 − x) — recall that the condition k⊥ > k⊥,min is
enforced. Once the solution of this equation is found, it should be evaluated for Q ' pTR
where R is the opening angle of the jet.

4.2.2.1 Solution for x ∼ 1 with NLL corrections

In this subsection, we look for the asymptotic form of Di(x,Q = pTR) when x is close to 1. In
this regime, it is more convenient to consider the cumulative fragmentation distribution, defined
as

Σi(x, pTR) ≡
∫ 1

x

dx′Di(x
′, pTR) (4.15)
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When x ∼ 1, the perturbative expansion of the cumulative fragmentation distribution receives
contributions enhanced by two types of logarithms: the collinear logarithm L0 ≡ log(pT0R/k⊥,min)
generated by integrating over emission angles within the range k⊥,min/pT0 < θ < R and the soft
logarithm L ≡ log 1

1−x generated by integrating over soft gluon emissions with energy fractions
z within the range 1−x < z < 1. One has L0 ≥ L, since all emissions must obey zθpT0 > k⊥,min

for any z ≥ 1− x and any θ ≤ R. Taking the value of the running coupling at the largest scale
as the small parameter, α0 ≡ αs(pTR)� 1, the perturbative series can be organised as follows:

log(Σi(x | pT )) = Lg1,i(α0L, α0L0) + g2,i(α0L, α0L0) +O(αn+1
0 logn) (4.16)

where Lg1,i and g2,i resum respectively all the leading-log (LL) terms αn0 logn+1 and the next-
to-leading-log (NLL) terms αn0 logn with n ≥ 1, where log means either L, or L0.

Now, let us sketch the strategy to find the functions g1 and g2. To the accuracy of in-
terest, one can neglect the quark/gluon mixing terms. The MLLA equation for the quark
fragmentation function reduces to

Q
∂Di(x,Q)

∂Q
=

∫ 1

0

dz
αs(k⊥)

π
Φig
i (z)Θ(k⊥ − k⊥,min)

[
1

z
Di

(x
z
, zQ

)
−Di(x,Q)

]
(4.17)

The standard way to deal with Eq. (4.17) is to go to Mellin spaceDi(x,Q)→ D̃q(j,Q) where the
integro-differential equation is linear-differential. From the properties of the Mellin transform,
x close to 1 corresponds to j →∞. More precisely, log(j) ∼ − log(1− x), so we keep all terms
of the form αn0 log(j)n ∼ 1 in the exact solution. The details of the calculation are given in
Appendix D.

The results for the resumming functions g1 and g2 are

g1,i(u, v) =
Ci
πβ0

[
1− log

(1− 2β0u

1− 2β0v

)
+

log(1− 2β0u)

2β0u

]
(4.18)

g2,i(u, v) = γE
∂ug1,i

∂u
− log

[
Γ
(

1− ∂ug1,i

∂u

)]
+
CiBi

πβ0

log(1− 2β0v) (4.19)

where Γ is the Euler function, β0 = (11CA − 2nf )/(12π), Bq = −3/4 and Bg = −11/12 +
nfTR/(3Nc), with nf the number of active quark flavours.

The LL piece is rather easy to understand: this is the would-be standard double-logarithmic
(DL) approximation in which successive emissions are strongly ordered both in energy fraction
z and in emission angle θ, however amended by the running of the coupling (αs → αs(k⊥)).
To this LL accuracy, one can assume that a single emission — the first one in the DL series,
which is soft relative to the leading parton, but much harder than all the other emissions —
dominates the jet fragmentation function near x = 1. Indeed, the even softer emissions do not
count for the energy balance of the leading parton, hence they are not probed by Di(x | pTR).
Accordingly, the probability (10.4) of finding the leading parton with an energy fraction x′ ≥ x
and x close to 1 is equal to the probability of having no emissions with an energy fraction larger
than 1− x, which is exactly the Sudakov factor at this accuracy:

Σi(x, pTR) = exp

(
−2Ci

π

∫ 1

1−x

dz
z

∫ R

0

dθ
θ
αs(k⊥)Θ(k⊥ − k⊥,min)

)
(4.20)

with k⊥ ' zθpT . Formula (4.20) gives precisely the function g1 given in (4.18).
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Figure 4.1: The cumulative fragmentation function Σi(x|pT0) for quark (i = q) and gluon (i = g)
initiated monochromatic jets in the vacuum. The MC calculations from JetMed (see Chapter 6) are
shown with solid lines, and the two analytic approximations, LL and NLL, by dotted and dashed lines,
respectively. Actually, the gluon NLL curve includes corrections due to quark/gluon mixing which are
formally beyond NLL accuracy, as explained in Appendix D.

4.2.2.2 Solution at small x at DL

We now turn to the solution of (4.14) at small x to DL accuracy. This solution will be partic-
ularly useful when we will discuss the medium modifications of the jet fragmentation pattern.
At DLA, one only resums logarithms of the form α0 log2 where this time, log means either
log(1/x) or log(pTR/k⊥,min).

For later convenience, let us introduce the following function Ti(ω, θ0 | pT , R):

Ti(ω, θ0 | pT , R) ≡ −ωθ0
dD̄i,θ0(ω | pT , R)

dθ0

(4.21)

where D̄i,θ0(ω | pT , R) ≡ Di,θ0(ω/pT , pTR) and Di,θ0 is the solution of (4.14) with initial con-
dition Di(x, pT θ0) = δ(1 − x). The function Ti has a simple probabilistic interpretation: it is
the number density of emissions with energy ω and angle θ0 with respect to the parent parton
in the branching process. Such a branching process is pictured on Fig. 4.2-left for a quark
initiated jet. At DLA, energies and angles with respect to the emitter are strongly decreasing.
It is also convenient to represent a given realization of the branching process on the (ω, θ) phase
space for emissions, shown Fig. 4.2-right. In the vacuum, this phase space is only limited by
the constraint k⊥ ≥ k⊥,min.

To simplify the discussion, we focus on gluon initiated jets. The corresponding calculation
for quark jets is similar. The integrand I(z) in the right-hand side of equation (4.14) has the
property I(z) = I(1− z) so we can use the relation∫ 1

0

I(z)dz = 2

∫ 1

0

(1− z)I(z)dz

to put the singular behaviour of the splitting function Φgg
g at z = 0 only. At DLA, one neglects

the energy recoil of the leading parton by setting (1− z)pT ' pT : the real term with argument
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Figure 4.2: (Left) A given realization of the branching process that matters at DLA for the intrajet
multiplicity. The parton sourcing the jet is a quark. (Right) The logarithmic (ω, θ) phase space for
intrajet gluon emissions in the vacuum. Each emission in the cascade shown on the left is represented
by a red circle with coordinates (ωi, θi). The green line is the lower cut-off in the evolution, given by
k⊥ ' ωθ = k⊥,min.

(1 − z)pT θ in (4.14) associated with the fragmentation of the hard-branch cancels against the
virtual term. We approximate also k⊥ ' zQ so that the evolution equation becomes simply:

∂D̄g,θ0(ω | pT , θ)
∂ log(θ)

=

∫ 1

ω/pT

dz
αs(zpT θ)

π
Φgg
g (z)(1− z)D̄g,θ0(ω | zpT , θ) (4.22)

The lower bound comes from the fact that D̄g(ω | pT , θ) obviously vanishes when ω > pT . Equa-
tion (4.22) is convenient to include corrections beyond DLA (see Chapter 5-Section 5.3.1.2).
At DLA, it can be further simplified using αs(k⊥) = α0 and Φgg

g (z)(1 − z) ' 2CA/z. By
definition, Ti satisfies the same evolution equation, with a different initial condition though:
Ti(ω, θ0 | pT , θ0) = 2α0CA/π ≡ 2ᾱs. Integrating over θ between θ0 and R, this equation can be
written:

Tg(ω, θ0 | pT , R) = 2ᾱs + 2ᾱs

∫ R

θ0

dθ1

θ1

∫ 1

ω/pT

dz1

z1

Tg(ω, θ | z1pT , θ1) (4.23)

The series expansion in power of ᾱs of the solution to (4.23) can be obtained iteratively using
(4.23). One then recognizes the series expansion of the following function:

Tg(ω, θ0 | pT , R) = 2ᾱsI0
(

2
√

2ᾱs log(pT/ω) log(R/θ0)
)

(4.24)

with In the modified Bessel function of rank n. Equation (4.24) is the building block for the
calculation of the gluon distribution with a medium at DLA.

From (4.24), one can easily obtain the solution of (4.14) with the condition k⊥ = xpT θ0 >
k⊥,min by inverting equation (4.21), [102, 145, 146]:

xDg(x, pTR) =

∫ R

k⊥,min/(xpT )

dθ0

θ0

Tg(xpT , θ0 | pT , R) (4.25)

=
√
ᾱs

√√√√2ᾱs log xpTR
k⊥,min

log 1
x

ᾱs log2 1
x

I1

(
2

√
2ᾱs log

1

x
log

xpTR

k⊥,min

)
(4.26)
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Figure 4.3: Fragmentation function at small x. The curves referred as “DLA” correspond to the
double-logarithmic result (4.25) whereas the curves referred as “MLLA” include running coupling and
hard-collinear contributions. The MLLA curve are obtained from a numerical resolution of the partial
differential equation (5.94) equivalent to the MLLA evolution equation following the method developed
in Section 5.3.1.2. The solid curves are JetMed calculations for comparison (see Chapter 6).

We have written the final result in a way that makes the double-logarithmic resummation clear.
The most striking feature of Dg(x, pTR) is the maximum at xhump =

√
k⊥,min/(pTR) and the

collapse at small energies. One would naively expect that the multiplicity rises at small x
due to the 1/x behaviour of the Bremsstrahlung spectrum but colour coherence forbids the
multiplication of soft gluon emissions.

It is possible to include some NLL corrections to formula (4.26) such as those coming from
the running coupling or from the hard collinear emissions. As in the x ∼ 1 case, one possible
method consists in going to Mellin space and solve the linear-differential equation. However,
there is no known analytical solution in x space in terms of usual functions. In Chapter 5,
Section 5.3.1.2, we use the partial differential equation method to obtain some NLL corrections
shown in Fig. 4.3.

4.2.3 Subjet observables

As emphasised in the last section, the fragmentation function defined by Eq. (4.12) is not an
IRC safe observable when computed in perturbative QCD. In the experiments, this observable
is defined from final state hadrons whose theoretical description transcends pQCD. In our
simplified treatment, which ignores hadronisation, the partonic cascades have been forced to
terminate at a lowest transverse momentum k⊥,min, which mimics the QCD confinement scale
ΛQCD. The precise value of this scale is not well defined and results turn out to be rather
strongly sensitive to its variations (see e.g. Eq. (4.25)).

In this section, we investigate a set of observables relying on the concept of subjets [147]
(or [148] for a detailed review). Subjets, as jets, are IRC safe objects so there is a possibility
to design an observable both IRC safe and sensitive to the intrajet structure. The analytical
results obtained to LL accuracy will serve as benchmark formulas when we will discuss the
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corresponding observables in heavy ion collisions.

4.2.3.1 The Soft Drop zg distribution

For completeness, we first recall the definition of the Soft Drop (SD) procedure [149]. For a
given jet of radius R, SD first reclusters the constituents of the jet using the Cambridge/Aachen
(C/A) algorithm [131]. The ensuing jet is then iteratively declustered, i.e. the last step of the
pairwise clustering is undone, yielding two subjets of transverse momenta pT1 and pT2 separated
by a distance ∆R12 =

√
∆y2

12 + ∆φ2
12 in rapidity-azimuth. This procedure stops when the SD

condition is met, that is when

z12 ≡
min(pT1, pT2)

pT1 + pT2

> zcut

(
∆R12

R

)β
, (4.27)

where zcut and β are the SD parameters. If the condition is not satisfied, the subjet with the
smaller pT is discarded and the declustering procedure continues with the harder. With the
above procedure, θg and zg are defined respectively as ∆R12 and z12 for the declustering which
satisfied the SD condition. When the procedure exhausts all declusterings without meeting the
SD condition, we set θg and zg to zero. Furthermore, one can impose a lower cut-off θg > θcut.
This is commonly used for Pb-Pb collisions at the LHC.

The distribution is IRC safe when β < 0. The limiting case β = 0, for which the SD
procedure coincides with the modified MassDrop Tagger [147] is peculiar: the distribution is
not IRC safe but “Sudakov safe” [150].

We then study the differential zg distribution for a jet initiated by a parton of flavour i
(quark or gluon). We can consider two possible normalisation for the zg distribution: the “self-
normalised” distribution, pi(zg), and the “Njets-normalised” distribution, fi(zg). The former is
defined such that ∫ 1/2

zcut

dzg pi(zg) = 1. (4.28)

which is equivalent to normalising the zg distribution to the number of jets which pass the SD
condition and the optional cut on θg. The latter is instead normalised to the total number of
jets, i.e. the normalisation includes jets which fail either the SD condition or cut on the θg.

The coherent branching algorithm enables to calculate the zg distribution in a intuitive
way. Let us calculate this distribution to LL accuracy. At this order, the splitting functions
(summed over final states) can be approximated by 2Ci/z where Ci is the Casimir factor of
the representation of the leading parton. With this simplification, the branching rates (4.7)
become

d2Pi(z, θ) =
2Ciαs(zpT θ)

π

dz
z

dθ

θ
(4.29)

Then we introduce “Sudakov factor” ∆i(R, θg), which is the probability to have no emission at
any angle between θg and R satisfying the Soft Drop constraint:

∆i(R, θg) = exp

(
−
∫ R

θg

dθ

∫ 1/2

0

dz Pi(z, θ)Θ(z − zcut(θ/R)β)

)
. (4.30)

The zg-distribution is obtained by considering the probability for both zg and θg, marginalised
over θg. The former is simply expressed as the probability to have no branching between θg
and R times the probability of a branching with θ = θg and z = zg, so that
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pi,vac(zg) =
1

1−∆i(R, θcut)

∫ R

θcut

dθg Pi(zg, θg)∆i(R, θg)Θ(zg − zcut(θg/R)β), (4.31)

where we have included an optional cut θg > θcut. The overall factor (1 − ∆i)
−1 enforces the

normalisation condition (4.28) and would be absent for fi(zg).
To discuss the underlying physics of the zg distribution, it is helpful to consider the fixed-

coupling approximation. One can then easily perform the angular integration in (4.31). We
give the results for β ≤ 0 and θcut = 0 in such a way that the DL resummation is clear [150]:

zgpi(zg) =
√
α0F

zg
DL

(
α0 log2(2zg), α0 log2(2zcut)

)
Θ(zg − zcut), (4.32)

F
zg
DL(u, v) =

√
Ci
β
e
Civ

πβ

[
Erf

(√
Ciu

πβ

)
− Erf

(√
Civ

πβ

)]
(4.33)

with Erf(x) the Gauss error function. The limiting case β = 0 is singular since there is no
apparent α0 dependence. A direct calculation of (4.31) when θcut = 0 or the limit β → 0 of
(4.32) give,

pi(zg) =
1/zg

log(1/(2zcut))
Θ(zg − zcut). (4.34)

This results makes clear that the zg-distribution provides a direct measurement of the splitting
function.

4.2.3.2 The nSD distribution

The nSD distribution pi(nSD) relies on a generalization of the SD procedure called Iterated
Soft Drop [151]. Iterated SD proceeds by iterating the Soft Drop procedure, still following the
hardest branch in the jet, until all declusterings have been exhausted. nSD is then defined as
the number of declusterings passing the SD condition. It is a particular case of recursive SD
(rSD) which is essentially the same technique: instead of following the hardest branch, rSD
proceeds recursively through the full branching tree (see also [152]).

From the coherent branching algorithm, if we neglect the energy recoil of the leading parton
— assumption which is valid to LL accuracy — the emission of primary partons is a Poisson
process where the angle plays the role of time. Thus, the random variable nSD follows a Poisson
distribution whose parameter ρi,LL is simply given by the integrated rate (4.29) over the phase
space available for emissions passing the SD cut [151].

pi(nSD) = e−ρi,LL
ρnSDi,LL

nSD!
(4.35)

ρi,LL =
2Ci
π

∫ R

0

dθ
θ

∫ 1

0

dz
z
αs(zpT θ)Θcut (4.36)

with Θcut = Θ(z−zcut(θ/R)β). This simple estimate of the nSD distribution will be useful when
we will discuss its nuclear modification in Section 9.3.1.

4.2.3.3 A new fragmentation function: the ISD fragmentation function

From the ISD procedure, one can build an IRC safe generalisation of the fragmentation function
based on subjets and not on final state hadrons: the ISD jet fragmentation function, DISD(z).
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This new observable fixes IRC issues of the fragmentation function while keeping the same
fundamental phenomenology. It is defined as the number dNISD of subjets passing the SD cut
through the ISD procedure, with a momentum fraction z between z and z+dz and normalized
by the total number of jets integrated over a suitable range in pT,jet:

DISD(x) ≡ 1

Njets

dNISD

dz
(4.37)

Note that this definition is directly similar to the primary Lund-plane density [153, 154],
ρ(θ, k⊥), integrated over all angles θ satisfying the k⊥,cut condition at fixed x = k⊥/(θpT,jet).

The way the ISD algorithm proceeds requires a slightly different master equation for the
generating functional Zi(pT , θ | u) of primary emissions than the one presented in (4.10).
Indeed, ISD always follows the hardest branch in the declustering, so the subsequent branchings
in the softer branch can be ignored. This leads to a simplification of the master equation, which
now reads:

∂Zi(pT , θ | u)

∂ log(θ)
=
∑
(a,b)

∫ 1/2

0

dz
αs(k⊥)

π
ΘcutΦ

ab
i (z)

(
u(z)Zb((1−z)pT , θ | u)−Zi(pT , θ | u)

)
(4.38)

With respect to (4.10), note the integration range between 0 and 1/2 to account for the fact
that ISD follows the hardest branch with splitting fraction 1− z. Moreover, as we will be only
interested in the splitting fraction z of the emissions, the probing functions u depend only on
the splitting fraction z.

As for the fragmentation function analysed in details in Section 4.2.2, let us first consider
the ISD fragmentation function Di,ISD(z | pT , θ) of a leading virtual parton of type i ∈ {q, q̄, g}
with initial transverse momentum pT and decaying within an opening angle θ, together with
its cumulative version Σi,ISD(z | pT , θ):

Di,ISD(z | pT , θ) ≡
δZi(pT , θ | u)

δu(z)
, Σi,ISD(z | pT , θ) ≡

∫ 1/2

z

dz′Di,ISD(z′ | pT , θ) (4.39)

At small z, we expect large logarithms of the form L = log(1/z) or Lcut = log(1/zcut) that must
be resummed to all orders. This resummation is organised as usual:

Σi,ISD(z | pT , R) = LgISDLL

(
α0L, α0Lcut

)
+ gISDNLL

(
α0L, α0Lcut

)
+O(αn+1

0 logn) (4.40)

but, interestingly, it does not exponentiate as in (4.5).

Leading-logarithmic analysis. At leading logarithmic accuracy, one neglects the energy
recoil of the hard branch Zb((1− z)pT , θ | u) ' Zb(pT , θ | u). However, contrary to the case of
the fragmentation function at large x, the quark-gluon mixing terms matter to LL accuracy. At
this level of precision, k⊥ ' zpT θ when appearing in front of the singular part of the splitting
functions and k⊥ ' pT θ when appearing in front of the finite part of quark-gluon mixing terms.

From the master equation (4.38), one easily gets a set of three coupled differential equations
for Di which can be reduced to two coupled differential equations defining ~D ≡ (DF , DA) with
DF = (Dq +Dq̄)/2 and DA = Dg. Using the standard variable Q = pT θ,

∂ ~DISD(z,Q)

∂ log(Q)
=

2~CR
π

αs(zQ)

z
Θcut +

αs(Q)

π

(
−fF fF
fA −fA

)
~DISD(z,Q) (4.41)
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with fR the finite part of the splitting functions:

fF =

∫ 1/2

0

dzΦqg
q (z) fA = 2

∫ 1/2

0

dzΦqq̄
g (z) (4.42)

The initial condition of (4.41) is ~D(z,Q = 0) = 0.
One can find a solution of this first order linear differential equation. The complete calcu-

lation is given in Appendix E. The full LL result is:

zDR,ISD(z | pT , R) =
CFfA + CAfF

fF + fA
f0(α0L, α0Lcut) +

CRfR − CR̃fR
fF + fA

f1(α0L, α0Lcut) (4.43)

f0(u, v) =
−1

πβ0

log
(

1 +
2β0

β
(v + (β − 1)u)

)
(4.44)

f1(u, v) =
(2β0u)

fR+fA
2πβ0

πβ0

[
B
(

1 + 2β0

β

(
v − u)

2β0u
, 1 +

fR + fA
2πβ0

, 0

)
− B

(
1

2β0u
, 1 +

fR + fA
2πβ0

, 0

)]
with B(x, a, b) the incomplete beta function and R̃ = A,F if R = F,A respectively. With
the full LL result (4.43), one can notice that the second term in Eq. (4.41) associated with
quark-gluon mixing is not really numerically important. Consequently, when we will study the
nuclear modifications of Di,ISD(z | pT , R), we will approximate the LL formula by:

zDR,ISD ' CRf0(α0L, α0Lcut) =
2CR
π

∫ R

0

dθ
θ
αs(zpT θ)Θcut (4.45)

This result has an interesting property: it coincides with a naive calculation in which one
assumes that the jet is made of one soft collinear emission. This is a specificity of the LL
approximation that we will extensively use in the rest of this thesis.

NLL corrections. For completeness, we have also analysed some NLL corrections to the LL
result (4.43). At NLL, one cannot ignore the energy recoil of the hard branch but one can
truncate to the first order the (logarithmic) Taylor expansion of DR,ISD(z, (1− z)Q):

DR,ISD(z, log((1− z)Q)) ' DR,ISD(z, log(Q)) + log(1− z)
∂DR,ISD(z, log(Q))

∂ log(Q)
(4.46)

The other NLL corrections included in the master equation (4.38) that can be easily added to
the LL piece are the finite part of the splitting functions singular in z = 0 and the running
coupling corrections when k⊥ is small using k⊥ = zpT θ in the pieces where we ignored the z
dependence at LL. With these corrections, formula (4.41) has the following solvable form:

∂ ~DISD(z,Q)

∂ log(Q)
= ~CNLL(z,Q) +

αs(Q)

π

(
−fF fA
fF −fA

)
~DISD(z,Q) (4.47)

There are also other NLL corrections which are not taken into account in the master equation
(4.38). First of all, one should use the two loop running coupling and include the singular part
at z = 0 of the two-loops splitting functions wherever it is necessary. This amounts to a simple
modification of the function CNLL(z,Q) in formula (4.47). The full function CNLL(z,Q) and the
solution of (4.47) from the variation of parameters method are given in Appendix E. Moreover,
there are also NLL corrections related to clustering effects which occur when a non-primary
emission is clustered with the hard branch. These corrections are beyond the scope of this
simple analysis. Nevertheless, a complete NLL result would be very interesting for precision jet
physics in pp collisions.
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Figure 4.4: The ISD fragmentation function to LL accuracy (dotted curves) and with NLL corrections
(dashed curves) compared to JetMed Monte Carlo calculations of this observable. The LL results are
given by (4.43) whereas the NLL formula used for this plot is given by the solution (E.18) of (4.47).

4.3 Jets from medium-induced emissions

The first section of this chapter was dedicated to jets evolving in the vacuum via iteration
of Bremsstrahlung emissions triggered by the virtuality of the initial parton coming from the
hard event. From a mathematical point of view, iterating vacuum-like soft/collinear emissions
is equivalent to an all-orders resummation of the large soft and collinear logarithms. We have
seen a couple of examples of such resummations through jet observables that we will study also
in heavy-ion collisions.

In this section, we present another kind of “jet” that happen specifically in a dense QCD
medium and we call it “jet from medium-induced emissions” because the emission process
which is iterated is not the Bremsstrahlung process associated with an off-shell parton but the
medium-induced spectrum studied in Chapter 3 associated with an on-shell parton travelling
through a dense medium (see [155] for a review).

4.3.1 The multiple branching regime: probabilistic picture

Before discussing the properties of jets from medium-induced emissions, we first review the main
constructing stages of the effective field theory for multiple soft medium-induced emissions in
a dense QCD medium [156].

4.3.1.1 The branching energy scale ωbr

In Section 3.3, we have calculated the medium-induced gluon spectrum from an on-shell quark
or gluon travelling through the medium. Focusing on the behaviour at small energy ω = k+

(in light cone coordinates) in the case of a medium with fixed length L and constant density,
this spectrum behaves like:

ω
dNmie

dω
∼ αsCA

π

√
2ωc
ω

(4.48)
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for an initial gluon. We recall that ωc = q̂L2/2 is typically the largest medium-induced radiation
that can be formed over a time L. Without loss of generalities, we focus on gluon splittings in
this subsection.

Comparing with the standard Bremsstrahlung spectrum, one notes first that the transverse
momentum integral has been carried out: there is no collinear singularity associated with the
medium-induced gluon spectrum. However, this spectrum remains singular at small ω. Of
course, there are several assumptions that lead to formula (4.48). Among them, one must
have ω > ωBH, with ωBH ∼ q̂`2 the Bethe-Heitler frequency below which the formation time
tf (ω) =

√
ω/q̂ of the medium-induced parton is smaller than the mean-free path ` in the

medium.
Is there nothing more behind this soft singularity? Actually, the physics related to this

singularity happens to be very rich. In the same way that the soft logarithmic singularity of
the Bremsstrahlung spectrum must be taken into account beyond the leading order, to all orders
in αs, there is a regime in which medium-induced emissions have to be resummed beyond the
leading order BDMPS-Z result. This regime occurs when the integrated BDMPS-Z spectrum
becomes of order 1. This trivial integration defines a new energy scale, the branching energy
ωbr:

N(ω) =

∫ ωc

ω

dω′
dNmie

dω′
∼
√
ᾱ2
sωc
ω

= O(1)⇒ ω ∼ ωbr ≡ ᾱ2
sωc (4.49)

Even if ωbr is smaller than ωc by two powers of ᾱs ≡ αsNc/π, this “branching” scale is still
hard enough to be larger than ωBH provided that the medium is large enough: ` � ᾱsL.
When the latter condition is satisfied, there is a potentially large energy phase space such
that ωBH � ω . ωbr in which the emission probability N(ω) is larger than 1. In this regime,
one should not interpret the integrated BDMPS-Z spectrum as a probability, but rather as an
average number of emissions. Since this number is larger than 1 below ωbr, this means that one
must also take into account the single BDMPS-Z process beyond the leading order: this is the
so-called multiple branching regime.

To get more intuition on the parameter that will be resummed to all orders through this
new branching process, we rewrite the condition (4.49) as a ratio of time-scales:

N(ω) ∼ ᾱs
L

tf (ω)
(4.50)

Consequently, in the multiple branching regime, the parameter of order 1 which has to be
resummed to all orders is ᾱsL/tf .

4.3.1.2 Iteration of medium-induced emissions

Now that we have recognized the necessity of taking into account multiple medium-induced
emissions, the next step is to understand how to calculate cross-sections in the multiple emission
regime. The pedestrian method of computing Feynman diagrams with multiple external legs
in the presence of the background field as in Chapter 3 would be a gigantic task. Actually, this
task is greatly facilitated by doing a couple of parametrically well-controlled approximations
that enable to calculate the multiple medium-induced emission probability from a classical
Markovian branching process. In this context, there are mainly three approximations necessary
to come up with this classical picture.

Colour coherence. The first one is related to the colour coherence of a medium-induced
“antenna” that could significantly modify the interference term involved in the calculation of
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the emission of one gluon by this antenna. By medium-induced antenna, we refers to a two-
gluon system associated with a medium-induced branching. In the vacuum, we have seen
that these interferences are responsible for the angular ordering constraint of the subsequent
emission, but to LL accuracy at least, this was not an obstacle to see multiple vacuum-like
emissions as a classical branching process (ordered in angle though).

For a medium-induced branching, we now show that the two offspring gluons lose their
colour coherence during a time comparable to the duration of the branching tf (ω). From
the antenna calculation done in Section 3.4, we know that the (de)coherence time is given
by tcoh(θ) ∼ (q̂θ2)−1/3 where θ is the opening angle of the antenna. For a medium-induced
branching, this angle is set by the transverse momentum kf acquired during the branching
process:

k2
f ' ω2θ2

f ∼ q̂tf (ω)⇒ θf ∼
( q̂
ω3

)1/4

(4.51)

where we have assumed — without loss of generality — that one of the offspring gluon with
energy ω is softer than the other. Thus, one has tcoh(θf ) ∼ tf , equality which precisely means
that the medium-induced antenna loses its colour coherence during its formation. Now, a
subsequent gluon emission can occur with probability of order (ᾱsL/tf )

2 = O(1) in the direct
terms associated with independent emissions. However the interference term will be reduced
by a factor tf/L since the quantum colour coherence survives only during a time of order tf .
Hence, interferences are sub-leading in an calculation aiming at resumming all O((ᾱsL/tf )

n)
contributions [122, 123]. This is the solution to the first obstacle associated with quantum
colour coherence.

Overlapping formation times. The second obstacle concerns the so-called problem of over-
lapping formation times [79]. If we now only focus on the direct term in the amplitude squared
for producing two medium-induced gluons with energy ω, the two emissions may overlap in time,
changing the naive estimate obtained by squaring the probability for producing one gluon. We
would like to bring to light a physical regime enabling to neglect this possibility.

To do so, we would like to estimate the typical time tbr between two branchings in a regime
where we can assume that they occur independently. Let us rewrite the leading soft behaviour
of the BDMPS-Z spectrum (4.48) in a such a way that its interpretation as an emission rate is
transparent:

ω
dNmie

dωdt
∼ ᾱs
tf (ω)

(4.52)

One recovers formula (4.48) integrating this constant rate over a time L. If the emissions are
independent with each other, the no-emission probability ∆mie(∆t, ω

′) during ∆t of gluons with
energies larger than some energy scale ω′ follows the exponential law with parameter given by
the rate (4.52) integrated over energies larger than ω′:

∆mie(∆t, ω
′) = exp

(
−∆t

∫
ω′

dω
ω

ᾱs
tf (ω)

)
(4.53)

The upper limit in the integration range, of order min(ω, ωc), is left intentionally blank since the
integral is controlled by the lower bound. ω′ is a scale which will define the regime of validity
of the independent emissions picture. The probability ∆mie(∆t, ω

′) vanishes for ∆t � tbr(ω
′)

with
tbr(ω

′) ∼ tf (ω
′)/ᾱs (4.54)

As suggested by our notations, tbr(ω′) is the survival time of our parton with energy ω without
emitting any gluons with energies larger than ω′ (but smaller than ω).
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With this estimate at our disposal, one can neglect overlapping emissions if the formation
time of the parton with energy ω is much smaller than tbr(ω′):

tf (ω)� tbr(ω
′)⇒ ω′ � ᾱ2

sω (4.55)

This inequality can be summarized as follows: given an emission with energy ω, the overlapping
formation time problem is harmless if all other subsequent emissions have an energy much larger
than ᾱ2

sω. In terms of the splitting fraction z = ω′/ω, one must impose z ≥ ᾱ2
s. This seems to

be a strong restriction since ᾱs is not that small even in a weakly coupled medium. However,
we will see that the evolution equation governing jets from medium-induced emissions favours
“democratic” branchings instead of softer and softer branchings. Consequently, introducing a
lower cut off for splitting fractions does not change this picture.

Collinear splitting approximation. The last main approximation that greatly simplifies
the mathematical formulation of the multiple branching regime is the assumption of purely
collinear splittings. To be more precise, after the splitting, the two offspring partons share equal
fraction, respectively z and 1 − z, of both the initial energy and initial transverse momentum
carried by the parent parton. This means that the transverse momentum acquired during the
branching process is neglected and that all the transverse momentum of the emitted gluon is
acquired during the propagation through the medium — between the emission and the decay
— via collisions off the medium constituents.

We now find the regime of validity of this approximation. In the multiple soft scattering
regime, the transverse momentum acquired during the formation is k2

f = q̂tf whereas the
transverse momentum acquired during propagation is k2

⊥ = q̂tbr. Hence, the condition k⊥ � kf
is equivalent to the condition (4.55) that we have already discussed. In order to obtain a
typical value for the interval between two branchings which depends on ω only, we shall use
tbr ≡ tbr(ω) = tf/αs. Hence, the transverse momentum acquired during formation is suppressed
by one power of αs with respect to the transverse momentum acquired after propagation. We
point out that this argument rely on the fact that tbr < L ⇔ ω < ωbr in agreement with
the multiple branching regime that we are discussing now. However, even for relatively hard
medium-induced emissions in the regime ωbr < ω < ωc, this approximation remains valid since
in this case, the transverse momentum acquired after emission is typically Qs =

√
q̂L and the

condition q̂tf < Q2
s is equivalent to ω < ωc.

Thus, in the collinear splitting approximation, the transverse momentum broadening comes
from multiple elastic collisions during propagation. It is worth mentioning that there is another
indirect contribution to this transverse momentum coming from the recoil of the parton while
radiating gluons [157, 158, 159]. This recoil effect is dominated by hard medium-induced
emissions triggered by a single scattering with short formation time. For a parton propagating
over a distance L, it amounts to an additive correction to the typical momentum transferred Qs

of the form αsNcQs log2(LkBTp)/π where Tp is the plasma temperature and kBTp, the thermal
energy which is also the maximal energy that a medium constituent can transfer in a single
scattering. It is possible to include these corrections to the probabilistic picture that we shall
now expose in more details by a renormalization of the quenching parameter: these radiative
corrections are local and universal, at least to leading logarithmic accuracy [111, 118, 160, 161].

4.3.1.3 Generating functional and master equation

We turn now to the construction of the master equation for the generating functional of the
multiple medium-induced emissions. We choose first to focus on purely collinear processes, so
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that transverse diffusions due to multiple rescatterings or elastic collisions are integrated out.
For observables averaged over transverse coordinates, it generates the right distributions. We
will discuss the angular (transverse) structure of jets from medium-induced emissions in the fol-
lowing section. Within the approximations listed in the previous section, one can calculate the
cross-section for multiple medium-induced emissions using a classical and Markovian branching
process with the following rules [156]:

1. Successive emissions are independent and ordered in time. By time, one refers to the
light-cone “+” coordinates with the longitudinal axis defined by the direction of motion
of the parton triggering the jet. We note E the (large) + component of the 4-vector of
the leading parton.

2. The rate of the branching process is given by the BDMPS-Z spectrum rate (4.52) amended
to take into account q → qg and g → gg splittings and finite z fractions,

d2Pbca,mie

dzdt
=

Kbca (z)

2πtbr(z(1− z)E)
Θ(ωc − z(1− z)E) , tbr(ω) ≡ 1

αs

√
ω

q̂
(4.56)

One can include running coupling corrections using αs(kbr = (q̂zE)1/4). The rate is
given for a medium with constant density (i.e. constant q̂). The case of a longitudi-
nally expanding medium will be discussed in Section 4.3.4. All the “in-medium” splitting
functions Kbca (z) are given in Appendix C. Finally, the step function ensures that all
medium-induced emissions have an energy smaller than ωc as it should be.

We call Zmie
i (t0, E | u(k+)) the generating functional associated with this branching process,

t0 being the initial time. The definition is the same as the one given in Eq. (4.8), but the test
functions u(k+) depends only on the + component of the 4-momentum of the emitted partons,
since transverse informations have been integrated out. The generating functional Zmie follows
the master equation [156, 162]:

− ∂Zmie
i

∂t0
=

1

2!

∑
(a,b)

∫ 1

0

dz

√
q̂

E

αsKabi (z)

2π
√
z(1− z)

[
Zmie
a (t0, zE)Zmie

b (t0, (1− z)E)−Zmie
i (t0, E)

]
(4.57)

The initial condition for it is Zmie
i (t0 = L,E) = u(E). As for Eq. (4.8), the endpoint singularities

are regularized with a cut-off z ≥ ε. From the discussion in 4.3.1.2, ε should be of order α2
s.

Nevertheless, the observable that we will discuss thereafter are finite when ε → 0, and hence
not sensitive to this cut-off.

In order to highlight the similarities and the differences between (4.57) and (4.8), we have
written the former in backward form: t0 ⇔ log(1/θ). Besides the evolution parameter t0 which
accounts for the ordering in time of the process, an other important difference with respect
to the MLLA evolution equation (4.8) is hidden in the endpoint singularities: contrary to the
DGLAP splitting functions behaving like 1/z at small z, the singularity is stronger for the
medium-induced evolution ∼ 1/z3/2. As we shall now see, this will drastically modify the
picture of medium-induced cascades with respect to DGLAP cascades.
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4.3.2 Democratic fragmentation and turbulent energy loss

In this section, we simplify the full process described by (4.57) in order to derive analytical
results for medium-induced jet fragmentation and get some physical insights on the behaviour
of the cascade. We first ignore quarks and assume that only gluons participate to the branching
process. We also simplify the branching kernel Kggg (z) using:

1

2CA

Kggg (z)√
z(1− z)

' K0(z) ≡ 1

(z(1− z))3/2
(4.58)

Finally, we assume that E < ωc so that one can ignore the step function in (4.56). The forward
evolution equation for the fragmentation function has a more simple form so we first rewrite
(4.57) in forward form using the approximations specific to this section [156]:

∂Zmie
g (t, E)

∂t
=

∫ 1

0

dz
∫

dk+ ᾱs
2

√
q̂

E
K0(z)

(
u(zk+)u((1− z)k+)− u(k+)

)δZmie
g (t, E)

δu(k+)
(4.59)

with initial condition Zmie
i (t = 0, E) = u(E).

We want to find the evolution equation for the fragmentation function of medium-induced
jets Dg,mie(x, t, E) defined by

Dg,mie(x, t, E) = x

∫
dk+ δ(k+ − xE)

δZmie
g (t, E)

δu(k+)

∣∣∣
u=1

(4.60)

with the initial condition Dg,mie(x, 0, E) = xδ(1− x). From Eq. (4.57), it is straightforward to
derive it, in terms of the dimensionless variable τ ≡ ᾱst

√
q̂/E, [156, 163]

∂Dg,mie(x, τ)

∂τ
=

∫ 1

0

dzK0(z)

[√
z

x
Dg,mie

(x
z
, τ
)
− z√

x
Dg,mie

(
x, τ
)]

(4.61)

This is the rate equation for the fragmentation function of medium-induced jets. The corre-
sponding rate equation obtained from (4.57) is of course equivalent. This equation is well-
defined without introducing any cut-off ε in z because there is no true endpoint singularity. For
z → 0, the first term is harmless because Dg,mie(x/z, τ) = 0 for z < x and the second (“virtual”)
term is regularized by the z factor. For z → 1, the two terms are singular when separately
taken but the singularities cancel in the difference.

Physical discussion. This equation is particularly remarkable for several reasons [163].

• It admits a set of fixed point solutions D(x, τ) = c/
√
x for any constant c. In particular,

the single-emission BDMPS-Z spectrum belongs to the set of fixed point solutions. They
are called Kolmogorov–Zakharov fixed points and they naturally appear in phenomena
associated with turbulence.

• It is exactly solvable given our initial condition. The solution is

Dg,mie(x, τ) =
τ√

x(1− x)3/2
e−π[τ2/(1−x)] (4.62)

Using the final value τmax = ᾱsL/tf (E), one recognises the all order resummation of the
parameter ᾱsL/tf which defines the multiple branching regime.
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• This solution has the following behaviour: at small times t� tbr(E) it is strongly peaked
around x = 1. As time goes by, after tbr, the leading gluon is progressively degraded
into soft gluons that populate the soft modes of the spectrum. This soft part behaves
like τ exp(−πτ 2)/

√
x. The time dependence apart, the shape of the small x part of the

spectrum is close to a fixed point solution. The story is not over though: because of the
exponential factor, the amount of energy contained in every x > 0 bin of the spectrum
vanishes in the limit τ → ∞. This is paradoxical: recall that energy is conserved along
the branching process, even with the simplified kernel K0. Then, where does the initial
energy go? It accumulates in a “condensate” located formally in the x = 0 bin.

• One can calculate the energy accumulated in this condensate at the end of the cascade,
called εg,flow(τmax), by energy conservation: it is the initial energy E minus the energy
contained in the spectrum:

εg,flow(τmax) = E −
∫ 1

0

dxDg,mie(x, τmax) = E
(

1− e−2πωbr/E
)

(4.63)

This relation enlightens the physical role of ωbr. If E � ωbr, almost all the initial energy of
the leading gluon will disappear in this condensate after propagation through the medium.
On the contrary, for E � ωbr (but smaller than ωc by hypothesis), the initial energy is
shared between the remnant of the leading gluon and the small x part of the spectrum: in
this regime, the typical (event by event) energy loss by the leading gluon is ωbr. This is to
be contrasted with the average energy loss as given by the BDMPS-Z spectrum which is
of order ᾱsωc. Note that εflow has also been obtained in the regime E > ωc not discussed
in this section [164]. In this case, εg,flow ' vωbr with v a constant.

• The endpoint x = 0 is beyond the regime of validity of Eq. (4.61). Recall that we must
impose at least x > ωBH/E for instance, since this analysis relies on the BDMPS-Z rate.
One can also calculate the amount of energy that goes below the scale ωBH/E. As ωBH is
of the order of the temperature in a weakly coupled plasma, this is the amount of energy
coming from the initial gluon that eventually “thermalizes” [165]. It happens that the
result is very close to Eflow so (4.63) is actually a good estimate of the thermalized energy
loss.

• Equation (4.61) has an other interesting property, related to turbulence. Besides the en-
ergy accumulated in the condensate, one can calculate the energy flux F(x0, τ) transferred
from modes with x > x0 to modes with x < x0 (counted positively in this direction):

F(x0, τ) ≡ −∂
∂τ

∫ 1

x0

dxDg,mie(x, τ) = 2πτe−πτ
2︸ ︷︷ ︸

Fflow

+“non-flow” (4.64)

For all x0, there is always a non-zero component Fflow of this flux which is independent
of x0 and that corresponds to the flow of energy transferred to the condensate. This
is characteristic of turbulent flows in ideal cascades in which the energy flux at some
energy is independent of the energy. This flow does not exist in DGLAP-like cascade
such as the cascade describing vacuum-like branchings. A crucial physical ingredient
for it is democratic branching : whereas DGLAP branchings strongly favour asymmetric
splittings, in medium-induced jets, the two daughters partons have comparable energies.
Turbulent flow constitutes a very efficient way to transport energy from high modes into



104 CHAPTER 4. JETS

arbitrarily soft modes. This scenario is obviously particularly interesting for jet quenching
physics.

4.3.3 Angular structure of medium-induced jets

So far, we have only discussed the longitudinal structure of medium-induced jets, ignoring its
transverse structure. However, understanding this transverse structure is crucial to answer the
following questions: what is the typical angle where the energy flow described in the previous
section end up? For instance, if the energy accumulated in the condensate is also transferred to
large angles with respect to the leading parton, then we have really an efficient mechanism for
large angle energy loss by jets that could eventually explain the behaviour of the experimental
data.

4.3.3.1 The general picture

In the collinear emission approximation (see Section 4.3.1.2), the transverse structure is dic-
tated by the transverse momentum acquired during the propagation. Including this transverse
momentum in the generating functional formalism as in (4.57) is straightforward. First of all,
the generating functional Zmie

i (t0, E, p⊥) and the test functions u depend now on the trans-
verse component p⊥ of the 4-momentum of an emission. Then, the master equation for Zmie is
amended by a term that can change the transverse momentum p⊥ of the initial parton [156]:

−∂Z
mie
i

∂t0
=

1

2!

∑
(a,b)

∫ 1

0

dz

√
q̂

E

αsKabi (z)

2π
√
z(1− z)

[
Zmie
a (t0, zE, zp⊥)Zmie

b (t0, (1− z)E, (1− z)p⊥)

− Zmie
i (t0, E, p⊥)

]
+

∫
d2q⊥ Ci(q⊥, t0)Zmie

i (t0, E, p⊥ − q⊥)

(4.65)

The collision kernel Ci(q⊥, t0) is related to the Fourier transform of the in-medium dipole cross-
section σd, cf. Sections 3.2.3-3.3.1.2:

Ci(q⊥, t0) = −g
2

2
Cin(t0)σd(q⊥) (4.66)

In the multiple soft scattering regime and in the harmonic approximation, this collision kernel
simplifies, Ci(q⊥, t0) ' −1

4
q̂i(t0)q2

⊥ and leads to the diffusion of emissions in the transverse plane.
In this section, we will work within this simplified regime.

From (4.65), one can infer the evolution equation for the double-differential fragmentation
function Di,mie(x, k⊥). Using the same kind of approximations as those used in the previous
section, it is even possible to get analytical results [166]. As we will study this equation
numerically via Monte Carlo methods in Chapter 6, we follow here a different path and give only
the physical arguments enabling to get the angular picture of medium-induced jet evolution.

Actually, all the necessary ingredients for this discussion have already been given in Section
4.3.1.2. Let us pick a final parton in the distribution Di,mie(x, k⊥) with energy ω = xE. We
want to find its corresponding angle θ ' k⊥/ω with respect to the direction of the parton
that has triggered the cascade. This angle is set by the time tprop of propagation through the
medium:

θ(tprop) =
k⊥(tprop)

ω
=

√
q̂tprop

ω
(4.67)
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The different regimes will depend on the typical time tprop of propagation. We assume a highly
energetic initial parton with E & ωc.

1. If ω ∼ E corresponding to the leading parton case, the latter will most likely survive
after the medium-induced evolution. Hence, its propagation time through the medium is
tprop = L and its final angle is typically θ = Qs/E.

2. For ωbr . ω . ωc, the emission is not in the multiple branching regime. Hence, it
corresponds to a single BDMPS-Z like emission emitted directly by the leading parton.
We call it a primary medium-induced emission. This emission can occur everywhere
inside the medium, but the typical propagation time remains the same as for the leading
particle tprop ∼ L, so that θ = Qs/ω. One sees that if ω is hard-enough, such emissions can
remain inside the jet which is defined through a typical opening angle R. The criterion
is ω ≥ Qs/R.

3. In the multiple branching regime ω . ωbr, the propagation time is precisely the branching
time tbr defined in 4.3.1.2. Hence, the typical angle of these emissions is

θ(tbr(ω)) =
( q̂

ᾱ2
sω

3

)1/4

(4.68)

Thus, these soft emissions are most likely deviated at large angles, outside the jet cone.
The corresponding criterion is ω . (q̂/(ᾱ2

sR
4))1/3 ≡ ωs(R). This answers the question

which started this section: the energy εi,flow accumulated in the condensate (formally at
ω = 0) is an energy deviated at very large angles and is consequently always a component
of the total energy loss by a medium-induced jet whatever its opening angle is.

From this general picture, one can find a better estimate of the energy loss εi(R) by a leading
parton with energy E & ωc outside a given angle R, taking into account both the semi-hard
primary large angle emissions and the soft emissions with xs(R) ≥ ωs(R)/E [164]. Actually, one
can perfectly neglect the latter contribution as the energy contained in the spectrum between
0 and ωbr/E is much smaller than the energy accumulated in the condensate. Hence, to the
“turbulent” component of the jet energy loss given by (4.63), one must add the (average)
energy taken away by semi-hard gluons whose energies are larger than ωbr, yet small enough
for the associated propagation angles θ ∼ Qs/ω to be larger than R. The (average) semi-hard
contribution to the energy loss is therefore obtained by integrating the emission spectrum over
ω up to ω̄ ≡ c∗Qs/R, with c∗ a number smaller than one. We will see later that an average
value for it is c∗ =

√
π/3.

εi,spec(E,R) ' αsCi
π

∫ ω̄

0

dω

√
2ωc
ω

e−υ0
ωbr
E =

2αsCi
π

ωc

√
2c∗θc
R

e−υ0
ωbr
E , (4.69)

where we have also used Qs = θcωc. Note that the above expression uses the BDMPS-Z
spectrum dressed by multiple branchings computed under the same assumptions as (4.63)
yielding an extra exponential factor [163]. The R-dependence here is easy to understand: with
increasing R, more and more semi-hard emissions are captured inside the jet so the energy loss
is decreasing. Note that when R becomes as small as θc, all the MIEs are leaving the jet and
the average energy loss by the jet coincides with that of the leading parton.

The total energy lost by the jet under the present assumptions is

εi,MIE = εi,flow + εi,spec (4.70)
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where the subscript “MIE” indicates that for the time being only MIEs are included. Formula
(4.70) will be very important to understand the energy loss by a jet including both vacuum-like
emissions and medium-induced emissions.

To conclude this discussion on the energy loss by a parton at large angles, let us comment on
the Casimir i dependence of εi,flow. The main observation of the previous section obtained for
gluon-initiated jets can be generalized to quark-jets as well [167]: the small-x gluon distribution
within a jet initiated by a parton of colour representation R develops a scaling behaviour with
1/
√
x, the Kolmogorov-Zakharov (or “turbulent”) fixed point. For large-enough initial jet energy

E this scaling spectrum is identical to the BDMPS-Z spectrum created by a single emission,
hence proportional to the colour representation of the initial parton and to q̂ = q̂A which is the
gluonic jet quenching parameter, proportional to CA. Consequently, the scale ωbr that appears
in Eq. (4.63) depends on i through the following relation:

ω
(i)
br =

α2
s

π2
CiCAq̂L

2 (4.71)

One actually gets a factor αsCi/π associated with the emission from the leading parton, whereas
the other coupling αsCA/π refers to the turbulent energy flux of the emitted gluons and carried
away at large angles.

4.3.3.2 C/A declustering of medium-induced jets

As an exercise relying on the ideas exposed in the last paragraph, we want to show the following
property for medium-induced jets dominated by primary medium-induced emissions, that is in
the regime ωs(R) ≥ ωbr: the generating functional of a jet constituted by primary medium-
induced emissions ordered in time is equal to the generating functional of a fictitious jet with
primary emissions ordered in angle and emission rate properly found in order to satisfy this
equivalence.

This fictitious ordering is exactly what a C/A declustering would reconstruct from final
states particles. As many substructure observables in the vacuum rely on C/A declusterings,
such as zg or ISD, this statement provides an insight on the values of such observables for
medium-induced jets, despite the lack of physical angular ordering.

To prove this statement, the first step is to rewrite (4.65) using the z ↔ 1 − z symmetry
to integrate over z values between 0 and 1/2. As only primary emissions are considered,
one replaces the generating functional of the soft subjet by another independent generating
functional Za,prim(t0, zE, zp⊥) describing primary emissions:

−∂Z
mie
i

∂t0
=
∑
(a,b)

∫ 1/2

0

dz

√
q̂

E

αsKabi (z)

2π
√
z(1− z)

[
Za,prim(t0, zE, zp⊥)Zmie

b (t0, (1− z)E, (1− z)p⊥)

− Zmie
i (t0, E, p⊥)

]
+

∫
d2q⊥ Ci(q⊥, t0)Zmie

i (t0, E, p⊥ − q⊥) (4.72)

To simplify the discussion, we ignore quark/gluon mixing. We then neglect both the longitudinal
and the transverse recoils of its 4-momentum, that is (1−z)E ' E, (1−z)p⊥ ' p⊥ and q⊥ � p⊥.
This is valid as long as E � ωc since in this case, the splitting fraction z carried away by
a primary medium-induced emission is at most ωc/E � 1. In the multiple soft scattering
approximation, neglecting q⊥ ∼ Qs amounts to neglect Qs in front of p⊥. As the integral of
Ci(q⊥, t0) over q⊥ is 0 by symmetry, the collision term for the hard branch vanishes. Note that
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it is relatively easy to take into account the transverse multiple collisions for the hard branch
as well, but it is beyond the goal of this calculation.

With these approximations, the master equations (4.72) for Zmie is exactly solvable given
the initial condition Zmie

i (L,E, p⊥) = u(E, p⊥):

Zmie
i = u(E, p⊥) exp

(∫ L

0

dt0
∫ 1/2

0

dz

√
q̂

E

αsKgii (z)

2π
√
z(1− z)

(
Zg,prim(t0, zE, zp⊥)− 1

))
(4.73)

where we have set t0 = 0. We must find the generating functional Zg,prim(t0, E, p⊥). By
definition of primary emissions, we can ignore subsequent splittings. Consequently, Zg,prim
follows (4.65) without the first term associated with branchings:

− ∂Zg,prim(t0, E, p⊥)

∂t0
=

∫
d2q⊥ Cg(q⊥, t0)Zg,prim(t0, E, p⊥ − q⊥) (4.74)

The solution of this equation with the initial condition Zg,prim(L,E, p⊥) = u(E, p⊥) is

Zg,prim(t0, E, p⊥) =

∫
d2k⊥u(E, k⊥)P(k⊥ − p⊥, t0, L) (4.75)

where P(q⊥, t, L) is the probability density for a gluon to acquire a transverse momentum q⊥
during its propagation between t0 and L. An explicit calculation of P(q⊥, t, L) is given in
Section 3.2.3, Eq. (3.64). As P is normalized to 1, one can write (4.73) as

Zmie
i (E, 0 | u) = u(E, 0) exp

(∫
dθ
∫ 1/2

0

dz
d2Kmie

i,C/A

dθdz
(
u(zE, k⊥)− 1

))
(4.76)

This form is precisely the generating functional for a Poisson process ordered in angles, provided
that the corresponding rate Ki,mie

C/A verifies the relation:

d2Kmie
i,C/A

dθdz
=

∫ L

0

dt0
∫

d2k⊥P(k⊥, t0, L)

√
q̂

E

αsKgii (z)

2π
√
z(1− z)

δ

(
θ − |k⊥|

z(1− z)E

)
(4.77)

This relation shows the correspondence between the time-average of the probability density
for a parton to get a given angle and the angular rate associated with the fictitious angular-
ordered branching process. In the multiple soft scattering regime, and within the harmonic
approximation, one can calculate exactly the rate Ki,mie

C/A for a medium with constant q̂:

d2Kmie
i,C/A

dθdz
=
αs
2π

√
q̂L2

E

Kgii (z)z2(1− z)2E2√
z(1− z)

2θ

Q2
s

Γ

(
0,
z2(1− z)2E2θ2

Q2
s

)
(4.78)

' αsCi
π

√
2ωc
E

1

z3/2

2z2E2θ

Q2
s

Γ

(
0,
z2E2θ2

Q2
s

)
, for z � 1 (4.79)

The function Γ(0, x) is the incomplete gamma function. In Chapter 9, we will use this expression
in the soft z � 1 approximation to understand the phenomenological consequences of relatively
hard intrajet medium-induced emissions on substructure observables, as in [168]. Finally, one
can easily find the average angle θ̄ of a primary medium-induced emission with respect to the
leading parton by calculating the first angular moment of (4.78). The result is θ̄ = c?Qs/ω
with c? =

√
π/3.
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4.3.4 Longitudinally expanding medium

To conclude this chapter, we discuss how to include the longitudinal expansion of the medium
to the medium induced cascade picture. The naive way of adding the expansion is to modify
the emission rate (4.56) using q̂(t) instead of a fixed q̂:

d2Pbci,mie

dzdt
=
αs
2π

Kbci (z)

(z(1− z))1/2

√
q̂(t)

E
'
z�1

αsCi
π

1

z3/2

√
q̂(t)

E
(4.80)

4.3.4.1 The medium-induced formation rate in expanding media

We would like to show first that this procedure is legitimate under some circumstances. First
of all, we recall that the medium-induced rate comes from the following procedure. Once one
knows the medium induced spectrum of an incoming parton propagating over a path length L
through the medium, the rate is obtained by differentiating this spectrum with respect to L
(see (4.52)). As we work within the regime ω � ωc ∼ q̂L2/2, the rate relevant for the master
equation (4.57) is obtained in the limit L→∞. This large path length limit corresponds to the
physical situation L� tf (ω) ∼

√
2ω/q̂. We have calculated in Chapter 3 the medium induced

gluon spectrum in longitudinally expanding media for a finite jet path length, see (3.152) and
Appendix B:

ω
dNmie

dω
=

2αsCR
π

Re log
(
|C(t0, t0 + L|

)
(4.81)

where t0 is the light cone time at which the medium is created.
As mentioned when we did this calculation, the limit L → ∞ of (4.81) is generally not

defined. However, the rate can always be defined after differentiation with respect to L:

ω
d2Nmie

dωdt
=

2αsCR
π

Re
−iq̂(t)G−1(t)

2ω
(4.82)

From the definition of the function G, one shows that it satisfies the following first order (non
linear) differential equation, of Riccati kind:

G′ +G2 +
iq̂(t)

2ω
= 0 (4.83)

The initial condition for G is G(t) ∼ 1/(t − t0) for t → t0. We just have to extract from this
defining differential equation the asymptotic behaviour of G(t).

As a comment before finding an equivalent of G as t → ∞, we recall that one could also
perfectly define the medium induced spectrum from the on-shell spectrum as in Section 3.3.3.4,
leading to (see also Appendix B):

ω
dÑmie

dω
=

2αsCR
π

Re log
(
|C(t0 + L, t0|

)
(4.84)

from which one easily deduces the corresponding rate:

ω
d2Ñmie

dωdt
=

2αsCR
π

Re Ḡ(t) (4.85)

The function Ḡ satisfies the same non-linear differential equation as G, with a different initial
condition Ḡ(t0) = 0. For large values of t, the asymptotic behaviour of Ḡ is the same as the
one of G. We will comment on the differences between (4.85) and (4.82) after having found the
common asymptotic behaviour of these two functions.
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Asymptotic behaviour of G and Ḡ. We do not claim full mathematical rigour in the
demonstration of the following results. Instead, we shall give hand-waving arguments to con-
vince of their validity. In order to make the discussion also more concrete, we use the following
form for the time dependence of q̂, inspired by the Bjorken expansion model:

q̂(t) = q̂0

(t0
t

)γ
(4.86)

In the Bjorken model, 0 < γ ≤ 1. In this discussion, γ can take any non-negative values:
γ ≥ 0. We also invite the reader to look at Fig. 3.1 to guide the eye through the following
mathematical discussion: on the left figure, the asymptotes of the rates are clear. We first
define the following functions:

g(x) =

√
2ω

iq̂0

G

(√
2ω

iq̂0

x

)
, u(x) = g(1/x) (4.87)

The function g enables to nondimensionalize the differential equation (4.83), and the function
u is useful to study the large x asymptote of g(x) by looking at the x→ 0+ behaviour of u(x).
They satisfy the following differential equations:

g′(x) + g2(x) + κγx−γ = 0 κ =

√
iq̂0t20
2ω

(4.88)

u′(x) =

(
u(x)

x

)2

+ κγxγ−2 (4.89)

Considering Eq. (4.89), it is natural to distinguish two cases, either γ < 2 or γ > 2:2

1. If γ > 2, the second term in (4.89) proportional to xγ−2 goes gently to 0 as x→ 0+. We
then expect to find the behaviour of u(x) in this limit by solving the vacuum differential
equation u′ = (u/x)2. The general solution is u(x) = x/(1−bx) with b a constant, so that
u(x) ∼ x at small x. Thus, for γ > 2, g(x) ∼ 1/x at large x and G(t) ∼ 1/t at large times.
This is the typical vacuum-like behaviour since G(t) = 1/(t − t0) when q̂ = 0, meaning
that the rate in the presence of a medium with γ > 2 decreases as in the vacuum at large
times. We point out that neglecting the (u/x)2 term in (4.89) instead of the xγ−2 term
would reduce to an absurdity. Indeed, one would get u′(x) ∼ κγxγ−2. However, in the
limit κ→ 0, this gives u′(0) = 0 (u is continuous as a function of κ) in contradiction with
the exact solutions found for κ = 0 which predict u′(0) = 1. Thus, the vacuum solution
of (4.89) strongly constrains the small x asymptote of u when γ > 2.

2. If γ < 2, the second term on the right hand side of (4.89) explodes as x → 0+. Let us
assume that there exists some power α ≥ 0 such that u(x) ∼ c(κ)xα at small x, with c(κ)
a number without dimension. To say it differently, we assume that the rate functions G
and Ḡ decrease like a power law at large times. Plugging this power law behaviour inside
the differential equation satisfied by u, one finds:

c(κ)xα−1 − c2(κ)x2(α−1) ' κγxγ−2 , x� 1 (4.90)

One cannot have α ≥ 1, otherwise the left hand side is convergent in the limit x → 0+

whereas the left hand side diverges. Moreover, for α < 1, xα−1 is negligible in front of
x2(α−1) in the same limit. Consequently, the small x behaviour of u satisfies

− c(κ)2x2(α−1) ∼ κγxγ−2 =⇒ u(x) ∼ (−κx)γ/2 (4.91)
2For γ = 2, it is possible to solve exactly (4.88) and one finds that g(x) ∼ (1 +

√
1− 4κ2)/(2x) for x→∞.
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This gives the following large time asymptote for G:

G(t) ∼
√
−iq̂0

2ω

(t0
t

)γ/2
(4.92)

Conclusion. To sum up, if γ > 2, the medium dilutes too fast so G(t) ∼ 1/t has a vacuum-
like decay law, whereas if γ < 2, G(t) ∼

√
−iq̂0/(2ω)(t0/t)

γ/2. The function Ḡ(t) follows the
same property since it satisfies the same differential equation and the arguments presented
above do not rely on the initial condition for G. Therefore, if q̂(t) decreases at large times
slower than 1/t2, the large time behaviour of the medium-induced rate using (4.92) in (4.82)
or (4.85) is of the form:

ω
d2Nmie

dωdt
'
t→∞

αsCR
π

√
q̂(t)

ω
(4.93)

which is precisely the form conjectured from our naive modification of the rate in (4.80).
We point out that if γ > 2, the integral of the rate (4.85) defined from the on-shell spectrum

is divergent due to the vacuum-like 1/t tail at large times whereas the rate (4.82) is convergent
because of the additional q̂(t) factor. If γ < 2, both rates agree at large times but they give
a divergent time integral. In any case, for finite jet path length L, such considerations are
meaningless since the time integral is naturally cut at t = L.

The exponential case. In an exponentially decaying medium with q̂(t) = q̂0e
−t/λ (a rather

academic situation), the functions G(t) and Ḡ(t) behave like 1/t at large times since the expo-
nential vanishes faster than any power law. The integral of (4.82) over all times is convergent
because the additional factor q̂(t) cuts the integral for t ≥ λ. However, the finite jet path
length L is a priori different from the time scale λ and the medium induced spectrum should be
obtained by integrating the rate up to t = L and not over all times. This can give substantial
differences for the medium-induced spectrum if λ� L, a situation where the jet path length is
much smaller than the typical decaying time λ of the medium. In this case, one can of course
use q̂(t) ' q̂0 in (4.83) as long as t � λ. The emission rate for

√
2ω/q̂0 � t � λ behaves like

the rate of a static medium with q̂ given by q̂0.

4.3.4.2 Scaling properties of medium-induced jet fragmentation

Now, we assume that q̂(t) vanishes slower than 1/t2 (γ < 2) as this is the most phenomenolog-
ically relevant scenario. Using the dimensionless time τexp defined such that:

dτexp

dt
= ᾱs

√
q̂(t)

E
=⇒ τexp =

∫ t

t0

dt′ ᾱs

√
q̂(t′)

E
(4.94)

in the master equation (4.57) or (4.59) with the modified rate (4.80), these equations reduce
to those of a static medium written in terms of the dimensionless time τ = ᾱst

√
q̂0/E. This

means, for instance, that the solution of (4.61) given by (4.62) is still valid, provided that τ is
replaced by τexp.

The equation (4.94) enables to answer easily the following question: for a given longitudinal
expansion (that is a given q̂(t) dependence), what is the equivalent static medium with con-
stant q̂eff such that the fragmentation of medium-induced jet is the same in both cases? This
equivalent q̂eff is obtained in order to satisfy the following scaling identity:

τexp(t0 + L) = τ(L) (4.95)
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so that q̂0 reads:

q̂eff =

(
1

L

∫ t0+L

t0

dt′ q̂(t′)1/2

)2

(4.96)

Mathematically, q̂eff is equal to the 1/2-norm of the function q̂(t). This allows for a straightfor-
ward generalization of all our analytical results obtained in the static case, provided that one
uses q̂eff defined by (4.96) in these results. Written explicitly, the relation between q̂eff and q̂0

for a given path length L is:

q̂eff =
4q̂0t

γ
0

L2(2− γ)2

(
(t0 + L)

2−γ
2 − t

2−γ
2

0

)2

(4.97)

' 4q̂0

(2− γ)2

(t0
L

)γ
if L� t0 (4.98)

We emphasize that these results are valid as long as one focuses on soft emissions in the medium-
induced cascades with ω � ωc,eff = q̂effL

2/2. Beyond this approximation, there exists anoter
effective q̂ found numerically in [66] defined as

q̂′eff =
2

L2

∫ t0+L

t0

dt′(t′ − t0)q̂(t′) (4.99)

that provides a better scaling of the BDMPS-Z spectrum in the hard regime ω & ωc. Conse-
quently, if the full BDMPS-Z rate (4.82) or (4.85) is used in the master equation (4.57), instead
of its soft singular limit, the scaling properties of medium-induced cascades are better when
considering this effective quenching parameter q̂′eff [169].





Chapter 5

A new factorised picture for jet evolution
in a dense medium

In Chapter 4, we have treated separately the vacuum-like emissions triggered by the virtuality,
or “off-shellness”, of the incoming parton and the medium-induced emissions. The leading order
calculations as those done in Chapter 3 combine them on equal footing, but their associated
resummation schemes described in Chapter 4 are intrinsically different for the following reasons:

1. the large parameter which needs to be resummed to all orders is not the same. It is
typically αs log2(Qhard/Qmin) for a vacuum-like shower between the hard virtuality scale
Qhard and a soft virtuality scale Qmin — depending on the observable — whereas it is
typically αs(L/tf,med) for a medium-induced cascade, with tf,med the formation time of a
medium-induced emission.

2. the variable playing the role of time in the classical branching process which effectively
resums to all orders the large parameter is the angle for vacuum-like emissions and the
light-cone time for medium-induced radiations.

In this chapter, we develop a resummation scheme combining both vacuum-like and medium-
induced emissions. This scheme relies on physical arguments which are based on the double
logarithmic approximation for the vacuum-like series. Beyond the double logarithmic approx-
imation (DLA), one argues that vacuum-like and medium induced emissions factorise in time
from each other.

Throughout this chapter, we assume that the dominant medium induced processes are
multiple soft collisions so we work within the multiple soft scattering regime and harmonic
approximation. This amounts to neglect hard collisions with medium constituents and assume
that the mean free path of the medium is small enough compared to the typical formation time
of medium-induced emissions.

5.1 The veto constraint

At double-logarithmic accuracy, one aims at resumming to all-orders contributions to a given
observable enhanced by both large collinear and soft logarithms. These logarithms are generated
by multiple Bremsstrahlung processes with characteristic spectrum:

d3Nbrem =
αsCR
π2

dω
ω

d2k⊥
k2
⊥

(5.1)
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for an emission with transverse momentum k⊥ with respect to the emitter, and energy ω1.
Consequently, in the presence of a dense QCD medium, the first task to do before any

resummed calculation is to understand where the contributions to the N -particle production
cross-section enhanced by large soft and collinear logarithms come from. This is the topic of
this section.

The main result of this analysis is the existence of a so-called veto constraint in the phase
space for gluon emissions inside the medium. This veto constraint marks the transition between
the virtuality driven initial shower and the regime where the partons in the shower can be
considered as on their mass shell. We first give a qualitative but physically insightful argument
for the existence of this veto constraint before providing a more mathematically grounded
formulation of the proof.

5.1.1 Qualitative discussion

To simplify the discussion, we shall consider that the cross-section for multi-particle produc-
tion is controlled by only two medium parameters: the distance L travelled by the jet inside
the medium and the jet quenching parameter q̂ related to the average transverse momentum
acquired by multiple collisions during time ∆t by 〈k2

⊥〉 = q̂∆t. The BDMPS-Z spectrum dNmie

can be approximated by the formula (3.154),

dNmie ' αsCR
π

√
2ωc
ω3

dω (5.2)

with ωc = q̂L2/2. With respect to the Bremsstrahlung spectrum, the obvious property of the
BDMPS-Z spectrum is that collinear and soft radiations are not logarithmically enhanced (the
angular dependence of the spectrum is roughly a Gaussian distribution with width of order
Qs). This will have important consequences since working at the double-log accuracy enables
to simply ignore such emissions in the multi-particle cross-section.

Vacuum-like emissions inside the medium: the veto constraint. Medium induced
radiations provide a natural constraint on the phase space available for one emission inside the
medium.

To see that, we first consider that the medium is very large L � 1/ΛQCD so that one first
neglects all effects related to the finite path length of the jet. We recall that tf is determined
by the uncertainty principle, namely the condition that the transverse separation ∆r ∼ θtf
between the gluon and its parent parton at the time of emission to be as large as the gluon
transverse wavelength 2/k⊥, with k⊥ ' ωθ its transverse momentum with respect to its parent.
This argument applies to both vacuum-like and medium-induced emissions and implies tf '
2ω/k2

⊥ ' 2/(ωθ2). Then, gluons emitted inside the medium have a minimum k⊥ set by the
momentum acquired via multiple collisions during its formation, k2

f,med = q̂tf . Gluons produced
inside the medium with a transverse momentum smaller than q̂tf cannot exist. This translates
into an upper limit tf ≤

√
2ω/q̂ on the formation time of any gluon inside the medium.

That said, medium induced gluons for which k⊥ ' kf,med are excluded because the emission
probability is not enhanced by double logarithms. Consequently, at DLA, the only contribution
to the intrajet activity inside the medium comes from vacuum-like (Bremsstrahlung) emissions
with k⊥ ≥ kf,med, inequality which becomes strong to our level of accuracy: k⊥ � kf,med or

1In this chapter, we shall generically call ω the light cone k+ component of a 4-momentum kµ and identify
it with its energy.
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Figure 5.1: Phase space for vacuum-like emissions at DLA considered in this thesis, represented in
terms of the energy ω and the angle θ (with respect to the parent) of emission. The red line is the
lower boundary of the “in-medium” region defined by the veto constraint k⊥ ≥ kf,med. The blue line
is the line of vacuum formation time equal to the jet path length L through the medium: tf = L.
The green line is the hadronisation line k⊥ = ΛQCD providing the lower boundary of the perturbative
phase space. Between the red and the blue line, the phase space gap appearing is the vetoed region
discussed in the main text.

equivalently tf �
√

2ω/q̂. This means that VLEs occur much faster than medium-induced
radiations with the same energy. This is the condition for an emission inside the medium to be
vacuum-like. Thereafter, we shall refer to this condition as the “in-medium veto constraint”.

Finite path length effects. Strictly speaking, the veto constraint k⊥ � kf,med applies for
very large path length L � 1/ΛQCD. For a realistic path length L in the medium, one should
also take into account emissions triggered by the initial virtuality but occurring directly outside
with a formation time measured from the hard process larger than L: tf ≥ L. Note also that
emissions with energies larger than ωc, ω ≥ ωc = q̂L2/2, behave exactly as in the vacuum: their
emission angle can be arbitrarily small in the perturbative domain and their formation time
can be larger than L.

These two conditions for VLEs, either inside with tf �
√

2ω/q̂ or outside with tf � L can
be written in terms of their energies ω and angles with respect to the emitter θ:

In-medium veto constraint: tf �
√

2ω/q̂ ⇐⇒ ω � ω0(θ) = (2q̂/θ4)1/3 (5.3)
Medium size constraint: tf � L ⇐⇒ ω � ωL(θ) = 2/(θ2L) (5.4)

It is enlightening to represent these conditions on a (ω, θ) phase space as in Fig. 5.1. The red
curve is the line k⊥ = kf,med and the blue curve is the line tf = L. Compared to the vacuum
case for which the phase space is only restricted by the hadronisation line k⊥ ' ωθ = ΛQCD, the
effect of the medium on the phase space available for VLEs is the presence of a gap or “vetoed
region”.
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5.1.2 Derivation of the veto constraint from leading order calculations

Now, we would like to give a more formal proof of the existence of a veto constraint in the
phase space for VLEs. The ultimate goal of this subsection are formulas (5.15) and (5.24).

We have seen in Chapter 3 that the spectrum of an off-shell quark can be written:

ω
d3Noff-shell

dωd2k⊥
=
αsCF
π2

1

k2
⊥

+ ω
d3Nmie

dωd2k⊥
(5.5)

where the second piece is perfectly integrable over all k⊥ and gives precisely the BDMPS-Z
spectrum. Even if such a decomposition is not unique, the integral of d3Noff gives always the
logarithmic area of the full perturbative phase space plus a piece without collinear logarithms
corresponding to the integrated medium-induced spectrum.

We will argue that the 1/k2
⊥ term in the expression (5.5) comes from different physical

mechanisms, not necessarily related to the initial virtuality of the process. Through detailed
analytical calculations which have been put in Appendix F for the sake of brevity, we disentangle
these different contributions. We show that (i) in an infinite static medium, the transverse
momenta of emissions at formation is bounded by kf,med, (ii) it is physically more insightful
to decompose the off-shell spectrum (5.5) in another way. In this new decomposition, the first
term corresponds to the VLEs with short formation time constrained by the veto k⊥ > kf,med

whereas the second term is “medium-induced”. We finally argue that Bremsstrahlung emissions
with tf � L contained in the latter component are the only one that must be resummed to all
orders in a leading twist approximation.

In all this subsection, we assume a static medium and ω ≤ ωc since all the interesting
features of the medium appear in this regime.

5.1.2.1 The off-shell spectrum at formation in the infinite path length limit

We first emphasize that the above discussion of the phase space for vacuum-like emissions refers
only to their kinematic at formation. Final state broadening and energy loss subsequently move
the emissions on this phase space. This leads to the concept of off-shell spectrum at formation:
in this spectrum, one removes by hand the final state broadening of the emitted gluon by
setting:

P(k⊥ − q⊥, t1, t2) = δ(k⊥ − q⊥) (5.6)

In the next subsection, we will relax this approximation and take also into account the final
state broadening.

Let us then rewrite the off-shell spectrum obtained in (3.141) (more precisely (3.127)) where
the final state broadening appears as a convolution:

ω
d3Noff-shell

dωd2k⊥
=
αsCF
π2

2Re

∫ ∞
0

dy+ e−εy
+

∫
d2q⊥P(k⊥ − q⊥, y+,∞)

× q2
⊥

(2iω)2

∫ y+

0

dȳ+ −e−εȳ+

C2(ȳ+, y+)
e
−q2⊥S(y+,ȳ+)

2iωC(ȳ+,y+) (5.7)

where the position of the hard vertex is here 0. Using (5.6) in (5.7), one finds:

ω
d3Noff-shell,f

dωd2k⊥
=
αsCF
π2

k2
⊥

(2ω)2
2Re

∫ ∞
0

dy+

∫ y+

0

dȳ+ e−ε(y
++ȳ+) 1

C2(ȳ+, y+)
e
−k2
⊥S(y+,ȳ+)

2iωC(ȳ+,y+) (5.8)

where the superscript “f” is put to highlight the difference between this off-shell spectrum at
formation and the complete off-shell spectrum.
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Instead of elucidating the functions S and C for a static medium (they are given in Ap-
pendix B though), we show that for y+− ȳ+ � tf,med ≡

√
2ω/q̂, these two functions have their

vacuum-like form, that is:

Svac(y
+, ȳ+) = y+ − ȳ+ (5.9)

Cvac(ȳ
+, y+) = 1 (5.10)

To proceed, we find, thanks to the defining differential equation (3.107) the Taylor expansion
of these functions when y+ is close to ȳ+ (short formation times). We will use the same method
to derive the veto constraint in an expanding plasma. From the differential equation (3.107),
the Taylor expansion of S and C around y+ = ȳ+ gives:

S(y+, ȳ+) = (y+ − ȳ+)− 1

6

iq̂

2ω
(y+ − ȳ+)3 +O

(
(y+ − ȳ+)4

)
(5.11)

C(ȳ+, y+) = 1− 1

2

iq̂

2ω
(y+ − ȳ+)2 +O

(
(y+ − ȳ+)3

)
(5.12)

Thus, when tf = |y+ − ȳ+| � tf,med one can use C(ȳ+, y+) ' 1 and S(y+, ȳ+) ' y+ − ȳ+, and
neglect the sub-leading terms in the Taylor expansion. In the off-shell spectrum at formation,
one then split the integral into two pieces: one with y+ ≤ tf,med (where y+ − ȳ+ ≤ tf,med since
ȳ+ ≤ y+), and the other with y+ ≥ tf,med but y+ − tf,med ≤ ȳ+ ≤ y+. Using the vacuum
approximations for the functions S and C and keeping only the terms with a leading 1/k2

⊥
singularity, this calculation gives:

ω
d3Noff-shell,f tf≤tf,med

dωd2k⊥
' αsCF

π2
2Re

∫ tf,med

0

dy+ 1

2iω

(
− 1 + e

−k2
⊥y

+

2iω

)
+
αsCF
π2

2Re

∫ ∞
tf,med

dy+ e−2εy+ ε

k2
⊥

(
− 1 + e

−k2
⊥tf,med
2iω

)
(5.13)

In this calculation, it is again very important to keep track of the ε dependence up to the first
order in the piece with y+ unbounded. The second integral over y+ then gives a factor 1/2 in
the limit ε→ 0. The first integral is easy and gives the same value as the second piece with an
extra factor −2, leading to the final result:

ω
d3Noff-shell,f tf≤tf,med

dωd2k⊥
' αsCF

π2

1

k2
⊥
Re
(

1− e
−k2
⊥tf,med
2iω

)
(5.14)

in the collinear limit. This spectrum is suppressed for |k2
⊥tf,med/(2iω)| � 1 and averages to 1

for |k2
⊥tf/(2iω)| � 1, giving precisely the in-medium veto constraint:

ω
d3Noff-shell,f tf≤tf,med

dωd2k⊥
' αsCF

π2

1

k2
⊥

Θ(k⊥ − kf,med) (5.15)

To sum up, the off-shell spectrum at formation has a Bremsstrahlung component for k⊥ �
kf,med coming from the short formation time emissions with tf = y+ − ȳ+ � tf,med. To prove
the result asserted in our qualitative discussion of the in-medium veto constraint, one should
also show that in the infinite path length limit, it is the only Bremsstrahlung-like component.
This is easy. In the infinite path length limit, the function S and C for a static medium are
given by

S(y+, ȳ+) = Ω−1 sin
(

Ω(y+ − ȳ+)
)

(5.16)

C(ȳ+, y+) = cos
(

Ω(y+ − ȳ+)
)

(5.17)
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with Ω2 = iq̂/(2ω). Thus, the phase inside the exponential of formula (5.8) reads:

S(y+, ȳ+)

C(ȳ+, y+)
= Ω̄−1 tanh

(
Ω̄(y+ − ȳ+)

)
'

y+−ȳ+≥tf,med

Ω̄−1 (5.18)

which does not lead to a collinear singularity at small k⊥:

ω
d3Noff-shell,f tf,med≤tf

dωd2k⊥
' αsCF

π2

k2
⊥

(2ω)2
2Re

[N
Ω2

exp

(
−1− i√

2

k2
⊥

kf,med

)]
(5.19)

N = Ω2

∫ ∞
tf,med

dy+

∫ y+−tf,med

0

dȳ+ e−ε(y
++ȳ+)

C2(ȳ+, y+)
(5.20)

where N is a k⊥ independent dimensionless factor which diverges in the limit ε→ 0 since for an
infinite medium path length, the amount of induced radiations blows up in a static medium2.
Thus, for tf > tf,med, the off-shell spectrum at formation is strongly peaked around k⊥ ' kf,med

due to the exponential suppression of the form exp(−k2
⊥/kf,med) in (5.8). In physical terms, in

the infinite medium length limit: either the emission spectrum is vacuum-like with a double
logarithmic singularity at small k⊥ and ω but constrained by k⊥ � kf,med, or it saturates the
condition k⊥ = kf,med. However, in the latter case, the spectrum has no collinear singularity.
In this formal limit, no emission occurs with k⊥ ≤ kf,med.

5.1.2.2 Broadening and finite path length effects

The previous discussion aimed at proving the existence of the red line in the phase space (at
formation) for vacuum-like emissions shown in Fig. 5.1. To discuss the rest of this phase space,
beyond the infinite path length limit, we find extremely convenient to define the following
quantity, that we call “vacuum-like spectrum in a dense medium”:

ω
d3NVL

dωd2k⊥
≡ ω

d3Noff-shell

dωd2k⊥
− ωd

3Non-shell

dωd2k⊥
(5.21)

This definition naturally subtracts all the emissions which are not related to the initial virtuality
of the parton. Then, the off-shell spectrum is rewritten:

ω
d3Noff-shell

dωd2k⊥
= ω

d3NVL

dωd2k⊥
+ ω

d3Non-shell

dωd2k⊥
(5.22)

This expression has a clear physical interpretation: the first term is to be associated with
emissions triggered by the virtuality of the leading parton, whereas the second term corresponds
to emissions which are all “medium-induced” since an on-shell quark would not radiate in the
vacuum. Nevertheless, in spite of being medium-induced, they could have a Bremsstrahlung-like
form. This is what we want to understand.

The expression (5.21) has an explicit µ regularization dependence, remnant of the µ de-
pendence of the on-shell cross section discussed in Chapter 3, Section 3.3.3.3. Of course, by

2Rigorously speaking, we have made the assumption that q̂ vanishes at sufficiently large times to derive the
off-shell spectrum derived in Chapter 3, so one may wonder if our reasoning and especially formula (5.7) remain
valid for an infinite path length through a static medium. Actually, one can assume that q̂(t) vanishes very
slowly (the criterion is slower than 1/t2 at large times, see Section 4.3.4), so that formula (5.7) applies as well
as the results (5.15) and (5.19) with tf,med and kf,med calculated in Section 5.1.3. Of course, even in this case,
the factor N is still divergent when ε→ 0, but the k⊥ dependence of the spectrum we find is right.
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Figure 5.2: Vacuum-like emission spectrum (5.21) (green curve) as a function of k⊥/Qs for a static
medium, compared to the off-shell (blue curve) and on-shell (red curve) spectra. The spectra are nor-
malized by the vacuum Bremsstrahlung spectrum. The choice µ/Qs = (ω/ωc)

1/4 for the regularisation
of the on-shell cross-section corresponds to µ = kf,med. At small k⊥, the off-shell and the on-shell
spectra coincide.

construction this µ dependence cancels in the off-shell spectrum (5.22) so we could choose µ as
we want. The crucial point here is that there is a choice of µ which makes the physical content
of (5.22) transparent. We now justify this choice of µ.

In QCD, as strictly on-shell partons do not exist, the meaning of “on-shellness” is relative
to a given virtuality scale. For instance, if the virtuality of an incoming parton is much smaller
than the hard scattering scale, it makes sense to consider it as an idealized on-shell asymptotic
state. In the scattering of an on-shell quark with a dense medium that we are discussing now,
the minimal momentum transferred in the process is of order kf,med so the “on-shellness” of the
quark is relative to this scale.

With this perspective, we point out that µ is of order of the small virtuality of the incoming
almost on-shell parton. This is clear from the “onium regularization” studied in Section 3.4.1.4.
The divergence is regulated by the frozen transverse size X⊥ of the onium: µ ∼ 1/X⊥, itself
related to the virtuality Q of the photon sourcing the onium by X⊥ ∼ 1/Q. Consequently,
for the calculation (5.21) to make sense, the small virtuality µ of the on-shell incoming quark
should not be larger than kf,med. For reasons that will become clear afterwards, we choose µ
that saturates this constraint, i.e. µ = kf,med:

ω
d3NVL

dωd2k⊥
≡ ω

d3Noff-shell

dωd2k⊥
− ωd

3Non-shell

dωd2k⊥

∣∣∣
µ=kf,med

(5.23)

This is somehow our working hypothesis: the scale kf,med must be considered as the transition
scale between “offshellness” and “onshellness” in the presence of a dense medium.

With this definition, we show in Appendix F that the leading behaviour of (5.21) in the
soft and collinear limit is:
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ω
d3NVL

dωd2k⊥
' αsCF

π2

∫
d2q⊥
q2
⊥
P(k⊥ − q⊥, 0, L)Θ(|q⊥| − kf,med) (5.24)

This expression has a clear probabilistic picture for vacuum-like emissions in a dense medium
in agreement with our initial qualitative discussion. These emissions have a very short forma-
tion time tf �

√
2ω/q̂ and are created inside so that they subsequently undergo momentum

broadening over the full path length L. The medium only restricts the phase space so that
only emissions with k⊥ > kf,med are allowed. This is precisely the veto constraint on in-medium
vacuum-like emissions discussed in the previous subsection, with the final state broadening of
the emitted gluon included.

The spectrum 5.24 does not account for the finite path length L of the off-shell parton
in the medium and especially the vacuum-like radiations outside with tf � L discussed in
section (5.1.1). Actually, these emissions are all included in the on-shell term in (5.22)! In
mathematical terms, the on-shell spectrum with µ = kf,med reads (see Appendix F for the
detailed calculations):

ω
d3Non-shell

dωd2k⊥
' “BDMPS-Z” +

αsCF
π2

1

k2
⊥

Θ(kf,med − k⊥) (5.25)

The BDMPS-Z term is a k⊥ integrable term that gives the BDMPS-Z spectrum once integrated
over k⊥. The second term has the Bremsstrahlung form, but is bounded from above by k⊥ ≤
kf,med. Such a contribution is expected, as the interactions with the medium put the initially
on-shell quark off its mass-shell, so that it radiates afterwards according to the Bremsstrahlung
law. What is somehow unexpected is that the upper boundary is given by kf,med and not Qs,
the maximal transverse momentum acquired via multiple soft collisions during the propagation
of the quark through the medium over a time L.

Now the question of the iteration or resummation of these Bremsstrahlung-like emissions
appearing in (5.25) arises. We remind the reader that we are looking for leading twist modi-
fications of the intrajet radiation pattern, that is emissions triggered by the virtuality of the
parent parton and not by the scattering with the medium. In this sense, the spectrum (5.25)
alone is not leading-twist since the initial quark is on its mass shell, and therefore should not
be iterated. However, in (5.22), this on-shell spectrum is a component of the off-shell one. This
suggests that there are also leading twist emissions in the second term of (5.22).

We now justify that only the contributions with tf � L, that is k2
⊥ � 2ω/L should be

considered as leading twist in the second term of (5.25). There is clearly a competition between
two kinds of Bremsstrahlung in the single gluon emission spectrum from an off-shell quark:

• the Bremsstrahlung associated with the initial large virtuality of the quark,

• the Bremsstrahlung associated with the scattering of the quark with the medium, giving
a smaller virtuality of order kf,med to the quark. This explains the presence of the scale
kf,med in (5.25).

In our language, the former is said “leading twist”, the latter is “higher twist”. To simplify the
discussion, let us consider that the full medium acts as a single scattering center transferring
a typical momentum kf,med and located at light cone time L. One knows that there exist two
regimes according to the ratio between L and tf = 2ω/k2

⊥:

1. If tf � L, the Bremsstrahlung radiations associated with the initial virtuality and the final
state radiations associated with the scattering add up incoherently. With the constraint
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tf � L, the support of the Bremsstrahlung spectrum associated with the initial virtuality
is k⊥ � kf,med since we have just shown that in-medium leading twist Bremsstrahlung
are bounded from below by kf,med. The support of the Bremsstrahlung associated with
the scattering is constrained by (2ω/L)1/2 � k⊥ � kf,med. Hence, there is no overlap
between the two mechanisms in the phase space k2

⊥ � 2ω/L.

2. If tf � L ⇔ k2
⊥ � 2ω/L, the two Bremsstrahlung interferes, as in the LPM effect, and

cannot be distinguished from each other. Physically, the wavelength of the gluon is so
large that it does not resolve the source of the virtuality of its parent. Nevertheless, this
is a leading twist effect which must be iterated.

The interested reader should go to Appendix F to check these results in the simple case of the
shockwave limit of the off-shell spectrum. In this calculation, the medium-induced spectrum
defined as in (5.5) reads:

ω
dNmie, SW

dω
' 2αsCF

π
log

(
LQ2

s

2ω

)
(5.26)

with L the light-cone time location of the shockwave. This is precisely the logarithmic area of
the vetoed region in the shockwave limit where the transverse scale kf,med is replaced by Qs.
This shows that a higher twist effect can produce logarithms in the multiple soft scattering
approximation, at the level of the single gluon spectrum.

The final decomposition of the off-shell spectrum relevant for the resummation performed
in the next section is then:

ω
d3Noff-shell

dωd2k⊥
=
αsCF
π2

∫
d2q⊥
q2
⊥
P(k⊥ − q⊥, 0, L)Θ(|q⊥| − kf,med) +

αsCF
π2

1

k2
⊥

Θ(2ω/L− k2
⊥)︸ ︷︷ ︸

leading-twist

+ “BDMPS-Z” +
αsCF
π2

1

k2
⊥

Θ(kf,med − k⊥)Θ(k2
⊥ − 2ω/L)︸ ︷︷ ︸

higher twist

(5.27)

We believe that this decomposition is much more physical (as far as one is concerned with the
resummation of vacuum-like emissions in the presence of a dense medium) than the naive one
(5.5) from which we have started this section.

The conclusion to drawn from this discussion is that an apparent “Bremsstrahlung” form for
an emission spectrum is not a sufficient condition to iterate such emissions in the leading twist
approximation. The latter condition imposed, i.e. if one aims at resumming only emissions
driven by the high virtuality of the process, the phase space for vacuum-like emissions is the
one described in Section 5.1.1. That said, we leave for further studies the incorporation of this
medium-induced Bremsstrahlung component in the phase space 2ω/L � k2

⊥ � k2
f,med to our

global pQCD picture (see discussion in 5.2.5).

5.1.3 Veto constraint in longitudinally expanding media

5.1.3.1 The general case

The calculations made in the previous subsection in order to obtain the veto constraint for VLEs
in a dense static medium can be easily generalised for longitudinally expanding media. The
method is straightforward: in the leading order off-shell spectrum at formation, one finds the
leading soft and collinear singularity coming from the integration domain |y+− ȳ+| ≤ tf,med, for
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some tf,med, where the functions S and C have their vacuum form. The leading 1/k2
⊥ behaviour

extracted in this way will have the signature of the constraints on VLEs inside the medium.
We first consider the case where the off-shell parton is created at light cone time t0 inside

the medium. Then the medium expands longitudinally. The easiest way to do the calculation
is to use the expression (5.8) and the Taylor expansion method. In an expanding medium, q̂
depends on y+:

S(y+, ȳ+) = (y+ − ȳ+)− 1

6

iq̂(ȳ+)

2ω
(y+ − ȳ+)3 +O

(
(y+ − ȳ+)4

)
(5.28)

C(ȳ+, y+) = 1− 1

2

iq̂(y+)

2ω
(ȳ+ − y+)2 +O

(
(ȳ+ − y+)3

)
(5.29)

Note that one can also use q̂(y+) in the Taylor expansion of S since the difference q̂(y+)− q̂(ȳ+)
is of order O((y+ − ȳ+)) if q̂(t) is derivable.

The condition to use C(y+, ȳ+) ' 1 and S(y+, ȳ+) ' y+ − ȳ+ is:

(y+ − ȳ+)2 ≤ (2ω)/q̂(y+) ≡ t2f,med(y+) (5.30)

In the expanding case, the only extra difficulty is that the medium induced formation time
depends on time. Let us call t?f,med(ω) the smallest solution of the equation y+ = t0 + tf,med(y+)
larger than t0 (if such solution exists):

t?f,med − t0 =

√
2ω

q̂(t?f,med)
(5.31)

By construction, one has y+ − tf,med(y+) ≤ t0 for y+ ≤ t?f,med and y+ − tf,med(y+) ≥ t0 for
y+ ≥ t?f,med (at least in a neighbourhood of t?f,med).

Consequently, coming back to (5.7), the integral over y+ can be split into two pieces: y+ ≤
t?f,med and y+ ≥ t?f,med. The two pieces give the following result in the soft and collinear limit:

ω
d3Noff-shell,f tf≤tf,med

dωd2k⊥
' αsCF

π2
2Re

∫ t?f,med

t0

dy+ 1

2iω

(
− 1 + e

−k2
⊥(y+−t0)

2iω

)
+
αsCF
π2

2Re

∫ ∞
t?f,med

dy+ e−2εy+ ε

k2
⊥

(
− 1 + e

−k2
⊥tf (y+)

2iω

)
(5.32)

With respect to the static case, the second term is weird because tf,med(y+)→∞ at large times
in a diluting medium. This is because the condition y+ − ȳ+ ≤ tf,med(y+) does not make sense
when y+ is large. To avoid this difficulty, we take our cue from the static calculation and fix
tf,med(y+) to tf,med(t?f,med) = t?f,med − t0 in the second term of (5.32)3. Then, as in the fixed
q̂ case, the piece with y+ ≥ t?f,med(ω) gives a factor 1/2 and the first term can be integrated
explicitly:

ω
d3Noff-shell,f tf≤tf,med

dωd2k⊥
' αsCF

π2

1

k2
⊥

Θ

(
k⊥ −

( 2ω

t?f,med − t0

)1/2
)

(5.33)

The step function in (5.33) gives the veto constraint on vacuum-like emissions in an expanding
medium. This can be rewritten in a form similar to the static case:

k⊥ ≥ (2q̂?ω)1/4 (5.34)

with q̂? = q̂(t?f,med).
3For a cleaner proof, we show in Appendix F that the second term in (5.32) is actually irrelevant to get

the veto constraint. The latter can always be read in the first term alone. The price to pay is that a factor 2
appears in front of the spectrum, but this factor 2 cancels when using the spectrum (5.21).
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Illustrative example: exponential decay The most simple time dependent q̂ is the expo-
nential decay, with t0 = 0:

q̂(t) = q̂0 exp(−t/λ) (5.35)

In this case, the scale t?f,med(ω) is solution of the implicit equation:

exp(−t?f,med/λ)t?2f,med = 2ω/q̂0 (5.36)

When ω � q̂0λ
2, i.e t?f,med � λ, one can approximate the exponential by one, so that

t?f,med(ω) ∼
√

2ω

q̂0

(5.37)

and then, the transverse momentum of vacuum-like emissions inside the medium is such that
k⊥ ≥ (2q̂0ω)1/4. Note than one would obtain the same result using the argument given in
Section 5.1.1 amended to take into account the time dependence of q̂. During its formation
tf = 2ω/k2

⊥, an emission acquires a typical transverse momentum kf,med given by:

k2
f,med =

∫ tf

0

dt q̂(t) = q̂0λ(1− exp(−tf/λ)) '
tf�λ

q̂0tf (5.38)

so that the condition k2
⊥ ≥ k2

f,med gives also k⊥ ≥ (2q̂0ω)1/4.

5.1.3.2 Bjorken expansion

For a Bjorken expansion, the time dependence of q̂ is:

q̂(t) = q̂0

(t0
t

)γ
Θ(t− t0) (5.39)

with 0 ≤ γ ≤ 1 for realistic expansion, and t0 > 0 by convention (one cannot take t0 = 0 in the
general case). One must consider two different scenarii according to the location of the hard
vertex: either ti = t0 or ti < t0.

Hard vertex at ti = t0. The first scenario is more simple as one can directly rely on the
calculation made above. The characteristic medium formation time satisfies:

t?f,med − t0 =

√
2ω

q̂0t
γ
0

t
?γ/2
f,med (5.40)

The extreme case γ = 0, where one can safely use t0 = 0, corresponds to a static medium.
One finds again the familiar relation t?f,med =

√
2ω/q0. The other extreme γ = 1 is the ideal

relativistic plasma. The solution of (5.40) is, for γ = 1,

t?f,med − t0 =
1

q̂0t0

(
ω +

√
ω2 + 2q̂0t20ω

)
(5.41)

One can then distinguish two different regimes according to the ratio between ω and the energy
scale q̂0t

2
0/2:

1. If ω � q̂0t
2
0/2, then one can neglect the second term under the square root and one gets

t?f,med − t0 ' 2ω/(q̂0t0). The veto constraint is then:

k⊥ ≥
√
q̂0t0 (5.42)

This non trivial result comes entirely from the study of the off-shell spectrum for short
formation times.
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2. On the other hand, if ω � q̂t20/2, one gets tf,med − t0 '
√

2ω/q̂0 which has the same
form as in the static case with constant q̂0. Physically, these emissions have such a short
formation time that they do not “see” the expansion of the medium. Hence, the veto
constraint is the same as for a static medium with constant q̂0.

The condition k2
⊥ ≥ q̂0t0 for ω ≥ q̂0t

2
0 is interesting as the transverse momentum scale

√
q̂0t0 is

naturally related to the saturation scale Qs,A of the incoming nuclei in A− A collisions.
In the general γ > 0 case, it also possible to get the boundary of the in-medium region for

vacuum-like emissions in the two regimes elucidated for γ = 1. For this, it is more convenient
to write (5.41) as an equation for q̂?:(

q̂0

q̂?

)1/γ

−
√

2ω

q̂0t20

(
q̂0

q̂?

)1/2

− 1 = 0 (5.43)

When ω � q̂0t
2
0/2, one can neglect the second term in this equation, so that the solution is q̂? =

q̂0. The constraint on k⊥ is the same as in a static medium with constant q̂0: k⊥ ≥ (2q̂0ω)1/4.
When ω � q̂0t

2
0/2, one can neglect the minus 1 term and the solution is:

q̂? = q̂0

(
q̂0t

2
0

2ω

) γ
2−γ

(5.44)

Plugging this relation into (5.34) gives the boundary of the veto region for ω � q̂0t
2
0/2.

As a last comment, we point out that the generalisation of the condition k⊥ ≥ q̂tf for
expanding media:

k2
⊥ ≥

∫ tf

t0

dt q̂(t) (5.45)

gives the same power dependence of the in-medium boundary as a function of ω. Indeed, for
γ < 1, ∫ tf

t0

dt q̂(t) =
q̂0t

γ
0

1− γ
(
t1−γf − t1−γ0

)
(5.46)

Then, when tf ' t0, one can use t1−γf − t1−γ0 ' (1− γ)t−γ0 (tf − t0). One can then take the limit
t0 → 0, and one recovers the condition k⊥ ≥ (2q̂0ω)1/4 corresponding to the regime ω � q̂0t

2
0/2.

This also means that this regime is the regime of formation times of the same order as t0. If
tf � t0, one can neglect the minus term in (5.46) leading to

k2
⊥ ≥

1

1− γ q̂0t
γ
0t

1−γ
f (5.47)

As emphasized, once tf is replaced by ∼ 2ω/k2
⊥, this leads to the same dependence in ω of the

k⊥ boundary (except the uninteresting prefactor). Nevertheless, the case γ = 1 is ambiguous
from the condition (5.45) because of a logarithmic prefactor of the form log(tf/t0).

Hard vertex at ti < t0. We would like to understand how these results are modified once
the position of the hard vertex creating the off-shell parton is located at 0 < ti < t0. In the
limit ti → t0, one should recover the results obtained above.

More precisely, when ∆t ≡ t0−ti �
√

2ω/q̂0, we expect the boundary found in the previous
paragraph not to be modified since

√
2ω/q̂0 is the medium-induced time scale when tf ∼ t0.

Consequently, we focus on the regime ∆t�
√

2ω/q̂0 ⇔ ω � q̂0∆t2/2.
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There are two possible ways to do the calculation. The first method consists in cutting
the off-shell cross-section in three pieces with ti ≤ y+, ȳ+ ≤ t0 or y+, ȳ+ ≥ t0 or y+ ≥ t0,
ti ≤ ȳ+ ≤ t0. The other method consists in finding a continuous and derivable solution over
the full range [ti,∞] of the differential equation satisfied by S and C. If this is possible, the
calculation leading to (5.7) and (5.8) remains valid. It happens that such solutions exist and can
be built explicitly (cf. Appendix B for a discussion of the junction method). In this paragraph,
γ is arbitrary and all the conclusions drawn are independent of the value of γ. Performing the
integral over ȳ+ in (5.8) using lemma (3.122), one finds:

ω
d3Noff-shell,f

dωd2k⊥
=
αsCF
π2

[
2Re

1

2iω

∫ ∞
ti

dy+ exp

(−k2
⊥G
−1(y+)

2iω

)
− 1

k2
⊥

]
(5.48)

The function G(y+) = C(ti, y
+)/S(y+, ti) is continuous and derivable even in y+ = t0 and

verifies:

G−1(y+) = y+ − ti if ti ≤ y+ ≤ t0 (5.49)

For y+ ≥ t0, one can approximate the functions S(y+, ti) and C(y+, ti) by their Taylor expansion
around y+ = t0:

S(y+, ti) = y+ − ti −
iq̂0∆t

4ω
(y+ − t0)2 +O

(
(y+ − t0)3) (5.50)

C(ti, y
+) = 1− iq̂0∆t

2ω
(y+ − t0) +O

(
(y+ − t0)2) (5.51)

The continuity and derivability of the solutions C and S in y+ = t0 are essential to get this
result. Let us comment these relations. First of all, when ∆t → 0, the sub-leading term
vanishes, meaning that one should go beyond the first order calculation to obtain the range of
validity of the vacuum-like expressions for S and C. This is precisely the situation studied in
the case ti = t0 in the previous paragraph. Our assumption ∆t �

√
2ω/q̂0 is in agreement

with the fact that ∆t cannot be too small for this calculation to make sense.
That said, when

q̂0∆t

2ω
(y+ − t0)� 1⇔ y+ � t?f,med ≡ t0 +

2ω

q̂0∆t
(5.52)

one can neglect the O(y+ − t0) terms and the calculation of (5.48) in the integration domain
y+ ≤ t?f,med gives4:

ω
d3Noff-shell,f tf<tf,med

dωd2k⊥
=
αsCF
π2

1

k2
⊥

Θ

(
k⊥ −

( 2ω

t?f,med − ti

)1/2
)

(5.53)

The step function is the signature of the constraint on in-medium Bremsstrahlung emissions.
As ∆t �

√
2ω/q̂0 by assumption, t?f,med − ti = ∆t + 2ω/(q̂0∆t) ' ∆t. The veto constraint

reads then:

k⊥ ≥
√

2ω

∆t
(5.54)

4As we have integrated over all ȳ+, the final result is asymmetric (see also Appendix F for a discussion of this
peculiarity). Anyway, the −1/k2

⊥ should be decomposed into two pieces, one cancelling the factor 2 in (5.48)
and another with k⊥ ≤ (2ω)/(t?f,med − ti) which is not related to short formation times vacuum-like emissions.
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In this case, the vacuum-like emissions have a formation time short enough to happen entirely
in the vacuum before entering into the medium, so that the veto does not depend on q̂0. When
ω � q̂∆t2/2, the scale

√
2ω/q̂0 has disappeared in this scenario, contrary to the situation where

the hard scattering occurs directly inside the medium.
To sum up, in a Bjorken expanding plasma, the transverse momentum of vacuum-like emis-

sions is constrained by:

k⊥ ≥ min
(

(2q̂?(ω)ω)1/4, (2ω/∆t)1/2
)

(5.55)

for ∆t ≤ t0 and q̂?(ω) given by q̂0 for ω ≤ q̂0t
2
0/2 and (5.44) for ω ≥ q̂0t

2
0/2.

5.2 Resummation at double logarithmic accuracy and in
the large Nc limit

In the previous section, we have identified the phase space for one vacuum-like emission in the
presence of a dense QCD medium. In this section, we explain how such emissions are iterated.
The main obstacle with respect to a straightforward generalisation of the coherent branching
algorithm is the decoherence induced by the medium, studied in Section 3.4.3. As we have seen,
decoherence does not forbid soft emissions outside the opening angle of a colour singlet antenna.
This means that the coherent branching algorithm fails to correctly resum to all orders soft
and collinear emissions for a jet evolving in the medium.

We shall see, however, that one can build an effective branching algorithm for VLEs amended
to take into account the effect of medium decoherence. The main results are:

1. the branching process is angular ordered inside the medium,

2. angular ordering can be violated for the first emission outside the medium.

These statements are demonstrated within the double logarithmic approximation (DLA) of
pQCD and in the large Nc limit. In the last section of this chapter, we provide arguments in
order to extend the validity of the branching process beyond DLA and the large Nc limit.

5.2.1 Angular ordering inside the medium

For simplicity, we consider a jet which starts as a colour-singlet quark-antiquark antenna with
a small opening angle θqq̄ � 1, e.g. produced by the decay of a boosted W/Z boson or a
virtual photon. It also applies to the evolution of a quark or gluon jet, provided one replaces
θqq̄ by either the jet radius or the angle of the first emission. The quark and the antiquark
are assumed to have equal energies: Eq = Eq̄ ≡ E. As emphasized, we focus on the double-
logarithmic approximation (DLA) where subsequent emissions are strongly ordered in both
energies and emission angles. Furthermore, in the large Nc limit, the antenna is the only degree
of freedom in this context as the emission of gluon from the initial qq̄ antenna is equivalent to
the splitting of this antenna into two other antennae.

In this subsection, we assume that the medium is infinite, with constant quenching param-
eter q̂0. We relax this approximation in the next subsection. In this limit, the phase space
available for vacuum-like splittings from the initial qq̄ pair is (see (I.9) or (5.24)):

k2
⊥ �

√
q̂0ω ⇐⇒ ω �

(2q̂0

θ4

)1/3

≡ ω0(θ) (5.56)
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where the inequalities are stong at DLA. ω is the energy of the soft daughter antenna and θ its
opening angle.

Colour decoherence. For emissions by a colour-singlet antenna, even a vacuum-like emission
obeying (5.56) could be still affected by the medium, via colour decoherence [89, 90, 91, 92].
In the vacuum, gluon emissions at large angles θ � θqq̄ are suppressed by the destructive
interferences between the quark and the antiquark. This argument can be iterated to conclude
that successive emissions in the vacuum are ordered in angles, θi+1 . θi, an ordering which
becomes strong (θi+1 � θi) at DLA. But, as seen in Chapter 3-Section 3.4.3, an antenna
propagating through a dense quark-gluon plasma can lose its coherence via rescattering off the
medium: the quark and the antiquark suffer independent colour rotations, hence the probability
that the antenna remains in a colour singlet state decreases with time. The two legs of the
antenna start behaving like independent colour sources after the time t ∼ tcoh defined in (3.204)

tcoh(θqq̄) ≡
(

4

q̂θ2
qq̄

)1/3

(5.57)

In principle, then, emissions with formation time tf = 2/(ωθ2) larger than tcoh could violate
the angular ordering property.

Now comes the crucial point. We show that to the order of interest, the first emission by
the leading qq̄ still has an angle θ smaller than θqq̄, despite the potential decoherence of the
parent antenna. To see this, note that

tf
tcoh

=
(2q̂θ2

qq̄)
1/3

ωθ2
=

ω0(θ)

ω

(
θqq̄
θ

)2/3

(5.58)

where tf is the formation time of the daughter antenna. The loss of colour coherence may only
affect the emissions at sufficiently large angles, θ & θqq̄, which overlap with both sources. For
VLEs satisfying (5.56), this implies tf � tcoh meaning that the antenna is still coherent at the
time of the emission and the would-be large-angle emissions are killed by the interference. In
fine, only emissions with θ . θqq̄ are allowed whether or not they occur at times larger than
the decoherence time (5.57).

The attentive reader will notice that this time scale argument is based on the ratio tf/tcoh and
not tfθ/(tcohθqq̄) as one would expect from our discussion of the decoherence factor calculated
in Section 3.4.3 (see (3.237) and (3.238)). Nevertheless, this more refined order parameter was
derived in the regime ω � ωc and k⊥ � Qs. In this regime, using the equality

tcoh
tf

θqq̄
θ

=
ω

ωc

(
L

tcoh

)2(
θ

θqq̄

)
, (5.59)

one shows that the argument inside the Bessel function in (3.238) is large for in-medium VLEs
with θ & θqq̄, and thus large angle emissions are suppressed (L/tcoh � 1 in the formal infinite
medium length limit we are discussing). The question of whether the right order parameter
is tf/tcoh or tfθ/(tcohθqq̄) in the regime ω0(θ) � ω � ωc deserves further studies from first
principle calculations as those performed in Section 3.4.3.

These arguments, given for the first emission from the leading qq̄ pair, can be easily gen-
eralised by induction for any vacuum-like cascade in the phase space (5.56). The leading
logarithmic behaviour of in-medium parton showers comes from cascades which are strongly
ordered in energies and angles, i.e. from cascades with n VLE’s satisfying θqq̄ � θ1 � · · · � θn
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and E � ω1 � · · · � ωn � ω0(θn). First, note that the formation times ti = 2/(ωiθ
2
i ) are

strongly increasing from one emission to the next. It means that the condition (5.56) is satisfied
by all the gluons in the cascade if it is satisfied by the last one. To validate the above picture,
we now show by induction that colour coherence guarantees the angular ordering.

For any antenna in the cascade, say with opening angle θi, i ∈ N?, one can apply the
same argument about angular ordering as for the original antenna with angle θqq̄: VLEs at
larger angles θ > θi are strongly suppressed because their formation times are smaller that the
decoherence time tcoh(θi) of that antenna.

Energy loss during formation. Besides colour decoherence, another difficulty due to the
medium is the potential energy loss during the formation of emissions. This effect could change
the energy ω in such a way that they could get out of the phase space (5.56). As our conclusions
strongly relies on the condition (5.56), one must show that the energy lost via medium-induced
radiation remains negligible during the development of a vacuum-like cascade.

The hardest medium-induced emission that can occur over the time t has an energy ωc(t) '
q̂t2/2 and a probability of order αs. For t = tn ≡ 2/(ωnθ

2
n) (5.56) implies ωc(tn)� ωn, i.e. the

maximal energy loss is small compared to the energy of the softest gluon in the cascade. The
average energy loss, of order αsωc(tn), is even smaller. This argument also shows that, over
their formation time, the gluons from the vacuum-like parton showers do not contribute to the
energy loss of the jet. However, at the end of the in-medium partonic cascade, each of the final
emissions will act as an additional source for medium-induced radiations and loses energy. We
shall return to this point in the next subsection as it intimately related to the finite path length
of the jet in the medium.

5.2.2 Angular ordering violation and finite length effects

Before exploring the consequences of the finite path length L of the jet through the medium, let
us summarize the resummation scheme of VLEs in an infinite medium: the coherent branching
algorithm still correctly resums to all orders the soft and collinear double logarithms provided
that all the emissions belong to phase space (5.56). Introducing the path length scale L changes
this picture in two respects:

1. the phase space for VLEs is extended to emissions with tf � L,

2. two other scales come into play: the energy ωc = q̂L2/2 of the hardest medium-induced
emission that develops over a time L and its corresponding angle θc = 2/

√
q̂L3.

When discussing the shape of the phase-space for VLEs in Section 5.1.1, we have said that
emissions with ω ≥ ωc are necessarily vacuum-like since the maximal energy of a medium-
induced emission in the multiple soft scattering regime is ωc. Similarly, the angular scale θc
should be thought as the minimal angle of an antenna resolvable by the medium. Indeed, the
coherence time scale tcoh becomes comparable to L when θqq̄ ∼ θc. Antennas with smaller
opening angles θqq̄ . θc cannot lose their coherence, hence their radiation pattern within the
medium is exactly the same as in the vacuum. For this reason, the phase space for vacuum-like
emissions shown in Fig 5.1 is amended to take into account this property: any antenna with
opening angle smaller than θc is considered as “outside” (i.e. as in the vacuum), even if the
emission occurs physically inside. This modification of the phase space is shown in Fig. 5.3.
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Figure 5.3: Complete double-logarithmic phase space taking into account the decoherence of large
angle antennae during their propagation through the medium. With respect to Fig. 5.1, the only
difference is the introduction of the angular scale θc that modifies the shape of the in-medium region
for energies larger than ωc. The figure includes an example of a cascade with “1” the last emission
inside the medium and “2” the first emission outside. This cascade is pictured on the left. This figure
should also be compared to the corresponding vacuum phase space for emissions shown Fig. 4.2.

Violation of angular ordering for the first emission outside the medium We remind
that the gluons produced inside the medium are not yet on-shell: their virtualities are as
large as their transverse momenta, themselves bound by the multiple scattering inside the
medium: k2

⊥ �
√
ωq̂ � Λ2

QCD, with ΛQCD the QCD confinement scale. These partons will thus
continue radiating. Their next VLE must occur outside the medium, with a large formation
time 2/(ωθ2) � L, i.e. with an energy ω � ωL(θ) ≡ 2/(Lθ2), as discussed in Section 5.1. As
seen in the first section, this implies the existence of a gap in the energy of the VLEs, between
the lower limit ω0(θ) on the last gluon emitted inside the medium, and the upper limit ωL(θ)
on the first gluon emitted outside the medium. Since ω0(θ) = ωL(θ) = ωc for θ = θc the gap
exists only for ω < ωc, as shown Fig. 5.3.

As explained in Chapter 3, Section 3.4.3, the medium has an important effect on emissions
with tf � L: this first emission outside the medium can violate angular ordering [93]. Approx-
imating the decoherence factor 1− Sqq̄(L) that appears in (3.240) by Θ(θ − θc), one sees that
if the parent antenna of the emission with tf � L has an angle θ larger than θc, the angle of
the emission is not bounded any more by θ. In physical terms, all the in-medium sources with
θ � θc satisfy tcoh(θ) � L and thus lose colour coherence after propagating over a distance L
in the medium. These sources can then radiate at any angle.

Energy loss and broadening after formation. After being created inside the medium via
VLEs, the partons cross the plasma over a distance of order L and hence lose energy via medium-
induced radiations and undergo p⊥-broadening. The pattern of fragmentation produced by the
in-medium VLEs, serving as multiple sources for medium-induced emissions and energy loss, is
a cornerstone of many phenomenological observations made in Part II.



130 CHAPTER 5. A NEW FACTORISED PICTURE

Emissions from sources created outside the medium. After a first emission outside the
medium, the subsequent emissions follow, of course, the usual pattern of vacuum-like cascades,
with angular ordering (and energy ordering in our DLA approximation). The evolution stops
when the transverse momentum k⊥ ' ωθ becomes comparable to the hadronisation scale ΛQCD.
This implies a lower boundary, ω & ΛQCD/θ, on the energy of the produced gluons, shown in
Fig. 5.3 (green curve) together with the other boundaries introduced by the medium. The most
interesting region for gluon production — the most sensitive to medium effects highlighted
above — is the “outside medium” region at energies ω < ωc.

5.2.3 Summary of the fundamental QCD picture

A very simple picture for the development of a partonic cascade in the medium emerges from
the above observations and within our approximations. The full cascade can be factorised in
three major steps.

1. in-medium vacuum-like cascade: an angular-ordered vacuum-like cascade governed by the
standard DGLAP splitting functions occurs inside the medium up to tf (ω, θ) = tf,med(ω).
During this process, the only effect of the medium is to set the constraint (5.56) on the
formation time;

2. medium-induced emissions and broadening: every parton resulting from the in-medium
cascade travels through the medium, possible emitting (a cascade of) MIEs and acquiring
momentum broadening;

3. outside-medium vacuum-like cascade: each parton exiting the medium at the end of the
previous step initiates a new vacuum-like cascade outside the medium, down to a non-
perturbative cut-off scale. The first emission in this cascade can happen at an arbitrary
angle.

5.2.4 The double-logarithmic picture in Bjorken expanding media

In this subsection, we generalise the double logarithmic picture for a Bjorken expanding medium.
More precisely, we show that the all-order factorised picture summarized above holds for a
medium in expansion. We check that the boundaries of the veto region found in Section 5.1.3.2
lead to the same properties for the in-medium parton shower: angular ordering is preserved and
energy loss during formation is negligible. Transverse momentum broadening during formation
is negligible by construction of the veto region, see (5.45).

Angular ordering. As in the brick case, we first consider a leading qq̄ pair with opening
angle θqq̄. We also simplify the discussion of subsection 5.1.3.2 assuming that this antenna is
created at ti = 0, meaning that ∆t = t0 − ti = t0. In this situation, the constraint on short
formation times VLEs is

ω ≥ 2

t0θ2
if ω ≤ 1

2
q̂0t

2
0 (5.60)

ω ≥ ω0(θ) ≡
(

2q̂0(t0/2)γ

θ4−2γ

)1/(3−γ)

if ω ≥ 1

2
q̂0t

2
0 (5.61)
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The first condition is not really relevant in practice since the energy scale 1
2
q̂0t

2
0 is very small

for typical values of t0 ∼ 0.1 fm.
We want to extract the characteristic decoherence time as a function of ti. It is given by

the calculation of the qq̄ dipole S-matrix Sqq̄(t) defined by (3.190):

Sqq̄(t) = exp

(
−1

8
θ2
qq̄

∫ t

t0

dξ q̂(ξ)(ξ − ti)2

)
(5.62)

= exp

(
− 1

8(3− γ)
θ2
qq̄ q̂0t

γ
0

(
t3−γ − t3−γ0

))
(5.63)

for ti = 0. Clearly, this calculation is interesting in the regime where tf ≥ t0. Otherwise,
the emission happens before t0, i.e in the vacuum where angular ordering holds. At DLA, one
can further consider tf � t0. Neglecting the −t3−γ0 term in the result (5.63), one finds the
characteristic (de)coherence time:

tcoh =

(
4

θ2
qq̄ q̂0t

β
0

)1/(3−γ)

(5.64)

For tf � t0, one has then:
tf
tcoh

=
ω0(θ)

ω

(
θqq̄
θ

)2/(3−γ)

(5.65)

which looks pretty much like (I.11) except for the exponent which is positive for γ ≤ 1 < 3.
This means that for emissions satisfying ω ≥ ω0(θ), the antenna is still coherent at tf so that
large angle emissions are forbidden.

In this reasoning, which is a simple transposition of the argument given for the brick medium,
we have used tf � t0 = ∆t. This means that the emission should not be sensitive to position of
the hard vertex ti. For consistency, we thus need to check that the angular ordering property
remains valid also when ti = t0, that is when the antenna is created at the same time as it
enters into the medium. The calculation of (5.62) gives in this case, for γ < 1:

Sqq̄(t) = exp

(
−1

8
θ2
qq̄ q̂0t

γ
0

[
ξ1−γ

(
t20

1− γ −
2t0ξ

2− γ +
ξ2

3− γ

)]ξ=t
ξ=t0

)
(5.66)

According to our discussion in Section 5.1.3.2, there are two regimes that we should discuss:
either t ' t0 or t� t0. When tf ' t0, the dipole S-matrix reads:

Sqq̄(t) '
t't0

exp
(
− 1

24
θ2
qq̄ q̂0(t− t0)3

)
(5.67)

The limit t0 → 0 is not singular any more, and the characteristic coherence time is the same as
in the fixed q̂ case: tcoh = (q̂0θ

2
qq̄/4)−1/3. We have seen that for tf ' t0, the constraint on k⊥ is

not given by (5.60) but rather by k⊥ ≥ (2q̂0ω)1/4 when ω ≤ q̂0t
2
0/2. Consequently, for emissions

in this phase space, the argument for angular ordering developed in the previous section when
q̂ is constant applies in the same way.

In the second regime t� t0, the exponent in (5.66) is dominated the leading power in t:

Sqq̄(t) '
t�t0

exp
(
− 1

8(3− γ)
θ2
qq̄ q̂0t

γ
0t

3−γ
)

(5.68)
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Figure 5.4: Phase space for vacuum-like emissions at DLA in a Bjorken expanding medium with γ = 1

One recovers the characteristic coherence time (5.64), so that the calculation in 5.65 remains
valid.

To sum up, whatever the position of the hard-vertex with respect to the parameter t0 is,
the angular ordering property for the first emission by the leading qq̄ pair holds, as long as
this emission belongs to the in-medium phase space. The generalisation for a sequence of n
emissions in this phase space proceeds by mathematical induction.

Energy loss during tf . In a Bjorken expanding medium, the hardest medium-induced emis-
sion that can develop during the formation time tf of an in-medium vacuum-like emission has
an energy

ωc(tf ) '
1

2
q̂(tf )t

2
f =

1

2
q̂0t

γ
0t

2−γ
f (5.69)

As in static media, the condition ω � ω0(θ) for tf � t0 implies ωc(tf ) � ω meaning that
one can neglect the energy loss via medium-induced radiations during the formation of an
in-medium vacuum-like emission.

Angular ordering violation and critical angle θc. From the definition (5.64) of the coher-
ence time in a Bjorken expanding medium, one can easily deduces the parametric dependence
of the critical angle θc for a jet getting out of the medium at time tL = t0 + L � t0. This
critical angle is given by the condition tcoh(θc) = tL:

θc =
2√

q̂0t
γ
0t

3−γ
L

=
2√

q̂(tL)t3L
(5.70)

An antenna with an angle smaller than θc does not lose its colour coherence when travelling
through the diluting medium. As in the static case, a source inside the medium with θ ≥ θc
can then radiate at any angle in the out-medium phase space.
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5.2.5 Beyond the double-logarithmic picture

Now that we have exposed the basic picture for the development of parton showers in the
presence of a medium, we show that several sub-leading corrections, beyond DLA, can easily
be taken into account. First of all, the large Nc limit can be easily relaxed (in the collinear
limit) taking into account the color representation of the emissions thanks to the usual DGLAP
splitting functions.

The validity of our factorisation between VLEs and MIEs relies on strong inequalities be-
tween the formation times. Clearly, these inequalities do still hold if the strong ordering refers
only to the emission angles (θn � θn−1) but not to the parton energies (as is the case beyond
the soft limit z � 1). There is nevertheless some loss of accuracy with respect to a strict single
logarithmic approximation associated with the uncertainties in the boundaries of the vetoed
region in phase-space. Notably the condition tf (ω, θ) = tf,med(ω) defining the upper bound-
ary is unambiguous only at DLA. For a generic splitting fraction z, the formation times also
depend upon the energy xE of the parent parton and not just upon the energy ω = xzE of
the soft daughter gluon. For a generic 1→ 2 splitting where the “vacuum-like” formation time
tf ≡ tf (x, z, θ) is given by

tf (x, z, θ) '
2xE

Q2
' 2

z(1− z)xEθ2
' 2z(1− z)xE

k2
⊥

, (5.71)

where z and θ (assuming θ � 1) are the energy fraction and opening angle of the partonic
decay and k⊥ ' z(1− z)θxE is the (relative) transverse momentum of any of the two daughter
partons with respect to the direction of the leading parton.

The corresponding “medium” formation time tf,med(x, z) is different for different partonic
channels. For example, for a g → gg splitting, it reads

tf,med(x, z)
∣∣
g→gg =

√
2z(1− z)xE

q̂eff(z)

z�1≈
√

2ω

q̂
, q̂eff(z) ≡ q̂

[
1− z(1− z)

]
, (5.72)

with ω = zxE. One could in principle use these more accurate estimates for tf and tf,med

in (5.56). One would then need to deal with the difficulty that the evolution phase-space
depends explicitly on xE, z and θ and not just on ω and θ. The corresponding generalisation of
(5.56) would also be different for different partonic channels. Last but not least, the distinction
between VLEs and MIEs according to their formation times only holds so long as the strong
inequality tf � tmed is satisfied, meaning that the precise form of the boundary could also
be sensitive to subleading corrections. In practice, our strategy to deal with this ambiguity
(notably, in the Monte Carlo simulations presented in Part II) is to stick to the simpler form
of the boundary in (5.56). In phenomenological applications, one should keep in mind that the
dependence on q̂ and L of the VLEs is only leading-logarithmic.

Limitations. The resummation scheme developed in this chapter has of course its own limi-
tation and domain of applicability. We will not discuss here the limitations due to our simple
modelling of the medium and geometry of the collision. This will be detailed in the next chap-
ter about the Monte Carlo parton shower built from the present picture. However, there are
intrinsic theoretical limitations in our approach. We provide an non-extensive list here.

1. The multiple soft scattering approximation is maybe the strongest assumption in the per-
turbative treatment of the parton shower. Hard scattering off medium scattering centers
are neglected. Combining consistently such scatterings with both the initial virtuality
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and the multiple soft collisions is beyond the scope of the present thesis, but should not
be too difficult to include in a Monte Carlo framework. This is also a widely developed
topic in the literature.

2. Even in the multiple soft scattering regime, there are other emissions which are not
taken into account in the double-logarithmic cascade: the BDMPS-Z emissions and the
“Bremsstrahlung-like” emissions triggered by the medium discussed in Section 5.1. A
complete picture should include the medium-induced emissions à la BDMPS-Z and the
medium-induced emissions à la Bremsstrahlung appearing in (5.25). The former are
currently included in the Monte Carlo JetMed presented in Chapter 6, but not the latter.

3. The double logarithmic resummation performed so far does not account for running cou-
pling single logarithmic corrections. Including such corrections is straightforward. This
is done semi-analytically in the next section for the jet fragmentation from vacuum-like
emissions and numerically in the Monte Carlo parton shower JetMed presented in Chap-
ter 6.

4. While crossing the medium, the hard parton sourcing the jet can transfer energy and
momentum to the medium constituents that may finally belongs to the reconstructed
jet. This is the so-called medium response effect [170, 171, 172, 173, 174] (see [175] for
a review). This requires a detailed modelling of the medium itself which clearly goes
beyond our current simple approach.

5.3 Analytic fragmentation function and jet energy loss

In this section, as a first step towards the detailed phenomenological study made in Part II, we
provide analytic results for the fragmentation function and the jet energy loss obtained directly
from our new factorised picture. This results are important since they enable to understand the
important physical mechanisms at play in the modification of the jet fragmentation pattern.

5.3.1 Fragmentation function from vacuum-like emissions

Our first calculation is the intrajet multiplicity for a jet evolving in the medium with constant q̂.
As usual, we note L the path length of the jet through the medium. This calculation is a double
logarithmic resummation in the strict sense, meaning that one completely neglects medium-
induced emissions even for the last vacuum-like emission at the end of the in-medium shower.
We recall that medium-induced emissions do not formally matter at DLA as the process is not
enhanced by collinear logarithms.

Also, p⊥-broadening effects, while important in general, can safely be neglected when com-
puting the gluon multiplicity since the latter is only sensitive to the angle of emission and not
to a change in the direction of the emitter.

5.3.1.1 Strict double logarithmic calculation

Within the present approximation, and in the large Nc limit, it is straightforward to compute
the gluon distribution generated by VLEs. To that aim we compute the double differential
distribution,

T (ω, θ|E,R2) ≡ ωθ2 d2N

dωdθ2
, (5.73)
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which describes the gluon distribution in both energies and emission angles. We note R the
opening angle of the jet that we identify with the opening angle θqq̄ of the leading qq̄ pair. In
the vacuum, this distribution has been calculated in Section 4.2.2.2, Eq. (4.24) thanks to the
coherent branching algorithm. At DLA, successive gluon emissions are strongly ordered in both
energy and emission angle and one finds

T vac
i (ω, θ2|E,R2) =

αsCi
π

I0

(
2

√
ᾱs log

E

ω
log

R2

θ2

)
+ ωθ2δ(E − ω)δ(R2 − θ2) (5.74)

where ᾱs = αsCA/π and I0(x) is the modified Bessel function of rank 0 which increases expo-
nentially for x � 1. The second term in the r.h.s. which is not present in 4.2.2.2 represents
the leading parton and the first term is associated with subsequent gluon emissions. The frag-
mentation function can be obtained from Ti by integrating over all the angles in the jet, as
explained in Section 4.2.2.2 (with θmin = k⊥,min/ω)

ωDi(ω, θ
2|E,R2) =

∫ R2

θ2
min

dθ2
1

θ2
1

Ti(ω, θ
2
1|E,R2) (5.75)

with θmin = k⊥,min/ω.
We want to do the same calculation taking into account the modifications of the branching

process due to the medium. In the presence of the medium, the DLA calculation is modified by
two effects: the presence of a vetoed phase-space for VLEs inside the medium, and the colour
decoherence allowing for the violation of angular ordering by the first emission outside the
medium. It is helpful to split the medium fragmentation function Tmed

i in two contributions:

Tmed
i (ω, θ2|E,R2) = Θin(ω, θ2)T vac

i + Θout(ω, θ
2)Ti,out (5.76)

where the step functions Θin/out enforces that an emission (ω, θ2) belongs to the “inside” or
“outside” region. The first term, Θin(ω, θ2)T vac

i , corresponding to the in-medium contribution, is
unmodified compared to the vacuum. The outside-medium, Ti,out, contribution can be expressed
as the product of a vacuum-like cascade inside the medium, up to an intermediate point (ω1, θ

2
1),

followed by a first emission outside the medium at (ω2, θ
2
2) (possibly violating angular ordering),

and by a standard vacuum cascade from (ω2, θ
2
2) to the final point (ω, θ2):

Ti,out(ω, θ
2|pT0, R

2) = ᾱs

∫ pT0

ω

dω1

ω1

∫ R2

θ2
c

dθ2
1

θ2
1

Θin(ω1, θ
2
1)

∫ ω1

ω

dω2

ω2

∫ R2

θ2

dθ2
2

θ2
2

Θout(ω2, θ
2
2)

T vac
i (ω1, θ

2
1|pT0, R

2)T vac
g (ω, θ2|ω2, θ

2
2) (5.77)

The integral over θ2
2 is not constrained by the angle θ2

1 of the previous emission due to absence
of angular ordering for the first emission outside the medium.

The two angular integrations in (5.77) can be performed analytically. The resulting formula
is well suited for numerical evaluation of the double differential gluon distribution T as well as
the fragmentation function D.

To gain more physical intuition, we now develop an analytic approximation, which is valid
when both the energy and angular logarithms are larger than 1/

√
αs. We give here the main

ingredients of the calculation and defer details to Appendix G.
In the limit of interest, the δ contribution to T vac (the second term in (5.74)) can be neglected

in both T vac factors in (5.77), the Bessel functions can be approximated by their (exponential)
asymptotic behaviour and the integrations can be evaluated in the saddle-point approximation.
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Figure 5.5: The phase space considered in our double-logarithmic resummation of vacuum-like emis-
sions in the presence of a dense QCD medium. The relevant energy scales for the calculation of the
vacuum-like fragmentation function are represented.

For definiteness, let us consider parameters such that ωL(R) < k⊥,min/R, meaning that
the hadronisation line ωθ = k⊥,min and the medium boundary ωL(θ) = 2/(Lθ2) intersect at
ωmin = Lk2

⊥,min/2. In practice we are interested in the fragmentation function at energies ω
within the range ωmin � ω � ωc. The saddle points for ω1 and ω2 integrals are respectively
found to be

ω?1 =

√
pT0(2q̂)1/3

R4/3
=
√
pT0ω0(R) , ω?2 =

√
2ω

Lθ2
=
√
ωωL(θ) , (5.78)

with ω0(θ) ≡ (2q̂/θ4)1/3 such that ω0(R) is the lowest possible energy for a VLE inside the
medium.

Several conditions are needed for these saddle points to control the energy integrations.
First, the integration ranges must be wide enough, pT0 � ω0(R) and ωL(θ) � ω, to allow for
large enough logarithmic contributions. This translates into the following conditions:

√
ᾱs log

pT0

ω0(R)
& 1 and

√
ᾱs log

ωL(θ)

ω
& 1 (5.79)

Second, for ω?1 to be a genuine saddle point, it must remain smaller than ωc, meaning

pT0 < ωc

(
R

θc

)4/3

=
q̂5/3L4R4/3

27/3
(5.80)

When this condition is satisfied (which is always the case in practice), the integral over ω1 is
dominated by relatively low-energy emissions with ω0(θ) < ω1 < ωc, i.e. by the triangular
region of the “inside medium” phase-space with energies below ωc, see Fig. 5.5. In the opposite
situation, which would occur for sufficiently large pT0, the dominating region in phase-space is
the rectangular region at ωc ≤ ω1 ≤ pT0 and θc < θ1 < R; see Appendix G for details.
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Third, energy conservation in Eq. (5.77) requires ω?2 ≤ ω?1 which implies a θ-dependent upper
limit on ω. When computing the fragmentation function using Eq. (5.75), this condition must
be satisfied for all the angles θ that are integrated over, including lower bound θmin = k⊥,min/ω.
This defines a critical energy ωcr, obtained for θ = θmin, below which the saddle point method
works:

ω < ωcr =
(
pT0ω0(R)ωmin

)1/3
=

(
pT0Lk

2
⊥,min(2q̂)1/3

2R4/3

)1/3

=

(
pT0k

2
⊥,min

R2

)1/3(
R

θc

)2/9

. (5.81)

When the conditions in Eqs. (5.79)–(5.81) are satisfied, the saddle point method gives a
meaningful approximation for the double differential gluon distribution in (5.77), which reads

Ti,out(ω, θ
2|pT0, R

2) ' αsCi
4π

exp

{√
3ᾱs
2

log
pT0

ω0(R)

}
exp

{√
ᾱs log

ωL(θ)

ω

}
(5.82)

The first exponential comes from the integrations over θ2
1 and ω1, i.e. over the “inside” region,

and can be interpreted as the number of partonic sources generated via VLEs. The second
exponential represents the number of gluons generated by each of these sources via gluon
cascades developing outside the medium. This simple factorisation between the “inside” and
the “outside” jet dynamics holds strictly speaking only in the saddle point approximation (and
for energies ω ≤ ωcr) and is ultimately a consequence of the colour decoherence which washes
out any correlation between the emission angles outside and inside the medium.

Integrating (5.76) over θ using Eq. (5.75) we find the fragmentation function for ω ≤ ωcr:

ωDmed
i (ω) '

√
ᾱsCi

4CA
exp

{
√
ᾱs

(√
3

2
log

pT0R
4/3

(2q̂)1/3
+ log

2ω

k2
⊥,minL

)}
. (5.83)

The integration is dominated by the lower limit, θ = k⊥,min/ω. The respective contribution of
the first term ∝ T vac

i in (5.76), that would be non-zero only for ω > ω0(R), is comparatively
small, since it lacks the evolution outside the medium. Since 2ω/k2

⊥,minL = ω/ωmin � 1, the
second logarithm in (5.83) is positive and ωDmed

i (ω) decreases when decreasing ω.
Our predictions are shown in Fig. 5.6 for the fragmentation function in Fig.5.6a and the

nuclear modification factor Ri(x|pT0) in Fig. 5.6b. This nuclear modification factor is defined
by:

Ri(x|pT0) =
Dmed
i (ω)

Dvac
i (ω)

(5.84)

with Dvac
i (ω) given by (4.25) (or (5.75)). These plots compare the exact results at DLA based

on Eq. (5.74) and the numerical integration of Eq. (5.77) for the vacuum and medium results
respectively, to their asymptotic counterparts. The latter are obtained by taking the asymptotic
behaviour of (5.74) in the vacuum case and by using the saddle-point approximation Eq. (5.83)
for the medium results. In Fig. 5.6b we consider two different values for the IR cut-off k⊥,min

(blue: k⊥,min = 200 MeV, red: k⊥,min = 100 MeV). Overall we see a good agreement, which is
moreover improving when k⊥,min decreases, i.e. when the phase-space increases and the saddle
point method becomes more reliable.

The fact that the ratio Ri(x|pT0) increases at small ω can be traced back to angular or-
dering and the associated humpback plateau. Unlike the double-differential gluon distribution
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Figure 5.6: Comparison of the exact calculation of fragmentation functions (solid lines) and the
asymptotic approximations (dashed lines).

(5.74) which keeps increasing when decreasing ω at fixed θ, the vacuum fragmentation function
ωDvac

i (ω) in (4.25) develops a maximum at ω ' ωhump = (Ek⊥,min/R)1/2 and decreases very fast
for ω below ωhump. This is due to the fact that the angular phase-space at k⊥,min/ω < θ < R
permitted by angular ordering shrinks to zero when decreasing ω. For sufficiently small ω,
namely such that5 ω3 . pT0k

2
⊥,min/R

2, the denominator ωDvac
i (ω) in the medium/vacuum ratio

Ri(x|pT0) decreases faster with 1/ω than the respective numerator ωDmed
i (ω) (see also Fig. 5.6a),

so the ratio is increasing.

5.3.1.2 Including running coupling and hard collinear corrections

The calculation made in the previous subsection does not take into account single logarithmic
corrections coming from the running of the coupling constant and the hard collinear splittings.
We briefly discuss two ways of including semi-analytically such corrections. Each one has its
own advantages and drawbacks.

The first way is to calculate the convolution (5.77) in Mellin space. In Mellin space, the
fixed coupling fragmentation function (5.75) or (4.25) in vacuum reads:

ωDg(ω|E,R2) =

∫
dj
2πi

Cj(ᾱs) exp
(∫ (ER)2

k2
⊥,min

dQ2

Q2
γj(ᾱs) + (j − 1) log(E/ω)

)
(5.85)

with γj the anomalous dimension, and Cj the coefficient function such that:

γj(ᾱs) = 1
4

(
− (j − 1) +

√
(j − 1)2 + 8ᾱs

)
Cj(ᾱs) = 1

2

(
1 + j−1√

(j−1)2+8ᾱs

) (5.86)

From this expression, running coupling corrections can be included using ᾱs(Q2) instead of ᾱs
in the Q2 integral corresponding to the evolution, while ᾱs remains fixed (evaluated at Q = ER)
inside the coefficient function. Corrections from hard collinear splittings are added using:

γMLLA
j (ᾱs) = γj(ᾱs(Q

2)) + 2Bg
ᾱs

j2 + 8ᾱs
(5.87)

5The upper limit pT0k
2
⊥,min/R

2 is smaller than ω3
cr guaranteeing the validity of the saddle-point method.
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instead of γj in the evolution integral. Bg is the finite part of the gluon splitting function.
Then the convolution (5.77) between the inside evolution and the outside evolution is made

using (5.85) amended as explained. In the evolution inside the medium, the lower limit of the
Q2 integration is the in-medium boundary of the veto region, while for the outside evolution,
the upper limit is the out-medium boundary. Such a calculation is complicated, especially
because of the convolution and the final inverse Mellin transform. However, as in the fixed
coupling case, one may obtain a good approximation using the saddle point method. Instead
of taking this path, we explain now a different approach more suitable for a final numerical
evaluation.

The idea is to start with (4.22) where running coupling effects and hard-collinear contribu-
tions are already included [176]. From this equation, one obtains the following equation for the
function T [145, 177]:

T (ω, θ2 | E,R2) = ᾱs(ω
2θ2)

ω

E
Pgg(

ω

E
) +

∫ R2

θ2

dθ2
1

θ2
1

∫ 1

ω/E

dz1ᾱs(z
2
1E

2θ2
1)Pgg(z1)T (ω, θ2 | z1E, θ

2
1)

(5.88)
with Pgg(z) = (1− z)Φgg

g (z)/(2CA). Note that we still work within the large Nc limit in order
to avoid complications due to quark/gluon mixing.

Let us first take into account the running of the coupling at one loop, while Pgg(z) is
approximated by its soft behaviour Pgg(z) ' 1/z. The Landau pole in the running coupling is
regularised by adding a constant Creg such that

ᾱs(k
2
⊥) = ᾱs(ω

2θ2) =
1

β̄0

1

log(ω2θ2/Λ2 + Creg)
(5.89)

where β̄0 = β0π/Nc. In intermediate steps, we shall use Creg = 0. Taking the logarithmic
derivative with respect to E and R2, one finds the following partial differential equation

ER2 ∂2T

∂E∂R2
=

1

β̄0

T

log(ER2/Λ2)
(5.90)

Then, changing to the variables κ = log(E/ω) and λ = log(R2/θ2) so that

T (κ, λ, µ) ≡ T (ω, θ2 | E,R2) (5.91)

one gets

∂2T
∂κ∂λ

=
1

β̄0

T
2κ+ λ+ µ

(5.92)

with µ = log(ω2θ2/Λ2) and the initial conditions T (0, λ) = T (κ, 0) = 1/(β̄0µ).
Including hard collinear splittings consists in adding the integral between 0 and 1 of the

finite part of the splitting function, namely using

Pgg(z) ' 1

z
+

∫ 1

0

dz
(
Pgg(z)− 1

z

)
=

1

z
− 11

12
≡ 1

z
+Bg (5.93)

With this approximated splitting function and the running of the coupling, the evolution equa-
tion for T (ω, θ2 | E,R2) or equivalently T (κ, λ, µ) can also be put into a partial differential
equation form,
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Figure 5.7: Nuclear modification factor for the fragmentation function beyond DLA

∂3T
∂κ2∂λ

+
∂2T
∂κ∂λ

= (1 +Bg)
∂ᾱsT
∂κ

+ ᾱsT (5.94)

with the initial conditions

T (κ, 0) =
1

β̄0µ
(1 +Bge

−κ) (5.95)

T (0, λ) =
1

β̄0µ
(1 +Bg) (5.96)

∂T
∂κ

(0, λ) =
1

β̄0µ

(
−Bg +

(1 +Bg)
2

β̄0

log
(
1 + λ/µ

))
(5.97)

∂T
∂λ

(κ, 0) =
1

β̄2
0µ

∫ κ

0

dκ1
(1 +Bge

−κ1)(1 +Bge
κ1−κ)

2(κ− κ1) + µ
(5.98)

since equation (5.88) gives not only the differential equation but also the initial conditions. The
partial differential equation (PDE) is then solved numerically on a two-dimensional grid, to get
the function T (κ, λ, µ) for several values of µ.

This PDE is similar to the one given in Gerwick et al [178] in term of logarithmic accuracy
but it has the advantage of being mathematically equivalent to the master equation (5.88) so
that the solution T satisfies the Chapman-Kolmogorov relation. This enables to use (5.76) and
(5.77) in order to calculate the medium-modified version of T .

Numerical results are shown Fig. 5.7 for the nuclear modification factor of the jet fragmen-
tation function. Four calculations are compared: (i) the DLA result already shown above,
(ii) the effect of the running coupling alone using the solution of (5.92), (iii) the MLLA ap-
proximation including both running coupling and hard collinear radiations thanks to the PDE
(5.94), (iv) a MC calculation with full DGLAP splitting function and energy conservation (see
Chapter 6). As expected, DLA overestimates the number of soft gluons inside the jet but the
enhancement at small energies is still significant if we include the effects of the running coupling
and the hard-collinear emissions. This shows the robustness of decoherence to generate soft
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gluons inside jets in the presence of a medium.

5.3.2 Jet average energy loss

As the last exercise of this chapter, we estimate the jet energy loss within our factorised picture.
So far, we have focused on the vacuum-like emissions since our arguments were grounded at
DLA where one neglects the medium induced radiations. As explained in Section 5.2.2, this is
correct for the vacuum-like series inside the medium, except for the set of partons at the end of
the VLE cascade inside the medium which by definition cross all the medium before radiating
outside. During this travel, such emission triggers medium-induced jets as those studies in
Chapter 4, Section 4.3 so that the jet loses energy from large angles radiations.

For the intrajet multiplicity, at first sight, it is legitimate to neglect this energy loss since
it does not change the number of partons produced but merely shifts their final energy in the
spectrum (recall also that a double-logarithmic cascade does not satisfy energy conservation
anyway). It is certainly not correct for jet observables which are strongly sensitive to the
energy of the final state particles. For such quantities, one cannot ignore medium-induced
processes. However, one can often rely on the factorisation between vacuum-like emissions and
medium-induced jets to estimate them.

Jet cross-section in A-A collisions. In this subsection, we deal with the average jet energy
loss E . This quantity is ambiguous as it is not generally a well defined quantity in pQCD. It
is not even measurable in experiments. The reason for this is that measuring an energy loss
requires the knowledge of the energy of the leading parton sourcing the jet or some “vacuum-
equivalent” jet. From a theoretical point of view, this is not a well defined problem whereas it
is clearly not experimentally realisable.

Nevertheless, one can use this quantity as an intermediate tool in order to obtain an es-
timation of a well defined observable: the jet cross-section. We start then by explaining how
the average jet energy loss enters into the calculation of the jet cross-section in nucleus-nucleus
collisions. Jets are defined in this subsection with a single parameter R . 1, which should be
thought as the jet radius in the anti-kt algorithm or the opening angle of the effective cone in
cone-based jet definitions.

We call dσq/g/dpT0 the Born level cross-section for producing respectively a quark or a gluon
with transverse momentum pT0 at central rapidity in pp collision. At the lowest order in αs,
the inclusive jet cross-section in pp collisions can be approximated by:

dσppjet

dpT
=

dσq
dpT

+
dσg
dpT

+O(α3
s) (5.99)

At this order, it is independent of R.
Now, let us assume that energy loss is the dominant effect of the medium in the calculation

of the inclusive jet cross section in A-A collisions (this is of course a very strong assumption). A
jet initially made of a single leading parton i ∈ {q, g} with energy pT0 evolves via vacuum-like
and medium-induced emissions in the medium. We introduce the probability Pi(E |pT0, R) for
the reconstructed jet to have an energy pT0 − E . In principle, this probability is non trivial
even in the vacuum as the leading parton can radiate many soft gluons at angles larger than
R. However, if R is large enough, such contributions can be neglected. Therefore, pT0 can be
thought as the energy of an equivalent jet which would have evolved in the vacuum, so that
Pi(E |pT0, R) is the probability for a jet to loose an energy E .
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From the probability P , one can calculate the jet yield in A-A collisions as follows:

1

TAA

dσAAjet

dpT
'
∑
i∈{q,g}

∫ ∞
0

dpT0

∫ ∞
0

dE δ(pT − pT0 + E )Pi(E |pT0, R)
dσi
dpT0

(5.100)

The factor TAA accounts for the geometric enhancement of the jet yield due to the larger number
of nucleons in a nucleus A. It depends only on the centrality of the collision and on the nature of
the nucleus. Equation (5.100) states that the initial parton with transverse momentum pT0 ends
up as final state jet with energy pT0 − E with probability P . An other underlying assumption
of (5.100) is the absence of nuclear parton distribution function effects since we use the same
Born-level quark/gluon cross-section as in the pp baseline. This formula is hence an estimation
for phenomenological applications rather than a rigorous pQCD calculation with a controlled
αs expansion.

Performing the pT0 integration in (5.100) and a Taylor expansion of Piσi for E /pT � 1, one
gets:

1

TAA

dσAAjet

dpT
=
∑
i∈{q,g}

dσi
dpT

+
∂

∂pT

(
Ei(pT , R)

dσi
dpT

)
+O

(
(E /pT )2

)
(5.101)

'
∑
i∈{q,g}

dσi(pT + Ei(pT , R))

dpT
(5.102)

where the O
(
(E /pT )2

)
term makes sense only if the probability P as a finite support E <

Emax ≤ pT0 so that O
(
(E /pT )2

)
= O

(
(Emax/pT )2

)
. This means that if the typical maximal

energy loss is negligible in front the initial pT0 of the parton, the jet cross-section in A-A can be
understood as a simple shift of the partonic cross-section. Yet, this shift is different according
to the “flavour” of the leading parton and is given by the average jet energy loss Ei(pT0, R):

Ei(pT0, R) ≡
∫ ∞

0

dE EPi(E |pT , R) (5.103)

To get the second line, we have neglected the logarithmic derivative of E with respect to pT in
front of the logarithmic derivative of the differential cross-section. This is allowed because the
differential cross-section dσi is a steeply falling function of pT whereas we will see that Ei(pT )
increases with a αs suppressed power of pT . This steeply falling property of dσi as a function
of pT implies that RAA ≤ 1.

Calculation of Ei at DLA for the vacuum-like series. Let us now turn to an analytic
estimation of the quantity Ei(pT0, R). In Sections 4.3.2 and 4.3.3.1, we have investigated the
energy loss by a leading parton via medium-induced jets. We have argued that the energy
lost by the jet via medium-induced radiations at large angles (θ > R) is controlled by multiple
branchings (resummed to all orders) and the associated characteristic scale is ωbr. The results
of (4.70) are summarized as follows:

• For jets with energies pT0 � υωbr, the jet energy loss via MIEs becomes independent of
pT0:

εi,MIE(R) ' υωbr + 2ᾱsωc

√
2c∗θc
R

when pT0 � υωbr . (5.104)

• Jets with pT0 . υωbr lose their whole energy via democratic branchings: εi,MIE(R) '
εi,flow ' pT0.
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• For a large jet radius R & θc/ᾱ
2
s, the flow component dominates over the spectrum

component, εi,flow � εi,spec, for any energy E, and the energy loss εi,MIE ' εi,flow becomes
independent of R.

We can now consider the generalisation of the above results to the full parton showers,
including both VLEs and MIEs. In the sequential picture described in Section 5.2, in which
the two kinds of emissions are factorised in time, each VLE occurring inside the medium acts
as an independent source of MIEs and hence the energy loss by the full jet can be computed
by convoluting the distribution of partonic sources created by the VLEs in the medium with
the energy loss via MIEs by any of these sources. Assuming that all the in-medium VLEs are
collinear with the jet axis (which is the case in the collinear picture described in Section 5.2),
the energy lost by the full jet is computed as

Ei(pT0, R) '
∫ pT0

ω0(R)

dω
dNVLE

dω
εMIE(ω,R) ,

' εi,MIE(pT0, R) +
2αsCi
π

∫ R

θc

dθ

θ

∫ pT0

ω0(θ)

dω

ω
I0

(
2

√
ᾱs log

pT0

ω
log

R2

θ2

)
εg,MIE(ω,R)

(5.105)

where dNVLE/dω is the energy distribution of the partons created via VLEs inside the medium.
The second line follows after using the DLA result for the gluon multiplicity, (4.24). This is of
course a rough approximation which overestimates the number of sources, but it remains useful
to get a physical insight. Similarly, for qualitative purposes, one can use the simple estimate
for εi,MIE(ω,R) given by the sum of Eqs. (4.63)–(4.69).

In Fig. 5.8, we show the numerical results of Eq. (5.105) as a function of the initial pT0

of the parton and the jet opening angle R6. As expected, Ei(pT0, R) rises significantly as pT0

increases, as a consequence of the in-medium fragmentation. More surprisingly, we observe a
very mild increase of the jet energy loss as R increases. One would naively expect that the
more the jet opening angle is large, the more the energy loss is recovered at large angles (or
equivalently, the spectrum component (4.69) decreases). However, this effect is compensated
by the increase of the in-medium phase space for radiations. This compensation phenomenon
has also been pointed out in [179] within the hybrid strong/weak coupling model with medium
response included. The figure 5.8 should also be compared with the Monte Carlo calculations
of this function made in Chapter 8. There is a very nice qualitative agreement between the
simple analytic estimate (5.105) and these Monte Carlo results.

It is enlightening to understand the asymptotic behaviour of (5.105) at large pT0. This
is straightforward from the analysis made for the double-logarithmic fragmentation function.
Recall that when pT0 ≤ ωc(R/θc)

4/3, the in-medium multiplicity is controlled by the position
of saddle point ω?1. If this saddle point is larger than ωbr, one can approximate εi,MIE by ωbr

in (5.105) meaning that the typical energy loss of an in-medium source is ωbr since its initial
energy satisfies ω � ωbr. The condition ω?1 ≥ ωbr is equivalent to pT0 ≥ ᾱ4

sωc(θc/R)4/3. Thus,
(5.105) has the following large pT0 behaviour:

Ei(pT0, R) ∼ ω
(A)
br

Ci
2CA

(
pT0

ω0(R)

)√ 3ᾱs
2

if ᾱ4
sωc

(
R

θc

)4/3

� pT0 ≤ ωc

(
R

θc

)4/3

(5.106)

6The precise description of the R dependence of the jet energy loss for R ∼ 1 would require a proper treatment
of initial state radiations, which is beyond our current framework.
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Figure 5.8: Double-logarithmic estimate of the jet energy loss as a function of pT0 and R, obtained
from a numerical integration of (5.105). The bands correspond to 25% variations of the parameter c?
and υ around c? = 0.35 and υ = 2.5. Note that (5.105) predicts an exact Casimir scaling of the quark
and gluon jet energy loss.

This power-like increase of the energy loss with pT is a simple consequence of the larger phase
space available for radiations inside the medium as pT0 increases. It is a crucial ingredient to
explain the flatness of the RAA ratio for jet cross-section even at large pT . Last but not least,
(5.105) and (5.106) predicts that the jet energy loss is proportional to the Casimir of the initial
parton.

The condition pT0 ≤ ωc(R/θc)
4/3 is not very restrictive for phenomenological applications

as ωc(R/θc)4/3 = O(1 TeV) for typical values of q̂ and L. For completeness we give also
the asymptotic behaviour of (5.105) when pT0 is larger than ωc(R/θc)

4/3. In this case, the
multiplicity is controlled by the phase space above ωc and θc so that the energy loss increases
like:

Ei(pT0, R) ∼ ω
(A)
br

Ci√
4πCA

exp
(

2
√
ᾱs log(pT0/ωc) log(R/θc)

)
(ᾱs log(pT0/ωc) log(R/θc))1/4

if pT0 ≥ ωc

(
R

θc

)4/3

(5.107)

Jet quenching vs. hadron quenching. To conclude, let us comment about the difference
between the jet yield and the hadron yield in nucleus-nucleus collisions. For a steeply falling
cross-section, the method (5.101) would give a wrong answer if the probability P is such that the
mean E is significantly larger than the typical energy loss corresponding to the energy where
P is maximal [84]. This is a consequence of the steeply falling cross-section which favours
typical events rather than the mean scenario. In this situation, one cannot truncate the Taylor
expansion up to the first order derivative. The alternative strategy is to expand (5.100) as a
function of 1/n where n is the (large) power of the power suppressed cross-section dσi [84]. For
the hadron cross-section, such scenario occurs since we have seen in Chapter 4, Section 4.3 that
the mean parton energy loss is of order αsωc whereas the typical event by event energy loss is
ωbr = α2

sωc � αsωc.
For jets, this is different though. Introducing the parameter R enforces the energy loss by

the jet to be of the order of the event by event energy loss ωbr so that the gluons carrying away
this energy end up at angles larger than R. For jets, the typical and the mean energy loss
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Figure 5.9: Analytic estimation of the nuclear modification factor for jets RAA. The bands correspond
to 25% variations of the parameter c? and υ around c? = 0.35 and υ = 2.5. For the quark and gluon
Born level cross-sections, we used a power law decrease Ai(p̂T /pT )ni+mi log(pT /p̂T ) from a fit of the
numerical cross-sections over pT ∈ [100, 500] GeV and |y| < 2 with LHAPDF6 parton distribution
functions [180].

are of the same order so that one could expect Eq. (5.101) to give a good estimate of the jet
cross-section in AA.

In Fig. (5.9), we show an analytic estimation of the RAA ratio based on Eqs. (5.101) and the
average energy loss function (5.105). The general trend is good, namely a strong suppression,
slightly increasing with pT . However, the suppression is largely overestimated with respect
to the data and the Monte Carlo results obtained in Chapter 8. One explanation is that the
assumption Ei � pT0 is not really realised as one can see from Fig. 5.8. Another explanation
is that large angle energy loss fluctuations are as large as the mean ∼ ωbr. Moreover, for jets,
this energy loss is enhanced by the multiplicity of vacuum-like sources, and this multiplicity has
also large pT -dependent event-by-event fluctuations. Thus, the first order truncation in (5.101)
is not a good approximation and the quenching weight method would be a better option if we
knew the full probability distribution Pi(E |pT , R).





Chapter 6

JetMed: a Monte Carlo parton shower for
jets in the medium

Chapter 5 was dedicated to the theoretical foundation of our factorised picture for the parton
showers in the presence of a dense QCD medium. In the last section of this chapter, we have
tried to include analytically the sub-leading single logarithmic corrections for the vacuum-like
shower as well as the medium-induced emissions in order to quantify the energy lost by jets
in the plasma. Another approach consists in numerically implementing the classical branching
process in a so-called Monte Carlo event generator that mimics the evolution of the jet. This
numerical approach is equivalent to the resolution of the evolution equation for the generating
functional of the exclusive multi-particle production cross-sections so that the large terms in the
αs expansion of the cross-section — due to either large soft/collinear logarithms for the vacuum-
like emissions or large medium path length over formation time ratio for the medium-induced
emissions —are correctly resummed to all orders.

In this chapter, we describe the Monte Carlo parton shower for jet fragmentation in a dense
QCD medium as it emerges from the ideas developed in the two previous chapters. The first
Section 6.1 recalls the basics of the Sudakov veto algorithm used to generate the “times” in the
branching processes. The two following Sections 6.2 and 6.3 describe in details the two main
modules of the full parton shower: the vacuum shower which solves the coherent branching
evolution equation (4.10) and the medium induced shower which solves the evolution equation
for medium-induced jets (4.65). These two modules are combined in the full medium shower
according to the principles exposed in Chapter 5: this is the topic of Section 6.4. In this section,
we also briefly present the code architecture. The last section 6.5 compares our parton shower
with other Monte Carlo generators.

6.1 The Sudakov veto algorithm
A Monte Carlo parton shower simulates a classical branching process. In this section, we call t
or “time” the ordering variable of the process, while keeping in mind that the physical sense of
t may change according to the branching process at hand. The building block of a branching
process is a time branching rate that we call Γ(t). The probability dP for a branching to occur
between t and t+ dt is, by definition:

dP ≡ Γ(t)dt (6.1)

From Γ, one can calculate the probability density B(t) for a branching to occur at time t,
knowing that no branching occurred between t0 and t. This is given by the exponential decay
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law:

B(t) = Γ(t) exp

(
−
∫ t

t0

dt′ Γ(t′)

)
Θ(t− t0) (6.2)

This probability density is properly normalised over the time interval [t0,∞]. If the branching
process has an intrinsic maximal time tmax, the normalised probability density B is given by
(6.2) divided by its integral between t0 and tmax.

In a Monte Carlo parton shower, one must be able to select a time according to the prob-
ability density B. This gives the time of the subsequent splitting, if the previous one occurred
at time t0. The purpose of this section is to recall the standard methods used to sample B.

6.1.1 Basics of random variable sampling

We assume that we are able to generate numerically random numbers following the uniform
distribution U(0, 1) over [0, 1]. We give here two general methods to sample x according to the
density B(x) for x ∈ [x0, xmax].

Inverse transform method. If the repartition function B(x)

B(x) =

∫ x

x0

dx′ B(x′) (6.3)

is strictly increasing and if one can find its inverse B−1, then it is straightforward to generate
x according to the probability density B:

x = B−1(u) (6.4)

with u following U(0, 1). For B of the form (6.2), if one knows a primitive γ of Γ and its inverse
γ−1, then the inversion methods reads:

t = γ−1
(
γ(t0)− log(u)

)
(6.5)

Hit-or-miss (rejection) method. When one cannot find analytically either the repartition
function or its inverse, one can rely on the hit-or-miss method. If one finds a function S(x) and
a constant M ≥ 1 such that:

B(x) ≤MS(x) (6.6)

for all x in [x0, xmax], and such that one knows how to sample x following the density S(x), the
variable x is selected according to the following procedure:

• Step 1: select x according to S, and u according to U(0, 1) independently,

• Step 2: while

u >
B(x)

MS(x)
(6.7)

go back to step 1, otherwise stop and select x.

The final x that comes out of this algorithm follows the density B.
Note that if the function B is bounded by M on [x0, xmax], one can use S = U(x0, xmax).

Of course, the more M is small, the more the hit-or-miss algorithm is efficient (one can show
that the expected value of the number of iteration is precisely M), so that it is advantageous
to choose the envelop function S as close of B as possible.
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6.1.2 Sudakov veto method

The hit-or-miss method is very general. Actually, we did not use the fact that the density B is
of the form (6.2). The Sudakov veto method is a generalisation of the hit-or-miss method that
makes use of the specific form (6.2) of the branching density probability.

We first consider the case where there is no maximal time tmax = +∞. The veto algorithm
relies also on an envelop function R(t), yet directly for the branching rate and not the full
probability density (6.2). That is, we assume that there exists a function R(t) such that:

Γ(t) ≤ R(t) for t0 ≤ t (6.8)

and such that one knows how to generate t following the probability density Si(t):

Si(t) = R(t) exp

(
−
∫ t

ti

dt′R(t′)

)
Θ(t− ti) (6.9)

where the index i refers to the initial time in the lower boundary of the integral and have
been introduced for future convenience. From our discussion of the inversion method, one sees
that it is interesting to look for a function R such that its primitive r and its inverse r−1 are
analytically known.

Now, let us give the veto algorithm that generates t following the density B:

• Step 1: Initialize the index i = 0, and ti=0 = t0,

• Step 2: While i ≥ 0, select ti+1 according to Si (hence ti+1 > ti) and ui+1 in U(0, 1). If

ui+1 >
Γ(ti+1)

R(ti+1)
(6.10)

continue, otherwise stop and select t = ti+1.

With respect to the hit-or-miss algorithm, one notices two main differences: firstly, the
veto condition is on the ratio of the rates and not on the probability densities, and secondly
the candidates ti are picked according to a probability density that changes from one step to
another. A proof of the validity of this method can be found in [181].

Finite tmax values are handled by stopping the veto algorithm if ti+1 > tmax. Also, in all
the applications of the veto algorithm discussed in this chapter, the rate Γ(t) has the following
general form:

Γ(t) =

∫
dx Γ̃(t, x) (6.11)

where the boundaries of the x integral may depend on t. Here, x is an other random variable
over which the rate Γ̃(t, x) is marginalised. In principle, if one knows how to select a time t
distributed according to Γ, the generation of the other random variable x proceeds afterwards.
One first selects t and then x following the distribution Γ̃(t, x) properly normalised over the
allowed x-range. If one does not know how to generate t directly, one can use an extension of
the veto algorithm relying on an envelop rate R̃(t, x) such that

Γ̃(t, x) ≤ R̃(t, x) for all x and t0 ≤ t (6.12)

and such that the associated probability density Si(t) given by (6.9) — with R given by R̃(t, x)
marginalised over x — is easy to generate. The properly adapted veto algorithm becomes:
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• Step 1: Initialize the index i = 0, and ti=0 = t0,

• Step 2: While i ≥ 0, select ti+1 according to Si, xi+1 following the (normalised) density
R̃(ti+1, x), and ui+1 in U(0, 1). If

ui+1 >
Γ̃(ti+1, xi+1)

R̃(ti+1, xi+1)
(6.13)

continue,

• Step 3: else, select t = ti+1 and x = xi+1 and stop.

This algorithm is the standard tool in Monte Carlo parton showers. In the following sections,
we shall describe more precisely how this algorithm is used to generate the splitting angles in
the vacuum shower and the splitting times in the medium-induced shower.

6.2 Vacuum shower
We start by describing the implementation of the vacuum-like shower. This shower serves first
as a vacuum baseline for quantifying jet quenching when medium effects are introduced. Most
importantly, this module enters into the full medium shower to iterate vacuum-like emissions
both in the inside and outside phase space.

Generic kinematic. We will represent the massless 4-vectors corresponding to emissions
using their transverse momentum pT i, their rapidity yi and their azimuth φi. Since our physical
picture is valid in the collinear limit, we will often neglect differences between physical emission
angles θ and distances ∆R =

√
∆y2 + ∆φ2 in the rapidity-azimuth plane. All showers are

considered to be initiated by a single parton of given transverse momentum pT0, rapidity y0

and azimuth φ0, and of a given flavour (quark or gluon).

Implementation of the shower. Still working in the collinear limit, we will generate our
partonic cascades using an angular-ordered approach, starting from an initial opening angle
θmax. Hence the “time” variable of the branching process in the sense of the previous section
is the angle θ always decreasing, or equivalently log(1/θ). The initial parton can thus be seen
as having θ = θmax and a relative transverse momentum k⊥ = pT0θmax. To regulate the soft
divergence of the splitting functions, we introduce a minimal relative transverse momentum
cut-off k⊥,min. This corresponds to the transition towards the non-perturbative physics of
hadronisation. Note that for a particle of transverse momentum pT0, the condition k⊥ > k⊥,min

imposes a minimal angle θ > θmin = k⊥,min/pT0, and a minimal transverse momentum pT >
pT,min = k⊥,min/θmax for the next emission.

The shower is then generated using the Sudakov veto algorithm described in Section 6.1.
For the purposes of the subsequent discussion, pT0 and θ0 denote respectively the transverse
momentum and the angle of a generic parent parton, which is not necessarily the leading parton.
Its relative transverse momentum is defined by k⊥0 = pT0θ0.

With the notation used in Section 6.1, the rate of the branching process is (see also (4.7)
for the description of the coherent branching algorithm) reads

Γ̃vac
i (θ, z) =

αs(k⊥)

π
Pi(z)

1

θ
(6.14)
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where i = (g, q) is a flavour index, z ≡ pT/pT0 is the pT fraction of the softest emission with
respect to the transverse momentum pT0 of the parent and k⊥ = zpT0θ = pT θ the relative
transverse momentum of the emission. Pi(z) is the splitting function of the parton i defined in
Appendix C. z and θ are random variables, and we aim at first generating θ ≤ θ0 according to
the probability density:

Bvaci (θ) =
1

θ

∫ 1

pT,min/pT0

dz
αs(zpT0θ)

π
Pi(z) exp

(
−
∫ θ0

θ

dθ′

θ′

∫ 1

pT,min/pT0

dz
αs(zpT0θ)

π
Pi(z)

)
(6.15)

and then, z is generated with probability density Γ̃vac
i (θ, z) normalised over z ∈ [pT,min/pT0, 1].

The envelop rate used for the veto algorithm is:

R̃vac
i (θ, z) =

2Ci
π

αs(zpT0θ)

θ

1

z
(6.16)

where Cg ≡ CA, Cq ≡ CF . After the change of variable k⊥ = zpT0θ, the marginalisation of
R̃(θ, z) over z gives:

Rvac
i (θ) =

1

θ

∫ k⊥0

k⊥,min

dk′⊥
k′⊥

2αs(k
′
⊥)Ci
π

(6.17)

=
1

θ

Ci
πβ0

log
( 1− 2αsβ0 log(k⊥0/MZ)

1− 2αsβ0 log(k⊥,min/MZ)

)
(6.18)

To obtain the second line, we used a 1-loop running coupling αs(k⊥) = αs
1−2αsβ0 log(k⊥/MZ)

with
αs ≡ αs(MZ) the running coupling at the Z mass, fixed to 0.1265, and β0 = (11CA−2nf )/(12π)
the 1-loop QCD β function. We consider a fixed nf = 5 flavours of massless quarks. The
probability density Svac(θ) given by this rate and (6.9) is sampled using the inversion method
since one can easily find the primitive of Rvac

i with respect to θ and its inverse. In equations,
given u uniformly distributed over [0, 1], θ is picked using:

θ = θ0 exp(log(u)/Rvac
i (1)) (6.19)

The k⊥ of the emission is then generated between k⊥,min and k⊥0 following the distribution
αs(k⊥)dk⊥/k⊥. The allowed range for k⊥ in (6.17) has been chosen in order to simplify the
analytic calculation of the θ integration and does not correspond to the z physical boundaries
pT,min/pT0 ≤ z ≤ 1. This procedure thus neglects finite effects in the splitting function and
momentum conservation as the splitting fraction z ≡ pT

pT0
= k⊥

k⊥0

θ0
θ
associated with the emission

of the gluon θ and k⊥ in (6.17) can take values larger than one. This is simply taken into
account by vetoing emissions with z > 1 and accepting those with z ≤ 1 with a probability
z

2Ci
Pi(z) with Pi(z) the targeted splitting function. A similar trick allows us to select between

the g → gg and g → qq̄ channels for gluon splittings. This trick is detailed in the next section
as it is also used in the medium-induced shower. If any of these vetoes fails, we set θ → θ0 and
k⊥θ/θ0 → k⊥0 — so that pT0 = k⊥0/θ0 is preserved — and reiterate the procedure, following
the Sudakov veto algorithm.

After a successful parton branching, both daughter partons are further showered. The
procedure stops when the generated angle θ is smaller than the minimal angle θmin.

4-vectors reconstruction. To fully specify the procedure we still need to specify how to
reconstruct the daughter partons from the parent. For this, we use z ≡ pT

pT0
= k⊥

k⊥0

θ0
θ
and also
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generate an azimuthal angle ϕ around the parent parton, randomly chosen between 0 and 2π.
We then write

parent: (pT0, y0, φ0) −→
{
daughter 1:

(
z pT0, y0 + (1− z)θ cos(ϕ), φ0 + (1− z)θ sin(ϕ)

)
daughter 2:

(
(1− z)pT0, y0 − z θ cos(ϕ), φ0 − z θ sin(ϕ)

) .

(6.20)
This is strictly valid in the small-angle limit and power corrections in θ would appear beyond
our small-angle approximation.

For examples of use of the vacuum shower, we refer the reader to Chapter 4 where the
fragmentation function and other jet substructure observables are calculated using the vacuum
module of JetMed. These calculations are compared to analytical predictions.

6.3 Medium-induced shower
The medium-induced module develops a medium-induced parton shower from a leading parton
with transverse momentum pT0, as those described in Section 4.3. The evolution parameter in
the case of medium induced cascades is the “time” t = x+ in light-cone coordinates with the
longitudinal axis defined by the direction of motion of the leading particle. The generation of
the shower is made in two steps. In the first step, all the partons produced are exactly collinear
to the leading parton. In the second step, an angle is assigned to each parton produced by the
collinear cascade assuming that all their relative transverse momentum comes from momentum
broadening.

6.3.1 Implementation of the collinear shower

The collinear shower is mathematically equivalent to the resolution of the equation (4.57).

The splitting time probability density. The rate Γ̃med
i (t, z) of the Markovian branching

process is given

Γ̃med
i (t, z) =

αs,med

2π

√
q̂

pT

Ki(z)

(z(1− z))1/2
(6.21)

as in (4.56). The functions Ki are given in Appendix C. Here i ∈ {q, g} and pT are respectively
the flavour and the transverse momentum of the parent that splits, which is a priori different
from the leading parton pT0 which defines the direction of the light cone coordinate t. In
JetMed, the coupling constant αs,med is frozen during the medium induced evolution and is
a parameter of the Monte Carlo. A straightforward extension of the rate (6.21) consists in
evaluating αs at the typical branching transverse momentum kbr = (q̂z(1− z)pT )1/4. The rate
(6.21) is constant with time since there is no explicit time dependence. The soft divergence in
Ki is regulated with a minimal energy fraction zpT/pT0 > zmin. With respect to (4.56), we have
dropped the step function Θ(ωc − z(1− z)pT ). This constraint is handled directly by the veto
algorithm.

It is convenient to use a dimensionless evolution variable, so we promote the “reduced time”
τ defined by

τ ≡ αs,med

π

√
q̂/CA
pT0

t (6.22)
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as our new evolution variable. (We recall that, by convention, we use the adjoint quenching
parameter to define q̂ ≡ q̂A.) The evolution is made from some τ0, the reduced splitting time
of the parent parton to τL when t = L, that is when the leading parton escapes the medium.
For the leading parton triggering the cascade, we set τ0 = 0.

If τ0 is the splitting of the parent parton, the targeted probability distribution for the
subsequent splitting time τ > τ0 is:

Bmed
i (τ) =

∫ 1−xmin

xmin

dz
√
CA

2
√
x

Ki(z)

(z(1− z))1/2
exp

(
−
∫ τ

τ0

dτ ′
∫ 1−xmin

xmin

dz
√
CA
2

Ki(z)

(z(1− z))1/2

)
(6.23)

with x = pT/pT0 and xmin = zmin/x. The z-fraction of the splitting is chosen with probability
Γ̃i(τ, z) with z between xmin and 1− xmin. Since it is not possible to use the inversion method
for the probability density (6.23), we use the Sudakov veto method.

Sudakov veto method for gluon splittings. The envelop rate R̃med
g (τ, z) for gluons makes

use of the approximated kernel K0(z) (4.58) for which analytical solutions from the generating
functional method are known. For convenience, the rate (6.23) is symmetrised so that z can be
chosen between xmin and 1/2. This cancels the factor 1/2 in (6.21). Then, one checks that

√
CA√
x

Kg(z)

(z(1− z))1/2
≤ R̃med

g (τ, z) ≡ C
3/2
A√
x
K0(z), K0(z) = (z(1− z))−3/2 (6.24)

Marginalising over z ∈ [xmin, 1/2] this envelop rate, one finds the following expression:

Rmed
g (τ) =

C
3/2
A√
x

2− 4xmin√
xmin(1− xmin)

(6.25)

The probability density Smed
i (τ) built from this rate is sampled by the inversion method using:

τ = τi − log(u)/Rmed
g (0) (6.26)

with u distributed as U(0, 1). Then, z is randomly chosen with probability density K0(z)
normalised between xmin and 1/2, again using the inversion method

z =
v

2
√

16 + v2
, v = u′

(
2− 4xmin√
xmin(1− xmin)

)
(6.27)

with u′ following U(0, 1). With these expressions, one knows how to generate the branching
process with the simplified kernel K0(z). We are left with the implementation of the veto
algorithm, that we detail to highlight how the condition ω ≤ ωc for medium-induced emissions
is imposed and how the gluon/gluon and quark/antiquark splittings are handled:

• Initialize τi=0 = τ0.

• While i ≥ 0:

– select τi+1 distributed as Smed
i (τ), zi+1 between xmin and 1/2 distributed as K0(z)

and ui+1 in U(0, 1).

– If τi+1 ≥ τL, stop.
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– Else if
zi+1xpT0 ≥ ωc (6.28)

continue,

– Else if

ui+1 ≤
Kqq̄g (zi+1)/

√
zi+1(1− zi+1)

CAK0(zi+1)
(6.29)

stop, and select τi+1 as the next branching time. The branching is a qq̄ splitting
with momentum fraction zi+1.

– Else if

ui+1 ≤
Kggg (zi+1)/

√
zi+1(1− zi+1)

2CAK0(zi+1)
(6.30)

stop, and select τi+1 as the next branching time. The branching is a gluon-gluon
splitting with momentum fraction zi+1.

– Else continue.

The first condition guarantees that the subsequent branching time is well smaller than L whereas
the second veto condition ensures that the energy of the soft emission is smaller than ωc =
q̂AL

2/2.

Sudakov veto method for quark splittings. For quark, one puts the singular behaviour
of the splitting function in z = 0 only using:

Kq(z) = Kgqq (z) (6.31)

thanks to the z ↔ 1 − z symmetry. z is then generated between xmin and 1 with the envelop
rate R̃med

q (τ, z) such that:

√
CA

2
√
x

Kq(z)

(z(1− z))1/2
≤ R̃med

q (τ, z) ≡ CFC
1/2
A√
x

1

z(z(1− z))1/2
(6.32)

The marginalisation of R̃med
q (τ, z) over z ∈ [xmin, 1] gives:

Rmed
q (τ) =

CFC
1/2
A√
x

2

√
1− xmin

xmin

(6.33)

Then, as for gluons, the branching time τi following Smed
i (τ) is picked using, with u distributed

as U(0, 1):
τ = τi − log(u)/Rmed

q (0) (6.34)

Finally z is randomly chosen between xmin and 1 using (with again u′ given by U(0, 1)):

z =
1

1 + v2/4
, v = u′

(
2

√
1− xmin

xmin

)
(6.35)

These formulas enable to generate the branching process given by the envelop rate R̃med
q (τ, z).

The Sudakov veto algorithm is run to generate the branching given by the true rate Γ̃med
q (τ, z).

This goes as for gluon splittings with the further simplification that there is only one decay
channel for quarks.
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Figure 6.1: The energy spectrum of particles produced by medium-induced splittings from a leading
gluon with pT0 = 200 GeV resulting from the module MediumInducedShower, for two different values
of q̂ and L. The parameters zc and θmax are fixed respectively to 10−5 and 1.

6.3.2 Implementation of the angular structure

In the cascade described above, all the splittings are considered to be exactly collinear. The
angular pattern is generated afterwards via transverse momentum broadening, cf. Sect. 4.3.3.
For this, we go over the whole cascade and, for each parton, we generate an opening angle θ
and azimuthal angle ϕ according to the two-dimensional Gaussian distribution:

d2Pbroad

d2k⊥
=

1

πq̂R∆t
exp

(
− k2

⊥
q̂R∆t

)
(6.36)

where ∆t is the lifetime of the parton with colour representation R in the cascade, and k⊥ '
ωθ. Once we have the transverse momenta and angles of each parton in the cascade, we
use (6.20) to reconstruct the kinematics. Partons which acquire an angle larger than θmax

via broadening are discarded together with their descendants. We could study more involved
broadening distributions in the future, taking into account hard scattering contributions beyond
the Gaussian approximation (see e.g. [182, 183]).

As an example, we show on figure 6.1, the resulting energy spectrum (or fragmentation
function) of a medium-induced jet triggered by an initial gluon with energy pT0 = 200 GeV.
After the evolution of the leading gluon via the medium-induced shower, all the produced
particles are clustered with the anti-k⊥ algorithm with R = 0.4 and only the hardest resulting
jet is taken into account into the calculation of the fragmentation pattern. The large narrow
peak near ω = 200 GeV is obviously the remnant of the leading particle. The second broad
peak is due to the suppression of soft medium-induced emissions, with energies smaller than
the characteristic energy scale min(Qs/R, ωs(R)) (with Q2

s = q̂L and ωs(R) = (q̂/(ᾱ2
sR

4))1/3),
see Section 4.3.3.1), because such soft emissions are deviated out of the jet cone via transverse
momentum broadening. This spectrum agrees with our study of the fragmentation of medium-
induced jets in Chapter 4, Section 4.3.
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6.4 Full medium shower

6.4.1 The global picture

The in-medium shower is generated in three stages, according to the factorisation discussed in
Section 5.2.3.

1. The first step is to generate in-medium VLEs. This is done exactly as for the full vacuum
shower except that each emission is further tested for the in-medium conditions k3

⊥θ > 2q̂
and θ > θc. If any of these two conditions fails, the emission is vetoed.

2. The second step is to generate MIEs for each of the partons obtained at the end of the
first step, following the procedure described above. We neglect the formation time of
the vacuum-like sources since for them, tf � L. Consequently, all the medium-induced
cascades triggered by the in-medium vacuum-like emissions develop over a time L.

3. The third step is to generate the VLEs outside the medium. For this, each parton at
the end of the MIE cascade is taken and showered outside the medium. This uses again
the vacuum shower, starting from an angle θmax since decoherence washes out angular
ordering for the first emission outside the medium. Each emission which satisfies either
k⊥θ < 2/L or θ < θc is kept, the others are vetoed.

The full parton shower can be converted to 4-vectors suited for any analysis. Final-state (un-
decayed) partons are taken massless with a kinematics taken straightforwardly from Eq. (6.20).
If needed, the 4-vectors of the other partons in the shower are obtained by adding the 4-momenta
of their daughter partons. This requires traversing the full shower backwards.

Whenever an observable requires to cluster the particles into jets and manipulate them,
we use the FastJet program (v3.3.2) [184] and the tools in fjcontrib [185]. In particular,
the initial jet clustering is always done using the anti-k⊥ algorithm [134] with R = 0.4 unless
explicitly mentioned otherwise.

6.4.2 Code architecture

The code is written in C++ (v3 or higher). It requires the installation of the FastJet program
(v3.3.2) [184].

Event classes. Besides generating the branching of a given parton described in the previous
sections, the Monte Carlo records the full history of the branching process. One can access to
any branching information thanks to the three following classes:

1. the class Parton which handles the leaves in the shower. This class gathers all the nec-
essary informations about the partons generated during the cascade. These informations
can be physical: one can access to the kinematic or the “flavour” of any given Parton.
There are also unphysical informations related to the location of the Parton in the full
Event.

2. the class Vertex which handles the nodes of the branching process. This class records the
physical informations associated with the splitting at the node, as well as the location of
the parent and daughters Parton in the Event.



6.4. FULL MEDIUM SHOWER 157

3. the class Event contains a vector of Vertex, Parton and PseudoJet (class from FastJet)
corresponding to the full tree of the branching process. A set of methods enables to handle
the branching of a parton coming from a given shower to the full event or to access to
the final states partons.

Shower classes. The two kind of showers described in the previous sections, vacuum-like or
medium-induced constitute two independent classes VacuumShower and MediumInducedShower.
A final class MediumShower combines together the vacuum-like shower and the medium-induced
shower according to the principles of our factorisation. In order to highlight the specificity of
this MediumShower with respect to other possible implementation, it is interesting to develop
fictitious unphysical showers where one of the important ingredients of our picture is missing.
Thus, a parton can be showered also via:

1. the class HardMediumInducedShower: in this shower, the angular pattern of the medium
induced shower is not generated. All the medium-induced partons produced via the
purely collinear shower are discarded in the event (and not further showered), because
their angles are set to a value larger than θmax by hand. Only the resulting energy loss
of the leading parton is recorded. This class enables to isolate the effects of the energy
loss via medium-induced radiations, and by contrast, to understand the effect of the
medium-induced emissions with relatively small angles.

2. the class MediumAOShower: this shower is the same as MediumShower except that there
is no reopening of the phase space for the first decay given by the VacuumShower in the
outside phase space. The angle of this emission is constrained by the opening angle of
the previous one, so that all vacuum-like branchings are angular ordered.

6.4.3 JetMed free parameters

We give here the list of parameters that enter into a JetMed calculation. These parameters can
be divided into two sets: the physical parameters that are, in principle, measurable and the
unphysical parameters which enter into the calculation in order to regulate the soft or collinear
singularities.

Shower Unphysical parameters Physical parameters
VacuumShower θmax, k⊥,min αs(MZ)
MediumInducedShower θmax, zmin q̂, L, αs,med

Table 6.1: Parameters of the Monte Carlo JetMed. The unphysical parameters k⊥,min and zmin are
used to regulate the infrared divergences in the probability distribution for generating a given emission.
They are not measurable quantities contrary to the the physical parameters listed in the second column.

Among these parameters, one could easily avoid the use of the frozen coupling αs,med using
the value of αs at the transverse momentum scale kbr (see Section 6.3).
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6.5 Limitations and comparison with other Monte Carlo
event generators

6.5.1 The missing ingredients

The Monte Carlo generator that is described above is of course very simplistic and has a series
of limitations. We list them here for the sake of completeness.

Hadronisation and initial state radiations. First of all, we only generate a partonic cas-
cade, neglecting non-perturbative effects like hadronisation. Even if one can hope that these
effects are limited — especially at large pT — our description remains incomplete and, for ex-
ample, track-based observables are not easily described in our current framework. Additionally,
our partonic cascade only includes final-state radiation. Including initial-state radiation is left
for future work. This would be needed, for example, to describe the transverse momentum
pattern of jets recoiling against a high-energy photon.

Medium and nucleus-nucleus collision modelling. Our description of the medium is also
simplified: several effects like medium expansion, density non-uniformities and fluctuations, and
the medium geometry are neglected. The geometry of the collision is a crucial missing ingredient
if we aim at understanding the dependence of Monte Carlo calculations with the centrality and
the energy of the collision. This can to a large extent be hidden into an adjustment of the few
parameters we have left, but we would have to include all these effects to claim a full in-medium
generator.

Hard scatterings off medium constituents and medium response. As discussed in
Section 5.2.5, there are other medium effects which are not included in the current implemen-
tation of JetMed. First of all, the medium response of the jet propagation is known to produce
sizeable effects on medium modified jet shapes. Including the medium response of the jet at the
level of our Monte Carlo would require a complete knowledge of the hydrodynamic evolution
of the medium.

Hard scatterings between the leading parton that triggers the jet (or any of its descendent)
and a medium scattering center are also neglected in the multiple soft scattering approximation.
In terms of Monte Carlo modelling, i.e. without relying on a theoretical proof of the validity
of the Monte Carlo calculation in a given approximation scheme, hard scattering contributions
could be added using the full transverse momentum probability distribution P(k⊥,∆t) defined
in (3.64) instead of its Gaussian approximation (6.36) used to generate the angular pattern of
the medium induced shower (or equivalently, using the analytic approach of [77]). This should
at least correct the angular distributions, so that the Monte Carlo would really solve (4.65) with
the right collision kernel. Note that the Monte Carlo implementation of the branching process
associated with (4.65) for gluons only has also been pursued in the parton shower MINCAS [182].

Furthermore, hard scattering also modifies the emission rate. Hence, a complementary
improvement would be to use the recent results of [73]. In this paper, the authors provide a
rate for medium induced splittings that encompasses at the same time the Bethe-Heitler regime,
the multiple soft scattering regime and the single hard scattering regime.

Shortcoming improvements. Among all of these approximations, some of them could easily
be circumvented. As argued, the longitudinal expansion of the medium requires a modification
of the veto region for vacuum-like emissions. This veto region has been calculated in Chapter 5,
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so the implementation should be straightforward. Moreover, the effect of the longitudinal
expansion on the medium-induced cascade discussed in 4.3.4 amounts to a change in the relation
between the dimensionless parameter τ and the proper time t along the direction of motion of
the leading parton.

6.5.2 JetMed in the landscape of in-medium event generators

Over the past few years, a large variety of Monte Carlo parton showers and event generators
has appeared in the heavy-ion community, stimulated by the large amount of data associated
with jet quenching effects. In this subsection, we would like to precise the location of JetMed
among all these parton showers. JetMed is based on the factorised picture exposed in Chapter 5,
which allows for a fast implementation of an in-medium parton shower. With this perspective,
JetMed is unique as it is the only parton shower that includes decoherence effects in the vacuum-
like cascade and the multiple branching regime for medium-induced radiations as predicted by
perturbative QCD.

The factorisation between the vacuum-like shower and the medium effects is not unique.
Actually, many in-medium parton showers start with a shower triggered by the virtuality of
the hard-process up to some cut-off virtuality scale Qmed where medium effects take over. This
is the case for MARTINI [186] for instance, for which the vacuum-like shower is generated by
Pythia 8.1. Nevertheless, in our approach, this virtuality scale Qmed is dictated by the physical
parameters of the medium. Besides the treatment of the vacuum-like cascade, it is not clear
whether the MARTINI approach encompasses the multiple branching regime discussed in Chapter
4, Section 4.3, even if the transition rates used in MARTINI account for both the Bethe-Heitler
and LPM regimes.

In the framework MATTER+LBT [187, 188, 189, 190], there is also a virtuality transition scale
between the virtuality-driven shower and the outgoing partons-medium interactions. This tran-
sition scale is chosen of order O(1 GeV). The MATTER shower includes the so-called higher twist
(HT) contributions to the one-gluon emission cross-section from a single scattering, generalised
to include multiple emissions in a DGLAP-like formalism with medium-modified splitting func-
tions. When the shower reaches the typical virtuality scale generated by medium scatterings,
the LBT shower takes over. This shower implements a kinetic rate equation, whose rates are
again given by a higher-twist approach. In JetMed, higher-twist contributions to emission
cross-sections and rates are neglected.

In the way the dominant medium effects are implemented, MATTER is close to the Q-PYTHIA
and Q-HERWIG implementations of the in-medium parton shower [87, 191, 192, 193] (or [194]
which uses a similar idea) since medium-modified splitting functions are used. These medium-
modified splitting functions incorporate the effect of medium-induced emissions via an additive
term to the usual DGLAP splitting functions. This additive term is given by the off-shell
spectrum calculated in Chapter 3 (with the vacuum limit subtracted). This implementation is
different from the one in JetMed since our factorisation enables to ignore either the vacuum or
the medium-induced component according to the stage of the evolution. That said, at the level
of a single emission, both calculations agree in the soft limit.

Our factorised approach is in principle closer to the implementation of the Monte Carlo
JEWEL [88] in which “the interplay between competing radiative processes is governed by the
formation times of the emissions” meaning that, for instance, in the generation of a splitting, the
choice between a vacuum-like and a medium-induced one is made according to the criterion of
shortest formation time. This is precisely the argument made to derive the veto region in Section
5.1.1. Hence, JetMed focuses somehow on the drastic scenario where the in-medium vacuum-
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Monte Carlo JetMed MARTINI MATTER+LBT Q-PYTHIA JEWEL Hybrid
Factorisation scale X X X 7 7 7

Decoherence X 7 7 7 7 7

LPM effect X X 7(1) X X 7

Multiple branching regime X ? 7 7 ? 7

Hadronisation 7 X X X X X
Medium geometry/expansion 7 X X 7(2) X X
Hard single scatterings 7 X X 7 X 7

Medium response 7 7 X 7 X X
HT splitting functions 7 7 X 7 7 7

Strongly coupled energy loss 7 7 7 7 7 X

Table 6.2: A personal comparison of several Monte Carlo in-medium parton showers. We apologize if
they are not faithfully represented as it can be sometimes difficult to disentangle the physical ingredients
behind the numerical implementations. Notes: (1) A modified-Boltzmann approach is proposed in [197]
to take into account the LPM regime. (2) Q-PYTHIA can be interfaced to an optical Glauber model
[198].

like cascade happens very shortly before triggering a bunch of medium-induced emissions. Since
this scenario is the dominant one to single logarithmic accuracy for vacuum-like emissions, the
JetMed approach is considerably simplified.

Last but not least, JetMed is completely orthogonal to the hybrid strong/weak coupling
model [195], as the underlying medium in JetMed is assumed to be weakly coupled. Nev-
ertheless, there are some physical similarities since the hybrid model takes into account a
characteristic resolution length [196] of the plasma, a concept which is closed to the coherence
angle derived in weak coupling calculation in Chapter 3.

To summarise, we provide a non-exhaustive Table 6.2 recapitulating the main ingredients
of all the parton showers discussed in this subsection.
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Chapter 7

Introduction: jet quenching observables

In this introductory chapter, we first aim at giving a large (but of course non exhaustive) survey
of the measurements related to jet quenching phenomena which will be studied in more details
in the following chapters. Furthermore, we explain qualitatively how the physical picture for
jet evolution in a dense QCD medium discussed in Part I enables to understand the salient
features of these experimental data.

So far, there are still important missing ingredients in this picture. These missing ingredients
do not allow for a complete description of all the current data. Each time we discuss a mea-
surement, we explain why we expect this measurement to be or not to be properly understood
(at least qualitatively) within our theory.

As usual in jet physics, we also expect better agreement between the theory and the data
when there is a large separation of scales between the hard process and the soft sector: hadro-
nisation, underlying event, flow in heavy-ion collisions, etc. That is why we focus mainly on
LHC data, as the center of mass energy is large enough to produce high pT & 100 GeV jets
in the final state. A non-exhaustive list of references regarding jet measurements at RHIC is
given in the first section.

One can divide the measurements done so far regarding jets in heavy-ion collisions into
two main categories: global and substructure observables. For global jet observables, all the
informations about the inner properties of jets are discarded, and only the global properties
(transverse momentum, mass, etc) are compared to the proton-proton collision case. On the
contrary, for substructure observables, one looks for modifications of the inner properties of
jets after propagation through the quark-gluon plasma. Therefore, this chapter is divided into
three sections. The first two discuss these global and substructure observables independently.
In the last section, we argue that one can get substantial physical informations by correlating
these two classes.

7.1 Global jet observables

7.1.1 Inclusive jet cross-sections

The first natural jet observable to look at in nuclei-nuclei collisions is the total jet cross-section.
Since the seminal suggestion of Bjorken [43], such quantities have been extensively measured
both at RHIC [199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209, 210, 211, 212, 213, 214, 215]
and at the LHC [19, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 230]
(and other references below). We do not discuss the inclusive hadron cross section which has
been the first historical evidence for jet quenching in heavy-ion collisions at RHIC. Instead we
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Figure 7.1: Measurements of the nuclear modification factor for jets. The left plot shows the de-
pendence of the observable with the centrality of collisions. The right plot compares several jet RAA
measurements at the LHC from different detectors and collision energy
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focus on the inclusive jet cross section and its nuclear modification factor as a function of the
transverse momentum pT and the rapidity y, defined by:

RAA(pT , y) ≡ 1

〈TAA〉

d2σjet

dpT dy

∣∣∣
AA

d2σjet

dpT dy

∣∣∣
pp

(7.1)

The normalisation factor 〈TAA〉 is the mean nuclear thickness function which accounts for the
geometric enhancement of the hard scattering rate [231]. In the absence of nuclear effect, this
normalisation factor guarantees RAA(pT , y) = 1. Jets are usually reconstructed using the anti-kt
algorithm with parameter R [134].

In Fig. 7.1-left, we show the experimental results obtained by the ATLAS collaboration
[232]. The RAA ratio is plotted as a function of pT for several centrality classes. For the most
central collisions, one observes a strong suppression of the jet yield over all the pT range, i.e
even for very large pT . This suppression is understood as a consequence of jet energy loss: jets
produced with a final pT come from hard partons with a larger transverse momentum in AA
collisions than in pp collisions. As the hard scattering cross-section is steeply falling with pT ,
producing such hard partons is less likely, leading to a suppression of the jet yield in AA with
respect to pp.

This simple explanation hides two subtleties, which are easily explained within our theory
for in-medium jet fragmentation:

• contrary to hadrons, jets are reconstructed with a parameter R, the jet radius. Thus, the
energy flow must be deviated at large angles, larger than this jet radius, to effectively
yields a jet suppression. The multiple branching regime, which occurs in the second step
of the jet evolution inside the medium is a natural mechanism for such a large angle
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energy loss. Event by event, the leading parton loses an energy of order ωbr = α2q̂L2

deviated and thermalized outside the jet cone.

• this is not the end of the story, as a constant energy loss independent of pT would not
account for the flatness of RAA over such a large range of pT . This is where the in-medium
vacuum-like evolution comes into play: this evolution increases the number of sources that
subsequently lose a typical energy ωbr. The higher pT is, the higher the number of these
sources is.

Combining together these two mechanisms explains the behaviour of the ATLAS data, as
we shall see with more quantitative arguments in the next chapter. We expect our approach
to give reasonable results for the jet RAA because the inclusive jet cross-section is an IRC safe
observable, which is qualitatively well described by leading order pQCD calculations in e+e− or
pp collisions. Moreover, one expects that for the most central collisions, all the distinct geome-
tries of collision can be averaged and thus absorbed into our single parameter L. Therefore, it
is a natural observable to compute in a first place.

7.1.2 Dijet asymmetry and γ-jet correlations

Among global jet quenching observables, another important class corresponds to the correlations
between the global properties of a jet and its recoil partner in two-jets or γ-jet events. Typical
quantities related to this class are the dijet asymmetry distribution σAJ and the xγJ distribution
σxγJ defined respectively by:

σAJ ≡
2-jets ev.

1

Njets

dN
dAJ

, AJ =
pT1 − pT2

pT2 + pT1

(7.2)

σxγJ ≡
γ-jets ev.

1

Njets

dN
dxγJ

, xγJ = pT,jet/pT,γ (7.3)

where pT1 > pT2 and pT2 are the transverse momenta of the two jets in a dijet event, and pT,jet

and pT,γ are respectively the transverse momenta of the jet and photon in a γ-jet event.
By energy conservation, we expect these distributions in pp collisions to be peaked around

0 for σAJ and 1 for σxγJ . The results from the ATLAS experiment [236, 237, 238] are shown
in Fig. 7.2. Both distributions are modified, and the expected peak is no longer visible. One
observes a strong suppression of symmetric dijet and γ-jet events in PbPb collisions. The CMS
collaboration has made a similar measurement for the photon-jet correlations [239, 240] and
the dijet asymmetry [241] which shows the same trend.

For dijet events in AA collisions, there are two possible mechanisms (not necessarily incom-
patible with each other) explaining the observed dijet asymmetry.

• The geometry of the collision may lead to the following situation: one of the two jet has
a shorter path length through the medium and thus loses less energy, whereas the other
has a much longer path length and loses a substantial amount of its initial energy.

• Even if the geometry is perfectly symmetrical, the event by event fluctuations in the jet
substructure and its energy loss induce also a dijet asymmetry.

Making predictions for the dijet asymmetry taking into account both possible mechanisms
requires a good modelling of the geometry of the nucleus-nucleus collision. This is currently
not included in JetMed. Note however that event by event fluctuations in jet substructure and
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(a) ATLAS - dijet asymmetry. Figure from [236]

(b) ATLAS - γ-jet correlation. Figure from [238]

Figure 7.2: Dijet and γ-jet correlations measured by the ATLAS experiment. The upper panel of
Fig. 7.2a corresponds to the definition of σAJ given in (7.2). The results are provided for four centrality
selections in pp and PbPb. The lower panel of Fig. 7.2a is a measurement of azimuthal correlations (∆φ
is defined as the azimuthal separation between the two jets). The bottom figure shows the distribution
defined in (7.3) for five centrality classes in pp and PbPb. In most central collisions (0−10% centrality),
all these distributions are strongly modified.

energy loss are included in our picture, so we expect to see a dijet asymmetry in our calculation.
As other models predict a minor effect of the geometry fluctuation [242, 243], this might suggest
that dijet asymmetry would be also qualitatively well described by a JetMed calculation.

For γ-jet events in AA, the underlying physics is even more simple to understand as the
highly energetic photon does not interact with the plasma so the quantity xγJ can be thought
as the fraction of energy lost by the leading parton at large angles (either via vacuum-like
or medium-induced emissions). Unfortunately, the xγJ distribution is very sensitive to initial
state radiations. That is why this observable lies (so far) beyond the regime of validity of our
calculation.

7.2 Substructure jet observables

In this section, we discuss jet measurements related to their substructure properties. Again,
it is enlightening to divide the actual set of data into two classes: the IRC unsafe substruc-
ture observable and the IRC safe substructure observables. While IRC unsafe observable are
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interesting to have an insight on the main qualitative differences between the fragmentation
pattern of jets in AA with respect to pp, their very definition does not allow for controlled
comparisons between pQCD and data, or to say it differently, any prediction becomes highly
model-dependent. On the contrary, IRC safe observable are often more delicate to interpret
physically (we shall spend a lot of time in Chapter 9 doing it) but are much more robust for
quantitative comparisons with pQCD predictions.

7.2.1 IRC unsafe

Definitions. Given a reconstructed jet, one can always define the following two-dimensional
distribution of its hadron content:

fh(x,∆R) =
1

Njets

d2Nh

dxd∆R
(7.4)

where dNh is the number of hadrons inside the jet with “energy fraction” between x and x+dx
and “angle” with respect to the jet axis between ∆R and ∆R + d∆R:

x ≡ pT cos(∆R)

pT,jet

, ∆R ≡
√

(∆η)2 + (∆φ)2 (7.5)

This two-dimensional distribution carries all the informations about the longitudinal and trans-
verse structure of the hadron content within jets. Marginalising over the angle ∆R, one gets
the so-called jet fragmentation function, while marginalising over x gives the jet shape:

D(x) =
1

Njets

dNh

dx
, P (∆R) =

1

Njets

dNh

d∆R
(7.6)

Such substructure observables are not IRC safe. They are built from final state hadrons which
are not under control in pQCD. In Chapter 4, Section 4.2.2, we have seen that a transverse
momentum cut-off is required in order to regulate the collinear divergence in the calculation of
the fragmentation function. The need for such a cut-off is a consequence of non IRC safety.

The experimental data. Before discussing what we can say about these observables with
our Monte Carlo and its limitations, let us present some experimental data available. For the
fragmentation function, the nuclear modification factor measured by ATLAS [244] and shown
Fig. 7.3 has an interesting pattern. There is a significant excess of soft and hard hadrons
within jets produced in Pb-Pb collisions with respect to jets produced in pp collisions. A
similar pattern is observed (at least for the enhancement of soft constituents) in γ-jet events
[246, 247] and at lower

√
s [248, 249]. Regarding the jet shape, the CMS data [245, 250, 251],

as those shown in 7.4, show an excess of intrajet very soft particles at large angles in PbPb for
the most central collisions. This excess is stronger around the edges of the jets. Note that the
ALICE collaboration also measured jet radial profiles in qualitative agreement with the CMS
results [252, 253].

The main obstacle for quantitative comparisons between our MC calculations and these
experimental data is the lack of hadronisation model in JetMed. Hadronisation has a large
impact on the jet shape [254], especially for large ∆R where the medium effects are known to
be important from the CMS data. This large ∆R enhancement comes mainly from hadrons
with 0.5 . pT . 2 GeV, a kinematic region which is dangerously close to the hadronisation
scale. Note that such effects also limit our predictive power for the large R dependence of the
RAA ratio.
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especially in Chapter 10. Three jet pT ranges are shown, suggesting an approximate scaling of the
large x part of the fragmentation function with the jet transverse momentum. Figure from [244].

The fragmentation function is also sensitive to hadronisation effects even if the local parton-
hadron duality hypothesis has been proven to give reasonably good descriptions of multiplicity
distributions within jets produced in e+e− annihilation. Furthermore, one sees already sub-
stantial nuclear effects for hadron constituents with pT & 2 GeV well beyond the ΛQCD scale.
That is why we believe that our calculation for the partonic fragmentation function in PbPb
collisions captures at least qualitatively the trend of the hadronic fragmentation function. This
observable is explored in Chapter 10. Nevertheless, this study would not be complete without
a detailed investigation of hadronisation corrections on the nuclear modification factor.

Physics of in-medium fragmentation. Regarding the physics of the fragmentation func-
tion, we argue in Chapter 10 that the enhancement seen at large x in the fragmentation function
is essentially a filter effect caused by the medium. Indeed, looking at the large x part of this
observable means looking at jets with a hard constituent inside. Such jets have a reduced evo-
lution (otherwise, the leading particle would not carry a large x ∼ 1 value), and thus lose less
energy. Then, there is this generic property of the energy loss effect combined with the steeply
falling cross-section: jets losing less energy are favoured. Consequently, hard fragmenting jets
are preferably produced in AA relatively to other classes, simply because they lose less energy.
This mainly explains the enhancement seen at large x.

The low x part is less trivial. As this enhancement is already present for tracks with pT ∼ 3-
4 GeV� ΛQCD at the LHC, we expect a pQCD mechanism to explain this pattern. In Chapter
5, we have seen that the violation of angular ordering leading to a reopening of the angular
phase space for radiations is a powerful mechanism to produce soft intrajet particles. Indeed,
we confirm in Chapter 10 that this is a crucial ingredient for the nuclear enhancement of the
fragmentation function at low x. On top of that, relatively hard medium-induced emissions with
energies between ωbr and ωc also play an important role. Whereas medium induced emissions
with ω . ωbr account for the event by event jet energy loss (at large angles), hard medium
induced emissions are rare events, but they remain inside the jet cone and contribute to the
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fragmentation function at low x.

7.2.2 IRC safe

We turn now to IRC safe substructure observables. A common feature of these observables
is to rely on subjets (in a given declustering procedure) and not on hadrons. There are a lot
of possibilities for defining such observables. Among them, an interesting class relies on the
primary Lund plane density [153]. The Lund plane density is defined as the number density of
primary subjet emissions obtained after a C/A declustering of the jets:

ρ(θ, k⊥) =
1

Njets

d2Nsub

d log(1/θ)d log(k⊥)
(7.7)

with θ the angle of the subjet with respect to the hard branch and k⊥ its transverse momentum.
Choosing a kinematic cut on this Lund plane which avoids the non-perturbative region enables
to build IRC safe observables. We refer the reader to Chapter 4, Section 4.2.3 for the definitions
of the zg and nSD distributions and the subjet fragmentation function. One can easily check
that such distributions are built from the Lund plane density with an IRC safe kinematic cut.

A glimpse at the experimental data. There is a lot of experimental activity around the
measurement of substructure observables from grooming techniques [257, 258]. There is a
measurement by the CMS collaboration of the zg distribution in PbPb collisions [255]. Un-
fortunately, this measurement is not unfolded and fully corrected from detector effects. This
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Figure 7.5: Substructure jet observables measured in heavy-ion collisions at the LHC. The figure
on the left shows the self normalised zg distributions defined in section (??) measured by the CMS
collaboration for four centrality classes, and their nuclear modification factors PbPb/(pp smeared).
The smearing of pp data takes into account detector effects. The figure on the right is a measurement
of the Iterative Soft Drop multiplicity distribution (see section 4.2.3.2) in PbPb central collisions by
the ALICE collaboration and its ratio to Pythia embedded in heavy-ion collisions. The measurement
is compared to theoretical predictions from the Hybrid model and Jewel.

prevents a quantitative comparison between theory and data. Nevertheless, the results are
shown in Fig. 7.5. The ratio is decreasing with zg for most central collisions. Note that in
this CMS measurement, zg distributions are normalised to unity, so that if the ratio is larger
than 1 in some zg range, it has to be smaller than 1 in another range. Consequently, one can
not conclude that there is an enhancement of soft splitting in the medium, or a reduction of
symmetric splittings since it could just be a normalisation artefact.

The ALICE measurement for this observable shown Fig. 7.6 uses the Njets-normalisation
prescription. Also, additional cuts on the splitting angles are applied. For ∆R12 = θg ≥ 0.1 or
0.2, the decreasing behaviour is still visible but the overall normalisation leads to a reduction in
the number of wide angles SD splitting in PbPb with respect to pp. Again these measurements
must be interpreted with care as they are not unfolded from detector effects. More recent
measurements of the zg distribution by the ALICE collaboration without cut on ∆R12 and fully
corrected from detector effects show a very mild medium modification, even if the uncertainties
are quite large.

ALICE also measured the nuclear modification factor of the nSD distribution [256]. The
result is shown 7.5b. They measure a relative increase in the number of jets with few SD
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Figure 7.6: ALICE - Njets-normalised zg distribution in PbPb central collisions. As in Fig. 7.5b, the
ratio shown in the bottom panel is taken with Pythia predictions embedded in heavy-ion collisions.
The difference between the four panels lies in the angular cut (called θcut in Section 4.2.3.1) imposed
for the Soft Drop procedure. Figure from [256].

splittings in PbPb collision and a relative reduction of jets with a large number of SD splittings.

Brief physics discussion. Thanks to their IRC safety, these observables are less sensitive to
hadronisation corrections. Moreover, the geometry of the collision is not the driven mechanism
that would explain a nuclear modification. The underlying event is groomed away in the
Soft Drop or Iterative Soft Drop procedure. Consequently, this improves the reliability of our
calculations. The physics a play in these Lund plane based observables consists in the following
four ingredients:

• jets with a hard substructure are more suppressed because they have a larger in-medium
evolution, and hence lose more energy.

• As for the fragmentation function, the small angle (hard) medium-induced emissions con-
tribute to the Lund plane density at small z and k⊥ ∼ Qs. As the single BDMPS-Z emis-
sion spectrum is more singular at small z than the standard Bremsstrahlung spectrum,
this often produces a peak at small z in the PbPb/pp ratio of integrated distributions.

• On the contrary, the veto region induces a suppression of the density of vacuum-like
splittings in this region of the Lund plane.

• Finally, for in-medium splittings, subsequent energy loss changes the value of the kine-
matic associated with that spitting. Thus the difference between the physical kinematic
of this emission and the measured one must be taken into account when calculating the
probability of emission.

Such effects will be discussed in details in Chapters 9 and 10.

7.2.3 Correlating global and substructure jet measurements

Whereas we were dealing so far with global and substructure jet observables rather indepen-
dently, we discuss here the correlation between these two kinds of measurement. The idea that
the jet energy loss is strongly correlated with jet substructure can be tested experimentally by
measuring the nuclear modification factor for different classes of jets according to their sub-
structure. A proposal for such a measurement is presented in Chapter 9, Section 9.3.2. On
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the experimental side, a measurement at the LHC correlating RAA and substructure has been
performed by the ATLAS collaboration [259], but is still preliminary.

Beyond the correlation of RAA and substructure, one can correlate dijet or γ-jet asymmetry
with substructure, in the spirit of the correlation between jet shape and leading versus sub-
leading jet in dijet events as done in [260]. Such measurements could disentangle the two
mechanisms discussed in Section 7.1.2 for the dijet asymmetry and understand the relative
importance of the path length dependence mechanism versus the jet substructure/energy loss
event by event fluctuation.



Chapter 8

Jet energy loss and the jet nuclear
modification factor RAA

In this chapter we present our Monte Carlo results for the jet nuclear modification factor RAA.
We first discuss the case of a monochromatic leading parton, for which we compute the jet
average energy loss defined in Chapter 5, Section 5.3.2, and then turn to RAA itself, using a
Born-level jet spectrum for the hard process producing the leading parton.

8.1 Choice of parameters

The implementation of in-medium partonic cascades described in Chapter 6 has 5 free pa-
rameters: two unphysical ones, θmax and k⊥,min, essentially regulating the soft and collinear
divergences, and three physical parameters, q̂, L and αs,med, describing the medium. In our
phenomenological studies, we will make sure that our results are not affected by variations
of the unphysical parameters and we will study their sensitivity to variations of the medium
parameters.

The different sets of parameters we have used are listed in Table 8.1. The first line is our
default setup. It has been chosen to give a reasonable description of the RAA ratio measured
by the ATLAS collaboration (see Sect. 8.3 below). The next 3 sets are variants which give
a similarly good description of RAA and can thus be used to test if other observables bring
an additional sensitivity to the medium parameters compared to RAA. The last 6 lines are
variations that will be used to probe which physical scales, amongst θc, ωc and ωbr, influence a
given observable.

8.2 The jet average energy loss

To study the jet energy loss we start with a single hard parton of transverse momentum pT0

and shower it with the Monte Carlo including either MIEs only, or both VLEs and MIEs. The
jet energy loss is defined as the difference between the energy of the initial parton and the
energy of the reconstructed jet. To avoid artificial effects related to emissions with an angle
θ between the jet radius R and the maximal opening angle θmax of the Monte Carlo, we have
set θmax = R. Furthermore, for the case where both VLEs and MIEs are included, we have
subtracted the pure-vacuum contribution (which comes from clustering and other edge effects
and is anyway small for θmax = R).

Our results for the energy loss are shown in Fig 8.1 as a function of E ≡ pT0 and in Fig. 8.2

173
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parameters physics constants
Description q̂ [GeV2/fm] L [fm] αs,med θc ωc [GeV] ωbr [GeV]
default 1.5 4 0.24 0.0408 60 3.456

1.5 3 0.35 0.0629 33.75 4.134
similar RAA 2 3 0.29 0.0544 45 3.784

2 4 0.2 0.0354 80 3.200

vary θc
0.667 6 0.24 0.0333 60 3.456
3.375 2.667 0.24 0.05 60 3.456

vary ωc
0.444 6 0.294 0.0408 40 3.456
5.063 2.667 0.196 0.0408 90 3.456

vary ωbr
1.5 4 0.196 0.0408 60 2.304
1.5 4 0.294 0.0408 60 5.184

Table 8.1: Table of medium parameters used in this paper. The default set of parameters is given in
the first line. The next 3 lines are parameters which give a similar prediction for RAA. The last 6 lines
are up and down variations of θ2

c , ωc and ωbr by 50%, keeping the other two physics constants fixed.

as a function of R, for both gluon- and quark-initiated jets. For these plots we have used
the default values for the medium parameters (see the first line of Table 8.1). Overall, we
see a good qualitative agreement with the features expected from the theoretical discussion in
Sections 4.3.3 and 5.3.2.

For the jets involving MIEs only, we see that the energy loss first increases with pT0 and
then saturates, as predicted by Eqs. (4.63)–(4.69). Also, as a function of R for fixed pT0 =
200 GeV, it decreases according to the expected 1/

√
R behaviour, cf. (4.69). The agreement

is even quantitatively decent. Indeed, with the physical parameters given in Table 8.1, the
fitted R-dependence for gluon-initiated jets, εMIE(R) ' ε0 + ε1/

√
R, with ε0 = 10.2 GeV and

ε1 = 4.0 GeV, corresponds to the prediction in (5.104) provided one chooses υ ' 2.95 and
c∗ ' 0.38, which are both reasonable.

Consider now the full parton showers, with both VLEs and MIEs. Although we do not
have accurate-enough analytic results to compare with (only the DLA estimate (5.105)), the
curves “MI+VLEs” in Figs. 8.1 and 8.2 show the expected trend: the energy loss increases with
both pT0 and R, due to the rise in the phase-space for VLEs. For later use, we have fitted the
dependence on pT0 with a quadratic polynomial in ln(pT0/ωc) and the resulting coefficients are
shown on Fig. 8.1.

It is also striking from Figs. 8.1 and 8.2, that the average energy loss obeys a surprisingly
good scaling with the Casimir colour factor of the leading parton: the energy loss by the quark
jet is to a good approximation equal to CF/CA = 4/9 times the energy loss by the gluon jet.
Such a scaling, natural in the case of a single-gluon emission, is very non-trivial in the presence
of multiple branchings. Let us first recall the explanation of this scaling for the case of MIEs
alone. We have seen that the branching scale that appears in (4.63) depends on the Casimir of
the leading parton through the relation (4.71):

ω
(R)
br ≡

α2
s

π2
CACR

q̂L2

2
, (8.1)

where q̂ is the gluonic jet quenching parameter, proportional to CA.
From (8.1) it is easy to show the energy loss (5.104) of a jet initiated by a parton in an arbi-

trary colour representation R scales linearly with CR: the first term in (5.104) is proportional
to CR as it is proportional to ω(R)

br and the second term is also proportional to CR in the general



8.3. THE NUCLEAR MODIFICATION FACTOR RAA 175

 0

 10

 20

 30

 40

 50

 60

 70

2 5 20 50 200 500 10  100  1000

anti-kt(R=0.4)anti-kt(R=0.4)

θmax=R, k⊥,min=0.25 GeVθmax=R, k⊥,min=0.25 GeV

 q̂ =1.5 GeV/fm2 q̂ =1.5 GeV/fm2

 L=4 fm L=4 fm

 αs=0.24 αs=0.24

 gluon  gluon 

a
v
e
ra

g
e
 e

n
e
rg

y
 l
o
ss

 [
G

e
V

]

pT0 [GeV]

 average energy loss - pT0 dependence 

MIEs only
MIEs+VLEs
21.4+10.6 log(pT0/ωc)+1.46 log2(pT0/ωc)

 0

 10

 20

 30

 40

 50

 60

 70

2 5 20 50 200 500 10  100  1000
 0

 5

 10

 15

 20

 25

 30

 35

2 5 20 50 200 500 10  100  1000

anti-kt(R=0.4)anti-kt(R=0.4)

θmax=R, k⊥,min=0.25 GeVθmax=R, k⊥,min=0.25 GeV

 q̂ =1.5 GeV/fm2 q̂ =1.5 GeV/fm2

 L=4 fm L=4 fm

 αs=0.24 αs=0.24

 quark  quark 

a
v
e
ra

g
e
 e

n
e
rg

y
 l
o
ss

 [
G

e
V

]

pT0 [GeV]

 average energy loss - pT0 dependence 

MIEs only
MIEs+VLEs
11.6+5.0 log(pT0/ωc)+0.63 log2(pT0/ωc)

 0

 5

 10

 15

 20

 25

 30

 35

2 5 20 50 200 500 10  100  1000

Figure 8.1: The MC results for the average energy loss by a gluon-initiate jet (left), respectively, a
quark-initiated one (right), is displayed as a function of the initial energy pT0 of the leading parton,
for two scenarios for the jet evolution: jets with MIEs only (triangles) and full showers with both
MIEs and VLEs (circles). The dashed line shows the quadratic fit to the energy loss by the full parton
shower.

case. All the other factors only refer to gluons and are independent of R. This justifies the
Casimir scaling visible in Figs. 8.1 and 8.2 for the cascades with MIEs only. For the full cas-
cades including VLEs, the linear dependence on CR can be argued based on (5.105), assuming
pT0 � ωbr. The first term in the r.h.s. of (5.105) is the energy lost by the leading parton and
is by itself proportional to CR, as just argued. The second term in (5.105), which refers to the
additional “sources” created via VLEs, one can assume that most of these “sources” are gluons,
so they all lose energy (via MIEs) in the same way; the only reference to the colour Casimir
of the leading parton is thus in the overall number of sources, which is indeed proportional to
αsCR/π as it is clear from Eq. (5.106).

8.3 The nuclear modification factor RAA

We now consider the physically more interesting jet nuclear modification factor RAA, which is
directly measured in the experiments. In order to compute this quantity, we have considered a
sample of Born-level 2→ 2 partonic hard scatterings. We have used the same hard-scattering
spectrum for both the pp baseline and the PbPb sample. This means that we neglect the
effects of nuclear PDF, which can sometimes be as large as 15-20% and can be added in a
more phenomenologically-oriented study. For each event, both final partons are showered using
our Monte Carlo. Jets are reconstructed using the anti-k⊥ algorithm [134] as implemented
in FastJet v3.3.2 [184]. All the cuts are applied following the ATLAS measurement from
Ref. [232].

Figs. 8.3–8.4 show our predictions together with the LHC (ATLAS) data [232] as a function
of the transverse momentum pT,jet of the jet (that we shall simply denote as pT in this section).
As discussed in Sect. 6.4.3, our calculation involves 5 free parameters: the 3 “physical” param-
eters q̂, L and αs,med which characterise the medium properties and 2 “unphysical” parameters
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Figure 8.2: The MC results for the average energy loss by the jet are displayed as a function of the
jet angular opening R, for the same choices as in Fig. 8.1. We also show in dashed line a fit (inspired
by the theoretical estimate in (4.69)) for the jet built with MIEs alone.

θmax and k⊥,min which specify the boundaries of the phase-space for the perturbative parton
shower. Our aim is to study the dependence of our results under changes of these parameters.

The first observation, visible in Fig. 8.3 (left) is that the RAA ratio appears to be very little
sensitive to variations of the “unphysical” parameters θmax and k⊥,min. Although our results for
the inclusive jet spectrum do depend on these parameters,1 the impact on RAA remains well
within the experimental error bars when changing θmax by a factor 2 and k⊥,min by a factor
larger than 3.

In Fig. 8.3 right and in the two plots of Fig. 8.4 we fix the “unphysical” parameters and vary
the medium ones. The variations are done, following Table 8.1, so as to keep two of the three
physical scales ωbr, ωc and θc fixed while varying the third. It is obvious from the figures that
RAA is most sensitive to variations of ωbr (Fig. 8.3, right) and shows only a small dependence
on ωc and θc. This is in perfect agreement with the expectations from section 5.3.2 that the jet
energy loss is mostly driven by the scale ωbr. Furthermore, the small variations of RAA with
changes in ωc and θc can be attributed to the slight change in the phase-space for VLEs leading
to a corresponding change in the number of sources for energy loss (see section 5.3.2 and, in
particular, (5.105)).

One remarkable fact about the LHC measurements is the fact that RAA increases very slowly
with the jet pT . This implies that the jet energy loss Ejet must itself increase with pT to avoid
a fast approach of RAA towards unity. In our picture, such an increase is indeed present, as
manifest in Fig. 8.1, and is associated with the steady rise of the phase-space for VLEs leading
to an increase in the number of sources for MIEs (cf. (5.105)).

1In particular on θmax as the parton shower would generate collinear logarithms of θmax/R to all orders.
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Figure 8.3: Our MC predictions for RAA are compared with the results of an experimental analysis
by ATLAS [232] (shown as dots with error bars). Left: the sensitivity of our results to changes in the
kinematic cuts θmax and k⊥,min. Right: the effect of varying ωbr (by ±50%) at fixed values for ωc and
θc.
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Figure 8.5: Phenomenology of the nuclear modification factor for jets with JetMed.

8.3.1 Medium parameters degeneracy

In Fig. 8.5a, we show a selection of 4 sets of medium parameters, q̂, L and αs,med which provide
a good description of the LHC data [232] for the jet RAA ratio. We see that our 4 choices of
medium parameters correspond to somewhat different values for the physical medium scales
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ωbr, ωc and θc. They therefore lead to different predictions both for the average energy lost
by a single parton at large angles, dominated by ωbr, and for the number and distribution of
sources, which is controlled via the phase-space boundaries for VLEs by ωc and θc. While the
RAA ratio is most sensitive to variations in ωbr, small variations in ωbr (∼ 30% between our
extreme values) can be compensated by larger variations of ωc and θc (a factor ∼ 2 between
our extreme values).

8.3.2 Dependence on the jet reconstruction parameter R

In the last subsection of this chapter, we would like to comment on the R dependence of the
RAA ratio predicted by JetMed. The dependence of RAA with the jet reconstruction radius
has driven a lot of experimental and theoretical activities over the past few months. Indeed, it
has been realised that this measurement has an interesting discriminatory power between jet
quenching models. At the time we are writing these lines, the preliminary results of the CMS
collaboration show a very mild increase of the jet cross-section ratio R(R) defined by

RAA(R)

RAA(0.2)
=
σRjet,PbPb

σR=0.2
jetPbPb

(8.2)

where σRjet is the integrated jet cross-section over pT = [400, 500] GeV and pseudo-rapidity
|η| < 2 for jets reconstructed with anti-kt(R).

From the analytic estimations of the R dependence of the average jet energy loss made in
Chapter 5, Section 5.3.2 and from the corresponding Monte Carlo calculations in Section 8.2,
we expect also to observe a very mild modification of the function RAA(R)/RAA(0.2). Indeed,
the average energy loss is only slightly increasing with R. As explained in Section 5.3.2, this is a
consequence of the competition between the recovered energy loss and the increase of in-medium
vacuum-like sources. This slight increase explains the slight decrease of RAA(R)/RAA(0.2) seen
in the central curve of Fig. 8.5b.
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That said, the way the large angle energy loss is recovered is strongly model dependent
and not really under control in the Monte Carlo. By varying the parameter θmax of JetMed
which should be thought as the angle where the turbulent medium-induced flow ends up, one
can access to the uncertainty related to the lack of modelling of thermalization and plasma-jet
interactions (e.g. medium response.) As shown in Fig. 8.5b with the red band, this uncertainty
is quite large. We have checked that the more θmax is small, the more the energy loss recovery
effect is important, so that the upper boundary of the bands in Fig. 8.5b corresponds to the
minimal value of θmax. Thus, one must be cautious when interpreting these JetMed results, as
the physics at play in the R dependence of RAA certainly involves a lot of non perturbative
modelling which are not currently included in the Monte Carlo.





Chapter 9

The Soft Drop zg distribution in
heavy-ion collisions

Nowadays, there is an increasing interest in jet observables dealing with the inner structure
of jets [261]. By requiring infrared and collinear safety for these substructure observables, one
can hope for controlled calculations in pQCD even in the complex environment of a nucleus-
nucleus collision and therefore quantitative comparisons with experiments. In this chapter, we
explore jet substructure, and in particular the Soft Drop zg distribution within our picture of jet
fragmentation in a dense QCD medium. The emphasis is put on the main physical ingredients
that explain the behaviour of our results. Thus, all the numerical results obtained from the
Monte Carlo JetMed are supported by analytical phenomenological formulas that capture these
ingredients.

To understand the nuclear modifications of a jet observable, it is often enlightening to adopt
the following methodology:

• starting with a leading parton with fixed initial transverse momentum pT0, one first tries
to understand the effects of the medium on this observable. In this configuration, one
looks for effects coming from the modification of the jet fragmentation pattern itself. This
first approach also enables to use simple analytical estimates.

• Then, one adds a realistic initial hard scattering spectrum. This causes additional effects,
mostly because large angle energy loss changes the statistics in the transverse momentum
of the initial partons.

Therefore, our discussion is divided into two main sections. Section 9.1 only investigates the
monochromatic hard spectrum case, whereas Section 9.2 deals with the JetMed calculations with
a realistic initial spectrum. In the last section, we discuss other Soft Drop related observables,
such as the Iterated Soft Drop multiplicity.

9.1 The zg distribution for monochromatic hard spectra
For the benchmark vacuum results, definitions of the zg distribution and notations, we refer
the reader to Chapter 4, section 4.2.3.1.

9.1.1 Two regimes: high-pT and low-pT jets

Let us start with a presentation our Monte Carlo results for the zg-distribution created by
“monochromatic” jets which propagates through the quark-gluon plasma. From these results,
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Figure 9.1: A summary of our MC results for the medium/vacuum ratioRi(zg) of the Njets-normalised
distributions, for monochromatic jets initiated either by a gluon (left figure), or by a quark (right figure),
and for 4 different values for the initial transverse momentum pT0.

we will have to distinguish two regimes — high pT and low pT — according to the value of
the transverse momentum pT0 of the leading parton with respect to the medium-induced scale
ωc = q̂L2/2. Detailed analytic calculations are presented in Sections 9.1.2 for high-energy jets
and 9.1.3 for lower-energy jets.

We focus on the Njets-normalised distribution fi,med(zg) (see 4.2.3.1), which carries more in-
formation. We define the corresponding nuclear modification factor,Ri(zg) ≡ fi,med(zg)/fi,vac(zg).
Similarly we define R(norm)

i (zg) ≡ pi,med(zg)/pi,vac(zg) as the nuclear modification factor of the
self-normalised zg distributions. We study four different values for the initial pT0 spanning a
wide range in pT0, from 100 GeV to 1 TeV. We use the same SD parameters as in the CMS
analysis [255], namely β = 0 and zcut = 0.1, together with a cut θg > θcut = 0.1.

Our results are shown in Fig. 9.1, separately for jets initiated by a gluon (left plot) and
by a quark (right plot), using our default MC parameters (cf. Table 8.1). As for our study of
energy loss for monochromatic jets in Section 10.2.2.1, we set the angular cutoff scale of our
Monte Carlo to θmax = R with R = 0.4 the jet radius. Each of the plots in Fig. 9.1 show
qualitatively different behaviours between our lowest pT0 (100 GeV) value and the largest one
(1 TeV). More precisely, for the highest energy jets, pT0 = 1 TeV, the ratio R(zg) is always
smaller than one, indicating a nuclear suppression, and it increases monotonously with zg,
meaning that the nuclear suppression is larger at small zg. Conversely, for lower pT0, while the
nuclear suppression becomes stronger at large zg, a peak develops at small zg where R(zg) can
even become larger than one, indicating a nuclear enhancement.

Let us first discuss the behaviour at large pT0, focusing on pT0 = 1 TeV. In this case,
the softest radiation that can be captured by Soft Drop has an energy zcutpT0 = 100 GeV
which is still larger than the hardest medium-induced emissions which have energies ω ∼ ωc =
60 GeV. Hence, for jets with high-enough pT0, SD can only select vacuum-like emissions. To
illustrate this, we show in the left plot of Fig. 9.2 the phase-space selected by SD. Under
these circumstances, the only nuclear effect on the zg-distribution is the energy lost by the
two (hard, zg > zcut) subjets passing the SD condition. Due to this energy loss, the effective
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Figure 9.2: The kinematic regions in the Lund plane that are covered by the SD algorithm in the case
of a high-energy jet (zcutpT > ωc) in the left figure and of a low-energy jet (zcutpT < ωc) in the right
figure. As suggested by the pictorial representation in the right figure, the most interesting situation
for “low-energy jets” is such that there is only little overlap between the kinematic region for SD and
the phase-space for MIEs.

splitting fraction zg measured by SD turns out to be slightly smaller than the physical splitting
fraction z at the branching vertex (see Sect. 9.1.2 for details). If we call for now this shift
∆z = z − zg > 0, we have (cf. (4.34))

R(zg) ≈
P̄g(z = zg + ∆z)

P̄g(zg)
' zg

zg + ∆z
' 1− ∆z

zg
for ∆z � zg � 1 , (9.1)

which explains the pattern (smaller than one and increasing with zg) observed at large pT0 in
Fig. 9.1.

The above discussion also suggests what changes when moving to the opposite regime of
(relatively) low energy jets, say pT0 = 100 GeV. In this case, the energy interval covered by
SD, that is ω between zcutpT0 = 10 GeV and pT0/2 = 50 GeV, fully overlaps with the BDMPS-
Z spectrum for medium-induced radiation which has ω . ωc = 60 GeV (cf. the right plot
of Fig. 9.2). Consequently, the SD condition can now be triggered either by a vacuum-like
splitting, or by a medium-induced one. Since the BDMPS-Z spectrum increases rapidly at
small z (faster than the vacuum splitting function), this naturally explains the peak in the
ratio R(zg) at small zg, visible in Fig. 9.1. The nuclear suppression observe at large zg suggests
that in this region, the energy loss effects dominate over the BDMPS-Z emissions.

The above arguments show that the zg distribution is best discussed separately for high-
energy and low-energy jets, where the separation between the two regimes is set by the ratio
zcutpT0/ωc. The high-energy jets, for which pT0 > ωc/zcut, are conceptually simpler as the
in-medium zg distribution is only affected by the energy loss via MIEs. For low-energy jets,
i.e. jets with pT0 < ωc/zcut, the zg distribution is affected by the medium both directly when
the SD condition is triggered by a MIE, and indirectly via the energy loss of the two subjets
emerging from the hard splitting. This second case is more complex for a series of reasons and
notably because MIEs do not obey angular ordering.

Since zg is intrinsically tied to energy loss effects, it is interesting to study how the average
jet energy loss correlates with zg. Our numerical results are presented in Fig. 9.3. The dashed
curve shows the MC results for the inclusive jets (all values of zg), the one denoted “no zg” refers



184 CHAPTER 9. THE SOFT DROP ZG DISTRIBUTION IN HEAVY-ION COLLISIONS

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

2 5 20 50 200 500 10  100  1000

gluongluon

q̂ =1.5 GeV/fm2q̂ =1.5 GeV/fm2

L=4 fmL=4 fm
αs=0.24αs=0.24

anti-kt(R=0.4)anti-kt(R=0.4)

θmax=R, k⊥,min=0.25 GeVθmax=R, k⊥,min=0.25 GeV

SD(β=0,zcut=0.1) [mMDT]SD(β=0,zcut=0.1) [mMDT]

θg>0.1θg>0.1

a
v
e
ra

g
e
 e

n
e
rg

y
 l
o
ss

 [
G

e
V

]

pT0 [GeV]

 energy loss for different zg 

all jets
no zg

0.1<zg<0.2
0.2<zg<0.3
0.3<zg<0.4
0.4<zg<0.5

Figure 9.3: Our MC results for the average energy loss by a gluon-initiated jet are displayed as a
function of the initial gluon energy pT0 in bins of zg. The inclusive (all jets) result is also shown, by
the dashed line.

to jets which did not pass the SD criterion or failed the cut θg > θcut, and the other curves
correspond to different bins of zg. One clearly sees a distinction between the “no zg” jets, which
lose much less energy than the average jet, and those which passed SD, whose energy loss is
larger than the average and quasi-independent of zg. The main reason for this behaviour is
that jets passing the SD condition are effectively built of two relatively hard subjets. Since the
angular separation between these two hard subjets is larger than θcut = 0.1 > θc ' 0.04, they
lose energy (via MIEs) as two independent jets, giving a larger-than-average energy loss. This
is mostly controlled by the geometry of the system, with only a limited sensitivity to the precise
sharing of the energy between the subjets. On the other hand, the jets which did not pass SD
are typically narrow one-prong jets with either no hard substructure or with some substructure
at an angle smaller that θcut = 0.1 (i.e. at an angle ' θc). These jet therefore lose less energy
that an average jet. The fact that the angular cut-off θcut = 0.1 is close to the critical value
θc ' 0.04 is clearly essential for the above arguments.

A last comment concerns the difference between the zg-distributions for gluon- and quark-
initiated jets, as shown in the left and right plots of Fig. 9.1, respectively. The deviation of
the medium/vacuum ratio from unity appears to be larger for quark jets than for gluon jets.
This might look surprising at first sight given that the average energy loss is known to be
larger for the gluon jet than for the quark one (cf. Figs. 8.1 and 8.2). However we will show
in Section 9.1.2 that the zg distribution is mostly controlled by the energy loss of the softest
subjet, which is typically a gluon jet even when the leading parton is a quark. The difference
between quark and gluon jets in Fig. 9.1 is in fact controlled by “non-medium” effects, like the
difference in their respective splitting functions.

9.1.2 High pT jets: VLEs and energy loss

We begin our investigations of the nuclear effects on the zg distribution with the case of a
high-energy jet, pT0 > ωc/zcut In this case, the SD condition is triggered by an in-medium VLE



9.1. THE ZG DISTRIBUTION FOR MONOCHROMATIC HARD SPECTRA 185

that we call the “hard splitting” in what follows. This splitting occurs early (since tf � L, cf.
Eq. (5.56)) and the daughter partons propagate through the medium over a distance of order
L. During their propagation, they evolve into two subjets, both via VLEs (which obey angular
ordering, except possibly for the first emission outside the medium) and via MIEs (which can
be emitted at any angle).

Since the C/A algorithm is used by the SD procedure, both subjets have an opening angle
of order1 θg, with θg the angle of the hard splitting. Consequently, the emissions from the two
subjets with angles larger than θg — either MIEs, or VLEs produced outside the medium —
are not clustered within the two subjets. Accordingly, their reconstructed transverse momenta
pT1 and pT2 are generally lower than the initial momenta, ω1 and ω2, of the daughter partons
produced by the hard splitting. This implies a difference between the reconstructed splitting
fraction zg = pT,1/(pT,1 + pT,2) and the physical one, z ≡ ω1/(ω1 + ω2). This difference is
controlled by the energy lost by the two subjets.

Let us first mention that the energy loss via VLEs outside the medium at angles θ > θg can
be neglected. Indeed, since these emissions have tf ∼ 1/(ωθ2) > L, they are soft and only give
very small contributions to the energy loss. We have checked this explicitly with MC studies of
the VLEs alone: we find that the effect on the zg distribution of the vetoed region and of the
violation of angular ordering for the first emission outside the medium are much smaller than
those associated with the energy loss via MIEs.

We then discuss the role of colour coherence for the energy loss via MIEs. If the splitting
angle θg is smaller than θc the daughter partons are not discriminated by the medium. This
is a case of coherent energy loss where the MIEs at angles θ > θg are effectively sourced by
their parent parton [89, 90, 91, 92, 168], so that z = zg. On the other hand, for larger splitting
angles θg � θc, the colour coherence is rapidly washed out, so the two daughter partons act as
independent sources of MIEs. In this case, one can write ωi = pT i + Ei(ωi, θg), where i = 1, 2
and Ei(ωi, θg) is the average energy loss for a jet of flavour i, initial energy ωi and opening angle
θg (cf. e.g. Eq. (5.105)). It would be relatively straightforward to deal with generic values of
θg, both coherent and incoherent. In practice, all existing measurements at the LHC imposes
a minimal angle θg ≥ θcut, with θcut = 0.1. Since θcut is larger than θc for all our choices of
parameters, we only consider the incoherent case θg > θcut in what follows.

That said, the relation between the measured zg and the physical splitting fraction z can
be written as (assuming pT1 < pT2)

zg =
pT1

pT1 + pT2

=
zpT − E1(zpT , θg)

pT − E1(zpT , θg)− E2((1− z)pT , θg)
≡ Zg(z, θg) , (9.2)

where pT ≡ ω1 + ω2 is the energy (or transverse momentum) of the parent parton at the time
of the “hard” branching. In what follows we approximate pT ' pT,0. This is valid as long
as one can neglect two effects: (i) the transverse momentum of the partons which have been
groomed away during previous iterations of the SD procedure, and (ii) MIEs prior to the hard
branching. The former is indeed negligible as long as we work in the standard limit zcut � 1,
and the latter is also negligible based on our short formation time arguments in Chapter 5.

For a given average energy loss E(pT , θg) one can, at least numerically, invert Eq. (9.2) to
obtain the physical splitting fraction z = Z(zg, θg) corresponding to the measured zg. The

1On average, the two subjets have an (active) area ≈ 0.69πθ2
g , while a single jet of radius θg has an area

≈ 0.81πθ2
g , cf. Fig 8 of Ref. [262]. Each subjet thus have an effective radius of order

√
0.69/0.81θg ≈ 0.92θg

which is very close to θg.
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kinematic constraint zg > zcut thus implies a constraint on z, z ≥ Z(zcut, θg),2 and the in-
medium zg distribution in this high-energy regime becomes a straightforward generalisation of
Eq. (4.31)

pi,med(zg) = N
∫ R

θcut

dθg ∆VLE
i (R, θg)

∫ 1/2

0

dz Pi,vac(z, θg) δ
(
zg−Zg(z, θg)

)
Θ(zg−zcut),

(9.3)

where the Sudakov factor is formally the same as in the vacuum, Eq. (4.30), but with the new,
medium-dependent, lower limit Z(zcut, θ) on z:

∆VLE
i (R, θg) = exp

(
−
∫ R

θg

dθ

∫ 1/2

0

dz Pi,vac(z, θ) Θ
(
z −Z(zcut, θ)

))
(9.4)

The normalisation factor N in (9.3) is given by (1−∆VLE
i )−1. The Njets-normalised distribution

fi,med(zg) is obtained by simply removing this factor N .
In practice we will replace θg by R in the argument of the energy loss. This is motivated

by two facts. Firstly, due to the SD procedure, we know that the jet is free of emissions with
ω > zcutpT0 at angles between θg and R, simply because such an emission would have triggered
the SD condition. The remaining emissions between θg and R are therefore soft and we neglect
them. Secondly, the angular phase-space θcut < θ < R is relatively small and E is slowly varying
over this domain. With this approximation, both Zg and Z becomes independent of θg and the
Sudakov factor (9.4) simplifies to the vacuum one, Eq. (4.30), evaluated at zcut → Z(zcut).

The above picture can be further simplified by noticing that the energy losses are typically
much smaller than zpT and (1 − z)pT . This means that the difference between z and zg is
parametrically small and we can replace z by zg in the arguments of the energy loss in (9.2) so
that

z ≡ Z(zg, θg) ' zg +
E1 − zg(E1 + E2)

pT
, (9.5)

with E1 ≡ E1(zgpT ) and E2 ≡ E2((1− zg)pT ). Since zg < 1/2, this shows that the physical z is
typically3 larger than zg.

As before, it is useful to consider the fixed-coupling scenario where the zg-dependence of
Eq. (9.3) factorises from the integral over θg. After dividing out by the vacuum distribution
∝ P̄i(zg), we find

R(zg) ≡
fmed(zg)

fvac(zg)
' J (zg)

P̄g(Z(zg))

P̄g(zg)
, with J (zg) ≡

∣∣∣∣dZ(zg)

dzg

∣∣∣∣ ' 1− E1 + E2

pT
, (9.6)

where J is a Jacobian and the last equality in (9.6) is obtained using the simplified expres-
sion (9.5).

At this level, it becomes necessary to specify the energy lost by a subjet. At high energy,
both zpT and (1− z)pT are large and the energy lost by the subjets is sensitive to the increase
in the number of partonic sources for MIEs (cf. Sections 5.3.2-8.2 and Fig. 8.1). To test this
picture, we consider two energy loss scenarios. First, the case of an energy loss which captures

2Here we assume that Zg(z, θg) is a monotonously increasing function of z.
3Small deviations from this behaviour can happen close to zg = 1/2 when E2 6= E1. In this limit, our

assumption that the softer physical parton (z < 1/2) matches with the softer measured subjet (zg < 1/2) has
to be reconsidered anyway.
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Figure 9.4: The ratio zg/z (left figure) and the difference z − zg (right figure) between the splitting
fraction zg measured by SD and the physical splitting fraction z for the hard splitting. This difference
is given by Eq. (9.2) that we evaluate with two scenarios for the energy loss by the subjets: a constant
energy loss and a pT -dependent one; for the second scenario, we also show the predictions of the
simplified relation (9.5).

the increase in the number of sources for MIEs and increases with the jet pT , as in Eq. (5.105).
Since Eq. (5.105) is not very accurate we will instead use Ej = Ej,fit corresponding to the fit
of the Monte Carlo result shown in Fig. 8.1. The second scenario corresponds to what would
happen in the absence of VLEs, i.e. when only MIEs from the leading parton in each subjet
are included. This gives an energy loss which saturates to a constant Ej = εj at large pT (see
again Fig. 8.1). Clearly, the first scenario is the most physically realistic.

For definiteness, let us first consider the case of a 1-TeV gluon-initiated jet.4 Fig. 9.4 shows
the relation between the physical splitting fraction z and the measured zg, with the ratio zg/z
plotted on the left panel and the difference z − zg on the right panel. We see that z is larger
than zg in both energy-loss scenarios. The difference z − zg decreases when increasing z (at
least for z > zcut), while the ratio zg/z gets close to 1. The effects are roughly twice as large for
the full energy-loss scenario than for a constant energy loss. The dotted (green) curve shows
the result obtained using the “full” relation (9.2) while the solid (blue) line uses the simplified
version, Eq (9.5). As expected, they both lead to very similar results and we therefore make
the simplified version our default from now on.

The nuclear modification factor for the zg distribution obtained from our analytic calcu-
lation (9.3), including running-coupling corrections, is shown in Fig. 9.5 for both the self-
normalised distribution pmed(zg) (left) and the Njets-normalised one fmed(zg) (right). We see
that R(zg) increases with zg. This is expected since, at small zg, P̄g(z)/P̄g(zg) ' zg/z which
increases with zg (see e.g. Fig. 9.4, left). Furthermore, the medium/vacuum ratio of the Njets-
normalised distributions (Fig. 9.5, right) is always smaller than one. With reference to the
fixed-coupling estimate in Eq. (9.6), this is a combined effect of z being larger than zg, hence
P̄g(z) < P̄g(zg), and of the extra Jacobian in front of Eq. (9.6).

Regarding the comparison between the two scenarios for the energy loss, we see that al-
though they produce similar results for the self-normalised zg distribution, the (physical) “full

4We only included the dominant partonic channel g → gg in our analytic calculation.
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Figure 9.5: Our MC results for the medium/vacuum ratio of the zg distributions associated with gluon-
initiated jets with initial energy pT0 = 1 GeV are compared to our analytic predictions for the two
scenarios of energy loss described in the text. The left plot refers to the self-normalised distributions,
cf. Eq. (9.3), and the right plot to the Njets-normalised ones.

jet” scenario predicts a larger suppression than the “constant” one for the medium/vacuum
ratio of the Njets-normalised distributions. In particular, the former predicts a value for R(zg)
which remains significantly smaller than one even at zg close to 1/2. This behaviour is in also in
better agreement with our Monte Carlo simulations. Generally speaking, it is worth keeping in
mind that the Njets-normalised ratio is better suited to disentangle between different energy-loss
models than the self-normalised ratio which is bound to cross one by construction.

Since the nuclear modification of the zg distribution appears to be so sensitive to the energy
loss, it is interesting to check whether this observable follows the Casimir scaling of the jet
energy loss. We show that this is not the case and that the nuclear modification is even slightly
larger for quark than for gluon jets. In practice, the zg distribution is controlled by the energy
loss of the softest among the two subjets created by the hard splitting, which is typically a
gluon independently of the flavour of the initial parton. Let us then consider Eq. (9.5) in which
we take E1 = Eg and E2 = ER, with R = q or g depending on the colour representation of the
leading parton. Simple algebra yields

z(g-jet)(zg) ' z(q-jet)(zg) + zg
Eg − Eq
pT

(9.7)

where z(R-jet)(zg) is the physical splitting fraction z corresponding to a measured fraction zg
for the case of a leading parton of flavour R, and the energy loss functions ER are evaluated at
(1−zg)pT . Since Eg ' 2Eq the second term in (9.7) is positive and thus z(g-jet)(zg) > z(q-jet)(zg) as
expected on physical grounds. Yet, the difference between z(g-jet)(zg) and z(q-jet)(zg) is weighted
by zg, hence it suppressed at small zg, where the energy loss effects should be more important.
Furthermore, the effects of the difference z(g-jet)(zg) − z(q-jet)(zg) are difficult to distinguish in
practice since there are other sources of differences between the zg distributions of quark and
gluon jets like the non-singular terms in the splitting functions and the different Sudakov factors.
In practice these effects appear to dominate over difference between z(g-jet)(zg) and z(q-jet)(zg)

This is confirmed by our analytic calculations in Fig. 9.6. Together with our previous results
for a gluon jet, we show two scenarios for quark jets: (a) a realistic scenario which takes into
account the different quark and gluon energy losses (cf. Fig. 8.1), and (b) a fictitious case,
which assumes that a quark subjet loses the same energy as a gluon one, i.e. Eq = Eg. In both
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cases, the nuclear suppression of the zg distribution appears larger for quark-initiated jets than
for gluon-initiated jets, in qualitative agreement with our Monte Carlo findings (recall Fig. 9.1).
This is clearly driven by effects beyond the energy loss difference between quarks and gluons
(cf our case (b)), even though this difference has indeed the effect of slightly increasing R(zg),
especially close to zg = 1/2, as visible by comparing the curves corresponding to the cases (a)
and (b).

Summary. To sum up, the main lessons one draws from our study of high-energy jets are
as follows: (i) the incoherent energy loss by the two subjets created by the hard splitting
leads to a suppression in the nuclear zg distribution which is larger at small zg; (ii) the MC
results are sensitive to the evolution of the subjets multiplicity via VLEs which leads to an
energy loss increasing with the subjet pT ; (iii) this last effect may be hidden when studying
the self-normalised zg distribution; in that respect, the Njets-normalised distribution is better
suited to disentangle between different energy-loss models.

9.1.3 Low-pT jets: MIEs and energy loss

We now turn to more phenomenologically-relevant case of “low energy” jets, pT0 < ωc/zcut (with
ωc/zcut = 600 GeV for our default choice of medium parameters), for which the “hard” emission
that triggers the SD condition can be either vacuum-like or medium-induced. In both cases, the
two ensuing subjets lose energy via MIEs, which, as explained in the previous section, implies
that the measured value zg is different (typically slightly smaller) than the physical value z.

Our main goal in this section is to develop analytic approximations which qualitatively and
even semi-quantitatively capture this complex dynamics. For definiteness, we focus on gluon-
initiated jets with pT0 = 200 GeV. This value is at the same time low enough to be representative
for the low-energy regime and large enough to justify some convenient approximations, like the
single emission approximation for the MIEs captured by SD. For pedagogical reasons it is
convenient to first consider two simplified situations — a jet built with MIEs alone and a jet
in which the SD condition can only be triggered by a VLE (as in the “high-energy” case) —,
before addressing the full picture in Sect. 9.1.3.3.
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9.1.3.1 Low-pT jets: medium-induced emissions only

To study the case where the SD condition is triggered by a MIE, we consider jets generated
via MIEs only, disabling VLEs. Since the emission angles of MIEs are controlled by their
transverse momentum broadening (cf. Sect. 4.3.3), they are not ordered in angle. Hence, the
reclustering of the jet constituents with the C/A algorithm does not necessarily respects the
physical ordering of the MIEs in time. In particular, the branching selected by the SD procedure
may not be a primary emission, i.e. a direct emission by the leading parton. However, as long
as zcutpT0 is sufficiently large compared to the characteristic scale ωbr = 3.46 GeV for multiple
branching — which is definitely the case for our 200 GeV jets, — the probability to select a
non-primary branching is suppressed by αs,med. From now on we can therefore assume that SD
selects a primary MIE.

Next, we can argue that the MIEs captured by the SD algorithm are soft and located
in a small corner near z = zcut and θ = θcut. Indeed, the bulk of the MIEs lies below the
line k⊥ = Qs = 2.4 GeV and the smallest value of k⊥ that can be selected by SD, namely
zcutpT0θcut = 2 GeV, is only slightly smaller than Qs. This is visible in the phase-space diagram
of Fig. 9.2 (right). Together with the fact that the BDMPS-Z rate (6.21) grows quickly as
z → 0, this means that MIEs contribute to the zg distribution only at small zg. After SD, one
therefore has a soft subjet of transverse momentum pT1 corresponding to the MIE and a harder
subjet of momentum pT2 corresponding to the leading parton.

The differential probability for the emission of a primary MIE with ω1 ≡ ω � pT0 is
given by the BDMPS-Z spectrum (4.48) multiplied by the angular distribution produced via
transverse momentum broadening after emission, Eq. (3.64). The latter depends on the distance
∆t = L − t, with t the emission time, travelled by the two subjets through the medium. In
principle one should therefore work differentially in t. Since this would be a serious complication,
we rather use a picture in which we average over all the emission times t, distributed with
uniform probability over the interval 0 < t < L. This picture is further supported by the
angular structure of jets with primary medium-induced emissions after a C/A declustering.
In Section 4.3.3.2, we have seen that in the regime ωs(R) = (q̂/(ᾱ2

sR
4))1/3 ≥ ωbr, a jet with

only primary medium-induced emissions can be seen as an effective angular ordered branching
process, with a differential rate for the “hard” splitting taking the form:

d2Pi,med(ω, θ) =
Ciαs,med

π
Θ (ωc − ω)

√
2ωc
ω3
Pbroad(ω, θ) dωdθ ≡ Pi,med(ω, θ)dωdθ, (9.8)

where [168]

Pbroad(ω, θ) ≡ 1

L

∫ L

0

dt
2ω2θ

q̂(L− t) exp

{
− ω2θ2

q̂(L− t)

}
= 2θ

ω2

Q2
s

Γ

(
0,
ω2θ2

Q2
s

)
, (9.9)

This distribution predicts an average value k̄⊥ =
√
π

3
Qs for k⊥ ≡ ωθ. It shows a peak near k̄⊥,

and a rather wide tail at larger values k⊥ > k̄⊥ (see Fig. 9.7, left). Since we have just argued
that SD selects emissions in a narrow range in k⊥, close to Qs, the tail of this distribution plays
an important role in our discussion. This is amplified by the fact that k̄⊥ is slightly smaller than
Qs. Note that in terms of the emission angle, this argument means that the emissions selected
by SD will need to acquire a θ larger than the peak value θ̄(ω) = k̄⊥/ω from broadening in
order to pass the θcut condition. In future work, it will be interesting to study how a description
of broadening beyond the Gaussian approximation affects quantitatively our results.

Additionally, we need to account for the fact that both the MIE that triggers the SD
condition and the leading parton lose energy. The situation is mostly the same as for our earlier
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high-energy case except that now the medium-induced gluon emission can occur anywhere
inside the medium, i.e. at any time t with 0 < t < L. For an emitted gluon of energy ω,
one can write pT1 = ω − εg(ω, θg,∆t), where the energy loss depends explicitly on the distance
∆t = L−t travelled by the subjet through the medium. In our kinematic range, this energy loss
is relatively small, εg � ω, and therefore varies slowly with ω (cf. Eq. (5.104) so we can neglect
the ω dependence. It depends however quadratically on ∆t. For simplicity, we use a time-
averaged picture in which 〈t〉 ' 〈∆t〉 ' L/2 and therefore εg(∆t) ≈ εg(L/2) ' 1

4
εg(L) ≡ ε̄g,

with εg(L) ∝ L2 the energy loss corresponding to a distance L.

The situation for the harder subjet matching with the leading parton, is more complex, ow-
ing to differences between the time ordering of MIEs and the (angular-ordered) C/A clustering
used by SD. Indeed, MIEs from the leading parton at times smaller than t and angles smaller
than θg will be clustered by the C/A algorithm in the harder subjet. These emissions can carry
a substantial amount of energy so that, without a full picture of the time evolution of the jet,
it is delicate to even define a physical transverse momentum, ω2, for the harder subjet at the
vertex where the MIE triggering the SD condition is emitted. We can however take a different
approach and realise that, by definition, the difference pT0 − (pT1 + pT2) corresponds to the
energy εi(pT0, θg) lost by the initial parton at angles larger than θg. As for the high-energy case,
we can neglect the energy lost between θg and R and hence write pT1 + pT2 ' pT0 − εi(pT0, R).

In fine, the measured value of zg is related to the initial energy ω of the gluonic MIE subjet
via

zg '
ω − ε̄g(ω, θg)

pT0 − εi(pT0, R)
with ε̄g(ω, θg) =

1

4
εg(ω, θg) (9.10)

Since both energy losses in (9.10) are small, one can ignore their pT dependence and use the
fits to the MC results shown in Figs. 8.2. The zg distribution created via MIEs can then
be computed using a formula similar to that used for VLEs in the previous subsections, cf.
Eq. (9.3), namely
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fi,med(zg) =

∫ R

θcut

dθg ∆MIE
i (R, θg)

∫
dωPi,med(ω, θg)δ

(
zg −

ω − ε̄g(θg)

pT0 − εi(R)

)
Θ(zg − zcut)

(9.11)

with the Sudakov factor ∆MIE
i (R, θg) accounting for the probability to have no primary MIEs

with ω > ωcut ≡ ε̄g + zcut(pT0 − εi(R)) and θ > θg at any point inside the medium:

∆MIE
i (R, θg) = exp

(
−
∫ R

θg

dθ

∫
dω Pi,med(ω, θ) Θ (ω − ωcut)

)
(9.12)

The self-normalised distribution can be computed as pi,med(zg) = N fi,med(zg) with N =
1

1−∆MIE
i (R,θcut)

. The Sudakov factor is plotted for both MIEs, Eq. (9.12), and VLEs, Eq. (9.4),
as a function of θg in the right plot of Fig. 9.7. In both plots, we use pT0 = 200 GeV and a
gluon-initiated jet. While this factor is clearly important for VLEs at all θg, it remains very
close to one for MIEs. It is mostly irrelevant for the shape of the zg distribution and only has
a small impact on its overall normalisation.

In Fig. 9.8(left) we compare our analytic approximation for the ratio5 fmed(zg)/fvac(zg) of
the Njets-normalised zg distributions corresponding the a gluon-initiated jet to the MC results
obtained by “switching off” the VLEs from the general numerical code. The energy losses
are estimated from the fit to the MC results shown in the left plot of Fig. 8.2, which yields
εg ' 16.5 GeV for the whole jet with R = 0.4 and ε̄g ' 5 GeV for the subjet with θg ' θcut =
0.1. Given the large uncertainty in the calculation of ε̄g, we present two sets of results, one
corresponding to εg = 0 GeV and the other one to εg = 5 GeV. For each of these 2 choices
we indicate by a band the uncertainty associated with ±10% variations in the saturation scale
Qs around its central value Qs =

√
q̂L = 2.4 GeV. This variation corresponds to the fact that

the relation (9.10) between zg and ω is only approximate and the associated uncertainty in the
5Here, the medium/vacuum ratio is not a genuine nuclear modification factor. For example, in the absence

of medium effects, it would be equal to zero, not to one.



9.1. THE ZG DISTRIBUTION FOR MONOCHROMATIC HARD SPECTRA 193

value of ω has consequences, via Eq. (9.9), on the angular distribution; this uncertainty was
mimicked by varying Qs.

Fig. 9.8(left) shows a qualitative agreement between the MC and the analytic calculations:
all the curves have a visible rise at small zg, reflecting the fact that the BDMPS-Z spectrum
behaves like z−3/2 which is more singular than the vacuum spectrum ∝ z−1. This being said, our
analytic study is still too poor to quantitatively reproduce the MC results, or to discriminate
between various scenarios for the energy loss. In particular, the “zero energy loss” scenario is
not in clear disagreement with the MC results. This may be related to the fact that the angular
distribution in Eq. (9.9) favours small values z ∼ zcut which biases the distribution towards
events with a smaller-than-average energy loss.

9.1.3.2 Low-pT jets: energy loss only

In this section, we consider the situation (opposite to the previous section) where the SD
condition is triggered by a VLE. In this case, we turn off the direct contribution of the MIEs to
SD, but only keep their (indirect) effect associated with incoherent energy loss of the subjets
found by the SD procedure. The physical situation is similar to the high-energy case studied
in Sect. 9.1.2 where the “direct” contribution of the MIEs to SD was negligible by definition.

To artificially remove the direct contribution of the MIEs from the MC simulations, we
have enforced that all the partons generated via MIEs propagate at angles θ � R. This
obviously overestimates the jet energy loss, simply because some of the partons which would
have remained within the jet are artificially moved outside. This is fine as long as we only focus
on illustrating the qualitative effects of the energy loss on the zg distribution.

In Fig. 9.8(right), we compare Monte Carlo results obtained with this artificial removal of
the direct contribution of MIEs (“energy loss only”, red, curve) to the full simulation (“full”,
black, curve), where both VLEs and MIEs contribute directly. Fig. 9.8(right) also shows the
prediction of an analytic calculation which ignores the direct contribution of the MIEs to SD.
This calculation is the same as the one presented in Sect. 9.1.2 for the case of a high-energy
jet, i.e. it is based on Eqs. (9.2), (10.9) and (9.4), now applied to pT ' pT,0 = 200 GeV.
The respective Sudakov factor is plotted in the right plot of Fig. 9.7. By inspection of these
curves, we first notice that the effect of energy loss alone is the same for low-energy jets as it
was for high-energy jets: it leads to a strong nuclear suppression6 of the zg distribution with
larger effects at small zg. Second, adding the direct contribution of the MIEs to SD changes
the picture significantly: the medium/vacuum ratio is now increasing at small zg and can even
becomes close to one. The difference between the two curves is, at least qualitatively, consistent
with an additional peak at small zg from MIEs (see e.g. Fig. 9.8, left).

9.1.3.3 Low-pT jets: full parton showers

Now that we have studied both effects separately, we can provide an analytic calculation for
the complete zg distribution for a low-energy jet, including both VLEs and MIEs.

Due to angular ordering, VLEs selected by the SD procedure are necessarily primary gluon
emissions from the leading parton. However, whenever SD selects a MIE with energy fraction
z and emission angle θg, this emission can be emitted by any of the partonic sources created
via VLEs with energy ω > zpT0. Since, by definition, SD selects the largest-angle emission
with zg above zcut, these sources of MIE can have any angle in the range θc < θ < θg. Such

6This suppression appears to be larger for the respective MC calculation than for the analytical one because,
for the former, the energy loss is artificially amplified.
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emissions are formally clustered by the C/A algorithm together with the subjet corresponding
to the leading parton.

The zg distribution for a full parton shower generated by a parton of type i = (q, g) is
obtained by incoherently summing up the probabilities for SD to select either a VLE or a MIE:

fi(zg) =

∫ R

θcut

dθg ∆VLE
i (R, θg) ∆MIE

i (R, θg) (9.13)

×
∫ 1/2

0

dz
[
Pi,vac(z, θg)δ

(
Zg,vac(z, θg)− zg

)
+ Pi,med(z, θg)δ

(
Zg,med(z, θg)− zg

)]
Θ(zg − zcut)

Here, we have used different functions, Zg,vac(z, θg) and Zg,med(z, θg), for the relation between
the measured splitting fraction zg and the physical one z, to take into account the fact that the
energy loss is generally different for the subjets produced by a VLE or a MIE. The function
Zg,vac(z, θg) is given by Eq. (9.2), with the pT of the parent gluon identified with the pT0 of
the leading parton. As before, we replace θg by R in the energy loss and take E1(zpT , R) and
E2((1− z)pT , R) from the fits in Fig. 8.1. In the case of a medium-induced splitting, we use a
generalisation of Eq. (9.10), that is

zg '
zpT0 − ε̄g(θg)

pT0 − Ei(pT0, R, zg)
≡ Zg,med(z, θg) (9.14)

The main difference w.r.t. Eq. (9.10) refers to the energy loss by the whole jet, i.e. the function
Ei(pT0, R, zg) in the denominator: not only this has now a strong dependence upon pT0, due to
the rise in the number of partonic sources via VLEs, but this must be evaluated for the special
jets which include a hard splitting with a given value zg > 0.1 and with any θg > θcut = 0.1.
From our MC calculation illustrated in Fig. 9.3, we know that it is larger than the average
energy loss and largely independent of zg. We use Eg = 43 GeV for pT0 = 200 GeV and
R = 0.4. As for ε̄g(θg), we use 5 GeV as in Sect. 9.1.3.1 and study the sensitivity of our results
to variations around this value.

The vacuum splitting probability density Pi,vac and the associated Sudakov factor ∆VLE
i

take the same form as in Sect. 9.1.2, Eqs. (10.9) and (9.4). The corresponding medium-induced
probability density Pi,med takes a form similar to Eq. (10.10) modified to account for the fact
that each VLE produced in the medium can act as a source of MIE. We therefore write

Pi,med(z, θg) = ν(z, θg)
αs,medCi

π

√
2ωc
pT0

z−3/2Pbroad(z, θg) (9.15)

The number of MIE sources ν(z, θg) is obtained from the density d2N
(in)
VLE

dωdθ
of VLEs produced

inside the medium:

ν(z, θg) ≡ 1 +

∫ pT0

zpT0

dω

∫ θg

θc

dθ
d2N

(in)
VLE

dωdθ
(9.16)

In this last expression, the first term corresponds to the leading parton and the integration
boundaries in the second term impose that an MIE which triggers the SD condition has to
come from a source of larger energy at an angle between θc and θg. The associated Sudakov
factor ∆MIE

i is then constructed in terms of Pi,med as in Eq. (9.12). We note however that,
although for the case with only MIEs, the exponentiation of the emission probability in the
Sudakov factor ∆MIE

i is relatively straightforward, this does not obviously hold in the presence
of multiple sources of MIEs. However, since the Sudakov factor ∆MIE

i only introduces a small
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pT0 = 200 GeV. The Monte Carlo results are compared to analytic calculations corresponding to 3
different approximations for the number ν of sources emitting MIEs (see the text for details).

correction (see Fig. 9.7, right), we have kept the exponential form, Eq. (9.12), for simplicity
and as an easy way to maintain the conservation of probability for MIEs.

In practice, we test three different approximations7 for ν: (i) ν ≡ νmin = 1 includes only the
leading parton, (ii) ν ≡ νmax = 3.2 is our MC estimate for the average multiplicity of partons
created inside the medium via VLEs by a leading gluon with pT0 = 200 GeV, cf. Fig 9.9. This
has to be seen as a maximal value since it ignores the kinematic limits in Eq. (9.16)). (iii)
ν ≡ νDLA obtained by evaluating Eq. (9.16) with a DLA estimate for the gluon multiplicity,
corresponding to Eq. (4.24) with R → θg and taking the coupling ᾱs at the scale k⊥ = Eθg.
We see in Fig. 9.9 that this DLA approximation gives a reasonable description of the VLE
multiplicity in a jet (setting θg = R). For the case ν = νDLA we show no variation band in
Fig. 9.10 to avoid overlapping bands in an already complicated plot, but it is quite clear what
should be the effects of varying ε̄g and Q2

s.
In Fig. 9.10, we show our MC results for a full shower generated by a leading parton, gluon

7Note also that the formal limit ν → 0, in which one keeps only the “direct” contribution of the VLEs to
Eq. (9.15), corresponds to the analytic result shown with dashed line in Fig. 9.8(right).
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(left) or quark (right), with pT0 = 200 GeV, together with our analytic approximation based
on Eq. (9.13) using the three different approximations for ν. In each case, the central curve
corresponds to the average values ε̄g = 5 GeV for the subjet energy loss in Eq. (9.14) and
Q2
s = q̂L = 6 GeV2 for the saturation momentum squared in (9.9). The bands around these

central curves correspond to variations by 20% of εg. Note that varying Q2
s by 20% has a

smaller effect. The unphysical case νmin = 1 is disfavoured by the comparison with the MC
results as it underestimates the peak associated with the direct MIE contribution. The other
two cases are at least qualitatively consistent with the MC results.

It is also interesting to notice the dependence of the results upon the flavour of the leading
parton. The rise of the nuclear distribution at small zg appears to be stronger for the gluon-
initiated jet than for the quark-initiated one and this difference is rather well captured by
our analytic approximations, where it is due to a change in the number ν of partonic sources
for a “hard” MIE: one has indeed ν − 1 ∝ CR. At large zg on the other hand, the analytic
approximation appears to be less satisfactory for the quark-initiated jet — most likely, because
it underestimates the energy loss by the subjets resulting from a hard VLE. As a matter of facts,
a similar difficulty occurs in the high-energy case, as can be seen by comparing the quark-jet
results for pT0 = 1 TeV in Figs. 9.1 and 9.6 respectively.

The main conclusions that we can draw from in Fig. 9.10 and from the overall discussion in
this section is that zg distribution for “low energy jets” is a superposition of two main effects:
(i) incoherent energy loss for the subjets created by a vacuum-like splitting; this controls
the zg distribution at moderate and large values of zg, where it yields a nuclear modification
factor which slowly increase with zg, and (ii) sufficiently hard medium-induced emissions, with
z & zcut, which leads to a significant growth of the zg distribution at small values zg ∼ zcut.
This behaviour is qualitatively reproduced by our simple analytic calculations which shows,
for example, that including multiple (VLE) sources of MIEs is important. It is however more
delicate to draw more quantitative conclusions as several effects entering the calculation would
require a more involve treatment.

9.2 zg distribution with realistic initial jet spectra
Even if studying monochromatic jets is helpful to understand the dominant physical effects at
play, any realistic measurement would instead impose cuts on the pT,jet ≡ pT of the final jet.
For this we need the full pT0 spectrum of the hard scattering. Here, we follow our prescription
from Section 8.3 and use a LO dijet spectrum where both final partons are showered using our
Monte Carlo. One can then cluster and analyse the resulting event.

In the case of the zg distribution, it is interesting to note that we expect a competition
between two effects. On one side, due to the steeply-falling underlying pT0 spectrum, cutting
on the jet pT tends to select jets which lose less energy than average. On the other side, we
have seen from Fig. 9.3 that jets with zg > zcut and θg > θcut lose more energy than average.

Below, we first study the case of the Njets-normalised zg distribution which is best suited
to discuss the underlying physical details highlighted in section 9.1. Our distributions are also
qualitatively compared to a recent experimental analysis by ALICE [256]. We then consider the
self-normalised zg distribution which is more easily compared to the CMS measurements [255].

9.2.1 Phenomenology with the Njets-normalised zg

Our main results for the Njets-normalised zg distribution are plotted in Figs. 9.11–9.12. They are
the analogue of the results for RAA shown in Figs. 8.3–8.4: they highlight the pT -dependence of
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Figure 9.11: Our full MC predictions for the medium/vacuum ratio R(zg) of the Njets-normalised
zg distributions, including the convolution with the initial jet spectrum. Left: the sensitivity of our
results to changes in the kinematic cuts θmax and k⊥,min. Right: the effect of varying ωbr (by ±50%)
at fixed values for ωc and θc.

our predictions together as well as their sensitivity to changes in the physical (q̂, L and αs,med)
and unphysical (θmax and k⊥,min) parameters. The various curves shown in these figures have
been obtained by integrating the zg distribution over all the values of pT above a lower cut-off
pT,min (explicitly shown for each curve). In practice, our choices for this cut-off are the same as
the values taken for pT0 in Fig. 9.1. Since the jet pT spectrum falls rapidly with pT and the jet
energy loss is relatively small compared to the jet pT , it makes sense to compare the respective
results.

First of all, we see from Fig. 9.11, left, that our predictions are robust w.r.t. variations of
the unphysical parameters in our Monte Carlo. Then, based on the analyses from Section 9.1,
we expect the zg distribution to be mostly sensitive to changes in the multiple-branching energy
scale ωbr which controls both the energy loss and the rate for SD to be triggered by a MIE.
When varying ωbr by 50% around its central value, keeping ωc and θc fixed, the zg distribution is
indeed strongly affected, see Fig. 9.11, right. The effects of changing either ωc or θc, at fixed ωbr,
are much less pronounced as seen in Fig. 9.12. The residual variations observed when varying
ωc or θc can be mainly attributed to variations in the phase-space for VLEs, which affect the
multiplicity of sources for MIEs and the energy loss (cf. Eq. (9.15)). Besides, for the low-pT
jets, a change in ωc can have a sizeable effect on the phase-space for MIEs that are accessible
to SD (cf. Fig. 9.2). This is indeed seen in Fig. 9.12 which shows a stronger dependence on ωc
than on θc, especially for the peak at low pT and small zg.

Comparing now to the results for monochromatic jets shown in Fig. 9.1, we observe impor-
tant differences that can be understood as follows. When studying the Njets-normalised ratio,
the deviation of R(zg) = fmed(zg)/fvac(zg) from unity is proportional to the ratio, NSDjets/Njets,
between the number of jets which passed the SD condition and the total number of jets. This
ratio is considerably smaller when using a realistic jet spectrum, Fig. 9.11 (left), than for
monochromatic jets, Fig. 9.1. This is explained by the fact that jets passing the SD condi-
tion lose more energy than average jets and therefore have a more suppressed production rate.



198 CHAPTER 9. THE SOFT DROP ZG DISTRIBUTION IN HEAVY-ION COLLISIONS

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 0  0.1  0.2  0.3  0.4  0.5

√s=5.02 TeV, anti-kt(R=0.4)

θmax=1, k⊥,min=0.25 GeV

dashed: dashed: 
solid: solid: 

dotted: dotted: 

ωc=90 GeVωc=90 GeV
ωc=60 GeVωc=60 GeV
ωc=40 GeVωc=40 GeV

R
(z

g
)

zg

Njets-norm zg distrib.: fixed θc,ωbr, vary ωc

pT,jet>100 GeV

pT,jet>500 GeV

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 0  0.1  0.2  0.3  0.4  0.5

√s=5.02 TeV, anti-kt(R=0.4)

θmax=1, k⊥,min=0.25 GeV

dashed: dashed: 
solid: solid: 

dotted: dotted: 

θc=0.050 GeVθc=0.050 GeV
θc=0.041 GeVθc=0.041 GeV
θc=0.033 GeVθc=0.033 GeV

R
(z

g
)

zg

Njets-norm zg distrib.: fixed ωc,ωbr, vary θc

pT,jet>100 GeV

pT,jet>500 GeV

Figure 9.12: The effects of varying q̂, L and αs,med keeping ωbr = 3.46 GeV fixed at its central value
(cf. the right plot of Fig. 8.3). Left: we vary ωc by ±50% at fixed θc. Right: we vary θ2

c by ±50% at
fixed ωc.

Moreover, among the jets which have passed SD with a given zg > zcut, the initial cross-section
favours those where the subjets have lost less energy, leading to a flattening in the shape of
the ratio R(zg) at large zg, in agreement with Fig. 9.11 left. Finally, imposing a lower pT cut
on jets introduces a bias towards quark jets, which lose less energy than gluon jets. Since the
former have a smaller R(zg) than the latter (cf. Fig. 9.1), this further reduces R(zg) for jets.

Another interesting feature of Fig. 9.11 left is the fact that the ratioR(zg) is almost identical
for pT = 500 GeV and pT = 1 TeV. We believe that this purely fortuitous. First, the normalisa-
tion factor NSDjets/Njets penalises the jets with pT = 1 TeV more than those with pT = 500 GeV,
thus reducing an initially-small difference between the respective results in Fig. 9.1. Second,
as pT increases so does the fraction of quark-initiated jets, thus contributing to a reduction of
R(zg).

At this point, it is interesting to compare our predictions with the measurements by the
ALICE collaboration [256] at the LHC. This is not immediately straightforward as the ALICE
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measurement is at a different collider energy than what we have considered so far, uses only
charged tracks which are not accessible in our parton-level shower, and is not unfolded for the
detector effects and residual background fluctuations. For simplicity, we keep the collider energy
at 5.02 TeV. Since the charged and full transverse momenta of jets are roughly proportional to
one another, we scale the acceptance region for the jet pT from [80, 120] GeV to [130, 200] GeV
and work with all the particles. The discussion below should therefore, at best, be considered
as qualitative.

Our findings are presented in Fig. 9.13 where, following Ref. [256] (see the first and third
plots in Fig. 3), we have considered both the case θg > 0.1 and the case θg < 0.1. Our
predictions are shown for a range of medium parameters (see also Table 8.1 of Fig. 9.14). In
all cases, our results are qualitatively similar to those of the experimental analysis: the ratio
R(zg) is decreasing with zg, it shows nuclear suppression (R(zg) < 1) for the large-angle case
θg > 0.1 and nuclear enhancement (R(zg) > 1) for the small-angle case θg < 0.1. Within our
framework, the enhancement observed for θg < 0.1 and the rise at small zg are both associated
with medium-induced emissions8 being captured by SD. The suppression visible for θg > 0.1 is
a consequence of incoherent energy loss as seen in Sect. 9.1.

9.2.2 Self-normalised zg distribution and CMS data

We want to compare the predictions of our Monte Carlo generator to the measurement of the
self-normalised zg distribution by the CMS collaboration in Ref. [255]. This comparison should
however be taken with care since the CMS results are not unfolded for detector (and residual
Underlying Event) effects and are instead presented under the form of “PbPb/smeared pp”
ratios. Without a proper dedicated study, it is delicate to assess the precise effects of this
smearing on R(norm)(zg).

Our findings are shown in Fig. 9.14(right). In this plot, we show the predictions for the
zg nuclear modification factor for the selection of 4 sets of medium parameters discussed in
Section 8.3.1, R(norm)(zg), using the same bins and cuts as in the CMS analysis.

Since the interplay between the 3 scales ωbr, ωc and θc is different for RAA and R(norm)(zg),
our 4 sets of parameters predict different behaviours for the latter. However, both observables
are predominantly controlled by the energy loss of the jet, so the spread in R(norm)(zg) remains
limited. Some differences are nonetheless observable, in particular for the two bins with the
largest pT . The predictions obtained with a larger ωbr — i.e. larger single-parton energy loss
but smaller phase-space for VLEs — show a pattern dominated by energy loss, similar to what
was seen in Sect. 9.1 for high-pT jets. Conversely, the predictions obtained with a smaller ωbr —
i.e. smaller single-parton energy loss but larger phase-space for VLEs — show an enhancement
of the small-zg peak associated to MIEs.

If we compare these results with the CMS measurements (see e.g. Fig. 4 of Ref. [255]), we see
that the two agree within the error bars for both the pattern and the magnitude of the deviation
from one. In particular, the CMS data too indicate that R(norm) decreases quasi-monotonously
with zg at low pT and become flatter and flatter, approaching unity, when increasing pT . This
supports our main picture where the nuclear effects on the zg distribution are a combination
of incoherent energy loss affecting a vacuum-like splitting and a small-zg peak associated with
the SD condition being triggered by a MIE. With increasing pT the first mechanism dominates
over the over, yielding a flatter distribution, in agreement with the CMS data. That being said,
the current experimental uncertainty does not allow one to distinguish between different sets

8Since with our parameters the minimal angle for MIEs is θc ≈ 0.04, MIEs can pass the SD condition even
for θg < 0.1.
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Figure 9.14: Left: our MC results for jet RAA and for 4 sets of medium parameters which give quasi-
identical predictions are compared to the ATLAS data [232] (black dots with error bars). Right: the
MC predictions for the medium/vacuum ratio R(norm)(zg) of the self-normalised zg distributions are
presented in bins of pT for the same 4 sets of medium parameters as in the left figure.

of medium parameters.

9.3 Other substructure observables
Our final section discusses two substructure observables related to the zg distribution.

9.3.1 Iterated SD multiplicity.

The first observable we consider is the Iterated SD multiplicity [151], nSD, which has also been
measured on track-jets by the ALICE collaboration [256]9. This observable has been defined in
Chapter 4, Section 4.2.3.2.

Our results for the nSD distribution are presented in Fig. 9.15 and show the same trend as
the ALICE measurements (Fig. 4 of Ref. [256]). In particular, the nSD distribution is shifted
to smaller values for jets created in PbPb collisions compared to pp collisions. This might
seem puzzling at first sight since in the low-pT,jet range probed by the measurement, one could
naively expect an enhancement of nSD due to the additional MIEs passing the SD condition.
However, we believe that the dominant mechanism at play is the incoherent energy loss which,
as discussed in Sect. 9.2 and Sect. 9.1.2, results (i) in a statistical bias towards jets with small
nSD values as they lose less energy, scenario favored by the steeply-falling initial spectrum, (ii)

9Our comparison to this measurement is subject to the same caveats that for the zg distribution in the same
paper.
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Figure 9.15: nSD distributions emerging from our Monte Carlo simulations. Left: the distributions
themselves, for the vacuum shower, for the full in-medium parton shower, and also for the case where
the MIEs contribute only to the energy loss (but not directly to SD). Right: the medium/vacuum
ratios.

in an effective zg fraction smaller than the actual momentum fraction z at the splitting. These
effects lower the number of measured hard splittings. To support this argument, we have run
a variant of our MC simulations where all the partons created via MIEs are moved outside the
jet and hence only contribute to the energy loss. The corresponding results, shown as crosses
in Fig. 9.15 demonstrate as expected an even stronger reduction in the average value of nSD,
which is only partially compensated by MIEs captured by the Iterated SD procedure.

Analytic estimate. It is always enlightening to see how these results compare with simple
analytic formulas based on the same ideas as those developed in the investigation of the zg
distribution. For the vacuum baseline, the leading-logarithmic estimate is given in Chapter 4,
Section 4.2.3.2. When a monochromatic hard spectrum is considered, we identify essentially
three physical mechanisms: the veto of vacuum-like emissions, the shift of the splitting fraction
caused by large angle energy loss and the existence of relatively hard medium-induced emissions
captured by ISD. We believe that any observable relying on the primary Lund plane can be
analysed in the same way as the following brief analysis of the nSD distribution10.

1. Vetoed region. The vetoed region included in JetMed has an impact on the nSD dis-
tribution at DLA e.g. by reducing the area ρi,LL in the parameter of the Poisson law.
However, as shown Fig. 9.2, the phase space area probed by SD does not overlap with
this vetoed region for our choice of SD parameters. Consequently, the vetoed region can
be neglected at leading logarithmic accuracy.

2. Incoherent large angle energy loss. Because of the energy loss shift as given by (9.5),
the logarithmic area probed by SD in phase space is reduced, hence the medium/vacuum
ratio for the nSD distribution decreases with nSD. This is shown in the blue curve,
Fig. 9.16.

10In the next Chapter, we will disentangle the nuclear modification factors for the large x part of the frag-
mentation function in this way.
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3. Intrajet semi-hard MIEs. The semi-hard MIEs with emission angles θ < R remain
inside the jet and can trigger the ISD condition as for the SD zg distribution. To estimate
the order of magnitude of this effect, we rely again on the C/A declustering of jets from
primary medium-induced emissions established in Section 4.3.3.2. For a jet evolving via
primary MIEs only, nSD is also Poisson distributed with average value ρi,med and

ρi,med(θcut) =

∫ ωc/pT0

0

dz
z3/2

∫ R

θcut

dθ
d2Pi,med

dzdθ
Θ(z − zcut(θ/R)β) (9.17)

∼ 2αsCi
π

√
ωc

2pT0

∫ ωc/pT0

0

dz
z3/2

∫ R

θcut

dθδ
(
θ − Qs

zpT0

)
Θ(z − zcut(θ/R)β) (9.18)

where we approximate the angular distribution (9.9) with a delta centered around k⊥ =
Qs ≡

√
q̂L. If zcutpT0θcut . Qs, one finds ρi,med ∝ (zcutpT0/ωc)

−1/2 which is non-negligible
compared to ρi,LL when zcutpT0 � ωc. In this case, nSD follows again a Poisson distribution
with average value ρi,LL + ρi,med. Hence the medium/vacuum ratio increases with nSD as
in the red dashed curve in Fig. 9.16-right.

As expected, there is a strong effect of the initial cross-section, as shown with the red plain
curve of Fig. 9.16. Jets with large nSD are highly suppressed and the enhancement seen at
large nSD in the monochromatic case, due to additional MIEs, is no longer visible. Such a
compensation implies that one must be cautious when interpreting a measurement of nSD with
β = 0 [256].

9.3.2 Correlation between RAA and zg

Given that both RAA and the zg distribution are primarily controlled by the jet energy loss, it
is interesting to study the correlation between these 2 variables [261] (similarly to Fig. 9.3 for
the energy loss of monochromatic jets). To that aim, we show in Fig. 9.17 the ratio RAA as a
function of pT ≡ pT,jet for different bins in zg (imposing θg > 0.1) (left plot) and for different
bins in θg (right plot). For reference, the inclusive RAA ratio is shown by the “all jets” curve.
The curve labelled as “no zg” in the left plot includes both the events which did not pass the
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Figure 9.17: Our MC results for the jet RAA as a function of pT,jet are shown in bins of zg (left figure)
and in bins of θg (right figure). The inclusive (all-zg, respectively all-θg) results are shown with dashed
lines.

SD criteria and the events which failed the θg > 0.1 constraint. Correspondingly, the curve
labelled “θg < 0.03” in the right plot includes both the events with a genuine splitting passing
the SD condition with θg < 0.03 and the events which did not pass the SD condition.

The remarkable feature in both plots is the striking difference between the events which
passed SD and those which did not. As explained when we discussed Fig. 9.3, this difference
reflects the fact that, on average, two-prong jets lose more energy than single-prong ones. These
results also reveal the role played by colour (de)coherence and the emergence of a critical angle
θc. With our choice of parameters, θc ' 0.04 corresponds to the region in θg where RAA changes
significantly. For example, the curve corresponding to θg < 0.03 < θc receives almost exclusively
contributions from single-prong jets — even more so than the “no zg curve in the left plot —
and thus shows a nuclear factor RAA close to unity. This suggests that measuring RAA in bins
of θg can be interesting to better characterise the propagation of jets in the quark-gluon plasma.





Chapter 10

Jet fragmentation functions in
nucleus-nucleus collisions

The last chapter of this thesis deals with the jet fragmentation function in nucleus-nucleus
collision. At first sight, the fragmentation function looks like an ideal observable to study
the jet structure in terms of parton showers and its modifications by the interactions with the
medium. One should however be cautious as the jet fragmentation function is not a well-defined
IRC safe quantity in pQCD as explained at length in Chapter 4. This means that its theoretical
predictions are strongly sensitive to non-perturbative (confinement) physics like the modelling
of the hadronisation mechanism. Another potential drawback of the fragmentation function,
already recognised in the literature [263, 264], is that the nuclear enhancement seen in the
LHC data at x & 0.5 is not necessarily an evidence for new physics in the jet fragmentation at
large x, but merely a consequence of the overall energy loss by the jet together with the bias
introduced by the initial spectrum for jet production via hard (nucleon-nucleon) scatterings.

After a brief presentation of the JetMed results for the IRC unsafe fragmentation in Sec-
tion 10.1, we disentangle the several medium effects in the large x domain of the fragmentation
function in Section 10.2 and in the small x region in Section 10.3. The last Section 10.4 is
dedicated to the study of the nuclear modification of the fragmentation function into subjets,
which is IRC safe and defined in a similar way as in Section 4.2.3.3. We show that it is sensitive
to medium effects while under better perturbative control.

10.1 Monte Carlo results

We start by presenting our Monte Carlo results for the fragmentation function and the asso-
ciated nuclear modification factor. We want to pay a special attention to their dependence on
the two “unphysical” parameters of the Monte Carlo, θmax and k⊥,min, and to the 3 “physical”
parameters, q̂, L and αs,med. We recall that the dependence on the former can be viewed as an
uncertainty in our underlying parton-level theoretical description and a large uncertainty would
signal a strong dependence of the observable on non-perturbative effects such as hadronisation.
Conversely, the dependence on the “physical” medium parameters sheds light on the role and
importance of the medium effects at play.

10.1.1 General set-up

In order to describe pp and PbPb collisions at the LHC, we consider jets with an initial spectrum
given by a pp collision with center-of-mass energy

√
s = 5.02 TeV computed at leading-order,

205
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i.e. with Born-level 2 → 2 partonic hard scatterings. This is similar to our study of the RAA

ratio in Chapter 8, Section 8.3. A key property of this initial parton (or dijet) spectrum is
that it is steeply falling with the partons’ transverse momentum pT0: dNhard/dpT0 ∝ 1/pnT0

with n & 5. For each event, both final partons are showered using our Monte Carlo. Jets are
reconstructed using the anti-k⊥ algorithm [134] as implemented in FastJet v3.3.2 [184]. The
final jets are characterised by their transverse momentum pT,jet, which is generally different
from the initial momentum pT0, in particular for jets in PbPb collisions which suffer energy
loss. The pp baseline is obtained by using the vacuum limit of our Monte Carlo.

We denote the final jet spectrum by dNjets/dpT,jet and use the upper scripts “med” and
“vac” to distinguish between jets in the medium (PbPb collisions) and jets in the vacuum (pp
collisions), respectively. The jets can be initiated by either a quark or a gluon. In practice, one
often considers the jet yield integrated over an interval in pT,jet, that is,

Njets(pT,min, pT,max) =

∫ pT,max

pT,min

dpT,jet
dNjets

dpT,jet
. (10.1)

For a given jet with transverse momentum pT,jet, we characterise its fragmentation in terms of
the longitudinal momentum fraction

x ≡ pT cos(∆R)

pT,jet
, (10.2)

where pT is the transverse momentum of a constituent of the jet and ∆R =
√

(∆y)2 + (∆φ)2,
with ∆y and ∆φ the differences between the jet axis and the particle direction in rapidity and
azimuth. Note that since our Monte Carlo does not include hadronisation, the jet constituents
are partons.

The jet fragmentation function D(x) and its nuclear modification factor R(x) are defined
as in Chapter 4:

D(x) =
1

Njets

dN
dx

, R(x) =
Dmed(x)

Dvac(x)
, (10.3)

with Njets the number of jets (in the considered pT,jet range) and dN/dx the number of jet
constituents with a given momentum fraction x.

For later conceptual studies, we shall also consider “monochromatic jets” produced by a
well identified parton, quark or gluon, with a fixed initial transverse momentum pT0. In such a
case, we denote the fragmentation function by Di(x|pT0), where i ∈ {q, g} refers to the flavour
of the leading parton. The corresponding medium/vacuum ratio is defined as Ri(x|pT0) ≡
Dmed
i (x|pT0)/Dvac

i (x|pT0).

10.1.2 Variability with respect to the unphysical cut-offs

Fig. 10.1a displays the sensitivity of our MC results for R(x) to variations of the “unphysical”
parameters around their central values θmax = 1 and k⊥,min = 0.25 GeV, for fixed values of q̂, L
and αs,med.

The first observation from Fig. 10.1a is reassuring: the distribution shows a strong enhance-
ment both at small x and at large x, with a nuclear suppression at intermediate values of x.
This is in qualitative agreement with experimental measurements (see e.g. [244]).

However, the variations w.r.t. the unphysical parameters appear to be very large. We have
checked that they were strongly dominated by variations in k⊥,min. This should not come as a
surprise since the fragmentation function, measured directly on individual constituents, is not
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Figure 10.1: The variability of our MC results for the ratio R(x) w.r.t. changes in the “unphysical”
(left) and “physical” (right) parameters. The 4 sets of values for the “physical” parameters are correlated
in that they provide similarly good descriptions of the LHC data [232] for the “standard” nuclear
modification factor for jets RAA (see the discussion in Chapter 8).

an infrared-and-collinear (IRC) safe observable. The sizeable variations in the small-x region
directly come from the variations of the available phase-space for radiating soft gluons when
varying k⊥,min. The large variations in the radiation of soft particles directly affect the spectrum
of hard particles in the jet, hence the large uncertainty in the large-x region. Only a proper
description of hadronisation (including varying hadronisation parameters) would (hopefully)
reduce this uncertainty. This should be kept in mind when studying the dependence of our
results on the medium parameters and when comparing our MC results in this work with actual
experimental data.

10.1.3 Variability with respect to the medium parameters

We now fix the unphysical parameters to their central value and study how R(x) depends on
the medium parameters q̂, L, and αs,med. We first consider 4 different sets of values, given
in Table 8.1 together with the angular and energy scales θc, ωc and ωbr characterising the
medium-induced radiation.

The plot in Fig. 10.1b shows our new results for R(x) for the 4 sets of values for the
physical parameters. For large values of x, x & 0.1, the small variations in ωbr (see Table 8.1)
are compensated by relatively large variations of ωc and θc. This is similar to what happens
for RAA, as discussed at length in Chapter 8. This suggests that for largish x & 0.1, the
nuclear effects on jet fragmentation and on the inclusive jet production are strongly correlated
and in particular that they are both controlled by the jet energy loss. Such a correlation has
been already pointed out in the literature [263, 264] and used to provide a simple and largely
model-independent argument for explaining the enhancement in the ratio R(x) at x & 0.5, as
observed both in the LHC data [244] and in our MC results in Fig. 10.1b. This argument will
be completed in Sect. 10.2.3.

Turning to smaller x values, x ≤ 0.01, the situation becomes different. There is a clear lift
of degeneracy between the 4 sets of values, with two of them — corresponding to the smallest
medium size L = 3 fm, but larger values for αs,med — yielding results that are significantly
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Figure 10.2: Our MC results for the nuclear modification factor R(x) shown as a function of the
energy fraction x of a jet constituent (left) and of its transverse momentum pT (right), for 3 bins of
the jet pT,jet.

larger than those predicted by the two other sets (with L = 4). In Section 10.3, we provide
physical explanations for these trends.

10.1.4 Dependence on the jet pT
Our Monte Carlo predictions for the nuclear modification R(x) are shown in Fig. 10.2 for three
bins of pT,jet and for the default set of (medium and unphysical) parameters, cf. the first line
in Table 8.1. Following the experimental analysis by ATLAS [244], we have separately plotted
our results as a function of x (left plot) and of the parton pT (right plot). The left-hand plot
shows only a mild dependence of R(x) on pT,jet for x & 0.1 when increasing. This suggests a
weak pT,jet-dependence which is likely correlated to the similarly weak dependence observed for
RAA. At small x, the x scale below which the ratio is larger than 1 decreases with pT,jet, but
the corresponding pT scale increases with pT,jet. These trends are in qualitative agreement with
the respective ATLAS results [244].

10.2 Nuclear effects on the fragmentation function near
x = 1

With this section, we start our analytic investigations of the nuclear effects on the jet fragmen-
tation function when 1 − x � 1. Since the main goal of the two following subsections 10.2.1
and 10.2.2 is to discuss the nuclear effects neglecting the steeply falling initial jet spectrum, we
mostly work with monochromatic jets with a given initial transverse momentum pT0. In the
last subsection 10.2.3, the effect of the hard scattering cross-section combined with jet energy
loss is taken into account. To guide the reader, we emphasize that the latter effect turns out
to be the dominant one in the hard fragmentation region.

We therefore first focus on the jet fragmentation function Di(x|pT0) with i ∈ {q, g}, which
can be conveniently computed as a derivative of the cumulative fragmentation distribution

Σi(x|pT0) ≡
∫ 1

x

dx′Di(x
′|pT0) . (10.4)
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For the vacuum calculation of this distribution, we refer the reader to Section 4.2.2.1.
To discuss medium-induced effects, it is sufficient to work in the LL approximation where

jet fragmentation function near x = 1 is dominated by a single, relatively soft, gluon emitted
by the leading parton. From this two-parton system we then have to take three effects into
account: (1) emissions in the vetoed region of Fig. 5.3 are forbidden, (2) the leading parton
and the emitted gluon can both lose energy via MIEs at large angles, (3) the gluon emission
can be a MIE remaining inside the jet. We consider the effect of the vetoed region before the
other two.

10.2.1 Effect of the vetoed region

The effect of the vetoed region in Fig. 5.3 can be implemented as a Θ-function excluding this
particular region from the phase-space for VLEs. At LL accuracy, this amounts to having an
extra factor

Θveto = 1−Θ(
√

2q̂zpT0 − k2
⊥)Θ(k⊥ − 2zpT0L

−1), (10.5)

in the integrand of (4.20). The first (second) Θ-function in the r.h.s. of (10.5) corresponds to
the upper (lower) boundary of the vetoed region. For a fixed-coupling approximation, we find
assuming for simplicity 1− x ≤ 2/(LpT0R

2) (see Appendix H for the result including running
coupling)

Lgveto1,i (αsL, αsL0) = Lgvac1,i (αsL, αsL0) +
2αsCi

3π
ln2 R

θc
. (10.6)

NLL corrections, gveto2,i , can be obtained using (4.18). In particular, the hard-collinear term pro-
portional to Bi is not modified by the veto region and therefore cancels in the medium/vacuum
ratio.

Our analytic estimate for the ratio Ri(x|pT0) is shown in Fig. 10.3a left in green for pT0 = 200
GeV. For comparison, we also show the corresponding MC result, which only includes VLEs
(the green curve in Fig. 10.3b). These results agree well with each other and they both predict
a nuclear enhancement near x = 1. This enhancement can be easily understood on the basis
of (10.6), which implies

ln
Σveto,LL
i (x)

Σvac,LL
i (x)

=
2α0Ci

3π
ln2 R

θc
> 0 , (10.7)

meaning Σmed
i (x) ' Σveto

i (x) > Σvac
i (x) and hence Ri(x) > 1 when x→ 1. Indeed, the presence

of the vetoed region reduces the phase-space allowed for the decay of the leading parton.

10.2.2 Effect of medium-induced emissions

The medium-induced emissions (MIEs), as triggered by the interactions with the plasma con-
stituents, affect differently the total jet momentum pT,jet and the energy ωLP carried by its
leading parton. This implies a nuclear modification R(x) at large x ≡ ωLP/pT,jet.

For convenience, we focus on the case where x is not too close to one, such that ωbr/pT0 �
1 − x � 1, with ωbr ∼ α2

s q̂L
2 the characteristic scale for multiple branchings. For jets with

pT ≥ 200 GeV, a phenomenological region 0.80 . x . 0.95 translates into (1−x)pT0 & 10 GeV
which is indeed larger than ωbr ∼ 4 GeV (cf. Table 8.1).

Within this regime, the medium-induced emissions which control the energy loss by the
leading parton are relatively hard, with energies ω � ωbr. Thus, they remain inside the jet and
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can be accurately computed in the single emission approximation. This situation is similar to
the one discussed for jets in the vacuum at double-logarithmic accuracy: the parton distribution
near x = 1 is controlled by a single intra-jet emission, with an energy of the order of (1−x)pT0.
This emission can be either vacuum-like, or medium-induced. This “semi-hard” emission is
accompanied by an arbitrary number of soft MIEs, with energies ω . ωbr, which propagate
outside the jet and take energy away from the jet constituents. The in-medium fragmentation
function near x = 1 can therefore be evaluated as:

Dmed
i (x|pT0) '

∫
dω∆VLE

i (ω) ∆MIE
i (ω)

[
∂Pi,vac
∂ω

+
∂Pi,med

∂ω

]
δ

(
x− pT0 − ω − εi

pT0 − Ei

)
(10.8)

In this expression, ∂Pi,vac/∂ω is the differential probability for emitting a soft gluon with
energy ω at any emission angle θ (with k⊥,min/ω < θ < R) and ∆VLE

i (ω) is the Sudakov factor
forbidding VLEs with energies larger than ω (including the condition (10.5) for the phase space
gap), i.e.

∆VLE
i (ω) = Σveto

(
1− ω

pT0

)
and

∂Pi,vac
∂ω

=
d ln ∆VLE

i

dω
' 2αsCi

π

1

ω
ln

(
ωR

k⊥,min

)
,

(10.9)
where the second expression for ∂Pi,vac/∂ω, shown only for illustration, holds for the case of a
fixed coupling αs and ignores the constraints introduced by the vetoed region.

Furthermore, ∂Pi,med/∂ω and ∆MIE
i (ω) are the corresponding quantities for the semi-hard

MIE inside the jet (θc < θ < R). Its energy is restricted to ω̄ < ω < ωc, where ωc = q̂L2/2 and
ω̄ is a cutoff of order ωbr, separating between “semi-hard” and “soft” MIEs.1 In this regime, one
can safely use the single emission approximation, i.e. (compare to Eq. (4.48))

∂Pi,med

∂ωm
' αs,medCi

π

√
2ωc
ω3
m

, ∆MIE
i (ωm) = exp

(
−
∫ ωc

ωm

dω
∂Pi,med

∂ω

)
. (10.10)

Next, εi and Ei refer to the energy loss via soft MIEs outside the jet (θ > R), for the leading
parton and for the jet as a whole, respectively. Finally, the δ-function in Eq. (10.8) encodes
the fact that, in our present approximation, the energy of the leading parton is the energy pT0

of the parton initiating the jet minus the energy of the semi-hard emission and the partonic
energy loss εi, while the energy of the jet is pT,jet = pT0 − Ei.

For more clarity, we study separately the two types of medium effects included in Eq. (10.8),
namely energy loss at large angles and energy redistribution via intra-jet MIEs.

10.2.2.1 Energy loss at large angles

To study the energy loss effects alone, we temporarily neglect the contribution of the intra-jet
MIEs to Eq. (10.8), which then simplifies to (with ωs the energy of the soft VLE)

Dmed
i (x|pT0)

∣∣∣
e-loss

=

∫
dωs

∂Pi,vac
∂ωs

∆VLE
i (ωs) δ

(
x− pT0 − ωs − εi

pT0 − Ei

)
. (10.11)

In the absence of VLEs, a single parton with initial energy ω0 loses energy by radiating
MIEs at large angles (θ & θc/ᾱ

2
s). This is associated with the “turbulent” component of the

1The precise value of this cut-off is not important: as we will show below the energy integration is controlled
by the δ-function, and since the energy losses are relatively small one roughly has ω ' (1− x)pT0 � ω̄ ∼ ωbr.
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Figure 10.3: Nuclear effects on the fragmentation function at large x for monochromatic jets. Three
increasingly more physical scenarios are considered: (i) VLEs only (only the nuclear effects from the
vetoed region are included), (ii) adding energy loss via soft MIEs at large angles (not shown on the
right plot), and (iii) further adding semi-hard MIEs inside the jet. Additionally, we show the “full”
curve in red which includes the bias introduced by the initial hard spectrum and is manifestly the
dominant effect.

medium-induced cascades, associated with very soft partons of energies ω . ωbr, which are
deflected at large angles via collisions with the plasma. The average energy loss is estimated
by (4.63)

εi(ω0) = ω0

[
1− e−v0ωbr/ω0

]
, with ωbr =

(αs,med

π

)2

CACi
q̂L2

2
. (10.12)

For a full jet, the energy loss receives contributions of the form of Eq. (10.12) from both
the leading parton (LP) and each of the (vacuum-like or medium-induced) intra-jet emissions
(θ < R) which are radiated within the medium. An estimate is given in (5.105).

For a hard-fragmenting jet made of only two partons (the LP and a relatively soft VLE, as
in Eq. (10.11)), we have to consider two options:

• If the VLE is emitted outside the medium, i.e. either with θ < θc or with tf = 2/(ωθ2) > L,
only the LP loses energy and we have Ei = εi. For θ < θc, the two partons lose energy
coherently, so one can see the energy loss as coming only from the LP.

• If the VLE occurs inside the medium, both partons lose energy and we have Ei = εi + εg,
with εg the energy lost by the VLE. In this case, tf � L so the VLE travels a length or
order L through the medium.

For a VLE inside the medium, the δ-function in Eq. (10.11) can be equivalently rewritten
as

δ

(
1− x− ωs − (Ei − εi)

pT0 − Ei

)
' δ

(
1− x− z +

(1− z)Ei − εi
pT0

)
, (10.13)

with z ≡ ωs/pT0 the splitting fraction of the VLE. We have used the fact that the energy loss
is relatively small, Ei � pT0. The effect of the in-medium energy loss is a small increase of the
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splitting fraction, from its initial value in the vacuum, zvac = 1− x, to

z = 1− x+
(1− z)Ei − εi

pT0

' 1− x+
xεg − (1− x)εi

pT0

' 1− x+
εg
pT0

> zvac. (10.14)

In the second equality we have used Ei = εi + εg and z ' 1− x. For the third equality we have
used x ' 1 and εg ≥ εi, making clear that the dominant effect is the energy loss by the soft
gluon. 2

The fact that z > zvac ≡ 1 − x means that the probability P (z) ∝ 1/z of its emission is
smaller, so there is an enhancement in the probability for the leading parton to survive at large
x. This effect is reinforced by the associated Sudakov factor: when ωs = zpT0 > (1−x)pT0, there
is a reduction in the phase-space for emissions by the leading parton and therefore ∆VLE

i (ωs) >
∆VLE
i ((1− x)pT0).
The purple curve in Fig. 10.3-left shows a calculation of Rq(x|pT0) based on Eq. (10.11)

together with Eq = εq + εg and with Eq. (10.12) for the partonic energy loss. Compared to the
green curve in the same figure, which includes solely the effect of the vetoed region, the purple
curves indeed shows a larger enhancement near x = 1.

10.2.2.2 Energy redistribution via a hard MIE

A semi-hard MIE with energy ω � ωbr and which remains inside the jet can modify the
fragmentation function Dmed

i (x|pT0) near x = 1 in two ways. On one hand, it brings a posi-
tive contribution via the term proportional to ∂Pi,med/∂ω in Eq. (10.8). On the other hand,
the additional Sudakov factor ∆MIE

i (ω) induces an extra suppression. These two effects are
competing with each other. It turns out that the second effect is stronger, resulting in a de-
crease of Dmed

i (x|pT0) near x = 1 as compared to the vacuum, and hence a decrease of the
medium/vacuum ratio Ri(x|pT0).

We can actually estimate these two contributions to Eq. (10.8). To that aim, we can neglect
the effects of the energy loss at large angles.3 Using the δ-function to perform the integral over
ω we find

Dmed
i (x|pT0)

∣∣∣
MIE

= pT0

[
∂Pi,vac
∂ω

+
∂Pi,med

∂ω

]
∆VLE
i (ω) ∆MIE

i (ω)
∣∣∣
ω=(1−x)pT0

. (10.15)

We need to show that the “medium” Sudakov effect on the VLE (first term in the square
bracket) is larger in absolute value than the direct contribution from MIEs (second term in the
square bracket):

∂Pi,vac
∂ω

[
1−∆MIE

i (ω)
]
>
∂Pi,med

∂ω
∆MIE
i (ω) . (10.16)

At leading-order accuracy for the MIE, one can set ∆MIE
i ' 1 in the r.h.s. of the above inequality,

whereas in the l.h.s. one must also keep the linear term in its Taylor expansion:

1−∆MIE
i (ω) ' 2αsCi

π

√
2ωc
ω

. (10.17)

2Interestingly, for a VLE outside the medium, we can set εg → 0 to get z = 1 − x − (1 − x)εi/pT0 with
1− x� 1. The energy loss effect is therefore much smaller than for an in-medium VLE and with an opposite
sign.

3Indeed, in this case, the intra-jet MIE is the dominant medium effect, whereas the energy loss at large
angles is a subdominant effect since Ei ∼ εi ∼ ωbr are much smaller than ω ' (1− x)pT0.
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Using a fixed-order approximation for the vacuum emission probability (cf. Eq. (10.9)), together
with Eq. (10.10) for the medium-induced, one finds after simple algebra that Eq. (10.16) is
equivalent to

4αsCi
π

ln

(
(1− x)pT0R

k⊥,min

)
> 1 . (10.18)

This is satisfied both parametrically and numerically under our working assumptions that
collinear logarithms are large. For the parameters used in Fig. 10.3, namely pT0 = 200 GeV,
R = 1, and k⊥,min = 0.25 GeV, and with x = 0.9 and αs = 0.3, one finds that the l.h.s. of
Eq. (10.18) is about 5.3.

These considerations are confirmed by the explicit numerical integration of Eq. (10.8). The
blue curve in Fig. 10.3a includes all the medium effects discussed in this section (the vetoed
region, the energy loss at large angles and the effects of semi-hard MIEs). Comparing it to
the purple curve which does not include the effects of semi-hard MIEs, we see that the latter
reduce the ratio Ri(x|pT0) near x = 1, as expected. This plot also shows that the three medium
effects appear to be of similar magnitude and to almost compensate each other, leaving only
a modest enhancement at x & 0.9. This pattern is in very good agreement with what we see
from our MC simulations, Fig. 10.3b. Whereas the details of this compensation depend on
the specific parameters used in our calculation, we have checked using our MC that such a
competition between comparable but opposite effects is a relatively robust prediction from our
pQCD scenario.

One can view this conclusion as a little bit deceptive since it shows that the fragmentation
function has a reduced sensitivity to nuclear effects associated with the internal dynamics of
the jets.

10.2.3 Bias introduced by the steeply falling jet spectrum

The behaviour at large x is in fact largely controlled by the physics of energy loss and its
interplay with the initial production spectrum, as we now explain.

A jet which, after crossing the medium, is measured with a transverse momentum pT,jet
has originally been produced from a hard quark or gluon emerging from a hard process with a
larger momentum pT0 = pT,jet + E(pT0), where E(pT0) is the energy lost by the jet via MIEs at
large angles (see Ref. [39] for an extensive discussion of this quantity). While the energy lost
by a parton with momentum pT � ωbr saturates at a value ε ∼ ωbr, which is independent of pT
[163], the average energy lost by a jet keeps increasing with pT0, because of the rise in the phase
space for VLEs and hence in the number of partonic sources for medium-induced radiation.

Due to the steeply-falling underlying pT0 spectrum, cutting on the jet pT tends to select jets
which lose less energy than average. In particular, this bias favours the “hard-fragmenting” jets
which contain a parton with large x (say, x > 0.5). Such jets correspond to rare configurations,
in which the radiation from leading parton is strongly limited in order to have a final x fraction
close to one. Since they contain only few partons, the hard-fragmenting jets suffer very little
energy loss, of the order of the partonic energy loss ε ∼ ωbr. They are therefore less suppressed
than the average jets by the steeply-falling initial spectrum. In other terms, the medium acts
as a filter which enhances the proportion of hard-fragmenting jets compared to the vacuum.

This bias has already consequences for the inclusive jet production, as measured by RAA:
the fraction of hard-fragmenting jets among the total number of jets (say, in a given bin in pT,jet)
is larger in AA collisions than in pp collisions. The effects of this bias are however expected to
become even stronger for the jet distribution dN/dx at large x, which by definition selects only
hard-fragmenting jets. This stronger bias towards hard-fragmenting jets has been proposed
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as an explanation for the nuclear enhancement in the fragmentation function observed in the
LHC data [244] at large x & 0.5. This argument is very general: it applies to a large variety of
microscopic pictures for the jet-medium interactions, assuming either weak coupling [242, 265],
or strong coupling [266, 267], or a hybrid scenario [264, 268, 269]. All these scenarios naturally
predict that hard-fragmenting jets lose less energy towards the medium than average jets, for the
physical reason that we already mentioned: hard-fragmenting jets contain less partonic sources
for in-medium energy loss. This physical argument is manifest in both the pQCD [242, 265] and
the hybrid approaches [264, 268, 269], which explicitly include a vacuum-like parton shower. It
is also implicit in the strong coupling scenario in [266, 267] which is tuned such as to reproduce
the angular distribution of jets in p+p collisions at the LHC (itself well described by PYTHIA).

In this section, we argue that this is also the main explanation for the rise seen in our results
in Fig. 10.1b at x & 0.5. Within our pQCD approach this is not entirely obvious since our
scenario also allows for nuclear modifications of the fragmentation process itself, via medium-
induced emissions and energy loss effects. Similar ingredients are a priori present in other
scenarios, like JEWEL, but their relative importance has not been explicitly studied to our
knowledge. In the previous subsections, we have performed an extensive study of these effects,
via both analytical and numerical (MC) methods.

Before we discuss the fragmentation function per se, let us first demonstrate that, in our
picture too, a hard-branching jet loses less energy than the average one. We have numerically
verified this, by selecting (in our MC events) jets for which the harder parton carries a mo-
mentum fraction xmax in a restricted window. These results are presented in Fig. 10.4a for the
energy loss of monochromatic jets and in Fig. 10.4b for the jet RAA, for the 3 bins in xmax and
(for comparison) also for the inclusive jets. Focusing first on the left figure, we find indeed
that the energy lost by jets with xmax > 0.9, i.e. hard-fragmenting jets, is both considerably
smaller and also less rapidly growing with pT0 then for the average jets. As xmax decreases,
both the energy loss and its pT0 growth increase. This tendency is confirmed by the study of
RAA, Fig. 10.4b, where jets with a large xmax show a smaller-than-average nuclear suppression.
It would be interesting to experimentally measure the correlation between the jet RAA and the
momentum fraction xmax and compare to our above predictions (see also [264] for a related



10.2. NUCLEAR EFFECTS ON THE FRAGMENTATION FUNCTION NEAR X = 1 215

observable, which compares the nuclear suppression for high-pT hadrons and inclusive jets).
To have a more quantitative argument, let us focus on a single bin in pT ≡ pT,jet with

a (vacuum) Born-level pT spectrum. The vacuum fragmentation function can then be easily
estimated as

Dvac(x|pT ) ' Nq(pT )Dvac
q (x|pT ) +Ng(pT )Dvac

g (x|pT )

Nq(pT ) +Ng(pT )
, (10.19)

where Ni(pT ) ≡ dNhard
i /dpT ∝ 1/pnT are the initial spectra for quarks (i = q) and gluons (i = g)

and the fragmentation functions for monochromatic jets have been introduced at the end of
Sect. 10.1.1. To write down the corresponding formula for jets in the medium, let us assume
that the only medium effect on the jet production is the energy loss. One can thus write

Dmed(x|pT ) '

∑
i∈{q,g}

Ni(pT + εi(x))Dmed
i (x|pT + εi(x))∑

i∈{q,g}
Ni(pT + Ei(pT ))

for x ' 1. (10.20)

The quantity εi(x) in the numerator is the energy loss of a hard-fragmenting jet. It depends
on x because the focus on large values x > 0.5 selects special configurations in which jets
are made with only few partons. Its precise x–dependence is not important for what follows.
Rather, it suffices to know that εi(x) is a partonic energy loss, of order ωbr, and to a good
approximation is independent of the jet pT . The corresponding quantity in the denominator,
Ei(pT ), is the average energy loss by a jet with transverse momentum pT . It is much larger
than εi(x) and increases with pT . This difference between the partonic energy loss εi(x) in the
numerator of Eq. (10.20) and the average energy loss Ei(pT ) in its denominator, together with
the rapid decrease of Ni(pT ) when increasing pT , are the origin of the nuclear bias towards
hard-fragmenting jets at large x, discussed at the beginning of this section.4

On top of their bias towards less energy loss, hard-fragmenting jets also favour quark-
initiated jets. There are two reasons for this [39, 263]: (i) a quark radiates less than a gluon
due to its reduced colour charge (CF < CA), resulting in a larger probability to contribute at
large x, and (ii) quark-initiated jets typically contain less partons than gluon-initiated jets
and hence lose less energy (εq < εg); this feature together with the steeply-falling pT spectrum
favours their production in AA collisions. We can therefore only keep the quark contribution
to the numerators of Eqs. (10.19) and (10.20) and write

R(x|pT ) ' fmed
q (x|pT )

fvacq (pT )
Rq(x|pT ) , (10.21)

with the following definitions:

fvacq (pT ) ≡ Nq(pT )

Nq(pT ) +Ng(pT )
, fmed

q (x|pT ) ≡ Nq(pT + εq(x))∑
i∈{q,g}

Ni(pT + Ei(pT ))
. (10.22)

For jets in the vacuum, fvacq (pT ) is simply the fraction of quark-initiated jets. However, the
corresponding quantity for jets in the medium is generally not a fraction, because of the different
energy losses appearing in the numerator and in the denominator of fmed

q (x|pT ).
The condition of hard fragmentation (x ∼ 1) only plays a role in the case of the medium,

where it distinguishes between the “partonic” energy loss εq(x) in the numerator and the jet
4Strictly speaking, the “average” energy loss Ei(pT ) in the denominator is influenced too by this bias, since

it should be computed as an average over an inclusive sample of jets produced in AA collisions. However, this
bias is less important for the inclusive sample than for the large-x distribution in the numerator of Eq. (10.20).
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energy loss Eq(pT ) in the denominator. As already discussed, the physical observation that
εq(x)� Ei(pT ) implies that the fraction of hard-fragmenting jets in the medium is larger than
that in the vacuum, i.e., fmed

q (x|pT )/fvacq (pT ) > 1, which in turn causes R(x|pT ) to go above
one for x . 1. As x decreases, the energy loss of jets contributing at this value of x increases,
becoming closer to E(pT ) and the nuclear enhancement is less pronounced.

It is enlightening to go one step further: let us present a more detailed (numerical) argument,
based on simple 2-parton jets, which supports Eq. (10.21). Eq. (10.21) relies on the “fraction”
fi(x|pT ) of hard-fragmenting jets with one constituent having an energy of at least xpT . In
practice, we define (cf. Eq. (10.22))

fvacq (pT ) =

dσq
dpT∑

i∈{q,g}

dσi
dpT

, fmed
q (x|pT ) =

dσq
dpT0

∣∣
pT+En=2

q∑
i∈{q,g}

dσi
dpT0

∣∣
pT+Ei(pT0)

, (10.23)

where dσi/dpT0 ∝ p−niT0 is the initial jet spectrum. nq = 5 and ng = 5.6 give a decent description
over the kinematic range covered in this paper. Ei(pT0) is the average energy loss by a jet
with initial transverse momentum pT0 and is numerically extracted from MC simulations in
Chapter 8, Section 8.2. En=2

q is the energy lost by a simple two-parton jet (a leading quark
of energy fraction x ∼ 1 and a relatively soft gluon of energy fraction 1 − x). The dominant
contribution (cf. Sect. 10.2.2.1) comes from events where the quark and gluon lose energy
independently of each other5: En=2

q = εq(xpT0) + εg((1 − x)pT0), with εg and εq given by
Eq. (10.12).

By combining Eq. (10.23) for the fractions of hard-fragmenting jets with our previous calcu-
lations of the ratio Rq(x|pT ) for monochromatic jets, we can provide a semi-analytic estimate
for the physical observable R(x|pT ) using Eq. (10.21). This is shown by the red curve in
Fig. 10.3a, that should be compared to the corresponding MC result in Fig. 10.3b. The two
red curves are both in good agreement with each other and with the general trend seen in the
LHC data [244]. For x very close to 1 (mainly the last bin in our plots), the pattern observed
in our MC calculations is a combination of the bias induced by the jet spectrum and of the
medium effects on the internal jet dynamics Rq(x|pT ), with a strong domination of the former.
The current experimental uncertainties in this region of x are too large to draw a stronger
conclusion, notably concerning the relative importance of the nuclear effects associated with
Rq(x|pT ), i.e. with the medium modifications of jet fragmentation itself.

10.3 Small-x enhancement: colour decoherence and
medium-induced radiations

10.3.1 Qualitative discussion

Let us now consider the situation at small x . 0.01, where our numerical results in Fig. 10.1b
show a pronounced medium enhancement of the fragmentation function, in qualitative agree-
ment with the experimental observations [244]. These results also exhibit a (partial) lift of the
degeneracy between the various sets of values for the medium parameters, suggesting a weaker
correlation between R(x) and the jet nuclear modification factor RAA. This section provides
explanations for these observations within our framework.

5Strictly speaking, the energy argument of εg and εq should be zpT0 and (1− z)pT0, respectively, with z the
gluon splitting fraction, cf. Eq. (10.14), but to the accuracy of interest one can replace z ' 1−x and pT0 ' pT .
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We first note that, for the considered range in pT,jet, x . 0.01 corresponds to momenta
pT . 2 GeV for the emitted partons, which are smaller than the characteristic medium scale
ωbr for multiple branching. In our framework, such soft emissions are dominated by VLEs
outside the medium since MIEs with energies ω . ωbr would fragment into very soft gluons
propagating at angles larger than the jet radius (i.e. outside the jet). The medium enhancement
of VLEs outside the medium has two main origins: (i) the violation of angular ordering by the
first emission outside the medium, which opens the angular phase-space beyond what is allowed
in the vacuum [37, 93], and (ii) the presence of MIEs with ω > ωbr which remain inside the jet
and can radiate VLEs outside the medium [39]. Our analytic study in Section 5.3.1.1 and our
numerical investigations in the following section show that both effects contribute to explaining
the enhancement visible in the MC results.

The above interpretation of the nuclear enhancement at small x as additional VLEs outside
the medium does explain the differences between the various choices of medium parameters seen
in Fig. 10.1b. A smaller value for L increases the energy phase-space for the parton cascades
developing outside the medium because the energy of the first emission outside the medium,
ω ∼ 2/(Lθ2), with an emission angle θ ≤ R, increases with 1/L. Furthermore, a larger value
of αs,med enhances the rate for MIEs and hence the number of sources for VLEs outside the
medium.

Even though our MC results at small x show the same qualitative trend as the relevant LHC
data [244], one must remain cautious when interpreting this agreement. Indeed, our current
formalism lacks some important physical ingredients, which are known to influence the soft
region of the fragmentation function: the hadronisation and the medium response to the energy
and momentum deposited by the jet. Whereas one may expect the effects of hadronisation to
at least partially compensate when forming the medium-to-vacuum ratio R(x), the medium-
response effect — i.e. the fact that the experimentally reconstructed jets also include soft
particles originating from the wake of moving plasma trailing behind the jet (and not only from
the jet itself) — is clearly missing in our approach and its inclusion should further enhance
the ratio R(x) at small x. Indeed, we know from other approaches [265, 268, 270, 271], where
the medium response is the only (or at least the main) mechanism for producing such an
enhancement, that this effect by itself is comparable with the enhancement seen in the data
(see also [272] for a different picture).

Of course, it is of utmost importance to complete our formalism with a more realistic
description of the medium, including its feedback on the jet. (We shall return to this point in
the concluding section.) Before such a more complete calculation is actually performed, it is
difficult to anticipate what should be the combined effect of both mechanisms on the behaviour
of R(x) at small x.

10.3.2 Monte Carlo tests

We would like to extend the DLA arguments exposed in Chapter 5, Section 5.3.1.1 to include
all the ingredients in our physical picture of jet quenching. Our ultimate goal is to provide a
deeper understanding of the MC results presented in Section. 10.1 and discussed qualitatively
in the previous section.

For this purpose, it is convenient to think in terms of the factorised picture emerging from
our DLA calculation which allows us to write (for ω ≤ ωcr, cf. Eq. (5.81))

ωDmed(ω) ' Nin ×
(
ω
dNout

dω

)
(10.24)
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Figure 10.5: Nuclear effects on the fragmentation function at small x. Left figure: 3 different physical
scenarios,

whereNin is the multiplicity of partonic sources produced by the jet evolution inside the medium
and ωdNout/dω is the fragmentation function generated outside the medium by any of these
sources. This picture is a consequence of colour decoherence which allows the first out-of-
medium emission to be emitted at any angle. This factorisation is not expected to hold beyond
DLA, but can still be used for qualitative considerations.

Beyond DLA, several competing expects should be considered. (i) VLEs are emitted
with the full (DGLAP) splitting functions (including energy conservation) and with a running
coupling. These effects are expected to reduce both factors in Eq. (10.24). (ii) Adding the
intra-jet MIEs enhances the multiplicityNin of the partonic sources. (iii) Direct contributions
of the MIEs to the fragmentation function Dmed(ω) are also possible, but are expected to be
a small effect for the jet kinematics (pT0 ∼ 200 GeV, x ≤ 0.02) and medium parameters (see
Table. 8.1) considered in this paper. Indeed, the relevant energies ω . 2 GeV are softer than the
medium scale ωbr ∼ 4 GeV for multiple branching meaning that these MIEs would be deviated
outside the jet.

To test these expectations under realistic conditions, we perform MC simulations for inclu-
sive jets (using the full Born-level hard spectrum) with 200 ≤ pT ≤ 251 GeV and |y| ≤ 2.1,
and with three different scenarios: (a) the partons from the hard scattering are showered via
VLEs only; (b) the partons from the hard scattering are showered via both VLEs and MIEs,
but angular ordering is enforced all along the shower, including for the first emission outside
the medium (labelled “no decoherence”); (c) the physical case where the partons from the hard
scattering are showered via both VLEs and MIEs and the angle of the first emission outside
the medium is unconstrained.

The MC results for R(x) are shown in Fig. 10.5a for each of these three setups. The black
curves correspond to setup (a) for two 2 different IR cutoffs (solid: k⊥,min = 200 MeV, dashed:
k⊥,min = 150 MeV). compared to the DLA results in Fig. 5.6b the medium enhancement is
strongly reduced and can even be replaced by a suppression for larger values of k⊥,min.

Switching on MIEs leads to a robust nuclear enhancement as visible from the blue curve
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which corresponds to setup (b) with k⊥,min = 200 MeV. This enhancement is even more pro-
nounced for setup (c) corresponding to the red curves in Fig. 10.5a. This new enhancement is
easily associated with the fact that the first “outside” emission can be sourced by any “inside”
emissions while in setup (b) it can only be sourced by “inside” emissions at larger angles.6 Inci-
dentally, the comparison between the blue and the red curves also shows that the decoherence
has no sizeable effects at x ∼ 1.

For a more detailed understanding, we compare in Fig. 10.5b the results for R(x) with the
ratio Ri(x|pT0) corresponding to monochromatic jets with pT0 = 200 GeV, for both quark-
initiated (i = q, magenta, dashed-dotted curve) and gluon-initiated (i = g, green, dashed,
curve) jets. The small-x enhancement appears to be stronger in the case where the LP is a
quark, rather than a gluon. Although this might look surprising at first sight, one should recall
that the dominant Ci-dependence for monochromatic jets cancels out in the medium/vacuum
ratio Ri(x|pT0). The differences between the quark and gluon curves visible in Fig. 10.5b is
attributed to more subtle sub-leading effects. For example, a gluon jet loses more energy than
a quark jet via MIEs at large angles and hence has a (slightly) smaller energy phase-space for
radiating outside the medium (and inside the jet).

10.4 Jet fragmentation into subjets

The fragmentation function defined by Eq. (10.3) is not an infrared-and-collinear (IRC) safe
observable. It is sensitive to the details of hadronisation which is not included in our present
approach. This translates in the strong dependence, observed in Fig. 10.1a, on the cut-off scale
k⊥,min which regulates the infrared behaviour of our partonic cascade. This strong dependence
on k⊥,min is also present in the analytic calculations of sections 10.2 and 5.3.1.1.

To circumvent this theoretical problem, we propose in this section a different observable
which uses subjets instead of individual hadrons to characterise the jet fragmentation, as ex-
plained in Section 4.2.3.3. This observable is IRC-safe by construction and is therefore expected
to be less sensitive to non-perturbative effects in general and to our k⊥,min cut-off in particular.
There are several ways to define a jet fragmentation function in terms of subjets, e.g. using
different jet algorithms or keeping different branches of the clustering tree. The definition we
propose below, as in Section 4.2.3.3, relies on the Cambridge/Aachen algorithm [131, 132].
While other approaches, like those based on the kt algorithm [133], show a similar behaviour,
using the Cambridge/Aachen algorithm appears to be slightly more sensitive to medium effects
and easier to study analytically.

10.4.1 Definition and leading-order estimate in the vacuum

The fragmentation function Dsub(z) for jet fragmentation into subjets discussed in this section is
defined as follows. For a given jet with transverse momentum pT,jet, we iteratively decluster the
jet using the Cambridge/Aachen algorithm following the hardest branch (in pT ). At each step,
this produces two subjets p1 and p2, with pT1 > pT2. When the relative transverse momentum
of the splitting, k⊥ = pT2

√
∆y2

12 + ∆φ2
12, is larger than a (semi-hard) cut-off k⊥,cut, we compute

and record the splitting fraction z = pT2

pT1+pT2
of the splitting (0 < z < 1/2). The procedure is

iterated with the harder branch p1 until it can no longer be de-clustered. The fragmentation
function into subjets is then defined as the density of subjets passing the k⊥ > k⊥,cut criterion

6For setup (b) the factorisation (10.24) is obviously violated as “inside sources” and “outside emissions” are
correlated by angular ordering.
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normalised by the total number of jets:7

Dsub(z) ≡ 1

Njets

dNsub

dz
(10.25)

The cut-off scale k⊥,cut regulates the infrared behaviour, guaranteeing that Dsub(z) be an
IRC-safe observable. As long as k⊥,cut � k⊥,min ∼ Λ

QCD
we therefore expect small non-

perturbative effects and a small dependence on the (non-physical) k⊥,min parameter.
This definition is very close to the ISD fragmentation function discussed in Chapter 4,

Section 4.2.3.3: the only difference is the stopping condition that involves the k⊥ of the splitting.
This difference produces negligible effects at leading logarithmic accuracy, so that in the soft-
and-collinear approximation, we can use the result obtained in Section 4.2.3.3 for Dsub(z):

Dvac
sub(z) '

[∫ R

0

dθ
θ

2αs(zθpT,jet)

πz
Θ(zθpT,jet − k⊥,cut)

]
×
∑
i=q,g

Ci f
vac
i (pT,jet),

f.c.' 2αs
πz

log

(
zRpT,jet
k⊥,cut

)
×
∑
i=q,g

Ci f
vac
i (pT,jet), (10.26)

where fvacq(g)(pT,jet) is the Born-level cross-section for quark (gluon) production with transverse
momentum pT,jet normalised to the total number of jets, as defined in Eq. (10.23). The second
line in the above equation gives the result for a fixed-coupling approximation.

10.4.2 Nuclear modification for Dsub(z): Monte Carlo results

In this section, we provide Monte Carlo results for the nuclear modification factor for the
fragmentation function into subjets, defined as Rsub(z) ≡ Dmed

sub /Dvac
sub.

As for the study of the jet fragmentation function D(x), we first study the dependence
of the the fragmentation function into subjets, Dsub(z), on the non-physical parameters θmax

and k⊥,min of our Monte Carlo. This is shown in Fig. 10.6 for two different jet pT cuts (200
and 500 GeV) and two different lower cut-offs k⊥,cut (2 and 5 GeV). The medium parameters
are taken as their default values (cf. Table 8.1) and the non-physical parameters are varied as
for Fig. 10.1a. As expected, the uncertainty bands in Fig. 10.6 are much smaller than what
was observed in Fig. 10.1a, confirming that the (IRC-safe) fragmentation function into subjets
Dsub(z) is under much better perturbative control than (the IRC-unsafe) D(x).

That said, we must keep in mind that taking k⊥,cut large-enough to guarantee k⊥,cut �
k⊥,min ∼ ΛQCD also cuts some of the medium effects occurring below this cut. E.g., it removes
the direct contributions to Dsub(z) coming from MIEs with transverse momenta k⊥ . k⊥,cut.
One should therefore choose the free parameter k⊥,cut such as to simultaneously minimise the
effects of hadronisation and highlight the interesting medium effects.

In Fig. 10.7, we show the subjet fragmentation function for the values of the medium
parameters that reproduce the ATLAS RAA ratio (cf. Fig. 10.1b), for the same two values of
pT,jet as in Fig. 10.6 and for k⊥,cut = 2 GeV. Compared to Fig. 10.1b, we notice that the curves
are less degenerate at small and intermediate values of z. Most importantly, the dependence on
the medium parameters is larger than the uncertainty bands related to non-physical parameters
shown in Fig. 10.6.

7We use the notation z for the splitting fraction to emphasise that it is defined with respect to the parent
subjet, in contrast with the longitudinal momentum fraction x used in the previous sections which is defined as
a fraction of the total jet momentum pT,jet.
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Figure 10.6: Monte Carlo results for the nuclear modification factor Rsub(z) for the fragmentation
function into subjets, for jets with pT,jet > 200 GeV (left) and pT,jet > 500 GeV (right) and for 2 values
of the lower momentum cut-off k⊥,cut (2 and 5 GeV). The bands show the variability of our results w.r.t.
changes in the “unphysical” parameters around their central values θmax = 1 and k⊥,min = 250 MeV.

10.4.3 Analytic studies of the nuclear effects

In this section, we would like to disentangle, based on physics considerations and simple analytic
calculations, the various nuclear effects contributing to the behaviour observed in the MC
results in Fig. 10.7. To understand how Eq. (10.26) is affected by the medium, it is sufficient
to consider jets made of a single splitting (i.e. two subjets) with k⊥ ≥ k⊥,cut. For definiteness,
all the numerical results shown in this subsection correspond to k⊥,cut = 2 GeV.

Vetoed region. When only VLEs are taken into account, the leading medium effect is the
vetoed region. Its effect is straightforwardly included in Eq. (10.26) by inserting the step-
function Θ/∈veto defined in Eq. (10.5) within the integrand. The largest k⊥ in the vetoed region
isQs ≡ (2q̂ωc)

1/4 = (q̂L)1/2 which is about 2.4 GeV for our default choice of medium parameters.
The vetoed region has thus no effect for k⊥,cut = 5 GeV and only a small effect for k⊥,cut = 2 GeV
(see Fig. 10.8 for an illustration).

This is confirmed both by our analytic calculations, based on Eq. (10.26) with the additional
constraint Θ/∈veto, and by MC simulations with only VLEs shown as the black curves in Fig. 10.9.
Of course, one could enhance the effect of the vetoed region by decreasing the value of k⊥,cut,
but this would also amplify the sensitivity of Dsub(z) to the non-perturbative, soft, emissions.

Incidentally, the previous discussion also shows that, for the ranges of k⊥,cut considered
here, the VLEs which control Dsub(z) do either occur in the “inside” region of the phase-space
in Fig. 10.8, or at very small angles θ . θc in the “outside” region. They are therefore not
significantly affected by colour decoherence. To check that, we have performed MC calculations
with and without the effects of decoherence (i.e. by enforcing or not angular ordering for the
first outside emission). The results, shown by the red and blue curves in Fig. 10.9b, respectively,
are indeed very close to each other.

Energy loss at large angles. From the discussion in Sect. 10.2, we already know that
the energy loss by a (sub)jet via MIEs at large angles θ & R may have two main effects on
a substructure observable such as Dsub(z): (i) a shift between the measured value z of the
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Figure 10.7: Monte Carlo results for the nuclear modification factor Rsub(z) for the values of the
medium parameters that reproduce the ATLAS RAA ratio (cf. Fig. 10.1b), for the same two ranges
in pT,jet as in Fig. 10.6 and for k⊥,cut = 2 GeV. The unphysical parameters are fixed to θmax = 1 and
k⊥,min = 250 MeV.
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Figure 10.8: The phase-space for vacuum-like gluon emissions by a jet propagating through a dense
QCD medium, in logarithmic units. In this plot, the variables are the relative transverse momentum
k⊥ ' ωθ and the inverse of the angle 1/θ.

splitting fraction and the respective value at the time of splitting, and (ii) a bias introduced
by the steeply falling initial spectrum which favours jets losing less energy than average jets,
with the second effect being larger than the first one. The same two effects are still at play
for Dsub(z). As in the case of the standard fragmentation function discussed in Sect. 10.2, we
expect the effects of the energy loss to be more important for relatively large values z & 0.1 of
the splitting fraction. However, their effects on Rsub(z) is opposite to those on R(x): unlike the
hard-fragmenting jets, which lose less energy than the average jets (leading to an enhancement
in R(x) at x & 0.5), the jets selected by Dsub(z) lose more energy than the average jets, so
we expect a nuclear suppression, Rsub(z) < 1, at sufficiently large z. The main reason for this
larger energy loss is the following: the jets included in Dsub(z) involve at least two (relatively
hard) subjets with z & 0.1 and k⊥ > k⊥,cut. For the typical values of z and k⊥, the angle
θ ' k⊥/pT2 between these two subjets is larger than the critical angle θc characterising the
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Figure 10.9: Disentangling nuclear effects on the subjet fragmentation function. Left: analytic approx-
imations illustrating the effects of the vetoed region, the energy loss at large angles, and the intra-jet
MIEs. Right: MC calculations which illustrate the importance of MIEs and the lack of sensitivity to
violations of angular ordering.

angular resolution of the plasma (θc . 0.06, see Table 8.1). Accordingly the two subjets lose
energy independently from each other and the whole jet loses more energy than a typical jet
from the inclusive sample Njets [39, 125] which also includes single-prong jets, as well as two-
prong configurations with θ < θc.

This discussion is in qualitative agreement with the MC results in Fig. 10.9b, except at very
small z where new effects discussed below contribute. For a more quantitative argument, we
notice that, if one neglects the shift in the value of z, then the energy loss at large angles affects
only the quark- and gluon-jet “fractions” fmed

i in Eq. (10.26). These should be computed follow-
ing Eq. (10.23), with different energy losses in the numerator and respectively the denominator.
In the numerator, En=2

i is the energy loss of jets having two subjets with transverse momentum
balance z and angle θ (pT ≡ pT,jet)

En=2
i (z, θ) = Ei((1− z)pT , R) + Eg(zpT , R) if (z, θ) ∈ inside region, (10.27)

whereas in the denominator, Ei = Ei(pT , R). Using the energy loss as a function of pT and R
extracted from the MC simulations in Ref. [39] in Eqs. (10.23) and Eq. (10.26), one obtains the
dashed, green, curve in Fig. 10.9a. This indeed shows a nuclear suppression, Rsub(z) < 1. The
suppression is more pronounced at large z, as anticipated, since the discrepancy (in terms of
energy loss) between the special jets selected by Dmed

sub (z) and the average jets increases with z.

Intrajet MIEs. A relatively hard subjet with k⊥ > k⊥,cut may also be created by a semi-
hard MIE, with energy ω & ωbr, which remains inside the jet. To leading order, the respective
contributions from VLEs and MIEs can be simply added together, as in Eq. (10.8). Compared
to the latter, the calculation of Dmed

sub (z) must also keep the information about the emission
angle, in order to ensure the condition k⊥ > k⊥,cut. We therefore write

Dmed
sub (z) =

[∫ R

0

dθ

(
2αs(k⊥)

πzθ
Θ/∈veto +

√
2ωc
pT,jet

αs,med

πz3/2
Pbroad(z, θ)

)
Θ(k⊥ − k⊥,cut)

]∑
i=q,g

Cif
med
i

(10.28)
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where k⊥ = zθpT,jet and Pbroad(z, θ) is the angular distribution due to transverse momen-
tum broadening after emission calculated in 4.3.3.2 and given explicitly by (9.9). In writing
Eq. (10.28), we have assumed for simplicity that the energy loss at large angles is given by
Eq. (10.27) for both the vacuum-like and medium-induced emissions that generates the sub-
jets. This rough approximation could be relaxed in practice, but is sufficient for our illustrative
purposes. The distribution Pbroad(z, θ) for MIEs is rather strongly peaked near k⊥ ∼ Qs (recall
the discussion for the zg distribution in 9.1.3.1) so its corresponding contribution to Eq. (10.28)
is expected to be important only when k⊥,cut . Qs, in which case it should be rapidly increasing
at small z. This is in agreement with the MC results in Figs. 10.6 and 10.7, which show an
enhancement at small z for k⊥,cut = 2 GeV and no visible enhancement for k⊥,cut = 5 GeV.

Eq. (10.28) includes all the medium effects discussed in this section. The red curve in
Fig. 10.9a shows the result of numerically evaluating the integral in Eq. (10.28). The new
enhancement at small z compared to the dashed, green, curve is due to the intrajet MIEs.
The overall behaviour agrees well with the full MC results shown in Fig. 10.9b as well as with
Figs. 10.6 and 10.7.



Chapter 11

Conclusion

In this thesis, we have presented a new picture, emerging from perturbative QCD, for the parton
showers created by an energetic parton propagating through a dense quark-gluon plasma. This
picture is factorised in time with vacuum-like emissions occurring first and creating sources
for subsequent medium-induced radiations. Both types of emission are Markovian processes,
yielding a modular Monte Carlo implementation of our picture in the parton shower JetMed.
This allows us to study separately various aspects of the dynamics of jet quenching and assert
their relative importance in jet observable measured at the LHC in heavy-ion collisions.

We have focused on three observables for which we believe our approximations to be ro-
bust: the jet nuclear modification factor for RAA, the nuclear effects on the zg distribution
given by the Soft Drop procedure and the jet fragmentation function (and notably its new
version infrared and collinear safe). For all these observables, we obtained good qualitative
and semi-quantitative descriptions of the respective LHC data and we discussed the physical
interpretation of the various trends seen in the data. To make our physical discussions more
convincing, we supplemented the Monte Carlo calculations with suitable analytic calculations,
which were helpful to pinpoint the different mechanisms at play and compare their effects.

In the remaining part of this conclusion, we outline some of our projects for the future.
As acknowledged in Section 5.2.5, the current leading-logarithmic picture for the vacuum-like
evolution has several limitations. Accordingly, the parton shower JetMed is currently rather
simplistic and we have provided a detailed list of possible improvements in Section 6.5. We
point out however that our step-by-step approach is motivated by the following guideline: in
the vacuum, the accuracy of a parton shower means logarithmic accuracy. We believe that an
in-medium parton shower should also start with a correct resummation of the large logarithms.
Thus our first step has consisted in resumming all leading-logarithmic contributions associated
with vacuum-like emissions in the presence of a dense QCD medium. Then, we have included
the dominant (higher-twist) medium-induced emissions through an effective branching process
that encompasses the multiple soft branching regime.

At this stage, the list of physical ingredients that will refine our calculations of jet quenching
observables is large and we refer the reader to Table 6.2 for a ranked list of such ingredients.
Including the medium expansion is the next step of our project, as well as the emissions à la
GLV due to single hard scatterings.

Instead of going through the complex task of completing our Monte Carlo with a detailed
description of the medium and of its interactions with the jet, one can alternatively think
about using our parton showers as an input for the recently developed JETSCAPE [273, 274]
framework, which offers various approaches for treating the interactions between the parton
shower and the medium.
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Appendix A

Propagators and averaged propagators in
the background field Am

A.1 Gluon propagators beyond the eikonal approximation

In this section, we give all the components of the gluon propagator Gµνab(z, x|Am) in the
background field Am defined in (3.75) in terms of the scalar propagator G defined by (3.79).

Gij
ab(z, x|Am) =

∫
dk+

2π

e−ik
+(z−−x−)

2k+
δijGab(z+, z⊥;x+, x⊥|k+) (A.1)

G−iab (z, x|Am) =

∫
dk+

2π

e−ik
+(z−−x−)

2k+

−i
k+
∂iz⊥Gab(z

+, z⊥;x+, x⊥|k+) (A.2)

Gi−
ab (z, x|Am) =

∫
dk+

2π

e−ik
+(z−−x−)

2k+

i

k+
∂ix⊥Gab(z

+, z⊥;x+, x⊥|k+) (A.3)

G−−ab (z, x|Am) =

∫
dk+

2π

e−ik
+(z−−x−)

2k+

(
1

k+2∂
i
z⊥∂

i
x⊥Gab(z

+, z⊥;x+, x⊥|k+)

+
2i

k+
δabδ(z

+ − x+)δ(2)(z⊥ − x⊥)

)
(A.4)

with k+ → k+ + iε for retarted propagators. We refer to [103] or [118] for a derivation of these
formulas.

A.2 The broadening factor Sgg for Gaussian correlators

We calculate now the following average over the background field configurations, often called
the “2-point” function S(2)

z+,y+(z̄⊥, a⊥; z⊥, b⊥)

S
(2)

z+,y+(z̄⊥, a⊥; z⊥, b⊥) ≡ 1

N2
c − 1

〈
TrG†(z+, z̄⊥; y+, a⊥|k+)G(z+, z⊥; y+, b⊥|k+)

〉
(A.5)

We follow the derivation presented in the Appendix of [75]. This 2-point function appears in
the calculation of the average S̃gg defined in (3.98):

S̃gg(k⊥, a⊥, b⊥) = lim
z+→∞

∫
dz⊥dz̄⊥ e−ik⊥(a⊥−b⊥)e−ik⊥(z⊥−z̄⊥)S

(2)

z+,y+(z̄⊥, a⊥; z⊥, b⊥) (A.6)
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Using the path integral representation (3.79) and the general result for the average of twoWilson
lines (3.175) for Gaussian correlators, one finds the following path integral representation of
S(2):

S
(2)

z+,y+(z̄⊥, a⊥; z⊥, b⊥) =

∫
Dr⊥(ξ)Ds⊥(ξ) exp

(∫ z+

y+

dξ
ik+

2
(ṡ2
⊥ − ṙ2

⊥)

−g
2

2
CA

∫ z+

y+

dξ n(ξ)σd
(
s⊥ − r⊥

))
(A.7)

It is quite remarkable that this path integral can be calculated exactly for any dipole cross-
section σd(r⊥). The calculation starts with a change of variable of determinant one u⊥ = s⊥−r⊥,
v⊥ = (r⊥+s⊥)/2 to take advantage of the translational invariance of the average of two Wilson
lines:

S
(2)

z+,y+(z̄⊥, a⊥; z⊥, b⊥) =

∫
Du⊥(ξ)Dv⊥(ξ) exp

(∫ z+

y+

dξ ik+u̇⊥v̇⊥ −
g2

2
CAn(ξ)σd

(
u⊥
))

(A.8)

In terms of these variables, the boundaries of the path integral are u(y+) = b⊥ − a⊥, u(z+) =
z⊥ − z̄⊥, v(y+) = (a⊥ + b⊥)/2, v(z+) = (z⊥ + z̄⊥)/2. Integrating by part the v⊥ dependent
integral enables to remove the derivative of v⊥:∫ z+

y+

dξ u̇⊥v̇⊥ =
z⊥ + z̄⊥

2
u̇⊥(z+)− a⊥ + b⊥

2
u̇⊥(y+)−

∫ z+

y+

dξ ü⊥v⊥ (A.9)

so that, by discretising the path integral over v⊥(ξ), one shows:∫
Dv⊥(ξ) exp

(
−ik+

∫ z+

y+

dξ ü⊥v⊥

)
= N δ(ü⊥(ξ)) (A.10)

up to a normalisation factor N to be determined afterwards. The δ(ü⊥) factor means that u⊥
is fixed to the classical path ucl

⊥(ξ), solution of ü⊥(ξ) = 0 given the boundaries conditions:

ucl
⊥(ξ) =

1

z+ − y+

(
(z⊥ − z̄⊥)(ξ − y+) + (b⊥ − a⊥)(z+ − ξ)

)
(A.11)

As the u⊥ path is fixed in the remaining u⊥ integral (A.8) by a delta function of the form
δ(u⊥ − ucl

⊥), the integration is trivial:

S
(2)

z+,y+(z̄⊥, a⊥; z⊥, b⊥) = N exp

(
ik+

2(z+ − y+)

(
(z̄⊥ − a⊥)2 − (z⊥ − b⊥)2

)
−g

2

2
CA

∫ z+

y+

dξ n(ξ)σd(u
cl
⊥)

)
(A.12)

with again, a normalisation factor absorbed in N . This factor is finally inferred from the g → 0
limit where the two-point function should reduce to the product of two free propagators. Using
the expression of the free transverse propagator G0 given in (3.114) plugged in (A.5), one finds:

N =

(
k+

2π(z+ − y+)

)2

(A.13)



A.3. THE EFFECTIVE PROPAGATOR K IN THE HARMONIC APPROXIMATION 229

In order to find the function S̃gg, one must take the Fourier transform as defined in (A.7).
The following change of variable considerably simplifies the calculation:

p⊥ = z̄⊥ − a⊥ − z⊥ + b⊥ q⊥ = z̄⊥ − a⊥ + z⊥ − b⊥ (A.14)

since the function S̃gg now reads:

S̃gg(k⊥, a⊥, b⊥) = N
∫

d2p⊥

∫
d2q⊥e

−ik⊥p⊥

× exp

(
ik+

2(z+ − y+)
p⊥q⊥ −

g2

2
CA

∫ z+

y+

dξ n(ξ)σd

( ξ − y+

z+ − y+
p⊥ + a⊥ − b⊥

))
(A.15)

= exp

(
−g

2

2
CA

∫ z+

y+

dξ n(ξ)σd(a⊥ − b⊥)

)
(A.16)

which is precisely (3.100) when z+ →∞.

A.3 The effective propagator K in the harmonic approxi-
mation

We give first the derivation of formula (3.102), valid for Gaussian correlators for the background
field. Our starting point is the function Kqg defined by

Kqg(y+, a⊥; ȳ+, b⊥|c⊥) ≡ 1

N2
c − 1

〈
TrG†(y+, a⊥; ȳ+, b⊥|k+)Wy+

ȳ+ (c⊥)
〉

(A.17)

Using the path integral representation of the gluon propagator (3.79) and the formula for the
average of two Wilson lines (3.175), one finds the following path integral representation of the
effective propagator Kqg:

Kqg(y+, a⊥; ȳ+, b⊥|c⊥) =

∫ r⊥(y+)=a⊥

r⊥(ȳ+)=b⊥

Dr⊥(ξ) exp

(
−
∫ y+

ȳ+

dξ
ik+

2
ṙ2
⊥(ξ) +

g2CA
2

n(ξ)σ(r⊥ − c⊥)

)
(A.18)

After the shift in the path integral r⊥ → r⊥+c⊥, one gets (3.101) and (3.102). In the harmonic
approximation, the latter expression reduces to the following Gaussian path integral:

K(y+, a⊥; ȳ+, b⊥) =

∫ r⊥(y+)=a⊥

r⊥(ȳ+)=b⊥

Dr⊥(ξ) exp

(
−
∫ y+

ȳ+

dξ
ik+

2
ṙ2
⊥(ξ) +

1

4
q̂A(ξ)r2

⊥

)
(A.19)

An explicit formula for K can be found using the Gel’fand and Yaglom formula [275] for
Gaussian path integrals. Given a quadratic action:

S[x(t)] =
1

2

∫ t1

t0

dt′
(
mẋ2 − c(t′)x2

)
, (A.20)

the Gaussian path integral built from it reads:∫ x(t1)=x1

x(t0)=x0

Dx(t) exp(iS[x(t)]) =

(
m

2πif(t1, t0)

)1/2

exp
(
iS[xcl(t)]

)
(A.21)
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where the function f(t, t0) satisfies the following linear differential equation:

∂2f

∂t2
+
c(t)

m
f = 0 , f(t0, t0) = 0 , ∂t=t0f(t, t0) = 1 (A.22)

and xcl is the classical path, extremum of the action S, with the boundaries conditions xcl(t0) =
x0, xcl(t1) = x1.

From (A.21), one can find an analytic form for the effective propagator. The dictionary
that translates the variable used in (A.21) and those used in (A.19) is:

m↔ −k+ , c(t)↔ −i q̂A(ξ)

2
(A.23)

The classical path rcl
⊥ satisfies the differential equation:

d2rcl
⊥

dξ2
+
iq̂A(ξ)

2k+
rcl
⊥ = 0 , rcl

⊥(ȳ+) = b⊥ , rcl
⊥(y+) = a⊥ (A.24)

so that the S[xcl
⊥(t)] reads:

S[xcl
⊥(t)] =

−k+

2

[
rcl
⊥(ξ)

drcl
⊥

dξ

]ξ=y+

ξ=ȳ+

(A.25)

Combining everything together, without forgetting that the path integral (A.19) runs over a
2-dimensional path, one finds precisely the formula (3.106):

K(y+, a⊥; ȳ+, b⊥) =
−k+

2πiS(y+, ȳ+)
exp

( −ik+

2S(y+, ȳ+)

(
C(ȳ+, y+)a2

⊥ + C(y+, ȳ+)b2
⊥ − 2a⊥b⊥

))
(A.26)

where the functions S and C have been introduced in the main text as independent scalar
solutions of the differential equation (A.24).



Appendix B

Medium-induced spectra for finite jet
path length

We provide here the on-shell and off-shell medium induced spectra in the case where the in-
coming parton has a finite path length L through the medium. Such a finite path length can
be implemented with a discontinuous q̂(t) such that q̂(t) = 0 for t ≥ x+

0 + L. However, in
this case, one has to deal with the junction at t = L of the solutions S(t, t0) and C(t, t0) of
the differential equation (3.107) in such a way that S and C are continuous and derivable in
their first argument. A way to circumvent this calculation is to divide the amplitude into three
parts, with either y+ ≤ x+

0 , or x
+
0 ≤ y+ ≤ L + x+

0 , or y+ ≥ x+
0 + L. Then, the full on-shell

cross-section becomes a sum of six terms (the off-shell one is a sum of three terms). For each
term, one inserts the Chapman-Kolmogorov relation in order to use the effective propagator
K on open sets where the form (3.106) is valid, with S and C the solutions of the differential
equation (3.107).

The on-shell and off-shell spectra are given by the following sums:

k+d3Non-shell

dk+d2k⊥
=
αsCR
π2

∑
m=b,i
n=b,i,o

Im/n , k+d3Noff-shell

dk+d2k⊥
=
αsCR
π2

∑
m=i
n=i,o

Im/n (B.1)

where the indices b, i and o stands respectively for “before”, “in” and “out” according to the
integration domain.

B.1 Analytical results for Im/n

The analytical results of the six terms Im/n, in the multiple soft scattering approximation are:

Ib/b =
4π

Q2
s

∫
d2q⊥
(2π)2

1

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s

)
(B.2)

Ib/i = 2Re

∫ x+
0 +L

x+
0

dy+ Ḡ(y+)

Q2
s(y

+) + 2ik+Ḡ(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+Ḡ(y+)

)
(B.3)

− 2Re

∫ x+
0 +L

x+
0

dy+ G(y+)

Q2
s(y

+) + 2ik+G(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+G(y+)

)
(B.4)

Ib/o =
2

k2
⊥
Re

[
exp

( −k2
⊥

2ik+Ḡ(x+
0 + L)

)
− exp

( −k2
⊥

2ik+G(x+
0 + L)

)]
(B.5)
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I i/i = 2Re

∫ x+
0 +L

x+
0

dy+ G(y+)

Q2
s(y

+) + 2ik+G(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+G(y+)

)
(B.6)

I i/o =
2

k2
⊥
Re

[
exp

( −k2
⊥

2ik+G(x+
0 + L)

)
− 1

]
(B.7)

Io/o =
1

k2
⊥

(B.8)

where Qs = Qs(x
+
0 ).

Note than one cannot recover the formula (3.140) by taking the limit L → ∞ in these
formulas. This is because of the adiabatic switching prescription which is not included in the
integrals over compact domains.

B.2 Integrated medium-induced spectrum

In this thesis, we have presented two ways of defining the medium-induced spectrum. The first
way, which is standard in the literature is to define:

k+dNmie

dk+
≡
∫

d2k⊥

(
k+d3Noff-shell

dk+d2k⊥
− αsCR

π2

1

k2
⊥

)
(B.9)

=
αsCR
π2

∫
d2k⊥ (I i/i + I i/o) (B.10)

Each term in this sum leads to a diverging integral, but the divergence cancels exactly in the
sum. To see this, it is convenient to write I i/o as a time integral:

I i/o =
i

k+

∫ x+
0 +L

x+
0

dȳ+ 1

C2(ȳ+, x+
0 + L)

exp

(
ik2
⊥S(x+

0 + L, ȳ+)

2k+C(ȳ+, x+
0 + L)

)
(B.11)

Integrating over k⊥ both I i/i and I i/o, one finds after a bit of algebra:

k+dNmie

dk+
=

2αsCR
π

log
(
|C(x+

0 , x
+
0 + L)|

)
(B.12)

Another possibility is to isolate in the on-shell spectrum the contributions without explicit
1/k2

⊥ dependence. The full on-shell spectrum for finite path length reads:

k+d3Non-shell

dk+d2k⊥
=
αsCR
π2

(∫
d2q⊥
(2π)2

1

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s

)
+

1

k2
⊥

[
2Re exp

( −k2
⊥

2ik+Ḡ(x+
0 + L)

)
− 1

]
+2Re

∫ x+
0 +L

x+
0

dy+ Ḡ(y+)

Q2
s(y

+) + 2ik+Ḡ(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+Ḡ(y+)

))
(B.13)

Thus, defining the medium induced spectrum as the k⊥ integral of the last term, one gets:

k+dÑmie

dk+
≡ 2αsCR

π2
Re

∫
d2k⊥

∫ x+
0 +L

x+
0

dy+ Ḡ(y+)

Q2
s(y

+) + 2ik+Ḡ(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+Ḡ(y+)

)
=

2αsCR
π

log
(
|C(x+

0 + L, x+
0 )|
)

(B.14)
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For the brick model, where the size of the medium is taken as large as the jet path length,
the function C satisfies C(x, y) = C(y, x) so both definitions agree exactly, as emphasized in
Chapter 5. In the general case, there is no such symmetry for the function C so Nmie and Ñmie

give different results. To see why, let us call λ the typical time scale for the medium dilution.
The difference between these two definitions comes from the fact that in Ñmie there are still
implicit vacuum-like components included (due to Bremsstrahlung after scattering with the
medium since the incoming parton was on its mass shell) when Ḡ starts behaving like 1/t
for t & λ, as discussed in Section 4.3.4. If x+

0 + L � λ, this scenario occurs and leads to
the difference observed between the two spectra. If x+

0 + L � λ, the two spectra tend to an
agreement.

B.3 The junction method
To conclude this Appendix, we demonstrate that one recovers formulas (B.2) and (B.6) using
the junction method, that is by finding solutions of the differential equation (3.107) continuous
and derivable in their first argument.

Example: the brick model. First of all, let us give these solutions in the sinple case of the
brick model. The brick model has only two parameters: the constant value q̂0 of the quenching
parameter through the path length L of the jet,

q̂(t) = q̂0Θ(L− t) for t ≥ 0 (B.15)

The functions S(t, t0) and C(t, t0) are defined as the two independent solutions of the differential
equation

f ′′ +
iq̂(t)

2k+
f = 0 (B.16)

with initial conditions S(t0, t0) = 0, ∂t=t0S(t, t0) = 1 and C(t0, t0) = 1, ∂t=t0C(t, t0) = 0. In
particular, S and C must be continuous and derivable as functions of t. The method to solve
(B.16) for all t ∈ [0,∞[ is to solve it on t ∈ [0, L[ and t ∈]L,∞[ before adjusting the constants
such that S and C have the right initial conditions and are continuous and derivable in t = L.

One finds, with Ω2 ≡ iq̂0/(2k
+):

S(t, t0) = Θ(L− t0)
[
Θ(L− t)Ω−1 sin

(
Ω(t− t0)

)
+ Θ(t− L)

(
(t− L) cos

(
Ω(L− t0)

)
+ Ω−1 sin

(
Ω(L− t0)

))]
+ Θ(t0 − L)

[
Θ(t− L)(t− t0)

+ Θ(L− t)
(

(L− t0) cos
(
Ω(L− t)

)
− Ω−1 sin

(
Ω(L− t)

))]
(B.17)

and

C(t, t0) = Θ(L− t0)
[
Θ(L− t) cos

(
Ω(t− t0)

)
+ Θ(t− L)

(
cos
(
Ω(L− t0)

)
+ Ω(L− t) sin

(
Ω(L− t0)

))]
+ Θ(t0 − L)

[
Θ(t− L) + Θ(L− t) cos

(
Ω(L− t)

)]
(B.18)

One notices that S(t, t0) is also continuous and derivable as a function of t0, whereas C(t, t0)
is only continuous as a function of t0. Moreover, one has the relation C(t, t0) = C(t0, t) for all
t ≤ L, but not for all t values.
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Junction in the general case. To deal with the general case, one notices that if one has
the continuous and derivable solutions S̃(t, t0) and C̃(t, t0), then the functions G̃(t) and ˜̄G(t)
defined in (3.128)-(3.132) are continuous and their derivative are piece-wise continuous. One
can then find G̃−1(t) and ˜̄G(t) as continuous solutions of the differential equations (3.130) and
(3.135). This means that the function G̃−1(t) satisfies:

G̃−1(t0) = 0 (B.19)

dG̃−1

dt
= 1 +

iq̂(t)

2k+
G̃−2 if t0 ≤ t < t0 + L (B.20)

lim
ε→0

G̃−1(t0 + L− ε) = G̃−1(t0 + L+ ε) (B.21)

dG̃−1

dt
= 1 if t > t0 + L (B.22)

The solution of this problem is

G̃−1(t) = Θ(L+ t0 − t)G−1(t) + Θ(t− L− t0)
(
t− t0 − L+G−1(t0 + L)

)
(B.23)

with G−1 the solution of (B.19) and (B.20). This relation is also true for ˜̄G if one replace G by
Ḡ, solution of Ḡ′+ Ḡ2 + iq̂(t)/(2k+) = 0 and Ḡ(t0) = 0. Using these expressions in the on-shell
or off-shell cross-section (3.140)-(3.129) calculated in Chapter 3, one finds the expressions (B.2)
and (B.6).



Appendix C

Splitting functions

In this Appendix, we give our conventions for the splitting functions used in this thesis.

C.1 Vacuum (DGLAP) splitting functions

We use the leading order unregularised DGLAP splitting functions. In the notation Φbc
a (z), a

refers to the parent parton, b to the daughter parton carrying the splitting fraction z and c the
daughter parton carrying the splitting fraction 1− z.

Φgq
q (z) = CF

1 + (1− z)2

z
(C.1)

Φqg
q (z) = CF

1 + z2

1− z (C.2)

Φgg
g (z) = 2CA

(
1− z
z

+
z

1− z + z(1− z)

)
(C.3)

Φqq̄
g (z) = nfTR

(
z2 + (1− z)2

)
(C.4)

with obviously Φqq̄
g (z) = Φq̄q

g (z). These are the building rates for the generating functional 4.10
in Chapter 4.

For i ∈ {q, g}, we note Pi(z) the i-splitting function summed over all distinct decay channels:

Pi(z) ≡ 1

2!

∑
(a,b)

Φab
i (z) (C.5)

These splitting functions are convenient when one wants to implement the master equation
(4.10) in a Monte Carlo parton shower. When these splitting functions are integrated between
0 and 1, one can exploit the z ↔ 1 − z symmetry to write them in such a way that the soft
singularity is only at z = 0:

Pq(z) = CF
1 + (1− z)2

z
(C.6)

Pg(z) = CA

(
2

1− z
z

+ z(1− z) +
nfTR
CA

(
z2 + (1− z)2

))
(C.7)
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C.2 Medium splitting functions
When there is no explicit mention of the contrary, q̂ always refers to the adjoint q̂A. Hence, in
(4.57), there is a

√
CA factored out so that the medium-modified splitting kernels Kabi (z) read:

Kgqq (z) = CF
1 + (1− z)2

z

√
CF
CA

z2 + (1− z) (C.8)

Kqgq (z) = CF
1 + z2

1− z

√
CF
CA

(1− z)2 + z (C.9)

Kggg (z) = 2CA
(1− z(1− z))2

z(1− z)

√
(1− z) + z2 (C.10)

Kqq̄g (z) = nfTR

(
z2 + (1− z)2

)√CF
CA

+ z(1− z) (C.11)

As for the vacuum splitting functions, we define Ki(z) as the splitting function of a parton
i ∈ {q, g} summed over all distinct decay channels:

Ki(z) ≡ 1

2!

∑
(a,b)

Kabi (z) (C.12)

or more explicitly,

Kq(z) =
1

2

(
Kqgq (z) +Kgqq (z)

)
(C.13)

Kg(z) =
1

2

(
Kggg (z) + 2Kqq̄g (z)

)
(C.14)



Appendix D

Large x jet fragmentation to NLL
accuracy

Eq. (4.18) can be deduced from the coherent branching algorithm which resums to all orders
leading and next-to-leading logarithms of the form −αs log(1 − x). Since the fragmentation
function is not IRC safe, we introduce a lower transverse momentum cut-off k⊥,min for any
resolvable splitting. The final result strongly depends on k⊥,min so we need to keep track of any
k⊥,min dependence in the calculation.

D.1 Strict NLL result
We focus on quark-initiated jets and the generalization to gluon-jets is straightforward. To NLL
accuracy, one can neglect the quark/gluon mixing terms. We discuss this approximation at the
end of this appendix. The MLLA equation for the quark cumulative fragmentation function
(10.4) is (integrating (4.17) over x):

Q
∂Σq(x,Q)

∂Q
=

∫ 1

0

dz Kq
q (z, k⊥)

[
Σq

(x
z
, zQ

)
− Σq(x,Q)

]
(D.1)

where the evolution variable is Q = pT0θ to account for the ordering in the angle θ of successive
emissions and the kernel is

Kq
q (z, k⊥) =

αs(k⊥)

π
Φqg
q (z)Θ(k⊥ − k⊥,min) (D.2)

The initial condition for (D.1) is Σq(x, k⊥ = k⊥,min) = Θ(1 − x). At NLL accuracy, k⊥ =
z(1−z)Q ' (1−z)Q and Σq(

x
z
, zQ) ' Σq(

x
z
, Q) since the dominant contribution for x ' 1 comes

from z ' 1. In Mellin space, one can solve this equation with our approximations. Anticipating
our resummed result, we note λj = αs log(j) and λ0 = αs log(pT0R/k⊥,min) = αsL0, so that the
Mellin transform of Σ reads:

log(jΣ̃q(j, pT0R)) =

∫ pT0R

Q0

dQ′

Q′

∫ 1

0

dz (zj − 1)Kq
q (z,Q

′) (D.3)

=
CF
πβ0

[
log(j)

(
1− log

(1− 2β0λj
1− 2β0λ0

)
+

log(1− 2β0λj)

2β0λj

)
−γE log

(1− 2β0λj
1− 2β0λ0

)
+Bq log(1− 2β0λ0)

]
+O(αsλ

n
j , αsλ

n
0 ), (D.4)
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where we used the standard trick zj − 1 ' −Θ(e−γE/j − z) valid at NLL accuracy and we
kept only the singular and finite part Bq = −3/4 of the quark splitting function when z ' 1.
Eq. (D.4) resums to all orders leading and next-to-leading logarithms of the form λj, λ0. More
explicitly,

log(jΣ̃NLL
q (j, pT0R)) = log(j)g1(λj, λ0) + f2(λj, λ0) (D.5)

g1(u, v) =
CF
πβ0

[
1− log

(1− 2β0u

1− 2β0v

)
+

log(1− 2β0u)

2β0u

]
(D.6)

f2,q(u, v) =
CF
πβ0

[
−γE log

(1− 2β0u

1− 2β0v

)
+Bq log(1− 2β0v)

]
(D.7)

The final step is to calculate the inverse Mellin transform of (D.4).

Σq(x) =
1

2πi

∫
C

dj
j
e−j log(x)

(
jΣ̃q(j)

)
=

1

2πi

∫
C
du eu−log(u)+Gq [log(u)−log(− log(x))] (D.8)

where C is a contour parallel to the imaginary axis and Gq[log(j)] ≡ log(jΣ̃q(j)). For this, we
Taylor-expand the function Gq around L = − log(− log(x)) ' − log(1− x).

Gq[L+ log(u)] = Gq[L] + log(u)G′q[L] +
∞∑
k=2

log(u)k
G

(k)
q [L]

k!
(D.9)

For k ≥ 2, G(k)
q [L] is certainly beyond NLL accuracy because the derivatives of αsβ0L with

respect to L bring always at least one extra αs factor. Thus, we truncate the expansion up
to the first derivative. Moreover, the derivative of f2,q(αsL, αsL0) with respect to L is also
sub-leading. Finally, using

1

2πi

∫
C
du eu+x log(u) =

1

Γ(−x)
(D.10)

one gets the following result for the cumulative distribution:

ΣNLL
q (x, pT0R) =

eGq [L]

Γ(1−G′q[L])
=

exp
(
Lg1(αsL, αsL0) + f2,q(αsL, αsL0)

)
Γ
(

1− ∂ug1(u,αsL0)
∂u |u=αsL

) (D.11)

which is exactly (4.16), (4.18).

D.2 Sub-leading j contributions and quark/gluon mixing
terms.

Besides N2LL contributions, we have neglected terms of order O(αns logn(j)/j) in formulas
(D.1) and (D.4). Among such terms, those associated with quark/gluon mixing give sizeable
numerical corrections to the NLL results, especially in the gluon-jet case. The main reason for
this is that, even though the (power-suppressed) probability for a gluon to split in a qq̄ pair
where the quark carries most of the momentum (x ∼ 1) is much smaller than the probability to
find a hard gluon, once such a splitting occurs, the Sudakov appearing in (D.11) becomes that
of a quark, i.e. has a much smaller suppression because of the colour factor CF < CA appearing
in the exponential. In the inclusive fragmentation function, this becomes an increasingly likely
situation [276].



D.2. SUB-LEADING J CONTRIBUTIONS AND QUARK/GLUON MIXING TERMS. 239

Including all terms of order O(αns logn(j)/j) is beyond the scope of this simple analysis of
the large x behaviour of the fragmentation function. Instead, one can correct Eq. (D.11) for
gluon jets with an additional piece Σg,mix(x, pT0R) describing the splitting of the gluon in a qq̄
pair, with either the quark or the antiquark carrying a large fraction x of the initial energy:

Σg,mix(x, pT0R) =

∫ 1−x

0

dξ P q
g (ξ)

∫ R

0

dθ
θ

αs(ξpT0θ)

π
Θ(ξpT0θ − k⊥,min)

× exp

(
−2CA

π

∫ 1

ξ

dz
z

∫ R

θ

dθ′

θ′
αs(zpT0θ

′)Θ(zpT0θ
′ − k⊥,min)

)
× exp

(
−2CF

π

∫ 1

ξ

dz
z

∫ θ

0

dθ′

θ′
αs(zpT0θ

′)Θ(zpT0θ
′ − k⊥,min)

)
(D.12)

with P q
g (ξ) = 2nfTR(ξ2 + (1 − ξ)2) ' 2nfTR since ξ ≤ 1 − x � 1. In Mellin space, this is

equivalent to solve the linear differential equation with an inhomogeneous term associated with
the non-diagonal elements of the kernel matrix. In Fig. 4.1, the analytical “NLL” curve for
gluon jets is actually ΣNLL

g (x) + Σg,mix(x).





Appendix E

The ISD fragmentation function to NLL
accuracy

This Appendix deals with the fragmentation function from subjets built from the Iterative
Soft Drop procedure as explained in Chapter 4, Section 4.2.3.3. We aim at calculating this
observable to next-to-leading accuracy in the soft sector. The large logarithms in this case are
L = log(1/z) and Lcut = log(1/zcut).

We start with the evolution equation for the fragmentation function ~DISD(z,Q) obtained
from the master equation (4.38). The logarithmic counting is actually easier when considering
the cumulative fragmentation function ~ΣISD(z,Q) and its logarithmic expansion (4.40). The
validity of our successive approximations can be checked at the level of the evolution equation
satisfied by ~ΣISD which is directly deduced from the following equation:

∂ ~DISD(z,Q)

∂ log(Q)
=
αs(k⊥)

π
Θcut(z,Q)~Psym(z) +

∫ 1/2

0

dz′
(

[LL](z′, Q) ~DISD(z′, Q)

+ [NLL](z′, Q)
(
~DISD(z′, (1− z′)Q)− ~DISD(z′, Q)

))
(E.1)

with ~Psym(z) is the symmetrized splitting function defined as

~Psym(z) =

(
Φgq
q (z) + Φqg

q (z)
Φgg
g (z) + 2Φqq̄

g (z)

)
(E.2)

The transverse momentum is equal to k⊥ = z(1− z)Q and the matrices [LL] and [NLL] are:

[LL](z,Q) =
αs(k⊥)

π
Θcut(z,Q)

(
−Φqg

q (z) Φqg
q (z)

2Φqq̄
g (z) −2Φqq̄

g (z)

)
(E.3)

[NLL](z,Q) =
αs(k⊥)

π
Θcut(z,Q)

(
Φgq
q (z) Φqg

q (z)
2Φqq̄

g (z) Φgg
g (z)

)
(E.4)

The step function constrains emissions to satisfy the Soft Drop condition, noting Q̄ = pTR:

Θcut(z,Q) = Θ
(
z − zcut(Q/Q̄)β

)
(E.5)

E.1 LL analytic result
As explained in the Section 4.2.3.3, one can neglect the NLL matrix to LL accuracy, since
the difference ~DISD(z′, (1 − z′)Q) − ~DISD(z′, Q) regulates the soft divergence of the splitting
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functions. In the LL matrix, using αs(z(1 − z)Q) = αs(Q)(1 − 2αs(Q)β0 log(z(1 − z))), one
sees that one can approximate αs(k⊥) by αs(Q) since the next term generates one extra-power
of αs which is not compensated by a soft logarithmic singularity in the z integration. Finally,
in the term proportional to ~Psym(z), one cannot neglect the z dependence inside αs since the
extra αs power is compensated by the soft singularity of the splitting function. Therefore, one
gets the equation (4.41):

∂ ~DISD(z,Q)

∂ log(Q)
=

2~CR
π

αs(zQ)

z
Θcut +

αs(Q)

π
[F ] ~DISD(z,Q) (E.6)

with the matrix [F ] defined as:(
−fF fF
fA −fA

)
≡
∫ 1/2

0

dz
(
−Φqg

q (z) Φqg
q (z)

Φqq̄
g (z) −Φqq̄

g (z)

)
=

(−CF (2 log(2)− 5
8

)
CF
(
2 log(2)− 5

8

)
2nfTR

3
−2nfTR

3

)
(E.7)

This equation can be solved using the variation of parameters method. The general solution
of the homogeneous equation vanishes because of the initial condition ~DLL

ISD(z,Q = 0) = ~0, so
that only the particular solution remains:

~DLL
ISD(z) =

∫ pTR

0

dQ′

Q′
2

π

αs(zQ
′)

z
Θcut(z,Q

′) exp

(∫ pTR

Q′

dQ′′

Q′′
αs(Q

′′)

π
[F ]

)
~CR (E.8)

The matrix exponential can be calculated exactly:

exp
(
λ(Q′)

(
−fF fF
fA −fA

))
=

1

fA + fF

(
fA + fF e

−λ(Q′)(fA+fF ) fF − fF e−λ(Q′)(fA+fF )

fA − fAe−λ(Q′)(fA+fF ) fF + fAe
−λ(Q′)(fA+fF )

)
(E.9)

with (noting α0 = αs(pTR),)

λ(Q′) ≡
∫ pTR

Q′

dQ′′

Q′′
αs(Q

′′) = − 1

2πβ0

log
(
1 + 2α0β0 log(Q′/(pTR))

)
(E.10)

After some algebra, the remaining integral over Q′ gives the result (4.43). In particular, the
terms without exponential factors give the term proportional to the function f0 in (4.43),
whereas the others can be integrated explicitly using the incomplete Gamma function.

E.2 NLL equivalent equation
One can find an equation equivalent to (E.1) at NLL accuracy, with a more suitable form
for both analytical and numerical analysis. It is convenient to introduce the following set of
matrices:

[F2] ≡
∫ 1/2

0

dz
(
−Φqg

q (z) log(z) Φqg
q (z) log(z)

Φqq̄
g (z) log(z) −Φqq̄

g (z) log(z)

)
(E.11)

=

(CF
48

(
8π2 + 3(1 + 2 log(2))(−9 + 8 log(2))

) −CF
48

(
8π2 + 3(1 + 2 log(2))(−9 + 8 log(2))

)
−nfTR

72

(
29 + 24 log(2)

) nfTR
72

(
29 + 24 log(2)

) )
[E] ≡

∫ 1/2

0

dz
(

Φgq
q (z) log(1− z) Φqg

q (z) log(1− z)
2Φqq̄

g (z) log(1− z) Φgg
g (z) log(1− z)

)
(E.12)

=

(CF
48

(
33− 8π2 + 6 log(2)(8 log(2)− 5)

) −CF
16

(
− 13 + 2 log(2)(7 + 8 log(2))

)
nfTR

72

(
24 log(2)− 23) −CA

72

(
12π2 + 132 log(2)− 131)

)
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and to write the differential equation (E.1) in terms of t ≡ log(Q/Q̄), Q̄ = pTR. Using the
trick

~DISD(z′, t+ log(1− z′))− ~DISD(z′, t) = log(1− z′)∂
~DISD(z′, t)

∂t
+O

(
αn+2

0 logn
)

(E.13)

one can rewrite (E.1) as:

∂ ~DNLL
ISD (z, t)

∂t
=
αs(k⊥)

π
Θcut(z, Q̄e

t)~Psym(z) +

(
αs(Q̄e

t)

π
[F ]− 2α2

0β0

π
[F2]

)
~DNLL
ISD (z, t)

+
αs(Q̄e

t)

π
[E]

∂ ~DNLL
ISD (z, t)

∂t
(E.14)

The last term is a consequence of the fact that at NLL accuracy, one must take into account the
energy recoil of the hard branch. The term proportional to α2

0[F2] comes from the z dependence
of the transverse momentum k⊥ in the matrix [LL]. It must be included as it is of the same
logarithmic order as the term proportional to [E].

Equation (E.14) can be further simplified by putting the last term of (E.14) on the left hand
side of the equation, and multiplying by the inverse matrix:(

1− αs(Q̄e
t)

π
[E]

)−1

' 1 +
αs(Q̄e

t)

π
[E] +O

(
α2
s(Q)

)
(E.15)

one gets, using α2
s(Q̄e

t)DNLL
ISD = α2

0D
NLL
ISD at our accuracy,

∂ ~DNLL
ISD (z, t)

∂t
=
αs(zQ̄e

t)

π
Θcut(z, Q̄e

t)~Psym(z) +
αs(Q̄e

t)αs(zQ̄e
t)

π2
Θcut(z, Q̄e

t)[E]~Psym(z)

+

(
αs(Q̄e

t)

π
[F ]− 2α2

0β0

π
[F2] +

α2
0

π2
[E][F ]

)
~DNLL
ISD (z, t)

(E.16)

Finally, one notices that α2
0D

NLL
ISD = α2

0D
LL
ISD + O(αn+2

0 logn) at NLL precision. This enables
to put the terms proportional to α2

0 in the inhomogeneous term of the differential equation,
since DLL

ISD is known exactly. Using ~Psym(z) ' 2~CR/z + ~BR, where Bi is the finite part of
the splitting function, one can put the NLL differential equation into the form (4.47) with the
inhomogeneous term ~CNLL(z,Q) reading:

~CNLL(z,Q) =
αs(zQ)

π

2

z
Θcut(z,Q)

(
1 +

αs(Q)

π
[E]

)
~CR +

αs(Q)

π
Θ
(
Q− pTR(2zcut)

−1/β
)
~BR

+

(
α2

0

π2
[E][F ]− 2α2

0β0

π
[F2]

)
~DLL
ISD(z,Q) (E.17)

This allows for a straightforward evaluation of the solution of (4.47) given the initial conditions:

~DNLL
ISD (z) =

∫ pTR

0

dQ′

Q′
exp

(
λ(Q′)

(
−fF fF
fA −fA

))
~CNLL(z,Q′) (E.18)

Since the homogeneous term involves only the matrix [F ], its exponential has the simple form
(E.9).
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Other NLL corrections. To claim a full NLL answer for ~DNLL
ISD (z), one should also include

the two-loop running coupling and splitting functions corrections. These corrections can be
incorporated in the function ~CNLL(z,Q) by adding the standard correction δ ~C2−loops(z,Q):

δ ~C2−loops(z,Q) = −α
2
0β1

πβ0

1

z

log(1 + α0β0 log(zQ)

(1 + α0β0 log(zQ))2
~CR +

K

2π2

α2
s(zQ)

z
~CR (E.19)

where K is the universal two-loop cusp anomalous dimension.



Appendix F

Vacuum-like patterns in the off-shell and
on-shell gluon spectra in a dense medium

The purpose of this Appendix is twofold:

1. we want to show that decomposing the off-shell spectrum according to time integration
domains is ambiguous and can lead to unphysical results, such as (F.10). In the presence
of a dense medium in a finite volume, the quantum formation process is intricate and
vacuum formation time arguments can be misleading.

2. for this reason, we prefer the more physical decomposition given by (5.22) which is pre-
sented in Chapter 5. We thus demonstrate formula (5.24) and (5.25) as promised.

F.1 Decomposition of the off-shell spectrum from time do-
mains

This section aims at explaining where the Bremsstrahlung contributions in the off-shell spec-
trum (3.141) comes from in the time integral. The results obtained in this section correspond
to those obtained in [124]. As we use analytic expressions valid in the expanding medium case,
this analysis can be straightforwardly extended for expanding media using for instance the
Taylor expansion method as in Chapter 5, Section 6.1.

Let us begin with a rewriting of the result obtained in (3.141) in a physically more trans-
parent way:

ω
d3Noff-shell

dωd2k⊥
=
αsCF
π2

[
2Re

1

2iω

∫ ∞
0

dy+

∫
d2q⊥P(k⊥ − q⊥, y+,∞) exp

(−q2
⊥G
−1(y+)

2iω

)
− 1

k2
⊥

]
(F.1)

where the ε prescription is implicit. In this form, the final state broadening of the gluon
between y+ and ∞ is convoluted with the emission spectrum at formation. Setting by hand
P(k⊥ − q⊥) = δ(k⊥ − q⊥) to remove the effect of broadening, all the physics of the medium
is encoded in the function G(y+) defined in (3.128) (with x+

0 = 0 in this case.) In the special
case of a static medium with constant q̂, the function G−1(y+) is particularly simple (see the
derivation in Appendix B):

G−1(y+) =

 j
√

2ω
q̂

tanh
(
j̄
√

q̂
2ω
y+
)

if y+ ≤ L

y+ − L
[
1− j√ ω

ωc
tanh

(
j̄
√

ωc
ω

)]
≈

ω�ωc
y+ − L if y+ ≥ L

(F.2)
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with j ≡ (1 + i)/
√

2 and L is the path length in the medium.

Vacuum formation time. Emission is a quantum process which is not localized in time.
The so-called “vacuum formation time” tf = 2ω/k2

⊥ which has been derived before from
the Heisenberg inequality comes mathematically from the analysis of the integral giving the
Bremsstrahlung spectrum in the vacuum:

ω
d3Nbrem

dωd2k⊥
=
αsCF
π2

k2
⊥

4ω2
2Re

∫ ∞
0

dy+

∫ ∞
0

dȳ+e−ε(y
++ȳ+)eik

−(y+−ȳ+) (F.3)

Hence, the phase in the exponential is controlled by the scale k− = k2
⊥/(2k

+) = k2
⊥/(2ω) so

that:

tf ≡ |y+ − ȳ+| ∼ 2ω

k2
⊥

(F.4)

for Bremsstrahlung emissions in the vacuum. At the level of the amplitude of the process, this
formation time controls also the phase of the integral. Consequently, in the vacuum, one has
also:

tf ∼ y+ ∼ ȳ+ (F.5)

In our derivation of the BDMPS-Z spectrum, we have used our lemma (3.122) to integrate over
the time ȳ+ in the complex conjugate amplitude in order to obtain compact expressions well
suited for a numerical analysis. The price to pay is that a spurious −1/k2

⊥ term is generated,
spoiling the symmetry of the result all over k⊥. This term comes from a region with y+ and
ȳ+ much larger than the typical length of the medium. However, it is to be associated with
vacuum-like processes with unconstrained formation time tf since y+ − ȳ+ can be as small or
as large as desired.

The off-shell spectrum at formation. Setting by hand P(k⊥−q⊥) = δ(k⊥−q⊥) to remove
the effect of broadening, this spectrum at formation becomes simply the emission rate integrated
over time:

ω
d3Noff-shell,f

dωd2k⊥
=
αsCF
π2

[
2Re

1

2iω

∫ ∞
0

dy+ exp

(−k2
⊥G
−1(y+)

2iω

)
− 1

k2
⊥

]
(F.6)

From (F.1), one sees that when the function G−1(y+) is of the form G−1(y+) ∼ y+ + cste,
the spectrum at formation (without broadening) develops a collinear singularity proportional
to 1/k2

⊥. More precisely, if G−1(y+) ∼ y+ for y+ ≤ y+
1 for instance, the integral in (F.6) gives:

2Re
1

2iω

∫ t1

0

dy+ exp

(−k2
⊥G
−1(y+)

2iω

)
' 2Re

1

2iω

∫ y+
1

0

dy+ exp

(−k2
⊥y

+

2iω

)
(F.7)

=
2

k2
⊥
Re

(
1− e

−k2
⊥y

+
1

2iω

)
(F.8)

which has the Bremsstrahlung form and vanishes for k2
⊥ ≤ 2ω/y+

1 . Note the factor 2 with respect
to (5.1). This is expected as in this calculation, it is as if the quark is created instantaneously
at time t = 0 and vanishes instantaneously at time t = t1, giving twice the genuine spectrum
for an accelerated charge.
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(1) The domain tf ≤ tf,med. Now, we use in Eq (F.1) the following approximation for the
hyperbolic tangent function in (F.2), tanh(x) ' x for x ≤ 1 valid when y+ ≤ tf,med � L (the
second inequality is a consequence of ω � ωc). One gets G−1(y+) ' y+. One can neglect the
y+ dependence inside the broadening probability P because the broadening between 0 and tf
of order kf,med is negligible in front of Qs. Thus, the y+ integral gives:

2

q2
⊥
Re
(

1− e
−q2⊥tf,med

2iω

)
(F.9)

which is suppressed for q⊥ ≤ kf,med = (2q̂ω)1/4. At the level of the full spectrum (F.1), this
contributions plus the −1/k2

⊥ term constrained with tf ≤ tf,med (i.e k⊥ ≥ kf,med) reads:

ω
d3Noff-shell, tf<tf,med

dωd2k⊥
=
αsCF
π2

∫
d2q⊥P(k⊥−q⊥, 0,∞)

[
2

q2
⊥

Θ(q⊥ − kf,med)− 1

k2
⊥

Θ(k⊥ − kf,med)

]
(F.10)

The first piece is the convolution between a Bremsstrahlung spectrum with a factor 2 and a
Gaussian of width ∼ Qs whereas the second piece (coming from the ε prescription and lemma
(3.122)) is a genuine Bremsstrahlung spectrum cancelling the factor 2 to restore the expected
1/k2

⊥ behaviour for k⊥ � Qs.
The latter expression deserves further comments because it is desperately non-symmetrical.

The minus term is not convoluted with the broadening probability. Is it an artefact of the
way we did the calculation? Actually, it is not as we shall now explain. Coming back to the
expression (3.127) where the time in the complex conjugate amplitude is not integrated, it is
also possible to factor out the broadening probability as follows:

ω
d3Noff-shell

dωd2k⊥
=
αsCF
π2

2Re

∫ ∞
0

dy+ e−εy
+

∫
d2q⊥P(k⊥ − q⊥, y+,∞)

× q2
⊥

(2iω)2

∫ y+

0

dȳ+ −e−εȳ+

C2(ȳ+, y+)
e
−q2⊥S(y+,ȳ+)

2iωC(ȳ+,y+)

(F.11)

When tf = |y+− ȳ+| ≤ tf,med one can use C(ȳ+, y+) ' 1 and S(y+, ȳ+) ' y+− ȳ+ as explained
in Section 5.1.2. The calculation of (5.7) for y+ − ȳ+ ≤ tf,med using these approximations for
C and S and keeping only the terms with an apparent 1/k2

⊥ singularity gives:

ω
d3Noff-shell, tf≤tf,med

dωd2k⊥
' αsCF

π2
2Re

∫ tf,med

0

dy+

∫
d2q⊥P(k⊥ − q⊥, y+,∞)

1

2iω

(
− 1 + e

−q2⊥y
+

2iω

)
+
αsCF
π2

2Re

∫ ∞
0

dy+ e−2εy+

∫
d2q⊥P(k⊥ − q⊥, y+,∞)

ε

q2
⊥

(
− 1 + e

−q2⊥tf,med
2iω

)
(F.12)

Neglecting the broadening during the formation time tf,med, the first term in this expression
gives the first term in (F.10) which has this weird factor 2. In the limit ε→ 0, only large values
of y+ contributes to the integral in the second term so the broadening probability becomes
δ(2)(k⊥− q⊥). The integral over y+ then gives a factor 1/2 when the ε prescription is removed,
and one recovers the second term in (F.10).

To summarize this short detour, we showed that the result (F.10) comes not only from
the domain y+ ≤ tf,med but from the full domain y+ − ȳ+ ≤ tf,med with unconstrained y+ in
agreement with the definition of tf = y+ − ȳ+. The subsequent broadening treats the short
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formation times VLEs with y+ ≤ L differently as those emitted outside the medium, leading
to the asymmetrical result (F.10). In the next section, we will understand the physical origin
of this factor 2 and the mismatch of (F.10) in the regime kf,med < k⊥ < Qs where one cannot
approximate the probability P by a Dirac delta.

(2) The domain y+ ≥ L and tf ≥ tf,med Let us now come back to formula (F.1) and
investigate the contribution coming from y+ ≥ L and tf ≥ tf,med (we have already collected the
y+ ≥ L and tf ≤ tf,med piece in the previous paragraph.) The exact calculation of the y+ ≥ L
integral in (F.1), where the broadening probability vanishes, reads:

1

2iω

∫ ∞
L

dy+ 2 exp

(−k2
⊥G
−1(y+)

2iω

)
=

2

k2
⊥

exp

(
k2
⊥L

2iω
j

√
ω

ωc
tanh

(
j̄

√
ωc
ω

))
(F.13)

=
2

k2
⊥

exp

(
−j̄ k2

⊥
k2
f,med

)
for ω � ωc (F.14)

≈ 2

k2
⊥

Θ(kf,med − k⊥) (F.15)

so that the contribution from L to∞ gives a Bremsstrahlung with support for k⊥ ≤ kf,med (and
not k2

⊥ < 2ω/L !). Combined with the −1/k2
⊥, where the constraint tf ≥ tf,med is imposed, the

contribution from times larger than L and tf ≥ tf,med to the full spectrum reads:

ω
d3Noff-shell, y+>L,tf>tf,med

dωd2k⊥
=
αsCF
π2

1

k2
⊥

Θ(kf,med − k⊥) (F.16)

Note that one would have obtained a wrong result using the approximation G−1(y+) ' y+−L
for y+ ≥ L, valid when ω � ωc though.

(3) The domain tf,med ≤ y+ ≤ L. In this regime, the emission rate is roughly constant.
Indeed, using tanh(x) ≈ 1 for x ≥ 1, one gets G−1(t) ' j

√
2ω/q̂. This leads to a purely

medium induced component in the full spectrum without 1/k2
⊥ behaviour:

ω
d3Noff-shell, tf,med<y

+<L

dωd2k⊥
=

2αsCF
π2

Re
1

2iω

∫ L

0

dy+

∫
d2q⊥P(k⊥ − q⊥, y+,∞) exp

(
−j̄ q2

⊥
k2
f,med

)
(F.17)

As the broadening probability averaged over time appearing in this formula is not controlled
by small times, one can safely take y+ = 0 instead of tf,med in the lower boundary of the time
integral. Note that the time integral can be performed exactly in the harmonic approximation
and gives the result obtained in (4.78) in a different context. With this expression, the medium-
induced mechanism is transparent: gluons are created with a constant formation rate and
a transverse momentum of order kf,med (with Gaussian distribution) all along the medium
and then undergo transverse momentum broadening so that they end up with a transverse
momentum of order Qs. For medium induced emissions, one sees that tf,med ≤ y+ ≤ L⇔ tf =
tf,med.

Summary. Let us summarize the discussion of the one gluon emission spectrum from an
off-shell quark. In the presence of the medium, y+ and ȳ+ for Bremsstrahlung emissions are
not any more solely controlled by tf contrary to the vacuum calculation (F.3), so the discussion
involves both y+ and ȳ+ .The full spectrum receives three kinds of contribution from three
different integration domains:
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1. Short formation time vacuum-like emissions from the domain tf = |y+ − ȳ+| < tf,med so
that k⊥ ≥ kf,med.

2. Medium induced emissions from the domain tf,med ≤ y+ ≤ L with a constant formation
rate. This imposes |y+ − ȳ+| ' tf,med. These emissions produce a peak in the spectrum
around k⊥ = Qs but final state broadening aside, these emissions are peaked around
k⊥ = kf,med.

3. Vacuum-like emissions from the domain y+ ≥ L and |y+−ȳ+| ≥ tf,med, so that k⊥ ≤ kf,med.

F.2 The on-shell spectrum in a static medium

To calculate the vacuum-like spectrum defined in 5.21, we need to understand the behaviour of
the spectrum (5.21), and especially the contributions which have a double-logarithmic structure,
and which should therefore be resummed. To do so, we rely again on the brick model where
the analytical calculations are simple. We recall that our aim is solely to extract the physical
scales in order to demonstrate the results obtained in Section 5.1.1. For the brick model, the
on-shell spectrum reads:

ω
d3Non-shell

dωd2k⊥
=
αsCF
π2

[∫
d2q⊥
q2
⊥
P(k⊥ − q⊥, 0, L)Θ(|q⊥| − µ)− 1

k2
⊥

+
2

k2
⊥
Re exp

(
−j̄ k2

⊥
k2
f,med

coth
(
j

√
ωc
ω

))

+2Re

∫ L

0

dy+

∫
d2q⊥P(k⊥ − q⊥, y+, L)

1

2iω
exp

(
−j̄ q2

⊥
k2
f,med

coth
(
j̄

√
ωc
ω
y+
))]
(F.18)

where µ is a regularization scale introduced in Chapter 3-Section 3.3.3.3. One easily checks
that this expression vanishes in the limit q̂ → 0.

We now prove formula (5.25). The last term of (F.18) is not singular as k⊥ → 0. Actually,
the integral over k⊥ of this term gives precisely the integrated BDMPS-Z spectrum. It is
interesting to notice that even if the definition (5.5) for the medium-induced spectrum and the
alternative definition

ω
d3Ñmie

d2ωdk2
⊥
≡ 2Re

∫ L

0

dy+

∫
d2q⊥P(k⊥ − q⊥, y+, L)

1

2iω
exp

(
−j̄ q2

⊥
k2
f,med

coth
(
j̄

√
ωc
ω
y+
))
(F.19)

give the same result once integrated over k⊥ (we have demonstrated this in Chapter 3-Section
3.3.3.4 for the brick model, see also Appendix B) they are not equal and do not have the same
k⊥ dependence. This term is denoted as “BDMPS-Z” in formula (5.25).

When ω � ωc, the third term in (F.18) can be approximated by:

2

k2
⊥
Re exp

(
−j̄ k2

⊥
k2
f,med

coth
(
j

√
ωc
ω

))
' 2

k2
⊥

Θ(kf,med − k⊥) (F.20)

Finally, decomposing the −1/k2
⊥ term in (F.18) using 1 = Θ(kf,med− k⊥) + Θ(k⊥− kf,med), one
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gets:

ω
d3Non-shell

dωd2k⊥
' αsCF

π2

(∫ d2q⊥
q2
⊥

(
P(k⊥ − q⊥, 0, L)− δ(k⊥ − q⊥)

)
Θ(|q⊥| − kf,med)

+
1

k2
⊥

Θ(kf,med − k⊥)
)

+ “BDMPS-Z” (F.21)

' αsCF
π2

1

k2
⊥

Θ(kf,med − k⊥) + “BDMPS-Z” (F.22)

for µ = kf,med. To get the second line which is precisely formula (5.25), we used the fact that P
is normalised to 1, so that the integral over k⊥ of the first term does not generate any collinear
logarithm.

F.3 Leading behaviour of the vacuum-like spectrum
Now, let us explain how this on-shell spectrum combines with the off-shell one. For our purposes
here, one can perfectly approximate the cotangent function in the exponential in (F.19) by 1
and one sees that this third term exactly cancels the medium induced term (F.17) in the off-shell
spectrum.

The second term, using coth(j
√
ωc/ω) ' 1 for ω ≤ ωc, cancels the vacuum-like contribution

of the off-shell spectrum for y+ ≥ L calculated in (F.13). The −1/k2
⊥ cancels with the myste-

rious −1/k2
⊥ in the off-shell spectrum. Thus, for ω ≤ ωc, the in-medium vacuum-like spectrum

as defined in (5.21) behaves like:

ω
d3NVL

dωd2k⊥
' αsCF

π2

∫
d2q⊥
q2
⊥
P(k⊥ − q⊥, 0, L)

(
2Θ(|q⊥| − kf,med)−Θ(|q⊥| − µ)

)
(F.23)

' αsCF
π2

∫
d2q⊥
q2
⊥
P(k⊥ − q⊥, 0, L)Θ(|q⊥| − kf,med) (F.24)

where we have used µ = kf,med in the last line according to our discussion in Chapter 5, Section
6.1. This demonstrates formula (5.24).

F.4 Shockwave limit of the gluon spectra
When the size of the medium is taken into account, via the jet path length L, the resulting
formula are more complicated and the physics behind may be hidden (see Eqs. (F.1)-(F.18)).
It is therefore enlightening to consider the “shockwave limit” defined as:

L→ 0 , Qs =
√
q̂L fixed (F.25)

This limit captures the interplay between the virtuality of the initial process and the subsequent
multiple soft scatterings via the unique remaining transverse scale Qs.

Shockwave limit of the on-shell spectrum. In this limit, the medium-induced spectrum
(F.19) vanishes, since the integration range scales with L. The third term in (F.18) has a
well-defined limit:
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⊥
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(
−j̄ k2

⊥
k2
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coth
(
j

√
ωc
ω

))
−→
L→0

Qs=cste

2

k2
⊥

exp

(
−k

2
⊥
Q2
s

)
(F.26)
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Combining all the terms of (F.18) in this limit, one finds:

ω
d3Non-shell, SW

dωd2k⊥
=
αsCF
π2

[∫
|q⊥|>µ

d2q⊥
q2
⊥
P(k⊥ − q⊥, 0, L)− 2

k2
⊥

(
1− e−k2

⊥/Q
2
s

)
+

1

k2
⊥

]
(F.27)

=
αsCF
π2

[
4π

Q2
s

∫
|q⊥|>µ

d2q⊥
(2π)2

1
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⊥
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s − 4π
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∫
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2k⊥q⊥
q2
⊥k

2
⊥
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s

+
1
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]
(F.28)

=
αsCF
π2

(
4π

Q2
s

∫
d2q⊥
(2π)2

q2
⊥

(k⊥ − q⊥)2k2
⊥
e
− q

2
⊥
Q2
s

)
, for µ→ 0 (F.29)

The on-shell spectrum has a Gunion-Bertsch form [277]. The exponential corresponds to the
Gaussian probability for momentum transfer q⊥. For k⊥ � Qs, the spectrum (F.29) has a
Bremsstrahlung tail in αsCF

π2
1
k2
⊥
. This is precisely why it is interesting to look at the on-shell

spectrum: all the Bremsstrahlung components are related to the scattering off the medium.
For k⊥ � Qs, the spectrum behaves like αsCF

π2

Q2
s

k4
⊥
.

Shockwave limit of the off-shell spectrum. The shockwave limit of the off-shell spectrum
can be readily deduced from Eq. (3.141). One must distinguish two cases: either x+

0 = x+
i =

0, meaning that the creation vertex x+
i of the quark is located at the same position as the

shockwave or x+
0 > 0. In the latter case, x+

0 is the location of the shockwave along the eikonal
quark trajectory. For the former case, one can directly take the shockwave limit of (F.10),
(F.13) and (F.17):

ω
d3Noff-shell, SW

dωd2k⊥
=
αsCF
π2

1

k2
⊥

(F.30)

which is exactly the vacuum Bremsstrahlung spectrum. In this scenario, nothing happens.
Actually, we have seen in Section 3.4.3 that if we start with a virtual onium instead of a virtual
quark, the medium plays a non trivial role even in this simple situation, via the decoherence of
the colour dipole.

The case x+
0 > 0 (with x+

i = 0) is much more interesting. The function G in (3.141) satisfies:

G−1(y+) = y+ if y+ < x+
0 (F.31)

G−1(y+) =
1

Ω

tan
(
Ω(y+ − x+

0 )
)

+ Ωx+
0

1− Ωx+
0 tan

(
Ω(y+ − x+

0 )
) if x+

0 ≤ y+ < x+
0 + L (F.32)

G−1(y+) = y+ − x+
0 − L+

1

Ω

tan
(
ΩL
)

+ Ωx+
0

1− Ωx+
0 tan

(
ΩL
) if x+

0 + L ≤ y+ (F.33)

with Ω2 = iq̂/(2ω). The integral appearing in (3.141) between x+
0 and x+

0 + L vanishes in the
limit L→ 0. The integral between 0 and x+

0 reads

2αsCF
π2

∫
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q2
⊥
P(k⊥ − q⊥, x+

0 , x
+
0 + L)
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1− e−

q2⊥x
+
0

2iω

)
(F.34)

This integral is naturally regularised by the finite value of x+
0 . Note the presence of the factor

2 as in (F.10). The integral with y+ ≥ x+
0 + L gives:
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+
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)−1
)

(F.35)
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where we emphasize the importance of x+
0 > 0 to get the shockwave limit. Combining all terms

together, one finds:

ω
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(F.36)
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1
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]
(F.37)

which looks very much like (F.29) except for the factor 2 in front of the Gaussian broadening
convolution. To conclude, the spectrum (F.37) can be computed fully analytically:
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(F.38)

with Ei(x) the exponential integral function. This spectrum behaves like αsCF
π2

1
k2
⊥
at large and

small k⊥. The k⊥-integrated “medium-induced” spectrum reads:

ω
dNmie, SW

dω
=

∫
dk2
⊥

(
ω
d3Noff-shell, SW

dωd2k⊥
− αsCF

π2

1
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(F.39)

=
αsCF
π

log

(
1 +

x+2
0 Q4

s

4ω2

)
(F.40)

' 2αsCF
π

log

(
x+

0 Q
2
s

2ω

)
, for Q2

s �
2ω

x+
0

(F.41)

This result is particularly interesting, because it sheds light on the interplay between lead-
ing and higher twist effects. As the initial quark is off-shell, it can radiate according to the
Bremsstrahlung law: this is a leading twist effect. On top of that, the shockwave can trigger
Bremsstrahlung emissions, but these emissions must satisfy k⊥ ≤ Qs since Qs is the transverse
momentum transferred by the shockwave. The result (F.41) has the following physical content:

• the leading twist emissions populate all the phase space,

• whereas the higher twist emissions populate the phase space k⊥ ≤ Qs.

• These two mechanisms interfere for k2
⊥ ≤ 2ω/x+

0 , so that a single Bremsstrahlung tail
remains at small k⊥.

The net result is a combination of two Bremsstrahlung in the phase space 2ω/x+
0 ≤ k2

⊥ ≤ Q2
s,

which gives the logarithmic area of this domain in the k⊥ integrated spectrum (F.41).



Appendix G

Saddle-point method for in-medium
intrajet multiplicity at DLA

Our starting point is Eq. (5.77), assuming ωL(R) < k⊥,min/R. For definiteness, we also assume
θ2 ≥ θ2

c , although it turns out that our conclusions remain valid for θ2 ≤ θ2
c . It is convenient to

use logarithmic variables: x1 = log(pT0/ω1), y1 = log(R2/θ2
1), x2 = log(ω2/ω), y2 = log(θ2

2/θ
2)

and X ≡ log(pT0/ω), Y ≡ log(R2/θ2). The energy scales ω0(R) and ωL(R), related respectively
to the inside and outside domains, become x0 ≡ log(pT0/ω0(R)) and xL ≡ log(pT0/ωL(R)), and
the logarithmic scale associated with θ2

c is yc ≡ log(R2/θ2
c ) = 4(xL − x0)/3. To get the leading

asymptotic behaviour of Ti,out(X, Y ), one can neglect the δ contribution to T vac in (5.74) since
it generates terms with at least one exponential factor missing. We thus get

Ti,out(X, Y ) = ᾱ3
s

∫ min(X,x0)

0

dx1

∫ min(yc,
3
2

(x0−x1))

0

dy1

∫ min(X−x1,X+Y−xL)

0

dx2

∫ X+Y−xL−x2

0

dy2

I0(2
√
ᾱsx1y1) I0(2

√
ᾱsx2y2) (G.1)

The integral over y1 and y2 can be performed exactly using the the following relation:∫ s

0

dy I0(2
√
ᾱsxy) =

√
s

ᾱsx
I1(2
√
ᾱsxs)

ᾱsxs�1'
√

s

ᾱsx

exp(2
√
ᾱsxs)√

4π
√
ᾱsxs

. (G.2)

Using (G.2), one gets

Ti,out(X, Y ) = ᾱ3
s

∫ min(X,x0)

0

dx1

∫ min(X−x1,X+Y−xL)

0

dx2R1(x1)R2(x2)

e2
√
ᾱsx1 min(yc,

3
2

(x0−x1))e2
√
ᾱsx2(X+Y−xL−x2) (G.3)

with the two non-exponential functions

R1(x1) =
1√
4π

(min(yc,
3
2
(x0 − x1)))1/4

(ᾱsx1)3/4
, R2(x2) =

1√
4π

(X + Y − xL − x2)1/4

(ᾱsx2)3/4
(G.4)

The x2 integrations cannot be performed exactly so we use the saddle-point approximation:∫ x2

x1

dx f(x)eMg(x) M→∞'
√

2π

−Mg′′(x?)
f(x?)eMg(x?), (G.5)

where the saddle point x? is the maximum of g(x) between x1 and x2. This formula is valid as
long as x1 < x? < x2.
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Setting M2 ≡ (X + Y − xL) = log(ωL(θ)/ω) and integrating over x2/M2, one get

Nout ≡ ᾱs

∫ min(X−x1,X+Y−xL)

0

dx2R2(x2)e2
√
ᾱsx2(X+Y−xL−x2)

√
ᾱsM2→∞' 1

2
e
√
ᾱsM2 . (G.6)

The corresponding saddle point is x?2 = M2/2 = log(
√
ωL(θ)/ω) so that the saddle-point

approximation is valid if x?2 < X − x1. This gives the condition x1 ≤ X − x?2 in the first
integral, in order to ensure energy conservation along the cascade.

Calling Nmed the remaining integral over x1, which is truly a gluon multiplicity inside the
medium, we are left with:

Nmed ≡ ᾱs

∫ min(x0,X−x?2)

0

dx1R1(x1)e2
√
ᾱsx1 min(yc,

3
2

(x0−x1)). (G.7)

Since min(X − x?2, x0) > xc ≡ log(pT0/ωc), the integral can be split into two pieces: x1 < xc
where min(yc, 3(x0 − x1)/2) = yc and x1 > xc where min(yc, 3(x0 − x1)/2) = 3(x0 − x1)/2.
The first piece is calculated exactly, and we use again the saddle point method to evaluate the
second piece, assuming x0 = log(pT0/ω0(R))→∞. We get (using x′1 = x1/x0)

Nmed =

∫ xc

0

dx1ᾱs

√
yc
ᾱsx1

I1(2
√
ᾱsx1yc) + ᾱs

∫ min(X−x?2,x0)

xc

dx1R(x1)e2
√
ᾱsx1

3
2

(x0−x1)

= −1 + I0(2
√
ᾱsxcyc) + ᾱ1/4

s

√
x0

4π

∫ min(1,(X−x?2)/x0)

xc/x0

dx′1

x
′1/2
1

(3(1− x′1)

2x1

)1/4

e2x0

√
3
2
ᾱsx′1(1−x′1)

√
ᾱsx0→∞∼ e2

√
ᾱsxcyc√

4π
√
ᾱsxcyc

+
1

2
e
√

3ᾱs
2
x0 (G.8)

The first term in equation (G.8) is sub-leading due to the square root in the argument and in
the denominator. Thus, the leading term for Nmed comes from the “inside-medium” region with
ω1 ≤ ωc.1

The saddle point of the integral over x1 is x?1 = x0/2 = log(
√
pT0/ω0(R)) so our estimation

for Nmed is valid only if xc < x?1 < X −x?2. The condition xc < x?1 leads to the condition (5.80).
The condition x?1 < X−x?2 leads to the condition (5.81), when x?2 = log(

√
ωL(θ)/ω) is evaluated

at its largest value, that is when θ = θmin ≡ k⊥,min/ω.
We have thus demonstrated that when both

√
ᾱsx0 ≡

√
ᾱs log(pT0/ω0(R)) and

√
ᾱs(X +

Y − xL) ≡ √ᾱs log(ωL(θ)/ω) are large and X > x?1 + x?2, i.e. ω < ωcr, we have

Ti,out(X, Y ) ∼ ᾱs
4

exp

[
√
ᾱs

(
X + Y − xL +

√
3

2
x0

)]
, (G.9)

which is precisely formula (5.82).
From (G.9) and (5.76), one deduces the asymptotic DLA behaviour of the small-x fragmen-

tation function by integrating Ti(ω, θ2|pT0, R
2) over θ2 between k2

⊥,min/ω
2 and R2. The leading

contribution comes from the lower limit of this integral or, in logarithmic units, from the upper
bound 2(xmax−X) on the integral on Y , with xmax = log(pT0R/k⊥,min). This reproduces (5.83)
in logarithmic units:

Dmed
i (X) =

∫ 2(xmax−X)

0

dY Ti(X, Y ) '
√
ᾱsCi

4CA
exp

[
√
ᾱs

(
−X + 2xmax − xL +

√
3

2
x0

)]
(G.10)

1That is why we can trust our final result for T (ω, θ2) even for θ2 ≤ θ2
c .
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Finally, the asymptotic form of the ratio Ri(X) ≡ Dmed
i (X)/Dvac

i (X) is obtained from
(G.10) and (4.25), using again the asymptotic form of I1(x) at large x:

Dvac
i (X) ' Ci√

4πCA

[
2ᾱs(xmax −X)

X3

]1/4

exp
(

2
√

2ᾱsX(xmax −X)
)

(G.11)

Ri(X) ∼
√
ᾱsπ

2
e
√

3
2
x0−xL

[
X3

2ᾱs(xmax −X)

]1/4

exp
[√

ᾱs
(√

X −
√

2(xmax −X)
)2
]
. (G.12)

From (G.11), one can estimate the position of the maximum xhump of Dvac
i (X). Neglecting

the non-exponential prefactor, one finds dDvac
i /dX ∝ xmax − 2X, so that the xhump ' xmax/2

and ωhump '
√
pT0k⊥,min/R. For X ≥ xhump i.e. ω ≤ ωhump, the derivative is negative, hence

Dvac
i (ω) decreases when ω decreases. Similarly, one can study the variation of Ri(X) from the

exponential factor alone:

dRi

dX
' ᾱs

√
π

2
e
√

3
2
x0−xL

(√
2X +

√
xmax −X

)(√
X −

√
2(xmax −X)

)√
X(xmax −X)

e
√
ᾱs

(√
X−
√

2(xmax−X)
)2

(G.13)
The derivative is positive when

√
X −

√
2(xmax −X) ≥ 0 i.e. when X ≥ 2xmax/3. Hence, for

ω . (pT0k
2
⊥,min/R

2)1/3, the ratio Ri(ω) increases when ω decreases.





Appendix H

Medium-modified Sudakov form factors
with running coupling

For the effects of the veto region, the expression corresponding to Eq. (10.6) and including
running-coupling effects is found to be

Lgveto1,i (u, v) = Lg1,i(u, v) +
2Ci
π
Aveto(L) (H.1)

where the logarithmic area of the veto region Aveto(L) is defined as:

Aveto(L) =

∫ 1

e−L

dz
z

∫ R

0

dθ
θ
αs(zpT0θ)(1−Θveto) (H.2)

and Θveto is given by (10.5). Introducing the following function:

T (x, y, z) ≡ y + zx

z
ln(1 + αsβ0(y + zx)) , (H.3)

the logarithmic area Aveto(L) reads:
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with z0 ≡ ω0(R)/pT0 = (2q̂/(p3

T0R
4))1/3, zL ≡ ωL(R)/pT0 = 2/(LpT0R

2) and zc ≡ ωc/pT0.
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Appendix I

Résumé détaillé en français

Introduction

Le plasma quarks-gluons. La chromodynamique quantique (QCD) est une théorie quan-
tique de l’intéraction forte, la force fondamentale régissant les processus physiques à l’échelle
nucléaire et sub-nucléaire, tels que la stabilité des noyaux atomiques ou la formation de nom-
breux états liés appelés hadrons. Le cadre conceptuel au sein duquel cette théorie est formulée
est celui de la théorie quantique des champs. Les degrés de libertés élémentaires de la théorie,
c’est à dire les champs quantiques apparaissant dans la description lagrangienne de l’intéraction
forte, sont appelés quarks et gluons. Quarks et gluons, ou génériquement les “partons”, sont
donc considérés comme les constituants élémentaires de la matière hadronique.

Cette matière existe sous différentes phases en fonction de la température et de la densité
(ou plus précisément du potentiel chimique baryonique). Le diagramme des phases probable
de la QCD est représenté sur la Fig. 1.1. La nature de ces phases est déterminée par deux
propriétés extrêmement importantes de la QCD: le confinement des quarks et des gluons, et
la liberté asymptotique de leurs intéractions. À basse température T � Tc, où Tc ∼ 150
MeV/kB est la température critique du système, les quarks et les gluons sont confinés au sein
des hadrons. Quand la température du système augmente, T � Tc, la constante de couplage
de la QCD, αs(kBT ) — évaluée à la valeur typique de l’énergie thermique du système, qui
est la seule échelle physique du problème — devient de plus en plus petite de part la liberté
asymptotique de l’intéraction forte: αs(kBT ) � 1 quant T → ∞. Cela signifie qu’à haute
température, un système composé de quarks et de gluons se comporte presque comme un gaz
de particules libres sans intéractions: le plasma quarks-gluons.

Les collisions d’ions lourds. Afin d’étudier ses propriétés, ce plasma est créé en laboratoire
dans des accélérateurs de particules après la collision à très haute énergie de deux ions lourds,
par exemple du plomb 208

82 Pb au Grand Collisionneur de Hadrons (LHC). Le déroulement tem-
porel de telles collisions est schématisé sur la Fig. 1.3. La durée de la phase déconfinée est
très courte, de l’ordre de 10 fm ; par conséquent, les propriétés de cette phase éphémère sont
déterminées grâce à la mesure de la myriade de hadrons produits par la collision et détectés
dans l’état final. Ces hadrons peuvent être divisés en deux catégories: les hadrons mous, avec
une impulsion transverse pT plus petite que quelques GeV, considérés comme les relicats d’un
milieu déconfiné et thermalisé, et les hadrons très énergétiques ou durs, avec un pT � 10
GeV. Le mécanisme de production de ces hadrons durs est essentiellement le même que dans
les collisions à haute énergie de petits systèmes, comme les collisions proton-proton (pp) ou
électron-positron (e+e−): ils proviennent d’un parton source très énergétique produit durant la
collision entre les deux noyaux.
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La réduction des jets. Ce parton très énergétique est également hautement virtuel, c’est à
dire qu’il est loin d’être sur sa couche de masse. Du fait de sa virtualité, il peut radier à nouveau
par émission Bremsstrahlung des partons plus mous, et presque colinéaires à l’impulsion initiale
du parton source. Dans l’état final, ce processus conduit à la formation de jets, qui sont des
gerbes collimatées de hadrons de haute énergie. Le temps caractéristique de formation du
parton source, d’impulsion transverse pT0, est 1/pT0 par le principe d’incertitude d’Heisenberg.
Au contraire, le temps caractéristique de développement de la cascade radiative partonique est
1/ΛQCD, où ΛQCD est l’échelle de confinement de la QCD. Pour un plasma avec une durée de
vie L, on a typiquement 1/pT0 � L . 1/ΛQCD. Cela signifie que le parton source est produit
très rapidement, avant même la formation du plasma, et que la gerbe partonique qu’il génère
se propage en partie à l’intérieur du plasma. Durant sa propagation, les intéractions entre le
milieu dense et le jet vont modifier l’évolution du jet et ses propriétés finales par rapport à celle
mesurées en collisions pp ou e+e−. Ce phénomène physique est connu sous le nom de réduction
des jets.

Dans cette thèse, nous proposons une nouvelle théorie pour décrire l’évolution des jets
dans un plasma quarks-gluons dense. Dans une première partie, nous construisons cette nou-
velle image à partir des principes premiers de la QCD en théorie des perturbations, puis dans
une seconde partie nous confrontons notre modèle aux mesures expérimentales faites au LHC
d’observables caractérisant la réduction des jets.

I.1 Une nouvelle image pour l’évolution des jets dans un
plasma quarks-gluons

Outre le processus radiatif de type Bremsstrahlung dû à la grande virtualité du parton à l’origine
du jet, cette thèse propose d’inclure de façon cohérente les modifications principales induites
par la présence du milieu sur la propagation d’un parton très énergétique. Le milieu est un gaz
idéal de quarks et de gluons, à l’équilibre thermodynamique à la température Tp. Ces charges
de couleurs génèrent un champ de jauge fluctuant dans lequel se propage le parton relativiste.

I.1.1 Propagation d’un parton très énergétique dans un milieu dense

Dans un premier temps, nous considérons que ce parton énergétique, le projectile, est sur couche
de masse, ce qui revient à négliger les effets de virtualité et nous travaillons dans l’approximation
eikonale pour la propagation du parton. Le projectile est de masse nulle et sa direction de
propagation permet de définir le système de coordonnées sur le cône de lumière associé à cette
direction (cf. Section 3.2.1). Dans ce système de coordonnées, la quadri-impulsion du projectile
est pµ = (p+, p−, p⊥) avec p+ � |p⊥| � p− et p2 = 2p+p− − p2

⊥ = 0.

Diffusion transverse. Du fait des collisions multiples avec les centres diffuseurs du milieu, le
parton acquiert durant sa propagation entre le temps t1 et le temps t2 une impulsion transverse
k⊥ selon la loi de probabilité gaussienne P(k⊥, t1, t2):

P(k⊥, t1, t2) =
4π

Q2
s(t1, t2)

exp

(
− k2

⊥
Q2
s(t1, t2)

)
, Q2

s(t1, t2) =

∫ t2

t1

dt q̂(t) (I.1)

Le plasma est caractérisé par le paramètre de réduction q̂, défini comme la moyenne de l’impulsion
transverse carrée acquise par unité de temps: 〈k2

⊥〉 ∼ q̂∆t. Dans la formule (I.1), q̂ dépend du
temps du fait de l’expansion longitudinale du plasma conduisant à une dilution de sa densité
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au cours de la propagation du parton énergétique dans le plan transverse à la collision. Cette
loi est valide dans un régime dominé par les diffusions multiples avec les constituants du milieu:
même si chaque diffusion ne transfère qu’une petite impulsion, la somme de tous ces transferts
contribue à donner une impulsion totale k⊥. Cette approximation est correcte pour k⊥ . Qs.
Au delà de cette approximation, P(k⊥, t1, t2) est donnée par Eq. (3.64).

Emissions induites. Outre la diffusion transverse, le milieu peut déclencher des émissions
car les collisions avec le milieu mettent le projectile hors de sa couche de masse. Un diagramme
de Feynman typique pour ce processus est représenté Fig. 2.1 (droite), dans le cas de deux
collisions. Dans le régime des collisions multiples, ces diagrammes doivent être resommés à
tous les ordres pour prendre en compte un nombre arbitraire de collisions. Cette resommation
permet d’obtenir le spectre d’émission d’un gluon de quadri-impulsion kµ = (k+, k−, k⊥) dans
l’approximation des diffusions multiples molles. Pour un projectile dans la représentation de
couleur R = A,F et sur couche de masse, le résultat est donné par la formule suivante:

k+d3Non-shell

dk+d2k⊥
=
αsCR
π2

[
4π

Q2
s(x

+
0 )

∫
d2q⊥
(2π)2

1

q2
⊥

exp

(−(k⊥ − q⊥)2

Q2
s(x

+
0 )

)
+2Re

∫ ∞
x+

0

dy+ Ḡ(y+)

Q2
s(y

+) + 2ik+Ḡ(y+)
exp

( −k2
⊥

Q2
s(y

+) + 2ik+Ḡ(y+)

)
− 1

k2
⊥

]
(I.2)

avec x+
0 le temps auquel le projectile entre dans le plasma et Qs(t) ≡ Qs(t,∞). La fonction Ḡ

est la solution du problème différentiel non-linéaire de type Riccati:

dḠ
dt

+ Ḡ2 +
iq̂(t)

2k+
= 0 , Ḡ(x+

0 ) = 0 (I.3)

Dans le cas d’un projectile hors couche de masse, nous obtenons une formule similaire, donnée
par Eq. (3.141). Ce dernier spectre est connu sous le nom de spectre BDMPS-Z, et est évalué
numériquement Fig. (3.2).

Pour un parton se propageant sur une distance L dans le milieu, le spectre intégré sur k⊥ a
le comportement suivant à petite énergie:

k+dNon−shell

dk+
≈ 2αsCR

π

√
ωc

2k+
, k+ � ωc =

1

2
q̂L2 (I.4)

Contrairement au spectre Bethe-Heitler, qui se comporte en αsNscatt/k
+ dans la limite molle,

avec Nscatt le nombre de centre diffuseur, le spectre induit est réduit puisqu’il se comporte en
1/k+3/2. Cette suppression, appelée effet Landau-Pomerantchuk-Migdal, est une conséquence
du fait que le projectile diffuse de façon cohérente avec plusieurs constituants du milieu durant le
temps de formation du gluon, qui est fini et d’ordre tf ∼ 2k+/k2

⊥. Durant ce temps, l’émission
acquiert par diffusion une impulsion transverse k⊥ ∼ q̂tf . Ces deux égalités fixent à la fois
le temps de formation tf,med =

√
k+/q̂ et l’impulsion transverse kf,med = (q̂k+)1/4 pour une

émission induite.
Enfin, l’échelle ωc qui apparaît dans la formule (I.4) est typiquement l’énergie maximale

d’une émission induite dans le régime des diffusions multiples molles. Le parton projectile est
donc considéré comme hautement énergétique si p+ ≥ ωc, inégalité qui garantie aussi la validité
de l’approximation eikonale pour sa propagation.



262 APPENDIX I. RÉSUMÉ DÉTAILLÉ EN FRANÇAIS

Décohérence d’un dipôle neutre. Le dernier effet qu’il sera important de prendre en
compte dans la description complète d’un jet évoluant dans un plasma dense est la décohérence
de couleur. Pour comprendre cet effet, il est commode de prendre pour projectile un dipôle
neutre, c’est à dire une paire quark-antiquark dans un état de couleur singulet. Ce dipôle est
créé à t = x+

0 à partir, par exemple, d’un photon ou d’un boson W/Z virtuel. Nous noterons
θqq̄ son ouverture angulaire.

Dans le vide, le spectre d’émission d’un gluon par un tel dipôle est bien connu: les émissions
à grands angles, avec θ > θqq̄ sont supprimées du fait des interférences quantiques induites par
la cohérence de couleur du dipôle. Qualitativement, une émission de longueur d’onde transverse
λ⊥ ∼ 1/k⊥ ∼ 1/(k+θ) plus grande que la taille du dipôle au moment de l’émission, de l’ordre de
θqq̄tf ∼ θqq̄/(k

+θ2) ne sera sensible qu’à la charge de couleur totale du dipôle. Comme le dipôle
est neutre, cette charge est nulle et l’émission est supprimée quand θ > θqq̄. Par conséquent les
émissions Bremsstrahlung dans le vide sont ordonnées en angle: θ < θqq̄.

Dans le milieu, les intéractions avec le dipôle modifient sa cohérence de couleur: chaque
branche du dipôle subit indépendamment une rotation de couleur du fait des collisions multiples.
Après un certain temps ∆t passé dans le milieu, le dipôle n’est donc plus dans un état singulet
de couleur. Pour quantifier plus précisément cet effet, on introduit le facteur de décohérence du
dipôle, noté Sqq̄ qui est égal au produit des deux rotations de couleur indépendantes du quark
et de l’antiquark (plus précisément, des lignes de Wilson le long de leur trajectoire eikonale,
cf. Section 3.4.2), moyenné sur les fluctuations statistiques du champ de jauge généré par le
plasma:

Sqq̄(∆t) ≡
1

N2
c − 1

〈
TrWq,x+

0 +∆t

x+
0

W q̄†,x+
0 +∆t

x+
0

〉
(I.5)

= exp

(
−1

8
θ2
qq̄

∫ ∆t

0

dξ q̂(x+
0 + ξ)ξ2

)
(I.6)

Pour un milieu statique, avec q̂ constant, un temps caractéristique de décohérence tcoh =
(q̂θ2

qq̄/4)−1/3 émerge de cette formule.

Les effets de la décohérence sur le spectre d’émission d’un gluon par un dipôle neutre doivent
être discutées séparément en fonction du type d’émission. Le cas des émissions induites par le
milieu est discuté en détail dans la Section 3.4.2. En résumé, il existe un angle du dipôle critique
θc = 2/

√
q̂L3, vérifiant tcoh(θc) = L, tel que si θqq̄ < θc, le spectre d’émissions induites par le

dipôle est supprimé par rapport aux résultats (I.2)-(I.4). Physiquement, l’ouverture du dipôle
est trop petite pour qu’il soit résolu par une émission induite, qui ne sera donc sensible qu’à
sa charge de couleur totale. Au contraire, si θqq̄ > θc, le dipôle est non cohérent au moment de
l’émission induite du gluon, et donc le spectre totale est la somme incohérente de deux spectres
BDMPS-Z.

Le cas des émissions de type vide (Bremsstrahlung), ayant soit un temps de formation
très court devant le temps caractéristique de formation d’une émission induite tf,med, soit un
temps de formation grand devant L sera discuté dans le prochain paragraphe. En principe,
la décohérence pourrait briser la propriété d’ordonnancement angulaire des émissions de type
vide, ce qui présente une sérieuse complication pour la description de l’évolution d’un jet dans
un milieu comme un processus de branchement ordonné en angles.
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I.1.2 Resommation des émissions de type vide dans l’approximation
double-logarithmique

Dans la section précédente, nous avons identifié les effets du milieu, dominants en théorie des
perturbations, sur la propagation d’un parton énergétique. A présent, nous allons préciser
comment ces effets se combinent avec la grande virtualité du parton produit par le processus
dur de la collision.

Resommation dans le vide. Dans le vide, cette grande virtualité est à l’origine de la
formation de jets. Nous rappelons ici qu’un parton virtuel (hors couche de masse) peut radier
un gluon, et que le spectre de radiation est donné par la loi du Bremsstrahlung,

dNbrem =
αsCR
π2

dk+

k+

d2k⊥
k2
⊥

=
2αsCR
π2

dk+

k+

dθ
θ

(I.7)

écrite ici dans la limite molle k+ → 0 et collinéaire θ → 0. Pour la seconde égalité, nous avons
utilisé k⊥ ∼ k+θ. Le temps caractéristique de formation du gluon est donné par le principe
d’incertitude, tf ∼ k+/k2

⊥ ∼ 1/(k+θ2). Ce spectre est singulier dans la limite molle et colinéaire,
ce qui signifie qu’un parton virtuel radie préférentiellement des gluons mous ou colinéaires à
l’émetteur, et cette singularité est logarithmique. Pour un parton de virtualité Q ∼ p+θqq̄
radiant à l’intérieur d’un cône d’ouverture angulaire θqq̄, la probabilité totale d’émission est

Nbrem ∼ 2αsCR
π2

log2

(
p+θqq̄
ΛQCD

)
(I.8)

Par conséquent, à très haute énergie p+ � ΛQCD, le grand logarithme carré compense la faible
constante de couplage αs � 1, si bien que Nbrem = O(1). Dans ce régime, un calcul à l’ordre
le plus bas tel que celui donné par (I.7) n’est pas suffisant pour décrire précisément le profil
d’émission de gluons par un parton virtuel. Tous les termes d’ordre αns log2n(p+θqq̄/ΛQCD)
doivent être resommés, avec n ∈ N. Cette resommation est dite double logarithmique, puisque
seuls les termes augmentés d’un logarithmique carré sont pris en compte.

Dans le vide, on peut montrer que cette resommation peut se faire en considérant que les
émissions se produisent selon un processus de branchement markovien, ordonné en angle pour
prendre en compte la cohérence de couleur expliquée ci-dessus. Ce processus de branchement
est à l’origine des émissions multiples observées dans les jets. Un exemple typique d’un tel
processus est représenté sur la Fig. 4.2-gauche. Il est aussi commode de représenter un tel
processus sur un espace de phase (k+, θ) où chaque point de cet espace représente une émission
dans le jet, cf. Fig. 4.2-droite. Les cascades d’émissions s’écoulent du haut en bas pour respecter
l’ordonnancement angulaire, et de la droite vers la gauche pour satisfaire la conservation de
l’énergie (chaque émission est plus molle que l’émetteur). L’espace de phase est tronqué pour
k⊥ < ΛQCD car dans ce domaine, les degrés de libertés ne sont plus partoniques du fait du
confinement. Ce dernier régime correspond au processus d’hadronisation des partons produits
dans des d’états liés neutres de couleur.

Espace de phase pour les émissions de type vide dans un plasma. En présence
du plasma, la première chose à déterminer est l’espace de phase pour les émissions de type
vide (Bremsstrahlung) qui doivent être resommées dans l’approximation double logarithmique.
Notons qu’au sein de cette approximation, les émissions induites sont négligeables car le spectre
intégré (I.4) ne génère pas de double logarithme (pas de singularité colinéaire). Cette espace de
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phase est modifié pour la raison suivante: durant le temps de formation tf d’un gluon, le milieu
donne une impulsion transverse k⊥ ∼ q̂tf . Cela signifie qu’un gluon émis par Bremsstrahlung
a nécessairement k⊥ > q̂tf (on remarque qu’au contraire, les émissions induites saturent cette
condition puisqu’elles vérifient k⊥ = q̂tf ). Cette contrainte, k⊥ > q̂tf sur les émissions de type
vide produite à l’intérieur du milieu, n’est pertinente que dans le régime k+ < ωc. En effet,
comme ωc est l’énergie maximale d’une émission induite se formant sur une durée L, toutes les
émissions avec k+ ≥ ωc sont nécessairement déclenchées par la virtualité du parton source1.

Par ailleurs, cette contrainte n’a de sens que pour les émissions ayant un temps de formation
plus court que la durée L de propagation du jet dans le plasma. Un gluon peut ainsi être émis
directement à l’extérieur du milieu si tf > L. Une conséquence directe de ces deux inégalités:

Emissions dans le milieu: k⊥ > q̂tf ⇐⇒ k+ � ω0(θ) = (2q̂/θ4)1/3 (I.9)
Emissions à l’extérieur: tf � L ⇐⇒ k+ � ωL(θ) = 2/(θ2L) (I.10)

est l’existence d’une région de l’espace, la région “veto”, dans laquelle les émissions de type vide
sont interdites. Cet espace de phase est représenté sur la Fig. 5.1.

Effets induits par la décohérence. Outre cette modification de l’espace de phase, la déco-
hérence de couleur a aussi des effets sur le développement du processus de branchement. Nous
montrons dans un premier temps qu’en réalité, la décohérence ne modifie pas l’évolution des
cascades partoniques qui se produisent dans le milieu. Considérons un gluon émis par un dipôle
neutre, comme dans la section précédente (l’argumentation se généralise aisément aux dipôles
chargés). Il est facile d’observer que

tf
tcoh

=
(2q̂θ2

qq̄)
1/3

k+θ2
=

ω0(θ)

k+

(
θqq̄
θ

)2/3

. (I.11)

A présent, supposons qu’une émission de type vide dans le milieu, qui par construction satisfait
k+ ≥ ω0(θ), viole l’ordonnancement angulaire, c’est à dire θ > θqq̄. Alors, d’après l’égalité ci-
dessus, on a nécessairement tf < tcoh, ce qui signifie que le dipôle est toujours cohérent pendant
la formation du gluon. Par conséquent, une telle émission ne peut pas exister. Par récurrence, on
montre facilement que cet argument se généralise à un nombre arbitraire d’émissions produites
dans le milieu et l’on conclut que la propriété d’ordonnancement angulaire reste vrai dans le
milieu.

La décohérence a néanmoins un effet très important pour la première émission à l’extérieur
du milieu. En effet, pour une telle émission, le dipôle émetteur a parcouru une distance d’ordre
L dans le milieu. Si tcoh < L⇔ θ > θc, ce dipôle a perdu sa cohérence durant sa propagation,
et par conséquent, la première émission à l’extérieur peut être émise à n’importe quel angle.
Il y a violation de l’ordonnancement angulaire pour la première émission hors du milieu. Le
reste de la cascade partonique à l’extérieur se déroule ensuite comme dans le vide, jusqu’à
l’hadronisation des partons produits.

Le processus de branchement en présence d’un milieu qui permet de resommer correctement
les double logarithmes dus aux radiations Bremsstrahlung est schématisé sur la Fig. 5.3. Nous
avons donné ici des arguments physiques simples pour justifier cette nouvelle image permettant
de resommer les émissions Bremsstrahlung à tous les ordres dans un milieu dense statique.
Dans le Chapitre 5 de cette thèse, des arguments mathématiques précis sont avancés, et le cas
du milieu en expansion longitudinale est aussi traité.

1En toute rigueur, cela n’est vrai que dans l’approximation des diffusions multiples molles. Une émission
avec k+ ≥ ωc peut être induite par le milieu via une seule collision dure avec un centre diffuseur. Cependant,
ce genre de processus est rare, et sera négligé par la suite.
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I.1.3 Factorisation et implémentation au sein d’un générateur Monte-
Carlo

Factorisation des émissions induites. L’évolution des émissions de type vide décrite dans
la section précédente présente l’avantage de “factoriser” en temps les émissions induites par le
milieu. Par factorisation, nous entendons ici que le parton à l’origine du jet évolue d’abord
par Bremsstrahlung dans le milieu, produisant une cascade au sein de l’espace de phase en
rouge sur la Fig. 5.3. Ce n’est qu’après que les partons produits par cette première cascade ont
évacué leur virtualité jusqu’à l’échelle transverse (q̂k+)1/4 qu’ils radient par émissions induites
pendant un temps d’ordre L. En effet, on peut montrer que la condition k+ � ω0(θ) satisfaite
par les émissions de type vide émises dans le milieu implique que l’énergie (maximale) perdue
par émission induite durant la formation, de l’ordre de q̂t2f est négligeable devant k+. En
conséquence, on peut négliger les radiations induites pendant le développement des cascades
de type vide à l’intérieur du milieu.

Le régime des branchements multiples pour les émissions induites. Ainsi, une fois
l’évolution via Bremsstrahlung à l’intérieur du milieu terminée, les partons produits rayonnent
selon le spectre BDMPS-Z. Pour ces gluons induits, il est cependant aussi nécessaire d’itérer le
processus (I.4) correspondant à une seule émission. En effet, l’intégrale de (I.4) sur toutes les
énergies donnent un spectre total d’émission:

Non−shell(ω) =

∫ ωc

ω

dk+ dNon−shell

dk+
∼
√
ᾱ2
sωc
ω

(I.12)

qui est d’ordre 1 pour ω ∼ ωbr ≡ ᾱ2
s q̂L

2, avec ᾱs = αsNc/π. Cela signifie que pour des
énergies de l’ordre de l’échelle de branchement ωbr, on ne peut plus interpréter dNon−shell comme
la probabilité d’un évènement rare, mais comme un nombre d’émission, puisque Non−shell(ω)
devient d’ordre 1 malgré le fait que αs � 1. Par conséquent, de telles émissions doivent aussi
être “resommés”. Le large paramètre sans dimension qui doit être resommé à tous les ordres
est donné par (I.12), que l’on écrira plutôt sous la forme ᾱsL/tf,med = O(1). Cette dernière
écriture est plus transparente physiquement: quand la longueur du chemin à travers le plasma
du parton source est très grande devant le temps de formation d’une émission induite, de
nombreuses émissions peuvent se produire et donc un calcul à l’ordre le plus bas n’est plus
suffisant.

Cette resommation dans le régime des branchements multiples ω . ωbr s’effectue par
l’intermédiaire d’un processus de branchement markovien ordonné en temps, le temps physique
d’émission du gluon induit le long de la trajectoire du parton source. Une émission peut être
considérée comme locale en temps, car le temps de formation tf,med est réduit par un fac-
teur αs vis à vis du temps de propagation caractéristique entre deux branchements. Le taux
d’émission est donné par le spectre BDMPS-Z différentiel en L (taux d’émission par unité de
temps) et l’angle des émissions induites est fixé par la loi de diffusion transverse (I.1) entre
deux branchements successifs.

Nous démontrons dans le Chapitre 4, Section 4.3 que ce type de cascade permet de trans-
porter très efficacement de l’énergie à des grands angles, mécanisme physique indispensable
pour expliquer la réduction des jets mesurée au LHC. L’échelle physique typique de cette perte
d’énergie à grand angle est naturellement ωbr.

Implémentation Monte-Carlo dans JetMed. Une image simple du développement des cas-
cades de partons dans un milieu émerge donc de la QCD en théorie des perturbations. Comme
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cette image est markovienne, il est possible de simuler le processus de branchement numérique-
ment grâce à un générateur d’évènements par la méthode de Monte-Carlo. L’implémentation
suit la factorisation du processus en trois étapes:

1. une cascade d’émissions de type vide ordonnée en angles dans la région de l’espace de
phase correspondant à l’intérieur du milieu: ω ≥ ω0(θ) et θ ≥ θc. Les fonctions de
branchement de Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) et la variation de
la constante de couplage αs avec l’impulsion transverse du branchement sont prises en
compte par le programme. L’angle maximal de la première émission est fixé à une certaine
valeur θmax.

2. Tous les partons produits par la précédente cascade entrent ensuite dans la cascade
d’émissions induites suivant l’image explicitée dans le paragraphe précédent. Les branche-
ments quark-gluon, gluon-gluon et gluon-quark sont autorisés, avec les fonctions de branche-
ment données en Appendice C. Durant cette cascade, la constante de couplage αs est gelée
à une valeur fixe αs,med.

3. Finalement, une dernière cascade de type vide ordonnée en angle est générée au sein
de l’espace de phase correspondant à l’extérieur du milieu, ω ≤ ωL(θ) ou θ ≤ θc, à
partir des partons produits par les deux premières cascades . Pour la première émission,
l’angle d’émission maximal est à nouveau θmax, afin de tenir compte de la violation de
l’ordonnancement angulaire pour la première émission à l’extérieur du milieu. Cette
dernière cascade s’achève lorsque l’impulsion transverse des partons produits atteint la
coupure infrarouge k⊥,min de l’ordre de ΛQCD.

Les paramètres physiques du Monte-Carlo JetMed sont le coefficient de transport q̂, la longueur
L du chemin à travers le plasma des jets et αs,med. Ce dernier paramètre pourrait être évité
en évaluant αs à l’impulsion transverse typique des émissions induites kf,med. Les paramètres
non physiques sont θmax et k⊥,min. Pour éviter d’introduire de telles coupures non physiques, il
faudrait améliorer l’implémentation actuelle en générant des cascades de dipôles et en incluant
les effets d’hadronisation. Pour l’heure, ces paramètres seront variés autour des valeurs centrales
θmax = 1, k⊥,min = 250 MeV afin d’étudier leur influence sur nos résultats.

I.2 Etude phénoménologique des observables de jets en col-
lisions Pb-Pb au LHC

Dans cette section, nous présentons succinctement des calculs Monte-Carlo d’observables de
jets obtenus avec JetMed. Nous mettrons l’accent sur l’interprétation physique de ces résultats.
Le corps principal de cette thèse comprend également des études analytiques qui viennent
corroborer ces interprétations. Comme la géométrie des collisions est largement simplifiée
dans JetMed, nous nous intéresserons essentiellement aux collisions centrales (petit paramètre
d’impact entre les deux noyaux) et aux jets produits proche du plan transverse à la collision
où l’énergie du jet et son impulsion transverse sont égales.

I.2.1 Le facteur de modification nucléaire pour la section efficace de
production des jets

Le phénomène de réduction des jets en collisions d’ions lourds est quantifié par le facteur de
modification nucléaire pour la section efficace inclusive de jets, noté RAA. Cette quantité est
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défini comme le rapport entre la section efficace de production de jets en collisions noyau-noyau
et cette même section efficace en collisions proton-proton:

RAA(pT ) ≡ 1

〈TAA〉

dσjet

dpT

∣∣∣
AA

dσjet

dpT

∣∣∣
pp

(I.13)

Le facteur 〈TAA〉 normalise RAA = 1 en l’absence d’effets nucléaires autre que l’accroissement
de la section efficace dû au nombre plus important de nucléons impliqués dans une collision AA
que dans une collisions pp. RAA est une fonction de l’impulsion transverse pT des jets produits.

Nos résultats pour RAA obtenus par calcul Monte-Carlo avec JetMed sont présentés sur la
figure 8.3-gauche, superposés aux données expérimentales obtenues par la collaboration ATLAS.
Les bandes rouges correspondent aux incertitudes théoriques de notre calcul, obtenues en variant
les paramètres non physiques θmax et k⊥,min. Les données expérimentales et nos prédictions
théoriques présentent deux caractéristiques notables: RAA est significativement plus petit que
1 et cela, même quand l’énergie des jets produits est très grande, jusqu’à 1 TeV !

Le fait que RAA soit plus petit que 1 est une conséquence simple de l’effet combiné de la
perte d’énergie des jets dans le plasma et de la section efficace du processus dur qui décroît
rapidement avec pT . En effet, un jet mesuré en collisions Pb-Pb avec une énergie pT aurait eu
une énergie pT + E s’il n’avait pas perdu une énergie E dans le milieu produit par la collision.
Comme la probabilité de produire un jet avec une énergie pT +E est plus faible que la probabilité
de produire un jet avec une énergie pT , du fait de la chute rapide de la section efficace des jets
avec pT , on a naturellement RAA < 1.

Le fait non trivial est que RAA ne tende pas rapidement vers 1 quand pT augmente: cela
devrait être le cas si les jets perdaient une énergie constante E ≈ ωbr. Au sein de notre image
factorisée, nous expliquons ce fait expérimental par le mécanisme physique suivant: plus un
jet à une énergie importante, plus son évolution via Bremsstrahlung à l’intérieur du milieu
sera grande, dans le sens où le nombre de sources partoniques produites dans le milieu, et
donc susceptibles de perdre de l’énergie, augmente avec l’impulsion transverse du jet. En nous
fondant sur la factorisation mise en avant dans la section précédente, nous proposons une
formule approchée pour estimer cette perte d’énergie E(pT ):

Ei(pT ) ≈ ωbr ×
Ci

2CA

(
pT

ω0(R)

)√ 3ᾱs
2

(I.14)

où i se réfère à la représentation du parton produit par la collision dure et R est le rayon du
jet. Le facteur proportionnel à (pT/ω0(R))

√
3ᾱs

2 compte le nombre de sources de type vide
produites dans la région de l’espace de phase à l’intérieur du milieu, dans l’approximation
double logarithmique. Le facteur ωbr représente quant à lui l’énergie typique perdue à grands
angles par chacune de ces sources. Cette formule montre clairement que E(pT ) augmente avec
pT en loi de puissance. Même si l’exposant est a priori petit (αs � 1), cette augmentation est
suffisante pour expliquer le plateau à grand pT du facteur de modification nucléaire des jets.

I.2.2 La distribution Soft Drop zg

L’observable RAA est très importante car elle fut historiquement une des premières preuves de la
réduction des jets en collisions d’ions lourds. Décrire correctement cette quantité est donc une
première étape indispensable à toute analyse phénoménologique plus approfondie des autres
observables de jets. A présent, nous nous intéressons à une observable dite de sous-structure,
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puisqu’elle quantifie la structure interne des jets, la distribution Soft Drop zg. Cette observable
est connue pour être relativement robuste vis à vis des effets non perturbatifs. Par ailleurs, les
collaborations CMS et ALICE l’ont récemment mesurée en collisions Pb-Pb. Pour ces raisons,
nous avons décidé de la calculer avec JetMed.

Avant de discuter des modifications nucléaires de cette observable, rappelons brièvement
sa définition. L’idée générale de cette observable est d’effeuiller le jet de ses émissions molles
afin de trouver un branchement suffisamment “dur”. Etant donné un jet défini via l’algorithme
anti-k⊥ avec un rayon R, ses constituants sont d’abord reclusterisés en utilisant l’algorithme
Cambridge/Aachen ordonné en angles. Ensuite, le jet est déclusterisé, ce qui donne deux sous-
jets d’impulsions pT1 et pT2, séparés par une distance en rapidité-azimuth ∆R2

12 = ∆y2
12 +∆φ2

12.
La procédure s’arrête lorsque la condition SoftDrop est satisfaite:

z12 ≡
min(pT1, pT2)

pT1 + pT2

> zcut

(
∆R12

R

)β
, (I.15)

où zcut et β ≤ 0 sont des paramètres de l’observable. Dans la suite, nous imposons aussi une
condition sur l’angle ∆R12 du branchement qui doit satisfaire ∆R12 > θcut. Si la condition Soft
Drop n’est pas satisfaite, la procédure est itérée avec le sous-jet le plus dur. Les valeurs de zg et
θg de ce jet sont alors définies comme étant respectivement z12 and ∆R12 pour le branchement
qui a vérifié la condition Soft Drop, si un tel branchement existe. Si aucun branchement n’est
trouvé, on choisit par convention zg = 0 et θg = 0. La distribution zg, notée p(zg) est ensuite
définie comme la section efficace de production de jets ayant une valeur donnée de zg:

p(zg) ≡
1

Njets

dN
dzg

(I.16)

Intuitivement, cette distribution correspond à la probabilité d’avoir un premier branche-
ment dans un jet avec une fraction d’impulsion telle que z > zcut. Le terme “premier” est ici
entendu vis à vis du processus de branchement ordonné en angles reconstitué par l’algorithme
Cambridge/Aachen. Dans le vide, pour β = 0 et dans l’approximation double-logarithmique
cette probabilité est directement proportionnelle à la partie singulière des fonctions DGLAP,
c’est à dire p(zg) ∝ 1/zg.

Notre étude Monte-Carlo révèle l’existence de deux régimes en fonction de l’impulsion trans-
verse des jets sélectionnés pour calculer p(zg). Ces deux régimes diffèrent par la monotonie du
ratio entre la distribution mesurée en collisions d’ions lourds et celle mesurée en pp. Pour la
discussion qui suit, nous nous référons à la Fig. 9.1, qui représente ce ratio calculé pour un
spectre dur monochromatique, i.e. de la forme σ(pT ) = δiRδ(pT −pT0). Sur la figure de gauche,
le parton initial est un gluon R = A, tandis que sur la figure de droite, le parton initial est un
quark R = F . Les différentes courbes correspondent à différentes valeurs de pT0. A très grande
énergie, le ratio avec la distribution du vide est croissant avec zg, alors que ce ratio devient
décroissant quand pT0 diminue. L’échelle de transition est de l’ordre de pT0 ∼ zcutωc.

L’existence de deux régimes différents s’explique aisément quand on considère l’espace de
phase sondé par la distribution en fonction de zcut et θcut (pour β = 0). Cet espace de phase
dans les deux régimes, pT0 � zcutωc ou pT0 � zcutωc, est représenté sur la Fig. 9.2 en fonction
des variables k⊥ ' zpT0θ et R/θ. L’aire encadrée par les traits en pointillés noirs correspond au
régime cinématique des branchements sélectionnable par la procédure SoftDrop. On remarque
que pour pT0 � zcutωc, la distribution n’est sensible qu’aux émissions de type vide produites à
l’intérieur du milieu. Dans cette situation, le seul effet du plasma sur la distribution est la perte
d’énergie des deux sous-jets sélectionnés par Soft Drop. Cette perte d’énergie est incohérente
car les deux sous-jets sont séparés par un angle θg > θcut > θc. Elle induit alors une modification
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de la fraction de branchement zg mesurée par rapport à la fraction dite “physique” au moment
de l’émission. On peut montrer alors que cet effet se traduit mathématiquement par un facteur
de modification nucléaire croissant pour la distribution zg.

Au contraire, pour pT0 � zcutωc, on remarque que Soft Drop est en mesure de sélectionner
des branchements avec un sous-jet ayant une énergie plus petite que ωc, et un k⊥ de l’ordre de
Qs. En d’autres termes, dans ce régime, la distribution zg est aussi sensible aux branchements
induits par le milieu qui restent à l’intérieur du jet. Cette sensibilité aux émissions induites
transparaît dans la partie à petit zg de la distribution. Le pic visible sur la Fig. 9.1 pour
pT0 = 100, 200 GeV est causé par ces émissions, qui dominent la distribution car la partie
singulière du spectre induit ∝ 1/z3/2 est plus divergente que celle du spectre Bremsstrahlung
∝ 1/z.

Jusqu’à présent, nous avons considéré un spectre dur monochromatique idéalisé dans cette
discussion des modifications nucléaires de la distribution zg. En réalité, le spectre du proces-
sus dur est fortement décroissant, et cette forte décroissance favorise les jets qui perdent peu
d’énergie dans le plasma. Nos résultats Monte-Carlo pour un spectre initial réaliste sont montré
sur la Fig. 9.11. Sur cette figure, les bandes correspondent une nouvelle fois à l’incertitude de
nos prédictions obtenue en variant θmax et k⊥,min dans JetMed. En comparant avec la Fig. 9.1,
nous observons un effet important causé par la forte décroissance du spectre initial: les courbes
pour le ratio milieu/vide sont décalées vers des valeurs plus faibles. Cette réduction globale du
facteur de modification nucléaire vient du fait que les jets sélectionnés dans la distribution zg,
dont le nombre est le facteur Njets dans la formule (I.16), ont, par définition une sous-structure
dure. Or, de tels jets ont tendance à perdre plus d’énergie que la moyenne, car la présence de
deux sous-jets durs, séparés par un angle θg > θcut > θc, implique un plus grand nombre de
sources partoniques formées à l’intérieur du milieu, et donc une plus grand perte d’énergie. En
conséquence, les jets sélectionnés par Soft Drop sont produits en moins grand nombre dans le
milieu du fait du spectre dur fortement décroissant. L’effet résultant est une suppression du
ratio, visible sur la Fig. 9.11 comparée à la Fig. 9.1.

Les résultats mis en avant dans cette section sont en accord qualitatif avec les données
expérimentales obtenues par la collaboration ALICE et reproduites Fig. 7.6. Ces données
révèlent un facteur de modification nucléaire plus petit que 1, et croissant quand zg diminue,
laissant à penser que des émissions induites qui restent à l’intérieur du jet sont bien capturées
par Soft Drop. Cependant, ces données n’étant pas corrigées des effets des détecteurs, nous
restons prudent quant à cette dernière interprétation.

I.2.3 La fonction de fragmentation

La dernière observable à laquelle nous nous intéresserons est la fonction de fragmentation qui
caractérise le contenu énergétique des jets en termes de hadrons. Plus précisément, cette
observable et son facteur de modification nucléaire associé sont définis par:

D(x) =
1

Njets

dN
dx

, R(x) =
Dmed(x)

Dvac(x)
, (I.17)

où dN est le nombre de hadrons avec une fraction d’énergie x par rapport à l’énergie totale
du jet, parmi les jets sélectionnés (dans une certaine fenêtre en impulsion transverse et en
rapidité). Les mesures expérimentales obtenues par ATLAS pour le ratio R(x) sont données
sur la Fig. 7.3 pour trois fenêtres en pT distinctes. On observe un nombre plus important de
fragments durs (x ∼ 1) et mous (x . 0.01) dans les jets produits en collisions d’ions lourds,
par rapport aux collisions pp.
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Les résultats d’un calcul JetMed pour R(x) sont montrés sur la Fig. 10.1. La figure de
gauche présente la variabilité de ces résultats avec les paramètres non physiques θmax et k⊥,min.
Contrairement à RAA ou à la distribution zg, l’enveloppe est large. C’est une conséquence du
fait que la fonction de fragmentation définie par Eq. (I.17) est fortement sensible aux effets
non perturbatifs, et en particulier aux corrections hadroniques. Cette observable est dite non
“protégée” contre les divergences infrarouges et colinéaires. En conséquence, elle dépend de
la valeur précise du régulateur k⊥,min nécessaire pour la calculer en théorie des perturbations.
Pour remédier à ce problème, nous avons introduit dans cette thèse une nouvelle observable qui
caractérise la fragmentation des jets non pas en termes de hadrons, mais en termes de sous-jets.
Cette observable, protégée des divergences infrarouges, est définie dans la Section 4.2.3.3, et son
facteur de modification nucléaire associé est représenté sur la Fig. 10.6-gauche. Comme attendu,
les enveloppes obtenues en variant k⊥,min et θmax sont considérablement réduites, tandis que les
effets du milieu sont toujours significatifs. Pour plus de détails, nous renvoyons le lecteur à la
Section 10.4.

Retournons à présent à la fonction de fragmentation standard définie par (I.17). Le com-
portement qualitatif observé sur la Fig. 10.1-gauche est identique à celui mesuré expérimen-
talement. Sur la figure de droite, nous varions cette fois les paramètres physiques q̂, L et αs,med

au sein d’un ensemble qui reproduit correctement le facteur de modification nucléaire pour la
section efficace (cf. Fig. 8.5a).

Avec la Fig. 10.1-droite, nous notons tout d’abord qu’il y a aussi une dégénérescence des
paramètres physiques dans la région où x est proche de 1: toutes les courbes de cette figure
se superposent presque parfaitement pour x ∼ 1. Cela suggère que le mécanisme physique à
l’origine de l’accroissement visible à x proche de 1 est fortement corrélé avec la perte d’énergie,
qui est l’ingrédient essentiel expliquant RAA. En effet, une analyse analytique approfondie,
détaillée dans la Section 10.2, révèle que l’effet dominant est le biais vers les jets ayant un
hadron avec x ∼ 1 induit par le spectre dur initial et la perte d’énergie. Un jet ayant un hadron
avec x ∼ 1 a une évolution à l’intérieur du milieu limitée par rapport à une évolution moyenne
(car si le parton créant le jet émets beaucoup de gluons via Bremsstrahlung dans l’espace de
phase correspondant à l’intérieur du milieu, sa fraction d’énergie finale sera nécessairement plus
faible). En conséquence, de tels jets perdent moins d’énergie, et sont donc préférentiellement
produits en présence du plasma. Cela explique l’accroissement visible dans la partie dure de la
fonction de fragmentation, ainsi que la forte corrélation avec RAA.

Dans le domaine x . 0.01 de cette fonction, les ingrédients physiques expliquant le nom-
bre plus importants de fragments mous sont radicalement différents (la dégénérescence des
paramètres physiques est d’ailleurs levée). Le mécanisme clé est la décohérence induite par le
milieu et la violation de l’ordonnancement angulaire pour la première émission à l’extérieur du
milieu qui en résulte. Cette violation de l’ordonnancement angulaire ré-ouvre l’espace de phase
angulaire, conduisant à une évolution via Bremsstrahlung accrue à l’extérieur du milieu, et donc
à une augmentation du nombre de hadrons mous à l’intérieur des jets en collisions noyau-noyau.
Dans l’approximation double-logarithmique, il est possible de montrer rigoureusement la fac-
torisation entre le nombre de sources (essentiellement gluons) produites via Bremsstrahlung à
l’intérieur du milieu Nin, et celles produites à l’extérieur Nout :

Dmed(x) ' Nin ×
(dNout

dx

)
(I.18)

Cette factorisation est rendu possible par la décohérence qui détruit les corrélations quantiques
entre les émissions dans le milieu et celles à l’extérieur (effet de perte de mémoire). Au delà
de l’approximation double-logarithmique, l’effet est encore accentué par les émissions induites
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relativement dures qui restent à l’intérieur du jet, et qui contribuent à augmenter le facteur
Nin dans Eq. (I.18). L’effet net résultant est un nombre plus important de hadrons mous
dans les jets produits en collisions Pb-Pb comparées aux collisions pp. Ces propos doivent être
néanmoins nuancés car d’autres études rendent compte de cette hausse des hadrons mous par
la réponse du plasma à la propagation du jet. En se propageant, le parton énergétique entraîne
avec lui, par son interaction avec le plasma, des particules molles du milieu qui peuvent être
finalement clusterisées avec le jet. Le Monte-Carlo JetMed n’incluant pas un tel effet, nous ne
sommes pas encore en mesure de quantifier son importance relative vis à vis de celui induit par
la violation de l’ordonnancement angulaire.

Conclusion

Pour conclure ce résumé détaillé, nous donnons les limitations principales de nos travaux, et
donc nos projets futurs d’améliorations du Monte-Carlo JetMed. A ce titre, le tableau 6.2
résume les ingrédients présents et manquants dans JetMed, vis à vis des autres approches
théoriques existantes dans la littérature à l’heure actuelle.

La modélisation du milieu est largement simplifiée dans les considérations théoriques et les
calculs présentés ci-dessus. Incorporer l’expansion du milieu, la géométrie précise des collisions
et les effets de réponse du milieu sont des éléments essentiels pour décrire certaines observables
comme le profil radial des jets, l’asymmetrie des paires de jets ou bien la dépendance de RAA

avec la centralité.
D’autres observables, telles que la corrélation photon-jet, sont sensibles aux radiations dans

l’état initial et aux émissions molles à des angles sensables. Inclure proprement ces effets
nécessite de décrire l’évolution des jets par des cascades de dipôles. Une telle approche simplifie
aussi l’adjonction des corrections d’hadronisation. Ainsi, reformuler le Monte-Carlo JetMed en
termes de dipôles serait un travail d’une valeur certaine.

Enfin, le traitement des cascades d’émissions induites souffre aussi de quelques lacunes: la
constante de couplage de la QCD est gelée, au lieu d’être fixée par l’impulsion transverse du
branchement. Les émissions dures, causées par une collision dure avec un centre diffuseur du
milieu, ont également été négligées. De récents travaux théoriques rendent maintenant possible
l’ajout de ces contributions au sein de l’image factorisée développée dans JetMed.
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Titre: Evolution des jets dans un plasma quarks-gluons dense

Mots clés: Chromodynamique quantique, Plasma quarks-gluons, Jet

Résumé: Afin de sonder les propriétés du
plasma quarks-gluons créé dans les collisions
d’ions lourds, on mesure des observables as-
sociées à la propagation de jets en son sein.
Un jet est une gerbe collimatée de hadrons de
haute énergie générée par des émissions succes-
sives de partons à partir d’un quark ou d’un
gluon virtuel produit par la collision. Quand de
telles gerbes se propagent dans le milieu dense
créé par la collision des noyaux, leurs interac-
tions avec ce milieu entraînent une modifica-
tion dans leurs propriétés, phénomène appelé
"réduction des jets". Dans cette thèse, nous
développons une nouvelle théorie permettant de
comprendre la réduction des jets. Nous calcu-
lons pour la première fois les effets du milieu

dense sur les émissions de type vide dans les
jets, c’est à dire les émissions déclenchées par
la virtualité initiale du parton source. Une nou-
velle image physique pour l’évolution des jets est
présentée, dans laquelle les émissions de type
vide sont factorisées en temps par rapport à
celles induites par le milieu. Cette image est
markovienne, donc adaptée pour une implémen-
tation Monte-Carlo des cascades de partons que
nous développons dans le programme JetMed.
Nous nous intéressons ensuite aux prédictions de
notre théorie sur des observables de jets, et en
particulier le facteur de modification nucléaire
des jets RAA, la distribution Soft Drop zg et la
fonction de fragmentation. Ces prédictions se
révèlent être en bon accord avec les mesures du
LHC.

Title: Jet evolution in a dense QCD medium

Keywords: Quantum chromodynamics, Quark-gluon plasma, Jet quenching

Abstract: To probe the properties of the
quark-gluon plasma created in heavy-ion colli-
sions, a very useful class of observables refers
to the propagation of energetic jets. A jet is a
collimated spray of particles generated via suc-
cessive parton branchings, starting with a vir-
tual quark or gluon produced by the collision.
When such a jet is produced in the dense en-
vironment of a nucleus-nucleus collision, its in-
teractions with the surrounding medium lead
to a modification of its properties, phenomenon
known as jet quenching. In this thesis, we de-
velop a new theory to describe jet quenching.
We compute for the first time the effects of the

medium on multiple vacuum-like emissions, that
is emissions triggered by the virtuality of the
initial parton. We present a new physical pic-
ture for jet evolution, with notably a factori-
sation in time between vacuum-like emissions
and medium-induced emissions. This picture is
Markovian, hence well suited for a Monte Carlo
implementation that we develop in the parton
shower JetMed. We then investigate the phe-
nomenological consequences of our new picture
on jet observables and especially the jet nuclear
modification factor RAA, the Soft Drop zg distri-
bution and the jet fragmentation function. Our
Monte Carlo results prove to be in good agree-
ment with the LHC measurements.
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