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The underlying physical laws necessary for the
mathematical theory of a large part of physics and
the whole of chemistry are thus completely known,
and the difficulty is only that the exact application
of these laws leads to equations much too
complicated to be soluble. It therefore becomes
desirable that approximate practical methods of
applying quantum mechanics should be developed,
which can lead to an explanation of the main
features of complex atomic systems without too

much computation

Paul Dirac
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Introduction

Cette these est consacrée a une étude rigoureuse du probleme a N corps en interaction
coulombienne et de certaines de ses approximations en Chimie quantique non relativiste
et relativiste.

La physique des atomes et des molécules (et donc presque toute la chimie) est large-
ment régie par le probléme de la mécanique quantique a N corps dans lequel les électrons
et les noyaux interagissent par les forces d’attraction et de répulsion de Coulomb. A
travers 'approximation de Born-Oppenheimer, le coeur de cette procédure est d’étudier

l'opérateur hamiltonien électronique suivant :
1N
H= —2;A¢+V(x), (0.1)

ou pour le cas relativiste :

-
I
=

—i(a-V;+ B) + aV(x)

i=1
avec potentiel
N K N
Z 1 1
VECHTED ol SN B QU
Z-;,jz_]l |z — ay| 2z‘,j:21,:z‘¢j |z; — ;]

Le probleme principal rencontré en chimie quantique est la complexité des calculs
qui, & premiere vue, croit exponentiellement avec le nombre N d’électrons (voir par
exemple [38]). Ce phénomene est couramment appelé la malédiction de la dimension.
Il existe des méthodes d’approximation non-linéaire : Hartree-Fock, qui est une ap-
proximation de champ moyen, suivie par les modeles multiconfiguration plus précis,
qui tiennent compte de la corrélation électronique négligée par le modele Hartree-Fock
[40]. Si l'on limite le nombre de configurations, la complexité des calculs multiconfig-
uration croit polynomialement avec N. Mais si I’on veut améliorer ’approximation de
Schrédinger par les modeéles multiconfiguration, il faut augmenter le nombre de con-
figurations. Pour comprendre le taux de croissance de la qualité de ’approximation
avec le nombre de configurations et tenter de ’améliorer, il est fondamental d’avoir une
meilleure compréhension des propriétés de régularité des solutions du modeéle exact de

Schrédinger & NV corps, en tant que fonction de 3N variables.



Pour I’étude des atomes lourds (a partir du Fer), une difficulté supplémentaire ap-
parait: il faut tenir compte des effets relativistes. La théorie exacte est alors 1’électro-
dynamique quantique, qui est mal comprise du point de vue mathématique. Cette
théorie donne d’excellents résultats dans un cadre perturbatif, mais en chimie quan-
tique son utilisation est beaucoup plus délicate. En effet la chimie quantique nécessite
toujours un premier calcul non perturbatif. Le modele le plus utilisé permettant un tel
calcul est le modele de Dirac-Fock qui est I’équivalent relativiste du modele de Hartree-
Fock.

Cette these porte a la fois sur des aspects non relativistes et relativistes du probleme
a N corps en chimie quantique. Elle est divisée en deux parties principales: la régularité
dans les problemes & N corps non-relativiste; ’existence de minimseurs dans le modele

de Dirac-Fock pour les cristaux.

La premiére partie est consacrée aux régularités de modele Born-Openheimer sta-
tionnaire ou dépendent du temps, et ses applications a l'analyse numérique. Les sys-
temes de particules quantiques sont divisés en deux familles : les bosons et les fermions.
Les premieres sont décrites par une fonction d’onde symétrique et les secondes par une
fonction d’onde antisymétrique sous 1’échange d’électrons de méme spin a cause du
principe d’exclusion de Pauli. Pour les fermions, la fonction d’onde s’annule la ou ces
électrons se rencontrent, ce qui contrebalance les singularités du potentiel d’interaction
entre les électrons. Grace a cette observation, H. Yserentant [59] introduit une régularité
mixte des solutions pour les problemes stationnaires. En combinant des estimations de
Strichartz et une extension d’inégalité de Caldéron-Zygmund, nous prouvons ’existence
et la régularité de solutions du probleme d’evolution. Et grace aux propriétés de régulari-
sation du propagateur de I'opérateur de Schrédinger, nous proposons une approximation

nouvelle et directe pour le probleme d’évolution.

Pour le cas non-antisymétrique (par exemple bosons), les fonctions d’onde ne pour-
raient plus contrebalancer les singularités. Cependant, la singularité venant du poten-
tiel coulombien est localement intégrable. Grace a cela et 'inégalité de Herbst, nous
obtenons des estimations dans des espaces de Sobolev fractionnaires pour les solutions

du probleme stationnaire, qui améliorent les résultat de Yserentant.

Dans la seconde partie, nous présentons I’étude en collaboration avec Isabelle Catto,
Eric Paturel et Eric Séré d’un modele de champ moyen en mécanique quantique rela-
tiviste, le modele de Dirac-Fock pour les cristaux, issu de la limite thermodynamique.
Comme le modele Dirac-Fock pour les molécules ou les atomes, c’est un probleme de
min-max. Cependant, pour le modele périodique; la solution peut étre décomposée par
la décomposition intégrale directe avec les fibres quasi-périodiques a travers la décom-
position de Bloch. La décomposition fait perdre la compacité a la fonctionnelle. Grace
a la redéfinition de I’état fondamental et & une méthode nouvelle pour résoudre le prob-
leme quasi-périodique, nous montrons 'existence d’état fondamental qui est également

la solution de I’équation auto-cohérente.



1 Notions de base en mécanique quantique a N corps

Dans cette section, nous présentons des connaissances fondamentales en mécanique
quantique. C’est une théorie qui permet la description des systémes quantiques, comme

des molécules composées d’électrons et de noyaux.

1.1 Les particules quantiques

Un systeme de N particules quantiques se déplacant dans ’espace euclidien & 3 dimen-

sions est représenté par une fonction d’onde normalisée W € LQ(R?’)@N , C'est-a-dire
||\I’H%2((R3)N) = J ‘\I/(l'l, s ,SL‘N)|2 dacl s de =1.
R3N

Ici z; € R3 est la coordonnée spatiale de la i®™¢ particule.

En physique, pour les systémes électroniques, ou les systemes fermioniques plus
généraux, la fonction d’onde ¥ devrait satisfaire au principe d’exclusion de Pauli, ce
qui signifie qu’elle est antisymétrique sous le changement de coordonnées électroniques
pour un état de spin [42]. Si une particule possede s degrés internes de liberté (c’est-a-

dire s états de spin), alors nous les étiquetons par 'entier
oce{l,2,--- s}

Et pour un systéme de N particules, supposons que la i®™¢ particule ait s; états de spin.

Alors, une fonction d’onde pour ces N particules peut alors étre écrite comme

V(z1,01, ++ ,TN,0N)
oul <o;<s;.
Pour le systeme a spin fixe o, ¥ n’est qu’une fonction de x1,--- , xy, alors elle peut
étre considérée comme
\I/(Z'l, e 737N)~

Soit
Il = {7’|O-Z :l}a l= 1a » S,

et P;; est une permutation qui échange simultanément la position des variables x;, x;

et le spin o;, ;. Par le principe de Pauli, pour des fermions, nous savons que
U(P;X)=—-Y(X), si 31<I1<s, tq.i,j€T. (1.1)

ou X = (x1,---,zn). Donc, pour une permutation 7 quelconque et les fermions indis-

cernables, nous savons que

ou €(7) désigne la signature de la permutation 7.

3



Un autre genre de particules appelées bosons satisfait a la statistique de Bose-Einstein.
Ses fonctions d’onde ont également des états de spin comme les fermions. Contrairement

aux fermions, pour une permutation 7 quelconque et les bosons, nous savons que
U(P,;X)="¥(X), if 31<I<s, tq.i,j€T;. (1.2)
Et alors, pour les bosons indiscernables, on doit avoir
W@ (1), Or(1)s** » Tr(N), Or(N)) = (21,01, , TN, ON).

De maniére générale, ces relations signifient que la densité |¥|? est invariante si I’on
permute 'indexation des particules. Donc, pour o fixe, la quantité qui est appelée la
fonction de la densité

pule) = Y () (13)

=1

pr(fﬂ) = f |\I’(331,' Ly T—1, Ly 41,00 ,13N)|2d331 dxl dea
(R3)N-1

s’interprete alors comme la densité de probabilité de présence de la particule dans

e

I’espace. La notation dx; signifie que 'intégration sur la i“™® coordonnée est omise.

Evidemment,

J pydr = N.
R3

La transformée de Fourier U(p) est également normalisée dans L2((R3)N) et |U|2(p)
représente la densité de moment cinétique.
Comme les fonctions d’onde & N particules sont parfois difficiles & manipuler, on

utilise souvent [’opérateur de densité a un corps, défini par son noyau

N
FY\I/(xvy):ZJ\ \Il('rb"' y Li—1y Ly i1, " ,.%'N)
i (RB)Nfl

X \I’(I'l,"' y Li—1,Y, LTi41, " ,.IN)dLEl"' dml dea

c’est-a-dire

(wd)(@) = | oo s)otwdy (14)

qui vérifie par ailleurs 0 < vg < 1, Tr(yy) = N et py(z) = yu(z, x).

1.2 Opérateur de Schrodinger et de Dirac
Quelle est la relation de dispersion pour 1’onde de matiére?

Un bon point de départ est I'interprétation d’Einstein de I’effet photoélectrique. Lorsque
des plaques métalliques polies sont irradiées par une lumieére de longueur d’onde suff-

isamment courte, elles peuvent émettre des électrons. L’explication d’Einstein, pour

4



laquelle il a recu le prix Nobel, était que la lumiere est constituée de quanta de lumiere

unique avec énergie et quantité de mouvement
FE = hw, p=hk

ne dépendant que de la fréquence w et du vecteur d’onde k. Pour établir la connexion

entre w et k ou E et p, évidemment on utilise:

E = +/c2p? + m2c (1.5)

ou m est la masse de ’électron, et ¢ la vitesse de la lumieére. Les remplacements E < i,

et p < —1V fournissent la relation de dispersion de I’équation de Klein-Gordon

2

_ %\Ij(t@) = (=N + m?cHU(t, ). (1.6)

Cependant, cette équation n’a pas répondu a ses attentes et a conduit a des fausses
prédictions, car elle décrit un autre type de particules (celles avec spin zéro), pas des
électrons. Schrodinger revient donc a la physique classique et remplace par la relation

énergie-momentum
1
2
E=—Ip
5, [Pl
de la mécanique Newtonienne. Par conséquent, il a obtenu I’équation non-relativiste, a

savoir ’équation de Schrodinger:

0 K2
h—VU = —— AU,
! ot 2m

Et pour le cas relativiste, ’équation (|1.6) est du second ordre. Donc elle ne décrit
pas correctement 1’évolution d’un systéme quantique qui doit étre du premier ordre par

rapport a t. Il faut donc chercher un opérateur auto-adjoint H vérifiant
H? = —* N +m?ct (L.7)

pour I’étude de I’équation

0
za\ll(t,x) =H- VU(t,z).

Le cas le plus simple sera

H = /-2 + m2ct
Ici \/—c2 A\ + m2c* est Popérateur pseudo-différentiel du symbole 4/c2|p|?2 + m2¢?. Cepen-
dant, cet opérateur est non-local, ce qui contredit le principe de causalité en mécanique
relativiste. Donc, Dirac reformula 1'opérateur par

3
Dy"¢ = —ic Z a;0; + pmc? = —ica - V + fmc?
j=1

5



ou a = (a1,a9,as3) et B doivent étre déterminés en imposant ([1.7). Il est trés aisé de

voir que les o; et 5 doivent étre des matrices de dimension 4 qui sont appelées matrices

de Pauli:
1 0 0
ﬁ: > 5 ap = Tk y
0 1o orp O
01 0 —3 1 0
o] = , O9 = , 03 = .
o >\ o >~ lo -1

Ici, on choisit un systéme d’unités tel que la masse d’un électron, la vitesse de la lumiere

ainsi que la constante de Plank valent 1:
m=c=1=hDy=—ia-V + 0.

L’opérateur de Dirac agit donc sur des spineurs:

Evidemment, l'opérateur de Schrodinger (resp. lopérateur de Dirac) est auto-
adjoint sur L2(R3,C) (resp. L?(R3;C*)), de domaines H?(R3,C) (resp. H'(R3,C)).

Les spectres sont purement continus:
o(—=A) =[0,4o); o(Dg) = (—00,—1] U [1, +0).

Notons que Ay = 1g- (Do) et A§ = Lg+(Dy) sont les projecteurs sur les espaces respec-

tivement associés au spectre négatif et positif de Dy.

1.3 Potentiel coulombien

En chimie quantique, les molécules sont composées d’électrons (charges négatives) et de
noyaux (charges positives) interagissant via la force coulombienne. Le potentiel entre

deux particules de charge Z et Z' qui se trouvent dans = et 2’ en R? est:

YA
|z — ']
Normalement, un systéme de molécules comporte beaucoup de noyaux et d’électrons.

Alors, pour un systéme de M noyaux de charges Z; qui se trouvent en a; pour le i®™®

atome et N électrons, le potentiel est

M

i g Z |33] Z ’aZ =

j_ak|



I1 agit sur les fonctions avec les variables x1, - - - , 2y dans R3, coordonnées des électrons
donnés.

Il y a deux difficultés qui surviennent pour le systéme électronique, [24]. La pre-
miére est la singularité de 1/|z| en 0: il est nécessaire d’expliquer & l’aide du principe
d’incertitude pourquoi une particule ne se précipitera pas vers une particule de charge
opposée.

Une version plus puissante du principe d’incertitude est 'inégalité de type Hardy:
e« Hardy: (le cas non-relativiste) pour toutes v € H'(R3)

el 0] L2sy < 2|Vl 2ms) < 20V =2 + 10] 2@y,
« Kato, Herbst: (le cas relativiste) pour toutes v € H'/2(R3)

<v, !x\_1v> <z <v,\/1v> < g<v,\/T+1v>.

2
Plus généralement, on a le théoreme suivant:
Théoréme 1.1. [25] Définissons l'opérateur C,, dans S(RY) par
Co = |z|™*p[™*, p=—iV

1

et laissons p~t 4+ ¢~ = 1. Supposons o >0 et No~' > p > 1. Alors C, s’étend en un

opérateur borné sur LP(RY) avec

cap = [CalLr—rr =277 (1.8)

Sip=Na~! oup=1, alors Cy, est illimité.

Le deuxieme probleme concerne le fait que le potentiel coulombien est & longue

4 oit r est la distance et

portée, c’est-a-dire qu’il ne diminue pas plus rapidement que r~
d est la dimensionnalité du systeme. Il est en effet nécessaire d’expliquer comment un
trés grand nombre d’électrons et de noyaux peuvent rester liés ensemble pour former des
systémes macroscopiques, bien que chaque particule interagisse avec beaucoup d’autres
particules chargées en raison de la longue portée du potentiel d’interaction de Coulomb.
C’est le Théoreme de Stabilité de la Matiere, qui fut d’abord prouvé par Dyson et
Lenard, [39, 11|, et puis, par une autre méthode par Lieb et Thirring (voir par exemple
Particle [42]) et les rérérences qu’il contient.

Ce probléme est également lié & la limite thermodynamique pour des modeles d’approxi-
mation du systéme a N corps, par exemple, le modeéle de Thomas-Fermi(-von-Weizsécker)
et le modele de Hartree-Fock, |43}, 9, |7, 8]. Grosso modo, la limite thermodynamique

est la limite mathématique conjointe ou

e le nombre de particules M = N du systéme considéré tend vers 'infini;

7



e le volume occupé par la molécule considéré tend vers l'infini;
o la densité de particules p = N/V du systéme considéré reste constante.

Par rapport a la limite thermodynamique, on obtient les modeéles périodiques pour les
cristaux, et le potentiel coulombien devient périodique. Le potentiel G coulombien
périodique dans Q := [~1/2,1/2]? est défini par

—AG =A4m(-1+ ) 5(-— ),
yez3

| e-o
Q

G est en fait la fonction de Green de 'opérateur périodique sur Q). La série de Fourier
de G est

existe.

2 Régularité des solutions pour un systeme électronique

et leurs applications a ’analyse numérique

En combinant 'opérateur de Schrédinger avec le systéme de potentiel coulombien, nous
pouvons obtenir le modeéle a N corps quantiques non-relativistes. Comme les noyaux
sont plus lourds que les électrons, les électrons suivent presque instantanément leur
mouvement. Par conséquent, il est habituel en chimie quantique et dans les domaines
connexes de séparer le mouvement des noyaux de celui des électrons. Donc, nous avons

l'opérateur hamiltonien de I’approximation de Born-Oppenheimer:

H = Z(—A Va:l) 2“7%' (2.1)

1<j

avec le potentiel

2 ‘xl - al,\

En physique et chimie quantique, deux problemes sont intéressants. Le premier est

I’étude des valeurs propres et les fonctions propres de cet opérateur

Hu = \u. (2.2)



En particulier, la fonction propre associée a la premiére valeur propre est 1’état fonda-
mental

E(W) = inf {(¥, HU); ¥ € Wy} ; (2.3)

avec
Wy = {xp € L2((R3)N;C),f [T = 1,J V|2 < oo}.
R3N R3N

Et le deuxiéme est le probleme d’évolution par rapport au temps (le probleme de

Cauchy), surtout si les noyaux sont mobiles et dépendants du temps:

iou = H(t)u, te|[—a,a] =1, = (21, ,on) € (RN

(2.4)
u(0,2) = ug(z).
Ici,
N N N
= Z AV ZVSCJ, ZW(Jij,xk).
7=1 j=1 k<j
ol
2.
w]? Z |$] N au ( 5)
et
1
W(zk, zj) = Ton ] (2.6)

Cependant, les avantages de la modélisation d’une molécule avec le modele de
Schrodinger s’évanouissent lorsqu’il s’agit d’effectuer des calculs réels a cause de sa
grande dimensionnalité. En effet, pour un systéme a N électrons, on doit travailler
dans L2(R3Y;C). Donc, pour simuler des systémes un peu plus grands, on utilise des
modeles approchés.

En chimie quantique, pour les fermions indiscernables, les approximations du prob-
léme sont schématiquement classées en deux catégories [37):

La méthode de la fonction d’onde est utilisée de préférence par les chimistes, sur des
petits systeémes, lorsque la précision est ’objectif principal et que le temps de calcul est
un probléme secondaire. Le plus connu est le modéle de Hartree-Fock et ses nombreuses
variantes, extensions et successeurs. Le modéle Hartree-Fock est obtenu en restreignant

I’énergie (2.3) aux fonctions qui sont égales a un unique déterminant de Slater

U=y A Ay, <wlv¢]>:6”7

ou les 1, -,y N sont appelées orbitales. Alors, on a

N

A
(w, 7wy =Y <(— - V(:cz)) )+ || pul@)ps(y) 4 g,
i=1 2 |z —y
]R xR3
- = jj ez, y)F dxdy (2.7)
|z -y
]R xR3
= Tr((—; —Vi(zi)re) + 5 Tr(mey)



ou
1 Yo (z,y)p(y)
W, = * — — —2 " dy,
vp(z) = pu i \&3 oy W

avec
N

N
yo(z,y) = Y Ui@)i) s pul@) = yu(z,z) = Y [i(@)]*
i=1 i=1
La deuxiéme égalité de la formule (2.7)) est 'expression de I'opérateur de densité. Et le
% dx dy est appelé le terme d’échange. Et le modele sans

terme d’échange est appelé Hartree-Fock réduit.
D’autre part, la méthode de la théorie de la fonctionnelle de la densité (DFT) est

utilisé de préférence pour les grands systémes (et au-dela pour la science des matéri-

terme dernier {{p;. ps

aux), lorsque le temps de calcul est important et que les méthodes de fonctions d’onde
sont trop couteuses. Ils consistent & reformuler le probleme en termes de densité
électronique (|1.3)).

La contribution révolutionnaire qui a rendue la DFT un outil utile pour effectuer
des calculs, est diie a Kohn et Sham|35], qui ont introduit le modele Kohn-Sham a la
DFT. Il est similaire au modéle de Hartree-Fock ou le terme d’échange est remplacé
par une fonctionnelle d’échange-corrélation E,.(py), qui est obtenue a ’aide de données
expérimentales [1].

Et pour le probléme , la difficulté est renforcée par la prise en compte de la
variable du temps: Les échelles de temps sont tres différentes 'un 'autre. Par rapport
a l’échelle de temps, les approximations sont classées en deux catégories principales:
la simulation adiabatique et la simulation non-adiabatique [4]. Et Papproximation adi-
abatique consiste a supposer que pour chaque temps t, les fermions sont dans 1’état
fondamental. Sinon, c¢’est 'approximation non-adiabatique. Comme dans le probléme
, I’approximation non-adiabatique consiste en le modele de Hartree-Fock dépendant
du temps et la théorie de la fonctionnelle dépendant du temps (TDDEFT).

A partir de 2004, H. Yserentant [59, |60} 61, |62} 63, |36] consiste & reconnaitre
comme une équation différentielle partielle de grande dimension, et appliquer des tech-
niques de produits tensoriels clairsemés pour approximer le probleme . Cest la
base de nos travaux dans cette partie. Donc, pour bien ’expliquer, on commence par

décrire les travaux d’Yserentant.

2.1 Les travaux d’Yserentant

Rappelons que
Zl = {Z‘JZ =l}, = 1,'-- s S.

Par rapport a I’équation (1.1)) pour les fermions, on observe que s’il existeunl = 1,--- , s,
Z.>j € Ila
(1, Tie1, Ty i1, 5 Tj—1, Tiy Tjy1, -+ ,TN) = 0.
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Donc le principe de Pauli contrebalance les singularités de potentiel d’interaction entre

électrons. Alors, Yserentant propose un opérateur relié au spin:

EIL = H(l_Ai)l/zv =1, s, (2‘8)
iEIk
ol A\; est I'opérateur aplacien du i*™® fermion.

D’autre part, on a

Lemme 2.1. [59] Pour toutes les fonctions lisses v(z) € C(R3) qui s’annulent d

2 2
PP e < o [V 40
Eds ||

Dong, combinant I'inégalité de Hardy avec le Théoréeme de Fubini, pour une fonction

.
lorigine,

ue CP(R3 x R3), telle que u(z,y) = —u(y, ), on a

2
f %dx dy < 16f V. ® Vyul* dz dy.
R3xR3 [T — ¥ R3 xR3
Donc, on a
u
ﬁfliaﬁzfu < CH£IZUHL2”£IZUHI—°117
|z — ay|
et
u
Ly, Ly || < Ol Lgulp2| Lz, g
|z — ]
ou

2 2 2
lul = IViulzz + [Vjulz2.
Le lien entre le potentiel coulombien et 'opérateur L7, a été établi.
Donc, au lieu d’analyser le probleme ([2.2)), on étudie I’équation
Lz, Hu = XLz u. (2.9)

L’idée d’Yserentant est de diviser les fonctions propres en une partie de fréquence haute
et une partie de fréquence basse et d’abord d’estimer la partie de fréquence haute par
la partie de fréquence basse. Soit

~ ~ ~

ur, = <@ (w), 4y =u—1r.
Evidemment uy, € C®((R?)"). Donc,

N N 1
1|W|<Q(£IZ(H - )\)UH) = _]l\w\sﬂ (EIZ (Z V(xz) + Z M) UL> ,

i=1 i<j

et dans le cadre variationnel:

N N
1
(»CIL(H - )\)UH, ['IlUH> = — <‘C’Zl (Z V(xz) + Z |ﬂj‘> ur,, ['ZlUH> s VH € X%,H:

ou
X%,H = {vg; Lyyvg € H', L<a(vm) = 0}.

Soit O(N, Z) = v/N max{N, Z} avec Z =Y Z,. Donc, on a

11



Théoréme 2.2. [61] Si Q> 4CO(N, Z) et ur, € {vr € L* 1, <o(vr) = v}, la solution
ug € H' avec Uétat de spin o de 'équation est contenue dans [’espace X%}H, et

satisfait
|Lzuml e < V2| Lzur e, IVLzuml 2 < V29 Lzur 2,
otV = (V1,---,Vn) est le gradient pour tous les électrons.

Maintenant, soit

= {(wl"" ,WN) € GRg)N;i [ <1 + ’wﬁ

=1 iGIl

Yer]

Et on introduit le projecteur

(P1,ru)(x) = JHHMR) (w)u(w) exp (2miw - ) dw

avec 1y, () la fonction d’indicatrices du domaine #H;(R). On a ensuite les estimations

d’erreur pour la norme L? et la semi-norme H'.

Théoréme 2.3. [61] Pour toutes les fonctions propres de valeurs propres négatives
ue H' avec Uétat de spin o,

es €s
Vs, Vi VPl < YOl e

|lu — P1 rul|2 <
De plus, Yserentant a montré dans [62] que les régularités mixtes des fonctions
d’onde décroissent de facon exponentielle dans le sens L?. En utilisant ces propriétés,
on peut estimer [62] le taux de convergence de développement du type ”sparse grid”
de la fonction d’onde en produits tensoriels antisymmétrisés d’une base de fonctions
tridimensionnelles. Le résultat est surprenant compte tenu de la grande dimensionnalité
de I'équation. Le taux de convergence de ces expansions est essentiellement le méme
pour N particules que le cas des s particules ( s est le nombre d’état de spin ).
Maintenant, le but ultime est d’avoir la méme complexité que le cas d’une partic-
ule. Inspiré par [17, 27], Yserentant a montré que ’'on peut atteindre presque la méme
complexité que dans le cas d’un électron en ajoutant un facteur simple de régulari-
sation qui dépends explicitement des distances interélectroniques. Ces méthodes sont
désignées comme 712-méthodes en chimie quantique. Par le facteur de régularisation et
I'interpolation de Sobolev, Kreusler et Yserentant [36] ont prouvé que pour les fonctions

d’onde sans spin u, on a
1£7,u] g < oo, Vo< a<3/4.
Iei, Z; = {1,--- , N}.
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2.2 Les régularités mixtes optimales de systéme coulombien station-

naire

Dans cette partie, on améliore les travaux d’Yserentant, et on donne les régularités
mixtes optimales pour tous les cas (fermions et bosons) a travers les inégalités de Herbst
et de Hardy. Nous décrivions ici nos résultats [46] présentés au Chapitre

Les états de spin de fermions peuvent étre divisé en trois cas qui peuvent fournir

des régularités différentes:

(A) Chacune des deux particules a un état de spin différent: pour chaquel € {1,--- , s},
|Z;| <1, c’est-a-dire, s = N.

(B) Certaines particules ont les mémes états de spin tandis que d’autres ne les ont

pas: ilyaunle{l,---, s}, tel que 1 < |Z;| < N, c’est-a-dire, 1 < s < N.

(C) Les particules sont identiques: il existe un [ € {1,...,s}, tel que Z; = {1,--- , N}
et sik #1, I, = ¢, c’est-a-dire, s = 1.

En fait, le cas indique que la fonction d’onde u est totalement non-antisymétrique; et
le cas indique que la fonction d’onde u posséde une sorte de propriété antisymétrique;
le cas indique que la fonction d’onde u est totalement antisymétrique. En particulier,
les bosons peuvent étre vus mathématiquement comme un cas spécial de car ils sont
totalement non-antisymétriques.

Comme dans [59], on consideére les fonctions tests sur ’espace des fonctions différen-
tiables D1

u:(R3)N —-C: (1, ,zn) > u(r1, - ,ZN)

a support compact avec les états de spin ¢ pris en considération. Et sa complétion sur
L?, H" est désignée par L%, H% respectivement.
Pour le cas on définit 'opérateur L7, g par

1/2

L1ap = ZS](H(HIVJ‘IQ)”) [T a+Ivi?

=1 \jeL; 1€I\I;

Pour le cas ou le cas on définit un autre opérateur Lz, par

N
EI,a = H(l + |Vi\2)0‘/2.

i=1

Il peut étre considéré comme un cas particulier d’opérateur L7 5: s = 1, Z; = ¢J pour

le cas |(A)} et pour le cas|(C), s =1,Z; = {1,--- ,N}.
Maintenant, on introduit les espaces fonctionnels suivants X7, 3 et X7, qui sont
définis par

X108 = {u, L105u€ Hr},
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et
Xzo:={u,Lzquce H%},

avec la norme

lullz,a,p == [£2.0,8u] g1,

et
[ulza = | £zaul -

Théoreme 2.4. Soit u la solution de probléme sous l’état de spin fize o, alors on

a les résultats suivants:

o Pour le cas
u € ﬂ XI,B‘
0<f3<0.75
e Pour le cas
u e ﬂ XI,a,B-

0<a<1.25,
0<3<0.75,
a+p8<1.5

e Pour le cas
u e ﬂ XI,cx'

0<a<1.25

Maintenant, on étudie ’approximation correspondante.

Définition 2.5. o Pour le cas|(A)] si 0 < 5 < 0.75, soit

N i
%QHB(R) = {(W177LQN)E(R3)N|H<1+ ﬁl
=1

3
2) <R2}.

o Pourlecas[B) sil<a<1.25(oul<a<0.75),0<p<0.75eta+3 <15,

T+

JEI\T

Wi

Hap(R) = <w17---7wN>e<R3>N\Z<H (1+f5
l

=1 iEIl

o B
) < R?

o Pour le cas|(C)} si 1 < a < 1.25 (ou 0 < a < 0.75), soit

N wr
Hayp(R) = {(wlr“ swon) e ROVIT] (1 + ‘ﬁz
=1

2 o
> <R2}.

(Pa o) () = f Ly, (E)A(E) exp (2ric - 2) d

On définit le projecteur

avec 1y ,(r) la fonction d’indicatrice du domaine Hq 5(R).

Alors on a les estimations d’erreur suivantes pour la norme L? et la semi-norme H':
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Théoréeme 2.6. Sous la Définition pour toutes les fonctions propres u € H' avec
l’état de spin fize o et la valeur propre A négative ou nulle, il y a un 2 assez grand tel
que
V25 0625
[ = Poprull 2 (gsyny < —p-e 7 lul 2@y
et

V2s
HV(U — Paﬁﬂu) “L2((R3)N) < ?60'62SQHUHL2((R3)N).

2.3 Lesrégularités mixtes de systéme coulombien dépendant du temps

Dans cette section nous continuons nos travaux sur les régularités mixtes des solutions
d’un systeme a N corps. Maintenant, nous traitons le probléeme avec les résultats
obtenus dans le Chapitre 2] Et nous nous intéressons & son approximation.

Tout d’abord, au lieu d’analyser les potentiels V et W dans les équations et
, on considére un cas plus général:

Hypothése 2.7. V(x,t) € R? x R satisfait
V e Lty (LD R) + L, (L7 (R?)
et W(z;,zp,t) = w(z; — xp,t) avec w € R3 x R tel que

w e L (LP/@=2(R3)) + L (L (R?)).

pour certaines p et ¢, tels que

2<p,q<6
et
904”8 >0
avec
1/0, 5 = min{3/p — 1/2 — 1/, 3/q — 1/2 — 1/ag, 1 — 1/B8p, 1 — 1/B,}. (2.11)

Evidemment, les fonctions V' et W données par les équations (2.5)) et (2.6)) satisfont
cette hypothese, avec par exemple p =g =4 et op = ag = B = B4 = 0.

La premiere difficulté pour ce systeme est la complexité de ’espace fonctionnel. Soit
rij = Ti — x5, D;j=x; + x5,
et
Riju(rij, Dij,x1, - i1, Tigp1, - i1, Tjq1, -, TN) = u(zy, -+, zy).  (2.12)
Alors, on définit ’espace fonctionnel Lg’f par
Lp? = PR}, L2 ((R*)™1))

15



avec la norme

p/2
|u]? p2 = f (J ‘U|2da?1---da:i---de> dz;.
B Jrg \Jopns

On Pabrége par L7, Et on définit
72 . -
Ly} = LX), LA (R})N)

avec la norme

p/2
Hu” pg = f (J ‘RZ7]U|2dDZ,]dJ,‘1d/1\’13$\Jd$N) dri7j~
L R3 (RS)Nfl

7‘7;7j
Evidemment, HuHLpa = |Rijullppe -
Maintenant, on peut construn"é I’espace fonctionnel suivant:
b 72
X(T) = L ([0, 7). L%) () Li" ([0, T, L7} ﬂL T, L3”)
1<J

avec la norme

Julxry =, max {“U|Lg@(L2)7 0 2 |u|qu(Lg,2)} ,

1<k<N
ou 2/6, = 3(1/2 —1/p) et 2/6, = 3(1/2 —1/q). Si p,q = 2, alors 6,0, = +00. Ici nous
utilisons la notation abrégée X = X (T') sans risque de confusion.

Donc, nous avons le premier résultat:

Théoréme 2.8. Sous l’hypothése l’équation a une solution unique u € X (a),
pour chaque ug € L?((R3)N).

Et il y a une constante C ne dépendant que de p,q,V,W avec 1/8, 5 > 0, telle que
pour T vérifiant la condition CT/?=5 N(N + 1) < 1/2, on a

[ullx <p.q luollze-

Maintenant, définir ’opérateur
,CII:®Vi, l=1,---s.
iEIZ
Et soit
1/0 = min{3/(2p) + 3/(25) — 1/2,3/(24) + 3/(2) — 1/2}.

Nous pouvons donc énoncer le résultat principal de la régularité:

Théoréme 2.9. Si ug posséde l'état de spin fize o, Lz,ug € L2(R3)N), I =1,--- s, et
0<a<1/2, ﬁ < p,q < 6, la solution de I’équation a une solution unique u
avec le méme état de spin que o, et Lz,u € X(a).

Et il y a une constante C1 ne dépendant que de a, p, p, q et q avec 1—%& <p,d<6

et 1/6 > 0, telle que pour T vérifiant la condition C1(3, Z, + N)NTY? <1/2, on a
1Lz ul e r2) < [Lzulx <pq [£zu0] 2
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Pour obtenir une approximation comme dans le Théoréme [2.3] nous introduisons

l'opérateur suivant

Ko =[] -n)"

JET
Maintenant, il nous faut prouver la régularité des solutions associée a 'opérateur Kz,
au lieu de 'opérateur Lz,. Cependant, a cause de la complexité de ’espace fonctionnel
X, on a besoin des estimations pour l'opérateur Kz,. En généralisant 'inégalité de

Calderén-Zygmund dans 'annexe de Chapitre [2, on a le théoréme suivant:
Théoréme 2.10. Si 1 < p < o, alors les inégalités suivantes sont vrais:
IViul g p (1 = 8 2 pa, i= 1, N (2,13

[ull pe Sp (1= 20)Pul pa, i=1,---,

2 == 2z

11 = Va)ul gy <p 11— 20)ul po, i=1,--

IVitlpz p 10— 80" 2ul 2, iyj =1,
[0 = Vi)ulppe <p 11— 20 Pulppa, i=1,0, (2.13¢f

En conséquence,

Théoréme 2.11. Si ug posséde l'état de spin five o, Kzug € L2 (R)N), 1 =1,--- s,
et0<a<1/2, 3_% <p,q <6, la solution de I’équation a une solution unique u
avec le méme état de spin que o, et Lz,u e X(a).

Et il y a une constante Co (Cy > C1) ne dépendant que de o, p, p, q et q avec H% <

D,q <6 et1/0>0, telle que pour T' vérifiant la condtion CQ(Z# Zy + N)NTY? < 1/2,
on a

Kz ull L2y < [Kzulx Spg [Kzuollz2-
De facons analogue a Yserentant [61], on construit 'opérateur Py r par

(Pru)(x) = (jﬂ)w [ YD)

ot x : (R3)N — [0, 1] est une fonction avec la valeur xr(w) = 1 pour w € Hz(R), et
Hs(R) = {(wl, - JWN) E (R3)N\ 2 H(l + |Wi|2)1/2 < R} )
1<I<s i€

Le plus simple cas de l'opérateur Py g est le projecteur 1y, (g) (w).
Comme dans le Théoréme on a

Lemme 2.12. Sous l’hypothése de Théoréme|2.11, on a

lu— Perulx Spq /R D, [Kguole.

1<i<s
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Etonnamment, nous avons directement une approximation pour le probleme ([2.4)):

idiugr = Hr(ur), t€[—a,a]l =1,, x = (x1, - ,zN) € (R3)N

(2.14)
upr(0,2) = Py r(uo)(x)

avec

N N M N
Z 2 Z Py r(V(zj, t)u) + 2 P, r(W(xj, z)u).

k<j

Théoréme 2.13. Si ug posséde 'état de spin five o, Kz,up € L2(R3)N), 1 =1,--- s,
et 0 < a < 1/2, 375 2a < p,q < 6, alors la solution d’équation a une solution
UNiquUE uR.

Et il y a une constante Cs (C3 > Cs) ne dépendant que de «, p, p, q et q avec 1+62a <
D,q <6 et1/0 >0, telle que pour T vérifiant la condition Cg(zu Zy, + N)NTY? < 1/2,

on a

S
= wrll (1) < Ju— urlx Spg YR IKzu0l 2, (2.15)
=1

ot u est la solution d’équation .

C’est un résultat surprenant, d’abord parce que le volume de H3(R) est beaucoup
plus petit que celui de H;(R) pour le systéme stationnaire, mais aussi parce que 'on

peut fournir directement une approximation.

Remarque 2.14. Comme l'opérateur P, r est similaire au projecteur P; g pour le systéme
stationnaire, les méthodes numériques pour le probleme (|1.4) (voir par exemple |60, [22])
peuvent étre appliquées au probleme (2.14)).

3 L’existence pour le modele de Dirac-Fock dans les cristaux

En chimie quantique relativiste, la théorie exacte est ’électrodynamique quantique, mais
il s’agit d’une théorie trés complexe et des approximations sont nécessaires si ’on veut
pouvoir faire des calculs. Le modele de Dirac-Fock est une de ces approximations: voir
[48] pour une justification physique, et [3, 2] pour une étude mathématique de cette
justification.

Donc, au lieu d’analyser les régularités mixtes de problémes relativistes, on étudie
le probleme Dirac-Fock. L’énergie de Dirac-Fock peut aussi s’obtenir directement a
partir de celle du modele de Hartree-Fock non-relativiste, en remplacant I’'opérateur de

Schrédinger par I’Opérateur de Dirac. Cela donne

Zzl ]R3><R3 y
a f Try(yw (2, )79 (y, )) dr dy (3.1)
|z —

]R5><R3
= Tr((Do = V(w:)vw) + 5 Tr(Waye)
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oo [ el@w)ely)
Wyo(x) = pw i fRa 7y dy,
N N
yo(z,y) = D Wi(2), i) pu(@) = ye(z,z) = D viz) @ ¥ (y).
=1 =1
et

J Vi = ;.
R3

Notons que ¥ € H'/2(R?,C*), et que Try est la trace de la matrice 4 x 4.

Son équation d’Euler-Lagrange est

Hyy := Do — V(2)p + aWythp = N, k=1,---,N, (3.2)
et
U= (41, ¥N).
ou Mg,k =1,---, N sont des multiplicateurs de Lagrange associés a ces contraintes. Et

pour simplifier le modele, on prend

Comme o(Dy) = (—o0,—1] U [+1, +0), la borne inférieure de la fonctionnelle
est —oo. En physique, le probléeme intéressant est la recherche de valeurs propres pos-
itives. Donc, nous nous intéressons a la théorie des points critiques pour résoudre
I’équation avec les valeurs propres dans [0, 1). Pour le probleme , Pexistence
d’une infinité de solutions avec les valeurs propres dans [0,1) a été étudiée par MJ.
Esteban et E. Séré [14], et sous des hypothése plus générales par E. Paturel [49]. Dans
[13], MJ. Esteban et E. Séré ont prouvé que la premiére solution de 1’équation
converge vers le minimiseur de Hartree-Fock dans la limite o — 0 avec N, Z fixe. En
conséquence, il est naturel de définir ’état fondamental du modele de Dirac-Fock par

la formule:
E= min £&(y). (3.3)
0<y<Pf
Trp2(v)=N
Autrement dit, I’état fondamental de Dirac-Fock minimise ’énergie de Dirac-Fock parmi
les états qui se trouvent dans le sous-ensemble de spectre positif. Par le point fixe, M.
Huber et H. Siedentop [29] ont obtenu un résultat pour le probléme (3.3). Finalement,
E. Séré [53] a proposé une rétraction nouvelle, et a analysé directement le probleme
B3).
Maintenant, grace au travail [53], on étudie I'existence de solutions pour le modele
de Dirac-Fock pour les cristaux. Cependant, il nous faut d’abord mentionner le modele

de Hartree-Fock pour les cristaux.
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3.1 Le modele de Hartree-Fock pour les cristaux

Dans le réduction de la limite thermodynamique aux modeles de Hartree-Fock, I. Catto,
C. Le Bris et P.L. Lions [7] ont proposé un modele de Hartree-Fock pour les cristaux.

Ici on considere le modele sur la cellule élémentaire Q) = [— é, 2[ Pour les modeéles

de cristaux, notamment les modeéles périodiques, il nous faut considérer la décomposition
de Bloch, qui indique que les états propres d’énergie pour un électron peuvent étre écrits

comme des ondes de Bloch. Donc, par la décomposition de Floquet on a la cellule duale
yd 3 Ay
du réseau Qf = [T, F[3, et L*(Q)) = lﬂ)g Sgal* LE(QZ) d¢, ou pour chaque £ € QF,

LE(QI) {ue L2 (R3); e %%y est Q; — périodique}.
On a besoin de la définition suivante:

Définition 3.1 (Définition de K). Considérons les familles d’opérateurs auto-adjoints

Ve sur Lg(Ql) satisfaisant les propriétés suivantes, pour presque chaque & € Qj:
(H2) 0 < < ﬂL?(Qz);

(H3) Popérateur ¢ possede une trace finie et satisfait % SQ?‘ TrLg(Ql) Yed§ < 0;
(H4) TrLg(Ql)(—Agfyg) < 4+ et %SQT TrLg(Ql)(—Agfyg)dg < +00.

Une telle famille des opérateurs est associée, d’'une maniére unique, a un opérateur

auto-adjoint v dans L?(R3), défini par v := % Sg%* Ye d€, tel que
(H1) + commute avec les translations de [Z3;

On note par K I'ensemble d’opérateurs v = % SE)B* Ve d§ qui satisfont les conditions
l

[(H2")(H3)| et |[(H4), et nous appellerons v un opérateur de densité @Q;-périodique.

Définition 3.2. Soit v appartenant a K. Alors on peut définir d’une maniére unique

une densité @;-périodique p, associée a vy par

) = oo | e (3.4)
L’état fondamental de la modele de Hartree-Fock pour les cristaux est
TE —inf{ef8F (4)iy e K, Try = Z3, (3.5)
de plus
gHF ()

T Aw)ds—asz G (@) do+ 5 [[ 0, @)Gi(a ~ s () dady
Q2

dede’ ﬂ e (@ y)re (5, 2) W (E — €z — y) dady,

(Ql
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ou

29T
1 TP
Gi(z) = <
ml o 1Pl
p#0
et pour le terme d’échange
© 47 1 Z'(M_n).x oM 3
Wi (n, z) =5 m ! :/\WAZ(X,/\SU), x,meR".

keZ3

Remarque 3.3. (-, -) appartient & L?(Q; x R3) et pour le terme d’échange on a également

dede’ f f e (20,76 (4, 2) Wi (€ — €, — y)ddy
2 Q2

Jlﬁgs !w—yl x))dy'

Théoréme 3.4. [7] Le probléme de minimisation admet un minimum.

De plus,

Théoréme 3.5. [20] Supposons que Z > 0 et N = Z et soit vy le minimiseur de .
Alors v résout I’équation nonlinéaire suivante:
V= Voo (Hy) + €l (Hy),

13
(Hy)g = =Lg = ZGy + py x Gy =

(2m)3
ot € € {0,1} et v € R est un multiplicateur de Lagrange associé d la contrainte de charge

SQZpVZZ'

JQ* VVloo(fl - 57 xr— y)7§/($7 y)d£/7

3.2 Le modele de Dirac-Fock pour les cristaux

Maintenant, on présente les résultats pour le modele de Dirac-Fock pour les cristaux du
Chapitre [3| qui ont été obtenus en collaboration avec I. Catto, E. Paturel et E. Séré.
En s’inspirant de la relation entre le modele de Dirac-Fock et le modele de Hartree-
Fock, on construit le modele Dirac-Fock pour les cristaux de la méme maniere. C’est-
a-dire que I'on remplace 'opérateur —A¢ par D¢ dans le modele de Hartree-Fock pour

les cristaux. Donc, I’énergie de la fonctionnelle de Dirac-Fock périodique est

gDF( )

ng’Yé)dﬁ—OéZL? Gi(z)py(z) do + Hm )Gi(z — y)py(y) dzdy
Q2

dede’ ﬂm e (@ y) e (1, 2) WP (€ — €2 — y) dady.

(Ql )?
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De plus, 'opérateur de Dirac-Fock périodique est

Dryyg = Dg —aZGp+ V,%g

avec
Vie=apyxGi(x) —aW, ¢
ou
py * Gi(z) = o Gi(y — 2)py(y)dy = Trrz(q) (Gi(- — 2)7)
et 5
W eie(o) = o | a6 | W€ = 6 = e o) et
Q* Q

Par la Définition [3.1] on a :

Définition 3.6 (Définition de 7). Considérons les familles d’opérateurs auto-adjoints

Ve sur Lg(Ql) satisfaisant les propriétés suivantes, pour presque chaque § € Q;':

(HE') 0 <7 < 12y
(H7) T'opérateur ¢ possede une trace finie et satisfait % SQ?‘ TrLg(Ql) Yed§ < 0;

(H8) Trpz(q, (| Delve) < +oo et =y Sor Triz(qu) (IDelve) d§ < +oo.

Une telle famille d’opérateurs est associée, d’'une maniére unique, & un opérateur auto-

adjoint v dans L?(R?), défini par v := % Sg_)l* Ve d€, tel que
(H5) v commute avec les translations de [Z3;

On note par T l'ensemble d’opérateurs v = % SSBZ* Ve d§ qui satisfont les conditions
(H6I(H7)| et [(H8)] et nous appellerons v un opérateur de densité Q;-périodique.

Correspondant a cette définition, on a l’espace fonctionnel suivant pour les opéra-

teurs de densité Q);-périodique:

o1(€) = {7 € BILAQE)): Trpa (1vel) < 0}
avec la norme

Vel e) = Trrz (el

;3 D
o11 = {7%’)’ = (2r) JQ{" Ved§, (W’S)gte* eT, JQI* el ey, d€ < oo}

avec la norme 5

l
@ |, Pelloio
l
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? @ 1/2 1/2
X - {m = G | e Clecar T | 1IPA 2Dl Plete < 0

avec la norme 5

l
bl = g | WP 26lDe e
l

Enfin, soit
+ & @ p+
= L (Dre), P = oo | O P

Pi
(271')3 *

083

et
+ 7 |®D pt
Pw _JQ*P%ﬂEdf'
l

Maintenant, on définit

Ty i={yeT: fQ pr () dz = N},

et
'y = {vyeTn; Py =0}

Par [13] et [53], I’état fondamental de Dirac-Fock de cristaux est
I:=inf{EPF(y);ye T}
Pour le potentiel G; on a les inégalités suivantes:

Lemme 3.7. I existe de constantes Cy > 0, C; > 0 et Cg, telles que, pour chaque
£ € Qf et chaque )¢ € HE/Q(QZ;(C‘l), on a:

(Ve, Gibe) 120y < Cr (e, [Delte)qy, (3.8a)

(e, |Gilve) 12(q) < Crr(We, | Delbe)q, (3.8b)

De plus, il existe de constante Cq = Cy > 0, telle que, pour chaque & € Q} et chaque
¢¢ € Hgl(Ql;(C‘l), on a:

|Gi9¢l 2 (@) < Calll Delel2(qu- (3.8¢)

Pour le potentiel W/*, on a

Lemme 3.8. [l existe de constantes Cy,Cyy,, Cyy, telles que, pour chaque § € Qf et
chaque ¢ € HE/Q(QZ; Ch), on a:

o soitye X,
[Wagvellrz < Cw max{[y[x, 1}ve z- (3.9)

e s0ilyE 01,
Wy etbell iz < Cy max{|[~]o1,1, 13| Delvell 2 (3.10)
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On a besoin de quelques conditions pour obtenir leur existence:

Hypothése 3.9. Soit Nt := max{N, 1}, k := a((Cy(Z + N) + C}{yN*)), Cpg := Cy +
Cw, A> 1/404(1 — H)_Q(l + Ii)CEE, et
D¢l |

c*(k):=sup inf  sup
£eQ* dimV:{c/Qu v ||ugHL§
Ag H

on suppose que
1. k<1-— 1/2aCEEN+,

2. K i=a(Ca(Z+ N)+Cjy,NT) <1,

3. Ay/max{(1 — k — 1/2aCpeN*)"1(1 — k)~1c*(N + 1)N,1}N+ < 1.
Théoréme 3.10. Sous l’Hypothése il existe un minimiseur vy, € I’j{, tel que

EPF(~,) = I := min EPF (). (3.11)
'yel""'

En outre, v, résout I’équation auto-cohérente suivante:

Y= IL[O v) ( ) +6
f@ gD, (3.12)

0t 0 <6 <1yy(Dy) et 0<v<cH(N+1)(1—r)"h

Remarque 3.11. En physique du solide, la longueur de la cellule unitaire est d’environ
quelques Angstroms. Et dans le systeme d’unités, A = m = ¢ =1, on a a ~ ﬁ et
[ ~ 1000. Sous la condition Z = N pour la neutralité électronique, on trouve que
I"Hypothese est safisaite pour NV < 4.
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The mixed regularity for
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Chapter 1

A note about the mixed
regularity of Schrodinger

Coulomb system

In this note, by extending the Herbst’s inequality we prove some inequalities for Coulomb-
type potential which can be used in the proof of the optimal mized regularity of Schrodinger
Coulomb system directly even in consideration of Pauli exclusion principle. And by anal-

ogy with [61)], we deduced the estimates of the errors for L?-norm and H'-semi-norm.

1 Introduction and results

For most applications of molecular simulation, the matter is described by an assembly
of nuclei equipped with electrons. And in the quantum world, the state of electrons is

modelled by the N-body Hamiltonian operator:

N
1
H = _§2Ai_vne+vee (1.1)
i=1
with
N M 7
Ve 1= —
LAl
and
N
1 1
‘/ee =3 ;
2 i,j—zl;#y i = ]
where a1 - - - , ays are the positions of nuclei endowed with the charge 21, - - - , Zj; respec-
tively, and x1, - - -,z are the coordinates of given IV electrons. And the right hand-side

terms respectively model the kinetic energy, the attraction between nuclei and electrons,
the repulsion between electrons.
Mathematically, the electronic ground state or excited state problem can be ex-

pressed by the Euler-Lagrange equation which is indeed the eigenvalues problems of the
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operator (1.1)):
Hu = M\u. (1.2)

In quantum mechanics, in addition to the spatial coordinates, a particle such as the
electron may have internal degrees of freedom, the most important of which is spin.
For example, the electrons have two kinds of spin ¢ = +1/2 (here 0 = 1 or o = 2 for
convenience). But here, we consider a more general kinds of particles equipped with ¢

spin states. And we label them by the integer
ocef{l,--,q}.
And a wave function of N particles with ¢ spin states can be written as
w: (RN x {1, ¢}V > C:(z,0) > u(z,o0).
For fixed spin state o, we can rewrite the wavefunction u(z, o) by u(x) and
uw: (RHY - C: 2 — u(x,0).

There are two kinds of particles: fermions and bosons. For fermions, the particles
satisfy the Pauli exclusion principle. Mathematically speaking, let P; ; be a permutation
which exchange the space coordinates x; and x; and the spins o; and o; simultaneously,
then

uw(P;j(z,0)) = —u(z,0).

In particular, the identical fermions are totally anti-symmetric. And for bosons, they
satisfy the Bose—Einstein statistics which means the particles occupy some symmetric
quantum states. Particularly for the identical bosons, they are totally symmetric.

Problem is well-explored mathematically (see for example [30], and about the
regularity properties of the eigenfunction of problem [31L 128, 116, 27, |17, |26} [18]).
However,the advantage of this model vanishes when it comes to performing real cal-
culation because of its large dimensionality. Thus models such as Hartree-Fock and
Kohn-Sham are proposed, see for example [38]. However they are no true, unbiased
discretizations of the Schrodinger equation in the sense of numerical analysis.

Decades ago, H. Yserentant [59, |61}, |63, 36] proposed a mixed regularity about the
eigenfunctions of problem , and this result can help to break the complexity barriers
in computational quantum mechanics. For fixed spin state o, he split the particles into

the subset ¢ parts with the same spin states
T :={i;o; =1}, s=1,---,q.
Ifdl=1,---,q such that i, j € Z;, then
uw(P;jx,0) = —u(z,0). (1.3)

herein P;; is a permutation which only exchange the space coordinate x; and z;. If

x; = xj, u(zr) = 0. Thus the eigenfunctions can counterbalance the singularity of the
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interaction potential between electrons. Based on this observation, H. Yserentant proved
in [59, 61] that the eigenfunction u of problem (1.2)) under spin state o satisfies

N q
f (1 +) mg,ﬁ) (Z [Ja+ |2wgk|2)> | F(u)|? d¢ < o
i=1 =1 keZ,
where F(u) 1= {pq u(z)e 2™ *dz is the Fourier transform of u.

Later, by using r12-methods and interpolation of Sobolev space, H.C. Kreusler and
H. Yserentant |63],|36] proved that the eigenfunction u of problem (|1.2)) without the spin

state satisfies

N S /N t
f (1 + ) |27T5i|2> (1‘[(1 + 27@12)) | F(u)]? dé < 0,
i=1

k=1
for s = 0,t = 1ors =1,t < 3/4. And the bound 3/4 is the best possible and can
neither be reached nor surpassed.
But what is the optimal mixed regularities in consideration of the spin
states? And could we provide an error estimate for its approximation based
on this regularity? In this note, we are trying to answer these questions.

The spin state can be divided into three cases which can provide different regularities:

(A) Any two particles have different spin states: for any [ € {1,--- ,q}, |Z;| < 1, i.e,,
q=N.

(B) Some particles have the same spin states while the others do not: there exists a
le{l,--,q}, such that 1 < |Z;] < N, ie, 1 <qg< N.

(C) The particles are identical: there exists a l € {1,...,q}, such that Z; = {1,--- | N}
and if k # 1, 7, = &, ie., g = 1.

Indeed, the case means that the eigenfunction w is totally non-anti-symmetric (for
any i,j € {1,---, N}, the equation does not hold); and the case means the
eigenfunction u has some kind of anti-symmetric property (for some [ € {1,--- ,q} and
any i,j € Z;, the equation holds);; and the case means that the eigenfunction
u is totally anti-symmetric (for any 4,5 € {1,---, N}, the equation holds);
Similar to [59], we consider the test functions in Dz which is the space of the infinite

differentiable functions
U (R3)N —>C: (x1,-,zn) > u(x1, - ,ZN)

having a bounded support with spin states taken into consideration. And its completion
in L2, H' is denoted by L%, H% respectively.
For the case define the operator L7, 3 by

1/2

LT ap = Z

q
=1

<H(1 + |le2)°“> [T @+[vi?

JET; ie\T
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where V; is the gradient for the coordinate x;. This operator is defined by the Fourier
transform, for details see Section 2] And the higher derivative parts is because of the

anti-symmetry of eigenfunction wu.

Specially for the case or case|(C), we define another operator L, by

N
ﬁZ,a - H(l + |Vi‘2)a/2.

i=1

It can be viewed as a special case of operator L7,3: ¢ = 1, Z; = & for case and
for the case[(C)l ¢ =1, Z; = {1,--- ,N}.
Based on these operators, we introduce the following functional space Xz, 3 and
X7,o which is defined by
Xzap:={u,L1opuc HEY,

and
X7o:={u,Lzoue H%}7

endowed with the norm

lullz,a,8 == [£2.0,8u] g1,

and

lulz,e = |Lz.aulp-

Theorem 1.1. Let u be the solution of the eigenvalue problems of operator[1.4 under

the fixed spin state o, then we have the following results:

o For the case
u e ﬂ XI,,B'
0<6<0.75
e For case
u e ﬂ XI,a,B-

0<a<1.25,
0<3<0.75,
a+p8<1.5
o For case
u € ﬂ XI,a-
0<a<1.25

Definition 1.2. o For the case|(A)] if 0 < 8 < 0.75, let

N i
Ha,p(R) = {(Wl,"' wv) e ®)YIT] <1 + ’5’
i=1

N
) <R2}.

o For the case|(B)l if 1 <a <1.25(or 0 < a<0.75),0 < 8 <0.75 and a+ 3 < 1.5,

V)l

q
Hap(B) 1= { (@r. - ow) € ®)V] Y] (H (1+
! JE\T;

=1 iEIl

Wi

Q

o B
) < R?
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o For the case|(C), if 1 < a<1.25 (or 0 < a < 0.75), let

N
Ho (1) 1= {m, o) R (14
i=1

2 o
> <R2}.

(Pagr) () = f XR(E)A(E) exp (2mit - x) de

Wi
Q

Now we define the projector

with xg the characteristic function of the domain H, g(R).

Then we have the following norm convergence rate:

Theorem 1.3. Under the Definition for all eigenfunctions v € H' with fized spin

state o and A non-positive, and for Q large enough, we have

V2
?60'625HUHL2((

u— Pa757Ru|‘L2((R3)N) < R3)N),

and

V2q
IV(u— Pag.ru)l 2(ms)n) < TGO'G%QHUHLZ((RB)N)-

2 Fractional Laplacian and related inequalities

For 0 < a < 2, the fractional Laplacian |V|* (or (—=A)%/2) is defined on functions

u: RY - R as a Fourier representation by

F(IVI*u)(€) = [2m€[** F(u) (€).

In addition, for o > 2, the fractional Laplacian |V|® can be viewed as the composition
of [V|*~ 23] and (=A)L2], where |z] is the integer part of z.
A function v € L*(R?) is said to be in H*(« > 0) if and only if

el o= [ 1+ EPIIF @)@ € < o

In this note, the operator L7, g is defined by the same manner:

¢ /N 1/2
F(Lz,p)(E) = <2 (Ha + |m|2>ﬁ/2) (Hu + |27rsj|2>a/2>> Flu)(©).

1=1 \i=1 jeT,

If we apply the Fourier transform to solve the Poisson equation
|V|%u = f inR%

we find that |27&|*F(u)(&) = F(f)(§). The inverse of the fractional Laplacian, or
negative power of the Laplacian |V|~®,s > 0, is defined for f € S(R?) as

FVIT*u)(€) = 27| F(u)(§)  fork # 0.
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In principle, we need the restriction 0 < o < d because when « > d the multiplier |k|™¢
does not define a tempered distribution (for more details, see for example [55]).
In the other part, the term ﬁ is a tempered distribution for 0 < o < d with Fourier

transform

b (|- ") (E) = bual€] %, ba = 7720(a/2), 2.1)

(see for example [41]). Hence, if 0 < o < d, the operator |V|* can be represented by

-« _ b —« —ad+o
VI ula) = gt | =l uta) (2.2)

Suppose that 0 < o < d, then |V|?|z|? is a L. .(RY)-function for 0 < 8 < d — a and

loc

2m) b+ 8bd— Ca

V||| = Mm a—p. (2.3)
bd—a—ﬂbﬁ
And |V|7%|z| 77 is equally a L (R?)-function for 0 < a < 8 < d and

oy - bg—abi—p -
V| |z P = 20ald=B e, 2.4
V1] = (2.4

However, in this note, we need to deal with the term |V|*%(|z|~Pu). The first and

most important result about it is the famous Herbst’s inequality which is based on the

Formula ([2.2)):
Theorem 2.1. [25] Define the operator C, on S(R?) by

Co = [x["*[V[™*

1

and let p~ ' +¢7 1 = 1. Suppose o > 0 and do' > p > 1. Then Cy, extends to a bounded

operator on LP(RY) with

(3! = )r(hds ) o)
2

Ca =2
|CallBzr@e) L(L(dg~ + )0 (Zdp7)

Ifp>da=' orp=1, then Cy is unbounded.

Remark 2.2. Let v := |V|%u, then this theorem can be expressed as:

2l ul Lo ray < ICallpre@ay VU] Lo (ra).

Remark 2.3. For 1 < p <d, p # 2 and o = 1, it is not the Hardy’s inequality which is
written as:
-1 p
Il ™ ull o ey < HHquLP(Rd)-

However, for d > 2, p = 2 and a = 1, it is the Hardy’s inequality since
H’V|UHL2(Rd) = HVU”H(Rd),

and
2

ICalBr@ay = 57—

32



Remark 2.4. Let ¢~' 4+ p~! = 1, then we have that

ICalB(Lawayy = |CalBLr@aey)-

And particularly, when p = 2, we have a special result:

IC3B(L2@®eyy = |CalB(r2®ae)):
namely
VI ull 2 rey < [Callprzmay llz[*ull 2@

In this note, we only need the case d = 3 and p = 2. Let

o = [ CalBr2(r3))

for 0 < a < 3/2. And if a = 0, then |ul f2re) = [ullf2(re), We define co := 1.

Considering the interaction between electrons, we need to deal with the term Il’iiyl:

Lemma 2.5. Define the operator Cy g on S(R3*3) by
Ca,,@ = |33 - yraiﬂ|vx|ia‘vy|76

where V,, Vy are the gradient for variable x € R3 and y € R? respectively.
Suppose that o, f > 0 and o+ < 3/2. Then Cq 3 extends to a bounded operator
on L?(R3*3) with
|Cas

B(LQ(RBXQS)) < 2Ca+5.
Proof. Notice that

lle = 5121Vl VP sqgasnsy, = [Vl =191l — 41~ |aqzaqaoms)-
Now, for any function u(z,y) € L2(R3*3), by Fourier transform

V2]~V le—y| =Pl poqsxsy = (2m) =P 1€al = 1&y) P F (lz—y1 = ) (Eas &) | L2 (m3xs)

Herein ¢ := (&, &), and &, &, are the frequency with respect to x and y respectively.
As [t]* < [t|2FP + 1 for t € R, and let t = |£,]/|&,], we yield

3 I ¥ e (2.6)
Thus,

V2l =V 7P |2 — gl = u] 2 axs)
=(2m) Pl 1& TP F Iz — yl 7 u) (&e, &) |2 raxs)
<@2m) "€ T P F (e =yl u) (€ns &) L2mss)

+ (2m) " O T TP F (o — yI 7 u) (Ge, &) L2 ey
=[|Va| ™|z — y| 7 Pu 2 gaxs)

+ IV~ P |z — yI = Pul 2 (axs)-
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For the term [||V,|~ |z — y|_°‘_5u|\Lz(R3x3), it is an integral with respect to z and y
together. Now, we only consider the integral over x and fix y. Changing coordinates
z =1x —y, then
11V~ |z =y~ Pule, y) L2 rg) (v)
=1V P27 Pulz + 4, 9) | 2y (v)
<catslulz +y,y)lL2ws)(y)

=Ca+p|u(z,y) HL2(R§;) (y)-
Thus,

[Vl Pz — yra*ﬁUHL?(RM% < catplul L2 rsxs).-

Analogously,

[IVy| 7P|z — y| = Pl r2(gaxs) < Ca+plull L2 gsxs)-
Consequently, we deduce that
Ve~V |2 = y\fafﬁUHm(R?»XS) < 2ca+p]ulL2@sxs),
namely,
lz =yl PVl |V | Ip(r2maxsy) < 2ca4p.
O

If u € C°(R3\{0}), for a > d/2, we have the following Hardy’s type inequality which

is the generalization of |59, Lemma 2] with a similar proof:
Lemma 2.6. [/7] If u € C*(R3\{0}), then

2
<
LQ(R:),) |20é —3|

Vu
|$|a71

v
Edi

L2(R3)

for a€[1,3/2) U (3/2,5/2).

And the the potential of the interaction between electrons:
Corollary 2.7. [47] If u € CP(R3*3) with u(x,y) = —u(y,x) for z,y € R3.Then we
have the following inequality:

< 4
L2rsxs) 20— 5[[2a — 3|

U V:Vyu

|z —ylo?

\a?—y\o‘ L2(R3x3)

for a € [2,2.5).

Combining the Lemma [2.5 with the Corollary we have
Corollary 2.8. If u € CP(R3**3) with u(z,y) = —u(y,z) for x,y € R3. Then we have
the following inequality:

(7 <o H‘vx|a/2|vy‘a/2u

|z — y|@ L2(R3%3) L2(R3%3)

with ¢q = (5728;3)‘% and o € [2,2.5).
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3 Properties of the interaction potentials

In the proof of the mixed regularity, the study of the potential plays the core role. In this
section, we analyse the regularity of the interaction potentials. And we split firstly the
potentials into two types: nucleus-electron interaction potentials and electron-electron
interaction potentials.
3.1 Nucleus-electron interaction potential
Lemma 3.1. Let K = (1 +|V[2)*2(1 +|V|*)~!, then for any 0 < o < 2
1Kl 5(z2®s)) < 1.

Proof. For any 0 < a < 2, u € L}(R3),

[Kul 2 ggsy = (1 + [270€*)*2 (1 + [27€]*) 7 F (u) | 2 es)

As (1 +[27€2)22 < (1 + |27€|*), we know that

HICUHLQ(R3) < Hf(U)Hm(Rfﬂ) = HUHL2(R3)-
Now we get the conclusion. O

Lemma 3.2. For 0 < a <1, and u e H'7*(R3),

u

Hrvra < cacr—al IVl 12 g

|$ - CLl/’ LZ(R3)

And for 0.5 < 8 < 1.5, and u e H*#(R3),

VIl — a1, < epea-pl VP Pul sy

L2(R?)
Proof. Here we use Theorem [2.1] twice. And for convenience, let a,, = 0. Notice that by
Theorem [2.1]

V™2~ gr2msy) = llzI~*IVI™¥|8L2®s)) = ca-
Then,
19172, < el i
And
l2* ul oy = N2 VIVl 2 sy < c1-all [ VIl L2 @)
Now we get
91 ] e eIVl

And for the second inequality, similarly, as 0 < § < 1.5 we get that

VIVl ™| < eallal’ (The] ™Yol pages)-

L2(R?)
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As |V]z| 7Y = |z| 72, we have that
ll? (V]2 ull 2 sy = 12172l p2(gs).-
Besides 0 < 2 — 3 < 1.5, by Theorem [2.1] again,

121”2 ul p2sy < ca-gl IVl p2ms).

Thus,

VI (V2= a ™|, < eper sl VP Pul pages.

L2(R3)

Lemma 3.3. For 0 < a < 0.5, and v e H'T%(R3),

u

< (C14a + ca)er—al [V

L2(R3)

UHLZ(RS) .

v

|z — a,|
Proof. Similarly, for convenience, let a, = 0. Notice that

u

HW“
E

L2(R3) | = a | L2 (s

Thus,

‘wr*”
2]

< IV V2™ o sy + [V 27 (V) 2 s -
L2(R3)

By Lemma we get

H|V|a ROET) “HL2(R3 c1-aciia| V[T “ul 2R3y,
and

[0l = (V)| 2 sy < c1-acal V1] Loge)-
Consequently,

u

< (Claa + ca)ci—a|V[F T

L2(R3)

UHLQ(RB) .

‘IVIQ

|x — ay|

O]

Combining Hardy’s inequality with Lemma [3.2] and Lemma we have the follow-

ing corollary:
Corollary 3.4. For —1 < a < 0.5, and u e H* *(R3), then

u

< Col|VI" Ul L2 gy,
L2(R3)

Hrvwa

|z — ay|
where Cy, = (Cl4a + Ca)Cl—a if @« > 0; Cp = 2; Cy = c_aClta if =1 <a <0.
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Now, the main estimate in this subsection is

Lemma 3.5. For u,v € C{*(R3) and for any 0 < o < 1.5, then

(s ivp)

<(Cam1 +2)[(1+ [VP)*2u] 2 s [V (1 + V1) 20] L2 gs).

(1+ VP20

|z —ay,|’

Proof. As (14 |V[?)*? = (1 + |V|*)K, we know that

(@+[p)r L+ [P))

v
|z — ay|

:<’C!:r —ua,,\’(1+ |V|2)°‘/2v> + <|V|“IC (3.1)

u

@+ VP,

|z — ay|

For the first term in the right-hand side, by Holder inequality,

(K @ IVP)2)
X a

1
1 2\ar/2
KL TP

By Hardy’s inequality or Herbst’s inequality, we know that

< Jlull 2 (ms)

|z — a|

L2(R?)

1 «
H| K(1 4|V} s
(R3)

fy|

<2 Hvzcu + V22
)

L2(R3

And as

Hv;cu + V22

_ H/cvu + V)2

< V(1 + (922

L2(R3) L2(R3 L2(R3)’

by Lemma [3.1] we know that

K1+ |V[*)*%

=

| — ay|

<2 HV(1 + V)2
)

LR L2(RS)
For the other part, obviously
lull 2sy < 11+ V1)) %0l L2 @3).

Thus,

u 2\a/2
1
’<K|x—a,,|’( +|V]?) u>

For the second term in the right-hand side of equation ({3.1]), by Holder’s inequality

again

< 2(L+ [V ul sy |V (L + V)0

L*(R?)

(VPR 1 (9P

|z — a|

< ‘|V!a‘1lc

) IV L+ V)20 2 gs)-

|z — a|

LQ(RB
And we have that

u

‘|V’allc
L2(R3)

< ‘|v|a1
)

|z — ay| L2(R3 [z — ay|
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By Corollary [3.4]

u

\W—l < Corr 191l 285) < Cat |1+ [V 2 g

|5L‘ - au| L2(R3)

Consequently,

(s 1vp)

<(Cam1 + I+ V1) 2ul 2@ | V(1 + [V*)20] L2 gs)-

(1+ VP20

|z —ay,|’

3.2 Electron-electron interaction potential

Lemma 3.6. For0 < <a, 1<a+ <15 and u(z,y) € CP(R3*3), then

|Hvx’a+ﬁ—1|x — y|_1u”L2(R3x3) < bap |‘V$|a‘vy‘ﬁu“L2(R3X3)'
with by g 1= 2((27T)a+ﬂ71Wﬁlba_,_/gca_,_g/bg_a_g +2)
Proof. If a+ 8 = 1, then by Lemma [2.5] we obtain directly

Il =y~ ul p2qrsxs) < 2e1]|Val*Vyl ul 2 maxsy = 41Vl Vyl Tul 2 goxs),

where ¢; = 4. By virtue of Formula (2.1)) and as F(f(- + 2))(€) = e2™*¢F(u)(£), we
obtain that for 0 <t < 3,

J’<U(x7y)>(§x,§y) S [ T Zhey D (3.2)

|z —yl* b Jgs 2=

In particular 2—? = 7~L. Thus, for a + 3 > 1, by Plancherel’s Theorem

V247 a =yt 2 raxs)
|€$‘a+ﬁ—1j ‘F(u)(é‘x _2l7£y + l) dl
R3 ’l| L2(R3%3)

z— 1, l
|§x‘a+ﬁfl J]Rg |‘F(u)(£ |l|2 fy"‘ )| dl

:(27T)a+,8—17_r—1

<(2ﬂ_)a+ﬁflﬂ_fl

LZ(RBXS)
For any [, |&,|*F0~1 < |1]o+A=1 4 |&, — 1)12787L ) we yield

[V — gy~ ull 2 maxs)

[RCACLEE AR
R3

a+p—-1,_—1
<(2m) v Iap

LQ(R3X3)

[ e O
o i

+ (27T)°‘+6717771

L2(R3x3)
Using the Formula (3.2)) again, for the first term, we get

F )& — 1,6, + 1)
J

ba B
DI el et e A O]

L2(R3%3)




By Lemma [2.5 we obtain
e =yl P F (I F ()

L2(R3x3)
<2¢a+6l|Val*IVy P F L (IF ()] L2 gsxs)
=200+l Vel *|Vy [Pt g2 Raxa).

For the second term, similarly

J 160 — U0 F(u) (& — 1, & +1)]
R3 12

e — g F T (F TP ) ) s
and as 8 < «, then 8 < 0.75, thus
lle =y~ FHIF (Va7 ) )] L2 moxsy
<21 [[Vol IV P FHIF (Va7 )] |2 eass)
=4|Va|*|Vy|*ul 2 (g3,

where ¢; = 4. Consequently, for 0 < f <aand 1 < a+ 8 < 1.5, we deduce

(2m)o P11 dl

L2(R3x%3)

[V~ — g ul L2 o)
<2((2m)* P ot peatp/b3-a—p + 2[Val*|Vyl ul 2 gsxs)-

Combing these two cases together, as by /by = mand 4 < 2((2m)* 1710, scars/b3—a—p+
2) if a + B = 1, we conclude

(Va2 2 — y|71u“L2(R3X3)
<A@ by g /b5 + 2]Vl IV, Pl oo

Lemma 3.7. For u(z,y),v(z,y) € C(R3*3), and define

llollas := [ (1 + 192 2)2(1 + 9, 2)7/20

LQ(R;axs)'
If0<a,fB and a+ 8 < 1.5, then

[+ 172220+ 9, P20 =y, (14 [Va2)/2(0 + 9, 12)7/20)

<Dasllulla,s(IVavlla,s + [[Vyvllla,s)-
with
‘ 1+ Ca1+Cpo1 +2¢ca48C1—a-p if 0<a,B,a+p0<1;
wi {1+Ca1+05_1+baﬁ if 0<ao,B,1<a+f3<L15.
Furthermore, if u is anti-symmetric, i.e. u(x,y) = —u(y,x), then for 1 < a < 1.25,

O+ V2204 19,272 = g, (14 Va2)2(1 4+ 9,2)/20)

gDa,a

|ufllaa([IVav[la.a + [[Vyv]
with if 1 < o < 1.25,

a,a)-

Do i=1+2Cs—1+ 2(can—2 + 2201 + V6c20)¢3-24-
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Proof. Similar to Lemma [3.5] we introduce the operator Ko, defined by

Ko = (1 + ‘Vm’2)a/2(1 + ‘Vz|a)_1

Now,
(1 + |V, “/2<1+ V)72 =y, (14 [Va )2 (1 + 9, [2)720)
— (14 Vo) (1 + |Vy[)KaaKay o — gl ™M, (1 4+ Va2 21+ [V, )7 20)
</cwlcﬁy|x — g, (U4 [V 221+ |V 1) 20) (3.3)

+ ((Val* + Vo) KK yle =yl u, (1+ [Va)2(1 + |7, [2)20)
+ (IVal19, Yl M (14 Va1 + [V, )7 20)

o,z

Now, we calculate every term in the right-hand side of this equation separately.

Steps 1. For the first term.

(Kauaylo = o1, (14 V227201 4 7,2)720)

& = Y| KK,y (1 + [Val?) 2 (1 + [V, )P0

< HUHLQ(R3X3) L2(R3x%3) ’

Using Hardy’s inequality for « and y respectively and by Lemma we get
e — o1 Kk (1 4+ (V21200 4 (7, )72

L2(R3%3)
g”’vwlcoc,wlcﬁyyvmaﬁ + H‘vylcaﬂclcﬁ,y”ma,ﬁ
<[|Vavllas + [[Vyv]

aiﬂ'
As HUHLQ(R3X3) < H\uma,ﬁ? then
[(KawKayle =yl u, (14 Va2)22(1 4 [V, [2)720)

<llllas(N1Velvllas + 11Vyvllas)-

Steps 2. For the second term.

U9l + 19, KKyl =y, (L4 IV P2+ |V, )7 20)
<1Vl KaaKg gl 1™ (14 VaP)2(1 4 9,)7%0)]
* ‘<|V ’ yl ™M, (L4 V)21 + |vy|2)ﬂ/%>\.
We have that
{1921 Kaa kg le = o™, (14 [V, 221+ 9, )7 20)|

o,z

= (19217 Kookl = oI~ [Vl (L4 [Vl2)2(1+ |9 2)720)

< H|VI|O‘_llCa7xng7y|x - y|_1uHL2(R3X3) |||VCUU”|0476
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By Lemma [3.1]
H|VCC‘Q_1,C04,I,C5,ZJ’$ - y’_luHL2(R3x3) < H‘vl‘|a_l‘x - y‘_luHL2(R3x3) .

Only considering the integral over z € R3 and fixing y € R3, by Corollary for
0 < a < 1.5, we obtain

H’Vﬂail‘x - yrluHLz(Rg) (y) < Ca— ”|V$|auHL2(R§) (y)-

Thus,
H‘Vw’a_l‘x - y‘_luHL2(R3X3) < Coo1 H|Vm‘au”L2(R3X3) .

Since ||V |*ul 2gsxsy < [|ulla,s, we yield
‘|‘Vx|a_1‘x - y‘_luHL2(R3x3) S CCV*lH’uH‘OMB‘
Consequently,

(Va1 Kaakyle = ol ™, (1+ (V2221 + 9, ) 20)] < Caillul

a8l Vavllla,s-

Analogously, for 0 < 8 < 1.5,

(194l Kaakaylz = ol ™, (14 [Va2)22(1 + V)20 < Coallulla,slIFyvllas.
Thus,
V1 + 19 Kaa ka2 — o1~ u, (14 [V 221+ 9, ) 20)|

<(Ca-1 + Co1)||u]

a8 (IV2[la,s + [[Vyolla,s)-

Steps 3. For the last term without anti-symmetry.

Assume that 8 < «, thus f < 0.75 and 0 < o — 8 < 0.5. If not, we can exchange

the notation «, 5 and =z, y respectively, then 8 < a.
We have that

{9211V K aKa gl =yl (1+ (Va2 21+ |9,2)720)
= |19l gyl — 1™ s IVl 29,7 (14 [Va2)/2(0 4+ 9, 12)7/20)
Since 2% < 1+ 2], let z = |£,/&;|, then

ol P16y 1° < 6ol + 1€y,

thus
NV 21V [P0 las < ([IVevllas + [1Vy0lla,s)-

Now, we yield

{19211V Kaa Kyl = o1~y (14 [V ) 2(1+ 9, )7 20)|
(3.4)
S A R

L2(R3%3) (H|vaH|aﬁ + |Hvyv|‘|a,ﬁ)'
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If « + B < 1, by Theorem [2.]

And by Lemma [2.5]

IVl e =y

_ gyl B
L2(R3x3)<61*a*ﬁ“’$ Yl UHL2(R3X3).

IV =y < 261 apCar sl Vel IV Pul 12 gsws)-

LZ(R3X3)

If « + 8 = 1, then by Lemma [3.6] we get

< ba,ﬁ Hvx|a|vy‘ﬁu‘|L2(R3x3).

a+p-1,. .1—1
H|vx’ |$ y| u LQ(]R3><3)

Finally, let Co g := 2¢1—a—gCarp if a + 8 <1, and Cy g := by p if @ + 8 > 1, then
{9211V K Kyl = o™, (14 [V, 22 (1 + 9, )20

<Coplltllas([Veol

ap + [[Vyv]

anB)‘

Steps 4. For the last term with anti-symmetry.

For a = 1, it has been proved in [59], with
{92019yl = 51", 19,119 10)|
<(5 +4v6)||ulloa([ V2]

aa +[[Vyllaa)-

Thus,
‘ <|v$ |a |Vy |a’Ca,IlCa,y

T — y|—1u’ (1 + |Vx|2)o¢/2(1 + |Vy‘2)a/2’0>‘

<5+ 4V0)[[ulllasa (I Va0l + [[Vyol

If a > 1, we have that

a,a)~

‘<‘v$’a|vy‘alca,xlca,y‘$ — |, (14 Va2 (1 + yvy,2)a/2v>‘
= (V=219 27 2 g Ky b = g1 s [V V29, V2(1 + (Vo221 + |V, )20
As \§I|1/2|§y‘1/2 < 1/2(|&] + [&,]), we get
IVl 1V KaaKayle =y u, (14 [Val)2(1+ [V, 20)]

poqgsrsy (IVatllaa + 11950 a0):

(3.5)

<1/2| Va2, 1" 2 — y

Notice that
|vz|a—1/2|vy|o¢—1/2|x _ y’—lu

L2(R3x3)

= Vzvy|vz|a73/2|vy|a73/2|x - ylflu

L2(R3%3)
<|IVal* 2V 4722z — g (Ve Vyu) L2(R3%3)
a N T\ P EE T [ 2701 S
R N e A T [ X0] B
IVl PRV =y
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Now, we use Lemma [2.5 again. For the first term:

V[0, 122 — o719,V )

LQ(R3><3) < 203*2& H|:L‘ — y‘Q—QG(VxVyU)HLQ(Rgxg,) 5

and as 0 < 2a—2 < 0.5
H|x - y|272a(vxvyu)”L2(R3x3) < 202a—2H|vx’a|vy|auHL2(R3X3)-
Thus,

4c3_24C20—2 H |UH ’06706'

H |vx|a73/2|vy|a73/2‘x o y‘fl(vxvyu)

<
L2(R3X3)

For the second term,

IVl 219, 72,2 — y| ) (V)

L2(R3X3)
<2e3-0alz — yP 2 (Valz — yI ™) (Vyw)| 2 roxay

=2¢3-20|z — y|' 2V yul L2 @sxs).-

As0<2a—1<1.5,
|||55 - y|1_2avaHL2(R3x3) < 2020171H‘vx|a|vy’au”L2(R3X3)-
Hence,

< 46372a02a71|||UH|a,a'

V222219, |72V, — y| ) (V)

LQ(RBXZS)

And,

H|v$’a73/2|vy‘a73/2(vy|x - Z/|71)(ku) < 403—2a02a—1’”uma7a-

L2(R3%3)

For the last term, as |V, V, |z —y| !> = 6|z — y| 75,

V229, |2V, 9, o =y u

L2(IR3x3)
<265 salle — yP (Vo Vylz — g7 Yl p2gass

=2v/6¢3_2all|z — Y| 72U 2 (rax3).-
And since u € CF°, u(z,y) = —u(y,x), and 2 < 2a < 2.5, by Corollary

V22229, |2V, 9 o — ol u

L2(R3><3)
<2\/603—2a02a“ \Vx|"‘|Vy\au||Lz(R3x3).

Consequently, if a > 1,
!<’Vr\“\vy!%m'€w!w —y M, (14 Va2 (1 + |vy\2>“/2v>\
<2(c2a-2 + 2201 + V6eza)es—20 | [ulaa (|| Vav]aa + [Vy0]|aa)-
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As cog = 1,¢1 = 2 and cp = 8, we know that 5 + 41/6 < 2(co + 2¢1 + v/6c2)cy). Finally
for 1 < a < 1.25,

{19211V KoKl =yl s (14 [V 2221+ [V, 2)20)

<2(C20-2 + 2201 + V6¢20) 324 1]

aa([IVzvllaa + [[Vyvllaa)-
Steps 5. Conclusion.

Combining the first three steps, we conclude that there is a constant D, g, such that

(O 1722720+ 19, P20 =y, (14 V)20 + 9, 12)7/20)|

<Dagllullas([Vavllas + [[Vyvllas),
with
‘ 14+ Co—1 +Cs-1 +2¢c1—a—BCats if 0<a,B8,0<a+p<1;
e {1+0a1+05_1+ba,5 if 0<a,fl<a+f<Ll5.
Furthermore if u(x,y) = —u(y, z), for 1 < o < 1.25,
(@ + 19221+ [V 22 =yl ™, (14 [V, )21+ 9,12)720)|
<Do,allullla,a([|Vav[laa + [[Vyvllaa),

with if 1 < a < 1.25,
Da,a =1+4+2C4-1 + 2(6204—2 + 2002 + \/60204)03—201-
]

Lemma 3.8. For the condition o + < 1.5 (or a < 1.25 if u is anti-symmetric) in
Lemma the bound 1.5 (or 1.25 respectively) can neither be reached nor surpassed.

Proof. By estimate (3.4)), we only need

< Q0.

a+p-1y,. -1
H’vm‘ ’;U y’ u L2(R3><3)

Let 11 = ¢ —y and ro = = + y, then for the gradient Vi, Vs corresponding to 71,79

respectively we have that
Ve=V1+ Vo, VyZVQ—Vl.

As u e CP(R3*3), by cusp analysis, u(ry,r2) ~ O(r1/|r1|) and |r1|"*u ~ O(|r1|~!) when
Ir1] = 0. And |V, [*HF~1 = |V + Vo[*TF~1 ~ | V|28~ as |r1| — 0. Consequently, in
a neighborhood of |r1| = 0 small enough, by Formula (2.3))

Va7 e =yl ™~ OV | ™) = O(lr 777,
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Thus if a4+ g8 > 1.5
[V 2 — ?/|71UHL2(R3x3) = .

For w is anti-symmetric, notice that u ~ O(|r1|) when |r1| — 0. Then, u/|r1| ~
O(r1/|7a1|)' As ‘vx’a71/2|vy‘a71/2 ~ ‘V1’2a71, we get

Ve — |~ ~ O(T1 1 i) = O(I 7).
Thus, if o > 1.25,
[V 72V * 2@ = | ] 2 (goxsy = o0
O
Remark 3.9. In the above lemma, we can not replace O(ry/|r1]) by O(1), since |V11] =0
while |V1(r1/|r1])| = O(|r1]~1).
3.3 For the Coulomb system
For convenience, we define another operator £z, 3 by
L1ja,p = (H(l + !Vz'\z)‘m) [T (a+Iv,»7?
i€Z) JeI\T

Obviously,

q
2 2
L3ap =D L1ap
=1

And recall that

N M 1 1
:ZZ —au| Veezﬁzuwm'

By Lemma we know that if 0 < o, 8 < 1.5, for Yu,v € D,

u

L — L
‘< Izl7a7ﬁ ’xz _ ay” Z7lza75v>

with C}, 5 = max{Cqa—1,Cp-1} + 2. Thus,

< Co gl 108Ul 12(R3)N) | Vil 10,8 12 (RN

‘(EZ,l,a,/g’Vneua £1’17a,5’l)>’ < C&,BZNl/Q”ﬁI,l,a,ﬁuH[ﬂ((RS)N) ’|V£I’[7a716’l)|‘L2((R3)N),

where Z = YM 7, V:=(Vy,---,Vy) and

HVUHL2 (R3)N) = Z Vi UHL2 (R3)N
Consequently,
(Lz,0,8Vnet; L1,0,8v)] < CéyﬁZNl/QHﬁI,a,BuHH((RB)N)HVﬁI,a,BUHH((J}@)N),
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Now, we need to consider the different cases: [[A)}[(C)] For case[(B)] if i, j € Z;, u satisfies
the equation (1.3). And for 1 < a < 1.25 (or 0 < a < 0.75), by Lemma [3.7]

u
L — L
< 6,8 |:L,Z _ x]|’ Izl)a7ﬁv>

gDa,a

L7 10,8l £2((®3)N) (HVz‘ﬁI,l,a,BUHB((RB)N) + HVJ‘[:I,l,a,BUHm((Rs)N)) :

IfieZjand j¢ 7, for 1 <a (or 0 <a<0.75),0 < B and a + 3 < 1.5, by Lemma 3.7

u
L —:, L
< Ivl7an@ ‘xz _ x]” Z7lva75v>

<Da,/3HEI,l,a,BUHm((R?‘»)N) <Hviﬁz,l,a,ﬁUHL%(RB)N) + ijEI,l,aﬁUHL2((]R3)N)) .

And ifi,j ¢ I, for 0 < 8 < 0.75,

u
L — L
< Tl 8 |xl _ $]|7 Z,l,Oé,B/U>

<Dgsp

L7 10,80 L2((®3)N) (HVz‘ﬁl,l,a,,@vHLz((RB)N) + HVj»CI,z,a,ﬂvHLz‘((RS)N)) :
Finally, we yield

(L2 10,6Veetss L1 1,0,50)]
N
gD:l,BN 2 H[,IJ@ﬂU“LZ((RS)N) Hviﬁz,l’a’ﬁUHL%(H@)N)
=1
<D:17ﬂN3/2 Hﬁz,l@,ﬁuHLQ((H@)N) ‘|VEI7l,a7ﬂUHL2((R3)N).

with Dy, 5 = max{Dq g, Da,a, Dp s}
Consequently, for 1 < o <1.25 (or 0 < a < 0.75), 0 < f < 0.75 and a + 5 < 1.5:

|<£z7a,5Veeu, [,I’a,gv” < ,a,BNg/Q||£I,o¢,ﬂu‘|L2((R3)N) ”V‘CI,O@BUHLQ((H@)N)'
Analogously, for case [(A)} and for 0 < § < 0.75 we have that
(L1 5Veeu, L7,50)] < Dy sN¥2( L1 g p2 oy | VL g0 12 ((oyny.-
And for case |(C)| and for 1 < a < 1.25 (or 0 < a < 0.75), we have that
|<£1’7a‘/@5u, »CI,aU>| < l);’a]\fg/2 H,CLQUHLz((RLS)N) HV»CI,aUHLZ((]Rfi)N).
Now we conclude:
Lemma 3.10. o For case if 0 < B <0.75,

(L., (Vae + Vee)u, L1,5,0)]

(3.6)
<(ChpZ + D gN)NY2| L1 5] 2 ((@sy) IV Lz,5V] 12 (g3~ -
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e For case[(B), if 1< a<1.25 (or0<a<0.75),0< B <0.75 and a + 3 < 1.5,

| (EI,Q,B (Vne + ‘/Yee)u; £I7a,ﬁv> ’

(3.7)
<(Cl 3 Z + Dy gNINY2| L1 0 gull 12 (3y3) |V L7 0,8 22 (m3) V) -
o For case[(C), if 1 <a<1.25 (or0 < a<0.75),
L7,0(Vie + Vee)u, L1 00
(Lz,a( Ju, L1,00)| (3.8)

<(ChoZ + D;,QN)NV?szzﬁaunp((Rg)N) VL0 2((@2)m)-

4 The Regularity of Solutions

Repeating the proof in [61], we split the eigenfunctions into the high-frequency part
and the low frequency part and then we will show that the high-frequency part can be
dominated by the low frequency part. Let P be the projector to the high frequency

part, with
F(Pau)(§) := LigzaF (u)(§).
where
N
17 = D 16l
i=1
And let

ug = Pou, ur :=(1— Po)u.

Hence uy, € H} is well-defined. And we only need to prove the existence of ugy. We
have that

HUH”LQ((R?’)N) < (27TQ)_1 HVUH||L2((R3)N) .

For case taking vy € Po X7 (or vy € Po X735 and vy € PoX7 oo for case
and case |(C)|respectively ), then for the existence of mixed regularity we need to study:

(Lr.08HU, L1 0,800) = AL 0,80, L1,0,8vH) =0
Decomposing u into ugy and uy, we have

(Lza8(H = Nug, L1,0,8vH)
=1/2(VLzapun, VLI o pvE) + (LT0,8(Vie + Vee)un, L1,0,80H)

(4.1)
— MNLz0,8uH, LT,0,8VH)
=(L1,0.8(Vne + Vee)ur, L1 .0.5VH) -
Let
Q= (21)H(Ch 3 Z + DYy o N)NV2 > 1, (4.2)
then

(Lz,0,8(Vae + Vee)ur, Lz,0,pvm)| < 14|V L 0 pun | p2(w3)3) | VLT 0,6vH L2 (3N

H['I,a,ﬂUH”Lz((Rs)N) < HVEI,a,BUHHLz((Rs)N) .
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As the eigenvalues of problem [I.2] are negatives, therefore we have the coercivity

the continuity

.0, (4.4)

Lz ap(H —Nun, L1.080H)| < |ub|z.q.8lve

and the continuity of the term (L7 3(Vhe + Vee)¥, L7,0,8VH)

(LL.0,8(Vne + Vee)¥, L1,0,pvm)| < (CqpZ + D/a,aN)NlﬂHﬁIpz,ﬁwHL?((Ri‘)N)”UH

Z,a,35
(4.5)
And now, we prove the regularity of the eigenfunctions.

Sketch Proof of the Theorem [I.1] This proof is similar to the proof in [59, [63]. So we
just give the sketch of proof, and only consider the case the proof of other cases is
same. Now, we prove the theorem under the condition on « and 8 in Lemma [3.10] and

then by Sobolev’s interpolation, we get the conclusion.

Step 1. For the frequency bounds 2 as in (4.2)), the equation

(L1ap(H —Nun, L1.0,8vH) = (L7,0,8(Vae + Vee)V, L1,0.80H) , You € PoX705 (4.6)

possesses a unique solution uy € Po Xz, for all given functions ¢ € X7, 3 by using
the Lax-Milgram theorem, and by the estimate (4.3) and the estimate ({3.7]) for .

Step 2. For the frequency bounds  as in (4.2)), the equation

<(H - )‘)UH>XH> = <(Vne + %e)¢’XH> ) VXH € PQHI (47)

possesses a unique solution uy € PoXz,4 4 for all given functions ¢ € H', see [59, 61].

Step 3. For all yy € PoH!, there is a unique high-frequency function vy € PoXz10
such that E%a,,gUH = XH-

By Fourier transform, we have

2

q
=1

<H(1+ 127@]2)") [T @+i2ng?) ) on(w) = Xa(w),

iEIl mEI\Il

Thus we know that PoH! < E?Z—’a”@PQXI,a’g.

Step 4. We rewrite the equation (4.6) as

<(H — Nug, cgaﬁv@ - <(Vne + Vo), agaﬁv@ , Yoy € PoXzap
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And by the step 3, we know the solution of equation (4.6)) satisfies the original equation
({4.7) for all xyr € PoH'. Hence for all Lz, 31 € L?, by the uniqueness of solution, we
yield that the solution of problem (4.7) uy € X7 4.

Step 5. Since the low-frequency part uy, of the solution is contained in Dz, we know the
solution u € X7, 5. And by Lemma we know the condition o > 1.25, a + 3 > 1.5

or = 0.75 can not be reached or surpassed. In this sense, our results are optimal. [

5 Numerical analysis

In this part, we study the hyperbolic cross space approximation. Without loss of gener-
ality, we only consider the case We need to modify the operator 77 , g by operator

17 ,0,8,+ defined below and give some estimates based on the new operator.

L)

q
v .
£rosr o= (5 (TT {1+
JEL
Before explaining the main ingredient in this section, we need the following estimate:

Define operator Lz 3+ by

Vi

T

=1

Lemma 5.1. For case ifl<a<125 (or0<a<075),0<pB<0.75 and
a+ 5 < 1.5,

|<EI,O(,B,T(VTL8 + ‘/ee)uu [’I,a,B,TU>|

(5.1)
<(ChpZ + Dl sN)NY2| L1 0,80 L2 ((m3)3) IV L2 ,0,8,70] L2 (@8)V)-

Proof. Let u,(z) := 773N 2u(77 1), vy (z) := 773N/ 20(r~1z). And let

By inequality , we know that

|<£I,aﬁ(VnTe + Vvee)u‘r, £I7a7/3’U7->|
g(C&ﬁZ + D:X75N)N1/2HEI,DZ,,BUTHL2((R3)N) ||v£I,Oé76/UTHL2((R3)N)-

As (Viieur)(2) = 73NN (View) (77 2) and (Veeur ) () = 773271 (Veew) (771 ), by the
property of scaling, we yield that

(Lz.0,8(Vie + Vee)tr, L1,0,60r)| = 7 {Lz 0.0 (Ve + Vee U, LT .0,8,70)]
On the other hand,
|£2,0,8ur | L2 (3)3) | VL0807 | L2 ((m3)N) = T~ L2,0,8,rull L2((R3)M) IV /TLL 08,70 ] L2 ((R3)Y) -
We get conclusion. ]
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Analogously to (4.1]), we consider the variational problem:
(EI,a,B,T(H - )\)UH, EI,oz,ﬁ,TUH> = <£I,a,ﬁ,7’(vne + VVee)“La EI,a,ﬁ,T”H) .

Mimicking the proof of estimates 1' and 1’ for Q > (27r)_1(CéﬁZ + D;}aN)Nl/Q,
we have that

(Lzapr(H = Nun, Lraprun) = 1/8|L1,08-um] g1rs)v),

and
|<£Z,a,,8,7'(vne + ‘/ee)uLa EZ,Q,,B,TUH>|

<(ChLpZ + Dla,aN)Nl/2H‘CI,aﬂﬁuLHLQ((Ri”)N)Hﬁla,ﬁ,T”HHH%((Ri”)N)v

Now we get
1/8”5170[75771”{||H%((R3)N) < (0;76Z+D:17QN)N1/2||£I7a”377-ULHL2((R3)N) HEI,a,B,TUHHH}.((R%N)-
Thus,

WQ/Z‘LH‘CI,O&,B,TUHHLQ((R3)N) <1/8HV,CI’Q7577—’LLHHL2((R3)N)
Q(C&ﬁz + D/OMXN)NI/Q||£I7Oé”377uLHL2((R3)N).

Let Q > 327~ 1(C}, 3 Z + D), N)Nl/2 large enough, then
Hﬁz a8, TUHHL2( R3)N \/>H£Ia,ﬁ TULHL2 (R3)N); (5.2)

and
||V£I,a,,3,TuHHL2 < \/EQ”ACLOC’@TULHLQ . (5.3)

We take the following norm:

2\ @ 5.2 g
£ (S (11 050 (11 () Yot
=1 keT; JEINT;
and
§.2 @ 12\ P
ST 0 ) (I (o [5f) e

Lemma 5.2. For scaling parameters Q = 2n~1(C", ﬂZ—i-D oNIYN2 large enough, the

eigenfunction u € Xz o g satisfies the estimates

8.0 < V/20€%%ul o (rayny, Nullzaps < v/20€” % full p2(rsyn

Proof. The proof is similar with |61, Theorem 9]. By estimate (5.2) and let 7 = 27,
then

lullz,a.80 < 03,05

20



with

&

2 B
2
= ) Fwl? de.

[)) (e

&
Q

q
H|ULH’_?Z,&,5,0 = Zf (H (1 +
=1 k‘GIL

AsO0< < a<1.25,

1+ = 14 |2 .<exp |« 2.
keZ; & JEI\T, Q2 i=1 Q
Thus,
llurll.a.50
q N &2
<Zf exp (aZé >|f<u>|2 de
1=1Y[¢|<0 =1
<0 [ 170 de.
Finally,

[l

T.0,8.0 < /20" %% |u o3y

The other case can repeated equally.
Proof of Theorem[2.6. Thus, we know that

V24
T,0,8,0 < ?60'625\!16”9((&3)%-

1 1
i~ Prul iz sy < gl — Prullzaso < £l
And for the other term,

2q
||V(u - PRU)HL2((R3)N) < \/;60'625QUL2((R3)N).
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Chapter 2

Regularity of many body
evolution Schrodinger equation
and its application to numerical

analysis

A decade ago, the mized regularity of stationary many-body Schridinger equation has
been studied by Harry Yserentant through the Pauli Principle and the Hardy inequal-
ity (Uncertainty Principle). In this article, we prove that the many-body evolution
Schridinger equation has a similar mized reqularity if the initial data ug satisfies the
Pauli Principle. By generalization of the Strichartz estimates, our method also applies
to the numerical approzimation of this problem: based on these mized derivatives, we de-
stgn a new approrimation which can hugely improve the computing capability especially

in quantum chemistry.

1 Introduction

In this article, we study the existence, mixed regularity and its application to numerical

analysis of the following evolution Schrédinger equation:

i0pu = H(t)u, te[—a,a]l =1, z= (1, --,zn5) € (RHV

(1.1)
u(0, ) = up(x)
with
N N M N
H(t) = Z AV Z Z Vi(xj,t)+ Z Wz, xg).
j=1 j=1p=1 k<j
where
M
Vi)=Y —28 (1.2)



and
1

J

(1.3)

In physics and chemistry, this equation is used to describe the quantum mechanical
many-body problem in which the electrons and nuclei interact by Coulomb attaction
and repulsion forces. It acts on the functions with variables z1,---,zny € R3, the
coordinates of given N electrons. The atom p is positioned at a,(t) € R3 dependently

on time with the charge Z,,.

1.1 The Existence of Solution

At the beginning, instead of studying these given potentials V' and W, we consider a

more general case:

Assumption 1.1. V(z,t) € R? x R satisfies

(LY@ (R?)) + L)% (L(R?))

t,loc

Ve szoc
and W (z;, zg,t) = w(z; — 2, t) with w € R3 x R satisfies
we L (/@D (®Y) + L7 (L (RY)).

for some p and ¢, such that

2<p,qg<6
and
904”8 >0
with
1/00 5 = min{3/p —1/2 —1/0p,3/qg —1/2 — 1/ag, 1 — 1/Bp,1 — 1/54}. (1.4)

Obviously, the case V and W in Equation satisfies this Assumption, with
p=qg=4and ap = ag = ), = B, = 0.

In the last century, for the one particle case which means N = 1 and W = 0, the
evolution Schrodinger equation i0;u = H (t)u was well developed, see [51, 54]. In the
case when H (t) = Hj is independent of ¢ and selfadjoint, the Stone theorem guarantees
the existence and uniqueness of the unitary group Uy(t,s) = exp(—i(t — s)Hp) such
that UgH?(RY) < H2(RY). In 1987, Yajima [56] proved the time-dependent case by
Duhamel formula and Strichartz estimate, and then the Schréodinger equation with
magnetic field [57]. And it is until this century that the existence of one kind of many-
body Schrodinger equation was proved, also by Yajima, see[58]. Inspired by his works,
we find out another way to prove the existence of the many-body Schrodinger evolution
equation, which is in fact equivalent to the method of Yajima, but much easier to deal
with the regularity of the Coulombic potential.

Let

rij = Ti — Tj, Dz‘,j =T + T,
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and
Riju(rij, Dij, @1, @1, Tig1, - s Tj1, g1y > TN) = u(z1, - ,2n).  (1.5)
Then, define the functional space
Ly? = LP(R;,, L*((R*)V 1))

with the norm

p/2
fulfy = | (f \u|2dx1---dmi---d:nN) dzi.
RS, (R3)N-1

We shorten it by [lul| .2, and define

pr _Lp(RS LZ((R?))N 1))

Ti,5°

with the norm

p/2
HUHLp 2 = Jﬂ@ <J(]R3)N—1 "Rm’u‘Q dDi,jd.’El ceedxg e d.%'j ce de> dT’Z”j.
J

The notation Ex\] means that the integration over the i*" coordinate is omitted. Obvi-
ously, HUHLP2 = HR JUHLP? .

Then we introduce the following functional space:

X(T) = LE([0,T], L) () Ly ([0, T], LV ﬂLt ([0, 7], LI

1<j
with the norm
HuHX(T) = léliriz‘i]{}é]\f {Hu|L?(L2)7 HuHLfP(Lif)? ‘U‘qu(Lz’g)} I
1<k<N

where 2/6, = 3(1/2 — 1/p) and 2/6, = 3(1/2 —1/q). And if p,q = 2, then 0,,6, = +0.
Herein we use the shorthand notation X = X (T') without confusion.

And we use the notation
L{"(L%) (1.6)

to represent the separate functional spaces. If ¢ = 2, then
0 72 B 2
Li*(LE) = Li°(L7).

If D = {k}, then
L) = L(LE?).

If D = {i,j}, then
0 2 0 2
Ly (LE) = Ltq(Lg,}' ).

Taking Up(t) the free propagator exp(it ZJN:1 A\j), we have our first theorem:
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Theorem 1.2. Under the Assumption the Equation has a unique solution
ue X(a), for every ug € L*(R*)N) and s € 1,.

And there is a constant C only dependent on p,q,V,W with 1/0,5 > 0, if T small
enough such that CTY%s N(N + 1) < 1/2, we have

lulx <p.q luol L2

where 0, 3 is defined by Equation .
Remark 1.3. Indeed, the constant C satisfies the Inequality ([3.1)).

Remark 1.4. For some kinds of potentials V' and W, for example the Coulombic poten-
tials V and W which satisfy the Equation and respectively, the case p,q = 6
is also correct. We can use the strategy of proof of Theorem regard the petentials
V and W as |[V|*|V[*= and |[W|*|W|!~% with 0 < a < 1 and introduce other factor p
and ¢. Then we get the case p,q = 6.

1.2 The Regularity under the Fixed Spin States

Nowadays, we return back to electronic evolution equation with V' and W satisfying the
Equation and .

In physics, for electronic systems, or more general fermionic systems, the initial da-
tum wug should satisfy the Pauli Exclusion Principle, which means it is of anti-symmetry
under the change of electron coordinates for one spin state |42, [59]. If a particle has s

spin states, then we label them by the integer
oce{l,2,--- s}

Suppose there are N particles and the i*® particle has s; spin states. Then a wave

function for these N particles can then be written as

u(z1,01, TN, ON)
where 1 < 0; < s;. For the fixed spin o systems, u is only a function of x1,--- ,xn,
then it can be regarded as
w1, TN)-

Let
Zs = {ilo; = s}, s=1,---,N,

and P;; is one permutation that exchange the position of variable x;, x; and the spin

0;, 0; simultaneously. By the Pauli Principle, we know
w(Pjx) = —u(z), if 31<1<s, st.4,j€T. (1.7)

In fact, in many-body quantum mechanics, fruitful results derive from the anti-

symmetry. In the past three decades, the stability of Coulomb systems has been studied
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extensively (see [42] for a textbook presentation). For all normalized, anti-symmetric

wave function 1 with s spin state,
(1, H(0)p) = —0.231s*3N (1 + 2.16 max Z;(M/N)3)2,

through the Lieb-Thirring inequalities which are one of the most important consequence
of Pauli Exclusion Principle. And recently, new methods for the Lieb-Thirring inequality
has been developed by lots of mathematicians [19} |45} |44].

For one smooth function u with s spin states, for the fixed o, the Equation
holds, thus we know |u(z)| ~ |z; — z;|* for some o > 1 when |z; — z;| — 0. Based on
this observation, Yserentant |59} |61] found out the new mixed regularity and applied it
to the numerical analysis.

Denote

Ly, =RV

i€y
with V; the gradient to the ith electron, and ® the tensor product.
Provided that Q > C(N + %, Z,)N'2 4 max{), 0}, Yserentant [59, [61] tells us that

if \ is the eigenvalue of the operator H, then for the eigenvalue equation
Hu = M\u,
there exists one anti-symmetric solution u, and
ILzun |z < [Lrup|re, |VELgun|re < QVLzur |2 (1.8)

with

ur, = uly,<q, ug =u —uf.

with 7 is the Fourier Transform of u.

If H(t) = H is independent of ¢, obviously it is selfadjoint with the domain H((R?)").
Hence there is for each Borel set A < R, a projection, E4(H), so that H = {A\dE) and
exp(itH) = (exp(itA\) dE,. It is natural to consider the similar question: if ug anti-
symmetric, and |Lz,upll 2 < o0, does |Lz,u|r2 < o hold?

There are fruitful works about the regularity of the eigenfunctions of the Hamiltonian
operator H. Beginning from the work of Kato [31], in which he derived the famous cusp
conditions that establish a connection between the function values and certain first order
directional derivatives at the points where two particles meet and the corresponding
interaction potential becomes singular, Fournais and others directed attention primarily
to the local behaviour of the eigenfunctions near the singular points of the interaction
potentials, rather than like Yserentant showing that the eigenfunctions possess global,
square-integrable weak derivatives of partly very high order, see |16} (17, 18, 28, 27].
Now, we do the similar work of Yserentant, showing that the solutions of the electronic

evolution Schrédinger equation has similar mixed high order derivative regularity.
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To simplify the notation, we denote

1/0 = min{3/(2p) + 3/(2P) — 1/2,3/(2q) + 3/(2) — 1/2}. (1.9)
Our main result is Theorem and

Theorem 1.5. If ug has the fived spin states o, Lz,ug € L2(R*)N), 1 =1,--- s, and
0<a<1l1/2 ﬁ < p,q < 6, the solution of Fquation has a unique solution u
with the same spin states o, and Lz,u € X(s) for s € I,.

And there is a constant Cy only dependent on o, D, p, ¢ and q with H% <p,g<6

and 1/6 > 0, if T small enough such that C1(3,, Z, + N)NTY? < 1/2, we have
ILzulpe 2y < [Lqulx <pg [Lzuol Lz,
where 0 satisfies the Equation .

Remark 1.6. Indeed, the constant C is such that the Inequality (4.4]) holds.

If up has N spins states, and for every 1 <1 < N, |Z;| = 1, then it can be regarded

as the case without spin states. So L7, = V;. Thus we have the following corollary:

Corollary 1.7. If Viug € L2(R>)N), 1=1,--- |N, and 0 < a < 1/2, ﬁ <p,q <6,
the solution of Equation has a unique solution u, and Lz,u € X (s) for s € I,.
And if C1(X, Zy + N)NTY? < 1/2, we have

IViulpe 2y < [Viulx <pg [Viuo] 2,
where 0 satisfies the Equation (@

In Yserentant’s works, the author also introduced another type of operator

Kz, = H(l - Aj)l/Q
JEL
which is equivalent to Lz, in the L? functional space. However, it is not so evident
for the X functional space, not only because of the LP — L? type functional space, but
also the change of variable in the integration. Luckily, after generalization of Calderén-
Zygmund inequality and observation of the special property of our functional space, we

found out some useful inequalities in Section Then, we have the following Theorem:

Theorem 1.8. If ug has the fized spin states o, Kz,up € L2(R®)N), 1 =1,--- ,s, and
0<a<1/2 37% < p,q < 6, the solution of Equation has a unique solution u
with the same spin states o, and Kz,u € X (a) for s € I,.

And there is a constant Cy (Cy > C1) only dependent on «, p, p, ¢ and q with
H% <pP,g<6and1/0 >0, ifT is small enough such that C2(}, Z,+N)NTY? <1/2,
we have

IKzulLz ) < IKgulx Spg [Kzuol e

Remark 1.9. Indeed, the constant Co is such that the Inequality (4.5 holds.
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1.3 The Numerical Analysis

Similar to [60], it is interesting to consider the numerical approximation of Equation
=)

We construct the projection firstly.

Define by Q(R) the following hyperbolic cross space

R) = {<w1,... on) e @] 3 [T+l < R}.

1<I<s i€

And let x : (R?)Y — [0, 1] now be a symmetric function with the values yz(w) = 1 for
w € Q(R). Then, we have the following operator:

(Proc)(a) = (E)N Le(Rg)N Ya(w)i(w)exp(ie - 7) do

For example, let xg(w) = lgr)(w), then the operator Pg, is a projector in Fourier
space.
As the choice of x g has few influences to our result, we shorten Pg, by Pr without

confusion. And then we have the following approximation of Equation (1.1f):

idiugr = Hr(ug), te[—a,a]l =1,, x = (1, - ,zN) € (R3HN

upr(0,2) = Pr(up)(z)

(1.10)

with N N u v
Hp(u) = Y =Dju— > > Pr(V(zj,t)u) + Y Pr(W (zj,z))u).
j=1 J=1p=1 k<j

As a consequence of our main Theorem and Theorem [1.8] we have:

Theorem 1.10. If ug has the fized spin states o, Kzup € L2(R)N), 1 =1,--- s, and
0<a<1/2, 37% < p,q < 6, then the solution of Equation has unique solution
UR.

And there is a constant C3 (C3 > C3) only dependent on «, D, p, ¢ and q with
H% <p,Gd<6and1/0 >0, if T small enough such that Cg(zu Z, + N)NTV? < 1/2,
we have

S
= wrl ey < It = urlx Spg YR [Kzuolsa, (111)
=1

where u is the solution of Equation .

Remark 1.11. Indeed, the constant Cj5 is such that the Inequality (5.1]) holds.

Indeed, it provides us several numerical methods, [22,|60]. For the numerical analy-
sis, normally, we split Q(R) into finitely many subdomains by means of a C®-partition
of unity 3, 4 = 1 on Q(R) with I € (N3N i.e. each ¢(w) € C® has compact sup-

port. It forms the basis of many possible approximation procedures that differ mainly
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by the way that the partition of unity is actually chosen and that the parts are finally

approximated by functions in finite dimensional spaces. Let

() = (jﬂ)w [ i) expticr e

and

di(w) = (d0)°.
[60] tells us that the part u; of w can be approximated arbitrarily well by the functions
in the space

Vi = span{ey(- — D 'k)|k € Z*N}

with

4 !

Dlw = 7(2 1w1, s ,2 NWN).
T

Hence, taking the symmetric ZZL:1 i and let xgp = Zlel ;. As a consequence, we get
the Pr and then upr which satisfies the Inequality ((1.11]).
Outline of the paper. Before giving the proofs of the main results, we pause to

outline the structure of this paper.

e In Section [2] we introduce the tools that we need: the Hardy-type inequalities,
the generalization of Strichartz estimates, and the Sobolev inequalities in LP — L?

functional spaces.

e In Section |3| we prove the existence of the general many-body Schrédinger equa-
tion, namely the Theorem

o In Section [d] we return back to Coulombic potentials, and study its regularity.
Under the assumption of the initial datum that ug has the fixed spin states o,
we get our main results: Theorem and The Sobolev inequalities play one
central role in the proof of the Theorem

e In Section [5, we design one new hyperbolic cross space approximation and derive

the numerical analysis by using the Theorem 2.8

2 Preliminary

2.1 Hardy Type Inequality

For the mixed regularity, we need to study the Hardy type inequalities. By a similar

methods to [59, lemma 1], we generalize the Hardy inequality:

Lemma 2.1. If u e CF(R3\{0}), then
f ! \Vu(z)|? de > (k—3)° J |u($)|2dm
R

3 |x’k_2 4

for ke [2,3) U (3,5).
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Proof. Let d(z) = |z|. We have the relationship:

1 1

(@)

and because of SR3 L dx < o0, hence by the integration by part we obtain

1 1
(k- 1)ng o = f V- (V).

Using Ad = £ on the right hand, then

1, 1 1,
(k—l)ngdku dw—QJ = ——uVu- Vdd:r—l—Qijdku dz,

by the Cauchy-Schwarz inequality, we yield

1 ) 1 ) 1/2 1 ) 1/2
ng @'LL < <fR3 dfku Cl.%') (JR3 W’vcl . VU’ dx)

and as |Vd| = 1, finally get the estimate. O

k—3
2

Using Lemma twice and the Fubini’s Theorem, we have the following corollary.

Corollary 2.2. If u € CF((R?)?) with u(z,y) = —u(y,x) for x,y € R3.Then we have
the following inequality:

1 9 (k— k 3)? J f lu(z,y)|
— |V, , dxdy = d d
jR3 JRC” |z — ylk—1 Ve Vyu(z, y)|” dedy 3 Jrs [z —ylF Y

for ke [4,5).

When k£ = 3, from Lemma we can only know

2
j NVu@l”, < o
R3

]

[Vu(e)[?

]

which means that SR3 dx has no relation with SRg u(z ‘3‘ dz.

Let x = (21,72, 23) € R%. Now, we consider the cyhndrlcal coordinates in R3, let
xr1 =1rcosf, xo=rsinf
then we have the following unit vectors

7= (cosf,sinh,0), 6= (—sinb,cosb,0).

Let A = 977" Indeed it is the Aharonov-Bohm magnetic vector potential. So we have

the following covariant derivatives:
D, = —iV + aA.
Then, we have the magnetic Hardy-type inequality:
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Lemma 2.3. If ue CP(R3\{0}), then

2 2
j de > Inin(k: _ a)2j ]u(x)] dz.
R3 \x! keZ R3 ‘:UP

Proof. Indeed, using the cylindrical coordinates (r, 6, z3) we have u(z1, 29, 23) = (1/v/27) 3. ug(r, v3)e?*?.

Therefore,

Da 2 0 r2T - ! 2
f Doulz)l d$:f J f )2+ ful, P+ |22 dbdrdas
R3 || = J0 Jo
1 o0 2T k ‘
>2J J J Za upe™®| dbdrdzs
TIr. Jo Jo |7
0 _ 2
=J J Z a kuk drdzxs
z 0 k
2
>min(k:a)2j [ul —=dx.
keZ R3 |33|3

O]

Remark 2.4. This kind of magnetic Hardy inequalities has been well developed for the
2d case, which can be used to study the many-body Hardy inequalities, see [45, 26].

2.2 Strichartz Estimate
At the beginning, we recall the free propagator Uy = exp (it Z;V: 1 D).
Denoting the integral operator
¢
(Su)(t) = f Uo(t — 7)u(r) dr.

0

and

N
Z (SV (), ) (8) = > (SW (5, 2x)ul)) (#),

Jj<k

we consider the integral equation:

u(t) = Up(t)up + iQu(t). (2.1)
Before the discussion about Uy, we need the following properties.

Lemma 2.5.
Ri’jvi = (vdi,j + vDi,j)Ri,jv Ri ]V (VD — vdi,j)Ri,j

and

—Rijli =|Va,, + Vb, ,’Rij, —RijAj=|Va,, — Vb,,|Ri;

’,
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Proof. We know x; = (d; j + D; j)/2 and z; = (D; j — d; j)/2, then

Vdi,jRi,jU = 1/2Ri’j(vi — Vj)u,

and
Vp;;Riju=1/2R; (Vi + V;)u.

Then the first equation holds.

For the second, we just use the fact
—0g = ViV, = |V

Together with the first equation, we yield the results.

O]

Then the next integrability property of the free propagator Uy(t) is fundamental in

the following discussions.

Lemma 2.6 (Kato). Let 2 < p < o0, then

[Uo(t)ul g Sp 1117227 ] o, D = {100+ N} 1< |D] < 2.

Proof. For the case |D| = 1, it is just the normal Kato inequality. For the another case,

let D = {7, j}. Notice that by Lemma
—Rijlz — RijAy = =204, Rij —20p,

Then, we know
R¢7on(t)u = ﬁo(t)RiJu.

with Up(t) = exp (—i(Xyps; Lk + 204, , + 24D, ).
Therefore,
[Uo(®)ul ppe = [RiUo(t)ull 2

i,
= [To(t)Ri sy
2¥}
<p |t|—3(1/2—1/p)HR.
<, |t|—3(1/2—1/p)”u”L?}2.
Get conclusion.

Then, we have the following Strichartz estimates:

Lemma 2.7 (Strichartz estimate). [568, |35/ For D, D' < {1,---

and 2 < p,q < 6, we have

I06(E)1 0 2y %o 122

Joer

HSUHLSP(LIBQ) ~p,q H HLQ(/Z(LqI 2)

~p HUHLfL (L%/’g)v
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Normally, the operator bounded in L? functional space is not bounded in the L%2
functional space. But the following theorem tells us that after applying the operator S,

the bounded operator in L? is also bounded in Lzl’f.

Theorem 2.8. If 2 < p,q < 6,for one operator P acting on L*(R3N), if [P,Uy] = 0
and |Pfolr2 < | fllp2, then

IPSf(-, )| Gp(Lp 2) Spa Hf“ 04 (L‘l',2)

And this inequality has the same optimal constant with Inequality .

Proof. Tt is to prove

~pq ”f” 6’
LI (L) "L

PL Uo(t —s)f(s,z)ds

Then instead of proving this inequality, we prove the following one,

Spa I f] o

% (2:2) L(L7?
Ltp(L% ( )

‘PJT Uo(t — 5)f (s, z)ds

0

then by Christ-Kiselev lemma, get conclusion.

Since P and Uy commute, we have

T
= Uo(t)PJ U(s)* f(s,xz)ds

6 2 ’
L7 (L) 0

’PJT Uo(t — ) f(s,z)ds

0

6 ,2 ’
L" (L")

By Inequality (2.2a)), we have

HPJT Uo(t — s) (s, z)ds < HPJT U(s)* f(s, z)ds

L2

0 LY (LB 0
Then, by [ Pfol 2 < £, we have
T T
‘PJ Uo(t —s)f(s,z)ds <p J U(s)*f(s,x)ds| .
0 LY (LB?) 0 L2
By Inequality (2.2bf), we have
T
PJ Up(t —s)f(s,x)ds < /
P ) vttt e
O
Corollary 2.9. For D,D' c {1,--- ,N},1 < |D|,|D'| <2 and 2 < p,q < 6, we have
ISPl 3 g, S 5 (2.30)
ISC ~ Pr)ul o oy Spa VR D) K (2.30)
1<i<s 0 a2
L(LE7)

And these inequalities have the same optimal constant with Inequality .
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Proof. Obviously, by the definition of Pg, we have
[PR7 UO] =0

and

| Prul2 < ulz2.

Let P = Pg, then we get the Inequality ([2.3a)). Besides,
|(1 = Pr)ullz2 < [Loer)culr2
For all wave vector w outside the domain Q(R), we have
1<1/R D> T+ w2
1<i<s ieZ;
By the definition of norm, we know

> A+ e

1<i<s i€l

|1 = Pr)ul> <1/R

Z Kz,u

1<i<s

—1/R
L2

L2

Given [Kz,,Up] = 0, then take P = R(1 — Pgr) (3, <<, ICIZ)_l, we get conclusion. [

2.3 Sobolev Inequalities

Because of the unusuality of our functional space, we need to reconstruct some Sobolev
inequalities which will be useful for the regularity. We generalized the Calderén-
Zygmund inequality to satisfy the new functional space L 2 in Appendix. The following
inequalities are the application of the new Calderén-Zygmund inequality and then we

make it compatible for the functional space Lﬁ 32

Theorem 2.10. For 1 < p < o0, the following inequalities hold:

[Viull gp2 <p (1 = Ai)muHng, i=1-,N (2.4a)
[ulre Sp [0 = 20)Pul pe, i=1,--- N (2.4b)

11 = Va)ul ppe <p (1~ Ai)l/ZuHLf,Q, i=1,--- N (2.4¢)
[Viulpe <p 11 = 8120l 2, ij =1, N (2:4d)

[l ppe <p 11 = Ai)l/QuHLg;, i,j=1,,N (2.4e)

I = Vi)ul e <p (1= Ai)l/QuHLffv i=1-,N (2.4f)

Proof. For the first inequality, we only need to study equivalently the following inequal-
ity
Vi1~ 897 ul s p Jul

Obviously,
£

3
W fOffeR.

a(§) =
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Using Theorem get conclusion. And since ¢ € R3, we know the optimal constant
of this inequality is independent on V.
The second and third inequalities are similar.
For the fourth inequality, by Lemma 2.3, we know
Hviu”Lff = HRi,jviu”Lg? = H(vdi,j + vDi,j)Riv‘juHLstzv'
’ 1,7 Y
Define the Fourier transform just for the variable D; ; by Fp, and by Parseval’s Theorem,

then
Hvlu“LfJQ :H<vdi,j - iEDi,j)fDRiyju”Lg?

(2%

=[Va, ; exp (=idij - &p: ;) FoRijul pp2

1.7

<l (1= Dy, )P exp (—id; ;- £p: ;) FDRijulppe -

0,7

So in order to get the result, we only need to prove for every u,
(1 - Adi,j)l/z exp (_idi,j : £Di,j)u = €Xp (_idi,j : éDi,j)(l + |vdi,j - ZfDi,j ‘)1/2'“'

It is correct by the fact

1/2_
(- 2/j 1—A+t2t

and

1-A+tH = JOC exp (—(1 — A +t?)s)ds.
0

Finally, repeating the strategy of the fourth inequality, we get the fifth and sixth in-

equalities. n

Remark 2.11. The inequalities we get in Theorem [2.10] work not only on ¢, but also on

7.

3 Existence of Solution

Proof of Theorem[1.Z In fact, we just need to analyze the term SW(x;, z;)u. Since
W e L7 (LP/ =2 4 Ljr (L),

we have

W =W + Wa, Wye L (IP/®2) Wye L (L®)

then,
W22 (2) f WOl

< [ WOl do + f Wl (1) uf2(t) da

<IWA | poro-2 (¢ )HUHLpz( )+ [ Wz (8) ul 22 (0).
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Therefore, for every v € qu (L%’Q) with 1 < |D| <2 and 2 < ¢ <6.

T
L (SW (s, z5)u(t),v) dt

T
=f <W(:Ui,x]-)1/2u,W(mi,xj)l/QS*v(s)>ds
0

< LT H]W(wz, wj)\l/QuHLZ H]W(:):Z, xj)\l/zS*v

‘ ds
L2

T
< | (Wl el + 1P el )

1/2
(IWalL218* 0l + Wil o [0l 2 ) ds
T
1/2 1/2
< | (Wbt + WAL o Wl 2l ) 1570l ds
T 1/2 1/2
e | (I o IVl e + 1WAl ) 1570l

Spaw TV (Jeleian) + Wl oo ) 0]

1/6a,
SpawT “ﬁHuHxllvHLfg(Lg,g)-

0
Choosing one sequence vy, € Ltq(LqD’z) with vy, g2y 1, such that
L, (LY

. 0
HSWUHLSQ(L%’Q :T}I—I}c}o ‘<SWU'”n> SpaW TY/%5 u) x.

) L9 (1852, LY (L2)
0g(7a2y _ Too(T2 Op (7,2 Oq (74,2 ;

Let L," (L") = L{®(L*) or L;"(L;;) or L' (Ly"). Then obviously,

|SWulx <pqw T8 ulx.

Similarly, we have
|SVulx Spgv TV u x

Hence, there is a constant C only dependent on p, q, V, W, such that
|Qu|x < CTY0«s N (N + 1) |ulx. (3.1)

Let T small enough, such that CT/%.s N (N + 1) < 1/2, the operator Q is a contraction
on X. Since, by Lemma ug(t) = Up(t)ug € X, for any ug € L?, it follows that the

integral equation
u(t) = uo(t) +iQu(t)
has a unique solution u(t) = (1 —iQ) 'ug(t) € X. And
lulx < 2[Uo()uolx Sp.q [uol r2-

Besides the standard continuation procedure for the solution of linear integral equations

yields a global unique solution u € X (a). O
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4 Regularity of the Equation
Before analyzing this section, we study the following equation firstly:

i0ue = Heue, te[—a,a]l =1 x = (x1, -+ ,xN) € (R3)N

ue(0,2) = vo(x)

with
N N M N
H. = Z A] Z Z ‘/5(33]) + Z W€($jﬂxk)’
7=1 7=1p=1 k<j
where
A Z
Ve(z;) = -
J ;1 |25 — au(t)] + €
and )
WE B -
(), 2) |zk — x| + €
Let
N
Qeuc(t) Z (SVe(wj, Jue) (8) — i > (SWelaj, m)uc(-)) (t), (4.1)

i<k
Lemma 4.1. For ¢ > 0, if vg € CL((R3)N) has the fived spin states o, then the

above equation has a unique solution with the same spin states and the solution u. €

C(R?)M).

Proof. Taking the all kinds of derivatives, the potential V. and W, are still smooth, hence
in LP(LY9=2) + LP(L*) and LP(LP/P=2)) 4 L¥(L®) respectively. From Theorem
we know the equation has a unique solution.

And by the smoothness of V, and W,, we know the solution u, € C§°((R3)".

Let Py, is the permutation operator, denote A by

1
Au(z) = == > sign(Pr )u(Prz).
7!
Py,
If w, is a solution, then Auc(x) is another solution too. By the uniqueness of solution,
we know u. has the same spin states. ]

Therefore, we can use Corollary for .

Proof of Theorem[1.5. Taking the operator £ to the integral equation, we have

Lrue(t) = Up(t ),CIZUO—HZ (SLLVe(xj, - )ue) —12 (SLLWe(xj, xi)ue(-)) (t). (4.2)
7j=1 i<k

The key point is to study the term SLz, We(z;, zx)ue(-) and SLz, Ve (x5, -)uc(-), herein
we use the Strichartz estimate. And in fact, we just need to deal with SLz, We(x;, z)uc(-),
for the term SLz,Ve(x, -)ue() the method is same.
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Similar to operator £, we define the following operators:

Lr,i= & Vi, Ly jn= & Vi
€1y ,i#] €Ty ,i#5,k

0
For every v € Ltq(LqD’g) with 1 < |D| < 2, we consider the following inner product:

T
L ([SLL,We(xj, mp)uel(t), v(t)) dt.

If j,k ¢ Z;, we have
L We(xj, xp)ue = We(zj, 1) L1, Ue.

And if j € 7;, and k ¢ 7;,
,CIZWE(SZZj,xwug = W6($j, :ck)ﬁzlue + (VjW6($j, xk)>ﬁjl7ju€.
Analogously for k € Z;, and j ¢ Z;. Finally if j, k € Z;,

EZlWe(xjawk)ue
=We(zj, zp) Lgue + (ViWe(zj, 2x)) L1, jue
+ (VkWE(.Tj, :IZ]C))[,Ihk’UJE + (Vjvkwg(xj; mk))ﬁll,j,kue‘

Then, we have

T
fo (SLz W, oa)ucl (), o(t)) d

<

~

T
[RESABIERAORET

T
f ([SWeLguel(t),v(t)) dt‘ T

0

T
+ J ([S(V;ViR)WLy, jrue](t), v(t)) dt‘

0

T
J ([S(ViWe) L, puc(t),v(t)) dt) +

0

For a € (0,1/2), b
1

|z — k]’

1
VW (5, 21)| < m7
1

[ — i3’

(We(xj,xp)| <

IViViW (xj, z1)| <

we yield
f ([SW.Lz ud] (1), () dt

f < — a[’ILUE(S)J %[S*U] (S)> ds
5 xk| 25 — x|

1 *
- d .
f EI[ L2 |I] —$k|1_a [S U] S,

|J"] - xk‘|a .2
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for the second and third term,

T
fo ([S(V;Wo) £z, 0] (1), o(t)) dt

<JT L . L g0 d
~ ———— iU EE—— v S
0 |5 — zp|tre I L |lzj — x|t L2
T
1 1
<1 1—204J —L7u —[S*v ds;
f0=20) | s = ©2] ===
and the fourth term
T
J ([S(V;ViWe) Lz, jruel(t), v(t)) dt
0
<JT LI L g%
~ T oL - i kU, e v S
o |y —apPre 0 o ey — ail e 12
T
1 1
<1 1—2aZJ —L7u — [S%v ds.
t ") e =ar LeLgkw—wﬂka[ ]m

By the Hoélder inequality, we have

v 1

p2 + S D b2 + ’
|33j — x|l ) ||l LBO.L) H,UHL;); lv] 2 a,p HU”L% |v] 22

Ue 1 -
|$j — $k|a EE L3 01) HWHLfi + Juell 2 Sa,p HWHLfi + uellz2,
for 12=1/p+1/r,1/2=1/p+1/7, p,p <6, ar <3, (1 — a)F < 3, namely

6 6
<p<6 <p<6.
1120 PS% 3724 °7F

Then T
J ([SLL, Weue](t),v(t)) dt

0

T
Sama [ (1ol + Dzudze) (105%00l + 105l )
) 7

< / ! * 3
Sapp (‘EIIUJL%(LP’Q) + H[:IlueHLfﬁ(L > H[S ]HLtp(L;?:i)

t 7,k

+ (Iezud gz + 1ezuelyan ) 1™ ellg e

1/6%.—1/6
$a,p,5T / P /p <‘£Ilu€’pr(L§.):§) + |£Ilu€pr(L2)> ”[S* ]H BP(LPE)
+ T/ (HEIZUEHLI o)+ ||£zlu6|\Lg(Lz)) ILS* ]l Lo L2y

0
Saps T ILzucl 50l 1, o

Choosing a sequence anH 0 %a Lq’ 2)

ISV o)l g g, = Ji (S0 (05,0 e 0
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Let Ly*(L%”) = LP(L?) or Li" (LY7) or L{"(LY?). Then,

|SLLW (25, 21 )ucx Sappe TV Lo uelx-

< ¢ < 6, such that

Similarly, there is a 5 +62 =

T
fo < [SL2,V (x5, Ju(€), v(t) > dt

1/60

and

0
ISLLV (25, el x Sappag 2, 2T’ | Laiue x.
o

Hence, there is a constant C7 only dependent on «, p, p, ¢ and ¢, such that

H[’ZzQeue”X <O (2 ZM + N)NTI/GH‘CIlueHX' (4.4)
1

Let Ch(X, Zu + N)NT'Y? < 1/2, by Equation li we have
|£zyuelx < |UoLzyvolx +1/2|Lzue] x,

thus,
ILz,ucllx < 2[|UoLzvolx Spg [Lzv0] 12

Let € — 0 and L7,v9 — Lz,up in L?, we know
|Lz,ulx <pg [£u0] 12,

which implies

Ue X uin X.
We also have these other convergences:
Ve = Vin L (Ly) + L7 (L),
and
We— W in L°(LY) + LE(LY).

with 0 <7 < 3.
Thus u is the solution in the sense of distributions and satisfies £L7,u € X. And the

uniqueness is because of the uniqueness of the solution in L2. O
Combining the Theorem [2.10] we can prove the Theorem

Proof of Theorem[I.8 Denote

i#j
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and
Koje= [0
i#4,k
Analogously, we study the term SKW,(x;, zx)uc(-) firstly. If j,k € T;,
lCZl "CZZ = ICZl,j,k . ICIZ,j,k(l — Vj . Vj — Vi - Vi + (—Vj . Vj)(—Vk . Vk))7

then

T
f <SICIZ We(acj, Z'k)ue, K:IZU>
0

= (SWe(zj, x1) K1, j ptte, K1, 5 10)
+ (SV i We(xj, 21) K1, j ptte, ViK1, j 10)
+ (SVWe(zj, 1)K, jrtte, ViK1, j 1v)
+ (S ViWe(zj, 1)K, jrtte, Vi ViKe, j1v) -

After calculation, we have

T
f (SK,We(zj, xk)ue, K1, Zyv)
0

T
Sows | (Wemsaveligs, + Vensaelss
0 T3k
(18" gacllypg + 11Sasaallzs )
T
+J <|Vj’CZz,j,kueHLM. +|Vj’CIz,j,kueL2>
0 7,5,k
(11893800l 5z + 118"V Kz aollia ) ds
Js

T
+ f (IIVk’CIl,j,kueH 2+ ||Vk’Czl,j,kueHL2)
0 Js

(118" gaall oz + 118 ukir gl )
Js

T
| (19590 gty + 193V gl 22
0 7,

x (II [S*VijICzl,j,kv]HLg,z T I [S*VjkaIl,j,kU“LQ) ds
1535
By the Theorem we have for p,p =2 or ﬁ <p,p<6
l l
”le vkzlcjvkaL%?j,k SLE “’CZZUHLI;’?? l17 l2 = Oa 1.

and same for u.. Then, we yield

T
f (S]CZZ We(l‘j, l‘k)ue, KI;”)
0

T
Sows [ (Kl 2 + Wereclso)

< (IS Kzl pz + 115Kl 1) ds.
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IijIl and k‘¢1—l,
Kz, Kz, = Kz, - Kz,(1 = V; - Vj)

then

T
f <S’CIZ We(.%'j, xk)ug, ,Cl'l’U>
0

= (SWe(zj, 21) K1, jue, Kz, 5v)
+ <SVJW6(:E]7 xk)’CZl,jUG’ v]’Cle.]v> :
Repeating the above calculation and by Theorem we have

T
f <S’C1'l We(l'j, :Ck)uﬁ, ’Czlv>
0

T
Sans | (Womudppe +IKzul2)
0 Ik
(18"l + 118" Kolls2 ) ds
7>
Analogously for j ¢ Z; and k € Z;. Finally if i, k ¢ Z;, obviously

T
f <S’CIZW6($j;$k)U67KZZU> = <SWE(xj)$k)’CIeraICIZU> .
0

after calculation, we have

T
f (SK,We(zj, xi)ue, Kz,0)
0

T
Soa | (IKnul g+ zudso)
(8™ zoll gz + 118" Kolls2 ) s

Thus, for any 1 < j < k < N, we have

T
f (SKg,We(xj, xp)ue, Kz,v)
0

T
Savﬁvpvtzq L <HICIZ uE”L?’If + HICIZ uEHL2>
< (I18* Kzl oz + 115" Kzv]l 12 ) ds.
Js

And similarly for the term SKz,Veue.
Repeating the same procedure of Theorem[1.5] there is a constant Cy only dependent
on «, P, p, ¢ and ¢ such that

HICIZQEUE”X < 02(2 ZM + N)NTl/eHICIluEHX' (45)
1

And if Co(X, Z,, + N)NTY? < 1/2, we can get

1Kz uel x <pg 1Kz, v0] 2
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Taking € — 0 and Lz,v9 — L7,up in L?, we have

IKzulx <pq [Kzuol L2

Consequently, u is the solution in the sense of distribution and satisfies Kzue X. [

5 Numerical Analysis

Lemma 5.1. Under the assumption of Theorem [I.10, we have

lu— Prulx <pq /R D, IKzuol

1<i<s

Proof. By the Equation ({2.1]), we know
(Pru)(t) = (PrUo(t)up) + i(PrQu(t)).
Thus,
|lu — Pru|x < |(1 = Pr)Uouo|x + |(1 — Pr)Qul x-
By the definition of Pg and Lemma [2.7] we know

|(1 = Pr)Uoulx <pq (1= Pr)uolrz Spq YR Y IKzuol . -

1<i<s

Instead of studying (1 — Pr)Qu directly, we study (1 — Pr)Q.u. with the initial
datum v € C°((R?)Y), and then take them to the limit. So we just need to consider
the term (1 — Pgr)S (Ve(4,-)ue) and (1 — Pr)S (We(z, xi)uc). They are similar, so we
just deal with the latter.

We consider the following inner product

JT<(1—PR)S( (x5, xK)ue), Z Kzv >

0 1<i<s

= > f (Kz,S (We(zj, mx)ue) , (1 — Pr)v) dt.

1<i<s
Let
Knj=0+vy)]]a-an?
1]
Kzjk =1+ V) @1+ V) [[(1=4Ap"
1#],k
and 1-7)
Ki= 23/
(1—Ay)12

(1-V;)®(1 - Vi)

Rk = .
(1= 5571 = 57
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Then,
LR Rk
Kz, = K- Kg,; = K" - K1, k-

If j, k € Z;, we consider the following inner product

T
Jo (Kz,S (We(xj, zp)ue), (1 — Pg)v)dt

T
_ f (R Weleg, mue) . S*(1L = PR ds
0

T
:L <(1 — V) (1 = Vi) (We(xj, o) Kz, jpue) , S*(1 — PR)l%j’kv> ds.

Or if j € Z; and k ¢ Z;, we consider the following inner product

T
L (K28 (W (), a0)ue) » (1 — Pr)o) dt

T
:J (R, (Wlay,ai)ud)  S*(1 = Pr)Riv) ds
0

T
—J <(1 - V]) (We(xj, a:k)ICIm,kue) N S*(l - PR)’CJ’U> ds
0

Analogously for j ¢ Z; and k € Z;. And finally, if j, k ¢ Z;,

T

T
L (KzS (W, a)ue) » (1 — Pr)v) dt = JO (W, a) Kz ), S*(1 — P)o) dt.

Before repeating the proof of Theorem we only need to deal with

I*( = PR)RI0l 0

and
I5°(1 = PR ol 5 1o
By Theorem [2.10] and Corollary [2.9] we know

“S*(l_PR)Ej”HLGﬁ 52, SPpg HS*(l_PR) H 05
t

(LP2)
Z ICIZU
l

L (122)

Shp.g 1/R

0! /o
Ltq(LqD’ )

and
|S*(1 — Pr)K kv\l o

(1 - Pr)v H 05

Z Kz,v

l

L (LY ~p 0

Shipa 1/R

[ /9
LA (LE)

Now, we know

T
f <’CIZS (WE(JI]‘, ka)ug) ) (1 — PR)U> dt

0
Z Kz,v

l

0
Sappaal" /RIKzucx

[ /9
L(LE)
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T
f <(1—PR)S( (@, mud), Y, Kgu >

0 1<I<s

$a,ﬁ,p,t7,qT1/0/R< Z H’CIteX> ZICIZU
l

1<i<s

/

0 /9
LA (LH7)

Therefore,

|(1 = Pr)S (We(wj, 2)ue) [ x Sappaq T/R D, [Kzue|x.
1<i<s
Similarly for the term (1 — Pr)S(Ve(xj, -)ue
Hence, there is a constant C's > Cs only dependent on «, p, p, ¢ and ¢, such that
[(1 = Pr)Qeuclx < C3(Y, Zu+ N)NTYV?/R Y |Kruc|x. (5.1)
i 1<i<s
If C3(X, Zu + N)NTY? < 1/2, then Co (X, Zu + N)NTY? < 1/2. By Theoremﬁwe
have
|Kzuelx Sp.q [Kzuo0] L2

Thus
|(1 = Pr)Qeuc|x <1/R Y IKguclx Spg /R D] [Kguol e

I<i<s 1<i<s
Therefore,
lue = Pruclx Spq 1/R Y, [Kguol 2 -

1<I<s
Finally, taking e — 0, we have

lu— Prulx Spq /R Y |Kzuol -

1<i<s

O]

Proof of Theorem [I.10, The proof of existence is similar to Theorem except the
following modification:

T

T
f (PrSW (xi, xj)u(t),v) dt = J (SW (x;, z5)u(t), Pru) ds
0 0

Given the symmetry of the projector Pgr, we know if the Equation (1.10) has a solution,

the solution up keeps the spin states. For the existence, we only need study the term
| PrS *UH o

)

By the Corollary [2.9] we have

*
[PrS* 0] o, (112 S vl o, % a2y

Thus by Theorem [I.2] and under the assumption of Theorem for the Equation
(1.10)), there exists a unique solution up, such that

lullx <pg [uoll L2
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Instead of studying |u — up|x directly, we consider |Pr — ug|x at the beginning.
By the Formula we know

ur — Pru = iPRQ(u — uR)
Repeating the above process, and under the assumption of Theorem [I.8] we know
HUR — PRUHX < 1/2Hu — URHX < 1/2HUR — PRUHX + 1/2Hu — PRUHX

Then,

lur — Prullx < |u— Prulx $pq 1/R Y, |Kzuol .
1<i<s

Finally, we know

lu —ur|x < |u— Prulx + |ur — Prulx Spq /R >, [Kzuol; -
1<i<s

A The Calderén-Zygmund Inequality

Unlike the usual Calderén-Zygmund inequality, we need to prove a new one which is
compatible for our special functional space. But the proof is similar, so we just give the
sketch of proof, for the details, see |52} p.27-38].

Definition A.1. Let n € N and let A, := {(z,y) € R” x R"|z = y} be the diagonal
in R® x R™. Fix two constants C' > 0 and 0 < ¢ < 1. A Calderén-Zygmund pair on
R™ with constants C' and o is a pair (T}, K), consisting of a bounded linear operator
T, : L*(R*,C) — L?*(R",C) working on variable 2 € R™ and a constinuous function
K : (R" x R")\A,, — C, satisfying the following axioms.

o |Tufllze < C|f|z2 for all fe L3(R™ x R™,C).

o For (z,2) e R x R™, if f(z,2z) : R" x R™ — C is a continuous function with

compact support then

(Txf)(SU, Z) = - K(l’,y)f(y, Z)dy

e Let x,y € R" such that x # y. Then
C

|z —y|™

|K(z,y)] <

e Let z,2',y,y € R" such that = # y, 2’ # 3/, and 2/ # y. Then

1 Cly—y'|”
v =yl <gle—yl = [K@y) - Kz,y)| < Tz — gt
1 C|x_l,/|0'
o=l < glo =yl = [Kle,y) = K@yl < e
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Theorem A.2. Fiz an integer m,n € N, a real number 1 < p < o0, and two constants
C >0and 0 < o < 1. Then there exists a constant ¢ = c¢(n,p,o,C) such that every
Calderon-Zygmund pair (T, K) working only on the variable x € R™ with constant C

an o satisfies the inequality
T f (2, y) | Lo, 2wy < el f (@ )| Lo@n, L2 @my)
for all f € L>(R**™ C) n LP(R™, L?(R™)).

Sketch of proof. Let by(x) = (SRm |f(a:,y)|2dy) 1/2, and p the Lebesgue measure on R™.
Then define the function sy : (0,00) — [0, 0] by

kp(t) == p({t = 0||bs(z)| > t}) for r > 0.

We shorten the operator T, by T without confusion.
Step 1. (Calderén Zygmund Decomposition).
Decompose bs(x) in place of f(x,y) directly. Then for ¢t > 0, there exists a countable

collection of closed cubes ); < R™ with pairwise disjoint interiors such that

1
w(Q;) < n L) bp(x)|de < 2"u(Q;) for allie N

and
lbg(x)] <t for almost all z € R™\B

where B := U2 Q.
Step 2. (Construction of function).
Define g, h : R™" x R™ — R by

S, fla,y)dx
z,y) = f(z,y)lgn\p+ ), ———~—1g,, h:=f—g.
9(z,y) == f(x,y)lgmp ZZ: (00 Q f—yg
Then,
by(x) = bs(x) <t for almost all z € R™\B, (A.1)

and by Minkowski’s inequality,

) 9 1/2
bo(w) = Qi) (JR’" jifdx dy)
1 for x € B. (A.2)
<@ Jo, PN
<2t

Combining Equation (A.1l)) and Equation (A.2) together, we know

lgllzrcz2y = l0gller < oflr = [fllr2y, [Rlleey < 20 floree)- (A.3)
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Hence, we have

271

1 2" 2n
oy < o j by (@) de < = | [py(a)lde < = f lby@)dz < I f |z z2)

Rn

Step 3. (Estimate for xpp). Define h;(x) by

hi(.’L',y) = h<$7y)]1Qz"

Denote by ¢; € Q; the center of the cube @Q; and by 2r; > 0 its length. Then |z — ¢;| <
y/nr; for all @;. Then we have

(Th;)(x,y) = o K(z,2)hi(z,y)dz = f | (K(z,z) — K(z,q;)) hi(z,y)dz.

Hence, by Minkowski’s inequality

brn@) < [ 1K (2,2) = Ko, on, ()| dz

Then, by the standard proof of Calderén-Zygmund inequality, we know, there is a

constant ¢ dependent on n such that

1
krn(t) < c <M(B) + t\bhHLl> for all t > 0.

Besides,

1 1
W(B) = Yu(@) < {2 | ol < Gl
Together with Equation (A.3]),
3c
rkrn(t) < 7|\f”L1(L2)-
By the triangle inequality, we know

be(x) < ng + brp,

therefore,
27+l 4 6
krf(2t) < Krg(t) + Kra(t) < THfHL1<L2)-
Finally, using the standard method, we get conclusion. O

If a : R® — C is a bounded measurable function, it determines a bounded linear
operator
T, : L*(R",C) — L*(R",C)

given by

Tou := al

for u e L?(R™ x R™,C), and 1 is the inverse Fourier Transform.
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Theorem A.3. For every integer m,n € N, every constant C > 0, and every real
number 1 < p < o, there exists a constant ¢ = c(n, p,C) with the following significance.
Let a : R™\{0} — C be a C™*? function that satisfies the inequality

o
€l

for every & € R"\{0} and every multi-index o = (a1, -+, ) € Ny with |a] < n + 2.
Then

0%a(§)] <

|Ta fll e ®r,L2@®my) < | fllze@n,L2@m))

for all f € LA(R™ x R™),C ~ LP(R"™, L2(R™)).

The proof is same with the normal Mikhlin Multiplier Theorem except using the

Theorem [A 2] instead of the normal one.
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Part 11

The Dirac-Fock models for

crystals
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Chapter 3

Existence of minimizers for

Dirac-Fock models in crystals

In this paper, we introduce a relativistic crystal model inspired both from the atomic
and molecular Dirac-Fock models and the non-relativistic Hartree-Fock type models for
crystals. And we give a new definition for the ground state of this model by considering
the Lieb’s relaxed functional and the Fermi level. By Séré’s retraction, the existence
of minimizers for this model are proved, and every minimizer is the solution of a self-

consistent equation.

1 Introduction

Whereas different models exist in the mathematical and physics literature for non-
relativistic crystals, we are not aware of any for relativistic crystals. The aim of this
paper is to propose a Dirac-Fock type model for ground states energies of relativistic
crystals.

A natural way of building quantum models for the crystalline phase is to consider
the so-called thermodynamic limit of quantum molecular models. Roughly speaking
it consists in considering a finite but large piece of the (infinite and neutral) crystal.
The thermodynamic law predicts that the ground state energy of the obtained large
neutral molecule is proportional to the volume of this finite piece (which turns out to
be also proportional to the total number of particles composing the molecule). The
energy for the whole crystal is then identified with the limit — if it exists - of the energy
per unit volume (or equivalently per particle) of the large molecule when the size of the
considered piece goes to infinity.

This method has been successfully applied by different authors for different well-
known models from quantum chemistry [43, 9, |7, |§]-see also [6] for a review- but always
for non-relativistic crystals.

Concerning relativistic models, the atomic and molecular Dirac-Fock (DF) is the

most attracting one since it has been formally justified by Mittleman [48], and gives
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numerical results in excellent agreement with experimental data [34, 21, 10]. The math-
ematical study of this model has been done in [14, |49], but the situation, compared to
the non-relativistic models, is different: The existence result for bound states only holds
if the total positive charge Z is not too large (with physical units, Z < 124). On the
other hand, relativistic effects have to be taken into account essentially for molecules
with heavy atoms. This causes an important problem if we try to find a thermodynamic
limit for the Dirac-Fock model, since we do not even know if there are bound states for
large systems. Moreover, the energy functional of the atomic DF is strongly indefinite
and the notion of ground state has to be handled very carefully (cf. [14])-anyway, no
minimization procedure is available in this case. The similar procedure for crystals is
harder than the atomic one.

On the other hand, Esteban and Séré [13] showed that certain solutions of the
Dirac—Fock equations converge towards the energy-minimizing solutions of the non-
relativistic Hartree-Fock equations when the speed of light tends to infinity. This allows
mathematicians to define the notion of ground state solutions and ground state energy
of the Dirac—Fock equations. By a simple fixed point theory and this new definition of
the ground state of Dirac-Fock model, a similar result of Dirac-Fock model has been
done by Huber and Siedentop [29]. Finally, Séré provided directly a retraction technique
in [53] to construct the ground state of Dirac-Fock. Recently, based on Séré’s retraction,
the scott correction for Dirac-Fock models has been studied in [15]. Based on the work

[53], we propose a ground state of Dirac-Fock model for crystals, and prove its existence.

Outline of the paper

Before giving the main statement, we pause to outline the structure of this paper:

o We first propose in Section [2] a Dirac-Fock-type periodic functional. This func-
tional is simply derived from the periodic Hartree-Fock functional introduced in
[7] in the same manner that the Dirac-Fock model for molecules is derived from
the Hartree-Fock one; that is, again roughly speaking (see Section [2| for precise
formulation), by replacing the Laplace operator by the Dirac operator and the
functional space accordingly. Since the Dirac operator is not bounded below, we
have to redefine the ground state: instead of defining it in the whole functional
space by the critical point theory, we define it in the positive spectra of the peri-
odic Dirac-Fock operator D. ¢, namely T') := {y; Trr2 v = ¢, L[o,50) (D)7 = 7}
At the end, our main result is Theorem [2.13] and the solution also solves a self-

consistent equation.

e In Section [3] we give some fundamental estimates which are useful for the next

sections.

o In section {4} analogously to [53|, we construct the bounded positive level of the

energy qu by using Séré’s retraction: taking T'(7) = Ljg,e0)(D~)7Lj0,00)(D~), and
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we will see under some conditions, T"(y) — 0(v) € qu with I‘;’q = {y;Trr2v <

4, Lj0,00)(Dr,¢)y = 7} as n goes to infinity.

e Finally, in Section [5] we prove the existence of minimizers. Because of the com-
plexity of the exchange terms in this model, we consider first the existence of
minimizers in I‘;”q N Br with Bg a ball of radius R. We will see that there is a
Ry > 0 such that for any R > Ry the minimizers in F;’q N Br will be indeed in the
ball Br,. Thus the existence of minimizers in qu is equivalent to the existence
of minimizers in I'Z, N Br,. And this minimizer is indeed in I';. Now we only

need to prove the existence in qu N Bpg:

For every v € F;’q, by Bloch decomposition, the corresponding operators D, can
be decomposed into a direct integral of operators D, ¢ acting on Lg(Ql; C*) for
£ € Qf. The k-th eigenvalue (counted with multiplicity) of D, ¢ is bounded and
both the upper and lower bounds are independent of £ € @ and the choice of
7. Besides, the minimizing sequence -, can be decomposed into higher parts and
lower parts in terms of the spectrum of the operator D,,. The higher parts will
disappear when n goes to infinity while the lower parts have a weak-star convergent
subsequence. Based on this convergent sequence, we construct some other kinds
of convergent subsequences for the potentials which make the sequence pass the
limit in the energy and keep the minimizer -, € qu N Bgr. Consequently, we
proved the existence of minimizers in F;rq N Bpgr, and every minimizer solves a

self-adjoint equation.

2 General setting of the models and main results

2.1 Preliminaries-Functional framework

We first introduce some notation. We consider only the case of a cubic crystal with
only one point-like nucleus per unit cell for simplicity, but the reader should keep in
mind that the general case could be handled as well. Let [ > 0 denote the length of
the elementary cell Q; =] — é, é]?’ The nuclei with positive charge z, which are treated
as classical particles with infinite mass, are located at each point of {Z3.The electrons
are treated quantum mechanically and we ask the electronic density to be a Q;-periodic
function with L' norm equals to ¢ over the elementary cell. Especially if ¢ = z, the
electrons are "periodically distributed among the nuclei” such that electrical neutrality

is ensured.

Throughout the paper, we choose units for which m = ¢ = h = 1, where m is the
mass of the electron, ¢ the speed of light, and A the Planck constant. The Dirac operator

can be written as Dy = —i Zi:l a0k + B, with 4 x 4 complex matrices a1, as, a3 and
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B, whose standard forms are:

]]_2 0 0 Ok
5: y = )
0 —1s o O

where the o3 are the well-known 2 x 2 Pauli matrices

0 1 0 —i 1 0
o1 = , 09 = , 03 = .
e o) 0 ) o 41

The operator Dy acts on 4—spinors — that is on functions from R? to C* — and it is
self-adjoint in L?(R3; C*), with domain H'(R3,C*) and form domain H'/2(R?;C*). Its
spectrum is o(Dyp) = (—00, —1] U [+1, 00). Following the notation in |14} |49], we denote
by A* and A= = 1,2 — A" respectively the two orthogonal projectors on L?(R3;C*)

corresponding to the positive and negative eigenspace of Dy, and such that

DoA* = AT Dy = AT =4 = T = AA*
DoA™ = A"Dyg = —-A"+/1-— = —+/1 - AA".

According to the Floquet theory [50], the underlying Hilbert space L?(R3;C*) is
unitarily equivalent to L?(Q}) @ L?(Q; C*), where Qf = [T, 7[? is the so-called dual
cell of the lattice. The unitary Floquet transform i/ is given by

U-d)e = > e (- + ki)

kez3

for every £ € QF and ¢ in L?(R3;C*), and (U - ¢)¢ belongs to Lg(Ql,(C‘l),f € Q*, where

LE(Qu; CY) = {p € L, (R*;Ch); e 1) is Qp-periodic}.

loc

Functions v of this form are called Bloch waves or Q;-quasi-periodic functions with
quasi-momentum & € Q. Operators L on L?(R3;C*) which commute with the trans-
lations of 1Z? may be decomposed into a direct integral of operators L¢ acting on
Lg (Qq; C*) according to

LeU-¢)e = (U - Lo)e (2.1)
for every ¢ in L?(R?;C%)(see [50] for more details). The operator L is then denoted
by % Sgal* L¢d€. In particular, the Dirac operator is unitary equivalent to the direct
integral of self-adjoint operator D¢ on LE(QZ; C*), with domain

HH(Q1,CY) = LE(Qi;C*) n Hj, (R*; C*)

and form-domain

HY?(Qui:CY) = LA(Qe; CY) m HYZ (R CY).

loc
(To simplify the notation, we shall simply write Lg, Hg and Hg/ % when there is no

ambiguity.) Note that Dg = 1—A¢, where —A = % Sg_)l —Agd€. The spectrum o(Dy)
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of Dg is composed of two sequences of eigenvalues (d;, (£))n>1 and (d;} (§))n>1 such that

(dy (§))nz1 < =1, (3 (§))nz1 = 1, limpsoo(dy, (§))nz1 = —0, limp oo (d; (€))nz1 = +00
and

UéeszU(Dg) =0(Dp) = (—o0, —1] U [+1, +00).

By analogy with the Hartree-Fock model for crystals introduced in [7] our energy

functional will be defined on a set 7 of admissible one-particle density matrices ~.

Définition 2.1 (Definition of 7). A family of self-adjoint operators ¢, (£ € Q) on
Lg (Q1) enjoys the following properties, for almost every £ € Q'

(H2") 0 <7 < Lr2(qy:

(H3) the operators ¢ have finite traces and satisfy (2173)3 SQ* TrLg(Ql) Yed€ < 005
!

(H4) Trp (@I Dele) < +o0 and 553 SQ* Trp (v (IDelve) d€ < +o0

To every such family of operators is associated, in a unique way, a self-adjoint operator

v in L?(R3), denoted by v = (27r @ SQ* e d€, such that

(H1) ~ commutes with the translations of 1Z3;
(H2) 0 <7y <1pe.

We denote by 7T the set of operators v = % Sge* v¢ d§ which satisfy the conditions
l
[(H2")(H3)[ and |(H4), and we shall call v a Q;-periodic density matrix.

Remark 2.2. For almost every £ in (Q*, there exists a complete set of eigenfunctions
(un (&, +))n=1 of 7¢ in LE(Q) corresponding to the non-decreasing sequence of eigenvalues
0 < Ay(€) < 1 (counted with their multiplicity) such that u,(&,-) € H1/2(Q), and such
that

Z )\ un 57 (fvy)a (2'2)

n=1

for almost every & in Q*.

Remark 2.3. It has been proved in [7] that, for every « in 7T, the kernel of v is given by

Y(@,y) = CE j@* Ye(z, y)dE.

l

Moreover, for every k in Z3,
V(- + kL -+ kD) =(,)

This is simply the formulation in terms of kernels of the fact that the operator v com-

mutes with the translations of [Z3.



Définition 2.4. Let v belong to 7. Then we may define in a unique way a @;-periodic
density p, associated to 7 by

13
@) = G fQ;k Try v (x, 2)de. (2.3)

By the way, if 7¢ = Y01 Mi(&ui(€,2) Q@ uf (€, y) for almost every £ € QF, we have
_ 3 (), %d
o) = G | DN ONE e

where | - | denotes the usual norm in C*, and )\; > 0 for all i € N.
Now, the following functional spaces associated with the v and ¢ are introduced:

04(6) = {ne € BILE(Q0); Trpa(el) < 0}

endowed with the norm

1/s
Felloey = (Trzz(el))

r S 2 ¢
Ost = {’Y;’Y = 2n)p L)l* Yed€, e € B(LE(Q1)), e € 03(5)7JQ? Vel ey d€ < o0

p 1t
_ - t
[lls,e = ((%)3 JQZ“ \75|as(f>d5> ‘

Particularly, oo o0 = L*(Qy; B(Lg))

endowed with

X(€) = {re € BILE(Qu)); | De|*/*¢| De|** € 01(£)}

endowed with the norm

17ell xace) = 11 Del Vel Del 2| g e

ol I? @ /2 a/2s
X¢ - {7;7 = e | e Cleeqr €T | 1IPEI el 1 s <

endowed with the norm

1/s
l3 (0% (0% S
”’Y”Xg = ((27r)3 JQ* H‘Dﬁ‘ /Q’Yé‘D&‘ /2“01(§)d§> ;
l
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For convenience, we use X(£),X and Y to represent X1(£), X{, 004 respectively.
Therefore, we obtain the intersected functional space 011 N o014 and X n'Y, endowed

with the norm
[Vl 1m01.4 = max(ylor s, [V]or ),
and
I7lx Ay = max(|v]x, [v]y)-

And in addition to the functional space for operators, we also introduce the functional

space for functions

WeHQF; H(QF))

with the norm
l3 3

l
b = (g [ 196 Migian e + g | IIVEl S it

Remark 2.5. For every v € T, in fact, [y]oy 1 = |7]oy, and [[Dol"*y[Dol"?[4, = 7] x-

By Floquet decomposition, we have that for any orthonormal basis (uy(z))n>1, we
have that

(Uu)e(z) = > e *u(z + k),
kez3
and
Te(Uu)e = (Uyue.
By virtue of
l3
(% U)L?(RB) = W sz* <(UU)§7 (Uv)§>L2(QZ) d§

we know that (Uup)n¢ is still an orthonormal basis, and

Vo = Z <Una'7un>L2(R3)
n=1
3
BCE j@* (Uun)e, (Uyun)e) 12y 9%
l

13
(27‘_)2 jQ* <(Uun)§7 WS(UUH)5>L2(QZ) dg,

=¥l
For another equation, the proof is similar.
Let
Igi={yeTive XY [V]o, <d},
and

Pg={yeTive X nY,|vlo, = a}-

The condition v € X n'Y can be removed since if v € T, obviously ye X nY.

Now, we introduce the periodic Dirac-Fock model.
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2.2 The periodic Dirac-Fock models

For every v € I',, we now define the periodic Dirac operator with potential by:
D%g = Dg —azGp + Otvmg
where Dy is defined by (2.1]) and

Vig=pyxGilx) = Woe

)

with

py * Gi(x) = o Giy — z)py(y)dy = Trp2(g,)(Gi(- — 2)7)

and
3

l
Wostie@) = o | A€ | W 60—yl p)veiy

The so-called fine structure constant « is a dimensionless positive constant (the physical
value is approximately 1/137).

The operator D¢ have a simple expression in Fourier series: Given any ¢¢ € H, 51/ 2,

we have
qbg(ﬂf) _ Z q’gk_"_56(21'7rlc/l+i§)-:137
keZ3
with )
Prre = Z3J gbg(y)e_(%ﬂk/l”f)'ydy
Q
and

Dege(x) = Z [(2;]{; +8)-a+ 5} $k+£e(2i7rk/l+i§)-gc’

keZ3

where (k+¢&)-a = Z?:l(kj + §j)ozj e My(C).

Thus, the functional framework in this discrete setting should be set:
Définition 2.6. The space of HY?(T,C*) will be simply denoted by H;/Q(Ql). Recall

that
Am2k2 ~
H?(Qi) = {w e (T,CY; Y \[1+ =5 [ul” < ),

keZ3

Am2k2 A
Wl = A+ P

keZ3

endowed with the norm

In this periodic setting, the Coulomb-like interaction between periodic distributions
of particles is described through the @Q;-periodic potential G; that is uniquely defined
by

— AG) = A4r [_llg + Z 6lk] (2.4)

keZ3
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and

G; = 0. (2.5)
Qi

G is actually the Green function of the periodic Laplace operator on ;. The Fourier

series of G reads, for x € R3,
217\'
Gi(x 2.6
~ ol 2 IJ.D!2 (26)
p;&o

The following scaling property, for any A > 0,

Gulz) = %Gl (%) (2.7)

is easily checked.
And the potential W, which enters the definition of the exchange term is defined
by

_ 4 1 (2 —n)-

z n
W (n,x) = B T‘z@ = AW (5,
n

3 \x), neR3 zeR® (2.8)

keZ3 |71

(see [7] for a formal derivation of this exchange term from its analogue for molecules).
It is Q periodic with respect to 1 and quasi-periodic with quasi-momentum 7 with

respect to x.

Remark 2.7. ~(-,-) belongs to L?(Q; x R?) and the exchange term is also

Tra[ve (@, y)ve (y, ©) W0 (€ — €,z — y)dzdy
2 Q2

JQZ JR3 Tr4 |95 - y|( ))dy

where the trace Try which appears in the last term (the exchange term) denotes the

trace of a 4 x 4 matrix.

Finally, let

P2 = a, (Do), PE = o [Oprca,
’ - (27)3 Jo=

and
+._ |D pt
Byi= JQ;“ Pl eveds.

Note that by definition P o = Iry (De — azG).
Now, define
qu = {yelgy; Py =0},

and
{Pyqu,P v = 0}.
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Our goal is to give a new definition of the ground state of the periodic Dirac-Fock

functional

P (y)

’ a
- (2l7r>3 J . TrLg (De¢ve) d€ — oz le Gi(x)py(x) de + 5 Jf p~(2)Gi(x — y)py(y) dedy
Q7

lﬁ / a0 !
- %W ” deds HTT“M(:”’?/)V&/(%”?)]VV: (& ¢ —y)dudy,
@2 Q:

(2.9)
Even though we restrict our study of ground state to ¢ electrons, this functional is
indeed defined on the closed convex set I'<,. When ¢ is integers, I'<, is the set of all
Dirac-Fock states of a system of g-electrons. The relation between £PF and D, ¢ is the
following: if v and «+ h are in ', with, then the right derivative of f(t) = EPF (y+th)
at t =01is SQ;“ d¢ TrLg (D~ che).
Mimicking [53], we impose that the ground state lies in I‘zq. However, the di-
rect computation implies that zero minimizes the problem rather than the real ground
states. To overcome this problem, we add a penalization term er Trz2(7), and study

the penalized functional
EPT(y) = er Trp2(7)

in I’;rq.

A fundamental tool in our definition of a ground state will be a map that we denote
6. It is a retraction of a certain closed subset F' of I'<, onto F' n qu. The set F' will
be large enough, so that it will contain the ”ground state” of the Dirac-Fock functional.
Moreover 6 will have an extension on an open neighborhood of F' in X n'Y and this
extension will be of class C'. Note that the map 6 will be easy to implement numerically.
More precisely, for v € F', let 79 = v and yp11 = P 7P . Then we define () as the
limit, if it exists, of the sequence (v,) for the topology of X nY.

2.3 Main results

At the beginning, we recall the main properties of the periodic potential G; and W;*.
In fact, we prove the Hardy-type estimates in section [3] that will be used all along the
proof, and we prove the main technical results concerning the operators.

First of all, and it is a major difference with |71\’ the periodic Coulomb potential G

is no more positive, but is bounded below:

Proposition 2.8. There exists a positive constant Cy such that, for anyl > 0, x € Qy,

we have
Co

l

Moreover, we have the following Hardy-type estimates concerning the periodic po-

Gi(z) = (2.10)

tential GG, and the proof is given in subsection [3.1
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Lemma 2.9. There exists Cyg > 0 and Cy > 0, such that, for any & € QF and any
e € H§/2(Ql; C*), we have:

(e, Givve) 121 < Cu (e, |Delve)q,, (2.11a)

(e, |Gile) 1201 < O (e, | Delve)q, (2.11b)
Moreover, there exists Cq = Cy > 0, such that, for any § € Qf and any ¢¢ € Hgl(Ql; Cch),

we have:

|Gidell 2@ < CollDeldel r2qy)- (2.12)
Remark 2.10. Note that, as a difference with the atomic case, we do not know the best
constants Cgr, C'; and Cg.

We will need, for the proof of Lemma the following result, quoted in [7]: we

can separate the singularities of W w.r.t. 7 and :

—in-x

W?Www=e”WGmw+4ﬁ%Wf+ﬁ@w% (2.13)

where

21,2
fi (’I’], ﬂ?) _ 216_”7'% Z €2i7rm/l-x mln - m _2 ! |77| -
l meZ (0} |ln — 2mwm|?|27m)|

is a bounded function on Q; x (2Q;). We have that

filn,@) = M5 M),
and as f(n,x) is harmonic in (1 + €)@, for any € small enough, then for any x € Q;

1 c 1/2
Furthermore, f; € Wh*(QF; L;?(Q1)). We notice that V, f(n, z) is equally harmonic in
(14 €)Qy, since

_Axvnfl(n7 .ZL') = 4m Z _ike_ik.n(sk(x)'
kez3\{0}

By virtue of the mean-value property, we finally obtain for every x € @y,

2
Vo filn,z)]> < (f rvnfz(n,y)uy)

+eQy

<C|Vy fi(n, ‘)H%%(QZ) <C Z
z3\{0}

4 fmf? (2.14)

\ln — 27m|*|27m|?

And, for the exchange term,

WP (€ — €, (z — y)/l) =e I @VG(z — y)
—i(6—&'—2mm/l)-(x—y)
+ 47 2 ©

m6237|m|oo<1 |§_£/ - 27Tm/l‘2

+ gl(§ - fl,ﬂf - y)7

(2.15)
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And analogously to f, g; is a bounded function on Qf x (2Q;) as well as
g(n,x) € WH((QF)*, LE(Qu))- (2.16)
We have the following estimates for W, and the proof is given in subsection

Lemma 2.11. For any ¢ € HSI/Q, there are constants Cy, Cyy,, Cyy such that for any
ceqQr:

e ifyeXNnY,
IWoevellz < Cwlvlxoy el 2. (2.17)
° Z'fWEUl,lﬁY;
IWoevellz < Civlvlons v 1 Delvel 2 (2.18)
. if’y €01,1MN 014,
HWWWHL‘; < C{//V“7“01,1001,4|‘¢§‘|L2’ (2'19)

Before stating the theorem, we need the following assumption:

Assumptz’on 2.12. Let ¢* = max{q, 1}, k := a((Cy(z+q) +Clyq")), Crg := Cy + Cw,
A> 1a(l = k)72(1+ k)Cgp and
D20 |

c*(k) == sup inf  sup
B T A
Ag H

We assume that
1. k<1—-1/2aCggq™,

2. K :i=a(Cq(z+q) + Clyqt) <1,

3. Aymax{(1 —r —1/2aCggq™) (1 — k)~lc*(g + 1)g, 1}¢* < 1.
We have

Theorem 2.13. Under Assumptz’on there exists v« € I‘; such that

EPF(y4) = I := min EPF(v). (2.20)
76F+

Besides, v, solves the following nonlinear self-consistent equation:

7= [01/)( +5

2.21
D, f@ d<D, ( )

where 0 < 6 < Lgy(Dy) and 0 < v < (1—rk)'e*(g +1).
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Remark 2.14. In solid state physics, the length of the unit cell is about a few Angstroms.
And in our system of unit, A = m = ¢ = 1, thus a ~ 1:1,)—7 and [ ~ 1000. Under the
condition g = z for electrical neutrality, we find that the Assumption [2.12]is satisfied
for ¢ < 4, and the details can be found in Appendix [E] Moreover, our estimates are far
from optimal and one can expect that the ideas of this paper apply to higher values of
q.

Remark 2.15. Unlike the Hartree-Fock model for crystals [20], when g is integer, we can

not yield ¢ = el (D,) where € € {0, 1}, since our restriction v € T'J" is non-linear.

3 Fundamental estimates

3.1 Lemma [2.9 and its corollaries

proof of .
Estimates of Cy and C%;

Let £ be fixed in Q] and let ¢¢ € Hgl/Q(Ql;(CA‘). We write ¢¢ on the form ¢, =
e ®y(x) with v Q-periodic. Then, denoting by (k) the k-th Fourier coefficient of u in

its Fourier series expansion, we have, on the other hand,

(¢, [ Deloe)pz =15 37 A1+ 16+ fk:|2|u

keZ3
On the other hand, using Equation (2 , we obtain
12 u(k)u* (k")
(66, Gioe)r2n = — 2, TR RE
k,k'eZ
k#k'

Let ¥ a positive number to be determined later. By Cauchy-Schwarz’ inequality, we

have

a(k)a* (K ak)[k”  a*(k)|k[? a(0)a* (k' a*(0)a(k
Z()():Z (F)|K| ()II+2()()+2 (0)u(k)

o Th—RP T &, kWP R T ST R A kP
Ak k#0,k' £0
|al? (k) k> A u*(k)
\Z \k’|219|/€ k:/|2+2§R U(O)Z |k:|2 ’
k#k' k#0
k#0
(3.1)

with R(z) denoting the real part of the complex number z for z € C. We first bound
from above the second term in the right hand side of Equation (3.1]), thanks again to
the Cauchy-Schwarz inequality by:

2 (k) 1/2 ) 1/2
oz 5] s (g o) “(5:)

k#0 keZ3 k+#0

(;;m ‘k|5>1/2 (Iul kEZZ]S [al* (k Ikl>
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For the first term, we proceed as follows:

> RO Y o — 3 W | g 2

keZ3 o ke’ k’;ék (’“—) )— _ kP
s bk (w ) |~ T
Herein we choose ¥ = 1. By Appendix we know that
~ 29 ~12
S PO 3 s < 59235 3 HaP(h) 62)
keZ3 k' £k keZ3

k' 0

We now observe that, for every k in Z3, and ¢ in Q},

l 2
k| < (VB + =) |1+ [€ + k|2,
2 l

l l {
k| < ’k+ 5‘ + —l¢l < ‘k:+ 5‘ +/3.
2T 2 2T

since

Now we can conclude that

2. . ~
(66, Gid%¢) 2 <C— [a?(0) + D 1al*(k)Ik]

qeZ3
q#0

(f+fc Z«/1+|—kz+§|2|u| k)
kZ3

:ﬁ(\/g + g)(qﬁg, | Del¢e) L2 @,

1/2
(Z ‘5) + 59.235.

k#0

with

Hence,

1/2
1 V3
Cp = ;(TJF% <Z |k|5> +59.235

k#0

The second Hardy inequality (2.11b)) is easily deduced from ([2.11a)) and (2.10]) by taking

Estimates of Cg

The proof of (2.12) follows the same patterns as the proof of (2.11a)). As
v u(k)u* (k)

|k — p|?|k" —p|*

2
(0e, Gide) 2 Q) = =5
p.k,k'€Z?
k.k'#p
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Then by Cauchy-Schwarz’s inequality, we have

a(kya* (K
3 (k)u* (k')

|k — pl2|k — p|?

pk,k'€Z3
p#k,k'

a(k)|kl” @ (k)K" [@l*(0)
< +
2 p = K2R [p = k[?|k|” ;0 Ip|*

k,k'#0
p#k,k'
u(k)u*(0 u(0)u* (k'
2, Ip(—>k\2\(pl)2 - !p(—)k’lélp\)Q
k,peZ3 73
k7p7é0 k/,p?ﬁo
p#k p#k’

s PO gy W 5 BP0

p — k2lp — K'[2|K[2? p— kPRI | = (pl*

p,k, k' €73 p,keZ3
p#k,k’ p#0,p#k
k,k'#0

By virtue of Cauchy-Schwarz’s inequality again,

1/2
1/2
A . R ) 1
o i) Y <o) | N @rwk?) | Y
picps [P = kIp| keB (0} = [ = E[Hplk|
k,p#0 k,p#0
k#p
1/2
1 ~12 ~12 2
Z 10— KA plARE |4l*(0) + Z |al” (k)| k|
p#k keZA\{0}
k,p#0
And for the first term, we proceed as follows:
|af* (k) |k [*” 1 1
b Z Ip — k|2[p — K2k |29 Z ’u‘ |k|2 Z W b k121 0 o 2w 22
/ 3 3 / P A A A
Pl het b ‘\k\ |k|‘ ‘|k| k1| |TR]
o,k 0
Herein, we take ¥ = 1.25. And by Appendix we get that
1
dxdy < 122498.747 + (3.3)
” |z — ey — a|?|y|>? ;‘;! |

Now, we conclude that

(¢¢. Gioe)r2(q) <C'— (’U\ + Z |al?(k W2>

k#0

2l
(3+m)0' > (1+ >|u| k)
kez3
3
—5 (5 + 7 Deleliz )
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with
1/2

1
Y s |+ 22498747+
—_ Ll4pl4| ]2
p — k|*[pl*|%| v

=,

4
p#0 |p’ p#k
k,p#0

‘ |45

Hence,
12 1/2

1
Doy | T 22498.747+ )

— L4412
24 o= KTplTK] P
k,p#0

1 \/3 1
O = = e -
6= pmax(T o ZW r|45

As a result of Lemma we can directly get

Corollary 3.1. For any v, 71,7 € X, we get:

[0y * Gillgerz) < Crllvlx (3.4)

and

[(p1 = paz)  Gillgrzy < Crllm — 72llx- (3-5)

Proof. From Lemma we know
|Gi| < Cy|Del.

Thus,
‘pw * G| ()
= |Trr2(Gi(- — x)7y)| (2)

< | I - e

l

= f@* | TrLg(\Dd*mGz(' — )| De| V2| De|V2e | De|V2) | dg
l

< fQ* G2 — ) Del 213 2 De 2] Del 211,y 6

l

<Cp|~lx

And similarly, we have

(P31 = pra) = Gil(@) < Clylln — 72 x-
Repeating the proof of the first inequality, we get the conclusion. O
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3.2 Lemma [2.17] and its corollaries

proof of Lemma[2.11. As

HW%{[/]EHLE = sup |(W’Y,£w£a ¢§)|7
¢5EL§

el 2=1
Le

we only need to study the inner product (W, ¢t)¢, ¢¢). Hence, we can separate W, ¢ in

three parts:

e one term with all singularity in z: by Cauchy-Schwarz’ inequality
(@, y) < pM(@)p" 2 (y)
and Corollary

| de [ e 96w — g )ves)dela)dady

< | 4 | 166 ibelt. vl @dady

< JQ* d¢’ (JQZ vel*(y) le G(z — y)”ﬂwgl(m)da;dy> 12

l

1/2
X 2 T T — / Xz
( o e ( )JQI |Gz = y)lloy |(y)|d dy)

1/2
<], el ( fQ? |wg|2<y>dxdy> < fo |¢:|2<x>dxdy>

1

1/2

<Clrlvlx el 2

or

L)* d¢’ o e E=OEVG(z — y)yer (x, y)ve(y) de (x)dady

< JQ?‘ d¢’ (JQ? |P£'|(m)|¢£l2(y)|d1:dy> 1/2 (JQZ el JQI o — y)|2|gz75|2(a:)dxdy>

<CG[Vlo1 1 1 Delve] 2

1/2
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e the second term, carrying the singularity in n:

e~ (& =&=2mm/l)-(z—y)
J d§ J 47TmEZ3 JImleo<1 ‘5 _5—27rm/”2 o« (ZB ZJW&( )¢§( )dxdy

- Jz JQ 1§ — € — 27Tm/l\2p’1yé'2( )P#f( )W&’(y)’aé‘(x)dmdy

m€Z3 Jm|eo<1

1/2

<an| Y f € — & — 2mm/l| 2py, () ibel(y) P ddy
meZ3,|m|p<1 Qf Jet

1/2

X ]l e e @6 w)Pag dudy

*
meZ3,|m|p<1 Q V@

3/4
<4n (3 j |n|—8/3dn> [Vl o Il 22
4QF

<Clllon o I¥el 2

or by 0 <, ]le with ver fer (x SQ Yer(z,y) fer(y)dy,
f Y el
a Ve (T, Y)vely)pex)axdy
@ Qf meZ3,|m|op<1 ‘5 8- 27Tm/”2

) 1
<im ), fdg €& 2nm)IP

meZ3,lm|o<1 Qf
(e €20 g ), e €2 O ()
<Cisup essgeqr Ie/lsez,) Vel 2l éel oz

<Gyl el 2.

with
47

T e~ 2mmi

C; = sup
£eQf ez Jmleo<1 Qf

o the last term, corresponding to g. Obviously, since g € L®,

[, ], ot~ &a—vmete pvewa@dny < Lol vl el

As a result, there is a constant Cy and Cfy,, such that

IWatelz < Cwllvlxay el 2,

as H’V“m,l < H’YH)G

[Wadbellz < CwlVllon sy |1 Delell s
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e and
HW’Y¢§”L§ < C{//VH'YHU1,1ﬁU1,4H|D§W)§HL§’

where

Cw = Cy + | flre + Ci, Cly = Cq + | flre + Ci, Clyy = Cly + || fllze + Cf.

O
Similarly, we have
1/2
Corollary 3.2. Let 9)¢ € H5 , then
® if’71772 EXﬂY,
[Wai—nee¥elzz < Cwlm = el xay[¥el (3.6)
o ifn,2eminY,
IWss ¥z < Chrln — vl s | Deltel 2 (3.7)
o ify1,72€011N 014,
HW’H—’Yme&HLg < C{//VH'Yl - 72H01,1N71,4 ”¢§HL§ (3-8)
4 Retraction for the periodic Dirac-Fock model
In this section, we repeat the ideas of Séré [53], and construct the set F;’q.
Recall that ¢* = max{q, 1}.
Lemma 4.1. Let v e I',. For almost every £ € Qf, then
L Vel < Ceellxay, with Cpp = Cy + Cw;
2. forue Hgl,
Vs ctel 2 < Cloglllonsev | Delul 2 (4.1)

3. if q>1,

IIDYEIDel ™2y < (1 + alChr(z + 0) + Ciya ™)V

4. if a(Cl(z +q) + ClyqT) <1, then
D210 212y < (1= a(Cly(z + ) + Gl )™
5. if o(Cy(z 4+ q) — Ciyq™) < 1, then D¢ is a self-adjoint operator.
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Proof. For the first inequality, it is just the combination of Corollary inequality (3.4])
and Lemma inequality (2.18). And

Cgg = C}{ + Cw.
For the second, we use the Lemma [2.9 and Lemma [2.11] with a small modification:

|G # pyuelrz < ol Gruel 2 < CalVlon [ Delugl -

Now,
IVyeuelrz < (Collors + Civ[vloniny) - (4.2)
Thus,
IVyetelrz < Cpplvloniny [1Delul 2.
where

Crp = Ca + Cyy.
And the next two estimates are based on the following inequality:
[Dye — De| < az|Gi| + alpy * Gi| + o[ W, ¢.

As |yly <1and |v]o,, <g, thus |[¥]s ,~y < ¢". By Lemmaand inequality (4.2,
we yield
1Dy — De| < a(Cly(2 + q) + Cyq )| Dg - (4.3)
Thus, for the third inequality,
Dol < [Dyg — De| + |Del < (1+ a(Ch(z +q) + Ciya ™)) Dels
and the fourth inequality,
|De| < [Dyg¢ — De| + | Dy g| < a(Cli(z + q) — Ciyrq )| De| + [ Dyl
namely
|[Del < (1= a(Ch(z + q) — Cia™)) ! Dygl.
Finally, the last statement is just application of the Kato-Rellich Theorem. O
Recall that Pofs = 1g+ (Do + azGy)
Lemma 4.2. Assume that k = a(Cl(z + q) + Clyq™) < 1. Let a > $Cprp(l — k)%
Then for r > 0 small enough, the map
Q:v— (P - F)
is defined by
Qe(y) = (Py—tg - Pofg)%
and 5
(@
dg.
B Joe Qe(v)d§

This map is well-defined and of class CYt on D := I'¢; + Bxn~y (1), open subset of

Qly) = (Py —F )y =

X nY, with values in the Banach space Y. We have the estimates
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« VyeD, he X nY: || Do]*DQ(7)h|Dol"?|ly < alhlxny:
« V7,7 € D, |IDo"*[DQ(7)h — DQ()A]| Doy < Ky — ¥ Ixay Bl xey

Proof. For every v € D, we know that v = 71 + 72 with 71 € ', and 72 € Bx~y (1),
thus

H'YHUM < H71H01,1 + H'72HXﬁY <qg+r

Obviously, as k < 1, there is a R > 0 small enough, such that &(r) := a(Cy(z +q+
r)+ Ciy (¢t +r)) <1 for every r € [0, R).

By Lemma D, ¢ is a self-adjoint operator for all oy € D, then by Taylor’s Formula
[32, Chapter VI.5, Lemma 5.6] or [23] we have

1 1 +00 o
—00
and
a [+© N o
Qe(v) = 9 (Dye —i2)" Vye(Dog —iz) dz.

—0o0

Hence,
a [+© o .
DQe(v)h=—5_ | (Dyg—12)" Vag(Dyg —12)" dz.
—00

Now, by the Lemma [4.1]

[1De[ Qe ()R Del 2 312,

a [T% 1/2 | - \—1 1/2
<5 LD HIDg\ (Dryg = 12)" Vie(Drg —12) 7 | De| )B(Lg) dz
+00 2 (45)
o 1/2 —1/22 1/2 -1
<o Vaellsz1Del 2D m@[mHWmIU%§Zd‘M@
<o W) iy [ |10yl i1

For any u¢ € Lg(Ql), we have that

+00
f (e, (1Dl + 1212 721D (1D 2 + [212) 720

[l

(0% ~ _
[1Do]2Q()AI Dol 2y = [ Del 2 Qe (V)| Del 2 e m12)) < 5 Cpp(1 = &) hlxay

™
dz = —|lue|?
v 8= = iy

which means that

dz = 7.

2
121D, —1”
[Dye — 12] B(L2)

Now, we yield

And for every a > 2Cgg(1 — k)™!, obviously there is a 0 < ry < R, such that
2
« ~ _
a= §CEE(1 — R(ro)) L.
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Now, we have finished the first estimate.

For the second, we have that

DQe¢(v)h — DQe(v')

o [+ o o o
=— g5 (D —i2)" Vyone(Dyr g —i2)" Vie(Dye —i2)" dz
—00
2 oo
«a . N—1 . N—1 . N—1
o | (Dyg—12)7 Vie(Dyg —i2)" Vyye(Dyrg —iz) ™ dz
—00

Now, we only need to calculate the first term in the right hand of the above equality.
For the other term, the estimate is same.
Given

062

+00
5 f |DelV2(Dyg = i2) "V e(Dyrg = i2) " 'WVig(Dag — i2) ! Del V2 d

0

B(L?)
2
(6%
<o IVhelswz [Vy—el

)| | De[/?| Dy |12 Hfs(Lg) [ Dyl ™ Is2)

e 1/2 112
. j 42| Dy e[ V2(Dy e — i2) Y2
—00
042 2 ~ -2 /
<7CEE(1 —R() " xav]y =7 | xAy-

Now we have
[1D0] /*[DQ(7) = DQ(Y)IAIDo| |y < a?Crp(1 = &(r) Al xav |y =¥ xrv
Letting K = o?C% (1 — %(r)) ™2, we get the conclusion. O
As a consequence of these estimates, we have the following inequality:

Proposition 4.3. Assume that k = a(Cly(z + q) + Clyq") <1 and Cgg = Cy + Cw.

Let
aCEE(l + K)I/Q

(1 — k)3/2
Then for r > 0 small enough, the map T : v — Pj’ij is well-defined of class CH!
on D =T, + Bx~y(r) with values in X nY, and for any v € T~1(D):

A >

1/2 1/2
IT2(7) = T xy < AT ITOINEy = Ty (4.6)
Moreover, for any R > 0:
IDT()llsx~yy and |T(v) — vl x~y are bounded on D N Bx~y (R + 7). (4.7)

LR > 0,¥7,7 € D n Bxy(R+71), |DT(y) = DT(Y)|sxny) < Ll —vxqy
(4.8)

Remark 4.4. Notice that

T(v) = PTyP+ = & D pt+ . P+ de = e DT (ve)d
(v) = v Yy = (27)3 Jox SRS §= (2m)3 Jox e(re)dg
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Proof. Since Q(v) is O, then T'(v) is C11L.

Now we prove (4.6)).
T°(y) = T(v) = (P, — BT Py + PYT()(Pf,, — PY)
Then

IT2(v) = TN x~y < [(Piy) = BT P lxay + [T (P = P )lxay

and
[P T() (P = PD)x < Dol (P = POIDo[ 2y [T (1) Py | Dol o1
1Y T (Frey = Pl < H|Do|1/2<P+ = PO IV IT) Py -

For the term T(’y)P;f(V)|D0|1/2, by Lemma we have that

ITe(3) Py el Del Y2y <UDy 2 IDel 202 1 Te () Pyl Doy el oy
(1= ©) 2T ()| Dry el 2Py

N

el

N

(1 ﬁ) 1/2HT§( )|DT(7),£| 12 Hal(ﬁ)
(1= 1) 7721 + K) 2| T ()| Del 2 oy 6)
(1= m) 20+ 1) 2T e 1T e

N

VAN

Thus

01,1

() Py [ D02l < (1= 0)Y2(1 4+ ) 2T [L2 | T ()52
And as v,T() € D, thus v+ t(T(y) —vy) e D for 0 <t < 1,
Do (P) = PO = | Do 2DQelry + 1T () — )(T() — ) Dol
we deduce that
|HD0‘1/2(P1J5(7)
by Lemma [£.2] we yield

— PO Doy < IDo2DQ(MI Dol 2y |y = T(Mlxay,  (4.10)

IT2(9) = T xmy < 2001 = 8) 721+ )T Ay Ty Iy = T | x Ay

For statement (4.7)), by Lemma for any R > 0, and for any v € DnBx~y(R+71),
obviously
IT(v) = vxry <2|7[xny <2(R+7).

As
DT (y)h = (DPWh)’yP,Y + P,W(DP,Yh) + P,hP,,

then by Lemma and inequality (4.9)), we yield for r small enough,

IDTGRlxny < (1= )7+ &) + AT 1y ITe ) Iy ) Tlxny
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Thus, |DT'(v)h|gx~y) is bounded.
Finally, for the term DT (v") — DT (), we have

DT¢(y")h — DTe(v)h
=(DPych)vePy g + Pyeve(DPych) + Py che Py e
— (DPy ¢h)v¢ Py g — Py e7e(DPy ¢h) — Py ¢he Py g

By Lemma the inequality (4.9 and the inequality (4.10)), we notice that there is a
constant C% .1, such that for r small enough

[(DP, eh)ve Py g — (DPy ¢h)ve Py el x(e)

<I[(DP, ¢h) = (DPy eh) e Pyl xce) + | (D Py £h) (v — %) P gl x e
+ [(DPy ¢h)Ve(Py g — Py e)llx )

<(L=R(r) 721+ 80 lvel G e o | Del 2 LD Py ch) = (D Py eh)] 1 Del 2512y
(1= &) (L4 5(r) VI Del (D Pyeh) | (22| Del (v = ¥ Del o e

+ H\Dé\l/Q(DPv',sh)!del\s(Lg)H’Yél\m(s) || D2 (P ¢ — Pw',s)!Ddl/QHs(Lg)

1/2 1/2
<Ciira1 (1+ el 25 el ey + Melonio)) 17 = 7y [l xer

and

[(DPyeh)vePye = (DPy ch)e Py ellsrz)
<IUDPy gh) = (DPy ch) e Py ellsz) + I(D Py gh) (e — 7e) Pygl
+ [(DPy gh)ve(Py g — Pv’,ﬁ)HB(Lg)

<Ihelsez)lI Del* (D Py ¢h) — (DP’Y',ﬁh)|D§|1/2HB(L§)

B(L?)

+ 1 D¢ 2D Py eh| Del (12 | (v — 7¢) Pl

B(12)
+ H|D£\1/2DPw’,fh\D£\1/2HB(Lg)H’YEHB(L@\HDHI/Z(P%& - Pw',s)\Ddl/zHB(Lg)
<Ci vy =V x~v |l xay-

Then,
[(DP,h)yP, — (DPyh)Y Py |y

L2050 (14 Ylxay) v = x~y |2l xAy-

Analogously, we have
| Pyy(DPyh) — Py (DPyh)|x ny
<2Ck,1 (L + |velxay) v = v lxav Bl x Ay

And by inequality (4.10), there is a constant C% o

Hpvhpv - P’y’hpfy’ HXmY < CE,T,ZHhHXmYH’Y - ’Y/HXmY-
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Therefore,

IDT(Y)h = DT(y)hlxry < Crp (L4 207xay) |y =¥ Ixayhlxay

with Cg’r = QCgml + Cng.
For v € D n Bx~y (R + 1), we know

IDT(7") = DT(Y)|g(x~y) < Crp(1+ 2R +27) |y =[xy
Herein, Lg = Cy (1 + 2R + 2r). O
We now define a closed set invariant for 7" and an open neighborhood U of F.

Proposition 4.5. Let k and A as in Proposition[{.3, and assume k <1. Let 1 < R <

1
AT(ﬁ' cmd

IT(7) = 7lx~y
F .= e I'cy; AY + <R;.

LetU := F + Bxn~y(r), r small enough.
Then U and F satisfy the assumption of Séré’s retraction [53] with k := A+/qR.

Remark 4.6. Here we impose the condition R > 1. By Formula ([5.3)), the solution of
our problem 7, satisfies ||y«|ly = 1if 1 < ¢. Thus if R = 1, then |T(y) — 7| x~y <0
which means F' ¢ qu; and if R < 1, F = (J. However F' should be sufficiently large,

hence we choose R > 1.

Proof. We only need to prove

k= AT Y2 T2, < 1.

0‘1,1f\Y

We have

IT(Mxay < Vlxay < R
Thus, under the assumption,

k< AV TR < 1.

O]

Theorem 4.7. Let k and A as in Proposition u and assume 1 < R < ﬁ, and
k < 1. Then there exists an open neighborhood V of F in X n'Y with T(V) < V and
such that the sequence of iterated maps (IP),=0 converges for the topology of cttv, V),
with the estimate

kP
vy eV, 160v) = T"Mlxay < T—2IT0) = vlxay-

In this way, we obtain a retraction 6 of V onto Fix(T') u V whose restriction to F
is a retraction of F onto Fix(T) n F. This map and its differential are bounded and

uniformly continuous on V.
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Moreover, for any v € 0(F), by Flogquet-Bloch decomposition, we have

3 J@
= d

with ve € O¢(F) and O¢(y) = ~e. Then, for any h € X Y with the operator S¢ = DO¢(y)h

satisfies

+ + _ pt + - - _
Pv,ﬁsfpmﬁ - P%Ehfpmf and P%655P%£ =0

In other words, the splitting Lg = P;fng@Pw_éLg gives a block decomposition of

DO¢(v)h of the form
P+ P+ *
b%é(h) 0

Proof. Tt is just application of Séré’s retraction [A.I] And we only need to prove the

equation (4.11]).
As P;fg = (P;fg)Q, we have

DP/.h = P} (DP}.h) + (DP; h)P}

Thus,
P; (DP. fh) = =0,
and

+ + + _opt + +
PY(DPS )P}, = 2P (DP, h)P?,,

which means that
PJ¢(DPIh) P = 0.

Now, for DT¢(y)h, we have
DT¢(7)h = (DPJh)ve P + P che Pl + Pl ve(DPJch).
As y € O(F), it is clear that

vy=T() =0(7), 7 =Te(v) = O (7).

Hence,
Db¢(v)h =DT¢(v)h
(DP+§h>’Y£ h£ ve T P;{Y&( P;fgh)
_ + + + + +
—(DP%&h)P 575P’7 et P hg et P7,§7£P%5(DP7,§h)
Now,
Dﬁg(v) hg
P Dag(y)h e = (DP;fgh)PJrg*ngf{
PJr DHg(v)hP . SfngJfg(DP,mh)P,;g
DHE(')/)hP = =0.
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The question we address now is whether a minimizing sequence for £P¥(y) —

er Trr2(7) in qu lies in the set F'. For this purpose we need the following result.

Lemma 4.8. Assume that k = a(Cy(z + q) + Cyyq) < 1. There is a minimizing
sequence yn € qu of minveFJr (5DF(’Y) — erTry2(7)), such that
<q

EDF(’}/H) — €r TI‘L2 (’yn) <0.
And moreover, if K <1 —1/2aCggq™, then we have

|l xny < max{(1 -k —1/2aCgrq") epq, 1}. (4.12)

Proof. Note that the operator 0 belongs to I‘J\Qq and satisfies that £PF(0) —ep Tr;2(0) =
0. It is also belongs to the interior of F'in I',,.
Thus, minwerzq(é’DF(fy) — €erpTrz2(y)) < 0. And there is a minimizing sequence,
such that
EDF(’}/n) — € TI‘LQ (’yn) <0.

Especially, if min__p+ (EPF(y) — ep Try2(y)) = 0, then v, = 0 could be the sequence.
<q
As
l3

e le* Trp2 (D — €7 — 1/20V5, ) me)ds = E77 () — ep Trpa () <0

and D, ¢Yne = |Dy, ¢|ne, we get

l3
@07 Jor Trp2((Dy, e — €r = 1/20V5, €)Tne)dE
l3
= Ly TPl e 172005 i
l3

V

f Trya (1~ 1) Del — e — 1/20V5, ) )

\\/

(2m
(1- )H%”X —1/2aCEE|nlor1ny vl x — erllvnlor .
>(1—r—1/2aCrrq ) |mlx — €rg

Thus,
(1-k—1/2aCEEq")|mlx — erq < 0.

As1—k—1/2aCgrqt >0,
Ivmllx < (1 =k —1/2aCgrq™)~ Lerg.

Thus,
[Vnllx Ay < max{(l — Kk — 1/2aCEEq+)_16Fq, 1}.
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Corollary 4.9. Assume that k < 1 — 1/2aCgppq*, and let A as above. And assume
that

Avy/max{(1 — k — 1/2aCgpq*)Lepq,1}q+ < 1.

Then there are A, R as in Proposition and p > 0 such that, if v € qu satisfies
EPE(y) —ep Trr2(y) <0, then Bxny (7, p) N <y is a subset of F.

Proposition 4.10. Assume that k < 1. Let~y,vy" € I'<y such that 0 < ¢ < Tjg 1 —w)—1e#(g+1)] (Dr.e)-
Then,
17l xny < max{(1 —r)"2qc*(q + 1), 1}.

Proof. By Lemma we have

/
B Jop TP

1
l3

- (27)3 sz* d§ TrLg(‘D%E
l3
(2m)3
=1 - &) [¥]x,

V)

>0~ g |, 4Tz 1D6)
l

And since 7' € 'y,
lgf d€ Tr 2 (D ee) < (1—H)_10*(q+1)l3J d€ Trpz v < q(1—k) '™ (g+1).
(27r)3 Q¥ AR (2%)3 Q¥ e '€

Now we have
I lx < (1—rK)2qc* (g +1).

And by |v]y <1, we have

1V x~y < max{(1— &) 2qc*(q +1),1}.

5 Existence of minimizers

5.1 Spectral properties of periodic Dirac operators

Our result is based on the observation of the spectral properties of Dirac operators,

which will be used several times:

Lemma 5.1. Assume that k = a(Cy(z + q) + Ciyy¢7) < 1, and v € T<y. Then there
are constants c*(k), c«(k) > 0 independent of £, with 1 < c4(k) < ¢*(k) and cy(k) — o0
when k — oo such that the k-th eigenvalue (counted with multiplicity) of the mean-field
operator D. ¢ is situated in the interval [c«(k)(1 — k), c*(k)(1 — k) ~'] independent of ~.
Moreover, there is a constant e > c¢*(q+2)(1 —k)~! and another constant M > 0, such

that there are at most ¢ + M eigenvalues in [0, e].
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Proof. Letting

1 D
AF = 1ps (D) = = + —
and
1 D¢

By the formula in |12, Equation (64)], we know the positive eigenvalues () of D, ¢:

D, cue,u
A= inf sup (Drguie;ug) (5.1)

V subspace ongrH;/2 uge(V ®A§_H§1/2)\{O} HUSHLg

dim V=k

For the lower bound, we have
D

wE (Dygt, ue)

V subspace ong'Hg/2 ugeV\{0} H’LLg HLg

dimV=k

By inequality (4.3]), we know

(Dy,eue,ug) = (1 — k) (| Deue, ug) .

Thus,
D D

(1—k) g > inf { 5!“52, ug) o g (I 5\“52, ug)

V subspace ong' H;/Q ugeV\{0} Hu§ HL2 V subspace ongl/2 ugeV\{0} ”u§ HLQ

dim V=k ¢ dim V=k ¢
Denote c. (k) by
D
cx(k) := inf inf su M = inf inf sup /1 + |5/ — &|2.
5€Ql* V subspace ongl/2 ugeV\{0} ”u§ HL% EEQZ* Ly, SélepZaCe I(;fZS JELg
imZy=

dim V=k

Now, we know
A = (1 — K)eq (k).

And obviously,
c«(k) > o0 when £k — o0.

For the upper bound, by Formula (5.1]), we yield

. D, cue,u
A < sup inf sup (sz’f)
£€QF Vsubspace of A*H;/2 uge(VC-BAgH{l/z)\{O} HU£HL§
dimV =k

Taking ug € (V @ A~ H;'*)\{0}, then let
+ A+t — _A- — /2
ung ue €V, u§=A ue € A H,'™.

Thus, we know
(Dgug,ug) =0.
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Together with inequality , we have
(D gue, ug)
= (Dmgug,ug) + 2R <D%5ug,ug) + (D,Y,guf_,%_)
<IIDe[V2uf 12 — 1Del2ug |2 + 11Ds.e — Del2ud 2
+1Dy.¢ = Delug 22 + 211Dy = Del"2uf 211056 = Del"ug |2
<(1+ W)l Dg|"2ud 125 + 261 [Def 2 |22 — (1 = w1 Dl 2 |2,

<(1— 1) IDel 20 13,

Let
|1 el 17
c*(k) := sup inf Sup ————5——
£eQF V subspace of AJrHsl/2 uzev Hug HLE
dim V=k

As g |2 < Jugl 2, we know

And obviously, ¢, (k) < ¢*(k). O

5.2 Proof of Theorem [2.13

Now, we embark on the study of the existence. The following assumptions are necessary:

Assumption 5.2. Let ¢* = max{q, 1}, k := o((Cy(z + ¢) + Ciyq7)), Cpr := Cy + Cw
and A > 1/4a(1 — k)72(1 + k)Cpp. We assume that

1. Kk <1-1/2aCpgq",

2. K :i=a(Cq(z+q) + Cigt) <1,

3. Ay/max{(1 — x — 1/2aCggq™) terq, 1}gT < 1.
We have

Theorem 5.3. Under Assumption for some constant c¢*(q) > 0 only dependent on
q, if e > (1 — k) "c*(q + 1) there exists v € I’;rq such that

EPF(vy) — ep Trr2(7s) = I< := min (5DF(’Y) —epTrr2(v)) . (5.2)

'yerq

Besides, v, solves the following nonlinear self-consistent equation:
Y= ]]-[O,V)(D’Y) +0

3 e (5.3)

where 0 < 6 < 1y(Dy) and 0 < v < (1 — k)" ¢*(q + 1) independent of ep.
Furthermore, % SQ* dé TrLg Ve& = ¢, thus v € R is a Lagrange multiplier due to
l

the charge constraint % SQf d€ TrLg Vg = q.
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We will prove this theorem in the subsection [5.4}

Proof of Theorem[2.13. By Theorem for ep > (1—k)~Lc*(g+ 1), any minimizer v,
of I¢ satisfies that

Y € F;.
Then

£P7 (32) — ep Tepa(re) = min (677 (3) — ep Tepa ().
V€L 4

As I< < S min s (EPF(y) — ep Trp2(v)), we yield

EPE(ve) — er Trpz(vs) = m%n (EPF () — ep Trp2(y))
~e

namely,

EPF(~,) = min EPF(y) = I.
'yeI‘+

And for any ¢ satisfies the Assumption we have a e > (1 — x)71c*(¢ + 1), thus
that

A\/max{(l — Kk —1/2aCgpq*)tepq,1}¢t < 1.

Now the minimizers of I< are the minimizers of 1. We get the conclusion. O

5.3 Existence of minimizers for the linearized problem
The following lemma will be used in the next sections:

Lemma 5.4. Let ge 'y, B :={yv e X nY;|V|o,, < q+ M}. Then the minimum

problem

inf f ,Trr2((Dgg — er)re)ds,

admits a minimizer. Fvery minimizer v, has the structure v, = % SéB* Lo, (Dg,¢)dé+
l

0, with some 0 < § < % Sg?,k Ly (Dye)d§ for some v e (0, er] independent of § € QF .
Furthermore, for every er, we have that v < (1 — k)" 'c*(¢ + 1), and v+ € B.

If ep < v, every v« € I'<y with the structure v, = %Sg* Lio,e)(Dge)dé + 6 and

l
0<6< (;—35 Sg* Ly (Dy.e)d€ is a minimizer. And if ep > (1 — k)~ 'c*(q + 1), the set
of solutions v, is independent of ef, and CE SQ* d€ TrLz Vg = q.

Proof. For any & € Qf we can choose {wk(f ,-)}r a basis of eigenfunctions of Dy ¢, such
that

Dyge = > (&) [vr(©)) (n(&)] -

=1
We know from Lemma that each positive (&) is bounded independent of . Let

us introduce like in |20, 5] the function

C:s < A(§) < s}l

1<k:
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This function C(s) is nondecreasing on R, and by Lemma C(0) = 0,C(w0) = .

Thus we deduce that there exists a 11 € [0,0) and a periodic operator J¢ such that

lim C(s) < ¢ < lim_ C(s). (5.4)
S—>V1 S—)lll

We will prove that every minimizer v, € I'¢, has the structure

3 @
P = f Lo (Dy)d€ + 6

with some 0 < § < (25:’)3 Sg* 1y (Dge)dé and v := min{vy,ep}. However, we prove

firstly v < (1 — k)" tc*(g + 1), and as a result v, € B.
Now, we prove that (1 — x)cy(q — 1) < v1 < (1 — k)" e*(g + 1). If not, we assume
that v; > (1 — k)"!c*(¢ + 1) first. Then by Lemma

lim C(s) > C((1 — k)" Le*(g+1)) = q+1,

SHUI

contradicts with formula (5.4]). Similarly, for 11 < (1 — k)c«(q — 1), we have that

£m+ C(s) <C((1—r)c*(¢g—1)) <qg—-1

Thus, v < (1 — k)" te*(g+1). And if ep > (1 — k)" 1c*(g + 1), then the minimizer is
independent of ep.
We have that

0 < g < Ljo,1-m)-1ex(g+1)] (Dyg.g)-

And by Lemma since (1 — k)~!c*(q + 1) < e, we know that
H’Y*HULW < q + M.

Thus, v« € B.

Now, we return back to say that the minimizer in I'¢, has the structure v, =
% Sgal* Ljo,)(Dg)d€ 4 6. The proof is similar to [5].

We consider v = 11 < e firstly. Notice that

f@* Trpz((Dgg — €r)yag) = JQ* Trp2((Dge = v)1[o.0) (D)) + (v —€r) JQ* Trps Y gd€.
1 1 1

which means if v, is the minimizer, then

13
) L?* Trpe yxed€ = g

!
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For any v € I',, we write

J Tr 2 (Do — €7) (e — o) )€
Q*

l

~ | T =)0 = e + | Trralo— €)= )
Qf Qf

l

I
«
72

], Trs2(Dos = )06 = v + o — el

JQ* TrLrg) (Ve — Yw,e)dE < 0.

1

\Y

Trp2((Dge —v)( — 7x6))dE
Qf

Since 0 < ¢ < ]ng, we have that (yer(§), ¥x(§)) € [0,1], for almost every £ € Q.

Hence,

Jop T2((Pae = V) =200
fQ %, oy (€)1 € a(6) - 1) 55
U A (€

JQ 2 TrLQ IAk(8) — V| (Ve (€), ¥r(§)))dE
U A (€

Obviously, if v is the minimizer, then v must have the structure v = % SQ@z* Ljo,0)(Dg)dé+
J.

For the case v = ep < 11, we prove firstly that every minimizer -y, satisfies v, =
(27r @ SQ* Ljo,ep)(Dg,e)dé + 6, with some 0 < 6 < (2 @ SQ* Lic,1 (Dge)d. I not, it means
that there is a minimizer yi=y1+ 72+ 6 with 0 < y16 < Tge,)(Dyge), 0 < 72 <
Lep,o0)(Dg,e). And there is a nonempty set U < Qf, such that if vo = 0 then for { € U,

Mg < ]l[O,EF)(D% ). Using formula ( again, we get

f , Trr2((Dyg — er) (v = 1x))dE > 0

l

contradicts the fact that ~ is the minimizer.

And for every v € I'¢, with v = % Sgal* L10,e,)(Dyg,¢)d€ + 3, obviously we have that

f T2 (D — er) (7 — Yag))dE = 0.

l

Thus v is equally a minimizer. O

5.4 Proof of Theorem [5.3|

However, because of the complexity of the potential, we can not prove the Theorem
directly. Thus, we confine the existence into the ball Br := {y € X n Y} |y/q, ,, <
R} with R large enough which will be used in Lemma And global existence of

minimizers (Theorem will be a consequence of the following result:
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Theorem 5.5. Under Assumption[5.3, for a constant M large enough and a constant
c*(q) > 0 only dependent on q, if ep > (1 — k) "'c*(g+ 1) and R > Ry := q + M, there

exists a minimizer vy € qu N Br such that

EDF(’y*) —ep Trr2(y4) = I< p:= min (EDF('y) — €f TrLz(’y)) . (5.6)
'yef‘zquR

Besides, v, solves the following nonlinear self-consistent equation:

0 V) ) +4
13 (5.7)
@ dg Dy ¢,
where 0 <6 < Lgy(Dy) and 0 <v < (1—rk)7! *(q + 1) independent of ef.

Furthermore, 7y, € BRO, and W SQI* d€ TrLg V¢ = q. Thus v € R is a Lagrange
3
multiplier due to the charge constraint (;T)g SQ;“ d€ TrLg Vg = q. And

|yelx < (1—K)"%qc (g + 1). (5.8)

The following theorem indeed explains the relationship between I< and I< g, and

this theorem will cover the proof of Theorem

Theorem 5.6. The minimum problem I< r with R > Ry is equivalent to the minimum

problem I< in the following sense:
o Icp=1Ig;
o Any minimizer of I< minimizes I< r, and vice versa.

Proof. We split the proof into two steps:
Step 1. Any minimizer of I< r minimizes I<:

By Theorem [5.5, for any minimizer v, of I< g such that
EPT (1) — ep Trrz(v4) := I< g,

we have that

I< r < I< R,

)

As v, € qu N Bpg,, we yield
I<ry < EPF(vs) — ep Trpa(ve) = I< -

Thus for any R > Ry,
I<r = I< R,

As Up=R, (F;rq N BR) = qu, we know that

I< = hm I< = I< .
x R*)OO \,R \7RO
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Obviously this v, minimizes I<.
Step 2. Any minimizer of /< minimizes I< p:

Now for Theorem [5.6} it remains to prove that any minimizer v, of I< is in Bp,.

We have the following linearized problem for the minimizer:
Lemma 5.7. Under the Assumption and assume that v, € qu is a minimaizer of
problem then

f Trr2((Dyye — €7) Vs edé = inf f Trr2((Dy,e — €r)ve)dE (5.9)
Ql* 1 'yel“gq, sz 1

v=P;

Proof. Let F(v) = (EPF — ep Try2) (7).
By Lemma there exists an operator ;, € I'<y, 7' = P, 7 such that
Jop Tr2(Prs = crnbiie = gt | Trip((Drec = e
y=P; v
Now, from Proposition and Lemma we have a bound on || x~y. So there is
o > 0 such that for any s € [0,0], (1 = )7« + 57" € '<y " Bxy (7, p) © F. Then from
Theorem w(s) == 0[(1 — s)y« + 57,,] € T, for s € [0,0], we have

0< F(w(s)) = F(yx) = sDF(v:) (7' — %) + o(s),
and

3
DFO ~30) = G POt = (s | Trrz(Dass = er)(3 =70

since by formula
d / + / + / * /
Z5e(8)ls=0 = DOe(r2) (7' =) = Pl (Ve = 1.6) P + s e (V = 76) " by e (7 =)
with

P&:“g('Y/ - ')’*)P,;:(,g =9 =Y,
and

Trpz (Do — €r)bye(Y — 1)) = Trpz (D — €r )by, e(7 —7%)) = 0.
Thus, we know that

’YEFglh

0<DF(1) = inf fQ*TrLg(<Dv*,g—eF>fyg>ds— jQ*TrLg«Dw,g—eF)v*,s)dg<o.
y=Piy :

Now, we know that

f Trp2((Dyyg = €r)yg)d€ = inf f Trp2((Day ¢ — €7)ve)dS.
sz ’}/Eng, Q* £

v=Pj v
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We only need to prove that any minimizer of (5.2]) minimizes the problem (5.6|). By
Lemma and Lemma ([5.4), we know that if 7, minimizes I<, then 7, € Br,. Thus,

IS,R() = Ig.

Now we know that 7, minimizes the problem ([5.6)). This ends the proof. O

5.5 proof of Theorem [5.5

It remains to prove Theorem [5.5
Proof of Theorem[5.5. We split the proof into 6 steps.
Step 1. Regularity of the eigenfunctions.
We will need some regularities in H, g(Ql) for Lemma for almost every ¢ € Qf

to pass to the limit in the kinetic term:

Lemma 5.8. Assume that ' = o(Cq(z+q)+Ciyq7) <1, and vy € T<q. Then under the
Assumption for every £ € Qf and for every eigenfunction ue(x) of the the operator
D., ¢ with the corresponding eigenvalue 0 < A(§) < e , we have that uj¢ € Hél(Ql), with

the following estimates independent of &

|| De |uel oo EL2Q) S (1—r)"e.

Proof. By Lemma [2.9] and Lemma we have that
HD%U&HLE = (1-Cg(z+q) — C{/Vq+)HD£U£HL°°(QZ*;L§(QZ)) =(1- H')HDstLg.

As g is the eigenfunction corresponding to eigenvalue 0 < A(&) < e, we have that

HD%EuﬁnL"C(Q?‘;Lg(Ql)) = H)‘(E)UEHL? < EHUEHLE =ée.

Thus,
| Deuell o (o200 < (1 —#)""e

Step 2. The corresponding linearized problem.

Lemma 5.9. Under the Assumption and assume that vy, € qumBR 18 4 minimizing
sequence of [5.6 Then

J Trr2((Ds,e — €7)Vne)dE — inf J Trr2((Dy,c — €r)ve)d§ — 0 (5.10)
Ql* 3 wel“gq, Q;k 3

y=P v
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Proof. Otherwise, there would be a ¢y such that, after extraction,

l3

l3
@2 JQz* TrLg((Dvm& — €r)Yng)dE =

761?2 (2m)2 le* TrLg((Dvn,ﬁ — er)e)d€ + €o,

y=P; ~

By Lemma there exists an operator 7;, € I'<, such that v;, € I'<, N Br, minimizes
the following problem

;3 13
@ Jor 12((Dr 6 = €7)Tng)dE S Ot o 12((Day6 = €p)e)dé
V=P

Now, from Proposition and Lemma we have a bound on [v,[xny and
Y5, € Br. So there is o > 0 such that for any n large enough and any s € [0,0],(1 —
8)m+57, € P<q (V1 Bx Oy (m: p) (1 Br © F() Br. Then from Theoremm the function
fni:s€[0,0] = (Epr —er Trr2)(O[(1 — 8)yn + s7v4]) is of class C! and the sequence of
derivatives (f}) is equicontinuous on [0,§]. By Formula (4.11)),
1(0) = P T D . <
f(0) _W le* rLg (( Yns§ T fF)(Vn,g - %,5)) s —€o-

So there is 0 < s9 < o independent of n, such that Vs € [0, so], f'(s) < —§. Hence,

(EPF = e Trp2)(01(1 = 50)9m + s074]) <f(0) = 5

€nS
=(EPF — epTrp2)(vn) — %

But 0[(1 — )7, + sv,] € T'L, (N Br and (EPF — €p Trp2)(vn) — min_ p+ mBR(EDF -
<q
er Trr2)(7y). This is a contradiction. And we get the conclusion. O

Step 3. The decomposition of minimizing sequence.

Lemma 5.10. Under the Assumption and the statement of Lemma there
1S @ minimizing sequence y, € F;rq N Br of @ Then, for each n define p, :=
% SéBl* Pned€ with pre = 1o (Da, ¢) with e defined in Lemma . Then if ep >
(1—r)"te*(g+1):

l3
@) fQ* Trpz meds —q and | = ppyapnlx — 0.
l

Proof. By Lemma for some v, € [0, (1—k)~1c*(g+1)], then (2173)3 Sgal* d€1[0,,) (D, ¢)dE+
0 with 0 <6 < % SéBl* 1,,(D,, ¢)d¢ is the minimizer of the problem

, 13 13
W;{{q, (21)? JQ;" Trp2((Dy, g —€r)ve)dE = @ Lﬁ € Trp2(Dry, 10, (D)) + (v —€r)g-
=P,y
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n

We denote m, := (Qﬂ [COE SCC—QB* df]l e, (D%,g) ), = %Sg_)l* dfl(un,e](Dwn,E)» and

7

T,

= Zﬂ)g SQ* d€1[0,,)(D~, ¢). Then we may write

13 ) l3
@ Jgp T2 (Pras =0 = Gy | (D — e
=P~
l3
RCGE fQ* A€ Trz((Dy g = V) Tn.gnene) + f A€ Ty (D 6 = V) T e )
!

£((Dwn,s — ) (T eMneTn e = Lj00,](Dr,ie)))

3
+ (€r — vn) (q - (2;)3 JQ* € Trpz (%,g)) -

But the four terms in the right hand of the above equation are non—negative

So Lemma implies that oK SQ* dg TrLz Yn,e — ¢ and (Qﬂ B SQ* dg TrLz((D =
Vn)ﬂn,s%,éﬂn,é — 0.

But 7Tn7£(D7n’§ — I/n)ﬂ'n,§ = (c*(q + 2) — c*(q + 1))(1 — /ﬁ})ilﬂ'n’g and 7Tn,£(D'yn,£ —

Un)Tne = Tpne(| Dy gl — (1 — k)" 1c*(q + 1))y e, so that, taking a convex combination

of these two estimates:

c*(q+ 2) -
c*(q+2)—c*(g+1)

n7£ (D’Ynyé )ﬂ-n 5 Z Tn g |D'Y’n7€ |7Tn7£

Hence
3

!
I7nYnmn | x R f@* dg Tr 2 (. ¢| De|mn £ Vn.6)
1

13
<(1-r)"! D Trpz — 0.
(1) G [ el Tz 0

It remains to study the limit of w, := m,V,pn as n goes to infinity. Since (7,)% < Vn,

we have

(7Tn7n77n)2 + unu:«; = 7Tn(7n)277n < T YnTn-

Hence
l3

1/2 * 1/2
(o P P D ) 0
Now, take any operator A, such that |Ally < co. By the Cauchy-Schwartz inequality,

l3
B Jo FE A D P 1D )
1

1/2

L®©

1/2

l3
<os | Trr2(1Ds el 2P At Aepn gl Dy, el 2)|

" (J A€ Tr2(| Dy, 6|V un uls ¢
QF ¢
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But by Lemma [5.1} there is a M > 0, such that p,¢ has at most ¢ + M eigenfunc-
tions, which means that p, ¢ has rank at most ¢ + M and Hpn\D%PﬂHY <e'? Asa

consequence,

I T2 (1D5 ¢ 2P A Acpnel D el "l < (a -+ M)el Al

So we have
1D, [ 2 Dy, 2] 0.
01,1

Hence, |u,|x — 0.

Finally, |[vn — prnynpellx < |mnvnmnlx + 2|un]x — 0.
O

Now, we have that |y, —pr¥npnlx — 0. Thus, we only need to study the convergence
of ppynpn. Before it, we give some statements of regularity about p,y,pn-

From now on, let

Iy 2= PrYnDn-

Lemma 5.11. Assume that k' = o(Cq(z + q) + Cyqt) < 1, then
h, € XOQO.
Let hy¢(x,y) be the kernel of hy, ¢, then we have that hy ¢ € L*(QJ; Hgl(QlQ))

Proof. We prove that Hpn,§||X;zO is bounded first of all. Let (upk¢)r=1 be the eigen-
functions for the operator D., ¢ with the corresponding eigenvalues M, (). We know
that

Prg = Y, Onk(€) [tnke) (Un kel

1<k
with 0,1 = 1if 0 < A, (§) < e and if not §,, ;, = 0.
By Lemma [5.1} we know [{k; 6, x(£) = 1}| < ¢+ M. And by Lemma for any
|L°C(H§1) < (1 — Hl>71€. Now,

eigenfunction u, i ¢, we have that |0, (&) un k¢

IPnglx2ie) = D On ()| tin ke |12q§1 < (¢+ M) sup H5n,k(§)un,k,§||§1§1»
k

hence
IPallxz < (g + M)(1—K')"e,

For hy, notice that p, ¢ = pi{ and hy, ¢ = ppchp epn ¢, thus we have

g

|x2 =[|De|hn¢| Delllo o
=[|D¢|pn,ehn,epne| Dellloy o
<[ hngl

2
Y 02,00

|| Depn.el

gHanXgo
<(qg+ M)(1—r)"2e2
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For the kernel,
[1De.clhn.e (2,9 12(02) = | Dellmlosie) < 1hngllxzge) < (g+ M) = )%,

and same for |Dg y|hp ¢(x,y). Thus, hy,¢(x,y) € L*(QF; Hgl(QlQ)), and

[hn.ellcoe sz < 2(a + M)(1 = w') 2.
O
Step 4. The convergent subsequences.
After extraction, by Lemma there is a 74, such that
by 5~ in XZAY. (5.11)

since 01 o is the dual space of L' (Qf; K¢(Q;)) with K¢ the functional space of compact
operators on Lg(Ql), and Y is the dual space of o7 ;.

Now, we prove that there are some strong convergences for hy,.

l3

Lemma 5.12. Defining that S¢(ve)(z,y) = @ SQz* Ye(,y)dE, then we have the fol-

lowing estimates:
1/2 . . . 1
o py.” is uniformly bounded in H*(Qy).

o For0 < s <1, if f(&x,y) € Wo"l(QZ“;H‘SH(Q%)) with t > 3, then Sg(f(§ —
E)hpger)(x,y) is uniformly bounded in W™ (QJ; HE(QZQ))

o Iff(& z,y)€E Wl’l(Q;‘; LOO(QIZ)), then Ser(f(§—& ) hn ¢r) (2, y) is uniformly bounded
in WH*(Qf; LE(QF))-

Consequently, after extraction,

2 .
pi (@) = p2(@) in H'(Qu),
e foranye>0 and a >0,

Se/(f(€ = Ehng)(@,y) — Se(f(€ =& pg)(w,y) in LP(QF HI(QF)).

| Deo| 2| De | 2Ser (f(€ — €N hngr) (2, y)
| Deo| VP Dg | V2Ser (f(€ — E)vagr)(w,y) in LP(QF: LE(Q)).
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Proof. The first estimate has been studies in |7, p. 730]. Combining with Lemma

we just use their estimate:

I3 e
L? IV /P, (2, 7) | da < @) J . TrLz[ Aghy, ¢ldé < (g + M)(1 — )22

The second estimate is based on Lemma [B-1l and Lemma 5.1k

IIVelP£(& = €2 p)hng (@ y)lmg <CINVelfE =&, Ihng

<20(q+ M)(1 = #) 2Vl F(€ = o,

|,

Then
[1Vel?Ser(f(& =€, y)hngr) (@, 9) 1z
l3
B —. y sd€’
< Jop IV TE =00t
2°C

ar =22 B8
< (27)3 (q+ M)(1—r)""e|[ Vel f(é)HLl(Ql*;Hg‘*'t(Q%))
Let 8 = 0, . Hence, we have that

2°C
I5e(f(€ = e) (@ ) lwee iz ) < gmy3

3+ M) (A=) flypan @iz 2

Similarly, for the last estimate

203 -
[Se(f(& =€) hne) (@ y)lwro(@sr2 (@) < 2n) (g + M)(1—+x) 2€2HfHW1’1(Ql*;L2°(Q12))'
For every estimate, we have a weak(-star) convergence subsequence. And by Rel-
lich—-Kondrachov Theorem, we get the strong convergence.
Now, we say that the limits are p#{f and Sg/(f(& — &)vwe)(x,y) respectively. For
the first term, the proof is same with [7, p. 734]. Hence, we only deal with the last two

convergences. Obviously, we also have that
% .
hy = hye In 09.

And we only need prove that Sg/(f (€ — & )hne) = Ser(f(€— & )hag) in LP(QF; LE(Q%))

75
For any operator g € a1 with the kernel g¢(z,y) € L (Q; LE(Q%)), we have that

l3
fQ Se(F(E — &) hn g )gedadyde

(2m)* Jaz Joz

3
lTr) % |2 hn,eSe(f(€ — &) ge)dadyde’
13 o

~(2n)3 J Tz (hn g Se(f(€ — €)ge))de’
13 l

T en)? JQ*T 2 (R Se (f (€ — €')ge) €’
l3

- (2m)3 JQ* Ly Ser(f(§ = &) vuer) geddydE
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since by Young’s convolution inequality

ISe(F(6 = €)9)loas =136(F(€ = €)96) . 1) 022, 2

l3
< (271')3 ”f(éa z, y)HLl(Qf’L?(Q%)) Hgfl (.Z‘, y)”Ll(Qf,Lz/(le))

<Clgllos, -

Step 5. Passing to the limit in the energy and in the constraints.

Lemma 5.13. As n goes to infinity, then
[[Dol ™G # (ps, = P )| Dol ™2y — 0.
Proof. For the first one, notice that
|G (P = i) Iy < IGo# (P = i)y + 1GE* (phy, = pyi) [y
By inequality , we get that
Gt (py, — Pra)ly < Clvm — hallx — 0.

For the other term,

Grx (pr, = pae) = G (02012 = P20+ (037 = p) V2012)

By Holder’s inequality and Lemma [5.12] we have

— 1/2, 1/2 _
1Del~72G1 5 (032 ()2 = P32) 1 Del ™ 2

1/2, 1/2 _ _
< f@ 101 (022 = PY)\dy (Sup ess,eq, ||De| " 2Gi(- — y)| Del mug\hg)
l

_ 1/2 1/2
<Dl = 21GU 213 | pnn |12 07> = P2

J12 gz
1/2, 1/2
<Girllon, |1 1ox.? = o212 el .2
—0.
Finally,

[1D|™2Gr# (pn,, = pya) D2y == 0.
Now, we get the conclusion.
Lemma 5.14. As n goes to infinity, then

[ Do ~2(Wy, .6 = Wiy )| Dol =2y — 0.
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Proof. Similar to Lemma we divided it into two part:

|1 Do| =2 (W, — Wy )| Dol 72y
<|Wa, = W ly + Dol =2 (Wh,, — Wa, )| Dol =2y

By inequality we know that
[Wa, = Whlly < Ciy v = Pl X ro -
A5 70 € By then [hlor . < [nler,, < R Now

Ivn — han;lA < ([vnllore + thHm,oo)SH’Vn — hnllx < SRSH')’n — hn| x.

Thus,
W, 6 = Wh, ey — 0,

independent of § € Q.

For the other term, we split it into three part. For convenience, let f, (&, x,y) =
Ser(f(€ = Ehng)(@,y) and [fu(§,2,y) := Ser(f(§ = &))@, 1)

For the term with all singularity in z, let f(&, z,y) = e%(@=Y¥) " Obviously, f €
WLHQF; H5(Q?)), thus by Lemma [5.12, f, — f« in LOO(Q;";Hgl/Q(Q%)). Then by

integration by parts

'|D§,x|_1/2 fQ* 3 f e TG — y) (hng — va.0) (@, )| Dey| ™16 (y)]dy
1 l

LE(QZ)

— U [|D§,z|_1/2|D§,y|_1/2(Gl(l‘ — ) (fn — f*)(fvway))] e (y)dy
“ LZ(Qu)

< f@ [1Deal 21 Dey | 72C1( = ) (fn = f) (€ 9) | 200 e () dy

<IDeel 2| Dy |7V2Grlw = ) (fn — Fo) lLmziaiy ¥l 2

<l Deal 1 21Dey | 2Gi(x = 9y [(fn = f)lpo 22y Vel n2c0)

<1/2 (|| Deal "' Gilx =)l + [1Deyl ' Gilx = 9)lv) I n = Fll 12002 el 2000
<Cc|fa = FellLoz @y 1¥el 2

—0.

For the second term, let

ei(§+27rm/l) (z—y)

J&wy) = D e

Im|eo<1

For a < 1, f(&,x,y) € WoL(QF; H(Q7)), we know that f, — f« in LOO(Q?‘;LE(Q%)).
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Thus, similarly, we have that

HJQ,(f” = [ ) (& @, y)e(y)dy

Lg(Ql)

<[ 1= 226 - Dszolewldy
l

SUfn = Fellzoqpizm Wel Lz

—0.

And for the last term, taking f (&, z,y) = g1(€, 2—y) € WhH(QF; L?(Q?)), since by equa-

tion (2.16), g1(¢, 2) € W (Qff; LE(Q1)). Thus, |De| ™2 Dey ™2 fn — [Deal 2 Dey |72
in LY(Q}; Lg(QlQ)) Then, by integration by parts

10672 [ (5= (€ mline, oy

2
L&

T2 fo — F)1(Ez,y)e(y)dy

= HJ [|Dg .| ~'/?|De,,
Ql Lz
<H|D£,:r:|71/2|D£,y|71/2(fn - f*)HLOO(Ql*;Lg(QlQ))HwiuLg — 0.

Consequently,
[[Del ™ (Wh,, ¢ = Way )| De| 2]y — 0.

Thus,
|| De|2(Wy, ¢ = Wi, £)|Del =2y — 0.

Now we know that
Corollary 5.15. As n goes to infinity,
[1D0]™2(V4 =5 )1 Dol 72l — 0.
As a result, we have that following lemma
Lemma 5.16. As n goes to infinity,
|Py, = P |y — 0.

Proof. Given

1 +0o0 o o
Pvtk,f - P;:uf - 27rf (Do e — i2) 1an—v*,£(D%,§ —iz) ldz,

—00
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by Corollary [5.15] we have

+ +
HPV*@ - P“/n,ﬁ

B(L?)
1 (** - .
or | N0 =iV eDse = i) s
) o €
1 _ _
<5 1D (V) Doy
+00
X f |(Dsy 6 = i2) 7' Del Y2 12) | D V(D 6 — i) g2y d2
—0o0

1 _ _ _
<1(1—/‘é) Y Dol ~Y2(Vsy, - | Dol "y,

—0.

Now, we begin to study the limit in the constraint and in the energy.

Lemma 5.17. ~, € qu N Bg.

Proof. As
hyp =7, in Xgo nY,
then
[vellor o < inf lim g oy, < R,
and
sl < inf lim [z, < (g + M1 - &) 7262,
as well as

[7v+lly < inf lim ]y <1
Thus, v« € T and v, € X nY n Bp.
Besides, as |vn, — hn/x — 0, and Hp}f - p},{fHLz — 0. We know that
A I3 ~
@) f@;k ez mede = oy f@f Frg Tnedss

Especially, if ep > (1 — )" 1c*(q + 1), % SQz* TrLg Yx,ed€ = ¢ by Lemma |5.10

Now, we only need to prove that P;; Vg = Vg I the sense that for every g €
LNQT; Ke(Qu)),

+ —
oF TrLg [(P'y*,g'Y*,g — Vag)geld§ = 0.

Notice that

+
JQI* TrLg[(PW*é’Y*,g — Yx.£)geldE

+ + n
< JQI* TI“LE [(Pv*{ - P%“g)hn,ggg]dﬁ + fQ;k TrLg [PW*,E(’V*ﬁ _ hn,g)gg]df
+ J Trp2[(fne — ve,6)ge]dE| -
QF ¢
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As gP;, € K(Qi), we know that

+
o Trp2 [P ¢ (v — hng)geld€ — 0,

and
f Trp2[(hng — 7s.6)geld€ — 0.
Q¢

For the first term in the right side, by Lemma [5.16] we have that

< |IPF, = P3 Iy lhnlor, lgly — 0.

+ +
JQ;*‘ Trp2[(P ¢ — P ¢)hnggeldg
Consequently, let n — oo,

=0.

+
le* Tr2[(P ¢ = Vxg)ge]dE

Now, we know that -, € qu.

We only need to check that 7, is the minimizer.
Lemma 5.18. EPF(v,) — ep Trr2(y4) = minverzq(SDF(fy) —ep Trr2(y).

Proof. For the kinetic energy, we have that

| TPl = olde = | TrralDeline—haoldé+ | Trpa[Delhng =m0l
Q* 3 Ql* 13 Q* 3

l l

By Formula [5.17], we know that
o Tr2[De(hne — 7a6)]dE = JQ* Tr 12 [| Del (g — 74.)| Del | De| ™ De| De|~']dg — 0,
l l
since |D¢| ™ D¢|De| ™! € LY (QF; Ke(Q1)). And since |, — hn|x — 0,

f@* Trp2[De(vne — ng)ldE — 0

1

For the attractive potential, it is similar:

| GO e e0) = | Tria (GO Cmetne)ds | Tepa(GO)hnerme))de
Q] Q Q

l l

And

Tryo (G(')(’Yn,g - hn,é))dg < C}{Hf}’n - hnHX — 0.

Qr ¢
As [|Do|'G()IDol oy < CrllDol oy, < 00, we know that [Do|~'G(-)|Do| ™" €
LY (Qf; Ke(Qr)) and

J . TrE2IG O =001 = | Teiyl1D o =0 DD ) 1Dl 0.
l l
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For the repulsive potential, we have that

l

= J‘Q* TrLZ [an_y*,g'yn,f + V n Yk 757*]
l

= JQ* Trpa[|De|~2Vy, -, 6| Del =/ Del " ¢ De[
l

+ | De| T2V, | Del T2 De V2, | De | V2]
<[1Dol™2(Va—: )1 Dol ™2y (|l x + 72 ]x)
0.

We get the conclusion. O

Step 6. The conclustion.

Now, we could say that ~, is the minimizer under the condition v, € I‘J\Qq N Bpg.
Applying Lemma we get

Trp2 (D — €7)7s6)dE = inf Trp2((Dayg — €r)7e)dE.

Q¥ Vel <qy=P7 JQ¥F

Then, by Lemma [5.4] we get v, = %Sg?* L0,0)(Dyy e)d€ + & with some 0 < 0 <
% SgBl* 1,(D,, ¢)d¢ for v € (0,ep] independent of &. If e = (1 — k)~ 'c*(¢ + 1), the
solution v, is independent of er, and % SQ* d¢Tr L2 Vxg = G-

!

Besides, |V« ,, € Br, for any mimimizers in TS, " Brif R> Ry:=q+ M. O

A Séré’s retraction

At the end of this article, we state the Séré’s retraction for reader’s convenience.

Theorem A.1l. Let (X,| - |x) be a Banach space and U an open subset of X. Let

T:U — U a continuous map. We assume:
1. U has a nonempty subset F which is closed in X and such that T(F) < F;
2. 3k e (0,1), Vo e TU), |T2(x) — T(x)|x < k|T(x) —olx.

Then there exists an open neighborhood V of F' in X with Fix(T) <V c U, T(V) <V
and such that for any x € V, the sequence (TP(x))p=0 has a limit 6(x) € V for the norm

|- |lx, with the estimate
kP
VeeV, |0(z) — TP (x)|x < ﬂ||T(gc) — 7||x.
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In this way we obtain a retraction 6 of V onto Fix(T) < V whose restriction to F is a
retraction of F onto F () Fiz(T)

Assume, moreover, that T is of class C*' on U and that:
3. The function x — ||DT(z)|px) and x* — |T(x) — x| x are bounded on U;
4. AL >0, Vo,y eU, |DT(z) — DT(y)lpx) < Lz —ylx.

Then TP converges uniformly to 6 on V and for each x € V, the sequence (D(T?)(x))p=0
has a limit [(x) € B(X) for the norm | - ||g(x), this convergence being uniform in x € V.

As a consequence, 0 is of class C' on' V and DO = 1 is uniformly continuous on V.

B Product inequality in Sobolev space
In this section, we discuss the the following inequality in H E(Q%)

Lemma B.1. Suppose that s > 0 and t > 3. Then there is a continuous multiplication
map
HE(QF) x HG™(QF) — HE,e(Q7)
(ug, ver) = ugve,

and satisfies the estimate

Huﬁvf’HH§+£,(Q?) S CH“&HH;(Q;)HU&’ HH;H(QZZ)
Remark B.2. This kind of inequality is a periodic case of the product inequality for
Sobolev inequality:
luv s ey < Cllu] gsi may[v] sz (mays

with s1,$2 > s and s1 + s > s + d/2. And the proof is similar.

Proof. Obviously, we have

(I+k+K - =&)<+ k=&)L + K =€)
x(1+k+k —p=¢&)A+|p—¢).

Then, applying the above inequality,

|ugve|| s
= D (At |k+E ==& ac(k)ag(k + K — p)oe (k)55 (p)
P

< ) (LK =D foe (K)[(1+ |p = €')* 0% (p)]
k' ,peZb
x Y (L4 k= &)*[ag (k)| (1 + [k + K — p— &)*ag(k + K —p)].
kezb
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For the third line of the above inequality, there is a constant C' > 0 such that

D W+ K =& [oe (K) (L +[p—€1)°105 ()]

k' ,peZ5

< DL @+ =EDTHAH K =) o (K)|(k + K — p)l
K pezs

x(L+lp =)~ A+ p=€D) 05 ()]

2
<C”U5’ HHE/H
if t > 3. And for the last line, by Chauchy-Schwartz’s inequality, we have that

D (Lt Ik =& lagk)|(L+ |k + & —p — &) [aE (k + K — p)]

keZb
1/2 1/2
< ( DI+ k- €|)25|ﬁs(k¢)l2) ( DA+ k+E —p—&)Pag(k + ¥ —p)l2>
keZb keZ.6
= el

Now, we deduce that if t > 3

||U£U§’|\H§+€,(Ql2) < C”“{HH;(Q?)va’Hngrt(Qg)-

C Some singular integrals

In this part, we study the following type of singular integrals, which have been studied
in [46] and [19].
Let F(u)(§) = (€™ Su(z)dr be the Fourier transform, then we have that in the

sense of distribution for 0 < o < d
baF (|- [7)(€) = ba—alé| ", ba =7 T(a)2
o d—a , o = T a/ )a

Hence, if 0 < a < d, the operator |V|%* can be written as

_ ba— —d
[e7 — o _ +a du.
VI ula) = s [l al e utdy

And |V|~|z| 7 is equally a L (R?)-function for 0 < o < 8 < d and

loc

bg_aba—
—a|..—8 _ B—ald—p a—0
91771l = g el

Thus, we know that in the sense of distribution

_ babs—aba— _
J | — y| Iy Pdy = 2T a8,
3 ba—abara—pbs
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Now, we know that in the sense of distribution
£6) = || lo = yPloPde =7~

As f(y) and ‘—;' are continuous and bounded in By4,(0)\B1_(0) with any 0 < r < 1 and
Bs(p) :={x e R®: |z — p| < s}, we know that for y € B1;,.(0)\B1_,(0) with » = 1/2,

g1
= 71'5*.

Thus, f(e) = 72 with |e| = 1.

Similarly, we know that for |e| = 1,
J |z — e|?|z|5dx = 4n?,
R3

and e = iy with I,k € Z*\{0}

f |z — el’k|2|$|2‘5da: = 47T2|€l,k\71‘5-
]RS

D Estimates about the summations

D.1 Inequality

Now, we study the summation

1 1
T= ) e NEIE
12 T Al T
D20k (K[ T[] |1k
k#0
We consider the function )
with
k
e=—.
k|

Now, we have that

1,12
Af = 12[z — el =1

||z —el*
Thus,

7)

1
Af=0 for xeB(Ze,
and let r = |z — 3e|,
12r? — 1 37
Af 2 52> ——.
f |%—r2\4 23

Let Ej, = (23 nB (g Y3l 4 %)) \{0,k} and Fj, = Z3\ (B u {0, k).
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For p € Fy, Af = 0 on B (ﬁ ﬁ) by virtue of the mean value inequality of

sub-harmonic function, we yield that

L (P8
|w”(w><wL@Qqﬁ“'

1 P 6
Z Wfk <|k:|) < — - JUpEFkB<p L) frdzx.

peF

Thus,

Now, we only need to estimate the term of Ey. If p € Ey, then p+[—1, 1[3¢ B (%, %M +3+ @),

thus 5
A (/3 1 3
ml<g (Pt y)

For 0 <r < ﬁ, by Divergence Theorem, we have that

d 1 1 0
L ds | =— < fd
dr (47‘("/“2 LB“;"T) L S) 4mr? LB(ﬁiﬁr) 6nfk §
1
A frd
JB< fedy

" 42 ,T)

[

Thus, we have that

1 5 30
an (2 )f’“dS/Tf"f(W) 21"

[k]”
And by the integration over [0, ﬁ] we get that

6 37
|k’3fk (’k") JB(”,l) fldey + 26 « 5‘k|5’

and

6 37
dy + ————=|Eixl-
Z B 3fk<\k|> LpeEkB(p L) Jrdy + 26><5\k|5’ Lk
1

pEE) [k 2]k
Besides, after calculation, we know that for |k| < 10
D g fe <5.258.
3
T, Uf\

As a consequence, we deduce that for |k| > 11,

2, Mﬁ”QM)

p#0,k;k#0

6 37 V3|k| N
<= dy + —> V3
f Tedy ¥ 5 ST 3 < 6 +2+2>

Y pez3\{0,1}
6
<— J frdz + 0.017
™ R3

<59.235.
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D.2 Inequality

We are going to estimate the summation:

1 1
T 3 g
|k|6 2 2 25
5 Pt i af o
k20 k| (K[| | 1%] (K[ ]Ikl
p?#
l#k,p
Let
1 1
ne N
|k|6 2 2 2.5
i e 8 T #f o
e [kl = TRT| |Tel ~ TRI| [TA]
l#k,p

Now, we have that

L D
P70 el TRT| | TR
and the function
1
Jur(y) 5
ly — e,
with
l
ek = .
k|

Now, we have that
63|y|* — 70erk - y + 15|er k|

4y —eppl* [y|4s
_ 63|y — gewnl® — serlewsl?
4y — el |yte

Afir(y) =

Thus,

280
Afik>0 for yeRAB <elk, VI ’@k\)

Besides, we yield numerically that
Afije = —490]er |75,

Let El,k = (Zg N B(ggh \/@m + )) \{07 k}v and E,k = Zg\(El,k o {07 k})

For p € F} i, we have that Af;; >0 on B (W ﬁ) Thus

_ P 6
k| 3fl,k (!k\) < WJB<1? L) fik-

[k]”2]k]
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And we yield

6 1
T A P e —
2 I Opery B( oty ) 1V — euklPlyl*

PEF K

Now, we only need to estimate the term of Fj. If p € Ejj, then p + [—%, %[36
( [, Y280 4 1 +f) .. Thus,

4m <m 1+\/§>3.

Eel < — [ —]| —
| Bk 3 63||+2 5

For 0 <r < ﬁ, we have that

d 1 1 0
r (w LB@,T) flvk‘“) "2 LB(M) an e

Tk [k
1

= Afied
Tr2 fB(i,r) Jirdy

o 490| k|6
365

r.

Thus, we have that

1
4m aB(L,r)

K]

p> 245[k[%°

ds = r?
figds =1 fl,k<|k’ TS r

And by the integration again over [0, 1], we get that

2[k|
1 p
—fur [ ) <
R <|kr>

6 49|k| 15
ik < ) f Jirdy + ——=|Ey k|-
Z |k|3 K| Oper B( ) 41|65

peE) &) 2 21&]

9|k|15
d
JB(p ) T g

1] 2]k|

SREN

and

Thus, we get that

1 p
—= fLk ()
it T

6 497 |k //280 1 3\’
<= d I+ =+
L \ Jurdy + =555 o3 +5+3
peZ2\{0,1}
6 497 | k|0 (/280 1 \f
<= d I+ =+ ==
491 (/2 V3
<24 -5 .
ekl 3 ( 63 +2 2>

<298.289|e; | 1.
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Now, we yield that
1 1
o a T
m—ml

Ty <298.289 )
1#0;k+0

==

Now, we consider the function
1
o = et

fr(z) =

with e = % Similarly, we know that

2 24
35 |$ — 5 ~ 245
4 |w|35|w el*

Afr(r) =

Now, we know that

V1
Afy =0 for xERS\B<§ 3520>

and
—Afr = —284.
Let By = (23 (%k V120 ;) 4 ))\{0 kY, and Fy, = Z3\(Ej, U {0,k}). And
3
4 /120 1 3
W<$3W+2+V>’

|Ex| < 5

Now, we know that

1 l 6

Zn()<f ful@)da.

3
leF, |k’ ’k‘ ™ UPEFICB(WZJ\’%)
And for the term of Ek, we have analogously that
6

fk( ) J fredz + 7.1)k|7°

e i) = 7 Ja(z ) "

Besides, after direct calculation, we now get that for |k| < 10

> yk:|3f’“ <|k|> < 4.3217.

leEy,
Thus, for |k| < 10, we have that

1 l
> Wfk <‘k|> < 4.3217 + 247

1#0,k;k#0
And for the term |k| > 10, we have that

2w ()

1#0,k;k#0
3
6 4 V120 1 3
<J frdr + 7.1 x 10751 7\/€]+7+£
U 3 35 2 2
pez3\{0,k}
<75.426.

Now, we get conclusion that

< 22498747 + )

p#0 ‘ |45
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E Numerical results about constants

In this section, we will show the numerical results about the constants used in Remark
under the condition ! = 1000, and then we show that the Assumption [2.12 is
satisfied for g < 4 for the neutral systems.

First, we compute numerically the infimum of the potential Gy,

And as )
2 A~ 10.378
5 b

iz &

we know that

Cy ~ 3.199,
thus
Cy = Cu +2Cy/l ~ 3.201.
Similarly,
Z P ~ 16.512,
k#0
and )
Z ~ 12.403
4.5 )
izo Kl
and
> L s5uss
4 1P — Kt pk?
k,p#0
Thus,
Cq ~ 7.688.

For the potential W,
Hgl HLoo x 01887'(',

and for the constant Cj, we have that

47
C; = su J d
p=swp ), oF == 2em)iP

§'eq meZ3,|m|p<1

4
N
'eQ¥F Z QF+2mm/l ’g 51‘2

§'€Q) mez3 |m|o<1

As Qf = [T, %[3, we have that if mi, ms € Z3 and mq # mao,
(Qf + 2mmy/l) N (Qf + 2mma/l) =

and let Q = [—3,3[3, then we have that

A 47? 1
cl—supf o ande = T | pdS ~ 1818,
e Jaqr 1§ — ¢ o l¢l
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Thus, we get
1
Cw = Cp + lgille + Cr = Cpy + 7lg1llo + Gy ~ 5.019,

and )
C{/V =Cae+ |alre + Cr=Cq + 7Hg1HLoo + C; ~ 9.506.

Thus
Crg ~ 8.220.

Finally, we estimate ¢*(q). Recall that

1Dl 2 12,

c*(q) := sup inf sup 3
£eQ}F V subspace of A‘*’Hgl/2 uzev Hu§ HL2
dim V=¢q ¢

Let up¢(z) = eI+ with p e Z3. Then (up¢),ezs is an orthogonal basis on LE(Qu).-
And

2 24/12+|27p + 1€)2

A.+/U/p£ _ (1 + (27‘1’]) + lf) SO+ lﬁ) e(2i7rp/l+i§)-ac’

and
|D5|1/2A+up7§ = (1 + |27p/l + §|2)1/4 A uye.
Obviously, (ATuy,¢)p is equally an orthogonal basis on Lg (Qq). Let
Vq = {A+U,p7£($)7p = {17 e 7q} X {0} x {O}}7

then

IIDel2uf | 2

c*(q) < sup sup <A1+ 2n(q + 1)/1]2.

eeQf utev,  luglrz

Now we can check the Assumption [2.12]for z =¢=4and 2z =¢=5. For z = ¢ = 5,
e rk~ 0.581,

e K+ 1/2aCEppqt ~0.731 < 1

e A>1a(l1-k)2(1+k)Cgp > 0.134,

o ¥ =a(Ca(z+q)+ Clyq) ~0.908,

o *(6)>1,

o Ay/max{(1—r—1/2aCggqt) (1 —r) lc*(q+ 1)g, 1}g* > 1.993 > 1.
And for z = q =4,

e 1~ (0.465,

o K+ 1/2aCEppq™ ~ 0.585 < 1
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¢ A=0.078> 1a(l — k)31 + k)Cpg ~ 0.077,
o ¥ =a(Ca(z+q)+ Clyq") ~0.727,

e ¢*(5) < 1.001,

o Ay/max{(1—r—1/2aCggqt) (1 —r)"lc*(q+1)g, 1}gT ~ 0.662 < 1.

Consequently, we know that the Assumption [2.12] is satisfied for ¢ < 4 in solid state
physics.
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RESUME

Cette thése est une étude rigoureuse du probléme a N corps en interaction coulombienne et de certaines de ses ap-
proximations en chimie quantique non relativiste et relativiste. Pour le probléme de Schrédinger a N corps stationnaire
ou dépendant du temps, nous généralisons des résultats théoriques de régularité mixte introduits par H. Yserentant,
qui ont des conséquences directes sur la complexité des calculs numériques. Dans le cadre relativiste, I'équation de
Dirac remplace I'’équation de Schrédinger et I'étude rigoureuse du probléme exact a N corps semble hors de portée. En
conséquence, nous étudions seulement une approximation, le modele de Dirac-Fock. Nous donnons le premier résultat
d’existence de solutions stationnaires des équations de Dirac-Fock dans les cristaux.

MOTS CLES

Mécanique quantique ; N corps; Schrddinger; regularité; analyse numérique; Dirac-Fock; cristaux; quasi-
périodique; existence; théorie spectrale.

ABSTRACT

This thesis is a rigorous study of the N-body problem in Coulomb interaction and some of its approximations in non-
relativistic and relativistic quantum chemistry. For the N-body stationary or time-dependent Schrédinger problem, we
generalize theoretical results of mixed regularity due to H. Yserentant, which have direct consequences on the complexity
of numerical calculations. In the relativistic framework, the Dirac equation replaces the Schrédinger equation and a
rigorous study of the exact N-body problem seems out of reach. Consequently, we only study an approximation, the
Dirac-Fock model. We give the first existence result for stationary solutions of the Dirac-Fock equations in crystals.

KEYWORDS

Quantum mechanics; many-body; Schrddinger; regularity; numerical analysis; Dirac-Fock; crystal; quasi-
periodic; existence; spectral theory.
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