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Chapitre 1

Introduction
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1.1.3 Reésultats sur une famille d’ondes progressives pour 1’équation de

Schrodinger sur le groupe de Heisenberg . . . . . . . .. .. .. .. 15
1.1.4 Reésultats sur le probléme de Cauchy randomisé associé a ’équation
de Schrodinger-Grushin . . . . . . .. ... oL 20

1.2 Imtégrabilité pour I'’équation de Benjamin-Ono . . . . . . . . .. .. .. .. 22
1.2.1 L’équation de Benjamin-Ono . . . . . .. ... ... ... ...... 23
1.2.2  Autres équations aux dérivées partielles intégrables . . . . . . . .. 27
1.2.3  Résultats pour la hiérarchie de Benjamin-Ono sur le tore . . . . . . 30
1.2.4 Résultats pour une équation de Benjamin-Ono faiblement amortie . 33

1.3 Perspectives . . . . . . . .. e 37

Dans cette thése, on s’intéresse a la facon dont le comportement en temps long de
solutions d’équations aux dérivées partielles est influencé par les propriétés de dispersion
de I'équation d’une part, celles d’intégrabilité d’autre part. Pour cela, on considére deux
familles d’équations : I’équation de Schrédinger sur le groupe de Heisenberg, et celle de
Benjamin-Ono sur le tore.

Dans un premier temps, on introduit 1’équation de Schrédinger non linéaire cubique
focalisante sur le groupe de Heisenberg dans le cas radial

10w — Appu = |ul?u, teR, (z,y,s) € H. (NLS-H')

La notation Ay fait référence au sous-laplacien sur le groupe de Heisenberg, qui s’écrit
pour des fonctions radiales (i.e. qui ne dépendent que de ¢, |x + iy| et s)

A = i(am + 0yy) + (2% + y*)Oss.
Le choix de la géométrie fait de (NLS-H') une équation sans dispersion, ce qui conduit
a des difficultés pour résoudre le probléme de Cauchy. Par conséquent, on utilise des
méthodes ne faisant pas appel a l'utilisation d’inégalités de Strichartz ni a d’autres ar-
guments de dispersion pour construire une famille de solutions ondes progressives dans
I’espace homogene d’énergie H L(H') puis établir des propriétés de stabilité orbitale pour

7



8 CHAPITRE 1. INTRODUCTION

ces ondes progressives. Enfin, on étudie le probléme de Cauchy randomisé dans le cas
focalisant ou défocalisant pour I’équation simplifiée de Schrodinger-Grushin

10 — Agu = |ul?u, (NLS-G)

avec Ag = Oy + 2°0y,, obtenue en remarquant que les variables z et y jouent le méme
role pour (NLS-H'). Les données initiales aléatoires sont construites & partir de données
initiales satisfaisant une certaine condition de décroissance, et on montre alors le caractére
presque-siirement localement bien posé du probléme de Cauchy dans H*(R?) pour tout
k> 1.
Dans un second temps, on s’intéresse & deux équations dérivées de I’équation de
Benjamin-Ono sur le tore
O = 0, (HOpu — u?). (BO)

Le symbole H désigne la transformée de Hilbert

Hf(x) = Z —1 Sgn(n)f(n) eim’ f= Z ]?(n) emx’ ]/C\(n) _ i " f(z) o= inT qp.

21 Jo
nez)\{0} nez

L’équation de Benjamin-Ono est complétement intégrable, dans le sens ot elle admet une
application de Birkhoff qui raméne I’évolution temporelle des solutions a celle d’un systéme
infini découplé de coordonnées évoluant a vitesse constante. On se sert de cette transfor-
mation pour décrire les solutions d’équations s’écrivant de facon proche de I'équation de
Benjamin-Ono.

Ainsi, on introduit la troisiéme équation de la hiérarchie intégrable de Benjamin-Ono
sur le tore

ou = 0, (—8mu — guHaxu — ;H(uaxu) + u‘3> ) (3-BO)

Pour cette équation, on détermine le seuil pour le caractére bien posé du probléme de
Cauchy, puis on classifie les solutions ondes progressives et on étudie leurs propriétés de
stabilité orbitale.

Enfin, on considére une équation de Benjamin-Ono avec amortissement sur le tore
associée a un parametre a > 0

Oru + a({u|cos) cos +(ulsin) sin) = 9, (HO,u — u?). (BO-a)

On établit I'existence globale et 'unicité des solutions dans I'espace LE,O(T) des fonctions
de carré intégrable sur le tore a valeurs réelles et de moyenne nulle. Puis, on décrit
les valeurs d’adhérence faibles des trajectoires en temps infini et on établit la relative
compacité de ces trajectoires. Finalement, on montre que les normes de Sobolev d’ordre
supérieur restent bornées en temps infini.

Dans les deux parties suivantes, on introduit ces deux familles d’équations.

1.1 Dispersion pour NLS sur le groupe de Heisenberg
Le phénomeéne de dispersion se lit sur la partie linéaire de ’équation aux dérivées partielles.

Elle traduit le fait que pour une solution sous forme de superposition d’ondes planes
progressives, deux fréquences différentes se propagent & des vitesses différentes, étalant
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ainsi la solution. Sur RY, lorsque 1'équation aux dérivées partielles linéaire est associée 3
un multiplicateur de Fourier w, elle s’écrit en variable de Fourier

ata(t» 5) + zw(ﬁ)ﬂ(t, §> - O,

et on observe que chaque fréquence £ se déplace avec la pulsation w(§). Lorsque w est
différentiable, on est conduit & la définition suivante : I’équation est dite non dispersive
si la vitesse Vw est localement constante.

Une équation non dispersive typique est ’équation de transport d;u + cO,u = 0, pour
une constante réelle c. On obtient alors w(§) = ¢&, de plus, les solutions de cette équation
sont données par u(t,z) = u(0,z — ct) et gardent leur amplitude au cours du temps. En
revanche, ’équation de Schrodinger non linéaire focalisante sur R?

10 — Au = |[ufPu (NLS)
est dispersive puisque w(§) = —|[|£[|>. On peut également mentionner d’autres équations
dispersives classiques, comme ’équation de Benjamin-Ono sur le tore (BO) qui donne
w(n) = —In|n, n € Z, ou 'équation de Korteweg-de Vries sur la droite

Ot = —Oppatl + 60,1 (KdV)
qui donne w(¢) = —€2. De méme, 'équation de demi-onde cubique sur R?
i0u + | Dlu = [uf*u,  F(|Dlu) := [|¢]|F(u), (HW)

est dispersive si et seulement si d > 2, puisque la relation de dispersion s’écrit w(§) =
—|[€]].  L’équation de demi-onde permet de factoriser celle des ondes, en effet, on a
lidentité —0y + A = (i0; — |D|)(i0; + |D|). L’é¢tude du cas totalement non dispersif
en dimension 1 pour I'équation de demi-onde et de ses liens avec ’équation (NLS-H') fera,
I’objet d’une attention particuliére dans la partie 1.1.2.

Une facon de visualiser la dispersion consiste en quantifier la vitesse d’étalement du
paquet d’ondes en le traduisant par une décroissance des normes LP de la solution : on
obtient alors des inégalités de Strichartz. En ce qui concerne ’équation de Schrédinger
sur RY, suite aux travaux de Strichartz [Str77], Ginibre, Velo [GV95], Keel, Tao [KT98],
etc., on a

He_itAuHLP(R,L’Z(]Rd))S 2]l 22 (Ra)

pour toute paire (p,q) € [2,+00]? vérifiant les conditions d’admissibilité (p, q) # (2, +00)
et 244 <4,
p g = 2

1.1.1 Equation de Schrédinger, dispersion et géométrie

Géométrie euclidienne Pour I’équation de Schrédinger non linéaire sur R, la disper-
sion est en compétition avec la partie non linéaire qui peut concentrer la solution. Ainsi,
on voit apparaitre trois principaux régimes : des solutions globales avec dispersion linéaire
vers zéro en temps infini, des solutions non linéaires qui développent des singularités, ou
des objets intermédiaires comme les ondes progressives.

On peut construire des ondes progressives grace a un argument variationnel qui re-
monte au travail de Weinstein [Wei83] dans le cas de I’équation de Schrédinger focalisante
masse-critique

10 — Au = ]u\%u, (t,z) € R x R
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Il existe une onde progressive u(t, z) = e*Q(x), ou le profil Q € H'(R?) est une solution
minimisante positive de AQ — Q + Q”g = 0. Ce profil est unique aux symétries prés
de T'équation [GNNT79; Kwo89|, et linéairement stable sur une variété de codimension
2d + 4 liee a ces symétries [Wei85]. Par ailleurs, il y a existence globale et diffusion
linéaire (ou « scattering ») dans L?(R?) des solutions dans H'(R?) dés que la masse de
la donnée initiale est strictement inférieure a celle de @ |Dod15]. En revanche, au-dela
de cette masse, les solutions peuvent exploser en temps fini. Ainsi, il existe une unique
solution explosive de plus petite masse aux symétries prés de I’équation [Mer93|, obtenue

en appliquant au minimiseur () l'invariance par transformation conforme des solutions
1 |IE\2 z _ 1
U~ (1,1) = 5 exp (E u (;, t) )
Dans le cas du groupe de Heisenberg, on verra que 'on peut aussi construire des
solutions ondes progressives a partir de profils minimisants qui s’apparentent plutot a

ceux associés a 'équation de Schrédinger focalisante énergie-critique sur R, d > 3
i — Au = |u]d%2u (1.1)

Il existe une solution stationnaire minimisante donnée par

1

|22 452"
(1 + m) 2
Cette solution est unique aux symétries prés, c’est-a-dire que I'ensemble des solutions
minimisantes est donné par 'orbite de W

u(t,z) =Wi(x) =

{5 AT WAz +20)) | (6,20,)) € T x R x R% Y.

Etant donnée I’équation vérifiée par W, la multiplication d’un élément quelconque de
cette orbite par une constante ' € R donne I'ensemble des minimiseurs pour l'injection
de Sobolev H*(RY) — L?"(R?), dont I'étude remonte & Aubin et Talenti [Aub76; Tal76].

Par ailleurs, dans I’étude du comportement qualitatif des solutions de (1.1), I’énergie
EW) = %HWHH1(R(1)—IﬁHWHLp+1(Rd), avec p = H2 et la norme homogene W1l i1 (ga)
jouent un role important. Kenig et Merle [KMOG] montrent dans le cas radial que si
d € {3,4,5} et si la donnée initiale ug € H*(RY) satisfait F(ug) < E(W) et |[uoll g1 (ray <
W[ g1 (ay> alors la solution est globale et diffuse lincairement dans H*(R?). En revanche,
si E(ug) < E(W) et [[uoll g1 (gay> W 1 (ray, alors il y a explosion en temps fini.

Géométrie Riemannienne En changeant de géométrie, notamment en se placant dans
des domaines bornés, la dispersion peut devenir moins importante et modifier le comporte-
ment qualitatif des solutions. Par exemple, Bourgain [Bou93b; Bou93a; Bou99| traite le
cas du tore T?, sur lequel les inégalités de Strichartz ne suffisent pas a elles seules a ré-
soudre le probléme de Cauchy dans I'espace d’énergie en dimension d > 3 (voir [BGT04],
partie 1.2, pour plus de détails).

Sur une variété Riemannienne (M, g), on peut toujours écrire I’équation de Schrédinger
en remplacant le laplacien usuel par I'opérateur de Laplace-Beltrami A, sur M. On fait
référence a |Gér06] pour une bibliographie des résultats liés au probléme de Cauchy dans
ce cadre, et a [Boul2| pour des questions relatives & I’explosion des solutions. Sur une
variété Riemannienne compacte sans bord quelconque, Burq, Gérard et Tzvetkov [BGT04]
montrent l'existence d’inégalités de Strichartz avec perte de }—17 dérivées sur tout intervalle
fini 1
2 d d

o=, P22 ,q<+oo,

HefitAgUOHLP(LL‘I(J\/[))'SI HUOHH%(M)’ P q 2’
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ce qui est la moitié de la perte de dérivées donnée par les injections de Sobolev H*/P(M) —
Li(M). Les auteurs établissent également des inégalités de Strichartz améliorées sur
M=S8%d>2
He”m"uonaXsd)Sz HUOHHg(de

optimales dans le sens ou elles sont vraies pour tout ug si et seulement si k& > g — 1 pour
d>3et k> i pour d = 2. Sur une variété Riemannienne compacte avec bord ou une
variété compacte sans bord associée a une métrique lipschitzienne, on dispose d’inégalités
de Strichartz avec une perte de % dérivées [BSS08].

Par ailleurs, suivant la remarque 2.12 de [BGT05], et I'introduction de [GG10], Pexistence
d’un flot C3 au voisinage de I'origine dans I’espace de Sobolev H*(M) pour I'équation de

Schrédinger cubique sur M
i0u — Agu = |u)*u, (t,x) ERx M
implique une inégalité de type Strichartz

itA
6 2eugllssgopean< Cllvoll s (1.2
Ceci donne une indication de perte de dispersion dans S?, puisque dans le cas euclidien,
lorsque d < 4, I'inégalité (1.2) ci-dessus est vraie dés que k = max(0,% — 1). On peut
noter que le probléme de Cauchy n’est en fait pas uniformément bien posé dans H*(S?)
lorsque k < § [BGT02].

Géométrie sous-Riemanienne Pour aller plus loin, on peut se demander ce qu’il
advient des inégalités de Strichartz lorsque I'on se place sur une variété sous-Riemannienne
munie d'un sous-laplacien.

Bahouri, Gérard et Xu [BGX00] puis Gérard et Grellier [GG10] observent que la
dispersion disparait complétement pour le groupe de Heisenberg. En effet, ’existence
d’un flot C3 sur H*(H') pour 'équation de Schrédinger cubique implique comme pour
les variétés Riemanniennes l'inégalité de Strichartz (1.2) en remplagant M par H'. Sur
le groupe de Heisenberg, on a nécessairement k > 2 dans cette inégalité. On reprend les
arguments de I'introduction de [GG10] dans le paragraphe suivant.

Comume les fonctions de Hermite (hy,),>o diagonalisent ['oscillateur harmonique —0,,+
22, Pespace L*(H') s’écrit comme une somme directe orthogonale

rmh= € raEH)nv (1.3)
(n,£)eNx{+}

ot la projection orthogonale IT= sur V* est donnée aprés application de la transformation
de Fourier en la derniére variable s par

FOL ) (@,y:0) = Y fauma(0)hn (V20]2)hny (v/2]0]y) 120 (1.4)

ni+n2=n
avec
frims(0) = |ol(ulhn, (v 2|o]2)hn, (v 2]0]Y)) 22,

Dans cette décomposition, I'équation (NLS-H') devient un systéme couplé d’équations de
transport

i(0: F (2n + 10 (u) = T (ful*),
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avec comme données initiales IT£(ug). En particulier, pour une donnée initiale uy € V",
le flot linéaire associé a (NLS-H') est celui d’une équation de transport, donc on a

HG“AHIU0|’L4([0,1]xH1)= |2o]| 24 (ay.-

Mais si ug est concentrée autour des modes de Fourier N2 de plus en plus grands, par

exemple
uo(z,y,s) = N*F(Nxz, Ny, N*s)

a partir d’un certain profil F € L?(H') NV, on a ||uol| .« alors

k
ESmny T N “FHH%(Hl)
que ||uol|z2@y= N|| F| sy, ce qui implique pour N — 400 que nécessairement k > 2
dans (1.2).

L’absence de dispersion cause des difficultés pour résoudre le probléme de Cauchy, no-
tamment dans I'espace d’énergie correspondant a k = 1. Ainsi, pour équation (NLS-H'),
Iexistence globale de solution lisses et 'unicité des solutions faibles sont des problémes
ouverts. Dans le cas défocalisant, il serait possible de construire des solutions faibles
globales par un argument de compacité, mais il faudrait des arguments supplémentaires
pour garantir que ces solutions ont un comportement qualitatif pertinent.

Plus généralement, Del Hierro analyse les propriétés dispersives pour les groupes de
type H dans [Del05], et montre des estimées de décroissance optimales pour I’équation de
Schrodinger qui dépendent de la dimension du centre du groupe. Bahouri, Fermanian et
Gallagher [BFG16] prouvent des inégalités de dispersion optimales pour les groupes de
Lie stratifiés d’ordre 2 sous une hypothése de rang maximal. Dans leur proposition 1.7,
une autre classe de groupes ne satisfaisant pas I’hypothése de rang maximal est exhibée,
et pour ces groupes la dispersion disparait complétement. Le groupe de Heisenberg en est
alors un exemple.

Casarino et Peloso [CP15] observent que pour la sphére CR, liée au groupe de Heisen-
berg par la transformation de Cayley, le sous-laplacien est lui aussi peu dispersif, et
montrent des estimations de Strichartz pour des espaces de type Sobolev anisotropes as-
sociés au sous-laplacien. Dans [BBG21|, Bahouri, Barilari et Gallagher démontrent des
inégalités de type Strichartz espace-temps anisotropes. Les auteurs adaptent la méthode
de restriction de Fourier [Miil90| & la transformée de Fourier sur le groupe Heisenberg,
en utilisant I'analyse de Fourier sur le groupe de Heisenberg [BCD18; BCD19]. Le choix
des espaces est basé sur I'observation suivante : 1’absence de dispersion sur le groupe de
Heisenberg se manifeste par le fait que I'équation de Schrédinger linéaire se comporte
comme une équation de transport dans une direction privilégiée, appelée direction ver-
ticale, mais ce n’est pas le cas dans les autres directions. Des estimations de Strichartz
locales font également 'objet de [BG20a]. Une question qui se pose alors est de déter-
miner encore plus précisément, pour quelles régularités on peut prouver des inégalités de
type Strichartz sur le groupe de Heisenberg. Puis, il serait intéressant de comprendre si
cela permettrait de résoudre le probléme de Cauchy sur H*(H') pour certains exposants
k inférieurs ou égaux a 2, ou bien dans d’autres espaces adaptés.

1.1.2 Equation de demi-onde et équation de Szegd sur la droite

Un modéle pour I’équation de Schrédinger sur le groupe de Heisenberg On a
vu plus haut que I’équation (NLS-H') se décompose comme un systéme couplé d’équations
de transport. Une telle décomposition existe également pour I’équation de Grushin

i0wu — Agu = |ulu, (NLS-G)
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pour laquelle on remplace le laplacien par l'opérateur de Grushin Ag = 0., + 220y,
[GG10], comme on le verra dans la partie 1.1.4.
Une structure similaire plus simple apparait pour 1’équation de demi-onde sur la
droite (HW)
i0wu + |Dlu = |ul*u,
qui est également non dispersive en dimension 1. En effet, notons II : L*(R) — L2 (R) le
projecteur de Szeg6 sur espace L2 (R) des fonctions u € L*(R) n’ayant que des fréquences

de Fourier positives ou nulles. En écrivant u, = II(u) et u_ = u—II(u), on remarque que
I’équation de demi-onde est équivalente au systéme couplé d’équations de transport

(0 + 0, )uy = T (Jul?u)

i(0y — Op)u_ = (Id — IT) (Ju|?u)
uy(0) = (ug), u_(0)=Id—1I)(ug), u=wuy+u_.

Ceci conduit a s’intéresser a I’équation de Szegd sur la droite
i0pu = T (Jul?u), (Sz)

qui constitue un systéme résonnant pour I’équation de demi-onde.
Un dernier exemple d’équation non dispersive est donné sur R? par Gérard et Grellier
dans [GGO8], et s’écrit
10w — (|Day [+] Dy Ju = |uf*u.

En effet, un découpage entre fréquences de Fourier positives et négatives en x; et en x5
rameéne cette équation & un systéme couplé de quatre équations de transport.

Ondes progressives pour 1’équation de demi-onde sur la droite L’équation de
demi-onde et celle de Szegd ont d’abord été étudiées sur le tore par Gérard et Grellier
[GGO8; GG10; GG12a] comme modéle jouet d’équation totalement non dispersive. Sur
la droite, on va voir que I’é¢tude des ondes progressives pour ces équations constitue un
modele pour notre étude de (NLS-H').

Le probléme de Cauchy pour 'équation de demi-onde sur la droite (HW) est localement
bien posé dans I'espace d’énergie H'/2(R) [GG12a; KLR13]. De plus, I'équation (HW)
admet une solution onde progressive u(t,z) = e¢“Qu(x), o Qo est le minimiseur pour
I'inégalité de Gagliardo-Nirenberg

1
11 2aey < CUIDIE fll 22 @ f 122

D’aprés Frank, Lenzmann [FL13], le profil Qo € H'/?(R) est I'unique solution minimisante
positive de I'équation

[D|Qo + Qo — Q= 0.

Si u(0) € HY*(R) et [|[u(0)||2@< [|Qollz2w). alors la solution u associée est globale.
En revanche, il existe des solutions explosives en temps fini de méme masse que (g et
d’énergie finie [KLR13].

On peut aussi construire une famille d’ondes progressives minimisantes pour (HW) de
vitesse 5 € (—1,1) (voir [KLR13])

x + ﬁt) it

U5(t,x):Qg<1_ﬁ e ",
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pour lesquelles la norme critique |lug|| 2y tend vers 0 lorsque 3 tend vers 1. Concernant
I'équation de Schrodinger L? critique sur R, la symétrie par transformation de Galilée
donne également une famille d’ondes progressives ug(t, r) = Qg(z—Bt)e’#® avec Q(r) =
Q(2)e® mais une famille dont la masse tendrait vers 0 ne peut pas exister puisqu’il y a
scattering pour les données initiales dont la masse est en-dessous de celle de @ [Dod15].
Pour I'équation (HW), lorsque 8 € (—1,1), le profil Q4 est solution de I’équation
PP 0+ Qs =1Qsl Qs D =it
de plus, on a limg 0| Qp — Qoll prr/2r)= 0 et [|Qsl|L2r)< [|Qol2(w). L'existence des profils
() est une conséquence d’un argument variationnel standard, néanmoins, I'unicité est
plus délicate & montrer. On peut procéder de la fagon suivante lorsque la vitesse [ est
suffisamment proche de 1.
En considérant la limite photonique 8 — 1, la suite (Qs)s tend dans H'/?(R) vers une
solution minimisante ) pour ’équation

On obtient en posant u(t, z) = Q(x —t) e~ une onde progressive pour 1’équation de Szegé
cubique

i0pu = T (Jul?u). (Sz)
Pocovnicu montre dans [Poc11b| que les solutions onde progressive pour (Sz), minimisantes
ou non, sont uniques aux symétries prés. En d’autres termes, au changement de fonction
prés Q ~ e?Q(x + xg) avec 0 € T et zy € R, le profil Q est égal &

B 2
2w+

Q(x)

Un argument essentiel dans la preuve est ’existence d’une paire de Lax qui s’écrit de
la fagon suivante (voir [Pocllb], Proposition 1.4). Pour un potentiel u € H}rﬂ(R) =
II(H'%(R)), notons 3

H,:he L7 (R) — II(uh) € L% (R)

I'opérateur de Hankel de symbole u, et pour b € L*>°(R), notons
Ty : h € L% (R) — II(bh) € L2 (R) (1.5)
I'opérateur de Toeplitz de symbole b. Alors pour toute solution de I’équation (Sz), on a

d i

—H, =[B,, H,, B,=—iTj,2+-H>. 1.6
H, = (B, H, e + 2 H? (1.6)
Stabilité orbitale des ondes progressives Dans [Pocl2|, Pocovnicu montre que le
linéarisé autour du profil () pour I’équation de Szeg6 est coercif. Ceci lui permet de déduire
la stabilité orbitale en grand temps de 'onde progressive associée lorsque 1’équation de
Szeg6 est perturbée par un petit potentiel de Toeplitz T;(u) = I(bu), b € H'(R) :

10w = H(Jul*u) + eTy(u), 0<e< 1.

A partir de la coercivité du linéarisé, on peut également obtenir la stabilité orbitale pour
I'onde progressive de 1’équation de Szegd (voir |[Pocl1b], Théoréme 1.3, pour une version
qualitative).
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Théoréme 1.1.1 (Stabilité orbitale de @ pour I'équation de Szegs |GR16]). Il eriste
g0 > 0 et C' > 0 tels que pour toute solution u de I’équation de Szegd (Sz) associée a la

donnée initiale uy € Hi/Q(R), si

lluo — QHHl/2 )< €o,

alors

inf “u(t. — N2 < Cllun —
Stlelﬂg(%m;?eﬁerue u(, xo) Q||H1/2(R)— ||u0 Q||H1/2(R)

Enfin, Gérard, Lenzmann, Pocovnicu et Raphaél [Gér-+18] déduisent de la coercivité
du linéarisé autour de 'onde progressive associée a () pour I’équation de Szeg6 que linéarisé
autour de I'onde progressive associée a (Jg pour ’équation de demi-onde est inversible
lorsque [ est suffisamment proche de 1. Leurs estimées impliquent la stabilité orbitale de
ces profils.

Théoréme 1.1.2 (Stabilité orbitale de Q)5 pour 'équation de demi-onde [GR16]). Il existe
B« € (0,1) tel que pour tout 5 € (Bi, 1), il existe () > 0 et C(B) > 0 tels que pour toute
solution u de I'équation de demi-onde (HW) associée i la donnée initiale ug € HY?(R),
s1

luo = @s(;—5) 2@ = €0(B),

ﬁ

alors

sup inf |le”u(t Q < Cllug — @ 12(R
wp inf et =) = Qa5 < Cllun = Q=) e

Ces estimées sur 'inversibilité des linéarisés impliquent également 1'unicité des ()3 aux
symétries prés pour 3 proche de 1, et on peut alors définir une courbe lisse 8 — ()3 au
voisinage de 1.

Ondes progressives pour ’équation de demi-onde en dimension supérieure En
ce qui concerne les dimensions supérieures d > 2, les ondes progressives pour I’équation
de demi-onde (dispersive) sur R?

i0u +V—Au = |[ulP"tu, (t,x) € R x R?

sont également orbitalement stables dans le cas radial lorsque la non linéarité est L2
sous-critique 1 < p < 1+ %, mais orbitalement instables avec explosion en temps fini
ou infini dans le régime L? sur-critique 1 + % <p<l1+ % [BGV18]. Enfin, dans
les cas énergie-critique (resp. énergie sous-critique), Bellazzini, Georgiev, Lenzmann et
Visciglia [Bel-+19] montrent qu’il ne peut pas y avoir scattering dans 'espace d’énergie
H2(RY) (resp. HY2(R?)), méme pour des petites données initiales, puisque I'on peut
construire des ondes progressives non radiales d’énergie arbitrairement petite.

1.1.3 Reésultats sur une famille d’ondes progressives pour I’équation
de Schrodinger sur le groupe de Heisenberg

Dans cette partie, on reprend les résultats des articles [Gas20b; Gas21a).
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Ondes progressives Sur le groupe de Heisenberg, il existe une famille d’ondes progres-
sives de vitesse § € (—1,1) sous la forme

ug(t,z,y,s) = Qg (1.7)

( x Yy s+ Bt)
V- V1-5 175
De facon équivalente, en utilisant 'invariance par changement d’échelles qui pour @ > 0
s'écrit u ~ au(a?t, az, ay, a?s), on peut aussi définir Q4 par la formule

s(t,z,y,8) = /1 —BQs(z,y,s+ Pt).

Le profil 4 est solution de ’équation hypo-elliptique

AHl + 6D,
1—p

On construit des solutions radiales pour cette derniére équation comme minimiseurs sur
les fonctions radiales non nulles de H'(H') de I'inégalité de Gagliardo-Nirenberg

||f||zi4(]l-]11)S O( (AHl +6D )f f) L(HL) x F1(HY)

qui provient de Iinjection de Folland-Stein H'(H') — L*(H') [FS74]. L’existence d’un
minimiseur est garantie par un argument de concentration-compacité [CL82; Gér98| dont
adaptation au groupe de Heisenberg figure dans les travaux de Benameur [Ben08].

Aux symétries prés de 'équation Qs ~ eaQs(ax, ay, a®(s — sp)) pour (so,0,a) €
R xR x T, le méme argument que pour I’équation de demi-onde permet de montrer que,
lorsque 3 tend vers 1, alors Qg converge dans H'(H') vers une solution minimisante Q
pour I’équation

Qs = Qs Qs (1.8)

D,Q =T (IQ°Q), Ds= —ids. (1.9)

On rappelle que Popérateur I est la projection orthogonale de L?(H!) sur un sous-espace
noté¢ L*(H') NVt (voir (1.3)). En utilisant un lien entre 'espace L*(H') NV;" et I'espace
de Bergman L*(C,) N Hol(C, ) sur le demi-plan de Poincar¢ C, donné par [Bék+12], on
peut interpréter la projection II7 comme un projecteur de Bergman. Ce projecteur est
en fait une simplification dans le cas radial du projecteur de Cauchy-Szegé sur le groupe
de Heisenberg [SM93].

Remarquons qu’a cause de la convergence des profils ()3 vers (), les ondes progressives
correspondantes ug ont une énergie qui tend vers 0 lorsque 3 tend vers 1

7T2

B(us(t) = 5 sl gy~ 71Ol sy~ (1= B 0,

ce qui implique l'existence de solutions qui ne diffusent pas en temps infini et d’énergie
arbitrairement petite.

Unicité des ondes progressives Un calcul explicite implique que les solutions min-
imisantes @ de (1.9) sont uniques aux symétries prés, égales a

V/2i

Qr.y,s) = s+i(a2+y?) +i

On montre que le linéarisé autour de @ est coercif hors des symétries de I’équation (voir
le théoréme 1.1.7 ci-dessous pour plus de détails). Par conséquent, en s’inspirant de la
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stratégie employée pour I'équation de demi-onde, on déduit l'inversibilité des linéarisés
autour des profils ()3 pour 'équation de Schrodinger lorsque [ est proche de 1. Grace a
des propriétés additionnelles de régularité et de décroissance des profils (g, cela conduit
a I'unicité des Qg aux symétries prés au voisinage de 1.

Théoréme 1.1.3 (Unicité des ondes progressives au voisinage de 1 [Gas20bl). Il eziste
B« € (0,1) tel que pour tout 5 € (By, 1) il existe un unique minimiseur Qg aux symétries
pres pour 'équation (1.8)
‘AH1+'5[% 2
—TQB = [Qs/°Qp-
Pour B € (B, 1), on peut choisir Qg de sorte que la suite (Q3)p converge lorsque (5 tend
vers 1 wvers le profil Q, et de sorte que lapplication § € (B.,1) — Qg € H(H') soit lisse.
Dans ce cas, pour tout k € [1,400), le profil Qp appartient a ’espace de Sobolev homogéne

H*(HY), et lorsque B tend vers 1, pour tout v € (0, i), on a

1Qs = Qll gy = O((1 = B)7).

Stabilité orbitale des ondes progressives La coercivité du linéarisé autour de @)
permet également de démontrer un résultat de stabilité orbitale de 'onde progressive
associée a ) (donnée par u(t,z,y,s) = Q(z,y,s +t)) pour le systéme limite

10 = T3 (|u)*u). (1.10)

En revenant a I'équation (NLS-H'), on en déduit un résultat de stabilité orbitale pour
I'onde progressive associée a (g pour 'équation de Schrédinger lorsque 3 est proche de
1.

On définit la distance d’une fonction a 'orbite des ondes progressives concernées de
la fagon suivante.

Définition 1.1.4. Pour u € H'(H') et X = (s0,6,a) € R x T x R%, on note Txu
I’élément de H'(H') défini par
Txu(z,y,s) = elau(ax, ay, a®(s — s0)), (x,y,s) € H.
On note M = {IxQ | X € R x T x R} lorbite de Q, et on définit la distance de
we HY(HY) o M par
d(u, M) = inf

XERXTXRi

De méme, la distance de w & Uorbite /1 — Qs de /1 — [Qp, ot Qp = {TxQs | X €
R x T x R% }, est donnée par

d(u,/1—5Qs) = inf

XEeRXTXRY

u—TxQll )

u— /1= BTxQpll g1 gy

On énonce maintenant les résultats de stabilité orbitale de ) pour le systéme limite
et de Qg pour I'équation de Schrodinger lorsque 3 est proche de 1.

Théoréme 1.1.5 (Stabilité orbitale de Q) pour le systéme limite |Gas21al). Il existe co > 0
et ro > 0 tels que la propriété suivante soit vraie. Soit r < rg et ug € Hl(Hl) NVt tels
que

o — Qg gy < 7*. (1.11)



18 CHAPITRE 1. INTRODUCTION

Alors il existe une solution au sens faible de u € C(R, HL(H")) (Vindice w indique que
H'(H") est équipé de la topologie faible) de l’équation (1.10) telle que u(0) = uq et

sup d(u(t), M) < cor.

teR

Théoréme 1.1.6 (Stabilité orbitale de ()3 pour 'équation de Schrodinger |Gas21al). Il
existe co > 0 et g > 0 tels que la propriété suivante soit vraie. Soit r € (0,19), alors il
existe B.(r) € (0,1) tel que si B € (B.(r),1), et si ug € H'(H") est une donnée initiale
radiale satisfaisant

(i) soit ug € H'(HY) NV et |Jug — /T — BQsl 1 gy < VI — Br?
(i) soit luo — /1 — BQsll g y< (1 = B)r,

alors il existe une solution faible radiale u € C(R, Hi(Hl)) (équipé de la topologie faible)
de léquation (NLS-H') telle que u(0) = uq et

supd (u(t), MQB) < co\/1— fr.

teR

Ces deux théorémes impliqueraient la stabilité orbitale des minimiseurs @) et ()3 dans
le cas radial sous réserve d’'un résultat d’unicité des solutions pour les équations (1.10) et
(NLS-H') dans H'(H").

L’hypothése (ii) imposée sur une donnée initiale dans le cas général est plus forte que
celle (i) dans le cas d’une donnée initiale dans V,'. En effet, en supposant (ii), a r fixé,
il faut dans la preuve choisir 3, suffisamment proche de 1 pour forcer II§ (ug) & vérifier
I'inégalité (i) & un facteur constant prés. Par ailleurs, comme (g converge vers () lorsque
B tend vers 1 en o(y/1 — f3), 'hypothése (i) est comparable & (1.11) au changement de
fonction u ~~ ﬁu(m,y, s — (t) preés.

Les preuves de stabilité orbitale reposent sur des résultats quantitatifs d’inversibilité
du linéarisé autour de @ pour I’équation (1.9), qui nous permettent dans les deux cas
d’estimer la distance de u a 'orbite M de @ en fonction de la différence de moment (défini
par P(u) := ||ull )) et d’énergie (définie par E(u) := |\u\|i4(H1)). Plus précisément, en
posant

2-
H (H!

0(u) = |P(u) = P(Q)+|€(u) — £(Q)],
il existe 8y > 0 et C' > 0 tels que pour tout u € H'(H") N V', si 6(u) < o, alors

d(u, M)* < C6(u).

On construit les solutions globales faibles comme limite de solutions lisses d’équations
proches des équations (1.10) et (NLS-H') obtenues en restreignant les fréquences, pour
lesquelles le probléme de Cauchy est bien posé. On contrdle la distance de ces solutions
lisses a l'orbite de @), puis on établit une borne sur les paramétres de modulation pour
passer a la limite dans les estimations par un argument de compacité. Contrairement
a ’équation de demi-onde, il n’est ici pas possible d’estimer directement la distance des
solutions & l'orbite des profils () uniquement au moyen de la différence de moments
et d’énergie avec (Jg, ce qui nous force a revenir sur les propriétés de convergence des
équations vérifiées par ()3 vers celle vérifiée par Q).
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Coercivité du linéarisé autour du minimiseur pour le systéme limite On dé-
taille maintenant la stratégie permettant d’établir la coercivité du linéarisé autour de @)
pour I’équation limite (1.9) sur une variété de codimension finie. Le linéarisé s’écrit

Lh = D,h — 2015 (|Q*h) — I (Q%R), h e HY(HY) NV,

Théoréme 1.1.7 (Coercivité du linéarisé [Gas20b]). Il existe ¢ > 0 telle que pour tout
h € HY(HY) NV, orthogonal a Q,iQ,0,Q et i0,Q pour le produit scalaire du Hilbert
H(H'),

(Lh, h)Hfl(Hl)le(Hl) 2 cHhH?‘{l(Hl)'

Le résultat de coercivité implique que le linéarisé est non dégénéré, puisque son noyau
n’est composé que des trois directions dues aux symétries de I'équation : Ker(L) =
Vectr(0:Q, 1Q, Q + 2i05Q).

Contrairement au cas de I’équation de demi-onde, on ne dispose pas d’information
sur Pexistence ou non d’une paire de Lax pour (NLS-H'). Afin d’¢tudier le linéarisé,
on se sert d’une invariance conforme entre le groupe de Heisenberg H' et la sphére CR
S? c C?, appelée transformation de Cayley. Cette transformation relie 'étude du linéarisé
L avec celle du sous-Laplacien sur S3, pour lequel le spectre et les fonctions propres ont
été complétement déterminés par Stanton dans [Sta89]. Pour obtenir la coercivité de L,
on ¢limine les directions négatives potentielles au moyen des conditions d’orthogonalité.

En dimension d, la transformation de Cayley donne une équivalence entre le groupe
de Heisenberg H? et la sphére CR S?*! dans C?, de la méme facon que la projection
stéréographique fait le lien entre R? et la sphére euclidienne S? dans R4!. Ces deux
transformations ont déja été utilisées pour étudier les minimiseurs pour des injections de
Folland-Stein sur H¢ et de Sobolev sur R

Ainsi, sur R?, Lieb [Lie83] caractérise les minimiseurs pour les injections de Sobolev
fractionnaires H*(R?) — LP(RY), 0 < k < 4, p = 224 en utilisant la projection stéréo-
graphique : ce sont les fonctions qui s’écrivent aux symétries prés

1
On retrouve les solutions de [Aub76; Tal76| dans le cas k = 1, et de [Ros71] lorsque k = 2
et d = 3. Grace a la simplification du probléme aux valeurs propres sur S¢, les linéarisés
pour les équations critiques vérifiées par les minimiseurs des injections de Sobolev sont non
dégénérés [DDS13], et le reste pour I'inégalité de Hardy-Littlewood-Sobolev fractionnaire
équivalente vérifie une estimée quadratique [CFW13].

De la méme facon, sur le groupe de Heisenberg, Frank et Lieb se servent de la transfor-
mation de Cayley pour montrer que les minimiseurs pour les injections de Folland-Stein
fractionnaires H*(H?) — LP(H%), 0 < k < %/, p= d,Q_d;k, d' = 2d + 2, sont les fonctions
qui s’écrivent a symétries prés

1 .
u) = 4ok ) H € Hk<Hd)7
(T4 flwl?)* + [Is]|*)

avec u = (w, s) en identifiant H? & C¢xRY, et leur méthode ramenée & R™ et & la projection
stéréographique permet de retrouver les minimiseurs pour les injections de Sobolev [FL12].
Liu et Zhang [LZ15] en déduisent des estimées quadratiques pour le terme de reste sur H¢.
Lorsque k = 1, la formule pour le minimiseur remonte & [JL.88]. On peut aussi remarquer
que dans le cas de l'injection H*(H') — L(H"), on a H = |Q)|.
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1.1.4 Reésultats sur le probléme de Cauchy randomisé associé a
I’équation de Schrodinger-Grushin

Dans cette partie, on reprend les résultats de [GL21].

Etant données les difficultés évoquées plus haut pour aborder le probléme de Cauchy
en basse régularité pour I'équation (NLS-H'), on établit plutot un résultat pour le car-
actére presque-sirement bien posé de I'équation pour des familles de données initiales
aléatoires. Pour simplifier le probléme, comme les variables (z,y) jouent le méme role
dans I'expression du sous-laplacien radial Ay = §(9yy + 0yy) + (2% + y?)0ss, on remplace
plutot cet opérateur par Popérateur de Grushin Ag = 9, + 229,,, ce qui nous conduit a
considérer I'équation de Schrodinger-Grushin

10 — Agu = |ulu. (NLS-G)

Pour cette équation, les espaces de Sobolev associés sont les espaces HE sur R? obtenus
en remplacant les puissances de 'opérateur usuel /—A par /—Ag. De méme que pour
I’équation (NLS-H'), on sait que si un flot lisse est défini sur HE, alors I'inégalité (1.2)
est vérifiée, et on a alors nécessairement k > %7 ce qui empéche la résolution du probléme
de Cauchy déterministe par des méthodes de point fixe.

L’approche probabiliste remonte & Bourgain [Bou94] pour 1'équation de Schrodinger
sur le tore. Dans ce cas, I'usage de mesures invariantes permet de construire des solutions
globales. Cette approche a ensuite été étendue a d’autres équations dispersives, notam-
ment dans [BT08a; BT08b]. La méthode des mesures invariantes impose de se placer dans
des domaines compacts, mais dans le cas non compact, la méthode probabiliste employée
dans [BT08a] s’adapte encore, comme on peut I'observer pour I’équation de Schrodinger
sur R? [BOP15b; BOP15a] et pour I'équation des ondes sur R? [OP16; Poc17].

Pour I'équation (NLS-G), la méthode probabiliste nous conduit au résultat suivant.
On considére une donnée initiale uy € HE, k €)1, %] On décompose ug de facon simi-
laire & (1.3), c’est-a~dire qu’en variable de Fourier selon la derniére variable, F,_,, (ug) se
décompose dans la base des fonctions de Hermite (A, (1/[7]2))men, ce qui permet d’écrire

Fyon(uo)(@,n) =Y fu(mhm(\/In]).

meN

Puis on découpe encore ce potentiel en fonction de la valeur de la fréquence 7 en intervalles
dyadiques |n|€ [1,21] :

o= Y Um, (1.12)
(I,m)€2ZxN
avec
Flurm)(@,m) = fin(m)hm(V/ Inl2) e 2n-

On suppose que ug vérifie, en plus de la régularité H*, une condition supplémentaire de
régularité en la variable y pour un certain p > 0, notée ug € Xp’“ avec

luollZe= D L+ @m+ DD D Jurml7s < +oo,
(I,m)€2”xN

oit on a noté (-) = /1 + |-|2. La norme H* est dans cette décomposition équivalente &

lolZ~ > (L4 @mA DI g7,
(I,m)€2ZxN
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Fixons un univers de probabilité (€2, 4,P). On s’'intéresse aux données initiales (u),ecq
obtenues en multipliant tous les termes de la décomposition (1.12) ci-dessus par des vari-
ables aléatoires (X7, )1, indépendantes et identiquement distribuées selon une loi gaussi-

enne centrée :
w
UO = E XLm(w)u],m.

(I,m)e2%xN
On montre alors que presque-stirement, le probléme de Cauchy associé a la donnée initiale
ug est localement bien posé dans I'espace des fonctions qui s’écrivent u(t) = z(t) + v(t)
ou z¢(t) = e"A¢uy suit le flot linéaire, et v(t) € Hg, € €]3, k + L[, est plus réguliere.
Théoréme 1.1.8 (Probléme de Cauchy local randomisé [GL21]). Soit k €]1,3], et ug €
Xl c HE.

(i) Pour tout ( E]%,k: + %[, pour presque-tout w € Q, il existe T > 0 et une unique
solution de (NLS-G) associée a la donnée initiale uf dans l’espace
etteyy +C([0,T), HE) c C([0,T), HE).

Par ailleurs, il existe ¢ > 0 telle que pour tout R > 1, en dehors d’un ensemble de
probabilité au plus e, on puisse choisir T > (R|]u0\|X1k)_2.

(ii) (Absence de régularisation par randomisation) Siug € HE\U.., HE™, alors presque-

4 w k k+e
strement, ug € Hi\ U9 Her ©-

e>0
e>0

(111) (Densité des mesures associées a des faibles régularités) Pour tout € > 0 et p > 0,
il existe vo € X5\ U HET telle que

P(v§ € By (u, <)) > 0.

e’>0

Notre stratégie est inspirée des techniques de Burq, Thomann et Tzvetkov [BTT13]
pour 'équation de Schrédinger cubique sur R? avec potentiel harmonique —A + 22, voir
aussi les travaux [BT20; Lat20; Denl2|. Afin d’établir le caractére localement bien posé,
on écrit la formule de Duhamel pour ’équation satisfaite par v

o(t) = —i /0 DB (|2 4 o222 4 v)(7)) dr,

et on cherche & appliquer un théoréme de point fixe dans I'espace HS, qui est une algébre
puisque ¢ > % Pour cela, on doit gagner de la régularité pour tous les termes faisant
intervenir z*, qui n’est que de régularité H*, en développant le produit |2 + v|?(2* + v).

Cette étude fait 'objet des estimées bilinéaires et trilinéaires suivantes.

Théoréme 1.1.9 (Estimées bilinéaires et trilinéaires |GL.21]). Soit ug € Xf C HE, u¥ la
donnée aléatoire associce et 2°(t) = e*Acu%. Soit q € [2,+oc[. Alors il existe c > 0 telle

que pour tout R > 1, en dehors d’un ensemble de probabilité au plus 6_CR27 on a

1
H(Zw)z"Lq([07T}7Hg+1/2)+" ’ZWPHLq([Q7T]7Hg+1/2)§ RQTq Huo”gclk,

1
H |Zw|22w||Lq([0,TLHg+1/2)§ R*T HUOHE({C

On suppose de plus qu’il existe g > 0 tel que ug € Xﬁso. Alors pour tout 6]%, k + %[,
on peut choisir ¢ en fonction de 0 tel que pour tout R > 1, en dehors d’un ensemble de
probabilité au plus e, pour tout v, w € L>([0,T], H) (qui peuvent dépendre de w),

1
[z vwl| Lao,17, ) < BT« [|uo |

F o HUHLw([o,T],Hg)HwHLoo([o,T],Hg) .
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L’argument principal de la preuve est une estimée bilinéaire sur chaque bloc de la
décomposition (1.12), qui s’écrit

1+ 1 1+J
(1+C2m+1D)D2 1+ 2n+1)J)2

[uzmVsnll72 S min{7, J} min { } luzmlize lvsnll7z,

ou (1 4+ (2m + 1)I) et (1 + (2n + 1)J) quantifient le gain de régularité. On montre
cette inégalité grace a une estimée bilinéaire sur les produits de fonctions de Hermite avec
changement d’échelles h,,(aq-)h, (az-), ar, as > 0, que I'on obtient & partir des estimations
ponctuelles usuelles sur les fonctions de Hermite (voir par exemple [KT05], Lemme 5.1 et
[KTZ07]).

Notons que notre méthode ne s’étend pas a I’équation de demi-onde (HW), puisque
I'on utilise le fait que la décomposition (1.12) comporte une infinité de modes pour que
I’hypothése ug € XF n’augmente pas la régularité de la donnée initiale. On s’attend en
revanche a ce que le résultat soit également vrai pour I’équation (NLS-H') avec le méme
gain de régularité, voir la partie 1.3.

1.2 Intégrabilité pour I’équation de Benjamin-Ono

Dans cette partie, on emploie une autre approche pour étudier le comportement en temps
long de solutions d’équations aux dérivées partielles non linéaires, qui consiste en utiliser
lintégrabilité éventuelle de ’équation en question. Comme pour la dimension finie, le
principe est d’exhiber un systéme de coordonnées dans lequel un systéme hamiltonien
donné a une forme simple.

Intégrabilité en dimension finie Rappelons le cadre. En dimension finie, on considére
une variété M de dimension paire dim(M) = 2d munie d’une structure symplectique, ¢’est-
a-dire d’'une 2-forme différentielle w fermée non dégénérée, et on considére un hamiltonien

H : M — R. En notant Xy le champ de vecteurs associé & H, défini par tx,,w = —dH,
on s’intéresse a I’évolution hamiltonienne

dy

— =X .

dt 1(7)

Remarquons que le long d’une trajectoire v, pour £': M — R, on a

dF(y(t))

T (X2 (0), X (1),

Par conséquent, on dit que F' est une loi de conservation pour le flot hamiltonien associé
a H si le crochet de Poisson entre H et F', défini par {H, F'} = w(X3, Xr), s’annule en
tout point.

Grace au théoréme de Arnold-Liouville [Arn78; Lio55; Jos68; Min36], nous disposons
d’un critére d’intégrabilité pour un systéme hamiltonien donné, basé sur ’existence de d
lois de conservations. On dit que le systéme est Liouville-intégrable s’il existe d lois de

conservation Fy = H, ..., Fy sur M lisses, linéairement indépendantes et en involution :
en d’autres termes, on a dFy A ... A dFy # 0, et {F};,F;} = 0 en tout point pour
tous 4,j. Dans ce cas, on fixe un ensemble de valeurs ¢ = (ci,...,cq) € R? et on note

T(c) = Fy ' (e1) N...N E; ' (cq) la courbe de niveau associée. On suppose que quitte
prendre une composante connexe, T'(¢) est connexe, compacte, lisse et n’intersecte pas la
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frontiére de M. Alors le théoréme d’Arnold-Liouville affirme que T'(c) est difféomorphe
au tore T?. Plus précisément, il existe un symplectomorphisme lisse entre un voisinage
Vr(e de T(c) dans M et le produit cartésien d'un ouvert & C R* avec T¢

d
®:m e Vre,w) = (I, 1,01, .., 02) € U x T dI; A dby),

i=1
De plus, sur ce voisinage, les valeurs de Fi(m),..., Fy(m) ne dépendent que variables
action I,...,I; mais sont indépendantes des variables angle 6,,...,6,. Dans ces nou-

velles coordonnées action-angle, il existe une fonction des actions 2 telle que 1’évolution

hamiltonienne devient
dar _
dt
{%:ﬂm.

En résolvant ce systéme explicitement, on voit que I reste constant et que 0(¢) = 6(0) +
tQ2(I) est linéaire, ce qui implique que les trajectoires sont quasi-périodiques, ¢’est-a-dire
périodiques avec un nombre fini de périodes temporelles.

Intégrabilité en dimension infinie En dimension infinie, on se place sur un Hilbert
complexe (H, (-|-}) (par exemple H = L*(T) ou H = L*(R)), et on considére une forme
R-bilinéaire antisymétrique w, non-dégénérée au sens ou I’application

u€ Hw— w(u,-)eH”

est bijective (par exemple, w(u,v) = Im({(u|v)) ou w(u,v) = Re((u|0,v))). On considére
ensuite un hamiltonien H : D C H — R défini sur un sous-espace D dense dans H. Le
champ hamiltonien associé a ‘H est défini & partir de la différentielle au sens de Gateaux
dH par la formule

Re((dH (u)[h)) = w(h, X3 (u)),

et I’évolution temporelle pour le systéme hamiltonien associé est donnée par
Ou = Xy (u).

En dimension infinie, ’existence d’une infinité de lois de conservation, c’est-a-dire de
fonctions F' : H — R qui vérifient {H, F'} = w(Xy, Xr) = 0, n'est pas équivalente
a l'existence d’un changement de coordonnées comme ci-dessus. Dans les parties qui
suivent, on donne quelques exemples d’équations complétements intégrables au sens ot
elles admettent un changement de coordonnées appelé coordonnées de Birkhoff : I’équation
de Benjamin-Ono, I'équation de Korteveg-de Vries, 'équation de Schrodinger cubique en
dimension 1 et 'équation de Szegé cubique. Puis, on étudie plus précisément certaines
équations de type Benjamin-Ono au travers de ces coordonnées.

1.2.1 L’équation de Benjamin-Ono
L’équation de Benjamin-Ono [Ben67; Ono75]
O = 0,(|D|u — u?) (BO)

décrit un certain régime d’ondes internes longues a l'interface entre deux fluides soumis
a la gravitation, la profondeur du fluide du bas étant infinie. Cette équation peut étre
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posée sur la droite ou sur le tore, la solution u est cherchée a valeurs réelles. C’est le cas
périodique qui nous intéressera plus particuliérement dans la suite. On fait référence a
Saut [Saul9] pour une description du modéle et une bibliographie détaillée, et a Gérard
[Gér20] pour un récapitulatif des avancées récentes sur les propriétés d’intégrabilité de
I’équation sur le tore.

Intégrabilité On sait depuis les travaux de Nakamura [Nak79| et Bock, Kruskal [BK79|
que ’équation de Benjamin-Ono equation admet une paire de Lax. Suivant la formulation
de [GK20], Appendice A, la paire de Lax s’écrit

d
_Lu = Bua Lu s
p” [ ]
avec
L,=D-T, B,=iD*+2iTpm., — 2iDT,. (1.13)

Ici, on note D = —id,, et T, désigne opérateur de Toeplitz de symbole u € L>(T) sur
Pespace de Hardy L3 (T) = {h € L*(T) | Vn < 0, h(n) = 0}, défini en (1.5) & partir
du projecteur de Szegé II : L*(T) — L2(T) par la formule T, (h) = II(uh), h € L%(T).
La paire de Lax conduit & I'existence d’une infinité de lois de conservation que ’on peut
définir suivant [Nak79|, [FF81] ou [KM98], voir [MX11] pour plus de détails.

Grace aux travaux récents de Gérard, Kappeler et Topalov dans |GK20; GKT20b;
GKT20a, on sait que I’équation de Benjamin-Ono admet des coordonnées de Birkhoff.
Notons H; ((T) I'espace des fonctions & valeurs réelles dans H*(T) de moyenne nulle et

1
5t+s .
hi ~ T'espace des suites

+oo
3ts s
h+ = {C = (Cn)nzl S C™ | HCH?L%H: Zn1+2 Kn|2< —|—OO}.
+ n=1

Théoréme 1.2.1 (Coordonnées de Birkhoff pour (BO) [GK20; GKT20b]). Il existe une
transformation

oue | Hio(T) = (Gulw)sr € | n2™ (1.14)

1 1
S>*§ S>*§

telle que les propriétés sutvantes soient vérifiées.

1
e Pour tout s > —%, O H(T) — hiJrS est un homéomorphisme. De plus, cette
application et sa réciproque échangent les bornés de ces deux espaces.

o Pour tout ug € H;(T) avec s assez grand, si u est la solution de (BO) associée a
la donnée initiale ug, pour tout n > 1 et pour toutt € R, on a

Culu(t)) = €™ ¢, (ug),
wn(ug) =n? — 2 Z min(k, n)|C(uo) [

k>1

o Pourtoutt €T, ue Us>7% H:o(T) et n > 1,
Gulu(- +7)) = " C(u).

On peut interpréter les coordonnées de Birkhoff comme des coefficients de Fourier non
linéaires adaptés a 1’équation de Benjamin-Ono.
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Seuil pour le caractére bien posé Grace aux travaux de Saut [Sau79| et Abdelouhab,
Bona, Felland et Saut [Abd-+89], on sait que I'équation (BO) est globalement bien posée
dans H*(T) (ou H*(R) sur la droite) pour s > 3. Tao |Tao04] étend le caractére glob-
alement bien posé de 1’équation & H'(R) en utilisant une transformation appelée forme
normale de Tao, et inspirée de la transformation de Cole-Hopf [Col51; Hop50]
w = H>0(6_i8”_1“).

Le meilleur résultat connu sur le tore avant le résultat ci-dessus sur la compléte intégrabil-
ité de (BO) est le caractére globalement bien posé dans L*(T) [Mol08; MP12b|. Comme
conséquence du théoréme 1.2.1, Gérard, Kappeler et Topalov étendent en fait le flot de
I’équation de Benjamin-Ono & H;((T) pour tout s > —% [GKT20b], ce qui implique que
I’équation de Benjamin-Ono est globalement bien posée au sens suivant.

Définition 1.2.2. Soit s € R. Pour ug € H;((T), on dit que u € C(R, H;,(T)) est une
solution globale associée a la donnée initiale ug si pour toute suite de données initiales
u(()k) dans H°(T), o > 3, convergeant vers uy dans H:o(T), la suite de u™ de solutions
classiques de (BO) associées converge vers u dans C(R, H;o(T)).

L’équation (BO) est dite contindment globalement bien posée dans H:y(T) si pour
tout ug € H;o(T), il ewiste une solution globale u de (BO) associce a uo, et si de plus

Papplication solution S : H; ((T) — C(R, H;}((T)) est continue.

Ce nouveau seuil de —% pour le probléme de Cauchy est optimal dans le sens ou il
n’existe pas d’extension continue du flot & H:((T) pour s < —3 (voir le théoréme 2 dans
|GKT20a], voir aussi [PIT10] pour le cas s < —3). Par ailleurs, le flot n’est nulle part
localement uniformément continu pour s < 0 [GKT21a].

Nature des trajectoires Pour 'équation de Benjamin-Ono, les lois de conservation
permettent d’établir que toutes les normes de Sobolev des trajectoires sont bornées. En
fait, ces trajectoires sont méme presque périodiques dans H;io(’]T) pour tout s > —% ,
c’est-a-dire que l'orbite {u, : © — u(x + 7) | 7 € R} est relativement compacte dans
Cy(R, H((T)) (voir [GK20], Théoréeme 1.3 et [GKT20a], Théoréme 3 et Corollaire 8).
Comme conséquence, les solutions de ’équation de Benjamin-Ono sont récurrentes : pour
toute solution u associée a la donnée initiale uy € L2((T), il existe une suite ¢, —
+00 telle que u(t,) tend vers ug dans L7 (T) (voir [GK20], Remarque 1.4 (ii)). Notons
qu'une construction de solutions périodiques et quasi-périodiques non lisses fait ’objet de
[GKT21b].

Une approche probabiliste a 1’équation de Benjamin-Ono sur le tore, développée
dans [Tzv10; TV13a; TV13b; TVI15; Denlh; DTV15] permettait déja d’établir qu’avec
probabilité 1 par rapport a la mesure concernée, les solutions de (BO) sont récurrentes
(voir [TV13b], Corollaire 1.3 et [Sy18], Corollaire 1.2). Les auteurs construisent une suite
(ftn)n de mesures gaussiennes sur L?(T), invariantes par le flot de (BO), et associée aux
lois de conservation pour cette équation. Ainsi, chaque mesure p, se concentre sur H*(T)
pour s < n — 3, et satisfait (o (H™2(T)) = 0. La mesure , est formellement définie
a partir de la n-éme loi de conservation H, comme une renormalisation de 1’expression
dp, = e "™ du. Sy [Sy18] étend cette construction pour obtenir une mesure concentrée
sur C*(T). On peut se demander s’il est possible de construire des solutions globales pour
des données initiales génériques trés peu réguliéres, typiquement dans H ’%(T), et pousser
la compréhension de ces mesures a ’aide des coordonnées de Birkhoff.
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Intéressons-nous maintenant a la classification des ondes progressives et & leurs pro-
priétés de stabilité. Les ondes progressives sur la droite et sur le tore sont caractérisées
depuis les travaux de Amick et Toland [AT91] : dans le cas périodique, ce sont les fonctions
de la forme

u(t,z) =U(x — ct)

2
147 et

avec ¢ = 15

1—1?
1—2rcos(Nz + a) + 12 +e,
ol € R, a € Ret N € N*. En coordonnées de Birkhoff, ces solutions correspondent
en fait aux solutions monomodes, ¢’est-a-dire ayant une seule coordonnée de Birkhoff non
nulle (voir [GK20]|, Appendice B). De plus, la stabilité orbitale de ces ondes progressives,
établie par Pava et Natali [PNO8| dans H'/2, s'¢tend a H((T), s > —1 au moyen de ces
coordonnées (voir [GK'T20b], Théoréme 4).

U(x) =N

Equation de Benjamin-Ono sur la droite Sur la droite, on s’attend a ce que la
dispersion change le comportement des solutions de ’équation de Benjamin-Ono. Ainsi,
Ifrim et Tataru [IT19] montrent un résultat de décroissance dispersif sur des temps grands
pour des données initiales petites et localisées. Ils conjecturent également qu’une solution
associée a une donnée initiale petite est soit dispersive, soit se décompose comme la somme
d’un soliton et d’une partie dispersive (conjecture de résolution en solitons).

L’intégrabilité au sens de Lax est toujours valide sur la droite, avec la méme formula-
tion (1.13) pour la paire de Lax, en remplagant le projecteur de Szegd sur le tore par celui
sur la droite. Néanmoins, la transformée de diffusion inverse (IST), écrite formellement par
Ablowitz et Fokas dans [FA83|, n’est complétement développée que pour des données ini-
tiales suffisamment petites et décroissantes (voir [CW90] puis [KM98]). Wu [Wul6] étudie
le spectre de 'opérateur de Lax pour cette équation, puis résout le probléme de diffusion
direct pour des données suffisamment décroissantes [Wul7]. Récemment, Sun [Sun2l]
a construit la transformation de Birkhoff pour des multisolitons, ce qui constitue une
premiére étape en direction de la conjecture de résolution en solitons.

Perturbations de I’équation de Benjamin-Ono Au moyen d’extensions de la théorie
KAM, on peut s’intéresser au comportement en temps long de solutions pour des pertur-
bations d’équations intégrables. FEn particulier, on se demande dans quelle mesure le
caracteére périodique, quasi-périodique ou presque-périodique des trajectoires est préservé
par la perturbation. Des résultats dans ce sens remontent & Kuksin [Kuk87] et Wayne
[Way90], on fait référence a Craig [Cra00] et Berti [Ber19] pour une bibliographie détaillée.

En ce qui concerne les perturbations de (BO) au voisinage de zéro, on peut citer les ré-
sultats suivants. Liu et Yuan [LY11] considérent une famille de perturbations non bornées
hamiltoniennes de ’équation de Benjamin-Ono sur le tore, pour lesquelles ils construisent
des tores invariants, et en déduisent l'existence de trajectoires quasi-périodiques. Mi et
Zhang [MZ14] étendent cette étude a des perturbations quasi-périodiques hamiltoniennes
plus générales. Dans [Ball3|, Baldi montre 'existence de solutions périodiques pour des
perturbations non Hamiltoniennes réversibles d’une équation de Benjamin-Ono avec non
linéarité cubique

O+ HOppu + 0, (u®) = 0.

Pour des équations Benjamin-Ono généralisées

O+ Hggi + 0y(f(u)) = 0,
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Bernier et Grébert [BG20b| établissent une approximation sur des temps longs des tra-
jectoires pour des données initiales génériques proches de l'origine.

Afin de pousser plus loin la théorie des perturbations hamiltoniennes de (BO) au moyen
de la théorie KAM, Gérard, Kappeler et Topalov montrent que ’application moment v
(]G (w)]?)n est analytique réelle de H;(T) sur des espaces pondérés de suites £' [GKT20a,
puis que I'application de Birkhoff ® s’étend en une application analytique complexe au
voisinage de zéro dans H:((T) pour tout s > £ [GKT21al.

Amortissement pour I’équation de Benjamin-Ono Enfin, on peut également intro-
duire plusieurs types d’amortissement physiques en fonction de la nature de la dissipation
des ondes pour I'équation de Benjamin-Ono, de la méme fagon que pour 'équation de
Korteweg-de Vries [OS70]|. L’ajout de termes d’amortissement de type diffusif peut con-
duire & une décroissance des solutions et & I’existence d’attracteurs globaux. Un attracteur
global est un ensemble compact, invariant par le flot de ’équation, qui attire toutes les
trajectoires et ce de fagon uniforme sur les ensembles bornés de données initiales.

Ainsi, Grimshaw, Smyth et Stepanyants (voir |[GSS18| et les références associées) in-
troduisent un modéle général d’équations dispersives de la forme

Oyu 4+ audyu + SHOu + 0Du] = 0,

ot D(u) est un multiplicateur de Fourier. Cet opérateur peut notamment correspondre

a la dissipation de Rayleigh Du = u, la dissipation de Reynolds Du = —0,,u (on parle
alors d’équation de Benjamin-Ono-Burgers), amortissement de Landau Du = HO,u,
la dissipation des ondes internes sur un fond irrégulier Du = |u|u, etc. Pour ces dif-

férents modéles, ils observent numériquement la vitesse de décroissance pour les solitons
de I’équation de Benjamin-Ono.

La décroissance vers zéro ainsi qu’une description asymptotique des profils solutions
lorsque t — +oo figurent notamment dans [Dix91] pour la dissipation de Reynolds et
[BL11] pour des équations de Benjamin-Ono-Burgers généralisées (voir aussi [Mat+07]
pour I'étude des chocs dispersifs lorsque ’amortissement est petit). Pour une dissi-
pation fractionnaire Du = |D|%, g > 0, le comportement asymptotique et l’existence
d’attracteurs globaux sont étudiés dans [Dix92; Ala93]. Guo et Huo [GHO6| (voir aussi
[BY95]) établissent I'existence d’un attracteur global dans L?(R) qui est compact dans
H3(R) pour des équations de KdV-Benjamin-Ono généralisées faiblement amorties

ou + aHOpu + BOrprtt + p0pu + Au 4+ ud,u = f.

De la méme facon, pour ’équation de Schrédinger cubique faiblement amortie avec
forgage sur R (resp. sur T)

Goubet et Molinet [GMO09] (resp. [Mol09a]) prouvent lexistence d’un attracteur global
dans L?, compact dans H?, voir aussi [Akr99| pour l'existence dans des espaces plus
réguliers. On fait également référence a Burq, Raugel et Schlag [BRS17; BRS18| pour des
équations de Klein-Gordon faiblement amorties.

1.2.2 Autres équations aux dérivées partielles intégrables

On mentionne maintenant des résultats de compléte intégrabilité pour d’autres équations
aux dérivées partielles.
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Equation de Korteveg-de Vries L’équation de Korteveg-de Vries [KD95]
Ot = —Oppatl + 6U0L 1 (KdV)

est un modéle de propagation de grandes ondes de surface dans un canal étroit et de faible
profondeur. Pour une monographie détaillée sur cette équation et ses perturbations, on
fait référence au livre de Kappeler et Poschel [IKP03].

La structure de Poisson pour (KdV) est donnée par le hamiltonien

H(u) = %/T(awu)u/TUS

de domaine D = HOS(T), et la forme w(u,v) = Re({u|0,v)), ce qui conduit au le crochet
de Poisson {F, G} = Re((VF|0,VG)) pour des fonctions F' et G suffisamment réguliéres.

Il existe une infinité de lois de conservations Hy, k > 0 [Gar71l; Miu68; MGKG68|, qui
controlent les normes des trajectoires dans tous les espaces de Sobolev d’ordre supérieur,
et que I'on peut retrouver au moyen de la paire de Lax [Lax68]

dL,
= Buu L,
7 | ]
avec L, = —dd—; +uet B, = —4dd—; + 3u-L + 3-Lu. L’équation (KdV) est compléte-

ment intégrable dans le sens o elle admet des coordonnées de Birkhoff globales [Bit+95;
BKM96]. En utilisant la formulation de [KMO1], 'existence de variables action-angle
globales s’écrit sous la forme suivante.

Théoréme 1.2.3 (Coordonnées de Birkhoff globales pour (KdV) [Bit+95; BKMO9G6;
KMO1]). Pour s > 0, on note hy := {zx € (N,R) | 3 ., n*|z,*< +oo}. Il eviste
un difféomorphisme

1 1
®:u € LI(T) = (z,(u),yn(u)) € h7 x h?
tel que les propriétés suivantes soient vraies.

o L’application ® est bijective, bi-analytique réelle, et préserve les crochets de Poisson.

S 1 S 1 .. .
e Pour tout entier s > 0, la restriction de ® a HS(T) dans h'? x bR est bijective
et bi-analytique.

o Les variables (T, Yn)n>1 Sont les coordonnées de Birkhoff pour léquation de KdV
3 3
dans hi X h#, pour lesquelles les variables action-angle sont données par les coor-
2 2
données polaires I, = 7% et 0, = arctan().

Dans ces coordonnées, le Hamiltonien ‘H ne dépend que des actions I = (1,,),>1, et

I’équation devient

Yn = —wn()zy,

avec wy(I) = L% (I). Comme conséquence, les trajectoires sont presque-périodiques. Cest
oI J

aussi le cas pour toutes les équations dans la hiérarchie de KdV, qui admettent les mémes
coordonnées de Birkhoff que I'équation de KdV, avec des régularités adaptées et des
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fréquences adaptées wgk) = %(I ) correspondant aux hamiltoniens d’ordre supérieur Hy.
Notons que contrairement a lrééquation de Benjamin-Ono, on ne dispose pas de formule
explicite pour ces fréquences.

Comme la transformation de Birkhoff s’étend en une application bijective, bi-analytique
¢ HY(T) — hi+% X hffé pour s > —1 [KMTO05], Kappeler et Topalov déduisent que
I'équation de KdV est globalement bien posée dans H!(T) [KT06], de plus, les trajec-
toires sont relativement compactes dans H*(T) et et presque-périodiques. Sur la droite,
on peut mentionner Kilip et Visan |[KV19] qui montrent que 1'équation de KdV est glob-
alement bien posée dans H'(R), et que 'équation suivante dans la hiérarchie de KdV

est globalement bien posée dans L*(R).

Equation de Schrddinger cubique Le formalisme hamiltonien est le suivant pour
traiter les équations de Schrodinger focalisante (avec le signe —) et défocalisante (avec le
signe +)

i0pu & Oppu = |ul?u.

On se raméne au systéme

{iatul + ammul = 2U2U% (115)

10Uy — Oppliy = —2uqu3,

le cas défocalisant étant obtenu par restriction au sous-espace {us = Uy}, alors que le cas
focalisant est obtenu par restriction a {us = —u7}. Pour la structure

w((u1,ug), (v,v9)) = —i/T(uwQ — uguy ) dz,

le crochet de Poisson de deux fonctions suffisamment régulieres F, G sur L*(T) est défini
par

(F.G) =i / (Vo) (VarG) — (Vs F)(V o, G) d,

ce qui permet d’écrire 1’équation (1.15) sous la forme

iaﬂlg = VUQ%
i@tu2 = _VU1H

avec

H = /&cul@xuz + ufug dz.
T

La paire de Lax 4 = [B,, L,] est donnée par Zakharov et Shabat |ZS74| par

i 0\ d 0 wu 200z, — tuus Uy + 2u10,
L, = ) ==+ , B, = f . : .
0 —i) dx us 0 uy + 2ux0,  —200,, + iujus
Elle fournit une infinité de lois de conservation qui bornent les normes H* pour tout s > 0.
On sait depuis Bourgain [Bou99| que le probléme de Cauchy est globalement bien posé
dans L?(T), de plus, ce seuil est optimal étant donné les résultats sur le caractére mal
posé dans H*(T) lorsque s < 0 (voir [Mol09b] et les références associées).

Grébert et Kappeler |GK14] montrent que ’équation de Schréodinger cubique défocal-
isante sur le tore admet des coordonnées de Birkhoff globales dans H*(T) pour s € N.
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Notons que l'on ne dispose pas de formule explicite en coordonnées de Birkhoff pour le
hamiltonien H, ni pour les fréquences associées w, = %(I ). Comme conséquence de
la compléte intégrabilité, les trajectoires pour I'équation de Schrodinger cubique défocal-
isante sont presque-périodiques dans H*(T) pour tout s > 0.

En revanche, ’équation de Schriédinger cubique focalisante sur le tore n’admet pas
de coordonnées de Birkhoff locales autour de certains potentiels [IKT19]. Kappeler et
Topalov [KT20b] démontrent alors un théoréme de type Arnold-Liouville en construisant
des coordonnées action-angles autour des potentiels pour lesquels le spectre périodique de

I'opérateur de Lax est simple, qui constituent un Gs-dense de potentiels [KT20a].

Equation de Szeg6 L’équation de Szegs sur le tore admet également des variables
action-angle globales dans H}r/ *(T) (voir [GG17], Théoréme 2). Cette construction repose

sur 'existence de deux paires de Lax [GG10; GG12b]. Pour un potentiel u € Hi/Q(T),
notons

H,:he€ L%(T)— I(uh) € L%(T)
I'opérateur de Hankel de symbole u, et pour b € L>°(T), notons
Ty : h € L2(T) — II(bh) € L%(T)

lopérateur de Toeplitz de symbole b. On définit aussi 'opérateur de décalage par S : u €
L% (T) + e"u € L3 (T), et Vopérateur de Hankel décalé par K, := S*H, = H,S. Alors
pour toute solution de I'équation (Sz), on a

d , i
EHU == [Bu, Hu], Bu = —ZCT‘UP + §HU

et )
Ak — (LK, Cum —iThp + LK
dt u — wy Dl [ ul? 9 w*

Comime conséquence, les solutions sont presque périodiques dans H i/ 2(']I") (voir [GG17],
Théoréme 1). En revanche, méme si I'équation de Szegé admet une infinité de lois de
conservation, celles-ci ne controlent pas les normes de Sobolev d’ordre supérieur a % En
fait, Péquation de Szegs présente de la turbulence faible (voir [GG17], Théoréme 1) :
il existe un Gs-dense de données initiales dans Li N C* telles que pour tout s > %, la
solution w vérifie lim sup, ||u(t)|| zs(ry= 400 et liminf,||u(t)| zsm< +o00.

Sur la droite, on a vu que la premiére paire de Lax s’écrivait de la méme fagon (1.6)
en prenant les opérateurs de Toeplitz et de Hankel sur la droite. Néanmoins, 'opérateur
S disparait, et doit étre remplacé par un semi-groupe (S(n)),>0, ot S(n) : f € L3 (R) —
e"* f e L2 (R). Au moyen d’une formule explicite pour les solutions, Pocovnicu [Pocllal
montre que pour des données initiales génériques dans H*(R), s > 0, la conjecture de
résolution en solitons est vraie et il existe des coordonnées action-angle généralisées dans
ce cas. Fn revanche, il existe des données initiales non génériques pour lesquelles la norme
de Sobolev H® explose dés que s > %

1.2.3 Reésultats pour la hiérarchie de Benjamin-Ono sur le tore

Dans cette partie, on reprend les résultats de |Gas21b| autour de la troisiéme équation de
la hiérarchie intégrable de Benjamin-Ono sur le tore

Ou = 0y (—@mu — ;uH&Cu — gH(uﬁxu) + u3> ) (3-BO)
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On définit les équations de la hiérarchie pour ’équation de Benjamin-Ono par [Mat84]
Oyu = 0p(VHj1(u)), (k-BO)

ot les lois de conservation Hj sont obtenues & partir de U'opérateur de Lax L, (1.13) par
la formule
Hipyr(u) = (LFH1T).

En particulier, le hamiltonien pour la troisiéme équation dans la hiérarchie de Benjamin-
Ono (3-BO) vaut

12“18232814011 )
Hy(u) = %/0 (5( L u)° — 1Y Hoyu + e ) x — 57—[2(11) , (1.16)
avec Ha(u) = %HUH%%T)'

La transformation de Birkhoff pour I’équation de Benjamin-Ono est valable pour toutes
équations de la hiérarchie. De fait, le hamiltonien H;,.; ne dépend que des variables
d’action 7, = |(,|*, de méme que les fréquences

O(Hpy1007")
9|Gal?

Ainsi, en coordonnées de Birkhoff, 'équation (k-BO) de la hiérarchie associée au hamil-
tonien Hy4, devient

() =

n

d .
o = W06 n2 1.

Ce systéme d’équations différentielles a pour solution

Colt) = Cu(0) e TCO e R > 1 (1.17)

Les fréquences sont bien définies et la formule pour ’évolution temporelle est valable dés
que la suite de coordonnées de Birkhoff au temps initial ((0) = ((,(0))n>1 est presque
nulle (on dit alors que u = ®7!({(0)) a un nombre fini de modes). Pour la troisiéme
équation (3-BO) dans la hiérarchie de Benjamin-Ono (k-BO), on montre que les fréquences
s’écrivent

w(Q) =" +nY plGIP=3) min(p,n)*GF+3 Y min(p,q,n)|GI¢P  (1.18)

p>1 p>1 p,q>1

Caractére bien posé On détermine d’abord le seuil pour lequel I'équation (3-BO)
est bien posée dans les espaces de Sobolev vao(']l‘) de potentiels & valeurs réelles et de
moyenne nulle sur le tore. Remarquons que pour tout ¢ € R, le flot pour cette équation
8" up — u(t) est bien défini lorsque uy a un nombre fini de modes.

On montre que I'application solution s’étend globalement par continuité a H;y(T)
lorsque s > 0, ce qui est la maniére naturelle d’étendre la notion de caractére globalement
bien posé pour des solutions peu réguliéres, en accord avec la définition 1.2.2. En revanche,
le flot n’admet pas d’extension par continuité, méme pour des temps petits, dans H;OS(T)
lorsque 0 < s < %

Théoréme 1.2.4 (Seuil pour le caractére bien posé [Gas21bl|). Pour tout s > 0, lapplication
solution pour (3-BO), définie pour les données initiales ayant un nombre fini de modes,
s’étend de facon continue @ H;O(T), dans le sens ou il existe une application solution
S H:y(T) — C(R, H;((T)) telle que les propriétés suivantes soient vraies :
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o pour tout t € R, le flot S* - H}((T) — H;(T) coincide avec le flot défini pour les
potentiels ayant un nombre fini de modes ;

e [‘application solution S : H;o(T) — C(R, H;((T)) est continue.

En revanche, pour tout t > 0, il n’existe pas d’extension continue du flot St a H,§(T)
lorsque 0 < s < %

De plus, pour toutt € R, Uapplication flot ainsi construite S* : ug — u(t) est faiblement
séquentiellement continue dans H;O(T) lorsque s > 0, mais pas faiblement séquentielle-
ment continue dans L7 (T).

Lorsque la donnée initiale est dans H;y(T) pour s > %, la solution donnée par le
théoréme donne une solution de I’équation (3-BO) au sens des distributions. En effet, on
peut montrer que 'on obtient une solution de I'équation (3-BO) dans H;*(T) au moyen
des injections de Sobolev sur le tore, et des injections de Sobolev duales lorsque I'exposant
de Sobolev est négatif. Par ailleurs, en approchant une donnée initiale par des données
initiales réguliéres n’ayant pas nécessairement un nombre fini de modes, les solutions
réguliéres correspondantes coincident avec l'extension du théoréme et convergent vers la
solution donnée par le théoréme.

On s’attend & ce que le seuil pour le caractére bien posé augmente d’une demi-dérivée
pour chaque nouvelle équation de la hiérarchie. Ainsi, pour ’équation (k-BO) associée au

(k + 1)-éme hamiltonien H;, pour k > 3, le seuil devrait étre au niveau de l’espace de

Sobolev HT%Q(T). Notons que pour toutes les équations de la hiérarchie, 'exposant de
Sobolev critique est —%.

Mentionnons maintenant d’autres approches au probléme de Cauchy pour des équa-
tions de Benjamin-Ono d’ordre supérieur. Tanaka [Tan19] montre le caractére localement
bien posé dans H*(T) lorsque s > g pour des équations du troisiéme ordre dans la hiérar-
chie plus générales, de la forme

O = Op(—0pett — cruHOpu — coH (udpu) + u).

II déduit le caractére globalement bien posé dans H*(T), s > 3, dans le cas intégrable
Cl = Cy = %

Sur la droite, Feng et Han [FH96] montrent le caractére localement bien posé dans
H*(R) pour s > 4 de I'équation (3-BO). En ce qui concerne des équations du troisiéme
ordre dans la hiérarchie plus générales, Linares, Pilod et Ponce [LPP11] montrent le
caractére localement bien posé dans H*(R) pour s > 2, puis Molinet et Pilod [MP12a]
montrent le caractére globalement bien posé dans H*(R) pour s > 1.

Pour une famille d’équations d’ordre 4 plus générales dans la hiérarchie de Benjamin-
Ono sur le tore et sur la droite, Tanaka [Tan21] montre le caractére localement bien posé
dans H?® pour s > %, et le caractére globalement bien posé dans H?® pour s > 4 dans le
cas intégrable.

Nature des trajectoires Rappelons que pour I'équation de Benjamin-Ono, les trajec-
toires sont presque périodiques dans Hio(’]l’) pour tout s > —%. La preuve de presque
périodicité (et comme conséquence la récurrence des solutions) dans les espaces de Sobolev
adaptés s’étend en fait a toute la hiérarchie de Benjamin-Ono (k-BO). On peut égale-
ment remarquer grace au développement asymptotique Wi~k lorsque n — +00 que
les trajectoires quasi-périodiques sont exactement les trajectoires ayant un nombre fini de

modes.
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On classifie maintenant les ondes progressives pour 'équation (3-BO) dans L7 ((T), et
on détermine leurs propriétés de stabilité orbitale. Les ondes progressives pour (3-BO)
sont les solutions qui s’écrivent sous la forme u(t,z) = wuo(z + ct) pour tout t € R et
z €T, onug € Ly(T) et c € R.

Pour N > 1, un potentiel uy € L%yO(T) est appelé N-mode si I'ensemble de ses modes
non nuls {n > 1| (,(ug) # 0}, avec ®(ug) = (¢u(up))n>1, est fini et de cardinal N.

On rappelle également qu'une onde progressive associée a ug € L,?’O(']I‘) est orbitalement
stable si pour tout € > 0, il existe § > 0 tel que pour toute solution v de I’équation (3-BO)
associée a une donnée initiale vy € L7 o(T) vérifiant [|vg — ug||z2(r)< 9, alors

sup inf|[|v(t) — uo(- + 0)||r2(m < €.
teR 0eT

Théoréme 1.2.5 (Classification et stabilité orbitale des ondes progressives [Gas21b]).
Une donnée initiale uy € L%O(T) définit une onde progressive pour [’équation (3-BO) si
et seulement si 'une des deux conditions suivantes est satisfaite.

e Soit ug est un 1-mode, dans ce cas, ['onde progressive est orbitalement stable.

o Soit ug est un 2-mode, tel que les indices des deux coordonnées de Birkhoff non
nulles p < q vérifient, en notant v, = |(|? et v, = |, |?, inégalité

1 +
0<7p<§ (p+\/p2+4qz%>

pt+q
4= —

et l’égalité

Y2+ P
29 +q

Dans ce cas, l'onde progressive est orbitalement instable.

Yq =

1.2.4 Reésultats pour une équation de Benjamin-Ono faiblement
amortie

Dans cette partie, on reprend les résultats de [Gas20a].

On amortit I’équation de Benjamin-Ono sur le tore (BO) par les plus petits modes de
Fourier cos et sin. Pour un paramétre fixé a > 0, 'équation de Benjamin-Ono amortie
s’écrit

Opu + a({u|cos) cos +(ulsin) sin) = HO,,u — O, (u?). (BO-a)

On s’intéresse a la fagon dont "'amortissement influence le comportement en temps long des
trajectoires. Notons que notre choix d’amortissement enléve a la fois la structure hamil-
tonienne et la structure intégrable propres a ’équation de Benjamin-Ono, par ailleurs,
le terme d’amortissement ne peut pas étre traité comme une petite perturbation de
I’équation de Benjamin-Ono. Le cas d’un terme d’amortissement général vérifiant ces
propriétés semble hors de portée des techniques usuelles.

Caractére bien posé Dans un premier temps, on montre que I'équation de Benjamin-
Ono amortie (BO-a) est globalement bien posée dans L7 o(T), et que application solution
est faiblement séquentiellement continue.
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Théoréme 1.2.6 (Caractére bien posé [Gas20al]). Pour tout T > 0 et tout ug € L2 (T),
il existe une unique solution de (BO-a) au sens des distributions de donnée initiale ug

dans C([O,T},L%O(T)). De plus, DUapplication solution est continue et faiblement séquen-
tiellement continue de L7 (T) dans C([0,T], L7 o(T)).

Pour montrer que les solutions locales maximales sont globales, on borne la norme L?
de la solution au moyen d’une fonctionnelle de Lyapunov

%HU(t)Hizmﬁa (I{u(t)]cos)[*+|{u(t)[sin)[*) = 0. (1.19)

Afin d’obtenir le caractére globalement bien posé de I'équation (BO-a) dans L7 (T), on
pourrait également utiliser des techniques employées pour I’équation de Benjamin-Ono
par Molinet [Mol08] et Molinet, Pilod [MP12b]. Néanmoins, ces techniques ne conduisent
pas a la continuité séquentielle faible du flot, qui est nécessaire a la description des valeurs
d’adhérence faibles de la suite (u(t)), lorsque t — +oc.

Valeurs d’adhérence faibles et relative compacité des trajectoires Ensuite, on
s’intéresse aux valeurs d’adhérence faibles des trajectoires. On montre qu’elles suivent le
principe de LaSalle, puis que ce sont en fait des valeurs d’adhérence fortes, de sorte que
les trajectoires sont relativement compactes dans L7 (T).

Théoréme 1.2.7 (Valeurs d’adhérence faibles des trajectoires [Gas20al). Soit u une so-
lution globale de Iéquation (BO-a) dans L2(T). Soit vy une valeur d’adhérence faible
dans L7 o(T) de la suite (u(t))i>o lorsque t — +o00. Alors les propriétés suivantes sont
vrates.

(i) La solution v de (BO-«) associée a la donnée initiale vy satisfait le principe de
LaSalle :
Vi e R, (v(t)|cos) = (v(t)|sin) = 0. (1.20)

La condition (1.20) est équivalente au fait que la valeur d’adhérence faible vy n’a pas
deux coordonnées de Birkhoff consécutives non nulles, ¢’est-a-dire avec la convention
Co(vo) =1 :

Vn € N, (u(vo)Gat1(vo) = 0.

(i1) Etant donnée une solution u, toutes les valeurs d’adhérence faibles associées a u en
temps infini ont les mémes actions : il existe une suite (7:°)n>1 telle que pour toute
valeur d’adhérence faible vy associée a u :

Vn > 1, |G(vo)P= 7.

(iii) Les trajectoires sont relativement compactes dans L7o(T) : si vy est une valeur
d’adhérence faible associée a la suite (u(ty))y, alors

||U(tk) — U0|’L2(T)k:>m 0

La caractérisation (1.20) implique que les trajectoires pour 1’équation (BO-«) ne sont
pas récurrentes a moins d’étre également des trajectoires pour 1’équation de Benjamin-
Ono non amortie (BO), ce qui se produit lorsque les projections selon cos et sin restent
nulles au cours du temps. Par conséquent, les trajectoires ne sont en général pas presque
périodiques. Ceci est en contraste avec le comportement des trajectoires pour I’équation
de Benjamin-Ono non amortie.
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Borne sur les normes de Sobolev d’ordre supérieur Enfin, on montre que les
normes de Sobolev H* des solutions de (BO-«) restent bornées lorsque 0 < s < 2. Cette
propriété est aussi vraie pour I’équation de Benjamin-Ono sans amortissement grace a
I’existence d’une infinité de lois de conservation qui controlent toutes les normes de Sobolev
[Nak79; BK79].

Théoréme 1.2.8 (Normes de Sobolev d’ordre supérieur [Gas20a]). Soit 0 < s < 2. Soitu
une solution de Uéquation de Benjamin-Ono amortie (BO-a) dans L?(T) dont la donnée
initiale uo appartient a H°(T). Alors il existe une constante Cs(||uo||ms(my) > 0 telle que
pour tout t € R,

@) s )< Cs(lluollms(m))-

Avec la méme approche, on pourrait montrer que les normes de Sobolev H® restent
bornées pour tout s > 0. Néanmoins, la technicité augmente & mesure que I'exposant s
augmente, c¢’est pourquoi nous ne donnons une preuve que pour des exposants s < %

La stratégie de preuve consiste en 'utilisation de fonctionnelles de Lyapunov pour les
normes de Sobolev d’ordre supérieur en coordonnées de Birkhoff. En effet, on sait grace
a [GKT20b], Proposition 5 en Appendice A, que I’application de Birkhoff ® échange les
bornés de H,(T) avec ceux de

3ts s
P = {C= (ot € CULIICIE = D 0t |Gl < oo}
+ n

Les fonctionnelles de Lyapunov candidates s’écrivent alors Py(u) = > o, w,Vn(u), ol les
poids w, sont choisis de sorte que w, ~ n't?*. La stratégie d’introduire des fonctionnelles
de Lyapunov pour controler les normes de Sobolev d’ordre supérieur a déja été employée
dans |AB20; AMS20| pour plusieurs équations décrivant des dynamiques de fluides a
surface libre, mais a notre connaissance, c’est la premiére fois que cette stratégie est mise
en ceuvre au travers des coordonnées de Birkhoff pour un systéme intégrable proche de
I’équation étudiée.

Comparaison avec une équation de Szegd faiblement amortie Dans |[GG20),
Gérard et Grellier introduisent et étudient une équation avec le méme amortissement,
mais construite a partir de 'équation de Szegd cubique sur le tore. Pour un paramétre
a > 0, I’équation de Szegd amortie s’écrit

i0pu + iau|1) = T(|ul*u), (Sz-av)

ot l'on rappelle que II : L*(T) — L3(T) = {u € L*(T) | ¥n < 0,u(n) = 0} est le
projecteur de Szegé.

De la méme fagon que pour ’équation (BO-«), une valeur d’adhérence faible en temps
infini vy dans Pespace naturel d’énergie H}/*(T) = II(H'/?(T)) pour une solution de (Sz-c)
suit le principe de LaSalle : la solution v de (Sz-«r) associée a la donnée initiale v, satisfait
(v(t)|1) = 0 pour tout t € R. En particulier, les trajectoires ne sont généralement pas
presque-périodiques dans H}F/Z(T), alors que les trajectoires pour ’équation de Szegs le
sont [GG17]. Ces propriétés sont similaires au cas de I’équation de Benjamin-Ono que
nous venons de présenter.

Néanmoins, de nombreuses données initiales pour 'équation (Sz-«) donnent des tra-
jectoires qui ne sont pas relativement compactes dans Hi/Z(T) (ce que 'on peut voir grace
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a la preuve du théoréme 3.1 dans [GG20]), alors que on vient de voir que les trajectoires
sont relativement compactes dans L? ((T) pour (BO-a). Une autre différence avec I'étude
de (BO-a) est l'utilisation par les auteurs d’'une des deux paires de Lax pour I’équation
de Szegd, qui est encore une paire de Lax pour I’équation amortie (Sz-«), alors que 1’'on
ne connait pas de paire de Lax pour (BO-«). Enfin, en ce qui concerne les normes de
Sobolev d’ordre supérieur, Gérard et Grellier montrent dans [GG20| que pour I’équation
de Szeg6 amortie (Sz-a), il existe un ouvert non vide de Hi/Q(T) qui intersecte H*(T)
pour tout s > %, et tel que toute solution u dont la donnée initiale appartient & H*(T) a
une trajectoire qui explose en temps infini dans H*(T) :

()1, 0.

En comparaison, on a vu plus haut que I’équation de Szegé sans amortissement présente
de la turbulence faible [GG17].

Stratégie de preuve La stratégie générale consiste en transformer 1’équation (BO-«)
en un systéme d’équations différentielles ordinaires en les coordonnées de Birkhoff

iCn(lb(t)) = dwn (C(u(t)))Cn(u(t)) — o ((u(t)]cos) d¢u[u(t)]. cos +(u(t)[sin) A [u(t)]. sin) .

di
(1.21)

On simplifie le second membre, et en particulier les termes d¢,[u(t)]. cos et d(,[u(t)]. sin,
en mettant a part les fonctions des actions 7 = (|¢u|*)n>1. Notons que si u € L2 (T),
alors les actions ~ sont dans I'espace

g}i- ={z=(2n)n>1 € ct | HZHK}F: Z|Zn|< +oo}.

n>1

On montre qu'il existe des fonctions des actions p;,, g, A, ;. et B, ;. de classe C! telles que
pour tout u € L (T),

+o0
d¢a[u]. cos = pj(V)Cn—1 + €5 (V)G + (Z A (V) CrCrpr + B;,k('Y)Cka_-&-l) Cn-
k=0

Les termes py,,q,, A, ;. et B} sont uniformément bornés et Lipschitz sur les bornés de
(% - pour tout y € £} tel que ||[| < R et tout n,k >0, on a
+

25 (Nl an (N AL (N |+ B, ()< C(R),
de plus, pour tout h € £%,
| dp, (7)-hl+| dgy (). hl+| AAS 1 (7) - h[+d B, (7).h|< C(R)[|R| e, -

Le terme d(,[u]. sin vérifie une propriété similaire. De méme, on sait grace au Lemme 13
dans [GKT20b] qu'il existe des fonctions a; des actions, uniformément bornées et Lipschitz
sur les bornés de £} telles que

(ulcos) — ifulsin) = = 3" a1 (7)TiGirn (1:22)

k>0
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Par conséquent, on a décomposé le champ de vecteurs en blocs de la forme A(() :=
> im0 AL (V) CkCrr, ot les A7 ne dépendent que des actions et sont uniformément bornés et
Lipschitz sur les bornés, de sorte que I'on peut appliquer le théoréme de Cauchy-Lipschitz.

Pour étudier le comportement en temps long, on remarque ensuite que les actions ~y
évoluent lentement : on établit une borne de la forme

S [Srut0)] < Cllmolazeol (e,

n>1

sachant que la fonctionnelle de Lyapunov (1.19) implique que le membre de droite est de
carré intégrable en temps. En revanche, les coordonnées de Birkhoff ( sont trés oscillantes
a cause du facteur de phase iw,(¢)¢, ~ in?(, apparaissant dans la formule (1.21) pour
la dérivée temporelle de (,,. Le caractére trés oscillant reste vrai pour les interactions
entre différents modes de la forme (.Cop1CaCor1, k # n. Par conséquent, on traite ces
interactions par intégrations par parties en temps de la méme facon que lorsque 1’on
étudie des intégrales oscillantes pour la transformée de Fourier usuelle.

En partant de la formule (1.22) dans la fonctionnelle de Lyapunov (1.19), on peut
donc éliminer les interactions (.Cet1CnCort1, k # n, ce qui nous conduit a I'inégalité

400 +00
/ S i () df < 0.
0

n=0

Par intégrations par parties temporelles successives, on déduit que pour des exposants s
de plus en plus élevés, on a

+o0 +00
/ Z N2 () Yna1 (1) At < +o00,
0 n=0

et ces intégrales permettent de controler I’évolution temporelle de nos fonctions de Lya-
punov d’ordre supérieur Py(u) = > o w7V, (u), avec w, ~ n't2.

1.3 Perspectives

Mentionnons maintenant quelques problémes ouverts et perspectives de recherche.

Probléme de Cauchy pour I’équation de Schrédinger sur le groupe de Heisen-
berg Dans la partie 1.1.4, on a montré le caractére localement bien posé de I’équation
(NLS-G) pour des données aléatoires dans HE pour tout k €], %], sous une hypothése
additionnelle de décroissance de modes de Fourier & 'infini. On s’attend a ce qu'un résul-
tat similaire soit vrai pour 1’équation (NLS-H') pour des données aléatoires dans H*(H!'),
k G]%,Z] avec une hypothése adaptée de décroissance. Dans le cas radial, les potentiels
se décomposent plutot selon les fonctions de Laguerre, dont ’asymptotique des normes
LP a par exemple été étudiée dans [Mar82]. Dans le cas non radial, il faudrait traiter un
terme supplémentaire dans le sous-laplacien £ = Ay + (y0, — x0,)0s, ol on rappelle que
Apt = 3(0zs + Oyy) + (2% + y?)ss.

Il est naturel de se demander si en changeant légérement la randomisation, il est
possible de considérer des potentiels de plus faible régularité, notamment des potentiels
en dessous de I'espace d’énergie H'(H'). Dans ce cas, on souhaiterait ensuite observer si la
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conservation de I'énergie permet d’obtenir le caractére globalement bien posé des solutions
a donnée initiale aléatoire. Un obstacle majeur dans l'utilisation de la conservation de
I'énergie est la forme des solutions locales construites u(t) = z¥(t) + v(t), o z¥(t) =
e'Aeyy € HE suit le flot linéaire associé a la donnée initiale aléatoire us, et v € HE pour
14 E]%, k+ %[ En effet, la conservation de ’énergie a elle seule s’avére insuffisante et on
aurait besoin de controler la norme HS de v. Néanmoins, v suit une équation de la forme

10w — Agv = |2 + v]*(2¥ +v),

pour laquelle les normes de Sobolev ne sont a priori pas plus simples a étudier que pour
I'équation de départ (NLS-G). Dans l'optique de construire des solutions globales, la
construction de mesures invariantes pour 1’équation (NLS-G) périodisée selon la derniére
variable est une piste envisageable, néanmoins, la trés faible régularité attendue de son
support (dans les espaces de Sobolev d’exposant strictement négatif) laisse présager de
nombreuses difficultés.

Le caractére globalement bien posé pour I'équation (NLS-H') avec des données initiales
déterministes reste a ce jour un probléme ouvert. En effet, on ne dispose pas d'un moyen
de controler la norme H* pour des exposants £ > 1. De plus, dans le cas focalisant,
il n’y a pas a notre connaissance de résultat d’existence méme locale de solutions pour
des données initiales quelconques dans H*(H!) lorsque k < 2. Par des méthodes de
compacité, on peut construire des solutions faibles globales dans ’espace d’énergie dans
le cas défocalisant, mais rien ne garantit I'unicité de ces solutions. Dans cette optique,
Bahouri, Barilari et Gallagher [BBG21; BG20a] montrent des estimations de Strichartz
en absence de dispersion sur le groupe de Heisenberg, et on peut se demander dans quelle
mesure ces estimations permettraient d’améliorer 1’étude du probléme de Cauchy.

Explosion en temps fini pour 1’équation de Schrédinger sur le groupe de
Heisenberg A cause de I'absence de dispersion sur le groupe de Heisenberg, 1’équation
(NLS-H') peut étre vue comme une équation de Schrodinger énergie sur-critique (voir
I'introduction de [GG10]). On se demande alors si 'on peut construire des solutions de
(NLS-H') qui explosent en temps fini dans I'espace d’énergie. Une approche possible serait
de chercher des solutions explosives proches d’une solution auto-similaire. On peut partir
d’une onde progressive en faisant varier les paramétres de modulation liés aux symétries
de l’équation, suivant la stratégie de Bourgain et Wang [BW97], et plus particuliérement
s’inspirer des travaux sur ’équation de demi-onde [KLR13]. On pourrait ensuite comparer
les vitesses possibles d’explosion avec celles du cas euclidien qui figurent notamment dans
[MRR15].

Par ailleurs, les travaux récents de Merle, Raphaél, Rodnianski et Szeftel [Mer-+19]
mettent en évidence 'existence de solutions qui explosent en temps fini dans le cas défocal-
isant de I'équation de Schrodinger énergie sur-critique pour certaines dimensions d > 5.
On mentionne également 'existence de critéres d’explosion en temps fini des solutions
pour la dimension 3 dans le cas défocalisant [Bul20|. Ces travaux nous invitent égale-
ment a nous pencher sur I'existence de solutions explosives pour I'équation (NLS-H')
défocalisante.

Nature des trajectoires pour la hiérarchie de Benjamin-Ono Grace a 'application
de Birkhoff, on dispose d’une formule explicite pour ’évolution temporelle des solutions
pour les équations de la hiérarchie de Benjamin-Ono (k-BO), donnée par (1.17)

Calt) = Gu(0) 7 €OV e R, > L.
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On sait également que les trajectoires sont presque périodiques, et que les trajectoires
quasi-périodiques sont celles ayant un nombre fini de modes non nuls. Il reste encore a
caractériser les données initiales qui donnent lieu a des trajectoires périodiques en temps,
et a classifier les ondes progressives pour les équations successives de la hiérarchie.

Valeurs d’adhérence des trajectoires pour 1’équation de Benjamin-Ono amor-
tie Une approche plus poussée tant sur le plan numérique que sur le plan théorique
est & envisager afin d’obtenir une meilleure compréhension des valeurs d’adhérence des
trajectoires pour I’équation de Benjamin-Ono amortie (BO-«).

On sait en effet que ’ensemble des valeurs d’adhérence d’une trajectoire en temps infini
est inclus dans un unique tore en coordonnées de Birkhoff. 1l serait intéressant de pouvoir
décrire plus précisément ce tore limite en fonction de la donnée initiale ug. Selon des
simulations numériques effectuées par Christian Klein [Kle20], des données initiales méme
trés simples en coordonnées de Birkhoff semblent conduire a des tores limites difficiles a
caractériser. Ce phénomeéne est lié & la structure du champ de vecteur qui fait apparaitre
de nouveaux modes dés que t > 0, empéchant ainsi les potentiels avec un nombre fini de
modes d’étre invariants par le flot de ’équation.

Dans ce but, on peut s’intéresser a 'application

2 : 2
uy € L2(T) > lim [Ju(t) 32€ R,

Cette application est bien définie et semi-continue supérieurement, de plus, toute valeur
d’adhérence faible u., de la suite (u(t));>o lorsque ¢ — +oo vérifie limy o ||u(t)]|7.=
|tusol|7: : on aimerait avoir plus d’informations sur cette application. On peut par
exemple se demander s’il est possible que le tore limite soit réduit a zéro, c’est-a-dire
limy s 4oo|Ju(t)||32= 0. Les simulations numériques de Christian Klein [Kle20] suggérent
que de nombreuses trajectoires ne tendent pas vers zéro en temps infini. C’est le cas par
exemple pour une famille de données initiales monomodes pour lesquels I'unique mode
non nul est (7, donnée pour un certain r € [0, 1) par (voir [GK20], Appendice B)

1—1?

= 1.
1 —2cos(x)r + r? *

uo ()

C’est aussi le cas pour des polynomes trigonométriques de la forme ug(z) = acos(x) +
bsin(z). Une question qui se pose également est la possibilité de quantifier le taux de
convergence de ||u(t)]|7, vers sa limite.

En ce qui concerne les normes de Sobolev d’ordre supérieur, les simulations numériques
suggérent la relative compacité des trajectoires dans les espaces associés aux lois de con-
servation. La question de dépendance des trajectoires en le paramétre d’amortissement «
est ouverte, ainsi que celle de la croissance des normes de Sobolev lorsque a < 0.

Equations proches de I’équation de Benjamin-Ono 1l est naturel de se demander
si la transformation de Birkhoff permet également d’étudier des équations qui s’écrivent de
facon proche de I'équation de Benjamin-Ono ou d’une équation de sa hiérarchie. On a vu
que cette stratégie était utile pour étudier ’équation de Benjamin-Ono faiblement amortie
(BO-a), on peut observer si elle simplifierait ou non des équations dont les propriétés
d’intégrabilité seraient inconnues, notamment des équations hamiltoniennes.

Un premier exemple est I’équation de Smith [Smi72]

Ou = 0, ((1 + \D[Q)l/Qu —u?),
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qui différe avec I’équation de Benjamin-Ono (BO) d’un terme égal a %Hu au premier
ordre. Un deuxiéme exemple est ’équation de Benjamin [Ben92|, qui prend en compte
les effets de capillarité

Oyt + u0,u — HOpptt — 00,0,u =0, 6 > 0,

et que 'on peut voir comme une perturbation de I'équation du troisiéme ordre dans la
hiérarchie (3-BO)

Oyu = 0O, (—8mu — guH&;u — ;H(uazu) + ud) ) (3-BO)
L’écriture d’une telle équation proche en coordonnées de Birkhoff, combinée a des résul-
tats de régularité de I'application de Birkhoff, permet d’obtenir le caractére globalement
bien posé du probléme de Cauchy dans les espaces de Sobolev pertinents pour lesquels
on dispose d’une loi de conservation. La question est de savoir si on peut également
obtenir d’autres informations sur le comportement en temps long des trajectoires, comme
la croissance des normes de Sobolev d’ordre supérieur, et la nature des trajectoires en
temps infini.

Equation ILW On peut se demander si la compléte intégrabilité au sens de Pexistence
d’une transformation de Birkhoff s’étend a I’équation ILW (« Intermediate Long Wave » en
anglais). Cette équation décrit la propagation d’ondes internes faiblement non linéaires
pour une interface entre deux fluides en profondeur finie § [KKD78]. Elle est intermédiaire
entre les équations (KdV) et (BO), en effet, si us est solution de (ILW), alors (z,t) —
%u(m, %t) converge vers une solution de (KdV) lorsque 6 — 0, alors que us converge vers
une solution de (BO) lorsque § — +o00 [Abd 1 89]. On fait référence a Saut [Saul9| pour
une bibliographie détaillée des résultats concernant cette équation.

Dans le cas périodique, ’équation ILW s’écrit
1
o 4+ ud,u + gﬁxu + T (Oppu) =0, (ILW)
ot 6 >0 et

. 1 ~ inx
L’équation (ILW) admet une paire de Lax [KSA81; KAS82| qui s’écrit de la fagon suivante

W4+ ((WT =W7) = —uW+
W = 2i(C — H)WE+ WE + (Hiu, — T(ug) + p)WE =0
avec T
W — gika/2,Fis/2 +?
e e — W0,
1+ coth(k9)

k

(=),
1 k?

= —k( —%)—i—z-i-lj.

Le formalisme pour la théorie IST (transformation de diffusion inverse) pour I’équation
(ILW) sur le tore est décrit dans [Abl+82], voir aussi [Rad85].

Dans une autre direction, la construction de mesures invariantes pour I'équation (ILW)
est ouverte.
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Techniques non dispersives et intégrables combinées Pour conclure, remarquons
que les techniques invoquées dans les deux parties 1.1 et 1.2 de cette introduction ne
sont pas indépendantes, et il serait intéressant combiner autant que possible ces deux
approches. Dans cette direction, on peut citer les travaux récents de Bahouri et Perelman
[BP20] sur I’équation

10 + Au = 0, (Julu). (DNLS)

Les auteurs font usage a la fois de techniques dispersives comme le théoréme de décompo-
sition en profils mentionné en partie 1.1, et de propriétés d’intégrabilité liées a I'existence
d’une infinité de lois de conservation liées a la partie 1.2, pour montrer le caractére glob-
alement bien posé du probléme de Cauchy dans Hl/Z(R). Remarquons que le flot est mal
posé dans H*(R) pour s < %, au sens ou il ne peut pas étre uniformément continu par
rapport a la donnée initiale [Tak01; BLO1].
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Chapitre 2

Radially symmetric traveling waves for
NLS on the Heisenberg group

Ce chapitre reprend les résultats de |[Gas20b].

Résumé. Nous nous intéressons aux solutions radiales de I’équation de Schrodinger
cubique sur le groupe de Heisenberg

1
O — A = |u*u, Ay = Z(ag + )+ (2° +y°)02,  (t,x,y.s) € R x H".

Cette équation est un modeéle d’équation d’évolution entiérement non dispersive. Nous
montrons l'existence d’ondes progressives minimisantes de vitesse 8 € (—1,1). Lorsque la
vitesse [ est suffisamment proche de 1, nous prouvons I'unicité de ces ondes progressives
a symétrie pres et leur régularité en fonction du paramétre S. L’ingrédient principal est
I’émergence d’un systéme limite lorsque [ tend vers 1, pour lequel nous établissons la
stabilité linéaire de 'onde progressive minimisante.

Abstract. We consider radial solutions to the cubic Schrodinger equation on the Heisen-
berg group

1
O — A = |u*u, Ag = Z(ag + )+ (2° +y°)0%,  (t,x,y.s) € R x H".

This equation is a model for totally non-dispersive evolution equations. We show existence
of ground state traveling waves with speed 8 € (—1,1). When the speed f is sufficiently
close to 1, we prove their uniqueness up to symmetries and their smoothness along the
parameter S. The main ingredient is the emergence of a limiting system as (3 tends to 1,
for which we establish linear stability of the ground state traveling wave.
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2.1 Introduction

2.1.1 Dispersion for nonlinear Schrodinger equations

We consider the cubic focusing Schrodinger equation on the Heisenberg group
10 — Agnu = |ul*u, (t,7,y,s) € R x H', (2.1)

where Apn denotes the sub-Laplacian on the Heisenberg group. When the solution is
radial, in the sense that it only depends on ¢, |z + iy| and s, the sub-Laplacian becomes

1
A = Z((993 +02) + (2% + y*) 02,

The Heisenberg group is a typical case of geometry where dispersive properties of the
nonlinear Schrédinger equation disappear. Let us recall the motivation for this setting.

Fix a Riemannian manifold M, and denote by A the Laplace operator associated to
the metric g on M. As observed by Burq, Gérard and Tzvetkov [BGTO05], qualitative
properties of the solutions to the nonlinear Schrodinger equation

i0wu — Au = |ul*u, (t,2) ERx M

are strongly influenced by the underlying geometry of the manifold M. When some loss
of dispersion occurs, for example in the spherical geometry, a condition for well-posedness
of the Cauchy problem in H*(M) is that s must be larger than a critical parameter.

To take it further, on sub-Riemannian manifolds, Bahouri, Gérard and Xu [BGX00]
noticed that the dispersion properties totally disappear for the sub-Laplacian on the
Heisenberg group, leaving the existence of smooth global in time solutions and the unique-
ness of weak solutions as an open problem. In [Del05], Del Hierro analyzed the dispersion
properties on H-type groups, proving sharp decay estimates for the Schrodinger equation
depending on the dimension of the center of the group. More generally, Bahouri, Ferma-
nian and Gallagher |[BFG16] proved optimal dispersive estimates on stratified Lie groups
of step 2 under some property of the canonical skew-symmetric form. In contrast, they
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also give a class of groups without this property displaying total lack of dispersion, which
includes the Heisenberg group.

In this spirit, Gérard and Grellier introduced the cubic Szegé equation on the torus
[GGO8; GG10] as a simpler model of a non-dispersive Hamiltonian equation in order to
better understand the situation on the Heisenberg group. The cubic Szegé equation was
then studied on the real line by Pocovnicu [Pocl1b], where it has the form

i0wu = I(|ul*u), (t,7) €ER xR,

IT : L?(R) — L%(R) being the Szegé projector onto the space L% (R) of fonctions in
L?*(R) with nonnegative Fourier frequencies. The cubic Szegs equation displays a strong
link with the mass-critical half-wave equation on the torus [GG12a| and on the real line
[KLR13]. On the real line, the cubic focusing half-wave equation is written

i0wu + |D|u = |u*u, (t,z) € R x R,

where ]T?Tf(g) = \§|f(§) Some of the interactions between the Szegs equation and the
half-wave equation will be discussed below, because they can be transferred to the setting

of the Heisenberg group.

2.1.2 Traveling waves and limiting profiles

Constructing traveling wave solutions which are weak global solutions in the energy space
can be obtained by a classical variational argument. For example, this technique was used
to study the famous focusing mass-critical NLLS problem

o, (t,z) € R x R™.

10 — Au = |u

From Weinstein’s work [Wei83|, the existence of a ground state positive solution @ €
H'(R") to
AQ-Q+Q" =0,

leads to a criterion for global existence of solutions in H'(R™). The uniqueness of this
ground state (up to symmetries) holds [GNN79; Kwo89.

Concerning the half-wave equation, the Cauchy problem is locally well-posed in the
energy space 2 (R)[GG12a; KLR13|. Moreover, one also gets a global existence criterion,
derived from the existence of a unique [FL13] ground state positive solution @ € H%(R)
to

DIQ+Q —Q* =0.

Contrary to the mass-critical Schrodinger equation on R"™, the half-wave equation

admits traveling waves with speed f € (—1,1) (see Krieger, Lenzmann and Raphaél
[KLR13])

ug(t, x) = Qﬁ(ﬁi%) e .

The profile ()g is a solution to

D|-8D
%Qﬁ +Qp = |Qs°Qs.
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Moreover, it satisfies
1 1Qs = @l =0 and 1 Qsluzey < Q2o

While the existence of the profiles ()3 follows from a standard variational argument, their
uniqueness is more delicate to prove. This can be done through the study of the photonic
limit 5 — 1 as follows. It has been shown in [Gér| 18] that the traveling waves converge
as [ tends to 1 to a solution of the cubic Szeg6 equation. More precisely, (Qg)g converges
in H%(R) to a profile @, which is a ground state solution to

DQy + Qv =T(|Q4’°Qy), D = —id,.

From @), we recover a traveling wave solution to the cubic Szegd equation by setting
u(t,z) = Qu(x —t)e ™.

But Pocovnicu [Pocl1b] showed that the traveling waves u are unique up to symmetries,
and that ), must have the form

B 2
2w+

Q4 ()

Moreover, the linearized operator around @, is coercive [Poc12], and in particular, the
Szegs profile is orbitally stable. Gérard, Lenzmann, Pocovnicu and Raphaél [Gér+18]
deduced the invertibility of the linearized operator for the half-wave equation around the
profiles () when f3 is close enough to 1 with quantitative estimates, leading to their
uniqueness up to symmetries. This allowed them to define a smooth map of solutions
B — Qs on a neighborhood of 1.

On the Heisenberg group, one can also construct a family of radial traveling waves
with speed § € (—1,1) under the form

x Yy s+ [t
ug(t,x,y,s) = Q ( , , . 2.2
ot:2,.9) = Qs =5 7= T-5) (22
The profile Qs satisfies the following stationary hypoelliptic equation
AHl + BDS
- WQB = |QB‘2Q6- (2.3)

There exist ground state solutions, constructed as optimizers for some Gagliardo-Nirenberg
inequalities derived from the Folland-Stein embedding H'(H') < L*(H') [FS74]. The
proof of existence relies on a concentration-compactness argument, which first appeared
in the work of Cazenave and Lions |[CL82| and was refined into a profile decomposition
theorem on R™ by Gérard [Gér98|. The profile decomposition theorem was then adapted
to the Heisenberg group by Benameur [Ben08]. The family of traveling waves ug is con-
structed in the radial setting for simplicity, but it seems realistic to establish the existence
of non-radial traveling waves as minimizers for the same Gagliardo-Nirenberg inequalities
restricted to some other set of functions.

Our purpose is to show the uniqueness of the profiles (3 when the speed [ is close
to 1 up to some symmetries. Following the strategy deployed on the half-wave equation,
we derive a limiting system in the photonic limit  — 1. We then determine all ground
state solutions to the limiting system and prove their linear stability. From the linear
stability of the limiting ground states, we recover the uniqueness of the profiles () up to
symmetries when 3 is close to 1.
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2.1.3 Main results

The Schrodinger equation on the Heisenberg group (2.1) enjoys the following symmetries:
if u is a solution, then

e for all so € R, (¢,z,y,s) — u(t,x,y,s + so) is a solution (translation in s);

o forall @ € T, (t,z,y,s) — eu(t,r,y,s) is a solution (phase multiplication);
o forall A € R, (t,z,y,s) — Au(A\*t, Az, \y, \%s) is a solution (scaling).

Our main result is the uniqueness of the ground states ()3 when [ is close to 1.

Theorem 2.1.1. There exists 5. € (0,1) such that the following holds. For all § € (B, 1),
there is a unique ground state up to symmetries to (2.3)

Am D,
—%QB = [Qsl*Qs.

Denote by Qp this ground state, then the set of all ground state solutions of the above
equation can be described as

{Te0.0Qs: (x,y,8) € H = e?aQgs(ax, ay, a’(s + so)) | (s0,0,a) € R x T x R }.
For B € (B.,1), Qs can be chosen such that as [ tends to 1, it tends to the profile

V/2i

(z,y,s) € H' — . .
Q@+ (@:y,9) s+ i(z2 +y?) +i

Y

and so that the map B € (B,,1) = Qs € H'(H") is smooth. In this case, for all v € (0, }1)
and for all k € [1,400), Qp lies in Hk(Hl), and as [ tends to 1,

1Qs — Q+HHI€(H1): o((1—8)7).

We refer to Theorem 2.5.14 for a more precise statement.

Note that the energy of the traveling waves ug defined in (2.2) vanishes as § goes
to 1, indeed, [lusllz1gy= /1 — BllQsll g1y~ 0. This is similar to the cubic half-wave
equation, for which the critical norm ||ug|| 2(r) vanishes as 3 goes to 1 [KLR13|.

We now briefly present the emergence of the profile @), as a ground state solution to
a limiting system, and the key ingredient for the proof of Theorem 2.1.1 which relies on
the study of the limiting geometry.

We are interested in radial solutions with values in the homogeneous energy space
H L(H'), which is a Hilbert space endowed with the real scalar product

(u,v)Hl(Hl) = Re ( —Agu(z,y, s)v(z,y, s)dedy ds> )

Hl

For u € H-'(H') and v € H*(H"), we will also make use of the duality product

(U,U)Hfl(Hl)le(Hl) = Re (/ u(z,y, s)v(z,y,s)drdy ds) )
Hl
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Up to the three symmetries (translation, phase multiplication, scalipg), one can show
convergence as 3 tends to 1 of the profiles Qs to some profile @, in H*(H'). Then, Q4
is a ground state solution to

DsQy = H§(|Q+|2Q+), Dy = —i0,. (2.4)

The operator II§ is an orthogonal projector from L?(H') onto a subspace L*(H') N V",
which will be defined in part 2.2.2. In order to study this projector and the space L?(H')N
V5F, we introduce a link between the space L*(H') NVt and the Bergman space L*(C, )N
Hol(C, ) on the complex upper half-plane [Bék-+12|. The orthogonal projection II from
L*(H') onto L*(H') N V" then matches with a Bergman projector. This projector is a
simplification of the usual Cauchy-Szegé projector for the Heisenberg group in the radial
case.

A salutary fact is that the profile @, can be determined explicitly, and is unique up
to symmetry (see part 2.3.3):

V2i

s+i(x?2+y?) +i

Q+<I7y7 S) =

Our key result is the coercivity of the linearized operator £ around @4 on the orthog-
onal of a finite-dimensional manifold in some subspace H'(H") N V" of H'(H") (see part
2.2.2). On HY(H') N V", the linearized operator £ around @ is defined by

Lh = Duh — 2015 (1Q h) — T (@2 ).

Theorem 2.1.2. For some constant ¢ > 0, the following holds. Let h € Hl(Hl) NV,
and suppose h is orthogonal to the directions Q,iQ,0,Q+ and 10,Q+ in the Hilbert
space H'(H"). Then

(Lh, h)Hfl(Hl)le(Hl) 2> CHhH?ﬁp(Hl)-

In particular, the linearized operator L is nondegenerate in the sense that its kernel is
composed only of three directions coming from the three symmetries of the equation

Ker(£) = Vectg (0sQ+,1Q+, Q+ + 2i0:Q ).

Following the approach employed in the study of the half-wave equation [Gér 18],
one can then prove the invertibility of the linearized operators Lg, for the Schrédinger
equation around the profiles Q3 for 8 close enough to 1. In order to do so, we need to
combine the above coercivity result with some regularity estimates and decay properties
for Q3. This enables us to achieve our goal, which is the uniqueness of these profiles up
to symmetries for 5 close to 1.

2.1.4 Stereographic projection and Cayley transform

Conclusive information on the linearized operator £ around ), is not easy to obtain
directly. Indeed, the operator £ would be self-adjoint acting on L?(H'), but the space we
consider is the Hilbert space Hl(Hl). In order to get a coercivity estimate, we rely on a
conformal invariance between the Heisenberg group H' and the CR sphere S? in C? called
the Cayley transform

c: H' - S\(0,-1)
2w 1—|w|?—is
(w7 8) = (1+\w\2+is’ 1+|w|2+is)’
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where H! is parametrized by the complex number w = x + iy and by s.

This transformation links estimates for the linearized operator £ to the spectrum of the
sub-Laplacian on the CR sphere, which is explicit [Sta89|. Potential negative eigenvalues
are discarded by the orthogonality conditions from Theorem 2.1.2. This latter step follows
from technical but direct calculations.

For the n-dimensional Heisenberg group H", the Cayley transform gives an equiva-
lence between H" and the CR sphere S***! in C*. This transform is the counterpart of
stereographic projection, which links the space R™ with the euclidean sphere S in R™ ",
Both transformations have been a useful tool in the study of fractional Folland-Stein
inequalities on H", resp. fractional Sobolev inequalities in R", as we will now recall.

On the space R", Lieb |Lie83| characterized all optimizers for the fractional Sobolev
embeddings H*(R") — LP(R"), 0 < k < 2 p = -2 as the set of functions which, up

n—2k’
to translation, dilation and multiplication by a nonzero constant, coincide with

1 :
W)= ———=, UeH'R").
(14 [af?) ="

Stereographic projection appears in Lieb’s paper in order to show that these functions are
actually optimizers. The formula for W was first established with different methods for
k =2 and n = 3 by Rosen [Ros71], and then for kK = 1 and arbitrary n by Aubin [Aub76]
and Talenti [Tal76].

Stereographic projection also appears in the proofs of nondegeneracy of the optimizers
for the critical Sobolev embeddings, indeed, this transformation provides a simpler form
to the eigenvalue problem when transferred to the unit sphere S™. In this spirit, Dévila,
Del Pino and Sire [DDS13] proved the nondegeneracy of the linearized operator for the
critical equation corresponding to the fractional Sobolev embeddings. Chen, Frank and
Weth [CEW13] showed a quadratic estimate for the remainder terms for the equivalent
fractional Hardy-Littlewood-Sobolev inequalities.

On the Heisenberg group H", Frank and Lieb [FL10] determined the optimizers for
the fractional Folland-Stein embeddings H*(H") — LP(H"), 0 < k < %, p = QQ_Q%,
@ = 2n + 2, with the use of the Cayley transform. These optimizers are the functions
equal, up to translations, dilations and multiplication by a constant, to

u) = ! H e H*(HM).

(1 aoll2)2 + )5
Here, the notation u = (w, s) uses the identification of H" with C"* x R". In [FL12], the
same authors proved that a similar approach with stereographic projection on R™ enables
us to characterize the optimizers of the fractional Sobolev embeddings on R". Liu and
Zhang [LZ15] then carried the study of remainder term to the complex sphere S*"*! by
using the Cayley transform. When k = 1, the optimizers were first determined by Jerison
and Lee [JL88], who already made use of the Cayley transform. One can notice that fixing
n=k=1u=(x,y,s) € H', we get

H(u) = ! -
(L +2249?)% + 52)2

Therefore, up to multiplication by a constant, H coincides with |@Q, |, where @, is the

ground state we are interested in. In fact, the profile ) is an optimizer for the Folland-
Stein inequality H'(H') < L*(H') restricted to the subspace H'(H) N V;".
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Plan of the paper In section 2.3, we prove the existence of the profiles ()3 and their
convergence to a ground state solution to the limiting system (2.4). We then determine
all the limiting profiles (part 2.3.3), in particular, we show that they are unique up to
symmetries. In section 2.4, we focus on the linear stability of the limiting profile @, .
After recalling some results about orthogonal projections on Bergman spaces (part 2.4.1)
and about the spectrum of the sub-Laplacian on the CR sphere (part 2.4.3), we prove the
coercivity of the linearized operator around (). Finally, in section 2.5, we retrieve the
uniqueness of the profiles ()5 up to symmetries for 3 close to 1. In order to do so, we first
need to collect some regularity properties and decay estimates on the profiles ()3, which
come from the theory of elliptic and hypoelliptic equations (part 2.5.1).

Acknowledgements The author is grateful to her PhD advisor P. Gérard for intro-
ducing her to this problem and for his patient guidance. She would also like to thank
F. Rousset and J. Sabin for enlightening discussions and references, and the referee for
helpful suggestions.

2.2 Notation

2.2.1 The Heisenberg group

We recall some facts about the Heisenberg group. We identify the Heisenberg group H!
with R3. The group multiplication is given by

(z,y,s)- (2", y,s") = (@ + 2" y+y, s+ 5+ 2"y —zy)).

The Lie algebra of left-invariant vector fields on H! is spanned by the vector fields X =
Op +2y0s, Y =0, —220; and T' = 05 = }l[Y, X]. The sub-Laplacian is defined as

1 1
Lo:=7(X°+Y?) = 200+ 0)) + (& + 4°)05 + (y0s — 20,)Ds.

When w is a radial function, the sub-Laplacian coincides with the operator
1
Am = (0 + ) + (@° + )0,

The space H' is endowed with a smooth left invariant measure, the Haar measure,
which in the coordinate system (z,vy,s) is the Lebesgue measure dAs(x,y,s). Sobolev
spaces of positive order can then be constructed on H! from powers of the operator
— A, for example, H'(H') is the completion of the Schwarz space . (H') for the norm

1
||U||H1(H1)3: [[(— Q)2 ul| 2 ).
The distance between two points (z,y,s) and (z/,%/,s') in H! is defined as

1
1

d((,y,5), (2,9, 8)) = (@ = )+ (g = 9)2)" + (s = & + 202y — 2))°)
For convenience, the distance to the origin is denoted by

plz,y,s) = (2% + y?)? + 7)1
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2.2.2 Decomposition along the Hermite functions

In order to study radial functions valued on the Heisenberg group H!, it is convenient to
use their decomposition along Hermite-type functions (see for example [SM93|, Chapters
12 and 13). The Hermite functions

1 2
Ao(z) = ————(=1)"eZ 0™ (™), z€R, meN,

Ti2% 2 (m! )%

form an orthonormal basis of L?(R). In L?(R?), the family of products of two Hermite
functions (A, (2)h,(y))mpen diagonalizes the two-dimensional harmonic oscillator: for all
m,p € N,
(=Apy + 2%+ Y2 h (2) Ry (y) = 2(m + p + D hy(2) Ry (y).
Given u € . (H"), we will denote by @ its usual Fourier transform under the variable
s, with corresponding variable o:

1 )
u(z,y,0) = \/—2_77/ e “u(z,y,s)ds.
R
For m,p € N, set h/m:?(w,y,a) = hp(\/2|0|2)hy(4/2]|0]y). Then
Ngthmy = —(m + p+ 1)[0] .

Let k € {—1,0,1}, and denote by H*(H') N V;* the subspace of functions in H*(H!)
spanned by {h,,,, | m,p € N,;m+p = n}. A function v € H*(H") belongs to H*(H")NV*
if there exist functions fniw such that

LIZ’ Y, 0 Z frip ‘T Y, 0 )]]' 20-

m,peN
m-+p=n

For uf € H*(H") N V¥, the H* norm of v has the form

12 Hl):/ ((n+1)ya|)k/ (2,9, o) dz dy do
R4 R2

do
_ n o k| rE 2
-y /R« Dl AP

m-+p=n

Any function u € H* (H') admits a decomposition along the orthogonal sum of subspaces
HFEYNVE u=3 3, yub where uf € HF(H") N V;F for all (n,+). Then

neN “'n

‘uHHk(Hl ZZ”uiHHk H)*

+ neN

Note that rotations of the (x y) variable commute with —Ay: so u € H’“(IHP) is radial if
and only if for all (n, +), « is radial. Moreover, u € H*(H') belongs to H*(H') N V* if
and only if —Agiu belongs to H*2(H") N V¥, and the same holds for D,u.

For k = 0, we get an orthogonal decomposition of the space L*(H'), and denote by
I1£ the associated orthogonal projectors.
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The particular space H F(H)NV," will be especially interesting in our discussion below.
This space is spanned by a unique radial function h{, satisfying

- 1
hi(z,y,0) = —=e @77 .

N
Set u € H*(H") NV;", then there exists f such that

iz, y,5) = f(o)hg (2,9, 0),

and in this case q

2 _ g 4do
s = | =

2.3 Existence of traveling waves and limiting profile

In this section, we prove the existence of ground states ()5 for equation (2.3) with speed
B € (—1,1) (part 2.3.1). Then, we show the convergence in H'(H') of the profiles Q5 to a
limiting profile @), as [ tends to 1 (part 2.3.2). The profile ), is a ground state solution
of equation (2.4), which we will determine explicitly (part 2.3.3).

2.3.1 Existence of traveling waves with speed 5 € (—1,1)

A family of traveling wave solutions to the Schrodinger equation on the Heisenberg group
(2.1) can be found under the form

x Y s—l—ﬁt)

Uﬁ(taxv%s)_%(\/l—ﬂ’\/1—57 1=

with ()g satisfying the equation

A + Ds
_%QB = Qs Qs-

The ()p are constructed as minimizers of some Gagliardo-Nirenberg inequalities. We
will be adapting the proofs of Krieger, Lenzmann and Raphaél [KLR13| concerning the
L?-critical half-wave equation on the real line. Our starting point is the Folland-Stein
embedding.

Theorem 2.3.1 (Folland-Stein [FS74]). Let p € (1,4) and set p* = 44%’1). Then there
exists Cp, > 0 such that, for v € C>°(H),

1

¥

( lu(z,y, )P dzdy ds) <, ( |(—AH1)%u(x, y,s)|P de dy ds) ’
H! HI!

In particular, from the embedding H'(H') < L*(H'), we deduce some Gagliardo-

Nirenberg inequalities.

Proposition 2.3.2 (Gagliardo-Nirenberg). Set 8 € (—1,1). Then there erists some
constant C' > 0 such that for every u € H'(H'),

||u||11144(11-111)S O(_(AHl + BDs)ua u)i]—l(Hl)XHl(Hl)'
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Proof. Fix u € H'(H"), and decompose u along the spaces V" UV, as u = 3. Uy,
where u,, = u;” + u, . Then

(—(r + 8Dty ) sy ey = / (n + 1)l —80) i (x, y, o) dz dy do
neN

and

el ey = S / (n + 1)[o][@ (2, o) da dy dor

neN

We deduce the equivalence of norms
(L= 18Dl < (=(Am + BD)u, w) o gywimny < L+ B [ullfgpy-  (25)

The result follows from the Folland-Stein embedding H'(H') < L*(H"). O

From the Gagliardo-Nirenberg inequalities, one knows that the infimum over nonzero
radial functions u € H'(H') of the functional

( (AHl +5D )u U) H—1(H)x H (H?)

Ja(u) ;=
o) el

is positive. Let us denote by Iz the minimal value of Jg. We want to show that it is
attained by some Qs € H'(H'). We consider a minimizing sequence for Jz. Then this
sequence converges to a minimizer for Jz thanks to the following profile decomposition
theorem.

Definition 2.3.3. The scaling-core pairs ((h:)ien, (8)ien) and ((hi)ien, (8i)ien) of (R%)Nx
RN are said to be strange if

(‘log% — +oo> or ((Hn)n = (hp)n and ‘th;23n| — —1—00).

n n—-+o0o n—-+o0o

Theorem 2.3.4 (Concentration-compactness [Ben08]). Fiz a bounded sequence u =
(un)nen of radial functions in H'(H'). Then there exist a subsequence (up,)ien, of u,

and sequences of cores (sgfi))i,jeN C R, scalings (hﬁi))i,jeN C R, and radial functions
(U9)jen € HY(HY) satisfying the following conditions..

1. The pairs ((hﬁfj})i, (3533)1-), j €N, are pairwise strange.
2. Let

l G)

1 Yy S— Sn,

a0 U ”
(l’ Y, s ) = Unl<x Yy,s Z h/)(i]) (h(])’ h%])’ (]_“(1]))2 ) )

j=1
then

lim limsup||r® || )= 0.
l=+00 5400

Moreover, for all l > 1, one has the following orthogonality relations as i goes to +00:

HY(HY) ™ ZHU])HHl(Hl +”7" T1(H) +o(1),

Hum
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1
(Dstin s Un, ) -1 L(HL) x H1(H?) Z (Ds U]) uv ~1(H)x H(H)
7j=1
+ (Dsrffi), Tg})H—l(Hl)le(Hl) +o(1),

and
oo

”uni||i4(H1)Z._>—>_‘_ooZHU(j)Hi‘l(Hl)'
j=1

This result is an adaptation of a concentration-compactness argument due to Cazenave
and Lions [CL82|, which was refined into a profile decomposition theorem as above by
Gérard |Ger98] for Sobolev spaces on R™. One can find a proof of this profile decomposition
theorem for Sobolev spaces on the Heisenberg group in Benameur’s work [Ben08|, which
is here restricted to the subspace of radial functions.

2.3.2 The limit 8 — 1~

In this part, we study the behavior of the traveling waves ()3 as 3 tends to the limit 17.
We show that these traveling waves converge up to symmetries to a limiting profile. The
strategy is similar to [Gér—18| for the half-wave equation.

For g € (—1,1), let Q3 be a minimizer of Jg and I = Jz(Q3). Up to a change of
functions Qg ~» a@)g, one can choose ()3 such that

(—(Am + BDs)Qp: Qp) fr—1 gy i1 (unn) 4
1- 8 - ”QB”M(Hl):

so that () is a solution to equation (2.3).

Definition 2.3.5 (Minimizers in Qg). For all 8 € (—1,1), denote by Qs the set of
(—(Ag +8DsYusu)?,

Tl

L@l x AL @)

manimizers Qg of Jg 1 u— which satisfy

(—(Am + BDs)Qp: Qp) fr1 gy 1 (unn) I
: 15_ 55 I = = [|Qsllzs= (_—Bﬁ)27 Is = J3(Qp).  (2.6)
Note that equation (2.3) is satisfied for Qz € Qp
A D,
%Qﬁ = |Qs*Qs.

Definition 2.3.6 (Minimizers in Q). For all radial functions v € H'(H") N V;"\ {0}
whose Fourier transform have a nonzero component only along the Hermite-type function
he, define

lull g

Ji(u) =

||u||L4(H1)

(note that —Aw1 = Dy on the space H'(H') NV;"). Denote by I its infimum

Ioi=inf {7, (u) | e H ) NV \{0}}
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Let Q. be the set of minimizers Q4 of J. such that
||Q+||H1 (HY) ||Q+”L4 H)— [+7 I+ - J+(Q+)-

Then any Q1 € Q4 is a solution to equation (2.4)
D,Q+ = H3(|Q+|2Q+)'

The minimum 7, is attained and positive. The proof is similar to the one for the
minimum Ig, all there is to do is to restrict the profile decomposition theorem to the
closed subspace H'(H') N V" of H'(H").

The term I} (]Q4|2Q.) may not seem suitable since |Q[2Q, belongs to L3EH") —
H~'(H") whereas II{ is a projector defined on L?(H'). Several arguments give sense to
this term in later parts. On the one hand, we will see that |Q,|*Q, € L*(H') (see part
2.3.3). On the other hand, the projector I extends to LP(H?') for all p > 1 (see Theorem
2.4.6).

We establish the following convergence result.

Theorem 2.3.7 (Convergence). For all B € (—1,1), fir Qs € Qp. Then, there exist
a subsequence B, — 17, scalings (ay)nen € (RN, cores (sp)nen € RY and a function
Q1 € Q4 such that

lon@Qp, (s e, (- + 5n)) — Q+HH1(H1)njOOO'

We first introduce the quantity d(u), which quantifies the gap between the norms of a
function u in H'(H') and those of the profiles @, € Q.. We prove that §(Qs) is small,
and then show that d(u) controls the distance up to symmetries from u to the profiles

Q4+ € Qy.
Definition 2.3.8. For u € H'(H"), deﬁne

Let us show a lemma about 5(@5), Qﬁ € Qg.

Lemma 2.3.9. There exist C > 0 and 5, € (0,1) such that the following holds. For all
B € (B, 1) fixr Qs € Qp, and decompose Qg along the Hermite-type functions from part
2.2.2

Qs = Q4 + Rg,
where Qf € H'(HY) NV, and Ry € HY(H") N D200 Vb Then || Rg|l iy <
C(1=B)2, 6(QF) < C(1=B)2 and 5(Qs) < C(1 - H)2.
Proof. Fix u € H'(H'). Thanks to inequality (2.5)

(1= 1B8DIullf < (=D + BDs)u, w) o gy @y < (14 BNl
one knows that Iz > (1 — 8)%Iy when 8 € (0,1).
Furthermore, let ). € Q.. Then, using the fact that —AmQ, = D,Q 4,
Is < Jp(Q4)
_ (1 - 6) (D Q+7Q+) L(H)x H1(H?)
1Q+[174

=(1- ﬂ)2[+'
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Consequently, ((lf—ﬂ[m) 3 is bounded above and below:

I3
Iy < m <I.
We will show that actually = )2 — I, as  — 1.

Let us decompose a minimizer ()5 € Qp along the Hermite-type functions: Qp =
Qs + Rg, where Q5 € H'(H') NV, and Rg € H'(H') N D, 1)40.4) YV 18 & remainder
term which will go to zero.

Multiplying equation (2.3) by Rs, we get that for all n,

( Am + Dy

1— B QﬁvRﬁ) ]H11)><H1 (HY) — GQﬁ’ QB’Rﬁ) 4

L3 (HY)x LA(H?) .

Since the operators A and Dy leave invariant the spaces V=, we can replace Qg by Rp
in the left term of the equality

(_A]HU + ﬁDs

Rs, R Qs|"Qs, Rs) . 2
-5 7 ﬁ)H—l(Hl)le(Hl) (@5 Qs: H5) 4 gy

Applying Hoélder’s inequality, we deduce that

AHI + ﬁDs
(_ 1-8 Rﬂ’RB) < 1Qpll7 ) | Rl o ey (2.7)

H-1(HY)x H!(H!)

We now write more precisely the equivalence of norms (2.5) between the norms

HUHHl(Hl) and ( (AHl—'—BD )u u) H-1(HY)x E1(HL)" '
sharper constants which do not depend on 3 when we require the function v € H'(H")
to have a zero component ug. Indeed, remark that when n > 1,

The left inequality can be controlled with

n+l—5>n>(n+1)/2,

and when n > 0,
n+l+8>n+1>(n+1)/2.

We deduce that for all v € H'(H")N Dnty20.4) Ve > decomposed as w =37, 1y 1)U
ur e H'(H'Y) N VE, then

(—=(Am + BDs)u, w) g gy gy = Z / (n+1)|o|— BU)|u (z,y,0))* dvdy do

(n,£)#(0,+)
1
zé(ﬁg /n+ VollaE (z, y, o) dz dy dor.

This implies the inequality

HUH?'—[l(Hl)S 2( - (AHl + ﬂDs)u,u)H_l(Hl)XHl(H1), u E Hl(Hl) m @ Vni’ (28)
(n,£)#(0,+)
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which we can use for u = R3. Combining this inequality and the Folland-Stein inequality
[ull o) < Cllull gny in (2.7) , we get

(_AHl + BDS

H-1(H")x H'(H')

N

A + BD;
SCMhﬁwm<%r—@(—J%§§—RmRQ

)

H—l(Hl)le(H1)>
SO

), <2021 - B) Qs
H-1(H) x H1(HY)

Since (||@Qg|lL1@m))s is bounded independently of 5 thanks to the norm conditions (2.6)
and the boundedness of (ui—%)Q)g, we deduce that as 5 goes to 1,

) ou-n
FI=1(HY) x F1(HL)

This implies immediately that || Rs|%, ) = O(1 - p) and HR5||L4 gy = O(1 — B). Using
the orthogonal decomposition Qs = Q5 + R in H'(H') and the fact that —Ag1 = D, on
H'(H") NVt we get

A D,
”QBHHl H) :< %Qﬁ)@ﬁ)

AHl +BD
=5

= +0(1-p),

H—1(H)x H(H!)

QL%QB) +0O(1-8)

H-1(H)xH'(H)

and

NI

1QF 12y = Q51 Laar) +O((1 = B)2)

- T o-)

)-

We can now prove that - [3)2 —> I,. From the definition of I, as a minimum on
H'(H') NV,
Q5 1
+ =
[
I 2
(ri3+06—60
= 1
- 5)2 +O((1-p)z

- _aro-phy
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We already know that ) < I, for all B, so we conclude that

Is

(1= B2 s L

Moreover, the norms of QB can be written as [|Q3 | = I, + O((1 — B)2) and

”Q,B ”L4 HL) = =1, 4+0((1- 5) ). We conclude that

HYHY)

N

(@) = O((1 - B)?)

and

NI

0(Qp) = 0(QF + Rs) = O((1 - B)
The following stability result allows us to complete the proof of Theorem 2.3.7.

). O

Proposition 2.3.10. Fiz a sequence (uy)nen of radial functions in H'(H")NV,". Suppose

that 6(u,) —> 0. Then, up to a subsequence, there exist scalings (a)nen € (RL)N, cores
n—-+oo

($n)nen € RY and a ground state Q, € Q. optimizing
ol o
T | we HNHY NV \ {0} 5,

||UHL4(H1)

I, =inf {J+(u)

Proof. Let (up)nen € (H'(H") N V9N such that 6(uy,) .0 Since H'(H") NV, is
n——+0oo

such that
— 0.

H1(H!) n—+00

anun(an'a ap e, Oéi( + Sn)) - Q-‘r‘

a closed subspace of H'(H'), one can restrict the concentration-compactness theorem
2.3.4 to this subspace. In consequence, one can assume that the profiles UY) from the
theorem lie in H* (H') N V. Therefore, up to a subsequence, there exist a core sequence
(Sq(ij)>n’j€N C R, a scaling sequence (hg))meN C R, and radial functions (UW);cy C
H'(H") NV, such that

o for all j,k € N, j # k, the pairs ((hq(l)) (s q(f))n) are pairwise strange;

o let

l ()
1 - r Yy s—S
ri(x,y,8) = un(x,y, ) — == — |,
;h%] " (hD)?
then

lim lim sup|[r®| L+@my= 0.
l=+00 pstoo

Moreover, for all [, as n goes to +oo,

l
Hun”i’p(Hl): ZHU(])” H1(HY) +||TnHH1 (HY) +o(1) (2.9)
j=1

and
—+o00

ol =52, D10 s
]:
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By construction, since §(u,) goes to 0, > 7%|| UV ||Hl = T+ ey 105 HHI(H1 < I, and
llun|} o -
Hu—nll’%% tends to /.. But from the definition of 7, as a minimum,

2
(ZHUJ [y ) > ZIIU” I ey

+oo
> L ZHU gy > L DT ey = 12

Jj=1

All the above inequalities must then be equalities.

In particular, because of the second inequality, only one of the profiles U is allowed
to be nonzero. We denote this profile by )., and by r,, h, and s, the corresponding
rests, scalings and cores. Then (), must be a ground state of the functional J,, and

r Yy S—S

1 n
un('r)yu S) = h_nQ+ (h_n’ h_nv 2 ) + Tn(xuy’s)'

From relation (2.9), as n goes to +o0,
sy = 1@ W gy 117 s gy F0 (1)

Since ||uy, || must converge to [|Q || because the inequalities turned to equali-

1 (HY)
2 0, and the sequence hyty, (B, b, h2(- + 8,)) converges

H(H)

ties, we get that [[r, /%, (1),

to Q4 in H'(H"). O

Proof of Theorem 2.3.7. Consider the sequence (Q;)ge(,l,l) from Lemma 2.3.9. We know

that 5(QF) = O((1 — B)2).
Applying Proposition 2.3.10, there exist a subsequence (Q;n)neN with 8, — 17, a

n—+oo
core sequence (s,)neny € RY, a scaling sequence (a,)nen € (R%)N, and a ground state

Q. € Q. such that

2
||anQ}'n(an-, Qe 00 (-4 Sp)) — Q+||H1(H1)n:>w0'

To conclude, since Rg, = Qp, — Qj, satisfies ||Rg, || g1 - 0, and since the H*
" n—-+o0

norm is invariant by translation and scaling, we deduce that

lon@p, (s e, (- + 5n)) — QJrHHl(Hl)njOOO' o

2.3.3 Ground state solutions to the limiting equation

We now show that the optimizers for

||UHL4(H1)

I, = inf{”Hﬂ |ue HY(HY) NV {0}}

are unique up to symmetries (translation, phase multiplication and scaling).
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Proposition 2.3.11. The minimum I, is equal to ™. Moreover,

e the set composed of all minimizing functions for 1, is

C
s+ so+i(2? +y?) + i

{(:anv‘S)eHl}_) | (SO,C,Q)GRXCXR:_};

e the set Q. composed of all minimizing functions for I, which satisfy
1@ 12 gy = 1@ ey = I
(so that Q4 is a solution to equation (2.4)) is

2a0
s+ so + i(x? + y?) + ia

Q+:{(Qc,y,s)EH1|—> |(30,0,a)€R><’]I‘><R*+}.

Proof. Let U € H'(H') N V;". Let us transform the expression of the L* norm of U as
follows

_ 1 ~ ~
1T gy = 10272y = U720y = 51U U2y

Let f be the function associated to U in the decomposition along hg

O(a.y.5) = f(fﬂ%

o (@ +y?)o

Then
1 +oo )
0= [ 7@ do
0
and
101z ! e e P
o - & YT E Y rdydo
LA(H?Y) 2 Ry JRJR |JO ﬁ ﬁ
2
d
/fU_U (") do’ _U_
27r2 R, 5o

Applying Cauchy-Schwarz’s inequality,

e 7 do
+oo )

=1 / |f(oc — o) f(o")|?do’ do

v

= 4_2HfHL2 R4)

- _HUHHl (mH

Consequently, I, > 72
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Equality holds if and only if there is equality in Cauchy-Schwarz’s inequality, that is
to say, for almost every o > 0, and almost every o’ €]0, o[,

f(0")f(o —0') =C(o).

Fix an open interval I contained in ]0, o[ with positive length |I|. Then

[ 1@t = )ae = 111C0).

Therefore, C' is continuous on R’ as a convolution product of two L? functions. Since f
is not identically zero, one can find an interval J C R such that

[ f©ac o
J
Integrating the equality

@) f(Q)=Cle+0), (0,0 € (R})? (2.10)
along the variable (, one gets that for all o € R,
d¢= | C d¢ = C(¢)dc.
o) [ s0ac= [ corgac= [ e

Therefore, f has C' regularity on R* , so C' also has C' regularity on R*. Fix ¢ > 0 such
as f(¢) #0. Letting 0 — 07 in (2.10), one knows that f admits a finite limit as ¢ — 07
which is equal to

c©)

O =5

Likewise, computing the derivative along the variable o of (2.10), there holds f'(¢) f(¢) =
C'(0 4+ (), and one gets that f’ admits a finite limit at 0" which is equal to

¢’(¢)
f©)

We deduce that f satisfies the differential equation
(o) f(07) = flo)f'(0%) =C"(0), o€R:.

Let us show that f(07) # 0. Supposing f(07) = 0, we would get that for all & > 0,
(’(c) = 0. Then C would be a constant function, so f would be constant too since

F1(07) =

C(o+Q)
Q)

As fisin L*(R,), this would imply that f is identically zero, a contradiction. Therefore,
solving the differential equation, there exist some constants K and « such that, for all
o >0,

flo) =

flo) = Ke ™.
The assumption f € L?(R,) implies that Re(a) > 0.
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Computing the inverse Fourier transform leads to

+00
U z,y, / 180 (@ S+ )o 7do
(z,y,s \/ﬁ flo \/—

+oo

_ iso—ao—(x2+y?)o

= e do

7r\/§ /0
SO K 1
Ulz,y,s) =

2+ P+ a—is
This is the first point of the proposition. Let us now prove the second point.

Since the equation and the result we want to show are both invariant under translation
of the variable s, up to translating of a factor sy, we will assume from now on that « is a

(positive) real number.
Now, there holds

P e gy IKP
0= 5IE [ e do = -,

0%
1 Heo 7 / / 2 do
”UH i | |4/ / efa(afa)efao do’| —
L H) 472 0 0 o

1 oo
s |4/ o e—2aa do
0

~ 4n?
_ 1K}
472 (2a)?’

so U satisfies HUHH1(H1 HUHL4 gny= I+ if and only if |K|?= 47%a. In this case, write
K = 2m/ae? for some 0 € T, then,
K 1 e/ 2a

(z,9,5) 22+ yi+a—is w24yl +a—is

We proved that up to the symmetries of the equation, there is a unique minimizer @),
in @, which is equal with the choice of parameters (sg,0,a) = (0,0, 1) to

iv/?2

s+i(z?+y?) +i

Q+($7 Y, S) =

with Fourier transform -
Qi(x,y,0) =27 e_Uha“(x,y, o).
Note that the profile (), has infinite mass.

2.4 The limiting problem

We now focus on the stability of (), which is the unique ground state solution up to
symmetry to (2.4)

D,Qy = H(J)F(IQHQQQ'
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Let us study the linearized operator £ close to Q)+
Lh = Db — 2005 (|Q4 [*h) — T (Q%R), h e H'(H') NV

We first consider the linearized operator on the real subspace spanned by the set of vectors
(Q1,iQ.,0,Q,i0,Q,) with the help of the correspondence with Bergman spaces (parts
2.4.1 and 2.4.2). Then, on the orthogonal of this subspace in H'(H"') NV, we prove the
coercivity of £ by using the spectral properties of the sub-Laplacian on the CR sphere
via the Cayley transform (parts 2.4.3 and 2.4.4). We conclude this section with some
estimates about the invertibility of the linearized operator £ (part 2.4.5).

2.4.1 Bergman spaces on the upper half plane

In order to better understand the spaces H*(H') N V", k e {—1,0,1}, we introduce
their link with Bergman spaces on the upper half-plane C,. The space H*(H") N V"
is the subspace of H*(H') spanned (after a Fourier transform under the variable s) by

ga\r(x,y,a) = \/i; exp(— (2 + y?)0) 1,50, so that w € H*(H') N V," if u € H*(H') and

iz, y,5) = f(o)hg (2,9, 0),

in this case,
do

201— 9 1—k"

k
el ey = (=) 22l Lo an) = If( )I°

Definition 2.4.1 (Weighted Bergman spaces). Given k < 1 and p € [1,+00), the weighted
Bergman space AY_, is the subspace of L¥_, := LP(C,,Im(2)""d\(z)) composed of holo-
morphic functions of the complex upper half-plane C :

—+o00
AP = {F € Hol(Cy) | | FI3, - / /yF (s + it) \pds— < —i—oo}

Thanks to the following Paley-Wiener theorem on weighted Bergman spaces, one can
associate to each element of H*(H')NV," a function of the weighted Bergman space A2

Theorem 2.4.2 (Paley-Wiener |Bék-+12|, Theorem 1.22). Let k < 1. Then for all f €
L*(R,, 0%t do), the following integral is absolutely convergent on C.

+o00
F(z) = \/%/0 e f(o) do, (2.11)

and defines a function F € A?_, which satisfies

(1

—k) [T do
L = (212)

Conversely, for every F € A?_, | there exists f € L*(R,0" tdo) such that (2.11) and
(2.12) hold.

When dealing with functions from the space H'! (H'), we use the usual Paley-Wiener
theorem.
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Definition 2.4.3. The Hardy space H*(C,) is the space of holomorphic functions of the
upper half-plane C. such that the following norm is finite:

||F||312(<c+)3: SUP/!F(S +it)|* ds < +oo0.
t>0 JR

Theorem 2.4.4 (Paley-Wiener [Rud87|). For every f € L*(R,), the following integral
15 absolutely convergent on C,

Flz) = ¢%7 /0 " e f(0) do, (2.13)

and defines a function F in the Hardy space H?(C,) which satisfies

+oo
1F e, = / (o) do. (2.14)

Conversely, for every F € H*(C,), there exists f € L*(Ry) such that (2.13) and (2.14)
hold.

Given any h € H*(H") radial, one can define
(s +i(x* + ) == h(z,y, s).
If h € H*H") N Vof, k € {—1,0,1}, then Fj, is holomorphic, since the holomorphic
representation given by the suitable Paley-Wiener theorem is given by /7 F},. Note that

Fp., = —iFy, = —iF], he HY M) NV,

s

and _
Fy = F,F,, g,hec H )NV,

Moreover, if h € L?(H'),
HhH%Q(Hl): 7T||Fh‘|%2(<c+)‘ (2.15)
For example, the holomorphic representation in the Hardy space H2(C,) of
2

i(x2+y?) +i+s

Q+($ayas> =

is
V2
FQ+ (Z) = Z\—/|—_Z

One can now identify the orthogonal projector II§ from the Hilbert space L*(H') onto
its closed subspace L*(H') N Vy" as a projector Py from L?(C,) onto A} = L*(C,) N
Hol(C,). More generally, for & < 1, the orthogonal projector from the Hilbert space
H*(H") onto its closed subspace H*(H') N V;" corresponds to the Bergman projector P
from L? , onto A? ,. For general k < 1, the Bergman projector Py, can be expressed as
a convolution through a reproducing kernel called the Bergman kernel [Bék+12|. We are
here interested in the case k = 0.

Proposition 2.4.5 (See [Bék+12|, Proposition 1.32). For all F € L*(C,),

Po(F)(2) = _%/c mF(stit) dsdt.
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For h € L*(H'), the holomorphic function Fyyt () is the projection of Fj, on the sub-
space A? of L?(C,):
an(h)(z) = Po(Fu)(2),
hence

1 1 ,
an(h)(z) - /(C+ th(s +it) ds dt.

For p € (1,+00), the orthogonal projector Py can be extended as a bounded operator
from the space LP(C,, dA(z)) onto the Bergman space AY.

Theorem 2.4.6 (See [Bék 12|, Theorem 1.34). Let p € [1,+00). Then the Bergman
projector Py is a bounded operator in LP(C.) if and only if p > 1.

One has [|A]|7, )= 7| Fhll7s(c,) when this quantity is finite. Therefore, if hy, ho, hs
lie in ~H'(H') (which embeds in L*(H")), it makes sense to consider II (hihohs).

2.4.2 Symmetries of the equation and orthogonality conditions

In this part, we decompose the linearized operator £ around ),
Lh=—Amh = 2005 (|Q4*h) = T (Q%R), he H'(H') NV

depending on the symmetries of the equation. This operator would be self-adjoint act-
ing on L?(H'), but we are interested in elements of H'(H!) endowed with its own
scalar product. After studying the action of £ on the real subspace V spanned by
(Q+,1Q+,0:Q1,10sQ+), we will try to find a new form for (Lh, h)H—l(Hl)le(Hl) on the

orthogonal of V in H'(H") which is more suitable for a spectral study.

Proposition 2.4.7. In the real subspace V of H'(H') N V" spanned by the orthogonal
basis of vectors (0sQ+,1Q+ — 0sQ+, Q1 + 2i10:Q+,Q+), the linearized operator L has the
form

Ly = (2.16)

o O OO
o O OO
o O OO

_— O O

Proof. We define
L(F) = —iF" = 2Py(|Fg,|’F) — Ry(F3,F), FeH(Cy).
For h € H'(H') N V', the holomorphic function F, € H?(C, ) satisfies
L(F,) = Fep.
We study £ on H*(C,). For F € H?(C,), define
F(F) := —iF' — Py(|F|*F).

Let U be a C! function defined on a neighborhood of ¢t = 0, valued in H?(C,), satisfying
U(0) = Fp, and U'(0) = F. Then
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Thanks to the invariance under translation in the variable s, we consider U : sy €
R — Fg, (- + sp). For all sg € R, we have .#(U(sg)) = 0, so

L(Fy,) =0=L(0.Q.)

Following the same pattern, the invariance under phase multiplication gives, with U : 6 €
R — e?Fy,, that Z(U(#)) = 0 for all 4, so

‘C(iFQ-‘-) =0=L(iQ+).

Finally, let U : A €] — 1, 1[— (1 + \)Fg, ((1 + )%, then Z(U(X)) = 0 for all X thanks to
the scaling invariance, so

E(FQJr + 22Fé+) = 0.
Remark that

i\/§z

Fl, ==
o T T rip

-
- _FQ+ _ZFQ+

Consequently,
L(Qy +2i0,Q4) = 0.

In order to determine L entirely on the subspace V, it is sufficient to calculate £(Q ).
Yet

L(Q+) = —i0,Q4 — 3T (|Q+[*Q+) = 2i0,Q.

We have proved that in the orthogonal basis (0;Q4,1Q+ — 0sQ+, Q1 +2i0,Q 1, Q) of V,
L admits the matrix representation (2.16). O

We now work on the orthogonal of V', so we study the orthogonality conditions. For
this part, it is more natural to work with the complex scalar product in H*(H?')

(h1, ha) gy :/ (—Amha)hy dz dy ds
HL
= <_AH1h17 h2>H71(H1)><H1(H1)'

We have
(hy Q) iy = (M Q1) gy + 10, 1Q4) -

Proposition 2.4.8. Let h € H'(H") NVy" and Fy,(s + i(z* + 3?)) = h(z,y,s) its holo-
morphic counterpart. Then

(h, Q+>H1(H1) = \/EWQFh(i)-
Consequently,
e h is orthogonal to Q. and iQ, in H'(H") if and only if Fy(i) = 0;
e h is orthogonal to 0,Q, and i0,Q in H*(H') if and only if F}(i) = 0.

This proposition enables us to check easily that the basis (0,Q+,iQ+ — 0;Q+,Q+ +
2i0,Q 4+, Q) of V is orthogonal in H'(H").
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Proof. We study the duality bracket in H~'(H") x H'(H") between —AmQ@Q, = D,Q,
and h, for which we use the holomorphic function Fj. Knowing that

V2

Foq.(2) = Fé+(2) = —m7

equality (2.15) ||ullf2gy= 7l FullZ2c,, for u € L*(H') leads to

iv2

0@ )iy = 7 | PG

Let t > 0, and define f; : z — Fj(z+it) on {z € C | Im(z) > —t}. Applying the residue
formula to z — mft(z), which is holomorphic on {z € C | Im(2) > —t} \ {it + ¢}
with a simple pole at it +1, we get that on every rectangle Z := [—a, a] 4]0, b] containing
it +1,

1 . T ) o

Since the integral of z — mft(z) is absolutely convergent on {z € C | Im(z) >
—t}, there are some sequences (a;);jen and (b;);en of real numbers converging to +o0o that
satisfy

1 .
/IR (_a. + it — it — Zv)gft(_aj + Zt/) dt/ — O’
+ J

1 .
A(w+W—ﬁ—wﬁ@+wmf%Q
+ J

1
ib,) ds — 0.
(@@+@—w—wﬂ@+”)5%o

Applying formula (2.17) to the rectangles [—aj;, a;] x [0,b;] and passing to the limit
J — 400, one gets

/ s ds = 2imEL(2it 4 ).
R (

s — it —1)

Consequently

(1, 0.Q iy = V220 [ Fy(2it + i)
R4

= —in®V2F,(i),

since Fy(it) goes to 0 as t goes to +oo. This latter fact can be established by using the
function f € L*(R,) associated to F},, which satisfies for all ¢ € R*

Fy(it) = \/LZ_T(/Q h e " f(o)do.

Indeed, we have

|y (it)] < % ( /0 e da)

([ i)

NI

1
= Q—meHL%
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which goes to 0 as t goes to +o0.
We have shown as wanted that

<h7Q+>H1(]HI1) = <h7 _iaSQ+>H1(H1)><H*1(H1) = \/§7T2Fh(i).
In particular,
(h, asQ+>H1(H1) = —(0sh, _iaSQJr)Hl(Hl)XH L) — \/_WZF/( )- 0

We now check that h € H'(H'), £h decomposes in the Hilbert space H~'(H!) as an
orthogonal sum Lh = Ljyh + Ly 1h, where V- is the orthogonal of V in H'(H').

Corollary 2.4.9. Let h € H'(H') and decompose h as h = ho + h_ + h, where

ho € HY(HY) N V;H N Vectr(0,Q4, Q4+, Q4 + 2i0,Q.),
h_ e HY(H") N V;" N Vectr(Q4),

hy € H'(H) NV 0(Qs1Q+, 0.Q, 10:Q4 ) - .

Then

(Lh, B) ey oy = (Bl ) ey gy + (Chos o) e ey s )

and
||’Ch||§'{71(H1): ||*Ch+||§'{71(H1)+||’Ch—||121‘171(H1)~

Proof. With this decomposition, we have Lh = Lh, + Lh_.
Let us show that Lhy is orthogonal to @, 1Q4, 0,Q+ and i0,Q) for the duality
product space H'(H') x H'(H'). We treat separately each term of

Lhy = Doy — 2005 (1Q4 ) — TG (Q2Ry).
By assumption on Ay, Dsh, = —Amh, so that

(Dshas Qi) gy @y = (s @) gy = 0

and
(Dshy, 05Q+) g “L(HY)x HY(HY) — <h+>8SQ+>H1(H1) =0.

Moreover, using Proposition 2.4.8,

(I3 (1Q4 1Ay, Q+) - L(HY) x HY(H) — <Q+h+’Qi>L2(H1)XL2(H1)
= (Qihy, —iV20,Q4 ) r2(unyxr2(un)
- 27T2FQ+’1+ (4)
=0,

since Fy p, = Fo, Fy, and Fj (i) = 0. In the same way,

(5 (Q2h1), Q) - L(HY) x HL(H) = = (Q%, Q+hy) 2@y <2y = 0.
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Finally,

1
<H+(’Q+’ h+) 7 Q+> THY)x HY(HY) — §<Q+h+>as(Qi»L?(Hl)xL?(Hl)
1

= _§<85(Q+h+>a Q?F)H*?(Hl)xH?(Hl)

1 :
= _§<88<Q+h+); _Z\/ﬁaSQ+>H*2(H1)xH2(H1)
= —7r2Fé2+h+ (1)

and in the same way,

<H8_(Q3—E)785Q+>H*1(H1)><H1(H1) = < i7as(Q+)h+>L2(H1)><L2(H1)
= 2 Fp (@ yn. (1)
= 0.

Therefore, Lh., lies in H~'(H") N V;" N (Q+, iQ4, 0:Q4,10,Q, ) ™) where the or-
thogonal is taken for the duality product H—'(H") x H'(H'). In partlcular

(£h+, h) THY)x H1(HY) — (‘Ch-‘rv h+> L(HY)x HL(H)"

Now, since Lh_ is in Vectg(i0;Q ), write Lh_ = Xi0sQ; = Mm@, for some real
number A\. One has

(Eh_, h) (! XHl(Hl = (Q+’ )Hl (H1)
= _)\(Q+7 *)HI(HI)
(Eh_, h ) Hl)le(H1)7

which gives the first part of the proposition.
Finally,

(ﬁh_t,_,ﬁh_)]i[fl(Hl) = (£h+, )\Q+) —1(H1) XHl(Hl) = 07

so we conclude that
VERIE = LAy LIy .

We now give a simplified expression of (Lh, h) g1y sy When h is orthogonal to
Q+ and ZQ+

Proposition 2.4.10. For h € H'(HY)NV;" N Vectr(Q4,iQ4 )= ) the following iden-
tity s true

(Lh, h) LHY)xH(H) — (—Amh — 2‘Q+‘ h, h>H T(HY)x H1(H!)

Note that it is more convenient to switch to a complex scalar product because contrary
to L, the operator —Agih — 2|Q, |*h is a complex linear operator of the variable h.
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Proof. We only have to show that (IIf (Q2h), h) -1 @y« iy 18 zero. We calculate

(Hé(@?ﬁ), h) g L(HY) x HL(H!) = ( +h h) - L(HY) x HL(H!)
( ) —1(H)x H1(H)

(— Z\/_a @+, h ) T(H)x 5! (H!)
= 21" Re(Fj2(i)).

Now, Fy,» = F2, therefore, Fj2(i) = 0 as soon as h € H'(H")NV;F NVectg (Q4, iQ. )= Y,
[

2.4.3 Study of the limiting profile through the Cayley transform
We now study the spectrum of —Ag — 2|Q|?, which is natural since we are searching
for a coercivity estimate on £ and we just proved (Proposition 2.4.10) that

(Lhy h) sy i gy = (—Qurh = 21Q+ [y 1) g ey g -

This spectrum can be determined via the equivalence between the Heisenberg group H!
and the CR sphere S? in C? called the Cayley transform. We rely on [BFM13] in order
to introduce this equivalence and its spectral consequences. In this part, we will denote
by (w, s) the elements of the Heisenberg group, bearing in mind that w = x + iy with the
former notation. The Cayley transform is

c: H' — S\ (0,-1)

2 1—|w|®—is -
(w,s) — <1+\wﬁg+is>1+|$|2+zz)

The inverse of C is given by C7((y, () = (W,Im(;g)) The Jacobian of the Cayley
transform is

8
(14 hwf2)? + 57)*
Notice that|.J¢| is linked to @, as follows

| Je(w, s)|=

| Je(z + 1y, s)|= 2|Q4(z,y, s)|".

For any integrable function F' on S3, we have the relation

/3Fd§:/Hl(FoC)|Jc]d/\3(w,s).

S

Here, d¢ denotes the standard euclidean volume element of S®. We consider the complex
scalar product on L*(S?)

(F,G>L2(S3):/ FGd¢, F,Ge L*S?).
S3

One can note that

[ IFEc= [ [P ocpled au.s)
S3 H!
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in particular, |Jo|= 2|Q,|* is in L?(H'), so if a function F' is such that F o C belongs to
L*(H") (for example if F o C € H'(H")), then |F o C|? belongs to L?>(H"), and therefore
Fisin L*(S?).

On the standard sphere S?, let us denote R = (19, + (20;,. Then the vector fields
T; =0 — (;R for i = 1,2 generate the holomorphic tangent space to S®. The conformal
sub-Laplacian is defined as

D=—5> (T +TT) +

where D — i is the sub-Laplacian. One can construct the Sobolev space

HY(SY) == {v € LX(S) | o]l (sty:= [|D?v]| 2ty < +00}

The operator D on the sphere has a direct link with the sub-Laplacian on the Heisenberg
group via the Cayley transform: for any radial function F oC in H'(H),

A <(2|JC|)%(F 0 C)> — (217} (DF) o C.

Note that a function in H'(H') maps to a function in H'(S?) via the following trans-
formation.

Proposition 2.4.11. Let h be a function on H', and define a function v, on S by
h(z,y, s) = (2|Jc])7 (vn 0 C)(x + iy, 5) = V2|Q4|(v 0 C)(w + iy, 5). (2.18)

Then for radial h,

1
(Dvh, Uh>L2(S3) = §<—AH1h, h>H—1(H1)><H1(H1)

and
(o)) = [ HP1Q4 s
H

Therefore, vy, defines a function in H'(S®) if and only if h is in H'(H").

Proof. Fix a radial function h, and define v, by (2.18). Then

(=Aush) = (21 Je])H (Don) 0 € - (21 e} (vh 0 C)
= 2|Jc|(DUh) oC - Up, © C,
S0
<—AH1h, h>H*1(H1)><H1(]HI1) = 2<Dvh,vh>L2(83).
Moreover, when h € L*(H'), then v, € L*(S?) and

(Uh,vh>L2(S3)=/ |Uh!2dC=/ v, 0 C*|Je| dAs(w, s)
53 H

1 1
L A RALEN w,s:/ h21Q. 2 dNs. O
NG H1| *|Je|2 dAs(w, s) IHII| “1Q417 dAs
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Propositions 2.4.10 and 2.4.11 combined imply the following corollary.
Corollary 2.4.12. Let h in H*(H") NV, N (Q4,iQ4 )" E) . Then

(Eh, h)H_l(Hl)XHl(Hl) = 2(Dvh, vh>L2(S3) — 2<’Uh, Uh>L2(53)-

The spectrum of the operator D on H'(S?) is well known. Indeed, the space L*(S?)
endowed with the inner product (F,G) 23y = [ FG d¢ admits the orthogonal decom-

position
L*(S?) = €P Hayyu,
k>0
where Ha;; is the space of harmonic polynomials on C? that are homogeneous of degree
jin ¢, and k in (q, (o, restricted to the sphere S®. Fix j, &k > 0, then the dimension of
Haj,k is
mjy, = dim(Ha;) =75+ k+ 1.
The spectrum of D is as follows.
Proposition 2.4.13 (Spectrum of D [Sta89]). Let A\; = j + 5. Then for all Y, € Hajy,
DY = N Yk

In particular, the smallest eigenvalue of D—1Id is \gp—1 = —%, with multiplicity 1, for
which the eigenvectors are the constant functions on S*. The second one is also negative,
equal to Mg — 1= Aoy — 1 = —1%, with eigenvectors spanned by (i, (s, (1, G- The third
one is positive, equal to Agg —1 = Ag2 — 1= }1.

Let us study the radial property on S3. Let h € Hl(Hl) be a radial function and let
vp, as in (2.18)

h(z,y,s) = (2|Je])7 (vy 0 C)(x + iy, s).

Since h and |Je| only depend on |z + iy| and s, so does v, o C, which means that vy, only
depends on |(;|, ¢; and (5. This discards the eigenfunctions ¢; and (; in the orthogonal
decomposition of vy,.

The last step is to treat the remaining eigenvectors with negative eigenvalues for the
operator D — Id, in order to find a lower bound in the quadratic form

(ﬁh, h)H—l(Hl)le(Hl) = 2<Dvh, Uh>L2(S3) — 2<Uh, Uh>L2(g3)

for h € H'(H'") N V5" N Vectr(Q4,iQ, 8SQ+,2'88Q+)L7H1(H1). These eigenvectors are the
constant function e; = 1 (with eigenvalue —2) and the harmonic polynomials e, = (; and
es = (» (with eigenvalue —1). In order to do so, we reformulate the above spectral study
back to the setting of holomorphic functions of the upper complex plane.

For fractional Sobolev embeddings on R" and fractional Folland-Stein embeddings on
H" ([CFW13] and [[.Z15]), the potential negative eigenvalues are naturally discarded by
the orthogonality conditions, since they correspond to the tangent space to the manifold
of functions equal, up to translation, dilation and multiplication by a nonzero constant,
to the respective optimizers W and H:

M(R™) = {CW ( —65130) |ce R zg e R e > 0}

resp.
MM = {cH(§(u")) | c € R*,u € H",§ > 0}.
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2.4.4 Coercivity of the linearized operator

In this part, we use the spectrum of D on the CR sphere in order to get a coercivity
estimate on L. The lowest eigenvalues of D — Id are, in increasing order,

3 1 1
Mo—1l=—><X1—1=Npg—-1=—<Xo2—1=Ng—-1=-.
0,0 1 0,1 1,0 1 0,2 2,0 1

The negative eigenfunctions are e; = 1 (for \gp), ea = (o (for A\g1) and ez = ¢ (for A1 ).
Let h € H'(H") N V3t N Vectr(Q, iQ+, 8,Q, i0,Q) - ™) and let v as in (2.18)

h(w,y,s) = V2|Q4|(v o C)(z + iy, 5).

Decompose v as:

v, e v, e : v, e :
v=vy + —< 1>L2(S3) e + < 2>L2(SJ) €2 + < 1>L2(Sd) e
<€3, 63>L2(S3)

€ Vect +
(e1,e1)r2(ss) (€2, €2) 12(s9) 3, vy € Vectc(er, ez, e3)

Since e; € Hagy, e2 € Hap; and e; € Hay o, these three vectors are pairwise orthogonal
in L*(S?), and they are orthogonal to € ; 1 z(0.0).0.1).1.0y Hajs The knowledge of the
eigenvalues of D — Id enables us to say that

1
§<£h, h)Hfl(Hl)le(Hl) - <DU, U>L2(g3) - <U, U>L2(S3)

1|<U,63>L2(§3)‘2 1 |<U,€2>L2(S3)‘2 3 |(v,el>Lz(Sg)‘2

4 <€3,63>L2(§3) 4 <€2762>L2(S3) 4 <€17€1>L2(S3) .

1
> Z||U+||%2(S3)_

But
|2

|<Ua€3>L2(S3)’2 i ‘<U7€2>L2(83){2 I ‘<U763>L2(§3)

||U||2L2(S3): HU-FH%2(83) )
(637 €3>L2(SS) <€2, €2>L2(S3) <€1, €1>L2(S3)

SO
2 2 9
1(/5]1 h); : > 1 o] 1 [{v, es) r2(s) | 1 | (v, €2) r2(s%| (v, e1) r2ss)|
a5 ) —1(H1 1y = 2/(Q3\ — = — _ .
2 H=HHY)xHIHY) = 4 TPHIL2S%) 9 (es, €3>L2(S3) 2 (ea, €2>L2(S3) <€1761>L2(S3)

Let us replace these latter terms by their expression on the Heisenberg group. We
define

fi=V2|Qile;oC, j=1,2,3.
From the identity

1 — |w|*—is —
CQ © (U), 8) 1+ |w|2—|—zs \/_Q+(w75> )

we get that

fi=V2|Q4],
fo=V2(Q+|(V2Q4 — 1),
f2=V2[Q+|(vV2Q1 —1).
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Thanks to Proposition 2.4.11, one knows that (v, v)r2ss) = (hQ4, hQ1) 2@y, SO

1 Qs Q) 2|
Lh,h) gy = 5 10Q4 172y —
L & o oo

004 Q|| [$hQe £1Q) |

/2@ 1172 ) 1AQ+ I Z2em)

For h € HY(HY) NV N Vectr(Q4,iQ, 0,Q-, i0,Q) ") et us consider the space
where Fj,g. lies.

Since h € H'(H), from the embedding H'(H") < L*(H'), one knows that hQ_ is in
L*(H') so Fyg, belongs to L*(C.).

From part 2.4.1, h being in H'(H") NV, F, (defined by h(z,y,s) = Fy(s+i|lz +iy|?)
for (z,y,s) € H') is a holomorphic function since F}, lies in the Hardy space H?*(C,).
This implies that the function Fj,q, = F,Fy, is holomorphic too: we have shown that Fj,
is in the Bergman space A% = L?(C,) N Hol(C,).

Moreover, the fact that A is orthogonal to Vectg(Q,iQ4, 0sQ,i0,Q-) in H'(H!) is
equivalent by Proposition 2.4.8 to Fj,(i) = Fj(i) = 0. But then, Fyo, = F,Fyp, has a
double zero at i. Proposition 2.4.8 again implies that

(hQ+, 0:Q+) 2@y = (hQ, D2Q) 2y = 0,

which is equivalent to
(Fhois Fo, ) r2cy) = (Fhay Fo, )12y = 0.

Now, define W := A% N VectC(FéyFé’JL’LQ(C*) and denote by Py the orthogonal
projection from L*(C.) onto W. We have shown that if h € H*(H')NV;" is orthogonal to
Vectg(Q+,1Q+, 05Q+,10;Q4) in HY(H'), then F,o, € W. In particular, for u € L*(H),

(hQ,u) 2y = T{(Frq,, Fu)r2cy) = T(Fhq,, Pw(Fu)) r2(cy)-

Back to the quadratic form, we deduce that

2
[(Fho s Pw(Fro.)) 2y
1F @il 22c )

1
(,Ch h) ~1(H) x F1 (H!) > 7T(§||FhQ+||%2(C+)_

‘ 2

2
_ e Pw(Fro hieen|” , [(Fha Pr(Fra))zey >
HFf2Q+H%2((C+) HFf1Q+||%2((C+)
Let us denote PF PR
X]: W( ij+) — W( J) ’ j:172737
1Fro:llzesy  I1Fllzzcy)
with
Fi(z) = ;
! 1z +i|(z + 1)’
1 21
F2<Z) = ( ‘ - 1)7
|z 4id|(z+1) \z 41

(
Fy(z) = |z + Z|1(Z +1) ( _QZ@' a 1>'
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We try to find an upper bound on the quadratic form on L*(C,)

2 2 2
q(F) =2 [(F, X1)r2cp)|” + [(F, Xa) 2| + [(F. Xs)r2ey|”,  F € L*(Cy).

In particular, we want to show that this upper bound is strictly less than %

Let us first write explicitly the orthogonal projector Py from L?(C.) onto the sub-
space W = A2 N Vectc(Fé+,Fé§+)L’L2(C+). We start by finding an orthogonal basis of
Vecte(Fp,, , Ffy, ) for the scalar product on L*(C, ). We know from Proposition 2.4.8 that

(u,0,Q4) 2y = —iV271°F, (i), u € L*(HY),

SO
(F,Fy )12,y = —iV2rF (i), F e L*Cy).

Using the equalities

_i\/i " 22\/5 " 62\/5

TG TG R

we obtain
. . i . 1 , 3t
Fo, (i) = Ve Fo. () = EWok £y (i) = NG (i) = Vi

Therefore,
. ) T
< é-’—’ Fé+>L2((C+) - _Z\/§7TF5+ (Z) — 25
In the same way,

. . m
<Fé2+>Fé2+>L2(C+) = —Z\/§WF£9+(Z) = 9

so Fl:=F, — <Fé”’%&}?” = F, +4F" is orthogonal to F), :
TUQr (FG L Fp )i, @F T T Q@+ Q@+ & Q-+

(F,F, )12,y = 0.
Moreover,

<F, FN’>L2((C+) - <F7 Fé+>L2(C+) + <F, ,L.FC/Q,+>L2((C+)
=0+ (iF', F}) )2y

= V21 E'(3).

Since F'(i) = F§ (i) +iFy (i) = VoL F is of norm

(F,F)i2c,) =

13

The orthogonal projection onto Vectc(Fy,,, Ffy )4+ (€ in L*(C,) is then written

4 ) :
<Fv Fé?+ + ZFC/2,+>L2(C+)(Fé+ + ZFCS+)'

™

2
FeLl*(Cy)— F— ;(F, Fo ) eenFo,
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Besides, from Proposition 2.4.5, we know that the orthogonal projection Py from L*(C,)
onto A? is given by

1 1
P,F it) = —— F ) dud F e L*C.).
0 F (s +it) 7T/<c+ Gt i? (u+ ) dudo, € L*(Cy)

Therefore, the orthogonal projection Py on the space W = A7 N Vecte(FY, F5+)l’L2(C+),
for F' € L*(C,), is written

, 1 1 . 2 .
Py F(s+it) = _;/m = u+it+iv)2F(u+ZU> dudv — %(F, F) e Fo, (s +it)

4
(F, Fc'g+ + iFé+>L2(C+)(FéQ+ + iFé§+)(s +it).

7
We use the following estimates of (7 Py F}, F})2c,), j = 1,2, 3.
Lemma 2.4.14. Set ¢ = 10719, then
(mPoFy, Fi) e, — 21< €,

10
(mPoFy, o) 2,y — §|S g,

|(x Py Fs, F3) 12(c..y — 0.1303955989|< e.

The proof of this lemma is rather technical and is postponed to Appendix 2.A. Tt
involves simplifying the integrals defining ) F}, j = 1,2,3: we determine explicitly the
holomorphic function which coincides with FyF; on Cy thanks to a massive use of the
residue formula. This part is necessary in order to compute numerically (FoF}, F})2(c,)-
Without this preliminary work, there is a four-dimensional numerical integration to per-
form and the error estimate is big with a naive approach.

A direct calculation gives

™ ™

. (Fo Fo) e,y = (B, Fs)r2cyy = <

(F1,FV)r2c) = g

=~ |

22 22
3’ 9’

. 22 . 14v2 . 2v/2
(Fi,F)r2cpy = T (Fo, F)racyy = ——> (F3, F)ree,) = ——-

We deduce that

(PwFi, Fi)recyy  (PwFo, Fo)reeyy  (Pwks, Fs) ey
(F1, F1)r2(cpy (Fo, Fo) r2(c)y (F3, Fs) r2(c)

212

/
(Fy, B, iz = 5

(F1, FQ )2 cyy = — (Fo, F, )12cyy = —

—0.2046049976| < 24e.

This enables us to get a sufficiently precise estimate for the quadratic form. Indeed,
we want to show that the norm of the following quadratic form is smaller that %

q(F) = 2[(F, X2)raep | + (B Xa) ey | + [(F. X ey, F € LA(C).
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Applying Cauchy-Schwarz’s inequality, for F' € W,
(F, F1)2(cy)

q(F) 22‘ 2 ‘<F’ B iaey) [ ‘<Fv Fy) ey |’
[ F1 ] 22 (cy) 1 F2l 22 (cy) 1 F3l 22 (cy)
<[IFl22(c.) (2 Py, Freey) | (Pwby, §2>L2<C+> (Pw F3, 53)?(@))
1F1 2. 172013 . B2z,

But we just estimated

(PwFi, Fi)recyy  (PwFe, Fo)reeyy  (Pwls, Fs) ey

”Fl HF2H%2(C+) HFSH%2(<C+)

C:=2
122

as
1
C ~ 0.2046049976 < 3

Going back to b in H'(H') N Vy" N Vectr(Q4,iQ+, 9,Q+, i0,Q4 )1 ),
1
(Lh, ) - VEY) > ED) 2T (§HFhQ+H%Q(C+)_Q<FhQ+))
1
> 7 (310, e, ~CllFia, e )

1-2C
= 9 ||hQ+||%2(H1)

1-2C

T ||Uh||L2(S3)‘

But
(ﬁh h) -1y sy = (DUn, On)2(s3) — (Vn, Vn) L2(s9)
S0
(Dup, vp) 2(s3) > (1 + ! _420)<Uh,vh>L2(SS)
and .
(Dvn, vn) 12(s3) — (Uns Un) 2(s3) = (1 — Tr = 20)/4)<Dﬂh>vh>m(s3)-

Set 0 = 2(1 — WBC)M) Since (Dup, vn)r2(s3) = |23, ()’ the following theorem holds.

Theorem 2.4.15. The linearized operator L around Q).
Lh = Dsh — 2113 (|Q+*h) — TI5 (Q%h)

is coercive outside the finite-dimensional subspace spanned by Q+, iQ+, 0sQ and i0,Q -
there exists & > 0 such that for all h in H'(H") N V5" N (Q4,iQ, 9,Q,i0,Q, ) Y,
then

(Lh h)H L(HY) x H(H) > 5l|hl|H1 (HY)"

Note that for the Szeg6 equation, Pocovnicu proved in [Pocl2| that the linearized
operator is coercive in directions which are symplectically orthogonal to the manifold of
solitons

{—iﬁi——|ueR*aeR*eeTaeR}
plz —a) +

The nondegeneracy follows from this theorem and the study of £ on the finite-

dimensional subspace V = H'(H') N V" N Vectr(Q4, iQ, 0,Q4,i0,Q) (part 2.4.2).
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Corollary 2.4.16. The linearized operator L is non degenerate:

Ker(£) = Vectg (0sQ+,1Q+, Q1 + 2i0:Q ).

2.4.5 Invertibility of £

The following corollaries of Theorem 2.4.15 make precise the invertibility of £ and the
linear stability up to symmetries of the ground state (. These estimates will be useful
in order to prove the invertibility of the linearized operators L, around Qg in section
2.5.

Corollary 2.4.17. There ezists ¢ > 0 such that for all h € H'(H") N Vo,
LA -2 gy +1 (R OsQ) g gy |1 (R 8Q-4 ) g gy | (s Q- + 2005Q4) rauany | = €Il -

Proof. Let h € H'(H') N V;". We decompose h into three orthogonal components h =
ho+h_+h., where hg € H'(H") NVy" N Vecta (9,Q+,iQ+, Q4 +2i0,Q-), h— € H'(H')N
Vit N Vectr(Q4) and hy € HY(HY) N V;" N Vectr(Q4,iQ4, 0:Q4, i0,Q4 )" ) Then
Lhy =0, and Lh satisfies the above coercivity estimate 2.4.15: for some § > 0,

LR | g1y = Ol Rt | g -
Write h_ = M@ for some real number \. Then Lh_ = 2Xi0,Q),, so
(Eh_, h_ ) ~1(HY)x H(HY) — 2)\ (Za Q-i—a Q-i—) L(HL)x HL(HL):

But
|h- HHl(H1 (—iADsQ+, AQ+) -1 w1y 1 (11 )5

50 (Lh—,h) - LHY)x H1(H) — —2||h- ||H1 (HY)" In particular, HﬁthHfl(Hl)Z 2Hh*“H1(H1)'
Thanks to Corollary 2.4.9, we deduce that

LRI - gy = NCR- N oy HILR 1 )
Z AN h Ny O 1 1 e
2 (min(275)) Hh +h+|lHl(Hl

Moreover, since hy is in the space spanned by 0;Q), i@, and @, + 2iQ), there exists
some constant 0 < ¢ < min(2,d) such that

(R, 85Q+)H1(H1)|+|(h7 iQ+)H1(H1)|+|(h7 QR+ + 2i88Q+)H1(H1)|2 C||h0||H1(H1)-

Therefore,

LA =1 @)+ (B, 0sQ+) oy || (R 1Q4) g [+ (Ry Q4 + 200:Q4) g g |2 || o -
]

Let us recall that for h € H'(H') N V,", we have set in Definition 2.3.8

0(w) = [l gy = 1Q+ I ey

et gy =1 @ ey
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Corollary 2.4.18. There exists ¢ > 0, ¢ > 0 such that for all u € Hl(Hl) NV, if
”u - Q+HH1(H1)S €0, then

o(u) + |(u, 85Q+)H1(H1)|+|(Ua iQ+)H1(H1)|+|(U7 QR+ + 2iaSQ+)H1(H1)|Z cllu — Q+||§'{1(H1)«

Proof. Let u € H'(H")NV;" and set h = u — Q... We decompose h as above in three or-

thogonal parts h = ho+h_+h,, where hg € H'(H")NV;" NVectr (9,Q4,1Q4, Q4+ +2i0,Q.),

h_ € HY(HYNV; N Vectr(Q4) and by € H (H) NV, N (Q,iQ4, 8,Q4 ,i0,Q. )" EY,
The link between d(u) and the linearized operator £ appears through the functional

E(u) = [[ull gy~ HUHL4 ()"
Indeed,
|E(u) — E(Q+)[< 6(u),

but since Q. is a solution to D,Q = ITJ (|Q+|*Q4) and h belongs to H'(H") N V", we
have the Taylor expansion

E(u) = E(Q+) = (Lh,h) gy ) + OUAN Gy )

Therefore,
5(“) 2 (E’hv h)Hfl(Hl)xﬂl(Hl - (HhHHl (H) )

From Corollary 2.4.9, we know that

(Eh h) H1 XHl(Hl) — (£h+, h+) I(HI)XHI Hl (ﬁh h ) Hl)XHl(Hl)

Consequently, the coercivity estimate on £ implies that for some constants ¢, C; > 0,

5() > a2 ey~ Co (1 s g 1l ) (2.19)

Let us focus on the term ||h_|> We use the fact that

H(HY)"

6(u) > [(Q+ + h, Qv + 1)y — (R4, Q+) |

> 2/(Q+, 1) g ey | — Nl oy

= 201Q [l 72 oy 1= s oy = 1l s
to deduce

() = 41Q+ o 1 sy ~O U )

We use this estimate to control Hh,H%l(Hl) in the lower bound (2.19) of §(u). Up to
decreasing €y, one can absorb the term d(u)? into the term &(u): there exist co, Cy > 0
and g9 > 0 such that if ||Al| g1 @)= |[v — Q+[| g1 ) < o,

20(u) = d(u) + Cod(u)* = callho || ary Fe2ll A gn) = Coll Al g -

We now control ||hgl|? If £9 < 1, we have an upper bound

H(HY"

1ol gy < Nholl sy < CC (R Q) ) [ (e 1Q) g gy |1 Qi +200:Q) g ey ).
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In the end, there exist ¢3 > 0 and C3 > 0 such that for all u € Hl(Hl) N VO+,

6(u) + [(hy 0sQ+) gy | + [(hy 1Q1) gy [+ (B, @ + 2005Q ) g sy |
> ([ 1 gy =l gy H ol ) — Call Pl

_C3Hh”H1 H1) CBHhHHl(H1

Up to decreasing & again, we can absorb the term || A||? into the term ||h]|? Note

F(HY) H1(HY)

that @, is orthogonal in H'(H") to 9,Q+, Q. and Q4 +2i0,Q ., therefore (h, ,Q.) s w1 =
(1w, 0sQ+) gy, (1 1Q4) gy = (U, 1Q4) gy and (b, Q1 + 2i0,Q1) gy = (U7Q+ +
2i0,Q-) s -

We now control the distance of a function u € H'(H') N V;" to the profile @, up to
symmetries by the difference of their norms ¢(u).

Definition 2.4.19. Fiz h € H'(H')N V", sy € R, 0 € T and o € R%. We denote by
Tso.0.0h the function in H'(H') N'V;" defined by

Tsoﬁ,ah(‘rv Y, S) = ewah(ax, ay, a2(8 + SO))7 (ZE, Y, S) € Hl'

Corollary 2.4.20. There exist 0y > 0 and C' > 0 such that for all w € H'(H") N V', if
5(“) < 4y, then
inf Tso 0,0t — 2'1 H< 4] .
(SO,H,a)lGI]%%X’JI‘ij_H 00,0t Q+||H (1) = C (u)

Proof. Assume by contradiction that there exists a sequence (up)peny C H'(H')NV;" such
that 0(u,) — 0, but

1 :
inf
d(Up) (s0,0,0)ERXTXRY

Tso,G,aun - QJrH?{l(Hl)njoo —+00.

According to the consequence of the profile decomposition theorem stated in Proposition
2.3.10, since d(u,) — 0, then, up to a subsequence, there exist cores (s,).en € RY, an
angle 0y € T, and scalings (a,)nen € (R%)N such that

||Tsn,90,anun - Q+ ||H1 (Hl)njoo 0.

We will make use of the implicit function theorem in order to apply Corollary 2.4.18
with some functions Ty ¢ o u, orthogonal to 0,Q4,1Q+ and Q4 + 2i0,Q4 and get a
contradiction. Consider the maps

F:H'MHHYNV; - R
u— ((U735Q+)H1(H1) (u, ZQ+)H1(H1 (u, Q+ + 2i0:Q4 ) Hl))

and

G:RxTxR: x (H'(H)NV,") - R
(5,0, a,u) — F(Tsgqu).
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Then F(Q,) = 0 so G(0,0,1,Q,) = 0. Moreover, G is smooth in (s,6,«) and the
Jacobian dsg,G(0,0,1, Q) of this application along (s, 6, «) at (s,6, «,u) = (0,0,1,Q4)
is equal to
||a Q+||H1 (H1) (iQ+, asQ-i—)Hl(Hl) (Q-l— + 2i05Q+, 85Q+)H1(H1)
(0sQ+,1Q+) g ) ||iQ+||§;1(H1) (Q+ + 2i0:Q+,1Q+) i1 un
(0sQ+, Q1 + 20:Q4 ) gy (1Q+, @+ + 210:Q+) i Q@+ + 20 Q+HH1(H1

Replacing all the terms by their values, we get

N
»

22 g
ds,@,aG(Oa 07 17 Q+) = 0 % 0 ’
0 0 =2

which is invertible. By the implicit function theorem, we get continuously differentiable
functions Sp(u), ©(u) and A(u), defined in a neighborhood V of @, and valued in a
neighborhood of (0,0,1): if u € V, then ||Ts,w) 004wt — Q+HH1(H1)§ go (where g is
taken from Corollary 2.4.18). These functions satisfy (Sp(Q+), O(®Q+), A(Q+)) = (0,0,1)
and

G(So(u),O(u), A(u),u) = 0.
Now, since [|T5, 05,0, tn — @+ 1) _>—> 0, there exists N € N such that for all n > N,
T, 6o, ann € V. Therefore, defining s, = s, + So(T, 09,0, Un), 0, = 0o + O(T%, 99,0, Un)
and a;, = o, + A<Tsn,90,anun> we get 1y, = Ty g o Uy € HI(HI) NVy" such that ||, —
Q+ [l 71 (ar) < €0 and
(UNTwaSQJr)Hl(Hl) = <u~n7iQ+)H1(H1) = (U, Qy + 2183Q+)H1(H1) =0.

Moreover, by invariance under symmetries, 0(u,) = d(uy,), so applying Corollary 2.4.18
to up, = Ty o o Upn, we get that for some constant C' > 0,

This is a contradiction with the assumption that

1
it [ Tepattn — Qa2 — oo, -
S(un) (30,9@)15{@@1” od.attn = Qllgp gy, = +00

2.5 Uniqueness of traveling waves for the Schrodinger
equation

In this section, we show that the study of the limiting profile (), and in particular the
linear stability, enables us to prove some uniqueness results about the sequence of traveling
waves (05 with speed § sufficiently close to 1. The argument is similar to that of [Gér 18]
for the half-wave equation: for g close to 1, (Jg is close to ()1 so we can make a link
between the respective linearized operators.

In order to do so, we first need to show some regularity properties and decay estimates
on the profiles Q5 (part 2.5.1). For the half-wave equation, these estimates come from
the Sobolev embedding H2(R) < LP(R), 2 < p < 400, and the convergence in Hz2(R).

Recall that from Definition 2.3.5, Qs denotes the set of ground states (s satisfying
(2.3). One can summarize the convergence of (Qg)s from part 2.3.2 combined with the
uniqueness result for (), from section 2.3.3 as follows.
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Proposition 2.5.1. For all § € (—1,1), fix a ground state Q% € Qg of speed B. Then
there ewist scalings (ag)g in R, cores (sg)g in R, and an angle 0 in T such that after a
change of functions Qs = ewaﬁQﬁ(OéIB',CYB',OZ%(‘ + sg)), the sequence (Qp)s of solutions
to (2.3)
A + D
——1—5
converges as 3 — 1 in H'(H) to the unique (up to symmetries) ground state solution to
(2.4), namely D,Q. = (|Q+*Q+), which writes

iv/?2

s+i(z?+y?) +i

Qs = |Qsl*Qs

Q+($7yv S) =

2.5.1 Regularity and decay of the traveling waves ()3

In this part, we collect information on the regularity of the profiles 3. We show that
after the transformations from Proposition 2.5.1, they are uniformly bounded in L?(H")
for all p > 2 when $ is close to 1. We deduce a uniform bound in L>°(H'), from which
we estimate the decay of these profiles when the variable (z,y,s) € H' tends to infinity.

Finally, we show that (Q3)s is bounded in H*(H) for 3 close to 1 and fixed k > 1.
AHI +6Ds

=5 admits an explicit fundamental solution.

The operator —

Theorem 2.5.2 (Fundamental solution [SM93]). Let

1-8._(1-8 145 1
mg(x,y,s) = — 'l r — —
2 2 2 (22 + 9% —is) 2 (22 +y? +1is) 2

Then mg ts a fundamental solution for —AH%ZDS: in the sense of distributions,
AHl + /BDS
1o %

The proof of regularity for the () relies on the use of generalized Holder’s and Young’s
inequalities in weak Lebesgue spaces (see [Vet19] for the strategy). We define the Lorentz
spaces as follows.

Definition 2.5.3 (Lorentz spaces). Fiz p € [1,00) and q € [1,00]. The Lorentz space
LPA(HY) is the set of all functions f : H' — C with finite LPI(H') norm, where

Q=

(b > Ral{u € B[] RDFAR)" it < oc
SUppso (RPAs({u € H | |f(u)|> R}))»

11l zpa (H) =

if ¢ = 0.

The usual LP(H") spaces coincide with LP?(H') spaces. In general, ||-||r.qqm) is n0t a
norm since the Minkowski inequality may fail. The following inclusion relations are true.

Proposition 2.5.4 (Growth of LP9 spaces |[SWT71]). Let p € [1,00) and q1,q2 € [1, 0]
such that ¢y < qo. Then LP(H') C LP%(H").
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Note that the functions mg, 8 € [0, 1), are uniformly bounded in L**. Indeed, let
R > 0, then

No({(2.y.s) € H' | JaP+HyP+sI< B = R20({( o/, o) € HY [ o/ P+ P+s'|< 1),

18 (1-8 145
5 = 2W2r< . )r( ' )

are bounded for € [0,1).

moreover, the constants

Definition 2.5.5 (Convolution). The convolution product of two functions f and g on
H! is defined by

frg(u) = Hlf(v)g(v_lw dAs(v) = » fluww™)g(v) dAs(v).

Note that the convolution in H' is not commutative, and that the relation

P(f%g)=fxPg

_ A]H]l +BDS
1-p

holds for every left-invariant vector field P in H! (for example, P = ), whereas

in general P(f xg) # Pf xg.
Let us recall the generalizations of Holder’s and Young’s inequalities for Lorentz spaces.

Lemma 2.5.6 (Holder). Let py, pa,p € (0,00) and q1,qe,q € (0,00] such that p% + p% =
and q% + q% > % with the convention 1/oo = 0. Then there exists C = C(p1, p2, p, ¢1, G2, q
such that for any f € LP»9(H') and any g € LP»®2(H'), we have fg € LP4(H') and

=

~—

| fgllLra@y< Ol fl Lovar @yl gl| p2-ao ey

Lemma 2.5.7 (Young). Let p1,p2,p € (1,00) and q1, g2, q € (0,00] such that p%—i—pig = %—i—
1 and qil—I—q% > é with the convention 1/oo = 0. Then there exists C = C(p1, pa, 0, ¢1,q2,q)
such that for any f € LPr9(H') and any g € LP>»2(H'), we have fx g € LP4(H') and

1 * gllpa@) < Cllfllrvar @il gl L2z ).
Theorem 2.5.2 implies the following formula for Q)s.

Corollary 2.5.8. For all § € (—1,1),

Qs = (1QsI*Qs) x mg.

Let us now prove the boundedness of Qs in LF(H'), p > 2.

Theorem 2.5.9. For all p > 2, there exist C, > 0 and B.(p) € (0,1) such that for all
B e (6*(]9)7 1)7 HQBHU’(HI)S Chp.

Proof. We proceed by contradiction. Fix p > 2. Assume that there exists a sequence
(Bn)nen in (0,1) converging to 1 and such that ||Qg, || r@)€ [n, +00] for all n € N. By
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duality and density of C2*(H') in LY(H'), J + ¢ = 1, there exists a sequence (¢n)nen in
LI(H") N L5 (H') such that ||@, || e < 1 for all n and

— —+00.
400

/ Qﬂn (pn d)\3
H1 n—
Let us define
4
Ko = {p € L9HY) 0 LHE) | [ollonan < loonllzogany and ol g g < Il 4 60 -
Since Qp, € L*(H'), the supremum over functions ¢ € K, of [, Qp,¢dA; is finite.
Thus, if we change ¢, to another function ¢ from K, where [, Q¢ d\; is closer to this

supremum, the K, corresponding to ¢ and thus the new supremum will decrease. We
therefore assume up to changing ¢, that

2 '/ Q3s,pn dA3
1

By density, let (fx)ren be a sequence in C°(H') such that |||Q+|2—fk||L2(H1)k—> 0.
—+o00

> sup
peKn,

Hl

Denote, for k,n € N, g,x := |Qp, >~ fr- We will use the fact that the functions g, have
a small norm in L?(H') when k and n are large enough thanks to Proposition 2.5.1. Let
us cut

/ Qﬁn%d&:/ ((1Qp.1*Qs,) * ma, )on dAs
H! H
:/ ((fk@ﬂn)*mﬁn)%d)\er/ ((gn,k@p,) * Mg, )on dAs
H! H1

in order to evaluate these terms separately.
Concerning the first term on the right-hand side, using Lemmas 2.5.6 and 2.5.7,

< ((frQp,) * Mg, ) @nl| L1 @)

/Hl ((fxQp,) *x Mg, )pn dAs

< Ci(feQp,) * Mg, || Lor ) |0 l| Loa )
< Co(p)|| fe@s. | 2

L2+ le H IBHHLZ’OQ(Hl)HgonHLQ(Hl)

(we used that ;Tpp > 1 since p > 2). Using again Lemma 2.5.6, choosing any 7 € (0, +00)

1< 4— _
such that ~ > 4—pp and o = 4+p > 1, we get

< C3(0)| full o @l @, | Laa ey Mg, || 2,00ty | 0n | Loy

. ((fsQp,) *mp, )pn dAs

We know that ||¢p|[re@)< 1 for all n, that ||mg,||2.0c@m) is bounded independently of
n and that (Qg)sep,1) is bounded in L*(H'), so there exists Cy4(p) > 0 such that for all
k,n €N,

[ Qs wmson s < Cao) o
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Applying Fubini’s theorem to the second term in the right-hand side,
[ (@us@a) emsendda= [ [ (96Qa) @m0 0w dhafu) dra(o)
= [ i) s, (o)) ddafa) dra(o)
= [ 1)) 13, ) (0) Al

where

mﬁ(x7y7 )_ $)y78) 1
F

1- )(1+5) 1
2 ) (2492 +is) 2 (a2 + 92 —is) T

has the same bounds in L**(H') as m.
But thanks to Lemmas 2.5.6 and 2.5.7,

1gn.1e(on x 1126, )| oy < CLPMgn pllooe@onylloon xritg, || om0

< Co(P)Ngnell 2o @y | onll Loa ey s, || 2o ().
Note that the assumption p > 2 ensures that p% € (1,00).

Moreover, this last inequality still holds with the same reasoning when replacing p by
4 and its conjugate exponent g by %. Fix

C = max (Cy(p), C5(4)) x sup [[mgal|p2.0 ).

B€l0,1)

Then, when g, x is nonzero in L?(H'), the function

1
Clgnk|| L2.00 )

wn,k = gn,k((pn * mﬁn)

belongs to K,. Therefore by definition of ¢, for all k,n € N,

‘ / Q5. 9ur( 1) A < 20 gl
H

/ Qﬂn (7071 dA3 N
Hl

But

[gn el 2o @y < N1Qs, [P = fill Loy
<@g, P=1Q+ Il L2y Q-+ I — fil | L2

and this quantity converges to 0 as min(n, k) goes to +oo thanks to Proposition 2.5.1
and the construction of (fi)ren. Therefore, there exists ny such that, for all & > ny and
n > ng, 20| gn || L2.00 (1) < %, or in other words,

. 1
@B, G,k (n * Mg, ) dAz| < 5 / Qp,on dAs3| .
Ht H1

Since

/ Qb pn Ny = / ((f@s.) * ms, o dAs + / Qb g % 125,) D,
H! H1 H1
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we get that for all £ > ng and n > ny,

<2

Qﬁn Pn d>\3
H!

. ((fsQp,) *mp, )ipon dAs] .

Fix & > ng and consider this inequality. There is a contradiction when n goes to +oo,
since the right-hand side 2 | [, (fx@g5,) * Mg, )¢n dAs| remains bounded by Cy(p)|| fx| po ),
whereas the left-hand side ‘le Qp,Pn d/\3| tends to +oo. O

Corollary 2.5.10. For all p € (2,00) and q € (1,00), there exist Cp,, > 0 and B.(p,q) €
(0,1) such that for all € (B:(p,q), 1), |Qsl ra@)< Cpyq-

We now collect some estimates on the decay of (3 when 3 is close to 1.

Theorem 2.5.11. There exist C > 0 and B, € (0,1) such that, for all B € (B.,1) and all
(z,y,s) € H,
C

p<x7y7$)2 —I— 17
where p(z,y, s) = (2% + y2)2 + s2)1 is the distance from (z,y,s) € H to the origin.

Qs(2,y,5)|<

Proof. Let us first show that the Qg are uniformly bounded in L*®(H') for 8 € (f,,1),
where f3, is large enough. Let v € H'. Applying Holder’s inequality 2.5.6 to the right-hand
side,

Qs = | [ 15 Quf)msfo™") s

< QslPQamps(-~ u)|| 1y
< N1Qs1*Qsll p21 ) M| 2o )
< 1QsI76.5 @) 18] p2.00 r)-

The conclusion follows from Corollary 2.5.10.
For every R > 0, we set B = {(z,y,s) € H' | p(z,y,s) < R} and

M(R) = sup |Qs(x,y,s)|.

(z,y,8)EBG

Let R > 0, u € B. We split the integral

(1Q51" Q) * m(u)|<

/ 1@sPQama ) d(0)
VEDR/2

[ 10l Qs@mst an)|

R/2

For the first summand, if v € Bg/ then uv “le BR/2> SO

< lesl
< 7 1Qs175 -

/ 1@sPQsle)male ) s (v)] <
VEDR/2

Thanks to Theorem 2.5.9, one knows that up to increasing ., there exists some constant
C such that |cgl|Qgl|7s sy < C forall g€ (B, 1).
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To estimate the second summand, we apply Holder’s inequality (Lemma 2.5.6)
2 -1 2 R
[ @sPQutemst wa )| < lQsfmat sy v ()
ve

R/2
R
sy M0 2m i ) M (5)

< Qs |21 (5
R
< 1Qsllzaasy, )1 Qsl Loy ) 116 200 gy M 3]

Thanks to the convergence of (Qg)s to Q4 in H'(H') as S tends to 1 and the Folland-
Stein embedding H*(H') < L*(H'), the sequence (Qz)z converges to @, in L*(H') and
therefore is tight in L*(H'). Moreover, the norms ||Qg|| 1431, for B close to 1, are
bounded. Therefore, up to increasing 3, again, one can choose Ro > 0 such that
1

c B c ,00 <—
. (1@t Qsllnsrog, lmsllzen ) < g

Then, for every R > Ry,

|Qsl*Qa(v)ms(v™ u) dAs(v)

c
R/2

<Iu (B,

-8 2

Combining the two estimates and applying them to R = 2", n > ng so that 2™ > R, we
get

veEB

c 1
M2 < —+-M2"
(@) < 4+ M.
Iterating, one knows that for all n > ny,
n «— 1 1 no—1
n—no
<C4n Z 47k 4 grottp(2me )8

k=0
< (20 4 8mottpr(2mo=ty)4n

Since p(u) ~ 2" for 2" < p(u) < 2", this completes the proof of the result. O

Corollary 2.5.12. For some S, € (0,1), for all k > 1, there exists Cy, > 0 such that for

all B € (B, 1),
1Qs | i g1y < C-

Proof. Tt is enough to prove the first part of the claim for £ € N. We proceed by induction
on k. We already know that it is true for £ = 1 because

( (AHl + 8D, )Qﬁ»Qﬁ) VHY)x HU(HY) I
HQﬂ”Hl Hl)— 1_6 (1—5)27

and ((1 5)2)5 is bounded (see part 2.3.2).
The following additional assumption will be useful in the induction step. Up to increas-
ing (., we can assume that the Q3 are bounded in Lé(H') and in L>(H') for 8 € (8., 1).
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Suppose now that the ()3 are bounded in Hk(Hl) for an integer k
Leibniz’ rule, since for radial functions A = 1(X? + Y?) with X =
= 0, — 220, there exist some coeflicients c, such that

A + Dy
1-p

Then by

> 1
0 + 2y0s and

AR (= Q) = —A(1Qs1°Qp)

= Y adM (@)@ Q).

A1+ 2|+ 3]|=2k—2

The notation is similar as in RY, \; being a finite sequence of letters X and Y of length
I\, 0% == X, 0¥ := Y. The following inequality can be easily proven via the Fourier
transform:

<_A§]I+1Q/37Qﬁ) LHY)x H1(H) — <_A]]k-;]IIQ57 _AHlQﬂ)Hl (H')x H~=1(H')

_ Am + 5D AHl + BD )
< (AR (2T EES L
_( " ( 1—- 6 QB) 1- B QB H(HY)x H-1(H)
_ Am + 8D,
< (—A%H(—Hl—ﬁcm |@5|2Q6) .
- B H(HY)x H—1(H)

We replace the term on the left by the above sum. By integration by parts and Leibniz’
rule again, we can manage so that the following indexes of derivation yu; all have length
less or equal than (kK —1):

(—AR'Q8,Qp) g1 )i 1y = > c, / 0"(Qs) . 0" (Qp)0" (Q5)0"(Qp).
|+ |uo|=2k—2,  H
[yl e | <k—1
We now apply Hélder’s inequality with exponents pq, ..., ps € (2, 00) satisfying pil 4+

1%6 =1, to be chosen later. Then, denoting m; = |y,

9"(Qp) - -5’“4(625)3“5(62_5)3“6(@_/3)’ < |1Qsllvrmion @y - - 1Qallvirmews ey

Hl

Let us choose the p; appropriately. The aim is to use complex interpolation, and in
particular the following relation between homogeneous Sobolev spaces (see e.g. [BL76],
Theorem 6.4.5, assertion (7))

(L(H"), H*(H'))g = W™ (H")

where p,q € (2,00), m = (1 — )0 + 0k and % = % + g. For example, we choose 6; = 7%
and p; such that pli—@—i-ml Then
O<l i+k3—1:1+3k—3<1
o ok T 2k 6k 2
so p; € (2,00), and
L ke
1 pe Kk 2k

Moreover, this choice leads to the exponents

6k
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Since 0 < m; <k —1, 2 <6k < ¢ < 6k* < 0o, we can therefore apply the interpolation
result.

Since there is a finite number of terms in the sum, the boundedness of Qs in LS(H'),
in L°°(H") and in H*(H") for 3 > $. ensures that there exists Cy,; > 0 such that for

B> B,

k+1

[(=Am) 2 Qpllr2@)< Cria,
so the Q5 are bounded in H*+'(H). O

2.5.2 Invertibility of L,

For 5 € (—1,1) the linearized operator around Qg for the Schrédinger equation is

_ AHl +5Ds
Losh=——"7—

We prove the invertibility of this operator on a space of finite codimension.

h—2|Qs*h — Qh, h e H'(H').

Proposition 2.5.13. There exist a neighborhood V of Q.+, 5. € (0,1) and some constant
¢ > 0 such that for all B € (B.,1), for all Qs € Qs NV, and for all h € H'(H'),

1£Qs Al -1y +1(hy B5Q) gy | -1 (R 1Q4 ) g gy | [ (R @y 4 2005Q4) gy |2 el ol oy -

Proof. Let B € (0,1) and Qg € Qp. Let h € H'(H'). We decompose h = ht + h; where
ht e HYH) NVy" and hy = h—h' € H(H) VD, 1)404) Vi
We split Lg,h as
Losh=LhT —ry —r_+ Ly h,

where _
Lh* = —Agh™ =200 (|Q4 [Ph ™) — TI5 (Q3 1),
ry = 2008 ((1Qs*—|Q+[1)A) + I ((Q2 — Q2)hT),
ro = 2007 (|Qp*hr) + II§ (Q3h 1),
and

AHl + 6Ds
1-p
We treat each term separately.
e Concerning Lh*, thanks to Corollary 2.4.17,

La.h=- b — 201~ TI§)(1Qs[%h) — (1d — T1§ ) (Q3R)

LR sy HI(R T, 05Q 1) gy [ (BT 0Q4 ) gy [ (BT, Q1+ 2005Q ) i gy |
> || gy -

Since 0,Q, iQy and (Q1+2i9,Q4 ) are in Vi, we have (b, 0,Q ) gy = (h, 0sQ4) gy
(W5 1Q4) gy = (hy iQ4) gy and (B, Q4 + 2i05Q 4 ) g gy = (I, Q- + 2i05Q 1) 1 -
o Now consider 7, and r_. Let K be the constant in the Folland-Stein embedding
HY'(H') — L*(H') .

g/l 2@y < K||gHyl(H1), g € H'(H).

Since the sequence (||Qg||L4m))s is bounded by some constant Cf,

-1l 4

Lg(H1)§ 3012||hL||L4(H1)§ 3KCI2||hL||H1(H1)



92 CHAPITRE 2. TRAVELING WAVES FOR HEISENBERG NLS

and

Il 4 gy < 31Q5 — Qe ll sy (1 Q| sy +1 Qe s ) IAT ey

< 601”@/3 - Q+||L4(H1)||h+||L4(H1)
<6KC11Qs — Qull Lo 1P | g e

Fix € > 0 to be determined later. There exists 5,(¢) such that for g > p.(¢),
HQB - Q+HL4(H1)§ e.

We conclude by the dual embedding L3 (H') < H~'(H!) that there exists a constant
C5 (independent of ¢) such that for all 8 € (S.(¢),1),

”7“+HH—1(H1)+||7"—||H—1(H1)§ 02th||H1(H1)+02€”h+||H1(H1)'
e Finally, we focus on

L= h AHl +5Ds

ah = == e = 20 = T)(Qsh) — (14 — T)(QER).

In order to bound the H~! norm of this term, we will use the fact that

1., .- _
LI e HMHHl a) = 1Lg, bl 1| ey
(EQBh R ) fr= gy i -
On the one hand, by inequality (2.8),

<_AH1 + ﬁDs

hy, hJ_) > hy
1 - /8 H_1(H1)XH1(H1) 1 H HHl Hl

l\DI»—

On the other hand,

(201 TI)(1QaPh) + (10— TTQER). 1) sy | < 3Ol sy s s

3C?
< *||hl174 @t 1 21 1AL 7y
To summarize,
1 3C%
HﬁQghuz —1(H) +5 thHHl(Hl 21 ﬁHhLHm H) 2HhHL4 HY) ™ o 21 HhLHiél(Hly

and by removing the squares appropriately,

2 302
1L, 0l -1y ”hJ-HHl @y —V 2e ||| Lag)— HhLHm HL)
2 302
”hJ-HHl (H) K5||h||H1 mH — K”hJ-HHl (Hb)-
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e We conclude by combining all the estimates. Because of the orthogonality of the
decomposition along the spaces H1(H') N V* in H-1(H!),
1Ll gy = ICRT + e+ 11 gy LG, RN 1 )

so we can add up the estimates to get

\/_“ﬁQﬁhHH 1(H?) +|(h, 0s:Q+) (H1) |+ (R, ZQ+)H1(H1 [+ (7, @+ + 2i0;Q+) H1)|

2 C||h+HH1 (H1) C2HhJ-HH1(]HI1 CQ€||h+HH1 ]1—]11 HhJ-HHl (H1)
3C?

~V2Ke|lhll gy =\ 5 KNl i -

22

The terms compensate as follows. Concerning ||h" || g1 gy, fix € > 0 small enough in the
sense that

(Cy + V2K)e <
Then for all 5 > B.(¢),

\/§“£QﬁhHH*1(H1) + (R 05 Q) g gy |+ (By 1Q 1) g g || (B, Q- + 2005Q ) g gy |

c 15} 3C%
§||h ||H1 H1)+< m — <O2+\/§K€+ 922 K)) ||hLHH1(]HI1)'

Now, let 8, € (0,1) such that for all 5 € (5,,1),

B 3C% ¢
> 2K —.
- Cy+V2 g+\/2€2+2
Then for all 5 € (5., 1),

\/§H‘CQ3hHH*1(H1)+|(h7 88Q+)H1(H1)‘+|(h7 iQ+)H1(H1)|+|(h7 QR+ + 2ias@+)H1(H1)’
c C
> S U oy F el o)) = 51y O

2.5.3 Uniqueness of the traveling waves for [ close to 1~

Theorem 2.5.14. There exist B, € (0,1) and a neighborhood V of Q4 in Hl(Hl) such
that for all B € (5., 1), there is a unique Qg € QgNVN(0sQ+, Q)+, Q++2i35Q+)L’H1(H1).

Moreover,

1. for all B € (Bs, 1),
Qs = {Ts0,0Qp : (2,9,5) = e’aQs(az, ay,a®(s+ 50)) | (s0.0,a) ER X T x R% };

2. for ally € (0,7) and all k € [1,+00), Qs — Q| gx )= O((1 = B)7);

3. the map B € (Bi,1) = Qs € Hl(Hl) is smooth, tends to Q1 as [ tends to 1, and
its derivative Qg is uniquely determined by

{ﬁQ;a(QB) = -u 1+DSQ5

Gy € FYHY) N (0,014,101, Qs + 20,0 )@, (2.20)
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Proof. e Fix any neighborhood V of ). We first prove the existence of a profile ()3 €
Qs NV N (0:Q+,iQ4, Qs + 2i0,Q)-H'E) for 5 close enough to 1. For 8 € (0,1), we
choose Q3 € Qp arbitrarily. By combining Corollary 2.4.20 with the fact that §(Qs) =
O((1— f)2) from Lemma 2.3.9, we know that

Ts000Q5 — Qull gy = O((1 = B)7).

inf
*
(50,0,0) ERXTXRY

The same argument as in the proof of Corollary 2.4.20, based on the implicit function
theorem, enables us to state that for S close enough to 1, one can choose (sp,0p,a3) €
R x T x R such that Qp := T 0,,0,0p €V and

(QﬁaasQJr)Hl(Hl) = (QﬁviQ+)H1(H1) = (Q,Ba Qy + 22’85Q+)H1(H1) =0.

This gives the existence part of the result.
e We now prove uniqueness for some small neighborhood V of (). We first set V as
the neighborhood of @, from Proposition 2.5.13. Let 5 € (8, 1), and fix two profiles Qg

and QNB in Qs NV N(0:Q4+,1Q+, Qs + 2i35Q+)L’H1(H1). We define

hi= Qs — Qs € H'(H') N (0,Q4,1Q1, Qs + 2i0,Q )= ).
By subtracting the equations solved by )3 and Qﬁ, h satisfies

A Dy
—%h = 2005 (|Qs*h) + 1T (Q3R) + O A1 4 )+

so that
‘CQﬁh = O(Hthi]l(Hl))‘

Since Qs belongs to the neighborhood V from Proposition 2.5.13, this means that for
some constants ¢ > 0 and C' > 0,

ClIAN G ey = 1£ashll -y > ell Pl o -

Up to reducing the neighborhood V), one can chose it small enough such that A has to be
the zero function.

e The description of the set Qs is then a direct consequence. Indeed, if 5 € (5,,1),
fix Ug € Qg. We know from the first point that f, is sufficiently close to 1 to ensure
the existence of (sg,05,a3) € R x T x R such that T}, g, .,Us € VN (0:Q+,iQ4, Q4 +

2i0,Q, ) H (H'), By the uniqueness part, T, 9,.0,Us = Qp-
e We now show the convergence of (Q3)s to @, in H*(H') for all k& > 1. Applying
Corollary 2.4.18 to (g, we know that for 5 close to 1,

5<Qﬁ) = CHQ/B - QJrH%rl(]Hp)-

But §(Qs) = O((1—B)2) from Proposition 2.3.9, therefore 1Qs — Q-+l 1. y= O((1—pB)1).
One can now deduce that for all 0 < v < }1, as ( goes to 1,

1Qs — Q+Hﬁk(Hl): O((1—8)7).

Indeed, the interpolation formula [BL76] (H™(HY), H'(H')),, = H*(H'), with m € R
chosen so that k = (1 — 4v)m + 4~, leads to

4
1Qs = Qi ll ey < Q5 = Qe 1905 = Qe 1 s g
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and it only remains to use the fact that (QB — Q4 )p is bounded in H™(H") for f close to
1 (Corollary 2.5.12) and that |Qs — CQJFHHl ™ O((1 — B)7) as B goes to 1.

e We now prove the last point of the theorem about the smoothness of the map
B+ Qg. We first show that equation (2.20) uniquely determines a function Qg lying on
the appropriate space

Wi = H'(H") N (0,Q+,iQ+, Q4 + 2i0,Q4 )LHlHl

Define _
W*1 = H_I(Hl) N (aSQJra iQ+7 Q+ + 2iasQ+)L7L2(H1)7
and set A b
F:(8,U) € (B, 1) x Wy = —Hi%gsU —|UPU € HY(HY).

Note that 0zF takes values in the space W_;. Indeed, the derivative g F (5, U) is equal
to
AHl + Ds
FB,U) = ————=U.
B0 =gy
In particular, since Q,iQ,d,Q. and i0,Q, belong to H'(H") NV, and since —(Ag +
D,) vanishes on this space,

(0sF(B,U),0:Q+) - L(H1) x F1(H!) F(B,U0),iQ+) g ~1(H!)x H!(H!)

= (0s
= (0 F(B,U), Q4 + 2i0,Q4) ;- L(HY)x [ (HY)
0,

or equivalently 0gF'(3,U) € W_;.
Consider L, as a self-adjoint operator on L*(H'). Then thanks to Proposition 2.5.13,
we get that Ker(Lg,) C Vectr(0:Q4,1Q, Q4210,Q ). Therefore,

m(EQB) = Ker(ﬁQB)L,LQ(Hl) 2 H—l(Hl) N VectR(85Q+,iQ+, Q+ 4 2iasQ+>L’L2(H1)7

so Im(Lg,) = W_1. This implies that Lq, is an isomorphism from W; to W_;, with
continuous inverse:
1Lquhll ir-1y = cllbll gy 7€ Wh
In particular, dsF'(3,Qp) € W_1 = Im(Lg,), and by the invertibility of Lg, from W; to
W_1, Qs = (Lg,) " (0sF(B,Qp)) is uniquely determined and satisfies (2.20).
We now show that Qg is a derivative of the map 8 € (f8i,1) — Qs € H'(HY). Fix

B € (Ps,1). For e > 0 small enough, f. := M — QB is well-defined. Moreover, since
(B +¢,Qp+e) and (B, Qp) are both solution to the equation F(c, U) = 0, then

- F(/B+€7Qﬁ+€> - F(Ba@ﬁ)
= F(ﬁ + €7Qﬁ+€> - F(ﬁvQﬁJrE) + F(ﬁa Qﬁ+€) - F(57Q5)
= c0sF (B +€,Qp) + L, (Qp+e — Q) + Oe” + Qe — QI gy )-

Actually, since F' is smooth in the § variable,

0=c0sF(B,Qp) + Lay(Qp+e — Qp) + Oe” + | Qpe — Qpll T gary)-
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Replacing 03 F (5, Qs) by EQﬁ(QB>, we get

— 2
coth) o (-4 1 i)

€

Since f. € W1, we know that [[Lq, (fo)ll -1y > cll fell ). This implies that for some

constant C' > 0,
1@+ — @5l g
C (5 + 5 > |l fell gy

But [|Qp+e — Qsll e, = €712 + QI3 ) 50

Ce(1+|fe + QﬁHHl(Hl ) > CHfEHHl(Hl)'

Letting ¢ — 0, we get that || f| g1 g1y~ 0, so the map 8 — Qg is indeed C! with derivative

QB- The smoothness follows from an implicit function theorem. Set
D:(B,U V)€ (B, 1) x Wi x Wy L,V — 0sF(B,U) € W_y.

If 5 — Qs has regularity C" for 5 € (f, 1), then the function ® is also C". For fixed
B € (B, 1), CI)(ﬁ,Qg,Qﬁ) =0, and Oy F(B,Qp,-) = Lg,, which is an isomorphism from
Wi to W_q. Applying the implicit function theorem, there exists a C” map V defined on
a neighborhood of (5, Q) in (5., 1) x W; and valued in W; such that V (3, Qp) = QB and
that on this neighborhood, we have

FB,UV(p,U)) =0.

In particular for 8" close to 3, F(8',Q%5, V(8',Qp)) = 0 and since Q/g/ is uniquely deter-

mined by (2.20), ny =V (B, Qp). The function V' being C", supposing that 8 — Qg is
C™ for some integer n, then g +— Qg is C", and therefore 8 — Qg is C"*1. O]

2.A Appendix: explicit formulas for some projections

We establish an explicit formula for the orthogonal projections Py Fy, Py Fs and PyF3 which
are under integral form. Then, we estimate numerically (FPoF}, F})r2c,), J = 1,2,3, in
order to get Lemma 2.4.14.

First term We know that

o 1 1 1
—Py(F1)(s +it) —/ve]R+ /UER Gut ittt i) JaE T o 1P dudv.

Using the change of variables u = (v+1)sinh(y), du = (v+1)cosh(y) dy = y/u? + (v + 1)2 dy,
then

1 1
Py (FY) (s + i) / / | _ | dy do.
TREN T = ) ) G (o Dsnh(y) + i + ) Gmh(y) - o+ 1) Y
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We now apply the change of variables x = exp(y), dz = exp(y)dy:

—7TPO(F1>(S + 'lt)

8e3 1
= . D) 5 - dyd'l}
very Jyer (2(s +i(t +v))ev — (v + 1) e + (v +1))° (e® — 1+ 2iev)(v + 1)

812 1
= ; 575 . dz dv.
very Jaer, (2(s +i(t +v))x — (v+ )22+ (v +1))° (22 — 1 + 2iz)(v + 1)
Thanks to Fubini’s theorem, one can exchange the integral signs so that

—7TPO(F1)(S + Zt)

Sa? 1
= — . . 5 dz dv
ver, (T +0)? Joer, (2(s +it)x — 22 + 1+ v(—22 4 2z +1))° (v + 1)

/ 82 / 1 1 dod
= - var.
e, AP hen, (BT o 0+ 1)

x2—2iz—1

By the residue formula, for any rational function R such that fR+ R(v) dv is convergent,
we have

/R R(v)dv = — Z Res,, (R(w) logy(w)),

where log, is the positive determination of the logarithm. Here, we consider the rational
function

1 1
R(v) = 7
(G +v) v+ ])
where 2 = s it We fix A = S5t

Assume that z # i, so A # 1. The residues at the simple pole —1 and the double pole

— )\ are
1

A+ w)? logO(“’)> ‘w:_l oo™

Res_1(R(w) logy(w)) = (

Res_a ((w) o) = - (s omo) )|,
- < L log(w) ) oL Dby
ww+1) (w+1)2) lw=—x AXA—=1) (A—=1)2
Remark that
B o 1 l(w—i? 1 1 1@—it 1
A= 1_2(2_2)(;5—02’ A—1 2 z z—i and A=12 4 22 (z—0%
Therefore,
Lz —i)* 1

Ty 2 (z —14)%

Res_\(R(w) log,(w)) = T2 8132—2;)_ 1 2(;(2_?@) — log (_1 + 2((;—_;))?) 4$(2x(z_—Z)z)2
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Consequently,

82 — 2 4z
(x +1)%(z — )2 /R+ R dv = o = Y e — 2 D@ 2 = )

2(z — z)x) 1 1
(x—i)* ) (z+1)* (z —1)*

+ 2log, <—1 +

We can integrate every term of the right-hand side. First,

/ —ur de — —2m
ver, (@+0)2(z—0)2 7 (z—i0)?

Then, an integration by parts leads to

/IE]R+ logy (‘ L+ 2((;:;))?) (x—il—i)2 dv=m+2(z =) /]R+ (z — i)(le_ 2o —1) I

We conclude that

AP () () = —2 / ! LA

(z—1)%  2—1 Jueg, ¥* =220 — 1 (2 +1)?

T +2( ')/ 1 d

_— T — 1

(z —i)? : ver, @ — i) (@2 —2zx—1)
4 / 1 202 +ixr — 1

= - dz.

z2 =1 Jyer, ¥* —2zx — 1 (2 +10)*(x — i)

We apply the residue formula to get an exact expression for —mw FPy(F;). We consider

the rational function
1 20 +ix — 1

22— 2zx —1(z41i)%(z—1i)

Fix x4 := 2+ 22 + 1. Since z # i, the rational function R admits three simple poles =,
x_ and ¢ and one double pole —i. We calculate the residue

R(z) =

222 +ixy — 1
(w4 — - )(@s +19)% (x4 —

The identities 23 = 2za; + 1, (x4 +1)* =2(z +i)zy, zo2_ = —1 and (x4 —i)(z_ — i) =
—2i(z — 1) enable simplification to

Res,, (R(w) logy(w)) = B logy(zy).

(z+i)x_ —2iz
Res, (R(w)log,(w)) =1 log (x4 ).
(R logo() = it = logy ()
The same arguments lead to
202 +ir_ —1
Res,_(R(w) logy(w)) = log(x)

(o= — o) (o + iP2(a — )

\p. — 9
_ —z'<Z + i)z - iz logy ().
4(224+1)2

Moreover, the residue at the pole 7 is

1 —4 ™
Resi(R(w)logo(w)) = —————— 5 = Az =)
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Finally, the residue at the double pole —i is

1 222 4+ iz — 1 4+
— 1 = 1
Res—i(F(w) logy(w)) [a;(x2 —2zzx—1) (x—1) * (2 = 2zx — 1)(x — 1) 080()
222 +ix — 1 1 1 1
— 1
(x2—2zzv—1)(x—i)(a:—x+ P x—i) OgO(I)L_—z’

which simplifies to '
i

Res_;(R(w) logy(w)) = —

2(z+1)
We conclude that
/ 1 222 + iz — 1
2 N2 ~ do
ver, T2 — 222 — 1 (x +1)*(z — 1)
(z+ 1)z —2iz (z+ 1)z, —2iz T i
=3 log,(z,) +1 ogy(zr_) + ~ + -
T R TP W T PRy BT PRy
Therefore, as soon as z # 1,
(z+0)r_ —2iz (z4+ )y —2iz T 2i
—nBy(F))(z) = —1 log,(xy) + 12 ogy(xr_) + — + ,
O( 1)( ) (Z—Z)(Z2+1)% 0( +) (Z—Z)(ZQ—l—l)% O( ) (2—1)2 22+1

with x4y = z £ /22 4+ 1. Note that log,(z) is well-defined because if z + /22 4 1 is real,
then z should be real, which we exclude by assumption (z € C,).

Second term We apply the same strategy for (F} + F3)(z) = (szrZz) T We have

T 1 1 1
——Py(Fy+F) (s+it :/ / . : dudv.
2Z 0( 1 2)( ) ’UGRJr welR (S —u + Z(t + U>>2 (u + Z(U + 1))2 U/2 + (U + 1)2

With the change of variables u = (v+1)sinh(y), du = (v+1)cosh(y) dy = \/u? + (v + 1)% dy,
we get

1 1
—P (F1+Fs(2 , - . dy dv.
3 Fo /veR+ /yeR (0 Dsinh(y) +i(t + 0))2 (inh(y) + )20+ 1)2 7

Now apply the change of variables z = exp(y), dx = exp(y) dy:

%%m+5@»

16 e 1
= , dy dv
/v@[h /yeR (2(s+i(t+v))ev — (v+1) e + (v +1))* (e — 14 2iev)?(v + 1) 4

= / / 10z ! dx dv
e,y Joer, (2(s +i(t +v))x — (v+ Da? + (v + 1)) (@2 = 1 + 2iz)2(v + 1)? ‘

Thanks to Fubini’s theorem, one can exchange the integral signs so that

%am+@@)

1623 1
= — ' . 5 5 dedv
very (T+ D) Joer, (2(s +it)r — 22 + 14+ v(—22 + 2ix + 1))* (v + 1)

1623 1 1
:/ v : dedx.

e (@ (@ — ) Jyen, (Po2EE0ET 2 (1 1)
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We apply the consequence of the residue formula to

1 1
(IQ—ZZI—]. + U)2 (U + 1)2’

22 —2ix—1

R(v) =

z=s+it. We fix A\ = £=222=1 a5 ip the first point.

2 —2ix—1

Assume that z # i, therefore A # 1. The residue at the double pole —1 is equal to

Res_1(R(w) logy(w)) = d_(iu (mlogdt@) ‘

AR logy(0) \ |

- (w(wﬂ)? ‘2<w+A>3> -
—1 5 1 )

C1rA2 “—1p"
(x — )4 im (v —1)8

T da2(z—i)? | 42z —0)3

The residue at the double pole —A\ is

Res_x(R(w) logy(w)) = d—i (mlogo(w)) ‘w:_/\

- (w(w1+ 0 Q(IZgi(av))?)) s

_ -1 _ 2—10g0(—)\)
AN —1)2 (A—1)3
(x —1)° 1 (== Dk oo [ — 2(z —1i)z
22— 2wz — 142%(z —4)? 4x3(z—z’)31g0( L+ (a:—i)Q)‘
Therefore,
1623 o) do — dx ~ dim(x — i)?
40z i) /R R)dv = o = T G i =i

4z —i)’x 4(x —1i)? B
T T =2 — ) =) T @)z — i) 0% < S s

We now integrate again in x to get that for all z # ¢,

it ) = -2z —2) (14 2iz) (logy(z + V22 + 1) — logy(z — V2% + 1))
y PolFi+ Fy(z) = 3(z —i)(z +1)? 3z —i)(z+1)2V22 + 1 '

Third term  We do the last computation for (F} + F3)(z) = (zﬂ._)%;_i) ‘Ziﬂ = |zf;|3 We
have

v 1 !
T R 1) — du dv.
_27/ 0( 1 —|— 3)(3 +1 ) [€R+ /L\LGR (S —u+ Z(t + /U))2 (u2 + (’U —+ 1)2)3/2 u av

Apply the change of variables u = (v+1)sinh(y), du = (v+1)cosh(y) dy = /u? + (v + 1)2dy,
then

i . L !
hERen = [ e T e T

5 dy dv.



2.A. APPENDIX: EXPLICIT FORMULAS FOR SOME PROJECTIONS 101

We now put x = exp(y), dz = exp(y)dy:

_EPO(FI + Fg) s+ Zt)

16 e
37 3 3 > dydv
very Jyer (2(s +i(t+v))ev — (v+1) e + (v +1))° (e +1)%(v + 1)

= / / 1or ! dzx dv.
very Jrer, (2(s 4+ i(t+v))z — (v + Da2+ (v +1))° (@2 + 1)%(v + 1)?

Thanks to Fubini’s theorem, one can exchange the integral signs so that

7 .
_ gpo(F1 + Fy)(s +it)

1623 1
B / ) 2:6 )2 / 1 . D) B dx dv
ek, (T +10)%(@ —10)* Juer, (2(s +it)r — 22+ 1 +v(—22 + 2iz + 1))* (v + 1)

/ 1623 / 1 1 dud
= . . . vdr.
sery (T 1) (2 —0)S Joep, (E=2etitlazl | )2 (v + 1)

2 —2ix—1
We have already done the computation of the integral in the v variable in the latter
point. We proved that putting

1 1
O e
we have
1623 _ 4 _ dim(x =)
e+ i)z —i) é Ry dv= i = ~ Gr iz =i
4(x —1)x 4(x —1)? oo [ — 2(z —1i)z
(x 4+ 0)* (2% — 222 — 1)(z — 0)? i (x4 0)*(z —i)3 logo ( bt (x —1)? ) ‘
Therefore,
162> 4x dam
(@ +1)2(x — i) /v@R+ R v = e =i @i i)
4x

T iR =2 — )z i)
2(z —i)x
1 1+ —=.
e (1 )
We now integrate again in x to get that for all z # ¢,

2(z + 29) (1 —2iz) (logy(z + V22 + 1) —logy(z — V22 + 1))

S hE A+ R)E) = o -G tiVE il

e Now we can compute numerically (PyFj, Fj)r2(c,), j = 1,2,3, the error estimate for

every term can be chosen almost arbitrarily now that we know Py Fj.
We set e = 1071% and we deduce

|<7TP0F1,F1>L2((C+) — 2|< g,

10
|<7TPOF2,F2>L2(C+ — —‘< g,

(T Py F3, F3)r2(c,) — 0.1303955989|§ €.
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Chapitre 3

Orbital stability of a family of traveling
waves for NLS on the Heisenberg group

Ce chapitre reprend les résultats de |Gas21al.

Résumé. On considére 'équation de Schrodinger cubique sur le groupe de Heisenberg
dans le cas radial

1
i0u — Agpu = ‘u|2u7 A = 1(8:3 + 85) + (I2 + y2>8§7 (taa;?ya S) €Rx Hla

qui est un modéle d’équation d’évolution non dispersive. Pour cette équation, I'existence
de solutions globales réguliéres et 'unicité des solutions faibles dans 'espace d’énergie
sont des problémes ouverts. On s’intéresse a une famille d’ondes progressives de vitesse
f €] —1,1[. On montre que les ondes progressives de vitesse proche de 1 présentent une
forme de stabilité orbitale dans le sens suivant. Pour une donnée initiale radiale proche
d’une onde progressive, il existe une solution faible qui reste proche de l'orbite de cette
onde progressive en tout temps. Un résultat similaire est montré pour I’équation limite
associée.

Abstract. We consider the focusing energy-critical Schrédinger equation on the Heisen-
berg group in the radial case

1
10w — Appu = |ul?u, Agp = Z(@i + )+ (2® +y°)07,  (t,x,y,s) € R x H,

which is a model for non-dispersive evolution equations. For this equation, existence of
global smooth solutions and uniqueness of weak solutions in the energy space are open
problems. We are interested in a family of ground state traveling waves parameterized
by their speed in (—1,1). We show that the traveling waves of speed close to 1 present
some orbital stability in the following sense. If the initial data is radial and close enough
to one traveling wave, then there exists a global weak solution which stays close to the
orbit of this traveling wave for all times. A similar result is proven for the limiting system
associated to this equation.
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3.1 Introduction

3.1.1 Motivation

We are interested in the Schrédinger equation on the Heisenberg group

, (t,z,y,5) € R x H". (3.1)

i0u — Apu = |ul*u
u(t =0) = ug

The operator Ay denotes the sub-Laplacian on the Heisenberg group. When the solution
is radial, in the sense that it only depends on ¢, |x+1iy| and s, the sub-Laplacian is written

1
Aw = (92 +9,) + («* + ).

The Heisenberg group is a typical case of sub-Riemannian geometry where dispersive
properties of the Schrodinger equation disappear (see Bahouri, Gérard and Xu [BGX00]).
To take it further, Del Hierro [Del05] proves sharp decay estimates for the Schrodinger
equation on H-type groups, depending on the dimension of the center of the group. More
generally, Bahouri, Fermanian and Gallagher [BFG16] establish optimal dispersive es-
timates on stratified Lie groups of step 2 under some property of the canonical skew-
symmetric form. In contrast, they also give a class of groups without this property
displaying total lack of dispersion, which includes the Heisenberg group.

Dispersion impacts the way one can address the Cauchy problem for the Schrédinger
equation. Indeed (see Burq, Gérard and Tzvetkov [BGT05], Remark 2.12), the existence of
a smooth local in time flow map defined on some Sobolev space H*(M) for the Schrodinger
equation on a Riemaniann manifold M with Laplace-Beltrami operator A

i0u — Au = |ul*u
u(t =0) = ug

implies the following Strichartz estimate

1™ Flzaoapxan< ClEI 5 0y
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The argument also applies for the Heisenberg group, for which the inequality holds if and
only if k > 2 [GGO8|. In particular, without a conservation law controlling the H?-norm,
there is no existence existence result of global smooth solutions. Moreover, existence and
uniqueness of weak solutions in the energy space H'(H') is an open problem, even if
constructing global weak solutions to the Schrodinger equation on the Heisenberg group
would still possible in the defocusing case through a compactness argument. Note that
for weak solutions, the energy of the solution is only bounded above by the initial energy.
Therefore, the cancellation of the energy of the solution at some time may not imply that
the solution is identically zero, and does not exclude the possibility of non-uniqueness of
weak solutions as in the 2D incompressible Euler equation [DS09].

The aim of this paper is to construct some global weak solutions with a prescribed
behaviour. More precisely, given an initial data close to some ground state traveling wave
solution for the Schrodinger equation on the Heisenberg group, we want to construct
a global weak solution which stays close to the orbit of the traveling wave at all times.
Combined with an uniqueness result, this would lead to the orbital stability of this ground
state traveling wave.

3.1.2 Main results

We consider a family of traveling waves with speed 5 € (—1,1) under the form

UB(t,I,y, S) =v1i- BQﬁ(x,y,S + Bt)

The profile )5 satisfies the following stationary hypoelliptic equation (with Dy = —id;)
B A]Hp + 6D5
1-p

Because of the scaling invariance, it would have been equivalent in the rest of the study
to define ug as

Qs = |Qs/*Qs-

x Y s+ pt
Uﬁ(t,l‘,y,S) Qﬁ(vl_ﬁvvl_ﬁvl_[g)
From [Gas20b|, we know that as 8 tends to 1, the ground state solutions of speed /3
converge up to symmetries in H* (H') to some profile Q. Moreover, @ is solution to a
limiting equation

D,Q =TI (|QI*Q), (3-2)

for which the ground state solution is unique up to symmetries, equal to

iv2

Q(l‘7y,8): S+Z($2+y2)+l

The operator II; is an orthogonal projector onto a relevant space for our analysis denoted
by V,". For more details, see the Notation part 3.2.

We first prove a mild form of orbital stability for the ground state () in the limiting
equation, and then focus on the orbital stability of the ground states ()g in the Schrodinger
equation on the Heisenberg group when [ is close to 1.

Definition 3.1.1. For u € HI(HI) and X = (s0,0,a) € R x T x RY, we denote by Txu
the element of H'(H') satisfying

0

Txu(z,y,s) = e’au(az, ay,a’(s — s)), (v,y,s) € H".
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Let M be the orbit of Q)
M={TxQ | X e RxT xR},

then the distance of u to M is defined as
d(u,M) = inf

XE]RX’]I‘X]Ri

u—Tx Q| 1)
Similarly, denote by Qg the orbit of Qg
Qs ={TxQs| X e RxTxR}},
then the distance of u to /1 — 3Qg is
d(u,r/1—Qg) = inf

XGRXTxRi

u— /1= BTxQsll -

Our first result is an orbital stability result for the profile () associated the evolution
problem linked to the limiting equation

{wmizrqquwm

u(t = 0) = uo. (3:3)

Theorem 3.1.2 (Orbital stability for Q). There exist co > 0 and 19 > 0 such that the
following holds. Let v < rq and ug € H'(H") NV5" such that

HUO _QHHl(H1)< 7”2. (34)

Then there exists a weak solution u € C(R, H'(H')) (with the weak topology) to equa-
tion (3.3) such that for all t € R,

d(u(t), M) < cor.

Using the links between the limiting equation and the Schrodinger equation, we de-
duce our second result: an orbital stability result for the profiles ()g for the Schrodinger
equation when [ is close to 1 in the radial case.

Theorem 3.1.3 (Orbital stability for Q3). There exist co > 0 and ro > 0 such that the
following holds. Let v € (0,70). Then there exists B. € (0,1) such that if 3 € (B.,1), and
if ug € H(H') is radial and satisfies

o ifuy € H'(H) NV,
luo — /1= BQsll g1y < V1 — Br? (3.5)
e in the general case:

[uo — V1 = BQsll g1y < (1 — B)r, (3.6)
then there exists a weak radial solution u € C(R, H'(H")) (with the weak topology) to the
Schrodinger equation on the Heisenberg group (3.1)

i0u — Amu = |ul?u
u(t =0) = ug

such that for all t € R, ul(i) is close to the orbit of Qp:

d (U(t)a MQB) < cy/1— Br.

™
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Note that, unlike the weak solutions discussed in the first part 3.1.1, the energy of
the weak solutions from Theorem 3.1.2 (resp.Theorem 3.1.3) is controlled, indeed, this
energy is very close to the one of the ground state ) (resp.v/1 — Q3). Furthermore,
these two theorems would imply the orbital stability of @) and (s in the radial case in
both situations if we had a uniqueness result for the solutions.

The assumption required on a general initial condition for the Schrédinger equa-
tion (3.6) is stronger than the assumption on an initial data already in V" (3.5). Indeed,
for r fixed, and general initial data uy, we will choose S, sufficiently close to 1 so that
the projection TIj (ug) of ug onto Vi satisfies [|T1 (uo) — /T — BQsll g1y < CV/I — Br?
(and so that the remainder term (Id — II7 ) (ug) is also bounded). Note that thanks to the
convergence of Q3 to ) with a rate o(y/1 — ) (see Appendix 3.A), assumption (3.5) is
comparable to assumption (3.4) up to a change of function u ~~ %ﬁu(m, y,s — ft).

The key point in both proofs is the following local stability estimate for ), which comes
from the invertibility of the linearized operator around @ for the limiting equation (3.2)
on a subspace of V" of finite co-dimension.

Definition 3.1.4. For u € H'(H")NV;", we denote by P(u) (resp. E(u)) the momentum
(resp. the energy) for the limiting equation (3.3)

Pu) = Jull g,
Tesp.

E(u) = [lull sy
then define

0(u) := |P(u) = P(Q)|+]E(u) — E(Q)].

Proposition 3.1.5 (See [Gas20b], Corollary 4.20). There ezist 6o > 0 and C' > 0 such
that for all w € HY(H") NV,', of 6(u) < do, then

d(u, M)? < C6(u).

In order to prove Theorem 3.1.2, we construct the weak solution for the limiting
initial value problem (3.3) as a limit of smooth functions. The approximating functions
solve slightly modified equations where we have restricted frequencies, so that the Cauchy
problem is globally well-posed. We show that we can control their distance to the orbit
of the ground state () using Proposition 3.1.5. Finally, we build modulation parameters
which stay bounded on finite time intervals for the approximate solutions, and through
a compactness argument, we control the distance of the weak solution to the orbit of @)
when passing to the limit.

For Theorem 3.1.3, the idea for the construction is the same, however we only have at
our disposal the information on the limiting equation from Proposition 3.1.5. Therefore,
we need to take advantage of the fact that (s is close to ) when f is close to 1. In
this spirit, in order to tackle Theorem 3.1.3 for the speed 3, we first introduce Cauchy
problems for the Schrodinger equation (3.1) with a parameter v increasing from S to
1. We display some continuity between the Cauchy problems, therefore it is possible to
show their convergence to a Cauchy problem for the limiting equation as v tends to 1. In
the proof, we combine this strategy with the above method: we approximate by smooth
functions the weak solutions to the Cauchy problems with parameter v by restricting
frequencies. Finally, we are able to get back to the problem with speed § by continuity
and conclude in the same way as the proof of Theorem 3.1.2, by constructing bounded
modulation parameters for the approximate solutions.
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3.1.3 Comparison with other equations
Concerning the focusing energy-critical Schrodinger equation on the euclidean plane RY

pc_l

10 — Au = |u

u7
where N > 3 and p,. = N +2 , there exists an explicit stationary solution
1

W(z) = -
U+ wiv=g) *

The orbit {z — CW (&) | (C,z0,A) € R x R x R%} of W is the set of minimizers
for the Sobolev embedding H'(RY) «— L*>(RY) (see the work of Talenti [Tal76] and
Aubin [Aub76]). The energy E(W) = %HWHHl(RN)_ﬁ’lW"Lp(;+1(RN) and the H' norm
[W{l g1 gy play an important role in the dynamical behaviour of the solutions. Kenig
and Merle [KKMOG6] proved in the radial case that if N € {3,4,5} and the initial condition
uy € H'(RN) satisfies E(ug) < E(W) and [woll g1 @y < [[W | g1 gavy» then the solution is
global and scatters in H'(RY), whereas if E(uy) < E(W) and ol grreny> W Il vy
then the solution must blow up in finite time.

The situation is different for the Schrédinger equation on the Heisenberg group. In-
deed, from the equation satisfied by ()s, one can see that the traveling waves

s(t,z,y,s) = /1 —BQs(x,y,s + ft)

have a vanishing energy as 3 tends to 1:

1 2
B(us(t) = 5 Ol gy~ 71Ol sy~ (1= B 0,

therefore there exist solutions that do not scatter with arbitrary small energy.
A better parallel would be the mass-critical focusing half-wave equation on the real
line
i0wu + |D|u = |u*u, (t,z) € R xR, (3.7)

where D = —i0,, ]T?\\f(f’) = |¢|f(€). The half-wave equation in one dimension also
presents some lack of dispersion, and admits traveling waves with speed § € (—1,1) (see
Krieger, Lenzmann and Raphaél [KLR13|)

L AN
u(t, x) :Q5< 1_6>e g
where the profile (3 is a solution to
|D|-BD
ﬁQﬂ +Qp = |Qs*Qp-

The profiles Q5 in the half-wave equation converge [Gér—18] as 8 tends to 1 in H2(R) to
a ground state solution ) to some limiting equation

DQ+Q =1(1QIQ),
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where II is the Szeg6 projector from L?(R) onto the space L1 (R) = {u € L*(R) |
Supp(@) C Ry} of L? functions with nonnegative Fourier frequencies. From @, we recover
a traveling wave solution to the cubic Szeg6 equation

i0pu = T1(|u|*u) (3.8)

by setting u(t,z) = Q(z — t)e . Moreover, the linearized operator around @Q is coer-
cive [Poc12]. One can deduce a similar estimate to Proposition 3.1.5, implying that the
Szegd profile is orbitally stable in the relevant space for @)

HE(R) = {u € H(R) | Supp(d) C Ry},

The following theorem comes from a graduate course given by P. Gérard and F. Rous-
set [GR16], for which no online notes are available (see Pocovnicu [Pocl1b|, Theorem 1.3,
for a non quantitative version, and |[Poc12|, Proposition 6.3 applied to a zero Toeplitz
potential, for a similar result with finite times).

Theorem 3.1.6 (Orbital stability of @ for the Szegs equation). There exist ¢g > 0
and C > 0 such that for all solution u of the Szegd equation (3.8) with initial condition

Uy € HE(R), if
luo = Qll 3

then

su inf  |leu(t 2
tE]lI; (%y)eTxR” ( ) QHH2(R)—

Cllug — @l 3,

Gérard, Lenzmann, Pocovnicu and Raphaél [Gér+18| deduced the invertibility of the
linearized operator for the half-wave equation around the profiles Q3 when f is close
enough to 1. Their estimates imply the orbital stability of theses profiles [GR16], indeed,
one can prove a result similar to Proposition 3.1.5 for the profile Qs with an adapted gap
d5. However, this strategy does not work for the Schrédinger equation on the Heisenberg
group, as we will see at the beginning of section 3.4.

Theorem 3.1.7 (Orbital stability of Qs for the half-wave equation). There exists B, €
(0,1) such that the following holds. Let B € (Bs,1). Then there exist ¢o(f) > 0 and
C(B) > 0 such that for all solution u of the half-wave equation (3.7) with initial condition
uy € Hz(R), if

lluo — Qﬁ(m)HH%(R)S eo(5),
then
inf vy 2 B '
SUP o glleult =) = Qsli )HH2(R)_ Clluo = Qs(5 5)I|H%(R)

In higher dimensions d > 2, traveling waves for the half-wave equation on R?
10+ V—Au = |[ulf"tu, (t,x) € R x R,

are also orbitally stable in the radial case for mass-subcritical nonlinearities 1 < p < 1+ %,
but orbitally unstable in the mass-supercritical regime 1 + % <p<l1l+ % [BGV18].
Moreover, in the energy-critical and subcritical case, Bellazzini, Georgiev, Lenzmann and
Visciglia |Bel+19] proved that there can be no small data scattering in the energy space
because of the existence of traveling waves with arbitrary small energy.
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As we will see in this paper, one cannot directly adapt the proofs for the half-wave
equation because we lack information on the Cauchy problem. A second complication
arising in comparison to the half-wave equation is the fact that only two conservation
laws are available (energy and momentum), because the mass of the ground states may be
infinite (this fact is easy to check for @ for instance). The method both for the Schrodinger
equation on the Heisenberg group and for its limiting system is the construction of some
weak solutions as a limit of smooth functions, and show that we can pass to the limit on
their stability properties.

The paper is organized as follows. We first prove the orbital stability of ) for the
limiting equation in Section 3.3. Then, we assess how close the solutions are to the
limiting equation as 3 tends to 1, in order to study the orbital stability of ()5 for the
Schrédinger equation in Section 3.4.

Acknowledgements The author is grateful to her PhD advisor P. Gérard for his gen-
erous advice and encouragement. She would also like to thank the referee for carefully
reading the manuscript and constructive remarks.

3.2 Notation

3.2.1 The Heisenberg group

Let us now recall some facts about the Heisenberg group. We use coordinates and identify
the Heisenberg group H! with R3. The group multiplication is given by

(z,y,s) - (@', y,) = (x+ 2", y+y, s+ +2a"y—zy)).

The Lie algebra of left-invariant vector fields on H! is spanned by the vector fields X =
Or +2y0s, Y =0, — 2205 and T = 05 = }l[Y, X]. The sub-Laplacian is defined as

1 1
Lo:= (X2 +Y?) = 207+ 07) + (2% + y*)0] + (y0s — 20,)0s.

When the function is radial, the sub-Laplacian coincides with the operator
1
A = 1(85 +02) + (2% + )02,

The space H' is endowed with a smooth left invariant measure, the Haar measure,
which in the coordinate system (x,y,s) is the Lebesgue measure dA;(z,y,s). Sobolev
spaces of positive order can then be constructed on H! from powers of the operator
— A, for example, H'(H") is the completion of the Schwarz space .%(H') for the norm

1
el g gy = Nl (= L) 2 ul| 2 ey

3.2.2 Decomposition along the Hermite functions

In order to study radial functions defined on the Heisenberg group H!, it is convenient to
use their decomposition along Hermite-type functions (see for example [SM93|, Chapters
12 and 13). The Hermite functions

1

22
hon(2) = ———— (—1)"eZ 07 (e™™), zeR,meN,
w122 (m!)?2
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form an orthonormal basis of L?*(R). In L?(R?), the family of products of two Hermite
functions (A, (2)hy(y))mpen diagonalizes the two-dimensional harmonic oscillator: for all
m,p € N,

(=Asy + 2% + ¥ hn (@) (y) = 2(m + p + Dhun () by ().

Given u € . (H'), we will denote by @ its usual Fourier transform under the s variable,
with corresponding variable o

~ 1 ;
u(z,y,0) = E/R e “u(z,y,s)ds.

For m,p € N, set h/n:p(x,y,a) = hm(\/2|0|z)hy(\/2|o]y). Then the family (hu,,)mpen
diagonalizes the sub-Laplacian:

Aty = —(m + p+ 1) 0| p.

Let k € {—1,0,1}, and denote by H*(H") N V* the subspace of H*(H') spanned by
{hmp | m,p € N;m + p =n} in the following sense.

Definition 3.2.1. Some u;; € Hk(Hl) belongs to Hk(Hl) N VE if there exists a family

I' Y, 0 § fn:lip ‘/Ij Y, 0 )]]' 20-
m,peN;
m-+p=n

For v € H*(H') N V;F, the H*-norm of u}* writes

[ ey = [ (G Dl [ i) dody do
Ry R2

. » do
= % [ (eI o) ool

Any function u € H’“(Hl) admits a decomposition along the orthogonal sum of the sub-
spaces HF(H') N V;F. Let us write u = >, 3" _qut where vt € H*(H") N V,* for all
(n,£). Then

oy = D2 D s ey

+ neN

For k = 0, we get an orthogonal decomposition of the space L?(H'), and denote by
I1£ the associated orthogonal projectors.
The particular space H*(H')NV," is spanned by a unique radial function hg, satisfying

— 1
ha_(xv Y, J) = = e—(x2+y2)a]l020.

N3

Set w € H*(H") NV;", then there exists f such that

i(r,y,0) = f(o)hg (x,y,0),

and
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3.3 Orbital stability for the ground state () in the lim-
iting equation

In this section, we prove Theorem 3.1.2 on the orbital stability for the ground state () in
the limiting equation (3.3)

{i@tu =TI (Jul?u)

. . (t,x,y,s) € R x H.
u(t=0)=uo € H'(H") NV, (t,2.9,)

For convenience, we replace in this part the elements u € H*(H") N Vof, ke {~1,0,1}
with the corresponding function on the complex upper half-plane F, defined as

Fu(s +i(2* +97)) = u(z,vy, s).

Thanks to the equality of Sobolev norms (3.10) below, we will see that for k € {—1,0, 1},
u belongs to Hk(]H[l) NV;" if and only if F, belongs to the space of holomorphic functions
H2(C,) N Hol(C,). Moreover, the Paley-Wiener theorem 3.3.2 enables us to identify
the orthogonal projector I from L?(H!) onto its closed subspace L?(H!') NV, with the
orthogonal projector Py from L?(C,) onto the Bergman space A} = L?(C,) N Hol(C,).
The projector P, is a Bergman projector, which will be defined in equality (3.15). This
change of functions then transforms the Cauchy problem for u in a Cauchy problem for
F,, written as

{z’@tu = Py(|ul*u) (t,2) € R x Cj. (3.9)

u(t =0) =ug € H2(C,)NHol(C,)
We establish the correspondence between u and F, in part 3.3.1. Then we construct some
smooth functions approximating a weak solution of equation (3.9) in part 3.3.2, prove

their weak convergence in part 3.3.3, and deduce from their distance to the orbit of ) an
upper bound on the distance of the weak limit to this orbit in part 3.3.4.

3.3.1 Weighted Bergman spaces

Let w € HE(HY) N V", we first note that F, € H2(Cy) N Hol(Cy). Indeed, the Fourier
transform of u along the s variable corresponds to a function in L2(R,,c* 1t do): there

exists f € L*(R,, 0" ' do) such that @(z,y,0) = f(a)i/za\“(x,y, o). Therefore, we have

“+o0o
Fu(z) = %ﬁ / ¢ (o) do,

so that F), is holomorphic. Moreover, the Sobolev norms of v ans F, are linked by

9 1

+oo
. k —
= T2 o = wI(=i0)8 Fullfacy= 5 / )Pt do. (3.10)

il
For k < 1, F, belongs to the weighted Bergman space A? ,.

Definition 3.3.1 (Weighted Bergman spaces). Given k < 1, the weighted Bergman space
A3, is the subspace of L? _, := L*(C,,Im(2)~%d\(z)) composed of holomorphic functions
of the complex upper half-plane C, :

oo , dt
A3 = {F € Hol(C,) | ||F||%%k::/O /R|F(s + zt)|2dst—k < +oo}.
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Indeed, recall the Paley-Wiener theorem for Bergman spaces.

Theorem 3.3.2 (Paley-Wiener |[Bék+12]). Let k < 1. Then for every f € L*(R,, 0" 1 do),
the following integral is absolutely convergent on C,

F(z) = \/%/0 h e f(o) do, (3.11)

and defines a function F € A?_, which satisfies
L(1—k) [T _
1P = g2 [ AR o (3.12)

Conversely, for every F € A2, there exists f € L*(Ry,0" 1do) such that (3.11)
and (3.12) hold.

For k = 1, F, belongs to the Hardy space H?(C,).

Definition 3.3.3. The Hardy space H*(C,) space of holomorphic functions of the upper
half-plane C such that the following norm is finite:

||F||3{2(<c+)1= Sup/!F(S +it)|* ds < +oo0.
t>0 JR

Theorem 3.3.4 (Paley-Wiener [Rud87]). For every f € L*(R,), the following integral
15 absolutely convergent on C

Flz) = ¢%7 /0 " e f(0) do, (3.13)

and defines a function F in the Hardy space H*(C,) which satisfies

+oo
1F e, = / (o) do. (3.14)

Conversely, for every F € H*(C,), there exists f € L*(R,) such that (3.13) and (3.14)
hold.

In the following, we will work with the holomorphic representations, the solutions
being valued in the Hardy space H?(C,) = Hz2(C,) N Hol(C,).

3.3.2 Construction of approximate solutions

Given an initial data ug € H*(C,) = H%((CJF) NHol(C, ) close enough to the ground state

Q) = _“f

we want to construct a global solution to the Cauchy problem (3.9)

{i@tu = Py(lul?u), (t,2) € R xC,

u(t =0) = ug

which stays close to @ (up to symmetries) at all times. The Bergman projection Py from
L*(Cy) to A? writes (see eg [Bék+12])

Po(u)(z) = —% /R+ /]R mms +it)dsdt, ze C,. (3.15)

We approximate u by functions with higher regularity, satisfying equations for which
we can use a classical global well-posedness result.
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Construction of smoothing projectors PZ’M: For ¢, M > 0, we define the projector
P,y as follows. Write u € H*(C,) NHol(Cy), k < 3 (or u € H*(C,) NHol(Cy), k > 0)

as
u(z) = \/% /0 " (o) do

then

Pe,]\/j(u) Z = zzaf

i

This projector removes the high and low frequencies of u, in order to add some regularity
on the solutions. It defines a bounded projector from H*(C,) N Hol(C,) to itself for
k < 3, and from H*(C,) N Hol(C,) to itself for k > 0.

Construction of a sequence of approximate solutions (u,),: We consider f €
L*(R,) such that for all 2 € C,,

1 ee izo
u0<z):\/—2_7r/0 €7 f(0) do

2
ol o =

which satisfies

HfHL2(]R+

Let us fix a sequence of positive numbers (g,), going to zero, and consider the following
initial data belonging to H?(C,) N Hol(C,)

1 1/€n )
ug(z) =P, L uo(z) = E/ e*? f(o)do

We denote by H2(C,)NHol(C,) the space of functions u € H*(C,) N Hol(C,) satis-
fying P. . . 1(u) = u. On this space, the H*-norms, k > 0, are equivalent:

1Y 1
P lullzae o< lullfne,)= 3 / oS (o) do < lullzae,
)

Define the projection FJ as
P(;L = P 7L O Po.

En
&n

We consider the following Cauchy problem

{z‘atun = Py (Jun[*un) (3.16)

un(t =0) = uf,
which is globally well-posed in HZ (C;) N Hol(Cy).

Proposition 3.3.5. Let uj € HZ2 (C;) NHol(C). Then there exists a unique solution
u, € C*(R, H2 (C4) NHol(Cy)) of (3.16) in the distribution sense.

Proof. The local existence comes from the Cauchy-Lipschitz theory for ODEs. Indeed, F,
defines a bounded projector from H?(C,) onto H*(C,)NHol(C, ), therefore P} defines a
bounded projector from H?*(C) onto HZ (C4)NHol(C,). Let r := ||uf||g2(c,) and denote
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by B(ug,r) the ball centered at ug of radius r in H2 (C,)NHol(Cy). Since H*(C,) is an
algebra, we deduce that there exists 7' = T'(r) such that the map

v € C([-T,T), B(ug,r)) — <t — vy + %/0 Py (Jv|*v)(7) dT) € C([-T,T], B(ug,r))

defines a contraction mapping from C([—T,T], B(ug,7)) to itself. We conclude to the
local well-posedness of equation (3.16). Moreover, the time of existence of the solution is
bounded below by some constant which only depends on the norm of the initial data in
H?(C,).

In order to prove that local solutions extend globally in time, we show that there is
no blow-up of the H? norm in finite time. Thanks to the equivalence of the H 3 norm
and the H? norm in H2 (C;) NHol(C,), it is enough to prove that equation (3.16) has
conserved momentum

Plu) = (u, —ius)raeyy = lulllyy o -

But using the equation, a solution u satisfies

d
EP(U) = 2Re(8tu, —i@zu)Lz(C+)

= 2Re( Py (|ul*u), 0.u) r2(cy)
= 2Re(|ul*u, —i0.u)12(c,).

By integration by parts, one knows that the complex scalar product (|u|*u, —i0,u)r2(c,)

is imaginary, leading to the conservation of momentum. O
Similarly, one can show that the energy £(u) = HuH%LL(CH is also conserved: using the
equation,

d

ES(U) = 2Re(Opu, |u*u)r2(c.)
= 2Re(—i Py (Jul*u), |ul*u) r2(c,)
= 2Re(—iFg (|ul*u), Py ([ul*u))r2(cy)
=0.

We now show that w,(t) is close to the orbit M of the ground state ). Thanks to
Proposition 3.1.5, it is enough to focus on 0(u,(t)). But using the conservation laws, we
know that for all ¢ € R,

0(un(t)) = 0(ug)-

Moreover, by construction of uf, we know that ||uf — UOHH%(C ) tends to 0 as n tends
+

to 400, therefore d(uy) tends to 0(ugp). Assume that §(ug) < o, then d(ug) < 0 after
some rank N. Thanks to Proposition 3.1.5, we deduce that for all n > N and t € R,

d(u,(t), M)* < Co(ug). (3.17)
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3.3.3 Weak convergence

In this part, we show that the sequence (u,,), has a weak limit u, which is a weak solution
to equation (3.9). In order to do so, we first prove that ¢ — Jyu,(t) is uniformly bounded
. y 1 .
in H72(C,.), then use Ascoli’s theorem.

Because of the conservation of the momentum and the fact that P(ug) < P(ug) for
all n € N, we know that for all n € N and t € R,

Using the equation satisfied by wu,, we also know that

1Oy (t) < 155 (Jun ") (2)

HH_%((CH_ HH_%((CH'

By the dual Sobolev embedding L3(C,) < H~2(C.) and the fact that P, extends
to a bounded projector from LP(C,) to itself as soon as 1 < p < +oo (see for in-
stance |[Bék—+12], Theorem 1.34), we can estimate

n 2 2
1B (i )03 o, < NP0l P) ()] e
< O Po([unl*un) (1)
< ClfunPun(®)ll 4 .,

< Cun()1ac,)-

HH—%(C+

HL%(CH

Since uy,(t) is uniformly bounded in Hz(C,) and therefore in L*(C..), we conclude that

the term Hatu”(t)HH—%((ch) is also uniformly bounded.

We now prove that that up to a subsequence, (u,,), converges in C([—T,T], H2(C,)N
Hol(C,)) (with the weak topology) to a function u for all 7" > 0.

We know that H~2(C,)NHol(C, ) is separable, since it is isometric to L2(R..). More-
over, by removing the high frequencies of the Fourier function f at infinity, one can see
that H—2(C,) N Hz(C,) N Hol(C,) is dense in H~2(C,) N Hol(C,). We can therefore
consider a countable sequence (@), in H~2(C,) N Hz(C,) N Hol(C,) such that every
function in H~2(C,) N Hol(C,) can be approximated by a subsequence of (), for the
H~2-norm.

Fix k € N. Since (t — Oyun(t))n and (£ — u,(t)), are uniformly bounded in H—2(C,)
and in H2(C,) respectively, the sequence £, (-, @) : t € [=T,T] — (u,(t), ¢r) is equicon-
tinuous and equibounded: for all n and ¢,

0uta(t, 01)|= | @eten(D), £ 190t 10 3

and
(b, 2) = 1(n (0), 2O ln Dl 3 e I8 3

Applying Ascoli’s theorem, for every k € N, there is a subsequence (n,), such that
(n, (-, ¢r))p converges in C([—T,T],C) to some continuous function £(-, ;) as p tends to
+00. By a diagonal argument, we can use the same subsequence for all £ € N. Using a
second diagonal argument on a sequence of times (7},),, going to +oo, we can assume that
for all k, there exists £(-, ¢x) € C(R, C) such that for all 7" > 0, the sequence (€, (-, ¥x))p
converges in C([=1,T,C) to (-, vi)|—117-
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By density, ¢ extends to a bounded linear map ¢ € C(R,(H 2(Cy) N Hol(@+))*)
(with the weak topology) Now, by duality, ¢ can be represented by u € C(R, H> (Cy)N
Hol(C,)): for all ¢ € H2(C,) N Hol(C,),

() = (ult), ).

To conclude, by construction, for all T' > 0, the sequence ({y,|(—777), converges weakly to
(|7, in the space C([-T,T], (H 172 (C,) NHol(C,))*), therefore (u,), converges weakly

to win C([—T,T], H2(C,)NHol(C,)). Passing to the limit, we conclude that u is a global
solution to the original equation (3.9) in the distribution sense.
We deduce that

d(u(t), M)> = inf

U(t) - TXQHZ;

XERXTXRY 2(Cy)
< 2 .
X€R1>I<1’[[f><R llmlanu"( ) - TXQHH%(CH

However, since X is not compact, this inequality is not sufficient if we want to apply
inequality (3.17) to estimate d(u(t), M). In the following part, we construct a map
t — X, (t), such that for all t € R, u,(t) is close to T, )@ and (X, (t))nen stays bounded,
then use a compactness argument.

3.3.4 Modulation

Recall the notation from the introduction. Fix u € H2(C,) = Hz(C,) N Hol(C,) and
X =(s,0,a) € R x T x R%, we denote by T'yu the element of H*(C,) satisfying

Txu(z) = ¢?au(a?(z —s)), z€C,.
We write X! = (—s,—0,a7') and
| X[:= |s]+]0]+[log(a)].
We have also defined the orbit of () as
M={TxQ | X e RxTxRL},
and the distance of u to M as

d(u, M) = inf

X=(s,0,0)ERX TR,

We choose 0 < r < 1, and assume that ||ug — QHH%(C < r?. Given K > 0, forn > N
+

large enough, the regularized initial data u? satisfies (ujy) < Kr?. Using the conservation
of energy and momentum and Proposition 3.1.5, we deduce that there exist ¢y > 0 and
ro > 0 such that if 0 < r < rq, then d(u,(t), M) < cor for all t € R.

We start from the observation that around time ¢ = 0, one can choose X,,(t) = (0,0, 1)
for all n > N since ||ug—Q||H%(C+)< cor. By continuity, we know that “u”(t)_QHH%(C

(1 + €)cor on some small time interval, which can be taken independently of n. Indeed,
using the conservation of momentum, we have

lun(®) = QU3 ., = lun @3 o QI o,y = 20un (1), Q) 3

a3 (Cy) (C4)

= HU’OH2 HQH2 ( n( )7 _in)LQ(C+)
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therefore the derivative of ||u,(t) — Q% . is bounded by
HZ(Cy)
d , |
E”un(t) - QHH%((Q_) = ’2(8tun<t)7 _ZQZ)LQ((C_‘_)’

< 2H@un(t)|\H,%(C+)\F@z”g%(@)

But we have already seen that ||0u,(t)]| 4 ) is bounded independently of ¢ and n,
2(C4

therefore there exists K > 0 such that for 2 Nandt e R

_ 2 < n__ 2
Hun(t) QHH%(C” > Huo Q||H%(C+)+K|t’
< (cor)?® + K|t|.

For fixed € > 0, we conclude that the inequality ||u,(t) — QHH%(C )S (1 + &)cor holds as
+
2_
long as |t|< —(H? 1(007“)2.

Set ¢ > 0 and %<CQT)2. Assume that at time ?(, there exists a bounded
sequence (X?), in R x T x R* such that for all n, ||u,(ty) — TX0Q||H2(C < cor. By the

above method, one can show that [ju,(t) — Txo Q| ;3 €= < (1+¢)cor on [to —t1,t0 + t1].

Indeed, let v, := T{x0)-1u,. The equation satisfied by U, is not invariant by scaling, but
we can write down the equation satisfied by v,,. Recall that if

1 e 120
u(z) = E/@ e’ f(o)do

~ 1 M-
P. yu(z) = E/ e*? f(o)do
Write (X0) =: (s2,6°,0%) and PP := P, 1 o Py, then v, = T(x0)-1u, satisfies

n? 'n,?
(D)2 en(ad)?

lvn(to) — Q||H%(<C+)< cor and

then

iByvy = P2 (|vn]?vn).
Like equation (3.16), this equation conserves the energy [[v.(t):.c,, and the momentum
v (8)]1% e,y But for all € and M, one can see from the expression (3.10) of the Sobolev
+

norms that the projector é,M satisfies ][ﬁg7Mu]\H,;

2(<c+)§ HUHH—l . Therefore, we have

) o 2(Cy)
the same inequalities as above

" 2
1900l -3 e,y < IFF el 0) Ol -4 e,

< ||P0(’Un| vn)(t)HH % (Cy)
< C||P0(|v7’l| Un)(t)HL% (Cy)
S C/H’URP/UTZ( )HL

< C/||Un(t)“L4(C+)'

Since ||vn(t)|| L4 y= ||un(t) | z4(c,) is uniformly bounded by conservation of the L*-norm,
we conclude that ||v,(t) — QHH%(@): |lun(t) — TX3Q|’H%((C+)§ (1 4 €)cor as long as
It — to|< t.



3.3. ORBITAL STABILITY FOR THE GROUND STATE Q 119

We construct X,, as a piecewise C! functional on R as follows. For k € Z, X, is
constant on [kty, (k + 1)t1], equal to some X € R x T x R* to be chosen. We first set
X 1= X?2=1(0,0,1). Then, at time t;, = kt1, k > 1, we use the fact that d(u,(t), M) <r
and choose X* such that ||u,(t,) — TXkQ|]H2(C )< cor Then from the above paragraph,

[un(t) = TxrQll ;1 €= < (1+4¢€)cor on [tg, ti,+t1]. We do a similar construction for negative

times. The map X, satisfies
ln(®) = TxaQl g3, < (1 + )eor, £ ER.

It remains to show that X, is bounded independently of n on bounded intervals. In
order to do so, it is enough to control the gap between X*~1 and X*. By construction,
at time ty,

|lun(ty) — TXﬁleHH%(CgS (14 ¢)cor

and
|| wn (te) — TkuH < cors

therefore
HTX’sle — TX@QHH%(CJF)S (2 + €)cor-

Using the following Lemma, we conclude that if r is chosen small enough, then there
exists a constant ¢; > 0 such that for all n > N and k € Z,

X (X)) TS

Lemma 3.3.6. There exist ¢y > 0 and r; > 0 such that the following holds. Let X €
R x T x R% such that

ITxQ@ = Qlly3 . ST
Then
’X|§ Ct.

Proof. Thanks to the invariance of the Hz-norm by symmetries, one can assume that
X = (s,0,a) with a > 1 up to exchanging X and X~!. We expand

H2(Cy)

I7xQ = QI3 ., = 1Tx QI3 o, TIQI 1 o, 2T Q0 Q)
—27T—2(TXQ Q) % ©

(C4+)’

Now, recall that

_ 7’\/_ oo zzo
Q) = 2= = m/ f(o

with
f(0) = 2v/7e .

and

1 [T
1QI%, = /0 |f(0)>do = 7.

H?(cc 2



120 CHAPITRE 3. STABILITY OF TRAVELING WAVES FOR HEISENBERG NLS

With this notation, the function corresponding to TxQ is g(0) = 2y/mefe 57¢ a2 =,
therefore

«

61’9
=921 —4 .
™ - dmhe <a2 (z‘s+$+1)>

Set « =1+ 3 with 8 > 0. We want to bound s and 8. By assumption,

O ey e 1
1Tx@Q — QH?’J%(C” =21 — 47Re (/0 0150 o™ 52 —e do’)

2
1 S;—;:(Sl

eiG
Re -
s 1454+ 2

. The fact |Re(z) — 1|< 61 implies that |z|> Re(z) > 1 — 4y,

10
Denote 2z := ¢

isUH2 41484 82
and if 0; < 1, that

1 1+ B)? (2 1
== s 41 El< .
= st —1—54-2 <13
On the one hand, taking the real part,
3 1
1 — < )
R

Since S e R, — 1+ 3+ %2 is strictly increasing and going to +o0o as 3 goes to 400, there
exists some constant ¢ > 0 such that 5 < ¢, or in other terms 0 < log v < log(1 + ¢). On
the other hand, since g > 0, the bound on the imaginary part implies that

]

Using this lemma, assume that 3cor < r; and fix ¢ € R. We now know that (X,,(¢)),
takes values in a compact set: up to extraction, one can assume that (X, (t)), converges

to some X (t). Moreover, for all t € R and n € N, [Ju,(t) — TXn(t)QHH%((C )§ (1+ ¢)cor,
+
therefore passing to the weak limit n — +oo we conclude that ||u(t) — TX(t)QHH%((C )<
+

(1 4+ &)cor. Since € > 0 can be taken arbitrarily small, we have proven the following
reformulation of Theorem 3.1.2.

Theorem 3.3.7. There exist co > 0 and ro > 0 such that the following holds. Let r < rg
and uy € H2(C,) N Hol(C,) such that |ug — Q”Hl(cc ) 2
2(C+

< r*. Then there exists a weak
solution u € C(R, H2(C,) NHol(C,)) (with the weak topology) to equation (3.9)

{wf“ = Po(Juf*u) (t,2) € R x C,

u(t =0) = ug

such that for all t € R,
d(u(t), M) < cor.
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3.4 Orbital stability for the ground states ()3 in the
Schrodinger equation

We now consider the Schrédinger equation on the Heisenberg group (3.1)

Ou — Ay = |ul?
{Z i mu = |uf*u . (t,z,y,8) € R x H.

u(t = 0) = ug
For B € ($.,1), we are interested in solutions with initial data uy € H'(H') satisfying

luo — V1 = BQsll gy < (1 — B)r.

Let u be an eventual solution, and set

u(t,z,y,s) = /1 - pU((1 = B)t,x,y,s + pt),
so that U is a solution to
A]HI1 +ﬁDs

10,U — 1= 3

U=|UPU, (tz,y,s)€RxH. (3.18)

The initial data U, satisfies

1Uo = Qall i @y < V1 — B

There are two relevant conserved quantities for this equation: the energy

1 Amn Dy
55(‘/) = = (_—Hl i_g

1
Vv,V — =Vl
2 V) o~ iVl

and the momentum

P(V) = (DV,V) ey, V€ H'(H').

Theorem 3.1.3 is equivalent to prove that if 3 is large, then one can construct a global
weak solution U to equation (3.18) which stays close to the orbit of Qs at all times, which
leads to the following reformulation.

Theorem 3.4.1. There exist some constants ¢ > 0 and ro > 0 such that for all r €
(0,70), there ezists a parameter B*(r) € (0,1) such that the following holds. Let €
(8*(r),1) and Uy € H'(H") satisfying
o if Uy € H'(H") NV,t:
1Uo — Qpll 1 gary < 7

e in the general case:

1Uo — Qall gy < V1 —Br.

Then there exists a global weak solution Us € C(R, H'(HY)) (with the weak topology)
to equation (3.18)

i0,U — S22 U = |Us[2Up
Us(t =0) = Uy
such that for allt € R, Ug(t) is close to the orbit Qs = {TxQp | X € Rx T xR%} of Qp:

d(Ug(t), Qs) < cor-
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Contrary to the strategy deployed for the half-wave equation [GR16], the gap
3p(V) = [E5(V) = E5(Qp)| + [P(V) = P(Qp)|, V € H'(H),

does not here directly control the distance of V to Qg, so Proposition 3.1.5 does not hold
for Q3 and 3. Indeed, even the fact that d3(V) = 0 does not imply that V belongs
to Qp. This is due to the fact that we can only use two conservation laws (energy and
momentum) here, whereas an additional conservation laws was available for the half-wave
equation: the mass of the solution.

However, using that (g tends to () as § tends to 1, one can instead show that the
component of the solution along the space V' is close to @ and control the rest separately.
More precisely, decompose

Ut)=U*(t)+ W(t),

where Ut (t) € H'(H") N V" and W(t) € D120 H'(HY) N V=, If we know that
W (t) is small enough, then dg(U(t)) ~ §(U™(t)). This enables us to estimate the distance
d(U*(t), M) of U™ (t) to the orbit of @, and therefore the distance of U(t) to the orbit of
Qs for 3 close to 1.

The plan of the proof is as follows. Fix 5 € (0,1). We approximate the initial data and
the equation by global smooth functions (U,,,)ye(,1)nen valued in H?*(H') in part 3.4.1.
We then decompose

Uylt) = U2 (t) + W),

where U, (t) € H'(H") N V" and W,,(t) € D201 H'(H"Y) N VZE. In part 3.4.2,
we fix n € N, and study the limit v+ — 1. We prove by using the conservation laws
that W, ,,(t) stays small and that the gap d(U,(¢)) is controlled as §(U7,(t)) < r* for
~v > B*(n,t), which leads to an upper bound

AU, n(t),M) < cor, teR,vy e [max(8"(n,t),[5),1). (3.19)

Then, we show that the lower bound (*(n,t) can be taken independently of n and t.
Finally, in part 3.4.3, we fix § > S, and use the same method as for the limiting equation
to find an upper bound on the modulation parameters (Xz,(t))nen in order to pass to
the limit n — +o00 in the above inequality (3.19).

3.4.1 Construction of approximate solutions

Construction of a sequence of smoothing projectors I™: We define a sequence
of projectors II™ close to identity, mapping elements of H*(H') (s = £1) to smoother
functions, by removing the high and low Fourier frequencies and the high Hermite modes

in the decomposition
H(H') = PP aH) NV
keN +

Using these projectors, we consider a sequence of equations approximating (3.18) for
which the Cauchy problem is globally well-posed.
Let u € H*(H'), s = %1, which we decompose as a series of elements of H*(H') N VE
for (k,+) € (N, ). Write
“+oo

u = ZZHki(u),

k=0 =+
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where for all (k,+) € (N, %), I +(u) € H*(H") N V£, Then

b= 5 [ (s Dol [ e, o) dsdya

keN =+

1

Let n € N, we define 1 (u) as follows. We take the n-th partial sum and remove the
high and low frequencies |o|— 400 and |o|— O0:

Tt ) JZ Y0 Zzﬂki ‘T y70’)]l%§|0|§n‘ (320)
k=0 =+
Consequently,
I gy = D2 3 (4 Dol [ el o) i dydo
k=0 =+ Y{o€Rz}IN{;<lo|<n} R2

converges to ||ul|? as n goes to +00.

Ho (HY)
Moreover, if v € H'(H"), then I (u) belongs to H3(H"). Indeed,

T gy =33 [ (14 b+ 1P1of) [ @)y, o) dedy do,
o T Joerain{i<iol<ny R?

but on the set {% < |o|< n}, and for k < n,
(14 (k+13|o>) < (n|o|+(n+ 1)k + Dnlo]) < n(l+nn+ 1)) (k+1)|o],

therefore |1 (u)|| g3y is finite.

Construction of a sequence of approximate solutions (U, ) c31)nen: Fix 8 €
(0,1), r > 0 and Uy € H'(H") such that

e cither Uy € H'(H") NV, and ||U, — Qs iy < %

e either |[Up — Qg g1y < V1 — Br.

We construct a global solution to (3.18)

i0,Up — H1+BD5 Us = |U|*Us
Us(t = 0) =

such that for all £ € R,
d(Us(t), Qs) < cor-

By approximation, the idea would be to consider a sequence of equations

{iatUB’"— 2P Uy = T (U *U ) neN (3.21)

Upn(t =0) = UB” =TI (Uy)
for which one can show that for all n large, there exists 8*(n) such that if 5 > 5*(n), then

d(U/g,n(t), Qﬁ) <cyr, teR.
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In order to get a lower bound 5* independent of n, we rather construct a set of initial
data (U;"")e(s,1),nen and equations

0,U,, — 2Py (7, 120,
{zt ", — 7, (1 %| %) ., neNye[s1), (3.22)

Uyn(t =0) = Ug™"

then use a continuity argument.
For v € [3,1), the initial data U is defined as follows:

o if Uy € H'(H") NV;", we choose Uy constant equal to Up;

e otherwise, we choose

-7 v=B8

U+ ——Q.

-3 0+ 1 ﬁQ

We make this choice in the general case because we need the initial data Ug to go
to H'(H') NV, as v tends to 1.

U =

Lemma 3.4.2. Let r > 0 and Uy € HY(H'). There ezist Cy > 0, B.(r) € (0,1) and
N(r,Uy) € N such that the following holds. Let € (5.(r), 1) and assume that Uy satisfies

o cither Uy € H'(H'") N Vg and [|Us — Qpll g gny< %

o cither ||Us — Qg g1y < V1 — Br-
Then for all n > N(r,Uy) and for all v € [5,1),

[£,(U5") = E@) +[P(UG™) = P(Q)] < Cor.

Proof. We use the following convergence rate of (Q3)p to @ as [ tends to 1 (proved in

Appendix 3.A):
1Qs — Qll g1 ey= o(v/1 = ).

If Uy € H'(H'") N V;" and ||Uy — Qg i1y < %, we have chosen Uj constant equal to
Up and it is enough to use that |1 (Up) — Us |l g1 gy— 0 as n — 400,

We now treat the case [|Uy — Q|| g1 )< v/1 — Br. By convergence of Qs to @, there
exists B, = B.(r) € (0,1) such that for all g € (5., 1),

1Qs — Qll gy < V1 — Br.
We decompose
Qs = Q4 + Ry

and
Uo = Uy + W

where QF, Uf” € H'(H') N V" and R, W, € D20 H'(H") N V£, In the same way,
we decompose U as
Up = (Ug)" + Wy

and U™ = M (UY) as
Ug™ = (Ug™) " + Wy,

where (U9)", (Ug™)t € H'(H") N V5™ and Wy, W™ € @Dy 1404y H (H') NVE.
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Since
[Wo — RBHHl(Hl)S 1Uo — Qﬁ||H1(H1)< V31— pr,
then W, satisfies

IWoll g2 ey < 1Wo = Rl g ey + 1R 2 )

1—pr.
Therefore, W] = L;EWO satisfies
-y

IWo ll 1 ) < 2 T BT,
which implies that for all n € N,

HWJ’ ||H1(H1)§ 2 T BT’.
In particular,

At + vDy ) 1—7 (1 —7)?
_—W'Yvn’ W'Yvn + DSWFY,n’ W’Y;n < 8 7.2 + 4—,’,,2
‘ ( 1 - f}/ 0 0 LQ(Hl) |( 0 0 )LQ(Hl)} - 1 _ /8 1 _ 6
< 127

and

HW(;Y’n”L“(Hl)S CHW[;Y’nHHl(Hl)S 20\/ 1— T,

which is bounded by r? if 8 > S,(r) is large enough.
Given the form of the energy

1 ( AHl —F’}/Ds

&0 =5 (-2

9 W™, WOW> "

L2(HY)

]' n n
§(Ds(U3’ )5 (U™ ) ey

]‘ n n
= LI+ W s,

and given that all the terms involving 1W,"" are bounded by some Cyr?, it is now enough
to prove an estimate of the form [|(Ug"")* — Q|| gy < Cor®. But

n ]' n
I(UG™) " = (Ug) ey < 1—||H ((Uo)) = U Nl ey +1 BHH Q) = Qll sy
I (Vo)) = Ugf g ey HIE(Q) = Qll i ey

which converges to zero as n goes to +oo independently of v and 3. Moreover,

IN

1
1-—

STz 5(HUO Qsll gy HIWoll i gy HIQs — @l )
1-—

< - g 1—pr

< 472
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for 5 > [.(r) large enough.
To conclude, there exist Cy > 0, 79 > 0 and N € N such that for alln > N, r € (0,79),

for all 5 € (B.(r),1) and v € [5,1),
E,(UF") = E@Q)] + [P(UF™) = P(Q)] < Cor?. 0

From now on, we assume that § > f.(r) and n > N(r).
As in Proposition 3.3.5 for the limiting equation, equation (3.22) admits a unique
global solution in H2(H') := I (H3(H)).

Proposition 3.4.3. Let U)" € H3(H') and v € [0,1). Then there exists a unique
Uyn € C(R, H2(H'Y)) such that (3.22) is satisfied in the distributional sense. Moreover,
the solution map is continuous from H32(H') to C*(R, H3(H")).

Proof. Local well-posedness comes from the Cauchy-Lipschitz theory from ODEs. Indeed,
H3(H') is an algebra, moreover, the Hermite modes k are restricted to & > n and the
frequencies o are restricted to the set { < |o|< n}. Therefore, the map V AH%,Z&V—F
™ (|V|?V) is well-defined and locally Lipschitz from the Banach space H?(H") to itself.

In order to show that the local maximal solutions are global, we prove that there is
no blow up in finite time thanks to the conservation of the momentum
PV) = (DsV, V)2,
and the following inequality valid for V € H3(H"):

(st, V)L2(H1) S HVH?{?’(HUS (n -+ (n -+ 1)377,2)(Ds‘/, V)LQ(HI). Il

3.4.2 Limit v — 1 for the n-th partial sum

In this part, we use the conservation of energy and momentum to recover an upper bound
on d(U, ,(t), M) for v > *(n,t) close to 1. Then, we prove that the lower bound for v
can be chosen independently of n and ¢.

For t € R, we decompose U, () as

Uyin(t) = U, () + Wan(t),
where '
Un(t) =105 (Uy,n(1)) € H'(H') N V5",
and therefore
Won(t) = (1d =TI (U,a() e @ H'E)NV
(k,£)#(0,+)
(see Definition 3.2.1 for the definition of the spaces in orthogonal sum V).
In what follows, we show that U (¢) is the main part for which we control 6(U7,(t)),
and W, ,(t) is a remainder term which vanishes in the limit v — 1.
First, since P(Uy,(t)) = (DsUyn(t), Uyn(t))r2gy is conserved, bounded by Cor? +
P(Q) for all v € [3,1) and equivalent to ||U%n(t)||12ﬁp(Hl) in H2(H'), there exists some
constant C'(n) > 0 such that for all t € R and v € [, 1),

105 (O] 2y < C (). (3.23)

But such a bound on [|U, 4 (?)| 1y and the conservation of energy imply that W, ,(t)

must vanish in H'(H") as v tends to 1 thanks to the following lemma.
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Lemma 3.4.4. Let r >0, f € (B.(r),1), n > N(r) and assume that that Uy satisfies
o cither Uy € H'(H") NV;" and ||Uy — Qs iy < %

o either ||Uo — Qgll g1 gy < V1 — B,

There exists Cy > 0 such that if there exists C' > 0 (possibly depending on n), t € R and
v € [8,1) such that Uy n ()| g1y < C, then

W5 )] 2y < C1(1 4+ C*) /1 = 7.

Proof. We use the conservation of energy

(DU, (), Uy, (1)) 2y

v,
1 1
= W)
then apply Lemma 3.4.2 to get that
1E,(U, (1) — E(Q)]< Cor®.
Thanks to the embedding H'(H') < L*(H'), we know that
1Tz < KUy ()11 )= KCL

Moreover, recall the equivalence of norms

Hw||H1 ay < (—(Ba +yD)w, w) ) < 2wl g, w e @ HE)NVE
(k,£)#(0,+)

We conclude that

b R
4(1_,}/)”W’y,n( )”Hl Hl (Q)+007“ ‘|—4K C*,

which implies the lemma. O
Applying Lemma 3.4.4 and inequality (3.23), we know that for all ¢ € R and vy € [3, 1),
W () 1y < 11+ Cm)2) /T =,
which vanishes as v tends to 1.

Fix t € R. We establish in Lemma 3.4.5 below that v € [5,1) — W, (%) is continuous,
so that we can define 5y(n,t) > [ as the minimal element in [, 1) satisfying:

vy € [Bo(n, 1), 1), Wy (Bl gy < 77

Lemma 3.4.5. Fort € R, v € [8,1) — W, ,.(t) € H'(H") is continuous.
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Proof. Fix t € R. One knows that the orthogonal projection (Id — II}) onto the space
D o)+0.4) H'(H")NV,E is continuous since it satisfies the inequality || (Id—TI3 ) (V)| 1 mH S

V|| g1 apny for all V- € H'(H'). But by definition, W, ,(t) = (Id — II§)(U,..(t)), there-

fore it is enough show that the map v € [3,1) — U, ,(t) € H'(H") is continuous. Let
7,7 € [8,1) and set R :=U,, , — U,,,,. Then R is a solution to

AHl + ’leS AHI -+ leDs AHl -+ PYZDS
R — - UWz n
1L =m L —m L=
= H(n)(‘U’h,nFUWl,n) o H(n)(’UWQ,n|2U’YQ,n>'
We bound (|0, R(t)|| 1 g1, Which is equivalent to controlling [0, R(t) | -1y since O, R(t) €
11" (H'(H")). We treat each term in the equation separately.

10, R —

First,

A + 71 Ds 2
————R()||- < —||-Am R(1)|| -
=== RO iy < 7= =B ROl

2
< —— RO gy -
< T IR i
Then,
At + v Dy AHl + Yo Dy
I(Z == ) Ve Ol

Y2 — 7
<5 _‘ jlmﬂ%) (1= DU )2 NPT Ol

172 — 1
S 0= - 72>20(n).

Finally, note that in the image H_'(H') of H~'(H') by I, all the Sobolev norms
are equivalent. Indeed, by definition of II™ (see equation (3.20)), the frequencies are

restricted to the set {1 < |o|< n} and the Hermite modes are bounded by n. Therefore,
there exists C'(n) > 0 such that

T (U 2 Uns i (8)) = T (U PUy i () -1 gy
< O[T (|Usy P (8)) = T ([Uny P Uy (8)) 113t -
Using the algebra property of H*(H), we get
I (U Vs () = T (U P Unn () -1y < Co(m) [R5 sy,
and using again the equivalence between H' and H? norms, we deduce

T (|0 Vs (8)) = T (U * U () ] 1y < 5RO 1 ey
We now define f(t) := [[R(t)[[%, () for ¢t € R. Then there exists some constant
C"”(n) > 0 such that

F1(#) < 2010 RO gy | RO g1 ey

< CU )R iz gy 1B s e

< ) ( (12 + 00RO g+ s 20RO

<) (<1 —2% TG (1 —’Yyi)—(lVﬂ 72)C(n)> ||R(ﬂﬁﬁaﬁlﬁ(1 —’Y:l)_(lVﬂ 72)C(n)> '
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Therefore, f(t) satisfies a Gronwall-type inequality

f@yékumf@+fﬁwhljﬁifﬂw>

with

zmmzcww( Oy + m‘“‘)am)

I—m (1—y)(1 =

and
Ks(n) = C"(n)C(n).

This inequality implies that for all ¢ € R,

Kay(n) |2 —m| K]t
f t) < f 0 eKl(n)ltI + e 1)t _ 1
=70 Koo (1= )1 — 7). )
with
£(0) = |I™ Uyt — UJQ)H?p(HI)-
Fix t € R and 7, € [8,1), we see that if 7, tends to v;, then f(¢) tends to 0. ]

Lemma 3.4.6. Let r > 0, f € (B.(r),1) and n > N(r). There exists some constant
p*(r) € (0,1) such that if B > [*(r), then the solution Ug,, to equation (3.21)

1-p

i0Us — 2P, = IO (|Up [2U,n)
Upn(t =0) = Uy =" (U)

satisfies for all t € R
”W@n@)HHl(Hl)S r?

and

1
||Ug,n(t)||H1(H1)§ (P(Q) + 007“2)2-
Proof. Fix § € (0, 1), recall that y(n,t) > [ is the minimal element in [, 1) satisfying:
Wy € [Bo(m 1,1, Wy ()1 sy < 72

and assume that 5 < fy(n,t) =: fp. We find an upper bound for fj in [3,1) independent
on n and t. The continuity of v +— W, ,,(¢) implies that

W a0 (8) | 1.1y = 72

The projection of Ug, ,,(t) on V;" is bounded by

U O gy < PUson(t))
< P(Q) + Cor?,

therefore
U860 ()| 1.1y < C,

where € := 72 + (P(Q) + Cor?)z does not depend on n or ¢ anymore. Lemma 3.4.4 now

implies
HWﬁo,n(t)HHl(Hl)S Ci(14 C?)\/1 = B.
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We conclude that
7”2 S Cl(l =+ 02)\/ 1— 60,

which means
2

2
’
<l—-=——| =0
therefore § < [(*(r). Taking the converse, we have proven that if 5 > [*(r), then
Bo = B. O

We now show that Ug,(t) is close to the orbit M of @ for t € R and 5 > g*(r).

Proposition 3.4.7. There exist ro > 0 and co > 0 such that if r < 1o, § € [8*(r),1) and
n > N(r), then for all t € R,
d(UBm(t), M) < CoT.

Proof. Fix t € R. Tt suffices to estimate §(Uy,(t)) and apply Proposition 3.1.5.
On the one hand, since (D Wy (t), Wan(t)) 2@y < [[Wan(t)|% S < r?, the conser-

vation of momentum and Lemma 3.4.2 lead to
(DU (), U () 2y — (D@, Q) o)< (Co+ 1) (3.24)

On the other hand, we estimate |[|Ug, ()|l 711~ Q74| via the conservation of
energy. We know that

11U O ey =105 0 ) ey | < ITWa () s ey (U () 2 ey + U () 2y )
Since [|Ugn(t)|| gy is bounded thanks to Lemma 3.4.6, there exists C7 > 0 such that
\||Uﬂ,n(t)||%4(ml)—||U+,n(t)||%4(H1)\§ CillWan (O]l 1 ) < Cyr. (3.25)

Therefore, from (3.24) and (3.25), we get

Es(Upn(t))
1. Agi + 8D, 1 1
= 5( Hlfﬁwﬁm(t), Wen(l)) 2y + 5 (D Ug, (), Ug (8)) r2qay — 1||Uﬁ,n(t)||i4(ﬂl)

CO+1+Q>T2.

1 4
(DQ@mm—ﬂ%Mme—(z :

1
2
However, thanks to the conservation of energy and Lemma 3.4.2, we have

1
(DsQ, Q)2 — Z||Q"i4(H1)+COT2,

| —

Es(Upn(t)) = E3(Uy) <

therefore

1 3Co+1 C
UL O 1@~ (25 + )

For the reverse inequality, recall the link between @ and the best constant in the
embedding H*(H') NVt — LY(H): if

inf —(Dsu, U)%Q(Hl)

=1
ue H (HY)NVy" Hu”izl(Hl) "
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then
(DsQa Q)LQ(HI) = HQH%AL(Hl): I+ = 7T2.
This leads to
UL O sy < — (DU, (8), Ug ()72

< —((DsQ, Q) 2y + (Co + 1)r?)?

< —(I4 + (Co + 1)r?)?
Iy

1
< QN 7@y T 2L (Co + 1) + (Co + 1)%r%)r.

I
In the end, we have proven that if » < 1, then there exists C5 > 0 such that
§(U4,(t) < Caor?,
and Proposition 3.1.5 immediately implies that for r small enough,

AUy, (t), M)* < CCor?.
Since |[Wn(t)|| g1y < 72, we get the Proposition. O
3.4.3 Weak convergence
We now know that if 5 > S.(r), then for all n > N and t € R,
d(Usn(t), M) < cor. (3.26)

The aim is now to pass to the limit n — 400 in equation (3.21)

1-p

’iatUlgyn B AH1+BD5 Uﬁ,n — H(n)<|Uﬁ,n‘2Uﬁ,n)
Usn(t =0) = U =TI (Up)

and in inequality (3.26) in order to get a weak solution Up to equation (3.18)

i0,Us — S22 = |Up[2Us

which satisfies
d(Us(t),M) < cor, teR.

The method is identical to parts 3.3.3 and 3.3.4 for the limiting equation: we use a
uniform bound on |[0:Ug 5 (¢)|| -1 ). Thanks to Ascoli’s theorem, the sequence (Ugn)nen
admits a weak limit Ug which is a weak solution to (3.18). Then, we construct bounded
modulation parameters Xz, (t) in order to control the distance between Ug and M.

Lemma 3.4.8. There exists cg > 0 such that for alln > N, t € R and X € Rx T xR7,

10 (Tx U n) (D) 1) < -
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Proof. We know from Lemma 3.4.6 that there exists some constant C'; > 0 such that for
alln > N and t € R,

||U6,n(t>||H1(H1)§ Ch.

Set Vi, 1= TxUs,. By symmetry invariance, Vg, satisfies that for all n > N and
teR,

||Vﬁ,n(t)||H1(H1)§ Ch.

Moreover, Vg, is a solution to some equation

10V — S Vo = T (V3 Vi)
Vg,n(t—o) Vo H (UO)

The projector II™ is defined as follows. Write X = (s,0,). For u € H'(HY), we

decompose
U= Z Z g 1 (u)

keN =+

with T, +(u) € H-'(H') NV for (k,+) € N x {£}. Then

—

e )< )2, y,0 ZZHk:I: (z,y,0)1. 22 <lo|<a?n’

k=0 =+

Thanks to the fact that 1™ is a projector and the embeddings L3 (H') — H~'(H!)
and H'(H') — L*(H'),

1 T n
10:Van (Ol -1y < mH—(AHl + BD)WV il 1y I (Vo Vi) g1 ey

2
< 1—||—AH1VB,n||H—1 ) HVanl*Vanll -1

HV/3 all e HE Ve Vanll 4

< —
-1 L3 (|

2
< 75 Vol iy Bell Vol

2C,
1—p

We deduce the weak convergence of (Us,,)nen, for which the proof is identical to that
in part 3.3.3 and is based on Ascoli’s theorem.

< + KQC?. ]

Lemma 3.4.9. Up to a subsequence, (Us,,), converges weakly to a solution Uz € C(R, H'(H'))
(with the weak topology) to (3.18)

10Uy — 522U = |Upl*Up
Us(t = 0) = U,

Moreover, one can see that for all X € R x T x R% and {p,t € R, setting V3, =
Tx-1Ugp,

<103 = Tl

d
= | Va0 = @l
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Thanks to the conservation of the momentum for equation (3.18), we have

d
EHUﬁ,N( ) TXQ||H1 (H) - |2<atv,8,n(t)7D5Q>L2(Hl)‘

< 2|0V Ol -1 [ Ds Q| 1 cany

which implies that there exists cg > 0 such that for all ¢y,¢ € R,
1Upn(t) = Tx QU ) < 1Us,n(t0) — Tx QI gy st — tol.

Set € € (0,1) and define t; := %(COT)Q. Note that ¢; may depend on (5, but this
is not important because in this part the varying parameter is n whereas (3 is fixed. The
construction of Xz, as a piecewise constant functional is now the same as for the limiting
system. For k € Z, X3, is constant on [kty, (k+1)t,[, equal to some X € RxT xR to
be chosen. We first set X@l Xg ., = (0,0,1). Then, at time ¢, = kt;, k > 1, we use the
fact that d(Ug,(tr), M) < cor and choose Xj  such that ||Ug,(ty) — e Q”Hl(Hl < o
By definition of ¢1, for all £ > 0 ad t € [ty, tx + t1], |Usn(t) — Txx Q||H1 an < (1+¢€)cor
We do a similar construction for negative times. The map Xz, satlsﬁes

1Upn(t) = Txs 0@l iy < (14 )cor, ¢ € R. (3.27)

It remains to show that Xz, is bounded independently of n on bounded intervals. In
order to do so, it is enough to control the gap between Xg;f and Xgm. By construction,
at time ty,

1Usm(te) — Xk 1Q||H1 < < (14 ¢€)cor
and
||U6,n(tk) - TngnQHHl(H1)< coT,
therefore
[T5r-1Q — Txe Ql g gy < (2 + €)cor

Using Lemma 3.3.6, we conclude that if » < ry is small enough (for example if 3¢ory <

\/7ry), then
XX TS e

Now, for fixed ¢ € R, the sequence (Xg,,(f))nen is bounded, therefore up to extraction,
this sequence converges to some Xg(t) € R x T x R*, and passing to the weak limit
n (3.27),

1Us(t) = Txy0)Qll ey < (1 + €)cor

3.A  Appendix: Rate of convergence of ()3 to )

In order to conclude the proof of Theorem 3.4.1, it only remains to make precise the
convergence rate of (Qz)s to @ as [ tends to 1. Decompose

Qs = QE"'R&

where Q5 € HYHY NV, and Rs € Dix)-
from [GabZOb]

£(04) H'(H") N V. We improve the bound

3(QF) + 1 Rsll g1 zmy = O((1 = B)2).
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Proposition 3.A.1. Let ¢ > 0. Then as B tends to 1,

0(Q4) + 1Rl g ury= O((1 = B)*7),

which implies that
1Qs — Qll iz ay= O((1 = B)'72).

Proof. Assume that we have proven that
0(Q5) + 1 Rsll gy = O((1 = B)")

for some exponent v > 0 (for example we already know that it is true for v =
Lemma 3.9 in |Gas20b|), and therefore

1Qs = Qll i any= O((L = B)?).

We increase the exponent v by showing that actually
0(QF) + 1Rsll 1 )= O((1 = B)*2).

Then, we conclude by iteration, since the sequence v,41 = 1+% with vo = % is convergent
to 2.

Since R € @D 4204 H'(HY)NV,E, the norms | Rs |l gy and || —(Ag+BDs) Ryl -1 gany
are equivalent

1
3, see

||R/3||H1 (HY) = 2||_(AH1 + 5D )Rﬁ”H 1(HL)-
Projecting the equation satisfied by @3

AHl —|—5D
1-p

on D 4404 H'(HY) N V=, we deduce that
1R8]l 71y < 2(1 = B)I1(1d — o 4 )(1Qs1* Q) | -1 -

Since |Q2Q = D,Q € H~'(H")NV,', one can make this term appear inside the right-hand
side term of the inequality:
1Rl 1y < 21 = B)[[(1d = To ) (1Q5* Qs — QP Q) -1 s
<2K(1 = B)I|(1d = Tho ) (1Qs*Qs — QPN 4 g0 -

Qs = |Qs°Qp

Now, since (Id — Iy . ) defines a bounded operator on L3 (H'), there exist Cy, Cy > 0 such
that

1 Balli gy < Co1 = B)1Q5 Qs — QI Q5
< 02( = B)IQs — Qll s (19| 2 gy T QU s ey
But since (Qg)s is bounded in H'(H'), we get that there exists Cs > 0 such that

1R 1y < Cs(1 = B)I|Qs — Ql g ey
= O((1—p)"*2).
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Therefore,
15 sy = 195 sy | < 20 R sy (1Rl s ey 15 )
= O((1-p)"*2)
and

NQF N7 = 11Qsl Loy S N Rsll oy (1 Rall Loy +1 Qpll o))’
= O((l - B)1+%)7
which means that
5(QF) = O((1—p)t*).

It now remains to consider the sequence 7,1 =1+ 5, v = %, which is convergent to 2.
O
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Chapitre 4

Probabilistic local well-posedness for
NLS with the Grushin operator

Ce chapitre reprend les résultats de [GL21].

Résumé. On étudie le caractére localement bien posé de 1’équation de Schrédinger
associée a opérateur de Grushin avec donnée initiale aléatoire. A notre connaissance, on
ne dispose d’aucun résultat sur le caractére bien posé pour cette équation dans les espaces
de Sobolev H* lorsque k < % Dans cet article, on montre qu’il existe une grande famille
de données initiales dans H* k €]1, %], pour lesquelles une randomisation appropriée
conduit au caractére presque-sirement localement bien posé du probléme de Cauchy. La
preuve repose sur des estimées bilinéaires et trilinéaires.

Abstract. We study the local well-posedness of the nonlinear Schrodinger equation
associated to the Grushin operator with random initial data. To the best of our knowledge,
no well-posedness result is known in the Sobolev spaces H* when k < g In this article, we
prove that there exists a large family of initial data such that, with respect to a suitable
randomization in H* k € (1, %], almost-sure local well-posedness holds. The proof relies
on bilinear and trilinear estimates.
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4.1 Introduction

4.1.1 The Schrodinger equation on the Heisenberg group and the
Grushin equation

We consider the Grushin-Schrodinger equation
i0u — Aqu = |ul?u, (NLS-G)

where (¢,z,y) € R x R? and Ag = 0., + 220,,. The natural associated Sobolev spaces
in this case are the Grushin Sobolev spaces Hf, on R?, defined by replacing powers of the
usual operator v/—A by powers of /—Ag.
This equation is a simplification of the semilinear Schrodinger equation on the Heisen-
berg group in the radial case
10 — Agu = |ulu, (NLS-H')

where (t,z,y,s) € RxH!. In the radial case, the solution u only depends on ¢, |x+iy| and
s and the sub-Laplacian is written Ayt = (9,0 +0yy) + (22 +y?)0s,. Our simplification of
this equation consists in removing one of the two variables x, y since they play the same
role, leading to (NLS-G).

When k > ko where ke = 2 (resp. ke = £ for (NLS-G)), one can use the algebra
property of the spaces H¥(H!) (resp. HE)) and solve the Cauchy problem associated to
(NLS-H') (resp. (NLS-G)) locally in time, see Appendix 4.A.2 for details. However, the
conservation of energy only controls the H* norm when k& = 1, and since no conservation
law is known for k£ > 1, we have no information about global existence of maximal solutions
in the range of Sobolev exponents k > k¢.
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For Sobolev exponents below the critical exponent kg, existence and uniqueness of
general weak solutions is an open problem. To go further, the Schrodinger equation on
the Heisenberg group displays a total lack of dispersion [BGX00|, implying that the flow
map for (NLS-H') (resp. (NLS-G)) cannot be smooth in the Sobolev spaces H* when
k < kc. We refer to the introduction of [GG10] and Remark 2.12 in [BGT04] for details.

4.1.2 Main results

In this subsection we only introduce the needed notations to state our main result, we
refer to Section 4.2 for precise definitions.
Fix ug in some Sobolev space HE for k > 0. Then u decomposes as a sum

Uy = Z Urm (41)

(I,m)€2ZxN

where the g, will be defined by (4.8).

Let (€2, A,P) be a probability space. We consider a sequence (X7 ) (rm)e2zxny of in-
dependent and identically distributed Gaussian random variables and define the measure
[y, as the image measure of P under the randomization map

we N uy = Z X1 m(w)urm - (4.2)

(I,m)€22xN

For k > 0 and p > 0, we introduce the subspace X¥ of Hf in which we will prove

almost-sure local well-posedness. Denoting (x) = v/1 4 22, the space ka corresponds to
the norm

o= D 1+ @m+ DD (D Jurml7s, - (4.3)

(I,m)€22xN

The powers (1 + (2m + 1)I)* refer to Sobolev regularity: for instance, when p = 0, then
[uollxx~ |[uollx. However, the powers (I)* only correspond to partial regularity with

respect to the last variable, see the precise definition of decomposition (4.1) in Section 4.2
and Remark 4.2.4 for details.
Our main result is the following.

Theorem A (Local Cauchy Theory for (NLS-G)). Let k € (1, 2] and uo € X C HE.

(i) For any ( € (3,k + 3), for almost-every w € Q, there exists T > 0 and a unique
local solution with initial data ug to (NLS-G) in the space

e'Aaye +C0(0,T), HS) c €°([0,T), HE) .

More precisely, there exists ¢ > 0 such that for all R > 1, outside a set of probability
at most =% one can choose T > (RHuOHXlk)_Q.

(ii) (Non-smoothing under randomization) If ug € HE\ (.o, HE™), then

e>0

supp(uy) € HE\ (| HE™) .

e>0
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(i) (Density of measures with rough potentials) Let ¢ > 0, then there exists vg € XF\
(U0 H2+6 ) such that

Supp(ﬂvo) N BHé(UOﬂL:) 7é g .

Remark 4.1.1 (Consequences of (i)). For every k> 142 > 1 and ug € Xf\ o1, the
continuous embedding XL, o..1_, = X\ T implies that for almost-every w € U, the initial
data ug gives rise to a unique local solution

. 3.,
u e ey +C0([0,T), H™),

where we check that { = 3 +¢ € (3,142 + 3).
Therefore, in the case k = %7 we observe that the limiting almost-sure well-posedness

3
space is (.= X§+e' We recall that for k = %—I— g, local well-posedness is known to hold in

3 3
ngs = X02+6. It is interesting to note that our approach looses an exponent p = %, since
we do not recover the same limit space in the limit k — %

Remark 4.1.2 (Decomposition of the solution). In (i), we construct local solutions
to (NLS-G) in the space C([0,T), HE) for small values of k. However, uniqueness holds
only on a smaller subset, as a consequence of an a priori decomposition of the solution as
sum of the solution to the linear equation (LLS-G) with initial data uf and a smoother part.
This decomposition can be interpreted as a more nonlinear decomposition of the solution
than seeking v € HE, as we seek for u in an affine space e*2¢us + H, instead of a vector
space. Such a decomposition is the simplest nonlinear decomposition, akin to [BT08a],
and s a key feature in most random data well-posedness works. More recently, even more
nonlinear decompositions for the solutions to some dispersive equations have been exhibited
in [OTW20] and in [DNY19] (see also [GIP15; Hail3; Haill] in the context of stochastic
equations).

Remark 4.1.3 (Regularity and density of the measures). Parts (ii) and (iii) give reg-
ularity properties of the measures p.,,. In fact, (ii) ensures that the measure pi,, does
not charge solutions which are more regular than wy. Actually, the measure p,, charges
solutions that have reqularity W§+1/4’4 on LP based Sobolev spaces, but no better reqularity
bound is expected to hold (see Proposition 4.3.1 and Remark 4.53.5), so this estimate alone
18 not enough to establish Theorem A.

Statement (iii) goes even further since we prove that

U { supp (i, ) | vo € X\ (| Hé*‘f)}

e>0

is dense in Hp. This result is related to the support density in the euclidean case. Indeed,
for the nonlinear Schrodinger equation on the torus, probabilistic local well-posedness holds
with respect to measures which are dense in Sobolev spaces, see for instance Appendiz B

of [BT08a] and [BT1/].

Remark 4.1.4 (Admissible initial data). When ug only has a finite number of modes m,
the assumption ug € XF is equivalent to the condition ug € Hé“, but since k+1 > ko = %,
the result is void. For this reason, our result does not extend to the nonlinear half-wave
equation Oyu + v/ —Au = |ul?u, which also admits a similar decomposition to (4.1) but
only with a finite number of modes m. However, we will see in Remark 4.2.4 that the
condition ug € X still allows a general set of low regularity initial data in our context.
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Remark 4.1.5 (Defocusing case). One can replace equation (NLS-G) by its defocusing
variant and get the exact same local well-posedness theory. Indeed, we only address local
well-posedness, which mainly depends on the order of magnitude of the nonlinearity and
not its sign.

Remark 4.1.6 (Randomization). The measures pu,, are defined in (4.2) with Gaussian
random variables. However, most of the results in this article are stated for more general
subgaussian random variables (see Definition 4.2.11), except when using the Wiener chaos
estimates from Corollary 4.2.15, which is stated only for Gaussian random variables.
Note that the randomization on a unit scale in the vartable m is quite classical, as this
18 the variable along which we establish our bilinear estimates. However, the variable I
plays a different role which allows us to only take a randomization on a dyadic scale. One
could compare this choice with the construction of adapted dilated cubes in [BOP15b].

4.1.3 Further work

We expect that for the Schrédinger equation (NLS-H') on the Heisenberg group, the
local well-posedness theory for the randomized Cauchy problem holds with a same gain
of almost % derivative compared to the critical exponent ko = 2. More precisely, for
up € H*(H"), k € (2,2], there holds a decomposition similar to (4.1). Assuming that ug
belongs to a space similar to (4.3), we conjecture that there exists a unique local solution
with random initial data u$ in the space e?®utug +C0([0, T), H*(H')) C C°([0,T), H*(H'))
with ¢ € (2,k + %) This will be the object of a subsequent work. In the non radial case,
we would have to tackle the additional terms in the expression of the sub-Laplacian on

the Heisenberg group £ = Ag1 + (y0, — x0,)0;.

4.1.4 Deterministic and probabilistic Cauchy theory for (NLS-H')

As mentioned at the beginning of this introduction, the nonlinear Schrodinger equation
on the Heisenberg group lacks dispersion, therefore the dispersive paradigm cannot be
applied for lowering the critical well-posedness exponent below ko = 2 (resp. ko = %
for (NLS-G)) given by the Sobolev embedding. More precisely, the lack of dispersion
precludes the usual way in which Strichartz estimates are proven, that is a combination
of a dispersive estimate and a duality 77" argument. The result in [BGX00| goes even
further, as the non smoothness of the flow map for (NLS-H') in H* for k < ko makes it
impossible to implement a fixed point argument.

The lack of dispersion and the lack of Strichartz estimates for the Schrodinger equation
on the Heisenberg group have been recently investigated in [BG20a] and [BBG21]. In
these works, the authors prove that there exist anisotropic Strichartz estimates [BBG21],
local in space versions of the dispersive estimates (Theorem 1 in |[BG20a]) and local
version of Strichartz estimates (Theorem 3 in [BG20a]). These results follow the general
strategy of Fourier restriction methods for proving Strichartz estimates, dating back to
Strichartz [Str77], and use the Fourier analysis on the Heisenberg group [BCD18; BCD19).
We also refer to [Miil90] for restriction theorems on the Heisenberg group.

Probabilistic methods have proven to be very useful to break the scaling barrier in the
context of dispersive equations. Such a study has been pioneered in [Bou94|: the purpose
is to construct global solutions for nonlinear Schrodinger equations posed on the torus,
using invariant measures and a probabilistic local Cauchy theory. In [BT08a; BT08b],
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the authors extend these results to other dispersive equations, opening the way to a very
active area of research and leading to an immense body of results.

Invariant measure methods mostly reduce their scope to compact spaces, the setting
of the torus being used on many works. For non-compact spaces, the probabilistic method
of [BT08a| remains largely adaptable through the use of Gaussian random initial data.
We refer for example to [BOP15b; BOP15a] where probabilistic local well-posedness is
obtained for the nonlinear Schrédinger equations on R, and to [OP16; Poc17| for similar
results with the wave equation.

Several works go beyond the euclidean Laplacian. For instance, in [BTT13] the authors
replace the standard Laplacian —A with a harmonic oscillator —A + 22 and study the
local Cauchy theory for the associated nonlinear Schrédinger equation. Our work is partly
inspired from this work, and also [Denl2; BT20; Lat20]. Indeed, in our case, rescaled
harmonic oscillators parameterized by one of the variables appear when one considers a
partial Fourier transform of the equation.

We point out that although no progress had been obtained in the direction of local
well-posedness up to now, traveling waves for the Schrédinger equation on the Heisenberg
group and their stability have been studied in [Gas21a; Gas20b].

4.1.5 Outline of the proof and main arguments

In this section, we briefly review the main ideas leading to the proof of Theorem A.

General strategy for almost-sure local well-posedness

We follow the probabilistic approach to the local well-posedness problem from [BT08a]

in order to study (NLS-G). We fix ug € H§, where 0 < k < k¢ = £, and consider the

randomization u§ defined in (4.2). We seek for solutions to (NLS-G) under the form
u(t) = e 4+ u(t)
3 3 . « . .
where v(t) belongs to some space Hé+ , € > 0, on which a deterministic local well-

posedness theory is known to hold. Plugging this ansatz in the Duhamel representation
of (NLS-G) leads to

t
u(t) = eAeyl — z/ clt=t)Aa <|eit/AGu‘5’ +u(t)|2 (e Pous + v(t’))) dt’,
0
v 3
so that with the notation z*(t) = e®®cu¥, we expect that v(t) = dv(t) € Héﬁ, where

du(t) = —z'/o e TAG (129(¢) + v() 2 (22 () + v(t'))) dt’ .

In view of the lack of Strichartz estimates, the best known bounds on ®v are the trivial
estimates (we take t < T and forget time estimates, as we only give heuristic arguments)

3 3 3 2 2
e e R R [ O e IR [CoORTs

3

3 g . .
The term v° is handled using the algebra property of the space Hé+ , since v has high

3
regularity. The terms involving 2 are more difficult to handle because 2% € H \ HéJrE
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only has H* regularity since the randomization does not gain derivatives, as stated in
Theorem A (ii) and proven in Section 4.3. A first approach would be to estimate

1(z2)°]

3¢
i (=Ag)it22 ()] 12, S szHWé,mszHiga
thus it is important to study the effect of the randomization on ug in terms of regularity in
L? based Sobolev spaces. As proven in Proposition 4.3.1, linear estimates in Wg’p spaces
gain up to i derivatives. However, the linear estimates alone are not sufficient to gain the
% derivatives in regularity and therefore deal with low values of k in Theorem A.

In order to improve our estimates, we establish bilinear estimates: we prove that given
the random solutions z* with initial data in HE to the linear Schrodinger equation

10z — Agz =0, (LS-G)

1
then almost-surely we have (2¥)? € Hg+2. In this article, we prove the following bilinear
and trilinear estimates in the spaces Xp’“, which could be of independent interest.

Theorem B (Bilinear and trilinear estimates for random solutions). Let k € (1,3] and
uy € XF C HE (see (4.3)). Let u¢ as in (4.2), and let us denote by ¥ = ecuy €
CO(R, HE) the solution to (LS-G) associated to uf. Fir q € [2,00). For T > 0, denote
L% = L([0,T7]).

(i) For all R > 1 and T > 0, there exists ¢ > 0 such that outside a set of probability at
cR?

most e~ one has
2 2 2t 2
121y es I ey < BT ol (4.4
.
|||Zw|22w||L"THg+%§ R*Ta ||U0||§(1k . (4.5)

(i) We further require that ug € Xf,_ for someeo > 0. Let { < k+ % Then there exists
c=c(l) > 0 such that for all R > 1 and T > 0, there exists a set Err of probability
at least 1 — e=F* such that the following holds. Fiz w € Epr and v,w € LPHE,
then

1
120wl g e, < BT o [|uo]l

HEOHUHL%OHéHwHL%OHé' (4.6)

Note that v and w may depend on w.

Remark 4.1.7 (Time dependence). The time variable does not play an important role.
Indeed, in the course of the proof, we establish deterministic pointwise estimates in the
time variable, and the L. norm instead of L only appears in order to apply the Khinchine
wnequality and Wiener chaos estimates from part 4.2.4. In comparison, bilinear smoothing
estimates for the nonlinear Schridinger equation on R? crucially exploit the time variable,
as the smoothing occurs in time averages.

The heuristic explained above for proving Theorem A by using Theorem B is imple-
mented rigorously in Section 4.8.
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Mltilinear random estimates

The bulk of this paper aims at establishing Theorem B, thus we briefly outline the main
aspects of the proof.

First, because of the random nature of the 2, we use random decoupling in order to re-
duce the estimates to “building block estimates”, that is estimating products Huavbwc|]H%+g

for u,, v, and w,. obtained by restricting the Sobolev frequencies of u, v and w armfnd
the values a, b and c. This reduction is a consequence of Corollary 4.2.15.

In the euclidean setting, the Bernstein estimates and the Littlewood-Paley decompo-
sition would justify the heuristics V(u,vpw.) >~ V(ug)vpwe + 1,V (vp)we + 1,0,V (w,) and

thus reduce the analysis of ||uavbwc||H%+€ to that of [lugvpwe|[r2. In our case, this result
G
still holds, but rigorous justification is more intricate and is the content of Section 4.4.

The purpose of Section 4.5 is to prove “building-block” estimates of the form

[wavp]| 22, < 7 [|uall g, 1wl 2z, -

_c
max{a,b}?

To give the main idea of proof, it is instructing to see that in partial Fourier transform
along the last variable, we can think of u, and v, as

Fyom(ta)(@,n) = f()h(|n]2x) and Fy (05) (,m) = g(m)ha(|n|2a)

where h,,, h, are Hermite functions. Thus we can see that estimating u,u; involves es-
timating convolution products of rescaled Hermite functions. The key fact is now that
Hermite functions, due to their localization and normalization, enjoy bilinear estimates
that are better than trivial Holder bounds, see [BTT13|, relying on pointwise estimates
from [K'T05], see also [KTZ07].

Bilinear random-deterministic estimates

It turns out to be more difficult to prove a multilinear estimate on probabilistic-deterministic
products such as u“vw, where v and w are deterministic. This is the content of (4.6).
In this case, one should ensure that the required set of w constructed in Theorem B
(i) does not depend on v and w. This precludes a direct use of decoupling offered by
Corollary 4.2.15 as exploited in the proof of Theorem B (). To understand the difference
between the treatment of |2¥|?2% and 2“vw, remark that for example in (4.27) the set of
w which is removed depends on the 2y ,,, that is on z, which is fixed in Theorem B. In the
case of z*v? this would remove a set of w depending on v and w.

In order to circumvent such a difficulty, the idea is to apply probabilistic decoupling
only on terms involving the random part z*. The implementation of this strategy is
carried out in Section 4.7 and relies on a preparatory step introduced in Section 4.7.1
aiming at splitting the analysis of z“vw into a deterministic part K := K(v,w) and a
probabilistic part J¥ := J(z*), which are treated in Section 4.7.2 and Section 4.7.3.
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4.2 Notation and preliminary estimates

The purpose of this section is twofold. First we introduce decomposition (4.1), which is due
to the structure of the Grushin operator. Then, we recall some useful estimates, such as
Sobolev embeddings, product laws, eigenfunction estimates and probabilistic decoupling
estimates.

We will use the notation f < g to denote that there exists C' > 0 such that f < Cg.

4.2.1 Decomposition along Hermite functions for the Grushin op-
erator

In this subsection we give an explicit description of the Grushin operator Ag = 07 + 2702,
acting on L?(R?).

Let us consider the orthonormal basis of L?(R) given by the Hermite functions (A, )m>o-
By definition, the Hermite functions are eigenfunctions of the harmonic oscillator: for all
m > 0, we have

(=02 + 2*)hy, = (2m + 1V)hyy, .
Taking the Fourier transform in y, with Fourier variable 7, we observe that for all n € R,
we have
(=02 + 1) (0] 22) = (2m + 1)l (] 22).

Therefore, one can decompose the Fourier transform F,,,(u)(-,n) of u € HE along the
basis (A (|0]2+))m=0, S0 t becomes a sum

Fyom()(@,n) =Y frn(m)hm(In|2z) .

m>0

Moreover, this decomposition is invariant by the action of the Grushin operator —Ag, so
that we can explicitly write the HE norm as

Julfgi= 10 =86 ully = 3 [ (1+ @t DD Pl dn. @)

m>0

Remark 4.2.1. The quantity (2m + 1)|n| plays the role of “taking two” derivatives, that
is a similar role as the Fourier variable ||* in the context of the euclidean Sobolev spaces.
Keep in mind that however this quantity mizes the Hermite modes m with the partial
Fourier variable n.

Remark 4.2.2. In (4.7), the estra factor |n|~2 should be understood as a normalization
factor. Indeed, the L2 norm of the function x — hy,(|In|2z) is |n|=1.

In order to deal with the Sobolev norms, we further decompose u according to its
regularity in the y variable as (4.1)

u = E Urm -
(I,m)€2ZxN

The definition for the wuy,, is the following. Taking the Fourier transform along the
y variable, the support of F,_,,(urm)(x,n) satisfies the condition |n|e [I,2I] for some
dyadic relative integer I € 2%

Fyon(rm)(@,1) = fr(mhan ([1]22) Lpieiron - (4.8)
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When using the bilinear estimates, it will be useful to regroup the global frequencies
1+(2m+1)|n| in dyadic blocs 1+ (2m+1)1I € [A, 2A] where A € 2" is a dyadic integer. For
the shortness of notation, we will write (m + 1)I ~ A instead of 1 4+ (2m + 1)I € [A,2A].

Therefore, we denote
ug= Y U (4.9)

(I,m)€2ZxN
(m+1)I~A

so that

It is useful to note that, writing (I) = V1 + I?, we have 5= < 1+(2<7Q+1)I'

Because of the orthogonality of the functions h,,, we have the following useful identi-
ties, which we will refer to as using orthogonality.

Lemma 4.2.3 (Orthogonality). For all k € R, there holds
(I,m)GQZxN Ae2N
Observe that on the support of u;,,, we have
I+ @2m+1Dnle [1+C2m+1)1,14+ (2m+ 1)2] C [A,44],

so that . .
lwrml e~ (14 2m + 1)1 2 [Jurml| 2~ A2 Jurm| 2z, -

Using orthogonality, one also has: for any A € 2,
k
luall s~ A% flual s

Remark 4.2.4. With the above notation, one can interpret the norm (4.3) in Xf

llfi= 3" (1 @m+ DD gl

(I,m)e2%xN

as

el ~ Z/ (14 2m+ 1)) (1 + [n)?|fon () P[0l =2 .

m>0

In particular, every function u € HE with additional partial regularity of & in the y variable
belongs to X

4.2.2 Hermite functions

Let us first recall some pointwise bounds for the Hermite functions (h.,)m>0. We denote
by A\, = v2m + 1 the square root of the m-th eigenvalue for the harmonic oscillator.

Theorem 4.2.5 (Pointwise estimates for Hermite functions [KT05], Lemma 5.1). For
any m > 0 and x € R, there holds

et SN U S i
(@S A i ||z Anl< AR

—sm/(x) . —1 3
W Zf |.T|> A + A /
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where .
Sm(T) = / V2 — A2 dt.

Remark 4.2.6. In order to understand how bilinear estimates on h,,h, are proven, one
may roughly picture hy, to be concentrated on [—v/2m + 1,v/2m + 1|, and work with mod-
els of the form

1 1
P () ~ E(Qm + 179 mmrt, et (2)

as long as one does not take pointwise estimates, and as long as one does not consider LP
norms for p too big (see [BTT13]).

The pointwise estimates imply the following lemma on the LP norm of the Hermite
functions.

Lemma 4.2.7 (L? norms for Hermite functions [KT05], Corollary 3.2). For any p > 2

there holds uniformly in m
1

)\%1’) ’

[Pl o) S
where A\, = V2m + 1 and
11 :
73— f2<p<4
(=47 % . (4.10)
However, these LP norm estimates will not be sufficient for our purpose, and we will
rather make use of the following simplified pointwise estimates.

Corollary 4.2.8 (Rough pointwise estimates for Hermite functions). There exists ¢ > 0
such that for any m >0 and x € R,

1
—_= . )\m
) Am? ,i Zf |£B|S 2
o ()] S ()\m e — )\%1]) if Am < |z< 2,
ems% if |z|> 2\,

For a proof of Corollary 4.2.8 based on Theorem 4.2.5, see Appendix 4.A.1.

4.2.3 Sobolev spaces

We will use on several occasions Sobolev embeddings for the Grushin operator, which
correspond to the Folland-Stein embedding for the Sobolev spaces on the Heisenberg
group |F'S74].
Theorem 4.2.9 (Folland-Stein embedding). Let p € [2, 00).

(i) For k>3, then Hf, — L.

(i1) Forkﬁ%,if}jz%—g , one has Hf, < LL,.
Proposition 4.2.10. Let k > 0 and u,v € HE. Then

(i) (Product rule) |[uv|| g S llull gy l[vl g+l ull cgg N[0l g 5
(ii) (Algebra property) if k> 3, uv|l gy < llull gy vl s
(iii) (Chain rule) if k > 3, for every p € N*, [P || g < HuHZé

More details about the proof of Proposition 4.2.10 can be found in Appendix 4.A.2.
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4.2.4 Probabilistic preliminaries

Only basic probability notions will be used in this article. Recall that we have fixed once
and for all a probability space (2, A, P), and denote w € Q.

Our main probabilistic tool is the Khinchine inequality for subgaussian random vari-
ables, and a is a multilinear version for Gaussian random variables.

Definition 4.2.11 (Subgaussian random variables). We say that the family of indepen-
dent and identically distributed complez-valued random variables (Xrm)(rmye2zxn @5 sub-
gaussian if there exists ¢ > 0 such that for all v > 0,

E [ewx“"} < e

Theorem 4.2.12 (Khinchine inequality / Kolmogorov-Paley-Zygmund [BT08a|, Lemma 3.1).
Let T be a countable set, and let (X, )nez be a sequence of independent and identically dis-
tributed complez-valued subgaussian random variables. Then there exists C' > 0 such that
Jor every complez-valued sequence (V,,)ner € (2(Z) and all r € [2,00), one has:

< CVr (ZMF)Q

nel

> U,X,

nel

r
Q

Corollary 4.2.13 (Probabilistic decoupling). Let Z be a countable set, and let (X,,)nez be
a sequence of independent and identically distributed complex-valued subgaussian random
variables. Then there exists ¢ > 0 such that the following holds.

Fiz a sequence (V,,)nezr of functions of the variable 1) € R in Lfb, p=(p1,..-,pd) €
[2,00)%. Fiz a countable set P and a partition of T denoted (Iy)rep. Then there exists
Ro(p) large enough such that for R > Ry(p), outside a set of probability less that e=F",

there holds:
MDD wXuw)| <R |, 1% -

kEP |In€eZy L nel

2

Proof. First, from the triangle inequality, we have

2

DU X,(w) <Y

nely L]; I keP
Q

D

keP

D> U X(w

n€ly,

2rrP
L({Lw

Now, by the Minkowski inequality and Theorem 4.2.12 we have for 2r > max{py, ..., pa},
for all k£ € P,

Z U, X,

nely,

<CVr (Z\M?) :

nely ;
L
P

Ly LY,

and applying the Minkowski inequality again,

<oV (Zuwnu%g;) -

ne€ly,

Z v, X,

nely

2
LS{LZ)
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Thus by the Markov inequality, there exists C' > 0 such that

2

C T
P12 WaXal| >R Wl s( If) :

kEP |IneZy Lfb nel
and the conclusion follows by optimizing in 7, which leads to the choice r = %. O]

We have the following multilinear version for Gaussian variables.

Theorem 4.2.14 (Wiener Chaos estimates [OT18|, Lemma 2.6 and [Sim74], Lemma
1.18-1.22). Let T be a countable set, £ > 1 an integer, and let ¥ : T8 — R. Let (gn)ner
be independent and identically distributed standard real-valued Gaussian variables. Then
there exists C() such that the following holds. Let

e = Z anl ..... ng(f"'g;}’

(n1,...,ng) €T’

and assume that F* € L. Then one has that for any r > 2,
w L w
[N, < COr= || F¥| g, -

We now state the main consequences of this theorem and of the Markov inequality
that we will use in this article.

Corollary 4.2.15 (Probabilistic decoupling). Let Z be a countable set. Let X, = g,+ih,
complex Gaussian random variables, where the {g,, hy }ner are independent and identically
distributed real-valued Gaussian variables. There exists ¢ > 0 such that the following holds.
Let p = (p1,...,pa) € [2,00)% and (Y, )narer and (Up i )nar ez be functions of the
variable ¢ € R? belonging to L = L ... L. Then for R > Ro(p) large enough the
following holds.

(i) Outside a set of probability at most ecR?

2 2
\ 4 2 4
> VX, Xu| <RVY [ Cawllzy + R (Z\I‘Ifn,nHLg)
nn' €L LZJ n,n' €L nel
2
> VuwXoXul| <R Wl -
nn/ €L

L'{I)J n,n' €L

(i1) We assume that VU, v pnr = Wy e for every n,n’.n” € Z. Outside a set of proba-

bility at most e,

Z \I]n,n’,n”Xan’Xn”

nn/ n"" €l

2 2
SRG Z ||\Ijn,n’,n””%z+R62 (ZH\Pn,mn’HLi> .

P n,n' n"" €T nel \n'€l
b
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(111) We assume that ¢ = (Y_,14), p = (p—,p+), and we relaz the assumption on p as
p- = (p1,---,pa_) € [1, oo)d— and py = (pa_11,---,pd) € [2,00)7 9. Then outside

a set of probability at most e_CRZ,

1/2
S XX <R (anmm) £ 3 a2
w

n,n'€Z n,n'€L nel Li__
Proof. The proof follows from Theorem 4.2.14 by expansion, writing that ¥, ,» = b, ., +
icnn and using the independence of g, from h,. We fix r > max{py, ..., pa}-

(i) Applying the Minkowski inequality, Theorem 4.2.14 and the Markov inequality, we
get that outside a set of probability at most e~°F* there holds

Z \Ijnn/X X Z \Ijn,n’Xan’

n,n'€L n,n'€L

<32

2
pr Ly

But for every € RY, we expand

> V(W)X X

nn'€l

2

> W (¥

nn' €L

= Z X Wy, ny (w)anz nk L (1) -

ni,ng,n},nLeL

L,

The crucial observation is then the following, E[X,, X,y X,,, X, ] = 0 unless {ny,nb} =
{n},n2}. Indeed, since X = X, is a complex gaussian, we have 0 = E[X] = E[X?], and
the same holds for X. Therefore we are left with:

Z ‘I/n,n’<w>Xan’ =C Z |\Ilnn ’24_0/ (ijmn(wﬂ) :

nn' €L 2 nn' €L nel
Q

Taking the norm Lﬁ) of the square root of this term and using the Minkowski inequality
lead to the first inequality. For the second inequality, the proof is the same except for the
remark that E[X,, X, X, X,;] = 0 unless {ny,n}} = {na, ns}.

(i) Applying the Minkowski inequality, Theorem 4.2.14 and the Markov inequality,
we get that outside a set of probability at most e~°R* there holds

S VXX Xo|| < R

n,n' . n'""€L

Z \Ijn,n’,n”Xan’Xn”

nn/ n""€l

3 P2
Lw szLQ

We first fix z € R? and estimate )Zn,n’,n”EI Wt () X X X

by expanding
L3,

2

S U (0) X X Ko

n,n' n"" €L

2
LQ

= D B X Koy Koy Xy X Wy () Wy g ()

ro 1o
n1,nq,ny,na,ny,ny €L
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Since X := X, is a complex gaussian, we have 0 = E[X]| = E[X?] = E[X?], and the same
holds for X. Therefore, if

then one can see by double inclusion that

{nlanllvng = {nlllvn27n/2}'

More precisely, using that E[X2X] = 0, we even have that the indices ny,n/,n4, are in
bijection with the indices n},ns,n,. This implies that up to permutation of the pairs of
indices playing the same role, namely the pair of indices n; and n/ and the pair of indices
ny and n,, we are in one of the following two cases:

/ !/ " .
® T :n27 TLI :n27 TLI :n27

e n; =nf, n} =nj and ny = nj.
Therefore, outside a set of probability at most 6_0R2, there holds

1/2]|2

Z \I]n,n’,n”Xan’Xn”

nn/ n"" €l

2 1/2]2 2
SRG ( Z |\Ifn7n/7n// 2) +R6 Z (Z|\Pn,n’,n’>

P n,n' n"" €l p n'€Z \nel
Ly Ly 7

so that from the Minkowski inequality on the sum over n,n’, n” resp.n’,

< R6 Z ||\I/n7n/7n//‘|%i + R6 Z Z|\I’n,n/,n‘

LP nn/ n'"' €l n'e€Z ||nel
P

2 2

Z \Ijn,n’,n”Xan’Xn”

n,n’ n" €L

p
Lw

and from the triangle inequality on the sum over n,

2 2
<R ) H\Ivn,n/,n//HiﬁRﬁZ(Zumn,n/,n\r%> .

P n,n' n"" €l n'€Z \n€eZ
P

Z \Iln,n/,n”Xan’Xn”

nn/ n""€l

(#¢) Applying the Minkowski inequality, Theorem 4.2.14 and the Markow inequality,
we have that outside a set of probability at most e~°R* there holds

Z \Ijn,n’Xan’ < R2

nn'€T

Z \Ijn,n’Xan’

nn'€L

LP

P

2
LZ) Lg,

For ¢ € R?, we expand

2

> Vw(W)X, Xyl =E

n,n'€L

n,n' €L

= Y BXn Xy Xy X [ Vo, () Wy 0 (1))

/ /
ni,n2,n,ne€L

2
LQ
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Since X := X,, is a complex gaussian, we have 0 = E[X] = E[X?], and the same holds
for X. Therefore, if E[X,, X,y X;,, X,;] # 0, then one can see that either (m = n} and

ng = n’2) or <n1 =ny and nj = n’2) Therefore, we have

Z U X X

nn' €L

1/2
S R2 ( Z |\Pn,n”2) +Z’\I]nn‘
w

n,n'€L nel P
'z/)

Moreover, applying the Minkowski inequality for the admissible exponents p, € [2, 00)47¢-,

we obtain that outside a set of probability at most e"* there holds

Z U X X

nn' €L

n,n' €L ne’l LZ;:

1/
<r (z . HLH) FY | O
w

4.3 Random data and linear random estimates

In this section, we study in detail how the multiplication of each mode by independent
normal distributions improves the integrability of the potential in the L” spaces, without
changing the Sobolev regularity.

Let us recall the construction of the random linear solutions associated to some fixed
initial data ug € X¥ C HE. From (4.3), the urp, defined by (4.8) satisfy

ol ST (1 @t DI sl
(I,m)€22xN

Given a family of Gaussian independent and identically distributed random variables
denoted (X7m)(r,m)e2zxn, the probability measure p,, is the push-forward of P under the
map (4.2)

(I,m)€22xN

We denote z¢(t) = eA¢ug the solution to the linear equation (LS-G) associated to the
initial data ug. In particular, we have

Y = Z Xrm(W)2rm s (4.11)
with 27, (t) = e*2cuy,

4.3.1 Probabilistic integrability and smoothing estimates

In this part, we prove that the randomized potential z* belongs to the space L1.L?, for
every p,q € [2,00), and even to the space L%WngC(p)’p, ¢(p) < 1 being defined in (4.10).

Proposition 4.3.1 (Integrability improvement). There exists ¢ > 0 such that the follow-

wng holds. Let k € R. Fiz ug € X( FEREE denote uf its randomization from (4.2), and
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ltAGu

write z¥ = e Let p,q € [2,00) and ¢ > 0. Then outside a set of probability at most

e—c’* , there h,olds
k¢ (p)p < RT HU()HXk , (4.12)

(B

3
P

> AR e < BT ol (4.13)

Ae2N ®+5-

Notethatwehave((p)%—%—%:2—§Whenp§4and ((p)—i—g—%:g—%when

p > 4. The derivative gain is maximal when ((p) is, that is when p = 4 leading to a %1
gain of derivatives.

3
P

4
Remark 4.3.2 (Case p = 00). Since §><p = 4 > 3 one can use the embedding WG”’p — L¥

and obtain that oustide a set of probability at most e_CR2, there holds

H’ZMHLLIWEOO< RTQHUOH %*C(p)+a7

¢m+3-3

¢(p)+e
(p)+2-2
when € + 5 + < 1, satisfied as soon as e < 5 by choosing p large enough. Therefore for

which is obtained by taking k = 4 — ((p) + € in (4.12). Observe that X} — X;

e € |0, 5)7 outszde a set of probability at most =% there holds
12l gwe= Se BT |uollx; -

Similarly, one obtains that for e € (0, %), outside a set of probability at most e*CRQ, there
holds

2
S A o Se BT (ol - (4.14)

Ae2N

The proof of Proposition 4.3.1 relies on the following deterministic estimates.

Lemma 4.3.3. With the notation form Proposition 4.3.1, let p,q € [2,00). Then for all
T > 0, writing L% = L9([0,TY),

> 1+ @m+ 1Dkt Iz mllZar S T<1||UOHX;€( . (4.15)

3_3

(I,m)€2ZxN 2r

Proof of Lemma 4.3.3. Let p € [2,00). We apply the Hausdorff-Young inequality in the
y variable, so that if we denote p’ the conjugate exponent of p, we obtain that for all

t€10,7],
1 m L
lerm (O, < €O fr ()b (1012 2) L gierr 2| g 1
= Hfm(n)hM(‘n‘E:U)]‘M\G[I,QI]HLp;Lg’ .
Moreover, using the Minkowski inequality, since p > p’, we have
2 Ol < L fon (W B (1] 22) Ltz zn|l s -
Since 27,,(0) = s, this implies

HZIM(t)”LgSJ ”ul,m”Lg’Lg .
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Therefore, estimate (4.15) is a consequence of the inequality

. (4 m+ k@ lermll Gy S Nl onk N (4.16)
(I,m)€2ZxN ‘Ptz
which we will now establish.

Using the upper bounds in L” on the Hermite functions h,, from Lemma 4.2.7, and
the notation (4.10) for the exponent ((p), we have

1
HuLmﬂLng::Hf%Kn)h (Mﬂ2$)hnEU2H”LﬂLP

<(@m+1)~F

1

‘fm M e znn®

/
P
Ly

) 1 1
S @mA )T I fu () Lyeqranlly

From Hélder’s inequality in 1 (and because the interval [I, 2] has length I), we get

_¢ 1 1 1 _1
||u[,m||Lzé S (2m+1) 2 [4 2p 2+p,||fm( )77 41\77\6[1,21]||L2

£<) _ 11
T Jupl iz

which leads to (4.16) with ¢(p) +  — % -1+ :z% =((p)+ 32— %. O

Proof of Proposition 4.3.1. Let us first establish (4.12). We start with an application of

the probabilistic decoupling from Corollary 4.2.13: outside a set or probability at most

2
e~ f" we have

||Zw||iqTW§+<(p>,p§ R ZHZI,mHiqTngm,p :
I.m
Since for all t € Rand all k' € R, we have ||(—=Ag)*/2z; . (t Mz S (1+2mA1) D 72| 27 (t Mz
we deduce that

2
1290 o wiscor S R <Z(1 + (2m + 1)1)“((”)!!21,171\\%;%) :

Im

Inequality (4.12) is now a consequence of (4.15).

Similarly, fix e > 0. For (I,m) € 2% x N, we denote by A the dyadic integer such
that (m + 1)1 ~ A. Then from Corollary 4.2.13 applied to the partition given by the
{(I,m) €22 x N | (2m + 1)I ~ A} for A € 2V, Therefore, outside a set or probability at

most e_CRQ, we have
Y AT e S BPY AT 217y e
Ae2N Im
SR (14 @mA+ DDz
Im

enabling us to conclude thanks to (4.15) again. O



4.3. RANDOM DATA AND LINEAR RANDOM ESTIMATES 155

4.3.2 Non-smoothing properties of the randomization

We now prove Theorem A (i7), stating that the randomization does not improve the
Sobolev regularity in the H* spaces, in a similar spirit as in [BT08a).

Proposition 4.3.4 (Non-smoothing for random initial data). We assume that Xp,, is
not almost-surely equal to 0. Let ug € HE\ (.o HE™) and let ug defined by (4.2). Then,

almost surely, we have uf € HE\ (..o HE™).

Proof. Without loss of generality, we assume that £ = 0. First, let us remark that
E[ug] = 0. Then, since by orthogonality one has

2
lglze = Y 1 Xram(@)Pllurmlzs,

(I,m)€22xN

and since the X7 ,, have a finite variance, we conclude that
2
E | llugl3 ] S lluollZs < oo.

Let € > 0, it remains to prove that almost surely we have ug ¢ H¢. In fact, one only
needs to show that

E [e*”“g”if%] ~0. (4.17)

In order to establish (4.17), we expand decomposition (4.2) using the independence of
the random variables X7 ,:

]E |:€7||U‘L6)H§-Ié:| _ H ]E |:€7|XI,77L|2H’“'I,WL”%{8:| ]

(I,m)€22xN

Since for all 1,m, there holds [[urml[3z> (14 (2m + 1)I)%[lurmnll?. . we get
G

E[ef\\ug”?{é} < 1] E{e—mz,m|2(1+<2m+1>1>f||uf,mié}'

(I,m)e2ZxN

Then we have the following alternative.
First case: Assume that the terms (1 + (2m 4 1)I)%||usn, |7, do not go to zero as
G

(I,m) — oo. Then there exists ¥ > 0 and an infinite set S of indices (I,m) € 22 x N
satisfying (1 + (2m 4 1)1)%||uzm[32 > 7. This leads to the bound
G

E [G*Hu Hé} < H E { — Xz A+ @mADDE lurml7 ] H E[ \Xf,m\%} =0,

(I,m)eS (I,m)esS

where in the last step we used that S is infinite, the fact that the X;,, are identically
distributed and the assumption P(X;,, = 0) < 1.

Second case: Assume that (1 + (2m + 1)I)€HULWH%%;_> 0 as (I,m) — oo. In this
case, we fix R > 0 such that 0r := P(|X;,,|> R) > 0, which is possible thanks to the
assumption P(X;,, = 0) < 1 on the X;,,. Moreover, 0r does not depend on (I, m) since
the X7, are identically distributed.
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For every I, m, we have

B2 @mA ) D) fur

E |e

—1 X1 m |21+ 2m+1) )% ||ur,m 2
{ X1 [ (2t 1) 1)F ur L%}S(l_éR)‘l‘(sRe

Since the sequence <(1 + (2m + 1)])‘5Hu17mHig) is convergent to zero as (I, m) — oo,
G/ I,m

this sequence is bounded by some constant C' > 0. But on the interval [0, R?C], there
holds the inequality e™ < 1 — cgx for some cg > 0, so that

B {eXf,m2<1+<2m+1>1>fuz,mnié}

S 1= 6rerR* (14 2m + D)) urmll7,

and the upper bound is positive. Moreover, since

> OrerR*(1+ (2m + DI \Jurml72,2 OrerR?|luo| 3= oo,

Im
we conclude that the infinite product with general term (1—0gcrR?*(14-(2m+1)1)||urm||32 )

G
is zero, so that
_ 2 m 2Im m 2
H E [6 Xpm 2 @mD D urmly |
(I,m)e2%xN

In any case the above discussion proves (4.17). O

Remark 4.3.5. Note that using the fact that the decay rate for the LP norms of hy,
is optimal in Lemma 4.2.7 (see Lemma 5.1 in [KT05]) and the probabilistic decoupling

argument from Corollary 4.2.15, 1t seems highly unlikely that ug belongs to Wé(p)’p for
e >0 (see also [IRT16]).

4.3.3 Density of the measure y,,

In this part, we establish Theorem A (4ii). Before we turn to the density properties of the
measures fi,, associated to rough potentials vy, we briefly justify that we can construct

functions uy € X such that ug € HE\ (U.oq HE™).

Lemma 4.3.6 (Existence of rough potentials). Let k > 0 and p > 0. There ezists a
function ug € Xf C HE such that for all e > 0, ug ¢ H’gfs.

Remark 4.3.7. In fact, this lemma implies that there exists uncountably many such
functions. Indeed, we can apply another randomization argument to the potential ug from
the lemma. Take v§ = Z([,m)eﬂxN Erm(W)Urm, where 1 ., are independent random signs,
then the functions v§ almost-surely satisfy the requirements.

Proof. Let k,p > 0. We consider ug = Z ur,m defined in Fourier variable by

(I,m)€2%xN
urm =01if I <1, and if I > 1, we take u;,, "constant" by parts

1 1
Fyontrn) @) = sz [0l o (/)

where for any (I,m) € 2 x N, we choose

1
2
szt = G o+ DI (T Tog(1 + 12(m + 1) og(m + 27
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First, we observe that for ¢ € R,

(1+(2m+1)I)°
2
o [ppre~ GZ {1y log( 1+122€: m + 1) log(m + 2)2

This series with positive general term is divergent when ¢ > 0. For ¢ < 0, this series is

bounded by C')~/con m which is convergent.

It remains to prove that ug € Xf. In order to do so, we compute:

1
2 _
ol = Z log(1 4 1)?(m +1)log(m +2)*’

(I,m)e2VxN
which is indeed finite. O]

We now establish density properties of the support of the measures with rough poten-
tials (Theorem A (7).

Proposition 4.3.8 (Density of measures with rough potentials). Let k > 0. We assume
that for any r > 0, P(|X7,, — 1|< r) > 0. Let ug € HE and € > 0. Then there exists
vo € XF\ (Uoiug HEY) such that

Hog (BHg<u07€)> >0.

Proof. Without loss of generality, we assume that £k = 0, and we only deal with the
Grushin case. Fix e > 0 and ug € L%. We first construct vy € X9 \ (U~ HE) satisfying
the condition [jug — vol[z2, < €, then we prove that vy meets the requirements from the
proposition.

To construct vy, let Ky > 0 be such that

S sl < 22,
[(I,m)|>K
where |(I, m)|= max{|log(1+I)|,m}. Then, let § > 0 to be determined later, and denote

by
U= > UmeX\(|JHE)

(I,m)€22xN e’>0
the potential constructed in Lemma 4.3.6 for £k = 0 and p = 1. Set

UTm if |(I,m)|§ KO
Vi =<
" Strm  if |(I,m)]> K.

Since the coefficients v]m for |(I,m)|> K, are the ones from Lemma 4.3.6, we know that

v belongs to XY\ (U.~o H). Then we compute that when § is small enough,

lio—wolBa < S NurmlZa 4 3 Il < 25,

|(1;m)[>Ko |(1,m)|>Ko

In the end of this proof, we establish that

T (w €Ly, Jw — o[£z, < 6) >0,
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as this would imply
JTis (w €L, |lw— U || 22, < 25) > 0.

For future occurrences, for K > 0and w=}_; wr, € L%, let us denote

Because of the inclusion

9 9
{we L | ctw o)l < S} {w e L2 | (1d = L) (w = wo)l22 < 5 ]
c{we L | llw - wlz< e},

we know by independence that
€
g (w0 € Ll = volli2 < €) = pog (w € L, IMic(w = w01, % 5)

X oy (w0 € L& 101 = Tie) (w = 00)l| 2% 5 ) -

To handle the second term in the right-hand side, since IIxvy tends to vy in LG as
K — o0, one has that for large enough K > 0,

9 £
g (w € L (1 = Tie)(w = v0) |15, < 5 ) = o (w € L, /(14 = i)l < 5)
But we have

19
piog (w0 € L, 11(1d = )]z > 7) —0,

K—o0

since from the Markov inequality,
€ w €
fog (w € L (1 = Tic)w] > <) =P (|1 = i) 12> )

SB[ -T)e ] S22 D0 onmllly

[(I,m)|>K

which goes to zero as K goes to infinity. We therefore fix K > 0 large enough so that
- (w € L2, |I(1d — g ) (w — v)| 2 < g) > 0.
It only remains to handle the first term in the right-hand side and prove that
g <w € L2, |Tic(w — vo)|l 2 < %) > 0. (4.18)
Let ¢ > 0 small enough so that the following inclusion holds:
ﬂ {w €Ly | EI)?I,m e R wr, = )?Imv[,m and H()?Im — 1)v1,m|\Lfé§ ce}
|(Zm)| <K

 {we L Mk —w)lz< 2} -

This implies by independence of the random variables X7, that
€
oy (w € L 1w =) 1, 5) = [T P (I(Xran(@) = Doranllaz < e2)
|(I,m)|<K

which is positive thanks to the assumption P(|.X;,, —1|< r) > 0 for all » > 0, thus (4.18)
holds. [l
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4.4 Action of the Laplace operator

In the remaining of this article, our general strategy is to group the decompositions (4.1)
of u and v in dyadic packets (4.9)

u:g uy and vzg vgB,

Ae2N Be2N

and write the estimates for the H* norm of the product wv in terms of the L? norms of
products uvp for dyadic A and B.

In this section, we consider two elements u,v € Hf, and provide useful estimates for
the H* norm of the products uqvp and uav in terms of the L? norms of the products
uavp for dyadic A and B.

4.4.1 The action of —As on a product of functions

In this part, we prove that for u,v € HE, the term —Ag(uv) can be expressed thanks to
shifted versions of u and v, defined as follows.

Definition 4.4.1 (§-shifted functions). Let and v € Hf, decomposed as (4.1) u =
Z(I’m)eﬂxN UL m, where up ., is defined in (4.8) as

Fyoon(rm)(@,1) = frm(mhm(|n]22),

and fl,m( ) fm( )1\17|6121}

For 6 € Dy .= {—1,0,1} x {4+, =} we write § = (09, ) and for m € N, we write
m + 8 as a shortcut for m + 0 == m + 8. We introduce the shifted function u’ from its
decomposition (4.1) u® = Z([,m)eﬂxNu?,m as follows: for all (I,m) € 2% x N,

Fyﬁn<u§,m>(:€7 77) = Fgm(n)fLm(n)herts(ln‘gx) )
and if A € 2N is the dyadic integer such that (m + 1)1 ~ A,

1

<%> if 6 € {(=1,4),(1,+)}
<sz‘1)|n| if 6 = (0,4)
\1 fos = (07 _)'

Note that by definition, for all k> 0 and u € HE, we have ||u5||Hg§ [[wll azs, -

Lemma 4.4.2 (Action of Ag). Let A, B € 2Y, I, I € 22 and m,n € N such that (m+1)[ ~
A and (n+1)J ~ B. We denote Dy := Dy x Dy. Then there holds:

(Id —Ag)(urmvs,) = Z Can( 51,52)u1van,
(61,02)€Ds

where for some explicit numerical constants c(61,93),
4A if (61,02) = ((
4B if (61,02) = ((
Cap(01,02) = < c(61,0)VAB  if (51,05) € ({—
1 ) = ((
) = ((

(
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Proof. Taking the Fourier transform of uj,,v;, in y, we transform the product into a
convolution product

Foyosn (s mvyn) (1) = / Framn () B (17112 2) 50 (0 = 10) B (|7 — 1|2 2) iy

In Fourier variable, the Grushin operator acts as 9., — z%|n|?, therefore we have

F(Ag(urmvsn))(z,m) = /ff,m(m)gj,n(n—m)(%—wz|77!2) (hm(!m\%x)hn(!n — ml%) dns.

We now use the fact that the Hermite functions are eigenvectors of the Harmonic

oscillator:
d2

X

to deduce the formula
1 1
(Oze — 2 |0*) (hn (I |22) B (|0 — |2 )
= — (2m + Vlm|+2n + Dy — m (I 22)ha(|n — m|22)
+ (I 24 = m =10 b (I 22 ([ = m1|22) + 20, (Bon(J1]22)) s (B (I — m]2)) .

2+ — m[*=nl*= —2m(n — m),

_‘77|2 2’771H77 771|—_27)1(77 771)

m fm+1
- Ehm—l + Thm—l-l’
/ fm+1
m 1 —hm+17
1

to remove the weight 2 and simplify the products 8, (hu, (|71]22))0% (ha(jn — m|22)). We
deduce that
1

(O — x2|n|2><hm<|m|%x>h (In —m|2x))
— (2m + V| +@n+ Vg = m))hon(m|22)ha(Jn — m| 22

— m m—f—l
—QM \/ th 1 |771 T\ 5 5 P ’771|2$
\/’771||77—771‘
n n—l—l
X <\/g o1 (ln —m|2z) + \/ Py (I — 771|21f)>
m—l—l
+2+/|ml|n —m| Rm—1 |771|2$ — [ — ’771|2$
n n+1
X <\/;hn_1(|77—771|21’ \/ hy1(n — 771|2$)> :

Now, we observe that by definition of the support of F,_,, (ur,,)(z,n) and F,_,,(vsn)(x,n),
we have 14+ (2m + 1)|m|€ [A,4A] and 1+ (2n + 1)|n — m|€ [B,4B]. Therefore, for some

Note that if n; and n — n; have the same sign, then |
and if n; and 7 —n, are of opposite sign, | |>+|n—n|?
We now use the identities
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numerical constants ¢(d,d,), using the notations (4.19) for F? . one can write

Im>
(1 = Duata®[n]?) (e (Jm 2 2) (|1 = 1] 720))
= (1+44FS ) +4BFSD (1= m0) ) bl ) (I = i 22)
T > c(01, 62)VABE () F2, (0 — ) hunssy (1|2 2) s, (10 — m|22)
(61,02)e({—1,1}x{+,—})?
We denote Dy = D?. Then we define Cy g((0,—),(0,—)) = 1, Ca5((0,4+),(0,+)) = 0,
CA7B((O, ‘I—),(O,—)) = 2A, CA,B((O,—>, (O,+)) = 2B and OA,B(51762) = 0(51 )\/ AB lf

(61,09) € ({—1,1} x {+,—})% With the notation from Definition 4.4.1 (and a similar
notation for the vfsfn), we conclude that

F((Id =Ag) (urmvsn)) (@, )
= > Capl(61,6) /fzm )G (1= 1) R, (11172 B (| — ] 22) gy

(81,02)€D2
so that

(Id Ag>(u1 mU]n = Z CYA B 617 52)”] van : H
(01,02)€D2

Lemma 4.4.3 (Action of Ag for the product of three terms). There exists a finite set
D3 C Dy x Dy x Dy such that the following holds. Let u™™ u® u®) € L%, Ay, Ay, Az € 2N,
Iy, I, I3 € 2% and my, my, ms € N such that (m; + 1)I; ~ A; fori=1,2,3. Then

1 2 3 1 2 3
(A =A6) (U oy Wy W) = D Cotrtaaa (8) (i, ) () (1))
0=(61,02,03)€D3
where the shifted functions (uy)m)‘sl are defined in Definition 4.4.1 and for all § € Ds,
|CA1,A27A3 (5)|5 maX{Ala AQ: A3} :
o @ 3

Proof. Taking the Fourier transform in y, we transform the product uy ', wp" up . into

a convolution product

1 2 3 1 3
fyﬁn(ugl)mlU§2)m2U§3)m3)(% = | fil. ()£ ) F2 (1 —m1 — )

o (1111 22) R (102 22 o (11 = 1. = e 2) A
Then, we write A, my.ms (M1, 72, M3) = By (171 122) B, (1712] 22 o (|75 2 ) and expand

(O — $2|771 + 12 + 773‘2)(hm1,m2,m3 (M1,M2:m3))
— ((2my + 1)|m|+(2ma + 1) |ne|+(2ma + 1) |03]) huny ma.ms (1115 12, 13)
+ 2 (Im P+ |2+ s> —[m + 02 + 13]°) hans mg.ms (01, 12, 73)
+2(Lo+Ls+1o3),

where

Ly = O (o, (73] 72)) 0 (o, (115 2))

m; 1 m; + 1 1
=/ |miln;] (\/ 7hmi—1(|m|2$) - 5 hmi+1(|77i|2f)>
m; 1 m; + 1 1
(\/fhmj—l(mﬂm)— j2 hmj+1(|77j|2517)> :
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In particular, expanding [, ;, this term writes as a combination of terms

CALAQ,A?, (5>F111m1 (771)F122 ma (772>F133m3 (n3)hm1+517m2+527m3+53 (7717 12, 773> ’ (4'20)

where [Ca, a,.45(0)|<S max{A;, Aa, A3} for § = (81,2, 03) in some finite set D3 C D3.
By comparing the signs of 771, 12 and 13, one can see that |n;|2+|ne|*+|n3]*— |1 +12+n3)?
is a linear combination of terms |n;n;| and n;n; for i # j. We now use the identity

m m+ 1
=1/ Ehmfl 11/ Therl

to remove the weight 22 and write the term

$2(|771|2+|772|2+|773|2_|771 + 12 + n3|2)hm1,m2,m3(n17 N2, 773)

as a linear combination of terms as (4.20) above. Finally, we conclude that

F(Ad=2g)(ul, u? a0 (,n)
= 3 Conaaats®) [ ) )0 = = )

6€D3

1 1 1
hm1+51(|771| 2x)hm2+52<|772| Qx)hma-l—&s(m - — 772|2$)d771d772

for some |Ca, 4,.4,(0)]|< max{A;, A, A3}, leading to the lemma. O

4.4.2 A bound on the Sobolev norm of a high-low product

We are now able to estimate the H* norm of a product uvg by its L? norm as follows.

Corollary 4.4.4. Let { € [0,2]. Then there exists C > 0 such that for all u,v € H, for
all A, B € 2V, there holds

4
luavslpe, < Cmax{A, BYs Y~ [[(wa) (vs)™ |1z

(61,02)€D>

For general £ > 0, the same result holds up to taking bigger finite sets Do (depending
on £) and applying the shift several times for each function.

Proof. We proceed by interpolation.
In the case ¢ = 0, there is nothing to do. In the case ¢ = 2, we use Lemma 4.4.2 to
write that for any (m+ 1)/ ~ A and (n+1)J ~ B,

(Id _AG> (ul,mUJ,n> = Z CA,B((;D 52)“’? mv§2n )

(61,02)€D2
and thus by summation and taking the L% norm, we obtain

Yo Can(,0) Y. > w0y,

(91,02)€D2 (I,m)€22xN (J,n)e2%xN
(m+1)I~A (n+1)J~B

2
[(Id —Ag)(uavp) HL2

2
LG
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We use the triangle inequality on the sum over (d1,d2) and the fact that |Ca p(d1,09)|<
max (A, B) to deduce that

2

| (Id —AG)(UAUB)H%g S A Z

(81,02)€D>

§ : § : o1 02
u[,va,n

(I,m)e2%2xN (J,n)e2%xN
(m+1)I~A (n+1)J~B

SA Y lwa) (vs) Iz,

(61,62)€D>

To get the result when ¢ € (0, 2), it only remains to interpolate thanks to the inequality

1—£ £
luavalling < Juavsllsy fuavsl s

when ua,vp € HZ, and conclude by density.
Similarly, for even integer ¢, we apply Lemma 4.4.2 successively % times to get the
estimate, and conclude by interpolation for exponents between ¢ and ¢ + 2. O

Using Lemma 4.4.3 instead of 4.4.2, we get the following adaptation of Corollary 4.4.4
for the product of three terms.

Corollary 4.4.5. Let £ € [0,2] and u,v,w € H5. Then for all A, B,C € 2%, there holds
£
[uavswel e S max{A, B,C}y2 > [(ua)’ (v5)* (we) ™|z, -
(51,52,53)ED3
For general £ > 0, the same result holds up to taking bigger finite sets D3 (depending

on {) and applying the shift several times for each function.

Proof. By interpolation over /, it is sufficient to establish the following inequality for even
integer ¢: for all B,C' < A,

2
H(Id—AG)W(uAvac)||LgrS > A(ua) (wa) (we)* 17z,
(51,62,53)€D3

then apply this result to u, P<4v and P<,w.
Since in the case ¢ = 0 there is nothing to do, let us assume ¢ = 2. Using Lemma 4.4.3,
we can write

19 1 1)
(Id _AG)(u117m1vfz7m2w137m3) = E CA,B7C(51’ 627 63)u[1,m17)[22,m2w1§,m3 )
(61,02,03)€Ds3

and therefore

1(1d —Ag) (wavpwe) Iz, <

) J: 1)
Y. Capcld,0:,05) Y S vy

(61,62,53)€D3 mi,mg,m3EN (m1+1)11~A
(ma+1)I2~B
(m3+1)13~C

2
LG

We use the triangle inequality on the sum over (d1, 2, d3) and the fact that |Cs g (91, 02, 03)| S
max(A, B,C) < A to deduce that

I(d=Ag)(wavpwe)Fe S A D7 [l(wa)™ (vp)™ (we)™|3, -
(51,62,53)61}3

In the case of a general even integer ¢, successive applications of Lemma 4.4.3 lead to a
similar result.

]
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4.4.3 A refined Sobolev estimate of a product

Finally, we estimate the H* norm of a product u,v by the L? norm of products v vg and
the H® norm of v as follows.

In rough terms, we should have the following. Let ¢ € [0,2], u,v € L% and A € 2N,
Then for all £ > 0, we have

faolle s 3 Y AT ) (0p) e+ S0 S A ) el

(81,02)€Dy A,B:B<A seD1 A

where we recall that D; is some finite set and Dy = Dy X D;.

However, in order to get nice mapping properties in LP spaces for p # 2 which are
necessary during the course of this proof, see Appendix 4.A.3, we introduce a cutoff
function x € C2°[0,1) such that x = 1 on [0,3]. Then, for A € 2% we define the
projection P-4 as the Fourier multiplier

Id —A
P<A:X( AG)7

which is a smooth counterpart for the projection on the Sobolev modes 14 (2m+1)|n|< A,
acting on the decomposition (4.1) as

,Fy_m(PSAu)(Qj,n) _ Z X (1"’ (2?71{4’ )|77’) Ufm(ZB 77)

(I,m)€2ZxN

Note that since on the support of uy,,, we have |n|€ [I, 2], the sum can be restricted to
the indices 1+ (2m 4 1)1 < A. The projection P4 commutes with the block decompo-
sition (4.9) and the Grushin operator: for B € 2", we have

Pca(vp) = (P<av)s
and for £ € R, we have
Pea((=A6)"?0) = (=A¢)"* (P<av).
Moreover, for all u € L%, we have [P<aul|pe, < |luf|gz,. We also denote P4 = 1d —P<4.

Lemma 4.4.6 (Sobolev norm for the product of two terms). Let ¢ € [0,2], u,v € L% and
A €2V, Then for all € > 0, we have

luavlfe S Y- D AB(wa) (Peavs)®|l7e + D I1(wa)™ Iz ll0lfe

(51,52)ED2 B:B<A 0eDy

where we recall that D1 = {—1,0,1,2} and Dy C Dy X Dy.
As a consequence, we have

lwolfe S > Y AT(wa)™ (Peavs)® (72 + ) ZAEH ua)™ |Zes vl -

(51 62)€D2 A B: B<A 5€D1

For general £ > 0, the same result holds up to taking bigger finite sets Dy, Dy (depend-
ing on €) and applying the shift several times for each function.
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Proof. The consequence is a simple application of the Cauchy-Schwarz’ inequality.
We decompose v = P<qv + P> 4v and v = Z vp. Since (P<svp) = vp for 4B < A

Be2N
and (P<qvp) =0 for B > A, we have
2 2
||UAU||12L11€ N Z ua(P<avp) + Z ua(Psavp)
G , ,
B<A Heg 4B>A HE,

We treat the two parts separately, and in each case we proceed by interpolation between
successive even integers /.

Step 1: upper bound for || Z uA(PSAUB)HHé' Concerning the first term, thanks to the
B<A
Cauchy-Schwarz inequality, we have

Z (Id —Ag)ﬁm (UA<P§A'UB

B<A

and as >

(Z B—a) (Z B |(1d —AG)Z/2(UA(P<AUB))H;G> ,

B<A B<A

peov B7° S 1, we infer that

2

> (1d =Ag)"*(ua(P<avp))

B<A

<30 B (1~ A6) 2 (ual Peavs) I3z -

Ly B<A

But using Corollary 4.4.4 to (P<4v) instead of v, we have

2
11 —A6) " (wavg) [, < A° D lwa)™ (Peavs)® |72, -
(61,02)€D2

Step 2: upper bound for || Z ua(P>avp)| ge,. For the second term, we establish the

4B>A
following estimate by interpolation:

> (1d—=Ag)*(ua(Psavp))

4B>A

S D M) e ol - (4.21)

G 5€D1

In the case ¢ = 0, we only need to note that from the orthogonality of the different modes
vg, we have

U Z (P>AUB)

4B>A

2 2

Z (Psavp)

4B>A

< flualls < TuallZz ol -

2 2
LG LG

In the case £ = 2, we use Lemma 4.4.2 to get that for any m,n € N and I, J € 2% such
that (m+1)I ~ Aand (n+1)J ~ B,

(Id =A¢) (wrm(Poav)sn) = > Cap(61,6)ud,, (Psav)?, |
(61 52)€D2

and therefore obtain
2
<

~Y

2
LG

> (1d=Ag)ua(Psavp)

4B>A

S Canlo,6) Yo ) uf (Poav)?

(61,02)€D2 4B>A m,neN (m+1)I~A
(n+1)J~B

12
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We use the triangle inequality on the sum over (d1,d2) to get that for fixed A,

5 Z ZCAB 51,52 Z Z uIm P>AU

Lé ((51,52)€D2 4B>A m,neN (m-‘rl INA
(n+1)J~B

2

2

> (Id—Ag)ua(Psavp)

4B>A

1.2

= Z Z Ca5 (81, 62)ulf (Psavp)”

(61,02)€D2 4B>A

S D i

(51 ,52)€D2

2
LG

2

Z CA,B<517 52)(1D>AUB‘>(32

4B>A

L
Now, by orthogonality and the fact that [C4 5(d1,02)|S B for 4B > A, we have

2

= D 1Cas(81,8)P(Poavs) |32

L2G 4B>A

Z Ca.5(01,02)(Psavp)™

4B>A

< S B(Poav)la S ol .

4B>A

which concludes the proof in the case ¢ = 2.

Estimate (4.21) is now a consequence of an interpolation result, stated and proven in
Lemma 4.A.6, based on the Stein’s interpolation theorem. Instead of using this lemma, one
could invoke the interpolation result between Sobolev spaces [H?, H]y = H% for 6 € [0, 1],
that holds for Sobolev spaces on R? (see for instance |BL76]) and could be extended to
the setting of the Grushin operator. For general ¢, successive uses of Lemma 4.4.2 lead
to the result. O

In what follows, we will actually use the trilinear version of Lemma 4.4.6.

Corollary 4.4.7 (Sobolev norm for the product of three terms). Let ¢ € [0,2] and
u,v,w € L. Then for all € > 0 there holds

ol s 3 A (P Py 3 5 AN I ol ol
(61,02,03)€D3 d1€D;
AB,C:B.C<A

For 0 > 2, a similar result holds up to taking bigger finite sets D3 and taking successive
shifted functions.

Proof. We mimick the proof of Lemma 4.4.6. It is enough to establish that for every A,
we have

feavelZ, € S ABOF (a)® (Peava) (Peawc) 2+ 37 a2 ol ol
(51,(52,53)ED3 01€D1
B,C:B,C<A

We start by writing that

2 2

Y ua(P<avp)(Peawe)
B,C<A

_|_

) ZUA (vpwe — (P<avp)(P<awe))

B,C

vl <
i
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Step 1: upper bound for || Z ua(P<avp)(P<awc)| ge,- By the Cauchy-Schwarz inequal-
B,C<A
ity, we have

2

> (1d =Ag)*(ua(Peavs)(P<awe))
B,C<A

2
LG

S ( >, (BC)_E)< > (BC)EH(Id—AG)Z/Q(UA(PSAUB)(PSAWC))Hig)
B,C<A B,C<A

< ) (BOY||(1d —AG)E/Q(UA(PSAUB)(PSAwC))HQL%; :
B.C<A

We then conclude thanks to Corollary 4.4.5 that
2

Z (Id —Ag)g/Q(uA(PSAUB)(PgAwC)) N Z AK(BC)EH(UAVI (PSAUB)62 (PSAwC)(ng%QG :

B,C<A LZ, (61,62,03)€D3
B,C-B.C<A
Step 2: upper bound for ZuA (vpwe — (P<avp)(P<awe)) . We split
B.C He

VpWco — (PgAUB)(PgAwC) = (P>AUB)UJC + (PSAUB)(P>AUJC) .

For the first term, using the algebra property of Hg for ¢ > % we write

2
P>AUB We wco

C:C<A

Z (1d —A6)"(ua(Ps.av5))

B:4B>A

l

L
Hg
2

S lwllZe, -

2
LG

hence inequality (4.21) in the Step 2 of Lemma 4.4.6 applies and gives the expected bound.
A similar treatment can be applied to the second term. O

4.5 Deterministic bilinear estimates

In this section, we first establish deterministic bilinear and trilinear estimates for the prod-
uct of two Hermite functions with rescaling, of the form h,, (ay-)hy, (a2-) and by, (aq+) Ry, (2 ) B (05).
We then deduce deterministic bilinear estimates for the products ws ,,v,.

4.5.1 Bilinear estimates for rescaled Hermite functions

We start by establishing bilinear estimates for the rescaled Hermite functions, which will
be at the core of our future bilinear and trilinear smoothing estimates. Let us recall that
Am = V2m + 1.

Lemma 4.5.1. Let a > 0, m,n € N, and assume that A\, < G\, Then there holds

1
[ < —.
[} [}2S ==
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Proof. We cut the Hermite functions between the space regions delimited by the pointwise
estimates of Corollary 4.2.8.

1) In the region R; := {|z|< i\, }, we use the bound |h,,(z)|< )\;ﬁ. Therefore there
holds

[Pt (@)1 22 (r) S At (@) 72y S At
(2) In the region Ry := {%)\m < |z|< 2)\m}, we know by assumption that 2, < §A,, <
1
g —_ =
alz|. We therefore use the bounds |h,,(z)|< (A% + |z% — )\,2n|> " and |\ ()| < e elo)’
with ¢ = %, and get

72ca2x2

dx .

ot o2 =2

2Am
() S [ ——
m \/)\3

We fix the limits of the integral by setting y = %, which leads to the bound:
2Am —2ca’x? e—2c (adm)?y?
/ ¢ dx = / dy
1
P Ak +1a? - A \/A3+|y—1l
—2c(a)\m)2 2

V-1
7%a)\m /
V|y? —1

Now we remark that e~2(@A)* < ——, giving the required estimate.
(3) In the last region Rz := {|z|> 2)\,,} we use the exponential bounds for the two
terms |R, (7)|< e and |h,(az)|< 7€) with ¢ = L. This leads to

6

—2cz?(1+a?
Hhmhn(()é)”%z(R?)) S/ (& Zea(1+ )d.T

|2]>2Am

Then using that for C' = 2¢(1 4+ o?) and X = 2),,, we have

—Caz2 —Cz?
de < —— 2C de < ——
/X Y=90x e MEa0x

this gives the result.
All the previous bounds put together imply the lemma. O

In what follows, we will use the bilinear estimate from Lemma 4.5.1 under the following
form.

Corollary 4.5.2 (Bilinear estimates for rescaled Hermite functions). Let m,n € N and
ay, g > 0. Then

1 1 2
h Yh IZ, < mi :
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Proof. In the first scenario, assume that a;v/2n +1 < iagx/2m+ 1. We start with a
change of variable:

h by (%)
(€3]

Denote o := 3—? Since ajv/2n +1 < }1042\/2771 + 1, we have A, < §\,,. Then Lemma 4.5.1

1 2
Vo (1) i ()2 = — \
aq

L2

implies
b h (a2) i < 1 _ of
T \ea Ml Y av2m+1 0\ a32m 4 1)
Consequently,
1
N IR M D | Y o re——
(o (02 5\ a5

This is enough to conclude since by assumption, we have \/a2(271n+1) < \/QQ(;”H).
2 1

In the second scenario, assume that asv2m + 1 < %an/Zn—i— 1. We exchange the
roles of m and n and the roles of oy and as to get

1

h N oD P E—

In the last scenario, there exists Cy > 0 such that ia2\/2m+ 1 < ov2n+1 <
4dany/2m + 1. Then from Hélder’s inequality, one obtains the bound

1 (1Y h (02 ) |72 S WP (02 [ 1o (e ) 1 s -

From the L* norm estimate ||h,,||1< , m € N (see Lemma 4.2.7), we deduce

¢ 1
(2m+1)8

—_

hm g hn Qo %25 1 T -
(e ) 02| (@2(2m+1))1(a3(2n +1))1

Since a1v/2n + 1 and asv/2m + 1 differ from a factor at most 4, in this situation, one can

bound the right-hand side by either , /m or | /m. O

Corollary 4.5.3 (Trilinear estimates for rescaled Hermite functions). Let my, my, mg € N
and o, oo, a3 > 0. Then

Py (01) g (@02) P (v3) [ 2.5

. Qi
min 1 1 .
Q10 (2m; +1)8(2m; +1)2 i#je{1,2,3}

As a consequence, if A € 28 I, I, I3 € 2% are such that (my+1)I; ~ A, for a3 € [I1,21}],
a3 € [I,20) and o3 € [I3,213], we have

1 o3| A, (1), (2 o () |72 S Oy

where one can choose

o2 B (L) (I213)3
{Iiym;} — 1 1 1 -
A3 (2my + 1) (2mg + 1)1
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Note that the gain with power % induced by the L*> norm on the Hermite functions
is not necessary in the sequel, but we keep this exponent for the sake of security.

Proof. We start by breaking the symmetry of roles of the three terms
1Py (1) oy (@) g (@3 )1 22 < ([P (@1 ) 2w 1Ty (@22 g (cv3°) 122
Then we use Lemma 4.2.7 and Corollary 4.5.2 to bound

1

1 1
Py (01 ) Py (02 ) Py (0037) || 22 S ————— min =, =5
| (1) g (@02 ) o (03[ 12 (2my + 1)% {a2(2m3+1)2 a3(2m2+1)2}

By symmetry between the roles of mq, mo, mg, this implies

Py (01) By (@02) s (v3) [ 125

N

. Qi
min i :
Q03 (2m; +1)(2m; + 1) i#je{1,2,3}

In order to establish the second bound, for every j = 1,2,3, we have o < (21]»)%,
therefore

ol

1

. 722
min Oéf% - < min 7 T
(2m; +1)s(2m; + 1)2 itjei1.2.3) (2m; +1)5(2m; +1)2

i#£j€{1,2,3}

Now, let us remark that

11
e718% 122 [12

min - - < - -
(2mi + D3@my + DF [ gy Gt DF@my o+ D

Y

and since the same bound holds when exchanging the roles of (Iy,ms) and (I3,m3), we
obtain by interpolation

;04

LIL)i{I
min{ T 1} < (Lo1s) (L) S 0
(2m; +1)s(2m; + 1)2 tie(L2.3) ((2mg + 1)(2mg + 1))12 Az

4.5.2 Bilinear and trilinear estimates for the product of unimodal
blocks

In this part, we provide a bilinear estimate for the “building blocks” s ,,,v,, where u;,,
and v, are frequency localized and unimodal.

Proposition 4.5.4 (Bilinear block estimate). Let m,n >0 and I,J € 2%. Let uz,, (resp.
vyn) in LE defined by (4.8)

Fyon(urm)(@,1) = frm(m)ham(n|2)

resp.
}—yﬁn(vln)(m:n) = gJ,n(U)hn(!U\il’) )
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the function fr, (resp. gin) being supported on the set {|n|€ [I,2I]} (resp. on the set
{In|€ [J,2J]}). Then, one has

1

. . I J 2
oy min {7, pain {5 22l ol

As a consequence,

J(I) 1(J)
(14+@m+ DDz (14 (2n+1)J)z

[4r,mvsn]l72 < min {

} lurmllze 0nllZ2, -

Proof. From the Parseval formula, we have [[us,,v5.l32 = |[Urm * 0nl|7. , where the
G z,m

convolution is the classical convolution product in the variable . We expand the norm
of this convolution product and obtain

HUI,mUJ,nH%g;: /Rs fI,m<771)fI,m(772)gJ,n(77 - Ul)gJ,n(U - ﬁz)ﬂm,n(m, N2, — M, N — 772) dny dnz dn,
with

Ly ) = [ B (e ) )
By Cauchy-Schwarz’ inequality, one has

Lo (715 72 10 ) e (1|2 V s (10512 ) 2 o ([ 2 ) o (752 22

Using Corollary 4.5.2, we deduce the estimate

1 1 1 1 1 4
Lo (11, 12, 115 min , min , )
Lo (01, 7025 15 M) | S { Im|(2n+ 1) [7,](2m + 1) } { 1ne|(2n + 1) |nh](2m + 1) }

Going back to the blocks uy,, and vy, this estimate implies

1 2
1 1 i
2, < i — )| dmpy | d
UL U m < min , m n .
1m0l 72 /ﬂ{(/R {Im\(2n+1) |77—771|(2m+1)} | frm (1) g0 (n — )| m) U

By extracting the minimum, we conclude

: 1 |f1.m ()] 1970 ()] }
2 < M " 2
UL mVgnl|72 S min nlll 72, m .
sl S min { <O g, el
Using the symmetry of the roles of u and v, we estimate for instance |||f’|1/4 | ggnll|32
We apply Young’s inequality
|ffm(>| ff,m(’>
Il e ool 1 -

Thanks to Cauchy-Schwarz’ inequality, since the interval [, 27] has length I, we get

fI,m() fI,m(') 2

H |.|1/4 ||L1 |.|1/4 ||L2'

=75
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Moreover, we know that ||gs,[|22< VT ||vgn |22, therefore

-

lgsalI32< IV T gl ll0al3

But we also have from Young’s inequality

frm()] frm() 2

|| H1/4 * |gJ7n|||L2§ H H1/4 ||L2||gJ,n||%17

where from Cauchy-Schwarz’ inequality, [|gnl|%: < J|gunl2,< J? H'UJ’nH%é, so that actu-

ally

Srm ()]

WOl B min {2, 73 VTl ar 2 sl
’ | / G fel

To conclude, using the symmetry of the roles of u and v, we have proven that

1

. . 1 J 2
it 2, min (1, min { L o ol O

4.6 Probabilistic bilinear and trilinear estimates

In this section we provide the proof of Theorem B (7). The main idea of proof is to use
the deterministic bilinear estimate for the products uy,,v;, given by Proposition 4.5.4
in order to prove a smoothing effect on quadratic and cubic expressions of a random
function.

4.6.1 Bilinear estimate for random interactions

To deal with purely random interactions of the form (u&)? and |ug|?, we heavily rely

on the frequency decoupling offered by the randomization. This is akin to the bilinear
estimates obtained in [BTT13].

Let us recall some notation. We fix a sequence of independent identically distributed
subgaussian random variables (X7 ) (r,m)e2zxy and ug € HE. We use decomposition (4.2)

ug = Z X1 m(w)ugm -

(I,m)€2ZxN

For all t € R, we consider the time evolution under the linear flow (LS-G) with initial
data ur,, denoted zr,,(t) = e®®cuy,,, (I,m) € 22 x N. Then, we define the random
counterpart 2 of u as in (4.11)

2t =e"oug = Y Xy (w)zrm(t).

(I,m)e22xN

Proof of (4.4) in Theorem B (i). We establish estimate (4.4), that is, we bound the norms
of the products H(z‘”)2||LqTHé and ||]z“’|2||LqTHé for 0 =k+ 3.

Step 1: reduction of inequality (4.4) to deterministic estimates. We start with H(z“’)QHLqTHé.
Fix t € [0,7] and (z,y) € R*. Applying Corollary 4.2.15 (i) with the norm L7LZ  and
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U1 my,(m) = (Id ~Ag)"?(21.mz1n), We obtain that outside a set of probability at most
e~ there holds

GGy < R Y Y Mermzsalfa e -

(I,m)€22xN (Jn)e2ZxN

It remains to prove that for every ug, vy € XF, denoting z;,,(t) = "> u;,, and Z;,(t) =
elthay;, for t € R, we have

~ 2
S Y ermialy e S T ol llvol3s (4.22)

(I,m)€2ZxN (J,n)e2%xN

Indeed we will conclude by taking ug = vy.

Similarly for [|[z*|?(| g s, applying Corollary 4.2.15 (i) with the norm L7.L7  and
V(7 m),m = (Id —AG)Z/z(sz%), we obtain that outside a set of probability at most
e R there holds

NP e <R Y NerwZliam B | 3 MermPlopm

(I,m),(J,n)e2ZxN (I,m)€22xN

The upper bound is handled using inequality (4.22) and establishing

Z HZImZImHLqH Ts ||U0HXk||UO||Xk (4.23)
(I,m)€22xN

which we apply to v and v = 7.
Step 2: Proof of (4.22). We claim that (4.22) is a consequence of the time independent
inequality
ST Tl S ol ool (1.24)
(I,m),(J;n)€2ZxN

Indeed we apply (4.24) to 27 ,,(t) = €Cur,, and Z;,(t) = e*?cv;,, for t € R instead of
Ur, and vy, then we use XF isometry property of the linear flow, where we recall that
we have defined the norm (4.3)

luoll3e= >~ (L4 @m+ DD (D) [lugmlz-

(I,m)€22xN

Finally we integrate in time using the Holder inequality, yielding to (4.22).
In order to prove (4.24), fix I,J € 2% and m,n € N. Let A, B € 2" such that
(m+ 1)l ~ Aand (n+1)J ~ B. We apply Corollary 4.4.4 and get

HulmUJnH?{léS max{A, B}ZHUI,mUJ,nH%?G .
Then, from the unit block bound of Proposition 4.5.4, it follows that

_(JU) I{J)
vl maox{A, B min {250 S 2 ol . )
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Separating the cases A < B and A > B, we obtain the bounds

Yoo Ml S > BRIl sl

(I,m),(J,;n)€2ZxN (I,m),(J;n)€22xN

A<B
_1
+ E At 2J<]>||U[,mH2L%||UJ7nH2LQG7

(I,m),(J;n)€22xN
A>B

implying (4.24) since { — 1 = k.
Step 3: Proof of (4.23). We claim that (4.23) is a consequence of the time independent
inequality

> lwrmVml e S [lwollxx lvoll v - (4.26)

(I,m)e22xN

Indeed we apply (4.26) to 27, (t) = €2 uy ,, and 21, (t) = €A vy, for t € R instead of
Ur.m, then we use XJ isometry property of the linear flow and integrate in time using the
Holder inequality. This yields (4.23).

In order to prove (4.26), for I € 2% and m € N, we denote A € 2" such that (m+1)I ~
A. From (4.25) applied to I = J, m =n and A = B, we therefore write

£_1
S Murmvrmlla, S Y AT ur iz Jormll e, -

(I,m)e2%xN (I,m)€2%xN

An application of Cauchy-Schwarz’ inequality implies (4.26) since £ — % = k. ]

4.6.2 'Trilinear estimate for random interactions
Proof of (4.5) in Theorem B (i). We now estimate H|z”|2z“’||L%Hé.

Step 1: reduction of inequality (4.5) to deterministic estimates. Using Corollary 4.2.15 (i),
we know that outside a set of probability at most e*CRQ, there holds

H’Z“”?ZWH%%HéS R6 Z ”le7m12127m22137m3H%%Hé
(I1,m1),(I2,mz2),(I3,m3)€22xN
2

Ry S e Pl | - (427)

(I2,m2)€2Z2xN \ (I1,m1)€2ZxN

As in the two subsections above, using Holder’s inequality in time, inequality (4.5) is
now a consequence of the time independent inequalities

Z ||U/I1,m1u[2,m2ul37m3||?{é§ ||u0Hg{1’€ , (428)
(I1,m1),(I2,mz2),(I3,m3)€2% xN

2

Yo Munm Pummallm, | S ol - (4.29)
(IQ,WLQ)GQZXN (Il,m1)EZZXN
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Step 2: Proof of (4.28). We rather prove inequality

1 2
> e 2, 18 e S O @ 2 P, (4.30)
(I1,m1),(I2,mz2),(I3,m3)€2ZxN

for fixed u™, u® u® € L% decomposed as in (4.1), as this implies (4.28) with u(!) =
u® = ug and u® =g, Let Ay, Ay, A3 be the dyadic integers such that (m; + 1)I; ~ Ay,
(m2 + 1)]2 ~ AQ and (m3 —+ 1)[3 ~ Ag.

We apply Corollary 4.4.5 and get

Hull,mlub,mg Igmg I3,mo "I3,m3

)
(2) u HHE < H’laX{Al,AQ,Ag}EHuIl mlu( ) U(3 HizG .

Assuming up to permutation that max{A;, Ay, A3} = A;, we deduce

(2)

< AK” I1,m1 IQ,mQHLéHulg,mgHL%O °

H 11 ,mi Iz,mg Ig,mg ”HZ
Then, from the unit block bound of Proposition 4.5.4, it follows that if max{A;, A, A3} =
Ay, then

n @ =

||u11 ’mlufz m2u13 ms ||HZ

1 1 2 3
AL OBy 72 105 172 g 7 - (4:31)

This implies that

1 2 3
Z Hugl?mlugz?m2u§3?m3 H?fé

(I1,m1),(I2,mz2),(I3,m3)€2ZxN
max{A1,A2,A3}=A1

(I){I2), 2 3
< 3 AT g 7, [0 7 e [ -
(I1,m1),(I2,ms2),(I5,m3) €22 x N 1
max{A1,A2,A3}=A1

By definition of Xf, we get that for k = ¢ — %,

1 2
> 18y 05y W

(I1,m1),(I2,m2),(I3,m3) €22 x N
max{A1,A2,A3}=A1

3
S Bl e D e
(I3,m3)EN*xN

It only remains to use estimate (4.15) from Lemma 4.3.3 and the embedding W7 < LY
for arbitrary small € > 0 and p > % to deduce that one has

3
Z Huga?m3”%“< [u 3)H2 —C(p)+e
(I3,m3)eN*xN <<p)+,,%

C(p)+e
(+3-3

€+ 5 — % < k for small € since k > 5. We conclude that

Remark that for large p we have XF — X This is indeed the case because

5 o) [ S ) a2
(I1,m1),(I2,m2),(I3,m3)€2% x N
max{A1,A2,A3}=A1
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By symmetry, this inequality is also valid when max{A;, Ay, A3} = Ay or As. This
implies (4.30) and therefore (4.28).

Step 3: Proof of (4.29). In order to prove (4.29), fix I, I, € 2% and my, my € N.
If max{A;, Ay} = A}, we use inequality (4.31) with vV = u® = uy and u® = u:
_ (11){12)
Huh,mlub,mzulhml”ifés A{ % Huh,mlHié”ub,mzH%éHulhmlH%g? .
1

Otherwise, we have max{A;, Ay} = A,. In this case, we still use inequality (4.31) with
U,(l) = u(2) = Ug and u(3) = Ug:

(1) (I2)

1
2
2

”u127m2u11,m1ﬂ11mu qugf, Ag Hufz,mz H%QG Huh,ﬂh H%QG Hufhml H%g? .

We deduce by summation that

2

Z Z |||u117m1|2u127m2”Hé

(]2,m2)€2ZXN (Il,ml)GQZXN
2

£_1 1
Y > AR ) Nty |2t s | 2, gy | s

(IQ,mQ)EQZXN (Il,ml)EQZXN

£_ 1 1
+ oy Do lwnmllzz A3 () 2)) 2 s [ 22, s m |l e

(127m2)62Z><N (Il,ml)EQZXN
Now we apply Cauchy-Schwarz’ inequality and get

2

Z Z |||u11,m1’2u12,m2HHé

(12,m2)€2ZXN (Il,m1)€22><N

—1
S Z Z Al 2<[1>Hu117m1|’%%; <[2>HUI2,m2Hié Z Huh,mlH%%o

(IQ,TTLQ)EQZXN (11,m1)EZZXN (I1,m1)€2Z><N

—1
) Y @Wllunmlis | A E)llunmalie | D0 i
(12,m2)€2ZXN (Il,ml)GQZXN (11,m1)€2Z><N

In only remains to use the definition (4.3) of X and the estimate proven in the above
step 31, mayezzsnilltrm e S lluollZy to get (4.29). O

4.7 Deterministic-probabilistic trilinear estimate

In this section, we establish Theorem B (ii). Let g9 > 0 such that uy € Xf__ and
v,w € L HE. We recall that z, v and w have a decomposition

Z = E ZA = E E ZIi,m1 s

Ag2N Ae2N (I1,m1)e2% xN
(m1+1)11~A
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V= g UB = E E VIo,ma

Be2N Be2N (Ir,mq)€2%xN
(mo+1)I2~B
and
w = E We = E § Wrs,ms -
Cce2N Ce2N (I3,m3)€2ZxN
(ms+1)Is~B

Let € > 0 to be chosen later. Using Corollary 4.4.7, we get that for all ¢, there holds

low@)life s Y AT (Peavs)™ (Peawe) ™ ()7,

(01,02,03)€D3
A.B,C:B.C<A

+ > Al C2) O Zas oI w1y - (4.32)
01€D;
Ae2N

Using estimate (4.14) for the second term in the right hand side, we infer that outside of
a set of probability e°£”, there holds

2
> AN e Se RPT ol 3 -

Aeg2N

Moreover, since applying the shifts d; € D; to every mode z4 give equivalent estimates
for the LP norms, this leads similarly to

1/2

12 1
ST AN e | ol lolae || S BT ol sl o e 0l o
01€Dy
Ae2N 1
T
For the sake of simplicity, we note that the shifted function «? is nothing but a shift of
the indices (I,m) € 2% x N of order at most one and a multiplication of every mode (I,m)
by a function of modulus at most 1 in Fourier variable. Similarly, the projection P4
is a multiplication of every mode (I, m) by a function of modulus at most 1 in Fourier
variable. Therefore, we assume without loss of generality that in the right-hand side
of (4.32) there is no shift (§; = J» = 03 = &) and no projection P<y4, up to applying the
proof to (P<4vp)® instead of vp and doing a similar transformation for w. In order to
estimate [|z“vwl| s e, we therefore write

1/2

Y. AT |Kvswcly
A,B,C:B,C<A

1/2
< > AHEHZXUBWCH%g) =

A,B,C:B,C<A L,

/2
L7

and our aim is to prove that for our choice of ¢ and ¢, then with probability greater than
1 — e~®* we have

Y. AT Kvswel

2
Se BT ol 0 oo
A,B,C:B,C<A

/2
LY
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By homogeneity, it is enough to prove that there exists C. such that for every R > 0,
with probability greater than 1 — e, for every v,w € L3 HY satisfying [0l poome, < 1
and Hw||L§9Hg§ 1,

> AT Hupuwel(t) 172,

A,B,C:B,C<A

2
< C.R*T7 ||u0||§(1k+50 : (4.33)

/2
Ly

4.7.1 Step 1: Decoupling 2“ from vw in (4.33).

We fix t € R and A, B,C € 2N such that B,C < A. Then we use the Plancherel formula
to get

Iumec(®lt, = [ dy [ del53) (@) emvmucmn) @)
— [0 [ 4G F)lon)(@ T+ T T o).
We use decomposition (4.8). For (I,m) € 2% x N, we denote

Fyon(28m)(t2,m) = fLo(t,n)hm(V/|n]2)

where f¢ (t,7) = Xpp(w)e CmtOMf L (n) and f1m(n) = fin(n)1yepr2n. Similarly for
v, we write
FyosnWrm)(t,2,m) = g7 (8, ) e (V ])

where the dependence of g7, along the variables ¢ and w is not explicit. For w we do the
same by making use of functions g7,,. Then we expand everything:

| z4vBwe(t ||Lz—/dn/dfv/dm/dna/dns/dm
Sy G ) f7 o (60 = 10) Py (V1) s (V|1 = 1 |2)
mi, m GN

(m1+1)11,(m’1+1)I{~A

S b )T o s (3 ) (v )
ma,mLeN
(m2+1)12,(m/2+1)I§~B
> Tty (&) G5, e (1 = 112 = 13 = 1) By (V1)) P, (/| — 122 = 13 — ).

m3,m5€eN
(m3+1)13,(m’3+1)I§~C

Our aim is to apply the probabilistic decoupling to the series involving products f7 . fi .-
’ 1My
However, since v and w may depend on w, we first isolate the terms involving g7, .., g7,

5y
97, ms and ¢ 91’ .-
The expanded formula is rather long, we reorganize it as follows. We define

Jimamy (011, M2, 113, 14) iz/dwhml( 171]2) P, (/11— 1112) Py, (\/ [ 2]0) Py, (/3] )

hons (V1042 P (/10 — 2 — 13 — malz) . (4.34)
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We define the “random” part

J(}JQ715,137I§,m2,m’27m3,mg (taﬁ77l2,7737774) = /d771 Z f1'1,m1 (t nl)fl’ (t n-— 771)

(I1,m1),(I],m})€2%xN
(m1+1)11,(m’1+1)I{~A

J{mi,m;}(na M, M2, 13, 774)|772773774(77 — M2 — N3 — 774)|

Linslelto 22 Lnsleiry 25 Lima elrs205) L n—no—ns—najelrg2ry] s (4.35)

1/4

whereas the “deterministic” part is written

- ’ ) _ I o (6 712) 913, (65 18) G2 (8, 10) G g, (£ 10— 712 = 113 — 71a)
Ig,Ié,Ig,Ié,mg,m’z,mg,,mé 7777 7727 ,r]?)? 774 ‘n2|1/4 |773|1/4 ‘T}4|1/4 |/’7 772 o 773 o 774’1/4 .

Then the expanded formula becomes

| z4vpwe(t HLz—/dn/dnz/dna/dm >

(]2,m2 m2)€2Z><N (13 mg) (I/ m3)622><N
m2+1)12,(m2+1)12~B (m5+1)13,(m3+1)13~6’

JA,12,Ié,fg,fé,mQ,mfz,mg,,mg (t7 7, M2, M3, 774)
w
I, I, I3,T} ;ma,ml m3,mf (t7 M2, M3, 774) .

Taking the absolute value, this leads by summation to a condensed expression

Yo AT Kvswe (D)

A,B,C:B,C<A

< AT s

Ly?
where, 1) stands for a huge tuple
¢ = (Ta A7 Ba O? [27 Iéa 137 IZ,’,a ma, ml2a msg, mg’,a 572,13, 774) .

Moreover, we take Ly, = Ly! ... Ly’ norm with the exponents

Ly = LYPLALY o

12 7I3 713 512 7m2 7m3’m3 STHM25M3,M4 0

where the P/ norm implicitely denotes the ¢’/ norm when we consider sequence spaces.
It is now possible to take successive Holder inequalities, as one easily checks that for

1 1 1 1 1 1
=+ = == and — + 5 = =, we have
q + q] P1 q2 + a5 P2’

I£gllz < 1 lasellal | < 1Fllsznnge gl g o -
Our purpose is to isolate the L HS norm of vw by using Holder inequalities. For this, we
note that it better to split between (BC)K* and A**<J*(BC)~*. As we will see below,
our actual splitting also involves some extra other terms which aim at balancing the two
terms and make every series converge.
We fix p; and ps to be very large exponents in [2, 00) to be chosen later, with respective
conjugate exponents denoted p} and pl: pil—l—pi, = 1land p%—l—z% = 1. For the term involving
1 2
J“, we choose the exponents
() _ 7a/2 2
LZ = L7 LAL%QCLIQ,I

L 1
2 513 713 ;12 am2 , M3 7m3 7,7M2,M3,74
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and for the term involving K*“, we choose the exponents

LZ( = LOOLEOL%Q CL%Q,12713,13,m2,m2,m3,m3Lglm 13,74 °
The reason why we introduce the exponents p; and ps instead of taking them directly
equal to oo is that we need finite exponents in order to apply the probabilistic decoupling
to J«.
Our choice of exponents is compatible with the assumptions for applying successive
Holder inequalities, so that

> A 25vpwelli,,
A,B,C:B,C<A

q/2
Ly

< HAH—E(BC)—H-&Q (]2%]3]:;)1/2—51 JNHLZU) ” (BO)Z_EQ (]zléjgfé)_1/2+€1 KMHLZJ(K) ' (4.36)

The exponents €1,e5 > 0 will be chosen later depending on the following step.

4.7.2 Step 2: Evaluating the deterministic part K“ in (4.36).

We first estimate the term

(BC) = (1,11315) P K ||L§L<K>

with
p(K) _ Py 12 /
Lw — LCIZOL%?L.BQ,CLIQ,Ié,I3,I/ / /[/p1

3,112,105, M3, 3 "~ 1),7)2,7)3,74 °

For the intuition, we should keep in mind that p}, p), ~ 1. By definition, of K¥, we have

195, o (£, 12) 197, g, (85 13)

KT 15 13,18 ity am i, (6 705 1125 115, Tha) | = PNRE PR
1G5, s (£, 1) \ﬁﬁ)’mé (t,n —n2 —n3 — n4)|
LIRS =12 — s — ma /4
therefore
G m AT NI PR A
Wl .= |(Ft) ()« ()« () o
Ly

We apply Young’s inequality

1/p} 1/p}

/ Pll ~ / ~w pll
g% ’)pl 197, m| 195, ms ™ (193]
, S 2,M2 * 21109 t7,r] 3,M3 * 35'1°3 t,T]
(G ) ) T ) ()
n

Applying Young’s inequality again, we get
1/} w Pl !
)
Ly

|91 ”1 g4\ " 9%, mo |\

2m2 2,19 2,M2

| |1/4 |‘|1/4 (t777) S ( |‘|1/4 > (t7n)
Ly

=]

1
Ln
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But since .
1/171
‘glé,mé |

|'|1/4 (tﬂ?)

)

/
Py
Ly

the Holder inequality with the choice of exponents z% = % + p21p_12

1

leads to

1/p}

197, ms |
[Tzl e

H 1‘77|€[127212] HLgm/(m*?)

|gIQ mQ

2
L”?

< [0y my (8] g2, (L) P22 200,

1
Ly

By symmetry of the roles of Iy, my and I}, m), we deduce
/ 1/p}
w P
|91 m pl |gI’,m’ | —2)/(2
T : 2 ()| < 0 ()] 22 0ry g (8) 22, (R D)™
‘ / H / G G

By symmetry of the roles of v and v, we conclude

—2 2
v S 0nm Oz [y (Ol 2, 101 s (O] 22, g, ()] 2, (T T T ) P20

7:12,13,M4

IR

Note that ]"21—72 =
P1

% pil = % — g1 where ¢; = pil is very small. This leads to

(1o 151515)~ 1/HEIKUJH !

Ll
IQ I/ I3, Ié mgm ,m3, mg M25M3 5714

1/2
< HUIQ,T@(t)HiQ Hvlg,m;(t)Hi2 !|w13,m3(t)Hi2 wag,mg(t)Hi2
G G G G

ma,my,m3,my,l2,15,13,15
(m2+1)12,(m/2+1)I§~B
(m3+1)13,(mi+1)I5~C

= os ()22 lwe @I, -

Finally we get

I(BOY = (LI I 1) K|y, L
B,C 75,1} 13,15 ,mg,ml ;mg,mf " 1112:713,74

1/ph
= (Z(BC)“”%HU O || ()H2p2> :

B.C

The exponent pf, is greater than 1, which could be troublesome, but we recall that we have
chosen v and w satisfying |[v[| ez, < 1 and [[w]| e e < 1 in the assumption of the desired
estimate (4.33). Therefore, for every ¢, B, C, we have [[vp(t)[|;2,< 1 and [|we(t)|2,< 1,

leading to
I(BO) ™ (LLy 5 15) ™ K| by, 7

L
B,C IQ,Ié,IS,Ié,mQ,m/ng’m/s 1:M2,13:M4

1/ph
g(Z<BC>“W’Quv3<t>uiéuwc<t>uig> -

B,C
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We choose 5 such that (£ — e9)ph = {, i.e.e9 = pi;. Then the upper bound is bounded by

/ /
Py 12 Py

L
B,C 715,14 13,15 ;mg mly ;mz,mf 112713714

1/p}
< (ZHUB@)HizéHwB(t)Hizg)
B,C

< (”U(Tf)HHéHw(t)HHé)?/pé
1.

|(BO) (LI LI/ K|

IN

Taking the L3¥LY norm, we conclude that

||(BC)H?(121;13]g)—1/2+€1KW||LZ<K>g 1.

4.7.3 Step 3: Evaluating the random part J“ in (4.36).
We now estimate the term

AT (BO) 2 (LI 1) 2243y

with ¢; = pil, €9 = pi; and

Lpl

p(J) _ 74/271 rp2 2
Lw - LT LALB,CLIQ,1571371§7m2,m'2,m37m§ 7,M2,13,74 *

Step 3.1: probabilistic decoupling. We first apply the probabilistic decoupling: let us
check that the assumptions in order to apply Corollary 4.2.15 (ii) are met. It is now
more convenient to write

ALE(BO) e (LI I T5) /> J% = > X11my (W) X100, (@) (14 (1700 (V)

mlvm/17ll7li
(mi+1)I1,(my+1)I]~A

where from the definition (4.35) of J*, we have

\Ij(Il,ml)v(ILmﬁ)(w) = A€+€<BC)_£+€2 (12]£]3Ié>1/2_81 /d771f11,m1 (t» nl)fli,m/l (t7 n— 771)

Tgmamty (001, 2, 13, 10) M2 (n — m2 — ms — ma)|*

1|772|€[127212}1\773|€U£72Ié]1|774\6[13,213}1|77*772*n37774|€[13,213]7 (4'37)
and we recall that J is defined in (4.34).
Applying Corollary 4.2.15 (4ii) with
wf = (T7 A7 Ba C7 127 [éa 137 Ién ma, ml27 ms, mé)v er = (777 12, M3, 774) 3
-(J) _ ya/271 2 ) _
LZ— - Lg“ LAL%,Cle,Ié,Ig,Ié,m2,m’g,m&mé ’ LZ; - thlnz,ns,m )

since

HAK—&-&(BO)—H-EQ (12151315)1/2_81‘]“)||LZ<J)

= > X110 (@) X1 g (@)W (11,00, (15,m5) (1) >

mlvm/1>1171{
(mat+ D) (4 1)~ A )
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we get that outside of a set of probability e°R* there holds

HAK—&-&(BC)—H-EQ (12151315)1/2—81 JWHLZV”

1/2
<K DR | PN (O] e
mi,m},I1, 1] Py
(m1+1)I1,(m)+1)I]~A Lp*(J)
v
+ R Z ||\Ij(117m1)7(11,m1)(¢)||Lp+(J) . (4.38)
mi,l1 Yy
(mi+1)[1~A 77—
P_

Step 3.2: deterministic trilinear estimates. Now, we apply the deterministic trilinear
estimates from Corollary 4.5.3 in order to gain % additional derivatives, i.e.% powers of A.

Let us fix I1,I],my,m} and ¢. We estimate W (s, 1) (17,m,)(¢) defined in (4.37). We
start with J defined in (4.34) as

J{mi,mg}(n,m,nz,n&m)—/dl‘hml( 1]2) P, (V|11 = 111) Py, (V/ [102] ) P, (/3| 2)

hing (V|14 2) P, (V10 = 12 — 15 — ma2) .

We apply Cauchy-Schwarz’ inequality
[T mamgy (1, 10, 12 1135 M) | < [P (V|71 0) Py, (N/ [12]0) P, (/[ 114 2) [ 2
[, (V11 = 1) R, (V105 Py, (\/ 110 = 12 = i3 = ) [ 2 -

We apply Corollary 4.5.3 for o = |mp|€ [I1,211], a3 = |m|€ [[, 2] and a2 = |nl€
[1372[3]1

10203 || oy (1) oy () P (3) | 72 S O i »

where

o () (LTy)
{Ii;m;} AV2((2my + 1)(2ms + 1))1/12°
We also apply Corollary 4.5.3 for of = |n —m|€ [I],21], a3 = |ns|€ [I}, 2] and of =
|n —ne — ns — nal€ [I}, 21%]. We conclude that

In1(n = n0)nansna(n — n2 — 03 = )| Ty (0,10, 12, 03 m) | S Ctamay Carmt -

|fI1,m1| |fli,m/1|
:<|.|1/4 * -|174 (t,m),

[ 1y ) (1. ()| < AT (BO) 2 (I L [ I3) 2
|f] m | ’f[',mlly
C{Iz,mz}c’{f,f,m;}( |.’11/41 * |.’11/4 (t77]>

Yjnslett2 28] L sl (13,215 L nal € (13,225] L o —s —mal[15,21) -

Moreover, since

/ dm

we get the estimate

Fromy (6, m) oy (8 — 1)
|70 [1/4 |l — my|1/4
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Step 8.3 Integration bounds. 1t is now time to evaluate [|W(r, my),(17,mg) (V)| 4 with
¢

P+(J) TP
L¢+ - anz,ns,m :

First, as indicators functions are bounded by 1, we have

|| L letra.200) Linsletrg 25 Lmate 25,2050 L in—np—ms—maletrg 2] || v

M2,M3:M4
1/pm 1/p
< [tpiementmenemlmeuenlly < (Rl ™ .
By symmetry of roles, recalling that ¢ = pil, we write that
1 1 1 1 LI Is15) %/
|| [n2|€(l2,212] L |ns|€[14,215] L na|€[I3,213]) L [n—n2—n3—na|€[L} 213]HLP1 ( 242943 3) .

12,M3:M4

Hence we have discarded the integration over 11, 12, 73 and the term 1y, (1, 21, L ns|e(15,215) ¥

1|7l4|€[137213] 1\17—n2—173—774\€[1§,21§,}:

1 (11 ma )17 mty ()] 11

n2,M3:M4 —

A€+E(Bc)f€+52 (121513]:13)1/2751/4
|f11,m1| |ffi,m/1|
C{Iumz}o{li’m;} < |.|1/4 * |.|1/4 (7]) :

Then, We integrate in 7. Fixing Iy, I{, my, m}, we have thanks to Young’s inequality
with 1 + L =281
< H (’ffhml’) (|fI{’m’1’)
P 17

2p1
. 3 . . . p +1 _ 1 1
and from Hélder’s inequality with 217 =351 5
|fI ,m | |f1l,m"
( 11/41 <t7 77) IT/; (t7 7])
R 2 I\ [

‘fll,ml‘ |fli,m,1|
-1/ -[1/4 (n)
|f117m1| ’fILm/J
|(Fit) - (i) o
= (L)Y 2y, ()2 207 g (8) 22,

= (L)Y g, oy N2 ety N 2,

L?}pl/(p1+1) Lip1/(p1+1)

(I ]/)1/ 2]71

Pl 2
Ly L3

where in the latter equality we have used the L? isometry property of the linear flow. We
have proven that

1% 1) (a7 ) ()] i < AT (BC) ™ (LI IsT) 2=/
+

Ctemiy Cratmpy (DY P sy 22, 1ty g L 2,

(I)(I213)'/*

Recalling that e, = pil and replacing C{in,mi} = Gt D omaTT)

leads to

iz by its value, this

1% .. m) (D) e < A (BO) ™2 (L I I 1) 2/
Y+

() ) 2L I I T) S
AV2((2mg + 1)(2mh + 1)(2ms + 1)(2m} + 1))1/24

(L) wry gy 22wz g |22, -
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Step 3.4: decoupled summation. We now consider the sums over I, I1, my, m} in (4.38).

For the second term in the right-hand side of (4.38), we take I} = I, m] = m; and
incorporate the term (I;)'™1 which is the only term still dependent of I;,m; in the upper
bound. By summation, this leads to

S ot I = all,

mi,Ih
(m1+1)11~A

For the first term in the right-hand side of (4.38), we also have
1/2

S I g s g g B | = eal,

my,m}, 11,1}
(m1+1)I1,(m’1+1)I{NA

Therefore (4.38) becomes

HA£+5(BC)76+52 (12[é13[é)1/2751 JWHLT‘”

(121513]:/)))1/2-%1/8—&1/4

Al-ste( g —tee )
S ((2mg + 1)(2mh + 1)(2ms + 1)(2mf + 1))1/ ”UAHX&E1

SR

)

p—(J)
prf
where : )

p—(J q/2 711 2
Lw, =Ly LAL%,CLIQ,I

/ / / /.
271237]37m27m27m37m3

Step 3.5: Hélder bounds. Let us now compute the norm L2 Thanks to the condition

I2,ma-"

1+ (2mqy + 1)1, € [B,2B] implying my < % and I, < B, we have

JlH1/A=e/2

2 14+1/4—e1 /2 1
Z (g + 1)1/12 < Z L Z (g + 1)1/12

ma,l2 I,€2%2:1,<B m2<I£
(m2+1)12~B 2
1-1/12
1+1/4—e1/2 B
< I =4
I
15€22:1,<B
1-1/12 1/441/12—¢1/2
<B Yoo .
15€22:15<B

The series over I, < 1 is convergent since for €; > 0 sufficiently small, the exponent
1/4 4+ 1/12 — £,/2 is positive. Moreover, one can see that the gain of 1/12 is actually
useless here in the argument. For the series over I, > 1, we get a bound BY4+1/12-21/2,

so that
JlH1/Aen/2
Z ( 2 1)1/12 < B1+1/47€1/2 < B5/4.

ma,l2
(m2+1)12~B

We do the same for all the other indices I}, m5, I3, ms, I}, m} and get

A (BO)Y ™ (I s 1) 2134y S R [[A1/24 (B Oy~
P

2
|uA||X10+51 L%/ZL}L;L%QC .
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We now take the LP? norm over B,C. Since ¢ > %, the exponent in front of the term
(BC) is =0 + &9+ % < —% + &9 + %. When &5 < i is small, we see that this exponent is
negative, so that the > norm over B and C'is convergent and bounded by some constant
Cy. This leads to

_1
Al 2+sHuAH§(10+€1

HA£+5(BC)76+62 ([21213[:/3)1/2751'}«1HLI;(J) g R2

a/271
Ly~Ly

We finally conclude that

||A€+E<BC)_Z+€2<]2]éj3lé)1/2_€1‘]w”LZ)(J) 5 R2”|lu0||i£7%+6

q/2 -
LT
1+eq

It only remains to take the LqT/2 norm, but one can see that our upper bound does not
depend on T anymore, so this only adds a T%¢ factor:

HAH_E(BC)_“_EQ(IQIQIBIé)l/Q_Ele”Lp(J> S R2T2/q“U0H2 i
¥ X, 2

1+eq

When ¢ + e < k + 5 (this is equivalent to taking ¢ small enough), we conclude that
2
202y e e BT ol

where €1 = p% can be chosen arbitrarily small and in particular no greater than ;. Using
the homogeneity, we remove the assumption |[v][ e pe < 1, [|w]| e ye < 1 and deduce that

up to removing an extra set of probability not larger than e=°F| inequality (4.6) holds.
This concludes the proof of Theorem B (ii).

4.8 Local well-posedness

This section is devoted to the proof of Theorem A .

We fix k € (1,3) and ugp € HE. We assume that there exists gy > 0 such that
uy € Xf,.. We denote by ug its associate randomization, defined by (4.2), and recall
that we write 2% (t) := ¢y for the solution to the linear flow (LS-G) associated to the

initial data ug. We seek for a solution u to (NLS-G) of the form
u(t) = 29(t) +o(t),
where v(0) = 0 and v(t) € HE with £ € (3,k + 3). We will prove local well-posedness for

v € C’([0,T], HE) solving

{z’@tv—AGv = [z +v]*(2¥ +v) (4.39)

v(0) =0,

thanks to a fixed point argument. We consider the map ® : v € C° ([O, T], Hé) — ®(v) €
CO ([O,T], Hé) defined by

t
P(v):te0,T] —i/ e 178G (|22 4 o2 (2% +v)) dt'. (4.40)
0
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Observe that by the Duhamel formula, v solves (4.39) if and only if ®(v) = v. Note that
v may depend on w.
We introduce the following set of initial data:

Epr={we Q]| (4.41),(4.42), (4.43) and (4.44) hold},

where
1) e, 12 Pl e, < TR? ol 2

=~
.
NG}

1222 1 g, < TR luo |y

20l g < TRIuolLag ol g 0 g, Tor all v, € LFHE

B~
SN

HZMH?}TLgOS TRQHUOHilk- .
We have the following estimate of Eg 7.

Lemma 4.8.1. Let uy € HE. Then there exists a constant ¢ > 0 which depends on the
basis function ug of the randomization, such that for all R,T > 0, P(Q\ Err) < e .

Proof. Outside a set of probability at most e F* the bounds (4.41) and (4.42) follow
from Theorem B (7). Similarly, and (4.43) follows from Theorem B (i) with uy € Xf C
X[ S for £ chosen small enough so that ¢ < k —e + 1. Moreover, (4.44) follows from
Proposition 4.3.1. O

The key estimate in proving Theorem A is the following.

Proposition 4.8.2 (A priori estimate). Let ug € Err and ( € (3, k+ 1). Then for any
v e CY([0,T), HE) there holds

120) 235, S T (101150 +(RllolL e )?) - (4.45)
Similarly, for any vi,vs € C°([0,T), HE) there holds
[4(v2) = 001) 531, Tl — 1l (Rl + o+l ) - (4:46)

Proof. Let w € Ery. Estimates (4.45) and (4.46) reduce to multilinear estimates, as a
consequence of the triangle inequality in the Duhamel formula (4.40) and the fact that
eA¢ is an isometry in HS. Indeed, for ¢ € [0, T, there holds

t
[8(0)(8)]1, < / e8] g2 4 0) ()|, It
0

t

S [ 4 0P G2 4 0y 0
0

S M+ o+ 0l

We expand the cubic term and bound

1) g e, S 212 g g, 1 22?0l oy, H 2 Pl oy

120l e 128 s e AT Pl e - (447)
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Similarly, let vy, v, € HE, then we have
1@ (v2) = @(v1) [l pge e, S 2% + w2l (2% + w2) = [2° + 01| *(2* + 1) |y e,

so that

12(v2) = P(vi)ll e rre, S (=) (02 = w1 [t g, A2 (v2 = 01) gt
TG TG TG

+ 112 (o2 = o1 *) |y g, +12° (03 = 0) g T w202 — [val*orll e e, - (4:48)

We now provide upper bounds for all the terms in (4.47) and (4.48).

e We begin with (2¢)%0, (2%)%*(vy — v1), |2¥]*v and |2%|?(vy — v1). Let w = v or
w = vy — v1. By the product law in HE of Proposition 4.2.10, we have

1Pl S (12Ol 01 ) o)
Using (4.41) and (4.44) from the assumption w € Eg 1, this gives:
NPl S (16 12138 e ) Nl S TR ol e ol e, -

Similarly one has
|||Zw|2w”L1THé§ TR2||UO||2X{c||w||L%°Hg .

We have both proven
1)l Ly, = 0l e, S TR o3 01| e e,

and

()2 (v2 = Ul)HLlTHé+|HZw|2('U2 - Ul)HLlTHgS TRZHUOHE({cHW - Ul”LL}"Hé :

e Let us estimate 2¥|v|?, 29 (|vg]?—|v1]?), 2“0% and 2*(v3 — v}). Using (4.43) from the
assumption that w € Egp, we infer:

12 ol oy, 1120 1y e, S T Rllwol| e 10170 e
and

12 (oo = o1 )| oy, + 112 (05 — 9|y
< TRluollp (02 + vill 7o e +l1v2 = w1l 70 e vz — v1ll7c e

S TRIuollap (1021170 pre Hlvil 7o e Mlva = 01l e -
TG TG T G

e Observe that thanks to the algebra property of Hf (since ¢ > %) of Lemma 4.2.10,
we have
|HU’2UHL§S’Hé§ HUH:;,%OHé

and

val*v2 = o1 Porll ge e, S (12l pge st Hlvillge e )*llva = o1l pge e, -
T G T G TG T G
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All these bounds combined together with assumption (4.42) in estimates (4.47) and (4.48)
imply (4.45) and (4.46). O

Proof of Theorem A. Let w € Erp. Thanks Proposition 4.8.2, we know that there exists
C > 0 such that the map ® : C°([0,T], HS) — C°([0,T], H) is bounded Lipschitz on
finite balls: if ||| jec e < Rluol| xx, we have

12(0)| e g, < CT (Rl 2 )°
and for ||v1|[ e ye < R and [[va][oe ye, < R, we have
19 (v2) — ®(v1)l Lo, < CT(Rlluol| p )02 — v1ll e e,

Thus, taking T' = we see that @ stabilizes the ball B(0, R[[uol| x#) in CO([0,T), H),

2C(R||110||X{c)2 ’
moreover, ® is a contraction on the ball B(0, R||ug||xr). The existence and uniqueness of
v solving (4.39) then follows from standard contraction mapping arguments.

We have obtained that for any w € Err (and T = 55 , there exists a unique

1
Fluollp?)
solution to (NLS-G) in the space
e"Seug + ([0, 7], Hg) < €°((0, T), HE)

Then the set

satisfies the requirements of Theorem A (7). Indeed, it remains to see that P(Q\ E) = 0.
Since the sequence of sets |-, E, 1 is non-increasing, we have
- 72”

P(Q\ F) <limsupP (U E, s ) < limsupZ:e_C"2 ,
>k

k—o0 n>k 2n? k—o0

. . . 2
which is 0 since > e~ converges. O

4.A Appendices

4.A.1 Pointwise estimates on Hermite functions

The purpose of this appendix is to explain how to prove the estimates of Corollary 4.2.8
as a consequence of the pointwise estimates on the Hermite functions from Theorem 4.2.5.

Proof of Corollary 4.2.8. We study the bounds on distinct regions of space. Let us fix
m € N.
(1) For |z|< A, there holds [z — A2,|> 3A2, thus

o ()] S [22 = A2 TS A

[N

_1 2 2 2

(2) For 3, < |2[< Ay — Am®, we have 2 < A2, — 205 4 A < A2 — A, thus [A2, — 2?%|=
2

(A2 — 2?) > A3, which implies that:

2
A+ A2 — 2?|< 202, — 27
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Finally, we get

Ll

2 ]
(@IS N8 = 221755 (M + 1A, = o))

1 2
(3) For ||z]—=Am|< Am?, we have |22 — A2 |< ||z]=Am| - |2+ Am] S A, so that

2

hn(@)|S A0t = ()7 S (M X =)

=

1 2
(4) For A\ +Am® < |2|< 2\, there holds |22 — )2 |> A3, thus the crude bound e=*=®) < 1
gives
e—sm(:v)
()€ ———— < (M + 122 = 2%)
R

(5) Let |z|> 2\,,. Observe that by change of variable t = A,y we have

ey ey — A2
l’)—Afn/A \/y2—1dy2>\fn/A (y—l)dy:u,
1 1

2

MH

where we used that for y > 1, \/y> -1 > y — 1. Then, observe that z — \,, > 3
:I,‘2

by definition of z. This implies s, () > % and finally, since [2* — X2 |> A2, > 1, we
conclude:
@< Y o e 0
| ()] ——)\%ﬁ ~ € .
4.A.2 Algebra property, product laws and local Cauchy theory

Proof of the functional inequalities

In the Grushin case, the proof of Proposition 4.2.10 is a consequence of the following
results. In the context of the Heisenberg sub-Laplacian, the proof of Proposition 4.2.10
about the algebra property of the Sobolev spaces H* can be found in [BGO1] and relies
on representation theoretic formulze.

Lemma 4.A.1 (See the proof of Lemma 3.6 in [BFG16]). Let H = 0,, + 2 denote the
Harmonic oscillator. For all k > 0, there exists C(k) > 0 such that for all m € N,

%Ilﬂk/zhm!hgﬁ 105 Rl 22+ 12" |2 < C(RY | H* 2B 2.

Corollary 4.A.2. For all k > 0, there exists C(k) > 0 such that for all u € HE, there
holds

1
mll(Id —86)*ull 12, < 100) ull g, +[{20,) ull L2, < C(R)I (A —A)*u| 13,

Proof. We decompose u as
Fyosque(,m) me (7).
Then

086 2ully = 3 [1fmn)Pdy [(1+ @+ Dl ol o)
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Hence we see that [|(Id —Ag)*?ul| 2~k ||ull 2 +[|(=Ac)*?ul| 1z, , and
=86 2ully a3 [ 1 Pdn [ (@t Dl bl oz
=3 [UmtPdn [0l e

Now we use a change of variables to get
-8 2l e 3 [ 1) anlal* 2 [ (1) 0
Then we use that [|H*?h,,||r2~y |05 R 2+ 2 i 12 and get
=862y~ 3 [t Pdntnl 7 [((0% + ) oo
=3 [Umtmban [ (% + ) (ol o)
=3 [UmtmPan [ 05+ (ke Won(lnltaac

= (19%ull2, 1 (2, ullZs =
We are now ready to give a proof of the product laws.

Proof of Proposition 4.2.10. (i) We start by using the above Corollary 4.A.2 and get
luvll e S 160" (wo)ll 2z, +[[(20y)" (wo) 22, -
Now, the classical product rule in Sobolev spaces applied in x (resp. in y) implies

102} (uv)l| 22 S 11402 ull 2 10l] e Hlull e [1{02) vl 2

resp.
[(20y)* (wv) |22 S {xdy) “ull 3 o]l e + [l e [[{2Dy) ]l 2

which combined with Holder estimates in y (resp. z) yields
luvllig IOl 2 [0l zes, + el s, [1O2) 0l 2,

T 1 edy) ullsz, [olloas, +lallzz, @0, <ol oz,

Proposition 4.2.10 (i) follows by an other application of Corollary 4.A.2.
(¢4) is a direct consequence of (¢) and the Sobolev embedding Hf < L when k > 3.

(71) When p is an integer, the result follows from (ii) by iteration. O

Lemma 4.A.3 (Limit Sobolev embedding). The following statements hold.

i) There exists C' > 0 such that for every p > 2 and u € H%, there holds
(i) Y G

lullz, < Cvpllull s - (4.49)
G
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(it) (Brezis-Gallouét) For any k > 2, there ewists Cy, > 0 such that there holds

o g ) (4.50)

lull s
G

t\.’)\»—A

[ullzg < Cillul

§
H?2
G

Proof. (i) Let p > 2 and u € L},. By the triangle inequality we have
lull g, < Y Hlwallzy, -
Ae2N
Then, the Sobolev embedding yields
lulle < ) ||UAH (1) Sy A ||UA||
Ae2N Ae2N

An application of the Cauchy-Schwarz inequality and orthogonality provide us with

1
2
_3
lull < (ZA ) Jull -

Ae2N

which gives the conclusion since ) , on A7 ~ Cp as p goes to infinity.
(i4) Let Ag > 1 be a dyadic integer. Start by writing u =) 4, ua+> 454, Ua, and
by Cauchy-Schwarz

1
2
ull o= < log? (Ao) (ZHUAHm) + > luallis -

A<Aq A>Ag

Observe that for p > 2, [lual[zz < A3 P)||uA||L2 which gives when letting p — oo

[uallre < HuAHIﬂ : (4.51)

and this latter inequality also implies
_3
luallg < A2572) flua gy (4.52)

The bound (4.51) when A < Ay and (4.52) when A > Ay imply
k—
ol <l glog® Ao + 4522 ful .
which gives the result after optimisation in A. m

Deterministic local Cauchy theory

We finish this appendix with a summary of well-posedness results for (NLS-H') (resp. (NLS-G))
for k > 2 (resp. k > 2). To the best of our knowledge, the best well-posedness result
for (NLS-H') is the following.

Proposition 4.A.4 (Well-posedness for (NLS-H'), see [BGO1]). For k > 2, the Cauchy
problem for (NLS-H') is locally well-posed in C°([0,T*), H*(H")) and T* = T*(|Juo| (1)) Z

HUOH;—[%(Hl)'
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Similarly, we recall the best local theory for (NLS-G).

Proposition 4.A.5 (Well-posedness theory for (NLS-G)). The following well-posedness
statements hold:

(i) For k >3, the Cauchy problem for (NLS-G) is locally well-posed in C([0,T™), HE).
Moreover, for ug € HE, the mazimal time T* satisfies T* 2, Huoné.

(ii) The blow-up criterion can be refined:

T < 00 = [u(t)]| 3 —o0.
G

Sketch of proof for Proposition 4.A.5. We only give formal arguments, which are easily
converted into fully rigorous proofs by standard means.

(i) Let k > 3. Applying the operator (—Ag)g to (NLS-G), then multiplying by
(—Ag)%u and integrating by parts in space, we compute that:

S5 (-6 () (~A) -

Applying the Holder inequality, the algebra property of Lemma 4.2.10 and the Holder
inequality again, we finally arrive at the estimate

() S Nl s

which by the Sobolev embedding and the Gronwall inequality gives an a priori estimate
in H* and implies the local theory.
(74) This follows from the energy estimate and inequality (4.50), which give

d ) ]|
a < 2 2 < 2 2 ¢
s S Nl el S ull?, g )% log (1 Tl )
which implies the result after an application of Gronwall’s inequality. O

Note that a similar argument to that of (i), which relies on the inequality (4.49) can
3

be used to prove that, if solutions exists in H2, they are unique. This argument goes
back to Yudovich [Xud63] then has been used by Vladimirov [V1a84] in the context of

Schrodinger equations. Namely, if uq, ugp are two H, (2; solutions in L>°([0,7"), He &), introduce
o(t) = lJur(t) —uz(t)|12 2 and fix 71 < T, we prove that ¢(t) = 0 for all ¢ € [0,7}]. Denote

by w(t) = uy(t) — us(t ) Then

o' (t) =2 /R2 w'(t)w(t) de = 2i /R2 Aw(t)w(t)dz — 2i /RQ(\ul]Qul — |ug[Pug)w(t) dz

Since the first terms equals —2i||Vwl||3,€ iR and ¢ is real-valued, we have

) < 2‘/ (| [Pur — |ug|*us)w(t) da

S [ ®P (u(OF+uP) do.
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Then for all t < T}, we have
(t) S/ [(ur = w2) ()P4 (Jug () POV 4y (1) POFVP) A
R2

(1+1 (1+1
S Vo) ([l sl

G G

where we use (4.49) in the last step. Since |Ju;(2)|| C(Th) and 2(1 + 3) < 3,

(0,11, H3)

¢ (1) S VDo)

we obtain

The, we integrate on [0, ] to get

which goes to 0 as p — 00, hence ¢ = 0.

4.A.3 An interpolation lemma

The aim of this appendix is to prove that if inequality (4.21)
2

S D) e ol

L?; 6eD;

Z (Id —Ag)6/2(uA(P>A’UB))
2B>A

holds for ¢ = 0 and ¢ = 2, then this inequality holds for all ¢ € [0,2] by interpolation.
Writing w = (Id —Ag)"?v, we have

> (1d=2)* (ua(Psavs))

B>A

(Id —Ag)"? <uA > (d —AG)—Z/Q(PMw)B)

2B>A

2 2
LG LG

Lemma 4.A.6 (Interpolation lemma). Let ¢ € [0,1], then for any w € L%, there holds

1/2
1(1d —Ag)* (uaxs>a(ld —Ag) " w) 112, S <ZH () 61HL°°> lwllze, -

6eD;

The proof of this lemma is an application of Stein’s interpolation theorem in the case
when the operators are bounded by the same constant.

Theorem 4.A.7 (Stein interpolation theorem [Ste56], Theorem 1). Let (2, X, i), @ =
0,1 be two measured spaces, p;,q; € [1,00], S:={z2€ C|0 < Re(z) < 1} and (T.).c5 a
family of operators from simple functions in L'(uy) to po-measurable functions. Assume
that there exists ¢ < m such that the following holds.

(i) For any fized simple functions J and g on g and Uy respectively, z € S
le T.(f)gduy is continuous on S and holomorphic in S, and satisfies

—c|Im(z)

sup e 'log < 00.

z€S

/91 T.(f)gdm
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(1) The operator T, : LP°(Qy) — L%°(S) is continuous whenever Re(z) = 0: there
exists Cy such that for all f € LP(p) and r € R,

| Tosir f || oo < Co ()| £l Lro,

and similarly, whenever Re(z) = 1, the operator T, : LP*(o) — LT (Qy) is contin-
uous: there exists Cy such that for all f € LP*(Qy) and r € R,

[ Trir fl Lo < Cr(r)Lf || o

Moreover, fori € {0,1},

sup e~ log|C;(r)|< oo .
reR

Then for 6 € [0, 1], setting pie = 1p;09 + p% and pi = 1;09 + C%, the operator Ty : LPo(Qy) —

g
L9 (1) is bounded. More precisely, there existsg Cy = C(0,Cy, Cy) such that

1Ty fllo< Coll fllzro, f € L™(Q), rER.

~1/2
Proof of Lemma 4.A.6. We apply Theorem 4.A.7 to the operators <Z5€Dl [l (ua) ||%%o> T.,
with
T.f = (Id=Ag)* (uaPsa(ld—Ag)*f) |

and (Id —Ag)? = exp (zlog(Id —Ag)). We make the choice Qy = Q; = R? g = p; is the
Lebesgue measure A\, and pg =p1 =ps = qo = qo = q1 = 2.

Observe that for any real r, the operator (Id —Ag)™ acts by rotation of the Fourier
coefficients in L% thus it is bounded in L? with norm 1. Indeed, the decomposition

Fw)(x,n) = > men fm(n)hm(|7]|%x) leads to

F((1d=Ag) w)(@,n) = Y _ (14 @m+ D))" fu(0)hm(|n]22)

meN

so that we can conclude by orthogonality of the decomposition. This implies that for all
w € L*(R?) and z € S, we have

. fll r22)= | Tre(z) ((Id —=Ag) ™" )l £2(r2)

with ||(Id —Ag) " w||2r2)= ||w| 12(r2). Thanks to the fact that inequality (4.21) holds
in the case ¢ = 0 and ¢ = 2, assumption (i7) from Theorem 4.A.7 then holds with some
constant functions Cy = € independent of r = Im(z).

We now establish assumption (7). Fix two simple functions f, g on R?. Then the map
ze S Jo2 T=(f)g dX is continuous and holomorphic. Moreover, for all z € S, we have

/2 T.(f)g d)\‘ ST fll 22yl 9l 22 r2y -
R
We write z = ¢ + ir with (£,7) € [0,1] x R. When ¢ = 0, we simply write

HTzf”LQGfS HUAHL°§”P>AfHL2G )
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and observe that [[uall7< < [luall® IS A%+€||u,4||%2 < +o00. Otherwise, if ¢ > 0, start by
H G

an application of the product law fn Proposition 4.2.10, which gives
IT-f ez, = llwaPsa(ld =Ac) ™ fll g,

S llualleg |1P>a(Id =Ag) ™ fll ge, Hlwall g | P>a(Id =Ac) ™" fll g
S vl 111z +Hllwall g 1P a(Id =Ag) ™ flly—eoe

Then we observe that |luallye < A§||uA||Lé< 00, |[uallre< oo, as well as || f||2,< oc.
It remains to study ||Psa(Id _AG)_inHW(;Z,oo. We first use the dual Sobolev embedding

L2, < W5 where % — £ =0 (so that 3 < p < o0):
1Poa(Id =Ag) ™ fllyp-eee S |1 P>ald =Ag) ™" fll 1z, -

Now, we conclude by using the continuity of Ps4(Id —Ag)~" on L.
Indeed, Poa(Id —Ag)™" = F(—Ag), where

F= (1 () s

Since x € C[0,1), one knows that F' € W**(R). Now, Theorem 1 in [MS12] implies
that for all p € (1,00), F(—A¢) is bounded in L£(LP(R?)). O
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Chapitre 5

The third order Benjamin-Ono
equation on the torus : well-posedness,
traveling waves and stability

Ce chapitre reprend les résultats de [Gas21D).

Résumé. Nous nous intéressons a la troisiéme équation dans la hiérarchie de Benjamin-
Ono sur le tore

Oy = O, (—0mu — guH(?xu — ;H(uﬁxu) + u3) )

Nous montrons que pour tout ¢ € R, le flot s’étend continiment & H;((T) si s > 0, mais
n’admet pas d’extension continue a H _(T) si 0 < s < % Par ailleurs, nous prouvons
que Pextension du flot n’est pas faiblement séquentiellement continue dans LiO(T). Enfin,
nous classifions les solutions onde progressive pour la troisiéme équation dans la hiérarchie

de Benjamin-Ono dans L2 (T), et nous étudions leur stabilité orbitale.

Abstract. We consider the third order Benjamin-Ono equation on the torus

ou = 0, (—@mu — ;uH&EU — gH(u&vu) + u3> )

We prove that for any ¢t € R, the flow map continuously extends to H;y(T) if s > 0,
but does not admit a continuous extension to H,§(T) if 0 < s < 5. Moreover, we show
that the extension is weakly sequentially continuous in H;,(T) if s > 0, but is not weakly
sequentially continuous in Lf,O(T). We then classify the traveling wave solutions for the
third order Benjamin-Ono equation in L?(T) and study their orbital stability.
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5.3 Traveling waves for the fourth Hamiltonian . . . . . . . .. ... .. .. .. 209
5.3.1 Classification of traveling wave solutions . . . . .. ... ... ... 210
5.3.2  Orbital stability . . . .. .. ... oo 214

5. A Appendices . . ... 216
5.A.1 About the hierarchy . . . . .. .. ... .. ... L. 216
5.A.2 Equation for the fourth Hamiltonian . . . . . ... ... ... ... 220
5.A.3 Structure of the higher order Hamiltonians . . . . . . .. .. .. .. 222

5.1 Introduction

We are interested in the third equation of the integrable Benjamin-Ono hierarchy on the
torus

3 3
ou = 0, (—@mu — §uH(“)xu — §H(u8xu) + u3> ) (5.1)
The operator H is the Hilbert transform, defined as
~ ~ ~ 1 [ .
Hf(x) = Z; —isgn(n)f(n)e™,  f = Z; fmye™, fy =g | f@)e ™ dz,

with the convention that sgn(£n) = £1 if n > 1, and sgn(0) = 0.

5.1.1 Benjamin-Ono equations and integrability

The Benjamin-Ono equation on the torus
O = HOppu — 0, (u?)

was introduced by Benjamin [Ben67] and Ono [Ono75] in order to describe long internal
waves in a two-layer fluid of great depth. This equation admits an infinite number of
conserved quantities Hy, k > 1 (see Nakamura [Nak79| for a proof on the real line). The
evolution equations associated to the conservation laws

Oy = 0y (VHa (1)) (5.2)

are the equations for the Benjamin-Ono hierarchy [Mat84].

Since the work of Nakamura [Nak79] and Bock, Kruskal [BK79|, we know that the
Benjamin-Ono equation admits a Lax pair. In what follows, we will adopt the Lax pair
formulation from |[GK20], Appendix A

d
_Lu = BuaLu )
p” [ ]

L,=D-T, B,=iD*+2iTpqu. — 2iDT,,
where D = —id, and T, is the Toeplitz operator on the Hardy space

L2(T) = {h € L*(T) | Vn <0, h(n) =0}
defined from the Szeg6 projector II : L*(T) — L% (T) as

T, :h € L3(T) — I(uh) € L7(T).
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The Hamiltonians Hy are defined from the Lax operator L, as
Hi(w) = (LF1|1). (5.3)

In particular, the Hamiltonian for equation (5.1) is

Ha( _ T 18 2—§2Ha L d—l’H 2 5.4
4u)_27_r . 2( :r:u) 4u xu+4u X 5 2(”)7 ()

with
1
Ho(u) = §HU||2L2(T)~
In [GK20], Gérard and Kappeler constructed global Birkhoff coordinates for the Benjamin-

Ono equation on the torus. In these coordinates, the evolution equations for the Benjamin-
Ono hierarchy are easier to understand. Indeed, denote by ® the Birkhoff map

®:u€ L2(T) = (Gu(u))ns1 € B,

where L?(T) is the subspace of real valued functions in L?*(T) with zero mean, and

1= {(Czr | 220l < o0},

n>1
Then in Birkhoff coordinates, the equation (5.2) of the hierarchy associated to H;, becomes
atCn = qu(zk)Cna n=>1

when the frequencies
(0 _ OHi o ©7)
! OlGal?

w

are well-defined. For instance, this formula is valid if the sequence ((0) = ((.(0))n>1
only has a finite number of nonzero terms, or in other words, if ®1(¢(0)) is a finite gap
potential. In this case, the frequencies WP only depend on the actions |(,|?, and the

evolution simply reads
Gult) = Cu(0) e €O e R > 1.

For (5.1), the third equation of the hierarchy (5.2), the frequencies are written

() =0+ 0y plgIP=3) min(p,n)*|G*+3 Y min(p, ¢, n)|G G (5.5)

p=1 p=1 p,g>1
More details about the frequencies w and formula (5.5) can be found in Appendix 5.A.1.
We refer to Saut [Saul9| for a detailed survey of the Benjamin-Ono equation and of
its hierarchy.
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5.1.2 Main results

Our first main result is the determination of the well-posedness threshold for the third
order Benjamin-Ono equation. For s € R, we use the notation

H,5(T) = {u e H*(T,R) | (u[l) = 0}.

As we will see at the beginning of section 5.2, for all ¢ € R, the flow map for equa-
tion (5.1) 8*: ug — u(t) is well-defined for finite gap potentials. We prove that the flow
map is globally C%-well-posed in H7,(T) when s > 0 (in the sense of Definitions 1 and 2
from |[GKT20b]), but is not globally C%-well-posed in H, §(T) when 0 < s < 3.

Theorem 5.1.1 (Global well-posedness threshold). For all s > 0, the flow map defined
for finite gap potentials admits a unique continuous extension to H;(T) in following
sense. There exists a unique solution map S : H}o(T) — C(R, H;((T)) satisfying

o forallt € R, the flow map S* : H(T) — H;y(T) coincides with the flow map for
finite gap potentials;

e the solution map S : H;(T) — C(R, H;}((T)) is continuous.
Moreover, there exists no continuous extension of the flow map to H_§(T) for 0 < s < %

In particular, by approximating an initial data by smooth functions (not necessarily
finite gaps), we get smooth solutions which coincide with the extension from the theorem
and converge to the solution obtained in the theorem.

Remark 5.1.2. Note that if s > L, the maps t € R — u(t) constructed in this way are
solutions to equation (5.1) in the distribution sense. Indeed, one can see that in this case,
equation (5.1) is satisfied in HZo*(T) by using the Sobolev embeddings on the torus, and
the dual embeddings for negative Sobolev exponents.

We explain for instance how to get that 0,(uHO,u) € H*3(T) ifu € H*(T) and s >
We know that HO,u € H* (T), we want to show that uHO,u € H* *(T).

N[ —=

o If s> 3, the space H"*(T) is an algebra, therefore uHO,u € H*(T).

o If1<s <3, the space H*(T) is included in H*(T) thanks to the condition s > 3,
therefore uHO,u € LY(T). It is now enough to note the dual Sobolev embedding
LYT) < H**(T) since s —2 < —1.

o Ifs= 37 one can use the Sobolev embeddings for H%(T) to see that uHO,u € L*(T).
We also investigate the question of the sequential weak continuity for the flow map.

Theorem 5.1.3 (Sequential weak continuity for the flow map). For allt € R, the exten-
sion of flow map for equation (5.1) S* : ug — u(t) is weakly sequentially continuous in
H:o(T) for s >0, but is not weakly sequentially continuous in L2 (T).

In |[GKT20b], Gérard, Kappeler and Topalov proved that the flow map for the Benjamin-
Ono equation is globally C%-well-posed in H((T) for s > —3, whereas from [PH10] there
is no continuous extension of the flow map to H:((T) when s < —3. We expect that the
well-posedness threshold on the torus increases by % for each new equation in the hierar-
chy : for the equation corresponding to the k-th Hamiltonian H;, & > 4, the threshold
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should be Hfﬁ('lr) (see Remarks 5.2.6 and 5.A.1). Note that all the equations for the
Benjamin-Ono hierarchy have critical Sobolev exponent —%.

Let us mention former approaches to the Cauchy problem for higher order Benjamin-
Ono equations. Tanaka [Tan19| considered more general third order type Benjamin-Ono
equations on the torus

O = Op(—Opett — cruHOpu — coH (udpu) + u?),

and proved local well-posedness in H*(T) for s > g He deduced global well-posedness in
H*(T), s > 3 for the integrable case ¢; = ¢, = 3.

On the real line, Feng and Han [FHI6| proved local well-posedness in H*(R), s > 4 for
the third equation of the Benjamin-Ono hierarchy (5.1). Considering more general third
order type Benjamin-Ono equations under the form

Oyt — bH Opptt — a0pgptt = 00,0 — dOy(VH Opv + H (v0,0)),

Linares, Pilod and Ponce [LPP11] established local well-posedness in H*(R), s > 2, then
Molinet and Pilod [MP12a] proved global well-posedness in H*(R), s > 1.

Concerning Benjamin-Ono equations of fourth order on the torus and on the real line,
Tanaka [Tan21] proved local well-posedness in H®, s > % for a more general family of
fourth order type Benjamin-Ono equations, and deduced global well-posedness in H?,

s >4 in the integrable case.

Our second main result is the classification of the traveling waves for the third order
Benjamin-Ono equation in L2(T), i.e. the solutions to (5.1) under the form u(t,z) =
up(z +ct), t € R, z € T, ug € L} (T), for some ¢ € R.

Definition 5.1.4. For N > 1, we say that u € LE,0<T) is a N gap potential if the set
{n>1](.(u) # 0}, where ®(u) = ((u(u))n>1, s finite and of cardinality N.

Theorem 5.1.5 (Classification of traveling waves). A potential ug € L7 (T) defines a
traveling wave for equation (5.1) if and only if

e cither ug is a one gap potential;

e cither uy 1s a two gap potential, and the two nonzero indexes p < q satisfy, with
W = 1Gl* and vy = 1G],

1 +
0 <7 <3 (p+\/p2+4qz%>

I R Al

27p+q

and

Yq

Note that from [GK20], Appendix B, the one gap potentials are the only traveling
wave solutions to the Benjamin-Ono equation; they have been characterized by Amick
and Toland [AT91].

Our last main result answers the question of orbital stability for these two types of
traveling waves.



204 CHAPITRE 5. THIRD ORDER BENJAMIN-ONO EQUATION

Definition 5.1.6. Let ug € L%}O(T) be a one gap traveling wave. We say the ug is orbitally
stable if for all € > 0, there exists 6 > 0 such that the following holds. If v is a solution
to (5.1) with initial condition vy € L7 o(T) such that |[vg — uol|2m)< 0, then

sup inf||v(t) — uo(- + 0)|| 2 < €.
teR 6eT

Theorem 5.1.7 (Orbital stability of the traveling waves). The one gap traveling waves
are orbitally stable, whereas the two gap traveling waves are orbitally unstable.

For the Benjamin-Ono equation, Pava and Natali [PNO8| proved the orbital stability

of the traveling wave solutions in H?((T). In [GKT20b], Theorem 4, Gérard, Kappeler
and Topalov improved the orbital stability of these solutions to Hf(T), s > —3.

Plan of the paper The paper is organized as follows. We first prove the well-posedness

threshold for the third order Benjamin-Ono equation (5.1) in Section 5.2. Then, in Section

5.3, we classify the traveling wave solutions and study their orbital stability properties.
In Appendix 5.A.1, we describe how to compute the Hamiltonians H; and frequencies

W = 8’;&0‘1"271 in terms of the action variables |(,|*. In Appendix 5.A.2, we retrieve the

Hamiltonian and frequencies of the third order Benjamin-Ono equation (see formulas (5.4)
and (5.5)) by starting from the definition (5.3) of the higher order Hamiltonians. In Ap-
pendix 5.A.3, we provide an alternative proof of a result from [TV13b] about the structure
of the higher order Hamiltonians by using formula (5.3), which may be of independent
interest.

Acknowledgments The author would like to thank her PhD advisor Professor P. Gérard
for introducing her to this problem, and for his continuous support and advice. She also
thanks the referees for their careful reading of the manuscript and constructive remarks.

5.2 Well-posedness threshold for the fourth Hamilto-
nian
For N € N, let Uy be the set
Uy ={u € L7o(T) | (w(u) # 0, ¢(u) =0 Vj> N}

We know from [GK20|, Theorem 7.1, that the restriction of the Birkhoff map ® to Uy is
a real analytic diffeomorphism onto some euclidean space. In Birkhoff coordinates, the
evolution along the flow of equation (5.1) for an initial data ug € Uy writes

BiCo = iwis” (1) Cn

S

where for all n > 1, the frequencies wi” (ug) are given by (5.5)

W#)(Uo) =n’+ nszp(Uo)F—S Z min(p, n)2|Cp(Uo)!2

p>1 p>1

+3° 3 min(p, ¢, n)IG (1) 21G, (o)

p,q>1
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This implies that
Culu(t)) = Galuo) gon W)t 4 e R > 1.

Therefore, for any finite gap initial data uy belonging to some of the sets Uy, the flow
map S’ : uy € Uy — u(t) € Uy is well-defined.

In part 5.2.1, we prove that for all ¢ € R, this flow map extends by continuity to
H;o(T) for s > 0. We also show that the extension is sequentially weakly continuous in
H;o(T) for s > 0, but not in L7 ;(T). In part 5.2.2, we prove that the flow map does not
extend by continuity to H,§(T) for s > 0. This gives a threshold for the global C%-well-
posedness of the third order Benjamin-Ono equation in the sense of Definitions 1 and 2
from |[GKT20b].

5.2.1 Well-posedness in H;((T), s > 0

Proposition 5.2.1. Let s > 0. For any ug € H;(T), there exists a continuous map
t € R = S"up) = u(t) € H:(T) with u(0) = ug such that the following holds.

For any finite gap sequence (uf)x converging to ugy in H?o(T), for any t € R, uy(t) =
S'(ug) converges to u(t) in H:(T) as k goes to infinity.

Moreover, the extension of the flow map S 1 ug € H;(T) = (t = u(t)) € C(R, H;;((T))
1S cOntinuous.

We use the following result from Proposition 5 of Appendix A in [GKT20b]. For s > 0,
the Birkhoff map ® defines a homeomorphism between H;((T) and the space

W = {(Gner | 32 nH (G2 < oo}

n>1

The proof of Proposition 5.2.1 therefore relies on the following sequential convergence
result obtained after applying the Birkhoff map.

Lemma 5.2.2. Fiz s > 0. Let ¢* = ((¥),>1, k € N, and ¢ be elements of h2 * such that
¢ || 1., — 0. Then for all t € R,
hi k—4o0

1(CE €1y, — (¢, e @), |

h?+sk +oo

where the convergence is uniform on bounded time intervals.

Proof. Note that since (¢*), converges to ¢ in hfrs, then for all n € N, formula (5.5) for

W (¢*) implies that w(” (C*) converges to wi”(¢) as k goes to infinity.

Let € > 0. Fix K € N such that for all £ > K,

I¢* =l g e

1
Using that ¢ € hiJr , fix N € N such that

( Z n1+25’<n‘2>5 <c

n>N
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Now, if k > K,

i@ e
(G e €= (Gu o™ Oy
+

iw#) k iwﬁf‘)
< H(Cﬁ)n - (Cn)n|’h%+s+‘|(Cn(e r_ e (Ot))nH Las
+

1
N-1 3
(@) @)
< 3c4 <§ :n1+23\fn(ew"4 (€t _ giwn (C)t)|2) :
n=0

which is less than 4e for k large enough by convergence term by term of the elements in
the sum. Moreover, this convergence is uniform on bounded time intervals. O]

Proof of Proposition 5.2.1. Let s > 0 and uyp € H;((T). Fix t € R, and a sequence of
finite gap initial data (uf), converging to ug in H;(T).
We first establish that for all t € R, (u(t)), has a limit in H;(T) as k goes to +oc.

lig
By assumption, ®(uf) converges to ®(ug) in hi+ . Define the sequence ((t) by

Gult) = Culug) € 0 e N,

lys
Lemma 5.2.2 immediately implies that the sequence (®(u(t)))r converges to ((¢) in hfr+ .

Since ®~! defines a continuous application from h?ﬁs to H;o(T), we deduce that ug(t)
converges in H((T) to u(t) :== ®~(¢(t)). Fix T' > 0. Because the convergence of ®(uy(t))

to ((t) in h_%js is uniform on bounded time intervals, the union of ®(u(t)) and ((¢) for
k € Nand t € [0,T] is a compact. By continuity and therefore uniform continuity of ®~!
on this compact, we deduce that u converges to u in C([0, 77, H;(T)).

We now prove the continuity of the flow map S'. Let uf € H:(T), k € N, be a
sequence of initial data converging to some ug in Hio(T). Then ®(ug) converges to ®(uo)

1 S . . . .
in hi+ , and the above Lemma 5.2.2 again implies that ®(uy(t)) converges to ®(u(t)) in

1 S . . .
h}r+ . In other terms, u(t) converges to u(t) in H,; (T). With the same argument as in
the latter paragraph, this convergence is uniform on bounded intervals. ]

Corollary 5.2.3. For all s > 0 and all t € R, the extension of the flow map restricted to
H?o(T) 2 ug € Ho(T) = u(t) € H:o(T) is sequentially weakly continuous.

Proof. Let uf € H:y(T), k € N, be a sequence weakly converging in H(T) to uy €
H:o(T). Since the embedding Ho(T) < L2 (T) is compact, (ug)y is strongly convergent
to ug in LZ2,(T). By continuity of the flow map S, one deduces that (ux(t)), converges
strongly to u(t) in LZ(T). This implies that (uy(t))r converges weakly to u(t) in H7o(T).

[

Proposition 5.2.4. For all t € R*, the extension of the flow map restricted to L,%,O(’]I‘) :
up € L2(T) — u(t) € L2y(T) is not sequentially weakly continuous.

Proof. Fix t € R* and ug € L2(T) \ {0}. We construct a sequence (u); in L2(T)
weakly convergent to ug in L2 (T) but such that ux(t) = S*(uf) is not weakly convergent
to u(t) = 8*(up) in L (T).
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Let a > 0 to be chosen later. For k € N, we choose ({,(uk)), converging weakly to

1
(¢p(uo))p in A3 (so that uf converges weakly to ug in L2 (T) by weak sequential continuity
of 71 see [GIKT20b|, Remark 6 (iii)) and such that

o
|Go(ug) = ICp(uo)!%Eék,p, p>1.

For instance, for p # k we make the choice ,(uf) = (,(ug), and for p = k, we make the
choice Gy (uf) = v/ICk(uo) >+ Se(uo) p if Cr(uo) # 0 and Ci(uf) = ¢ if G(uo) = 0.

E [¢(uo)]

Fix t # 0. If ug(t) was Weakly convergent to ug in L2 (T) then ((,(ux(t)), would

1
converge weakly to ((,(u(t)), in h3, and therefore component by component :

ZUJ( ) Uu, 'Lw ) U
Cp(u’8)e v O)tk:) Cp(uo)e v 0)7 p=>1

In particular, let p > 1 such that (,(up) # 0. Then there exists a sequence (ng); of

integers such that

w1g4)(u0)t + 27y, e w](f) (uo)t.

(4)(

From the expression (5.5) of wp ' (uf) and the strong convergence of (Cp(uo)) to (Cp(uo))

in 03 = {(G)p=1 | Do,511G|*< +00} by compactness of the embedding h2 — (%, w
deduce

Zprcp —mep P chp )|

We get a contradiction by choosing o & QT’TZ. O]

5.2.2 Ill-posedness in H _§(T), s >0

Proposition 5.2.5. For all t > 0, there exists no continuous local extension of the flow
map S* to H_§(T) when 0 < s < %, not even when H_3(T) is equipped with the weak
topology.

Proof. Let us fix 0 < s < 5 and an initial data ug € H,§(T) \ L2,(T). Let uf, k € N, be
a sequence finite gap 1n1t1al data, to be chosen later, such that uf converges in H, §(T) to
Ug-

From [GKT20b|, Theorem 6, the Birkhoff map extends by continuity as an homeo-
morphism

ls
®:ue H g ®(u) = (Cuu))n>1 € b2

hE = {(Guzt | Do 0!GP < oo}

n>1

where

Therefore, ((n(uo))n>1 := P(ug) € hi_s is well-defined. For k € N, write

®(ug) = (Calug) Lnzny)n-
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Since ug is a finite gap potential, it belongs to L2 (T). Recall that
N
() 1> plG ()= )
p=1
where
Ng N N
Gn(ug) =0 =3 min(p,n)*|G(ug) P+3 Y D min(p, ¢, n)[G(uf) *1¢, (up) .
p=1 p=1 ¢=1

Since uf converges to ug in H, §(T), the series 3 ], (ug)|? is convergent, and

> IG W) — 31 o)l
p>1 p=1

In particular, the term w, (uf) converges as k goes to infinity to

—+o0 +o00 400
Wn(ug) = n® =3 " min(p, n)?|¢y(ue)|*+3 Y > min(p, ¢, n)[Gy(uo)*[¢q (uo)]*-
p=1 p=1 ¢=1
For k € N, let
Nk 1
T 1= ZPKp(UlS)F: 5”“3”%2(?)
p=1
and

vE(t,+) = ug(t, - — Txt).

We use the following identity from the proof of Proposition B.1. in [GK20] :
Glu(- 4+ 7)) = Cu(u)e™, 7€R, ue LiO(T),
to deduce that for n € N,

Ga(0(t)) = Calux(t)) e

= Cu(uf) e/ )

Since

o) = nm —> Tl

the sequence ((,(vg(t)))x is convergent :

Ga(vi(t)) — Galug) ™", (5.6)

k—4o00

Let t > 0. If there was a local extension of the flow map 8" in H,§(T) (equipped with
the weak topology), then u(t) would be weakly convergent to u(t) in H_5(T). Applying
the Birkhoff map, which is weakly sequentially continuous (see | GK'T20b|, Remark 6 (iii)),

1

®(ug(t)) would converge weakly to ®(u(t)) in h2 °. In particular, for all n,

Cn(on() €7 = Gu(ur (1)) = Gal(u(t))- (5.7)
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We deduce from (5.6) and (5.7) that if ¢, (ug) # 0, then

irpnt Ca(ult) i (uot
e C. () e : (5.8)

We construct the sequence (uf); in order to contradict this latter point. Let n € N such
that (,(uo) # 0. Fix k € N. From the fact that ug does not belong to L7 (T),

ZPKP(U’O)P: +00,
p>k

therefore one can choose N, > k + 1 such that

N

S G (u) 2> 22

nt
p=k+1

Let 0 < a; < 1 such that there exists an integer my such that

Ny,
S plG o) +ar 3 Pl (uo)P= - (hr + 2mmi).

p<k p=k+1
We define uf by
Cpluo) if p < k

Goluf) = { arl(ug) if k <p< N, , peN.
0if N, < p

By construction, uf is finite gap and converges to ug in H, §(T). However,

Ny
7= plG(uo) o Y plG(uo)”

p<k p=k+1
1
= E(kﬂ' + 27my),
which implies that _
ezmnt — (_1)k

In particular, the sequence (e™"), is not convergent, and we get a contradiction with (5.8).
0

Remark 5.2.6. We expect that with a similar argument, one can prove the following fact.
For the higher equations of the hierarchy, the well-posedness threshold increases by % for
each equation (see Remark 5.A.1).

5.3 Traveling waves for the fourth Hamiltonian

In this part, we classify all traveling wave solutions to equation (5.1)
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A traveling wave of speed ¢ € R is a solution to (5.1) of the form wu(t,z) = uo(x + ct).

The argument of [GK20|, Proposition B.1., applies for the higher equations of the
Benjamin-Ono hierarchy, implying that a potential ug € L%O(']I‘) is a traveling wave solu-
tion to (5.1) of speed ¢ € R if and only if for all £ € R and n > 1,

eicntCn(UO) _ eiwgf)(uo)tcn(uo)’
or in other words :
for all n > 1, if ¢, (ug) # 0, then en = w® (ug). (5.9)

In particular, all one gap potentials are traveling wave solutions. Note that these po-

tentials are the only traveling wave solutions to the Benjamin-Ono equation and write
(see |[GK20], Appendix B)

pw eipx pw e—ipx
UO(:E) = 1 — weirz 1 — we—trr
Gp(u0)

with the nonzero gap being at index p > 1 and w = m. As we will see in this

section, the one gap potentials are not the only traveling wave solutions for equation (5.1).

In part 5.3.1, we first show that the traveling waves in Lf,O(T) are necessarily one gap
and two gap potentials, then provide a classification of the two gap traveling waves in
term of their actions. In part 5.3.2, we prove that the one gap traveling waves are orbitally
stable whereas the two gap traveling waves are orbitally unstable.

5.3.1 Classification of traveling wave solutions

In the following, it will be more convenient to work with the actions v, = [¢,(uo)[*.
Formula (5.5) for Wit (ug)

w(ug) =n®+n Zp’yp -3 Z min(p, n)>y, + 3 Z min(p, ¢, 7)YV,

p>1 p>1 p,g>1

(4)
shows that W”T("O) is equivalent to n? as n goes to infinity, therefore, from condition (5.9),
the traveling waves for the third equation of the hierarchy (5.1) are necessarily finite gap

solutions.

Proposition 5.3.1. Let ug be a two gap potential, and p < q be the indices of the two
nonzero gaps with gaps v, > 0 and v, > 0. Then vy is a traveling wave for equation (5.1)

if and only if
1 / +

and . ,
Yo = %5t + -,
! 2% +¢q .
Proof. Let ug be such a two gap potential. Then wug is a traveling wave if and only if
wp?(w0) _ wq” (uo) where
P q
W1(74) (uo)

="+ (Y + @) — 30(% + V) + 307 + 27574 +72)
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and
2

P p P
=+ (P +av) — 3(;% +q7q) + 3(575 + 25%% +72).

() (4)
Taking the difference of the two terms, “2 p(“()) — ¥ (o

) if and only if

p p p
0=¢*—p°+3 <—p(5 — 1)y — (g —p)yg + (5 — 1) + 2(5 - 1)%%) :

Dividing by 3(1 — §), this necessary and sufficient condition becomes

p+q
0=q—F=+php— % - V= 2%
i.e. N
p+q
2% + Vg = ¢—5— + P — 75- (5.10)

3

Fix 7, > 0 and 7, satisfying this latter equality. We get that v, > 0 if and only if the
right-hand side of the equality is positive, i.e.

1 +
0<7p<§<p+\/p2+4qz%>. (5.11)

) )
Conversely, any two gap solution u satisfying (5.10) and (5.11) verifies “2 p(“(’) — wa(u)

therefore is a traveling wave solution. O]

Let us give an idea of the form of a two gap potential uy with gaps at indices p < gq.
By Theorem 7.1 in [GK20], the extension of ITuy as an holomorphic function on the unit
disc {z € C| |z|< 1} satisfies
Q'(2)

Q(z)
where Q(z) = det(Id — 2M) and M = (Mym)o<nm<q—1 1S @ ¢ X ¢ matrix defined by

Hug(z) = —=

5m,n+1 if CnJrl =0

Mnm - K m (1) Cnr1(u . .
vV Hn41 ,{nrzl < (g\"?)_g/\,:i(l)()) if Cn+1 7é 0

A precise definition of p,, x, and A, can be found in [GIK20]. Therefore, @) and @’
respectively write
Q(Z) =1- ZpMp_l,() — Zqu—l,OMp—l,p

and
Q'(z) = _pzpilMpfl,O — qzqiqufl,OMpfl,p

This leads to

1pT 1qT —1ipx —1iqx
'U,O(gj) _ pep Mp—l,O + qe q Mq—l,OMp—l,p 4 pe p Mp—l,O + qe q Mq—l,OMp—l,p
1- epr]\{p—l,o - ezqach—l,OMp—l,p 1-— e_iprMp_l,o - e_iquq_l,oMp_Lp

Proposition 5.3.2. There are no three gap traveling waves.
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Proof. Let p < g < r the indices for the nonzero gaps for a three gap potential uy. The
speeds for each mode write

Wz(74) (uo) 2
o Pt (P + avg +77) = 3p(p + 74 + 1)
+3075 + 2% (g + ) + 75+ 297 +70),
4

“y );UO) =+ P+t - 3(%2% +q(g + )

+ 3(275 + 25%(% + %) 75+ 290 + 77

and

wi? (ug) P’ q°

4 (pYp + @Y + 1Y) — (W + %+ )

P P q q
+ 3(;%? + 2775 + ) + ;mf + 22707 + 7).

Let us now subtract the equalities.

&
_Q~
N
=
—~
I
=]
~—
S
=
—~

_ puo) = q2 — p2 — 3((§ - 1)]7’71; + (q - p)(’yq + '77"))

+ 3<<§ — )72+ 2<§ — 1)y (v + ).

NP p . w(4)(u0) w<4)(uo)
Dividing by 3(1 — E)’ we get that if == = then

Ptyq

0= QT + Y% — (Vg + %) — 7§ = 2% (Vg + ),
or equivalently
_ Pptgq 2
(a4 27) (3 + %) = 45— + 2% — Y- (5.12)

Doing the same for indices p and r,
(4) (4) >
wr(ug)  wp (uo) p q

o =1r? —p* =3((5 = Vpw + (& =) + (r = p)7)
r P r r
p p q q
+3((C =19y + 20 = Dwlye + ) + (= D)5 + 20 = Dyge)-

(4) (4)
Dividing by 3(1 — 2), if 20 — p<“0>, then

+p pr—¢° > r—q
3 +p7p+ﬁ%_r%_7p_2710(%1"’%)_r_p

r—gq
r—p

O:rr

Ve -2

Y (5.13)

(4) (4) (4)
Subtracting (5.13) and (5.12), if “e(u0) _ @a(u0) _ w(wo) o
g b) p 7

q T

2 2 2
—q = +plr—q)  pr—q
'Yq)% = +( +Q)7q -

r
r—q+2
( g r—0p 3 r—op r—op

V-
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Since

2 2
pr—q pr—q*+qr—pq r—q
+q= =(p+q) ,
r—p r—p r—p

by multiplication by :%5, we get

r+q+p

3 + P+ — -

(r—=p+2v)% = (r—p)

Now, if ug is a traveling wave, the first equality (5.12) implies

B+ py, —

q+2v
g | 2Bt
3 q—+ 2y,
:p+q+ Yp

3 3(q + 2

Vgt =

)(p —2q — 37p),

in particular, since p < ¢ and v, > 0, necessarily

p+q
7q+7r<T.

However, the second equality (5.14) implies that

(r—p)= 2+ (p+q)v — 2

"o r—p+2y
I Gt Ol il Vot Y et 7 et O}
r—p+ 2y, r—p+ 27y,
_pta, "2 P, (o)
3 r—p+ 2y, r—p+ 2y,
Pty B — (r=p)r

3 —pt2y, 3r—pt27)

Since from (5.15),
P+q
<
Yq 3
we get from this latter equality for v, that
p+q

r>—7
i 3

but this is a contradiction with (5.15).

Corollary 5.3.3. There are no N gap traveling waves for N > 3.

213

(5.14)

(5.15)

Proof. The proof is the same as for the three gap traveling waves case, but with some
additional terms which might hinder understanding for a first reading. We explain here

how to adapt the proof.
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Let ug be a N gap potential, N > 3, and p < ¢ <r <ry < --- <ry be the indices for

the nonzero gaps. Let
N
L=+ Z%k.
k=4

The speeds for the three smallest modes at indices p, ¢ and r write

@) N
w Ug
- ZE ) =p’+ (PYp + qrg + 77 + Zrk%“k) = 3p(p + 79 + 1)
k=4
+ 3075 + 29 (v + Tr) + 77 + 27, +72),
(4) N 2
w (Uo) P
! ettt > ) — 3% 40 + 1))
k=4
p p
+ 3(q7:127 + 25%(% + 1) + '72 + 29,1 + F?«)
and
(4) N 2 2
wr (uo) p q
= (Pl v+ T+ ) Tw) = 3 T
k=4
p

+3( 'yp+2 Yo(vg + ) + ’yq+2 qu +T2).

The rest of the proof is identical up to replacing ~, by I', everywhere from this point
on. O

5.3.2 Orbital stability

Proposition 5.3.4. The one gap traveling waves in Lf,O(T) are orbitally stable.

Proof. Let ug be a one gap traveling wave, uf a sequence of initial data converging to u

in L?(T), and ¢, a sequence of times. We prove that up to some subsequence,

1nf||uk(tk)—u0( +9)HL2 m, T 0.

It is enough to show that there exists § € T such that in L2 (T),

Uk<tk) — ’LL()( +9),

k—+o00

i.e. such that in h_%,
D (ug(ty)) —> P(uo(- +0)).

k—+o0
Recall that o
D(up(ty)) = (Galuf) e W),

Let p > 1 be the index for which (,(up) # 0. Up to some subsequence, there exists § € T
@)k . . .
such that eir ()t . e, Moreover, since uf converges to ug in L2,(T),
—4o00 ’

Pl (ug) — Gp(uo) P+ Z n|€n(u§)|2k—>_+>oo 0
n#p
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We deduce that

I 14)) — Bl + Oy = pIGy (a5 % — G o) 6+ 3 mlca(uf)
+ n#p

— 0.
k—+o0

Proposition 5.3.5. The two gap traveling waves in L2 (T) are orbitally unstable.

Proof. Let uy be a two gap traveling wave such that the nonzero terms of the sequence
D (ug) = (Culug))n>1 are (p(ug) and (,(ug). We define the sequence uf of two gap initial
data by their nonzero gaps at indices p and ¢, denoted ,(uf) and ¢,(uf), as follows. We
fix ¢,(ul) := ¢,(up) and choose any sequence of nonzero complex numbers (¢,(uf))x such
that ¢, (uk) e C,(up) but for all k € N, e, := |, (uf)|?—|¢,(uo)|*# 0. Then we construct

tr € R in order to negate the orbital stability of u,.
Assume by contradiction that

inf[lur(te) = uo(- + O)llzzym), 2 0.

Then there exists a sequence 0, € T, k € N, such that in L%O(T),

||Uk(tk, T ek) - U’OHLE,()(T)’{;_)—_’_)OO 0.

Applying the Birkhoff map, which is continuous on L%O(T),

iwS (wk )ty —i —i
Gy ) e R (1)) P — o)

and
(4) (

Cq (ulg) e’

This implies by taking the arguments that for some integers n,; and n,y,

ug)te—ig0s Cq(uk(tk-)) e % —y Cq(uo)-
k—+o0

4/ k
wg() )(uo)tk — Pl + 21N, k_>—+>oo 0

and
w§4)(u§)tk — @O + 214 1 e 0,
therefore W W
Wq (US) Wp (ulg)
— 2 — ) 1
DPqty ( P D + 7r(pnq,k qnp,k) k:—>—+>oo 0 (5 6)

However, writing e = |, (uf)|2—[¢, (wo) |*= 74(uf) — 74(uo), we get that the speeds of

the two modes p and ¢ for the initial data uf are given by

Wi (uf)  wp? (uo) )
= » + ger, — 3pek, + ek (7 (uo) + Vq(uo)) + 3¢ej

and

wi () wi” (uo) p ;
= . + qge, — 3qey + 6€k(5”yp(uo) + v4(uo)) + 3¢5
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and therefore

: : ) (4)
Since ug is a traveling wave, (“ ) _ q(“f’)

2 (uk)

) _ p =-3(¢g—p+2(1— S)Vp(uo))gk’

=)
=
Y P
E
SN—

: wi (uf) 4w (uf)
Since €, # 0, then . =+ > It is therefore possible to choose a sequence t; such

that the limit (5.16) does not hold and get a contradiction. For instance, we can choose
t;. such that

p
—3pqti(q —p+2(1 — 5)%)@ =

5.A Appendices

5.A.1 About the hierarchy

The aim of this Appendix is to provide a way to compute the Hamiltonians #,; and

frequencies w for the higher order Benjamin-Ono equations in terms of the actions

Y = |¢p(uo)]?. In particular, we establish formula (5.5)

w (ug) =n®+n Zpyp -3 Z min(p, n)*y, + 3 Z min(p, ¢, )Y,

p>1 p>1 p,q=>1

for finite gap potentials wuy.

We first recall some notation. Given u € L?(T) , we consider its Lax operator
L, = —i0, — T,, acting on L2 (T), with domain H}(T) = H'(T) N L3 (T). The spectrum
of L, is discrete, with eigenvalues

Ao(u) < A(u) < - < Aplu) < ---.
Moreover (see [GK20], Proposition 2.2, Corollary 3.4 and equality (4.1)), for all n > 1,
() = Ap(u) — Ap_1(u) — 1

is nonnegative and satisfies v, (u) = |(,(v)[>. We also define f,(u) € Hi(T) as the L*-
normalized eigenfunction for L, associated to the eigenvalue A\, (u).
Let ug be a finite gap potential and use the notation X\, = A,(ug), fu = fu(uo).

From [GK20], equality (3.8), a variant of the generating function, denoted by H., is
defined as

From the decomposition 1 = n:1<]l|fn>fna we know using formula (5.3) that

“+o0o
) = Y I(LIf) A
n=0
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We now make use of the generating function to derive a recurrence formula for the

Hk. Set,

d 1 d ~
=1 -,
g = ogH EdaH

then from [GK20], equality (3.11), g. writes

>\0 <= Tn
e — + .
=1 N ; L+ e+ 1)1 +er)

Using the identity

and defining

1l
b= ( “1) C(lil|60(gs)
we get the recurrence relation
1k
Hip1 = 1 ; PH .
Moreover, the frequencies w = %, satisfy the recurrence formula
k
Wi+ = Za_P T
1=0

We now simplify P, and % :
l
P = /\é—H + Z%z Z(An—l + 1)m/\£l—m7
n>1 m=0

and since A\, 1 +1 =X\, — 7,

Pr= X ) 0 = n =)

n>1

From (3.13), A, = n — sp41 where s, = > 7~ v, for n > 1, therefore

= ()" Y (n = sp) T = (n—s,)

n>1

(5.17)

(5.18)

(5.19)
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We deduce
1 0P
l—i-—la_% = (1)) + (n—s,)' = ;(p —sp1) = (D= 5p)'
=Y r—s) —(p—1-s,)
p=1
n -1 I
LD 30 M ) LR B e
p=1 m=1
=1
LD M1 4 [S VD DI A R O S
m—1 PP1yPl—m
1<p<min(n,p1,..-,p1—m)
therefore
1 0P — [
l 1 l—m . m
——=n'+ —1 min(n, p1, - .-, Pi—m N
= ()T S e

Let us compute the first small terms by using (5.17) and (5.18). The Hamiltonian
with index 0 is constant Hy = 1, leading to w = 0, Pp =0 and dPO = 0.

Concerning index 1, H; = —(u|l) = 0 because we assumed that u € LZ2y(T) is
of average zero. This leads to w) = 0, P = 22p21p7p and g% = 2n. Because of

cancellations for several of these small terms, the recurrence relations (5.17) and (5.18)
write, for k > 2,

1
He = 7 (PrHi-2+ PoHis + -+ PoyHo + Per) (5.20)
and
OP OP OP,_
wih = ( : - 0,
k\ov, Vn O
(k=2) (k—3) @ , 9Pk
+ Piw,” " + Pow,” " + -+ Pr_sw,” + D ) (5.21)

The second index leads to the conservation of the mass

ul|? P
= P71
w,(f) =n
Moreover,
Po==si+Y (p—sp1)’ = (p—5,)° =3 _p*—-3> s
p=1 p>1 p>1
and .
G = 3(nt =2 3 min(p. ),
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For the third index, we retrieve identity (8.6) from [GK20| for the Hamiltonian

o= =Y = 30

p>1 p>1

and formula (8.4) from [GK20] for the frequencies

+oo
w® =n? -2 Z min(p, n
p=1

We now use that
PS_Sl"‘Z —spp1)! = (p— )"

and

OP: : :
873 =4(n* -3 Z min(p, n)*y, + 3 Z min(p, ¢, 7))
n b,q

to get the formula for the Hamiltonian of index 4

1 1 1, .,
Hy = Z(Pg + PHs) = 4P3 + 27{2

and the frequencies

1OP:
4) — 2723 H
Wy, 107, + nii
=n’+ nzpvp -3 Z min(p, n)>y, + 3 Z min(p, ¢, n) -
p>1 p>1 pq=1

In the same way, using that
+o0o
Py=—s) + Z(p - 3p+1)5 - (- Sp)5
p=1

and

10P, ) . :
= =n'—4) min(p,n)*y, +6 Y min(p,q,n)*yy, —4 > min(p,q,m,n)% 77

50
n p>1 pa>1 p.qr>1

we can get a formula for the Hamiltonian with index 5

1
7{53: g(fﬂ‘+‘?€7{24—}%7{3)

and the frequencies

1 0P, OP. OP,
6) _ = Ly, + P 2 (2) 4
i = (G Mt P + 5 o)
2 p .
= 5%(2 =Y s+ 5(2 pyp)(n® =2 min(p,n)y,)
p>1 p>1 p>1 p>1

gn =2 min(p.n)7,)(Y_py) + vap—z )n+é2§4

p=1 p>1 p>1 p=1
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leading to
w? =nQ_ % = D 5) + (Q_py)n® —2)  min(p.n)y,)
p>1 p>1 p>1 p=1
+nt =4 “min(p,n)’y, +6 > min(p,q,n) 7, —4 Y min(p, ¢, 7, )%

p>1 p,q>1 p,g,r>1

(5.22)

Remark 5.A.1. Note that formulas (5.5) and (5.22) for wi” (u) and w$ (ug), which have
been established for finite gap potentials ug, still make sense for w,(f‘)(uo) ifug € L2o(T) and
1
for w? (uo) if uo € H2o(T), but diverge if ug € H;,(T) for s right below these respective
exponents (s < 0 and s < 1 ).
One can actually show by induction the following facts. In the formula (5.19) for Py,

there is one term c; Z;:f p*p, the other terms being convergent if Z;;X{ PPy, < +oo.
This implies that in the formula (5.20) for Hy appears one term co Z:ﬁ
;;x{pk’%p < +o00. Consequently, in formula (5.21)
for wgk), k > 4, appears one term cs Z;ﬁi

+oo  k—4
oy PV < o0

Py, the
other terms being convergent if >
p*=3y,, the other terms being convergent if

From these facts, one can see that the formula for w can be extended by continuity

to potentials in H%(T) where s = % — 2, however there is no continuous extension to

H}5(T) when s — % < 5 < si. This explains why the well-posedness threshold for the

equation associated to the Hamiltonian Hy, in the hierarchy should be H.4(T).

5.A.2 Equation for the fourth Hamiltonian

From formula (5.3) and the decomposition (2.14) in [GK20] : Tlu = — 3725 X, (1| £,) fu,
we see that for k > 2,
Hi(u) = (L2 TTu|Tu), (5.23)

where

L,(h) = Dh —1I(uh), D= —id,, he H.(T).
For instance,

1 (1 1,

leads to the Benjamin-Ono equation

O = HO*u — 0,(u?).

Proposition 5.A.2. The Hamiltonian for the third order equation of the Benjamin-Ono
hierarchy (5.1) is

3 1

1 o 1 2 2 4 1 4

therefore the third order equation of the Benjamin-Ono hierarchy writes

Oyt = Op(— Oz — ;uH&zu - gH(uﬁxu) + u®)
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Proof. Let ug € L7 (T). We develop
Ha(u) = || DITu|| 72y —2Re (DTTu| T (ullw))) + [T (ullu) || 320,

and study each term separately.
First, since u is real, u(—n) = u(n), therefore

~ 1 - 1
1D Zary= Y _[nf*fa(n) = 5 > Inffi(n)P= 10wl 72y,
Then, u being with average zero, u = ITu + Iu, leading to

(Du|(ullu))) = / D(Tw)ullu dx

1 27 _ 2 __
D(u)ulludzx — by D(TTu)ullu dx

2m Jo T Jo

so that

2(DTTu|T(ullu))) =5 / D(u Hudx——/ D( e Judz
m

1 2

- uQD(H_u)dx—i-—/ Tw’ Du dz.
2m 2m Jo

Taking the real part,

ARe(DITu|T(ullu))) = 2 (<DHu|H(uHu))> + (DHu|H(uHu))))

1 27 o S 1 277_ —
=—— u?*(D(Tu) + DITu) dz + — Tu’Du + (ITu)*Du dz.
2 Jo 2 Jo
Using that Df = —Df,
ARe(DIu|I(ullu))) = ——/ D(Iu)) dz + —/ Hu — (TIu)?)Du dz
=5 uw?(D(Mu) — D(TTw)) dz + — / (TTu — Mu)uDu dz
T
1 27r 11 27
=—— u?*(D(Mu) — D(TTw)) dz — = — D(ITu — Mu)u® dz
2m Jo 22w J,
31 2 ) -
=55 u*(D(Iu) — D(Mu)) dz.
T

It now remains to remark that D(ITu) — D(ITu) = —H0,u in order to conclude the identity
3 2
2Re(DITu|II(ullu))) = Z(H&Eulu ).
Finally, we treat the last term ||IT(ulTw) ||%2(1r)~ Note that by decomposing u = ITu-+Ilu,

I (ullu) = (TTu)? + T(TTullu),
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therefore
T (ulTw) |2 = |TTu|*+(w) T(Tully) + o T(TTullu) + |[T(Tullu)[2.
By removing the useless projections,
1 21 o — o o
T (ulTw) || 72 ) = 2—/ [Tl |*+ (TTw) *Tullu + T Hullu + [T(TTulTv) |* do
m™Jo

1 2w

— (TMw)2TTu” + (TTw)*TTu + T T + [T(TTullw) 2 d.
T Jo

But if we take the fourth power of the identity v = ITu + Iu
ut = (u)* + T + 4(TTw)*TTu + AT Tu + 61Tu” (ITu)?,

and make use of the fact that the mean of u is zero, we get
A 1 2 — _ Yy
[ullaemy= o /. 4(TTu)*Tu + 4w Tl + 6(TTu)*Hu” dz.

By subtraction, the following cancellations happen :

1 2

1 B L — 9
It =g ol = 5 [ TR de = 55- [ (0P as

To conclude, since Iullu is real, we can use the identity || f||>+|(f|1)|?>= 2||TLf||? for real
valued functions f € L*(T) to get

1 2m _ 11 2t 1
— ITL(Mwllu)* dz = = — [Tlullu|* doe — = |[(TTullu, 1)|?,
2 Jo 221 J, 2

leading to

1 1 —
HH(UHU)H%%T)—Z||U||Zi4(1r) = —§’<HUHU, 1)

1
= _§||HUH%Q(T)

1
= —guuuim)-

5.A.3 Structure of the higher order Hamiltonians

The aim of this Appendix is to give an alternative proof of Proposition 2.2 in [TV 13b].
We first recall the notation introduced in [TV13b] for the sake of completeness. For a
smooth function u € C*(T), define by induction the sets P, (u) as

Pi(u) ={H"0y'u| e €{0,1}, a3 € N},

Po(u) = {(H 09 u) (H®20%u) | e1,e2 € {0,1},  ay,a9 € N}
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and for n > 2,

k k
Pn(u) = {HHelpjl(u) | ke [2,n], e1,...,e€{0,1}, Zjl:n, p; (w) Gle(u)}.
1=1 =1

Moreover, for p,(u) € P,(u), the term p,(u) is uniquely defined from p,(u) by removing
all the symbols H in the expression of p,(u) and only keeping the symbols 0%iu. In this
case, if

pa(u) = [ 95w,
=1

the maximal order of derivative involved and the sum of these orders are respectively
denoted

[pn(u)]= sup
1€[1,n]

and
Ipa(w)|= a.
i=1
We now retrieve a proof of the following result (Proposition 2.2 in [TV 13b]).

Proposition 5.A.3. Let k = 2(m + 1) be an even integer. Then there exists ¢ € R such
that the (k + 2)-th Hamiltonian Hyo writes, for all u € C*(T),

1 2m
Hia(u) = 5 lul %Im+1(’]r)+c/ w(HOu) (97 ) dz + R,
0

where for some real numbers c(p),

2m+4

R=> > C(p)/oﬂp(U) da.

=3 p(u)eP;(u)
llp(w)l|=2m+4—j
Ip(u)|<m

Note that Hyio(u) = 2 Ejya(u) with the notation from [TV13b].
Proof. Recall formula (5.23)
Hk+2(u) = <L5HU|HU>
= (L7 u| L7 Tu)
= ((D — T,)™ ' Mu|(D — T,)" " u),
where D = —id, and T,, : h € L3 (T) — II(uh).
We expand Hyo(u) as a sum of terms depending on whether we applied the operator

D or the operator T, when applying L,.
It is possible to decompose Hyo(u) as follows :

1
Hiro(u) = Sllullfmir oy +A+ B,

H’"L+1 (']I‘
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Where ||Hu||?{m+1(’]1‘): %“u”i[mel(’H‘)

obtained when one applies only once the operator T, and (2m + 1) times the operator D

is obtained when one only applies operator D, A is

j=0

A = —2Re <i<ijH(uDjHu)\DmHHu)>

J]=

= —2Re < <Dm_j(uDjHu)]Dm+1Hu>> :
0

and B is obtained when we apply at least twice in total the operator T,.
e We first prove that one can decompose A as

2m
A= c/ w(HOu) (0" ) do + A
0

where for some real numbers ¢(p),

i— Y /0 " p(u) da. (5.24)

Let 7 € [0,m]. By integration by parts and Leibniz’ formula,

(D™= (uDiTw)| D™+ lu) = (D™ (wD’w)| D™ u)
uD™ ! (Mw) | D™ M) + (D™ (u) DI (ITu)| D™ )

—~

+ _j (m e ) (D*(u)) D™ * ()| D™ Iu).

3

T

We take the real part and sum over the indices j. When distinguishing the cases j = 0
and j > 1, we see that for some suitable A as in (5.24), A decomposes as

A = —2(m+ 1)Re((uD™ ! ()| D™u)) — 2Re((D™+! (u)u| D™Tu)) + A.

Write Ilu = %H“, then there exists some real constants c(e1, £9) such that

A= Z (e, 52)/0 7ruaﬁf‘(IT-I’flu)é?;”Jrl(H"EQu) dz — Re((D™ ! (w)i Hu| D™ (ITw))) + A.

€1,62€{0,1}

On the one hand, the terms in the sum are simplified as follows (see the remark from
Tzvetkov and Visciglia [TV13b]). When g, = &9,

21 27
/ O (HE )0 (B ) dar — % / ud, (O™ (H*u))?) da
0 10 o
:_5/ 0, () (O (H*u))?
0

S0 this term is a remainder term to be added to A. Moreover, by integration by parts,

27 2 27
/ ud™ (u)0™ M (Hu) dz = —/ Op(w) O ()0 (Hu) dx — / w0 (u) 0" (Hu) dz.
0 0 0
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Therefore, the sum is a linear combination of the term fo w(HOMu)0™udz and other
terms that can be added to the remainder A.
On the other hand,

Re((D™ " (u)iHu| D™ (ITu))) = Re((0;""" (u) Hul|0;" (TTu)))
= % (Re((07" (u)Hul0}"u)) + Re((0;" " (u) Hulid]" (Hu))))

Since u is real valued, so is Hu, therefore
Re((0 ! (w) Hulid™ (Hu))) = 0.

By integration by parts, we then write

as a remainder term to be added to A.

e We now tackle term B , for which we have applied T;, at least twice. We show that
it can be written for some real numbers c(p) as a sum

2m-+4 27
B=3 3 | o
p(u)EP;(u) 0
lIp(u) [ =2m-+4—j
Ip(u)|<m

Let B be one of the terms in B obtained by applying T, (7 — 1) times on the left side and
(k — 1) times on the right side.

Assume that we have applied T, at least once in each side of the brackets, i.e. j —1 €
[1,m+ 1] and £k — 1 € [1,m + 1]. Then we can apply Leibniz’ rule and decompose the
left side as a complex linear combination of terms of the form p(u) where p(u) € P;(u),
[p(u)||l=m +2 —j and |p(u)|< m (for the right side we just replace j by k). The term
B is therefore a complex linear combination of terms fo (u) dz, where p(u) € Pj(u) for
some | = j+ k € [4,2m + 4], ||p(u)||=2m +4 — | and |p( )< m.

Otherwise, we have applied T, at least twice in the same side of the brackets, let us
say the left, and we only have applied the operator D on the other side : j—1 € [2,m+1]
and k£ — 1 = 0. Again by Leibniz’ rule, B decomposes as a sum

m+2

B=Y > cp)p(w)|D" ).

J=3  p(w)eP;(u)
p(w)[|=m+2—j
p(u)|<m—1
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But then by integration by parts and Leibniz’ rule again,

m—+2

B=Y" Y c(p){Dp(w)D"Tu)

Jj=3  p(u)eP;(u)
lp(w)||=m~+2—j
Ip(u)|<m—1

m—+2

=> > o)D)

=3 p(u)eP;(u)

llp(w)||=m+3—j

[p(u)|<m
m—+3 2T
=Y Y W s
=4 p(u)eP;(u) 0

llp(w)||=2m+4—j

[p(u)|<m

which is of the desired form.



Chapitre 6

Long time behavior of solutions for a
damped Benjamin-Ono equation

Ce chapitre reprend les résultats de [Gas20a).

Résumé. On considére une équation de Benjamin-Ono sur le tore amortie par les pe-
tits modes de Fourier (cos et sin). On montre d’abord le caractére bien posé de cette
équation dans L?(T). Ensuite, on décrit les limites faibles des trajectoires dans L7 ;(T)
lorsque le temps tend vers l'infini, et on prouve que ces limites faibles sont des limites
fortes. Enfin, on montre que les normes de Sobolev d’ordre supérieur restent bornées pour
cette équation. Notre outil principal est la transformation de Birkhoff pour 1’équation de
Benjamin-Ono, que nous utilisons comme une transformée de Fourier non linéaire.

Abstract. We consider the Benjamin-Ono equation on the torus with an additional
damping term on the smallest Fourier modes (cos and sin). We first prove global well-
posedness of this equation in L%O(T). Then, we describe the weak limit points of the
trajectories in LE,O(T) when time goes to infinity, and show that these weak limit points
are strong limit points. Finally, we prove the boundedness of higher-order Sobolev norms
for this equation. Our key tool is the Birkhoff map for the Benjamin-Ono equation, that
we use as an adapted nonlinear Fourier transform.
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6.1 Introduction

In this paper, we consider the Benjamin-Ono equation on the torus [Ben67|, |[Ono75|
O = HOppu — 0, (u?) (BO)

with an additional weak damping term on the smallest Fourier modes defined as follows.
Fix a parameter a > 0, the damped Benjamin-Ono equation writes

Oy + a((u|cos) cos +(ulsin) sin) = Hdypu — 0y (u?). (BO-a)
The operator H is the Hilbert transform

2
Hie) = 3 ~isgan)fe™, [ =Y Fmer, fo) = [ fwed
nez nez 21 Jo
with the convention that sgn(£n) = £1 if n > 1, and sgn(0) = 0.

Our aim is to investigate how this damping can affect the long-time behavior of trajec-
tories. Note that our choice of damping breaks both the Hamiltonian and the integrable
structures of the Benjamin-Ono equation, moreover, the damping term is not a small
perturbation of the Benjamin-Ono equation. For a general damping term with such prop-
erties, the problem seems out of the scope of usual techniques.

Our main tool is the construction and study of a Birkhoff map for the Benjamin-
Ono equation by Gérard, Kappeler and Topalov in [GK20; GKT20b; GKT20a| (see
Gérard |Gér20| for a recent survey of these results), implying that the Benjamin-Ono
equation is integrable in the strongest possible sense. This transformation should be seen
as a nonlinear Fourier transform adapted to the Benjamin-Ono equation. The classical
Fourier transform has proven to be a powerful tool for studying nonlinear partial differen-
tial equations, for instance with the development of pseudodifferential and paradifferential
calculus. In the same spirit, we will see that the Birkhoff map transforms the damped
equation (BO-a) into a system of ODEs on the nonlinear Fourier coefficients (¢, (u))n>1,
which enables us to study the qualitative properties of the solutions in infinite time.

The Birkhoff map writes

1
& ue I2y(T) = (Gulw)on € . (6.1)
where L?(T) is the space of real-valued functions in L*(T) with zero mean, and

—+00

BE = {C = Gzt € CVLIICIP, = Y nGaf?< +oo}.

2
h+ n=1
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This map provides a system of coordinates in which the Benjamin-Ono equation can be
solved by quadrature. Indeed, if u is a solution to the Benjamin-Ono equation with initial
data ug, then there exist frequencies wy,(ug) = n® —2>", -, min(k, n)|(x(uo)|?, n > 1, such
that for t € R and n > 1, N

Ga(u(t)) = Galug)e™ 0",

6.1.1 Main results

First, we establish the global well-posedness of the damped Benjamin-Ono equation (BO-«)
in L7 (T), and the weak sequential continuity of the solution map.

Theorem 6.1.1 (Global well-posedness). For all T > 0 and uy € L2,(T), there exists
a unique solution of equation (BO-a) in the distribution sense in C([0,T], L?(T)) with
mitial data ug.

Moreover, the solution map is continuous and weakly sequentially continuous from

L2,(T) to C([0, T, L2,(T)).
The solutions are global thanks a Lyapunov functional controlling the L? norm

(0 2oy 20 (D)) P= 0. (62)

In order to establish global well-posedness of equation (BO-a) in L ((T), one could
also apply the techniques used for the Benjamin-Ono equation from Molinet [Mol08] and
Molinet, Pilod [MP12b]. However, their techniques do not lead to the weak sequential
continuity of the flow map, which is needed for describing the weak limit points of wu(t)
as t — +00.

Then, we show that the weak limit points of trajectories as time goes to infinity follow
the LaSalle principle. Moreover, we prove that the trajectories are relatively compact in
Lf’O(T), in other words, all weak limit points are strong limit points.

Theorem 6.1.2 (Weak limit points). Let u be a solution to the damped Benjamin-Ono
equation (BO-a) in L2 (T). Let vy be a limit point of the sequence (u(t));>o for the weak
topology in L%O(T) as t = 4+o00. Then we have the following results.

1. The solution v to the Benjamin-Ono equation (BO) with initial data vy satisfies:

vVt e R, (v(t)]e™) =0. (6.3)

Moreover, condition (6.3) is equivalent to the fact that the weak limit point vy does
not have two consecutive nonzero Birkhoff coordinates:

VneN,  (u(vo)Cas1(vo) =0,

with the convention (y(vy) = 1.

2. Given a solution u, all the limit points for u have the same actions: there exists a
sequence (Yo°)n>1 such that for all limit point vy associated to u, for alln > 1,

|Cn(’UO)’2: %c;o
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3. The convergence is strong in L2 (T): if vy is a weak limit point associated to the
sequence (u(ty))x, then

HU(tk) — Vo ”LQ(T)k—>—+>oo 0.

Gérard, Kappeler and Topalov proved that the trajectories of the undamped Benjamin-
Ono equation (BO) are almost-periodic in H(T) for all s > —4 (see [GK20], Theorem
1.3 and |GKT20a|, Theorem 3 and Corollary 8). As a consequence, the solutions are
recurrent (see [GK20], Remark 1.4 (ii)): for all solutions v with initial data ug € LZ,(T),
there exists a sequence t, — +00 such that u(t,) tends to ug in L7 ((T). Both properties
do not hold for the damped equation (BO-a) because of characterization (6.3).

In [Tzv10; TV13a; TV13b; TV15; Denlh; DTV15], the authors build a sequence
(ftn)n of gaussian measures on L*(T), invariant by the flow of the periodic Benjamin-Ono
equation (BO), and associated to the conservation laws for this equation. Each measure
fin, is concentrated on H*(T) for s < n — 3, and satisfies (o (H™2(T)) = 0. Formally, it
is defined from the n-th conservation law H,, as a renormalization of the formula du, =
e Hn( dy. Sy [Sy18] extends this construction to get a measure concentrated on C>(T).
With this approach, it was already possible to prove that with probability 1 with respect
to the corresponding measure, the solutions of (BO) display the recurrence property
mentionned above (see [TV13b], Corollary 1.3 and [Sy18], Corollary 1.2).

An equation similar to (BO-«a) has been introduced and studied by Gérard and Grellier
in [GG20] starting from the Szegdé equation. For a > 0, the damped Szegd equation on
the torus writes

i0pu + iau|1) = (|u|*u), (Sz-av)

where I1 is the Szeg6 projector from L*(T) onto the space
L2 (T) = {u € L*(T) | ¥n < 0,7(n) = 0}.

Characterization (6.3) is then similar for (BO-a) and (Sz-«r). Indeed, let vy be a weak
limit point of a solution (u(t))cr of (Sz-a) for the weak topology of the natural energy

1
space HZ(T) := I1(Hz(T)), then the solution v to the cubic Szegs equation with initial
data vy satisfies (v(t)|1) = 0 for all times. As a consequence, the trajectories of (Sz-)
1

cannot be almost-periodic in H?(T), whereas almost-periodicity holds for the Szegs equa-
tion |GG17], similarly as the Benjamin-Ono case.

However, our result implies that the trajectories for (BO-«) are relatively compact
in L?(T), whereas many initial data for (Sz-) lead to trajectories which are not rela-

tively compact in the natural energy space HJ% (T) (this fact is a consequence of the proof
of Theorem 3.1 in |[GG20]). One can also note that in the study of (Sz-«), the authors
strongly use the fact that one of the two known Lax pairs for the Szeg6 equation still
holds, whereas there is no known Lax pair for (BO-a).

The last part of our paper is devoted to the boundedness for higher-order Sobolev
norms. For the Benjamin-Ono equation on the torus (BO), the infinite number conserva-
tion laws from Nakamura [Nak79] and Bock, Kruskal [BK79| provide bounds on all the
Sobolev norms H®, s > 0. We prove that the H® Sobolev norms also stay bounded when
0 < s < 2 for the damped Benjamin-Ono equation (BO-a).
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Theorem 6.1.3 (Higher-order Sobolev norms). Fiz 0 < s < 3. Let u be a solution to the
damped equation (BO-a) in L7 (T) such that the initial data ug belongs to H*(T). Then
there exists some constant Cs(||uol|ms(ry) > 0 such that for all t € R,

@) s )< Cs(lluollms(m)-

The proof of Theorem 6.1.3 could be adapted to show that there is no growth of Sobolev
norms in H;y(T) for any s > 0. However, our method becomes more and more technical
as the exponent s increases, this is why we chose to stop at s = % See Remark 6.5.6 for
more details.

The higher-order Sobolev norms for the Benjamin-Ono equation with and without
damping have the same behavior, which is in contrast with the Szeg6 equation. Indeed,
Gérard and Grellier proved in [GGQO]1 that for the damped Szeg$ equation (Sz-«), there

exists a non empty open subset of HZ(T) for which every solution u with initial data in
H*(T), s > %, has an exploding orbit in H*(T):

[u(®)]

Hs(T) t_>—>+oo —+00.

However, the undamped Szeg6 equation exhibits weak turbulence |[GG17], in the sense
that there exists a dense G5 subset of initial data in L2 N C™ such that for every s > %,
the solution v satisfies lim sup, ||u(t)|| gs(ry= +00, whereas lim inf, ||u(t)|| gs(ry< +00.

In order to prove Theorem 6.1.3, we introduce Lyapunov functionals controlling the
higher-order Sobolev norms in Birkhoff coordinates. Note that from [GKT20b], Proposi-
tion 5 in Appendix A, the Birkhoff map ® and its inverse map bounded subsets of the
Sobolev space H;((T) to bounded subsets of sequences in

P = {c = Gez € C LG = 3216 +oo} .
+ n

This leads us to consider higher-order Lyapunov functionals in Birkhoff coordinates of the
form

PS(“) = Z ann(u)a

where we choose weights w,, satisfying w,, ~ n'™2. The strategy of introducing Lyapunov

functionals controlling higher-order Sobolev norms has been implemented for instance
in [AB20] and [AMS20] for various equations describing free surface flows in fluid dy-
namics. In our paper, this strategy is implemented for the first time using the Birkhoff
coordinates of a close integrable system.

6.1.2 Long-time behavior for equations of Benjamin-Ono type

As a comparison, let us now recall how the long-time dynamics for the Benjamin-Ono
equation would be affected by the change of geometry, the introduction of a perturbation
or the addition of a diffusive damping term. We refer to Saut [Saul9| for a general survey
on the Benjamin-Ono equation.
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Benjamin-Ono equation on the real line On the real line, one expects the dispersion
to change the behavior of Benjamin-Ono solutions. Ifrim and Tataru [IT19] proved that
for small localized initial data, there holds linear dispersive decay for large time scales. It
is also conjectured that a solution associated to small initial data either is dispersive, or
decomposes into the sum of a soliton and a dispersive part (soliton resolution conjecture).

The Benjamin-Ono equation on the line is also integrable. The Lax pair formulation
is the same as on the torus, however, the inverse spectral theory, formally described
in Ablowitz, Fokas |FA83|, is only performed for sufficiently small and decaying initial
data [CW90]. Wu [Wul6| studied the spectrum of the Lax operator for the Benjamin-
Ono equation, then solved the direct scattering problem for arbitrary sufficiently decaying
initial data [Wul7]. The recent construction of the Birkhoff map for multisolitons by
Sun [Sun21] constitutes a first step towards the soliton resolution conjecture.

Perturbations of the Benjamin-Ono equation on the torus Thanks to extensions
of the KAM theory, one can investigate if the periodic, quasi periodic or almost periodic
nature of trajectories is preserved by perturbation of an integrable equation. This kind of
studies goes back to Kuksin [Kuk87] and Wayne [Way90], we refer to Craig [Cra00] and
Berti |Berl9] for a detailed survey.

Concerning perturbations of the Benjamin-Ono equation in the neighborhood of the
origin, we mention the following results. In [LY11], Liu and Yuan consider a class of
unbounded Hamiltonian perturbations of the periodic Benjamin-Ono equation (BO),
construct KAM tori and deduce that there exist quasi-periodic trajectories. Mi and
Zhang |MZ14] extend this result to more general unbounded quasi-periodic Hamiltonian
perturbations. In [Ball3|, Baldi proves that there exist periodic solutions for some non
Hamiltonian reversible perturbations of a nonlinear cubic Benjamin-Ono equation

O+ HOppu + 0, (u®) = 0.
For generalized Benjamin-Ono equations of the form
Oyu 4+ HOppu + 0. (f(u)) =0,

Bernier and Grébert [BG20b| establish approximations of trajectories on large time scales
for generic initial data close to the origin.

In order to investigate further Hamiltonian perturbations of the Benjamin-Ono equa-
tion through the KAM theory and tackle trajectories which are not necessarily close to
the origin, it would be useful to prove that the Birkhoff map ® is real analytic. As a first
step, Gérard, Kappeler et Topalov prove in [GKT20a] that the action map u > (|¢,(u)]?),
is real analytic from Sobolev spaces H;(T) onto weighted ¢! spaces.

Damped Benjamin-Ono equations Adding a damping of diffusive type can lead to
a decay of solutions or the existence of a global attractor. A global attractor is a compact
set, invariant by the flow of the equation, and attracting all trajectories uniformly on
bounded sets of initial data.

Several physical damping terms can be chosen depending on the nature of dissipa-
tion, in the same way as for the Korteweg-de Vries equation, see Ott and Sudan [OS70].
Grimshaw, Smyth and Stepanyants (see [GSS18| and references inside) introduce and
study numerically a general model of dispersive equations under the form

Owu 4+ aud,u + SHOpu + 0Du] = 0,
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where D(u) is a Fourier multiplier. For instance, the operator D can describe the Rayleigh
dissipation Du = u, the Reynolds dissipation Du = —0,,u leading to the Benjamin-Ono-
Burgers equation, the Landau damping Du = H0,u, the dissipation of internal solitary
waves over a rough bottom Du = |uju [Gri03], etc.

The decay to zero and an asymptotic profile of solutions as ¢ — 400 can be found
in Dix [Dix91]| for Reynolds dissipation, and Bona, Luo [BL11| for generalized Benjamin-
Ono-Burgers equations (see also [Mat +07] for dispersive shockwaves when the damping
is small). For a fractional dissipation Du = |D|%, ¢ > 0, the asymptotic behavior and
the existence of global attractors is investigated in Dix [Dix92| and Alarcon [Ala93]|. Guo
and Huo [GHO6] prove the existence of a global attractor in L*(R), compact in H3(R),
for generalized weakly-damped KdV-Benjamin-Ono equations, under the form

ou + aHOyu + BOpzeu + p0pu + Au 4+ ud,u = f.

The existence of a global attractor in H'(R) for the weakly-damped Benjamin-Ono equa-
tion had already been proven in [BY95].

We also mention the works of Burq, Raugel and Schlag [BRS17; BRS18] concerning
weakly-damped Klein-Gordon equations.

Note that in equation (BO-«a), the damping term is weaker than the ones mentioned
above. Indeed, there are many trajectories which do not go to zero as time goes to infinity,
for instance, this is the case for the solutions satisfying condition (6.3) since the L? norm
of these solutions is preserved. Numerical simulations implemented by Klein [Kle20] tend
to suggest that there are many other trajectories which do not go to zero, and that a
global attractor may not exist (see related open questions in part 6.1.4).

6.1.3 Equation in Birkhoff coordinates

In the study of the damped Benjamin-Ono equation (BO-«/), our general strategy consists
in applying the Birkhoff map & and transform this equation into a system of ODEs on
the Birkhoff coordinates

d

Efn(u) = iwy, (C(u)) G (u) — a ({u|cos) d¢,[u]. cos +(ulsin) d(,[u]. sin), (6.4)

where we recall that w,({) =n? —2,., min(k,n)|¢|? for n > 1.

Our key result is a simplification of the right-hand side of equation (6.4), in particular
the terms d(,[u(t)]. cos and d(,[u(t)].sin, as a function of the Birkhoff coordinates ¢ =
(Ca)n>1, and of their actions v = (|(,|*)n>1. Before stating the theorem, we introduce
some notation for the spaces at stake. If u € L2((T), then the Birkhoff coordinates ¢

1
belong to hZ C (2 , where (% denotes the space of complex sequences

p = g N p pu— p
- {z (zn)nz1 € C | |25 > |zl <+oo}.

n>1
In particular, the actions v belong to the space E}r.

Theorem 6.1.4 (Structure of the vector field). There exist functions pj,, q;, A}, ), and By,
such that for all w € L2 (T), if { = ®(u), then

+o0o
da[u]. cos = pi(V)Cut + G4 (7)Cosr + <Z A (NG + B;z,k(v)ckcm) G
k=0
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with the convention (o = 1 and the notation v = (|Ca|*)n>1. The terms pj, g5, Ay, ). and
B;, . are C! functions of the actions y € (', they are uniformly bounded and Lipschitz on
finite balls: for all v € 1 satisfying H7||gl+§ R, for all n,k >0,

o (N1, (DA (VB (V)< C(R),

moreover, for all h € (},
| dpy, (7)-hl+] dgy, (v)-hl+ dA7 . (v)-h[+]dBy (7). h|< C(R)[]]4 -

The same holds for d(,[u].sin, which also writes under the form

dGnlu]. sin = pp,(¥)Ga-1 + @ (V) Cas1 + (ZA 7CkChi1 + By i(v )Ckfk_ﬂ> Cn;

with similar estimates for the new terms pj,, q,, Ay, , and By, .

Precise formulas for p! and ¢ in the case of d(,[u].cos are given by equalities (6.12)
and (6.13) below.

Similarly, as proven in [GKT20b|, Lemma 13, there exist functions a} of the actions,
which are uniformly bounded and Lipschitz on finite balls of ¢}, such that

(u]cos) — i(ulsin) = Zak )CrCrs1- (6.5)

k>0

The decomposition of the vector field into blocks of the form

= AN GG, (6.6)

k>0

where A7 are functions of the actions only, enables us to get bounds and Lipschitz es-
timates on finite balls, so that one can apply the Cauchy-Lipschitz theorem for ODEs.
Thanks to this, we avoid going back and forth from u to ¢ in the equation, and we do not
need to use analicity results on the Birkhoff map (see [GKT20a; GKT21a] for results in
this direction).

We now explain the main idea in the study of the long time asymptotics. Functions of
the actions v are slowly varying, indeed, we will establish in inequality (6.24) below that
if [|uol|L2(m< R, then for all ¢ > 0,

2

n>1

4
dt

w)\ < C(R)|(u(t)]e™)],

where the right-hand side is square integrable over time thanks to the Lyapunov func-
tional (6.2). However, the Birkhoff coordinates ¢ are highly oscillating over time, because
of the phase factor iw,(¢)¢, ~ in*(, appearing in the formula (6.4) of its time derivative.
Moreover, interactions of different modes under the form (,Cpy1GuCos1, k # n, are also
highly oscillating over time, again because of the phase factor

i(—wir(€) + wr1(€) + wal€) — wnr1(€))CeCh1GnCasr = 2i(k — 1) Clrr1$nCort

in the time derivative. By analogy with usual Fourier coefficients, such highly oscillating
terms have a small time integral. We retrieve this fact here by performing an integration
by parts.
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Using these remarks, we start from the observation that |(u|e™)|? is integrable over

time, and expand the square modulus of formula (6.5). By discarding the interactions of
different modes (.Cr11CiCna1, kK # n, we deduce that

+o0 100
| T <+
0

n=0

(see Proposition 6.4.3 for more details). Successive integration by parts allow us to go
even further and prove that for higher and higher exponents s,

+o0 +00

Z N> () Yny1 (t) At < +o0.
0 n=0

Those latter integrals enable us to control the time evolution of our candidate higher-order
Lyapunov functionals.

6.1.4 Open questions

Let us now mention some open questions about equation (BO-«).
First, thanks to the Lyapunov functional (6.2) and Theorem 6.1.2, one knows that the
map
2 : 2
uo € L2o(T) = lim [lu(t)|3.€ R,

is well-defined, upper semi-continuous, and that for every weak limit point u., of the
sequence (u(t))>o as t — 400, one has lim;_, ;o ||u(t)]|7:= ||uso||32- It would be interesting
to have more information about this map, for instance, one could ask whether it is possible
to have u,, = 0 for some nonzero initial data ug. According to numerical simulations
implemented by Klein [Kle20], there exist families of initial data which do not decay
to zero as time goes to infinity. For instance, this seems to be the case for a family of
potentials with only one nonzero gap 71 at index 1, given for some r € [0, 1[ by (see [GK20],
Appendix B)
1 —r?

1 —2cos(z)r +r2

Finally, one knows from Theorem 6.1.2, point 2, that given an initial data wug, all weak
limit points us, have the same actions (72°),, so that these limit points belong to the
same Benjamin-Ono torus. One could ask if for some initial data wug, it is possible to
provide a precise description of the limiting torus. Again, the numerical simulations from
Klein [Kle20| suggest that even for potentials with only one nonzero gap 7 at index 1, the
weak limits could have more than one gap. This is linked to the structure of the equation
in Theorem 6.1.4, since the terms p’ and ¢ given by formulas (6.12) and (6.13) are nonzero
and lead to the emergence of new modes in the time evolution. As a consequence, finite
gap manifolds are not invariant by the flow of equation (BO-«), whereas as a comparison,
there exist finite dimensional invariant manifolds for equation (Sz-ar) (see [GG20]).

up() — 1.

6.1.5 Plan of the paper

First, in section 6.2, we write the damped Benjamin-Ono equation (BO-«) in Birkhoff
coordinates as a system of ODEs, in particular, we prove Theorem 6.1.4 about the de-
composition of the terms d¢,[u]. cos and d(,[u]. sin.



236 CHAPITRE 6. DAMPED BENJAMIN-ONO EQUATION

Then, in section 6.3, we establish global well-posedness of the damped Benjamin-Ono
equation (BO-«) and weak sequential continuity of the solution map (Theorem 6.1.1).

Section 6.4 is devoted to the characterization of the weak limit points for the trajec-
tories according to the LaSalle principle, and the fact that the convergence is actually
strong in L2 o(T) (Theorem 6.1.2).

Finally, we bound the higher-order Sobolev norms in section 6.5 by studying corre-
sponding Lyapunov functionals in Birkhoff coordinates (Theorem 6.1.3).

Acknowledgments The author would like to thank her PhD advisor Patrick Gérard
who introduced her to this problem and provided generous advice and encouragement. She
also warmly thanks Christian Klein for valuable discussions and numerical simulations.

6.2 Structure of the equation

Let us consider the flow map for the damped Benjamin-Ono equation (BO-«) in Birkhoff
coordinates. Fix n > 1, then the time derivative of the n-th Birkhoff coordinate (, is

d
Fon(u(t) = dGa[u(t)].Opu(?).

Using the partial differential equation (BO-«) satisfied by w, this time derivative be-
comes (6.4)

%Cn(u) = 1w (C(u)) G (u) — a ((u|cos) d(,u]. cos +(u|sin) d(, [u]. sin) ,
with w,(¢) =n? — 23", min(k,n)|¢[*

In this section, we simplify the different terms of the right-hand side of this equation,
then study their Lipschitz properties. Part 6.2.1 is devoted to the study of the terms
which only depend on the actions v, = |(,|?, n > 1, for which we establish bounds and
Lipschitz properties on balls of finite radius in E}r. In part 6.2.2, we observe that blocks
under the form (6.6)

AQ) = 3 AL )G,

k>0

where A7 is a function of the actions v only, are also bounded and Lipschitz on finite balls
as soon as the Aj are. This is for instance the case for (u|cos) — i(ulsin), which can be
expressed under this form. In part 6.2.3, we establish a formula for the differential d¢,[u].h
of the n-th Birkhoff coordinate at u € L? o(T) applied to h € L? ((T). Finally, in part 6.2.4,
we simplify this formula when h = cos, sin and prove Theorem 6.1.4. Since d(,[u]. cos
and d¢,[u].sin have an expression based on blocks of the above type (6.6), we deduce
bounds and Lipschitz properties on finite balls for these terms.

6.2.1 Functions of the actions

In this part, we consider some spectral parameters which will appear all along our study
of the damped Benjamin-Ono equation (BO-«). These parameters are functions of the
actions, defined for n > 1 as v, (u) = [¢.(uw)[*



6.2. STRUCTURE OF THE EQUATION 237

First, let us recall some links between the Lax operator for the Benjamin-Ono equation
(see [Nak79], [BK79]) and the actions. With the notation from [GK20]|, Appendix A, the
Lax operator L, writes L, = D — T,,, where D = —i0,, and T, is the Toeplitz operator

T,:h e L2(T) ~ T(uh) € L2(T).
defined from the Szeg6 projector II : L*(T) — L2 (T), where
L2(T) = {h € L*(T) | ¥n <0, h(n)=0}.
The eigenvalues (\,),>0 of L, satisfy (see identity (3.13) in [GI20])
+oo
A(u) =n — Z Ye(u), n>0.
k=n-+1

Therefore, for all n,p € N, we have the inequalities

|p —n|< |)‘p - )‘n|§ |p - n|+Z'7k-
k>1

We now define the spectral parameters x,, and p, as in Corollary 3.4 and formula (4.9)
from [GK20].

Definition 6.2.1. Let u € L2 ((T). We define

ro(u) = ﬁo (1 - Ap”_p%)

p=1

and forn > 1,

Forn > 1, we also set

p=1 An_1—1
p#n nt

tn() = <1 - )\nV_n)\O) ﬁ (1<1A:p:i>

The parameters k,, and p, are bounded above and below.

Lemma 6.2.2. For all R > 0, there exists C(R) > 0 such that for all u € L (T)
satisfying |\’y(u)Hg1+§ R the following holds: for all n € N,

- < Kp(u) < CR)
C(RY(n+1) = ™7~ n+1
moreover, for alln > 1,
1
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Proof. e As a first step, we prove that for all n € N,

+iln (1 - Ap?’%) < C(R).

Let us first show that the sum of logarithms has a lower bound. For p < n, since A\, < A,,
we have — In( 12—) < 0. Consequently, we discard the negative terms in the following

—Zm<1—A _A)<_ > 1n<1—)\ _A>

p#£EN p>n+1

For p > n+ 1, since by assumption v, € [0, R],

Tp Tp R

0< < < ,
A=A 147 1+R

therefore one can use that In is C'(R)-Lipschitz on [, 1] to get

1+R?

~ Y m(1- C(R To
> n( )\n)_ ( )pz;-lAp_)\n

p>n+1
< C(R)R.

Similarly, we find an upper bound for the sum of logarithms. We first discard the
negative terms in the sum

Zln( )\><Zln(1+ﬁ)
p#n p<n—1

Then, since 0 < 5= < R for p <n—1, and since In is C(R)-Lipschitz on [1, R+ 1], we
get

3 1n<1—|— A) cr) Y AﬁAp

p<n—1 p<n—1

< C(R)R.
e Now, we prove the inequalities for x,, n € N. For n > 1, we have
Tp
> In (1 — )
p#EN Ap —An
< C(R),

In(X\, — Xo) + In(k,)| =

where |\, — \g — n|< C(R). Similarly,

IIn(ko)|

Zm( . _A[))‘

p>1

< C(R).

The proof is the same for u,, n > 1. m
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Since the formulas for x, and p, only depend on the sequence of actions ~y(u) =
(| (w)|?)n, one can also consider these parameters as functions of the variable v € £}
only. In order to avoid confusion, we will denote x’(7v) and g’ (7) in this case. For all
u € L2y(T), we therefore have the link

Fin (Y (1)) = Kn(u) and gy (y(w)) = pn(u).

We now estimate the differential of the spectral parameters 7 and p with respect to
the action variables.

Lemma 6.2.3. Let R > 0 Then there exists C(R) > 0 such that for all y € (% satisfying
1Vllr < R and for all h € €3,

| dIn(k) Y] A[< C(R)[|Alley, =0

and
| dIn(uy,)[y]-0[< C(R)[A]lg, n=1.

Proof. For instance in the case n > 1, the differential of In(x%) at 7 is given by

bk — ANyl
An — Ao

| AN []h — dN:[].h h
T ( BIE TS W pA)’
p;ﬁn B AP—A" ( 4 - TL) 4 - n

dIn(x})[y]-h =

where h = (hy)p,>1 € (1. We write d\’ in order to specify that we differentiate the
eigenvalue A\, =n—3, . ., v as a function of 4. In particular, for all v,h € (%, we have

AN )HI el

The conclusion follows. We proceed similarly for In(xg) and for In(u)), n > 1. O

6.2.2 Lipschitz properties of blocks
In this part, we start from bounds and Lipschitz properties on finite balls for general
blocks of the form (6.6)

A(Q) = ZAZ(W)CkaH-

k>0
We then prove that the terms (u|cos) and (usin) can be written under this form, then
deduce bounds and Lipschitz estimates on finite balls.

Proposition 6.2.4. Let A}, k > 0, be uniformly bounded and Lipschitz functions on
finite balls of 1 : for all R > 0, there exists Co(R) > 0 such that for all IO 53
satisfying ||7(1)H£1+§ R and ||7(2)H£#§ R, then for all k > 0,

AR+ AR (P < Co(R)

and
A5 (YY) = AL (V)< Co(R) IV = 4Pl -
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For ¢ € 2 we write v = (|(u|*)n>1 and adopt the convention (o = 1. Let us consider

Z A (7)o -

k>0

Then A is a bounded Lipschitz function of ¢ on balls of finite radius in (%: there ewists
C(R) > 0 such that for all (W, ¢ € 2 satisfying ||§(1)H?i§ R and ||C(2)||?2+§ R, there
holds

ACD)[+ACD)| < C(R)

and

[ACY) = AP CR) W = (P2 .

The proof is quite direct and omitted here.

We now establish a formula of the above form (6.6) for (u|cos) and (u|sin).

Let (f,)p>0 be the orthonormal basis of eigenfunctions for the Lax operator L, asso-
ciated to the Benjamin-Ono equation in L?((T) uniquely determined by the additional
conditions (1]fo) > 0 and (f,|Sf,—1) > 0 for p > 1 (see Definition 2.8 in [GK20]). The for-
mula for (u|cos) and (u|sin) depends on the matrix M of the adjoint operator S* = T,-w
of the shift operator S : h € L2 (T) — e“h € LA(T).

Definition 6.2.5. For all n,p > 0, let

M P <fp|an>
_ n/::: <fp|]l><fn+1|]l>1 if Coy1 #0
Opm1 if Gop1 =0

In other words, since ¢, = ]l‘f” , form >0, (see equality (4.1) in [GK20]), we have

VEpr 7 1 .
an _JV Hn+1 \/%Q})Cn+l P — pr 7§ n-+1 '
VHn fp=n+1

Lemma 6.2.6. Let u € L} (T). Then

u|€ Z Cngn-i-l

n>0

Kn
vV Hn+1
n+1

with the convention (o = 1.

This formula for (u|cos) and (u|sin) was already proven in [GKT20b], Lemma 13, in
the special case when 7, (u) # 0 for all n. We justify here how the proof stays valid in the
general case.

Proof. We note that (ule") = (ITu|e"), then decompose ITu and e in the orthonormal
basis (f,)p>0

(ule™™) = Z(Hu|fp> <fp|6ix>'

p=0
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We now remark that (f,|e") = (S*f,|1), and decompose S*f,, and 1 along the orthonor-
mal basis (f,)n>0

(fole™y = (S fol fu) (fulL)

n>0
=" M, (fal1)
n>0
= 3 Y el D)
n>0 n
'Yn+17£0

From the identity (ITu|f,) = =\, (1|f,), we get

(wle) = 3Nl Y LRIl ()
p>0 n>0 n
Yn+170

_y v AL
D IR ADIANDD Dhe v

n>0 p>0
Tn+17#0

Recall the definition of the generating function H, for A € C (formula (3.2) in [GK20])

1)
ZII

p>0

then if 7,41 # 0, we have the identity

AL )
pyEs v SR D Db v v R DAL,

p>0 p>0

= (A + 1)%7)%71(’&) + 1.

Moreover, the formula from [GIK20] (see Proposition 3.1 (i))

1 = v
L - - 1—— '
Hora(u) An+1—AOIH( )\p—)\n—l)

implies that H_,,_1(u) = 0 because of the term appearing in the product when p = n+1.

Using that ¢, = \/‘fl>, we conclude the proof of the lemma. O]

Let us write

(ule) = " —ar(1)GuGnr1,

n>0

=/ Mn+1 (6.7)

n+1

where

Thanks to part 6.2.1, we know that if |y[,x < R, then there exists C'(R) > 0 such that
for all n > 0,

S < G0) SC(R) (6:8)
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and for h € (1,
| dag,[Y]-h|< C(R)[|A]l e - (6.9)

1 1
Proposition 6.2.4 implies that the maps ¢ € h2 + (®71(()|cos) and ¢ € h2 — (P~1(()]sin)
are bounded and Lipschitz on finite balls of 2.

Corollary 6.2.7. Fiz R > 0. Then there exists C(R) > 0 such that for all (V,(®? € h_%
satisfying ||C(1)||gz+§ R and ”g(Q)HZiS R, writing u®) = &~1(¢W) and u® = d71(¢?), we
have

[(utcos) || (u™® fsin) [+[ (u®|cos) |+ (u? [sin) < C(R)

and
[(uW]cos) — (ul? |cos)|+[(uV]sin) — (u? |sin)|< C(R)[|CY = (P2 .

6.2.3 Formula for the differential of the Birkhoff map

In this part, we establish a formula for the differential of the normalized Birkhoff coordi-
nates (, (with (; = 1), which are linked to the unnormalized Birkhoff coordinates (1|f,)
through the formulas (see equality (4.1) in |[GK20])

(1] fn)
N

These coordinates are known to admit a differential thanks to Lemma 3.4 in [GK20]. The
differential of ¢, at u € L?(T) therefore satisfies: for all h € L?((T),

n > 0.

Cn =

1
P

We prove the following decomposition of the differential of the unnormalized Birkhoff
map.

dca[ulh = A1) ful h—e — %(ndln(/an)[u].h. (6.10)

Proposition 6.2.8 (Differential of the unnormalized Birkhoff map). We fix v and h in
L2 o(T), then for alln >0, the term d(1|f,)[u].h is written

d{@fu)[ul-h = oy (L] fn) + 6L (L] fn),

where

Op(Ll fa) = —iTm((&al ) (1] fu)

L ) N L
& = TR Z L kg A

=3 <fp\5fn—1>fnf—p_ (Sfplfn) T

= Ap— A = Ap — A1
pF#N p#n—1

and

fulh
sty =3 Sl g )
=
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Proof. For n > 0, since d(1|f,)[u].h = (1|df,[u].h), we decompose the two terms inside
the brackets along the orthonormal basis (f,),>0 and get

AU fdul-he = (| fo) (fol dfulul. ).

We now compute (df,[u].h|f,) for n,p > 0.

For n > 0, recall that f,, is the L?>-normalized eigenfunction of L, = D — T, associated
to the eigenvalue \,, and that the family (f,), is uniquely determined by the additional
conditions (1|fo) > 0 and (f,|Sf.—1) > 0 for n > 1. Therefore, we get by differentiating

(Ly — A\p) dfp[u].h = A\, [ul.hfy + Thfo
For p # n, f, is orthogonal to f,, and therefore

(affahlf) = P20,

This gives the formula for 6, (1|f,).
For p = n, we see that (df,[u].h|f,) is purely imaginary because anH%z(T): 1. More-
over, the conditions (fo|1) > 0 and (f,|Sf,—1) > 0 for n > 1 imply that
m((dfo[u]-h[1)) =
and
m((dfnfu] blS fr1) + (fnl S dfns[u].h)) =0, n=>1.

Decomposing 1 in the orthonormal basis (f,),>0, we get for n =0

0=Im ((dfo[U]-hlfo><fo|1l> + Z(dfo[u]-h|fp><fp|]l>>

- m<<dfo[ LAl o) +Z<Af0fp'h> fp|1l>>

P

or

(Aful bl fo) = —iTm ( O <fp\11>)
— itm({&[1)).

Similarly, for n > 1, decomposing Sf,,_; and S*f,, in the orthonormal basis (f,),>0, we
have

0= Im <Z<dfn[u]‘h‘fp><fp|5fn—l> + (S ful fo) (S dfn—l[u]'h>> ,

and by isolating the index p = n in the first term and p = n — 1 in the second term, we
get the formula

(ful S fo)To({ A fult] 2| f) = (A fra[u) 2] foa))
= —Im (Z<dfn[U]-h|fp><fp|an-1> - > <fn|5fp><dfn_1[U]-h|fp>) ,

p#N p#n—1
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leading to
(ol S oI (( A f ] | f) — (A fnei ] | fo))
= ~Im (Z Undil® 157,y — 3 <Sfp|fn>—<f“fp’h>) |

p#N Ap = An p#Fn—1 Ap = Ana

We retrieve the expression of §)(1]f,). O

6.2.4 Decomposition for d(,[u].cos and d¢,[u].sin

In this part, we establish Theorem 6.1.4: we decompose d(,[u].cos and d(,[u]. sin using
blocks of the form (6.6) >, A (7)CkChs1, Where A are functions of the actions only.

Let us now give the organization of this part. Recall that since ¢, = %,

equality (6.10)

we have

1
AVAAD

where d(1|f,)[u].h decomposes from Proposition 6.2.8 as

d¢,[u].h = d(1|fn)[u].h

1
- §Cn dIn(k,)[u].h,

AL fr)[u]-he = 0y (L] fn) + 6L (L[ fn).

This leads us to study successively each part of the decomposition: dlIn(x,)[u].h, §(1]f.)
and & (1|f,), in the particular cases h = cos and h = sin. Then, in subpart 6.2.4, we use
part 6.2.2 in order to deduce that d¢,[u].cos and d(,[u].sin are bounded and Lipschitz
on balls of finite radius.

The case of dIn(k,)[u].h
For ¢ € hé, we denote u = 7! (¢) and define
0kn(C) := dlIn(k,)[u]. cos —idIn(k,)[u].sin, n € N.

To avoid confusion, we shall precise that In(,) is a function of v € L2((T), and that
dIn(k,)[u]. cos denotes its differential with respect to the variable u applied to cos. How-
ever, 0k, is a function of the Birkhoff coordinates ¢, since v = ®71(¢) in the definition.

Lemma 6.2.9. There exist functions Ay, € C'((L,R), n,k € N, such that for alln >0,
Jor all ¢ € 2,

0kn(C) = Z AZ,k(v)ECkﬂ.

k>0
Moreover, for all R > 0, there exists C(R) > 0 such that for all v € (% satisfying
H7||gl+§ R, for all n,k >0,
AL k()< C(R)

and for all h € (%,

| dA;, k(7)-h[< C(R)||A]le -
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Proof. We first compute the differential of the eigenvalues \,,, n € N, with respect to the
variable u and applied to h = cos and h = sin. From [GK20], Corollary 5.3, we know that

d\i[u].h = (| faP[R), e L7,(T),
which leads to a formula for the differential of the moments v, = A\, — A\,_.1 — 1 forn > 1
dynlul. = (| faa P=|fal?[R),  h € L2o(T). (6.11)
We now simplify

dynlu]. cos —i dy,[ul. sin = (| fua[* [ ful*|€™)
= n—1ln—1 — Mn,n'

We denote o
My = My, = _a;kz('Y)CnCnH’

where we recall that @) is a function of v defined as

/{/*
CLZ =V :unJrl *TL .
V Knt1
In the rest of the proof, we drop the star exponent for @}, A\’, k7 and yx; in order to avoid
heaviness. With this notation, we have
dvy,lu]. cos —i dy, [u]. sin = my,, 1 —my,

and
d\, [u]. cos —i dA, [u]. sin = —m,,.

We are now ready to study the differential of In(k,,). Recall that for n > 1,

1 o/
n = 1— b
n(1) )\n—)\o}_[l< /\p—An>

and

We get that for n > 1,

m, — Mo 1 m, —m My_1 — M

Ok, = + ( P ~y, — P p)

A — o ; 1— Ap”_gn M= A)2 7 Ap — An
p#n

and similarly,

5H0:Z _1’Yp

( mo — my - my—1 —mp)
p>1 1 Ap—Ao ()\p - )‘0>2 ? )‘p - )‘0

For n > 1, one can therefore write 6k,(¢) =Y, Az’k(v)ackﬂ, where for k ¢ {0;n},

1 ag ay 1 Qy
Ar = -
n,k(V) 1 — Dk (()\k — )\n)QfYk )\k — >\n> + jRE—— )\k+1 - >\n7

Xs—An Ak+1—An
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for k =n,

a 1 —a 1 a
A* — n n n
n,n(7> )\n - >‘0 i (k#zn )\kV_k)\n (Ak - /\n)2’)/k> i L - )‘n7

)\n+l —An )\n+1

and for £ =0,
on) 1 ao

A;,O(W/):/\ _)\0+ Y :

In the case n = 0, we have for k > 1,

1 ag ay 1 Qg
A = -
o,k(’V) 1 — <()\k Y )2% AL — /\0> * 1 — 222 Aoy — Xo

>\k Ak+1—A0

and for k =0,

1 —Qp 1 o0
A o(y) = '
070(’7) (Z 1— < Vi (/\k: _ )\O)Q’Yk> + 1-— )\17_1)\0 A1 — /\0

k>1 k—Ao

We have seen in (6.8) and (6.9) that if ||v][s < R, then there exists C'(R) > 0 such
that for all n € N,

and for all h € (%,
[ dan(2).hl< C(R) ]

Moreover, the estimate |dA}(7).h|< [|Aflz holds for the differential of A} with respect
to 7. We deduce that for all n, k € N,

A< C(R)

and for all h € (%,
| A4, (7).k] < CR)|[]g

The case of 6 (1|f,)

We now study, for h = cos and h = sin, the term

011l fa) = —ilm((Ealh)) (1] fu),

where we recall that

o fo|11 A —Ao WP (£l Sfro)

and f|5f (SF.lf)
\plPJk-1/ 1 \WJplJk/ -
by, = 2% 2; P frr T

p#k p#k—1
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Lemma 6.2.10. For alln > 0, denote
et = (Gale®™),

1
then for n,k > 0, there exists Aik € CY(0L,R), such that for all n >0, for all ¢ € hZ,

ZA VGl and ¢, ZAM ) kGt

Moreover, for all R > 0, there exists C(R) > 0 such that for all v € (% satisfying

A (VI< C(R)

and for all h € (%,
| dAL  (7)-k] < C(R)|[]g

Proof. e By definition of M, , = (f,|Sf.), we have

\/_Cp T L o
fZA_A 1)

and

: M,
(Wile™) =3 Mo = D =5 — _Akl My

pEk—1

We replace the terms M, , by their expressions (see Definition 6.2.5), and make use
of colors to emphasize the oscillating terms (of the form ((xi1 or (xCrs1). Since (y = 1,
we have

—+00 n

+_ [H1k1 641 H1 = /ipg_pcp B L o
= \/ ko 1+m * :‘iol‘ﬁCOCl; (/\p_ )\0)()\p —Xo—1) Z \/m<¢k‘6 ).

k=1

Moreover, by isolating the indices p = kK — 1 and p = k£ — 2 in the first and second sum
respectively in the formula for (¢ |e™), we get

ix K Rg—1-—
e’ =
(trle™) 1+ 7 Ck 1k

?pCpH
+ Crl Z \/m\/ Do — M) — e — D — Ay — 1)

ptk—1k

Hk—1
(1 +ye—) (L + v+ Y1) ) Fie

Jpp— N Gpr1Gort
GrGr—1 Z “p+1,€p+1()\p —Nem1) A =2 = D)Mo — A — 1)

Cka 1

pF#k—2,k—1
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One can therefore write ¢,/ = > A 1Cr-1Gr, With
+oo
Hik FpTp
21 =1
Ko 1+/] /ﬁoh] )\ —)\() )\ —)\0—1)
v/ Mk
+1 n(
T
+ HE—1 K
\/Mk(l F Y1) (L 4+ 7% +9%-1) V Kr1
_ Z Ppt1  VFkRE—1 Tp+1 )
\/[Lklip_,_l )\ _)\k 1) <)\k /\ —1)()% 1—)\ —1)

pEk—2,k—1

+
1;71 \/>\/> Ak 1*)\1 /\k: 1*)\1 1*1)()\1 Ao 1—1)

k—T#£1—1,0

e We now prove bounds and Lipschitz estimates on finite balls of 61 .
We know that for p # k < ; and for p # k + 1 7 < 1. Moreover,

- o=kl Akl lp— » Ay ,\
p, < C(R) and k), < ﬁ.

The first term is therefore bounded as

400
H1ky Kp7p
/ < 1
V' Ko 1+71 Holilz Ap — o) (A —Ao—l)_C(R>< +pZ:;“p”Yp>

< C'(R).

Then, for 1 < k < n, we have

1+”Yk\/ \/_1+’Yk 1)(1+’Yk+7k 1) < OLR)

and since the following estimate can be obtained by comparing (k — 1) to £

\/m p /
<CR)—F+—F+—— < (C'(R),
ﬁerl()\p - )\kfl) - ( )k’p - (k - 1)‘ N ( )

we get
Z Hp+1 vV FERE—1 Vpt1
pEk—2,k—1 V Fk ’%P-‘rl(/\p - >\k—1) (/\k - )\p - 1)(>\k_1 - /\p — 1)

<CR) Y, B <C(R).

p#k—2,k—1
Finally,
1<l<n V )‘k 1= A) (A 1_)‘l 1_1)(/\l Me-1— 1)
k—1#1-1,1
Y. w<C(R

1<i<n
k—I£1—1,
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We conclude that
|4, ,1< C(R).
We finally check that for all h € £%,
| dAT,(7):h] < CR)|[]e -

This is a consequence of the formulas, and the fact that for all n € N, the spectral
parameters, seen as functions of the actions v, satisfy [dA}(7).h[< [[Alle, [dps,(v)-hI<
C(R)[|h[lp and [(n + 1) dry(v).h]< C(R)|[Allg if |7]ln < R

e Similarly, we write the formula for ¢,

1 \/_Cp —~ 1 o
¢_ZA g Mo = 2 i),

k=1
where
_ Mk 1p Mpk
i) .7/
¢|e Z)\_/\k Z)\p—)\k_l k—1,p
p#k pF#k—1

Using the expression of M, ,, we get

n

+o00
[ K CPCP'H _ L —iz
; v Hp+1 ’fp—i-l )\ — )\0 /\p — 1) Z \/m<1/}k|e >7

k=1

where we isolate the terms p = k + 1 and p = k in the first and second term respectively
in the formula for (¢ |e™*)

k — k+1Gk
I+ F )0+ 1) Vo

G
_|_
CrCrt1 p¢§+1 v Mk k41 \/ka—H(}‘ — M) (A = X1 = DA = A — 1)
H [
+ \/Mkﬂﬂk\/ o
1+ v Kk+1
Cp+1Cp
Crle Z vﬂp+lﬂk\/ Fpr1 (Ap = Mem1) M — Ap — 1) (Ap — A1 — 1)

pEk—1,k

One can therefore write ¢;; = >, A, (xCry1, With

=1
Auk k*”””‘“\/ Kt O — o) AO—AA—D

e ( Mk+1 Kk+1
"N+ Yo + %)(1 + Y1) VK

\/ Tp
+
p¢%€:+1 e \ Hk’{’“rl()‘ — Ak) ()‘p — A1 — DA, — A — 1)

\/Mk+1 Rk
A + /fk+1

a Z MHI\/ 1 (A — X)) (N — )\k—l)()\k N1 — 1)

1<I<n
k;élfl,l
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The proof of the estimates
A< C(R)

and
|dA;, (7).h] < C(R R)||hle

are similar to the terms A} . O

The case of J, (1] f,)

Finally, we focus on the term

s (1)) = 30 el a1y

pFn Ao =
when h = cos and h = sin.

Lemma 6.2.11. Forn >0, let us write

T |, tiz
b= 3D )
pFEN P "

Then there exist py,, B}, 1, q,, € C'((L,R), n,k € N, such that for alln € N, for all ¢ € hé,
by

Jn

= q': (7)Cn+1

and

j_ ¥)Cn—1 + (ZB (ka+1> G-

The terms py,, B, and g, are uniformly bounded and Lipschitz on finite balls: for all
R > 0, there exists C(R) > 0 such that for all v € (% satisfying nyH@g R, for all
n,k >0, we have

P (N)HIBr k(N +an (V)< C(R)

and for all h € (%,
| dpy (7)-hl+dB; i (v)-hl+[ gy (7). A< C(R) ||l -

Proof. We first simplify the formulas for b} and b,,: on the one hand,

pF#N

= \/mgnJrl (

VHEnt1 n 1 Kp T
1+ Tn+1 V B+l pEn,nt1 <>\p - )\n)<)\p - )\n - 1) P

and on the other hand,

b, = g )\ — /\ VFpGp
VR S
B 1+ Tn Cn v \/H_ncn Z ()‘p - )\n)()‘n - )‘p - 1) Kp+1 CpCp—i—l

p#n,n—1
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We now define

Vi (6.12)

v Hk+1 Kk
)\k — )\n)<)\n — >\k — 1) RE41

pn(y) =

B;,k(’}/) = ]lk;én,nfl(

and

. VHnt1 [ VEnt 1 KpYp
a,\7v) = + . 6.13
(7) fim \ 1+ mer | R pg;ﬂ o — M)Ay — Ay — 1) (6.13)

The estimates on p;, and By, follow from their definitions. Note that in order to bound
the sum on the right in the expression of ¢, we use the inequality |\, — A,|> |p — n| and

the estimate
1 C
> < —.
plp—n| — n+1

p>1
pFn

which can be obtained when comparing p to 3. O

Proof of Theorem 6.1.4. Using the expression (6.10) of d¢,[u].cos and d(,[u]. sin, we have
the formulas

d¢,[ul. cos = ¢, (_ﬂm(@;lcos)) _ dIn(k,)[u]. cos> N b + b,

2 2./Kn
and dl i b — b
d¢a[u). sin = ¢, (_ﬂm(@ysm» - “(“”2)[“]'51“) - _ﬁ:.
The proof is now a direct consequence of Lemmas 6.2.9, 6.2.10 and 6.2.11. O

Lipschitz properties
We now deduce from Theorem 6.1.4 that the terms d¢,[u]. cos and d(,[u]. sin are bounded

and Lipschitz functions of ¢ on finite balls for the norms

1, Ry 1
W ={(G)nz1 € CV [ Y 0" |G P< +00}, 0<s< 3

n=1

Corollary 6.2.12 (Bounds and Lipschitz properties). Fiz R > 0. There exists C(R) > 0
such that the following holds.

1
Let s < —3. If ( € h% and ICllez < R, then writing u = 1((),

ICdCalul- cos)all 3+i I (dGalu] sin)al] 3o CIRIICH 4

1
Moreover, for all (M, (® € h2 satisfying ”C(l)Hh%“’ HC(Q)Hh%JrSS R, if uV) = &71(¢W)
¥ ¥
and u® = &=1((?), then
(G [u™]. cos)n — (A [u®]. cos)u] 4..< C(R)ICY = CP|
+

n2te
+

and
(G [u™M]. sin),, — (dGu[u®)]. sin)al 34 < C(R)[¢™M = ¢

Rzt
+
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1
Proof. Let ¢ € hi such that [[([|z < R. We write

an[u] COs = pn Cn 1+ <Z A Cka+1 + B ( )Ckgk_ﬂ> Cn + Q:L(V)CnJrla

where the terms py, g, Ay, and By, ; are bounded and Lipschitz on balls of finite radius
in 0%, and v = (|¢u)?)n € 61 We have 7l < R?, therefore there exists C(R) > 0 such
that

125 (N1 (V) [H AL (D H[ B 1 (V)< C(R)
and for all h € (%,

| dpy, (7).l dgpy (7)-Al+[ dAS,  (7)-Al+[ dB; i (7)-AI< C(R)|[| -
We deduce that for all n > 1,
| d¢nlu]. cos|< C(R)(|Gr-1]+|Cnl+[Cns1l)-

Let s > —3 and assume [¢llz < R, a summation leads to

+oo +oo
2 NG [ul. cos'< CR) D nt T |G*= CABICI .
n=1 n=1

Now, define, for ( € h%,
Sn(€) := dGu[@7H(C)]- cos.

lyg
We prove that the differential of S,, is bounded on balls of finite radius of hi+ for s > —%.
Fix h € /2 and denote H = (H,,),>1 the differential of the map ¢ € 2 — (|¢,*)n>1 € €4
at ¢ applied to h. For all n > 1, we have H, = (,hn + Cohy, therefore H is in (% and

[H e < 2[|C1[ 2 12l -
The differential of S,, at ¢ applied to h now writes
dS,(¢).h =dp, (v ) HCo1 + dgy (7). HCur + 05 (V) hn—1 + @ (V) g

+ Z dAL (7). HCeCrsr + dBj (v ),H(kck_ﬂ> C

+ Z ALk Y) (hCroi1 + Grhisr) + B PG ) (Mo Crgr + Ckﬁﬂ)) Cn

+ ZA Vi1 + B (v )Ck@> hy,.

When ||C||h%+s§ R, a summation leads to
+

an #1dS.(Q)hf* < C(R)|H| +C(R anﬂh 2
<CO(R )IIhH2

1+s

These arguments are also valid in the case of d(,[u]. sin. ]
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6.3 Flow map

In this section, we prove global well-posedness for equation (BO-«) and establish the weak
sequential continuity of the flow map.

Thanks to Theorem 6.1.4, we have simplified the system of ODEs satisfied by the
Birkhoff coordinates (. In order for the vector field to be Lipschitz along the sec-
ond variable, we need to remove the oscillatory part in the frequencies w, = n? —
23", o, min(k,n)|¢|?. Therefore, we introduce a change of functions z,(t) = e~/ (1),
n > 1: the new coordinates z = (z,),>1 are solution to an ODE

(1) = F(t, 2(t). (6.14)

The vector field F' = (F},),>1 is defined as
Folt, z) = e (mn(z)em% —aZy(t, z)) , (6.15)

where w,, are the new frequencies

+oo
Wn(z) = =2 Z min(k, n)|z|*
k=1

and
Zn(t,2) = Zp(C(L, 2)) := (u|cos) d¢,[u]. cos +(ulsin) d¢, [u]. sin, (6.16)
with
Colt,2) = €™z, n>1
and

u(t,z) = @1 (C(t, 2)).

We apply the Cauchy-Lipschitz theorem for ordinary differential equations in part 6.3.1
to get local well-posedness for equation (BO-a). In part 6.3.2, global well-posedness
follows from the existence of a Lyapunov functional controlling the L? norm of the solution
and a compactness argument. Finally, we prove the weak sequential continuity of the flow
map in part 6.3.3.

6.3.1 Local well-posedness

In this part, we prove that the vector field F'is locally Lipschitz with respect to the second
variable and apply the Cauchy-Lipschitz theorem for ODEs.

Theorem 6.3.1. The map F is bounded and Lipschitz on finite balls in the following
sense. Let R > 0. Then there exists C(R) > 0 such that if |2V 1< R and Hz@)Hh%g R,
F

n: =
then for allt € R,

1E(E =Dy +HIFE =) < C(R),
+

—+ ol

and

1F(t,22) = F(t, )]

< CR)[® — 2]

+ ol

1
hi

Moreover, F' is weakly sequentially continuous with respect to the second variable.
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Proof. We start from the definition of F' from (6.15):
Fo(t,z) = e ™ (i@n(z)em2tzn — aZy(t, z)) :
We consider the terms iw,(2)z, and Zn separately.

1 1
e First, the part (¢,z) € R x hl — (iw,(2)2n)n>1 € h1 is bounded and Lipschitz on

1 1
finite balls with respect to the variable 2. Indeed, fix (!, 2 € h2 bounded by R in hZ.
We have

+00
| (20| = 2 Zmin(k, n)\z,gl)\z < 2R?

so that
[CRERIERNSIES 3
+

Moreover, thanks to Cauchy-Schwarz’ inequality,

+00
> min(k,n) (|72~ |012)
k=1

< CR))P =20 4,

2
h+

G (2)) = G (z1)] = 2

so that

1@ ()2 )zt = @n(zV) 2zl 1 < C' (R =20

1
2
hi F
Let us now estabhsh the weak sequential contmulty Let 28 k > 1, be a sequence

of elements of h2 weakly convergent to some z € h2 By compactness, this sequence is
strongly convergent in the space (3. Therefore, for all n > 1,

Gn (2 M) — Ga(2 |<2HZ{|Z('“ |z l*|

converges to zero as k goes to infinity. We conclude that (@n(z(’“))zék))nzl is weakly
1
convergent to (W, (2)z,)n>1 In A2 as k goes to infinity.
e We now prove that Z = (Z,,),, defines a bounded and Lipschitz map on finite balls

l—S . . . . l—S .
from h? " to itself for all s € [0, 5). The introduction of a variable Sobolev space h? " in
the Lipschitz properties will be useful when considering the weak sequential continuity.

From Corollary 6.2.7, we know that ¢ € h2 — (ufcos) € R and ¢ € h? > (ulsin) € R,
where u = ®~1((), define real-valued maps which are bounded by C(R), and Lipschitz
with respect to the £2 norm: if [|(V[|,2 < R and [[(®)]|2 < R, then

[ cos) 4| {u Jsin) |+] (u® cos) [+ |{u® sin)|< C(R)

and
[(u]cos) — (u® |cos)|+[(ulV]sin) — (u? [sin)|< C(R)[[CM = (|2
From Corollary 6.2.12, we also know that the terms d¢,[u].cos and d(,[u].sin, when
restricted to a ball of radius R, are bounded by C(R) and Lipschitz with respect to the

h2 " norm for all s € [0, 3): if [|¢¢! Hh%_sg R and Hg“(?)Hh%_Sg R, then

I1(dGalu™]. cos).| 7_S+H(an[ V]sin)| 4. < C(R),

Jr
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I(dGa[u®]. cos)ull 4
I(d¢u[u™]. cos)y — (dGa

HI(AG ] sin), ] 4. < O(R),
] coshll 3. < CURICD ¢y,

3o
+
[ul

and

(G [u]. sin), — (dGu[u®]. sin)u|| - < CR)ICY = ¢ 4.

+

when s € [0,1): if [¢W| y< R and HC(2)H 1 < R, then

+

We deduce that Z = (Z,), is bounded and Lipschitz with respect to the hifs norm
%

+to

1Z(¢D)] L3 HZ(C(Q))llh%f,SS C(R)
hi T
and
1Z(¢W) = Z(¢P)] S C(R)|I¢Y - C(Q)Hh%-s-
+
Now, fix t € R and 2,2 ¢ hﬁr such that ||z 1< R and [|z®)|| 35 R. Then by
hi hy
deﬁnitionof( and ¢ asC ( ):e tyk ,fornzlandk:— 1,2, we see that
ISP 3= 1121y, moreover, for s € [0, 3), KV =P 4= [V — 2 ||h% . We have
therefore proven that B B ’ v
IZGO) - HIZED)] < OR)
T T
and B B
IZ(:0) = Z()| < R0 — 22 . (6.17)
h2 hi

We now prove that 7 is weakly sequentially continuous with respect to z. Indeed7 let
, k > 1, be a sequence of elements of h2 Weakly convergent to some z € h2 We fix

s € (0,2%) and use the fact that the embeddmg h2 — h * is compact: from the Rellich

)2
k)

theorem, z*) is strongly convergent to z in hi ~”. But inequality (6.17) now implies that
1

Z (™) is strongly convergent to Z(z) in h2"°, and therefore weakly convergent in 2. []
We deduce from the Cauchy-Lipschitz theorem for ODEs that the initial value problem
for the damped Benjamin-Ono equation in Birkhoff coordinates (6.14) is locally well-posed
1
in hi.
1
Corollary 6.3.2. For all z(0) € h2, there exists T' > 0 such that equation (6.14)
Z(t) = F(t,2(t))

with initial data z(0) admits a unique solution z € C*([0,T],h%). Moreover, the solution
map is continuous from h2 to C'([0,T], h2).

Applying the inverse of the Birkhoff map, we get that the damped Benjamin-Ono
equation (BO-a) is locally well-posed L7 (T): for every ug € L7 (T), there exists T > 0
such that (BO-a) admits a unique solution u € C([0,T], L7((T)) with initial data u in
the distribution sense; moreover, the solution map is continuous. Indeed, thanks to (4.5)
in Lemma 4.2 in [GK20], one can prove that the inverse Birkhoff map admits a differential

from h? to L7 (T).
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6.3.2 Global well-posedness

Thanks to a Lyapunov functional controlling the L? norm, we now establish global well-
posedness for the damped Benjamin-Ono equation (BO-a) in L2 (T).

Proposition 6.3.3 (Lyapunov functional). Let ug € L} (T), and ([0,T*),u) be the cor-
responding mazximal solution. Then for all t € [0, T*),

d T
SOl +2al {u(D) €)= 0.

Moreover,
T '
20 [ 1Ol dt < ol
0
and if T* = +oo, then |(u(t)|e™)| tends to 0 as t goes to +oo.

Proof. Using the equation,

%Hu(t)”%Q(T) = 2Re [(Qyulu(t))]

= —2a(|(u(t)|cos)|?+| (u(t)|sin) [*) + 2Re [(@(Hawu — u2)|u(t)>]
— —al(u(t)|e®) .

It remains to show that |(u(t)|e)| tends to 0 as t goes to +oo. Taking the derivative,

< J{u(t)eos) = 2Re [(Bhulcos) (coslu(t))
= —2aRe [({u(t)|cos){cos|cos) + (u(t)|sin)(sin|cos)) (cos|u(t))]
+ 2R [, — 0, (u7)]cos) {cosfulr)]

= —a|(u(t)|cos)|*+2Re [(—(u(t)|HOyy cos) + (u?(t)|0, cos)){cos|u(t))] .

Since H cos = sin, we deduce that

< J{u(t)leos)]? = —alfut]cos) -+ 2Re [({u(t)lsin) — (u(1)lsin) cosfu(1)].
But
[(u(t)|cos)| < [|ullr2(m) < [[uollp2(r).
[(u(t)[sin)|< [Juol| z2(r)
and

[(w?(#)Isin) [ < [[ullZ2m) < [uollZr),

therefore | (u(t)|cos)|? is bounded, and the same can be proven for <|(u(t)|sin)|?. This

dt .
observation combined with the fact that [(u(t)|e**)| is square integrable implies that
[{u(t)|e™)| tends to zero as time goes to infinity if T* = +oo. O

Proposition 6.3.4. For all z(0) € h2, the mazimal solution t — z(t) € h2 is global.
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The proof of this proposition relies on the fact that, given an initial condition 2(0) €
1

h2, it is possible to construct a weighted space ¢(w) which contains z(0) and which com-

1
pactly embeds into h3. With a Gronwall type argument, we then prove that the maximal
solution ¢ + 2(t) is bounded in ¢(w). Because of the compactness of the embedding

{(w) < h2? and the local well-posedness of the Cauchy problem, this ensures that the
maximal solution is global.

Lemma 6.3.5. Let (z,),>1 € (RN be a sequence of nonnegative real numbers such that
the series with general term x,, is convergent: ., x, < +00. Then there exist positive
weights (wy)n>1 such that w, — +o00 and

Z WnTy < +00.

n>1
Moreover, one can assume that for alln >1, 1 < % < 2.

Proof. Let ry, :=3%_ _ x, and define

1
Wy, = )
27+ + Tt
Then w,, — +o00, and
Tn—1—Tn
WnpLy =

2 Tt
< it — /.
The general term of the upper bound defines a telescopic sum, so that the series anl Wp Ly,
is convergent.
We now need to ensure that for alln > 1,1 < % < 2. Let wp := wy and define by

induction
Wy, := min(wy, 2w0,_1), n > 1.

We check that w,, satisfies the required assumptions.
e Since w, < w,, we know that 2@1 Wy Ty < 400.
e By definition, the sequence (w,), is increasing, therefore
Wy, > min(w,_1, 2W,_1) > Wy_1.

Moreover, the other side of the inequality is immediate w,, < 2w,,_1: we have proven
that 1 < 2= < 2,

wnfl

e We now prove that (w,), tends to infinity. Let (nj)g>1 be the increasing sequence
of indexes n for which w,, = w, (this sequence might be finite).

If (ng)r>1 is finite, then there exists N such that for all n > N,

Wy = 2’&]/71_1.

The weights being positive, this implies that (w,), tends to infinity.

Otherwise, since the sequence (w,), goes to infinity, so does the sequence (w,, ) as
k goes to infinity. The sequence (w,), being increasing, we deduce that (w,), also
goes to infinity.
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O
We now fix a sequence of positive weights w = (w,,),>1 and define the weighted space
((w) = {2 € A O N P +oo}.
n>1
Lemma 6.3.6. Assume that w,, — +00 and 1 < wL’UL—:l <2 for alln > 1. Fiz z(0) € {(w).
Then the mazimal solution t — z(t) € h_% is global.

Proof. Let I be the maximal time interval on which the solution ¢ — z(t) is defined. On
this interval, we consider the functional f : ¢+ [[2(¢)[|7,,-
We prove that f stays bounded on the interval I. Indeed,

d
t) = Z NWy, — Y-
et dt

For n > 1, the time derivative of , is

A w®) = dyafu(t)]. O

dt
= —a(u(t)|cos) dy,[u(t)]. cos —a(u(t)|sin) dvy,[u(t)]. sin.
From the expression (6.11) of the differential of ~,,, we have

dya[u(t)]. cos = Re((] fu-1[*~[ful*|€™))

and

dynlu(t)]-sin = —Tm((| fu-1[*=| ful*|e")),
where

UfaPPle) = =Yt E i+ VT S

Since iy, (R), we see that actually

d A

] < RN GGG G (6.19

so that

d

Ef(t)‘ < C(R)(u(®)]e)Y  nwn ([Gum1Gal+1GaGosal)

Using Cauchy-Schwarz’ inequality, we deduce that
1
d T ’
/0] < i) (Z nwnrcnP)
n>1
: :
<j£:7munkﬁ—ﬂ2> +'<j£:7munmﬁ+ﬂ2)

n>1 n>1
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For all n > 1, because 1 < “’"“ < 2, we have 1 < % < 4. Hence there exists
C(R)>0 such that for all t € ]

0] < i

Now, Gronwall’s lemma implies that for all ¢t € I,
£(£)|< | £(0)]eC oltu®le)de,
Applying Proposition 6.3.3, we deduce that
(0] [£(0)]e7 DV,

To conclude, for all 7" > 0, f stays on a bounded subset of ¢(w) on the time interval
([0,7%) N [0, T]. Since the embedding ¢(w) < hZ is compact because of the condition

1
w, — +00, the solution ¢ — z(t) stays in a compact set of h3. This implies that there
cannot be finite time blowup: [0,7") C [0,7*), therefore the solution is global. O

Proof of Proposition 6.3.4. Let z(0) € h2. Thanks to Lemma 6.3.5, we construct a se-
quence (wy)p>1 of positive weights such that 2(0) € ¢(w), w, — +00 and 1 < “25 < 2
for all n > 1. Now Lemma 6.3.6 with the weights (w,,), ensures that the maximal solution

t— z(t) € h_% is global. O

6.3.3 Weak sequential continuity of the flow map

In this part, we prove that the flow map for the damped Benjamin-Ono equation (BO-«) is
weakly sequentially continuous. Note that in view of the weak sequential continuity of the
Birkhoff map and its inverse, it is equivalent to establish the weak sequential continuity
of the flow map for the damped Benjamin-Ono equation in Birkhoff coordinates (6.14).

Proposition 6.3.7. The flow map for the damped Benjamin-Ono equation (BO-«) is
weakly sequentially continuous.

More precisely, let u™(0) — w(0) in L2(T). Then for all T > 0, the sequence of

solutions u*) associated to the initial data u®(0) converges to the solution u associated

to the initial data ug in Cy([0, T, L2(T)) (with the weak topology).

Proof. We consider a sequence u(¥)(0) weakly convergent to u(0) in L2,(T).

For k € N, denote 2¥(0) := ®(u®(0)). By weak sequential continuity of the Birkhoff
map ® (see [GKT20b], Remark 6 (iii)), we have 2¥)(0) — 2(0) := ®(u(0)) in h_%, therefore
this sequence is bounded in hé by some R > (0. But the solutions of the damped Benjamin-

Ono equation have a decreasing norm in L7 o(T) (Proposition 6.3.3) and from the Parseval
formula ||uHL2(1r 2 > n|Cn] (Remark 1.2 (i) in [GK20]), their Birkhoff coordinates

have a decreasing norm in h}r. Therefore for all t > 0, the sequence (2 (¢)), is also

bounded in h2 by R.
Recall from Theorem 6.3.1 that there exists C'(R) > 0 such that for all ¢ > 0,

H dz®)(t)

I, 3= 17 =B 0)] 4 < C(R)
+ +
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2

, 1
We conclude that the sequence ||% gL k € N, is bounded in A7 uniformly in time.

+
Fix T > 0. From Ascoli’s theorem, we know that up to a subsequence, z*) converges in
1
Cw([0,T], h2) (with the weak topology) to a function Z. In particular, since ®~! is weakly
sequentially continuous , for all ¢ € [0, 7], the sequence u® (t) = &~1(2*)(¢)) is weakly

convergent to u(t) := ®1(Z(t)). But F is sequentially weakly continuous with respect
to the second variable (see Theorem 6.3.1), therefore F(t,2*)(t)) is weakly convergent to
F(t,z(t)).

Passing to the limit in the equation, we conclude that Z is a solution on [0, 7] to the
original equation (6.14) in the distribution sense with initial data z(0). By uniqueness of
such solutions (see Corollary 6.3.2), we deduce that z = z. O

6.4 Long time asymptotics

In this section, we describe the weak limit points for the flow map (point 1 of Theo-
rem 6.1.2) in part 6.4.1, and prove that the convergence to these weak limit points is
actually strong in L7 ;(T) (points 2 and 3 of Theorem 6.1.2) in part 6.4.3. In order to get

the strong convergence, we show that the integral f0+oo S Y (t)Ynsa (t) At is finite in
part 6.4.2.

6.4.1 Weak limit points of trajectories as ¢t - +o0

Using the LaSalle principle, we study the limit points of (u(t));er for the weak topology
in L%O(T) as t goes to +00 and prove Theorem 6.1.2.

Proposition 6.4.1. Let u be a solution of the damped equation (BO-«) with initial data
uy € L2o(T). Then any weak limit vy of the sequence (u(t))ier in L2 (T) as t goes to 400
defines a solution v to the Benjamin-Ono equation (BO) such that for all t > 0,

(v(t)|e™) = 0.

Proof. Let vy be a weak limit of some sequence (u(ty))ren in L2 (T), where ¢, — +o00, and
let v be the solution to the damped Benjamin-Ono equation (BO-«) with initial data vy.
By weak sequential continuity of the flow in L2 ((T) (Proposition 6.3.7), for all t € R, we
have

u(t+tr) — o(t)

k——+o0

and in particular ' ‘
(u(t +t)|e™) — (v(t)|e™).

k—4o00

However, from Proposition 6.3.3, (u(t + tx)|e™) tends to 0 as k goes to +o0o. We deduce
that (v(t)[e®®) =0 for all t € R. O

Proposition 6.4.2. An initial data vy € L7 ((T) defines a solution v to the Benjamin-Ono
equation such that for all t € R,
(v(t)]e™) =0

of and only if vy does not have two consecutive nonzero gaps:

VneN, G (vo)Cut1(vo) = 0.
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Proof. Assume that v is a solution to the Benjamin-Ono equation with initial data .
Then the Birkhoff coordinates evolve as

Cn<v(t)) = eiwn(vo)tgn(UO) )

where
+oo
wn(vg) = n? — 2 Zmin(p,n o
p=1

Applying Lemma 6.2.6, we have

= Z mnei(wn(vo)—wnﬂ(vo))t?

n>0

where m,, is constant along the flow of the Benjamin-Ono equation:

Kin (Vo)

m, = Mn,n = _mgﬁ—l(vo) K +1(U0)

Hn+1 (UO)'

One can see that if the condition (,(vy)(,11(ve) = 0 is satisfied for all n € N; then all
the coefficients m,,, n € N, vanish, therefore (v(t)|e*®) = 0 for all t € R.
Conversely, assume that (v(t)|e®) = 0 for all t € R. Since

“+00

Wn+1(vo) — wn(vo) =2n 41 -2 Z V>
p=n-+1

the sequence (wy,11(vg) — Wy (Vo) )nen is strictly increasing. Fix n € N, and choose T > 0.
Then

1 [t
0= [ et o) a
e (wn11(v0)—wn (v0)+wp(vo)—wpt1(v0))T _ |
SRS y

pin i(wWn+1(v0) — wn(vo) + wp(vo) — wpr1(vo))

Taking T — 400 in this equality, we deduce that m, = 0. Note that x, > 0, K,11 > 0
and pu,41 > 0, therefore, we have (,(vo)(ni1(vo) = 0. O

6.4.2 Time integrability for products of two consecutive modes

Let u € C(R4, L?((T)) be a solution to the damped Benjamin-Ono equation (BO-«). We
denote 7, (t) := v, (u(t)) for all n > 1 and ¢t € R, (with the convention ~y(t) = 1).

Proposition 6.4.3. Let R := |[ug|[z2(r). Then there exists C(R) > 0 such that
+o0 +0
|t < e,
0 n=0

Moreover, there exists a map €, such that €,(T) — 0 as T — +oo and the following holds.
For alln € N, fiz a, € C*(R,,C) satisfying:

VE> 0, Jan(®)|<1 and |au(8)|< [(u(®)]e))]. (6.19)
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Then for all T'> 0, we have

/+Oo
T

Remark 6.4.4. Note that by homogeneity, if the maps a,, € C1(R,,C) satisfy:

2
dt < e, (T).

Z Qn (t) Cn (t) Cﬂ+1 (t)

V20, fan(t)|< and |, (1)< K [(u(t)]e)],

“n+1
then for oll T > 0,
+oo | 10 2
| a0606n®] < K
T n=0

For a family a = (a,), of maps satisfying assumption (6.19) of Proposition 6.4.3, we also
define

Tl
Jo(T,T') = / Z () () Gn () Grop1 (£) Gp () Gpra (£) .
T ‘o
np
The integrals I(7,7") and J,(T,T") are well-defined since for all t € Ry, Y nvy,(t) <
R?/2 thanks to the Lyapunov functional (see Proposition 6.3.3) and the Parseval formula
(see |GK20], Remark 1.2(i)).

The key step in the proof of Proposition 6.4.3 is the following estimation of J, (T, T")
depending on I(T,7").

Lemma 6.4.5. Let R = ||uol|z2(r). There exist C(R) > 0 and a map &, with €,(T) — 0
as T — +o00 such that the following holds. For all 0 < T < T' < 400 and for all family
a = (a,), of maps satisfying assumption (6.19) of Proposition 6.4.3,

[Jo(T, T")|< eu(T) (L + VI(T, T")).
Moreover, for T =0, one has |¢,(0)|< C(R).

Given Lemma 6.4.5, the strategy of proof for Proposition 6.4.3 will be the following.
We observe that for the choice of family a* = (a), given by (6.7)

6h(0) = a0

we have thanks to the Lyapunov functional (Proposition 6.3.3)
I1(0,T") < C(R) + C(R)|J,+(0,T")|.

We deduce from Lemma 6.4.5 that 1(0,7”) is bounded independently of 7". As a conse-
quence, a new application of Lemma 6.4.5 implies that for all family a = (a,), satisfy-
ing (6.19), J,(T,T") is bounded by some €,(T"), where this upper bound is independent
of T" and of the choice of a.
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Proof of Lemma 6.4.5. For n,p > 0, n # p, we denote 7, , := C_nCnHCpE.
Fix a family a = (a,), of elements of C*(R,,C) satisfying assumption (6.19). Since
forall t € Ry, > nv,(t) < R?/2, there exists C'(R) > 0 such that for all ¢ € R,

S lan ) s (O] C(R)
%

Therefore, one can exchange the summation sign with the time integral:

T/
LT =Y / an(£) (1)1 (£) dI. (6.20)
g JT
nitp
For each term in the series over the indexes n and p, we perform an integration by parts

by using the differential equation satisfied by 7, ,, which we will now establish.
Recall from (6.4) that the time derivative of ¢, is

d .
ECn(t) = iwy ()G (t) — aZn(t)
with +
wa(t) =n2 — 2 Z min(k, n)ve(t)

and Z,, defined in (6.16) as
Zn(t) = (u(t)|cos) d¢,[u(t)]. cos +{u(t)|sin) d{,[u(t)]. sin.

Therefore, the time derivative of 1, , = (,Cu11(,Cpr1 Writes

S plt) = 0 (10 (1) — By (1) (6.21)
where
Qnyp = —Wn + Wny1 + wp — Wyt
and
Fop = (ZuCor1 + G Zn1) GGt + (ZoCort + o Zpi1) CaCntr- (6.22)
Note that

Qn,p:2<(”—p)— Z e+ Z 7k>7

k>n+1 k>p+1
hence for n # p,
Q|2 20— pl> 0.

When n # p, we can therefore divide the differential equation satisfied by 7, , by the
factor €2, , and get

[ atumode= [ ()4 ok 0) v

T T
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An integration by parts now leads to

/T " n () ap ()11 p(t) AT = {%m,p(ﬂr - /T : ;t (%) Tnp(t) dt

T

+a /T %Fw(ﬂdt. (6.23)

In order to determine an upper bound for > n#\fTT/ an(t)a,(t)nn,(t) dt|, we consider
the three terms in the right-hand side of this equality separately.

1. For all £ > 0, we have

2

n7p7
n#p

%wp(w‘ < (Zwﬁ)) < R,

an(t)ap(t)
iQpp(t)

gent and bounded by some constant C'(R) > 0 independent of 7" and T".

Tl
therefore the series with general term >, [ nmp(t)] is absolutely conver-
b ) T

Moreover, for N € N, one can cut the sum between the indexes n < N and the indexes
n > N to deduce

an(t)ap(t
> [t e

nip
Ay, t Qp t ay t a, "
: n,;;ép %n’”’(t)‘ * n;;p %nnp(t)’
= ’ +oo +o0
< (Z Vn(t)’YTL—&-l(t)) —|—2< Z ,Yn(t)> <Z 'Yp(t)> ‘

Let € > 0. Since

(32, 700) (o) <t (2, m) (S0) = 585

n=N+1 n=N-+1

we know that there exists N = N(¢) € N such that for all t € R,

( > %(ﬂ) (Z%(ﬂ) <e

Besides, for all n, we have v, (t)7,+1(t) — 0 as t — 400 by weak sequential continuity
of the Birkhoff map and the description of the weak limit points in Birkhoff coordinates
(see the first point of Theorem 6.1.2). Therefore, there exists Ty = Ty(e) such that for
all ¢ > T(),

(Z \/wml(t))
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We conclude that there exists ¢, such that ¢,(T") — 0 as T'— +o0 and for all 7' < T7,

Z [%%,p(ﬂ] §€U<T>7
A !

moreover ¢, is independent of the choice of family a.

2. Next, we develop the time derivative

d (an(t)ap(t)) _ Gu(D)ay(t) + an(B)ay(t)  an(t)ay(t)p(?)
dt \ i€,,(1) i p(t) iQp(t)?

From the definition of (2, ,, we know that

[0 p (O] 2[4 (1) ey

However, the time derivative of 7, is bounded from inequality (6.18) as

[Vn (D)< CR)Kut) e (1Ga-1Gnl+1Cantal)

so that '
7@l < C(R)[u(®)]e™)], (6.24)
and therefore

[, (D)< 20(R)|{ult)]e)].
Using the assumptions (6.19) on a,, this implies that there exists C'(R) > 0 such that

/T % <a:((zt::€g )> np(1) ' dt < C(R) /T [{u(®)] “”)I'FZ;”‘ ”(p)|| dt.  (6.25)

Applying the Cauchy-Schwarz’ inequality, we deduce

" ()
),

3t (o) ot

N

p|

T/
nip

N

T/
S / st (O3 (D)3 (1) dt
np YT
n#p

But there exists C' > 0 such that for all n, )
we have >~ 7,(t) < R?/2. We obtain

Z/ ﬁd(—@))nnm\dtgom) (/T+°O|<u<t>|e“>|2dt)é 17,7,

(t)
n#p

pyp#n Tnm p|2 < C, moreover, for all t > 0,
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3. Finally, we prove that

>/

n#p

ZQM np(t)‘dtSC’(R) ( /T +°o|<u<7f)|ew>|2dt)2 I(T.T.

Note that from the definition Z,, = (u|cos) d(,[u]. cos +(u|sin) d¢,[u]. sin in formula (6.16),
and from Corollary 6.2.12 about the bounds on d(,[u(t)]. cos and d(,[u(t)]. sin, we have

> nlZu(O)P< C(R)[(u(t)|e™)].

n>0

One can apply Cauchy-Schwarz’ inequality to deduce

AL

nF#p

\w Wi (06 (0G0

NI

1
2

Ol v
|n p|2 dt Z ’yn+1fypfyp+1 dt

T np
N¢p n#p

< C(R) (u(t )|e”)|2dt>2 I(T, 7).

Using the same strategy to the three other terms composing F),, (up to exchanging
the roles of n and n + 1 and the roles of n and p), we get the desired inequality.

To conclude, we use the square integrability in time of |(u(t)|e”)| (Proposition 6.3.3)
to get

Ammwwwwgm

We have therefore proven that there exists ¢, satisfying €,(7') — 0 as 7" — +o0, and such
that for all family a = (a,), satisfying the assumptions in (6.19),

Eﬂ/awmwwma
T

< e, (T) 14+ I(T,T7))

moreover, one has |£,(0)|< C(R). Plugging this into equality (6.20), we deduce that

T (T, T")|< eu(T)(1 + /I(T, T")).
0

Proof of Proposition 6.4.3. We first establish a bound of 1(0,7"). We start from the
formula for (u(t)|e”) from Lemma 6.2.6:

—+00

(u(®)]e™) = =Y an()ea()Guri(t),

n=0
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0 = Vim0 (2)

Z CL ’7n+1 + Re Z (Z Cn-l—l( )Cp (t>Cp+1 (t)

nsép

where

Now, we expand

and since af > ﬁ (see inequality (6.8)), we deduce that

Z’Vn Y1 (t) < [(u(t)] —Re Za () 1hnp(t)

naép

In particular, if we denote a* = (a}),, an integration in time leads to the inequality

J(O,T’)g/o [(w(t)|e™) > dt + | T (0, T")|< C(R) + | Jo(0,T")). (6.26)

We now use Lemma 6.4.5 applied to the family a*. In only remains to check that
up to division by some constant C'(R), this family satisfies assumption (6.19) of Proposi-
tion 6.4.3. Using inequalities (6.8) and (6.9), we have

a7 (1)< C(R)
and
a5 ()< CRF (@),
so that from inequality (6.24), there exists C'(R) > 0 such that

ja (B)]< C(R)[{u(t)le™)].

Now, Remark 6.4.4 following Lemma 6.4.5 implies that

| Ja= (0, T)|< C1(R)(1 4+ A/1(0,T7)).

Therefore, one can use the inequality 2zy < 2%+ y? on the second term of the right-hand
side to get

1
|J<(0,T")|< Co(R) + §I(O,T’).
Plugging this into inequality (6.26), we deduce an inequality of the form

10, T') < Cy(R) + %I(O, ™.

We conclude that 7(0,7") is bounded by some constant 2C3(R) independent of 7". In
particular, one can pass to the limit 77 — +oo and deduce that for some C(R) > 0,

400 T00
/0 Z%L@)%H(t) dt < C(R).

n=0
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To conclude, fix family a satisfying assumption (6.19). From Lemma 6.4.5 and the
bound I(T,7T") < C(R), we deduce that there exists a map ¢, independent of a such that
eu(T) = 0as T — 400 and for all 0 < T < T < +o0,

|Ja(T7 T,)‘ < 5u(T)

Finally, expanding

| X ata0tnm| as [ > o020 (01 + IR (T, )

I(T, T)+|J(T )|
eu(T),

we see that this integral is bounded independently of 7" and a, and the bound ¢,(T") goes
to 0 as T'— 400. We deduce the second part of the proposition. O

6.4.3 Strong relative compactness of trajectories as t — +o0

In this part, we prove points 2 and 3 of Theorem 6.1.2: let v be a solution to the damped
Benjamin-Ono equation (BO-a), then there exists a sequence (72°),>1 € ¢ such that
for every weak limit uo in L2 (T) of (u(t))i>0 as t — +oo, and for all n > 1, we have
Tn(Uso) = 725 moreover, if uy, is a weak limit associated to a subsequence (u(t))keny With
t, — +00, then the convergence of (u(ty))ren t0 us is strong in L7 ((T).

We start with the proof of point 2. Fix n > 1 and recall inequality (6.18)

[Fn (1< CR)u)] ™) (|Gn-1Gal+]Calnra])

Since |(u(t)|e”)|e L*(Ry) (see Proposition 6.3.3) and |¢,_1(.]€ L*(Ry) (see Proposi-
tion 6.4.3), we get that 4, € L'(R,). Therefore, there exists 7°° such that 7, () — 7°°
as t — 400. Let now uy be a weak limit in L7 (T) of a subsequence (u(ty))ren with
ty — 4o00. By weak sequential continuity of the Birkhoff map, we get that for all n,
Yn(u(tr)) = Yn (o), and therefore v, (us) = v2°.

We now prove that ||u(t)| r2(ry— |[too|/z2(r) @ t — +00, so that the convergence of
(u(tk))ren tO Us is strong in L2 o(T). In order to do so, we consider the generating function

+o0
_ KnYn
B ; Ao+ 1

The strategy is as follows. Let R = ||((u0)Hh%. Using the differential equation satisfied
+

by t — H,(u(t)), we prove that there exists a map ¢, such that ¢,(t) — 0 as t — 400
and for any weak limit u, for all u > R? + 1,

eu(t)

[Hu(u(1) ~ Hyl)|< COR)

Then, for fixed ¢t € Ry, we compare the asymptotic expansion of H,(u(t)) as u — 400
with the norm |lu(t)|| z2(r). Finally, we combine these two steps to get the convergence of
()] 2(m) tO ||ttoo]| £2¢r) When ¢ — +o00.
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Fix p > R*+ 1. For all ¢ > 0, ||C(t)||h%§ R, we have u + \(t) > p— R* >

0, therefore H,(u(t)) is well-defined. Moreov+e1€7 by weak sequential continuity of the
generating function v € L2(T) — H,(v) € R (see [GKT20b|, Lemma 7), we have
Hu(u(ty)) = Hu(us) as k — +o00. We now quantify the rate of convergence of H,,(u(tx))
to H,(us) by estimating the time derivative of H,,(u(t)).

Lemma 6.4.6. Let R = ||C(u0)||h% Then there exists a map €, with €,(T) — 0 as
+
T — +oo, such that the following holds. For all T > 0 and for all p > R* + 1, we have
eu(T)
(n— R?)*

Proof. Using the expression H,(u) = ((L, + pId)~'1|1), the time derivative of ¢ —
H,(u(t)) writes

/::OO '%Hu(u(ﬂ)‘ dt <

d
e (u(t) = (Toru (1w ) ),

where we denote wp") = (Lu@ + pId) 1. Since 1 € L2, one can remove the projector II
in the expression of Tj,,, so that

d
EHu(u(t)) = (O - w;j(t

Write dyu = 0,VH(u) — aPy(u), where #H(u) is the Hamiltonian for the Benjamin-Ono
equation without damping (BO) and

)|wz(t)>_

Py (u) = (ulcos) cos +(ulsin) sin .

Then q
(0. VH () - wp @) = —Hu(v(1)),

where v is the global solution to (BO) satisfying v(t) = u(t) at time ¢. Since the map
t' — H,(v(t')) is constant, we deduce (3, VH(u(t)) - wp |wi”) = 0. Therefore,

d u u
3 (®) = —a(Pi(u(t))w®lwi®).
We factor (P (u)w;|w);) by using complex numbers

(Pl(u)wZ]wZ) = (u|cos)(cos w}j]w}j) + (ulsin) (sin wZ\ww

= Re((ule™)(¢w}wh)).

In order to complete the proof, it is now enough to show that (e”w!|w) € L*(R,),
and that there holds an estimate of the form

(/T+°° }<€mwz(t)\w}f(t)>‘2 dt) 2 < %, (6.27)

with ,(7) — 0 as T — +oo.
First, note that for all ¢ > 0, since wi® = (Lu@ + pdd)™'1 € L2, we have the

ix,, W

cancellation (¢wj”|1) = 0. Therefore one can write (e"wiwy) = (ewhlwy — 1/p).
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Then, let us decompose wj; and w}; — 1/u along the basis of eigenfunctions (f,), of L, to
get

(e wylwy) = (e wylwy —1/p)

= > (Wl fu) (Wit — T/ ul o) (€ ful fo)-

n,peEN

By definition of w} as wi = (L, + pld) "1, we have

(L|fn)  VEnla
Aot it An+ i

. U VRGN
(wff = plfy) = = o = G

From the formula (¢* f,|f,) = M, , and Definition 6.2.5 of M, ,, we conclude

Z Hp)\p\/f{‘"_n V :u'n,—i-lgnc_pgpm

R (A= A= DA+ ) (A + 1)
p#n+1

(wpl fn) =

and

— ety =

Z \/'%n/{n—‘rl)\n—‘rl \/,un—i-lCnCn—‘rl
Ao+ 1) A + 1)

Let us consider the two sums separately.
On the one hand, the Cauchy-Schwarz’ inequality on the sums over indexes n implies

Z /fp>\p\/"{'_n V ,unJrlCnC_pCan_H
V1 (A = A = D)(An 4+ 1) (Ap + 1)

L . L
( 2 <Ap—An—1>2<An+u>2> |

n, n#p—1

n,p, p£n+1

Z ";\p’yj L (Z 7n’7n+1>

For all p € N, we have ) < C, moreover, for all n € N,

nznﬁép*l (Ap_)\n_]-)2
1 1
<
)\n R N e R?

Z“p% C(R)
Ap+p T pu— R

and finally,

Therefore,

Z I{P/\P Kn v ﬂn+1Cn?pCan_—&-l
Vi Oy == D0+ Oyt )| =

=

,u R2 (Z 7n7n+1) )

n,p, p#n+1
so that
/+oo Z /ip)\p\/ Kn, N /MN+1<nC_p<p<n+1 o
r n,p,pEn+l Vv Fnt1 ()‘p — A — 1)\, + u)(Ap + p)
C(R)

+o0
= m/T Z’Yn(t)%ﬂ(t) dt.

n
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On the other hand, let us denote

b — vV Hn'%nJrl/\nJrl vV Hn+1

T et ) )

Then, there exists C'(R) > 0 such that for all n € N,
[bn| <

and C(R)
m [(ule™)].

As a consequence, Remark 6.4.4 following Proposition 6.4.3, applied to the family b =

(bn)n, implies
—+00
>

To conclude, we have proven the existence of £,(T") — 0 as T'— 400 such that for all

15| <

2
VErEnr1 A1/ Hn16nCns1 d eu(T)
1< ——7
O+ 1) Angr + 1) (n— R?)

> R 41,
+00
iz, u(t)), u()y |2 dt < eu(T)
/T ‘,u(e wy lwy >‘ = (- )Y
This completes the proof of inequality (6.27), and therefore of the lemma. n

We now study the asymptotic expansion of H,(u) when p — +o0.

Lemma 6.4.7. Let u € L?(T). Then we have the following asymptotic ezpansion at
order 3 of the generating function when p — +00:

11, 1
Ha(w) = 5 + gslulsyto ()

1
Proof. By using the identity 1% =1l—z+ li—Qx, we have
1R ko 12 1 1 &8 X
H (U) = - 3y /1 KnYn — —5 )\n'%n’yn + — —n"fn’Yn-
8 u,;kn//ﬂrl unz; /ﬂnz% /ﬁ”?;An/qul

Remark that
—+o00 —+oco
S e = S P= 1
n=0 n=0

and

+o00 +0o0
D Afintn = Y Aal(L]fa)P= —(Tul1) = 0.
n=0 n=0

Consequently, the asymptotic development simplifies as

2 () 1+1+§ A2
u) =—+ — ————FKnVn-
8 poo =t 1 !
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AR

For ju > —2Xg(u), we have A\o/pi+ 1 > 3, so that for all n, pwyp

< 2)\%. Moreover,

+oo
1
S Nk = (TufTTe) = 5 [l o,
n=0
Therefore, one can pass to the limit ;4 — 400 in the summation sum and deduce

11, 1
Ha(w) = 5 + gslulsyto ()

We apply this lemma to

B lu(T) 1172 1
H,(w(T)) = —+ —————=+or (M )

1
I 2u?

1 ||Uoo||%2(1r) 1
Hy(tog) = — + ——t — .
) PR +0<M3)

and

Note that all the possible weak limits u, have the same norm in L2 ((T), indeed, we know
from point 2 in Theorem 6.1.2 that for all n > 1, v, (ux) = 75°.
In light of Lemma 6.4.6, we deduce that for fixed T' > 0,

eu(T)
= i-Rr)

HU(T)H%%’IF)_HUOOH%?(T) +op (i)

[Ha(0(T)) ~ Hyluoc)] = T 5

We now consider the limit g — 400 and get
(T 2~ e 3 | < 26(T).

Taking the limit 7" — +oo in this inequality, we conclude that ||u(7T")||2(r)— ||t || L2(T)-
We have proven that for any weak limit u of a subsequence (u(ty))r in L7y(T), the
convergence is strong in L2 (T).

6.5 Higher-order Sobolev norms

In this section, we consider a solution with higher regularity: we assume that the initial
data ug belongs to H;((T) for some exponent s > 0. The Birkhoff transformation and

its inverse transformation map bounded subsets of H;(T) to bounded subsets of hJ%rJrs
(see [GKT20a|, Proposition 5 in Appendix A). Therefore, it is equivalent to study the
image of the H* norm by this transformation and consider Y . n'*t?y,. This leads us
to introduce a Lyapunov functional of the form P, = Y w,7,, where w, ~ n'™ in
order to prove Theorem 6.1.3.

Note that the Cauchy problem for (BO-a) is locally well-posed in H;(T), s > 0, by
a simple adaptation of the proof in part 6.3.1 and by using Corollary 6.2.12.
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6.5.1 Formula for the derivative of Sobolev norms

Proposition 6.5.1. Fiz s > 0, and let u be a solution to the damped Benjamin-Ono
equation (BO-a) with initial data uy € Hj(T). Define c, == n* with co = 0, w, =
2 <, < Cn'*t?s and denote

= Z WnYn (t)

n>1

n—1 nlt+
> he1 Ck, 50 that we have "

Then

d Q * *
=—a E Cnay, ) ia(t) = 5 > (e + cp)a (t)an()na (1),
n,p>0
n#p

with the notation a; = | /,unﬂ\/% and 1, , = @gnﬂgpgpﬂ.
Proof. We have already seen in the proof of Lemma 6.3.6 that the time derivative of v, is
d . :
@%(u(t)) = —a ((u(t)|cos) Ay, [u(t)]. cos +(u(t)|sin) dvy,[u(t)]. sin),
where
Ay, [u(t)]. cos —i dy, [u(t)]. sin = my,—y — my,

and

N/ Kn —
Mn+1 anCn-l—l .

Moreover, from Lemma 6.2.6, the following formula holds

(u(t)[cos) — i{u(t)[sin) = " m,,.

p>0

my, = —

Therefore, we have

%%(U(t)) = -« (Re(mn1 — my,)Re (Z mp> + Im(m,,_; — m,,)Im <Z mp>>

p=>0 p>0

= —aRe <(mn—1 - mn)zmp> :

p=>0

In particular, a summation leads to

(iPs = —aRe <Z Wy (M1 — My, Zmp> )

n>1 p>0
We rewrite
E wn(mn—l _mn) = E CpMMy,
n>1 n>0
with
_ 25
Cp = Wpy1 — Wy = N°°,
Then

d _
EPs(t) = —aRe (Z cnmnmp> ,

n,p>0

and taking the real part leads to the formula. O]
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We now consider the decomposition

EPS(t) =~ Z Cnti, (1) (E) Yy (1) — 9 Z (cn + Cp)an(t)ap(t)nn,p(t)~
n=0 n,p>0
n#p
We establish an improvement of Lemma 6.4.5 so as to see the second term in the right-
hand side as a remainder term compared to the first term in the right-hand side.
In what follows, we drop the star exponent to the term a; because we are only going

to consider the only family a,, = /ltnr1,/=2. For T' > 0, let us define

Hn+1'

T
J(T) = / S (0n + ) () ap(t)p(£) .
0 n,
nip
Assume that for all £ € Ry, we have 3 ¢,7,(t) < C(R) (in particular, we already know
that this condition is always satisfied if s < %) Then one can see that J*(T) is well-defined

for all T > 0.
Our aim is to estimate J*(T') depending on

)= [ el d

In the following lemma, we show that provided some upper bound on J*(T') is satisfied
(assumption (6.28) below), then the higher-order Lyapunov functional P; is bounded.

Lemma 6.5.2. Fiz s > 0. Assume that for some R > 0, and for all t > 0, the Birkhoff
coordinates of the solution are bounded in h’_:

Z () < R

(the constant R depends on the choice of s since ¢, = n*®). Also assume that for alle > 0,
there exists C5(R,€) > 0 such that for all t > 0,

T5(t) < Cy(R, &) + Cy(R, )\ /T (1) + eI (1). (6.28)

If the initial data belongs to h_%ﬁs, i.e.if Py(0) is finite, then Py is bounded: there exists
C’(R) such that for allt >0,

P,(t) < Ci(R) + P,(0),
moreover,

[ cmttmmn(ar < ) + R0,

n=0

Proof. We use the formula for the time derivative of P

%Ps(t) =« Z Cnan(t)Q'Vn(t)'yn—i-l(t) - % Z (Cn + Cp>an(t)ap(t)nn7p(t)~

n#p
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Since for all n, a,(t) > T an integration in time leads to

PS(T) - P;(O) <

< el @)+ 517D

We fix ¢ := m. Using that by assumption,

|J5(T)| < Cs(R,e) + Cs(R,e)\/I5(T) +

1 S
o @

< CUR.2) + G (D).

we deduce that

P,(T) + I5(T) < P,(0) + %c;(za, ).

2C(R)?

6.5.2 The case s < %

In the parts that follow, we prove that assumption (6.28) on J*(T) is satisfied. In this
purpose, we first remove the part of J¥(T') that can be bounded with the same strategy
as the proof of Lemma 6.4.5. In the case s < %, we obtain a bound on J*(T) itself, and
we deduce that if ug € H;((T), then the solution u stays bounded in H; (T).

Lemma 6.5.3. Let s > 0. We assume that for all t > 0, > ~icnvn(t) < R (where
cn =n?*®). Then there exists C(R) > 0 such that the following holds. For all T > 0,

/() — aK*(T)| < C(R),

where

-3 [ (Zns )+ T Zu 1) 60T
nip

+ e (200G 0 + G0 2 0) GDG (D)) dt (6.29)

and from (6.16),
Z, = (ulcos) A, [u]. cos +(ulsin) d(, [u]. sin .

Moreover, if s < %, there exists Cs(R) > 0 such that
[J°(T)] < Cs(R) + Cs(R)/ I3(T).

Proof. We follow the strategy of proof of Lemma 6.4.5. For n,p > 0, n # p, recall the
notation 7, , = CnCnHCpCpH Since for all ¢ > 0, Y~ c,7,(t) < R, there exists C(R) > 0
such that for all ¢t € R,

Z|(Cn + p)an(t)ap(t)nnp (1)< C(R).

n?p
n#p
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Therefore, one can exchange the summation sign with the time integral:
T
=3 [ et eanttian(timplr)
nip

For each term in the series over the indexes n and p, we use equality (6.23) from the proof
of Lemma 6.4.5, which came from the differential equation (6.21) satisfied by 7, ,:

/ " a0y (O 1)t = [%m,pmr -/ o (“ae )ty

an(t)ay(t)
+a/0 Zan() F,p(t)dt,

with
Fn,p == (Z_n<n+1 + gnZn+1)Cp€p+l + (ZpCerl + Cpr+1)<nCn+1-

We now consider the three terms in the right-hand side separately.

1. For all £ > 0, we have

> _cn gg)<())nn,p<t>‘§C(R> (chn )(va ><C” R).

n#p
The upper bound is independent of ¢ by assumption. Since n and p play symmetric
e (1) < C'(R).

roles, we also have the estimate Cp

n,p, NFEP

T
Therefore, the series with general term >, (¢, +cp) [“;}g”i’(’g ) nmp(t)} is absolutely
s 7, 0

convergent and bounded by some constant C”(R).

2. Next, recall from inequality (6.25) that

ATg(%m 20 4 0o < /m e stO o

dt \ i, (1) —p
Since n and p play symmetric roles in the above upper bound, we only estimate

(ﬁ(m fvmaﬂw

n,p
n#p
z:c Cnfyn( ) 3
(3 [ ol 228 a0) (5 [ aomtinutiga )
n,p = n,p
n#p n#p
But there exists C' > 0 such that for all n, me#nﬁ < C and moreover, by

assumption, > ¢, v, (t) < R. We conclude that

dt( o ()t))nn,p(t)‘ dt < C(R) (/0+m|<u(t)|e”>|2dt>2 (7).

n,p
nF#p
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3. Finally, we prove that

S| |

t
anp )

Wcm( t) + Cat) Znsa(t )) <p<t><p+1(t>‘ dt

< Cu(R) ( /0 +°Oy<u<1ﬁ)|eiﬂc>|2dze) "0,

By symmetry, we would also get

Tq
pL
n,p 0
n#p

Zp(t) oy (1) 4 Gp(t) p+1(t>) n(t)gn+1<t)‘ dt

N[

<cn( *“,<u<t>|ew>|2dt) ).

In this purpose, we use Corollary 6.2.12: if for all ¢ > 0, we have > c,7,(t) < R
(recall that ¢, = n?*), then for all ¢ > 0,

[dGn[u]. cos|[ns +||dGu[u]. sin

n < C(R).
We deduce that Z,, = (u|cos) d(,[u]. cos +(u|sin) d(,[u]. sin satisfies

Y calZa®P< CR)(u(t)|e) [, (6.30)
n>0
Applying Cauchy-Schwarz’ inequality, we conclude

o ]

»(1)
ZQ”P )

Zo Gt ><p<t>—<p+1<t>] at

[ SIS

1
2

/ > enl a0 /TE Cn Y 17p Ypt1 A
n In+1 —+1
n,p |n p‘2 0 n,p PP

n#p n#p

+oo ) 2
< C'(R) (/ [(u(t)|e™)|? dt) (7).
0
One can apply the same strategy to the other term (involving C_nZnHCpCpH) and get

the desired inequality.

To conclude, since [, |(u(t)[e™)|? dt < R?, we have proven that there exists C(R) > 0
such that for all 7" > 0,

|[J*(T) — aK*(T)|< C(R) + C(R)\/I(T) < C'(R).

For s < %, we copy the proof of point 3. and show that actually

Z (cn +cp)/

n,p, NFEP 0

=

T a a t+oo ) 2
o) ar < e ([l a) VD
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Indeed, applying Cauchy-Schwarz’ inequality, we have

T an(t
> (cn+0p)/0 zQ ‘]Z Yonrt (G, (D Grar (6)] dt
n,p, n£p
(o + )| Zn :
</ "pzn;p C |”C ‘pP()l dt) </ "I’Zmép Tt %H'Vp’Ypﬂdt)

Since s < %, we have an estimate of the form
This leads to

Z (cn—i—cp)/T

n,p, NFEP 0

D, pEN \n p|2 < Csep by COmparlng n to

an

anp

\ Za 6 (DG (G (D] i

< +°Or<u<t>\el*’f‘f>\2olt)é (7).

One can apply the same strategy to the three other terms composing F,, , (see the defini-
tion (6.22) of F,,) and get the desired result. O

6.5.3 The case 3 <s <3

We now consider the part left to study when s > %, which has been defined in (6.29):

=3 [0S (Z )+ G20 () G0
n;g]; 0 n,p
+ e (206 @ + G0 2 ®) GG () dt.

In order to find an upper bound for K*(T'), we apply Theorem 6.1.4 and get a decom-
position for the term Z,, = (u|cos) d(,[u]. cos +(u|sin) d(,[u].sin. We can therefore write
K*(T) as a sum of terms of the form

Z/ apandt
n,p

where up to exchanging the roles of n and p, G, , is in one of the following two cases.

e In the first case, we take the terms corresponding to p; or ¢ from Theorem 6.1.4

an <U’h0>rnCn+aCn+1CpCp+1v

where o € {—1,1}, hg = ¢ or e™*, and r,, satisfies the estimates
ral< C(R) and  [r,]|< C(R)|(ule™)],
up to exchanging the roles of the indexes n, n + 1, p and p + 1: we can also have

Gn,p = <U ’ h0>rnc_nCn+1+an@'
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e In the second case, we consider the terms corresponding to Aj , or B} ;. from The-
orem 6.1.4

Gop = (o) > AnkGiCis1Culns1 GpGpr
p

or

Grp = (ulho) > AniCiCir1CaCns1GpCort,
k

where hy = €@ or e, and A, satisfies the estimates

[Ank|< C(R) and |4, x|< C(R)|(ule™)],
up to replacing A, x by A1k, Bnk or Byi1k, which satisfy the same estimates.

For the sake of simplicity, we only treat the first expression of GG, ,, for each situation and
assume that hy = e':

e cither

G":p = <u ‘ eix)ﬁ] Cn+aCn+1 Cp@

= <u|em> Z An,kaCk—i—lCnCn-&-le@a
k

but the other cases are similar.
In both cases, we decompose (u|hg) thanks to the formula from Lemma 6.2.6

(ule'™) Z qCeCat1

(for treating the case hy = e, we would need to take the conjugate of this expres-

sion). Then the strategy follows the proof of Lemma 6.4.5, where n,, is replaced by
a longer expression, typically a product 7y, of three or four of terms of the form

<_q<q+1<n+o—<n+1<-p<p+1 or C_ch+1<k<k+1cn<n+1<p<p+l. In particular, we use the differential
equation satisfied by the oscillating part and integrate by parts.

Border terms

Lemma 6.5.4. We consider a term in the first situation

Gy = Z aqrng_ch-HCn—i—aCn—&-le@
q

such that o € {—1,1}, and for allt > 0, we have |r,(t)|< C(R)| and |7, (t)|< C(R)|(u(t)]e™)].
Assume that $ < s <3 and for allt >0, 3, cavn(t) < R (where ¢, = n*). Then for all
e > 0, there exists Cs(R, ) such that for all T > 0,

ZCP/ apandt < Oy(R,e) + Cs(R,e)\/I5(T) + eI*(T).

n#p
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Proof. The idea is to decompose G,,, between a part which has a small time derivative,
and a part which oscillates rapidly for which we establish a differential equation. We have

AnQ A Qg Ty,
pan E .p . ng qQ’
i€, i p P
q .

where

7727p,q = C_quJrl Cn+a<n+1 CpCerl

(for the other possible forms for G, 5, we would have a similar formula up to placing the
o elsewhere in the product or taking the conjugate of (,(;41)-
The oscillating part 7y, . satisfies the differential equation

—aH?

n,p,q’

(6.31)

. .
dtnmnq - ZQn,p,qnnvp q

where

Hn,nq = (ZCQ-H + ?qZQ-I—l)Cn-&-JCn-i-leCp-&-l + ?qu—&-l(Zn-&-aCn—i-l + Cn-i-UZn-&-l)Cp@
+ CaCat1Cnt0Cnt1(ZpCpr1 + (o Zpyi)s

and

sz ¢ = — Wqg T Wet1 — Wnyo T Wnit T Wp — Wpt

=2((1—on+q—p)+1-0"=2 )Y =
k>q+1
+2 Z min(k,n + o)y, — 2 Z min(k,n + 1)y + 2 Z V-
k>n+o+1 k>n+2 k>p+1
We write
Xipa = ((1 —o)n+q— p+9npq>

with |anq|< Co(R) and |§t~gpq|< Co(R)[(u|e®)|. For all n,p,q such that |(1 — o)n +

q — p|> Co(R) + 1, one has Q7

' . npq 7 0, so that one can divide by 7 | in the differential
equation satisfied by M-

We split
nQ T a,a,a,r
Anlp nlpleTn o
3 / Gyt = 3 / G
0 Winp
n,p, NFEp n,p,q, nFp
|(1—o)n4+q—p|>Co(R)+1
T
(nQpQgTy o
+ c _— dt
S o T,

n,p,q, NFEP
[(1—0)n+q—p|<Co(R)+1

e We first show that for all £ > 0, there exists Cs(R, ) such that the part with indexes
n, p, q satistying |(1 — o)n 4+ ¢ — p|< Co(R) + 1 is bounded by eI*(T) + Cs(R,e)\/I5(T).
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Indeed, since |a,a,a,m,|< C(R), we have from the Cauchy-Schwarz’ inequality

T
c Unplqln o 4
P Q nn7p7q
0 Wingp
n,p,q, NF£p
[(1—0)n+q—p|<Co(R)+1

SIS

T
< C(R) / Z CpVgVag+1Vn+o At
0

n,p,q, NF£p
|(1—0)n+q—p|<Co(R)+1

NI

r c
P
/0 Z W%H’Yﬂpﬂ de

n,p,q, NFEP
[(1—0)n+q—p|<Co(R)+1

For fixed n and ¢, the possible indexes p in the sum belong to an interval of length C'(R).
Moreover, since p < C(R) + 4n + ¢, we have ¢, < C(R) max(cy, ¢,) < C(R)cyc,, so that

Z Vg Va+1Vntro < C(R) Z CnYnto Z CqVqVg+1
n q

n,p,q, NF£P
|(1=0)n+q—p|<Co(R)+1

< C'(R) § :Cq7q7q+17
q
and

T
/ S e dt < CUR)T).
0

n,p,q, NF£P
|(1=0)n+q—p|<Co(R)+1

Now, fix ¢ > 0. Then there exists Ny = Ny(e) such that for all t > 0, > -y Var1(t) <€
(recall that by assumption, for all t > 0, > n?*v,(t) < R). Moreover, up to increasing
Ny, we also have

n 1
Z i1 <C(R> Z mg{f

In —pl> —
n, In—p|>No n, In—p|>No

In the two cases n > Ny or |n — p|> Ny, we deduce

C C
P P
E |n _ p|2’7n+17p’7p+1 S O(R) E |n — p|2'7n+17p’7p+1
n,p,q, NFp n,p, NFp
n>Ny or |[n—p|>Ng n>Ny or |[n—p|>Ng

|(1—0)n+q—p|<Co(R)+1
<eC'(R) Z CpVpVp+1-
P

Otherwise, we have n < Ny and |n — p|< Ny, therefore

Cp
> e e W

n,p,q, NF£p
n<Np and |n—p|<Ny
|(1—0)n+q—p|<Co(R)+1

C s
<C(R) Z m’hﬂ'ﬁ%}ﬂ < C'(R)N; Z’YP’YPH-

n,p, NFEp P
n<Np and |[n—p|<Ny
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Since fOT > Yo pi1dt < C(R) (see Proposition 6.4.3), we deduce that for any ¢ > 0,
there exists Cs(R, ¢) such that

T
c +
/ Z —pp|2 Yot 1YpYpt1 dt < eC(R)I*(T) + Cs(R, €).
0

n
n,p,q, n£p |
|(1=0)n+q—p|<Co(R)+1

Therefore we conclude that

T
Z c ApQpQgTy o‘ dt
P Q npq
0 Winp
n,p,q; NF£P
[(1-0)n+q—p|<Co(R)+1

R)\/I5(T)\/eC(R)I*(T) + Cs(R, ¢).

In other words, for all € > 0, there exists Cs(R, ¢) such that

2w

n,p,q, nFEp
|(1=0)n+q—p|<Co(R)+1

AnQpQgtn . -
/0 sl npth‘ < eI(T) + Cu(R, ) /T (T,

e We now tackle the indexes n, p and ¢ such that n # p and |(1—0)n+q—p|> Co(R)+1
(so that €7 # 0). We use the differential equation (6.31) satisfied by 77 ., and get
that

T T
Gy Uy CpQgTy, d . "
—G,,dt = —— [ — H dt.
A ZQ " A Q Q?qu (dtlr]n,pq—i_a npl])

We perform an integration by parts for the first term in the right-hand side of this equality:

/T nlp 4 | GnOpOTn o T+/T d [ anapaqry a
0 i T T T, ] T Sy e \ 9,00 g

n,p n,p,q n,p,q

T
anapaqrn H dt
— —Q Qo n,p,q .
0 n,p,q

It remains to study the summability properties for each of those three terms.

1. First, we see that since ) c,y,(t) < R for all £ > 0, then

T

Z AnQplgTy 4

p Q Qa Thp.q
n,p,q, NF£Pp P 0

|(1=0)n+q—p|>Co(R)+1

< C(R)Y . o/ AaarTnta i o1 < C'(R).

n7p7q
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2. Then, we apply Cauchy-Schwarz’ inequality to the second term

Z . /T i Uy CpQqgTy, "
v )y e \Q,,0z ) e

n,p,q, NFp P
|(1=o)n+q—p|>Co(R)+1

dt

T 2
d [ apa,a,r,
< C(R) / Z CpVpInto T <#> dt
0 n,D,q; NF#P n,p,q
|(1—0)n+q—p|>Co(R)+1
%
T
/ Z CpYp+1Yn+17gVg+1 A
0

n,p,q, NF£p
|(1=0)n+q—p|>Co(R)+1

On the one hand, we have

/ S e 13 At < C(R)IO(T).

0,9

On the other hand, we establish a bound for

4 < nlpten )’ We have already seen

”Pﬂnpq
e d (ule™)
A ApQg ule”
— | =22 )| <C(R :
a ()=
Since we also have 4
7 Ypa| < C(R)[(ule™)]
and by assumption,
d )
| = C@le),
we deduce
T d(aapaqr>2 T Yo Ins 4
Yo Yngo | = | ——t ™ dtSC’R/Mue” 2 dt.
[ emie | (e B) [ o)

But since [Q7 |> 2(](1 —o)n+ ¢ — p|—Co(R)) > 1, we can use that

> e F L < C(R),

npq’

n,0,9

q
|(1=0)n+q—p|[>Co(R)+1

and we get that the following series is convergent and bounded by C(R):

Z g;pfyp& Z p’Yp'Yn—i—za < C'(R).
n,p,q, NFEp | np npq |TL p|
|(1=0)n+q—p|>Co(R)+1 netp
We deduce
T 2
d [ ay,a,a,rn,
/ Z GV Vnto | g5 ( 0 ’;23 > dt < C(R)
0 n,p,q, NFEp n,p""n,p,q

|(1—o)n+q—p|>Co(R)+1
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To conclude, we have proven that

> af

n,p,q, NFEP
|[(1—o)n+q—p|>Co(R)+1

dt < C(R)\/I9(T).

i A QpgTy, o
dt \Q,,Qz ) Tnea

n,p,q

3. Finally, recall that

Hp .= = (Z4 ZqCqr1 + C_qu+1)Cn+aCn+1CpCp+1 + C_quH(anH + mzn—i-l)gp@
+ C_QCII-HEQL—H (Zp@ + gpﬂ)

We estimate for instance the term

T
QT
> af GG de
7,p,q, NP 0 2tmptinpg
|(1—0)n+q—p|>Ch(R)+1
3
T
< C(R) Z / CpYp V1 Va1 Vnto Al
n,D,q; NFP 0

|(1—o)n+q—p|>Co(R)+1

[NIES

T
CpYn+1 2
E ———— |7, |7 dt
/0 |Q Q ‘2| q|

n,p,q, nF#p TP npyq
|(1=0)n+q—p|>Co(R)+1

On the one hand,

T
Z / Cp Vo Vpt1 Va1Vt dt < C(R)IF(T).
0

n,p,q, NF£p
|(1—0)n+q—p|>Co(R)+1

On the other hand, we first estimate the sum over indexes p:

) T T
2, q?

D, p£EN
[(1—o)n+q—p|>Co(R)+1
2s

< C(R) 3 P

n—pP(A+|(1—0)n+q—pl)*

D, P
|(1—o)n+q—p|>Co(R)+1

When p > 2n and p > 2((1 — o)n + q), the general term of the series is bounded by
Cs ;:, and this defines a convergent series since s < 3. Otherwise, p** < Cymax(n, ¢)*

and the series ) —— is convergent. We deduce that

p.p#n |n— p\

> o < Cemax(n.g)”

p, p£n ’Qn7p n,p,q’
|(1=0)n+q—p|>Co(R)+1
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so that

c
> mﬂ—nﬂyﬂz ’< €. ) " max(n, q)*yna|Z, >
n,0,q, NP noth Poa n,q
|(1—=0)n+q—p|>Co(R)+1
But by assumption, Y., n*~, < R, moreover, we have seen in (6.30) that
> ekl ZeP< C(R)|(ule™) .
k
Therefore, we get an estimate for this second term

T CpYn
> /O ﬁ!zﬁdt < C(R).

n,p,q, n#£p npS2 Py
[(1—o)n+q—p|>Co(R)+1

To conclude, have proven that

T apapagry, —
Z CP/ # ZqCq+1Gn+oCna1Gplpr1 db| < Co(R)/I5(T).
n,p,q, NFp 0 b

|(1—o)n+q—p|>Co(R)+1

This proof also works when exchanging the roles of n and ¢ and with a small variant
when exchanging the roles of n and p.

Central terms

Lemma 6.5.5. Let us consider a term in the second situation

Gn,p = Z ann,knn,p,q,kv
g,k
with
Mnpak = CaCa+1CkCrt18nCn1CpCpr1s

and such that for allt >0, |A, x(t)|< C(R) and |A, 1(t)|< C(R)|(u|e™)|. Fiz $<s<i,
and assume that for all t > 0, Y ¢, ya(t) < R (where ¢, = n*). Then for all e > 0,
there exists Cs(R,€) such that for all T > 0,

Zcp/ apandt < Oy(R,e) + Cy(R,e)\/T*(T) + I*(T).

n#p

Proof. The proof follows the proof in the above part 6.5.3. We first compute the differ-
ential equation satisfied by 7, 4.

d
dtnnqu i pakTnpak — CHnp gk, (6.32)



286 CHAPITRE 6. DAMPED BENJAMIN-ONO EQUATION

where
anpuqvk - _wq + wq—i—l + W — wk+1 — Wnp + wn_l,_l + (A)p - wP+1
=2q—k+n—p) =2 W+2 Y u=2Y Wu+2 Y, %
I>q+1 I>k+1 I>n+1 I>p+1

= 2((61 —k+n-— p) + Qn,pﬂJﬂ)»

where |, 01| < Co(R), | S0,k < Co(R)[(ule™)], and

Hn,p,q,k = (ZCqH + C_quJrl)CkaHCnCnHCp@
+ Colot1(ZrCist + G Zt1) Cnlnr1GGort + Colar1GrCirt (Znbnsr + G Zins1) Gplprt
+ CoCar1GChr1CnCnst (ZoGp1 + G Zpar).

For all n, p, ¢, k such that |¢ — k+n —p|—Cy(R) > 1, one has Q,,, . # 0, so that one can
divide by €2, .« in the differential equation satisfied by 1, , q.x-

We split
T T

Ay A CpgAn
E :Cp ~ Grypdt = E , Cp ~ Nn,poa.k At

i) 1)
mp 0 P n,p,q,k, nF#p 0 P
n#p lg—k+n—p|>Co(R)+1

T
Z A CpgAn
+ Cp/ Q nn:puch dt‘
0 Winp

n,p,q,k, n#p
lg—k+n—p|<Co(R)+1

e We first show that the part with indexes n,p, ¢ and k such that n # p and |¢ — k +
n —p|< Co(R) + 1 is bounded by €I°(T") + Cs(R,e)\/I*(T). Indeed, we have

T
A, Gy A
E , Cp/ — n’knnvp,%kdt‘
0

1€
n,p,q,k, n£p P
|g—k+n—p|<Co(R)+1

T
c
< C(R) Z |n_p |/ VY Vg VR Vo1 Y Y1 Yp Vot 1 AL,
n,p,q,k, nFEp Pl Jo

lg—k+n—p|<Co(R)+1

so that from the Cauchy-Schwarz’ inequality,

T
A QpQg Ay i
E Cp ; Mgk At
Q
0 Winp

n,p,q,k, n#£p
lg—k4+n—p|<Co(R)+1

T
< C(R) / Z Cp Vg Va+1 7k Vn At
0

n,p,q,k, nF£p
lg—k+n—p|<Co(R)+1

N

T C
P
/o Z W’Ykﬂ%ﬂ%%ﬂ de

n,p,q,k, n#p
lg—k4+n—p|<Co(R)+1
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For fixed n, ¢ and k, the possible indexes p lie in an interval of length C(R). Moreover,
since p < C(R) + g + k + n, we have ¢, < C(R) max(cy, ¢4, ) < C(R)cpcqck, so that

2.

n,p,q,k, n#p
lg—k4+n—p|<Co(R)+1

i

Vg Va1V Vn < C(R) Z CkVk Z CnVn
k n

and

>

n,p,q,k, n£p
lg—k-+n—p|<Co(R)+1

Z CqVqVa+1
q

Co Vg Vg1 Yk Vn < C/(R)IS(T)-

Moreover, fix ¢ > 0. Then there exists Ny = Ny(¢) such that for all ¢ > 0,

Z Yn+1 (t) <e
n>Nop
and )
Yn+1
DRI DR
2 = _ 2=
wlgtony " P In =l

n, |[n—p|>No
In the two cases n > Ny or |[n — p|> Ny, we deduce

2.

n.p,q,k, n#p
n>Ny or |[n—p|>Ng
l|g—k+n—p|<Co(R)+1

c
m%ﬂ%ﬂ%%ﬂ

<cr) °
n,p, NFEP
n>Nyp or |n—p|>No

In—p

Otherwise,
c
E ﬂ7n+17k+17p7p+1
n—p
n,p,q,k, n#p
n<Np and |[n—p|<Ng
lg—k+n—p|<Co(R)+1
c

< C(R) >

m7n+17p7p+1 <

n,p, NFp
n<Np and |[n—p|<Ny

Since fOT > W pr1dt < C(R), we deduce that for any £ > 0, there

that
T
J
We conclude that for all € > 0, there exists C5(R, ) such that for

> el

n,p,q,k, n#p
lg—k4+n—p|<Co(R)+1

> -
n,p,q,k, n#p |
lg—k4+n—p|<Co(R)+1

Qg A i

1 p

Cp

E.

—p|2'7n+17p'7p+1 <eC(R) Z CpVpVp+1-

p

(RING® Y o1

p

exists Cs(R, €) such

n —pp|2’Yn+1’Yk+1’Yp’7p+1 dt <eC(R)I*(T) + Cs(R, ¢).

all T >0,

Nnpak dt| < el*(T) + Cs(R, e)\/15(T).
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e We now tackle the indexes n, p, ¢ and k such that |¢ — k +n — p|> Co(R) + 1, so
that Q,,,,x # 0. We use the differential equation (6.32) satisfied by 7, .k, and get that
if | —k+n—p|> Cy(R) + 1, then

T T
Ap Gy anapagAn g [ d
Gppdt = — — | —n, aH, dt.
/o Wy " /0 QS p,g ke (dtn pak 7p7q7k)
We perform an integration by parts for the first term in the right-hand side of this equality:
T T T
and A CpQg A d [anapa,A, K
/ .—pGn,p dt — {—L/]/h%p’q’k} + / JR— (L nnJ)’q,k dt
o lnp Q. pS i pig 0 o At \QnpQnpgr

T

Ay QpQg Ay i

— Ck/ —Q Q Hn,p,q,k dt
0 n,p3én,p,q.k

It remains to study the summability properties for each of those three terms.

1. First, we see that thanks to the assumption > c,y, < C(R), we have

T
[ AnGpagAp i . ]
- n.,p,q,k
Qn,anvp,q,k

2. G

n,p,q,k
lg—k+n—p|>Co(R)+1

0

< C(R) Z o/ Ve Va1 Tk 1 Y Y1 0 Tpr < C'(R).

n,p,q,k

2. Then, we apply Cauchy-Schwarz’ inequality to the second term:

T
d [a,a,a,4,
E , Cp/ ( = k) Tin.p,q.k
0

n.p.a.k dt \ 0 pS 2l p.g.k
|g—k+n—p|>Co(R)+1

dt

N|=

< C(R) /T Z d (anapanM) 2 "
= & il By
0 ok P dt \ Qppgk
lg—k+n—p|>Co(R)+1
%
T
/ Z CpYp+1 Yk 1 Yn17Yg Va+1 A2
0

n,p,q,k
l|g—k+n—p|>Co(R)+1

On the one hand, we have

T
/ Z CpYpt1 V1 V41 Vg Ygr1 At < C(R)I*(T).
0

n7p7q
On the other hand, we know that

d [anapa A,
dt \ Q2 ppgk

[{ule™)]

< _
) ‘ N C(R) ’Qn,an,p,q,k’
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But using that 3° | ;1. pscor)+1 W < C(R), we get that the following series
n,p,q

is convergent and bounded by C(R):

CpVpVkn CpYp Yk Vn ,
o o 12 < C'(R
2. 12, k| Z‘n S (R).
n,p,q,k, n#p P=impid, nopk
|g—k+n—p|>Co(R)+1 n#p
We deduce
T
d [anapa,An,
2 c”/ ‘E (Q Q. )”’“p"f”f dt < C(R)v I(T).
n,p,q,k, n#p 0 n,p* fn,p,q,k

|g—k+n—p|>Co(R)+1

3. Finally, recall that

Hypak = (ZgCarr + CaZq1) Gl Cnlns1 Gplprt
+ CoCot1 (ZiChrr + CeZrr1)CnCns1 Gplprt
+ C_‘ng+1Ck@(Z_nCn+1 + C_nZnJrl)gp@
+ (€16 Cet16nCnt (ZpGpit + GpZpir)-

We estimate for instance the term

T
A CpQgAn
Z Cp/ #Zqu-i—lgka-ﬁ—lCnCn-i-leCp—s—l dt
n,p,q,k, n#p 0 fnpiinpgk
|g—k+n—p|>Co(R)+1
2
< C(R) Z / Cp Y Vp+1 Vg1 Vh1Vn At
n,p,q,k, n#p

lg—k-+n—p|>Co(R)+1

N

CpVn+17k 9
2 / [
n,p,g.k, ntp n,pn,p,q,k
lg—k+n— p|>C’0(R

On the one hand,

Z / Y Vo1 Vg1 V1V At < C(R)IP(T).

n,p,q,k, n#p
lg—k-+n—p|>Co(R)+1

On the other hand, we first estimate the sum over indexes p:

> g
|Qn,an7p,q7k | 2

D, p#EN
|g=k+n—p|>Co(R)+1

2s

< C(R) 3 b

In—plP(1+|¢—k+n—p|)?*

i ;ﬁn
|g—k+n—p|>Co(R)+1
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When p > 2n and p > 2(q — k + n), the general term inside the summation term is
bounded by C’S%, and this defines a convergent series since s < 3 Otherwise, we have

p?* < max(n,q, k)* and the series > P IS convergent. We deduce that

P,p#N In P
2 g S G
p,p#n .
|g—k+n—p|>Co(R)+1
so that
Y ale il O3 max(n g kPl Zf
n,p,q,k, n#£p P mak

|g—k+n—p|>Co(R)+1
Since Y, 1%y, < C(R), and since from inequality (6.30) we have

Y P2 C(R)[(ule™) ?,

l

we get the bound

CpVYn+17Vk
> [parezon
n,p="n,p,q,

n,p,q,k, n#p
lg—k+n— p|>Co(R

To conclude, we have proven that

T apapa, Ak
Z Cp/ #Z Cat 16k Ch+1CnCrr1GpCpr1 di
0

n,p,q,k, n#p p.d:k
|g—k+n—p|>Co(R)+1

< C(R)VI(T).

This proof also works when exchanging the roles of n and ¢, and with a small variant
when exchanging the roles of n and p.

[]

Remark 6.5.6. We have proven that Y, n'*?y, is bounded for exponents s satisfying
5 < 3. To increase the range of exponents s, we would need to further decompose the term
Zy appearing in point 3 of subparts 6.5.3 and 6.5.3. This would lead us to consider finite
products of the following form. Let hg = cos or hg =sin, N = (nq,...,n) be a finite set
of indezes, and ¥ = (01, ...,0k) be a finite set of indexes bounded by some finite constant
c(k). Then we would have to study

Gns = (ulho) AN 5Gay Grtor - - - G Cnptop s
provided the uniform estimates
|Avs|< C(R) and |Ans|< C(R)|(u]e™)].

In particular, we should use the differential equation satisfied by this term and integrate
by parts in the same way as before, following the idea of proof from Lemma 6.4.5.
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Schridinger non linéaire cubique sur le groupe
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wave equation. Then, we establish a low regu-
larity almost-sure local well-posedness theorem
for the randomized Cauchy problem associated
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to a close Schrodinger-Grushin equation for a
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equations related to the Benjamin-Ono equa-
tion, by using the integrability properties of
the Benjamin-Ono equation. For the third or-
der equation in the Benjamin-Ono hierarchy,
we study the Cauchy problem, characterize the
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equation with a damping term on the small-
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