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Abstract

Cette thèse s’articule autour du contrôle optimal et ses applications à des phénomènes naturels
tels que les îlots de chaleurs dans des milieux urbains, la pollution dans un environnement marin
afin de préserver l’environnement et l’écosystème. Les points d’intérêts des applications de cette
thèse rentrent ainsi dans les initiatives internationales et gouvernementales sur les transitions
écologiques, énergétiques et aussi du point de vue économique.

Pour répondre aux problématiques citées auparavant, nous explorons différents types de mod-
èles. Des modèles mathématiques paraboliques et hyperboliques sont introduits tels que le modèle
Navier-Stokes Forchheimer instationnaire couplé avec les équations de Fourier pour les îlots de
chaleur urbains, le modèle du transport avec second membre de type Dirac couplé avec les mod-
èle des eaux peu profondes pour la pollution marine et le modèle stationnaire de Navier-Stokes
Forchheimer dans le cas de la migration des poissons des eaux salés vers les eaux douces à travers
une structure hydraulique du type passe à poissons.

Dans un premier temps, nous avions analysé ces modèles de manière théorique liée à l’existence
et l’unicité de la solution et les estimations d’erreurs des modèles perturbés par rapport aux mod-
èles originaux.

L’étape suivante consistait à une analyse numérique de certaines méthodes éléments finis
pour l’approximation des modèles environnementaux.

Les applications ont pour objectif de minimiser la chaleur dans des villes urbaines, la pollution
dans le milieu marin ainsi les effets tourbillonnaires dans les passes à poissons. Nous utilisons des
algorithmes du type gradient projeté pour optimiser l’emplacement des espaces vert en milieu
urbain comme solution du problème d’îlots de chaleur, et la descente du gradient à pas fixe pour
minimiser la pollution marine où le gradient de la fonction coût est lié au système adjoint et dans
le cas des passes à poissons, la technique d’optimisation topologique de type Lagrangienne. Nous
avions implémentés les méthodes proposées sous Freefem++ et nous avions mis en évidence la
précision et la robustesse des méthodes numériques suggérées.

Mots clés: Îlots de chaleur urbaines; Milieux poreux; Compressibilité artificielle; Contrôle
optimal; Équations paraboliques; Systèmes hyperboliques; Méthode des caractéristiques; Es-
timations des erreurs; Algorithme de Gradient Projeté; Algorithme de Descente; Algorithme
Lagrangien augmenté.



In this work, we are interested to the optimal control and its applications to some natural
phenomena such as heat islands in urban environments, marine pollution in order to preserve
the environment and the ecosystem.

The interest points of the applications of this thesis fit into international and governmen-
tal initiatives on ecological, energy and also economic transitions. To propose solutions to the
problems mentioned above, we explore different types of models. Parabolic and hyperbolic math-
ematical models are introduced such as the unsteady Navier-Stokes Forchheimer model coupled
with the Fourier equations for urban heat islands, pointwise control of parabolic problems gov-
erned by the linear convection-diffusion coupled with the shallow water models for the marine
pollution and the stationary Navier-Stokes Forchheimer model in the case of the migration of
fish from salt water to fresh water through a hydraulic structures of the fishways types.

Firstly, we analyzed these models in a theoretical way by studying the existence and the
uniqueness of the model solution and give an error estimates between solutions of the perturbed
models compared to the original model.

The second step consisted to the numerical analysis of some finite element methods approx-
imation to these environmental models.

The objective is to minimize the heat in urban cities, pollution in the marine environment
and the turbulent effects in the fishways.

We use algorithms of the projected gradient type to optimize the location of the green spaces
in urban areas as a solution to the problem of heat islands, the descent of the gradient with fixed
step to minimize marine pollution where the gradient of the cost function is related to the adjoint
state. In the case of the fishways, we use the Lagrangian type topological optimization technique.

We implemented these methods proposed under Freefem++ software and we bring out the
precision and the robustness of these suggested numerical methods.

Keywords: Urbain Heat Island; Porous media; Artificial compressibility; Pointwise control
problem; Parabolic equation; Hyperbolic system; Characteristic method; Error estimates; Spec-
tral Project Gradient Algorithm; Algorithm of Descent; Augmented Lagragian Algorithm.
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Introduction

Un des défis majeurs de notre siècle est de réduire de manière drastique l’impact du réchauffement
climatique dans les écosystèmes présents sur terre. Parmi ces problèmes, on note la pollution de
l’air et de l’eau, la croissance de la densité urbaine dans des zones rurales et la déforestation, le
rejet des déchets industriels et des substances chimiques et d’autres qui génèrent la dégradation
de l’environnement et affectent d’une part la santé humaine et d’autre part les espèces animales.

Dans le premier chapitre, nous nous sommes intéressés au problème des îlots de chaleur ur-
bains (Urban Heat Island). Avec le développement de l’urbanisation, les propriétés urbaines
changent remarquablement en fonction des activités humaines dans les villes. La chaleur et les
nombreuses formes de pollution modifient les propriétés radiatives de l’atmosphère, ce qui en-
traîne la formation de ces îlots de chaleur urbains. Ils ont des effets négatifs sur la qualité de
l’environnement, sur la santé, sur la consommation d’énergie et sur le développement durable des
villes. Ils sont aussi responsables de l’augmentation de la température des villes, ce qui engendre
une amplification de la concentration d’ozone dans l’air, participant à l’effet de serre indésirable.
Di Menza [1] a répondu à la question, comment modéliser l’impact du changement climatique
sur un écosystème.

Comment formuler un tel problème du point de vue optimisation ? C’est vers la notion du
confort thermique qu’il faut aller pour bien définir le critère d’optimisation de la température
dans des villes à forte densité urbaine pour assurer le confort de ses habitants.

Plus précisément, le problème se formule à l’aide de la mécanique des fluides couplée avec les
effets de convection thermique reposant sur les équations de Boussinesq.

Nous nous intéressons à l’extension des équations de Boussinesq en ajoutant le terme linéaire de
Darcy et le terme non linéaire Forchheimer. Nous exploitons des techniques de contrôle optimal
pour l’emplacement des espaces verts et comment faire face aux problèmes environnementaux
liés aux îlots de chaleur urbains apparaissant dans les villes. Un modèle climatique tridimen-
sionnel est établi pour étudier les effets de la chaleur anthropique urbaine et l’écoulement de
l’air dans les régions urbaines et rurales. Le mécanisme de transport dans les milieux poreux est
régi par le système Navier-Stokes Forschheimer. Nous étudions l’existence des solutions faibles
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et des solutions fortes en utilisant des conditions aux limites de type Dirichlet dans deux cas
différents :

• La première situation consiste à étudier le problème incompressible Navier-Stokes Forch-
heimer Fourier non-stationnaire,

• Le deuxième contexte repose sur l’étude des solutions faibles et les solutions fortes dans le
cas d’un fluide compressible en introduisant la méthode de compressibilité artificielle avec
données initiales dans L2 dans un domaine Ω ⊂ RN (N ≤ 3).

Concernant les équations de Boussinesq (stationnaires et non stationnaires), il existe une abon-
dante littérature dédiée au sujet. Canon et DiBenedetto [25] ont démontré l’existence et l’unicité
de la solution forte dans les espaces Lp,q dans le cas d’un fluide incompressible soumis à un
transfert de chaleur convectif en utilisant les opérateurs intégraux singuliers. Cependant, dans le
cas de la théorie L2, Santos da Rocha et al [29] ont montré l’existence et l’unicité de la solution
du problème de Boussinesq stationnaire avec des données non régulières sur le bord dans L2.
Morimoto [14], [16] a montré l’existence de la solution faible du problème Navier-Stokes station-
naire avec l’équation de convection naturelle dans un domaine borné Ω dans RN , (N ≤ 2) dans
le cas où la température sur le bord est imposée par une condition de type mixte, condition de
Dirichlet sur certaines parties et de Neumann sur les autres parties, Foias, Manley et Temam [32]
ont étudié les solutions fortes avec des données initiales dans L2 dans un domaine RN , (N ≤ 3),
Ōeda [30], [31] a étudié les solutions faibles et fortes dans un domain non cylindrique en employ-
ant la méthode de pénalité et la théorie des opérateurs sous-différentiels.

Le système Navier-Stokes Forchheimer Fourier non-stationnaire est le suivant :

∂tu+ (u.∇)u+ au+ b | u | u = −∇p+ λ∆u+ dg [β (θ − θin)− 1] dans Ω× [0, T ],

∂tθ + (u.∇)θ = η∆θ +QB +
N∑
i=1

αiχGi dans Ω× [0, T ],

div u = 0 dans Ω× [0, T ],

u(x, t = 0) = a0(x), θ(x, t = 0) = τ0(x) dans Ω,

u(x, t) = 0 x ∈ Γ1,

θ(x, t) = ξ(x, t) x ∈ Γ1,

u(x, t) = 0 sur (ΓB ∪ Γs)× [0, T ],

∂θ

∂n
= 0 sur (ΓB ∪ Γs)× [0, T ],

(0.1)

Avec u est la vitesse du fluide, θ la température, λ et κ sont des coefficients de diffusion, αi la
température dégagée par les feuilles (espaces verts), a, b et d sont des constantes positives telles
que a est le coefficient de Darcy, b est le coefficient de Forchheimer, d est le coefficient pour la force
de Boussinesq, a0, τ0 et ξ sont les conditions initiales de la vitesse, la pression et la température
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respectivement, g(x, t) est la fonction vectorielle gravitationnelle et β est le coefficient de dilata-
tion thermique. QB est l’intensité de la source de chaleur du bâtiment par unité de surface du sol.

Du point de vue approximation numérique le champs de vitesse et celui de la pression sont
dissociés ce qui engendre des difficultés numériques pour approcher les équations Navier-Stokes
Forchheimer Fourier liée à la contrainte d’incompressibilité divu = 0. Pour résoudre ce problème
et relaxer cette contrainte, il existe plusieurs types de méthodes de relaxation :

• La méthode de pénalisation: cette méthode a été introduite par Courant [4], largement
étudié dans le cas des équations de Navier-Stokes. Bercovier et Engelman [5] ont utilisé
un élément fini parabolique isoparamétrique de type pénalisation où ils ont montré les
propriétés de stabilité et de convergence de la méthode. Thomas [6] a utilisé des éléments
finis de type Galerkin pour démontrer l’efficacité de la méthode.

div uε + εpε = 0.

• La pression stabilisée: Cette méthode a été introduite par Brezzy et Pitkäranta [7].
Louaked et al [8], Brezzi, Douglas [9], Hughes, Franca, Balestra [10].

div uε + ε∆pε = 0.

• La méthode de pseudo-compressibilité: Chorin [12], et celle de E et Liu [13] et de
Shen [11] ont montré l’efficacité de cette méthode dans la cas de l’analyse de l’erreur des
équations de Navier-Stokes.

div uε + ε∆pεt = 0.

• Méthode de compressibilité artificielle: cette méthode est largement utilisée par
Chorin [3] et Temam [2]

div uε + pεt = 0.

Cette méthode fait l’objet de la suite du couplage des équations Navier-Stokes Forchheimer
Fourier.
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Alors le problème non perturbé (0.1) se réécrit sous la forme

∂tuε + (uε.∇)uε + auε + b | uε | uε = −∇pε + λ∆uε + dg [β (θε − θin)− 1] dans Ω× [0, T ],

∂tθε + (uε.∇)θε = η∆θε + f dans Ω× [0, T ],

ε∂tpε +∇.uε = 0 dans Ω× [0, T ],

uε(x, t = 0) = a0(x) dans Ω,

θε(x, t = 0) = τ0(x) dans Ω,

pε(x, t = 0) = π0(x) dans Ω,

uε(x, t) = 0 sur Γ1,

θε(x, t) = ξ(x, t) sur Γ1,

pε(x, t) = 0 sur Γ1,

uε(x, t) = 0 sur (ΓB ∪ Γs)× [0, T ],

∂θε

∂n
= 0 sur (ΓB ∪ Γs)× [0, T ],

(0.2)
En premier lieu, nous avons montré l’existence de la solution faible du système non perturbé
(0.1). La démonstration est basée sur la construction d’une solution approchée par la méthode
de Faedo-Galerkin et le passage aux limites. Soient les espaces fonctionnels suivants :

Dσ = { fonction vecteur ϕ ∈ C∞(Ω)|suppϕ ⊂ Ω, divϕ = 0 dans Ω}

D0 =
{
fonction scalaire ϕ ∈ C∞(Ω̄)|ϕ ≡ 0 au voisinage de Γ1

}
H = adhérence de Dσ sous la norme L2(Ω)

V = adhérence de Dσ sous la norme H1(Ω)

W = adhérence de D0 sous la norme H1(Ω)

Théorème 0.0.1. Soit Ω un domaine borné dans Rd,(d = 2, 3). Si g ∈ L∞ (Ω× ([0, T ])),
ξ ∈ C1(Γ̄1) × [0, T ], τ0 ∈ L2(Ω), a0 ∈ H, θin ∈ L2(Ω) , a, b sont des constantes positives a > 0

, b > 0, et si (dβ‖g‖L∞) < c
√
λη où c > 0, alors il existe une solution faible (u, θ) de (0.1)

satisfaisant les conditions initiales.

u ∈ L∞ ([0, T ] , H) , θ ∈ L∞
(
[0, T ] , L2(Ω)

)
.

De même, dans le cas du système perturbé (0.2) Navier-Stokes Forchheimer Fourier. On a :

Théorème 0.0.2. Pour ε > 0 fixe et largement petit et f ∈ L2
(
[0, T ] ;L2(Ω)

)
. De plus, si

g ∈ L∞ (Ω× ([0, T ])), ξ ∈ C1(Γ̄1 × [0, T ]), τ0 ∈ L2(Ω), a0 ∈ H, θin ∈ L2(Ω), a, b sont des
constantes positives a > 0 , b > 0, si (dβ‖g‖L∞) < c

√
λη où c est une constante positive,
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alors il existe au moins une solution (uε, θε, pε) du système perturbé (0.2). En outre,

(uε, θε, pε) ∈ L∞ ([0, T ] ;H)× L∞
(
[0, T ] ;L2(Ω)

)
× L∞

(
[0, T ] ;L2(Ω)

)
Ensuite, nous avons introduit une procédure d’optimisation de la température dans des villes

urbaines afin d’assurer le confort du trafic des piétons. Un îlot de chaleur urbain par définition
est la différence de température entre le secteur urbanisé et le secteur environnant dû au résultat
des choix d’aménagement des milieux de vie, notamment la minéralisation des surfaces. Il existe
plusieurs facteurs, liés à la localisation des espaces verts.

Nous minimisons la température au sol par l’introduction de la fonction coût suivante

J1(θ) =
1

n∑
i=1

Γsi

∫ T

0

∫
Γsi

θε(x, t)dxdt (0.3)

Le processus d’optimisation passe par la résolution des équations du système perturbé Navier-
Stokes Forchheimer Fourier. Le problème de contrôle est résolu par une méthode itérative. Nous
utilisons un algorithme de type gradient projeté.

Figure 1: Champs de température de l’air pour les emplacements des espaces verts optimaux et
non optimaux (Campus universitaire Caen Normandie).
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Dans ce deuxième chapitre, nous nous sommes intéressés aux estimations d’erreurs en intro-
duisant la méthode de compressibilité artificielle pour le système instationnaire de Navier-Stokes
Forchheimer Fourier.

Le problème de convection-diffusion couplé avec les équations de Boussinesq incompressibles non-
stationnaires sont largement étudiées. Il existe plusieurs méthodes d’approximations numériques
pour approcher le problème de convection-diffusion. Shen [42] a analysé l’existence et l’unicité de
la solution du problème convection-diffusion stationnaire avec des éléments de Bernard-Raugel.
Shi et Ren [43] ont examiné une méthode d’éléments finis mixtes non conforme. Hafien, Fadili et
Elmoataz [44] ont étudié l’approximation numérique du problème non local avec des conditions
aux limites de types Neumann homogènes sur graphe. Kim et Choi [45] ont considéré la con-
duction et la convection naturelle entre deux cylindres concentriques sous les effets d’irradiation
solaire. Comme on le voit, la vitesse u, la pression p et la température sont couplées par la con-
trainte d’incompressibilité ∇.u = 0. Pour résoudre ce problème de couplage, nous utilisons les
méthodes proposées auparavant (méthode de pénalité, méthode de compressibilité artificielle).
Shen [? ] a montré l’estimation d’erreur optimal pour les équations de Navier-Stokes instation-
naire. He [46] a fait l’extension de l’analyse d’erreur du problème Navier-Stokes stationnaire en
utilisant la méthode des éléments finis. Wang et al [47] ont étudié les estimations d’erreurs d’un
système pénalisé et une extension à une discrétisation totale du schéma [48]. Giovangigli et Yong
[49] ont étudié les estimations à priori des systèmes hyperboliques-paraboliques symétriques
linéarisés à faible dissipation. Sun, He et Feng [51] ont proposé la méthode de pénalité pour
résoudre le problème couplé Navier-Stokes avec le problème de convection-diffusion non station-
naire dans un domaine Ω de dimension N = 2 sous certaines hypothèses sur les données initiales.
Ce qui motive notre intérêt pour la résolution de problème couplé plus compliqué réunissant le
terme Darcy et le terme de Forchheimer pour les équations de Navier-Stokes est de relaxer la
contrainte d’incompressibilité en introduisant la méthode de la compressibilité artificielle.

Nous avons analysé le problème couplé et nous avons établi les estimations d’erreurs entre la
solution originale (u, p, θ) et la solution perturbée (uε, pε, θε). La preuve des estimations d’erreur
se fait en deux étapes : la première consiste à l’analyse de l’erreur dans le cas d’un système
linéaire et la deuxième étape concerne l’analyse d’erreur pour le cas d’un système non linéaire.
Nous introduisons les espaces fonctionnels suivants :

X = H1
0 (Ω)2, W = H1

0 (Ω), V = {v ∈ X; div v = 0}, H =
{
v ∈ L2(Ω)2; div v = 0; v.n|∂Ω = 0

}
Les estimations d’erreurs entre le système perturbé et le non-perturbé sont prouvées sous les
conditions suivantes :

• (H1) : supposons que la vitesse initiale u0 ∈ V et f ∈ L∞
(
[0, T ];L2(Ω)

)
, la température

initiale ϕ ∈W ,
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• (H2) : supposons que ϕ ∈ H2(Ω) et tft ∈ L∞
(
[0, t];L2(Ω)

)
et tθt ∈ L∞

(
[0, t];L2(Ω)

)
.

Théorème 0.0.3. Si ϕ ∈ H2(Ω), le problème perturbé Navier-Stokes Forchheimer Fourier a une
solution unique (uε, pε, θε) ∈

[
L∞([0, T ];H2(Ω)) ∩ L2([0, T ];X)

]
×L2([0, T ];M)×H1([0, T ];W ).

La solution (uε, pε, θε) converge uniformément vers la solution (u, p, θ) ε→ 0.

Le contrôle de l’erreur du problème non-linéaire est illustré par le théorème (0.0.4) suivant :

Théorème 0.0.4. Supposons (H1) et (H2) sont validées, ε suffisamment petit, pour tout t ∈
[0, T ], les estimations d’erreurs suivantes sont vérifiées

(at+ 1) t‖u− uε‖2 + tε‖p− pε‖2 + t‖θ − θε‖2 + λt2‖∇ (u− uε) ‖2 + κt2‖∇ (θ − θε) ‖2 ≤ Cε2

Concernant l’approximation numérique, nous employons une discrétisation spatio-temporelle
reposant sur un schéma d’Euler implicite avec les élément finis de type Bernadi-Raugel. Nous
considérons Vh, Qh et Wh les espaces éléments finis tels que

Vh =
{
vh ∈ C0(Ω̄) ∩H1

0 (Ω)d; ∀K ∈ Th, vh|K ∈ PK
}

Qh =
{
qh ∈ L2(Ω);∀K ∈ Th, qh|K ∈ P1

}
Wh =

{
wh ∈ H1(Ω); ∀K ∈ Th, wh|K ∈ P2

}
La formulation variationnelle du système perturbé (0.2): Trouver

(
u
ε,(k+1)
h , p

ε,(k+1)
h , θ

ε,(k+1)
h

)
∈

(Vh ×Qh ×Wh) pour tout vh ∈ Vh, qh ∈ Qh et wh ∈ Xh〈
u
ε,(k+1)
h , vh

〉
−
〈
u
ε,(k)
h , vh

〉
tk+1 − tk

+ λ
〈
∇uε,(k+1)

h ,∇vh
〉

+ a
〈
u
ε,(k+1)
h , vh

〉
+
〈
u
ε,(k)
h

(
∇uε,(k+1)

h

)
, vh

〉
+ b

〈
| uε,(k)

h | uε,(k+1)
h , vh

〉
−
〈
p
ε,(k+1)
h ,∇.vh

〉
= dgβ

〈
θ
ε,(k+1)
h , vh

〉
+ dgβ 〈θin, vh〉+ 〈dgβ, vh〉 ∀vh ∈ Vh

ε

〈
p
ε,(k+1)
h , qh

〉
−
〈
p
ε,(k)
h , qh

〉
tk+1 − tk

+
〈
∇.uε,(k+1)

h , qh

〉
= 0 qh ∈ Qh〈

θ
ε,(k+1)
h , wh

〉
−
〈
θ
ε,(k)
h , wh

〉
tk+1 − tk

+ λ
〈
∇θε,(k+1)

h ,∇wh
〉

+
〈
u
ε,(k)
h

(
∇θε,(k+1)

h

)
, wh

〉
= 〈f, wh〉

Nous implémentons le schéma ci-dessus dans FreeFem++ [21]. Nous avons effectué plusieurs
tests à différent pas de temps pour nous assurer d’atteindre une solution stable. Les résultats
obtenus sont illustrés par les figures suivantes :
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Figure 2: Champs de vitesse et de température dans un réfrigérateur sans étagères.

Figure 3: Champs de vitesse et de température dans un réfrigérateur avec étagères.

Dans le troisième chapitre, nous analysons l’approximation par éléments finis des problèmes
de contrôle parabolique avec un second membre singulier régi par la convection-diffusion linéaire
couplée avec les équations des eaux peu profondes en utilisant la méthode des caractéristiques.
Les principales difficultés du problème proviennent de la singularité du second membre dans le
système transport-diffusion. Nous développons une analyse théorique du problème. Des estima-
tions d’erreur sont obtenues pour le problème original, adjoint ainsi que le problème de contrôle.

8



CONTENTS

Nous nous intéressons au problème de la pollution marine dont l’activité humaine est directement
responsable. Le rejet des eaux usées, les catastrophes industrielles et écologiques se traduisent
par la contamination et la diffusion de produits chimiques, des métaux lourds ou d’une impor-
tante quantité de produits pétroliers. Ces polluants impactent à la fois les milieux aquatiques et
la santé humaine. Ces dernières années, beaucoup de moyens sont donnés pour la préservation
et la protection des écosystèmes marins et côtiers. La diminution de la diffusion des polluants
provenant des substances chimiques toxiques, ou des rejets d’eaux usées est un vrai défi scien-
tifique et technique. La pollution côtière est généralement contrôlée en traitant les contaminants
à la source ou dans les stations d’épuration par des méthodes de traitement des eaux usées afin
de réduire leur concentration.

Là encore, le problème de contrôle optimal est régi par des équations de convection-diffusion.
Récemment, des recherches approfondies ont été menées sur divers aspects théoriques de ce
problème. Boulakia et al [33] ont travaillé sur les équations de réaction-diffusion où le terme de
réaction est donnée par une fonction cubique dont le but de reconstruire numériquement la partie
indépendante du temps de terme source à partir la solution mesurée. Ningning et Zhaojie [34]
ont étudié un schéma d’approximation de Galerkin de stabilisation du bord, cette méthode utilise
la stabilisation par les moindre carrés des sauts de gradient à travers des bords des éléments.
Cette méthode a été proposée par Douglas et Dupont ["Computing Methods in Applied
Sciences, Springer-Verlag, Berlin, 1976"]. Becker et Vexler [35] ont exploité la discrétisation du
problème de contrôle optimal à l’aide de la méthodes des éléments finis stabilisés et montré que ce
schéma de stabilisation converge vers des solutions approchées améliorées même sur des maillages
grossiers. Luo et Lu [36] ont utilisé la méthode des éléments finis mixtes Petrov/Galerkin avec
des moindres carrés. Pour les problèmes de contrôle optimal elliptiques, Casas et Tröltzsch [37]
ont adapté, à la discrétisation des fonctions de contrôle, des fonctions constantes par morceaux
ou des fonctions linéaires par morceaux. En revanche, pour l’analyse d’erreur à priori, plusieurs
chercheurs ont utilisé une discrétisation pure par éléments finis pour des problèmes de contrôle
optimal avec des contraintes d’inégalités ponctuelles. Arada, Casas et Tröltzsch [38] ont étudié
l’approximation numérique des équations aux dérivées partielles elliptiques semi-linéaire dont le
résultat est l’estimation des erreurs en norme infinie pour les contrôles optimaux. Falk [39] a
présenté un schéma d’approximation à la fois du problème de contrôle optimal et de la solution
de l’équation du contrôle. Fu [40] a analysé le problème de contrôle par une approximation de
type éléments finis en utilisant la méthode des caractéristiques où les variables d’états et ad-
jointes sont discrétisées par des fonctions continues linéaires par morceaux, et il a en plus montré
l’efficacité de la méthode pour les estimations d’erreurs. Fu et Rui [41] ont appliqué la méthode
des caractéristiques aux problèmes de contrôle optimal quadratique. Dans tout ces travaux, les
composantes de la vitesse dans le terme de convection apparaissent comme des données con-
stantes.
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Le modèle mathématique décrivant les phénomènes physiques dans le cas du transport d’un
polluant et de l’évolution de sa concentration, que nous étudions est un modèle de convection-
diffusion avec terme source mesure

∂tφ− µ∆φ+ (U .∇)φ+ σφ = g +
N∑
i=1

fi(t)δ(r − ri) dans Ω× (0, T ),

φ(x, t) = 0 ∂Ω× (0, T ),

φ(x, 0) = φ0(x) dans Ω.

(0.4)

Et son système rétrograde donné par
−∂tψ − µ∆ψ − (U .∇)ψ + σψ = φ− φd Ω× (0, T ),

ψ(x, T ) = 0 ∂Ω× (0, T ),

ψ(x, t) = 0 Ω,

(0.5)

avec U = (u, v) est la vitesse du propagation du polluant, φ est sa concentration, µ est le
coefficient de diffusion, g représente l’accélération de la pesanteur, f le débit de la source et
δ est la masse de Dirac. La vitesse du déplacement du contaminant est reliée à la vitesse de
déplacement des masses d’eau c’est à dire la vitesse de propagation des vagues. Pour calculer
cette vitesse, nous utilisons le modèle des équations de Barré de Saint-Venant aussi appelé;
"équations en eaux peu profondes" (Shallow Water Model) suivant :



∂tu− µ′∆u+ (u.∇)u = −g∂xH dans Ω× (0, T ),

∂tv − µ′∆v + (v.∇)v = −g∂yH dans Ω× (0, T ),

∂tH + ∂x(Hu) + ∂y(Hv) = 0 dans Ω× (0, T ),

u(x, 0) = u0 dans Ω,

v(x, 0) = v0 dans Ω.

(0.6)

avec g représente le terme lié aux effets gravitationnels et H la hauteur d’eau par rapport à la
surface libre.

Nous nous intéressons à trouver le débit massique optimal à la source f = (f1, f2, · · · , fn). Le
problème du contrôle optimal consiste alors à minimiser la concentration du polluant φ relative
à une concentration cible φd donnée par la fonction objective suivante :

J2(f) =

∫ T

0

(
1

2
‖φ(f)− φd‖2 +

α

2
‖f‖2

)
dt. (0.7)

Les formulations faibles et la condition d’optimalité prennent alors la forme :{
(∂tφ,w) + (U .∇φ,w) + a (φ,w) + (σφ,w) = (g + Bu,w) , ∀w ∈ V = H1

0 (Ω),

φ(x, 0) = φ0(x),
(0.8)
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{
− (∂tψ, q)− (U .∇ψ, q) + a (q, ψ) + (σψ, q) = (φ− φd, w) , ∀q ∈ V = H1

0 (Ω),

ψ(x, 0) = ψ0(x),
(0.9)

avec la condition d’optimalité∫ T

0
(αf + B∗ψ, f − u)U dt ≥ 0 ∀f ∈ K ⊂ X = L2([0, T ];U). (0.10)

Les principales difficultés du problème du point de vue théorique sont dues à la singularité du sec-
ond membre ce qui nous amène à travailler dans des espaces fonctionnels réguliers afin d’obtenir
l’expression du système adjoint. L’approximation numérique du problème de transport se fait
en utilisant la méthode des caractéristiques [17]. Le but de cette méthode est de transformer
l’opérateur de convection en dérivée totale en utilisant une formulation Lagrangienne. Nous
considérons l’équation des caractéristiques


dX

dτ
(x, s; τ) = φ(X(x, s; τ), τ),

X(x, s; τ) = x.
(0.11)

pour un temps final T , nous introduisons un pas du temps ∆t =
T

N
. On note tn = n∆t, pour

n = 0, · · · , N et on pose φn(x) = φ(x, tn). En utilisant l’approximation suivante de la dérivée

totale le long des courbes caractéristiques, nous approximons
Dφ

Dt
en temps t = tn+1 par

Dφ

Dt
(x, t) ≈ φ(x, tn+1)− φ(Xn(x), tn)

∆t
. (0.12)

Nous construisons ensuite une approximation numérique s’appuyant sur un schéma d’Euler.
Considérons

(
Φi
h, F

i
h

)
comme l’unique solution du problème discret (0.8) et

(
Φi
h, F

i
h

)
∈ V h×Kh

est la solution si et seulement s’il y a un état adjoint Ψi−1
h ∈ V h, tel que

(
Φi
h,Ψ

i−1
h , F ih

)
∈

V h × V h ×Kh, i = {1, 2, · · · , N∗} , satisfaisant la condition d’optimalité suivante :


(

Φi
h − Φ̄i−1

h

τi
, wh

)
+ a

(
Φi
h, wh

)
+
(
σΦi

h, wh
)

=
(
gi + BF ih, wh

)
, ∀wh ∈ V h ⊂ V,

Φi
h(x, 0) = φh0(x), x ∈ Ω,

(0.13)


(

Ψi−1
h − ¯̄Ψi

h.J
i

τi
, qh

)
+ a

(
qh,Ψ

i−1
h

)
+
(
σΨi

h, qh
)

=
(
Ψi
h − φid, qh

)
, ∀qh ∈ V h ⊂ V,

ΦN∗
h (x, T ) = 0, x ∈ Ω,

(0.14)

(
αF ih + BΨi−1

h , fh − F ih
)
U
dt ≥ 0 ∀fh ∈ Kh ∩ Uh, (0.15)
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avec ¯̄Ψi
h = Ψi

h(¯̄x)

x = G(¯̄x, τi; τi−1),

avec J i = detDG(¯̄x, τi; τi−1)−1 le déterminant de la matrice transformation Jacobienne à partir
de G à x.

L’analyse d’erreur dans le cas des problèmes du contrôle optimal a pris une grande consid-
ération dans le cas de la résolution des systèmes paraboliques et elliptiques [18; 17; 19; 20]. Pour
obtenir des estimations d’erreurs à priori pour les schémas proposés en (0.13) et (0.15), nous
introduisons les problèmes auxiliaires :
Trouver le couple

(
Φi
h(f),Ψi

h(f)
)
∈ V h × V h, pour i = 1, 2, · · · , N∗ satisfaisant :

(
Φi
h(f)− Φ̄i−1

h (f)

τi
, wh

)
+ a

(
Φi
h(f), wh

)
+
(
σΦi

h(f), wh
)

=
(
gi + Bf ih, wh

)
, ∀wh ∈ V h

Φi
h(u)(x, 0) = φh0(x), x ∈ Ω.

(0.16)


(

Ψi−1
h (f)− ¯̄Ψi

h(f).J i

τi
, qh

)
+ a

(
qh,Ψ

i−1
h (f)

)
+
(
σΨi

h(f), qh
)

=
(
Ψi
h(u)− φid, qh

)
, ∀qh ∈ V h ⊂ V

ΦN∗
h (f)(x, T ) = 0, x ∈ Ω.

(0.17)
Nous avons le résultat de convergence avec estimation d’erreurs suivant :

Théorème 0.0.5. Considérons (φ, ψ, f) et (Φh,Ψh, Fh) les solutions des équations ((0.8)− (0.10))
et ((0.13)− (0.15)) respectivement. Alors, on a l’estimation d’erreur suivante:

√
α‖f − Fh‖L2([0,T ];Rm) + ‖φ− Φh‖L∞([0,T ],H1

0 (Ω)) + ‖ψ −Ψh‖L∞([0,T ],H1
0 (Ω))

≤ ChU
(
‖ψ‖L2([0,T ];H2(Ω)) + ‖f‖L2([0,T ];L2(Ωadm))

)
+ C2h

∑
v=φ,ψ

‖v‖H1([0,T ];H2(Ω))

+C2τ

 ∑
v=φ,ψ

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+
∑

v=φ,φd

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+ ‖ψ‖L2([0,T ];L2(Ω))

 .

Nous définissons la fonction coût à minimiser comme suit:

J2(f) =
1

2

∫ t

0

∫
Ω

(φ(t, x)− φd(t, x))2dxdt+

n∑
j=1

∫ t

0

αj
2

(fj(t))
2dt. (0.18)

avec φd ∈ L2(Ω). Le vecteur de contrôle f(t) = (fj(t))j=1,··· ,n appartient à un ensemble de
contrôle admissible K. La gestion optimale du système de dépuration consiste alors à résoudre
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le problème d’optimisation suivant : Trouver f ∈ L2(Ω) tel que

min
f∈K

J2(f). (0.19)

Le problème de contrôle (0.19) admet une solution unique f ∈ K. Nous donnons l’expression du
gradient de la fonction coût (0.18) pour une méthode de descente :

∇J2(f)j = αjfj(t) + ψ(t, rj) avec j = 1, · · · , n. (0.20)

Le processus de contrôle optimal du débit à la source se base sur une méthode itérative en
utilisant la méthode du gradient de descente à pas fixe. Les résultats obtenus sont illustrés
ci-après

Figure 4: Contrôle optimal de la concentration du polluant dans le golf Normand-Breton.

Afin de valider les estimations d’erreurs développées précédemment, nous évaluons l’erreur
pour une séquence de discrétisations avec différents maillages et pas de temps fixes. Nous avons
réalisé plusieurs tests numériques reposant sur un algorithme de type gradient. Pour le calcul
des erreurs en norme L2 entre la solution exacte et la solution approchée, on a posé :

E(φ, hn) =| φh(hn)− φex(hn) |L2

E(ψ, hn) =| ψh(hn)− ψex(hn) |L2

E(f, hn) =| fh(hn)− fex(hn) |L2

et la convergence en espace

rate(φ, hn) =
log (E(φ, hn−1)/E(φ, hn))

log (hn−1/hn)
(0.21)

DDL || φ− φex ||L2(0,T ) Ratio || f − fex ||L2(0,T ) Ratio || ψ − ψex ||L2(0,T ) Ratio
27 0.0522761 - 0.2429090 - 0.1976700 -
94 0.0350302 0.577554 0.1664970 0.544919 0.1307900 0.595843
332 0.0197525 0.826568 0.0945548 0.816273 0.0733844 0.833702
1280 0.0104595 0.91722 0.0502398 0.912321 0.0386895 0.923532
4963 0.00537356 0.960863 0.0261879 0.939929 0.0198441 0.963229

13



CONTENTS

Table 1: Norme L2 de l’erreur et le ratio de convergence.

Dans le quatrième chapitre, nous avons exploré l’optimisation des structures hydrauliques de
type passes à poissons. Ces structures jouent un rôle important d’un pont de passage entre le
milieu marin et les rivières, favorisant et facilitant la migration des espèces aquatiques des eaux
salées vers les eaux douces.

La réalisation et l’achèvement de ce chapitre a été le fruit d’un travail collectif avec la collabora-
tion de M. Louaked, M. Kadiri et M. Mechkour où nous avons travaillé sur l’application des équa-
tions de Navier-Stokes Forchheimer stationnaire par pénalisation de la contrainte d’incompressibilité
dans le but d’optimiser l’effet tourbillonnaire de l’écoulement d’un fluide dans une structure hy-
draulique de type passe à poissons. Ce travail a été rapporté dans la thèse de M. Kadiri [61].

Dans la littérature, de nombreux types de passes à poissons existent, celle de Denil [60], ou
bien à fentes verticales (”V ertical slot F ishway”). Dans notre étude nous avons opté pour
ce dernier type.

Pour améliorer la fiabilité et l’efficacité de la passe à poissons, le fond des bassins doit tou-
jours avoir une surface rugueuse, et ceci afin de réduire la vitesse d’écoulement à proximité du
fond et de faciliter ainsi la remonté des petits poissons. Une surface rugueuse peut être produite
en ajoutant des pierres aléatoirement dans le béton avant qu’il ne durcisse. Le comportement de
l’écoulement ne peut être représenté avec précision que si la structure des milieux poreux est cor-
rectement décrite. Le passage du régime d’écoulement de Darcy au régime de Forchheimer peut
se justifier par la nécessité de prendre en compte le comportement du fluide à travers les milieux
poreux. Pour clarifier la signification physique de la non-linéarité dans l’équation de Forchheimer,
il serait utile de comprendre la dérivation de l’équation de Forchheimer à partir du modèle Navier-
Stokes en utilisant les principes de base sous-jacents à la théorie de l’hydrodynamique. Compte
tenu des différentes opinions sur l’origine de la non-linéarité, il est maintenant admis que le terme
quadratique conduisant à la séparation de la couche limite et à la formation de sillage derrière
des obstacles solides. Plusieurs travaux sont disponibles dans le cas des modèles des milieux
poreux [57; 58; 59].

Figure 5: Example d’une passe à poissons à fentes obliques et son maillage.
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Nous nous intéressons aux équations de Navier-Stokes Forchheimer stationnaire suivantes :



−ν∆u+ (u.∇)u+ a | u |α u+∇p = f dans Ω,

∇.u = 0 dans Ω,

u = 0 sur Γ0,

u = g sur Γ1,

ν ∂u∂n − pn = 0 sur Γ2.

(0.22)

avec u est la vitesse, p est la pression, a est le coefficient de Forchheimer, α est un nombre naturel
positif, g est la force de gravité et f est un terme source donné. Le système pénalisé de (0.22)
est le suivant :

−ν∆uε + (uε.∇)uε +
1

2
(∇.uε)uε + a | uε |α uε +∇pε = f dans Ω,

∇.uε + εpε = 0 dans Ω,

uε = 0 sur Γ0,

uε = g sur Γ1,

ν ∂u
ε

∂n − p
εn = 0 sur Γ2.

(0.23)

Concernant le modèle non perturbé, nous montrons l’existence et l’unicité d’une solution faible du
problème (0.22). L’existence d’une solution faible du problème pénalisé est prouvée en utilisant la
méthode de Féado-Galerkin. Nous utilisons les espaces de Sobolev suivants : X = (H1

0 (Ω))d , Y = L2(Ω)

Théorème 0.0.6. Soit Ω un domaine borné dans Rd (d = 2, 3), f ∈ X
′ est une fonction

donnée. Alors le problème perturbé (0.23) admet une solution qui satisfait

ν

2
‖ ∇uε ‖2 +a ‖ uε ‖α+2

Lα+2 +ε ‖ pε ‖2≤ 1

2ν
‖ f ‖2

X′

Nous établissons la convergence de la solution (vitesse en norme H1, pression en norme L2)
du système perturbé vers la solution du problème initial.

Théorème 0.0.7. Soient (uε, pε) la solution du problème perturbé (0.23) et (u,p) la solution
dans X × Y/R du problème (0.22). Alors, on a

(pε) ∈ Y est borné uniformement par ε,

et pour ε −→ 0.
uε → u dans X,

et
pε → p̃ dans Y

avec p̃ est la protection orthogonale dans Y de p sur (KerB∗)⊥. Nous avons les estimations
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suivantes
‖ uε − u ‖1 + ‖ pε − p̃ ‖≤ Cε,

avec C est une constante positive indépendante de ε, où

KerB∗ = {q ∈ Y |(q,∇.v) = 0 pour tout v ∈ X} = {constants}.

Après l’étude des modèles mathématiques, nous analysons le problème du contrôle optimal.
Le problème d’optimisation de forme consiste à minimiser la fonction coût suivante

J3(Ω) =
1

2

∫
Ω
|uε − ud|2dx+

σ

2

∫
Ω
|curl(uε)|2dx. (0.24)

avec uε est la solution du problème (0.23), ud est la vitesse cible et σ est le paramètre de vorticité.

Nous donnons l’expression du système adjoint associé au problème perturbé (0.23)

−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v

+α(uε.v)uε) +∇q = (uε − ud)− σcurl(curl(uε)) dans Ω,

∇.v + εq = 0 dans Ω,

v = 0 sur Γ0 ∪ Γ1,

ν
∂v

∂n
+ 2(uε.n)v − nq = σcurl(uε).τ sur Γ2.

(0.25)

Ensuite nous calculons le gradient de forme de la fonction coût en fonction des variables d’état
(uε, pε) et les variables adjointes (v, q)

∇J3 =

[
1

2
|uε − ud|2 +

σ

2
|curl(uε)|2 +

∂uε

∂n
.

(
2ν
∂v

∂n
− σcurl(uε) ∧ n

)]
n. (0.26)

Nous nous focalisons ensuite sur l’approximation du problème perturbé par la méthode des élé-
ments finis. Nous proposons une discrétisation du problème perturbé

Trouver uεh ∈ Xh tel que

ν(∇uεh,∇v) + ((uεh.∇)uεh, vh) +
1

2
(∇.uεh, uεh.vh) + a(|uεh|αuεh, vh)

+
1

ε
I((∇.uεh)(∇.vh)) = (f, vh) pour tout vh ∈ Xh.

(0.27)

De manière analogue au problème continu, nous démontrons l’existence de la solution du prob-
lème discret (0.27). Ensuite, nous établissons une estimation d’erreur en terme de la norme H1

et L2 pour la vitesse et la pression respectivement.

Théorème 0.0.8. Soient (u,p)∈ X × Y solution du problème (0.22) et (uεh, p
ε
h) définie par
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(0.27). Alors

‖ u− uεh ‖1≤
(

3

r
− 1 +

a

νr
C1

)(
1 +

C

βh

)
inf

vh∈Xh
‖ u− vh ‖1

+
C2

νr
inf

qh∈Y h
‖ p− qh ‖ +

C3

βh
ε ‖ ph ‖

et

‖ p− pεh ‖Zh≤
ν(3− 2r) + aC1

βh

(
3

r
− 1 +

a

νr
C2

)(
1 +

C3

βh

)
inf

vh∈Xh
‖ u− vh ‖1

+

(
1 +

C4

βh

(
3

r
− 1 +

a

νr
C1

))
inf

qh∈Y h
‖ p− qh ‖ +

C
′′

β2
h

ε ‖ ph ‖

Finalement, pour résoudre le problème d’optimisation et minimiser la fonction objective,
nous adoptons une technique de type gradient projeté. Nous appliquons notre algorithme sur
des structures hydrauliques de type fentes verticales et obliques. Les résultats obtenus sont
présentés par les figures suivantes :

Figure 6: Vitesse non optimale pour dix bassins.

Figure 7: Vitesse optimale pour dix bassins.
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Dans le chapitre 5, nous proposons une extension des méthodes d’optimisation de forme
proposée récemment par Dapogny et al [52] en utilisant le modèle Navier-Stokes Forchheimer
à faible nombre de Reynolds. Dans un premier temps, nous donnons les résultats d’existence
et d’unicité de la solution de ce système. Ensuite nous construisons le problème d’optimisation
de forme en se basant sur un problème adjoint. Nous adoptons une résolution numérique en
combinant la méthode des éléments finis et celle d’optimisation de forme.

Il existe une littérature abondante concernant les différentes méthodes d’optimisation de forme
adaptées aux problèmes de mécanique des fluides. Parmi elles, on dénombre des méthodes dites
paramétriques, géométriques et topologiques. Concernant les méthodes topologiques, Allaire,
Dapogny et Frey [52] ont présenté une méthode d’optimisation géométrique et topologique qui
s’appuie sur deux façons complémentaires de présenter des formes qui sont maillées exactement
afin d’en évaluer les performances par éléments finis et à l’aide d’une fonction de lignes de
niveau pour les déformer suivant le gradient de forme. Jouve [50] a travaillé sur l’optimisation
topologique des problèmes de conception optimale en élasticité. Osher et Sethian [53] ont prouvé
que la méthode de Level Set est un outil très polyvalent dans le cadre de l’optimisation de struc-
tures. Choi et Kim [54] ont développé des techniques d’optimisation couplées aux équations de
Navier-Stokes tri-dimensionnelles dans l’industrie automobile. Dapogny et al [56] ont proposé
une méthode d’optimisation de forme, pour les équations de Navier-Stokes stationnaire à faible
nombre de Reynolds en utilisant une dérivée de forme de la fonction coût calculée via un La-
grangien augmenté. Nous nous sommes inspirés de ces travaux pour proposer une extension de
la méthode aux équations de Navier-Stokes stationnaire couplées au terme linéaire Darcy et au
terme non linéaire de Forchheimer. En guise de validation de l’extension proposée, nous avons
choisi de reprendre le problème d’ingénierie des structures hydrauliques de type "passe à pois-
son". Nous nous intéressons à l’optimisation topologique d’une structure hydraulique de type
passe à poissons.

Dans la conception d’une passe à poissons, l’objectif principal est de réduire les effets tour-
billonnaires dans les bassins. Cette réduction permet aux poissons de minimiser leurs propres
efforts pendant la traversée, facilitant ainsi le mouvement d’un bassin à l’autre. Le problème
d’optimisation de forme consiste à trouver une forme optimale dans un ensemble admissible en
introduisant la fonction objective suivante :

J4(Ω) =
1

2

∫
Ω
| u− uref |2 dx+ 2ν

∫
Ω
‖e(u)‖2dx. (0.28)

avec: uref la vitesse cible et e est le tenseur de déformation donné par

e(u) =
1

2
(∇u+T ∇u)

L’écoulement du fluide dans la passe à poissons est décrit par les équations de Navier-Stokes
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Forchheimer stationnaire données par le système suivant

−ν∆u+ (u.∇)u+∇p+ au+ b | u |α u = f dans Ω,

div(u) = 0 dans Ω,

u = uin sur Γin,

u = 0 sur Γ,

σ(u, p)n = 0 sur Γout.

(0.29)

Dans un premier lieu, nous montrons l’existence et l’unicité d’une solution faible du problème
(0.29) en utilisant la méthode de Faédo-Galerkin.
Pour cela, nous construisons une solution approchée, nous établissons des estimations a priori et
nous vérifions la convergence dans l’espace (H1

0 (Ω))d ∩ Lα+2.

Le résultat d’existence de solution faible du système Navier-Stokes Forchheimer est donné par le
théorème (0.0.9) suivant :

Théorème 0.0.9. On considère Ω un domaine borné dans Rd,(d = 2, 3), f ∈ H−1(Ω). Si u = 0

sur ∂Ω et 0 ≤ α < 10, il existe au moins une solution faible de (0.29) satisfaisant

ν

2
‖∇um‖2 + a ‖um‖2L2 + b ‖um‖α+2

Lα+2 ≤ c ‖f‖2H−1 ,

et
‖p‖ ≤ C

[
(ν + c1 + c2a) ‖u‖H1 + c3b ‖u‖α+1

L2α+2 − c4 ‖f‖H−1

]
.

avec C, c1, c2, c3 et c4 sont des constantes positives et ν > 0

L’unicité de la solution faible du système Navier-Stokes Forchheimer (0.29) est donnée par le
théorème (0.0.10) suivant :

Théorème 0.0.10. On considère Ω un domaine borné dans Rd,(d = 2, 3) et localement Lips-
chitzien, u = 0 on ∂Ω et f ∈ H−1(Ω). Les solutions de (0.29) existent pour tout nombre de

Reynolds; cependant, si ν est assez grand et
2

3
≤ α ≤ 4, alors la solution faible du système

Navier-Stokes Forchheimer (0.29) est unique.

Le problème d’optimisation de forme consiste à trouver une forme optimale en minimisant la
fonction objective.

min
Ω∈Qad

J4(Ω) objet G(Ω) = 0. (0.30)

avec Qad est l’ensemble des domaine admissibles.

Qad =

{
Ω ⊂ Rd :

∑
Γi ⊂ ∂Ω est fixé,

∫
Ω
dx = constante

}
.

Il existe plusieurs méthodes, stratégies ou techniques d’optimisation dans le contexte de la mé-
canique des fluides [22; 23; 24; 25; 26; 27; 28]. Nous construisons la fonction Lagrangienne par
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l’introduction les variables adjointes (v, q) :

L(Ω, u, p, v, π) = J4(Ω)− F (Ω, u, p, v, π), (0.31)

avec

F (Ω, u, p, v, π) =

∫
Ω

[ν∇u : ∇v + (u.∇)u.v + au.v + b | u |α u.v − pdivv] dx−
∫

Ω
divuπdx

Alors la solution du problème d’optimisation de forme (0.30) est le minimum du problème suivant

min
Ω∈Qad

min
(u,p)∈Vg(Ω)×M(Ω)

max
(v,q)∈V0(Ω)×M(Ω)

L(Ω, u, p, v, π) (0.32)

Le système adjoint établit est de la forme :

−ν∆v + (∇u)T .v − (u.∇)v + av + b | u |α v + αb | u |α−2 (u.v)u+∇π
= − (2ν∆u+ | u− uref |) dans Ω,

div(v) = 0 dans Ω,

v = 0 sur Γin,

v = 0 sur Γ,

σ(v, π)n+ (u.n)v = 4ν(u).n sur Γout.

(0.33)
Nous adoptons un algorithme basé sur le Lagrangien augmenté pour obtenir la forme optimale
de la structure hydraulique.

La résolution numérique par éléments finis repose sur le problème relaxé suivant :

−ν∆uε + (uε.∇)uε +∇pε + auε + b | uε |α uε = 0 dans Ω,

div(uε) + εpε = 0 dans Ω,

uε = uεin sur Γin,

uε = 0 sur Γ,

σ(uε, pε).n = 0 sur Γout.

(0.34)

avec ε est un paramètre très petit de l’ordre ε = 10−6 dans nos tests numériques.
Les espaces éléments finis utilisés sont :

Uh = {w1 ∈ [C(Ω)]n : w1|T ∈ [P2(T )]n ,∀T ∈ Th, w1.n = 0 on ∂Ω} ,

Xh = {w2 ∈ [C(Ω)]n : w2|T ∈ [P2(T )]n , ∀T ∈ Th, w2.n = 0 on ∂Ω} ,

Mh = {q ∈ C(Ω) : q|T ∈ P1(T ),∀T ∈ Th} ,

Qh =
{
π ∈ L2(Ω) : w2|T ∈ P1(T ),∀T ∈ Th

}
.
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Le problème approché est :

Trouver (uεh, p
ε
h) ∈ Uh ×Mh tel que∫

Ω
ν∇uεh : ∇w1dx+

∫
Ω

(un.∇)uεhw1dx−
∫

Ω
pεh∇.w1dx−

∫
Ω
q∇.uεhw1dx

−
∫

Ω
εpεhqw1dx+

∫
Ω
auεhw1dx+

∫
Ω
b | uεh | uεhw1dx = 0 ∀w1 ∈ Uh et ∀q ∈Mh,

(0.35)

les variables adjointes (vh, πh) sont solutions de :

Trouver (vh, πh) ∈ Xh ×Mh tel que∫
Ω
ν∇vh : ∇w2dx−

∫
Ω

(uh.∇)vhw2dx+

∫
Ω

(∇uh)T .vhw2dx+

∫
Ω
vhw2dx

+

∫
Ω
b | uh |α vhw2dx+

∫
Ω
αb | uh |α−2 (uh.vh)uhw2dx−

∫
Ω
πh∇.w2dx

+

∫
Ω

2ν∇uh : ∇w2dx+

∫
Ω
| uh − uref | w2dx+

∫
Γout

σ(vh, πh).nw2ds

+

∫
Γout

(uh.n)vhw2ds− 4ν(uh).nw2 = 0 ∀w2 ∈ Xh et ∀π ∈ Qh.

(0.36)

L’algorithme de Lagrangien augmenté transforme le problème d’optimisation sous contrainte à
une série de problème sans contrainte définie par

inf
Ω∈Qad

L(Ω, λn, bn),

qui prend la forme

L(Ω, λ, b) = J4(Ω)− λG(Ω) +
b

2
G(Ω)2.

avec les paramètres λ et b sont le multiplicateur de Lagrange et le coefficient de pénalisation
respectivement. G(Ω) est une contrainte fonctionnelle liée au volume du domaine tel que G(Ω) =

V (Ω)− Vd. La mise à jour des paramètres se fait par

λn+1 = λn − bnG(Ωn).

avec

bn+1 =

{
δbn si b < bd ,

b sinon.

La combinaison de la méthode des éléments finis et celle d’optimisation implémentées sous
FreeFem++ nous a fournis les résultats numériques suivants :
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Figure 8: De gauche à droite, de haut en bas de la forme initiale à la forme optimale Ωn de
n = 0, à n = 4000 iterations.

Figure 9: Champs de vitesses non optimal (gauche) et optimal (droite) dans le bassin central
d’une passe à poisson.
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1.1. INTRODUCTION

1.1 Introduction

The urban territory, dense in infrastructure and limited vegetation cover, subject to solar radia-
tion accumulates heat and creates special thermal conditions called Urban Heat Islands (UHI).
UHI is a climatic physical phenomenon, affects human health and its energy consumption. In
addition, UHI increases the temperature of cities, which leads to an increase in the concentration
of ozone in the air, resulting in an undesirable greenhouse effect. Heat urban islands influence
not only the quality of the air but also the property and quantity of the water.

Several factors favor the formation of urban heat islands; the density of the population in cities
that leads to the formation of anthropogenic heat and the pollution [1], the rise of humidity
in the air, the lack of wind, can develop the sensation of the heat produced by the UHI, the
phase change from water to steam allows a transfer of energy [2]. Air conditioning and industries
account for 48% of all heat anthropogenic [3]. There are also another factor influencing the UHI
such thermal mass of buildings and coatings [4]. The more the urban coatings are dense, the
more short waves from solar radiations are absorbed.

To treat the problem of progressive loss of green spaces caused by urbanization, [5] showed the
utility of these green spaces to reduce urban heat islands. [6] have also shown the importance
of vegetation and water surfaces in the regulation of the urban climate and in the prevention of
UHI. Beyond aesthetic value and the landscape function, the use of trees makes it possible to
modify the local climate. Individually, trees act as solar masks and windbreaks, altering radia-
tion fields and airflow around buildings.

In recent years, much attention has been paid to study the the phenomenon of the urban heat
islands [7], [8] and deal with problems related to the optimal location of green zones in metropoli-
tan areas to mitigate the urban heat island effect.

In the first part of this chapter, we introduce and develop a mathematical model to carry out
environmental problems connected to urban heat islands. The set of porous media and heat
equations with the artificial compressibility term used in the UHI model is described in Section
II. We use also the classical Faedo-Galerkin method and the Fourier transform technique to prove
the existence of a weak solution for the incompressible and the compressible Navier-Stokes Forc-
cheimer Fourier system Section IV and Section V respectively. In Section VI, The optimal control
formulation is explained. The numerical discretization of the primal equations, the derivation of
the optimality system and the numerical implementation of the minimizing process, in particular
the Spectral Projected Gradient algorithm is detailed in Section IV. Several numerical results are
presented to give an overview of the computational capability of the proposed design approach
to control heat processes produced by urban heat islands.
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1.2 Governing equations in porous city

The transport phenomena in porous media refers to a solid having space that is filled with fluid is
present in several fields. Designated flow regimes can be classified into: Darcy and Forchheimer
for unsteady laminar flows, and post-Forchheimer for turbulent flows. To analyze the urban heat
islands, cities are considered as porous media. Moreover, the drag force of buildings and ground
surface can be represented by the Darcy term, the Forchheimer term and the Brinkman term
in the momentum equation. Based on these assumptions, a coupled Navier-Stokes Forchheimer
and temperature model is derived.

1.2.1 Navier-Stokes Forchheimer equation

The Navier-Stokes Forchheimer extended Darcy model can be used in various area, such as in-
dustries and engineering applications in the nuclear, geological, environment [15]. The turbulent
Navier-Stokes Forchheimer with the gravity and the buoyancy terms equation inside the urban
canopy is given by

∂tu+
1

Φρ
∇p−

[
µ

ρΦ
+

2µt
ρ

]
∆u+ (u.∇)u+

µ

Kρ
Φu+

C√
K

Φ2|u|u− δ g
Φ

[β(θ− θin)− 1] = 0 (1.1)

where u is the fluid velocity, p is the pressure, θ is the temperature, ρ is the air density, µ is
the dynamic viscosity, Φ is the porosity, K is the permeability, C is the Forchheimer inertia
coefficient, β is the thermal expansion coefficient, g(x, t) is the gravitational vector function and

µt is the turbulent viscosity, in which the turbulent viscosity µt =
cµρk

2

ξ
(see [16], [17]) with cµ

value is close to the value for clear flow cµ = 0.09.

In order to assume an equilibrium turbulent flow, the expressions of the dissipation rate ξ and
the turbulent kinetic energy k (see [18]) are given by

k = 0.01u2 (1.2)

ξ =
c
3
4
µk

3
2

Vkz
(1.3)

The Vk Von-Karman constant is taken to be 0.4.

The governing equations (1.1) are general and valid for forced convection in variable poros-
ity media. To analyse the convection in packed beds some constitutive equations have to be
supplied for the Forchheimer inertia coefficient C and the permeability K. These constitutive
equations are obtained from experimental results of Ergun(1952). The constitutive equations
are related to the porosity Φ and height of roughness element h. The equations may be expressed
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1.2. GOVERNING EQUATIONS IN POROUS CITY

in the following form :

K =
h2Φ3

150(1− Φ)2
(1.4)

C =
1.75√
150Φ3

(1.5)

The urban porosity is assumed to be constant in the horizontal direction and varies in the vertical
direction as follows

Φ =

(1− Φ0)
( z
H

)0.5
+ Φ0 if z 6 H

1 if z > H
(1.6)

in the case of a study in real cities, Φ0 varies from 0.38 to 0.82 (see [19]).

1.2.2 Energy equation

Urban structures emit anthropogenic heat absorbed by the effect of solar radiation in the ambient
air, so the hypothesis of local thermal equilibrium cannot be used in a porous city. In the absence
of this effect of thermal equilibrium, the energy equation must be replaced by a model with two
non-local thermal equilibrium equations, one for the solid phase and the other for the fluid phase.
However, we are interested in the temperature of the fluid outside buildings. The energy equation
for the fluid phase can be written as

ρCpΦu∇θ = ∇ (λΦ∇θ) + (1− Φ)q (1.7)

After adding the unsteady term and by employing the time averaging method to the energy
relationship, the heat transfer equation in a porous city can be obtained as follows:

∂tθ + u∇θ = ∇
[(

µ

ρPr
+

µt
ρσT

)
∇θ
]

+
(1− Φ)

ρΦCp
q (1.8)

The value of σT is close to the value for the clear flow which is equals to 1. Fixing the quantity of
heat provided by the vegetation (for more detail of the vegetation model (see [20])) the equation
becomes

∂tθ + u∇θ −∇
[(

µ

ρPr
+

µt
ρσT

)
∇θ
]
− (1− Φ)

ρΦCp
q −

N∑
i=1

αiχGi = 0 (1.9)

where Gi represents the green spaces, αi is the foliage temperature and χ is the characteristic
function

χGi(x) =

1 if x ∈ Gi
0 otherwise

(1.10)
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HEAT ISLAND INTENSITY IN POROUS CITY

The intensity of the heat source in a city is always based on the area of the soil surface. Urban
heat sources are mainly composed of the heat released from buildings absorbed by the effect of
radiation and the heat released from the ground surface. The two spatial locations of the two
heat sources are different and their effects on the urban thermal environment are also different.
Some numerical studies of all heat sources have a uniform distribution over the entire urban area
[21]. The thermal flux of the heat source is related to the density of buildings and the density of
buildings varies in the vertical direction

q =
Qb
Vb

(1.11)

Vb =

∫ H

0
(1− Φ)dz (1.12)

where Qb is the intensity of building heat source per unit area of ground surface, Vb is the volume
of buildings per unit area of ground surface and H is the eight of urban canopy.
Finally, the system for heat transfer in a porous city can be summarized as follows



∂tu+
1

Φρ
∇p−

[
µ

ρΦ
+

2µt
ρ

]
∆u+ (u.∇)u+

µ

Kρ
Φu+

C√
K

Φ2|u|u

−δ g
Φ

[β(θ − θin)− 1] = 0 in Ω× (0, T )

∂tθ + u∇θ −∇
[(

µ

ρPr
− µt
ρσT

)
∇θ
]
− (1− Φ)

ρΦCp
q −

N∑
i=1

αiχGi = 0 in Ω× (0, T )

∇.u = 0 in Ω× (0, T )

u(x, 0) = a0(x), θ(x, 0) = τ0(x) in Ω

(1.13)

here Ω ⊂ Rn (n = 2 or 3) is bounded connected domain with Lipschitz continuous boundary ∂Ω.
The artificial compressibility approximation was introduced by [11], [12] and [14] in order to deal
with the difficulty induced by the incompressibility constraints in the numerical approximations
to the Navier Stokes equation.
The unsteady incompressible Navier-Stokes Forchheimer with heat transfer equations may be
written in pseudo-compressibility approach as

∂tu
ε + α∇pε − λ∆uε + (uε.∇)uε + auε + b|uε|uε

−dg[β(θε − θεin)− 1] = 0 in Ω× (0, T )

∂tθ
ε + uε∇θε −∇ [η∇θε]−QB −

N∑
i=1

αiχGi = 0 in Ω× (0, T )

ε∂tp
ε + divuε = 0 in Ω× (0, T )

(1.14)

where λ =

(
µ

ρΦ
+

2µt
ρ

)
, η =

(
µ

ρPr
− µt
ρσT

)
, QB =

(1− Φ)

ρΦCp
q, α =

1

Φρ
, a =

µ

Kρ
Φ, b =

C√
K

Φ2,

d =
δ

Φ
.

In the rest of the proof of the existence of the solution of this system, by choice we take α = 1.
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1.3 Existence of solution for the Forchheimer-Fourier system

Let Ω be a bounded domain in Rn (with n = 2, 3) and its boundary satisfies the following

∂Ω = Γ1 ∪ Γs ∪ ΓB (1.15)

and
Γ1 ∩ Γs ∩ ΓB = ∅ (1.16)

The measure of Γ1 6= 0, and the intersection of Γ̄1 ∩ Γ̄2 (with Γ2 = ΓB ∪ Γs ) is an n − 2

dimentionnal C1 manifold.
We consider the following problem with initial and boundary conditions

∂tu+ (u.∇)u+ au+ b | u | u = −∇p+ λ∆u+ dg [β (θ − θin)− 1] Ω× [0, T ]

∂tθ + (u.∇)θ = η∆θ +QB +
N∑
i=1

αiχGi in Ω× [0, T ]

div u = 0 in Ω× [0, T ]

u(x, t = 0) = a0(x) in Ω

θ(x, t = 0) = τ0(x) in Ω

u(x, t) = 0 x ∈ Γ1

θ(x, t) = ξ(x, t) x ∈ Γ1

u(x, t) = 0 on (ΓB ∪ Γs)× [0, T ]

∂θ

∂n
= 0 on (ΓB ∪ Γs)× [0, T ]

(1.17)

where u is the fluid velocity, p is the pressure, θ is the temperature,
∂θ

∂n
denote the normal

derivative of θ at x to ∂Ω, λ is the kinematic viscosity, η is the thermal diffusivity, a > 0 is the
Darcy coefficient, b > 0 is the Forchheimer coefficient, g is gravitational vector function, β > 0

is the coefficient of volume expansion, and d is a positive constant.

We consier Lp(Ω) the vector space of functions and W l
p(Ω) the Sobolev space. We define the

inner product and the norm of L2(Ω) as follows : ‖u‖ =
√

(u, u), for vector L2(Ω)-functions
u = (u1, · · · , un), and ‖θ‖ =

√
(θ, θ), for L2(Ω)-functions θ.

We give the following function spaces

Dσ = {vector function ϕ ∈ C∞(Ω)|suppϕ ⊂ Ω, divϕ = 0 in Ω}

D0 =
{
scalar function ϕ ∈ C∞(Ω̄)|ϕ ≡ 0 in a neighborhood of Γ1

}
H = completion of Dσ under the L2(Ω)− norm
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V = completion of Dσ under the H1(Ω)− norm

W = completion of D0 under the H1(Ω)− norm

where V = H1
0 (Ω) ∩ H, and H1

0 (Ω) is the completion of C∞0 (Ω) under the H1(Ω). We also
introduce Ṽ the completion of Dσ under the norm ‖u‖Ln(Ω) + ‖u‖V , and W̃ the completion of
D0 under the norm ‖θ‖Ln(Ω)+‖θ‖W . The spaces Ṽ ′ and W̃ ′ are the dual of Ṽ and W̃ respectively.
We introduce the following bilinear form

B(u, u) = (u.∇)u B(u, θ) = (u.∇)θ

Let (u, p, θ) the solution of (1.17). For all v ∈ Dσ and τ ∈ D0 we have

d

dt
〈u, v〉+B 〈u, u, v〉+ 〈au, v〉+ 〈b | u | u, v〉 = 〈p,∇.v〉 − λ 〈∇u,∇v〉+ 〈dg [β (θ − θin)− 1] , v〉

(1.18)

d

dt
〈θ, τ〉+B 〈u, θ, τ〉 = −η 〈∇θ,∇τ〉+

〈
QB +

N∑
i=1

αiχGi , τ

〉
(1.19)

Definition 1.3.1. A pair functions (u, θ) is called a weak solution of (1.17) if u ∈ L2 ([0, T ] ;V ),
(θ − θ0) ∈ L2 ([0, T ] ;W ), for some function θ0 ∈ L2

(
[0, T ] ;H1(Ω)

)
such that θ0(x, t) = ξ(x, t),

on Γ1 × (0, T ), and (u, θ) satisfy (1.18), (1.19) for any v ∈ Ṽ , τ ∈ W̃ , where the derivative with
respect to t is in the distribution sens D′(0, T ).

1.4 Main result

Lemma 1.4.1. Let

u ∈ L2 ([0, T ] ;V ) , p ∈ L2
(
[0, T ] ;L2(Ω)

)
, (θ − θ0) ∈ L2 ([0, T ] ;W ) ,

θ0 ∈ L2
(
[0, T ] ;H1(Ω)

)
, g ∈ L∞ (Ω× ([0, T ]))

v ∈ Ṽ , τ ∈ W̃

where (u, p, θ) satisfy (1.18) and (1.19) for all v ∈ Ṽ , τ ∈ W̃ . So u and θ are a continuous
function from [0, T ] into Ṽ ′ and W̃ ′.

Lemma 1.4.2. Let Ω be a bounded domain and ξ(x, t) ∈ C1(Γ̄1 × [0, T ]). Then for each ε > 0

and 1 < p <∞ (p is a strictly positive real number), there exists a function θ0(x, t) such that

θ0 ∈ C1(Ω̄× [0, T ]), θ0(x, t) = ξ(x, t) on Γ̄1 × [0, T ] sup
x≤t≤T

‖θ0‖Lp(Ω) < ε

For the proof of this Lemma, see [27] (Lemma 6.38) and also [28]
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Lemma 1.4.3. Let g∞ = ‖g‖L∞(Ω×(0,T )), there exists a positive constant c1 depending on Ω such
that

‖u‖ ≤ c1‖∇u‖ for ∀u ∈ V

And there is a positive constant c2 depending on Ω such that

‖θ‖ ≤ c2‖∇θ‖ for ∀θ ∈W

where V and W are the functions spaces defined previously.

Lemma 1.4.4. Let n = 3, There exist positive constants cB and cB̃ such that

| B(u, v, w) | 5 cB‖∇u‖‖∇v‖‖w‖n for ∀u ∈ V, ∀v ∈ H1, w ∈ Ln

| B̃(u, θ, τ) | 5 cB̃‖∇u‖‖∇θ‖‖τ‖n for ∀u ∈ V, ∀θ ∈ H1, τ ∈ Ln

Using the integration by parts, we obtain:

Lemma 1.4.5.

B(u, v, w) = −B(u,w, v) for ∀u ∈ V, and ∀v, w ∈ Ṽ

holds. In particular,
B(u, v, v) = 0 ∀u ∈ V, ∀v ∈ Ṽ

and
B̃(u, θ, τ) = −B̃(u, τ, θ) ∀u ∈ V, ∀θ ∈W, τ ∈ W̃

holds. In particular
B̃(u, θ, θ) = 0, ∀u ∈ V, ∀θ ∈W

Lemma 1.4.6. Let 2 5 n 5 4, There exist positive constants cB and cB̃ such that

| B(u, v, w) | 5 cB‖∇u‖‖∇v‖‖∇w‖ for ∀u, v, w ∈ V

| B̃(u, θ, τ) | 5 cB̃‖∇u‖‖∇θ‖‖∇τ‖ for ∀u ∈ V, ∀θ, τ ∈W

Lemma (1.4.4), (1.4.6) are proved by Hölder and poincaré’s inequalities.

The space Ṽ and W̃ are contained and dense in H and L2(Ω), respectively, and

Ṽ ⊂ H ⊂ Ṽ ′ , W̃ ⊂ L2 ⊂ W̃ ′
,

hold where each space is dense in the following one and the injections are continuous. Furthermore
the injections Ṽ ↪→ H, W̃ ↪→ L2(Ω) are compact.
Since (∇u,∇v) (u ∈ V ) is continuous linear functional on Ṽ , it defines a continuous linear
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mapping A from V to Ṽ and Ã from H1(Ω) to W̃ ′ as follows

Ṽ , 〈Au, v〉Ṽ = (∇u,∇v) , u ∈ V, v ∈ Ṽ

W̃ ,
〈
Ãθ, v

〉
W̃

= (∇θ,∇τ) , θ ∈ H1(Ω), τ ∈ W̃

and we have the estimate:
‖Au‖Ṽ 5 ‖∇u‖

‖Aθ‖Ṽ 5 ‖∇θ‖
(1.20)

According to Lemma (1.4.4), we can define a continuous (nonlinear) mapping B from V to Ṽ ,
and the bilinear bounded operator B̃ from V ×H1 to W̃ ′ as follows:

Ṽ , 〈B(u, u), v〉Ṽ = B (u, u, v) , u ∈ V, v ∈ Ṽ

W̃ ,
〈
B̃ (u, θ) , τ

〉
W̃

= B̃ (u, θ, τ) u ∈ V, θ ∈ H1(Ω), τ ∈ W̃
(1.21)

Theorem 1.4.7. Let Ω a bounded domain in Rn,(n = 2, 3) with C1 boundary satisfying (1.15)
and (1.16). if g ∈ L∞ (Ω× ([0, T ])), ξ ∈ C1(Γ̄1 × [0, T ]), τ0 ∈ L2(Ω), a0 ∈ H, θin ∈ L2(Ω) and
a, b are a positive constant a > 0 , b > 0 and if (dβ‖g‖L∞) < c

√
λη (with c > 0), then there

exists a weak solution (u, θ) of (1.17) satisfying the periodic condition in time.

u ∈ L∞ ([0, T ] , H) , θ ∈ L∞
(
[0, T ] , L2(Ω)

)
, (1.22)

Proof. Assume that (u, p, θ) the solution of (1.17). Let us take the inner product of v ∈ Dσ and
w ∈ D0. Using the integration by parts, we obtain

d

dt
〈u, v〉+B 〈u, u, v〉+ 〈au, v〉+ 〈b | u | u, v〉 = 〈p,∇.v〉 − λ 〈∇u,∇v〉+ 〈dg [β (θ − θin)− 1] , v〉

(1.23)

d

dt
〈θ, w〉+ B̃ 〈u, θ, w〉 = −η 〈∇θ,∇w〉+

〈
QB +

N∑
i=1

αiχGi , w

〉
(1.24)

where f = QB +
N∑
i=1

αiχGi , and f ∈ L2
(
[0, T ] ;L2(Ω)

)
.

and

B(u, u, v) = ((u.∇)u, v) =

∫
Ω

n∑
i,j=1

uj(x)
∂ui(x)

∂xj
vi(x)dx

B̃(u, θ, w) = ((u.∇) θ, w) =

∫
Ω

n∑
j=1

uj(x)
∂θi(x)

∂xj
w(x)dx

We contruct the weak solution of (1.17) using the Galerkin method for 2 5 n 5 4. Since V is
separable and Dσ is dense in V , there exists a sequence (u)i (1 ≤ i ≤ n) of elements of Dσ, which
is a basis of V and orthonormal is H and there existe a sequence (θ)j (1 ≤ j ≤ n) of elements of
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D0, which is a basis of W and orthonormal is L2(Ω).

We consider the approximation solutions
(
u(m)(t), θ(m)(t) + θ0

)
of (1.23) and (1.24) as follows

u(m)(t) =

m∑
i=1

f
(m)
i ui (1.25)

θ(m)(t) =

m∑
j=1

g
(m)
j θj (1.26)

〈
∂

∂t
u(m), uk

〉
+B

〈
u(m), u(m), uk

〉
+
〈
au(m), uk

〉
+
〈
b | u(m) | u(m), uk

〉
= −λ

〈
∇u(m),∇uk

〉
+
〈
dg
[
β
(
θ(m) − θin

)
− 1
]
, uk

〉
, 1 ≤ k ≤ m

(1.27)

〈
∂

∂t
θ(m), θk

〉
+ B̃

〈
u(m), θ(m), θk

〉
= −

〈
∂

∂t
θ0, θk

〉
− η

〈
∇θ(m),∇θk

〉
+

〈
QB +

N∑
i=1

αiχGi , θk

〉
, 1 ≤ k ≤ m

(1.28)

and
um(x, t = 0) = um0 θm(x, t = 0) = θm0

Subsituting ((1.25), (1.26)) into (1.27) , (1.28) we obtain a system of nonlinear differential equa-
tions for f (m)

i (t), g(m)
j (t), 1 5 i 5 m and 1 5 j 5 m, with the initial conditions

f
(m)
i (0) = (a0, ui), g

(m)
j (0) = (τ0 − θ0(., 0), θj)

This ordinary differential system has a solution (u(m), θ(m)) defined on [0, tm]. The following
a priori estimate shows that tm = T .

Multiplying (1.27) by f (m)
k and (1.28) by g(m)

k respectively, and summing with respect to k,
we have

1

2

d

dt
‖u(m)‖2L2 + λ‖∇u(m)‖2L2 +B

〈
u(m), u(m), u(m)

〉
+
〈
au(m), u(m)

〉
+
〈
b | u(m) | u(m), u(m)

〉
=
〈
dβgθ(m), u(m)

〉
−
〈
dβgθin, u

(m)
〉
−
〈
dg, u(m)

〉 (1.29)

and for the Fourier equation we have

1

2

d

dt
‖θ(m)‖2L2 + η‖∇θ(m)‖2L2 = B̃

〈
u(m), θ0, θ

(m)
〉
−
(
∂

∂t
θ0, θ

(m)

)
+
〈
f, θ(m)

〉
(1.30)

We haveB
〈
u(m), u(m), u(m)

〉
= 0 and B̃

〈
u(m), θ(m), θ(m)

〉
= 0. Using Schwartz and Poincaré’s
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inequality for the right hand side of (1.29), we have

1

2

d

dt
‖u(m)‖2L2 + λ‖∇u(m)‖2L2 + a‖u(m)‖2L2 + b‖u(m)‖3L3

≤ dβ‖g‖L∞‖θ(m)‖L2‖u(m)‖L2 + βd‖g‖L∞‖θin‖L2‖u(m)‖L2 + d‖g‖L∞‖u(m)‖L2

1

2

d

dt
‖u(m)‖2L2 + λ‖∇u(m)‖2L2 + a‖u(m)‖2L2 + b‖u(m)‖3L3

≤ c1dβ‖g‖L∞‖θ(m)‖L2‖∇u(m)‖L2 + c1βd‖g‖L∞‖θin‖L2‖∇u(m)‖L2

+ c6d‖g‖L∞‖∇u(m)‖L2

1

2

d

dt
‖u(m)‖2L2 + λ‖∇u(m)‖2L2 + a‖u(m)‖2L2 + b‖u(m)‖3L3

≤ 3 (c1dβ‖g‖L∞)2

2λ
‖θ(m)‖2L2 +

λ

6
‖∇u(m)‖2L2

+
3 (c1dβ‖g‖L∞)2

2λ
‖θin‖2L2 +

λ

6
‖∇u(m)‖2L2 +

3 (c6d‖g‖L∞)2

2λ
+
λ

6
‖∇u(m)‖2L2

Thus, we have

1

2

d

dt
‖u(m)‖2L2 +

λ

2
‖∇u(m)‖2L2 + a‖u(m)‖2L2 + b‖u(m)‖3L3

≤ 3 (c1dβ‖g‖L∞)2

2λ

(
‖θ(m)‖2L2 + ‖θin‖2L2

)
+

3 (c6d‖g‖L∞)2

2λ

(1.31)

Similarly for the Fourier equation

1

2

d

dt
‖θ(m)‖2L2 + η‖∇θ(m)‖2L2 = B̃

〈
u(m), θ0, θ

(m)
〉
−
〈
∂

∂t
θ0, θ

(m)

〉
+
〈
f, θ(m)

〉
1

2

d

dt
‖θ(m)‖2L2 + η‖∇θ(m)‖2L2 ≤

3c3

2η
‖θ0‖L4‖∇u(m)‖L2‖∇θ(m)‖L2 +

3c4

2η

∥∥∥∥ ∂∂tθ0

∥∥∥∥
L2

‖∇θ(m)‖L2

+
3c5

2η
‖f‖L2‖∇θ(m)‖L2

1

2

d

dt
‖θ(m)‖2L2 + η‖∇θ(m)‖2L2 ≤

3c3

2η
‖θ0‖2L4‖∇u(m)‖2L2 +

η

6
‖∇θ(m)‖2L2 +

3c2
4

2η

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

+
η

6
‖∇θ(m)‖2L2 +

3c2
5

2η
‖f‖2L2 +

η

6
‖∇θ(m)‖2L2

1

2

d

dt
‖θ(m)‖2L2 +

η

2
‖∇θ(m)‖2L2 ≤

3c3

2η
‖θ0‖2L4‖∇u(m)‖2L2 +

3c2
4

2η

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

+
3c2

5

2η
‖f‖2L2 (1.32)

where c3, c4, c5 are constants depending only Ω. We integrate (1.31) (1.32) with respect to t, we
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obtain

‖u(m)(t)‖2L2 +
λ

2

∫ t

0
‖∇u(m)(s)‖2L2ds+ a

∫ t

0
‖u(m)(s)‖2L2ds+ b

∫ t

0
‖u(m)(s)‖3L3ds

≤ ‖um0‖2L2 +
3 (c1dβ‖g‖L∞)2

2λ

∫ t

0

(
‖θ(m)(s)‖2L2 + ‖θin(s)‖2L2

)
ds

+
3 (c6d‖g‖L∞)2

2λ

∫ t

0
ds, 0 ≤ t ≤ T

(1.33)

‖θ(m)(t)‖2L2 +
η

2

∫ t

0
‖∇θ(m)(s)‖2L2ds ≤ ‖θm0‖2L2

+
3c3

η

∫ t

0
‖θ0(s)‖2L4‖∇u(m)(s)‖2L2ds+

3c2
4

η

∫ t

0

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

ds+
3c2

5

η

∫ t

0
‖f‖2L2ds

(1.34)

From (1.34) we have∫ t

0
‖∇θ(m)(s)‖2L2ds ≤

2

η

(
‖θm0‖2L2 − ‖θ(m)(t)‖2L2

)
+

6c3

η2

∫ t

0
‖θ0(s)‖2L4‖∇u(m)(s)‖2L2ds+

6c2
4

η2

∫ t

0

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

ds+
6c2

5

η2

∫ t

0
‖f‖2L2ds

(1.35)

We replace ‖θ(m)(s)‖2 in (1.33) by c2
2‖∇θ(m)(s)‖2. Using (1.35), we transform (1.33) and we

obtain

‖u(m)(t)‖2L2 + λ

∫ t

0
‖∇u(m)(s)‖2L2ds+ a

∫ t

0
‖u(m)(s)‖2L2ds+ b

∫ t

0
‖u(m)(s)‖3L3ds

≤ ‖um0‖2L2 +
3 (c1c2dβ‖g‖L∞)2

λη

(
‖θm0‖2L2 − ‖θ(m)(t)‖2L2

)
+

3 (c1dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2ds

+
9 (c1c2dβ‖g‖L∞)2

λη2

(
c3

∫ t

0
‖θ0(s)‖2L4‖∇u(m)(s)‖2L2ds+ c2

4

∫ t

0

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

ds+ c2
5

∫ t

0
‖f‖2L2ds

)

+
3 (c6d‖g‖L∞)2

2λ

∫ t

0
ds, 0 ≤ t ≤ T

(1.36)
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‖u(m)(t)‖2L2 + λ

∫ t

0
‖∇u(m)(s)‖2L2ds+ a

∫ t

0
‖u(m)(s)‖2L2ds+ b

∫ t

0
‖u(m)(s)‖3L3ds

≤ ‖um0‖2L2 +
3 (c1c2dβ‖g‖L∞)2

λη

(
‖θm0‖2L2 − ‖θ(m)(t)‖2L2

)
+

3 (c1dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2ds

+
9c2

3 (c1c2dβ‖g‖L∞)2

λη2

∫ t

0
‖θ0(s)‖2L4‖∇u(m)(s)‖2L2ds

+
9c2

4 (c1c2dβ‖g‖L∞)2

λη2

∫ t

0

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

ds+
9c2

5 (c1c2dβ‖g‖L∞)2

λη2

∫ t

0
‖f‖2L2ds

+
3 (c6d‖g‖L∞)2

2λ

∫ t

0
ds, 0 ≤ t ≤ T

(1.37)

According to Lemma (1.4.2), we can choose θ0 satisfying the estimate

9c2
3 (c1c2dβ‖g‖L∞)2

λ2η2
‖θ0‖2p < 1

Then, we have θ0 satisfies the inequality

‖θ0‖2p <
λ2η2

9c2
3 (c1c2dβ‖g‖L∞)2

‖θ0‖p <
λη

3c1c2c3dβ‖g‖L∞
(1.38)

For a sufficiently high viscosity and taking p = 4, we pose

λ̄ = λ− 9c2
3 (c1c2dβ‖g‖L∞)2

λη2
sup

0≤t≤T
‖θ0‖24

Using Lemma (1.4.2) we have

‖u(m)(t)‖2L2 + λ̄

∫ t

0
‖∇u(m)(s)‖2L2ds+ a

∫ t

0
‖u(m)(s)‖2L2ds+ b

∫ t

0
‖u(m)(s)‖3L3ds

≤ ‖um0‖2L2 +
3 (c1c2dβ‖g‖L∞)2

λη
‖θm0‖2L2 +

3 (c1dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2ds

+
9c2

3 (c1c2dβ‖g‖L∞)2

λη2

∫ t

0
‖θ0(s)‖2L4ds+

9c2
4 (c1c2dβ‖g‖L∞)2

λη2

∫ t

0

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

ds

+
9c2

5 (c1c2dβ‖g‖L∞)2

λη2

∫ t

0
‖f‖2L2ds+

3 (c6d‖g‖L∞)2

2λ

∫ t

0
ds, 0 ≤ t ≤ T
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‖u(m)(t)‖2L2 + λ̄

∫ t

0
‖∇u(m)(s)‖2L2ds+ a

∫ t

0
‖u(m)(s)‖2L2ds+ b

∫ t

0
‖u(m)(s)‖3L3ds

≤ ‖um0‖2L2 +
3 (c1c2dβ‖g‖L∞)2

λη
‖θm0‖2L2 +

3 (c1dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2ds

+
9 (c1c2dβ‖g‖L∞)2

λη2

(
c2

3

∫ t

0
‖θ0(s)‖2L4 + c2

4

∫ t

0

∥∥∥∥ ∂∂tθ0

∥∥∥∥2

L2

+ c2
5

∫ t

0
‖f‖2L2

)
ds

+
3 (c6d‖g‖L∞)2

2λ

∫ t

0
ds, 0 ≤ t ≤ T

(1.39)

The right hand side of (1.39) is bounded by a constant independant of m. The sequence{
u(m)(t)

}
m

is a bounded sequance in L2 ([0, T ] , V ) and L∞ ([0, T ] , H). Even,
{
θ(m)(t)

}
m

is a
bounded sequence in L2 ([0, T ] ,W ) and in L∞

(
[0, T ] , L2(Ω)

)
. So we can choose a subsequences

of u(m) and θ(m) such that :

um ⇀ u weakly in L2 ([0, T ] , V ) ,

um ⇀ u weakly-star in L∞ ([0, T ] , H) ,

| um | um ⇀ v weakly in L3/2
(

[0, T ] , L3/2(Ω)
)
,

θm ⇀ θ weakly in L2 ([0, T ] ,W ) ,

θm ⇀ θ weakly-star in L∞
(
[0, T ] , L2(Ω)

)
,

(1.40)

�

We consider γ a real positive constant and want to show that the sequence
{
| τ |γ û(m)(τ)

}
m

is bounded in L2(R : H) and
{
| τ |γ θ̂(m)(τ)

}
m

is bounded in L2(R : L2(Ω)), for some γ > 0,

where û(m) and θ̂(m) denotes the Fourier transform of extension ũ(m), θ̃(m) respectively of u(m),
θ(m), that is :

ũ(m)(t) =

u(m), 0 5 t 5 T

0 otherwise

θ̃(m)(t) =

θ(m), 0 5 t 5 T

0 otherwise

where û(m), θ̂(m) given by

û(m)(τ) =

∫
R
e2iπtτ ũ(m)(t)dt

θ̂(m)(τ) =

∫
R
e2iπtτ θ̃(m)(t)dt
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For this pupose, we observe that

d

dt

〈
ũ(m), uk

〉
=
〈
h̃m, uk

〉
+
〈
u

(m)
0 , uk

〉
δ(0)−

〈
u(m)(T ), uk

〉
δ(T ) 1 ≤ k ≤ m (1.41)

where δ(0), δ(T ) are Dirac distributions at 0 and T ,
We pose :

hm = −λAu(m) −Bu(m) − au(m) − b | u(m) | u(m) + dg
[
β
(
θ(m) − θin

)
− 1
]

with

h̃(m)(t) =

h(m), 0 5 t 5 T

0 outside

Since

2iπτ
〈
û(m), uk

〉
=
〈
ĥm, uk

〉
+
〈
u

(m)
0 , uk

〉
−
〈
u(m)(T ), uk

〉
e2iπTτ 1 ≤ k ≤ m

Let f̂ (m)
i (τ) the Fourier transform of f (m)

i (τ) for i = 1, · · · ,m we get

2iπτ‖û(m)‖2 =
〈
ĥm, û

(m)
〉

+
〈
u

(m)
0 , û(m)

〉
−
〈
u(m)(T ), û(m)

〉
e2iπTτ (1.42)

Note that

∫ T

0
‖hm(t)‖V ′dt ≤

∫ T

0

(
λ‖u(m)(t)‖+ C‖u(m)(t)‖2 + a‖u(m)(t)‖+ b‖u(m)(t)‖2

)
dt

+

∫ T

0
(‖dg (βθin − 1) ‖+ C‖θm‖) dt

and this remains bounded according to (1.34)-(1.35) and (1.39).

Thus

sup
τ∈R
‖ĥm(τ)‖V ′ ≤ Const ∀m (1.43)

Combining (1.42) and (1.43), we deduce that

| τ | ‖û(m)‖2 ≤ C‖ûm(τ)‖

For fixed γ ≤ 1

4
, | τ |2γ≤ C 1+ | τ |

1+ | τ |1−2γ
, ∀τ ∈ R

Consequently
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∫ +∞

−∞
| τ |2γ ‖û(m)(τ)‖2dτ ≤ C

∫ +∞

−∞

1+ | τ |
1+ | τ |1−2γ

‖û(m)(τ)‖2dτ

≤ ‖û
(m)(τ)‖dτ

1+ | τ |1−2γ
+ C

∫ +∞

−∞
‖û(m)(τ)‖2dτ

Because of (1.39) and Parseval equality, the last integral remains bounded as m −→ +∞.

The first integral is bounded for γ <
1

4
by combining Schwarz and Parseval inequalities. We

conclude that for 0 < γ <
1

4 ∫
R
| τ |2γ ‖û(m)(τ)‖2dτ < +∞

with a similar approach, we prouve that

∫
R
| τ |2γ ‖θ̂(m)(τ)‖2dτ < +∞ for some 0 < γ <

1

4

Therefore, by Theorem 2.2, Chap. 3 [29], we can select subsequences which we denote by the
same symbol such that

um → u strongly in L2 ([0, T ] , H) ,

θm → θ̃ strongly in L2
(
[0, T ] , L2(Ω)

)
,

(1.44)

and u, θ(= ã+ θ0) satisfay (1.23)-(1.24) for any v = ui, τ = θj .

To conclude, we need to demonstrate that v =| u | u. To achieve this, we refer the reader
to [30] and apply the same technique to get | u(m) | u(m) ⇀| u | u weak in L3/2

(
[0, T ], L3/2(Ω)

)
and get v =| u | u. Theorem (1.4.7) is proved.

1.5 Approximation by the artificial compressibility method

The artificial compressibility method was introduced in order to manage the difficulty induced by
the incompressibility constraints in the numerical approximations of the Navier-Stokes equations.
The method proposed by Chorin [11] and investigated later by Temam [12]. In this section we
study the coupled system of Navier Stokes Forchheimer equations and the Fourier equation
through the method of artificial compressibility. We prove the existence of the weak solution
and show how the perturbed problem converge to the solution of the state system Navier-Stokes
Forchheimer Fourier system when ε → 0 ( ε > 0 is arbitrary). The artificial compressibility
method that we propose to study is to approximate the solution (u, θ, p) of the incompressible
Navier-Stokes Forchheimer Fourier equations (uε, θε, pε) satisfying the following perturbed system
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∂tuε + (uε.∇)uε + auε + b | uε | uε = −∇pε + λ∆uε + dg [β (θε − θin)− 1] Ω× [0, T ]

∂tθε + (uε.∇)θε = η∆θε + f in Ω× [0, T ]

ε∂tpε +∇.uε = 0 in Ω× [0, T ]

uε(x, t = 0) = a0(x) in Ω

θε(x, t = 0) = τ0(x) in Ω

pε(x, t = 0) = π0(x) in Ω

uε(x, t) = 0 on Γ1

θε(x, t) = ξ(x, t) on Γ1

pε(x, t) = 0 on Γ1

uε(x, t) = 0 on (ΓB ∪ Γs)× [0, T ]

∂θε

∂n
= 0 on (ΓB ∪ Γs)× [0, T ]

(1.45)
where π0 ∈ L2(Ω) is arbitrary and independent of ε

1.5.1 Existence of solutions of the perturbed problem

Let f ∈ L2
(
[0, T ] ;L2(Ω)

)
, a0 ∈ L2(Ω), τ0 ∈ L2(Ω) and π0 ∈ L2(Ω) are verified, the prob-

lem (1.45) is equivalent to the variational formulation : Find uε ∈ L2 ([0, T ] ;V ), (θε − θ0) ∈
L2 ([0, T ] ;W ) and pε ∈ L2

(
[0, T ] ;L2(Ω)

)
such that

d

dt
〈uε, v〉+B 〈uε, uε, v〉+ 〈auε, v〉+ 〈b | uε | uε, v〉 − 〈pε,∇.v〉

= −λ 〈∇uε,∇v〉+ 〈dβgθε−, v〉 − 〈dβgθin, v〉 − 〈dg, v〉 ∀v ∈ Ṽ
(1.46)

d

dt
〈θε, τ〉+ B̃ 〈uε, θε, τ〉 = −η 〈∇θε,∇τ〉+ 〈f, τ〉 ∀τ ∈ W̃ (1.47)

〈∇.uε, q〉 = −〈ε∂tpε, q〉 ∀q ∈ L2(Ω) (1.48)

Theorem 1.5.1. For ε > 0 fixed, let f ∈ L2
(
[0, T ] ;L2(Ω)

)
. if g ∈ L∞ (Ω× [0, T ]), ξ ∈

C1(Γ̄1 × [0, T ]), τ0 ∈ L2(Ω), a0 ∈ H, θin ∈ L2(Ω) and a, b are a positive constant a > 0 ,
b > 0 and suppose that (dβ‖g‖L∞) < c

√
λη (with c > 0). Then, there exists at least one solution

(uε, θε, pε) of perturbed problems (1.45). Moreover,

uε ∈ L∞ ([0, T ] ;H)

θε ∈ L∞
(
[0, T ] ;L2(Ω)

)
pε ∈ L∞

(
[0, T ] ;L2(Ω)

)
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Proof. To prove the well-posedness of the problem (1.46), (1.47) and (1.48), we will use the
Faedo-Galerkin method.

u(m)
ε (t) =

m∑
i=1

Ψ
(m)
i ui (1.49)

θ(m)
ε (t) =

m∑
j=1

Φ
(m)
j θj (1.50)

p(m)
ε (t) =

m∑
l=1

ξ
(m)
l rl (1.51)

Where the coefficients ui, θj and rl satisfy the system

d

dt

〈
u(m)
ε , uk

〉
+B

〈
u(m)
ε , u(m)

ε , uk

〉
+
〈
au(m)

ε , uk

〉
+
〈
b | u(m)

ε | u(m)
ε , uk

〉
−
〈
p(m)
ε ,∇.uk

〉
= −λ

〈
∇u(m)

ε ,∇uk
〉

+
〈
dβgθ(m)

ε , uk

〉
− 〈dβgθin, uk〉 − 〈dg, uk〉 k = {1, · · · ,m}

(1.52)

d

dt

〈
θ(m)
ε , θk

〉
+ B̃

〈
u(m)
ε , θ(m)

ε , θk

〉
= −η

〈
∇θ(m)

ε ,∇θk
〉

+ 〈f, θk〉 (1.53)

〈
∇.u(m)

ε , rk

〉
= −

〈
ε∂tp

(m)
ε , rk

〉
k = {1, · · · ,m} (1.54)

with the following initial boundary conditions

u(m)
ε (0, x) = u0m, θ(m)

ε (0, x) = θ0m, p(m)
ε (0, x) = p0m (1.55)

were u0m, θ0m and p0m are the orthogonal projections of u0, θ0 and p0 onto the subspaces spanned
by
{
u(1), · · · , u(m)

}
,
{
θ(1), · · · , θ(m)

}
et
{
r(1), · · · , r(m)

}
in L2(Ω) for each component. There

exist a solution u(m)
ε (t), θ

(m)
ε (t) and p(m)

ε (t) for any 0 ≤ t ≤ Tm. In the first step, we multiply
(1.52) (1.53) (1.54) by Ψ

(m)
k , Φ

(m)
k and ξ(m)

k respectively, and we sum over k, we get〈
∂

∂t
u(m)
ε , u(m)

ε

〉
+B

〈
u(m)
ε , u(m)

ε , u(m)
ε

〉
+
〈
au(m)

ε , u(m)
ε

〉
+
〈
b | u(m)

ε | u(m)
ε , u(m)

ε

〉
−
〈
p(m)
ε ,∇.u(m)

ε

〉
= −λ

〈
∇u(m)

ε ,∇u(m)
ε

〉
+
〈
dβgθ(m)

ε , u(m)
ε

〉
−
〈
dβgθin, u

(m)
ε

〉
−
〈
dg, u(m)

ε

〉
(1.56)

Substituting ∇.u(m)
ε = −ε∂tp(m)

ε in (1.56) we get〈
∂

∂t
u(m)
ε , u(m)

ε

〉
+B

〈
u(m)
ε , u(m)

ε , u(m)
ε

〉
+
〈
au(m)

ε , u(m)
ε

〉
+
〈
b | u(m)

ε | u(m)
ε , u(m)

ε

〉
−
〈
p(m)
ε ,−ε∂tp(m)

ε

〉
= −λ

〈
∇u(m)

ε ,∇
(
u(m)
ε

)〉
+
〈
dβgθ(m)

ε , u(m)
ε

〉
−
〈
dβgθin, u

(m)
ε

〉
−
〈
dg, u(m)

ε

〉
(1.57)
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1

2

d

dt

(
‖u(m)

ε ‖2L2 + ε‖p(m)
ε ‖2L2

)
+ λ‖∇u(m)

ε ‖2L2 + a‖u(m)
ε ‖2L2 + b‖u(m)

ε ‖3L3

=
〈
dβgθ(m)

ε , u(m)
ε

〉
−
〈
dβgθin, u

(m)
ε

〉
−
〈
dg, u(m)

ε

〉 (1.58)

Using Schwarz and Poincaré’s inequality for the right hand side of (1.58), we have

1

2

d

dt

(
‖u(m)

ε ‖2L2 + ε‖p(m)
ε ‖2L2

)
+ λ‖∇u(m)

ε ‖2L2 + a‖u(m)
ε ‖2L2 + b‖u(m)

ε ‖3L3

≤ c7dβ‖g‖L∞‖θ(m)
ε ‖L2‖∇u(m)

ε ‖L2 + c8dβ‖g‖L∞‖θin‖L2‖∇u(m)
ε ‖L2 + c9d‖g‖L∞‖∇u(m)

ε ‖L2

1

2

d

dt

(
‖u(m)

ε ‖2L2 + ε‖p(m)
ε ‖2L2

)
+ λ‖∇u(m)

ε ‖2L2 + a‖u(m)
ε ‖2L2 + b‖u(m)

ε ‖3L3

≤ 3 (c7dβ‖g‖L∞)2

2λ
‖θ(m)
ε ‖2L2 +

λ

6
‖∇u(m)

ε ‖2L2 +
3 (c8dβ‖g‖L∞)2

2λ
‖θin‖2L2 +

λ

6
‖∇u(m)

ε ‖2L2

+
3(c9d‖g‖L∞)2

2λ
+
λ

6
‖∇u(m)

ε ‖2L2

1

2

d

dt

(
‖u(m)

ε ‖2L2 + ε‖p(m)
ε ‖2L2

)
+ λ‖∇u(m)

ε ‖2L2 + a‖u(m)
ε ‖2L2 + b‖u(m)

ε ‖3L3

≤ 3 (c7dβ‖g‖L∞)2

2λ
‖θ(m)
ε ‖2L2 +

3 (c8dβ‖g‖L∞)2

2λ
‖θin‖2L2 +

3(c9d‖g‖L∞)2

2λ

(1.59)

And for the Fourier system, we have

1

2

d

dt
‖θ(m)
ε ‖2L2 +

η

2
‖∇θ(m)

ε ‖2L2 ≤
c10

η
‖θ0m‖2L4‖∇u(m)

ε ‖2L2 +
c2

11

η

∥∥∥∥ ∂∂tθ0m

∥∥∥∥2

L2

+
c2

12

η
‖f‖2L2 (1.60)

Integrating both side of (1.59) and (1.60) over the interval [0, t] we get

‖u(m)
ε ‖2L2 + ε‖p(m)

ε ‖2L2 + λ

∫ t

0
‖∇u(m)

ε (s)‖2L2ds+ a

∫ t

0
‖u(m)

ε (s)‖2L2ds+ b

∫ t

0
‖u(m)

ε (s)‖3L3ds

≤ ‖u0m(s)‖2L2 + ε‖p0m‖2L2 +
3 (c7dβ‖g‖L∞)2

2λ

∫ t

0
‖θ(m)
ε ‖2L2ds+

3 (c8dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2

+
3(c9d‖g‖L∞)2

2λ

∫ t

0
ds

(1.61)

‖θ(m)
ε ‖2L2+

η

2

∫ t

0
‖∇θ(m)

ε (s)‖2L2ds ≤
3c10

2η
‖θ0m‖2L4‖∇u(m)

ε ‖2L2+
3c2

11

2η

∫ t

0

∥∥∥∥ ∂∂sθ0m

∥∥∥∥2

L2

ds+
3c2

12

2η

∫ t

0
‖f‖2L2ds

(1.62)
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From the equation (1.62)∫ t

0
‖∇θ(m)

ε (s)‖2L2ds ≤
3c10

η2

∫ t

0
‖θ0m‖2L4‖∇u(m)

ε ‖2L2−‖θ(m)
ε ‖2L2+

3c2
11

η2

∫ t

0

∥∥∥∥ ∂∂sθ0m

∥∥∥∥2

L2

ds+
3c2

12

η2

∫ t

0
‖f‖2L2ds

(1.63)
Thanks to Poincaré inequality, and using (1.63) in (1.61) we get

‖u(m)
ε ‖2L2 + ε‖p(m)

ε ‖2L2 + λ

∫ t

0
‖∇u(m)

ε (s)‖2L2ds+ a

∫ t

0
‖u(m)

ε (s)‖2L2ds+ b

∫ t

0
‖u(m)

ε (s)‖3L3ds

≤ ‖u0m‖2L2 + ε‖p0m‖2L2 +
9 (c7c10c13dβ‖g‖L∞)2

λη2
‖θ0m‖2L4‖∇u(m)

ε ‖2L2

+
9 (c7c11c13dβ‖g‖L∞)2

λη2

∫ t

0

∥∥∥∥ ∂∂sθ0m

∥∥∥∥2

L2

ds+
9 (c7c12c13dβ‖g‖L∞)2

λη2

∫ t

0
‖f‖2L2ds

+
3 (c8dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2 +

3(c9d‖g‖L∞)2

2λ

∫ t

0
ds

For a sufficiently high viscosity, we pose

¯̄λ = λ− 9 (c7c10c13dβ‖g‖L∞)2

λη2
sup

0≤t≤T
‖θε0‖24

‖u(m)
ε ‖2L2 + ε‖p(m)

ε ‖2L2 + ¯̄λ

∫ t

0
‖∇u(m)

ε (s)‖2L2ds+ a

∫ t

0
‖u(m)

ε (s)‖2L2ds+ b

∫ t

0
‖u(m)

ε (s)‖3L3ds

≤ ‖u0m‖2L2 + ε‖p0m‖2L2 +
9 (c13c7dβ‖g‖L∞)2

λη2

(
c2

10‖θ0m‖2L4 + c2
11

∫ t

0

∥∥∥∥ ∂∂sθ0m

∥∥∥∥2

L2

ds+ c2
12

∫ t

0
‖f‖2L2ds

)
3 (c8dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2 +

3(c9d‖g‖L∞)2

2λ

∫ t

0
ds

(1.64)

The right hand side of (1.64) is bounded by a constant independant ofm. The sequence
{
u

(m)
ε

}
m

is bounded sequence in L2 ([0, T ] , V ) and in L∞ ([0, T ] , H),
{
θ

(m)
ε

}
m

is bounded sequence in

L2 ([0, T ] ,W ) and in L∞
(
[0, T ] , L2(Ω)

)
.
{
p

(m)
ε

}
m

is bounded sequence in L∞
(
[0, T ] , L2(Ω)

)
.

So we can choose a subsequences of u(m)
ε , θ(m)

ε and p(m)
ε such that :

umε ⇀ uε weakly in L2 ([0, T ] , V ) ,

umε ⇀ uε weakly-star in L∞ ([0, T ] , H) ,

| umε | umε ⇀ v weakly in L
3
2

(
[0, T ] , L

3
2 (Ω)

)
,

θmε ⇀ θε weakly in L2 ([0, T ] ,W ) ,

θmε ⇀ θε weakly-star in L∞
(
[0, T ] , L2(Ω)

)
,

√
εpmε ⇀

√
εpε weakly-star in L∞

(
[0, T ] , L2(Ω)

)
(1.65)
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�

We have the following inequality from (1.64)

sup
t∈[0,T ]

(
‖u(m)

ε ‖2L2 + ε‖p(m)
ε ‖2L2

)
≤ C1 (1.66)

∫ t

0
‖∇u(m)

ε (s)‖2L2ds ≤
C1

¯̄λ
(1.67)

∫ t

0
‖u(m)

ε (s)‖2L2ds ≤
C1

a
(1.68)

∫ t

0
‖u(m)

ε (s)‖3L3ds ≤
C1

b
(1.69)

where

C1 = ‖u0m‖2L2 + ε‖p0m‖2L2 +
9 (c13c7dβ‖g‖L∞)2

λη2

(
c2

10‖θ0m‖2L4 + c2
11

∫ t

0

∥∥∥∥ ∂∂sθ0m

∥∥∥∥2

L2

ds+ c2
12

∫ t

0
‖f‖2L2ds

)
3 (c8dβ‖g‖L∞)2

2λ

∫ t

0
‖θin(s)‖2L2 +

3(c9d‖g‖L∞)2

2λ

∫ t

0
ds

(1.70)
We consider û(m)

ε , θ̂(m)
ε , p̂(m)

ε the Fourier transform of extension ũ(m)
ε , θ̃(m)

ε , p̃(m) respectively of
u

(m)
ε , θ(m) and p(m)

ε , that is :

ũ(m)
ε (t) =

u
(m)
ε , 0 5 t 5 T

0 otherwise

θ̃(m)
ε (t) =

θ
(m)
ε , 0 5 t 5 T

0 otherwise

p̃(m)
ε (t) =

p
(m)
ε , 0 5 t 5 T

0 otherwise

where û(m)
ε , θ̂(m)

ε and p̂(m)
ε given by

û(m)
ε (τ) =

∫
R
e2iπtτ ũ(m)

ε (t)dt

θ̂(m)
ε (τ) =

∫
R
e2iπtτ θ̃(m)

ε (t)dt

p̂(m)
ε (τ) =

∫
R
e2iπtτ p̃(m)

ε (t)dt
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Then, we obtain

d

dt

〈
ũ(m)
ε , uk

〉
+
〈
p̃(m)
ε ,∇.uk

〉
= 〈$m, uk〉+

〈
u

(m)
ε0 , uk

〉
δ(0)

−
〈
u(m)
ε (T ), uk

〉
δ(T ) k = {1, · · · ,m}

(1.71)

〈
∇.ũ(m)

ε , rk

〉
+
〈
ε∂tp̃

(m)
ε , rk

〉
=
〈
p

(m)
ε0 , rk

〉
δ(0)−

〈
p(m)
ε (T ), rk

〉
δ(T ) (1.72)

where δ(0) and δ(T ) are Dirac distributions at t = 0 and t = T respectively.
and

$m = −λAu(m)
ε −Bu(m) − au(m)

ε − b | u(m)
ε | u(m)

ε + dg
[
β
(
θ(m)
ε − θin

)
− 1
]

Such that

$̃(m)(t) =

$(m), 0 5 t 5 T

0 outside

Next, by taking the Fourier transforms, and let Ψ̂
(m)
i (τ) and ξ̂(m)

l (τ) be respectively the Fourier
transform of Ψ

(m)
i (t) and ξ(m)

l (t) with 1 5 i 5 m and 1 5 l 5 m. We multiply (1.71) and (1.72)
by Ψ̂

(m)
i (τ) and ξ̂(m)

l (τ) respectively, and summing respect to k.

2iπτ
(
‖û(m)

ε (τ)‖2 + ε‖p̂(m)
ε (τ)‖2

)
=
〈
$m, û

(m)
ε (τ)

〉
+
〈
u

(m)
ε0 , û(m)

ε (τ)
〉

+ ε
〈
p

(m)
ε0 , p̂(m)

ε (τ)
〉

−
(〈
u(m)
ε (T ), û(m)

ε (τ)
〉

+ ε
〈
p(m)
ε (T ), p̂(m)

ε (τ)
〉)

e−2iπτT

(1.73)

Note that

∫ T

0
‖$m(t)‖V ′dt ≤

∫ T

0

(
λ‖u(m)

ε (t)‖+ C1‖u(m)
ε (t)‖2 + a‖u(m)

ε (t)‖+ b‖u(m)
ε (t)‖2

)
dt

+

∫ T

0
(‖dg (βθin − 1) ‖+ C1‖θmε ‖) dt

Thus

sup
τ∈R
‖$̂m(τ)‖V ′ ≤ Const ∀m (1.74)

and this remains bounded according to (1.62)-(1.63) and (1.64).

2π | τ |
(
‖û(m)

ε (τ)‖2 + ε‖p̂(m)
ε (τ)‖2

)
≤ ‖$m(t)‖V ′‖û

(m)
ε (τ)‖+ C1‖û(m)

ε (τ)‖+ C1ε‖p̂(m)
ε (τ)|
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But, we have

‖$̂m(τ)‖V ′ ≤
∫ T

0
‖$m(τ)‖V ′dt (1.75)

∫ +∞

−∞
| τ |2γ ‖ûmε ‖2dτ ≤ const, for τ > 0 (1.76)

Then, the convergence of the triplet (umε , θ
m
ε , p

m
ε ) given by

umε → uε strongly in L2 ([0, T ] , H) ,

θmε → θ̃ strongly in L2
(
[0, T ] , L2(Ω)

)
,

√
εpmε →

√
εpε strongly in L2

(
[0, T ] , L2(Ω)

) (1.77)

In the same way as the incompressible system to conclude this proof, for the convergence of the
nonlinear term | u(m)

ε | u(m)
ε ⇀| uε | uε weak in L3/2

(
[0, T ], L3/2(Ω)

)
. Theorem (1.5.1) is proved.

1.6 Thermal comfort problem

In this section we apply the model and methodology to solve environmental problems in cities.
We consider a domain Ω ⊂ Rn (with n = 2 or 3), corresponding to the air layer over a city, with
boundary ∂Ω = {Γ1,Γ2,Γ3,ΓB,Γs}

Figure 1.1: 2D Schematic representation.

The approach is based on the development and application of a methodology that employs opti-
mization to seek the locations of the green zones for the purpose of influencing the temperature in
the city to ensure the comfort of the pedestrians traffic and to provide planners with a systematic
overview of their decision space. For this aim, we introduce the objective function regarding to
the environmental implications defined by

J =
n∑
i=1

1

| Γsi |

∫ T

0

∫
Γsi

θε(x, t)dxdt (1.78)

The constraints related to the geometry of the green space are described by the four points
(a, b, c, d) which represents the design in term of these variables. We suppose that the four
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points are inside the rectangles. 

Xmin1 6 P1, P2 = Ymax1

P3 6 Xmax1 , P4 = P2

Xmin2 6 P5, P6 = Ymax2

P7 6 Xmax2 , P8 = P6

(1.79)

To avoid a zero distance between two ends of the green space, we set{
∆1(P3, P1) = P3 − P1 > L1

∆2(P5, P7) = P5 − P7 > L2

(1.80)

To eliminate complex geometries shape such as the trapezoidal shape, the height variation is
fixed {

∆3(P4, P2) = P4 − P2 = h1

∆4(P5, P7) = P8 − P6 = h2

(1.81)

1.6.1 Optimal control procedures

We start by providing a general approach to deal with an optimal control problems, then we apply
the method to the particular case of the optimal located of the green spaces in the macroscopic
climate model.

Abstract formulation for optimal control problem

In order to analyze a shape optimization problem, [26] developed a Lagrangian approach for
a general optimal control one. The abstract problem is to minimize a cost function J in the
following form {

minJ = J(v, ξ)

Av = f +Bξ
(1.82)

where A is a partial differential equation (PDE) operator, v is the state variable, f is a source
term, and B is a differential operator acting on the control variable ξ in the state equation. We
introduce the Langrangian functional and Lagrange multiplier λ

L(v, λ, ξ) = J(v, ξ)− 〈λ, f +Bξ −Av〉

The solution of the problem (1.82) satisfies the PDE system

∂L
∂.

(v, λ, ξ) = 0

Considering v ∈ L2 ([0, T ] ;V ), ξ ∈ L2 ([0, T ] ;W ) with V and W being a two Hilbert spaces, we
have the following weak form for the state equation (1.82) :
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a(v, ϕ) = (f, ϕ) + b(ξ, ϕ), ∀ϕ ∈ V

where the (., .) is the inner product, a(., .) is a billinear form of the PDE operator, and b(v, ϕ) =

(Bξ, ϕ). Then
L(v, λ, ξ) = J(v, ξ) + b(ξ, λ) + (f, λ)− a(v, ξ)

The optimal control consists in solving the following problem

Find(v, λ, ξ) ∈ V × V ×Q such that
∂L
∂.

(v, λ, ξ) = 0

1.7 Numerical discretization

In this section, we present the numerical resolution of the state system (1.14), which is a previous
step in order to find the optimal locations of the green zones by minimizing the objective function.

1.7.1 Variational formulation

For the mathematical setting of conduction-convection problem, we introduce the following

Hilbert spaces X = H1
0 (Ω)2, W = H1

0 (Ω), M =

{
q ∈ L2(Ω);

∫
Ω
qdx = 0

}
. The norm corre-

sponding to Hi(Ω)2 or Hi(Ω) will be denote ‖.‖i for i = 1, 2. In particular, we use (., .) and ‖.‖0
to denote the inner product and norm in L2(Ω)2 or L2(Ω). The spaces X and W are equipped
with their usual scalar product and norm (u, v), ‖u‖ = (u, u)1/2.

Let f ∈ L2
(
[0, T ] ;L2(Ω)

)
, u0 ∈ L2(Ω), θ0 ∈ L2(Ω) and p0 ∈ L2(Ω) are verified, the prob-

lem (1.45) is equivalent to the variational formulation : Find uε ∈ L2 ([0, T ] ;V ), (θε − θin) ∈
L2 ([0, T ] ;W ) et pε ∈ L2

(
[0, T ] ;L2(Ω)

)
such that

d

dt
〈uε, v〉+B 〈uε, uε, v〉+ 〈auε, v〉+ 〈b | uε | uε, v〉 − 〈pε,∇.v〉

= −λ 〈∇uε,∇v〉+ 〈dgβθε−, v〉 − 〈dgβθin, v〉 − 〈dg, v〉 ∀v ∈ Ṽ
(1.83)

d

dt
〈θε, τ〉+B 〈uε, θε, τ〉 = −η 〈∇θε,∇τ〉+ 〈f, τ〉 ∀v ∈ W̃ (1.84)

〈∇.uε, q〉 = −〈ε∂tpε, q〉 ∀q ∈ L2(Ω) (1.85)

Let us consider the incompressible Navier-Stokes Forchheimer Fourier system we recall the notion
of weak solution that will be used (for more detail see [22]). We say that the triple (u, θ, p) is
the weak solution of Navier Stokes Forchheimer system if it satifies for all ϕ ∈ Ω× [0, T ]
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∫ T

0

∫
Ω
∂tu.ϕdxdt+

∫ T

0

∫
Ω
λ∇u : ∇ϕdxdt+

∫ T

0

∫
Ω

(u.∇)u.ϕdxdt

+

∫ T

0

∫
Ω
α∇p.ϕdxdt+

∫ T

0

∫
Ω
au.ϕdxdt+

∫ T

0

∫
Ω
b|u|u.ϕdxdt

−
∫ T

0

∫
Ω
dg [β(θ − θin)− 1]ϕdxdt = 0

∫ T

0

∫
Ω
∂tθ.ϕdxdt+

∫ T

0

∫
Ω
η∇θ : ∇ϕdxdt+

∫ T

0

∫
Ω

(u.∇)θ.ϕdxdt

−
∫ T

0

∫
Ω
QBϕdxdt−

∫ T

0

∫
Ω

N∑
i=1

αiχGiϕdxdt = 0

∫ T

0

∫
Ω
ε∂tp.ϕdxdt+

∫ T

0

∫
Ω

divu.ϕdxdt = 0 (1.86)

1.7.2 Time semi-discretization

In order to set the time semi-discretization for the interval [0, T ], we chose a numberM ∈ IN and

we define the time step ∆t =
T

M
. Then we consider a set ofM+1 discrete times [tm]Mm=0 ⊂ [0, T ]

given by tm = m∆t, for m = [0, · · · ,M ].
We consider the material derivative of a generic escalar

DΨ

Dt
(x, t) =

∂Ψ

∂t
(x, t) + u.∇Ψ(x, t) (1.87)

Using the characteristic line

dX

dt
= u(X(t), t) (1.88)

we can write

DΨ

Dt
=

d

dt
Ψ(X(t), t) (1.89)

So, we can approximate the material derivative in the following way

DΨ

Dt
(tm+1) ' Ψ(X(tm+1), tm+1)−Ψ(X(tm), tm)

∆t
(1.90)

DΨ

Dt
(tm+1) =

Ψm+1 −Ψm ◦Xm

∆t
(1.91)

where Xm(x) = X(x, (tm+1, tm) represents the position of the particle. Let ∆t the time step, the
total derivatives for Navier-Stokes Forchheimer energy equation and the artificial compressibility
term are discretized according to the method of characteristics. The nonlinear term is approxi-
mated using semi-implicit formula while the other linear terms are discretized implicitely.
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uεm+1(x)− uεm ◦Xm(x)

∆t
− λ∆uεm+1 + α∇pεm+1 + auεm+1

+b|uεm+1|uεm+1 − dg[β(θεm+1 − θin)− 1] = 0 in Ω× (0, T ) (1.92)

θεm+1(x)− θεm ◦Xm(x)

∆t
− η∆θεm+1 −QB −

N∑
i=1

αiχGi = 0 in Ω× (0, T ) (1.93)

ε
pεm+1(x)− pεm(x) ◦Xm(x)

∆t
+ divuεm+1 = 0 in Ω× (0, T ) (1.94)

For m ∈ IN and
uε0(x) = uεin(x), θε0(x) = θεin(x), pε0(x) = pεin(x) (1.95)

A no-slip wall boundary condition was used at the ground surface, and a normal zero-gradient
boundary condition was adopted at the domain outlet boundary and the domain top boundary.

1.7.3 Space discretization

To complete the discretization, we use the Finite Element formalism for spatial discretization.
We consider Th of Ω and, associated to this mesh. Let us denote û, θ̂ and q̂ the test functions
associated to the finite element spaces Vh, Xh and Qh respectively. We define the following finite
spaces

Vh =
{
û ∈ [C(Ω)]n : û|T ∈ [P2(T )]n, ∀T ∈ Th, û.n = 0

}
Xh =

{
θ̂ ∈ [C(Ω)]n : θ̂|T ∈ [P2(T )]n, ∀T ∈ Th, θ̂.n = 0

}
Qh =

{
q̂ ∈ C(Ω) : q̂|T ∈ P1(T ), ∀T ∈ Th

}
The problem is to find (uε, θε, P ε) ∈ {Vh, Xh, Qh} such us∫

Ω

uεm+1(x)− uεm ◦Xm(x)

∆t
ûdx+ λ

∫
Ω
∇uεm+1 : ∇ûdx− α

∫
Ω
pεm+1∇ûdx

+a

∫
Ω
uεm+1ûdx+ b

∫
Ω
|uεm+1|uεm+1ûdx

−dg
∫

Ω
[β(θεm+1 − θin)− 1]ûdx = 0 ∀û ∈ Vh (1.96)

∫
Ω

θεm+1(x)− θεm ◦Xm(x)

∆t
θ̂dx+ η

∫
Ω
∇θεm+1 : ∇θ̂dx

−
∫

Ω
QB θ̂dx−

N∑
i=1

αiχGi θ̂dx = 0 ∀θ̂ ∈ Xh (1.97)
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ε

∫
Ω

pεm+1(x)− pεm(x) ◦Xm(x)

∆t
q̂dx+

∫
Ω

divuεm+1q̂dx = 0 ∀q̂ ∈ Qh (1.98)

1.7.4 Gradient project algorithm

The control problem is solved by an iterative method with an initial boundary condition for the
variable ξ = ξ0. At each step, we solve the state equations, the we compute the value of the cost
functional and solve the adjoint equations. Once ξi is available, we determine the cost functional
derivative ∇J and applying the suitable stopping criteria. If this criteria is not satisfaied, we
employ an optimization iteration on the control function ξ, for example, we use a steepest-descent
method :

ξi+1 = ξi − τ i∇J(ξi, vi)

where τ i is a relaxation parameter that can be determined by analyzing the mathematical prop-
erties of a control problem.
The optimization problem can be defined as follows :

Problem (P) : Find the optimal location of the green spaces in the domain Ω, find a vector
P = (a, b, c, d) = (P1, P2, P3, P4, P5, P6, P7, P8)T ∈ R8 (P ∈ R12 where Ω ⊂ R3) where the
constraints given in (1.79), (1.80), (1.81) are satisfied in such a way θε given by the coupled
Navier-Stokes Forchheimer with the artificial compressibility and the Fourier equation system
(1.83), (1.84), (1.85) respectively, minimize the objective function J ≡ J(P ) defined by (1.78).

We denote by Ω the closed and convex subset of R8consisting of all the points P ∈ R8 sat-
isfying the constraints (1.79), (1.81), that is defining l1 = l3 = l5 = l7 = Xmin, u1 = u3 = u5 =

u7 = Ymax, l2 = l4 = l6 = l8 = Xmin, u2 = u4 = u6 = u8 = Ymax, the admissible Ω given by

Ω =
{
P = (P1, · · · , P8) ∈ R8 : li ≤ Pi ≤ ui, i = 1, · · · , 8,

P3 − P1 > L1, P5 − P7 > L2, P4 − P2 = h1, P8 − P6 = h2

}
(1.99)

So, our problem (P) can be rewritten in the form :

min
P∈Ω

J(P ) (1.100)

In order to evaluate the objective function J , we first solve the system (37) defined in (3). The
numerical approximation of the objective function is given by :

J(P ) =
n∑
i=1

1

Γsi

M∑
m=1

∫
τh

∫
Γsi

θεmdγ (1.101)

To solve this problem, we use the spectral projected gradient algorithm. The projected gradient
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method is inspired from the classical gradient methods. Suppose the differentiable function
f : Rn −→ R. Let Q a closed convex not empty of Rn. Consider the general following problem

min
x∈Q

f(x)

it is a way to solve constrained optimization problem. Consider a constraint set Q, starting from
a initial point x0 ∈ Q, Project Gradient Descent iterates the following equation until a stopping
condition is met :

xk+1 = PQ (xk − tk∇f(xk))

where PQ(.) is the projection operator. The projection of the point x ∈ Rn is obtained as a
solution of the following optimization problem

PQ(x0) = arg min
x∈Q

1

2
‖x− x0‖22

The global convergence is assured under reasonable assumptions [25]. The projected gradient
algorithm can be summarized in the following steps :

Algorithme 1 Calculate P̄ = [P̄1, P̄2, P̄3, P̄4, P̄5, P̄6, P̄7, P̄8]

P̄ ∈ Ω
ε > 0

Ensure: P̄ = [P̄1, P̄2, P̄3, P̄4, P̄5, P̄6, P̄7, P̄8]
Compute the gradient

→
∂J∆t

h

∂Pi
≈
J∆t
h (P + ζei)− J∆t

h (p)

ζ
i = 1, · · · , 8

Compute the projection
WHILE ς > 0
Compute
→ d = ΠΩ(P − ς∇J(P ))− P
Compute the new coordinates τ > 0
→ P̄ = P + τ {ΠΩ(P − ς∇J(P )− P}
END

1.8 Numerical results

All differential equations are approximated using the finite element method for the space and
semi-implicit scheme for the time discretization. In this section, we present the numerical results
of the optimal shape of green spaces in high density urban cities that we have obtained by using
the approach of the spectral project gradient algorithm in the case of solving a system previously
defined with the term of the artificial compressibility for the 2D domain showing in Figure (1.1).
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1.8.1 Effects of numerical and physical parameters

Computational domain and grid structure

We consider a rectangular area of 75m in length and 25m in height. We have a structural model
of a city with the random implantation of green spaces. In order to compare and show the
temperature distribution in both urban models before and after the optimal shape, we limit our
structure to a one built 6m in height where the two green spaces to be optimized are located the
upstream with 10m in length and 2m in height, the second downstream of the building with 8m

in length, 2m in height.
For the overall computation time, we have chosen T = 50s for a time step of 0.1s, for the
different space discretization, we tried a several regular triangulations of about 5036 elements.
The implementation of our system is realized in FreeFem++ [23].

Boundary conditions

The initial conditions for the velocity, temperature, pressure and simulation parameters are

1. Inlet velocity [18] used a power law as the vertical profile of the wind speed at the domain
inlet

uεin = uεref

(
z

zref

)0.16

(1.102)

2. The vertical profiles of the temperature at the domain inlet is given

θεin = θε0 − γz (1.103)

where γ is the vertical decrease rate of temperature.

3. The pressure
pεin = pε0 − ρgz (1.104)

We ran many numerical simulations„ we present here only an example for this realistic problem.
We chose a step size ζ = 10−3, a spectral parameter ς = 10−4, and the tolerance ε = 10−3, the
value of τ is in an interval τ ∈

[
10−4, 10−1

]
, in our example we take 10−4. The difference between

the temperature in the area of the city and the temperature of the vegetation is 2 degrees. For
the all physical parameters used in the simulation, the inlet velocity uε = 1.43m.s−1 and the inlet
temperature θε = 298.5K, the density, dynamic viscosity, and kinetic viscosity are respectively
ρ = 1.184Kg.m−3, µ = 1.184 × 10−2kg.m−1.s−1 and ν = 0.01m2.s−1. Account to hold the
effects of the turbulence in the city, the turbulence viscosity µt depend of the ratio between the
density of the fluid multiply with his turbulence kinetic energy k on the dissipation rate of k.
The intensity of building heat source QB = 80W.m−2 with the height of building z = 6m and
the reference height zref = 8m. The heat transfer coefficient h = 5w.m−2.K−1, the thermal
expansion coefficient β = 3.4112× 10−4 and specific heat Cp = 1006J.Kg−1.K−1. For the other
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parameters, the vertical decrease rate of temperature γ = 0.25, the Prandtl number Pr = 0.708

and the Von-Karman constant Vk = 0.4. For the all the test, we take the pseudo-compressibility
parameter ε = 10−5. Applying the spectral project gradient algorithm, and after 1000 iterations,
from the initial location of the green spaces corresponding to the points a = (8, 2), b = (18, 2),
c = (39, 2), d = (47, 2) showed in Figure (1.2), to the best location corresponding to the optimal
design variables aSPG = (6.7370, 2), bSPG = (17.7280, 2), cSPG = (39.8072, 2), dSPG = (45.8966, 2)

showed in (Figure (1.3)).

Figure 1.2: Air temperature profile for non optimal green locations.

Figure 1.3: Air temperature profile for optimal green locations.

In Figure (1.4), we compare the two scenarios under study, the location of green spaces in the
optimal and non-optimal case, we notice the difference of the temperature which is of the order
of 0.5◦C before and after the optimization. In our example, to improve the that the location of
green spaces, allows us to reduce the temperature in the city. For example, we take a distance
of 10m from the source of the heat, the temperature drops from 19.85◦C to 19.45◦C showing in
Figure (1.4).
We also note that the length of the green space to the left of the building is bigger than the
length of the green space at the right as shown in Figure (1.2), (1.3). From this, we can conclude
that to have fresh air and lower temperatures, the closer we are to the source, the surface of
the green space is larger, and the further away we are from the source, the surface green space
decreases.
The convergence history of the cost function is showing in Figure (1.5). From initial cost J of the
initial location of the green spaces to the minimum cost J corresponding to the optimal location
of the green spaces. To evaluate the sensitivity of the temperature according to the height in
the city, to be able to control the evolution of the temperature after the optimal location of the
green spaces to ensure the comfort of the pedestrians. The objective of our study is to reduce
the temperature, according to the results obtained, we notice that the temperature decreases
when approaching the soil as shown in the right of Figure (1.7). And also, we want to show the
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Figure 1.4: Temperature profiles corresponding to the non optimal and optimal and green loca-
tions.

Figure 1.5: Decreasing cost function.

variation of the velocity in the most sensitive area showing in the left of Figure (1.7).

Figure 1.6: Different positions.
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Figure 1.7: Velocity and temperature profiles according to the height in city.

Pseudo-compressibility parameter

The numerical test computed by varying ε =
[
10−3, 10−4, 10−5

]
. The numerical results show

that the pseudo-compressibility parameter affect a little the computational results. Some results
of the fields temperature profiles for different value of ε are showing in Figure (1.8).

Figure 1.8: Fields Temperature profiles for the difference value of ε = 10−3, ε = 10−4 and
ε = 10−5.

Short form of Central Business District

The CBD can be described as follows: we keep the same dimension of the city in length and
width, 25m height, and green spaces 10m in length, 16m in width and 2.5m in height for the
first space and 2m for the second. For the overall computation time, we have chosen T = 50s for
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Figure 1.9: Profile temperature and velocity according to the variation of ε.

a time step of 0.1s. The numerical results obtained by using the above method of the artificial
compressibility for the 3D

Figure 1.10: Fields Temperature profiles for 3D build: nonoptimal in the left and the optimal in
the right .

According to the tests, we have done on the temperature profil before and after the optimal
control. Fig. 10 shows the distribution of temperature along the city. From a global point of
view, compact cities have a positive impact because they minimize energy consumption, and
possibly CO2 emissions. But from a local point of view, compact cities have a relatively negative
impact in creating a dangerous urban climate for human health. Urban morphology and building
density can alter the initial flow of the wind. In the addition of green spaces between buildings
reduces the formation of vorticity to the ground, which results in the reduction of urban heat
islands in the city by the decrease in air speed. The presence of vegetation in the city contributes
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to local attenuation of urban heat islands. The cooling effect varies according to the organization
of the vegetation, the surface and the type of vegetation. However, the effects of small green
spaces is not negligible. In general, the solutions that allow us to reduce urban heat islands is to
replace pavement paving materials with green surfaces. The movement of the air at low velocities
gives a refreshing, confortable feeling to people moving in the city. The cooling effect felt can be
expressed according to the decrease of the air temperature which would give the same refreshing
effect in calm air.

1.8.2 Caen Normandy University Campus

In the second application, we consider a campus area of the university located at ≈ 49.21 latitude
and ≈ −0.36 longitude. We consider the domain Ω ⊂ R2 a rectangular shape of 330m× 235m.
The total duration for this simulation is T = 10s for a time step of dt = 0.01s, and 13499 triangles.
In the case of this problem for this structure, we consider just one green space because the
coordinates in the x and y directions are variable both. From the initial coordinates p1x = 100,
p1y = 60, p2x = 100, p2y = 30, p3x = 180, p3y = 30, p4x = 180, p4y = 60, to the new
coordinates for the optimal location of the green space p1xSPG = 103.1644, p1ySPG = 59.5934,
p2xSPG = 101.9247, p2ySPG = 32.5414, p3xSPG = 177.0478, p3ySPG = 32.8829, p4xSPG = 179.4662,
p4ySPG = 57.1102

Figure 1.11: Initial mesh of Caen university.

Figure 1.12: Air temperature and velocity profiles for non optimal in the left and optimal green
locations in the right.

The results obtained show that the architecture of the green spaces influence the temperature
distribution in the urbain environment even if we see a small change due to the complexity of
the interaction between green spaces and the climate inside the urban environment.
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Figure 1.13: 3D air temperature profile for optimal green locations of Caen university.

1.9 Conclusion

The architecture and urbanization of cities have a very important role in preventing overheating,
and the generation of urban heat islands.
The contribution of nature in the city is certainly one of the most interesting solutions to reduce
the effects of urban heat island, but also for better management of the water cycle, while making
the interurban more pleasant.
In this chapter a porous media-based model was developed in order to analyze the mitigation of
the urban heat island effect. The focus was placed on presenting the applicability and relevance
of a better combination between optimization techniques, and optimal control theory of partial
differential equations to ensure the comfort in urban areas. Numerical results illustrate the main
features of the developed approach.
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Chapter 2

On error estimates of the artificial
compressibility for the unsteady
Navier-Stokes Forchheimer Fourier
problem
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2.1 Introduction

Human, industrial activities or natural phenomena significantly influence climate change in cities
such as atmospheric pollution by the emission of greenhouse gases and also the formation of heat
islands due to solar energy stored by the buildings. Urban Heat Island are a natural phenomenon
describing the difference temperature between urban and rural area. Cities are considered porous
environments. A porous media refers to a solid full of empty space that is filled with a fluid.
The mechanism of transport in the city is governed by the Navier-Stokes Forchheimer equations
for air flow and the energy equation for the temperature. When the airflow encounters a city,
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it will flow through and over the porous city. The whole domain consists of the porous urban
region and a clear fluid region with an interface between them. A lot of theoretical and numerical
attention has been paid to Forchheimer models applied to solve some environmental problems in
the case of porous media related to urban heat islands, we can cite [16],[17] and [18].

The convection-diffusion problem coupled with the non-stationary incompressible Boussinesq
equations are widely studied. There are several methods of numerical approximations have been
studied the convection-diffusion problem. Shen [9] analyzed the existence and uniqueness of the
solution of the stationary convection-diffusion problem with Bernard-Raugel elements. Shi and
Ren [22] proved a nonconforming mixed finite element method. Kim and Choi [23] analyzed
conduction and natural convection between two concentric cylinders under the effects of solar
irradiation. We know that the velocity u, the pressure p and the temperature θ are coupled by
the incompressibility constraint ∇.u = 0. To solve this coupling problem, we use the penalty or
artificial compressibility methods. Shen [9] showed the optimal error estimate for the equations
of Unsteady Navier-Stokes. He [24] extended the error analysis of the stationary Navier-Stokes
problem using the finite element method. Wang and all [25] studied the error estimates of a
penalized system and an extension to a total discretization of the scheme [26]. Haiyan, Yinnian
and Xinlong [27] proposed the penalty method to solve the Navier-Stokes problem coupled with
the nonstationary convection-diffusion problem in a domain of dimension N = 2 under assump-
tions on the initial data.

In this chapter, we propose and analyse the artificial compressibility method for the unsteady
incompressible Navier-Stokes Forchheimer Fourier system. We know, in the literature there are
several methods to relax the incompressibility constraint to solve the incompressible Navier-
Stokes equations [1], [2]. In recent years several authors and works are interested to studying
the models of porous media such as the approxiamtion of the unsteady Brinkman-Forchheimer
equations by the pressure stabilization method and by the pseudo-compressibility methode [3],
[4]. In the case of the coupled equations such as the viscous incompressible flow and heat transfer
process [5], [6].

Let Ω be a bounded domain in Rn (withn = 2, 3) and its boundary ∂Ω. We consider the
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following unsteady Forchheimer Fourier problem :

ut − λ∆u+ (u.∇)u+ au+ b | u | u+∇p = dgβθ − dgβθin − dgβ Ω× [0, T ]

θt − κ∆θ + (u.∇)θ = G Ω× [0, T ]

div u = 0 Ω× [0, T ]

u(x, t) = 0 Γ× [0, T ]

θ(x, t) = 0 Γ× [0, T ]

p(x, t) = 0 Γ× [0, T ]

u(x, t = 0) = 0, θ(x, t = 0) = ϕ(x) x ∈ Ω

(2.1)

where u = (u1, · · · , un) is the vector velocity, p the pressure, θ the temperature, λ > 0 the
viscosity, κ the thermal diffusivity, G, g and ϕ(x, y) are given functions, the constants a > 0, b >

0 are the Darcy and Forchheimer coefficients respectively, β > 0 is the coefficient of volume
expansion, and d is a positive constant.
We define also the artificial compressibility system given by

uεt − λ∆uε + (uε.∇)uε + auε + b | uε | uε +∇pε = dgβθε − dgβθin − dgβ Ω× [0, T ]

θεt − κ∆θε + (uε.∇)θε = G Ω× [0, T ]

εpεt +∇.uε = 0 Ω× [0, T ]

uε(x, t) = 0 Γ× [0, T ]

θε(x, t) = 0 Γ× [0, T ]

pε(x, t) = 0 Γ× [0, T ]

uε(x, t = 0) = 0 θε(x, t = 0) = ϕ(x) x ∈ Ω

(2.2)

In order to derive the error estimates for the artificial compressibility Navier-Stokes Forchheimer
Fourier problem, we organize the chapter as follows. Section 2 is devoted to some notations and
preliminaries results related to the problem (2.1). We obtain the regularity of the solution of the
system. In the section 3, we provide error estimates for the linearized perturbed system. The
nonlinear problem is treated in Section 4. In this part, we obtain an error estimate of order O(ε).
In section 5, we discretize the problem in space by using finite element method and in time by
using the backward Euler explicit scheme. We implement the above scheme in FreeFem++ and
we present some numerical results. Finally, we give a conclusion to summarize our contribution.

2.2 Prelimanaries

We first introduce some of the notations and results which will be used in the demonstration of
this work.
We will use the standard notations L2(Ω), Hk(Ω) and Hk

0 (Ω) to denote the usual Sobelv spaces
over Ω. We denote by ‖.‖k and ‖.‖ respectively the norms in Hk(Ω) and in L2(Ω). We denote
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(., .) the scalar product in L2(Ω). We introduce the following Hilbert spaces

X = H1
0 (Ω)2, W = H1

0 (Ω), M =

{
q ∈ L2(Ω);

∫
Ω
qdx

}
We also introduce the Hilbert space H and V defined by

H =
{
v ∈ L2(Ω)2; div v = 0; v.n|∂Ω

}
V = {v ∈ X; div v = 0}

We define Au = ∆u and Aεu = ∆u− 1

ε
∇div u. They are the positive self-adjoint operators from

D(A) = H2(Ω)2 ∩X (or H2(Ω)2 ∩W ) onto L2(Ω)2 ( or L2(Ω)). It is valid that

(Ãu, v) = (Ã1/2u, Ã1/2v), ∀u ∈ D(A), v ∈ X, (or W )

where Ã = A or Aε. In paticular

(Ã1/2u, Ã1/2v) = (∇u,∇v), ∀u, v ∈ X(or W ) (2.3)

(Ã1/2
ε u, Ã1/2

ε v) = (A1/2u,A1/2v) +
1

ε
(divu,divv), ∀u, v ∈ X (2.4)

It is know that (see [7], [8])

‖u‖L4 ≤ α0‖u‖1/2‖A1/2u‖1/2, ‖u‖ ≤ α0‖A1/2u‖,∀u ∈ X, (or W ) (2.5)

‖A1/2u‖L4 ≤ α0‖A1/2u‖1/2‖Au‖1/2, ‖A1/2u‖ ≤ α0‖Au‖, ∀u ∈ D(A) (2.6)

where α0 is a positive constant depending only on Ω. The following Lemma [9] is useful for the
remainder of the topic analysis.

Lemma 2.2.1. There exists a constant C > 0, depending only on Ω and such that for ε suffi-
ciently small, we have

‖Au‖ ≤ C‖Aεu‖ ∀u ∈ D(A)

‖A1/2u‖ ≤ C‖A1/2
ε u‖ ∀u ∈ X

‖A−1
ε u‖ ≤ C‖u‖−2 ∀u ∈ H−2(Ω)2

We define the continuous bilinear forms

a(u, v) = λ(∇u,∇v), ∀u, v ∈ X

aε(u, v) = λ(A1/2
ε u,A1/2

ε v), ∀u, v ∈ X

ā(θ, ϕ) = κ(∇θ,∇ϕ), ∀θ, ϕ ∈W

δ(v, q) = (q,div v), ∀v ∈ X, q ∈M

(2.7)

We now introduce some operators usually associated with Forchheimer-Fourier system and their
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approximations.

B̃ (u, v, w) = ((u.∇) v, w) =

∫
Ω

n∑
i,j=1

uj(x)
∂vi(x)

∂xj
wi(x)dx ∀(u, v, w) ∈ X

˜̃B (u, θ, ψ) = ((u.∇) θ, ψ) =

∫
Ω

n∑
j=1

uj(x)
∂θ(x)

∂xj
ψ(x)dx ∀u ∈ X,T, ψ ∈W

Some estimates of the trilinear B̃(., ., .) can be found in [10], [11], [12]

B̃(u, v, w) = −B̃(u,w, v), ∀u, v, w ∈ X (2.8)

| B̃(u, v, w) |≤ C‖u‖1‖v‖
1
2
1 ‖v‖

1
2
2 ‖w‖, ∀u,w ∈ X, v ∈ D(A) (2.9)

| B̃(u, v, w) |+ | B̃(v, u, w) | + | B̃(w, v, w) |

≤ C‖u‖1‖v‖2‖w‖,∀u ∈ D(A), v, w ∈ X
(2.10)

Similarly, it is easy to verify that B̃(., ., .) the following important proprety

˜̃B(u, θ, ψ) = − ˜̃B(u, ψ, θ), ∀u ∈ X,T, ψ ∈W (2.11)

|
˜̃̃
B(u, θ, ψ) |≤ C‖u‖1‖θ‖

1
2
1 ‖θ‖

1
2
2 ‖ψ‖, ∀u ∈ X, θ ∈ D(A), ψ ∈W (2.12)

| ˜̃B(u, θ, ψ) |+ | ˜̃B(θ, u, ψ) | + | ˜̃B(ψ, θ, u) |

≤ C‖u‖1‖θ‖2‖ψ‖, ∀T ∈ D(A), u ∈ X,ψ ∈W
(2.13)

We have also

B̃(u, v, v) = 0 ∀u, v ∈ X (2.14)

The variational formulation of the problem (2.1): Find (u, p, θ) ∈ (X,M,W ), for all t ∈ [0, T ]

and (v̂, φ̂, ψ̂) ∈ (X,M,W )

(ut, v̂) + a(u, v̂) + (au, v̂) + B̃(u, u, v̂) + (b | u | u, v̂)− δ(v̂, p)

= (dgβθ, v̂)− (dgβθin, v̂)− (dgβ, v̂)

δ(u, φ̂) = 0

(θt, ψ̂) + ā(θ, ψ̂) + ˜̃B(u, θ, ψ̂) = (G, ψ̂)

(2.15)

The artificial compressibility method applied to (2.15) is that to find:
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(uε, pε, θε) ∈ (X,M,W ), for all t ∈ [0, T ], such that for all (v̂, φ̂, ψ̂) ∈ (X,M,W )

(uεt , v̂) + a(uε, v̂) + (auε, v̂) + B̃(uε, uε, v̂) + (b | u | uε, v̂)− δ(v̂, pε)

= (dgβθε, v̂)− (dgβθin, v̂)− (dgβ, v̂)

δ(uε, φ̂) + ε(pεt , φ̂) = 0

(θεt , ψ̂) + ā(θε, ψ̂) + ˜̃B(uε, θε, ψ̂) = (G, ψ̂)

(2.16)

Theorem 2.2.2. if ϕ(x) ∈ H2(Ω), problem (2.15) has unique solution
(u, p, θ) ∈

[
L2 (0, T ;X) ∩H1 (0, T ;V )

]
× L2 (0, T ;M)×H1 (0, tN ;W ), satisfies

‖∇θ(i)‖+ ‖θ(i)‖+ ‖∇u(i)‖+ ‖u(i)‖ ≤ ϑ(t) 0 ≤ i ≤ 3

where ϑ(t) is a continuous positive function depends on the data of ϕ(x).

Theorem 2.2.3. if ϕ(x) ∈ H2(Ω), the artificial compressibility Navier-Stokes Forchheimer
Fourier has a unique solution (uε, pε, θε) ∈

[
L∞([0, T ];H2(Ω)) ∩ L2([0, T ];X)

]
×L2([0, T ];M)×

H1([0, T ];W ).

The solutions (uε, pε, θε) converge to the solution (u, p, θ) uniformly as ε→ 0 has been proved
in [20]. We can also refer to the proof of Theorem 3.1 and Theorem 3.2 in [13].

By using a similar argument to [21] we have the following propreties

• (H1). Assume that the initial velocity u0 ∈ V and f ∈ L∞
(
[0, T ];L2(Ω)

)
, the initial

temperature ϕ ∈W , then θ ∈ L∞
(
[0, T ];L2(Ω)

)
,

there exists a finite time t < T such that

u ∈ C ([0, t];V ) ∩ L2
(
[0, t];H2(Ω)

)
θ ∈ L2

(
[0, t];H2(Ω)

)
p ∈ L2

(
[0, t];H1(Ω)/R

) (2.17)

• (H2). Assume that ϕ ∈ H2(Ω) and tft ∈ L∞
(
[0, t];L2(Ω)

)
, then tθt ∈ L∞

(
[0, t];L2(Ω)

)
.

By using the smoothing proprety of the Navier-Stokes Forchheimer Fourier problem, we
has

tpt ∈ L2
(
[0, t];H1(Ω)

)
(2.18)

t2ptt ∈ L2
(
[0, t];H1(Ω)

)
(2.19)

g ∈ L2
(
[0, t];L2(Ω)

)
(2.20)
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We recall the property of the monotonicity for any mapping F defined as
F : x 7−→| x | x :

(| u | u− | v | v, u− v) ≥ 0 (2.21)

The following Sobolev inequality is useful to deal with the nonlinear form F

‖v‖p ≤ ‖∇v‖, 1 ≤ p ≤ 6 (2.22)

It is known that if ∂Ω is smooth enough, we have for any v ∈ V ∩H2(Ω)

‖v‖2 ≤ ‖∆̃v‖ (2.23)

where ∆̃ is the Stokes operator.

Lemma 2.2.4. Assume that u, v ∈ H1
0 satisfy the estimates (2.22). Then

‖F (u)− F (v)‖ ≤ C‖∇(u− v)‖ (2.24)

For the prrof of this Lemma see [14].

For the readers convenience, we recall two lemmas of Gronwall type which which will fre-
quently used.

Lemma 2.2.5. (Gronwall Lemma). Let y(t), h(t), g(t), f(t) be nonnegative functions satisfying

y(t) +

∫ t

0
h(s) ≤ y(0) +

∫ t

0
(g(s)y(s) + f(s)) ds ∀0 ≤ t ≤ T,with

∫ T

0
g(t)dt ≤M

Then

y(t) +

∫ t

0
h(s)ds ≤ exp(M)

(
y(0) +

∫ t

0
f(s)ds

)
, ∀0 ≤ t ≤ T

Lemma 2.2.6. (Discrete Gronwall Lemma). Let yn(t), hn(t), gn(t), fn(t) be nonnegative func-
tions satisfying

ym + k
m∑
n=1

gn ≤ k
m∑
n=1

yngn + C,∀1 ≤ m ≤ T

k
(2.25)

assume khn ≤ 1

2
and for all 1 ≤ n ≤ T

k
then

ymk

m∑
n=1

gn ≤ Cexp

(
2k

m−1∑
n=1

yn

)
∀1 ≤ m ≤ T

k
(2.26)

We recall also the generalization of the Gronwall-Bellman Lemma given by

Lemma 2.2.7. Let y(t) be a positive differentiable function satisfying the inequality:

y(t) =≤ c+

∫ t

a
(f(s)y(s) + g(s)yn(s)) ds, t ∈ I = [a, b] (2.27)
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where c ≥ 0; the function f(t) and g(t) are continuous in I and n > 1 is a constant. Then:

y(t) ≤
cexp

(∫ t

a
f(s)ds

)
(

1− (n− 1)cn−1

∫ t

a
g(s)exp

(
(n− 1)

∫ s

a
f(τ)dτ

)
ds

) 1
n−1

(2.28)

Under assumption, for t, s ∈ [a, b]

1− (n− 1)cn−1

∫ t

a
g(s)exp

(
(n− 1)

∫ s

a
f(τ)dτ

)
ds > 0 (2.29)

for the proof of this Lemma see [19].

2.3 Analysis of the problem

Let Ω ∈ Rd with (d= 2 or 3) be an open bounded set with a sufficiently smooth boundary. Before
studying the error estimates of the Navier-Stokes Forchheimer Fourier system. In the first step,
we demonstrate the regularity of the solution of the system.

The unsteady incompressible Navier-Stokes Forchheimer Fourier equation system is written
as

ut − λ∆u+ (u.∇)u+ au+ b | u | u = −∇p+ dgβθ + f (2.30)

θt − λ∆θ + (u.∇) θ = G (2.31)

∇.u = 0 (2.32)

where f = −dg (βθin + 1) and f ∈ L2(Ω). The unknowns are the velocity u, the pressure p and
the temperature θ. The system (2.30)-(2.31) should be completed with an initial condition

u(x, t = 0) = u0 θ(x, t = 0) = θ0 x ∈ Ω (2.33)

and an appropriate boundary condition. For the sake of simplicity, we shall consider only the
homogeneous Dirichlet boundary condition for the triplet (u, p, θ).

Lemma 2.3.1. We assume that u0, θ0 and g satisfy the following regularity

u0 ∈ L2 (0, T ;X) ∩H1 (0, T ;V )

θ0 ∈ H1 (0, T ;W )

g ∈ L∞, f, ft ∈ L2, G,Gt ∈ L2
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and we have the condition
4T

λ

[
‖∇u0‖2 +

4T‖G‖2d2β2

κλ

]
< 1

Then, there exists t ≤ T such the solution of the system (2.30), (2.31) satisfies

‖u(t)‖2 + ‖ut(t)‖+ ‖p(t)‖1 ≤ C

‖θ(t)‖2 + ‖θt(t)‖ ≤ C

Proof. Multiply the equations (2.30) and (2.31) with ∆̃u and θ respectively and integrate the
resulting equations to obtain

1

2

d

dt
‖∇u‖2 + λ‖∆̃u‖2 + a‖∇u‖2 =

(
dgβθ, ∆̃u

)
−
(
b | u | u, ∆̃u

)
− B̃

(
u, u, ∆̃u

)
+
(
f, ∆̃u

) (2.34)

and for the Fourier equation, we have

1

2

d

dt
‖θ‖2 + κ‖∇θ‖2 = (G, θ)− ˜̃B (u, θ, θ) (2.35)

Using Cauchy-Schwarz and Young inequalities for the right hand side of (2.34) and (2.35)
respectively, we have

|
(
dgβθ, ∆̃u

)
| ≤ dβ‖g‖L∞‖θ‖‖∆̃u‖

≤
2d2β2‖g‖2L∞

λ
‖θ‖2 +

λ

8
‖∆̃u‖2

|
(
b | u | u, ∆̃u

)
|≤ 2b2

λ
‖∇u‖44 +

λ

8
‖∆̃u‖2

| B̃
(
u, u, ∆̃u

)
|≤ λ

8
‖∆̃u‖2 +

2

λ
‖∇u‖4

|
(
f, ∆̃u

)
|≤ 2

λ
‖f‖2 +

λ

8
‖∆̃u‖2

Substituting all this approximation in (2.34), we get

1

2

d

dt
‖∇u‖2 +

λ

2
‖∆̃u‖2 + a‖∇u‖2 ≤

2d2β2‖g‖2L∞
λ

‖θ‖2 +
2

λ
‖∇u‖4 +

2

λ
‖f‖2 (2.36)

Similary for the Fourier equation (2.35), we have

| (G, θ) |≤ ‖G‖‖θ‖ ≤ κ

2
‖∇θ‖2 +

1

κ
‖G‖2

By replacing these term in (2.35), we get

1

2

d

dt
‖θ‖2 +

κ

2
‖∇θ‖2 ≤ 1

κ
‖G‖2 (2.37)
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‖θ‖2 +

∫ t

0
‖∇θ(s)‖2ds ≤ C1 (2.38)

Using (2.38) in (2.36), we have

1

2

d

dt
‖∇u‖2 +

λ

2
‖∆̃u‖2 ≤C1 +

2

λ
‖∇u‖4 +

2

λ
‖f‖2 (2.39)

where :

C1 =
T‖G‖2

κ

2d2β2‖g‖2L∞
λ

In particular, it is equivalent to solve the following equation, and pose ε =
2

λ

d

dt
y(t) ≤ εy(t)2 with y(t) = ‖∇u‖2 + C2, y(0) = ‖∇u(0)‖2 + C2

Then we have

1

2

d

dt
‖∇u‖2 ≤ C1 +

2

λ

(
‖∇u‖2

)2 with C1 =
1

λ

[
2d2β2T‖g‖2L∞‖G‖2

κ

]
(2.40)

Using Gronwall generalization Lemma (2.2.7), we deduce that

‖∇u(t)‖2 ≤ C3 (2.41)

Consequently, using (2.39) and (2.41)

sup
0≤t≤T

‖∇u(t)‖2 + λ

∫ t

0
‖∆̃u(t)‖2dt ≤ C (2.42)

We multiplay the fisrt derivative of (2.30)(2.31) with ut and θt respectively, we integrate the
resulting equations, we have

1

2

d

dt
‖ut‖2 +

λ

2
‖∇ut‖2 + a‖ut‖2 ≤

4d2β2‖g‖2L∞
λ

‖θ‖2 +
4

λ
(‖u‖1‖u‖2) ‖ut‖2

4c

λ
‖ | u | ‖2 +

4

λ
‖ft‖2

(2.43)

1

2

d

dt
‖θt‖2 + κ‖∇θt‖2 ≤

2

κ
(‖θ‖1‖θ‖2) ‖ut‖2 +

2

κ
‖Gt‖2 (2.44)
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We integrate (2.43) and (2.44) with respect to t, we obtain

‖ut‖2 + λ

∫ t

0
‖∇ut(s)‖2ds+ a

∫ t

0
‖ut(s)‖2ds ≤

4d2β2‖g‖2L∞
λ

∫ t

0
‖θt(s)‖2ds

+
4

λ
(‖u‖1‖u‖2)

∫ t

0
‖ut(s)‖2ds

+
4c

λ
‖ | u | ‖2

∫ t

0
‖ut(s)‖2ds+

4

λ
‖ft‖2

∫ t

0
ds

(2.45)

‖θt‖2 + κ

∫ t

0
‖∇θt(s)‖2ds ≤

2

κ
(‖θ‖1‖θ‖2)

∫ t

0
‖ut(s)‖2ds+

2

κ
‖Gt‖2

∫ t

0
ds (2.46)

From (2.46), we have∫ t

0
‖∇θt(s)‖2ds ≤

2

κ2
(‖θ‖1‖θ‖2)

∫ t

0
‖ut(s)‖2ds−

2

κ
‖θt‖2 +

2

κ2
‖Gt‖2

∫ t

0
ds (2.47)

We replace ‖θt‖2 with c‖∇θt‖2 in (2.45) and using (2.47), we have

‖ut‖2 + λ

∫ t

0
‖∇ut(s)‖2ds+ a

∫ t

0
‖ut(s)‖2ds ≤

4c2d2β2‖g‖2L∞
λ

∫ t

0
‖∇θt(s)‖2ds

+
4

λ
(‖u‖1‖u‖2)

∫ t

0
‖ut(s)‖2ds

+
4c

λ
‖ | u | ‖2

∫ t

0
‖ut(s)‖2ds+

4

λ
‖ft‖2

∫ t

0
ds

(2.48)

‖ut‖2 + λ

∫ t

0
‖∇ut(s)‖2ds+ a

∫ t

0
‖ut(s)‖2ds ≤

8c2d2β2‖g‖2L∞
κ2λ

(‖θ‖1‖θ‖2)

∫ t

0
‖ut(s)‖2ds

+
4

λ
(‖u‖1‖u‖2)

∫ t

0
‖ut(s)‖2ds

+
4c

λ
‖ | u | ‖2

∫ t

0
‖ut(s)‖2ds

+

[
4

λ
‖ft‖2 +

8c2d2β2‖g‖2L∞
κ2λ

‖Gt‖2
] ∫ t

0
ds

So, we have

‖ut‖2 + λ

∫ t

0
‖∇ut(s)‖2ds+ a

∫ t

0
‖ut(s)‖2ds ≤ C (2.49)

Now, taking the time derivative of (2.30) and (2.31), we obtain

utt − λ∆ut + B̃ (ut, u) + B̃ (u, ut) + aut + 2b | u | ut = −∇pt + dgβθt + ft (2.50)
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θtt − λ∆θt = Gt − ˜̃B (ut, θ)− ˜̃B (u, θt) (2.51)

Multiplying the relation (2.51) with θt, we get

1

2

d

dt
‖θt‖2 + κ‖∇θt‖2 = (Gt, θt)− ˜̃B (ut, θ, θt)− ˜̃B (u, θt, θt)

= (Gt, θt)− ˜̃B (ut, θ, θt)

(2.52)

Using Cauchy-Schwarz and Young inequalities for the right hand side of (2.34)

| (G, θt) |≤ ‖G‖‖θt‖ ≤
κ

4
‖∇θ‖2 +

2

κ
‖G‖2

| ˜̃B (ut, θ, θt) | ≤ ‖ut‖‖θ‖1/21 ‖θ‖
1/2
2 ‖∇θt‖

≤ κ

4
‖∇θt‖2 +

2

κ
‖θ‖1‖θ‖2‖ut‖2

1

2

d

dt
‖θt‖2 +

κ

2
‖∇θt‖2 ≤

2

κ
(‖θ‖1‖θ‖2) ‖ut‖2 +

2

κ
‖Gt‖2 (2.53)

Using Cauchy-Schwarz inequality,

∫ t

0
‖θ(s)‖1‖θ(s)‖2ds ≤

(∫ t

0
‖θ(s)‖21ds

) 1
2
(∫ t

0
‖θ(s)‖22ds

) 1
2

≤ C (2.54)

Applying Gronwall Lemma to (2.53) and (2.49), we obtain

‖θt(t)‖22 +

∫ t

0
‖∇θt(s)‖22ds ≤ C (2.55)

Now, multiplying the equation (2.50) with ut, we get

1

2

d

dt
‖ut‖2 + λ‖∇ut‖2 + a‖ut‖2 = (dgβθt, ut)− (2b | u | ut, ut)

− B̃ (ut, u, ut) + (ft, ut)

(2.56)

| (dgβθt, ut) | ≤
4d2β2‖g‖2L∞

λ
‖θt‖2 +

λ

8
‖∇ut‖2

| B̃ (ut, u, ut) | ≤ ‖ut‖‖u‖1/21 ‖u‖
1/2
2 ‖∇ut‖

≤ λ

8
‖∇ut‖2 +

4

λ
‖u‖1‖u‖2‖ut‖2

| (ft, ut) |≤
4

λ
‖ft‖2 +

λ

8
‖∇ut‖2

| (2b | u | ut, ut) | ≤ c‖ | u | ‖‖ut‖‖∇ut‖

≤ 4c

λ
‖ | u | ‖2‖ut‖2 +

λ

8
‖∇ut‖2
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By replacing the different terms in the equation (2.56), we get

1

2

d

dt
‖ut‖2 +

λ

2
‖∇ut‖2 + a‖ut‖2 ≤

4d2β2‖g‖2L∞
λ

‖θt‖2 +
4

λ
‖u‖1‖u‖2‖ut‖2

+
4c

λ
‖ | u | ‖2‖ut‖2 +

4

λ
‖ft‖2

(2.57)

Using Cauchy-Schwarz inequality, estimates (2.23) and (2.42), to have

∫ t

0
‖u(s)‖1‖u(s)‖2ds ≤

(∫ t

0
‖u(s)‖21ds

) 1
2
(∫ t

0
‖u(s)‖22ds

) 1
2

≤ C (2.58)

Using (2.55) and applying Gronwall Lemma to (2.57), we obtain

‖ut‖2 +

∫ t

0

(
λ‖∇ut(s)‖2 + a‖ut(s)‖2

)
ds ≤ C (2.59)

Multiplying the equation (2.30) by ∆̃u, we get

λ‖∆̃u‖ =−
(
ut, ∆̃u

)
−
(
aut, ∆̃u

)
−
(
b | u | u, ∆̃u

)
−
(
B̃(u, u, ∆̃u)

)
+
(
dβgθ, ∆̃u

)
+
(
f, ∆̃u

)
≤ λ

10
‖∆̃u‖2 + 2λ‖ut‖2 + 2a‖∇u‖2 +

λ

10
‖∆̃u‖2

+
5b

λ
‖∇u‖44 +

λ

10
‖∆̃u‖2 +

λ

10
‖∆̃u‖2 +

5

λ
‖∇u‖6

+
λ

10
‖∆̃u‖2 + 2d2β2‖g‖2L∞‖θ‖

2 +
λ

10
‖∆̃u‖2 +

10

λ
‖f‖2

So, we can deduce
‖u‖2 ≤ C ∀t ∈ [0, T1] (2.60)

‖θ‖2 ≤ C ∀t ∈ [0, T1] (2.61)

For the pressure estimate, we use the equation (2.30) to have

‖∇p‖ ≤
(
‖ut‖+ λ‖∇u‖+ a‖u‖+ b‖ | u |2 ‖+ ‖B̃ (u, u) ‖+ dβ‖g‖‖θ‖+ ‖f‖

)
(2.62)

Using the Hölder’s inequality, we have

‖B̃ (u, u) ‖ ≤ c‖u‖4‖∇u‖4

Using Galiardo-Nirenberg’s inequalities, we have

‖u‖4 ≤ c‖u‖1/2‖Au1/2‖1/2
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‖∇u‖4 ≤ c‖∇v‖3/2

Hence
‖B̃ (u, u) ‖ ≤ c‖u‖1/2‖‖22 ≤ C

Lemma 2.3.2. We suppose in addition

ft, ftt ∈ C
[
0, T ;L2(Ω)

]
Gt,Gtt ∈ C

[
0, T ;L2(Ω)

]
The the solution of the system (2.30), (2.31)

‖ut(t)‖22 + ‖∇pt‖+

∫ t

0

(
‖utt(s)‖22 + ‖ptt(s)‖21

)
ds ≤ C ∀t ∈ [0, T1]

‖θt(t)‖22 +

∫ t

0
‖θtt(s)‖22ds ≤ C

Proof. We have the time derivative of (2.30), (2.31)

utt − λ∆ut + aut =−∇pt + dgβθt + ft

− B̃ (ut, u)− B̃ (u, ut)− 2b | u | ut
(2.63)

θtt − κ∆θt = Gt − ˜̃B (ut, θ)− ˜̃B (u, θt) (2.64)

Multiplying the equation (2.63) by ∆̃ut and (2.64) by θt, we have

1

2

d

dt
‖∇ut‖2 + λ‖∆̃ut‖2 + a‖∇ut‖2 =

(
dgβθt, ∆̃ut

)
−
(
b | u | ut, ∆̃ut

)
− B̃

(
ut, u, ∆̃ut

)
− B̃

(
u, ut, ∆̃ut

)
+
(
f, ∆̃ut

)
Using Cauchy-Schwarz and Young inequalities, we have

| B̃
(
ut, u, ∆̃ut

)
| ≤ λ

10
‖∆̃ut‖2 +

5

λ
‖u‖22‖∇ut‖2

| B̃
(
u, ut, ∆̃ut

)
|≤ λ

10
‖∆̃ut‖2 +

5

λ
‖u‖22‖∇ut‖2

|
(
dgβθt, ∆̃ut

)
|≤ λ

10
‖∆̃ut‖2 +

5d2β2‖g‖2L∞
λ

‖θt‖2

|
(
b | u | ut, ∆̃ut

)
|≤ λ

10
‖∆̃ut‖2 +

5b2

λ
‖u‖2‖ut‖2

|
(
f, ∆̃ut

)
|≤ λ

10
‖∆̃ut‖2 +

5

λ
‖f‖2
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1

2

d

dt
‖∇ut‖2 +

λ

2
‖∆̃ut‖2 + a‖∇ut‖2 ≤

5d2β2‖g‖2L∞
λ

‖θt‖2 +
10

λ
‖u‖22‖∇ut‖2

+
5b2

λ
‖u‖2‖ut‖2 +

5

λ
‖f‖2

Using the previous estimates (2.22), (2.41), (2.60), (2.59) and (2.56), to obtain

1

2

d

dt
‖∇ut‖2 + λ‖∆̃ut‖2 ≤ C3 + C‖∇ut‖2 +

10

λ
‖f‖2 (2.65)

Thanks to Gronwall’s inequality, we infer that

sup
0≤t≤T

‖∇ut(t)‖2 + λ

∫ t

0
‖∆̃ut(t)‖2dt ≤ C (2.66)

Subsequently, we take the second time derivative of the system (2.30),(2.31), we have

uttt + λ∆utt + autt =−∇ptt + dβgθtt − 2b | ut | ut − 2b | u | utt
− B̃ (utt, u)− B̃ (u, utt)− 2B̃ (ut, ut) + ftt

(2.67)

θttt + κ∆θtt = Gtt − ˜̃B (utt, θ)− ˜̃B (u, θtt)− 2 ˜̃B (ut, θt) (2.68)

We take the inner product of (2.67), (2.68) with utt and θtt respectively, we obtain

1

2

d

dt
‖utt‖2 + λ‖∇utt‖2 + a‖utt‖2 = (dβgθtt, utt)− (ftt, utt)

− (2b | ut | ut, utt)− (2b | u | utt, utt)

− 2B̃ (ut, ut, utt)− B̃ (utt, u, utt)

(2.69)

1

2

d

dt
‖θtt‖2 + κ‖∇θtt‖2 = (Gtt, θtt)− 2 ˜̃B (ut, θt, θtt)− ˜̃B (utt, θ, θtt) (2.70)

Using Cauchy-Schwarz and Young inequalities, we have

| ˜̃B (ut, θt, θtt) |≤
κ

6
‖∇θtt‖2 +

3

κ
‖ut‖2‖θt‖2

| ˜̃B (utt, θ, θtt) |≤
κ

6
‖∇θtt‖2 +

3

κ
‖ut‖2‖θtt‖2

| (Gtt, θtt) |≤
κ

6
‖∇θtt‖2 +

3

κ
‖Gtt‖2

Using the estimates (2.66) and applying Gronwall Lemma, we get

‖θtt‖2 + κ

∫ t

0
‖∇θtt(s)‖2ds ≤ C (2.71)

Using Cauchy-Schwarz and Young inequalities for the right hand-side of the equation (2.69), we
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have
| (dβgθtt, utt) | ≤ dβ‖g‖∞‖θtt‖‖∇utt‖

≤ λ

10
‖∇utt‖2 +

5d2β2‖g‖2∞
λ

‖θtt‖2

| (ftt, utt) |≤
λ

10
‖∇utt‖2 +

5

λ
‖ftt‖2

| (b | ut | ut, utt) | ≤ ‖ | ut | ‖‖ut‖‖∇utt‖

≤ λ

10
‖∇utt‖2 +

5

λ
‖ | ut | ‖2‖ut‖2

| (b | u | utt, utt) |≤ ‖ | u | ‖‖utt‖‖utt‖ ≤
λ

12
‖∇utt‖2 +

5b2

λ
‖ | u | ‖2‖utt‖2

| B̃ (ut, ut, utt) |≤ ‖ut‖2‖ut‖1‖utt‖ ≤ ‖∇ut‖2 + ‖ut‖22‖utt‖2

| B̃ (utt, u, utt) |≤ ‖utt‖1‖u‖2‖utt‖ ≤
λ

10
‖∇utt‖2 +

5

λ
‖utt‖2

1

2

d

dt
‖utt‖2 + λ‖∇utt‖2 + a‖utt‖2 ≤

5d2β2‖g‖2∞
λ

‖θtt‖2 +
5

λ
‖ | ut | ‖2‖ut‖2

+
5

λ
‖ | u | ‖2‖utt‖2 + ‖∇ut‖2

+ ‖ut‖22‖utt‖2 +
5

λ
‖utt‖2 +

5

λ
‖ftt‖2

(2.72)

Using the estimates (2.66) and (2.71) and applying the Gronwall Lemma, we get

‖utt‖2 + λ

∫ t

0
‖∇utt(s)‖2ds ≤ C (2.73)

Multiplying the equations (2.63) by ∆̃ut, we obtain

λ‖∆̃ut‖2 =
(
dgβθt, ∆̃ut

)
+
(
ft, ∆̃ut

)
−
(
utt, ∆̃ut

)
−
(
B̃ (ut, u) , ∆̃ut

)
−
(
B̃ (u, ut) , ∆̃ut

)
−
(
aut, ∆̃ut

)
−
(

2b | u | ut, ∆̃ut
)

≤10

λ
‖utt‖2 +

10d2β2‖g‖2L∞
λ

‖θt‖2 +
20

λ
‖u‖22‖∇ut‖2

+ 2a‖∇ut‖2 +
10b

λ
‖u‖2‖ut‖2 +

10

λ
‖f‖2

By applying the previous estimates (2.73), (2.66), (2.55), we can deduce

‖ut‖2 ≤ C ∀t ∈ [0, T ] (2.74)

‖θt‖2 ≤ C ∀t ∈ [0, T ] (2.75)

�
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2.4 Error estimates for the linearized problem

We consider the following linear problem of the Navier-Stokes Forchheimer Fourier equations.
The results in this section will be used in the next section as an intermediate step for analyzing
the nonlinear Navier-Stokes Forchheimer Fourier problem.



∂tu− λ∆u+ au−∇p = dg [β (θ − θin)− 1] in Ω× [0, T ]

∂tθ − η∆θ = G in Ω× [0, T ]

div u = 0 in Ω× [0, T ]

u(x, t = 0) = a0(x), θ(x, t = 0) = τ0(x) in Ω

u(x, t) = 0, θ(x, t) = ξ(x, t) x ∈ Γ1

u(x, t) = 0,
∂θ

∂n
= 0 on (ΓB ∪ Γs)× [0, T ]

(2.76)

The pseudo-compressibility method applied to (2.76) is

∂tuε − λ∆uε + auε −∇pε = dg [β (θε − θin)− 1] in Ω× [0, T ]

∂tθε − η∆θε = G in Ω× [0, T ]

∂tpε + div uε = 0 in Ω× [0, T ]

uε(x, t = 0) = a0(x), θε(x, t = 0) = τ0(x) in Ω

uε(x, t) = 0, θε(x, t) = ξ(x, t) x ∈ Γ1

uε(x, t) = 0,
∂θε
∂n

= 0 on (ΓB ∪ Γs)× [0, T ]

(2.77)

Setting e = u − uε, q = p − pε and ξ = θ − θε, it follows that e(0) = q(0) = ξ(0) = 0. We
shall derive a sequence of estimate for the artificial compressibility error e, q and ξ. Substracting
(2.77) from (2.76)

{
(et, v̂) + a(e, v̂) + (ae, v̂) + ε(qt, φ̂) = ε(pt, φ̂) + (dgβξ, v̂)

(ξ, ψ̂) + ā(ξ, ψ̂) = 0
(2.78)

Lemma 2.4.1. Suppose (H1) and (H2) are valid, ε sufficiently small, for all t ∈ [0, T ], we
have ∫ t

0
s2‖pεt (s)‖2ds ≤ C (2.79)

We recall this result from the reference [9]

Lemma 2.4.2. Suppose (H1) is valid, ε sufficiently small, for all t ∈ [0, T ], we have

‖e‖2 + λ

∫ t

0
‖∇e(s)‖2 + a

∫ t

0
‖e(s)‖2ds+ ε

∫ t

0
‖q(s)‖2 ≤ Cε (2.80)
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∫ t

0
‖e(s)‖2ds ≤ Cε2 (2.81)

‖ξ‖2 + κ

∫ t

0
‖∇ξ(s)‖2ds = 0 (2.82)

Proof. Taking (v̂, φ̂, ψ̂) = (e, q, ξ) in (2.78), we obtain{
(et, e) + a(e, e) + (ae, e) + ε(qt, q) = ε(pt, q) + (dgβξ, e)

(ξt, ξ)− ā(ξ, ξ) = 0
(2.83)

1

2

d

dt
‖e‖2 + λ‖∇e‖2 + a‖e‖2 +

ε

2

d

dt
‖q‖2

≤ ε

2

d

dt
‖p‖2 +

ε

2
‖q‖2 +

λ

2
‖∇e‖2 + C‖g‖2‖∇ξ‖2

(2.84)

and we have
1

2

d

dt
‖ξ‖2 + κ‖∇ξ‖2 = 0 (2.85)

1

2

d

dt
‖e‖2 +

λ

2
‖∇e‖2 + a‖e‖2 +

ε

2

d

dt
‖q‖2 ≤ ε

2

d

dt
‖p‖2 +

ε

2
‖q‖2 (2.86)

Intergrating the above two inequalities from [0, t ≤ T ] thanks to e(0) = 0, q(0) = 0 and ξ(0) = 0,
we have

‖e‖2 + λ

∫ t

0
‖∇e(s)‖2ds+ 2a

∫ t

0
‖e(s)‖2ds+ ε

∫ t

0
‖q(s)‖2 ≤ ε‖p‖2 + 2

∫ t

0
‖q(s)‖2ds (2.87)

‖e‖2 + λ

∫ t

0
‖∇e(s)‖2 + 2a

∫ t

0
‖e(s)‖2ds+ ε‖q‖2 ≤ Cε (2.88)

‖ξ‖2 + κ

∫ t

0
‖∇ξ(s)‖2ds = 0 (2.89)

Now we use the standard parabolic duality argument, for 0 < t ≤ T , we define (w, π) by
ws + λ∆w + aw +∇π = e(s)

∇.w = 0

w(t) = 0

(2.90)

There are the following inequality

λ

∫ t

0
‖w(s)‖22ds+ a

∫ t

0
‖w(s)‖2ds+ +

∫ t

0
‖∇π(s)‖2ds ≤ C

∫ t

0
‖e(s)‖2ds (2.91)
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We take the inner product of (2.90) with e(s) in right of (2.83) and ∇.w = 0, and we derive

‖e‖2 = (ws, e) + λ(∆w, e) + a(w, e) + (∇π, e)

=
d

ds
(w, e)− ε(π, pεt ) + (dgβξ, e)

(2.92)

Integrating from 0 to t, using Schwarz inequality (2.5), (2.89) and (2.91), since w(t) = e(0) = 0,
we have ∫ t

0
‖e(s)‖2ds ≤ ε

∫ t

0
‖π(s)‖‖pεt (s)‖ds+ dgβ

∫ t

0
‖ξ(s)‖‖e(s)‖ds

≤ Cε2

∫ t

0
‖π(s)‖2ds+ Cε2

∫ t

0
‖pεt (s)‖2ds

(2.93)

We conclude ∫ t

0
‖e(s)‖2ds ≤ Cε2 (2.94)

�

Theorem 2.4.3. Suppose (H1) and (H2) are valid, ε sufficiently small, for all t ∈ [0, T ], we
have

t‖e‖2 + λ

∫ t

0
s‖∇e(s)‖2ds+ a

∫ t

0
s‖e(s)‖2ds+ tε

∫ t

0
‖q(s)‖2 ≤ Cε2 (2.95)

∫ t

0
s2‖et(s)‖2ds+ λt2‖∇e‖2 + at2‖e‖2 +

∫ t

0
s2ε‖qtt(s)‖2ds ≤ Cε2 (2.96)

Proof. We have the following error estimates of the artificial compressibility method

et − λ∆e+ ae+∇q = dgβξ (2.97)

∇.e+ εqt = εpt (2.98)

ξt − κ∆ξ = 0 (2.99)

Taking the inner product of (2.97) with te and (2.98) with tq, summing up the two realtions and
using (2.97), we derive

1

2

d

dt
t‖e‖2 + λt‖∇e‖2 + at‖e‖2 +

1

2

d

dt
tε‖q‖2

= tε(pt, e) + (dgβξ, e)

1

2

d

dt
t‖e‖2 + λt‖∇e‖2 + at‖e‖2 +

1

2

d

dt
tε‖q‖2

= tε(pt, e) + (dgβξ, e)

≤ ε

2

d

dt
t‖p‖2 +

ε

2
t‖q‖2 +

λ

2
t‖∇e‖2 + Ct‖g‖2‖∇ξ‖2

(2.100)
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Integrating (2.100) from 0 to t, using the above relation, the Cauchy-Schwarz inequality, Lemma
(2.4.2) and (H2), we derive

t‖e‖2 +
λ

2

∫ t

0
s‖∇e(s)‖2ds+ a

∫ t

0
s‖e(s)‖2ds+ ε

∫ t

0
s‖q(s)‖2

≤ εt‖p‖2 +
ε

2

∫ t

0
s‖q(s)‖2ds+ C

∫ t

0
s‖∇ξ(s)‖2ds ≤ Cε2

(2.101)

Next, we take the partial derivative with respect to t of (2.98), we obtain

∇.et + εqtt = εptt (2.102)

Taking the inner products of (2.97) with t2et and (2.102) with t2q, we have

t2(et, et)− λt2(∆e, et) + at2(e, et) + t2(∇q, et) = t2(dgβξ, et)

(∇.et, et) + ε(qtt, et) = ε(ptt, et)

summing up the two relations, we obtain

t2(et, et)− λt2(∆e, et) +
a

2

d

dt
t2(e, et) + εt2(qtt, et)

= t2
λ

2
‖e‖2 + εt2(ptt, et) + t2(dgβξ, et)

t2‖et‖2 +
λ

2

d

dt
t2‖∇e‖2 + at2‖e‖2 + t2ε‖qtt‖2

≤ λ

2
t2‖e‖2 + t2ε‖ptt‖2 + t2‖∇e‖2 + Ct2‖e‖2 +

Ct2

2
‖g‖2‖ξ‖2∫ t

0
s2‖et(s)‖2ds+ λt2‖∇e‖2 + at2‖e‖2 +

∫ t

0
s2ε‖qtt(s)‖2ds

≤ λ

2
t2‖e‖2 + t2‖∇e‖2 + Ct2‖e‖2 +

Ct2

2
‖g‖2‖ξ‖2 ≤ Cε2

(2.103)

�
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2.5 Error estimates for the nonlinear problem

We consider the following intermediate unsteady Navier-Stokes Forchheimer Fourier problem :
Find u, p and θ such that T > 0

vt − λ∆v + av +∇γ = dgβθ − dgβθin − dgβ − B̃(u, u)− b | u | u Ω× [0, T ]

θt − κ∆θ = G − ˜̃B(u, θ) Ω× [0, T ]

εγt +∇.v = 0 Ω× [0, T ]

v(x, t) = 0 Γ× [0, T ]

θ(x, t) = 0 Γ× [0, T ]

γ(x, t) = 0 Γ× [0, T ]

θ(x, t = 0) = ϕ(x) x ∈ Ω

(2.104)

and the artificial compressibility unsteady Navier-Stokes Forchheimer Fourier problem : Find
uε, pε and θε such that T > 0

uεt − λ∆uε + auε + b | uε | uε +∇pε = dgβθε − dgβθin − dgβ − B̃(uε, uε) Ω× [0, T ]

θεt − κ∆θε = G − ˜̃B(uε, θε) Ω× [0, T ]

εpεt +∇.uε = 0 Ω× [0, T ]

uε(x, t) = 0 Γ× [0, T ]

θε(x, t) = 0 Γ× [0, T ]

pε(x, t) = 0 Γ× [0, T ]

θε(x, t = 0) = ϕ(x) x ∈ Ω

(2.105)
where (u, θ) is the solutions of the problem (2.1).

Letting ρ = v − u, σ = γ − p and subtracting (2.1) from (2.104), we obtain



ρt − λ∆ρ+ aρ+∇σ = 0

εγt +∇.ρ = εpt

ρ(x, t) = 0

σ(x, t) = 0

(2.106)

Lemma 2.5.1. Suppose (H1) and (H2) are valid, ε sufficiently small, for all t ∈ [0, T ], we
have

t‖ρ‖2 + t2‖∇ρ‖2 + tε‖σ‖2 + at2‖ρ‖2 + a

∫ t

0
s‖ρ(s)‖2ds+

∫ t

0
s‖ρ(s)‖2ds

+

∫ t

0
s‖∇ρ‖2ds+ ε

∫ t

0
s2‖σtt(s)‖2ds ≤ Cε2
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Proof. We have dgβθ − B̃(u, u) ∈ L2
(
[0, T ];L2(Ω)

)
. We note that the assumption (H1) for a

linear problem can be replaced by the weaker condition dgβθ ∈ L2
(
[0, T ];L2(Ω)

)
. on the other

hand, it can be easily shown ( see for the instance [8] that tut ∈ L2
(
[0, T ];H1

0 (Ω)
)
). Hence

t
∂

∂t

(
dgβθt − B̃(u, u)

)
= t
(
dgβθ − B̃(ut, u)− B̃(u, ut) ∈ L2

(
[0, T ];L2(Ω)

))
Lemma (2.5.1) is then a direct consequence of Lemma (2.4.2) and Theorem (2.4.3) applied to
(2.106). �

Now, letting η = uε − v, ζ = pε − γ and ς = θε − θ and substracting (2.104) from (2.105)

ηt − λ∆η + B̃(uε, uε)− B̃(u, u) + aη +∇ζ = dgβς − b(| uε | uε− | u | u)

ςt − κ∆ς + ˜̃B(uε, θε)− ˜̃B(u, θ) = 0

εζt +∇.η = 0

η(x, t) = 0

ς(x, t) = 0

ζ(x, t) = 0

(2.107)

Since

B̃(uε, uε)− B̃(u, u) = B̃(uε, uε − u) + B̃(uε − u, u)

= B̃(uε, η + ρ) + B̃(η + ρ, u)

and

˜̃B(uε, θε)− ˜̃B(u, θ) = ˜̃B(uε, θε − θ) + ˜̃B(uε − u, θ)

= ˜̃B(uε, ς) + ˜̃B(η + ρ, θ)

We can rewritte the system (2.107) as

ηt − λ∆η + aη +∇ζ = dgβς − b(| uε | uε− | u | u)− B̃(uε, η + ρ)− B̃(η + ρ, u)

ςt − κ∆ς = − ˜̃B(uε, ς)− ˜̃B(η + ρ, θ)

εζt +∇.η = 0

η(x, t) = 0

ς(x, t) = 0

ζ(x, t) = 0

(2.108)

The weak formulation of the problem (2.108) is defined as follows: Find (η, ζ, ς) ∈ (X,M,W ),
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for all t ∈ [0, T ], such that for all (v̂, φ̂, ψ̂) ∈ (X,M,W )

(ηt, v̂) + λ(∇η,∇v̂) + (aη, v̂)− (ζ,div v̂)

= (dgβς, v̂)− b(| uε | uε− | u | u, v̂)− B̃(uε, η + ρ, v̂)− B̃(η + ρ, u, v̂)

(ςt, ψ̂) + κ(∇ς,∇ψ̂) + ˜̃B(uε, ς, ψ̂) + ˜̃B(η + ρ, θ, ψ̂) = 0

(εζt, φ̂) + (∇.η, φ̂) = 0

(2.109)



(ηt, v̂)− a(η, v̂) + (aη, v̂)− δ(v̂, ζ)

= (dgβς, v̂)− b(| uε | uε− | u | u, v̂)− B̃(uε, η + ρ, v̂)− B̃(η + ρ, u, v̂)

(ςt, ψ̂)− ā(η, ψ̂) = − ˜̃B(uε, ς, ψ̂)− ˜̃B(η + ρ, θ, ψ̂)

(εζt, φ̂) + (∇.η, φ̂) = 0

(2.110)

or 
(ηt, v̂)− a(η, v̂) + (aη, v̂)

= (dgβς, v̂)− b(| uε | uε− | u | u, v̂)− B̃(uε, η + ρ, v̂)− B̃(η + ρ, u, v̂)

(ςt, ψ̂) + ā(η, ψ̂) = − ˜̃B(uε, ς, ψ̂)− ˜̃B(η + ρ, θ, ψ̂)

(2.111)

Lemma 2.5.2. Suppose (H1) and (H2) are valid, ε sufficiently small, for all t ∈ [0, T ], the
following error estimates holds

t‖η‖2 + tε‖ζ‖2 + t‖ς‖2 + t2‖∇η‖2 + t2‖∇ς‖2 + a

∫ t

0
s‖η(s)‖2ds ≤ Cε2

λt2‖∇η‖2 + t2‖ς‖2 + εt2‖ζtt‖2 + at2‖η‖2 +

∫ t

0
s2‖ηt(s)‖2ds+ κ

∫ t

0
s2‖∇ς(s)‖2ds ≤ Cε2

Proof. Taking v̂ = η in (2.111), we have

(ηt, η) + λ(∇η,∇η) + (aη, η) =(dgβς, η)− B̃(uε, η + ρ, η)− B̃(η + ρ, u, η)

− b(| uε | uε− | u | u, η)
(2.112)

Then

1

2

d

dt
‖η‖2 + λ‖∇η‖2 + a‖η‖2 =(dgβς, η)− B̃(uε, η + ρ, η)− B̃(η + ρ, u, η)

− b(| uε | uε− | u | u, η)

(2.113)

Thanks to Lemma (2.2.1), estimates (2.10) and Schwartz inequality we derive that

| B̃(uε, η + ρ, η) | ≤ C‖uε‖‖η + ρ‖‖∇η‖

≤ C‖uε‖2 (‖η‖+ ‖ρ‖ )‖∇η‖

≤ λ

8
‖η‖2 + C‖ρ‖2 + C‖uε‖22‖∇η‖2
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| B̃(η + ρ, u, η) | ≤ λ

8
‖η‖2 + C‖ρ‖2 + C‖u‖22‖∇η‖2

We have

| (| uε | uε− | u | u, η) |=| (| uε | uε− | v | v, η) | + | (| v | v− | u | u, η) | (2.114)

Using (2.21), we have
− | (| uε | uε− | v | v, η) ≤ 0

and

| (| v | v− | u | u, η) |=| (| v | v− | uε | uε, η) | + | (| uε | uε− | u | u,A−1
ε (−ρ− e) |

Same, using (2.21), we have
| (| uε | uε− | u | u,−e) |≤ 0

The, we return to (2.114), we have

| (| uε | uε− | u | u, η) |≤| (| v | v− | uε | uε, η) | + | (| uε | uε− | u | u,−ρ |:= T1 + T2

Based on Lemma (2.2.4) and Young inequality, we get

T1 ≤ C‖∇η‖‖η‖ ≤
λ

8
‖∇η‖2 + C‖η‖2 (2.115)

T2 ≤ C‖∇(η + ρ)‖‖ρ‖ ≤ C (‖∇η‖+ ‖∇ρ‖) ‖ρ‖

≤ λ

8
‖∇η‖2 + C‖ρ‖2 + C‖∇ρ‖‖ρ‖

(2.116)

and for the last term
‖(dgβς, η)‖ ≤ C‖g‖ς‖‖∇η‖

≤ κ

4
‖ς‖2 + C‖g‖22‖∇η‖2

Similary for the Fourier equation, we take ψ̂ = ς

(ςt, ς)− κ(∇ς,∇ς) = − ˜̃B(uε, ς, ς) + ˜̃B(η + ρ, θ, ς) (2.117)

1

2

d

dt
‖ς‖2 + κ‖∇ς‖2 = − ˜̃B(uε, ς, ς)− ˜̃B(η + ρ, θ, ς) (2.118)

| ˜̃B(uε, ς, ς)| ≤ C‖uε‖2‖ς‖‖∇ς‖

≤ κ

4
‖ς‖2 + C‖uε‖22‖∇ς‖2

| ˜̃B(η + ρ, θ, ς)| ≤ λ

8

(
‖η‖2 + ‖ρ‖2

)
+ C‖θ‖22‖∇ς‖2
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Summerizing the different terms, the Navier-Stokes Forchheimer and Fourier equations (2.113)
and (2.118) became for the Navier-Stokes Forchheimer equations

d

dt
‖η‖2 + λ‖∇η‖2 + a‖η‖2 ≤C‖η‖2 + C‖ρ‖2 + C

(
‖uε‖22 + ‖u‖22 + ‖g‖22 + 1

)
‖∇η‖2

+ C (‖ρ‖+ ‖∇ρ‖) ‖ρ‖+
κ

4
‖ς‖2

(2.119)

and the Fourier equations

1

2

d

dt
‖ς‖2 + κ‖∇ς‖2 ≤ C

(
‖uε‖22 + ‖θ‖22

)
‖∇ς‖2 +

λ

8

(
‖η‖2 + ‖ρ‖2

)
(2.120)

Summing (2.119) and (2.120) we get

d

dt

(
‖η‖2 + ‖ς‖2

)
+ λ‖∇η‖2 + κ‖∇ς‖2 + a‖η‖2 ≤κ

2
‖ς‖2 + C

(
‖uε‖22 + ‖u‖22 + ‖g‖22 + 1

)
‖∇η‖2

+ C (‖ρ‖+ ‖∇ρ‖) ‖ρ‖+ C‖η‖2 + C‖ρ‖2

+ C
(
‖uε‖22 + ‖θ‖22

)
‖∇ς‖2 +

λ

8

(
‖η‖2 + ‖ρ‖2

)
(2.121)

Since
∫ t

0

(
‖uε‖22 + ‖u‖22 + ‖g‖22

)
ds ≤ C, we can apply Lemma (2.2.5) to above two inequalities,

use Lemma (2.5.1) we obtain

‖η‖2 + ‖ς‖2 + λ

∫ t

0
‖∇η(s)‖2ds+ κ

∫ t

0
‖∇ς(s)‖2ds+ a

∫ t

0
‖η(s)‖2ds ≤ Cε2 (2.122)

We take now (v̂, φ̂) = t(η, ζ) in (2.109), summing up the two relations, using (2.10) and Schwarz
inequality, we derive

1

2

d

dt
t‖η‖2 + tλ‖∇η‖2 +

1

2

d

dt
tε‖ζ‖2 + at‖η‖2

=
1

2
‖η‖2 − tB̃(uε, η + ρ, η)− tB̃(η + ρ, u, η)− bt(| uε | uε− | u | u, η) + (dgtβς, η)

1

2

d

dt
t‖η‖2 +

tλ

4
‖∇η‖2 +

1

2

d

dt
tε‖ζ‖2 + at‖η‖2

≤
(

1

2
+ Ct

)
‖η‖2 + Ct

(
‖uε‖22 + ‖u‖22 + ‖g‖22 + 1

)
‖η‖2

+ Ct‖ρ‖2 + Ct‖∇ρ‖2‖ρ‖+
κt

4
‖∇ς‖2

(2.123)

Taking ψ̂ = tς in (2.109), using (2.8), (2.13) and Schwarz inequality we derive

1

2

d

dt
t‖ς‖2 + tκ‖∇ς‖2 =

1

2
‖ς‖2 − ˜̃B(uε, ς, ς)− ˜̃B(η + ρ, θ, ς)

≤ 1

2
‖ς‖2 + Ct‖θ‖2‖ς‖2 + t

λ

8

(
‖η‖2 + ‖ρ‖2

) (2.124)
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Integrating over [0, t], we can apply (2.122), Lemma (2.5.1) and Lemma (2.2.1) to above two
inequalities, such that

t‖η‖2 + tε‖ζ‖2 + t‖ς‖2 + λ

∫ t

0
s‖∇η(s)‖2ds+ κ

∫ t

0
s‖∇ς(s)‖2ds+ a

∫ t

0
s‖η(s)‖2ds ≤ Cε2

(2.125)
Next, we take the partial derivative with respect to t of the second term of (2.109) to obtain

(εζtt, φ̂) + (∇.ηt, φ̂) = 0 (2.126)

Taking v̂ = t2ηt in (2.109) and φ̂ = t2ζ, using (2.8) and Schwarz inequality, we get

t2‖ηt‖2 +
λ

2

d

dt
t2‖∇η‖2 +

ε

2

d

dt
t2‖ζtt‖2 +

a

2

d

dt
t2‖η‖2

=
λt

2
‖∇η‖2 + εt‖ζ‖2 +

1

2
t2‖η‖2 − t2B̃(uε, η + ρ, ηt)− t2B̃(η + ρ, u, ηt)

− bt2(| uε | uε− | u | u, ηt) + t2(dgβς, ηt)

≤ λt

2
‖∇η‖2 + εt‖ζ‖2 +

1

2
t2‖ηt‖2 + C

(
‖u‖22 + ‖uε‖22

) (
ε2 + t2‖∇η‖2

)
+
λt

4
‖∇η‖2 + Ct2‖ηt‖2 + Ct2‖ρ‖2 + Ct2‖∇ρ‖2 + Ct2‖g‖22‖∇η‖2 +

κ

4
‖ς‖2

Then

t2‖ηt‖2 +
λ

2

d

dt
t2‖∇η‖2 +

ε

2

d

dt
t2‖ζtt‖2 +

a

2

d

dt
t2‖η‖2

≤ 3λt

2
‖∇η‖2 + εt‖ζ‖2 + C

(
‖u‖22 + ‖uε‖22

) (
ε2 + t2‖∇η‖2

)
+ Ct2‖g‖22‖∇η‖2 +

κ

4
‖ς‖2 + Ct2‖ηt‖2 + Ct2‖ρ‖2 + Ct2‖∇ρ‖2

(2.127)

We take ψ̂ = t2ς in (2.109), using (2.8), (2.13) and Schwarz inequality, we derive

1

2

d

dt
‖ς‖2 + κt2‖∇ς‖2 = t2‖ς‖2 − t2 ˜̃B(uε, ς, ς)− t2 ˜̃B(η + ρ, θ, ς)

≤ t‖ς‖2 + Ct2‖θ‖22‖ς‖2 + µt2
(
‖∇η‖2 + ‖∇ρ‖2

) (2.128)

Taking the summation of (2.127) and (2.128), integrating over [0, t], using (2.125), Lemma (2.2.5)
and Lemma (2.5.1) to above two inequalities and µ sufficiently small, we derive

λt2‖∇η‖2 + t2‖ς‖2 + εt2‖ζtt‖2 + at2‖η‖2 +

∫ t

0
s2‖ηt(s)‖2ds+ κ

∫ t

0
s2‖∇ς(s)‖2ds ≤ Cε2

(2.129)
Taking ψ̂ = t2ςt in (2.109), using (2.8), (2.13) and Schwarz inequality, we have

t2‖ς‖2 +
κ

2

d

dt
t2‖∇ς‖2 = κt2‖∇ς‖2 − t2b̃(uε, ς, ςt)− t2b̃(η + ρ, θ, ςt)

≤ κt2‖∇ς‖2 +
t2

2
‖ςt‖2 + Ct2‖uε‖2‖∇ς‖2 + Ct2‖θ‖22‖∇(η + ρ)‖2
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Integrating over [0, t] using (2.125), (2.129), Lemma (2.2.5) and Lemma (2.5.1), we derive

κt2‖∇ς‖2 +

∫ t

0
s2‖ςt(s)‖2ds ≤ Cε2 (2.130)

From (2.108), there holds

∇ζ = −ηt + λ∆η − B̃(uε, η + ρ)− B̃(η + ρ, u)− aη − b(| uε | uε− | u | u) + dgβς

Therefore by using previous estimates on the above equation, we derive∫ t

0
s2‖ζ‖2ds ≤

∫ t

0
s2‖∇ζ‖21ds ≤ Cε2 (2.131)

�

By combining Lemma (2.5.1) with Lemma (2.5.2), we obtain the following error estimates
result.

Theorem 2.5.3. Suppose (H1) and (H2) are valid, ε sufficiently small, for all t ∈ [0, T ], the
following error estimates holds

(at+ 1)t‖u− uε‖2 + tε‖p− pε‖2 + t‖θ − θε‖2 + λt2‖∇ (u− uε) ‖2 + κt2‖∇ (θ − θε) ‖2 ≤ Cε2

2.6 Numerical resolution

In this section, we present the numerical results of the artificial compressibility Navier-Stokes
Forchheimer Fourier system (2.1) with non-homogenous boundary conditions.

uεt − λ∆uε (uε.∇)uε + auε + b | uε | uε +∇pε = dgβθε + F Ω× [0, T ]

εpεt +∇.uε = 0 Ω× [0, T ]

θεt − κ∆θε + (uε.∇) θε = G Ω× [0, T ]

uε = ū0 Γ1

θε = θ̄0 Γ1

uε(0) = u0 Ω

θε(0) = θ0 Ω

pε(0) = p0 Ω

(2.132)

where ū0 and θ̄0 is an imposed velocity and temperature on the boundary and is assumed to be
time-independent below for convenience.

We now carry out spatial discretization. We consider a regular triangulation Th of the do-
main Ω, depending on a positive parameter h > 0, made up of triangles Th and we adopt the
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Bernadi Raugel Finite element (for more detail see [14]). It is a 2D coupled finite element, with
the Polynomial space is P2

1 + 3 normals bubbles edges function (P2) and the degre of freedom is
6 values at of the 2 components at the 3 vertices and the 3 flux on the 3 edges. So the number
degrees of freedom is 9. Let Vh, Qh and Wh the finite elements spaces such that

Vh =
{
vh ∈ C0(Ω̄) ∩H1

0 (Ω)d;∀K ∈ Th, vh|K ∈ PK
}

Qh =
{
qh ∈ L2(Ω);∀K ∈ Th, qh|K ∈ P1

}
Wh =

{
wh ∈ H1(Ω);∀K ∈ Th, wh|K ∈ P2

}
Again, we first give the variational formulation for approximated system (2.132):
Find

(
u
ε,(k+1)
h , p

ε,(k+1)
h , θ

ε,(k+1)
h

)
∈ (Vh ×Qh ×Wh) for all vh ∈ Vh, qh ∈ Qh and wh ∈ Xh〈

u
ε,(k+1)
h , vh

〉
−
〈
u
ε,(k)
h , vh

〉
tk+1 − tk

+ λ
〈
∇uε,(k+1)

h ,∇vh
〉

+ a
〈
u
ε,(k+1)
h , vh

〉
+
〈
u
ε,(k)
h

(
∇uε,(k+1)

h

)
, vh

〉
+ b

〈
| uε,(k)

h | uε,(k+1)
h , vh

〉
−
〈
p
ε,(k+1)
h ,∇.vh

〉
= dgβ

〈
θ
ε,(k+1)
h , vh

〉
+ 〈F , vh〉 ∀vh ∈ Vh

ε

〈
p
ε,(k+1)
h , qh

〉
−
〈
p
ε,(k)
h , qh

〉
tk+1 − tk

+
〈
∇.uε,(k+1)

h , qh

〉
= 0 qh ∈ Qh〈

θ
ε,(k+1)
h , wh

〉
−
〈
θ
ε,(k)
h , wh

〉
tk+1 − tk

+ λ
〈
∇θε,(k+1)

h ,∇wh
〉

+
〈
u
ε,(k)
h

(
∇θε,(k+1)

h

)
, wh

〉
= 〈G, wh〉

We implemente the above scheme in FreeFem++ which is used to solve partial differential equa-
tions using the finite element methode. We run a large number of time steps to ensure that we
reach steady state solution. We consider a unit square Ω = ]0, 1[2 and we impose the velocity and
the temperature u = 0, v = 0, θ = 0 at all the boundary except at the top u = 1, v = 0, θ = 300

Figure (2.1).

Figure 2.1: Square cavity with free wall.
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Figures (2.2) are the numerical results of the lid-driven cavity flow applied to our pseudo-
compressibility Navier-Stokes Forchheimer Fourier system. In the first test, we set the time step
dt = 0.1, ε = 0.000001, a = 1, d = 1, Re = 100, κ = 0.01, β = 3.38× 10−4, θin = 300K and we
vary the value of b = [1, 5, 10].

Figure 2.2: Velocity fields in driven cavity b = 1, b = 5 and b = 10.

Figure 2.3: Temperature fields in driven cavity κ = 0.01, κ = 0.001 and κ = 0.0001.

Subsequently, we take the same example of the cavity with different initial and boundary
conditions of the previous example, as presented in Figure (2.4). In all experiments, the nonlinear
systems are solved by the Newton iteration. the physical parameters used for all the tests, λ = 1,
κ = 1, the time step dt = 1, Darcy parameter a = 1, Forchheimer parameter b = 1 and the total
time T = 50. For this example, we will investigate the influence of the parameters λ, κ, a, b.
As mentionned above, we adopt a finite element spaces of types (P2BR− P1 − P2) elements for
(uεh, p

ε
h, θ

ε
h) respectively. The numerical solutions (uεh, p

ε
h, θ

ε
h) are shown in Figure (2.5).

Figure 2.4: Physics model of cavity flows.
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Figure 2.5: Velocity and temperature fields in driven cavity λ = 1, κ = 1.

The objective of this part is to test and verify the results of Theorem (2.5.3). We use the
L2-norm to mesure the error of the velocity, pressure and temperature approximations. The
error estimates are given by

‖uεh − uex‖L2(Ω) =

(∫
Ω

2∑
i=1

(uεi,h − ui,ex)2

) 1
2

ε‖pεh − pex‖L2(Ω) =

(
ε2

∫
Ω

(pεh − pex)2

) 1
2

‖θεh − θex‖L2(Ω) =

(∫
Ω

(θεh − θex)2

) 1
2

Let Ω = [0, 1] × [0, 1] and the exact solution (uε, pε, θε) of the artificial compressbility Navier-
Stokes Forchheimer Fourier equations to be



uex = 10x2(x− 1)2y(y − 1)(2y − 1)

vex = −10x2(x− 1)(2x− 1)y2(y − 1)2

pex = 10(2x− 1)(2y − 1)

θex = uex + vex

The tables (2.1) to (2.6) show the results obtained for the velocity, pressure and temperature
approximations according to the different parameters. We see that the numerical results are
according with the theoretical results for the artificial compressibility Navier-Stokes Forchheimer
Fourier system.
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Mesh N ‖uεh − uex‖L2(Ω) ε‖pεh − pex‖L2(Ω) ‖θεh − θex‖L2(Ω)

5 × 5 50 0.0271462 3.35381e-006 0.382296
20 × 20 800 0.0271162 3.3538e-006 0.382045
35 × 35 2450 0.0271151 3.3538e-006 0.382043
50 × 50 5000 0.0271148 3.3538e-006 0.382043
65 × 65 8450 0.0271147 3.3538e-006 0.382043
80 × 80 12800 0.0271147 3.3538e-006 0.382043
95 × 95 18050 0.0271146 3.3538e-006 0.382043

Table 2.2: Uniform meshes for λ = 0.1, κ = 1, a = 1, b = 1

Mesh N ‖uεh − uex‖L2(Ω) ε‖pεh − pex‖L2(Ω) ‖θεh − θex‖L2(Ω)

5 × 5 50 0.0252159 3.35378e-006 0.382324
20 × 20 800 0.0251207 3.35376e-006 0.382079
35 × 35 2450 0.0251164 3.35376e-006 0.382078
50 × 50 5000 0.0251154 3.35376e-006 0.382078
65 × 65 8450 0.025115 3.35376e-006 0.382078
80 × 80 12800 0.0251149 3.35376e-006 0.382078
95 × 95 18050 0.0251147 3.35376e-006 0.382078

Table 2.3: Uniform meshes for λ = 0.001, κ = 1, a = 1, b = 1

Mesh N ‖uεh − uex‖L2(Ω) ε‖pεh − pex‖L2(Ω) ‖θεh − θex‖L2(Ω)

5 × 5 50 0.0274526 3.35381e-006 0.382292
20 × 20 800 0.027449 3.3538e-006 0.38204
35 × 35 2450 0.0274489 3.3538e-006 0.382038
50 × 50 5000 0.0274488 3.3538e-006 0.382038
65 × 65 8450 0.0274488 3.3538e-006 0.382038
80 × 80 12800 0.0274488 3.3538e-006 0.382038
95 × 95 18050 0.0274488 3.3538e-006 0.382038

Table 2.1: Uniform meshes for λ = 1, κ = 1, a = 1, b = 1

Mesh N ‖uεh − uex‖L2(Ω) ε‖pεh − pex‖L2(Ω) ‖θεh − θex‖L2(Ω)

5 × 5 50 0.027453 3.35426e-006 0.932911
20 × 20 800 0.0274491 3.35425e-006 0.932898
35 × 35 2450 0.0274489 3.35425e-006 0.932897
50 × 50 5000 0.0274489 3.35425e-006 0.932897
65 × 65 8450 0.0274488 3.35425e-006 0.932897
80 × 80 12800 0.0274488 3.35425e-006 0.932897
95 × 95 18050 0.0274488 3.35425e-006 0.932897

Table 2.4: Uniform meshes for λ = 1, κ = 0.1, a = 1, b = 1
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Mesh N ‖uεh − uex‖L2(Ω) ε‖pεh − pex‖L2(Ω) ‖θεh − θex‖L2(Ω)

5 × 5 50 0.0274552 3.35381e-006 0.382292
20 × 20 800 0.027452 3.3538e-006 0.38204
35 × 35 2450 0.0274519 3.3538e-006 0.382038
50 × 50 5000 0.0274518 3.3538e-006 0.382038
65 × 65 8450 0.0274518 3.3538e-006 0.382038
80 × 80 12800 0.0274518 3.3538e-006 0.382038
95 × 95 18050 0.0274518 3.3538e-006 0.382038

Table 2.5: Uniform meshes for λ = 1, κ = 1, a = 5, b = 1

Mesh N ‖uεh − uex‖L2(Ω) ε‖pεh − pex‖L2(Ω) ‖θεh − θex‖L2(Ω)

5 × 5 50 0.0274526 3.35381e-006 0.382292
20 × 20 800 0.027449 3.3538e-006 0.38204
35 × 35 2450 0.0274489 3.3538e-006 0.382038
50 × 50 5000 0.0274488 3.3538e-006 0.382038
65 × 65 8450 0.0274488 3.3538e-006 0.382038
80 × 80 12800 0.0274488 3.3538e-006 0.382038
95 × 95 18050 0.0274488 3.3538e-006 0.382038

Table 2.6: Uniform meshes for λ = 1, κ = 1, a = 1, b = 5

We can see that after a few iterations the errors tend to the fixed errors which are caused by
the finite element approximation of mesh size h. this is consistent with the error of the artificial
compressibility method as ε tends to 0.

2.6.1 Isolated island

In this part, we consider a two-dimensional physical model for the numerical studies of the effects
of urban anthropogenic heat andwind speed on the UHI of urban region, as shown schematically
in Figure (2.6). The numerical results illustrate the performances of the implicit-explicit scheme
of the equation (2.132) for the unsteady Navier-Stokes Forchheimer Fourier problem. We use
P2BR,P1,P2 finite element to approximate the velocity, pressure and the temperature respec-
tively. For overall computation time, we have chosen T = 10s for a time step of 0.1s, for the
space discretization, we have a regular triangulations of about 4964 elements. We keep the same
parameters as in the cavity, except that for urban heat islands, the boundary and initial condi-
tions are not the same. We did several tests by varying the Forchheimer coefficient to see the
evolution of the profile of the velocity and the temperature in the city Figure (2.7) (2.8). We
also experimented with the influence of the variation of the compressibility parameter ε showing
in Figure (2.9) and Figure (2.10).
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Figure 2.6: The boundary conditions, initial mesh and adaptative mesh.

Figure 2.7: Velocity fields in the city b = 1, b = 5 and b = 10 from the left to the wrigth for
λ = 0.01

Figure 2.8: Temperature fields in the city b = 1, b = 5 and b = 10 from the left to the right for
λ = 0.01, κ = 0.01.

Figure 2.9: Velocity fields in the city ε = 10−3, ε = 10−4 and ε = 10−6 from the left to the right
for λ = 1.
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Figure 2.10: Temperature fields in the city ε = 10−3, ε = 10−4 and ε = 10−6 from the left to the
right for λ = 0.01, κ = 0.01.

2.6.2 Domestic frost-free refrigerator application

In this section we present some numerical results we have obtained for frost-free refregirator
with and without shelves. In the fist step we give the result obtained in the case of the frost-free
refregirator without the shelves and in the second case with shelves.

Computational domain and grid structure

We consider a 3D domain with (1.57, 0.44, 0.44) height, length and width respectively. These
dimensions represent the interior volume of the refrigerator without taking into consideration the
thickness of the different walls. For the overall computation time, we have chosen T = 40s for a
time step of 0.1s, for the different space discretization, we tried a several regular triangulations
of about 37839 elements. To simplify the computation, we take the parameters constants a =

b = 1/2, and α = 1, the thermal expansion coefficient β = 3.38× 10−3, the diffusion coefficients
ν = 1 and κ = 0.1 for the fluid flow and heat transfer respectively. All computations are done
at a low Reynolds number Re = 1.

Figure 2.11: Computational domain and 3D mesh of the free-frost refrigerator.
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Boundary conditions

For initial conditions for the velocity, temperature, pressure and simulation parameters are

Freeze compartement
Boundary Temperature velocity

Inlet T∞ = 251.7K Vin = 0.5(0
−→
i + 0

−→
j + 1

−→
k )

Outlet Z.N.G Z.N.G
Top wall T∞ = 302K No slip
Bottom Adiabatic No slip
Back wall T∞ = 251K No slip
Front wall T∞ = 302K No slip

Refrigerating compartement

Inlet T∞ = 253 Vin = (0.2/
√

2)(0
−→
i − 1

−→
j + 1

−→
k )

Outlet Z.N.G Z.N.G
Back wall T∞ = 327K No slip
Front wall T∞ = 302K No slip
Top wall Adiabatic No slip
Bottom T∞ = 302K No slip

Table 2.7: Boundary conditions

Figure (2.12) presents the distribution of the temperature in the two compartments of the
refrigerator of the two configuration with and without shelves.

Figure 2.12: Temperature profile in the frost-free refrigerator without shelves in the left and with
shelves in the right.
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Figure 2.13: Horizontal temperature profile in the freezer compartment without shelves in the
left and with shelves in the right.

Figure (2.14) shows the velocity profiles in the two cases of the refrigerator model. The
shelves play an important role in the deflection of air in the refrigerator which makes stir on the
cold walls and bring fresh air from the top to the bottom.

Figure 2.14: Velocity profiles in the refrigerator without shelves in the left and with shelves in
the right.

2.7 Conclusion

In this chapter, we studied the artificial compressibility method for the unsteady Navier-Stokes
Forchheimer problem coupled with the convection-diffusion equations.
We have shown the relevance of the artificial compressibility method by providing an error
estimates for the coupled system.
These optimal error estimates concept the velocity, pressure and temperature in term of L2 norm.
The numerical results are in harmony with the theoretical error estimates. The proposed method
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is robust and efficient to deal with practical 3D problems.
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Theorical and numerical analysis of an
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3.1 Introduction

Pollution of the aquatic environment is a problem resulting from human activity such as wastew-
ater discharges, or an industrial and ecological disaster that results in the dispersion of a large
quantity of crude oil or heavy oil products such as oil spills. Take the example of the sinking
of the Torrey Canyon in 1967 transported 120, 000 tonnes of unrefined oil Figure (3.1). A large
importance of analysis of this problems was approved in recent years [1], [2]. These pollutants
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can have consequences for aquatic environments and human health.

Figure 3.1: Examples of wastewater in the left and a Normand-Breton golf oil spill 1967 in the
right.

The preservation of the marine and coastal environment has become a major issue in recent
years. Reducing pollutants from toxic chemicals, or wastewater discharges is a challenge. Coastal
pollution is generally controlled by treating contaminants at the source or in treatment plants
through wastewater treatment methods to reduce their concentration.

The approximation of pollutant transport in the aquatic environment is performed by a nu-
merical procedure using the Galerkin characteristic finite element method [24]. The methods of
characteristic combine the convection and capacity terms in governing equations to carry out
the temporal discretization in Langrange coordinates. These methods symmetrize the governing
equation and stabilize their numerical approximation [22], that means this approche allows us
to avoid theoritically the constraint CFL (Courant-Friedrichs-Levy) on the time step and it hase
been shown that it has very good stability properties [25], [26]. There are other techniques in the
literature for example a hybrid numerical procedure combining a particle method and a finite
difference technique [7].

The optimal control problem was introduced by [26] in the case to study the partial differential
equations. In recent years, for the optimal control problems, the a priori and posteriori error
estimates has taken expenential trend for the parabolic and elliptic equations, for example [15]
have studied the numerical solution of state constrained parabolic boundary control problems by
finite element approximations, [16] the finite element approximations of parabolic control prob-
lems with pointwise control. Other studies of the finite element methode for PDEs and control
optimal can be found in [17], [18] and [19].

The aim of this studies is to analyse the finite element approximation of parabolic optimal
control problem with pointwise control governed by a coupling of the transport pollution model
with Shallow Water equations. The main difficulties of the problem from the theorical point of
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view are due to the singularity of the right hand side of the state system includes radon measures
and to the presence of pointwise state constraints, which lead us to work in regular functional
spaces in order to obtain the adjoint state.

As part of our study, we introduced and developed a mathematical model to solve an envi-
ronmental problem that consists of studying the marine pollution. In the Sect. 2 we give the
model problem and the weak formula and optimality conditions. Then we construct a backward-
Euler characteristic finite element approximation, we give an priori error estimates for the control
and state approximation. Finally we give the numerical resulotion, we propose an algorithm of
the minimisation and we show several numerical results and end the chapter with conclusions..

3.2 Governing equations

In this part, we define the governing equations of the studied problem and its mathematical for-
mulation. The equations that governing the phenomenon of pollutant dispersion in the oceans
and the transport ensure by the velocity of the fluid or by ocean hydrodynamics. We are in-
terested in the coupling of two systems of equations, advection-diffusion equations and shallow
water equations (SWE).

3.2.1 The transport pollution model

The 2D model most used to describe the physical phenomena in the case of the transport of a
pollutant by the two processes of diffusion and convection. We are interested in the evolution
of oil slick dispersion occurs to the sinking of a ship, and the evolution of the concentration of
wastewater discharged into the sea is given by the following model:

∂tφ− µ∆φ+ (U .∇)φ+ σφ =

N∑
i=1

Fi(t)δ(r − r0) in Ω× (0, T ) (3.1)

where µ is the diffusion coefficient, and δ(r − r0) is the Dirac masse at the accident point r0, σ
is a positive constant caractérise the decay of φ [11], U the velocity of the oil or the wastewater
propagation is assumed to be known. This velocity can be deduced from the climatic sea surface
current and winds [4], or from hydrodynamic Shallow Water model which is the subject of our
study.
The initial condition at t = 0 is

φ(x, 0) = φ0(x) in Ω× (0, T ) (3.2)

and
φ(x, t) = 0 on ∂Ω× (0, T ) (3.3)
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3.2.2 Adjoint state

The application of the adjoint system is widely used for solving physical problems. For example,
[9] to determine the diffusion coefficients and the aerosol transformation coefficients, [[10]] to
estimate the concentration of the pollutant in important areas in a region.
Lets the advection-diffusion equations

∂tφ− µ∆φ+ (U .∇)φ+ σφ =
N∑
i=1

Fi(t)δ(r − r0) in Ω× (0, T ) (3.4)

Multiply the equation (3.4) by arbitrary, smooth test function ψ and integrate by parts over each
element Ω and on an interval [0, T ]

∫ T

0

∫
Ω
ψ (∂tφ− µ∆φ+ (U.∇)φ+ σφ) dxdt =

∫ T

0

∫
Ω

N∑
i=1

Fi(t)δ(r − ri)ψdxdt (3.5)

Consider the transformation for each terms we get

∫ T

0

∫
Ω
ψ∂tφdxdt =

∫
Ω

[φψ]T0 dx−
∫ T

0

∫
Ω
φ∂tψdxdt (3.6)

Using Lagrange identity proprety 〈Aφ,Ψ〉 = 〈φ,A∗Ψ〉 to define the adjoint operator sach that

Aφ ≡ U
(
∂Φ

∂x
+
∂Φ

∂y

)
[8]

∫ T

0

∫
Ω
ψ(U .∇)φdxdt = −

∫ T

0

∫
Ω
φ(U .∇)ψdxdt (3.7)

Summarizing

∫ T

0

∫
Ω
φ (−∂tψ − µ∆ψ − (U .∇)ψ + σψ) dxdt+

∫
Ω

[φψ]T0 dx = p(r, t) (3.8)

∫ T

0

∫
Ω
φ (−∂tψ − µ∆ψ − (U .∇)ψ + σψ) dxdt+

∫
Ω

[ΦTψT − φ0ψ0] dx = p(r, t) (3.9)

Additing the initial and boundary conditions

ψ(x, T ) = 0 in Ω× (0, T ) (3.10)

ψ(x, t) = 0 on ∂Ω× (0, T ) (3.11)

The equation (3.9) became∫ T

0

∫
Ω
φ (−∂tψ − µ∆ψ − (U .∇)ψ + σψ) dxdt = p(r, t) (3.12)
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with
p(r, t) = φ− φd (3.13)

Finaly The adjoint system is written in the following form

−∂tψ − µ∆ψ − (U .∇)ψ + σψ = φ− φd (3.14)

3.2.3 2D shallow water model

Generally the unsteady flow of water in two-dimensional space may be described by the shallow
water equations. Shallow water Equations (SWE) are commonly used as models of fluid dynamics
in the case of the resolution of physical phenomena that are related to the environment [5], [1], [6]
and others. The vertical velocity component is negligible compared to the horizontal component.
This model is derived from the Navier-Stokes equations. The velocity field (u, v) is related to
the elevation of water. We consider the following hyperbolic system

∂tu− µ′∆u+ (u.∇)u = −g∂xH Ω× (0, T )

∂tv − µ′∆v + (v.∇)v = −g∂yH in in Ω× (0, T )

∂tH + ∂x(Hu) + ∂y(Hv) = 0 in Ω× (0, T )

(3.15)

where (u, v) is the velocity such that U = (u, v), H water elevation, g is the acceleration due to
gravity and µ′ is the diffusion coefficient. The system (3.15) can be written in the following form{

∂tU − µ′∆U + (U .∇)U = −g∇H in Ω× (0, T )

∂tH +∇.(HU) = 0 in Ω× (0, T )
(3.16)

3.2.4 Weak formulation

Let U and H be the solution of the system (3.16), find (U , H) ∈ H1
0 (Ω)×H1(Ω) such that

((
U i − U i−1

τi

)
, w

)
−
(
gH i,∇.w

)
+ µ

′ (∇U i,∇w) = 0 ∀w ∈ H1
0 (Ω), τ ≥ 1 (3.17)

((
H i −H i−1

τi

)
, q

)
+
(
H i
(
∇.U i

)
, q
)

= 0 ∀q ∈ H1(Ω), τ ≥ 1 (3.18)

where U i and H i also satisfy the following initial conditions

U(x, 0) = U0(x), H0(x, 0) = H0(x) (3.19)

3.3 Control problem

We are interested in finding the optimal mass flow f ∈ M(Ω) (where M(Ω) the space of the
real regular Borel mesures on Ω) at a discharge points sources. The optimal control problem
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consists to minimize the concentration of the pollutant distribution φ from a target concentration
φd ∈ L2(Ω) using the cost function

J(f) =
1

2

∫ ∫
Ω

(φ(t, x)− φd(t, x))2 dxdt+
αj
2

n∑
i=1

∫
Ω

(fj(t))
2 dt (3.20)

Here φ(x, t) is the solution of the problem (3.1),(3.2) and (3.3). αj is a small positive parameter.
and the gradient of the cost function is defined

∇J(f)j = αjfj(t) + ψ(t, rj) j = 1, · · · , n. (3.21)

where ψ is the solution of the adjoint state giving in (3.14), (3.10) and (3.11).

The existence of an optimal control and the expression of the gradient of the cost function
are prouved in [27] such that

Theorem 3.3.1. The above control problem (3.1) and (3.20) admits a unique solution f ∈M(Ω)

and the gradient of the cost function is identified as

∇J(f)j = αjfj(t) + ψ(t, rj) j = 1, · · · , n.

where the adjoint state function ψ satisfies the following form :
−∂tψ − µ∆ψ − (U .∇)ψ + σψ = φ− φd in Ω× (0, T )

ψ(x, T ) = 0 on ∂Ω× (0, T )

ψ(x, t) = 0 in Ω

3.4 Preliminaries

Let Ω and Ωadm be an open bounded domain in Rd (d = 2 or 3) and are convex polygon with
boundary ∂Ω and ∂Ω

adm
. We adopt the standard notation Sobolev space W = L2 ([0, T ];V )

with V = H1
0 (Ω) and the control space X = L2 ([0, T ];U) with U = L2(Ωadm). Let K be

a closed convex set in X and Kh is a closed convex set in Uh where Kh ⊂ K ∩ Uh. Let
V h =

{
vh ∈ Sh : vh|∂Ω

}
, W h = L2

(
[0, T ];V h

)
and V h ⊂ V , W h ⊂ W . M(Ω) the space of the

real regular Borel mesures on Ω. We define by Cm0 (Ω), m ∈ IN0, the linear subspace of continuous
functions on Ω .The parameters h and τ denote the spatial and temporal grid size respectively.

K =
{
v ∈ X : v ≥ 0 in Ω

adm×[0,T ]

}
Hypothesis 3.4.1. The solution of the shallow water system (3.16) U ∈ H1

0 (Ω) is such that

‖∇.U‖L∞ ≤ Const
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We consider the following parabolic problem
∂tφ− µ∆φ+ (U .∇)φ+ σφ = g +

N∑
i=1

fi(t)δ(r − ri) in Ω× (0, T )

φ(x, t) = 0 on ∂Ω× (0, T )

φ(x, 0) = φ0(x) in Ω

(3.22)

where σ ≥ 0 for all (x, t) ∈ Ω × [0, T ], σ ∈ L∞(Ω), U fields velocity U ∈ C
(
[0, T ], C1

0 (Ω̄)2
)
,

g = g(x, t) external sources and sinks, with g ∈ L2(0, T ;L2(Ω)). φ et f are called state and
control variables and φ0 is an initial data where φ0 ∈ V = H1

0 (Ω).
The adjoint state of the equation (3.22) is define in the following form


−∂tψ − µ∆ψ − (U .∇)ψ + σψ = φ− φd in Ω× (0, T )

ψ(x, T ) = 0 on ∂Ω× (0, T )

ψ(x, t) = 0 in Ω

(3.23)

with φd is a given function, where φd ∈ H1([0, T ];L2(Ω)), and α denotes the regularization
parameter α > 0.
We consider B as a linear continuous operator from X to L2 ([0, T ];M(Ω)) such that

(Bf) (t) :=

N∑
i=1

fi(t)δ(r − ri) t ∈ [0, T ], ri ∈ Ω

and

a(v, w) = µ

∫
Ω
∇v : ∇w ∀v, w ∈ H1(Ω)

The weak formulation of the problem (3.22) is find : φ(f) ∈ H1([0, T ];L2(Ω)) ∩W such that

{
(∂tφ(f), w) + (U .∇φ(f), w) + a (φ(f), w) + (σφ(f), w) = (g + Bf, w) , ∀w ∈ V, t ∈ [0, T ]

φ(y)(x, 0) = φ0(x), x ∈ Ω

(3.24)
The problem (3.24) admit a unique solution for all g and f .
Let us suppose that ri ∈ Ω are given locations of point sources. We are interested in estimating
the magnitude fi(t) of the point source from measurements φd in Ω. The related optimal control
problem through an output least square approach and Tikhonov regularization is given by

J(v) =

∫ T

0

(
1

2
‖φ(v)− φd‖2L2(Ω) +

α

2
‖v‖2L2([0,T ];Rm)

)
dt (3.25)

So, the above control problem can be written as follows

J(f) = min
v∈K

J(v) (3.26)
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and for all φ(v) ∈W , the problem (3.24) can be written

{
(∂tφ(v), w) + (U .∇φ(v), w) + a (φ(v), w) + (σφ(v), w) = (g + Bv, w) , ∀w ∈ V, t ∈ [0, T ]

φ(f)(x, 0) = φ0(x), x ∈ Ω

(3.27)
φ and f are the unique solution of the control problem (3.27) if and only if the state adjoint
ψ ∈W such that

{
(∂tφ,w) + (U .∇φ,w) + a (φ,w) + (σφ,w) = (g + Bu,w) , ∀w ∈ V = H1

0 (Ω)

φ(x, 0) = φ0(x)
(3.28)

The adjoint state{
− (∂tψ, q)− (U .∇ψ, q) + a (q, ψ) + (σψ, q) = (φ− φd, w) , ∀q ∈ V = H1

0 (Ω)

ψ(x, 0) = ψ0(x)
(3.29)

And the optimality condition∫ T

0
(αf + B∗ψ, v − u)U dt ≥ 0 ∀v ∈ K ⊂ X = L2([0, T ];U) (3.30)

where B∗ is an adjoint operator of B, and (., .)U is the inner product of U .

3.5 Characteristic Finite Element Approximation

In this section, the characteristics finite element approximation scheme for the control problem
is presented. The characteristics method is widely used to solve PDEs, generally adapted to
the transport problems. Using the method of characteristic on the hyperbolic part of (3.1)
(∂tφ + (U .∇)φ). The goal of this method is to transform the convection operator into a total
derivative by using the Lagrangian formulation. We consider the characteristics equation

dX

dτ
(x, s; τ) = φ(X(x, s; τ), τ)

X(x, s; τ) = x
(3.31)

where the characteristics curve X(x, s; τ) denotes the position at time τ of a fluid particle located
at position x at time τ . Let the interval [0, T ], we choose N ∈ N and define the time step ∆t = T

N .
The points τn = n∆t, for n = 0, · · · , N , and we denote φn(x) = φ(x, tn). Using the following
approximation of the total derivative along the characteristic curves, we approximate Dφ

Dt at the
time τ = τn+1 by

Dφ

Dt
(x, t) ≈ φ(x, tn+1)− φ(Xn(x), tn)

∆t
(3.32)
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where Xn(x) is the approximation of X(x, tn+1, tn).
Then using the this approximation, the variational formulation with Dirichlet boundary condi-
tions (3.22) becomes

1
∆t

(
φn+1 − φn(Xn(x))

)
− µ∆φn+1 + σφn+1 = g +

N∑
i=1

fn+1
i (t)δ(r − ri) in Ω× (0, T )

φ(x, t) = 0 on ∂Ω× (0, T )

(3.33)
We consider a quasi-uniform family T h of a regular triangulations of Ω̄ such that Ω̄ =

⋃
β∈T h .β̄,

T h is a finite dimensional subspace Sh of C
(
Ω̄
)
and T hU another finite dimensional subspace Uh

of L2(Ω). Similary, let T hU of a regular triangulations of Ω̄ such that Ω̄ =
⋃
βU∈T hU

.β̄U , where
β and βU are a diameters bounded by h and hU . To discretize the optimal control problem
some variational discretization approach developed in [12] and [13]. In our case the fully discrete
approximation for the optimal control problem we use the characteristic finite element method.

Jhτ (vih) =

N∗∑
i=1

τi

(
1

2
‖φih − φd‖2L2(Ω) +

α

2
‖vih‖2L2([0,T ];Rm)

)
dt (3.34)

where τi = ti− ti−1 and i = {1, 2, · · · , N∗} with time interval partition [0, T ] = {t0, t1, · · · , tN∗},
τ = max

1≤i≤N∗
τi.

So, find (φih, f
i
h) ∈ V h ×Kh, i = 1, 2, · · · , N∗, such that

Jhτ (f ih) = min
vih∈K

Jhτ (vih) (3.35)

Subject to
(
φih − φ̄

i−1
h

τi
, wh

)
+ a

(
φih, wh

)
+
(
σφih, wh

)
=
(
g(x, ti) + Bvih, wh

)
, ∀wh ∈ V h ⊂ V

φih(x, 0) = φh0(x), x ∈ Ω

where φh0 ∈ V h is an approxiamtion of φ0.
Let

(
Φi
h, F

i
h

)
be the unique solution of the fully discrete problem of (3.28), and

(
Φi
h, F

i
h

)
∈

V h ×Kh is the solution if and only if there is a co-state Ψi−1
h ∈ V h, such that

(
Φi
h,Ψ

i−1
h , F ih

)
∈

V h × V h ×Kh, i = {1, 2, · · · , N∗} , satisfies the following optimality conditions


(

Φi
h − Φ̄i−1

h

τi
, wh

)
+ a

(
Φi
h, wh

)
+
(
σΦi

h, wh
)

=
(
gi + BF ih, wh

)
, ∀wh ∈ V h ⊂ V

Φi
h(x, 0) = φh0(x), x ∈ Ω

(3.36)
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(

Ψi−1
h − ¯̄Ψi

h.J
i

τi
, qh

)
+ a

(
qh,Ψ

i−1
h

)
+
(
σΨi

h, qh
)

=
(
Ψi
h − φid, qh

)
, ∀qh ∈ V h ⊂ V

ΨN∗
h (x, T ) = 0, x ∈ Ω

(3.37)

(
αF ih + BΨi−1

h , vh − F ih
)
U
≥ 0 ∀vh ∈ Kh ∩ Uh (3.38)

with ¯̄Ψi
h = Ψi

h(¯̄x). We pose
x = G(¯̄x, τi; τi−1)

where J i = detDG(¯̄x, τi; τi−1)−1 the determinant of the Jacobian transformation from G to x.
We know that for each x ∈ Ω and τ ∈ [0, T ], i ≥ 1, the Jacobian matrix of the transformation x
to G is

DG(¯̄x, τi; τi−1) =

[
∂G(¯̄x, τi; τi−1)

∂x

]
=

[
1− ∂Ui1

∂x1
τi −∂U i1

∂x2
τi

−∂U i2
∂x1

τi 1− ∂Ui2
∂x2

τi

]

detDG(¯̄x, τi; τi−1) = 1− (∇.U i)τi +O(τ2
i )

Using the hypothesis (3.4.1), we have

detDG(¯̄x, τi; τi−1) = 1 +O(τ2
i )

For obtaining the error estimates of the proposed scheme in (3.36) and (3.38) using the char-
acteristic finite element approximation of the optimal control problems. For the subsequent
analysis it is convenient to introduce the two intermediate variables

(
Φi
h(f),Ψi

h(f)
)
∈ V h × V h,

for i = 1, 2, · · · , N∗ satisfying


(

Φi
h(f)− Φ̄i−1

h (f)

τi
, wh

)
+ a

(
Φi
h(f), wh

)
+
(
σΦi

h(f), wh
)

=
(
gi + Bf ih, wh

)
, ∀wh ∈ V h

Φi
h(u)(x, 0) = φh0(x), x ∈ Ω

(3.39)


(

Ψi−1
h (f)− ¯̄Ψi

h(f).J i

τi
, qh

)
+ a

(
qh,Ψ

i−1
h (f)

)
+
(
σΨi

h(f), qh
)

=
(
Ψi
h(u)− φid, qh

)
, ∀qh ∈ V h ⊂ V

ΨN∗
h (f)(x, T ) = 0, x ∈ Ω

(3.40)
We pose

θi = Φi
h − Φi

h(u), ηi = φi − Φi
h(u), i = 0, 1, 2, · · · , N∗

ζi = Ψi
h −Ψi

h(u), ξi = ψi −Ψi
h(u), i = N∗, · · · , 1, 0

where θ0 = 0 et ζN∗ = 0, we suppose that N and M are positive integers which are chosen such
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that ∥∥vN∥∥
V

= ‖v‖L∞([0,T ];V ), for v = θ and η∥∥vM∥∥
V

= ‖v‖L∞([0,T ];V ), for v = ζ and ξ

In the following we will first give the estimates between the approximate solution (Φh,Ψh) and
the intermediate solution (Φh(f),Ψh(f))

Lemma 3.5.1. Let (Φh,Ψh) and (Φh(f),Ψh(f)) be the solution of (3.36)-(3.37) and (3.39)-
(3.40) respectively. Then there are a positive constants C2 independent of h and τ such that

‖Φh − Φh(f)‖L∞([0,T ];H1
0 (Ω)) ≤ C2‖f − Fh‖L2([0,T ];L2(Ωadm)) (3.41)

and
‖Ψh −Ψh(f)‖L∞([0,T ];H1

0 (Ω)) ≤ C2‖f − Fh‖L2([0,T ];L2(Ωadm)) (3.42)

Proof. By differentiating between the approximate solution Φh and the intermediate solution
Φh(f). By subtracting (3.39) from (3.36) we have(

θi − θi−1

τi
, wk

)
+ a

(
θi, wk

)
+
(
σθi, wk

)
=
(
B
(
F ih − f i

)
, wk

)
−
(
θi − θ̄i−1

τi
, wk

)
(3.43)

�

In order to obtain an error estimates of θ in H1, we pose wk = dtθ
i =

θi − θi−1

τi
as a test

function.

(
∂tθ

i, ∂tθ
i
)

+ a
(
θi, ∂tθ

i
)

+
(
σθi, ∂tθ

i
)

=
(
B
(
F ih − f i

)
, ∂tθ

i
)
−
(
θi − θ̄i−1

τi
, ∂tθ

i

)
(3.44)

By definition we have the inequality

a(a− b) ≥ 1

2
(a2 − b2) ∀a, b ∈ R (3.45)

So,

a

(
θi − θi−1

τi
, θi
)

=
1

τi

∫
Ω
µ
(
∇
(
θi − θi−1

)
,∇θi

)
=

1

2τi

∫
Ω
µ
(
∇θi.∇θi

)
−
(
∇θi−1.∇θi−1

)
=

1

2τi

(
a
(
θi, θi

)
− a

(
θi−1, θi−1

))
=

1

2τi

(
‖θi‖2a − ‖θi−1‖2a

)
(3.46)
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The equation (3.44) can be rewritten in the form

∥∥dtθi∥∥2
+

1

2τi

(∥∥θi∥∥2

a
−
∥∥θi−1

∥∥2

a

)
+
(
σθi, ∂tθ

i
)
≤
(
B
(
F ih − f i

)
, ∂tθ

i
)
−
(
θi − θ̄i−1

τi
, ∂tθ

i

)
(3.47)

We will also make use of Young’s inequality: for real numbers a, b and ε > 0

|ab| ≤ ε

2
a2 +

1

2ε
b2, ∀a, b, ε ∈ R, ε > 0 (3.48)

for the purpose of the right hand side term, from the continuous proprety of the B and the

inequality (3.48) with ε =
1

2∣∣(B (F ih − f i) , ∂tθi)∣∣ ≤ C ∥∥f i − F ih∥∥2

0,Ω
+

1

4

∥∥dtθ2
∥∥2 (3.49)

Lemma 3.5.2. Let f ∈ V = H1
0 (Ω), and f̄(x) = f(x − g(x)τ), where g is bounded on Ω̄, then

for τ sufficiently small, we have ∥∥f(x)− f̄(x)
∥∥ ≤ C0τ ‖f‖V (3.50)

where the constant C0 = C0(‖g‖L∞(Ω) depends propotionably on ‖g‖L∞(Ω) and independent on
the discrete parameter.

Using the estimate described in Lemma (3.5.2), the Cauchy-Schwarz inequality and the in-

equality (3.45) with ε =
1

2
so

∣∣∣∣(θi − θ̄i−1

τi
, ∂tθ

i

)∣∣∣∣ ≤ ∥∥∥∥θi − θ̄i−1

τi

∥∥∥∥ ‖dtθi‖
≤ C1

∥∥θi−1
∥∥2

V
+

1

4

∥∥dtθi∥∥2 (3.51)

∣∣(σθi, dtθi)∣∣ ≤ ∥∥σθi∥∥∥∥dtθi∥∥ ≤ C ∥∥θi∥∥2
+

1

2

∥∥dtθi∥∥2 (3.52)

in summary we group together the terms of the equations (3.49),(3.51) and (3.52) in (3.47) we
have

∥∥dtθi∥∥2
+

1

2τi

(∥∥θi∥∥2

a
−
∥∥θi−1

∥∥2

a

)
+ C

∥∥θi∥∥2
+

1

2

∥∥dtθi∥∥2

≤ C
∥∥f i − F ih∥∥2

0,Ω
+

1

4

∥∥dtθ2
∥∥2

+ C1

∥∥θi−1
∥∥2

V
+

1

4

∥∥dtθi∥∥2 (3.53)
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∥∥dtθi∥∥2
+

1

2τi

(∥∥θi∥∥2

a
−
∥∥θi−1

∥∥2

a

)
+ C

∥∥θi∥∥2 ≤ C
∥∥f i − F ih∥∥2

0,Ω
+ C1

∥∥θi−1
∥∥2

V
(3.54)

By multiplying the equation (3.54) by 2τi and we do the summation on i from 1 to N ,

N∑
i=1

τi
∥∥dtθi∥∥2

+ a∗
∥∥θN∥∥2

V
+ C

N∑
i=1

τi
∥∥θi∥∥2 ≤ C1

N∑
i=1

τi
∥∥θi−1

∥∥2

V
+ C

N∑
i=1

τi
∥∥f i − F ih∥∥2

0,Ω
(3.55)

Same for the difference ζ between the approximate solutionΨh and the intermediate solution
Ψh(f) (3.37) - (3.40) we obtain

(
ζi−1 − ζi

τi
, qh

)
+a

(
qh, ζ

i−1
)

+
(
σζi−1, qh

)
=
(
θi, qh

)
−

(
ζi − ¯̄

ζi

τi
, qh

)
−

( ¯̄
ζi − ¯̄

ζi.J

τi
, qh

)
(3.56)

And we pose qh = d̄tζ
i−1 = ζi−1−ζi

τi
as a test function, the equation (3.56) is of the form

(
d̄tζ

i−1, d̄tζ
i−1
)

+ a

(
ζi−1 − ζi

τi
, ζi−1

)
+
(
σζi−1, d̄tζ

i−1
)

=
(
θi, d̄tζ

i−1
)
−

(
ζi − ¯̄

ζi

τi
, d̄tζ

i−1

)
−

( ¯̄
ζi − ¯̄

ζi.J

τi
, d̄tζ

i−1

)
(3.57)

Then using the inequality given by (3.45) and Hölder’s inequality we get

∥∥d̄ζi−1
∥∥2

+
1

2τ

(∥∥ζi−1
∥∥2

a
−
∥∥ζi−1

∥∥2

a

)
+ C1

∥∥ζi−1
∥∥2

+
1

2

∥∥d̄tζi−1
∥∥2

≤
(
θi, d̄tζ

i−1
)
−

(
ζi − ¯̄

ζi

τi
, d̄tζ

i−1

)
−

( ¯̄
ζi − ¯̄

ζi.J

τi
, d̄tζ

i−1

)
(3.58)

(
θi, d̄tζ

i−1
)
≤ |
(
θi, d̄tζ

i−1
)
|

≤ C
∥∥θi∥∥2

+
1

6

∥∥d̄tζi−1
∥∥2 (3.59)
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(
ζi − ¯̄

ζi

τi
, d̄tζ

i−1

)
≤

∣∣∣∣∣
(
ζi − ¯̄

ζi

τi
, d̄tζ

i−1

)∣∣∣∣∣
≤

∥∥∥∥∥ζi −
¯̄
ζi

τi

∥∥∥∥∥∥∥d̄tζi−1
∥∥

≤ C1

∥∥ζi∥∥2

V
+

1

6

∥∥d̄tζi−1
∥∥2 (3.60)

We have the determinant of the matrix of the Jacobian transformation J = 1 +O(τi) we have

( ¯̄
ζi − ¯̄

ζi.J

τi
, d̄ζi−1

)
≤

∣∣∣∣∣
( ¯̄
ζi − ¯̄

ζi.J

τi
, d̄tζ

i−1

)∣∣∣∣∣ ≤ C ∥∥ζi∥∥2
+

1

6

∥∥d̄tζi−1
∥∥2 (3.61)

We replace the terms (3.59),(3.60) and (3.61) in the equation (3.58) we get

∥∥d̄ζi−1
∥∥2

+
1

2τ

(∥∥ζi−1
∥∥2

a
−
∥∥ζi−1

∥∥2

a

)
+ C1

∥∥ζi−1
∥∥2

+
1

2

∥∥d̄tζi−1
∥∥2

≤ C
∥∥θi∥∥2

+
1

6

∥∥d̄tζi−1
∥∥2

+ C1

∥∥ζi∥∥2

V
+

1

6

∥∥d̄tζi−1
∥∥2

+ C
∥∥ζi∥∥2

+
1

6

∥∥d̄tζi−1
∥∥2 (3.62)

By simplification we obtain

∥∥d̄tζi−1
∥∥2

+
1

2τ

(∥∥ζi−1
∥∥2

a
−
∥∥ζi−1

∥∥2

a

)
+ C1

∥∥ζi−1
∥∥2

≤ C
∥∥θi∥∥2

+ C1

∥∥d̄tζi∥∥2

V
+ C

∥∥d̄tζi∥∥2 (3.63)

In the same way by multiplying (3.63) by 2τi and we do the summation on i from N∗ to M + 1,
the coercivity leads to

N∗∑
i=M+1

τi
∥∥dtζi−1

∥∥2
+ a∗

∥∥ζM∥∥2

V
+ C1

N∗∑
i=M+1

τi
∥∥ζi−1

∥∥2

≤ C
N∗∑

i=M+1

τi
∥∥ζi∥∥2

V
+ C1

N∗∑
i=M+1

τi
∥∥ζi∥∥2

+ C

N∗∑
i=M+1

τi
∥∥θi∥∥2 (3.64)

Since ζN∗ = 0, thus it follows from (3.64) and the discrete Gronwall’s Lemma for sufficiently
small τi that

‖ζ‖L∞([0,T ],H1
0 (Ω)) ≤ C2‖Ψh −Ψh(f)‖L2([0,T ],L2(Ω)) (3.65)

Lemma 3.5.3. Let (φ, ψ, f) and (Φ,Ψ, F ) be the solutions of ((3.28), (3.29), (3.30)) and ((3.36), (3.37), (3.38))
respectively. Suppose that f ∈ L2 ([0, T ],Rm), ψ ∈ L2

(
[0, T ], H1

0 (Ωadm)
)
∩ L2

(
[0, T ], L2(Ω)

)
,
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Kh ⊂ K. Then there exist a positive constant C independant hU and τ such that

√
α ‖f − Fh‖L2([0,T ];Rm) ≤ ChU

(
‖ψ‖L2([0,T ],H1(Ω)) + ‖f‖L2([0,T ],H1(Ωadm))

)
+ C‖ψ −Ψh(f)‖L2([0,T ],H1(Ω)) + Ck

∥∥∥∥∂ψ∂t
∥∥∥∥
L2([0,T ],L2(Ω))

(3.66)

Proof. We have the variational formulation of the optimality condition (3.30)

α ‖f − Fh‖2L2([0,T ];Rm) =
N∗∑
i=1

τi
(
αf i, f i − F ih

)
U
−

N∗∑
i=1

τi
(
αF ih, f

i − F ih
)
U

≤
N∗∑
i=1

τi
(
αui + B∗ψi, f i − F ih

)
U
−

N∗∑
i=1

τi
(
αU i + B∗P i−1

h (f), f i − F ih
)
U

+
N∗∑
i=1

τi
(
B∗
(
Ψi−1(f)− ψi

)
, f i − F ih

)
U

≤
N∗∑
i=1

τi
(
αF ih + B∗P i−1

h (f), F ih − f i
)
U

+

N∗∑
i=1

τi
(
B∗
(
Ψi−1(f)− ψi

)
, f i − F ih

)
U

�

We have Πhf
i ∈ Kh, so from the equation (3.38), where Πh is an element integral averaging

operator from U to Uh such that

|Πhv|βU =
1

|βU |

∫
βU

v ∀βU ∈ T hU (3.67)

α‖f − Fh‖2L2([0,T ];Rm) ≤
N∗∑
i=1

τi
(
αU ih + B∗Ψi−1

h (f), F ih −Πhf
i
)
U

+
N∗∑
i=1

τi
(
αU ih + B∗Ψi−1

h (f),Πhf
i − f i

)
U

+

N∗∑
i=1

τi
(
B∗
(
Ψi−1(f)−Ψi−1

h (f)
)
, f i − F ih

)
U

+
N∗∑
i=1

τi
(
B∗
(
Ψi−1(f)− ψi

)
, f i − F ih

)
U
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α‖f − Fh‖2L2([0,T ];Rm) ≤
N∗∑
i=1

τi
(
αF ih,Πhf

i − ui
)
U

+
N∗∑
i=1

τi
(
B∗ψi−1,Πhf

i − f i
)
U

+

N∗∑
i=1

τi
(
B∗
(
ψi−1 −Ψi−1

h (f)
)
, ui −Πhu

i
)
U

+
N∗∑
i=1

τi
(
B∗
(
Ψi−1
h (f)−Ψi−1

h

)
, f i −Πhf

i
)
U

+

N∗∑
i=1

τi
(
B∗
(
Ψi−1
h −Ψi−1

h (f)
)
, f i − F ih

)
U

+
N∗∑
i=1

τi
(
B∗
(
Ψi−1
h (f)− ψi

)
, f i − F ih

)
U

(3.68)

Lemma 3.5.4. Let integral averaging operator of (3.67) Πh, then there a positive constante C
independent of hU such that

|v −Πhv|0,p,βU ≤ ChU |v|1,p,βU (3.69)

pour v ∈W 1,p(Ωadm) et 1 ≤ p ≤ ∞

Applying the definition of the integral averaging operator defined in (3.67)

N∗∑
i=1

τi
(
αF ih,Πhf

i − ui
)
U

= 0 (3.70)

Then for the second and the third term, by application of Lemme (3.5.4) and the inequality
(3.45), we have

N∗∑
i=1

τi
(
B∗ψi−1,Πhf

i − f i
)
U

=

N∗∑
i=1

τi
(
B∗ψi−1 −Πh(B∗ψi−1),Πhf

i − f i
)
U

≤ C
N∗∑
i=1

τi
∥∥ψi−1 −Πhψ

i−1
∥∥2

0,Ω
+ C

N∗∑
i=1

τi
∥∥f i −Πhf

i
∥∥2

0,Ωadm

≤ Ch2
U

(
‖ψ‖2L2([0,T ],H1(Ω)) + ‖f‖2L2([0,T ],L2(Ω))

)
(3.71)

and

N∗∑
i=1

τi
(
B∗
(
ψi−1 −Ψi−1

h (f)
)
, f i −Πhf

i
)
U
≤ C

N∗∑
i=1

τi
∥∥ψi−1 −Ψi−1

h (f)
∥∥2

0,Ω
+ C

N∗∑
i=1

τi
∥∥f i −Πhf

i
∥∥2

0,Ωadm

≤ C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω)) + Ch2
U‖f‖2L2([0,T ],L2(Ω))

(3.72)
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For the fourth terme, from the Lemme(3.5.1), Lemme (3.5.4) and the inequality (3.45), we have

N∗∑
i=1

τi
(
B∗
(
Ψi−1
h (f)−Ψi−1

h

)
, f i −Πhf

i
)
U
≤ C

N∗∑
i=1

τi ‖f −Πhf‖20,Ωadm + ε̂
N∗∑
i=1

τi
∥∥Ψi−1

h (f)−Ψi−1
h

∥∥2

0,Ωadm

≤ C‖f −Πhf‖2L2([0,T ],L2(Ωadm)) + ε̂‖Ψ(f)−Ψ‖2L2([0,T ],L2(Ω))

≤ Ch2
U‖f‖2L2([0,T ],L2(Ω)) + ε‖f − Fh‖2L2([0,T ],L2(Ωadm))

(3.73)

where ε̂ is an arbitrary small number and ε = C2
2 ε̂ according to Lemma (3.5.1).

Note that θ0 = ξN
∗

= 0, then it follows from (3.36)-(3.37) and (3.39)-(3.40) that

N∗∑
i=1

τi
(
B∗
(
Ψi−1
h −Ψi−1

h (f)
)
, f i − F ih

)
U

=
N∗∑
i=1

τi
(
Ψi−1
h −Ψi−1

h (f),B∗(f i − F ih)
)
U

=

N∗∑
i=1

τi

(
Ψi−1
h −Ψi−1

h (f),
Ψi
h(f)− Ψ̄i−1

h (f)

τi
−

Ψi
h − Ψ̄i−1

h

τi
+ a(Ψi

h(f), wτ )− a(Ψi
h, wτ )

)

=
N∗∑
i=1

τi

(
ξi−1,−

Ψi
h −Ψi

h(f)

τi
−

Ψ̄i−1
h − Ψ̄i−1

h (f)

τi

)
−

N∗∑
i=1

τia
(
θi, ξi−1

)
= −

N∗∑
i=1

τi

(
θi − θ̄i−1

τi
, ξi−1

)
−

N∗∑
i=1

τia
(
θi, ξi−1

)
= −

N∗∑
i=1

τi

(
ξi−1 − ¯̄ξi.J i

τi
, θi

)
−

N∗∑
i=1

τia
(
θi, ξi−1

)
= −

N∗∑
i=1

τi
(
θi, θi

)
= −‖θ‖L2([0,T ];L2(Ω)) ≤ 0

(3.74)

finally for the last term, for the reason of the continuous proprety of the operator B and the
inequality (3.45) we have

N∗∑
i=1

τi
(
B∗
(
Ψi−1
h (f)− ψi

)
, f i − F ih

)
U

=

N∗∑
i=1

τi
((

Ψi−1
h − ψi−1

)
,B
(
f i − F ih

))
U

+
N∗∑
i=1

τi
((
ψi−1 − ψi

)
,B
(
f i − F ih

))
U

(3.75)
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N∗∑
i=1

τi
(
B∗
(
Ψi−1
h (f)− ψi

)
, f i − F ih

)
U
≤ C

N∗∑
i=1

τi
∥∥ψi−1

h −Ψi−1
∥∥2

0,Ω
+ C

N∗∑
i=1

τi
∥∥ψi−1 − ψi

∥∥2

0,Ω

+ ε

N∗∑
i=1

τi
∥∥f i − F ih∥∥2

0,Ωadm

≤ C‖ψ −Ψ(f)‖2L2([0,T ],L2(Ωadm)) + Ck2

∥∥∥∥∂ψ∂t
∥∥∥∥2

L2([0,T ],L2(Ω))

+ ε‖f − Fh‖2L2([0,T ],L2(Ωadm)) (3.76)

In summary, we replace the different terms previously calculated in (3.68) we obtain

α ‖f − Fh‖2L2([0,T ];Rm) ≤ Ch
2
U

(
‖ψ‖2L2([0,T ],H1(Ω)) + ‖f‖2L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω)) + Ch2

U‖f‖2L2([0,T ],L2(Ωadm))

+ Ch2
U‖f‖2L2([0,T ],L2(Ωadm)) + ε‖f − Fh‖2L2([0,T ],L2(ΩU ))

+ C‖ψ −Ψh(f)‖2L2([0,T ],L2(Ωadm)) + Ck2

∥∥∥∥∂ψ∂t
∥∥∥∥2

L2([0,T ],L2(Ω))

+ ε‖f − Fh‖2L2([0,T ],L2(Ωadm))

α‖f − Fh‖2L2([0,T ];Rm) ≤ Ch
2
U

(
‖p‖2L2([0,T ],H1(Ω)) + ‖f‖2L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω)) + Ck2

∥∥∥∥∂ψ∂t
∥∥∥∥2

L2([0,T ],L2(Ω))

+ ε‖f − Fh‖2L2([0,T ],L2(Ω)) + C‖ψ −Ψh‖2L2([0,T ],H1(Ω)) (3.77)

We pose ε =
α

2
and the inequality (3.77) writes

α ‖f − Fh‖2L2([0,T ];Rm) ≤ Ch
2
U

(
‖ψ‖2L2([0,T ],H1(Ω)) + ‖f‖2L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω)) + Ck2

∥∥∥∥∂ψ∂t
∥∥∥∥2

L2([0,T ],L2(Ω))

+
α

2
‖f − Fh‖2L2([0,T ],L2(Ω)) + C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω))

α ‖f − Fh‖2L2([0,T ];Rm) ≤ Ch
2
U

(
‖ψ‖2L2([0,T ],H1(Ω)) + ‖f‖2L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω)) + Ck2

∥∥∥∥∂ψ∂t
∥∥∥∥2

L2([0,T ],L2(Ω))

+
α

2
‖f − Fh‖2L2([0,T ],L2(Ω))
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α

2
‖f − Fh‖2L2([0,T ];Rm) ≤ Ch

2
U

(
‖ψ‖2L2([0,T ],H1(Ω)) + ‖f‖2L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖2L2([0,T ],H1(Ω)) + Ck2

∥∥∥∥∂ψ∂t
∥∥∥∥2

L2([0,T ],L2(Ω))

√
α ‖f − Fh‖L2([0,T ];Rm) ≤ ChU

(
‖ψ‖L2([0,T ],H1(Ω)) + ‖f‖L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖L2([0,T ],H1(Ω)) + Ck

∥∥∥∥∂ψ∂t
∥∥∥∥
L2([0,T ],L2(Ω))

(3.78)

Lemma 3.5.5. Let (φ, ψ) et (Φh(f),Ψh(f)), be the solution of ((3.28)− (3.29)) and ((3.39)− (3.40))
respectively. Suppose that φ, ψ ∈ H1

(
[0, T ], H2(Ω)

)
∩H2

(
[0, T ], L2(Ω)

)
, φd ∈ H1

(
[0, T ], H1(Ω)

)
and

∥∥φ0 − φh0
∥∥ ≤ Cτ . We have

‖|φ− Φh(f)|‖L∞([0,T ],H1
0 (Ω)) ≤ C2

(
h ‖φ‖H1([0,T ];H2(Ω)) + τ

∥∥∥∥∂2φ

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

)
(3.79)

and

‖ψ −Ψh(f)‖L∞([0,T ],H1
0 (Ω)) ≤ C2τ

∑
v=φ,ψ

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+ C2τ
∑

v=φ,φd

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+ C2τ‖ψ‖L2([0,T ];L2(Ω)) + C2τ
∑
v=φ,ψ

‖ψ‖H1([0,T ];H2(Ω)) (3.80)

Proof. In the fisrt step, we give an estimate for the difference η between the excat solution and
the intermediate solution ψ and Ψh(f) respectively. The exact solution ψ satisfies

(
φi − φ̄i−1

τi
, wh

)
+a

(
φi, wh

)
+
(
σφi, wh

)
=
(
gi + Bf i, wh

)
−
(
Λi, wh

)
∀wh ∈ V h, i ≥ 1 (3.81)

where

Λi =
∂φi

∂t
+ U .∇φi − φi − φ̄i−1

τi

By differentiating between ((3.39)− (3.81)) we have

(
∂tη

i, wh
)

+ a
(
ηi, wh

)
+
(
σηi, wh

)
= −

(
Λi, wh

)
−
(
ηi−1 − η̄i−1

τi
, wh

)
∀wh ∈ V h, i ≥ 1 (3.82)

Lemma 3.5.6. Let Qh and Rh denotes the L2-projection operator, Qhφ ∈ V h, Rhψ ∈ V h and
φ ∈ V , ψ ∈ V for each t ∈ (0, T ], there exists a positive constant C independent of h and τ such
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that for 1 ≤ s ≤ 2 (for more detail see [20]). Then the following estimates hold

‖φ−Qhφ‖L2([0,T ];L2(Ω)) + h ‖φ−Qhφ‖L2([0,T ];H1(Ω)) ≤ Ch
s ‖φ‖L2([0,T ];Hs(Ω)) ,∥∥∥∥∂ (φ−Qhφ)

∂t

∥∥∥∥
L2([0,T ];L2(Ω))

+ h

∥∥∥∥∂ (φ−Qhφ)

∂t

∥∥∥∥
L2([0,T ];H1(Ω))

≤ Chs ‖φ‖L2([0,T ];Hs(Ω)) (3.83)

and

‖ψ −Rhψ‖L2([0,T ];L2(Ω)) + h ‖φ−Rhψ‖L2([0,T ];H1(Ω)) ≤ Ch
s ‖ψ‖L2([0,T ];Hs(Ω)) ,∥∥∥∥∂ (ψ −Rhψ)

∂t

∥∥∥∥
L2([0,T ];L2(Ω))

+ h

∥∥∥∥∂ (ψ −Rhψ)

∂t

∥∥∥∥
L2([0,T ];H1(Ω))

≤ Chs ‖ψ‖L2([0,T ];Hs(Ω)) (3.84)

We pose wk = dtη
i =

φi − Φi
h(f)

τi
as a test function. Then from the equation (3.81) and the

elliptic proction in Lemma (3.5.6)

‖dtηi‖+ a
(
ηi, dtη

i
)

+
(
σηi, dtη

i
)

=
(
dtη

i, dt
(
φi − Φi

h(f)
))

+ a
(
ηi, dt

(
φi − Φi

h(f)
))

=
(
dtη

i, dt
(
φi −Qhφi

))
+
(
dtη

i, dt
(
Qhφi − Φi

h(f)
))

+ a
(
ηi, dt

(
φi −Qhφi

))
+ a

(
ηi, dt

(
Qhφi − Φi

h(f)
))

=
(
dtη

i, dt
(
φi −Qhφi

))
+ a

(
ηi, dt

(
φi −Qhφi

))
−
(
Λi, dt

(
Qhφi − Φi

h(f)
))
−
(
ηi−1 − η̄i−1

τi
, dt
(
Qhφi − Φi

h(f)
))

(3.85)

We multiply the equation (3.85) by τi and sum it over 1 ≤ i ≤ N and using the inequality defined
in (3.48)

N∗∑
i=1

τi
∥∥dtηi∥∥2

+
1

2

∥∥ηN∥∥2

a
+ C

N∗∑
i=1

τi
∥∥ηi∥∥2

+
1

2

∥∥dtηi∥∥2 ≤ 1

2

∥∥η0
∥∥2

a
+

N∗∑
i=1

τi
∥∥dtηi∥∥∥∥(φi −Qhφi)∥∥

+C

N∗∑
i=1

τi
∥∥ηi∥∥

V

∥∥dt (φi −Qhφi)∥∥V +

N∗∑
i=1

τi
∥∥Λi
∥∥ (∥∥dt (φi −Qhφi)∥∥+

∥∥dt (φi − Φh(f)
)∥∥)

+

N∗∑
i=1

τi

∥∥∥∥ηi−1 − η̄i−1

τi

∥∥∥∥ (∥∥dt (φi −Qhφi)∥∥+
∥∥dt (φi − Φh(f)

)∥∥)

N∗∑
i=1

τi
∥∥dtηi∥∥2

+
1

2

∥∥ηN∥∥2

a
+ C

N∗∑
i=1

τi
∥∥ηi∥∥2

+
1

2

∥∥dtηi∥∥2 ≤ 1

2

∥∥η0
∥∥2

a
+

4∑
i=1

Ti (3.86)
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We calculate the different terms of the right hand side, then

T1 ≤
1

6

N∗∑
i=1

τi
∥∥dtηi∥∥2

+ Ch4 ‖φ‖2H1([0,T ];H2(Ω)) (3.87)

T2 ≤
1

2

N∗∑
i=1

τi
∥∥ηi∥∥2

V
+ Ch2 ‖φ‖2H1([0,T ];H2(Ω)) (3.88)

T3 ≤ Cτ2

∥∥∥∥∂2φ

∂t2

∥∥∥∥2

L2([0,T ];L2(Ω))

+ Ch4 ‖φ‖2H1([0,T ];H2(Ω)) +
1

6

N∗∑
i=1

τi
∥∥dtηi∥∥2 (3.89)

T4 ≤ C1

N∗∑
i=1

τi
∥∥ηi−1

∥∥2

V
+ Ch4 ‖φ‖2H1([0,T ];H2(Ω)) +

1

6

N∗∑
i=1

τi
∥∥dtηi∥∥2 (3.90)

In summary, we replace the different terms in the equation (3.86) then

N∗∑
i=1

τi
∥∥dtηi∥∥2

+
1

2

∥∥ηN∥∥2

a
+ C

N∗∑
i=1

τi
∥∥ηi∥∥2 ≤ 1

2

∥∥η0
∥∥2

a
+ Cτ2

∥∥∥∥∂2φ

∂t2

∥∥∥∥2

L2([0,T ];L2(Ω))

+ Ch2 ‖φ‖2H1([0,T ];H2(Ω))

+ C1

N∗∑
i=1

τi

(∥∥ηi∥∥2

V
+
∥∥ηi−1

∥∥2

V

)
(3.91)

Next, we give the estimate for the difference θ between the exact solution ψ and the intermediate
solution Ψh(f). The exact solution ψ satisfies

(
ψi − ¯̄ψi−1.J i

τi
, qh

)
+ a

(
qh, ψ

i−1
)

+
(
σψi−1, qh

)
=
(
φi−1 − φi−1

d , qh
)
−
(
χi−1, qh

)
+

(
¯̄ψi − ¯̄ψi.J i

τi
, qh

)
∀qh ∈ V h, i ≤ N∗ (3.92)

where

χi−1 =
∂ψi−1

∂t
+ U .∇ψi−1 −

¯̄
ψi − ψi−1

τi

By differentiating between ((3.40)− (3.92)) we have
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(
d̄tξ

i−1, qh
)

+ a
(
qh, ξ

i−1
)

+
(
σξi−1, qh

)
= −

(
χi−1, qh

)
−

(
ξi − ¯̄ξi−1

τi
, qh

)
−

(
¯̄ξi − ¯̄ξi.J i

τi
, qh

)

+

(
¯̄ψi − ¯̄ψi.J i

τi
, qh

)
+
(
φi − Φi

h(f), qh
)

+
(
φi−1 − Φi, qh

)
+
(
φid − φi−1

d , qh
)
, ∀qh ∈ V h, i ≤ N∗ (3.93)

Similarly, t ∈ (0, T ], let Rhψ ∈ V h the elliptic projection of ψ ∈ V . We pose qh = d̄tη
i =

d̄t
(
Rhψi−1 −Ψi−1

h (f)
)

τi
as a test function.

∥∥d̄tξi−1
∥∥2

+ a
(
d̄tξ

i−1, ξi−1
)

+
(
σξi−1, d̄tξ

i−1
)

=
(
d̄tξ

i−1, d̄t
(
Rhψi−1 −Ψi−1

h

))
+ a

(
d̄t
(
ψi−1 −Rhψi−1

)
, ξi−1

)
−
(
χi−1, d̄t

(
Rhψi−1 −Ψi−1

h (f)
))

−
(
χi−1, d̄t

(
Rhψi−1 −Ψi−1

h (f)
))

−

(
ξi − ¯̄ξi−1

τi
, d̄t
(
Rhψi−1 −Ψi−1

h (f)
))

+

(
¯̄ξi − ¯̄ξi.J i

τi
, d̄t
(
Rhψi−1 −Ψi−1

h (f)
))

+
(
φi − Φi

h(f), d̄t
(
Rhψi−1 −Ψi−1

h (f)
))

+
(
φi−1 − Φi, d̄t

(
Rhψi−1 −Ψi−1

h (f)
))

+
(
φid − φi−1

d , d̄t
(
Rhψi−1 −Ψi−1

h (f)
))

(3.94)

Simalarly, we multiply both sides of (3.94) by τi and sumit over i from N∗ to M + 1 and using
the inequality defined in (3.48) then

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2
+

1

2

∥∥ξM∥∥2

a
+ C

N∗∑
i=M+1

τi
∥∥ξi−1

∥∥2
+

1

2

∥∥d̄tξi−1
∥∥2 ≤

13∑
i=5

Ti (3.95)

T 5 ≤
N∗∑

i=M+1

τi
∥∥d̄tξi−1

∥∥∥∥d̄t (ψi−1 −Rhψi−1
)∥∥

≤ 1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2
+ Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) (3.96)
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T6 ≤
N∗∑

i=M+1

τi
∥∥ξi−1

∥∥2

V
+

∥∥∥∥∂ (ψ −Rhψ)

∂t

∥∥∥∥
≤ C

N∗∑
i=M+1

τi
∥∥ξi−1

∥∥2

V
+ Ch2 ‖ψ‖2H1([0,T ];H2(Ω)) (3.97)

T7 ≤
N∗∑

i=M+1

τi
∥∥χi−1

∥∥ (∥∥d̄t (ψi−1 −Rhψi−1
)∥∥+

∥∥d̄t (ψi−1 −RhΨi−1
h (f)

)∥∥)
≤ Cτ2

∥∥∥∥∂2ψ

∂t2

∥∥∥∥2

L2([0,T ];L2(Ω))

+ Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) +
1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2 (3.98)

T8 ≤
N∗∑

i=M+1

τi

∥∥∥∥∥ξi − ¯̄ξi

τ

∥∥∥∥∥ (∥∥d̄t (ψi−1 −Rhψi−1
)∥∥+

∥∥d̄t (ψi−1 −RhΨi−1
h (f)

)∥∥)
≤ C1

N∗∑
i=M+1

τi
∥∥ξi−1

∥∥2

V
+ Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) +

1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2 (3.99)

T9 ≤
N∗∑

i=M+1

τi

∥∥∥∥∥ ¯̄ξi − ¯̄ξi.J

τ

∥∥∥∥∥ (∥∥d̄t (ψi−1 −Rhψi−1
)∥∥+

∥∥d̄t (ψi−1 −RhΨi−1
h (f)

)∥∥)
≤ C

N∗∑
i=M+1

τi
∥∥ξi−1

∥∥2
+ Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) +

1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2 (3.100)

T10 ≤
N∗∑

i=M+1

τi

∥∥∥∥∥ ¯̄ψi − ¯̄ψi.J

τ

∥∥∥∥∥ (∥∥d̄t (ψi−1 −Rhψi−1
)∥∥+

∥∥d̄t (ψi−1 −RhΨi−1
h (f)

)∥∥)
≤ C

N∗∑
i=M+1

τ2
i ‖ψ‖

2
L2([0,T ];L2(Ω)) + Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) +

1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2 (3.101)

T11 ≤C
N∗∑

i=M+1

τi
∥∥φi − Φi

h(f)
∥∥ (∥∥d̄t (ψi−1 −Rhψi−1

)∥∥+
∥∥d̄t (ψi−1 −RhΨi−1

h (f)
)∥∥)

≤Cτ2

∥∥∥∥∂2φ

∂t2

∥∥∥∥2

L2([0,T ];L2(Ω))

+ Ch2 ‖φ‖2H1([0,T ];H2(Ω)) + Ch4 ‖ψ‖2H1([0,T ];H2(Ω))

+
1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2 (3.102)
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T12 ≤
N∗∑

i=M+1

τi
∥∥φi − φi−1

∥∥ (∥∥d̄t (ψi−1 −Rhψi−1
)∥∥+

∥∥d̄t (ψi−1 −RhΨi−1
h (f)

)∥∥)
≤Cτ2

∥∥∥∥∂φ∂t
∥∥∥∥2

L2([0,T ];L2(Ω))

+ Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) +
1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2 (3.103)

T13 ≤
N∗∑

i=M+1

τi
∥∥φi−1

d − φid
∥∥ (∥∥d̄t (ψi−1 −Rhψi−1

)∥∥+
∥∥d̄t (ψi−1 −RhΨi−1

h (f)
)∥∥)

≤ Cτ2

∥∥∥∥∂φd∂t
∥∥∥∥2

L2([0,T ];L2(Ω))

+ Ch4 ‖ψ‖2H1([0,T ];H2(Ω)) +
1

16

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2

Summarizing and replaced the different terms in equation (3.95) then

N∗∑
i=M+1

τi
∥∥d̄tξi−1

∥∥2
+

1

2

∥∥ξM∥∥2

a
+ C

N∗∑
i=M+1

τi
∥∥ξi−1

∥∥2

≤ C2τ
2
i

 ∑
v=φ,ψ

∥∥∥∥∂2v

∂t2

∥∥∥∥2

L2([0,T ];L2(Ω))

+
∑

v=φ,φd

∥∥∥∥∂v∂t
∥∥∥∥2

L2([0,T ];L2(Ω))

+ ‖ψ‖2H1([0,T ];H2(Ω))


+C2h

2
∑
i=ψ,φ

‖v‖2H1([0,T ];H2(Ω)) + C1

N∗∑
i=M+1

τi

(∥∥ξi−1
∥∥2

V
+
∥∥ξi∥∥2

V

)
(3.104)

�

Theorem 3.5.7. Let that (φ, ψ, f) and (Φh,Ψh, Fh) are the solutions of the equations ((3.28)− (3.30))
and ((3.36)− (3.38)) respectively. Moreover, we assume that all conditions in Lemma (3.5.1),(3.5.3)
and (3.5.5) are valid. Then the following estimates hold

√
α‖f − Fh‖L2([0,T ];Rm) + ‖φ− Φh‖L∞([0,T ],H1

0 (Ω)) + ‖ψ −Ψh‖L∞([0,T ],H1
0 (Ω))

≤ ChU
(
‖ψ‖L2([0,T ];H2(Ω)) + ‖f‖L2([0,T ];L2(Ωadm))

)
+ C2h

∑
v=φ,ψ

‖v‖H1([0,T ];H2(Ω))

+C2τ

 ∑
v=φ,ψ

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+
∑

v=φ,φd

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+ ‖ψ‖L2([0,T ];L2(Ω))

 (3.105)
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Proof. From the Lemme (3.5.3) and Lemme (3.5.5) we have

√
α‖f − Fh‖L2([0,T ];Rm) ≤ ChU

(
‖ψ‖L2([0,T ],H1(Ω)) + ‖f‖L2([0,T ],L2(Ωadm))

)
+ C‖ψ −Ψh(f)‖L2([0,T ],H1(Ω)) + Ck

∥∥∥∥∂ψ∂t
∥∥∥∥
L2([0,T ],L2(Ω))

≤ ChU
(
‖ψ‖L2([0,T ],H1(Ω)) + ‖f‖L2([0,T ],L2(Ωadm))

)
+ C2h

∑
v=φ,ψ

‖v‖H1([0,T ];H2(Ω)) + C2τ‖ψ‖L2([0,T ];L2(Ω))

+ C2τ

 ∑
v=φ,ψ

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))

+
∑

v=φ,φd

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ];L2(Ω))


(3.106)

And from the Lemma (3.5.1), (3.5.5) and (3.106) we have

‖φ− Φh‖L2([0,T ],H1
0 (Ω)) + ‖ψ −Ψh‖L2([0,T ],H1

0 (Ω)) ≤ ‖Φh − Φh(f)‖L2([0,T ],H1
0 (Ω))

+‖φ− Φh(f)‖L2([0,T ],H1
0 (Ω)) + ‖Ψ−Ψh(f)‖L2([0,T ],H1

0 (Ω)) + ‖Ψ−Ψh(f)‖L2([0,T ],H1
0 (Ω))

≤ C2‖f − Fh‖L2([0,T ],L2(Ωadm)) + C2h
∑
v=φ,ψ

‖v‖H1([0,T ],H2(Ω)) + C2τ‖|ψ|‖L2([0,T ],L2(Ω))

+C2τ

 ∑
v=φ,ψ

∥∥∥∥∂2v

∂t2

∥∥∥∥
L2([0,T ],L2(Ω))

+
∑

v=φ,ψ,φd

∥∥∥∥∂v∂t
∥∥∥∥
L2([0,T ],L2(Ω))

 (3.107)

�

3.6 Numerical resolution

In this part, we present the 2D model that we use to solve the pollutant dispersion problem from
four towns on the Normandy coast discharging wastewater into aquatic environments as shown
in figure on the right. We consider the domaine Ω ∈ R2 corresponding to the water surface of
Normand-Breton gulf delimited by the borders ∂Ω = {Γ1,Γ2,Γ3,Γ4} as shown in the following
left Figure (3.2)
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Figure 3.2: 2D geometric model of Normand-Breton gulf.

• Γ1 corresponding to the boundary of the wastewater discharge.

• Γ2 and Γ3 corresponding to the free border of entry and exit of the fluid.

• Γ4 corresponds to the border of the boundary conditions on the coast of Bretagne and the
Normandy coast.

3.6.1 Time and space discretization

In order to set the time semi-discretization for the interval [0, T ], we chose a numberM ∈ IN and
we define the time step ∆t = T

M . Then we consider a set ofM+1 discrete times [tm]Mm=0 ⊂ [0, T ]

given by tm = m∆t, for m = [0, · · · ,M ]. To complete the discretization, we use the finite
element formalism for spatial discretization. We consider Th of Ω and, associated to this mesh.
Let us denote (û, v̂), q̂ and φ̂ the function test associated for the space finite element Vh, Qh for
the shallow water, Mh, M̄h for the transport equation and the adjoint state respectively. We
define the following finite spaces for the shallow water equation such that

Vh =
{
û ∈ [C(Ω)]n, v̂ ∈ [C(Ω)]n : û, v̂|T ∈ [P1(T )]n,∀T ∈ Th, û.n = 0, v̂.n = 0 on ∂Ω

}
Qh =

{
Ĥ ∈ C(Ω) : Ĥ|T ∈ P1(T ),∀T ∈ Th

}
And the finite element spaces for the pollution model and the adjoint state we give

Mh =
{

Φ̂ ∈ [C(Ω)]n : Φ̂|T ∈ [P1(T )]n,∀T ∈ Th
}

M̄h =
{
ψ̂ ∈ [C(Ω)]n : ψ̂|T ∈ [P1(T )]n, ∀T ∈ Th

}
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Find (u, v) ∈ Vh, H ∈ Qh such that

∫
Ω

um+1(x)− um ◦Xm(x)

∆t
ûdx+ µ

∫
Ω
∇um+1 : ∇ûdx+

∫
Ω
g∇.Hm+1ûdx = 0 (3.108)

∫
Ω

vm+1(x)− vm ◦Xm(x)

∆t
v̂dx+ µ

∫
Ω
∇vm+1 : ∇v̂dx+

∫
Ω
g∇.Hm+1v̂dx = 0 (3.109)

∫
Ω

Hm+1(x)−Hm ◦Xm(x)

∆t
Ĥdx+

∫
Ω
um+1∇.Hm+1Ĥdx = 0 (3.110)

For all Φ̂ ∈Mh, the weak formulation ,find Φm+1 ∈Mh such that

∫
Ω

Φm+1(x)− Φm ◦Xm(x)

∆t
Φ̂dx+ µ

∫
Ω
∇Φm+1 : ∇Φ̂dx

+

∫
Ω
σΦm+1Φ̂dx =

∫
Ω

Φ0Φ̂dx+

∫
Ω

4∑
i=1

Fi(t)δ(r − ri)Φ̂dx ∀Φ̂ ∈Mh

(3.111)

For all m = [M − 1, · · · , 0], find ψ ∈ M̄h is the solution of the adjoint state equation (ψM = 0)

−
∫

Ω

ψm+1(x)− ψm ◦Xm(x)

∆t
ψ̂dx+ µ

∫
Ω
∇ψm+1 : ∇ψ̂dx

+

∫
Ω
σψm+1ψ̂dx =

∫
Ω

(φm+1 − φd) ψ̂dx ∀ψ̂ ∈ M̄h

(3.112)

3.6.2 Numerical results

In this part, we present some 2D numerical résults for the schemes discussed before. we consider
two test, where the configuration geometric is defined in Figure (3.2) and Figure (3.3). Our
scheme, which consists of piecewise linear finite elements in space and the and implicit backward
Euler method in time. We use the descent of gradient to solve the linear system that arise on
each time step.

To solve the optimal control problem, we use an algortithm of decsent. The methode of gradient
is computed from the adjoint state given by (3.14). The algorithm of the decsent of gradient can
be summarized in the following steps
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Algorithme 2 Find f(t), ∇J(f, ψ)

Choose :
(u(0)(x, t), v(0)(x, t)), H(0)(x, t) ← comp. an approx. sol. by solving(3.15)

φ(0)(x, t), f(t) = f (0)(t) ← comp. an approx. sol. by solving(3.1)
ψ(0)(x, t) ← comp. an approx. sol. by solving(3.14)

∇J (0)
j = µjf

(0)(t) + ψ(0)(t, rj)← comp. the gradient of descent
j = {1, · · · , N}

for {i = 0, · · · , n− iteration} do
1. Update the control← f (i+1)(t) = f (i)(t) + ρ∇J (i)(t)

(u(i+1)(x, t), v(i+1)(x, t)), H(i+1)(x, t) ← comp. an approx. sol. by solving(3.15)
φ(i+1)(x, t), f(t) = f (i+1)(t) ← comp. an approx. sol. by solving(3.1)

ψ(i+1)(x, t) ← comp. an approx. sol. by solving(3.14)
∇J (i+1)

j = αjf
(i)(t) + ψ(i)(t, rj)← comp. the gradient of descent

j = {1, · · · , N}
2.
∣∣∣∇J(i+1)

∇J(i)

∣∣∣ < tol then put

f (i)(t) = f (i+1)(t),
∇J (i) = ∇J (i+1) and go to ⇒ 1

end for

Test 1

The first test, we consider a rectangular structure of 10m × 10m. For the overall computation
time, we have chosen T = 20 for a time step of 0.01s, for the different space discretization,
we tried a several regular triangulations of about 9392 elements. The implementation of our
system is realized in FreeFem++ [21]. We have developped many test, the results obtained are
presented below. Figure (3.3) shows the nonoptimal solution of the advection-diffusion problem
of the pollutant.

Figure 3.3: The nonoptimal solution of the pollutant.

To reduce the pollutant in the aquatic environment, we control the sources of the pollutant
using the descent of the gradient algorithm. We have realised several tests by varying the
diffusion parameter µ and the regulation parameter α. The initial value for the concentration
of the pollutant φ(0, x) = 1, the initial velocity u(0, x) = 1, v(0, x) = 1 and the initial elevation
H(0, x) = 0.5. The step of the descent of the gradient ρ = 0.01. The different results we obtained
are presented in the following Figure (3.4).
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Figure 3.4: Optimal control of the pollutant with α = 1 and µ = 1m2.s−1.

In the first case, we vary the diffusion coefficient and we fix the regulation parameter. The
different results obtained are showing in Figure (3.5), Figure (3.6) and Figure (3.7)

Figure 3.5: Optimal control of the pollutant with α = 1 and µ = 0.1m2.s−1

Figure 3.6: Optimal control of the pollutant with α = 1 and µ = 0.01m2.s−1.

In the second case, when the ragulation parameter α = 0,
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Figure 3.7: Optimal control of the pollutant with α = 0 and µ = 1m2.s−1.

Finaly, we fix the diffusion parameter and we vary the regulation parameter. The obtained
results are showing in Figure (3.8)

Figure 3.8: Optimal control of the pollutant with α = 0.1 and µ = 1m2.s−1.

Figure 3.9: Optimal control of the pollutant with α = 0.01 and µ = 1m2.s−1.
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Figure 3.10: Gradient of the cost function evolution depending iteration number.

In order to validate the estmates developed in the previously. We consider the behavior of
the error for a sequence of discretizations with different mesh size and fixed time steps. we set
Ω to be unit square [0, 1]× [0, 1] and we take the exact solution as

φex(x, t) = − 1

2π
log | x | .t(1− t)

f(t) = t(1− t)

and the exact solution for the adjoint state

ψ(x, t) = −cos
(π

2
| x |2

)
.t(1− t)

and also we take the exact solution of the desired concentration value φd

φd =− 1

2π
log | x | .t(1− t)− cos

(π
2
| x |2

)
.t(1− t)

+
(

2πsin
(π

2
| x |2

)
+ π2 | x |2 cos

(π
2
| x |2

))
.t(1− t)

The concentration of the Dirac mass is concentrated at [x, y] = [0.5, 0.5]. numerically, the
implementation of mass dirac is done by the construction of the interpolation matrix at a array
of points x, y from a finite element space.

In order to obtain the L2 norm of the error between the exact solution and the numerical one

E(φ, hn) =| φh(hn)− φex(hn) |L2

and the rate of convergence in space

rate(φ, hn) =
log (E(φ, hn−1)/E(φ, hn))

log (hn−1/hn)
(3.113)
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where h denotes the mesh size of the triangulation or the step τ .
In order to investigate the convergence order with respect to space discretization we fix the time
discretization N = 100 and we vary the mesh size of the triangulation from 27 until 4963 Degrees
of freedom. The results are listed in Table 1, and Figure (3.11) presents the numerical result at
time t = 0.1 for grid with 4963 Dofs. We can see from Table 1 that the convergence order for
the control f , the state φ and the adjoint state ψ is only 1.

Figure 3.11: The discrete state Φhτ at time t = 0.1 with 12106

Dof || φ− φex ||L2(0,T ) Rate || f − fex ||L2(0,T ) Rate || ψ − ψex ||L2(0,T ) Rate
27 0.0522761 - 0.2429090 - 0.1976700 -
94 0.0350302 0.577554 0.1664970 0.544919 0.1307900 0.595843
332 0.0197525 0.826568 0.0945548 0.816273 0.0733844 0.833702
1280 0.0104595 0.91722 0.0502398 0.912321 0.0386895 0.923532
4963 0.00537356 0.960863 0.0261879 0.939929 0.0198441 0.963229

Table 1: L2 norm of the error and the rate convergence.

Test 2

in the second test, we consider the domain Ω ⊂ R2. The domain Ω is occupied by shallow
waters. The problem area is the Normand-Breton Gulf is located in northwestern of France
between ≈ 50◦ to 48◦ altitude and between ≈ −1.4◦ to −2.28◦ longitude. The four sources
are located at ≈ (49.51◦,−1.88◦), ≈ (49.37◦,−1.79◦), ≈ (49◦,−1.58◦) and ≈ (48.71◦,−1.52◦) in
altitude and longitude respectively, with a source of energy f = 10000kg. To solve the coupled
system shallow water and transport equations we took a diffusion coefficient µ′ = 1m2/s and
µ = 0.1m2/s, the height of the initial elevation H = 1m, the initial velocity u = v = 1m/s and
the step time ∆t = 0.01s, the decay of the concentration of the pollutant is taken σ = 0.02,
the regulation parameter α = 0.2 and the step of descent ρ = 0.01. For the discretization of
the computing space, we have a regular triangulation of about 28763 triangles. The mesh is
generated under GMSH then imported to Freefem++. The overall computation time we have
M = T

∆t with T = 20. Figure (3.12) show the nonoptimal solution in the left and the optimal
solution in the right.
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Figure 3.12: Nonoptimal (left) and optimal control (right) of the pollutant in the Normand-
Breton Gulf.

Figure 3.13: Zoom for the differents sources of the pollutant.

3.7 Conclusion

Nowadays, environmental pollution is a major factor that can cause degradation of the natural
aquatic environment, and also on human health. To reduce the risk of this pollution effect is to
minimize the rejection of the amount of wastewater in the sea.

In the first part of the work, the mathematically well-posed formulation of the different en-
vironmental problems related the transport pollution model and the shallow water equations.
We study a finite element approximation of quadratic optimal control problems governed by the
coupled system advection-diffusion equations and the shallow water, where the state and the
adjoint state are discretized using the characteristic finite element method.

After, we treat the numerical part in which we give the implementation of a complete numerical
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algorithm, and the optimization process by solving the fully discretized problem, which includes
the resolution of coupled model and the adjoint state variables.

finally, the efficient procedure for the direct control concentration polluant problem of the method
presented here is evaluated by an academic and with a realistic test developped in FreeFem++.
The numerical results obtained proved the robustness of the technique for studying the control
of the pollution.
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Chapter 4

Analysis and finite element
approximation of optimal control
problem based on porous media model

The realization and the completion of this chapter was the collective work with the collaboration
of M. Louaked, M. Kadiri and M. Mechkour where we worked on the application of the stationary
Navier-Stokes Forchheimer equations by penalization of the incompressibility constraint in order
to optimize the vortex effect of the flow of a fluid in a hydraulic structure of the fishway. This
work was reported in M. Kadiri’s thesis [22]. My contribution in this work consists first of all
in the analysis of the existence and uniqueness of the solution of the problem. In the second
part, the implementation of the optimization procedure in terms of numerical resolution of the
design of 2D and 3D fishway, implementation of the mathematical model, the choice of physical
parameters, optimization algorithm, obtaining and processing of the numerical results.
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4.1 Introduction

The purpose of this chapter is the study of different proprieties for the porous media equations
based on the Navier Stokes equations with damping. We begin by showing the existence and
uniqueness of the solution for the following boundary problem

−ν∆u+ (u.∇)u+ a | u |α u+∇p = f in Ω

∇.u = 0 in Ω

u = 0 on ∂Ω

(4.1)

where Ω ∈ Rd (d=2, 3) is the fluid domain with a sufficiently smooth boundary ∂Ω; u is the
velocity; p is the pressure; ν is the viscosity. The damping term α ∈ [0, 2] and the Forchheimer
coefficient a > 0 are real numbers.
Applications of these water flow models include problems related to the optimization of fish pas-
sage structures. We look for finding an optimal shape of fishways by minimizing a cost function.
Such optimal structure allow to a maximum number of fishes to cross to the river upstream.
The construction of dams is a very old activity; the first known works date back to 5,000 years
and are located in the Middle East. It has continued to grow ever since. These structure are used
usually for agriculture, electricity, or for navigation, But they constitute impassable obstacles to
the free movement of fish and may contribute to the extinction of fish populations as Salomon,
Trout, and Eels. To overcome these barriers, men think to built hydraulic structures which
permit to migratory species to cross to the river upstream. Fishways represent a comfortable
way for migratory species to across through dams. Our objective in this chapter is to simply
the fishes passage to their production or feeding areas and assure to provide a rest area between
pools. In our study we are interested by the vertical slots fishways (see [3]).

Vertical slots fishways are used frequently in the world. The vertical slots provide a good energy
dissipation and create a quiet areas between pool which allows to fishes to have some rest before
crossing one pool to another. Such structure is designed with a slope to the ground. It permits
to small species to pass the circulation zones in the pool with less efforts which is not the case
for other types of fishways; as the pool and weir type (Clay [1]) and the Denil type (Katopodis
et al. [2]).

In real world engineering applications, in order to improve the reliability of fishway attraction
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and passage efficiency, the bottom of the pools must always have a rough surface in order to
reduce the flow velocity in the vicinity of the bottom and make it easier for the benthic fauna and
small fish to ascend. A rough surface can be produced by embedding stones closely together into
the concrete before it sets. The flow behavior can only represented accurately if the structure of
porous media is properly described. Transition from the Darcy flow regime to the Forchheimer
regime can be justified by the need to take into account the behavior of the fluid through the pore
space. To clarify the physical meaning of the non-linearity in the Forchheimer equation, it would
be wise to understand the derivation of the Forchheimer equation from the Navier-Stokes model
using the basic principles underlying the theory of hydrodynamics. Considering the different
opinions on the origin of the non-linearity, it is now admitted that the quadratic term leads to
boundary layer separation and wake formation behind solid obstacles. Several discussions are
available in [5; 9; 11].

We aim to study these structures through the use of the steady-state model of porous media
and evaluating the feasibility of computing the flow pattern in vertical slot fish ladder and de-
rive an optimal structure that enables fish to overcome the obstacle under appropriate conditions.

Solving the problem (4.1) may be numerically difficult, due to the incompressibility constraint
∇.u = 0. A common approach to deal with this issue is to relax the incompressibility condition
through the penalty type procedure. We intend to use a penalty method, first introduced by
Courant and exploited by Temam [15] for the approximation of the Navier Stokes equations, to
handle the Navier Stokes Forchheimer system.

The penalization technique consists in establishing an approximation of the pairing (u, p) so-
lution of (4.1) by (uε, pε) solution of the given penalized problem

−ν∆uε + (uε.∇)uε +
1

2
(∇.uε)uε + a | uε |α uε +∇pε = f in Ω

∇.uε + εpε = 0 in Ω

uε = 0 on ∂Ω

(4.2)

We investigate the existence and uniqueness of a weak solution by means of a Faedo-Galerkin
method. Next, we analyze the penalized problem by deriving a priori error estimates and show
that the perturbed problem has a convergent solution in O(ε) where ε is the penalty parameter.
Finally, we establish that the finite element approximation of the penalized solution converges
to the solution of the porous medium model.

The perturbed model is used to address an optimization problem involving the structure of the
fish ladder, consisting in finding an optimal shape of the fishway by minimizing a cost function
linked to the fish passage comfort. We proceed to derive an adjoint equations and compute
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the shape gradient of the objective function. The numerical solution combines a finite element
method and a gradient type algorithm named projected spectral gradient to deal with the opti-
mization problem.

The rest of the chapter is arranged as described in the following. The next section deals with
notations, some preliminary results, the existence of a weak solution based on the use of the
standard Faedo-Galerkin method and the derivation of an error estimate to prove the conver-
gence of the penalized solution to the solution of the original porous media model. Section 3 is
devoted to the optimal control by which we will minimize a cost function to obtain an optimal
design of the fish passage structures. In Section 4 we treat the numerical analysis of the penalty
finite element scheme. Numerical simulation for 2D and 3D cases with structures already used for
fishway modeling [4], [6] are carried to illustrate that the proposed method is robust and efficient.

4.2 Mathematical model

4.2.1 Preliminaries

We are interesting in the study of the system (4.1). Let denote by (., .), ||.|| and ||.||k the scalar
product in L2, the L2-norm and the norm of Hk(Ω) respectively. We therefore introduce the
following Sobolev spaces

X = (H1
0 (Ω))d , Y = L2(Ω), M =

{
q ∈ L2(Ω);

∫
Ω
qdx = 0

}
V̂0(Ω) =

{
u ∈ (H1(Ω))d| u = 0 on Ω

}
V0(Ω) =

{
u ∈ (H2(Ω))d| u = 0 on Ω

}
We define X ′ as the dual of the space X.

To ease later analysis, we recall the monotonicity property of any mapping F given by F : x 7→
|x|αx

(|u|αu− |v|αv,u− v) ≥ 0 (4.3)

In addition, we need C∞0,div the set of all C∞ real vector functions u = (u1, ..., ud) (d=2, 3) with
compact support in Ω such that ∇.u = 0.

We present well-posedness, error analysis and give some features of the weak solution.

Existence of weak solution
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The model of fluid motion in porous media reads as

−ν∆u+ (u.∇)u+ a | u |α u+∇p = f in Ω

∇.u = 0 in Ω

u = 0 on ∂Ω

(4.4)

Integration by parts yields the following weak formulation:
Find (u, p) ∈ C∞0,div(Ω)× Y such that ν(∇u,∇v) + ((u.∇)u, v) + a(|u|αu, v)− (p,∇.v) = (f, v) ∀ v ∈ C∞0,div(Ω)

(∇.u, q) = 0 ∀ q ∈M
(4.5)

Now let us state the theorem that ensures the existence of a weak solution.

Theorem 4.2.1. Let Ω be a bounded domain in Rd (d = 2, 3), f ∈ X
′ is a given exterior

function. There exist at least a weak solution of (4.4) satisfying

ν

2
‖ ∇u ‖2 +a ‖ u ‖α+2

Lα+2≤
1

2ν
‖ f ‖2

X′
, for 0 ≤ α ≤ 10 (4.6)

and
‖ p ‖≤ C(‖ f ‖X′ + ‖ ∇u ‖ + ‖ ∇u ‖2 + ‖ u ‖Lα+2) (4.7)

for some positive constant C.

The proof relies mainly on the following lemmas.

Lemma 4.2.2. Suppose that Ω is a bounded locally Lipschitzian domain of Rd (d=2, 3). Let
F ∈ X ′ and u ∈ X such that

(F,u) = 0

then there exists a unique P ∈ L2(Ω) satisfying

(F, u) =

∫
Ω
P∇.udx and

∫
Ω
Pdx = 0

For the proof of this Lemma see [21].

Lemma 4.2.3. Assume that Ω is an arbitrary domain in Rd (d=2, 3), and let f ∈ X ′ . Then

1. The vector V ∈ H1
loc(Ω) satisfies (4.5) for all v ∈ C∞0,div(Ω) if and only if there exists

P ∈ L2
loc(Ω) satisfying the identity

ν(∇V,∇w) + ((V.∇)V,w) + (a|V |αV,w) = (P,∇.w) + (f, w) (4.8)

for all w ∈ C∞0,div(Ω).
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2. If, Moreover, Ω is bounded and Lipschitzian and f ∈ X ′, V ∈ (H1(Ω))d (d=2, 3), then

P ∈ Y, with
∫

Ω
Pdx = 0

and (4.8) holds for all w ∈ X.

Proof. It is clear that (4.8) implies (4.5). If Ω is locally Lipschitzian, the functional

F (w) := ν(∇V,∇w) + ((V.∇)V,w) + (a|V |αV,w)− (f, w) (4.9)

is linear and bounded in w ∈ X and it becomes zero when w ∈ X and ∇.w = 0. Using the
Corollary 3.5.1 in [20] and lemma 4.2.2, there exists P ∈ Y such that

F (w) = (P,∇.w) (4.10)

for all w ∈ X, thus satisfying (4.8). If Ω is an arbitrary domain, we use Corollary 3.5.2 in [20]
to deduce the existence of P ∈ L2

loc(Ω) satisfying (4.10) ∀w ∈ C∞0,div(Ω). �

Lemma 4.2.4. Consider F: Rm −→ Rm be a continuous function such that for some K > 0

F (ξ).ξ > 0

for all ξ ∈ Rm with | ξ |= K. Then there exists ξ0 ∈ Rm with | ξ0 |≤ K such that F (ξ0) = 0.

The proof of this Lemma is referred to [20].

Proof. (of theorem (4.2.1)) Existence of the velocity field: We consider an orthonormal basis (wk)

in X and define the sequence (um) ∈ X satisfying

ν(∇um,∇wk) + ((um.∇)um, wk) + (a | um |α um, wk) = (f, wk) (4.11)

where for each m ∈ N

um =
m∑
k=1

ξkmwk (4.12)

We multiply (4.11) by ξkm and sum with respect to k to obtain

ν ‖ ∇um ‖2 +a ‖ um ‖α+2
Lα+2= (f, um) ≤‖ f ‖X′‖ ∇um ‖ (4.13)

By Young’s inequality we get

ν

2
‖ ∇um ‖2 +a ‖ um ‖α+2

Lα+2≤
1

2ν
‖ f ‖2

X′
(4.14)

Next, we introduce the following function

(F (ξ); ξ) := ν(∇ξ,∇ξ) + a(| ξ |α ξ, ξ)− (f, ξ)
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We have

(F (ξ); ξ) ≥ ν ‖ ξ ‖2 +a ‖ ξ ‖α+2
Lα+2 − ‖ f ‖X′‖ ξ ‖

= (ν ‖ ξ ‖ − ‖ f ‖X′ ) ‖ ξ ‖ +a ‖ ξ ‖α+2
Lα+2

when ‖ ξ ‖= K, K >
1

ν
‖ f ‖X′ . The lemma 4.2.4 gives the existence of um solution of (4.11)

for each m. Moreover, the sequence (um) is bounded by (4.14), then there exists a subsequence
denoted (um) which

um ⇀ u in X (4.15)

From the Sobolev embedding theorem we get

um −→ u in L6−ε (4.16)

with ε is some positive constant. For the convergence of three quantities in (4.11), we proceed
as follow; as m −→∞ we have

(∇um,∇wk) −→ (∇u,∇wk) (4.17)

For the two remaining terms, we develop

| ((um.∇)um, wk)− ((u.∇)u,wk) |

≤| ((um − u).∇)um, wk) | + | ((u.∇)(um − u), wk) |

= T (1) + T (2)

The first quantity can be raised by

T (1) ≤‖ wk ‖L6‖ ∇um ‖‖ um − u ‖L3

≤ c ‖ wk ‖1‖ ∇um ‖‖ um − u ‖L3

By (4.16) we obtain

lim
m→∞

T (1) = 0

It remains to raise the term T (2)

T (2) ≤| ((u.∇)wk, (um − u)) |

≤‖ u ‖L6‖ ∇wk ‖‖ um − u ‖L3

≤ C ‖ wk ‖‖ um − u ‖L3

Therefore,

lim
m→∞

T (2) = 0
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Finally, we obtain the ensuing convergence result

| ((um.∇)um, wk)− ((u.∇)u,wk) |→ 0, m→∞ (4.18)

For the last term, we use

| (| um |α um, wk)− (| u |α u,wk) | ≤ |(|um|α(um − u), wk)|+ |((|um|α − |u|α)u,wk

= T (3) + T (4)

Regarding the first term T (3), thank to the embedding theorem

T (3) ≤ Csup|wk|.||um||αLα+2 ||um − u||L6−ε

thus we obtain

lim
m→∞

T (3) = 0

The last term T (4) can be raised with the same approach

T (4) ≤ C||um − u||L6−ε .||um||αLα+2 ||wk||Lp

with p =∞. So we have

lim
m→∞

T (4) = 0

Therefore
lim
m→∞

(| um |α um, wk) = (| u |α u,wk) (4.19)

From (4.18)-(4.19), the velocity u ∈ X satisfies the equation

ν(∇u,∇wk) + ((u.∇)u,wk) + (a | u |α u,wk) = (f, wk) (4.20)

Finally, we write any ϕ ∈ X as a limit of a linear combination of wk. Then the velocity u ∈ X
satisfies

ν(∇u,∇ϕ) + ((u.∇)u, ϕ) + (a | u |α u, ϕ) = (f, ϕ) for all ϕ ∈ X (4.21)

Using (4.14) one gets
ν

2
‖ ∇u ‖ +a ‖ u ‖α+2

Lα+2≤
1

2ν
‖ f ‖2

X′
(4.22)

Existence of the pressure field: Supposing that Ω is locally Lipschitzian, thanks to lemma (4.2.3):
there exists p ∈ Y satisfying (4.5) and ∫

Ω
pdx = 0 (4.23)
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Consider the problem
∇.W = p

W ∈ X

||W ||1 ≤ ||p||

(4.24)

As p ∈ Y and satisfies (4.23), the problem (4.24) has a solution thanks to the theorem 3.3.1 in
[20]. Setting w = W in (4.8) to obtain

||p||2 ≤ C
(
||f ||X′ + ||u||1 + ||u||Lα+2 + ||u||21

)
||p|| (4.25)

�

Lemma 4.2.5. Consider u, v ∈ X such that (4.22) holds for u and v ,then

|||u|αu− |v|αv|| ≤ C||∇(u− v)|| (4.26)

For the proof of this Lemma see [14]-[13].
In what follows, we address the question of the uniqueness of the solution.

Uniqueness of weak solution

We shall prove the following theorem for the boundary value problem (4.4).

Theorem 4.2.6. Let Ω be a bounded domain in Rd (d=2, 3), locally Lipschitz, and f ∈ X ′ . If

ν is "big enough" and
2

3
≤ α ≤ 2, then the weak solution of (4.4) is unique.

Proof. Let us suppose that the problem (4.4) has two weak solutions u1 and u2.

Define ϕ = u1 − u2 and write

ν ‖ ∇(u1 − u2) ‖2 +(((u1 − u2).∇)u1, u1 − u2) + (a|u1|αu1 − a|u2|αu2, u1 − u2) = 0

which leads to

ν ‖ ∇(u1 − u2) ‖2 +(((u1 − u2).∇)u1, u1 − u2)

+(a|u1|α(u1 − u2), (u1 − u2)) + a((|u1|α − |u2|α)u2, u1 − u2) = 0
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This gives
ν ‖ ∇(u1 − u2) ‖2 = −(((u1 − u2).∇)u1, u1 − u2)

−(a|u1|α(u1 − u2), (u1 − u2))

−a((|u1|α − |u2|α)u2, u1 − u2)

(4.27)

The first term on the right hand side in (4.27) implies

| − (((u1 − u2).∇)u1, u1 − u2)| ≤‖ ∇u1 ‖ . ‖ u1 − u2 ‖2L4

≤ c1

ν
‖ f ‖X′‖ u1 − u2 ‖2L6

(4.28)

Using the embedding of L6 ↪→ H1

| − (((u1 − u2).∇)u1, u1 − u2)| ≤ c1

ν
‖ f ‖X′‖ u1 − u2 ‖21 (4.29)

We now turn to the other terms using 1 ≤ 3α

2
≤ α+ 2, i.e.,

2

3
≤ α ≤ 4, we obtain

| − (a|u1|α(u1 − u2), (u1 − u2))| = |a|u1|α|u1 − u2|2|

≤ a ‖ |u1|α ‖ 3
2
‖ |u1 − u2|2 ‖L3

≤ a ‖ |u1| ‖α3α
2

‖ u1 − u2 ‖2L6

≤ ca ‖ u1 ‖αLα+2‖ ∇(u1 − u2) ‖2

≤ c2a ‖ f ‖X′‖ ∇(u1 − u2) ‖2

(4.30)

The last term on the right of (4.27), and according to 1 ≤ 3α

2
≤ α+ 2, i.e.,

2

3
≤ α ≤ 4 we obtain

| − a((|u1|α − |u2|α)u2, (u1 − u2))| ≤ c3aα ‖ f ‖X′‖ ∇(u1 − u2) ‖2 (4.31)

Replacing (4.28),(4.30) and (4.31) in (4.27) yields

ν ‖ ∇(u1 − u2) ‖2 −(
c1

ν
‖ f ‖X′ +c2a ‖ f ‖X′ +c3aα ‖ f ‖X′ ) ‖ ∇(u1 − u2) ‖2≤ 0

We conclude, for ν big enough, that u1 = u2. �

The incompressibility constraint makes the Navier Stokes equations with damping (4.4) difficult.
A penalty reformulation is therefore introduced to obtain a better behaving problem, where a
direct discretization can then be performed.

4.2.2 Perturbed equation
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We give the penalty problem.
ν∆uε + (uε.∇)uε +

1

2
(∇.uε)uε + a|uε|αuε +∇pε = f in Ω

εpε +∇.uε = 0 in Ω

uε = 0 on ∂Ω

(4.32)

The penalized weak formulation of the equation (4.32) writes for ε > 0

Find (uε, pε) ∈ X × Y such that
ν(∇uε,∇v) + ((uε.∇)uε, v) +

1

2
((∇.uε), uε.v) + a(|uε|αuε, v) +

1

ε
(∇.uε,∇.v) = (f, v)

ε(pε, q) + (∇.uε, q) = 0

(4.33)
for all v ∈ X and q ∈ Y .

We recall some elementary properties of the functional defined by T (w, u, v) = ((w.∇)u, v) +
1

2
((∇.w), u.v) for (w, u, v) ∈ X3. T is trilinear and there exists a positive constant C > 0 such

that
T (w, u, v) ≤ C ‖ w ‖1‖ u ‖1‖ v ‖1 ∀ (w, u, v) ∈ X3 (4.34)

Moreover, T satisfies

((w.∇)v, v) +
1

2
((∇.w), v.v) = 0 for all w, v ∈ X (4.35)

and

((w.∇)u, v) +
1

2
((∇.w), u.v) = −((w.∇)v, u)− 1

2
((∇.w), v.u) for all (w, u, v) ∈ X3 (4.36)

We begin with an existence result.

Existence of weak solution of the perturbed problem

The following theorem asserts that the solution for the perturbed problem (4.32) exists and it is
bounded.

Theorem 4.2.7. Let Ω a bounded domain in Rd (d = 2, 3), f ∈ X ′ is a given exterior function.
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Then the perturbed problem (4.32) has a weak solution satisfying

ν

2
‖ ∇uε ‖2 +a ‖ uε ‖α+2

Lα+2 +ε ‖ pε ‖2≤ 1

2ν
‖ f ‖2

X′
(4.37)

Proof. We consider (wk) an orthonormal basis of X and (rj) an orthonormal basis of Y. Let
Xm =< w1, ..., wm > and Ym =< r1, ..., rm > for some positive integer m. We define the
sequence (uεm) and (pεm)

uεm =
m∑
k=1

ξkmwk, pεm =
m∑
k=1

ψkmrk (4.38)

the approximate solution of uε and pε such that

ν(∇uεm,∇wk) + (uεm.∇)uεm, wk) +
1

2
(∇.uεm, uεm.wk) + a(|uεm|αuεm, wk)

−(pεm,∇.wk) = (f, wk) for k = 1, ...,m

(4.39)

ε(pεm, rj) + (∇.uεm, rj) = 0, for j = 1, ...,m (4.40)

We multiply by ξkm the equation (4.39) and by ψjm the equation (4.39) and sum with respect
to k and j to get

ν ‖ ∇uεm ‖2 +a ‖ uεm ‖α+2
Lα+2 +ε ‖ pεm ‖2= (f, uεm) ≤‖ f ‖X′‖ ∇u

ε
m ‖ (4.41)

Using the Young’s inequality to have

ν

2
‖ ∇uεm ‖2 +a ‖ uεm ‖α+2

Lα+2 +ε ‖ pεm ‖2≤
1

2ν
‖ f ‖2

X′
(4.42)

For the convergence of the all terms on the left hand side in (4.39), we follow a similar process
as in the previous section. the function uε satisfies

ν(∇uε,∇wk) + (uε.∇)uε, wk) +
1

2
(∇.uε, uε.wk) + a(|uε|αuε, wk)

−(pε,∇.wk) = (f, wk) for k = 1, ...,m

(4.43)

For all ϕ ∈ H1(Ω) written as a linear combination of wk, uε and pε satisfy

ν(∇uε,∇ϕ) + (uε.∇)uε, ϕ) +
1

2
(∇.uε, uε.ϕ) + a(|uε|αuε, ϕ)

−(pε,∇.ϕ) = (f, ϕ) ∀ ϕ ∈ H1(Ω)

(4.44)
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Using (4.42) to infer that

ν

2
‖ ∇uε ‖2 +a ‖ uε ‖α+2

Lα+2 +ε ‖ pε ‖2≤ 1

2ν
‖ f ‖2

X′
(4.45)

�

Now let us state the boundness of the quantities uε and pε and obtain the error estimates between
the exact solution and the different iterations.

4.2.3 Error estimates

We consider that (uε, pε) are solutions of the problem (4.32) and let s be the norm

s = sup
u,v,w∈X

| ((w.∇)u.v) + 1
2(∇.w, u.v) |

‖ w ‖1‖ u ‖1‖ v ‖1
(4.46)

Then, the data ν and f are assumed to satisfy

s

ν2
‖ f ‖X′< 1 (4.47)

The equation (4.47) can be written differently; there is a fixed r with 0 < r < 1 such that

s

ν2
‖ f ‖X′≤ 1− r (4.48)

The above easy lemma gives the convergence of the different nonlinear terms. We give an
indication of the proof of the assertions.

Lemma 4.2.8. If uk → u ∈ X. Then for all v ∈ X

lim
k→∞

((uk.∇)uk, v) = ((u.∇)u, v)

lim
k→∞

(∇.uk, uk.v) = (∇.u, u.v)

lim
k→∞

(∇.uk,∇.v) = (∇.u,∇.v)

lim
k→∞

(|uk|α|uk, v) = (|u|α|u, v)

(4.49)
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Proof. The term ((uk.∇)uk, v)− ((u.∇)u, v) can be bounded as

|((uk.∇)uk, v)− ((u.∇)u, v)| ≤ |((uk − u).∇uk, v)|+ |(u.∇(uk − u), v)|

≤ ||v||L6(Ω)||∇uk|| ||uk − u||L3(Ω)

+ ||u||L6(Ω)||∇uk|| ||uk − u||L3(Ω)

≤ c ||v||H1(Ω)||||∇uk|| ||uk − u||L3(Ω)

+C ||∇uk|| ||uk − u||L3(Ω)

(4.50)

The second term (∇.uk, uk.v)− (∇.u, u.v) can be cast into

(∇.uk, uk.v)− (∇.u, u.v) = (∇(uk − u), uk.v) + (∇u, (uk − u).v)

≤ ||∇uk − u)|| ||uk||L3(Ω)||v||L6(Ω)

+ ||∇u|| ||uk − u||L3(Ω)||v||L6(Ω)

≤ c||∇uk − u)|| ||uk||L3(Ω)||v||H1(Ω)

+C ||∇u|| ||uk − u||L3(Ω)||v||H1(Ω)

(4.51)

The latest convergence is a straightforward consequence of the Lemma 4.2.5

‖ (|uk|αuk − |u|αu) ‖≤ C ‖ ∇(uk − u) ‖.

�

In order to study the convergence, we recall the Inf-sup condition: there exists a constant β > 0

such that
sup

v∈X(v 6=0)

(q,∇.v)

‖ v ‖1
≥ β ‖ q̂ ‖Z for all q ∈ Y (4.52)

where

q̂ = {q̄ ∈ Y |q̄ − q = constant} , Z = {q̂|q ∈ Y } and ‖ q̂ ‖Z= inf
x∈R
‖ q + x ‖ (4.53)

We also define the operators B ∈ L(X,Y
′
) and B∗ ∈ L(Y,X

′
) by

(q,∇.v) = (q,Bv)Y×Y ′ = (B∗q, v)X′×X (4.54)

In such a way that
Bv = ∇.v and B∗q = ∇q (4.55)

and

KerB∗ = {q ∈ Y |(q,∇.v) = 0 for all v ∈ X} = {constants}
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We show the convergence of the solution sequence of the perturbed problem and we give an error
estimate corresponding to the order O(ε).

Theorem 4.2.9. Let (uε, pε) be solution of the problem (4.32) and (u,p) the solution in X×Y/R
of the problem (4.4). Then we have

(pε) ∈ Y is uniformly bounded in ε (4.56)

and as ε −→ 0.
uε → u in X (4.57)

and
pε → p̃ in Y (4.58)

where p̃ is the orthogonal projection in Y of p onto (KerB∗)⊥. And we have the following
estimates

‖ uε − u ‖1 + ‖ pε − p̃ ‖≤ Cε (4.59)

with C is a positive constant non depending of ε.

Proof. We use the second equation in (4.32) into the first equation in (4.33) we obtain

−(pε,∇.v) = (f, v)− ν(∇uε,∇v)− ((uε.∇)uε, v)− 1

2
(∇uε, uε.v)− (a|uε|αuε, v) for all v ∈ X

Thanks to (4.34) and Lemma 4.2.5

|(pε,∇.v)| ≤ (‖ f ‖X′ +ν ‖ uε ‖1 +C1 ‖ uε ‖21 +C2a ‖ uε ‖1) ‖ v ‖1 for all v ∈ X

Applying this in the inf-sup condition with q = pε ∈ Y , and using the fact that ∇uε is uniformly
bounded, we get

‖ pε ‖Z≤
C

β
(4.60)

with C is a constant no depending of ε. Using the second equation of (4.32) and the definition
of kerB∗

(pε, q) = 0 for all q ∈ KerB∗

Then

pε ∈ (KerB∗)⊥ in Y

Since

‖ pε ‖Z=‖ pε ‖

Therefore
‖ pε ‖≤ C

β
(4.61)

(pε) is uniformly bounded in ε.
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The couple (uε, pε) is uniformly bounded in X×Y . Then there exists a subsequence without
lose of generality denoted (uε, pε) convergent to (u, p̃) ∈ X×Y . We know already that (kerB∗)⊥

is closed and convex that is gives (kerB∗)⊥ is weakly closed and pε ∈ (kerB∗)⊥ → p̃ ∈ (kerB∗)⊥.
Let us now show that (u, p̃) is solution of the problem (4.4). We use the second equation of (4.32),
we have

(q,∇.uε) = −ε
(
q,−1

ε
∇.uε

)
= −ε(q, pε)

Therefore
|(q,∇.uε)| ≤ ε ‖ q ‖‖ pε ‖ (4.62)

And by lemma (4.2.8), ∇.uε → ∇.u in L2(Ω). we get

(q,∇.uε)→ (q,∇.u) as ε→ 0

Passing to limits in (4.62) and using (4.61) yields

(q,∇.u) = 0 for all q ∈ Y

Therefore the second equation of (4.4) is verified.
Using lemma 4.2.8 and the previous result gives

lim
ε→0

(∇uε,∇v) = (∇u,∇v) for all v ∈ X

lim
ε→0

((uε.∇)uε,∇v) = ((u.∇)u,∇v) for all v ∈ X

lim
ε→0

(∇.uε, uε.v) = 0 for all v ∈ X

lim
ε→0

(| uε |α uε,∇v) = (| u |α u,∇v) for all v ∈ X

lim
ε→0

(pε,∇.v) = (p,∇.v) for all v ∈ X

(4.63)

We replace these limits in the first equation (4.32) implies that the limit of (uε, pε) is solution of
the problem (4.4).
Finally, it remains to establish the estimate (4.59). Subtracting the first equation (4.4) from the
first equation of (4.32) and using the second equation of (4.32) gives

(pε − p̃,∇.v) = ν(∇(uε − u),∇v) +((uε.∇)uε, v)− ((u.∇)u, v) +
1

2
(∇.uε, uε.v)

+(a | uε |α uε, v)− (a | u |α u, v) ∀v ∈ X
(4.64)

Taking v = uε − u yields

(pε − p,∇.(uε − u)) = ν ‖ uε − u ‖21 +((uε.∇)uε, uε − u) +
1

2
(∇.uε, uε.(uε − u))

−((u.∇)u, (uε − u)) + a(|uε|αuε, (uε − u))− a(|u|αu, (uε − u))

(4.65)
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Rewriting the fourth term on the right hand side in (4.65),

−((u.∇)u, uε − u) = (((uε − u− uε).∇)(uε + u− uε), (uε − u))

= (((uε − u).∇)uε, (uε − u)) + (((uε − u).∇)(u− uε), (uε − u))

−((uε.∇)uε, (uε − u))− ((uε.∇)(u− uε), (uε − u))

We note that

−((u.∇)u, uε − u) = (((uε − u).∇)u, (uε − u))− ((uε.∇)u, (uε − u))

1

2
(∇.(uε − u), uε.(uε − u))− 1

2
(∇.uε, uε.(uε − u))

(4.66)

Replacing the previous result in (4.65) yields to

(pε − p̃,∇.(uε − u)) = ν ‖ uε − u ‖21 +(((uε − u).∇)uε, (uε − u))

+
1

2
(∇.(uε − u), uε.(uε − u)) + a(|uε|αuε − |u|αu, (uε − u))

≥ ν ‖ uε − u ‖21 −s ‖ uε − u ‖21‖ uε ‖1

(4.67)

We use the fact that (uε) is bounded and by the inequality (4.48) we obtain

‖ uε ‖1≤
ν

s
(1− r)

Consequently

((pε − p̃),∇.(uε − u)) ≥ νr ‖ uε − u ‖21

By the second equation in (4.32) we have

‖ uε − u ‖21≤
ε

νr
(p̃− pε, pε) =

ε

νr
(p̃− pε, p̃)− ε

νr
‖ p̃− pε ‖2 (4.68)

Therefore
‖ uε − u ‖21≤

ε

νr
‖ p̃− pε ‖‖ p̃ ‖ . (4.69)

We now observe that

((uε.∇)uε, v) = (((uε.∇)uε, v) + ((u.∇)uε, v) (4.70)

−((u.∇)u, v) = ((u.∇)(uε − u), v)− ((u.∇)uε, v) (4.71)

1

2
(∇.uε, uε.v) =

1

2
(∇.(uε − u), uε.v) (4.72)
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Injecting (4.70)-(4.72) in (4.64) to get

(pε − p̃,∇.v) = ν(∇(uε − u),∇v) + (((uε − u).∇)uε, v) + ((u.∇)(uε − u), v)

1

2
(∇.(uε − u), uε.v) + a(|uε|αuε − |u|αu, v)

(4.73)

Using (4.73) in the condition inf-sup (4.52) gives with q = p− p̃

‖ pε − p̃ ‖Z≤
1

β
(ν ‖ uε − u ‖1 +s(‖ uε ‖1 + ‖ u ‖1) ‖ uε − u ‖1 +C1a ‖ uε − u ‖1)

Note that pε, p̃ ∈ (kerB∗)⊥, and from (4.48) we obtain

‖ pε − p̃ ‖≤ 1

β
(ν + 2(1− r)ν + C1a) ‖ uε − u ‖1

Therefore
‖ pε − p̃ ‖≤ A

β
‖ uε − u ‖1 (4.74)

where A = (3− 2r)ν + C1a.
Putting (4.74) in (4.69) to have

‖ uε − u ‖1≤
A

νrβ
‖ p̃ ‖ ε. (4.75)

Finally, we substitute (4.75) in (4.74) to infer that

‖ pε − p̃ ‖≤ A2

νrβ2
‖ p̃ ‖ ε. (4.76)

�

Remark 4.2.1. The inequality (4.61) shows that the perturbed pressure (pε) is uniformly bounded
in ε.

4.3 Control problem

Shape optimization is the process of finding the optimal shape of a domain that minimizes a
given criterion called objective function with respect to a set of design variables. To make the
calculation of the gradients easier we use the based adjoint system techniques.

4.3.1 Adjoint system
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We begin by deriving the adjoint system associated with the penalized model (4.77).

−ν∆uε + (uε.∇)uε +
1

2
(∇.uε)uε + a | uε |α uε +∇pε = f in Ω

∇.uε + εpε = 0 in Ω

uε = 0 on ∂Ω

(4.77)

and compute the shape gradient of the cost function in terms of state and adjoint variables.
We define the objective function that combines two constraints: A comfort constraint and a
turbulence reduction constraint.

J(Ω) = J1(Ω) + J2(Ω) (4.78)

where

J1(Ω) =
1

2

∫
Ω
|uε − ud|2dx, and J2(Ω) =

σ

2

∫
Ω
|curl(uε)|2dx

and ud is a target velocity.
We introduce also the following function

F (Ω, u, p, v, q) =

∫
Ω

(
ν∇uε : ∇v + (uε.∇)uε.v +

1

2
(∇.uε)uε.v + a|uε|αuε.v − pε∇.v

)
dx

−
∫

Ω
q∇.uε dx− ε

∫
Ω
qpε dx−

∫
Ω
f.v dx

(4.79)
We define the set of admissible domains

Ωad =
{

Ω ⊂ R2|Ω with piecewise C1,1 boundary and ∂Ω is fixed
}

Then the optimization problem can be expressed as

min
Ω∈Ωad

J(Ω) =
1

2

∫
Ω
|uε − ud|2dx+

σ

2

∫
Ω
|curl(uε)|2dx

such that (uε, pε) satisfies the equation (4.77)
(4.80)

Without loss of generality, we assume that the function f is zero.

Let state the result which describes the adjoint system related to the general penalized problem
(4.77).

Theorem 4.3.1. Let (uε, pε) ∈ V̂0(Ω)×Y . The adjoint system associated to the equation (4.77)
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takes the form



−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)

+∇q = (uε − ud)− σcurl(curl(uε)) in Ω

∇.v + εq = 0 in Ω

ν
∂v

∂n
− nq = σcurl(uε).τ on ∂Ω

(4.81)

Proof. Let L(Ω, uε, pε, v, q) be a Lagrangian functional defined by

L(Ω, uε, pε, v, q) = J(Ω)− F (Ω, uε, pε, v, q) (4.82)

Firstly we derive L with respect to the state variable p in any direction p̃ ∈M to obtain

∂L

∂pε
(Ω, uε, pε, v, q).p̃ =

∫
Ω
p̃∇.v dx+

∫
Ω
εp̃q dx

The variation p̃ is arbitrary, we get

∇.v + εq = 0 in Ω (4.83)

Next, we derive L with respect of the state variable uε in the arbitrary direction ũ ∈ V0(Ω) to
have

0 =
∂L

∂uε
(Ω, uε, pε, v, q).ũ

=

∫
Ω

(uε − ud).ũdx+ σ

∫
Ω
curl(uε).curl(ũ)dx

−
∫

Ω

[
ν∇ũ : ∇v + (ũ.∇)uε.v + (uε.∇)ũ.v +

1

2
(∇.ũ)uε.v + (∇.uε)ũ.v

]
dx

+

∫
Ω
q∇.ũ dx−

∫
Ω

[
a|uε|αũ+ aα|uε|α−2(uε.ũ)uε

]
.v dx

=

∫
Ω

[(uε − ud)− σcurl(curl(uε)) + ν∆v − (∇uε)T .v + (uε.∇)v

+
1

2
∇(uε.v)− 1

2
(∇.uε)v − (a|uε|αv + aα|uε|α−2(uε.v)uε −∇q].ũ dx

+

∫
∂Ω

(
σcurl(uε)τ −

(
ν
∂v

∂n
− nq

))
.ũds

Considering an arbitrary direction ũ which vanishes in neighborhood of the boundary ∂Ω, we
write
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−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)

+∇q = (uε − ud)− σcurl(curl(uε))

An arbitrary ũ in ∂Ω gives

ν
∂v

∂n
− nq = σcurl(uε).τ on ∂Ω

Finally we obtain the adjoint system

−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)

+∇q = (uε − ud)− σcurl(curl(uε)) in Ω

∇.v + εq = 0 in Ω

ν
∂v

∂n
− nq = σcurl(uε).τ on ∂Ω

(4.84)
�

4.3.2 Shape gradient

In this subsection, we express the shape gradient using the state and adjoint systems.
Consider Ω be a reference domain in Rd, the perturbation of Ω by the velocity method is described
as the flow defined by the initial value problem

dχ

dt
(t,X) = V(t, χ(t))

χ(0,X) = X
(4.85)

We consider the mapping Tt such that Tt(X) = χ(t,X), ∀X ∈ Ω.
Let Ωt be a perturbation domain of Ω and J(Ω) be a functional associated to Ωt. The shape
derivative of the functional J(Ωt) at Ω in the direction of the deformation field V is written as

dJ(Ω;V) = lim
t→0

1

t
(J(Ωt)− J(Ω)).

If dJ(Ω;V) exists for all V ∈ C([0, T ]; (Dk(Rd))2), for small positive constant T, the functional
J is called shape differentiable at Ω and its shape gradient satisfies

dJ(Ω,V) = (∇J,V)((Dk(Rd))2)′×(Dk(Rd))2

We define the velocity field admissible domain as follow

Vad =
{
V ∈ C0(0, τ ; (C2(Rd))2) | V = 0 on ∂Ω

}
161



4.3. CONTROL PROBLEM

The use of the velocity V for t ≥ 0, implies the transformation of the domain Ω into Ωt = Tt(Ω)

by the velocity method with formulation (4.85).
Let us find an expression of the derivative of the saddle point problem j(t) with respect to t,
where

j(t) = min
(uεt ,p

ε
t )∈V0(Ωt)×Y (Ωt)

max
(vt,qt)∈V0(Ωt)×Y (Ωt)

L(Ωt, u
ε
t , p

ε
t , vt, qt)

where (ut, pt) and (vt, qt) are solutions of (4.77) and (4.81) in the perturbed domain Ωt, respec-
tively.
We consider the Hilbert spaces which depend on the parameter t defined by

V0(Ωt) =
{
uε ◦ T−1

t : uε ∈ V0(Ω)
}

Y (Ωt) =
{
pε ◦ T−1

t : pε ∈ Y (Ω)
}

Since Tt and T−1
t are diffeomorphisms, the parametrisation do not influence j(t), and we have

j(t) = min
(uε,pε)∈V0(Ω)×Y (Ω)

max
(v,q)∈V0(Ω)×Y (Ω)

L(Ωt, u
ε ◦ T−1

t , pε ◦ T−1
t , v ◦ T−1

t , q ◦ T−1
t )

We introduce the following functions which depend on the parameter t

l1(t) =
1

2

∫
Ωt

|uε ◦ T−1
t − ud|2dx+

σ

2

∫
Ωt

|curl(uε ◦ T−1
t )|2dx,

l2(t) =

∫
Ωt

[ν∇(uε ◦ T−1
t ) : ∇(v ◦ T−1

t ) + ((uε ◦ T−1
t ).∇)(uε ◦ T−1

t ).(v ◦ T−1
t )

+ a|uε ◦ T−1
t |α(uε ◦ T−1

t ).(v ◦ T−1
t )− (pε ◦ T−1

t )∇.(v ◦ T−1
t )− (f ◦ T−1

t ).(v ◦ T−1
t )]dx

−
∫

Ωt

(q ◦ T−1
t )∇.(uε ◦ T−1

t )dx− ε
∫

Ωt

(q ◦ T−1
t )(pε ◦ T−1

t )dx

The Lagrangian functional writes

L(Ωt, u
ε ◦ T−1

t , pε ◦ T−1
t , v ◦ T−1

t , q ◦ T−1
t ) = l1(t)− l2(t)

If Φ : [0, τ ]× Rd → R is sufficiently smooth, we have the following Hadamard’s formula

d

dt

∫
Ωt

Φ(t, x)dx|t=0 =

∫
Ω

∂Φ

∂t
(0, x)dx+

∫
∂Ω

Φ(0, x)V (0, X).nds (4.86)

Let V(0, X) ∈ Vad, and observe that V(0, X) = V. Therefore we can derive the shape gradient
using the formula (4.86):

d

dt
L(Ωt, u

ε ◦ T−1
t , pε ◦ T−1

t , v ◦ T−1
t , q ◦ T−1

t )|t=0 = l
′
1(0)− l′2(0) (4.87)

where
l
′
1(0) =

∫
Ω

(uε − ud).(−∇uε.V)dx+ σ

∫
Ω
curl(uε)curl(−∇uε.V)dx

+
1

2

∫
∂Ω

(|uε − ud|2V.n)ds+
σ

2

∫
∂Ω

(|curl(uε)|2V.n)ds
(4.88)
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l
′
2(0) =

∫
Ω

[ν∇(−∇uε.V) : ∇v + ν∇uε : ∇(−∇v.V)

+ ((−∇uε.V).∇uε).v + (uε.∇(−∇uε.V).v + (uε.∇uε).(−∇v.V)

1

2
∇.(−∇uε.V)uε.v +

1

2
∇.uε(−∇uε.V).v +

1

2
∇.uεuε.(−∇v.V)

+ aα|uε|α−2(−∇uε.V.uε)(uε.v) + a|uε|α(−∇uε.V).v

+ a|uε|αuε.(−∇v.V)− (f.V).v − f.((−∇v).V)− (∇pε.V)∇.v

− pε∇.(−∇v.V)− q∇.(−∇uε.V)− (∇.uε)(−∇q.V)]dx

Using Green’s formula and the condition uε = 0 on ∂Ω, we obtain

l
′
2(0) = −

∫
Ω

[(−ν∆uε + (uε.∇)uε +
1

2
∇.uεuε + a|uε|αuε +∇pε − f).(∇v.V)]dx

+

∫
Ω

(∇.uε)(∇q.V)dx+

∫
Ω

(∇.v)(∇p.V)dx+

∫
Ω

[−ν∆v + (∇uε)T .v − (uε.∇)v

−1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)−∇q].(∇uε.V)dx

−
∫
∂Ω

[ν
∂v

∂n
− nq].(∇uε.V)ds−

∫
∂Ω

[
∂uε

∂n
− npε].(∇v.V)ds

+

∫
∂Ω

[ν∇uε : ∇v + (uε.∇uε).v + a|uε|αuε.v − pε∇.v − q∇.uε]V.n ds

(4.89)
Replacing (4.161) and (4.89) in (4.87) and using the fact that (uε, pε) is solution of (4.77) and
(v,q) is solution of (4.81) respectively yields to

dJ(Ω;V) =
d

dt
L|t=0

=
1

2

∫
∂Ω

((|uε − ud|2 + σ|curl(uε)|2)V.n)ds+

∫
∂Ω

[ν
∂v

∂n
− nq].(∇uε.V)ds

+

∫
∂Ω

[ν
∂uε

∂n
− np].(∇v.V)ds−

∫
∂Ω

[(ν∇uε : ∇v)V.n ds

−σ
∫
∂Ω

(
∂uε

∂n
.(curl(uε) ∧ n))V.n ds

(4.90)

Note that uε = 0, v = 0 in ∂Ω we have

n.(∇uε.V) = ∇uε.(n⊗ n).V.n = ∇uε.n.n(V.n) = (∇.uε)(V.n) = 0, ∀x ∈ ∂Ω (4.91)

∂v

∂n
.(∇uε.V) = ∇uε.(n⊗ n).V.

∂v

∂n
=
∂uε

∂n
.
∂v

∂n
(V.n) = (∇uε : ∇v)V.n (4.92)
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With a similar manner we obtain

n.(∇v.V) = 0,
∂uε

∂n
.(∇v.V) =

∂uε

∂n
.
∂v

∂n
(V.n) = (∇uε : ∇v)V.n (4.93)

Substituting (4.91)-(4.93) in (4.90) the shape derivative takes the form

dJ(Ω;V) =

∫
∂Ω

[
1

2
|uε − ud|2 +

σ

2
|curl(uε)|2 +

∂uε

∂n
.

(
ν
∂v

∂n
+ σcurl(uε) ∧ n

)]
V.n ds (4.94)

Consequently, the shape gradient writes

∇J =

[
1

2
|uε − ud|2 +

σ

2
|curl(uε)|2 +

∂uε

∂n
.

(
ν
∂v

∂n
+ σcurl(uε) ∧ n

)]
n (4.95)

4.4 Finite element method

In this section, we give the discrete formulation for the penalized problem. To this end, we
first introduce the finite element space Ωh of Ω. Let Ω̄h = ∪kT̄k, with {Tk} is a partition of
Ω into non overlapping elements. Let us introduce the finite element dimensional space Xh of
X = (H1

0 (Ω))d, d=2 or 3 as follow

Xh =
{
v ∈ (C(Ω̄))d| v|Tk ∈ Q

k for all Tk ⊂ Ωh

}
(4.96)

where Qk is the space of polynomials functions of degree d*k given by

Qk = span

{
d∏
i=1

xbii | 0 ≤ bi ≤ k

}
(4.97)

We define the integration rule I(.) by

∫
Ω
gdx ' I(g) =

E∑
k=1

Gk∑
i=1

g(xki )w
k
i (4.98)

where xki ∈ Ω̄k, are the integration point coordinates, wki , 1 ≤ i ≤ Gk, 1 ≤ k ≤ E, are the
integration weights of the Gauss rule I(.) on any element Ωk. E is the number of elements in the
mesh and Gk is the number of points integration in one element Ωk.
The pressure space Y h is piecewise discontinuous defined with the points in the integration above.
We have for any qh ∈ Y h

I(qh∇.vh) = (qh,∇.vh) for all vh ∈ Xh (4.99)

For f ∈ (Xh)
′ , and for ε > 0 fixed we introduce the approximate perturbed problem reads as
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Find uεh ∈ Xh such that

ν(∇uεh,∇v) + ((uεh.∇)uεh, vh) +
1

2
(∇.uεh, uεh.vh) + a(|uεh|αuεh, vh)

+
1

ε
I((∇.uεh)(∇.vh)) = (f, vh) for all vh ∈ Xh

(4.100)

Moreover, the approximate pressure verifies

pεh(xei ) = −1

ε
∇.uεh(xei ), 1 ≤ i ≤ G, 1 ≤ e ≤ E (4.101)

We assume again that the condition (4.48) is satisfied by f

sh
ν
‖ f ‖(Xh)′≤

s

ν2
‖ f ‖X′≤ 1− r (4.102)

The next result focuses on the existence of a weak solution for the approximate perturbed
problem (4.100).

Theorem 4.4.1. Assume that the regularity of the data (4.102) holds for h, ε > 0. We have the
following proprieties

1. There exists a solution to the approximate perturbed problem (4.100).

2. The sequence (uεh) ∈ Xh is uniformly bounded in ε.

3. The following estimates

ν

2
‖ ∇uεh ‖2 +a ‖ uεh ‖α+2

Lα+2 +ε ‖ pεh ‖2≤
1

2ν
‖ f ‖2

X′
(4.103)

hold.

Proof. We follow similar steps as for the continuous problem in theorem 4.2.1 to obtain

‖ uεh ‖Xh≤
1

ν
‖ f ‖(Xh)′ (4.104)

�

We set the Inf-sup stability condition for the approximate problem. We suppose, there exists a
constant βh > 0, such that

sup
vh∈Xh

I(qh∇.vh)

‖ vh ‖V
≥ βh ‖ q̂h ‖Zh for all qh ∈ Y h (4.105)

We introduce the finite element space Zh with

q̂h =
{
q̄h ∈ Y h|q̄h − qh ∈ KerB∗h

}
(4.106)
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We also define the operators Bh ∈ L(Xh, (Y h)
′
), B∗h ∈ L(Y h, (Xh)

′
) by

I(qh∇.vh) = (qh, Bhvh)(Y h)′×Y h = (B∗hqh, vh)(Xh)′×Xh , for all (vh, qh) ∈ Xh × Y h (4.107)

The kernel of the operator B∗h is defined by

KerB∗h =
{
qh ∈ Y h| I(qh∇.vh) = 0 ∀vh ∈ Xh

}
(4.108)

The norm on Zh in (4.105) writes

‖ q̂h ‖Zh= inf
q0h∈KerB

∗
h

‖ q0
h + qh ‖ (4.109)

The main idea of these results is that the pressure is bounded in ε and that the solution for
the approximate penalized problem (4.100) converges to the solution of a boundary approximate
problem.

Theorem 4.4.2. Consider that uεh is solution of the problem (4.100) in Xh and the pressure pεh
defined by (4.101) in Y h. Then

(i) The approximate discrete pressure pεh is uniformly bounded in ε.

(ii) The couple (uεh, p
ε
h) converges to the solution (uh, ph) of the problem

Find (uh, ph) ∈ Xh × Y h such that
ν(∇uh,∇vh) + ((uh.∇)uh, vh) +

1

2
((∇.uh), uh.vh) + a(|uh|αuh, vh)

−(ph,∇.vh) = (f, vh) for all vh ∈ Xh

(qh,∇.uh) = 0 for all qh ∈ Y h

(4.110)

Proof. The theorem 4.4.1 ensures that (uεh) ∈ Xh is uniformly bounded in ε.
Replacing (4.101) in (4.100)

I(pεh∇.vh) = − (f, vh) + ν(∇uεh,∇v) + ((uεh.∇)uεh, vh)

+
1

2
(∇.uεh, uεh.vh) + a(|uεh|αuεh, vh)

Substituting this results in the discrete inf-sup condition (4.105),

‖ p̂εh ‖Zh≤
1

βh

{
‖ f ‖(Xh)′ +ν ‖ uεh ‖1 +c1 ‖ uεh ‖21 +c2 ‖ uεh ‖1

}
≤ C

βh
. (4.111)

Or pεh ∈ (KerB∗h)⊥, we infer that

‖ pεh ‖Zh=‖ pεh ‖
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Therefore, (4.111) gives

‖ pεh ‖≤
C

βh
(4.112)

Since C is independent of ε.
The sequence (uεh, p

ε
h) is bounded, then there exists a subsequence denoted (uεh, p

ε
h) without lose

of generality which converge to (uh, ph) ∈ Xh × Y h. And we have

lim
ε→0

I(qh∇.uεh) = I(qh∇uh), for all qh ∈ Y h (4.113)

Using (4.101),

I(qh∇.uεh) = −εI(qhp
ε
h) ≤ ε ‖ qh ‖‖ pεh ‖

We use the fact that (pεh) is bounded, and we pass to limits as ε→ 0 to obtain

I(qh∇.vh) = 0

Therefore the second equation of (4.110) is established. For the first equation of (4.110) we use

lim
ε→0

ν(∇uεh,∇vh) = ν(∇uh,∇vh) for all vh ∈ Xh

lim
ε→0

((uεh.∇)uεh, vh) = ((uh.∇)uh, vh) for all vh ∈ Xh

lim
ε→0

1

2
(∇.uεh, uεh.vh) =

1

2
(∇.uh, uh.vh) for all vh ∈ Xh

lim
ε→0

(|uεh|αuεh, vh) = (|uh|αuh, vh) for all vh ∈ Xh

lim
ε→0

(pεh,∇.vh) = (ph,∇.vh) for all vh ∈ Xh

�

We are now in a position to give an priori estimates of the error for the solution of the discrete
penalized problem (4.100) and the solution of the approximate state problem (4.110).

Lemma 4.4.3. Consider (uεh, p
ε
h) ∈ Xh×Y h defined by (4.100) and (uh, ph) ∈ Xh×Y h solution

of the problem (4.110). Then

‖ uεh − uh ‖1≤ ε
C1

βh
‖ ph ‖ (4.114)

and
‖ pεh − ph ‖≤ ε

C2

β2
h

‖ ph ‖ (4.115)

where C1 and C2 are two positive constant non depending in ε.

Proof. We use the definition of the discrete pressure in (4.101) in the equation (4.100) and we
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subtract (4.110) to have

ν(∇(uεh − uh),∇vh) + ((uεh.∇)uεh, vh) +
1

2
(∇.uεh, uεh.vh) + a(|uεh|αuεh − |uh|αuh, vh)

−((uh.∇)uh, vh)− 1

2
(∇.uh, uh.vh) + (ph − pεh,∇.vh) = 0 for all vh ∈ Xh

(4.116)

With some calculus, for vh ∈ Xh we obtain

((uεh.∇)uεh, vh) = (((uεh − uh).∇)uεh, vh) + ((uh.∇)uεh, vh), (4.117)

−((uh.∇)uh, vh) = −((uh.∇)(uh − uεh), vh)− ((uh.∇)uεh, vh) (4.118)

1

2
((∇.uεh), uεh.vh) =

1

2
(∇.(uεh − uh), uεh.vh) +

1

2
(∇.uεh, uεh.vh), (4.119)

−1

2
((∇.uh), uh.vh) =

1

2
((∇.uh), (uεh − uh).vh)− 1

2
(∇.uh, uεh.vh) (4.120)

Replacing (4.117)-(4.120) in (4.116), yields to

(pεh − ph,∇.vh) = ν(∇(uεh − uh),∇vh) + (((uεh − uh).∇)uεh, vh) + ((uh.∇)(uεh − uh), vh)

1

2
(∇.(uεh − uh), uεh.vh) +

1

2
(∇.uh, (uεh − uh).vh) + a(|uεh|αuεh − |u|αuh, vh)

(4.121)
Substituting in (4.105) and using (4.102) and (4.104)

‖ p̂εh − p̂h ‖Zh≤
ν + 2ν(1− r) + aC3

βh
‖ uεh − uh ‖1 (4.122)

Or, pεh and ph are in (KerB∗h)⊥, then

‖ p̂εh − p̂h ‖Zh=‖ p̂εh − p̂h ‖

Consequently, (4.122) gives

‖ pεh − ph ‖≤
ν(3− 2r) + aC3

βh
‖ uεh − uh ‖1 (4.123)

Consider vh = uεh − uh in the equation (4.116) to write

(pεh − ph,∇.(uεh − uh)) = ν ‖ uεh − uh ‖21 +((uεh.∇)uεh, u
ε
h − uh) +

1

2
(∇.uεh, uεh.(uεh − uh)))

−((uh.∇)uh, u
ε
h − uh))− 1

2
((∇.uh, uh.(uεh − uh))

+a(|uεh|αuεh, uεh − uh)− a(|uh|αuh, uεh − uh)

(4.124)
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Using uh = −(uεh − uh − uεh) and thanks to (4.3), and the inequality (4.122), (4.124) takes the
form

(pεh − ph,∇.(uεh − uh)) = ν ‖ uεh − uh ‖21 +(((uεh − uh).∇)uεh, (u
ε
h − uh))

+
1

2
((∇.(uεh − uh), uεh.(u

ε
h − u))

+a(|uεh|αuεh, uεh − uh)− a(|uh|αuh, uεh − uh)

≥ ν ‖ uεh − uh ‖21 −s ‖ uεh − uh ‖1‖ uεh ‖1 .

By (4.102) and (4.104), we infer

(pεh − ph,∇.(uεh − uh)) ≥ νr ‖ uεh − uh ‖21

Using (4.110)

‖ uεh − uh ‖21≤
1

νr
(pεh − ph,∇.uεh)

The use of the property (4.101) gives

‖ uεh − uh ‖21 ≤ ε

νr
(pεh − ph, pεh)

=
ε

νr
(pεh − ph, ph)− ε

νr
‖ pεh − ph ‖2

Therefore
‖ uεh − uh ‖21≤

ε

νr
‖ pεh − ph ‖‖ ph ‖ (4.125)

Substituting (4.125) in (4.123) gives

‖ uεh − uh ‖21≤
(3− 2r)ν + aK1

νrβh
ε ‖ ph ‖ (4.126)

Replacing this results in (4.123) to get

‖ pεh − ph ‖21≤
(ν(3− 2r) + aK1)2

νrβ2
h

ε ‖ ph ‖ (4.127)

Finally the desired estimates (4.114) and (4.115) are obtained with C1 =
(3− 2r)ν + aK1

νr
and

C2 =
(ν(3− 2r) + aK1)2

νr
. �

Theorem 4.4.4. Assume that (u,p) and (uh, ph) are solutions of the problem (4.4) and (4.110)
respectively. Then

‖ uh − u ‖1≤
(

3

r
− 1 +

a

νr
C1

)(
1 +

C

βh

)
‖ u− vh ‖1 +

C2

νr
‖ p− qh ‖ (4.128)
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for all vh ∈ Xh and all qh ∈ Y h, and

‖ p− ph ‖Zh≤
ν(3− 2r) + aC

βh
‖ u− uh ‖1 +

(
1 +

C
′

βh

)
‖ p− qh ‖ for all qh ∈ Y h (4.129)

Proof. We introduce the finite space Xh =
{
vh ∈ Xh| (qh,∇.vh) = 0 for all qh ∈ Y h

}
.

Since uh ∈ Xh and vh ∈ Xh, substituting uh − vh to vh in (4.110) to get

ν(∇uh,∇(uh − vh))+ ((uh.∇)uh, uh − vh) +
1

2
(∇.uh, uh.(uh − vh))

+a(|uh|αuh, uh − vh) = (f, uh − vh) for all vh ∈ Xh
(4.130)

Subtracting the quantity

ν(∇vh,∇(uh − vh)) + ((vh.∇)vh, uh − vh) +
1

2
(∇.vh, vh.(uh − vh)) + a(|vh|αvh, uh − vh)

from the both sides of (4.130), multiplying (4.4) by v = uh − vh and substituting here in the
right hand side

ν(∇(uh − vh),∇(uh − vh)) + ((uh.∇)uh, uh − vh) +
1

2
(∇.uh, uh.(uh − vh))

+a(|uh|αuh, uh − vh)− ((vh.∇)vh, uh − vh)− 1

2
(∇.vh, vh.(uh−vh))

−a(|vh|αvh, uh − vh)

= ν(∇u,∇(uh − vh)) + ((u.∇)u, uh − vh) + a(|u|αu, uh − vh)

−(p,∇.(uh − vh))− ν(∇vh,∇(uh − vh))− ((vh.∇)vh, uh − vh)

−1

2
(∇.vh, vh.(uh − vh))− a(|vh|αvh, uh − vh) for all vh ∈ Xh

(4.131)

Or, vh ∈ Xh, (p,∇.(uh− vh)) = (p− qh,∇.(uh− vh)). Adding and subtracting ((u.∇)vh, uh− vh)

on the right hand side in the previous result

ν(∇(uh − vh),∇(uh − vh)) + ((uh.∇)uh, uh − vh) +
1

2
(∇.uh, uh.(uh − vh))

+a(|uh|αuh − |vh|αvh, uh − vh)− ((vh.∇)vh, uh − vh)− 1

2
(∇.vh, vh.(uh − vh))

= ν(∇(u− vh),∇(uh − vh)) + ((u.∇)(u− vh), uh − vh) + a(|u|αu− |vh|αvh, uh − vh)

−(p− qh,∇.(uh − vh)) + ((u− vh.∇)vh, uh − vh)− 1

2
(∇.(u− vh), vh.(uh − vh))

(4.132)

for all vh ∈ Xh.
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The first part of the equality above can be simplified as

ν(∇(uh − vh),∇(uh − vh)) + ((uh.∇)uh, uh − vh) +
1

2
(∇.uh, uh.(uh − vh))

+a(|uh|αuh − |vh|αvh, uh − vh)− ((vh.∇)vh, uh − vh)− 1

2
(∇.vh, vh.(uh − vh))

= ν(∇(uh − vh),∇(uh − vh)) + ((uh.∇)uh, uh − vh) +
1

2
(∇.uh, uh.(uh − vh))

−(((vh − uh).∇)(vh − uh), uh − vh)− ((uh.∇)(vh − uh), uh − vh)

−(((vh − uh).∇)uh, uh − vh)− ((uh.∇)uh, uh − vh)

−1

2
(∇.(vh − uh), (vh − uh).(uh − vh)))− 1

2
((∇.uh), (vh − uh).(uh − vh))

−1

2
(∇.(vh − uh), uh.(uh − vh))− 1

2
(∇.uh, uh.(uh − vh))

+a(|uh|αuh − |vh|αvh, uh − vh)

= ν(∇(uh − vh),∇(uh − vh)) + (((uh − vh).∇)uh, uh − vh) +
1

2
(∇.(uh − vh), uh.(uh − vh))

+a(|uh|αuh − |vh|αvh, uh − vh)

(4.133)

≥ ν ‖ uh − vh ‖21 −s ‖ uh − vh ‖21‖ uh ‖1≥ νr ‖ uh − vh ‖21 (4.134)

Substituting (4.134) in (4.132) and thanks to (4.102), the fact that (uh) is bounded and the
Cauchy Schwartz inequality, we have

‖ uh − vh ‖1≤
1

r

(
1 +

s

ν
(‖ u ‖1 + ‖ vh ‖1) +

a

ν
C1

)
‖ u− vh ‖1

+
C2

νr
‖ p− qh ‖

(4.135)

for all vh ∈ Xh and qh ∈ Y h.
Simplifying (4.135) gives

‖ u− uh ‖1≤
[
1 +

1

r

(
1 +

s

ν
(‖ u ‖1 + ‖ vh ‖1) +

a

ν
C1

)]
‖ u− vh ‖1

+
C2

νr
‖ p− qh ‖

(4.136)

We define vh =
∏
h u as the orthogonal projection of u on Xh. We have

‖ u−
∏
h u ‖1= inf

vh∈Xh
‖ u− vh ‖1

and
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‖
∏
h u ‖1≤‖ u ‖1

Using these properties in (4.136) and the fact that (u) is bounded yields

‖ u− uh ‖1≤
[

3

r
− 1 +

a

νr
C1

]
inf

vh∈Xh
‖ u− vh ‖1 +

C2

νr
‖ p− qh ‖ (4.137)

It remains to estimate the term inf
vh∈Xh

‖ u−vh ‖1. For this end, we solve an auxiliary approximate

penalized variational Stokes problem:

let vh ∈ Xh, for all ε > 0, Find zεh ∈ Xh such that

(∇zεh,∇wh)− 1

ε
I((∇.zεh)(∇.wh)) = (∇vh,∇wh) for all wh ∈ Xh (4.138)

There exists an unique solution zεh ∈ Xh of the problem (4.138). We define the associated
pressure πεh ∈ Y h as

πεh(xei ) = −1

ε
∇.zεh(xei ), 1 ≤ i ≤ G, 1 ≤ e ≤ E (4.139)

The sequence (zεh, π
ε
h) converges in Xh × Y h to the solution (zh, πh) ∈ Xh × Y h of the problem

Find (zh, πh) ∈ Xh × Y h such that

(∇zh,∇wh)− (πh,∇wh) = (∇vh,∇wh) for all wh ∈ Xh

(qh,∇.zh) = 0 for all qh ∈ Y h
(4.140)

So,

‖ vh − zh ‖1= sup
wh∈Xh

(∇(vh − zh),∇wh)

‖ wh ‖1

Using (4.140) to infer that

‖ vh − zh ‖1= supwh∈Xh

(πh,∇.wh)

‖ wh ‖1
The discrete inf-sup condition gives

‖ vh − zh ‖1≥ βh ‖ ẑh ‖Zh (4.141)

Consider wh = uh − zh in (4.140). Since (πh,∇.zh) = 0 and combine (4.140) and (4.4) to have
(πh,∇.u) = 0 and since (qh,∇.(u− vh)) = 0 for all qh ∈ KerB∗h, we obtain

‖ zh − vh ‖21≤ C ‖ πh + q0
h ‖‖ u− vh ‖1

The infimum over all qh ∈ KerB∗h implies

‖ zh − vh ‖21≤ C ‖ π̂h ‖Zh‖ u− vh ‖1,
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By the inequality (4.141),

‖ zh − vh ‖1≤
C

βh
‖ u− vh ‖1

which gives

‖ u− zh ‖1≤
(

1 +
C

βh

)
‖ u− vh ‖1

zh ∈ Xh according to the problem (4.140). The infimum over all zh ∈ Xh gives

inf
zh∈Xh

‖ u− zh ‖1≤
(

1 +
C

βh

)
‖ u− vh ‖1 for all vh ∈ Xh (4.142)

Substituting the (4.142) in (4.137) gives the estimate (4.128).
Now, let us derive the pressure estimate. From the discrete inf-sup condition (4.105) and sub-
stituting qh − ph to qh, we have

‖ q̂h − p̂h ‖Zh≤
1

βh
sup
vh∈Xh

I((qh − ph)∇.vh)

‖ vh ‖1
. (4.143)

Using (4.99),
I((qh − ph)∇.vh) = (qh − p,∇.vh) + (p− ph,∇.vh) (4.144)

Multiplying (4.4) by vh and subtracting (4.110)

(p− ph,∇.vh) = ν(∇(u− uh),∇vh) + ((u.∇)u, vh)− ((uh.∇)uh, vh)

−1

2
((∇.uh), uh.vh) + a|u|αu, vh)− a|uh|αuh, vh)

for all vh ∈ Xh

Using similar calculus as in (4.70)- (4.75), the triangle inequality and (4.102) to get

(p− ph,∇.vh) ≤ [ν||u− uh||1 + 2ν(1− r)||u− uh||1 + aC||u− uh||1] ‖ vh ‖1

Injecting this result in (4.144) and using (4.141) yields to

‖ q̂h − p̂h ‖Zh≤
ν(3− 2r) + aC

βh
‖ u− uh ‖1 +

C
′

βh
‖ p− qh ‖

Consequently

‖ p− ph ‖Zh ≤‖ p̂− q̂h ‖Zh +
ν(3− 2r) + aC

βh
‖ u− uh ‖1 +

C
′

βh
‖ p− qh ‖

≤ ν(3− 2r) + aC

βh
‖ u− uh ‖1 +

(
1 +

C
′

βh

)
‖ p− qh ‖

which finish the proof. �
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Theorem 4.4.5. Let (u,p)∈ X × Y be the solution of (4.4) and (uεh, p
ε
h) be defined by (4.100)

then
‖ u− uεh ‖1≤

(
3

r
− 1 +

a

νr
C1

)(
1 +

C

βh

)
inf

vh∈Xh
‖ u− vh ‖1

+
C2

νr
inf

qh∈Y h
‖ p− qh ‖ +

C3

βh
ε ‖ ph ‖

(4.145)

and

‖ p− pεh ‖Zh≤
ν(3− 2r) + aC1

βh

(
3

r
− 1 +

a

νr
C2

)(
1 +

C3

βh

)
inf

vh∈Xh
‖ u− vh ‖1

+

(
1 +

C4

βh

(
3

r
− 1 +

a

νr
C1

))
inf

qh∈Y h
‖ p− qh ‖ +

C
′′

β2
h

ε ‖ ph ‖
(4.146)

Proof. For the first inequality, we use the triangle inequality

‖ u− uεh ‖1≤‖ u− uh ‖1 + ‖ uh − uεh ‖1

Using the inequalities (4.128) and (4.114). The infimum over vh ∈ Xh, qh ∈ Y h implies the
estimate (4.145).
With a similar manner

‖ p− pεh ‖Zh ≤‖ p− p̂h ‖Zh + ‖ p̂h − pεh ‖Zh

=‖ p− p̂h ‖Zh + ‖ p̂h − pεh ‖

�

Remark 4.4.1. For ε a small positive constant, the inequality (4.115) show that ||ph|| is bounded.

4.5 Numerical approximation and optimization algorithm

Here we will limit ourselves to the approximation of optimization problems involving fish-
ways(Figure 4.1.

Figure 4.1: Schematic description of fishway structure
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The design of any vertical slot relies on the use of guiding elements to conduct a regular hydraulic
flow into the next slot. The placement of the guiding elements was done in two distinct locations,
a(y1, y2) and b(y3, y4), that determine the shape of the fishway Ω (Figure 4.2).

Figure 4.2: Fish pass geometry I shaped baffle for the central pool

In addition, the design variables a and b are subject to certain constraints in regard to their
impact on the flow rate. These restrictions are expressed as the following

1

4
1.213 ≤ y1, y3 ≤

3

4
1.213

0 ≤ y2, y4 ≤
1

4
0.97

(4.147)

Fishways must be designed to allow all individuals in a population to have the opportunity to
get through. To this end, the following requirements are added.

y3 − y1 ≥ d1 = 0.1

y2 − y4 ≥ d2 = 0.05

(4.148)

4.5.1 Optimization procedure

We describe the approach called projected spectral gradient to tackle the shape optimization
problem based on the minimization of the discrete cost function given by

Φ̄(y) =
∆t

2

N∑
n=1

∑
e∈Ti

[∫
e
‖ un,i −−→v ‖2 + α

∫
e
| curl(un,i) |2

]
. (4.149)

We denote a1 = a3 =
1

4
1.213, b1 = b3 =

3

4
1.213, a2 = a4 = 0, b2 = b4 =

1

4
0.97.

Let the admissible set Ω0 be defined as

Ω0 = {y = (y1, y2, y3, y4) ∈ R4 : ai ≤ yi ≤ bi, i = 1, ..., 4,

y3 − y1 ≥ d1, y2 − y4 ≥ d2}
(4.150)
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The optimization problem writes
min
y∈Ω0

Φ̄(y). (4.151)

The optimal position y ∈ Ω0 is determined by an algorithm combining the calculation of the
gradient of the cost function and the projected functions. Let η = 1, ȳ ∈ Ω and ε > 0 be a
positive tolerance.

1. Compute d = PΩ0(ȳ − η∇J(ȳ))− ȳ, with ∇J is the gradient of the cost function J and η
is a positive constant given by
- Consider ȳ the current point and ỹ the previous point. Compute x = ȳ − ỹ and

y = ∇J(ȳ) − ∇J(ỹ) . If xT y > 0, take η =
xTx

xT y
; elsewhere, take η as a fixed posi-

tive value.

2. Stop when d = 0 (in practice, ‖ d ‖< ε) and ȳ is a stationary point of J on Ω0.

3. Set ỹ = ȳ + ξd, with ξ is defined as the step size. And go to (1) with ȳ = ỹ.

The value y = PΩ0(z) is the projection of z ∈ R4 onto Ω0. It is computed by minimizing a
quadratic function of the distance of z to Ω as follow

min
y∈Ω

1

2
‖ y − z ‖2= min

y∈Ω

1

2
zT z − zT y +

1

2
yT y (4.152)

This is similar to

min
(y1,y2,y3,y4)

4∑
i=1

{
1

2
z2
i − ziyi +

1

2
y2
i

}
subject to ai ≤ yi ≤ bi, i = 1, ..., 4

y3 − y1 ≥ d1, y2 − y4 ≥ d2

The two quadratic problems, the former for the abscissa and the latter for the ordinate, will
be solved by the Karush-Kuhn-Tucker (KKT) technique. The KKT is a generalization of the
augmented Lagrangian approach including inequality constraints and used to find optimal points.
The algorithm works as shown below
Choose a = a1 = a3, and b = b1 = b3. We need three constraints with the optimization problem

min
(x1,x2)

c− (l1x1 + l2x2) +
1

2
(x2

1 + x2
2)

subject to x2 ≤ b,

x1 ≥ a,

x2 − x1 ≥ d1,
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where ,a, b, d1, c, and li, i=1,2, are real numbers.
Consider the following matrix

A =

 0 −1

1 0

−1 1

, b =

−ba
d1

 ,

Then the linear constraints write

Ax− v = b, v ≥ 0,

where v = (v1, v2v3)T is the slack variables. The optimization problem is solvable with unique
solution due to the convexity of the cost function in R2. The obtained solution satisfies the KKT
conditions

v = Ax− b

−l + x = ATλ,

v ≥ 0, λ ≥ 0,

vTλ = 0,

where l = (l1, l2, l3), and λ = (λ1, λ2, λ3) is the vector of the Lagrange multipliers associated to
the three constraints above. The unique optimal solution writes

x = l +ATλ

which gives  x1 = l1 + λ2 − λ3

x2 = l2 − λ1 + λ3

For computing the Lagrange multipliers λi, we solve the above linear complementarity problem

v = (−b+Al) +AATλ

v ≥ 0, λ ≥ 0

vTλ = 0

Remark 4.5.1. The gradient of the cost function is computed using the formula established in
section 3.

4.5.2 Numerical examples

In this part, we present numerical results concerning the optimization of the shape of fishways.
We have combined all the techniques developed in the previous sections: the set of equations
(4.33) is solved by the finite element method (4.100) combined with projected gradient for the
resolution of the shape optimization problem (4.149)-(4.151). The numerical implementation is
based on the use of the FreeFem++ [8], using the sparse linear solver for the linear systems.
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The computational grids are unstructured. P2-P1 finite elements have been used for the spatial
discretization.
We analyze the approach for the calculation of the average flow in a vertical slot fishway (VSF)
capable of dissipating the energy of the inlet jet and creating flow conditions in the pool that
allow fish to ascend under comfortable conditions.
We conduct three different studies of VSF designs with I- and L-shaped baffles that are most
adopted for upstream fish passage in river obstructions. The structure of a fishway is consisting
of a succession of ten pools Figure 4.3. Each pool has a length of 1.213m with a width of 0.97m

for "I" shaped baffle-rectangular slots and a length of 3m with a width of 2m for "L" shaped
baffle-oblique slots. We also have two transition pools, one at the beginning and the other at the
end of the channel with a length of 1.5m and a same width as the other pools.

Figure 4.3: Conventional pool pass Ω: each pool is designed by dashed lines

The three numerical simulations are conducted under the same physical and numerical conditions:
initial and boundary conditions are constants. The following crucial velocities must be respected
if pool passes are to function correctly: the inflow velocity is (0.1, 0, 0), the target velocity
is ud = (0.8, 0, 0) ideal for fish leaping and swimming abilities. The vorticity parameter is
σ = 0.3. The viscosity is ν = 0.01. The external function corresponding to the gravity effect is
f = (0, 0, 9.81). The non-slip boundary condition was applied to all walls (bottom, lateral walls
and baffles).

Vertical Slot Fishway (2-D "L" shaped baffle-oblique slots)

The central pool geometry is shown in Figure 4.4. The standard values are issued from current
VSF designs [1; 3]: slot width 0.3 m, basin length 3 m, and width 2 m.

Figure 4.4: Fish pass geometry and mesh in the central pool
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In Figure 4.5 calculated flow contour plots of the approximated velocity components both for
the random and the optimal shape.

Figure 4.5: Initial (left) and optimal (right) velocities for central pool

The correct positioning of a slot pass and the location of its entrance at a dam for the optimal
shape see Figure 4.5 (right) leads to a decrease in turbulence and allows to maintain the possibility
of migration at dams for both strongly swimming fish, and for bottom oriented and small fish.

Slot Fishway (3-D "I" shaped baffle-rectangular slots)

A 3-D experiments are performed. The geometry of slots in each pool is rectangular as shown
in Figure 4.6.

Figure 4.6: Configuration of central pool

The next results present the velocity for ten pools and compare the water flow in the random
and optimum shapes.
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Figure 4.7: Velocity fields for non optimal ten pool configuration

Figure 4.8: Velocity fields for optimal ten pool configuration

The calculation shows that reduction in flow velocities near the bottom of the slots and the
turbulence conditions in the pass, obtained for the optimal shape (Figure 4.8), allow low perfor-
mance fish such as loach, gudgeon or bullhead to ascend. The reduction of the corresponding
cost function is given in Figure 4.9. As soon as the guide slots are optimally positioned, the
objective function reaches a minimum value.

Figure 4.9: Convergence history
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Slot Fishway (3-D "L" shaped baffle-oblique slots)

The 3-D version of the first experiment is presented in the following test. The standard values
are selected [1; 3]: slot width 0.3 m, basin length 3 m, and width 2 m. A triangular discretization
of the fluid domain Ω is used. The density of mesh is higher near slots compared to the other
zones. Numerical simulation are done with 19000 triangles.

Figure 4.10: 3-D Example of Fiswhay with oblique slots and mesh in the central pool

The current results show the velocity for ten pools and compare the flow of water in both
the initial (Figure 4.11) and optimal (Figure 4.12) shapes. We observe clearly the recirculation
regions flowing in opposite directions for the initial structure compared to results in the opti-
mal one. These hydrodynamic conditions reduce transit time to enable fish to continue their
migratory movements and access habitats for growth, refuge, and reproduction.

Figure 4.11: Non optimal velocity for ten pool
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Figure 4.12: Optimal velocity for ten pool

Figure 4.13 shows the decay of the cost functional J as a function of the elements of the
fishway structure.

Figure 4.13: Convergence history

4.6 Conclusion

The design optimization is extended to the penalty porous media model and has been successfully
used in hydraulic shape optimization. Based on the Navier Stokes Forchheimer model, the
penalized system has been analyzed and a finite element method are considered. Error estimates
of the velocity and the pressure are derived in term of H1 and L2 norm respectively. 2-D and 3-D
examples have been presented, and the corresponding results have demonstrated the usefulness
and robustness of the approach.

4.7 Annex: Control problem of mixed boundary conditions

For the case where Dirichlet and Neumann boundary conditions are chosen, we provide a de-
scription of the shape derivative. We express the shape gradients of the cost functions by means
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of the corresponding linear adjoint state systems. Let the relaxed flow model

−ν∆uε + (uε.∇)uε +
1

2
(∇.uε)uε + a | uε |α uε +∇pε = f in Ω

∇.uε + εpε = 0 in Ω

uε = 0 on Γ1

ν ∂u
ε

∂n − p
εn = 0 on Γ2

(4.153)

where ∂Ω = Γ1 ∪ Γ2. We maintain the identical definition of the objective function (4.78) and
the functional F in (4.79). Then the optimization problem can be expressed as

min
Ω∈Ωad

J(Ω) =
1

2

∫
Ω
|uε − ud|2dx+

σ

2

∫
Ω
|curl(uε)|2dx

such that (uε, pε) satisfies the equation (4.153)
(4.154)

4.7.1 Adjoint system

We begin by deriving an adjoint system associated with the penalized system (4.153).

Theorem 4.7.1. Let (uε, pε) ∈ V̂g(Ω)× Y . The adjoint system associated to the equation (4.153)
takes the form



−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)

+∇q = (uε − ud)− σcurl(curl(uε)) in Ω

∇.v + εq = 0 in Ω

v = 0 on Γ1

ν
∂v

∂n
+ 2(uε.n)v − nq = σcurl(uε).τ on Γ2

(4.155)

Proof. Let L(Ω, uε, pε, v, q) be a Lagrangian functional defined by

L(Ω, uε, pε, v, q) = J(Ω)− F (Ω, uε, pε, v, q) (4.156)

Firstly we derive L with respect to the state variable p in any direction p̃ ∈M to get

∂L

∂pε
(Ω, uε, pε, v, q).p̃ =

∫
Ω
p̃∇.v dx+

∫
Ω
εp̃q dx
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The variation p̃ is arbitrary, we deduce

∇.v + εq = 0 on Ω (4.157)

After deriving L with respect of the state variable uε in the arbitrary direction ũ ∈ V0(Ω) one
writes

0 =
∂L

∂uε
(Ω, uε, pε, v, q).ũ

=

∫
Ω

(uε − ud).ũdx+ σ

∫
Ω
curl(uε).curl(ũ)dx

−
∫

Ω

[
ν∇ũ : ∇v + (ũ.∇)uε.v + (uε.∇)ũ.v +

1

2
(∇.ũ)uε.v + (∇.uε)ũ.v

]
dx

+

∫
Ω
q∇.ũ dx−

∫
Ω

[
a|uε|αũ+ aα|uε|α−2(uε.ũ)uε

]
.v dx

=

∫
Ω

[(uε − ud)− σcurl(curl(uε)) + ν∆uε − (∇uε)T .v + (uε.∇)v

+
1

2
∇(uε.v)− 1

2
(∇.uε)v − (a|uε|αv + aα|uε|α−2(uε.v)uε −∇q].ũ dx

+

∫
Γ2

(
σcurl(uε)τ −

(
ν
∂v

∂n
+ 2(uε.n)v − nq

))
.ũds

By taking an arbitrary direction ũ which vanishes in neighborhood of the boundary Γ2, we have

−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)

+∇q = (uε − ud)− σcurl(curl(uε))

An arbitrary ũ in Γ2 gives

ν
∂v

∂n
+ 2(uε.n)v − nq = σcurl(uε).τ on Γ2

Finally we get the adjoint system



−ν∆v + (∇uε)T .v − (uε.∇)v − 1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)

+∇q = (uε − ud)− σcurl(curl(uε)) in Ω

∇.v + εq = 0 in Ω

v = 0 on Γ1

ν
∂v

∂n
+ 2(uε.n)v − nq = σcurl(uε).τ on Γ2

(4.158)
�
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4.7.2 Shape gradient

We express the shape gradient using the state and adjoint systems using the derivative of the
saddle point problem j(t) with respect to t, where

j(t) = min
(uεt ,p

ε
t )∈V0(Ωt)×Y (Ωt)

max
(vt,qt)∈V0(Ωt)×Y (Ωt)

L(Ωt, u
ε
t , p

ε
t , vt, qt)

and (ut, pt) and (vt, qt) are solutions of (4.153) and (4.155) in the perturbed domain Ωt, respec-
tively.
We consider the Hilbert spaces which depend on the parameter t defined by

V0(Ωt) =
{
uε ◦ T−1

t : uε ∈ V0(Ω)
}

Y (Ωt) =
{
pε ◦ T−1

t : pε ∈ Y (Ω)
}

Since Tt and T−1
t are homeomorphisms, the parametrization do not influence j(t), and we have

j(t) = min
(uε,pε)∈V0(Ω)×Y (Ω)

max
(v,q)∈V0(Ω)×Y (Ω)

L(Ωt, u
ε ◦ T−1

t , pε ◦ T−1
t , v ◦ T−1

t , q ◦ T−1
t )

We introduce the following functions which depend on the parameter t

l1(t) =
1

2

∫
Ωt

|uε ◦ T−1
t − ud|2dx+

σ

2

∫
Ωt

|curl(uε ◦ T−1
t )|2dx,

l2(t) =

∫
Ωt

[ν∇(uε ◦ T−1
t ) : ∇(v ◦ T−1

t ) + ((uε ◦ T−1
t ).∇)(uε ◦ T−1

t ).(v ◦ T−1
t )

+ a|uε ◦ T−1
t |α(uε ◦ T−1

t ).(v ◦ T−1
t )− (pε ◦ T−1

t )∇.(v ◦ T−1
t )]dx

−
∫

Ωt

(f ◦ T−1
t ).(v ◦ T−1

t )dx−
∫

Ωt

(q ◦ T−1
t )∇.(uε ◦ T−1

t )dx

− ε
∫

Ωt

(q ◦ T−1
t )(pε ◦ T−1

t )dx

The Lagrangian functional writes

L(Ωt, u
ε ◦ T−1

t , pε ◦ T−1
t , v ◦ T−1

t , q ◦ T−1
t ) = l1(t)− l2(t)

If Φ : [0, τ ]× Rd → R is sufficiently smooth, we have the following Hadamard formula

d

dt

∫
Ωt

Φ(t, x)dx|t=0 =

∫
Ω

∂Φ

∂t
(0, x)dx+

∫
∂Ω

Φ(0, x)V (0, X).nds (4.159)

Let V(0, X) ∈ Vad, and observe that V(0, X) = V. Therefore we can derive the shape gradient
using the formula (4.159):

d

dt
L(Ωt, u

ε ◦ T−1
t , pε ◦ T−1

t , v ◦ T−1
t , q ◦ T−1

t )|t=0 = l
′
1(0)− l′2(0) (4.160)
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where

l
′
1(0) =

∫
Ω

(uε − ud).(−∇uε.V)dx+ σ

∫
Ω
curl(uε)curl(−∇uε.V)dx

+
1

2

∫
Γ1

(|uε − ud|2V.n)ds+
σ

2

∫
Γ1

(|curl(uε)|2V.n)ds
(4.161)

l
′
2(0) =

∫
Ω

[ν∇(−∇uε.V) : ∇v + ν∇uε : ∇(−∇v.V)

+ ((−∇uε.V).∇uε).v + (uε.∇(−∇uε.V).v + (uε.∇uε).(−∇v.V)

1

2
∇.(−∇uε.V)uε.v +

1

2
∇.uε(−∇uε.V).v +

1

2
∇.uεuε.(−∇v.V)

+ aα|uε|α−2(−∇uε.V.uε)(uε.v) + a|uε|α(−∇uε.V).v

+ a|uε|αuε.(−∇v.V)− (∇pε.V)∇.v − pε∇.(−∇v.V)

− f.(−∇v.V).− (f.V).v − q∇.(−∇uε.V)− (∇.uε)(−∇q.V)]dx

Thanks to Green’s formula and the condition uε = 0 on Γ1, we get

l
′
2(0) = −

∫
Ω

[(−ν∆uε + (uε.∇)uε +
1

2
∇.uεuε + a|uε|αuε +∇pε − f).(∇v.V)]dx

+

∫
Ω

(∇.uε)(∇q.V)dx+

∫
Ω

(∇.v)(∇p.V)dx+

∫
Ω

[−ν∆v + (∇uε)T .v − (uε.∇)v

−1

2
∇(uε.v) +

1

2
(∇.uε)v + a|uε|α−2(|uε|2v + α(uε.v)uε)−∇q].(∇uε.V)dx

−
∫

Γ1

[ν
∂v

∂n
+ 2(uε.n)v − nq].(∇uε.V)ds−

∫
Γ1

[
∂uε

∂n
− npε].(∇v.V)ds

+

∫
Γ1

[ν∇uε : ∇v + (uε.∇uε).v + a|uε|αuε.v − pε∇.v − q∇.uε]V.n ds

(4.162)
Replacing (4.161) and (4.162) in (4.160) and using the fact that (uε, pε) is solution of (4.153)
and (v,q) is solution of (4.155) respectively yields to

dJ(Ω;V) =
d

dt
L|t=0

=
1

2

∫
Γ1

((|uε − ud|2 + σ|curl(uε)|2)V.n)ds+

∫
Γ1

[ν
∂v

∂n
− nq].(∇uε.V)ds

+

∫
Γ1

[ν
∂uε

∂n
− npε].(∇v.V)ds−

∫
Γ1

[(ν∇uε : ∇v)V.n ds

−σ
∫

Γ1

(
∂uε

∂n
.(curl(uε) ∧ n))V.n ds

(4.163)
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Notice the fact that uε = 0, v=0 in Γ1 we have

n.(∇uε.V) = ∇uε.(n⊗ n).V.n = ∇uε.n.n(V.n) = (∇.uε)(V.n) = 0, ∀x ∈ Γ1 (4.164)

∂v

∂n
.(∇uε.V) = ∇uε.(n⊗ n).V.

∂v

∂n
=
∂uε

∂n
.
∂v

∂n
(V.n) = (∇uε : ∇v)V.n (4.165)

In a similar way, one obtains

n.(∇v.V) = 0,
∂uε

∂n
.(∇v.V) =

∂uε

∂n
.
∂v

∂n
(V.n) = (∇uε : ∇v)V.n (4.166)

By replacing (4.164)-(4.166) in (4.163) the shape derivative takes the form

dJ(Ω;V) =

∫
Γ1

[
1

2
|uε − ud|2 +

σ

2
|curl(uε)|2 +

∂uε

∂n
.

(
2ν
∂v

∂n
− σcurl(uε) ∧ n

)]
V.n ds (4.167)

Therefore, the shape gradient reads as

∇J =

[
1

2
|uε − ud|2 +

σ

2
|curl(uε)|2 +

∂uε

∂n
.

(
2ν
∂v

∂n
− σcurl(uε) ∧ n

)]
n (4.168)
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Chapter 5

The application of adjoint method for
shape optimization in porous media
model
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5.1 Introduction

Nowadays, the conservation of the environment has become a major issue in order to keep
the balance in our civilization. Some species move locally, such as pike that spawn in flooded
meadows and marshes. Others make larger displacements, such as the highly migratory ones,
which will move from the marine environment to the freshwater environment according to their
reproductive cycle. For example, salmon or trout perform the reproductive phase in freshwater.
To facilitate the migration of these species from saltwater to freshwater, the humans built the

191



5.1. INTRODUCTION

fishway. The fishway is hydraulic structure constructed near dams. In the literature, some types
of fishways are studied such as the vertical slot [1] and Denil [2] presented in Figure 5.1.

Figure 5.1: Exemple of vertical slot and Denil fishway

In recent years, much consideration has been given from the theorical and experimental view
point on hydraulic characteristics, the fluid flow regime and how to control the effect of the
turbulence in all types of fishway. Several authors have studied these phenomena, [3] presented
an application of mathematical modeling and optimal control theory related to enhance of the
stockes of fish migrating between saltwater and freshwater, [4] they did an experimental study to
characterize the turbulent flow for various structural configurations of vertical slot fishway and
to determine how their characteristics could be modified to facilitate the passage of small species.

One of the important tasks in designing a fishway is to reduce the turbulence in the pools that
allows rest and facilitate a movement of fish from pool to another without expending energy.
The shape optimization problem consists to find an optimal shape in an admissible set. There
are several optimization strategies in the literature used in the context of the fluid mechanics
[5], [6]. In the case of structural mechanics the density-based methods and the SIMP method
(Solid Isotropic Material with Penalisation)[7] are widely used. Some examples are discussed by
[8], [9] and [10]. Another class of shape and topology optimization strategies relies on the Level
Set Method introduced by [11; 12; 13; 14], and [24; 25].

The remainder of the chapter is organized as follows. in the next section, we introduce the
physical model. In section 3, we analyze the existence and uniqueness of the solution for the
Navier-Stokes Forchheimer system. In section 4, a 2D model is used to examine an optimal
control problem, and we derive the adjoint state. In section 5 and 6, we describe the Finite
Elements method by using the Euler scheme, the detail and the description of the implemented
of the augmented Lagrangian algorithm. Finally, in order to show the efficiency of our method,
some numerical results are presented.
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5.2 The Navier-Stokes Forchheimer equations

Assume the Ω ⊂ Rd (d = 2 or 3) is a regular bounded domain, corresponding to the fluid surface
in the hydraulic structure, the flow is governed by the viscous stationnary incompressible Navier-
Stokes Forchheimer equations with kinematic viscosity ν > 0. The structure is composed of four
disjoint regions : ∂Ω = Γin ∪ Γout ∪ Γ

• Γin the inflow boundary,

• Γout the outflow boundary,

• Γ no slip boundary condition

Figure 5.2: Schematic representation of the fluid domain

{
−ν∆u+ (u.∇)u+∇p+ au+ b | u |α u = f in Ω

div(u) = 0 in Ω
(5.1)

The boundary conditions are either on the flow velocity or stress. Both Dirichlet-type and
Newmann-type boundary condition are considered in the following form

u = uin on Γin

u = 0 on Γ

σ(u, p).n = 0 on Γout

(5.2)

where u(x, t) ∈ Rd is the velocity field at point x ∈ Ω and time t ∈ [0, T ], p(x, t) ∈ R is the
pressure, ∇ and ∆ denote the gradient and Laplacian operators in R respectively, f is a given
function. The coefficient satisfy a > 0, b > 0 and 1 < α < ∞, ν denotes the reciprocal of the
Reynolds number Re, ν(.) = 1

Re : R −→ R. n is the unit normal vector on the smooth boundary
∂Ω. The classical mechanical stress σ(u, p) of the fluid is defined by

σ(u, p) = 2νe(u)− pI, where e(u) =
1

2
(∇u+T ∇u)

where e(u) is the strain tensor.
We consider the weak solution of the Navier-Stokes Forchheimer system giving by eq. (5.3),
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and we define the Hilbert spaces for the unknown functions u and p. Thus, the problem is to
find a solution satifies that the couple (u, p) ∈ V̂in(Ω) × M̂(Ω). The weak formulation of the
Navier-Stokes Forchheimer equations (5.1) is to :

Find(u, p) ∈ V̂in(Ω)× M̂(Ω) such that∫
Ω

[ν∇u : ∇v + (u.∇)u.v + au.v + b | u |α u.v − pdivv] dx =

∫
Ω
fv, ∀v ∈ V̂ (Ω)∫

Ω
divuq = 0, ∀q ∈ M̂(Ω)

(5.3)

Let Ω be a bounded domain Rd,(d = 2, 3). if ‖u‖r =

(∫
Ω
| u |r dx

) 1
r

< ∞, 1 6 r < ∞, we say

u ∈ Lr(Ω) under the norm define above. Let C∞0,div(Ω) denotes the set of all C∞ real vector-
valued functions u =

(
u1, u2, · · · , ud

)
with compact support in Ω such that divu = 0. We denote

by Hr(Ω) the Sobolev space and H−r(Ω) dual space with the norm ‖u‖Hr . The Hilbert spaces
are define in the following form :

V̂0(Ω) =
{
u ∈ (H1(Ω))d|u = 0 on Γ

}
V̂ (Ω) =

{
v ∈ (H1(Ω))d|v = 0 on Γin

}
V̂in(Ω) =

{
u ∈ (H1(Ω))d|u = 0 on Γ, u = uin on Γin

}
M̂(Ω) =

{
p ∈ L2(Ω);

∫
Ω
pdx = 0

}
M(Ω) =

{
p ∈ H1(Ω)

}
V0(Ω) =

{
u ∈ (H2(Ω))d|u = 0 on Γ

}
Vin(Ω) =

{
u ∈ (H2(Ω))d|u = 0 on Γ, u = uin on Γin

}

5.3 Main results

Before stating the main results of the existence of the weak solution and the uniqueness solution,
we recall some definitions of functional analysis. The following Lemma will be needed later for
the proof.

Theorem 5.3.1. Rellich-Kondrachov)(for more details see reference [16]). Consider Ω is
bounded and of class C1 and 1 ≤ p ≤ ∞. Then we have the following injections

H1,p(Ω) ↪→ Lq(Ω) ∀q ∈ [1, p∗), where 1
p∗ = 1

p −
1
N , if p < N,

H1,p(Ω) ↪→ Lq(Ω) ∀q ∈ [p,+∞), if p = N,

H1,p(Ω) ↪→ C(Ω̄), if p > N

and all these injections are continuous.

Lemma 5.3.2. (for more details see reference [22]). We consider Ω a bounded locally Lips-
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chitzian domain in Rd,(d ≥ 2). if for any F ∈ H−1(Ω) and v ∈ (H1
0 (Ω))d

(F , v) = 0

then there existe a unique P ∈ L2(Ω) satisfying

(F , v) =

∫
Ω
Pdiv(v)dx and

∫
Ω
Pdx = 0

Lemma 5.3.3. (for more detail see reference [22]). Let Ω be an arbitrary domain in Rd,(d =

2, 3). Then a vector V ∈ H1
loc(Ω) satisfies the system (5.3) for all ϕ ∈ C∞0,div(Ω) if and only if

there P ∈ L2
loc satisfying the identity

ν (∇V : ∇ψ) + (aV, ψ) + (b | V |α V, ψ)− (P,∇.ψ) = (f, ψ) (5.4)

for all ψ ∈ C∞0 (Ω), if, moreover, Ω is bounded and Lipschitzian and f ∈ H−1(Ω), V ∈ (H1
0 (Ω))d

then
P ∈ L2(Ω) with

∫
Ω
Pdx = 0 (5.5)

and (5.4) holds for all ψ ∈ (H1
0 (Ω))d

Lemma 5.3.4. (for more detail see reference [22]). We consider F a continuous function F :

Rm −→ Rm, for (m ≥ 1) and such that for some k > 0

F(ξ).ξ > 0

for all ξ ∈ Rm with | ξ |= k. Then there exists ξ0 ∈ Rm with | ξ0 |≤ k such that F(ξ0) = 0

5.3.1 Existence of the weak solution

In this part, we consider the existence of the weak solutions of the problem (5.3) with Dirichlet’s
and Neumann boundary condition, the domain Ω ∈ Rd,(d = 2, 3).

Theorem 5.3.5. We consider Ω a bounded domain in Rd,(d = 2, 3), f ∈ H−1(Ω) is an given
function (external force g). If u = 0 on ∂Ω and 0 ≤ α < 10, there exixts at least a weak solutions
of (5.3) satisfying

ν

2
‖∇um‖2 + a ‖um‖2L2 + b ‖um‖α+2

Lα+2 ≤ c ‖f‖2H−1 (5.6)

and
‖p‖ ≤ C

[
(ν + c1 + c2a) ‖u‖H1 + c3b ‖u‖α+1

L2α+2 − c4 ‖f‖H−1

]
(5.7)

where C, c1, c2, c3 and c4 are a positive constants and ν > 0

Proof. (of theorem )
We consider the sequence an orthogonal basis ψ ∈ M̂(Ω) and for each m ∈ N , we define the
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approximate solutions um ∈M(Ω) as follows

um =
m∑
k=1

ξkmψk (5.8)

and

ν (∇um : ∇ψk) + (um.∇um, ψk) + (aum, ψk) + (b | um |α um, ψk) = (f, ψk) 1 ≤ k ≤ m (5.9)

Substituting in equations (5.8) and (5.9), we obtain a system of nonlinear differential equa-
tions for the coefficients ξkm, by using the Lemma 8.2.1 in [15], we have

m∑
k=1

(um.∇um, ξkmψk) = (um.∇um, um) = 0 (5.10)

We multiply (5.9) by ξkm on both sides and summing with respect to k, we have

ν (∇um : ∇um)+(um.∇um, um)+(aum, um)+(b | um |α um, um) = (f, um) 1 ≤ k ≤ m (5.11)

using the proprety giving in (5.10), we get

ν ‖∇um‖2 + a ‖um‖2L2 + b ‖um‖α+2
Lα+2 = (f, um) (5.12)

Using Schwarz and Poincare’s inequality for the right hand side of (5.12), we have

ν

2
‖∇um‖2 + a ‖um‖2L2 + b ‖um‖α+2

Lα+2 ≤ c ‖f‖2H−1 (5.13)

In the fisrt step we have approximate the solutions and in this second step, we will find the
existence of the approximate solutions. So, we introduce the following function

F(um, um) = ν (∇um : ∇um) + (aum, um) + (b | um |α um, um)− (f, um)

Correspondingly, one has

F(um, um) > ν ‖∇um‖2L2 + a ‖um‖2L2 + b ‖um‖α+2
Lα+2 − ‖f‖H−1 ‖∇um‖L2

= (ν ‖∇um‖L2 − ‖f‖H−1) ‖∇um‖L2 + a ‖um‖2L2 + b ‖um‖α+2
Lα+2

when ‖∇um‖L2 = k, k >
1

ν
‖f‖H−1 , by the Lemma (5.3.4), there exist the approximative solu-

tions to (5.9) for m ∈ N. Since the sequence (um) are uniformly bounded by (5.3.1), there exist
a subsequence of (um) such that

um −→ u in (H1
0 (Ω))d ∩ Lα+2 (5.14)

It follows from Sobolev embedding H1 ↪→ L6 from the theorem (5.3.1) (p = N = 2) we have
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that
um −→ u in L6−ε (5.15)

where ε > 0 is so constant. We summarize the convergence of the fifth terms in (5.9) when
m −→∞

lim
m→∞

|(∇um,∇ψk)− (∇u,∇ψk)| = 0 (5.16)

lim
m→∞

|(um.∇um, ψk)− (u.∇u, ψk)| = 0 (5.17)

lim
m→∞

|(aum, ψk)− (au, ψk)| = 0 (5.18)

lim
m→∞

|(b | um |α um, ψk)− (b | u |α u, ψk)| = 0 (5.19)

By (5.16), (5.17), (5.18) and (5.19), it follows that the field u ∈ H1
0 (Ω) satisfies the equation

ν (∇u : ∇ψk) + (u.∇u, ψk) + (au, ψk) + (b | u |α u, ψk) = (f, ψk) 1 ≤ k ≤ m (5.20)

for all k = 1, 2, · · · ,for any ϕ ∈ (H1
0 (Ω))d can be approximated by linear combinations of ψk.

Since
ν

2
‖∇um‖2 + a ‖um‖2L2 + b ‖um‖α+2

Lα+2 ≤ c ‖f‖2H−1

For the existence for the pressure field, we consider Ω locally lipschitzian, from Lemma (5.3.3),
there exist p ∈ L2(Ω) satifying (5.4) and (5.5). So, we consider the problem

∇.η = p

η ∈ (H1
0 (Ω))d

‖η‖H1
0
≤ C ‖p‖L2

(5.21)

Knowing that p ∈ L2(Ω) and satisfies (5.5), the problem (5.21) admits a solution. We consider
ψ = η the system (5.4) is written in the following form

ν (∇u : ∇η) + (au, η) + (b | u |α u, η)− (p,∇.η) = (f, η) (5.22)

From the system (5.21) we have ∇.η = p, so the system (5.22) become

ν (∇u : ∇η) + (au, η) + (b | u |α u, η)− (p, p) = (f, η)

‖p‖2 = ν (∇u : ∇η) + (au, η) + (b | u |α u, η)− (f, η)
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Using Cauchy-Schwarz inequality we have

‖p‖2 ≤ ν ‖u‖H1 ‖η‖H1 + c1 ‖u‖H1 ‖η‖H1 + c2a ‖u‖H1 ‖η‖H1

+c3b ‖u‖α+1
Lα+1 ‖η‖H1 + c4 ‖f‖H−1 ‖η‖H1

‖p‖2 ≤ C
[
(ν + c1 + c2a) ‖u‖H1 + c3b ‖u‖α+1

L2α+2 − c4 ‖f‖H−1

]
‖p‖

‖p‖ ≤ C
[
(ν + c1 + c2a) ‖u‖H1 + c3b ‖u‖α+1

L2α+2 − c4 ‖f‖H−1

]
(5.23)

�

5.3.2 Uniqueness of weak solutions

In order to proove the uniqueness of the weak solution of the Navier-Stokes Forchheimer problems
(5.4). We begin to show our main result and the we give the proof of this theorem.

Theorem 5.3.6. We consider Ω a bounded domain Rd,(d = 2, 3) and locally Lipschitz, u = 0

on ∂Ω, f ∈ H−1(Ω). The solutions of (5.3) exist for any Reynolds number; however, if ν big

enough and
2

3
≤ α ≤ 4, then the weak solution of the Navier-Stokes Forchheimer (5.3) is unique.

Proof. We consider the two weak solutions u1 and u2 satisfying the equations

ν (∇u1 : ∇ψ) + (u1.∇u1, ψ) + (au1, ψ) + (b | u1 |α u1, ψ) = (f, ψ)

ν (∇u2 : ∇ψ) + (u2.∇u2, ψ) + (au2, ψ) + (b | u2 |α u2, ψ) = (f, ψ)

ν (∇(u1 − u2) : ∇ψ)+(u1.∇u1 − u2.∇u2, ψ)+(au1 − au2, ψ)+(b | u1 |α u1 − b | u2 |α u2, ψ) = 0

Let ψ = u1 − u2, we obtain

ν (∇(u1 − u2) : ∇(u1 − u2)) + (u1.∇u1 − u2.∇u2, u1 − u2)

+ (au1 − au2, u1 − u2) + (b | u1 |α u1 − b | u2 |α u2, u1 − u2) = 0

moreover, we have

ν ‖∇(u1 − u2)‖2 = − ((u1 − u2).∇u1, u1 − u2)︸ ︷︷ ︸
T1

− (b | u1 |α (u1 − u2), u1 − u2)︸ ︷︷ ︸
T2

−b ((| u1 |α − | u2 |α)u2, u1 − u2)︸ ︷︷ ︸
T3

− (a (u1− u2) , u1 − u2)︸ ︷︷ ︸
T4

(5.24)
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For the first term on the right hand side in (5.24),

| T1 | 6 ‖∇u1‖L2 . ‖u1 − u2‖2L4

6 c5 ‖f‖H−1 . ‖u1 − u2‖2L6

6 c5 ‖f‖H−1 ‖∇(u1 − u2)‖2L2

(5.25)

For the second term, using 1 6
3α

2
6 α+ 2, we obtain

| T2 | 6 ‖b | u1 |α‖ 3
2

∥∥| u1 − u2 |2
∥∥2

L3

6 b ‖| u1 |‖α3α
2
‖u1 − u2‖2L6

6 c6b ‖f‖H−1 ‖∇(u1 − u2)‖2L2

(5.26)

For the above estimate, using 1 6
3α

2
6 α+ 2 for the third term, we obtain

| T3 |6 c7bα ‖f‖H−1 ‖∇(u1 − u2)‖2L2 (5.27)

And for the last term, we obtain

| T4 | =| a | u1 − u2 |2|
6 c8a ‖∇(u1 − u2)‖2L2

(5.28)

Substituting the differents terms, we obtain

ν ‖∇(u1 − u2)‖2L2 −
[
c5 + c6b+ c7bα+

c8a

‖f‖H−1

]
‖f‖H−1 ‖∇(u1 − u2)‖2L2 6 0 (5.29)

�

5.4 A shape optimization problem and adjoint states

From numerical methods, our aim is to find the optimal shape Ω to minimize the total dissipative
energy in the flow domain governed by the stationary incompressible Navier-Stokes Forchheimer
equations. We define the set of admissible domains

Qad =

{
Ω ⊂ Rd : [Γin ∪ Γout ∪ Γfix] ⊂ ∂Ω is fixed,

∫
Ω
dx = constant

}
The shape optimization problem can be written

min
Ω∈Qad

J(Ω) subject to G(Ω) = 0 (5.30)

where the objective function J(Ω) can take the form of the total dissipative energy E(Ω) related
to the viscous forces of the fluid domain and a least-square discrepancy D(Ω) given by the
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following equations respectively

E(Ω) =

∫
Ω
σ(u, p) : e(u)dx = 2ν

∫
Ω
‖e(u)‖2dx (5.31)

D(Ω) =
1

2

∫
Ω
| u− uref |2 dx (5.32)

In our case, we take into consideration the sum of the both previous function plus the dissipative
energy and the least-square discrepancy. We have the following form:

J(Ω) = D(Ω) + E(Ω)

=
1

2

∫
Ω
| u− uref |2 dx+ 2ν

∫
Ω
‖e(u)‖2dx

(5.33)

The shape optimization is a set of methods allowing to find the optimal shape of a given structure
by minimizing the cost function J(Ω) while respecting a constraint of the form G(Ω). In the case
of an optimization approach, first we dicretize the optimized domain in a set of design variables,
and in finite elements the PDE system. we use the approach of the derivatives of J(Ω) and G(Ω)

with respect to the domain. In the case of this work, we rely on Hadamard’s boundary variation
method [19]. See also [20] for an overview of the rival notion of topological derivatives and the
topological derivatives in the context of fluid mechanics [21].
According to the Hadamard method, the sensitivity of a function of the domain is assessed with
respect to small perturbations of its boundary where the variations of the shape take the form

Ωθ = (Id + θ)(Ω) (5.34)

where θ : Rd −→ Rd is a small vector field, Id is the identity mapping from Rd into itself.

Figure 5.3: Example of a variation Ωθ of shape Ω

Since the admissible shapes Ω ∈ Qad are smooth and only Γ is subject to optimization, it is
natural that θ belong the set Θad of admissible perturbations defined by
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Θad =
{
θ : Rd −→ Rd smooth, θ = 0 on Γin ∪ Γout

}
so that variations (5.34) of admissible shapes stay admissible.

Theorem 5.4.1. (for more detail see reference [23]). Consider Ω be a smooth shape. Then

1. The volume V ol(Ω) is shape differentiable and its derivative reads:

∀θ ∈ Θad,Vol
′
(Ω)(θ) =

∫
Γ
θ.nds

2. The perimeter Per
′
(Ω) is shape differentiable and its derivative reads:

∀θ ∈ Θad,Per
′
(Ω)(θ) =

∫
Γ
κθ.nds

where κ : ∂Ω −→ R is the mean curvature of ∂Ω

Theorem 5.4.2. Let Ω ∈ Qad; then the cost function J(Ω) given by (5.33) is shape differentiable
and its derivative reads :

∀θ ∈ Θad,∇J(Ω)(θ) = 4ν

∫
Ω
e(u) : e(u) +

∫
Ω
| u− uref | (5.35)

and the adjoint system associated to the equations (5.1) (5.2) take the form

−ν∆v + (∇u)T .v − (u.∇)v + av + b | u |α v + αb | u |α−2 (u.v)u+∇q
= − (2ν∆u+ | u− uref |) in Ω

div(v) = 0 in Ω

v = 0 on Γin

v = 0 on Γ

σ(v, π)n+ (u.n)v = 4νe(u).n on Γout

(5.36)

Proof. We construct a Lagrangian functionnal by introducting the adjoint state variables (v, q)

:
L(Ω, u, p, v, q) = J(Ω)− F (Ω, u, p, v, q) (5.37)

where

F (Ω, u, p, v, q) =

∫
Ω

[ν∇u : ∇v + (u.∇)u.v + au.v + b | u |α u.v − pdivv] dx−
∫

Ω
divuqdx (5.38)
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Since

max
(v,π)∈V0(Ω)×M(Ω)

L(Ω, u, p, v, q) =

J(Ω) if F (Ω, u, p, v, q) = 0

+∞ if F (Ω, u, p, v, q) 6= 0
(5.39)

then the solution of the optimization problem (5.30) is the minimum of the shape of the following
problem

min
Ω∈Qad

min
(u,p)∈Vg(Ω)×M(Ω)

max
(v,q)∈V0(Ω)×M(Ω)

L(Ω, u, p, v, q) (5.40)

Setting the fisrt variation of L with respect to the state arbitrary direction p̃ ∈M(Ω) to zero is
equivalent to the condition

∂L
∂p

(Ω, u, p, v, q).p̃ =

∫
Ω
p̃divvdx (5.41)

Since the variation p̃, we obtain

divv = 0 (5.42)

Next, we derive L with respect to the state variable u in the arbitrary direction ũ ∈ V0(Ω) and
using the Green’s formula

0 =
∂L

∂u
(Ω, u, p, v, q).ũ

= 4ν

∫
Ω
e(u) : e(ũ) +

∫
Ω
| u− uref |

−
∫

Ω
[ν∇ũ : ∇v + (ũ.∇)u.v + (u.∇)ũ.v] dx+

∫
Ω
divũqdx

−
∫

Ω
aũvdx−

∫
Ω

[
b | u |α ũ+ αb | u |α−2 (u.ũ)u

]
.vdx

=

∫
Ω

[
−4νdive(u) + ν∆v − (∇u)T .v + (u.∇)v

]
dx

−
∫

Ω
aũvdx−

∫
Ω

[
b | u |α v + αb | u |α−2 (u.v)u+∇q

]
ũdx

+

∫
∂Γ

[
4νe(u).n− ν ∂v

∂n
+ (u.n)v − nq

]
ũds

=

∫
Ω

[
−4νdive(u) + ν∆v − (∇u)T .v + (u.∇)v

]
dx

−
∫

Ω
aũvdx−

∫
Ω

[
b | u |α v + αb | u |α−2 (u.v)u+∇q

]
ũdx

+

∫
∂Γ

[4νe(u).n− (σ(v, q)n+ (u.n)v)] ũds

First, we consider an arbitrary direction ũ in the boundary ∂Γ, we obtain

−ν∆v+(∇u)T .v−(u.∇)v+av+b | u |α v+αb | u |α−2 (u.v)u+∇q = − (4νdive(u)+ | u− uref |)
(5.43)
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We have the deformation tensor e(u) =
1

2
(∇uT +∇u), we have ∇.u = 0 and ν is constant,

then

∇.4e(u) = 2ν∇.∇u+ 2ν∇.T∇u = 2ν∇.∇u+ 2ν∇∇.u = ν∇2u = 2ν∆u

The equation (5.43) can be rewritten in the following form

−ν∆v + (∇u)T .v − (u.∇)v + av + b | u |α v + αb | u |α−2 (u.v)u+∇q = − (2ν∆u+ | u− uref |)
(5.44)

On the other side, taking an arbitrary ũ in ∂Γ gives

σ(v, q)n+ (u.n)v = 4νe(u).n (5.45)

Finally, the adjoint systems are obtained



−ν∆v + (∇u)T .v − (u.∇)v + av + b | u |α v + αb | u |α−2 (u.v)u+∇q
= − (2ν∆u+ | u− uref |) in Ω

div(v) = 0 in Ω

v = 0 on Γin

v = 0 on Γ

σ(v, q)n+ (u.n)v = 4νe(u).n on Γout

(5.46)

�

5.5 Finite Element approximation

The numerical resolution of the stationary Navier-Stokes Forchheimer system at low Reynolds
number is performed using the Finite Element method. The optimal design is a set of methods
to find the best shape. These methods are used in many fields such as aerodynamics, hydrody-
namics and mechanical engineering where we talk about structural optimization. In our case, we
use the augmented Lagrangian algorithm to obtain the optimal shape of a hydraulic structure
such as the fishway.

We considere Ω ⊂ R2 the shape of the fishway a rectangular shape divide into ten pools with
baffles of the same size, and two transition pools located in the upstream and downstream of the
channel showing in Figure (5.4). Each pool has a width of 0.97m and a length of 1.213m. The
baffles separating the pools have a thickness of 0.061m.
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Figure 5.4: 2D schematic representation of the Denil fishway

The equilibrium behavior of the fluid inside the domain Ω is described with the velocity field
and the pressure, which solve the stationary incompressible Navier-Stokes Forchheimer equations



−ν∆u+ (u.∇)u+∇p+ au+ b | u |α u = 0 in Ω

div(u) = 0 in Ω

u = uin on Γin

u = 0 on Γ

σ(u, p).n = 0 on Γout

(5.47)

In practice, the resolution of the Navier-Stokes Forchheimer system is modified. We introduce
the penality method that gives us the modified version of the system describing in (5.47) of the
following form



−ν∆uε + (uε.∇)uε +∇pε + auε + b | uε |α uε = 0 in Ω

div(uε) + εpε = 0 in Ω

uε = uεin on Γin

uε = 0 on Γ

σ(uε, pε).n = 0 on Γout

(5.48)

where ε is very small parameter (ε = 10−6). The reason is to get a well-posed system, the matrix
associated to its resolution by the Finite Element method is positive definite, which allows to
use efficient numerical linear algebra solvers.

In order to compute in a simpler manner the derivatives of the objective function (5.33), we
introduce the adjoint system of the following form :



−ν∆v + (∇u)T .v − (u.∇)v + av + b | u |α v + αb | u |α−2 (u.v)u+∇q
= − (2ν∆u+ | u− uref |) in Ω

div(v) = 0 in Ω

v = 0 on Γin

v = 0 on Γ

σ(v, π).n+ (u.n)v = 4νe(u).n on Γout

(5.49)
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5.5.1 Space discretization : the Finite Element method

For the space discretization we consider a Lagrange-Galerkin finite element triangulation mesh
Th of the domain Ω. For the numerical resolution of the systems define in (5.47) and (5.49), the
choice of the Finite Element spaces used for the discretization of the unknown velocity and the
pressure are the P2 Lagrange elements for the velocity and P1 for the pressure. We define the
following Finite Element spaces

Uh = {w1 ∈ [C(Ω)]n : w1|T ∈ [P2(T )]n , ∀T ∈ Th, w1.n = 0 on ∂Ω}

Xh = {w2 ∈ [C(Ω)]n : w2|T ∈ [P2(T )]n ,∀T ∈ Th, w2.n = 0 on ∂Ω}

Mh = {q̃ ∈ C(Ω) : q̃|T ∈ P1(T ), ∀T ∈ Th}

Qh =
{
q ∈ L2(Ω) : w2|T ∈ P1(T ),∀T ∈ Th

}
Let (un+1, pn+1) the solution of the following variational formulation

Find (uεh, p
ε
h) ∈ Uh ×Mh such that∫

Ω
ν∇uεh : ∇w1dx+

∫
Ω

(un.∇)uεhw1dx−
∫

Ω
pεh∇.w1dx−

∫
Ω
q̃∇.uεhw1dx

−
∫

Ω
εpεhq̃w1dx+

∫
Ω
auεhw1dx+

∫
Ω
b | uεh | uεhw1dx = 0 ∀w1 ∈ Uh and ∀q̃ ∈Mh

(5.50)

and (vh, qh) the solution of the following variational formulation of the system adjoint

Find (vh, qh) ∈ Xh ×Mh such that∫
Ω
ν∇vh : ∇w2dx−

∫
Ω

(uh.∇)vhw2dx+

∫
Ω

(∇uh)T .vhw2dx+

∫
Ω
vhw2dx

+

∫
Ω
b | uh |α vhw2dx+

∫
Ω
αb | uh |α−2 (uh.vh)uhw2dx−

∫
Ω
qh∇.w2dx

+

∫
Ω

2ν∇uh : ∇w2dx+

∫
Ω
| uh − uref | w2dx+

∫
Γout

σ(vh, qh).nw2ds

+

∫
Γout

(uh.n)vhw2ds− 4νe(uh).nw2 = 0 ∀w2 ∈ Xh and ∀q ∈ Qh

(5.51)

Theorem 5.5.1. Let (uε, pε) the solution of the problem (5.48) and (u, p) the solution (H1
0 (Ω))d×

L2(Ω) of the problem (5.1). Then we have

pε ∈ L2(Ω) is uniformly bounded in ε (5.52)

and as ε −→ 0

uε −→ u in (H1
0 (Ω))d (5.53)

and
pε −→ p̃ in L2(Ω) (5.54)
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where p̃ is the orthogonal projection in L2(Ω) of p into (KerB∗)⊥. For the demonstration of this
theorem we refer [17]

In order to evaluate the cost function J , we first need to solve the Navier-Stokes Forchheimer
system (5.48) with initial and boundary conditions. The functionnal J(Ω) is approximated by

J(Ω) =
1

2

∑
E∈Th

[∫
E
| uh − ud |2 +4ν

∫
E
‖e(uh)‖2

]
(5.55)

In the lower third of the channel near the slots, the velocity must be as possible to a typical
horizontal velocity uref to facilitate the movement of fish from one pool to another and in the
raimaining of the fishway the velocity must be close to zero to allow fish to rest. The choice of the
target velocity depends on the maximum swimming speed according to the species of migratory
fish. The velocity of the fluid must be close to the following target velocity

ud(x, y) =

 (uref , 0), if y 6
1

3
H

(0, 0), otherwise

where H is the the width of the fishway and ud is the desired velocity.

5.5.2 Algorithmic description of the implemented method

There are numerical methods to solve some optimization problems with or without constraints.
Generaly, a problem of optimization of structures is defined by a model of partial differential
equations which allows us to evaluate the mechanical behavior of a structure, a criterion to
be minimized and an admissible set of optimization variable under constraints that we impose
these variables. In the literature, there are three categories in the case of shape optimization
problems: parametric, geometric and topologic shape optimization. Several types of conventional
optimization algorithms are used to numerically solve a shape optimization problem, such as
gradient descent methods, conjugate gradient, projection method and constraint penalty, Level
Set method and others. In our case, to solve the problem define in (5.30) we rely on the augmented
Lagrangian method we refer to [18].

The augmented Lagragian algorithm for equality-constrained problems

The augmented Lagrangian algorithm transforms the constrained optimization problem into the
series of unconstrained problems.

inf
Ω∈Qad

L(Ω, λn, bn)

where the Lagrangian of the penalized problem take the following form

L(Ω, λ, b) = J(Ω)− λG(Ω) +
b

2
G(Ω)2
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where G(Ω) as a constraint functional, we limit to an equality constraint on the volume of the

domain V (Ω) =

∫
Ω
dx for some given volume target VT , we have

G(Ω) = V (Ω)− VT

To update the value of the Lagrange multiplier λ and the penality coefficient in the augmented
Lagrangian. The parameter b is a penality factor defined positive for the violation of the con-
straint G(Ω) = 0.

λn+1 = λn − bnG(Ωn)

bn+1 =

{
δbn if b < bd

b otherwise

The different steps of the shape optimization algorithm are summarized as follows

1. Initialization

• The initial domain Ω0 with a triangular mesh T 0
h

• Choose the initial value of the coefficients of the augmented Lagrangian algorithm(
λ0, b0

)
2. Main loop For n = 0, · · · , k

• Compute the Navier-Stokes Forchheimer system (un, pn) on the mesh T nh of Ωn

• Compute the adjoint system (vn, πn)

• Compute the shape gradient of Ω 7→ L (Ω, λn, bn)

• Infer a descent direction Θn for Ω 7→ L (Ω, λn, bn) on the mesh T nh
• Find a descent step τn such that

L ((Id+ τnθn) (Ωn) , λn, bn) < L (Ω, λn, bn)

• Move the vertices of T nh according to τn and θn

xn+1
i = xni + τnθn(xni )

– If the resulting mesh is invalvid, go back to step and take a small value of τn

– Else the new mesh T n+1
h

• Update the augmented Lagrangian parameters
(
λn+1, bn+1

)
3. Ending criterion Stop if ek < εstop

4. Return Ωn
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5.5.3 Numerical results : academic case

We present some numerical results for three academic tests. We consider an exemple for the
two-dimensional domain Ω = [0, 1.5]× [0, 1] which can interpreted as a rectangular domain, with
a circular, square and double square hole. The parameters values are taken as follow: the inlet
velocity uin = 1m.s−1, for the Lagrangian parameters λin = 10 and bin = 0.02, for the descent
step τ = 0.001. The number of iteration 100. All computations are done at a low Reynolds
number Re = 200 and α = 1. The results obtained for the first geometry with circular hole are
showing in Figure (5.5)

Mesh for initial and optimal shape

Horizontal velocity u1 for initial and optimal shape

Vertical velocity u2 for initial and optimal shape

Pressure p for initial and optimal shape

Figure 5.5: Comparison of the initial shape and optimal shape Re = 200
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For the second test with the same parameters, we have the following results showing in Figure
(5.6)

Mesh for initial and optimal shape

Horizontal velocity u1 for initial and optimal shape

Vertical velocity u2 for initial and optimal shape

Pressure p for initial and optimal shape

Figure 5.6: Comparison of the initial shape and optimal shape Re = 200

And for the third test case, we have obtained the result showing in Figure (5.7)
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Mesh for initial and optimal shape

Horizontal velocity u1 for initial and optimal shape

Vertical velocity u2 for initial and optimal shape

Pressure p for initial and optimal shape

Figure 5.7: Comparison of the initial shape and optimal shape Re = 200

The convergence of the cost function in each case
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Case 1 : circle hole

Case 2 : square hole

Case 3 : double sqaure hole

Figure 5.8: Convergence history of the cost function for the three cases Re = 200
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5.5.4 Numerical results : pratical case

In this subsection, we presented some numerical results we have obtained. We consider the
hydraulic structure given in Figure (5.4). The goal is to find the optimal shape in an admissible
set in order to minimize in all the channel the flow turbulence to avoid fish disorientation. Before
showing and analyzing the results obtained, all computations have been initialized with a constant
initial and boundary conditions and at low Reynolds Number Re = 20. The different parameters
of the numerical tests we have used, the inlet velocity u = 1m.s−1, and the desired velocity ud for
the objective function we are taking the horizontal reference speed uref = 0.8m.s−1, the number
of iterations is N = 4000. For the initial value of the multiplier and the penality parameter are
respectively λ = 5 and b = 1, the descent step τ = 10−2, and for the computational domain a
triangular mesh of 13063 triangles.
The following results present the velocity for ten pools and compare the water flow in the initial
and the optimal shape. The results obtained is showing in Figure (5.10) show the fields velocity
corresponding to the initial shape of the fishway. Using the augmented Lagrangian method and
after 4000 iterations we get the optimal shape presented in Figure (5.11). From this results we
observe that the effect of the turbulence is reduced. The detail results in central pool is showing
in Figure (5.12)

Figure 5.9: From left to right, top to bottom the initial and the optimal shapes Ωn from n = 0,
to n = 4000 iterations.

We also present the velocity fields in the different zones of the pass where we see the presence
of turbulence in each pool in the case of the non-optimal shape which causes the difficulty and a
very important energy for the movement of the fish from the pool to another Figure (5.12) (left).
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Figure 5.10: The non-optimal structure of the fields velocity

Figure 5.11: The optimal structure of the fields velocity

For the optimal shape (5.12) (right), the nature of the velocity close to zero in the upper part of
the pool between the two successive slots, which facilitates the passage of fish and allows them
to rest.

a- Velocity profile in the first pool

b- Velocity profile in the central pool

c- Velocity profil in the last pool

Figure 5.12: Initial (left) and optimal (right) velocities for the fishway
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The evolution of the objective function J according to the number of iterations of the opti-
mization process, is presented on Figure (5.13). The value of the objective functional decreases
very strongly according to the iterations, passing from a value equal to 979.734 at the beginning
of the iterative process to a value equal to 83.8794 after convergence.

Figure 5.13: Convergence history of the cost function J(Ω)

Then, we vary the Forchheimer coefficient α and the parameter b, to show the influence of
the parameters on the topology and the optimal shape of the structure. We take some examples
α = 3

2 , α = 0, b = 0 and b = 5, the numerical results obtained are presented in Figure (5.14).

Figure 5.14: Velocity profils of the optimal shape in the case :

1-
[
α =

3

2

]
, 2- [α = 0], 3- [b = 0], 4- [b = 5]

The convergence history of the objective function according to some of the change in parameters
such as the Darcy and Forchheimer parameters showing in Figure (5.15).
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Figure 5.15: Convergence history of the cost function J(Ω) for the different parameters

5.6 Conclusions

In this chapter, we presented a numerical method for the shape optimization problem governed by
steady Navier-Stokes Forchheimer equations at low Reynolds number. We proposed a Lagrangian
algorithm based on the fisrt order by shape derivatives. The numerical examples indicated the
reliability and the robustness of the proposed algorithm for the partical applications.
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