N

N

Quelques contributions a ’analyse multifractale en
théorie des fractions continues et a la transformée de
Fourier des mesures
Kunkun Song

» To cite this version:

Kunkun Song. Quelques contributions a ’analyse multifractale en théorie des fractions continues et
a la transformée de Fourier des mesures. Topologie géométrique [math.GT]. Université Paris-Est;
Université de Wuhan (Chine), 2020. Francais. NNT: 2020PESC0089 . tel-03615484

HAL Id: tel-03615484
https://theses.hal.science/tel-03615484

Submitted on 21 Mar 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-03615484
https://hal.archives-ouvertes.fr

UNIVERSITE
— PARIS-iEST

Ecole Doctorale MSTIC
Laboratoire d’Analyse et de Mathématiques Appliquées

AiEr3

WUHAN UNIVERSITY

These
Présentée pour I'obtention du grade de Docteur
DE L'UNIVERSITE PARIS-EST
par
Kunkun SONG

Quelques contributions a ’analyse multifractale en théorie
des fractions continues et a la transformée de Fourier des

mesures

Spécialité : Mathématiques

Soutenue le 5 décembre 2020 devant le jury composé de :

Mme Xiaoye FU Central China Normal University Examinatrice
M. Bing LI South China University of Technology Examinateur
M. Lingmin LTIAO Université Paris-Est Créteil Val de Marne  Directeur de these
M. Jihua MA Wuhan University Co-directeur de these
M. Manfred MADRITSCH Université de Lorraine Rapporteur
M. Stéphane SEURET Université Paris-Est Créteil Val de Marne Examinateur
M. Baowei WANG Huazhong University of Science and Technology Président
M

. Jian XU Huazhong University of Science and Technology Rapporteur






LA M A FEimss

Laboratoire d’Analyse et de Mathématiques Appliquées
Paris-Est Créteil
61, avenue du Général de Gaulle
94010 Créteil, FRANCE

)R 1k > wyseiten

School of Mathematics and Statistics
Wuhan University
299, Bayi Road, Wuchang District
430072 Wuhan City, Hubei Province, CHINA






Remerciements

Je voudrais exprimer ma profonde gratitude a mon directeur de these a I’'Université
Paris-Est, Lingmin LIAO, pour son aide et son implication dans mes études et ma vie.
Pendant mes études a I’Université Paris-Est, j’ai bénéficié de discussions régulieres avec
Monsieur LIAO sur divers problemes mathématiques, et ce faisant, les conseils de Mon-
sieur LIAO m’ont aidé a comprendre comment rendre un probleme mathématique plus
général et plus profond. Les connaissances mathématiques approfondies de Monsieur
LIAO, sa méthodologie rigoureuse et sa perspicacité académique ont été des exemples
pour moi. Je suis également reconnaissant a mon co-directeur de these a 1’Université
de Wuhan, Jihua MA, qui s’est toujours préoccupé de ma vie d’étudiant pendant mon
séjour en France et avec qui j'ai également échangé des idées mathématiques par télé-
phone ou par courriel.

Je tiens aussi a remercier les rapporteurs de ma these, Manfred MADRITSCH et
Jian XU, qui ont consacré beaucoup de temps et d’énergie a la lecture de ma these.
Je suis également reconnaissant a Xiaoye FU, Bing LI, Stéphane SEURET, Baowei
WANG, qui étaient présents a ma soutenance de these.

J’aimerais remercier les collegues avec qui j’ai collaboré ces dernieres années, pour
la coécriture d’articles, pour les discussions libres que nous avons eu, ainsi que pour
I’accompagnement témoigné pendant ma these: Yuanyang CHANG, Lulu FANG, Xi-
ang GAO et Yanfang ZHANG.

Je tiens également a remercier Stéphane JAFFARD, directeur et Sonia BOUFALA,
secrétaire du laboratoire LAMA, pour leur aide qui a rendu mes études en France plus
faciles et plus agréables. Je voudrais également remercier Sylvie CACH, secrétaire de
I’école doctorale, pour son aide dans tous les aspects administratifs de mon doctorat.
J’aimerais également profiter de cette occasion pour remercier Jie WU, Edouard DAVI-
AUD, Zikang DONG, Yuhui LIU, Alaa MARACHLI, Guillaume SAES, Jin TAN, Shan
WANG, Wanlou WU et Lixuan ZHENG pour leur aide chaleureuse, qui m’a permis de
me sentir chez moi en France.

Je suis profondément reconnaissant a ma famille pour ses années de soutien si-
lencieux, de compréhension et pour m’avoir apporté un support indéfectible. Leur
assistance pendant ces années a également été une motivation pour moi.






Liste de Publications

(1)

The growth rate of the partial quotients in Engel continued fractions, (avec L.-L
Fang, Z.-H Li et Y.-L Yu), prépublication.

Multifractal analysis of the convergence exponent in continued fractions, (avec L.-L
Fang, J.-H Ma et M. Wu), prépublication.

Some exceptional sets of Borel-Bernstein Theorem in continued fractions, (avec
L.-L Fang et J.-H Ma), The Ramanujan Journal, & paraitre.

Fourier decay rate of cion-tossing type measures, (avec X. Gao, J.-H Ma et Y.-F
Zhang), J. Math. Anal. Appl. 484 (2020), no.1, 123706, 14pp.

Exceptional sets related to the run-length function of beta-expansions, (avec L.-L
Fang et M. Wu), Fractals 26 (2018), no.4, 1850049,10pp.

Hausdorff dimension of level sets in Engel continued fraction, (avec L.-L Fang,
Y.-Y Chang et J.-H Ma), Publicationes Mathematicae Debrecen 92 (2018), no.3-4,
317-330.

Level sets of partial maximal digits for Liiroth expansion, (avec L.-L Fang et J.-H
Ma), International Journal of Number Theory Vol.13, No.10 (2017) 2777-2790.

Dimension of level sets in GCF expansion with parameters, (avec Y.-Y Chang),
Journal of Number Theory 180 (2017) 743-755.

N.B.: Les articles (1), (5), (6), (7) et (8) ne sont pas joints dans la these.






ES

e

AL I 5 T 43 G 40 7 0 2 45 0 B KO B AR G AR G 1Y) Hausdorff 485 DL A — M2 FE (1)
Fourier AR (1 208 . T 245 AL & LR AN 40

—, LA U U 2 7 7 2103 2 AR IR T A S R R S A AN R, BRATTEE A
B —> 70 2R B 7 B B 53 R 7 41 e SO SRR B0k Szt 3= ISR 2. M FE 73T 45 B B0
MR, FA1iE FH Hausdorff 4E502) X L8 S R SR 0 LRI RIRDN, 25 RERE, Er4E
ALK 1A RAT S/, R4 1A E IR, SIRFRT, AN E AR AR ZE 45 R i — b
78, JHIEX} Borel-Bernsrein & B AMERIIE T, FRATHAG B T — S5 54w KR A L KFAE
FIHausdorff 4E%L.

=, g XA (0, 1) B BA BRGE R FINE AR I

=i (50 000 + 51 = 68 )

Horpr o, & Dirac JFEZ, ¢ 2 XAEN B3 HEEONIXTE (0, 1) RIALE KRB X TAE R4 € B B 4L
d(n), FRATE LRI ZIE T 1 1) 57 Fourier A8t 132 GE . 124510 4) 7 Hartman 1 Ker-
shner )] —/M& MR, IR, BT Cassels fl Schmidt (197715, BATFIH Davenport-Erdés-Leveque
FIRNEUEW T JLF A RS8O TINEE o #GRZaxs IERRE. RN, JRAEE 1 T A S AR e
TEPOE AR ) — 2K %5 S Rajchman I, Jf HAUEH] T JUF B A i SEE0R T 800 AR S8 2 40 TE A
(. 25 AT LMEDN Lyons fERT 7T AR IERUEUSE & T4 R — M Hh 72

F4A]: Hausdorff 4%, &% IEHEE:;  Fourier 284, IEMEL

B REE
feegIm: BRE (HED
Srte ()






Abstract

Abstract

In this thesis, we are concerned with the Hausdorff dimension of sets of points with
prescribed growth rate of partial quotients in continued fractions, and the decay rate
of the Fourier transform of a class of probability measures.

In the first part, we consider the real numbers whose partial quotients of the con-
tinued fractions are non-decreasing. The convergence exponent of such a number is
defined as the convergence exponent of its sequence of partial quotients. We do multi-
fractal analysis of the convergence exponents of these real numbers. The multifractal
spectrum, which is a function to each level associated the Hausdorff dimension of the
level set of convergence exponents, has been determined. It turns out that the spec-
trum is not differentiable at the level of exponent 1. Thus an unusual phase transition
of such spectrum appears. Meanwhile, as a complement of a result of Wang and Wu,
we obtain the Hausdorff dimensions of some level sets related to the exceptional sets
of Borel-Bernstein Theorem in continued fractions.

In the second part, we focus on the infinite convolution on [0, 1] defined by

o=z (50 0+ 50— o) )
where §,, is Dirac measure and ¢ is a weight function defined on N taking values in (0, 1).
For any given weight function ¢(n), we obtain the explicit pointwise rate of decay of the
Fourier transform of the measure p. Our result generalizes a classical result of Hartman
and Kershner. Using the methods of Cassels and Schmidt and applying the Davenport-
Erdés-Leveque Theorem, we prove that almost all real numbers are absolutely normal
with respect to p. As an application, we provide some new examples of measures whose
rates of decay of their Fourier transform could be very slow, yet almost all real numbers
are absolutely normal, which complements a result of Lyons on the set of non-normal
numbers.

Key Words: Hausdorff dimension; continued fractions; convergence exponent; Fourier
transform; normal numbers.

Written by Kunkun SONG
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Résumé

Résumé

Dans cette theése on s’intéresse a la dimension de Hausdorff des points donc le taux
de croissance des quotients partiels en fractions continues est prescrit, et au taux de
décroissance pour la transformée de Fourier d’une classe de mesures de probabilité.

Dans la premiere partie, on s’intéresse aux nombres réels dont les quotients partiels
des fractions continues sont croissants. L’exposant de convergence d’un tel nombre est
défini par I'exposant de convergence de sa suite de quotients partiels. On cherche a
réaliser ’analyse multifractale de cet exposant de convergence. Ce spectre multifractal,
qui a un certain h € R associe la dimension de Hausdorff des points d’exposant de
convergence h, a été calculé. Il résulte de cette étude que le spectre multifractal n’est
pas différentiable au point h = 1. En conséquence, on observe une transition de phase
dans le spectre. D’autre part, en complément d’un résultat de Wang et Wu, on obtient
les dimensions de Hausdorff de certains ensembles de niveaux associés aux ensembles
exeptionnels issus du théoreme de Borel-Bernstein sur les fractions continues.

La seconde partie traite la convolution infinie de mesures sur [0, 1] définie par

o= vz (50 0 + 50— o) )

ou ¢, désigne la mesure de Dirac au point = et ¢ est une fonction de poid définie sur N
et a valeurs dans (0, 1). Pour toute fonction de poid ¢, on obtient explicitement le taux
de décroissance ponctuel de la transformée de Fourier de la mesure pu. Notre résultat
généralise un résultat classique de Hartman et Kershner. En utilisant la méthode de
Cassels et Schmidt et en appliquant le Théoreme de Davenport-Erdés-Leveque, on
prouve que p-presque tout nombre réel est absoluement normal. En application, on
fournit de nouveaux examples de mesures dont le taux de décrossance de la transformée
de Fourier peut étre tres lent, et pour laquelle presque tout nombre est absoluement
normal, ce qui complete un résultat de R. Lyons concernant 1’ensemble des nombres
non Nnormaux.

Mots clés: dimension de Hausdorff; fractions continues; exposant de convergence;
transformée de Fourier; nombres normaux.
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Apercu des travaux

1 Apercu des travaux

La géométrie fractale, une branche relativement jeune des mathématiques, fournit
de nouvelles méthodes d’analyse d’ensembles ou de fonctions qui ne sont pas suffisam-
ment lisses ou réguliés. La notion de dimension de ces “fractals” est un concepte clé en
géométrie fractale. Deux des propriétés importantes des fractals sont I'auto-similarité
ainsi que la notion de dimension non nécéssairement entiere. Récemment, l'intérét
pour I'étude d’ensembles irréguliers provenant de la théorie des nombres, de ’analyse
harmonique, des systemes dynamiques ainsi que de beaucoup d’autres champs mathé-
matiques, a été croissant.

Cette these est une contribution a la recherche interdisciplinaire entre géométrie
fractale ainsi que deux autres branches des mathématiques, la théorie des nombres, et
I’analyse harmonique. Plus précisément, la premiere partie de cette these est dédiée
a ’étude de la dimension de Hausdorff de certains ensembles de niveaux du taux de
croissance des quotients partiels de la décomposition en fraction continue et la seconde
partie de cette these étudie la transformée de Fourier des mesures de type coin-tossing
et leurs applications. La premiere partie consiste en les chapitres 3, 5 et 6, dans lesquels
on obtient le spectre multifractal de I'exposant de convergence définie a ’aide de la
suite des quotients partiels du développement en fraction continue et la dimension de
Hausdorff des ensembles exeptionnels associés au Théoreme de Borel-Bernstein sur les
fractions continues. La seconde partie consiste en les chapitres 4 et 7, ou 'on étudie
la transformée de fourrier de mesures, particulierement celle d’une certaine classe de
mesures de probabilité appelées mesures de type coin-tossing.

1.1 Analyse multifractale en théorie des fractions continues

Il est connu que tout nombre réel x € [0,1) admet un développement en fraction
continue de la forme

1
v 1
ar () + i
az(x) + ——
as (I‘) +
ou ay(z),as(x),asz(z),--- sont des entiers positifs, appelés les quotients partiels de

du développement en fraction continue de x. Un sujet important dans I’étude des
fractions continues concerne 1’étude des propriétés des quotients partiels de Lebesgue
presque tout nombre. Borel [9] a démontré que pour Lebesque presque tout x € [0, 1),
limsup,, ., a,(x) = co. Le Théoreme de Borel-Bernstein démontre en fait plus (loi du
“0-1"), voir [1,9,10], et joue un role clé en théorie métrique des fractions continues.

Theorem 1.1 (Théoréme de Borel-Bernstein). Soit ¢ : N — RT une fonction.
Alors

0, X gt <
1, szln_ ’

n>1

E({x €10,1): ay(z) > (n) , pour une infinité de n}) =
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ou L désigne la mesure de Lebesgue.

Le Théoreme de Borel-Bernstein implique que beaucoup d’ensembles de points pour
lesquels les quotients partiels vérifient certaines restrictions sont de mesure de Lebesgue
nulle. Cela conduit naturellement a considérer la taille de ces ensembles du point de
vue de l'analyse multifractale. Les premiers travaux publiés sur le sujet sont dus
a Jarnik [53] qui demontra que 'ensemble des points dont les quotients partiels sont
bornés est de dimension de Hausdorff 1. Plus tard, les ensembles de mesure de Lebesgue
nulle du type

Ey = {x €0,1): 1 <ap(x) <M pour tout n > 1}, (M > 2)

particulierement pour le cas M = 2, ont été étudié par Good [13], Bumby [11, 15],
Hensley [16,417], Mauldin et Urbanski [76], Pollicott et Weiss [32], Jenkinson et Polli-
cott [55,50], Jenkinson [51], Chousionis, Leykekhman et Urbanski [19] et al.

Le probleme ci-dessus concerne les fractions continues dont les quotients partiels
restent petits. On peut aussi considérer les nombres dont les quotients partiels devi-
ennent grands, en un certain sens. Des exemples typiques sont

(I) {x €[0,1): an(z) > 1(n) , pour tout n > 1}, (¥(n) — oo quand n — o0)
(II) {x €[0,1): an(x) > 1(n) , pour une infinité de n}
L’étude de ces ensembles remonte & Good [13] qui a démontré que ’ensemble
{:U €[0,1): an(r) - oo quand n — oo}

est de dimension de Hausdorff % Suite a cela, beaucoup de chercheurs ont continué a
étudier les ensembles de points pour lesquels le taux de croissance des quotients partiels

vérifient des restrictions sous différents angles, voir par exemple, Hirst [19], Ramharter
[85], Cusick [21], Luczak [72], Feng, Wu, Liang et Tseng [10], Wang et Wu [93,91], Wu
et Xu [101], Xu [102], Fan, Liao, Wang et Wu [30, 38], Liao et Rams [69, 70].

Nous concentrerons notre attention sur certains ensembles associés aux ensembles
typiques (I) et (II) concernant le taux de croissance des quotients partiels.

1.1.1 Ensembles de niveaux du taux de croissance associés aux ensembles
typiques (I)

Soit 7(z) I'exposant de convergence associé a la suite de quotients partiels de z,

7(z) := inf {3 >0: Za;s(:v) < oo} .

n>1

Le Théoréme ergodique de Birkhoff implique que 7(x) vaut 400 pour Lebesgue presque
tout = € [0,1). Il est naturel de considérer le spectre multifractal de 1'exposant de
convergence 7(x), i.e., les dimensions de Hausdorff des ensembles de niveaux

Ala) = {xe 0,1) : 7(z) :a} (0 < a < oo).

2
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En fait, la définition de 7(x) montre que l’ensemble A(«) dépend profondément de
I'ensemble (I). En d’autres mots, ’ensemble A(a) correspond a I'ensemble des points
pour lesquels le taux de croissance tend vers +o0o en un certain sens qui dépend de
« (comparable & né) Dans la suite on présente d’abord le spectre multifractal de
I'exposant de convergence 7(z).

Theorem 1.2 (Chapitre 5, Théoreme 5.9). Pour tout 0 < o < 00, on a

1

dimyg A(a) = 5

Le Théoreme 1.2 montre que le spectre multifractal de ’exposant de convergence
7(z) est une fonction constante de o« € [0,00). Si la suite des quotients partiels

(an(x))n>1 est croissante, alors
logn

) = limsup oS

Y

voir Pélya and Szeg6 [34, p. 26]. On s’intéresse donc naturellement & 1’étude du spectre
multifractal de l'exposant de convergence 7(z) pour les points x dont la suite des
quotients partiels est croissante. Plus explicitement, on cherche a calculer la dimension
de Hausdorff des intersections entre des ensembles A(a) et A, ol

A= {x €0,1): an(z) < appi(x), Yn > 1}.

Il s’avere que le spectre multifractal de 'exposant de convergence 7(x) pour z € A est
affine par morceaux.

Theorem 1.3 (Chapitre 5, Théoreme 5.11). Pour a >0, on a

Lo 0<a<l
dimyg (A(a) NA) = {02 ’ ;>041_ ;

Remarquons que pour tout @ > 0, on a

Ala)NA = {x S liminflofaﬂ = l} = Eing(A, l)
a

n—00 ogn o

Cela signifie que le probleme du calcul du spectre multifractal de I'exposant de con-
vergence 7(z) pour € A est précisément lié au probleme du calcul de dimensions de
Hausdorff d’ensembles de niveaux donnés par une certaine fonction de liminf. Ainsi le
Théoreme 1.3 est équivalent au Théoreme suivant.

Theorem 1.4 (Chapitre 5, Théoréeme 5.12). Pour a >0, on a

diHlH Einf(AJ Oé) - { a—1 N
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Plus généralement, on cherche a calculer la dimension de Hausdorff de ’ensemble

Eing(A ) = {x eAN: liminfM = 1} 7

o 1h(n)
o ¢ : N — R* est une fonction positive.

Theorem 1.5 (Chapitre 5, Théoréme 5.13). Soit ¢ : N — R* une fonction satisfaisant
(n) — oo quand n — oo.

(1) Sip(n)/logn = a (0 < a < o00) quand n — oo, alors

. 0, 0<a<l,
dlmH Einf<A7?/)) = {a—l a>1

2c0 7

(2) Sip(n)/logn — 0o quand n — oo et (n) est croissante, alors

1
dimy Eine (A, ¢) = —,
imy Bt (A, 9) = 57
ou B est donné par
1
log B := lim sup M.
n—o0o n

Si on compare le Théoreme 1.2 avec le Théoreme 1.3, on comprend que la monotonie
de la suite (a,(z)),>1 joue un role crucial dans le Théoreme 1.3. Motivé par cette
remarque, en omettant I’hypothese de monotonie de la suite (a,(x))n>1 dans Eie(A, 1)

on définit | (@)
. loga,(x
Eine(y ::{:UE 0,1): hmmf—zl}.
() 0.1) timinf 2200
On montre le résultat suivant concernant la dimension de Hausdorff de Fi,¢(1)).

Theorem 1.6 (Chapitre 5, Théoreme 5.16). Soit ¢ : N — RT une fonction satisfaisant
(n) — oo quand n — oo. Alors

1
di FEi, e a—
iy Br(9) = 5
ou B est défini par
1
log B := lim sup M.
n—o00 n

Les démonstrations des Théoremes 1.5 et 1.6, révelent que la dimension de Hausdorff
des ensembles de niveaux d’une fonction limite, i.e., des ensembles

E(A¢) = {:L’ € A: lim log an(7)

e o) 1} ot B(¢) = {x €[0,1): lim logan(z) _ 1}7

woe (n)

est facile a obtenir.
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Theorem 1.7 (Chapitre 5, Théoréme 5.17). Soit ¢ : N — R une fonction satisfaisant
(n) — oo quand n — oo.

(1) Si(n)/logn — a (0 < a < 00) quand n — oo, alors

0 0<a<1
dimy; E(A, ¢) = {a’l =e=5

2a0 7 —

(2) Sip(n)/logn — 0o quand n — oo et (n) est croissante, alors

1

: Y(n+1)
2 + hm sup m

n—0o0

E(MY) #£0 et dimg E(A,¢) =

Theorem 1.8 (Chapitre 5, Théoreme 5.18). Soit ¢ : N — RT une fonction satisfaisant
(n) — oo quand n — oo. Alors

1
2+ limsup Y(ntl)
n—oo

1.1.2 Ensembles exceptionnels associés aux ensembles typiques (ITI)

Le Théoréme de Borel-Bernstein, a pour conséquence le fait suivant

l0g an
lim sup 28 ()

=1
nooo  logn

pour Lebesgue presque tout z € [0,1). Ainsi il est naturel de considérer la dimension
de Hausdorff de ces ensembles exceptionnels, i.e., des ensembles

Eop(¥) = {az €[0,1): liinﬁsip% = 1} :

ou ¢ : N — RT est une fonction positive.

Theorem 1.9 (Chapitre 6, Théoréeme 6.5). Soit ¢ : N — R* une fonction satisfaisant
¥(n) = oo quand n — co. On a les assertions suivantes.

(1) Si(n)/n — 0 quand n — oo, alors dimy Eg,p, (1) = 1.

(2) Si(n)/n— a (0 < a < oo) quand n — 00, alors dimy Egp(¢) = S(a), ot

S(a) = dimy {:c €0,1): ay(z) > (exp())™ , pour une infinité de n}
(3) Si(n)/n — oo quand n — oo, alors dimy Eg,,(¢) = ALH, ot A est donné par

log A = lim inf M.

n—00 n

bt
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De la méme fagon, on cherche a savoir si imposer une condition de monotonie de la
suite des quotients partiels affecte la dimension de Hausdorff des ensembles de niveaux.
A la facon du Théoreme 1.9, on considere I’ensemble

Eop (A, 0) = {x eA: limsup% = 1},

ou ¢ : N — R" est une fonction positive.

Theorem 1.10 (Chapitre 6, Théoreme 6.10). Soit ¢ : N — R une fonction satis-
faisant ¥(n)/logn — oo quand n — oc.Alors

dlrnH Esup(A> w) = A—_H>

ou A est donné par

log A = lim inf M.
n—o00 n
Le Théoreme 1.10 montre que I’hypothese de monotonicité des suites de quotients
partiels (a,(z)),>1 est redondantes dans le cas ou ¥(n) croit plus vite que logn. De plus,
on souhaiterais étudier le cas ou la limite dans la définition de I’ensemble F(1)) n’existe
pas. Plus précisément, on s’intéresse a la dimension de Hausdorff de I'intersection de
I’ensemble de niveaux correspondants a la liminf et a la limsup, i.e.,

H(a, ) = {:U €[0,1): ligggf% =a, hinjolip loic(b;;()x) _ 5} _

Dans le cas 0 = a < f < 00, on a
dimp H(a, ) = dimpy Egp (v).

Dans le cas 0 < a < 8 < 0o, On obtient des résultats partiels concernant le calcul de
dimyg H (v, B).

Theorem 1.11 (Chapitre 6, Théoréme 6.11). Soit ¢ : N — R wune fonction satis-
faisant 1p(n) — oo quand n — oco. Si

lim M:o et lim le,
n—soo N n—o0 @Z)(n)
alors on a
1

dimyg H (o, ) = 5

Le calcul de ces dimensions souleve deux questions naturelles: 1'une est de comparer

ces résultats avec les dimensions des ensembles de niveaux correspondants aux liminf,

lim and lim sup, et I'autre est de comprendre si I’hypothese de monotonicité des suites
des quotients partiels affecte la dimension des ensembles ci-dessus.

6
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1.2 Transformée de Fourier et applications

Soit © une mesure borélienne finie sur R. La transformée de Fourier de p est définie
par

at) = / 2T (n) ¢ e R.
R

Une mesure p est appelée une mesure de Rajchman si i(t) — 0 quand [t — oo.
Les estimées sur la vitesse de décroissance de [i(t) quand |t| — oo sont tres utiles
en analyse de Fourier, systémes dynamiques et géométrie fractale. Par exemple, une
majoration classique de la transformée de Fourier de mesure provenant de la théorie
du potentiel (voir Mattila [75, p. 168]) montre que si la vitesse de décroissance de
la transformée de Fourrier de p est polynomiale, c’est a dire |iz(t)] = O(|t|~%) quand
|t| — oo pour une certaine constante positive ¢, alors la dimension de Hausdorff de p
satisfait dimy g > min{2¢,1}. De plus, p-presque tout point est absolument normal.
En général, il n’est pas aisé d’obtenir des estimées de la vitesse de décroissance de ji(t)
quand |t| — oo. Il peut arriver que fi(t) ne tende pas vers 0, alors que les moyennes
asymptotiques de fi(t) tendent vers 0 quand |t| — oco. Cela a été prouvé en 1939 par
Wiener et Wintner [98] pour la mesure uniforme sur le Cantor triadique, et généralisé
par Strichartz [91] & des mesures auto-similaires plus générales. Un des exemples
les plus importants de mesures auto-similaires pour lesquelles 'on a des estimations
précises sont les convolutions de Bernoulli, i.e., la distribution de probabilité définie par
Yoo o EA™, ol les signes sont choisis indépendamment, avec probabilité % et 0 < A <1,
voir par exemple, Kershner [(1], Erdds [31] et Bufetov et Solomyak [13].

Notre attention se porte particulierement sur les convolutions sur [0, 1] définies par

=y (%(1 + ¢(”))50 + %(1 - ¢(n))(52n) 5

ou ¢, est une mesure de Dirac et ¢ est une fonction de poids définie sur N et a valeurs
dans (0, 1). La mesure p est appelée une mesure de type coin-tossing. De telle mesures
peuvent étre interprétées de la fagcon suivante. Un nombre infini dénombrable de pieces
sont lancées, avec probabilité %(1 — gb(n)) la n-ieme piece donne face. Soit X, la
variable aléatoire qui vaut un si la m-ieme piece donne face et zero sinon. Alors u
est la distribution de probabilité de  >°,27"X,,. La loi classique des types purs de
Jensen et Wiener [57] implique que p est soit complétement singuliére soit absolument
continue. Salem [30] donna une caractérisation de la singularité de u: p est singuliére
si et seulement si la série Y ¢?(n) diverge. De plus, il démontra aussi que ¢(n) — 0 est
une condition nécessaire pour que p soit une mesure de Rajchman. Blum et Epstein
[8] ont montré que ¢(n) — 0 est aussi une condition suffisante pour que p soit une
mesure de Rajchman. Autant que l'on sache, aucun autre résultat quantitatif sur
[(t) n’était connu excepté celui de Hartman et Kershner [14], qui ont démontré que
l(t)| = O(logfé It]) quand ¢(n) = n~2. En s’appuyant sur les travaux de Hartman et
de Kershner [11], on obtient une caractérisation complete de la vitesse de décroissance
ponctuelle de la transformée de Fourier pour les mesures de type coin-tossing pour des
fonctions de poids générales.
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Theorem 1.12 (Chapitre 7, Théoréme 7.7). Soit ¢ : N — (0,1) une fonction décrois-
sante satisfaisant ¢(n) — 0 quand n — oo. Alors

~

(1) si p(n) < 2¢(n + 1) pour tout n > 1, alors |j(t)| = O(o([vlogs [t]])), o

min{%, — 2g2 } et d € (0,1) est une constante dépendant seulement de ¢;

")/:

(2) sid(n) > 2¢(n+1) pour tout n > 1, alors |f(t)| = O([¢|™7), ot v = min{3, _1°2g25}
et § € (0,1) est une constante dépendant seulement de ¢.

Pour un nombre réel z, soit b > 2 un entier. Wall [92] a démontré que x est normal
en base b si et seulement si la suite (0"z),>1 est uniformément distribuée modulo
un. Invoquant le bien connu critére de Weyl concernant 1’équidistribution modulo un,
Davenport, Erdés et Leveque [25] ont établi un lien entre la vitesse de décroissance de
la transformée de Fourier de mesures et ’équidistribution de certains nombres réels.

Theorem 1.13 (Davenport-Erdés-LeVeque). Soit v une mesure borélienne finie
sur R et (s,)n>1 une suite de nombres réels. Si

00 N
Z % Z ﬁ(h(sn — sm)) < 00
N=1 n,m=1

pour tout entiers h # 0, alors pour v-presque tout nombre réel x, la suite ($,2)n>1 est
uniformément équidistribuée modulo un.

Ce théoreme indique que quand la vitesse de décroissance de la transforme de
Fourier est rapide (une décroissance en logarithme est suffisante), alors p-presque tout
nombre est normal. En se basant sur le Théoreme de Davenport-Erdés-LeVeque, on
utilise la méthode de Cassels [16] et Schmidt [37] pour démontrer que presque tout
nombre réel est absolument normal pour les mesures de types coin-tossing dont la
vitesse de décroissance de la transformée de Fourier obtenue dans le Théoréme 1.12
peut étre tres lente.

Theorem 1.14 (Chapitre 7, Théoreme 7.10). Soit u une mesure de type coin-tossing.
Supposons que ¢ : N — (0,1) est une fonction décroissante avec ¢p(n) — 0 quand
n — oo. Alors p-presque tout nombre réel est absolument normal.

Grace au théoreme de Davenport-Erdos-LeVeque, on sait que la vitesse de décrois-
sance de la transformée de Fourier d’'une mesure donne juste une condition suffisante
pour déterminer si presque tout nombre réel est absolument normal pour cette mesure.
On se demande donc naturellement s’il existe d’'une mesure singuliere dont la vitesse
de décroissance de la transformée de Fourier est lente mais pour laquelle presque tout
nombre réel est absolument normal. On répond par la positive a cette question en
construisant de nouveaux exemples non-triviaux de telles mesures dans le chapitre 7.
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2 Introduction

Fractal Geometry, a relatively young branch of mathematics, provides new ways of
studying the structure of sets or functions that are not sufficiently smooth or regular.
Dimension theory of these irregular objects called “fractals” is a key topic in the field
of fractal geometry. Two of the most important properties of fractals are self-similarity
and non-integer dimension. In recent years, there has been an increased interest in
investigating various properties of irregular sets arising in number theory, harmonic
analysis, dynamical systems and many other mathematical fields.

This thesis is a contribution to the interdisplinary studies between fractal geometry
and two other branches of mathematics, one is number theory, the other is harmonic
analysis. To be specific, the first part of the thesis is devoted to investigating the
Hausdorff dimension of some level sets on the growth rate of partial quotients in con-
tinued fractions and the second part of the thesis studies the Fourier transform of the
cion-tossing type measures and its applications. The first part consists of Chapters
3, 5 and 6, where we focus on studying the multifractal spectrum of the convergence
exponent defined by the sequence of partial quotients and calculating the Hausdorff
dimension of the exceptional sets of Borel-Bernstein Theorem in continued fractions.
The second part consists of Chapters 4 and 7, where we are concerned with the Fourier
transform of measures, especially for a class of probability measures called coin-tossing
type measures.

2.1 Multifractal analysis in continued fractions

It is well known that each irrational number z € [0, 1) admits a unique continued
fraction expansion of the form

- ai(x) +

as(x) + L

as(x) +

where a1(x), as(x),as(x), - are positive integers, called the partial quotients of the
continued fraction expansion of x. One of the major subjects in the study of contin-
ued fractions is concerned with the properties of the partial quotients for Lebesgue
almost all real numbers. Borel [9] proved that for Lebesgue almost all z € [0, 1),
limsup,,_,,, @,(x) = co. A more precise result is the Borel-Bernstein Theorem (“0-1”
law), see [1,9,10], which plays a key role in the metrical theory of continued fractions.

Theorem 2.1 (Borel-Bernstein Theorem). Let ¢ : N — RT be a function. Then

1
O, ZW<OO7

L({Q; €[0,1): ay(z) > (n) for infinitely many n}) =911 nil 1
’ Y(n) T

n>1

where L denotes the Lebesgue measure.
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Borel-Bernstein Theorem implies that many sets of continued fractions for which
their partial quotients obeying some restrictions are of null Lebesgue measure. This
naturally lead one to investigate the sizes of such null sets from the viewpoint of
multifractal analysis. The first published work was due to Jarnik [53] who proved that
the set of continued fractions whose partial quotients are bounded has full Hausdorff
dimension. Later on, Lebesgue null sets of type

Eyy = {xe[O,l): 1§an(a:)ngoranyn21},(M22)

especially for the case when M = 2, were investigated by Good [13], Bumby [14, 15],
Hensley [16,17], Mauldin and Urbanski [76], Pollicott and Weiss [32], Jenkinson and
Pollicott [55,56], Jenkinson [54], Chousionis, Leykekhman and Urbariski [19] et al.

The problem discussed above is concerned with continued fractions whose partial
quotients remain small. One can also consider the sets of continued fractions whose
partial quotients become large in some sense. Typical sets are

(I) {x €[0,1): an(x) > 1(n) for any n > 1}, (¥(n) — oo as n — 00)

(IT) {x €[0,1) : an(x) > 1(n) for infinitely many n}
The study of these sets goes back to Good [13] who proved that the set
{SBG [0,1): ay(z) = o0 asn—)oo}

is of Hausdorff dimension one-half. After that, many authors continued to study the
growth rate of partial quotients with some restrictions from various aspects, see for

example, Hirst [19], Ramharter [85], Cusick [21], fuczak [72], Feng, Wu, Liang and
Tseng [10], Wang and Wu [93,91], Wu and Xu [101], Xu [102], Fan, Liao, Wang and
Wu [306,38], Liao and Rams [69, 70].

We will pay our attention to a series of sets related to the typical sets (I) and (II)
on the growth rate of partial quotients in continued fractions.

2.1.1 Level sets of the convergence exponent related to typical set (I)

Let 7(x) be the convergence exponent of the sequence of partial quotients of z, i.e.,

7(x) := inf {s >0: Za;s(x) < oo} :

n>1

Birkhoff’s Ergodic Theorem indicates that 7(x) equals to infinity for Lebesgue almost
all x € [0,1). It is natural to consider the multifractal spectrum of the convergence
exponent 7(x), i.e., the Hausdorff dimension of the level sets

Ala) = {xe [0,1): 7(x) :oz} (0 < a < o).

In fact, the definition of 7(x) shows that the set A(«) deeply depends on the typical set
(i). In other words, the set A(«) reflects the growth rate of partial quotients tending
to infinity in some sense. In the following we first present the multifractal spectrum of
the convergence exponent 7(x).

10
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Theorem 2.2 (Chapter 5, Theorem 5.9). For any 0 < a < oo, we have
dimpg A(a) = -.

Theorem 2.2 indicates that the multifractal spectrum of the convergence exponent
7(z) is a constant function of a € [0,00). If the partial quotients (a,(z)),>1 is a
non-decreasing sequence, then
(z) = i logn

7(x) = limsup —————,
nﬁoop log a,(z)
see Pélya and Szeg6 [34, p. 26]. Thus we are also interested in studying the multifractal
spectrum of the convergence exponent 7(z) defined by a non-decreasing sequence of
partial quotients. That is, the Hausdorff dimension of the intersection of the sets A(a)
and A, where

A= {:13 €0,1): an(z) < appi(x), Yn > 1}.

It turns out that the multifractal spectrum of the convergence exponent 7(x) defined
by the non-decreasing sequence of partial quotients is piecewise affine.

Theorem 2.3 (Chapter 5, Theorem 5.11). For any o > 0, we have

a 0<a<l
dimg (A(a) NA) :{02 ) oj>a1_ :

Note that for any a > 0, we have

Ala)NA = {x eA: liminfM = l} = Eine(A, l)
n—oo  logn o @
This means that the problem of the multifractal spectrum of the convergence exponent
7(z) defined by the non-decreasing sequence of partial quotients is exactly the problem
of the Hausdorff dimension of level sets of some lim inf function. Thus Theorem 2.3 is
equivalent to the following theorem.

Theorem 2.4 (Chapter 5, Theorem 5.12). For any o > 0, we have

0 0<ax<l
lelH Einf(A,oz) = {o;— - ’
T:’ « Z 1.

More generally, we consider the Hausdorff dimension of the set

Eunt(A ) = {x cA: lig;gf% = 1} ,

where ¢ : N — R* is a function.

Theorem 2.5 (Chapter 5, Theorem 5.13). Let ¢ : N — R be a function satisfying
(n) — oo as n — oo.

11
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(1) If ¢(n)/logn = a (0 < a < 00) as n — oo, then

| 0. 0<a<l,
dlIIlH Einf(A7¢) = {a—l a>1

2c0 ?

(2) If ¥(n)/logn — oo as n — 0o and p(n) is non-decreasing, then

) 1
dimy Fine (A, ) = Bil
where B is given by
1
log B := limsup ng(n).
n—o00 n

Comparing with Theorem 2.2 and Theorem 2.3, we know that the monotonicity
of the sequence (a,(x)),>1 plays an essential role in Theorem 2.3. Motivated by this
point, we remove the monotonicity of the sequence (a,(z)),>1 in Eine(A, ) and then
consider the Hausdorff dimension of the corresponding set, i.e.,

Ene(Y) = {x €[0,1): ligi;}f% = 1} :

Theorem 2.6 (Chapter 5, Theorem 5.16). Let ¢ : N — RT be a function satisfying
(n) — oo asn — oo. Then

1
dinngs By () = -
i Be(0) = 51—
where B is given by
1
log B := lim sup ng<n).
n—o00 n

In the proof of Theorems 2.5 and 2.6, we observe that the Hausdorff dimension of
the corresponding level sets of limit are easily obtained, i.e., the sets

E(A ) = {xeA:Ji_)ngo%:l} and E(¢) := {xe 0,1) :JLHQO%:l}'

Theorem 2.7 (Chapter 5, Theorem 5.17). Let ¢ : N — Rt be a function satisfying
(n) — oo as n — oo.

(1) If (n)/logn — o (0 < a < 00) as n — oo, then

_ 0, 0<a<l,
dlmHE(A,w)—{O[_1 s

20 7

(2) If (n)/logn — oo as n — oo and P(n) is non-decreasing, then we have

1

. P(n+1)
2+ limsup 7y o

E(A ) #0 and dimyg E(A, 1)) =

12
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Theorem 2.8 (Chapter 5, Theorem 5.18). Let ¢ : N — RT be a function satisfying
(n) — oo asn — oo. Then

dimy E(¢) = !

- : h(n+1)
2+ lim sup 7 00

2.1.2 The exceptional sets related to typical set (II)

As a consequence of Borel-Bernstein Theorem, we have

1
lim sup oga—n(w)

=1
n—00 10g n

for Lebesgue almost all € [0,1). Thus it is natural to consider the Hausdorff dimen-
sion of its exceptional sets, i.e.,

Eop(¥) = {x €[0,1): liglﬁsogp% = 1} :

Theorem 2.9 (Chapter 6, Theorem 6.5). Let v : N — RY be a function with ¢¥(n) — oo
as n — oo. We have

(1) if (n)/mn — 0 as n — oo, then dimy Egyp(¥) = 1,
(2) if p(n)/n — a (0 < a <o0) as n — 0o, then dimy Eg,p,(¢) = S(«), where

S(a) = dimy {ZE €[0,1): an(z) > (exp(a))™ for infinitely many n},

(3) if Y(n)/n — 00 as n — oo, then dimy Fyy,(¢) = i, where A is given by
log A = lim inf M.
n—oo n

Similarly, we would like to investigate whether the monotonicity of the sequence
of partial quotients affects the dimensional results. Comparing with Theorem 2.9, we
consider the set

Eep(A, ) = {ZL‘ eA: hmsup% = 1}.

Theorem 2.10 (Chapter 6, Theorem 6.10). Let ¢» : N — R* be a function with
(n)/logn — oo as n — oo, then

. 1
dlInH Esup<A7 ¢) = A—_H)

where A is given by

1
log A = lim inf og—(n)‘

n— o0 n

13
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Theorem 2.10 shows that the monotonicity of the sequence (a,(z)),>1 is redundant
for the case when 1(n) grows faster than logn. Besides, we also would like to study
the case when the limit in set E(t¢)) does not exist. Precisely, we are interested in
the Hausdorff dimension of the intersection of corresponding level sets of liminf and
lim sup, i.e.,

) = {x 0.0 =G = S =)

For the case 0 = a < 8 < 00, we have
dimy H (o, f) = dimpg Egup(1).
For the case 0 < oo < f < 00, We obtain some partial results about dimy H(«, /3).

Theorem 2.11 (Chapter 6, Theorem 6.11). Let ¢» : N — R* be a function satisfying
(n) — oo asn — oo. If

lim M:O(md lim M:L
n—oo N n—00 zp(n)
then we have )
dimyg H(o, ) = 5

The purpose of this research mainly focus on two aspects: one is to compare with
the Hausdorff dimension of the corresponding sets of liminf, lim and limsup, and
another one is to study whether the monotonicity of the sequence of partial quotients
affects the dimensional results for the above sets.

14
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2.2 Fourier transform of measures and its application

Let 1 be a finite Borel measure on R. The Fourier transform of p is defined by

p(t) = / et du(z), t € R.
R

A measure p is called a Rajchman measure if 7i(t) — 0 as |t| — oo. Estimates for the
rate of decay of [i(t) as |t| — oo are very useful in Fourier analysis, dynamical systems
and fractal geometry. For instance, a classical bound of Fourier transform of measures
coming from potential theoretic methods (see Mattila [75, p. 168]) shows that if the
rate of decay of Fourier transform of a measure y is polynomial, that is |fi(t)| = O(|t|°)
as [t| — oo for some positive constant €, then the Hausdorff dimension of u satisfies
dimpy ¢ > min{2¢, 1}. Moreover, p-almost all points are absolutely normal. In general,
it is not easy to obtain the rate of decay of [i(t) as |[t| — oco. Sometimes it may also
happen that i(t) does not vanish at infinity, while the asymptotic behavior of averages
of 71(t) tends to 0 as |t| — oo. This has been proved in 1939 by Wiener and Wintner [95]
for the standard middle-third Cantor measure, and generalized by Strichartz [91] to
more general self-similar measures. One of the most important examples of self-similar
measures which can be explicitly estimated are Bernoulli convolutions, i.e., the prob-
ability distribution of the sum >~  +\", where the signs are chosen independently
with probability % and 0 < A < 1, see for example, Kershner [01], Erdds [31] and
Bufetov and Solomyak [13].

We mainly focus on another type of infinite convolution on [0, 1] defined by

=iz (004 o)+ 51— o)),

where ¢, is Dirac measure and ¢ is a weight function defined on N taking values in
(0,1). The measure u is a called coin-tossing type measure. Such a measure may
be interpreted in the following way. A countably infinite sets of coins is tossed, with
%(1 —¢(n)) the probability of the n-th coin being heads. Let X, be the random variable
which is one if the n-th coin is heads and zero otherwise. Then u is the probability
distribution of > 27" X,,. The classical Jessen-Wintner law of pure types [57] implies
that u is either absolutely continuous or singular. Salem [30] gave a characterization
that u is singular if and only if the series >_ ¢?(n) is divergent. Moreover, he showed
that ¢(n) — 0 is a necessary condition that g is a Rajchman measure. Blum and
Epstein [3] proved that ¢(n) — 0 is also a sufficient condition of y being a Rajchman
measure. As far as we know, no quantitative results on fi(t) was known except the
one due to Hartman and Kershner [11], who proved that |u(t)| = O(log 2 |t]) when
o(n) = n~z. Based on the work of Hartman and Kershner [14], we obtain a complete
characterization of pointwise rate of decay of Fourier transform of coin-tossing type
measures for general weight functions.

Theorem 2.12 (Chapter 7, Theorem 7.7). Suppose ¢ : N — (0,1) is a non-increasing
function with ¢(n) — 0 as n — oo, we have

15
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(1) if 6(n) < 26(n+ 1) for any n > 1, then |i(t)] = O(([logy t]])), where » =
min{3, - ;26} and 6 € (0,1) is a constant depending only on ¢;

(2) if p(n) > 2¢(n+1) for anyn > 1, then |i(t)| = O(|t| ™), where v = min{3, —102g2(5}
and § € (0,1) is a constant depending only on ¢.

Let = be a real number and b > 2 be an integer. Wall [92] proved that z is normal
to the base b if and only if the sequence (b"x),>; is uniformly distributed modulo
one. Invoking the famous Weyl’s criterion for equidistribution with exponential sums,
Davenport, Erdés and Leveque [25] established a relationship between the rate of decay
of Fourier transform of measures and the equidistribution of sequence of real numbers.

Theorem 2.13 (Davenport-Erdés-LeVeque). Let v be a finite Borel measure on R
and (sp)n>1 @ sequence of real numbers. If

oo N
Z % Z U(h(sp — sm)) < o0
N=1 n,m=1

for all integers h # 0, then for v-almost all real numbers x, the sequence ($,2)n>1 S
uniformly distributed modulo one.

This theorem indicates that when the rate of decay of Fourier transform of a measure
is fast (some appropriate logarithmic is enough), then almost all real numbers are
normal with respect to the measure. Based on Davenport-Erdos-LeVeque Theorem, we
use the method of Cassels [16] and Schmidt [27] to prove that almost all real numbers
are absolutely normal with respect to coin-tossing type measures whose rates of decay
of their Fourier transform obtained in Theorem 2.12 could be very slow.

Theorem 2.14 (Chapter 7, Theorem 7.10). Let u be a coin-tossing type measure.
Suppose ¢ : N — (0,1) is a non-increasing function with ¢(n) — 0 as n — co. Then
pu-almost all real numbers are absolutely normal.

By Davenport-Erdés-LeVeque Theorem, we know that the rate of decay of Fourier
transform of a measure is just a sufficient condtion to determine whether almost all real
numbers are absolutely normal with respect to this measure. So one would ask whether
there exists some singular measure whose rate of decay of its Fourier transform is slow,
but almost all real numbers are absolutely normal with respect to that measure? We
answer this question positively by presenting some nontrivial new examples of singular
measures in Chapter 7.

16
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3 Hausdorff dimension and continued fractions

In this chapter, we recall some fundamental knowledge of Hausdorff dimension and
continued fractions. First we present the definition and basic properties of Hausdorff di-
mension. Then we collect some common methods for calculating Hausdorff dimension.
Last we introduce the algorithm and elementary properties of continued fractions.

3.1 Hausdorff measure and Hausdorff dimension

Let U be any non-empty subset of n-dimensional Euclidean Space, R™. We denote
the diameter of U by

diam U := Sup{|x—y| DX,y € U}.

For any subset E of R" and 6 > 0, (U;);>1 is called a d-cover of E if E C |J;°, U; and
diam U; < ¢ for all i. Let s be a non-negative real number and let

H*(E) = lim inf {Z(diam Ui)® @ (U;)i>1 is a é-cover of E} . (3.1)

6—0
=1

Notice that the quantity

H3(E) = inf {Z(diam U;)® o (U;)i>1 is a d-cover of E}
i=1
is increasing as d decreases, thus the limit in (3.1) exists, although H*(E) could be
infinite. We call H*(E) the s-dimensional Hausdorff outer measure of set E. It is
called the s-dimensional Hausdorff measure when restricted on Borel sets. Indeed,
Hausdorff measures generalize the ideas of Lebesgue measures. It could be shown
that, the n-dimensional Hausdorff measure is, to within a constant multiple, the n-
dimensional Lebesgue measure. In particular, the one-dimensional Hausdorff measure
H' coincides with the Lebesgue measure L.
How does the Hausdorff outer measure H*(E) behave as a function of s for a given
set £ 7 We shall show that H*(E) decreases as s increases. Let (U;);>; be any d-cover
of E, then we easily obtain

{Z;’il(diam Up)P < 657157 (diam Uy), 0<t<s;

3.2
S (diam Ut < 65 Y (diam Uy), t> s, (3.2)

Taking infimum of sums and then letting 6 — 0 in (3.2), if 0 < H*(E) < oo, we deduce
from (3.1) that

0<t<s
HYE) = {;O ti <5 (3.3)
, s.

The phenomenon happened in (3.3) indicates that there exists a critical value of s
such that H*(F) jumping from oo to 0. This value is called the Hausdorff dimension
of F and written as dimy F, see (Figure 1).
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H(E)

p———
0 dim,E n

Figure 1 — Graph of H*(E) with respect to s for a set E.

Definition 3.1. Let E be a subset of R™. The Hausdorff dimension of the set E is
dimp £ = inf {s >0: H(E) = 0} = sup {s : HA(E) = oo}.

It is immediate from Definition 3.1 that

0, 0 <s<dmyF,
H(E)=<10,00], s=dimykF; (3.4)
0, s > dimy F.

Based on (3.4) and the monotonicity of outer measure, we obtain a series of fundamental
properties of Hausdorff dimension.

Proposition 3.2 ( [33]). Hausdorff dimension satisfies the following properties.
(1) Monotonicity: if Ey C Ea, then dimyg F; < dimy Es.
(2) Countable stability: dimy (J;, E;) = sup;{dimyg E;}.
(3) Countable set: if E is countable, then dimy £ = 0.
(4) Hélder property: dimy f(E) < < dimy E, where f satisfies
[f(@) = fy)l < clz —y[* (0 <ec<oo, a>0,2,y € E).

(5) Bi-Lipschitz invariant: dimy f(E) = dimyg E, where f satisfies

alr —yl < [f(z) = fW)| < colr —yl, (0 < < < oo, @,y € E).

For more details about Hausdorff measure and Hausdorff dimension, we refer the
reader to the monographs of Falconer [33,35], Edgar [28], Bishop and Peres [7].
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3.2 Some methods for calculating Hausdorff dimension

Given a subset £ C R", we know that the Hausdorff dimension of the set £ always
exists. However, it is not easy to obtain its exact value. In the following we collect
some fundamental and useful methods for calculating the Hausdorff dimension of sets.

Upper bound: In view of (3.1) and (3.4), to obtain an upper bound of dimyg F,
it is enough to evaluate sums of the form 3 >° (diam U;)® for a specific d-cover of E.
In other words, for s > 0 and a d-cover of E denoted by (U;);>1, if > i, (diam U;)®
less than or equal to a non-negative real number independent of 9§, then dimy F < s.
Usually, the upper bound of dimyg £ could be obtained by using the natural coverings
of the set F.

Proposition 3.3 ( [33, Proposition 4.1]). Suppose E can be covered by Ny(E) sets of
diameter at most 65, with 6, — 0 as k — oo. Then

1
dimyg £ < lim inf M

. 3.5
k—o00 — log 6k ( )

Lower bound: If > ° (diam U;)® is greater than some positive constant for all
0-covers of E, then dimyg F > s. Clearly an enormous number of such J-covers are
available. To get around the difficulty, one could define a finite measure p supported
on E and compare measure p(B(z,r)) with r* for each B(x,r) with x € F and r > 0.
The method is called “Mass Distribution Principle”, see Bishop and Peres [7, p. 7].

Proposition 3.4 (Mass Distribution Principle). Let p be a finite measure supported on
E. Suppose that there are numbers s > 0 and ¢ > 0 such that p(B(x,r)) < cr® for each
ball B(z,r) with x € E and r > 0. We have H*(E) > p(E)/c and thus dimg E > s.

Remark 3.5. As a special case, a subset of R™ with positive Lebesque measure is of
Hausdorff dimension n.

Let p be a finite measure on R", we define the lower local dimension of u at x by

1 B
dim, .p(z) = liminf M.
r—0 logr

The following proposition is a refined version of the Mass Distribution Principle called
Billingsley’s Lemma, see Falconer [35, p. 26].

Proposition 3.6 (Billingsley’s Lemma). Let p be a finite measure on R™ and E be a
Borel subset of R™.

(1) If dim, p(x) > s for all z € E and u(E) > 0, then dimyg E > s.
(2) If dim;, p(z) < s for all x € E, then dimyg E < s.

Based on the monotonicity of Hausdorff dimension, one can also construct a suitable
subset of E to obtain a lower bound of dimy E. The following lemma provides a general
method to construct Cantor type subsets.
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Lemma 3.7 ( [33, Example 4.6]). Let E =, -, En, where [0,1] =Eq 2 E; D -+ isa
decreasing sequence of subsets in [0, 1] and E, is a union of a finite number of disjoint
closed intervals such that each interval in E,_; contains at least m,, intervals in E,
which are separated by gaps of lenghs at least €,,. If m, > 2 and €, > €,41 > 0, then
log(mymgy - - - my,)

dimyg E > lim inf )
n—oo —log(Mpi16n11)

3.3 Continued fractions
The Gauss map T¢ : [0,1) — [0,1) is defined by
T6(0) :==0, Tg(x):=1/z—|1/x], for x € (0,1), (3.6)
where |z] denotes the greatest integer not exceeding z. Let
ay = ai(z) == [1/z] and a, = a,(z) = |1/T5 " (z)].

Then each irrational number z € [0,1) admits a unique continued fraction expansion
of the form

1
T = T : (3.7)
as(z) + ———
ag(x) +
where a1(x), as(z), as(x),- - are positive integers, called the partial quotients of x. We
denote (3.7) by [a1(z), az(x), as(x), - - -] for simplicity.
Definition 3.8. For anyn > 1 and (aq,--- ,a,) € N", we call
L(ay, - ,a,):= {JJ €0,1): a1(x) =ay, - ,a,(x) = an}

a cylinder of order n of continued fractions.

In other words, I,(ai, - ,ay) is the set of points beginning with (ai, - ,a,) in

their continued fraction expansions. For any n > 1, we denote the n-th convergent of
the continued fraction expansion of x by

n(X 1
B i (o) ao), -+ )] = 1 SNCH
n ay (I‘) +
a2 (ff) + -+ m
where p,(x) and ¢,(z) are positive integers and coprime. Notice that all points in
I.(a1,- - ,a,) have the same p,(z) and g,(z). Thus, we usually write

pn(ab T 7an) = Pn = pn(x) and %L(ala T 7an) =(Q4n = Qn(l‘)
It is well known (see [63, p. 4]) that p, and g, satisfy the following recursive formula:

{p-l =1, pp=0, pp=aypp-1+ P2 (n>1);

(3.9)
qd—1 = 07 qo = 17 Qn = ApQn—1 + qn—2 (n > 1)

As consequences, we have the following results.

20



Hausdorflf dimension and continued fractions

Proposition 3.9 ( [63]). For any (ay,--- ,a,) € N, we have

(1) Po-1Gn — PnGn-1 = (=1)",

3

(2) ¢n>2"7, [Jar<gn<I[(ax+1)<2"]] a
k=1 1 k=1

k=
Lemma 3.10 ( [100]). Foranyn>1 and 1 <k <mn,
a+ 1 n(ar, - - an) < a1,
2 Qn—l(ah'" y Af—1, Qf41, " 7an)

For any real number x € I,,(ay,- - ,a,), we deduce from (3.7), (3.8) and (3.9) that

_ pul@) + TH@)pas ()
0u(@) + T4(@)gur (7)

where 0 < TZ(x) < 1. Then we can easily calculate the length of I,,(a,- - ,a,).

Proposition 3.11 ( [51, p. 18]). Forany (a1, -+ ,a,) € N, the cylinder I,,(ay,- - ,ay)
is an interval with the endpoints p, /¢, and (pn + Pn-1)/(qn + gn—1). More precisely,

Pn PntPn-1 . .
I(ay, -+ a,) = [qn :rqm—qn,l ), if n is even,
(bt 2], ifnds odd,

As a result, the length of I,(ay,- -+ ,a,) equals to

1
L(ay, - ,ap)| = ————. 3.10
’ (1 )‘ QTL(QH—FQTL*I) ( )

Note that the partial quotient a,,.1 takes the integer value from 1 to oo in succession
partitioning I,,(ay, - - ,a,) into a countable set of cylinder of order n+ 1. The following

result shows that the proportion of the length of cylinder of order n + 1 occupying the
length of cylinder of order n is determined by 1/a?

n+1-
Proposition 3.12 ( [63, p. 60]). For any (ai,- -+ ,an, ny1) € N1 we have
1 [Lnsian, - 5 @n, ang)| 2
3ai+1 o |[n(a1> e ,Cln)| N a721+1
Let B(x, p) denote the ball centered at z with radius p. For any x € (a1, ,a,),
the relationship between B(z, |I,(a1,- - ,a,)|) and I,(ay,- - ,ay,) is called the regular

property in [11], which is also found in [30].

Lemma 3.13 ( [306, Lemma 2.5]). Let n > 2 and x = [ay,- -+ ,ap, -+ |. If |[[,11(z)] <
p < |1(x)], then
Ini1(z) € B(x, p) C In-2().

For more details about continued fractions, we refer the readers to the monographs
of Dajani and Kraaikamp [23], Tosifescu and Kraaikamp [51], Khintchine [63].
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4 Fourier transform and uniform distribution

In this chapter, we first present the definition of Fourier transform of measures and
then recall some results for a class of self-similar measures, especially for Bernoulli
convolutions, on the aspect of the absolute continuity, singularity and Fourier trans-
form. The second part is to introduce the definition and fundamental properties of
uniform distribution modulo one and normal numbers. It is Davenport-Erdos-LeVeque
Theorem that reveals the connection between the rate of decay of Fourier transform of
a measure and the sequence of real numbers being uniform distributed modulo one.

4.1 Fourier transform of measures

First we present the definition of Fourier transform of measures. Let M(R) be the
set of all finite Borel measure on R.

Definition 4.1. Given a measure i € M(R), we define the Fourier transform of u by

a(t) = /Rez“mdu(a:), teR. (4.1)

Due to the Plancherel-Parseval formula, finite Borel measures are uniquely deter-
mined by their Fourier transforms. In other words, for any pu,v € M(R),

U=V pu=uv. (4.2)

A measure p is called a Rajchman measure if fi(t) — 0 as |[t| — oo. Combining
Radon-Nikodym Theorem with Riemann-Lebesgue Lemma, we know that each measure
4 which is absolutely continuous with respect to Lebesgue measure has its Fourier
transform vanishing at infinity. Thus all absolutely continuous measures are Rajchman
measures. On the contrary, not all Rajchman measures are absolutely continuous. A
singular Rajchman measure was firstly constructed by Menshov [77].

The rate of decay of Fourier transform of a Rajchman measure provides lots of
information about the measure. For instance, a classical bound of Fourier transform
of measures coming from potential theoretic methods (see Mattila [75, p. 168]) shows
that if the rate of decay of Fourier transform of a measure p is polynomial, that is
\7(t)| = O(]t|~¢) as [t| — oo for some positive constant e, then the Hausdorff dimension
of pu satisfies dimyg p > min{2e, 1}. Moreover, pu-almost all points are absolutely normal.
However, it is not easy to verify whether a measure is Rajchman, let alone for estimating
the rate of decay of fi(t) — 0 as |[t| — oo. In fact, for a class of self-similar measures
equipped with the structure of convolution, sometimes we could easily deal with their
Fourier transform.

Definition 4.2. For p,v € M(R), the convolution of them on R is defined by

[ e = [[ v+ pauwin), (4.3)
R R2
where 1Y is a non-negative function with compact support on R.
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Equivalently, for any Borel subset £ C R,

(s 0)(B) = [ uE = a)avta) = [ (B~ )du(o).
R R
If 1 and v are probability measures, then the convolution p*v has a simple probabilistic
interpretation: it is the probability distribution of a random variable of the form X +Y,
where X,Y are independent random variables taking values in R with probability
distribution u, v respectively. A simple application of the Fubini Theorem shows that

IFU=]i-D. (4.4)

Now let us focus on self-similar measures. Let (S;)7, be an iterated function system
of equicontractive similitudes on R defined by

where 0 < A < 1 and b; € R for each i. It is well known (Hutchinson [50]) that there
exists a unique non-empty compact set £ C R such that E = |J*, S;(E). For any set
of probability weights (p;); with 0 < p; < 1 and ) ", p; = 1, Hutchinson [50] also
showed that there exists a unique Borel probability measure u, known as a self-similar
measure, which is supported on F and satisfies an identity of the form

= Zpiluosifl. (4.5)
i=1

The measure p can also generated as follows. Let (X,,),>0 be a sequence of indepen-
dent identically distributed random variables each taking real values by, b, - - - , b,,, with
probability pi,ps, - - -, pm respectively. For any 0 < A < 1, let uy,, be the probability
distribution of the random sum >~ X, A", then it can be verified that the measure
fam also satisfies (4.5). Thus by the uniqueness in Hutchinson’s theorem, we have
it = fam- Moreover, the probabilistic interpretation for the convolution of measures
indicates that

fiam = %020 (P10b2n + P2Obsrr + - + PmOpan ), (4.6)

where §, is Dirac measure.
The simplest case for the self-similar measure py ,,, is when m = 2 and the random
variable X, takes +1 with the equal probability 1/2. In this case, the measure

1 1
- OO_ —5, n —(5 n
A2 *n—0(2 A +2 A ),
called Bernoulli convolutions. The classical Jessen-Wintner law of pure types [57] shows

that f1) o is either singular or absolutely continuous with respect to L.

(i) For 0 < XA < 1/2, Kershner and Wintner [60] observed that the support of p o is
Cantor type set and thus singular.

(ii) For A = 1/2, Wintner [99] noticed that p1x 2 = L|[—22 and thus absolutely contin-
uous.
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(iii) For 1/2 < X < 1, the support of iy is [-1/(1 —A),1/(1 — A)]. It seems that py o
is absolutely continuous for all \. However, to prove this conclusion is far away
casy. In 1939, Erdés [30] proved that pu, o is singular when A is the reciprocal of
a Pisot number. In 1995, Solomyak [39] proved that p o is absolutely continuous
for almost all A € (1/2,1). In 2014, Shmerkin [$8] proved that the exceptional
set {\ € (1/2,1): o is singular} is of Hausdorff dimension 0.

On the other hand, the Fourier transform of p, o is

fna(t) = H cos 2 A\"t.

n=0

It is Kershner [61] who first showed that the rate of the decay of fi)2(t) has close
relation with the arithmetic property of . More precisely, fy2(t) is logarithmic as
t| — oo when A is a rational number but not of the form %, 1,--- ,é, g € N. Later
on, Erdés [31] proved that for almost every A € (0,1), the rate of decay of fi,2(t) has
some polynomial as |t| — oco. Dai, Feng and Wang [22] proved that the rate of decay
of i 2(t) has some polynomial as [¢| — oo when A is an algebraic integer whose conju-
gates are all outside the unit circle and the constant term for its minimal polynomial is
+2. Bufetov and Solomyak [13] proved that the rate of decay of fiy2(t) is logarithmic
as |t| — oo when the reciprocal of A is an algebraic integer but not a Pisot or Salem
number. Gao and Ma [11] showed that the rate of decay of [y 2(¢) is logarithmic when
the reciprocal of A is a rational number but not of the form %, i, e ,%, q € N, or an
algebraic integer but not a Pisot or Salem number. For more details about Rajchman
measures and Bernoulli convolutions, see [74,81].

The rate of decay of Fourier transform of other various measures was also investi-

gated widely by many authors. For the images of smooth perturbation of self-similar

measures, see Kaufman [59], Mosquera and Shmerkin [78], Chang and Gao [18]. For
Gibbs measures associated to the Gauss map, see Jordan and Sahlsten [58]. For
Patterson-Sullivan measures on the limit set of a co-compact subgroup of SL(2,7Z),
see Bourgain and Dyatlov [12]. For Furstenberg measures on SL(2,R), see Li [67]. For
the non-homogeneous self-similar measures, see Li and Sahlsten [65], Solomyak [90].

In the end of this section, we present two examples of self-similar measures on [0, 1].

Example 4.3. Let (S;)%, be an iterated function system of equicontractive similitudes

on [0,1] given by
1 1 2

We know that the middle third Cantor set C' s the unique compact set such that
C=381(0)JS:(0).

Furthermore, for any set of probability weights p1, ps with 0 < p1,pe < 1 and py+ps =1,
there exists a unique self-similar measure p supported on C' satisfying

=%, (p150 +10252/3"“) = (p150 + p252/3n) .
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We claim that all the self-similar measures supported on C are singular. In fact,

—~ Lo 2Tt 5 27t
o = T (2 - 172 20 o 270 > H

n=1

Choosing t along with the sequence (3%/2)>1, we have

T2

~ > 1 0 1
(3% /2)> > l_Icos2 37 > T Hcos2 zin _1 o,
n= n=2

In partular, p is called Cantor-Lebesgue measure when p; = py = 1/2.

Example 4.4. Let (S;)%, be an iterated function system of equicontractive similitudes

on [0,1] given by
Si() = 5v. Silr) = gr+
x)==x r)=-x+ .
1 2 ) 2 9 9
For any set of probability weights p1, ps with 0 < p1,ps < 1 and p1+py = 1, there exists

a unique self-similar measure p supported on [0, 1] satisfying

=% (p150 +P251/2”+1) = *pey (p150 +p251/2n) :

For the case p1 = ps = 1/2, the corresponding measure p is the Lebesgue measure on
[0,1], d.e., . = Lljpy. Notice that

t
\£| 01()] = H } cos o ! = ’sm: ! O(lt|™) as [t| = oc.

Then the measure L|jo1) is absolutely continuous.

Remark 4.5. Let ¢ > 2 be an integer, then we can also write

1
Ll = ( 5o+q51 + - +q5qq_nl>'

4.2 Uniform distribution modulo one

The formal definition of uniform distribution modulo one was given by Weyl [96].
For a real number z, let {x} = x — |z be the fractional part of z. Let w = (¢)n>1
be a sequence of real numbers. Given a positive integer N and a subset E C [0, 1], the
counting function A(F; N;w) is defined by the number of terms ¢,, 1 < n < N, such
that {c¢,} € E. That is,

A(E; N;w) = Ij{n| 1<n<N/{c}e€ E}

Definition 4.6. The sequence w = (¢,)n>1 15 said to be uniformly distributed modulo
one if for every pair a,d of real numbers with 0 < a < d <1 we have

A(la, d); Nyw)
N =d—a. (4.7)

lim
N—oo
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In other words, given any interval [a,d) C [0,1], the sequence of real numbers
(€n)n>1 is uniformly distributed modulo one if the frequency with which the fractional
parts of ¢, lie in the interval [a, d) is asymptotical equal to its length, d — a. Thus we
can replace [a,d) by [a,d], (a,d] or (a,d) without altering the definition. Notice that
(4.7) can be written in the form

lim — dz.

Jim Zxad (fea) / e

Based on approximation theory, Weyl [96,97] obtained a series of equivalent charac-
terizations of the sequence of real numbers being uniformly distributed modulo one.
Theorem 4.7 ( [96,97]). The following are equivalent.

(1) The sequence (cp)n>1 is uniformly distributed modulo one.

(2) For every real-valued continuous function f on [0, 1],

Jim N;f({cn}) = | fla)dx

. 1 !
Jim 3" pe,) = / f(@)da

(5) (Weyl Criterion) For all integers h # 0,

lim — § e27rzhcn —
N—oo N

Remark 4.8. By Weyl Criterion, to determine whether a sequence of real numbers
is uniformly distributed modulo one, it suffices to test the functions f of the form

f(x) = e*™he where h € Z \ {0}.

Example 4.9. Let 0 be an irrational number, for all integers h # 0, we have

N
E e 2mihng

n=1

1

e27rihN9 -1 ‘ 1

< .
e2mihd — 1 | = N|sinhé|

==

Then the sequence (n@),>1 s uniformly distributed modulo one.
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Let (¢n(x))n>1 be a sequence of real numbers depending on a real parameter x lying
in some given bounded or unbounded interval. The following metric theorem given by
Weyl [97] describes the behavior of a parameterized sequence for Lebesgue almost all
real numbers z.

Theorem 4.10 ( [97]). Let (¢,)n>1 be a sequence of distinct integers. Then the sequence
(en®)n>1 1s uniformly distributed modulo one for Lebesgue almost all real numbers x.

Later on, Davenport, Erdds and LeVeque [25] generalized Weyl’s result for a class
of sequence (¢, (x)),>1, where each ¢,(x) is bounded and integrable for ¢ < z < d.

Theorem 4.11 ( [25]). If the series

2mhcn (z)

dﬁ( ) <

for all integers h # 0, then for Lebesgue almost all x in [a,d], the sequence (¢, (z))n>1
is uniformly distributed modulo one.

Remark 4.12. Let ¢,(z) := c,z, then we have

2mihen ()

d
/ e27rih(cn—cm)xd£<x)

E(h(cn — Cm)).

Combining Theorem 4.11 with Remark 4.12, we have the following theorem.

Theorem 4.13 (Davenport-Erdés-LeVeque). Let p be a finite Borel measure on
R and (cn)n>1 a sequence of real numbers. If

Z Z n = Cm)) < 00 (4.8)

n,m=1

for all integers h # 0, then for p-almost all real numbers x, the sequence (¢,T)n>1 S
uniformly distributed modulo one.

Proof. Let h be a fixed integer, write

N N
1 , 1 -
Su(N,2) = & > e and I (N) = e > fi(hlen = cm))- (4.9)
n=1 n,m=1

It follows from (4.8) and (4.9) that the series Z I(N)/N converges. Thus there exists
an increasing sequence (A(N))n>y of real numbers with A(N) — oo such that

i w < 00. (4.10)

N=1
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Let M, < M, < --- be positive integers such that

MM,
)\(M1> > 1 and MT+1 = L#MTJ +1 forr>1.
Then it is easy to see that
. Mr+1 Mr+1
- (R N >
TILIgO 7A 1 and Mo, - L < AN(M,.) for r > 1. (4.11)

Let N, be an integer in the range M, < N < M, for which I,(N) obtains its least
value. We deduce from (4.11) that

M1 M1 M1
1 M, 14 Ih IL,(N)A(N)
Ii(N,) < —— E Ii(N) < ————— * E g E LA
M1 — M, N=M,+1 M1 — M, N=M,+1 N=M,+1 N

Thus by (4.10), we have

/erh Ny, )Py /\sh o) Pdp(a)

= ; ]h(NT) < N_;—H —Ih(N])\;\(N) < 00.

Hence for p-almost all real numbers =z,

lim Si,(N,,z) =0.

r—00

By the choice of the number N, and (4.11), we have N,,;/N, — 1 as r — oo. If
N, < N < N,,1, then

N N, N
|Sh(N,z)| = ‘N 2mihenw | _ % <Z e2mihene 4 Z 62m‘hcnm>‘
n= n=1 n=N,+1
N,.1 — N,
< [S(Ny, )| + =

N,

Therefore for p-almost all real numbers x,
lim S,(N,x) = 0. (4.12)
N—o00

Since the countable union of null sets is always null set, (4.12) holds for all integers
h # 0. Hence by Weyl Criterion, for u-almost all real numbers x, the sequence
(€n)n>1 is uniformly distributed modulo one. O

Let b > 2 be an integer. For the case when ¢, = "' (n > 1) in Theorem 4.13,
Wall [92] gave an equivalent characterization of uniform distribution modulo one for
the sequence (¢,2);>1.
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Theorem 4.14 ( [92]). The sequence (V" 'x),>1 is uniformly distributed modulo one
if and only if x is normal to the base b.

The concept of normal numbers was introduced by Borel [9] in 1909. His original
characterization of normality is that a real number « is normal to the base b if each of
the numbers o, ba, b%a, - - - is simple normal to all of the base b, b, b3, ---. Later on,
Niven and Zuckerman [30] gave an equivalence of this characterization in 1951.

Let « be a real number and b > 2 be an integer. Then « has a unique b-adic
expansion of the form

a:LaJ+ZZ—::[aJ.a1a2~~an~~, (4.13)
n=1

where the digits a, are integers with 0 < a, < b—1forn > 1, and also a, < b —1
for infinitely many n. Let a be an integer with 0 < a < b, we denote A,(a; N;a) the
number of n, 1 <n < N, such that a,, = a in (4.13). That is,

Ap(a; N; o) = jj{n| 1<n<N, a, :a}.
For any integer k > 1, let Dy = dids - - - dj, be a given block of digits of length k& and
Ab(Dk;N;Oé) :ﬁ{n | 1 STL S N—k+1,anan+1---an+k_1 :dldgdk}

Definition 4.15. The number « is called simply normal to the base b if

Ap(a; N;
lim b(a'a ,Oé) —

1
Jim N 7 fora=0,1,2--- . b—1.

The number « is called normal to the base b if

_ Ay(Di; N; ) 1
A}l_r}[(lm — N o for all k > 1 and all blocks Dy,.

The number « is called absolutely normal if it is normal to all bases b > 2.

Let us recall a equivalent characterization of normal numbers which is due to Van
der Corput [65, Theorem 7.1] and Pjateckii-Sapiro [65, Lemma 8.1].

Theorem 4.16 ( [65, Theorem 8.2]). Let k > 2 be an integer. A real number o« is
normal to the base b if and only if a is normal to the base b*.

This theorem reveals a special relation of the normality with respect to different
bases. In general, given two bases by and by, Schmidt [37] showed that if log b,/ log by
is rational, then o normal to the base b; is also normal to the base by, otherwise, the
set of numbers « which are normal to the base b; but not even simply normal to the
base by has the power of the continuum. In fact, Pillai [$3] also obtained a equivalent
characterization of normal numbers.
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Theorem 4.17 ( [65, Theorem 8.3]). The real number « is normal to the base b if and
only if o is simply normal to all of the bases b, b*, b3, - - .

Theorem 4.18 (Borel’s Theorem on normal numbers). Lebesgue almost all real
numbers are absolutely normal.

Borel theorem indicates that the set of normal numbers is of full Lebesgue mea-
sure. However, it is not easy to construct normal numbers. There is no commonly
used irrational number, such as 7, e or even v/2, that is known to be normal. It is
Champernowne [17] who first showed that the number

0.1234567891011121314151617 - - -

formed by concatenating all the natural numbers in order is normal to the base 10. For
other works of this topic, see for example, Besicovitch [2], Copeland and Erdés [20],
Davenport and Erdés [24]. On the other hand, the set of non-normal numbers is of
null Lebesgue measure. Many authors further considered such null set by calculating
its Hausdorff dimension, see for instance, Bescovitch [3] and Eggleston [29].
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5 Multifractal analysis of the convergence exponent

In this chapter, we mainly investigate the Hausdorff dimension of sets of contin-
ued fractions with prescribed growth rate of partial quotients. To be specific, in this
chapter, we first introduce the convergence exponent of the sequence of positive real
numbers and then define the convergence exponent of a real number using its sequence
of partial quotients in continued fractions. It turns out that the convergence exponent
of real numbers defines a measurable function. We shall study the basic properties
of this function, such as its range, denseness, continuity and etc. Besides, Birkhoft’s
Ergodic Theorem indicates that the function equals to infinity for Lebesgue almost all
points, so we continue to study its multifractal properties. In the end, the Hausdorff
dimensions of some sets related to the convergence exponent are computed.

5.1 Convergence exponent

Let (7,)n>1 be a sequence of positive real numbers. The convergence exponent of
the sequence is defined by

T::inf{SZO: Zrns<oo}.
n>1

When restricting some conditions on the sequence (r,,),>1, we obtain a simpler formula
for .

Proposition 5.1 ( [34, p. 26]). Let (rn)n>1 be a non-decreasing sequence of positive
real numbers with lim,,_,., r,, = 00. Then

1
T:limsuplogn —sup{tzo: Zrnt:oo}. (5.1)

nooo 10Ty —~

Proof. For convenience, write

1
U:limsuplogn and )\:sup{tzo: Zrnt:oo}.
0g Ty

n—oo n>1

So it is sufficient to prove 7 = v and 7 = A. We divide the proof into two parts.

(i) The proof of 7 = A. By the definition of A, for any £ > 0, we have
Z ;A < oo
n>1

This implies 7 < A+¢, and thus 7 < A. On the other hand, we claim that for any
t >0 and Zn21 r-' = oo, we always have 7 > ¢ and thus 7 > \. If not, suppose
T < t, by the definition of 7, there exists a number sq > 0 such that

50 <t and Zr;so < o0.

n=1
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Note that lim, .., 7, = oo. Then there exists a positive integer N such that
r, > 1 for any n > N. Thus

Zr;t < ZT;SO < Zr;so < 00.

n>N n>N n>1

(ii) The proof of 7 = v. For any € > 0, choose 0 < &1 < € and N > 1 such that for
any n > N, we have r/"1 > n, then

oo [e.e] i
_ v+te
E r, 0T < E n vt < oo.

This implies 7 < v + ¢, and thus 7 < v. On the other hand, there exists a
lacunary sequence (ng)x>1 such that logny/logr,, > v —e¢ for any k > 1, i.e,

Nge1 > Ang (A > 1) and ny, - r,) (” 9> 1.

Then we have

0 0o Mg4+1—1
§ (v= 6) = E E _(U ) 2 1 -3 E nk—O—lrnkfl ®) = = 00,
n=ni k=1 i=nyg

which means that v < 7.

We give some remarks on the formula (5.1).

(i) The formula (5.1) is false for some special cases when we remove the condition
that lim,_, 1, = 00. For example, for some positive integer Ny, choose (7y,)n>1
such that r, = 1/3 for 1 < n < Ny, and the rest is equal to 1/2 for any n > Ny,
then we can obtain 7 = A = oo, but v = —o0.

(ii) The formula (5.1) is also valid for the case when we replace lim,, o, 7, = 00 by
r, > 1 for any n > 1. In fact, it is sufficient to check the formula under the
condition that (7,),>1 is bounded. In this case, obviously 7 = A = v = 0.

The convergence exponent of various sequences appear quite often in the context of
geometry of fractal sets and measures. It was used by Besicovitch and Taylor [1] to
study the Hausdorff measure and Hausdorff dimension of cut-out sets; by Hawkes [15]
to find the entropy dimension of some random sets determined by Lévy processes; by
Dodson [26] to characterize the Hausdorff dimension of certain sets associated with
Diophantine approximation; by Wang and Wu [93] to prove Hirst’s conjecture on the
Hausdorff dimension of certain sets of real numbers whose partial quotients lie in a
fixed strictly increasing infinite sequence of integers; by Durand [27] and Li, Shieh
and Xiao [66] to describe the Hausdorff dimension and hitting probabilities of random
covering sets; by Fan, Liao, Ma and Wang [37] to determine the Hausdorff dimension
of Besicovitch-Eggleston sets in countable symbolic space; by Fan, Li and Ma [39] to
obtain the Billingsley dimension of the sets of generic points for shift-invariant measures
in the countable symbolic space.
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5.2 Convergence exponent of the sequence of partial quotients

Recall that each irrational number = € [0,1) admits a unique continued fraction
expansion of the form

T = 1 :::[al(x)aa2(x)>a3<x>a"'L
(ll(l’) + 1

as(z) + ———
@3(37) + .

where a,(z) = |1/T% ()| are partial quotients and Tg is the Gauss map. Let 7(x)
be the convergence exponent of the sequence of partial quotients of z, i.e.,

7(z) := inf {s >0: Za;s(x) < oo} : (5.2)

n>1

Clearly, the function z — 7(z) takes values in [0, 00] and that 7(z) = 0 for any
rational number z. In the following we give some basic properties of this function.

Theorem 5.2. The following results hold.

(1) The function 7 :[0,1) — [0, 00] is Borel measurable.

(2) Forany0 < o < 00, there exists an irrational number x € [0,1) such that 7(z) = a.
(3) For any 0 < a < oo, {z €[0,1):7(x) = a} is uncountable and dense in [0,1).
(4) For any non trivial interval I C [0, 1), we have 7(I) = [0, o0].

(5) The function T :[0,1) — [0, 0] is everywhere discontinuous.

Proof. (1) It is sufficient to show that {z € [0,1) : 7(x) < a} is a Borel set for any
a € (0,00). It is easy to verify that

{ze0,1):7(z) <a} = U {x €1[0,1): Zaj_(a_l/k)(x) < oo}

k>ko Jj=1

- LJ (W LJ (] Aia&nunv (5fn

k>ko £>1m>1n>1

where kg := [1/a] + 1 and the set Mg is given by

,Z,m,n

m—4n
o —(a—1/k 1
My tmn = {m e, 1) Y a,() < Z}'

j=m+1

For each (k,¢,m,n) € N*, we know that the set Mgy . is @ countable union of
cylinders of finite order, which are intervals and of the form [a,b) or (¢, d] with
rational numbers a,b,c,d in [0,1). Hence Mg, . is a Borel set. It follows from

(5.3) that {z € [0,1) : 7(x) < a} is a Borel set.
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(2)

We divide a € [0, 00] into three cases. For the case a = 0, let a,(z) = |exp(n)]|
for any n > 1, and set = [ay(z), -+ ,an(x),---]. Then x € [0,1) is an irrational
number and 7(x) = 0. For the case a € (0,00), let a,(z) = |n'/*] for any
n > 1, and set © = [ay(x), -+ ,apn,--+]. Then z is also an irrational number in
[0,1) and 7(x) = «a. For the case a = o0, let a,(z) = 1 for any n > 1, and set
x=][1,---,1,---]. Obviously z is an irrational number and 7(z) = occ.

By (2), there exists an irrational number zy € [0,1) such that 7(xy) = a. Let
(61,69, ,n,--+) € {0, 1}, For any n > 1, set

Ty = [a1(To), -+, an(To), - -] with a,(ZTo) = an(z0) + €n.

Then 7y € [0,1) and 7(Zy) = a. This implies that there are uncountably infinite
many = € [0,1) such that 7(z) = «. In the following, we will show that the set
{z €]0,1) : 7(x) = a} is dense in [0,1). Let

M (zo) = U {z €[0,1) : an(z) = an(z0),V n > N}.

N>1

Then for any x € M(xo) and ¢ > 0, the series ) -, a,?(z) converges if and only
if the series > - a,7(zo) converges. This yields that 7(z) = 7(z0) = «, i.e.,

M(z) C {x €0,1): 7(x) = a}.

Thus it is sufficient to prove that M(xy) is dense in [0,1). In fact, for any
y € [0,1), if y is a rational number, then there exist some integer £ > 1 such that
y = [a1(y),a2(y), -+ ,ax(y)], so we construct a sequence of real numbers (x,),>1
such that z, = [a1(y),a2(y), -+, ax(y),n, agro(zo), agrs(xo), - -]; if y is an irra-
tional number, set y = [a1(y), a2(y), - ,an(y), -] and denote the corresponding
sequence of real numbers (z,,),>1 by

Tp = [al(y)v aQ(y)7 T ’an(y)v an+1($0), an+2(x0)> T ]

In both cases, we obtain the sequence (z,),>1 € M(zo) and x, — y as n — 0.
Hence the set M (xy) is dense in [0, 1).

For any interval I C [0,1), it is trivial that 7(/) C [0, 00]. For any a € [0, o0], by
(3), the set {z € [0,1) : 7(x) = a} is dense in [0,1). Thus the intersection of the
sets [ and {x € [0,1) : 7(x) = a} is not empty. Hence we can find an z € I such
that 7(zg) = «, that is, [0, 00] C 7(1).

Given a real number y € [0,1) and set 7(y) = ap. For any real number a # ay,
by (4), the level set {z € [0,1) : 7(z) = a} is dense in [0,1). Then there exists a
sequence of real number (x,),>; such that 7(z,) = a for any n > 1 and z,, — y as
n — oo. Note that 7(y) = ap # a = 7(x,), then the function 7 is discontinuous at
point y. Therefore, the function 7 : [0,1) — [0, o0] is everywhere discontinuous.

O]
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5.2.1 Multifractal spectrum of the convergence exponent

It is known that the continued fraction dynamical system ([0, 1), T, i) is ergodic
(see [, p. 45]), where T¢ is the Gauss map and p is the Gauss measure given by

1 1
C) = d
#e) log2/cl+:1:x

for any Borel measurable set C' C [0, 1). For any ¢ > 0, by Birkhoff’s Ergodic Theorem,

—t “ e —t 1
lim @+t a (@) / ot (@)dp() (5.4)
n—o0 n 0
for p-almost all z € [0,1). Note that
1 1 ! 1 1
< THx)d <
21og 2 ; Kk +1) = /0 ay(z)dp(z) < log 2 ; Kk + 1)

which, in combination with (5.2) and (5.4), implies that 7(x) = oo for Lebesgue almost
all z € [0,1). For convenience, let

Ala) = {:136 [0,1): 7(x) :oz} (0 <a< o).

Then we have shown that the set A(co) is of full Lebesgue measure. In other words,
A(a) is of null Lebesgue measure for any 0 < o < co. A typical way of measuring the
size of such null sets is then to calculate its Hausdorff dimension, i.e., the multifractal
spectrum of the convergence exponent 7(z). In fact, the definition of 7(x) indicates
that the set A(a) is related to the sets of continued fractions for which their partial
quotients become large in some sense and tend to infinity. The study of Hausdorff
dimension of such sets of continued fractions with some restrictions on the growth rate
of their partial quotients tending to infinity goes back to Good [43] in 1941.

Theorem 5.3 ( [13, Theorem 1]). Let (an(x))n>1 be the partial quotients of the con-
tinued fraction of x € [0,1). Then

1
dimy {xe [0,1): ap(x) = o0 asn—>oo} =3

Indeed, Good also proved that

1
dimy {x c10,1): an(z) > f(n), ¥n > 1} =2 (5.5)
where f(n) is any function tending to infinity with n and satisfying f(n) < (logn)®
for some ¢t > 0. In 1970, Hirst [18] extended the result in (5.5) when f(n) increases

much more rapidly. In particular, the set of continued fractions for which their partial
quotients tend to infinity with polynomial growth rate is of Hausdorff dimension 1/2.

Theorem 5.4 ( [18]). For any b > 1,

1
dimy {x €10,1): ay(z) >b", Vn> 1} =3
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In 1985, Ramharter [85] proved that the set of continued fractions for which their
partial quotients are non-decreasing is still of Hausdorff dimension 1/2.

Theorem 5.5 ( [85]). dimy {:v €10,1): apii(z) > an(z), Vn> 1} =1

In 1997, Luczak [72] and Feng, Wu, Liang and Tseng [10] studied the set of continued
fractions whose partial quotients tend to infinity with doubly exponential growth rate.

Theorem 5.6 ( [10,72]). For any a,b > 1,
n 1
di { 0,1): an(z)>a”" .V >1}:—.
imgqz €[0,1): ay(z) >a n > P
In 2007, Wang [95] generalized the results of this type by Good [13], Hirst [18],

Feng, Wu, Liang and Tseng [10] and Luczak [72] in his PhD thesis.

Theorem 5.7 ( [95]). Let ¢ defined on N be a positive function with p(n) — oo as
n — 0o. Then

1

dimy {[L’ €[0,1) s an(x) > 9(n),V n > 1} =33

where b is given by
log1
log b := lim sup M.
n—o0o n
In 2009, Fan, Liao, Wang and Wu [30] investigated the set of continued fractions
whose partial quotient a,(z) is bounded by ¢, and Nt, for any n > 1, where N is a
constant and t,, tends to infinity as n — oo.

Lemma 5.8 ( [30, Lemma 3.2]). Let (t,)n>1 be a sequence of positive integers tending
to infinity with t, > 3 for any n > 1. Then for any positive number N > 2,

log(tite---t,
dimH{xE [0,1):tnSan(x)<Ntn,Vn21}:hmmf og(tits ) |
n—oo 2 1Og(t1t2 . tn) + IOg tn—i—l
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In the sequel, we shall concentrate on the multifractal spectrum of 7(z). Our first
result is the following.

Theorem 5.9. For any 0 < a < 0o, we have
) 1
dimpg A(a) = 3"

Proof. Recall that
Ao {[E €1[0,1) = a}

For any = € A(«), by the definition of 7(z), then there exists € > 0 such that

>, (@) < oo,

n>1

which implies a,(z) — 0o as n — oco. Thus
Aa) C {a: €10,1): ay(z) > 00asn— oo}.
It follows from Theorem 5.3 that

l\:)lb—

For the lower bound of dimyg A(«), we construct the suitable subsets for A(«).

(i) =0, it is easy to verify that
{x €[0,1) : exp(n) < a,(x) < 2exp(n),V n > 1} C A(a).
(ii) a € (0,00), it is also easy to check that
{x €[0,1) : nt* < an(z) < 2nY* ¥V n > 1} C A(a).

It follows from Lemma 5.8 that the above subsets of A(«) are of Hausdorff dimension
1/2. Therefore, for any a € [0, ),

N | —

]

Remark 5.10. As far as we know, various exponents related to continued fractions have
been investigated by many authors. To mention a few of them, we refer to Jarnik [55]
for the irrationality exponent, Pollicott and Weiss [52] for the Lyapunov exponent of
the Gauss map, Kessebohmer and Stratmann [02] for the Minkowski’s question mark
function, Fan, Liao, Wang and Wu [30] for the Khintchine exponent, Nicolay and
Simons [79] for the Cantor bijection, Jaffard and Martin [52] for the Brjuno function.
Theorem 5.9 shows that the multifractal spectrum of the convergence exponent 7(x) is
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a constant function of a € [0,00). In other words, there is no multifractal phenomenon
for the convergence exponent T(x). Compare with the multifractal spectrums of others
exponents in Continued fractions, such as Khintchine spectrum and Lyapunov spectrum
given by

dimpy {.T €1[0,1) Zlogal = a} and dimyg {:1: €[0,1) Zlog] TG x)| = a}

respectively, our result is different. To be specific, The Khintchine spectrum and Lya-
punov spectrum are neither concave nor convez as functions of o € [0,00), see Fan,

Liao, Wang and Wu [50].

For the case when the sequence of partial quotients (a,(z)),>1 is non-decreasing,
we continue to study the multifractal spectrum of its convergence exponent, i.e., the
Hausdorff dimension of the intersection of sets A(«) and A, where

A= {:1: €0,1): an(z) < appi(x), Vn > 1}.

It turns out that the multifractal spectrum of the convergence exponent 7(x) defined
by the non-decreasing sequence of partial quotients is piecewise linear.

Theorem 5.11. For any a > 0, we have

loa 0<a<l;

dimpy (A(a)ﬂ/\):{ 27 - -

0, a>1.

Before proceeding on, we give some remarks.

(i) In the sense of Hausdorff dimension and Lebesgue measure,

A= {x €[0,1): ap(z) < apii(x), Vn>1and a,(x) - oo as n — oo}.

(ii) For any « € [0, 00), with the same method in the proof of Theorem 5.9, we have
dimyg {x €0,1):7(z) = a, ap(x) — oo} =1/2.

This means that the monotonicity of the sequence (a,(z)),>1 plays an essential
role in Theorem 5.11.

(iii) Theorem 5.5 shows that dimy A = 1/2. Then the result in Theorem 5.11 provides
an interesting example that the Hausdorff dimension of the intersection of two
fractal sets with Hausdorff dimension 1/2 can be any value between 0 and 1/2.

(iv) We note that the multifractal spectrum a +— dimy (A(e)NA) is not differentiable
at a = 1. This unusual phenomenon can be considered as a phase transition of
the multifractal spectrum.
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By (5.1), for any a > 0, we can rewrite the set A(a) N A as follows:

Ala)NA = {x € A:lim infM = l} = Eins(A, é) (5.6)

n—oo  logn o

This means the problem of the multifractal spectrum of the convergence exponent 7(x)
defined by the non-decreasing sequence of partial quotients is exactly the problem of
the Hausdorff dimension of level sets of liminf. It follows (5.6) that the Theorem 5.11
is equivalent to the following theorem.

Theorem 5.12. For any o > 0, we have

0, 0<a<l,
a-l a > 1.

2a0 7 —

dlmH Einf(A, Oé) = {
More generally, we continue to consider the Hausdorff dimension of the set

Eint (A, 0) = {x eN: liminfM — 1} 7

s b(n)
where 1) is a positive function defined on N.
Theorem 5.13. Let 1) : N — R be a function satisfying 1)(n) — 0o as n — 00.

(1) If ¥(n)/logn — a (0 < a < o0) as n — oo, then

_ 0, 0<a<l,
dimy Einf(A> w) = { a—1

2a0 7 —

(2) If ¥(n)/logn — oo as n — 0o and 1p(n) is non-decreasing, then

1
di Ein A7 = 75, 1
imy Eine (A, 1) B+1
where B is given by
1
log B := lim sup M.
N—00 n

As an application of Theorem 5.13, if 1) is a power function of the form ¢ (n) = n?”
with v > 0, then Ej(A,) is of Hausdorff dimension 1/2; if ¢ is an exponential
function of the form i (n) = b" with b > 1, then Ei¢(A, ) is of Hausdorff dimension
1/(b+ 1). The following figure provides a full illustration of dimpyg Ein¢(A, 1)), which
deeply reveals how it changes with different functions .
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dim, Eine (A, ¥)

n'(y>0)

Figure 2 — dimy Ei¢(A, ) for different functions .

5.2.2 Proofs of Theorem 5.12 and Theorem 5.13

We first give a useful combinatorial formula on the cardinality of finite sets.

Lemma 5.14. For any positive integer £ and n > 1, let
D = {(01,02,~-~ ,op) EN':1 <01 <oy < -+ Sanéﬁ}

and denote its cardinality by $D. Then we have

Proof. Let
D:{(Th”’zw“ ) ENP 1< <rp<--<r,<l+n-—1}

and consider amap f: D — D defined as follows: for any (01,09, ,0,) € D,
F(o1, 09, 00) = (11,79, 1) = (01,00 + 1, -+, 0 + 1 — 1).

It is easy to check that f is bijection. Thus the sets D and D have the same cardinality.
The number of elements in D is equal to a combinatorial number, i.e, the number of n
numbers can be chosen from among ¢ + n — 1 numbers. That is,

= (n+l—1)!
hD = nl(0—1)! "
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Notice that the set {:U €[0,1): t, < ay(r) < Nt,,Vn > 1} in Lemma 5.8 cannot
guarantee their partial quotients being non-decreasing for any sequence (t,),>; and
any positive number N > 2, so we cannot apply the result of Lemma 5.8 directly to
establish the lower bound of dimy Ei,¢(A,v). This lead us to construct a set of points
whose partial quotients could be a non-decreasing sequence. For general construction
of set of this type in d-decaying Gauss like iterated function systems, see Liao and
Rams [71]. Here we give a direct and different proof for the sake of completeness.

Lemma 5.15. Let (s,)n>1 be a sequence of positive integers tending to infinity with
Sp > 2 for anyn > 1. Set

F= {x €10,1) : ns, < ap(x) < (n+1)s,,¥Vn> 1}.

Then
1

2log(n+1)!+log spy1
log(s182°++8n)

2 4+ lim sup

n—o0

Proof. Lower bound: To get the lower bound of dimygF, we shall make use of the
symbolic space. Let

D, — {(Ul,... Lon) EN: ks < oy < (k+1)sk,v1§k§n}.
For any n > 1 and (o4, ,0,) € D,, we call

J’Vl(O-la T 70n) = U CZ(IR+1(017 © 5 0n, U?H-l))
On+1
a basic interval of order n, where ‘cl’ stands for the closure of a set and the union is

take over all 0,41 such that (o1, - ,0,,0n41) € Dyy1 - Put Eg = [0, 1] and

E, = U Jn(o1, -+ ,0,) foralln > 1.

(01, ,0n)€EDn

F=(E.=() U Julon .00

n=0 (o1, ,0n)EDy

Then

The construction of F indicates that each interval in [E,,_; contains at least m,, of the
basic intervals of order n in [E,,, where

m, = (n+1)s, —ns, = s, > 2.

Let J,(71, 72, ,T,) and J,(01,09, -+ ,0,) be the two distinct basic intervals in E,.
We know that the intervals J, (7,7, -+ ,7,) and J, (01,09, -+ ,0,) are separated by
the (n + 1)-th order cylinder

In+1(7_177—2a"' 77_71’]-) or ]n+1(01702a"' 70n71)
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according to the location between J,(71,7e, -+ ,7,) and J,(o1,09, -+ ,0,). In the
following we estimate the length of the above (n + 1)-th order cylinder. By (3.10),

-2
1 1+
|]n+1(0-170-2a”' 70n71)| Z > = (H(0k+1)>

2¢2,, — 8
1 ({4 -
Z§<H k:—i—lsk) = Ep.
Similarly, we also have |I,,41(71, -+, Tn, 1)| n. Clearly 0 < e,,1 < &, for any n > 1.

Then by Lemma 3.7, we have

log(myms - - - my,)

dimyg F > lim inf
n—oo —log(my41€n+1)
> log sk
. k=1
= lim inf

n—00 n+l

—log sp41 +log8+2 3" log ((k + 1)sk)
k=1

1

2log(n+1)!4+log spnt1 °
log(s182°++5n)

2+ 1im sup

n—o0

Upper bound: Let

Jn(abaQa”' ,CLn) = U CZ(IH+1(a17a27"' ?an7an+1>)'

an+41 Z(n+1)sn+1

< U Jn(ar, az, -+ an).

n=1 ks <ap<(k+1)sp,1<k<n

Then we have

It means that for any n > 1,
U J’n<a17a27”' 7a’n)
ksip<ap<(k+1)sg,1<k<n

is a cover of F. The number of such basic intervals is

n

H((l{:+18k—k¢sk ﬁ

k=1
By Proposition 3.12, the length of such a basic interval is
’Jn<a17a27"' 7a’n)| = Z ’[n+1(a17a27"' 70Jn7an+1)|

ant+1>(n+1)sn41

2
< I’rz a1, G2, ,0n)| "
ool 2w

any1(x)>(n+1)sny1
1 4 4
< —. <

Tan DS T ) ( ﬁ(kSk)) |

42



Multifractal analysis of the convergence exponent

Therefore, we deduce from Proposition 3.3 that

> log sg

dimyg F < lim inf k=1
o e T (an, azr )

> log sg
k=1

< lim inf
n—oo

—log (4(n+ 1)) +1og spi1 +2 Y log sy + 2log(n + 1)!
k=1

1

2log(n+1)!+log sn+1
log(s182++5n)

2+ 1im sup

n—oo

The proof of Theorem 5.12. Recall that

1
Euns(A, ) := {95 eA: liminfw = a} (a >0).

n—00 logn

The case o > 1. Upper bound: By the definition of liminf, if x € Ej¢(A, o), then
for any 0 < € < a, there exists N > 1 such that a;(z) > j* ¢ for any j > N, and for
any n > 1, there exists k > n such that ay(z) < k**¢. Set

Cn(a,e) ={z € A: aj(z) > j*°,Vj>N}and D,(,¢) U{xEA ap(z) < ko)

Then we have

Bui(ha) € ( [j cv(ea) N ﬁ Dufae)) < ( p Cv(e:)) @ Dafa2)

=U N (e a2 vz MO (Ul e d: adn) <h)))

C U ﬂ U{xEA: aj(z) > 7%, ap(z) < kT, VNgjgk}.

N=1n=N k=n
Let

ﬂU{xEA ap(r) < k°* ai(x) >, VN <<k} (5.7)

n=N k=n

Then we obtain
dimy Eie(A, ) < sup { dimy By (a, 5)}. (5.8)

N>1

In the following we only deal with the Hausdorff dimension of B («, ) since the proofs
for other cases are similar. In view of (5.7), we rewrite the set By («,¢) as

g) = ﬂ U U Ii(o1,- -+, on), (5.9)

n=lk=n (o1, ,0%)ECk
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Multifractal analysis of the convergence exponent

where
Ck:{(0'1,-.- ,O'k)eNk;1§g1S...Sakgktwrs,ojzjafs’vlgjgk}'

Applying Lemma 5.14, we can estimate the cardinality of set Cj as follows:
k+ [kote] —1)!
o, < (k] =1
El(|kote] —1)!
I e e R L Rl )

k!
Lk(a+e) 1 E—1 ok . [k(ate)
:T.<1+ka+a)...(1+ ka+5> < o ) (5.10)
By the Stirling formula, for any n > 1,
V22 exp(—n) < n! < exp(1)n™*2 exp(—n). (5.11)

Combining (5.10) with (5.11), we deduce that

k
40y < 28 - (KoL (exg;k)) . (5.12)
By (3.10),
k
1
(o1, on)| < p <o < (k)= (5.13)
Eooi=1
Taking
o a+2—1
20a—¢)’

by the definition of s-dimensional Hausdorff measure, we deduce from (5.9), (5.12) and
(5.13) that

H (B (v, e)) < hgri}g.}fz Z \Ie(o1, -+ on)|°

0k )ECk
ﬁck o 2%exp (k(a+€))
< — < —
hﬁg}fz ()2 = llglorolfz (k) 0.

This shows ) ]
« € —

dimyg B < - -
imy By (a, e) < o —2)

It follows (5.8) that

a—1

dlIIlH Einf(A, Oé) S

200
Lower bound: According to the proof of its upper bound, it is obvious that

dimyg Fiy (A, ) =0 for a = 1.
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Multifractal analysis of the convergence exponent

In the following we always assume that o > 1. Let M be the positive integer such that
Sy, = M|n®"1| > 2 for any n > 1. Set

F(a) = {m € [0,1) : n(M[n°]) < an(z) < (n+ 1)(M|n°]),¥ n > 1}.

Then we claim that
F(a) C Eipne(A, ). (5.14)

Indeed, on one hand, for any = € F(a) and n > 1, it is easy to see that
an(z) < (n+ )M [n7]) < (n+ 1)(M[(n +1)*7]) < apya (),

then we have z € A. On the other hand, we also obtain

1 M a—1 1
o = liminf —2 (nM|n")) < liminfw
n— o0 logn n—00 logn
a—1
< lim inf log ((n+1)M|(n+1)*"]) =«
n—o00 IOgTL

Notice that

'+ log s, '+ log(M 1)et 2
lim sup 2B DU ¥ L85y _ ), 2logln + Ui+ logMI(m + )7 ))

n—oo 10g(5182 T sn) n—oo f: lOg(MLnailJ) a—1
=1

By Lemma 5.15, we have

1 a—1
dimpy F(a) = = . (5.15)
) 2 b T~ o
n—oQ

It follows (5.14) and (5.15) that

a—1
20

dimy Epe(A, ) >

The case 0 < a < 1. By the definition of lim inf, for any 0 < ¢ < 1 — «, we have

Eunt(A,a) C ﬁ G {zeA: apz) <k} (5.16)

n=1k=n

Notice that
{xEA:ak(aE) SkaJrE} C U Li(oy, - o),

(01, ,0%)ECK

where

Ck:{(al""’Uk)ENkilSmS'“Sakgkaﬁ}_
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Multifractal analysis of the convergence exponent

Since 0 < £ < 1 — q, it follows from Lemma 5.14 that
lig (kB BT = 1)
TRkt = 1)
<(k+1)-(k+2)--(k+|k*] = 1)
< (k+ k)" <exp ((1 +log k)ka+e). (5.17)

The second formula in (3.9) implies that ¢, > ¢,—1 + ¢,_2 for any n > 1. Thus

1 (1+v5\) 1 [1=v5\ _ 1 [1+V5)
ME( 2 >_E< 2 >2ﬁ< 2 ) 19
By (3.10) and (5.18),

—2k
1 1 5
1RGN §—§20< “/_) . (5.19)

q 2

By the definition of s-dimensional Hausdorff measure, taking s = € and then combining
(5.16), (5.17) with (5.19), we deduce that

He (Eime(A, ) < hﬁgg}f; Z |Ii(01, 00, ,01)|

=" (o1, ,0%)ECk

—2ke
o=,y o [1+V5
< hrllrgg}fZﬁCk - 20 ( )

2
k=n

n—o0

< lim ianexp (k"‘“(l + log k)) - 20° <
k=n

This shows
dlmH Einf(A7 O[) =0.

The proof of Theorem 5.13. Recall that

Eumt(A, ) == {x €A hggf% - 1} .

(1) For the case when ¢(n)/logn — a (0 < o < 00) as n — o0, it is obvious that
Eint(A, ¥) = Eine(A, ).
Thus the result follows from Theorem 5.12.
(2) Upper bound: For any 0 < ¢ < 1, we have Eps(A, ) C Jx_; Fy(N), where
Fy(N) = {x € [0,1) : an(x) > exp((1 — )vo(n)), ¥ 1 > N}.
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Multifractal analysis of the convergence exponent

Then we obtain
dimy Eine(A, ¥) < sup { dimyg £y (N)}. (5.20)
N>1

Similar to (5.8), we only consider the upper bound of Hausdorff dimension of F(1).
It follows from Theorem 5.7 that

dimpy {x €10,1) : ap(x) > exp ((1 — &)ip(n)), Vn > 1} B R

Thus we deduce from (5.20) that

1

diIIlH Einf(A, ’QZ)) S B——|—1

Lower bound: It is trivial for the case when B = co. In the following we always
assume that 1 < B < co. Since

lim sup = log B,

n—o0

log ¢(n)
n
for any € > 0, we have ¢(n) < (B +¢/2)" for n large enough. This implies that
for any 7 > 1,9(n)(B+¢e) " < (B+¢/2)"(B+¢)™™ =0 (n— o0).
Let

Ty =sup {exp(¥(n)(B+e) ™)}, j=1,2---.

nzj

Then we claim that

log T,
lim inf =1. 5.21
n—00 ¢(n) ( )
In fact, by the definition of 7}, we have T; > exp(j) for any j > 1. That is,
log T;,
lim inf —2-" > 1.
n—00 w(n)

On the other hand, the supremum in the definition of 7} is achieved, we denote by
t; > j the smallest number for which

T; = exp (¢(t;)(B +e)’ ).
Notice that

T’j = SUP{GXPQ/)(J')’ e ,eXp(@/J(tj)(B + E)j_tj>a e }7
Tir =sup {expt(j + 1), ,exp(¥(t;)(B + &) 74), .- },

T, = sup { exph(t;),exp((t; + 1)(B +¢)7 1), - }
Then for many consecutive j’s, the number ¢; will be the same. More precisely,

tj =t = =1,
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Let (¢k)r>1 be a strictly increasing sequence of (¢;);>1. Then for these ¢, we have

Ty, = exp({y).

It is immediate that

T, log T,
lim mf < lim inf k

Since v is a non-decreasing function, it is easy to check that

= 1.

T; <Tj1 and Ty <TPF (5.22)

Now we use the sequence (7});>1 to construct a suitable subset of Ei¢(A,1)). Let
M Dbe the positive integer such that s, = M|T,| > 2 for any n > 1. Set

F(T) = {x €[0,1):n(M|T,]) < ay(z) < (n+1)(M|T,]),Vn> 1}.
Then by (5.21) and (5.22), we can verify that
F(T) C Ein(A, ). (5.23)
Since ¥(n)/logn — oo as n — oo, combining (5.21) with (5.22), we have

logn

=0 and logT,y1 —logT; < (B +e— 1) Zlong. (5.24)
k=1

.
i log T,

We deduce from (5.24) that

2log(n + 1)! + log Sy41 2log(n + 1)! +log(M | Th+1])

lim sup = lim sup —
n—00 IOg(S182 e 'Sn) n—00 Z 10g(MLTkJ)
21 1 log T,
< limsup M + lim sup M
nree Z log T}, nee Z log Ty,
k=1 k=1
21 1
<limsup 28D gy _ i
nooo  logT,

It follows from Lemma 5.15 and (5.23) that

1 1
dimy Eye(A, 0 > dimy F(T) = > .
B 0) 2 ) o P ooy = B 1 4 ¢
n—oo
This shows 1
dimy Bg(A, 1) > ——.
imy Eine (A, ¥) > Bl
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Multifractal analysis of the convergence exponent

5.3 Hausdorff dimension of the sets related to the convergence
exponent

In this section, we mainly deal with the Hausdorff dimension of a series of sets
related to the convergence exponent.

Compared with Theorem 5.9 and Theorem 5.11, we know that the dimensional
result changes essentially under the monotonicity of sequence (a,(z)),>1. Motivated
by this point, we remove the monotonicity of the sequence (a,()),>1 in Ein(A, 1) and
then consider the Hausdorff dimension of its corresponding set, i.e.,

log a,(x)

Eut(®) == {x €10,1) ¢ liminf =T 1} ,

where 1) is a positive function defined on N.

Theorem 5.16. Let ¢ : N — R™ be a function satisfying 1)(n) — oo as n — oo. Then

1
imu E: -
dlrnH mf(w) B + 17
where B is given by
1
log B := lim sup M.
n—00 n

Proof. Using the same proof in the second part of Theorem 5.13, we can easily obtain
the upper bound of dimy Fi¢(). In fact,

Eunt(v) C U {x €0,1) : ap(x) > exp ((1 — 5)1/)(n)), Vn> N}.

N=1
Thus we obtain .
dimy Eine(¥) < Brl
Lower bound: Let (L;);>1 be the sequence defined as follows:
L; = sup {exp((n)(B+¢e)’™™)}, j=1,2,---. (5.25)
nzj

Using the same analysis in the proof of the second part in Theorem 5.13, we have

log L,
lim inf =1. 5.26
n—00 ¢(n) ( )
By (5.25), we have L;; < Lf+5 and thus
log L1 —logL; < (B+¢e—1) Z log L;. (5.27)
j=1

Let M be the positive integer such that t,, = M|L,]| > 3 for any n > 1. Set
But({Labz1) = {2 € [0.1) s M|Ly] < an(w) < 2M L), ¥ 0 = 1},
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Then by (5.26), we obtain
Einf((Ln)nzl) g Einf@p)- (528)

By Lemma 5.8, we deduce from (5.27) and (5.28) that

1
dimy Eine(v0) > dimy Eine((Ly)n>1) = ; logt
2 + lim sup ) fl t;ltn)
n—oo
1 1
T O Tmsup Pl Z Bylte
+ lflnﬁ\soli‘p log L1+---+log Ly,
This shows 1

di Ei, >

imy Eing(¥) > Bl

]

The dimensional results in Theorem 5.13 and Theorem 5.16 indicate that the mono-
tonicity of the sequence (a,(z)),>1 is redundant in some sense when ¥ (n) grows faster
than logn.

On the other hand, motivated by the proofs of Theorem 5.12 and Theorem 5.13, we
observe that the upper bounds of the Hausdorff dimension of the corresponding sets of
limit are obvious. Consider the set

E(A @) = {xeA: lim M:a} (a > 0),

n—oo logn

we have

F(Oé> C E(A> Oé) C Einf(A7 CK),

where F(«) is the same as in (5.14). It follows Lemma 5.15 and Theorem 5.12 that

0 0<axl
dimpg E(A, o) = {a’_ - ’ (5.29)
el a>1

More generally, we further study the Hausdorff dimension of the set

E(A ) = {:EGA:T}L%%:%,

where 1 is a positive function defined on N.

Theorem 5.17. Let ¢ : N — RT be a function satisfying 1(n) — oo as n — oc.

(1) If ¥(n)/logn — a (0 < a < 00) as n — oo, then

< 1
dimyg E(A, ) = {2’_1 0;3; ’

2c0 ?

20
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(2) If (n)/logn — oo as n — oo and P (n) is non-decreasing, then we have

1

: P(n+1)
2+ M sup o

E(A ) #0 and dimyg BE(A, 1)) =

Proof. (1) For the case when ¢(n)/logn — a (0 < a < 00) as n — 00, it is obvious
that E(A,1) = E(A,«). Then the result follows from (5.29).

(2) If ¢)(n) is non-decreasing, define a point = € [0, 1) by taking
an(z) = exp([1b(n)]), n=1.
Then we have

1
an(x) < api1(z) and  lim log an() =

n—oo ()

Thus E(A, ) is non-empty. Next we calculate dimy F(A, ).
Upper bound: For any 0 < ¢ < 1, we have E(A,¢) C Jy_; Ey(N), where

Ey(N) = {x €[0,1): exp ((1—e)v(n)) < an(z) < exp (1 +e)p(n)), ¥V n > N}.

Then we obtain
dimy E(A,v) < sup { dimy Ey(N)}. (5.30)
N>1

Similar to (5.8), we only consider the upper bound of dimy Ey(1). Let

Dale) = { (a1, ,an) €N exp (1= £)(n)) < anla) < exp (1+ () }.

Then we deduce that

tDu(2) < T (220(k) exp (1 + 2)()) ). (5.31)
For any n > 1 and (o4, ,0,) € Dy(e), put

Jn<017"' >Un) = U [n+1<017"' ,O’n,O'n+1),

On+1

where the union is taken over all 0,1 such that (o1, -+ ,0,,0,:1) € Dpy1(e).
Notice that for any n > 1,
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Thus we get a cover of Ey(1),i.e.,{J, (01, -+ ,00) : (01,---,0n) € Dyp(e)}. It
follows from Proposition 3.9 and Proposition 3.11 that

(o, 00| < 3 i1 (01, 4 0ny 0|

ont+12exp((1—e)p(n+1))

1
< Z P R Y R

O’ PEEEY O' O’
Tnp1>exp((1—e)p(nt1)) L nontl

< 3 ) e (—2(1 —¢) Zwm)

i1 Zexp((Le)p(nt1)) Tt

<exp (—(1 —e)p(n+1)—2(1—¢)- Z¢(k)) . (5.32)

k=1

Combining (5.31) with (5.32), we deduce from Proposition 3.3 that

log D, 1 1

dimy By(1) < liminf — Zgﬁ © : A D
n—oo — Og| n(o‘h..- ,Un)l — & 2+1131%S£pm
It follows (5.30) that
1
dimyg E(A, ) <
’ : Y(n+l)
2+ lim sup gy )

n—oo

Lower bound: Let M be the positive integer such that s, = M|exp(n)| > 2
for any n > 1. Set

E(A, ) = {:1: €[0,1) : n(Mlexpv(n)]) < an(z) < (n+1)(M|expv(n)]), ¥ n > 1}.
Under the condition that ¢ (n) is non-decreasing, we can easily obtain
E(AY) C E(AY). (5.33)

Notice that ¢(n)/logn — oo as n — oo, then we have

_ 2log(n + 1) +logspt1 .. 2log(n + 1)! , log sp41
lim sup < lim sup + lim sup
n—00 IOg(Sl.SQ cee sn) n—00 10g(8152 e Sn) Nn—00 log(5132 e Sn)
_ 2log(n+2) . (n+1)
< lim sup ————= + limsup
: P(n+1)
= lim sup

oo Y1)+ -+ 1(n)
We conclude from Lemma 5.15 and (5.33) that

1

2log(n+1)!4+log sn41
log(s182++5n)

2 + lim sup

n—oo
1
>

= : Y(nt1)
2+ limsup o o
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Similarly, we also would like to investigate the Hausdorft dimension of the corre-
sponding set of E(A, ) without the monotonicity of the sequence (a,(x))n>1, i.€.,

E®) = {xe 0,1) :JE&% - 1},

where 1) is a positive function defined on N.

Theorem 5.18. Let ¢ : N — RY be a function satisfying 1(n) — oo asn — oo. Then

dimy E(¢) = !

P G0t )

Proof. Using the same proof for the upper bound of dimy E(A, ), we also have

o0

E(y) C U {m €10,1): exp ((1 —e)(n)) < anlz) <exp ((1+¢e)v(n)), Vn> N}.

N=1

Thus we obtain

= : G(n+1)
2+ limsup o

Lower bound: Let M be the positive integer such that ¢, = M |expt(n)] > 3 for
any n > 1. Set

E) = {x €[0,1): Mlexpy(n)] < an(z) <2M|expip(n)],¥V n > 1}.

Then we have

E(w) C B(W) (534)
It follows from Lemma 5.8 and (5.34) that
ditny E(1) > dimg £() 1
1My <~ Ay == - ozt
2 + lim sup —logl(tgl;fltn)
n—oo
1

- : w(n+1)

]

The dimensional results in Theorem 5.17 and Theorem 5.18 also show that the
monotonicity of the sequence (a,(z)),>1 is redundant in some sense when v (n) grows
faster than logn.
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Exceptional sets of Borel-Bernstein Theorem

6 Exceptional sets of Borel-Bernstein Theorem

In this chapter, we mainly study the exceptional the Hausdorff dimension of sets
of Borel-Bernstein Theorem in continued fractions. In fact, these exceptional sets are
turned out some level sets of limsup functions. The intersection of the level sets of
lim sup and liminf is also investigated.

6.1 Borel-Bernstein Theorem

Let [a1(z),as(x),---] be the continued fraction expansion of z € [0,1). In 1909,
Borel [9] proved that for Lebesgue almost all z € [0, 1),

lim sup a,(z) = oc.
n—oo

In 1912, Borel [10] and Bernstein [!] independently gave a more precise result called
Borel-Bernstein Theorem or “0-1” law on describing the growth rate of partial quotients
in the sense of Lebesgue measure.

Theorem 6.1 (Borel-Bernstein). Let ¢ : N — R be a function and

F(y) = {m €10,1): a,(z) > (n) for infinitely many n}

Then we have

o
‘H
A

o0,

<

(n)

\Y

1

L(F(¥)) = |

n

\‘)—‘
M
g
o

v

= 00.
1 ¥(n)

Borel-Bernstein Theorem shows that many sets of points restricted some conditions
on their partial quotients are of null Lebesgue measure. A typical way of refining the
size of such null sets is then to calculate its Hausdorff dimension. The first published
work was due to Jarnik [53]. For any M € N, let E); be the set of points in [0,1)

whose partial quotients in continued fraction expansion do not exceed M. That is,
EM:{xE 0,1): 1 <a,(x) <M, VnZl}.

Theorem 6.2 ( [53]). For any M > 8,

1
- <dimg By <1— ——
Mlog2 = T EM =27 gh e M

In particular, the set E whose partial quotients are bounded, i.e.,

E= U Ey = {x €10,1): supa,(z) < —i—oo}

M>2 nzl
is of Hausdorff dimension one.
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Indeed, the set Ej; is concerned with continued fractions whose partial quotients
remain small in some sense. It also can be viewed as the attractor of the iterated
function systems given by

1
i = = 7. 1727"'7M'
Fe) = e )

Many authors investigated problems of this type, especially for estimating the Haus-

dorff dimension of Ej. These include the work of Good [13], Bumby [11, 15], Hens-
ley [16,47], Pollicott and Weiss [$2], Jenkinson and Pollicott [55,56], Jenkinson [51],
Chousionis, Leykekhman and Urbanski [19], et.al.

The study of the Hausdorff dimension of the set F(i)) goes back to Good. In
1941, Good [13] obtained some bound estimation for its Hausdorff dimension. In

1997, Luczak [72] and Feng, Wu, Liang and Tseng [10] considered the case when
Y¥(n) = a” (a,b> 1) and obtained the following result.

Theorem 6.3 ( [10,72]). For any a,b > 1,

n 1
dimpy {90 €[0,1): an(x) > a" for infinitely many n} =T

In 2008, Wang and Wu [91] completely determined the Hausdorff dimension of the
set F(v) for any positive function ¢ defined on N.

Theorem 6.4 ( [91, Theorem 4.2]). Let ¢ : N — R be a function. Suppose

lim inf log ¥(n)

n—00 n

= logb.

(1) If b=1, then dimy F(y)) = 1.
(2) If 1 < b < oo, then dimy F(¢)) = s,, where

sp :=dimy {z € [0,1) : a,(z) > b" for infinitely many n}.

Also, s : (1,00) = [5,1] is a decreasing continuous function satisfying

1
lims, =1 and lim s, = —.
b—1 b—o0 2

(3) If b= o0, let

log 1
lim inf M = logd.
n—oo n
Then we have
1 d=
29 )
dimpF(y) = ¢ 755, 1<d < oo,
0, d =00
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6.2 Hausdorff dimension of the exceptional sets
It is immediate from the Borel-Bernstein Theorem that

log ay,
lim sup 284l t) (z)
nooo  logn

=1 (6.1)

for Lebesgue almost all z € [0,1). The fractional dimensional theory provides an
indication of the size and complexity in studying the exceptional sets of (6.1). More
precisely, we would like to consider the Hausdorff dimension of the set

Eop (V) = {x €1[0,1): lim_}sup% = 1} :

where 1 is a positive function defined on N.

Theorem 6.5. Let ¢ : N — RT be a function with 1)(n) — oo as n — co. We have
(1) if (n)/n — 0 as n — oo, then dimy Egyp(¥) = 1,

(2) if p(n)/n — a (0 < a < o0) as n — 0o, then dimy Eg,,(¥) = S(«), where

S(a) = dimpg {x €0,1): ay(z) > (exp(a))” for infinitely many n},

(3) if (n)/n — oo as n — oo, then dimyg Egyp(¢) = ALH, where A is given by
log A = lim inf M. (6.2)
n—00 n

Proof. The proof is divided into three parts.

(1) The case ¥(n)/n — 0 as n — oco.
In this case, our strategy is to construct a suitable Cantor subset Ey/ (1)) of Egup(1))
and then establish a connection between Ej/(¢) and Ej; by means of a (1 4 ¢)
Holder function. Choose a sequence (my)g>1 with my = 2% For any M € N, define

En(®) = {x € [0,1) : apm (z) = |expp(my)] and 1 < a;(x) < M (i % my), Vk > 1}.

From the definition of Ej/(1)), we can easily obtain

En () € Eap(¥)- (6.3)

In the following we shall make use of a kind of symbolic space to estimate the
Hausdorff dimension of Ej/(v). Let

C, = {(01,--~ cop) €EN" 1oy, = |lexpy(my)] and 1 <oy < M, 1 <i#my < n}

For any n > 1 and (o4, ,0,) € C,, we call
Jn(ala T 70n) = U In+1(017 5, 0n, Un+1)
On+1
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a basic interval of order n, where (o1, ,0,,0,41) € Cpyq. Then
ﬂ U I<017"'7 ﬂ U J<O_17"'7Un)-
n>1 (o1, ,0n)ECH n>1( - ,on)€ECH

Let t(n) = #{k : 28 < n}. Clearly we have

t
im 1 _ (6.4)
n—oo N
For any (o1, - ,0,) € Cy, let (01, ,0,) be the block obtained by eliminating
the terms {0, : 1 <k <t(n)} in (o1, ,0,). Then we can write

(0-17"' 70n) € {1727 7M}n_t(n)‘

For convenience, write

[n(017 e 7an) = n—t(n)(alv e 7Un)- (65)

It is worth to note that lim ¢ (n)/n =0 and my, = 2% (k > 1), then

n—oo

t(n)
0 < limsup — L Z@/} m;) = limsup — L (1/1(m1) + p(ma) + -+ - + Y(mymy))

n—o0 n—oo

<limsup % (W) +v2*)+-+ ¢(2t(n)))

n—oo

<limsup in (1/)(21) + (23 + - + ¢(2n))

n—00 2
‘ zz}(2n-|—1) ) w(2n+1)

<1 2 9] R A
lfln Sup on+l on lin Sup gn+1 ’

where the last inequality holds for the general form of the Stolz-Cesaro Theorem.

Thus we have -
t(n
lim sup — Z Ww(my) : (6.6)

n—oo

Lemma 6.6. For any € > 0, there exists N1 such that for any n > N; and
(0'17 e >Un) € Cn;

(o1, 20| = [Talon, -+ )7+

Proof. Let € > 0, it follows from (6.4), (6.5), (6.6) and Lemma 3.10 that there
exists N7 such that for any n > Ny and (o4, -+ ,0,) € C,,

t(n)
€ VN n—t(n)—1)e 2
G sy (01, 00) 2 20702 > 2 T T (expap(mi) + 1) (6.7)

i=1
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In view of (6.7), by Lemma 3.10 and Proposition 3.11, we have

1 1

‘In<0-17 Tt 7Jn)|

>
“2¢3(01, 0, 00) ) 2
2 n—t(n) (017 o 7Un> H (eXp w(ml) + 1)

=1

2 242 7 N
qnft(n) (017 e ’O‘n)

]

For any = 1,19, -] € En(¥),y € [11, 72, -] € Ep(¥) and x # y, then there
exists the greatest integer n such that z,y are contained in the same cylinder of
order n, i.e., z,y € I,(01, -+ ,0,). For the case when 1, # 7, we write z,y €
Iy :=1[0,1). Therefore there exist l,,1 # 741 such that (o1, 04, l11) € Cha,
(01’ T >Unarn+1) €Chprand x € [n+1(017 5, 0n;, ln-i—l)a y e In+1<01a T 70-n7/r.n+1)
respectively. We next compare |z — y| with |I,(oy,- -+, 0y,)|. Since

Lsi(on, -+ 0 o) (Y Err(¥) = Jnsa(on, -+, 0n, b)) [ Ear(¥),

In+1(017 Ty 0n, Tn—i—l) ﬂ EM(¢) = Jn+1(017 Ty O0ny, Tn+1) ﬂ EM(qu))a

we have x € J,1(01, -+, 0n,lnt1),y € Jur1(01, -+, Ony Trg1). S0 |z —y| is not less
than the gap between J,,11(01, -+ , 05, Tnt1) and Jpy1(o1, -+ 0y lng).

Lemma 6.7.

1
|x —y| > mun((h,-.. 7Jn)|.

Proof. Without loss of generality, we assume that x < y and n is even, for others
cases, the proofs are similar. Notice that n + 1 # my for any k € N, otherwise
lns1 = Tni1 = |exptp(mg)]. So we divide the proof into two parts.

(i) If n +2 = my for some k > 1, then y — x is greater than the distance
between the left endpoint of J,,1(01, -+ ,0n, Tne1) and the right endpoint of
Jnr1(o1, 0, lny1). Let |exp(my)| = t, then ¢ > 1. We deduce from
Proposition 3.11 that

(Pt + Do +P0c1 (o + 57)P0 +Pua
ly — x| > I - 1
("1 + )@ + @1 (1 + 77)00 + @

‘ln+1_7’n+1+t+%_%| ‘ln+1_7’n+1’_‘p+1_%|
S Me2pg 7 (M 2P
1 1
|In<0-17"' 7an)|

> >
T2(M +2)2¢2 — (M +2)3
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(ii) If n+ 2 # my for any k > 1, similar to case (i), then we have

‘y — .7}‘ > (Tn+1 + 1)pn +pn,1 B (ln+1 + M;-H)pn +pn_1
(rnJrl + 1)qn + Qn-1 (ln+1 4 M;H)qn ¥ gt

ot + 1= bt — 3] et = bon| = 11— 3751
- (M +2)%q - (M +2)%q;,
1 1
> >
(M +2)3¢2 — (M +2

)3‘177,(0—17 T 70—77,)‘-

Consider a map f: FEy(¢) — Ejr defined as follows:
x=|oy, 0, — f(x) = lim [0, -+, 0,].
n—oo

For any € > 0, by Lemma 6.6 and Lemma 6.7, when x,y € F);(1) satisfying

1
=Y < = min In, (01, - ,0 ,
| y| (M+2)3 (0_1"“’01\]1)601\71 {‘ Nl( 1 N1>|}

where N is the same as in Lemma 6.6, we have
_ 1 3 e
|f(@) = fW| < [ Tnloy, -+ o) < u(on, -+ o) |77 < (M4 2) T |z — y| 1.

It follows from Proposition 3.2 and (6.3) that

1

Hence by Theorem 6.2 (¢ — 07 and then M — o0), we have
dimy By (1) = 1.

(2) The case ¥(n)/n — a (0 < a < 00) as n — 0.
It is clear that Egu, (1) equals to

Fla) = {x €0,1): limsup% — a} .

n—oo

Upper bound: For any 0 < € < «, the definition of set F(«) implies that
Fla) C {x €[0,1) : an(z) > (exp(a —¢))" for infinitely many n}
We deduce from Theorem 6.4 (let ¢ — 07) that

dimpg F(a) < S(a).
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Lower bound: Choose a sequence (my)x>1 satisfying

1
m1:1, m1+---—|—mk§k—+1mk+1 foranyk22.

Fix M € N and define
Fy(exp(a)) = {x €[0,1): |exp(lamg)] +1 < apy, (x) < 2|exp(amy)| for all k£ >1

and 1 < a;(x) < M for i # my, for any k > 1}.
Using the same method in the proof of [94, Theorem 3.1], we can show that
Fu(exp(a)) € F(a).
It follows [94, Lemma 2.5] (let M — oo) that
dimyg F(a) > S(a).

The case 1(n)/n — oo as n — oo. A
Upper bound: For any 0 < ¢ < 1, we have Eg,,(¢) C E(¢), where

A

E@) = {a: €1[0,1): an(z) > exp (¢(n)(1 —¢)) for infinitely many n}

Notice that (n)/n — oo as n — oo, then it follows (6.2) and Theorem 6.4 that

. . ~ 1
dimpy Eg,p(¢) < dimg E(y) = VR

Lower bound: We construct a suitable Cantor type subset of Eg,,(¢) in three
steps. Firstly, we define function

f(n) = miny (k) for any n > 1. (6.8)

k>n
So 6(n) is well defined for ¢)(n) — oo. It follows (6.8) that
f(n) <1(n) and O(n) <O(n+1) for any n > 1. (6.9)
Furthermore, we claim that
6(n) = (n) for infinitely many n. (6.10)
If not, there exist N € N such that for any n > N, 8(n) < ¢(n). In view of (6.9),

O(n) < rgn@b(k) for any n > N,

which contradicts to (6.8). Secondly, we define a sequence (d,),>1 as follows:

n—1
d; =expf(1) and d, = min {exp 0(n), H d;?‘”‘f} (n>2). (6.11)

k=1
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Then we easily obtain

1o = dA1+5)
| log ds1 | & (kUI ¢ -
lim sup oo d oo d < lim sup — =A-1+e (6.12)
n—oo lOgd; +---+loga, n—00 logH dy

By (6.11), we also claim that
d, = expf(n) for infinitely many n. (6.13)

If not, then there exist N € N such that for any n > N,

n—1
expf(n) >d, and d, = H dii=tre (6.14)

From (6.14), it follows that d,, = d**5 (n > N) and

n—1

e (ﬂdk) dyar - dyvsa e dy

k=1 k=1
_ < kl]jl dk> ‘ <£’[1 dk> A-lie ( ﬁdk> (A—1te)(Ate)
(T«

k=1

)A 1+e)(A+e)n—N-1

(11
liv[ >A+€ . (6.15)

>1+(A—1+5)+(A—1+6)(A+5) (A=14¢)(Ate)n—N-1

A

Combining (6.14) with (6.15), we have

A— 1+€
logf(n+1) n+1-N log ( > log dk)
log(A 6.16
1 e les(Ate)+ ] : (6.16)
then by (6.9) and (6.16),
1 1 log 6 1
lim inf % > lim inf M > log(A +¢) > log A,
n—00 n -+ n—00 n-+1
which contradicts to (6.2). Thirdly, we chaim that
lim sup logdv, _ 1 and d, — 00 as n — o0 (6.17)
n—00 w(n) " . ‘

In fact, on one hand, by (6.9) and (6.11), we have

lim sup log d
n—o00 1/}(77,)

<land d, <d,:1 (n>2).
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On the other hand, by (6.10) and (6.13), we obtain

lim s log dy >
im sup >
n—00 1/)(71)

Now we use the sequence (d,),>1 to construct a subset of Eq,,(¢). Let M be the
positive integer such that t,, = M|d, | > 3 for any n > 1. Set

E((dy)ns1) = {x €[0,1): M|d,] < an(z) < 2M|dy], ¥ n > 1}.

By (6.17), we can check that

E((dn)nz1) € Eaup(t)). (6.18)

It follows Lemma 5.8 that
dimgg B((dy)ost) = — S (6.19)
2+ hflnﬁs;}p bgtli—fﬂ% 2 + hflnﬁs;}p wliﬁ
We deduce from (6.12), (6.18) and (6.19) that
dimyg Egup(v0) > dimp E((dy)n>1) > ﬁ

This shows that ]

dimy Fgp(¢) > 11

]
Remark 6.8. Comparing Theorem 5.16, Theorem 5.18 with Theorem 6.5, we have
under the condition that 1)(n) — oo as n — 0o. More precisely,
(i) ¥(n)/n — 0 as n — oo,
1
(7i) Y(n)/n — a (o >0) as n — oo,

(iii) ¥(n)/n — oo as n — oo,

N | —
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In the following we give an example to show that the dimensional result changes
essentially when we replace lim by liminf or limsup. The phenomenon also happens
in Liao and Rams [09].

Example 6.9. Let 1 <a <b< oo and

a”, if n is even,
v(n) =4, L
b, if n is odd.

Then | |

lim inf M =loga and limsup M = log .

n—0o0 n Nn—00 n
Also, we have
lim sup o+ 1) = lim YRk +1)
noo Y1) 4o+ (n) koo (1) + -+ -+ P(2K)
p2k+1
= lim = b2 — 1.

kﬁooa2+"'+a2k+b1+"'+b2k—1
It follows from Theorem 5.16, Theorem 5.18 and Theorem 6.5 that

. 1 ) 1
= dimpyg E(Q/}) < b—|——1 = dimpyg Einf(l/J) < a1

02+ 1 = dimy Equp (V).
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6.3 Hausdorff dimension of sets related to the exceptional sets

In this section, comparing with Theorem 6.5, we continue to study the Hausdorff
dimension of the exceptional sets when adding the hypothesis of the monotonicity of
the sequence of partial quotients (a,(x)),>1. We study the set

Esp(A, ) = {x eA: limsup% = 1}.

where 1 is a positive function defined on N. We show that the monotonicity of the
sequence (a,(z))p>1 is also redundant for the case when ¢ (n) grows faster than logn.

Theorem 6.10. Let ¢ : N — R* be a function with 1)(n)/logn — oo as n — oo, then

dlrnH Esup(A> @b) = A—_H>

where A is given by

log A = lim inf M.

n—oo n

Proof. Upper bound: For any 0 < € < 1, we have

Esup(A,¥) € AN E(expip(n)),

where
E(expi(n)) := {x €1[0,1): ay(z) > exp (¢(n)(1 —¢)) for infinitely many n}

Then

1
ditny Euup(A, ¥) < min {5, dimy E(exp v (n)) } (6.20)
By Theorem 6.4, we have
[%,1], O<11m1nfw < 00,
dimy E(exp¥(n)) = ¢ noree w(n) (6.21)
St liminf == = oco.
n—oo

We remark that 0 < lim inf d’ ) < implies

n—oo
lim inf ——— g¢( ) = log 1. (6.22)
n—oo
It follows from (6.20), (6.21) and (6.22) that
dlInH Evsup(A ¢) A + 1

Lower bound: Let (ci;)nzl be a sequence of real numbers defined as follows:

d; =3 and d, = min {exp@ H NA 1+€} n > 2), (6.23)
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where 6(n) is the same as in (6.8). Then we easily obtain

log d/n:l log d/n\+/1

lim sup = — = lim sup = =
n—oo logdy + -+ logd, n—oo logdy + -+ logd,

log (H C’{];A—l-i-a)
=1 A-1

< lim sup — =A—1+e¢. (6.24)
k=1

Using the same analysis in the proof of the part (3) in Theorem 6.5, we have

_ log d,,
lim sup

—1 andd, <d,.,, ¥Yn>2 6.25
o (1) = = (6.25)

This implies that

d, — 00 as n — oo.
Together with ¥ (n)/logn — 0o as n — oo, we deduce from (6.8) and (6.23) that

. logd,
lim = 0

n—oo logn

(6.26)

Let M be the positive integer such that s, = M |d,,| > 2 for any n > 2. Set
F((sn)n>2) = {x €0,1): 1<a(x) <3, ns, <ap(zx) < (n+1)s,, Vn> 2}.

By (6.25), we have

F((sn)nz2) © Eoup(A, ). (6.27)
From (6.26), it follows that
21 1)! +log s, 21 1)! 108
lim sup og(n + 1)! +108 s < limsupw + lim su _ OBt
n—00 log(sz -+~ sp) n—oo log(ds---dy) n—oo log(ds---d,)
21 2 log d,
< limsup &,\t) + lim sup e =
n—oo  logdy,iq n—oo logdy + ---+logd,
log
= lim sup — 08 Gnt1 —.
n—oo logds + ---+logd,
By Lemma 5.15, we deduce from (6.24) and (6.27) that
. . 1
dimgy ESUP<A7 ¢) > dimy F((SH)HEQ) = 2 + lim sup 2log(n+1)!+log spy1
s 00 log(s2:++sn)
1 1
= log d ¢ z A+1+¢
: 0g tn+1
2+ lmsup o
This shows that .
ChrnH Esup(Aa ¢) 2 A—‘i‘l
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Besides, for the case when the limit does not exist in E(¢) in Theorem (5.18), it is
natural to study the Hausdorff dimension of the intersection of the corresponding set
of limsup and liminf, i.e.,

H(a, B) = {ZB €[0,1): hg%gf% = q, hinfogp% _ 5} _

For the case 0 = a < 8 < 00, we easily obtain
dimp H(«, ) = dimpy Eg, (¢).
For the case 0 < o < 8 < 0o, We obtain some partial results about dimy H («, [3).

Theorem 6.11. Let ¢ : N = R" be a function satisfying 1 (n) — oo as n — oo. If

1
lim v(n) =0 and lim Yntl) =1, (6.28)
n—oo N n—o00 w(n)
then we have )
dimy H(o, §) = 3

Proof. Upper bound: For any 0 < a < 8 < 00, obviously we have
H(a,p) C {x €0,1): an(z) > oc0asn— oo}
Hence we deduce from Theorem 5.3 that

N | —

Lower bound: Consider a sequence (my)g>1 with my = 2% and define
H(a,B) = {:13 €[0,1): am,(z) = |4exp(Beb(my))] for all k> 1 and
[2exp(ath(i))] < ai(w) < [4exp (av(i))] (i # my) for any k> 1},
Then the definition of H(a, f) immediately shows
H(a, 5) € H(o, ) (6.20)
To estimate dimy H (v, 5), we shall make use of a kind of symbolic space. Let
C, = {(01, e ,0n) €N oy, = [dexp(By(my))] for any k > 1 satistying my, <n
and |2exp(ap(i))]| < oi(z) < [dexp(aw(i))] for 1 <i#my < n}
Then it follows that

Hao ) =) U Ilon- .00 (6.30)

nzl (o1, ,0n)€CH
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Now we define a mass distribution g which is supported on H(c, 5) such that for any
n>1and (o1 ,0,) € Cp,

1
p(ly(op, - 0,)) = o (6.31)
By the construction of C,,, we have
[ exp(av(i)) — 1) < 4C, < [ (2exp(agp(i)) + 1), (6.32)

=1 =1

where « signifies the absence of my, in [1,7n] in the product. Next we aim to prove that
for any z € H(a, ),
1 B
lim inf 128 B 1))
p—0 log p
Indeed, for any p > 0, there exists an integer n such that

|In+1(017 T 7Jn+1)| <p S |In(017 e 70n)|- (634)
By Lemma 3.13, we have B(x,p) C I,_o(z). In view of (6.34), then
log (B, p))

1
> —. 6.33
> (6.3)

inf lOg :u(-[n—2(0-17 e 7an—2)>

lim inf > lim . 6.35
p—0 log p ~ nooo log Loy, 0nga)] (6:35)
Thus by (6.33) and (6.35), it suffice to prove that
1 I e O 1
hHllnf Og/’l’( n 2(017 70-7’1 2)) Z _.
nooo log | Lnti(on, -+, Ont1))] 2
Together with Proposition 3.9 and (3.10), we have
n+1 n+1
9~ (n+3) . HU{Z < |Lypa(on, - s opp)] < HUZZ- (6.36)
i=1 i=1
It is worth to note that )(n) — oo as n — oo, then
1 n+1
Jim ;w(z) = 0. (6.37)
Let t(n) = #{k : 28 < n}. With the same estimate in (6.6), we have
1 t(n+1)
li i) = 0. 6.38
t o 2 v (6.33)
By (6.37) and (6.38),
t(n+1)
> w(my)
lim ————— =0, (6.39)

n—oo Ntl

g (i)
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Then we obtain

*(n—2)
; log (2 exp(ap(i)) — 1)
TLILII;O T =1. (6.40)
a ; ¥(i)
In fact, by (6.28) and (6.39), on one hand,
*(n—2) ‘
> log(2exp(ay(i)) — 1)
lim —=2
n—00 *(n+1) )
a ; ¥(i)
n—2 ) t(n+1)
Z log (2 exp(ap(i)) — 1) — Z log (2 exp(ah(m;)) — 1)
> lim inf =2 =1 =1,
n—o00 n+1 )
a ; ¥(i)
on the other hand,
*(n—2) . n—2 )
> log (2exp(ay(i)) — 1) a Y (i)
lim —= < lim sup = =1.
N—00 *(n+1) ' 00 n+1 . t(n+1)
25w 05w —a 3 wimg

It follows (6.31), (6.32), (6.36), (6.39) and (6.40) that

i inf log p(I—2(o1, -+ ,0n—2))

n—oo  log|lyy1(01, -+, Ot
*(n—2)
— > log (2exp(arp(i)) — 1)
> lim inf ——=2
n— o0 n+l
—(2n+3)log2 -2 > logo;
i=1
*(n—2) .
— > log (2exp(ay(i)) — 1)
> liminf =1 = -
n—00 *(n+1

) t(n+1) 2
—(10n +11)1log2 =2 a > v@H) +8 >, ¥(my)
i=1 i=1
We conclude from (6.29) and Proposition 3.6 that

N | —
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Remark 6.12. For any 0 < a < 8 < o0, denote

E, = {:c €[0,1): liigiorolf% = a} and Eg = {:c €[0,1): lirr;sup% = B}.

By (6.28), we deduce from Theorem 5.16 and Theorem 6.5 that
. 1 .
dimpg F, = 5 and dimpg Fg = 1.
Thus Theorem 6.11 indicates that
dimy H(a, f) = dimy(E, N Ez) = min { dimy E,, dimyg Eg}.

In general, the Hausdorff dimension of the intersection of two sets is expected to
behave well. In fact, on one hand, Falconer [32,341] introduced classes of sets with large
intersection. They are composed of subsets of R” with Hausdorff dimension at least s
satisfying the property that countable intersection of the sets still have dimension at
least s. In this suitation, for £ C R™ and F' C R", we have

dimg(E£ N F) = min { dimg F, dimg F}

On the other hand, the Hausdorff dimension of the intersection of two subsets of R™ is
expected to satisfy the codimension formula (see Falconer [33, Chapter 8]), i.e.,

dimp(F N F) = dimy E + dimyg F' — n.
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7 Fourier transform of coin-tossing type measures

In this chapter, we focus on a class of probability measures called cion-tossing type
measures. The explicit pointwise rate of decay of Fourier transform of coin-tossing
type measures for general weight functions is determined. Based on Davenport-Erdés-
LeVeque Theorem, we use the method of Cassels and Schmidt to prove that almost all
real numbers are absolutely normal with respect to coin-tossing type measures.

7.1 Coin-tossing type measures

The coin-tossing type measure is an infinite convolution on [0, 1] defined by

=i (30 o)+ 0= )5 ) (1)

where ¢ is a weight function defined on N taking values in (0,1). Such a measure has
a simple probabilistic interpretation: Consider the random sum

S=) X,27",
n=1
where (X,,),>1 is the sequence of independent random variables satisfying
1 1
P(X,=0)= 5(1 + ¢(n)) and P(X, =1) = 5(1 — ¢(n)).
Then p is the probability distribution of random sum S. The classical Jessen-Wintner
law of pure types [81] implies that p is either absolutely continuous or singular. In
1943, Salem [30] gave a characterization that p is singular if and only if the series

S ¢%(n) is divergent. In the meantime, he obtained a necessary condition for which p
is a Rajchman measure.

Theorem 7.1 ( [36]). Let p be the measure given by (7.1). If i is a Rajchman measure,
then we have ¢p(n) — 0 as n — oco.

Proof.

A(t))* =[] (¢*(n) sin® 727"t + cos® 727"t) .
n=1
Choosing ¢ along with the sequence (2),,>1, we have
2™ = ¢*(m+1 ?(n) sin® 72" 4 cos® m2" "
1
n=m-+-2

> ¢*(m+1) ﬁ cos? M2 = %gzﬁQ(m +1).

n=2

The above fact shows that if ¢(n) - 0 as n — oo, the measure p is not a Rajchman
measure. Thus the proof is complete. O
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In 1971, Blum and Epstein [8] proved that ¢(n) — 0 as n — oo is also a sufficient
condition of u being a Rajchman measure.

Theorem 7.2 ( [3]). Let p be the measure given by (7.1). Then we have

limsup |2(t)| < limsup ¢(n).

t—o00 n—o00

Proof. For convenience, set § = limsup,,_,., #(n), then we have § < 1. It is trivial for
the case when 0 = 1. For § < 1, let o be any real number satisfying 62 < o < 1, then
there exists an positive integer M such that ¢*(n) < o whenever n > M. Thus

oo

17(t))? = H (¢°(n)sin® 27"t 4 cos® 127"t)
n=1
< (a sin? 127"t + cos? 7T2’”t)
n=M+1
= H (asin® 127" + cos® 127 "s), s =27M¢. (7.2)
n=1

Since each factor in the product in formula (7.2) is nonnegative, the value of this
product, denoted by f(s, ), is unaffected by multiplying out the factors and assembling
them according to powers of a. We have

a tf(s, a) :a_IHcos2§+f1(s)+f2(8)a+~-~ : (7.3)
n=1
where the exact nature of the functions fi(s), fa(s) -+ is of no concern. Notice that

oo .9
o ™S sin“ms
| |cos — =

vt 2n (ms)?’
then it follows (7.3) that
a Mimsup f(s,a) = limsup(fi(s) + fo(s)a +---). (7.4)
5—00 5§—00
Since each of the functions fi(s), fa(s)--- is nonnegative, the sum appearing on the

right side of (7.4) is not decreased when « is replaced by 1. Notice that f(s,1) =1,

.2

sin® s

o imsup f(s,a) = limsup (1 — —7;) <1,
s—00 S—00 (7'['5)

which, in combination with §? < a < 1 and (7.2), implies that

limsup |72(t)|* < limsup f(s, a) < 6%

t—o00 S§—00
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It is well known that if the sequence (27"),>1 is replaced by (a™"),>1 (@ > 3) in
the construction of the measure p in (7.1), then the corresponding measure is always
singular. We give a proof of it for the sake of completeness.

Proposition 7.3. Let a > 3 be an integer and

o= w22 (14 o)+ 31— o) ).

Then p, is not a Rajchman measure.

Proof. Notice that

e

[ (t)])? = (%(1 + ¢*(n)) + %(1 — ¢*(n)) cos 27ra_”t)
= H (¢°(n) sin®(ra™"t) + cos*(ma"t)) (7.5)

> H cos? (ra™"t)
n=1

Choosing t along with the sequence (a*)>1, we have

\Tta(a®)]? > Hcos ra "t = HCOSQ a "7 > cos® 7[[2 22 — COSQE > 0.
O
The study of Fourier transform of coin-tossing type measures goes back to Hartman
and Kershner [11]. For the case ¢(n) = n"z, they proved that
[A(B)] = O(log™ [#]) as |#] — oo. (7.6)
Bisbas [0] investigated the asymptotic behavior of averages of the Fourier transform

of the coin-tossing type measures. Theorem 7.1 shows that ji(t) does not vanish at
infinity under the condition that ¢(n) /4 0 as n — co. Motivated by this point, Gao
and Wen [12] recently proved that the Fourier-Stieltjes coefficients of the coin-tossing
measures could vanish at infinity along with some integer subsequences.

Observe that for the case ¢(n) = 0, p degenerates into the Lebesgue measure on
[0,1]. As we show in Example 4.4,

()] = O(lt] ™) as [t] — oo. (7.7)

It seems that the more rapidly ¢ decreases to 0, the more rapidly the rate of decay of
f(t) tends to 0. We shall show that this is indeed the case. Recall that

[e.9]

(t))* =[] (¢*(n) sin® 727"t + cos* 127"t) . (7.8)

n=1
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The right hand side of (7.8) shows that the Fourier transform fi(t) is related to the
behavior of the fractional part of the sequence (27"t),>;. For convenience, we denote
the distance from ¢ to the nearest integer by ||¢|| = mingez [t — ¢|. Let

agi={t |t l< 25,
where K is a positive number depending on ¢.
Lemma 7.4. Ift ¢ A,, then there exists a positive number ¢ := d, < 1 such that
|p?(n) sin® wt + cos® 7| <5 <1 foralln > 1.
Proof. Notice that ¢(n) is non-increasing, it is obvious that

|p%(n) sin® 7t + cos® t| = |1 — (1 — ¢*(n)) sin? 7t
<1—(1—¢*1))sin* 7275 =5 < 1.

Let "
R, = {t € (0,00): |t — §| < 275%™ for some odd k } ,

where K, is the same as in set Ay. In other words, all points in R,, are at a distance
at least % — 275~ from the nearest integer. Then the value of cos? 7t is small when
the point t falls into the set R,,. More precisely, we have

|cosmt| < |sin(n2 Fe™™)| < w27 K¢ for t € R,,. (7.9)
Now let ¢t > 2 be fixed, suppose that m > 1 is the unique integer satisfying
2m <t < 2mH
Consider the set
of = {1 gngm:Q*”teAd,}, ko= t(d). (7.10)
That is, there exist exactly & (k < m) indices in & for which 27"t € A, among the
indices of 1,2,--- ,m. We split & into a disjoint union LJJ B;, where B; := {n; —1;,n; —

=1
l; —1,--- ,n; — 1}, being a block of I; consecutive integers, and thus

J
> L=k (7.11)
=1

Note that n; (the i-th good index) is the first index which does not fall into A4 among
the integers between B; and B;,;. Obviously,

ni > l+1. (7.12)
s=1

We refer to Figure 3 for a graphical description of the above statements.

73



Fourier transform of coin-tossing type measures

the i-th block B; with length [;

the i-th good index

1 ll ni— 1, ni n; —1; ni—2 n;—1 n; —1; n,—l njom

Figure 3 — Behaviour of fractional part of (27"¢),,>1.

Lemma 7.5. Let n;,l; be as above. Then we have 27"t € Ry,.

Proof. By the definition of B; and n;,
27"t ¢ A¢, 2_(ni_1)t S A¢, 2_(ni_2)t € A¢, SR ,2_(ni_li)t S A¢.
Note that
(1277t — ko| > 2750
27Dt k| < 2750
27Dy | < 27K (7.13)

(|27 g — f, | < 27K

where k; is the integral part of 2~ (=it (0 < j < I;) respectively, we claim that
by, = 21y (7.14)
Indeed, consider the two equations
2~ — k4 ey and 27T =y + e,
where |e1| < 2754 |ey] < 275¢, we have
12k1 — ka| = 261 — 26| < 3-27F% < 1. (7.15)

Since the left-hand side of (7.15) is an integer, it follows that 2k; = k. Similarly,
(7.14) follows that there are [; consecutive integers which fall into Ay, i.e., |g;| <
27K for all 1 < j < ;. Substituting (7.14) into the last inequality of (7.13), we have

|27t — Ky /2| < 27 Kol (7.16)
Combining the first inequality of (7.13) with (7.16), we know that k; is odd and thus

27"t € Ry,.
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In view of Lemma 7.4 and Lemma 7.5, we could obtain an upper bound estimate
of the rate of decay of i(t).

Lemma 7.6. Let p be the measure in (7.1), then we have

J
A < oI T (62 (n) + w2220t

i=1

Proof. We deduce from (7.8) that

=T

7(t)? (¢°(n) sin® 727"t + cos® 727 "t)

i
I

IA
=

(¢°(n) sin® 727"t + cos® 727 "t) (7.17)

Il
N

J
< gmh—i H (¢2<n1) + 7T2272(l¢+K¢,)) ’
i=1

where the last inequality holds for the reasons listed as follows:

(i) It follows (7.10) that there exist exactly m — k values of n (n = 1,2,--- ,m) such
that 27"t ¢ A,. Among these indices, there are j good indices n;. For theses
good indices, we deduce from (7.9) and Lemma 7.5 that

¢2(nz) sin® w27t + cos? 727Nt < (bQ(nl) + 292t Ky,
The remaining m — k — j factors are less than ¢ from Lemma 7.4.
(ii) The rest k factors in the products in (7.17) are replaced by 1.
O

In the following we present explicit pointwise rate of decay of Fourier transform of
coin-tossing type measures for general weight functions.

Theorem 7.7. Let o be the measure given by (7.1). Suppose ¢ : N — (0,1) is a
non-increasing function with ¢(n) — 0 as n — oo, we have

(1) if 6(n) < 20(n + 1) for any n > 1, then [A(5)] = O6([logs |#]])), where 7 =
min{1, _1°2g25} and § € (0,1) is a constant depending only on ¢;

(2) if (n) > 26(n+1) for anyn > 1, then [fi(t)] = O(|t|™), where y = min{}, ~%22}
and § € (0,1) is a constant depending only on ¢.

Proof. We divide the proof into two parts.
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(1) By Lemma 7.6, we have

J

AR < 0 T (2(ns) + n22200K0) (7.13)
i=1
Under the condition that ¢(n) < 2¢(n + 1), it is clear that
(1 +1y) < 22¢(1 + 1y + 1y). (7.19)
Notice that ¢(n) is non-increasing, together with (7.12), we have
gb(nl) S ¢(1 + 11 + l2 + -+ ZZ) (720)

Let K, be large enough such that
$*(2) + w47 e 24 Ko < 1and w275 < 1.
Here, we may choose

52

11 R —
2 B —22)

In view of (7.19), when j = 2, we have

f[ —2(1; +K¢))

=1

(¢ —2(l;+Ky) ) (¢2(n2> + 7T2272(11+K¢))
< (¢2( )+7T24 1-Ky +7T247K¢) ¢2(1+l1+l2> +7T4272(l1+l2+2K¢)
< PH1 41y + 1y) + w22 2(iFlAKy)

K¢) = K¢71 =

Then we estimate the right-hand side of (7.18) by induction on j.

J
H (¢%(n;) + w2~ 2(1+K¢)§¢(1+11+52+ 1) 2Rl )
=1

= ¢?(1+ k:) + m2 2k Ky)

< (1+ ) 40
It follows (7.18) that
;
A)* < 0] (07 (na) + 722720 HE)) < Com R (k), (7.21)

i=1
where C' =1 + 724 %¢¢$72(1) is a constant depending on ¢. Notice that
m—j—k>0and j<k<m. (7.22)

The second inequality in (7.22) comes from (7.11). In the following we estimate
the right-hand side of inequality (7.21). Let

1 -1
0<m gmin{é, ©

220, _
5 }i=.

76



Fourier transform of coin-tossing type measures

(i) If & > yym, note that ¢ is non-increasing, it follows (7.22) that
0GR (k) < 6°6*([yim]) = ¢*([mm]).
(ii) If & < yym, then

SRR (k) < R GR(k) < NG R) = g ([rum]) —2 T
S ([yum)6
It follows 0 < ¢(n) < 2¢(n + 1) that
PUEm PR o @) s

¢ ([yam])o7n ¢2(Mmﬂ)5”l ¢*([nml)

[vim]—

T glnml=k  s= o = (4 5711)Hm1—k,5*% < 4.

Together with (i) and (ii), we have

[i(t)]* < 4C¢*([vam]).
Recall that 2™ < t < 2™ therefore we obtain
()] = O(o(]1ogy [t]1))- (7.23)
(2) We can choose K, = K42 := 3 such that
7T4274K¢ + 7T2272K¢¢2(1> + 7T2272(1+K¢)¢2(1) S 1

Under the condition that ¢(n) is non-increasing and ¢(n) > 2¢(n + 1),

(¢2 (nz) + 7_‘_22—2(li+K¢))

e[~

7

1
( 29 2(l1+K¢)+¢2( ))( 29— (12+K¢)+¢ )

(wiatHe 4 mPa 2o (1) 4 w2 20K G2(1)) 27204 4 G2 (14 1y + )
2"

<
< 2(l1+12) +¢2(1 +1 ‘l‘lz)

By induction on 7,

qbQ(n,) + 7T22_2(li+K¢)) < 9—2(litl2++1;5) + ¢2(1 +lh4+l+-F lj)

E]Q.

i=1
=272 L $2(1+ k) < (14 ¢%(1))27 % (7.24)

Combining Lemma 7.6 with (7.24), we have
AP < Cramtia (7.25)

where C; = (1 + ¢*(1)) is a constant depending on ¢. With the same method, let

0<y < min{é, —10g25} = .
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(i) If & > y9m, then
5m7k7j272k S 5027272171 — 272'ygm.

(ii) If & < vom, then

5m—k—j2—2k < 6m—2k2—2k < 5m—k/“y22—2k

7272m5m2272m L yom—k —2vam —2vom

Combining (i) with (ii), we get
A < Cr27em,

Therefore we obtain
()] = O([t] 7). (7.26)

]

Remark 7.8. Typical examples of weight functions ¢ in case (1) are (logn)~™, n"",
where T, Ty are positive constants, while for case (2) are k™", with k being a constant no
smaller than 2. Note that from the theorem of Ivasev-Musatov [0/], one can construct a
singular measure with a given rate of decay satisfying some reqular conditions. However,
our result is different, we show that for any given weight function ¢p(n), the rate of decay
of Fourier transform of corresponding measure in (7.1) is determined by the weight

function ¢(n).

7.2 Normal numbers

The classical Borel’s normal numbers theorem shows that almost all real numbers in
[0, 1) are absolutely normal with respect to Lebesgue measure. We know that Lebesgue
measure is Rajchman measure. Motivated by the uniqueness problem in trigonometric
series, Kahane and Salem in 1964 asked whether the classical Borel’s normal numbers
theorem is also true for any Rajchman measure. In 1986, Lyons [73] constructed a
Rajchman measure v (a variant of coin-tossing type measures) for which v almost
all real numbers are not normal to the base 2, and thus answered the Kahane-Salem
problem in the negative.

Davenport-Erdés-LeVeque Theorem indicates that when the rate of decay of Fourier
transform of a measure is fast (some appropriate logarithmic is enough), then almost all
real numbers are normal with respect to the measure. Using the method of Cassels [10]
and Schmidt [87], we shall show that the Kahane-Salem problem is positive for the
coin-tossing type measure p given by (7.1)whose rate of decay of its Fourier transform
obtained in Theorem 7.7 could be very slow.

Recall that

(e o]

) = T (51 6() + 51— o) ™). (7.27)

n=1
The following lemma is useful for estimating the factors in the product in (7.27).
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Lemma 7.9. Let ay,as be two positive real numbers. Then
lay + age®™| < ay + ag — 4min{ay, az }||t]]*.

Proof. Without loss of generality, we may assume that a; > aq, otherwise, replace t by
—t. Thus it suffices to prove

a; + as — la; + a262”t| > 4a2||t||2.

Using the basic inequality

4 T T
.2 2
t>—t°, forall — = <t<—
sin _W2,ora 5 St= 5
we obtain
sin® 7wt = sin® ||t]| > 4||¢||*. (7.28)
Notice that
(ay + ag + |ag + ase®™|)(ay + ay — |ay + ae®™™|) = 4ajay sin® 7t. (7.29)

We deduce from (7.28) and (7.29) that
(ay + ag + |ay + age*™|) (a1 + az — |ay + aze*™|) > 16a1as||t||* = dadaq||t|®. (7.30)
Since aq, as are positive real numbers, it is clear that
ay + ag + |ay + axe*™| < 4ay. (7.31)
Combing (7.30) with (7.31), we complete the proof. O

Theorem 7.10. Let p be the measure given by (7.1). Suppose ¢ : N — (0,1) is a
non-increasing function with ¢(n) — 0 as n — oo, then p-almost all real numbers are
absolutely normal.

Proof. We divide the proof into two cases.

(1) % € Q. In this case, a result of Schmidt in [87] indicates that « is normal to
the base b if and only if « is normal to the base 2. Then it suffices for us to show
that p almost all real numbers are normal to the base 2. Due to Theorem 4.17,
it is equivalent to prove that p-almost all real numbers are simply normal to all
of the bases 2% (k € N). Let o be a real number, then it admits a unique 2*-adic

expansion of the form

a=lal+ Z:l 5&;;?, e®(a)e{0,1,---,2F -1}, (7.32)

where the digits 57(1k)(oc) < 2F — 1 for infinitely many n. Given £k € N and m €
{0,1,---,2% — 1}, we define
B pn(a) = {a eR: eW(a) = m}.

n
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For simplicity, we also write

= L1+ 0(m) = p” and B(X, = 1) = S (1 o) = pl". (739

l\DI»—t

Then the sequence of characteristic functions (xg,, . (@))n>1 is independent but
not identically distributed random variables in the sense of the measure p satisfying

k
(B gen( Hpcj:f* n=Dk)  where m = ZciQi’l, c; € {0,1}.

i=1

By Kolmogorov’s strong law of large numbers, p-almost all real numbers «,

N
1
. (i+14+(n—1)k
AN Zl (xEnsn@) H% o) <o (7.:34)
By (7.33),
lim — §Njk| |1 pltitin=bk L (7.35)
N—oo N — i Ch—i 2k

Together with (7.34) and (7.35), we obtain that p-almost all real numbers «,

1
J&TJZXEM = 5

This shows that p-almost all real numbers « are simply normal to the base 2F.

(2) i‘;ﬁg ¢ Q. By Theorem 4.13, it suffices to prove

N—-1N-1

> DN = ™) = O(N*)

m=0 n=0

for all non-zero integer h, where n > 0 is a constant. It is easy to see that

N—-1N-1 N—-1N-—
> [aher —vm)| <2 ZZ )|
m=0 n=0 k=0
N—-1N-—
S2VE2) > [ - o).
k=1 n=0
Thus, it is enough to prove
N-1
[71(hb™)| = O(N'™") for all h € Z\ {0}. (7.36)
n=0
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Given a non-negative integer 7, we follows (7.8) that

[7(h27)|* = | | (¢*(n) sin® Th2™ ™" + cos® Th2™ ")

8

3
Il
_

—

(¢2(To + k) sin? Th27F + cos? 7rh2_k).

>
I
—

Suppose that
b=0,2" and h = hy2™,

where 21 b1,21 hy, and 71, 75 are two non-negative integers, then we also have

[(ho™)* = |fi(ha27 0727 )

=

—

(¢°(k + 72 + n) sin® hob{ 27" + cos® Thab}27")

i
I

IA
13

(¢° (k) sin® mhab27* + cos® mhob27%) < |fi(Rob?)|*.

e
Il

1

Thus by (7.27) and (7.36), it reduces to prove

>

n=0 k=1

(5000 + 51 - st ] —oWtT)  (731)

under the condition that 2t b,2 1 h. First, we claim that for any r > 1,

2"—1 oo

2 11

n=0 k=1

( (1+¢(k)) + ;(1 - ¢(k;))e2mhb"2"“) ‘ = O(2rt=m))y, (7.38)

where 7, is a positive real number. Let [ be an integer defined by
b=1(mod 2") and b # 1(mod 2. (7.39)

For the case when [ = 1, there exists a positive integer m > 2 satisfying 0? =
I(mod 2™). Moreover, Theorem 4.16 indicates that « is normal to the base b if
and only if v is normal to the base b%. Thus we only consider the case [ > 2. Under
the condition that 21 b,2 t h, we deduce from (7.39) that

(i) hb™ = hb"2(mod2') for all 0 < ny < ny < 27 — 1.

(i) b* = 1(mod2"™") and b* # 1(mod2!*") for all 1 <t < 2" — 1.

(iii) hb™ # hb"2(mod 277) forall 0 < ny < ny <27 — 1.

For 0 <n < 2" —1, if we have the expansion

= dp(n)2" =do(n)+- - +di (n)2 7 +di(n)2 4+ A di o (n)27T

k>0
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where di(n) € {0,1}, then (i) and (iii) ensure that r-strings

dl(n)le(H) e dl+r_1(n) (740)

take exactly one (and only one) of the 2" possible sets of values as n runs from 0
to 2" — 1. For convenience, we call (0,1), (1,0) regular pairs and denote the set

P = {(0,1),(1,0)}.

In the following we divide the indices n(0 < n < 2" — 1) into two cases, denoted
by I and 1. The index n belongs to case I if in the string (7.40) there are at least
[er](0 < e < 1) pairs of (dy(n),dy11(n)) belong to P, where | < k <l +7r—2;
otherwise n belongs to case I1. For case I, we consider the range of the fractional
part of ho"27% =2 clearly

do(n) + 4 dk(n)2k + dk+1(n)2k+1 c 13

no—k—2\7 __
{hiroh-2) = = o)

In other words,

1
|hb™27F2|| > T (7.41)

Notice that ¢ is non-increasing and case I contains at most 2" elements. Taking
d2 := £ 4+ £¢(1), by Lemma 7.9 and (7.41), we have

> I |26t + S - ety
nel k=1
<> 11 (%(1 +o(k+2) + %(1 — ¢k + 2))627”‘%"2“) ‘
nel k=1
<> T =20 otk + 2 nr227)
nel k=1
<> ] G sy =ttelen) — orlom), (7.42)

nel [er|<gk<l+r—2

where 1y := —¢elog, d2 € (0,1). For case I, we know that in the string (7.40) the
number of all combinations of the string such that there are exactly s(s < |er])
indices belong to P is 2(r — s). Thus the number of n for which there are less than
|er] regular pairs in the string (7.40) can not exceed

er)
Z 2r—s) < (26 —)r? +er <2707m) (0 <y < 1).
s=0

Hence we have

ZH( L+o(k)) + ;(1—¢(/€)) btz k)' ST r<otom (743)

nell k=1 nell
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Taking 19 = min{n;, 72}, we deduce (7.38) from (7.42) and (7.43). Let N be an
any positive integer with expansion

N=2"422 4. .42 0<r <ry<--- <71y (7.44)

The range of summation 0 < n < N — 1 in (7.36) could be subdivided into ¢
intervals of the type No <n < Ny +2" — 1, i.e.,

0,27 —1],[27, 2 4272 — 1], -+ 2" + 22 4 -+ 271 N —1].

Notice that

No+2"—1 oo

= ,H( L 0(h) + 51 - o) )|

=2 11

i <%(1 + (k) + %(1 — ¢(k))€2ﬂithobn2—k) ‘

= O(2"=m)y = O(N'~™), (7.45)

The reason why the formula (7.45) holds is that the above is just a sum of type in
(7.38) with hd™o instead of h. Tt follows (7.27), (7.44) and (7.45) that

N—-1
> [ =
n=0

N-1 oo

( L+ ¢(k)) + ;<1—¢<k>)62”""b"2’“)‘

- n:?\/o—:T 1 o 1
Z H < 1 -+ qb ) 5(1 — ¢(k))€2Wihbn2—k) ‘
n=Ng k=1

< 1 O(NT™) < (logy N)O(N'™™) = O(N'7).

[]

Salem’s characterization states that the divergence of the series Y ¢?(n) is a neces-
sary and sufficient condition for the measure p being a singular measure. Combining
Theorem 7.7, part (1) with Theorem 7.10, we obtain the following corollary.

Corollary 7.11. Let ¢ : N — (0,1) be a non-increasing function satisfying

ZQSQ(n) = 400, nh_)ngo d(n) =0 and ¢(n) < 2¢(n + 1) for any n > 1.

n>1

Then p is a singular Rajchman measure for which |ji(t)| = O (¢([vlog, [t]])), where
v = mim{%7 %} and § € (0,1) depending only on ¢. Moreover, p-almost all real
numbers are absolutely normal.

Example 7.12. Let ¢(n) = 1/loglogn, then we obtain a singular Rajchman measure
with slow rate of decay of its Fourier transform, i.e., |f(t)| = O (1/loglog([log, |t|]))-
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