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Résumé : L’étude de la structure et des ré-
actions nucléaires sur la base d’interactions nu-
cléaires microscopiques est un sujet central de la
physique nucléaire depuis ses débuts. Cependant,
des problèmes délicats ancrés dans les interactions
nucléaires microscopiques conventionnelles – par
exemple, l de diffusion neutron-deutéron Ay qui
n’a pas été décrit de manière cohérente même avec
l’inclusion des forces à trois nucléons — exigent des
études supplémentaires de l’interaction nucléaire
dans une approche modèle-indépendant. Ces der-
nières années, de nombreuses études concernant
la structure, les réactions et l’astrophysique nu-
cléaires dans un cadre covariant — telles que la
théorie de la fonctionnelle de la densité covariante,
la méthode de Dirac-Bruckner-Hartree-Fock et la
phénoménologie de Dirac — ont connu un grand
succès, soulignant l’importance de l’invariance de
Lorentz dans les systèmes nucléaires. Cependant,
en raison de l’absence de forces nucléaires chi-
rales covariantes de haute précision, le potentiel
CD-Bonn est largement utilisé dans les méthodes
relativistes actuels du traitement du problème à N-
corps, ce qui peut être considéré comme un com-
promis satisfaisant.

Cela motive l’étude de l’interaction nucléaire
dans le cadre de la théorie des champs effectifs
chiraux covariants afin de fournir des informations
supplémentaires sur les schémas mentionnés pré-
cédemment et d’explorer si l’interaction nucléaire
chirale covariante peut surmonter des problèmes
de longue date. En outre, la plupart des interac-
tions nucléaires chirales actuelles ne prennent en
compte que l’état fondamental des nucléons, les
contributions des états excités baryoniques étant
reléguées aux constantes de basse énergie (LEC)
d’ordre supérieur. Il a été prouvé que l’inclusion

explicite du ∆(1232) améliore la convergence de
l’interaction nucléaire chirale. Cependant, par rap-
port aux études exhaustives de l’interaction nu-
cléaire chirale ∆, le rôle de la résonance de Roper
(N(1440)) est encore inconnu. Puisque la masse
de Roper n’est que d’environ 200 MeV plus im-
portante que celle de ∆(1232), sa contribution à
l’interaction nucléaire doit également être étudiée.

Dans cette thèse, nous dérivons les paramètres
d’entrées critiques pour la construction des interac-
tions nucléaires chirales covariantes de haute pré-
cision et quantifions les contributions de la réso-
nance de Roper à la force nucléaire chirale :

On adopte ici une version covariante de l’ana-
lyse dimensionnelle naïve et construisons un la-
grangien de contact à deux nucléons contraint par
les symétries de Lorentz, la parité, la conjugaison
de charges et la conjugaison hermitienne.

À l’aide de la théorie des perturbations chirale
baryonique covariante, nous calculons les contri-
butions d’échange à deux pions (TPE) au premier
ordre et à l’ordre suivant à l’interaction nucléon-
nucléon (NN) jusqu’à l’ordre O(q3). Les correc-
tions relativistes jouent un rôle important dans les
ondes F , en particulier l’onde partielle 3F2.

Nous dérivons les composantes à longue portée
du potentiel TPE NN avec une résonance inter-
médiaire de Roper. Nous montrons que la contribu-
tion de Roper est importante pour les ondes D et
améliore légèrement la description des déphasages
pour toutes les ondes partielles.

Le travail présenté dans cette thèse représente
un élément essentiel pour la construction d’interac-
tions nucléaires chirales covariantes de haute préci-
sion, ainsi que d’interaction nucléaire chirale avec
des résonances baryoniques explicites.
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Abstract : Studying nuclear structure and nu-
clear reactions based on the microscopic nuclear
forces has been a central topic in nuclear phy-
sics since its inception. However, tricky puzzles
rooted in conventional microscopic nuclear forces
— for example, the neutron-deuteron scattering
analyzing power Ay which has not been descri-
bed consistently even with the inclusion of three-
nucleon forces — demand further studies of the
nuclear force in a model-independent approach.
In recent years, countless studies of nuclear struc-
ture, reactions, and astrophysics in a covariant fra-
mework — such as covariant density functional
theory, the Dirac-Bruckner-Hartree-Fock method,
and Dirac phenomenology — have achieved great
success, highlighting the importance of Lorentz in-
variance in nuclear systems. However, due to lack
of high-precision covariant chiral nuclear forces,
the CD-Bonn potential is widely used in present
nuclear relativistic many-body methods, which can
be regarded as a compromise. This motivates the
study of the nuclear force in covariant chiral ef-
fective field theory to provide further insights to
the aforementioned schemes, and to explore whe-
ther the covariant chiral nuclear force can over-
come longstanding problems. In addition, most of
the present chiral nuclear forces contain only the
ground-state nucleon, with the contributions from
baryon excited states relegated to higher-order low-
energy constants (LECs). The explicit inclusion
of the ∆(1232) has been proven to improve the
convergence of the chiral nuclear force. However,
compared with the comprehensive studies of the

∆-full chiral nuclear force, the role of Roper reso-
nance (N(1440)) is still unknown. Since the Ro-
per mass is only about 200 MeV larger than the
∆(1232)’s, its contribution to the nuclear force
also needs to be studied.

In this thesis, we derive the critical input to the
construction of high-precision covariant chiral nu-
clear forces and quantify the contributions to the
chiral nuclear force from the Roper resonance :

We adopt a covariant version of naive di-
mensional analysis and construct the two-nucleon
contact Lagrangian constrained by Lorentz, pa-
rity, charge conjugation, and hermitian conjugation
symmetries.

Employing the covariant baryon chiral pertur-
bation theory, we calculate the leading- and next-
to-leading-order two-pion exchange (TPE) contri-
butions to nucleon-nucleon (NN) interaction up
to order O(q3). The relativistic corrections play an
important role in F waves, especially the 3F2 par-
tial wave.

We derive the long-range components of the
NN TPE potential with an intermediate Roper
resonance. Leading-order interactions in heavy ba-
ryon chiral perturbation theory are considered. We
show that the Roper contribution is sizeable for
D waves and improves slightly the description of
phase shifts for all the partial waves.

The work presented in this thesis is an essen-
tial building block for the construction of high-
precision covariant chiral nuclear forces, as well as
the chiral nuclear force with explicit baryon reso-
nances.
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1 - Introduction

The nuclear force is the most essential ingredient of nuclear physics, and a
microscopic understanding of it has long been the central topic in nuclear physics.
In 1932, the discovery of the neutron by Chadwick [1] opened the doors for the
studies of the nuclear force. Since then, understanding the nature of the interactions
between nucleons has always been one of the most important problems in nuclear
physics. The first attempt was made by Yukawa [2]. In 1935, Yukawa proposed
that the interactions between nucleons can be mediated by particles whose mass is
about 200 times that of an electron called mesons 1, and his theory is the famous
meson-exchange theory. Although Yuakwa’s theory has been proved not enough for
the description of the nuclear force, the main idea of the meson-exchange theory,
that the nuclear force is mediated by mesons, is still instructive today. In the
following years, it was suggested by some physicists that other mesons should also
be considered [3, 4]. However, because of the complicated operators’ structures
therein, such theories are not widely used. As a matter of fact, at that time,
most physicists believed that the nature of the nuclear force would eventually be
expressed in a simple form like the Coulomb force and gravity. But this idea was
proved to be wrong by experiments. The nuclear force then was found to be almost
impossible to be described by a simple theory [5].

The main problem with Yukawa’s theory is that much heavier mesons should
be included in order to describe the behaviour of the nuclear force at its core part
(r ≲ 1 fm). Based on Yuwaka’s pioneering work, Taketani, Nakamura and Sasaki
proposed a new theory of the nuclear force [6]. The main idea is to divide the
nuclear force into three parts based on the force range. The one-pion exchange
(OPE) accounts for the long-range part (r ≳ 3 fm ) of the nuclear force, the
two-pion exchange is responsible for the medium-range part (1 ≲ r ≲ 3 fm) of the
nuclear force, while the multi-pion exchange contributes to the short-range part
(r ≲ 1 fm) of the nuclear force. This concept is instructive since it is the first
time that the nuclear force is realized to consist of different behaviours at different
force ranges. However, the difficulties in deriving the multi-pion exchange potential
constrain its further application.

Another way to construct the nuclear force emerged in 1950∼60s : phenome-
nologically, based on the abundant nucleon-nucleon (NN) scattering data. The
general form of the short-range part of such forces is usually obtained by various
invariance analyses. For example, the Paris potential is expressed in terms of the
usual nonrelativistic invariants with five components (central, spin-spin, tensor,
spin-orbit, and quadratic spin-orbit) for each isospin state [7]. At the same time,

1. As a matter of fact, the particles in Yukawa’s theory turn out to be pseudoscalar
pions.
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the long-range part is obtained by considering dispersion theory. By the 1970s,
the widely used phenomenological nuclear forces included the Hamada Johnston
potential [8], the Reid potential [9], and the Paris potential [7]. These phenome-
nological nuclear forces are in overall agreement with nucleon-nucleon scattering
data. However, their forms are somewhat arbitrary and they contain many adjus-
table parameters.

In the 1970s, the meson-exchange theory experienced a breakthrough due to the
discovery of heavy mesons. The corresponding theory is known as the one-boson-
exchange (OBE) model [10, 11, 12]. According to the OBE model, the long-range
part of the nuclear force is still dominated by one-pion exchange, the medium-
range part of the nuclear force can be derived by the exchange of mesons with
masses of 500 ∼ 550 MeV 2, while the short-range part of the nuclear force can be
obtained by the exchange of heavier mesons, whose masses are around 720 ∼ 1000

MeV. Utilizing the OBE model, a strong repulsive interaction is obtained in the
core part of the nuclear force, accounting for the appearance of a repulsive core.
Since the OBE potential contains some coupling constants, which are fixed by the
experimental data, the theory is still semi-phenomenological.

Apart from these models, in the 1980s, Oka, Faessler and Shimizu [13, 14, 15]
proposed to study the nuclear force in quark models. It is the first time that the
repulsive core of the nuclear force can be well explained by the effective one-gluon
exchange. Although these early quark models do well in the explanation of the
short-range part of the nuclear force, the attractive nature of the medium- and
long-range part of the nuclear force cannot be described at quark level. Meson
exchange must be included in such theories to generate these parts of the nuclear
force, and such mixed theories are known as quark-meson mixed models. After years
of improvements, the well-known quark models include the coupled-channel chiral
quark model [16], constituent quark model [17, 18], chiral quark model [19, 20],
quark delocalization color screening model [21, 22, 23, 24, 25], and SU(6) quark
model [26, 27, 28, 29].

A high-precision nuclear force is needed in order to obtain the accurate nu-
clear structure and reaction calculations. Motivated by this, various high-precision
phenomenological nuclear forces [30, 31, 32, 33] were proposed by the late 1990s.
These forces can be classified into two categories : those based on invariance under
parity, charge conjugation, time reversal, and hermitian conjugation, such as the
Reid93 potential [34] and the AV18 potential [31], and those based on the OBE
model, such as the Nijmegen potential [30] and the CD-Bonn potential [33]. The
nucleon-nucleon scattering data and the properties of the deuteron can be well ex-
plained by these high-precision models. For example, the CD-Bonn potential could
describe about 6000 pp and np scattering data below 300 MeV with χ2/datum
≈ 1, much more precise than any other nuclear force and partial-wave analysis

2. η andσmesons exchange are responsible for themedium-range part of nuclear
force according to Refs. [11, 12].

10



till then. The cost of such high precision is around 30-50 adjustable parameters
introduced in these theories. Still, these high-precision nuclear forces indeed serve
as high quality inputs to nuclear structure and reaction calculations.

The wide applications of the aforementioned high-precision phenomenologi-
cal nuclear forces do not satisfy physicists since they are all phenomenological.
The ideal nuclear force should be not only of high precision but also model in-
dependent. Since the 1970s, Quantum Chromodynamics (QCD) has been known
to be the fundamental theory of strong interactions, describing the interactions
among quarks by gluon exchange. Moreover, the nuclear force is realized to be
a residual strong interaction. However, a direct study of the nuclear force ba-
sed on QCD is impossible because of the non-perturbative nature of QCD in
the low-energy regime. Two possible ways to derive the nuclear force in QCD
are : 1) perform Lattice QCD simulations in super computers and 2) develop
low-energy effective theories of QCD. The former has made considerable progress
recently [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47], but the calculations
are performed in the unphysical region due to the massive computational resources
needed, and results are contradictory. In recent years, considerable efforts have
been made to establish the relation between the nuclear force and QCD within
the framework of effective field theory (EFT). The work in this direction has made
remarkable achievements and high-precision nuclear forces were constructed from
heavy baryon chiral perturbation theory (HBChPT) more recently [48, 49, 50, 51].

In 1979, Weinberg suggested that a model independent and systematic expan-
sion for the S-matrix can be obtained by the consideration of QCD’s approximate
SU(2)L× SU(2)R chiral symmetry [52]. Chiral symmetry is spontaneously broken
and leads to the existence of light pseudoscalar bosons, which are identified as
pions. This theory was first applied in the ππ sector [53, 54]. When extended to
the one-baryon sector, it encounters the so-called power counting breaking problem
(PCB) because of the large non-zero nucleon mass in the chiral limit [55]. This pro-
blem can be solved within the framework of HBChPT [56] by making the extreme
non-relativistic limit assumption, that the momentum transfer between nucleons
is much smaller than the nucleon mass, which implies an expansion in powers of
a small momentum over the nucleon mass. Different from ππ and πN systems,
a two-nucleon bound state (deuteron) exists, showcasing the non-perturbative na-
ture of the NN interaction. In order to accommodate it, in the 1990s, Weinberg
suggested calculating the NN potential perturbatively in the chiral expansion and
then iterating it to all orders in a Schrödinger or Lippmann-Schwinger equation to
obtain the amplitude [57, 58].

The first application of Weinberg’s scheme in the NN sector by Ordóñez,
Ray, and van Kolck [59, 60] yielded a reasonable description of NN data at
O((Q/Λχ)

3) 3 with explicit Deltas and a Gaussian regulator, where there are seven
independent short-range interactions. The benefits of such a local regulator include

3. In this thesis, Λχ ∼ 4πfπ ≈ 1 GeV.
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the conservation of analytical structure of the T -matrix close to the pion threshold
and the fact that no spectral function regularization is needed, while a drawback is
that it leads to a mixing of different partial-wave channels due to the dependence
of q⃗ over the scattering angle. The peripheral NN phase shifts in ∆-less and ∆-
full chiral perturbation theory were obtained by Brockmann, Gerstendorfer, Kaiser
and Weise [61, 62]. The ∆-less chiral nuclear force was rederived by Epelbaum,
Glöckle, and Meißner [63]. The so-called high precision chiral nuclear force with a
nonlocal, super-Gaussian exponential regulator was constructed at O((Q/Λχ)

4) by
Entem and Machleidt [64]. The description of the NN data by this chiral nuclear
force is comparable to that of high-precision phenomenological potentials, but with
fewer parameters. A series of high-quality chiral nuclear forces have been derived
since then [64, 65, 66, 67, 48, 68, 49, 50, 51]. State-of-the-art chiral nuclear forces
have been constructed at O((Q/Λχ)

5) [48, 49, 50] and O((Q/Λχ)
6) [51].

However, some problems are rooted in the nuclear forces obtained in Weinberg’s
power counting. For example, a consistent description of the neutron-deuteron
scattering analysis power Ay has not been achieved even when the chiral three-
nucleon force is considered [69] 4. Possible solutions are either including subleading
3N contact terms, which implies a slower convergence of χEFT than expected,
or realizing that proper renormalization of the theory requires a new power coun-
ting [71, 72, 73, 74]. Besides, the non-relativistic nature of the forces also constrains
their applications in many-body studies in relativistic frameworks. Motivated by the
need for a better chiral nuclear force with faster convergence and nuclear structure
and reaction calculations in a relativistic framework, a relativistic chiral nuclear
force 5 was proposed in 2018 [75]. It exhibits a faster convergence compared to
the conventional chiral nuclear force. Special relativity is one of the two pillars of
modern physics. In molecular/atomic, nuclear, and on- baryon systems, a relati-
vistic framework shows unique advantages and can accurately explain the relevant
experimental phenomena . It is obvious that the scale of the two-nucleon system
is between the scale of nuclear system and the scale of one-baryon system. The-
refore, one would naturally expect that relativity effects are also sizeable in the
NN interaction. Motivated by this, a relativistic chiral nuclear force was construc-
ted at leading order in Ref. . Such an approach keeps the complete form of the
nucleon field. Moreover, the effective potential V , obtained by calculating the rele-
vant Feynman diagrams, is inserted into the Kadyshevsky equation instead of the
Lippmann-Schwinger equation. Therefore, more relativistic effects are maintained
in this approach compared to the HB formalism from the beginning 6. As a result,

4. Notice in Ref. [69], the truncation error is roughly estimated by a variation of
cut-off from 500 MeV to 600 MeV, a modern error estimate method [70] may yield
more convincing results.

5. The “relativistic" here refers to the nucleon field being defined by Dirac spinors
instead of Pauli spinors.

6. One should notice that the two approaches are equivalent if the calculations
are performed up to sufficient high order.
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one can observe in Fig. 3 and Fig. 4 of Ref. [75] that the leading-order relativistic
chiral nuclear force is comparable to the next-to-leading-order non-relativistic chi-
ral nuclear force for the description of the S- and P -waves NN scattering phase
shifts with only five parameters, implying a faster convergence inside the theory.

Nevertheless, the leading-order relativistic chiral nuclear force is still far from
enough for nuclear structure and reaction calculations. The discrepancies between
the leading-order relativistic chiral nuclear force and the NN scattering phase-shift
analysis [34] imply the necessity of higher-order calculations. As shown in Fig. 1.1, in
order to perform beyond-leading-order calculations, the relevant high-order contact
vertices and two-pion exchange contributions are needed.

The aforementioned chiral nuclear forces mainly contain only the ground-state
nucleon, with the contributions from baryon excited states relegated to higher-order
LECs. Although already of high precision, these chiral nuclear forces still encounter
some problems, e.g., convergence with respect to the components of the TPE
potential. It has long been realized [61] that the formally subleading component
of TPE is comparable to or even larger than the presumably leading TPE, which
challenges the power counting underlying χEFT. The convergence issues of chiral
nuclear forces can be ameliorated by the explicit inclusion of baryon resonances.
If the effects of a resonance are relegated to LECs, non-analytic contributions are
lost which limits the expansion range of the theory. Including a low-lying resonance
explicitly as a low-energy degree of freedom not only extends the validity of the EFT
but also reorganizes the multipion-exchange contributions and improves the order-
by-order convergence. The lowest nucleon excitation is the Delta isobar, ∆(1232),
whose mass m∆ is only δ ≡ m∆ − mN ≃ 300 MeV higher than the nucleon’s.
Its contribution to NN [59, 60, 62, 76, 77, 78, 79, 80, 81] and three-nucleon [82,
83, 84, 85, 86] chiral forces has attracted increasing attention. However, the role
of the second nucleon excitation, the Roper resonance N(1440) which has been
proved necessary for the description of πN scattering in the P11 channel, is so
far still unknown in the nucleon-nucleon interaction. Since the NN system can
be regarded as an extension of the πN system, and the N(1440)’s mass mR is
ρ ≡ mR−m∆ ≃ 500 MeV higher than the nucleon’s, it is interesting to study the
contributions from the Roper resonance to the nuclear force.

In this thesis, we follow closely the aforementioned discussion, study the ne-
cessary input to the construction of a high-precision relativistic nuclear force, and
investigate the role of Roper resonance in the nucleon-nucleon interaction in chiral
effective field theory (ChEFT 7). Specifically, we construct the relativistic nucleon-
nucleon contact Lagrangian up to order O(q4) (q ∼ Q/Λχ is a small expansion
parameter) based on a covariant version of naive dimensional analysis. A self-
consistent check is made by performing the non-relativistic reduction of the rela-
tivistic Lagrangian. In addition to this, we also calculate the two-pion exchange
contributions to the nucleon-nucleon interaction in the relativistic ChPT and com-

7. In this thesis, “ChEFT" and “χEFT" are used interchangeably.
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pare our results with those obtained in the HBChPT. Overall better descriptions
of the NN scattering spherical partial waves are found in our method. The two
works provide crucial input to construct a high-precision nuclear force in relati-
vistic ChPT. At last, we also for the first time quantify the contributions to the
nucleon-nucleon interaction from the Roper resonance N(1440).

The thesis is organized as follows. In Chapter 2, we give a concise introduction
of chiral perturbation theory. Starting from the principle of effective field theory,
we introduce chiral symmetry and its breaking. The concept of power counting
rules is introduced later. Aiming at constructing a high-precision chiral nuclear
force, a relativistic power counting is proposed and the detailed steps to construct
the corresponding chiral Lagrangians are laid out in Chapter 3. In Chapter 4, we
quantify the relativistic effects in the TPE of the nucleon-nucleon interaction. Note
that the works presented in Chapter 3 and Chapter 4 are necessary ingredients to
construct a high-precision chiral nuclear force. The role of the Roper resonance
N(1440) in the nucleon-nucleon interaction is discussed in Chapter 5, followed by
a summary and outlook in Chapter 6. Non-relativistic NN contact Lagrangian up
to order O(q4) is shown in Appendix A.

The thesis is based on Refs. [87, 88, 89] . In addition, these and similar ideas
have been exploited in other papers [90, 91, 92, 93, 94, 95, 96].
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Figure 1.1 – The hierarchy of chiral nuclear potentials with Weinberg’s
power counting scheme. The solid lines refer to the nucleons, the da-
shed lines denote the pions, while the small, medium and heavy dots
represent vertices of order ∆i = 0, 1, 2 respectively.
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2 - Chiral effective field theory

As the framework unifying the three fundamental interactions except for gravity,
the standard model (SM) of particle physics has been proved to be extremely suc-
cessful in explaining physical phenomena governed by the electromagnetic, weak,
and strong interactions, while accommodating all known elementary particles. In a
nucleus, the interactions between nucleons are expected to be the residual effects
of the more fundamental strong interaction, thus they should be well described in
the framework of the standard model by QCD. However, because of two charac-
teristics of QCD, namely color confinement and asymptotic freedom, in nuclear
physics, the basic degrees of freedom are nucleons and pions instead of quarks.
Moreover, the coupling constant is much larger than 1 in the low-energy regime,
hence it cannot be regarded as a small expansion parameter. Therefore, the per-
turbative method is invalid, implying the necessity of developing a more efficient
approach for describing the interactions between nucleons. As already discussed in
Chapter 1, state-of-the-art nuclear forces are already of high precision both phe-
nomenologically and microscopically, and one of the most widely used microscopic
nuclear forces is based on chiral effective field theory.

In this chapter, we start with the principle of effective field theory. The basic
degrees of freedom involved in the study of the nuclear force are introduced next.
Then, the symmetries of ChEFT, especially chiral symmetry and its breaking, are
emphasized. At last, we briefly introduce the systematic method to identify the
relative importance of terms in ChEFT. In principle, renormalization-group (RG)
invariance, which indicates observables should not depend on the value of cut-off
(Λ), should also be stressed in an EFT. But since it is not the focus point of our
work, we do not discuss about it in detail in this thesis.

2.1 . Effective field theory

A systematic low-energy approximation to an underlying theory is referred to as
effective field theory. The word “effective” implies that only the physics of interest
is maintained. In contrast, the details of the higher-energy physics are ignored,
reflecting the philosophy “low-energy physics is independent of the details of the
high-energy physics”. This idea is very important, and in a sense, it is the reason
why physics itself can be understood in the approximate theory. For example, we
can obtain the energy levels of hydrogen in quantum mechanics without knowing
any details of the nucleus. Of course, describing physics in the fundamental theory is
always reasonable. But in most cases, mathematics is rather complex. Effective field
theory is an efficient method to describe physics then. For example, when describing
the motion of macroscopic objects, such as projectiles and parts of machinery, it
is convenient to utilize Newtonian mechanics instead of special relativity. In this
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case, Newtonian mechanics can be regarded as an effective field theory of special
relativity (underlying theory).

There are two distinct ways to utilize EFTs [97]. One is the so-called “top-
bottom” way [97]. It refers to the case that the underlying theory is known but
it is useful to have a simpler theory at low-energies. In order to design such a
simpler theory, one needs to “integrate out” high-energy degrees of freedom of the
underlying theory and match onto a low-energy theory. The “simpler theory” agrees
with the underlying theory in the infrared regime, while differs in the ultraviolet
regime. There are several EFTs motivated by this idea, such as the heavy quark ef-
fective field theory (HQEFT), non-relativistic quantum electrodynamics (NRQED),
non-relativistic QCD (NRQCD) and soft-collinear EFT (SCEFT). If the underlying
theory is unknown or the “integration” of the high-energies degrees of freedom is
difficult, EFT can be developed in the “bottom-top” way [97]. That is, one starts
from the determination of soft scale and hard scale and identifies all degrees of
freedom relevant in the physical phenomena of interest. Then, write down the most
general Lagrangian that incorporates all the symmetries existing or necessary for
the description of physics in this energy regime, e.g., Lorentz symmetry and gauge
symmetry. At last, pick out the relatively important terms in the Lagrangian with a
systematic rule, namely the power counting rule. As a matter of fact, the standard
model and the chiral effective field theory are formulated in this philosophy. In the
following sections, we briefly introduce the general steps to construct the second
kind of EFT with special attention to chiral effective field theory.

2.2 . Degrees of freedom

The first step is to identify soft and hard scales and the appropriate degrees
of freedom. The degrees of freedom involved in the study of the nuclear forces
are obviously nucleons and pions. However, the choice of soft and hard scales is a
little bit ambiguous. In the pure pionic system, because the pion mass is about 139
MeV and much smaller than the vector meson mass, e.g., ρ meson mass 770 MeV,
the physics involves in the vector mesons is relatively insignificant for the physics
of the pions. Therefore, the pion mass and its momentum are obviously possible
choices for the soft scale Q, while the vector meson mass is the hard scale Λ. The
situation becomes a little complex when including the nucleons. Since the nucleon
mass is around 939 MeV, which is very close to the chiral symmetry breaking scale
Λχ ≈ 1 GeV, if we regard the nucleon mass as the soft scale, it suggests the
expansion parameter O (mn/Λχ) ≈ 1 and the convergence of the theory is totally
ruined. This problem can be solved both non-relativistically in HB EFT [56, 98]
and relativistically in infrared (IR) EFT [99] and Extended-on-mass-shell (EOMS)
EFT [100, 101] by regarding the nucleon mass as a hard scale. Notice that although
the soft and hard scales between the three approaches are the same, the ways to
deal with the so-called high-order terms are rather different, which further result in
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different descriptions of physical observables. Here we do not focus too much on
the difference of the three methods ; one can refer to Ref. [102] for more details.
To summarize, in the baryon chiral EFT, the soft scales denote the pion mass mπ,
the four momentum of pion qµ and the three momentum of nucleon p⃗, while the
hard scales collect the nucleon mass mn and the chiral symmetry breaking scale
Λχ.

2.3 . Chiral symmetry and its breaking

The next step is to construct the most general Lagrangian incorporating all the
relevant symmetries of the underlying theory. For a nucleus, the relevant symmetries
contain the parity P, charge C, time reversal T , hermitian conjugationH and chiral
symmetries. In this section, we start with the QCD Lagrangian and introduce briefly
chiral symmetry and its breaking 1. Detailed discussions can be found in Ref. [67].

QCD is a non-abelian gauge theory with SU(3) symmetry. At the typical ha-
dronic mass scale ∼ 1 GeV, which is of our interest, the EFT contains strong
interactions, electromagnetic interactions and even weak interactions. In this work,
we focus mainly on the strong interaction in the nucleon-nucleon scattering, while
the electromagnetic and weak interactions are neglected for simplicity. The QCD
Lagrangian in the SU(3) flavor space then reads,

LQCD = q̄ (iγµDµ −M) q − 1

4
Gα

µνG
µν
α . (2.1)

where q = (u, d, s)T is the quark field, γµ is the Dirac matrix, Dµ refers to the
gauge covariant derivative,

Dµ = ∂µ − igAα
µTα, (2.2)

with g the coupling constants, Aα
µ denotes the gluon field and Tα = λα/2 with

α = 1...8 refers to the SU(3) generators. The gauge invariant gluon field strength
tensor Gα

µν is defined as,

Gα
µν = ∂µA

α
ν − ∂νAα

µ + gfabcA
b
µA

c
ν , (2.3)

with fabc the SU(3) structure constants. Since the focus of this work is to study the
interactions between the nucleons, it is natural to consider up and down quarks
only. In this case, the quark field reduces to q = (u, d)T, the quark mass matrix
M = diag(mu,md), wheremu = 2.5±0.8 MeV andmd = 5±0.9 MeV [103] refers
to the up and down quark mass respectively 2. Moreover, the large gap between
the light quark masses and the hadronic mass scale ∼ 1 GeV suggests that it is
interesting to study QCD by taking the light quark masses to zero, namely the chiral

1. The constraints from other symmetries are discussed in detail in Chapter 3.
2. The u- and d-quark masses are estimates of so-called “current-quark masses,”

in a mass-independent subtraction scheme such as MS at a scale µ ≈ 2 GeV.
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limit, at the relatively low-energy regime of our interest. The QCD Lagrangian then
reads,

L0QCD = iq̄γµDµq −
1

4
Gα

µνG
µν
α . (2.4)

If we define the left- and right-handed projection operators as,

PL =
1

2
(1− γ5), PR =

1

2
(1 + γ5), (2.5)

with γ5 = i γ0γ1γ2γ3, and separate the quark field into left- and right-handed
components,

qL = PL q, qR = PR q, (2.6)

the QCD Lagrangian can be rewritten in the chiral limit as,

L0QCD = i q̄Lγ
µDµqL + i q̄Rγ

µDµqR −
1

4
Gα

µνG
µν
α . (2.7)

Defining unitary transformations,

L = exp
(
−iΘL

i

τi
2

)
, R = exp

(
−iΘR

i

τi
2

)
, (2.8)

where τi with i = 1, 2, 3 denotes the SU(2) generators and is known as Pauli spin
matrix. The chiral limit QCD Lagrangian L0QCD is invariant under gobal transfor-
mations,

qL 7→ LqL, qR 7→ RqR. (2.9)

Thus, the left- and right-handed quark fields can be isolated by introducing such
projection operators. The symmetry that originates from such invariance is SU(2)L
× SU(2)R symmetry, which is called chiral symmetry. According to Noether’s Theo-
rem, there are six conserved currents corresponding to the six SU(2) generators ;
three left-handed currents,

Lµ
i = q̄Lγ

µ τi
2
qL, with ∂µL

µ
i = 0, (2.10)

and three right-handed currents,

Rµ
i = q̄Rγ

µ τi
2
qR, with ∂µR

µ
i = 0. (2.11)

Recombining these conserved currents to the vector and axial-vector currents,

V µ
i = Rµ

i + Lµ
i = q̄γµ

τi
2
q, with ∂µV

µ
i = 0, (2.12)

V µ = Rµ + Lµ = q̄γµq, (2.13)

Aµ
i = Rµ

i − L
µ
i = q̄γµγ5

τi
2
q, with ∂µA

µ
i = 0, (2.14)

Aµ = Rµ − Lµ = q̄γµγ5q. (2.15)
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Defining vector transformation,

V = exp
(
−ΘV

i

τi
2

)
, (2.16)

the chiral limit QCD Lagrangian L0QCD is invariant under vector transformation,

q 7→ V q. (2.17)

The symmetry implied in such invariance is isospin symmetry. The vector current
Vµ originates from rotations of the left- and right-handed quark fields with the same
phase and the corresponding conserved charge is the quark number. However, the
conservation of the axial-vector current Aµ is broken after quantization of the Dirac
fermions (Adler-Bell-Jackiw anomaly) [104, 105]. Therefore, a larger symmetry
group SU(2)L × SU(2)R × U(1)V can be observed for massless u and d quarks.

So far all the discussions are based on the assumptions that mu = md = 0.
The situation becomes much different once we take into account the quark mass
term,

LM = −q̄Mq = −(q̄RMqL + q̄LMqR). (2.18)

The total Lagrangian LQCD = L0QCD + LM is no longer invariant under the
left- and right-handed transformations, and the chiral symmetry breaks explicitly.
Nevertheless, such explicit symmetry breaking is insignificant because of the large
gap between the light quark masses and the hadronic mass. Apart from the explicit
chiral symmetry breaking, chiral symmetry also breaks spontaneously, which can
be observed by referring to the hadron spectrum. The isospin triplet pions are
suggested to exist due to the spontaneous chiral symmetry breaking according to
the Goldstone’s theorem.

The above discussions are for the QCD Lagrangian. Our goal is to obtain
Lagrangians that collect the degrees of freedom necessary for describing nucleon-
nucleon interaction. Such mapping can be realized in the standard non-linear rea-
lization of chiral symmetry [106, 107] and is introduced in the following.

The isospin triplet pions behave under transformation SU(2)L× SU(2)R as a
unitary matrix U(x) that fulfills,

U 7→ RUL†, U †U = 1, detU = 1. (2.19)

A popular choice for the U is the exponential parametrization U(x) = exp (iτ · π/fπ),
with the pion fields are defined as,

π =

3∑
i=1

τiϕi(x) =

(
ϕ3 ϕ1 − iϕ2

ϕ1 + iϕ2 −ϕ3

)
≡
(

π0
√
2π+√

2π− −π0
)
, (2.20)

and fπ is the pion decay constant. For a transformation of the subgroup SU(2)V
with L = R = V , U transforms as,

U 7→ V UV †. (2.21)
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The nucleon field ψ is defined as ψ = (p, n)T . But in order to describe its
behaviour under the aforementioned transformations, it is convenient to introduce
the octet baryons represented in traceless 3× 3 matrix B(x) in flavor space,

B =
8∑

i=1

Biλi√
2

=


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 , (2.22)

where λi with i = 1, 2, 3, 4, 5, 6, 7, 8 refers to the SU(3) generators. The non-linear
realization of chiral symmetry for the baryons leads to the transformation of B(x)

under chiral symmetry group SU(3)L× SU(3)R as,

B 7→ KBK†, (2.23)

with K the SU(3)-valued compensator field,

K(L,R,U) =
√
LU †R†R

√
U. (2.24)

The square root of the matrix U , u =
√
U transforms as,

u 7→
√
RUL† = RuK† = KuL†. (2.25)

For the transformation of the subgroup SU(3)V ,

B 7→ V BV †. (2.26)

Now that we have obtained the degrees of freedom in the chiral Lagrangian,
namely the pion and nucleon fields, the explicit form of the chiral Lagrangians
incorporating all the relevant symmetries of QCD can be deduced then. Since
part of this thesis is about the construction of the relativistic chiral NN contact
Lagrangians, we do not give an introduction about it in this chapter to avoid
unnecessary duplication of content. One can refer to Chapter 3 and Chapter 4 for
detailed discussions on the NN and πN Lagrangians 3 .

2.4 . Power counting rule

Once the Lagrangians are constructed, one can in principle use them to cal-
culate the Feynman diagrams and obtain the consequent physical observables.
However, EFT Lagrangians contain an infinite number of terms allowed by the
symmetries. Hence it is important to have a method to identify the relatively most
important terms in the effective Lagrangians, namely the power counting rule. In
this section, we introduce Weinberg’s power counting rule. The effective Lagran-
gian takes the general form,

L =
∑
i

ci (Q,Λ)Oi({ψ}), (2.27)

3. The chiral Lagrangians for ππ system are not given in this thesis because they
are not involved in our study.
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where Q is the soft scale, Λ is the hard scale, ci (Q,Λ) are constants, whose values
are fixed by the physical observables, Oi({ψ}) refer to operators containing field
ψ. The summation of the repeating index i from zero to infinity is implied.

From Eq. (2.27) we observe that the most general effective Lagrangian contains
an infinite number of terms, which implies the Feynman diagrams to be calculated
for a physical observable of interest are also infinite. The theory is totally inappli-
cable without a rule to identify which terms are important and which ones are not.
Such a rule is called power counting rule. Utilizing the power counting rule, the T
matrix from Eq. (2.27) can further be decomposed into,

T (Q) =

∞∑
ν=0

(
Q

Λ

)ν

F (ν)

[
Q

Λ
; c

(ν)
i

(
Q

Λ

)]
, (2.28)

where ν is a counting index, F (ν) refer to the polynomials generated by the dy-
namics of field ψ, and c

(ν)
i are constants. As long as the expansion parameter

O(Q/Λ) < 1, the contributions from terms with relatively large ν are insignifi-
cant compared to those with small ν due to the exponential suppression. Thus
the number of Feynman diagrams needed to be calculated is finite for a physical
observable of interest to a given accuracy. Notice the power counting rule refers
to the relation between the index ν in Eq. (2.28) and the label i in Eq. (2.27).

Then we discuss the power counting rules in ChEFT in detail. As we stated
in Sec. 2.1, in constructing the nucleon-nucleon interaction, Q contains the pion
mass mπ, the four momentum of the pion qµ and the three momentum of the
nucleon p⃗, while Λ refers to the chiral symmetry breaking scale Λχ or the nucleon
mass mn. Combining these energy scales with the Feynman rules, which indicate
that the pion propagator is in form of 1

q2−m2
π
, the nucleon propagator is in form of

1
/p−mn

, and each loop in the Feynman diagrams implies an integration over the four

momentum, it is natural to identify that the pion propagator is of order Q−2, the
nucleon propagator is of order Q−1, the derivative of the pion/nucleon field is of
order Q1 and the integration over the four momentum is of order Q4. Such a way
to count the order is the well-known naive dimensional analysis. Utilizing topology,
Weinberg proposed a simple relation to count the chiral order of an irreducible
Feynman diagram [57, 58, 108],

ν = 4−A− 2C + 2L+
∑
i

vi∆i, ∆i = di +
1

2
ni − 2, (2.29)

where ν refers to the chiral order, A refers to the number of nucleon fields, C
represents the number of separately connected pieces, L denotes the number of
loops and vi is the number of vertices with order of ∆i, di refers to the number of
derivatives and ni is the number of internal nucleon lines connected to the vertex.

Eq. (2.29) works well for systems with A ≤ 2. However, it encounters a dif-
ficulty when applied to systems with A ≥ 3. The problem can be illustrated in
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a straightforward way. For example, consider the simplest case, that is no loops
(L = 0), all vertices of zero order (∆i = 0) and C = Cmax = A− 1. For the two
nucleon system, the chiral order ν = 4 − 2 − 2 + 0 + 0 = 0, while for the three
nucleon system, the chiral order ν = 2− 3− 2 + 0 + 0 = −3 ≤ 0. This suggests
that an unnatural expansion at this order in form of (Λ/Q)3. This problem come
from the normalization of the nucleon states, and can be solved by an redefinition
of the chiral order ν ′ = ν + 3A− 6, the new power counting rule then is,

ν ′ = −2 + 2A− 2C + 2L+
∑
i

vi∆i. (2.30)

An alternative power counting to Eq. (2.29) proposed by Friar [109] under the
different assumption of disconnected piece scales is,

ν ′′ = −1 +A− C + 2L+
∑
i

νi +∆i. (2.31)

With Weinberg’s power counting rule (Eq. (2.29)) and the redefined one (Eq. (2.30)),
one could calculate any physical process to a desired accuracy. Since we mainly pay
attention to the nucleon-nucleon system in this work, Eq. (2.30) can be reduced
to,

v′ = 2L+
∑
i

vi∆i. (2.32)

Note at very low energies, i.e., for momenta Q≪ mπ, it is possible to describe
the few-nucleon systems with short-range interactions alone. A modern systematic
framework based on this idea is known as pionless EFT. For a review, see Ref. [110].
The chiral order ν(Zπ) in pionless EFT is different from Eq. (2.32) and is in the form
of [110],

ν(Zπ) =
∑
i

Viµi, (2.33)

where Vi is the number of vertices with fi nucleon lines and µ is the counting index
for the potential.

Eq. (2.32) leads to the hierarchy of chiral nuclear potentials in Weinberg’s
scheme as shown in Fig. 1.1. The most important leading order (LO, ν = 0) is
consists of one-pion exchange term, which is responsible for the long-range part
of the nuclear force, and the nucleon-nucleon contact term with order zero ver-
tex, which mainly contributes to the short-range part of the nuclear force. The
next-to-leading order contributes to order two (NLO, ν = 2) instead of order
one because of the constrains from parity. At the next-to-leading order, the so-
called two-pion exchange term emerges and the contact term with vertex of order
two also contributes. In the chiral nuclear force, the two-pion-exchange contribu-
tions are important for the medium-range of the nuclear force. And it has been
found in Ref. [61] that the order-two two-pion exchange together with the order-
three two-pion exchange are necessary for the description of D-, F - and G-waves
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nucleon-nucleon phase shifts. At next-to-next-to leading order (NNLO, ν = 3),
for the two-nucleon force, only two-pion exchange terms exist, the contact terms
vanish because of the same reason as at order ν = 1. Moreover, the three-nucleon
force starts to contribute at this order. At the next-to-next-to-next-to-leading order
(N3LO, ν = 4), the two-pion exchange with two loops, three-pion exchange and
the contact terms with vertex of order ν = 4 appear for the two-nucleon force. In
addition to this, three-nucleon forces still exist and a four-nucleon force emerges.
For the sake of simplicity, the Feynman diagrams show up at this order and higher
orders are not given completely.

Based on the discussions above, we can start to calculate the beyond-leading-
order contributions to the nuclear force in the relativistic chiral EFT. Our efforts
in this direction are explained in detail in Chapter 3 and Chapter 4.

25





3 - Covariant chiral nucleon-nucleon contact
Lagrangian

To construct the relativistic high-precision chiral nuclear force, the relevant
nucleon-nucleon contact Lagrangians are needed. In this chapter, We propose a
covariant 1 power counting scheme and construct the chiral two-nucleon contact
Lagrangians constrained by Lorentz, parity, charge conjugation, hermitian conju-
gation, and chiral symmetries. We show that at O(q0), O(q2), O(q4), where q
denotes the three-momentum of the nucleon, there are 4, 13, and 23 terms, res-
pectively. We find that by performing 1/mn expansions, the covariant Lagrangians
reduce to the conventional non-relativistic ones, which include 2, 7, and 15 terms
at each corresponding order.

This chapter is organized as follows. In Sec. 3.1, we explain the general prin-
ciples to construct a covariant nucleon-nucleon Lagrangian, list the approximate
equalities derived from the equation of motion and use them to eliminate redun-
dant terms, and write down the covariant nucleon-nucleon contact Lagrangian up
to order O(q4). In Sec. 3.2, we compare our results with those of earlier studies
and perform the non-relativistic reduction, which is followed by a short summary
in Sec. 3.3. A concise derivation of the non-relativistic nucleon-nucleon contact
Lagrangian up to order O(q4) is given in Appendix A.

3.1 . Relativistic chiral NN Lagrangians up to O(q4)

The relativistic chiral NN contact Lagrangian should fulfill the following re-
quirements. First of all, the Lagrangian must be a Lorentz scalar. Second, it has
to be invariant under chiral transformations, parity (P), charge conjugation (C),
hermitian conjugation, and time reversal. Third, it needs to satisfy a proper power
counting so that one can determine the relative importance of each term and have
limited terms at each order in the chiral expansion.

The general expression of a covariant nucleon-nucleon contact Lagrangian 2

reads,

1

(2mn)
Nd

(
ψ̄i
←→
∂ αi
←→
∂ β...ΓAψ

)
∂λ∂µ...

(
ψ̄i
←→
∂ σi
←→
∂ τ ...ΓBψ

)
, (3.1)

where ψ and ψ̄ denote the relativistic nucleon field,
←→
∂ α =

−→
∂ α −

←−
∂ α, and Γ ∈

1. In the present thesis, "relativistic" and "covariant" are used interchangeably in
most cases except for the discussions involving the Roper resonance, where the cal-
culations are performed in the non-relativistic covariant framework (covariant HB
EFT).

2. In the present work, to simplify the derivation, we do not consider the interac-
tion of external fields and the pion with the nucleon.
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{1, γ5, γµ, γ5γµ, σµν , gµν , ϵµνρσ}. In the above equation, Nd refers to the number
of four-derivatives (both

←→
∂ and ∂ ) in the Lagrangian, mn refers to the nucleon

mass in the chiral limit, and the factor 1/(2mn)
Nd has been introduced so that all

the contact terms have the same dimension [111].
For the construction of effective Lagrangians, symmetry constraints are the

most important. In our present case, apart from the invariance under Lorentz
transformation, the covariant nucleon-nucleon contact Lagrangian has to be inva-
riant under local chiral, parity, charge conjugation, hermitian conjugation, and time
reversal transformations. The Lorentz indices α, β... have to be contracted among
themselves to fulfill Lorentz invariance. The local chiral symmetry can be trivially
fulfilled because the nucleon field ψ transforms under chiral rotation ψ → Kψ,
where K ∈SU(2)V . The hermitian conjugation symmetry does not impose any
constraint since to fulfill it one can always multiply the Lagrangian with a proper
choice of factor i. According to the CPT (charge, parity, and time reversal) theo-
rem, time reversal symmetry is also automatically fulfilled if parity symmetry and
charge conjugation symmetry are fulfilled. Therefore, one only needs to make sure
that parity and charge conjugation symmetries are fulfilled.

Table 3.1 – Chiral dimensions and properties of fermion bilinears, de-
rivative operators, Dirac matrices, and Levi-Civita tensor, under pa-
rity (P), charge conjugation (C), and hermitian conjugation transforma-
tions.

1 γ5 γµ γ5γµ σµν ϵµνρσ
←→
∂ µ ∂µ

P + − + − + − + +
C + + − + − + − +
h.c. + − + + + + − +
dim 0 1 0 0 0 − 0 1

To construct the NN Lagrangian, one has to specify a proper power counting.
In our present case, we need to specify the chiral dimensions of all the building
blocks. In the covariant case, the power counting is more involved, compared to the
non-relativistic case (see the Appendix. A). The chiral dimensions and properties
of fermion bilinears, derivative operators, Dirac matrices, and Levi-Civita tensor
under parity, charge conjugation, and hermitian conjugation transformations are
listed in Table 3.1. The derivative ∂ acting on the whole bilinear is of order O(q1),
while the derivative

←→
∂ acting inside a bilinear is of O(q0) due to the presence

of the nucleon mass, where q denotes a generic small momentum, such as the
nucleon three-momentum. The bilinear ψ̄γ5ψ is of order O(q1) because it mixes
the large and small components of the Dirac spinor. The Levi-Civita tensor ϵµνρσ
contracting with n derivatives acting inside a bilinear raises the chiral order by
n−1. If a derivative

←→
∂ is contracted with one of the Dirac matrices γ5γµ or σµν in

a different bilinear, the matrix element is of O(q1), as can be explicitly checked by
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means of the equation of motion (EOM). Therefore, at each order in the powering
counting, only a finite number of ∂ and ϵµνρσ appear. However, in principle, any
numbers of pairwise contracted i

←→
∂ of the form

Õ(n)
ΓAΓB

=
1

(2mn)2n

(
ψ̄i
←→
∂ µ1i

←→
∂ µ2 ...i

←→
∂ µnΓα

Aψ
)

(3.2)

×
(
ψ̄i
←→
∂ µ1i

←→
∂ µ2 ...i

←→
∂ µnΓBαψ

)
,

is allowed, since it is ofO(q0). Such a term givesN(p1)+N(p2) 7→ N(p3)+N(p4).
On the other hand, such structures as

[(p1 + p3) · (p2 + p4)]
n

(2mn)
2n ,

[(p1 + p4) · (p2 + p3)]
n

(2mn)
2n , (3.3)

can be rewritten as[
1 +

(
s− 4m2

n

)
− u

4m2
n

]n
,

[
1 +

(
s− 4m2

n

)
− t

4m2
n

]n
, (3.4)

with s−4m2
n = −(p1−p2)2 = −(p3−p4)2 ∼ O(q2) and u = (p1−p4)2 ∼ O(q2),

and t = (p1−p3)2 ∼ O(q2). 3 Therefore, at O(q0), only the terms with n = 0, 1, 2

are needed, at O(q2) only the terms with n = 0, 1 are needed, and at O(q4) only
the terms with n = 0 are needed since no new structure will be included for n
larger than those specified above.

Following the general principles of constructing effective Lagrangians and gui-
ded by Table 3.1, one can write down all the terms of O(q0), O(q2), and O(q4).
As we show in the following part, not all of them are independent up to the order
we are interested, and one can use the EOM to eliminate the nonindependent or
redundant terms.

Table 3.2 – Decomposition of the Diracmatrix products Γγλ into charge
conjugation even and charge conjugation odd parts.

Γ Γ
′

λ Γ
′′

λ

1 γλ 0
γµ gµλ1 −iσµλ
γ5 0 γ5γλ
γ5γµ

1
2
ϵµλρτσ

ρτ gµλγ5
σµν ϵµνλτγ5γ

τ −i (gµλγν − gνλγµ)
ϵµνρτγ

τ ϵµνρλ1 gµλγ5σνρ + gρλγ5σµν + gνλγ5σρµ
ϵµνρτγ5γ

τ gµλσνρ + gρλσµν + gνλσρµ ϵµνρλγ5
ϵµνρασ

α
τ γ5γρ (gλνgµτ − gλµgντ ) + γ5γν (gλµgρτ − gλρgµτ ) + γ5γµ (gλρgντ − gλνgρτ ) igλτ ϵµνραγ

α − iϵµνρλγτ
i
2
ϵµνρτσ

ρτ = γ5σµν
1
i
(gµλγ5γν − gνλγ5γµ) ϵµνλργ

ρ

The equation of motion for the nucleon refers to the well-known Dirac equation
at LO

/∂ψ = γµ∂µψ = −imnψ +O(q) , (3.5)

3. This can be easily checked by noting that in the center-of-mass frame pµ1 =
mn +O(q) and pµ2 = mn −O(q) because of momentum conservation.
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and its hermitian conjugate. Up to higher order corrections one can replace /∂ψ

by −imnψ and ψ̄
←−
/∂ by imnψ̄. To fully utilize this EOM, one needs to transform

terms that do not contain /∂ into a form that contains it. Such a technique has
been extensively discussed in the construction of the πN Lagrangian [112] and
baryon-baryon Lagrangian [113]. The details can be found in Refs. [112, 113]. The
master formula is

−2imn

(
ψ̄Γψ

)
≈ 2(ψ̄Γ× γλ∂λψ) =

(
ψ̄Γ′λ←→∂ λψ

)
+ ∂λ

(
ψ̄Γ′′λψ

)
, (3.6)

where Γ,Γ′ and Γ′′ are Dirac matrices listed in Table 3.2 [113] and ≈ indicates
equal up to higher orders. Using the EOM together with the decomposition of
Dirac matrices, one can obtain the following linear relations :

∂µ
(
ψ̄γµψ

)
≈ 0, (3.7.1)

∂µ
(
ψ̄
←→
∂ µψ

)
≈ 0, (3.7.2)

∂µ
(
ψ̄γ5γµψ

)
≈ −2mn

(
ψ̄iγ5ψ

)
, (3.7.3)

∂µ
(
ψ̄σµνψ

)
≈
(
ψ̄i
←→
∂ νψ

)
− 2mn

(
ψ̄γνψ

)
, (3.7.4)(

ψ̄γµi
←→
∂ µψ

)
≈ 2mn

(
ψ̄ψ
)
, (3.7.5)(

ψ̄
←→
∂ 2ψ

)
≈ −4m2

n

(
ψ̄ψ
)
− ∂2

(
ψ̄ψ
)
, (3.7.6)(

ψ̄γ5γ
µi
←→
∂ µψ

)
≈ 0, (3.7.7)(

ψ̄i
←→
∂ µσ

µνψ
)
≈ −∂ν

(
ψ̄ψ
)
, (3.7.8)

− 2imn

(
ψ̄γ5γ

µψ
)
≈
(
ψ̄
1

2
ϵµλρτσρτ

←→
∂ λψ

)
+ ∂µ

(
ψ̄γ5ψ

)
, (3.7.9)

− 2imn

(
ψ̄σµνψ

)
≈
(
ψ̄ϵµλρτγ5γτ

←→
∂ λψ

)
+ ∂λ

(
ψ̄ − i

(
gµλγν − gνλγµ

)
ψ
)
,

(3.7.10)

− 2imn

(
ψ̄ϵµνρτγ

τψ
)
≈
(
ψ̄ϵµνρλ

←→
∂ λψ

)
+ ∂λ

(
ψ̄ (gµλγ5σνρ + gρλγ5σµν + gνλγ5σρµ)ψ

)
,

(3.7.11)

− 2imn

(
ψ̄ϵµνρτγ5γ

τψ
)
≈
(
ψ̄
(
σνρ
←→
∂ µ + σµν

←→
∂ ρ + σρµ

←→
∂ ν

)
ψ
)
+ ∂λ

(
ψ̄ϵµνρλγ5ψ

)
,

(3.7.12)

− 2imn

(
ψ̄ϵµνρασ

α
τψ
)
≈
(
ψ̄γ5γρ

(←→
∂ νgµτ −

←→
∂ µgντ

)
ψ
)
+
(
ψ̄γ5γν

(←→
∂ µgρτ −

←→
∂ ρgµτ

)
ψ
)

(3.7.13)

+
(
ψ̄γ5γµ

(←→
∂ ρgντ −

←→
∂ νgρτ

)
ψ
)
+ ∂λ

(
ψ̄ (igλτ ϵµνραγ

α − iϵµνρλγτ )ψ
)
,

mn

(
ψ̄ϵµνρτσ

ρτψ
)
≈
(
ψ̄
(
γ5γµi

←→
∂ ν − γ5γνi

←→
∂ µ

)
ψ
)
+ ∂λ

(
ψ̄ϵµνλργ

ρψ
)
,

(3.7.14)(
ψ̄ϵµναβi

←→
∂ µi
←→
∂ ν · · ·ψ

)
= 0. (3.7.15)
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The set of relations in Eq. (3.7) lead to the following four simplification rules :

1. Terms with ϵµνρτ can always be transformed into those without it, so no
terms with ϵµνρτ are needed,

2. The derivative ∂µ acting on the whole fermion bilinear cannot be contracted
with any elements of the Clifford algebra except for σµν ,

3. The derivative i
←→
∂ µ cannot be contracted with any elements of the Clifford

algebra inside the same fermion bilinear,

4. Terms with γµ can be transformed into terms with i
←→
∂ µ except for the

cases where it is contracted with σµν .

Table 3.3 – A complete set of relativistic NN contact Lagrangian up to
O(q4).

Õ1

(
ψ̄ψ
) (
ψ̄ψ
)

Õ21
1

16m4
n

(
ψ̄i
←→
∂ µψ

)
∂2∂ν

(
ψ̄σµνψ

)
Õ2

(
ψ̄γµψ

) (
ψ̄γµψ

)
Õ22

1
16m4

n

(
ψ̄σµαψ

)
∂2∂α∂

ν
(
ψ̄σµνψ

)
Õ3

(
ψ̄γ5γ

µψ
) (
ψ̄γ5γµψ

)
Õ23

1
16m4

n

(
ψ̄σµνi

←→
∂ αψ

)
∂β∂ν

(
ψ̄σαβi

←→
∂ µψ

)
Õ4

(
ψ̄σµνψ

) (
ψ̄σµνψ

)
Õ24

1
16m4

n

(
ψ̄ψ
)
∂4
(
ψ̄ψ
)

Õ5

(
ψ̄γ5ψ

) (
ψ̄γ5ψ

)
Õ25

1
16m4

n

(
ψ̄γµψ

)
∂4
(
ψ̄γµψ

)
Õ6

1
4m2

n

(
ψ̄γ5γ

µi
←→
∂ αψ

)(
ψ̄γ5γαi

←→
∂ µψ

)
Õ26

1
16m4

n

(
ψ̄γ5γ

µψ
)
∂4
(
ψ̄γ5γµψ

)
Õ7

1
4m2

n

(
ψ̄σµνi

←→
∂ αψ

)(
ψ̄σµαi

←→
∂ νψ

)
Õ27

1
16m4

n

(
ψ̄σµνψ

)
∂4
(
ψ̄σµνψ

)
Õ8

1
4m2

n

(
ψ̄i
←→
∂ µψ

)
∂ν
(
ψ̄σµνψ

)
Õ28

1
4m2

n

(
ψ̄γ5i
←→
∂ αψ

)(
ψ̄γ5i
←→
∂ αψ

)
− Õ5

Õ9
1

4m2
n

(
ψ̄σµαψ

)
∂α∂

ν
(
ψ̄σµνψ

)
Õ29

1
16m4

n

(
ψ̄γ5γ

µi
←→
∂ αi
←→
∂ βψ

)(
ψ̄γ5γαi

←→
∂ µi
←→
∂ βψ

)
− Õ6

Õ10
1

4m2
n

(
ψ̄ψ
)
∂2
(
ψ̄ψ
)

Õ30
1

16m4
n

(
ψ̄σµνi

←→
∂ αi
←→
∂ βψ

)(
ψ̄σµαi

←→
∂ νi
←→
∂ βψ

)
− Õ7

Õ11
1

4m2
n

(
ψ̄γµψ

)
∂2
(
ψ̄γµψ

)
Õ31

1
16m4

n

(
ψ̄i
←→
∂ µi
←→
∂ βψ

)
∂α
(
ψ̄σµαi

←→
∂ βψ

)
− Õ8

Õ12
1

4m2
n

(
ψ̄γ5γ

µψ
)
∂2
(
ψ̄γ5γµψ

)
Õ32

1
16m4

n

(
ψ̄σµαi

←→
∂ βψ

)
∂α∂

ν
(
ψ̄σµνi

←→
∂ βψ

)
− Õ9

Õ13
1

4m2
n

(
ψ̄σµνψ

)
∂2
(
ψ̄σµνψ

)
Õ33

1
16m4

n

(
ψ̄i
←→
∂ αψ

)
∂2
(
ψ̄i
←→
∂ αψ

)
− Õ10

Õ14
1

4m2
n

(
ψ̄i
←→
∂ αψ

)(
ψ̄i
←→
∂ αψ

)
− Õ1 Õ34

1
16m4

n

(
ψ̄γµi

←→
∂ αψ

)
∂2
(
ψ̄γµi
←→
∂ αψ

)
− Õ11

Õ15
1

4m2
n

(
ψ̄γµi

←→
∂ αψ

)(
ψ̄γµi
←→
∂ αψ

)
− Õ2 Õ35

1
16m4

n

(
ψ̄γ5γ

µi
←→
∂ αψ

)
∂2
(
ψ̄γ5γµi

←→
∂ αψ

)
− Õ12

Õ16
1

4m2
n

(
ψ̄γ5γ

µi
←→
∂ αψ

)(
ψ̄γ5γµi

←→
∂ αψ

)
− Õ3 Õ36

1
16m4

n

(
ψ̄σµνi

←→
∂ αψ

)
∂2
(
ψ̄σµνi

←→
∂ αψ

)
− Õ13

Õ17
1

4m2
n

(
ψ̄σµνi

←→
∂ αψ

)(
ψ̄σµνi

←→
∂ αψ

)
− Õ4 Õ37

1
16m4

n

(
ψ̄i
←→
∂ αi
←→
∂ βψ

)(
ψ̄i
←→
∂ αi
←→
∂ βψ

)
− 2Õ14 − Õ1

Õ18
1

4m2
n

(
ψ̄γ5ψ

)
∂2
(
ψ̄γ5ψ

)
Õ38

1
16m4

n

(
ψ̄γµi

←→
∂ αi
←→
∂ βψ

)(
ψ̄γµi
←→
∂ αi
←→
∂ βψ

)
− 2Õ15 − Õ2

Õ19
1

16m4
n

(
ψ̄γ5γ

µi
←→
∂ νψ

)
∂2
(
ψ̄γ5γνi

←→
∂ µψ

)
Õ39

1
16m4

n

(
ψ̄γ5γ

µi
←→
∂ αi
←→
∂ βψ

)(
ψ̄γ5γµi

←→
∂ αi
←→
∂ βψ

)
− 2Õ16 − Õ3

Õ20
1

16m4
n

(
ψ̄σµνi

←→
∂ αψ

)
∂2
(
ψ̄σµαi

←→
∂ νψ

)
Õ40

1
16m4

n

(
ψ̄σµνi

←→
∂ αi
←→
∂ βψ

)(
ψ̄σµνi

←→
∂ αi
←→
∂ βψ

)
− 2Õ17 − Õ4

Using the four rules listed above, we obtain a minimal and complete set of
relativistic NN contact Lagrangian terms Õi(i = 1, ..., 40), which are summarized
in Table 3.3.

3.2 . Discussions

3.2.1 . Comparison with previous works
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The Lagrangian listed in Table 3.3 is different from those of Refs. [111, 114,
113]. Moreover, the results of Refs. [111, 114, 113] can be reduced to ours using
the approximate equalities listed in the last section. Compared with the results of
Refs. [111, 114], in our case all the terms with ϵµναβ are eliminated using the
EOM. In Ref. [113], their results contain at most two pairwise contracted i

←→
∂ of

the form

1

(2mn)2n

(
ψ̄i
←→
∂ µ1i

←→
∂ µ2 ...i

←→
∂ µnΓα

Aψ
)(

ψ̄i
←→
∂ µ1i

←→
∂ µ2 ...i

←→
∂ µnΓBαψ

)
(3.8)

up to O(q2), while we only include at most one, which is consistent with Ref. [111].
We note that the terms with ∂µ

(
ψ̄σµνψ

)
are included in our Lagrangian but are

not in those of Refs. [111, 114, 113]. This is just a different choice of independent
terms, because ∂µ

(
ψ̄σµνψ

)
=
(
ψ̄σµν

−→
∂ µψ

)
+
(
ψ̄
←−
∂ µσµνψ

)
≈
(
ψ̄i
←→
∂ νψ

)
−

2mn

(
ψ̄γνψ

)
. In Refs. [111, 114], terms containing

(
ψ̄i
←→
∂ µψ

) (
ψ̄γµψ

)
are inclu-

ded, while in our case, we replace them with
(
ψ̄i
←→
∂ µψ

)
∂ν
(
ψ̄σµνψ

)
using the

EOM. Note further that in Ref. [113], the terms with ∂µ
(
ψ̄σµνψ

)
are not included

because such terms are argued to be of higher order. However, we prefer to keep
these terms because they are of unique Lorentz structure which satisfy our power
counting rule. The Γi’s in our work are also different from those in Ref. [113].
In our work, we take Γi ∈ {1, γ5, γµ, γ5γµ, σµν , gµν , ϵµνρσ} to keep the complete
Dirac Algebra. While in Ref. [113], Γ ′

i ∈ {1, γ5γµ, σµν , gµν , ϵµνρσ} by means of
the EOM. Nevertheless, these are simply different choices and can be transformed
into each other using the EOM. Note that −2im

(
ψ̄γ5ψ

)
≈ ∂µ

(
ψ̄γ5γµψ

)
and

2m
(
ψ̄γµψ

)
≈
(
ψ̄i
←→
∂ µψ

)
. The two structures on the left-hand-side of the above

equations are contained in our work while the structures on the right-hand-side are
included in Ref. [113].

As in the one-baryon sector, one encounters also in the two-baryon sector the
problem that nominally higher order terms contain lower order terms that break
the power counting [55]. For instance, according to our criteria listed above, we
should include Õ

′
14 = 1

4m2
n

(
ψ̄i
←→
∂ µψ

)(
ψ̄i
←→
∂ µψ

)
at order O(q2). However, this

term actually starts to contribute at O(q0) so that it breaks our power counting.
Therefore, we redefine Õ14 =

1
4m2

n

(
ψ̄i
←→
∂ µψ

)(
ψ̄i
←→
∂ µψ

)
−
(
ψ̄ψ
) (
ψ̄ψ
)

to recover

the power counting. The same also applies to Õ14−17 and Õ28−40. Notice that this
procedure is very similar to the EOMS scheme [101, 100] 4, except in the one
baryon sector, power counting breaking terms only appear in the loop calculation
with propagating baryons. In the nucleon-nucleon sector, they already appear at
tree level because the nucleon momentum is involved to increase the chiral order.

3.2.2 . Non-relativistic reductions

4. For a related discussion in the NN sector, see, e.g., Ref [115].

32



The relativistic results, when reduced to the non-relativistic ones in the heavy
baryon limit, should recover the well-known 2 + 7 + 15 linear independent non-
relativistic terms up to O(q4) [65]. We checked that indeed this is the case.

To perform the non-relativistic reduction of the covariant chiral Lagrangian
constructed in our present work, one has to replace the relativistic nucleon field
operator ψ with the non-relativistic nucleon field operator N and then expand the
relativistic Lagrangian in terms of 1/mn. The relativistic nucleon field operator
ψ(x) is 5

ψ(x) =
∑

s=±1/2

∫
dp

(2π)3
mn

Ep
b̃s(p)u

(s)(p) e−ip·x, (3.9)

with the following normalization :[
b̃s(p), b̃

†
s ′(p

′)
]
+
=
Ep

m
(2π)3δ(p− p ′)δss ′ , ū(s)(p)u(s

′)(p) = δss ′ , (3.10)

where b̃s(p) and b̃†s ′ are annihilation and creation operators for a nucleon in spin
state s and s ′. A sum over the repeated index s(s ′) = ±1

2 is implied. The Dirac
spinors of u and ū have the following form

ūi =

√
Ei +mn

2mn

(
1 , − σ · p ′

Ei +mn

)
χs , uj =

√
Ej +mn

2mn

(
1
σ·p

Ej+mn

)
χs , (3.11)

with
Ei =

√
mn

2 + p ′2 , Ej =
√
mn

2 + p 2 . (3.12)

The non-relativistic nucleon filed N(x) is

N(x) =
∑

s=±1/2

∫
dp

(2π)3
bs(p)χs e

−ip·x . (3.13)

Here, the isospin indices have been suppressed by using the Fierz rearrangement [111].
Note that bs(p) =

√
mn/Ep b̃s(p). To order O(q4) at which we are working, the

relativistic nucleon field operator ψ can be expanded in terms of the non-relativistic
field N(x), defined in Eq. (3.13), as

ψ(x) =

[(
1
0

)
− i

2mn

(
0

σ ·∇

)
+

1

8m2
n

(
∇2

0

)
(3.14)

− 3i

16m3
n

(
0

σ ·∇∇2

)
+

11

128m4
n

(
∇4

0

)]
N(x) +O(q5) .

The Dirac matrices are defined as,

γ0 =

(
1 0
0 −1

)
, γ5 =

(
0 1
1 0

)
,γ =

(
0 σ
−σ 0

)
, σµν =

i

2
[γµ, γν ] .

(3.15)

5. Following Ref. [111], its antiparticle component has been dropped for simplicity.
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with the σ = (σ1, σ2, σ3) the Pauli spin matrices.
Using these relations and the properties of Pauli matrices, one can perform

the non-relativistic expansion of the covariant Lagrangian of Table 3.3. The results
are summarized in Table 3.4. They are presented as linear combinations of the
non-relativistic Lagrangian Oi defined in Table A.1. One can easily check that
there are 24 linear independent terms, consistent with the well-known 2 + 7 + 15

non-relativistic terms shown in Table A.1 in the Appendix.

3.3 . Summary

We have constructed a complete set of relativistic NN contact Lagrangians
up to order O(q4). Using the EOM to eliminate the redundant terms, we find only
4 terms of O(q0), 13 terms of O(q2), and 23 terms of O(q4). We compared with
previous studies and identified the differences and the reasoning behind them. In
addition, we checked that by performing 1/mn expansions, one can recover the
corresponding non-relativistic chiral Lagrangians, which has 24 terms up to O(q4).
The covariant Lagrangian constructed in the present work can be of use in building
covariant nuclear forces as well as studying relativistic corrections.

It should be emphasized that the completeness and minimality of the set of
covariant Lagrangians derived in the present work should be understood with res-
pect to the power counting rules we chose and the choice we made regarding how
to use the equation of motion to remove redundant terms and to limit the number
of available terms. More precisely, they may better be referred to as an economical
set of covariant Lagrangians that can recover those of the heavy baryon. We hope
that the present work can motivate more studies in this direction.
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Table 3.4 – The non-relativistic expressions corresponding to the
contact interactions of Table 3.3.
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Õ
6

1
4
m

2 n
(−

4O
6
+
8O

7
)
+

1
1
6
m

4 n
(−

4O
1
8
+
4O

2
1
)

Õ
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Õ
2
0

1
1
6
m

4 n
(O

8
+
4O

9
+
2O

1
0
+
4O

1
1
−

8O
1
2
−

16
O

1
3
−

4O
1
4
−

8O
1
6
+
16
O

1
7
−

4O
1
8
+
8O

1
9
−

8O
2
0
−

4O
2
1
+
16
O

2
2
)

Õ
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Õ
2
6

1
1
6
m

4 n
(−
O

1
4
−

4O
1
5
−

2O
1
6
−

4O
1
7
)

Õ
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4 - Two-pion exchange contributions to the
nucleon-nucleon interaction in covariant
baryon chiral perturbation theory

Apart from the nucleon-nucleon contact Lagrangians, the contributions from
the TPE are also necessary for our goals. In this chapter, employing the covariant
baryon chiral perturbation theory, we calculate the leading and next-to-leading
order TPE contributions to NN interaction up to order O(q3). We compare the
so-obtained NN phase shifts with 2 ≤ L ≤ 6 and mixing angles with 2 ≤ J ≤ 6

with those obtained in the nonrelativistic baryon chiral perturbation theory, which
allows us to check the relativistic corrections to the medium-range part of NN
interactions. We show that the contributions of relativistic TPE are more moderate
than those of the nonrelativistic TPE. The relativistic corrections play an important
role in F-waves especially the 3F2 partial wave. Moreover, the relativistic results
seem to converge faster than the nonrelativistic results in almost all the partial
waves studied in the present work, consistent with the studies performed in the
one-baryon sector.

The chapter is organized as follows. In Sec. 4.1, the chiral Lagrangians needed
for computing the two-pion exchange contributions are briefly discussed. The TPE
T -matrix up to the third order is presented in Sec. 4.2. In sec. 4.3, we compare the
so-obtained NN phase shifts with the Nijmegen partial wave analysis and those of
Ref. [61]. A short summary and outlook is given in the last section.

4.1 . Chiral Lagrangian

In order to calculate the contributions of two-pion exchanges, we need the
following LO and NLO πN Lagrangians,

L = L(1)πN + L(2)πN , (4.1)

where the superscript refers to the respective chiral order, and they read [112, 116],
respectively,

L(1)πN = N̄
(
i /D −mn +

gA
2
/uγ5

)
N, (4.2)

L(2)πN = c1⟨χ+⟩N̄N −
c2

4m2
n

⟨uµuν⟩
(
N̄DµDνN + h.c.

)
+
c3
2
⟨u2⟩N̄N − c4

4
N̄γµγν [uµ, uν ]N,

(4.3)

where the nucleon field N = (p, n)T , and the covariant derivative Dµ is defined
as Dµ = ∂µ + Γµ with

Γµ =
1

2

(
u†∂µu+ u∂µu

†
)
, u = exp

(
iΦ

2fπ

)
.
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The pion field Φ is a 2× 2 matrix of the following form,

Φ =

(
π0

√
2π+√

2π− −π0
)
,

and the axial current type quantity uµ is defined as,

uµ = i
(
u†∂µu− u∂µu†

)
,

where χ+ = u†χu + uχu† with χ =M = diag
(
m2

π,m
2
π

)
. The following values

for the relevant LECs and masses are adopted in the numerical calculation : The
pion decay constant fπ = 92.4 MeV, the axial coupling constant gA = 1.29 [67] 1,
the nucleon mass mn = 939 MeV, the pion mass mπ = 139 MeV [103], and the
low-energy constants c1 = −1.39, c2 = 4.01, c3 = −6.61, c4 = 3.92, all in units
of GeV−1, taken from Ref. [116] . The values of c1,2,3,4 employed in this work
are different from the standard values (of HB ChPT) due to the different renor-
malization schemes adopted. In Ref. [116], the pion-nucleon scattering is studied
in the EOMS scheme, which is also the scheme we adopted in this work, while
previous calculations are mainly based on the HB scheme. Therefore, we took the
values of c1,2,3,4 from Ref. [116] for self-consistency. We cannot use the HB va-
lues of c1,2,3,4 because then the description of pion-nucleon scattering would be
ruined. One should note that the complete L(2)πN contains more terms than what
are relevant here.

4.2 . Two-pion exchange contributions

4.2.1 . Leading order (O(q2)) results

The two-pion exchange T -matrix is evaluated in the center-of-mass frame and
in the isospin limit mu = md. The leading order TPE diagrams are shown in
Fig. 4.1. They contribute to order O(q2). All of them can be calculated directly
in the EOMS scheme [100, 101], which is just the conventional dimensional regu-
larization scheme with further removal of PCB terms. There is no so-called pinch
singularity [57, 58, 61] in this case due to the appearance of the finite nucleon
mass. Note that only direct diagrams need to be computed in the NN T -matrix
because of the Pauli exclusion principle [61]. In principle, the box diagram includes
contributions from irreducible TPE and iterated OPE. As a matter of fact, we have
calculated the iterated OPE by inserting the relativistic OPE potential [75] into the
Lippmann-Schwinger equation and found that the result is numerically identical to
that in Ref. [61]. For this reason, the contributions from iterated OPE are not
presented explicitly.

1. This choice ismade in order to be consistentwith Refs. [64, 65, 66, 67, 48, 68, 50].
Using the more standard value gA = 1.267 yields almost the same results.
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Figure 4.1 – Two-pion exchange diagrams at O(q2). The pion nucleon
vertices refer to vertices from L(1)

πN

.

Table 4.1 – Products of isospin and coupling factors of two-pion ex-
change diagrams at O(q2)

football triangle L triangle R box crossed
I = 1 1

8
1
8
g2A

1
8
g2A

1
16
g4A

5
16
g4A

I = 0 −3
8

−3
8
g2A −3

8
g2A

9
16
g4A − 3

16
g4A

The complete TPE contributions to the on-shell NN T -matrix are decomposed
into the scalar integrals A0, B0, C0 and D0 multiplied with some polynomials and
fermion bilinears using FeynCalc [117, 118, 119] and then calculated numerically
with the help of OneLOop [120, 121]. The procedure to remove the PCB terms is
rather standard and has been discussed in detail in Refs. [100, 101, 102, 122]. At
the end, the total TPE contributions to the on-shell NN T -matrix at O(q2) take
the following form,

T (2)
NN =

1

16π2f4π

∑
i

NiT (2)
i , (4.4)

where i refers to the i-th Feynman diagram contributing at this order, Ni denotes
the product of isospin and coupling factors which is summarized in Table 4.1, T (2)

i

refers to the T -matrix from each Feynman diagram and

T (2)
i = T ′(2)

i − T ′′(2)
i , (4.5)

where T ′(2)
i denotes the total contribution to T -matrix and T ′′(2)

i is the contribution
from the PCB term. The total contributions to T -matrix for the football, triangle,
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cross and box diagrams read explicitly

T ′(2)
Football = −

1

18
B2
[
3
(
4m2

π − t
)
B0

(
t,m2

π,m
2
π

)
+ 6A0

(
m2

π

)
+ 12m2

π − 2t
]
,

(4.6)

T ′(2)
TrigL = 4m2

n {B3mn [2 (2f1 + f2 + f3) + C0 (A)] + 2B2f4}+ 2B2f5,

T ′(2)
TrigR = T ′(2)

TrigL(B3 7→ B4),

T ′(2)
Cross = −

{
2m2

n {mn [2 (B3 + B4) (f2 + f3) + 4 (4B1mn + B3 + B4) f1
+(4B1mn + B3)C0 (A) + (4B1mn + B4)C0 (B)] + 4

{
B2f4 +m2

n [(B3 + B4)
×D22mn +D23

(
2B1m2

n + B5
)
+ 2B2D00

]}
+ 2B1B0

(
t,m2

π,m
2
π

)}
+ B2f5

}
,

V
′(2)
Box = −

{
2m2

n {mn [−2 (B3 + B4) (f2 + f3) + 4 (4B1mn − B3 − B4) f1
+(4B1mn − B3)C0 (A) + (4B1mn − B4)C0 (B)]− 4

{
B2f4 +m2

n [(B3 + B4)
×D22mn −D23

(
2B1m2

n + B5
)
+ 2B2D00

]}
+ 2B1B0

(
t,m2

π,m
2
π

)}
− B2f5

}
,

with

f1 = PaVe
(
1,
{
m2

n, t,m
2
n

}
,
{
m2

n,m
2
π,m

2
π

})
, (4.7)

f2 = PaVe
(
1, 1,

{
m2

n, t,m
2
n

}
,
{
m2

n,m
2
π,m

2
π

})
,

f3 = PaVe
(
1, 2,

{
m2

n, t,m
2
n

}
,
{
m2

n,m
2
π,m

2
π

})
,

f4 = PaVe
(
0, 0,

{
m2

n, t,m
2
n

}
,
{
m2

n,m
2
π,m

2
π

})
,

f5 = PaVe
(
0, 0, {t},

{
m2

π,m
2
π

})
,

C0(A) = C0

(
m2

n,m
2
n, t,m

2
π,m

2
n,m

2
π

)
,

C0(B) = C0

(
m2

n, t,m
2
n,m

2
n,m

2
π,m

2
π

)
,

where Dij and PaVe are the library functions of FeynCalc [117, 118, 119] and can
be simplified to the scalar integrals A0, B0, C0, D0, and B1−5 denote the following
fermion bilinears,

B1 = ū(p′)u(p)ū(−p′)u(−p), (4.8)
B2 = ū(p′)γµu(p)ū(−p′)γµu(−p),
B3 = ū(p′)(/p2 + /p4)u(p)ū(−p

′)u(−p),
B4 = ū(p′)u(p)ū(−p′)(/p1 + /p3)u(−p),
B5 = ū(p′)(/p2 + /p4)u(p)ū(−p

′)/p1u(−p),

where p,p′are incoming and outgoing three momentum, pµ1 = (E,p), pµ2 =

(E,−p), pµ3 = (E′,p′), pµ4 = (E′,−p′), E =
√

p2 +m2
n, E′ =

√
p′2 +m2

n,
t = (p1− p3)2, u(p) and ū(p) are Dirac spinors as defined in chapter 3. To obtain
the T -matrix from the PCB terms, it is convenient to project the T -matrix from
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momentum space to helicity space so that the T -matrix become scalar without
the Pauli matrix and can easily be expanded in powers of small parameters. The
detailed procedure to do this projection is explained later. However, because of
their complexity, we do not show the explicit expressions of T ′ in helicity space
here. One thing to be noted is that the above bilinears are all parity even. This can
be easily shown by utilizing momentum conservation and the Dirac equation, e.g.,

B5 = ū(p′)
(
/p2 + /p4

)
u(p)ū(−p′)/p1u(−p)

= ū(p′)
(
/p2 + /p4

)
u(p)ū(−p′)

1

2

(
/p1 + /p3 + /p4 − /p2

)
u(−p)

=
1

2
ū(p′)

(
/p2 + /p4

)
u(p)ū(−p′)

(
/p1 + /p3

)
u(−p)

Parity−−−→ B5.

The T -matrices from the PCB terms in helicity space read,

T ′′(2)
Football = 0, (4.9)

T ′′(2)
TrigL = 4H1m

2
n ln

(
µ

mn

)
,

T ′′(2)
TrigR = T ′′

TrigL,

T ′′(2)
Cross = −4H1m

2
n

[
3 ln

(
µ

mn

)
− 1

]
,

T ′′(2)
Box = −4H1m

2
n

[
ln

(
µ

mn

)
+ 1

]
,

where µ refers to the renormalization scale and is set to 1 GeV in our numerical
study unless otherwise stated, H1 is,

H1 =

[
|λ̄1 + λ1| cos

(
θ

2

)
+ |λ̄1 − λ1| sin

(
θ

2

)][
|λ̄2 + λ2| cos

(
θ

2

)
− |λ̄2 − λ2| sin

(
θ

2

)]
,

(4.10)

where λ1,2, λ̄1,2 denote the helicities of incoming, outgoing particles respectively
and θ refers to the scattering angle.

4.2.2 . Next-to-leading order (O(q3)) results
The next-to-leading order TPE diagrams are shown in Fig. 4.2. These diagrams

are the same as the corresponding diagrams shown in Fig. 4.1 with the replacement
of the πN vertices L(1)πN with L(2)πN . Note that there is no box diagram or cross
diagram at this order because there is no πNN vertex at order O(q2).

The next-to-leading order TPE contributions to T -matrix read,

T (3)
NN = T (3)

FootballL + T (3)
FootballR + T (3)

TrigL + T (3)
TrigR, (4.11)
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Figure 4.2 – Two-pion exchange diagrams at O(q3). The black dots de-
note vertices from L(2)

πN

.

where the notation is the same as that stated above. The products of isospin and
coupling factors have been included in the T -matrix at this order for simplicity.

T (3)′
FootballL =

(4I − 3)c4
72

(2B2mn − B4)
[
3
(
t− 4m2

π

)
B0

(
t,m2

π,m
2
π

)
− 6A0

(
m2

π

)
+ 2

(
t− 6m2

π

)]
,

(4.12)

T (3)′
FootballR = T (3)′

FootballL(B4 → B3),

T (3)′
TrigL = 6c1mnm

2
πB1

[
2m2

n (2f1 + C0(A)) +B0(t,m
2
π,m

2
π)
]
+ ... ,

T (3)′
TrigR = 6c1mnm

2
πB1

[
2m2

n (2f1 + C0(A)) +B0(t,m
2
π,m

2
π)
]
+ ... .

The T -matrices from PCB terms in helicity space read,

T (3)′′
FootballL = 0, (4.13)

T (3)′′
FootballR = 0,

T (3)′′
TrigL = 6c1H1mnm

2
π

[
2 ln

(
µ

mn

)
+ 1

]
+ ... ,

T (3)′′
TrigR = 6c1H1mnm

2
π

[
2 ln

(
µ

mn

)
+ 1

]
+ ... .

where I = 0, 1 refers to the isospin. The full expressions of the T -matrix from the
triangle diagrams at this order are not given explicitly due to their complexity 2.

In order to compute the phase shifts, we need to transform the T -matrix into
LSJ basis where L is the total orbital angular momentum, S is the total spin, and
J is the total angular momentum. The procedure for the partial wave projection
is rather standard [123, 124]. Here we refer to Ref. [124] for more details. At first,
we compute the T -matrix directly in momentum space. Then, we transfer it to
helicity basis. Next, it is rotated to the total angular momentum space |JM⟩ using
the Wigner d-functions. Last, it is projected to LSJ basis. In order to compute

2. They could be obtained as a Mathematica notebook from the authors upon
request.
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the phase shifts and mixing angle, we follow the procedure of Ref. [125],

δLSJ = −m
2
n|p|

16π2E
Re⟨LSJ |TNN |LSJ⟩, (4.14)

ϵJ =
m2

n|p|
16π2E

Re⟨J − 1, 1, J |TNN |J + 1, 1, J⟩.

Note that the kinematical prefactors here differ from those of Ref.[61] due to a
different sign convention for the NN T -matrix and a different normalization of the
matrix elements obtained by partial wave projection.

4.3 . Results and discussions

In this section, the phase shifts with 2 ≤ L ≤ 6 and mixing angles with
2 ≤ J ≤ 6 in the relativistic framework are presented and compared with those
of the nonrelativistic results of Ref. [61]. But before showing the phase shifts, the
choice of the LECs c1,2,3,4 needs to be clarified. As we stated above, the values of
c1,2,3,4 adopted in this work are larger than those of Ref. [126] because of different
renomalization schemes. In Ref. [116], the four LECs are determined by fitting
to πN scattering phase shifts in the EOMS approach at order O(q3), while in
Ref. [126], they are fixed from a fit to nine πN observables in the HB scheme at
one-loop order O(q3). For the sake of self-consistency, we thereby took the values
of c1,2,3,4 from Ref. [116] for the EOMS case and those of Ref. [126] for the HB
case. Otherwise the descriptions of πN scattering in both schemes will be ruined.
As a matter of fact, we have performed the nonrelativistic calculation with c1,2,3,4
fixed at the values of Ref. [116] and found that the corresponding results are worse
than those of Ref. [61].

4.3.1 . D-wave
The D-wave phase shifts and mixing angle ϵ2 are shown in Fig. 4.3. The black

dots refer to the Nijmegen partial wave phase shifts [34]. The Green dashed lines
refer to the contributions from relativistic OPE [75], the blue dash dotted lines
represent the contributions from the leading order TPE, the red curves contain the
next-to-leading order TPE, while the black curves are their nonrelativistic counter-
parts [61] with gA fixed at 1.29. The bands are generated by varying µ from 0.5
GeV to 1.5 GeV. The relativistic OPE is independent of µ since it contributes at
tree level. The relativistic leading order TPE is also independent of µ for partial
waves with L ≥ 2. Nonetheless, the next-to-leading order relativistic TPE depends
considerably on µ for the 3D1, 1D2 and 3D2 partial waves and shows little depen-
dence on µ for the 3D3 partial wave and mixing angle ϵ2. On the other hand, the
nonrelativistic results are independent of µ [61]. For all the cases the chiral NN
phase shifts are in good agreement with data up to Tlab = 50 MeV, and the re-
lativistic results show the same tendency as their nonrelativistic counterparts, but
the TPE contributions are more moderate, so for all the D-waves the relativistic
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results are in better agreement with the Nijmegen phase shifts perhaps with the
exception of 3D1 for Tlab ≥ 150 MeV, where both descriptions show a much stron-
ger u-turn shape, inconsistent with data. The nonrelativistic result for 3D1 is in fair
agreement with data up to Tlab = 200 MeV due to the cancellation of irreducible
TPE and iterated OPE [61], while in the relativistic case, the contribution of the
next-to-leading order TPE is somehow a little bit larger than the nonrelativistic
counterparts so that the curve shifts somewhat upwards. The mixing angle ϵ2 in
the relativistic method is in better agreement with data due to the moderate contri-
bution from the irreducible parts of TPE. Although the relativistic corrections are
sizeable in D-wave and improve the description of data, the still relatively large
discrepancy indicates the need of short-range contributions, namely the contact
terms controlled by LECs.

A few words are in order for the convergence pattern. For the coupled chan-
nels, because of the cancellation of the irreducible part and the iterated part in
the leading order TPE, the contribution of the next-to-leading order TPE is very
large compared with that of the leading order TPE. But for the singlet channel
1D2, contrast to our expectation, the iterated part contributes negligibly to the
phase shifts while the next-to-leading order TPE contributes a lot. Moreover, the
contribution of the next-to-leading order TPE seems to be larger than the contri-
bution of OPE. All in all, although the relativistic results are quantitatively better
than the nonrelativistic results, pion-exchange contributions alone are not enough
to explain the D-wave data, as concluded in Ref. [61].

4.3.2 . F-wave
The F-wave phase shifts and mixing angle ϵ3 are depicted in Fig. 4.4. The

relativistic chiral phase shifts only show moderate dependence on µ for the 3F2

partial wave and the variation of µ yields indistinguishable difference for the others.
As in the D-wave case, the relativistic TPE is moderate so that overall the phase
shifts are in better agreement with data. For the 1F3 partial wave, the relativistic
results are almost identical to data up to Tlab = 200 MeV. For the 3F3 partial
wave, the relativistic phase shifts are slightly better than the nonrelativistic ones.
For the 3F4 partial wave, the two results are almost identical. However, for the
3F2 partial wave, the contributions from the next-to-leading order TPE are very
small due to the cancellation of the contributions from c3 and c4 which leads to
a fair agreement with data for Tlab ≤ 210 MeV. In addition, the fact that the
contributions of leading order relativistic TPE are relatively small indicates a good
convergence at least up to O(q2). The contributions of the next-to-leading order
TPE are a bit large for the 1F3, 3F3 and 3F4 partial waves when Tlab ≥ 150 MeV
because of the large contribution from c3, while the contributions of the next-to-
leading order TPE are still larger than the leading order case for the mixing angle
ϵ3 due to the relatively large contribution from c4. This may not be too surprising
because for this energy, the momentum transfer q is already about 3.85mπ ≈ 530

MeV and therefore may not be regarded as a good low energy scale.
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Figure 4.3 – D-wave phase shifts and mixing angle ϵ2 as a function of
Tlab. The black dots refer to the Nijmegen partial wave phase shifts. The
green dashed curves correspond to the contributions from relativistic
OPE, the blue dash dotted curves represent the contributions of lea-
ding order TPE, the red solid curves contain the next-to-leading order
TPE while the black curves are their nonrelativistic counterpartswith gA
fixed at 1.29. The bands are generated by varying µ from 0.5 GeV to 1.5
GeV.
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Figure 4.4 – Same as Fig. 4.3, but for F-wave phase shifts and mixing
angle ϵ3.
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4.3.3 . G-wave
The G-wave phase shifts and mixing angle ϵ4 are depicted in Fig. 4.5. Again,

the variation of µ affects little the phase shifts for all the partial waves and for all
the cases the relativistic phase shifts are in better agreement with data. For the
1G4, 3G4, 3G3 partial waves and mixing angle ϵ4, the relativistic results are almost
identical to data up to Tlab = 280 MeV. For the 3G5 partial waves, the relativistic
phase shift is also in perfect agreement with data up to Tlab = 250 MeV. Although
the descriptions of phase shifts are much improved with the inclusion of the next-
to-leading order TPE, the contributions from the next-to-leading order TPE are
still relatively large compared with the leading order TPE for the 1G4, 3G4, 3G5

partial waves and mixing angle ϵ4 because of the same reasons as explained in the
F wave case.

4.3.4 . H-wave
The H-wave phase shifts and mixing angle ϵ5 are depicted in Fig. 4.6. For

the H wave, the results are independent of µ and although the TPE contributions
are much smaller, the relativistic corrections still improve the description of data.
For the 1H5 and 3H5, the relativistic and nonrelativistic phase shifts are almost
indistinguishable. For the 3H4 partial wave, the relativistic results are slightly better.
Only for 3H6, the contribution of the next-to-leading order TPE seems to be a bit
large when Tlab ≥ 150 MeV. Moreover, the contributions from the next-to-leading
order TPE are still larger than those from the leading order for the 1H5, 3H5, 3H6

partial waves and mixing angle ϵ5 as explained above.

4.3.5 . I-wave
The I-wave phase shifts and mixing angle ϵ6 are depicted in Fig. 4.7. The results

again are independent of µ and the relativistic phase shifts are nearly identical to
the nonrelativistic phase shifts and are in perfect agreement with data for this
partial wave due to the negligible contribution of TPE. Notice that for the 3I7
partial wave, the Nijmegen partial wave phase shifts [34] are larger than those in
Ref. [127]. As expected, the contributions from the next-to-leading order TPE are
larger than those from the leading order for the 1I6, 3I6, 1I7 partial waves and
mixing angle ϵ6.

4.4 . Summary and outlook

Based on the covariant πN Lagrangians, we calculated the relativistic TPE
T -matrix up to O(q3). With this T -matrix, we further calculated the chiral NN
phase shifts with 2 ≤ L ≤ 6 and mixing angles with 2 ≤ J ≤ 6 and then com-
pared our results with those of the nonrelativistic expansion. We found that for
all the partial waves the contributions of relativistic TPE are more moderate than
their nonrelativistic counterparts and therefore the obtained NN phase shifts are
in better agreement with the Nijmegen partial wave analysis than the nonrelativis-
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Figure 4.5 – Same as Fig. 4.3, but for G-wave phase shifts and mixing
angle ϵ4.
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Figure 4.6 – Same as Fig. 4.3, but for H-wave phase shifts and mixing
angle ϵ5.
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Figure 4.7 – Same as Fig. 4.3, but for I-wave phase shifts and mixing
angle ϵ6.
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tic results [61] especially for the F partial waves. Moreover, we showed that the
large discrepancies between the nonrelativistic phase shifts and data in the 3F2

partial wave can be eliminated by including the relativistic corrections. But for the
3F4 partial wave, the relativistic corrections are insignificant. We found that the
contributions of relativistic TPE at the next-to-leading order, similar to their non-
relativistic counterparts, are a bit large for the 1JJ , 3JJ , 3(J − 1)J partial waves
and mixing angles when Tlab ≥ 150 MeV because of the large contributions from
c3 and c4, which indicates that the perturbation theory up to O(q3) may not work
well in this energy region.

To summarize, although relativistic corrections are found to improve the des-
cription of data as expected, they are not significant enough to alter the re-
sults of Ref. [61] at least at a qualitative level, thus supporting all the exis-
ting studies using the nonrelativistic two-pion exchange contributions of Ref. [61]
as inputs. On the other hand, given the covariant nature of the two-pion ex-
changes presented in this work, they can be easily utilized in the recent series of
works [75, 128, 129, 130, 131, 87, 132, 93] which need such two-pion exchanges
as inputs and their relevance in such settings remain to be explored.

51





5 - Two-pion exchange contributions to the
nucleon-nucleon interaction with the in-
termediate Roper resonance

The discussions in chapter 3 and chapter 4 are based on the EFT that includes
only ground state of nucleon. The role of nucleon excitations also deserves some
discussion. As mentioned in chapter 1, the contributions from ∆(1232) to the
NN interactions have been comprehensively studied before, while the studies on
the Roper resonance (N(1440)) are rather few. In this chapter, we study the
contribution to the nucleon-nucleon (NN) scattering T -matrix from the two-pion
exchange potential (TPEP) with the intermediate roper resonance in the heavy
baryon chiral perturbation theory up to next-to-leading order. The resulting phase
shifts with L ≥ 2 are compared to those obtained without the contribution of
the intermediate roper resonance. We show that the contribution of the roper
resonance is sizeable for D-waves and slightly improves the description of phase
shifts for all the partial waves. We also discuss the role of the roper resonance
in the nucleon-nucleon interaction in the framework of resonance saturation. A
similar calculation could also be done in the covariant framework as in chapter 4
for covariant chiral nuclear forces. But as an exploratory study, it is useful to start
with the non-relativistic formalism.

This chapter is organized as follows. In Sec. 5.1, we provide the effective
Lagrangian relevant to our study and calculate the leading TPE potential with
intermediate Roper resonance. The isoscalar and isovector TPE potentials in mo-
mentum space and the resulting NN scattering phase shifts for L ≥ 2 are shown
and discussed in Sec. 5.2. A short summary and outlook is given in Sec. 5.3.

5.1 . Roper contributions to the nucleon-nucleon scattering

In this section, we derive the long-range components of the leading TPE poten-
tial with intermediate Roper resonances. After the relevant terms in the Lagrangian
are presented in Sec. 5.1.1, the triangle and box (planar and crossed) diagrams with
one and two Ropers are examined in Sec. 5.1.2.

5.1.1 . Effective Lagrangian

The Roper has the same quantum numbers (spin S = 1/2 and isospin I =

1/2) as the nucleon and therefore both can be represented by isospinor spinor
fields, which we denote R and N , respectively. Since we are interested in the
nonrelativistic regime where antibaryon contributions contribute only short-range
effects, we can use heavy particle fields [56, 133], each with two components
representing particle spin states. The inert nucleon mass is removed through a phase
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redefinition, leaving behind the Roper-nucleon mass difference ρ ≡ mR − mN .
The baryon covariant velocity is denoted vπ and covariant spin operator is Sµ =

iγ5σµνv
ν/2. We will work in the baryons’ rest frame, where vµ = (1, 0, 0, 0) and

Sµ = (0, σ⃗/2) in terms of the Pauli spin matrices σ⃗. The contributions from
antibaryons are represented by contact interactions.

In addition, we focus on momenta comparable to the pion mass, where the
isospin triplet π of pseudoscalar pions need to be considered explicitly. Pions are
pseudo-Goldstone bosons of spontaneous chiral SU(2)× SU(2) symmetry breaking,
characterized by the pion decay constant fπ ≃ 92 MeV. Chiral symmetry is realized
nonlinearly [134], for example through the use of a field [106, 107] U(x) = u2(x) =

exp (iπ · τ/fπ), where τ are the Pauli matrices in isospin space. Chiral symmetry
is implemented easily through chiral-covariant derivatives

uµ = i
(
u†∂µu− u∂µu†

)
, (5.1)

DµΨ = ∂µΨ+
1

2
[u†∂µu+ u∂µu

†, Ψ], (5.2)

for the pion field and a spin-1/2 field Ψ, respectively.
In order to calculate the leading TPE potential with the Roper resonance in

HBχPT, we need the leading terms in the effective chiral Lagrangian including
pions, nucleon and Roper [135],

L(0) =f
2
π

4
Tr
[
(∂µU)(∂µU †) +m2

π(U + U †)
]
+ N̄ (iv ·D + gAS · u)N (5.3)

+ R̄ (iv ·D − ρ)R+ g′A
(
R̄S · uN + H.c.

)
,

where gA and g′A are the axial-vector coupling of the pion to the nucleon and
the transition nucleon-Roper coupling, respectively. Subleading terms include more
derivatives, powers of the pion and Roper-nucleon mass difference. With naive
dimensional analysis [136], which incorporates naturalness in a perturbative context
[137], these terms are suppressed by powers of MQCD ∼ Λχ ≡ 4πfπ. Also among
the higher-order terms one finds also isospin-breaking terms proportional to the
quark-mass difference and the fine-structure constant.

5.1.2 . Two-pion exchange potential with intermediate Ropers
The nucleon propagator from the Lagrangian (5.3) is static. Two-nucleon re-

ducible diagrams — that is, those that can be split by cutting only intermediate
nucleon lines — have a pinch singularity and are infrared divergent, which requires
[58] a resummation in the nucleon propagator of the recoil term proportional to
m−1

N appearing in the Lagrangian with an additional derivative, L(1). These dia-
grams are then finite but enhanced [110] by a factor of 4πmN/p, where p is the
characteristic momentum of the process. The two-nucleon potential is defined as
the sum of two-nucleon irreducible diagrams. Being free of the infrared divergence,
contributions to the potential can be estimated [58] with the same power counting
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Figure 5.1 – Leading two-pion-exchange contributions to NN interac-
tions with an intermediate Roper resonance. Solid, double, and dashed
lines represent nucleons, Ropers,and pions, respectively. Propagators
and interactions are from the Lagrangian L(0), Eq. (5.3).

of χPT [138]. Neglecting isospin-breaking corrections, the potential is a perturba-
tive expansion in Q/MQCD, where Q represents the low-energy scales : p, mπ, δ,
and in our case ρ as well.

The leading contributions to the NN potential from intermediate Roper reso-
nances and nucleons arise from the Feynman diagrams shown in Fig. 5.1. These are
all the one-loop diagrams one can build with the propagators and interactions from
the leading Lagrangian in Eq. (5.3) involving nucleons, Ropers and pions. They re-
present contributions in Roper-full χEFT of O(Q2/M2

QCD) relative to OPE. Being
free of pinch singularities, nucleons are static with recoil corrections expected at
next order. The Roper decay width, arising from a one-loop correction to the Roper
propagator, enters two orders down in the chiral expansion. The triangle diagrams
arise from the Weinberg-Tomozawa vertex contained in the nucleon chiral-covariant
derivative and are proportional to g′2A . The planar- and crossed-box diagrams are
proportional to g2Ag

′2
A or g′4A depending on whether they contain one or two inter-

mediate Ropers. Note that there is always at least one resonance in intermediate
states and no subtraction of iterated OPE is needed.

The inclusion of Roper also implies that one needs to consider explicit contri-
butions from the Delta isobar, since the latter’s mass is smaller than the Roper’s.
At the order we consider here, there are also box diagrams involving one Roper and
one Delta in intermediate states, which are proportional to h2Ag

′2
A , where hA is the

axial-vector nucleon-Delta coupling analog to g′A. These diagrams are independent
of the diagrams considered here and their evaluation is left for a subsequent publi-
cation.

As with any other loop diagrams, those in Fig. 5.1 require regularization. They
contain short-range components that do not vanish when the regulator is removed.
This regulator dependence can be eliminated by an appropriate dependence on the
regulator parameter of the bare strengths of two-nucleon contact interactions.
The asymptotic form of the potential is obtained at distances much larger than
the inverse of the momentum cutoff, see for example Refs. [60, 139] for nucleon
and Delta intermediate states. However, the same result is most cleanly obtained
with dimensional regularization and minimal subtraction,which we employ in the
following. The calculation is completely analogous to that in Refs. [61, 62].

We consider the diagrams in Fig. 5.1 in the center-of-mass frame and denote the
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initial and final momenta by p⃗ and p⃗ ′, respectively, with q⃗ = p⃗− p⃗ ′ the transferred
momentum. Representing the the spin and isospin operators of nucleons i by σ⃗i
and τi, the corresponding potential takes the conventional form,

V = VC+WC τ1 ·τ2+[VS+WS τ1 ·τ2]σ⃗1 ·σ⃗2+[VT +WT τ1 ·τ2] σ⃗1 · q⃗ σ⃗2 · q⃗, (5.4)

where the subscripts C, S, and T refer to the central, spin-spin, and ten-
sor components respectively, with V denoting the isoscalar potential and W the
isovector potential.

The explicit expressions are

— Roper resonance in triangle diagrams :

WC =
g′2A

192π2f4π

[
18ρ2 − 2m2

π −
13

6
q2 −

(
36ρ2 − 18m2

π − 5q2
)
log

mπ

µ
− 24hρ cosh−1 ρ

mπ

−
(
12ρ2 − 8m2

π − 5q2
) ω(q)

q
tanh−1 q

ω(q)
− 6

(
2ρ2 − 2m2

π − q2
)
f1(q)

]
.

(5.5)

— Single Roper resonance in planar-box diagrams :

VC =−3

2
WC (5.6)

=
g2Ag

′2
A

256π2f4π

[
30ρ2 − 32m2

π −
67

6
q2 −

(
60ρ2 − 90m2

π − 23q2
)
log

mπ

µ
− 6π

mπ

ρ
ω2(q)

− 12
(
4ρ2 − ω2(q)

) h
ρ
cosh−1 ρ

mπ
−
(
12ρ2 − 20m2

π − 11q2
) ω(q)

q
tanh−1 q

ω(q)

−12

(
ρ2 − 2m2

π − q2 +
(
2m2

π + q2
)2

2ρ2

)
f1(q)

]
, (5.7)

VT =− 3

2
WT = − 1

q2
VS =

3

2q2
WS (5.8)

=
3g2Ag

′2
A

128π2f4π

[
−2 + 2 log

mπ

µ
− πmπ

2ρ
+
h

ρ
cosh−1 ρ

mπ
+
ω(q)

q
tanh−1 q

ω(q)

+

(
1− ω2(q)

2ρ2

)
f1(q)

]
. (5.9)
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— Single Roper resonance in crossed-box diagrams :

VC =
3

2
WC (5.10)

=
g2Ag

′2
A

256π2f4π

[
−30ρ2 + 32m2

π +
67

6
q2 +

(
60ρ2 − 90m2

π − 23q2
)
log

mπ

µ
− 6π

mπ

ρ
ω2(q)

+ 12
(
4ρ2 − ω2(q)

) h
ρ
cosh−1 ρ

mπ
+
(
12ρ2 − 20m2

π − 11q2
) ω(q)

q
tanh−1 q

ω(q)

+12
(
ρ2 − 2m2

π − q2
)
f1(q)

]
, (5.11)

VT =
3

2
WT = − 1

q2
VS = − 3

2q2
WS (5.12)

=
3gAg

′2
A

128π2f4π

[
2− 2 log

mπ

µ
− πmπ

2ρ
− h

ρ
cosh−1 ρ

mπ
− ω(q)

q
tanh−1 q

ω(q)
− f1(q)

]
.

(5.13)

— Double Roper resonance in planar-box diagrams :

VC =− 3

2
WC (5.14)

=
g′4A

512π2f4π

[
30ρ2 − 32m2

π −
67

6
q2 −

(
60ρ2 − 90m2

π − 23q2
)
log

mπ

µ

− 12
(
4h2 − q2

) h
ρ
cosh−1 ρ

mπ
−
(
12ρ2 − 20m2

π − 11q2
) ω(q)

q
tanh−1 q

ω(q)

−3
(
2h2 − q2

)2
ρ2

f1(q)

]
, (5.15)

VT =− 3

2
WT = − 1

q2
VS =

3

2q2
WS (5.16)

=
3g′4A

128π2f4π

[
−1 + log

mπ

µ
+

h

2ρ
cosh−1 ρ

mπ
+
ω(q)

2q
tanh−1 q

ω(q)
+

4h2 − q2

8ρ2
f1(q)

]
.

(5.17)
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— Double Roper resonance in crossed-box diagrams :

VC =
3

2
WC (5.18)

=
g′4A

512π2f4π

{
−42ρ2 − 16m2

π −
5

6
q2 +

(
180ρ2 − 90m2

π − 23q2
)
log

mπ

µ

+ 12
(
12h2 − q2

) ρ
h
cosh−1 ρ

mπ
+
(
36ρ2 − 20m2

π − 11q2
) ω(q)

q
tanh−1 q

ω(q)

+24
(
2h2 − q2

) [
f1(q) +

2h2 − q2

8ρ2
f2(q)

]}
, (5.19)

VT =
3

2
WT = − 1

q2
VS = − 3

2q2
WS (5.20)

=
3g′4A

128π2f4π

[
1

2
− log

mπ

µ
− ρ

2h
cosh−1 ρ

mπ
− ω(q)

2q
tanh−1 q

ω(q)

−f1(q)−
4h2 − q2

8ρ2
f2(q)

]
. (5.21)

In the above equations, µ is the renormalization scale and the quantities h, ω, f1,
and f2 are defined as

h =
√
ρ2 −m2

π, (5.22)

ω(q) =
√
4m2

π + q2 (5.23)

f1(q) =

∫ 1

0
dxF (q;x) cot−1 F (q;x), (5.24)

f2(q) =

∫ 1

0
dxF 2(q;x)

[
F (q;x) cot−1 F (q;x)− 1

]
, (5.25)

f2(q) =

∫ 1

0
dxF 3(q;x) cot−1 F (q;x) +

4ρ2 tan−1

(
q√

4h2−q2

)
q
√
4h2 − q2

, (5.26)

F (q;x) =

[
q2

ρ2
x(1− x) + m2

π

ρ2
− 1

]−1/2

. (5.27)

It is necessary to check the consistency between the TPE potentials with and
without explicit Roper contributions. For such a purpose, we set the Roper-nucleon
mass splitting ρ = 0 and compare the resulting potential to that in Ref. [61]. We
find that they are identical with the exception of the potentials provided by the
planar-box diagrams. The difference lies in the pinch singularity, which represents
iterated OPE and is subtracted from the planar-box diagrams in the nucleon-only
potential.

There are several cancellations among terms in planar and crossed boxes, as can
be expected in general since only the sum of all diagrams with a given dependence
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on parameters like gA and g′A is invariant under field redefinitions. When we add
all diagrams we obtain :

VC =−
3g′2A

512π2f4π

{
8πg2A

mπ

ρ
w(q)2 + 4g′2A

[
w(q)2 + ρ2

]
− 40g′2Aρ

2 log
mπ

µ

(5.28)

+ 4g′2A

[
q2ρ

h
−
(
w(q)2 + 8ρ2

) h
ρ

]
cosh−1 ρ

mπ
− 8g′2Aρ

2w(q)

q
tanh−1 q

w(q)

+

[
4g2A

(
2mπ

2 + q2
)2

ρ2
+ g′2A

(2h2 + q2)2 − 8ρ2(2h2 − q2)
ρ2

]
f1(q)− g′2A

(
2h2 − q2

)2
ρ2

f2(q)

}

WC =
g′2A

384π2f4π

{
−12ρ2

(
5g2A + 3g′2A − 3

)
+ 4m2

π

(
16g2A + 2g′2A − 1

)
+
q2

6

(
134g2A + 31g′2A − 26

)
(5.29)

+
[
24ρ2

(
5g2A + 5g′2A − 3

)
− 18m2

π

(
10g2A + 5g′2A − 2

)
− q2

(
46g2A + 23g′2A − 10

)]
log

mπ

µ

+
6

ρ h

[
−4g2Ah2w(q)2 + 4

(
4g2A + 3g′2A − 2

)
h2ρ2 + g′2A

(
4h4 − h2q2 − q2ρ2

)]
cosh−1 ρ

mπ

+
[
24ρ2

(
g2A + g′2A − 1

)
− 4m2

π

(
10g2A + 5g′2A − 4

)
− q2

(
22g2A + 11g′2A − 10

)] w(q)
q

tanh−1 q

w(q)

+3

{
2g2A

(
2h2 − q2

)2
ρ2

+ g′2A

(
2h2 − q2

)2
+ 4ρ2

(
h2 − 2q2

)
2ρ2

− 4
(
2h2 − q2

)}
f1(q)

+
3g′2A
2

(2h2 − q2)2

ρ2
f2(q)

}
,

VT =− 1

q2
VS (5.30)

=
−3g′2A

256π2f4π

{
g′2A + g2A

2πmπ

ρ
+ g′2A

m2
π

ρ h
cosh−1 ρ

mπ
+

[
g2A
w(q)2

ρ2
+ g′2A

(
1 +

w(q)2

4ρ2

)]
f1(q)

(5.31)

+g′2A
4h2 − q2

ρ2
f2(q)

}
,

WT =− 1

q2
WS (5.32)

=
g′2A

128π2f4π

[
8g2A + 3g′2A − 4

(
2g2A + g′2A

)
log

mπ

µ
−
(
4g2Ah

2 − g′2Am2
π

ρ h

)
cosh−1 ρ

mπ

(5.33)

−2
(
2g2A + g′2A

) w(q)
q

tanh−1 q

w(q)
+

(
g2A
q2 − 4h

ρ2
+ g′2A

w(q)2 − 12ρ2

4ρ2

)
f1(q)

+g′2A
q2 − 4h2

4ρ2
f2(q)

]
.

The form of the potential and its effects on observables are considered in the
next section.
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5.2 . Numerical Results and Discussion

The Roper TPE potential is determined in terms of one-baryon LECs. After
we discuss their values, we present plots of the potential and its effects on phase
shifts for high partial waves.

5.2.1 . Values of LECs

In order to calculate the NN scattering phase shifts, we have to fix all the
relevant LECs. The leading order nucleon axial-vector coupling gA is fixed at 1.29,
the pion decay constant fπ = 92.4 MeV, the renormalization scale µ = 1 GeV,
the pion mass mπ = 139 MeV, and the nucleon mass mN = 939 MeV. As for
the nucleon-roper coupling g′A and the mass splitting ρ, we adopt the N2LO EFT
values listed in Table I of Ref. [135]. That is g′A = 1.06 and ρ = 690 MeV.
Alternative numerical studies with g′A and ρ of the N3LO EFT and N2LO GW
listed in Table I of Ref. [135] have also been performed and the results are found
to be qualitatively consistent with those otained with the N2LO EFT LECs with
an insignificant difference at large laboratory energies.

5.2.2 . The potential as function of momentum transfer

The various components of the OPE potential, the TPEP with and without
intermediate roper contributions in momentum space up to NLO are shown in
Fig. 5.2 1. Note that the potential of the tensor part is multiplied with a momentum-
dependent factor q2 to rescale the magnitude 2. In EFT-/R, the first contribution to
the isoscalar central force VC arise at N2LO, while in EFT-R, it emerges at NLO.
The NLO-R contribution to VC is strongly repulsive, but the strength decreases
with the transfer momentum q. For the isovector central force WC , it receives the
first contribution at NLO in both EFT-/R and EFT-R. Moreover, the contribution
to WC in both EFTs is repulsive with different tendency and strength. In EFT-
R, similar to VC , WC not only decreases with q, but also holds almost the same
slope as VC . As a matter of fact, WC in EFT-R is nearly 1/2 of VC . Contrary
to this, in EFT-/R, WC increases with q, but the strength is much weaker than
that in EFT-R. Since UC = VC + (4I − 3)WC [61], one would naturally expect
that for I = 0, UC(R) and UC(/R) are both attractive and converge at small q,
and then Uc(/R) decreases with q, while Uc(R) increases with q gently because
of the cancellation of VC(R) and WC(R) . However, for I = 1, this behavior
interchanges, i.e., UC(R) retains the features of VC(R),WC(R) and its strength
is approximately 100GeV−2 larger than that of UC(/R) for the q region plotted here.
Nevertheless, the contributions to the T -matrix elements in the LSJ basis from

1. The TPEP with and without intermediate roper contributions are denoted as
EFT-R and EFT-/R.

2. Another reason to redefine the tensor force in such a form is that the contribu-
tion to the T -matrix in the LSJ basis from the tensor force is either multiplied with
q2 or multiplied with p2, and q2 is proportional to p2 for given scattering angle.
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UC(R),UC(/R) are of similar magnitude because UC is always multiplied with the
Legendre Polynomial PJ/J±1(z) in the projection of T -matrix, and the contribution
from a constant term equals to zero after the integration over z. Therefore, for
I = 1, if one shifts UC(R) downwards about 100 GeV−2, the behaviors of UC(R)

and UC(/R) are similar with different sign and thus their contributions to the T -
matrix are comparable. For the redefined isoscalar tensor force q2VT , both EFTs
contribute at NLO and the EFT-/R potential is nearly twice as strong as the EFT-
R potential with a different sign. For the redefined isovector tensor force, the
contribution from TPEP with the intermediate roper resonance emerges at NLO
and is insignificant for the isospin triplet. However, for the isospin singlet, WS is
comparable to VS because its contribution to the T -matrix is multiplied with a
factor of 3. Hence, the contribution from the tensor force in EFT-/R to the T -
matrix is also nearly twice as that in EFT-R for I = 1, while the contribution
from the tensor force in both EFTs are comparable for I = 0. Notice that the
isoscalar tensor force in EFT-R provides additional attraction (in comparion with
that in EFT-/R) thus results in a better convergence and description of the phase
shifts at NLO. Because the football and triangle diagrams do not contribute to the
tensor and spin-spin force, and (V/W )T = − 1

q2
(V/W )S in the box diagram, the

behaviours of the spin-spin force in both EFTs are the same as those of the tensor
force.

5.2.3 . Phase shifts in high partial waves
The NN scattering phase shifts can be obtained by using the “Stapp”- or

"bar"- phase shift parameterization [140] of S matrix, which is related to the on-
shell T -matrix. In order to obtain the on-shell T -matrix, one need to insert the
potential into a scattering equation such as the Lippmann-Schwinger equation.
However, for relatively small phase shifts e.g. |δ| < 10◦, which is common for
partial waves with L, J ≥ 2, the difference between the phase shifts obtained in
the scattering equation and the perturbation theory is insignificant due to the minor
difference between δ and sin(δ) cos(δ). Therefore, in this work, we only calculate
the perturbative phase shifts and mixing angles. Their expressions are given as
follows :

T = V, (5.34)

δLSJ = − M2p

4πE
Re ⟨LSJ |T |LSJ⟩ ,

ϵJ =
M2p

4πE
Re ⟨J − 1, 1, J |T |J + 1, 1, J⟩ .

where M is the nucleon mass and E =
√
M2 + p2 refers to the center of mass

energy. On-shell, the transferred momentum q = |q⃗ | = 2p sin θ/2 = p
√
2(1− cos θ)

with θ the scattering angle. The explicit partial wave projections of the T -matrix
can be found in Ref. [61]. Note that the kinematical prefactors differ from those
of Ref. [61] due to a different sign convention for the T matrix.
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Figure 5.2 – Isoscalar (left panel) and isovector (right panel) NN poten-
tials at NLO. The black line refers to the contribution from the one-pion
exchange, the blue lines denote the contributions from the two-pion
exchange without intermediate roper contributions and the red lines
refer to the potential provided solely by the intermediate roper reso-
nance. The tensor potential is rescaled with a momentum-dependent
factor q2. Notice that in EFT-/R, the TPEP only contributes toWC , VT and
VS .

Next, we turn to the NN scattering phase shifts for L ≥ 2. The results for the
D-,F-,G wave phase shifts and for the mixing angles ϵ2,3,4 are shown in Figures 5.3
à 5.5. For all the partial waves the consideration of the roper resonance leads to a
better description of the phase shifts. For most partial waves the descriptions are
reasonably good with the exception of 3D1,

3D3,
3 F4 and 3G5, which implies that

higher order corrections or the inclusion of the ∆ isobar are needed.

Then we discuss the D-wave phase shifts one by one. For the 1D2 partial
wave, according to the Pauli exclusion principle, the potentials for I = 1 would
contribute to this channel. Moreover, since the contribution to the T -matrix from
the central and tensor forces in form of (UC − q2UT )PJ(z) and the q2UT term
can be shifted, their contributions to the T -matrix almost cancel each other as
shown in Fig. 5.2. The spin-spin force nearly saturates this channel. Based on the
previous discussion, the spin-spin force in EFT-/R is nearly twice as large as that in
EFT-R for I = 1, so that the contribution to the phase shifts from TPEP without
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the roper resonance is also nearly twice as large as that from the TPEP with it,
which is in good agreement with the results shown in Fig. 5.3. For the mixing
angle ϵ2, the potentials for I = 0 would contribute to it. Because only the tensor
force contributes to the T -matrix in this channel, so the contribution from TPEP
with/without the intermediate roper resonance should be comparable according to
Fig. 5.2. However, one can observe from Fig. 5.3 that the contribution from the
TPEP with the roper resonance is about one third of that from the TPEP without
the roper resonance. The reason is that, the tensor potential shown in Fig. 5.2 is
a function of q, while the contribution to the T -matrix from the tensor force is a
function of p and z. The different behavior of the tensor force as a function of the
two basis leads to the disagreement in the mixing angle ϵ2. The situation is a bit
more ambiguous for the triplet channel because of the more complex structure in
the projection formulas. So one can observe from Fig. 5.3 that for the 3D2 partial
wave, the contribution from EFT-R is slightly larger than that from EFT-/R, while
for the 3D3 partial wave, the contribution from EFT-/R is again nearly twice as
large as that from EFT-R. The 3D1 partial wave is a bit special. In EFT-R, the
contribution from the central force is almost cancelled by those from the spin-spin
and tensor forces, so the phase shifts retain the shape even the intermediate roper
resonance is considered.

As for the F-and G-waves, the contributions from the NLO TPEP without the
intermediate roper resonance are insignificant and thus the contributions from the
TPEP with the intermediate roper resonance are also insignificant. Nevertheless,
the inclusion of the roper resonance still shifts the theoretical phase shifts towards
the data.

Now we consider the role of the roper resonance in the framework of resonance
saturation. It has long been noted that the N2LO TPEP is somehow comparable or
even larger than the NLO TPEP in the HB formalism [61]. And the N2LO TPEP
contribution is mainly from the terms that contain LECs c3 and c4, whose values can
be understood in resonance saturation [126]. Therefore, in some sense, the role of
the nucleon excitations to theNN scattering can be visualized simply by comparing
their contributions to c3 and c4. The values of c3 and c4 are dominated by the ∆

saturation [126], thus the ∆-isobar is expected to be crucial in the NN interaction.
Previous studies [62, 76] showed that the NLO TPEP with the intermediate ∆ is
equivalent to the N2LO TPEP without the intermediate ∆ to some extent, which
corroborates the above conjecture. Contrary to the ∆ saturation, the contribution
to the values of the two LECs from the roper saturation is minor [126]. Hence, from
this point of view, the roper resonance may not as important as the ∆ in the NN
scattering. As a result, we can observe from Figures 5.3 à 5.5 that the contributions
from the roper resonance are sizeable for D-waves, but become insignificant as the
orbit angular momentum increases.

5.3 . Summary and outlook
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We calculated theNN TPEP with intermediate roper resonance in the HBχPT
up to NLO. The isoscalar and isovector TPEP with the intermediate roper reso-
nance are compared with the conventional TPEP. We found that for the isospin
singlet, the central, spin-spin and tensor forces with the intermediate roper are
comparable to those without it. For the isospin triplet, the central force with the
intermediate roper resonance is significantly larger than that without it. Neverthe-
less, the huge difference is suppressed by the Legendre Polynomial when projected
to the LSJ basis. As for the tensor and spin-spin forces, the potentials with the
intermediate roper resonance are nearly one half of those without it. With the ob-
tained potential, we further evaluated the T -matrix and obtained the perturbative
phase shifts for D-,F- and G-waves. We found that for all the partial waves, the
description of the phase shifts is improved by the inclusion of the intermediate
roper resonance. Moreover, the contributions from the roper resonance are found
to be sizeable for D-waves.

Although the obtained phase shifts are in reasonable agreement with the phase
shifts data, there are still visible discrepancies for the 3D1, 3D3, 3F4 and 3G5

partial waves. Since the present study is only up to NLO and does not include
the contribution from ∆, a complete ∆- and roper-full EFT up to N2LO is then
awaited to address these questions.
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Figure 5.3 – D-wave phase shifts and mixing angle ϵ2 as a function of
Tlab. The black dots refer to the Nijmegen partial wave phase shifts. The
green dashed curves correspond to the contributions from the OPE,
the blue dash dotted curves represent the contributions fromTPEP, the
red solid curves represent the sum of the OPE and TPE contributions
with that from the intermediate roper resonance.
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Figure 5.4 – Same as Fig. 5.3, but for F-wave phase shifts and mixing
angle ϵ3.
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Figure 5.5 – Same as Fig. 5.3, but for G-wave phase shifts and mixing
angle ϵ4.
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6 - Summary and outlook

In this thesis, the key input to construct a high-precision covariant nuclear
force is obtained in covariant EFT, and the role of the Roper resonance in the
nucleon-nucleon interaction is quantified in HBEFT.

First, we briefly introduced the principle of effective field theory. Special at-
tention was paid to chiral symmetry and its explicit and spontaneous breaking in
the underlying QCD. The chiral effective field theory, which is the low-energy ap-
proximation of QCD that includes explicit pion fields, also incorporates the same
symmetries and their breaking patterns. The general way to construct the chiral
Lagrangian and the power counting rule was then introduced.

Aiming to construct the high-precision covariant nuclear force, we proposed a
covariant power counting rule and presented the steps to construct the covariant
nucleon-nucleon contact Lagrangian up to order O(q4). The constructed Lagran-
gians contain 4 + 13 + 23 terms at O(q0),O(q2),O(q4), respectively, which can
be reduced to the well-known non-relativistic 2 + 7 + 15 terms by performing the
non-relativistic reduction. In addition to this, we calculated the TPE contributions
to the nucleon-nucleon interaction in covariant χPT and compared our results
with the conventional non-relativistic results. Since the calculations are parameter
free, the importance of relativistic effects could be explored. As a result, an overall
better description of the NN phase shifts, especially for the F wave, and a faster
convergence have been observed in the calculations based on the covariant forma-
lism. Both works are key inputs to constructing a high-precision covariant chiral
nuclear force, and future applications are awaited.

Apart from the works in covariant EFT, we also studied the role of Roper
resonance N(1440), which is the second excitation of a nucleon, in the nucleon-
nucleon interaction based on HBEFT. Although contributions from ∆(1232) had
been fully studied before [59, 60, 62, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86],
the role of the Roper has never been discussed in the nucleon-nucleon sector. We
showed that the contributions of the Roper resonance are sizeable for D waves and
improve the description of phase shifts for all partial waves slightly. Such behavior
was then discussed in the framework of resonance saturation.

Our results suggest a number of further developments :
— The NN contact terms constructed in Chapter 3 do not include either

isospin-breaking terms or external fields, which implies that these Lagran-
gians are not enough for analyses of differences between proton-proton
and neutron-neutron scattering, where isospin breaking enters. Therefore,
for a subsequent study, external fields have to be considered in covariant
Lagrangians for a better interpretation of NN scattering.

— As shown in Chapter 4, similar to the non-relativistic TPE, the covariant
TPE also encounters a convergence problem, suggesting the necessity to
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include nucleon excitations. The study performed in Chapter 5 shows that
the contributions from the Roper resonance indeed improve the conver-
gence behavior, especially for the D waves. Still, they are not enough to
solve the convergence problem. The explicit inclusion of the ∆(1232) in
calculations involving the nucleon and the Roper resonance might provide
additional contributions at this order to improve convergence.

— Covariant many-body calculations for finite nuclei, e.g., the Relativistic
Brueckner-Hartree-Fock (RBHF) theory, based on the bare nucleon-nucleon
potential require massive computing resources. A potential solution is to
soften the bare nuclear force to a low-momentum nucleon-nucleon inter-
action based on the RG method. In addition, RG invariance is one of the
bases of an EFT. So a systematic study of the RG invariance of covariant
chiral nuclear forces is important. The work in this thesis can provide a
foundation for RG studies in covariant chiral nuclear forces.

— Existing relativistic nuclear many-body calculations are mainly based on
the CD-Bonn potential. Chiral nuclear forces based on the work in this
thesis might provide more insight than phenomenological nuclear forces
into studies of nuclear matter and properties of finite nuclei.

— Combing covariant chiral nuclear forces and nuclear many-body theories,
one can obtain optimal covariant microscopic potentials and then study
nucleon-nucleus scattering with covariant ab initio methods.
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7 - Résumé substantiel en français

La force nucléaire est l’ingrédient le plus essentiel de la physique nucléaire, et
la compréhension microscopique de cette force a longtemps été le sujet central
de la physique nucléaire. En 1932, la découverte du neutron par Chadwick [1] a
ouvert les portes aux études de la force nucléaire. Depuis lors, la compréhension
de la nature des interactions entre nucléons a toujours été l’un des problèmes
les plus importants de la physique nucléaire. La première tentative a été faite
par Yukawa [2]. En 1935, Yukawa a proposé que les interactions entre nucléons
puissent être médiées par des particules dont la masse est environ 200 fois celle
d’un électron, appelées mésons, et sa théorie est la célèbre théorie de l’échange de
mésons. Bien qu’il ait été prouvé que la théorie de Yuakwa n’était pas suffisante
pour décrire la force nucléaire, l’idée principale de la théorie de l’échange de mésons,
selon laquelle la force nucléaire est médiée par des mésons, est toujours instructive
aujourd’hui. Au cours des années suivantes, certains physiciens ont suggéré que
d’autres mésons devraient également être pris en compte [3, 4]. Cependant, en
raison des structures d’opérateurs compliquées qu’elles comportent, ces théories
ne sont pas largement utilisées. En fait, à cette époque, la plupart des physiciens
pensaient que la nature de la force nucléaire serait finalement exprimée sous une
forme simple comme la force de Coulomb et la gravité. Mais les expériences ont
prouvé que cette idée était fausse. La force nucléaire s’est alors avérée presque
impossible à décrire par une théorie simple [5].

Le principal problème de la théorie de Yukawa est que des mésons beaucoup
plus lourds devraient être inclus afin de décrire le comportement de la force nu-
cléaire dans sa partie centrale (r ≲ 1 fm). Sur la base des travaux pionniers de
Yuwaka, Taketani, Nakamura et Sasaki ont proposé une nouvelle théorie de la force
nucléaire [6]. L’idée principale est de diviser la force nucléaire en trois parties en
fonction de l’étendue de la force. L’échange d’un pion (OPE) représente la partie
à longue portée (r ≳ 3 fm ) de la force nucléaire, l’échange de deux pions est res-
ponsable de la partie à moyenne portée (1 ≲ r ≲ 3 fm) de la force nucléaire, tandis
que l’échange de plusieurs pions contribue à la partie à courte portée (r ≲ 1 fm)
de la force nucléaire. Ce concept est instructif car c’est la première fois que l’on se
rend compte que la force nucléaire se compose de différents comportements à dif-
férents niveaux de force. Cependant, les difficultés à dériver le potentiel d’échange
multi-pions limitent son application ultérieure.

Une autre façon de construire la force nucléaire est apparue dans les années
1950∼60 : phénoménologique, basée sur les données abondantes de la diffusion
nucléon-nucléon (NN). La forme générale de la partie à courte portée de ces
forces est généralement obtenue par diverses analyses d’invariance. Par exemple, le
potentiel de Paris est exprimé en termes d’invariants non relativistes habituels avec
cinq composantes pour chaque état isospin [7]. En même temps, la partie à longue

71



portée est obtenue en considérant la théorie de la dispersion. Dans les années
1970, les forces nucléaires phénoménologiques largement utilisées comprenaient
le potentiel de Hamada Johnston [8], le potentiel de Reid [9], et le potentiel de
Paris [7]. Ces forces nucléaires phénoménologiques sont en accord général avec les
données de diffusion nucléon-nucléon. Cependant, leurs formes sont quelque peu
arbitraires et elles contiennent de nombreux paramètres ajustables.

Dans les années 1970, la théorie de l’échange de mésons a connu une percée
grâce à la découverte de mésons lourds. La théorie correspondante est connue sous
le nom de modèle d’échange d’un boson (OBE) [10, 11, 12]. Selon le modèle OBE,
la partie à longue portée de la force nucléaire est toujours dominée par l’échange
d’un pion, la partie à moyenne portée de la force nucléaire peut être dérivée par
l’échange de mésons de masses 500 ∼ 550 MeV, tandis que la partie à courte
portée de la force nucléaire peut être obtenue par l’échange de mésons plus lourds,
dont les masses sont d’environ 720 ∼ 1000 MeV. En utilisant le modèle OBE, une
forte interaction répulsive est obtenue dans la partie centrale de la force nucléaire,
ce qui explique l’apparition d’un noyau répulsif. Comme le potentiel OBE contient
certaines constantes de couplage, qui sont fixées par les données expérimentales,
la théorie est encore semi-phénoménologique.

En dehors de ces modèles, dans les années 1980, Oka, Faessler et Shimizu [13,
14, 15] ont proposé d’étudier la force nucléaire dans des modèles de quark. C’est la
première fois que le noyau répulsif de la force nucléaire peut être bien expliqué par
l’échange effectif d’un gluon. Bien que ces premiers modèles de quarks expliquent
bien la partie à courte portée de la force nucléaire, la nature attractive de la partie
à moyenne et longue portée de la force nucléaire ne peut être décrite au niveau
des quarks. L’échange de mésons doit être inclus dans ces théories pour générer
ces parties de la force nucléaire, et ces théories mixtes sont connues sous le nom
de modèles mixtes quark-méson. Après des années d’améliorations, les modèles de
quark bien connus comprennent le modèle de quark chiral à canal couplé [16], le
modèle de quark constituant [17, 18], le modèle de quark chiral [19, 20], modèle
d’écran couleur de délocalisation de quark [21, 22, 23, 24, 25], et modèle de quark
SU(6) [26, 27, 28, 29].

Une force nucléaire de haute précision est nécessaire pour obtenir des calculs
précis de la structure et des réactions nucléaires. C’est pourquoi diverses forces
nucléaires phénoménologiques de haute précision ont été proposées à la fin des
années 1990. Ces forces peuvent être classées en deux catégories : celles basées
sur l’invariance sous parité, la conjugaison de charge, l’inversion temporelle et la
conjugaison hermitienne, comme le potentiel Reid93 [34] et le potentiel AV18 [31],
et celles basées sur le modèle OBE, comme le potentiel Nijmegen [30] et le po-
tentiel CD-Bonn [33]. Les données de diffusion nucléon-nucléon et les propriétés
du deutéron peuvent être bien expliquées par ces modèles de haute précision. Par
exemple, le potentiel CD-Bonn a pu décrire environ 6000 données de diffusion de
pp et np au-dessous de 300 MeV avec χ2/datum ≈ 1, bien plus précis que toute
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autre force nucléaire et analyse d’ondes partielles jusqu’alors. Le coût d’une telle
précision est d’environ 30 à 50 paramètres ajustables introduits dans ces théories.
Néanmoins, ces forces nucléaires de haute précision servent effectivement d’entrées
de haute qualité pour les calculs de structure et de réaction nucléaires.

Les nombreuses applications des forces nucléaires phénoménologiques de haute
précision mentionnées ci-dessus ne satisfont pas les physiciens, car elles sont toutes
phénoménologiques. La force nucléaire idéale devrait non seulement être de haute
précision mais aussi indépendante du modèle. Depuis les années 1970, on sait que
la chromodynamique quantique (QCD) est la théorie fondamentale des interactions
fortes, décrivant les interactions entre quarks par échange de gluons. De plus, la
force nucléaire est considérée comme une interaction forte résiduelle. Cependant,
une étude directe de la force nucléaire basée sur la CDQ est impossible en raison
de la nature non-perturbative de la CDQ dans le régime de basse énergie. Il y a
deux façons possibles de dériver la force nucléaire en QCD : 1) effectuer des simu-
lations de QCD en treillis dans des superordinateurs et 2) développer des théories
effectives de QCD à basse énergie. La première a fait des progrès considérables
récemment [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47], mais les calculs sont
effectués dans la région non physique en raison des ressources de calcul massives
nécessaires, et les résultats sont contradictoires. Ces dernières années, des efforts
considérables ont été faits pour établir la relation entre la force nucléaire et la
QCD dans le cadre de la théorie effective des champs (EFT). Les travaux dans
cette direction ont fait des réalisations remarquables et des forces nucléaires de
haute précision ont été construites à partir de la théorie de perturbation chirale des
baryons lourds (HBChPT) plus récemment [48, 49, 50, 51].

En 1979, Weinberg a suggéré qu’une expansion systématique et indépendante
du modèle pour la matrice S peut être obtenue en considérant la symétrie chirale
approximative SU(2)L× SU(2)R de QCD [52]. La symétrie chirale est spontané-
ment brisée et conduit à l’existence de bosons pseudoscalaires légers, qui sont
identifiés comme des pions. Cette théorie a été appliquée pour la première fois
dans le secteur ππ [53, 54]. Lorsqu’elle est étendue au secteur à un baryon, elle
rencontre le problème dit de rupture du comptage de puissance (PCB) à cause de
la grande masse non nulle du nucléon dans la limite chirale [55]. Ce problème peut
être résolu dans le cadre du HBChPT [56] en faisant l’hypothèse extrême de la
limite non-relativiste, que le transfert de momentum entre nucléons est beaucoup
plus petit que la masse du nucléon, ce qui implique une expansion en puissances
d’un petit momentum sur la masse du nucléon. Contrairement aux systèmes ππ et
πN , un état lié à deux nucléons (deutéron) existe, mettant en évidence la nature
non-perturbative de l’interaction NN . Afin de l’accommoder, Weinberg a pro-
posé, dans les années 1990, de calculer le potentiel NN de manière perturbative
dans l’expansion chirale, puis de l’itérer à tous les ordres dans une équation de
Schrödinger ou de Lippmann-Schwinger pour obtenir l’amplitude [57, 58].

La première application du schéma de Weinberg dans le secteur NN par
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Ordóñez, Ray, et van Kolck [59, 60] a donné une description raisonnable des don-
nées NN à O((Q/Λχ)

3) avec des Deltas explicites et un régulateur gaussien, où
il y a sept interactions indépendantes à courte portée. Les avantages d’un tel ré-
gulateur local incluent la conservation de la structure analytique de la matrice T
près du seuil du pion et le fait qu’aucune régularisation de la fonction spectrale
n’est nécessaire, tandis qu’un inconvénient est qu’il conduit à un mélange de dif-
férents canaux d’ondes partielles en raison de la dépendance de q⃗ sur l’angle de
diffusion. Les déphasages périphériques de NN dans la théorie de perturbation
chirale ∆-less et ∆-full ont été obtenus par Brockmann, Gerstendorfer, Kaiser et
Weise [61, 62]. La force nucléaire chirale sans ∆ a été redérivée par Epelbaum,
Glöckle, et Meißner [63]. La force nucléaire chirale dite de haute précision avec un
régulateur exponentiel non local et super-gaussien a été construite à O((Q/Λχ)

4)

par Entem et Machleidt [64]. La description des données NN par cette force nu-
cléaire chirale est comparable à celle des potentiels phénoménologiques de haute
précision, mais avec moins de paramètres. Une série de forces nucléaires chirales de
haute qualité ont été dérivées depuis lors [64, 65, 66, 67, 48, 68, 49, 50, 51]. Des
forces nucléaires chirales de pointe ont été construites à O((Q/Λχ)

5) [48, 49, 50]
et O((Q/Λχ)

6) [51].

Cependant, certains problèmes sont ancrés dans les forces nucléaires obtenues
dans le comptage de puissance de Weinberg. Par exemple, une description cohé-
rente de la puissance d’analyse de la diffusion neutron-deutéron Ay n’a pas été
obtenue même lorsque la force chirale à trois nucléons est considérée [69]. Les
solutions possibles sont soit d’inclure des termes de contact sous-jacents de 3N ,
ce qui implique une convergence plus lente de χEFT que prévu, soit de réaliser
qu’une renormalisation appropriée de la théorie nécessite un nouveau comptage
de puissance [71, 72, 73, 74]. En outre, la nature non relativiste de ces forces
limite également leurs applications dans les études à plusieurs corps dans un cadre
relativiste. Motivée par le besoin d’une meilleure force nucléaire chirale avec une
convergence plus rapide et des calculs de structure et de réaction nucléaires dans un
cadre relativiste, une force nucléaire chirale relativiste a été proposée en 2018 [75].
Une telle approche permet de conserver la forme complète du champ de nucléons.
De plus, le potentiel effectif V , obtenu en calculant les diagrammes de Feynman
pertinents, est inséré dans l’équation de Kadyshevsky au lieu de l’équation de
Lippmann-Schwinger. Par conséquent, davantage d’effets relativistes sont mainte-
nus dans cette approche par rapport au formalisme HB du début. Par conséquent,
on peut observer sur les figures 3 et 4 de la référence que la force nucléaire chi-
rale relativiste d’ordre supérieur est comparable à la force nucléaire chirale non
relativiste d’ordre immédiatement supérieur pour la description des déphasages de
diffusion des ondes S et P NN avec seulement cinq paramètres, ce qui implique
une convergence plus rapide dans la théorie.

Néanmoins, la force nucléaire chirale relativiste d’ordre supérieur est encore
loin d’être suffisante pour les calculs de structure et de réaction nucléaires. Les
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divergences entre la force nucléaire chirale relativiste d’ordre supérieur et l’analyse
du déphasage de diffusion de NN [34] impliquent la nécessité de calculs d’ordre
supérieur. Afin d’effectuer des calculs au-delà de l’ordre principal, les contributions
pertinentes d’ordre supérieur des sommets de contact et des échanges de deux
pions sont nécessaires.

Les forces nucléaires chirales susmentionnées ne contiennent principalement
que le nucléon de l’état fondamental, les contributions des états excités du ba-
ryon étant reléguées aux LEC d’ordre supérieur. Bien qu’elles soient déjà d’une
grande précision, ces forces nucléaires chirales rencontrent encore quelques pro-
blèmes, par exemple, la convergence par rapport aux composantes du potentiel
TPE. On s’est rendu compte depuis longtemps [61] que la composante formelle-
ment sous-jacente de la TPE est comparable ou même plus grande que la TPE
présumée principale, ce qui remet en question le comptage de puissance sous-jacent
à la χEFT. Les problèmes de convergence des forces nucléaires chirales peuvent
être améliorés par l’inclusion explicite des résonances baryoniques. Si les effets
d’une résonance sont relégués aux LEC, des contributions non analytiques sont
perdues, ce qui limite le domaine d’expansion de la théorie. L’inclusion explicite
d’une résonance de basse altitude en tant que degré de liberté de basse énergie
n’étend pas seulement la validité de l’EFT mais réorganise également les contri-
butions d’échange de multipions et améliore la convergence ordre par ordre. La
plus faible excitation du nucléon est l’isobare Delta, ∆(1232), dont la masse m∆

est seulement δ ≡ m∆ − mN ≃ 300 MeV plus élevée que celle du nucléon. Sa
contribution au NN [59, 60, 62, 76, 77, 78, 79, 80, 81] et les forces chirales à trois
noyaux [82, 83, 84, 85, 86] a attiré une attention croissante. Cependant, le rôle
de la deuxième excitation nucléonique, la résonance de Roper N(1440), qui s’est
avérée nécessaire pour la description de π. nécessaire pour la description de la diffu-
sion πN dans le canal P11, est jusqu’à présent toujours inconnu dans l’interaction
nucléon-nucléon. Comme le système NN peut être considéré comme une extension
du système πN , et que la masse mR du N(1440) est ρ ≡ mR −m∆ ≃ 500 MeV
plus élevée que celle du nucléon, il est intéressant d’étudier les contributions de la
résonance de Roper à la force nucléaire.

Dans cette thèse, nous suivons de près la discussion mentionnée ci-dessus, nous
étudions les apports nécessaires à la construction d’une force nucléaire relativiste
de haute précision, et nous examinons le rôle de la résonance de Roper dans l’in-
teraction nucléon-nucléon dans la théorie des champs effectifs chiraux (ChEFT) :

— Nous adoptons une version covariante de l’analyse dimensionnelle naïve et
construisons le lagrangien de contact à deux nucléons contraint par les sy-
métries de Lorentz, de parité, de conjugaison des charges et de conjugaison
hermitienne. En utilisant l’EOM pour éliminer les termes redondants, nous
trouvons seulement 4 termes de O(q0), 13 termes de O(q2), et 23 termes
de O(q4). Nous avons comparé avec les études précédentes et identifié les
différences et le raisonnement qui les sous-tend. De plus, nous avons vérifié
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qu’en effectuant des expansions de 1/mn, on peut récupérer les Lagran-
giens chiraux non-relativistes correspondants, qui ont 24 termes jusqu’à
O(q4). Le Lagrangien covariant construit dans le présent travail peut être
utile pour construire des forces nucléaires covariantes ainsi que pour étudier
les corrections relativistes.
Il faut souligner que la complétude et la minimalité de l’ensemble des La-
grangiens covariants dérivés dans le présent travail doivent être comprises
par rapport aux règles de comptage de puissance que nous avons choisies
et au choix que nous avons fait concernant la façon d’utiliser l’équation
du mouvement pour éliminer les termes redondants et limiter le nombre de
termes disponibles. Plus précisément, on peut mieux les désigner comme
un ensemble économique de Lagrangiens covariants qui peuvent récupérer
ceux du baryon lourd. Nous espérons que le présent travail pourra motiver
d’autres études dans cette direction.

— Sur la base des lagrangiens covariants πN , nous avons calculé la matrice
TPE relativiste T jusqu’à O(q3). Avec cette matrice T , nous avons ensuite
calculé les déphasages chiraux NN avec 2 ≤ L ≤ 6 et les angles de
mélange avec 2 ≤ J ≤ 6, puis nous avons comparé nos résultats avec ceux
de l’expansion non relativiste. Nous avons trouvé que pour toutes les ondes
partielles, les contributions des TPE relativistes sont plus modérées que
leurs homologues non relativistes et que, par conséquent, les déphasages
NN obtenus sont en meilleur accord avec l’analyse des ondes partielles de
Nijmegen que les résultats non relativistes [61], en particulier pour les ondes
partielles F. De plus, nous avons montré que les grandes divergences entre
les déphasages non relativistes et les données dans l’onde partielle 3F2

peuvent être éliminées en incluant les corrections relativistes. Mais pour
l’onde partielle 3F4, les corrections relativistes sont insignifiantes. Nous
avons trouvé que les contributions des TPE relativistes à l’ordre le plus
proche, similaires à leurs homologues non relativistes, sont un peu grandes
pour les 1JJ , 3JJ , 3(J − 1)J ondes partielles et angles de mélange lorsque
Tlab ≥ 150 MeV en raison des importantes contributions de c3 et c4, ce
qui indique que la théorie des perturbations jusqu’à O(q3) peut ne pas
fonctionner correctement dans cette région d’énergie.
En résumé, bien que les corrections relativistes améliorent la description des
données comme prévu, elles ne sont pas assez significatives pour modifier
les résultats de la Réf. [61] au moins à un niveau qualitatif, soutenant
ainsi toutes les études existantes utilisant les contributions non relativistes
de l’échange de deux pions de la Réf. [61] comme entrées. D’autre part,
étant donné la nature covariante des échanges de deux pions présentés
dans ce travail, ils peuvent être facilement utilisés dans la série récente de
travaux [75, 128, 129, 130, 131, 87, 132, 93] qui ont besoin de tels échanges
de deux pions comme entrées et leur pertinence dans de tels contextes reste
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à explorer.
— Nous avons calculé la TPEPNN avec une résonance de roper intermédiaire

dans le HBχPT jusqu’à NLO. La TPEP isoscalaire et isovectrice avec la
résonance de roper intermédiaire est comparée à la TPEP conventionnelle.
Nous avons trouvé que pour le singlet isospin, les forces centrales, spin-spin
et tensorielles avec le roper intermédiaire sont comparables à celles sans
lui. Pour le triplet d’isospin, la force centrale avec la résonance du roper
intermédiaire est significativement plus grande que celle sans elle. Néan-
moins, cette énorme différence est supprimée par le polynôme de Legendre
lorsqu’elle est projetée dans la base LSJ . Quant aux forces tensorielles et
de spin-spin, les potentiels avec la résonance de roper intermédiaire sont
presque la moitié de ceux sans résonance. Avec le potentiel obtenu, nous
avons ensuite évalué la matrice T et obtenu les déphasages perturbatifs
pour les ondes D, F et G. Nous avons constaté que pour toutes les ondes
partielles, la description des déphasages est améliorée par l’inclusion de la
résonance intermédiaire de roper. De plus, les contributions de la résonance
de roper s’avèrent être importantes pour les ondes D.
Bien que les déphasages obtenus soient en accord raisonnable avec les
données de déphasage, il existe encore des divergences visibles pour les
ondes partielles 3D1, 3D3, 3F4 et 3G5. Puisque la présente étude ne va
que jusqu’à NLO et n’inclut pas la contribution de ∆, une EFT complète
de ∆ et de roper-ful jusqu’à N2LO est alors attendue pour répondre à ces
questions.

Le travail présenté dans cette thèse est un élément essentiel pour la construc-
tion de forces nucléaires chirales covariantes de haute précision, ainsi que de la
force nucléaire chirale avec des résonances baryoniques explicites.
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A - Non-relativistic NN contact Lagrangian
up to order O(q4)

In this Appendix, we list the non-relativistic Lagrangian up to order O(q4).
Compared to the covariant case, the procedures to construct the non-relativistic
chiral Lagrangian is simple and straightforward. The basic requirement for a non-
relativistic Lagrangian is that the Lagrangian must be scalar. Because of parity
constraints, the non-relativistic Lagrangian must contain an even number of gra-
dient operators. Because the three momentum of the nucleon is the only small
expansion parameter in the non-relativistic power counting, to the n th order, one
needs to include n gradient operators. Using the criteria listed above, one can
easily construct the non-relativistic Lagrangians up to order O(q4). They are sum-
marized in Table A.1, where N and N † donate the nucleon field and its hermitian
conjuage, and ∇ refers to the gradient operator. Note that (N †∇N)(N †N) =

−(N †N)(N †∇N) since we are working in the center-of-mass frame.

Table A.1 – O(q0), O(q2) and O(q4) non-relativistic NN contact Lagran-
gians. The left (right) arrow on ∇ indicates that the derivative acts on
the left (right) nucleon field.

OS (N †N)(N †N) O11 (N †−→∇ ·
←−
∇N)(N †−→∇ ·

←−
∇N)

OT (N †σN) · (N †σN) O12 i (N †σ ·
−→
∇ ×

←−
∇N)(N †−→∇2N) + h.c.

O1 (N †N)(N †−→∇2N) + h.c. O13 i (N †σ ·
−→
∇ ×

←−
∇N)(N †−→∇ ·

←−
∇N)

O2 (N †N)(N †−→∇ ·
←−
∇N) O14 (N †σjN)(N †σj−→∇4N) + h.c.

O3 i (N †σN) · (N †−→∇ ×
←−
∇N) O15 (N †σj−→∇ ·

←−
∇N)(N †σj−→∇2N) + h.c.

O4 (N †σjN)(N †σj−→∇2N) + h.c. O16 (N †σj−→∇2N)(N †σj←−∇2N)

O5 (N †σjN)(N †σj−→∇ ·
←−
∇N) O17 (N †σj−→∇ ·

←−
∇N)(N †σj−→∇ ·

←−
∇N)

O6 (N †σ ·
−→
∇N)(N †σ ·

−→
∇N) + h.c. O18 (N †σ ·

−→
∇N)(N †σ ·

−→
∇
−→
∇2N) + h.c.

O7 (N †σ ·
−→
∇N)(N †σ ·

←−
∇N) O19 (N †σ ·

−→
∇N)(N †σ ·

←−
∇
−→
∇2N) + h.c.

O8 (N †N)(N †−→∇4N) + h.c. O20 (N †σ ·
−→
∇N)(N †σ ·

−→
∇
−→
∇ ·
←−
∇N) + h.c.

O9 (N †−→∇2N)(N †−→∇ ·
←−
∇N) + h.c. O21 (N †σ ·

−→
∇N)(N †σ ·

−→
∇
←−
∇2N) + h.c.

O10 (N †−→∇2N)(N †←−∇2N) O22 (N †σ ·
−→
∇N)(N †σ ·

←−
∇
−→
∇ ·
←−
∇N)
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