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Chapter 1

(zeneral Introduction

1 English version

This thesis consists of two parts. In the first part (Chapter II) we obtain, by two diffe-
rent methods, closed and explicit formulas for the values of a class of multivariable zeta
functions at non-positive integers points. In the second part (Chapters III, IV and V), we
establish some new results on the mean values of multivariable multiplicative functions.
Let v = (v,...,7) € C"and b = (by,...,b,) € C" be two vectors of complex parameters
such that Re(v;) > 0 and Re(b;) > —Re(y1) for all j € {1,...,n}. The generalized Euler-
Zagier multiple zeta function is defined formally for s = (sq,...,s,) € C" by

Ca(s;7;b) = Z !

= Tl (a4 -+ yymy + )%

(L.1)

This series converges absolutely in the domain
Dy ={s=(s1,...,5,) €C" |Re(sj+---+s,) >n+1—j forall j € {1,...,n}} (1.2)

and has meromorphic continuation to the whole complex space C" whose singularities are
located in the union of the hyperplanes

S]+...+Sn:(n+1—j)—k] (1<]<n’ kl,...,kneNo).

Moreover it is known that for n > 2, almost all non-positive integers points lie in the
singular locus above and are points of indeterminacy. The study of the directional values
of these multiple zeta functions at these points was first considered by S. Akiyama, S.
Egami and Y. Tanigawa [I]. These values are now well understood thanks to several
works such as [20], [25], [23] and [10].

In |20], Y. Komori proved that for N = (Ny,...,N,) € Ny and 6 = (04,...,0,) € C" such
that 0, +---+ 6, # 0 for all j € {1,...,n}, the directional limit

Cr(=Niy;b) == lim (,(—N +16;7; b) (1.3)

exists, and expressed this limit in terms of N, 6 and generalized Bernoulli numbers defined
implicitly as coefficients of some multiple series.

In [10], D. Essouabri and K. Matsumoto obtained, by a different method, a closed explicit
formula for (¢(=N;~;b) in terms of N, 8 and only classical Bernoulli numbers.
Recently Essouabri and Matsumoto [8] extended this result to a more general class of
multivariable zeta functions defined by

G Py = > [P, omy) ™, (1.4)

M1 ,eeny mp 21 j=1
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where for all j € {1,...,n}, P; € R[Xy,...,X|] is a polynomial satisfying some general
assumptions. In this general case, instead of Bernoulli numbers, certain periods appear
in the expression of values. Moreover, the nonlinearity of the polynomials P; reveals
values at the n—tuple of non-positive integers which can be transcendent even if all the
coefficients of the polynomials P; are algebraic.

Consider now the twisted case. Let T = {z € C | |z| = 1}, p € (T \ {1})F x {1}"F,
Q € RXy,...,X,] and P = (P,...,Pr) € (R[X1,...,X,])", we associate to the
triplet (Q;P;u) the (k,n)—twisted MZF (non-twisted if g = 1) defined formally for
s=(s1,...,s7) € CT by

Qmy,...,mu)pu)™ ... ™
Z(Q:P;ps) = (L5)
m(merﬂnn)GN" Hthl Pt(ml’ S >mn)st

If Po...Pr(X) = +o0 as | X|| = +o0 and X € [1,+00)", the existence of the mero-
morphic continuation of these Dirichlet series to whole space CT follows from the method
introduced by Essouabri ([15], [16]) if Py, ..., Pr verify the probably optimal hypothesis
HyS (see Definition [1] below). Moreover, the complexity of the singular locus of these
Dirichlet series is maximal in the non-twisted case (i.e. p = 1) and we expect to have
a holomorphic extension in the completely twisted case (i.e p € (T \ {1})"). A coun-
terexample gave by Crisenoy shows that this is not the case under the general assumption
H,S.

Under the slightly more restrictive assumption (HDF') (see Definition 1| below), Marc de
Crisenoy ([6] Théorémes A et B) proved in the completely twisted case (i.e p € (T\{1})")
the holomorphy of these Dirichlet series and gave simple closed and explicit formulas for
their values at T'—tuples of non-positive integers.

In the not completely twisted case, the existence of singularities makes the study of values
at non-positive integers points more difficult. In addition to the works mentioned above,
Essouabri and Matsumoto [II] obtained, by combining the result of Crisenoy and the
Mellin-Barnes integral representation formula (27), the values of the (n — 1,n)— twisted
and (n—2,n)—twisted MZF in the cases where the P;’s are linear or diagonal polynomials.
In chapter 2 of this thesis, we consider a new class of (n—1,n)—twisted MZF' (see Defini-
tion ([I.10)). More precisely, we will determine (see Theorems | and[3 of Chapter II) for
this class of (n — 1,n)—twisted MZF, by two different methods, an explicit meromorphic
continuation and determine explicitly their values at T—tuples of non-positive integers.

The second part of this thesis (Chapters III, IV and V) is devoted to the study of the
means values of multivariable arithmetic functions f : N* — C.
A typical problem that one meets in many different arithmetic or geometric contexts is
to describe with reasonable precision the asymptotic behavior of a density function of the
form

x=(z1,...,20) = U(f;) := > flmy,...,my) (1.6)

1<m; <z, Vie{l,...,n}

or of the form

x> U(f; Pyx) = Z flma,...,my,) (L.7)

P(my,...,mp)<z

where the function f : N® — C is an arithmetic function, typically, though not always,
multiplicative, and where P € R[X}, ..., X,] is a suitable polynomial.

For n = 1 there are several results as Delange’s Theorem [4]. In several variables case
(n > 2) there are several works that inspired this part of our thesis : Delange [3]; Lichtin
[22, 21]; La Breteche [7]; Essouabri [9] 12], 14]; Toth and Zahai [30] 29].



In Chapter 3 of this thesis, we establish in Theorems[13 and [1]] asymptotic formulas for
the means values (xy,...,x,) — Y(f;x) as inf(x;) = +oo for a class of multivariable
multiplicative functions which does not fit within the framework of the preceding works [3],
[4] and [30]. We also establish (see Proposition [1 and its Corollary[3) as a consequence
of the Essouabri’s works [9, (12, [T]|] precise asymptotic formulas for the means values
x— U(f; P;x) for a class of multivariable multiplicative functions f naturally associated
to some classical arithmetic functions as the sum of divisors function, the Euler’s Totient
function o, etc. A more detailed description of these results as well as their links with
previous works is given in the introduction of Chapter 3.

Chapter 4 of this thesis consists of a submitted paper in collaboration with Essouabri
and To6th. This chapter is motivated by the following recent results and conjectures. Let
n € N, for my,...,m, € N we set ¢,(my,...,m,) the number of cyclic subgroups of the
group Zp, X -+ X Ly, . Nowak and To6th [24] proved the asymptotic formula

12
Z ca(my, my) = 2 (F(lnx)?’ +as(lnz)? + a;(Inx) + ao) —I—O(x%“) as T — +o0,

1<my,me<e

where ag, a1 and ay are explicit constants.
The case n = 3 was investigated by Toth and Zhai [29] showing that

7
Z cs(my, mg, m3) = o ch(ln z) + O(x8/3+5) as r — +00o

1<my,me,m3<z j=0

where ¢; (0 < j < 7) are explicit constants. It is natural to conjecture that such a result
holds for n > 4.

Hilberdink, Luca and Téth [I7] investigated the following three averages associated with
the LCM function:

1
() = , L.
Sn(2) Z lem(my,...,my,) (18)
1<my,....mp<x

V@)= 30 ! , (L.9)

lem(myq, ..., my,)

1<my,...,mn <z
ged(ma,...,mn)=1

Vo(x) = Z UMM (I.10)

lem(myq, ..., my)

and

1<my,.... mp<x

By using the convolution method, they obtained in their paper asymptotic formulas with
error terms for Sy(x), Us(x) and V,(z). For n > 3, they only obtained the estimates

(In x)2n71 < Sy(r) < (In x)Qn’l, (In x)2n72 < Upy(z) < (In x)2n72,

" L Voy(r) < 2™ (In2)* ™% as  z — 4o,

and conjectured that asymptotic formulas with error terms also exist for these three
averages for n > 3.

In order to prove these conjectures, we introduce a reasonably large class of mutivariable
multiplicative functions (see Definition . For a function f: N®™ — R, in this class, we
establish in Theorem the existence of the meromorphic continuation of the associated
multiple zeta function

S=(81,...,8,) = M (f;8):= Z f(mmsi’ — T;:Z") (L.11)

m=(m1,...,my)EN"

7



and derive several precise properties of this meromorphic continuation. By combining our
Theorem |15 and La Bretéche’s multivariable tauberian Theorem (i.e., Theorems 1 and 2
of [1]) we deduce in our Theorem a precise asymptotic formula for the multivariable
average

Noo(f;2) == Z f(my,...,m,) asx — +oo,

m=(mq,..., mp ) ENT
[lml| oo =max; m;<x

and derive from it four corollaries. Our first application, namely Corollary[]), establishes
the conjecture concerning the number of cyclic subgroups of the group Zy,, X -+ X Zp,,,
in any dimension n. Our Corollaries 3, [0 and [ prove the conjectures on the above sums
@, (@) and @ associated with the LCM function.

Variants of Theorem [16] with other norm choices can be obtained by combining our Theo-
rem [15] and Essouabri’s multivariable tauberian Theorem (i.e., Corollary 2 of [12]). For
example, for the class of Holder’s norms [|x||q := /|21|¢+ -+ + |z,|¢ (d = 1), we obtain
in Theorem |17 an asymptotic for the multivariable average

Na(frx) = Z f(my,...,m,) asx — +oo.
m=(mi,...,my)EN"

[mlla= 3/mf+-+mg <z

As an application of Theorem [I7, we derive in Corollaries [§ and [ the analogues of
Corollaries [ and[7 for the Holder’s norms || |4

Chapter 5 of this thesis is a complement to Chapter 4. In, Chapter 4 we have not given the
analogues of the Corollaries [ and [6] for the Holder’s norms. The reason is that Essouabri’s
multivariable tauberian Theorem does not apply as it is to these two cases. We therefore
start in Chapter 5 with a slight extension of Essouabri’s Theorem on mized zeta functions
(@, Th. 3) and deduce from it a more general version of Theorem of Chapter 4. As
an application, we obtain in the Corollaries[10 and[11] the analogues of Corollaries |3 and
[0 for Holder’s norms.



2 Version en francais

Cette thése est constituée de deux parties. Dans la premiére partie (Chapitre II), nous
établissons par deux méthodes différentes des formules closes et explicites des valeurs
aux T'—tuples d’entiers négatifs d’une classe de fonctions zétas multivariables. Dans la
deuxiéme partie (Chapitres III, IV et V), nous établissons quelques résultats nouveaux
sur les moyennes des fonctions multiplicatives multivariables.

Soient v = (71,...,7) € C" et b = (by,...,b,) € C" deux vecteurs de paramétres com-
plexes tels que Re(y;) > 0 et Re(b;) > —Re(y1) pour chaque j € {1,...,n}. La fonction
zéta multiple d’Euler-Zagier généralisée est définie formellement en s = (sq,...,s,) par

1
Cu(s;v:b) := n ;
| ) mz [T (vama + - - 4 5my + by)*

mo,..., mp, 20

(L.12)

Cette série converge absolument dans le domaine
Dy ={s=(s1,...,8,) €C"|Re(s;+ - +s,) >n+1—-jVje{l,....n}} (113

et posséde un prolongement méromorphe a tout ’espace complexe C" dont les singularités
possibles sont situés dans la réunion des hyperplans

St sm=(t1—g) =k (1<j<n ki, k€ Np)

De plus, il est connu que pour n > 2, les points s = —N, out N = (Ny,...,N,) € N,
se trouvent dans la plupart des cas dans le lieu singulier ci-dessus et sont des points
d’indétermination. L’étude des valeurs directionnelles de ces fonctions zéta multivariables
en ces points a été d’abord considérée par S. Akiyama, S. Egami and Y. Tanigawa [I].
Ces valeurs sont maintenant bien comprises grace a plusieurs travaux comme [20], [25],
[23] et [10].

Dans [20], Y. Komori a montré que pour N = (Ny,..., N,,) € N" et @ = (64,...,0,) € C"
vérifiant 6; + - -- 4+ 6, # 0 pour tout j € {1,...,n}, la limite directionnelle

G (=N;;b) :=lim G, (N +16; v: b) (L.14)
—

existe, et a exprimé cette limite en fonction de IN, 0 et des nombres de Bernoulli généralisés
définis implicitement comme coefficients de certaines séries multivariable.

Dans [10], D. Essouabri et K. Matsumoto ont donné finalement, par une méthode diffé-
rente, des formules closes et explicites de (?(—N;~;b) en fonction de N, 6 et seulement
les nombres de Bernoulli classiques.

Récemment dans [§], Essouabri et Matsumoto ont étendu ce résultat & une classe plus
générale de fonctions zétas multivariable définies par

G Py= > [P, omy) ™, (1.15)

mi,...,mp=>1j=1

ou P = (P,...,P,) avec des polynomes assez généraux P; € R[Xy,...,X;]. Dans ce
cas plus général, au lieu des nombres de Bernoulli, certaines périodes apparaissent dans
le résultat. De plus la non linéarité des polynoémes P; fait apparaitre des valeurs aux
n—tuples d’entiers négatifs qui peuvent étre transcendantes méme si les coefficients des
polynomes P; sont algébriques.

Considérons maintenant le cas tordu. Soient T = {2z € C | |z] = 1}, p € (T \ {1})* x
{1}"%, Q eR[Xy,..., Xp] et P = (Py,..., Pr) € (R[Xy,...,X,])", on associe au triplet

9



(Q;P; ) la FZM (k,n)-tordue (non tordue si pg = 1) définie formellement pour s =
(817 R ST) par

Qm7"'7mnuml"'ﬂmk
Z(Q;P; ;) = > (m, i - (1.16)
(s, ey Lle=n Pl )

Si P...Pr(X) — 400 lorsque ||X|| — 400 et X € [1,+00)", I'existence d'un prolonge-
ment méromorphe de ses séries de Dirichlet & tout I'espace CT découle de la méthode
introduite par Essouabri ([16], [I5]) si P, ..., Pr vérifient ’hypothése probablement opti-
male HyS (voir Déﬁnition au Chapitre II). Il est connu que la complexité du lieu singulier
de ses séries de Dirichlet est maximale dans le cas non tordu (i.e. g = 1) et on s’attend a
avoir un prolongement holomorphe dans le cas complétement tordu (i.e o € (T \ {1})").
Un contre-exemple montre que ce n’est pas le cas sous I’hypothése générale H,S.

Sous I’hypotheése un peu plus restrictive (HDF) (voir Définition (1] du Chapitre II), Marc
de Crisenoy (6] Théorémes A et B) a montré dans le cas complétement tordu (i.e dans
le cas des FZM (n,n)-tordues) I'holomorphie de ces série de Dirichlet et a surtout donné
des expressions closes et trés simples de leurs valeurs aux T'—tuplets d’entiers négatifs ou
nuls.

Dans le cas non complétement tordue, la présence de singularités rend I'étude des valeurs
aux T'—tuplets d’entiers négatifs ou nuls beaucoup plus complexe. En plus des travaux
cités ci-dessus, Essouabri et Matsumoto [II], ont obtenu en combinant le résultat de
Crisenoy et la formule de représentation intégrale de Mellin-Barnes , les valeurs des
FZM (n—1,n)-tordues et (n—2, n)-tordues dans les cas ol les polynomes P; sont linéaires
ou diagonales.

Dans le Chapitre 2 de ce mémoire, nous avons étudié une classe de FZM (n—1,n)—tordues
(voir Définition ) qui ne rentre pas dans ces travauzx. Plus précisément, nous avons
déterminé (voir Théoréemes |9 et @ du Chapitre II), par deux méthodes différentes et en
utilisant aussi le résultat de Crisenoy, un prolongement méromorphe explicite ainsi que
les valeurs aux T'—tuples des entiers négatifs de cette classe de FZM (n — 1,n)—tordues.

La deuxiéme partie de cette thése (Chapitres III, IV et V) est consacrée a I'étude des
moyennes des fonctions arithmétiques multivariable f : (N*)" — C.

Plusieurs problémes en arithmétique et en géométrie sont liées a la détermination d’un
développement asymptotique de fonctions densités de la forme

x=(x1,...,2,) = U(f;x) = > f(my,...,my) (1.17)

1<m;<z; Vie{l,...,n}

ou de la forme

v U(fiPir) = Y f(ma,..my) (1.18)

P(m1:~~~:mn)<$

ou f: (N*)" — C est une fonction arithmétique dans beaucoup de cas multiplicative, et
ou P € R[X7,...,X,] est un polynoéme possédant des propriétés raisonnables.

Pour le cas n = 1 on a des résultats comme ceux de Delange [4]; pour le cas multivariable
on trouve ceux de Delange [3|, Lichtin [22] 21], La Bretéche [7], Essouabri [9], 12| 14], et
Toth et Zahai [30], 29] qu’on a utilisé comme source d’inspiration.

Dans le Chapitre 8 de cette thése, nous avons établi (voir Théorémes et des for-
mules asymptotiques pour les moyennes (xy,...,x,) — V(f;x) lorsque inf(x;) — 400
pour une classe de fonctions multiplicatives multivariables qui ne rentre pas dans le cadre
des travauz [3], [7] et [30]. Nous avons aussi établi (Proposition[]] et Corollaire[3) comme
conséquence des travauz [9, (12, [14] des formules asymptotiques précises pour les moyennes
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x +— U(f; P;x) pour une classe de fonctions multiplicatives multivariables associées na-
turellement aux fonctions arithmétiques classiques: somme des diviseurs, ¢ indicatrice
d’Euler, etc. Une description plus détaillée de ses résultats ainsi que de leur articulation
avec les travaux précédents se trouve dans lintroduction du Chapitre 3 de cette thése.

Le Chapitre 4 de cette thése est constitué d’un article soumis en collaboration avec D.
Essouabri et L. Toth. Voici une bréve description du contenu de ce chapitre. Soit n €
N*, pour my,...,m, € N* on définit ¢,(my,..., m,) comme le nombre de sous groupes
cycliques du groupe Z,,, X -+ X Zp,,. W. G. Nowak et L. Toth [24] ont prouvé la formule
asymptotique suivante

12 1117
Z co(my, my) = 1 (F(ln 2)® + ay(Inz)? + a;(Inx) + a0> +O(z 71 *) lorsque x — +00,

1<my,ma<z

oll ag, a; et as sont des constantes explicites.
Le cas n = 3 a été étudié par L. Toth et W. Zhai [29] qui ont montré que

7
Z cs(my, mg,ms) = a° Z c;(Inz)? + O(z**+%)  lorsque 1z — o0,

1<my,ma,m3<z j=0

ot les ¢; (0 < j < 7) sont des constantes explicites. Il est donc naturel de conjecturer
qu’un tel résultat est valable pour n > 4.
T. Hilberdink, F. Luca, et L. Toth [17] ont aussi étudié les trois moyennes multivariables
suivantes associées a la fonction PPCM :

1
Sa@)= ), PPCM(my, ..., mn)’ (1.19)
1<my,...,mnp<z
1
Unle) = 2. PPCM(my,...,mn) (120)

1<my,...,mp<z
PGCD(ma,....,mp)=1

Vo) = 3 PPCJ\W;I(%,% ) (1.21)

1<ma,...;mn<x

En utilisant la méthode de convolution, ils ont obtenu dans leur papier des formules
asymptotiques avec des termes d’erreurs pour Sa(x), Us(x) et Va(x).
Pour n > 3, ils n’ont obtenu que les estimations suivantes

(Inz)*" ' < Sy(r) < (Inz)* ™, (In2)*" 2 < U,(z) < (Inz)* 2,

" < Vy(z) < 2™ (Inx)* 2 lorsque 1z — 400,

et ils ont conjecturé que des formules asymptotiques avec des termes d’erreur existent
également pour ces trois moyennes pour n > 3.

Afin de prouver ces conjectures, nous avons introduit une classe raisonnablement grande
de fonctions multiplicatives multivariable (voir Définition . Pour une fonction f :
(N*)* — R, dans cette classe, nous avons établi (voir Théoréme lexistence du pro-
longement méromorphe de la fonction zéta multivariable associée

S=(81,...,8,) = M (f;8):= Z flmy, ..., ma)

mit...msn

ainsi que plusieurs propriétés fines de ce prolongement. En combinant notre Théoréme
et le Théoréme taubérien multivariable de La Bretéche’s (i.e., Théorémes 1 et 2 de
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[7]) nous avons déduit dans notre Théoréme |16 une formule asymptotique précise pour la
moyenne

Noo(f;2) == Z f(my,...,m,) lorsque x — +oc.

m=(m1,.mn)E(N*)"
[|ml|co=max; m;<z

Cette formule nous a permis d’obtenir quatre corollaires qui résolvent les quatre conjectures
citées ci-dessus. Plus précisément, notre premiére application dans ce chapitre, a savoir
le Corollaire [§), établit la conjecture concernant le nombre de sous-groupes cycliques du
groupe L, X -+ X Ly, , en toute dimension n. Nos Corollaires [3, [6 et [] prouvent les
conjectures sur les trois sommes ([.19), (I.20) et (I.21) ci-dessus associées & la fonction
PPCM, en toute dimension n.

Des variantes du théoréme avec d’autres choix de normes peuvent étre obtenues en
combinant notre Théoréme [15] et le Théoréme taubérien multivariable d’Essouabri (i.e.,
Corollaire 2 de [12]). Par exemple, pour la classe des normes Hélderiennes ||x||q :=
Yzt + -+ |2a|? (d > 1), nous obtenons dans le Théoréme |17 une développement
asymptotique des moyennes multivariable

Na(fix) = Z f(my,...,my,) lorsque x — +o0.
m=(m1,...,mn)E(N*)"

[mllg={/mi+-+mid <z

Comme application du Théoréme nous obtenons dans les Corollaires[§ et[q les ana-
logues des Corollaires[{| et[7 pour les normes Holderiennes || | 4.

Le Chapitre 5 de ce mémoire est un complément au Chapitre 4. Dans, le Chapitre 4 nous
n’avons pas donné les analogues des Corollaires des [f et [6] pour les normes Holderiennes.
La raison est que le Théoréme taubérien multivariable d’Essouabri ne s’applique pas
tel qu’il est & ces deux cas. Nous avons donc commencé dans ce Chapitre 5 par une
légere extension du Théoréeme taubérien multivariable d’Essouabri sur les fonctions zétas
miztes (@ Théoréme 3) et nous en avons ensuite déduit une version un peu plus générale
du Théoréme du Chapitre 4. Comme application, nous avons obtenu aussi dans les
Corollaires [10] et[11] les analogues des Corollaires[J et [6 pour les normes Holderiennes.
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3 Versién en espanol

La presente tesis tiene dos partes. En la primera parte (Capitulo II), utilizando dos
métodos diferentes, establecemos dos férmulas explicitas y cerradas para los valores en
T —uplas de enteros negativos o nulos de una clase de funciones zeta multivariable. En la
segunda parte (Capitulos III, IV et V), establecemos algunos resultados nuevos sobre los
promedios de funciones multiplicativas multivariable.

Sean v = (71,...,7) € C"y b= (by,...,b,) € C" dos vectores de pardmetros complejos
tales que Re(v;) > 0y Re(b;) > —Re(m1) paratodo j = 1,...,n. La funcién zeta multiple
generalizada de Euler—Zagier es definida formalmente en s = (s1,...,s,) por

1
[Ty (ama + -+ yym; +by)%

Glsivib) = Y

mq>1
MY ,eesy mn 20

(1.22)

Esta serie es absolutamente convergente en el dominio
Dy ={s=(s1,...,5,) €C" | Re(sj+---+s,) >n+1—j forallj e {1,...,n}} (1.23)

y posee una extension meromorfa a todo el espacio complejo C™ con posibles singularidades
situadas en la reunién de hiperplanos

SJ++8n:(n+1_])_k] <1<]<n7 klaakneNO)

Adicionalmente, es conocido que paran > 2 los puntoss = —N, donde N = (Ny,..., N,,) €
0, en la mayoria de casos se encuentran en el lugar singular citado anteriormente y son

puntos de indeterminacion.

El estudio de valores direccionales de estas funciones zeta multivariable en estos puntos de

indeterminaciéon fueron abordados por primera vez por S. Akiyama, S. Egami e Y. Tani-

gawa [I]. Actualmente estos valores son bien comprendidos gracias a multiples trabajos

como [20], [25], [23] y [10].

En [20], Y. Komori mostr6 que para N = (Ny,...,N,) € N* y 8 = (64,...,0,) € C"

verificando 6; + --- + 6, # 0 para todo j € {1,...,n}, el limite direccional

G (=N;;b) = lim G, (N +16; v: b) (1.24)
—

existe, y expres6 estos valores limites en funcion de N, 6 y los niimeros de Bernoulli
generalizados definidos implicitamente como coeficientes de ciertas series multivariable.
En [10], D. Essouabri y K. Matsumoto dieron finalmente, gracias a un método diferente,
formulas cerradas y explicitas para (?(=N;~;b) en funcion de N, 6 y solamente les
numeros clasicos de Bernoulli.

Recientemente Essouabri y Matsumoto [§] extendieron este resultado a una clase mas
general de funciones zeta multivariable definidas por

(s, P) = > [120m, .. my), (1.25)

m=(mq,...,mn)EN? j=1

donde P = (P, ..., P,) es un vector formado por polinomios genéricos P; € R[X7, ..., X|].
En este caso mas general, en lugar de los ntimeros de Bernoulli, ciertos periodos aparecen
en el resultado. Ademés la no linealidad de los polinomios P; hacen aparecer valores
de n—uplas de enteros négativos o nulos que pueden resultar trascendentes incluso si los
coeficientes de los polinomios P; son algebraicos.
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Consideremos ahora el caso con torsion. Sean T = {z € C | |z| = 1}, p € (T \ {1})* x
{1}"*, Q e RX] y P = (P,...,Pr) € (R[X])", asociamos a la tripleta (Q;P;p) la
FZM con (k,n)—torsion (sin torsion si g = 1) definida por

Q(my,...,m,) ™y *
ZQ:Pipis) = ), ( T L - (1.26)
m=(mi,...,my)EN" [Ty B(ma, ... ymy)s

Si P...Pp(X) = 400 cuando [|X|| = +oo y X € [1,400)", la existencia de la exten-
sion meromorphe de estas series de Dirichlet a todo el espacio CT se sigue del método
introducido por Essouabri en ([16], [I5]) si P, ..., Pr verifican la hipotesis probablemente
optimal HyS (ver definicion (1] del Capitulo II). Es conocido que la complejidad del lugar
singular de estas series de Dirichlet es maximal en el caso sin torsion (i.e. p = 1)y se
espera tener una extension holomorfa en el caso con torsion total (i.e p € (T \ {1})").
Un contra ejemplo muestra que esto no es verdad bajo la hipdtesis general HyS. Bajo
la hipdtesis un poco mas rectrictiva (HDF) (ver definicion |1 del Capitulo II), Marc de
Crisenoy (6] Teoremas A y B) mostré que en el caso de torsion total (i.e p € (T\ {1})")
la holomorfia de estas series de Dirichlet y sobretodo di¢ expresiones cerradas y simples
para los valores de T'—uplas de enteros negativos o nulos.

En el caso sin torsion total, la presencia de singularidades transforman el estudio de los
valores en T'—uplas de enteros negativos o nulos mucho mas complejo. Ademés de los
trabajos citados anteriormente, Essouabri y Matsumoto [I1] obtuvieron, combinando el
resultado de Crisenoy y la formula de representacion integral de Mellin-Barnes , los
valores de FZM con (n — 1,n)—torsién y con (n — 2,n)—torsion en los casos donde los
polinomios F; son lineales o diagonales.

En el Capitulo 2 de esta tesis, hemos estudiado una clase de FZM con (n — 1,n)—torsion
(ver Definicion ) que no entra en los trabajos ya mencionados. De manera mds
precisa, hemos determinado (ver Teoremas|q y @ del capitulo 11), de dos maneras dife-
rentes y utilizando el resultado de Crisenoy, una extension meromorfa explicita y hemos
determinado los valores en T'—uplas de enteros negativos o nulos de esta clase de FZM
con (n — 1,n)—torsion.

La segunda parte de esta tesis es consagrada al estudio de promedios de funciones arit-
méticas multivariable f : N* — C .

Varios problemas en aritmética y en geometria son ligados a la determinacion de desarro-
llos asintoticos de funciones densidad de la forma

x=(r,...,0,) = VU(f;x) = > flmy, ..., my) (1.27)

1<m;<x; Vi=1,...,n

o de la forma

v U(fiPix) = Y f(ma,..my) (1.28)

P(mi,...,mn)<z

donde f : N® — C es una funciéon aritmética en muchos casos multiplicativa, y donde
P € R[X3,...,X,] es un polinomio con propiedades razonables.
En el caso n = 1 tenemos resultados como los de Delange [4]; para el caso multivariable
tenemos resultados como los de Delange [3], Lichtin [22 21], La Bretéche [7], Essouabri
[9, 12, 14], Toth y Zahai [30} 29] los cuales utilizamos como fuente de inspiracion.
En el Capitulo 3 de esta tesis hemos establecido (ver Theoremas y formulas asin-
toticas para los promedios (xy,...,x,) — V(f;x) cuando inf(z;) — +o0o para una clase
de funciones multiplicativas multivariable que no entran en las hipdtesis de los trabajos
3], [7] y [30]. También hemos establecido (Proposicion [l y Corolario[3), como conse-
cuencia de los trabajos de Essouabri [9, 12, [T]l], algunas formulas asintdticas precisas
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para los promedios x — YV (f; P;x) de una clase de funciones multiplicativas multivariable
associadas naturalmente a las funciones aritméticas cldsicas : suma de divisores, funcion
@ indicatriz de Euler, entre otros. Una descripcion mds detallada de estos resultados asi
como la conexion con los trabajos precedentes es dada en la introduccion del Capitulo 3
de esta tesis.

El Capitulo 4 de esta tesis esta constituida por un articulo sometido en colaboraciéon con
D. Essouabri y L. Toth. Aqui una breve descripcion del contenido de este capitulo. Sea
n € N. Definimos para mq,...,m, € N ¢,(mq,...,m,) como el nimero de subgrupos
ciclicos del grupo Z,, X -+ X Zy,,. W. G. Nowak y L. T6th [24] demostraron la siguiente
formula asintotica

12 111
Z co(my, my) = 1 (F(lnm)?’ +as(Inz)? + a;(Inx) + ao> —i—O(mWf*E) cuando  — 400,

1<my,ma<z

donde ag, a1 y as son constantes explicitas.
El caso n = 3 fue estudiado por L. Téth y W. Zhai en [29] y probaron que

7
Z cs(my, mg, ms) = 2° ch(ln z) + O(z*3+%) cuando = — 400,

1<my,me,m3<z Jj=0

donde los ¢; (0 < j < 7) son constantes explicitas. Es natural conjeturar un resultado
analogo para n > 4.

T. Hilberdink, F. Luca, y L. Téth [I7] también estudiaron los tres promedios multivariables
siguientes asociados a la funcion MCM :

1

Snlw) = , 1.29
() Z MCM(my, ..., my) (1.29)

1<my,...,mn <2

1
Unle) = : (1.30)
1<m1;mn<x MC’M(ml, ce ,mn)
MCD(m177mn):1
y
my... My

Valz) = : 1.31
(v) Z MCM(my, ..., my) (1.31)

1<my,...,mn<x

Utilizando el método de convolucién, en su articulo ellos obtuvieron féormulas asintoticas
con términos error para las funciones Sy(z), Us(z) y Vo(z). Para n > 3, ellos obtuvieron
solamente las siguientes cotas

(Inz)*" ' < S,(r) < (Inz)* ™, (In2)*" 2 < U,(z) < (Inz)* 2,

—2

" L Vy(r) < 2" (Inz)*" cuando  — 400,

y conjeturaron que férmulas asintoticas con términos de error existen para estos tres
promedios en el caso n > 3.

Para probar estas conjeturas, introducimos una clase razonablemente grande de funciones
multiplicativas multivariable (ver Definicion . Para una funcion f: N" — R, en esta
clase, hemos establecido (ver Teorema la existencia de una extension meromorfa de
la funcion zeta multivariable asociada

S:(Sl,...,Sn)%%(f;s>:: Z fSnTZ?T;L’I:LLn)
1 ..My

m=(m1,...,my)EN"
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asi como varias propiedades de esta extension. Combinando nuestro Teorema y el
Teorema tauberiano multivariable de La Bretéche (i.e., Teorema 1 y 2 de [7]) hemos
deducido en nuestro Teorema[16 una formula asintdtica precisa para el promedio

Noo(frx) := Z f(my,...,m,) cuando x — +o00.

m=(mi,...,my)EN"
lm || oo =max; m; <z

Esta formula nos ha permitido obtener cuatro corolarios que responden a las cuatro con-
jeturas citadas anteriormente. De manera mds precisa, nuestra primera aplicacion en
este capitulo, ver Corolario[]], establece la conjetura concerniente al nimero de subgrupos
ciclicos del grupo Zuy,, X - -+ X Ly, para toda dimension n. Nuestros Corolarios |9, [0 y[7
prueban las conjeturas sobre las tres sumas (1.29), (I.30) v (I.51) citadas anteriormente
asociadas a la funcion MMC, en toda dimension n.

Algunas variantes del Teorema con otras normas pueden ser obtenidas combinando
nuestro Teorema [15]y el Teorema tauberiano multivariable de Essouabri (i.e., Corolario 2
de [12]). Por ejemplo, para la clase de normas Hélderianas ||x||q := /1|4 + -+ - + |2, |
(d > 1), obtenemos en el Teorema[17 un desarrollo asintdtico de los promedios multiva-
riables

Na(fx) = Z flmy,...,m,) cuando x — +00.
m=(mq,...,mn)EN"

Imflg={/mi++mi <z

Como aplicacion del Teorema [I7, obtenemos en los Corolarios[8 y[9 los andlogos de los
Corolarios [4] y[1 para las normas Hélderianas || ||q-

El Capitulo 5 de esta tesis es un complemento del Capitulo 4. En el Capitulo 4 no hemos
dado los analogos de los Corolarios o] y [f] para las normas holderianas. La razon es que el
Teorema tauberiano de Essouabri no se aplica de manera directa en estos dos casos. En-
tonces hemos comenzado el Capitulo 5 por una ligera extension del Teorema de Essouabri
sobre las funciones zeta miztas (@ Teorema. 3) y luego como consecuencia deducimos
una version un poco mds general del Teorema[17 del Capitulo 4. Como aplicacion, obte-
nemos también en los Corolarios [I0 y[11] los andlogos de los Corolarios [J y [0 para las
normas Holderianas.
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Chapter 11

Zeta function in several variables and
its special values

Notations
1. N={1,2,...}, Ny = NU{0}, & the set of prime numbers.

2. For n € N, we set R} = [0,400[", (R%)" =]0,00[", (R})* = [0,00["\{0} and
J" =1, 400"

3. T={seC | |s]=1}

4. For a,b € R, we set [a;b] :={k€Z | a <k<b}.
5. For I a finite set, we set |I| its cardinal.

6. £ ={ei,...,e,} is the canonical basis of R".

7. For any z = (21,...,2,) € C" and k € [1,n], we denote z; = (z1,...,2;) and
|Zk|:Zl+"'+Z]€.

8 || l1s || s || l]oo are the sum, euclidean and maximum norms respectively.

S
9. For any x = (xy,...,x,) € C" we set x° =z} -- - r

10. The sequence of Bernoulli polynomials, denoted by (B, (X)),en, is the unique se-
quence defined by the following series expansion

teXt £

t
e
n=0

The Bernoulli numbers are defined by B,, = B, (0),

11. For s € C and k € N we set (s)g =1 and (), = Hi:ol(s — 1),

12. For s € C" and k € N} we set (IS{) = H <1ii) - H (Z)'k

i=1 i=1

13. Let P € C[Xy,..., X,], we denote deg(P), deg,;(P) and Supp(P) its absolute degree,
its degree with respect to variable X; and its support respectively.
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1 Introduction

In 1735 Euler gave the value of series

S

keN

Almost a century later, Dirichlet introduced the notion of Dirichlet’s series associated to
an arithmetic function f: N — R:

= f(k)k™*, for s > s (IL1)

keN

Dirichlet studied the convergence of these series and realized a survey of these functions
as real variable functions. In particular for f constant equal to 1 we have

= Z k% for s > 1 (1I1.2)

keN

Dirichlet gave the explicit values of ((—k) for k € Ny, today called special values, in terms
of Bernoulli numbers, more precisely he obtained

k Brt1

(k) = (1L (IL3)
Some years later, Riemann published a paper in 1859 where he began the study of this
function as a function of complex variable. In this paper Riemann proved numerous results
about the zeta function and announced his famous Riemann hypothesis.
Riemann proved that this function, today called Riemann zeta function, has a meromor-
phic continuation to C with a single simple pole at s = 1 of residue 1.
Today we have several techniques that allow us to prove this fact : integral representa-
tion, Euler-Maclaurin summatory formula, Taylor expansion formula, Poisson summatory
formula, etc.
A first generalization of Riemann zeta function is given by

Z(Pyp;s) =Y pFP(k)™*, for Re(s) > 1 (IL.4)
keN
where P € R[X] such that |[P(X)| — +o00 as X — +oo and pu € T. If p # 1 this series is
called twisted zeta function and non-twisted zeta function otherwise. If P(X) = X and
u # 1 the series is called Lerch zeta function and it’s denoted by (,.
(Classical techniques can be used to show that this series have a meromorphic continuation
(holomorphic in twisted case) to C, as well as to determine its special values. More
precisely for k£ € Ny and p # 1 we have

0S( k é
Co(—k) = 1_ “Z (IL5)

where S(k, £) is the number of partitions in ¢ parts of a set with k elements, it’s also called
Stirling number of the second kind or Stirling partition number, see [6, Lemma 5.7]|.

Lety = (71,...,7) € C"and b = (by,...,b,) € C" be two vectors of complex parameters
such that Re(v;) > 0 and Re(b;) > —Re(71) for all j € {1,...,n}. The generalized Euler-

Zagier multiple zeta function is defined formally for s = (31, ...y Sn) € C™ by
1
Ca(s;v; b) = -. I1.6
| ) r; [T (ma + -+ yymy + )% (IL6)
mo,..., mp =0
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This series converges absolutely in the domain
Dy ={s=(s1,...,5,) €C" |Re(sj+---+s,) >n+1—j forallj € {1,...,n}} (IL7)

and has a meromorphic continuation to the whole complex space C" whose singularities
are included in the union of the hyperplanes

St sa=(Al—g) =k (1<j<n, k... k€ Np).

Moreover it is known that for n > 2, almost all non-positive integers points lie in the
singular locus above and are points of indeterminacy.

The study of the directional values of these multiple zeta functions at these points was
first considered by S. Akiyama, S. Egami and Y. Tanigawa [I]. These values are now well
understood thanks to several works such as [20], [25], [23] et [10].

In |20], Y. Komori proved that for N = (Ny,...,N,) € Ny and 6 = (04, ...,0,) € C" such
that 0, +--- 46, # 0 for all j € {1,...,n}, the directional limit

Cf(~N;~;b) := lim ¢, (—=N + 16; v b) (IL.8)
—

exists, and expressed this limit in terms of N, @ and generalized Bernoulli numbers defined
implicitly as coefficients of some multiple series.

In [10], Essouabri and Matsumoto obtained by a different method a closed explicit formula
for (¢(—N;~;b) in terms of N, 8 and only classical Bernoulli numbers.

Recently Essouabri and Matsumoto [8] extended this result to a more general class of
multivariable zeta functions defined by

Cols, P) = > [[20m, ... my)= (IL.9)

m=(mi,...;my)EN" j=1

where for all j € {1,...,n}, P; € R[Xy,...,X]] is a polynomial satisfying some general
assumptions. In this general case, instead of Bernoulli numbers, certain periods appear
in the expression of values. Moreover, the nonlinearity of the polynomials P; reveals
values at the n—tuple of non-positive integers which can be transcendent even if all the
coefficients of the polynomials P; are algebraic.

Consider now the twisted case. Let p € (T\ {1})* x {1}"* Q e R[Xy,..., X,] and P =
(P,...,Pr) € (R[Xy,... ,Xn])T, we associate to the triple (Q;P; u) the (k,n)—twisted
MZF (non-twisted if g = 1) defined formally for s = (sy,...,s7) € CT by

mi mg

Z(Q;P;p;s) = > Q(mTl’ T (11.10)
m=(my,...,mn)EN" Ht:l Py(ma, ... ,mp)™

If P ... Pr(X) — 400 as ||X]| — +ooand X € [1,4+00)"), the existence of a meromorphic
continuation of these Dirichlet series to whole space C” follows from the method intro-
duced by Essouabri ([15], [16]) if Py, ..., Pr verify the probably optimal hypothesis HyS
(see Definition (1| below). Moreover, the complexity of the singular locus of these Dirichlet
series is maximal in the non-twisted case (i.e. g = 1) and we expect to have a holomorphic
extension in the completely twisted case (i.e p € (T \ {1})"). A counterexample shows
that this is not the case under the general assumption HS.
Under the slightly more restrictive assumption (HDF) (see Definition |1 below), Marc de
Crisenoy obtained in the completely twisted case (i.e p € (T\ {1})") the following general
result which shows the holomorphy of these Dirichlet series and gives simple expressions
of their values at T'—tuples of non-positive integers:
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Theorem 1 ([6] Theorems A and B). Let Q,Py,...,Pr € R[Xy,...,X,] and N =
(N1,...,Nr) € NI We set QX) I, P(X) = Speg@X?. If p € (T\ {1},
Py, ..., Pr are polynomials verifying HDF condition, see Definition 1], and

|X|—+o0

T
[[PX) — 4o
t=1 Xe[l,400)"

then s — Z(Q;P; u;s) has a holomorphic continuation to C.
Moreover, Z(Q;P;p; =N) = > o Gy H?:l Cu,; (—v;) where the values C,,;(—v;) were given
in equation (11.5)).

In the not completely twisted case, the existence of singularities makes the study of values
at non-positive integers points more difficult. In addition to the works mentioned above,
Essouabri and Matsumoto [I1], obtained by combining the result of Crisenoy and the
Mellin-Barnes integral representation formula (27), the values of the (n — 1,n)— twisted
and (n —2,n)—twisted MZF in the cases where the polynomials P; are linear or diagonal.
In this chapter, we consider a new class of (n — 1,n)—twisted MZF (see Definition
). More precisely, we determine (see Theorems @ and @ below) for this class of
(n — 1,n)—twisted MZF, by two different methods, an explicit meromorphic continuation
and determine explicitly their values at T'—tuples of non-positive integers.

2 Preliminaries

We start this section giving some definitions connected with polynomials necessary to
understand the results.

Definition 1. Let n € N and P(X) = Y saaX* € C[Xy,...,X,] be a non-zero
polynomial.

1. Let ¢ < deg(P), we set and Py the homogeneous part of P of degree (.
2. The polynomial P is called homogeneous of degree p if P = Pyey(p).
Let P be a polynomial of degree p

(a) P is said to be an elliptic polynomial if P, € Ry [Xy,...,X,] and P,(X) #0  pour
tout X = (X1,...,X,) € [0,4+00["\{0}.

We set €, ={P € R[Xy,...,X,] | P is an elliptic polynomial} .

(b) P is said to be a non degenerate polynomial if deg(P) > 0 and P(X) < PT(X)
uniformly in X € [1,+00)", where PT(X) =" ¢ [laal X<

(c) P is said to be an hypoelliptic polynomial if

o VX € [1,400)", P(X) >0 and

o“P
Ny \ {0}, — (X .
o Va € Ny \ {0}, —~(X) st C
Xe([1,+00)"

(d) P satisfies the HDF assumption, introduced by Crisenoy, if for each € > 0

e VX € [1,400)", P(X) >0 and
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[e%

P
(e) P satisfies the HyS assumption, introduced by Essouabri, if

e Vae Ny, ke[l,n];q 21=

(X) < X, ° uniformly in X € [1,+00)™.

o VX € [1,400)", P(X) >0 and

P
e Vo € Nj, a?(X) < 1 uniformly in X € [1, +00)".

Remark 1. We have the relations (a) € (b) and (b), (c) € (d) € (e).

=

Example 1. P(X;, X5) = X, X, verify (b) but not (¢) and P(Xy, X3) = (X1—X5)? X+ X2
verify (c) but not (b). It follows that (b) and (c) are not comparable sets.

Example 2. P(X, X3) = (X; — X5)2X, + X given by Essouabri verify the condition (e)
but not (b) neither (c).

Definition 2. Let p,q € Ny and f € R, we set

Ig;p; f) = {’vz(vl,.--,vp) €Ng | Z(p+1—j)vj=1+q—pf}

j=1
Remark 2. The set I(q;p; f) is a finite set. Indeed, for v € I(q,p, [) we have

p

loly <D (p+1—j)v; <1+q—pf

J=1

Remark 3. Forl € Ny we have the following identity

-5\ T B I(1-s)
(z)_H(_s_k+1>_r(1+1)r(1—s—5)

k=1

Lemma 1. (Zeta function associated to a polynomial in one variable) Let ¢ € Ny, P(X) =

P .

> a; X7 € C[X] with a, # 0 a non-constant polynomial such that 0 ¢ P(N). Then the

=0

series Z(X9 Pys) = >, miP(m)~* is absolutely and uniformly convergent in compact
meN

sets of {Re(s) > %}. Moreover it has a meromorphic continuation to C with simple
poles included in

Sap) = {f €Q\ (=N) | Ig;p: /) # 0} C %(1 T g—No)\ (=)

Furthermore, for k € Ny we have

2007 Py =) = 3 (& )b L (ot~ o) = 3G = vy )

veNp Jj=1
lv|<k
1)lvl= ’“k:'(|fv| E—1! , L
+ Z | aI; | ‘Hajj—l
p‘p j=1
vel(q;p;—k)
Ut ol T
_ j=1 %=1
=Y el Z . =l UREY
veSk vel(g;p;—k) P ap

B
where ¢,’s are defined by the relation XP(X)* =37 ¢ ¢, X" and {(—k) = (—1)kkk—_:.
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3 Statements of theorems for (n — 1,n)-twisted MZF

3.1 Hypothesis and main results of this chapter

Let n € N, P17...,PT € ]R[Xl,...,Xn_l] and PT+1(X1,...,Xn) = Q(le-”aXn—l) —+
R(X,) € R[Xy,...,X,]. We suppose that:

Al) P, ..., Pr,Q verify the HDF condition, see Definition [14(d)l,
A2) R € R, [X,] of degree r a non-constant polynomial such that R(0) = 0,

A3) Q(X') — 400, where X' = (X1,..., X_1).
[[X/[|=+00
X/€[1,+o00)n—1

We set P = (Py,...,Pryq) and P = (Py,..., Pr).
Remark 4. 1. From A3) and Essouabri [15, Lemma 1] there exists § > 0 such that
Q(X1, .., Xno1) > (X1 X,1)° uniformly in X' € [1,400)" (I1.12)
we fix a such § > 0.
2. There exists D > 0 such that
Pi(X") - Pp(X)) < (X1 - Xp_1)P uniformly in X' € [1, +00)""? (I1.13)
we fix a such D > 0.

By A2) we have > 1 and there exists a;’s real numbers such that R(z) = Y7_, a;2/.

Let o/ = (p1,. .. 1) € (T\ {1})" ! and q € Nj. For s € C*™! we define the formal
series
map™

P(m)*r+ [T, Py(m')*

Z(XGPiplis) = Y (I1.14)

meNN

If g = 0 we write Z(P; p’;s).
From Al) to A3) we have

PI(X/> e PT(X,)PT—H(X) — +oo and Pl(X/) T PT(X,)Q(X/> — +00,
| Xl —+o0 IX! || —+o0
Xe(l,+o0)n X/€[1,4o00)n 1

it follows from [I5, Lemma 1] that there exists v > 0 such that

P(X") - Pr(X"YPry1(X) > (X -+ X,,)” uniformly in X € [1, +00)"

I1.15
Py (X)) -+ Pp(X)Q(X') = (X1 -+ X,_1)” uniformly in X’ € [1, +00)"" % ( )
In consequence the series Z(X9; P; p/;s) is absolutely convergent for s in
_ T+1 . _ o 1 + |q|oo
72 ={seC | Vi€ [1,T+1], o; =Re(s;) > ¢} where c = ——=>0. (11.16)
v

The following two theorems are the mains results of this chapter.
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Theorem 2. Let N = (Ny,..., Npy1) € NITL Under assumptions A1) to A3) we have
s = —N is a regular point of Z(P; p';s) and

y DB N T

Z<P;M’l;_N) = Z2(B)
Bel(Npsy) | ar (Nry1 — 181+ Z(8))! B!
Z(P',Q;pu'; =N, =Np 1 + |8l — Z(B8))
N Z E] 1jo JB1+Z _1 oy (NT+1) (|a|) ﬁa‘?‘j «
et L+ jay | a )i
|a|<NT+1

Z(P,Q;p'; —N', —Np,1 + |a])

1 _
where for B € Ni7!, Z(B) = - (1 + E}":i Jﬂj) and

r—1

I(Nr41) = {/6 e Ny ! | 18| = Z(B) < Nryy and r divides 1+ Z]ﬂj}

7j=1
is a finite subset of {B € Ny™' | |8] < rNpyq +1}.

Theorem 3. Let q € N2, p/ € (T \ {1})"*' and N = (N, Npy,) € NJ™'. Under
assumptions A1) to A3) we have s = —N is a reqular point of Z(X% P; u';s) and

Nri1
N ,
Z (X4 Py —N) = ) ( 7I;:H)Z(Xq";R;—k)Z(X“‘;P’,Q; p'; =N, —=Nrpyy + k)
k=0

Remark 5. Since the series Z(X'9; P, Q; u';s141) is a (n — 1,n — 1)—twisted MZF and
—Nri1+k € =Ny for k € [0, Nri1], we can use Crisenoy’s theorem [6, Theorem 2] to
determinate explicitly its values. The value of Z(X%; R; —k) was given in Lemma .

Corollary 1. Let Pi(z1), P(x) = Q(z1) + R(x2), ¢’ € T\ {1} and N = (N, N2) € N3.
Then

No

N.

Z(Pip;—N) =) ( ,:) Z(R; —k)Z (P, Q; s =Ny, =Ny + k).
k=0

Example 3. We can apply above theorems to P = (P, ..., Py), where :
1. P(xy,...,x¢) = 22:1 z; fort € [1,N].

2. Pt(xl,...,xt)zzt gz and l;j € N fort € [1, N].

JIJ

4 Proofs of Lemma [1, Theorems 2] and

We start by a proof of Lemma [T}

Proof of Lemmall. Let ¢ € Nog, K C {5 € C; Re(s) > 1%} a compact set, s € K and

M € N such that M > Z llaj_1]]. We set

I p||
Z] oaj

a,r?

Zy(X% P;s) = Z(X% Pys)— Y m'Pm)™* and u(x) =

m<M
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So we have |u(z)| < 1/2 for x > M. By applying the Taylor formula with integral remain
to the function u — (1 4 u)*®, we obtain that for |u| < 1/2 and r € N

(1+u) = Z (_/:) ub 4+ (r+1) (rfl)u’”“ /01(1 —t)"(1+tu) " tdt  (I1.17)

k=0

It follows that for Re(s) > 1,

Zy (X P s) quP quamp (I +u(m))~
m>M m>M
—S$ r+1/ —s
= mt P u(m)" + ( )X 1118
> )m; S e
1
S () / (1= )7 (L+ tu(m)) """ dt
m>M 0
Using the identity (X;+...+ X,)F = > (M) X7 ... XpP, we have for Re(s) > 1,
v=(v1,...,up)ENE
|vi=k
q —s\ (Iv\ [T5= a;j_l P
Zu(X%5Pis) = ) v v ) T C(ps+ X 0+1-1)v—q)
veN{)’“ P J=1
[v|<r
—s\ (Iv\ [T} a;’ a-p é (p+1-7)
- Z |V| v s+]|v| Z
VGNg m<M
Ivi<r (I1.19)
—s r+1 ?:1 a;il g—ps— 3. (p+1- J)v;
cern X () (T T AT
veNE p m>M
|v|=r+1

1 p —s—r—1
/ (1 —u)" (1 +u Z mmj_l_p) du
0 j=1 ap

On the right hand side of (II.19)) we have

e First term has a meromorphic continuation to C with simple poles included in

1+ +1-— 1+¢—N
L(q;p) = { q Zp ]j v:(vl,...,vp)eNP}C#

e Second term has a holomorphic contiuation to C.
e Third term has a holomorphic continuation in {Re(s) > HP#}.

It follows that equation (II.19) defines a meromorphic continuation of Z,/(X%; P;s) to
s € {Re(s) > %}. More precisely, the function H, : C\ . (¢; p) — C defined by

i) = () (T)e(os+ L+ 1-000-0)

J]=
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has a meromorphic continuation that is regular at all points of —Nj and we have for each

k € Ny that
| (\Z) CZ')C(_W“ — b - ZP:U — v - q) Vit k> [vl

Jj=1

Hy(—k) = (=1)=* k(o] — k — 1)

vlp
0 , otherwise.

if v e I(q;p; —k)

\

It follows that all poles of Z(X9; P;s) are included in .’(¢; p) = - (¢;p) \ —No.
To evaluate at s = k we take r = 3 4 pk and use two following identities

5 (i) (M)—ﬂvﬁ DS A S b
p

veN] m<M m<M
lv|<r—1
and )
k |’U| k—|v| —1\v;
xorxf = 3 (o) () sy
vGNg 7j=1
lv|<k
v .
Z ( )( )Xq( XP) vp+1HaJ (X7 1)
NP+1 ’ ’ 7j=1
\v\ k
This finish the proof of Lemma [I] O

For the proof of Theorems [2| and [3| the main idea is to obtain a connection between the
(n — 1,n)-twisted MZF

ym’

mip
Z(X%Pip'ss) =
m%N:" P(m)5T+1 HtT:1 Pt(m/)St

and the (n — 1,n — 1)-twisted MZF

, m/q’“/m
Z(X'C P Q;p'ss) =
D Ol T PG

in order to use Crisenoy’s Theorem.
We divide the proof into seven preliminary lemmas below, see Lemmas 2 to 8.

Lemma 2. Let a € R, R(X) € R_[X] of degree r such that R(0) =0 and s € C. Then
there exists 7 > 0 such that the function

he: ] —mn,400] — C
x — (a+ R(x))"*

is € in ] —n,+oo| and for any k € Ny and x €] — n, +o00[ we have

WO@) =k > (;j) <|Z|>(a+R —s- alH(

aeNg
25:1 jaj=k

)aj (I1.20)

In particular,

hPO) =k Y <|;|> <|a|> - |a|]1_[1( ) K (11.21)

aeNg
Z;:l jaj =k
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Proof. 1t is enough to apply a recurrence on the parameter k. O]

Let M € Ng, m" = (mq,...,m,_1) € N*"Land s = (sy,...,8741) € CI! such that
= Re(s;) > m for each ¢ € [1,7 + 1]. The Euler-Maclaurin formula applied to the
function ¢ — P~°7+1(m’, () gives

SOl = S (QMm) + R(0)

£eN leN

= [ Qem) R e
+i o (ai)k@(m')w(x»-m

=0

=0

(_1)M a M+1
BT / (8—) Q) + R(&)) 7 | Bagya(a) da
CJRy
Lemma [2| ,with a = Q(m’) > 0 by assumption A1), implies that
M Nk
ZP—STJrl(m/?f) :/ (Q(m') + R(x))—ST+1 do + Z ( 116) Blk—i-l »
£eN Ry =0 +
—5 o o el T (RO(0)\
> () (@)owom 1 (57)
aeNj j=1
22:1 Joy=k
s ()
(1) anNg ol ) a

/R+ Bar1 (2)(Q(m) + R(z))*7+1~ MH (R(] )

which implies the following identity: for s € CT! such that o; > 1 for each i € [1,T + 1]

ym’

ZPiis) = Y / (Q(m') + R(x)) ™+ du

T .
m’cNn—1 Hj:l ‘P] (m,)SJ

M

(=1)"Byys —sr11 (|
+Z E+1 Z || a)”
k=0 CXENS
. 2= 7=k (11.22)
e (RD0)\Y
( .,< )) Z(P,Q;ps8 sri + |ad])
j=1 J:
—S (8
+(=DM > ( ‘oi’“) (‘a‘)RM(P,aQaRQO‘;S)MI
aeNj
Z;:ljaj:M+1
where
e
M(P,,Q,R;Q;S): Z T X
m’cNn—1 H]:l Pj(ml)sj
(I1.23)

A

dx

[ Bt + R “'H(
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To use this identity we need first to prove the following three lemmas.
Lemma 3. Let M € Ny. The function Gy : Cx] — 1, +oo[— C defined by
M
(1+y)~ = ; (_ks) v + ( _j 1) Gu(s;y)
verifies that:
1. for each y €] — 1, +00[, the function s — Gp(s;y) is holomorphic in C;

2. for each 6,7 € R verifying —1 < 0 < v and each compact set K of R we have

’M+1

Gu(s;y) sy |y , uniformly iny € [6,7], 7T € R and 0 € K

Proof. This is a particular case of Lemma 3.1 of [I3]. O

Lemma 4. Let a,b € C such that Re(a),Re(b) > 0, « € Ry and 8 € RY.. Then, for each
s € C such that Re(s) > 2 we have

B
V(a,b;a, B; s) ::/Rerdm
I+« I+a (I1.24)
1 F<6>F<S_6)
5@371%&1# ['(s)

Proof. 1t’s enough to proceed with the case a > 0 and b > 0. The general case is a
consequence for this case by analytic continuation. The change of variable ¢t = bz?,
implies that x = b=V/81/% dx = %b_l/ﬁtl/ﬂ_ldt and

1t+a 4

1+«
1 o al b~ 7 t s
Via,ba, B;s) = / b 5t5 Zp e dt = dt
R, (a+1)s B B Jr, (a+1)°
Set t = ay, then dt = a dy and
_lta l+ta ¢ 1lda 4 —gp o, lda lta _q
b~ B 8 B B B B
V(a,b;a,B;s) = / T ady=" / z dy
B Jr, a*(L+y)* B r, (1+y)*
1 1—2z dz
Setz:m,theny: . ,dy:—; and
—siEe e a1 N g
Viebafis) = T2 ( ) o0
0 z z
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Lemma 5. Let a € R, M € Ny, R(X) € Ry[X] a polynomial of degree r > 1 verifying
R(0) = 0. We write R as R(X) = 37_, a; X7 where a; > 0 and a, > 0. Then for all
s € C verifying Re(s) > 1/r we have

Y (a; R; s) ::/]R (a+ R(x))*dx

-5\ (18] T*laﬁjrm )T (8+|ﬁ\— Z(8))
BezNgjl (\ﬁ!) (B)E 7 raZ P asHB-2OT (s + |8)) (11.25)
IBl<M

=S Nle Z;;i CLj.CL’j d
+ M+1 /R+(CL—|—(IT:E) Sl S~ ’

]‘+Z] lj

where for 3 € Ny we set L(B) =

r—1 i
L i
Proof. Since Zj_i_# > 0 for all x € R,, Lemma |3 imply that for each x € R, , we
a+ a,x"
have
r—1 i
—s T r—1 i\ —s r\—s z 1CL]1‘J
(a+R(2)™ = (a+aa"+x) i a;2’)"° = (a+a2") 1+m
M r—1 ik r—1
—S (Zj:l a;z’) =S > i ;v
— , T\—$ G Jj=
(a+ara’) LX;(/{) (a+ ayzm)F Tlg)T a+ ax”
Using relation (by + ...+ b, 1)* = ZﬂeNg* (Z,) /. ibfj, it follows that for each x > 0,
IBl=k
we have
M s L r—1 .
(a+ R(x))"* :Z ( f )(a + apx”) 5 F Z (ﬂ) Hafszgzljﬁj
k=0 ,@ENg_l 7j=1
IBl=k
r—1 i
_ -8 > i1 a7
. r\—s G : J
+ la+ar) (M—l—l) M (S a+ a,x" )
-y Iﬁl H B (a + apa) =181 Ti=t 8 (I1.26
|5| i’ (a+a,x T .26)
ﬂ N'r 1
I5|<M
r—1 i
_sf —s Yo aa?
px)E G = I1.27
+ (ataa’) (M—|—1> M<S a+arxr> ( )
2251365
For determine the integral of ([1.26) we use Lemma [3| to (ot Rl and for the
a—+ ax")*
convergence of integral of (| - we use Lemma I In consequence for all s € C verifying
1 + g
Re(s) > —, in particular for Re(s + |3]) > M we have
r
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Y(a;R;s) = (|;|) (’m) HCLJB]V a DD 3B, + |ﬁ|>

,@ENT 1
Bl<M L
(a+a,2") Gy | s; —ZFI o dx
R+ a+a.x"
1+ 5 1+37-146;
( ZJ 1] ]>F<5+|ﬁ\— 23_1]@)
_ ( !ﬁ| aﬁj "
<, \I8 ! m 1457 sy
oo ra, @t (s 4| 6))
r—1 j
—5 B > aal
. r SG . J Cl
+<M—|—1)/R+(a+ax) M(S’—a+arxT> T
This finishes the proof of Lemma 5. m

Applying Lemmas [5| and [2| to the equation ([I.22)) we have for M € Ny and s € CT*!
verifying o; > 1 for each i € [[1,7 + 1] that

o —sri1\ (181 [I/=1 & T(L(8))T (541 + 8] — £(8))
Z<P’“”S>‘ﬁ§_l( o) () ra?® T(sr1 + 18]
|BI<M

XZ(Pla Qa “,7 SI? ST+1 + ‘/8’ - g(ﬁ))

o s

|
aeNj j=1 J
22:1 Jjoj=k
—S
2P Qi s +lal) + (717 ) o) + )

where Ry(s) = (- Y <_ST“)(’Z')RM(PQQ,R;a;s) and

a€eNg |a|
22:1 jaj=M+1

ym’

Tl i
Hy(s) = Z H /R(Q(m/)‘l'arxr)_sT“GM <8T+1; Zj:la]x )dx

i [y B(m)® Q(m’) + apz”
Now we will study in the three following lemmas the terms which appear on the right side
of the previous identity.

Lemma 6. Let M € Ny and B > 0. Then

rm’

r—1 ;
E - Ta;x’
S — HM(S> = [ad / (Q(m,)—l—arZET)_STHGM <5T+1§ L) dr
Ry

et Hle P;(m’) Q(m') + a,z”

18 a holomorphic function in the domain

1+DB M
R {s € C™"' | Re(s;) > —B for each j € [1,T] and Re(syy1) > +5 - —}
,
where D, 6 > 0 verify
T
H Pi(X) < (X1 X )P and  Q(X') > (Xy--- X,_1)® uniformly in X' € [1,400)""
j=1
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Proof. Let K a compact set of Zp 5 and the canonical projection

7 CT+l — CT
S:(Sl,...,ST_H) — S/:(Sl,...,ST)

Then K' = 7/(K) C {s' € CT | Re(s;) > —B for each j € [1,T]} and K’ is a compact
set.
Let 7 the canonical projection

1
T o cT+1 — C
s=(51,...,5741) > Sr41

Then K = 7" (K) C {sr41 € C | Re(sry1) > P22 — M for each j € [1,T]} and K is

a compact set. It follows that there exists ¢ > 0 such that

1+DB M ¢

v eK' R >
ST+1 ) e(8T+1) 5 r + 5

and

M
(Re(sTH) + —) —DB>1+¢ (I1.29)
r
From Lemma [3| we have uniformly in m’ € N2 ™!, 2 € [0, +-00[ and spy; € K~

S ajal >

‘(Q(m/) + a,a”) TGy <$T+1§ Q(m') + a,z"

- (M+1)
<k (Q(m') + a,a) orH =M (Z ajxj)

Jj=1

LMK (Q(m/) + arxr)_f’T+1—M—1+(M+1)%1
M+1

= (@) + ayar) o

and Lemma [4] implies that

-1 .
Z;:l ajxj

ST41 — (Q(m’) -+ CLTIT>—ST+1 GM <ST+1; m

Ry

> dr := Wi (spy1;m’)

is absolutely convergent and holomorphic function in

M+1 1 M "
{R€<ST+1) + . > ;} = {R€(8T+1) > —?} DK .

Furthermore, from Lemma [4] we have

1 r ($T+1 + M)
W (sri;m') < T
M( T+1 ) K Q(m/)aT+1+% r (ST+1 + M:_I)
1

S Qe T

uniformly in sy € K and m’ € N*~1,

30



It follows that we have uniformly in s € K and m’ € N*~!

/

rm Z’ff a;x’
m') + a,2") TGy | Spa1; = | dax
TR [ @)y G (s g
< 1 1
K
[T Pim)7 QQueyrronse
<x 1 _ Hj:l Pj(m’)”
[Tjos P (m)=PQm)res s Q(m!)orest
< (ml “MyN_ 1)BD _ Hn 1 BD*5(UT+1+¥)
K (ml e mn71)5(0T+1+%) j=1

n—1__—1—¢
<k Hj:l m;

since Y venn—1 [ 1o i 1 m;~© is convergent, then we conclude by the theorem of holomorphy
under the sum sign. ThlS completes the proof of the Lemma [6] O

Lemma 7. Let M € N, B > 0, Pp. the domain of CT™! defined in Lemma@ ae N
such that Z;Zl ja; =M +1 and Ry (P, Q, R; a;'s) the function defined in (L1.23). The
function s — Ry (P, Q, R; a;s) is holomorphic in the domain P .

Proof. Let K C . a compact set and K', K as in the proof of |§| We have uniformly
in sp4, € K" and x € Ry

B (2)(Q(m') + R(x))r+r-le H (

< (Q(m') + R(x))~m+~ \a\H’R(J )|

< (Q(m() + R(az)) ooy Droses0-3)
< (Q(m') + argcr)—UTﬂ—la\xrlal—M—l

last inequality because |a| > 2 and it follows that o7y + [af > 1 > 0.

Lemma [] imply that

st | Baa(n) (@) + Rz)) a'H( D) o= Lot

Ry

is absolutely convergent and it’s a holomorphic function in
l+rjal—M—-1 M
{Re(sT+1) + |a| > | ‘7’ } = {Re(sTH) > _T}

and since oy + || = oryq + @ > % it follows that

1 I (s741+ Y
L(m/; ST—H) <K M ’ ( Ca - )’
. :
S Qe
uniformly in sy € K and m’ € N*~'. We conclude as in the proof of Lemma @ O
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Lemma 8. Letr € N, 8 = (B1,...,5,_1) € N7', Z(B) = Hzg%jﬁj We define for
se C\{Z(B)— |8 —j | j € No} the function

Gt — (—) (Iﬁl) D(s + 18] — Z(8)I(£(8))
? BIJ\ 8 I(s+180)
Then, s — Gg(s) is a meromorphic function in C with simple poles in

S = {1%7 | j € N}\(—NO). In particular, non positive integer numbers are reqular points
of Gg. Furthermore,

1. if Z(B) ¢ Ny, then for each k € Ny we have Gg(—k) = 0;
2. if £(B) € Ny, then we have two possibilities
(a) Gg(—k) =0, if k < [B| = Z(B) — 1;

_12®) (8 B
(b) Ga(—k) = (-7 () (Z(B) - k! (—1)ZB(L(B) — 1)k

ik > 18— 2(8)

Proof. For s € C, k € Ny we have
(s) s(s—1)---(s—(k—1)) I'(s+1)

k! k(s —k+1)

k

and (_S rd-s)

- . Tt follows that
¢) KD(—s — k1)« orowsie

Ms+18l-2B)  T(-s)
a Cs+18)  IBIT(—s— 18]+ 1)
_ (reze)

3l I(s+18] = Z(B8))(1 — s) sin(ws + 7(8])
—_1)BI(BNP(»
_ =D (|Z|)!7r( B 11— 9ris + 18] — 2(8) sin(rs)

Cals) = g"’ ')rw(ﬁ))
(

Let k € No.
Case 1: Z(B) ¢ Ny, then Z(B) ¢ Z. In consequence Gg(—k) = 0.
Case 2: Z(B) € Ny,

) if —k + |8 — Z(8) > 0, then Ga(—k) = 0.
i) if —k+|8|—Z(B) <0, weset m =k —|8|+Z(B) € Nand s = —k + a with
a— 0. Then s+ (8| — Z(B) = —k+|B8| — Z(B) + a = —m+ a and
(s + 18]~ 2(8)) = D(-m+ a) o, P

a—0
sin(ms) = sin(—nk + ma) = (—1)* sin(ra) ~, m(—1)*a
a—

SO

D(s 418~ 2(8)) sin(rs) ~ (1) Res(T; —m) = w(~1)- L
(—1)ktE-IBI+2(B) 7(—1)B=2®)

S "= B+ Z@) (k- 18+ Z(B))
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which implies that

(—D)PENZL(B) = DT +k)  7(—1)B-2®)

F (k=181 + Z(B))
(-1)*@(L(8) - D

Bi(k — Bl +2(B))!

Gp(—k) =

this finishes the proof of Lemma [§]

4.1 Proof of Theorem [2

Let M € Ny, equation ([1.28) implies that for s € CT*! and o; > 1 for each j € [1,T +1],
we have

Hr 1a,33
ZPip's)= Y b Galsr) Z(P, Qi sra + 18] — Z(8))

ﬂENT 1 raJ’I‘
|[3|<M

)" Bi11 —sri1 (1l 71 (BY(0)\™
+Z k+1 2 <|a|)(a (= X

e = (IL31)
Y= daj=k )
e R A LT
_1 M _8T+1 |a| R P/ R .

+< ) Z |a| o M( 7@7 ,a,s)

aeNg

Z;lzl Joj=M+1

Crisenoy’s Theorem and Lemmas [6] [7} [§] imply that for all B > 0 the function s —
Z(P; i’ s) is meromorphic in

1+DB M
Dy = {s € C™ | Re(s;) > —BVj € [1,T] and Re(sry1) > +(5 — —}
r
with singularities included in the reunion of hyperplanes sri1 = — and spyq = J
r r

(j € No,7 1 7).
Since C™' = Upogaren Za.u it follows that s — Z(P;p';s) has a meromorphic conti-
nuation to CT*! with singularities included in the reunion of hyperplanes

1 |, .
sr41 = — and sy = -1 (J € No,p13).
p p
Let k = (ki,...,kry1) € Nt We choose B > max{k; | j € [1,T]}; for example

B =max{k; | j € [1,T]} + ¢ with € €]0, 1[.

1+DB M

Let M € Ny such that —kpy > —- = = 2 that s M > rhra +
T

we have s = —k € I .

In particular Hy; and Ry (P, Q, R; a; —) with Z;zljaj = M + 1 are holomorphic in
s = —k.

5(1 + DB). Then
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For s = —k we have (_AZT;ll) = (ﬁﬂ) =0, because M > rkry + 5 > kryy and if o € N§

verifies 0, joy = M + 1, then rla] > M +1 > M > rkryy. Which implies that
|at| > kpyq and therefore that
_ <kT+1) _o.
sr41=—kr41 |a|

(i)

Relation ([I.31f) implies

HT 1a,8j
ZPiu'—k) = Y %Gg( kr)Z(P,Q;p's =K', —kr1 + 18] — Z(8))
BeN; rar
Bl<M
+§<—1>k3k+1 5= (R (Il T (B2
E+1 || o ) J!
k=0 aeNy J=0

> o1 o=k

Z(P,Q;p's =K, —kri + &)
(I1.32)

]‘+Z] 1.]/8]

Let I(kry1) = BN, | Z(B) = € Ny and |8| — Z(B) <kT+1}, we

remark that I(kr,1) is a finite set. Indeed B € I(kpy41) implies that
o 21802 (145058, ) =2 (S0 - ) - L5 Ly - L
T+1 2 . j:1]] = < J)Pj . .

and therefore that |3| < rkry + 1.
Lemma [§ implies that

r—1 ﬁ <
a.’ (—1)%®B) — Dk
2Pk = Y IT;- 1 =D)7P(Z(B) -1) 'T+|1
Bel(om,y) T 0r (kr1 — B8] + Z(B))!8!
Z(P,Q;p's =K', —kry1 + 18| — Z(B))
-1 >j—1da i B w [k
+ Z ( ) 14375217 J< T+1) (’a‘) (1133)
ceeN” L4370 jay [e1
0
Z;:l jang
leo|<Er i1
T RO (0)\ Y
H ( ~,( )) Z(P',Q; p's =K, —kri1 + |a|)
S\ !
J
On the other 51de since |ae| < kryy implies that 377 joy < rlaf < rhry < M, see
equation (|I , we can erase the condition Z -, Jo; < M in the second sum. This ends
the proof of Theorem 2l O

4.2 Proof of Theorem [3

Lemma 9. Let 0y € R_ and q € Nj. Under asumptions A1) to A3) we have that the
(n — 1,n)—twisted MZF Z(X%P;pu';s) has a meromorphic continuation Re(s) > oyl
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given by

—

DR (5740 + )
k! F(ST+1)

Z(XGP;p';s) = Z(X™ R, —K) Z(X'Y, P, Q; p's 8, 5741 + k)

k=0

_|_

r ~f)T :
> (ST“ /) (f)Z(X"il PLQs '8’ sria — f) Res Z(X*; R; 2)
= Tlra) =

3T+1

1_‘ — ’
> / ST+1 ?) (>Z(X%;R;Z)Z(X’q;P’,Q;u’;S’,sT+1—Z)dz
T

o)

where p’ € [—20 + 09 — ﬁg(lﬂ’ —2c+ 00[ and c is defined in equation ([1.16)). Moreover,
its singularities are included in {s € CT*1 | sy € .S = S (qn;deg(R))N]p, +o0[}.

Proof. This proof is based in the Mellin—Barnes integral representation formula, see
Lemma

Let 09 € R™, p/ = (pt1,- -+, pin—1) € (T\ {1})""!, q € Nj and c as in equation ([L.1€]). We
set wy = Q(m’), w; = R(m,) and p = 2c.

Then for s € CT™! such that Re(s;) > 4c for each i € [1,T + 1] we have Re(z) = 2c,
Re(sry1 — 2) > 4¢ — 2¢ = 2¢ and the Mellin-Barnes formula gives us

Z m 72 :L/F(STJA—Z)F(Z)X
Pro1(m/,m,,)sm+1 thl P(m’)s 2w C(sri1)

men” (0)

Z(X%; R; 2) Z(X'V P, Q; (s s, 5740 — 2) dz

(I1.34)

To give a meromorphic continuation of this series the main idea is to shift the integration
line to the left until Re(z;) = p' € [—20 + 09 — m —2c+ 0’0|: such that

¢ —5 deg NO to guarantee the non-existence of poles on this new integration line.
To verify that we can shift to the left and to determine the set of possible poles of the
integrant we use the following three facts:

1. Let z = x + iy with x,y € R, then there exists A > 0 such that for all €,6 > 0 we
have uniformly in Re(z) > ¢— N and |y| > ¢

Z(X™; Ry z) nea (14 [yl)tmextemsoiee (I1.35)
This estimate follows from the classical estimates of the Riemann zeta function.

2. By Crisenoy’s theorem we have the function (st,z) — Z(X% P’ Q; p;sr, z) has a
holomorphic continuation to CT+1.

3. Let z; = xj +14y; with x;, y; € R, then there exists A > 0 such that for all € > 0 we
have uniformly in Re(z) > ¢ — N

Z(XEP,Q 21,y 2r) <nge (L4 (v, - ;yT)|1)AZt:1max{c_m“o]”rs (I1.36)

This estimate follows from the proof of holomorphic of z — Z (X9 P’ Q; pu; z) con-
tinuation given by Crisenoy.
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For Re(s) > ool and Re(z) € [p/,p] we have Re(sri1 — 2) > 2¢, it follows that all
integrant’s singularities come from singularities of I'(z) factor in [|—p'], 0] and from sin-
gularities of Z(X%; R; z) factor in .9 = .9(q,, deg(R))N]p, +0o0|.

Therefore for Re(s) > 2¢1 the integral on the right hand side of is equal to

L7 T (ST+1 + k) ’
» S Z(X R —K) Z(X P Qs sy, s + K) Res I'(2)

k=0 [(s711)
—NT ,
+ Z STH D) 75,2, Qs 'yt — ) Res Z(X Ry 2) (11.37)
fes P(s741) =1 '

I [T (srs—2)T() o
Z an. R Z X q'. P . /. . d
2i7r/ [(s741) (X5 R 2) Z( s PLQi ' sp, sr — 2)dz

(0"

since estimate ([[I.35) and Stirling complex formula imply that we have uniformly in
Re(z) € [A, B]

FT(2)Z(X™; R; 2) — 0 as | Im(z)] — 400

and Z(X'9; P",Q; u'; sy, 5741 — 2) = O(1).

To verify that the integral in equation , the third term on the right hand side of
, define a holomorphic function in C* x {sp,; > p'} it is enough to apply the
estimates , and the Stirling complex formula.

The first two terms on the right hand side of have a meromorphic continuation to
CT*! with singularities included in the reunion of hyperplanes

{S e CT™ | spy € (14 gn —No) \ (_N(J)}

1
deg(R)

(s —
Let f € /'(q,deg(R)) the function Hy : s — Ls=/) has a meromorphic continuation to

C with poles included in f—Ny C

deg(R) (14+¢,—No)\ (—Np), moreover Hf(—N) =0. O

The previous theorem proves that Z (X9 P;pu’;s) has a meromorphic continuation to
C™+! with singularities outside of —NJ ™, in consequence it is possible to determine its
values at s = (=N, ..., —Npiq).

End of proof of Theorem
Let N € NJ™ and —p' > 1 + 2¢ + |N|..

1
For s € {Re(sj) > —N; — Sdea(R) Vie[l, T+ 1]]} the first term of ([1.37) is equal to

—

& (“DFT (57 + )

7 XQnR —-k\Z X/q,'P, 2 Kk
k! F(ST+1) ( y 41, ) ( ’ 7QaN,S,ST+1—|— )

k
Z(X"; R, —K) Z(X'Y P Qs s spyr +K) [ [(sr +5 - 1)
7=1
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Then the value of equation ([1.37) at s = —N is equal to

Nry1 N |

=Y S Z(X " Ry —K) Z(XY P, Qs s —Nip, —Nryy + k)
£ k!(Npjpr —k)!
Nriq

N ’
= ( 71:FI>Z(Xq”;Ii’; k) Z(X P, Q; p'; =N, =Nriq + k)
k=0

Applying the Crisenoy’s Theorem to the above terms, implies that they can be expressed
in terms of u’, Bernoulli numbers, N and coefficients of polynomials @), R, P;’s. This
ends the proof of Theorem 3. U
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Chapter 111

Means values of multivariable
arithmetic functions

Notations

1. Let m € Nand p € &, v,(m) is the p—adic valuation of m.
2. Forpe & and w = (wy, ..., w,) € N} we write p* = (p**,...,p"").
3. Let x = (x1,...,2,), Yy = (Y1,---,Yn) € R", we denote

o 1; <y;forallie[l,n]byx<y;
o 1; <y forallie[l,n] byx<y.

4. For ¢ € [1,4+00[", v € R" and f : N* — C, we set

.\Il(fvm): Z f(mla"'amn)
m:(mlv"'am’ﬂ)eNn
m<x
o f,:N" — Cis defined by fy(mq, - ,my) = f(my, - ,my)m" - -my, ™

+0o0
5. Let h: C — C, we denote [ h(s)ds the integral defined by i [ h(c+ it)dt

s€(c) —00

6. Let P(X) = ?:o a; X% € C[X] such that Supp(P) C R’} and G' C Supp(P), we
set Pa(X) =Yg eq 8 XY

7. pu: N — R is the Md6bius function.

8. Let f:N" — Cand g: N2 — C, we define f @ g : Nutm2 5 C by
f ®g(m17 s 7mn1+n2) = f(m17 s amn1)g(m1+n17 S 7mn1+n2)'

9. Let g : {ky,....k;} C Ny \ {0} = N, we set g; = g(k;) for each i € [1, I].
We define the multiplicative fonction, see Definition [5], 75 : N* — C by

I
w 9i+4i—1
=M= > ]I ( , ) (I11.1)
£=(0y,....t5)eN] =1 ¢
Sioi tiki=w

for all p € & and w € Nj.
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1 Preliminaries

1.1 Some standard constructions
Let pn € Nand I = {a,...,a,} CR"
1. The convex hull of I is

conv ([ —{Z oAiti | Ai = 0Vie[0,p] and |)‘|:)‘0+"'+)‘7’:1}’

2. The relative interior of the convex hull of [ is

conv*(I) :== {>"_ Na; | Ay >0Vie[0,p] and |A]=1}.

3. The convex cone of I is con(I) := {37 _ Ny | A; = 0Vi€ [0,p]}.
4. The relative interior of the convex cone of I is

con* (1) := {37 Ny | A\; > 0Vie[0,p]}.

5. The Newton polyhedron of I is defined by &(I) := conv (I + R7).

6. The Newton polyhedron at infinity of I is defined by &>°([) := conv([ — R:ﬁ)
Let I C R% \ {0} be a finite set and a € R} \ {0} we set

1. X(I):={x€eR? | Bx=1foral Bel}

2. m(a) :=min{a-x | x € X(I)}

3. The faces of $(I) are the sets Fxp(a) == {x € (I) | a-x =m(a)}. A facet of
(1) is a face of maximal dlmensmn

4. The index of 3(I) is ¢«(£(I)) := min{|a|; | @ € £(I)}. In particular
Fain(1) = {x e B(I) | [x) = «(B(1))}

5. Let F be a face of $(I), Pol(F) := {a € R? \ {0} | F = Py (a)} is the polar
cone of F' and its elements are called polar Vectors of F. A polar vector a € Pol(F)
is called normalized polar vector of F' if m(a) = 1 and we set Poly(F") the set of
normalized polar vectors of F.

1.2 Newton polyhedron of multiplicative functions

Let f: N® — C be a multiplicative function. In [9] section 3.1.1 Essouabri defined the
following objects:

= {k = (ki,...,k,) € NJ\ {0} | there exists p € & such that f(p™,...,p") # 0},
2. Sao(f) :={k € Nj \ {0} | there exists an infinity of p € & such that f(p*,... p*) #£0},
3. E(f) = E(Sx(f) = conv (Sw(f) + RY),
4. I(f) == {k € Soo(f) | k is in a compact face of &(f)},
5. B(f) == {x € R" | ¥k € I(f) we have k- x > 1} the Newton polyhedron of f,
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6. u(f) := min{|x| | x € £(f)} the index of X(f),
7. Fep(1) == {x € Z(f) | [x| =(f)} the face of S(f) of polar vector 1,
8. Io(f) ={k€I(f) | Fep(1) C{xeX(f) | k-x=1}}.
Remark 6. a) By construction I(f) is a finite set.
b) The sets &(f) and I(f) are connected by identity &(f) = conv(I(f) + R7%).

In particular for f : N — C be a multiplicative function of a single variable and d € N".
We set fgq : N* — C the function defined by fa(my,...,m,) = f(m{ ---md), so fq is
also multiplicative and

S(fa) ={b e Ng\ {0} [ b-d € 5(f)},
2. Seo(fa) ={b € Ng\ {0} | b-d € Sx(f)},
3. &(fa) = conv{Sx(fa) + R"},
4. I(f4) = {b € Suc(fa) | b is in a compact face of &(f4)},
5. 9(fa) = {x€R" | x-b>1forallbeI(f)}

6. t(fa) = min{|X| | x € E(fd)}y

7. gg(fd)(l) = {X € Z](fd) | x| = L(fd)}7

8. In(fa) ={b € I(fa) | Foyy(l) C{x€RY | b-x=1}}.

1.3 The Sargos volume constant A(n; P)

Let n € (R})" and P(X) = >°% (a;X% be a generalized polynomial of n variables,
dependent in all its variables, with real coefficients and not degenerate with respect to its
Newton polyhedron at infinity such that Supp(P) = {av,...,a,} C R’}. Sargos, cf. [27,
Chap. 3, §1.3 and §4.1], was interested in asymptotic behavior in neighbor of the first real
pole of integrals and series like:

Y(n; P;s) :/ x"1P(x) " dx (I11.2)
x€[1,+o0[™
Z(n; P;s) = Z m"~'P(m)"* (I11.3)
mecNn?

For this purpose Sargos used the following notations and constructions, see [27]:

1. We set Gy the intersection of all faces of &°°(Supp(P)) crossed by the half-line R 7.
Equivalently the smallest face crossed by the half-line R, n.

2. 09 = max{Ap-n | F face of & (Supp(P)) and Ap its normalized polar vector } €
R?% . Geometrically it can be visualized as the inverse of the smallest ¢ € R, such
that t -  intersects &> (Supp(P)).

3. 6 = codim(Gy) et Go = Spam{Gy — g | g € Go}.
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4. By permutation of coordinates, we can suppose that:
— 0 —~ 1
R" = GO S5 Zkleek = Gg S5 ZZ:H—}—I]Re

5. Gy is parallel to ey, ..., €, and not parallel to another ey.

6. Let €1,...,&, be the normalized polar vectors of facets &> (Supp(P)) crossed by
R+77.

7. K =conv{0,€y,...,&4,€941,-..,€,} is a n—dimensional polytope.
Definition 3. The Sargos constants associated to a pair (n; P) are:

A(n; P) :n!Vol(K)/ <H vt 1) / , < H X 1) Pe,(1,%x,y) "] dx dy,
[1,+o0[? 4 | JRE

l=q+1 k=6+1

B(m; P) = n!Vol(K) Z <ﬁ z/lm_l> /Rq—9 < H Xih 1) Pg,(1,x,v)7° dx]

veNr—a \l=q¢+1 k=60+1

where X = (Xg41,-..:%Xq), ¥ = (Ygt1s---,¥n). Moreover, if P is a polynomial with real
coefficients the constants A(n; P) and B(n; P) are strictly positives.

For n =1 we set Ag(P) := A(1; P) and By(P) := B(1; P).

Theorem 4 (|27], Th. 4.1, Sargos). Let n € (R%)" and P a generalized polynomial of
n wvariables with real positive coefficients and non degenerated with respect to its Newton
polyhedron at infinity. Then we have

1. Y(P;n;s) is absolutely convergent in {s € C | Re(s) > oo},

2. there exists € > 0 such that s — Y (P;n;s) has a meromorphic continuation into the
region {s € C | Re(s) > oo —¢e} with a single pole at s = oy of order § = codim(Gy),

3. A(n; P) >0 and

Y(P;m;8) ~ A(m; P)(s — 09) ™% as s — oy

1.4 Essouabri’s mixed volume constant Ay((/;u); P)

These constants were introduced by Essouabri, see [14, §2.3.3], to describe the asymptotic
behavior near to the first real pole of mixed zeta functions.

The volume constant Ay(/;g;a)
Let I = {vi,...,viy} CRU\{0},g:1 = Nand a= (ar,...,q,) € (R})?. We set

= = (v, : = (v A . ‘ &l
= v = NERRE , = RIREE RIEEE NIEER \
g > ejg(v)a Vi (vi1, vv%p)v Wj (vlm » Uljs » UI1,55 7U\I|J) € Ry and
g(v1) times g(vz) times

Plrga)(Y) = 3201 a;Y". We define Ay(I;g;a) := Ao(Pr,ga)) as the Sargos volume
constant associated with the generalized polynomial F;.g.q).
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The mixed volume constant Ay((7;u); P)

Definition 4. Let P(X) = > ;X% € R [Xy,...,X,] be a generalized polynomial
which depends on all its variables, I C R’} \ {0} a finite set and u: I — N. We set

1. a=(a,...,ap),
2. = (au;...;p) € Mpn(R) the matriz with rows o, ..., oy,
3. T={T-v|v=(v,...,0,) €I} CR?\ {0},

4. U: T — N defined by a(w) = 3 u(v) forw = (wr,...,w,),
vel
I'v=w

J. P(IN;ﬁ;a) : Rm‘ = R|u| —R for y = (yw,j)weije[[l’ﬁ(w)ﬂ S ]Rlﬁ‘ 18 deﬁned by

([u a) Z (g H H Y
= wel J=1
Also see construction (I11.4)) below. The mixed volume constant is defined by
Ao((I;0); P) = Ao(I3; ) = Ao(Pjigea))

We set [ = {wi,...,w,}, r = m, q-1 =0, ¢ = qi—1 + u(wy) for each ¢ € [1,r] and
q=¢q =y ., u(w;) where w; = (w;1,...,w;p). Let y = (y1,...,y,) € R? we have

roa(w;) D r a(w;) Wik
Praly Z%H [T vt = Zakn< 1 y‘?“”)
j=1

=1 j=1 k=1 i=1

(wr)
:Q(H yj,...7 H yQT—1+j>
j=1 Jj=1

where Q(z1,...,2) = > vy k[ [1—; z o

Example 4. LetP(X) = ale’+agX12X2+a3X1X22+a4X§’ S R+[X1, XQ], I = {(2, 0), (1, 1)7 (O, 2)},
u(2,0) =3, u(0,2) =2 and u(1,1) = 1. Then we have

(I11.4)

? [:{(6747270)7(3737373)7<0727476)}7

S = N W
w N = O

u(6,4,2,0) = 3, 0(3,3,3,3) = 2, 1(0,2,4,6) = 1 and

Py (V1 - ¥6) = arySySyiyive + aaylyivivi®yays + asyiyvavivivive + anviyiye
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2 Introduction

A multivariable arithmetic function f : N™ — C is a function defined on a set of vectors
with positive integer coordinates and with values in the set of complex numbers C. We
denote by @7" the set of arithmetic functions in n variables and by .7/" the set of arithmetic
function f € 7" such that |f| < 1. It’s easy to see that (@™, +, X) is a ring and that
(7", x) is a semigroup.

For f € /™, we define the following three Dirichlet (formal) series:

5=y % = Y flma, . ) (I11.5)

ml P mfln
meNn m=(m1,...,myn)EN"
|f |f(m177mn)|
meN” m=(mq,...,mn)EN" 1 n

and for an elliptic polynomial P € &, of degree d > 0 (see Chapter 2 Definition ,

WP = 3 g s X pemsien

meNn m=(mi,...,myn ) EN?

Remark 7. 1. Let f € <" the two series M (f;s) and A (|f];s), see (IIL.5)) and
(I11.6)), are absolutely and uniformly convergent on compact subsets of {Re(s) > 1}.
Therefore they define a holomorphic on {Re(s) > 1}.

2. There exists ¢ > 0 such that Z(f; P;s), see (UL7), is absolutely and uniformly

convergent on compact subsets of {Re(s) > c}.
For g : {ky,...,k;} C N"\ {0} — N, we set

1

= H C(1+k;s)? and Og(s):= H(ki's)giC<1 + k;-s)% (IIL.8)

where g; = g(k;) for each i € [1,I].

Remark 8. Z, defines a holomorphic function on the half-space {Re(s) > 0} and has
meromorphic continuation to the whole complex space C". The function ©g is holomorphic
in C". These two functions are connected by the following relation:

Og(s)
Hz‘lzl(ki's)gi

Definition 5. An arithmetic function f : N* — C s said to be multiplicative if for any
a=(a,...,b,) and b = (by,...,b,) in N such that gcd (aq - - ap; by -+ - b,) =1, we have

flaiby, ... a,b,) = f(a)f(b).

We denote by .Z™ the set of multiplicative functions in n variables and by .Z* = .#™ N
a*. For f € #" we have the following factorization

Zy(s) = (IIL.9)

m) = H f(pl/p(mﬂ’ ce 7pr(mn)) fOI' au m = (ml? tt ’m") € Nn’

where v, is the p—adic valuation.
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Let d = (dy,...,d,) € N* and f : N — C be a one variable multiplicative function, for
example f = o5 where k € Ny and ox(m) = de d* or f = ¢ the Euler’s indicator
function. We associate to f and d the multivariable arithmetic function fq : N* — C
defined by

falma, ... ,my) = f(IT_my). (I11.10)

It is clear that fq is also a multivariable multiplicative function.

As in the one variable case, we can define on .&#™ the Dirichlet convolution. For f,g € o™,
the convolution of f and g is the function f* g : N* — C defined for m = (my,...,m,) €
N" by

(f * g)(m) = > f(d1)g(do). (IIL11)

di=(di,1,-..,di,n)EN", i€{1,2}
di kdo k=my, k€[1,n]

Moreover, we have the following formal identities

k1 kn
A egs) = M39) M gis) anda(ri9) = [] Y L) g

peP keNy

More precisely, the product which defines .Z (f;s) is absolutely convergent if and only if

S S FACASENSY | B (IT1.13)

PEP k=(k1,....ky ) ENE\{0} p

and the identities ([II.12]) hold if .#Z(f;s) and .#(g;s) are absolutely convergent.
We define the p—factor of .Z(f;s) by

My (fis) =Y S ) (I11.14)

A typical problem that one meets in many different arithmetic or geometric contexts is
to describe with reasonable precision the asymptotic behavior of a density function of the
form

x=(r1,...,0,) = U(f:2) = > flmy, ... my) (I11.15)

m=(mi,...,my ) EN"

or of the form

x = U(f; Pyx) = > flma,...,my) (I11.16)

where the function f : N* — C is an arithmetic function typically, though not always,
multiplicative and where P € R[X}, ..., X,,] is a proper polynomial of degree d.

For n = 1 there are several results as Delange’s theorem [4]. In several variables case
(n > 2) there are several works that inspired this part of our thesis : Delange [3]; Lichtin
[22, 21]; La Breteéche [7]; Essouabri [9], 12] [14]; Toth and Zahai [30), 29].

Definition 6. Let f € &', we will said that f has a mean value M(f) € C if the limit
1
lim — > f(k) exists and is equal to M(f).

m—-+o0o M k<m

In 1961, Delange proved the following result
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1—
Theorem 5 ([4], Theo. 2). If f € .4} and the series 1= /) is convergent, then
pEP p

|

Delange [4, Theo. 1| proved also the following converse of above theorem.

M(f) exists and is given by

M(f) =] (1—%) {Hfﬂﬁj)

peES j=1 p

Moreover, M(f) =0 if and only if f(2") = —1 for allr > 1.

Theorem 6 ([4], Theo. 1). Assume that f € A}, M(f) exists and M(f) # 0. Then,

1. the series _—(m is convergent, and
peES b

2. there ezists r € N such that f(27) # —1.
Delange also proved in [3] the following multivariable extension of his theorem:

Theorem 7 ([3]). Let f : N* — C be a multiplicative function such that |f| < 1. Assume

that for any vector e; = (e;1,...,€i,) of the canonical basis {ey,...,e,} of R", the series
1— f(pe,. .. peon
Z SO ) converges. (IT1.17)
peEL p
Then, as (z1,...,T,) = (+00,...,+00),

mee (=T (1-3) (X M)

peEZ p
In 2001, La Breteche [7] established the following general result:

Theorem 8 ([7],Theo. 1). Let f € &/™ be a non-negative multivariable arithmetic func-
tion. Assume that there exists ¢ € R'} such that the following three assumptions hold:

1. The series A (f;s) is absolutely convergent if Re(s) € ¢ + (R%)",

2. there exists two sets W = {kq,... . ki}, W' ={ki,... .k} CR? \ {0} such that the
function s — O(f;s) : C* — C defined by

I
O(f;s) = //l(f;s—i—c)Hk&
i=1
has holomorphic continuation to the domain

P(61,03) = {s € C" | Vi€ [1,1], koo > =01 and Vj € [1,r], K- > —d3}

where 01, 03 are positive real numbers.
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3. there exists 63 > 0 such that for all e > 0, ¢’ > 0 the estimate
I .
Ofis) < (L+ |75 [T (1 + [k - |yt o2t
i=1

holds uniformly in the domain P (6 — €', 05 — €').

Let J(c) ={j € [1,n] | ¢; =0}. Setr =#J(c) and kr11, ..., k4, the r vectors e; where
j € J(c). Then, for any B € (R%)" there exists a polynomial Qg € R[X] of degree at
most I +r — Rank ({k I+T) and 6 = O(W, W' 61, 82,03,¢,8) > 0 such that

(fsth, .. P =17 (Qp(logt) + O(t™")) as t— +oo.

Moreover, La Bretéche determine in the following result, under fairly general geometric
assumptions, the exact degree and the main term of the polynomial )g:

Theorem 9 ([7],Theo. 2). Let f € &/™ satisfying all assumption of Theorem @ Let
J(c)={je[l,n] | ¢, =0} Setr=#J(c) and ki41, ...,k the r vecteurs e; where
j € J(c).

1. If B ¢ Span ({k;}/17), then Qg = 0.
2. If s A (f;s) satisfies the following two additional assumptions

(a) the ezists a function G such that O(f;s) = G(kys, -+ ,kr,-8) and

(b) B € Span ({k 7) and there is no proper subset W of {k; Y27 such that
B e Span(W) and

#W — Rank(W) = # ({k;}147) — Rank ({k;}137)
Then, the polynomial Qg verifies
Qp(logt) = Cot PI(t”) + O ((logt)’™")  (t = 3)

where Cy = O(f;0), p=1I +r — Rank ({k;},_7)

dyy . ..dy,
=
a6 Ty v

and
I
A(tP) = {y = (Y1, yn) € [1,+00[ | ¥j € [1,N], [ u < tg]}

=1

3. If Cy # 0 and I +r = n = Rank ({k ”’") Then, there exists a family of real

numbers ({a, I+T) such that 3 = ZHf a;k;.
If for alli e {1,...,1+r}, a; > 0, then deg(Q)g) = 0.
If there exists ig € {1, ..y I+ 1} such that a;, <0, then Qg = 0.

4. If Cy # 0, Rank ({k;}/27) = n and B € conv* ({k;}/17), then
deg(Qg)=p=I1+1r—n.
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Example 5. Let {kq,..., k;} CRT\ {0}, c e (R})" and g : {k1, ..., ki} = N such that
for alli € [1,I] on ak;-c=1. Set g, = g(k;) for alli € [1,I]. Then, the function
f defined by identity A (f;s) = Hle (% (k;-s) satisfies the assumptions of Theorems@@
with W ={ky,....k;} and W' = J = (.

La Bretéche’s Theorems give us, under fairly general assumption on the function f, an
asymptotic of W(f;x) when the variables xi,...,x, are dependent; i.e. the case where
Ty =1t", ..., x, =t (t > 1) with aq,...,a, fixed positive numbers. Unfortunately, his
method does not seem to apply easily if the x; are independent.

Later Essouabri obtains, under fairly general hypotheses on the arithmetic function f and
the polynomial P, the asymptotic expansion of the function = +— W(f; P;x), see theorems
[10}, [LT] and [I2] below. To obtain these results, he introduced the notions: function of finite
type, Newton’s polyhedron of a multiplicative function, mixed volume constants [12] [14],
moderate growth and growth exponent, see definitions below.

Definition 7 ([12], §2.1). (Moderate growth). A meromorphic function F : Q) C C" — C
with singular locus & is said to have moderate growth if there exist a and b > 0 such
that: for any compact subset K of R™ and any € > 0,

F(s) <k, 1+ |7 |40 uniformly in s = o+it € Q such that o € K and dist(s; 2) > e.

Definition 8 ([12], §3.2.1). (Finite type) A function f : N* — C is said to be of finite
type if there exists a point c = (c1, ..., ¢,) € (RL)™ such that A (f;s) converges absolutely
if o, = Re(s;) > ¢; for alli € [1,n] and it can be continued as a meromorphic function to
a neighborhood of c, as follows:

There exists a pair T = (Ic,u), where I is a finite non empty subset of R \ {0} and
u= (u(,@))ﬂelc is a vector of positive integers, such that

s H(f; Tos) = ([ (.8"7) 4 (fic+s) (IT1.18)

Bele

has a holomorphic continuation with moderate growth (see Deﬁmtion[)l) to the set
{s€C"|o;,>—ey forallie[l,n]} for someey > 0.

We can assumd) that (B,c) = 1 for each B € I.. In this case we call T, = (Ic,u) a
“regularizing pair” of #(f;s) at c.

For non negative functions f, this is essentially the class of arithmetic functions studied
by La Breteche.
For this class of function, Essouabri proved the following general result:

Theorem 10 ([12], Th. 3). Let f € @™ be a multivariable arithmetic function of finite
type. Let c € (R%)"™ and T = (Ic;u) a reqularizing pair of A (f;s) at c. Let P € &, be
a homogeneous elliptic polynomial of degree D > 0. Then, s — Z(f; P;s) is holomorphic
in the half-plane {Re(s) > |c|:= D", ¢;} and there exists n > 0 such that s — Z(f; P;s)
has a meromorphic continuation with moderate growth to the half-plane {o > |c|—n} with
at most one pole at s = |c| of order at most po(Te) = Z u(B) — rank (1) + 1.

BElc
Assume in addition that the following two properties are satisfied:

1. 1:=(1,...,1) € con*(I.) (see §1.1);

by replacing each vector 3 by the vector ﬁ B
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2. there exists a function K holomorphic in a tubular neighborhoo&ﬂ of 0 such that
H(f; Z;s) = K (((B,8))ger.), where H(f; Te;s) is the function defined above in

[11.18).
Then,

H(f; Te; 0)d* %) Ag( T, P 1
Z(f; P;s) = ( ) po(%(;( ) +0 T | s s |,
(s — el (s —1cl)

where Ag(Te, P) > 0 is the mized volume constant associated to P and T, (see §1.4). In
particular, s = |c| is a pole of order po(Te) if and only if H(f; I;0) # 0.

A standard consequence of this theorem is a description of the main contribution to the
asymptotic of x — U(f; P;x) as follows:

Theorem 11 ([12], Cor. 2). Let f : N* — R, be a non-negative arithmetic function
of finite type and let P € €, be a homogeneous elliptic polynomial of degree d > 0. Let
c € (RY)" and T = (Ic,u) a regularizing pair of M (f;—) at c. Then there exist a
polynomial Q) of degree at most po(T.) — 1 and 6 > 0 such that:

U(f; Pyx) = Z f(my,...,my) = zQ(log ) + O (x‘c‘_‘s) as x — +o0.

In particular, there exists a non-negative constant Cy(f; P) such that
U(f; P;x) = Co(f; P) 2! (log 2) 7)1 4 O (z!°l(log )7(7)~2) as t — +oc.
Assume in addition that the assumptions 1 and 2 of Theorem |10 are satisfied. Then,

H(f; 7e;0) d*%) Ay(Tt, P)
le| (po(Fe) — D!

Thus, Co(f; P) > 0 if and only if H(f; Z;0) # 0.

Co(f; P) := > 0.

Essouabri also introduced in [9] the notion of Newton’s polyhedron X(f) (see §1.2 at
the beginning of this chapter) of a multiplicative function f € .#™ and Delange type
conditions (see Definition [10| below) which allowed him to obtain, in the multiplicative
case, more explicit versions of Theorems [10| and

Definition 9 ([9], Def. 3). (Finite growth) A function f € #™ is said of finite growth
if for all i € [1,n], we have

1 ..., 1,m,1,...,1
i = max{limsup og (/.. Lmi L., )D;o} e R, (IIL.19)

m; —00 10g m;

and for all e >0
|f(ma,...,m,)| <cmP™ - m  uniformly in m € N" (I11.20)

The vector v = (Y1, ...,7,) is called growth exponent of f.

2By tubular neighborhood of 0, we mean a neighborhood of the form {s € C"; |Re(s;)| < ¢ Vi}
(e >0).
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Definition 10 (Delange type conditions, [9]). Let I be a finite subset of Nj \ {0}, 0 < 1
yeRY, andg: I — N. Let f € A" be a multivariable multiplicative function. Let ¥(f)
its Newton Polyhedron, Fsy) (1) the smallest face of X(f) in the diagonal direction and
Iy(f) the finite set of polar vectors of the faces containing Fs,5)(1) (see §1.2).

The function f € .#™ belongs to the set D(7;g;0) if

e f has a growth exponent =,
i ]b(f) ::]7
o for allk € I, the series

f(")

peY

>

peﬁzp

— g(k)‘ converges. (II1.21)

Definition 11 (9], Def. 4). Let f € 4™ be a multivariable multiplicative function.
Assume that f belongs to the class ©(vy;g;0) as in Deﬁnitz’on above. Let ¢’ € Fxp(1).
Set ¢ := c'++,

1
I, = {1+k-'yk |k € I} and u(v) := g(k) for all v = 1+k-’7k € I..

The combinatorial type of f at c is the pair .(f) = (Ic; ).
For all p € & we set

g(k)
H,(f:8;¢s7v;8) (Z e +,y)> 11 (1 — ]ﬁ) (111.22)

VGN" kel

and

A (figicivis) = || H(fr8¢578) (I11.23)

pEYL

Remark. In Proposition [2| we will prove that the product defining J2(f;c’;~;s) is
absolutely convergent in the closed half-space {Re(s) > 0}.

Remark 9. Let [ = {ey,...,e,} be the canonical basis of R™ and g : I — N defined by
g(e;)) =1 foralli € [I,n]. If f € D(0;9;1) N A™ and |f| < 1. Then, [ satisfies all
assumptions of Delange’s multivariable Theorem (see Theorem@ above) and this theorem
implies that there exists M(f) € R such that U(f;xq1,...,2,) = x1...2, (M(f) + 0(1))
as (xr1,...,2,) = (+00,...,+00).

Remark 10. The function u : [ — N in Deﬁm’tz’on 1| is well defined. Indeed, if there
exists ki, ko € I such that 1+k k1 = 1+k kQ € I., then there exists t € R, such
that ky = tky. Since ¢’ € Fyp ( ) C {x; k1 x = 1} N {x; kox = 1}, it follows that
1 =k;-c =tkyc =t and therefore that ki = ko.

For a multiplicative function f : N* — R, and P a non constant homogeneous and
elliptic polynomial. Essouabri showed, in the following theorem, that W(f; P;¢) has an
asymptotic expansion when f satisfies Delange type conditions, see Definition (10, with
0 <1.
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Theorem 12 ([9], Theo. 3). Let f € D(v;g;0) as in Definition [10l Let P € €,
homogeneous of degree d > 0. Assume that 0 <1, Fxp(1) € U {x € R"; x; = 0} and

Rank(S(f)) = Rank(lo(f)). Set po(f) = 1+ > g(k) — Rank(lo(f)) and c = c'+~.
kelo(f)
Then, there exists a polynomial Q of degree at most po(f) —1 and 6 > 0 such that

U(f; Pit) = tDMQlogt) + O (#DT170) st — +oo. (I11.24)
In particular, there exists a constant M(f; P) such that
U(f; P;t) = M(f; P)tL(fHM(log t)pO(f)_l + 0 (t‘(f)ﬂ'”(log t)pO(f)_Q) as t — +o00.

Moreover, for any ¢’ € int(Fs(s)(1)), we have

o d” ) Ay (Te; P)
M(f;P) = (Hkg (1 + k)™ )>( o(f) — )(L(f)+|’7|)x

H [(1 _p—l)ke%(f)g(k) ( Z f( V))

peP veNy pv ¢

where T is the combinatorial type of f at ¢ (see Definition [11) and Ay(Te; P) > 0 the
mized volume constant associated to I, and P.

As the example given by Essouabri in [0, Theo. 7] illustrates, the multiple zeta function
A (f;s) does not necessarily have a meromorphic extension to a small ball centered on ¢
if we only suppose that 0 = 1.

Consequently, to treat the case § = 1, neither the method of La Bretéche nor that of
Essouabri can be used. Moreover, the multivariable Delange’s theorem only applies if
Iy(f) is reduced to the canonical basis and |f| < 1.

Our main results in this chapter (i.e. Theorems [13|and [14]below) study some special class
of multiplicative multivariable functions in the case # = 1. The methods of La Bretéeche
and Essouabri use analytic continuation and multivariable complex integration. Another
method for studying the means values of arithmetic functions is the convolution method.
This method has been extended to the multivariable case in the work of Delange [3] and
more recently in those of Toth and Zahai [30, 29]. To obtain our main results in this
chapter, we use a method which is a mixture of the multivariable complex integration
method and the multivariable convolution method.

3 Statements of the main results

As a first main result, see Theorem below, we are going to treat a particular case,
which does not fit into the La Bretéche framework since # = 1 and we do not suppose
the variables z; and x5 to be linked. Neither does it fit within the scope of Delange since
Io(f) is not reduced to the canonical basis {e1,ea}.

Under the notations of the Definition [10] and the equation we consider

v € Ri, g : {ae;, ae; + Bez,bey} — {1}  and fe€D(v;g;1),

where a, b, a, f € N* and («, 3) € conv*{ae;;bey}.
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Theorem 13. Let a,b,a, € N, v € R2 and g : {(a,0), (a, 8), (0,b)} — {1} such that
(a, B) € conv*{ae;,bey}. Set ¢’ = (c],dy) = (a=1,b7!) et c = (c1,c0) =" + .
Let f: N? — C be a multiplicative function. Assume that f € D(~;g;1), then

U(f;x,x2) Z f(mq,ms) < (/:8:¢%7:0) +0(1)> ] 10g<m1n{xf,x2}>

abafcico

my<T]
mo<To

as min{x; xo} — +00, where

w0 = 1S LT (- %)

pEP veN2 kel

(This infinite product is convergent).
Two cases in which we can apply this result are given by the examples [6] and [7] below.

Example 6. The multiplicative functions f1, fo : N> — R defined by

L, if |v]; is even 1+ |v|1, if V] is even
V1 v2\ __ ) ) 1 v\ __ ) )
hp™.p”) = { 0, otherwise. and fo(p”,p”) = 0, otherwise.

satisfy all the assumptions of Theorem [13,

Example 7. Let a,b, o, 5 € N, Iy = {(a,0), (o, 8),(0,b)}, g : Iy — {1} and v = 0 such
that a 'a +b™ 13 = 1. The function f = 74, see (L)), satisfies all the assumptions of
Theorem (15 avec Iy(f) = Iy et ¢ = (a7}, b71).

For exzamples with v € R2 \ {0}, it suffices to consider the function f(m) = mY7y(m).

Our second main result, see Theorem [14] below, also deal with a particular case in which
0@ = 1 and which therefore does not fit into the La Bretéche’s framework nor in that of
Essouabri’s framework.

Theorem 14. Let a = (ay,---,a,) € N*, f : N* — C a multiplicative function,
g : {aer,...,ae,} - Nandvy € Rt Setc = (d,...,c)) = (a7',...,a,1), ¢ =

rn r

(c1,...,cn) = '+ and g; = g(ase;) (see Definition[10). If f € D(v;g;1), then

V(i) = > Sy ma) = (M(f) +o(1) a5 ... aty Hloggl (x;) (IT1.25)
mi<z; Vie[l,n]
as min{xy,...,x,} — 00, where
e f®”) 1 el
vin = (o ) | (Z 22 (- 5) (111.26)
R le. v-c
i=1 (g% 1)'61 peEP - vENY p p
In the particular case where a; = --- = a,, = 1, this result implies Delange’s Theorem .

Above theorem can be applied to the following family of multiplicative functions:

Example 8. Let ¢ : N — N be a multiplicative function and a = (aq,...,a,) € N" such

that ged(a;,a;) =1 fori#j. Seta; =[] a;, then the function
=L

f(m) = { (M min), i mi e mE s 115, ai powerfull,

0, otherwise

verifies all assumptions of Theorem with g : I = {ajey,...,a,e,} — {1}.
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Let P € €, of degree d > 0,d € N” and f : N — C a one variable multiplicative function
satisfying the assumptions:

(H1) there exist v, L € Rt, ¢ > 0 and g : N — N such that for all £ > 0 we have
g(f) < e and

(") = g(O)p™ + O~ p*=?) uniformly in p and ¢,

(H2) C = (R%)" Nint Fxs,)(1) # 0, we choose ¢’ an element of C.

As a third result of this chapter, we give (see Proposition [l)) as application of Essouabri’s
Theorem [12] the asymptotic expansion of the density function

m=(mi,...,mMn n meN™
5’3(11171)1’/d<3c€N P(m)el/déw
We set
d-v g(d'k)
e o) f(p™) 1
H(f;9:¢7:d;s) = H Z Pt id) H (1—W> (I11.27)
pe? veNy kelo(fa)

Proposition 1. Let P € &, of degree d > 0 and ¢’ € (RL)" Nint Fyp,y(1). Assume

that the assumptions (H1) et (H2) hold. Then, there exists &' > 0 such that the series

Z(fa; P; s) is holomorphic in the domain {Re(s) > |c'|; + v|d|1} and has a meromorphic

continuation with moderate growth to the domain {Re(s) > |c'|1 + vy|d|1 — &'} with at most

one pole in oy = |c'| +~|d| of order at most p = Z g(d - k) — Rank(Iy(fa)) + 1. If in
kelo(fa)

addition F€(f; g;c';v;d;0) # 0, see ([11.27)), then
_H(fig5¢5y;d;0)Ag((Ie; g); P)dP

. . — _ l—p
Z(fa; P;s) Gooo I Ity deed + O((s a0) ), as s — oy
velo(fa)
and
o Hf39:¢7:d;0)Ag((Le; 9); P)dP a7 (log )P 3
Lo Prim) = alp—1D! 1 (1+7v-dyed <1 +0((log) )>

ve€lo(fa)

where Ag((Ic; g); P) is the mized volume constant associated to the pair T, = (I¢; g) and
the polynomaial P.

Applying Proposition |1 to the functions o 4 and ¢q, gives the following results:

Corollary 2. Letd € N" and f € {¢,0n; k € N}. Then,

With notation of §1.2 we have Sx(fa) = Ny \ {0} and I(fa) = Io(fa) = {e1,...,e.}.
Moreover, the assumptions (Hy) and (Hy) hold and invariants g, c’, v and p which appear
i them and in Proposition |1 verify

1. for f=0pa:c=1,7v=0, p=14|d]; and g(¢) =+ 1Vl € Ny;
2. for f =oga withk eN: ¢'=1,7v=k, p=1and g({) =1Vl € Ny;

3. for f=pa:c=1,v=1,p=1and g(f) =1Vl € Ny.
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In particular, for P € &, of degree p, there exists € > 0 such that

fd,Ps Z fd S/p mel"s/pn)

meN”

is holomorphic in {Re(s) > |c|y + ~|d|1} and has a meromorphic continuation with
moderate growth to {Re(s) > |c'|; +~|d|; — e} with one pole at s = 0q := ||y + y|d|; of
order p. Moreover,

Z(fa; P;s) = #(f; 9;¢;7;:d; 0)Ag(PH)p” (s — 00) " (1 + O (s — 09)) , as s — oy,

where Ao(P*) is the Sargos’s volume constant (see §1.3) associated to the polynomial P*
with

1 PR = PALS X5V T X)) if f = on,

JE[L,1+dx] j=1

S— 17
9 PHX) = P(XT ... XY if f— oy etk €N,

1

1 1
3. PAX) = P(X; ™, X ™) if f = .

Corollary 3. Under assumption of Corollary[9 we have

d d 1+/d t"(logt)1h 1
> oo(mft - min) =p"tUN (005 ;1505 d; O)Ao(Pﬂ)w—,n(lJrO((lOgt)* )
n 1:
P(rrnn)el%gt
(IT1.28)
(0 g 1 ks d; 0) Ag(PE) £
dy d p Ok; g5 1; v; A 0 P 5 .
op(mit - -mpr) = = 14+0(t stk e N
2 omit ) = T w Lo
P(m)l/Pgt
(I11.29)
ntldly
d an  PH(0;9;1;1;d;0)Ag(PF) ¢ » s
mitomyt) = 7 1+0(t™)). I11.30
2 et = R g GO ()
P(m)l/P<t

where 6 > 0 is a positive constant.

4 Auxiliary results

4.1 About La Bretéche’s method

Let f: N* — R, be an arithmetic function with non-negative values. In this paragraph
we give a brief sketch of La Bretéche’s method to study the mean values

=Y fm)y = D flma,..,my).

m<x m;<wz; Vie[1,n]
For ¢ €]0, 1], we define the function 7 : [0, +00[— Ry by

1, sitel0,1]

ne(t) = (L+&—1)/¢, ift e [1,14¢]
0, sit>14¢,
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and its Fourier transform 7 : C — C is defined by
+oo

Ne(s) = — /0+ t°dne(t) = %, if Re(s) > —1, (II1.31)

we also denote by 7 its holomorphic continuation to C. In particular we have

log(1+¢)
§

and the following uniform estimates in £ €]0,1] and Re(s) in a compact set

ne0) =1 7e(=1) =

1
&1+ s|

Let € = (&1,...,&,) €]0,1]". We set

Ne(s) < min {1; } C e(s) =1+0(s) , mW(s) < " (IT1.32)

=3 f(m) ﬁngj (%) (I11.33)

Then, since f is non-negative, we have the following inequalities
U(fi(+&)  w, (L&) e €) < U(fim) < VU(f;a;8)
0 W(fsa; &) —U(fim) SU(fim:€) —U(f;(L+&) "o, (L4 &) s &),
which implies that
U(fiz) = U(fi2:6) + O (U(fi2:6) —U(fi(L+&) o, (L4 &) s §)).

This last equation reduces the study of W(f;x) to that of the more regular function
U(f;x;&). In order to study W(f;x;&), we choose D € (R* )" such that the multiple series
A (f;s) converge absolutely in D + (R%)", and K = (k1, ..., k,) such that x; <
By using Perron’s formula we get the following integral representation

1 “r g, (85)
Vi@ 8) = ceap [ d 111.34
(iw:8) (2mi) / / A (f:2) R S S ( )

516(D1+’{1 Sne n"l"in) J=1

1
log(3+x;) *

We split the integral into two pieces. More precisely, for T > 1, we set

e, (85)
T) VAl » ——2d I11.35
B(fi ;€ ol REAGEE H s (111.35)
SG(D+I<,
[7lloo>T
as the first piece and
U(f; 2 €:T) / M (f:5) -.-x;nHMds (I1L.36)
5 S
s€(D+k) j=1 !
1Tl <T

as second piece. We estimate each integral in terms of 7" and & and finally we take
particular optimal values of T and £ to obtain a main term and an error term. La
Bretéche uses this method to obtain the general result we mentioned above in the case
where the variables x; are dependent.
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4.2 A key proposition and first preliminaries

Let vy € RY, f e 4™ g: {ki,....k;} = Nand ¢ € int(Fxs)(1)) N (R})" such that
f € ®(v;g;1). Keeping notations as in Theorem (14| we define hy, € 4™ by

( > f)pY S+’”) [[a-p)"=>" hf’g—@v) (I11.37)

VS
veNg i=1 venn P

extended to N" by hfg(m) =[] hyg(pm) . pre(mn)).

Remark 11. We have the relation

hie(my,...,my
M(hyg;s+c) = Z fc’,ngE81 . CHSB =7(f;g;c;v;8), (I11.38)
M y.eny mnp>1 1 cee n

where J(f;g;¢c;v;8) is defined by (I11.25).
In our proofs of Theorems [13] and [14] we will use the following key proposition:

Proposition 2. Let v € R}, f € A" and g : {ky,....k;} = N. If f € D(v;g;1)
and ¢’ € int(Fs (1)) N (RY)", then s — Z(|hygl;s) and s — Z(hsg;s) are uniformly
convergent in the closed set {Re(s) € ¢'+v + R} } and are holomorphic in its interior.

We will apply the above proposition in the following two cases:
1. In proof of theorem [13| with k; = (a,0); ko = (0,b), k3 = (a, 3) and g = 1.
2. In proof of theorem (14| with k; = a;e; for each i € [1,n].

We also need the next lemma:

Lemma 10. Let g: W ={ky,...,k;} CR" — N. We set g, = g(k;) and

Og(s) = H[(kz -s)¢(1 +k; - s)]7.

Then, for any € > 0 and any compact subset K of R, we have uniformly in s such that
Re(s) € K,
I
Og(s) e (1+171) T (14 o) % O (I11.39)
i=1
Proof. This estimation follows directly from the classic estimation of Riemann zeta func-
tion: for any € > 0 and any compact subset K of R, we have uniformly in s such that

Re(s) € K,

8_1 g
15 C(1+ 8)| <o (14 |r)) T2

]

In the proof of theorem [I3} that is in the case I = 3, W = {(a,0); (a, 8); (0,b)} and
g : W — {1} lemma [10| implies that for any € > 0 and any compact subset K of R? we
have uniformly in s such that Re(s) € K,

© ( ) <<6K (1 + |7_ |)1+a—— (0no1) (1 + |T |>1+a—— (0no2) %

P (I11.40)

(14 |am + B

96



Additionally, in proof of theorem [13| we also need the following values:

d d
Qg(O) =1 ) £@g<87 0) |s:0 = (Oé + a)fy ) %@g(o, S) ’s:() = (6 + b)’}/ (11141>
d « y d B y
EGg (S, —ES> 0 = (aﬂ - O[b)g s £@g (—ES, S) 0 = (Oéb — aﬂ)a (11142)

1
These values follow from the Laurent series expansion (1 + s) = — + v+ O(s) at s = 0.
s

5 Proof of Proposition

This proof be will divided into three lemmas:

Lemma 11. Let f € A" and Sx(f), I(f), Io(f), Xy, Fx,(1) as in the §1.2.
If ¢ € int(Fxp) (1)) N (RL)™, then there exists 6 > 0 such that

(1—=08)v-c">1 for each v € Soo(f) \ Io(f)

Proof. We set E' = Ext(%x5)(1)) the set of extremal points of face Fx (1),
S1={ve S\ I(f), v-c <2} and Sy such that Sy (f) \ Lo(f) = S1 U Ss.
For each v € Sy, it’s enough to take § = 1/2.

Since S; is a bounded closed discrete set, more precisely it’s a subset of (NS)HWB(O; 1),
" defined

by v — v - ¢’ has a minimum that it reaches at a point vq of Sj.
Fact vy-¢’ > 1: We will prove this fact by contradiction.
Assume, for sake a contradiction, that vg - ¢’ < 1.

1. Fory e EC Xy and v, € I(f), we have v; - y > 1.

2. Since ¢ € int(Fx)(1)) C E(f) it follows that there exists {ty}yer CJ0, 1] such
that > ty=1landc' =3 ptyy.
yeE

3. Since vo € S1 C Sx(f) \ Io(f) C conv(I(f) + R%) it follows that there ex-
ists {vi,...,v,.} C I(f) and {t; : ¢ € [1,7]} C]0,1] such that > .  ¢; = 1 and
Yo tivi < Vo

The vectors v; are elements of Iy(f). Indeed, we have

T T

1 >VO'C,>zT:tivi'c/>Zztityvi'y>zztity:]-7
i=1

i=1 yeE i=1 yeE

it follows that for each i € [1,r] and each y € E we have v;-¢’ = v;-y = 1, consequently

Vv; € Io(f)
We also have Y., t;v; = vo. Indeed, if ) t;v; < vo then there exists e; vector of
canonical basis of R™ and 0 > 0 such that 22:1 tiv; + 0e; < v, and therefore

1:V0-c'>6c;-+2tivi-c’>1+5c}>1
i=1

which is an absurdity. Therefore the fact vo-¢’ > 1 is true. Since vy = 22:1 t;v; it follows
that vy € Io(f) which is also an absurdity because S; N Iy(f) = 0.
This finishes the proof of lemma [LT] O
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Lemma 12. Let v, f, g : {ki,...,k;} = N as in the Proposition[d. An explicit version
of hyg : N* — C defined in equation (I11.37) is given by hyg(1) =1,

hig(P) = fP)p ™7 — g, ifie[1,1] (II1.43)
hyg(®") == FO" )0 s (V) + D (=1) ml( >1{V} (Z] )
j<g
=2 ) (I11.44)
+ Z Z |J|1< ) (P")p " vy <u - Zjiki> , otherwise.
J<g ues(f) i=1
‘J 121
Proof. Let j = (j1,...,Jj1) € N}, we set g = (g1,...,97) and (f) = ZI ) (g.?).
h \"%
Developing the product defining the function s — > —fe\d ) g(p ) for o > 1 implies that
veNz D7
I
h v kip—kiy V' VY
S - (e Y )
vy P - P vesio(f) P
I .
gi g\ (="
E SO
ki-S 1 I - k:)-s
< —'p < ] p(Zzzljzkz)
lil1>2
I
f<)p T — g, fv)p
= 1+ Z pki-s + Z pv-s
=1 veS(FN\o(f)

|J|1 |J\1 V= VY
S g Y f®¥)p
+ (j) 1‘% l ( ) V+Z~L 1]1 k;)-s
p i<g ves(f
lili>2 ljli=>1

It follows that hsg(1) = 1, hyg(p¥) = f(p¥)p~7 — g; for k; € Io(f) and

hig(P') == F" ) Lsnmmn(v) + Y (-1 Jh( )1{v} (Z Ji z)

|'j|<>g2
1>
; (I11.45)
+ Z Z |.1|1< ) (pu)p_uq]l{v} (u + Z]Zkz>
j<g ueS(f) i=1
lili>1
for v ¢ Iy(f) U {0}. O

Lemma 13. We suppose that assumptions of lemma |14 hold. Let Ef,g :N® — R,y be the
multiplicative function defined by hyg(1) =1,

Ef,g(pki) = |f(pki>p_ki~’7 — gz|7 fo'ri € Hl, IH (On Io(f))7 (11146)
Rrg@®) =1 @) s ™) + 3 (J)]l{v} <Z]% 1)
i<g
lili=>2
I (111.47)
i Z Z < ) PP iy <u+2jiki> , otherwise.
‘.l|<g1 uesS(f —
jl1=>
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Then, |hsg| < hfg and //[(hfg, s) is convergent in the closed set {Re(s) € ¢’ + R" }.
Consequently, # (|hsgl;s) and A (hsg;s) are also convergent.

h v
Proof. 1t’s enough to prove that the series > > hyg(P”) is convergent for o €

pe? ve@p): PV
c +R7%.
Let o € ¢/ +R". We split the series into two terms:

e the first term is the sum running on v € Iy(f),

e the second term is the sum running on v € S(h) \ Io(f), it will be dominated by
three series as follows:
— the first series is the sum running on v € {31, jik;; j < g lil: > 2},
— the second series is the sum running on v € S(f) \ Io(f),

— the third series is the sum running on v € {u + Zi[:1 Jjiki;u € S(f),j <

1. The sum running on v in Iy(f) = {ky,...,k;}: we have
I
hfg ) Z 3 | (*)p~ 7 — gil [f(P)p~ T — gil
Sy st <2
peP i=1 i=1 peP i=1 peP p

and the last sum is O(1) since by hyptohesis each series over & is convergent.

2. The sum running on v in S(ﬁﬂg) \ Jo(f): In this case %ﬂg(p") is splitting into three
terms which leads to the three following sub-sums.

(a) For the first sub-sum, we have

5 z()““}@:”ikﬂz(f)zm SHEI

pEY  j<g j<g peP p j<g pEZ
ve(N™)* |jl1>2 lil1>2 il =2

and the last series is O(1).

(b) For the second sub-sum, we have

vl o fpV)|p~v
> oy i Rowol) s s Mt

PEP vE(ND)* peZ? veS(H\Io(f)

Set
1

1
S(v)={p e 2; 0}, e = —mln{ nc; min (vc'—1 },
( ) {p f( ) ?é } 16[[1 I]] ’k ‘1 ZE[[I n]] velI(f)\Io(f )( )

8
p(M) = sup{S(v); v € N\ {0}, |vy <M} and M =1+ Lﬂgﬁﬁ ks J
We remark that S(v) is a finite set if and only if v ¢ S..(f) U {0}.

i. For v € S(f) and |v|; > M we have:
o [f(p)pTVT K pVI1 because f has growth exponent 4 (see definition

Y
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o p VI L pEM=2NL heacuse vea > v - > |v]pinfc] > 2e M +2¢|v|y;

it follows
|f
DI S i DD Z
veS(f) pe? peEP k=M veS(f
\v\1>M [v]1=
k+n 1)p5k
< Z Z 25M+25k (11148)
pEL k=M
k—l—n 1
< Z
peﬂ k>M

and the last series is O(1).
ii. For v e S(f)\ Sx(f) and |v|; < M we have |f(p)|p~V" < p?Vh and
p—v-a' < p—v~c/ < p—25\v\17

> oyrTe v z DI

vES(f)\Soo (f) PEZ veS(f)\Seo (f) peS(V PEP k<M
viisM Ivhi<M p<p(M)

k+n 1

and the last series is O(1).

iii. For v € Sao(f)\ Io(f) and |v]; < M. By lemma|l1] there exists § > 0 such
that (1 —&)v-c’ > 1+ 6, ainsi | f(p")[p™v" < p*VI and
vozv-d/=(1—-0)v-c+0v-c =146+ 2e0|v|y,

|f k+n 1 k+n 1
)OINDPELTARES o) g’ Hamk <Y > G =
vESeo (f)\o(f) pEZ peP k<M pedz k<M
[vli<M
and the last term is O, s(1).
f () lp™"

The three points (i),(ii) and (iii) imply that > Y, T =
pePVES(IN(F) P
O:s(1).

(¢) For the third sub-sum, we have

> ¥y () e (R s 5 piff;‘?_'fi;l,

peEP  j<g ueS(f j<g uesS(f)
ve(Ng)™ [jli>1 lil1>1 peP
Lf(p")lp~™ If
Tz e Sy M
i<sg peZ ueS(f)\Io(f j<g i=1 pe P
lil1>1 ljli>1

Moreover, we have the two following points:

VY |[y— VY
i. it follows from b) that > > M = 0.5(1),
pe?ves(\L(f) P
|f ()

ii. Since |f(pki)|p~7ki < pfkil < pl/4) it follows that z YK

1=1peP pH—ki.C/
1
> ~7i and the last series is O(1).
peES p
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[f (") lp™"

and these two points imply that > > ——— = O 5(1).
pe? ues(p) pzimiiiki)e
. ) s Ef g(PY)
Combining the points a), b) and c) implies that > —=——= = 0,5(1).
Pe? ves(hyao() P
The proof of lemma [13] follows from the estimates obtained in points 1 and 2. ]

End of proof of proposition [2}

Lemma |12] give us explicit values of hy g, Lemma [13|give us an upper bound function h fe
for |hsg| such that the Dirichlet’s series Z(hyg;s) converges in the closed set {Re(s) € ¢+
R }. We deduce that Z(hyg;s) is also convergent in the same closed set {Re(s) € ¢/+R"} }.
This finishes the proof of proposition [2

O
In the following sections we use the notations as in the above section, see (I11.34)), (I11.35))

and (T77.36).

At first we give a lemma connecting Z(74;s) and the Riemann zeta function.
Lemma 14. Let g : {ky,....k;} C N*"\ {0} = N, we set g; = g(k;) for each i € [1,I].
The function 4, see ([II.1), verify

I

Z(rgis)= ) % =[] ¢"(ki-s) for Re(s) > 1
meN” =1

Proof. For Re(s) > 1 we have

flows TG 4) - IS (7))

i=1 pEP i=1 b ; e\ :
. e igi—1
_ H (Z (_1)‘J‘ Hizl (]f ) _ H (Z Hi_l (9 ]jl ))
I y . s ). .
pe? NjeN! p(zz‘:1]@k1)s e Nt p(Zrlhkl)s
I .
-w g’l + jl - 1
(s oy ()
pe? “welg jenI =1 Ji
io1 Jiki=w ( )
w w-s Tg (1Nl
- < Te(p™)p ) gms
pEP weNy meNn

We also need the following lemma:

Lemma 15. Let f € 2(v;g;1) and hyg : N* — C the function defined in Lemma [13
Then, for allm = (mq,...,m,) € N"

f(m) = m?(hyg * 7g)(m)
Proof. For Re(s) > 1, we have

RCRPIEEE 1 [ (R s Ceea ) (R




it follows that f(m)m™ = (hf,g * 75)(m) consequently f(m) =m?(hyg * 7)(m).

Remark 12. For Re(s) > ¢’ we have
Z(hpgis+c') = H(f;c;v;8) (I11.49)

where s — F(f;c';~;8) was defined by equation (I11.23)).

6 Proof of Theorem [13

We also need the next proposition:

Proposition 3. Let («, 3) € conv*{ae;,bey}. Then, we have

3 mrg(m) = 2° <log($22ilé :h) | (1)) (I11.50)

2 me<a M Tg(m)

x<log(3 + min{z?; 23})

1s bounded.

In particular,  sup
x€[l,+00[?

Proof of proposition
Let x; > 0 such that 27 = O(1) for all j € [1,2]. It follows from equation (IIL.34) that

V((7g)y; ;&) = (2711-)2 / (Z %) ijj%jj)ds

2 i—
se(c'+v+k) meN j=1

2

o [ (S )

s€(c/+v+k) meN? =

1 s+ 11, (85 1 75)
= Z 9T d
(2mi)? / «9 1] St

s€(c'+k) j=1
x< 2 Ne, (85 4 ¢ +5)
— Z / 5] j\=J J d
amp | Al = e
s€(k) J=1

We set ¢ = ¢’ +«. We split last integral into two terms

U((1g)y; ;&) = E((1g)y; ;& T) + VU((1g)y; ;& T)

the first term is called an error term and the second is called principal term, where

2 —
x° s~n€‘(3j+cj)
E x5 T) = Zg(c' = I11.51
((Tg)’%a"7€a ) (277'@)2 E[) g(C +S)E$J 3j+cj S ( )
[ lloe>T
x® 2 e (s + )
N e €T = P AN R R I11.52
(e)yi @ &6T) = 5 3 e/() c'+s ]1:[1% s (II1.52)
[Tlleo<T
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Bounding the error term E((7g)y;x;&;T)
Let T"> 1. Set

Flor) =Zg(c+s) [ Tl %)

=1 Sj + Cj
2 (II1.53)
B Og(o +iT) ne, (0 + ¢j +i7))
H?:1[ki co+ik; - T]4 . oj +cj+iT;
‘]:
where k1 = aeq, kg = beg and k3 = e + ﬁeg.
We have the uniform estimate for Re(s) in compact sets
1 1 k- o]t
< V2max {1k o b ifkioo >0 (I11.54)

|k2 s| 1+ |k; - 7|
From estimates and ([IL40), we have for s € (k) and |7|; > T that:
(L+|711) [T, max {1; |k - o| '}
[T (1 + 7)) max{1: (1 + |m5])}
(1 +|7h ) max{l, e } max{l, = }max{ Oerﬂa}
[T5-1 (1 + [m]) max{1: (1 + |7))}

uniformly in o in compact sets.
Particularly for |m»| < |71| we have:

F(o;T) <.

<e

(L 7)) Ry ey (k4 m2) ™
&1+ [m])* (1 + |72|)
Ky TRy (K1 + Rg) T
S0+l =1+ [l

F(o;T) <.

<e

and for || < |m2| we have:

(L+ |7h) sy ey (1 + m2)
So(1+m)(1 + [m2])?
Ii1_1/{2_1(/{1 + ko)1

Eo(1+ | |)He(1 + |mo) 22

We deduce the following estimate of the error term:

E R T K1 K2
((Tg)"hm;éa 371 1'2 / / I‘:'/ 7_1’7_2 z7'1 ZTQ +F( 7_1,7_2) —iT] 27'2] dT2 dTl

Flo;T) <.

<e

wC

T1=T1o=—71

K1 K2
$1 wz
/ / K/ ’7'1,7'2 ZTl ZT2 +F<H, 7'1,—’7'2) Wl ZTZ] dT1 dTg

To=TT1=—T02

KRy /€1 + Kg)~ / / dr
<e 2—2¢ 1+e
T1 To=—T1 1+|’7‘1|) <1+| 2|)

. Ky kgt /€1 + ko)~ / / dr
1 2—2¢
T2 TI=—T2 1 + |7'1|) e (1 + | 2|)

-1

/{1_ Ko (/{1 + Ka2)

0+ )% min{éy: &) (IT1.55)

<
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Study of the main term V((7g),;x;&;7)

We are looking for the main term of W((7g)y;;&;7") for this we will use the residue
theorem. To do this, we will integrate with respect to one of the variables and then with
respect to the other.

We assume first that z§ < mf . We will integrate first with respect to the variable s;.

Let € €]0;1/16[, Ny = 2max {1; 2},

: 1 B +m By+7
01 = min : ; ;= and
4a+a) 2ab” 2 Ta 2

(5 —min 1 ; @ 'C/2+72'g0/1+71
2 4b+pB) 23 2 5 2 ’

we consider the two polygonal paths 4 and %5, see figures (a) and (b) below, defined by
Cgl =K1 — 1 = K — ZNlT — —51 — ZNlT — —61 +’LN1T — K1 +ZN1T — K1+ 1T

ng = FGQ_Y:T_>_52_Z.T —>—(52+’LT —>I{2+iT.

Im(sy) Im(sy)
NT | R
T
T+ e
A
A
—0 K1 Re(s1) —02 2 Re(ss)
T+ < .
=T
~N\T| )
(a) Path €1 (b) Path %,

Applying the residue theorem (in the variable s1) implies that

U(rgyw:&T) _ 1 (rT [ Oge)iey  Priglsta))
e 21 51=0 \ absisa(asy + [s2) S + ¢ 2
ko—iT -
Ko+1 S1 .8 2~
1 2 il Og(s)x] w32 ne, (85 + ¢5)
+ — Res dss
2mi s1=—Es absysa(asy + fs2) S + ¢
rko—1iT -

Ko+1 81 .82 2 —~
. 1 / T / Og(s)zyizs H Ne, (85 + ¢5) e ds
(27i)? absisa(asy + [s2) s; + ¢; 2

ko—1T s1€61 J=l1
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The computation of the residues implies then that

U e & T 1 n2+iT@ 0 — -
((7g)y; ;& T) . / g( . s2) Mg, (€1) Tea (s2 + 02)@2 ds, (I11.56)
x° 2miabf s5 c1 So + ¢
ko —iT
1 "“2+iT@g (—§82, 82) e, (—532 + 01) Ney(S2 + ¢2) (2§ @
— . —= dss (ITL.57)
2miabf 55 —552 + S2 + C2 xf
ko—iT

1 koiT 51,52 2 (s, .
+(27Ti)2 / / abs@Sg((S)w1 - 775](3] o) ds (II1.58)
152

asy + [sz) o SiTtg
81€61 ko—iT J=

We will now study the three terms ([IL.56), (II1.57) and (TIL.58)).
1. First term We will prove the following estimate:

1 2T 04(0, 59) e, (1) Ty (52 + ¢2) s, dso — log(z2)
2miabf 52 1 So + ¢ T2 @52 = abfcicy
g iT 2 (II1.59)

+O (1 + €] log(3 + z2) + & 1wy %)

We set Ge(s) = Og(0, s) Ty (1) Tl (5 + 62), it follows from the residue theorem that

C1 S+ ¢y
I€2+iTG G
/ 5(2‘92):5;2 dsy = / 5(232)35;2 dsy
S S
joil ety (111.60)

+ 2 [05(0) log 2 + Gg”(())}

We continue with an estimate of each term on right side of ([II.60f). From estimate
ne(s) = 1+ O(&]s|), see equation ([11.32)), we have

775\1(01)775\2(02) 775\1(01)@(02) 1
= 0 = = @) . II1.61
G¢(0) = O4(0) o o e s + O(¢]1) (ITL.61)

The values of Og(0) and d%@g(o, 5)‘820 given in equation ([II.41]) imply that

a0y = <460 e (e) Tea(C2) | o gy elc) ey "(e2) o T (1) Tea (c2)
3 ( ) s g( 73)‘520 ¢ o + g( ) o Co g( ) e C%
—~ —~ —~ — (1 —~ —~
=(b+ 5)77761 (€1) Tigy (c2) i e, (¢1) 7752( )(02) _ e, (¢1) Te, (202)
C1 Co C1 (&) C1 C5

by using in addition the estimates 7z ™ (s) < &* and 7z = 1 + O(€s), we obtain

O 1 oglep) = oq), (I11.62)

C1C2o 1G5

G(0) =

_btB one . . .
The estimate Og(0, s) <. (1 + |7'|)2+€ 2 (00 ), see equation (III1.40)), implies that
(a) in the horizontal line segments of %5,we have:

Gs(é’z)x;g —0,(0 82)775\1(01) ey ($2 + C2) 2™
53 ST a (st e)sd (I1L.63)

=0 <(1 + T)*1+€+#52>

because 25? = O(1) and 7g, (s2 + c2) = O(1).
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(b) in the vertical line segments of %>, by using in addition the estimate 7¢(s) <

1A ﬁ, we obtain that

G5(82)x§2 = O,4(0 82)7721(61) fea (52 + o)
53 c (524 )83 (IIL64)

-0 <£51$;62(1 4 ‘7_2|)72+6+#52)
because Re(s + ¢2) € [c2/2,2¢,).
Consequently we have the following estimate for the integral on the right hand side

of (TT1.60)

G

/ &2 (252)1_;2 dss = O <§2—1x2—52 + (1 + T)—l-‘,-e—l—#cb) (11165)
S

52€%2 ?

Using estimates ([11.61)) , (II1.62) and (II1.65) in equation (II1.60)) gives the estimate
(I11.59)).

2. Second term [II.57: We will prove the following estimate:

ng—l—iT@ _ﬁ e —ﬁ + Ne. 9 %2
/ . ( 0;82, 82) e, ( ~S2 61) Ney (82 + ¢2) (x_;) dsy = O(1)  (I11.66)

83 —Zsyter sato \af

ko —iT

U3 s+c ,(s+c¢
Set He(s) = O (—5s,5) = _(_s+c : 7758(+ cz2>

We have the following three estimates

(a) Og (—gs,s) < (1+17]) Perid for Re(s) > 0, see equation ([I1.40)),
afo
(b) He(s) < (1+ T)€+ 22 for Re(s) > 0 and | Im(s)| =T, because 7¢(s) = O(1),
2

(c) He(s) < (1 + |T|)E+a2%a for Re(s) = d2 because Re (—552 + cl) S [Cl cl]

This being the case, it follows from the residue theorem, the estimate (b) and the
fact 25 < 27 that

n2+zTH ( ) do+iT H (S) 7 i aBs
e\s _ 3 2 —24ef 2
[ e [, R (G) ot

1 0o —1T

ko —iT
Since from the estimate (c¢) we have

So+iT H (S) 7 > T a6y
£ —24e+—=—+= =~
/5 2 (—25) ds < /0 (1+17])" 22 =0(1)

3 —iT xy

and 0; < %, we conclude that ([I1.66)) holds.

3. Third term [[TI.58: We will prove the following estimate:

Ko+1 S S P
/ / il (s)asas? H M, (s +¢;) s
ab5152 (asy + ﬁsz) s; +¢j

$1€61 ko—iT (11167>
o G e s ) G
(14 1T)1/2 (1+1T)'/2 %

66



2 (e 4
We set Jg(s) = Og(s) [] M

. We have following estimates:
j=1 ST

(a) We set Ay the polygonal path sy € k1 —iN,T — —6; —iN,T, $3 € kg — 1T —
ko + 1T and A, the polygonal path —d; +iN{T — k1 + 1N\ T, s9 € kg —iT —
ko +4T. For s € Ay U Ay we have

o1 < 1 1 < 1
— < —, — < —
st 1+ T [so]  ka(1+]7]2)
1 1
|assy + 632| <1 +1T’
i zi'es? < 1,

see equation ([11.54)),

. 7751(31 +Cl) 1 c
iv. < because Re(sy +¢1) € | <, ¢q],
s1+ ¢ 1+ |7 (s1+e) [2 1}
Mes (52 + ¢2) 1 c
V. < because Re(sy + c2) € |2, o],
So + C2 a1+ |72|)? (sete)eldal

vi. Og(s) < (14 171 )39 (1 4 || )1 H5(1 + |amy + Bro|) et s
it follows that
Je(s)2y' oy’ (L4 [r]) "3 (1 4 [r]o) "o (1 + |am + Brp|) ! Het2%
absisa(ass + fisz) Earia(1 1 T)2(1 + 7)1 1 lary + Brel)

since |11| > |m2| we have 1 + |am + f72| < 1+ |71| and therefore

Je(s)ritay ry 65!
absisay(asi + 8s2) (14 T)72 250 (1 4 || )2

Integrating over A; U Ay and using the estimate ([I11.68]) imply that

/] Seey _ m'g!
ALUAS ab5152 (asy + Ps2) (1+T)1/2
(b) We set Az the polygonal path s; € k1 —iT — k1 —iN1T, $3 € ko—iT — Ko+iT
and Ay the polygonal path ki + 1T — k1 + iN\T, So € ko — 1T — Ko + 1T
For s € A3 U A, we have
ioal'a? < 1,
1 1 1 1

(I11.68)

i — <<, — << —,
’82‘ /‘ig(l""TQD |51| 1+T
1 < 1
iii. ,
lasi + Bsa| (K1 + K2)(1 + [aT + Bl)
.7, (s5 £ ¢5) 1
iv. < because Re(s; +¢;) € |, ¢
st A e e el
V. Og(s) < (14 |m) (1 + =)= (1 + [am + fra)1+*
consequently
Je(s)ay' =3’ L+ )™ A + )™ (1 + Jari + Br|)

ab5152(a51 + 682) 51521'12(/{1 + IiQ)(l + ‘7'1|)3(1 + |T2|)3(1 + |Oé7'1 + /87-2|)

since |71|; = |m2|1 we have 1 + |am + B72| < 1+ |r1| and consequently

Je(s)xi a3 &6 Ry (ki + ko) !

II1.
absysa(asy + [s2) (14 |7m|)?73¢(1 + |12|)? (TIL.69)
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Integrating over Az U A, and using the estimate ([11.69) imply that

// (s)xy'my’ < &6 Ky (k + ko) !
AsUA, ab3132 (asy + Ps2) (14 T)t=3e

(c) We set Aj the polygonal path s; € —§; —iN\T — —; +iNT, sy € kg —iT —
ko +1T. For s € As we have

oot < ay,
L1 < 1 1 < 1
i — << — <

2] Ra(l+72]) [s1] 14 |m|

1 1

|a51+552| 1+‘0471+5T2|
. nﬁj(sj +C]) 1 cj
iv. < because Re(s; +¢;) € |Z, ¢,

() e €3l

V. Og(s) < (L4 |7[) 20 (1 4 |7]o)*e(1 + |am + Bre|)tToF2%

it follows that

Je(s)ay'y’ 2 (L [ )50 (1 4 7)) (L o+ o + o) HoTE%
absisy(as: + fisz) w61+ [P+ [P (1 + o + 5]

< 216 (I11.70)
2—2e—2atag, 2-2e—24§; ’
(14 |7 2 1+ |m) 2

Integrating over Aj and using the estimate (I11.70]) imply that

// L LR
As ab3132 (asy + Bs2) 2 51 2

The estimate ([11.67)) follows from the estimates obtained in (a), (b) and (c) above.

The estimates 1, 2 and 3 above imply that

U e T 1
((Tg)% mva ) _ Og(l‘g) +0 (1 + |£|1 log(3 + x2)
v abfeic, (ITL.71)
) 52 & 162 ! _1 4 51_152_152_1(“1 + ko)~ ! 162 '
p T (TR e TE

With this in mind, if 2§ < 27, we choose k7' = log(3 + 27), ky ' = log(3 4+ 29), & = K2,

€ = k2 and T = log®*(3 + 2% + x3). Then the error term equation ([IL.55) verifies:
R T (T

E((rg)yi: &T) < x° (1 + 1)1 min{&y; &2}
_ 20 <log2<3 +a5) log’(3 + xf)) = o(a*)

(1 + T)I—QE

and equation ([II.71f) becomes

wc IOg(ZEQ) +O<CUC)

U((rg)yi ;& T) = 2habecs
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If 2§ > xf , we proceed in a similar way, at first we integrate with respect to sy after which
we integrate with respect to s; and we obtain estimates E((7g);x;&;T) = o(x®) and

log ()
v s &) =x° O(x*¢
((Tg)'y: m) €7 ) T abOZ/861CQ + (w )
Finally putting both estimates together gives

U((7g)y; z;€) Z‘I’((Tg)v;‘w;E;T)JrE(( Tg)y; ;& T)
Clog(mm{:cl, })+O( ‘)

abafcico

Consequently

II}(<Tg)’Y;$17:U2;€) -V ((Tg)‘)’; 1_:,_517 1+§27€>

B «
g oz (i { (125) " ()} ) :
~ abafcics log(mm{xl, 23— (1+ &) (1+ &) +0(z)
€1 ,.C2 log <min{mf;x§‘}>
__T1 % N
~ abafec (1°g(mm{x“‘”2}) (1+ &) (1 + &)

log (min { (ﬁ%)ﬂ ; <1f§2)a}> — log <min{xf; ch})
_ 1+ &) (1 + &) ) + O(z°)
max{1; z—z} max{1; z_%}
log ( min 2 -
(o((& it {uﬁ;i}ﬁ o })> +0(a)

(1+&)°  (1+&)°
1 X : )
c 1 0g<ma {max{l;%} max{l;ﬁ}}) )
o <O<10g<min{xf ;w%D) " (1+&)a(1+ &) ) o
<L 0 (1 + log(max{l + 517 1+ 62}» 4o = O({Uc)

¢l _.co
Ty Lo

~ abafcics

From inequality W((7g)n; %a %75) < U((Tg)yi®) < U((7g)y; 21, 72;§) it follows then
that

x¢ log(min{z?; 22
U((7g)y; @) = V((7g)y; ®; §) + O(2°) = : g;b&ﬁ;;’ 2D | O(z°) (I11.72)

This completes the proof of the proposition [13]

O
Now that we have obtained the asymptotic ([I1.72) we will deduce by the convolution
method an asymptotic for V(f; x).
Lemma [15] allows us to describe the sum V(f;x) = >, f(m) using sums associated
with h and 74. More precisely, Lemma [T5] implies that

= Z m? (hyig * 7g)(m) = Z u'v by (0)7g(v)

m<x (U101 yeey u&vn)ém
u,veN”
(111.73)
= Zu7hf;g(u) Z v Tg(V)
u<se vi<x;/uy
Jje{1,2}

69



We can now finish the proof of theorem [I3] as follows:

hse(d
Let € > 0, proposition [2|implies the convergence of the series & (|hs.g|; ') = Z |f’g—()’.

C/

denNn
It follows that there exists tg > 3 such that
‘hf 8
>to= Y "z (IIL.74)
deN? 1d ’
|d[oo>t

We set u = (ug,up) and v = (vq,vy). Let ¢ €2, 400[, 6(t) = 22U and & > ¢1, then

log(t)
xf(t) >ty >3 and x%ﬂs(t) > to. With this in mind, we have the next split

U(f;z) = Z u"hyg(u) Z ViTg(v) + Z u"hyg(u) Z v 7g(v)

u;j <$5(t> Ving/uj $1>U1>$1(t) ving/uj
Je{1; 2} je{1;2} z2>up>al® je{1;2}
(IIL.75)
since ¢ = ¢/++ we have the estimate
¥ ¥
Y whp) X viRM)| <Y Wil Y vn©)
w1>u1>zf(t) or ngxf-/guj [u]eo>to vi<a;/uj
w2 >up >l Je{12) usz je{is2y
2 —¢;
htel(u x;\
= x° § | f7g|l( ) E V’yTg(V) H 'l
uc ] U
luloo>to RS j=1 >
use je{1;2}

Using proposition |3| gives

() (log(min{(Z)8; (%2)e
‘ Z u”hyig(u) Z V'YTg(v)‘ < x¢ Z |hf§lf( )( g( {(ul) (UQ) })+O(1)>

abafcico
T1Z2U1>T 5 vi<z;/u; [uleo>to

je{1;2 u<e
12>ug>x2(t) ]{ }

which leads to the following estimate

hy.
Y Wi Y viRm)| < o (lgtminfefiagy) o) Y s
r12u1>T, s(t ) ngxj/uj |u|oo>t0

je{1;2
$22u2>x2(t) je{1;2}

= 0 <5w° log(3 + min{x'f; x?}))

We deduce that for ¢t > t5 and x > t1, we have

U(f;x) = Z uhye(u) Z vIiTg(v) + O (5:1:‘3 log(3 + min{z?; x%‘})) . (IIL.76)
u \xg(t) vi<z;/uj
,7]€<{1]2} ]6{1,2}
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The term ), v77g(v) was estimated in proposition . This proposition [3| imply that:

Y whpg(n) Y vIT(v) =a° ) hfj—fu) > Vng(V)H(%)_%

w;<z’® Vj:éibj/uj W<z ® vi<z;/u j=1
jeta) e 575{1',72} je(l2y
=g Y7 sl logmin{()”: (E)™D) | 5y
u® abafcico
u; <x6(t)
]6{1J2}
cet Y hyg(u) (log(min{(£1)7; (£2)o}) N o(mc 3 yhf;g|(u))
u® abafcico uc
s <x5(t) uj <x§(t)
36{1 2} ]G{IJZ}

By using in addition the estimate

Z |hfgl/ < Z |hfg| 0(1)7

*)2
uj<$?(t) ue(N*)

Jje{1,2}

we deduce that

Z uhyg(u) Z ViTg(v) = a° Z hf;g(/u) <log(min{(%)ﬁ;(%)a})>

je{1,2} Jje{1,2} e
+0 <m> (ITL.77)

Moreover, we have

X e en(in{ () ()] - 2 M (it}

5(t)

ujé.tf(t) u; <
je{1,2} " Jeﬂ{l 2}
ay —1
S5 o) i (2 (2)) )
3(t) u up U9
u; <z]
je{1,2}
o : h.
< Z | fgc|( )log<m1n{xf6() :1:25@)}) = 0(t) log(mm{:c'f;x?}) Z P76l (w) f’gc|,<u)
u;<af® w;<at® u
]G{l 2} JE{l 2}

= O<5(t) log (min {xf, :1:5‘}))

It follows then from ([I1.77)) and (I11.76)) that for ¢ > ¢y and x > ¢1, we have

x€ log<min{xf; IS}) Z M

abafBcicy c

U(f;x) =
u; <:c6(t>
]E{l 2}

+0O (5(t):cc log (3 + min {:c'f, x%})) +0 <5a:° log(3 + min{z"; x%})) + O (x°
By using in addition ([I1.74) and the fact that

> Bl ® i) = im0,

(ug,u1)EN?
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we deduce that for any € > 0, there exist ¢ > t such that if x > t1 we have

€ log <min{x’f; g })
U(fiz) = wbafoics H(f;¢';7;0)
+0 (5(t)w° log (3 + min {xf, x%})) +0 <€m° log(3 + min{z’; x%})) + O (x°).

Since 6(t) — 0 as t — oo, we deduce from the previous identity that

H(f;c;7;0)

abafcicy

V() ~ < log (min{af; 25 })

as > t1 and t — oo. This completes the proof of Theorem

7 Proof of Theorem [14]

In this case we have g : {aje;,...,ae,} — N, we set g; = g(aje;) for each i € [1,n]. It
follows from definition of 74, see ([II.1)), and Lemma |14] that

Z(7g;s) = Z % = Hégi(aisi) = H(Z %) for Re(s) > 1

meN” i=1 meN

where (% (a;s) = > Tgm—(m) and consequently 7, = ® ;7.
meN
From definition of function hye € #™, see (L11.37)) or its explicit version given in lemma

[12] we have .
> —hf;g(.p ) ( > f(pv)p—“<s+v>> [](@—pe=)”

VS -
veng P Vel i=1

It follows that
f(m) =m?(hyg* 75)(m) = (hy,g)y * (Tg)y (M) (II1.78)

where the first equality was proved in lemma and the second equality follows from
definition of convolution product.
Additionally to proposition [2] we need the next lemma:

Lemma 16. Lety € Ry anda,g € N. We setc =a '+~ and ((as) = > . Ty(m)m™,
then we have

U((1g)yi2) = Z(Tg)w(m) = %f: logg_l(x) as r — 400

m<z
where (74),(m) = m1,(m).

Proof. We know that the function ((as —a<y) has a meromorphic extension to C with only

a single simple pole at s = c of residue a=!.

It follows that s — T'(s) := > (Ty)y(m) = (9(as — ay) has a meromorphic extension
meN m®
-9

with only one pole at s = ¢ of order g. Moreover, T'(s) ~ g ass—c We conclude

by using Delange’s tauberian theorem, see appendix theorem O]
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End of the proof of Theorem

Let > 1, from equation ([II.78]) we have

U(fiz) = Z f(m) = Z (hfig)y * (Tg)~(m)
= > Y (hrghy(d) (rg)y(da)

m=(my,...myp)<x d1=(d1,1,....,d1,n)EN"
d2:(dgyl,...,d2,n)€Nn
dy jd2 j=mj, jE[1,n]

= Z (hf;g)w(dl) Z (Tg)v(d2) = Z (hf;g)v(d) H\I] ((Tgy)%’ z_j) :

di<a dz,jng/dlyj d<z Jj=1
jeltn]

g, 19 max{2; log(t)}% !

> mYTy (m) — a;

For each j € [1,n], we set r;(t) := g, t9 max{2;log(t)}9 ! . Lemma (16
a.
’ (9; = 1le;
implies that all j = 1,...,n the function r; is bounded in [1,+o0o[ and verifies r;(t) — 0

as t — +o0o. By using this notation, we obtain that for > 1, we have

x)=x° Z hfjc, 1:[1 a; g; max{2: gl;)g_(xlj)/'j] el [1+7(x;/d))] (I11.79)

d<z

Let € > 0. From lemma [13| we know that the series Z(|hy.g|; c’) is convergent. It follows
that there exists tg = to(e) = 4 such that

t:>z |hfg <e.

g dit
dloo>t

Let ¢ > t2 and §(t) = log(ty)/ log(t) < 1/2, we split (IIL.79]into two terms as follows:

(fix) =zt Y hfg(d) I[o" max{2; log(z;/d;)}% ! 1ty /)] (11L50)

d<zd® de j=1 (95 = Dley

c hye(d) - —g; max{2;log(z;/d;)}# "

tof 3 g o — 1 =9 — M +nl/d)] sy
dgad® j=1
d<z

and we remarks that for £ > e'1 we have the following two points:
o x;_é(t) > e8> ¢!/2 and therefore 2 < ty/2 < log(z;/d;) for d < x°Y);

o |d|s > to, for d £ 2°®.
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The first sum ([I1.80)) is equal to

. hpg(d) T —g (logz; —logd;)%~
I e D O | (O

d<as(®) j=1 6{0 1}n] 1
hyg(d) \g| (gj ) g log¥% 4~ (IL‘]) log® d;j [xj\w
o B M Y]] n (%)
’ EENS AT
dgwé(t) dc 'U,G{OJ}" (g] 1).6] d]
£<g—1
IDIEID DD VEID DD
u=0d<a’® 0#;071d<m6(t> ue{logg}”}{O} d<azs®)
A Ha-gﬂlog 1%>+o(( > lusldly, Hlo 5 y)
fig: € (g; — D, d¢’ & J
|d]oo>t0
vo((B)+  sup  ry(o)es(hsgl ) [ 1o ()
:plv_é(t)<v-<m i=1
J SV XL J
Jell,n]

=[# e ) + e+ 50y 02 [T o %

We upper bound the second sum ([I1.81)) as follows

h
<Lz Z | fg ’Hloggﬂ Yz;) < el (|hsgl;c) HloggJ Y(z;)

‘d|oo>t0

Combining these two facts 1mphes that

n

a'—gj lo gj—1 €T
U(fix) = [///(hf;g5 c’) + 0(1)}‘30 H J (95 f 1)!0(3' .

as « > €'l and t — oo. This completes the proof of Theorem |1

8 Proofs of Proposition [I] and Corollaries [2] and

We use the notation introduced in section 2.

Let P € €, of degree d > 0 and f : N — C a one variable multiplicative function satisfying
the assumptions (H1) and (H2) of proposition [] Let d = (di, ... ,d,) € N™.

Recall that the multivariable function fq : N* — C is defined by

fa(m) = f(m® ---m™) Vm = (m4,...,m,) € N".

Let ¢’ € (RY)" Nint Fxp,)(1). Set v :=~vd = (ydy,...,vd,), c =c' + |y] =’ +7d.
Assumption (H1) implies that the multiplicative function fq is of finite growth (see Defi-
nition E[) with ~ as growth exponent.

Assumption (H2) implies that for all k € In(fq),

1 f k 1 f k.d
Z P9/ alr”) - Z pl—3/2 )

1
pk.'y pk.'y o g(kd) < Z p1+6/2 < +oo
peEP peES peEP

—g(k.d)

It follows that the multiplicative function fq belongs to the class ©(y;g;1 — 6/2) (see
Definition [10), where I = Iy(fq) and g : I — N is defined by g(k) = g(k.d) for all
k € I. Proposition [I| follows then from Essouabri’s Theorem [[9], Theo. 3] (see Theorem

above).
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Proofs of Corollaries 2] and [3k

It is enough to verify that functions f € {¢, ox; k € N} satisfy all conditions of proposition
1l

Case f = 0p: 09, : N" = R is defined by og.a(m) = oo(]}_, m?j).
Particularly, for each v = (vq,...,v,) € N" we have

00.a(p”) = o0.a(P”, ..., p") = oo(p” ) = 1+ v-d

It follows that I(fq) = lo(fa) = {e1,...,en}, ¥ =0,g(e;) = 1+d;, ¢’ =1and p = 1+|d|;.
The result follows from application of proposition [T}

Case [ =04 and k € Ny 049 : N* — R is defined by oy,q(m) = o4 (] ]}, m?f).
Particularly, for each v € Njj we have

vy _ pritvd)y —1 _ o kwd prrd) —1 — v | O(ph o)

Uk;d(p Y 4 ) Ok(p pk—l P pk—l

It follows that I(fa) = Io(fa) = {e1,...,e,}, v =k, g(e;) =1,/ =1 and p=1.
The result follows from application of proposition [T}

Case f = ¢: pq: N" = R, is defined by pa(m) = ¢([]}_, m;lj).

Particularly, for v € Nij we have

pu~d _ pu-d—l — pu~d + O(pu-d—(i)’ siv 7& 0

V1 Un\ __ v-d —
ea(p™,....p") = p(p )_{L siv=0

It follows that I(fq) = Io(fa) = {e1,...,e,},v=1,g(e;)) =1,c =1 and p=1.
The result follows from application of proposition [I}

)
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Chapter 1V

Mean values of multivariable
multiplicative functions and
applications to the average number of
cyclic subgroups and multivariable
averages associated with the LCM
function.

This chapter consists of a submitted joint paper with Driss Essouabri and Laszlo Téth.

Abstract. We use multiple zeta functions to prove, under suitable assumptions, precise
asymptotic formulas for the averages of multivariable multiplicative functions. As appli-
cations, we prove some conjectures on the average number of cyclic subgroups of the group
Ly X =+ X Ly, and multivariable averages associated with the LCM function.
Mathematics Subject Classifications: 11N37, 11M32, 11M41, 11M45.

Key words: Mean values of multivariable arithmetic functions, multiplicative functions,
Zeta functions, meromorphic continuation, tauberian theorems, subgroups averages, LCM
multivariable averages.

1 Introduction

Our paper is motivated by the following recent results and conjectures. Let n € N and for
mi,...,m, € Nlet ¢,(mq,...,m,) denote the number of cyclic subgroups of the group
Loy X+ X Ly, W. G. Nowak and L. Toth [24] proved the asymptotic formula

12
Z co(my, my) = 2 (F(ln 7)? + as(In)? + a; (In ) + ao) +O(:p%+5) as v — 409,

1<my,ma<z

where ag, a; and ay are explicit constants. This error term was improved by L. Téth and
W. Zhai [31] into O(23/%(Inx)*3/2). The case n = 3 was investigated by L. T6th and W.
Zhai [29] showing that

7
2. cslmimamy) =2} iz + 0@,

1<my,ma,m3<x 7=0
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where ¢; (0 < j < 7) are explicit constants. For the proof they used a multidimensional
Perron formula and the complex integration method. It is natural to conjecture that such
a result holds for n > 4.

T. Hilberdink, F. Luca, and L. Toth [17] investigated the following three averages asso-
ciated with the LCM function:

So(z) = Y ! : (IV.1)

lem(myq, ..., my)

1<my,...mp<x

U,(z) := > ! (IV.2)

lem(my,...,my)’

1<my,...,mn<z
ged(ma,...,mn)=1

and

my...Mmpy
v, (x) Z ]cm(ml, .. ,mn) ( ' 3)
1<ma,...,mp <z

By using the convolution method, they obtained in their paper asymptotic formulas with
error terms for Sy(z), Us(x) and Va(z). For n > 3, they only obtained the estimates

(1nx)2"—1 < Sn(ZL’) < (lnx)Qn_l, (lnx)2n_2 < Un(1’> < (1n$)27l_27

" L Voy(r) < 2™ (In2)* ™2 as  z — 4o,

and conjectured that asymptotic formulas with error terms also exist for these three
averages for n > 3.

In order to prove these conjectures, we introduce a reasonably large class of multivariable
multiplicative functions (see Definition . For a function f: N® — R, in this class, we
establish in Theorem [I5] the existence of the meromorphic continuation of the associated
multiple zeta function

flmy,...,my,)

S=(S1,...,8,) = M (f;s) := s
(s1 ) (f3s) m1>1;mn>1 e m
and derive several precise properties of this meromorphic continuation. By combining our
Theorem 15 and La Bretéche’s multivariable Tauberian Theorem (i.e., Theorems 1 and
2 of [7]) we deduce in our Theorem 2 a precise asymptotic formula for the multivariable
average
Noo(frx) = Z f(my,...,m,) asz — +oo,

m=(m1,...,my)EN"
[|m]|co=max; m;<z

and derive from it four corollaries.

Our first application, namely Corollary[{), establishes the conjecture concerning the number
of cyclic subgroups of the group Zy,, X - -+ X Ln,,, in any dimension n. Our Corollaries[3,
[0l and [7 prove the conjectures on the above sums associated with the LCM function.
Variants of Theorem (16| with other norm choices can be obtained by combining our The-
orem |15 and the first author’s multivariable tauberian theorem (i.e., Corollary 2 of [12]).

For example, for the class of Holder’s norms ||x||g := /|21 + -+ + |z,|¢ (d > 1), we
obtain in Theorem [I7 an asymptotic for the multivariable average
Na(fix) = Z f(my,...,m,) asx— +oo.

m=(mq,...,mn)EN"

[mllg={/mi+-+mid <z

As an application of Theorem we derive in Corollaries [§ and [ the analogues of
Corollaries [ and[7 for the Holder’s norms || |4
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1.1 Notations
1. N={1,2,...}, Ng=NU{0};: R, = [0, +00).

2. The expression: f(A,y,x)<,g(x) uniformly in x € X and A € A means there exists
A= A(y) > 0, such that, Vx € X and VA € A |f(\,y,x)| < Ag(x);

3. For any x = (21, ...,2,) € R", we set [|x|| = [|x]|2 = V/2i+ ...+ 22, x| = |x|; =
|z1] + ... + |2,] and |x|e = max;—;
(e1,...,e,) (ie. e,;=1if i = j and e;; = 0 if i # j). The standard inner product
on R" is denoted by (.,.). We set also 0 = (0,...,0) and 1 = (1,...,1);

4. We denote a vector in C" by s = (s1,...,5,), and write s = o + i1, where o =
(01,...,0,) and T = (71,...,7,) are the real resp. imaginary components of s
(i.e. 0; = Re(s;) and 7; = Im(s;) for all 7). We also write (x,s) for > . x;s; if
x € R" s € C";

5. A function f : N* — C is said to be multiplicative (resp. additive) if for all m =
(my,...,my) € NYandm’' = (m},...,m}) € N"satisfying ged (Ilem (m;) ,lem (m})) =
1 we have f (mimy, ..., mum;,) = f(m) - f(m’) (resp. = f(m) + f(m’));

6. Let F' be a meromorphic function on a domain & of C" and let .% be the support of
its polar divisor. F' is said to be of moderate growth if Ja,b > 0 such that Vd > 0,
F(s) g5 1+ 7|9 uniformly in s = o +iT € Z verifying d(s,.7) > 0;

2 A class of multivariable multiplicative functions and
statement of the main results

2.1 A class of multivariable multiplicative functions

To simplify the exposition, we introduce first the following three definitions.
Definition 12. A quadruple (g, k,c, ) is said to be a data if

1. g : N§ — Ny is a function of subexponential growth; that is g verifies for any € > 0
g(v) <. el uniformly in v € Ny;

2. Kk : Ny — [1,4+00) U{0} is a function verifying (0) = 0 and inf,enm\ {0y “‘(T"') > 0;
3. c=(c1,...,¢,) €[0,400)" and § € (0, +00).

We now introduce the class of multivariable multiplicative functions on which we will
focus in this paper.

Definition 13. Let (g, k,c¢,0) be a data as in Definition [13
A multivariable multiplicative function f : N — R is said to be in the class € (g, k,c,0)
if for any e > 0,

f<p1/1’ o ’pun) . g(V) p<C,lI>fli(V) <. 65|u\ p<c,u>fn(u)75’ (IV4)
uniformly in v € Ny and p prime number.

We will need also the following integral definition.
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Definition 14. Let I be a finite subset of N§ \ {0}, u = (u(v)),; be a finite sequence of
positive integers and ¢ = (cy,...,c,) € [0,+00)". We denote by v',... V" the elements
of I where r = #1,

and define the finite sequence q; (0 < k <) by

>

0 =0 and qk:Zu(Vj) VEe{l,...,r}.

We define then for x > 0 the integral
d dyQT
1 (l/k )7
o (Lw) [ [z 1Hz ar1+1Ye ¢

(I, u,c;x) ::/

T qk

where o (I,u;x) := <y € [1,400)"; H H yéuk’ej> <z Vjed{l,...,n}
k=1/l=qr_1+1

2.2 Statement of the main results

Let f : N — R be a multivariable multiplicative function. We assume that f belongs to
the class €'(g, K, ¢, d) associated to the data (g, k,c,d) (see Definitions 1 and 2 above).
We assume also that the finite set

I =1(k,g):={v eNj|k(v)=1and g(v) # 0} is nonempty. (IV.5)
The following theorem is the main analytic ingredient of this paper:

Theorem 15. 1. the multiple zeta function

S=(S1,...,8,) = A(f;8) := Z flmy, ..., ma)

S1 s
mit ... mér

mi2>1,..., mnp=>1
converges absolutely in the domain {s € C" | Re(s;) > ¢; Vi € {1,...,n}};
2. there exists eg > 0 such that the function
s=(51,...,80) = H(f,c;8) 1= <H<v,S>g(")> M (fic+s)
vel

has holomorphic continuation to the domain {s € C" | Re(s;) > —eo Vi €
{1,... ,n}} and verifies in it the following estimate: for all € > 0,

H(f69) < [] (9] + 170 0-dmmOelva) e,

vel

3. H(f,c;0) is given by the following convergent Euler product:

Yvergw)
%”(f,c;O):H(l—%> Zf 0 (IV.6)

p veNy

Combining our Theorem [15|and La Bretéche’s multivariable Tauberian Theorem (i.e The-
orems 1 and 2 of [7]) yields to the following multivariable mean value theorem:
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Theorem 16. Let f : N* — R, be a nonnegative multivariable multiplicative function
satisfying assumptions of Theorem 15,

Set J :={e; | ¢; =0} where (ey,...,e,) is the canonical basis of R™.

Set also p:= (3 c;9W)) +#J — Rank (1 U J).

Then,

there exist a polynomial Q of degree at most p and a positive constant s > 0 such that
Noo(f;2) == Z f(my,...,my,) = x‘c‘Qoo(lnx) +0 (x‘c‘_“‘”) as r — +0oo.

m=(mi,...,myn)EN"
[lm|| o =max; m;<z

Furthermore, if we assume in addition that the two following assumptions hold:
1. Rank (I UJ)=mn;

2.1 = (1,...,1) is in the interior of the cone generated by I U J; that is 1 €
con* (IUJ):={> cruy WV | Ay € (0,400) Vv € TU J},

Then, the degree of the polynomial Qus is equal to p = (3., 9(v)) + #J —n and the
main term of Noo(f; ) is given by

Noo(f12) = Cr( )KL (f ||l o) x‘c‘(lnx)p +0 ((lnm)p_l) as r — +00,
where C,(f) := (f,c;0) > 0 is defined by the Euler product and
K, (f,|llleo) == lirll Fo(Iu,c;z) z7(Inz)™ > 0, where
Tr—r+00
I (I,u,c;x) is the integral (see Definition associated to the finite set I, the finite
sequence u = (g(v)),.,; and to the vector c.

Remark 13. If {ei,...,e,} C I UJ, then the two assumptions Rank (I U J) = n and
1€ con* (IUJ) clearly hold.

Combining our Theorem [15| and the first author’s multivariable tauberian theorem (i.e
Corollary 2 of [12]) yields to the following multivariable mean value theorem for Holder’s
norms [[xlq := /fz1|? + - + 2ol (d > 1) :

Theorem 17. Let f : N* — R, be a nonnegative multivariable multiplicative function
satisfying assumptions of Theorem 15,
Assume that ¢ = (c1,...,¢,) € (0,400)". Set

1. p:= (Zuelg(’/)) — Rcmk:(]),

2. I :={({c,v) v |vel} and u:= (u(B))ge,;, where u(B) = g(v).

vel,(ew)~lv=p3

Then,
there exist a polynomial () of degree at most p and a positive constant > 0 such that
Na(frx) = Z f(my,...,my) =2"Q(Inz) + O (:L"C"“) as r — +00.

Furthermore, if we assume in addition that Rank(I) =n and 1 € con* (I), then, the degree
of the polynomial Q is equal to p = (3., 9(¥)) —n and the main term of Ny(f;x) is
given by

Na(fix) = Co(H KL |]a) a:‘°|(lnx)p + O ((lna:)pfl) as r — +00,
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where C,,(f) := A (f,c;0) > 0 is defined by the Euler product above and

Kol £ lla) = <H<v,c>‘g(")) AT

vel ‘C‘ P'

where Ao(Te, Py) > 0 is the mized volume constant (see §2.3.3 of [12]) associated to the
pair T = (I.,u) and the polynomial Py = X& + - + X4,
2.3 Applications

We will now give the applications that motivated our general results of section §2.2.

On the average number of cyclic subgroups of the group Z,,, X --- X Z,,,

Let n € N. For mq,...,m, € N denote by ¢,(m, ..., m,) the number of cyclic subgroups
of the group Z,,, X -+ X Zy,,. Set

Gn(z) = Z Cn(my,...,my).

As we mentioned in the introduction, precise asymptotic for G(z) was obtained by W.
G. Nowak and L. Té6th in [24] and improved by L. Téth and W. Zhai in [31]. The case
n = 3 was also investigated by L. Toth and W. Zhai in [29]. It is natural to conjecture
that such a result holds for n > 4. The following result establish this conjecture in any
dimension n.

Corollary 4. Let n € N. There exists a polynomial Q1 of degree 2" — 1 and py > 0 such
that

Gn(x) = Z co(my,...,my) =2" Q1(lnz) + 0" ") as z — +oo.

In particular, we have

Gr(z) = Co(cn) Kn(Cn, [|lso) 2" (Inz)* ' + O (z"(Inz)* %)  as 1z — +oo,

where
1\t (P, .o p")
Calen) =[] (1 - 5) > . >0 (IV.7)
P ven
and
K(eny o) == lir}rq (I, w;2) 27" (Inz) ™" > 0, where
T—r+00

In(I,u,c;x) is the integral (see Definition associated to I = {0,1}" \ {0}, to the
sequence u = (u(v)),; defined by u(e;) = 2 Vi = 1,...,n and u(v) = 1 Vv € I\
{e1,...,e,} and to the vector c = 1.

Remark 14. We will compute more explicitly in §7 below the constants Cy(c,) and
K, (cn, [lloo) for n = 2 and n = 3. In particular, we will prove in §7.1 and §7.3 that
Co(cz) = 2% and K (ca, ||[lo) = 5. Thus, our mains term in the asymptotic of Go(z) agree
with the main term obtained by the convolution method in [Z]] by W. G. Nowak and L.
Tth.
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Some multivariable averages associated to the LCM function

As we mentioned in the introduction, T. Hilberdink, F. Luca, and L. Té6th introduced

in [I7] the three averages (IV.1)), (IV.2) and (IV.3)) associated to the LCM function and
obtained in this paper asymptotic formulas for Sy(z), Us(z) and Va(z). For n > 3, they

only obtained the following estimates
(Inz)*" ' < Sy(z) < (Inz)* ™, (Inz)*" 2 < U,(z) < (Inz)*" 2,

" < Vy(z) < 2™ (Inx)* 2,

and conjectured that asymptotic formulas also exist for these three averages for n > 3.
The following three corollaries prove these conjectures.

Corollary 5. Let n € N. There exists a polynomial Qo of degree 2" — 1 and py > 0 such
that

Sp(z) = Z ! =Q(lnz) + 0@ ") as z— +o0.

- lem(my, ..., my)

In particular, we have

S () = Cp(50) Kn(5m, |||lse) (Inz)? ™t +0O ((ln x)Qn_Q) as T — +00,

Culsn) =] ] (1 - %) i (Z “”2#) >0, (IV.8)

Kn(8n; lloc) = xl_lgloo (I, u,c;z) (Inz) 2"t >0, where

where

and

Fo(I,u,c;x) is the integral (see Definition associated to I = {0,1}" \ {0}, to the
sequence U = (u(v)), o, defined by u(v) =1 Vv € I and to the vector c = 0.

Corollary 6. Let n € N\ {1}. There ezists a polynomial Q3 of degree 2™ —2 and pz > 0
such that

1 _
Ul = 1< ) _ lem(my, ... my) = Qsllnz) + O™ e &= oo
M1, mnxT

ged(ma,...,mn)=1

In particular, we have

Un(2) = Co(un) Kn(tn, [|loo) In2)*" 2+ 0 ((Inz)*™®)  as x— +oo,

where
N (& (k+1)"— k=1
Co(un) =TT (1== >0, V.9
=] (1-3) (Z - 1v.9)
and
K (un, |||oo) == hIJP Il u,c;z) (Inz) 2" >0, where
T—>+00

In(I,u,¢;x) is the integral (see Definition[14]) associated to I = {0,1}"\ {0,1}, to the

sequence U = (u(v)), o, defined by u(v) =1 Vv € I and to the vector c = 0.
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Corollary 7. Let n € N. There exists a polynomial Q4 of degree 2" —n — 1 and pg > 0
such that

Vo(z) == Z I SR N Qs(Inz) + O(2"") as x — +o0.

- lem(myq, ..., my)

In particular, we have
Vi(2) = Cp(0n) K (n, |[[|o) 2" (Inz)* "4+ 0 (2" (Inz)* %) as x— +oo,

where

Cuvn) =] (1 _ 1)2” (i Uﬂ“}j#) >0, (IV.10)

p

and
K, (v, [lloo) :== lirf I, (I,u,c;z) z7"(Inz) 2"t > 0, where
T—>+00

I (I,u,c;x) is the integral (see Definition associated to I = {0,1}" \ {0}, to the

sequence U = (u(v)),; defined by uw(v) =1 Vv € I and to the vector c = 1.

Remark 15. The constants Cy,(sy,), Cp(uy,) and Cy,(v,) are equal. We will compute more
explicitly in sections §7.2, §7.4, §7.5 and §7.6 below the constants Cy(.) and K,(.,||||o0)
forn =2 and n = 3. More precisely, we will prove that

6 9 16

1. 02(82) = CQ(UQ) = Cg(’Ug) = F and 03(83) = Og(Ug) = 03(1)3) = H (1 - — + — —

2 3
» p p

2. Ka(s2, ||llw) = 3 and Ka(uz, [[[lc) = Ka(v2, [[[loc) = 1;

3. K3<837 ||||00) 3366’ K3(u37 H”OO) = @ and K3(U37 H”OO) = ILG

In particular, our mains term in the asymptotic of Sa(x), Us(x) and Vi(x) agree with
those obtained by the convolution method in [17] by T. Hilberdink, F. Luca, and L. Tdth.

Multivariable averages with other norms

The following two results give analogues of Corollaries [4] and [7] for some other choices of
norms.

Corollary 8. Letn € N and d > 1. There exists a polynomial Q5 of degree 2™ — 1 and
s > 0 such that

Gha(z) == Z cn(my,...,my) =2" Qs(Inz)+O0(x" ") as x — +o0.

Moreover, if we set I := {lv|7'v | v e{0,1}"\ {0}} and u = (u(B))ge; where u(B) = 2
if B€{e,...,e,} and u(B) =1 otherwise,
then

Gra(z) = Cn(cn) Kn(cn, [la) 2"(Inz)* ' + O (z"(Inz)* %)  as 1z — +oo,
where Cy,(¢,) > 0 is given by and

. " Ay(T, P
Ko(cns |l]l0) <Hk; ) 2:(_ = ) 2o

where Ao(T, Py) is the mized volume constant (see §2.3.3 of [12]) associated to the pair
T = (I,u) and the polynomial Py = X¢ + -+ + X9,
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Corollary 9. Let n € N and d > 1. There exists a polynomial Qg of degree 2™ —n — 1
and pg > 0 such that

Vipa(z) == Z - Mn g Qs(Inz)+O0(x"7#)  as 1z — +oo.

lem(my,...,my,)

Morcover, if we set I .= {|v|"'v |v € {0,1}"\ {0}} and u = (w(B)) gej where u(B) = 1
VB el,
then

Vioa(z) = Cu(vn) Kp(vn, [[[la) 2" (Inz)* ™"+ 0 (z"(Inz)* %)  as z— +oo,

where Cy,(vy,) > 0 is given by and

d2n_"A 7, P,
Kovns 1) (Hk ) e A

where Ao(T, Py) is the mized volume constant (see §2.3.3 of [12]) associated to the pair
T = (I,u) and the polynomial Py = X +--- 4+ X2

Remark 16. The constants C,(.), are independent on the choice of the norm. The
constants K,(.) depend on the choice of the norm. We will compute more explicitly in
§7.7 below the constants K, (cy, ||||la) and K, (vn, ||||la) for n =2 and n = 3. More precisely,
we will prove that

1. KQ(C27 HHd) = 6—1612((32)) and K2(1)2’ HHd) _ %1;((12//(2) ;
d
T (5) and Kz(vs, ||||la) = i‘

2. Ks(es, [llla) =

30240 > T (3) 2421 (3)

3 Proof of Theorem [15

Let f: N" — R be a multiplicative function in the class €(g, k, c, 9).
Define for v € Njj and p prime V(p,v) by the formula

F, ") = (g(v) + V(p,v)) plor ) (IV.11)

Since (g, k,c,d) is a data, point 1 of Definition and assumption ([V.4])) can then be
written in the following more convenient equivalent form:

Ve >0, g(v)<.e” and V(p,v) <. e p?, (IV.12)

uniformly in ¥ € Njj and in p prime number.
Moreover, point 2 of Definition |12 implies that there exists § > 0 such that

k(v) > max (1, plv|) Vv e Nj\ {0}. (IV.13)
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3.1 Proof of point 1 of Theorem

Let s = (s1,...,8,) € C" be such that 0; = Re(s;) > Vi=1,...,n

Set o = (01,...,0,) and n = %minizl ..... n(oi —¢;) > 0.

So, we have o; > ¢; + 2n Vi and (o,v) > (c,v) + 2n|v| Vv € Nj. Choose £ > 0 small
enough such that e® < 27. It follows then from and that we have for any

prime number p,

£, eVl plen) =)
Z Z p(s 1/) Z Z p(a v <<€ Z Z fu Y+2n|v|
p vzl p |v|>1 p |v|>1
eclvl eVl
Z Z m(u)+2n|u| Z 1+n Z pn\u|
P |u\>1 v|>1
1
Z pttn Z (271) e Z Ty <
v|>1 P p

The multiplicativity of f implies then that s — .Z(f;s) converges absolutely and that

=Y fﬂTi H pr "S'V" Y (IV.14)

meN™ veNy

This ends the proof of point 1 of Theorem [I5] ]

3.2 Two useful lemmas

Recall that I = I(k, g) := {v € N} | k(v) =1 and g(v) # 0} is an nonempty set.
Forallt e R, set Uy :={s € C" | 0, = Re(s;) >t Vi=1,...,n}.
We need the following two lemmas:

Lemma 17. There exists 1,11 > 0 such that for any prime number p, the function

. p™) 9(v)
S R Z p(c+s v - pl—i-(u,s)
vel

v|>1
s holomorphic in the domain U_., and verifies in it the estimate
R,(s) < p ™™  uniformly in p.

%. Then, for any prime number p, the function

1\ o(v)
S = LP(S) = (H (1 - pl—i-(V,s)) ) -1+ ( pl+<u,s>
vel vel

1s holomorphic in the domain U_., and verifies in it the estimate

Lemma 18. Set ¢5 = inf,¢; ﬁ and 1y =

Ly(s) < p '™  uniformly in p.
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Proof of Lemma

Fix 8 > 0 such that (IV.13)) holds. Fix also a positive integer N verifying N > max | 4571, max ]V]) )
ve

Identity (IV.11) implies that for p prime number and s € Uy = {s € C" | g; > 0 Vi}, we
have

R,(s) = R(s) + R2(s), where (IV.15)
Vip,v) g(w) gw) +Vip,v)
1 _ ) 2 )
RP(S) - Z pK(V)+<V,S> + Z pl{(u)+<V,S> and R Z n(u)Jr v,s) :
1<|v|EN vl [v|>N
1<y|<N

To prove Lemma [17] it suffices to verify that both s — R)(s) and s — R2(s) satisfy the
conclusions of Lemma [17

CLAIM 1: s — R)(s) satisfies the conclusions of Lemma .

Proof of CLAIM 1: It’s clear that s — R!(s) is holomorphic in the whole space C™.

Let € > 0. It follows from ([V.12) and (IV.13]) that for p prime number and s € U_,. =

{s € C" | 0; > —¢ Vi}, we have

1 Vipv)| 1
R, (s)| < Z WJF Z pn(u—i-l/ <<Z 1e\u| Z pr@)—<lv]

I<y|EN vl ver ¥ vél, g(v)#0
I<lv|KN 1<|v|<N

(IV.16)
Since k(v) > 1if v ¢ 1 U {0} and g(v) # 0, it is clear that we can choose € > 0 small
enough such that

p = mi?(5—€|l/|) > 0 and po := min{k(v)—clv|-1 |1 < || < N, v &I and g(v) # 0} > 0.
ve

Set 1 = min(p, p2) > 0. It follows then from (IV.16) that we have R)(s) < p~'*
uniformly in p prime number and in s € U_.. This ends the proof of CLAIM 1. O]
CLAIM 2: s — RZ(s) satisfies the conclusions of Lemma .

Proof of CLAIM 2: Fix ¢ > 0 such that e < 2%/ Assumptions and
imply that we have uniformly in p prime number and in s € U_g),

2.

g(v) +Vip,v)

K(V)+(v,s) B
|v|>N p [v|>N [v|>N Py N 2
o ! (ef )'” R N
e B NG 15 B X 5
p” lv|>N 23 pi¥ p?

We deduce that s — Rg(s) is holomorphic in U_g/, and verifies the estimates Rf,(s) <p?
uniformly in p prime number and s € U_g/5. This ends the proof of CLAIM 2 and also
ends the proof of Lemma [I7] O

3.3 Proof of Lemma [18

It is clear that s — L,(s) is holomorphic in C" for any p.

Set now g9 = inf, ¢ ﬁ. It follows that fors e U_., andv € I, 1 + (v,0) > 1 —e3|v| >
3/4.

Newton Binomial theorem implies then that we have uniformly in s € U_., and in p prime

87



number,

L\ 9(v)
Ly(s)| = ( (1_ 1+(v ) -1+ I+(v
Ve] p < 7S> Ve[ p < 7S>

_ 2 : Huel<_1)ku (glg,lj)) < Z 1
N pover ku(1+(v:s)) pEver (1 .0))
0<ku<g(v) Yvel,

vel ku>2 Zuel k22
1 1
< E _ < .
2 ky 3/2
0<I<:,,<g(u) I, p4 ZUEI p
ZVEI kv

This ends the proof of Lemma [18]

Proof of parts 2 and 3 of Theorem
Define the function s = (sy,...,s,) — &(f;s) by

- (ch + <u,s>>—9<“>) M(Jre+3) (v.17)

Part 1 of Theorem (15 implies then that s — &(f;s) converges absolutely in the domain
Up = {s € C" | 0; > 0 Vi}. Moreover, The multiplicativity of f imply that for all s € Uy:

= Hé‘;(f;s), where (IV.18)

1\ flp™, ...,
&(f:s) =11 (1_W> > .,c+sp )

vel veNy
We will now prove the following needed lemma:
Lemma 19. There exists €o > 0 such that the Euler product s — &(f;s) = [, &,(f;s)

converges absolutely and defines a bounded holomorphic function in
U—so :{SG(C” | o; > —€&p VZ:L,H}

Proof of Lemma
We will use in the sequel of this proof notation of Lemmas 1 and 2. Lemmas 1 and 2
imply that for any prime p and any s € Uy,

o - (-(552) ) (5522) )

= 1— A,(s)* + B,(s) + Cy(s), where (IV.19)

9(v)
Ap(s) = prEvor By(s) := (1 = Ap(s)) By(s) and Cip(s) := Ly(s) (1 + Ap(s) + Ry(s)) -
vel
Let €1,€9,1m1,1n2 > 0 the positive constants defined in Lemmas 1 and 2.
Set 9 = min(ey,e2) > 0 and 79 = min(ny,n2) = min(n,1/2) > 0. Lemmas 1 and 2
imply that the three function A,, B, and C, are holomorphic in U_,, and that we have
uniformly in p prime number and s € U_,, the following estimates:
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1 1
<<Z 1+(ua = Z pl= —eolv| < p3/43

VEI 1/61
1 1
2. Ay(s)? <<3—/2<< Hm

1 1 1
3. By(s) < <1 T p3/4) pltm < p1+770;

1 1 1 1
4. CP(S) < p1+772 (1 + W - p1+771> < p1+770 ’
It follows that for any prime number p, the function s — &,(f;s)—1 is holomorphic in U_,,

and verifies &,(f;s) — uniformly in s € U_,, and in the prime number p.

We deduce that the Euler product s — &(f;s) =[], &,(f;s) converges absolutely and
defines a bounded holomorphic function in U_.,. This ends the proof of Lemma[I9 O
This being done we are now ready to prove points 2 and 3 of Theorem [I5] Combining

part 1 of Theorem 1, (IV.17) and ([V.18)) implies that for s € Uy,

H([,¢;8) = <H<V7S>g(”)> M (fie+s) = (H(W’S)C(Ur <V,S>))g(”)> E(f3s).

vel Bel

(IV.20)
Part 2 of Theorem [15| follows then from Lemma [19] and the following two classical prop-
erties of Riemann zeta function: s — ((1 + s) is holomorphic in C and verifies in the
half-plane {Re(s) > —1} the estimate s ¢(1 4 s) < (1 4 |s|)t -2 minORe()+e e > 0,
Moreover, since sC(1 + s)|s=o = 1, we deduce from and that

ZVGIQ(V)
%”(f,C;O):é"(f;O):HO_l) pr o poe)

» p

This ends the proof of point 3 and also the proof of Theorem [I5] O]

4 Proofs of Theorems 16 and

4.1 Proof of Theorem [16|

We will now explain how the combination of our Theorem and La Bretéche’s mul-
tivariable Tauberian Theorem (i.e Theorems 1 and 2 of [7]) yields to our Theorem
Our notations are different from La Bretéche’s notations. To simplify the exposition, we
will first recall La Bretéche’s Tauberian Theorem 1 and the part we use of his Tauberian
Theorem 2 by using our notations:

Theorem A: (Theorem 1 of [7] ):

Let f : N — R, be a nonnegative function and F the associated Dirichlet’s series defined

by

F(s)=F(s1,....0) = > flma, . mn)
Denote by L%, (C) the set of C—linear forms from C" to C that are nonnegative on
(Ry)™

We assume that there exists ¢ = (¢1,...,¢,) € (Ry)™ such that:
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1. F(s) converges absolutely for s € C" such that Re(s;) > ¢; Vi€ {1,...,n};

2. There ezist a finite family £ = (E(i))KKq of nonzero elements of L%, (C), a finite
family (h(i))1<i<q’ of elements of L% (C) and d1, 02,03 > 0 such that the function
H defined by

q

H(s)=F(c+s) []"(s)

=1

has holomorphic continuation to the domain
P(61,03) = {s € C" | Re ({'(s)) > —0, Vi € [1,q] and Re (h'(s)) > —d3 Vi € [1,¢]}

and verifies the estimate: for e,&’ > 0 we have uniformly ins € P(§; —&',03 — ')

q

H(s) < [ (1tm (¢9(s)) | + 1))

i=1

1—6, min(O,Re(f(i)(S))) (1 + (| Im(51)| + -+ | Im(SnM)E) :

Set J = J(c) ={je{l,....,n}|c; =0}. Denote by w = #J the cardinality of the set
J and by j, < --- < jy, its elements in increasing order. Define the w linear forms £(4t9)
(I <i<w) by t97(s) = €5.(s) = sy,

Then, for any B = (b1,...,0,) € (0,00)", there exist a polynomial Qg € R[X] of degree
at most ¢ + w — Rank {E(l), . ,E(q“’)} and 0 > 0 such that

Z e Z f(my,...,my) = 2P Qs(logx) + O(z'“P~%) as x — +oc.

1<my<zP1 1<my <zhn

Theorem B: (parts (ii) and (iv) from Theorem 2 of [7] ):
Let f:N" — R, be a function satisfying assumptions of Theorem A.
Let B = (B1,...,0n) € (0,00)". Set B=>"" Bier € L% (C).

o (ii) If the Dirichlet’s series F' satisfies the additional two assumptions:

(C1) There exists a function G such H(s) = G ((M(s),..., 04T (s)).

(C2) B € Vect ({E(k) |k=1,... ,q—{—w}) and there is no subfamily &' of £ =
such that ' # £, B € Vect(ZL') and #.£' — Rank( L") = #.% —

( (k)) 1<k<q+w

Rank(%).
Then, the polynomial Qg satisfies the relation
Qp(logx) = H(0)z~ P 73(x) + O ((log x)p_l) ,

where p == q +w — Rank {E(l), e ,E(‘H“’)} and

dy ... dy,

Qfﬁ(x) nglyi
with .
(2) .
p(r) = {y € [L,oo)? | [Jui @ <a¥ ¥j=1,...n}.
=1

o (iv) If Rank {(W, ... (@)} = pn H(0) # 0 and B € conv* ({(W, ... (latw)}),
then deg(Qg) = p=q+w —n.
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Remark : If assumptions of point (iv) hold, then assumptions of the point (ii) also clearly
hold.

Proof of Theorem [16k

Let f : N®* — R, be a multivariable multiplicative function. We assume that f belongs
to the class €(g, k, ¢, d) associated to the data (g, k,c,d) (see definitions 1 and 2).

We assume also that the finite set

I'=1(k,g):={veNj|kr()=1and g(v) # 0} is nonempty.
We denote by v!,...,v" the elements of I where r = #1,
and define the finite sequence ¢ (0 < k <) by
k
Go=0 and q.= Zg(uj) Vke{l,...,r}.

j=1

We define the linear forms /) (1 <i < ¢,) by
(D(s) =Wk s) ifq_1<i<q,andl<k<r

We define also the set J = J(c) = {j € {1,...,n} | ¢; = 0}. we denote by w = #.J the
cardinality of the set J and by j; < --- < j,, its elements in increasing order.
We define also the w linear forms (79 (1 < i < w) by

(T (s) =€l (s) =55, (1<i<w).

By using notation of our Theorem [15]it’s easy to see that the Dirichlet’s series associated
to f is

LR T e U

and
s) = (f[ﬂ”(s)) F(c+s) = (H(V,S>g(y)> M (fic+s)=H(f cs).

Our Theorem [15]implies then that the assumptions of Theorem A above hold. By applying
Theorem A with 3 =1 = (1,...,1), we deduce that there exist a polynomial @); of degree
at most

p=gq +w— Rank {¢M, . (0} = (Z g(u)) +#J — Rank (1 U J)
vel
and a positive constant 1 > 0 such that
Noo(f;2) == Z f(ma,...,my) =2¥Qy(Inz) + 0O (m'cl_”) as r — +oo.
m=(mq,...,mn)EN"

[|m]|co=max; m;<z

This ends the proof of the first part of our Theorem [I6]
Assume now in addition that the two following assumptions hold:

1. Rank (I UJ) =
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2.1 = (1,...,1) is in the interior of the cone generated by I U J; that is 1 €
con* (TUJ) :={> cruy WV | A €(0,00) Vv € TU J},

By duality, we deduce that Rank {¢(), ... (@)} = pand 1% € conv* ({¢W, ... (atw)}),
Moreover since f is nonegative, our Theorem [15| implies that

Z,,elg(u) Iz Un
H(0) = #(f,¢;0) =[] (1 - 1) yo L ot ) >o.

p p veNg

It follows that assumptions of point (iv) (and therefore assumptions of point (ii)) of
Theorem B above hold. Theorem B implies then that

deg(Q1) = p = (Z g(l/)) +#J —n

vel
and
Q1(logz) = H(0)z™ .7 (z) + O ((logz)*'), (IV.21)
where
dy; ...dy,,
S (z) = / —
!7/1($) i=1 yZ

with

i (z) = {y € [1,+o0)"

ﬁyf(i)(ej) <z Vje{l,...,n}}.
i=1
By using notations of Definition [14] it’s easy to see that
H(z) =S, (1,u,c;x) and A(x) = (1, u;z),
where u is the sequence u = (g(v)),¢;.
Since the degree of the polynomial () is equal to p = (ZVE] g(v)) + #J —n, there exists

a positive constant C' > 0 such that Qq(x) = Cz? + O (2*7') as * — 400 and ([V.21))
implies that

H(0)z™ .7, (z) = Clog z)” + O ((log 7)) .
It follows that
C' = H(0) lim g7l log z) =" 7 (x) = H(0) lim 7%l logz) ™" Z,(I,u,c;x).
We deduce that the main term of A5, (f;x) is given by
ol F2) = Col DK ) (I 2)” + 0 (n2)™?)  as & — +oc,
where C,,(f) := H(0) = 5(f,c;0) > 0 is defined by the Euler product and
Ko(f, [lleo) = 3};11()10 (I, u,c;z) 27 (Inz) =" > 0.

This ends the proof of Theorem [16] O
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4.2 Proof of Theorem 17

Let f: N™ — R be a multivariable multiplicative function. We assume that f belongs to
the class €' (g, K, ¢, d) associated to the data (g, k,c,d) (see definitions 1 and 2).
We assume also that the finite set

I=1(k,g):={veNj|k(v)=1and g(v) # 0} is nonempty.

We define the set I, := {7 5v | v € I'} and the sequence u := (u(8))4c;, where

1
(v,c)

u(B) = Z g(v) forall pel..

. 1 —
vel; ) v=3

We Define also the pair 7 := (I, u).
Theorem [15] implies that

s — M (f;s) = Z flm, ..., m)

S1 s
mit ... mér

mi2>1,..., mnp>1

converges absolutely in the domain {s € C" | Re(s;) > ¢; Vi = 1,...,n}; and that there
exists €9 > 0 such that the function

s = H(f; T;s) = H(ﬁ,sw(ﬂ)) M (f;c+s)

Bele

- (ITwe ) (T ot

vel vel

= ([]w c>—9<v>> H(f,c:s) (IV.22)

vel

has holomorphic continuation to the domain {s € C" | Re(s;) > —go Vi € {1,...,n}} and
verifies in it the following estimate: for all € > 0,

H(f, Tos) < [ [ ({w.s)] + 1)90) (13 min(O.Re({)) < .

vel

We deduce that f is of finite type with 7 := (I, u) as a regularizing pair (see Definition 2
of [12]). It follows then from Corollary 2 of [12] that there exist a polynomial @ of degree

at most
p = (Z u(ﬁ)) — Rank(1.) = (Z g(l/)) — Rank(I)

Bel vel

and a positive constant p > 0 such that

Na(fix) = Z f(my,...,my) =2Q(Inz) + O (x'CH‘) as & — +00.

This ends the proof of part 1 of Theorem [I7]
Assume now in addition that Rank(l) =n and 1 € con* (I). It follows that

1. Rank(I.) = n and it’s clear then that there exists a function holomorphic in a
tubular neighborhood of 0 such that H(f, Z;s) = K (((8,s))ger.);
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2. 1€ con*(1).

Therefore, the additional assumptions 1 and 2 of Theorem 3 of [I2] are satisfied and the
second part of Corollary 2 of [12] implies then that

Na(fi;x) = Colf, Pa) :1;|°|(ln3:)p +0 ((ln x)pfl) as r — +00,

H(f, Ze;0)d*" Ao(Te, Pa)
c| p!

constant (see §2.3.3 of [12]) associated to the pair Z := (I.,u) and the polynomial

Pp=X{+-+ X2

Combining (IV.22)) and the expression of J#(f,c;0) given by Theorem 15| implies that

where Cy(f, Py) :=

and Ao(Ze, P;) > 0 is the mixed volume

H(f, 7:;0) = <H<u,c>-g<">> Cu(f),

vel

where C,(f) := J(f,c;0) > 0 is defined by the Euler product ([V.6)). Moreover, if we

set
Ko (f a) = (H(,,,@—g(u)) dPtt Ao(Te, Fy) -0,

oy lc| p!

then the the constant Cy(f, P;) is positive and is given by

Co(f, Pa) = Culf) Kau(f lllla) > 0.

In particular, the degree of the polynomial @ is equal to p = (Zue s g(V)) —n. This ends
the proof of Theorem [I7] m

5 Proof of Corollary

Define the function ¢, : Nj — Ny by

(v) = 1 if Fi#je{l,...,n} such that v; = v; = |[V|x;
)= V| —max({v; |i€{1,....,n}} \ {[¥|}) +1 otherwise,

-----

We will first prove the following needed lemma.

Lemma 20. We have
(. p) = gi(v) pPI e £ O (1 |pfy)p =)

uniformly in v = (v1,...,v,) € NJ and p prime number.

Proof of Lemma
In the proof of this lemma we will use the notations: aAb = min(a, b) and aVb = max(a, b).
First we recall the following formula by To6th [32]:

0 ln
" vay _ p(p™) - (p™)
(Pt . p) = 0<§< o (prti ) (IV.23)
iclin]

If n =1, then ¢;(v1) = 1 + 1 and the lemma holds.
Letn>2. Setk=n—1¢&N.
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Let p be a prime number and v = (vy,...,v,) € Nj. Without loss of generality we can
assume that

V) <1 < ... < Uy
It follows that
l1 Cr
" vny _ A ey PP (™)
Cn(p Y % ) - Z 90<p ) @(p ) + Z gD(p +1) © (pmax{fl ..... ek})
0<l;<y; 0<l;<y;
i€1,k+1] ie1,k+1]
€1V~~~Vék<£k+1 €1V'~~\/£k>€k+1
V41 €1 Zk €1V"'V£k—1
o U1 AU AL o(P™) - p(p™) ¢
— p WAL 4 Z g (pmaX{h,...,ék}) Z o(ph1)
=0 0<l; <y; €k+1:0
1€[1,k]
V>

- ¢ ¢ (") (™) vt
v+t + Z plll/\ + A + Z 1V Vel —
£=0

— (Vk:—i-l — v, + 1)]? | g p
oz, P (et
i€[[1,k]
bVl
v—1 ) e
= (v — v Dprttre UL N N N )
e Z p Z p—1 p—1
ie[1,k]
l/kil e
_ _ 14t UL AN+ 4 AL w
= (VkJrl Vi + 1)p n Z ) .
- p—1
< v+t —1

— (V/H-l — U + 1)p1/1+--~+l/k + Z pV1/\€+.--+Vk_1/\€p€ + Z pz
=0 =0

Thus, for v = (v1,...,v,) € Nj such that v; < 1, < ... < v,, we have
Un1—1 Vi4trn g —1
Cn<pV1’ . 7pl/n) _ (Vn — Uyl + l)pl/1+-~~+vn—1 + pl/l/\Z—l—-"-‘rVn—z/\ZpZ + Z pE
=0 =0
(IV.24)
We deduce that
0 < Cn(pyl7 s 7an) - (V'rL — Un—1 + 1)p\l/|1—|l/|oo
l/k—l
< prttee Z Pid (i + - F oy )pn et
=0
< (4 o+ 2Vk)p’/1+"'+1/k*1 < 2v| p\l’lr\l'loofI'
This ends the proof of Lemma [20] O
This being done we are now ready to prove Corollary [4]
It’s clear that ¢, : (mq,...,m,) = c,(my,...,m,) is a multiplicative function. Moreover,

Lemma implies that ¢, belongs to the class €(g, k,c,0) (see Definition , where
g=gi,c=1=(1,...,1), 6§ = 1 and & is the function defined by x(v) = maxcf1,. ) Vi
Vv € Nj. Furthermore, if we denote by (ey,...,e,) the canonical basis of R", then

I'=1(k,9) :={v e Ny | n(v) =1 and g(v) # 0} = {0,1}" \ {0}
Since J ={e; | ¢, =0} =D andey,...,e, € [ = [UJ, it follows that the two assumptions
Rank(IUJ)=nand 1 € con* (I U J) hold. Set

pi= (ZW/)) +#J —n= (ZQ(V)> —n.

vel vel
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Since g(e;) =2Vi=1,...,nand g(v) =1Yv € I\ {e1,...,e,}, we have
p=2n+(#I—n)—n=#I=2"—1.

Theorem implies then that there exist a polynomial (); of degree p and a positive
constant g > 0 such that

Gn(z) = Z cn(ma,...,my) =2"Qi(Inz) + O (2" ")  as z — +oo,
= Culen)Knlcn, ||lso) 2"(Inz)* '+ O (2"(Inz)>" ) as  a — oo,

where

]_ 2" 4n—1 c (plll pl/n )
Cn(cn) ::%(cn,c;o):H<1_5) Z n R, -
p

and
Ku(cn, |llso) := lim £, (1, u;2) 2 (Inz) 2" >0, where
T—00

In(I,u,c;x) is the integral (see Definition associated to the set I = {0,1}" \ {0}

and to the sequence u = (u(v)),; defined by u(e;) = 2 Vi € {1,...,n} and u(v) =1
Vv € I\ {ei,...,e,} and to the vector ¢ = 1. This ends the proof of Corollary [ O

6 Proof of Corollaries [5], [6], [7], [§ and [9)

6.1 Proof of Corollary
Let s, : N — R, the function defined by

1
Sp(my,...,my) = Y(mq,...,m,) € N",
(m1 ) lem(my, ..., my,) (1 )
It clear that the function s, is multiplicative and that for v = (vq,...,1,,) € Njj and p
prime number, we have
Sn<1?1/17 . ,pl’n) — p_ maXi=1,..., n Vi

Thus, s, belongs to the class €(g, x,c,d) (see Definition [13), where ¢ = 1, ¢ = 0 =
(0,...,0), 0 =1 and & is the function defined by x(v) = max;—;__,v; Yv € N{.
Moreover, we have

I'=1(k,g) :={v e Nj | k(v) = 1 and g(v) # 0} = {0,1}" \ {0}

and J ={e; | ¢; =0} = {ey,...,e,}. It follows that the two assumptions Rank(IUJ) =n
and 1 € con* (I U J) hold. Moreover, p := (3, ., gw))+#J—n= (>, 9(v)) =2"—1.
Theorem (16| implies then that there exist a polynomial Q)5 of degree p = 2" — 1 and a
positive constant po > 0 such that

-----

Sp(z) = Z T E——— = @Qa(lnz)+O(x™") as x— +oo,
= Cu(s0)Kn(sn,|lloc) Inz)* '+ 0 ((In2)* %) as z— +oo,
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where

Culsn) = A (ene0) =T (1= 1) (S )
2n 1
=11, (1-1)  (Zn &) >0,

and
Ku(5n, llloe) := lim Z,(I,u,c;z) (Inx)~ > >0, where
Tr—00

F(I,u,c;x) is the integral (see Definition associated to I = {0,1}" \ {0}, to the
sequence u = (u(v)),¢; defined by u(rv) =1 Vv € I and to the vector ¢ = 0. This ends
the proof of Corollary [5 O

6.2 Proof of Corollary [6]
Let n € N\ {1}. Let u, : N* — R, the function defined by

1
Up (M, ..., My) = if ged(mq,...,m,) =1 and u,(mq,...,m,) = 0 otherwise.
(m1 ) lem(my, ..., my,) god(my ) (1 )
It clear that the function w, is multiplicative and that for v = (v4,...,v,) € Nj and p
prime number, we have
Up (P, ..., p") = p- ML Vi f glin }yi =0 and u,(p",...,p") = 0 otherwise.
1€{1,..., n

Thus, u, belongs to the class €(g, k, c,d) (see Definition [L3]), where ¢ = 0 = (0,...,0),

.....

defined by
gv)=1if .IIlliIl v; =0 and g(v) = 0 otherwise.

Thus, we have I = I(k,g) :={v e Nj | k(v) =1 and g(v) # 0} ={0,1}"\ {0,1}

and J = {e; | ¢; =0} = {ey,...,e,}. It follows that the two assumptions Rank(IUJ) =n
and 1 € con* (I U J) hold. Moreover, p:= (3, gw))+#J—n= (3, 9(v)) =2"—2.
Theorem (16| implies then that there exist a polynomial Q)3 of degree 2" — 2 ans uz > 0
such that

Un(2) = > lcm(ml,l. M) Qolnz) +0@™) a8 & oo

1<ma,..., Mnp<T
ged(ma,...,mn)=

= Culun)Enlttn, 1) In2)? 2 4 0 (n2)” ) as @ — +oc,

A~~~ —

where

SRR | ()i

veNy
min;—1,... n =0

B 1\*" 2 (kA1) 4 (B — 1) — 2k"
ST0() (e pk )




and
Ky (tn, |loe) := lim Z,(I,u,c;2) (Inz)~>"*2 >0, where
T—00

F(I,u,c; x) is the integral (see Definition associated to I = {0,1}"\ {0, 1}, to the
sequence u = (u(v)),; defined by u(rv) =1 Vv € I and to the vector ¢ = 0. This ends
the proof of Corollary [6] O

6.3 Proof of Corollary
Let v, : N* — R, the function defined by

mi... My
vp(my,...,my,) = Y(mq,...,m,) € N",
n(m 2 lem(my, ..., my,) (1 2
It clear that the function f is multiplicative and that for v = (vy,...,1,) € Nj and p
prime number, we have
,Un(pl/l, o 7an) — p|l’\*maxie{1 ,,,,, n} Vi

Thus, v, belongs to the class €(g,k,c,d) (see Definition , where g = 1, ¢c =1 =
(1,...,1), 6 = 1 and & is the function defined by x(v) = max;c(1,.. ) v Vv € Nj.
Moreover, we have

I'=1I(k,g):={v eNg[r(r)=1and g(v)# 0} = {0,1}" \ {0}

and J = {e; | ¢; = 0} = (. It follows that the two assumptions Rank(I U J) = n and
1 € con* (I U J) hold. Moreover, p:= (3>,.,9(w)) +#J —n=2"—1—n.

Theorem [16| implies then that there exist a polynomial ()4 of degree p = 2" —n — 1 and
a positive constant 4 > 0 such that

.....

Volz) = Z U ML 2"Qu(lnz) +O(x" ) as x — +o0

_ lem(ma, . my)

= Co(vn)Kp(vn, |||so) 2" In2)* "'+ 0 (2" (In2)*"7"%) as z— +oo,

where
1\ TS (k4 1) -k
= riaeo - T(-2) 7 (£ ) - I(-2) T (S8 s
p p lIENn p p k=0 p
and
Kp(Un, lllse) := lim Z,(I,u,c;z) 27 "(Inz)~ 2" > 0, where
T—00

In(l,u,c;x) is the integral (see Definition associated to I = {0,1}" \ {0}, to the
sequence u = (u(v)),; defined by u(rv) =1 Vv € I and to the vector ¢ = 1. This ends
the proof of Corollary [7] O

6.4 Proof of Corollaries [§ and

Proof of Corollary [§ I (resp. Corollary @ is similar to the proof of Corollary 4 I (resp. Coro-
llary (7 . by using Theorem |17 n instead of Theorem 16| and the identity [, c g1y pis0 V] =

I, k(%)
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6.5 Computation of C3(c) in Corollaries [4 and
The identity ([V.24)) implies that for v € Ng such that 0 < vy < 1 we have

pI/1+1 _ 1

vioove) U — 1) 9
c(p™,p?) = (1, — 1 )P+ b1

We deduce by symmetry that

o) =TT (1- ) [p3 3 )y el

p L v2>2011=0 v1>0

_ (p—1)5 LW+ +2) _p(p2+1)}
| p=1)*(+1) (-1

(il > 1 36
- (_E) RSO

6.6 Computation of C,(.) (n = 2,3,4) in Corollaries [5], [6], [7] and [9)

Constants C,,(.) in Corollaries [f] [6], [7] and [0 are equal. We will denote them by C,, in this
subsection.
e In dimension n = 2, we have

e-T1 (- 5) (S ) -5 (2 ) -T2

p k>0

e In dimension n = 3, we have

=T (1-1) (S8

P k>0

<3pp+1) 3p p )

-1 " p-12 p-1

H
H Y(p +4p~|—1)
Il

16 9 1
1—— __]g—i_]?

e In dimension n = 4, we have

1\ 4K3 + 6Kk + 4k + 1
o=TI(1-;) @3 v

p k>0

H —115<4p3+16p2+4p 6])2+6p+ 4p LD >
(p—1)* (=17 (p—1? p-1
DM (p? + 11p? + 11p + 1)
_H pld
320 891 1408 1155 1155 1408 891 320 55 1
B e e A R
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6.7 Computation of K,(c,, ||||«) (n =2,3) in Corollary

e In dimension n = 2, we have: [ = {e;,e3,€; + ey}, u=(2,2,1) and ¢ = 1. It follows
from definition [I4] that

2
HH(I,u,c;x) = / ys dy = / y5< / dyldyz) dys

y€E[1,+oo[? ys€[1,z] y1,y2€[1,400]
Y1Y2Y5 <T Y1y2<z/ys
Y3Y4Ys<T
2
s xr xr
= / Ys (—ln <—> ——+1) dys
Ys Ys Ys
y5€[17x[
1 2 1

= ga:Q In®(z) — 2% In*(x) + 22 In(z) — 22 In(z) + 5 735

We deduce that
1

Ky(co, lloe) := lim S(I,u,c;z) 27 %(Inz)? =
T—r 00

e In dimension n = 3: We have I = {e;,ey,e3,€; + €y,€e; + e3,es + €3,€; + € + e3},
u=(2,2,2,1,1,1,1) and ¢ = 1. It follows from definition [14] that

?EY Sy ) )

Fs(1,u,c;x) = / Yrysyoyio dy = / Ysyoyio / yrdy
y€[1,+00[10 Y8,Y9,¥10€[1,+00| Y1,-,y7€[L,+o00]
Y1Y2Y7Y8Y10<T Y8Y9Y10<T Y1Y2Y7<T/Ysy1o
Y3Y4Y7YoY10<T Y3Yay7<z/Yoy1o0
YsY6Ysyoy10<T Y5Y6<T/YsYoy10
T
= / Ysyoyioh ( ) / Y7 dyi 2,347 dYs 9,10,
YsYalYi0
Y8,Y9,¥10€[1,+o00[ Y1,Y2,Y3,Y4,y7€[1,+00[
YSYIY10<T Y1Y2Y7<T/YsY10
Y3Yay7<T/Yoy10

where h(u) = uln(u) —u + 1. We deduce that

X
y10(¥gVy9)

x
f3(17 u, C; $) = / y8y9yfoh < ) / Y / dy1,2,3,4 dyz dy8,9,10
YsYolY10
Y8,Y9,Y10€[1,+00] yr=1 Y1,--YaE€[1,400[
Y8Y9Y10<T Y1y2<x/YyryYsy1o
Y3y4<T/Y7Yoy10
ylo(yzv.ug)
T T T
= / ygygyfoh <—) / yrh ( ) h ( ) dy; dy8,9,10
YsYalYio Y7YsYio Y7YalYio
Y8,Y9,Y10€[1,400[ yr=1
Y8Y9Y10<T
y1o(yfsv3!9>
T T T
= / Yo / ygygh( ) / y7h< )h( > dyr dys.0,10
YsYol10 YrYsyio YrYo¥Yio
y10€[1,7] y8,¥9€[1,400[ yr=1

ysyo<z/y10
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The symmetry on the variables yg and y9 implies then that

/T —_x
Y10 Y9 ¥8¥10

F3(I,u,¢;r) =2 / yfo/ / /y7ysy9h( - )h( ’ )h( ’ )
YsYalio Y7Ysyio YrYa¥Yio

y10€[1,x] yo=1 ys=1 yr=1
dyr dys dyg dy1o
_x x x
Y10 Y9¥10 Y8Y10

T T T
w2 [ [ [ () () )
YsYolY10 Y7Ysyio0 Y7rY9¥Y10

y10€[1,z] yg:\/% ys=1 yr=1
dyr dys dyg dyio

The change of variables z; = In(y;)/In(z) implies then that

1 (1-210)/2 29 1—z3—210
fg([’ u, C; l’) =92 1114(1‘) / / / / $2Z7+2z8+229+3z10h (xlfz;ngszm) h (x17277z87zl0) >
210=0 29=0 28=0 27=0
h (IL’I_Z7_29_210) dZ7 ng ng leO
1 1—z10 1—2z9—2z10 1—28—210
+ 2 1n4 (.I) / / / / x227+228+229+3zloh (xl—Z8—Zg—Z10) X
210=0 z9=(1—z10)/2 28=0 27=0

h (x1—27—28—310) h <x1_27_z9_210) dz7 dzg dzg dz1

= 3 (—1641728 ln7(:ic) - —ﬁégo lnﬁ(w) + % ln5(x) — 3—12 ln4(:ic) + glng(:p) — }Lln(:zc) — % + O(wa_l)) )

It follows that

A7
K w) = lim F(L,u,c;z) 23 (lnz) ™" = ——.

6.8 Computation of K,(s,, ||||«) (n =2,3) in Corollary

e In dimension n = 2: We have I = {ej,e3,e; + e}, u = (1,1,1) and ¢ = 0. It follows
that

d 1
Hh(1,u,c;z) = / vy _ —In®(x).
Y1Y2Y3
Y1,42,Yy3€[1,400]
Y1Y3<T
Y2Ys<xT

We deduce that

1
T—00

e In dimension n = 3: We have I = {e;, e, e3,e1+€3,€1+e€3,62+€e3,e;+es+e3},u=1
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and ¢ = 0. It follows that

d
F3(1,u,c;z) = / Yy =In"(z dz
Y1Y2YsyYaYsYeyYr
Y1, Y7 E€[1,+o00] 21,00, 27€[0,400]
Y1YaYsY7<T z1+z4+25+27<1
Y2YaYeY7<T zo+za+ze+27<1
Y3YsYeY7 T z3+2z5+26+27<1

= 1117(.T) / / (1 — 25 — 2 — Z7> d2172’4 dZ5’6’7

25,26,27€[0,+00[ 21,22,24€[0,400]
z5+z6+27<1  z1+24<1—25—27
z2+z4<l—26—27

1—2z7—2z5Vzg

= 1H7(I) / / (1 — 25 — 2¢ — 27) d2’172,4 dZ576,7
z4=0 21,22€[0,+00[

25,26,27€[0,+00][
z5+26+27<1 21l —24—25—27
zo<l—24—26—27
1—2z7—2z5Vzg
7
=In'(z) / (I—zg— 25— 27) (1 — 24 — 26 — 27)(1 — 25 — 26 — 27) dza dz5 67

25,26,27€[0,400[ z4=0

z5+z6+27<1

The symmetry in z; and z¢ implies that

l—zg—z7 1—2z6—27

(1-27)/2 26 1—z6—z27
(I i) = 21 //// / / / /

= z25=0 2z4= 27=0 2= 1 27 /2 25=

11
= —In(z)

3360

We deduce that
11

K. ) = lim (1 ) (lnz)" = —.
3(837 HH ) $1_>I£lo 3( 7u7c7x> (n'r) 3360

= 2,3) in Corollary [

6.9 Computation of K, (uy,,||||s) (

e In dimension n = 2: We have I = {ej,e2}, u= (1,1) and ¢ = 0. It follows that

d
Hh(1,u,c;z) = / Y In*(z)
Y1Y2
y1,Y2€[1,400[
Yy1<T
Y2z

We deduce that
Ko(ua, ||||leo) := lim H(I,u,c;x) (ln:r;)*2 =1.
r—r0o0

e In dimension n = 3: We have I = {e;, e, e3,e; +€3,€; +e3,ea+e3}, u=1landc=0
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It follows that

I3(I,u,c;r) = / A In°(z) / dz

N Y2Y3Y4YsYe
Y1, ,y6 €[1,400] 215,26 €[0,400[
Y1Y4Ys5<T z1+z4+25<1
Y2Y4Y6 ST zo+z4+26<1
Y3YsY6<T 23+25+26<1

= ln6(x) / / (1 — 25 — 26) d2317274 dZ576

25,26 €[0,+00[ 21,22,24€[0,+00]
z5+26<1 z1t+2z4<1—25
z2+2z4<1—26

1—25Vzg
= 1116(13) / / / (1 — 25 — ZG) dZLQ dZ4 dZ5’6
25,26€[0,400[ 24=0 z1,20€[0,400[
z5+26<1 z21€<1—24—25

zo<l—z4—2¢
1—25Vzg

= In®(x) (1— 24— 25)(1 — 24 — 26)(1 — 25 — 25) dzg d2s6
/]

z5,26€[0,+00] 24=0
z5+26<1

Using the symmetry of the integrant in z5 and zg implies that

26=0 25=0 z4=0 z6:1/2 2z5=0 24=0

11

We deduce that

11

K = li Lu,cz) (Inz) 0= —.
3(“37 ||||OO) zg{olo j?)( ,u,c,m) (HZE) 480

6.10 Computation of K, (v,,|||l«) (n =2,3) in Corollary

e In dimension n = 2: We have I = {ej,e2,e; + e}, u=(1,1,1) and ¢ = (1, 1).

3 1
Hh(I,u,c;x) = / ysdy = 2° In(x) — 5952 + 2 — 5
Y1,y2,Y3€[1,+00[
Y1Y3sT
Y2y3<T

We deduce that

Ky(vg, ||[|oo) := lim (I, u,c;2) 272 (Inx) !t = 1.
T—>00

e In dimension n = 3: We have I = {e;, e, e3,e;+€3,€1+e€3,62+€e3,e;+es+e3},u=1
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and ¢ = (1,1,1). It follows that

F(lu,cz) = / Yaysysyady = In’ () / gttt 2eat e+ 2264327 g
Y1, ,Y7€[1,+00[ 21,...,27€[0,4+00[
Y1YayYsY7<T z1+z4+25+27<1
Y2Y4Y6 Y7 ST zotza+2z6+27<1
Y3YsY6Y7T z3+2z5+26+27<1
7 5 9 3 .1.1—25—26—27 _ 1
—1In (x) x21+22+ z4+-+226+327 dZ17274 d25,6,7
In(x)
25,26,27€[0,4-00[ 21,22,24€[0,4-00[
z5+z6+27<l  z14+za<l—25—27
zo+2z4<1l—26—27
1—2z7—25Vze
_ 1n4($) / x224+---+226+327 <x17257267,27 _ 1)(1,17247,257,27 _ 1)X
25,26,27€[0,+00[  24=0
z5+z6+27<1
X (ZL‘I_Z4_Z6_Z7 — 1) dZ4 d2576’7
By symmetry in z5 and zg we get
1 (1-27)/2 z6 1—z6—27 1—z6—z7 1—zg—27

I3(I,u,c;z) = 21In*(x) / / ZZ / / /

=0 26=0 z5 27=0 z6=(1—27)/2 2=
1 1 67
- Ex?) In*(z) — Zx?’ In®(z) + % 2% In(z) — Ex + O(z 2+€).
We deduce that
) B _ 1
Ks(vs, |||loo) == g}l}r&ﬂyj(f,u,c;x) 7% (Inz) ™ = 6

6.11 Computation of K,(.,|||ls) (n =2,3) in Corollaries [§ and [9)
Sargos’s volume constant

First we will recall some notations from §2.3.1 of [12]. Let Q(X) = }_c..p(0) @aX* be
a generalized polynomial with positive coefficients that depends upon all the variables
Xy, ..., X,. We apply the discussion in [27] (see also [20]) to define a “volume constant”
for Q.

By definition, the Newton polyhedron of @ (at infinity) is the set £°(Q) := (conv(supp(Q)) — R%) .
Let Gy be the smallest face of &£°°(Q)) which meets the diagonal A = R, 1. We denote
by oy the unique positive real number ¢ that satisfies t7'1 € Gy. Thus, there exists a
unique vector subspace G of largest codimension p, such that Gy C oy 14 80. Both
Po, 0o evidently depend upon @), but it is not necessary to indicate this in the notation.
We also set Qa,(X) = > qeq, @aX®.

There exist finitely many facets of £°°(Q)) that intersect in Gp. We denote their normalized
polar vectors by Ay, ..., An.

By a permutation of the coordinates X; one can suppose that @filReiEBng = R", and that
{€mni1,---,€,} is the set of vectors to which G| is parallel (i.e. for which Gy = Go—R €;).
If Gy is compact then m = n.

Set A = Conv{0, A1, ..., An,€p41,...,€,}. It follows that dimA = n.

Definition 1. The volume constant associated to () is:

Ap(Q) :==n! Vol(A) / / Po0(1,x,y) dx | dy
[1,4o0)n—m \ JRT 70
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In (|27], chap 3, th. 1.6) (also see [26]), P. Sargos proved the following important result
about the function

oY@ = [ Qudx.

[1,4-00)"

Theorem (P. Sargos): Let Q) be a generalized polynomial with positive coefficients. Then
Y (Q;s) converges absolutely in {Res > oo}, and has a meromorphic continuation to C
with largest pole at s = og of order py. In addition, the volume constant of () is given by

Ap(Q) = lim (s — 00)™ Y(Q;s) > 0. (IV.25)

S—00

Mellin’s Formula

We will also use the following classical Mellin’s formula:
Let wy,...,w, € C such that Re(w;) > 0 Vi = 0,...,r, Let py,...,p. > 0. Then, for
s € C verifying Re(s) > p1 + - -+ + p,, we have :

I'(s) (s —|z|) [T, T(z) dz
O rmowr)”  (2mi)r /pl) /T 0 |z| (T, w) y (IV.26)

where the notation f(p) denote the integral on the vertical line Re(s) = p.

Computation of K,(c,,|||ls) (n =2,3) in Corollary

e In dimension n = 2: Corollary |8 implies that

Ks(ca, [[la) = d— Ao(T, P), (IV.27)

where Ay(7, P) is the mixed volume constant (see §2.3.3 of [12]) associated tothe polyno-
mial P = X{ + X and the pair J = (f,u = <U(B))Bei)7 where [ = {1(e; +es), €1, e},
and

u (%<e1 + e2)> =1 and u(e) = ufes) = 2.

It follows then from the construction given in §2.3.3 of [12] that
Ao(T, P) = Ap(Q), (IV.28)
where Ay(Q) is the volume constant associated to the polynomial
QX1 Xo, Xy, X, X5) = X772 X4 X5 + X2 X (XY
By using notations of §7.7.1, we have
E°(Q) = conv (supp(@) — Ri) = conv ({(d/Q, d,d,0,0),(d/2,0,0,d,d)} — Ri) ,

Go = conv{(d/2,d,d,0,0),(d/2,0,0,d,d)}, o9=2/d and py=4.

Sargos’s Theorem above implies then that

A(Q) = lim (3—2)45/(@;3). (IV.29)
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This being done we will now compute the principal part of the integral Y (Q; s).
First we remark that for Re(s) > 2/d, we have

2 1

d d _ _

Y(Q;s) = / (Il/ngxg + xl/Qq;ng) Sd$1,2,3,4,5 == / (ﬁgﬁg +$Z$g) sd$2,3,4,5
[1,00)° [1,00)%

ds— %
(IV.30)
Mellin’s formula (IV.26)) implies that for Re(s) > 2/d,

. 1 I'(s — 2)I'(z —d(s—2 —dz
/ (l’gﬂfg + I’il’g) dl’27374’5 = —/ / %(%21’3) a( )(.274.’13'5) d dx2,374,5dz
[1,00)% [1,00)* /(2
1

271 /d) S
I'(s —2)['(2) 1 1
=5 s — n 5dz
T J(2/d) (s) [(s—2)—21]" [z — 3]

Moving the integration line to left until %{ and using residues theorem imply that

_ 1 I'(s—2)'(2) 1 1
2éxd + 2% " dx = — / dz (IV.31
/[1,oo>4( SR P S o e L

: il
PO ) T} ()T
d*T(s) [s — 2}2 d*T'(s) [s — 2}2 d*T'(s) [S — %}3

d d

Since the integral in the right side of (IV.31)) define a holomorphic function in Re(s) > =
we deduce by usin in addition ([V.30)) that

4 2
A(Q) = lim (8 - %) Y(Q;s) = tzr(z) . (IV.32)
Combining (IV.27)), (IV.28) and (IV.32) implies that
112
Ka(es, ||[la) = é?% (1V.33)
e In dimension n = 3: Corollary [§ implies that
8
Ks(cs, |[lla) = oo Ao(7, P), (IV.34)

where Ag(7, P) is the mixed volume constant (see §2.3.3 of [12]) associated tothe poly-
nomial P = X{ + X¢ 4+ X3 and the pair 7 = <.f, u= (u(ﬂ))ﬁd>, where

~ 1 1 1 1
I = {5(61 + ey + eg), 5(61 + eg), 5(81 -+ e3), 5(62 + eg),el,eg,eg}

and u = (1,1,1,1,2,2,2). It follows then from the construction given in §2.3.3 of [12]
that
Ao(T, P) = Ao(Q), (IV.35)

where Ay(Q) is the volume constant associated to the polynomial

_.d/3 . d/2 d/2 4 d d/3 dj2 d/2 d d d/3 d/2 d/2 d d
Q@1 w10) = &) wy Twy Tafwk + @y wh wy Twgay + w1y wg Ty .
By using notations of §7.7.1, we have

Go = conv{(d/3,d/2,d/2,0,d,d,0,0,0,0),(d/3,d/2,0,d/2,0,0,d,d,0,0),(d/3,0,d/2,d/2,0,0,0,0,d,d)},
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oo=3/d and py=38.

Sargos’s Theorem implies then that

Ao(Q) = Tim (3_5)83/(@;3). (IV.36)

s—3/d d

This being done we will now compute the principal part of the integral Y (Q; s) at s = 3/d.
More precisely, we will show that for Re(s) > 3/d,

_3nr(3)°Tr(s=2)  H(s)

DT s3]  [-3]

(IV.37)

where H is a holomorphic function in the bigger domain Q = {Re(s) > 2}.
In the next computation we will denote by H a generic holomorphic function in €.
By using Mellin’s formula (IV.26)), we obtain that for Re(s) > 3/d,

' B 24 1 [(s — 21 — 22)T(21)T(22)T(s) "t dz10
Y(Q,S) ) [s _ %} (27”)2 / 2 ) 2 2 )
g =a-m=) G- 6 -0 6-5-3)]
(p2)=2y -
- 24 1 F(S — 21— ZQ)F(Zl)F(ZQ)F(S)_l dZLQ
©d0 s — 3] (2mi)? 2
R A O KR R 1)1 [CEF RCEPE]
(p2)=354 -
) [ T (s— 2 — 2) T(z1)T (22) ] ;
02 | (s — 21 — 2, — 1)2 2y (g 2 -
24 1 2 (s—an-—m-g) (at+tzn-3) (s-2-3) .
—
2 ls=alem T T (= 1) (-2 3)
P1)=13g
9 [ [ (s — 21 — 2) T(z1)T (22) ] ;
021 | (s — 21 — 2, — 1)? _2 _ 2 2
24 1 H—an-2-3) (a+2a-3)(-—xa-3)]. .
+ N d
le |:S—§:| 27]'2( | ) F(S) (22_5)2 (5_22_%)
P2)=3g
121 I'(s=2)T(2) (2 - 2) { 1 1 1 i
d [s — 3] 27”(,32):; I'(s) (s — %)3 (22 — §)4 S+zm—3% s—zm—2
H(s) 12 1 [ (s—2)T(2) (2 — 22)
= 3\7 ) 3\ 97 3\3 1\4 dZ2
(s—3) d (5_3)27”( ) s—3) (2—3) (s+2-73)
P2)=34
0 [ [ (s — 21— 2) DT () ] "
24 1 / 02 [(s—u-—n-g) (a+a-3)(s-—2-10)] .
+ — d
Iy EIPEDH T
P1)=132g
__H) 2 P T (s =2 D) (3 - =)
(3—3)7 J10 (3_3)4823 I(s) (s+2—13) ot
T (L Lz T (s — 2 — 1L ra (i (2 (s— 2 — L
i 1024 (d)2 Res (21) (33 1 d)3 (d)2 Res (=T (s _ 21— ) .
L T i U A ) (i
() Tl (== -4 D o T (== -1)
1 B 1
-9 T6-a-9 @ G- 6-a-D (-



+ 3 1\3

(s—@)==ils—=-3) (a-3)] ,
_ H(s) 12 I'(s—2)T(3) 24%20 DI (s—2)I(3)
C(s=3)" ao(s—3)° T(s) 40 (s -3 T(s)

dlo(s—g)g I (s) dio (s
H{(s) L1231 I (s—2)Tr (%)
T T

This ends the proof of (IV.37). Combining (IV.34), ([V.35)), (IV.36]) and (IV.37) implies
that

31T ()7
Ks(es: lllla) = 55575 dgdr) ol (IV.38)
d

Computation of K,(v,, ||[l4) (n =2,3) in Corollary [9]
e In dimension n = 2: Corollary [9] implies that

d2
KZ(U27 ||||d) = Z Ao(g7p)7 (IV39)

where Ay(7, P) is the mixed volume constant (see §2.3.3 of [12]) associated tothe polyno-
mial P = X{+ X¢ and the pair 7 = (f, u= (u(ﬂ))ﬁd>, where I = {1(e; +e2), e1, €2},
and

" (%(e1 4 eg)) — u(er) = ufey) = 1.

It follows then from the construction given in §2.3.3 of [12] that
Ao(T, P) = Ao(Q), (IV .40)
where Ay(Q) is the volume constant associated to the polynomial
Q(X1, Xs, X3) = X X4 + XX,
By using notations of §7.7.1, we have

1 1
Go = conv{(d/2,d,0),(d/2,0,d)}, oo = 2/d, po =2 and A = conv {0, C—Z(Z,O,O), C—Z(O, 1, 1), 63} )

It follows then from Definition [1l above that

Ao(T, P) = Ap(Q) = 3! Vol(A) /R+ P(1,25)" % das = %Fr(é—//cg;.
By using in addition ([V.39) we obtain that
Katea ) = o (V.1
e In dimension n = 3: Corollary [9] implies that
P
Ks(vs, [[[la) = 35l Ao(T, P), (1v.42)
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where Ayg(.7, P) is the mixed volume constant (see §2.3.3 of [12]) associated to the poly-
nomial P = X{ + X¢ + X3 and the pair J = (f, u= (u(ﬁ))ﬁd>, where

~ 1 1 1 1
I = {§<el + e+ e3), E(el +ey), §(e1 + e3), §(e2 + eg),el,eg,eg}

and u = (1,1,1,1,1,1,1). Tt follows then from the construction given in §2.3.3 of [12]
that

Ao(T, P) = A(Q), (IV.43)
where Ay(Q) is the volume constant associated to the polynomial
Qxy,...,x7) = d/gasgﬂxd/zxd + xd/gzvg/Qxd/Q dy d/3x§/2xi/2 d

By using notations of §7.7.1, we have
Gy = conv{(d/3,d/2,d/2,0,d,0,0),(d/3,d/2,0,d/2,0,d,0),(d/3,0,d/2,d/2,0,0,d)},
oop=3/d and py=>5.
Sargos’s Theorem above implies then that

Ao(Q) = nm,(s-§>5ny;g. (IV.44)

s—3/d d

This being done we will now compute the principal part of the integral Y (Q; s) at s = 3/d.
Using Mellin’s formula (IV.26)) as in the proof of (IV.37)) imply that for Re(s) > 3/d, we
have

Y(Q;s) :/ (z d/3$g/z 27 g + d/gx;l/%d/zwd+$d/3$§/zxi/2$?) *dx123.456,7
[1,00)7

30 (s-2)T (R H)

= +
5 1
dT(s)[s=3]"  [s—d
where H is a holomorphic function in the domain Q = {Re(s) > 25 }.
We deduce that .
36T (1)
A(T7,P)=A = ——4
0( ) O(Q) AT (g)

It follows then from ([V.42)) that

Kovn, ) = —2)

TR (IV.45)
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Chapter V

Complements to the Chapter IV

This Chapter 5 is a complement to Chapter 4. In, Chapter 4 we have not given the ana-
logues of the corollaries of [b] and [6] for the Holder’s norms. The reason is that Essouabri’s
Tauberian theorem does not apply as it is to these two cases. We therefore start in this
chapter with a slight extension of Essouabri’s theorem on mixed zetas functions Th.
3) and deduce from it a more general version of Theorem [17|of Chapter 4. As an applica-
tion, we will obtain in the Corollaries [I0] and [L1] the analogues of Corollaries [f] and [6] for
Holder’s norms.

1 Preliminaries

Let P € R, [Xq,...,X,] be an elliptic homogeneous polynomial of degree d > 0 with
non-negative coefficients and let f : N* — C be a multiplicative function.

We suppose that there exist ¢ = (c1,...,¢,) € RL, I ={B4,...,8,} e R}\{0},u: I = N
and € € RY such that

f(my,...,my)

n — 1s absolutely convergent in {o; > ¢; Vi €
mit...mgn

Los = A (f;s) == > emn
[1,n]},

2. s H(f,c;8) :=[1i_,(B;8)" B (f;c+s) has a holomorphic continuation with
moderate growth to {s; > ¢; — e Vi € [1,n]}.

We will introduce in this section several objects attached to P, ¢, [ and u that we will
use in the statements and the proofs of the main results of this chapter.
First we write P in the form

p
P(X) =) aX*,
k=1
where a, ..., o, € N verify |oy| =+ = |ap| =d and a4, ...,a, € RY.
In particular, we have Supp(P) = {ay, ..., a,}.
We also set (ey,...,e,) the canonical basis of R™.

Since P is elliptic, we have {de; | ¢ € [1,n]} C Supp(P) and therefore the cone generated
by Supp(P) is equal to R. It follows that ¢ € con(Supp(P)) = con({a1,...,a}).

We define a subset J of [1,p] and a vector 6(°) of R as follows:
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1. If ¢ # 0, we define J C [1,p] by ¢ € con*{ey;; j ¢ J}. Thus, there exists {(5J(.O)}j¢J €
R such that ¢ = jep 5j(-0)aj. We also set in this case
i¢J
5@ = 3" §\V; e RY. (V.1)

J€(1.p]
J¢T

In particular,
p
c= Z 5j(.0)aj (V.2)
j=1

and

L 5749 = 16O since Jeu| = d ¥ € [1.1]
i¢J

2. If c = 0 we set J = [1,p] and 6(® = 0.

We also set in both cases
Ey={ejljeJ}, M=) e and &=(0...,5,) =06+ e R} (V.3)
jeJ

In particular we have |§] = % +|J].
Let I ={B,,...,8,} CR}\ {0} and u: I — N as in the beginning of this section.
We define T}, : I — R%, I’ and up : I’ = N by

051,1 e ap,l

\V//BZ = (ﬁi,lv“'uﬁi,n) c I, Tllg(ﬁz) = (ﬁi,l?"'7/8i,n> = (ﬁi'al,...,ﬁi'ap)

al,n PR ap,n

I'=Tp(I)UE; and VveT, up(v)=lyep,(v)+ > u(B)

ie1,r]

T}(ﬁifiv
(V.4)

Remark 17. We have v -6 > 0 Vv € I'. Indeed,
Ifve E; thenv-6 =1.
If v.eI'\ E; then there exists | € [1,r] such that v =Tp(B,;) and we have

P n n p

v = Z(Z Bl,kai,k>6i = Z 5l,k (Z ai,k5i>
=1 k=1 k=1 i=1 (V.5)

i€[1,p]

> Zn: ﬂlk< min 5i> (Zp: Oéi,k) 2 0,
k=1 i=1

as min;eq p 6; > 0 it follows that v -6 = 0 imply that for each k € [1,n] such that B > 0
we have Y7 _ o = 0. Consequently for k as above we have o, = 0 for each i € [1,p],
it follows that P is independent of the variable X;. Hence au contradiction. It follows
that v - 8 > 0. This ends the proof of the remark.

Remark allows us to define Tp : I’ — RE Tandup:I — N by
YWwel Tp(v)=(v-8)'v, I=Tp(I') andVwelup(w)= > up(v)

vel
Tp(v)=w
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Moreover, we have the identity

Surw) =3 3 wpv) = S up(v) = 111+ 3 u(g) (V.7)

wel weij‘Es)I/:w vel’ Bel
and by using definitions of Tp, T and relations (V.1)), (V.3),(V.4) we also have
v.§ = B-c+ Zje]ﬁ a; ifv= Tp(8) (V.8)
ifvek);
~ 1
= { B-a,.. . B « ;ﬁeI}UJ V.9
,6 c+ ZJEJ,B ( 1 p) ( )
Furthermore

H(V.g)u’p(v) _ H (v-8)2'r™) H (v-8)u'r()

vel vEE; vel'\E;
= I @m0
Bel
Tp(B)EES

because v-§ = §; = 1 for each v € Ej.
From definition of T} and relation (V.3) we get

[[vor=™= 1] Zﬁzzaﬂ

ver Bel  i=1

Tp(B)EE;

10D DRPLES S SO
I =1 1

Tlg(%e)ngJ = (V.10)
Bel jeJ

Tp(B)EE;

:H(g c+ Z'B c )i
Bel jeJ

2 Main results of this chapter

The following theorem is an extension of Essouabri’s result on mixed zeta functions, see
[12, Theo. 3|

Theorem 18. Let P € R [Xy,...,X,] be an elliptic homogeneous polynomial of degree
d > 0 and with non-negative coefficients. We write it as P(X) = > 7_, axX** with a; > 0
for each j € [1,p].

Let f : N" — C be a multiplicative function. We suppose that there exists ¢ € [0, +o0[",
I={B,....8,} e R} \ {0}, u:I — N and e € R} such that

1.s = M(f;s) = D menn f(ﬂ’g,...,mn) is absolutely convergent in {o; > ¢; Vi €
[1, 71},

mio...mpn
2. s H(f,c;8) = [[_(B;-8)"P) . (f;c +8) has a holomorphic continuation with
moderate growth in {s; > ¢; —e Vi € [1,n]}.
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Let J C [1,p] the set defined by c € con*{ej; j ¢ J} ifc# 0 and J =[1,p] ifc=0
We set E; = {ej;j € J} and p =3 5., u(B) + |J]| — Rank(l U Ej) +1 — 1g)(c).
Then,

f(my,...,my)
s+— Z(f; P;s V.11
P9 = D Bom o (V.11)
meN?
is holomorphic in {Re(s) > |c|} and there exists n > 0 such that s — Z(f; P;s) has a
meromorphic extension to {c > |c| —n} with one possible pole at s = |c| of order at most

p.
If we assume in addition that 1 € con*(I U Ej) and there exists K a holomorphic function
in a tubular neighbor of 0 such that 7€(f,c;s) = K((B8-s)gerug,). Then, by using notation

5,f,up defined in section §1, we have
T(d,8,a;c) H(f,c; O)df"l AO(T; up;a)
[I5e,(B-c+ deJ/B a;)uls (5 - ’CDP

dr(161) ITes 2

(1)
and where AO(Z:; up;a) is the volume constant, see Chapter II section associated to
triplet (I,up,a) with a = (a,...,ap).

Z(f; P;s) = +0 ((s — \c[)’(p’l)) as s — |c|.

(V.12)

where T'(d, §,a;c) = ifc#0 and T(d,d,a;¢) =T'(p)[['_,a; ifc=0,

7j=1

Remark 18. Essouabri established above theorem in the case where c € (R%)". With a
slight extension of his argument, we will prove it in the case of c € R,

The combination of this extension and Theorem (15| of Chapter IV implies the following
extension of Theorem [17] of Chapter IV

Theorem 19. Let d > 1. Let f : N* — R, be a multiplicative non-negative function.
We suppose that f belongs to the class €(g, K, c,d) associated to the data (g,k,c,0), see
Definition[13 We set I = I(k,g) = {v € No \ {0} | k(v) =1 and g(v) # 0}.

Let J={je[l,n] | ¢; =0} and E; = {ej;j € J}. Set

po = Zg(l/) + |J| — Rank(I U Ej).

vel

Then, there exist a polynomial Q) of degree at most pg and a positive constant n > 0 such
that

Na(f;z) = Z f(my,...,my,) = x‘“lQ(ln x)+ O (x|c|_”) as T — +o00.

Furthermore, if we assume in addition that Rank(l U E;) = n and 1 € con* (I U Ej),
then, the degree of the polynomial Q) is equal to py = (Zye[ (v ) + |J| —n and the main
term of Ng(f;x) is given by

Haf12) = Col ) EKn(F, [la) 2 (I x) + O (2 1)  as & — +oo,
where C,(f) := F(f,c;0) > 0 is defined by the Fuler product and

d T(18]) Ao(1;upi1)
r <%> lcl po! TL,e;(B-c+dY e, v)9)

Ko (f Mlla) = if c#0
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and

I'(n)d™ Ag(I;up;1)
po! Tl,er V19
where &, I and up are defined from I := I(k,g) and u:= g as in section §1,

and where Ao(f; up; 1) > 0 is the volume constant (see Chapter 11 section associated
tol, up and 1.

Kn(f: la) = if c=0.

As a consequence of theorem [I9 we obtain the following two corollaries:

Corollary 10. Let n € N and d > 1. There exists a polynomial Q)7 of degree 2" — 1 and
pr > 0 such that

Sn.a(z) == Z ! =Q:(Inz)+O0(x™") as x— 4o0.

lem(myq, ..., my,)

In particular, we have

Sndl@) = Culsn) Knlsns [la) M)+ 0 () 2)  as x> +oo,

Culsn) =] ] (1 - %) : (Z W) >0, (V.13)

p k=0

where

and .
(=T, Y
d (2" —1)!
where I and up are defined as in section §1 from ¢ =0, I = {0,1}"\ {0} andu: I — N
defined by u(v) = 1 Vv € I and where Ao(f; up;1) > 0 is the volume constant associated

to f, up and 1.

Ko (sns [l[la) = Ao(T;up; 1) >0,

Corollary 11. Let n € N\ {1} and d > 1. There exists a polynomial Qg of degree 2™ — 2
and pg > 0 such that

Up.a(z) == Z ! =Qe(lnz)+O0(x™") as x— +o0.

lem(myq, ..., my)

ged(ma,. ) =1

In particular, we have

Una(2) = Cr(tn) K (tn, |[loo) Inz)* 2+ 0 ((In2)*" )  as x— +oo,

Clun) =[] (1—1) : (Z <k+1)n_kn_1> >0, (V.14)

k
k=0 p

where

and

(n— DT
d (2n —2)!

where I and up are defined as in section §1 frome =0, I = {0,1}"\{0,1} andu: I — N

defined by u(v) = 1 Vv € I and where Ao(ﬂ up; 1) > 0 is the volume constant associated

to T, up and 1.

Ko (tt, ||l o0) = Ao(T;up;1) > 0,
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3 Proof of Theorems [18 and [19

We will use the notations introduced in §1.
First we will prove the following lemma:

Lemma 21. Let § € (R%)P defined by in §1. Let 8" € (RL)P and z = (21,...,2) €

&' + 6 +iRP, then for w € I we have Re(w - z) > 1.

Proof. Let w € I, then there exists v € I’ such that w = (v -&)~'v. It follows that
5/

Re(w-z)=w- (6" +0) = 5 + 1. So to conclude it’s enough to verify that v -é’ > 0.

V .

Asin (17), if v =Tp(B) with 8= (B1,...,B,) € I then, we have

V-6’>Zn: (mln 5)(20@;{) > 0

i€[1,p]

The term on the right side is positive since P depends on all the variables Xy,..., X,,. O

We need also the next tauberian lemma for Dirichlet series with abscissa of convergence
equal to O:

Lemma 22 (Tauberian). Let D(s) = > -, i be a Dirichlet series with non-negative

coefficients with 0 < Ay < Ao < .... We suppose “that s D(s) is absolutely convergent in
{Re(s) > 0} and that it has a meromorphic extension with moderate growth to a half-plane
{Re(s) > —n} with n > 0. We also assume that D has a single pole in this half-plane at

s =0 and D(s) ~s_0 C—'Z with ¢, > 0 and p € N. Then, there exists a polynomial of degree
s
p and § €)0, 1] such that

Alz) = an=Q(Inz) + O(z™) (V.15)
An<x
Moreover,
Ax) = % (In2)” + O((Inz)*™ ") as x— +oo.

bn
Proof. We set b, = \a, foreach n € N, B(z) = >, _ b, and G(s) =) -, YL

We have for Re(s) > 1, "

b, an,
G(s) =) =25 = Dis=1)
n>1 "N n>1 "N

It follows that G(s) is absolutely convergent in {Re(s) > 1} and has a meromorphic
extension with moderate growth to {Re(s) > 1 — 7} with only one pole at s = 1 of order

p and
c

p
(s — 1)
Landau’s tauberian theorem (see Theorem [21]in the Appendix), implies then that there
exists H € C[z] polynomial of degree p — 1 and ¢ > 0 such that

G(s) ~ as s — 1

B(z) = Z by, = rH(Inz) + O(x' %) as 2 — +o0 (V.16)

An<z
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Landau taberian theorem implies also that the coefficient of the dominant term of H(x)
p

(p—1

Writing the error term as z'~%u(x) with u(z) = O(1) and using the Riemann-Stieljes

integral we deduce that

is equal to

Z“n—ZA by —/_ 1dB(t)

:@[ﬁ—k/ﬁwdt

t Ly 12

_B@T) _ BM) B(t)
22, [

2
1
B(z* a
B 1B,
T - t

By using in addition equation (V.16)), we deduce that

(V.17)

zt

dt

+ +
Alz) =H(nz) 4+ z%u(zt) + (tn ) dt + / :Jl(—f(z dt
AT AT

! (V.18)

+
_ " H(Int) o u(t) /+°° u(t)
=H(l Su(z™t ——dt dt — dt
) otuet) + [ G e [ Rga [

since u(x) = O(1) for x € Ry, we have
o 2% (z%) = O(x79),

+Oou(t) B
’/ﬁ St =0(),

+o00 u(t)
° /_ e dt is convergent and we set K = / t1+5 dt

1

Let G € R[z] such that G’ = H and G (In(\;)) = 0. Equation (V.18) implies then that
A(z) =H(Inz) + G(Inz) — G (In(\)) + K + O(2™%)
=G(lnz) + H(nz) + K +O(z™%)

The function G(z)+ H(z)+ K € R]z] is a polynomial of degree p, moreover since G' = H
we deduce that the coefficient of the dominant term of G is ( Cp 0] = C—’;. [
p—1lp  pl

3.1 End of proof of Theorem

First we remark that it suffices to prove the assertion of the theorem for Z(f, 1+ P;s).
Indeed, if we set o( the abscissa of convergence of Z(f; P;s), then Taylor formula implies
that for any K € N, and s € C such that 0 = Re(s) > 0y, we have

o  (m) Lo
Z(f;P;s) = (1 + P(m))*/d [1 B 1+P(m)]

meNn

_ <_Z/d)(—1)k2(f,1+P,s+dk) (V.19)
k=

+O (L +[sP*MZ(If],1+ P, s+ d(K +1))) .
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Let 6@ = (61,...,5)") € R? defined by (V). Let &' = (5},...,0,) € R?. Mellin-

+
Barnes integral formula (see Lemma in the Appendix), implies that for s € C such
that Re(s) > 1, we have

. L f(ma,...,my)
Z(f7 1 +P; S) _n;n (1 + szl ajmaj)s/d

-3 Gy / / P(5 = ) T D) fm, )
@ri)? Jo© sy ey T

5 = P Zle
DGy I 0
S D(3—l2) [T

(2mi)P S50 1) (657 +61) r'(3) i1 a;/

L p
(f; (Z ZiQli1, ..y Z Zjaj,n)) le N -de
/ L( = J2 = BODTT Tz +67)
1) (61) I‘(

0
§) D Z]+6]( )
d

I
—
[\
| =
.
~—
=
—

j=12j
p 0 p . P
M <f, Z (55 ;1 + Z Zi0i1y ., Z (5]( )Oéj’n + szaj,n>> le . de
Jj= j=1 j=1
s 0
(35— |zl - |6<°>|) [T, Tz +0)
Z'+5(.O) %
P F(g) 1; 1ajj J

p
ﬂ(f;(Cl‘i‘ZZJOéjl, Cn+ZZJOé]n> le...de

the last equality follows from (V.2)).

By using the function s — S2(f, ¢;s) = [[/_,(B;:s)* B (f;c + s) and also the function
T}, defined in ([V.4)), we obtain that for s € C such that Re(s) > 1, we have

s _ 5 p ._|_5(0)
(f1+PS 2 / / |Z | ‘)H (z] J)X
7TZ / /

P z]+5()
Zl) =19

1 (Z? 14515 s Z?:l 2jQjn)) d- "
7 a 1-.-
[1se/(TH(B)2))#) 8

Let 6 = (01,...,0,) = 6@ + 60 ¢ (R%)? defined by ([V.3)). Using the relations (V.3) and
(V.4)) implies that for Re(s) > 1, we have

- [Lesa 5+ 17— lz] = 18]) IT}_, T(z; + 9;)
Z(f’ ]- + P 27‘('7, // // (_) D aZ]—‘rd X
d =1

(Zg 175015 Z? 1 %i%n))

]GJZJ HﬁeI(T/ (8)-z)u® dr--dz
TG +1J) geJaJ/ / +|J| |Z|—|5|) §:1F(Zj+5j)x
(2mi)PT 1 ") s 4 1J)) b 1ajj+5j
H(f, (ZJ 123%17---72]':1*2]0‘],71)) : d
oy (v -2
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It follows that for 6’ = (d1,...,4,) € RY, we have for Re(s) > 1:

Z(fi1+ Pys—d|J|) = G(s) (Fi(s)+ Fa(s)) (V.20)
wher
o G(S) o dr(fl) HjEJ a] (v 21)
LE=10) '
and for i € {1,2},
1 Li(H;s,2)dz .. .dz,
Fi(s) = : ’ V.
(5) (2mi)P /(i) /5;}) (s —d|d| — (d1, z)) [Lyep(v-z)wrt) (V.22)
with
I'(%—|z]—]6]+1) T Dz +05)
Ll(%; S7Z) = s F(ﬁ) P azj-i-é X (v 23)
d =1 :
H(f,¢;0)
and

I'(%—|z]—1]6]+1) /. (Zj+5j)><
INEARE azﬁ(S
(d) 7=1%3 (V24)

(%”(f,c;(izjaj,l,.. sza]n — ch))

Since there exists ¢ > 0 such that s — J(f,c;s) has a holomorphic continuation with
moderate growth to {Re(s;) > ¢; — e Vi € [1,n]}, we deduce from [12 Lemme 2| that
there exist n,¢ > 0 and A, B > 0 such that for i € {1, 2}, the function (s,z) — L;(J¢; s, )
is holomorphic in the domain

Ly(5€;s,2) =

D(n,e) :={(s,2) € C x C”| Re(s) > d|6] —n and |Re(z;)| < e Vj € [L,p]}

and verifies in it the uniform estimate

p
Li(H;5,2) Lome (14 |7))27 H (1+ |y, ‘ Bez(al-Xim -G -XimwD (v .25)

where 0 = Re(s), 7 = Im(s) and y; = Im(z;) Vj € [1,p].

It follows then from Essouabri’s Lemma [12] lemme 3| that for i € {1, 2}, there exist u > 0
such that the function s — Fj(s) has a meromorphic continuation with moderate growth
to the domain {Re(s) > d|d| — u} with only one possible pole at s = d|§]| of order at most

pi=1+> wp(v)—Ran(I') —=(L) = 1+ _u(B) +|J| ~ Ran(I U E;) —=(L:), (V.26)

vel Bel

1 ,if 1 € con*(I') and there exists two functions H, U holomorphics in 2 (n;e)
e(L;) = such that L;(.;s,2z) = U(s;z)H(s; (v - 2)ver) and H(s;0) =0
0 , otherwise

(V.27)
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Moreover, since |d] = % + [J| > 0 (see ), there exists € > 0 such that the function

dF( ) HjeJ &;
L5 —171)

is holomorphic in the domain {Re(s) > d|d| — €} and verifies

G(d|d) = (dF 16]) Haj> —

s G(s) :=

=1

afe

In particular,

(|6|) ngJ J <0

' (3)

G(d|o]) =

if c#0, (V.28)
and if ¢ = 0 we have |J| = |§] =
p
G has a zero of order one at s = d|d| = dp and G(s) ~ I'(p) Haj (s —d|d]). (V.29)
j=1

Combining (V.20)), (V.26]), (V.28) and (V.29) implies that there exist u > 0 such that
s Z(f; 14 P;s—d|J]) = G(s) (Fi(s) + F»(s))

has a meromorphic continuation with moderate growth to the domain {Re(s) > d|d| — u}
with only one possible pole at s = d|d]| of order at most

p=1+> wp(v)-Ran(I')~Liy(c) = 1+ u(8)+|J|~Ran(IUE,)~Ligy(c). (V.30)

vel Bel

By using |8] = % + |J|, we deduce that there exist g > 0 such that s — Z(f;1+ P;s)
has a meromorphic continuation with moderate growth to the domain {Re(s) > |c| — u}
with only one possible pole at s = |c| of order at most p given by (V.30)). This ends the
proof of the first part of Theorem [I8|

Now we will assume in addition that 1 € con*(/ U E;) and there exists K a holomorphic
function in a tubular neighbor of 0 such that J#(f,c;s) = K((8-s)gerur,). Under these
additional assumptions we will determine the principal part of s — Z(f;1+ P;s) near
s =c|.

The second part of Theorem [1§| follows from ([V.20)) and the following lemma:

Lemma 23. Let p defined by . Then,
1. s — G(s)Fy(s) has at most a pole of order p — 1 at s = d|d];

2. s G(s)Fi(s) has at most a pole of order p at s = d|d| and

T(d,8,a;c) H(f,c;0)d" Ay(I; up;a)
[Teep (v -0)w» (s —d|4])"

dl(|0]) T1;e ;25
' (3)
c=0

and where Ao(ﬂ up;a) is the volume constant, see Chapter 11 section associated
to triplet (I,up,a). (the notations I', I, up,u’p were defined in section §1).

G(s)Fi(s) = +0 ((s — &)~ V)  as s — d|d],

where T(d,d,a;¢c) =

if ¢ # 0 and T(d,d,a;c) = T'(p) [[}_, a; if
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Proof of Lemma 23}

e Proof of point 1 of Lemma [23}

Since we assume in addition that 1 € con*(I U E;) = con*(I’) and there exists K a
holomorphic function in a tubular neighbor of 0 such that JZ(f,c;s) = K((8-s)gerue,),
it follows from that s — Fy(s) has a meromorphic continuation with moderate
growth to the domain {Re(s) > d|d| — u} with only one possible pole at s = d|d| of order

at most
po=Y wp(v)—Ran(l') =Y u(B)+|J| - Ran(I U E,).

vel’ Bel
Point 1 of Lemma 23| follows then from the combination of this fact with (V.28) and

V29).
e Proof of point 2 of Lemma [23]

The identities (V.22)) and (V.23)) imply that for Re(s) > 1, we have

H(f,¢c;0) -—!Z 10]) [T5=, Tz +65)
Fl(S) = 27‘_@ Pd z3+5] ! o J(v) le...de
1) ») LG ] 19 Hvep(v-z) P
i fc 0) / f2 ——rz BDIEATG+e)
- 1. ,
BT (510 iy ™ o T3) Ty ™ et a2

where I and up are defined in 1)

Since 1 € con([ )=con(I') and w.§ = 1Vw € I, we deduce from Essouabri’s Lemma 12,
Lemma 4] that there exists n > 0 such that s — Fj(s) has a meromophic continuation to
{Re(s) > d|d| — n} with at most one pole at s = d|d| of order

po= 1+ Zup(w) — Ran(])
wel
= 14+ ) u'p(v)—Ran(I') =1+ > u(B)+|J| — Ran(I UE)).
ver Bel

Lemma [12, Lemma 4] also implies that

H(f,c;0)d” " Ay(I;up;a)
Meer (v- 8" (5~ qja))”

where Ag (f, up;a) is the volume constant, see chapter II section , associated to triplet

(I,up,a).

We conclude by using in addition (V.28) and (V.29). This ends the proof of Lemma [23]
O

Fi(s) = +0(( —djo))~ 1>) as s — d|d).

The identity (V.20)) and Lemma [23| imply that

T(d,8,a;c) H(f,c;0)d Ay(I;up;a)
[Tver(v-8)wt (s —d|a])’
By using in addition the equality |§| = % + |J| (see ), we deduce that

Z(f; 1+ P;s—d|J|) = +0 ((3—d|5|) (o= 1) as s — d|d],

T(d,0,a5¢) A(f,¢;0)d"" Ao(l; up;a)
[Tver (v - 8)»™) (s —lel)”
It follows then from (V.19) and (V.10) that

T(d,8,a;c) H(f,¢c;0)dt  Ay(I;up;a)
[pes(B-c+3e, 8- )@ (s —|c])”
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This ends the proof of Theorem [I8]
0J

Proof of Theorem[19. .

Theorem [15] of Chapter IV implies that f verifies the assumptions of Theorem [18 with
I = 1(k,g) = {v € Ng\ {0} | k(v) = 1 and g(v) # 0} and u : I — N defined by
u(v) =g(v) for all v € I.

So to conclude, it suffices to use Theorem [18 and the classical Landau tauberian theorem
(see Theorem [21|in the Appendix) if ¢ # 0 or the Tauberian Lemma [22|if ¢ = 0. O

Proof of Corollaries[10 and[11]. .
Proof of Corollary (resp. Corollary is similar to the proof of Corollary [5| (resp.

Corollary @ by using Theorem [19|instead of Theorem . m
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Chapter VI

Appendix

We gather in this appendix some classic results that we have used in this thesis.

Theorem 20 (Delange’s tauberian theorem). Let A : (0, +00) — [0, +00[ a non-decreasing
“+o0o

function such that/ e YA(y)dy < 400 foro > oy = 0. We suppose that the function

S > / “VA(y) dy — Z 5 )k has a continuous extension to the closed half-plane

{Re(s)

> oo} with a, # 0 then

A
lim Me_y"o = d (VIL.1)
y—roo yP~! (p— 1!
Corollary 12. Let D(s Z an A, ° be a Dirichlet series with non-negative coefficients.
n>1

Let oy > 0. Assume that D(s) converges in the open half-plane {o = Re(s) > o0} and that
o

the function s — D(s) — Z %k has a continuous extension to the closed half-plane
i (s —o0)f
{o =Re(s) > oo} with ¢, # 0, then
Z ag ~ Lyao (logy)”™t as y — +oo. (VI.2)
ARSY 70 (p B 1)|

Theorem 21 (Landau’s tauberian theorem). Let D(s) = > -, i be a Dirichlet series

with non-negative coefficients. Let oy > 0. We suppose that s — D(s) is absolutely
convergent in {Re(s) > oo} and that it has a meromorphic continuation with moderate
growth to a half-plane {Re(s) > o9 — n} with n > 0. We also assume that D has a single

pole in this half-plane at s = oy and D(s) ~s_q, (C—p)p with ¢, > 0 and p € N. Then,
S — 0y

there exists a polynomial of degree p — 1 and 6 > 0 such that

— Z an =17 Q(lnx) + O(z°°™°) as x — 4o0. (VIL.3)
An<z
Moreover,
A(r) = C 2°(Inx)” ' + O((Inx)”?) as z — +oo,
c
where C' = —————.
ao(p — 1)!
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Lemma 24 (Euler-Maclaurin formula). Letp,q,r € N withp < q and f € C™ ([p, q], C).
Then

/ fa dm+z J“ {f9(q) — fP(p)}
m= p+1 (VI1.4)

2)Byi1 ({2}) d

= [ i3 B0 )

o+ W /p F®) () By, ({2}) do

(VL5)

2

" fm) = / dx+z Y@ - )

m=p (VL6)
g, B ) i

where the B;(x) are the Bernoulli polynomials and the B; := B;(0) are the Bernoulli
numbers.

Lemma 25 (Taylor formula with integral remainder). Let » € N, I an open interval
containing 0 and g € C"™T(I). Then fort € I we have

tr—l—l

- 9™ (0) k ! r_(r+1)
O)+kz ot /O(l—u)g (tu) du (VLT)
=1

Lemma 26 ([13|, Lem. 1). Let N € N, L € Ny. We define the function
RN,L : CNX] — 1, +OO[N—> C by

N

Raalsn) = [T+ = 3 (37)

i=1 keNN
|k|<L

Then we have the identity

Ryr(s,x)=(L+1) > <_ks)xk / (L= t)  TJ(0 + txy) e at (VL8)

keNY 0 i=1
|k|=L+1

Furthermore, for each 6,7 € R such that —1 < § < v, we have |Ry (8, &) <5~.1.N.0
1+ |71 )LJrl |1t uniformly in x € [6,7]" and T € RN.

Lemma 27 (Mellin-Barnes integral formula). Let w = (wy,...,w,) € CP such that
Re(w;) > 0 Vj € [0,p], and let p = (p1,...,pp) € (RE)". Then for s € C such that
Re(s) > |p| =p1+ -+ pp (i-e Re(s) > |p|), we have

p1+ico pptico

I'(s) 5 — / / (s = |2 I[}= T'(2) d= (VL9)

P w” Iz\ P
( Jj= Owj p1—100 Pp—100 Jj=1 w]>
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FONCTION ZETAS MULTIVARIABLES, THEOREMES TAUBERIENS
MULTIVARIABLES ET APPLICATIONS

Résumé: Cette these porte deux axes de recherche:

Le premier vise la determination de valeurs spéciales d’'une famille de series de Dirich-
let multivariable partialement tordues. Pour réaliser cet étude on donne un prolonge-
ment méromorphe explicite a l'aide de deux techniques: formule de sommation d’Euler-
Maclaurin et la représentation intégrale. Ensuite nous montrons la régularité sur les points
de coordonnées entiéres non positives, pour enfin utiliser un résultat du a Crisenoy lié a
la determination des valeurs spéciales des series totalement tordues.

Le deuxiéme axe de recherche est 1ié au probléme de moyennes de fonctions arithmétiques
multivariable et les théorémes taubériens multivariable. Dans un premier temps nous
obtenons une généralisation du théoréme taubérien multivariable de Delange, pour ce fait
on utilise une mélange de deux méthodes: un venant de I’analyse complexe et l'autre de
la convolution.

Ensuite on aborde I’étude d’une famille de fonctions arithmétiques multiplicatives multi-
variable. On établit certaines propriétés analytiques liées aux séries de Dirichlet multi-
variable, comme conséquence nous obtenons un théoréme qui joint au théoréme taubérien
multivariable soit celui de La Bretéche soit celui d’Essouabri nous permet de donner une
réponse affirmative a quelques conjectures liées aux moyennes de nombre de sous-groupes
cycliques de Z,,, X ---Z,,, et aux moyennes de certaines fonctions liées au PPCM.

Mots-clés. Valeurs spéciales, fonction zéta tordue, representation intégrale, valeurs
moyennes, moyennes multi-variables de PPCM, moyennes de sous-groupes, théoréme
taubérien multivariable, fonction multiplicative.

Kokokokook ok

MULTIVARIABLE ZETA FUNCTIONS, MULTIVARIABLE TAUBERIAN
THEOREMS AND APPLICATIONS

Abstrac: This thesis is concerned with two lines of research:

The first, is the determination of special values of a partially twisted multivariable Dirich-
let series family. To carry out this study we give an explicit meromorphic extension using
two techniques: Euler-Maclaurin summation formula and integral representation. Then,
we show the regularity on the non-positive integer coordinate points, to finally use a
Crisenoy’s result related to the determination of the special values of the totally twisted
series.

The second, is related to the problem of means of multivariable arithmetic functions and
multivariable tauberian theorems. We obtain a generalization of Delange’s multivariable
tauberian theorem, for this we use a mixture of two methods: one coming from complex
analysis and the other from convolution.

Then we approached the study of a family of multivariable multiplicative arithmetic func-
tions. We obtain some analytical properties related to the multivariable Dirichlet series,
as a consequence we obtain a theorem which joins to the La Bretéche’s or Essouabri’s
multivariable tauberian theorem allows us to give an affirmative answer to some conjec-
tures related to the means of number of cyclic subgroups of Z,,, X ---Z,,, and averages
of some functions related to LCM.

Keywords. Special values, twisted zeta functions, integral representation, mean val-
ues, LCM multivariable averages, subgroups averages, multivariable tauberian theorems,
multiplicative function.
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