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Résumé

Cette thése est consacrée a 1’étude de la classe des systémes hyperboliques partiellement
dissipatifs satisfaisant la condition de stabilité de Shizuta-Kawashima (souvent appelée “condition
(SK)”) et & un modéle multi-fluide compressible proche de cette classe mais ne vérifiant pas cette
condition, le tout dans un cadre a régularité critique.

Dans sa thése datant des années 80, Kawashima a découvert un critére systématique (la
condition (SK)) assurant I'existence de solutions globales pour des systémes partiellement dissi-
patifs et/ou diffusifs. Ce critére a été récemment revisité par Beauchard et Zuazua qui ont fait le
lien avec la notion d’observabilité en théorie du contréle, et ont pu démontrer ’existence globale
de solutions dans des situations qui n’étaient pas couvertes par Kawashima. Pour cela, inspirés
par la théorie de I’hypo-coercivité de Villani, ils ont construit des fonctionnelles de Lyapunov
comprenant des termes d’ordres inférieurs.

Dans la premiére partie de cette thése nous établissons ’existence de solutions globales-
en-temps pour de petites données initiales dans des espaces de Besov homogénes critiques, puis
nous justifions la convergence en temps grand vers des états stationnaires stables avec un taux
de convergence algébrique. Pour cela, nous reprenons les arguments de Beauchard et Zuazua
directement sur le systéme localisé en fréquences grace a la décomposition de Littlewood-Paley
et au calcul paradifférentiel, et nous analysons les basses fréquences de maniére approfondie.
Un point clé de notre analyse est la mise en lumiére d’'un mode purement amorti en basses
fréquences qui nous permet d’obtenir des estimations plus précises que celles que 1'on obtient
avec la théorie de Kawashima. Cela nous permet de conclure que le systéme est globalement
bien posé puis, dans le cas particulier du systéme d’Euler compressible amorti, de montrer la
convergence vers I’équation des milieux poreux lorsque le coefficient d’amortissement tend vers
I'infini. Pour ce probléme, nous justifions la convergence forte globale-en-espace et dérivons un
taux de convergence explicite dans le cadre multi-dimensionnel.

Dans la deuxiéme partie de cette thése nous nous intéressons au caractére globalement
bien posé et a la relaxation d’un écoulement compressible biphasique proche de la classe étudiée
précédemment mais ne vérifiant pas la condition (SK) et n’étant pas symétrique. Plus précisé-
ment, nous démontrons ’existence de solutions dans des espaces de Besov homogénes critiques
pour un systéme de Baer-Nunziato amorti et nous justifions la convergence forte de ces solutions,
lorsque le paramétre de viscosité tend vers 0, vers un systéme de Kapila tout en dérivant un taux
de convergence explicite pour le processus de relaxation. Le systéme initial ne satisfaisant pas la
condition (SK), nous le reformulons en un couplage entre un sous-systéme vérifiant la condition
(SK) et une équation de transport, de telle sorte que les termes de couplage soient inoffensifs.
Et, pour compenser le manque de symétrie, nous considérons une fonctionnelle de Lyapunov a
poids non-linéaires.
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Abstract

This thesis is devoted to the study of the class of partially dissipative hyperbolic systems
satisfying the Shizuta-Kawashima stability condition (often called “(SK) condition”) and to a
compressible multi-fluid model close to this class but not satisfying this condition, all in a critical
regularity framework.

In his thesis in the 80’s, Kawashima discovered a systematic criterion (the (SK) condition)
ensuring the existence of global solutions for partially dissipative and/or diffusive systems. This
criterion was recently revisited by Beauchard and Zuazua who made the link with the notion of
observability in control theory, and were able to demonstrate the global existence in situations
that were not covered by Kawashima. For this purpose, inspired by Villani’s hypocoercivity
theory, they constructed Lyapunov functionals including lower-order terms.

In the first part of this thesis we establish the existence of global-in-time solutions for small
initial data in critical homogeneous Besov spaces and justify the convergence in large time to
stable stationary states with an algebraic convergence rate. To do so, we take up the arguments of
Beauchard and Zuazua directly on the frequency-localized system thanks to the Littlewood-Paley
decomposition and paradifferential calculus, and we analyze the low frequencies thoroughly. A
key point of our analysis is to exhibit a damped mode in the low frequencies regime which allows
us to recover more precise estimates than those obtained with Kawashima’s theory. It allows
us to conclude that the system is globally well-posed and, in the particular case of the damped
compressible Euler system, to show the convergence toward the porous media equation when
the damping coefficient tends to infinity. For this problem, we justify the strong convergence
globally-in-space and derive an explicit convergence rate for the relaxation process in the multi-
dimensional setting.

In the second part of this thesis we are interested in the well-posedness and relaxation of
a compressible two-phase flow close to the class studied previously but not satisfying the (SK)
condition and not being symmetric. More precisely, we prove the global existence of solutions in
the framework of critical homogeneous Besov spaces for a damped Baer-Nunziato system and we
justify its strong convergence, when the viscosity coefficient tends to 0, to a Kapila model while
deriving an explicit convergence rate for the relaxation process. Since the initial system does
not satisfy the (SK) condition, we reformulate it into a coupling between a subsystem verifying
the (SK) condition and a transport equation, such that the coupling terms are harmless. And to
compensate for the lack of symmetry, we consider a Lyapunov functional with nonlinear weights.



VI




VII

Remerciements

Quelle aventure ce fut ! Et quel meilleur guide pour celle-ci que mon directeur de thése,
Raphaél Danchin. Je ne me rappelle plus du nombre de fois ol je suis ressorti de nos rendez-vous
avec un profond sentiment d’enrichissement, autant sur le plan mathématique qu’humain, qui
me donnait le sourire. J’espére un jour réussir a transmettre la méme chose, cela m’apparait
comme essentiel dans ce métier. Merci Raphaél, merci pour tout ce que tu as fait pour moi, je
te suis profondément reconnaissant.

Je remercie vivement Karine Beauchard et Jean-Frangois Coulombel d’avoir accepté d’étre
rapporteurs de mon travail de thése, leurs remarques précises et constructives ont contribué a
améliorer ce manuscrit. De plus, leurs intéréts et leurs commentaires & 1’égard de mon travail
représentent une réelle source de motivation. Je remercie également Sylvie Benzoni-Gavage,
Didier Bresch, Roberto Natalini et Denis Serre de m’avoir fait ’honneur de faire partie de mon
jury.

Durant mes études j’ai eu la chance de croiser deux professeurs extraordinaires dont les
compétences pédagogiques et mathématiques sont, selon moi, admirables. Sylvain Marie, mon
professeur de prépa MP, qui m’a transmis sa passion pour les mathématiques, probablement
sans s’en étre pleinement rendu compte. Je te remercie pour ton humanité et ta bienveillance &
I’égard de tes étudiants, cette thése est en partie le fruit de tes efforts. Jean-Yves Chemin, pour
ses cours de master fascinants qui ont suscité en moi le désir de travailler dans le domaine des
edp. C’est aussi grace a lui que j’ai rencontré Raphaél Danchin pour mon mémoire de master, ce
qui m’a amené jusqu’ici aujourd’hui. Pour tout cela et parce que tu es toujours prét a t’asseoir
a la table des “jeunes" aux conférences pour nous partager tes anecdotes, ta joie de vivre et ton
savoir, je te remercie profondément.

Je dois aussi énormément & mon grand frére de thése et ami, Cosmin. Collaborer avec toi
m’a permis d’adapter mes outils & un probléme d’une grande profondeur, de les sophistiquer et
d’apprendre & les partager. Merci infiniment pour cela et pour tous les bons moments passés en
dehors du travail et pendant les conférences (tu nous manques beaucoup la-bas) ! Prend bien
soin de la petite Astrid et d’Oana, je pense aussi a elles.

Je remercie grandement Enrique Zuazua de m’accueillir dans son équipe en tant que postdoc
et de me donner 'opportunité de travailler sur des thématiques trés intéressantes en lien avec
mon sujet de thése.

Je veux aussi remercier aussi le personnel de I'école doctorale MSTIC pour leur efficacité et
disponibilité, en particulier Sylvie Cach.

Un grand merci & tous les membres du LAMA pour I'excellente atmosphére qui régne dans
notre laboratoire. En particulier, merci Frédéric pour ta bienveillance & mon égard et a l'égard
des doctorants du labo, nous savons que ta porte nous est toujours ouverte. Et merci également
Sonia pour ta bonne humeur et les nombreuses fois ol tu nous as grandement simplifié la vie.
On est pas les plus "sociables" dans un labo de maths, tu apportes réellement quelque chose de
plus, ta présence est précieuse.

Je pense aussi & mes proches collégues de bureau : Guillaume, Jin, Alaa et Edouard. On
a beaucoup partagé ensemble : des moments difficiles (en particulier les blagues d’Edouard 7),
des problémes insolubles, des échanges au tableau entre deux mondes des mathématiques qu’on
a essayé¢ de faire communiquer ensemble et de nombreux délicieux thai/meister qui redonne de
la motiv’ pour bosser 'aprem ! Merci pour tous ces moments que nous avons vécus ensemble,
soudés face a I'adversité.



VIII

Je remercie également mes nombreux collégues mais aussi amis qui ont toujours rendu
une conférence bien plus agréable : Boris, Cosmin, Alaa, Jin, Guillaume, Xin, Francesco, Jiao,
Marc-Antoine, Clément, Pedro.

Enfin, comment ne pas remercier ceux qui ont joué un roéle fondamental dans ma vie depuis
toujours, en m’offrant un cadre familial unique et aimant. Pour cela, mes premiéres pensées vont
bien évidemment & mes parents, Caroline et Jérdme, pour leur soutien sans faille tout au long
de ma vie. Qu’'importe mes choix, je sais que vous serez la pour moi, merci pour votre amour
immuable. Je fais tout cela pour vous aussi, j’espére vous rendre fier. Je pense aussi trés fort a
ma petite sceur Emmy-Lou, bon courage pour la suite de tes études, tu es en trés bonne voie !

Je ne saurais comment remercier mes grands-parents, Mireille et Renaud. Découvrir les
merveilles de ce monde & leur co6té fut parmi les expériences les plus mémorables et enrichissantes
de ma vie. Ces expériences m’ont offert un recul sur le monde et ses frontiéres imaginaires,
suscitant en moi le goiit de la découverte. Votre amour et votre confiance infaillible depuis que
je suis tout petit et & tout moment de mes études m’ont été trés précieux et le sont toujours.
Vous m’avez donné la force de pouvoir tout accomplir, merci du fond du ceeur.

Je souhaite aussi remercier Pierre, Martine, Mathieu et Cynthia pour tous les moments
partagés ensemble. C’est toujours un plaisir de se voir, on se sent toujours comme & la maison.
Ces parenthéses, qui sont toujours bien trop courtes, m’ont été indispensables pour décompresser,
prendre du recul et rigoler un bon coup ! Merci énormément.

Je tiens aussi & remercier tout le reste de ma famille et mes amis proches. Méme si la
distance nous empéche de nous voir fréquemment, vous comptez tous beaucoup & mes yeux.

Au début de cette aventure j’ai croisé le chemin de ma compagne de vie, Hualin. Parcourir
les Alpes et le monde & ses cOtés m’est devenu essentiel et je ne peux plus m’en passer. Je ne peux
te remercier assez pour tout ce que tu as fait pour moi, pour nous, mais je peux te promettre
que nous irons bien plus loin, plus haut, découvrir des endroits toujours plus somptueux. Je te

ois bien cela, 'atmosphére aimante et relaxante que tu as su créer a la maison nous a permis de
dois b la, I’at h te et rel t t 1 d
gravir tant de sommets. Merci Hualin, merci d’étre & mes c6tés et de rendre la vie si lumineuse.









Contents

Introduction
0.1 Introduction . . . . . . . . . .
0.2 Présentation des principaux résultats obtenus . . . . . . . ... .. ... ... ..
1 Partially dissipative one-dimensional hyperbolic systems
1.1 Imtroduction . . . . . . . . . L
1.1.1 Background and motivations . . . . . . ... ... .. ... .. ... ...
1.2 Mainresults . . . . . . .
1.3 Thecase p=2 . . . . . . .
1.3.1 Global a priori estimates for the linearized toy model . . . . . . . . .. ..
1.3.2  Proof of Theorem 1.2.2. . . . . . . . . . .. ... ... ... ... ..
1.4 Proof of Theorem 1.2.1 . . . . . . . . . . . . . .
1.4.1 Low frequencies estimates in LP . . . . . .. .. ... ... ... ......
1.4.2 High frequencies estimates in L? . . . ... ... ... ... ........
1.4.3 Global a priori estimates for the toy model . . . . . ... ... ... ...
1.4.4  Proof of the existence part of Theorem 1.2.1 . . . . . . .. ... ... ...
1.4.5 Proof of uniqueness . . . . . . . . ...
1.5 Compressible Euler system with damping . . . . . . .. .. ... ... ... ...
1.6 A more general 1D model . . . . . . ...
1.7 Tool box . . . . . . .
2 Partially dissipative systems : the multi-dimensional case
2.1 Hypotheses and method . . . . . . . . ... ..o L
2.1.1  Friedrichs-symmetrizability . . . . .. ... ... ... ...
2.1.2  The Shizuta-Kawashima and Kalman rank conditions . . .. .. .. ...
2.1.3 The damped mode . . . . . . . . ...
2.2 Mainresults . . . . . .
2.3 Proof of Theorems 2.2.1 and 2.2.2. . . . . . . . ... ... ... ..
2.3.1 Establishing the a priori estimates . . . . ... .. ... ... ... ...,

2.3.2 Proof of Theorem 2.2.1 . . . . . . . . . . . . .

17

35
35
36
37
40
40
43
47
47
49
50
51
54
o7
66
73



XII CONTENTS
2.3.3 Proof of Theorem 2.2.2. . . . . . . . . ... ... 101
2.4 Proof of Theorem 2.2.3 and application to the Euler system . . . . ... .. ... 105
2.4.1 Proof of Theorem 2.2.3. . . . . . . . . . . . ... 105
2.4.2 The isentropic compressible Euler System with damping . . . . . . . . .. 111
25 Tool Box . . . . . . e 112
L? framework and relaxation limit 117
3.1 Hypotheses and method . . . . . . . . . . ... L 120
3.1.1 Thedamped mode . . . . . ... .. . . .. ... ... ... 121
3.2 Mainresults . . . . .. L 123
3.3 Global existence in the LP framework . . . . . . . . . .. ... 0L 126
3.3.1 Establishing a priori estimates . . . . . . .. .. ... ... ... ... 127
3.3.2  Proof of the existence part of Theorem 3.2.1 . . . . . . ... ... .. ... 135
3.3.3 Uniqueness . . . . . . .. . e 138
3.4 Relaxation limit for the compressible Euler system . . . . . ... ... ... ... 141
3.4.1 Reformulation and recovering estimates for p . . . . . . .. ... ... 141
3.4.2 Deriving the limit system . . . . . .. .. ... oL 143
3.4.3 Strong convergence and rate of convergence . . . . . .. ... ... ... 143
3.5 Appendix ... .. 145
Relaxation limit for a damped Baer-Nunziato model 151
4.1 Introduction . . . . . . . . L 151
4.1.1 Context . . . . . . e 151
4.1.2 Presentation of the models. . . . . . . .. ... ... ... ... .. 153
4.2 Mainresults . . . . .. oL 155
4.2.1 Strategy of the proof . . . . . . . . ..o 156
4.3 A reformulation of the System (BN) and sketch of the proof . . . . . ... .. .. 157
4.3.1 Change of unknowns . . . . . . .. ... L 158
4.3.2 Elements of proof for Theorem 4.2.1 . . . . . .. .. .. ... ... .... 161
4.4 Analysis of the linear system (4.25) . . . . . . ... . Lo 163
4.4.1 Low frequencies analysis . . . . . . . . ... ... L 164
4.4.2 High frequencies analysis . . . . ... .. ... oL 170
4.4.3 The damping effects and estimation for time derivatives . . . . .. . . .. 177
4.5 Proof of Theorem 4.3.1 . . . . . . . . . . .. 181
4.5.1 Existence scheme . . . . . . . ... . 182
4.5.2 Uniqueness . . . . . . . .. . e e 186
4.6 Relaxation limit . . . . . . .. .. o oL 186
4.6.1 Recovering a solution for the Kapila system . . . . . ... ... ... ... 186
4.6.2 Convergence rate . . . . . . . ... 188



CONTENTS XIII
4.7 Some basic linear problems . . . . . . ... ... 199
5 Perspectives 205
5.1 Some broader results and open problems . . . . . ... ..o 205
5.2  Other relaxation problems . . . . . . . . ... o 209
A Appendix 213
A1 Some useful tools . . . . . . . 213
A.2 Littlewood-Paley Theory . . . . . . . . . .. . .. . 214
A.2.1 Bernstein lemma and dyadic partition of unity . . . ... ... ... ... 214
A.2.2 Low and high frequencies decomposition . . . . . .. .. ... ... .... 216
A.2.3 Paraproduct and properties arising from it . . . . .. .. .. ... ... 217
Bibliographie 227






Introduction générale

0.1 Introduction

Cette thése est consacrée a I’étude théorique des systéme hyperboliques quasi-linéaires du
premier ordre dits partiellement dissipatifs. Nous présentons des résultats concernant I’existence,
le comportement en temps long de solutions ainsi que 1’étude de phénomeénes de relaxation pour
ces systémes dans un cadre & régularité critique. Pour cela, notre approche se base sur une
localisation en fréquences : la décomposition de Littlewood-Paley et le calcul para-différentiel.
De plus, inspirés par larticle récent de Beauchard et Zuazua [4] (eux-mémes inspirés par la
théorie de ’hypo-coercivité), nous performons des estimations d’énergies re-normalisées & partir
de fonctionnelle de Lyapunov & poids non-linéaire incluant des termes d’ordre inférieur. Dans un
premier temps nous nous intéressons a la classe générale des systémes hyperboliques partiellement
dissipatifs vérifiant la condition de stabilité établie par Shizuta et Kawashima (la condition
(SK)) dans les années 80. Puis nous étudions un modéle biphasique issu de la mécanique des
fluides compressibles, ne vérifiant pas cette condition de stabilité. Dans les deux cas, les aspects
hyperboliques et dissipatifs seront prédominants.

Les systémes hyperboliques modélisent des phénoménes physiques régis par des systémes
ayant une vitesse de propagation finie et/ou des lois de conservations. Typiquement, ils appa-
raissent en dynamique des gaz ol la densité massique et 'entropie sont conservées, ou dans des
schémas numériques concernant des lois de conservation avec termes de relaxation, par exemple :
I’équation d’Euler compressible en dynamique des gaz, I’équation de Maxwell en électromag-
nétisme, I’équation d’Einstein en relativité générale, I’équation de la magnétohydrodynamique,
I’équation des ondes, I’équation de Yang-Mills, ’équation de l’elastodynamique, etc. De plus,
leurs applications au monde physique sont multiples, par exemple en mécanique des fluides non
visqueux, théorie cinétique, astrophysique, modélisation de trafic routier, circulation dans les
vaisseaux sanguins. Dans la plupart des applications au monde physique, il est essentiel de pren-
dre en compte des phénoménes de dissipation et/ou de dispersion qui, par exemple, modélisent
des effets d’amortissement diis & des forces de frottements ou la viscosité d’un fluide. Ces effets
naturels ou implémentés par I’homme permettent de "controler" la solution et de s’assurer qu’elle
converge bien vers un état d’équilibre, c’est pourquoi les lois de conservation couplées a ce type
de phénoménes se dénomment des lois d’équilibre.

En pratique, ces effets de dissipation ne sont que partiels et n’agissent pas sur toutes les
inconnues d’un systéme d’équations. En effet, il n’est pas naturel d’inclure un terme d’amorti-
ssement (ou un controle) dans une équation régissant I’évolution d’une quantité conservée (par
exemple la masse). Dans cette thése, nous verrons dans quelle mesure des effets de dissipation
partielle permettent d’assurer I'existence en temps long de solutions et justifierons leur pertinence
lorsqu’ils sont vus comme des termes de relaxation.

Les écoulements polyphasiques sont omniprésents dans les applications au monde réel, de
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I'ingénierie a la biologie, cf. [40, 84|. Dans le contexte de la mécanique des fluides, le terme
polyphasique inclut des écoulements qui sont topologiquement trés différents. Comme il est ex-
pliqué dans [61], nous distinguons les mélanges avec des écoulements a phases séparées (écoule-
ments en film, écoulements a jet), les écoulements & phases mixtes ou transitoires (poches de
gaz dans des liquides) et les écoulements a phases dispersées (flux de bulles, sprays). La com-
préhension des propriétés qualitatives de ces différents modeéles est importante, par exemple,
pour construire des schémas numériques plus pertinents qui augmenteraient le pouvoir prédictif
de ces modéles.

Ici, c’est le cas des écoulements diphasiques dispersés que nous étudions. Pour pouvoir
les décrire, il faut considérer, en plus des variables classiques telles que les densités, les vitesses
et les lois d’état, deux variables supplémentaires a4 et a_, appelées fractions volumiques, qui
mesurent la proportion de I'espace occupé par chaque phase a4 une position donnée dans I’espace.
Il va donc sans dire que pour avoir un systéme ayant le bon nombre d’équations par rapport
au nombre d’inconnues, en plus des équations exprimant la conservation de la masse et de la
quantité de mouvement, deux équations supplémentaires sont nécessaires.

Dans [2|, Baer et Nunziato ont proposé un modéle ot les fractions volumiques vérifient :
H )

Oy +vr-Vag = (1)
ou les fonctions d’état des deux phases sont désignées séparément par + et — et u peut étre
vu comme un parameétre de relaxation et, en pratique, est supposé petit. L’inconnue v; est
interprétée comme une vitesse d’interface qui dépend des densités, des fractions volumiques
et des vitesses. Dans [2], elle coincide avec la vitesse d’une des phases mais on trouve des
hypothéses alternatives dans la littérature, voir par exemple [57] et [90]. Ici, nous supposerons
que notre mélange est animé par une vitesse commune pour les deux fluides et comme dans [2]
nous supposerons que la vitesse d’interface coincide avec cette vitesse. De plus, nous incluons
un terme d’amortissement dans I’équation de la vitesse pour que ce systéme rentre dans la classe
des systémes partiellement dissipatifs.

Nous nous intéressons aussi & la justification de phénoménes de relaxation pour les deux
systémes mentionnés ci-dessus. En pratique, le procédé de relaxation est trés utile pour étudier
numériquement un systéme, il permet de réduire le nombre de contraintes imposées sur un
systéme et donc d’en simplifier I’étude numérique. Concrétement, ce que nous appelons relaxation
ici, sera le fait de remplacer une fermeture algébrique par une équation aux dérivées partielles.
Par exemple, le systéme limite du systéme bi-fluide comporte 'équation a4 + a— = 1 qui est
relaxée par 1’équation (1) dans le systéme initial (ou systéme relaxé).

Analyse des systémes hyperboliques symétriques

L’étude des systémes hyperboliques symétriques quasilinéaires remonte aux années 50 avec
les travaux de Godunov [51, 52] et Lax [67]. Elle est motivée par celle des systémes de lois de
conservation qui apparaissent dans de nombreux modéles liés a la mécanique des fluides. Un
systéme général de lois de conservation & n composantes s’écrit :

OV LOF(V) y oy [RexRIo R
or T or AW on W LS v=vies ¥



0.1 Introduction 3

est I'inconnue du probléme a valeurs dans un sous-ensemble ouvert convexe Oy de R" et Q, F) :
Oy — R"™ sont des fonctions réguliéres sur Oy .

Une des caractéristiques principales des systémes que nous étudions dans ce manuscrit est
leur nature hyperbolique, rappelons-en maintenant la définition que 1'on peut trouver dans [5]
par exemple. Supposons Q(V) = 0 pour l'instant. On considére le linéarisé de (2) autour d’un
état d’équilibre constant V :

d
ov . OV
bl A — 3
at " z:: e )
ott pour k =1,...,n, les A¥ := A*(V) sont des matrices réelles n x n constantes. En appliquant
la transformée de Fourier & (3), on obtient :
ov . L
oy HAEV =0 ou A(g) = D GAR. (4)
k=1

Pour ce type de systéme linéaire, la notion d’hyperbolicité se caractérise ainsi.

Définition 0.1.1. Le systéme (3) est dit hyperbolique lorsque

sup [| exp(iA(£)) || < +oc.
¢eR

Cette condition est équivalente au fait que le probléme de Cauchy (3) soit bien posé dans
I’espace de Sobolev H®, pour s € R. Pour le systéme quasi-linéaire général, la condition que
nous emploierons pour assurer I'aspect localement bien posé est légérement différente. Soit A*
la matrice jacobienne de Fy, = (F) kl, ..., F{")t définie dans un sous ensemble ouvert Oy C R? par :

OFf OF}
R
A = oo, pourk =1,...,d.
OF} OFF
ovi OV,

Nous pouvons reformuler le systéme (2) sous la forme non-conservative suivante :

d
ot LA, =aw) )

La condition sur le systéme (5) assurant I’aspect localement bien posé que nous utiliserons est
du type suivant.

Définition 0.1.2. Le systéme (5) est dit Friedrichs-symétrisable si il existe une fonction réguliére
S V= S(V) définie sur Oy, a valeur dans l’ensemble des matrices symétriques définies
positives, telle que pour tout V € Oy, les matrices (SAY)(V),--- ,(SAY) (V) sont symétriques.

Dans le cas général, nous considérerons une matrice dépendant de V' devant le terme de
dérivée temporelle, ce qui modifie 1égérement la définition ce dessus, cf. Chapitre 2. Pour plus
de détails sur ces notions d’hyperbolicité, le lecteur peut se référer au livre de Benzoni-Gavage
et Serre [5] o1, en particulier, est démontrée I'hyperbolicité du systéme d’Euler compressible que
nous étudions dans ce manuscrit.
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Notons maintenant que ces définitions ne prennent pas en compte le terme Q(V) qui est
d’ordre inférieur, cela est du au fait qu’il ne joue pas de role dans I'aspect localement bien posé
du systéme. En revanche, comme nous allons le voir par la suite, son action est déterminante
pour I’étude du comportement en temps long.

Mentionnons dés & présent que I'étude des systémes hyperboliques symétriques dans le cas
mono-dimensionnel est trés différente des méthodes que nous emploierons dans ce manuscrit.
Pour plus d’informations sur le sujet, on pourra consulter les références classiques suivantes :

e |66] concernant la théorie de Kruzkov pour les problémes scalaires (i.e. n = 1).

e [1, 18, 19, 50| pour l'existence et I'unicité de solutions a variations bornées (BV') a partir
de petites données initiales.

e |41] pour l'existence globale de solutions pour des données arbitraires dans le cas n = 2
avec des techniques de compacité par compensation.

Les méthodes développées ci-dessus sont difficilement généralisables et souvent pas adaptées
aux dimensions supérieures. Par exemple, Brenner, dans [10, 11|, a montré que dans le cadre
multidimensionnel les systémes hyperboliques sont mal posés', au sens de Hadamard, dans LP
pour p # 2, ce qui implique que les espaces BV étant construits sur ’espace des mesures bornées,
lui-méme proche de I'espace L, ne sont pas appropriés pour étudier le cas multi-dimensionnel.
Pour plus d’informations sur le sujet se référer a [5].

Systémes partiellement dissipatifs et aspect globalement bien-posé

Dans le cas multi-dimensionnel, si 'existence locale-en-temps de solutions réguliéres est
bien comprise, il est bien connu que les systémes classiques de lois de conservation associés a
des données réguliéres admettent des solutions fortes locales-en-temps qui peuvent développer
des singularités (ondes de choc) en temps fini méme si les données initiales sont de petites per-
turbations d’une solution constante, voir par exemple les travaux de Majda [72] et de Serre
[91]. Néanmoins, dans la plupart des systémes évolutifs issus de la physique, il est essentiel
de prendre en compte des phénomeénes de dissipation et/ou de dispersion, qui, parfois, perme-
ttent de prévenir 'apparition de singularités. L’étude des systémes de lois d’équilibres revient
alors a comprendre I'interaction entre le terme de dissipation Q(V') et la dynamique du systéme
hyperbolique sous-jacent.

Une condition suffisante assurant l’existence globale-en-temps de solutions étant des pe-
tites perturbations autour d’un état constant V est I’hypothése de dissipation totale : le terme
d’amortissement ou de dissipation agit directement sur chaque composante du systéme. Dans ce
cas, au niveau linéaire, la solution entiére tend vers I’état d’équilibre & une vitesse exponentielle,
cf. [68]. Mais, en pratique, cette condition est rarement vérifiée, et méme si des solutions fortes
globales-en-temps existent, la décroissance exponentielle de celles-ci vers 1’état d’équilibre est
trés peu probable.

Une hypothése plus raisonnable est que la dissipation n’agisse seulement sur certaines com-
posantes du systéme. Aprés un changement approprié de coordonnées, il est généralement pos-

'En dehors du cas ot les matrices correspondant aux termes d’ordre 1 commutent entre elles et sont donc
co-diagonalisables
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sible de réécrire le terme Q(V') sous la forme suivante :

) ©

ou q : R™ — R™ et nq1,ny € N* tels que n1 + no = n. Sous cette forme, on voit que la dissipation
que @ peut engendrer ne peut affecter, a priori, que ny composantes, d’ou le fait de qualifier ces
systémes de partiellement dissipatifs.

Nous allons maintenant voir que cet effet, bien qu’indirect, est parfois suffisant pour assurer
I’existence globale pour des données initiales réguliéres suffisamment petites. Commencgons par
un exemple bien connu qui nous servira d’application principale tout au long de ce manuscrit :
le systéme d’Euler compressible amorti pour les écoulements isentropiques. Il se formule

Op + div(pu) = 0,

(7)
O(pu) + div(pu @ u) + VP + p?u =0,

ot p: Ry x R? — R, correspond & la densité du fluide et satisfait I’équation de continuité, u :
R, xR% — R? est la vitesse et pu vérifie 'équation de bilan de la quantité de mouvement incluant
un terme d’amortissement, ¢ > 0 est le coefficient de friction (ou paramétre de relaxation) et P
une loi de pression fonction de la densité. Pour ce systéme, les travaux de Wang et Yang [99]
et de Sideris, Thomases et Wang [94] ont mis en évidence que le mécanisme dissipatif, bien que
présent uniquement dans 1’équation de la vitesse, peut empécher la formation de singularités
qui se produiraient si A = 0 (i.e. @ = 0.). En effet, ils prouvent lexistence de solutions
globales-en-temps pour de petites données initiales dans des espaces de Sobolev H® avec s >
g + 1 et étudient 'asymptotique en temps long de ces solutions. Cela est possible grace & des
estimations d’énergie classiques et, pour pallier le manque de dissipation dans I’équation de p, ils
dérivent des estimations de décroissance en temps sur p en réécrivant le terme de pression VP en
fonction de Vp puis en isolant ce terme dans I’équation de O;u. Notons que des idées similaires
avaient été utilisées dans I’étude du systéme de Navier-Stokes compressible [33] pour récupérer
de la décroissance en temps sur la densité. Comme nous allons le voir, leur approche peut étre
améliorée grace a une théorie générale sur les systéme hyperboliques partiellement dissipatif, la
théorie de Kawashima.

Dans sa thése datant des années 80 [64] et avec Shizuta dans [93], Kawashima a établi
un critére systématique assurant l’existence de solutions globales-en-temps pour les systémes
hyperboliques-paraboliques quasilinéaires symétriques : la condition (SK) (pour Shizuta et
Kawashima). En quelques mots, cette condition assure que l’amortissement est assez fort
pour empécher que les solutions provenant de petites perturbation d’états constants explosent
(développent des singularités en temps fini). Voyons a quoi ressemble cette condition dans notre
cadre. Pour fixer les idées, analysons le systéme linéaire & n composantes suivant :

d
OV +Y A9, V+LV =0 (8)
j=1

oil les matrices constantes A7 = A(V) et L sont symétriques et l'inconnue V vérifient les

décompositions suivantes :
(0 (W
L= <L2> et V= <V2> 9)
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ou Vp € R™ et Vo € R™ pour ni,ne € N tel que n1 + no = n. En raison de 'aspect symétrique
des matrices A7, la méthode d’énergie classique (produit scalaire dans L2(R%; R™) de (8) avec V)
conduit &

||VHL2 + (LVIV) = 0.

2 dt
Les hypothéses sur L nous donne directement qu’il existe kg > 0 tel que
(LV|V) > kol|Va||?. pour tout V € L*(R%R™). (10)
Et donc
1d

S IV I3+ kollVal3z < 0.

Par conséquent, on voit que I'on peut récupérer de lintégrabilité L2-en-temps (et donc des
propriétés de décroissance vers 'état d’équilibre) pour V3, la composante de V' qui est directement
amortie. Mais cette méthode ne permet pas de récupérer assez d’informations sur la composante
V1 de la solution. En pratique, ce manque de coercivité rend I'obtention de résultats d’existence
globale-en-temps pour ces systémes trés délicate voire impossible.

C’est & ce moment que la condition (SK) entre en jeu. Nous allons voir que cette condition
assure que ’on puisse récupérer assez d’informations sur les composantes non amorties, grace au
. . . d ; R .
couplage entre la partie hyperbolique du systéme 0,V + ijl A0,V et amortissement, pour
compenser le manque de coercivité.

Pour ¢ = pw avec w € S et p = ||, on pose A, £ E?:l Awj. La condition (SK) est
définie ainsi :

Définition 0.1.3. Le systeme (8) satisfait la condition (SK) en V (aussi appelée condition de
stabilité) si, pour tout w € ST, lorsque ¢ € R™ satisfait Lo = 0 et Ap+ A,d = 0 pour un X € R,
alors ¢ = 0.

Il est clair que cette condition est équivalente & :
Vw € ST ker L N {vecteurs propres de A,} = {0}.

Dans Particle [93], Shizuta et Kawashima montrent que si (8)? vérifie la condition (SK), alors la
solution V' de (8) satisfait :

||Vh(t)HL2(Rd,Rn) < Cef/\tHVOHH(Rd,Rn)a

_d
||V£(t)HLo<>(Rd,Rn) < Ct72||Vol| 1 (e rmy (11)

ou Vet V¢ correspondent respectivement, aux hautes et basses fréquences de la solution i.e.

Vh(t €)= Vh(t E) g1 et Vg(t €)= Vé(t §)1jg)<1- Au niveau linéaire, on observe donc les
phénomeénes suivants :

e En hautes fréquences, la solution décroit exponentiellement vers ’état d’équilibre.

e En basses fréquences, la solution se comporte comme les solutions de I’équation de la
chaleur.

2En réalité, ils considérent un systéme hyperbolique-parabolique qui differe de celui que ’on considére dans ce
manuscrit. Mais le méme raisonnement fonctionne dans notre cadre.
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Notons que ce type de comportement peut aussi étre prédit directement a partir d’une
analyse spectrale des valeurs propres d’un systéme en particulier, comme nous le verrons pour
I’équation d’Euler compressible amortie. Pour justifier rigoureusement ces comportements asymp-
totiques, les auteurs démontrent ’équivalence entre la condition (SK) et I'existence d’une fonc-
tion dite compensatrice permettant de récupérer des informations sur la composante non amortie.
Plus précisément, ils prouvent la proposition suivante.

Proposition 0.1.1. Les assertions suivantes sont équivalentes :

1. Le systéeme (8) satisfait la condition (SK) en V € R";

2. Il existe une matrice n x n Ky (w) (appelée fonction compensatrice) avec w € ST satis-
faisant les propriétés suivantes :

(a) Vw € S Ky(—w) = — Ky (w) ;
(b) Yw € ST Ky (w) est antisymétrique;

(c) Yw € S [Ky(w)Ap(w)] + L est définie positive, ot [X] est la partie symétrique
de X.

Par exemple, concernant le systéme d’Euler compressible avec amortissement, dans |70], les
auteurs introduisent la fonction compensatrice

0o L & _
Ky(§) = P(p)[¢] ] ou V =(p,0)
—¢/lE 0

dans le but de récupérer le controle de ||[VVi]| 2(ms-1) qui fait défaut si on ne fait que des
estimations d’énergie & cause du manque de coercivité évoqué précédemment. En effet, en
appliquant la transformée de Fourier a (8), en prenant le produit scalaire avec Kv(f)v et en
utilisant les propriétés de la proposition précédente, il est possible de récupérer les informations
nécessaires pour boucler les estimations.

Nous n’entrerons pas dans les détails de leur preuve puisque nous allons développer une
méthode qui se base sur une approche différente : celle de Beauchard et Zuazua dans [4]. Mais
avant cela, nous allons décrire les nombreux résultats qui ont été obtenus grace aux avancées de
Shizuta et Kawashima.

Il convient tout d’abord d’évoquer le résultat de Yong dans [108], qui a obtenu un résultat
d’existence de solutions globales-en-temps de (2) pour des petites données initiales dans des
espaces de Sobolev H® avec s > g + 1, en supposant les conditions suivantes :

(i) le systéme (2) satisfait la condition (SK) en V;
(ii) la fonction Q satisfait Q(V) = 0;
(iii) le jacobien Dy q(V) est inversible;
(iv) le systéme (2) vérifie une condition de dissipation entropique :

(a) il existe une entropie (V') strictement convexe et réguliére définie sur un voisinage
compact G de V telle que DZ,n(V)Dy F;(V) est symétrique pour tout V € G et pour
tout j € {1,---,d};
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(b) il existe une constante positive cg telle que pour tout U € G,
[Dvn(V) = Dyn(V))Q(V) < —calQ(V)[.

L’hypothése (iv) permet & Yong de reformuler le systéme de lois d’équilibre (2) sous la forme
normale suivante :

q(V)

ot pour tout 1 < j < d, les matrices A;(U) := V;; 1 (U)Fjy (V(U))Viy(U) sont telles que A°A;(V)
est symétrique avec comme symétriseur Ay = V5(U)nvy (V)Vy(U) d’aprés la condition (iv)-
(b). Ensuite, en utilisant la proposition 0.1.1 relative a 1’équivalence entre la condition (SK)
et lexistence d’une fonction compensatrice (qu’il dénomme Skew-symmetrizer Theorem), Yong
parvient a obtenir des estimations quantitatives de la solution lui permettant de conclure. Nous

reviendrons plus en détails sur I'utilité de cette antisymétrie pour de tels systémes.

d
. |4
U + ZA]'(U)U% = diag(0, qv,(V))U pour U = ( >
=1

Il est aussi essentiel de mentionner l'article de Hanouzet et Natalini dans [54] qui, la méme
année, obtiennent un résultat similaire en dimension 1 (d = 1) en reformulant le systéme grace a
des variables dites entropiques et en dérivant des estimations d’énergie grace a la condition (SK).
De plus, ils vérifient I'applicabilité de leur résultat sur plusieurs exemples concrets ne vérifiant
pas forcément la condition (SK) comme, entre autres, le modeéle de Suliciu, le modéle Kerr-Debye
et le modéle Jin-Xin.

Suite aux avancées de Kawashima et Yong, de nombreux résultats concernant 1’existence
de solutions fortes globales-en-temps pour de petites données initiales ainsi que 1’étude du com-
portement asymptotique en temps long des solutions ont émergé :

e Comme observé par Bianchini, Hanouzet et Natalini dans [8], une analyse approfondie du
noyau de Green du systéme linéarisé autour de V' couplée a la formule de Duhamel permet
d’obtenir un taux de convergence explicite vers I’état d’équilibre dans des espace LP pour

d 1
des solutions réguliéres globales-en-temps, de ’ordre de (’)(t_§(1_5)) lorsque t — +o0, pour
tout p € [min{d, 2}, co.

e Dans [65], Kawashima et Yong prouvent des estimations un peu plus générales dans les
espaces de Sobolev H® avec s > g—i— 1. Pour cela, ils se basent sur des estimations d’énergie
a poids (en temps) pour gérer les difficultés provenant des termes quasilinéaires.

e Plus récemment, Kawashima et Xu dans [102] et [105] ont étendu tous les travaux antérieurs
sur les systémes hyperboliques partiellement dissipatifs satisfaisant la condition (SK) et la
condition d’entropie de Yong & des espaces de Besov non-homogeénes critiques. Critique
signifiant ici qu’on considére le cadre fonctionnel qui demande la régularité minimale aux
données initiales afin d’obtenir des solutions uniques et globales-en-temps. Pour obtenir
leurs résultats, ils ont symétrisé le systéme grace a I’hypothése d’entropie de Yong, appliqué
un argument de localisation en fréquences reposant sur la décomposition de Littlewood-
Paley et ont développé de nouvelles propriétés concernant les espaces de Chemin-Lerner
introduits dans [24, 25]. De plus, en se basant sur I’équivalence entre la condition (SK)
et l'existence d’une fonction compensatrice ils ont récupéré des propriétés d’intégrabilité
L?-en-temps sur toutes les composantes du systéme.
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e Une autre fagon d’appréhender la condition (SK) et permettant d’étendre les résultats
existants provient du travail de Beauchard et Zuazua [4]. Dans leur article, les auteurs ont
utilisé des techniques de stabilisation provenant de la théorie du contréle, afin d’obtenir
des informations supplémentaires sur le linéarisé de (2). En effet, ils ont remarqué que
la condition (SK) est en fait équivalente a la célébre condition du rang de Kalman et, a
partir de cette observation, ils ont construit une fonctionnelle de Lyapunov pour le systéme
linéaire (8) en s’inspirant de l'analyse de I’équation des ondes amortie (voir par exemple
[55]) et aussi de la théorie de I'hypocoercivité (quantification du retour a ’équilibre) de
Villani [97] dans le contexte des systémes partiellement diffusifs. Gréace a cela, ils ont pu
redémontrer les inégalités de décroissance (11) pour le systéme linéaire (8) d’une maniére
plus directe que par 'approche de Kawashima.

e Notons que ce lien avait déja été mis en évidence par Serre dans le chapitre 6 de [92].
Dans ces notes de cours, il montre que la condition (SK) apparait naturellement lorsque
I'on s’intéresse & la question de la convergence vers ’état d’équilibre du systéme. Plus
précisément, en s’appuyant sur des commutateurs itérés (& la Hormander dans sa théorie
de I'hypoellipticité) entre la partie hyperbolique et ’amortissement, Serre justifie, dans le
cas mono-dimensionnel, la nécessité de la condition

n—1

() ker(LA7) = {0}

j=1
qui est bien équivalente a la condition (SK) et la condition de rang de Kalman.

C’est dans la continuité des résultats mentionnés ci-dessus que nous nous inscrivons dans
ce manuscrit. En alliant cette nouvelle connexion avec la théorie de controle et les techniques
classiques d’obtention de solutions réguliéres globales en mécanique des fluides, nous nous at-
taquons a I’étude approfondie des systémes hyperboliques partiellement dissipatifs posés dans des
espaces de Besov homogénes critiques basés sur des espaces LP avec p potentiellement différent
de 2. Ici, critique signifie que nous travaillons dans ’espace qui demande le moins de régularité
possible sur les conditions initiales et permettant tout de méme d’obtenir ’aspect globalement
bien posé. Pour bien comprendre cette suite d’améliorations, il est nécessaire d’avoir & ’esprit
la suite d’injections suivante pour s > 14 d/2 et p > 2:

d d
2

d d d a
441 g . 5_;'_1 o ey | 1
9 91 pr1 N B271 — C".

H®* = B3, <= B3;NB

Ce type de résultats remonte a l'article de Nash [77] concernant ’aspect bien posé localement

en temps pour le systéme de Navier-Stokes compressible avec des données initiales loin du vide.

Ensuite, 'existence de solutions réguliéres globales a été démontrée par Matsumura et Nishida

dans [76] pour des données initiales proches d'un équilibre dans H3 x H3. Puis, pour saisir

les propriétés d’invariance par changement d’échelle du systéme de Navier-Stokes compressible,

Danchin, inspiré par I’étude du systéme de Navier-Stokes incompressible de Fujita et Kato [44],
a écrit une série d’articles e.g. [33, 34| dans des espaces de Besov homogenes critiques.

Méthode de Beauchard-Zuazua

Expliquons maintenant succinctement le raisonnement de Beauchard et Zuazua dans [4] que
nous détaillerons dans la deuxiéme partie de cette thése.

Le résultat central sur lequel se base leur article est le suivant :
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Proposition 0.1.2. Soient A et L deux matrices n X n a coefficients réels tel que L soit de la
forme (9). Alors, les propriétés suivantes sont équivalentes :

1. le couple (A, L) satisfait la condition (SK);

2. le couple (A, L) vérifie la condition de rang de Kalman : le rang de (L AL .. An_lL)
vaut n;

1

2
3. pour tout g9, -+ ,en—1 > 0, la fonction y — ( Z;é sk\LAkyP) définit une norme sur
Cc™.

Nous allons maintenant voir en quoi la norme en jeu dans ces équivalences est pertinente
pour I’étude de la stabilité L? ainsi que pour obtenir un taux de convergence vers I’état d’équilibre.
Pour compenser le manque de coercivité mis en évidence précédemment, les auteurs, inspirés par
des outils provenant de la théorie du controle ainsi que par le mémoire de Villani [97], introduisent
la fonctionnelle de Lyapunov suivante :

n—1
L2 VT + /R min([g], [6]7HI€)dg avee LI ep(LATV - LALY)
k=1

pour n—1 paramétres positifs fixés €1, - - - €,—1. Le premier terme de cette fonctionnelle Lyapunov
correspond & l'énergie et le deuxiéme & des termes d’ordres inférieurs. L’intérét de rajouter ces
termes par rapport a l'estimation d’énergie classique est qu’aprés dérivation en temps de la
fonctionnelle £, on obtient :

n—1

d 1 ~
—L+H<0 avec HZ / > " ermin(1, [€%)| LAEV (&) de.
dt 2 Rd =0
Il est simple de voir que si €1, ,e,-1 sont assez petits, alors il existe ¢ et C' des constantes

strictement positives telles que ¢||V[|7, < £ < C||V||7,. La question est donc maintenant de

vérifier si H est similaire a HV||%2 La réponse dépend des propriétés du support de Vo et des
éventuelles annulations de la quantité ./\/*7‘7 définie par

n—1
N,y = inf{z ex|LARz)? e S we Sd_l}-
k=0

D’aprés les équivalences de la Proposition 0.1.2, on déduit alors directement que la condition
(SK) autour de V est satisfaite par (A,, L) pour tout w € S¥ ! si et seulement si N,y > 0.
Et donc en utilisant le théoréme de Fourier-Plancherel et le fait que £ ~ HVHQLQ, il existe une
constante k£ > 0 telle que

H > kmin(1, |¢]?) L.

Donc, au niveau linéaire et sous la condition (SK), Beauchard et Zuazua parviennent a récupérer
la, décomposition obtenue par Kawashima d’une maniére simple :

e sile support de Vj a une borne inférieure strictement positive (ce qui correspond au régime
hautes fréquences), alors H > k|| Z H%Z, ce qui implique une décroissance exponentielle vers
I’état d’équilibre,
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e si Vj est & support compact (ce qui correspond au régime basses fréquences), alors H >
/{||VVH%2, ce qui révéle un comportement parabolique sur toutes les composantes de la
solution.

De plus, avec leur approche, il est possible de déduire la forme explicite d’une fonction compen-
satrice pour le systéme (8), elle s’écrit :

Ky (w) = zn:gk (AFrrpal - ag-trnal).
k=1

Inspiré par cette approche, Danchin dans [35] présente une méthode robuste pouvant étre
utilisée pour prouver des estimations de régularité ou de décroissance pour des systémes linéaires
ayant une partie antisymétrique et une partie partiellement dissipative (ou diffusive). Il étudie
les systémes de la forme suivante :

8V + AD)V + L(D)V =0 ou

o A(D) = (Ai§(D))i<ij<d pour A;;(D) un multiplicateur de Fourier homogéne d’ordre «,
o L(D) = (Lij(D))i<ij<d pour L;;(D) un multiplicateur de Fourier homogéne d’ordre 3.
De plus, il suppose que A(D) est antisymétrique® :
Re((A()n)-m) =0 V(&) € R xC",
et que L(D) vérifie une propriété d’ellipticité partielle :

[€1"Re((L(&)n) - n) = K| LE)n* V(&,n) € RY x C"

pour x un nombre réel positif. Ensuite, en considérant la méme fonctionnelle de Lyapunov que
dans [4] et en supposant que la condition (SK) est satisfaite, il montre qu’en basses fréquences

1
ie. €] < kP (resp. en hautes fréquences i.e. |£| > kF=<) les solutions de (0.1) ont les mémes
propriétés de régularité et de décroissance que les solutions de

U+ |D['U =0 ou ~=max(8,2a— L) (resp. v=min(8,2a — 3)).

Notons que dans le cas & = 1 et 8 = 0, on retrouve exactement la décomposition de Kawashima.
Il montre ensuite comment, avec ces nouvelles considérations, on peut espérer obtenir des ré-
sultats d’existence pour des systémes quasilinéaires partiellement dissipatifs grace a la décom-
position de Littlewood-Paley et la technique du paraproduit introduite par Bony dans [9] (sur
lesquels nous revenons en détail dans 'annexe). C’est cette voie que nous explorerons dans la
premiére partie de ce manuscrit.

Au-dela de la condition (SK)

Revenons quelque peu sur la condition (SK). Il est important de noter qu’elle est suffisante
mais pas nécessaire pour obtenir I'existence de solutions globales-en-temps. En effet, il existe
de multiples systémes ne satisfaisant pas la condition (SK) mais pour lesquels on peut obtenir

30n désigne par 71 - n2 le produit Hermitien sur C".
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I’existence de solutions globales-en-temps. Au cours de la derniére décennie, de nombreuses ten-
tatives ont été faites pour améliorer la condition (SK) et pour traiter des systémes ne satisfaisant
pas cette condition. Nous allons maintenant présenter quelques références sur le sujet.

e Dans [4], & nouveau, en se basant sur leurs améliorations concernant le systéme linéaire,
les auteurs ont prouvé deux résultats importants concernant la version non linéaire de
ces systémes. Tout d’abord, ils ont pu obtenir des estimations quantitatives de la taille
du voisinage ou il est possible d’obtenir 'existence de solutions réguliéres globales pour
des systémes non-linéaires satisfaisant la condition (SK). Grace a cela, ils ont établi un
résultat d’existence globale pour le probléme de Cauchy associé & une classe de systémes
ne vérifiant pas la condition (SK). Plus précisément, ils ont fait ’hypothése suivante : il
existe un équilibre, pour lequel le systéme linéarisé sous-jacent satisfait la condition (SK),
qui est suffisamment proche de I’état d’équilibre considéré (pour lequel la condition (SK)
n’est pas vérifiée).

e Une autre innovation présente dans [4] est I'étude de la stabilité L? ainsi que le comporte-
ment & l'infini des solutions du systéme linéaire (8) lorsque la condition (SK) n’est pas
vérifiée. Les auteurs ont établi une classification en fonction de la dimension de ’espace d,
la dimension du systéme n et la forme de ’ensemble dégénéré suivant :

D := {¢ € R%t.q. ker L N {vecteurs propres de A(£)} # {0}} (12)

qui est I’ensemble des valeurs de £ pour lesquelles la condition (SK) n’est pas vérifice. Cet
ensemble décrit les interactions entre la dynamique libre et I'opérateur d’amortissement.
Sous la condition que N 5 > dist(w,D)® ou la valeur de o € R dépend de la situation
étudiée, ils obtiennent une décomposition plus précise de la solution. Par exemple, dans le
cas ou la condition (SK) n’est pas satisfaite, que (8) est un systéme & n composantes tel
que Ker(L) = Span(e;) et pour D un sous-espace vectoriel de codimension r € N*| ils ont
prouvé la stabilité L? de la solution ainsi que la décomposition suivante V = V; +Vo+V3+V,
ou V7 et V5 vérifient les méme estimations que précédemment, et

V3l oo (rer2y < Ct 2 [Jwo| 11 (re g2y
_1
[Vall Loo (ram2y < CT2 |lwol| L1 (re r2)

ot 7 = codim(D). Dans cette décomposition, V; et Va correspondent respectivement aux
hautes et basses fréquences "loin de D" et V3 et Vy correspondent respectivement aux
hautes et basses fréquences "proches de D". Dans ce cas précis, ils ont été capables de
conclure en montrant que N 5 > dist(w, D)? et en utilisant une décomposition orthogonale
de D’espace.

Cependant, la classification faite dans [4] n’est pas compléte et dépend beaucoup de la
structure de D. En général, D est une variété algébrique, appelée variété de Kalman, qui
n’est pas nécessairement une union de sous-espaces vectoriels et donc pour laquelle obtenir
une paramétrisation est plus complexe (pour plus d’informations, voir [60, 80, 81]).

e La condition (SK) ne concernant que le linéarisé, elle omet la prise en compte des contribu-
tions pouvant provenir des non-linéarités, qui peuvent, dans certains cas, étre bénéfiques.
En lien avec I'article précédent, dans [7], Bianchini et Natalini ont considéré deux modeéles-
jouets dans le cas tri-dimensionnel appartenant & la classe des systémes hyperboliques
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partiellement dissipatifs ne vérifiant pas la condition (SK), de telle sorte que certaines
directions propres ne subissent aucune dissipation (i.e. certaines variables ne sont pas dis-
sipées du tout et cela persiste en tout point de 'espace des fréquences) et avec des termes
sources non-linéaires. Dans ce cadre, ils étudient deux cas :

— soit la non-linéarité inclut des composantes dissipées qui comportent assez de dissipa-
tion pour la controler et il n’y a pas d’apparition de singularités,

— soit la non-linéarité n’inclut aucune forme de dissipation et alors il est nécessaire qu’elle
soit non-résonante dans les directions ou il n’y a pas de dissipation pour empécher la
formation de singularités.

Pour montrer cela, ils combinent I'analyse des fonctions de Green pour les systémes hy-
perboliques "faiblement" dissipatifs (faiblement car les termes sources font perdre de la
décroissance au sous-systéme vérifiant la condition (SK)) avec une extension de la notion
des formes nulles pour 1’équation des ondes par Pusateri et Shatah [85], dans le contexte
de la théorie des résonances temps-espaces pour les équations dispersives introduite par
Germain, Masmoudi et Shatah. Il convient de noter, pour faire le lien avec les autres ar-
ticles mentionnés, qu’au moins en dimension 1, 'aspect linéairement dégénéré des valeurs
propres est directement relié a la condition nulle, via la formule de décomposition de John
(pour plus d’informations cf. |7]).

e Dans [75], Mascia et Natalini ont considéré une classe de systémes hyperboliques ne vérifiant
pas la condition (SK) et ont prouvé des résultats d’existence de solutions réguliéres globales-
en-temps pour de petites données initiales dans des espaces de Sobolev H® avec s > % + 1.
Leur analyse nécessite une condition de dégénérescence linéaire dans les directions non-
dissipées pour empécher la formation de singularités. Un exemple trivial vérifiant cette
condition est un systéme de deux équations découplées, la premiére étant linéaire et I’autre
totalement dissipée.

e En lien direct avec le précédent résultat, dans [86], Qu et Wang démontrent un résultat
d’existence globale pour des systémes hyperboliques quasilinéaires pour lesquels il existe
une unique famille propre ne satisfaisant pas la condition (SK). En d’autres termes, pour
n > 3, ils supposent que n — 1 vecteurs propres a droite satisfont la condition (SK) mais
que la premiére famille de vecteurs a droite ne la satisfait pas. Cela peut se reformuler en
conditions de structures sur la premiére famille propre : soit A; la premiére valeur propre
de A(&) et 1 (resp. l1) un vecteur propre a droite (resp. a gauche) associé a \; tels que
pour tout w € ST :

— La premiére famille de vecteurs propres (I1,71) vérifie une condition d’isotropie :
ri(Viw)=rm (V) et L(V,w)=1L((V).
— Q(V) est dégénéré le long des premiéres trajectoires des caractéristiques :
Vi Q(V)ri(w) = 0.
— Pour toutes les autres familles de vecteurs propres a droites r; pour j = 2,...,n,
Vv Q(V)rj(w) # 0.

Cette condition et la précédente impliquent que la condition (SK) est vérifiée par n—1
vecteurs propres mais pas par rq.
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— La premiére famille propre est linéairement dégénérée :
Vv (V,w) - ri(w) = 0.

Bien que la méthode qu’ils développent permette I’obtention de solutions globales-en-temps,
elle ne permet pas de récupérer des informations de décroissance en temps sur toutes les
composantes de la solution. En d’autres termes, du fait de la condition de dégénérescence
de la premiére famille propre, la condition (SK) n’est pas nécessaire pour le systéme entier
mais seulement pour un sous-systéme. Une des applications de leur résultat est le systéme
d’Euler complet amorti pour lequel 'entropie ne satisfait qu’une équation de transport
et n’est donc que transportée par le flot (il est donc naturel de ne pas pouvoir récupérer
de décroissance pour celle-ci). Les hypothéses structurelles qu’ils font sont donc 1a pour
garantir qu’il n’est pas nécessaire d’avoir des informations de décroissance sur la composante
non dissipée pour obtenir des estimations a priori permettant de conclure.

Nous verrons que le systéme multi-fluide étudié dans le chapitre 4 de ce manuscrit est proche
de la classe d’équations considérée par Qu et Wang. En effet, une condition de dégénérescence
linéaire dans une direction particuliére est vérifiée par notre systéme et elle est essentielle pour
conclure. Cependant la complexité de la pression et les équations sur les fractions volumiques
font que le systéme que I'on considére ne rentre pas dans le cadre de leur résultat.

Phénomeénes de relaxation

Dans ce manuscrit nous étudions deux phénoménes de relaxation assez différents. Les
deux s’inscrivent dans 1’étude du comportement asymptotique des solutions des systémes hyper-
boliques partiellement dissipatifs :

= (13)

oV LOF(V) Q)
875+]Z; (‘h‘j &

lorsque le paramétre € tend vers 0. L’étude des problémes de relaxation associés aux systémes
de lois de conservation remonte aux travaux de Chen et al [26]. En utilisant la méthode de
Chapman-Enskog, Chen a déduit une approximation plus précise du systéme limite :

L(V)
.

d d
oV + Z 0;F;(V)—e Z 0;(B;;(V)0;V) = (14)

j=1 ij=1

Pour ce dernier systéme, Giovangigli, Yong et Matuszewski dans [46-49| ont étudié un probléme
de limite de relaxation dans le cadre de la dynamique des gaz parfaits hors de 1’équilibre thermo-
dynamique. En supposant l'existence d’une entropie compatible avec les opérateurs de diffusion
et de dissipation, ils ont prouvé 'existence locale de solutions pour le probléme de Cauchy ainsi
que des estimations d’erreurs entre les solutions de (14) & ¢ fixé et les solutions du systéme limite.
Ils ont été ensuite en mesure d’appliquer leurs résultats & un systéme bi-fluide a deux tempéra-
tures pour lequel le processus de relaxation consiste & faire s’accorder ces températures. Il est
important de noter que leurs résultats n’étant que locaux en temps, la condition (SK) n’est pas
pertinente dans leur analyse (le terme dissipatif étant responsable du comportement en temps
grand du systéme limite). Néanmoins, pour obtenir des estimations uniformes, ils s’appuient sur
la méthode de Kawashima.

Discutons maintenant de quelques résultats concernant I’étude du systéme (13).
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e Dans |59, 74], Hsiao, et Marcati et Rubino étudient la relaxation du systéme (13) vers un
systéme parabolique pour des solutions classiques ou des solutions faibles entropiques grace
4 des techniques de compacité par compensation.

e Dans [4], les auteurs stipulent que si la condition (SK) est satisfaite ainsi qu'une condition
structurelle supplémentaire sur les matrices?, alors il est possible d’obtenir des estimations
uniformes par rapport au paramétre de relaxation € > 0.

e Dans le méme contexte, dans [82], Peng et Wasiolek ont justifié la limite de relaxation
parabolique en s’appuyant sur la méthode de [4] pour obtenir des estimations uniformes.

De nombreux résultats concernant (13) sont des généralisations de résultats concernant le systéme
d’Euler compressible amorti. Pour ce systéme, on peut différencier trois catégories de résultats :

(i) Reésultats obtenus grace aux fonctions de courant :

e Dans [62], Junca et Rascle ont justifi¢ la relaxation du systéme d’Euler compressible
amorti mono-dimensionnel (loin du vide) vers I’équation des milieux poreux pour des
solutions BV arbitrairement grandes globales-en-temps et ont fourni un taux de con-
vergence explicite du processus de relaxation. Leur approche est basée sur 'utilisation
de fonctions de courant qui sont liées aux coordonnées lagrangiennes de masse.

e Trés récemment, Peng, Li et Zhao dans [69] ont généralisé 'approche précédente a des
classes de systémes hyperboliques partiellement dissipatifs vérifiant la condition (SK)
dans le cadre des espaces de Sobolev avec d = 1 et ont obtenu un taux de convergence
explicite pour le processus de relaxation.

e Par la suite, en utilisant des techniques similaires, Liang et Shuai dans [109] ont
obtenu un taux de convergence explicite pour le processus de relaxation dans le cadre
périodique multi-dimensionnel (dans le tore T3 = (R/27Z)3). La limitation au cadre
périodique venant du fait qu’ils doivent utiliser I'inégalité de Poincaré pour contréler
les termes de dérivées partielles mixtes de la fonction de courant qui n’apparaissent
pas dans le cas mono-dimensionnel.

(ii) Reésultats concernant les solutions faibles du systéme d’Euler, potentiellement en présence
du vide :

e Marcati et Milani dans [73], ont prouvé la convergence de solutions faibles du systéme
d’Euler vers des solutions faibles de 1’équation des milieux poreux dans le cas mono-
dimensionnel et ont justifié que la vitesse du systéme limite vérifie la loi de Darcy.

e Dans [43, 71], les auteurs ont étudié le processus de relaxation pour le probléme & fron-
tiére libre du systéme d’Euler mono-dimensionnel compressible amorti en présence du
vide. Sous une condition de régularité Holderienne pour la vitesse du son proche de la
frontiére et en présence du vide, ils démontrent la convergence de solutions réguliéres
vers les solutions auto-similaires Barenblatt du systéme des milieux poreux et obtien-
nent un taux de convergence explicite. Leur preuve s’appuie sur la considération de
fonctionnelles & poids en temps et en espace permettant d’appréhender le comporte-
ment de la solution prés du vide ainsi que des estimations elliptiques pour justifier le
comportement en temps grand.

(iii) Reésultats de relaxation pour des solutions réguliéres :

41’hypothése est que la matrice de convection ne dépende que de la composante amortie.
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e Dans [29, 70], Coulombel, Goudon et Lin justifient la convergence forte locale-en-
espace du systéme d’Fuler vers I’équation des milieux poreux dans des espaces de
Sobolev avec indice de régularité s > g + 1. Un ingrédient principal, aprés I'obtention
d’estimations a priori uniformes a la Kawashima, est I'utilisation d’un changement de
variable diffusif dans les inconnues via I'introduction d’une variable en temps lent que
'on retrouve aussi dans [62, 75].

e Dans [104, 107], Xu, Wang et Kawashima justifient la limite de relaxation dans des
espaces de Besov critiques non-homogénes grace a une procédure de localisation en
fréquences, les résultats fondateurs de Kawashima et le changement de variable intro-
duit dans [75].

Un des buts principaux de ce manuscrit est de compléter cette derniére section en justifiant
la convergence forte globale-en-espace (et en temps) des solutions réguliéres d’Euler tout en
exhibant un taux de convergence explicite pour le processus de relaxation. De plus, la méthode
que nous développons est adaptable, sous certaines conditions raisonnables, a la justification de
la limite de relaxation du systéme général (13) mais aussi pour des systémes ne vérifiant pas la
condition (SK).

Voyons maintenant comment déduire la limite de relaxation du systéme d’Euler compressible
amorti lorsque ¢ tend vers 0. En reprenant les notations dans [29, 70|, on introduit la variable
en temps lent T = et et on effectue le changement de variable diffusif suivant :

(e ) (7.2) = (p. ) (8, ). (15)

Le couple (j., J.) vérifie alors le systéme suivant :
Orpe +V - Jo =0,

- 7 7 - 16
&2 (aTJE + div (W)) +VP(p:)+J. =0. (16)

Pe

En utilisant les bornes uniformes obtenues pour g, et J: lors de la preuve du caractére bien posé,
on peut montrer qu’au sens des distribution, on a

—J. —VP(p.) 20 et donc 8:p. — AP(p.) = 0.

Gréace a ces propriétés de convergence faible-x et des arguments de compacité du type lemme

d’Aubin-Lions, on peut récupérer de la convergence forte locale-en-espace. Et donc, lorsque ¢

tend vers 0, p. converge fortement (localement-en-espace) vers N, la solution de ’équation des
milieux poreux :

oN — AP =0

(o APU0 =0 -

N’T:O = pPo

ou la vitesse du fluide v vérifie une loi de Darcy :
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0.2 Présentation des principaux résultats obtenus

Nos premiers résultats concernent ’étude d’un modéle-jouet rentrant dans le cadre des
systémes hyperboliques partiellement dissipatifs. Nous souhaitons obtenir le plus d’informations
possible sur ce systéme simple dans le but de pouvoir aborder des systémes plus généraux par la
suite.

0.2.1 Chapitre 1 : Etude d’un modéle-jouet

Dans le premier chapitre de cette thése, on se place dans le cadre mono-dimensionnel (d = 1)
et on s’intéresse au modéle-jouet suivant :

Opu + v0,u + Oyv = 0 dans RT xR,
(T'M,y) O +v0,v+ 0, u+ =0 dans RT xR,
(u,v)|t=0 = (ug,vo). sur R.

Ce modéle peut s’interpréter comme une simplification du systéme d’Euler compressible avec
amortissement (7) ayant pour loi de pression P(p) = 3p*. En effet, si on considére I'inconnue
u comme étant 1’écart par rapport a la densité de référence normalisée a 1 (i.e. p = 1) alors, la
premiére équation est une simplification de la conservation de la masse, et la deuxiéme équation
correspond a ’évolution de la vitesse v avec un terme de friction de magnitude A > 0 (qui
peut également s’interpréter comme un paramétre de relaxation). En particulier ce systéme est
quasi-linéaire, symétrique et satisfait la condition (SK).

Afin de disposer d’'une méthode robuste et adaptable & des systémes plus complexes, nous
ne calculons pas explicitement la solution du systéme linéarisé (T'M)) autour de (0,0), mais
utilisons plutdt des méthodes d’énergie avancées (différentes de celles de S. Kawashima dans sa
theése [64]) et un changement approprié d’inconnues. Plus précisément, nous introduirons une
vitesse effective (mode amorti) jouant le méme roéle que le flux effectif visqueux dans les travaux
de Hoff [58] et, plus récemment, de Haspot [56] dédiés au systéme de Navier-Stokes compressible.

Dans le but d’obtenir un résultat dans le cadre des espaces de Besov homogénes, il est
crucial d’étudier en profondeur le comportement des basses fréquences qui, dans les précédents
travaux sur le sujet, étaient mélangées au reste des fréquences. Comme suggéré par ’analyse du
comportement asymptotique des solutions de Kawashima et plus tard redémontré par Beauchard
et Zuazua, les basses fréquences des solutions se comportent comme les solutions de I’équation
de la chaleur. Bien que dominant pour I’ensemble de la solution, il s’avére que ce comportement
n’est pas assez précis pour appréhender les basses fréquences. En effet, une analyse spectrale
approfondie nous montre que :

e en basses fréquences, la matrice du systéme correspondant & la fréquence £ a deux valeurs
propres réelles qui tendent respectivement vers 1 et €2 pour € proche de 0;

e en hautes fréquences, deux valeurs propres complexes conjuguées coexistent, elles sont

1
asymptotiquement égales a 5(52 +i€).

Cela nous dit qu’en basses fréquences une valeur propre a un comportement parabolique mais
que l'autre est purement amortie. De plus, cette analyse révéle I'existence d’un mode amorti qui
permet de diagonaliser et de découpler le systéme dans le régime des basses fréquences. C’est
sur cette derniére propriété que nous allons nous appuyer pour gérer les basses fréquences.
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Présentons maintenant quelques calculs sur le linéarisé du modéle-jouet pour mieux com-
prendre la méthode que nous voulons mettre en place. Supposons que 'on ait une solution
réguliére (u,v) du systéme suivant :

O+ 0,v =0,
(18)

O + Oyu+v=0.

La premiére chose que nous devons faire est de localiser en fréquences le systéme grace a
I'opérateur A; provenant de la théorie de Littlewood-Paley. En appliquant A; a (18) et en
notant f; := A;f, on obtient

{ 8tuj + 8xvj =0, (19>

8t21j + &cuj +v; = 0.

En considérant le mode amorti w = v + 0,u comme une inconnue & la place de v, le systéme se

reformule ainsi : )
atUj - 8muj = —aij,
L 2 .
Owj +wj = —02,v;.

Sous cette forme, on peut voir directement le comportement parabolique dans 1’équation de
u et Paspect amorti dans ’équation de w. Sachant que cette analyse se restreint au régime
basses fréquences, les termes sources ne poseront aucun probléme & étre absorbés étant donné
qu’en Fourier les dérivées sont équivalentes & multiplier par 2/ et qu’en basses fréquences j est
suffisamment négatif. On peut donc étudier le systéme d’équations de maniére découplée et
récupérer les comportements attendus d’une maniére directe en basses fréquences. De plus, cette
diagonalisation du systéme permet d’effectuer des estimations au-dela du cadre énergétique, c’est-
a-dire dans des espaces LP avec p > 2. En pratique, cela est possible pour un systéme lorsque
ses valeurs propres sont réelles, ce qui est bien le cas ici mais seulement dans le régime basses
fréquences. En hautes fréquences, le systéme ayant des valeurs propres imaginaires, nous devons
nous restreindre au cadre d’énergie L?. Voyons maintenant comment procéder dans ce régime.

Meéme si les hautes fréquences sont bien comprises dans tous les articles concernant les
solutions fortes de ces systémes, nous allons quelque peu simplifier la méthode d’obtention des
estimations a priori et éviter d’introduire le concept de fonction compensatrice. Inspiré par les
articles de Beauchard et Zuazua [4] et de Danchin [33, 35], nous considérons une fonctionnelle de
Lyapunov permettant de retrouver les propriétés voulues. Pour le systéme linéarisé du modéle-
jouet (19), elle s’écrit

A

23 2 gl + o3l + 10aul + 100512 + [ 05000,

ol les quatre premiers termes correspondent & I’énergie basse et hautes fréquences et le dernier
terme & un terme d’ordre inférieur permettant de récupérer de l'intégrabilité en temps sur u. En
dérivant en temps cette fonctionnelle, on arrive &

1d 9 1 9 1 9 1
375 (05, %vj)llz2 + Sll0zuslize — Sldavsllze + 5 Vi dpuj < 0.
Sachant qu’il existe ¢ et C' deux constantes strictement positives telles que

C (s, vj, 0pug, Dpvg) 72 < L3 < Cll(uy, vj, Ozug, Opvs)|7

1 , ,
et [|(vj,02v5) 72 + B (HamujH%Q — 102517 + / v; Oy df’«") > cmin(1,2%) L3,
R
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on arrive aisément a

Ld ., 2\ 2
2dt£] + cmin(1,2%)L5 <0.

Donc, aprés intégration en temps, on retrouve le comportement purement amorti des hautes
fréquences et par la méme occasion le comportement parabolique des basses fréquences. Nous
verrons que pour le systéme quasi-linéaire, la gestion des termes supplémentaires ne pose pas de
probléme. Une des difficultés principales est 'adaptation d’outils d’analyse fonctionnelle tels que
les estimations de commutateurs et les lois de produits & notre cadre fonctionnel.

Les analyses ci-dessus révélent que dans le but d’obtenir les estimations de dissipation
optimales il est préférable de séparer la solution en une partie basses fréquences et une partie
hautes fréquences. Cela est possible grace a la décomposition de Littlewood-Paley qui permet
de localiser en fréquences.

Cela nous améne au premier théoréme du premier chapitre, pour lequel les notations sont
définies en annexe.

Théoréme 0.2.1. Soit2 <p <4 et X >0. Il existe k = k(p) € Z et co = co(p) > 0 tels que pour
1

le seuil entre les hautes et basses fréquences Jy = |loga\| +Ek, si on suppose que uZ I g"]* € B]il

h
u‘]A

et h‘]* 618321 avec

¢ - h
I (uo, o) [ + A" o, w0)|* < e,
P

Bp,l BQJ

alors le systéme (T'M)) admet une unique solution globale (u,v) dans l’espace E]‘D]A défini par

w
|wo

L1 )
ut € Cy(RT;B? ) le(RtB;j ), w7 e G R IB%22 )N LY (RY,BZ,),

0«
NEERN

L1 .1l 3 3
v € G (RY;BE) le(RtB;j ), WM eC®YiBE ) N LY (RY, 153 1)
.1 L1
Mo+ d,ue L'RY,BY) et ve L*(RT,B)).

De plus, nous avons l’estimation a priori suivante :

Xpa(8) S [l (w0, o)1 + A7 [[(wo, wo) "> pour tout ¢ >0,
P

B, Bs,
ou
0J - h,J 0J h,J
Xpa®) = [ )I™ o AT @ o) 5 AT ul P+ )
L?(Bgﬂ Lo (B3 ) L} (Bp1 ) Li(B3 ;)
+ v+ O]y + A7 o]
51 ? p,l)
e Le mode amorti w = Av 4+ O0,u satisfait, comme pressenti, une meilleure intégrabilité

temporelle en basses fréquences que le reste de la solution. C’est une des clés pour boucler
les estimations globalement en temps et pour obtenir des résultats concernant la limite de
relaxation.

e Comparé aux articles de Kawashima et Xu [102, 105] ou les auteurs obtiennent des ré-
sultats dans des espaces de Besov non-homogénes critiques construits sur L? pour une
classe de systémes contenant (T'M)), 'homogénéité de nos normes nous permet d’obtenir
la dépendance exacte des normes par rapport au parameétre d’amortissement \.
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e Le seuil Jy entre les basses et hautes fréquences dépend du coefficient de friction et doit
étre choisi assez petit via la constante k pour pouvoir absorber les termes avec "trop de
dérivées" en basses fréquences.

Nous montrons ensuite un résultat concernant les estimations de décroissance vers 'état sta-
tionnaire pour le systéme d’Euler compressible avec amortissement. Ce résultat améliore les
précédents résultats concernant le comportement asymptotique des solutions dans le cas mono-
dimensionnel, notamment [8, 106]. De plus, en adaptant les idées de Guo et Wang dans [53] et de
Xu et Xin dans [101] pour le systéme de Navier-Stokes compressible, nous écartons I’hypothése
de petitesse supplémentaire sur les basses fréquences des données initiales qui est habituelle-
ment requise pour obtenir des estimations de décroissance. Voici le deuxiéme résultat que nous
obtenons pour (T'M,) :

Théoréme 0.2.2. Supposons que les hypothéses du Théoréeme (0.2.1 sont satisfaites pour p = 2.
Alors, il existe une fonctionnelle de Lyapunov associée & la solution (u,v) construite dans ce
théoréme, qui est équivalente a ||(u,v)

Ly s
82,083,

Si de plus on suppose que (ug,vy) € IB%Z_,gé pour o1 € ]—%, %} alors il existe une constante
C > 0 dépendant seulement de o1 telle que

I 0) () lgor < C o, o0)llgrr > V220,

De plus il existe une constante kg dépendant seulement de o1, A et de la norme de la donnée
matiale telle que, si

1
() &1+ kot, az 2o+ o et Con AT (o, w0) |75, + H(uo,vo)H]’;’g*,

2.1
alors u et v vérifient les estimations de décroissance suivantes :

a 0+ o01
2 )

AT (u, ) (OIS < CCop, 0 € [-01,1/2], a
2,1

h,J
A2 (w, 0) ()] 5™ < CCon,
2,00
ATTFS ||<)\t>a1v|]ti"]* < CCpn ap £ }(1 + 01)-
Byt — v 2\2
e Le fait que v subisse directement la dissipation, contrairement & u, explique pourquoi le
taux de décroissance des basses fréquences de v est meilleur que celui de u.

.1
e Grace a l'injection L' < B, 2, on voit que I'hypothése ci-dessus avec o1 = 1/2 englobe
la condition classique présente dans 'article de Matsumura et Nishida [76] o les données
initiales sont dans L' afin d’obtenir un taux de décroissance similaire & celui de 1’équation

de la chaleur.

e En choisissant les bons exposants, on peut retomber sur les conditions utilisées dans [§]
mais avec des meilleurs taux de décroissance vers ’état d’équilibre.

Le reste de cette section est consacré a 'adaptation de ces deux résultats au systéme d’Euler
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compressible amorti puis & des systémes plus généraux de la forme suivante :

Ou 4+ adyv + V3ou + Who,w =0,
Ov + BOzu + V20,u + W20,0 + M+ kdv? =0

oil Kk est un paramétre réel, ¢ > 2, un entier, V! = V1(v) et V? = V2(v) sont des fonctions
réguliéres s’annulant en 0, W' = Wl(u v) et I/V2 W?2(u,v) des fonctions réguliéres s’annulant
n (0,0), et «, B, A sont des constantes strictement positives. Les conditions particuliéres sur
les nouvelles fonctions entrant en jeu viennent du fait que v posséde de meilleures propriétés en
terme de régularité basses fréquences que wu.

0.2.2 Chapitre 2 : Les systémes hyperboliques partiellement dissipatifs sat-
isfaisant la condition (SK) dans le cas multi-dimensionnel

Dans le deuxiéme chapitre de cette thése nous généralisons la méthode développée dans la
premiére partie aux systémes hyperboliques quasi-linéaires partiellement dissipatifs dans I'espace
entier R? avec d > 2. Nous établissons Pexistence de solutions fortes globales et d’estimations
de décroissance dans des espaces de Besov homogénes critiques lorsque le systéme considéré est
symétrisable et satisfait la condition (SK). En particulier, nos résultats s’appliquent au systéme
d’Euler compressible avec amortissement dans 1’équation de vitesse.

Plus précisément on s’intéresse aux systémes dans R? & n-composantes suivants :

ANV V). 20
Z )5 = HV) (20)
Afin d’assurer I’hyperbolicité et donc ’aspect bien posé localement en temps de notre systéme,

nous supposons que ces systémes sont symétrisables au sens de Friedrichs :

Il existe une fonction réguliere S : V +— S(V') définie sur Oy a valeurs dans ’ensemble des

matrices symétriques définies positives telle que pour tout V € Oy, les matrices
(SAY(V),---, (SAT) (V) sont symétriques et SAY(V) est définie positive.

Grace & une décomposition de notre solution en une partie directement amortie et une partie
indirectement amortie, il est possible de reformuler le systéme (20) sous la forme suivante :

A (V)dz, + Z (4,()9;21 + AL ,(v)9;22) = 0,

1122 8tZ2+Z< 8Zl+A22( )ajZQ) + LoZz = Q(Z)

ot Z =V —V et les différentes matrices sont décomposées selon Z = (2) .

Ce découpage en deux systémes d’équations donne a ce systéme une structure trés similaire
au systéme étudié dans le premier chapitre de cette thése. Cela nous permet d’employer des
arguments similaires et d’obtenir des résultats pour ces systémes généraux.

Comme pour le modéle-jouet, un ingrédient essentiel dans notre analyse est I'introduction
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d’un mode amorti W correspondant a la partie de la solution subissant ’amortissement maximal
en basses fréquences. Dans ce contexte, on le définit ainsi :

d
W& Ly AS (V)0 Zy = Za+ Y Lo ' (A9, (V)0;Z1 + A} ,(V)0;Z2) — Lo Q(Z)-
j=1

Ce mode amorti est bien stir analogue a 'inconnue w définie précédemment et satisfait I’équation
suivante :

d
AQo (V)W + LoW = A3 5(V) Lo~ > 0,(AL (V)0 21 + AL 5(V)0; Z5)
j=1

— AY,(V)La ' 9,Q(2)-

On peut voir que le membre de gauche assure la dissipation maximale sur W et que les membres
de droite ne contiennent que des termes au moins quadratiques, ou linéaires mais avec "assez"
de dérivées pour qu’ils soient négligeables dans le régime basses fréquences. De plus, pour des
petites solutions i.e. si Z est petit dans une certaine norme, alors W est comparable & Zs et
il est donc possible de récupérer des meilleures informations sur Zs que pour ’ensemble de la
solution Z.

Concernant les hautes fréquences, en s’inspirant des arguments développés par Beauchard
et Zuazua dans [4], on considére la fonctionnelle suivante :

Li2\Zjl7.  +27Z; st j >0,
Ap(V)

zjé/
R

ou les €1, ,e5_1 > 0 seront choisis assez petits pour que £ ~ ”Z”%Q La premiére partie de
cette fonctionnelle correspond & I’énergie et permet de récupérer les informations de base sur
la solution. La deuxiéme partie correspond & des termes d’ordres inférieurs permettant, apres
avoir dérivé en temps Z,, de compenser le manque de coercivité et de récupérer des informations
de dissipation sur les composantes non amorties. Considérer cette fonctionnelle de Lyapunov
permet d’éviter d’utiliser les arguments du type fonction compensatrice et nous donne aisément
acceés a des estimations de décroissance.

avec

n—1
e (Al Z) (2AbZ)) ) de,
k=1

Voici le premier résultat que nous obtenons concernant (20), réécrit avec 'inconnue Z.

Théoréme 0.2.3. Soit d > 2 et V un état d’équilibre constant tel que H(V) = 0. On suppose
que (21) vérifie la condition (SK). Alors, il existe une constante positive « telle que pour tout

Y s R
ZypeB3i, NB3, satisfaisant
¢ h
202 |%) y, + 100"y, < o
B34 Bs,

le systeme (21) associé a la donnée initiale Zy admet une unique solution globale Z dans l’espace
FE défini par

+. @5l ARt h 1t . w3 t1 0o 1mt. st 1t .31
ZeCRYBy, NB, ), Z"e L (R%B3, ), Z1eL (RTBF, ) et WeLl (RT;B3, ).
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De plus, il existe une fonctionnelle de Lyapunov équivalence a ||Z]| . 41 i, €t une cons-
B3, 3,1
tante C dépendant seulement des matrices A7 et H, telles que
Z(t) < C2y pour tout t >0
ou
ZO2121° g F1Z1 e + 12N e
L (BS, ) L (B3, LiB3, )
+ HWH sd T HZzH + HZzﬂ

54 B
2 1 ) 2 1) 2 1 )
e Les remarques concernant le théoréme d’existence pour le modéle-jouet s’appliquent a ce

théoréme.

e Ce résultat ne peut pas s’étendre au cas d = 1 car I'indice de régularité du régime basses
fréquences devient négatif et donc certains termes non-linéaires ne peuvent pas étre bornés
convenablement.

En suivant une approche similaire au premier chapitre, on obtient un résultat concernant les
estimations de décroissance en temps vers I’état d’équilibre constant V. Ce résultat généralise
tous les précédents résultats de convergence vers ’état d’équilibre obtenus par le passé.

Théoréme 0.2.4. Sous les hypothéses du Théoreme 0.2.3 et si, de plus, Zy € B oo pour o1 €

]f%, %} alors, il existe une constante C' dépendant seulement de oy telle que

123,70 = CllZollg,or s VE20.
De plus, si oy >1—d/2,

-1

+
)21 22, P

Ry

A ¢ h

alors la solution Z vérifie les estimations de décroissance suivantes :

o+o ¢
supH 21Z(t)‘, <CCy si —o1<o0<d/2-1,
t>0 Bg,l
U+01+1 ¢ .
SupH QZQ(t)‘, <COCy si —o1<o<df2—2
t>0 ]Bg,l

sup ||<t>alZQ(t)||‘égl < CCy si min(d/2—2,—01) <o <d/2—1

et prZWZUHaHSO%
t>0 B3

d
A nouveau, en invoquant I'injection L' < B 2 le résultat ci-dessus englobe la condition
d’intégrabilité classique Zy € L' nécessaire pour obtemr ce type d’estimations.
La suite de ce chapitre est consacrée a I’étude du systéme (20) sous des hypothéses de

structure additionnelles permettant de montrer des résultats dans la méme veine que les deux
mentionnés ci-dessus mais avec des hypothéses moins exigeantes sur les basses fréquences des
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données initiales. En outre, si on ajoute un paramétre de relaxation sur la partie dissipative,
ce nouveau cadre fonctionnel permet aussi d’obtenir une dépendance par rapport au paramétre
d’amortissement précise et exploitable pour étudier la limite de relaxation comme nous le verrons
dans le Chapitre 3.

0.2.3 Chapitre 3 : le cas multi-dimensionnel dans le cadre L” et relaxation
du systéme d’Euler

Dans ce chapitre nous considérons les systémes a n composantes suivants :

d
191% ov. LV
i AF e
ot + ; V) oxy €

ofl € est une petite constante strictement positive, les fonctions A* sont réguliéres et linéaires
a valeurs dans ’ensemble des matrices symétriques. A nouveau, nous faisons une hypothése de
dissipation partielle : le terme LV n’agit que sur une partie de la solution, ce qui peut s’écrire :

0
=)

ou 0 € R" LoV € R" njy,ng € Nand n; + ny = n. Le systéme que nous étudions ici est une
simplification du modéle étudié dans le chapitre précédent. Néanmoins, en corollaire de notre
théoréme principal, nous obtenons un résultat concernant la limite de relaxation du systéme
d’Euler compressible amorti vers ’équation des milieux poreux, ce qui est le but principal de ce
chapitre.

A nouveau on considére un état d’équilibre constant V' tel que LV = 0. En définissant
Z2V —-V,ona
d LZ
Kz -+ AN(V)ORZ + == =0 (22)
€
k=1
Tout d’abord, comme dans le premier chapitre, nous nous concentrons sur le cas € = 1 qui n’est

pas restrictif grace au changement de variable :

)2 2(45)

qui nous permet de récupérer la dépendance par rapport a € grace & 'homogénéité de nos normes.

Ensuite, pour gérer les basses fréquences, nous suivons I'approche du premier chapitre et
considérons le mode amorti W introduit dans le chapitre 2 comme une nouvelle inconnue. Cela
nous permet de diagonaliser le systéme en une équation purement amortie et une équation
parabolique qui ne sont couplés que par des termes au moins quadratiques, ou des termes linéaires
d’ordre supérieur (en termes de dérivées) et qui seront donc négligeables si le seuil Jy entre les
basses et hautes fréquences est assez petit. En effet, en utilisant la définition de W dans I’équation
de Z1, on obtient

d d d
021+ Y AV 021 =) Y ALy Ay 04021 = fi + fot fs+ fat f.
k=1 k=1 ¢=1

Afin de pouvoir estimer cette équation de maniére découplée, nous avons besoin de I’éllipticité
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de I'opérateur

A2 AL 0,0,
et aussi de la nullité des fl’il. Dans ce cas particulier, il s’avére que la condition (SK) est en fait
équivalente a I’éllipticité de cet opérateur. Nous avons le lemme suivant :

Lemme 0.2.1. Supposons que ¥ k € {1,--- ,d}, fl]il = 0. Alors les assertions suivantes sont
équivalentes :

o Le systeme (0.2) satisfait la condition (SK) en V;

e [lopérateur A est fortement elliptique.

De plus, si une de ces assertions est vraie et si Supp(FZ1) C {€ € RY: Ry < [€] < RaA} pour
0 < Ry < Ry alors, pour tout p € [2,00[, il existe c = ¢(p,d, R1, Ra) > 0 tel que

d d
/Rd<z > AL Ly AL 040070, | 21 PR 20) = N 2
k=1 (=1

Une fois ce lien établi, nous pouvons aisément étudier les basses fréquences en étudiant
I’équation de Z; et de W de maniére découplée, puis, & partir de cela nous récupérons les
propriétés sur Zs.

Concernant les hautes fréquences, nous employons ’approche de Beauchard et Zuazua
développée dans le chapitre 2. La difficulté réside dans la mise en place de nouvelles estima-
tions pour les commutateurs, lois de produits et lemmes de composition pour pouvoir estimer la
partie basses fréquences des non-linéarités qui n’appartient pas 4 un espace basé sur L2.

Cela nous ameéne au théoréme suivant.

Théoréme 0.2.5. Soientd > 2, & >0 et p € [2, min(4, d%dz)], on suppose que la condition (SK)
est satisfaite en V et que pour tout k € {1,--- ,d}, Alf’l =0, 7Z+— A]fl(f/ + Z) est linéaire par
rapport & Zs et Z — AF(V +Z) est linéaire par rapport a Z. 1l existe un k, € Z et co = co(p) > 0

. d .dyq
tel que pour J. = |—logae| + kp, si on suppose Zg"]f cBy, et Zg’JE € B22-1F avec

1Zo|[ + <1 Zo H’”E < ¢,
Bpl 21

alors le systéme (22) admet une unique solution globale Z dans l’espace EI‘,]‘E défini par

0,J. Y- 1ot o 2 h,J. el 1t Teatl
Zy" € G(RTBy )N LI (RTBy, ), 277 € (R IB%2 )N LY (RT, IB%2 ),
. a .44 . a -
Zy € G(RY;BZ )N Ll(RﬂB;;j ), W€ Ll(R+;B;1) et Zye L*(RT;BY,).
De plus, nous avons les bornes suivantes :

X

pe(t) S 120)|°5 + ¢l Zo H’ljfl pour tout t > 0,
P

B, 1 21
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ol
£,J h,J, 0,J h,J,
Xy (t) 2 1|2)|"" SIZIME g el Al 121 +||22H
L°°<BP1> L (B, L}(BE, LN Bp
+||Wa|| +e—%||zzu
Li(B), L3 (B} 1)
et

+ZL (A5, (V)0RZ1 + A5 o (V)OrZs)-

Ce résultat nous permet, presque directement, d’obtenir des bornes uniformes pour la solu-
tion du systéme d’Euler compressible amorti et d’étudier la limite de relaxation lorsque € — 0.
Le systéme (7) n’étant pas symétrique, nous ne pouvons pas lui appliquer le Théoréme 0.2.1 di-
rectement. Pour cela, nous allons employer la symmeétrisation die & Makino, Ukai et Kawashima

dans [95].

Pour une loi de pression satisfaisant :
P(p) = Ap" fory>1 and A >0. (23)

on considére I'inconnue
1

2 8P . (4")&4)5 y—1

y=1\dp ~-1

P Lo ~_ 7 ~ .= "
appelée vitesse du son. En définissant ¥ = et ¢ = c— ¢ ou ¢ est une constante positive, on

peut réécrire le systéme (7) sous la forme :

oc+v-Ve+7(c+ e)dive =0,
U | (24)
3tv+v-Vv+7(c+c)Vc+gv:0.

Ce systéme est symétrique, vérifie la condition (SK) et les hypothéses de structure mentionnées
ci-dessus. Donc, le Théoréme 0.2.1 peut lui étre appliqué avec

W:U-VU—I—S—i—’y(E—i—E)VE:v-VU—i-g—i-:chc

pour mode amorti. En utilisant un lemme de composition, on obtient une solution (p — p,v) du
systéme initial (7) vérifiant des propriétés réduites mais suffisantes pour nous permettre d’étudier
la limite de relaxation.

En effet, grace aux bornes uniformes provenant de ce théoréme, il est alors possible d’étudier
le comportement asymptotique de la solution de (7) lorsque € — 0, qui, en réalité, n’est pas si
intuitif. En effet, & premiére vue, lorsque le coefficient d’amortissement devient de plus en plus
grand on s’attend a ce que le phénoméne de dissipation soit de plus en plus dominant. Cependant,
il se produit ce qu’'on appelle l'effet d’overdamping : le taux de décroissance n’augmente plus
lorsque le coefficient d’amortissement augmente mais se comporte plutdét comme min(e, 1/¢).
Cela peut se voir concrétement avec une analyse spectrale du systéme d’Euler amorti ou dans
[110] pour Doscillateur harmonique amorti. Dans l’espace de Fourier, le systéme linéarisé d’Euler
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avec paramétre de relaxation égal a € a pour matrice
0 €

11
T
€

1
e le discriminant du polynome caractéristique étant égal a — — 4€2, la coupure entre les
€

11 est facile de voir que :

hautes et basses fréquences se situe au niveau de 2
€

e en basses fréquences (i.e. |¢| < e71), cette matrice a deux valeurs propres réelles qui

tendent respectivement vers — et £2 pour & proche de 0;
€

e en hautes fréquences (i.e. [£| > ¢71), deux valeurs propres complexes conjuguées coexis-

tent, dont les parties réelles sont asymptotiquement égales a %
€

Dans les approches précédentes, toutes les fréquences étaient "mélangées" et donc I'aspect dissi-
patif en basses fréquences n’était pas pleinement exploité car le comportement global qui ressort
d’un mixage des fréquences est toujours le "moins bon". Dans I’approche que nous proposons,
nous exploitons les bornes obtenues sur le mode amorti (qui est directement lié & la valeur propre
asymptotiquement égale a 1/¢ en basses fréquences) et la dépendance du seuil entre les hautes
et basses fréquences par rapport & . En effet, si pour € < 1, on effectue les mémes calculs que
précédemment mais avec le seuil entre les hautes et basses fréquences Jy ne dépendant pas de ¢,
on se retrouve avec un coefficient & devant toutes les normes L!-en-temps de la solution, ce qui
bloque totalement I’étude de la relaxation. Plus précisément, notre seuil J. = | —logs €| +kp, cor-
respond a ’endroit ot les termes d’ordres 0 et les termes d’ordre 1 ont le méme poids (paramétre
inclus). Lorsque ¢ — 0, heuristiquement, cela implique que les basses fréquences recouvrent tout
I’espace de fréquences. Ceci peut étre, d’une certain maniére, justifié en voyant que le comporte-
ment du systéme limite est purement parabolique tout comme le systéme initial dans le régime
de basses fréquences.

Voyons maintenant comment obtenir précisément notre résultat principal. Comme dans
[29, 62, 70, 73], nous introduisons la variable de temps lent 7 = &t et on définit le changement
de variable diffusif suivant :

Le couple (¢& — ¢, 0%) vérifie
0ic® + div (¢°0°) = 0,
o e ~ ~ ~ (25)
e (0p0° + 0° - VO°) +4¢°VeE + 0° = 0.
A partir des bornes uniformes provenant du théoréme d’existence et le fait que
P ~€
seve = Y2,
pf

il est possible de récupérer les informations suivantes sur I'inconnue initiale p°.
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Lemme 0.2.2. Soit (¢c—¢,v) la solution du systéme (24) obtenue avec le Théoréme 0.2.1. Alors,

pour tout t > 0, pE satis;ait lestimation suivante
N VP(5
v+ 7~( )

pE

1
< Co.

+ =
9

. d
Li(B},)

o =pl o +Ip"=0nl a4
LE@®? ) @r

Avec ce lemme en main, nous pouvons estimer la différence des solutions de ’équation limite
et de I’équation initiale :
ON — APN)=0
et
O p° + div (p°0°) = 0.

VP(p° ~ .
(P ), I’équation de p® peut se réécrire:

En utilisant le mode amorti W¢ = 3¢ +
S¢ = —div(p°W*).

Op® — AP(p°) = S°  avec

Le lemme 0.2.2 nous dit alors que
= 0(1)7

[Well a0 =0(e) et [|p°—pll 4
v Ly (BP,)

ce qui implique, avec des lois de produits et estimations de composition, que S est un O(e) dans

d
.d_q
1 +.RP
L' (R ,IB%I%1 ).
Maintenant que les équations sont sous une forme similaire, nous pouvons estimer leur

différence. Pour cela, on définit D¢ £ 5° — N qui vérifie

80D° — A(P(5°) — P(N)) = S°.

Avec la condition
195 —Noll a_, <¢
BT—’
p,1

et en utilisant le fait qu’il existe une fonction réguliére Hy s’annulant en p = A telle que

P(p7) = P(p) = P'(p) (i — p) + Hi () (5" — p),

on arrive a
0D%|| a4y +D7|  any SUSDGa, +[IS7] a4

| HLtOO(Eﬁll) [ HLtl(Bﬁjl) | o\lﬁgll | !\L%(B;ll)
‘|‘H6DEH | .%+1 H(ﬁg_ﬁv-/\[_-/v)n g

LE®BP, ) LB, 1)

0D 2 NP =N =M s

L N Myt

A partir de 1a, comme les quantités du membre de droite peuvent étre absorbées par les membres
de gauche grace au Lemme 0.2.2 et un résultat d’existence pour ’équation des milieux poreux

(Proposition 3.5.1), on déduit que
(4

16D a_y +[16D7]] Se.
L (BP, ) Li(B

T \7p,1 T( p,1
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Cela nous permet d’obtenir le taux de relaxation souhaité et nous conduit au résultat suivant.

Théoréme 0.2.6. Soientd > 2, e >0 et p € [2,min(4, 2%)]. Soient p une constante strictement

d

positive et (p — p,v) la solution du probleme de Cauchy (7) avec (po — p)t,v§ € By, et (po —
. d

p)h,vh e Biirl obtenue via le Théoreme 0.2.1. Soient la fonction positive Ny telle que Ny — p est

. d .d .d49
assez petit dans B |, et N € Cy(RT; IB%;QQLI(IR{*; BJ, ) lunique solution globale correspondante
du probléeme de Cauchy suivant :

{&N —APN)=0
N(0,z) =Ny

obtenue avec la Proposition 3.5.1. Si on suppose que

196 — Noll a_, < Ck,
]BP

p,1

alors, lorsque € — 0, on a
bt éfl 1 L 44’1
p° =N — 0 fortement dans LOO(]RJF;IB%;;1 )N L (RJ“;IBBI’;I ),

et
. VP(p° 4
"+ #) — 0 fortement dans L'(RT;B?Z,).
pE b,
De plus, nous avons les estimations quantitatives suivantes :

P(r)

e

. < Ce.
LY (R+BP )

~E
cd41 + +v

(R+?Bp,1 )

\Y
15" =N a4+ =N] H
Le(R+BP ) Lt

A notre connaissance, ceci est le premier résultat prouvant la convergence forte globale en
espace et en temps de solutions fortes réguliéres du systéme d’Euler compressible vers ’équation
des milieux poreux dans le cas multi-dimensionnel et dans I’espace entier. De plus, nous sommes
en mesure d’exhiber un taux de convergence explicite pour le procédé de relaxation. Mentionnons
que le fait de travailler dans des espaces basés sur des espaces de Lebesgue LP avec 2 < p <
min(4, f—g) pour étudier ce phénomeéne de relaxation n’est pas dans le but d’améliorer un résultat
déja existant dans le cadre L? mais simplement car notre méthode nous le permet.

0.2.4 Chapitre 4 : Caractére bien-posé et limite de relaxation d’un systéme
multi-fluide

Dans le dernier chapitre de ce manuscrit, nous étudions un mélange de deux fluides com-
pressibles remplissant I’espace entier R? avec d > 2. Dans [17], en s’appuyant sur les précédents
travaux [12—14], les auteurs ont montré qu'il était possible d’obtenir un systéme de Baer-Nunziato
visqueux en suivant une procédure d’homogénéisation. L’hypothése de base est que si on zoome
dans le mélange, alors, a I’échelle mésoscopique, les deux phases sont séparées. En supposant que
chaque phase vérifie I’équation de Navier-Stokes compressible dans son propre domaine, les au-
teurs ont été capables d’écrire un systéme fermé pour le mélange. Lorsque 1’on revient & 1’échelle
macroscopique, la densité du mélange de fluides est supposée osciller entre les deux densités de
référence. La propagation de ces oscillations est quantifiée via des mesures de Young et on peut
montrer qu’elles sont des combinations convexes de mesures de Dirac au temps initial, et que la
structure est préservée par la suite. Il est important de noter que les équations obtenues pour



30 Introduction

les fractions volumiques sont de la forme (1) et que le paramétre de relaxation est proportionnel
a la viscosité des deux phases.

Plus précisément, nous étudions la version multi-dimensionnelle du systéme obtenu par
Bresch, Burtea et Lagoutiére dans [17] qui se formule de la fagon suivante :
;‘/jj_“; (P (p4) — P~ (p-)),
O (e py) + div (arpru) =0,
O¢(pu) + div(pu ® u) — Ay u + VP +npu = 0,
p=appy ta_p,
P=aiP; (py) +a-P-(p-).

Oroy +u-Vay ==+

Une hypothése essentielle que nous faisons est que le flux du mélange est animé par un seul
vecteur vitesse. Notons que cette hypothése est loin de simplifier les calculs et qu’on la retrouve
dans de nombreuses applications. De plus, nous ajoutons un terme de friction dans I’équation
de la vitesse avec un paramétre n > 1. Ce terme modélise une force de trainée qui est cruciale
pour démontrer ’aspect globalement bien posé de notre systéme et nous permet d’employer les
techniques développées dans les chapitres précédentes.

Notre but principal est de justifier la limite de relaxation (visqueuse) lorsque les données
initiales (a4, p+o,uo) sont proches d'un état d’équilibre constant (a4, ps,0). Formellement,
lorsque v := 2p + X tend vers 0, le systéme (BN) converge vers le systéme de Kapila suivant :

ar +oa_ = 1,

O (axpt) + div (agpru) =0,

O(pu) +div(pu ® u) + VP + npu =0, (K)
p=appy t+a—p—,

P =P, (py)=P-(p-).

Dans la mesure ol nous nous attendons & ce que les pressions a la limite soient égales et afin
d’éviter 'apparition de couches limites prés de I'instant initial, nous supposerons que les pressions
sont & ’équilibre & l'infini :

P£ P (py) =P (p-). (26)

Concernant I’aspect globalement bien posé de (BN), il convient de remarquer que ce systéme
ne rentre pas dans le cadre des théories générales exposées dans les chapitres précédents ou dans
les travaux antérieurs [4, 46-49].

e Une premiére raison a cela est que le systéme (B/NV) n’est pas un systéme de lois de con-
servation car les équations sur les fractions volumiques a4+ ne peuvent pas se réécrire sous
forme conservative.

e Ensuite, ’entropie naturellement associée au systéme étant linéaire par rapport aux frac-
tions volumiques, elle n’est pas définie positive.

e Enfin, le systéme quasi-linéaire associé au systéme ayant une valeur propre nulle, il ne
satisfait pas la condition (SK).

Cependant, il s’avére que la situation n’est pas si mauvaise car le sous-espace propre associé a
la valeur propre 0 est de dimension 1 et donc, la partie non-dégénérée (i.e. associée au valeurs
propres non nulles) satisfait la condition (SK). Cette analyse nous suggére d’isoler le mode non
amorti et de réécrire le reste du systéme sous la forme d’un systéme satisfaisant la condition (SK).
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Le mode non amorti sera alors vu comme un paramétre et n’apparaitra que dans des termes non
linéaires en facteur de composantes amorties vérifiant de meilleures propriétés d’intégrabilité en
temps.

Plus précisément, nous reformulons le systéme sous la forme suivante :
( 8ty+uv3/:07

Ow +u - Vw + (Hy + Hy(w,7,y)) divu + (Hz + Ha(w,7,y))

) - w (27)
Or +u-Vr+ (Hs + Hz(w,r,y)) divu = (Hy + Hy(w,r, y))j’

w
v

1 1 1
Ou+u - Vu — ;AM,\u%— nu + ;VT + (v —-) ;Vw =0,

ou y est la variable non amortie, w est proportionnel & P, — P_ et r peut s’interpréter comme
une pression effective (i.e. la partie de la pression qui ne disparait pas aprés passage a la limite).

Evidemment, il ne sera pas possible de récupérer des propriétés d’intégrabilité L'-en-temps
sur I'inconnue y car elle ne satisfait qu'une équation de transport. Cela implique indirectement
quiil est impossible, avec notre méthode, de récupérer un controle L'-en-temps sur p dans un
espace B3, avec s € R. Ceci est une difficulté majeure dans 1’étude de ce systéme. Pour
remédier & cela, il est nécessaire de traiter I’équation de y indépendamment des autres et le
systéme (w,r,u) comme un systéme partiellement dissipatif satisfaisant la condition (SK) grace
a la méthode développée dans les précédents chapitres. Cependant, le systéme vérifié par (w, r, u)
n’est ni symétrique ni symétrisable et il comporte un terme d’ordre deux. Il ne rentre donc pas
directement dans le cadre des chapitres précédents. Pour compenser ’absence de symétrie, il sera
nécessaire d’inclure des poids non-linéaires dans la fonctionnelle de Lyapunov hautes fréquences
afin de pouvoir récupérer des estimations a priori. Et le terme d’ordre deux ne jouant pas de role
majeur dans les questions de régularité, son effet sera la plupart du temps négligé. Mentionnons
aussi que la forme spécifique des non-linéarités, notamment w?/v dans 1’équation de 7, jouent
un réle majeur pour pouvoir conclure.

Grace a cela, nous sommes capables d’obtenir un théoréme d’existence pour (27) et avec
I'utilisation d’un lemme de composition, nous pouvons revenir aux variables initiales et obtenir
, . 4
le résultat suivant.”

Théoréme 0.2.7. Soit d > 2. On suppose que : 4> 0, A+ pu>0,v<1etn>1. De plus on
suppose que Uhypothése (26) est satisfaite et que ay € (0,1) et pr > 0. Il existe une constante
c1 > 0 indépendante des coefficients de viscosité p et \ telle que pour toute donnée initiale
(40, ¥—0, P+0, P—0, Uo) Salisfaisant

| (0 — @+, p+o — P+, uo) || ‘1,

BE-1nBE+! =
alors le systéme (BN) admet une unique solution globale (cy,a—, py, p—,u) telle que

d d
(ax — @z, ps — pt,u) € CG(Ry; B2~ N B2,

P P (o
+(”+2) - (0-) ¢ IR BYTABY) e we LRy BY 0B,
1

De plus, les estimations suivantes sont satisfaites uniformément par rapport aux parameétres de

5Se référer au début du Chapitre 4 pour les nouvelles notations.



32 Introduction

relazation pu et \:

|(ax — at, pr — pi,u)\le(R%B%flmB%H) + |]u\|L1(R+;B%mB%H)
1
— <
P (0) = P (0l ) < Cn

ot C' > 0 est une constante universelle.

Concernant 'étude de la limite de relaxation du systéme (BN) vers le systéme (/K'), nous
tirons profit des estimations uniformes du théoréme d’existence pour obtenir un taux de con-
vergence explicite du processus de relaxation en estimant la différence des solutions des deux
systémes. Pour cela, en utilisant le fait que

OéZ_Oéli v v —Oéi()éli v v v v v v VN Jier ) V
(PL=PY) = it o (0(PL~P2)+u -V (PY = PY)+ (3, PL =y PY)dive”),

v

puis en insérant cette égalité dans le systéme satisfait par (a4, P1), on peut écrire 1'équation
vérifiée par la différence des solutions. Mais alors, le terme 0; (P} — P¥) qui apparait en terme
source est problématique car il ne vérifie pas de propriété de décroissance en temps. Nous
reformulons donc notre systéme en introduisant des variables permettant de compenser ce terme
et on se retrouve avec le systéme suivant :

( 875(5Y+ +u” - V(5Y+ = 6S17

00Q+ +u” - ViQ+ + (fg + (Fg — F3)) divéu = 65s,

1 1 1
Oou + u” - Vou + du + (5 + (E — 5))V6Q+ =093,

L ((5Y+, (SQ+, 6u)‘t:0 == (0, O, 0)

Ce systéme étant sous la forme d’un systéme hyperbolique partiellement dissipatif, nos techniques

peuvent s’appliquer pour en estimer les solutions. De plus, en utilisant des lois de produits, on
d_3 d_1

peut montrer que les termes sources sont des O(y/v) dans espace L>(B2"2 N B2~ 2).

Voici le résultat que 'on obtient concernant la convergence des solutions du systéme (BN)
vers les solutions du systéme (/K).

Théoréme 0.2.8. Soit d > 3 et les mémes hypothéses sur les coefficients que dans le Théoréme
0.2.7. Soit (o ,a”, p4, ph,u”) (resp. (ay,a_,py,p_,u)) la solution du probléme de Cauchy
(BN), associé¢ a la valeur initiale (a4, a” , po, P2 g, ug), provenant du Théoréme 0.2.7 (resp.
(K)-(a40, @0, p+0, p—0, Up) provenant du Théoreme 4.2.2) telles que

v 12
I( @3 0P10 _ Q40040
aopotag_ply  atop+o + —op—o
Yol Py

, PYo — Po, ug — uo)||

+ |1PYo —

PY,— P’))—P
7+045Pi+7—aiPl_’( +0 —0) +0” g4-3 pg-

Alors il existe une constante C' > 0 indépendante de v telle que (o, a”, p%, p4,u”) converge
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vers (o, a_, pt, p—,u) au sens suiwant :

(e = ax, P = pt, P2 —p—, u” = w)| )+ oz — ol

d_ 1 d_ 1
L>(B272 L?(B272)

< Cy/v.

+ ||u” —u d_1
e’ =ull, -4,

Ce théoréme est, & notre connaissance, un des premiers résultats justifiant la convergence
forte d’un systéme bi-fluide avec deux pressions vers un systéme de type Kapila. De plus nous
sommes en mesure de quantifier cette convergence avec un taux explicite.






Chapitre 1

Partially dissipative one-dimensional
hyperbolic systems in the critical
regularity setting, and applications

This chapter is based on the paper [30].

1.1 Introduction

In this chapter we develop a method for investigating global strong solutions of partially dis-
sipative hyperbolic systems in the critical regularity setting. Our focus is on the one-dimensional
setting (the multi-dimensional case being considered in the next chapter) and, for expository
purpose, the first part of the chapter is devoted to implementing our method on a simple ‘toy
model” that may be seen as a simplification of the one-dimensional compressible Euler system
with damping, and pressure law P(p) = %pQ, namely

Ou + vOyu + O,v =0 in RT xR,
(T'M,)) O +v0,v+0,u+Xv=0 in Rt xR,
(u,v)|t=0 = (ugp, vo). on R

where the unknown u may be seen as the discrepancy to the reference density normalized to 1,
(then, the first equation is a simplification of the mass balance), while the unknown v stands for
the velocity of the fluid, and the second equation corresponds to the evolution of velocity with
a friction term of magnitude A > 0 (which could also be interpreted as a relaxation parame-
ter). More elaborated systems (including the compressible Euler system with general increasing
pressure law) are considered at the end of the chapter.

The method we develop here offers us these two main features:

e Compared to the recent efforts on the matter, our use of hybrid Besov spaces with different
regularity exponent in low and high frequency allows to consider more general data and to
track the exact dependency on the dissipation parameter for the solution.

e Our approach enables us to go beyond the L? framework in the treatment of the low
frequencies of the solution, which is totally new, to the best of our knowledge.
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1.1.1 Background and motivations

The study of the global existence issue for so-called partially dissipative hyperbolic systems
of balance laws goes back to the seminal work of Kawashima [64]. Recall that a general n-
component systems of balance laws in R? reads:

dw = OF(w)
3t+j§1 Ox;j = Qw). (1)

Here the unknown w = w(t,z) with ¢ € R* and 2 € R? is valued in an open convex subset O,
of R" and @, F}; : O,, — R" are given n-vector valued smooth functions on O,,.

It is well known that classical systems of conservation laws (that is with Q(w) = 0) sup-
plemented with smooth data admit local-in-time strong solutions that may develop singularities
(shock waves) in finite time even if the initial data are small perturbations of a constant solution
(see for instance the works by Majda in [72] and Serre in [91]). A sufficient condition for global ex-
istence for small perturbations of a constant solution w of (1.1) is the total dissipation hypothesis,
namely the damping (or dissipation) term @Q(w) acts directly on each component of the system,
making the whole solution to tend to w exponentially fast. However, in most evolutionary sys-
tems coming from physics, that condition is not verified, and even though global-in-time strong
solutions do exist, exponential decay is very unlikely. A more reasonable assumption is that
dissipation acts only on some components of the system. After suitable change of coordinates,

we may write:
Qw) = (q(‘;)) (12)

where 0 € R™  g(w) € R"2, ny,ny € N and nj +ng = n. This so-called partial dissipation hypoth-
esis arises in many applications such as gas dynamics or numerical simulation of conservation
laws by relaxation scheme. A well known example is the damped compressible Euler system
for isentropic flows that we will be investigated at the end of the chapter. For this system,
the works by Wang and Yang [99] and Sideris, Thomases and Wang [94] pointed out that the
dissipative mechanism, albeit only present in the velocity equation, can prevent the formation
of singularities that would occur if @ = 0.

Looking for conditions on the systems of the form (1.1)-(1.2) guaranteeing global existence
of strong solutions for small perturbations of a constant solution w goes back to the paper of
Shizuta and Kawashima [93], the thesis of Kawashima [64] and, more recently, to the paper of
Yong [108]. Their researches reveal the importance of a rather explicit linear stability criterion,
that is nowadays called the (SK) (for Shizuta-Kawashima) condition and of the existence of an
entropy that provides a suitable symmetrisation of the system. Roughly speaking, (SK) condition
ensures that the partial damping provided by (1.2) acts on all the components of the solution,
although indirectly, so that all the solutions of (1.1) emanating from small perturbations of w
eventually tend to w, while the paper by Yong provides tools to get quantitative estimates on
the solutions when Q(w) = 0. As observed by Bianchini, Hanouzet and Natalini [8], in many
situations, a careful analysis of the Green kernel of the linearized system about w allows to get
explicit (and optimal) algebraic rates of convergence in LP of smooth global solutions to w. Let
us finally mention that a more general approach has been proposed by Beauchard and Zuazua in
[4], that allows to handle partially dissipative systems that need not satisfy the (SK) condition.

Recently, Kawashima and Xu in [102] and [105] extended all the prior works on partially
dissipative hyperbolic systems satisfying the (SK) and entropy conditions (including the com-
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pressible Euler system with a damping term) to ‘critical’ non-homogeneous Besov spaces of L2
type. To obtain their results, they symmetrized the system thanks to the entropy hypothesis,
applied a frequency localization argument relying on the Littlewood-Paley decomposition and
used new properties concerning the Chemin-Lerner’s spaces introduced in |24, 25]. They took
advantage of the equivalence between the condition (SK) and the existence of a compensating
function so as to exhibit global-in-time L? integrability properties of all the components of the
system.

In this chapter, we focus on the particular situation where the space dimension is d = 1
and the number of components is n = 2. Our goal is to propose a method and a functional
framework with different regularities for low and high frequencies. For the high frequencies, we
do not really have the choice as it is known that the optimal regularity for local well-posedness
in the context of general quasilinear hyperbolic systems, is given by the ‘critical’ Besov space

IB%Q%J. The novelty here is that we propose to look at the low frequencies of the solution in another
space, not necessarily related to L?. The advantage is not only that we will be able to consider a
larger class of initial data that may be less decaying at infinity, but also that one can easily keep
track of the dependency of the solution with respect to the dissipation coefficient, and thus have

some information on the large dissipation asymptotics. Various considerations lead us to think
1

that a suitable space for low frequencies is the homogeneous Besov space Bgl (with, possibly,
p > 2) that corresponds to the critical embedding in L.

In order to have a robust method that can be adapted to more involved systems, we shall
not compute explicitly the solution of the linearized system (7'M)) about (0,0), but rather use
modified energy arguments (different from those of S. Kawashima in his thesis [64]) and suitable
change of unknowns. More specifically, we will introduce a ‘modified” velocity that plays the
same role as the ‘viscous effective flux’ in the works of Hoff [58] and, more recently, of Haspot
[56] dedicated to the compressible Navier-Stokes equations.

Our approach enables us to obtain more accurate estimates and a weaker smallness condition
than in prior works (in particular [4, 54, 64, 106, 108]). We will see that it is enough to assume
that the low frequencies of the data have Besov regularity for some Lebesgue index that may
be greater than 2. Also, we will improve the decay that was obtained for the compressible Euler
system with damping in [106] and, adapting an idea from Xu and Xin in [101] for the compressible
Navier-Stokes system will enable us to discard the additional smallness assumption on the low
frequencies that is usually required to obtain the decay estimates.

1.2 Main results

Before stating our mains results, we recall that all the notation used below are defined in
the Appendix A.2.

We state our main global existence result for (7°M,).

Theorem 1.2.1. Let 2 < p <4 and X\ > 0. There exist k = k(p) € Z and ¢y = co(p) > 0 such
1

A T N N hdy . hdy ~ T2s
that for Jx = [logoA| + k, if we assume that ug™,vy"* € By | and uy™, vy € B3, with

I o, wo) I + A7 (o, o)1 < o,
p

IBgp,l 2,1
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then System (T'My) admits a unique global solution (u,v) in the space EI{* defined by

lwo
lwo

.1 ) . .
ub™ € G(RYBY )N LY R, BE, ), w7 € G(RY;BZ,) N LY (R, BS,),

.1 .1l . .
vb e GRTBE )N L%R*,Bﬁ ), M ey (RY;BE,) N LYRT,BS,)

1w N
1w N

.1 L1
v+ 0pu € LNRT,B?,) and ve L*(RT,BL)).
Moreover we have the following a priori estimate:

Xp () S o, ) |1 + A7 (o w0)I">  for all ¢ >0,
p

B, B3,
where
07 - h,J _ 0,7 h,J
Xpa () 2 [[(w, ) |7 L+ A7 [(u,0)]] S g TA ™™+l (w,0)]) 3
L (B 1) L (B3, LB ) r(B3q)
l,J
+ o>

1
G Dol s Ao
HEIN LI(BP, L2(B

1
p1)
Remark 1.2.1. Somehow, the function Av + O,u may be seen as a damped mode of the system,
which explains its better time integrability. This is actually the key to close the estimates globally
in time, and this enables us to prove similar results for more general systems (see Sections 1.5
and 1.6).

Remark 1.2.2. Kawashima and Xu in [102] obtained a result in critical nonhomogeneous Besov
spaces built on L? for a class of system containing (TMy). In their functional setting however,
it seems difficult to track the exact dependency of the smallness condition and of the estimates
with respect to the damping parameter .

Remark 1.2.3. In the L? case, the method we here propose is robust enough to be adapted to
higher dimension and to systems with more components, as we will see in the next chapters.

Remark 1.2.4. In Section 1.5 a statement similar to the above one is obtained for the isentropic
compressible Fuler system with a damping term in the velocity equation. To our knowledge, it is
the first result (partially) in the LP setting for this system. Obtaining a similar result in higher
dimension is the purpose of Chapter 3.

The above theorem gives us for free some insight on the diffusive relaxation limit of (7'M))
in the case of fixed initial datal.

Corollary 1.2.1. Under the hypotheses of Theorem 1.2.1, we have u — ug and v — 0 when A
goes to infinity. More precisely,

1
t\ 2p
o 1 < Ceon 2 and fu(t) — uollgo §0c0<> g
LQ(B;;J) Pl A

Proof. The first inequality follows from the estimate for X, y in Theorem 1.2.1. For the second
inequality, we observe that by interpolation in Besov spaces and Holder inequality,

L 1 1
0z0]|” . | with . £1 - —.

1
P
By 1) L2 (B, ) 2p

1
OxV|| 7 rmo \ S ||Ozv
|| fd HL (32,1) H T HLl(]B

D=

LOur method actually allows us to investigate the connections between the compressible Euler system and the
porous media equation, in the spirit of [62, 70, 103], cf Chapter 3
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Since
e L L
Theorem 1.2.1 gives us
1020139,y < Ceor™ 2
Similarly, we have
11 1
10ctlarig, = 19 u”ym,fl“)”ax HL‘X’(]E%" y T %é % _215

Hence, using that the product maps IBB 1 X IEB 1 to B 1 and Theorem 1.2.1, we deduce that

_ 1
0Bl oo ) S0l 3 19ulrggo ) < CeoX ™3

1
L2Br,)
Since dyu = —0,v — vOyu, we get the desired inequality for u(t) — ug, by time integration and
Holder inequality. O

Remark 1.2.5. In chapter 3 we derive a more advanced relaxation limit result in the multi-
dimensional setting for the compressible Euler system.

Our second main result concerns the optimal decay estimates of the solution constructed in
the first theorem. For now, we only consider the case p = 2.

Theorem 1.2.2. Under the hypotheses of Theorem 1.2.1 with p = 2, there exists a Lyapunov
functional associated to the solution (u,v) constructed there, which is equivalent to [|(u,v)|| 13-

IBQ lﬂBQ 1
If, additionally, (ug,vo) € B oo for some o1 € (—%, %] then, there exists a constant C' depending
only on o1 and such that

11,0} ()l < C o, w0y, ¥t 2 0.

Furthermore, there exists a constant ko depending only on o1, A and on the norm of the data
(and that may be taken equal to one in certain regimes, see the remark below) such that, if

1
(t) £ 1+ kot, az=o01+ 2 and Cy\ = )\HQQH(UO,UO)” 7—01 + H(UO’UO)H

2,00 2 1

then we have the following decay estimates:

N ) (DI < CChs, o € [01,1/2) ALY
wmwmwowh<0%w
vﬁvwmwwwh <CCon ar2i(lem)
By oo - 2\2

Remark 1.2.6. Our proof reveals that® ko ~ 1 whenever the first term of Cy  is controlled by

Al (u0,v0)] + (uovo)l 2
) ' Il¢ )‘B;/f I \ 3/12 RT3
The exact value is ko = o .
A “N\(uo,vo)\l.,gl +lI (uo, vo)l\_g/2
B, B
,00 2,1
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the second one (which amounts to saying that the low frequencies of the data are dominated by
the high frequencies).

Remark 1.2.7. The fact that v undergoes direct dissipation and not u explains why the decay
of the low frequencies of v is stronger than that of u.

.1
Remark 1.2.8. In light of the embedding L' — B, 5% the above statement with o1 = 1/2
encompasses the classical L' condition of [76]. Actually, choosing suitable exponents allows to
recover all the conditions used in [8] for getting decay estimates.

1.3 The case p =2

The present section is dedicated to the case p = 2 in Theorem 1.2.1 and to the proof
of Theorem 1.2.2. The reason for looking first at p = 2 is that one can exhibit a Lyapunov
functional for (7'M, ) that allows to treat the low and high frequencies of the solution together.
Throughout this section, we focus on the proof of a priori estimates for smooth solutions to
(T'M)), the reader being referred to the next section for the rigorous proof of existence and
uniqueness, in the general case.

Before starting, let us observe that (u,v) is a solution to (T'M)) if and only if the couple
(t,v) defined by
(u,0)(t2) 2 (@, ), M) (13)
satisfies (T'M7). Therefore, it suffices to establish Theorems 1.2.1 and 1.2.2 for A = 1, scaling
back giving the desired inequalities, owing to the use of homogeneous Besov norms.

In the rest of this section, and in the following one, we shall use the short notation (7'M)
to designate (T'My).

1.3.1 Global a priori estimates for the linearized toy model

Here we are concerned with the proof of a priori estimates for the following linearization of
(TM):

O + wOyu + 0,0 =0 in RT xR,
(LTM) Ov+wipv+0u+v=0 in RT xR,
(u,v)|t=0 = (u0,v0) on R,

where the given function w : R™ x R — R is smooth.

In the following computations, we assume that we are given a smooth solution (u,v) of
(LTM) on [0,T] x R, and denote, for all j € Z,

A A A A
uj = Aju and v; = Ajv.

Inspired by the work of the second author in |33, 35|, we consider the following functional:

L;= \/Ilug‘lliz 1051172 + 1021172 + 1102517 + /Rvj Drij. (1.4)
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Applying operator Aj to (LT M), simple computations lead to

s sl + [ (Aj(w0r) Ayuct Ay(wdyo) Ajo) =0,
1 d . . . .
5 77 1@cj, v 72 + 1000572 + A(%%(w@w» Ajdgu-t Aj(Dy (wdyv)) Ajorv) = 0.

d

/vj azuj—l—/ v; Opttj + || O || 22 — |0z v;] 22 —I—/(Ajam(waxu)AjijAj(w&pv)ﬁzAju> =0
dt Jr R R

Using the fact that ‘ '
Aj(wopz) = wopz; + [Aj,w|0pz  for z=u,v (1.5)

and integrating by parts, we see that

/A (wOpz) A /3w\zj\ +/[ , W) 0z 2 2j.

Hence, using the classical commutator estimate (A.4) recalled in the Appendix and the embed-

.1
ding B3, < L, we get an absolute constant C' > 0 such that for all j € Z,

< Cc;27 5|0, IAjzl e with > e =1.

JEZ

[
1

/ Aj(wdpz) Ajz
R

1 1
2 2
2 2,1

Likewise, we have, thanks to an integration by parts,
. . 1 )
/Ajﬁm(waxz) AjOypz = 2/Ogcw (axzj)Q —|—/8w[Aj,w]azz OzZj.
R R R
et
Hence, using (A.4) and B3, — L,

1022 L2
1

/ Ajﬁx(waxz) Ajaxz
R

< Cc;27 |0l 1 [10:2]. 1
B3, B
Finally, integrating by parts reveals that
/<Aj8x(w8$u)Ajv+Aj(w8xv)81Aju) :/[Aj,w]ﬁxvaruj —/[Aj,w]&,;uamvj.
R R R

Hence, using (A.4),

/ (Aj&p(w@zu)Ajv + Aj(wﬁxv)OxAju)
R

_J
< Ce;272 ((Jull, 3 10zv5lle + o]l 53 10 ;| z2) |0zl . )-
2,1 2 2

In order to conclude the proof of estimates for £;, one can observe that there exist two absolute
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constants C and ¢ such that
C™ (s, vj, Oxug, Dpvj) |72 < L3 < Cll(uy, vj, Ozug, Opvy)[|7 (1.6)

and |jv;]132 + %(H(?xu]\%z + 10205172 + [ vj Oru; dac) > cmin(1,2%)L3.
Consequently, putting together with the above inequalities, we obtain

! d£2+cm1n(1 QZJ)EQ < Cc¢;2” 2||(9 wH 1 (v, 0zu, O20) |

i 1.
2dt 7 B2, Bélﬁj (1.7)

Then, integrating on [0,t] for ¢ € [0,7] and using Lemma A.1.1 yields
Q%H(ujvvja al"uj’ amvj)(t)”LQ + min( 22] % / H Uj, Uy, ) u]78 UJ)HLQ
. t
gc@www%mw@wwmm+/¥ﬂwu@wmm5naw;)-u&
0 2,1 B3,

Since (direct) damping is present in the equation for v, one can expect v to have better decay
and time integrability properties than w. In fact, as explained at the beginning of Section 1.4, it
is even better to consider the function z £ v 4+ 9,u that satisfies:

Oz + 2z +wopz = —&%xv — Ozw Oz .
Now, applying Operator Aj to the above equation, then using the basic energy method gives:

1d
sl 1l == [ 5080 - [ Aoz - [ A0 oz,

The last term may be handled thanks to a commutator decomposition, integration by parts (as
above) and Inequality (A.4) with s = 1/2. This gives

1d

_
5 aellzi 12 + 122 < Naslles (N2l 2 + C2Hesll0u]

o3 I2ly 1850w ) )

1 2,1

After time integration (use Lemma A.1.1), we end up for all ¢ € [0,T] with
i i f* i
22 ||z;(t)]| 2 + 22 ; 1zl L2 < 2%(12;(0) ]l 2

. t
J
+22/ 162 v]||L2+c/ il Vel + om0l )
0 ]Bz1 B,

,1

.1
Hence, summing up on j < 0 and using the stability of the space B3 ; by product yields

t
l l l l
01 /’ﬂ§ umw5+c/wwg+c/Haw@ (Il +lsull 5 )- (19
By, By, By, 0 B3, By, B3, By

,1

Let us sum (1.8) on j € Z, then add (1.9) multiplied by a small enough constant. Using (1.6)
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and denoting X (t) = ||(u, v, Opu, O,v)(t)||.

1, we eventually get
B3,

X0+ [ (ol + ol

2,1 2,1

t
o+ dmuly ) < c<X(0)+ sl X>. (1.10)
Bs 0 By,

Let us revert to our toy model, assuming that w = v. Then, denoting by Y (¢) the left-hand side
of (1.10), we get
Y(t) < C(X(0) + Y2(t)).

As Y (0) = X(0), a continuity argument ensures that there exists ¢ > 0 such that if

X(0) ~ [|(uo, vo)

By, MNB3 4

< ¢, (1.11)

then we have
Y (t) <2CX(0) forall ¢te]0,T].

1.3.2 Proof of Theorem 1.2.2

For getting decay estimates without any additional smallness condition, the first step is
to prove that the extra negative regularity for low frequencies is preserved through the time
evolution. This is stated in the following lemma which is an adaptation to our setting of a result
first proved by J. Xu and Z. Xin in [101] for the compressible Navier-Stokes system.

Lemma 1.3.1. Let oy €]—3, 3. If, in addition to the hypotheses of Theorem 1.2.1, ||(ug, vo)
s bounded then, for all t > 0, we have

HB;Q
) (1)l 71 < C (o, 00) 15

Proof. Applying Aj to (T'M) yields

Opuj + B5vj = —vdyu; + [v, A0,
Opvj + Opuj + vj = —v0pv5 + [v, Aj]0zv.

Hence, an energy method, followed by time integration (use Lemma A.1.1) gives
t
) Ollz + [yl < g0 Ol
1 [t t ) t _
o3 [ 1ol lze + [ Aorlzn + [ o, A0s0l o
Omitting the second term in the left-hand side, and using the commutator estimate (A.5) that

is valid provided —1/2 < —o7 < 3/2, we get

t

1C, V) ()l o < [l (0, vo)llg o +C ; 10wvll 3 (s 0)llg e

2,1

Hence, by Gronwall lemma,

t
a0 0) (0 < 10, w0)l g exp(c /O ’f’w””B§1>'
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Since the term in the exponential is small (as X (0) is small), we get the lemma. O

The second ingredient is that one can work out from the computations we did in the previous
1 3

paragraph, a Lyapunov functional that is equivalent to the norm of (u,v) in 11'332571 N 13325’1. To
proceed, observe that, on the one hand, Inequality (1.7) implies that for all t > 0,

t t
c/ ch(0)+c/ 10e0] 1 £
0 0 Bil

with £23°252; and # 2 2% min(1,2%)L;
JEZ JEZ.

and that, on the other hand, (1.9) gives us

I(v + 8zu) (8)|

3
311

t t
4 / lo+ daull, < Jlo + Bsuollt, +C / Joll
0 BZ, B3, 0

5
311

t
+C [ ol L.
0 le

Hence, there exist 7 > 0 and ¢ > 0 such that, denoting £ £ £ + njv + 8,ul® , , we have

1

&
Do

t~ ~
Et)—l—c//?—[gﬁ( )+ C Havu 15 with H 2 H+n|!v+auuf
0

}" M\H

1

Observe that H > ||, vH 3 - Since the previous step ensures that £ < X(0), one can conclude

that the last term of the above inequality may be absorbed by the second term of the left-hand
side provided X (0) is small enough. So finally, taking ¢ smaller if need be, we discover that

~t)+c'/0tﬁg2(0)

Clearly, one can start the proof from any time ¢y > 0 and get in a similar way:

~ to+h _
£(to+h)+c’/ H < L(ty), h>0.
to

This of course ensures that £ is nonincreasing on Rt (hence differentiable almost everywhere)
and that for all tg > 0 and h > 0,
to+h -
[i<o
to

Lty +h) — L(to)
h

SRS

+c
Consequently, passing to the limit A — 0 gives
d~ 117 +
££+CH§0 a. e.on RT. (1.12)
We thus come to the conclusion that:

Lemma 1.3.2. There exist two functionals L and D satisfying

L=~ |[(u,0)]

By NB3 4

and D = [lul’ +HUIIh

1

+ ol

1

.%7
le

&
Nrojen
}" m\u
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45
and such that if || (ug, vo)|

IBQJO]BZ

is small enough then (1.12) is satisfied.

1

One can now tackle the proof of decay estimates. Let us denote

¢ h
Co £ (a0, vo) Iy + (w0, w0)ll7 5 -
,00

B

Do

1
As a first, observe that interpolation for homogeneous Besov norms gives us:

Oo
l V4
[(w, o)1 < | (w,0)[[g-0u [ (u,v)]
1322,1 2,00

Therefore, owing to Lemma 1.3.1, there exists ¢ > 0 such that

1—69 9
‘s with 62 -
]B22’1 5/2 + 01

Note that our definition of Cy and the estimates we proved for (u,v) in the previous paragraph
also ensure that

__%
(u,)"s 2 Co =% (Il (u, 0)[|”
B2, B

Hence, thanks to the above lemma, we have,

1
)1790,

1

Nojw
N

d ~ _10% ~
LA cCy L

. N
=0 <0 with £~ |(u,v)|.

1
2
B3 1 NB3 4

N

Integrating, this gives us

~ )

= —L s 0 L£(0)\ =
L(t) < (1+ ko 1t)1 % L£(0) with ko= c3 _090 <C(b)> ’
Rewriting 6y in terms of o7 and using that ||(uo,vo)]|.

13 S Cp, we get
2 B?
2,115

[(w, 0)D],

<O+ )" (uo,
s)osd, S (1 +¢)"*[(uo, vo)|

Nl

1

1 1

. A

1.3 —|o1 + ) 1.13
Bélnﬂsél 2( L ( )

In order to get the decay rate in 153‘2771 for all o € (—01,1/2), we just need the interpolation
inequality

_ 1/2—0
0 1-0 :
00, < NGy )15 w6y 2

.1

B2, 1/2+ 01

2,00

€ (0,1).

In the end, we get (since kg < 1):

_otoy 0 1-6
1, 0)(@)llg | < C(L+ wot) ™2 [[(uo, vo)ll o, [[ (w0, vo) 5™ s -

2,00 182’10113271

In order to improve the decay for the damped component v, let us start from

1
o +v= —5@(@2) — Oyu.
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As vf is in IB%Q 7 for some oy €] — 3, 5], we get

t
l — Y —(t—
ooy < e ooll-ms +/0 e [[0u?, 040 [y (1.14)

It is important to observe that, as 1 — o7 > 1/2,

0
Harz”]é]g;ﬁ |2 HZ (1.15)

Nm\w

Hence, multiplying (1.14) by (¢)** and using the product laws in Besov spaces recalled in Propo-
sition 1.7.2 yields:

t t
¢ 1 —(t— )4
6™ 000 < oller + [ (000 fully o dm+ [ e ol ar

21

and one can conclude as above that

v ()| -o UQ, v —cr+ ug, vg)|| . 3.
(& ol o1 < Ml(uos vo)lg;or + [1(uo 0)”32%,1%2%,1

.3
Let us finally exhibit the (optimal) decay rate of the high frequencies for the norm in B3 ,. Recall
that for j > 0, we have

d
T3+ oL} S L3050 oo + 273X D0l

1
7
21

Hence, using Lemma A.1.1, multiplying by 2%, summing up on j > 0 and remembering that

Yook~ (u v)llhs ;

j=>0

we get

t
1w, )" < e l(uo,v0)l +/0 e o] (1.16)

3
B, B,
Multiplying both sides by (t)2%1, we get
h _
167 (w,0) (D)3 S (61 || (wo, vo) |*

3 3
B3, B3,

t @ Qale_c(t—T) 2 |y 2 (.
+/0 <<T>> ()™ el ) (7 sl

3
,1 IB2,1

).

Taking advantage of (1.13) for bounding the norms in the time integral, one ends up with the
desired decay estimate for ||(u,v)(t)||"s . This completes the proof of Theorem 1.2.2.

3
B2
2

.1
Remark 1.3.1. In the same way, making the slightly stronger assumption that US € sz, we get

) |v(t < ||v + [ (o, v
O™ Oy S ol g + ol

Moo

1
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1.4 Proof of Theorem 1.2.1

An explicit computation in the Fourier space of the solution to (LT'M) with w = 0 reveals
that:

e In low frequencies, the matrix of the system corresponding to frequency £ has two real
eigenvalues that tend to be equal to 1 and to €2, for & going to 0;

e In high frequencies, two complex conjugated eigenvalues coexist, that are, asymptotically,
equal to (€2 & ).

Consequently, one can expect that the low frequency part of System (T'M) is solvable in some
LP type functional framework with, possibly, p # 2, whereas going beyond the L? framework
in high frequency is bound to fail. A similar dichotomy has been observed for the compressible
Navier-Stokes equations (see in particular |23, 27, 56]) but the behavior of the low and high
frequencies in our situation is exchanged.

In order to extend the results of the previous section to the L? framework for low frequencies,
we shall adapt [56] to our setting, introducing an ‘effective velocity’ that reads z = v + d,u and
may be seen as an approximate dissipative eigenmode of the system, in the low frequency regime.

The bulk of the proof consists in establishing estimates in the functional framework of
Theorem 1.2.1 for (LTM). This will be carried out in the first two subsections of this part.
Then, we will prove the existence part of the theorem and, finally, the uniqueness of a solution.

1.4.1 Low frequencies estimates in L”

The main result of this section reads as follows.

Proposition 1.4.1. Let (u,v) be a smooth solution of (LTM) on [0,T]. Then, for all1 < p < oo,
we have

t t
lw)@® ) + / lull 1., + / o+ Bl s
B2, 0 BP, 0 BP,

t
sc<|r<uo,vo>\?1 + [ w0,
35,1 0

1
P
IB510,1

ful y0 ) (117)
B

p,1

Proof. Let us set z = v + d,u. We observe that the couple (u, z) satisfies

1.18
Oz + 2z + wdyz = 0> ( )

rxrxr

{agu — 9% u+ wiyu = —0,z,

u — 02,2 — 0w Dy

In low frequencies, we expect the linear terms of the right-hand side to be negligible, so that we
will look at the first equation as a heat equation with a convection term, and at the second one
as a damped transport equation.

Now, applying Aj to the first equation of (1.18) yields

Oruj — Qfxuj = —Aj(wamu) — 022
= —wdyu; — Opzj + [w, Aj)0u.
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Multiplying by ]uj]”_2uj and integrating in space, we get

Gl = [ gl
= [ ezt = [ w0l + [ o, Ao
R

Hence, integrating by parts, using Cauchy-Schwarz inequality and Proposition 1.7.1 gives

-1
| ) sl

1 d ; 1 .
i sl + 2 sl < 0swl o gl + (102l o + o, gl

Multiplying by 2%, summing up on j < Jy and using Lemma A.1.1, we obtain
E
Oy o [l
P
¢ L e ¢
< ol +/ TRy NI RS SECY N (TR-9H
BY, 0 B?, P Jo BY,

]<J

L

The commutator term may be bounded according to Inequality (A.4) with s = 1/p. Hence,
1

remembering that Eil — L*°, we end up with

Z
oIy va [l o <l + [ 1l 1H+c/ ol
P p

Let us next look at the second equation of (1.18). We have for all j € Z,

(1.19)

@@\H

ezj + 2j + wpzj = O3 u; — 02,25 — Nj(Opw Bpu) + [w, Aj]0p2

Multiplying by z;j|2;|P~2? and adapting what we did for the for the first equation of (LTM), we

obtain
4 ! y4 ¢ l
Ity + e Ay <leolly + [ Il + / ol o+ 2 [ ol 1 Ay
p p p,1 p

/Zm /H@w@uHé.

1<Jo
1
Combining Proposition A.2.3, the commutator estimate (A.4), the embedding B, < L and
Proposition 1.7.2, we discover that

t t t
4 4 4 4 0
0y + [ ey <laly + [ ||z||.;+2+/ ol
]Bp,l 0 ]Bp,l ]Bp B 0
/ ol o 1, / sl 19sull 5 - (1.20)
P p p

At this stage, the key observation is that, owing to Bernstein inequality, there exists an absolute

wA az
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constant C' such that for any couple (o, 0’) € R? with o < ¢/, we have

IF11E, < C2PC =7 fIIE, (1.21)
p,1 p,1

Consequently, if Jp is chosen small enough, then after adding up (1.19) and (1.20), we just get

I, 2) (@) /(HuH O TN )= I(uo, 20)]|

1 1
B, By 1 By
/nmlﬂuwlﬂ+mn;+w%;»
p,1 p,1
Because
V4 l
2] 4 S HUH 1+ vl 5 and o] 1 S =l 1 + [Jull b
p pl pl ]Bp,l BP,I p,I
we conclude to the desired inequality. O

1.4.2 High frequencies estimates in L?

Our second task is to bound the high frequencies of the solution of (LTM). Although
the functional framework for high frequencies is the same as before, one cannot repeat exactly
the computations therein since the terms (wd,u)" and (wd,v)" contain a little amount of low
frequencies of w, u and v, that are only in spaces of the type ]B;l with p > 2 (and thus not in
some ngl) To overcome the difficulty, we have to study more carefully the commutators coming
into play in the proof (see Lemma 1.7.1).

Proposition 1.4.2. Let (u v) be of solution of (LTM) with uf,v§ € ]Bpl and ul, vl € IB%Q L for
some 2 < p < 4. Define p* by the relation 1/p+1/p* = 1/2. Then, the followmg a priori estimate
holds:

t
h
[, 0)(t H 3 / I(u, v H 3 S H(uO,vo)H 3 +/0 10zl oo 11 Cus 015

21 2,1

+||wH e ([, 3U)H 1y A 1100, 000) | o 0]

*1 pl

+ (90w, v)H R H<9 w4 )

3
B2
2 p*,l

Proof. We localize System (LT M) by means of Aj, getting

atuj + aq;Uj + Sj_lw 8x’LLj = le
at’Uj + (%;u]' +v; + ijlw az’Uj = RJ2

with

RJI- = S'jflw Oruj — Aj(w Oyu) and RJ2~ £ Sj,lw Orvj — Aj(w Oy 0).

The remainder terms le» and Rjz will be bounded according to Lemma 1.7.1. To handle the
left-hand side of the above localized system, we introduce the following functional, designed for
high frequencies:

@éM%w@MW§+A%%%
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and get

1 (;ltﬁg + £2> + / 893((Sj,1w Oxuj)&ruj + 833 (S’j,lw amvj)é?xvj)
R

. . 1
+/(Sj_1w€)xvj8xuj + 0y (Sj_lw(?xuj)vj) :/(axR]laqu + 8xR?8xvj + 5 (a,gle-’Uj + R?Bxuj))
R R
Using integration by parts and multiplying by 2 then yields

d
££§+£2 /a Sj—1w ((Opuj)+(95v5)?) :/(R§ Ot — R} Opv; — 2R} Oouj — 2R3 O2v;)-
R

From this, using Cauchy-Schwarz inequality, that Zj ~ [|(Opuj, 0zvj)| L2 and Lemma A.1.1, we
get for all t > 0 and j > Jy,

t t . ) t
v [ <o( [ oty +2 IR,
0 0 0

with C depending only on Jy. Hence, multiplying by 2% and summing up on j > Jy,

I, o))" 5, / I v)Hg; S ll(uo, vo)ll’

2 2
2,1 IB%2

+ [t oty [ 5 2 () Y 022

Jj=Jo

At this stage, taking advantage of Lemma 1.7.1 with s = 3/2 to bound the sum, we conclude to
the desired inequality. O

1.4.3 Global a priori estimates for the toy model

We are now ready to establish the following proposition which is the key to the proof of the
existence part of the theorem.

Proposition 1.4.3. Let (u,v) be a smooth solution of (T'M) on [0,T]. Then, still assuming that
2 < p < 4, there exists a constant C and an integer Jy (corresponding to the threshold between
low and high frequencies) such that for all t € [0,T], we have

Xp(t) < O(Xpo + X5(1))

with Xp0 2 |[(uo,vo)||“1 + II(uo,vo)th and
B, B3,
l
Xp(t) = ||(w,0)[” 1 +H(u,v)\|
L @®? ) L (B3 ,)
+ [ulf 1 Tllv+0: UH 1 +HvH 1wt s
Li@P) LiBP ) L2(BP,) LiB3)

Proof. As a first, let us observe that ||v|| .1 Is dominated by the other terms of X,(t) (let us
t( p,1

denote them by Xp( )). This is clearly the case of the high frequency part since, by Bernstein
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1

. Ls+ Ll
inequality, Holder inequality and the embedding B3 ; — ]B%;lp > with s = 3/2,

h h
ol 3 ST, o S0, wvu ol
t\p,1 t\Fp,1 2 2 2
For the low frequency part, we write that
4 ¢ L : L
ol 1 < Geull” 1+ 1 with 2 =0+ pu.
L} (B ,) Ly (B ,) Li (B} 1)
By Holder inequality and interpolation, we have
1 1
l l l 2 / Y Y 2
1l 5 (Bl o el 5, ) and 2y S (e el )"
L} (B} ,) LBy, Ly(B), ) L} (B} ,) Lge ( HBL)

1 -
As the low frequencies of z in L{°(B ;) may be bounded by X,(t), we proved that

mu < X,(t) forall teRT. (1.23)

~

(BP 1)
Let us also notice that by Sobolev embedding and Bernstein inequality,

v+ Bul”

1
Li(B,)

S, g 0,
(BQI 21)

Therefore, adding up the inequalities from Propositions 1.4.1 and 1.4.2 for w = v and observing
that 2 < p < p*, we get

|(Ozu, Ozv)|| .
B

t
Xp(t) SXp,o+/ (H(u,v)\le ) ) (olle 1y, + 1ol ) / IIUH”
0 B2 BP B3,

,1 p,1

:d'ﬁ\b—‘
ﬁmu
ST

1 1

Since
V4 V4
[0l 340 < v+ Ozull b + Cllul® FOet
Bpl pl pl

we conclude that the inequality of Proposition 1.4.3 is satisfied. O

1.4.4 Proof of the existence part of Theorem 1.2.1

The proof relies on the following classical result about the local existence of strong solutions
for hyperbolic symmetric systems of type

©0$) U + S0 A(U)aU + Ag(U) = 0,
Ult=o = Uy,
where Ay, k = 0,...,d are smooth functions from R" to the space of n X n matrices, that are

symmetric if k& # 0.

Theorem 1.4.1. [3, Chap. 4] Let Uy be in the nonhomogeneous Besov space B (Rd;R”).

Then, (QS) admits a unique mazimal solution U in C([0,T*[; IB%“’H) nect([o, T+ ) and there
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exists a positive constant ¢ such that

C
G —
HUOHI%%&H

Furthermore,

T*
T* < o0 :>/ VU] oo = 0.
0

The proof of the existence part of Theorem 1.2.1 is structured as follows. Flrst we multiply

the low frequencies of the data by a cut-off function in order to have data in IB . One can then
use the above theorem to construct a sequence of approximate solutions, that are shown to be
global. We prove uniform estimates in the space E), for those solutions, pass to the limit up to
subsequence by means of compactness arguments, and finally check that the limit is a solution
of (T M) with the required properties.
First step: Construction of approximate solutions
.3 3

Let (ug,vp) be such that uo, UO € IB%”1 and ug,vg € BJ,. Since (up, vo) need not be in B3,

we set for all n > 1,

ull & xn Sy, _suo + (Id — Sj,_5)uo and v £ xn Syy_sv0 + (Id — Sz, _5)v0
with x, = x(n™!-), where x stands (for instance) for the bump function of Section 1.2.

It is obvious that the sequences (uf})nen and (v )nen tend to uo and vg in the sense of dis-

tributions, when n tends to infinity. Moreover, as ué and UO are in ]B%” the low frequencies of the

D17
3
data are in L°°, and the spatial truncation thus guarantees that ug, vy € 1532271. Hence, Theorem
3 1
1.4.1 provides us with a unique maximal solution (u",v") € C([0,T,[; B ) N CL([0, T, J; B3,)-

We claim that we have for zg = ug, vo,

¢
< lloll
Bp’l

+ [|20ll" 3 (1.24)
Bs,

¢
=515y + N=6 1 53
]Ep,l 2

1
Indeed, since ||xn|/*1 ~ || x||Z < 00, owing to the invariance of the norm in B}, by spatial

B
dilation (see e.g. |3, Rem 2. 19]) we may write

’U@\»—A

¢ ¢
; . .
2ol 1 S‘X SJ—5ZO‘.1 —|—H Id — Sjy-5)20]|. 1
161y oSy +l0a 800y
¢
Slaoll's el g + Il
B, B, B?
< lleolly + Izl
]E}fl BQI
Next, we see that '
HZ(T)L”Bg lXn Sgo—520]" £ +H(Id—SJ075)ZgHB% -
2,1 B34 2,1

It is obvious that the last term may be bounded by Honh . For the other term, the important

!" w\u
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observation is that for j > Jy, we have

Aj(XnSJ0—5ZO): Z Aj(SjI+QS’J0—5ZOAj/Xn)'
J'2j—3

.3
Hence, owing to the scaling properties of the space B3,

9

Ixn Sso—s20ll"s < 11Ss0—520ll Lo || Xnl|.
B2 B 1

Sn7 Yzl
2,1 B

3 1
2 P
2,1 2,

which eventually yields (1.24).
Second step: Uniform estimates
3 1
Since, for all 7' > 0, the space C([0,T];B3,) N Cl([O,T];IBQQ’l) is included in our ‘solution
space’ E,(T) (that is, E, restricted to [0,77), one can take advantage of Proposition 1.4.3 for
bounding our sequence. From it and (1.24), we get, denoting X} the function X, pertaining to
(u™, "),
X)) < C(Xpo+ (X)) (1.25)
It is clear that if
20X1(t) < 1, (1.26)

then Inequality (1.25) implies that
Xy (t) <2CXpp0.

Then, thanks to a classical bootstrap argument, we can conclude that if X, o is small enough
then (1.26) is true as long as the solution exists. Hence, there exists a constant C' such that

X, (t) <CXpo forall n>1 and te[0,T,]. (1.27)

In order to show that the above inequality implies that the solution is global (namely that
T, = 00), one can argue by contradiction, assuming that 7}, < oo, and use the blow-up criterion
3

of Theorem 1.4.1. However, we first have to justify that the nonhomogeneous Besov norm IB%S}1
of the solution is under control up to time T;,. Now, applying the standard energy method to
(T'M) yields for all t < T,

t
2 2 2
(", ") ()22 < [(ug, v6)lIZe +/0 100" || oo [[(u"™, 0"™)I[72 -

.1 L1
Since (1.27) and the embedding of B?; and B3, in L> ensure that ;v™ is in Ly, (L), using
3
Gronwall lemma gives that (u",v") is in L3 (L?), and thus in L3 (B3 ;) owing, again, to (1.27).
It is now easy to conclude : for all ¢y, € [0,T},], Theorem 1.4.1 provides us with a solution
of (T'M) with the initial data (u(to ), v(ton)), on [ton, T +to ] for some T that may be bounded
from below independently of ¢ ,. Consequently, choosing %o, such that ¢y, > T, — T, we see
that the solution (u",v™) can be extended beyond 7;,, which contradicts the maximality of T),.

Hence T}, = 400 and the solution corresponding to the initial data (ug, vy) is global in time and
satisfies (1.27) for all time.

Third step: Convergence

We have to show that (u",v")nen tends, up to subsequence, to some (u,v) € E, in the
sense of distribution, that satisfies (T'M).
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The proof that we here propose rests on Ascoli Theorem and suitable compact embeddings.
Let us explain how it goes for (u™),en, the convergence of (v™),en being similar. From (1.27)
and elementary embedding, we know that :

1
o (0;u™)pen and (0,0™)pen are bounded in Lz(B;J),

1

® (V")nen is bounded in L*(B, ;).

1

Hence, both (v"0,u™)pen and (9,v™)pen are bounded in LQ(IB%;J), which implies that (Opu™)pen

1
is bounded in L2 (B, ). This means that (u")en viewed as a sequence of functions valued in
1

B, ; is locally equicontinuous on RT.

.3 .1
Moreover (u™"),cn is bounded in C(R*,Bil), (u™")pen is bounded in C(R*,B;l) and
we know, thanks to a result of [3, Chap. 2|, that the embedding from F = {u € &', u’ ¢
1

L1 .3 .1
B, and uh € B3} to B, is locally compact. Therefore, one can combine Ascoli Theorem
and the Cantor diagonal extraction process to deduce that there exists a distribution u such

1
that, up to subsequence (¢u™),en converges to ¢u in C(RJF;IB%;J) for all function ¢ compactly
supported in RT x R™. Then, using the Fatou property (cf. [3]|, chapter 2) we obtain that
1 .1l40 .3 .3

ul € L™ B,1)N Ll(Bﬁl ) and u” € L>® (B3,) ﬂLl(IB%il), with norms bounded by the right-hand
side of (1.27). One can argue similarly for establishing the weak convergence of (v"),cn to some
distribution v fulfilling the desired properties of regularity up to time continuity.

Finally, passing to the limit in (7°M) is not an issue, since we have strong convergence (after
localization) in norms with positive indices of regularity.
Last step: Proving that (u,v) € E,

The only property that misses is the time continuity. It may be obtained by looking at u
and v as solutions of transport equations. Indeed, by construction, we have

Ou +v0,u = —0v and O + vO,v + v = —0 u.

1
The properties we proved so far for v and v ensure that d,u and d,v belong to L? (B, ). Hence,

the standard properties for the transport equation (see e.g. [3, Chap. 3|) give us that (u,v) €
1
C(R™; B} ).

.3
To show that (u, v e (RF; 322,1)7 one can mimic the proof for general symmetric hyper-
bolic systems, summing up only on high frequencies, as presented at |3, p.196] for instance.

In the end, we thus have proved that (u,v) is a global solution of (T'M), that verifies the
desired properties of regularity and X,(t) < CX, for all t € RT.

1.4.5 Proof of uniqueness

Consider two solutions (u1,v1) and (ug,v2) of (T'M) (not necessarily small) in the space
E,, that correspond to the same initial data (ug,vp). The proof of uniqueness will follow from
stability estimates involving suitable norms. The difficulty is that our functional framework is
not the standard one for the low frequency of the solution, so that one cannot follow the classical
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proof for hyperbolic symmetric systems. Here we shall estimate (&u,dv) := (ug — ui,v2 —v1) in

the space
1

E,(T) 2 {z € C([O,T];Ei?) = C([O,T];Bél)}- (1.28)

The reason for this choice is the usual loss of one derivative when proving stability estimates for
quasilinear hyperbolic systems (hence the exponent 1/2 for high frequencies). The exponent for
low frequencies looks to be the best one for controlling the nonlinearities. Before starting the
proof, we introduce the notation

U (t) = || (u, &)(t)H?%,% + H(&L,év)(f)llg% :
p,1 2,1
Step 1: Proving that (du,d) € F,(T)
Remember that Oju; = —0,v; — v;0,u; for i = 1,2. By interpolation in Besov spaces and

1
|
Holder inequality with respect to the time variable, since @cuf and @cvf are in L2 (R*; B, )N
.1
Ll(R“‘;IB%;)’,l ), we get

A D B
Opti; pvj € L'(RT; By, *) with — £ 24 (1.29)

It is clear that the same property holds for the high frequencies of d,u; and 9,v;, since they
1 1 1

belong to Ll(Bgl) N LOO(IB%g,l). We also know that v; belongs to L>®(R™; B§,1)~ Therefore, from
the product laws in Besov spaces that have been recalled in Proposition 1.7.2, we gather that
2 1 2 1

O0,v; and v;0,u; are in L" (R*;IB%;;Q). Hence, O;u; is in LT(IR{JF;If]%]’;1 %), and thus

1

L L2 1
(ui —ug) €C/ (]R"HIB%;}1 ). (1.30)

loc

Proving the result for v; is almost the same, except that we have to handle the damping term.
To overcome it, we notice that

Or(e'v;) = —e'v; Opv; — e'Opu;.
1

2_1
Arguing as above, we get that d(elv;) € L (R™; B %), whence

loc
1 .21
(e'v; —vg) €C/) (]RJF;IBBJI’;,1 ). (1.31)

loc

From (1.30) and (1.31), we conclude that (du, ) € F,(T') for all finite T..
Step 2: Estimates for the low frequencies
The system satisfied by (du, dv) reads:

By + Opdv = — 0 Dyu1 — v Dl
(1.32)

81&511 + v + arp&u = -0 8901]1 — V2 62;(50

Then, we follow the computations leading to Proposition 1.4.1 with w = 0, looking at —dv J,uq —
vg Oz0u and —dv O,v1 — v9 O as source terms, and working at the level of regularity 2/p — 1/2
instead of 1/p (since the left-hand side of (1.32) is linear with constant coefficients, this shift of
regularity does not change the proof). Omitting the time integral in the left-hand side of the
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Inequality given by Proposition 1.4.1, we find that

G &)ON 5y < [ (1800

pl

g w20 &LHZ _y 1000, lef g w20 5vH 2 y):
p

,1 1 pl pl

In order to bound the right-hand side, we may use that Proposition A.2.5 yields

labll 2y S lall x 10l 2 (1.33)
pl ]Bp,l pl
. . . . . . 2 1
as well as the following inequality that is a consequence of (A.8) in the appendix (take s = ]
therein):
Habllé 3 Sl b 1ol 23 (1.34)
pl pl pl
In the end, choosing a = ve and b = 0, u or J,dv, we get
t
l
&0 5y < [ (1@ 000l 5y I8l5 + el oyl (Bl 5 y) (135)
p,1 p,1 p,1 p,1' Pp,1 p,1

Step 3: Estimates for the high frequencies
We look at the system satisfied by (du, dv) under the form:

Oyt + v Db + Dpdv = —dv By,
Odv + 00 + v2 Dyl + Dpdu = — &0 1.

This is System (LT M) except for the source terms in the right-hand side. Clearly, following the
computations leading to (1.22), but using the index 1/2 instead of 3/2 gives

GO, < [ TorvaleliGu bl
2 21

/22% 1[v2, Aj10u0ull 2 + |[[v2, Aj]0udv]| p2) + /(H&va ity + 1180 ds0nlfy ) (1:36)

i>Jo 21 21

Let p* = 2p/(p — 2). Lemma 1.7.1 tells us that, for z = du, &,

3 A h
D22 |z, Aj1aez|| S [10evall e 121"y + 110 ZH 1 v’ .
; L ]BQ 1 B *
Jj=Jo P p 1
h
F102zllgzr Nvall 1 + 1102 zll 1 0wl
’ Bs, p1 Bp*l

Hence, using obvious embedding and the fact that

19216 3 S el gy ol sy, Slleally  and [9eall’_y S el
P 1 117),1 p*, 1 ]Bgvl IBp*’jl ]Bll;al
yields for z = du, dv,
1 A ¢ ¢
> 2% oo Aoz L S (lealls +oally V(2 y + 00, ) (137)
: BP B2 B2
j=Jo Pl 2,1 pl B2
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The last two terms of (1.36) may be bounded thanks to Inequality (1.78): we get for z = wuy, vy,

S h < S ¢ Su h 1 h . 1.
I t(?’:z:»’c‘lll%%1 < (Il ||B§1_% + HBg%,l)(||axZ||B§fl+”8IZ”B§,1) (1.38)
Plugging (1.37) and (1.38) in (1.36), and using also the fact that
10sv2l e S [loall® s+ [loally
]Bﬁl HB2,1
we end up with
t
(6, d0) ()" 5/ (I, o1, 02)[16 5+ [1(uz, o1, 02) %5 ) U (1.39)
B3, 0 By, B3,

Step 4: Conclusion
Putting (1.35) and (1.39) together yields

t
(1) <€ [ (o, + o ewly + 1@, 0,0 5_3) dr
0 BP B2 B2, ?
p,1 2,1 p,1
Knowing that (u1,v1) and (ug,vs) are in E,(T") and remembering (1.29), we get,

T
/ (I (w1, o1, v2)I°
0

+ ”(Ulavl,vz)H}f% ) < 0.
B

1 2,1

T =

Hence, applying Gronwall lemma allows to conclude that U = 0 on [0, T']. In other words, (u1,v1)
and (ug,v2) coincide on [0,7] x R. Since T is arbitrary, uniqueness is proved. O

1.5 Compressible Euler system with damping

As pointed out in the introduction, System (7'M) may be seen as an approximation of the

damped isentropic compressible Euler system with pressure law P(p) = %- Here we want to
adapt the method of the previous sections to the true damped compressible Euler system :

{atp +8,(Vp) =0,

(E) 9 2 _
1(pV) + 0z (pV=) + 0:(P(p)) + ApV =0,

supplemented with initial data (po, Vo) that is a perturbation of some constant state (p,0) with
p > 0. The (given) pressure function P is assumed to be smooth and such that :

Case 2 < p<4: P(p) = ap? for some positive a, v > 1 and p in a neighborhood of p.
Case p =2 :just P'(p) > 0.
(1.40)
Note that, performing a suitable normalization reduces the study to the case p = P/(p) =1
(hence a = 1/ in the first case), which will be assumed from now on.

n(p) £ /lp P'(s) ds.

S

Consider the new unknown
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Since our assumptions on the pressure guarantee that p — n(p) is a smooth diffeomorphism from
a neighborhood of 1 to a neighborhood of 0, one can rewrite (F) under the form

Oin + Vaun + 0,V + G(n)d,V = 0,
{tn—i- n+ 0,V + G(n) 1.41)

OV + VO,V + 0xn + AV =0,
where G(n) is defined by the relation® G(n(p)) = P'(p) — 1.

Theorem 1.5.1. Under hypothesis (1.40), there exist k = k(p) € Z and ¢y = co(p) > 0 such
that for Jy = |loga\| + k, if we assume that (ng, Vo) fulfills the same conditions as in Theorem
1.2.1, then System (1.41) admits a unique global solution (n, V') verifying the same properties as
the solution therein. Furthermore, Corollary 1.2.1 and Theorem 1.2.2 hold true (with the same
decay rate).

Proof. Performing the rescaling (1.3) reduces the proof to the case A = 1, and we are thus left
with bounding for all ¢ > 0, the functional

l h
502 1.+ V)
LB ) Lge(Bg )
V4 h
+||n 1., +](n,V 3 ||V +0n 1+ |V 1
ol o+ NV g 0V 0l g IV
in terms of
Xpo £ H(nov‘fo)H% + H(no,Vb)th
Bpl BQI

Remember that |[V] 1 and |V + d,n|"
L} (B, Li(

(1.23)).
Low frequencies estimates

We follow the method we used for (T'M), looking at G(n)d,V as a source term. Owing to
Propositions 1.7.2 and A.2.5, we have

1G()0: VI 1 < inll,
B B

1 1 1
P P R P
p,1 p,1 Bp,l

Therefore, mimicking the proof of Proposition 1.4.1, we end up again for all ¢ > 0 with

t t
¢ ¢
+/Hmﬁﬂ+ IV + dun’
L 0 0

High frequencies estimates

One has the following proposition:

Proposition 1.5.1. Let (n,V) be a smooth solution of (1.41) on the interval [0,T], under
assumption (1.40). Define p* by the relation 1/p + 1/p* = 1/2. There exists a constant C

3In what follows, we shall only use that G is a smooth function vanishing at 0.
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depending only on the threshold Jy between the low and high frequencies such that for allt € [0,T],
t
IO VIOI + [ NIy < e Vol / I0:m,0:)ly V)1
2 2 2

%
2
(VI U 00y 0 00 10V )

+ [ 10Vl Wé v <u<n,G<n>>|;H;*

p* 1 pl pl

OVl 1 +10VI 1GOOI )

Bp*,l

Proof. We localize System (1.41) by means of Aj, getting

(1.43)

8tTLj + Sj_lvaxnj + 896‘/] + Sj_lG(n)aij = le + R;-l,
Vi + Sj VOV + dunj +Vy = R

where
R} £ 8, 1VOun; — Aj(Voen), R} £ 8;,1G(n)d,V; — Aj(G(n)0,V)
and R} £ S, 1VO,V; — A;(VO,V).

The only difference with (T'M) is the appearance of Sj_lG (n)0,Vj in the first equation and of the
commutator R"'. To handle the former term, one has to add a suitable weight in the definition
of the functional we used for (T'M): for j > Jy and n = n(Jy) > 0 (to be chosen small enough),
we set

Z? = /R(é‘gcnj)2 + (14 8_1G(n))(8:.V;)* + né%axnj'

Differentiating in time this quantity and performing several integration by parts yields:

GE AT+ [ 08,0 ((0umyP+(1+ 5,1 6(0) 0:1))

- [ 08516 SV @1 = [ (2.3 8185460
R R
+2 /(aI(R; + R}) 0unj + (1+ 951G(n) 0. RS 0:V;) + n/ (0:(R} + R} )V + Rj 0,n;)-
R R
(1.44)
with 7 £ g0, 2 + 2 =) [ (14 8,2 6)(@0:V, 2 + 1 [ Viown,
To continue, let us assume that
Inllpe + [|V]ze <1 on [0,T]. (1.45)

Then, since G(0) = 0, we have, using the mean value theorem and the uniform boundedness of
operator S;j_1 in all Lebesgue spaces:

HSj—lG(n)HLoo Sinllpe < 1,
and thus, if 1 is small enough,

L2~ |[(8nj, 0:V)) |32 and H = [|(Bany, 8:V))|[32  for all j > Jo. (1.46)
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Let us also observe that

9,G(n) = G'(n)on
= —G'()(VOun + (1 + G(n)d,V).

Owing to assumption (1.45) and to the mean value theorem, we thus get
10:G(n)||zoe S [10:V I Loe + V] Loo |027| oo - (1.47)
Proceeding analogously, we obtain
10:G ()| oo S (102 oo (1.48)

Hence, from inequality (1.44) and (1.46), we get for some small enough ¢ and large enough C,

d ~ ~ ~ ) ~
££§ +cL; < C(1(8:V,04m)| L Lj + 27 ||(R}, R}, R3)||12) £, for all j > Jo. (1.49)

At this point, taking advantage of Lemma A.1.1 yields

t t ot
cj(t)+c/0 Z, gcj(0)+o/0 10V, 85m)|| o £j+czﬂ/0 I(RL R R, (150
Now, multiplying (1.50) by 2%, using (1.46) and summing up on j > Jy gives us

h ! h h
V@t + V)l 5 1w Vol
Bs,

/ 102V, 0am) | 1 VI / S 2% |(RLRL R L. (151)
2

3>Jo

The terms R]l and RJQ. may be bounded exactly as in the proof Proposition 1.4.2. As regards R}l,
Lemma 1.7.1 gives us

EA
Y 2R} 2 S 110:G(n)] L= 10 VHh oV 1[G )l

4o
]ZJO 2 1 p 1 p*, 1
h 1 l
HOaVip=llGm s +l0:V] O 10:G()|I” _ 1.
2 1 B, Bpﬁil
Using (1.48) completes the proof of the proposition. O

Global-in-time a priori estimate

We claim that granted with Inequalities (1.42) and the above proposition, we have, whenever
Condition (1.45) is satisfied on [0, 7],

Xp(t) S Xpo+ X2 (t) forall tel0,7]. (1.52)

Inequality (1.42) is exactly the same as for (T'M). Hence, the terms in X (¢) corresponding to

(
the low frequencies of (n, V) are bounded by X2(t). Note also that ||v| ,.1 may be bounded
)
D

LBy

according to (1.23), and thus eventually by Xg(t).

In order to handle the high frequencies, we shall proceed differently depending on whether
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P(p) = p7/v or P is a general pressure law with P’(1) = 1. In fact, to handle the latter case, we
need to assume that p = 2.

1. Case P(p) = p?/y with v >0
Then, G(n) = (v — 1)n and the inequality of Proposition 1.5.1 reduces to
VO + [ 10V % 1 ol /nanaww;www%
2 2 2 2 2,

/0 (\VH 3 10, 0= V) 3 1+H(3 n, 0,V 3 119 VH

pl
t /
+/<mwwa , llozn]’ )
0 B .,.P ]B*

p*,1 Pl pl 1

Compared to our study of (7'M ), only the last line is new. However, one can use the fact that
/ ||n|| S 19Vl 3+ = HnH 1 IIVH
p 1 (B

1

¢ ¢ ¢ ¢

/ ”8-77‘/”.17% 10en] o SIVIE a0l s Pl
0 B, B P LiB, 7)) Le(BY) p* P

p*,1

The terms on the right may be bounded by X2(t). Hence we have (1.52).

2. Case of a general pressure law with P/(1) =1

1 .
For p = 2, Proposition 1.5.1 together with the embeddings B3, < 1538071 — L* and

w

B3, < BL , give us
h ¢ h
I, VYOI b/unv gswmw@wg+/u@%@ymﬁnmvwg
2 2 2 2, 2

1 0 B3,

+/nwgn<, " /waW|nw>ng+ I, G@)I 5 IV,
0 B3, 2 B3 2
Since, by Proposition A.2.5 and Cauchy-Schwarz inequality, we have

/wawwua 3 /uawmuwg 101y
0 2 By, L (BQ,

t
,G Viile S s VI .1,
) GOy WVl Sl IV

one can conclude that (1.52) is satisfied.
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Uniqueness

As for (T'M), we look at the system satisfied by the difference (dn, V) := (ng —nqy, Vo — V1)
between two solutions, namely:

(1.53)

B + DV + Vi Opdn + G(1n2) 0V = —V dyny — (G(na) — G(n1)), VA,
BV + OV + Byon + Vo 8,0V = —8V 9, VA4,

and estimate (dn, V') for all T' > 0 in the space F},(T") defined in (1.28). Compared to the proof
of uniqueness for (T'M) we have to handle the two terms containing the function G.

Let us first explain how to estimate the low frequencies. We have to bound the additional
2 1

terms G(n2)0,0V and (G(na) — G(n1))d, V1 in IBI’;J *. Now, according to (1.33) and (1.34), we
have

||(G(n2) - G(nl))aleH;%_% 5 ||G(n2) - G(nl)HE% ||5;cV1||B%_%7

p;1 p,1 p,1
¢ <
||G(n2)3m5V||E§1_% S HnZHBP%@l Bjrl\laxwllﬁél_g-
From the relation )
G(ns) — Glny) = dn / (1 + 7o) dr, (1.54)
0
and Propositions 1.7.2 and A.2.5, we find out:
1G(n2) = G(nu)ll 1 S llonf| 1
B2, B2,

Therefore, we eventually have

t
G 5y S [ (1o, 2Vl gy VI + 1G]
B2, 2 0( ‘ ’ B, ? B2, B P, ]Bgl?)
t
o U5 gy sl ) (59

1 .
Let us next estimate the high frequencies of (dn,dV) in B3 . Applying operator A; to (1.53), we
get for all 7 > Jy,

O + 0,0V; + 851 Vo O + 851G (n2) 0adV
= —Aj(V 9yn1 + (G(n2) — G(n1))0: V1) + 6RJ1' + 5R91’
OV + OV + Opdin + 81 Vo DadVy = = A5 (V 0, Vi) + OF,
Sj-1V20:8V; — A;(V20,8V).

Arguing as in the proof of Proposition 1.5.1, we consider the functional

/ (0p007)% + (1+ 851G (1)) (00V;)? + 1 / ; Oy
R R
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and follow the computations therein, with regularity exponent 1/2 instead of 3/2. We get

t t .
H(&%W)(t)H’.L% 5/ ||(a:snza3acV2)||L°<>||(5n,5V)||’.l,17 +/ > 22 (||R} | 12 + |0} | 12 + [|0R2 | 2
BS, 0 Bja 0 j>Jo

t
+/ (I8 aena |y + 1oV 9 Wal"y + (G (n2) =G (n1))d: Wil )-
0 B2 B2 B2

2,1 2,1 2,1

The terms with (5le and (5RJ2» may be bounded as in the proof of uniqueness for (T'M). Regarding
5R;1, we use Lemma 1.7.1 with s =1/2, and get

7 4
> 22|I0R} 12 < H&cG(nz)HLwHWH;% VI3 IGM)I 1,
j2Jo 2,1 p1 ot 1
HIOaV ([ | G(n)["y + 102V, 1 102G (m2)]” -
Baa L Bp*zfl

To continue the proof, we have two distinguish two cases depending on whether P(p) = p7/vy
and 2 < p < 4, or P is a general pressure law with P’(1) = 1, and p = 2. In the first case, we
have G(n) = (v — 1)n, so that G(n2) — G(n1) = (v — 1)dn. Now, in light of (1.78), we have

h l h 4 h
30Vl S (16l 5y + Dl Y1V, + VAl )

2,1 p,1 2,1 p,1 2,1

As all the terms with G(n2) in the estimate for R}l are proportional to no, we arrive at

(o, W)(t)Hg

1

Do

. + [[(0zn1, V1) ||

1 % %,
D
Bp,l 2,1 ]Bp,l

t
S [Unm i), + I, iVl D), (150

In the case p = 2 with P’(1) = 1, then one may proceed essentially as in the proof of Proposition
1.5.1 to bound the terms with G(ng2) in the estimate for R;l, and one can use Proposition A.2.5
combined with product laws and Relation (1.54) to eventually arrive at

I(Gn2) = G2 VAlly S ol y 196V,

1 1 .
2 2
2,1 2,1 2,1

Consequently, (1.56) still holds true.

In all cases, putting (1.55) and (1.56) together yields
([ (9, V)| £, 1)

t
< c/ (I (1, 2, Vi, V)
0 B

+ ||(n1, na, Vi, Vo) ||

3
By,

+ ”(8$’I”Ll,a$‘/1) %)H(&”?W)Hva

| 2_
i D
Bp,l

S

1

and using Gronwall lemma completes the proof of uniqueness.

Decay estimates

Here, we assume that p = 2 and follow the same approach as for (T'M).

Step 1: estimating the solution in Bg_gé
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This is only a matter of handling the additional term G(n)d,v. Applying Aj to the system
satisfied by (n, V) yields

O + 0V = —v0pn; — AJ(G(n)a’”V) + V. A)100n
OV + Oynj + V; = VO,V + [v,A}]0,V.

So, considering G(n)d,V as a source term, we get

Ww,XHm+/HWm<M%,XIW+/T8WWM%,WH
+AnmAﬁmnp+%ﬂmwM@vmww%Aam@vwmmmm~

We have

IG2:V o < 1G9V

I 3
21

In order to bound G(n) in IB%2 o0+ One cannot readily use Proposition A.2.5 since —o; may be neg-
ative. However, from Taylor formula, we know that there exists a smooth function H vanishing
at 0 such that

G(n) =G 0)n+ H(n)n

Hence, combining product and composition estimates gives

IG5, = HnHBwl(lJr Il 5 )-
2

1

In the regime we consider, HnH y is small. Hence we conclude that
2 1

t
1, V() [lg=o1 < [1(no, Vo) lljg=os +C/ 10V 3y [1(7, V)l
2,00 2,00 0 BQ,l 2,00

which ensures after using Gronwall lemma and the bound of |0, V|| in terms of Xs o, that

1

LY(B3 ;)

vt € RT, [|[(n, V)()llz-o1 < Cll(no, Vo)llg-o1 -
2,00 2,00

Step 2: Lyapunov functional
We aim at exhibiting a Lyapunov functional that is equivalent to [|(n,V)[|.; 3 . The high
BZ, NB

2,1 P9 1
frequency part of the solution has already been treated efficiently with £;. To bound the low
frequency part, consider the evolution equation for z £ V + 0,n:

Oz +VOpz+2=—02V — 0,VO,n — 0,(G(n)d,V).

Following the computations we did for (T'M) leads to

t
14 14 4 a4
Oy + [, <lall /u VI,
B3, 0 Bzz, 22

c/ 18V 11 121 +c/ .Vl Woanl / 10: (GBI, -
0 IB§271 27 2§ 221
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The last term may be bounded. by ||G(n)d;V||.1 . Then, using Propositions 1.7.2 and A.2.5,

1
2
2

one ends up with

t t t
DI, + / Iy < lolly + / 12,V1E, +C [ 10V IGnam)l,, . (157)
]B22,1 0 322,1 IB22,1 0 IB22,1 0 Bs, B3,
Next, using the fact that
on 4+ Vogn — 82,n = —G(n)0,V — 0,2,
we get
¢ t Y/ l t ¢
@I, + / Illfs < lnollé, + / 16zl +C H8 Vig Iy - (59
IBS22,1 0 ]B22,1 IB22,1 0 22 B3,

The high frequency part of the solution may be bounded according to (1.50). Hence, setting

L2 Zmn (Ajn, Aj2)| 2 + Zzé cand HL2|V+0, n||€ +||V||h3 +||n||f +||n||g%
2

i<Jo i>Jo 21 21 ,1

and bounding le, R;l and RJQ- as in the proof of Proposition 1.5.1, we discover that if taking Jy

negative enough, then all the linear terms in (1.57) and (1.58) may be absorbed by H, so that
we have for some suitably small positive c,

- t . t
E(t)—{—c/ H§£(0)+0/ 10V, %.c+0 ||n|| g ||VH e (1.59)
0 0 2 2

. Now, since furthermore

Above, we used that £ ~ ||(n, Vll,3 3 and that H > 0.V .1
21ﬁ 22,1 322,1

HZ 2l and £ 2],

1 1 , one may write
B3, B,
nll s ||V 1 < ||nl?. + {n|l. 3 1
Il 8l VI, 5h, < < Hﬂ.%%l Il 22,1H HBQQ’1
Sl nllss + nll®s )2+ [1nll s Nzl gy +linl™s l121]
BF, B3, B, BZ, B3, By, B3,

SLH+LHA+ LH+HL.

Hence, if Z(O) is small enough then, combining (1.59) with a bootstrap argument yields
c [P~ =
+2/ H < L(0) forall t>0.
0

Step 3: Proof of decay estimates

From this point, one can repeat word for word the proof of decay estimates for the low
frequencies of the solutions to (TM).

For the high frequencies, starting from (1.49), using Lemma 1.7.1 and integrating gives

t
h c .,
VIO S e Vol + [ VI NVl +1ViL Tl )
2.1 21 2,1 21 2,1 2,1
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Compared to (1.16), there is one more term. However, as for (T'M), Steps 1 and 2 together
imply that
SRS

Hence, one may easily conclude that

1, VY@

This completes the proof of the theorem (up to the proof of existence, which is totally analogous
as for (T'M)). O

1.6 A more general 1D model

In this section, we consider a more general class of one dimensional systems, namely

O + BOyu + V20pu + W20,0 + Av + kAv? = 0 (1.60)

{ Ou + adyv + Vo,u + Wtow =0,
where! k is a real parameter, ¢ > 2, an integer, V! = V!(v) and V? = V2(v) are smooth
functions vanishing at 0, W' = W!(u,v) and W2 = W2 (u,v) are smooth functions vanishing at
(0,0), and «, 3, A are strictly positive constants. The study of this system is mainly motivated
by academic reasons: we want to see whether the method we developed in the previous sections
extend to a more general class of two-components and one-dimensional systems.

Theorem 1.6.1. Let the data (ug,vo) satisfy the assumptions of Theorem 1.2.1 with Jy =
[logoA| and p = 2. Then, System (1.60) admits a unique global solution (u,v) verifying the same
properties as the solution therein. Furthermore, Corollary 1.2.1 and Theorem 1.2.2 hold true.

Remark 1.6.1. If V', V2 W' and W? are ‘general’ smooth functions, then it is unlikely that a
LP theory may be worked out. We need a very specific structure of the nonlinear terms in order
that the LP estimates of the low frequencies fit with the L? reqularity of the high frequencies.

Remark 1.6.2. We do not know how to handle terms like uO,u in any equations of the system
(this is the reason why we assumed that V' and V? only depend on v). In fact, although the
system is locally well-posed if V' and V2 also depend on u, the time integrability of u is not good
enough for global estimates.

Elements of proof

We just explain how to find a Lyapunov function and to control the norm in IB%Q_ Lofa

smooth solution (u,v) of (1.60) on [0, 7], in terms of the data. Proving existence and uniqueness
is essentially the same as for the systems we treated before (uniqueness is easier somehow since
we assumed p = 2). Although the system under consideration is no longer symmetric if a+W? #
B+ V2 it is symmetrizable (see [5, Chap. 10]).

Note that performing a suitable rescaling reduces our problem to the case

C—BoA=1. (1.61)

“In the case ¢ = 3 and k > 0, kv? is a classical representation of a drag term.
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Indeed, if we set \
(1w, 0)(t,2) = (Vo /B2 (M = ).

then (u,v) satisfies (1.60) if and only if (@, ) satisfies a similar system with (1.61), parameter

K3 = and slightly modified functions Vi, Vo, Wi and W (the modification depending only on
a and f). So we will assume (1.61) in the rest of this section.

A priori estimates

We adapt the method we used for (T'M) in the case p = 2. The terms V'0,u and W20,v
are a slight generalization of v9,u and vd,v and may be treated similarly. To handle W'd,v
and V20,u, we need to introduce suitable weights in the definition of the Lyapunov. Finally, v?
may be seen as a harmless nonlinear source term.

Let us start the computations : we assume that we are given a smooth function (u,v) of
(1.60) on some time interval [0, 7] such that for some suitably small n > 0,

sup ||(u, v)(#) 1 <, (1.62)

1
te[0,7) B3y

and, still denoting u; = Aju and v; = Ajv, we set for all j € Z,

1/2

&2 (Mol + oo+ [0 v2)@m2 + [ 0+ w00?)

R

We shall use repeatedly that (1.62) implies that

sup max(|[u(t)l|ze, o)z, VIO Lo, VE@)l|zee, WOz, WA(H)llz=) <1,

te[0,7
(1.63)
which in particular entails that
Lj =~ ||(uj, vj, Ovu, Opvj) || 2- (1.64)
Now, applying A; to (1.60)-(1.61) yields for all j € Z,
8tUj + (1 + Wl)azvj + Vlamuj = le-, (1 65)
Ow; + (1+ V) pu; + W20,v; + v; = RS — kA (v?) '

with
Ry 2 [V AjJo,u+ W' Aj]opv and RY 2 [VZ Aj0pu+ W2, Aj]0,0.

In order to compute the time derivative of E?, we need the following obvious identities:

1d 1
510l + ulie = 5 [ (@20 + @Po?) + [ (Whujo; + V20,00

= /R(R}ua‘ + Riv; — k(Aj09)vy),
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d
/'Ujazvuj"' 10zu; |72 — 10217 +/Uj3zuj
dt R R

+ / (W2 = VY)0,u; Bpv; + V2(Dyuy)? — W (B0;)?) = / (R20,u; — RYOp; — w(Aj07) Oy
R R

/(1+v2)(axuj)2+/(1+v2)axujax(vlaxuj) +/(1+V2)axujax((1+wl)axvj)

2dt R R R

:/(1+v2)axuj8xR}+1/atv2(axuj)2.
R 2 Jr

5 [0+ WH@) + [

R(l + Wl)axvjax(Wzaxvj) + /

(1 + Wl)axvjax((l + VZ)axUj)
R
, 1
+/R(1+W1)(aa,vj)2 = /R(le)axuj (0217 — kO Ajv?) + Q/Ratwl(amvj)?.

The fundamental observation that justifies our using those very weights in the definition of £;
is that the third integrals in the last two relations compensate. Consequently, denoting

1 1 1
12 fosle + 5 [ vids+ sl [ (W1 3) @aog?
R R

and using the fact that

/ V20;0,u; = — /
R

2 2
\% u]'ax’l)j - / u]"l)jamv s
R R

we arrive at

1d 1
§££j2 + 7—l]2 =3 /((vj)2axW2 + (u)%0, V') + /Rujvjaﬂ/? + /R(V2 — WhHu0,v,
1

5 /R((v1 — W?)0pu; 030 — V2(0yuy)? + WH(0pv5)?) + % A(axuj)2(vlamv2 —(14+V?)a, V1)
1 1
+3 /R(amvj)?(W?ale — (1 +WhHo,W?) + 2/R((axuj)2atv2 + (00520 W 1)
1 1
+ /R(uj —~ 5agwj)R} + /R(vj + 5axuj)Rf- + /R((l + V) 0puj0: R + (1 + Wh)0p0;0.R5)

—H/ ((Uj + 18xuj)Ajvq + (1 + Wl)axAjvqaxUj)-
R 2

Since

HV? = —(V2)((1 + V*)Opu + W?0pv + v + kv?),
remembering (1.63), we have

18:V 2| Lo S 10zt poe + [1(u, 0)l|oe O] oo + [|0] oo
and, similarly,

10:W |z S 10sullzoe + [|0v]| oo + 0]l
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Observe also that
102V | 1o S |0zvllzee and [|0:W* || o S [[(Opt, 8zv)|[pee for i=1,2,
whence, in particular
/Rua‘vjax‘/z S 0zvllzoe flujll 2 l[vill 2
Therefore,

1d
57755 + M5 S 11w v) e l10avjll 2l (s g, 0022 + [[vl]oe |00 172
10wl < [[ (v, Oattj, Davj) 72 + [10avlloe | (uj, 07, Do, Doy )IIZ2
HIRG, B 2l (ujy v, Oty 050512 + (00 R, 00 R 1211 (D, 0v) | 12

H1(v7, Qo) 2| A7 2 + 1105051112100 A0 2.

Then, remembering (1.64) and using lemma A.1.1, we discover that for all j € Z and ¢t € [0, T,
ot
zj(t)+cmin(1,22ﬂ)/ £, < £;(0)
0
t
+ C/O (1050l Lo L5 + 100t Loe ll0jll L2 + (v, Ozt) | Lo 1025l L2 + [|(w, v, Optr) || Lo | Ozvj | £2)
t t
+/ ]|(Ajvq,3zAjvq)HL2+C/ (R}, R}, 0:R},0,R})]| 2. (1.66)
0 0

To bound the commutator terms, let us use (A.4) that yields

_1
1Bllz2 S e;27 2 (10:V] g llull,

21

1 H0WH Ly ol ) forall jeZ.
2,1 ]B2,1 IB32,1

1
Clearly, since v is small in B, V1 =Vv) and V1(0) = 0, Proposition A.2.5 entails that

102V S 050y, - (1.67

1
2
2, 2,1

1
In order to bound the term with W', we use the fact that there exist two smooth functions
G = G(u,v) and H = H(u,v) vanishing at (0,0) and such that

DW= 8, W(0,0)0u + 0, W(0,0)0,v + G (u, v)dpu + H(u, v)dpv.

1
Consequently, using the stability of the space B3 ; by product and results in [88, Section 5.5] for
bounding G(u,v) and H (u,v), we get

01, S 1@a 0003 (14 w0}y ) (1.68)
2,1

2,1 2,1

So finally, remembering (1.62), we have

) (1.69)

_z
1B lz2 S cs2 4 (lull, 2s0l),

2,1

o loll, 3 1@, Bzv)ll,

2, 2,1 By,
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Bounding RJZ works exactly the same. Next, in light of (A.4), we have
10 R} 2 S e;272 ([0 VlH y 0zull 3+ 110 WlH T ),
2 1 2 2 1 2 1
and a similar inequality for 8xR?. Hence repeating the above arguments for bounding 9,V*,

0, V2, 0, W1 and 9,W?2, we end up with

10 R |12 < ¢;27%]|0, vl H(a W)y, i=1.2 (1.70)

21

1
Now, reverting to (1.66), using the embedding B3 ; < L* and that
Hj =~ ||(vj, 0zuj, Opvy)|| 2 (1.71)

we get, denoting

L2y 2ig,

JEZ

two positive constants ¢ and C' such that

—|—czm1n ,2%)2 / L; < L0 +c/ 0ol
2

+c/ ol Ha ul +c/ |0wull? +c/ I 00y - (172)
2 2

21

As for (T'M), we need better properties of integrability for v in order to close the above estimate.
The situation is a bit more complex since the second line above was not present. Nevertheless,

1
it is still possible to exhibit a control of z £ v + d,u in L*(Ry; B3,) (which, as we saw in (1.23)
1
yields a bound for v in L?(R.; B3,)). Indeed, we have
Oz + 24+ V40 = (V=W — V20u — 02,0 — 0,V 0pu — 0, (W) — k! (1.73)

which, as in the proof of (1.9) leads to

t
Y/ ¢ l Y/
O, /Hﬂl HmW1+/H%wH1+C/H3W!1WH;
B3, B3, B3, 0 B3, B3,

/H W00+ V2D + B, vlaunf /Ha ol +H/ quW

Using product and composition estimates and remembering (1.62), we get

(V=)0 g S w0y 19001, K

21 21 2

S vl 10wull,

B2 3
2 21 BQI

0.V 0,y S 050,y (10
By, Bs,

IV20sull,

)

1
B34
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Since only low frequencies are involved, we have

a.(Wia )¢, <|Wlo,v < ||(u, v O, )
U L R (CROTIA L RIINY
Hence, using also (1.67), we get
VA
Il + qu ) <leoll / 2ol
Bs, 21 B3,
t
q
+0 [l v, 00, +c/ Il 1oeuly /||v Iy - (70

In order to close the estimates for the solution, it suffices to add up (1.72) to e-(1.74) with
suitably small €. More precisely, setting

L2 E+€||z|]€ and H—chm (1 22])22[, —|—6HzH 1

21 JEZL 21

we get for all ¢ € [0, 7] if € has been chosen small enough,

1 t - t .
+/ ch(o)+c/ (10a0]l 1 £ + | O]
2 0 0 IB2§,1

3
BQ,I

+ vl 3 10sull )

2,1 2,1
t
w0 [onaanly - .7
0 322,1
Let us emphasize that
Lo (v, O, o0y and H > ullfy o+ Jullty + o+ Oy + el
Bz,l 22’1 ]]3322’1 322,1 Bil

Hence in particular, we have [|0,v]| .1 < H and, as explained in the previous section (just replace
B3,

n by w and V by v),

loll 3 19ull 3 < LH. (1.76)

21 21
Furthermore,
l h
10z UH2 S (192 UH )2 + (1|92 ull )?
21 21 21

¢ ¢ h 2y,

S lull g lull g+ Clull g )? S LH.
21 IEB21 IB32,1

Finally, Lemma 1.7.2 and (1.76) together ensure that
[l 5 < ol
B3, B2,

-1
< Ioll* (1,

3
IB32

+0sull 5 )

2,1

< LIYH 4 L 2|va 1 Ha ul|.

1
2
2

< LI
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and

10071 S M100]l,

3
B3

loll”, S L H.
R2

1
B2
2 2,1

Consequently, Inequality (1.75) reduces to
~ 1 [t~ < t_ ~
t+1/H§£@+c/Xa+mlm.
0 0
Now, applying a bootstrap argument, one may conclude that there exists a small constant 7 such

that if £(0) < 7, then
vt € [0, 7], / H<L (1.77)

This gives the desired control on the norm of the solution and, in addition, that Lisa Lyapunov
functional.

Decay estimates

Granted with a Lyapunov functional that has the same properties as in the previous sections,
in order to get the whole family of decay estimates, it suffices to establish a uniform in time bound
in IB% 21 for the solution. The starting point is that, for all j € Z,

duj + Opvj + V31dgu; = [V, AJ0, — Ay (W),
3t’Uj + 8xu]' +v; = —Aj(WQE?xv) — A](V2axu) — HAqu.

Applying an energy method, using Lemma A.1.1 and Inequality (A.5) eventually delivers:

t
0 Ollger < o)l oa +C [ 10V D)l

21
' 1 2 2
+ [ 220l o0 + 102050l o, + IV20rtl 2y + o)
Using for ¢ = 1, 2, the decomposition
W(u,v) = (auWi(0,0) + G(u, v))u + ((%Wi(0,0) + Hi(u,v))v

where G* and H' are smooth functions vanishing at (0, 0), we get thanks to results in [88, Section
5.5] and Proposition 1.7.2

W' 0, Vg S w0l o 18],

1
HIB% B2
2

Proposition 1.7.2 also implies that

2
o570 S 0%l Hqu2
2 1

In order to estimate the term with v?, we use that v = z — d,u and get the decomposition:

02 = o0 + ) + 2" — Bl + (Dpuh)?.
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By Proposition 1.7.2 and interpolation, we thus have

190 S 107 I oy + (1l + 10ma o g 1008y
< h a L 4 K l
S ey Mol + ol lly + lullo Huufﬂél

Hence we have

2
1o llg;on S Hloll 23" 1w, )IIBm”H
21

Finally, using the decomposition
1
V2(0)0pu = V(0)0pu" + V2(2)0,ut — (/ V(2 - T@xu)> <696u4833uZ + Gxuzaxuh),
0

we get by similar computations that

V20, U,H]Bfa1 < |[(u,v) N H.

I

Therefore, in the end, we get

t
~ -2
I, 0) ()1 < N, 00)llgm +C /0 A1+ ol ) (s 0) o

By,

which, combined with (1.77) and Gronwall lemma implies that

sup |[(u,v —o1 S ||(ug, v0) || p-o
te[wll( )l o1 S M0, v0) g -

At this stage, completing the proof of decay estimates is left to the reader. O

1.7 Tool box

Here we gather a few technical results that have been used repeatedly in this chapter. The
following result from [34] has been used in the proof of Proposition 1.4.1.

Proposition 1.7.1. If Supp(Ff) C {€ € R?: Ri\ < [€] < RoA} for some 0 < Ry < Ry then,
there exists ¢ = ¢(d, Ry, R2) > 0 such that for all p € [2,00[, we have

2 (1 P <y 2 P2 _ _ P2
o (20) [ <= [ vseir == [ rangr

The following product laws in Besov spaces have been used several times.
Proposition 1.7.2. In the case d =1 and 2 < p < 4, we have

)(Hlef 3t Hth

1 p,l

lab] .1
]BQ,l

)- (1.78)

1

)4 h
S (lal sy + llall’
B?

1
B2
p,1 2

j\” M\H

Proof. The first two inequalities are direct consequences of the results stated in [3, Chap. 2|. To
prove the third one, we need the following so-called Bony decomposition for the product of two
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tempered distributions @ and b (whenever it is defined):
ab=T,b+ Tja with T,b2 Z S;_1aA;b and Tja 2 Z Si1abAja.
JET JET

Now, using Bernstein inequality and the results of continuity for 7' and 7" stated in [3, Chap.
2|, we may write:
¢
TG, % 1Tabllsy o  lalloe bl

and, provided, s — 1 < d/p and s > —min(d/p,d/p’),

/
Thalls;, S llall g [0l

p,1

This gives (A.8).

For proving (1.78), we combine Bony’s decomposition and decomposition of a and b in low
and high frequencies, writing

ab = Tib" + T'b" + Tya® + Tya" + Tyna®.

All the terms in the right-hand side, except for the last one, may be bounded by means of
the standard results of continuity for operators T' and T” (see again [3, Chap. 2|). Setting

p*=2p/(p —2), we get:

V4 4 l

17501 < HaH 1 o7 fHNHaH 1ol PSRt

2,1 pl p*l pl pl
[ R HaHLopoH’.‘% :

]B2 2,1
Ty oat < ||Ip* a’
| Te IIBE1 S e Hﬁil’
Tya" < ||b al
1% II]Eé1 S 1Bl el IIBZ%1

Finally, since a’ = S, 1a and " = (Id — S, 11)b, we see that
Tbhaz = SJObh AJO_HG,E.

Consequently,
h h
S NAgr1a e[St I S IIGHLwIIbII

| Tyna’.
B 1 2 1

1
2
2,
Adding up this latter inequality to the previous ones gives

+ [[Bllze=la ],

ladll.y < llallzlo]" +llall 3 [l y I llalll g -
]B22,1 BQQ,I p 1 o B, ;rl BS ’ Bg,l
1 ;
Then, using Bernstein inequality, 2/p—1/2 < 1/p and the embeddings B ; < L° and B ?
LP" completes the proof of (1.78). O

The following result is one of the key to Theorem 1.2.1 in the general case.

Lemma 1.7.1. Assume that d = 1. Let p € [2,4] and s € [1/2,3/2]. Define p* £ 2p/(p—2). For
all j € Z, denote R; 2 Sj_1w 0,02 — Aj(w dy2).
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There exists a constant C' depending only on the threshold number Jy between low and high
frequencies and on s, such that

j h J4
> (2 [IRjll2) < C(HaIU}HLOO 102 2llgs—2 + 11022 1wl 1y 1
: ) BP B.P
Jj=Jo p,1 p*,1
h l ¢
0.2l g Il + 10221,y IIaxwlB;%)

In the case s = 3/2, we have

i3 h ¢
> (@ IRsllz2) < C(I0mwloe 10221y + 11023 oll,
2,

J=Jo E Pl p*,1

h L L
022l oo wll s+ 1002l 11 (|0z0]] 7)
Bs, B .P P

3
2
2, p,1 p*,1

Proof. From Bony decomposition recalled above, we deduce that

Ry = —Ai(Tpw) = 3 1A Syawldedyz = > (Syorw = Sio1w) A0,
i’ —jl<4 li"=jl<1
=Rj+ R+ R

To estimate R]l, we decompose w into low and high frequencies, getting
Téxzw = Témzwe + Téxzwh.

Because 1/p + 1/p* = 1/2, the classical results of continuity for paraproduct and remainder
operators (see e.g. [3, Chap. 2|) ensure that

I1T5, vl

14
Bg%l S HaacZH.%lew H.pi*Jrlv

p,1 p*,1
and we have

if 0 <s<3/2, and ||Té£zwhH

1

< |0z2 wh
3 Sl

h h
1T, 0y, S 1022y "l

00,00

3 3 .
2 2

2, 2,1
Observing that Tél wa contains only low frequencies so that its norm in Bgi is controlled by its

1
norm in B3, if s > 1/2, we deduce that

> (IR ) <O (10021 g [ o + 0022l cg '3 ) i 17255 <372,
JEL Pl p*,1 oo 21

3, 1 h
> (2R} 2) <C {10y oo+ 10 5 ) .79
jez ;1 * 2

Next, taking advantage of Lemma A.2.2, we see that if 7/ > Jy and |j — j/| < 4, then we have

2°[[A, Sy-1w]ds Azl 2 S 11008 —1wllree 27 C7VN|0 A 2| 12
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while, if j' < Jo, 7 > Jo and |j — j'| < 4,

. . . . i’ . . 11 .
295[[Az, Sy _1w|0eA 2| 12 S 277 (1068wl e 27 T2 |0 A 2| Lo

Therefore,

j h 14 L
> (27 IR 2) < C(I0mwl e eIy + 022]1, 3y N0zl L)

3>Jo Pl B
Finally, for all j > Jy and |j" — j| < 1, we have

279)|(Sjr 1w — Sj_1w) A A Dy z|| 2 < 2| Ay w] poe 2757V |0, A Az | 2
< C||Aj418,w] 1o 2767V 0,A, 2| 2.

Hence

3 (2js HR;HLQ) < €90 2o 922y

j=Jo

Putting (1.79), (1.80) and (1.81) together completes the proof.

(1.80)

(1.81)
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Chapitre 2

Partially dissipative hyperbolic systems
in the critical regularity setting : the
multi-dimensional case

This chapter is based on the paper [31].

Introduction

In this chapter, we are concerned with first order n-component systems in R% of the type:

d

ov ov
AV)o-+ ) ANV)— =H(V) (2.1)
ot oxy,
k=1
where the (smooth) matrix-valued functions A* (j = 0,---,d) and vector-valued function H

are defined on some open subset Oy of R™ and the unknown V' = V(¢,z) depends on the time
variable t € R, and on the space variable z € R? (d > 2). We assume that the system is
symmetrizable and satisfies additional structure assumptions that will be specified in the next
section. System (2.1) is supplemented with initial data Vp € Oy at time ¢ = 0 and we consider
the case where Vj is close to some constant state V such that H(V) = 0.

Generalizing the method developed in the previous chapter, we establish the existence of
global strong solutions in a critical regularity setting whenever the system under consideration
satisfies the (SK) condition. More precisely we obtain the following main features:

e Asin the previous chapter, compared to the recent papers by Kawashima and Xu [102, 105]
devoted to similar issues, our use of hybrid Besov norms with different regularity exponents
in low and high frequency enables us to pinpoint optimal smallness conditions for global
well-posedness and to get more accurate information on the qualitative properties of the
constructed solutions.

e A great part of our analysis relies on the study of a Lyapunov functional in the spirit of
that of Beauchard and Zuazua in [4]. It avoids the use of a compensating function.

e We also exhibit a damped mode in the low frequencies regime with faster time decay than
the whole solution. This plays a key role in order to close the a priori estimates.
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The (SK) condition is not optimal in the sense that there are many systems for which it is
not satisfied but still admit global strong solutions, see e.g. [6, 22, 86]. In [4], Beauchard and
Zuazua developed a new and systematic approach that allows to establish global existence and
to describe large time behavior of solutions to partially dissipative systems that need not satisfy
this condition. Looking at the linearization of System (2.1) around a constant solution, namely

; 20 L 0
(denoting from now on J; = 5; and Oy = 5-),
J

d
aZ+y Aoz =-Lz, (2.2)
k=1

they show that the (SK) condition is equivalent to the Kalman maximal rank condition on the
matrices A¥ and L. More importantly, they introduced a Lyapunov functional equivalent to the
L? norm that encodes enough information to recover dissipative properties of (2.2). Considering
such a functional is motivated by the classical (linear) control theory of ODEs, and is also related
to Villani’s work in [97]. Back to the nonlinear system (2.1), Beauchard and Zuazua obtained the
existence of global smooth solutions for perturbations of a constant equilibrium V that satisfies
Condition (SK). Furthermore, using arguments borrowed from Coron’s return method [28], they
were able to achieve certain cases where (SK) does not hold.

Our aim here is to extend the results we obtained recently in the one-dimensional case |30]
to multi-dimensional partially dissipative hyperbolic systems. More precisely, under Condition
(SK), we shall develop Beauchard and Zuazua’s approach as suggested by the second author
in [35] and prove the global well-posedness of (2.1) supplemented with data that are close to
V in an optimal critical regularity setting. As in the study of the compressible Navier-Stokes
system and related models (see e.g. [23, 27, 33, 38]), it will appear naturally that, in order to get
optimal results, one has to use functional spaces with different regularity exponents in low and
high frequencies. Here, Beauchard and Zuazua’s approach will give us the information that the
low frequencies (resp. high frequencies) of the solution of the linearized system behave like the
heat flow (resp. are exponentially damped). Furthermore, in order to improve our low frequency
analysis, we will exhibit a damped mode with better decay properties than the whole solution.
Thanks to it, we will end up with more accurate estimates and a weaker smallness condition than
in [102] and refine the decay estimates that were obtained in [105]. In particular, our functional
framework allows to keep track of the parameters of the system (if any).

This chapter is arranged as follows. In the first section, we specify the structure of the class
of partially dissipative hyperbolic systems we aim at considering, and explain the construction
of a Lyapunov functional that will be the key to our global results. In Section 2.2, we state
the main results of the chapter. Section 2.3 is devoted to the proof of a first global existence
result and time decay estimates for general partially dissipative systems satisfying the Shizuta-
Kawashima condition. In Section 2.4, under additional structure assumptions (that are satisfied
by the compressible Euler system with damping), we obtain a more accurate global existence
result. Some technical results are proved or recalled in Appendix.

2.1 Hypotheses and method

In this section, we specify our assumptions on the system under consideration, and explain
the main steps of our approach.
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2.1.1 Friedrichs-symmetrizability

First, we fix some constant solution V' € Oy of (2.1) (thus satisfying H (V) = 0). To ensure
the local well-posedness, we assume that (2.1) is Friedrichs-symmetrizable, namely that there
exists a smooth function S : V +— S(V) defined on Oy, valued in the set of symmetric and
positively definite matrices such that for all V' € Oy, the matrices (SA%)(V),---, (SAY)(V) are
symmetric and, in addition, (SA°(V)) is definite positive.

Denoting H £ SH and AF 2 SAF for j € {0,--- ,}, System (2.1) rewrites
o~ d ~ ~
AWV)a v+ AFV)oV = H(V).
k=1

Then, setting Z 2V —V, L2 —DyH(V) and r(Z) £ H(V + Z) + LZ, we get

d
A(V)oz +> ANV)uZ + LZ = r(2). (2.3)
k=1

By construction, the remainder r is at least quadratic with respect to Z.

Second, we assume that System (2.1) is partially dissipative in the following meaning:

(i) The whole space R™ may be decomposed into R" = M @ M~ where
M={peR", (¢, H(V))=0forall V e Oy}

Hence, denoting by P the orthogonal projection on M, we may write

V= (“2) and H(V) = <H2?V)> (2.4)

where V1 = PV e R™, Vo = (I —P)V € R"™ and ny + ny = n.

(ii) The linear map L £ —Dy H(V) is an isomorphism on M- such that for some ¢ > 0,
¥n € R, (Lnln) > o|Ln|*. (25)
(iii) System (2.1) has a block structure that is compatible with decomposition (2.4), namely for
1 < k < d, A* is a block matrix (first block being of size n1 x n; and second one of size

ng X ng), A0 is diagonal by blocks and we have r(Z1,0) = 0 for all Z; close to 0. This
entails that r is at least linear with respect to Zs.

According to the above assumptions and introducing the decompositions:

(A% 0 . [Ab, A 0 0
A0 — [ Anr ) gk (Sin Zi2) op < > and 7 = < > 7
( 0 Agz) Ag,l Ag,z Ly Q
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System (2.3) may thus be rewritten as:
~ d ~ ~
B (V)onzy+ Y (A1 (V)9Zs + AL o(V)OrZ2) =0,
g =t (2.6)
A,(Naze+Y (Z;‘,l(V)akZl + Z;vz(V)ak@) Y LoZs = Q(2).
k=1

As we shall see in Section 2.4, the compressible Euler equations with damping, rewritten in
suitable variables, satisfies the above assumptions about any constant state with positive density
and null velocity.

2.1.2 The Shizuta-Kawashima and Kalman rank conditions

In order to specify the supplementary conditions on the structure of the system ensuring
global well-posedness and present the overall strategy, let us consider the linearization of (2.1)
about V| namely:

d
A0,z +> Aoz + L2 =G with AF = AK(V) for j=0,--- d. (2.7)
k=1

Then, owing to the symmetry of the matrices A, the classical energy method leads to

1d _
——|Z|I? LZ\Z) = ith [|Z||?2. £ (AgZ|2). 2.
th” IIL%O+( |Z) =0 with || ”L%o (AoZ|Z) (2.8)

On the one hand, since the matrix Ay is symmetric and positive definite, we have
120122 = 1Z] - (2.9)
0
On the other hand, (2.5) and the definition of Z5 guarantee that there exists kg > 0 such that
(LZ|Z) > kol| Z2||3: for all Z € L*(R%R™). (2.10)

Hence, (2.8) yields L-in-time integrability on the components of Z experiencing direct dissipa-
tion, but not on the whole solution. To compensate this lack of coercivity, following Beauchard
and Zuazua in [4], we are going to introduce a lower order corrector Z to track the optimal dis-
sipation of the solution to (2.7). Since it is more natural to define that corrector on the Fourier
side, let us look at (2.7) in the Fourier space, that is, denoting by £ € R? the Fourier variable,

d
A0Z +iy Atz +LZ =G.
k=1

Let us write £ = pw with w € S¥! and p = |¢|. Then, the above system rewrites

d
0Z +ipMyZ +NZ = Aj'G with M, 2 Ag' > w;A* and N2 A'L. (2.11)
k=1
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Since f_lg 1 is positive definite, we can write for all n € R™,
Ln-n < (Ag'Ln) -n= Ny -n. (2.12)
Fix n — 1 positive parameters €1, --£,-1 (bound to be small), and set
T293Y e (NMIT\Z - NMIZ) (2.13)
q=1
where - designates the Hermitian scalar product in C”.

For expository purpose, assume that G = 0. Then, differentiating Z with respect to time
and using (2.11) yields

n—1 n—1

%I + el NMEZP? = - " ey(NMI'NZ - NM2Z)
q=1 g=1
n—1 R N n—1 R R
R eqp(NMI'Z-NMIMNZ) =Y eg(NMT'Z- NMINZ)- (2.14)
q=1 q=1

As pointed out in [4] (and recalled in Section 2.5 for the reader’s convenience), it is possible

to choose positive and arbitrarily small parameters €1, -+ ,e,-1 so that (2.14) implies for some
C >0,
4z 1§s pINMIZ2 < — 0 INZ12 4 Cey|NZ)? (2.15)
i 2 W= 92m)dp ! ' '

Setting g9 = (27)"%ko/2, taking £ small enough, integrating on R?, using Fourier-Plancherel
theorem and combining with (2.8), we end up with

n—1
ic+%g0 with Hé/ qumin(l,\§|2)|NM32(§)|2d§
dt Rd q:[)

and £2213% + [ min(lgh 67T . (216)

Clearly, if €1, -+ ,&,-1 are small enough, then £ ~ ||Z||%2 The question now is whether H may

be compared to ||Z \\%2 The answer depends on the properties of the support of 20 and on the
possible cancellation of the following quantity:

n—1
Ny = inf{z e NMiz|* r €S we Sdl}. (2.17)
q=0
At this very point, the (SK) (for Shizuta and Kawashima) condition comes into play:

Definition 2.1.1. System (2.1) verifies the (SK) condition at V- € M if, for all w € S, we
have at the same time N¢ = 0 and Ap + M, = 0 for some A € R, if and only if ¢ = Ogn.

It is clear that Condition (SK) at V is equivalent to:

Vw € 971 ker N N {eigenvectors of M} = {0}.
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In order to pursue our analysis, we need the following key result (see the proof in e.g. [4]).

Proposition 2.1.1. Let M and N be two matrices in M,(R). The following assertions are
equivalent:

1. No =0 and A\ + M¢ = 0 for some X € R implies ¢ = 0;

2. For every eg,- -+ ,en—1 > 0, the function
n—1
Y —> Zsk’NMkyP
k=0

defines a norm on R™.

Thanks to the above proposition and observing that the unit sphere S~! is compact, one
may conclude that Condition (SK) is satisfied by the pair (M,,, N) for all w € S¥~! if and only
if Ny > 0. Furthermore, we note that:

o if Zy is compactly supported then H 2> |[VZ H%g, which reveals a parabolic behavior of all
components of the solution;

e if the support of Zo is away from the origin, then H 2> ||Z HQLQ, which corresponds to
exponential decay.

The above analysis reveals that, in order to get optimal dissipative estimates, it is suitable to
split the solution into low and high frequencies parts. This will be achieved by means of a
Littlewood-Paley decomposition (introduced in the next section) that will enable us to localize
(2.3) on the Fourier side. Then, an important part of our work will consist in studying the
evolution of the functional £ pertaining to each part.

2.1.3 The damped mode

Another important ingredient of our analysis is the use of a ‘damped mode’ that, somehow,
corresponds to the part of the solution that experiences maximal dissipation in low frequencies.
It is defined as follows :

d
W2 Ly P Ay (V)i Zoy = Zo+ > Lo ' (A5 (V)OkZ1 + AL, (V)0 Z2) — Ly ' Q(Z)- (2.18)
k=1
Note that

d
A (V)OW + LoW = A o(V) Lo ™'Y 04(A5 (V)0 Z1 + AL (V)0 Z2)
k=1

— A,(V)Ly'0:Q(Z)- (2.19)

On the left-hand side, Property (2.5) ensures maximal dissipation on W. As the right-hand side
of (2.19) contains only at least quadratic terms, or linear terms with one derivative, it can be
expected to be negligible in low frequencies if Z is small enough, while (2.18) ensures that W is
comparable to Zs. Hence, in the end, we will get better integrability for Z than for the whole
solution Z.
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2.2 Main results

Theorem 2.2.1. Let V be an equilibrium state such that H(V) = 0 and suppose that the structure
assumptions of paragraph 2.1.1 and (SK) condition are satisfied. Then, there exists a positive

. d_q . dyq ) )
constant v such that for all Zy € B3, N IB%221+ satisfying

A V4 h
2y = HZoHEg_l + ||Z0H]B%Jrl <a, (2.20)

2,1 2,1

System (2.3) supplemented with initial data Zy admits a unique global-in-time solution Z in the
space E defined by

L d_ . d . d . d . d_
ZeCy(RYBE NBIy), ZMe L'R;BSY), ZieL'R';Bi,') and WeL'(R*;Bi, ),
with W defined according to (2.18).

Moreover, there exists a Lyapunov functional that is equivalent to ||Z||.%_1 441> and a
B

2.1 2.1
constant C' depending only on the matrices A*¥ and on H, such that

Z(t)<CZy forallt>0 (2.21)
where
2B 201215 o 120", +12) L
L (B3, ) L(BF, ) L;Bsq )
l l V4
WIS o el 2l (222)
L}(B3, L}(B2, L3(B2, )

Remark 2.2.1. As is, the above theorem does not extend to the case d = 1. The reason why
is that the low frequency regularity index then becomes negative, so that some nonlinear terms
cannot be bounded in the proper spaces. For more details, the reader may refer to [30].

Our second result concerns the time-decay estimates of the solution we constructed in
Theorem 2.2.1.

Theorem 2.2.2. Under the hypotheses of Theorem 2.2.1 and if, additionally, Zy € IB%Q_gol for
some 01 € ]—%, %] then, there exists a constant C depending only on o1 and such that

1ZOllge1 < ClZollg-os V2 0. (223)

Furthermore, if o1 > 1 —d/2 then, denoting

1
HEVI+E, a2 —2— and Co = ||Zo|ls—0, + 1 Z0)|" 4,
2 B2,oo ]}B2+

2,1
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we have the following decay estimates:

o100 E
swp |ty 2)|, <00 if ~or<o<dz-1,
>0 BS,
o100 é
SUPH<t> +21+%Z2(t)‘ . <CCy if —o1<0<d/2-2,
>0 BS,

sup H(t)o‘lZQ(t)Hégl < CCy if min(d/2—2,—01) <o <d/2—1

and sup H<t>2a1Z(t)H}.ld+1 < CCy.
>0 B,

. _d
Remark 2.2.2. Since we have the embedding L' — B, % the above statement encompasses the
classical integrability condition Zy € L' (see e.g. [16] in a slightly different context).

Remark 2.2.3. Owing to the presence of dissipation in the equation of Za, the decay rate of the
low frequencies of Zo is stronger than the decay of the whole solution.

If we assume in addition that:

for all j € {1,---,d}, A’f’l(f/) =0 and DVIA’f’l(V) =0;
forall j € {1,---,d}, Dy, A5;(V) =0 (and thus also Dy, A} 5(V) = 0); (2.24)
the function r is quadratic with respect to Zy (i.e. D‘Q/“er(()) =0 for (i,m) # (2,2)),

then one can weaken the low frequency assumption, as we did in the first chapter dedicated to
one-dimensional case. We get:

Theorem 2.2.3. Let the assumptions of Theorem 2.2.1 concerning system (2.1) be in force and
assume in addition that (2.24) holds true.

. i .4 244 L
Then, there exists a positive constant a such that for all Zg € B3, N Bf;r satisfying

2021208y +1%00" 4, <o, (2.25)
B3, B3,
System (2.3) supplemented with initial data Zy admits a unique global-in-time solution Z in the
space F defined by
+.32 ARt hoe 1R+ 327! o Tl pt. 22 LR+ B2
ZeCRTB3, NBy, ), Z"e L(RTBS, ), ZieL (RTB3; ) and WeLl (RT;B;3,).
Moreover, there exists a Lyapunov functional that is equivalent to | Z|| 4 . 4., and we have the

21 Bg
following a priori estimate:

Z'(t) < CZ) where Z'()2Z|° o+ +2]" .
Ly(B2)) L @2

+1Z:1° + |1 Z, I AR + 1 z||" + Wt . (2.26

[ 1||L%B§1+2 | 2”Lg1@§jl> [ 2HL3<B§,1 | qu@ﬁfl) [ HL%(BQ%N (2.26)

Finally, if, additionally, Zy € B;gé for some o1 € ]—g, g] then (2.23) is satisfied as well as the

decay estimates that follow, up to o = d/2 for the first one, and with d/2 —1 and d/2 instead of
d/2 —2 and d/2 — 1 for the next two ones, with o replaced by (o1 + d/2)/2.
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Remark 2.2.4. The above result applies to the compressible Euler with damping (see Theorem

2.4.1).

Remark 2.2.5. In contrast with Theorem 2.2.1, the functional setting of Theorem 2.2.5 allows
to obtain uniform estimates in the asymptotic X — +oo if the dissipative term is NH. This is the
first step for the study of the high relaxation limit that we plan to carry out in Chapter 3.

2.3 Proof of Theorems 2.2.1 and 2.2.2

This section is devoted to proving the global existence of strong solutions and decay esti-
mates for System (2.1) supplemented with initial data that are close to the reference solution
V, in the general case where the structural assumptions listed in Subsection 2.1.1 and (SK)
condition are satisfied.

The bulk of the proof consists in establishing a priori estimates, the other steps (proving
existence and uniqueness) being more classical. As explained before, our strategy is to first work
out a Lyapunov functional in Beauchard-Zuazua’s style, that is equivalent to the norm that we
aim at controlling, then to combine with the study of the damped mode W defined in (2.18) so
as to close the estimates.

2.3.1 Establishing the a priori estimates

Throughout this part, we assume that we are given a smooth (and decaying) solution Z of
(2.3) on [0,T] x RY with Zj as initial data, satisfying

sup [[Z(1)]

a <L (2.27)
te[0,7) B3,

. d
We shall use repeatedly that, owing to the embedding 15322’1 — L, we have also

sup || Z ()| < 1. (2.28)
t€[0,T]

From now on, C' > 0 designates a generic harmless constant, the value of which depends on the

context and we denote by (cj)qez nonnegative sequences such that > 7 c; = 1.

To start with, let us rewrite (2.3) as follows:

d
A°0,72+Y Ao,z + 172 =G (2.29)
k=1

with G £ G1 + G2 + G5 and
Gi 2 =Y A ((A(V) LA V) - (4071 ab) gz,

Gy 2 A0 ((A°(V)) = (A") ) L7,
Gs 2 AA° (V)" 'r(2).
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For j € Z, applying Aj to (2.29) yields

d
A0,2; +3 " A¥9,Z; + LZj = ;G with Z; £ A;Z. (2.30)
k=1

Our analysis will mainly consist in estimating for all j € Z a functional £; that is equivalent to
the L?(R% R") norm of Z; and encodes information on the dissipative properties of the system.
That functional will be built from (2.16) and, since Condition (SK) is satisfied, the number Ny
defined in (2.17) will be positive. Furthermore, since the Fourier transform of Z; is localized
near the frequencies of magnitude 27, the corresponding dissipation term H; will satisfy

H; > min(1,2%)L;.

The prefactor min(1,2%) may be seen as a gain of two derivatives in low frequencies after time

integration (like for the heat equation) whereas it corresponds to exponential decay for high
d

<4
frequencies. In our setting where the low and high frequencies of Zy belong to the spaces B3,

. dyq .
and IB%QQ?Y , respectively, we thus have

l y4 l ¢
1201, + [ 121! L Sl + ety
21 2

1201}y, + / quhdmuzouhdﬂ / 1G],
21 0 IB%22,1

A rapid examination reveals that the part G of G may entail a loss of one derivative (since
it is a combination of components of VZ) while G2 and G3 contain products of components of
Z and Zs. Overcoming the difficulty with G will be achieved by exploiting the symmetrizable
character of the system under consideration and changing slightly the weight Ag in the definition
of L; for the high frequencies: we shall take

L2Z:  +27T it >0, (2.31)
Ag(V)
with
n—1 e .
2 [ S e (nms iz (nnizy). (2:32)
Rd
q=1
where €1, -+ ,e,-1 > 0 will be chosen small enough (according to the Appendix).

For the low frequencies, we shall keep the original definition that we proposed in the analysis
of (2.7), that is to say, after integrating on the whole space and using Fourier-Plancherel theorem,

Ljéuzjui% +2T; if j<O. (2.33)
0

However, we will discover that the terms Gy and G3 cannot be controlled properly in the space

.d_q . . .
LlT(IBil ) because Zs is, somehow, too regular ! The way to overcome the difficulty is to look
for an estimate of the low frequencies of the damped mode W, then to compare with Zs.

We shall keep in mind all the time that if choosing the coefficients ¢, small enough, then
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we have )
- t\q a1t q—1 1 1
ZE‘I‘((MUJ)) NNMw ‘S§(2ﬂ_)d7
q=1

whence, owing to Fourier-Plancherel theorem,

IZi| < 5 1Zjll 2

;
2
Furthermore, as Ay = Ag(V) is positive definite and V s Ag(V), continuous, Condition (2.28)
ensures that || Z;||,2 =~ ||Zj|l;» and ||Z;||;2 =~ |/Zj]|;> . Therefore, we have

) Ag(V)

L;~||Zj|3, for all g€ Z. (2.34)

2.3.1.1 Basic energy estimates

The first step is devoted to studying the time evolution of HZ]-H%2 and HZ]'H%Q . The
Ap(V) Ap

outcome is given in the following proposition.

Proposition 2.3.1. Let Z be a smooth solution of (2.3) on [0,T] x R? satisfying (2.27). Then,
for all s € [g, % + 1} and 7 > 0, we have:
Ld iz Zo il S (VZ, Z Z;|3 277 ||VZ Zllgs 112
S5 125l A rollZagllie S I(VZ, Z2)| e 1251172 + 277 IV Z g (121155, 125112
2dt Ay(V) B2, 2,1
+Cj2_j5 HVZHBQ%l ”ZzHBQ,El HZj”L2

9—Js . . .
+¢;2 (HZH]B;1 HZ2HB 1 + HZ2||]B;71 HZHB ) ”Z]HL2 . (2.35)

d d
2 2
2, 2,1

Furthermore, for all s’ € [% -1, %} and j <0, we have:

1d 2 2 2 —js’
s 1%la +rollZ2sllis SVl 1251170 + 27 HVZHB?1 121y, 12511 2

+¢279 121,y IVZlgg, 12l + 27 | Zallgg, 121, 1Z4152- (2:36)
1 ’ ’ 1

d d
2 2
2, 2,

Proof. It relies on an energy method implemented on (2.3) after localization in the Fourier space,
and on classical commutator estimates.

In order to prove (2.35), apply operator Aj to (2.3) to get:
o~ d ~ .
A°(V)0,2; + > AF(V)owZ; + LZ; = R} + R + A(r(2))
k=1

d
with R} £ [A¥(V), Aj]opZ and R? £ [A(V), A;)0,2.
k=1

Taking the L?(R%; R") scalar product with Zj, integrating by parts in the second term and
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using the fact that ﬁk(V) is symmetric yields
= | AW)Z;-Z;+ | LZ; Zj== AN V) + > on(AF(V)) ) Z; - 2,
2 dt Rd Rd 2 Rd j

—|—/ (R}%—R?)'Zj-i-/ AjT(Z)-Zj.
R4 R4
Hence, thanks to Property (2.12), we obtain

1d 2 2 1 A0 Ak
sl +rlNzl < [ (a0 + D odw))z- 2
J

+/ (R} +R3) - Z; + / Air(Z)-Z;. (2.37)
Rd Rd
For the first term in the right-hand side, we have

[ 08 V))2;2; £ 1020 1 12

Hence, using the fact that
~ o~ d ~
07 = (A°(v))~t (H(V +2)-) Ak(V)E)kZ), (2.38)
k=1

the smallness condition (2.28) and the structure of H, we get

» (A (V)25 Z; S IV Z, Zo)| o= |1 25175 - (2.39)

For the second term in the right-hand side of (2.37), we may write

d
/Rd S 0u(AH (V)25 23 S IV 2| 12112 (2.40)
k=1

Bounding the commutators terms in (2.37) relies on Cauchy-Schwarz inequality and Inequality
(A.4) that give

ot 10:Zls5) 12311

| R R)- 2, 2 (SIVEWV g 19215+ |90
j 2.1

S 2 IVZIy (1215, +10:Zl5) 12,1150

2,1

To bound 9,7, we need the following lemma.

Lemma 2.3.1. Under assumption (2.27), we have for all o €] —d/2,d/2],

10205, S I9Zl5g, +min(IWllsg [ Zalsg )
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Proof. Using (2.38), Propositions A.2.4, A.2.5 and 2.5.1 yields

ZAk )0 Z||

B3 1
<0+ 171, )19 21, + 1 Zallsg, + 121, 122l

1 Zlg | <

+IEZllag, + I7(D)llgg,

21

Since we assumed that || Z || ¢ 1s small, we have
2 1

18:Zllsg, S IVZlsg, + 1 Zallsg -

Note that, actually, 9;Z; can be bounded by just VZ and that we have 9,2y = —(11872(V))*1L2W
by definition of W, whence the final result. O

Finally, Proposition 2.5.1 ensures that
Ar(2) - 2; S e27° In(2)llgg, 12412
Rd 2,1
< ,.9—Js . . ) .
S 627 (122l g 12115, + 1215 122l ) 12311

21

Putting all the above estimates together completes the proof of (2.35).

For proving (2.36), since we do not know how to control 9,7 in L1.(B} _1) for & =d/2 -1
(which is the value that we will take eventually), we proceed slightly dlfferently, writing the
equation satisfied by Z; as follows:

A°9,7; +ZA VOkZ; + LZ; = RL+ R+ Aj(r(2)) with RgéAj((AO—EO(V))atZ)-
k=1

Arguing as for proving (2.37), we now get

1d .
331200, +ralNZ I < 5 [ (Laudovn)z
J

/Rd(R1+R3) Z; + RdAjr(Z)-Zj. (2.41)

The term R; may be estimated as above (with s instead of s), and A;(r(Z)) may be bounded
by means of (2.95). As regards Rg? , we write that
S Cj2_js/

1232

AW) = 20| 4

g HBtZHBe

Thus, using composition, product estimates and Lemma 2.3.1, we obtain

3
Rd Rj Zj

— a8/
S 627020 g (V2 22) gy, 12511
2,1 ’

which leads to the desired estimate. O
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2.3.1.2 Cross estimates

Proposition 2.3.1 only allows to exhibit the integrability properties of the components of
Z experiencing direct dissipation. To recover the dissipation for all the components, we have to
look at the time derivative of the quantity Z; defined in (2.32). To achieve it, we apply to (2.30)
the method that has been explained in Section 2.1 and leads to (2.15). The only change lies in
the (harmless) additional source term G;. In the end, integrating on R? the obtained identity,
then using the fact that Supp Zj - {3 22 /4 <€ <8 2j/3} yields

d 97 21 ~ 27 kg :
STty e [ INMIZ P e < 2PN R+ CIAGl 1 2
q=1

The last term may be bounded by means of Propositions A.2.4 and A.2.5 (keeping all the time
in mind that (2.27) is satisfied). More precisely, for G, we have for all o €] — d/2,d/2],

d
IG1lsg, < SN (A°V) 1 AV) - (497 4%)9, 7 5,

q=1
< .
SIZlg 192, (2.42)
Similarly,
. < 70 -1 _ (3 —1) ‘ < )
IGallsg, 5 [[((°007! = (A7) 2] 51214 12elsg, (2.43)
and, using Proposition 2.5.1,
. _ || 20 30 -1 < .
[Gallzg, = [ 2°2°0) (), S1214 122, - (2.44)

Hence, one can conclude that for all o €] — d/2,d/2], we have

d 2]' n—1 5 1
dth‘FQZSq/RdWMEZﬂ dg
q=1
< —5  INZjlLe + Cei27\[(VZ, Z2) g 12 g 1 Zillz2- (2.45)
’ 2,1

2.3.1.3 Closure of the estimates : a first attempt

Remember that since Condition (SK) is satisfied, the quantity Ny defined in (2.17) is

positive for any choice of positive parameters eq, - -- ,e,_1. Consequently, if we set
K n—1
H; = = ||NZ;||*> + min(1, 2%) qu/ INM2Z;|* de
2 q:1 R4

and use Fourier-Plancherel theorem and the equivalence (2.34), we see that (up to a change of

ko), we have for all j € Z, A
H; > ko min(1,2%)L;. (2.46)

Our goal is to use this inequality to bound the quantity Z defined in (2.22) in terms of Z; only.
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Let us start with the bounds for the low frequencies. Putting together Inequality (2.36)
with s’ = d/2 — 1 and the cross estimate (2.45) then, using (2.46), we get for all j < 0

d , _
— L+ 6029 L; SNV Z oo 1 Z5] 52 + ¢ 277D (IIVZII a 2] . a_,
dt B2,
+ 1] 44 HZzII 4 L+ Z)? a8 +HVZHBg IIZIIBg >\ZjHL2-
2 21 2 2,1 2,1

. d
Hence, using (2.34), applying Lemma A.1.1, multiplying by 21(5=1), using the embedding B3, —

L and summing up on j < 0 gives

12t )Iléd 1+/~€o/ IIZIIZd+1 dr < IIZoll .

21
+<Z_ 2N a4+ 12120 w1214 2ol o, +112 Z )
G Iy 1204+ 12054 +121,4 172040 + 121400121
where we used the notation '
1215, & 32V (2.47)
2,1

7<0
To handle the high frequencies, we combine Inequality (2.35) with s = d/2 + 1, the cross
estimate (2.45) and (2.46), to get for all j > 0,

: :

L, vty SNVZ 2 12,1

—i(d

+ 2D (1212, + 120,40 121y + 122l g 1215 ) 123050 (245
2 1 By, By, B34 B3,

+1) and summing up on

Hence, using the equivalence (2.34), Lemma A.1.1, multiplying by 27 (

j = 0 gives

t t
h h h
1200, 50 [ 121y, <021+ [ (1212 0 +121, 17y + 1%, 171,y )
2,1 2,1 3,1 B3 1 B3,
where we used the notation
12l =227 VEs-
q>0
Let us introduce the functional
¢ h
= ||Z|| P e (2.49)
21 21
which, in light of (2.34), is equivalent to HZHf g T HZth+1’ and thus to HZHB2%;10B2%IH.
21 21 s 5

Adding up the above inequalities for the low and high frequencies, we get up to a change
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of ko and for all t € [0,T7,
¢ 2
£+ [ 121, < £0 +c/‘wwjﬂ

Wﬂgﬂﬂ”‘Wﬂ@gWW%*ﬂﬂhqwﬂdHMW)
]BQJ ]Bz,1 IB32

39
By By, By, 21

1

Hence, using the interpolation inequality

12114 < \/HZH g.:1121I. sl S L, (2.50)
2
and eliminating some redundant terms, we end up with

t
L(t) + ko ; HZHBgH < L(0)+C HZH d+1ﬁ+0/ szlle,_lllle (2.51)
2,1

d
B2
21 2

As we start from small data, we expect £ to be small as well so that the first term in the first

integral in the right-hand side may be absorbed by the second term on the left. However, at this

stage, we have no proper control on HZQ”Z P Studying the evolution of the damped mode W,

2 1
which is the aim of the next section, will enable us to overcome the difficulty.

2.3.1.4 The damped mode
As underlined in the introduction, the function
W2 —Ly P AS (V) Zs = Zo + Z Lyt (V)OkZ1 + A% o (V)0 Za) — Ly Q(2)-

is expected to have better integrability properties in low frequencies than the whole solution.
This will be a consequence of the following proposition.

Proposition 2.3.2. Let Z be a smooth solution of (2.3) on [0,T] x R? satisfying (2.27), and
denote A3 , = Ag o(V). Assume that o €] — d/2,d/2]. Then we have for all j <0,

1d
gﬁwwgo+mww$smW%mﬁwwmmawwm
2,2
42 NV, 2)lsg N2 g 1Wslloe + 52798 DUV Z Wl g 1] i Wil
2,1 21

Proof. From (2.19), we gather that

A9, OW + LyW = h (2.52)
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with h £ hi+ Ag’szfl(hQ + hg) and
hy £ (Id — Ag,z(Agz(V))fl)LQVV,
d
hy £ 0, (A5 | (V)OWZy + AL (V)0 Za),
k=1

hs = —0,Q(Z)-
Applying Aj to (2.52) and taking the scalar product with W; £ AjW yields, thanks to (2.10),

1d
2 dt

IIlelif30 + w0l Wjli7z < (IAjhallze + CllAshall L2 + CllAshs| L2) Wi La- (2.53)
2,2

As (2.27) is satisfied, Composition estimates readily give that for all o €] — d/2,d/2],

Iallsg, S 121 g IWligg (2.54)

g
2,1
For bounding hg, we use that for all j € {1,--- ,d},
(As \(V)0Z1 + A5 5 (V)OkZs) = Dy A5 (V)0,Z0kZ1 + A5 10,0k 21
+(A5 (V) — A5\ (V) 040121 + Dy A5 o (V)0, 201 Zo + A5 50,0172 + (A5 5 (V) — A5 (V) 040 Zo.
For m = 1,2, we have, according to product and composition laws, and Lemma 2.3.1,
k L < .
I1Dv A (V102020 5 1007, 19215,

< .
S V2, W)IlmélIIZIIjo1

as well as (provided we also have o0 < d/2 —1):
(A5, (V) = A8 (V) 00k Zilg | S 10V 21| g 1 Z g
) 2,1 ’

S .
SIVZ Iy 125

Multiplying the first equation of (2.6) (on the left) by the matrix (ﬁ?vl(V))_l then differentiating

with respect to z;, we discover that 0;0;Z; is a combination of terms of type A(Z) D?Z and
B(Z)DZ @ DZ. Consequently, we have for all 7 <0 (still if 0 < d/2 —1):

1800k 21) || 2> S I1ID* 25| 2 + Cj2_jUHZHB§T||VZHB% :
’ 2,1

Note that if o €]d/2 —1,d/2], then the above inequalities are valid (owing to (A.2)) if we change
o+ 1tod/2.

Finally, we have

00 2o = —ak((/_lgg)flLQW) + 6;6(([1872)*1 — (AJ%Q(V))il)LQW
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96

Hence, for all j < 0, and thanks to (A.2),

. —io — _ ~ —1
1820k Za)ll 2 S VWl + 2777 ((Ag0) ™" = (A22(V)) ) LaW g

S IVl + 2 121 g W,
To bound hs, we use the fact that 0;Q(Z) = DzQ(Z)0:Z. Hence, as Q(Z) is at least

quadratic, we easily obtain from Propositions A.2.4 and A.2.5 that

I, 51219 10972 W)lsg,

which concludes the proof.

It is now easy to obtain dissipative estimates for the low frequencies of W. Indeed, starting
from the inequality of Proposition 2.3.2, taking advantage of Lemma A.1.1, multiplying the
resulting inequality with 277 and summing up on j < 0, we get whenever o €] — d/2,d/2],

t t
WO (£) + ro / WL, <W7(0)+C / (V22 9w,
0 B, 0 2,1

t
+C [ 1% Zo)lag, 12] 4 +C / 92, W)l g 17 e (259
’ 2

with W7 £ 37, QjUHAjWHL%O

2,2

=44

Let us first apply (2.55) with o = d/2. Then we get (discarding the redundant terms):

é
2

(0)

t t
e / (V22 9W)|, +C / (V2. Zo W4 1Z].q . (2.56)
0 B2, 0 BF BE,

M\R_

Wi+ [ W, <w
2

In order to close the estimates, we also need the inequality corresponding to o = d/2 — 1, namely

-l m/ Wiy, <wio) +c/ 92wl
21

+c/ 07,924 121, 4 +c/ 122 W)l 12l - (257
2 21
Since
d .
=W =) Ly ' (A5,(V)0kZ1 + AL ,(V)OkZ2) + Ly ' Q(Z) (2.58)
k=1
and [[Z]| 4 is small, we have for all o €l —d/2,d/2],
IB32,1
(2.59)

W = Zallgg | S IV ZIgg, + 1121, ¢ 12215, -
2,1 2,1 B2

2
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Hence, W may be omitted in the last term of Inequality (2.56), and (2.57) becomes

t
a_
Fo+e [ezml,

2,1

t
d
WE(t) + ko / W, <w
0 B3,
t t 5 t
+C [192l 4 12,4 +C [ 1214 +C [zl 4121y - (260)
0 B3, B3, 0 1322,1 0 Bs B3,

2.3.1.5 Global a priori estimates
We are now ready to establish the following proposition which will be the key to the proof

of the existence part of Theorem 2.2.1.
Proposition 2.3.3. Let Z be a smooth solution of (2.3) on [0,T] satisfying the smallness con-
dition (2.27). Then, there exist three (small) positive parameters ko, € and € such that

L2L4ewe+dwet

with £ and W defined in (2.51) and (2.55), respectively, satisfies for all 0 < tqg <t <T,
~ t ~
MQ+HQ/UWWdH+fWWKd+fWWWd4)§ﬁ@®‘ (2.61)
to 1322,1 IEB22,1 IB%22,1

Furthermore, there exists a positive constant C' such that
(2.62)

Z(t) < CZy forall tel0,T],

where Zy and Z have been defined in (2.20) and (2.22), respectively.

=

Proof. From (2.5

- t - t

E@)+ro [ (121 g0 +lWIy +£IWI ) < Z0)+ Cle+) [ 121 4.0
0 B3, B3, B, 0 Bs,

t t t
+Cs’/ wlt, +C Zl| 4 £+c/ Zs|I¢ A
; | ||Bg1 ; | HB;# ; I HBi_IH ”Eil

2,

1), (2.56), (2.60) and (2.58), we get after a few simplifications,

Hence, choosing (positive) ¢ and &’ so that
2Cs’ < kpe and 2C(e +¢') < ko,

using again (2.59) and the interpolation inequality (2.50) eventually yields:

~ t ~
LW +no [ (121, g0 +lWIy +e W, ) < £(0)
0 B B2 B2
2,1 2,1

2,1
t
+C/ Zll ., + W] L. (2.63
0 (H HBngl H ‘|B§;1) ( )

Let us denote B
To £ sup{t € [0,T], sup L() <2L(0)}
7€[0,t]
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Discarding the trivial case E(O) = 0 (corresponding to the stationary solution V'), the continuity
of £ ensures that Ty > 0. Now, for all ¢ € [0, Tp], Inequality (2.63) ensures that

1

o~ t ~
E0)+ w0 [ (W2l g+l W) < E0) +20200) [ (171 g + IV )
0 B3, B3, B3, B2
Consequently, if the initial data are so small that 4C£~(0) < €'kg, then we deduce that
t
» ko 1 ! ¢ <7
Eo+ [ (121 00+ 154 +21W1,) < 20O

and thus Ty = T. Hence (2.61) holds (with x/2) on [0, T]. Clearly, the argument may be started
from any time to € [0, 7], which gives (2.61) in full generality.

Let us finally establish (2.62). First, since £ is equivalent to ||Z||z gt ||Z||h , it is easy

21 21

to see that, under Assumption (2.27), we also have £ ~ 1Z))¢ g, T HZth .,- Combining with
B2

2,1 21

(2.61), we thus already get

HWH <CZy forall tel0,T].

121 4 +HZH ~ i

t(21 t

+121l

N,
= +

.d_q
B3, )

v
Combining with (2.59), we discover that
t t t
/ 1Z2]° 4 S/ Wi, +C/ Ivz|ty +C HZH g HZQH ¢ SZ
0 BZ, 0 B2, 0 B2, B3,

and

1Z2l® a4, <HWHZ e, +COIVZ, 4
2(R2 2 (IB

t (B3 IB321 2,1 )

l
HZ2Hh 41 +CHZH 122]|

T 21

+C|Z|| .4 . d d_y
L (B3,) (B3) L%(BF, b

Owing to (2.27), the last term may be absorbed by the left-hand side. Furthermore, one can
bound the last but one thanks to (A.2) and, by Hélder inequality, interpolation and (2.61),

Z Z < Z
V21, 401, S w N
¢
||W|| ||W||Z 541 Wi 4 < 2o,
Li(BF, )
which completes the proof of the proposition. O

2.3.2 Proof of Theorem 2.2.1

The starting point of the proof of existence is the following local well-posedness result that

may be found in [102].

Proposition 2.3.4. For any data Zy in the nonhomogeneous Besov space IB%Q 1 , the following
results hold true:
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1. Euxistence: there exists a positive time T, depending only the coefficients of the matrices

A¥ on H and on || Zo| 441 such that System (2.3) has a unique classical solution Z with
B34

d
Z e CH[0,T1] xRY) and Z e C(0,T1];B3

)

d
ynci([o, ] B ,).
2. Blow-up criterion: iof T is finite, then

T*
/ V2] o dt = 0.
0

The proof of the existence part of Theorem 2.2.1 is structured as follows. First, we truncate
the low frequencies of the data and use the above theorem to construct a sequence (Z"),ecn of
(a priori local) approximate solutions. Then we use the previous part to establish that those
solutions are actually global and uniformly boundgd in . In order to pass to the limit, we show

that (Z")pen is a Cauchy sequence in C([O,T];B%l) for all T > 0. Then, we eventually check
that the limit is indeed a solution of (2.3) and has the required regularity.

First step: construction of approximate solutions

.d_q .4
Fix some initial data Zy € B3, "n IB%;;FI satisfying (2.20) and approximate it by
Z0=(1d - 8,)%, n>1.

d

By construction, Zg, belongs to 1832271“. Consequently, Theorem 2.3.4 provides us with a unique
d d

maximal solution Z" € C([0, T, [; BZ, ) N C([0, To[; B, ).

Second step: uniform estimates

Taking advantage of Proposition 2.3.3 and denoting by Z” the function Z pertaining to

Z", we get Z" < CZj§ as long as Z" satisfies the smallness condition (2.27). Owing to the

definition of Z§, we have Z§ < Z; and we clearly have || Z"(t)| 4 < Z™(t). Hence using a
B

2,00

classical bootstrap argument, one can conclude that, if Zj is small eynough, then
ZM(t) < CZy, forall tel0,T,] (2.64)

In order to show that the solution Z™ is global (that is 7,, = 400), one can use the blow-up
criterion of Theorem 2.3.4. However, we first have to justify that the nonhomogeneous Besov

d

5+1 . . . . .
norm Bff of the solution is under control up to time T,. Indeed, using the classical energy
method for (2.3), then the Gronwall lemma, we discover that for all ¢ < T},

t
1202 < C 125 exp(c / uvznnm)-

. d
Now, (2.64) and the embedding of B3, in L ensure that V2" is in LlTn (L), from which we
d
deduce that Z™ is in L%‘:L(LQ), and thus in L (IBBQQTI) owing, again, to (2.64). It is now easy to

d d
conclude : we have VZ™ in L, (L*°), and Z" is in C([0, T; IBZQ’TI) nct([o, T); B3,) forall T < T),.
Hence T;, = 400 and (2.64) is satisfied for all time.

Third step: convergence
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The following stability result will ensure both the convergence of (Z"),¢cn and the unique-
ness of our solution.

Proposition 2.3.5. Let Z = 71 — 7% where Z' and Z% are two solutions of (2.3), having
respectively Zo and Zo as nitial data, and belonging to the space E. There exists a constant c
such that if both HZIH and HZ2H are smaller than ¢, then we have for all t € [0,T],

. d . d
B2 B2
2 21

1

(2.65)

121, s S 1ol /(H @By + 22 ))
Lge 21 Bsy Bia

Proof. Let VI 2V + Z' and V2 £ V + Z2. Observe that Z is a solution of

d

AWhHoZ+ > AFVYoZ
k=1
d
= —A0vH Y (A vhHTr ARV — AV TLARV)) 0,27 — LZ + r(ZY) — r(27).

k=1

Applying Aj, taking the scalar product with Zj, integrating on R, x R% and using Lemma A.1.1,
we get for all j € Z,

Py A 1 e e ey B 2SS T
t
e

0( b

d
Z lAk:(V ) ZO(VZ)flgk(VQ))akZQ
k=

t
+/0 HAJ'(T’(Z ) —7(Z?) ’

Multiplying this inequality by 27 5 and using commutator estimates, we get

L2

+ZH [Aj, A; (V)]0 Z| 2.

~ . d
< 273
J 2~

%A\,+/nvzwg2ﬁuaum
By,

/ 274

d
Z( lAk(V ) AVO(VQ)—IAVIC(VQ)) OkZQ
k=

t
+/2J’§
0

L2

Ajr(zY) =r(2%)|| . (2:60)

Thanks to Propositions A.2.4 and Inequality (A.9),

|(Rahwh - 2@ AEVh) a2y $120,4 V21,
2, 2
and, according to Inequality (2.97), we have
1 (2 < |7 1 2
2 2l g Wl 122
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Hence, summing (2.66) on j € Z, we end up with

~ ~ t ~
v1 —— +/ 120y |2 4
L%O(Bg,l) IB32§,1 0 IB322,1 Bg,l
t £
+/ HZ’ a |VZ?]]. 4 +/ HZ’ a (21, 2%)].a
0 IB%22,1 IB22,1 0 IB?’22,1 1322,1
Splitting in low and high frequencies yields the desired estimate. O

.d
The above lemma combined with the fact that (Z)nen converges to Zy in IB%QQ’1 ensures that
. d
(Z")nen is a Cauchy sequence in L (B3 ;) and thus has a limit Z in that space, and passing
to the limit in (2.3) is straightforward. Furthermore, using the Fatou property of Besov spaces,
.d_q .dq . dyq .49

we obtain that 2% € L¥(BZ, ) N LL(BZ, ) and 2" € LB, ) N LL(B]) for all T > 0,
together with the desired bounds. Time continuity of the solution may be obtained by adapting
the arguments of [3, Chap. 4].

Fourth step: uniqueness
Knowing that Z! and Z? are in E, we have for all T > 0,

T
| w2y
0 B

HIEL 2 y,,) <o

d
2
2,1 2,1

Furthermore, one can assume with no loss of generality that Z is the solution that we constructed
before and thus satisfies the smallness assumption (2.27). Owing to time continuity and since
Z%(0) = Z'(0), the solution Z? also satisfies (2.27) on some nontrivial time interval [0, 7], and
combining Inequality (2.65) with Gronwall lemma allows to conclude that Z! and Z? coincide
on [0,T]. A bootstrap argument then yields uniqueness on the whole half-line R . O

2.3.3 Proof of Theorem 2.2.2

The overall strategy is taken from the work by Guo and Wang in [53] and Xin and Xu in
[101].

First step : uniform bound in IB%Q_ o

In order to establish (2.23), one can look at System (2.3) as

d
A0z +Y A Z+LZ=Ff+g+h
k=1

d
with f 23 (A" - A*(V))opz, g2r(Z) and h2 (A°— A°(V))o,Z,
k=1

then apply Aj and perform L? estimates for each Zj.

After using Lemma A.1.1, multiplying by 2777t then taking the supremum on Z, we end
up (omitting the term coming from L that has the ‘good’ sign) with

t
1205, S 120l + [ 1Ll (267
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Setting fr = (ﬁk(V) - flk) Ok Z and using Inequality (A.8) yields

il S A O) = 24|, 192

2,00

29
By

In order to bound A*(V) — A* in B;gé, one cannot use directly Proposition A.2.5 as —o;
may be negative. However, applying Taylor formula, product laws and a composition estimate

(see the details in the proof of [30, Th. 4.1]), we can still obtain if (2.27) is satisfied,

Hﬁ’f(x/) —Ak‘

|2l

oy S
2,00

whence
1 lls; o S 121 g1 121557 -

For g, using similar arguments as in Proposition 2.5.1 combined with Inequality (A.8) yield

L
gl S 121552 ”ZQHBZ%I'

Concerning h, we have, keeping Lemma 2.3.1 in mind, that

Il oy S 12057 10021 4

21

S ”Z”Bﬂn I(VZ, Z2)|| 4
2,00 B3,
Thus, regrouping all those estimates, we obtain
120l € 12z + [ V22 g V2l 220 (2.68)
2,1 )

Since, as pointed out before, we have
JAZES g 5205 2

and because the smallness condition (2.20) is satisfied, applying Gronwall inequality completes
the proof of (2.23).

For the sake of completeness, one has to justify that if Zj is in B_al (in addition to

(2.20)), then the solution constructed in Theorem 2.2.1 is in By 7! for all time. This may be
checked by following the construction scheme of the previous subsectlon. Indeed, recall that the

d

approximated solutions Z" are in C* (R, ; B3,). Then, discarding the linear term LZ" (that may
._d

be handled by suitable conjugation), we get 92" € C(Ry; L'). As L' < B, 2 and oy > d/2, the

low frequencies of 9;Z™ (and thus the whole 9,Z™) are in C(]R+, B2 ) As Z0 itself is in 32 a1

(since F(Z§) is supported away from 0), we have Z" € C!(R4; By 2!). Consequently, (2.23) holds
for Z™ and, passing to the limit, ensures that it holds for Z, too.

Second step : proof of generic decay estimates

According to Proposition 2.3.3, the functional L introduced therein is nonincreasing and
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equivalent to ||Z ||€ gt 1Z||" Furthermore, there exist positive kg, ¢ and & such that

d_H‘
21 21
denoting H £ HZH 4 T EHWW g+ a’HWHZ g g we have
21 21 21

~ t o~ ~
L(t)+ ko [ H<L(tg) forall 0<ty<t.
to

Hence and one may conclude as in [30] that £ is differentiable almost everywhere and satisfies
d~ 117 +
aﬁ—i—c”HSO a. e.on RT. (2.69)

Granted with this information and (2.23), one can prove the first decay estimate of Theorem
2.2.2 by following the general argument of [101]. The starting point is that, provided —o; <

/2 -1,
6o ’ (1_90) 2
A ZIE . Z ith 6p = —————
12155 (12180 ) (170 ) i o= g

2 1
Inequality (2.23) thus implies that

%

1 —
12)¢ sin < > (12)° 4 7_1)1‘90||ZoHB£af°
,00

21

For the high frequencies term, using the estimate of Theorem 2.2.1, one can just write:

1 00
Izt 2 (12, ) " 125

21 21 2,1

Hence, there exists a (small) constant ¢ such that

)

d ~ TTo6y A . A
@ﬁ-i-CCO L1160 <0 with Cy= HZO||~—01 IB%%+1.

Integrating, this gives us

L(t) < (1 ter 3000 <EC(,2)>19()6()75>1_61()5(0)

whence, since L< Z(O) < 2y < O,

d/2*1+0'1

5 (2.70)

1Z(t )H g H2( )Hggﬂ SO+ M2 with o =
2,1

21

The decay rates in Bg’l for all o €] — 01,d/2 — 1] follow from Inequalities (2.23) and (2.70), and
interpolation inequalities.

Third step: decay enhancement for the damped mode

From (2.53) and Lemma A.1.1, one can get for all o €] — 01,d/2 — 1],

WO (t) < e W7 (0 +c/ D |h(r) I dr.
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Hence, since W7 ~ |[W||%, and using the estimates of h pointed out in the proof of Proposition
2,1
2.3.2, we get

W@, <eIWolls,
2,1 2,1
t
—(t—r)( . . 2 ¢ )
+/0 e IIZIIH%%III(ZQ,W)HW1 +1[(VZ, W)II]].%%IIIZIIng1 +(V=Z, VW) 5. )

whence

¢ — ¢
WO, <e IWolls,
2,1 2,1

t
—(t—7) . . ¢ )
+ [ (1092 2l 171, + 12, Z0) g 120sge + 1920 )

d
2
2,

In light of the previous step, the worst decay comes from the last term. In order to be allowed
to use the corresponding estimate however, we need o +1 < d/2 — 1. If that condition is satisfied
then, setting 8 = (0 + o1 + 1)/2, the above inequality implies that

t B
OAIW@NL, < P Wolls, + Co / D7 -ett=) 47 <
2,1 2,1 0 <T>B

In the case o +1 > d/2 — 1, one can use the fact that ||[W(#)||5, < ||[W (@), ,» and the above
argument thus just implies that

W)y < (1+6)7

Keeping in mind (2.59), one can conclude that || Z satisfies the same decay estimates as W.

¢
HBé’,l
Last step : high frequencies decay

Let us start from (2.48). The usual method based on Lemma A.1.1 leads after multiplying
by (t)221 (where o comes from (2.70)) yields

t
201 h —ct h 201 ,—c(t—T) h ¢
H<t> Z(t)HBQ%’rrl <e HZOHB%+1 —|—/0 <t> e HZH]BQ%IA <HZHB51+1 + ”Z”B§1>dT

2,1 2,1

t
4 / (W2 21 2]y dr. (271)
0 B;{ IB322,1

1

Thanks to (2.70), the first quadratic term may be bounded as follows:

t t <t> 201 9
e g2y < () 0 1 e s co
/ st Plige = o\ (120 0)

and the other terms of the right-hand side of (2.71) may be bounded similarly. This completes
the proof of Theorem 2.2.2.
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2.4 Proof of Theorem 2.2.3 and application to the Euler system

This section is devoted to the proof of Theorem 2.2.3, that is to say to a refinement of
Theorem 2.2.1 corresponding to the case where System (2.1) satisfies the extra conditions listed
in (2.24). As an application, we shall obtain a global existence statement for the compressible
Euler with damping, in a new functional framework, and will specify the dependency of the
estimates with respect to the relaxation (or damping) parameter.

2.4.1 Proof of Theorem 2.2.3

Proving existence and uniqueness being very similar to what we did before, we focus on
establishing a priori estimates for a smooth solution Z of (2.3) on [0,7] x RY, satisfying the
smallness condition (2.27). The general strategy is the same as in the previous section, and we
shall mainly underline the places where having the structure (2.24) comes into play.

The first difference is in the following refinement of Lemma 2.3.1
Lemma 2.4.1. Under hypotheses (2.24) and (2.27), we have for all o €] — d/2,d/2],

10:Z1llug, S IV Zllsg | + 1220 ¢ 11V Z1]1gg

2,1

107155 < W lag

Proof. The second inequality has been proved before (see Lemma 2.3.1). The first one relies on
the decomposition

d
021 =Y (A, (V) (g]il(V)BkZl + g]iQ(V)Bng) : (2.72)
k=1

As the function V' — ZA?’I(V))_IEI{:J(V) vanishes at V' and is linear with respect to Zs, Propo-
sitions A.2.4, A.2.5 and Condition (2.27) guarantee the desired inequality.

O]

2.4.1.1 Basic energy estimates

As for Theorem 2.2.1, the first step consists in proving estimates for || Z; ||%2 and || Z; H%z :
Ap(V) Ag

Proposition 2.4.1. Let Z be a smooth solution (2.3) on [0,T] satisfying (2.27). Then, under
Condition (2.24), we have for all j > 0,

1d 2 2 —j(4
2 7. . < n.9—J(§+1) )
s |7l ol Zails £ 2 XAV NW YD)y Wy 120 273
and for all j <0,
551l +rolZal:
_sd 2
S22 (2] g W V2l g +IVZIa [1Za]l .0 + 12274 ) 1 Zill 2 (2.74)
B3, B3, B3, B3, B3,
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Proof. The starting point is still (2.37) but we now take advantage of Lemma 2.4.1 and refine

the estimates for Ré and (2.40). More precisely, we have

D

k=1

[AVIIC,I(V)v A]]akzl + [Zlf,Q(V)a AJ]ak‘ZQ

R! = _ ,
([A’é,l(V), Aj1OkZ1 + [AS 5 (V), Aj)Ok Zo

q ) '
Hence, using Inequality (A.4), we get for all o €] —d/2,d/2 + 1],

IR}z S e2797 (VAR (V)), V(A (VDI g 1Z3 ],
2,1 ’

HIVAE(V), V()

At this point, one can use that (2.24) ensures that for all j € {1,---,d} and

¢ 12205 )
2.1

m € {1,2},

there exist a linear map h and a smooth map F' such that g’fn’l(V) - Alfn,l(f/) = h(Z2)F(Z).

Consequently, product laws and composition estimates give us

IV )y S IV((Z) @ F2) 4 +[h(Z2) © V()] g
Bz,1 IB52,1 32,1
SIVZ g W+ 1214 ) + 112y V2],
BZ B, B B
<||VZ + ||z VZ| 4,
S 2\|E§1 | 2HB§1H ”Bil
whence
1 < .90 . .
IRz S ei277 (IV 22l g +1Zell g 19215 )1Z10sg, + 1921 122l

Let us also observe that Inequality (2.99) of Proposition 2.5.1 gives us

IMZ)] g S

A A
g | 2”132%1“” 2”B

d + Z . d ZQ 2
1, 12041220

Remembering that
2| < .9 d(§+D)
I18ls2 S ei2 DIV 21 021,

and using Lemma 2.4.1 as well as (2.40) and (2.39), we eventually get (2.73).

(2.75)

1

For proving

(2.74), the starting point is (2.41). The term corresponding to Ré (resp. r(Z)) can be bounded
according to (2.75) (resp. (2.99)) with o = d/2. In order to bound the term corresponding to

RZ’, we observe that, in light of Lemma 2.4.1,

1A, (V) = A (V)aZall g S1IZI g 021
By, B,

Nroa,

d
B3,
<z vZ +z vZ
S HBi(H 2”1@2%1 I 2”B§1H 1IIE§
A%, (V) — AY (V))o,Z <z Wl 4 .
[(A22(V) — A35(V))0, 2||B§1N!! HBﬁlH Hl%%,l

);

1
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Finally, we have to refine Inequality (2.40). To this end, we use the decomposition

d d
/ > o AMV))Z; 25 = Z/ <3k (A5 (V) Zvj - Z1j + 0k(A5 (V) Zoyj - 71
R =1 /R
+Op(AF o (V) 21 - Zaj + Ok (A5 5(V)) Zays - Zz,j)'

The structure assumptions (2.24) and the symmetry of the system ensure that
10k (A% 1 (V) [z + 110k (AT 2 (V) 2o + 10 (A5,1(V)) 2o S 1 Z2]l e [V Z ] pe + |V Za | poc.

Hence, remembering (2.28),

/Rd Zak (A Z; 2 S (122l IV Z ]| oo + IV Zall i) [ 2041172 + IV Z ]| poe || Zag117 -
k=1
Plugging all the above inequalities in (2.41), we end up with (2.74). O

2.4.1.2 Cross estimates

Remember that for all j € Z, we have

d 27

' 277
2Lt sq/ INM4Z; |2 de < ”0
q=

INZjlI72 + CllIA; G211 Z5] 2 (2.76)

In our new regularity context, we have to add up 2jI if 7 <0 (resp. 2_jI if j >0) to Lj, then
to multiply by 295 (resp. 2j(§+1)) This amounts to bounding HGHe g and [|G||", . To this

21 IEB21

end, we have to refine the estimates (2.42), (2.43) and (2.44) taking our structure assumption
(2.24) into account.

As a first, we see that (A.2) and Proposition 2.5.1 ensure that

¢ h
1G3l" a,, +11Gs]7a S 1G]l 44 S <2y (2.77)
B3, B%,l B3 31
Next, we have, thanks to Propositions A.2.4 and 2.5.1,
¢ R
1G]l gy + ||G2H S G2l sin SN2l g 1122 sl +11Z], d+1||Z2H 44 (2.78)
B34 21 2 Bg,

In order to improve the estimate for Gy, we use that Ay 1@, is the sum for j =1 to d of

((@9,1(‘/))—1@;1(‘/) — (A ) A )z + (A9 (V) Ak (V) - (A9) 7 Ak Q)ak@)
(AG5(V) ™ Ak, (V) = (A9) 7 A5, )0u 71 + ((AGo(V)) A, (V) — (A3) 7 A5,) 0625

Hence, owing to (2.24), we just have

1G] 124 V2],

21

<
34 Sl2ll g IVZill 4 e
2.1 B3, B3, B3,
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Together with (2.77) and (2.78), we can conclude that
+ ||GHh ||Z2H2d + 122 4
2 2

21

121400+ 12 g 122 g0 (279)
2 2.1

2,1

L
61y,

2,1 1

2.4.1.3 Provisional assessment
(QH)\/ZJ-. Putting together Inequalities (2.73), (2.74)

Let £ 2 S 025VE; + 3,502/

et >
(2.76) and (2.79), using Lemma A.1.1 and discarding the redundant terms, we end up with

t
£+ wo [ (1214, +12104,,) < €0

By, 2,1

HZzH g IIZII dH ﬁ’+C IZzHQd +[1Z2]l 4 12]], d+1+HZ|!2d+1)-
B2 ]B

By, 21

+c/ 107, 923)], 4
2
(2.80)

In order to close the estimates, we need to exhibit the L'-in-time integrability of W and
d

. d
VZy in B3, and the L?-in-time integrability of Z5 in B3,

2.4.1.4 Bounds for the damped mode

With the notations we used to prove (2.53), remember that

(1Aj71]l 22 + CllAzhel 12 + CllA |l 12) W] 2 (2.81)

1d
S—W;l32  + kol Wjll7e <
2dt a9,

From Lemma 2.4.1, Propositions A.2.4, A.2.5 and 2.5.1 and, since
Dz, Q(Z)0:Z1 + Dz,Q(Z)0s Zo,

BtQ(Z) =
we readily get
l l
1hall” g + NPl g S thll S 2]. 43 HWH
IB322,1 21 21 By, 21
l l
Il g + el g, S sl g < H%WMWﬂg-W%MQWW$
B3, By, B3, By, B, By,

&
N,

1

For bounding hs, we need to refine the decomposition we did in the previous section. More

precisely, we now write that for all k € {1,--- ,d},

(V)0 Z2) = Dy, A5 (V)01 210k Z1 + Dv, AS (V)01 2201, 71
+A5  (V)0:0,Z1 + (A51(V) — A5 (V) 00k 21
+Dy AS o (V)01 20, Zo + Ab 5 (V) 010k Zs + (A5 (V)

Oi(A5 (V)0 Z1 + A5,
— k [/
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Since A5 ; is linear with respect to Va, we get after using (2.72) and Lemma 2.4.1 that

+ HZzH2

“mm
Nmm

,1

vz

. _é
1&shallze S IIV2Zallzz + VWil g2 + ;2775 (HVZ\\2
1214 1V2]] 4 )

2

2

+HWH ¢ H(Z V)l 4 HZQH ¥
2 2

1

a
B2
2

Hence, reverting to (2.81), using Lemma A.1.1 and keeping the notation (2.55), we end up for

o€ [d/2,d/2+ 1] with

t t
W)+ 0 [ Wl <7 0)+C [ (V22 VW),
+1Zlg 19214 )

t
+C/ (HZ2H2.¢ +|VZ|?, +HWH 4 H(Z V)4 +1122l 4 IVZI] g
0 B22,1 22 By, Bs B3, 1
(2.82)
In order to compare W with Z5, one can use the decomposition
d — o~ — —
W —Zy=1Ly" Z(Ag,lakzl + (A5 (V) — A5 ))0u 21 + A5 50122 + (A o(V) — Az,z)akZ2>
k=1
_L2_1Q(Z)7
which implies that
W = Zalf, < HVZth 2l g 1VZill g +12], 4 V2l 4 + HZzH2 (2.83)
21 21 2 BQ,I ]B2 2 21
and that, for all s > d/2,
W = 2o, SIVZIE, + 11220, 58 IVZill g + 1121 g V22l g + 1Za)4 - (2.84)
2,1 2,1 2 2 2 2 22,1
2.4.1.5 Closure of the estimates
As in the previous section, if we set
L2L4eWet 4 eWs and H 2 |2)",,, + 121", +elWIy,, +IW],
B2 B2 B2 B2
2,1 2,1 2,1 2,1

with suitable € and &', then putting together (2.80) and (2.82) yields

t . t
Wno [ W <EOC [ (17l g+ 1Wllyg + 122l 121, 4.0) ¢
0 0 Bs, B34 B34

e / 122125 4122l 170,400 41712 ..)- (285)
2 2

21

Note that we have ) )
h h /
V21200, S 1210y,

2,1

(I1Z2]"

2,1

&
Nola,

1
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and
h
120 g+ 120y 121 g S 121y,
21 2,1 2,1 21
V4 ¢ h 2
S \\Z\\.g+2|!Z|! « + (121" d+1)
2.1 21 21
¢ h
S (||Z||.g+2+”ZH d+1) L. (2.86)
Bs, 21

Hence, using also (2.83), and (2.84) with s = d/2 4 1, we see that (2.85) becomes just
t) + Ko H’<L" 0)+C HE’ \|ZQ||€ (1Z2)“ 4 +1121]. ay,)-
B, B

To handle the last integral, let us write that, by virtue of (2.84) with s = d/2, we have

(1221 4 > S (W) IVZy|? HVZ2||;%
2,1

2 4 Y 2 2
)"+ 122 +(||Z||Bg+1) +HZ2IIB

1 2,1

+121?2
B

==}
Ne,
&
Noa,
&
Noe,
Nola
~
&
Nola,
—
N,
—

1 1

The last three terms of the right-hand side may be bounded (owing to (2.86) and to (2.27)) by
H'L', and we have o
(W, ) sHL

2,1

12| S!!Z!!2 HZzH2 S (£ )HZzH2

&
Nroa,
3" w\n.
_‘\’ w\&
_‘\’ w\&

1 1 1

Finally, we have

IIZzllZ 121l dHNIIWlle HZIIIBczH+||Z||2d+1+||Zzll2

2’ 21 2,1 2,1 21

121l Y

“w\m

Hence there exists a constant C' (that may depend on e and £’ but not on the solution) such that
for all ¢t € [0, 7], we have

+,«UO/H < 20 +C/’H£’+C/ (' + HZQ||2
2

1

Then, one can conclude exactly has in the previous section that if £/ (0) (or, equivalently, Z|) is

small enough, then L is a Lyapunov functional such that for some (new) positive real numbers
ko and C,

Pt +n0/ A < £(0) + CL(0) /yz2||2g (2.87)
2
Furthermore, (2.84) with s = d/2 ensures that
HZzHZ 4 <HWWZ 4 HIVZIE +l2ll, (BQ)HV | el
T 21 T 21 T\P2,1 2,1
+||Z||L . ||V22H 2gl)JrHZzH (le)||Z2HhT(B§1)+||Z2|| (2%1)HZ2”2T(B§,1)

Inequality (2.87) combined with (2.27) and an obvious interpolation inequality thus yields

122 < Z'(0). (2.88)

d
L%.(BZ,)
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Similarly, using again (2.84) but with s = d/2 + 1, we see that

Zo||* < | W + vz + 2l , 4 v 4
h /
HEl g 120 +uzu o Il
T(BQI 21 (2 T 2,1 )

In light of (2.27), the last term may be absorbed by the left-hand side and all the other terms
may be bounded either through (2.87) or through (2.88).

From this point, the rest of the proof of this theorem essentially follows the lines of the
previous section. O

2.4.2 The isentropic compressible Euler System with damping

We consider

O¢p + div(pu) = 0,
.tP (pu) (2.89)
O(pu) + div(pu @ u) + VP + Apu = 0,
with A > 0 and where P is a (smooth) pressure law satisfying'
P'(p) >0 for p closeto 1 and P'(1)=1. (2.90)

P P'(s)

S

Considering the new unknown n(p) = / ds, we can rewrite (2.89) under the form
1

(2.91)

on+u-Vn+dive+ G(n)divu = 0,
Ou+u-Vu+Vn+ du =0,

where G(n) is defined by the relation? G(n(p)) = P'(p) —

In order to state our global existence for (2.91), we need to introduce the following notations:

SN A hA A A
z _ZAjz, z —ZA]Z,

27 <\ 29>\

2l 2> 25| As2]|z2 and rzu“ 23" 20 Az e
2,

20 <\ 21 27>\

. d . d
Theorem 2.4.1. Let (ng,ug) be in B, N 1532271+1 and A > 0. Then, there exist two positive
constants ¢ and C' depending only on G and on d, such that if

R
(o, uo) |y + A~ o, uo)ll™y,, < e,
BZ, B3,

then System (2.91) supplemented with initial data (no,ug) admits a unique global-in-time solution

LFor simplicity we assume that the reference density is 1 so that the steady state is V = (1,0).
2Observe that p — n(p) is a smooth diffeomorphism from a neighborhood of 1 to a neighborhood of 0.
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(n,u) in the space defined by
. d . d . d . d
(n,u) € CG(RY; B NB2L), (") e D'RT:BEL), o e L'RT, B,
. d . d . d
W' e NRY BT, we LARY;BE)) and Vn+due LNRY;B3)).

Moreover we have the following a priori estimate:

2\ — h,\
23(t) S o, w07y + A" l[(no, o)™y, for allt >0 (2.92)
where
®) _ hoA
23(1) 2 ()™ X w7
L (B5;) L (B
_ ®) ) ®) 3 3\
s LT o [ T PO 7 P Pl (1 I [\ P T
L IB32,1 %‘ ]B2,1 ) Ly IB32,1 LT ]Bz,1 LT(B2,1

If furthermore, (no,ug) belongs to IB%Q_"; for some o1 €] — d/2,d/2], then the solution (n,u)
satisfies (2.23) and the decay estimates mentioned at the end of Theorem 2.2.3 hold true.

Proof. Performing the rescaling
(n,u)(t2) 2 (7, @) (M, Az)

reduces the proof to A = 1 (and the inverse scaling will eventually give the desired dependency
with respect to A in the above statement). Then, the whole result is a corollary of Theorem 2.2.3
provided System (2.91) satisfies the structural assumption (2.24) at 0. Indeed, one can take as
1+Gmn)~t 0

0 Iy
the second one, of size d x d. The blocks of type A]il and 14]2’“71 depend only (and linearly) on
u, which is indeed the damped component. Finally, the damped mode (in the case A = 1) is
W =u+ Vn+u- Vu. Now, by virtue of (2.92),

a symmetrizer the matrix < ) where the first diagonal block is of size 1 x 1 and

2
W —(u+Vn 4 Su 4 ||Vu RS no,uo)||“ 4+ || (no, uo)|"
W= )IILIT(B;J | IIL%)(BEI)H HLlT(IBE,l) (Il (no, O)HBQ%,l [I(no, O)HBZ%,#) :
hence u 4+ Vn satisfies the same estimates as W, which completes the proof. O

2.5 Tool Box

Here we gather a few technical results that have been used repeatedly in this chapter.

The first one is the justification that one may choose arbitrarily small positive parameters
€1, ,En—1 SO that, whenever Z satisfies (2.11), Inequality (2.15) holds true. The proof just
consists in bounding suitably the terms of the right-hand side of (2.14).

o Terms I} 2 (NMZ 'NZ-NMSZ) with g € {1,--- ,n — 1}.

Since matrices M,, are bounded on S¢~!, we may write

2
~ ~ €0 ~ 3 ~
Tyl S clNZINMEZ| < LLINZP + Cp L INMEZP
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e Terms ¢, (NMg_lz NMENE) with ¢ € {2,--- ,n — 1} may be bounded similarly.
o We have 1|(NZ- NM,NZ)| < Ce1|NZ|>.
e Terms Ig = p(NMuqfl/Z\- NMLgHE) with g € {1,--- ,n —2}. We have

el T2 < e 1pNMET 2| INMET 2|

e2

1 ~ .
< Zp\z\fMg*ZF + Cp—L|NMIT Z|2
<€q_1

As we want the two terms to be absorbed by the left-hand side of (2.14), we take g4 so
that
452 < €g—1Eg+1- (2.93)

We keep in mind that ey has been set to (2)%kq (but can be taken smaller if needed).

e Term 72 , £ 5n_1p(NMLL*22- NMZ}E) We start with the observation that, owing to
Cayley-Hamilton theorem, there exist coefficients ¢, (that are uniformly bounded on S,

such that
n—1
M} =" ci M.
q=0
Consequently, one may write
n—1
28l S en-1p ) INMET2Z||INMEZ|
q=0

e e .
< %wMgZF + %WMEZP.
J

Therefore one needs to assume in addition that

405721_1 < €¢€n—2, g=0,---,n—1. (2.94)

Clearly, one is done if it is possible to find €1, - - - , ,,—; fulfilling (2.93) and (2.94). One can take
for instance e, = €™ with € small enough and my,-- - , m,_; satisfying for some § > 0 (that can
be taken arbitrarily small):

Mg—1 + M Mg + Myp—
=l T FL s oand mn_lzqiw

5, q=1,---,n—2.
- 2 2 +7 q b 7n

Mmyq

We used the following result to estimate the remainder of the dissipative term.

Proposition 2.5.1. Let V.e M and Z 2V —V. Definer(Z) 2 HV+2Z)+LZ, L2 —DyH(V)
and Zo = (Ig—P)Z, and assume that v(Z1,0) = 0 for Zy in a neighborhood of 0. Then, provided

1Z]| 4 is sufficiently small, the following inequalities hold true:
Bs,
M2, S 1214 1 Z2llsg, for o €]~ df2,d/2 (295)

2,1

and, for o > d/2,

Ir@llsg, $ 1205 17155, + 1%l 1719 (2.96)
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. d
Furthermore, if both Z' and Z* are sufficiently small in B3, then we have the following estimate

(2.97)

for Z:=7'— 72
o €]0,d/2].

I(2') = (2, < 12", 5 1 Zal, + 1 Zlsg 1230,
Finally, if v is at least quadratic with respect to Zs (that is D‘Q/i",jr(O) =0 for (i,7) # (2,2)),
for o €] —d/2,d/2] (2.98)

(2.99)

then we have
< .
IM(Z)ls5, S 12214 1215,

2,1
. 2
+ 125y, 1217

R 0 Y A P for o> dj2.
’ ’ 2,1 1

Proof. Since r(Z1,0) =0 for Z; close to 0, the mean value formula gives
1
r(Z1,Z3) = / Dyyr(Z1,723) Za dr.
0

Furthermore, we have Dr(0) = 0 and thus Dz,r(0) = 0. Hence there exists a smooth function F'
defined near 0 and such that Dy,r(Z) = F(Z)- Z. Consequently, there exists a smooth function

G vanishing at 0, and such that
T(Zl, ZQ) = G(Z) ZQ.

Granted with the above decomposition, the first two inequalities readily follow from product

laws and composition lemma.

To prove (2.97), we use the decomposition
r(ZY) = r(2%) = G(Z2"Y)- (23 — Z3) + (G(2°) - G(ZY))- Z3,

then products laws and composition lemma, combined with Corollary 2.66 from [3].

Finally, if r is quadratic with respect to Zs then there exists a quadratic form C~2 and a

smooth function F' such that r(Z) = Q(Z2)F(Z), whence

r(2) = F(0)Q(Z2) + G(2)Q(Zy) with G(Z) £ F(Z) — F(0).

In the case o €] —d/2,d/2], thanks to composition and products law lemmas we can write

I@)llsg, £ 1QZ2)sg, (14 1219 ) S 122l 5 1720,

while, if 0 > d/2,

1

1725, S 1G(Z2)lsg, (141719 )+ 175, NO(Z2)1, g

whence the last inequality.
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Chapitre 3

(Global existence for partially
dissipative hyperbolic systems in the L”
framework, and relaxation limit

This chapter is partially based on the ongoing work [32].

Introduction

In this chapter, we are concerned with multi-dimensional first order n-component systems
in R? of the type:

WV K 9V LV
at—f‘;A(V)axk—Fe—o (3.1)

where ¢ stands for the (positive) relaxation parameter, the (smooth) symmetric matrices valued
functions A* (k=0,---,d) and vector valued function H are defined on some open subset Oy
of R” and the unknown V = V(¢,z) depends on the time variable ¢ € R, and on the space
variable z € R? (d > 2). We assume that partial dissipation occurs, that is to say, the term LV
acts only on a part of the solution. This can be written:

v - ( o ) (3.2)

where 0 € R™, LyVo € R™, ny,ny € N and ny + no = n.

The system under consideration here is a simplification of the one we studied in the previous
chapter, the main modifications are

e We do not consider a remainder term, i.e. r = 0.
e The time derivatives matrix satisfy A%(V) = I,.

e For every 1 < k < d, the matrices A*(V') are symmetric and linear with respect to V.

Due to difficulties arising from the LP framework, these assumptions are necessary to obtain a
result with our current methods. Still, the class of systems we are investigating here encompasses
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the compressible Euler system with damping and our aim here is to study its global well-posedness
in a more general framework than in the previous chapter, and its relaxation limit.

We supplement System (3.1) with initial data Vj € Oy at time ¢ = 0. We are concerned
with the existence of global strong solutions in the case where Vj is close to some constant state
V such that H(V) = 0. As in the previous chapters, to guarantee the global existence, we assume
that (3.1) satisfies the (SK) condition.

Here are the main features of this chapter:

o We extend the analysis of the second chapter to a functional framework where the low fre-
quencies of the solutions are only bounded in some L? type spaces with p potentially larger
than 2. This enables us to pinpoint weaker smallness conditions for global well-posedness
and to get more accurate information on the qualitative properties of the constructed so-
lutions.

e As a corollary, our existence theorem provides for free bounds that are independent of
the relaxation parameter, which permits us to justify the relaxation limit of the damped
isentropic compressible Euler system and to exhibit explicit rates of (strong) convergence.

To have a better understanding of the succession of improvements concerning these systems,
one must have in mind the following embeddings (where s > 1+ d/2 and p > 2):

d d d d d
5+1 - & S 941 : 5941
H® < B < Bj NBj < Bl NBj — Cl.

We recall that the case H® with s > 1 4 d/2 was investigated by Yong in [108] and that the

d
non-homogeneous Besov spaces Bifl framework was studied by Kawashima and Xu in [102] (the
other two functional settings being investigated in the first three chapter of this manuscript).

The idea of well-posedness with one of the two frequencies regimes in LP spaces comes from
the study of the compressible Navier-Stokes system in [23, 27| where the authors proved a global
well-posedness result with the high frequencies in homogeneous Besov spaces based on LP space
with p > 2 while the low frequencies stay at the energy level. Essentially, this is possible because
the high frequencies’ eigenvalues are asymptotically real. In our case, the situation is reversed, as
only the low frequencies’ eigenvalues are asymptotically real, and therefore we can only employ
LP-type argument in low frequencies.

To handle the low frequencies, as done in [30], we will exhibit a damped mode (which is
analog to the effective velocity introduced by Hoff and Haspot) with better decay properties
than the whole solution and use it as a new unknown. It allows to decouple the system into
a purely damped equation and a parabolic one. Then, we establish a link between the (SK)
condition and the ellipticity of a certain operator so as to be able to obtain a priori estimates in
the LP framework. As for the high frequencies, we shall use Beauchard and Zuazua’s approach
developed in [31], and take advantage of new commutator and product laws to handle the low
frequencies part of the nonlinearities that do not belong to L?.

Once we obtain our existence theorem, we move on to the study of the relaxation limit for
the compressible Euler with damping to the porous media equation.

The study of relaxation problems associated to systems of conservation laws can be tracked
back to the work of Chen et al [26]. More recently, Giovangigli and Yong in [48, 49] studied
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a relaxation-limit problem arising in the dynamics of perfect gases out of thermodynamical-
equilibrium. At a mathematical level, they dealt with dissipative and diffusive systems of conser-
vation laws of the form (3.1) with an additional diffusive term coming from the Chapman-Enskog
expansion. Roughly speaking, assuming the existence of an entropy compatible with the diffusion
and dissipation operators, they proved the local existence of solutions for the Cauchy problem
as well as error estimates between solutions at fixed € and the solution of the limit system. We
mention that as their results hold only locally in time, the (SK) condition is not relevant in their
work (the dissipative term being responsible for the large-time behaviour of the solution).

In [62], Junca and Rascle were able to justify the relaxation process from the damped Euler
equation to the porous media equation in the one-dimensional setting for large global-in-time
BV solution and to provide an explicit convergence rate. Their approach is based on stream
function technique which is related to the Lagrangian mass coordinates. Then Coulombel and
Goudon in [29] and Coulombel and Lin [70] proved the strong convergence locally-in-space in
the multi-dimensional setting in Sobolev spaces with regularity index s > % + 1. One of their
main ingredient, that will be a key tool for us, is the use of a suitable rescaling in the slow time
variable. One must also mention the result of Xu and Wang [107] who justified the relaxation
limit in non-homonegenous critical Besov spaces.

More recently, following the approach of [62|, Peng, Li and Zhao in [69] justified the con-
vergence of partially dissipative hyperbolic systems to parabolic systems globally-in-time in one
space dimension and derived a convergence rate of the relaxation process. Using similar tech-
niques, Liang and Shuai in [109] obtained a convergence rate of the relaxation process in the
periodic setting (in the torus T%). The main reason why they cannot obtain a result in the whole
space is that they need to use the Poincaré inequality to control some mixed partial derivative
terms that do not appear in the one dimensional case.

Here, we focus on the strong smooth solutions and aim at deriving an explicit convergence
rate. The main part of the job is actually done in our existence result where we obtain uniform
bounds (with respect to €) on the solution. With theses bounds it will be possible to study
the relaxation process as € — 0 which, in reality, is not so intuitive. Indeed, at first sight,
when the damping parameter increases, we expect the dissipation phenomenon to be more and
more dominant. However, the so-called overdamping phenomenon occurs : the decay rates do
not always increase when the damping coefficient increases but it behaves more like min(e, 1/¢).
This can be seen from a spectral analysis of the Euler system for example (see also [110] for the
case of the damped harmonic oscillator. In the Fourier side, the linearized Euler system with
relaxation parameter equation to € has the following matrix:

0 i
(1)
13

1
e the discriminant of the characteristic polynomial being equal to — — 4€2, the threshold
€

Then, it is straightforward to see that

between low and high frequencies should be at the level of %

e in low frequencies (i.e. |¢] < &), this matrix has two real eigenvalue asymptotically equal

1
to — and ££? as ¢ tends to 0;
€
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e in high frequencies (i.e. |¢| > e~ !), it has two complex conjugated eigenvalues whose real

part are asymptotically equal to %
€

In the previous approaches, all the frequencies were considered together and, therefore, the
dissipative aspect of the low frequencies was not fully used because the overall behavior that
emerged was always the worst one. In the approach that we offer here, we use the uniform
bounds on the damped mode (which is directly related to the eigenvalue asymptotically equal to
1/e in low frequencies) and the dependence of the threshold between high and low frequencies
on €. Indeed, if for ¢ < 1 we do the exact same computations but with the threshold independent
of €, then we would end up with a coefficient € in front of most of the L'-in-time norms of the
solution, which will annihilate all hope of studying the relaxation phenomenon. More precisely,
our threshold J. = |—logae] + kp, corresponds’ to the place where the 0-order terms and the
l-order terms have the same weight (parameter included). As ¢ — 0, heuristically, it implies
that the low frequencies invade the whole space of frequencies. This can be, in a way, justified
by seeing that the behavior of the limit system is purely parabolic just like the initial system in
the low frequency regime.

Moreover, it turns out that the damped mode is a key quantity to justify the relaxation
limit. Indeed, performing a slow-time variable and diffusive rescaling as in [29, 70|, the damped
mode almost directly provides the suitable decay when estimating the difference between the
Euler System (3.15) and the limit system (the Porous media equation). This allows us to prove
the strong convergence (globally-in-space) and to derive a convergence rate of the relaxation
process, which, to the best of our knowledge, is new.

This chapter is arranged as follows. In the first section, we specify the structure of the class
of partially dissipative hyperbolic systems we aim at considering, introduce the damped mode
that will be the key to the study of the low frequencies and explain the construction of a Lyapunov
functional that will be essential to study the high frequencies. In the second section, we state
the main results of this chapter. Section 3.3 is devoted to the proof of a global existence result
for general partially dissipative systems satisfying the Shizuta-Kawashima condition. In section
3.4, we justify rigorously the relaxation limit of the compressible Euler system with damping and
derive an explicit convergence rate of the process. Some technical results are proved or recalled
in Appendix.

3.1 Hypotheses and method

Let V be a constant state such that LV = 0. Setting Z 2V — V, we get

LZ
= -

d
Kz +Yy AFV)onZ +
k=1

0- (3.3)

As in the previous section, we assume that the system is partially dissipative in the following
meaning;:

(i) The whole space R™ may be decomposed into R” = M @ M=+ where

M={peR", (¢,H(V))=0forall V close to V}

'The constant kp is due to the low frequencies analysis, we need the threshold to be small enough in the
computations
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Hence, denoting by P the orthogonal projection on M, we may write

V= <“2> and LV = < LQOV2) (3.4)

where V) = PV e RM, Vo = (I —P)V € R™ and n; + ny = n.

(ii) The linear map L is an isomorphism on M-+ such that for some ¢ > 0,

W¥n € R, (Lnln) > el Ln|*, (3.5)
Introducing the decomposition:
Ak _ A’f,l AIf,Q
A%,l A§,2
System (3.1) may thus be rewritten as follows:

d
O+ (A’f,l(V)akZl -+ A’fQ(V)akZQ) —0,
= (3.6)

d
LoZ
0 2o + Z (A’il(V)akZl + A§’2(V)ak22> + 242 _ 0.
k=1

As we shall see in the last section, the compressible Euler equations with damping, rewritten
in suitable variables, satisfy the above assumptions about any constant state with positive density
and null velocity.

3.1.1 The damped mode

Another important ingredient of our analysis is the use of a ‘damped mode’ that may be seen
as an eigenmode corresponding to the part of the solution that experiences maximal dissipation
in low frequencies. In the case € = 1, it is defined as follows :

d
W& —Ly'0iZy = Zo+ > Ly (A5 (V)0kZy + A5 5(V) 0k Z2)- (3.7)
k=1

Hence W satisfies

d
OW + LW =Ly > 01(A5 (V)0 Z1 + AS5(V) 0k Za)- (3.8)
k=1

On the left-hand side, Property (3.5) ensures maximal dissipation on W. As the right-hand side
of (3.8) contains only at least quadratic terms, or linear terms with one derivative, it can be
expected to be negligible in low frequencies. Furthermore, the second equality of (3.7) reveals
that W is comparable to Z3 in low frequencies and if Z is small enough. This will ensure better
integrability for Zs than for the whole solution Z. Finally, expressing Zs in terms of W in the
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first equation of (3.6), we obtain the following equation for Z;:

d d d

oZn + Z Af 0k — Z Z AV gLy AG (000 Zy = fr+ fa+ fs + fa+ S5, (3.9)
k=1 k=1 (=1

where /_ll;m = A’;,m(f/), and

d d
:ZZA t (V)0 (L3 A5 5 (V)0 Zs),

k=1 ¢=1

d
Z AY 5 (V)oW,

d

fs = ZZ!‘E 2 2 (A5 (V) = A5 1 (V) Zh),
k=1 =1
d d

Fr=3 S (Ah (V) — AL (V) Ly A (V)00 21,
k=1 /=1
d

fs = Z(A’il(f/) - A]f,l(v))akzl-

k=1
In order to ensure the parabolic behavior of the unknown Z; in the low frequencies regime, we
will need the following assumption:

Viked{l, -, d}, fllil =0 and operator — Z Z AIiQLZ_lAg’l@kf)g is strongly elliptic.
k=1 (=1
Remark 3.1.1. In the context of fluid mechanics, the first condition is satisfied up to a Galilean
change of frame. Indeed Zy corresponds to the density (or, more generally, to conserved quantities

like e.g. the entropy) and ZZ:1 A]fﬁl(V)ﬁkZl represents the corresponding transport term by the
velocity field.

Further remark that even if the matrices fl]ﬁl are nonzero, the above sum has no contribution
in the energy arguments, and can be treated in a purely L? framework (cf previous chapter).

It turns out that we have the following relation between the (SK) condition and the strong
ellipticity condition.

Lemma 3.1.1. Assume that ¥ k € {1,---,d}, fl]il = 0. Then the following assertions are
equivalent:

o System (3.1) satisfies the condition (SK) in V;
e the operator A = — Zizl 2?21 A’szQ_lAg,l@k@g is strongly elliptic.

Moreover, if one of the assertions is satisfied then if Supp(FZ1) C {€ € R?: Ri) < [€] < Ro)}
for some 0 < Ry < Ry then, for all p € [2,00], there exists ¢ = ¢(p,d, R1, R2) > 0 such that

d d
/R ) O Af oL AL 1 0k00 70,1 20172 Z0) = NP ZalfE. (3.10)
k=1 (=1
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Proof. The direct implication was proved in [83, 100, 108]|. For the converse implication, let us
still denote by Ly the ny X ny (invertible) matrix of Ly and set

Af & 1<tm<2.

M=

A
Aé,m =
k=1

Our assumptions ensure that, on the one hand, for all £ # 0, the matrix A; 2(£)Ly 1A2,1(§) is
positive definite and that, on the other hand the matrix Ly is positive definite (hence so does
Ly1). This in particular implies that the ranks of Aj 2(¢) and Az 1(€) must be equal to ny and
thus, so does the rank of LoAs (). Now, the matrices of L and of LA(§) can be written by
blocks as follows:

I (8 L02> and LA(¢) = <L2 ,4(2)71(5) L2A2,2(€)>'

Hence the rank of < ) is n; + ng = n, and (SK) condition is thus satisfied and the

L
LA(¢)

equivalence is proved.

To prove Inequality (3.10), one has to include the ellipticity property of A : there exists a
constant ¢ > 0 such that

i d
Z ZAIf,2L2_1Ag,1§k§Z > cl¢]?

k=1 =1
in the proof of Proposition 1.7.1 (from the first Chapter) done in [34]. O
To obtain our results, we will need the following structural assumptions:
For allk € {1,--- ,d}, fl’f,l =0 and Z+— Alil(V%—Z) is linear with respect to Zs. (3.11)
Forall k€ {1,---,d}, Zw A¥(V + Z) is linear with respect to Z. (3.12)

Remark 3.1.2. Compared to the structure assumption we used in [31] for Theorem 2.3, the
consideration of W as an unknown replacing Zo in the low frequencies regime allows us to avoid
additional structure conditions on A’2€,1'

Remark 3.1.3. We believe the condition of linearity for A¥(V') to be purely technical. It comes

from the fact that, so far, we do not know how to handle the low frequencies part of more than
quadratic nonlinearities when performing estimates in the high frequencies regime.

3.2 Main results

In this chapter we use the notation defined at the beginning of section 1 of the first chapter.
We assume throughout that the dimension is d > 2.

Let us first state our main global existence result for System (3.1), rewritten as (3.3), where

22, Z Ly V)OkZy + A5 5 (V)0 Z2)-
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Theorem 3.2.1. Letd > 2, & > 0 and p € [2,min(4, 24)] and assume that the (SK) condition
and (3.11)-(3.12) are satisfied. There ezz’st k, € Z and co = co(p) > O such that for J. =

| —logae| + ky, if we assume that Ze e e IBBZ"1 and Zh e e IB%QJrl with

£,J. h,J.
120l 75" + € 1 Zoll L S0
]Bpl 21

then System (3.3) admits a unique global solution Z in the space EI‘JIE defined by
Zf Je eC R+ Bp e R+'E%+2 g Je C R+ B2 LYRT B%"—l
b( DML (RTBy, ), € Co( 21)ﬁ (RT,BS, ),
. d .44 . d . d
A= cb(RﬂIB;;J) NLYRY By, ), Wee Ll(RJ“;IB]’;,l) and Zy € L*(RT;BL)).
Moreover, we have the following a priori bound:

Xpe(t) S HZOHZ e+ e Zo Hh‘]e for all t >0,

Bpl B3,
where
0,J. h,J. 0,J, h,J. ¢
Xpe) 22|77 4 +ellZ]] g el S HIZI 4, + 22 e
Lfo(B;:J) o (Bs L} (Bp,1 ) LB, Ly (B, ,
FWell a0 +e” 2 ||22H d
t Bp,l (Bp 1)

Remark 3.2.1. As explained in the introduction, the particular choice of the threshold J. de-
pending on € allows us to obtain key bounds to treat the relaration limit.

As an application, consider the isentropic compressible Euler equation with damping;:

Op + div(pv) =0,

1 (3.13)
O(pv) + div(pv ® v) + VP + = 0,
with € > 0 and for a pressure law P satisfying
P(p) =Ap” fory>1 and A >0. (3.14)

Clearly, System (3.13) is not symmetric, hence Theorem 3.2.1 cannot be directly. In order
to fall in the range of Theorem 3.2.1, differently from the previous chapters, we consider the new
unknown function

2 |oP  (4yA)z 1
C= — _— = p2’
y=1\y dp ~v-1

called the sound speed. The reason behind the consideration of a different unknown comes from

the fact we need the condition (3.12) to be satisfied. Defining 4 = 7 and ¢ = ¢ — ¢ for a

positive constant ¢ related to p through the defintion of ¢, we can rewrite (3.13) under the form :

oic+v-Ve+5(c+e)dive =0,
_ 1 (3.15)
oww+wv-Vo+75(c+e)Ve+ v = 0.
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The above system is symmetric and satisfies both Conditions (SK) and (3.11). Therefore, The-
orem 3.2.1 can be applied to (3.15) with

W:v-VQH—g+’?(E+E)VE=v-Vv+§+’chc
as damped mode. This gives the following theorem.

Theorem 3.2.2. Fiz a positive constant ¢. Let d > 2, € > 0 and 2 < p < min(4, d2d2) There

exist k, € 7Z and co = co(p, P) > 0 such that for J. £ |—logee| + kyp, if we assume that

d
_ _ s 5+l .
(c —e)b/e, ’Ue e e IB%”1 and (¢ — c)h"]f,vg"]E e B3, with

0, _ h,J.
[I(c - )|| 4 telle—cu)l g
]Bj

p 1 2,1

< Co,

then System (3.15)-(3.14) admits a unique global solution (¢ — ¢,v) in the space E{,’E defined by
. d .49 . d . d
(c— o)t € Cy(RY;BL ) NIYRY B ), (c— )™ € G(RY;BIT ) N L (R BE L,
0,J b Lot s L o +. gt 1o+ a1
v € Cy(RTBY ) LN RY; B ), ceGRYBIT NI R BS )
d . d
~+5cVee L'RYBY)) and ve LRYB?,).

Moreover, we have the following a priori bound:

0,Je h,Je
Xpe(t) S l(c— )H tellle—ew)lly:, forallt=0,
pl BZI
where
_ 0,Je _ h,Je 4, Je
Xpe(t) £ e = e )™, +ele—en)™" v FIOIE
L?O(B;)J) L?O(BQJ ) Ltl(Bp,1 ) Li ( p,1 )
v ~
ezl +[2+5eve| g el
Ly(BF, ) € Ly (B} ) Bpl)

Remark 3.2.2. Strictly speaking, if we define the damped mode according to Theorem 3.2.1, then

we find that for System (3.13), we have W = v - Vv + 2 + 4cVe. However, the above estimate

€
combined with product laws ensure that |[v-Vo|| 4 < co hence is negligible compared to e 1v,
1P

p,1

and W' = Y +75cVe is thus also a damped quantity. We shall see that this latter function is more

€
adapted to study the relaxation limit.

This theorem allows us to recover a solution (p— p, v) from the initial system (3.13) but with
weaker regularity properties than the one satisfied by (¢—¢, v). This is described by Lemma 3.4.1.
Still, the uniform estimates we obtained from Theorem 3.2.2 enable us to obtain the following
result pertaining to the relaxation limit of the compressible Euler system.

Theorem 3.2.3. Letd > 2, >0 and 2 < p < min(4, d2d2) Let p be a positive constant density

and (p — p,v) be the solution of the Cauchy problem (3.13)-(3.14) with (po — p)t,v§ € BP1 and
.d
(po—p)", vg € Bifl obtained thanks to Theorem 3.2.2. Let the positive function Ny be such that
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.4 . a .49
No — p is small enough in Bp,, and let N € Cb(RJF;IB%I’;l) N LY(RT; B;Ir ) be the corresponding
global solution of the following Cauchy problem

{at/\/ —APN) =0

N (O2) = A, (3.16)

given by Proposition 3.5.1. Let (p°,0)(t,z) = (p,e ) (e~ ,2) and assume that
195 = Noll _a_, < Ce.
BY,

Then, as € — 0, we have
~ . 0 (ot a1 1t st
p° =N —0 strongly in LPRTBy, )N L(RTB), ),
and vp ~€ 4
¢+ & — 0 strongly in  L'(RT; BEJ)'

&

Moreover, we have the following quantitative estimate:

VP(F)
F=N o =M +H~E+v6 L, <ce
Leo(RHBP, ) LY (RHBY ) P LY (RH;BE )

Remark 3.2.3. Compared to the previous works on these topics [70, 83, 107], here we obtain
the strong convergence globally in space and time with an explicit convergence rate. The reason
why is that our proof is based on a priori estimates of appropriate norms for the difference of
the solutions rather than on compactness methods like Aubin-Lions lemma. In our proof, having
estimates on the damped mode at hand plays a key role.

3.3 Global existence in the L? framework

This section is devoted to proving the global existence of strong solutions for System (3.1)
supplemented with critical regularity initial data that are close to the reference solution V, in the
case where the structural assumptions listed in Theorem 3.2.1 and (SK) condition are satisfied.
We shall focus on the case € = 1, which is not restrictive owing to the rescaling:

St
Z(t,x) 2 Z(f, 7>- 3.17
(o) 2 2(2, 2 (317)
Indeed, Z satisfies (3.1) with relaxation parameter ¢ if and only if Z satisfies (3.1) with relaxation
parameter 1, and performing the inverse scaling gives us the desired dependency with respect
to € in Theorem 3.2.1. Indeed, it is well known (see e.g. [3, Chap.2|) that for all s € R and
p € [1, 0], we have
. . ~ S_d/p .
o)l | =~ <=7zl (318)

and we have a similar relation for the norms restricted to low or high frequencies, provided we
shift the threshold between the two, by a factor e .

The bulk of the proof consists in establishing a priori estimates, then proving the global exis-
tence is classical. Concerning the uniqueness, one has to be careful because of the LP framework.
We follow an approach similar to what we did in [30].
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Our strategy is to estimate separately the low and high frequencies of the solution. For the
low frequencies, we consider the equations for Z; — of parabolic type — and for W defined in (3.7)
— of damped type, pointing out that they are coupled by at least quadratic terms, or by linear
terms of higher order (in terms of derivatives) that are thus negligible provided that the threshold
Jo between low and high frequencies is negative enough. To handle the high frequencies, we shall
work out a Lyapunov functional in Beauchard-Zuazua’s style, that is equivalent to the norm that
we aim at controlling. We shall proceed as in [31], the functional framework being a bit more
involved, though.

3.3.1 Establishing a priori estimates

Throughout this part we set the threshold between low and high frequencies at some integer
k,, the value of which will be chosen during the computations. For better readability, we omit the
index k, on the Besov norms. We assume that we are given a smooth (and decaying) solution Z
of (3.3) on [0,T] x R? with Zj as initial data, satisfying

sup [|Z(1)]° s + sup [|Z(t)|",,, < 1. (3.19)
te[0,T] BP,  te[0,7] B3,

. d
We shall use repeatedly that, owing to the embedding BJ, < L, we have

sup || Z(t)||p~ < 1 (3.20)
te[0,T]

and also that for all 0 € R, ¢ € [1,00] and o > 0,

l h h
Iz HBa+a S llellg, - and - fl2llge—o S ll2ll, - (3.21)

From now on, C' > 0 designates a generic harmless constant, the value of which depends on
the context and we denote by (c¢;);jez various nonnegative sequences such that ) jen ¢ =1
3.3.1.1 Low frequencies analysis in LP spaces

In this section we fix j < Jy where Jy stands for a negative integer the value of which will
be determined later.

The main result of this section reads as follows.

Proposition 3.3.1. Let Z be a smooth solution of (3.3) on [0,T] satisfying (3.19). Then, for
all 1 < p < oo, we have

t
l ¢ ¢
o | (HZM on 12l g+ I g>
p

pl
SEMOY / 125 W2l g+ [ 1206 121, g
p p P

W%Zm)UW%

pl
wf 12055, + / 129 120+ [ I 1715
B, 21 By By

First, here is a result that we will use on several occasions.
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Lemma 3.3.1. Under hypotheses (3.11) and (3.19), we have for all o €] —min(d/p,d/p’),d/p],

10:Z1llgs | S NIV Zellgs | + 122l 2 [V Zillgg s

d
BY,
HatZ2HBg,1 5 ||W”]Egyl :

Proof. The proof relies on the explicit expressions of 9,71 and 9;Z, given in (3.3) and is a mere

adaptation of the corresponding one in Chapter 2. As regards Z1, since f_llil forallk € {1,--- ,d},
we have
d d )
O+ Y Aoy = = (AL, (V)0RZy + (AFy(V) - A5,)002)- (3.22)
k=1 k=1

All the terms of the right-hand side are at least quadratic, and (3.11), (3.19) thus ensure the
desired inequality for 9, 7;.

Next, the definition of W in (3.7) ensures that
OrZy = —LaW, (3.23)
whence the second inequality. O

We now turn to the proof of Proposition 3.3.1.
Step 1: Estimates for W.

We have the following statement.

Proposition 3.3.2. Let Z be a smooth solution of (3.3) on [0,T] x R? satisfying (3.19). Then,

Wy +o [ I, <l vo [z,
Pa P P
o [Ivzml g 171 +c/ IZa] g 1921 g - (3:20)
p p p pl
Proof. From (3.8), we gather that
W + LoW = h (3.25)

with h £ Ly~ 'hy and

d
h = Z O (A’§71(V)8k21 + A’§72(V)8k22)-
k=1

Applying A to (3.25) and taking the scalar product with [W;[P~2W; yields, thanks to (3.5),
J J J
ld P P A p—1
S IWillze + mollWillLe < ARl e lIWjlIe (3.26)

For bounding hi, we use that for all k € {1,--- ,d},

O (A5 (V)0 Z1 + AS 5(V)0Z2) = Dy A5 (V)0 Z0,Zy + A 10,0, 7,
+(A5 (V) = A5\ (V) 00k Z1 + Dy A5 5 (V)01 Z0, Z2 + A5 5040k Zo + (A5 5(V) — A5 5(V)) 010 Z2.

For m = 1,2, we have, according to product laws and Lemma 3.3.1,



3.3 Global existence in the LP framework 129

|Dv A (V)0 Z0kZm||" s S || DvAS, (V)01 Z0) Znm H 4y

d
Blgl pl
S1a7ly 1971 4.,
p,1 pl
SUTZa W)y +1Zl4 INZI 4 2] g
BPJ Bp Bp,l BP,I
as well as
”(Ag,m(v)_Ag,m(v))atakZmH;% SN(A5,, (V) — A5, (V) 010k Znm H 4
p,1 pl
S HathH Al 58
pl pl
SUVZe, W) o + 122l 4 IVZ1]| o ) Z]] 4
By By By L
From (3.22), product laws and (3.21), one can get
10V 21,0V Z)I 0 SIWN a,, +IVZa) a + 11220l o IVZill o + 1121 a V22| 4
P pt pt BP BP BP BP
BPJ p,1 p,1 P P P p,1

d
Hence, using Lemma A.1.1, multiplying the resulting inequality with 2’#, summing up on j < Jy,
and using (3.19), we get

+m/HWW

HWOW

Wl +c/uva,>\hl

de&
ﬁmz‘
’@'@\Q.

. (3.27)

t
+CAHW@,>H|MH5+O/H@HWWAH
p,1 p,1

da d
P P
p,1 pl

which is the desired estimate. O
Step 2: Estimates for 7
We have the following proposition.

Proposition 3.3.3. Let Z be a smooth solution of (3.3) on [0,T] x RY satisfying (3.19). We

have

t
1200 +%AH%W$ﬁ%%W /vaawdﬂ

d
P
]BP,I

'Umn.

/mmMH%HMﬁW%HﬂMHMJ
p,1 p,1

/uwguwug /HM%H /umgnm%ﬂ (3.28)
p,1 p,1 p,1

Proof. Applying Aj to (3.9), taking the scalar product with |Z; j|P~2Z; ; and using (3.10) gives
that there exists a xg such that

1d

a1 Pvillie + epi02 | 2141150 S W(Fris fogs fao Fags s)lell 2050
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This easily leads to
R / Hzlufm S12l g + 161 fo oo fi o) (3.29)

&
Tl

1
LN

'P'cﬂn.

1 Z1(t

1

F”d\m

where the f; are defined in the first section of the chapter

Using (3.19) and Inequality (3.21) yields
d
Z (A12(V) = A12)0W |y,

Ifall s S yZA’fQ(?kaH o T
Bzz))l k=1 p,l k= pl
SIW ey, + 112
Ny stfgl“ | IIE§1H B 51
In a similar way, since
d —_
f1 =Z(A’“2L AL 20k00Z + A 501, (L3 (A55(V)) — AS 5)00Z5)
k=1
+(Alf,2(v) - Alf,z)LQ_Ifig,Qakw% + (A’i?(V) A} 2)6k( (Az o(V) — 121572)(%22)),
we obtain
¢ ¢
7y S1Z0 g 1215 1920
P p,1 P p,l
511" 4 —IIZZA 2 (A5 (V) — A21)akzl)H g
BYy k=1 =1 By
SIVZ| a4 ([VZi] 4 +[|Z]] a (Hvzleh LIV, ),
B, B, B}, B3, BY
d d
£l < ”ZZ A o)Ly A4S  (V))0k0e20) | 4
BZZ))J k=1 =1 By
4 (IV?2]° . +||V221||hd )
]Bp BP
p,1 p,1 21

Taking advantage of the structure condition (3.11) and of the smallness assumption (3.19),

IVZ]]

d
P
BPJ

get
l
Hfsll SN2 4
BP
pl P

Inserting the estimates pertaining to f1, fo, f3, f1, f5 in (3.29) and using (3.19) completes the
O

proof of the proposition.
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Now, choosing Jy small enough and putting Propositions 3.3.2 and 3.3.3 together yields

) S ||(Z170,W0)||];

Iz Wl /(uzlnuﬁnwnfi

,1 pl

AL WLy + [ 021 121,30, 4121 121, 5.

/ g 191 + [ 121+ / 171, 171..- (330)
p P P

Step 3: Recovering information for 7,

Z@ S
SESTY

1 1

'U *s\g.

In order to recover information on Zs from W one has to use the identity:

d
W—Zp = L3* 3 (A5 10420+ (A5, (V)= A5 )02+ A5 0, 2o+ (A5 (V) — A5 )22 ) (3.31)

k=1
Hence,
W =2y < HVZHKd 1212 V2] a (3.32)
IBIZJOI p 1 p p,l
which yields, owing to (3.19) and provided that Jy is negative enough,
W =2y SIVZISs +1ZI,a 121"y, (3.33)
]Bpl IB§p1 Bzfl 221
P, P, ’ )
This already ensures that one can add || Z(t)||* , in the left-hand side of (3.30) (without changing
BP?
p,1

the right-hand side).
Furthermore, since for m = 1,2, owing to (3.21) and the linearity of A*, it holds that

hoe
I

1 V4 k 1k YANIYV) 1k

1(A54 (V) = A34) Ok Zoml|” 4, SH(Az,m(V)—Az,m)akZmH,dﬂ+H(A'§,m(V)—A2 m) 0 Zm |l a
By By, B2,

SN2l g V26l g+ 121 g IV 20l g +1Z1 g 19200 g

p, pl pl pl p p,l

we have
IIW—Z2H£d+1 S HVZHZdH(lJr 121l 4 )+ ||Z||2,%+1 +121 4 HZIV.LgH- (3.34)
B, By, By By By,i  Biy

Hence, one can also include || Zs]|* 4., in the left-hand side of (3.30), which completes the
Li(By, )
proof of Proposition 3.3.1. ’

3.3.1.2 High frequencies analysis

Although the functional framework for high frequencies is the same as in the previous
chapter, one cannot repeat exactly the computations therein since the non-linear terms contain
a little amount of low frfaquencies of Z that are only in spaces of the type B ; for some p > 2
(and thus not in some Bg:l). To overcome the difficulty, we have to study more carefully the
composition operators and the commutators in our ‘hybrid’ functional framework (see details in
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Appendix).
As in the previous chapter, the starting point is to differentiate in time the following func-
tional:

L2z +279T, >0, (3.35)
with
n—1 L e
I; é/ > eaS ((NMETZ)- (NMEZ))) (3.36)
Rd
q=1
where €1,--- ,€,-1 > 0 are chosen small enough.

Energy estimates
One has the following proposition:

Proposition 3.3.4. Let Z be of solution of (3.3) satisfying (3.19). Define p* by the relation
1/p+1/p* = 1/2. Then, the following a priori estimate holds:

).

1

t
1201y, / 171}, 5 Wollyg. / (192l W+ 171 . 121
21 B,

da
BP
pl p

Proof. Localizing in frequencies System (3.3) (in its compact form) by means of Aj, we get

d
0Zj+ Y S 1 A*(V)owZ; + LZ; = R}
k=1

d
with le = ZSJ_lAk(V)(‘)kZJ - A](Ak(V)akZ)
k=1
For j > Jy, similar computations as in the previous chapters lead to:

1d

2 145 172 + Ko 1225172 SNV Zl oo 121172 + (| RS | 12 12511 2 - (3.37)

For the remainder term R]l, using Lemma 3.5.1 with w = A¥(V) — A 2 = 9.2, k = 0,
:%+2and02:%+1,wehave

d
_id Z
1851 < Ce2 780 S (AW | g 1205 + 1921 s |40
L
k(Y ¢ F
+IVZ5 [44V) ’-5#*””‘@5;1 AWy

whence, using the linearity of A¥(V),

”Z” d+2 + ||Z|| d+1 ||Z||Bd+1) (338)

1 pl

IR} o < Ce2 Gt (uzu 4. Iz d+1+uzu

L P
p

O]
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Cross estimates

Proposition 3.3.4 only allows to exhibit the integrability properties of the components of
Z experiencing direct dissipation. To recover the dissipation for all the components, we have to
look at the time derivative of Z; defined in (3.36).

To start with, let us rewrite (3.3) as follows:
d d

02+ A0Z+LZ=C with G2 (Ak(V) - Ak) A (3.39)

k=1 k=1

Following the exact same computations as what we did in the previous chapter leads to

27 KQ
2

d 9j 1 ~ .
2Lt 5 e / (INMEZP de < =0 INZ, 32 + CIAG 2l Zi o (3.40)
k=1

Writing G = (A*(V) — A¥)0.Z; + R;, where R; is the associated commutator, from Lemma
3.5.1 with k=0, 01 =d/p+2 and 09 = % + 1 and the linearity of A* for k =1,--- ,d, we infer
that

h
G
B

<21, g +vz],
B B

2,1

h l 4 )4 4
12104 +IVZI a_a IVZI] o +I1Z10 0 IVZ] g a s
1 B BP p* ]BP ]BP ]BP p*

1 p,1 p,1 p,1 p,1

hS1sY

1

vz
1 B

d
2
2,

SASIEY

d
2
2,

]

)

whence, observing that p* > d, Bernstein inequality implies

I
1

p

V2, <121,
IBp,l ]BIN

we get

g
2,1

d
ptl

h
el
B?, p,1

l 12
SHZII; IIZII; +||le; JHN2N 2 120 g (3.41)

d
P
p,1 p,1

T sl

1 1

Remember that since the (SK) condition is satisfied, the quantity A defined in Chapter 2
is positive for any choice of positive parameters g, - - - ,e,_1. Consequently, if we set

n—1
K0 >
= PINZIP+ 3 e, [ INMIZP de
q=1

and use Fourier-Plancherel theorem and that £; ~ [|Z;|| 2, we see that (up to a change of ko),

we have for all j € Z,
Hj > koL (3.42)

Combining Inequalities (3.37) and (3.38), the cross estimate (3.40), (3.41) and (3.42), we
get for all j > Jy,

igj(%Jrl)/;j +ro2GHL; S e (VZ,2))

121" 4 1, 125112 + ¢ 11211,
dt L B2 B

2,1

L
HZHBgH 12l .2 -

d
P
p,1 p,1

SIS

B
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Hence, using that £; ~ || Z;|| ;2 and Lemma A.1.1, and summing up on j > 0 yields

t
h h
12Ol + /0 171,

t
< 1Zol" +/(Zh Iz N2+ 12 4 |12 d) 3.43
| IIBéfl ; (Il IIBZ%# | ”Bfl)” IIBngl | Hé’ 1Z) 5 (3.43)
where we used the notation
h & jo .
12l 2 3" 27/,
Jj=Jo
The final a priori estimate
Let us introduce the functionals
LAz W) +HZHh and HENZ|" g, + 1200 ay +11Z2) oy + W s . (3.44)
) .4 [ 2441 1l d iy 20l dyy .4 :
Bgl 2 1 B2,1 B§,1 5’1 ]Bg’l

As seen in (3.33), £ is equivalent to ||Z]|*, + [|Z]|", L
B, By
Adding up the inequality of Proposition 3.3.1 with Inequality (3.43), remembering (3.19)
and using several times the fact that
l h
+11Z1. RS SIZIE e + 1121l

d d )

d L2

P 2
IBgp,l Bll

121l

&=
Sl

1 pl

we get for all ¢ € [0, 7],

)IIZIIh

/ HS HZollhcz+1 + | (Wo, Zo)|* /(IIZIIhdHH!ZHg g

d da
BP P
p p

/ 1214 121, 5. / Il 4 171, / 11, W14

Using the definition of £ an obvious embedding, the above inequality may be simplified into:

o+ [ HE Wl 4 IOV 2l F I+ 11+ 171,08
P pl ]Bpl 21
l
v [ Wl 17 g+ [0 19y - 649
BP BP BP BP
p p,1 P P
On the one hand, (3.33) guarantees that
4 ¢ 14
1220l g 121 g SUWH g 121 ass + V2L g 211, 20 + 11211 o 1Z11" 4 N 2] -
]Bzfyl Pl 5,1 pl 51 pl p IEB2,1 1
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On the other hand, thanks to product laws, (3.21) and to (3.31), we have

2
W= 2"y SIVZ|"s + Z I1( A2m A m) Ok 25| d+1+H(A 1(V) = A21)akZ I d)
Blfl Pp: m=1 Pl pl
SVt . + 12, 48 HZH£4+2+HVZHQ_¢ + 112l 48 IvZ)", .
B, By BS, BY, Byt BP,

Hence, using once more (3.19), we conclude that Inequality (3.45) reduces to

t
£+ /H<c(||zorhd+1+H<Wo,zo>u o+ [ e).
Bpl 0

It is now clear that if ||Z0||hd+1 + |(Wo, Zo) || is small
. d .

B3, B

or, equivalently, |\Zo||}fd+1 + || Zo][¢
B2 ;

1 2,1

ST
&
SESTY

enough, then we have

t
—|—/ H S HZOH}.L%H—}-HZOH? for all t €0, 7).
0 By,

&
ST

1

In order to complete the proof of the estimate in Theorem 3.2.1, it suffices to observe that, in
light of (3.33), one can recover a L2-in-time control of Z as follows:

110 o SIWIC o +IValt . +112] ||VZ||h ;
L3(Bg,) L3.(B) 1) L3.(B) ) Ly Bp 1 L3.(BF))
1/2 1/2
SUwIE e )Pzl L 1zt .Y
Ly(Br ) LB}, LF 13,,1) TlB,fl )
1/2
2l g (9210 g V2N, g )
(]Bp 1) LT (BZ,I T(BQ,I)

3.3.2 Proof of the existence part of Theorem 3.2.1

The proof relies on the following classical result about the local existence of strong solutions
for hyperbolic symmetric systems of type

@S) { U + S0, Ap(U)oU + Ag(U) = 0,
Ult=o = U,
where Ay, k = 0,...,d are smooth functions from R" to the space of n x m matrices, that are

symmetric if k& # 0.

d

Theorem 3.3.1. [3, Chap. 4] Let Uy be in the nonhomogeneous Besov space ]B%QQII(R‘[;R”).
d d

Then, (QS) admits a unique mazimal solution U in C([0, T*[; IB%2271+1) NnecL([o, T+ B3,), and there

exists a positive constant ¢ such that

C
5> ——
1Toll 4.+

21

Furthermore,

T*
T*<oo:>/ |VU]| 00 = 00
0
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The proof of the existence part of Theorem 3.2.1 is an adaptation of the proof in [30] to the
multi-dimensional case. First, we multiply the low frequencies of the data by a cut-off function in

order to have data in IB%Qg 1“. One can then use the above theorem to construct a sequence (Z"),en
of solutions to (3.3) with € = 1 and smoothed out initial data, that are shown to be global. We
prove uniform estimates in the space E, (that is E;;)]E with € = 1) for those solutions, pass to the
limit up to subsequence by means of compactness arguments, and finally check that the limit is
a global solution of (3.3) supplemented with initial data Zy with the required properties.

First step: Construction of approximate solutions
. 4 N |
Let Zy be such that Z§ € B, and Zh € ]133221r . Since Zy need not be in IB3221+ , we set for

allm > 1, ) )
Z8 2 X Sgy—5Z0 + (I1d — 83,-5)Zy with x5, 2 x(n™ 1),

where x stands (for instance) for a smooth function with range in [0, 1], supported in | —4/3,4/3|
and such that x =1 on [—3/4,3/4].

It is obvious that the sequence (Z{)‘)neN tends to Zy in the sense of distributions, when n

tends to infinity. Moreover, as Zo is in B? , the low frequencies of the data are in L*°, and the

p,1’
441
spatial truncation thus guarantees that Zy € 18%22;r . Hence, for all n > 1, Theorem 3.3.1 provides

d d
us with a unique maximal solution Z" in C(]0, Tn[;Bi—fl) nci([o, T,[;B3,).

We claim that we have

||ZoH gt - (3.46)

1 21

/ h /l
1Z51"a + HZSLHB%1 < 2ol
2,1

d
P
BP

&
ST

1

L d
Indeed, since |xall® s =~ |Ix|° g <09, owing to the invariance of the norm in B}, by spatial

B
dilation (see e.g. |3, Rem 2. 19]) we may write

't'mn.

. 14 .
12511 < |[xn Suv-sZo| 3 + | 1d = Sp-5) 0 g
BP BY, BP
p,1 P,
<12l Il g + 120
51 Bpa By
h
Sl g + 120l 4.
5,1 IEB2,1

Next, we see that

h - h
1Zg " g S Ixn Ss0—5Z0]l" gt 1(Id = S50-5) Zo [l 4
2,1

21 21

It is obvious that the last term may be bounded by HZlo . For the other term, the important

2 1
observation is that for j > Jy, we have

Aj(xXn Sgo—5Z0) = Z A (Sj4285-5Z0 Djixn)-
j'>5—3
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1
Hence, owing to the scaling properties of the space BQT ,

HxnS’JOfs,Zlooz+1 S 18- sZolle=lxnll g S 0 0
21 21

.4
P
prl

which eventually yields (3.46).

Second step: Uniform estimates

Since, for all T" > 0, the space C([QT];IB%Q%II) N Cl([O,T];IB%Zg,l) is included in our ‘solution
space’ E,(T) (that is, E, restricted to [0,77]), one can take advantage of the computations for
the previous sequence to bound our sequence. From it and (3.46), we get, denoting by X the
function X, pertaining to Z"

X)) < C(Xpo+ (X)) (3.47)

It is clear that, if there exists Tp in [0, 7] such that
20X, <1 on [0,To], (3.48)
then Inequality (3.47) implies that
X, <20X,0 on [0,Tp).

Then, thanks to a classical bootstrap argument, we can conclude that if X, is small enough
then (3.48) is true as long as the solution exists. In other words, there exists a constant C' such
that for all n > 1,

X, <CXpo on [0,T,]. (3.49)

In order to show that the above inequality implies that the solution is global (namely that
T, = 00), one can argue by contradiction, assuming that 7}, < oo, and use the blow-up criterion

of Theorem 3.3.1. However, we first have to justify that the nonhomogeneous Besov norm Bgiﬂ
of the solution is under control up to time T,,. Using the classical energy method for (3.3) and
the Gronwall lemma, we get that for all t < T;,,

t
12" < C 121 exp(c / Hvznnm)-

. d . d
Since (3.49) and the embedding of B;, and B3, in L™ ensure that VZ" is in LlTn(Loo), using
d
Gronwall lemma gives that Z" is in L%DL(LQ), and thus in L3 (18227?1) owing, again, to (3.49).

It is now easy to conclude : for all ¢y, € [0,7},], Theorem 3.3.1 provides us with a solution
of (T'M) with the initial data Z(to, on [to,,T + toy] for some T that may be bounded from
below independently of tg,. Consequently, choosing ¢, such that tg, > T, — T, we see that
the solution Z™ can be extended beyond T}, which contradicts the maximality of T,. Hence

T,, = +oo and the solution corresponding to the initial data Zj is global in time and satisfies
(3.49) for all time.

Third step: Convergence

Then we have to show that (Z"),en tends, up to subsequence, to some Z € E,,, in the
sense of distributions, that satisfies (3.3). This can be done using Ascoli Theorem and suitable
compact embeddings in a similar fashion as in the Section 1.4.4 of Chapter 1. We omit the
details here.
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3.3.3 Uniqueness

The difficulty is that our functional framework is not the standard one for the low frequencies
of the solution, so that one cannot follow the classical proof for hyperbolic symmetric systems
we used in [31]. Here we shall estimate Z := Z' — Z? in the space

E,(T) 2 {Zf e ([0, T); IB;T’%) . Zh EC([O,T];IB%Q%J)}- (3.50)

The reason for the exponent d/2 for high frequencies is the usual loss of one derivative when
proving stability estimates for quasilinear hyperbolic systems. The exponent for low frequencies
looks to be the best one for controlling the nonlinearities. To prove the uniqueness, we will need
to following lemma.

Lemma 3.3.2. Let Z' and Z? be two solutions of (3.3) on [0,T)] supplemented by initial data
Z& and Zg, respectively. Then, Z & Z' — Z? satisfies the following a priori estimate for all
0<t<T:

< g

n HZO

BP P*
+ [z +
0 B

Proof. Here also, we shall proceed differently for estimating the low and the high frequencies
of Z.

2.
LOO(BP P* 22

H(VZl V2 (1204 + 1215 )

BP p*

SESTY

1 1

Step 1: Estimates for the low frequencies. Let V1 £V 4+ Z! and V2 £ V + Z2. Observe that Z
is a solution of

d d
KZ+LZ+Y AFVH9Z =Y (AMV?) — AR(VY)) oz
k=1 k=1

Applying Aj, taking the scalar product with |ZJ |p_22j, integrating on R x R? and using Lemma
A.1.1, we get for all j € Z,

+I€0/‘

‘ZOJ

+Z/ HVA’“ ‘

d
Z (AR(V?) — AR (V! akz2
k=

/ Sl 4w 1102 1.

/Ot

Multiplying this inequality by 2’ (G5
commutator estimate (A.4), we get

5 and using the embedding B — L°° as well as the

p,1

23(13 p* < 2j

2o, +cj/ Hvzlu ; qu ‘e

Lp BP P*

t
0

‘Aj zd: (Ak(v2) - A’f(vl)) O 2> (3.51)

k=1

Lr
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Therefore, summing up on j < Jy, we arrive at

HZ‘BT% ~HZO By / ||VZ1H a yzuw_m
+/Ot :d (]k(v2) ARV )) onZ* ;g;‘*' (3.52)
k=1 p,1

In order to bound the right-hand side, we may use Inequality (A.7) with s = d/p — d/p*,
namely

labll a—a S llall 2 [1bll 4 sk (3.53)

pl pl

Remembering that V +— A¥(V) is linear, we conclude that

|21,

3-8 5 ]l

/ (VZ',vZ?) H a qu (3.54)

BP P*

Step 2: Estimates for the high frequencies. As a first, let us observe that, for all j € Z, Zj
satisfies

d d :
07, + ZijlAk(Vl)aij +LZ; = A, <Z(Ak(v2) _ Ak(vl))akz2) + ZRk
2 1 k=1

with
Re2 84 (Ak(vl) - Ak) A;onZ — A ((Ak(Vl) - A’f)akZ) :

Hence, performing the classical procedure, we end up with
| [z 2
a

Z (Ak(VZ) - A’“(V ) akz2
k=1

e

/
0

Applying Lemma 3.5.1 to w = A¥(V1) — A% and z = o2 with s = g, k=1 01 = % +2
and o9 = ]%l + 1, and remembering that all the maps V + A¥(V) are linear, we get

[ Z 2 e

Jj=Jo

d
> (2413w ) = w2l
k=1 p

j=Jo

V2],

+Hvz’

: 1H21H mHvz\

Hvz g 2

Bp p*
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Using (3.73) with a = 0,22, b= A*(V?) — A¥(V!), s =% and 0 = % + 1 yields

d
1Y (4t - arrh) 27"
k=1

BQ,I

SIVZ2L a 12"y + 121 4 IVZ2))" +||VZ2|\€%,I%HZH;%H+HZHZ 2 IV22) 4,

p,1 p,1 p,1 p,1

&
SESTY
=

d
R P
B,y

==
N
&
N,
=

1

d
Gathering the above estimates and using once more the embedding BJ, < L, we obtain

< |24 12

BP
P

Hz‘ / (V2" V22| / (V2 V22 Hh HZH .

2 124
BQI BQI Z: 2

1 PANTEA
+[;mz,z>n

Step 3: Conclusion. Summing (3.54) and (3.55) together, we get

||Z||€d+1 / HZHE < I(Z, ZZ)IIEdH (3.55)
1

'U 'E\Q.

~I1h
ot 120, 5 g + [l
’ Loo(]Bp pd*) H ‘L?(Bgl)NH 0 B, 2 Qg
t
NIy (7] g + 1215 )+ HVZlVZ?W/rZHQ
P BP p* 2 BP
By By Bia 2,1 By

/'nzleW

which yields the desired estimate of Lemma 3.3.2. O

7114 Z11€ ¢
IIZII,dHJr/ 1Z1I%a_ o 125 2] o,
BY, 0 B), P BY,

'B mm

Consider two solutions Z! and Z? of (3.3) (not necessarily small) in the space E,, that
correspond to the same initial data Z;. The proof of uniqueness follows from the stability
estimates of the Lemma 3.3.2, provided we prove that the difference between the two solutions
belongs to F,(T') for all T > 0.

Just denoting by Z one of those two solutions, we have
N7 = ZA’“ VoLZ — LZ- (3.56)

By interpolation i n Besov spaces and Holder inequality with respect to the time variable, since

+2
is in ; N , we get
Z%is in L>®(R*; B;; LY(RY; IB%”

VZte IR B ) with Lol 4,4 357

. d
It is clear that the same property holds for the high frequencies of Z since it belongs to L' (B;l) N
.4 .4
L*>(B, ). We also know that A¥(V) belongs to L (R B, ). Therefore, from the product laws in

d
Besov spaces that have been recalled in Proposition 3.5.2, we have that 9,7 is in L"(R™"; IBSP ),
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and thus

d

d_d
Zy—Z1p € ClOC(R+; B2, ™). (3.58)
We conclude that Z; — Z1 g is in F),(T') for all finite T

Owing to the O-th order term LZ in the equation, in order to justify that (Zo—Z2) € F,(T),
we have to proceed slightly differently. Now, we notice that

di(e"2 Z) <Z A5 (V)ORZy + AS,Q(V)akZ2>'

d

Ld_d
Arguing as above, we see that the right-hand side is in L"(R™; IB;:1 P*), which, as above, allows
d

Ld_d
to conclude that Zy — Zy € CZOC(RJF;IB%;’J .

Back to our two solutions Z; and Zs, since they coincide initially, the above arguments
ensure that Z; — Z3 is in Fj(T'). Hence, combining Lemma 3.3.2, Gronwall lemma and the fact
that the low frequencies of Z! and Z? (resp. the high frequencies of VZ! and VZ?2) are bounded

.4 . d
in L1(0,T; Bg,l) (resp. in LY(0, T;Bf,l)) for all T > 0 completes the proof of uniqueness.

3.4 Relaxation limit for the compressible Euler system

In this section we prove Theorem 3.2.3. We shall often use without mentioning it that, as
a combination of Bernstein inequality and of the definition of J., we have

0, Je l,Je h,Je h,Je
17 < Uy and U | oM g (359)

3.4.1 Reformulation and recovering estimates for p

Let (¢ — ¢,v) be the solution from Theorem 3.2.2. As in |29, 70|, we introduce the rescaled
time variable 7 = et and define

(&, ) (1, 2) = (c, g)(t,x).

The couple (¢°,v°) satisfies:

0 + div (¢°0
{ ( (3.60)

%) =
2 (0p° +0° - V%) + EEVEE+17€:O.

To be able to study the relaxation limit, we need the following reformulation of Theorem
3.2.2, corresponding to the scale of System (3.60):

Corollary 3.4.1. We have the following uniform bounds for (¢&,v%) :
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0,Jc £,Je

_ ~ _\th,J. e p1h ] _
[ —el™™ 4 +ello® o FelE =™ 4 T L, FIE -,
L (Br,) L (B2 ) LBy ) L83, ) LiB2 ")
1 ik e 11hyJ e £, _ -
+— ||t —¢||"™E + ||o% || + ||oF || + | —¢ a.. +|v° d
L T T L)
+- HWE e <Cc (3.61)
€ Li®Br))

where We = 3EVE + 0 and the threshold is J. = — logsy(e) + k.

Proof. One just has to use the scaling property of the homogeneous Besov norms to get the

can easily be deduced from the other bounds. O
First, we need to recover estimates on p from Theorem 3.2.2 to be able to prove the relaxation

limit for System (3.13). We have the following lemma.

Lemma 3.4.1. Let (c,v) be the solution of System (3.15) from Theorem 3.2.2. Then, for all
t >0, p° satisfies the following properties:

_ L.  VP(p)
17 =all 4 17—l an o TR, <a
Ltoo(IBp,1) Ly (]B;f,l ) € P L%(]B;f,l)
Proof. First, noticing that
VP(p*
seve = o),
p

from the estimates of Corollary 3.4.1, we immediately get

1]|l.. VP(p°

—|[v* + % + < co.

c P ey )

Then, to recover the other properties on p, we have to use the composition lemma on norms that
d d
do not depend on the frequency regime. Using (3.59) and the embedding B22,1 =By,

to see that

it is easy

d < ¢p.
A1 =0

t( p,1 )

L (B} 1)

One must now use that there exists a function G such that G(0) = 0 and

e —el a4 +]E =7
o L2

p—p=G(c—2¢).
Therefore, using Proposition A.2.5 related to composition operator gives

17 =5l 4 +1F -l 4 <co
L B) ) LZBY )

p,1

This concludes the proof of the lemma. O
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3.4.2 Deriving the limit system

Here we start from the following system:

O + div (5°7°) = 0,
)

VP(p*

9 - N 5 B (3.62)
€ (ﬁtv€+ve-Vva)+T+vs = 0.

d
Owing to the above corollary, ev® and Vv® are uniformly bounded in the spaces LOO(RJF;IB%;l)

. a
and L'(RT; B} ), which implies that

d
e® - Vo' =0(e) in L'(R™;By,).

Corollary 3.4.1 also implies that £29;v° tends to 0 in the sense of distributions. Plugging this
information in the second equation of (3.62), one may conclude that

P €
o+ w —0 in D'(RT x RY). (3.63)

d
Since Lemma 3.4.1 implies that p° — p is uniformly bounded in L>®(R™; B ), there exists N in

d
p+ L>®(RT; B, ) such that, up to subsequence,
. d
FF—p>N-—pin L®(RY;BE). (3.64)

VP(p*
Now, using that W¢ = (%) + ©0°, the first equation of (3.62) may be written

e

O — AP(F7) = div (FIW°).
Hence, combining (3.63) and (3.64), one can hint that M satisfies

ON — AP(N) =0,
Nle=o = 7j-

Now that we have derived the limit system, we will justify the relaxation process rigorously.

3.4.3 Strong convergence and rate of convergence

First, one needs to prove that the limit system admits solutions in suitable spaces.
We consider the following Cauchy problem

{ IN — AP(N) =0,

(3.65)
Nlio = No.

. d
From Proposition 3.5.1 below, we know that if No —A € B, is small enough and if (3.14) is sat-

_ d s
isfied then (3.65) has a unique global solution A" such that N'=A € Cp(RT;B? )N L' (RY; IB%;;I ).
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We can now prove Theorem 3.2.3. In what follows, it is always assumed that € > 0 is small.
Assume that
176 — NoH e, <e (3.66)

pl

To derive the convergence rate we will estimate the difference of the solutions to the following
two equations:

N — AP(N) =0 (3.67)

and
Op® +div (p°0°) =0 (3.68)

Again, using the damped mode We, we have
Ot — AP(FF) = S with S° = —div(FW*)
Lemma 3.4.1 tells us that

IWell 4 =0() and |75 -]

d
Lyp(B},) LF(By,)

= 0(1),

L4
we expect S¢ to be O(e) in L' (R™; B}, ). Indeed, basic product laws and composition inequality
give us:

1570, s SN, o (P g )
LL@BF, ) F(BL) LFE®BS,)

So finally, we do have, uniformly in 7" > 0,

159 < Ce. (3.69)
Ll

d_q
(51)

Next, we see that D £ 5¢ — N satisfies
OODF — A(P(F) — P(N)) = °

From Taylor formula, we know that there exists a smooth function H; vanishing at p = A such
that

P(p%) = P(p) = P'(p) (5" — p) + H1(p") (7° — p)

and

PN)—PN)=PN)N =N)+HWN)N —AN).
Assuming for simplicity that P’(p) = P'(N)) = 1, we have

00 D" — AGD" = A (6D° Hi(p7)) + A ((Hi(p") — Hi(N)N) + 5°

Therefore, using standard estimates for the heat equation as well as product laws and composition
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lemma, we get for all T > 0,

oDl oo FUOD7N g SNODGN gy + 1570, o
LT( p,1 T( p,1 ) pl T(Bp,l
+116D° (H1(p") — Hi(p)| = a4,
LB, )
+ |(H(7°) = HN)N =N
LL®BP, )
S 0Dl 4 o+ 5] o
pl T pl )
+10D%l|  ay |(B° =N =N a
L%(]Bg’l ) LB} 1)
+ ||[6D* a |(pF = p, N =N d.q -
007N, g I =N S, g

Hence, using that thanks to Lemma 3.4.1 and Proposition 3.5.1, we have

H(ﬁf_ﬁaN_'/\_/)H +H(Z)€_E7N_'/\7)H diq < K 17

d
LF (B, 1) LE(By, )
(3.66) and (3.69) yields for all T > 0,

10D aa HIOD] | an S

T pl Bp,l )

and Theorem 3.2.3 is proved.

3.5 Appendix

We now prove an existence result for (3.65).

d _
Proposition 3.5.1. Let Ny — N € B} | with N' > 0. There exists a constant co > 0 such that if

Vo =N 4 <ec (3.70)

d
BP
p
then System (3.65) wzth P deﬁned in (3.14) has a unique global solution N such that N'— N €
Cb(RJF,IB%}’; )N LY(RT; IB%” )

Proof. Assume that we have a smooth solution N of:

{ OWN — AP(N) =0,
(3.71)

Nli=o = Np.

There exists a function H; vanishing at A such that:
P(N) = P(N) = P'(N) (N = N) + Hi(N) (N = N).

Therefore one can rewrite the first equation of (3.71) as

OGN — P'(N)AN = A<H1 (N) (N — /\7)).
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Hence, using the standard estimates for the heat equation, we get for all T' > 0,

IV - NH +IIV =Nl d+2)NIINo—NH +{[H(NV) (N =Nl

3.72
Y

d d .
4 dio
LEBy,) T pi )

Combining product and composition estimates, we get

HWN) WV =Ml SN = NH g =N = g,
o) LE®B) ) Ly(Bg, )

T

Hence the left-hand side of (3.72) may be bounded for all T > 0 in terms of the data provided
(3.70) is satisfied with a small enough c¢y. From that point, it is easy to deduce the existence of
a small solution for (3.71). O

The following product laws in Besov spaces have been used several times.

Proposition 3.5.2. For2<p <4 ando > s >0,

)4 ¢ l L
HabH%SlSIIaH HbHBs + ol IICLHBS +Ha|| ~a 1Bl +HbH g el (373)

pl pl

’dma.

d
P
P
where p* ;= —— > p-
Proof. We combine Bony’s decomposition and the decomposition of @ and b in low and high
frequencies, writing

ab = T’ + T)a* + Tja" + T,0" + T)a* + T b".

All the terms in the right-hand side, except for the last two ones, may be bounded by means of
the standard results of continuity for operator T' (see again |3, Chap. 2|): provided o > s > 0,
we get,

/ L)h < £|h < {4 . JAT
Tyl S 1Tyl S 100 el

ITha ., < bl ol
Finally, since a’ = Sy, 1a and " = (Id — S, 11)b, we see that
T’ha = SJ0+2b AJOHae
Consequently, as Sy, 420" = (Aj_1 4+ Ay, + Ajyp1)b",
HTthKHRQ1 SNA 1@’ | o S g2 12 S Ha||L°°HbH%3’1-

Adding up this latter inequality to the previous one and the symmetric ones (with just operator
d

T instead of T"), using Bernstein inequality, and the embeddings 13325,1 — L and, as p < px,

d d

IB%” P s LP" completes the proof of (3.73). O

To handle commutator in high frequencies, we will need the following lemma.

Lemma 3.5.1. Let p € [2,4] and s > 0. Define p* 2 2/(p —2). For all j € Z, denote
N 2 S whAjz— Aj(wsz).



3.5 Appendix 147

There exists a constant C' depending only on the threshold number Jy between low and high
frequencies and on s, p, d, such that

278 ||, <Cl|V
> @ I%),2) < C(IIVul,

h ¢ ‘
=7 2l + Ul g g el

da
P
p,1 p,1

h l L
el g Tl + lzlen 19y ),

p,1 p,1

forany k>0, 01 > s and 05 € R.

Proof. From Bony’s decomposition recalled above, we deduce that

i'—jl<a i —iI<1
2R+ R+ R

To estimate le-, we use the decomposition
and proceed as in the proof of Proposition 3.5.2. In the end, we get

PP

l 4
HTéwaég,l N HZHB;OITIHUJH%;# + HZHBd1 a [lwllge -
D,

d

L4 g .
. P —k
Therefore, since By, < By,

js || 1 h ¢ ¢ Y.
> (2 I1R5ll2) < € (el gty + 10 g Mool ) (3.74)
JEZ p,1 p,1
Next, taking advantage of Proposition A.2.3, we see that if j' > Jy and |j — 5’| < 4, then we have
2°(1[A, Sjrrw] Azl 2 S IV Sy 1wz 2777V [ A2

while, if j' < Jo, 7 > Jo and |j — j'| < 4,

2°|[[A;, Sjqw]Ajiz|| e S 20072 DO A S w)Ajz| g
S 206DVl 22 Ay o
Therefore,
j h ¢ l
S (2 IR 2) < leler 1Vwllw + 2l V050 - (3.75)

Jj=Jo

Then, as p < px, with suitable embeddings one gets

3 (2*1R5l.a) < el IVl

Jj=Jo

4 0
+ [2llge2 VW[ a o (3.76)
1 p,1 B;ﬁ:l p*

SIEST
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Finally, for all j > Jp and |j' — j| < 1, we have
275 (S 1w — 8j_1w)AjA 2| 2 < 27| Ajqwl| e 276D A A2 2
< C)|Aj11Vw| poo 2057V Aj 2| 2.

Hence

> (2R 2) < ClVwlliezlfs (3.77)
i>Jo ’

Putting (3.74), (3.76) and (3.77) together yields the desired estimate.
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Chapitre 4

Relaxation limit for a damped
one-velocity Baer-Nunziato model to a
Kapila model

This chapter is based on the paper [21].

4.1 Introduction

In this chapter we study a damped Baer-Nunziato bi-fluid model in R¢ which reads:

oo
Oy +u-Vay = i2u++ 5 (Pr (1) = P-(p-)),

O (axpt) + div (agpru) =0,

O¢(pu) +div(pu ® u) — Ay \u+ VP +npu = 0, (BN)

p=appy ta—p,
P =aiPy (py) +a_P_(p-)

It is the multi-dimensional version of the system derived by Bresch, Burtea and Lagoutiére in
[17] to which we added a dissipation term to be able to study its singular limit as y, A\ — 0 in
the context of partially dissipative first order quasilinear systems. Here are the main features of
this chapter:

e Even if the System (BN) does not satisfy the (SK) condition nor is symmetric, we are
able to prove a global well-posedness result for System (B/N) in a similar framework as
developed in the previous chapters.

e Moreover, the uniformity with respect to p, A of the estimates on the solution obtained
from the existence theorem allows us to consider the relaxation limit. We justify the
strong convergence from system (5B NV) to the so-called Kapila system and derive an explicit
convergence rate of the relaxation process.

4.1.1 Context

Multiphase flows are ubiquitous in real world applications ranging from engineering to
biological systems. The term multiphase includes flows that are topologically very different. As
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it is explained in [61], we distinguish mixtures with separated phases flows (film flows, jet flows),
mixed or transitional phase flows (gas pockets in liquids) and dispersed phase flows (bubbly
flows, sprays). Understanding the mathematical qualitative properties of the different governing
models is important, for instance, in order to construct more pertinent numerical schemes which
would increase the predictive power of these models.

In order to describe dispersed two-phase flows, besides the classical variables like densities,
velocities and state laws, one need to introduce two extra ones called volume fractions, measuring
how much space does one phase occupy at a given position in space. It goes without saying that
in order to have a closed system, besides the equations expressing conservation of mass and
momentum, two extra equations are needed.

In [2], Baer and Nunziato proposed a model for which the volume fractions verify

Pe— Py (4.1)

Oy +vr-Vag =
where € can be seen as a time relaxation parameter and, in practice, is chosen to be very small.
The unknown v; is interpreted as an interface velocity which depends on the densities, volumes
fractions and phase velocities. In [2], the interface velocity coincides with one of the phase
velocities but different choices have also been used in the literature, see for instance [57] and [90].

From the Baer-Nunziato model, Kapila et al. [63] proposed the following equations

oy +a_ =1,
{P+ _p (4.2)

Of course, one might wonder what is the link between (4.1) and (4.2). First of all, from (4.1)
one immediately infers that

O (ayr +a_)+vr-V(iag +a_)=0.

Hence
ay +a_=1

is recovered provided it is true initially. Moreover, one expects to obtain the second equation
of (4.2) in the limit ¢ — 0. The same closure equations (4.2) are obtained using the so-called
averaging methods [61] or variational methods [20, 45]. In this framework, one can interpret the
Baer-Nunziato model as a relaxation model for the Kapila model.

Let us mention that in the mathematical community [13, 15|, equations (4.1) are refereed
to as PDEs closure laws while (4.2) are called algebraic closure laws.

Multiphase models received a lot of attention from the mathematical community recently.
In the context of weak solutions we mention the results of Novotny [78|, Novotny and Pokorny
[79], Bresch, Mucha and Zatorska [16], Vasseur, Wen and Yu [96]. About applications in biology
see Gwiazda et al [84] and Debiec et al [40]. We shall bring up that in all the above papers,
viscosity plays a crucial role.

In [17], constructing upon previous works [12—-14], the authors showed that it is possible
to obtain a viscous Baer-Nunziato system following a homogenization procedure. The basic
assumption is that if we zoom in the mixture, we arrive at a mesoscale where the two phases
are separated. Assuming that each phase verifies the Navier-Stokes equations in their own
domain, the authors were able to write a closed system for the mixture. When going back to the
macroscopic scale, loosely speaking, the density of a fluid mixture is assumed to wildly oscillate
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between two reference densities. The propagation of oscillations is quantified through Young
measures and it is shown that if these measures are convex combinations of Dirac masses at
initial time, then this structure is preserved for later times. At this point, it is important to note
that in these papers, the authors obtained equations for the volume fractions ay of the form (4.1)
while the relazation time € is proportional to the mean viscosity of the two phases.

4.1.2 Presentation of the models

We consider a mixture of two compressible fluids filling the ambient space R? with d > 2.
The characteristic state function of the two phases will be denoted separately by +, —. We
suppose, as in many applications, that the flow of the mixture is animated by a single velocity
vector field:
uw: Ry x RY— RY,

We denote the two mass densities of the phases + by
pr Ry xRS Ry
and we introduce the volume fractions of the fluid +

ot Ry x RY = [0,1].

The multidimensional version of the system obtained in [17] reads:

33 (P (01) = P (p-).
O (axps) + div (s pru) = 0,

O¢(pu) +div(pu ® u) — Ay \u+ VP +npu = 0,
p=o0ypyt+a_p,

P=ayPy(py) +a-P_(p-)

Oy +u-Vagr ==+

where we added a damping term in the equation of the velocity with a parameter n > 1. This
terms models elastic-type drag forces slowing down the fluid and it is a crucial in our mathe-
matical analysis since it allows to use techniques coming from the theory of partially dissipative
hyperbolic systems. The relevant model with common pressure is obtained in [12]. Above, A,
stands for the Lamé operator:

Apu = pAu+ (p+ X) Vdivu
with u, A given constants verifying
>0, A+p>0 and v=A+2pu<1.

The functions Py and P— model the internal barotropic pressures for each fluid. We will assume
that they take the following explicit form

Py (s)=Ays7*  forall s >0, (4.3)

where 4+ > 1, AL > 0 are given constants. Moreover, without loss of generality, we will suppose
that

V> V- (4.4)



154 Chapitre 4: Relaxation limit for a damped Baer-Nunziato model

The density and pressure of the mixture are denoted by
p=oaipr+a_p- and P=oaiP;(ps)+a-P-_(p-).
We are concerned with solutions that satisfy
ay (t,x) = ax, pt(t,x) = pr, u(t,z) = Oga as |x| — oo, (4.5)
where 0 < a1 < 1,0 < py are given constants and
ay +a_ =1. (4.6)
We denote by (a+o, p+0, uo) the initial condition:
ay(t,x)|i=0 = axo, px(t,x)|i=0 = pxo, u(t,x)|t=0 =up, =€ R, (4.7)

Notice that when v := 2u + A tends to 0, System (BNN) formally converges to the following

System:

o +a_ =1,

O (g py) + div (arpru) =0,

9 (pu) +div(pu @ u) + VP + npu = 0, (K)

p=appy ta_p,

P =Py (py) =P-(p-).
Our main goal is to justify the relaxation/inviscid limit on a solid mathematical background,
at least when the initial data (a4, p+o,uo) are close to the constant equilibrium (@, pt,0).
Inasmuch as we expect the limiting pressures to agree in the vanishing viscosity limit, and in
order to avoid initial time layers, we will suppose that the pressures are at equilibrium at infinity:

P, (py)=P_(p-)" < P (4.8)

Throughout the chapter, C' stands for a “harmless” constant and we use different notations
from the previous chapters concerning the Besov spaces: we fix a homogeneous Littlewood-Paley

decomposition (Aj);ez that is defined by
Aj £ (27D)
where ¢ stands for a smooth function supported in C = {¢ € R% 5/6 < |¢| < 12/5} such that
D (2798) =1 for £ £0,
q€L

which is a slightly different annulus compared to the one used in the appendix. Then, we
introduce the homogeneous Besov semi-norms:

lullz 2 (290 jull 21 -
Notice that, since we will only work with homogeneous Besov spaces based with second index
equal to 2 and third index equal to 1, we omitted those index in the definition of the norm. This

modification in the definition does not change any of the properties satisfied by these spaces
compared to the one defined in the appendix and will just affect the coefficients appearing in the
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computations.

4.2 Main results

We are now in the position of stating our main results. First we state our uniform (with
respect to p and \) global existence result for the System (BV).

Theorem 4.2.1. Let d > 2 and assume that the parameters satisfy > 0, A+ p > 0,v <1 and
n > 1. Let constants ax € (0,1), p+ > 0 satisfy (4.6) and (4.8). There exists a constant ¢c; > 0
independent of the viscosity coefficients u, A such that for any initial data (49, ¥—o, p+0, P—0, U0)
verifying

| (o0 — @, pr0 — P+, wo) || ct,

<
BE-1npE+t =

then System (BN) admits a unique global-in-time solution (a4, a—, p4, p—,u) such that

(s — Gu,pe — pi,u) € Co(Ry; B2 71N B2HY),

P ~P_(p_
+<p+2) - (P-) ¢ 1R, B 1NBY) and we LI(R,; BN B,
1

Moreover, the following estimate holds true uniformly with respect to the viscosity coefficients
and A:

ot — @, pie = Pyl o e pdmr gy H Ul g pgy

5P (o) = P o))

d . < Cec
L'(Ry;BE sy = 70

with a universal constant C' > 0.

Remark 4.2.1. The same result is valid for the quasilinear first order system associated to
(BN), in other words, the viscosity plays no role in the mathematical analysis, the same result
is valid if Ay, x = 0.

As a consequence of relaxation limit arguments, we obtain the following theorem regarding
System (/).

Theorem 4.2.2. Let d > 2 and n > 1. Let constants ax € (0,1),p+ > 0 satisfy (4.6) and
(4.8). There exists a constant ca > 0 depending on n, v+, A+ and d such that for any initial data

(40, a—0, p+0, p—0, Uo) verifying

| (0 — Qe pro — P+, uo) || 2,

BS-1nBE+! =
then System (K) admits a unique global-in-time solution (cy,a—, p4, p—,u) such that

(0t — Ga, pi — P, u) € Co(Ry, B3 71N B,
pi—pe € LNRy; BT and  we LY(Ry; BE 0 BEtH),

It turns out that we can further obtain a convergence rate of solutions of System (BIV)
towards solutions of System (K).

Theorem 4.2.3. Let d > 3 and assume the same hypothesis on the parameters as in Theorem
4.2.1. Let (o, 0", plt, p4,u”) (resp. (oq,a—, py,p—,u)) be the solution to the Cauchy problem
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(BN), associated with the initial data (o, , pto, p2o,ug), from Theorem 4.2.1 (resp. (K)-
(4.7) from Theorem 4.2.2) such that

|| ( O‘iopio a40P+0 Pv P v ) ||
afoplo +ap_py  atopro+a—op—o’ +0 00 = 0 g -3npd-4
PY Doty PYy— P’)— P < OV
+H +0 — ’Y—Q—O[Iipi'f_’Y—O[_Vi_PE( +0 *0)_ +0”B%7%OB%,% >~ 14

Then there exists a constant C' > 0 independent of v such that (o, ¥, p4, p4,u”) converges
toward (ay, a—, p4, p—,u) in the following sense

v v v v v
(0 = s = ps = post” =Wl gy + 1% = Pl g,

<CVr.

14
=l g,
Remark 4.2.2. The rather strange condition on the difference of initial data is due to a technical
limitation on the composition arguments, see Proposition A.2.6 for more details. In Section 6,
we state a more comprehensive theorem concerning stability between the two systems, which
immediately implies Theorem 4.2.5.

4.2.1 Strategy of the proof

Our problem is not covered by the papers mentioned previously and it is not completely
clear if and how the general theories from [4, 31, 46-49] could be adapted to study (BN) and the
associated relaxation limit. The first obvious reason is that (B/V) is not a system of conservation
laws because the equations of the volume fractions cannot be put in conservative form. The
second reason is that the entropy that is naturally associated with this system is not positive
definite since it is linear with respect to the volume fractions. Concerning global existence
results, we remark that the associated quasilinear system does not satisfy the (SK) condition as
it admits the eigenvalue 0. It turns out that the situation is not too degenerate in the sense that
the eigenspace associated to the eigenvalue 0 is of dimension 1 and that, roughly speaking, the
non-degenerate part (i.e. the part associated to non-zero eigenvalues) fulfils the (SK) condition.
Thus we will be able to isolate the undamped mode, and rewrite the remaining system as a
partially dissipative quasilinear system satisfying the (SK) condition while the undamped mode
will be seen as a parameter and always appears in nonlinear terms as a prefactor of a function
of the damped variable.

More precisely, after observing that there exist four main unknowns in the system, namely,
a4, p1, p— and u we consider a change of variables that leaves the velocity u invariant:

(y7w7r) = (a-i-:p—i-vp—)

where the variable w is proportional to Py — P— and r is like an effective pressure. The system
verified by the new variables is of the form

Oy +u-Vy =0,
= _ w
dw+u-Vw+ (Hi + Hi(w,r,y)) divu + (Hz + Ha(w,r, y)); =0,

_ , _ w? (4.9)
81}7” +u - Vr + (H3 + H3(’UJ,’I“, y)) dive = (H4 + H4(’UJ,’I", y))77

1 1 1
Ou+u - Vu — ;.A,Mu + nu + ;VT + (v —-) ;Vw =0,
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where H; and H; (for i = 1,2,3,4) stands for the constant part and perturbation part, respec-
tively. The very specific form of the nonlinear part appearing in the above system is crucial to
close our estimates. Obviously there is no hope to recover time decay properties for y and in fact
we only need L7 integrability on y, therefore we will treat this transport equation separately.
Considering the system satisfied by the three unknowns (w,r,u) and by adapting similar ideas
developed in |4, 30, 31| to this sub-system, we will obtain the necessary integrability on all the
components of the solution, which will allow us to obtain uniform a priori estimates with respect
to A and pu.

One of the main difference with the previous chapters is that we cannot perform a rescaling
to keep track of the coefficients as what they did, because we are not able to treat the low
frequencies in B%? as p lacks of time integrability since the complex form of the pressure.
Moreover, it is important to point out that the System (4.9) does not verify the (SK) condition
and it is not symmetric. However, the subsystem formed by the last three equations of (4.9)
satisfies the (SK) condition and the coupling with the first equation is achieved via lower-order
terms. In order to deal with the lack of symmetry, we construct a nonlinear energy-functional in
order to derive a priori estimates.

Another technical difficulty that we encounter is that one cannot recover uniform dissipation
with respect to 1/v for w at the higher energy level (i.e. d/2+ 1). It is only possible to recover
such a strong decay effect for the d/2—energy level. Therefore, estimating nonlinear terms which
are proportional to 1/v are delicate. It turns out that the quadratic form of the non-linearity
appearing in the equation of r is crucial, indeed some other reformulation we performed led to
non-linearity that couldn’t be controlled.

Moving on to the justification of the relaxation limit, the fact that the solutions to the
Kapila system (K) are obtained as limits of the (B/V) system is a consequence of the uniform
estimates and classical weak-compactness arguments. In order to obtain a convergence rate, we
estimates the difference of the solutions of the two systems. Since we are not able to a obtain
decay rate for 9;(P{ — P”) in any space, we define a new unknown to avoid treating this term as
a source term. Under a smallness assumption depending on v and on the difference of the initial
data we are able to obtain decay rate of /v in LOO(B%_% N B%_%) which allows us to recover
decay rate for the source terms involving the unknown a-. But still, it seems hard to control
a+ in the spaces L!(B®) for any s, to our knowledge, this is the reason why we end up with a
convergence rate equal to /v.

The rest of the chapter unfolds as follows.

In Section 3, we rewrite the original (BN)-system into good unknowns and give a theorem for
the reformulated system, that is Theorem 4.3.1.

In Section 4 we derive a priori estimates uniform with respect to the viscosity parameters for a
mixed linear partially dissipative hyperbolic system and prove Theorem 4.3.1.

The fifth section is devoted to the stability estimates between (BN)-system and (K)-system,
which implies Theorem 4.2.3.

Finally in the Appendix, we show some basic estimates for several classical linear problem.

4.3 A reformulation of the System (B/N) and sketch of the proof

The first part of this section will concern the reformulation of the System (BN) so it is in
the range of application of recent developments about partially dissipative hyperbolic system.
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Then we state a global existence result which contains the statement of Theorem 4.2.1.

4.3.1 Change of unknowns

Here, we propose new unknowns that are more appropriate to obtain uniform a priori
estimates. First, observe that by adding the equations of o and a_ together we get

Di(ay +a-) =0,
where D; is the material derivative defined by

Dy =8 +u-V. (4.10)
Thus, at least formally, if the initial data considered satisfies

a0+ a—g =1,

then this property remains true for latter times. Thus, the number of independent unknowns for
system (BN) is reduced to four: a4, py, p— and w.

We now consider the change of unknowns from (ay, p4, p—) to (w, R,Y) given by

(’UJ, R, Y) = (Oé+, 10+7:0*) = ((I)l (a+7 P+, p*) ) (a+7p+’p*) , @3 (Oé+,p+,p,)) ) (411>

with

( Py (p+) — P- (p-)
Py (ot, pt,p-) = Y+ - )
a4 a_
Py (p4+) — P (p-
By (a4 pisp-) = Ay Py (py) +a- P (po) — (y — ) 2L L0 0 a19)
ay al
B3 (s, prop) = — P+
o atpr ta-—p-
We see its equilibrium state (w, R,Y") will be (0, P, %). The differential of the transfor-
mation computed at (a4, py,p—) is
; PL(p) P (o)
Ty = Ty =
DTS DTS
_ _ P P+ _ _ " (p—
0 aPl(pt)— (v —7-) ﬁ a_PL(p-)+ (v+ —-) - |’
o o ar  Oa— L ay Q-
P+P— ara_p— _aqpa_py
[32 152 162

such that the Jacobian of the transformation computed at (a4, py,p—) 1is

) = p+p— Py (py) P (p-)
Qt,p+,0—) 52 Y+ Y-
p =
ar | a-

J‘( > 0.
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Thus, owing to the Inverse Function Theorem there exists constants d1,d2 and a function

2 B52(7~D7R7 }7) — By, (Ot pys P—)
(w7R7Y) = (a-i-vp-i—ap—)

such that ¥ is one-to-one and W is the inverse of the restriction of ® to the ball By, (a+, p+, p—).
Thus, W is smooth on the ball Bs, (w0, R,Y) C R3. An extension theorem in the book of Evans [42]
(p. 254) enables us to assume that ¥ is smooth in R? without loss of generality, this extension
of W will be useful later to use a composition lemma.

Consider (w, R,Y,u) (0, z) such that

|(w, B, Y, u)(0,) — (0, P, — 2 gy

P— N <c (413)
QP4+ a—p—

d d
Bz lnpzt! —

where c is chosen such that ¢ < %2. Furthermore, define

_ , N B a4 p+
Tinax = SUp {T >0:||(w, R, Y,u)(t,) — (0, P, Gt d_ﬁ_’O)HB%*mB%“ < 20} . (4.19)
Obviously, owing to the embedding B5lnBit < Lgs,, it is clear that (w, R, Y, u)(t, x) lies in
a ball centered in (0, P, 5Y+ﬁa+++—ﬁ—’ 0) with radius depending on d3, on the time interval [0, Tinax)-
Theorem 4.3.1 in the next subsection shows that for ¢ chosen sufficiently small then Ti,.x = +00,
and thus (a4, pt,p—) = ¥U(w, R,Y) for all time.

Let us now derive the equations of (w, R, Y, u). We observe from the first and the second equations
of System (BN) that

a+a—Pi(

ot (Orp+ + div(psu)) = F Py(ps) = P-(p-)).

Since we work with the power laws Py(py) = Aypl® (which we simply represent by Pi), by
multiplying the two equations above by P/ respectively, we obtain that

DiPy + v Prdivu = F P, — P_).

Then, taking into consideration the equations of a4, we get that

DP + (yyai Py +vy_a_P_)divu + 2+

(Py — P_)((v+ = 1) Py — (- = 1) P-) =0, (4.15)

which we further put under the form

a4 O— a4 O—
= (Py =P+ (g — o) —

Dy P+(yy o Py+vy_a_P_)divut(yy — 1) (Py—P-)P_ =0.

(4.16)
Next, observe that
a4 o—

P _P_
Di(Py — P_) + (y2 Py —7_P_)divu + ('V(*I S Va
_l’_ —

)

(P, —P_)=0,  (4.17)
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which we further put under the form

a4 o

o _
Dy (Py— P_)+ (7, Py —_P_) div uﬂ*T (Py — P)2+<7+ + 7) (P, — P_)P_ =0.

(AN a_
Notice that we chose to define the effective pressure R by:

PJr - P Y- P V4O —

R=P— (v —1-) — = +
o ra- -y V- + -0t

to cancel the coupling between P, — P_ and P_ in (4.16), and the definition of w:

_P+—P,_ oL
e veas oy

(Py —P-)

enables us to rewrite the pressure in a simple form: P = R+ (y+ — 7—)w. The unknown w can
be comprehended as the damped part of the pressure. A straightforward computation yields

_\—1 a?2 —~v_a? w
L

ap - Yo + 7y g V
and
P+ = R + ﬁw,
Qay
P.=R-Tu.
o
Then the equation of w reads
) w
Dyw + Fidivu+ Fo— =0 (4.18)
v
with ) )
— - - —+z
F| = (74 —7-)aga R+ 7o v 04+w
V+O— + Y0t (7+Oéf 4-2?7204 ( 2),2
— ol — (7= — 7)o
Fyi= (yra_ +7-as)R - - oy,
oy o—

and the equation of R reads
2

DtR+F3diVU:F4w7 (419)
v
with iy
Fyim — (Rt ().
[
Fy = (1 - (rae +7-a4)).
a4 o—
Moreover, we have
ary =V (w,R,Y), a-=1-¥(w,R,Y). (4.20)
Next, as
y — 04+P+,
0

we observe that
DY =0. (4.21)
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We denote the perturbations of Y and R by
a4 pt

Yy = Y - ————,
Q4P+ - p—

r=R-P. (4.22)

We see that there exists a function Gg of the unknowns (w,r,y) such that

1 1 _ _ 1
*:—:FO‘i‘GO('IU,T',y), with FO ="
p o Qppy +a_p- APy + a—p—

Gathering the equations (4.18), (4.19), (4.21) and the equation of u together, we obtain the
following system in terms of the unknowns (y,w,r, u):

Dty = O)

Dyw + (F’l —|—G1)divu—|— (Fg —|—G2) 0,
~ w? (4.23)
Dyr + (F3 + Gg)divu = Fy—,

_ v _ _
Dyu — (Fo + Go)A%)\u + nu + (F() + Go)vr + (’}/+ - "y_) (F() + Go)vw =0

w
14

where _
B = (’Y+j ’Y—)Olta—p >0,
B T+ + V-0t
Fy = (yya_ +y-ay)P >0, (4.24)
R T '
Fyi=— P>y,
VHO— -0y

Gi(w,r,y) :=F, — F; for each i=1,---,3.

Note that by virtue of (4.20) and (4.22), the G; (for i« = 0,1,2,3) can be written as smooth
functions of the unknowns (w,r,y) which vanish at origin.

4.3.2 Elements of proof for Theorem 4.2.1

Let us observe that the first equation of (4.23) is a pure transport equation and that there is a
linear coupling between the second to fourth equations. As we are considering viscosity vanishing
limit, we need to get appropriate estimates independent of © and v. This fact motivates us to
study the following mixed linear system:

Byw + v - Vw + (hy + Hy)divu + (hg + H2)% — S,

Or +v-Vr+ (hg + Hg)dlvu = Ss, (425)
Ou+v-Vu— (hg+ Hy)Aysu+nu+ (hs + Hs)Vr + (he + He) Vw = Sy

where Sy, S3,S4 and Hy, Ho, - - - , Hg are given functions of (¢, x), and hq, - - - , hg are given positive
constants.

Based on the analysis done in the previous chapters, we expect that System (4.25) behaves
like the heat equation in the low frequencies regime and we expect a damping effect for the high
frequencies if the functions Hy,--- , Hg are small enough. Moreover we expect to recover better
integrability properties for w and u in the low frequency regime because they undergo direct
damping.

Precisely, we obtain the following a priori estimates uniformly with respect to u, A, v.

Proposition 4.3.1. Let d > 2 and let parameters satisfy u, A+ > 0, v =2u+ X < 1 and
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n > 1. Assume that
1
Hi,Hy, -, Hg,veC'(Ry; S(RY)), | H||peo < §hi, i=1,2,---6. (4.26)

Let —% <81 < %— 1 and s; < sg—1<s1+1. Let (w,r,u) be a solution of system (4.25) on the
time interval [0,T). There exists a positive constant co independent of pu, X such that if

6
> 1l oo pg 1581y < €00 (4.27)
=1

then the following estimate holds on [0,T) :

H(w,r, U)H%too(le) + H(w,r, U’)H%too(Bsg) tr <”(warau)H€Lt1(BS1+2) + H(w7T7 U)H}[L/tl(B%))
t w w t
+/0 (1@, 5o + 10w, —)05-1) +/0 (1D 11, Or) [ oy 1+ 11 (Gra, m, Oor) 1)

t
+/ (|, (14 N Vdiva| o 1 + | pAu, (@ + ) Vdivul|f, )
0

t
< eXP(C(H(t) + V(t))) (H(wo,ro,uo)HBSmBsz +/O [(S2, S3, Sa)|| Bs1n B2 ) (4.28)

t 6
where V() := /0 HU”B%mB%“ , H(t) = Z; HE)tHZ-(t)HB% and k is a constant defined by (4.58).

1
Remark 4.3.1. It turns out that we have to choose ¢y << min{n, —}, therefore we are not able
to take into account the case when n — oo in the same time as the relaxation parameter v — 0.

This is due to the overdamping phenomena that is described in the introduction.

We will now state a global-in-time existence result for (4.23). First, let us introduce the
functional spaces which appear in the global existence theorem and the rest of the chapter :

E7*2 & {(y,w,r,u) € Cy([0,T], B** N B®), (w,r,u)" € L'([0,T], B%), r* € L'(0,T], B*'*?),
(5, 0w)" € L'([0,7), B"), (=, dpw)" € L'(0,T], B=), (u, dyr, dw)” € L}([0,T), B+H7)
(nu, Byr, eu) € LY([0,T], B271), (uAu, (n+ \)Vdivu)* e LY([0,T], B!

and (pAu, (1 + \)Vdivu)® € L([0,T], B2},

We define || - || gs1.+2 as the norm associated to E7*? and if T = +o00, we use the notation E51:52
and replace the interval [0,7] by R.

We have the following theorem.

Theorem 4.3.1. Let d > 2 and assume that the parameters satisfy p > 0, A +p > 0,0 <v <1
and n > 1. Let the constants ax € (0,1),p+ > 0 satisfying (4.6) and (4.8). There exists a
constant ¢ > 0 independent of the viscosity coefficients pu, A such that for any initial data such
that

<c

1(yo, wo, 70, uo)ll g 1 g 4s <

then System (4.23) admit a unique global-in-time solution (y,w,r,u) in the space Ei-L5+L,
Moreover, the following estimate holds true uniformly w.r.t. the viscosity coefficients u and A:
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+ ||7]u|] 54 < Cec. (4.29)

Ll(B?Z_lﬁB?Z B2)

For d > 3, using Proposition A.2.6 related to composition operator, Theorem 4.3.1 directly
implies Theorem 4.2.1. In the two-dimensional setting, however, the Proposition A.2.6 fails to
work as the regularity index is equal to 0 and therefore one must be careful when trying to
recover the regularity properties for the original unknowns. Let us explain how to proceed to
this issue. For example, concerning a1 — @4, we have

ay — d-f— = \I/1<U),R, Y) - \Ill(O’P7 AP

Qypy +a—p-’
Using the decomposition
Uy (w,R,Y) — 0y (0, P, — P+
app+ +a-_p-
5 oy P4 1 5 Oy Pt 2
= (0 \Ill(oapyf)"i_G (w,r,y w~+ (OrY 0,P, —— +G w,r,y) r
(0 Q4P+ a_p- ) ( ( atpy + Oé—P—) ( )
5 a4 py 3
+ 8Y‘I’1(O,P, f) +G (warvy) Y,
( QP+ + a—p— )

where G', G2, G3 are smooth functions vanishing at (0,0, 0). We get, thanks to product law (A.7)
that

lacs =yl po < C(L+ (GY G2, G%)(w,,y)l| g1 ) [[w, 7yl po.

And by Proposition A.2.6 we see ||(G!,G?,G3)(w,r,y)| g1 is under control, thus we can recover
estimate for oy — @, in the space Cy(R; B®). Doing similar arguments for o, p, and p_, one
can finally deduce Theorem 4.2.1. Note that these arguments are also useful to prove Theorem
4.2.2 in the case d = 2.

4.4 Analysis of the linear system (4.25)

This section is devoted to the proof of Proposition 4.3.1 for the linear system (4.25). We
first localize (4.25) in frequencies thanks to the Littlewood-Paley decomposition, then use a
renormalized energy method to estimate each dyadic block. In the following computations,
assume that we are given a smooth solution (y,w,r,u) of (4.25) on [0,7) x R%. And <qJ)jeZ is
a generic sequence such that

<1

0(2)

H(qj)jel

We will consider the following energy functionals,

\//Rd 2+ 7'2+|u]| + 2equ; - Vr]) for j<0

and
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h6+H6 w? hs + Hs .2 9 .
922 ) f 0
\//]Rd h1+H1 +h3+H + |uj|? + 26427 %y - Vry ) for j >

where g5, ¢; > 0 are constants that will be fixed later on such that

L5 (017 ~ | (wj, 7, u) (D) 22 (4.30)

The next two steps will explain how we constructed those two functionals to derive a priori
estimates in low and high frequencies, respectively.

4.4.1 Low frequencies analysis

Throughout this part, we shall suppose that j < 0. Using spectral localization properties,
that is

12 . 12
[Vrillre < gQJHTme < g””’j”m,

ohs 5

Sih;’ 24} then (4.30) is satisfied in the following way

we easily obtain that as soon as ¢y < min{ —

C2
—Ellwj, 7 ug) (D172 < L3(8) < 4C3 || (wy,j, uy) (1|72, (4.31)

h6 h5

where C = mm{ 1} Cy = max{ ,1}. indeed, we have

hs
hy’ hs’
h h
E?z/ ( 0 2+—5r]2-+|uj|2+28guj-Vrj)
R4

hi hs
h6

hs

12
||wJ”L2 +o ||TJ”L2 Il = el llze + lIrsl172)

he hs 1 C?

. ~1 2
> min {h 2h 2}||(wJ7TJ>uJ)HL2— 4 H(wjvrjvuj)HLQ

and

hs 12
s HijH%2 + o H?”gHm 1l 1* + —-eeCllugllZ2 + l1msl1Z2)

he 3h5

<
mx{h " ks’ 2

}H(wJaTJaUJ)Hm < 402”(“%7“]7“])‘&2

In the sequel we will use C7 and Cy frequently, note that

he hs
<——1< . 4.32
Cq s < (s (4.32)

Applying the operator Aj to the three equations of (4.25) yields
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&gwj +v- V’U}] + h d1vuj + h27 =A; SQ
Oyrj +v-Vrj + hydivu; = A; 53 - (4.33)
Opuj +v - Vuj — hg Ay uj +nuj + h5Vr] + heVw; = A;Sy —

7

where K }, K ]2 , K 5’ will act as source terms

. . _ 1.

Kjl — [éj,U]Vw + .Aj(Hl leU) + ;A]’(HQ w)

sz = [A;,v]Vr + Aj(Hsz divu),

K]?’ = [Aj,U]Vu — Aj(H4 ‘AM)\ u) + A]’(H5 V’F) + Aj(Hﬁ Vw)

he hs

Multiplying the first equation of (4.33) with W —wj, the second equation with N —1;, the last one
1 3

with u;, respectively, we get

1 hg . hahe |wjll22  he -
oh dtHwﬂ&ﬁh%yMwuﬁ h % < —ijHp(HAjSzHLz+HK}HL2)

he
+ 28 g Zaldivoll

1h5 hs )
25 s [ v < Bl 1Ay Sl + 1) + 22 vl
R4 3

and

1d . .
lujll7z + ha (el Vgl 72 + (o+ Al divag |1 F2) +llugll72 — hs/ rjdiva; — ha/ wj divu;
2dt R4 Rd

gl 2 (1A;Sall 2 + 1KG | 2) + w72 [ divo]| .
Summing up the above inequalities together, we obtain

1d /hg hs hahg ||lw;]|? :
S (P wil 2 A R 4 (ug]?) + e L by (| V| 2e + (N || divag]|2s)
2dt \hy hs hy v

+lluglFe < Collwsll 2 (14;82] 2 + 1K 11 22) + Callrjll 2 (14585l 22 + 155 2)
2 1A Sl 2+ 1EE2) + Call (w2 div ol e (434)
We observe that the left-hand side of (4.34) does not provide any decay information for r.
Recovering such information relies on differentiating in time the second part of the Lyapunov

functional and is the objective of the following lines. Taking the gradient of the second equation
n (4.33), one find that Vr; verifies

V) + haVdivu; = =V (v Vry) + V(4,85 - K7),

Multiplying this equation by w; and the equation of w; from (4.33) by Vr; and summing up
the results we end up with
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d
G |59+ hall s

< halldivu|Za + Idiveglc2[lv - Vrjllze + hall Apawgll 2 V7]l 2
Fallugll2Vrsllze + hel Vsl 21Vl 2 + flo - Vg 2| Vi 2
+ldive || 2 (118830 2 + 155 11 2) + V75l 2 (14 Sall 2 + 1 K5 2)- (4.35)
Recalling the definition of £; and combining (4.34) and (4.35), one has
1d .o hohg|lwjll72
2dt Y hy
<Callwyllrz(I18582] 2 + 11K 1 £2) + Callrjllzz + eelldivayllz2) (185850 22 + 1K [ 2)
+ (lujll g2 + el Vrjll2) (145 Sall 22 + 1Kl 12) + Coll(wj, mj, w) 172 | dive]| oo

+ hsee| V7l Fe 4 nllugll7e + ha(ul Vugl[72 + (0 + A [[divag][72)

+ e (hslldivee |2 + hall Au usll 21975 L2 + nllg 22 19751 22 + bl Tyl 21V .
+ealdivugllzello- Vsl e + 1975l celle - gl o). (436)

At this stage, we are ready to estimate the right-hand side of (4.36). Using (4.31) and
Ci <1< 0y, we have

Collw; |l 2 (1A 82l 2 + 1K | z2) + Callrsll 2 (1A Sl 2 + 1K || p2)+lwjl 2 (18 Sall 2 + 1K) 12)
<Coll(wy,rj, uy)ll 2 [|(A;S2, AjSs, AjSy, K, K7, K3l
20y

<G L 1(A;S2, AjSs, AjSs, K}, K3, K3z

Since gy < % and j < 0, we have

Coeelldivayl| 2 (14585l 2 + 157 1 22) + el Vrll 2 (14 Sal 2 + 155 | 2)

12 : : Cy : :
gcgsggn(uj,rj)||L2(Aj53, AjSy, K3, KD)|p2 < aﬁj 1(A;S3, AjSy, K7, K2)||2.
Obviously, using again (4.31), we obtain
. 40 :
ol .5 allivols < 23 vl

Owing to the fact that j < 0, we use the following inequalities
12 12 12
IVusllre < —llujllzz,  [Vrslle < —llrjllze [[Vwsliee < —llwjllre, (4.37)
5 5 5

and Young’s inequality to write

. 12
erhal|divu;||7. < €eh3(g)2|!w|!%2 < 6 haeg|uj32,
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8772 2 hs 2
eonllugll 2| Vrjll 2 < ,T5€ellujl|L2 + §€Z‘|verL27
eehs||Vw;l 2| Vrjll 2 < T el Vw;l|z2 + gle\wjllm
48h2 hs
< —Seyllwsl|F2 + el Vrjl3e
hs 8

Using once more (4.31) and g, < 2, we arrive at

. 12 5
selldivayllzllv - Vrsllze < el )2 lusllzallrslize ol < 55 £F ol
1

12 5
eellVrjllpzllv - Vg2 < Eé(g)zllujHL?||7”jHL2HU||L°° <=

2

Similar arguments lead to the following estimate:

12 12 ,
Munusllze < ZpllVuglize + 2+ A)ldivag | 2,

then, using the fact that 0 < max{u, u + A} < v, we readily have

Munusllze < 120 (1| Vugl|72 + (o + N [divag [72),

and thus
8 2 2 hs 2
echall Appusllz2 1Vl < eeohall Aua willze + g lIVrllze)
96hiv : hs
< h54 ee(ulIVuglize + (n+ Nlidiveyllzz) + “Feelrsllze

Inserting the above estimates into (4.36) leads to

L gy (oo A4S0 eillie B oy gy — )

2dt7 c1 hs 0w PRMEL S T gy L

96 hiv .
+(ha — h: e0) (| V|72 + (1 + Mdivug72)

30 . . . 14C! .
Sﬁfﬁj 1(A;S2, AjSs, AjSs, Kj, K3, KJ)|12 + 022'55(”(1“’”””‘) tlloflze). (4.38)
1



168 Chapitre 4: Relaxation limit for a damped Baer-Nunziato model

Let us choose €/ > 0 such that

5hs 5
<
eesmin{y s orh
hohg _ hohg — 48h%
= - vey,
2h h1 hs
2
n n
D < — 6hacs —
5 S 6haeg Pl
ha 96h32
e —
2 4 hs Vet
for example one may take
1 . hs hahs hsn hs
— —, 1 .
et 192 i {h37 ’ h1h6V7 h3h5+772’ hy I/}

Under the consideration of such g;, we further define

1 hahe hahe  hseg

K me{ , hseg, n} (> mm{?hlu’ 5

52

(5 )%, *})- (4.39)

5 . A
Combining the facts that 8 27||rjllz2 < [Vrjllz2 and for all j <0, 2%{|(wy, u;)||22 < |[(wj, uj)|2e
and using (4.31), one is able to rewrite (4.38) as

1d 2 25 2
B 92
thﬁﬂ + 402 £
3Cs 14C, .
<7£ 1(A;Sa, AjSs, AjSs, K, K7, K3)||p2 + o7 L2 (||divo| e + [v]|ge=).  (4.40)

Owing to Proposition A.2.4, we know that for s; € (—%, % — 1] the product is continuous from

Bf x B to B" andfrom B2 'x BTl to B9 (4.41)

Then, using the commutator estimate (A.4), the product law (4.41) and the fact that s; < s9—1,
we obtain

||KJ1HL2 < 02*7'81% (HVUH a||Vwl|| gsi—1 + || H1 divul||gs1 + —HHQ wHle>
< 09 (ol g bl + Nl g o+ 1 g 2 )
2112 < 029715 (19l 9 acs + 1 v

< 29 gy (ol gy lrlmes + 1 Hal g ol o).

The term Aj (Hs Vr) appearing in Kj?’ deserves some particular attention. Using (4.41) we
observe that the product maps

d
Bitltsi=sz o ps2-1 , psi (note that 3 + 1451 —59< 5),
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and we infer that
1A (Hs V)2 < €279, (I[Hs Vo'l + (| Hs V" 51 )
< €277y (s g 97 I gerss + 15| g sray oy IV7 ] )
< 02774y (sl g Il fgonsa + IHI gy g I ). (4.42)
In conclusion, using once more the commutator estimate (A.4) and (4.41), we obtain
1Kz < €29 s (Joll gl + 1l g | Aprtlzes + 1ol [V

0 h
o (UHs g s + 1l g,y lea) ).

Define E; = 2%1 L;. Recalling assumption (4.27) and using that v < 1, by interpolation we have
20 |(Kj, K}, K3 2
w
SC%(HWIIBg 1w, rw)llg=s +co(ll— B + wllgor e + [Jull par s
Mz + Irlfess + i) )
‘ ‘
<C[[Voll 425+ ClI0l g (a7, 0) 151 — KL3)
w ¢ h
+ Ceoqs (15 s + 1w, 0) | porsr + [ Aunullms + 1l ersa + s )

where K is a positive large constant to be fixed later. Applying Lemma A.1.1 from the Appendix,
we get

[ CKC3 ¢
£+ w2 [ £ <en(SE2VO) {50+ [ a5 (1525050
0 Ci 0

Vel (0 o )l = K£5)) + |
t
+/ c
0
Note that E?(t) may be replaced by supyg Eﬁ in the left-hand side of the above inequality.
Thanks to (4.31) and after summation on j < 0, we conclude that

t
w ¢ w
(A AT
(

o(Au ullpor + [l e 2 + H?“H%sz} (4.43)

L L
”(wa T, U‘)HZ;X:(le) tr H(w7 T u)||L%(BS1+2)

CKC3 t
<exp( =gz V) {llwo, o, w0l + |1l (1wl — 5 3 25)

J<0

t
w
[ (102,88 + ol e+ w0l
0
Ml + s + lrilea) ) | (444)

which is the first part of the low frequencies a priori estimates.
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4.4.2 High frequencies analysis

Throughout this part, we suppose that j > 0. First of all, recall the definitions of C;, Cs
from (4.32) and notice that the assumptions (4.26), (4.27) ensure that

1 3
5hl§hl+Hl§§hl t=1,---,6, (4.45)
& hg h6 + Hg 3hg &) hs h5 + Hj 3hs
B o < 226 < 3¢ b R i I <25 <30 4.46
3 "3 hi+H — M = 3 = 3hy ~ hy+ Hs — h3 % (4.46)
and
he + Hg hs + Hjs h1 + hg hs + hs
A o < < 4.4
IV (i) e + 19 (R i < 60 50 + 60572 < Caeo, (447)
he + H, hs + H.
100 (G ) @l + 10 (52 ) Ollzss < Csll(@uF, D0, 00 Hs, 0, Ho) ()]
< C3H(t) (4.48)
hi+h hs + h
with Cy 1= 6116 4 g5+ N3

nt h3

Using spectral localization properties, we have

Y 12__. 24
2V < 22yl < gl
: : . hs 5 A Ge g . :
thus we easily obtain that as soon as ¢, < min{ Taah ,4—8}, (4.30) is satisfied in the following
way s
CiH(w' rjug)l|ze < L5(t) < 4C3||(wy, i, ui) ()17 (4.49)
9 Ity Y3)lL2 = ~j = 2 VER RN/ L2 :

Indeed, one has

he + H hs + H
[,2:/ ( 6+ 0 w? 4 Elaie? 2+ ui]? + 26527 Yy - Vrj)

hi+Hy 7 hg+ Hs i

hg hs 24
> sl + g rsllde + sl = Srenlhusliza + s =)
> min a ﬁ 6}”(%77%“3)\&2 > — 9 H(wja?"jauj)HL?
and
3h6 3h5 24
Li < H willfs + 5= H?“;HLz + g * + E —eillul7> + Irsl172) < 4C3 | (wj, 75, ui) 172

Slightly different from (4.33), after applying the operator Aj to the three equations of (4.25),
page 12, we write
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8{[1)]‘ +v- ij + (hl + Hl) diV’U,J (hQ + HQ) =A; SQ + Tl
Orj+v-Vr;+ (hs + Hs)divu; = A ;53 + T ] (4.50)
8tuj +v- VUj — (h4 + H4)Au7)\u] +nu; + (h5 + H5)V7’j + <h6 + Hﬁ)ij = AjS4
+T7,
where T}, T2 T3

.15, T3 are commutators defined by

T} = [v, Aj]Vw + [Hy, Aj]divu + =~ [HQ,A Jw
T = (v, Aj]Vr + [H3, Aj] divu,
T]3 = [’U, A]]VU - [H4, A]‘]A#,)\’u + [H5, Aj]VT’ + [H@, Aj]Vw.
o . he + Hg .
Now, multiplying the first equation of (4.50) by ot H w; and the second equation by
1 1
H
Zz i Hz rj, we get from (4.45)-(4.48) that

Ld [ he+Hs o haohellwill3. / .
—_— ; h H, -d )
50 o i Y T oy v e T He)ws divay

1 he + Hg he + Hg w2 he + Hg ; 1\ he + Hg
<= a( ) 4 ( ) 2A;Sy +T! }
_Q/Rd{ “\hy + H; +h1+H1 1vv—|—w vV hi + Hy F2AAg5 + ])C1+H1w

he + Hg he + Hg . he + Hg

< sl o G o+ o s Nt oless + |9 G ) e }

—ijHL2 t h1+H1 Lo<>+ h1+H1 ” IVU”L + V h1+H1 Loo”vHL

he + Hg
S I e W

< [lwjlZ2 (CBH(t) +3Ca|divol| L + C3Co||v||Loo) +3C2|lwjll 2 (1452l 2 + 1T} 1l 12) - (4.51)

and

(1A;S2] 2 + 1T 11 22)

1d hs + Hs / .
—— : h Hs)r: d i
2dt Jga hs + ngj + Rd( 5+ 5)rj Vg

1 h5—|-H5> hs + Hs 2 hs + Hs 2 hs + Hs
- , di ( ) 2(A; 85 + T }
2/Rd{rj t(hg—i—Hg +h3—|—H3 IVU—i-T' vV hs + H. + ( 3t )h +H3
hs + Hs hs + Hs
< Irlfe{ o G )+

. hs + Hj
divollz=+ |9 (7)o}
hs + Hs hg-l-HgH °°|| vollze + hs + Hs L°°||UHL
hs + Hs ;
lrsle| | g | o (183l + 17 22)

< Irjllze (C3H(t) +3Cs||divo| L= + CsCoHUHLoo) +3Cal|rjll 2 (14583 g2 + I T7 ] 2)- (4.52)

Multiplying the velocity equation by u; and observing that

— /Rd(h4 + Hy) Ay puj - uj = / Vuj : V((ha + Hi)uj) + (p+ A) /Rd divu; div ((hs + Ha)u;)

hy .
SUE ulquyllLa +5 S (4 A [[diveg 72

= (Wl Vujlizz + (o + A ldivag]| g2) ug || 2|V Ha | o,
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we get that
1d hy hy .
5 aelluslZa + Sl a3 + 2+ N [divg 22 + a2

- / (he + He)wj divu; + (hs + Hs)r; divu,
R4

S/ {|’LL]'|2 divv + (AjS4 + Tf)uj + wj; uj - VHg + TiUj - VH5}
Rd
+ (Wl Vgl gz 4 (o + Mldivugllp2) [[ugl| 22 |V Hy|| oo

<lujllZ2ldivollzee + llugllzz (1858 2 + 175 g2 + llwjll 2 IV Hellzoe + [lrll 221V Hs |z )
+ (Wl Vuillz + (o + Mlldivg|| p2)lug || 2|V Ha | o

<lujl| 7 divollzee + collusll 2 (ijHL2 +lrille + plVugliz + (u + A)\IdiVUjHLa)
gl g2 (145812 + 1T 22)-
Summing up the resulting inequalities together, we obtain

hahe ||w;l|7 2
6hq

s Gt + 1l 12
JIL2

2dt Jpa h1+H1wj ha—i-lT{zszHuj‘Q)jL
Vg 3+ 5 e+ 0 v
<[ (wj,rj,u)175 (CsH(t) + 3Cs||divo|| L~ + CshOHUHLoo) + 3Cs||lwjll 2 (1| Al 2 + 11T} | £2)
+3C|rjll 2 (14585l 22 + 1T 11122) + Nl 2 (1A Sall 2 + 1T ] 2)
+ collugllza (lhugllze + Irsll e + I Vugllza + G+ Vlidivag|2)- (453)
Observe that the left-hand side of (4.53) does not encode any decay properties for r. To

recover such information we must differentiate in time the second part of the Lyapunov functional.
Note that Vr; verifies

Oy Vrj+V (v-Vr;) + V ((hs + H3) divu;) = V(A; S5 + T7). (4.54)

Hence, multiplying this equation by u;, and the equation of u; from (4.50) by Vr; and summing
up the results we end up with

d
G | s + el Vs

- /Rd {U - Vrjdivuj + (hs + Hz) | divui|* — (v- Vuy) - Vrj + (hy + Hy) Ay auj - Vr

—nu; - Vrj — (he + He)Vw; - Vrj — (A;S3 + T?) divu; + (A Sy + T7) - Virj — H5|wj|2}
<2||vll g [ Vrjll 2 divegll 2 + (hs + | Hsl| o) [ divay |72 + (R + [|Hall oo )| A x| 22 V7 2
+ 1 l|ujll 2 Vrjll 2 + (he + | Hell oo ) | Vewsll 22| Vrjll 2 + (14785l 2 + 15 1 2) | div || 2

. hs
+ (145Sall 2 + T3] L2) V75l L2 + 3HV7“J’H%2- (4.55)
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Using the spectral localization of 7, u; and g, < 48, we have

wy : 12
en2 ™ 2|j0l| oo V75| 2| diva| 2 < 2€h(§)2\|UI|Lw||7"jHL2||UjI|L2

< [lollze (1172 + llugll72)-

Using Young’s inequality and (4.45), we have

12 23h3

=) =5 luslie < 9hsenllujl 7,

en2 % (hg + || Hs||poo ) |divey]|F2 < en(—

en2” % (he + || Holl L) [V wjll 2| V7jl 12 < en2” 22 HVMJHLZHVTJ”L2

16 ,3he
<en2” 2](7HVTJHL2+h (5 ) Vw;l72)

. h2
< 5h2_2jj||verL2 +256- ey [|w;]|7 -
16 hs

Moreover, taking into account that max{u, u + A} < v, we obtain that

2% (ha + | Hall o) A s 2V

3hy 12 .
<ep2” J7g(/~LIIWjIIL2 + (4 M divug || 22) [ V7]l g2
hs 16 3hy 12 .
<en2™¥— HVTJHLz eni— (=) 2l Vgl g2 + (n+ N[ldivey | £2)?

h525

_ ~h5 h3 )
<2 2JT6€hHV7"j||%2 + 512?:V5h(ﬂuv“j”%2 + (e + A)[divag]|7.).

As j > —1, we use the following rough inequalities:

hs
E||V7“j||%2)

9 5,167
en2 ||l 2| Vrjll 2 < en272( e
2

64n
——enllujll7s,

h
<27 Zen| Ve + =
5

P _ .12
en2 (145832 + I T2 ldiveylize < en27 =27 (148512 + 1T7) 1 22) w2

24 ;
< Zenllygllz= (14 Ssll 2 + 1T7) 1 22),

P .12
en2 7 (IASall 2 + I TH p2) IVl 2 < en2 2J€2j(HAJ’S4HL2 + 1T 2) 175l 2

24 ;
< Zanllrillz2 (1458l 2 + 1T7) 1 2)-

Inserting the above estimates into (4.55), one has
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crd hs
2*2J<7 AV 7v.2>
w0 (5 [ V) + 21V s
h2 64n?
<ol (I3 + )+ 256 Sy 22 + Ohaen + 5 ) g3

24 . 24 .
+ penllugllzz (14 Ssll 2 + I1T7)1z2) + — enllrillz2 (1854l 2 + IT7)11z2)

h? .
+ 512 v (| Vg F + -+ V) [dive| ). (4.56)

Remembering the definition of £;, summing up (4.53) and (4.56) and keeping in mind that

ep < 45—8, we obtain

1d o  hohg hi [ — 2 641> 2
2dt I +( 6hy - 256hf5V5h)TL +2 jzthVTme + (1 — 9hzen — T5€h)||uj||L2
h4 hi 2 : 2
+(5 - 512h75’/5h)(MHVUJHL2 + (4 N[ divug|72)
< | (wy, 7, ug) 172 (C3H(t) + 3Cs||divvl| e + (Csc0 + 1)IlvllLoo)
o collulze (Jlews 22 + Imsllze + ll Vgl o + G+ ) divg 2 )
+ 30y || (wy, 7, uj)l 121 A S, A S5, AjSa, T}, T, T)| 12 (4.57)

Let us choose €5, > 0 such that

S5hs 5

< minf——2_ 2
en S mind s g
hahg _ hahg h2
— 256—
12hy — 6c¢1 h5y€h7
Ui 647
T <y Ohgep, — —L
5 = n 3Eh ha Eh,
ha  h h2
Mot 5ol
153 5) . VER,
for example one may take
. 1 m.n{hs hahs hsn hs }
= ——minq— .
"7 3072 hy' " hihgv' hshs+n2 hiv

Compared to ey that has been defined in the previous section, we see that %@ < ep < gy. Thus,
one has 2_2j%5h||Ver%2 > %655”7“]-“%2. We now update the definition of x in (4.39) by

1 hah
K= ﬁmin{ﬁ, hsee, n} (> min{

hohe  hs n
N5 Ty, A
12h 0" 2560 o)) (4.58)
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Then, using (4.49) we are able to rewrite (4.57) as

1d .
Y L b ﬁc‘;’ —025? (CgH(t) + 3Cs|divo e + (Caeo + 1)||v|yLoo)
3h .
+ 52 (sl + s lz2 + sl Vsl + (X div 2
302 1 72 3
C —L; HA SQ,A Sg,A Sy, T T T )| z2- (4.59)

Estimating le, TJQ, Tf’ requires some particular attention. For example, the term [Hs, Aj]Vr in

Tf’ , has to be rewritten
[Hs, Aj]Vr = [Hs, Aj]Vrt + [Hs, Aj]Vrh
and by Proposition A.2.3, we have

292 ||[Hs, Aj] Vr'|[ 12 < Cql| VHs|| g V7"l o1 < Cas ||V Hs|| g 7] 5e2,

2% ||[Hs, A) Vrt|| 2 < 217 ||[Hs, Aj]Vr] |2
l L
< CgllVHs| g Vil ya < CaillVHs[ a7l v

Above, the conditions that
d
s1+2,50 < B +1

are crucial. The other terms can be estimated using similar argument, we obtain
17} 12 < €292, (|0l g VWl gess + [IVEL] gl pes-
IV Ha | g I e + 15 e,
17212 < €279 (| Voll g V7]l g + IV H3l g livull o )
and
17212 <C27724; (V0] g IVl oo + IV Hll g A a0l oo
+IVHs|| g (Il a2 + Irle2) + IV Hell g ||VW\|382—1)-
Thanks to smallness assumption (4.27), we gather that
2% | (T, T2,79) |
< Ogjl[ Vol g [(w,r, )] B2 + Ceo q](\l(w u)||Bs2 + ||( w, Auau)| e
1l oo+ e
< CR2ILV0l g + Vol g (arwr e — K292

w e W p ¢ h
+Ceo %’(H(wau)”BS? A ullsa-1 + (1 peren + 1 pea-1) + 7 [par e + IITHBsz)-
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Defining £§L = 272, and using Gronwall’s Lemma implies that

h
402/£

< exp(c C%C? (Ca(H (1) + V(1) + V(1))

t
{220+ [ 01028550l + 1901 (000l = K23) )

t
W e w,p Vi h
+/0 co ([l (w, u)|| B2 + [|Aux ull gea-1 + (I Mpsrer + 1= pea=1) + (7 pe e + IITHBsz))}-

Note that £§»L(t) may be replaced by sup 4 L’?(t) in the left-hand side of the above inequality.
Thanks to (4.49), we conclude after summation over j > —1, that
1w, ru) |1}

h
LOO(BSQ) + K ||('UJ, r’“)HLtl(BS2)

CKCy (C3(H(t) + V() + V(t)))

< exp(
1

t
L, 0,0 s + /O (152, 85, 80152 + 1901l g (1w, r )l — K3 £2))

j>-1
t
w é w
+00/0 (H(w,u)HBSz + || A ul gsa—1 + (H;Hleﬂ + H;H%SQ,I))
t
+00/0 (7 G142 + HTH%SQ)}. (4.60)

We are now going to show that inequalities (4.44) and (4.60) entails a decay for w and u. In fact,
one finds from (4.31) and (4.49) that

[ 1900 (1ralizn = K2 2) + [ 1900 (s wlaes - 5 3 £5)

§<0 j>—1

t
C1K . .
< / 1V0ll g (I, wllmnmee = == (32 2wy, )z + D 272wy, m5,5) 12
0 <0 j>-1
C1K
/ 190l g (1w, rs )z — == (11,0l + w0l
<0
12
when we choose K = —.
Cy

Thus, we conclude from summing up (4.44) and (4.60) that
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H(w,r, U)H%?O(Bél) + H(w,r, U)HQtOO(Béz) + K (H(w7ru u)”étl(351+2) + H(’LU,’I”, U)HZ%(BQ))
cC2
gexp( Cﬂ2(C&ff@)%—nmx{(&,l}V(w))
1

t
{H(wo,ro,uo)lleBa + [ (wo, 70, w0) | e +/ (52, 3, S4) | Bs1n B2
t w °
o [ (U someas + Aua st + 10,0 s
t
o [ rlfen + il } (@61

which is the first part of the high frequencies a priori estimates.

4.4.3 The damping effects and estimation for time derivatives

We will now recover uniform estimates concerning the decay and time derivatives of our
solutions. We have the following lemma.

Lemma 4.4.1. Under the hypotheses of Proposition 4.3.1, we have

t W w t
0@ s+ 1000 ) + [ (1@t 008 s + 1091 )

t
b [ s G Vvl + S (o ) Vdivaly )
0
t t
< C(wo,roswo)l s + [ 10 V0 g s rs )l + [ (52,5, S0 s
0 0

[ s+ ). (262

Proof. Damping effects

First, we investigate the damping effects in the equation of w and u. Let us look at the equation
of w in System (4.25), which reads

ha 1

——w=——
1% 14

ow +v-Vw + Hyw — (hy + Hy) divu + So.

We infer from Proposition 4.7.2 (take r; = s1,79 = s9 — 1) that
0 h2 ¢ 4 l ¢
@l + = | llwllzer < flwollgss +C [ vl g [wllger
0 0

t 1 )
+/Qbmw@ﬁwm+ﬂmmwgﬁwgﬁq
0
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and
h hy [ h < h C ! v
[w®gsa-1 +— [ lNwllgss—1 < [lwollgsy—1 + IVl g 1wl peo-1
v Jo 0

t 1 .
b [ (I Hawllyaes + 10+ H) divalns + el )
0

By assumption (4.27) and s; < s — 1, one has

1 ¢ C CC() ¢ h
Sz wlps < S Hall pglwlpe < —=(llwllps + [[w]lpe-1),

1(h1 + Hy)divalgsr < C(ha + [ Hill ) lull porer,

d
2

g Cco h
1%

1 ¢
;HHz Wl < [Hall g llwllps-1 < T(HwHle +[[wlgsa-1),

(s + H)divul ey < Ol + [Hal|g)ul .

ha

A ing that ¢y <
ssuming that co < o~

, we conclude that

hy [
lo@)ll5sr + lw(t) a1 + 21//0 (ol Ber + [lw] 1)

t
h
< Jlwoll s + llwoll ey +C/ (ol y¢ lwll gorrr + IVl g lwllpoa-1)
0

t t
¢ h
+C [l + ) +C [ (1ol + 1521amr) - (263
The estimate of the time derivative comes readily from the equation of w, we have

t
/0 (0]l e + 18]y
! L w e . ’ ‘
< [ (o Fuwltyn + 110+ H2) s+ 1(ha + Ha)divales + (12l
0

w .
v+ Vel o1+ l[(ha + Ha) e, + (b1 + Hi)divel| e, + IISszész—l)

t
w e W p ¢ h
SC/O (HvllBg\IwIIBS1+1mBsz+(II;HBS1+H;IIBSQ—l)HIUIIBsmnBsz+(||52HBS1+|!Sz||Bsz—1))-
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This combined with (4.63) implies that

hy [* h t

¢ 2 Y 2 ¢

o)l 5s1 + llw ()l fpep-r + 41// (Il + [wlpe-1) + 75 [ (100l + [0a0] 1)
0 0

t
¢ h
< flwollgss + [lwoll s, -1 + C/O (Ioll g lwllBrnps + (Vo g ] o)

t
+C /0 (lullgersnes + (12l + 1S200-1))

which further gives

hy [*

hy ! ha
ac J,

¢ ¢
1w J, el =+ ][ ap—1) + (19ewl| s + 10wl o-1)

t
l
< ool + aollyes +C [ 10, V)l gl
t
0
+C / (Il essaiges + (15205 + 11S2le00)) - (4:64)

Next, we consider the equation of u in System (4.25) and we write that

Ou~+ v - Vu — hapAu—hg(A + p)Vdivu + nu
:H4,uAu + H4()\ + ,u)Vdivu — (h5 + H5)VT — (h(j + HG)Vw + 54.

Applying Proposition 4.7.3 (take r; = s1 + 1,73 = s2 — 1) to the above equation gives
0 h ¢ l h
[u(®)[[gsy+1 + [[u(®) I pso-1 + M/O IVl gsy+2 + [[Vullgs2)

t t
. l . h VA h
) /0 (dival e e + [divalls) + 1 /0 (ealeron + al e t)

S Mool + olfaes + [ ol g lallminrans + ol g Rl i)
(s O TN Ul s+ 15+ H) V4 + ) Vi)
(B + Ot ) P+ )+ s+ ) Vi

b [ 1 1

Then, we use the low and high frequencies decomposition, product law (A.7) and that sg — 1 <
s1 + 1 to obtain

Pl H A ey 0 < (| HaAU ey 0+ | HaAd 1)
< Ol Hal| g (IVull geyre + [Vl Bsz).

d
2
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Similarly, we have
A+ I HsVdival e 0 < OO+ )| Hall g (1dival oy ve + [[dival s, ),
(hs + H5) V7| Gayir < Clhs + 1 Hsll g )7 I paysz + 7]z,
(k6 + Ho) V| gays1 < Clhe + [ Holl g ) (Il gy 2 + llw][Be2)-

For the terms pertaining to the high frequencies part, using product law (A.7) and low and
high frequencies decomposition, and the fact that s — 1 < s1 + 1, we have

:U’HH4AUH%82—1 < C/j’(”H4Au£H%81+1 + HH4Auh||7352_1)
< Ol Hall g (IVull peyz + [Vl e2)
and similarly

A+ [ HaVdivul| e o1 < C(A+ )| Hal|
1(hs + H5) V7| ay1 < Clhs + | Hs |

o (ldivall g 2 + [[divalb..),

d
b1
¢ h
sl gsyee + I7lBe2),
)

| (he + H)Vewlloys < Clh + 1 Hol g) (I0lger o + ol )
Choosing cg small enough, we see that

t
() o1+ () g + M/O (IVulger 2 + [ Vullhss )

t t
A+ ) /0 (divaGanes + [dival|e) + 1 /0 Nalepin + Nl yepr)

t
< O([uoll Goyer + ol fap—) + C/O (IVoll g llullparsrnpee—r + (0]l g llullBs2)

t t
e /0 (18l er o1 + [Salas) + C /0 (10, )z + 11,7 ea)

Time derivatives estimates

The estimates of the time derivative d,u will be obtained through the equation of u. Notice
that

lo- Vg < v Vel gan + v Vu'l| e,

V4 h
< Clloll g (lullgsi+1 + llullgs2) < Cllvll g llull gart1npe
and
h
lv- Vullge,—+ < Cllvll g llullps-

Then one immediately has
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t t
A(M@wmm@ﬂu+m&wmo@w1»+AumAmm+Awmwwgﬁl

t
*1/IWAUKM+va&VM@w1)
0
t
¢ h
scwwmﬁu+wﬂmzo+c£NVﬂﬁwmwﬂmw4+mgymmme»

¢ t
+ C/O (1SallGor+1 + 1Sallon 1) + C/O (1w, P Gor vz + 1 (w, 7)) - (4.65)
At last, we show the estimate for the time derivative of r. Recall that r satisfies
Oyr = —v - Vr+ (hg + Hs)divu + Ss,

thus, using that so — 1 < s1 + 1, we have
! h ! h h h
L0t < [ (1 Vel + 10+ Ha)ivallss + 100

t t
<C [ (1ol g lirlvs + Cha + 1l )l o+ i) + [ 150

and
! y4 ! V4 y4 l
J 0 ss < [ (0 Fren + s + Ho)divul s + [ Sall )
0 0
t
l 4
scAQﬂﬁwwmn+w%w+wwwm%ywmmﬁ+m%w)

t
Y/
+A”%Mmb

Combining (4.64), (4.65) and the above two inequalities and keeping in mind that n > 1, we
conclude that (4.62) is satisfied. O

Completion of the proof of Proposition 4.3.1

First, we multiply (4.62) by a small constant (far less than x) and add it to (4.61). Then
applying Gronwall’s lemma and taking ¢y small enough, we are able to obtain (4.28). The proof
of Proposition 4.3.1 is completed. W

4.5 Proof of Theorem 4.3.1

Here we expose the main arguments one has to use to obtain the existence of a unique
global-in-time solution for System (4.23). We follow the scheme explained in details in [36]. As
we mentioned in the Remark 4.3.1, we are not able to consider the case n — oo, so, for simplicity,
from now on we assume 77 = 1. Moreover, in this section we fix the value of the regularity indexes
s$1 = % — 1 and s = g + 1, it is the best setting in which we can derive our global existence

result. Note that the couple (s1, s2) satisfies the conditions in Theorem 4.3.1.
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4.5.1 Existence scheme

Here we expose a classical iterative method to build a solution.

Iterative existence scheme
We consider the sequence (Z™),en = (¥, w™, r™, u™)pen with smoothed out initial data
(yg: wga T(7)17 u(T)L) == (Sny07 S’nwO’ S’n’l"(), SnuO)

where S, f = Zj<n Ajfj and define the first term of the sequence Z° = (0,0,0,0). Then,
assuming that Z" is smooth and globally well defined, we choose Z"*! as the solution of the
following linear system (the existence and uniqueness of solutions for an analogous system can
be found in e.g. [33])
Oyt 4 - vyt =0,

n+1

Or™ 1 4w Vw4 (Fy + G)divu 4+ (B + Gf) —— =0,

(w”)2

r™ Tt 4w - Vet 4 (Fy + G )divu™t = Fp

Ot 4+ - VTt 4yt (B + GB)Vr L 4 (7+ —7-) (Fo + Gg) V™!
= (FO + G Aupu

(4.66)

n-+1 n+1

1 1 n+1 n+1 n+1 n+1
\ (y ) w ) Tn+ ) un+ ) (y() T() ’ 0 )
where G £ G;(w",r",u") for i € 0,3. In the next part, we prove uniform estimates for Z" in

Es-Lg+L,
First step: uniform estimates

We shall use the following classical inductive argument:

We claim that there exists constants ¢ and N, such that if we assume that HZ0||B 414

<c
1mB§+1

then for all n € N, we have
||ZTLHE%—1,%+1 < Nec. (467)

This is obviously true for n = 0, let’s assume that it is true for some fixed n € N and prove it
for n + 1. First, looking at the equation of ™! and applying proposition 4.7.2 with a = 0 and
f =0, we get

T
[Fas (T)HB%%QB%H / 0 y”“H g dr < HyOHBTl pda €XD <C'/0 [Ju” (7')||Bg+1 d7'>

Then, using (4.67), we get

t
7] + [0t g < e (4.9

Lg® Bf_lmBT"l

Then, to recover some estimates for (w1, r"+1 4"*1) we need to apply Proposition 4.3.1 to

(4.66) without the equation of "1, to do so, we have to show that for all i € 0,3, we have

G} | Lo (1) < CNe. (4.69)
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To that matter, expressing p as a function of r,w,y and using (4.67), we get

n
Lm(37—1m32+1) = (HT HZ%O(B%_lﬂB Bf_l B +Hy HLOOB§—1032+1))

< CNe. (4.70)

o™ el

Next, as the G; are smooth functions vanishing at origin, we can apply the composition Propo-
sition A.2.6 and, for all i € 1, 3, obtain

1Gi (7", w", ") | < O™, w", y")]| - < UNe. (4.71)

d da
Lw(Bf_lﬂBZ'H) - L¥B2 'nB2T") —

This combined with the inductive hypothesis (4.67) tells us that (4.69) is satisfied.

Therefore, applying Propositions 4.3.1 to (4.66) and adding the resulting inequality to
(4.68), we obtain

t
”(yn-i-l w" r"+1,un+1)\|3%7103%+1 +/0 “(wn+1’rn+17un+1)|’3%ﬂ

t t
1 1 1
B%—lmB% +/0 Hun—H”B% +/O H(&y’” 7atwn+1’atrn+ 7atun+ )”Bd

2

v 2

t (,wn)Z
< CeCNc + eXP(CVn(t)) (H(wOaTOv UO)HngmBgH + /0 HFI HBiflmB%+1>7

where V(t) = ||('3tG”|| g+ |v™]] 4 . Then, in order to obtain the desired estimate,
BSnpE+1)

we need to control the rlght hand side terms using an inductive argument. Defining G% := Fy— F},
thanks to (4.71) and (4.67), we have

t . (,wn)2 " w™

; IFE) "= g1 pgn < C(RL+IGE HLw( g))llw HLoo(BgflmBgH)\!7|!L1T(Bg)
< CO+ NG N2 g
< CON?.

Concerning V", it is clear that / HU”H < Cec. Thus we are left with controlling the

$npE+
terms with time-derivative. For all i € 0,3, we have
oG BG”

mn 1 K3 TL 8Gn
%Gi = oy Oy or * w

L ™. (4.72)

Using that the G}' are smooth functions and (4.67), we obtain

/Zuatc;"u . < CNe.
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Gathering all those estimates, we obtain

t
w
1Z M gorgan + H 4 Hnu"“H g < Ce“N(e+ ON?EP).
E2 2 0 v B2 mBQ B2

Thus, choosing ¢ small enough and a suitable N, the inductive hypothesis is fulfilled for n + 1,
and thus for all n € N.

Second step: Existence of a solution

Here we show that the sequence (Z"),ecn converges in D'(Ry x R?) to a solution Z of (4.23)
which has the desired regularity properties. The following lemma will imply that (Z"),en is a
Cauchy sequence in a suitable space and also the uniqueness of the solution.

Lemma 4.5.1. Let U = (y1,w1,r1,u1) and V = (y2, wa, 2, u2) be two solutions of (4.23) having,

d ~
respectively, Uy and Vy as initial data and such that U,V € E2 “Lal . WesetV=U-=-V, it
satisfies
HVIIEZ%_I, C(IVoll g1 g + R(T )HVHEI%_L%) (4.73)
with
1 2
RO = WV gty (001l g #0002, g IVt )y ).

Proof. Let first consider the case d > 3. Observe that V is a solution of

Oy +uy - Vi = aVys,

W + uy - VU + (Fl + Gl(wl,rl,yl))divﬂ + FQ'ZD =Ri+ Rl(U) — Rl(V),

T +up - VI + (Fg + Gg(wl,rl,yl))div& =Ry + RQ(U) — RQ(V),

Ostt +up - Vi — (Fb + G(]J).A'u,)\’ll + nu + (Fb + G()J)V?Z + (’)’+ - "}/_) (FO + Go,l)VﬁJ =TR3
(4.74)

where

Rl = —fLV’wQ — (Gl(wl, rl,yl) — Gl(wg,rg,yg))divm,
RQ = ﬂV’l‘g - (Gg(wl,’l“l, yl) — Gg(wQ,TQ,yQ))diVUQ,

Rg = —’fLV’LLQ — (Go,l — Gog) (—AMAUQ + V’I“Q + (’Y+ - ’7—)ng) s
2
w w
Ri(U) = —G2(w177“1,y1)71 and Ro(U) = —F4(w1,7“1,y1)71

From similar arguments as for system (4.66), we can apply Proposition 4.3.1 to the three

d
last equations of (4.74) and Proposition 4.7.2 for the equation of ¥ in the case r; = 5~ 1 and

d .
ro = > we obtain

t
VI8 < e (C [ V) (Wol5 0

t
+/ 1(@Vy2, R1, Ry(U) = Ri(V), Ra, Ra(U) — R2(V)aR3)||BgflmBg)
0
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BEapit Again, using from the smoothness of the

3
where V(t) = Y 10:Gi(wi,r1,91)|| g + ||
=0

GT' and (4.72), it is clear that there exists a C' such that

t
/Vg(].
0
w2

w w w
Ri(U)—Ri(V) = —GQ(wl7rlay1)71 + Gz(w2,7”2,y2)71 - GQ(w27T2,y2)71 + Gz(wzﬂ“%w)j

Concerning the source terms, since

and similarly for Ro, using composition Proposition A.2.6, for i = 1,2, we obtain

1 ~ 1, .
IRAD) = Re(V)lyg S ol g 171 g+ 10l g IV g

1 9 e 1, .
2 171 g + ol g o, w2) g IV g
Similarly
<1 ~ 1, .
IRAU) = BVl g s Sl g 171 g0+ Sl g IV
1 ~ 1, .
2 70 g+ 0] g NCon, )] g IV

Using composition Proposition A.2.6, Corollary 2.66 from [3] and product law we obtain

”VHE%—I,%-H'

T
| IR AR AR g, <171

d d
L (B2~ 'NB2)

Gathering those estimates, we obtain

7 g-g < CUblgos g + BNV g1 9)

Bz nB2
T

which is the desired estimate in the case d > 3. The above proof fails for d = 2 as some right-
hand side terms have to be estimated in Besov spaces with a regularity index equal to zero (such
as e.g. Ga(wa,r2,y2) — Ga(w1,r1,y1)). To overcome this difficulty one must adapt the proof
to Chemin-Lerner spaces defined in [3, 24, 25| with third index r = oo and to estimate the
difference of solutions with logarithmic interpolation inequality. For more details you may refer
to [3] p.445-447. O

Applying Lemma 4.5.1 with U = Z" and V = Z"*! and using that thanks to the uniform
bounds (4.67) the right-hand side of (4.73) can be absorbed by its left hand side, we infer that

(Z™)nen is a Cauchy sequence in E2=15%1 and therefore there exists a Z such that (Z™)nen

converges strongly toward Z in 51541

We are now left with proving that Z is a solution of (4.23) and indeed satisfies the stated
regularity properties. The proof of such results are quite classical, we would like to omit details
here, and advice the reader to the lecture [36] and the paper [33] about the study of Navier-Stokes
equation.
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4.5.2 Uniqueness
As a direct consequence of Lemma 4.5.1, the following result implies the uniqueness of our

solution.
Lemma 4.5.2. Let U and V be two solutions of (4.23) with the same initial data such that
(4.75)

d 1,441 _ .
2 There ewists a constant K > 0 such that if
K

UV eE?
HVHL%O(B%*%B%“) <

then U = V.
Proof. Let V.= U — V, since Uy = Vj, lemma 4.5.1 implies that

1,2

§ SCR@OIVI 414

.).

)l

)+”V”L%°(B%—1mBz)

with
2
il (o9

1
g5 (ol g+

RT) = IV g

d d
F(BEINBETYY

As we have
lim supyo, R(T) < OV,
choosing K such that CK < 1 we deduce that ||V|| ¢4 = 0foraT > 0 small enough.
EZ
0

Therefore, U = V on [0,T]. Then, a classical bootstrap argument allows to show that it is also

true for T = +o0.

4.6 Relaxation limit
In this section we assume that d > 3 as they are some limitations for d = 2, due to negative

regularity indexes.

4.6.1 Recovering a solution for the Kapila system
Here we establish the strong convergence locally-in-space of system (BN) to system (K ),

which proves Theorem 4.2.2. To do that we assume that we have a solution (o’ ,a”, p, p¥ , u")
of (BN) satisfying the properties described in Theorem 4.6.1 which are similar to the properties

obtained in the a priori estimates used to prove the existence Theorem 4.2.1.
First of all, we will derive the equation of a of the limit System (/K') by following an idea

of Bresch and Hillairet in [13]. In System (/X), the second equation reads:
at(Opt+ +u- Vi + ppdivu) + py (Opay +u - Vay) = 0.

Multiplying this equation by P’ (p4) and using that p; P} (p1) = 74Py (p+), we get
(4.76)

a+(8tP+ +u- VP+ + ’}/+P+diV'LL) + ’)/+P+(8t04+ +u- Va+) = 0,
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and similarly for a_p_. Then multiplying the resulting equations respectively by a— and a4 we
obtain

ara (8 (Py — P_) +u-V(Py — P=) + (v4+ Py — - P_)divu)
+ (a4 Py +ayy_P_)(0ray +u-Vay) =0. (4.77)

Then, since for system (4.2) there holds P, = P_, we have

(74 —7=)ata- diva.

8ta+—|—u'Va+ = —
V+O— + V-0t

Taking this equation into (4.76), one finds that System (/K)-(4.7) is equivalent to the following
system
(o) +a_ =1,

Oy +u-Vay =— (O = v-)asa- divu,
7+0471j V-0t
P +u-VP = —Ldivu,
Y+ O~ + V-0t (4.78)

p(Ou~+u-Vu) + VP + pu =0,
p=appy ta_p,
P =P, (py)=P-(p-),
L (Oé_;_,Od_,P_HP_,'LL)’t:Q = (a+0,a_0,P0,P0,u0).

For simplicity, we use PY to represent Py (p% ) respectively. Since the solution (o, o, p%, p%, u")
is regular enough, the equations for PY can be obtained rigorously as in Section 3, we have

o PY
O PY VP! + 4y PV dive! = :F”i%i(m ~PY)

and thus
ala? —afa? i
TR L Ry sy (0(PL—P2)-+u -V (PY = PY)+ (3 PY =y PY)diva” ).

Substituting this equation into the equations of o/ and PY, we have

ol +a” =1,

o a” (y4+PY —~y_PY)
O +u” - Var =Ty (0P = PY) +u” - V(PY — PY)) = = - divu?,
ralf + u ol 1(0(PY — PY) +u (P{ = PY) Y4V PY 4+ ~y_af P¥ e
Y=Ly P” :
8, PV VVP”:F(@ Py — pP¥ V’VPV—PE)_ d V’
P +u T 2( O (PY ) +u (PY ) Y+l Py +~_al PY e
V41— PY :
O PY +u? - VPY =Ty — 1)(&:(131 — PY) +u” - V(P! — PE)) - el PY Tyl P divu?,

pl’(ﬁtu” + u” - V’U,V) + VPY + PVUV = AM,)\UV7

pY =l ph +arp?,

P¥ = o PY + o’ P,

(o, a”, Py, PY )= = (o, a2, PYy, PYy, uf)

(4.79)
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where

v v v v
ala? Yol PY

Fl = FQ .

vy’ PY 4y o PV’ T ypaY PY 4 y_afPY

Here and after, I'; are some regular functions of variables (a/, o, P{, P¥) and
Iy :==Ti(ay, a—, P). Thus with the composition Proposition A.2.6 for multivariate functions,
we have

IT; — Ty < CM;. (4.80)

, SO0k —aw, PE= Pl pgorpdn) <

L<><>(B%*1r113%+1

1
From the bounds of the existence theorem, we see that —(PY — P¥) is uniformly bounded in
v

L (B%). Therefore, 0;(PY —P") converges to zero when v goes to zero in the sense of distributions,
and the product law B35l x B3 < B3~ yields

lu” - V(P = P~ < Cllu”]|

v pv
—)”Ll(B%’l)_ LOO(B%)HP+ P_HLl(Bd —0 as v—0.

)
In particular, this implies that the first terms in the right-hand sides of equations of o/, PY, P¥
converge to zero respectively in the sense of distributions, since it is easy to find that I'y,I'y €
L®(Ry x RY).

At this stage, with the uniform bounds of the existence theorems in hand, one may perform

the classical weak compactness method to show that there exists a function (ag_, al, P_E, PY )
such that

(@ —ay,a’ —a_,P) — P, P’ — P_ 0% ¢ LOO(RJF;Bg*l N B%H)

and (ol ,a”, Py, PY u") — (a+,a_,P_E,P9,u0) in L (Ry XRd) as v — 0.

Moreover, with this strong convergence one can further show that (a?r,ag,Pfﬂ,PB,uo) is a
solution to the Cauchy problem (4.78). To prove the uniqueness of the solution one has to
perform similar computations as in the proof of Theorem 4.2.1 with the help of Proposition
4.6.1. Therefore we can conclude Theorem 4.2.2.

However, this weak compactness method does not allow us to obtain an explicit rate of
convergence, we shall work in this direction in the following.

4.6.2 Convergence rate
4.6.2.1 Presentation of the problem and strategy

To tackle this problem, let us first define the difference of two solutions by

(50é+, 6a755p+7 5p*a 5”) = (Oéi - O“raai — 0, Pi — P+ pli — P— u” — u)

We have to admit that it seems hard to obtain decay rate for the terms containing 9;(P{ — P¥)
in the system (4.79). To avoid this problem we will replace the equation of P{ by the equation
of QY := PY —T'3(P{ — P”). Moreover as in the equation of oy there would be a linear higher-
order term of du (i.e. divdu) which would be hard to handle, we will replace the equation of
day by the equation of YV — Y, . This last modification is similar to the one we did to prove the
global well-posedness for system (BN), it does not seem suitable to use the equations of ay as
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we cannot recover L'-in-time integrability on this unknown.
More precisely, we consider the following differences

14 v
§Y, = ol Q1P+ Q4 = PV — Ty(PY — P’) — P,

)

P+ ol pl aypr Fapo

so that we have the obvious relationships

v ayar p_ ara”
Soy = oy, DL By, L B,
P+P— P+P— PyP—

§Py = PV — Py = 6Q, + Ty(PY — PY),
§P_:=P" —P_=6Q, + (I — 1)(PY — P¥),
§P:= P’ — P =6Q; + Ty —a”)(P! — P").

Notice that we also have
50é+ +da_ = 0,

. 1
Ops = (77 PY) = — (547 Pe) =,
dp = (p — p2)doy + ardpy +a_dp_.

(4.81)

(4.82)

(4.83)

From System (4.78) and System (4.79), we obtain the following system for (6Y;,dQ+, du)

at(SY+ + u” - V5Y+ == (SSl,

8,55Q+ + u” - V(5Q+ + (fg + (Fg — fg)) divéu = 05,,

1 11 (4.84)
Oyou +u” - Vou + du + (j + (7 - j))V(SQ... =053,
PPt p
(0Y4,6Q+, 0u)|i=0 = (0,0,0)
_PYP¥ PY —~y_P¥
where I'3 := T T , [y = i el and
Yol PY 4y ol PY Yol PY 4y ol PY
(5S1 = —du- VY+,
58y = —du- VP, — (PY — PY) 9Ty +u” - V) — — = (5Q, + Ty da)divu
Y+ + V-0

1 VP, 1
083 =—6u-Vu+ —A, \u" + op— —=V (L2 —a”)(PY—PY)).
3 o 1A o p o (( 2 ) + ))

At this moment, one may find that the advantages of our choice of (0Y,,0Q+) is that all the
source terms can be represented by the quantities depending on the differences (6Y;, Q4 , ou) or
on P — P¥ which will be proven to have a convergence rate of at least /v in L3 (B*) and L(B*)
for a suitable s. The necessity of LF decay comes from the fact that some factors of PY — P” will
only belong to L.(B*). Moreover, the first equation in System (4.84) is a transport equation,
while the coupling between the second and the third equations is covered by Proposition 4.3.1
or, more precisely, by eliminating all the ”"w” factors in Proposition 4.3.1, one can obtain the

following proposition:
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Proposition 4.6.1. Given functions F1, Es, E3, E4 and positive constants ey, eo such that

o i=1,2.

l\)\)—t

E17 to 7E4a v E Cl(R-i- X S(Rd))7 ”EiHLOO(O,T;Rd) <

Let —% < 51 < d —1 and s1 < s — 1 < s1 + 1. Suppose that (q,u) is a solution of the following
linear System (4 85) on time interval [0,T)

Orq+v-Vqg+ (61 + El)divu = E3,
ou—+v-Vu+u-+ (62 +E2)Vq = Fy, (4.85)
(¢,u)|t=0 = (qo0,u0)-

There exists a positive constant eg depends only on ey, eq and dimension d such that if

I(E1, o)

<e
Le(B31npi+ly = 0

then the following estimate holds on [0,T)
(@ @) 1o gony + 1@ W ooy + Nl Tr gor oy + el ereny + 1@ @)1 1 eay

< exp(CE))( (g0, wo)l3s1 + (a0, o) B2 + (B3, Bl 1y (541 m5o2) )
t

t
where E(t)—/o (@2 QB g+ loll g g.1)-

We are now in the position of stating our convergence result.

Theorem 4.6.1. Let d > 3. Let v € (0,1] and assume that (4.5) are (4.8) are satisfied. Given
any T' € (0, 00], suppose that (o, a”, PY,P¥ u") (resp. (o4, a—, Py, P_,u)) is the solution to
the Cauchy problem (4.79) (resp. (4.78)) that satisfies

(8Y-10,6Q -0, PLo — Po, s — uo)| <oV, (4:86)

d_3 d_
272 2

Nl

B nB

where 6Y4o, Q10 are the initial data of the differences Yy and §Q+ defined in (4.81),

_ _ _ _ d_ d
(ai—a+,a’i—a_,pi—p+,p’i—p_,u”) GC([OaT)aB;Q 10%2—&-1), (487)
(a+ — Q0 = Ay Py = Py P ﬁ*au) € C([OaT);BE_l a B§+1)a

and that there exist positive constants My, My independent of v such that

(o — ax, pi — ﬁ)HE%O(B%*mB%“) + [[(a+ — @+, p+ — ﬁ)HZ"To(B%’lmB%H) < Mo, (4.88)

1
1> (Py = PE)II; ANz pg) 1P = PZ] (4.89)

(B?)
+ [|(w”, w)l

LB 'nBY) LL(BET
+[[(Oraly, Owpt, Vu”, Vu, )|~ < M.

~ d d
Lk B? 1mB§) L2 B2 InB2+Y) —
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Then there exists a constant C' such that we have the following estimate for allt € [0,T),

v l

10Ye0Q " =)l e g -y +10QI, g,
h 4

FI0QLI, -y, + 19Ul -3y < Vo exp(CML).

Above, the constants My, My and C depend only on a-, p+, P and the dimension d.

Remark 4.6.1. We shall suppose that My is small (say My < 1 without loss of generality),
however M7 need not to be small.

Remark 4.6.2. The assumption (4.86) can be lowered to O(vY) with v > 0 but then we would
end up with a convergence rate equal to VP with 8= min{%,fy}.

All the properties assumed in the above theorem are satisfied by the solution coming from
Theorem 4.2.1 thanks to the properties established in Theorem 4.3.1 and therefore this result
immediately implies Theorem 4.2.3. The rest of this section is devoted to the proof of the above
theorem.

It is clear that the System (4.84) can be looked as a linear system with a given convection
velocity u” and coefficients that fall in the range of application of Proposition 4.6.1. Indeed,
under condition (4.88) with small enough My, the assumptions presented in Proposition 4.6.1
are satisfied. Thus one only needs to find the appropriate regularity indexes in low and high
frequencies so that all source terms are bounded and have "enough decay" appropriately. This
is the purpose of the following lines.

4.6.2.2 Finding the appropriate spaces

Notice that by interpolation inequality and Young’s inequality we have

1 1
M vl gy < T A w2 g [ Aua w2 g

1 1
SV A2 o 1A,
B2 B2
<V (M t’llg + ] _g.a).
Then the uniform bounds (4.89) imply that

[ Ay vl ) < M, (4.90)

Ly(B%-2

and

1 1
Mua vl pg-g < T A2 o I Awaw”ll o

1 1
V|2 V|2
< \EH'AM“ ||;%,1 [Au H;%,z

<V (1A g+ )
Then the uniform bounds (4.89) imply that
[ Ay UVHLl(B%,%) < M. (4.91)
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Remark 4.6.3. In fact, for any 6 € (0,1) we have

0 d
Ly(BEY

1-0
Ly(B%)

i) A
LY(BZ ) WA g

v 1—60 0
A |50 < COM .

Al oy < a7, g ]

< (viaw

an,,v|0
<V, g |

This means that we could get a better decay rate for this term if we change the space where we
estimate the difference of solutions, like ¥ with 6 € [%, 1). Howewver, some of the source terms

containing ay will have a decay rate bounded by /v only in B%~% and B33 s0 it is not relevant
to use this idea until we find a way to improve the decay rate for the terms containing volume
fractions.

Now, from the bounds (4.89), we know that ||PY — P¥|| a4 d
LY(B27°'NB2)
the rate v, but the convergence rates in the L*°-in-time based spaces are not clear. We have to
emphasis that this kind of convergence rates are very important, since when handling the source
d d
term (PY — PY)0;I'y lying in 052, one could only get 0;I's € L'(Bz27' N B2) from the bounds
(4.89), therefore obtaining convergence rate in L>°-in-time for PY — P¥ is necessary.
In fact we have such a result in Chemin-Lerner type spaces.

converges to zero at

Proposition 4.6.2. Let (PY, P¥) satisfying the condition of Theorem 4.6.1, we have

it <oV (4.92)

N PEHZOO(B ~5nB

Proof. 1t is easy to check that

vy Py +~-a P — (yya_ P +y_ay P)

< Ol a0t —a  PL— PP =P g
< CM,

and therefore it is small enough. So we can apply Proposition 4.7.1 to (4.6.1) with s € [% —

%, % — %], one has

||P_|l: — PZHZoo(Bs) gCHP-iliO - PKOHBS
£ OV ([ VP~ P)llgagey + 100 PY — 7-PY) dive 7o) (4:98)

Notice that thanks to (4.86) and the fact that Pyg = P_g, we have ||PY, — PY||ps < Cy/v.
Now, recalling bounds (4.88) and (4.89), using the product law

Bt x B273 < B2 2 (4.94)
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and interpolation inequalities we have
I - VP = Pl gy < Il g VP = POl g
< v PY — P2 Pl/ PY 2
< C It IPE = P22, g WPE=PEE
13
< CMg M7
and
v 12 : v
I P = =P diva |, gy
v = . v v D : v
< (P = PYdive L, gy 49 (P2 = Pydival, gy
Lo
+ (e H ) Plldiveiz, pag
< O (3 lP2 = Pl gy + NP = Pl g + (i + 1) P) Idivall g,
< (Mg + P) ||u”]|2 V|2
< Ol +9) Mo+ Pl ey
< C(v+ +7-)(Mo + P) M.
Once again, using the following product law
d d_1 d_1
B2 x B272 < B2 2 (4.95)
and interpolation inequalities we have
v 12 v v v v
I -V (PE = Pl -y < Nl IVCPE = POl g,
1
YO L PN [l ENPION P”H2
°°(32 Ly(B2*Y) ~(B%)
13
< C’M02M12
and
12 1% : 12
(5 P = P diva 1, gy
<y l(PL = PYdivaly gy 43I = Py divall, gy
_
+ O ) Plldive’lly, pgg)
14 D v : v
<C(1l(P = Pl gy + 11 (P = Pl g + i +7-0P) Idivell gy
<C (Mo + P) ||u”)? Y2
<O+ 0o+ P I, o [ HZOO(B%)
< Clyg +7-)(Mo + P) My,
Plugging the last four inequalities into (4.93), one gets the desired inequality. O
In conclusion, from this preliminary analysis it seems that the indexes s; = % — % and
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S9 = % — % are good choices when applying Proposition 4.6.1 to the System (4.84).

4.6.2.3 Derivation of the convergence rate

Applying Proposition 4.6.1 to the equations of Q4 and du in (4.84) with s; = % — % and

So = % — %, Proposition 4.7.2 twice to the equation of dYy, one time with s; and the other time
with sg, and summing the resulting estimates together, we obtain

14
10Y+,6Q, 60l a3 pa-y, + 11(0Q+, 6u) L Y LiBdh)

> . (4.96)

h
||'f,tOO(B 3B %) HLtl(B%—% B%+%)

< exp(CE(?)) <H(5Y+0,5Q+0,5u0)|| 1 T 11(051,652,053)||

d_3 d_
B2z 2NnB2

t _ 11 ,
where B(0) = [ (10T = T2, 05 = 2l + 1071 g )

From the bounds (4.88) and (4.89), E(t) is clearly uniformly bounded and from the hypothesis
(4.86), we have [|(§Y0,Q+0, 6u0)HB%_%mB < C'y/v. Let us now check that the source terms

lying in §S1, 652 and 4S5 in the spaces L} (B
depending on the frequency regime.

[SIIsH
w

_5ﬂg_%). To do so, we have to split the analysis

Step 1: Low regularity estimates

Here we use repeatedly the product law Proposition A.2.4. Concerning 457, we have

6w Y3l gy < Clloull gy 190 = )l s

< Clloull yg 3 Vs = Yyl g < CMol|dull gy (4.97)
For 55 and 653, we have

[6u- VP gy < Clldull gy IV(Ps = POy,
< Cllsul gy 1P+ — Pll g < CMolldull g ;. (4.98)
10w Vull g g < Clléul| g_1 [Vull ,a_, < Clloull ,a_y llull 4 (4.99)

B2 2 B2 2 B2 B2 2 B2
and

(P~ P)@Ts - VD) g g <CIPL— Py 90l g (1.100)

+OIPY —PYl gyl VTal| g .

Thanks to the estimate (4.92) and bounds (4.89), by product law (4.95) the previous can be
bounded as follows

[(PY ~ P)(@Ts +u” - VDo) g
< OV MO g + 1P = P gy T2 = all g ]y (4.101)
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Before estimating the last term in §.S3, we need the following lemma.

Lemma 4.6.1. Let d > 3. For s such thatf—f <s< d %, we have
1By, Sa, Spsy Op_, 8p,6P)||ps < C(Mo + 1) (\|(5Y+,5Q+)”35 + ||P1—P5HBS). (4.102)

Proof. Thanks to the relations in (4.82), by product law (4.95) we have

16Py. P25

IN

Cl6Qu 15 + C(IT2 = Tall . g 1% = Pl + T [IP% = P 3:)
CII6Q+ |5+ + C(My + D[ P — PY|| . (4.103)

IN

Using relations in (4.83) and a decomposition argument similar to (4.103) yields

ldai |z < C(Mo + 1) (57, 5p, 5p-) 5. (4.104)

1
Define f(z) = (i:c) 7+ . We are now going to control p4 by d Py but the composition Proposition
A.2.6 cannot be applied readily since f/(0) # 0. Still, we can rewrite dp as

sp2 = (Ha+ )= rP)a) | D (P
p+—( o) - x) P+713+< :E) P —P
_ . = PY—P , =
= (fa+P) = f(P)z)| =+ f(P)oPs,
pP,—P
then, since s > 5—5 > 0 as d > 3, we can apply the composition Proposition A.2.6 to the first

quantity of rlght hand side and obtain

16p+ 1B < f/(P)|6Py || 5= + C|I(PY = P, Py — P)| p:[|0P4 ] b=
< C(Mo+1)[[0P4|ps-

Proceeding similarly with dp_, and using combining the resulting estimates with (4.82), we
conclude that (4.102) is satisfied. O

Now, using (4.94), (4.95) and the composition proposition, we get

|———(6Q+ + Tuday) divul| g
V+O— + -0t

T+ T+7-= : ;
(e it d+1>(H5Q+dIVUHng+\|F45a+d1VUHBg7g>

<C(Mo + 1) (16Qu 1| gy Il g+ ITa = Tall g, I6asdivul gy + Talldasdivul 4 5)
<C(Mo+ 1) (1Q+ | gy lull g + Mo s ]| g_y llul

<C(Mo+12(16Q4 ] gy + H504+HB%_%> ||u"u

+ Callsars gy llull )

Bt
BinpE+Y
Combining this with (4.102), we obtain

”L
Yroo + -y

<O(Mo+ 1 (I 0Y+.6Q) gy + 1PF = P2l gy )l g e

(5Q++F45a+)dlqu 43

(4.105)
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Concerning the terms in §.53, using a product law and (4.91), we have

1 y 1 1 y y
|5 Al gy < OI5 = Sl Al g g + O Al g

1 1
<SCv(Mo+ D[]l gy <Cv(Mo+1)(u”]]2 g +[lu”]]2, ), (4.106)
2 B2 B§+1

2

and by (4.102),
VP+ 1

il g3 <CIVPs = P)l gl ool
<C||Py — P L ! L 5
<CIPL = Pl g (I = Sl + )00l gy

<CMo(Mo + 1)||6p] 443

<CMo(Mo +1) (| 3Y4.6Q) gy +I1PY = P/l g _y). (4.20)

1
2

We estimate the last term of §.53 in the following way
1 14 14 174
||p—yv((r2 —a”)(PL = P))l g
1 1 1
(15 = Sllgg +5) 102 = o) (P = P4

C(MOH)(HPZ—FQH gt lo? —a | g+t dZ)HPi—Pi’HgJ
< C(Mo+1)?||PY — P¥|| 4

IN

1
2

2

(4.108)

BS-1np4"

Summing up (4.97)-(4.101) and (4.105)-(4.108) together, integrating over [0, ] and assuming
without loss of generality that My < 1, we conclude that

1(051,052,053)]|

d_3
Li(B%-%)

t t
<My [ sull gy +C [ (1l gy +16Ye0Q0] g ) g

+ [P = P

BinBI+! B?_lﬁB?>

+CM1/ VIO gy + vl g
g0M0/0 loull 4, +c/0 (I6ull g3 +106Y4,0Q 01 g el g4

where we used that |||
tion verified by 9I's.

Ld < M which can be directly obtained from writing the equa-
T

Step 2: High regularity estimates

d
We will now show how to control the same sources terms in Li.(B 57%). Concerning 657, we
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have

60 VY-l gy < Cloul gy 19V = Vo)l g

< Clsull gy IV = Vil g0 < OMolloull gy (4110

Similarly as before, we have
H(5u~VP+HB%7% C’MgH(SUHBrj (4.111)
low-ul| a_1 <Cloul| a_1||lul|l _a, (4.112)

B2 2 B2 2 B2
and

(P = PX)Y@T +u” - VTo)l| gy <CIPY = PY| gy O3] g (1.113)

+ CIPL = P2l gyl VT g

Thanks to the estimate (4.92) and bounds (4.89), by a product law the previous term can be
bounded as follows

[(PY — PZ)(0iT2 +u” - V)| 4

B2_7
< CVv My |0l g + I1PY = P2 gy T2 = Tall g llu’ll g (4.114)
For the last term of 4S5, we have
T+7- .
—( ryo d
H’Y+a—+7—a+( Qt + Tyday)dival g 3
V47— Y+ : :

§<H7+a, +%a+ V- +’y oy H )(H(SQJF dwu”B%‘% 11T 6a+dwu||B%‘%>
<C(Mo+ 1) (18Q+ 1 gy Idivell g + ITs = Tl g |0asdivul gy +Talldadivull 4y )

1

-2
gc<M0+1>(u5Q+uB% vl Ly + Mollders | gy lldival g +Tallas ] gy ldival )
<C(Mo+ 12 (113Q+ | 143 + 18ers | g3 )l g

Combining this with (4.102) gives that

V7= .
”m(5Q+ + Tadory) divul| gy
<C(Mo +1)* (I60Y2,8Q) gy + 1P = Pl gy Yl g (4.115)
Now, with regard to the terms relating to 453, using a product law and (4.90) yields
1
oAl g4 < Cllog =2l Al g+ Cla gy
<Cv (M0+ 1)|| “I| a (4.116)

BinBI+D
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and by (4.102),

VP,

p <C|V(P. - P
P [ IV(Py il

d
2

NI

1
2 B2

/| 1
prp
1

1
<C||Py - PHBQH(H[) H + Z2)lopll 5

<CMy(My + 1)H5PH

1
2
SCMO(M0+1)(||(5Y+,5Q+)|| gy HIPL =P g y). (4.117)

2

The last term in 0S5 is estimated in the following way
1 v v v
59 (T2 = a?)(PE = P)l

1 1 1 174 14 14
< C(Hp—y - EHB% + t) (T2 —a”) (PY — PY)||

d. 1
B2t32

< O(Mp + 1)?|PY - Pl g gy (4.118)
Using the interpolation inequality
1 1
1 514 v V|2 v pU|2
1Py = Pl guy < IPL = PEIE L IPY = P2

1
<Pz - PY,

we have the desired estimate for this term.

Then, summing up (4.110)-(4.114) and (4.115)-(4.118) together, integrating over [0, ], we
conclude that

(651,852, 053)]|

LiBEh)
t
<CM0/ loull 4, /O(H(Su\Bg%+H(6Y+,5Q+)HBg;)H Wl g g

2 v v V|2
M [ VEIOT g o g+ 1P P )

t
<oy [ 190l gy +€ [ (180l +16Y00Q0l a1,
+CM1Mof, (4.119)

< M;.

where we used again that HatrZ"B%ﬂB%+1 <
Step 3: Conclusion

Gathering (4.109) and (4.119), we obtain

t
(651,652, 883)ll , pg-3.p9-3) < CMO/ 1ull Lg3 +C/O 1ull ya 5 pa-sllu’ll ya pai

+0 [ 1672000044 1o

2““’ HB7QB%+1
+OM3 /v, (4.120)
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Therefore, using (4.120) and (4.86) in (4.96) and Gronwall’s lemma, we have

10Y4.6Q4. 5u) ()] g 5 + (Y. 6Q4. 8)(D)] g
t
# [ 10Qull gy [ 19Qult g+ [ Ioullgy < vE eien)

which concludes the proof of Theorem 4.6.1. M

4.7 Some basic linear problems

In this section we prove some estimates for the damped transport equations, a purely
damped equation and the Lamé system that we used in this chapter.

Proposition 4.7.1. Let s € (—4,4], Hy € C([0,T);S) and hy a positive constant. Let w be a
solution of the following damped equation with variable coefficient on [0,T),

{ Orw + (ha + Hz) = = f, D)

w(ta 1")|t=0 = Wo.
There exists a positive constant ho such that if
- <h
HH2HL%0(Bg < hy <

then the following estimate holds on [0,T),

1 1
Z 0l + 5Oz gy < —=lol
Proof. We first rewrite the equation into the form

1 1 1

(h2+H2 h2+h2)atw+;:h2+ﬂ2‘
Applying the operator Aj to it, we get
1 w; , 1 1 ¥
— i+ —=-A;((——— - — A .
R it G~ )% + A5G

Taking the L? inner product with d;w; leads to

1 d . 1 1
s gl + ol 1P VA (G = 70l 0wy 1
; f
+ ”Aj(m)nm |Orw; || 2
Using Young’s inequality, we get
1 d 2 A 1 1 2 A f 2
wd ||wJ”L2 + B ||atwj”L2 §4h2\|AJ((m - E)atw)HLQ Jr4h2||Aj(m)HL2

1 2
+ %Hatwj”m'
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Integrating on the time interval [0,¢] for any ¢ € [0,7) and using Young’s inequality again, we
readily obtain

1 1 1
s 002+ = 0vszue) < ol + 4v/Ba 1A (G = 7)0) Lz

; f
+ 4/ thAj(h2 n H2)||L§(L2)~
Multiplying both sides by 2/% and summing up for j € Z, we get

1 1 1 1 1
anﬂzgo(gs) + \/T—QH@wllzg(Bs) < WHU)OHBS +4+/ha ||(m - h:)athEg(Bs)

f
+4+/ho ||m”Lg(Bs)-
The product law B* x B % < B and composition lemma entail that we have

4v/hs |(

1
et s +H hg)athE%(Bs) < AVha Ol 7. o, 100072 50y < 577 1000 2 )

- 1
whenever hy < Chy Handling the other right-hand side term in a similar manner completes

the proof of the proposition. O

Recall that the constant coefficient damped transport equation reads:

{Gtw—l—v-VuH-aw:f, (4.121)

w(t, x)|=0 = wo.

We are going to prove the following proposition.

Proposition 4.7.2. Letry € (—%,9],ry € (=4, %+ 1] and assume that a > 0. Then there ezists
a universal constant C' such that

t t t
h h h h
nmwmm+aAnwmmSMmmw+OAHVﬂﬁwwy2+Anmy2 (4.122)

and

t t t
V4 Y4 V4 4
ol +a [ ol < lwolln +C [ ol glwlsn + [ 17l @123)

Proof. Applying Aj to (4.121) yields
dyw; +v-Vwj +aw = —[A;,v]Vw + A f.
Taking the L? inner product with w; and then integrating by parts, one has

1d 1 _ ) . .
gl +allwgle =5 [ divolusP = [ w AV [ A

< |ldiv o oo w; 72 + llwjll 2 (1A, 0] Vawll 2 + 1A, £l z2)-
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As —g <re < % + 1, by Proposition A.2.3, we get

1A, 0] Vwll 2 < C27972q; ||Vl g llw]|pra.
Thus by embedding B 5 L°°, we obtain

t t t
sz +a [ uglze < sl + 027, [ 190l gl + [ 145701

Multiplying the factor 2772 on both sides and summing up over j > —1, we get (4.122)
For the low frequencies estimate (4.123), one needs to consider v - Vw as a source term, and use
the product law ||v - Vw||pr < CHUHB% |Vw|| g, for ri € (-4, 4]. O

Recall that the constant coefficient Lamé system reads:

{8tu—|—v~Vu—,uAU— A+ p)Vdivu +nu = g, (4.124)

u(t, z)|t=0 = uo.
We are going to prove the following proposition.

Proposition 4.7.3. Let ri,ry € (—g, %] Assume that ;i > 0 and p+ A, > 0. Then there exists
a universal constant C' such that

t
la®) s+ J(®) s + 0 /0 (Tl ox + [Fulger)
t t
) /0 (divaly,n + [divaelye) + 7 /0 (alllgrs + s

t
l h
< C(lluollpr + lluollpr) + C/O IVl allullBrinpr= + [0l L4 lull pri+inpra+t)

t
e /0 (Ugllm + lgllsea) -

Proof. Applying Aj to equation (4.124) yields
Auj — pAuj — (A + p)Vdivu; +nuj = —[Aj,v]Vu — v - Vu; + Ajg. (4.125)
Taking the L? inner product with uj, integrating by parts and using that A + > 0, one gets

1 . . .
sl + Vel + wllusle < 5 [ divolus = [ wsldsvus [ udi
R4 Rd Rd

Idivollzoe uz |72 + lull 2 (A5, 0] Vu) | g2 + 1Azl 22)-

1d
2dt

IN

By Proposition A.2.3, we have

1Az, v]Vw)llze < C27"20 g4 Vol g [lul 5.
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Using that || Vu;||2, > (227(|uj 12)* = 2% ||u;]|2., we thus get

t t
M .
Jus®lle+ 522 [ asles +n [ luglos
0 0
. t t .
<y (O)lzz + €25 [ V0l gl + [ 18902 (4126)

Multiplying by the factor 2772 on both sides, summing up over j > —1, we further get

()l + / T ——— / Jully
h ¢ ¢ h
< luollyrs +C [ 190l gllalars + [ Nl (4:120)
0 0

Similarly, we have

lu(®)][ s + / T —— / lulln

t t
Y/ ¢
< Juollrs +C / 190l g lullsm + / gl - (4.128)

Now, we focus only on the "compressible part" of u that is A~!divu. Applying the 0-th order
pseudo-differential operator A~1div and A; to (4.124), we find that

A (A diva) — (20 + NAA  divay) +n(A™ divuy) = —AjA 7 div (v - Vu) + A;A " divg.

We notice that the above equation is similar to (4.125) and following the way we derived (4.127),
we get

L1 2u+ ) [* .
A= divu(t) ||, —I—('uz)/o A~ divul|%,, . —1—77/0 A~ divu)’s,
t
< [luol| - +/0 (lv - Vulpra + llglss) -
Using product law ||[v - Vul|gr2 < C’HvHB% |Vl gr2 for o € (=4, 4] and noticing that
1. h ) . h
A divallyy 0 > 2 fdivuly, o
we further obtain that

(2u+)\
— HleU||Br2+1 < [uol| o/ HUH a1Vl g+ llglrs) (4.129)

Similarly, we have

(2u+A) [t .. ¢
5/, ldivee ey o1 < Jluollir +C ol g lVulsn + lgllr) -

This, combined with (4.127), (4.128) and (4.129), completes the proof. O
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Chapitre 5

Perspectives

5.1 Some broader results and open problems

Generalisation of the results from Chapter 3

An on-going work with Raphaél Danchin concerns the generalisation of the result we ob-
tained in Chapter 3 to more general hyperbolic partially dissipative systems. One has to be
careful when including the 0-th order quadratic term r(Z) and the matrix A°(V) in the compu-
tations to obtain global well-posedness. Indeed, when proving uniqueness one has to estimate
r(Z1) — r(Z2) with the fourth estimate in the product law Lemma A.2.4 which yield some terms

da d

in E;;,l P* that do not depend on the difference of the solutions Z and are not under control in low
frequencies. This suggests that a more suitable low frequencies framework could be to consider
d d

the initial data Z{; in IB%;I?*. However, in this case, when scaling back, one loses the uniformity
of the smallness assumption and thus would not be able to study the limit. One could try to

E3

. . . .. 1—4
compensate this loss of uniformity by deriving a weaker convergence rate of order ¢ »*.

A more general approach of the damped mode

Here we borrow some arguments from [37] and extend it a bit. We focus on the systems
studied in [35] that we already discussed in the introduction:

oV +A(D)V + L(D)V =0, where (5.1)
o A(D) = (Aij(D))1<i j<a for A;j(D) an homogeneous Fourier multiplier of order «,
o L(D) = (Lij(D))i<ij<d for Lij(D) an homogeneous Fourier multiplier of order /.
Moreover, we assume that A(D) is skew-symmetric:
Re((A(&)n) -m) =0 ¥(&,m) € RIx C",
and that L(D) is partially elliptic :
[€1PRe((L(&)m) - m) = k|L(Enl* V(&m) € RT x C"

for k a nonnegative real number.
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Define R = ImL(¢) and assume that it is independent of ¢ € RY\ {0}, L(¢) : R — R and
Ker L(¢) = R*. The partial dissipation hypothesis reads:

Je > 0,v¢ € R, Wn € R, |L(&)n] > cl¢]’,

which, after a suitable change of basis, corresponds to L(§) = (8 E?{)) :

Let P be the orthogonal projector on R. We define the damped mode W as follows:
W & P(L(D)V + A(D)V).
Using that PL(D) = L(D) and PW = W, one can obtain

W + L(D)W = PA(D)W — PA(D)(I; — P)A(D)V

Thus, applying the Fourier transform, taking the scalar product with W and using the properties
on L(&), the skew-symmetry of A(D) and Lemma A.1.1, we get

d —~ _ _
%\W\ +c|¢|P|W| < |F(PAD)(Is — P)A(D)V)| < €|V
Thus, integrating in time yields
WO+l [ 1715 T+l [ 71

As explained in the introduction, following the computations of Beauchard and Zuazua, we have

A~ t A~ A~
V(I +min(|§\6,|§2°‘6)/0 VIS Vo(€)]-

e In our partially dissipative setting, we have 5 < «, hence, for [£| < Jy, we obtain
W1+’ [ 171 W) 52)
e In a partially diffusive setting, 5 > «, for [£| > Jy, we obtain
W1+ [ 171 W)l 5:3)

In both cases we observe a gain of 8 derivatives for the quantity W. And, as we saw in this
section, this allows to recover enhanced properties for the damped component, Z5 in this chapter.

As we saw in Chapter 3, to avoid some difficult terms in the equations of the damped
component, it is possible to consider W as an unknown in the a priori estimates. Consider P’
the projector on Rt and apply it to the linear equation (5.1), we have:

PV +P'AD)V =0.
Using the definition of W, we may write V = L=1(D)W — L=Y(D)PA(D)V, hence

PV —P'AD)L Y D)PA(D)V = —P'(A(D)L™ (D)W).
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One fact, that is partially elucidated in the setting of Chapter 3, is that the operator A4 £
P'A(D)L~YPA(D) of order 2ac — 3 is actually elliptic under the (SK) condition. And therefore,
in low frequencies it is possible to recover time-integrability for the component P’V directly from
its equation i.e. without employing the arguments from Beauchard and Zuazua. Employing these
arguments, we have

PV (t,6)] + e /0 PV < [PTo(E)] + e ? /0 i (5.4)

e In the partially dissipative case, assuming that 28 < a and adding (5.4) and (5.2), we see
that the right-hand side term can be absorbed by the left-hand side if [{] < Jy for a Jy
small enough.

e In the partially diffusive case, assuming 28 > «, the right-hand side term can also be
controlled if || > Jy for a Jy large enough.

In both cases, we recovered the expected time-integrability for the unknown that does not undergo
any effect from L(D) in one of the frequencies regime. And, as this is done in a decoupled way it
allows an LP approach in this specific regime. Concerning the other regime one is still restricted
to the energy level and has to construct a Lyapunov functional. In the Chapters 1 and 3, we
investigated the specific case § = 0 and « = 1 for quasi-linear systems. For more information
concerning the partially diffusive case 5 = 2 and a = 1, see the work of Hoff [58] and Haspot
[56].

Anisotropic behavior

We expect the method developed above to be robust enough to be applied to non-linear
systems of any order as well as anisotropic systems.

A first step could be to adapt our method to the system considered by Wan in [98] and
Bianchini and Natalini in [87] where they obtained the existence and decay rates for the two-
dimensional inviscid Boussinesq equations with a damping term in the velocity equation. In the
frequency variable, the linearization of the system reads:

~  iN& A
op— 81 g
T

. iN .
8,0 Z‘ﬂgllﬂ—aQ—O

As explained in [87], the three main difficulties concerning this system are the following ones:

e The corresponding skew-symmetric Fourier multiplier A(D) is of order 0.

e Formally, it doesn’t verify the (SK) condition on the submanifold & = 0.

_8

e The low frequencies beglave like e 12" while in the partially dissipative setting they behave
like the heat flow e~ €I,

Still, this system enters in the setting described in the previous subsection. And this new behavior

implies a reconsideration of all the regularity setting in low frequency and to use anisotropic
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homogeneous Besov spaces as introduced in [3]. While it is not clear if the consideration of a
damped mode for this system in low frequencies is appropriate, one should be able to adapt the
method developed in this manuscript to study this system.

Global strong small solutions for the non-isentropic Euler-Fourier one dimen-
sional system

One could investigate the potential of the method developed in this manuscript to treat
partially diffusive systems. After reformulation, the non-isentropic Euler-Fourier system reads

Oa+div(1 4+ a)u) =0

Va
8t9+u-V9+divu—A9:—0divu—1+aA9.

The main difficulty about this system is that one cannot recover any dispersive effect for the
incompressible part of the velocity and therefore it doesn’t seem possible to treat the multi-
dimensional case with the method developed above which necessitates L'-in-time Lipschitz esti-
mates for the velocity.

However, for d = 1, we do not have this problem and a study of the linearized system reveals
that we can recover a dissipation effect for all the components. The problem we face is that the
nonlinear terms cannot be handled in the regularity setting considered in our previous researches,
for example, we cannot obtain Lipschitz estimates on the velocity in the low frequencies regime. It
is not cleared whether the reformulation of the system we use is not appropriate or the regularity
setting is not adapted to the low frequencies analysis. But, following the approach of Beauchard
and Zuazua, it is possible to obtain estimates for the high frequencies part by considering different
regularity for (ag,ug) and 6.

High frequencies Strichartz estimates for hyperbolic partially dissipative sys-
tem

With the approach developed in this manuscript, the imaginary part of the eigenvalues
of the system is not taken into account. In other words, we cannot keep track of the possible
dispersive properties of the system in high frequencies. Pointing out Strichartz estimates could
bring another level of comprehension to those systems.

In our setting, as € — oo the high frequencies regime covers the whole space of frequencies
(according to the definition of the threshold J. = | —logz€|). And therefore Strichartz estimates
could help us justifying this limit. However, formally, this limit leads to the compressible Eu-
ler system which is only locally well-posed, thus the partially dissipative properties, which are
responsible only for the large time behavior, will not be of much help.

Systematic argument

Even if a Lyapunov functional is a great tool to derive well-posedness results as well as decay
estimates, one of its drawback is that we cannot obtain directly the whole regularity properties
of the damped part of the solutions: this method is always a 2-steps arguments. Finding a more
systematic and direct argument would be a great step toward the understanding of partially
dissipative and partially viscous systems.
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Global strong solution for partially dissipative hyperbolic systems that do not
satisfy the (SK) condition

As the arguments borrowed from [4] are mainly implemented to study systems that do not
satisfy the (SK) condition, one could investigate such systems with the method developed above.
To comprehend a bit more what could be a good condition (weaker than (SK)) to ensure the
global existence of partially dissipative hyperbolic systems, it is natural to study systems that
do not satisfy it but, still, admit global solutions. In the fourth chapter of this manuscript, we
take a step in this direction and obtain a global existence result even though the system does
not satisfy the (SK) condition and is not symmetric nor has a positive definite entropy. Mainly,
we are able to do that by emphasising a subsystem which satisfies the (SK) condition, and we
had to work out weighted norms to compensate the lack of symmetry. Other systems violating
the (SK) condition are also under current investigation with the method developed here.

But it is unlikely that finding an optimal long-time existence condition follows from our
work here. A more reasonable goal might be to complete the classification, established in [4], of
the asymptotic behaviors of the solutions of linear systems that do not satisfy the (SK) condition.
This could be done following these steps:

e Tackling this problem relies on the in-depth study of the Kalman variety. The Kalman
variety of a linear subspace in a vector space consists of all the endomorphisms that possess
an eigenvector in that subspace, it is the exact failure locus of the (SK) condition. It was
studied by Ottoviani and Sturmfels [81] and Ottoviani and Shahidi [80]. In these papers,
the authors showed that the Kalman variety is an algebraic variety in the matrix space

K™*™ that is irreducible, has codimension n — d, of degree < ) in P7°~1 as well as

n

d—1
many other properties.

e From their paper, one could deduce a more complete characterization, in terms of the
matrices A and B, of the possible sets of degeneracy D defined in (12).

e Then, characterizing the behaviors of N, .(w) when w is close to D should be accessible.
And once this is obtained, completing the classification can be done using similar arguments
as in [4].

With this complete classification in hand, one would have a perfect understanding of linear
systems satisfying the (SK) condition. But one would still have to take into account the non-
linearities as sometimes, in the asymptotic analysis, they provide helpful effects for the solution
cf. [6].

5.2 Other relaxation problems

Vanishing viscosity and relaxation limit for Baer-Nunziato system to porous
media equations

As an extension of Chapter 4, a problem under current investigation with Jin Tan is the
study of the relaxation limits v — 0 and 1 — oo happening at the same time for the damped
Baer-Nunziato system. To simplify the problem, one can split the limit problem in two and
study the relaxation limit associated with n of the system resulting from the relaxation process
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associated with v. Recall that we justified that as v — 0 the solution of (BN) converges
(strongly) to the solution of

o +a_ =1,

O (axps) + div (axpru) = 0,

O(pu) + div(pu @ u) + VP + npu = 0, (K)
p=o0ypyta_p,

P=P.(ps) = P-(p-).

Formally, using similar rescaled variables as (15), one can deduce that any smooth solution
of (K') associated to the initial data (a4, p+,0,uo) converges, as 7 — 00, to the solution of the
following system:

B+ + /87 = 1>

Ot(BeNL) + div (BLNiv) =0,

Nv+VQ =0, (2-PME)
N = BNy + BN,

Q=0+ Np) =Q-(N-)

associated to the initial data (8+0, Nt 0,v0) = (@40, p+,0,uo). This limit system can be inter-
preted as two porous media equations, a Darcy’s law and two algebraic closures.

In order to obtain an explicit convergence rate for the relaxation process, as in Chapter
3, we need to recover elliptic properties for the unknown Ni. To do that, one can write the
equation satisfied by N4 and use Darcy’s law to replace the velocity in the equation of N..
Then linearizing around (B4, N4 ), the linear term —cANL, with ¢ > 0, will appear. With that
in hand, proving the existence of solutions to (2-PME) follows from what we did in Chapter 3
for the porous media equation.

Then, the difficulties to justify the relaxation limit are, on one hand, the fact that the
large parameter in front of pu actually induces that we can only recover very weak decay for
the un-directly damped variables py and p_. Again, this is linked to the known overdamping
phenomenon which can be directly deduced from a spectral analysis in our context, to keep it
simple, the decay coefficient we obtain behaves like min{n, 1/n}. On the other hand, a method

based on rescaling arguments similar to what we did in the previous chapters would necessitate

. d . dyq
to consider initial data in B3, N IB;;F , however the initial system (B/N) does not satisfy the

condition established in Chapter 2 to work in such a setting, mainly because the main difference
between this system and Euler system remains: one cannot recover time-integrability for p in
any Besov spaces. Nevertheless, in this chapter, we did not fully use the notion of damped mode
depicted in Chapter 3. The problematic term that prevents us from being able to work with

. d . dyq
initial data in B3, N 15322;_ lies in the velocity equations, and having a damped mode at hand
should actually enable us to "absorb" it.

Generalizing Giovangigli, Yong et al’s work

In the papers [46-49], Giovangigli, Matuszewski and Yong justified locally-in-time the van-
ishing viscosity and relaxation limit of a large class of symmetrizable systems including a com-
pressible bi-temperature fluid model which turns out to have many similarities with the system
we considered in Chapter 4. Assuming that the (SK) condition (or weaker) is satisfied, exhibiting
a damped mode to handle the low frequencies and proceeding in a similar fashion as in Chapter
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4, it should be possible to study their general system in our setting.

Relaxation limit for the hyperbolic-parabolic chemotaxis (HPC) system

Another on-going project, in collaboration with Shou Ling-Yun and He Qingyou, is the
study of the relaxation limit of the hyperbolic-parabolic chemotaxis system to the Keller-Segel
system in a similar framework as employed in this manuscript. The HPC system reads:

Op + div (pu) =0,

1
O¢(pu) +div (pu ® u) + VP (p) + P upVe =0, (HPC)
O — Ap — Ap+ Bp = 0, zeRY t>0.

Introducing the rescaled time variable 7 = et and defining a similar rescaling as for the com-
pressible Euler system:

(v ) (. 7) = (p. = O)(a1),

formally, as ¢ — 0 the solution (p%,u®, ¢®)(x,t) converges to the solution of the Keller-Segel
system which reads:

Op" — div(VP(p*) — up*Vo*) =0,

— A¢* — Ap™ + Bo* = 0.

To justify this relaxation limit, one of the main difficulties lies in the third equation of
(HPC), where there is a linear 0 — th order term depending on the density. To deal with this
term, we isolated two damped modes in the low frequencies regime, one similar to the one for
the compressible Euler system and one in the equation of ¢. Again, this allows to diagonalize
the system and study it in a decoupled way. In the high frequencies regime, we have to construct
a suitable non-linear Lyapunov functional with additional low-order terms to cancel problematic
terms arising from the unknown ¢.
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Appendix

A.1 Some useful tools
We often used the following well known result that can be found in [39].

Lemma A.1.1. Let p > 1. Let X : [0,T] — RT be a continuous function such that XP? is
differentiable. Assume that there exists a constant B > 0 and a measurable function A : [0,T] —

R such that L d
X4 BXP < AXP™ ae on [0,T].
p

Then, for allt € [0,T], we have

t t
X(t)+B/X§X0+/A.
0 0

Proof. The case p = 1 being obvious, assume that 1 < p < co. Then, we set X, = (X + sp)l/p
for € > 0, and observe that

1d
-~ XP 4 BXE < AXP™! 4 Be? ae. on [0,T].
p

Dividing both sides by the positive function Xénfl, we get

d e \P!
—X BX. < A+ Be| —
g TR s AT 8<Xa> ’

whence, as ¢/ X, <1,

d
S Xe+ BX: <A+ Be.

Then, integrating in time and taking the limit as € tends to 0 yields the desired inequality. [

The next lemma is useful to derive time-decay estimates, its proof can be found in [8].

Lemma A.1.2. Foranya >0, k<1 andt > 2, let ¢ := min{a, kK, + K — 1}. Then

t
/ min{1, (¢t — 7)"*} min{l, 7 "}dr =t~ %.
0



214 Annexe A: Appendix

A.2 Littlewood-Paley Theory

We present here the Littlewood-Paley theory and some of its properties. Details and corre-
sponding proofs can be found in the Chapter 2 of [3].

A.2.1 Bernstein lemma and dyadic partition of unity
First, we recall the so called Bernstein lemma, :

Lemma A.2.1. Let C be an annulus and B a ball. There exists a constant C such that for all
nonnegative integer k, for all couple (p,q) [1,00])? with ¢ > p > 1 and for all functions u € LP,

we have J L
Supp @ C AMB = || D*ul| 14 e sup ||0%u|| e < Ck“)\k+d(575)HuHLp,

la|=k

Supp @ C AC' = C " I\¥|ju|z» < ||D*ullze < CFTINF|u) 1o

Then, we introduce a dyadic partition of the space.

Proposition A.2.1. Let C be the annulus {¢ € R?/3/4 < |¢| < 8/3}. There exists two radial
functions x € D(B(0,3/4)) and ¢ € D(C) valued in [0,1] such that

VEERY, x()+ D (2798 =1,

=0
Ve e RA{0}, D (279 =1,
JEZL
5= 4’| = 2= Supp @(277.) N Supp (277.) =0,
§>1= Supp x NSupp ¢(277.) = 0.
The set C = B(0,2/3) + C is an annulus and we have
j—j|>5=2'Cn2C=0.

Moreover, it holds :

vEERY, <0 + Y PEIE < 1,
Jj=0
ve € RO\{0}, % <) P2 <L
JEZ

Definition A.2.1. We fiz two functions x and ¢ satisfying the assertions from the previous
proposition and we denote h = F Yo and h = F~1x their Fourier inverses. The homogeneous
dyadic blocks A; and the low-frequency cut-off operator S; are defined for all j € Z by

Aj = (27 Dyu = 27 /R @ y)u(z —y)dy,

S; = x(279 D)u = 274 /Rd h2y)u(z — y)dy.
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We define S; the space of tempered distributions such that

dim ||S;6]|p =0 for any 6 € D(RY).
j——00

Then, for any u € S},
u = ZAJU and Sju = Z Aju
JEZL k<j

One can now define the homogeneous Besov spaces:

Definition A.2.2. Let s be a real number and (p,r) in [1,00]?. The homogeneous Besov space

IFB;J is the set of tempered distributions u in S} such that

d . .
lulls, < [ Y27 I Asuln | < o0
’ jez

Let us now list some of its most useful properties.

Proposition A.2.2. Let s be a real number and (p,r) in [1,00]%.

The space IB%;T associated with ||.||z. is a normed space. Moreover, if s < d/p or s =d/p
bl DT

and r =1, it’s a Banach space.

o There exists a constant C, depending only on s, such that for all positive real number X,
we have

CIN T fullge < Ju)lge < ON 75 Jull;
B;’T — . ]BJSD’T — IB%;,T‘

e Foru=u(t,r) in L"(0,T;B; ) we have the following scaling property:
—1yb(s—4)-2 a b b(s—2)—2a
CINETD a5y ) < NaO™ A oy ) < OO Tl e e (AD)

S
p1,72

e letl <py <py<owandl <r; <1y < oo. Thus, for all real number s, the space B

. o Ls—d(A L)
continuously embeds in By, »,"*

e Let s1 and so be two real numbers such that s1 < so and 0 €]0,1[. There exists a constant
C such that for all (p,r) € [1,00]% and for all u € S;, we have

Jtllony -0 < [l el z?

c 1 1

e 1 pren < - 0, 120
HuH]Bz’llJr(l 0)sg > s1 — 82(0 + 1— Q)HUHBp,looHuHBp?oo
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o Let C' be an annulus and (uj)jez a sequence of functions such that
Supp ii; C 2°C" et ||(2°|lus Le)jezllir < oo

If the series ZjEZ u; converges in S’ toward u in Sy, then u is in B, and

lullg, < Call@llujll o) jezller-

o Let (s1,52) € R? and 1 < py,pa, 1,72 < 00. We assume that (s1,p1,71) satisfy the following
condition

s1<— ou s=— and r; = 1.
Y41 y4a|

The space BS! . NB32 . with the norm ||. ||Bs1 T . HBS2 - is complete and satisfy the Fatou

property : If (un)neN s a bounded sequence of Bpl N IB%;Q o, then there exists an element

U ofIEB NBs2 . and Ug(n) @ Subsequence such that

P1,71 p2,T2

n—oo

lim wug,) =u in S et HUH]B;k < Chmmeud) HIB%Sk pourkz =1,2.
kT

o Let s <0 and 1 < p,r <oo. Let u be a distribution in S;. Then u belongs toBs
only if

o U and

(27%)|Sjullzr) jez € 1"

Moreover, for a constant C' depending only on d, we have

_ . . 1
O ullgy , < I Ssullznillr < CO+ 7Dl -

d_d

e For all (p,q) in [1, 0] such that p < q, the space IB%” “ continuously embeds in LY. More-

over, if p is finite, then IB 1 continuously embeds in Co the space of continuous function

vanishing at infinity. For all q € [1,00], the space LY continuously embeds in BY __ and the

q,00
space M of the bounded measures R? continuously embeds in IEB1 o

A.2.2 Low and high frequencies decomposition

Using from now on the shorthand notation z, = qu, for a fixed threshold Jy, we associate
to any element z of S7, its low and high frequency parts through

AR Z 2q = S'JO+12' and P70 £ Z zg = (Id - SJo)Z-

q<Jo q>Jo

We shall constantly use the following Besov semi-norms for low and high frequencies:
£,J h,Jq
I=llg; L= > 2%zgllz2 and l2llgy” = £ 2%zl
q<Jo q>Jo

h,J,
[2[5:° = sup 2%°||z4[|= and ||z H 0 ﬁ sup 2% z¢| 2.
2,00 q<Jp q=>Jo
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Whenever the value of Jy is clear from the context, the exponent .Jy is omitted in the above
notations. Throughout the paper, we shall use repeatedly the following obvious fact: for r = 1, co
and s < s’, we have

£,J. £,J Jo(s'— £, h,J h,J J h,J
1% gy < N2l °<20<S Nzl and (|22 S Jl2llg < 270 HzH oo (A2)
2,1 s 2,1

. Ls—d(i-_1
Thanks to the embedding B3 ; — IB%;l E p), we have
h,J EJ :
2l avs S G0, =0, i p 22 (A.3)
Bnl 21 p1

For any Banach space X, index p in [1,00] and time T € [0, oo] we use the notation
[EI7eS 2 H”Z(t)HX”LP(O,T) If T'= +o0, then we just write ||z||zo(x). Finally, in the case

where 2z has n components z; in X, we keep the notation ||z||y for Zje{l’m’n} 25l x -

A.2.3 Paraproduct and properties arising from it

Here we introduce Bony’s theory [9] of paradifferential calculus. Let u and v be two tempered
distributions in S;. We have

U= ZAj/u and v = ZAJU.
5 j

Thus, at least formally, we have
uY = Z Ajuljv.
3"

The paradifferential calculus divides this sum into three parts :

e A first part concerns the indexes (j', j) such that the size of Supp F (A su)is small compared
to the size of Supp f(A v) (i.e., j/ < j— Ny for a suitable positive integer Ny).

e The second part contains the indices corresponding to those frequencies of u which are
large compared with the frequencies of v (i.e. 7' > j + Np).

e In the last part, we keep the indexes (4, j') for which Supp F (A +u) and Supp F(A;v) have
comparable sizes (i.e., [j — j'| < Np)).

This leads to the following definition;

Definition A.2.3. The homogeneous paraproduct of v by u is defined as follows:

T, def Z S’j 1uA .

The homogeneous remainder of u and v is defined by

Z AkuAjv.

|k—j]<1
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At the formal level, we have the so called Bony decomposition :

wv = Tyv + Tyu + R(u,v) := Tv + Thu.
The next results state some estimates for the paraproduct and remainder.

Theorem A.2.1. There exists a constant C such that for all real number s and for all (p,7) in
[1,00]2, we have, for all (u,v) € L x BS

HTUUH]BZ’T < cl+|8| ||’LL||L00 HUHB;S;,T'

Moreover, for all (s,t) € Rx] — 00,0[ and all (p,71,72) € [1,00]®, we have, for all (u,v) €
BL, . x B

Oo7r1 p77n2 ’

O1+|s+t 1 def

. . 1 1
[Fuvllggye < ——— Il ol avee - min{1, -+ 3.

Theorem A.2.2. There exists a constant C' such that the following inequalites are true. Let
(s1,82) in R? and (p1,p2,71,72) in [1,00]*, we assume that

1 1 1 1 1 1
*dsz-i-*ﬁl and —déf—Jr—gl
p b1 D2 r b2 P2
If s1 + sg is positive, then for all (u,v) € Bfoi,m X Efo@,m?
: Clsits2|+1
I 0 lggme € Nl ol
Forr =1 andsy + s3 > 0, we have, for all (u,v) € B;ﬁ,m X ]EB;;TQ,

”R('U,, /U)H]B;!l;g.sz S C|31+52|+1HUHB;;T1 HU”B;%JQ.

To prove commutator estimates one needs the following lemma.

Lemma A.2.2. Let 1 <p,q,7 < oo be such that % +% = % Let a be a function with gradient in
LP and b, a function in LY. There exists a constant C' such that

H[Aj,a]bHU < 0279 ||Val e [bll e for all j € Z.

From this lemma and the theorems concerning the paradifferential calculus, one can de-
duce the following proposition that we shall use repeatedly in the manuscript and refer to it as
commutator estimates.

1 1
Proposition A.2.3. Let p € [1,00] and define its conjugate exponent p' such that — + — = 1.
p p

The following inequalities hold true:
o If —min{d/p,d/p'} < s<d/p+1, then

298

la, Aq]bHLp < Coy[Val g [bllges with D eq =1 (A.4)

d
P
p,1
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o If —min{d/p,d/p'} < s<d/p+1, then

sup 29| [a, Ag] Vbl v < C||Val
Z B

bl - (A.5)
qe 1 ’

d
P
p,
The next proposition concerns estimates refereed to as product laws.

Proposition A.2.4. Let (s,p,r) be in ]0,00[x[1,00]%. Then, IB%;J N L™ is an algebra and we
have

lablls, . < C(lall e [Blls, .+ lallg, bl =) (A.6)

If, furthermore, —d/p < s < d/p, then the following inequality holds:

ol (A7)

hS1o

bllps < C
labls;, < Clall

s

s

Finally, if —d/p < o1 < d/p, then the following inequality holds true:

179l 7 < CUFI g 19l - (A.8)
,00 BP, P,00

d
P
p,

The following proposition concerns the action of smooth function and is refereed to as
composition proposition.

Proposition A.2.5. Let f be a function in C*°(R) such that f(0) =0. Letp € [1, 0], (s1,82) €
10,002 and (p1,p2,71,72) € [1,00]*. We assume that s1 < d/p or that s; = d/p and r1 = 1.

Then, for every real-valued function u in BS . NB52 N L™, the function fou belongs to

p1,71 p2,72
By ., B2, NL> and we have

/
IFoullyy <O (7 llullpw) Iullggs . for ke {1,2).

As a consequence, if g is a C*°(R) function such that ¢’(0) = 0. Then, for all u, v in Blf’l NL>
with s > 0 and (p,r) € [1,00]%, we have

lo(@) = gz, < C (Il = ulliellwo)llg: + o= ullge Nwv)lz=) — (A9)

where C depends on f”, ||u||p~ and ||v||e. Finally we present a proposition related to compo-
sition operator for multivariate functions that can be found in [89] p.387-388.

Proposition A.2.6. Letm € N and s > 0. Let G be a function in C*°(R™) such that G(0,..,0) =
0.

Then for every real-valued functions f1,.., fm in Bj 1 0L, the function G(f1,-., fm) belongs to
B, , N L* and we have

IG(f1s - f)llBs , < I(f1s o F)llBs ) (1 + CULf1llzoe + o+ [[fmllzee)) -

p,1

Remark A.2.1. More involved estimates are proved along the manuscript to deal with each
chapter’s specific issues.
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