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Couture, reconstruction et Schauder en analyse rugueuse et
structures de régularité

Résumé

Dans cette these, nous obtenons des résultats analytiques liés aux théories des chemins
rugueux et des structures de régularité, du point de vue des germes, c’est-a-dire des familles
d’approximations locales de fonctions ou distributions.

D’abord, nous établissons un lemme de couture dans le régime 0 < v < 1, donnant une
construction qui n’est pas unique ni canonique mais tout de méme continue. En corollaire,
nous exhibons une paramétrisation bicontinue de I’ensemble des chemins rugueux par un
produit d’espaces de Holder, généralisant a la fois le théoréme d’extension de Lyons—Victoir
et un résultat récent de Tapia—Zambotti.

Ensuite, nous proposons un théoreme de reconstruction dans le contexte des espaces de
Besov, généralisant des résultats de Hairer—Labbé et Caravenna—Zambotti. En corollaire,
nous donnons une nouvelle preuve du théoreme de multiplication dans les espaces de Besov,
sans utiliser de paraproduits.

Enfin, nous étudions les propriétés régularisantes des noyaux singuliers contre les germes.
Un premier résultat est la construction d’une application de convolution qui agit sur les
germes cohérents et homogenes. Nous revisitons ensuite les estimées de Schauder multiniveaux
de Hairer, donnant une présentation et une preuve qui font référence aussi peu que possible
au formalisme des structures de régularité.

Mots-clés : chemins rugueux, structures de régularité, lemme de couture, théoréeme de
reconstruction, estimées de Schauder.






Sewing, Reconstruction and Schauder in rough analysis and
regularity structures

Abstract

In this thesis, we derive analytic results related to the theories of Rough Paths and Reg-
ularity Structures, with the point of view of germs, that is, families of local approximations
of functions or distributions.

We first establish a Sewing Lemma in the regime 0 < v < 1, giving a construction which
is non unique nor canonical but still continuous. As a corollary, we exhibit a bicontinuous
parametrisation of the set of Rough Paths by a product of Holder spaces, generalising both
the Lyons—Victoir extension theorem and a recent result by Tapia—Zambotti.

Secondly, we propose a Reconstruction Theorem in the context of Besov spaces, general-
ising results of Hairer—Labbé and Caravenna—Zambotti. As a corollary, we provide a new
proof of the multiplication theorem in Besov spaces without relying on paraproducts.

Finally, we study the regularising properties of singular kernels against germs. A
first result is the construction of a convolution map which acts on general coherent and
homogeneous germs. We also revisit Hairer’s multilevel Schauder estimates, providing a
presentation and a proof which make only minimal references to the formalism of regularity
structures.

Keywords: rough paths, regularity structures, sewing lemma, reconstruction theorem,
Schauder estimates.






Contents

1 Introduction 11
1.1 Germs: motivations from Rough Paths . . . . . . ... ... ... ... ... 12
1.1.1 The Sewing problem . . . . . . ... ... o 12

1.1.2  The classical Sewing Lemma . . . . ... ... . ... ... ..., 13

1.1.3 Rough Paths and Hopf algebras . . . . . . ... .. .. ... ..... 15

1.1.4 The question of extending rough paths . . . . . . ... ... ... .. 16

1.1.5  Contribution I: the Sewing Lemma for 0 <~y <1 . . ... ... ... 16

1.2 Germs: motivations from Regularity Structures . . . . . . . ... ... ... 18
1.2.1  Singular SPDEs . . . . . ... 18

1.2.2 Holder and Zygmund spaces . . . . . . . . ... oo oo 18

1.2.3 The example of the CIDfl equation and germs . . . .. .. .. .. ... 19
1.2.4 The Reconstruction Theorem . . . . . .. ... ... ... .. .... 20

1.2.5  Contribution II: a Besov Reconstruction Theorem . . . .. ... .. 21

1.2.6 Contribution III: Schauder estimates for germs . . . . . .. ... .. 23

2 The Sewing lemma for 0 <y <1 25
2.1 Introduction . . . . . . . . ... 26
2.2 Sewing lemmas . . . . .. ... L 27
2.2.1 Presentation of theresult . . . . . ... ... ... ... ...... 27
2.2.2 The main technical result . . . . ... ... ... ... 28

2.3 Continuity of the Sewingmap . . . . . . .. .. .. ... .. .. ... 33
2.3.1 The integration map . . . . . . .. ..o oo 34
2.3.2  Optimality of the case y €]0,1[. . . . .. .. ... .. ... .. ... 35
2.3.3 Optimality of thecase vy =1. . . . . . ... ... ... ... ... 35
2.3.4 Unordered times . . . . . . . . . ... 36

2.4 A continuous Lyons-Victoir extension . . . . . . . ... ... ..., 37
2.4.1 Rough paths and Hopf algebras . . . . . ... ... ... ... .... 38
2.4.2 Extension to levels higher than N . . . . .. .. .. ... .. ... 39
2.4.3 Anisomorphism . . . ... ... ... 41
2.4.4 Proof . . . .. 42

2.5 Sewing versus Reconstruction . . . . . . .. ... oo Lo 44
2.5.1 Reconstruction . . . . .. ... .. oL 45

2.5.2  Approximating an indicator function . . . . . .. ... ... L. 46



10 Contents
3 Besov Reconstruction 51
3.1 Motivation and Background . . . . . .. ... ..o oo 52
3.2 Notations . . . . . . . . . . e 54
3.3 Main Results . . . . . . . L 55
3.3.1 The problem of reconstruction . . . . ... ... ... ... ..... 55

3.3.2 A comparison with the literature . . . . . . .. .. ... ... .... 57

3.3.3 The problem of Young multiplication in Besov spaces . . .. .. .. 59

3.4 A general Besov reconstruction theorem . . . . .. ... ... ... ..... 60
3.4.1 Statement of theresult . . ... ... ... ... ... ........ 60

3.4.2 Uniqueness of reconstruction . . . . . ... ... ... ... ..... 63

343 Existencefory>0. ... ... .. ... o o 63

3.4.4 Reconstruction bound fory>0. . . . ... ... ... 66

3.4.5 The reconstruction for vy <0 . . . ... ... oo 70

3.4.6 The reconstructionis Besov . . . . . . .. ... Lo 0oL 72

3.5 Proof of Theorems 3.3.2 and 3.3.7 from Theorem 3.4.5 . . . . .. ... ... 73
3.6 Proof of Theorem 3.3.12 from Theorem 3.4.5 . . . .. ... ... ... ... 75
Appendices to Chapter 3 79
3.A Besovspaces ... ... e e 79
3.B A technical lemma on series . . . . . . . .. ... 85

4 Hairer’s multilevel Schauder estimates without Regularity Structures 89
4.1 Introduction . . . . . . . . . . . . e e 90
4.2  Classical results (revisited) . . . ... .. ... ... L. 91
4.2.1 Test functions . . . . . . . . . ... .. 91

4.2.2 Holder-Zygmund spaces . . . . . . ... o e 92

4.2.3 Singular kernels . . . . ... o oo 92

4.2.4  Singular convolution and classical Schauder estimate . . . . . . . .. 94

4.3 Main result I: Schauder estimate for germs. . . . . . . . . ... ... .. .. 95
4.3.1 Germs and reconstruction . . . . . ... ... 95

4.3.2 Schauder estimate for coherent germs . . . . . .. ... ... .. .. 96

4.4 Main result II: multi-level Schauder estimate . . . .. .. ... ... .... 98
4.4.1 Models and modelled distributions . . . . . .. .. ... ... ... 98

4.4.2 Schauder estimate for modelled distributions . . . . . .. ... ... 101

4.4.3 Further properties . . . . . . . . ... 104

4.5 Proofofour Main Result I. . . . . . . ... ... ... ... ......... 105
4.5.1 Weakly coherent and homogeneous germs . . . . . .. .. ... ... 105

4.5.2 Conditional proof of Theorem 4.3.12 . . . . . . ... ... ... ... 106

4.5.3 Preliminary tools (I) . . . . . ... .. ... ... L 107

4.5.4  Proof of Theorem 4.5.5 (convolution of germs) . . .. ... ... .. 109

4.5.5 Preliminary tools (II) . . . . ... ... ... ... ... .. ..... 112

4.5.6 Proof of Theorem 4.5.7 (positive renormalisation) . . . . . . . . . .. 114

4.6 Proofs for of our Main Result IT. . . . . . . .. ... ... ... ... .... 117
4.6.1 Preliminary lemma . . . . . ... ..o oo 117

4.6.2 Proof of Theorem 4.4.10 (multi-level Schauder estimate) . . . . . . . 117

4.6.3 Proof of Theorem 4.4.13 (properties of reexpansion) . . . ... ... 121
Appendices to Chapter 4 125
4.A Proof of Lemma 4.5.8 . . . . . . . ... 125

4.B Spaces of germs and distributions are “independent in »” . . .. ... ... 127



Chapter 1

Introduction

Many physical systems can be modelised by mathematical equations in a satisfactory way.
In some cases, it happens that the system is perturbed by some random noise, and that the
physicist must take into account its inherent randomness and irregularity when writing the
corresponding equation. It is then the role of the mathematician to elaborate tools in order
to solve and discuss them.

In recent decades, many such tools have been developed. This thesis is concerned with
some analytical aspects of two of them: the theory of Rough Paths and the theory of
Regularity Structures.

While the theory of Rough Paths, introduced by Terry Lyons [Lyo98], is concerned with
controlled differential equations of the form

dyt = F(yt)dxt,

for some noise dx, the theory of Regularity Structures, introduced by Martin Hairer [Hail4],
tackles stochastic partial differential equations (SPDEs) of the form

Lf = F(f,8),

where L is a differential operator, F' is a non-linearity, and £ is a forcing noise. In both
cases, one must face the analytical difficulty that some of the objets in the equations are not
properly defined in general: in the first case, the integral | F'(y;)dx; cannot be canonically
defined by Young—Kondurar integration as soon as the Holder exponents of F oy and
x do not sum to a value strictly greater than 1; in the second case, the non-linearity F'
may formally introduce products of (Schwartz) distributions in the equation, which are
notoriously ill-defined as soon as their corresponding Holder exponents do not sum to a
strictly positive value.

In order to overcome these difficulties, both theories adopt the point of view of not
working with usual functions or distributions, but rather with families of local approximations,
which will be called germs in both cases although their form and their role slightly differ in
the two theories: on the one hand, in the theory of Rough Paths, germs take the form of
two-parameter functions A: [0, T]2 — R, where Ay, is intended to be a local description
of the increments of some integral, i.e. typically As; ~ fst fudgy = It — Iy where one is
interested in the integral I; = fot fudgy.

On the other hand, in the context of Regularity Structures, germs take the form of
families of (Schwartz) distributions indexed by the space R? for some d € N, that is, families
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F = (F}),cgrd, where each F, € D'(R?) is a distribution: F, is intended to be a local
description of some distribution f € D'(R?) when tested against test-functions which are
concentrated around z.

Note that in some sense, the second point of view corresponds to a “differentiated” version
of the first one: heuristically the theory of Rough Paths is concerned with defining ill-posed
integrals | St fudgy, while the theory of Regularity Structures would rather be concerned
with the ill-posed integrand f,g, (where the derivative ¢ is understood in the distributional
sense). As such, similarities will be noted between some of the results of the theories.

In both cases, the first natural general questions one can ask about germs are the
following;:

1. given a germ, can one construct a suitable global function or distribution which
corresponds to the germ in the way hinted above?

2. what operations can one perform on germs in a way that is consistent with respect to
the aforementioned construction?

In this thesis, we study some properties of germs in the light of those two questions.

The purpose of this introduction is threefold. First, we shall properly present (some)
historical ideas which motivate the introduction of germs in the theories of Rough Paths
and Regularity Structures. Second, we shall describe the pertaining tools and known results
which will be useful in this thesis. Third, we shall introduce our contributions to this thesis.

1.1 Germs: motivations from Rough Paths

1.1.1 The Sewing problem

Let us start by discussing some ideas from the theory of Rough Paths, which is concerned
with (controlled) differential equations of the form

dy, = F(yt)dl’u

for functions F,z,y: R — R, where y is the solution to find, and z is a given forcing noise
which may be “rough”, by which we mean that it might satisfy Holder conditions

|20 — 25| S [t = 8],

for a possibly very small Holder exponent o > 0. As a typical example, sample paths of
Brownian motion almost surely satisfy such bounds with a = % — k for any k > 0.
To give a meaning to the equation above, one can start by rewriting it in an integral

form .
Yt = 1Yo +/0 F(ys)dea

and now solving such a fixed-point problem requires to propose a strong meaning to integrals
of the form

/t fsdgs, (1.1.1)
0

where the functions f and ¢ might admit very small Holder exponents.

Of course, if f € CY and g € C!, then (1.1.1) has a natural meaning via Riemann
integration. On the other hand, when we can not make such assumptions, it is not clear how
to define (1.1.1); however we can easily postulate a local approximation for the increments
of the integral by simply expressing the fact that when u € [s,t], f, ~ fs and thus

t t
/ Judgy >~ / fsdgu = fs(gt — gs)- (1.1.2)
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Remarkably, when f € CY and g € O, the increments of the integral actually correspond
to the best approximation of the two parameter function (s,t) — fs(g: — gs), in the following
sense:

Observation 1.1.1. Let f,g: [0,T] — R be functions such that f € C°, g € C*, then the
(Riemann) integral I: t — f(f fsdgs is the unique function I:[0,T] — R such that

In=0 and I, —Is— fs(g: —gs) = o(|t — s]|)-

Proof. On one hand, fs(g; — gs) = fst fsdgy, so that Iy — Is — fo(gt — gs) = fst(fu —fs)dgu,
which is indeed a o(|t — s|). Furthermore, if there exists another such function I, then

by substraction, (I — I); — (I —I)s = o(|t — s|), so I — I is differentiable with vanishing
derivative, thus it is identically equal to its initial value (I — I')o = 0: this establishes the
uniqueness. [

This assertion highlights the fact that two-parameter functions may play an important
role in theories of integration; and replacing the function (s,t) — fs(g: — gs) by arbitrary
functions (s,t) — As; motivates the following general question:

Given a two-parameter function A: [0,T)?> — R, does there exist a (unique) one-parameter
function I:[0,T] — R such that I; — I; — Asy is “small” as s — t?

Such functions A shall be called germs, and the problem above of retrieving the integral
I from the germ A the sewing problem. In a sense, the question is to recover the integral
from a family of local approximations.

1.1.2 The classical Sewing Lemma

An elegant answer to this problem is provided by the following Sewing Lemma, due to
Gubinelli [Gub04], see also Feyel-De la Pradelle [FLPO06]

Theorem 1.1.2 (Sewing Lemma). Let v > 1 and A: [0,T]> — R be a continuous function
such that

|Agt — Asy — Aup| S|t—s|7 over0 <s<u<t<T, (1.1.3)

then there exists a unique function I: [0,T] — R such that Iy = 0 and
It — Is — Ast| S t—s]7 over 0 <s <t <T.

Furthermore, the “integral” I in this theorem is constructed as limit of Riemann-type
sums:

Itzlggo > At (1.1.4)
[tk,tk+1]67j

where the limit runs over partitions P = {0 =ty < t; < --- < t, =t} of [0,¢] whose mesh
|P| :== maxy—g,... n—1 |tg+1 — tx| vanish.

Let us stress that the assumption v > 1 is not purely cosmetic and in fact plays an
essential part in the proof of this theorem?.

Before proposing a few examples of applications of Theorem 1.1.2, we would like to
mention that similar “sewing” results have been developed in a number of contexts, see for

instance [FLPMO0S8; DS13; Lé20; FS21; BL19; BL21; BL20].

! Although we will later want to relax this constraint, see Section 1.1.5 below.
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Example 1: Young—Kondurar integration

The Sewing Lemma is a tool which permits the construction of many objects in Rough Path
theory. Let us shortly illustrate its power by recovering the classical Young—Kondurar theory
[You36; Kon37] of integration for functions whose Holder exponents sum to a value strictly
greater than 1. Let 0 < a, 8 < 1 with a+ 8 > 1, and let f € C*([0,T]), g € C*([0,T)),
that is, f and ¢ admit Holder exponents o and [ respectively. As suggested by the
Observation 1.1.1, set

As,t = fs(gt - gs)»

then for 0 < s<u<t<T,

As,t - As,u - Au,t = (fs - fu)(gt - gu)7

which is a O(|t — s|*#) by the Holder assumptions. Since o 4 3 > 1, the condition (1.1.3)
is fulfilled and one can define

t
d = I — 1' - )
/0 fs Js ! P partitligi of [0,t] i tz » ftk (gtkﬂ gtk)
|'P‘—)0 k> k+1]€

where the convergence of the Riemann sum is guaranteed by the Sewing Lemma.

Example 2: Integration in lower regularity

In some cases however we want to consider functions whose Hélder exponents sum to a value
smaller than 1. Let 0 < o, < 1 with a + 3 < 1, and let f € C*([0,T)), g € C5([0,T)).
From the calculation above, one observes that the germ Ay, := fs(g: — gs) is not sufficient
to define a canonical integral [ fsdgs via an application of the Sewing Lemma. The solution
proposed by the theory of Rough Paths is to assume that f has a further Taylor-type
expansion with respect to g: more precisely, we assume that there exists a “Gubinelli
derivative” f' € C*(]0,T]) such that

fe=fs+ filgr — gs) + O(|t = s]),

for some v > «. Then inserting this expansion in the integral as in (1.1.2) suggests that we
should refine our germ by setting

t
As,t = fs(gt - gs) + f;/ (gu - gS)dguv

where of course we need to ensure that the integral of g against itself indeed makes sense
in some way. For this purpose, let us assume for the moment that ¢ admits a Holder
exponent 3 > % so that |, St (gu — gs)dgy has a meaning as a Young—Kondurar integral. Now
for0<s<u<t<T,

t
As,t - As,u - Au,t = (fs — fu— f{L(gs - gu))(gt - gu) + (fé - fqlL)/ (gr - gs)dgr,

which, by our assumptions, is a O(|t — s|™*(7+5:a+26)) where the exponent here is an actual
improvement over a + 3 and thus may become strictly greater than 1, in which case the
Sewing Lemma provides a natural and canonical notion of integral as?

/t degs = It
0
= lim Z <ftk (gtk+1 - gtk) + ff{k /

P partition of [0,t t
P|—0 [ }[tk,tkﬂ]ep k

tet1

(Gu — gtk)dgu> :

2Notice however that the left-hand side depends not only on £, g, but also on the choice of f' (which may
not be unique) and possibly of the integration theory used to define the iterated integral of g.
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On the other hand, if the obtained exponent is still less or equal than 1, then the
discussion above suggests that we should pursue the Taylor expansion of f against the
signature of g, i.e. the sequence of its iterated integrals

(/ dgu1®'”®dgun> )
sSup < Sup <t neN

and that the signature itself should play an important role.

Of course, if g is not regular enough, in particular when the Holder exponent of g is
6 < % (which is the case for the important example of Brownian motion), the theory of
Young—Kondurar integration alone is not sufficient in general to define the aforementioned
sequence of iterated integrals.

The solution proposed by the theory of Rough Paths is to replace the signature here by
a rough path, i.e. any sequence of two-parameter functions satisfying the nice algebraic and
analytic properties which are enjoyed by the actual signature of smooth functions. This
insight turns out to permit the construction of a strong integration theory.

1.1.3 Rough Paths and Hopf algebras

It has been known since the works of Chen [Che54] that the theory of signatures is alge-
braically rich. For instance, one can encode the signature of a smooth path X : [0,7] — R?
as a biprocess X acting on words over the alphabet {1,--- ,d} via

(X, i1 - ip) = / dXi - -dXin,
s<up < <up <t
which satisfies the following Chen’s relation for words w
<Xs,t7 w> - <Xs,u7 ’U}> - <Xu,t7 w> = <Xs,u ® Xu,ta A/w>7

(where A’ denotes the reduced deconcatenation coproduct and is defined by A’(iy ---iy,) =
ZZ;% i1 ik ®igg1 - in), as well as the integration by parts formula, which takes the form
for words w1, wo,

<Xs,t7 w1y LW w2> = <Xs,t’ w1> (Xs,ta ’LU2>,

(where L denotes the shuffle product and is recursively defined for words wy, wo and letter
il, 19 by w1t W wetyg = (w1 L1 wzig)il + (wlil L1 wg)ig)‘ It turns out that these algebraic
properties can be encoded in the more general framework of Hopf algebras, which we will
not rigorously introduce here for the sake of simplicity (see for instance [Car07; CP21] for
general treatments of Hopf algebras).

Thus, we will consider H = ®,cnHy, a graded Hopf algebra with product - and reduced
coproduct A’. Inspired by the above discussion, we say that a biprocess X: [0, T]? — H* is
a (H,a)-rough path if

(Xst,0-71) = (X4,0) (X, 7) foro, 7€ H,

(Xsty0) — (Xsu,0) — Xyt 0) = (Xgu ® Xyp, A'o) for o € H,
|(Xs,0)| S|t —s]" for o € H,.

A few example of Hopf algebras of interest in this context are:

1. The shuffle algebra on the alphabet {1,...,d}, which gives rise to the theory of
(weakly) geometric rough paths on R? [Lyo98]. In this case, H, corresponds to (linear
combinations of) words of length n.
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2. The Butcher-Connes-Kreimer algebra of rooted forests with nodes decorated by
{1,...,d}, which gives rise to the theory of branched rough paths on R% [Gub10].

3. Quasi-shuffle algebras, which gives rise to the theory of quasi-geometric rough paths
[Bel20].

4. The Hopf algebra of Lie group integrators, which gives rise to the theory of planarly
branched rough paths [CEFMMK?20].

1.1.4 The question of extending rough paths

One important question is the following: given an a-rough path X defined on @Y_,H,,, can
one extend it to @nN:JrOl H,, while still preserving the three properties above? Or informally:
“given a function X : [0,7] — R?, does there exist a suitable sequence of iterated integrals
of X7

The positive answer was provided in 2007 by Lyons and Victoir [LV0T7] with an argument
relying on the Lie structure of the characters on H.

Let us however suggest a (seemingly) more direct approach in terms of sewing: let
o € Hy1, we are looking for a biprocess (X, o) satisfying

(Xot,0) = (Ko, 0) = Kuy 0) = Xy @ Xopp, Ao, |(Xop,0)| S|t — s[*PFD (1.1.5)

It is not difficult to define a biprocess satisfying the first condition: setting A,; =
(Xo,s®X;4, A'o) (which is well-defined because A’c only depends on H< ), a straightfoward
computation gives

As,t - As,u - Au,t = <Xs,u & Xu,ta Ala>7

but A will not in general satisfy |Ag¢| < [t — s/*V 1. On the other hand, A satisfies the
assumption of the Sewing Lemma, Theorem 1.1.2, for v = a(N +1), since it is straightforward
to obtain the bound

(Xou ® Xy, Alo)| S |t — 5N,

and now (X, 0)s; = Ass — (I — I,), where I is the function provided by the Sewing Lemma,
satisfies both constraints of (1.1.5), thus allowing to extend the rough path as wanted.

The catch here is that the Sewing Lemma as stated in Theorem 1.1.2 requires v > 1,
and thus the argument sketched above is valid only for the levels N > |1/«a]: novel ideas
are required for the lower levels.

1.1.5 Contribution I: the Sewing Lemma for 0 <y <1

In this work written in collaboration with Lorenzo Zambotti, we prove that the Sewing
Lemma, Theorem 1.1.2, can be extended to the regime 0 < v < 1:

Theorem 1.1.3 (L.B.-L.Zambotti, [BZ22, Theorem 2.2]). Let0 <y < 1 and A: [0,T]> — R
be a continuous function such that

|[Ast — Asy — Aut] St —s|7 over 0 <s<u<t<T,
then there exists a (non-unique) function I:[0,T] — R such that Iy =0 and

|I; — Is — Ag 4| < it =l iFo<y<1, over 0 <s<t<T.
’ [t —s|(1+[log|t —s||) ify=1, - T
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Let us comment briefly on some aspects of this result.

First, notice that the integral I here can not be unique anymore: let J: [0,7] — R
be any non-vanishing function such that Jy = 0 and |J; — Js| S [t —s]7 if 0 < v < 1,
|y — Js| S|t —s|(1+ |log|t — s||) if v =1 (and such functions do exist), then I + J # I is
another solution to Theorem 1.1.3.

Second, notice that the integral I can not be constructed as a limit of Riemann sums as
in (1.1.4) anymore. A simple counterexample is given by the function As; := v/t — s, which
satisfies

1
’As,t - As,u - Au,t‘ 5 ‘t - 3‘27

vet if P = {0 =ty < t1 < --- < t, = t} is a partition of [0,¢] of mesh |P| =

MaXg—0 ... n—1 |tk+1 — tg|, then the immediate estimate /Ty 1 —tx > (tpr1 — tn)/VI|P)
yields

> Ay >L7
VIR

[tk,tk+1]€P

which diverges as |P| — 0. Indeed, the construction of I in Theorem 1.1.3 relies on a different
approach: we define I recursively on the dyadics, then extend I on [0,7] by continuity.

Third, notice the great similarity between Theorem 1.1.3 and the Reconstruction Theorem
(see Theorem 1.2.1 below), where the case v < 0 provides a non-unique reconstruction
which is built with different approximations as in the case v > 0 (and where a logarithmic
factor appears in the case v = 0). Indeed, we prove that (a slightly weaker version) of
Theorem 1.1.3 can be obtained as a corollary of the reconstruction theorem by considering
the germ F} := 02 A;. where the differentiation in the second variable is understood in the
distributional sense.

Finally, notice that — as motivated in Section 1.1.4 above — it is natural for Theorem 1.1.3
to admit applications in the context of the theory of Rough Paths, which is concerned with
the study of (possibly non-canonical) iterated integrals. In particular, Theorem 1.1.3 permits
to provide a simple proof of the Lyons—Victoir extension theorem [LV07], which states that
given any a-Hélder path X for some a € (0,1),a~! ¢ N, there exists a (non-canonical)
a-rough path lying above X. Our construction is furthermore continuous (with respect to
the natural topologies).

In fact, we establish a slightly more general result of parametrisation of rough paths,
stated in the general framework of Hopf algebras.

Theorem 1.1.4 (L.B.-L.Zambotti [BZ22, Theorem 4.7]). Let H be a commutative graded
connected locally finite Hopf algebra. Let o € (0,1),a”! ¢ N and denote RP*(H) the
set of (H,«)-rough paths. Then there exists a finite subset B of H such that RP*(H) is
homeomorphic to the vector space

G = {(f")nep : f* €M f(0) = 0}.

More precisely, one such homeomorphism P: RP*(H) — €5 is explicitly produced in
terms of the map A — I from Theorem 1.1.3. The interest of this parametrisation can
be illustrated by the following applications: the map f ~ P~!(f) yields a continuous
Lyons-Victoir extension; and the map (f,X) — P~L(f + P(X)) yields a continuous free
transitive action of ¢F on RP®(H), which retrieves a result from [TZ20].
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1.2 Germs: motivations from Regularity Structures

1.2.1 Singular SPDEs

The theory of Regularity Structures is concerned with stochastic partial differential equations
of the form

Lf = F(f,4),

where L is a differential operator, F' is a non-linearity, £ is a forcing noise, and f is the
solution to find. Let us heuristically motivate the interest of germs, following a similar
discussion from [Che21], by considering the example of the ®4 equation, for which the
differential operator L = 9; — A is the heat operator and the non-linearity F(f,&) = —f3 +¢
involves the cube of f, that is, we consider

Of =Af—f3+¢,  where f=f(t,z),teR,zeR

This equation appears naturally in quantum field theory [PW81]. To solve it, one
strategy is to start by rewriting it through a mild formulation

f=Hsx(—f3+¢), (1.2.1)

where H denotes the heat kernel, and now one wants to find such a fixed point f as limit of
the Picard iteration

fo=0, fop1:=H=x(—f3+¢), (1.2.2)

that is, fi .= H % £, fo = H % (—(H % €)% + €), etc.

It turns out that a nice framework in general to set up such fixed-point problems is
provided by the Holder spaces C'“, which can be generalised for negative exponents as spaces
of distributions.

1.2.2 Holder and Zygmund spaces

In general, we will work in the space D’(R?) of (Schwartz) distributions, i.e. the topological
dual of the space of test-functions D(RY) := C°(R?). Within this framework one can
generalise the notion of Holder regularity to any real a € R by testing the behaviour of
distributions f € D'(RY) against suitable rescaled test-functions ¢} (recall that if 1) € D(R?),
we define 1) (-) == A"%)(A"!(y — x))): more precisely, we say that f € C*(R?) if

A
sup |f(¢z)| < +00, and sup 172l < 400, (1.2.3)

2RI AE(0,1] BT reRINE(0,1]) peBr, A

where r denotes any integer r > —a; A" corresponds to the space of test-functions 1) € D(R?)
such that supp(v) C B(0,1), and [|¢h[|cr = max <, 04|00 < 1; and where %% denotes
the space of test-functions ¢ € %" such that [ ¥y (z)dx = 0 for 0 < |k| < o

When « € (0,1), such distributions f can be shown to coincide (as the terminology
“Holder space” suggests) with actual functions satisfying |f, — fz| < |y — z|®.

At this point, one can propose some remarks. First, observe that the definition above
subtly depends on the way we define the scaling LZJ? of a test-function. In some cases
it is convenient to slightly modify this notion: for instance when working with the heat
operator 9; — A it is useful to encode the fact that time counts “twice as much” as space,
by defining rather 2 (-) = A~ (D A"2(yy — 21), A" (y2 — 22), -+ , A" (yq — x4)), where
the first variable is the time-variable.
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Another remark is that this definition gives rise to a slight conflict of notation at integer
exponents, since for n € N the space C" as defined just above does not coincide with
the space of n-times continuously differentiable functions (as an example, observe that
x — log|z| € CY with the definition above). For this reason, the spaces as defined in
(1.2.3) are also sometimes noted Z% and called the (Holder)-Zygmund spaces, see [FH20,
Section 14.3] for a presentation and Chapter 4 of this manuscript where we use this notation.
For the sake of simplicity, we keep the notation C'® throughout this introduction.

The spaces C'* enjoy many nice properties, in particular:

1. (White noise) one can show that gaussian space-time white noise £ in (space) dimension
d almost surely belongs to C~%2+1=#(R%+1) for any & > 0 (where the Holder regularity
is measured here with the parabolic scaling), see [FM17];

2. (Schauder estimates) the heat kernel is 2-regularising i.e. the convolution with H is
a continuous linear map from C® to C**2 for all @ € R (this is an instance of the
so-called Schauder estimates, see Chapter 4 below for a general discussion);

3. (Young multiplication) given «, 8 € R, one can extend (in a canonical way) the usual
pointwise multiplication of smooth functions C x C®° — O to C* x CP — ¢min(e.5)
if and only if a 4+ 5 > 0 (see Section 1.2.4 below for a discussion and a sketch of proof
using the reconstruction theorem).

1.2.3 The example of the ®} equation and germs

Let us return to the fixed point problem (1.2.1), we heuristically discuss the Picard iteration
(1.2.2) in (space) dimensions d = 1,2, 3 successively.

When d = 1, the space-time dimension is 2 and so & € C~3/2" | whence (by the Schauder
estimates) H * & € CY?" thus (by Young multiplication) its cube (H * &) is properly
defined and we can follow the Picard iteration (1.2.2) to solve (1.2.1) in the space C%/2" .

When d = 2, £ € C~2 thus H * £ € C° which is unfortunately not sufficient for
the cube (H * £)3 to be properly defined, and so the Picard iteration (1.2.2) can not be
performed. One idea going back to Da Prato and Debussche [DPDO03] is to remark that in
this Picard iteration, the term € :== H £ € C° should be the one with lowest regularity,
suggesting that ¢ := f — £ should have better regularity than C° . Indeed, observe that the
equation (1.2.1) implies (formally) on g:

g=—H=x (g5 + 369> +3%g + &), (1.2.4)

which can be solved via Picard iteration in C? , as soon as one gives a sensible meaning
to the powers €2 € €% and £ € C°, but this can be done by so-called Wick calculus
techniques, exploiting probabilistic properties of the noise &.

When d = 3, £ € C3/27 thus € .= H+ £ € C~1/27 | whose cube is still ill-defined by
Young multiplication. However, one can try the Da-Prato—Debusche trick above and it is
still possible to define €2 € C~'" and €3 € C~3/2" in a sensible way via Wick calculus. A
further problem arises though when performing the Picard iteration for (1.2.4), i.e.

90:=0, gni1i=—H (g} + 3897 + 3629, + €%).

Indeed, )
g=-Hx&eclV?,

whence the product £2¢; in gs is an ill-defined product of a C~1 distribution with a
C'/?” function. Here, one may still hope to pursue the Da Prato-Debussche technique and
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iteratively remove the term of worst regularity. However, upon writing the calculations,
one ends up in an infinite loop: the reason is that one can not expect to multiply a C~1~
distribution with a C'/2” function and obtain a distribution of regularity better than C—1~
in general, as the regularity of a product is the minimum of the regularities.

An important remark here is that on the other hand, the regularity of the product of
local approximations around a point x should be the sum of the local regularities around x:
as an illustration of this principle, observe that if | £, (y)| < |y — z|* and |g.(v)| < |y — z|?
then | fug:(y)| < ly — x[**7.

This suggests that if, instead of working with distributions, we start to work with families
of local approximations of distributions, then we could “improve” the regularities that appear
in the Picard iterations, and successfully perform (iterated) Da Prato—Debussche type tricks
for the equation ®4 in dimension d = 3 as discussed above (and also for many more similar
singular SPDEs). This is one of the (many) ideas which were successfully implemented by
Hairer in his theory of Regularity Structures [Hail4].

In general, we define a germ to be any such family (F}),cga of distributions F, € D'(R?).
(For technical reasons we will also add the condition that for any test-function ¢ € D(R?),
the function x — Fy(¢) is measurable). Of course, if we choose to work with germs rather
than distributions, then we need to ensure that the germs we work with indeed correspond
to local approximations of distributions of interest. In other words, the question of retrieving
a distribution given a suitable family of local approximations needs to be adressed.

1.2.4 The Reconstruction Theorem

The discussion above thus motivates the following general question, called the reconstruction
problem:

Given a germ F = (F),cpd, does there exist a (unique) distribution f € D'(R?) such that
I is “sufficiently close to” F, locally around x?

An elegant answer to this problem is provided by the following Reconstruction Theorem,
originally established by Hairer [Hail4] and later stated in the following formulation by
Caravenna and Zambotti [CZ20].

Theorem 1.2.1 (Reconstruction Theorem). Let F' = (Fy),cra be a germ such that there
exist reals o < vy and a test-function p € D(R?) with [¢ # 0, such that the following
estimate of “coherence”

|(F = Fy) (o)l S A%(ly — 2+ 277, (1.2.5)

holds uniformly over z,y in compact sets, A\ € (0,1]. Then there exists a distribution
R(F) € D'(RY) such that
(R(F) = Fo)(w)] S A7, (1.2.6)

~

uniformly over x in compact sets, A € (0,1], v € A" = {¢p € DRY),supp()) C
B(0,1),|[¢]lor = maxg<, |07 < 1}, for any integer r > —a.
Furthermore, such a distribution R(F) is unique if and only if v > 0.

See also [HL17; MW20; RS21; BL22; ZK21] for similar “reconstruction” results in
different contexts.

Note that the theorem as stated just above does not specify whether f admits Holder
regularity. However, one can establish that R(F') € CP for some B < v, B < 0, as soon as
the further condition of “homogeneity”

1Fy ()| S A7, (1.2.7)
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holds uniformly over y in compacts and A € (0, 1], where ¢ is the same test-function as in
(1.2.5).

It is now convenient to introduce the notation G%%7 to denote the set of germs satisfying
(1.2.5) and (1.2.7) ( which can in fact be shown to be a vector space), as one can reformulate
the Reconstruction Theorem as the existence (and uniqueness iff v > 0) of a linear continuous
operator

R: GHer — OF,

such that R(F) — F € G%*7 for all F € G,
Let us shortly illustrate the power of the Reconstruction Theorem in two elementary
situations: we refer to [CZ20] for more details.

Example 1: Taylor germs

Let « > 0, « ¢ N, and f € C* be a a-Holder function. Then by the usual properties of
Holder functions, f admits derivatives up to degree o and we can introduce the Taylor germ

Tiy) = > f® (@M, (1.2.8)

|
0<|k|< k!

which furthermore satisfies |f(y) — Ty (y)| < |y — 2|® and as such provides a natural local
approximation of f around z. Now an elementary calculation establishes

T/ € G%% and R(T') = f (as expected).

Example 2: Young multiplication

Another elegant application of the Reconstruction Theorem permits to recover the celebrated
result of multiplication of distributions whose Holder exponents sum to a strictly positive
value. Note that this can be seen as a “differentiated” version of the theory of Young—
Kondurar integration, here constructing the integrand rather than the integral.

Let « > 0, « ¢ N, and f € C* be a a-Holder function, so that we can consider its
Taylor germ T/ as defined in (1.2.8). Now if 3 < 0 and g € C%, we can postulate that the
(to-be-defined) product gf should be approximated around x by g7}, i.e. the (well-defined)
product of the distribution g with the C* function T}/. This motivates the introduction of
the germ

I, = ngf )

for which a straightforward calculation establishes
F e ghboth,

and setting gf := R(F) continuously extends the product from C% x C>® — C8 to CPxC* —
C? in a canonical way as soon as o+ 3 > 0.

1.2.5 Contribution II: a Besov Reconstruction Theorem

In this work, written in collaboration with David Lee, we establish a reconstruction theorem
with a Besov flavour.

Besov spaces are spaces of distributions which generalise the Hélder spaces, and the
literature proposes (many) different equivalent ways of defining them. One possible way to
measure Besov regularity of a distribution f is — similarly to the Holder case — to consider
the behaviour of f(¢)/\%, but now instead of assuming this quantity to be bounded, we
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rather impose assumptions of integrability in = and A. More precisely, let p, g € [1,4+00] and
a € R, we define the Besov space By, as the space of distributions f € D’ (RY) such that:

)

‘ sup |f (¢z)] H’ sup |~ < +00,
PEAT PEABL, Lp(z)!lea(n)

where we denote %’ the space of test-functions ¢ € %" such that [x¥y(z)dr = 0 for
0 < |k| < a.. Note that taking p = ¢ = 400 in this definition retrieves the Holder-Zygmund
space C'*.

Introducing the integrability exponents p and ¢ permits greater flexibility in some
applications. One example is the fact that for any p € [1,+oco] the Dirac mass dp at 0
is in Bp,oo drd/p , and thus one can modulate the regularity exponent by “playing” with the
integrability exponent. Another example is the fact that the spaces BY, — also known as the
(fractional) Sobolev spaces — enjoy a natural Hilbert structure and are well-studied in the
context of Malliavin calculus. See [Lab19; GL20] for examples of applications in the context
of SPDEs which were motivated by such ideas, and also [ST18; LPT21; FS21] for some
works involving Besov-type spaces in the context of Rough Paths and Regularity Structures.

A reconstruction theorem in the framework of Besov spaces has been previously estab-
lished by Hairer and Labbé in [HL17], where the reconstruction bound (1.2.6) is replaced by
a version which takes into account integrability in x and A\. However, this theorem [HL17,
Theorem 3.1] is presented in the formalism of regularity structures and proved using wavelet
techniques.

We provide a generalisation (both of [HL17, Theorem 3.1] and of the “Hélder” recon-
struction theorem of Caravenna—Zambotti [CZ20, Theorem 5.1]) which we state in the
framework of distribution theory, and which we also prove using elementary techniques as

in [CZ20]:

Theorem 1.2.2 (L.B.-D.Lee, [BL22, Theorem 3.2]). Let F' = (F}),cra be a germ such that
there exist reals p,q € [1,+00], o, B <y, and a test-function o € D(RY) with [ # 0, such
that for all K C RY,

:):Jrh_ (px )
< 400,
HHH2 Tne(2- ”Hh\) Lp (K do) o0 (nem) I La(B(0,2), 22
and
< +0o0,
HH 2~ nﬁ Lr(K,dx) ¢ (neN)

then there exists a distribution R (F) € D'(R?) such that for any integer r > max(—a, —f3)
and any K C RY,

where k(A) = X7 if v # 0; k(\) = 1+ |log \| if ¥y = 0, ¢ = +o00; k(\) = 1 + |log A\|'*** for
any k>0 if vy=0, g < o00.

Furthermore, such a distribution R (F) is unique if and only if v > 0.

Also, as soon as f <0, R(F) € Bgoo

(R(F) — Fu)(¥3)
k(M)

sup
PEAT

< 400,

LP(K,dz)1La(B(0,1),%)

In fact, our main theorem [BL22, Theorem 4.5] is slightly stronger, but we refrain from
presenting it here because it demands the introduction of heavier notations. At this point,
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we also would like to mention the paper [ZK21] which provides a reconstruction result in
the general case of quasi-normed spaces (including the case of the Besov spaces).

As in the case of the Holder reconstruction theorem, see our discussion in Section 1.2.4,
it is natural to expect Theorem 1.2.2 to retrieve a result of Young multiplication, this time
in the more general Besov spaces. Indeed, the same approach as in Section 1.2.4 recovers the
following result (which is already known in the literature, see e.g. [Marl8, Corollary 2.1.35]
or [Zui20, Theorem 19.7] for alternative proofs using paraproduct techniques).

Theorem 1.2.3 (L.B.-D.Lee, [BL22, Theorem 3.12]). Let p1,p2,q1,q2 € [1,4+00] and let
p € [1,4+00] be defined by%: p%""p%' Let o, B € R be such that a <0< 3, a+ > 0.

Then there exists a bilinear continuous map M: By, . X 8527@ — By, which extends
the usual (pointwise) product, i.e. when g € BY

g and f €C, M(g, f) =gf.

1.2.6 Contribution III: Schauder estimates for germs

In this work in preparation with Francesco Caravenna and Lorenzo Zambotti, we establish
Schauder estimates in the context of coherent germs.

The celebrated “classical” Schauder estimates state that kernels with integrable singular-
ities on the diagonal enjoy regularising properties. More precisely, let K: R? x R¢ — R be
such that for all multi-indices k,! € N,

|OF 05K ()| S |y — |74,

for some B > 0, then (assuming further technical assumptions, see Section 4.2.3 below for a
more precise discussion), for all & € R the convolution with K is a well-defined continuous
map from C® to C*t8: we say that K is S-regularising.

This is a powerful tool in the context of partial differential equations as it allows
to perform fixed-point arguments . Now in the context of stochastic partial differential
equations, as suggested above one may want to argue at the level of germs rather than
distributions, and it is natural to wonder whether one can “lift” the convolution operator in
a meaningful way at the level of the spaces G%%7. More precisely, given &, o,y € R, does
there exist a “nice” continuous linear map K (and exponents &', a’,7" € R) such that the
following diagram commutes?

guey K, galiay
7| | (1.2.9)
Zo‘z K ZO_H-B

In Chapter 4, we show that a natural answer to this question is provided by convolving
the germ F' with K pointwise then subtracting a suitable “Taylor germ”:

Theorem 1.2.4 (L.B.-F.Caravenna-L.Zambotti). Let &, a, 8,7 € R satisfying & < min-y,
a<~vy,v#0,8>0,a+#0,a+5#0,v+ 5 ¢N, and let K be a B-reqularising kernel.
Then the map

. Gxar —y  GatBN0(atB)N0y+8

F — (K*Fm—i— 2 (K*(R(F)—Fx))@)(x)('—,j)k) ,
|k|<y+n zERY

is well-defined and when v > 0 the diagram in (1.2.9) commutes i.e. for all F € G%®7,

RK(F)) = K* R (F).
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This statement is in some sense similar to that of Hairer’s multilevel Schauder estimates
[Hail4, Theorem 5.12], which are however slightly more subtle. The reason is that in the
context of SPDEs and Regularity Structures, we furthermore need to impose that the germs
should admit further structure with respect to a given finite generating family of germs
(which end up in practice containing the required “data” of the noise governing the equation).
More precisely let IT', - - - | II" be a family of germs, germs of interest will be of the form

i=1

where of course there is a priori no guarantee that such germs should satisfy the properties
of coherence and homogeneity that are required for the reconstruction to exist. However, in
practice the germs II* are stable by expansion and we have identities of the form

n
i _ JTd
= E Hxl“l:y,

for some functions I'. The couple (II,T") is called a model in Hairer’s terminology. This
allows to express

(B E(e2) = 32 (S TRP0) 0 e

and a straighforward calculation now shows that if II* satisfies the property of homogeneity
(1.2.7) for some exponent &; and if there exists v > max;(&;) such that

fi(@)] £ 1, <y — a5, (1.2.10)

2y f () = ()

then F € G%*7 where a = min; a;. Functions f = (f?); satisfying (1.2.10) are called
“modelled distributions” in Hairer’s terminology and their space is denoted D".

Our calculations permit to recover Hairer’s multilevel Schauder estimates, the statement
of which we now sketch (see the original theorem [Hail4, Theorem 5.12] or Theorem 4.4.10
below for a precise statement):

Theorem 1.2.5 (Multilevel Schauder estimates). Under suitable (but not constraining)
assumptions, the map IC defined in Theorem 1.2.4 induces a continuous linear map from D7
to DYP where this last space is the space of modelled distributions with respect to a new®
(but explicit) model.

Note that this kind of statement is stronger than Theorem 1.2.4 as the “condition of
levels” (1.2.10) is stronger than requiring coherence and homogeneity.

3The fact that we change the model is not a problem in practice as we can generally choose to work with
a (recursively constructed) model which is invariant by this transformation.



Chapter 2

The Sewing lemma for 0 < v <1

Abstract

This chapter contains the results of [BZ22]. We establish a Sewing lemma in the
regime v € (0, 1], constructing a Sewing map which is neither unique nor canonical, but
which is nonetheless continuous with respect to the standard norms. Two immediate
corollaries follow, which hold on any commutative graded connected locally finite Hopf
algebra: a simple constructive proof of the Lyons-Victoir extension theorem which
associates to a Holder path a rough path, with the additional result that this map can
be made continuous; the bicontinuity of a transitive free action of a space of Holder

functions on the set of Rough Paths.
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2.1 Introduction

Rough paths were introduced by T. Lyons in [Lyo98] in order to give a robust theory for
controlled ordinary differential equations: for Y : [0,T] — R¥ of class C! and o : R% —
R? @ R¥ smooth, one studies the equation

t
Xi=Xo+ [ o(X)dv.  t>0,
0

and the aim is to extend the map Y — X to paths Y of class C* with o € (0,1), in order
to include the case of Brownian motion and therefore stochastic differential equations.

A few years later, a new analytical tool was introduced to study such rough differential
equations: the Sewing lemma [Gub04; FLPO06], which allows to define uniquely a notion of
integral I, = fg XsdYs in situations where X and Y may be paths of low regularity. For
example, in the so called Young regime, i.e. when X and Y have Holder regularity « resp. 8
with o + 3 > 1, it is a classical result due to Young [You36] and Kondurar [Kon37] that
a canonical integration theory exists for I; = fg X dYs. The Sewing Lemma recovers this
setting by showing that there exists one and only one I : [0,7] — R such that

Iy =0, I — Iy — Y (X¢ — X,)| < |t — s]F.

This raises the following general question: given A: [0,7]?> — R and v > 0, does there
exist I: [0,7] — R satisfying |I; — Iy — Ag4| S [t — 8|7 uniformly over s <t € [0,T]? The
Sewing lemma gives a simple answer to this question when v > 1: it asserts that such
an I exists (uniquely if Iy = 0) as soon as |[As; — Asy — Aut| S [t — 8|7 uniformly over
s <wu <tel0,T]. This generalises Young-Kondurar’s integration theory, and allows to
build a well-posedness theory for rough differential equations.

Surprisingly, the Sewing lemma has not been extended yet to cover the case v € (0,1]. It
is clear that the situation is different, because this time the relation |I; — Iy — Ag 4| S |t —s|”
does not characterise I anymore: indeed, any other I has the same property if and only if 1 —T
is y-Holder. However, existence of I under the hypothesis that |As; — Ay — Augt] S [t — s|”
is not known. The aim of this paper is to fill this gap, including the case v = 1 for which
the result is slightly different.

As in the case of v > 1, the Sewing lemma for v < 1 is an analytic tool which can nicely
interact with algebraic structures. The link between algebra, analysis and probability was
already clear in Terry Lyons’ seminal paper [Lyo98], where geometric rough paths were
defined in terms of tensor algebras, following the work of Kuo-Tsai Chen on iterated integrals
[Cheb4]. Later Massimiliano Gubinelli pushed this beautiful interaction further by defining
branched rough paths in terms of the Butcher-Connes-Kreimer Hopf algebra [Gub10].

In this paper we show that the Sewing lemma, both for v > 1 and v < 1, allows to
extend this framework to rough paths on a general (commutative graded connected locally
finite) Hopf algebra. This includes geometric and branched rough paths and also other
notions introduced recently, like quasi-geometric rough paths [Bel20], planarly branched
rough paths [CEFMMK20] and the (so far un-named) Hopf algebra of [LOT21, Section 6].

In particular, the main application of the Sewing lemma for v < 1 is the construction
of rough paths over a Holder path. The fact that one can always lift an a-Hoélder path for
a € (0,1) to a a-geometric rough path has been long known, at least since the paper by
Lyons-Victoir [LV07]. However their construction was based on a (beautiful) geometric and
algebraic construction, which famously mentioned the axiom of choice and was therefore
considered as non-constructive.

In Section 2.4 we show that the Sewing lemma in the case v < 1 allows to construct
inductively in a simple way rough paths on a Hopf algebra over a a-Hoélder path for o € (0, 1),
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up to level N := |1/a] (higher levels are uniquely determined by the Sewing lemma for
v > 1). Even more, this construction is continuous with respect to the relevant metrics.
This was already known for the second level of a geometric rough path, which can be reduced
to an integral of the form fg XsdY; in a case where the Young condition is not satisfied.
Here we extend this to a general result.

Such a Sewing lemma in the regime « € (0, 1] is proved in Theorem 2.2.8 below. Contrary
to the case v > 1, the constructed integral I is not unique and is not defined by Riemann-type
sums. However, I can be chosen to be linear in A and continuous in an appropriate topology.
Note that in the context of regularity structures this is very close to the Reconstruction
Theorem [Hail4; CZ20; ZK21] in the negative exponent case, where uniqueness is lost and
different approximations are used, see Section 2.5 below for a discussion.

Another application of the Sewing lemma for v € (0, 1) is the bicontinuity of a natural
bijection between the set of rough paths on a Hopf algebra and a linear space of Holder
functions. This also extends to a general result the content of [TZ20, Corollary 1.3], where
a natural bijection between these spaces, in the context of branched rough paths, had been
constructed using a constructive Lyons-Victoir extension technique, but no proof of the
continuity of this map was available. We mention that the continuity of this action and of a
Lyons-Victoir extension in the context of branched rough paths has been obtained using
paraproducts in [BH21a, Theorem 21] and [BH21b, Corollary 3].

We note that other extensions results have been obtained since [LVO0T7], see e.g. the
renormalization method of [Unt10; Unt13], and [NT11], which uses probabilistic techniques
in the case of the fractional Brownian motion. Finally, we mention that it should be
possible to extend our method to the Besov setting [FS21]. Future extensions might
involve the framework of the Stochastic Sewing Lemma [Lé20], the rough paths approach
to non-commutative stochastic calculus [DS13; BG21] and the rough paths approach to
McKean-Vlasov equations [DS21].

Acknowledgements. We are very grateful to Cyril Labbé and Francesco Caravenna for
their valuable insights and advice.

2.2 Sewing lemmas

In the following we consider a time horizon T > 0. We note
AL ={(z1,...,2p) ER":0< 21 <+ <2, <T}.

We denote C (A7) the space of R-valued continuous functions on A%; and C,, the space of
R-valued continuous functions on [0, 7]".

Note well that here the subscript n corresponds to the dimension of the domain (and
not the regularity of the function).

2.2.1 Presentation of the result

Recall the usual Sewing lemma:

Theorem 2.2.1 (Sewing lemma for v > 1 [Gub04, Proposition 1], [FLP06, Lemma 2.1}).
Let v > 1 and A: A% — R be a continuous function such that

[Ast = Asu = Augl S [t = 5[,

uniformly over 0 < s <wu <t <T. Then there exists a unique function I:[0,T] — R such
that Iy = 0 and:
I — I — Asy| S 1t —s[7,
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uniformly over 0 < s <t <T. Moreover I is the limit of Riemann-type sums

#P—1
It = lim Atz’ti 2.2.1
[P0 ; i (22.1)

along arbitrary partitions P of [0, T| with vanishing mesh |P| — 0.

In (2.2.1), a partition of the interval [a, ] is a finite sequence of ordered points P = {a =
to <t < ... <ty =b}; moreover we denote #P = k and |P| := max;—1,__up |t; — ti—1].

In this section, we establish the following theorem, extending the scope of the Sewing
lemma to the regime 0 < v < 1.

Theorem 2.2.2 (Sewing lemma for 0 < v < 1). Let 0 < v < 1 and A: A% — R be a
continuous function such that

’As,t — Asu — Au,t‘ N ‘t - 3‘77 (2.2.2)

uniformly over 0 < s <wu <t <T. Then there exists a (non-unique) function I:1[0,T] — R
such that In = 0 and:

|t — s|7 if 0 <y <1,

2.2.3
t— s (1+ logle—sl) iy =1, (223)

‘It —1Is— Asyt‘ 5 {

uniformly over 0 < s <t < T, and the map A — I is linear.

In fact, we shall show a more general result in Theorem 2.2.8 below, where we replace the
right-hand side of (2.2.2) with V(¢ — s) for general control functions V', see Definition 2.2.6.
Note that then, Theorem 2.2.2 is an immediate consequence of Theorem 2.2.8 and Exam-
ple 2.2.7. Before turning to the statement and proof of Theorem 2.2.8, let us propose a few
remarks.

Remark 2.2.3 (Non-uniqueness). It is straightforward to observe by the triangle inequality
that any I satisfying (2.2.3) for some A: A% — R and v € (0,1) is determined up to a
y-Hélder function, i.e. if I satisfies (2.2.3), then I also satisfies (2.2.3) if and only if I — I
is y-Hélder.

Remark 2.2.4. In the usual Sewing lemma Theorem 2.2.1, I is constructed as limit of
Riemann-type sums, see (2.2.1). In the case of Theorem 2.2.2, we define I with a different
construction, namely I is defined explicitly (via a recursive formula) on the set of dyadic
numbers and then extended to [0,T] by density. Note that this approach is reminiscent of
some constructive results of [LVO7; TZ20].

Remark 2.2.5. The situation is similar to the setting of the Reconstruction Theorem [Hail4;
CZ20], where different approzimations are used depending on the sign of the exponent (named
also 7), and where uniqueness is lost in the case of non-positive exponents. See Section 2.5
below for a discussion.

2.2.2 The main technical result

Now we turn to the statement and proof of our main technical result, Theorem 2.2.8 below.
As in [FLPMO08], we introduce a (new) notion of control function for our purposes. We do
not have a natural interpretation for this definition. Rather, it corresponds to the quantity
that appears in our proof below.
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Definition 2.2.6 (Control function). If V: [0,T] — R, we set for r,ky € N:

+o00
V(ko) (TQ_T) = (k() + 1) Z 2m+1 |4 <T2—(r+mk0))

m=0
+oo ko r+mko+k

+ Z Z Z gm+1—r—mko—k+l 1, (TZ—(Z—1)>‘

m=0k=0 I=1
_ We say that V' is a ko-control function if V(0) =0, V' is increasing and for each r € N,
Viko) (T2_i) < 400. We extend Vi) [0,T] = Ry as follows: set V(3,,y(0) =0, and for u €
(0,1], set Vigg) (u) = V(i) (1T277) where r € N is uniquely defined by T2+ <y <T277,

Example 2.2.7. Let v > 0, V (u) :=u". Then for any integer ko > %, V' is a ko-control
function and there exists a constant C' = Cl, , such that:

Cu” if 0 <y <1,
Vikoy (u) < 4 C (14 [log(T)]) (1 + [log (w)[)u if v =1,
CT 1y if v > 1.

We need the operators ¢ defined as follows:
1. 0:Cp — Cy: for I:[0,T] — R, we define

SI:[0,T)> =R,  6Igp=1; — I,

2. §:Cy — Cg: for A: [0,T)> — R, we define

0A: [07 T]g — R7 5As,u,t = As,t - As,u - Au t-

)

It is easy to see that 6 o = 0, so that these operators form a cochain complex, which is
moreover ezact: if 6Z =0 for Z € Ca, then Z = 0z for some z € C; (see [Gub04]).

We will work with dyadic numbers: for m € N, denote D,, == {k27"™ k € [0,2™]}, and
D =, ,en Dm- Our main technical result is the following.

Theorem 2.2.8. Let A: A2 — R be a function and V be a ko-control function for some
ko € N. Assume that for all0 < s<u<t<T,

|(64), 4| <V(E—9).

S,u,t
Then:

1. (Sewing on dyadics) There exists I: TD — R such that In = 0 and for all 0 < s <
t <T with s/T,t/T € D,

I — Iy — Ag | < f/(ko)(t —5). (2.2.4)

2. (Sewing on [0,T]) Assume furthermore that A is continuous and that

V(ko) (u) —u—0 0.

Let W be a continous function such that ‘_/(ko) < W. Then there exists I:[0,T] - R
such that Iy =0 and for all0 < s <t <T,

|It - Is - A57t| é W(t - S).
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Remark 2.2.9. Given a general control function V' as in Definition 2.2.6, it is not clear
in general whether the further condition V) (u) —u—0 O holds. However, note that the
condition is satisfied when V(u) = uY for some v > 0, see Example 2.2.7.

Proof. We prove the items in the announced order. Without loss of generality we can
suppose that T' = 1: if T'# 1, consider A: A} — R defined by As; := Agryr-

Proof of 1. First we introduce a sequence uy, , defined for n € N and k € [0,2" — 1] by
the recurrence relations:

U0,0 =0,
1
U2k, n+1 = §uk,na
1
U2ktlntl = 5Ukn + (5‘4)142—",(k+%)2—”,(k+1)2—"'

Now note that in order to define recursively I on D, it is enough for each n € N to define 1
on elements of D,, of the form k27" where k = 2] + 1 is odd. Indeed, when k is even, k27"
belongs to D,,_1. Thus, we set Iy := 0 and then recursively:

Lory1y2-n = Iip—n + Agio—n (214 12— + Ualn- (2.2.5)

(Notice that for each dyadic number s € D, I is actually defined as a finite linear combination
of the A, , and there is no question of convergence here. Note also that this definition is
linear in A.) We claim that R, = I; — I, — Ag; can be expressed on consecutive elements
of D, by:

Ryo—n (k+1)2-n = Uk (2.2.6)
This is not clear a priori as (2.2.5) only establishes this property when k = 2 is even.

However, when k = 2] + 1 is odd, we argue by recurrence on n, and this is where we exploit
the definition of u. Indeed, by definition of R, it holds that R = —d A so that:

Rory1)2-n (2142)2-n = Rana—n (2142)2-n — Ranz—n (2141)2-»
+ (6A)19-n (2141)2-7, (204 2)2-n-
By recurrence on n, Rpyo-n (2142)2-n = Un—1- By (2.2.5), we have R(g)o-n (2141)2-n =
Ugy,n. By definition of u, ug, = %um_l, thus:
1
R(21+1)2*",(2l+2)2*" = §Ul,n—1 + (6*’4)2l2*”,(2l+1)2*”,(2l+2)2*"a

and by definition of « this in turn equals ug;y1 , which establishes (2.2.6).
Now let us turn to the Sewing bound (2.2.4). For r, M € N; set:

Vp M= max |Rs ¢t -

t,s€Dpr,0<t—s<2—T

Note that when r > M, no distinct values t, s € Dy satisfy 0 <t—s < 27", so that v, pr = 0.

When r = M, the only elements ¢, s € D, satisfying 0 <t — s < 27" are consecutive, i.e. of
the form s = k27", t = (k+ 1) 27" so that from (2.2.6),

Upp =  Mmax |ug,|.
ke[0,2r—1]

According to the recursive definition of u, and the hypothesis on A,

1 —(r—
Upr < 5”7’—1,7‘—1 +V (2 r 1)) .
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Iterating and since vg,0 = 0, we get:
T
vy < 302707V (27071 (2.2.7)
=1

Now we establish a first (recursive) estimate of v, 4 for r,k € N. Let t,s € D, be such
that 0 <t —s < 27". Note that if ¢t = s then Ry; = 0, so that now we assume t — s > 0.
Remembering that R = —J A, we decompose:

Rs,t = Rs,sl + Rsl,h + Rtl,t — (514)317151’13 — (514)3’81715. (228)

where s; = min (u € Dyyg_1,u > s), t; = max (u € D,yp_1,u < t). Note that sj,¢; are
correctly defined, that s1,t1 € Dyqx—1 C Dyyg, s < 81, t1 < t, and that s1 — s < 2*(”’“),
t —t; <2704k Furthermore, since t — s > 0 and ¢, s € D, it holds that ¢t — s > 27"+
and thus D, 1 N[s,t] # (), whence s; < ¢1. Thus from (2.2.8) and the definition of v:

Urr+k < 2Ur+k,r+k + Vrprtk—1+ 2V (Q_T) :

Recalling (2.2.7), this yields:

r+k
Urrtk — Urppk—1 < 2 (V (2_T) + Z o—(r+k=0y/ (2_(l_1))> .
=1

Summing from k£ = 1 to K and reusing (2.2.7), we obtain for r, k € N:

K r+k
Urprie < 2KV (27) 4230 3 oDy (70-D) (2.2.9)
k=0 1=1

Now fix kg € N*, and let »,M € N with r < M. Let 0 <t —s < 27" with s,t € Dy;. We
consider several cases.
If » + ko > M, then using (2.2.9):

ko r+k
vrar < 2koV (277) 4230 D 27Dy (2707, (2.2.10)
k=0 l=1

Ifr+ky< M and 0 < t—s < 2 ("+ko) then by definition of v:
|Rst| < rgro,nr- (2.2.11)
If 4+ ko < M and 2=0+k0) < ¢ — s < 277 then we consider
sy :=min (u € Dypjpy,u>s), t1=max(u € Dyyp,,u<t).

Observe that s, ¢y are correctly defined, s < sy, t1 <, s1,t1 € Dy, C Dy Also, since
t — s> 2-+k0) it holds that Dy, N [s,t] # 0, whence s; < t;. Finally, the definition of
s1,t implies s; — s < 2-(tko) ¢ — ¢, < 2=("+ho)  Thus from (2.2.8):

|Rst| < 20p4p9,0 + Vg +2V (277). (2.2.12)

We denote:

ko r+k
Wike) (r)=2(ko+1)V(27") +2 Z Z o—(r+k=1)y; (2_(5_1)) 7
k=0 1=1
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so that combining (2.2.10), (2.2.11), (2.2.12), and (2.2.9) gives for r < M € N:

21}r+k07M + W(ko) (’I”) if r+ko < M,
Ur.M =
M W(k:o) (T‘) if r+ ko > M.

Iterating this recursive estimate, we obtain:

—+00
U M < Z QmW(kO) (7“ + mk‘o) .

m=0

Note that from Definition 2.2.6, the right-hand term equals 1_/(k0) (27"), and thus this implies:

sup |Rs | < ‘7(k0) 27).

t,s€D,2=(r+1) <t—s<2-T

Recall that by definition, 1_/(k0) (27" = ‘_/(ko)(t —s) when 2-0*1) < ¢ — 5 < 27" This is
enough to conclude that for all s,t € D with t # s, [Rs4| < Vigg)(t —s). When t = s,
[Retl = |Aeel = | = (0A4), 4,1 < V(0) =0 < V(x,)(0), whence the announced result. (Note
that this is the only time in the proof where we use the assumption that V' (0) = 0.)

Proof of 2. We extend I on [0,7T] by density, setting for ¢ € [0, T7:

I; .= lim I.
s—t
seD

This is correctly defined, because for any choice of (s,),, oy € DN with s,, — t, the Sewing
estimate:

s = Isp| < |Aspnsmsnvsm| T ‘_/(ko) (Isn = sml),

implies that the sequence (Is, ),y is Cauchy. If W is a continuous function such that
Vik) S W, then |I; — Iy — As | < W (t —s) for all s,t € [0,T]. O

Remark 2.2.10 (Non-locality). Note that our construction of I in the theorem above is non-
local, in the sense that I; — I, may depend on the value of A outside of [s,t]%. As an example,
observe from the definition (2.2.5) of I that I3y = %AOJ/Q + %AOJ + Avja3/4 — %A1/2,1-
Since Iy = 0, it follows that I3/, — Iy depends on the value of Ao .

Another sewing map I could possibly satisfy a locality property, but this would clearly
require novel ideas. We point out that in the case of the Reconstruction Theorem it is also
well known that in the regime v < 0 (which corresponds to v < 1 for the Sewing Lemma,)
the Reconstruction map is non-local, see e.g. [CZ20, Section 11].

Remark 2.2.11 (Lyons—Victoir). The construction in the proof of Theorem 2.2.8 is remi-
niscent of the Lyons-Victoir extension technique [LVO7], although it is not clear whether the
extension we construct in Section 2.4 below does coincide with the Lyons—Victoir extension
in general.

Remark 2.2.12. In the case of a smooth path or a Brownian motion, one can build a
sewing map with the Riemann or (respectively) the Ito integral, but the results are bound to
be different from that of our construction; the merit of our sewing map is of course its wider
range of applicability.
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2.3 Continuity of the Sewing map

The Sewing Lemma for v > 1 given in Theorem 2.2.1 finds its main applications in the theory
of rough integration and rough differential equations [Gub04]. In this setting it is useful
to introduce some function spaces and interpret the Sewing Lemma in terms of operators
having nice properties on these spaces. Then we introduce for all v > 0, A € C(A%) and
B € C(A3)

[As.t] | Bs,u,t

[Alleg(az) == sup

0<s<t<T ‘t—sh’ HBHCg(A%) = sup

0<s<u<t<T [t — 8|7’
with the associated normed spaces

C3 (A7) = {A € C(AT) : |Alley(az) < +ool,

C3(A%) = {B € C(A}) ¢ | Blleyas) < +oc}.

Then we can reformulate the Sewing Lemma for v > 1 with a quantitative estimate as
follows

Theorem 2.3.1 (Sewing map for v > 1, see [Gub04; FLP06]). Let v > 1 and A € C(A%)
satisfy SA € CJ(A%). Then there exists a unique R € CJ(A%) such that SR = §A. Moreover
we have the estimate
[Rllcy(azy < Cyll6Allcy(az) (2.3.1)
with Cy = (27 —2)71.
The two statements in Theorem 2.2.1 and Theorem 2.3.1 are essentially equivalent if we
establish the correspondence (A4, R) <+ (I, R) in such a way that

I:00,T] >R, Iy=0, & =A-R.

The uniqueness statement in Theorem 2.3.1 implies that if A € C(A%) satisfies 04 = 0, then
the corresponding R is also equal to zero. We obtain that in Theorem 2.3.1 R is in fact a
function of d A only. In other words, Theorem 2.3.1 allows to define the Sewing map

A:5(C(AZ)NC(A3) - CJ(AZ), B=6A+ R=AB,
and the bound (2.3.1) yields the continuity property in the case v > 1
[ABllgyazy < 2" =27 IBlegasy VB €5(C(A}) NCI(AD).

Since R = 0 A, or equivalently since § o061 = 0, we note that A = Idsc(a2))ncy (a2), namely
we can interpret A as a right inverse of §.
We now state the Sewing Lemma for 0 < v < 1 with a quantitative estimate.

Theorem 2.3.2 (Sewing map for 0 < v < 1). Let 0 < v < 1 and A € C(A%) with
§A € CJ(A3). Then there exists R € C(A%) such that 6R = §A, the map §A — R =: A(A)

is linear and for some constant C, > 0 we have the estimate
[Rllcyazy < CylldAllcyazy i v <1, (2.3.2)

sup |Rs,t|
o<s<t<t (1 + [log[t — s|[) [t — s|

< Ci)0Alleyaz)y v =1 (2.3.3)

One can actually bound the constants in Example 2.2.7 and observe that one can take:

2’Y+1 1 9 '
“- 1 —o=([3]+1) <2+ LyJ e ona —2—v)) if0<vy<1,
Clzﬁ(l—l—HogT\) iy =1,

log 2
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We have therefore another Sewing map for v < 1
A:S5(C(A%)NCY(AY) = CJ(A%), B=36A+— R=AB.

The fact that R is in fact a function of 6 A follows from the construction in Theorem 2.2.8
of the sequence uy, , which depends only on §A, see (2.2.6), (2.2.8). Linearity of the map
0A — R follows from the construction in the proof of Theorem 2.2.8.

The estimate (2.3.2) shows that also for v < 1 the Sewing map can be constructed as a
linear continuous operator A : §(C(A2)) NC3 (A3) — CJ(A%). For v = 1 this is also true,
but the norm CJ has to be slightly modified in accordance with (2.3.3), but we refrain from
introducing a notation for this.

We define the classical space of S-Holder functions on [0, 7] for 5 € (0, 1]:

¢y = {f € C(0. 7)) : |6flgs < +o0}.

Then the choice of R in Theorem 2.3.2 can not be unique for v < 1, since R + §f for any
f € C] also satisfies the desired properties.

Remark 2.3.3. Note that there are two different Sewing maps: one for v > 1 and one for
v < 1. We denote both by A, since it is always clear from the context which of the two is
used.

2.3.1 The integration map

We have seen above that the Sewing map allows to define an integration map A — I, for all
A € C(A%) such that §A € CJ(A%), where I € C; is defined by

Iy=0, 61 —A=—A(SA)cC)(A%). (2.3.4)
We note this linear map by
T:{AcC(A%):6AcC](A})} —C,  I(A):=1.

A natural question in this context is under which conditions I belongs to a space of S-Holder
functions.

Proposition 2.3.4. Let 8 € (0,1) and A € C(A%) such that §A € C??V’V(Ag’ﬂ). Then
I:=7(A) € Clﬁ if and only if A € C§(A2T), and in this case

H(sl”cg(A%) < HAHcg(A%) + CBV’YHéAHCS?VV(A?%)'
Proof. Let A € C(AZ) with §A € C5Y7(A3.). Since 61 = A— A(6A) we obtain for 8 € (0,1):
Hdl”cQB(A%) < HAHcg(A%) + ||A(6A)”C§(A%)
< HAHcg(A%) + HA((sA)”cé’W(A%)
< HAHcg(AQT) + CBV7||5AHC§W(A%).
On the other hand we have
HAHcg(A%) < H(SIHCQB(AQT) + ||A(5A)||c§(A%)
< 107 s a2, + IAGA) g aa)
< H(SIHcg(A%) + CﬁV’YHéAHcg\/V(A?%)'

The proof is complete. O



2.3. Continuity of the Sewing map 35

In the terminology of [CZ20]:
« 0A€CYT(A3) is a “coherence” condition,
« AeCJ(A2)is a “homogeneity” condition.

See Section 2.5 below for further discussions.

2.3.2 Optimality of the case vy €]0,1].

Let us fix v €]0,1[. The following example shows that the growth rate |t — s|7 from
Theorem 2.2.2 in the case v < 1 is optimal. Let us set Ag; := |t — s|7. Then for s < u <t,

0Agur=1t—s|" —|u—s|" =t —u|” € [—|t —s|7, |t — s|"].

Therefore §A € C3(A%). Let us suppose now that we can improve the bound (2.2.3) in the
sense that there exists I € C; such that Ip = 0 and

li ) |It - Is - As,t| _
m sup —————————— =

0.
el ji—gj<e [t —s|7

Then, denoting R = I; — I, — Asy we must have R, = o(|t — s|7) as s < u <

t,|t — s| — 0. However, taking u = ST”, observe that

5R5’u7t = _5As,u,t = (217'Y — 1)’t — S"y,

which cannot be a o(|t — s|7) and thus provides a contradiction.

2.3.3 Optimality of the case v = 1.

The following example shows that the growth rate |t — s||log|t — s|| from Theorem 2.2.2 in
the case 7 =1 is optimal. Let us set Agy := [t — s|log|t — s|. Then for s < u <t,

0Agut = |t — s|log|t —s| — |u— s|log|u —s| — |t — u|log |t — u]

) € 0. Gog2)lt 51

1
:ts(plog+1plog
= | (plog - + (1= p)log ;—

_ lt=y|

where p = 7= € [0,1]. Therefore A € C3(A%). Let us suppose now that we can improve
the bound (2.2.3) in the sense that there exists I € C; such that Iy = 0 and

1. |It - Is - As,t’ _
im sup =
el0 1_gj<e [t — s[|log |t — s]]

Then there exists §,, — 0 such that

sup ‘It — IS — As,t| < (571
lt—s|<5

Let us set t =i/n and s = (i —1)/n. Then As; = —logn/n and

1 1
oent <Ii—Tisa < —(1-6p) 0gn7
n

2
n n

_(1 + 571)

and summing over
—(1+6,)(logn)t < I; < —(1 —6y)(logn)t, t= %
Since t = % for all m > 1, we obtain
—(1 + Sum)(log 1 + logm)t < I < —(1 — ) (logn + logm)t, &= %
Letting m — +o00 we obtain I; = —oo, which is a contradiction.
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2.3.4 Unordered times

For the applications to rough paths of Section 2.4, it is important to extend the Sewing
Lemmas to functions A: [0,7]? — R rather than A: AZ — R.
For this, we consider continuous functions A : [0, T]> — R such that for some v > 0

|[Ast — Asu — Aut| S ([t —ul V]u—1s])7, s,u,t €[0,7].
This implies in particular
|Agt — Agy — Auil S|t —s|7, 0<s<u<t<T.
Thus, 64 € CJ(A%.), and in particular we can apply Theorem 2.3.1 and Theorem 2.3.2, so
that we can consider A(6A4) € C; (A%) and Z (A) € C;. However, this gives us information
on A(dA)s; only when s < t. Still, we can recover information on A(dA)s; when s > ¢ by

writing from (2.3.4):
A(0A)st +A(0A)rs = —0As s,
so that for v # 1
[A(6A)s ]
|t — s

with C as in (2.3.1)-(2.3.2), respectively.
Thus, if we introduce for all ¥ > 0, A € C2 and B € C3

A
| Aoy = sup 7’ st ,
2 s,t€[0,T], s#t ’t - 8‘7

|Bsut
1Bl == sup wil
3 s,u,t€[0,T], s#t (‘t - U| V |u — S|)7

<HAGA ey (az) + 104525l < (Cy + DIIFAll g (a3

with the associated normed spaces
Cy ={A€Co:||Al¢y < +oo},
Cl ={BeCs: |Bllcy < +oo},

then the above argument combined with Theorem 2.3.1, Theorem 2.3.2, and Proposition 2.3.4,
give the following sewing lemma for unordered times:

Theorem 2.3.5 (Sewing lemma for v > 0 and unordered times). Let v > 0. There exist
linear maps

A: 6(Co)NCY — Co,

I:{Ae€Cy:0A€eC)} —C,
such that for A € Co with 6A € CJ:

JA(0A) = 0A, Z(A),=0, 0L (A) — A= —-A(5A).
Such maps are unique when v > 1 but not when 0 < v < 1. Furthermore:
1. (Regularity of A) For A € Co with §A € CJ
NGy < (€ +1) 104y iy £1,
[A(5A)s.¢]

sup < (C1 4+ 1)||0A]| if vy =1.
e T Tloglt— sl &

2. (Regularity of T) Let 0 < 8 < 1 then:
I6Z(A) s < Allgs + (Cvr + DI6A] g
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2.4 A continuous Lyons-Victoir extension

One of the most important ideas of rough paths theory is that one can build strong integration
theories involving non-smooth paths X : [0, 7] — R? under the condition that one “enriches’
X with a collection of “iterated integrals of X against itself”. When X is not smooth, such
iterated integrals can not be defined classically: therefore one enriches X rather with a
collection of functions which retain some of the algebraic and analytic properties valid in
the smooth case. The algebraic properties of the collection of its iterated integrals (also
called its signature) were first discovered by Chen [Cheb4], and the theory of rough paths
builds on this algebraic formalism.

In this section we show that the Sewing Lemma (Theorem 2.3.5) for v € (0, 1) allows to
construct rough paths over Holder paths X : [0,7] — R? in a continuous way, extending
Lyons-Victoir’s result [LVO7] to the setting of a general commutative graded conneted locally
finite Hopf algebra (see below).

Let us discuss for example the case of (weakly) geometric rough paths. In this context,
we have

i

1. a parameter o € (0,1), and the associated integer N := |1/a],
2. the finite set S := UN_,{1,...,d}" endowed with the degree function

S35 (i1, vin) > |(i1s. .. in)| == n € {1,..., N},

3. a family ((X.,7))res C Co such that for all (iy,...,4,) € S and s,u,t € [0,T], one has

[(Xse, (i, in))| S JE = s, (2.4.1)
n—1

5<X7 (ila AR in)>87u,t = Z<Xs,ua (ila cees ik»(Xu,ta (ik—&-la cee ﬂn)) (2.4.2)
k=1

Then by (2.4.1)-(2.4.2) we have the estimate for all 7 € S and s,u,t € [0,T]

I7|-1

(X)) sutl S D7 T — 8|t — VTR S (Is —uf v [t —u])*7. (2.4.3)
k=1

By definition, a|7| < aN < 1. The extension problem is the following: suppose that
1. ke{l,...,N—1},
2. we have ((X,7))res,|r|<k C Co satisfying (2.4.1)-(2.4.2),
3. we have 19 € S with || =k + 1.

Is it then possible to find (X, ) € C2 which satisfies (2.4.1)-(2.4.2) as well?

It is now clear that the Sewing Lemma (Theorem 2.3.5) for v < 1 yields a positive
answer to this problem for all k£ € {1,..., N —1} as long as aN < 1, by applying the Sewing
map A to the right-hand side of (2.4.2) for 7 = 7y and calling the result (X, 7p). If aN =1
then for k+ 1 = N we can construct (X, 7p) similarly but in the right-hand side of (2.4.1)
we have [t — s||log|t — s|| instead of |t — s|.

We note that for |7| = 1 formula (2.4.2) implies 6(X, 7) = 0, namely (X, 7)s = ff — f7
for some a-Hélder function f. Therefore one starts with a family of a-Hoélder functions
(f7)res,jr|=1 Oon [0,T], and applying recursively Theorem 2.3.5 one can construct a family
((X,7))res satisfying (2.4.1)-(2.4.2). Moreover ((X,7))rcp can be seen to depend in a
continuous way on (f7);cp,-|=1- This is the basis of the ertension theorem that we prove
in Theorem 2.4.4 below.
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2.4.1 Rough paths and Hopf algebras

In what follows, we consider H = (@,cny Hn,m, 1,A,¢€,5), a graded, connected (Hy =
span (1)), locally finite (0 < dim (H,) < +0o0), commutative Hopf algebra on R with
antipode S. The degree |7| of T € U, H), is defined by |7| =n if 7 € H,,.

The structure of Hopf algebra relies on many properties of compatibility between the
operations (see e.g. [Car07; CP21] for more details on Hopf algebras). For instance, we will
use the compatibility of the product m and the coproduct A, which reads (where we note
72,3 to be the operator defined by 73 (a ® bR c®d) =a®@c®b® d):

Aom=(m®@m)ors(ARA). (2.4.4)
We will also work with the reduced coproduct A’: H — H ® H defined as
ANr=ATr—71-1®T.

Recall that for n > 1, A": Hy, — @, ;1 ptg=n Hp ® Hy, and that A’ satisfies the coassocia-
tivity property:
Ide A A = (A'®1d) A, (2.4.5)

All those constraints on H are somehow quite restrictive. In fact, the following result,
due to Milnor and Moore, asserts that such an H necessarily has a polynomial structure.

Theorem 2.4.1 (Milnor-Moore, see [MM65], [Car07, Theorem 3.8.3]). Let H be a graded
connected commutative Hopf algebra. Then H is a free polynomial algebra, whose indetermi-
nates can be chosen to be homogeneous elements of H.

This polynomial structure will be useful for the construction of linear maps on H that
are also multiplicative, which we will call characters. More precisely:

Definition 2.4.2 (Characters). Let H be a real algebra on R.

1. Letn > 1. We say that a nonzero linear map X € L (H<p,R) is a truncated character
of order n on H if for all 0,7 € H<, with ot € H<,, it holds that (X,oT) =
(X,0) (X, 7). We note G, the set of truncated characters on H of order n.

2. We say that a nonzero linear map X € L (H,R) is a character on H if for allo,7 € H,
(X,01) =(X,0) (X, 7). We note G the set of characters on H.

We will be interested in rough paths, which we define now. Heuristically, a rough path
is a collection of biprocesses having the nice analytical and algebraic properties of iterated
integrals.

Definition 2.4.3 (Rough paths). Let H be a graded connected locally finite Hopf algebra
onR. Let a € (0,1) and N := |[1/a|. A (H,«a)-rough path is a map X : [0,T)?> — Gn such
that:

|7

1. for all T € Up<nH, we have (X,7) € Cy'"', i.e.

[(Xst, 7)|

sup alr|

< +o0. (2.4.6)
s#te[0,T] |t — s

2. (Chen’s relation) for all T € H<n and s,u,t € [0,T], one has

(X, 7) = (X ® Xuy, AT) . (2.4.7)
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We note RP® (H) the set of all (H, «)-rough paths.

Then our main result will be the following generalisation of the Lyons-Victoir extension
theorem [LVO7]:

Theorem 2.4.4 (A continuous extension). Let o € (0,1) with a~! ¢ N. Let us set
GG = F (0T = H: fo=0, Ifi— full S [t — s}

There exists a continuous “extension map” & : ‘50‘{ — RP* (H) such that for all h € Hy
CL’Ildf e%ﬁi" <(ga(f)7h> = <f7h>

In other words, every a-Holder path with values in the finite dimensional space H can
be lifted to a a-rough path on H, and this extension can be made in a continuous way.
Theorem 2.4.4 will be proved as a corollary of Theorem 2.4.7 below.

2.4.2 Extension to levels higher than N
By the definition of A’, the Chen relation (2.4.7) is equivalent to

(0 (X, ) gt = (Xsju @ Xt A'T). (2.4.8)

Note that (2.4.1)-(2.4.2) are particular cases of (2.4.6)-(2.4.8), respectively. Then, a simple
application of the Sewing Lemma (Theorem 2.3.5) for v > 1 yields that

Proposition 2.4.5. Every (H,a)-rough path X: [0,T]> — Gx has a unique extension
X:[0,T)? — G satisfying (2.4.6)-(2.4.8) for all T € H.

Proof. Fix 7 € Hy41. Arguing as in (2.4.3), by (2.4.6)-(2.4.8) we have
’ <X57u o2y Xu,t> A/T> | 5 (|$ - u‘ \ ‘t — U|)a(N+1)7

where by definition a(N + 1) > 1. In order to apply Theorem 2.3.5 to (s,u,t)
(Xsu @ Xy, A'T), we still have to check that this function belongs to 6(C2). This is
true since, if we consider the function F' € Cy, defined by Fs; := (X0 s ® X4, A7), then

(0F ) st = (Xo,s ® (0X) st — (0X)0,5,u @ Xyt — Xou @ Xyt A'7)
= (Xo,s @ X0 @ Xy, [d@ A') A'r — (A" @ Id) A'r)
— (Xsu ® Xug, A/T>
= —(Xsu ® Xy, A’T>,

by coassociativity of A’ recall (2.4.5). Therefore by Theorem 2.3.5 for vy = a(N +1) > 1
there is a unique (X, 7) € CJ with the desired properties (2.4.6)-(2.4.8), given by (X, 1) =
A ((s,u,t) = (X5 @ Xy, A'T)). By recurrence, one constructs in the same way (X, 7) for
all 7 € ©p>n41Hy.

However we still have to prove that this construction gives an element of GG, namely that
(X,o1) = (X, 7)(X,0) for all o, 7 € H. It is enough to assume o7 € Gp>n4+1H,. By (2.4.4)
we have

A(or)=(mem)ommsz(Ac@AT-1Q0R10T-0®10T7®1).
By (2.4.8)

(0(X,o7)) = (Xsu @ Xup, A (07)) .

s,u,t
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On the other hand

6 ((X,0) (X, 7)) g =

s,u,t T

= <Xs,t7 0> (Xs,t; 7—> - <Xs,m U> <Xs,m T> - (Xu,ta U) <Xu,t7 T>
and by the Chen relation (2.4.7)

<Xs,ta J> <Xs,ta T> = <Xs,u X Xu,ta (m & m) 0 T2,3 (AU ® AT)> s
<Xs,u>(7> (Xs,uﬂ—) = <Xs,u & Xu,ta 1®o®1® T> 5
(X’u,t7 U) <Xu,t7 T> - <Xs,u ® Xu,t; o 1 RTXR 1> .

We obtain § (X,07) =0 ((X,0) (X, 7)) € Cg(NH). Since (X, o7) and (X, 0) (X, 7) are both
in C5, we conclude by Theorem 2.3.5. O

Since H is locally finite, the same can be said of the corresponding set of indeterminates.
Hence from Theorem 2.4.1, for each n > 1, there exists a finite set B,, C H,, such that:

H=R .

1u | B,

n>1

We denote
Hgn = EBZ:OH].C, BSn = Uzlek'

We also note B = J,,~; Bn, to be the set of generating monomials, so that H = R[1 U B].
The Milnor-Moore theorem asserts the existence of such a basis of generating monomials,
but B is neither unique nor canonical in general, see Example 2.4.6 below for some examples
in usual cases. We note that B; is always a linear basis for H;.

Example 2.4.6 (Examples of (H, «)-rough paths). Here are some examples of Hopf algebras
to which the above applies:

1. The shuffle algebra on the alphabet {1,...,d}, and the theory of (weakly) geometric
rough paths on RY; in this case, one can take as a basis B the set of Lyndon words
[Reu03].

2. The Butcher-Connes-Kreimer algebra of rooted forests with {1,--- | d}-decorated nodes,
and the theory of branched rough paths on RY; in this case, one can take as basis B

the set of trees [Gub10].

See [HK15], [TZ20, Section 4] and [BC19] for more details on geometric and branched rough
paths.

3. Quasi-shuffle algebras and quasi-geometric rough paths, see [Bel20].

4. The Hopf algebra of Lie group integrators and planarly branched rough paths, see
[CEFMMKZ20].

5. The recently introduced (and so far un-named) Hopf algebra of [LOT21, Section 6].
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2.4.3 An isomorphism

What characterizes a (H, «)-rough path? Since B is a set of generators of H as an algebra,
by linearity and multiplicativity, X € RP“ (H) is uniquely determined by the values of
(X,h) for h € B. In fact, by Proposition 2.4.5, the values of (X, h) for h € U,~nH,, are
uniquely determined by the values for h € U,<nB,,.

It remains to characterize the family ((X,h))pep.,. For all 7 € B<y, by the Chen
relation (2.4.8), 6(X,7) is characterized by ((X, h>)h_€Bg|T|_1- However, since a|7| < 1,

the function (X, 7) is determined by 6(X,7) € CSM only up to a («|r|)-Holder function
f7:]0,7] — R such that fJ =0, see Remark 2.2.3.

It was indeed shown in [TZ20] that, in the case of branched rough paths, RP* (H) is in
a bijective correspondence with

o ) h|la o
= {(fh)heB<N for all h € Bey, f" el and fl = 0}~

While the construction of [TZ20], restricted to the Butcher-Connes-Kreimer Hopf algebra,
used the Hairer-Kelly map [HK15] and a Lyons-Victoir extension technique, the approach of
this paper, based on the Sewing Lemma (Theorem 2.3.5) for 7 < 1, is more elementary and
more general at the same time. For a general (graded, connected, locally finite, commutative)
Hopf algebra H we introduce the map

P BPC(H) — €3 (2.4.9)
X — Z(X)=(TUX,M))hepy -

where 7 is the integration map defined in Theorem 2.3.5 and N = |1/«]. We prove that &
is bijective and furthermore we show that & is bicontinuous with respect to the distances
defined for X,Y € RP* (H) resp. f,g € €5 by:

Ay (V) = 30 (X = Vi) e
he€B<y 2

d%’g (f,9) = Z th - fh‘ clhla -
h€B<n !

The main result of this section is the following.

Theorem 2.4.7. Let a € (0,1) witha™! ¢ N. The map & in (2.4.9) is a locally bi-Lipschitz
homeomorphism between (RPO‘ (H) ,dRpa(H)) and (%g, d%?g),

Before proving this result, let us discuss some corollaries. First we prove Theorem 2.4.4.

Proof of Theorem 2.4.4. It suffices to identify ‘Kfjf with ‘513‘1, where
%ﬁl = {(fh)heB1 : for all h € By, fh € € and féz _ 0}

and then take & = #2710, where ¢ : ¢j, — € is the canonical injection obtained by
defining f* := 0 for all h € B<y \ By. O

Corollary 2.4.8 (An action on Rough Paths, see [TZ20]). Let a € (0,1) with a~! ¢ N and
define:
T: €% xRP®(H) — RP®(H) (2.4.10)
(9.X) +— gX =27 g+ 2 (X)).

Then:
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1. T is an action: for each g,¢9' € €5 and X € RP* (H), ¢ (9X)=(9+¢") X.

2. T is free and transitive: for each X, X' € RP® (H), there exists a unique g € €5 such
that X' = gX.

8. T is continuous.

4. Let g € €5 be such that there exists a unique h € B such that g" # 0. Then
(gX, h) = (X, h) +dg". Furthermore, let B C B\ {h} be a set of monomials such that

A’ (R {BD CR {B} ®R [B} Then for any T € R [B}, (X, 1)y = (X, 7).

Proof. Ttems 1., 2., 3. are straightforward from (2.4.10) and Theorem 2.4.7. Also, one
obtains 4. recursively by using the explicit definition of 7" in (2.4.10) and the recursive
construction of ! from the proof of Theorem 2.4.7. O

Remark 2.4.9 (Link with [TZ20]). When H is the Butcher-Connes-Kreimer algebra,
RP® (H) corresponds to the set of branched rough paths, also denoted BRP® in [TZ20]. In
that case, let h € H and B be the set of trees not containing h. By definition of the coproduct
from admissible cuts, A’ (R {BD CcCR [B} ® R [B] and Corollary 2.4.8 generalises [TZ20,
Theorem 1.2].

2.4.4 Proof

Now we turn to the proof of Theorem 2.4.7.

Proof of Theorem 2.4.7. We organise this proof in five different steps.
Step 1: P is well-defined. Indeed, if X € RP*(H) and h € B<y, by (2.4.6)-(2.4.8)
(X,h) € C|2h|a and §(X, h) € C:Lh‘a, so that by Theorem 2.3.5 we obtain Z((X, h)) € C‘lh‘a.
Step 2: continuity of &. Let X,Y € RP®(H), and h € B<y. By linearity of Z,
(2 (X)) = (2 (Y)" =Z ((X —Y,h)). Now by continuity of Z (Theorem 2.3.5),

IZ (X =Y, h)llgppiec S IEX =Y, Bl gpute + 104X =Y, Bl ppure

Observe that [[6 (X — Y, h)[|.ime < 3[{(X =Y, )| ina. Also, by definition, one has
3 2
(X =Y, h)llc\;m < drpe(g) (X,Y), thus we obtain dga (2 (X), 2 (Y)) < drpe () (X, Y),
which establishes the Lipschitz continuity of &2.

Step 3: injectivity of &. In this step, we use the following general fact: if A, A ey are
such that 04 = §JA and Z(A) = Z(A), then A = A. Indeed, this follows immediately from
the defining property (2.3.4) of Z:

0ol =1id—Aob.

Let X,Y € RP® and assume & (X) = & (Y). That is, for all h € B, Z((X,h)) = Z({Y, h)).
We prove by recurrence that for all h € B, (X,h) = (Y,h). If h € By, then by definition
of the reduced coproduct A" and Chen'’s relation, it holds that 6 (X, h) =6 (Y, h) = 0 and
thus from the remark just above, (X, h) = (Y, h), whence the initialisation of the recurrence.
Now let n € N and assume that X and Y coincide on B<,. Let h € B,,11. Once again
using Chen’s relation, the definition of the reduced coproduct, and the fact that X and
Y are characters, one gets by the recurrence hypothesis that § (X, h) = § (Y, h). Applying
again the remark just above, it follows that (X, h) = (Y, h). By recurrence, this yields the
injectivity of &2.
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Step 4: surjectivity of &. In this step, we construct a right-inverse #2~1 of & (which is
also an actual inverse thanks to the previous step). For this purpose, we proceed recursively.
Fix f € 5. We first define X := 221 (f) on H; by setting for h € By: (X, h) := f", then
extending X to H; by linearity. Now let n > 1 and assume that X is defined on H<,,. We
start by defining X on the monomials i.e. on B,11. Fix h € By 41 and let us show that
there exists (X, h) : [0,T]?> — R such that:

L [ Xoe )] S It = s,
2. (5 <X’ h>)s,u,t = <X57u ® XUJ? A,h>
For this purpose, arguing as in the proof of Proposition 2.4.5 we consider the function
F € Cy defined for s,t € [0,T] by:
Fs,t = <X075 ® Xsﬂg, A,h> .

Then by the coassociativity of A’, the Chen relation and the recurrence hypothesis, for
s,u,t € [0, T] we have (6F) — (Xsu ® Xy t, A’h). Also, from the definition of A’ and
(n+)a

s,u,t

the analytic constraint (2.4.6) on ((X, 7))reH, , one observes that 6 F € Cy . Then, from
the properties of the Sewing map, it suffices to set:
(X,h) = —A(6F) + f". (2.4.11)

Note that (2.4.11) can be rewritten as Z (X, h)) = f*, ie. 2 (X)" = f, as wanted for
the construction of the inverse. Now it remains to suitably extend X to the whole of H<, 1,
which we do “polynomially”: if P is a polynomial, we set

(%P (e )) = P (X Drcn )

It is straightforward to observe that this correctly defines an element of G,+1 and enforces the
estimate [(Xg4, 7)| S|t — s]a(m'l) for all 7 € H,41. To conclude the recursive step, it suffices
to establish Chen’s relation on H,,11, knowing that it is satisfied on H,, and on B,y (by the
construction just above). Observe that if Chen’s relation is satisfied on 7 and o, then it is also
satisfied on 7 4+ 0. Now because we define X polynomially, it suffices to prove that if Chen’s
relation is satisfied for o € H; and 7 € Hy where k+1 <n+1, 1 < k,l < n, then it is also
satisfied for o7. For this, it is enough to prove that 0 (X, o7) = § ((X,0) (X, 7)). This can
be done arguing as in Proposition 2.4.5. (While in Proposition 2.4.5 we had to verify that the
extension was multiplicative, here this property is enforced by the “polynomial” definition).
This concludes the recursive step, so that we have constructed X = 2~!(f) € RP* (H).

Step 5: continuity of 2~'. We first show that 22~! maps bounded sets to bounded
sets. For this purpose, let C' > 0, we shall show that there exists C’ > 0 such that for all
[ € 6§ with > ;cp H!)"h||c|h\cx < C, one has 3,5 (271 (f) ’h>Hc‘h'°‘ < C'. We proceed

1 2

recursively: when h € By, by construction of 27!, it holds that (271 (f),h) = f", and
thus (271 (f), h>||c\h|a = [[fllgirie < €. Now fix n > 1 and assume that for all b € B<y,
2 1

||<32_1 (f) ,b>||c\b\a < ' for some constant C’. Let h € B, 1, so that by the construction
2
above:

(271(1) ) =A(8(271 (1), b)) + 1. (2.4.12)

Using Chen’s relation, we obtain a decomposition:

(27N = Y A PT Do) (P (Do)

t
St o€H, TEH;
ki>1,k-+i=|h|
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The definition of B implies that for all o, there exists a polynomial P = P, such that
0 = Py(B<|s|). As a consequence, note that:

|s = ul

‘@_1 (f)s u? b
<t@—1 (f)57u70—> — ’3_u||0"OCPU (< ‘b"a >
b€B<‘ ‘
This yields:

5210 1) e < Z PP ((H< £:8) e )) |

which is bounded by the recurrence hypothesis. We conclude the recurrence step using
(2.4.12) and the continuity of the Sewing map A, so that £~! does indeed map bounded
sets to bounded sets.
Now let us tackle the continuity of 2~1. We reason as above: we fix f,g € €5 and
set ( := 27 L(f) — 21 (g). We estimate recursively ||(¢, )| girie for monomials h € B<y.
2

When h € By, by construction of 2271, it holds that (¢,h) = f* — ¢g", thus we have

IS Ml gpnie < digg (f9) -

Fix n > 1, and h € B, ;1. By the construction above, (¢,h) = A (6 (¢, h)) + f* — g". Using
Chen’s relation and the notations above, one obtains a decomposition of the form, denoting

X=271(f),Y =2 (g):
Xsu,b) (Xut,b)
(( M) Pf((u-uww))‘
N Yo b) Y, b)
P”((rs—u\b'a>b> PT((rt—u\“>b> '

Using the fact that polynomials are locally Lipschitz, the fact established above that
22~! maps bounded sets to bounded sets, and the continuity of A, one propagates the locally
Lipschitz bound over h € By 11, so that the theorem is proved by recurrence. O

S(X =Y, h), .,
(It = ul + |u—s))*

<D_|P

g, T

2.5 Sewing versus Reconstruction

In this section, we discuss the link between the Sewing Lemma (Theorem 2.2.1, Theorem 2.2.2)
and the Reconstruction Theorem [Hail4, Theorem 3.10]-[CZ20, Theorem 5.1] in Regularity
Structures. It is often claimed that the latter is a generalisation of the former. Here we
want to test this claim in details, and show that it is correct only up to a point. We are
going to see that the Sewing Lemma is actually slightly stronger than the 1-dimensional
version of the Reconstruction Theorem, see Remark 2.5.6 below.

The take-home message is the following: if one wants to prove the Sewing Lemma (for
any v > 0) via the Reconstruction Theorem, then the “coherence” condition §A € C(A3) is
not enough, and one needs the “homogeneity” condition A € Cg (A2) for some 8 > 0. The
original Sewing Lemma on the other hand holds with the coherence condition only.

The reason for that is the following: given A,;, one defines the distribution Fy :=
0;A,,. depending on the parameter s; the Reconstruction Theorem gives the existence of
a distribution f with a desired property; in order to obtain the integral I = Z(A), one
need now to find a "primitive" of f, and this is the point where one need the homogeneity
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condition A € Cg (A%). In other words, by Proposition 2.3.4, the Reconstruction Theorem
yields the Sewing Lemma only in the case where the primitive I = Z(A) belongs to a Holder
space Clﬁ . The Sewing Lemma on the other hand does not need to differentiate A and the
final integration step with the associated homogeneity condition is therefore unnecessary,
see Remark 2.5.6.

2.5.1 Reconstruction

The Reconstruction Theorem is a result in analysis which was first established in the context
of the theory of regularity structures [Hail4]. It has later been revisited in [CZ20], where it
was stated and proved in a more elementary fashion, using only the language of distribution
theory.

The Reconstruction Theorem in Holder spaces is stated in the following way, see [CZ20]
for a proof and a discussion of this result. For r € N we define " = {9 € D(B(0,1)),
oller < 1}. For ¢ € D(RY), 2 € RY, X\ > 0, we denote ¢} the scaled and recentered version
of ¢, defined as follows: ¢2 (+) == A" (A7L (- — z)).

Theorem 2.5.1 (Reconstruction Theorem [CZ20, Theorem 5.1]). Let (Fy), cra be a germ
in the sense of [CZ20] i.e. for all x, F, € D'(RY) and for all ¢ € D(RY), x s F, (o) is
measurable.

Let a,c € R with a < 0 A c. Assume there exists a test-function ¢ € D(R?) with [ ¢ # 0
such that for all compact K C R%:

‘(Fm—&-h - Fx) (@2)

uniformly over x € K, h € B(0,1), A € (0,1]. Then there exists a distribution R(F) € D(R?)
such that for all compact K C R? there exists an integer ri such that:

- {AC ifc#0,

SAY (|l + )7, (2.5.1)

(R(F) = F,) (v2)

< ' (2.5.2)
1+ |log|A|| ifec=0,

uniformly over x € K, A € (0,1], v € B"K.
Furthermore, assume that there exists b < 0 A ¢ and a test-function o € D(RY) with
[ # 0 such that for all compact K C RY:

Fy (¢2)

uniformly over x € K, X\ € (0,1]. Then one can take rx = max (—a,—b) in (2.5.2), and it
holds that R(F) € C?, in the sense that for all integer s > —b and K C R%:

R(F) (v2)

uniformly over x € K, A € (0,1], ¢ € %°.

<A, (2.5.3)

S A

Let us briefly comment on the relevance of this result. The Reconstruction Theorem
states that one can retrieve a distribution R(F') from a collection (F), ga of “local approx-
imations”, under a suitable assumptions of “coherence” (2.5.1) on F. If we furthermore
assume a condition of “homogeneity” (2.5.3) on F', then we have information on the regularity
of R(F) as a distribution.

The similarity with the Sewing Lemma is evident, and we will indeed show that these
two results are intimately related to each other. Let 0 < v < 1 and A: [0,7] — R be a
continuous function satisfying

|As,t - AS,u - AU,t’ S(t—ulV|u— S|)7’
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uniformly over s,u,t € [0,T]. Let us try to construct a function I satisfying the sewing
bound
Iy — Iy — Ag ] S|t —s]7, (2.5.4)

uniformly over s,t € [0, T], by invoking the Reconstruction Theorem. We first define a germ
F by differentiating A in the second variable. More precisely, we extend A to R? by setting
for s,t € R Ay, = Ap(s) p(t), Where p: s — max (0, min (s,T)); then we consider the germ
defined for s € R by Fy := 0; A, where the partial derivative is understood in the sense of
distributions. That is, for test-functions ¢ € D (R):

Fy () = — /R Asu (1) dt.

Observe that F' satisfies the coherence condition (2.5.1) with parameters a = —1,¢ = y—1
because if ¢ € D (R) is any test-function, s,u,t € R, A € (0,1], then (note that p is 1-
Lipschitz):

(B = F) (23)[ =27 / (64p0) p(e) p(sam) ) @' (v) dv
SATO -7,

Thus, we can apply Theorem 2.5.1, so that there exists R(F') € D'(R) and integers rg,
such that for all compact K C R:

_ A
sup sup sup '(FS R(F)) (¢S>‘

< +o00. 2.5.5
€K Ne(0,1] peB K A1 ( )

Now in order to obtain the sewing bound (2.5.4) on A, we want to “integrate” the
reconstruction bound (2.5.5) just above.

Heuristically, this “integration” can be performed by testing the reconstruction bound
against indicator functions: notice that (]1[0,1})? = )\_1]1[5754r A and if I denotes a primitive
of R(F), one should have (R(F) — Fs) (L5 s4z) = — (I — A), 44y Taking 1 := Lo 1) in the
reconstruction bound above would then yield | (I — A), .., | S A7, which is the expected
sewing bound because (I — A)&t =1 — I, — Agy.

However, this heuristic argument fails for two reasons:

L. 1,1y is not a test-function (because it is not smooth) and thus cannot be plugged
into the reconstruction bound,

2. without further assumptions it is not clear in general whether R(F') admits a primitive
I which is a function.

2.5.2 Approximating an indicator function

We will solve the first point above by suitably approximating 1 ). Specifically, we shall
exploit the following decomposition, see [FH20, Exercise 13.10] for a similar statement.

Lemma 2.5.2 (Dyadic approximation of indicator functions). There exist smooth functions
Yn, Un, 1 € N such that:

159—n

1. for alln € N, supp (¢,) C [%62%7 16 }’

2. for alln € N, supp (¢y,) C [1 — %2_", 1-— %2_”} ,
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D¥ ey, Dk,
3. for all r € N, sup sup 1o ||°°2:,!’ oo < +00,
neN ke[0,r]

4 ]l(O,l) = ZnZO (‘Pn + wn)

Proof. 1t is well known [BCD11, Proposition 2.10] that there exists a function ¢ €
Ceo([1/2,2]) such that for all z € R, s (z) = Xz ¢ (2"2). For z € R, set

0 (@) =1 () = Y (¢ (2"2) + ¢ (2" (1 —2))).

n>3

Observe that 7 is a test-function supported in [1/16, 15/16], whence the announced decom-
position. ]

As a consequence:

Proposition 2.5.3 (Approximation argument). In the setting above, assume that there
exists a continuous function I such that Iy =0 and I' = R(F) in the sense of distributions.
Set, form € N, s € [0,T], A > 0:

N
ANy =3 (R(F) = o) (A (n + 0))) -
n=0
Then:
1. forall s € R, A >0, limy_,00 Aé\f)\ =(I— A)&SH\ ,
2. For all compact K C R, |A£{/\\ < A7 uniformly over s € K, N € N, A € (0,1].

Proof. Let us establish those points separately. On the one hand, since for s € R, R(F)—F;s =
(I. — Ag.)', we have for N € N:

N
Aé\f,\ == / (Iu - As,u) Z ((Son + %)/): (u) du.

n=0

By construction of ¢, and 1, for all z € 2=V, 1—2"N] one has =Y (¢n () + ¥ (z)) = 1.
Hence, setting for NV € N and u € R:

N
v () =273 (on + ) (27Vu) Loy (u),

n=0
N
iv() = =273 (g ) (1427 Vu) Ty g (w),
n=0

27N

then it follows that nx,7in € D (B (0,1)), and S0 (on +¥n) = (nn)g — (ﬁN)%iN. Note
that [|7n | 0, 78] e S 1 and [gnn (u) du = [z v (uw) du = 1. Hence:

ANy = = [Teonova () du+ [A, 4 somvun (w) du
+ /Is-i-)\—&-)\?*NuﬁN (u) du — /As,s+)\+)\2*NuﬁN (u) du.
Let us treat the first term. We write:

/Is+A2—Nu77N (’LL) du=1I,+ /(Is+A2—Nu - IS) nN (u) du. (256)
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Because I is continuous, the integrand in the right-hand side converges pointwise to 0
and is bounded by a constant. By the dominated convergence theorem, it follows that the
sequence of integrals in (2.5.6) converges to 0. Reasoning similarly for the other terms, one
obtains as announced that Aé\fA =Toin—Is — Ag 512 + ONs oo (1).

Now let us bound ]AQ& . For n € Nand z € R, set:
Tin (l‘) = Pn (2inx) v Tn ((L‘) = (27”1' + 1) .

Then (gon);‘ = 27N (nn)gin)‘, and (1/171)? = 27" (ﬁn)gr’\ Also, note that the quantity
Cr = suppen (Mnllerx + 17inllers ) is finite, so that n,,/Cr, iin/Ck € %%. Then we have

the decomposition:

N
ANV =3 (R(F) = Fy) (27" (1))

n=0

Using the reconstruction bound (2.5.5) on the l-enlargement of K, one has Aivil <

~

N a2 (A2=™)""1 < A7, Similarly, Agj\Q < A7, so that it only remains to treat Ai\g\g.
For this purpose, we rewrite:

N
ANE = x /R Asirom 22—" (3.022") (w) du.

Note that supp ((ﬁn)ﬁ:\n> C s+ A s+ A+27")], and thus:

du.

N /
S (@) ()
n=0

N33
‘As,)\ ‘ < sup ‘5As+)\,s,u’ /
UE[s+A,5+2)] R

Now, the hypothesis on A implies that for u € [s+ A, s+ 2], we have |04\ sul S
(lu—s]+|s = (s+N)|)” < A7. Now it remains to establish that the sequence of integrals
above is bounded. We write:

J

where we set fx: v = SN 4, (1 — v). Note by definition of + that supp (fx) C [0, 7], and
that fx converges pointwise to f := 3% 1, (1 — v). From the definition of ¢y, 1, one has
=101 — Z:ﬁ% ¢n (1 — ) so that from the properties of the supports of ¢y, 1, one has
f]l<0 )= 11(07%), and thus ||f’HLoo(071) < 400. Also, by construction, supp (¢, (1 —-)) C

716

N !/
S (@) (w)
n=0

du = /R |fn ()| do.
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527", 227", Thus:

/ 2 al / ! /
[i@lae= [T 5 pha-alas [ 17e]e
< 5525 (27" [[¢nller) + Hf/HLoo(O,l) St

Thus we have established that ‘Aév /\’ < A7. This concludes the proof. O

Recall that the calculations above assume the existence of a continuous primitive I of
R(F'), which is far from clear in general. However, assume now that there exists 0 < 5 < 1A%y
such that A furthermore satisfies:

Al S 1t =87,

uniformly over s,¢ € [0,7]. Then, note that F satisfies the homogeneity condition (2.5.7)
with parameter b = 3 — 1, because if ¢ € D (R) is any test-function, s,t € R, A € (0,1],
then:

F (22)

Thus, the Reconstruction Theorem 2.5.1 asserts that R(F') € CI’B ~! and it is then a
well-known fact that there exists a function I € Clﬁ such that Ip = 0 and I' = R(F).

=\ ‘AI’(S):P(s—l-)\v)SO/(U)dU‘ < AL

Remark 2.5.4. A rigorous proof of the latter fact can be found for example in [Bral9,
Lemma 8.10] where the author uses wavelets, but let us briefly and informally present
an alternative approach in the spirit of the calculations above. Indeed, one wishes to
set Iy == R (F) (Loat,0ve), which is not possible because the indicator function is not a
test-function. However, recalling Lemma 2.5.2, one can define fort > 0:

L= Y R(F) (t((en)? + (n)?)) |

n>0

where the sum is absolutely convergent because the fact that R(F') € Clﬁ_l and the properties
of pn and ¥, imply that the absolute value of the summand is bounded by a constant times
2-"8 which is summable because B > 0. Now one can verify that indeed I € Clﬂ and that
I'=R(F).

Hence, one retrieves the following weaker version of the Sewing Lemma (Theorem 2.2.1,
Theorem 2.2.2) above. Note that the same arguments can be adapted to the case v = 1.
Corollary 2.5.5 (Sewing via the Reconstruction Theorem 2.5.1). Let 8,7 > 0 with 8 < 1,
and let A: [0,T)?> — R be a function satisfying:

[Ast = Asu — Augl S (It =2l V|u—s))7,
[Asel St =], (2.5.7)
uniformly over s,u,t € [0,T]. Then there exists a function I € Cf such that:

|t_8|’y Zf/y#la

’It _Is _As,t’ 5 { .
[t —s|(1+[log|t —sl[) ify=1,

uniformly over s,t € [0,T]

Remark 2.5.6. Note that Corollary 2.5.5 is weaker than Theorem 2.2.1-Theorem 2.2.2
above because it further requires to assume the condition of homogeneity (2.5.7). Indeed our
proof requires the assumption (2.5.7) above in order to retrieve this result as an application of
the Reconstruction Theorem. Still, it is not clear to us whether the Reconstruction Theorem
can yield the more general Theorem 2.2.1, Theorem 2.2.2.
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Chapter 3

Besov Reconstruction

Abstract

This chapter contains the results of [BL22]. The reconstruction theorem tackles the
problem of building a global distribution, on R? or on a manifold, for a given family of
sufficiently coherent local approximations. This theorem is a critical tool within Hairer’s
theory of Regularity Structures. In this paper, we establish a reconstruction theorem
in the Besov setting, extending recent results of Caravenna and Zambotti. A Besov
reconstruction theorem was first formulated by Hairer and Labbé in the context of
regularity structures, exploiting nontrivial results from wavelet analysis. Our calculations
follow the more elementary approach of coherent germs due to Caravenna and Zambotti.
With this formulation our results are both stated and proved with tools from the
theory of distributions without the need of the theory of Regularity Structures. As an
application, we present an alternative proof of a (Besov) Young multiplication theorem
which does not require the use of para-differential calculus.
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3.1 Motivation and Background

Multiplying two distributions in a general setting is a notoriously difficult problem in many
situations in PDEs and mathematical analysis. Recently this problem has motivated an
intensive activity in stochastic analysis. Inspired by the theory of Rough Paths [Lyo98], two
approaches to singular SPDEs have been developed in the last decade: regularity structures
[Hail4; BHZ19; CH18; BCCH21] and paracontrolled distributions [GIP15]. These new
theories allow to give a meaning and also a well-posedness result for PDEs with stochastic
forcing terms which would be ill-defined using classical tools; indeed, due to the wild
oscillations of the noise, the solutions are expected to be distributions; if the equations
contain polynomial or analytical non-linearities, then such terms are ill-defined and require
new ideas.

It is not our aim to enter into the details of regularity structures. On the contrary, we
want to present one of its main results, the reconstruction theorem in Besov spaces, in a
more elementary way.

One of the main ideas of the theory is to lift the equation to a space of “local approxima-
tions” of the solutions, rather than to work directly in the space of Schwartz distributions.
The reconstruction theorem allows to retrieve a genuine distribution from such a family
of local approximations. Note that although the theory permits deep results in stochastic
analysis, this theorem is purely deterministic.

More precisely, we consider the following “reconstruction problem”:

Given the data, for all x € R?, of a distribution F, € D'(RY), is there a distribution f on
R® which is well approzimated by Fy around each point x € R 2

Of course, if for all z € R?, F, is an actual continuous function, then the function
[z — Fy(z) is a natural answer to this question.

For instance, if F,(-) is the Taylor polynomial of order r € N, at the point 2 € R?, of
some smooth function f: RY — R, then it indeed holds that f (z) = F,(x); furthermore f is
well approximated by Fj, around x, with the following estimate: |f(y) — Fu(y)| < |y — 2|"*!
for y close to z. Note that in this situation one also has |F, (w) — Fy (w) | < X< [w —

y|y — z|"~1 which asserts that the family (F}),cga is sufficiently “coherent”.

The situation becomes more subtle when the objects at play are actual distributions,
which is the case in the previously mentioned context of stochastic PDEs, where distributional
terms arise from the white noise governing the equation.

The reconstruction theorem [Hail4, Theorem 3.10], which solves the above problem in
the context of Holder spaces, was originally stated in the formalism of regularity structures,
and proved using wavelet analysis. Alternative proofs, within the context of regularity
structures, were later established in [GIP15; OW19; FH20].

More recently, the theorem was revisited in [CZ20, Theorem 5.1], where it was stated
and proven in an elementary and more general setting. In particular, [CZ20] exhibits a
sufficient condition on (F),cga, dubbed coherence, under which such a reconstruction f
exists. The reconstruction f is then built from a custom-made dyadic decomposition inspired
by mollification, which replaces the wavelet decomposition of the original theorem. See also
[RS21] for a version of this result over smooth manifolds (still in the Holder setting).

Unfortunately, it turns out that working in Hélder spaces may not be enough for many
purposes, and it is desirable to consider the more general Besov spaces Bz‘,q(Rd) with
p,q € [1,00], as they allow for finer analysis of distributions. For instance, it is natural
to consider the Dirac mass dy on R¢ as an initial condition for some stochastic PDEs. In
such cases, one may benefit from the fact that not only does dy € C™¢, it also holds that
do € Bp, drdlp for any p € [1,4o00], thus allowing to work with improved regularity (at the
expense of integrability); see [HL18] for an application of this idea.
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Another useful property of Besov spaces is that when p = ¢ = 2, they match with
(fractional) Sobolev spaces, which are the natural framework in many situations. For
instance, this allows to construct random differential operators and study their spectral
properties [Lab19], or to apply Malliavin calculus to solutions of stochastic PDEs [GL20].

This motivates the need for a reconstruction theorem in the more general context of
Besov spaces, which, as it turns out, has already been established in the formalism of
regularity structures in [HL17, Theorem 3.1], using once again wavelets in its proof, and
later in [ST18]. See also [LPT21], where a similar reconstruction result is proposed and
applied to the problem of lifting Sobolev paths to Sobolev rough paths. Note that a Besov
sewing lemma — an analogous result in the context of Rough Paths theory — has recently
been established in [FS21] and applied to rough differential equations.

In this article, we provide a version of this Besov reconstruction theorem, in the spirit
of [CZ20]. In particular, our result generalises both [CZ20] and [HL17], in the sense that
plugging p = ¢ = +0o0 in our condition retrieves [CZ20, Theorem 5.1], and applying our
condition to germs appearing in regularity structures retrieves [HL17, Theorem 3.1], see
Example 3.3.8 and Example 3.3.9 for a more precise comparison. Furthermore, our result is
independent of the theory of regularity structures and can be formulated in the language of
distributions: note that we will not talk about regularity structures in this paper, except in
comparing our results to [HL17].

We present our main results, Theorem 3.3.2 and Theorem 3.4.5, as sufficient conditions on
the family (F};), g« for a reconstruction to exist in a prescribed Besov sense. Interestingly,
in Theorem 3.3.2, we exhibit simple notions of “coherence” and “homogeneity”, which
generalise the results of [HL17, Theorem 3.1] and [CZ20, Theorem 5.1]. It actually turns
out that the conditions of Theorem 3.3.2 can be refined, and we propose a more general
reconstruction result as Theorem 3.4.5, which we discuss in a later section because its
statement is more technical. Remarkably, Theorem 3.4.5 allows us to tackle the classical
problem of constructing a product between suitable Besov spaces, as stated in Theorem 3.3.12.
Contrary to usual approaches, Theorem 3.3.12 does not require paraproducts, and to the
best of our understanding our conditions on the parameters of the spaces are quite optimal,
see Section 3.6 for a short review of the literature. See also [CZ20, Section 14] for a similar
application in the Holder case.

We would also like to mention the paper [ZK21], which has appeared after the first
version of this manuscript was written, and proposes a reconstruction result in the general
context of quasi-normed spaces (of which the Besov spaces are a particular case), with the
slight difference that the condition of [ZK21] relies on integral averages and bypasses the
need for homogeneity.

Outline

This paper is organised as follows. In Section 3.2, we set the main notations that will be
used in the remainder of the paper.

In Section 3.3, we discuss the problem of reconstruction that we consider, state an
important reconstruction result as Theorem 3.3.2, and compare it to the results of [CZ20;
HL17]. We also discuss the problem of building a Young multiplication in Besov spaces,
that is, a continuous bilinear map extending the usual pointwise product between smooth
functions. We construct such a product in Theorem 3.3.12.

Section 3.4 is devoted to the proof of a general reconstruction result, Theorem 3.4.5,
following an approach similar to [CZ20)].

In Section 3.5, we prove Theorem 3.3.2 and Theorem 3.3.7 as a corollary of Theorem 3.4.5.

Finally, in Section 3.6, we prove Theorem 3.3.12 as a corollary of Theorem 3.4.5.
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3.2 Notations

In this paper, we consider an integer d € N and work in the space R?, equipped with
its canonical Euclidean norm |-|. If x € R? and r € Ry, we will denote B (z,7) == {z €
R? |z — z| < 7} to be the closed ball of center z and radius . When K C R and R > 0
we will denote Kp := K + B(0, R) its R-enlargement.

We shall work extensively in the following Lebesgue spaces, where the variables and
domain of integration will usually be clear from context:

1. The variable z € R? will usually correspond to a space variable and we denote:

P = 1P () = 1P (R, dar) .
2. The variable h € R? will usually correspond to a space variable and we denote:

L8 = LI (h) = L° (3(0, D), GZ;) .

We might also integrate on a domain K rather than B (0,1). In this case, we will

denote:
dh

3. The variable A € (0, 1] will usually correspond to a scaling variable and we denote:

L= LI(\) = LI ((0, 1, dj)

4. The variable n € N will usually correspond to a scaling variable and we denote:
=101 (n) =¢1(neN).

We might also sum on n > ng rather than N. For ng € Z, we will denote 7 (n > ng)
the corresponding space.

In the case where p or ¢ are equal to co then the associated norm corresponds to the usual
supremum norm.

The space of test-functions is denoted D = D(R?) and is defined as the space of C>(R%)
functions with compact support. More generally, if K is a compact set of R?, D(K) will
denote the space of test-functions supported in K.

If o: RY — R is a sufficiently differentiable function, we will denote its partial derivatives
by, for a multi-index k = (ky,--- , kqg) € N& 9Fp = 9 ... gk,

Let 7 € N, the C" norm of a sufficiently differentiable function ¢ is defined by:

= ok H .
leller lf}ﬁl@XH .
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Let ¢ € D(Rd), z € R% X\ > 0, we denote cpbiz the scaled and recentered version of ¢,
defined as follows: @) (+) = A% (A7 (- — ).

We will denote the multinomial z* = [, z
ki 4+ ...+ kg.

For r,s € N and K a compact set of R? we define:

ki

;. Often we will use the notation |k| :=

# (K) ={peD(K),|¢lec <1},
B (K) = {@GD(K),HQ&HCTSIand /xkgo(x)dxzo,oglkgs}.

Most of the time, K will be B (0, 1), so for simplicity of notation, we will denote:

B =B (B(0,1)),
{93;" = " (B(0,1)).

Recall that a (Schwartz) distribution is a linear functional f: D(R?) — R such that
for all compact K C R?, there exists r = rg € N and C' = Cx < 400 such that for all
¢ € D(R?) supported in K, |f (¢)] < C|¢llcr- When r does not depend on K, we say
that f is a distribution of order r. We denote D'(R%) the space of distributions. When
f: D(RY) — R is a linear functional satisfying the above condition, for a given compact set
K, we say that f is a distribution on K and we note the corresponding space D'(K).

We will denote By, = By q(Rd) the (nonhomogeneous) Besov spaces of exponent a € R
and integrability parameters p, ¢ € [1,4+00], on the whole space R, We will denote By 1 10c
the corresponding local Besov space. See Section 3.A for the definition and properties of
Besov spaces.

The reader might be surprised that we work in D’ rather than in the space of tempered
distributions &’, which is more natural in the context of Besov spaces. However, this is not
really problematic, see Remark 3.A.3 below.

3.3 Main Results

3.3.1 The problem of reconstruction

To begin, let us properly define the notion of a germ.

Definition 3.3.1 (Germ). A germ is a family of distributions (Fy) cpa, i-e. for all x € R4,
F, € D'(RY). We also assume that for all test-functions ¢ € D(RY), the map = +— F (¢) is
measurable.

This technical assumption is due to the fact that all the objects required for the recon-
struction will be defined by integration over x; for this reason it will also be sufficient to
know F, only for almost every x € R%,

For simplicity, we will denote (Fy), cra as F.

We think of a germ as a family of local approximations for a global distribution R(F")
that is to be reconstructed in a suitable Besov sense. For this purpose, we shall consider in
our main result the following scaling functions. Fix € > 0 arbitrary. For v € R, ¢ € [0, +o0],
and A € (0, 1], set:

A7 if v #0,
k(A) = kyge (N) = {1+ [log (V)] if y=0,q=+o0, (3.3.1)
14 [log (W[ ify=0,¢ < +0.
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One important result that we prove in this paper (but not our most general, see
Remark 3.3.3 below) is the following.

Theorem 3.3.2 (Besov reconstruction). Let F' be a germ, p,q € [1,+00], and o, 3,7 € R
be such that o < ~. Assume that there exists a test-function ¢ such that [ ¢ # 0 and that
for all K C R%, the following “homogeneity” property is satisfied:

e ) 2((’0;’2”5 ) < +00. (3.3.2)

h
15k o = ‘

Lr(K,dz) || oo (nen)
Assume also that the following “coherence” property is satisfied:

(F:c—I—h - Fx) (90:2{”)
2 (27 4 |[)T

h
HFH;?q,amKW =

L (K,dz) || goo (neN) || .4 (3(072)7&%)

< +o0. (3.3.3)

Then there exists R (F) € D'(R?) satisfying the following reconstruction bound for any
integer r > max(—a, —3) and any K C R? (recall that k is defined in (3.3.1)):

(R(F) - F) (42)
k(\)

< +00. (3.3.4)

Lr(K.d2)|| La(B(0,1),2)

sup
YEBT

In fact, the quantity on the left-hand side of (3.3.4) can be bounded by a constant times

||F\|;O;a K- Furthermore, such an R (F) is unique when v > 0 but not when v < 0.

Let us propose a few remarks before giving more precise results on the reconstruction
map.

Remark 3.3.3. Theorem 3.3.2 is interesting because, as we will establish in Example 3.3.8
and Ezample 3.3.9, it is a generalisation of [HL17, Theorem 3.1] and [CZ20, Theorem 5.1]
(in the case of global exponents). However, note that it is not clear whether the condition
(3.3.3) is canonical, in particular regarding the order of integration in the Lebesgue norms.
This suggests that (3.3.3) is not the “optimal” condition. Indeed, we actually establish a more
general result of reconstruction, which we state in Theorem 3.4.5. However, the conditions
of Theorem 3.4.5 require heavier notations, which is why we postpone its statement and
proof to Section 3.4. In the remainder of this paper, we shall first prove Theorem 8.4.5,
in Section 3.4. Then, in Section 3.5, we shall establish Theorem 3.3.2 as a corollary of
Theorem 3.4.5.

Remark 3.3.4. The case v = 0 appears as a critical case. Recall that this is the case also
in [CZ20, cf. Theorem 5.1].

Remark 3.3.5. Note that in condition (3.3.3), we require integration over h € B(0,2),
while in the reconstruction bound (3.3.4) one integrates over A € B (0,1). It would be more
natural to impose the constraint of integrability over h € B (0, 1), as one would expect the
estimates to propagate from B (0,1) to B (0,2), similarly to [CZ20]. However, in our context,
the asymmetry between the roles of the variables x and h, and the fact that the variables
x,h,n are “linked” by the integration, prevent the same argument as in [CZ20] to be applied.
Of course, in practical situations it is usually equivalent to check the conditions for B(0,1)
or for B(0,2).
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Remark 3.3.6. Note also that contrary to [CZ20], here we do not consider the converse
problem of whether the existence of a reconstruction implies any coherence condition such

as (3.3.3).

We shall also show that the reconstruction map R admits the following properties (and
see Theorem 3.4.5 for a more general version).

Theorem 3.3.7 (Properties of the reconstruction map). In the context of Theorem 3.5.2:

1. (Global version) if (3.3.2), (3.3.3) are satisfied for K = R?, then:

(a) If B A~y >0, then R(F) = 0.
(b) If BN~y =0, then for all k >0, R(F) € B, 7.
(c) If BA~Y <0, then R (F) € BJAJ.

2. (Local version) if (3.3.2), (3.3.3) are satisfied for all K C R?, then:

(a) If B A~y >0, then R(F) = 0.
(b) If BAy =0, then for all k > 0, R (F) € B, T ;.-
(c) If BA~ <0, then R (F) € B

p,00,loc”

The reconstruction map is continuous in the following sense: let B denote the Besov

space B;’iK if BAy=0 and 85,23,}( if BAvy <0, then:

h h
IR EMls S NNk o + 1 g i

3.3.2 A comparison with the literature
Now let us compare Theorem 3.3.2 and Theorem 3.3.7 above with the existing literature.

Example 3.3.8 (Caravenna-Zambotti). Taking p = q = +00 in the previous theorem (in
its local version) retrieves [CZ20, Theorem 5.1] in the situation where the coherence and
homogeneity exponents o and [ do not depend on the compact K. Recall also that in the
context of [CZ20], the property of (local) homogeneity is implied by the property of (local)
coherence, cf. [CZ20, Lemma 4.12]. However, it is not clear whether this generalises to the
case of global exponents i.e. when a, B,y do not depend on the choice of K, which is why we
assume both homogeneity and coherence.

Example 3.3.9 (Hairer-Labbé). Let us shortly discuss how Theorem 3.3.2 (in its global
version) generalises [HL17, Theorem 3.1], in the case of the canonical scaling s = (1,...,1).
Here we assume that the reader is familiar with the framework and notations of [HL17].
Let (o, 7,9) be a reqularity structure over R, endowed with a model (II,T). Let v > 0,
p,q € [1,+00] and let f € D), be a Besov modelled distribution. We define a germ F
by setting for v € RY, F, := I, (f (z)). Then we claim that F satisfies the homogeneity
property (3.3.2) and the coherence property (3.3.3), so that R (F) coincides with R (f),
the Hairer-Labbé reconstruction of f. Let us only discuss the coherence, as the homogeneity
is obtained with a similar argument. One can observe that for any test-function ¢ € D(RY),

(Fosn = Fo)(¢2 ") = (Wpsnf(z+ h) = T f(2)) (62 )
= Y Mo ((f@+ 1) = Tosnaf (@)a) (92 )

a€Ay

= 3 LLuwin (@ +h) = Tognaf(x))a) (@3 ).

a€Ay
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Using the analytic bounds on 11 and T', it holds:

(Forn = Fo)(9 IS Y 27" f (@ +h) = Topnaf (2)la

acAy

which implies that for o :=inf A, <a <~ andn € N:

‘(Fx-l—h F )| Z 9 n(a— a)|f(1‘+h) _Fm+h,ﬂff(x)|a
et s i e
L%(h))

ac A

Recall that the D} ,-norm of the modelled distribution f is given by:

h x L a
1fllpy, = D (H\f(m)|a”m($ HH\f z+ )\hp -+, f(@)]

a€Ay

Lr(z)

Thus after integration over h € B (0,1):

(F:v—i-h - Fx) (90377">
2-ner (277 4 |h[)T®

Er@llee | s (ne(0,1)

‘H |f(x + h>‘hhx:hxf<w>|a

< fllpy, < +oo.
LY (h)

aEA Lr(z)

Also, when h € B (1,2), using the analytic bound on T' it is straightforward to establish:

(Fz+h - Fx) (@%_n)
2 (2 Rl

< S @l < 1 loy -

p ((E) aeAy

whence the property of coherence (3.3.3). Recall that in [HL17] it is announced when
q < +4oo that for any k > 0, RU(f) € By, ", while our result yields the seemingly
different R(F) € By .. Our result is actually stronger than those presented in [HL17] since

Example 3.3.10 (Taylor germ). Let us add one more pedagogical example of germs related
to classical Taylor expansions, which have been discussed in [CZ20, Examples 4.11 € 5.4]
in the Hélder case. Firy >0 withy ¢ N, p,q € [1,+00], and f € B) ,. Proposition 3.A.5
implies that for 0 < |k| < v, OFf coincides with an LP function (up to a set of Lebesque
measure ). Thus we define, for x,z € R? the following germ, called the Taylor germ of f:
k (z — $)k

Fy(z) = Z 0 f(aj)T

0<|k|<y

Then, F satisfies the properties of coherence and homogeneity in the sense that for all
test-functions @ with [ @ # 0:

coh

h
[Pl 2,4,0,7,R% ¢

p,0,R%,0

< +o00.

Indeed, this corresponds to a particular case of the calculations in Section 3.6 (taking
g = 1). Using Proposition 3.A.5, Item (2) and the uniqueness part in Theorem 3.3.2, it is
straightforward to observe that R (F) = f.
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Remark 3.3.11 (Sewing Lemma). The sewing lemma [Gub04; FLPO6] is a result of Rough
Path theory which plays a role similar to that of the reconstruction theorem in the theory
of Regularity Structures. In fact, it is known that the (Hélder) reconstruction theorem can
be understood as a “generalisation” of the (Holder) sewing lemma, see for instance [BZ22,
Section 4] for a rigorous discussion. It is thus interesting to wonder if this is still the case
in the Besouv setting, where a sewing lemma was recently obtained in [FS21].

For a result in this direction, see [ZK21, Section 4] where Zorin-Kranich’s general
reconstruction theorem in quasi-normed spaces is shown to imply the Besov sewing lemma
of [FS21], though only in the particular case of smooth functions.

Howewver, it is still an open question whether our results Theorem 8.5.2— Theorem 3.4.5
can be shown to generalise the Besov sewing lemma of [F'S21].

3.3.3 The problem of Young multiplication in Besov spaces

Now let us discuss the classical problem of multiplying two distributions, provided they
belong to suitable Besov spaces, mirroring a similar discussion from [CZ20, Section 14] in
the Holder case. We will construct such a multiplication as a consequence of our general
result Theorem 3.4.5.

The question can be formulated as follows: given «, 5,7 € R, p1, p2, P3, q1, 2, q3 €
[1,+00], does there exist a continuous bilinear application M: By, =~ x Bgzm — BJ, 4, that
extends the canonical pointwise multiplication between smooth functions?

Usually, such multiplication maps are constructed with tools from the theory of para-
products, and it is sometimes claimed in the literature that it is enough to assume:

a<0<pf, a+p>0 v=a, i:i—ki, izi-i—i.
b3 p1 P2 a3 4 g2

However, it turns out that only the “resonant” term of the paraproduct decomposition
is well-defined under these conditions. In fact, the last condition on g3 is incorrect as
[Joh95, Theorem 4.2] exhibits sequences of smooth functions f,, g, such that for any such

a7ﬁ>plap27p37qluq2:

{rgnwggl,ql Ml =1,

Hgn'anBa — 400 when ¢ < ¢q1.
P39 n—-+oo

In this article, we construct a suitable multiplication map M under the conditions:

1 1 1
a<0<p, a+p>0, vy=a, —=—+—, @G=q.
b3 P11 P2
That is, we build a multiplication:
. Ro o] «
M: By, gy X Bpygn = B(plflﬂ,;l)*{m'

Note that it is known that such a map M can be built with paraproducts, see [Joh95,
Theorem 6.6], [Marl8, Corollary 2.1.35] or [Zui20, Theorem 19.7]. However, our construction
does not require paraproducts and relies instead on Theorem 3.4.5 below. We will provide a
proof in Section 3.6, but let us outline the strategy here.

Recalling the embedding 8527(12 C 852_’52 for any € > 0, we can assume without loss of
generality that § ¢ N.

Thus, we shall fix @« < 0,8 > 0 with o+ 8 > 0 and § ¢ N, as well as p1,p2,q1,92,p,q €
[1, +00] with % =1 4 /p%, % =14 q%. Fix distributions g € By, .., f € Bg Note that

p1 a1 2,92°
our conventions for the sign of @ and 3 are interverted with those of [CZ20].
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Since f € B p2 g With 8> 0 and ¢ N, we know from Proposition 3.A.5 that for
0 < |k| < B, " f coincides with an LP? function (up to a set of Lebesgue measure 0), so that
we can define, for z, z € R%:

— k (Z—w)k
Fo(z)= > 0f(x) o (3.3.5)

0<|k|<pB

This is the Taylor germ of f. Now we define a germ P by setting for z € R? and
¢ € D(RY):
Py () =g (¢Fs). (3.3.6)

Recall that this is the same germ as considered in [CZ20] in the case of Young multipli-
cation for Holder distributions. Note also that here, P, is only correctly defined for x away
from a null set, which is not a problem since all the objects required for the reconstruction
are defined by integration over x, recall Definition 3.3.1.

In Section 3.6 we will prove that the germ P satisfies the hypotheses of the more general
Reconstruction Theorem 3.4.5 below, and that P admits a unique reconstruction R (P).
Therefore the following result will follow by setting M (g, f) := R (P):

Theorem 3.3.12 (Young multiplication in Besov spaces). Let p1,p2,q1,q2 € [1,+00] and let
p,q € [1,+00] be defined by% f—I—pfﬂ 5 *—I-— Let a, B € R be such that o < 0 < S3,
a+5>0.

Then there exists a bilinear continuous map M: By . X Bm ¢ — Bpg, that extends the
usual product, i.e. when g € By, . and f € C*, M (g, f) = g f, where the product in the
right-hand side is understood as the product of a distribution against a smooth function.

Furthermore, when 8 ¢ N, our map M is characterised by the following property: for

any r € N with r > —a:

(Mg, ) =g F2) (v2)
A\ao+8

sup
PYeBT

< +o0. (3.3.7)
Lr@@)llLe (v

Remark 3.3.13. A similar bound as (3.3.7) is established in [LPT21, Equation (3.1)] in
the case p1 = p2 = q1 = qo.

3.4 A general Besov reconstruction theorem

Now let us turn to the statement and proof of our most general reconstruction result,
Theorem 3.4.5 below.

3.4.1 Statement of the result

Let us introduce the following notations.

Definition 3.4.1 (Besov reconstruction of a Germ). Let F' be a germ, p,q € [1,+00],
and r € N. Let k: (0,1] — R4 be a function (which we will call a scaling function). Let
K c R%. We say that a distribution R(F) € D’(K’l) s a k,p, g-reconstruction of F' on
K if the following estimate, called the reconstruction bound, holds for any test-function

¥ € D(B(0,1)):
(w*)

< +00.

Lr(zeK) L(i()\)
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We say that the reconstruction R (F') is r-uniform if the reconstruction bound is uniform
in ¢ in the following sense:

(R(F) - E,) (v2)

KOV < +00.

sup
YEBT

Lp (QJGK) Lg\ (/\)

Finally, if v € R, we say that a distribution is a 7, p, g-reconstruction of F' on K if it is
a ky q.¢, 0, g-reconstruction of F' on K, where k is defined by (3.3.1).

The reconstruction bound quantifies how close R (F') is to Fy locally in space (the z
variable) and scale (the A variable), in a way similar to the definition of Besov spaces, see
Section 3.A.

It is interesting to note that this definition already guarantees some properties of the
reconstruction:

Proposition 3.4.2. In the context of the previous definition, let ki, ka: (0,1] — Ry be two
scaling functions.

1. Assume there exists C' > 0 such that k1 < Cke pointwise, then a k1, p, g-reconstruction
of F is also a ko, p, g-reconstruction of F.

2. Assume there exists C > 0 such that for all A € (0,1], C71k(\) < k (2U°g2(>‘)J) <

Ck(X). Then a distribution R (F) € D'(K1) is a r-uniform k,p, g-reconstruction of F
on K if and only if:

(R(F) - Fy) (427"

TR < +o0. (3.4.1)

sup
YEBT

Lr (xGK) ¢a (n)

3. Assume that k1, ke are two scaling functions such that Item (2) just above applies,
and k1, ko (X)) =r-0 0. Then any ki, p, q-reconstruction of a germ F on all K C R?
must coincide with any ko, p, g-reconstruction of F on all K C R%. In particular, when
k(X) =200, a germ F can have at most one k, p, g-reconstruction.

Proof. (1) and (2) are elementary to check. Now let us tackle (3). Denote T' the difference
of the two reconstructions. The embedding ¢? C ¢°°, Holder’s inequality, and the triangle
inequality, yield limy,— o0 [ |T(¢5")|dz = 0 for any compact K C R? and any test-function
¢. Now we fix a test-function ¢ such that [¢ = 1. Let n € D(R?) and let us show that
T(n) = 0. By mollification, T'(n) = lim,— 1o Ty,(n) where T, (n) = fsupp(n) T (e )n(z)dz.
Now |T7,(n)] < 7]l fsupp(n) |T (¢S )|dx = 0n—s+4o0(1), hence T'(n) = 0 as announced, so that
the two reconstructions coincide. O

Notation 3.4.3. If I is a germ, p € [1,4+0], a, 8,7 € R, K C R¢, and ¢ € D(RY) is a
test-function, we denote:

n

(Forn — Fo) (92
9—no (2—n + ‘h|)'¥*a

F (¢2")
9K (1) = gpp,ppK (1) =T

Jx (n,h) = fF,cp,a,%p,K (n,h) =

i

LP(xEKQ)

Lp(z€K>)

We will usually drop the subscripts when the dependence in F, @, «, 5,7, p is clear from
the context.
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The following sequences, corresponding to averaged versions of f, will play an important
role in our calculations. Note that these quantities will appear naturally in our calculations,
but we do not really have an interpetation of what they represent.

Notation 3.4.4. For any function f: N x R — R, and real ¢ € R, set for n € N:
m® (n) = / ond f (n, h) dh
f T ) )
heB(0,2—n+1)

“+o0o
2) — / 2—(k—n)c+k‘d L B) dh
mc,f (n) kz_: hEB(O,Q—k) f( ’ ) )
o (3.4.2)
3) - —(k—n)ct+nd
m® ) kz_: /h coopmin’ f (k. h) dh,

n—1
(4) - / o—(k=m)e+kd £ (1 1Y dh.
mc,f (TL) kgo heB(O,Z—k"rl) f( > )

Once again, we will drop the subscripts when the dependence in the parameters is clear
from context.

We will establish the following general version of the Besov reconstruction theorem.

Theorem 3.4.5 (Besov reconstruction, general case). Let F' be a germ, p,q € [1,+0o0],
and o, B,y € R be such that a < . Let r € N be an integer such that r > —f3. Let
K c R% and ¢ € D(B(0,1/2)) be a test-function such that [¢ =1 and [ 2*@ (x)dx =0 for
1 < |k| <r—1. For simplicity of notation, denote:

fK = fF7¢7a7’Y7paK7 mK = m2/75‘K’
3 3
JK = 9F.$,8,p,K > m%) =Myt o (3.4.3)
L _ 1) 4 _, 4
MK = Mo My =My e

For any q1 € [1,+00|, we denote:

lorcllen + i |, + [ 2], + |, 72> 0

/q
||F||g§lzﬁ,lz71,z<,¢ = 4 lgxclla + ng)Heq + Hm%) (4 ify <0,
lgrcllen + ||, + |75 . ifv=0,

where in the case v = 0, we define, for n € N and i € {3,4}, fng? (n) == m® (n) /k(277),
where k is any scaling function such that (1/k(27")),,cn € 2.
Assume that:
[Fllgasy < o0 (3.4.4)
P,q,91, K,

Then there ezists a k,p,g-reconstruction of F' on K, noted R (F) or Rk (F'), that is
also r-uniform.
Furthermore:

1. (Global version) if (3.4.4) holds for K = R?, then:

(a) Such an R (F') is unique when v > 0 but not when v < 0.
(b) If BA~y >0, then R(F) = 0.

(c) If BAy =0, then for all k > 0, R (F) € B,T.
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(d) If B A~y <0, then R (F) € B2,

P,q1Vq-

2. (Local version) if (3.4.4) holds for all K C R%, then there exists a global distribution
R (F) € D'(R?) that is a r-uniform k, p, g-reconstruction of F on all K C R% and:

(a) Such an R (F) is unique when v > 0 but not when v < 0.
(b) If BA~ >0, then R(F) = 0.
(c) If BA~ =0, then for all k >0, R(F) e B ¢

p,1,loc’
(d) If BA~ <0, then R (F) € B\

P,q1Vg,loc’

The reconstruction map is continuous in the following sense: let B denote B;fK if

BAvy=0 and Bg,/;?\/q,K if A~y <0, then:

IR (E)llp S 1Fgosr

P,4,91,K2,¢

Remark 3.4.6. The cases v # 0 could also be slightly modified to consider general scaling
functions k as in the case of v = 0.

Let us turn to the proof of Theorem 3.4.5. In the remainder of this section, we consider
a germ F, reals p,q € [1,+00], o, 3,7 € R such that o < =, an integer r € N, K C RY,
and a single test-function ¢ € D(B(0,1/2)) such that [¢ = 1 and [z¥¢ (z)dz = 0 for
1 < |k| <r—1. We denote f, g, m™), m® mB m® to be the functions defined in (3.4.3).
We break up the proof into several sections.

3.4.2 Uniqueness of reconstruction

Recall from Proposition 3.4.2, Item ($), that when v > 0, the reconstruction, if it exists,
is unique. Nevertheless, when v < 0, the reconstruction is not unique in general. We now
focus on the existence of R (F').

3.4.3 Existence for v >0

We now construct a reconstruction in the case v > 0. First, let us recall the strategy of
[CZ20].

In order to establish the existence of the reconstruction, we proceed by mollification.
Recall that if p € D(R?) is any test-function such that [p = 1, and if £ € D'(R?) is any
distribution, then we have an approximation of ¢ provided for 1 € D(R?) by:

6) = Jim € (5" ) = Jim [ €(027") v(e)de.
This yields a natural candidate for the reconstruction of the germ F, as we would like
to set by analogy:

R(F) (@)= lm [ F.(p2") (2 dz.

n—oo Rd

Of course, the convergence of such a sequence is a priori far from obvious. However, as
our goal is an existence result for R(F), it is enough for us to exhibit just one choice of p
such that this sequence converges. For this purpose, we follow the strategy of [CZ20] i.e.
construct a specific mollifier p from the single test-function ¢ provided by the assumption
of the theorem.

Explicitly, define as in [CZ20]:

pi= Q" kP, (3.4.5)
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The motivation behind this choice is that it allows us to rewrite the difference p*/2 — p as
a convolution, paving the way for a nice dyadic decomposition. Explicitly, set ¢ := @1/ 232

then:
1/2

prlt—p=¢*p.

This directly implies that for n € N,

v

9—(n+1) 2—n AQ— T
- P = * @

Notice that by assumption on ¢, it holds that supp (¢) C B (0, 1), and that ¢ cancels
all polynomials of degree less that r — 1: [ ¥ (x)dx = 0 for 0 < [k| <7 — 1.
Now we can exploit the dyadic structure of our mollifier: for all ng,n € N,

n—1
—n n o—k ok
p2 :p2 0+§:<p2 *QDQ.

k=ng
This gives us a natural definition of approximating our reconstruction.

Definition 3.4.7. Let F' = (F}), cra be a germ. For simplicity of notation, denote €, == 27".
We define a sequence of approzimating distributions R, (F) € D'(R?) by setting, for n € N,
Y € D(R?Y), and any ng € N:

R (F) (W)= [ F2 (o) 0(2) e

n—1
_ ~€n A2€ng ~Ek Y ek
—/RdFZ ((p 0 % P )zp(z)dz—i—kz /Rsz(cp * OF)Y(2) dz.
=ng

where p is defined as in (3.4.5). Note that as explained above, this definition does not depend
on the choice of ng € N. If the sequence converges, then we denote for 1 € D(R?):

R(F) () = lim Ry (F) ().
Now, we want to establish whether this limit lim,,_, Ry, (F') exists. For this, we shall

pursue even further the decomposition of R,, (F'). Recall that for any distribution ¢ € D'(R%)
and any two test-functions 7,7 € D(RY),

Emen)= [ €)@ do. (3.4.6)

From Definition 3.4.7, it follows that the existence of R(F') is implied by the absolute
convergence of the series >, uj, where we set for k£ € N:

RSO
R
= [ [ P66 @ - u(e) deds.
Rd JRR4
Writing F. = F, + (F. — F), we decompose uj, = uj, + uj, where:
di= [ R ) - () dods
Rd JRRA
- [ R e e @ e
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and:
wf= [ ] = F) (62) 6w = () do d:
= [, [ Frn = Fo) () ¢ (<h)ola + b) da b
Rd JRd

Hence, the existence of the reconstruction R(F') can be determined by the absolute

convergence of
!/ 14
D Uk DUk
k k

The following lemma from [CZ20] will also be useful for us here. For completeness, we
concisely recall its proof. Note that [CZ20, Lemma 9.2] states the bound in the L' case but
its proof actually treats the L™ case.

Lemma 3.4.8. [CZ20, Lemma 9.2] Assume that ¢ € D(R?) is a test-function that cancels
polynomials of degree r —1 € N i.e. for all0 <k <r —1, [pa 8@ (x)dx = 0. Then for any
test-function n € D(RY) and \ > 0:

1" % nllzee < lInllcrlll "

Proof. We fix y € R% and denote py(-) = >k <r—1 %( —1)¥ to be the Taylor polynomial
of n of order r — 1 based at y, so that |n(z) — py(2)| < ||nllcr|z —y|". As noted above, ¢
cancels polynomials of degree r — 1, so that [za My — 2)py(2)dz = 0, thus:

@) = [ F - nE) —py ()} dz.

Hence,
(¢ +m)(y)] < /Rd $*(y — 2)lIn(z) — py(2)| dz
<lnller [ 18w = 2|z~ " d
R4
= Nlnllerll@llzr,
which gives us our result. O

Proposition 3.4.9 (Convergence of approximating distributions). In the setting of this
section:

1. Suppose that 3+ r > 0 and that gk € €>°. Then Y, u) is absolutely convergent as

soon as supp (¢) C K.
2. Suppose that v > 0, v > a, and mg) € (1. Then Y, uy is absolutely convergent as
soon as supp (¢) C Kj.

3. Suppose that assumptions (1) and (2) just above apply. Then R(F) € D' (K1) is a
distribution of order r.

Proof. We start with (1). Denote p to be the Holder conjugate of p. By Hélder’s inequality,
and since supp (p* x 1)) C Ky

] < [ 1B (62) (6% ) (o) da

S ||Fa? (@;:k>||LP(rER2) H@Ek * wHLf’ .
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Applying Lemma 3.4.8, we obtain:

e * 9l s S 1 llerlll 2

Thus, recalling the definition of gx, and since 8 + r > 0,

v ||Fac (Sbg:k)Hpr K _ .
Z|u;|5||¢||m||w||ﬂz< e ) gkl

k k
5 —k
Sleller 8l illgr llee S 277 < oo
k

This yields the announced result.
Now we prove (2). By definition:

] < [ ] 1Faan = F2) (62) 8% (=h)b(a + )] dodh

~ Because of the supports of ¢ and v, we have that h runs over B (0, ;) and  runs over
K>. If we denote p to be the Holder conjugate of p, then by Hélder’s inequality, with respect
to the x variable,

!Uﬂfijgm )HU%+h—-Eﬁ(¢?)Mw@ngH¢@*+hﬂhm@\¢%(—hﬂdh
€k
By substitution, [15(z -+ )| 5(s) = [l Also, [ (~h)| < 2% 3] . so that;

Jukl < 2% (|2l oo 140 o /B [(Fevn = F) (D)l Lo (ay dh-

0,ex

Recall that by definition of fx (k,h):
1(Fon = F2) (2| o we ko) = Fic (ks ) 277 (278 + [A])772,

and since here |h| < 27% and v > «, we bound 27%*(27% 4 |A[)7=* < 277, Thus:

o) < W losll@la27 [ i 1125 dh < il e 2T )

€k

Denoting ¢ to be the Holder conjugate of ¢, we have by Holder’s inequality

Sluf) < ol lelloe | (277), | m?
k

)

keN La

ol

which is finite because v > 0 and mg) SPAR
Finally, (3) follows immediately from the established estimates. O

3.4.4 Reconstruction bound for v > 0

In Proposition 3.4.9 just above, we have established the existence of a distribution R(F') €
D'(K,) that is a natural candidate for the reconstruction of the germ F. In this section
we focus on establishing that R(F') does indeed satisfy the following reconstruction bound
(recall the discussion of Definition 3.4.1 and Proposition 3.4.2):

(R(F) - F,) (v27")

2=y

sup < 400. (3.4.7)

PEAT

Lp(fEGK) Eq(n)
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In fact, we shall show that the left-hand term of (3.4.7) is bounded by a constant times

|F||gas.y - For simplicity of notation, we denote:
P,9,91,K2,¢

Guw(¥) == (R(F) — Fy)(¢)) for w e R? and ¢ € D(K).

As in the previous section, we shall be able to discuss GG thanks to the dyadic decompo-
sition provided by the mollifier (3.4.5). Remember that we defined R(F) as:

+oo
RIF)@) = [ P (67056 )0rde+ 3 [ (@ g2 v(e) d,
k=ng

where the right-hand term does not depend on the choice of ng € Z. Now for any fixed
w € R, it holds by classical mollification of the distribution F,, (with the mollifier p defined
as (3.4.5)) that for any ng € Z:

+o0
A ~2€n, ~ v
Fu) = [ Fu(@m0s @)@ det 3 [ Fulp s g2) 0(2) e
k=ng
Thus, we can decompose G as:

Gul) = [

~€n, A2€n
[ (Fx = ) (6505 270 ) (=) dz

400
F Y[ B = Fu) (6% 62 0(2) e

k=ng

Recalling (3.4.6), writing F, — F,, = (F, — F,) + (F; — F,) and taking into consideration
the support of ¢<* and ;) (recall that supp(¢) C B(0,1/2) and supp(¢) C B(0,1)), we
obtain, for ¢ € #", X € (0,1] and any n € N, the more refined decomposition:

Guld) = [ [ (R R () @0 @)U (2) dedz
B(w,\) J B(z,en)

t [ [ (R R (95) 0 @) () do ds
B(w,\) JB(z,en)
o0

3 ] (B R (60) 62 @) dade
= JBwn) JBzq)

w3 [ [ (R R (@) 82 @)h(2) dude
k=n ’ B(w,A) J/ B(z,ex)

Choosing A = 27" = ¢, gives us four terms which we define in the following way for n € N
and w € R%:

i

an(w)i= sup | [ [ (B = ) () g5 @) (2) dade
YeRB |/ B(w,en) J B(z,en)

Y

by (w) := sup / / (Fp — Fu) (057) 95 (2)Y (2) do dz
YeR |J B(w,en) J B(z,en)

)

caw)i= sup |52 [ [ (B - R (82) 62 (@) (2) do d
VER | 1= B(w,en) JB(z,ex)

)

d(w) = sup S [ [ (= ) (68) 92 @)y (2) da dz
PER" k=n B(w,en) J B(z,er)

Now, the reconstruction bound is established in the following proposition.
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Proposition 3.4.10. Assume that m%), mg), mg) € 09 and that v > «. Then

[lan(w)l| Lr(wek) [[bn (W] Lr (we k)
2= neN ’ 2= neN 7

(HCn(w)HLP(weK)) (”dn(w)”m(wek)> c
9—ny ’ 2—ny :
neN neN

As an immediate consequence, (3.4.7) holds, i.e. R (F) is a r-uniform -, p, g-reconstruction
of F on K.

llan (W)l LP (we k)

Proof. To begin, we focus on ( =7 ) N
n

By definition of a,,

y<sp [ 0 B G 1 @) W ()]

YEBT

Using the estimates |¢5" " ()| < 2"%|@|| e and |5 (2)| < 279[3]|cr, we get:

wys2d [ [ - B (69 dedz,
B(w,ern) J B(z,€n)

We apply the substitution £ = —(x — z) then Z = z — w in this integral, which yield:

an(w) < 2% /B(O / . |(Fryw = Fogyziw) (P75 5100) | dTdZ.

Now Minkowski’s inequality implies:

[lan (W) o wer)

2nd nen .
S 2% /B(OM /B(OM) ||(F2+w —F ii5t0) (Soi:z+2+w)“Lp(weK) dz dz.

Applying the substitution @ = w 4+ Z — & in the LP norm yields:
2nd nen .
len(@uerey S 2 L[ s Fo) (@) laacicy) 422
— 2nd/ . Asn 5
B(0.cn) [(Faotz — Fa) (¢ )HLp( €Ks) dz
By definition of f,
I(Faorz = Fa) (P3| o(wery) = fr (,2) 27" (27" + 1Z)"
Since |Z| < 27" in the integral and v > «, this implies:

Jen(sgwery S 2 [ fic (827 d7 < 27 mil) ().

The assertion on a,, follows.
We now focus on (%) o By definition of b,,:
n

2=y

y<sp [ = R G 1 @) Wi ()] dd

YeERB"
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Once again, since [¢z"~" (z)| < 2 @||1 and [ (2)] < 2"||¢)[|cr, we obtain:

wys2d [ [ (- ) (69)] dade,
B(w,en) J B(z,en)

Observe that for every z € B(w, €,), we have B(z,€,) C B (w,2¢,). In turn we have
bo(w) S27 [ (B Fu) ()] do
B(w,en—1)

Substituting & = — (x — w) then applying Minkowski’s inequality yields:

160 ()| o werc) 2”‘1/3(0 NPz = Fo) (G50 ey 42

Substituting @ = w — Z in the L? norm yields:

< nd N 2 ~€n o 5
Ion ) isguer) $2° [ IFra = Fa) (8laocrs) 40

Recalling the definition of fx and using the facts that |Z| < e,—1 and v > a:
n n ~ ~ —n 1
o )suere) S 277 [, 2 i () i = 270 mig) ().
€n—1

The assertion on b,, follows.

llen (W)l Lp (we k) )

Let us now consider ( = N By definition of c,:

enlw) < sup /we Joo ) [P = ) G162 @] 3 (2)] =

YEBT .

Once again, since |32 (2)] < 2kdu¢um and |65 ()| < 27|l ]le-, we obtain:

) < ond Z de/

/ (F, — Fy) (25)| da d.
B(w,en) Z,€k)

Reasoning as for a, we obtain:

lea(@)l poger) S zw / 2 M e (k, T) di.

(Ovek)

Thus,
n 2
e ()| powere) S 27 M (n).

The assertion on ¢, follows.
lldn (W)l LP (w)

Let us now consider ( Ty ) N’ Applying the substitution Z = z — w then
n

Z = — (x — w), and remarking that the obtained integrand is supported in zZ € B (0, ¢,),
T € B(—2,¢), we can integrate over Z € B(0,¢,), & € B(0,€e,-1) without changing the
value of the integral so that:

dp(w)
v | 2 / B(0e) / o,y (P = Fou) (9% § (-2 (2) da d2
~ yew ;éam (P = Fu) (§%40,)) (£ 97 (=2) di

o)

< sup / F_ ;i 0w—Fy e w k x qhn dz.
S0 fon | Fte = Fo) (P ) 16 0 (=2)
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Now from Lemma 3.4.8, |¢% % ¢ (—Z)| < 2"+ D=kr||p|| o || 3] 11 s0 that:
o0
dn (w) S Z 2n(r+d)—k1”/ ’(F—f+w - Fw) (Sae—kj—i-w)’ dz.
ben, B(0,en—1)

Taking the LP (w) norm, applying Minkowski’s inequality and substituting @ = w — &
yields:

|dn (w)HLp(ng) S Z gn(rtd)=hr /B |(Fot+z — Fa) (@%)HLP(IZJGKQ) dz.
k=n (0,en—1)
By definition of fg:
o ()l prguer) S 320 [ pe (kg 2k o) 4
k—n B(0,en—1)
=27 (n).
This is enough to conclude. O

Remark 3.4.11. Note that we did not use the assumption v > 0 in establishing the
reconstruction bound (Proposition 3.4.10) above.

3.4.5 The reconstruction for v <0

Now that we have treated the case v > 0, let us discuss the problem of reconstruction
when v < 0. It is very natural a priori to consider the same sequence of approximating
distributions as in Definition 3.4.7. However, note from Proposition 3.4.9, Item (2), that the
convergence of those approximating distributions fundamentally requires v > 0. Namely, in
this case, we cannot control the series >, uf.

The idea, as in [CZ20], is to simply remove the term uj from the approximating sequence
of Definition 3.4.7. In particular, from Proposition 3.4.9 we can still define:

ROF)w)i= [ P (px42) vz d+ Y ui (3.4.8)
k=0
where we recall that v} is defined as:

= /Rd Fu ($%) (3% # ) () dz, for k € N,

Note that without the term wu}, there is no simplification allowing to start the decompo-
sition at a scale 27" for any ng. Hence we need to take into account the fact that the sum
starts at index k = 0 in (3.4.8).

It remains to establish the reconstruction bound. As in the previous section, define for
w € R and ¢ € D(RY), Gy (¥) = (R(F) — Fy,)(¢). Then, in a similar way to the previous
section, it is straightforward to obtain the following decomposition:

Gulwi) = [ [ (= F) (@) 8 @) (2) duds
B(w,en) JB(z,1)

wf (- ) (2 @)U (2) dade
B(w,en) J/B(z,1)
n—1
+> /
k=0"5

+o00
+ / / (Fy — Fy) ($5F) ¢ (z) ¥ (2) daedz,
];’L B(wyen) B(Z,Gk) r w

/ (Fy — Fi) (§%) $% (2) 0 (2) da dz
B(z,er)

(w,en)
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so that checking the reconstruction bound follows from estimating the following quantities:

mwyz=swp | [ [ E) (30800 () de e,

YERBT

ba(w) i= sup /M /B(Zl (Fy = Fu) ($2) 82 (@) 05 (2) dardz),

YEBT
ea(w) i= sup Z/ / (Fy — Fu) ($5) 3% () 05 (2) dr dz),
PYERAT (w,€n) (z,ex)

do(w) = sup /B(wen / o (o= ) () 62 2 3 (2) dwrd).

YEBT

Note that these quantities are different from those named with the same letters in the
section corresponding to v > 0. The reconstruction bound is established in the following
proposition:

Proposition 3.4.12. In the setting of this section, assume that mﬁ?, m%) € 01 and that

v >a, v <0. Let k be the scaling function defined in (3.3.1). Then:

(IIan(w)\m (wekK) ) (IIb (w)”LP(weK))
k ) nEN’ k( n) neN7
)
(

(2
llen (W) || Le(wek) [ dn (W) || Lr(we k) .
( FE) )( 2-7) Lﬂ‘

As an immediate consequence, R (F') is a r-uniform v, p, q-reconstruction of F' on K.

o

Remark 3.4.13. The proof below actually works for any scaling function k such that

(7 e

Proof. The proof follows similarly as in Proposition 3.4.10. The same calculations as in
Proposition 3.4.10 allow to establish:

lan() | ower) S mW(0),

1bn ()| owery S Mm% (0),
ldn ()| o ey S 27" mE (n).

Let us now focus on ¢,,. By definition of c¢,:

enlu) < sup /B(wen)/Bm (Fx = Fu) (659162 (@) 457 (2)] dr .

YEL =0

Using the estimates |@% (x)| < 28||@||p= and [5 (2)] < 279|3]|cr, we get:

n—1

en(w) S Y 2nd2kd/

k=0 B(W,Q")/B(Z’Qk) (Fr — Fu )< )‘ dx dz.

In this integral, B (z, 2"“) CB (w, 2"““) so that:

n—1
w) < de/
P22 Juan

dz.

(F, — F)(M)
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Substituting & = — (x — w) in this integral:
n—1

en(w) S Z 2kd/

k=0 B(0,27k+1)

dz.

(Fu-z — Fu) (#35)

Now we take the LP norm in w, apply Minkowski’s inequality and change variable
W = w — Z in the L? norm:

n—1

len()llzrery S 32 [

k=0 B(0,27++1)

Lr(weks) di.

‘(Fwﬂz - Fp) (85127]%)

Finally, remembering the definition of fx and using the fact that |Z| < 27%+! in this
integral:

len ()| powere) S 27mY (n).

This is enough to conclude, even for the case v = 0. Indeed, for the terms a and b, we
use the fact that (#> . € ¢1. And for the terms ¢ and d, we have just established
n

k27
that:
llen (W)l Lo (we k) (4)
< =
k (2—71) ~ Mi (n)a
HdTZ(w)HLP(weK) (3)
< =
e Syl (n).

3.4.6 The reconstruction is Besov

We now show that R(F') lies in a suitable Besov space.
Proposition 3.4.14. In the setting of this section:

1. (Global version) Assume that || F|| ;.54 < 4o00. Then:

P.a.q1.R% 0
(a) If BN~ >0, then R(F) = 0.
(b) If BN~y =0, then for all k >0, R(F) € B, Y.
(c) If BAy <0, then R (F) € ng?vq.

2. (Local version) Assume that for all K C RY, [Fllgesy < 4o0. Then there exists a

P,q,91,K,¢

global distribution R (F) € D'(RY) satisfying (3.4.1) over all K C R? and:

(a) If BN~y >0, then R(F) = 0.
(b) If BA~ =0, then for all k >0, R(F) € B¢

p,1,loc"”

(¢c) If BA~ <0, then R (F) € BX

p,q1Vg,loc”

Furthermore, the reconstruction map is continuous in the following sense: let B denote

B 5w if BAY =0 and B)Y, o if BAY <0, then:

IR (F)llg S 1Fllgass (3.4.9)

P,4,q91,K2,¢
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Proof. Let us first prove the global version of the result. The item (a) follows from
Proposition 3.4.2, Item (3).

Now we turn to (¢). Recall, from the equivalent definition of a Besov space Proposi-
tion 3.A.5, Item (1), that it is sufficient to show, denoting r := ¢ V ¢:

HR (F) (¢27) .

2—n(BA7Y)
Lr (2€R?) || gr ()

By the assumption and the reconstruction bound obtained in the previous sections, we
know that:

F)—Fx)(cﬁi")’
92—y

< IFllgose

LP(x) Lr(x) a(n) P,q4,91,R%, ¢

HH 27 nﬁ qu(n)

Using the fact that 8,7 > 5 A~ and the embeddings ¢t C £", ¢4 C £":

HF(%) N H(R(F)—Fx> (@5 <) gos
2—n(BAY) Lr(z) || pr 2-n(BNY) LP(x) or(n )N gpqqz R,

The triangle inequality yields the announced result.

Finally, (b) immediately follows from (c¢) after noticing that the condition of homogeneity
g € 0% for some B > 0 implies g € ¢! for any ' < j3; that the reconstruction bound for ~
implies the reconstruction bound for any 4’ < v, see Proposition 3.4.2, Item (1); and that
Bﬁgf C B, 7 for any x> 0.

Now let us discuss the local version of the result. A global reconstruction R(F') can
be built by localization, as in [CZ20, Section 11]. Then, properties (a), (b), (c¢), and
(3.4.9) follow from the same arguments as in the global case, using the local version of
Proposition 3.A.5, Item (1). O

3.5 Proof of Theorems 3.3.2 and 3.3.7 from Theorem 3.4.5

In this section, we prove Theorem 3.3.2 and Theorem 3.3.7 from Theorem 3.4.5.

The case v < 0 is treated similarly to the case v > 0 so we only treat the case v > 0 for
concision.

Thus, we consider a germ F', and reals p,q € [1,+o0], o, 5,7 € R with a <y and v > 0.
We let K C R? and we assume that there is a test-function o € D(R?) with [ ¢ # 0 such
that (3.3.2) and (3.3.3) hold. Let r € N be an integer such that r» > max (—«a, —f3).

We shall show that the hypotheses of Theorem 3.4.5 are satisfied. First, notice that this
requires us to exhibit a test-function ¢ € D(B(0,1/2)) such that [ ¢ = 1 and [2*@ (x)dx =0
for 1 <|k| <r—1.

For this purpose, we tweak the test-function ¢ as presented in [CZ20].

Lemma 3.5.1. [Tweaking a test-function, [CZ20, Lemma 8.1]] Fiz r € N, distinct reals
A0, ALy oy Ar1 € (0,00) and a test-function p € D(R?) such that [¢ # 0 and supp ¢ C
B(0,R,).

Then there exists constants cg,cq, ....,cr—1 € R such that the tweaked test-function @,
defined by

1 r—1 \
¢ = 726190 Y
v =

has the following properties:



74 Chapter 3. Besov Reconstruction

1. Jgap =1,

2. ¢ annihilates monomials of degree 1 to r — 1, specifically

/dyk¢(y)dy20, forallk:eNgzlg k| <r—1,
R

3. moreover, if 0 < \; < ﬁ fori=0,1....,r — 1, then:
supp ¢ C B(0,1/2).

Remark 3.5.2. Whilst we direct the reader to [CZ20, Lemma 8.1] for the proof we outline
the approach here. The main idea is to consider an arbitrary ¢ == (1/[ ) Si— cip™ and
write a system of linear equations in c; from the relations given by Item 1 and Item 2
of Lemma 3.5.1. The obtained system of equations involves the Vandermonde matrix of
(ANi)o<i<r—1. Since the \; are distinct, this system is invertible, and one can even provide
explicit expressions for ¢; [CZ20, see Equation (8.1)].

Remark 3.5.3. In [CZ20], the authors choose the specific values \; = %—FZRl for i =
0,1...,7 — 1. The reason for this choice is that it allows for explicit quantztatwe bounds
throughout their calculations. In this paper however, we do not track the precise constants
that appear in the estimates, which is why we do not pick explicit values for \;.

Now we show that the properties of homogeneity and coherence are stable by tweaking.

Proposition 3.5.4. Assume that there exists o € D(R?) such that [¢ # 0 and (3.3.2)
resp. (3.3.3) is satisfied for p. Then, for any r € N, there exists ¢ € D(B(0,1/2)) such that
[¢=1, [2F¢(x)dr =0 for 1 < |k| <r —1 and (3.3.2) resp. (3.3.3) is satisfied for ¢.

Proof. Let us only present the proof for the coherence condition (3.3.3) as the other case is
similar to treat. Thus, assume that ¢ € D(R?) is such that [ ¢ # 0 and:

(Fr—i-h_ ( )
27 (27 4 AT

< 4-00.

Lr(2€K2) || joo ()14 (he B(0,2))

As in Lemma 3.5.1, let R, > 0 be such that supp (¢) C B (0, R,). Let r € N and fix
distinct mo, ..., m,—1 € N such that for 0 < |k| <r—1,27"* < 211%50. Lemma 3.5.1

to A := 2™k, Let us denote

1 r—1

A 2—my

= o2
Jo =

the obtained test-function, then ¢ € D(B(0,1/2)) and [¢ = 1, [2*@(z)dr = 0 for
1 < |k| < r—1. To conclude, it is enough by triangle inequality to show that for any m € N:

:rJrh_ ((pgzr:_n m)
9—na (2= 1 |K|))"

< +00.

Lr(z€K>) £°(n) L} (heB(0,2))

But this follows immediately from the estimate:
9—na (27n + |h’)‘/*a > 2ma27(n+m)a (27(n+m) + |h|>'y—

(Remember that v > « from our hypotheses). O
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We still have to translate the conditions of Theorem 3.3.2 into the conditions of Theo-
rem 3.4.5. This is possible thanks to the Lemma 3.B.1, which implies the following result.
Note that Lemma 3.B.1 is a purely elementary result. However, as its proof is a bit technical,
we state it and prove it in the appendix.

Corollary 3.5.5. Let f: NxR? = R, be a positive function, and ¢ > 0. Define m( ) m(Q},

m?} as in (3.4.2). Assume that:

117 (B )|

Lieenog) < T (3.5.1)

Then m(l) m?}, m?} are in 09,

Proof. Applying Lemma 3.B.1 to ay, p, := 0y, Tesp. ag p = 2*(’“*")‘3]1{,62@ immediately gives
(1 (2)

the result for my’ resp. mg ;.

Now let us treat m&g} For n € N, h € R?, set

“+o0
Fnh)y=>"27tmmen o v f(kh),

k=0
so that m?} = m}l). It is straightforward to see that if (3.5.1) is satisfied for f, then (3.5.1)
is also satisfied for f. We conclude by applying lemma Lemma 3.B.1 to Qkn = Ok, and the
function f. O

Combining Proposition 3.5.4, Corollary 3.5.5 and Theorem 3.4.5 yields Theorem 3.3.2
and Theorem 3.3.7 (in the case v > 0).

3.6 Proof of Theorem 3.3.12 from Theorem 3.4.5

Let us now prove Theorem 3.3.12 from Theorem 3.4.5. In the remainder of this section, we

consider the setting of Section 3.3.3. That is, we let @ < 0 [5’ >0 witha+ 4 >0and g ¢ N,

as well as pl,pg,ql,qQ,p,q € [1, +o0] with % = - + p—Q, E = qil + q%; we fix distributions
€By ., fEB p2 g and we define germs F° and P as in (3.3.5) resp. (3.3.6).

Fix any test-function ¢ € D(R?). Recalling the statement of Theorem 3.4.5, Theo-

rem 3.3.12 holds as soon as the following quantities are finite (recall that €, == 27"):

vy = ’HPI(%CR) )
LP(2) || gar (n)
= / ond (fwn-;h *f ) (‘103:") :
heB(0,en—1) 9-na (21 4 |h|)? 2@ oy
Py —

vy = Z/h —(k—n)(a+8)+kd || ( k+h ! Py) (¢ ,6? ’

s 278 @7 AR o) oy
vy = Z/ k—n)(a+r)+nd (PI-HZ _PI) (Sog:k)

heB(0,en— 1) 2 ka (27,g + |h|)ﬁ Lr(x) 24(n)

This is the content of the following proposition.

Proposition 3.6.1. v, v9,v3,v4 < +00. As a consequence, Theorem 8.8.12 holds.
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Proof. We start with v1. For z € R?, ¢ € D(R?) we have:

k i
Pi(p)= ), aif)gﬁ~—@kwﬁﬁ.

0<|k|<B

Thus by triangle inequality and Holder’s inequality:

H Pu(g2) 5 lo#s] o (¢ =) e O)]] .0,
270 Mor@) ~ odges 2 .

Now summing in n:

loes] . [l (¢ == et O],
vy < 0§%<5 o P2 R LP1(z)

041 (n)

Considering the test-function : z ++ 2¥¢ (z) and recalling the definition of Besov spaces,
Definition 3.A.1, one obtains:

g (=) e ()
a4 2ﬁwmmﬂme) S llglsg

P1:91 )
€11 (n)

Recall also that since 8 > [k| in the sum above, one has [|Okf|l1p. < 10k go-1r <
P2,492

||f||852 '’ and thus:

<
o1 S lolsg, , Ifllgp < +oc.

Now we consider the quantities va, v3, v4. Let us use the following notation for the Taylor
expansions: if f is a sufficiently regular function, a € R and z,h € R%, set T 7 (x,h) =
f@+h) = Xo<ij<a 701 f () B

Let z, h, z € R? then a straightforward calculation establishes (recall that F' is defined
in (3.3.5)):

— X k _
(Frn~E) ()=~ Y CTpio b ),
0<|k|<pB ’

For simplicity of notations, denote Ty (z,h) = T, gk}lkl (z,h) for the remainder of this

proof. Let ¢ € D(R?) be any test-function. We deduce that for z, h € R%:

(Povn = Po) (¢) = (6 () (Faan — F2) ()
== Y aT@me(C-0Fe).

0<|kl<B ™

Applying the triangle inequality then Hoélder’s inequality:

lo (=22 ()]

N [ C P

k!

1(Povt = Po) @l oy <
0<|k|<p
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7

For 0 < |k| < 8, it holds that A* (A + |A])? = Ao+l B8~k g6 that:

(Px+h - Px) (‘P;)

A (A + |h])?
(A+1hl) Lo(z)
_ A (.
- 1 9 (=222 0) | 175 1) g
~ a-+|k —|k
o<iri<s ¥ At ||~ IH
For 0 < |k| < 3, set :
kA
o fe(C-2" a2 0)|,..,
Hi (n) T E )\a‘Hk‘ ’
||Tk (‘/Ea h)HLPQ (z)
vi(h) = |h‘ﬂ—\k|

Reasoning as above, it holds that u; € ¢% (n € N). Also, recalling Proposition 3.A.5,
one observes that v, € LY (h € B(0,2)). We conclude by applying Lemma 3.B.1, Item (i)
to the quantities va, v3, v4 in the same way as in the proof of Corollary 3.5.5.

We obtain Theorem 3.3.12 by setting M (g, f) = R (P). Note that by collecting all the
inequalities, we even obtain the following continuity estimate:

<
IM (9, Dllsg, < lollsg, , IF sz, -
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Appendices to Chapter 3

3.A Besov spaces

In this section, we define Besov spaces, and recall some of their properties. There are many
different equivalent norms used in the literature to define and study Besov spaces. In our
context, the following definition “by local means” from [HL17] will be the most useful.

Definition 3.A.1 (Besov spaces). Let a € R, p,q € [1,4+00]. Letr € N be such that r > —a,
and let ng € Z. We define By, = Bgiq(]Rd) to be the space of distributions f € D'(R?) such
that:

27774
fw2) .
SUp | —— o~ < +oo if a <0,
B
Pe L (z) 09(n>no)
fles™
sup |f (1bz)]| + || sup (_m) < +oo ifa>0.
veE LP(z) VEH o) LP(2) || ga (n>no)
n>ng

Here, recall that ], denotes the space of test-functions ) € A" such that [ zkep (x) dx =

la

0 for 0 < |k| < |a].

Remark 3.A.2. In [HL17, Proposition 2.4], it is established (in the case ng = 0) that this
definition does not depend on the choice of r > —«a and that it is equivalent to the usual
definition “by wavelets”. It is also straightforward to establish that the definition does not
depend on the choice of ny € Z, so that unless specified, ng is taken to be 0.

Remark 3.A.3. From Definition 3.A.1, we a priori only have By, C D' (the space of
Schwartz distributions), while usual definitions of Besov spaces impose By, C S’ (the
space of tempered distributions). However, the latter inclusion is actually a consequence
of our definition, which can be seen for instance from the wavelet characterisation [HL17,
Proposition 2.4].

In some situations, it is useful to have local versions of the spaces By q(Rd). In this case,
the bounds of Definition 3.A.1 are required to hold on LP(z € K) for all compact K, rather
than on LP(z € RY).

Definition 3.A.4 (Local Besov spaces). Let a € R, p,q € [1,+00]. Let r € N be such that

r > —a. We define By .. = g"qJOC(Rd) to be the space of distributions f € D'(R?) such
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that for all compact K C RY:

27774
F(vE") ,
Sup 2—na < ZfOé < Oa
YEAT LP(z€K) || ga()
S
sup \f(%)! + sup (_na) <o ifa>0.
PYEAT LP(z€K) we%LaJ Lr(zeK) .

We note HfHBa the norm provided by the quantity just above. Using the same argument
as in Remark 3. A 2 this definition does not depend on the choice of r > —a.

The following equivalent norms will be useful for us.
Proposition 3.A.5. Let a € R, p,q € [1,+00], and f € D'(R?).
1. If a <0, then f € ng(Rd) if and only if there exists a test-function ¢ € D(R?) such

that [ ¢ # 0 and:
Hf (2

2—“&

< +00.

Lp(z€R) ¢a(n)

The same statement holds for the local Besov spaces Baqloc( ), when one replaces
LP(z € RY) by LP (x € K) for all compact K C R? in the condition above.

2. Ifa>0 and o ¢ N, then f € B]‘;q(Rd) if and only if for all 0 < |k| < o, O%f € LP
and for any hy > 0,

Of@+h)— > jOHf(x)ht

l!
0<|l|<a—|k|
ho—lkl

< +o0. (3.A.1)

LP(2) 114 (he B(0,ho))

The same statement holds for the local Besov spaces Bo‘qloc( 4), when one replaces
LP(z € RY) by LP (x € K) for all compact K C RY in the condition above.

We choose to provide a proof of this proposition for the sake of completeness, although we
believe that these properties are well-known in the literature of Besov spaces. For instance,
Item (1) is proven to be equivalent to the usual “Littlewood-Paley” definition of Besov
spaces in [Tri06, Corollary 1.12]. Also, see [JW78; MP20] for examples of papers using a
definition of Besov spaces similar to Item (2).

The techniques used in the proof below are very reminiscent of those used in the remainder
of this paper, which is another reason for us to include it.

Proof. We prove the assertions separately. The local versions of the results are established
with similar calculations so we only prove the global versions.

(1) The direct implication is straightforward. Now let us concentrate on the converse. Let
f € D'(RY) and p € D(R?) be a test-function as in the statement, we shall show that
I € By, We “tweak” the test-function ¢ as in Lemma 3.5.1. Let r € N be such that
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r > —a, and fix distinct Ao, -+ Ar—1 small enough so that we can define ¢ € %], as
in Lemma 3.5.1. Note that also:

1(#7)

2—7LOZ

< +00.

LP(z) | ga (n)

As above, set ¢ := $1/2 — $2 5o that by mollification we have the following decomposi-
tion for all ¢» € D(R?) (see Definition 3.4.7):

rE) = f(sﬁz*")( > "“wf ) (z — ) dz
+3 / 7 >x<¢27n) (z —z)d=.

m>n

Substituting Z := 2z — x and integrating only on the support of the integrand:

f (wﬂcin) - /~eB(0 2-n+1) / (@%:;) ( P Q’Z)Z ”) () dz

z

+y FE0) (87 0?7 ()

S JZEB(0,277+1)

Now we use the estimates (see Lemma 3.4.8):

< 2"l oo 19l < 27 Wl N2

P P

A2771,+1

o

L9—m 9—n
* ) Lo

This yields:

FvE")

sup
YEBT

<2nd ~ / " d~
S S 4 C L

n(r+d)—mr || % A27 ~
+>.2 18]l 1 /563(072%1)1’ (02 ) dz.

m>n

In order to simplify notations, denote B,, := B (0,2~ ") Thus, integrating over x:

2*7L nd A~ -
su <2 /
sG] < [, )
+ 2n (r+d)—mr / A2Tm d3
Py L P B T s |
In those integrals in Z, the integrand is actually constant so that after integration, we
obtain:
su - < p2" + g(n=m)r 52 )
sup |f (v2") » 17 (7)., E ),
Then:
G ) G
Hsz;gq < Hg_”“) Z 9(n—m)(r+a) g_ma)
@ |lgamy ™"

LP(z) ] ga(n)

Since we chose r + a > 0, applying Jensen’s inequality then interverting the sums in
m and n in the second term of the right-hand side yields as announced || f||ga < +00.
p,q
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(2) For simplicity, we reason with hg = 1 (but the same arguments generalise to any

ho > 0). Let us first concentrate on the direct statement. Let f € B ,. By definition of
the Besov space and the distributional definition of 9% f, it holds that for 0 < |k| < a,
okf € By, ;lkl(Rd), so it suffices to prove the claim for |k| = 0. First, let us show that
f € LP, in the sense that there exists f € L? such that f = f as distributions. We
reason by mollification. Fix ¢ € %" a single test-function such that [¢ = 1 and
[zl (x)dx =0 for 1 < |l| < a. For m,n € N, define fo,, (z) = f(¢2 " "). Using
the embedding ¢¢ C ¢°°, it holds that:

fm,n (33) - fm,n-i—l (SC) < fm,n (l‘) - fm,n—i—l (33)
2 Lp(x) 1°°(n) 2 Lr(z) 19(n)
A S
- 9—na
Lp(l') lQ(n)

Let ¢ == p — cp% Note that zp € ‘%L | for a suitable C' > 0. In particular, we have:

Hj’(wi‘m‘ —2 ) Flwz™)

2777,04 277’1,05

Lp (:E) la (TL) ||
<2l

LP() |19 ()

We deduce that || f.n () = frmnst (2) lzp(z) < 2*(m+”)°‘||f|]33’q. This implies that for
each m € N, the sequence ( fm,n)neN is Cauchy in LP. Hence it has a limit, which we
call f,, € LP, satisfying:

0.

LP n——+4oo

Hfm - fm,n

By summation of a geometric series, we even have || f,,, — fmnH r S 27 mFme - And
for any ng € N, the following series converges in L:

fm = fm,no + Z (fm,n+1 - fm,n) .

n=ng
Also, since for any m,n € N, fmn = fm+17n_1, we deduce by triangle inequality that:
Hfm—i—l - meLP < Hfm—i—l - fm—i—l,n—l” + Hfm - fm,n‘ I

— 0.
n—-+o00

p

Thus for all m € N, f,, = fn3+1 —: f, where this equality holds in L? (hence also in
D') . Now let us show that f = f in D’. Let ¢ € D(R?). By mollification,

()@= tm [ (F@) (&))@ d

n—+oo JRd

But for n € N, Holder’s inequality:

’/ % ))w

SHORSICAY
- Hf_fo’" Lp

— 0.
n—-+o0o

LP(z)




3.A. Besov spaces 33

This establishes the announced equality. Now we establish (3.A.1) for |k| = 0, which,
according to our previous remark, suffices to establish (3.A.1). For z,h € R?, set
T¢ (z,h) = f(z+h) = Xo<j<a +0'f (x) B!, so that we shall show:

For each h € R? we consider my, € Z defined to be explicited later. We write with the
notations of the previous item:

1% (z,h)

I < Ho00.

L (k)

Lp(z)

T¢ (x,h) = Tf, (x,h)

=Tf, @b+ (Tf, (w.h) =TF, , (2,h)).

More explicitly:

o<|ll<a

m —1)l Al -
Tf (x,h) = f (soi+hh - > (l)!al (2 h))
= 27mh7n71 92—mp—n
+ Z f (9033+h ' ~ Prth )
n=0

+00 hl oy .
- XA =),

0<|l|l<an=0 ""

Now we bound each of these terms using our definition of Besov spaces. For h € B (0, 1)
and z € R?, define:

_ompp\l
v =m0,

0<|l|<e

Then:
‘ T (z,h)
|h|*

L (k)

e

I

(25
IR

+o0

+2
n=0

L)1 Lg ()

(i)

1

DD

0<|l|<ar " n=0

Le(@)1ILg (n)

Changing variable Z = x + h in the second term and noting that there exists a
constant C' > 0 such that %w, %¢ € @’L"Od (note that actually supp () € B(0,2)
rather than B (0, 1), but this is not a problem after invoking the definition of Besov
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spaces Definition 3.A.1 for nyg = —1; note also that this is where we require « to be
non-integer), we obtain:

HT;Y (z, h)
|h]*
Lr@liLy )
flwz™
< C|| sup <a>
Ve, Al

Lr@lizg )
20 &3 of (927 )
+ ) TZ pje

0<ll|<a ** n=0

sup
ie«%& |

Lr(@)11Ld (h)

To conclude, it is enough to prove that if f € By, then:

F(eE™)

v (f) = sup T < +o0.

VEB o)

LP(@) I Lg (n)
We cut the integral in A along the annuli: for n € N, set B,, .= B (2_(”+1), 2‘”) then:

FwE™)

o(f)= ||l sup -
ves [Tl

L (x) LZ (h€Bn) 4 (n)

<
LI(heBn) ™

2" uniformly in n € N, we get v (f) < ||f|lge < 400, which concludes the direct
p,q

Now we choose my, so that for h € B,,, m; = n. Using the fact that Hﬁ

statement of the proposition.

Now let us turn to the converse. Assume that for all 0 < |k| < , 0% f € LP and that
(3.A.1) holds, we shall prove that f € By ,. On the one hand, when 1) € #" it holds

that f (Y2) = Jsupp(y) f (¥ — 2) ¥ (y) dy, so that:

<
Lr(z)

sup [ (0| sup [l [ 1F (y =)l dy
YERBT YEBT B(0,1)

<),
B(0,

< +00.

Lp(z)

1fll» dy
1)

On the other hand, when ¢ € %fw P by subtracting a suitable Taylor polynomial it
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holds that f (1#?”) = Jpa T§ (v,y —2) ¢ (gj—;'f) 2nddy, so that:

F(v2")
sup 72771&
weﬂm Lp(m) fq(n)

T |17 @y = )| [¥];_ dy
< wg%? o—n(a+d)

L] L (2) ta(n)
</ HTf (x’h)HLIJ(x) ( |h|* )dh
~||/B(0,2-7) |h|* 2-n(a+d)

£4(n)
|h|*

Since sup || B(0,2-7) 5=ntaray dh < 400, we have by applying Jensen’s inequality as well
neN ’

as switching summations,

/ |77 e ( [ >dh
B(0,2-™) |h|* 2-n(a+d)
£4(n)
T¢ (2, h ! :
< f/ |73 @], < || )dh
~ o= /BO2m A 2-nlatd)
1
—togs (k) (|77 (2, h) ! ard )"
_ / LP(x) (\hl) dh
B(0,1) = Al 2 n ||
[~ logy(|R])] | \otd
Since sup (2_—”) < 400, we deduce:
heB(0,1)  n=0
sup f( ’2“"_”) T% (z,h)
7" —na ~ |h|*
Pe Lo LP(z) ta(n) Lp(x) Lz(h)
< +00.

Hence, f € By,

3.B A technical lemma on series

In this section, we establish the following technical result, used in Section 3.5 for the proof
of Theorem 3.3.2, and in Section 3.6 for the proof of Theorem 3.3.12.

Lemma 3.B.1. Let (fi : RY = Ry )gen be a family of positive functions, and (agn),, neN €

Ry be a sequence of positive reals. Consider the sequence defined by:

+o0
Up = Z ak’n/ okd i (x)dx  forn € N,
k=0 |

x|§2—k+1
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Assume that there exists A > 0 such that:

+o0o
for alln e N: Zakm < A,
h=0 (3.B.1)

+oo
for all k € N : Z@k,n < A.
n=0

Fix g € N and assume also that either of the following conditions is satisfied:

(i) {175 @)l o)

Li(reB0.2) oo, or

(ii) There exists p € (1 (n € N), v € L (h € B(0,2)) for some q1,q2 € [1,+00] satisfying

11, 1
3= 4t and such that Je(x) <p(k)v(x).

Then (up)nen € £9.

Proof. Let us first prove the result under the assumption (7). For simplicity, we assume that
q < 400 since the case for ¢ = oo is straightforward. For a fixed n € N, we apply Jensen’s
inequality on u,, and we obtain:

% q<¥§:oak / defk(ﬂf)dx !
YiZoakn) T Xilokn f=p o \Jlal<2rt '

Hence, we have

+o0 140 q
up|? < Qf.n Qf.n / 2kdfk x)dx
a2 (Z) B[ 2509
400 q
< A1t Ak.n / ok () dx
- g::o ; ( FERES e (@)

from (3.B.1).
Applying Jensen’s inequality, on the integral, with the probability measure:

1

Ckod]l\mKQ—’H‘ldx? where d = m7

we obtain

q
2kd d < 141/ 2kd ‘.
(/z|<2—k+1 Tk ($) $> = ¢y | <a-F+1 |fk (:U)| X

which yields:
oo 400

[ (un)nenllfs < cg TATEY" 3", 2kd| fy. (x) |da.
n—=0 k=0 |z[<27k A+t

Note that the integral can be decomposed over annuli:

/|z|S2k+1 de‘fk (@) ['dz = Z /2— de‘fk (z)[*dz.

I=k—1 U+ <Jz|<27
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By applying Tonelli’s theorem and rearranging sequences we obtain:

“+00 +o0o 400

q pq—1 kd q
Julle < e AN D e [ 2 )

n=0k=0I[=k—1

+oo
= AT Y aka 2| fi (x) |"der
n=00<k<l4+1<+o0 2= (D) <z <21
L +oo I+1 40
=AY S Y k| 24|, (2) ["d
I=—1k=0n=0 2= (1) <z <21
) +o0 +1 400
= 74971 / 2k £ ()9S ag pde.
d 1:2_1 2*(l+1)§\x|§2*11§ ‘f ( )| T;) n
Applying assumption (3.B.1) we obtain
+1
ul|9, < cim9A1 / okd| £ (x) |9da.
fufl, < c} Z e 2 2@
For [ fixed, we can obtain the following
I+1 1 2dl+2d 2d 1
> 2 @) 9 < Lo e < s 2l kel
k=0 N
Hence:
2 ld
4 < qu / 2 d
Jul, < <l Z vz 2 @y
<drag 3 [ e )y
_ 1 9 (l+1)§‘x|§27l (k) ‘l’|d
_ 22d dx
_ 1= pq / q Rl
=C A fk‘ €T oo
A W@l
Cd A -1 Hka e ’LQ(IEB(OQ))
< 400,
from (7).
Now let us prove the result under the assumption (7). By Jensen’s inequality:
“+o0o
up|? < a k:q/ 2k 1y ()| dz.
ol S ok O [ 2 o)

We sum over n € N and intervert summations in k and n by Fubini:

+oo /+o0 o
Sl S S (S ann | I (k ‘1/ 2 < da.

neN

By assumption, the sum of ay, is bounded, hence:

S Jual? Z I (k /| i 2@
z|<

neN
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Q. g2.
q’ q°

RN e e
Z|unqs<2u<k>r%> (Z(/ ) dely(x)|qd$> ) .
k=0 || <2k +1

neN k=0

We now apply Hoélder’s inequality with the conjugate exponents

Applying Jensen’s in the integral:

q

2h [y ()] dm) “

+oo
el S ol (Z /
k=0"1"

We decompose the domain of the integral as an union of dyadic annuli:

‘SQ_IH'I

q

+oo 400 92

5 ol (Z > |

k=01=k—-1

okd |y ()| ® dx)

(l+1)§‘x|§2—l

Interverting the sums:

q

+oo I+1 a2
ulld, < q / okd ) 1y, (2)|% dx .
EERITEN S o SN e I2C

k=0

+1
Now in this integral > 2F¢ < ﬁ and thus:
k=0

lellfy S 1l 19122 .2 -

By assumption, this is finite, and thus our assertion is proved. O



Chapter 4

Hairer’s multilevel Schauder estimates without Regularity
Structures

Abstract

This chapter is based on joint work with Francesco Caravenna and Lorenzo Zambotti.
We investigate the regularising properties of singular kernels at the level of germs,
i.e. families of distributions indexed by points in R?. First we construct a suitable
convolution map which acts on general coherent and homogeneous germs. Then we focus
on germs that can be decomposed along a basis (corresponding to the so-called modelled
distributions in Regularity Structures) and we prove a version of Hairer’s multi-level
Schauder estimates in this setting, with minimal assumptions. Our results are strongly
inspired by the theory of Regularity Structures, but their formulation makes no explicit
reference to this theory.
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4.1 Introduction

It is well-known that the convolution of a (Schwartz) distribution against a kernel admit-
ting an integrable singularity on the diagonal will result in a distribution with improved
Hoélder-Besov regularity: this is the content of the celebrated Schauder estimates, and is a
fundamental result in analysis, since examples of such regularising kernels include the Heat
kernel and the Green’s function of many differential operators.

One of the key insights of Hairer’s theory of regularity structures [Hail4; BHZ19; CH18;
BCCH21] is that this phenomenon of regularisation still occurs when one rather works at
the level of families of distributions, which one should think of as local approximations to a
distribution of interest. In the framework of regularity structures, this is formalised by the
notion of “modelled distribution”, and the resulting multilevel Schauder estimates [Hail4,
Theorem 5.12] admit powerful consequences, as they are one of the crucial steps to set up
fixed point results at the level of modelled distributions in order to study singular stochastic
partial differential equations. See [FH20; BH20; Ber22] for expository works containing
sections on the multilevel Schauder estimates. We would also like to mention the works
[OSSW18; OW19; MW20; OSSW21], where similar (though kernel-free) Schauder estimates
are established at the level of families of distributions for the analysis of SPDEs.

On the other hand, there has recently been an effort, see e.g. [OSSW21; MW20; CZ20;
ZK21], to isolate the other key analytic result of regularity structures — the reconstruction
theorem [Hail4, Theorem 3.10] — as a standalone result in distribution theory, whithout any
reference to the formalism of regularity structures. More precisely, consider a germ, i.e. a
family F = (F}),cga of distributions indexed by RY, then the reconstruction theorem as
presented in [CZ20, Theorem 5.1] states that under simple conditions on F' named coherence
and homogeneity, there exists a distribution R(F') which is best-approximated by the germ
F in a suitable sense. See also [HL17; RS21; BL22; ZK21] for similar results of reconstruction
in this direction.

The purpose of the present paper is to revisit Hairer’s multilevel Schauder estimates in
the light of [CZ20], with minimal references to the formalism of regularity structures. Our
first main result concerns integration of coherent and homogeneous germs with respect to a
regularizing kernel, and can be loosely stated as follows.

Theorem 4.1.1. Let F' be an («,~y)-coherent germ. Let K be a [-reqularising kernel. Then
the germ

K’H-ﬂ(F)x =K x* F, — Z (K * {F:L" — Z(F)})(k)(m) ( _ :L‘)k,

|k|<y+B

is well-defined, ((o + ) A 0,7 + f3)-coherent, and R(KYTP(F)) = K x R(F).
If furthermore F is a-homogeneous, then KT8 (F) is (& + ) A 0-homogeneous.

The convolution map K7+# is furthermore continuous for the natural topologies, see
Theorem 4.3.12 for a precise formulation of the result.



4.2. Classical results (revisited) 91

However, this result in itself does not recover the multilevel Schauder estimates of
regularity structures. The reason is that modelled distributions encode more structural
constraints than coherent and homogeneous germs: notably, they arise as (finite) linear
combinations of basis germs (II*);c; which can be “reexpanded” by a certain operator I'.
The data of M = (II,T") is called a model in the terminology of regularity structures and
naturally induce spaces D], of functions f such that the germ (f, M), == >,c; f(z)IL} is
a-homogeneous and (a, 7y)-coherent, see section 4.4.1 below for more precise definitions.

As the second main result of the present paper, we propose a proof of Hairer’s multilevel
Schauder estimates [Hail4, Theorem 5.12], which can loosely be stated as follows.

Theorem 4.1.2 ([Hail4, Theorem 5.12]). Let M be a model and f € D}, be a modelled
distribution. Let K be a B-regularising kernel. Then there exists a new (explicit) model M
and a new (explicit) modelled distribution f € DX;B such that R(f) = K R(f).

Furthermore, the maps M +— M , [ — f are continuous in natural topologies, and
(f, M) = KB ((f, M)), see Theorem 4.4.10 below for a precise formulation of the result.
In fact, it turns out that there are some small differences between [Hail4, Theorem 5.12]
and our Theorem 4.4.10 below, which we highlight now:

1. [Hail4, Theorem 5.12] is established under the assumption that K = Y K, with
[ Kn(z,y)y*dy = 0 for all |k| < v. We replace this constraint by the slightly more
general assumption that [ K, (z,y)y*dy is polynomial of degree < |k| for all |k| <,
see assumption 4.2.6 below. This is an improvement as this new assumption is
automatically satisfied if K is translation invariant i.e. K(z,y) = K(y — z).

2. Our definition of model slightly differs from the one in [Hail4|, as we impose neither
a group property, a Holder bound, nor a triangular structure, on the reexpansion
operator I', see remark 4.4.2. However, we prove that those properties are preserved
by the operation M — M, see theorem 4.4.13.

3. We define the pointwise evaluations (K+{F,—R(F)})®*) () appearing in the convolution
map in a different, more canonical way. Indeed, while in [Hail4] this quantity
is defined as 3, {F, — R(F)}(9¥K,(z,-)), seemingly relying on the choice of the
decomposition K = " K,,, we show that it can be defined in a more general way as
the limit lim_,o(K % {F, — R(F)})*) (1)) where 7 denotes any (suitable) mollifier, see
Lemma 4.3.11.

This paper is organised as follows. In section 4.2, we recall notations and classical results.
In section 4.3, we present our first main result of convolution of coherent and homogeneous
germs, Theorem 4.3.12. In section 4.4, we present our second main result of convolution
of modelled distributions, Theorem 4.4.10. In section 4.5, we prove Theorem 4.3.12. In
section 4.6, we prove Theorem 4.4.10.

4.2 Classical results (revisited)
We will work in R? where d > 1 is a fixed integer.

4.2.1 Test functions

For a test-function ¢ € D(]Rd), z € R4 )\ > 0 we denote by gpi its scaled and centered
version: p3(-) = Alp(A~1(- — 2)). Note that [ @2 = [ .
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Given r € Ny, we denote by C” the space of functions ¢ : R — R which admit partial
derivatives of order k for all |k| < r. The corresponding norm is

r o= ak
el max 107l 5

where for a multi-index k € N we set |k| = k1 + ... + kq. Similarly, given r,m € Ny, we
denote by C™" the space of functions 1 : R x R — R which admit partial derivatives of
order (ki, ko) for all multi-indices |ki| < m, |ka| < r.

4.2.2 Holder-Zygmund spaces

For v € R we denote by Z7 := BZO,OOJOC the (local) Holder-Zygmund spaces, see [FH20,

Section 14.3], which coincide with the usual (local) Holder-Besov spaces C” when + is not
an integer. To recall their definition, we first introduce for € Ny and v € R the families of
test-functions

B = {Lp € D(B(0,1)): [|0%¢]loo <1 forall 0 < |k| <7 (ie. |l@llcr < 1)} ,

(4.2.1)
By = {gp € D(B(0,1)) : /d @(2)zFdz = 0 for all 0 < |k| < ’y} ,
R

and we denote their intersection by
B =B OBy (4.2.2)

Note that we have & = %;, where m = |v] is the largest integer m <. Also note that
for v < 0 the constraint 0 < |k| <~ is empty and we have B, =H".

We can now define the spaces Z7. Note that for 7 < 0 we denote by r = | —y + 1] the
smallest positive integer r > —v.

Definition 4.2.1 (Ho6lder-Zygmund spaces Z7). Let v € R, we define Z7 as the set of
distributions f € D'(RY) such that

£z, < +o

for all compacts K C R and for some (hence any) X € (0, 00), where

£(22) ,
sup — if v <0,
zeK, Ae(0,M], AY
PERB” with r=|—v+1]
£l = e (423
' P .
sup [f(pe)| +  sup if v > 0.
zeK z€K, A€(0,)],
pes’ ey
We often set A =1 and omit it from notation.
4.2.3 Singular kernels
Intuitively, we consider kernels K(z,y) such that
1
’K(ZL‘, y)| S W ]l{|y—;r\§c} for some B,C >0 (424)

We call such kernels -regularising, for reasons that will soon be clear. In practice, it is
convenient to assume a suitable decomposition for K(z,y) inspired by (4.2.4), as in [Hail4,
Assumption 5.1]. Then we discuss the precise relation with (4.2.4).
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Definition 4.2.2 (Regularising kernel). Let 3 > 0, m,r € Ng. A function K: R? x R? — R
is called p-regularising kernel of order (m,r) if one can write

y) = Z Ky (z,9) for a.e. z,y € R, (4.2.5)

where K,, are measurable functions satisfying the following properties: there are constants c
and c, depending on compact sets K C R?, such that, for all n € Ny:

1. supp(Kyp) C {(z,y): e 127" <|y—x| <c27"};

2. for k,1 € N¢ with |k| <m, |I| <r we have, for x,y € K,

OF 05K, )| < exc 21=FHIIHIED (4.2.6)
3. for k,1 € N& with |k| <m, || <r we have, for v,y € K,

<ex 27, (4.2.7)

L, =)' 05K, (@.9) e

Let us show that these assumptions are closely related to (4.2.4) and they are less
restrictive than they might appear.

Remark 4.2.3 (Singular kernels). Let K be a kernel which satisfies (4.2.4), and an analogous
estimate for derivatives of order k,1 € N¢ with [k| <m, |I| < r:

1
— g|d=BHI+R] Ljy—al<ey »

‘8182 l’y‘w|

uniformly for x,y in compact sets. Then K satisfies assumptions (1) and (2) above: it
suffices to multiply K by a dyadic partition of unity.

Remark 4.2.4 (Translation invariance, I). If the kernel K, satisfies (1) and (2) above,
assumption (3) is easily seen to hold for |l| > |k|. The issue is whether (3) is satisfied for
|l| < |k|. This holds automatically in the translation invariant case:

Vn € Ny : Kn(z,y) = Kp(y — ) v,y € RY, (4.2.8)

because the integral in the l.h.s. of (4.2.7) wvanishes for |l| < |k|, as one sees through
integration by parts, since I5K,, = (=1)FI9FK and 0k (y — x)! = 0.

Remark 4.2.5. If K: R?\ {0} — R is a function admitting the scaling property K(z/\) =
NI=BK(N) for all X > 0, then — modulo a smooth function — the kernel (x,y) — K(y — x) is
B-regularising for any (m,r), see [Hail4, Lemma 5.5] for a precise statement.

Examples of kernels falling in this situation include the Heat kernel, the Green’s function
of usual differential operators with constant coefficients, the Green’s function of the fractional
Laplacian [BK17], etc.

In some cases, we will require a last assumption on the kernel.

Assumption 4.2.6 (Preserving polynomials). Let K: R? x RY — R admit a decomposition
K= Z o Ky as in (4.2.5). For v € R, we say that K preserves polynomials at level v if,
for every n € No and for all k € Nd with 0 < |k| < 7,

T~ /d Kn(z,y) y* dy is a polynomial of degree < |k|. (4.2.9)
R
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This condition is automatically satisfied for v < 0. For v > 0, it is not so restrictive.

Remark 4.2.7 (Translation invariance, II). A sufficient condition for (4.2.9) is that
/d Kn(z,9) (y — 2)* dy  does not depend on .
R

This condition clearly holds if the kernels K,, are translation invariant, see (4.2.8), in which
case Assumption 4.2.6 is satisfied at any level .

Remark 4.2.8. In [Hail4, Assumption 5.4] a much stronger assumption is made, namely
that for all multi-indices k with |k| <~ and any n € Ny,

Vz € R?: /d Kn(z,y)y* dy=0.
R

4.2.4 Singular convolution and classical Schauder estimate

The convolution of a distribution f € D'(R?) with a kernel K is formally defined by

(Kx D) = F(K(,) = [ Ky) f(dy).

which makes sense when K(z, ) is regular enough. If, on the other hand, K is singular, then
one expects K * f to be a distribution, defined for a test function ¢ € D(R?) by

(Ke @)= FKD)  where  (K'0)@) = [ v(@)K(a.y) da.

provided K*1 is regular enough, so that f(K*i) makes sense.
Let us now assume that K satisfies the conditions in Definition 4.2.2. From (4.2.6) and
Fubini’s theorem we can formally write

Ko = ¥ (Ko)w)  where  (K)) = [ () Kala.y) do
n€eNg

and note that Kl € D is a genuine test function, for any n € Ng. We can thus define the
convolution of a distribution f € D'(R?) with K by setting, for ¢» € D(R?),

(K f)() = > f(Kh), (4.2.10)
neNp
as soon as this sum converges. A sufficient condition for this convolution to be well-posed is
given by the following result.

Proposition 4.2.9 (Singular convolution). Let 5 > 0 and r € Ny. If K is a B-regularising
kernel of order (0,7), and f is any distribution of order at most r, the convolution K x f is
well-defined by (4.2.10) as a distribution of order at most r.

We can now show that the convolution by a S-regularising kernel K improves the Holder
regularity of a distribution by §: this result is known as the classical Schauder estimate and
can be stated as follows (see also [FH20, Theorem 14.17]).

Theorem 4.2.10 (Classical Schauder estimate). Let v € R. Let K be a [3-regularising kernel
of order (m,r), where > 0 and m,r € Ny satisfy:

m>vy+08, r>-—.

Also assume (if v > 0) that K preserves polynomials at level 7y, see Assumption 4.2.6. Then,
the convolution by K defines a continuous linear map from Z7 to ZV+8,

We will prove Proposition 4.2.9 and Theorem 4.2.10 in Section 4.5.3 below.
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4.3 Main result I: Schauder estimate for germs

4.3.1 Germs and reconstruction

Our first goal is to extend Theorem 4.2.10 in the context of germs, that is, families of
distributions indexed by R¢.

Definition 4.3.1 (Germs). A germ is a family F = (Fy),cpa of distributions F,, € D'(R?),
such that for all ¢ € D(RY), the map x — F.(y) is measurable.

We will denote G the vector space of germs. In general, we will see a germ F € G as
a family of local approximations of a global distribution f. The reconstruction problem,
i.e. the problem of constructing a suitable f from F', has been previously considered in a
number of different contexts, see [Hail4; CZ20]. In [CZ20], it was established that this
reconstruction can be performed under the assumption that F' satisfies properties named
coherence and homogeneity, which we recall now.

Definition 4.3.2 (Coherence and homogeneity [CZ20]). Let &, o,y € R with &, o0 <. Let
ra,a € No be the smallest non-negative integer r > max{—a, —a}.

We say that a germ F' is («,~)-coherent with homogeneity a if it satisfies the following
two conditions, for any given compact K C R, with r = r4.4:

)

1. (homogeneity) uniformly over x € K, XA € (0,1], p € B":

|Fa(p2)] S A% (4.3.1)

~

2. (coherence) uniformly over xz,y € K, A € (0,1], p € A"

[(Fy = Fa) ()] S X% (ly — 2l + A7 (4.3.2)

The vector space of such germs will be denoted by G%7, or simply by G7.
Remark 4.3.3 (Monotonicity). For &’ > a, o > «, v' > v we have gasa' ' C gma,

Remark 4.3.4 (Uniformity). The uniformity of (4.3.1) and (4.3.2) over ¢ € A" needs not
be required beforehand. Indeed, leaving aside the case v = 0 for simplicity, it was shown in
[CZ20, Propositions 13.1 and 13.2] that if (4.3.1) and (4.3.2) hold for a single (arbitrary)
test function ¢ € D with [ ¢ # 0, then they actually hold uniformly over ¢ € A", for an
arbitrary choice! of r > max{—a, —a}.

Remark 4.3.5 (General scales). For coherent and homogeneous germs F € G%%7 | relations
(4.3.1) and (4.3.2) hold uniformly for A € (0, \], for any given X € (1,00). To this goal, it
is enough to show that |F,(¢})| < 1 uniformly in X € [1,\], 2,y € K, ¢ € B" (because for
A€ [1,A] we have 1 <A and also 1 <A (ly — x| + A)77%).

By (4.3.1) and (4.3.2) we can bound, uniformly over z,y € K, X\ € (0,1] and p € A",

|y (02)] < |(Fy = Fa) (@] + [Fa(@)] S A%+ A% S Aminieed, (4.3.3)

If X € [1,)], then ) may not be as in (4.3.3), however (using for instance a partition of
unity) one can perform a decomposition ¢} = Zzzl(gék)ik where x, € K, ¢, € A", and n
is bounded by a value depending only on A and of the compact K. It follows that relation
(4.3.3) holds uniformly for X € (0, \], in particular |Fy(¢})| <1 as claimed.

'The proof in [CZ20, Propositions 13.1] requires @ < 0, however when a > 0 one can show that a
(v, y)-coherent germ must be constant, hence the conclusion still holds.
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Remark 4.3.6. Let us introduce the semi-norms corresponding to (4.3.1) and (4.3.2): given
a compact set K CRY, r € N and X € (0,00), we set

F A
|Fllgs = sup |x)(\fx)‘, (4.3.4)
hom; K, \,r :EEK,AG(O,;\]
peB”
Fy — F,)(¢)
Flgsr = sp U EI@IL (4:35)
coh; K A\, r .’Z,yEK, )\6(0,5\} )\ (|y - :E‘ + )\)’7
peR”
and define the joint semi-norm, with r = 14,4, as in Definition 4.3.2,
IFllgaias = 1Fllgs, o +IFllgzy (4:3.6)

We usually fix X = 1 and omit it from notation. In particular, a germ F is G if and
only if HF”g&;a,’y < oo for any compact set K C R®.
K

Now we can state the reconstruction theorem. The following result is a reformulation of
[CZ20, Theorem 5.1] in the case of a nonzero exponent v (we exclude the case v = 0 for
simplicity, as this case requires to introduce a logarithmic term), see also [ZK21].

Theorem 4.3.7 (Reconstruction for v # 0). Let o,y € R with o < 7 and assume that
v # 0. For any germ F which is (a,~)-coherent, there exists a distribution R(F) € D'(RY)
which is “locally approximated by F 7 in the following sense: for any integer r € Ng with
r > —a and any compact K C R we have

(Fy — R(F)) ()| <N uniformly over A € (0,1], z € K, p € A". (4.3.7)

~

Such a distribution R(F) is unique if and only if v > 0; and for any v one can construct it
in such a way that F' — R(F) is linear.
If furthermore, F has homogeneity & < vy, then R(F) € Z%. That is, R defines a linear
map
R: G¥ - 22,

Remark 4.3.8 (Reconstruction bounds). Note that since F' is («,y)-coherent, the bound
(4.3.7) shows that F' — R(F) = (Fy — R(F)) era € GV*7, more precisely

I1F = R(F)grar SIFlges
K\ coh; K'/,1

for the enlarged compact K' = K @ B(0, \).
If furthermore F' has homogeneity &, then

A

_ < _
||R(F)HZIO‘(’ ~ ||F||gz,/0ji'y .

Remark 4.3.9. If & > 0 then R = 0. Indeed, it follows by (4.3.1) and (4.3.7) that we have
IR(F) ()| S A+ X <A, since a < . If @ > 0, this implies that R(F) = 0.
4.3.2 Schauder estimate for coherent germs

A natural and interesting problem is to find a “nice” continuous linear map X which “lifts
the convolution with K on the space of coherent and homogeneous germs”. To be more



4.3. Main result I: Schauder estimate for germs 97

precise, given &, a,y € R, we are looking for a continuous linear map X such that the
following diagram commutes, for suitable &/, o/, € R:

g&;a,'y K g&’;a’,’y’
Ri \LR (4.3.8)
za Ko - Za+p
A naive guess would be to define K(F), as

K * F (4.3.9)

but this choice of germ is typically neither coherent nor homogeneous. However, it turns
out that we can nicely modify (4.3.9) by subtracting a suitable polynomial term.

Remark 4.3.10. One “trivial” solution would be to define K(F), as
K R(F).

However, such a germ is independent of x and does not contain F,. This is not useful for
applications, e.q. to stochastic equations, where one needs modelled distributions which do
depend on x (see below), to reflect the local fluctuations of the noise.

As a first ingredient, we canonically define the “pointwise derivatives” of a germ, provided
it is locally homogeneous on test functions which annihilate polynomials.

Lemma 4.3.11 (Pointwise derivatives). Let f € D’ be a distribution. Assume that for some
r € R? and § > 0 the following holds, uniformly for A € (0,1]:

1F(eD] SN for any ¢ € Bs (4.3.10)

(we recall that functions in Bs annihilate polynomials up to degree §, see (4.2.1)). Then,
for any multi-indez k with 0 < |k| < §, we can define the pointwise derivative

f® (@) = Jim fO(n) €R,
A—=0
where n € D is any test function with [1n =1 and [n(z)z' dz =0 for all 1 < |I| <& (the
limit does not depend on the choice of n).

Consider now a coherent and homogeneous germ F € G%%7 with v > 0, so that the
reconstruction R(F') is unique and the germ F' — R(F) = (Fy, — R(F')),cgra has homogeneity
and coherence exponents both equal to 7, see (4.3.7):

F=R(F) = (Fr = R(F))yera € §77 .

Given a [-regularizing kernel K, we will show that K * {F, — R(F')} satisfies (4.3.10) with
§ =~ + /3, hence we can define K = K7# as follows:

(K+ {Fy = R(F)})®(2)

X (-—xz)*, (4.3.11)

KP(F)y =KeFy— >
|k|<y+83

that is, we subtract a “Taylor-like polynomial” of K {F, — R(F)} of order v+ f.
We can now state our first main result.

Theorem 4.3.12 (Schauder estimate for coherent germs). Consider:
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o an (a,y)-coherent germ F with v > 0;
o a B-reqularising kernel K of order (m,r) large enough:
m>y+p8, r>-a, (4.3.12)

where 5 > 0 is such that
at+B#0, v+B¢N,

Then, if we define KYP(F) as in (4.3.11), we have that:
1. the germ KYB(F) is well-defined and is ((oc + 3) A0, + f3)-coherent,
2. RIKP(F)) = K+ R(F).

If furthermore F has homogeneity & with & + 3 # 0, then KYP(F) has homogeneity
(@+ B) AO.

In conclusion, if F € G, then KYTP(F) € G&'Y | i.e. the diagram (4.3.8) commutes,
with (&, o/, ') = ((@+B) A0, (a+B)A0,v+B); and furthermore the map KY*P is continuous.

4.4 Main result II: multi-level Schauder estimate

In some applications, the space G%%7 of all coherent and homogeneous germs is “too big”.
This happens for instance when one wants to define singular operations on germs, such as
the product with a non smooth function, or even a distribution: one can sometimes make
sense of such a product for a restricted family of germs II* and the best one can hope is
to extend it to those germs that locally look like the II'’s, in a suitable sense. This leads
to the notion of models and modelled distributions, which are cornerstones of the theory of
regularity structures [Hail4].

4.4.1 Models and modelled distributions

We fix a “basis” Il = (II%);c; of germs IT* = (I11), .ga on R?, indexed by a finite set I.
We look at germs F' = (f,II) given by linear combinations of the germs in II with real
coefficients f!(z), that is
Fp=(f ), =Y f(a)IL. (4.4.1)
i€l
We will call the basis II a model and the family of coefficients f a modelled distribution,
provided they satisfy assumptions that we now discuss.

To define a model II = (II*);c;, we require that each germ II° is homogeneous (i.e. it
satisfies condition (4.3.1) for some exponent «; € R) and furthermore that the vector space
Span{Ili:i € I} C D'(R?) does not depend on x (i.e. each distribution II{ is a linear
combination of (Hg)je[, for any x,y € R and i € I). This leads to:

Definition 4.4.1 (Model). Fiz a finite set I and a family o = («;)ier of real numbers. A
pair M = (I, T) is called a model on R? with homogeneities o if there exists r = ri; € Ny
such that:

1. 11 = (IIY)¢1 4s a family of germs on RY such that ||H1Hg}<111 e < foranyi el

and K C R% compact, that is ‘
T (03)] S A% (4.4.2)

uniformly over x € K, A € (0,1], p € B";
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2.T = (Fgcfy)j,iel for x,y € R® are real numbers such that, for alli € I,

I, = T, T (4.4.3)

T - xy ”
J€el

With an abuse of notation, we also call II alone a model (as it often determines I"). We
denote by M the class of models with homogeneities o and we set, see (4.3.4),

10, , = sup [T flge : (4.4.4)

hom;K,S\,rH

Remark 4.4.2 (Models in Regularity Structures). In our definition of a model we do not
enforce the following requirements, which are present in Hairer’s original definition [Hailj,
Definition 2.17]:

1. Group Property: Iy, Ty, =T, (that is Y ,cr ch’; F’y“; =T7);

2. Triangular Structure: F?y =1, F;Jy =0 if a; > aj;

3. Holder Bound: \F;Jy| <y — z|*

Property (1) is natural, in view of (4.4.3) (indeed, when the II'’s are linearly independent,
the coefficients Fgfy are univocally determined by (4.4.3) and (1) holds automatically). The
role of the other properties (2) and (3) is discussed below, see Remark 4.4.5.

Example 4.4.3 (Polynomial model). The simplest choice of a model is obtained taking as
basis of germs the usual (normalized) monomials X¥ = (X¥)_ cpa, where

(=)
Xk = At keNg. (4.4.5)

More precisely, if we fix any £ € Ny, the polynomial model at level £ is defined by

poly . k _ <k
IISE T {I[ =X }keNg:Mﬂgé'

It is an exercise to check that Hﬂoely 1s indeed a model, as in Definition 4.4.1, with

(Fpoly)lk L (:‘U -y k=t

oy, = |k], (k=) Li<wy »

(4.4.6)

where by | < k we mean Iy < ki, lo < kg, ..., lg <ky.

We next define modelled distributions. Consider a germ F' = (f,II) as in (4.4.1), for
some model IT = (IT%);c;. Applying (4.4.3), for any z,y € R? we can write

By~ Fo= S { ST, o) - £ 10 (4.47)

icl ™ jel
In order to ensure that F' is coherent, it is natural to require scaling properties of the

quantities in brackets. This leads to the following definition:

Definition 4.4.4 (Modelled distribution). Consider a model M = (II,I') with homogeneities
o = (a4)ier and fix a real number v > max{a;: i € I}.

A function f = (fi(x))ser : R? — R! is called modelled distribution of order v if for any
compact set K C R% we have, for i € I and uniformly for z,y € K,

[fi@)l <1 and

STTY )~ Fl@)| Sy — a7

jel
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We denote by DY = D), = Dg’a the space of modelled distributions of order -y, relative
to a model M = (I, T") with homogeneities . This is a vector space with a Fréchet structure
through the semi-norms

> T, f(y) - fi(=)]

jeI

Iy, = Flloy . = SuPl\fi(x)H sup (4.4.8)

K zeK,ie zyeK,iel |y - x|’yfa,'

Remark 4.4.5 (Modelled distributions in Regularity Structures). Our definition of modelled
distributions mimics Hairer’s original one [Hail4, Definition 3.1]. The additional properties
of the models enforced in [Haill], see Remark 4.4.2, ensure that the spaces DY contain
non-zero elements f Z 0 and that they are ordered. More precisely, given a model M =
(IT°, 9%, jer with index set I and homogeneities o = (;)ier, let us fix v > max{a;: i € I}
and, for v <, denote by I' .= {i € I: a; < ~'} the truncation of I at level v'. Then:

o property (2) (triangular structure) ensures that the truncation M' = (II',T9%), icp is
also a model;

e property (3) (Hélder bound) ensures that if f = (f%)ic; € D7 is a modelled distribution
(of order ~ relative to M), the truncation f' = (f')ier € DY is also a modelled
distribution (of order ~' relative to M').

Given a model (II,T") and a related modelled distribution f, we now check that the germ
F = (f,II) in (4.4.1) is coherent and homogeneous, see [CZ20, Example 4.10].

Proposition 4.4.6 (Modelled distribution yield coherent germs). Let (II,T') be a model
with homogeneities o = (;)icr and set & := min;ey o.

For any modelled distribution f of order vy, the germ F = (f,II) in (4.4.1) is ~y-coherent,
more precisely (&, ~y)-coherent with homogeneity a:

feD’ = F=(fT)ecgs,
and the map f — F = (f,II) is continuous:

[Ellgaar < HIIme Al fllpy, - (4.4.9)

K,

Proof. By (4.3.4), the homogeneity semi-norm of F' can be bounded by

Flla <|I i n [ < Il ||| e 4.4.1
| IIghom;Kh_l Ixeslggeflf (@)l ||gh0m;mr_| er 1T s (4.4.10)

where c{ denotes the first term in the r.h.s. of (4.4.8), see (4.4.4). Turning to coherence, by
(4.4.7) we can bound, arguing as in [CZ20, Example 4.10],

|(Fy = Fa) ()] < 11 e IIMfanse - (A4 [y — )77 A%,
where cg denotes the second term in the r.h.s. of (4.4.8). Then, by (4.3.5), we obtain
X Y

F| .o < Il e T e
| ngg;KM_l | e [T e

which together with (4.4.10) yields (4.4.9). O
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Example 4.4.7 (Polynomial modelled distributions). Let f : R? — R be a function of class
C*, for some { € Ny. Its Taylor polynomial of order £ based at x is

Fp() = 0"f(2)X3(),

k<t

where XX are normalized monomials, see (4.4.5). The germ F = (F.),cpa of Taylor
polynomials can be expressed as F = (f,Hzczly>, see (4.4.1), where H@ly 1s the polynomial
model in Example 4.4.3 and f = (fk($))|k‘§£7xeRd is defined by f*(z) := 0% f(z).

If the function f is Hélder continuous with exponent v € (¢, + 1), it is an exercise
to show that f is a modelled distribution of order v, see e.g. [CZ20, Example 4.11]. In
particular, by Proposition 4.4.6, the germ F = (Fy), cpa = <f,H21y> of Taylor polynomials
of f is vy-coherent (more precisely: (0,~)-coherent with homogeneity 0).

4.4.2 Schauder estimate for modelled distributions

Given a model (II, ') and a modelled distribution f € D7, by Proposition 4.4.6 we have that
F = (f,II) in (4.4.1) is y-coherent .

If v > 0, we can apply our Schauder estimate in Theorem 4.3.12: given a S-regularising
kernel K with 5 > 0, we have that

KA (F) in (4.3.11) is (y 4 j3)-coherent and RIKP(F)) = K« R(F).

Since the germ F' = (f,II) comes from a modelled distribution f, a natural question arises:
do we have KYP(F) = (f,11) for some model I1 and modelled distribution f ?

Our next main result shows that the answer is positive: see Theorem 4.4.10 below, which
is a version of Hairer’s multi-level Schauder estimate [Hail4, Theorem 5.12] in our context.
We first need to define the extended model (II,T) and the modelled distribution f. A key
role will be played by polynomials.

Remark 4.4.8 (Polynomials). Some germs in the model II = (II*);c; may be monomials,
see (4.4.5). It is then useful to write I as the disjoint union

I = Ising U Ipoly

where IP°Y labels the monomial germs (possibly IP°Y = () and I¥"8 := I \ IP°Y. Without
loss of generality, we fix the natural parametrization

PN = [k e N3: |k| < £} for some £ € Ny, (4.4.11)
and we assume that | jpory = Hﬂ(zly, see (4.4.6), that is
x X

for ke 1P°Y . Iy =XE, ap=I[kl, TF =@")% 1cma . (4.4.12)

We make no assumptions on the germs IT* for i € IS8, In concrete examples, they often
consist of singular functions or distributions which play a special role in the problem under
investigation, such as e.g. the noise in stochastic equations.
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Extended model The extended model IT = (ﬁl)ze ; is labelled by a new set I, obtained
enlarging IP°Y to include all multi-indexes of homogeneity up to v + 3:2

N iy N [sing . [sing
I:=1"m8uPY  where - . 1 (4.4.13)
POy .={k e N§: |k| <vy+ B} D IPY,
The germs II" in the extended model are defined by
. K« 112 — > (KT (2)XE  if i =a e [58,
1L, = KENG: |k <aq+B (4.4.14)
Xk if i = k e [PV,
with homogeneities & = (&;),; given by
g+ B ifi=ac M,
dpi=4{ ) (4.4.15)
|E| if i = k € [P,

We will show that II; is well defined, thanks to Lemma 4.3.11, and it satisfies the homogeneity
condition (4.4.2) with exponent &;, provided we assume that d; ¢ Np.

We next define the coefficients I' = (Fgcy)] .ci- Using labels a,b € I8 and k,1 e IP°W
for clarity, we have the triangular structure

I if (j,i) = (b,a) € I*& x [*ins
n ba 0 if b k) € [sing fpoly
Fg:ly = ny po(l)y Ik | — i, 0) = (b.h) € ! 8 (4.4.16)
(F )acy if (],’L) (l’a) c Ipoy % Ismg
(I‘poly)éky if (j,l) (l, k) c Ipoly % Ipoly
where T refers to the original model and I'P°Y refers to the polynomial model, see (4.4.6).
It only remains to define - -- = Fé“y for [ € IP°Y and a € [5Me;
rle = S (K«I)D (@) — S (K1) ®(y) (rrev)k | (4.4.17)
Jer: keEN:
o +E>| k2L, |k|<ao+8

where we stress that the first sum runs over j € I = I8 U [P°Y, (We also note that Fla #0
only for |I| < maxjer o + 3.)

We will check by direct computation that condition (4.4.3) in the definition of a model
is satisfied by IT and I, see Section 4.6.2.

Extended modelled distribution Given a modelled distribution f = (f?(x));c; relative
to the original model (II,T"), we define for i € [ = [$"& U [POY

f(z) if i = a€ [sn8,
Fi(a) = J; P (@) (K1) M (@) ) (4.4.18)
a;+B> k| if i =k e IP°W |
— (K {(f, 1), = R(f, 1)} P (2)

We point out that the three lines in the r.h.s. of (4.4.18) correspond precisely to the
three terms Z, 7, in the setting of Regularity Structures, see [Hail4, (5.15)].

20ne has IP°Y D IP°Y because v + 3 > v > max{o;: i € I}, see Definition 4.4.4.
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Remark 4.4.9. For t € R, we define the restriction Q<;f of a modelled distribution
f = (f/(z))jer where we only keep the components f7(z) with aj <t, that is

Qgtf(ﬂf) = (fj(x) ﬂ{ajgt})jej :
We can then rewrite (4.4.18) more compactly as follows:
f(x) ifi=ae ¥,

Fiay =
(ks (RO — (e 52 10.}) " @) ifi= e o

Multi-level Schauder estimate We can finally state our second main result.

Theorem 4.4.10 (Multi-level Schauder estimate). Fiz a model M = (II,T") with homo-
geneities a = (a)ier and a real number v > max{«;: i € I'} with v > 0. We decompose
I =18 U PN see (4.4.11)-(4.4.12).

Let f € D], be a modelled distribution of order ~ relative to M = (II,T'), hence

(f,1I) := <Zf’(x) H;) is a y-coherent germ.
icl zeR?
Let K be a B-regularising kernel of order (m,r) large enough:
m >+ p, T2,
with B > 0 such that
o+ B¢ Ny forieIPM8, v+ B8 ¢Nyp.

Assume that K preserves polynomials at level £, given in (4.4.11).
Then we can define:

o a new model M = (IL,T), see (4.4.14) and (4.4.16)-(4.4.17), indexed by I in (4.4.13)
with homogeneities & = (&), in (4.4.15);

e a modelled distribution f € DX;B of order  + f relative to M = (II,T), see (4.4.18),
hence

(f,10) = (Zfz(x) f[;) is a (v + B)-coherent germ;

iel z€R?
such that the following equality holds, with KYP as in (4.3.11):
(f, 1) = KB (f ) . (4.4.19)
In particular, by Theorem 4.3.12, we have
R{FID = K*R(f,1I). (4.4.20)
The proof of Theorem 4.4.10 is given in Section 4.6.2, and we proceed as follows.

o In Section 4.6.2, we prove that M = (ﬁ, f‘) is indeed a model: we first check the
condition of reexpansion (4.4.3) for II and I" by a direct computation; then we show
that each II, satisfies the homogeneity relation (4.4.2) with exponent &;.

o In Section 4.6.2, we prove (4.4.19) by a simple calculation; then, as an immediate
consequence of (4.4.19) and Theorem 4.3.12, relation (4.4.20) follows.
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e In Section 4.6.2, we prove that f is indeed a modelled distribution, and we deduce the
continuity estimate (4.4.21).

Remark 4.4.11 (On the properties of f) We can rephrase Theorem 4.4.10 by stating
that the map KY8 acting on germs can be lifted to a map f = KYtPf acting on modelled
distributions, defined by (4.4.18), so that the following diagram commutes:

v KB v
Dy, &% p

< : 7H> l J{ < : ’ﬂ>
G K2, g

where we set G 1= GH®Y gnd GVHP .= GEHHN@HBINNHE for short.
The map f v+ f =K YBf is linear, and we will prove that it is continuous:

£l e S I, £ My, (4.4.21)

see (4.4.8) and (4.4.4), where the compact K' D K in the r.h.s. depends only on the compact
K: e.g., we can take K' :== K & B(0,1) to be the 1-enlargement of K.

4.4.3 Further properties

We observe that the space M® of models is not a vector space, despite the semi-norm like
notation || - HM“ Ly see (4.4.4), because the coefficients I appearing in (4.4.3) depend on

the model II. Nevertheless given two models M; = (I1;,I';) and My = (Il2,I'y) (with the
same homogeneities a = (v;)ier and the same value of r = rp, = ry, ), we can consider the

distance
[Ty — T[] e

which is well defined by (4.4.4) (even though II; — II3 needs not be a model).

We next compare two modelled distributions f; € DXJI and fo € DX/IQ of the same
order v, but relative to different models My = (II1,T'1) and My = (II3,T'2) (with the same
homogeneities a = (;)icr and r = 711, = 711, ), as in [Hail4, Remark 3.6]. To this purpose,
we define for compacts K C R? the distance

Ifi: felloy, = WIFss ellpgy, = W0 Follog
= suwp |fi(z) - fi@)]
zeK,iel
| ATE A ) - 204 BW) - (i) - fi)|
+ sup . .
zyeK, il |z —y[r—ei

We can then improve the estimate (4.4.21), showing that the distance between f1 and
f2 can be controlled by the distances between f; and fo and between the models I1; and
IIy (provided |[IL[| s, and Il fillp> are uniformly bounded). More precisely, the following

K/

local Lipschitz estimate holds.

Proposition 4.4.12 (Enhanced continuity). The following bound holds:
H\fl,fQ\HDwﬂ S M flme, |Hf1,f2H\D;;ﬂ + [ = T2y, [l f2llp7

for some enlarged compact K' D K (e.g. we can take K' = K & B(0,1)).
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We finally come back to the additional properties (1), (2), (3) of the coefficients I" that
one may require in a model M = (I, T"), see Remark 4.4.2. We show that these properties
are preserved when one considers the new model M = (II,T").

Theorem 4.4.13. Fiz a model (II,T), a real number v > 0 and a B-regularizing kernel K
which satisfy the assumptions of Theorem 4.4.10. Consider the new model M = (f[, f), see
(4.4.14) and (4.4.16)-(4.4.17).

If any of the properties (1), (2), (3) is satisfied by T', the same property is satisfied by r
(with respect to the homogeneities & = (&), in (4.4.15)).

4.5 Proof of our Main Result 1

The purpose of this section is to establish the Schauder estimates on coherent germs,
Theorem 4.3.12. Rather than establishing Theorem 4.3.12 by direct calculation, we prefer
to divide our proof into two steps.

1. We first establish that the operation of convolution F, — K x F, maps the space
of coherent and homogeneous germs G%%7 into a new space of weakly coherent
and homogeneous germs, denoted by G&tF:e+8:3+8  for which the coherence and
homogeneity conditions (4.3.2) and (4.3.3) hold for test-functions which annihilate
suitable polynomials, in a manner which is reminiscent of Hélder-Zygmund spaces Z,
see Definition 4.2.1. This result is a direct generalisation of the classical Schauder
estimate Theorem 4.2.10.

2. Then we prove that substracting a suitable Taylor polynomial, as in (4.3.11), maps
the space G%*7 of weakly coherent and homogeneous germs, in the special case v = a,
into the usual space G%*7 of coherent and homogeneous germs.

4.5.1 Weakly coherent and homogeneous germs

Let us define precisely the space of weakly coherent and homogeneous germs, generalising
Definition 4.3.2. We recall that %5 denotes, for r € Ny and 0 € R, the space of test functions
© € A" which annihilate polynomials of degree < §, see (4.2.2).

Definition 4.5.1 (Weak coherence and homogeneity). Let &, a,y € R with a, a0 <. Let
ra,a € No be the smallest non-negative integer r > max{—a, —a}.

We say that a germ F is weakly (a,7)-coherent with homogeneity & if it satisfies the
following three conditions, for any given compact K C R?, with r = Ta,o:

1. (weak homogeneity) uniformly over x € K, A € (0,1], p € A%
|E ()] S A% (4.5.1)
2. (weak coherence) uniformly over x,y € K, A € (0,1], p € &.:
(Fy = o) ()] S A%(ly — 2 + 1) (4.5.2)
3. (boundedness) uniformly over x,y € K and ¢ € A" :

[Fy(e2)| S 1. (4.5.3)

The vector space of such germs will be denoted by GEe,
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Remark 4.5.2. Each condition (4.5.1), (4.5.2), (4.5.3) involves a different class of test
functions: By, for (4.5.1), B’ for (4.5.2), A" for (4.5.3). In the special case when & <0
and v < 0, conditions (4.5.1), (4.5.2) and (4.5.3) reduce to the usual homogeneity and
coherence conditions (4.3.1) and (4.3.2), because B = B, = F".

Remark 4.5.3. For the usual space G%%7 of coherent and homogeneous germs, see Def-
inition 4.3.2, we do not impose the boundedness condition (4.5.3) because it follows by
(4.3.1) and (4.3.2): it suffices to apply (4.3.3) for X = 1. This shows that coherent and
homogeneous germs are weakly coherent and homogeneous: more precisely GV C Gy,
and the inclusion is an equality when both & < 0 and v < 0.

Remark 4.5.4 (General scales). As in the Remark 4.3.5, if we fix X € (1,00) and consider
A € [1, ], then we can decompose @) = S (or)t, where x € K, ¢ € ", and n is
bounded by a value depending only on the choice of X\ and K. Then, by applying (4.5.3), we
see that for a germ F € G%*7 | hence satisfying (4.5.1) and (4.5.2), the same estimates are
actually satisfied uniformly over A € (0, \].

4.5.2 Conditional proof of Theorem 4.3.12

We state two basic results on (weakly) coherent and homogeneous germs, which yield
Theorem 4.3.12 as a corollary.

The first result describes how convolution with a kernel K acts on germs. This will be
proved in Section 4.5.4 below.

Theorem 4.5.5 (Convolution of germs). Let &, a,y € R with a, a0 < .
If K is a B-reqularising kernel with 5 > 0 of order (m,r) large enough:

r > max{—a, —a}, m>y+ 0,

convolution by K, see (4.3.9), is a continuous linear map from G**7 to GotBiotBy+h,
If furthermore K preserves polynomials at level v, see Assumption 4.2.6, then convolution
by K is also a continuous linear map from G&Y to GoHAatBy+8,

Remark 4.5.6 (Classical Schauder estimate). Given any & € R and any distribution f € Z,
see Definition 4.2.1, we can consider the constant germ (F, = f) which is clearly coherent
for any exponents o,y and weakly homogeneous with exponent a, that is F € G By
Theorem 4.5.5, we see that (KxFy) € GatBeatBa+B which means that Ksf e Zot8 (compare
(4.5.1) and (4.5.3) with (4.2.3)). We thus obtain the classical Schauder Theorem 4.2.10 as
a corollary of our approach.

Our second basic result links weakly coherent and homogeneous germs with ordinary
ones, in the special case when homogeneity and coherence exponents coincide & = . This
will be proved in Section 4.5.6 below.

Theorem 4.5.7 (Positive renormalisation). Let a,y € R with o < v and

a#0, ~v¢No.

Then, for any germ F € G (i.e. with o = =), the germ

®)
G, =F, — Z sz!( )(._ZE)k

k| <~

is well defined and belongs to GV The map F +— G is linear and continuous.
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The terminology “positive renormalisation” is inspired by [BHZ19], where this notion is
related to an operator called AT which yields an algebraic description of the subtraction of
Taylor polynomials, see [BHZ19, Lemma 6.10 and Remark 6.11].

We can now deduce Theorem 4.3.12 from Theorems 4.5.5 and 4.5.7.

Proof of Theorem 4.3.12. Let F be an («, 7y)-coherent germ for some v > 0, o < «y. Applying
the reconstruction Theorem 4.3.7, there exists a unique R(F) € D’'(R?) with:

F —R(F) € gro,

Note that F' — R(F') is both coherent and homogeneous, even though we do not assume
a priori that F' satisfies a homogeneity bound. By Theorem 4.5.5, using the assumptions
(4.3.12), it follows that

(K# {Fy = R(F)})yepa € GMHH0H07H7,

Since a + 8 # 0, v+ 8 ¢ Ny, we can apply Theorem 4.5.7 to (K * {F, — R(F)}),, which
implies that KC(F') as in (4.3.11) is well-defined and:
K(F) — Kx R(F) € gVHBa+Bn0a+5, (4.5.4)

It follows that IC(F') is ((a+ ) A 0, + [3)-coherent and its reconstruction is unique, since
v+ > 0. In fact, by the property of homogeneity in (4.5.4), we recognize

RKC(F)) = K + R(F).

Now assume that F' is also a-homogeneous, and let us establish the homogeneity of IC(F).
By the reconstruction Theorem 4.3.7, we know that R(F) € Z% hence K + R(F) € Z¢+/
by the classical Schauder estimate, see Theorem 4.2.10. If we view K % R(F’) as a constant
germ, then it is trivially (o/,~’)-coherent for arbitrary o’,~’, therefore

K« R(F) € Glathnoa’y’, (4.5.5)
Since & < vy, summing (4.5.4) and (4.5.5) we obtain
/C(F) c g(&+ﬁ)A0;(o¢+ﬁ)A0,’Y+5 ,

which completes the proof. O

The rest of this section is devoted to the proof of Theorems 4.5.5 and 4.5.7. These will
be preceded by some technical tools, which will also yield the the proof of Proposition 4.2.9
(convolution of K with a sufficiently nice distribution f is well-defined) and Theorem 4.2.10
(classical Schauder estimate).

4.5.3 Preliminary tools (I)

A key ingredient of our proofs is the following lemma which is similar to [FH20, Proposi-
tion 14.11] (though this reference only considers the translation invariant case K, (z,y) =
K.(y — x)), and which quantifies the behaviour of the convolution K* 2.

Let us heuristically suggest the expected answer. We start by remarking that since K is
[-regularising, we expect K,, to behave like K,, ~ 278%2™" for some test-function ¢ € D,
and thus K;“Lgpi‘ ~ 27 P2 <pjz\. For this type of convolution, we heuristically approximate
the test-function corresponding to the lower scale max(2~", \) to be constant compared to

the other one, so that we expect in general

KE o) ~ 27 Angmax(Z7"A) - for some test-function 7 € D.



108 Chapter 4. Hairer’s multilevel Schauder estimates

In fact, it turns out that we can improve this approximation when ¢ is assumed to
annihilate polynomials of degree up to some integer ¢ € Ny: by substracting the Taylor
expansion of 1 at order c¢ in the integral defining the convolution, we obtain the improved
approximation in the regime A < 27™:

KEd ~ (27°A)H12787¢2™  for some test-function ¢ € D.

We can now state the precise result. Its proof is given in Appendix 4.A and proceeds as
in [FH20, Proposition 14.11].

Lemma 4.5.8 (Convolving K,, against test-functions). Let K be a -regularising kernel of
order (mg,rg) for some >0, mg,r9 € Ny, and let ¢ € Ng U {—1}.

Then there exists a constant cst > 0 and a real X > 1 depending only on the kernel K (and
d), such that for n € Ng, z € R?, X € (0,1], ¢ € B, one can write

c

Kioh = 27 (plm el forZ < A, (4.5.6)
z 2—Bn(2n)\)mo (C[”J\J#’]);\Qi" for2™" > X, e > mgy — 1,
for some test-functions
<[TL7A,$7SO] E CSt%TO fO’]" 2—71 Z A, C Z m(] - 1 h

If furthermore K satisfies Assumption 4.2.6 for some ¢y € Ny, then the same conclusion
holds replacing (4.5.7) by

n[n7>‘7z7¢] c Cstz@ro

min(c,co)?

rreel e st By (4.5.8)
Remark 4.5.9 (The new scale \). It follows from the proof of this result that one can take
A =1+ cst where cst > 0 is the constant that appears in item 1 of the Definition 4.2.2 of
the reqularising kernel K.

We can now prove Proposition 4.2.9 and Theorem 4.2.10.

Proof of Proposition 4.2.9. Let r € Ny, K be a f-regularising kernel of order (0, ) for some
B > 0, and let f be a distribution of order less or equal to r. In particular, for any compact
K C RY,
sup | f(n)| < +oo.
neAB(K)

Now let ¢ € D(R?) be a test-function supported in some compact K C R?. Applying
Lemma 4.5.8, there exists A > 0 and a constant cst > 0, which depend only on the kernel K
and the compact K, such that

K =277 (nlm eI,

for some test-function n™¥l € cst#”. As a consequence, |f(K:p)| < 277", where the
multiplicative constant depends only on the compact K, the distribution f, the kernel K and
the dimension d. Thus, the sum in (4.2.10) converges so that the convolution is well-defined,
and furthermore
sup [K f(n)] < 400,
ne#" (K)

where the compact K is arbitrary, so that K x f is of order less or equal than 7. O



4.5. Proof of our Main Result I 109

Proof of Theorem 4.2.10. Using the estimate of Lemma 4.5.8 more precisely, we can now
also give a simple proof of Theorem 4.2.10, in the same manner as in [FH20, Section 14].
We will also perform similar calculations when proving Theorem 4.5.5 below.

We fix v € R, K a -regularising kernel of order (m,r) for some 5 > 0 and m,r € Ny such
that m >~ + B, r > —~; and (when v > 0), we also assume that K preserves polynomials
at level v, see Assumption 4.2.6.

Let f € Z7. It is straightforward from definition 4.2.1 that f is a distribution of order r
so that from Theorem 4.2.9 the convolution K * f is well-defined.

Fix K € RY compact, = € K, X € (0,1], and ¢ € &" "+ Set Ny = min{n € N,27" <A},
we cut the sum in two regimes and apply Lemma 4.5.8 to obtain for some A > 1 and
test-functions nlnAe:el Aol ¢ cstA, (note that this is where we use the assumption
m >y +f):

Ny—1 400
K f(¢3) Z F(Khen) + > f(Ked)
n=Ny
Ny—1 _
_ Z 9~ Bn Zn)\)mf((c[nkx,go] A2~ " + Z 29— an nA,ac,ap]);\A)‘

n=Ny

From (4.5.7), the assumption f € Z7 (this is where we use the assumption r > —v), and
summing the geometric series:

Ny—1
Z 27 An(gn \)ymo—Y 4 Z 27AnNY < \VHB (4.5.9)
n=Ny

K f(e2)] S

where the multiplicative constant depends only on the kernel K, the compact K, and the
distribution f.
Now let ¢ € A", which may not annihilate polynomials. By definition, and from (4.5.6),

2 =Y f(Khpy) = 3 270 (gl Aeel)dy,

neN neN

From (4.5.7) and the assumption f € Z7 this yields as announced:

K fle ) S D277 S 1 (4.5.10)
neN

From the calculations above, the estimate (4.5.9)-(4.5.10) hold uniformly over z € K,
A€ (0,1], p € &, 5 for any r > —v. In fact, from the results of Appendix 4.B, see
Proposition 4.B.1, this remains true even for r > —y — 3, and thus f € 2715,

By tracking the constants in the estimates,

1K fll e S M1£1 27,

where the compact K’ D K on the right-hand side depends only on K and the kernel K,
whence the continuity of the map 27 — ZYt8 f— K« f. O
4.5.4 Proof of Theorem 4.5.5 (convolution of germs)

Before proceeding with the proof of Theorem 4.5.5, let us give more precise notations for
weakly homogeneous and coherent germs. As in Remark 4.3.6, introduce the semi-norms
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corresponding to (4.5.1), (4.5.2), (4.5.3):

F A
IF | ga = sup % +  sup  [Fe(pe)l,
hom; K\, 7 zeK, )\6(0,5\} A zeK, pe A"
peB
[(Fy — Fu) (03]
sup — + sup |(Fy — F)(2)]
KAr g yeK, Ae(0,)] A (ly —z[+ A7 yer, pesr ! B
peZ,

and define the joint semi-norm, with r = 74 4, as in Definition 4.3.2,

1Pl g

(4.5.11)

hom;K,X,ra’a coh;K,X,ra’a
By Remark 4.5.4, we may fix A = 1 in (4.5.11) and omit it from the notation.

Proof of Theorem 4.5.5. We only prove the first statement, that is convolution by K is
continuous from G to GAHAe+B+8  The second part, i.e. continuity on G%*7, is proved
essentially in the same way, with the only difference that in this case one uses the conclusion
(4.5.8) rather than (4.5.7) of Lemma 4.5.8.

Let F € G%%*7. We prove that (Kx F,), satisfies (4.5.1)-(4.5.2)-(4.5.3) for a+f, a+ 3, v+
B, and r := r5 . Note that by the Proposition 4.B.1 of Appendix 4.B, the same estimates will
automatically hold also for 7548 a4, which completely establishes (K F), € GothiatBa+h,

In the remainder of this proof, we fix a compact K C R%, z,y € K, \g >0, X € (0, 5\0].
The decomposition argument is the same as in the proof of Theorem 4.2.10. We prove the
three estimates separately.

1. (Weak homogeneity) Let ¢ € AL +8- By the assumption mg > @ + S, this implies
o € B, _1- Set Ny :=min{n € N 27" < A\}. We cut the sum in two regimes:

Ny—1 —+00
K+ Z Fo(Kied) + Y Fu(Kie))
n:N)\
From (4.5.6), one has for some A > 1,
Ny—1 _
K # Fy( Z 9—pn (2" \)™0 F, ((C[n/\x,so])m " ) + Z 92— fmF ((n[n«\,x,so]);v\)_
n=0 n=N)

From (4.5.7) and the assumption of homogeneity on F,

Ny—1 B —+00 B
’K * Fx(%"i\) < Z 2*5n(2n)\)m027na + Z 2*ﬁn)\a’
n=0 n=N)

where the multiplicative constant depends only on the kernel K, the compact K, and
the germ F. Summing the geometric series yields as announced:

K x Fu(d)] S AT,

2. (Weak coherence) Let ¢ € #. ., 5. By the assumption mg > v + f, this implies
¢ € By,,—1- By definition,

(Kx Fy = Kx Fy)(3) = D (Fy — Fo) (K 2)-
neN
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As previously we cut the sum using (4.5.6):

Ny—1 _
(K % F,—KxF, 2) (o Z 2- Bn Qn)\)mo(F - F )((C[n,,\,z,<p]);\2*")
n=0
o0 _
+ > 27(F, = E) (A ).
n=Ny

From (4.5.7) and the assumption of coherence on F,

Ny—1
< 3 2@y — af + 27
n=0

+oo
+ > 27 (ly — 3+ M),
n=N)

(K% F, = K Fo) ()

where the multiplicative constant depends only on the kernel K, the compact K, and
the germ F. Summing the geometric series yields as announced

(Kx Fy = K Fo)()| S X (ly — | 4 0) 0D (050),

3. (Boundedness) Now let ¢ € %", which possibly does not annihilate polynomials. By
definition, and from (4.5.6),

Kx Fy(p) = 3 2790, (Ao 4 270 (F, — F,)((n" 1)),
neN

From (4.5.7) and the assumption of homogeneity and coherence on F, this yields as
announced:
K Fy(e,)] S > 27" <1
neN

In fact, by tracking the constants in the estimates, one obtains the continuity estimate:

1+ Fllgatoiaters S I\Fllgi;fm,

where the compact K’ D K on the right-hand side depends only on the compact K on the
left-hand side, the kernel K and the exponents &, a. ]

Remark 4.5.10. In the proof just above, the property of homogeneity on K x F did not
require the assumption of coherence on F and inversely.

Indeed, under the assumption that K is 5-regqularising of order (m,r) for some r € Ny
and m > &+ (3 resp. m > v+ (3, the same calculations as m the proof just above establish
that convolution with K defines a linear map ghomr — Qhomr resp. Qcohr — g;t@”*ﬁ, with
continuity estimates

[K* Fllgare — S|Fllga -, resp. ||K*F||ga+g7+5<”F||go¢W

hom; K, A,r hom; K, A/ ,r coh; K, X oh; KN ,r

where X' > X depends only on X and the kernel K.
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4.5.5 Preliminary tools (II)

The following lemma will be useful to perform decompositions involving test-functions which
annihilate polynomials.

Lemma 4.5.11 (Some test-functions which annihilate polynomials). Let r € Ny, c €
No U {1}, and n € D(B(0,1)) with [n(x)dz =1 and [n(z)z'de =0 for 1 < |I] < ec.

Then there exists a constant cst > 0 depending only on v, ¢, n, d, such that for all
multi-indices k with 0 < |k| < ¢ and all test-functions p € B", one has

2kl ()2 — p®) € cstBiy s
Y= > (CDMXG@® € est L
|k|<c
Proof. This is straighforward. O

As a consequence of Lemma 4.5.11, we provide a proof of the existence of pointwise
derivatives for weakly homogeneous germs, as announced in Lemma 4.3.11.

Lemma 4.5.12 (Existence of pointwise evaluations). Let @ € R, r € Ny, and F € gvgom;r.
Then for any multi-index k € Ng with |k| < &, any © € R and any test-function n € D(R?)
such that [n(z)dr =1 and [n(x)z'dr =0 for all multi-indices | with 1 < || < &, the limit

) (z) = lim FO (), (4.5.12)
ﬁ

exists and does not depend on the choice of such an n.
Furthermore, one has the following estimate: there exists a constant cst > 0 depending
only on &,r,d such that for k € N& with |k| < a:

|F) ()] < cst]| Pl ga , (4.5.13)

hom; K, A=1,r
for any x € R* and K C R? containing x.

Proof. Without loss of generality, let us assume that supp(n) C B(0,1). Observe first that
the definition (4.5.12) does not depend on such an 7 because if 7 is another such function,
then (n—ﬁ)(k) annihilates polynomials of degree less or equal than &, and thus by assumption
of homogeneity and the distributional definition of the derivative,

FW ) — EW () = (-0 FE, (0 - D)®)3) = 0rso (A7) = 03 4(1).

Now let us establish the convergence of (4.5.12). For any A € (0, 1] and N € Ny,

N
FE @2y = EW ) + 37 FW ()2 — 2, (4.5.14)

T T T T
n=0

By the distributional definition of the derivative,
—(n+1) —-n —1an —(n+1) —1an —-n
EP @7 =g ") = (AT 2R (")) = (a2 MR (™))
= (A2 E (™)),

where o*) = 2““'(7)(’“))27l — ). From Lemma 4.5.11, there exists a constant cst > 0
depending only on &, r,d,n such that for |k| < &,

o*) € cstaL.
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Thus, by the assumption of homogeneity of the germ F,

‘(_)\—1271)IkIFZ(((p(k));T") < Ao Iklg—n(a—|kl) (4.5.15)

By assumption, |k| < &, whence the sum in (4.5.14) converges, which justifies the well-

posedness of Fé’“)(x) In fact, (4.5.14) yields the following useful decomposition: for any
A € (0,1] and any such 7,

FP(x) = (-A"HME,(( +Z ATt IR B (pRN22), (4.5.16)
Finally, the estimate (4.5.13) follows immediately from the above calculations (taking
A=1). O

Using a similar decomposition argument, one obtains also the following decomposition
result.

Lemma 4.5.13 (Decomposition at lower scale). Let r,d € Ny, ¢ € No U {—1}. There exists
a constant cst > 0 depending only on r,c,d, such that for all M € Ny and all ¢ € $B", there
exist test-functions

@Z[M] € cstA", 15["} €cstB, for0<n<M,

such that one has the decomposition

= @M +Z 2

Proof. We fix a test-function n € D(B(0,1)) such that [n(x)dz =1 and [ 2*n(x)dz = 0 for
multi-indices k with |k| < c.
We start by defining;:

From Lemma 4.5.11, there exists a constant cst > 0 depending only on ¢ (and d), such that
) € cst A

Perform the following telescoping sum, for any |k| < ¢:

n(k) — 2—M|k| 2M + Z ( n\k\ 2—(n+1)\k\(n(k))2"+1>

_ 2—M|k| 2 + Z 9—(n+1) |k| ))2"+1.

where o) = 2"“‘(77("3))271 —n®). From Lemma 4.5.11, there exists a constant cst > 0
depending only on d, r, ¢ such that for |k| < ¢,

o) e cst ;..
Thus, we have decomposed:

=gt 3 (1) ()2 MIF (92

|k|<c

n n+1
+ Z S (— 1) ()2 (e DIk (02

n=0 |k|<c
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Define:
P = 37 ()G ()2 M),
|k|<c
o = Z (—D)FIxE )2kl R for n =1, | M,
|k|<c
J =

Then there exists a constant cst > 0 depending only on d, r, ¢ such that:

@ZJ[M] € cstA", 5[”] € cstA, over 1 <n < M.

Also:
~ M M Y| on
v =@M S
n=0
This provides the announced decomposition. ]

4.5.6 Proof of Theorem 4.5.7 (positive renormalisation)

We first establish the following result which considers the case of germs which admit only
the property of (weak) homogeneity.

Theorem 4.5.14. Let a € Ry \ N, r € N, and F be a germ. The following assertions are
equivalent:

(Z) Fe gvgom;r’

(ii) Let G be defined by Gy = Fy — Y p1<a Fa(ck)(x) Xk,

Then G is correctly defined and G € ggom;r. Furthermore, we have the following
continuity estimate for compacts K C R® and reals X > 0:

G|l za < |IF|| 5a 4.5.17
1Glgs . SIFlgs (45.17)

KA

Remark 4.5.15. Compare theorem 4.5.14 with the well-known (see [BL22, Proposition A.5],
or the similar [FH20, Proposition 14.15]) result from Hélder spaces that for a distribution
f € D'(RY) and an exponent a € Ry \ N, there is equivalence between:

(i) f€Cie |f(e))| <A over z in compacts, A € (0,1], p € SBY.

.. . . ®) (z o
(ii) fis a Cle) function and |£(y) — Ljca Tty — 2)F| S ly — 2l

x!
In the case of integer exponents, only the implication (ii) = (i) holds.

Proof of Theorem 4.5.14. (ii) = (i) is straightforward.
Let us now prove (i) = (ii). Let F € gf:‘om;r. Thanks to Lemma 4.5.12, we know that
the germ G is well-defined. Now let us prove that G € gf}omw.

Let K C R? be compact and 1) € %" be a test-function (which does not necessarily
annihilate polynomials). Let A € (0,1], € K, we shall estimate G, (¢}). By definition,

Go(v}) = Fo(w}) — Y FP (2)xE()).

|k|<a
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Note that XE(y}) = AMFIXE(y). Now we fix n € D(B(0,1)) such that [n(x)dz = 1 and
[n(x)r'de = 0 for all multi-indices | with 1 < |I| < |@]. Thus, (4.5.16) yields the
decomposition

Go() = Fo() — > AFXE @) (=AM E(n™)))
|k|<a
=A
— > AFxg () +Zoo<fx12">"“‘Fx<<so<’“>>22‘">.
|k|<a n=0
=B

Recalling (4.5.15), and summing the geometric series, we obtain |B| < A*. Furthermore,

denote
= — Z 1)FIXE ()n®),
|k|<a
so that from Lemma 4.5.11, there exists a constant cst > 0 depending only on & (and d),
such that ¢ € cst#L. As a consequence, using the homogeneity property of the germ F:

Al = [Fa ()] S A%

This concludes the proof. Finally, the estimate (4.5.17) follows from keeping track of the
constants in the calculations just above. O

Now we are in position to provide a proof for Theorem 4.5.7.

Proof of Theorem 4.5.7. Let F € G%*7. We know from Lemma 4.5.12 that G is well-defined
and from Theorem 4.5.14 that G € ggom.r where r := r, , is fixed for the remainder of this
proof, see Definitions 4.3.2-4.5.1. Thus, it remains to obtain the property of coherence on
the germ G.

Let K € R? be compact and 1) € %" be a test-function (which does not necessarily
annihilate polynomials). Let A € (0,1], z,y € K, we shall estimate (G, — G4)(¥2).

A first heuristic observation is that when X ~ |y — x|, then ¢} ~ 1,!))‘ can also be seen as a
test-function centered in y with scale A, and thus using the fact estabhshed in Theorem 4.5.14
that G € G/ ... is 7-homogeneous (even against test-functions which do not annihilate
polynomials), ’

(Gy = Ga) (W) S 1G] + [Ga ()] S AT = A (ly — 2] +2)77°,

implying (0, y)-coherence on G.
However, in general A and |y — x| are not at comparable scales, which is why we resort
to the result of decomposition at lower scale Lemma 4.5.13. More precisely, define:

A
M =M = €Ny, 2" < ———
xy)\ mln{n 0 )\—i—‘y—l"}

and apply Lemma 4.5.13 to obtain the existence of test-functions
oM € cst A", 1[1["} € cstA, for 0 <n < M,
where the constant cst > 0 depends only on v, 7, d, and such that

M
= (M2 LS (ley?

n=0



116 Chapter 4. Hairer’s multilevel Schauder estimates

Hence:

M
(Gy — Go)(W) = (Gy — Go) (P2 1 37(Gy — o) (P22

We now estimate A and B separately.

Estimate of A. Because the choice of M implies A\2M ~ X + |y — x|, we are at the correct
scale to apply the argument sketched above. Let us recenter (w[M})fM at point y: observe

that

1 AoM+1

(2" = (M

=p[My,z,2]

2M+1 >y

By construction of M, |(A2M*1)~1(y — 2)| < 1 so that pM¥2A ¢ cstB". As a
consequence, using the fact that G' € ggom.r, and noting that A2M+! < 4(A4Diam(K)) = X
by definition of M:

|A] = |Gy (RTom N2y G (M2
< [Gy (PTG (A2
< est]|Gllgr ;KM(AQM)

N+ ]y — )70

hom K\,

where in the last estimate we used (4.5.17) and the definition of M.

Estimate of B. By construction, J[n} annihilates polynomials up to degree v, so (G, —
Ga) (A2 = (Fy — F,)((")22"). Using the coherence assumption on F:

M
Bl S Y (A2")*(A2" + |y — [)7™*
n=0
M M
<A S 2 Ay e S ane

By assumption, v > 0 so X7 Y2 M 977 < (X\2M)Y < (X + |y — z[)? by the definition of
M. Furthermore, there are two possibilities for a.. If v > 0 then \*|y — 2|7~ S22 one <
(A2M)2ly — a2 S (A+ |y — al)". T a < 0 then A%y — o= "MLy 2m0 < pajy " pp-a S
A (ly — x| + X\)7~%. The case a = 0 is not considered in the statement of the theorem. In
all cases:

Bl S X"y — 2| + A) 7

This concludes the proof. Note finally that keeping track of the constants in the
calculations just above yields the continuity estimate for A’ := 4(\ 4+ Diam(K)):

IGllg> o Gllgares S NIl granoa,
hom; K, A\ K,\,r coh; K, \ KN ,r

s AT

where the implicit multiplicative constant depends only on «,~, d, whence the announced
continuity of the map F' — G. O
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4.6 Proofs for of our Main Result 11

4.6.1 Preliminary lemma

The following lemma will be useful in order to establish the multi-level Schauder estimate of
section 4.4.

Lemma 4.6.1 (Test-functions and Taylor expansions). Let r € Ng, ¢ € Ng U {—1}.
Then there exists a constant cst > 0 depending only on r, ¢, d, such that for all test-functions
o € Bt and x,y € RY, n € Ny with |y — x| < 277, there exists a test-function

ES w[x’y’"} € cst A,
such that for such x,y,n,
2—n (x — y)k n\ k|, (k)\27™ n c+1/, 1 @y,n]y2- "t
pr = 2 T CTHEW) T = @M@ - ) ey
k|<c '
Remark 4.6.2. Note that the scale 27" may be greater than 1 for n = 0.

Proof. The test-function ¥[#¥ is defined by:

n — k
plroml() = 2127 @ — )~ (so<2-+2”<y—x>> > Mk!))w(“(z)) .

k|<c

The required properties on ¥ follow from this expression, in particular after applying
Taylor-Lagrange’s formula. O

4.6.2 Proof of Theorem 4.4.10 (multi-level Schauder estimate)

In this section, we prove Theorem 4.4.10.

Proof that (II,T) is a model

There are two properties to establish.
Property of reexpansion. Let us first check that condition (4.4.3) in the definition of a
model is satisfied by II and I', defined in (4.4.13)-(4.4.17):

I, => 1117 .
jel
This condition is immediate when i = k € IP°Y, because II’ is a polynomial. We then
fix i = a € I¥"& = [5'"® and write
M=K+ — Y (K1) (y)xE.
keNd: |k|<aq+8
We can expand Hg.: Sjer L T58 and Xp = 30 ooy, 1<k XL (TPo)IE " then we split the
sum over j = b € I*"8 and j = k € IP°Y, to get

= Y (K«I2)Th + > (KxXE)rke

beIsing keIpoly

S Y kemh) Y

keNE: |k|<aa+B lefpoly : [<k
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We next write (K I15) = TI5 — 37, 1 5 (K # TI) O (2) X

o, see (4.4.14). Moreover, since

we require that K preserves polynomials, see Assumption 4.2.6, we have that K x X¥ is a
polynomial of degree at most |k| < v+ /3, hence it coincides with its Taylor expansion and
we can write K * X¥ = > e ooty (K ¥ XEYO () XL, This yields

= S - > (Y KemyUex)ry

besing besing lENg : m<ab+ﬁ

+ 2 (T xR )i

keIroly *cfpoly

D DRSS HICI N SN Aot

keNZ: |k|<aa+p lefpoly : |<k

Switching the sums, we can write IIf = ;¢ rsing I8 1he 4 21 froly xt Fé‘; where

Y
0y = > (K1) D (@) Do+ > (K X)W () Tl
beIsng: ayp+B>|l| keIpoly
- > (K T15) ) () (TP

keNd: k>0, |k|<oa+B

Finally, we insert the constraint a; + 8 > «a; in the second sum, because when this is
violated we have |I| > |k| + 8 > |k| and the derivative (K % X¥)()(z) vanishes, since K x X*
is a polynomial of degree at most |k|. We can thus rewrite the first two sums as a single
sum over j € [ = [*"& U [PV which leads exactly to (4.4.17).

Property of homogeneity. Now let us prove that each f[fr (i € [=ImeyT Poly) satisfies
the homogeneity relation (4.4.2) with exponent &;. On the one hand, if i € 1Pl this is
straightforward, recall Example 4.4.3.

On the other hand, if i € I58, then since K is regularising of order (m,r) for some m >
a; + (3 and since II%, € gg‘gm;r, applying the content of Remark 4.5.10 yields K x IT* € Qv’ﬁ‘gmr
Now applying Theorem 4.5.14 to K x I’ using the assumption &; ¢ N, and recalling the

definition (4.4.13) of II%, one obtains as announced IT’ € G e

Proof of relation (4.4.19)

We need to show that
(f. e =Y fi(a) I, = KYFP((f,10)), (4.6.1)
iel

where we recall that K*# is defined in (4.3.11).
We recall that I = I8 U [P gee (4.4.13). The key observation is that

> Foii- Y pe(keme Y (Kem)Pxt),

aglsing jEI=Ismey[poly keNg: |k|<a;+8

which follows by (4.4.14) and (4.4.18) for i = a € I*™8 = [5"8 because the parenthesis
vanishes for j € IP°Y: indeed, I, = X* is a polynomial for j = k € IP°Y, see (4.4.12), hence
K*1IIZ is a polynomial of degree at most a; = |k|, by Assumption 4.2.6, which then coincides
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with its Taylor development at level a;; + 3. We thus obtain

Y =3 i+ Y M

Z'Ef ae[smg ke[POly
=3 f@)KIE — > (K {(f, e — R, I NP (2) XE
jel keNg: |k|<y+8

:K*<f>H>:Jc_ Z (K*{<f>H> <f7 >}) ( )Xk

keNZ: |k|<y+8

which shows that (4.6.1) holds.

Proof that f is a modelled distribution

We now prove that f defined in (4.4.18) is a modelled distribution of order v+ f relative to
the model (II,T"). Recalling Definition 4.4.4, we have to bound

FHEN 12 el x?yfj() fi(z)|, foriel, x yin compacts K C R%,

Estimate of | f'(x)|. One the one hand, if i € I5"8 then |fi(z)| = |fi(z)| < || f]lps

I K

On the other hand, if i = k € IP°Y, then by construction

i) = > (@) (K 1) ® (@) — (K {(f, 1) — R{LIHH P ().

jGI:IsingU]poly .
o +B8>|k|
Now recall that for j € I, since K is regularising of order (m,r) for some m > a; + 3
and since ITJ, € gﬁ“gm;r, applying the content of Remark 4.5.10 yields K * IV € gvﬁ“gm;r, with
the continuity estimate

KT [ gars ST flga

hom; K, \,r hom; K, \/,r

< IMyee (46.2)

for some N > X, so that from Lemma 4.5.12, the pointwise evaluations (K x I12)*) (z) are
well-defined with the estimates

(K TE) M ()] < 1T pag, -

Similarly, exploiting Lemma 4.5.12, Remark 4.5.10, the reconstruction theorem and the
estimate (4.4.9), one obtains

(K {{(£. )z = R IHHNP @) S I weg, oy (4.6.3)

o K

for some K’ D K. Thus collecting the estimates above we have established for all i € I,
r €K,

@) S I, £l
K' 1

oK/

Estimate of |Zj€ff% fi(y) — fi(x)|. Once again we distinguish the cases i € 5™ and
i€ IPoY_ If § € [5"8 then by construction

IZeits, P (y) = Fi@)] = [Ze T8, 1 (y) - fi(x)] < WA llDy Ny — =,

whence the desired estimate because v — a; = (7 + ) — &;.
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Now fix i = k € [P, i.e. k denotes some multi-index with |k| < v+ . Replacing T’
and f with their definition and simplifying the expression yields

> FW fi(z) =

]EI

- Y km)O@( i - o)
jel,aj+6>]i kel
-y ke, - R OG)
seNdisilil<rts T
In order to simplify our expressions it is convenient to define G := K« {(f, I}, —R(f, 1) }.
Recalling (4.6.2), (4.6.3), one has K * IV € ghom, G €GP with continuity estimates

hom;r>
Ifllpx (4.6.4)

T,o; K/

HK*HJ

< M

< ||II
hom K \,r K,\,r H HM?(I Ny

for some enlarged compact K’ O K and X > . We now replace the pointwise evaluations in
the expression above by their corresponding multi-scale decompositions as in (4.5.16). More
precisely, fix n € D(B(0,1)) such that [n(z)dr =1 and [n(x)zlde =0 for 1 < || < v+ B,
and let ¢ = 2772_1 — 1 so that there exists a constant cst > 0 such that o) e cste%”“ 48 for
all |l| <+ B; then

KT (z) = (=1)IK « T ((n +Z MUK« T ((0™)27")  for |I] < &;,
GV(z) = (-G, (( Z —2M G, ((™)2™) for |I] <+ B,

This yields a decomposition:

Zrz,] ( ):AiO ZAzn

]EI

where for a test-function ¥ € D and n € Ny we set

A= Y (2K I (ZFJ:yf’“ fj<w>)

JelLa;+B>i kel
: N (x —y)i—t N o—n
i (_Qn)\zlgx((w(z))i ) — Z ﬁ( 2n)\J\G ((w(J))z ).
jeNd J—e
i<4,ll<v+B
We bound this quantity differently depending on whether |y —z| < 27". For this purpose,
denote N = N, = min{n € Ng,27" < |y — z|}. On the one hand, using the properties of

homogeneity (4.6.4) and the fact that f is a modelled distribution in the expression above,
one obtains

|AZL (] S ( > il —gpe

JELG;>|i|

i1l
+ Y ey n(=|jl+y m)||H’M‘;(,|||f|||D;,a;K/’
jend
i<j,lil<y+8
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so that summing the geometric series yields
+m . A
| X AR S Iy, Il —
n=Ngzy
On the other hand, observe that by definition of the reexpansion operator I,
Do T w) — (@) | KT, = Fy — Fy = Gy — Ga,
jel \kel
whence we can rewrite

Afe) == > (2K IE((e)2 ) (Z T2 () — fj(x)>

j€la;+8<]l| kel
| )i o
+(comig, [ ()2 = @ =9 ol )2 )
i<g,|j|<v+8

Thus, using the properties of homogeneity (4.6.4), Lemma 4.6.1 and the fact that f is a
modelled distribution in the expression above, one obtains

AT ()] < ( T guliad )y gpo
Jela;+8<l|

K/

+2n<z~—v-m(2n|y_x|>m+m+1—lf>un||%fD;a 7

and similarly for Agjgj(n), so that summing the geometric series,

Nz y
AL )+ Y AR S e, Il ly — a5,
n=0 o

which concludes the proof that f is a modelled distribution with the continuity estimate
(4.4.21).

4.6.3 Proof of Theorem 4.4.13 (properties of reexpansion)

In this section we prove Theorem 4.4.13.

The first two properties follow from direct calculations and the definition (4.4.16)-(4.4.17)
of I'.

Let us prove the third property, i.e. the Holder bound: assume we have estimates
|F?Ejy < |y — x|* . Inspecting the definition (4.4.16)-(4.4.17) of T', the following bound

D89 Sy — %%,  overaz,ye K, i,jel,

is straightforward except when i € voly je I8 which is the case we tackle now, arguing
as in the proof that f is a modelled distribution, see Section 4.6.2: recall from (4.6.2)

that K «IIV € g”ij with the continuity estimates (4.6.4). We then replace the pointwise

hom;r
evaluations in the expression (4.4.17) of T" by their corresponding multi-scale decompositions
as in (4.5.16). More precisely, fix n € D(B(0,1)) such that [ n(x)dz =1 and [n(z)z'de =0
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for 1 <|l] <~ + B, and let ¢ = 2172_1 — 1 so that there exists a constant cst > 0 such that
ON= cst Ay, 5 for all |{| <~ + B; then we obtain a decomposition:

. S fidin

where for a test-function ¢ € D and n € Ny we set

DL () = > (2PN (K = T2 ()27 ) T
keI=rsngyyprely .
ag+B>il

=X M (W),
keNg:

Again, we produce different bounds depending on whether |y — z| < 27", so that we
denote N = N, , = min{n € Ny,27" < |y — z|}. On the one hand, using the properties of
homogeneity (4.6.4) and the Holder assumption on T,

|FZJ ") < Z Q—H(dk—|i|)|y — x|k 4 Z 9—n(a;—k|) ly — x||k|—\i|7
kel: keNg:
ap+B>11| k>i, |k|<oy+8
so that summing the geometric series yields
| S pin(e ()] S ly — o,
n=Ngzy

On the other hand, observe that by the reexpansion property (4.4.3),

S (K+TIE)T5d = K« I,
kel

so that we can rewrite

PEre) = 30 (2K () ) T

kel
ap+B8<]il
k—i
n j 7 -n r—y n —|i —n
+ (-2 )”(K*Hi)<(<ﬂ”)i - T EE oy )
keNg: ( !
k>, |k|<aj+B

hence using the properties of homogeneity (4.6.4), the Holder assumption on I', and
Lemma 4.6.1,

L@l s Y. 2n ey — gfeamer 4 on(1=an) )y — gf)leal+i=,
kel:
ap+6<]i|

and similarly for FW 0(17), so that summing the geometric series,

A . qu A~ .
BP0 + 3 0| S ly — a7
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which gives the announced Hoélder bound. In fact, keeping track of the constants in the
estimates above, if one defines

ITlamg = sup M
K zyeK,i,jel |;E_y|oz]-—ai7
one gets the continuity estimate

T pe S I, (1T | aeg:

for some enlarged compact K’ D K.
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Appendices to Chapter 4

4.A Proof of Lemma 4.5.8

We prove Lemma 4.5.8 under the more general assumption that K satisfies Assumption 4.2.6
for some ¢g € Ng U {—1}. The functions n and ¢ are defined for y € R? by

pmAeel(y) = 2ﬁ”(5\)\)d/d 0(2)Kyp(x + Az, z + M\y)dz,
R (4.A.1)

C["’)"x’“"} (y) = 2ﬁ"(2")\)*m0 (5\2*")d/d o(2)Kp(x 4+ Az, + X?fny)dz,
R

so that (4.5.6) follows from (4.A.1). Now let us prove (4.5.7). From the Assumption 4.2.6,
see (4.2.9), observe that it is straightforward that 7 and ¢ annihilate polynomials of degree
up to min(c, ¢p). It remains to establish the support and the C™ norm of 7 resp. .

Support of nim ¥l Let y € R? be such that n™*®%l(y) # 0. Then by (4.A.1) there
exists z € supp(¢) C B(0,1) such that K,(z + \z,z + A\y) # 0. By assumption on the
kernel K, this implies that A|\y — z| < cst2™™ where the constant cst > 0 is the one appearing
in item 1 of the Definition 4.2.2 of the regularising kernel K. Since we consider only the
regime 27" < X, this implies that |A\y — z| < cst and thus by triangle inequality A|y| < cst+ 1.
Choosing A := cst 4 1 yields |y| < 1 i.e. supp(n™M®¥]) € B(0,1) as wanted.

Support of (¥l Let y € R? be such that (2] (y) # 0. Then by (4.A.1) there
exists z € supp(p) C B(0,1) such that K,(z + Az, + A\27"y) # 0. By assumption on
the kernel K, this implies that |A27"y — Az| < cst2™" where the constant cst > 0 is the
one appearing in item 1 of the Definition 4.2.2 of the regularising kernel K. Thus by the
triangle inequality, A|y| < cst + 2_% Since we consider only the regime A < 27", choosing
X == cst + 1 yields once again supp(¢*»*¢l) © B(0,1). Now we fix A := cst + 1.

Bound on C™ norm of nl» ¥l Let k € Ng be a multi-index with |k| < ro, and y € R?,
then by differentiation under the integral,

8k77[n,)\,m,<p} (y) _ 2Bn(5\)\)d+|k| /Rd QD(Z)agKn(-T + Az, x + B\Ay)dz
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In this integral, we substract and add the Taylor polynomial of ¢ at Ay of order |k| — 1:

oAl (y)

- l \ - -

=2 [ ()= TR 3y )ob R e As + ANy
R !

1[<[k|-1

_ U _ _
+ 20n (AN )dHIA Z Sol('y) /Rd(z — M) 05K (x4 Az, + My)dz.
i <|k|—1 '

Using Taylor-Lagrange’s inequality in the first integral (and absorbing AHE into the implicit
constant):

[@F A2 (y)]

1 _ _
< 27T ST el / |2 — Myl MO8 K (2 + Az, 2+ Ahy)|dz
= R

Bn \d+ k| [l
+2°7\ > 0
[1<[k|-1

/d(z — M) S K, (2 4 Az, + My)dz| .
R

In the first resp. the second integral we use the property (4.2.6) resp. (4.2.7) of the kernel
K, noting that [pa(z — Ay)'05 Ky (z + Az, 2+ Ay)dz = A= [0 (2 — M) S K (z + 2,2+
A\y)dz:

|9k plnA @ el (y)|

S 26”>\d+‘k‘H@Hclk\?(d_ﬂHkD"/ B R
z€B(A\y,cst=x—)

+ 20T g g A4 2o,
H<THl -1

As a consequence:
A
1™ ciot S lellcinor < 1.

Bound on C™ norm of (" ®%]. Let k € N¢ be a multi-index with |k| < ro, and y € R?,
then by differentiation under the integral,

k¢l (y) = 28m(2n ) 7m0 (27K /R [P K(w+ Az, x + 27"y )dz.

Recall that by assumption, ¢ annihilates polynomials of degree ¢ > mo —1 so in this integral
we can substract the Taylor polynomial of 9§ K, (-, x + A\27"y) at = of order mo — 1: let us
denote:

(A2)!
T

RIW (2) = 5 Ku(w+ A,z +X27"y) — Y OlO5 K (x,x + X27"y)
[l|<mp—1

then
Ol () = 990 (2nn) o (2 [ o) RV ()
R 1Ty
By Taylor-Lagrange’s formula,
P e = S 7 o P
n,\,z,y,k = 1 1¥2-53n 00 :

=myg
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Thus, by the property (4.2.6) of the kernel K,

RISl 2ty
where the multiplicative constant depends only on the kernel K (and the dimension d of the
underlying space). Consequently,

o) 5 [l amds.
R4

Recall that by assumption, ¢ € %’;2071, so this last integral can be bounded by 1. Thus,
this establishes:
|¢ATe | orp < 1,

where the multiplicative constant depends only on the kernel K (and the underlying dimension
d). This concludes the proof. O

4.B Spaces of germs and distributions are “independent in

,,,.77

In this section we prove that the choice of the regularity r of test-functions in the different
spaces of distributions and germs studied in this paper generally does not matter.

Proposition 4.B.1. Let a, o,y € R with &, < . Then:

1. The Definition 4.2.1 of Hélder-Zygmund spaces Z7 does not depend on the choice of
r > 1y i=min{r € No,r > —~v}.

2. The Definition 4.3.2 of homogeneous and coherent germs G%%7 does not depend on
the choice of r > rg o = min{r € Ng,r > max(—a, —«a)}.

3. The Definition 4.5.1 of weakly homogeneous and coherent germs GHY does not depend
on the choice of r > 14 = min{r € Ng,r > max(—a, —a)}.

A proof in the case of the Holder-Zygmund spaces Z7 can be found for instance in [FH20,
Lemma 14.13].

A proof in the case of the space of homogeneous and coherent germs G%*7 when v # 0
can be found in [CZ20, Propositions 13.1 and 13.2], see Remark 4.3.4. However the approach
in this reference fails to cover the case v = 0.

We prove Proposition 4.B.1 using the following result from wavelet theory:

Theorem 4.B.2 (Daubechies’ wavelets, see [Dau88; Dau92; Mey92]). For any r,d € Ny,
there exist a compactly supported function ¢ € CT(R?) and a finite family ¥ of compactly
supported functions ¢ € CL(R?) satisfying [ga ¥ (x)x¥dz = 0 for all multi-indices k € N&
with |k| < r, such that for all ny € Z, the family

—ngd

{27

2 ke oz U2y " ke 2T, € T, (4.B.1)
is a Hilbert basis of L*(R?).

In fact, for C" functions the convergence along the basis (4.B.1) holds in C" norm. This
allows us to prove Proposition 4.B.1.

Proof of Proposition 4.B.1. As a proof in the case of the spaces Z7 can be found in the
literature, see [FH20, Lemma 14.13], we only consider the case of spaces of germs. We argue
slightly differently in the case of G and in the case of G:
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o in the case of G, we exploit the decomposition (4.B.1) starting from ng € Z with
2710~ ),

e in the case of G , we exploit the decomposition (4.B.1) starting from ng = 0.
Let a,a,y € R be such that a <, @ <+, and define
Ta,a = min{r € No,r > max{—a, —a}}.

For any r € Ny arbitrary, we denote G%*7 the space of germs corresponding to the
family of seminorms given by (4.3.6); and similarly gvfww corresponding to the family of
seminorms (4.5.11).

Let r € Ng with r > rq 4, we shall show that

GEe = ge, (4B.2)
gg;aﬁ — ggfg’y (4.]3_3)

Proof of (4.B.2). It suffices to show the inclusion

g;i;a,v C gf;a_ﬁ?
because the other one follows from the definitions. Let F' € QE;O‘”, we start with the estimate
of homogeneity. Let o, ¥ be as in Theorem 4.B.2 applied to . Let K C R% be compact, x €
K, A€ (0,1],n € #"a  we want to estimate Fi(n}). Set N := Ny := min{n € N,27" < \}.
From the decomposition (4.B.1) starting at Ny, we have:

_ —N —N
Em) = > 27Vt od MF(er )
ke2—Naz

“+oo
+ Z Z 22_nd<ni\a¢k_n>Fx(¢k_n)'

n=Nj k€2—-nZ e

In the first line, for reasons of support one has |z — k| < A and only a finite number
of k contribute to the sum. In the second line, for reasons of support one has |z — k| < A
and ~ 2=N)d yalues of k contribute to the sum. Thus, because of the coherence and
homogeneity of F', one has |Fz(<p%7NA)] < A% + A7 < A in the first line, and |Fy, (2 )| <
271 1 97N \Y= ip the second line. Also, since the functions 1 cancel polynomials of degree
up to r > r, 5, by substracting a Taylor polynomial of degree 7 := 7,5 — 1 in the integral

2—n )f-{-l

one obtains [(n},¥2 )| < Inllerr A4 (B . Thus, collecting these estimate:

|[Fe ()] S 27|22 M0

+oo 9—n 7+1
—ndo(n—Ny)d _ —d [~ —na —noyy—o
+n§“2 2 [ ( X ) (2 27N )

Recalling that by choice of 7 one has ¥ +1 > —a and ¥+ 1 > —a, by summing the
geometric series one obtains the wanted homogeneity estimate

[Fo ()] < Inllgra.a A%

We establish the estimate of coherence similarly. Let again ¢, ¥ be as in Theorem 4.B.2
applied to r. Let K C R% be compact, z,y € K, A € (0,1], n € B 4, we want to estimate
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(F, — F.)(n3). As above, set N := Ny = min{n € N,27" < A}, from the decomposition
(4.B.1) starting at N, we have:

— -N =N,
(Fy—F)m) = > 27 oi )(Fy - F)er
ke2=Naz

+o00
+ Z Z Z zfnd<77§c\71/fkin>(Fy_Fm)(iﬁkin)-

n=N) ke2—nZ eV

)

We perform the same estimate as above except this time from the assumption of
coherence on the germ F' (and the fact that |x — k| < A for reasons of support) one has

|(Fy — Fx)(goi_NAH S A(Jly — x| + A)7~% in the first line, and similarly in the second line
(Fy — F) (2 ") < 27(|ly — | + )7~ Thus, collecting all the estimate, one obtains for

= 7“@475( —1:

|(Fy = Fo) ()] S 27 nlloc2™ A (ly — 2] + )7

—+o00 9—n 741
+ Z 2_nd2(n_NA)d||n||CF+1)\_d ()\) 2—na(|y _ JU‘ + )\)’Y—a7
TL:N)\

so that using the fact that 7 + 1 > —a one obtains after summing the geometric series
A —
[(Fy = F2)(n2)| S lInlleraa A% (ly — [ + X)77.

This concludes the proof of (4.B.2).
Proof of (4.B.3). It suffices to show the inclusion

because the other one follows from the definitions. Let F € G&®7, we start with the
estimate of homogeneity. Let again o, ¥ be as in Theorem 4.B.2 applied to r. Let K c R?
be compact, * € K, A € (0,1], n € #"a 5 € B, We want to estimate Fy(n,) and
F,(77}). From the decomposition (4.B.1) starting at 0, we have:

keZ

+o00
+> Y > 2, v ER ).

n=0kc2-nZ eV

In the first line, for reasons of support one has |z — k| < 1 and only a finite number of k
contribute to the sum. In the second line, for reasons of support one has |z — k| < 1 and
~ 2" values of k contribute to the sum. Thus, because of the coherence and homogeneity
of the germ F, one has |F.(¢,)| < 1 in the first line, and |F,(¢2 )| < 27" + 27" in
the second line. Also, since the functions 1 cancel polynomials of degree up to r > rq a,
by substracting a Taylor polynomial of degree 7 := r, 5 — 1 in the integral one obtains
(s 7 )] S Inller127 "+, Thus, collecting these estimates:

+oo
[Ex(n)] S oo+ 32 272" gl grn2 D (270 4 277,

n=0

so that summing the geometric series and recalling that 7+1 > —a, ¥4+ 1 > —a&, one obtains
[Fe(n2)| S lInllgraca -
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Similarly:

Fy(m}) = Z<ﬁ£7¢k>Fx(9&k)
keZ

Ny
+300> 2 Y E(wR )

n=0ke2-nZ eV

+oo
o YT Y R R ).

n=N)+1ke2-nZpe¥

In the first line, for reasons of support one has |z — k| < 1 and only a finite number
of k contribute to the sum. Also, since 7 annihilate polynomials of degree up to |a], by
substracting a Taylor polynomial of ¢ of degree |@] in the integral one obtains |(1}, ¢.)| <
(7]l 0o ALEIHL < [[47]| a0 A®. Furthermore, because of the coherence and homogeneity of the
germ F', [Fy(p)| < 1.

In the second line, for reasons of support one has |r — k| < 27" and only a finite
number of k£ contribute to the sum. Also, since 7} annihilate polynomials of degree up to
|, by substracting a Taylor polynomial of ¢ of degree |a] in the integral one obtains

. n . la]+1
02,9 ) S liillee2 (27)
of the germ F, |F,(v2 )| <277 42714 < 2774 (since we assume & < 7).
In the third line, for reasons of support one has |z — k| < A and ~ 2(n=N)d yalues of

k contribute to the sum. Also, since the functions 1 cancel polynomials of degree up to
T > T, Dy substracting a Taylor polynomial of 7 of degree 7 := 7,5 — 1 in the integral

. Furthermore, because of the coherence and homogeneity

one obtains |(112,1%7 )| < |illerr127"7 ). Furthermore, because of the coherence and
homogeneity of the germ F, |F, (17 )| < 27"\~ 4 2714,
Collecting these estimates yields:

RAGSIYIS

N J G A\l
L3l ()
n=0

+oo
+ Z 2fnd2(an)\)d||ﬁ”CF+lan(f'+1) (277“1)\7704 + ano?) ’
n:N)\—i-l

so that summing the geometric series and recalling that 7+1 > —a, 7+1 > —a, |a|+1 > a,
one obtains:

v\ v O
[E ()] S (17l s A%

Once again, we establish the property of coherence similarly. Let ¢, ¥ be as in Theorem
4.B.2 applied to 7. Let K C R% be compact, z,y € K, A € (0,1], n € B'a, 5 € B, we
want to estimate (F, — F)(n,) and (F, — F,)(#2). From the decomposition (4.B.1) starting
at 0, we have:

(Fy — Fu)(ny) = Y (Mg 01) (Fy — Fu) ()
keZ

—+o00
+300> 0 2 i WE - F)WR ).
n=0ke2-"Z YpeW¥

We perform the same estimates as in the case of the homogeneity, except for the fact
that in the first line |(Fy, — F3)(¢,)| S 1 because of the assumption of coherence of F' (and
the fact that |x — k| < 1 for reasons of support); and the fact that in the second line,
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[(Fy — Fy)(¢ )| < 27" because of the assumption of coherence of F' (and the facts that
x,y € K for a compact K and |x — k| < 1 for reasons of support). Thus this yields for
o= de —1:

[(Fy = Fo) ()] < M1l

+oo _
+ Z 2_nd2nd”77”c‘f+1 2—n(r+1)2—na’
n=0

so that summing the geometric series yields |(F, — F)(n,)| S 1.
Similarly:

(Fy = Fo) (1) = D ou) (Fy — Fu) (1)
keZ

N
+303T ST o N (Fy - Fo) (R )

n=0ke2-nZYev

400
+ Y > S e N (F, - Fo)(WR ).

n=Nx+1ke2—nZype¥

We perform the same estimates as in the case of the homogeneity above except that
here, in the first line |(F, — Fy)(¢,)| < 1; in the second line |(F, — Fy,)(¢7 )| S 27"(|y —
x| +27")77%; and in the third line |(F, — F,)(¥2 )| < 27"%(|ly — 2| + A)?~%. Thus this
yields for 7 :=rqa — 1

[(Fy = Eo) )] S illoc\”
4k —nd||x nd A L)+ —na —n\y—a
+ Y 2l (25) 2 el 2
n=0
+00 }
+ 3 27| gra 2T T2y — ] ),
n:N)\—&—l

so that after summing the geometric series and recalling that 7+1 > —a and |y]+1 > v > a,

we obtain:
(Fy — Fo) (02)| < il crea A% (Jy — @] + A)7 72,

This concludes the proof. ]
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