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Résumé

L’objectif de cette theése est de contribuer a I’étude de la théorie de I’homotopie équivariante.
Il se compose de trois parties.

Dans la premieére partie, nous prouvons que la stabilisation de ’co-catégorie des G-espaces par
rapport aux spheres de représentation est équivalente a I'oco-catégorie des G-spectres, ou G est un
groupe de Lie compact. L’co-catégorie des G-espaces est obtenue via la structure de modele stan-
dard sur la catégorie des G-espaces, tandis que ’'co-catégorie des G-spectres est acquise a partir
de la structure du modele stable. En fait, on prouve que ces catégories sont présentables, donc on
montre ’équivalence des co-catégories présentables.

Dans la deuxiéme partie, nous utilisons la théorie paramétrée des catégories supérieures pour
construire la version équivariante de ’homologie de factorisation. Il existe déja une construction
de homologie de factorisation équivariante pour les variétés avec ’action d’un groupe fini, que nous
étendons aux variétés avec 'action d’un groupe de Lie compact a stabilisateurs finis.

Dans la troisieme partie, nous développons la théorie des approximations des oco-opérades
paramétrées lorsque la paramétrisation est faite par rapport a I’oo-catégorie des G-espaces transi-
tifs (i.e. les orbites) avec des stabilisateurs finis, olt G est un groupe de Lie compact. Nous utilisons
cette théorie pour prouver que 1'co-catégorie des G-disques est librement générée par 1’co-catégorie
des H-disques avec un cadrage approprié sur les G-disques et les H-disques, ou H < G est un
sous-groupe fini.

Abstract

The aim of this thesis is to contribute to the study of the equivariant homotopy theory. It
consists of three parts.

In the first part we prove that the stabilization of the co-category of G-spaces with respect to
the representation spheres is equivalent to the co-category of G-spectra, where G is a compact Lie
group. The oco-category of G-spaces is obtained via the standard model structure on the category
of G-spaces while the co-category of G-spectra is acquired from the stable model structure. In
fact, we prove that these categories are presentable, hence, we show the equivalence of presentable
oo-categories.

In the second part we use the parametrized higher category theory to construct the equivariant
version of the factorization homology. There already exists a construction of genuine equivariant
factorization homology for manifolds with an action of a finite group, which we extend to the
manifolds with an action of a compact Lie group with finite stabilizers.

In the third part, we develop the theory of approximations to parametrized oc-operads when
the parametrization is done with respect to the co-category of transitive G-spaces (i.e. orbits) with
finite stabilizers, where G is a compact Lie group. We use this theory to prove that the co-category
of G-discs is freely generated by the oo-category of H-discs with suitable framing on both G-discs
and H-discs, where H < G is a finite subgroup.
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Chapter 0O

Introduction

Objects with an action of a group G apear naturally in topology (and mathematics in general).
Let X be a space with an action of a group G. Classical constructions in the algebraic topology
such as homotopy groups or singular homology of X do not recognize the action of G. Therefore,
we need to develop suitable machinery that will take this action into account (Bredon (co)homology
etc.). Studying homotopical properties of these equivariant objects gives rise to the equivariant
homotopy theory. Although many results in classical homotopy theory have their equivariant
versions (Whitehead’s theorem, CW-approximations just to name a few) passing to the equivariant
case is not always straightforward.

This thesis consists of three topics related to equivariant homotopy theory when G is a compact
Lie group:

1. Stabilization of the co-category of G-spaces with respect to the representation spheres.
2. Equivariant version of the factorization homology.

3. Universal property of the equivariant framed disc algebras.

Part 1. Stabilization of the oo-category of (G-spaces with re-
spect to the representation spheres

The importance of having a good stable category is evident in today’s mathematics. In such
category, the basic formal properties of homology and cohomology become trivialities. In the case
of topological spaces, the stable homotopy category is the category obtained from the homotopy
category of topological spaces by inverting the suspension functor (smash product with the circle
S1), which gives us a linear approximation of the homotopy category of spaces. The isomorphism
classes in the stable homotopy category represent generalized cohomology theories.

In equivariant homotopy theory the importance of having a good stable category is even greater
since much of basic equivariant algebra arises in the stable context. When talking about stabiliza-
tion of the category of G-spaces, the suspension functor needs to be replaced by smash product
with representation spheres, that is, one point compactifications of real G-representations. In this
first part, we give a description of the stabilization of the category of G-spaces with respect to the
representation spheres in the higher categorical setting.

G-spectra

In order to index G-representations, one can define a notion of a universe U as a sum of
countably many copies of some set of irreducible representations of a compact Lie group G including

4



CHAPTER 0. INTRODUCTION 5

the trivial representation. Finite dimensional real inner-product spaces of a universe are called
indexing spaces. We can organize them into an co-category Rep¥(G)s, with objects being the
indexing spaces and morphisms G-equivariant inclusions.

We can now define a G-spectrum F as a family of pointed G-spaces EV for each indexing space
V € U, such that for every pair of indexing spaces V' C W we have a structure map

oy,w - SW-VEV - EW

where W — V is the orthogonal complement of V' in W, with oy,yy = Id and such that evident
diagram commutes

NU-WyW-VEy —— 2U-WEW

- |

WVEV ——— EU

where V' C W C U are indexing spaces and where we denote VX =SV AX.
Note that, unlike classical spectra, G-spectra are graded by indexing spaces. The term that can be
found in literature is RO(G)-graded. This corresponds to the fact that G-spectra encode RO(G)-
graded (co)homology theories for equivariant spaces.

Take an indexing space V and a pointed G-space X. We can define the free suspension G-
spectrum of X as a G-spectrum X7 X such that

(B X)(W) =¥"~VX, when V C W, and
(X7 X) (W) = %, otherwise

Free suspension G-spectra represent very interesting objects, since the class of free suspension
G-spectra of finite G-C'W-complexes generate all G-spectra under filtered homotopy colimits.

Stabilization

At the moment, let us focus our attention on the co-category of based, finite G-C'W-complexes
Spacel"G=CW and the oo-category (SP%_ o )oo Of free suspension G-spectra Y5 X where V is
an indexing space (i.e. a G-representation) and X is a based, finite G-CW-complex.

The central idea of the first part of the thesis is to look at the functor

X : Rep" (@)oo — Cat o
which sends every indexing space to the co-category Spacef"¢~¢W and every inclusion of indexing
spaces V < U to the smash product with the represantation sphere SY~Y where U — V is the
orthogonal complement of V' in U. The stabilization of the oo-category of based, finite G-CW -
spaces with respect to the representation spheres is

colim x
Rep“(G)ooX
Informally, the objects of coulg'rr; X can be represented by pairs (X,V) where X is a pointed,
Rep" (G) oo
finite G-CW-space and V is a G-representation. There is an evident functor F : coulg'gg X —
Rep oo

(SP%_ oy )oo sending (X, V) to the G-spectrum $5°X. One of the main results of the first part is
the theorem

Theorem 0.1. The functor F : colimpepu(qy. X — (SPY%_ o )oo s an equivalence of 0o-categories.
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We can make a similar claim about the oco-category of based G-spaces AS”paceoGo and the oo-
category of G-spectra (SpY)so, with one fundamental difference: The oco-categories SpaceS and
(szé)oo are presentable co-categories. In particular, we can regard them as elements of the oo-
category Prr, the co-category of presentable oco-categories with colimit preserving functors between
them. Moreover, the oo-categories Space$ and (Spi)s are generated under filtered colimits by
the oo-categories Spacef"E=CW and (Sp%_ oy )eo Tespectively. The stabilization colimit will now

be the colimit in Pr¥ which in general differs from the colimits in Catso.

The universal property

Let C® be a symmetric monoidal co-category and let X € C®. We say that X is an invertible
object of C® if the map X ® (—) : C® — C® is an equivalence. To add up, given a symmetric
monoidal map ¢ : C® — D? we say that X € C® is sent to an invertible object in D if ¢(X) is
invertible in D®.

When talking about G-spectra we can obtain a Quillen equivalence

SY A (=) : Splh = Spl - QY (-)
on the stable model category of G-spectra. Consequently, we have that representation spheres act
by equivalences on the co-category (Sp%)s. Moreover, the map ¥ : SpaceS, — (Sp#)oo sending
a G-space to a free suspension G-spectrum now sends representation spheres to invertible objects in
(SP%)oe. We want to show that (Spi)s is universal with respect to the inversion of representation
spheres. To be more precise, we want to show that (Sp%)oo is the initial object of the oco-category
of presentable symmetric monoidal co-categories equipped with a map from SpaceS, such that the
representation spheres are sent to invertible objects. The main result of this part is the proposition

E3.T

Proposition 0.2. The restriction functor

CAZQ(PTL)(SpZé)N/ — CAlg(PTL)Spacefo/

is fully faithful, where CAlg(Prl) is the co-category of commutative algebras in Prt i.e. pre-
sentable symmetric monoidal categories, such that the essential image consists of those symmetric
monoidal functors SpaceS, — C® which send every representation sphere into an invertible object
in C%.

Organization by chapters:

1. Preliminaries:
Here we provide the reader with theoretical background and the machinery used in the first
part of the thesis.

2. The oo-category of G-spaces:
We introduce the co-category of G-spaces as an underlying co-category of the model category
of G-spaces. Also, we show that this co-category is presentable. In particular, it is generated
under filtered colimits by finite G-CW -complexes.

3. The oo-category of G-spectra:
We introduce the oo-category of G-spectra as an underlying oco-category of the stable model
category of G-spectra. Later, we give the construction of the functorial fibrant replacement in
the stable model category of G-spectra. Perhaps the most important section in this chapter is
B3] where we construct the stable homotopy category of G-spectra SH . The importance of
this construction lies in the fact that we can prove that every G-spectrum can be obtained as
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a filtered homotopy colimit of free suspension G-spectra ¥3° X where V is a G-representation
and X is a finite G-CW-complex. Additionally, this helps us to deduce that the oo-category
of G-spectra is presentable.

4. Stabilization of the co-category of G-spaces:
In this last chapter we prove the theorem and later deduce that the stabilization of the
presentable oo-category of G-spaces with respect to the representation spheres is equivalent
to the presentable co-category of G-spectra. In the end, we prove proposition [0.2] i.e. we
show that (Splé)oo is universal with respect to inverting the representation spheres.

Part II: Equivariant version of the factorization homology

Factorization homology, as presented by Ayala and Francis ([AF15]), or chiral homology of
Lurie ([HA]) represents homology theories for manifolds with coeflicients in n-disc algebras, where
n is the fixed dimension of the manifolds that we consider. It stems from the work of Beilinson and
Drinfeld ([BD04]), but it also has roots in the work of Salvatore ([Sa01]) and Segal ([Sel0]). There
are numerous reasons to study factorization homology: for one, factorization homology defines
topological quantum field teories (see [CG16]), but more importantly, it defines homology theories
for manifolds and not topological spaces in general.

One of the most interesting examples for us would be the factorization homology of a circle S*
with coefficients in an associative algebra A in some presentable co-category C®, which we denote
with fsl A. By [AF15] 3.19 we know that fsl A is equivalent to the Hochschild complex HC,(A) of
A. Additionally, we can make the connexion between the factorization homology and the topolog-
ical Hochschild homology by taking A to be an associative ring spectrum. The action on the circle
translates to the action on T'H H(A) which serves as a motivation for studying factorization homol-
ogy in the equivariant setting. Keeping in mind that there is an action of the group O(2) on S! and
therefore on THH(A) it is reasonable to consider manifolds with an action of a compact Lie group.

Parametrized higher category theory

Let M be a n-dimensional manifold with an action of a compact Lie group G and let A be an
E,-ring spectrum. Then, by functiorality we have an induced action of G on f A Unfortunately,
this action is defined only up to coherent homotopy since the factorization homology is defined as
a oo-categorical colimit. Therefore [ o A is not a genuine G-object. More generally, we could ask
ourselves: what would be the right notion of an co-category with an action of G, which we will
simply call G-oo-categories? One obvious candidate would be an oo-category C together with a
coCartesian fibration C — BG. Sadly, as explained in [BDGNS16], this coCartesian fibration does
not capture all of the information that we would like to have. This motivates the development of
parametrized higher category theory, provided by Barwick and his students ([BDGNST6], [Shah18],
[Narl6], [Narl7], [NS]). Similarly as one can do computations in homotopy theory in co-categorical
setting, parametrized higher category theory provides us with a good environment in which we can
work in equivariant homotopy theory. By definition, a G-oo-category is an co-category C together
with a coCartesian fibration p : C — OZ where O is the co-category of orbits of G. Informally,
for every orbit G/H € Og, Cig/m] can be viewed as the oo-category of H-objects. To add up,
we have a family of co-categories which are compatible in the sence that we can define restriction
functors, conjugacy action functors between them etc.

Unfortunately, there are some theoretical limitations to this theory. Namely, when G is a compact
Lie group, in general we cannot take O¢g to be the orbit category of all tranzitive G-spaces, but we
can always restrict our attention to those orbits with finite stabilizers (there will be more words
on that in .
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Return to factorization homology

We have already stated that factorization homology represents homology theories for manifolds, and
as such needs to satisfy Eilenberg-Steenrod axioms. In view of Ayala and Francis, the construction
of factorization homology as a symmetric monoidal functor satisfies an analogue of the Eilenberg-
Steenrod axioms called ®-excision property: If we have a manifold M obtained as a collar gluing
M = MUy, xr M" then we have an equivalence:

/A:/ A ® / A
M ! fMoxmA "

where the left side is the two sided bar construction. Perhaps the most important result concern-
ing factorization homology lies in the axiomatic caracterization i.e. Ayala and Francis proved that
factorization homology accounts for all homology theories on manifolds.

We want to develop factorization homology for manifolds with an action of a compact Lie
group G such that the output object || A is a genuine G-object. In order to do so we will use the
parametrized higher category theory. In this view, our G-factorization homology would need to
satisfy the equivariant analogues of the ordinary factorization homology: G-®-excision property,
axiomatic caracterization etc.

Additionally, if we take A to be equivariant disc algebra with values in the G-symmetric monoidal
G-oo-category of G-spectra Sp@ (see [Narl7]), the topological induction functor will be compatible
with the norm maps: if K < H < G are finite subgroups of G and if M is a K-manifold, then

/ A:N{g(/ A)
HxgM M

Framing on G-manifolds

Framing on G-manifolds provides us with G-factorization homology of G-manifolds with more gen-
eral tangential structure. This way, we can, for example, obtain homology theories for equivariant
oriented manifolds ([CMWOI]) or manifolds with free G-action (see [Horl9] 5.3.7). The most
common example are V-framed G-manifolds, where V is a G-representation. Such framing on a
G-manifold M corresponds to the trivialization of the tangent vector bundle TM = M x V.

In general, the tangent vector bundle of a G-manifold is determined by the classifying map
v : M — BO,(G). In other words, there is a pullback diagram of G-vector bundles

TM — EO,(G)

!

M 2 BO,(G)

The data of a framing on a G-manifold M consists of a G-map f : B — BO,,(G) where B is
a G-space, together with a factorization of a G-tangent bundle classifying map through f. In
particular, B-framing on M corresponds to the diagram

TM — E — EO,(G)

L1

M B Ly BoLG)

where both left and right (and therefore also the outer) rectangles are pullback diagrams, with
E — B being the G-vector tangent bundle corresponding to the map f. In the case when B = x,
the *-framing corresponds to the diagram
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™M — V — EO,(G)

L

MDY s BOL(G)

where V' is a G-representation. Hence, #-framing, or better said V-framing, corresponds to the
trivialization of the tangent vector bundle TM =V x M.

G-disc algebras

Generally speaking, G-factorization homology is an invariant of a geometric and an algebraic
input. The geometric input is given by (framed) G-manifolds, while the algebraic input is given
by (framed) G-disc algebras. Formally, (framed) G-disc algebras with coefficients in C® are G-
symmetric monoidal functors with the source being the G-oo-category of (framed) G-discs taking
values in some G-symmetric monoidal category C%. Informally, G-factorization homology can be
seen as gluing local data of a G-manifold M. This local data can be described by an algebraic
structure given by G-discs on M. In the approach of Ayala and Francis, the algebraic input on
framed n-manifolds is given by E,-algebra, while in the equivariant case, the algebraic input is
given by V-framed G-disc algebras. To depict this structure on a G-manifold M, let x € M be
a point with stabilizer Stab(z) = H. Then the tangent space T'M, has a linear action of H.
Moreover, it is isomorphic to V as an H-representation. Then the tubular neighborhood of the
orbit of x is isomorphic to G x g V. In other words, the map G xg V — G/H is a G-vector bundle,
where G/H is regarded as the orbit of . Therefore, intuitively, we can think of our framed discs
as G-vector bundles G xyg V — G/H.

Existing work

As of the time of writing this thesis, the author is familiar with the work of Horev ([Horl9)])
and Weelinck ([Weel8]) on the equivariant versions of factorization homology. While the work
of Weelinck contains several good ideas, the construction presented in [Weel8|] provides us with
factorization homology which is not genuine as explained above. On the other hand, the con-
struction of Horev, using parametrized higher category theory, gives an equivariant extension of
the ordinary factorization homology given by Ayala and Francis when G is a finite group, which
is of greater interest to us. In fact, the second part of this thesis represents the generalization of
Horev’s construction to the case when the group G is a compact Lie group.

Organization by chapters:

5. Preliminaries:
We give the theoretical basis for the parametrized higher homotopy theory and higher algebra:
we define parametrized oo-categories, parametrized symmetric monoidal co-categories and
parametrized oo-operads. In addition, we give examples of the G-oco-category of G-spaces
and G-oo-category of finite G-sets.

6. G-manifolds:
We give the definition of G-manifolds with which we want to work with. Additionally, we give
the description and construction of the G-oco-category of G-manifolds M f 1d¢, together with
its framed variants M fld“Z~/" where the framing is given by a G-map f : B — BO,(Q).
We will also see how the restriction functor, conjugacy functor and the topological induction
functor are incorporated in this G-oo-structure. Finally, we will construct and describe the
G-symmetric monoidal G-oo-category of G-manifolds.
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7. G-discs:

We start by definig G-oo-category of G-discs together with its framed variants. Similar
to the previous chapter, we follow this up with the section devoted to the G-symmetric
monoidal structure on the G-oco-category of G-discs. In section we will prove that the
framed G-discs Disk®P~/" can be obtained as the G-symmetric monoidal envelope of G-oo-
operad @f —fm5(@). Secton serves to describe the connection between G-discs and G-
configuration spaces. Finally, in the last section|7.4] we give the description of G-disc algebras
taking values in the G-oo-category of G-spectra. In addition, we will see how the norm maps
of Hill-Hopkins-Ravenell ([HHRI6]) are incorporated in this G-parametrized structure.

8. G-Factorization homology:
First, we give the definition of the G-factorization homology as a parametrized colimit

/ A= G/H — colim(Disk;/ ™" — G/HxDisk®"~/" — G/HxC)
AT e M G/ G/

After the definition, we proceed with the description of the G-factorization homology as a
G-functor obtained as a G-left adjoint functor 4,

iy : Fung(Disk®B~I" C) = Fung(M fl1d%B=I".C) : i

Finally, we extend the G-factorization homology functor to the G-symmetric monoidal func-
tor.

9. Properties of G-factorization homology:
In the final chapter we show:

e G-factorization homology satisfies the G-®-excision property:
This result can be summed by Definition [9.2.2] and Proposition 0.2:4 if M is a G-
manifold with the gollar gluing decomposition i.e. a G-map f: M — [—1,1] such that
FU(=1,1) = My x (—1,1), with My = f=1(0), M’ = f~'[-1,1) and M" = f=(—1,1],
then there is an equivalence

/ A~ A ® A
M M IMOXRA M

where A is a (framed) G-disc algebra taking values in a G-symmetric monoidal category
c®.

e G-factorization homology respects sequential unions:
If there is a sequence of open G-manifolds My C My C ... such that M = Uj:f M; then

there is an equivalence
colim; / A= / A
M; M

e Axiomatic caracterization of G-factorization homology:
The main result of this section is Theorem [9.4.3| which states:

Theorem 0.3. Let C® — Fm*G be a presentable G-symmetric monoidal G-00-category
and let f : B — BO,(G) be a G-map. Then the adjunction

(i®) : Fung(Disk®P~1"2 %) 2 Fun@(M f1dS-B~ImH 0%« (i®)*

restricts to an equivalence
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(i®) : Fun&(Disk®P~ImY 0®) = (M fld% P~ C®)

Where H (M f1dP~I™H %) C Fung(MfldG’B_fr’u, C?®) is the full subcategory spanned
by those functors that are homology theories i.e. which satisfy G-®-excision property
and respect G-sequential unions.

In other words, we show that G-factorization homology accounts for all homology the-
ories of G-manifolds.

Part III: Universal property of the equivariant framed disc
algebras

Third and final part of the thesis is dedicated to proving the universal property of the G-disc
algebras. Informally, the oco-category of G-disc algebras with coefficients in some G-symmetric
monoidal category C% is equivalent to the oco-category of H-disc algebras taking values in the
underlying H-symmetric monoidal category Q% of C® with a suitable choice of framing on both
G-discs and H-discs. In other words, the G-symmetric monoidal category of G-discs is freely
generated by the H-symmetric monoidal category of H-discs with the suitable choice of framing
on both G-discs and H-discs.

Framing on G-discs and H-discs

As we have stated in the beginning, there is a suitable choice of framing on G-discs and H-discs

under which we obtain the equivalence of co-categories of G-disc algebras and H-disc algebras.
Namely, the G-discs are framed over the orbit space G/H, while the H-discs are framed over the
point. These framings are compatible in the following sense:
The *-framing on H-discs corresponds to the V-framing, where V is an H-representation. Then
the G/H-framing corresponds to the framing with respect to the G-vector bundle GxzgV — G/H.
In the case when we work with the manifolds of the same dimension as our compact Lie group
G, the H-representation above corresponds to the adjoint representation of G with the restricted
H-action.

Main result

The most important result of this section is the Theorem [10.2.5

Theorem 0.4. Let C® be a G-symmetric monoidal category. Then the G-symmetric monoidal
category of G/H-framed G-discs is freely generated by the H-symmetric monoidal category of *-
framed H-discs. In other words, there is an equivalence

Fun%(DiskG’G/H_fT, C®) = Fun$ (Disk™ 1" ¢%)
where Q?} is the underlying H-co-category of G-oco-category C%.

What would be the motivation for showing this universal property? The input of
the G-factorization homology is a G-disc algebra together with a G-manifold which we regard as a
genuine G-object in the parametrized co-category, and as an output we receive a genuine G-object.
The universal property allows us to replace G-algebra with an H-algebra, which is in general, less
complicated object. To be more precise, a V-framed (or *-framed) H-disc algebra Ay in Q?I
(the underlying H-oco-category of a G-oo-category C%), where V is the adjoint representation of
G restricted to H-action, gives us the corresponding G'/H-framed G-algebra A in C®. Moreover,
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computing [ /i A now gives us a genuine G-object (i.e. a coCartesian section of C¥ — OF) living
in C%.

In particular, taking H = {e} to be a trivial subgroup, the *framed (or better said R™-framed)
H-disc is equivalent to the E,-algebra object in the underlying co-category Q? of C®. Additionally,
taking n = 1 and G = S!, gives us the following:

e Taking an associative algebra object A, in C2 gives us a corresponding G-framed G-disc
algebra A in C®. Therefore, the associative algebra A, produces a genuine S'-object /. g A
in C%.

This will be explained in more detail in [10.3]

To conclude, the result on the universal property of GG-discs can carve a path to a new insight
into the norm maps of Hill, Hopkins and Ravenel [HHRI6].

Organization by chapters:

10. G-approximations to G-oo-operads: In the first section we introduce the reader to
the theory of G-approximations to G-co-operads. Informally, a G-approximation is an oo-
category C together with a map f : C — E® satisfying certain conditions, where E® is a
G-oo-operad. The oo-category C' is not a G-oo-operad, but under certain conditions does
capture valuable information of the G-oc-operad it approximates (in our case E®). More-
over, given another G-oo-operad E’® we can define the C-algebra objects in E'® as functors
F : C — E'® satisying some conditions. Again, informally, they are adequate replacements
of maps of G-oo-operads.

The most important result of this section is the Proposition which states that if
f : C — E® induces a categorical equivalence of the underlying oo-categories of C' and
E® then we can replace the co-category of E®-algebras in E'®, Algs(E®, E'®) with the
oo-category Alga(C, E'®) of C-algebras in E'®.

11. The universal property: In this section we use the theory of G-approximations to con-
struct a map 6 : Repz_fr’u(H) — RepS/H_fT""(G) and to prove that it is in fact a G-
approximation satisfying the conditions of Proposition Using the results DH*—f7 ~
Ean(Repz_fT""(H)) and DEG/H-fr ~ Envg(RepS/ —ImH(@)) ie. DE*IT s equivalent
to the H-symmetric monoidal envelope of Repz_fr""(H ) and DEG/H=I" ig equivalent to the

: . G’/H_f ,U :
G-symmetric monoidal envelope of Rep "=(@G), we obtain the Theorem [10.2.5

12. Applications: In the final section, we give two examples as applications of the universal
property. In particular, we explain how:

e Associative algebra objects with genuine involution in @Zz correspont to the O(2)-
genuine objects in @0(2). In addition, we will see how to refine the Zs-genuine structure
on the real topological Hochschild homology to O(2)-genuine structure;

e Associative algebra objects in the oo-category of spectra Sp correspond to the S'-
genuine objects in @Sl.
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Chapter 1

Preliminaries 1

1.1 Model categories

The theory of model categories was developed by Quillen in [Qui67] and [Qui69]. Formally, a
model category is an ordinary category with three specified classes of morphisms: weak equiva-
lences, fibrations and cofibrations. These classes are subject to some axioms which we will state
later. The main advantage of model categories is that they provide us with decent machinery with
which we can operate in homotopy theory. Some good refferences are [Hov98], [PH03|, [DS95] and
[[Hom], but there are of course many others.

Other importance of model categories is that we can construct an underlying oco-category of a
model category, which plays a significant role in the first part.

Definition 1.1.1. Let M be an ordinary category. A morphism ¢ : A — B is called a retract of
f: X — Y if there is a commutative diagram

ida

T

A—s X —3 A

s

B—Y —B
id

2

é

Remark 1.1.2. If we take M to be a category of topological spaces and ¢ = id4, f = idx, the
notion of id4 being a retract of idy corresponds to the notion of space A being a retract of a
topological space X.

Definition 1.1.3. A model category is a category M equipped with three classes of morphisms:

e class of weak equivalences VW (which are denoted with —)
e class of fibrations F (denoted with —),
e class of cofibrations C (denoted with —).
which satisfy the following 5 axioms:
1. M is cocomplete.

2. (2 out of 3 property) For every commutative diagram

15
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A——C

if two of the three morphisms are weak equivalences then so is the third.
3. If g is a retract of f such that f € W (resp. f € F, f € C), then g € W (resp. ¢ € F, g € C).

4. For every commutative diagram

B

e
I
SR

Q

such that ¢ € C and p € F the dashed lift exists if ¢ or p is in addition a weak equivalence.

5. Every morphism f : X — Y admits two natural factorizations

X5 Pp— Y and
X —Cr5Y
We will write (M, W, F,C) for a model category M to indicate the classes of weak equivalences,
fibrations and cofibrations. We will also write just M when the model structure is known.

Remark 1.1.4. The condition in axiom 5 that the factorizations are natural (functorial) can be
omitted. The reason why it is written is of practical nature: Consider, for example, the commuta-
tive square

A#B

Pl
Al f B’
The functoriality of the factorization allows us to obtain the following diagrams

A~ P — B

e e

~

A" = Py —» B’

A—— Cy —» B

b e |

A'— Cp —» B’

Remark 1.1.5. By axiom 1 every model category M has an initial and a final object since these
objects correspond to the limit and colimit of empty diagrams respectively. For future reference,
let us denote with 0 the initial and with {*} the terminal object of M.
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Definition 1.1.6. Let X € M where M is a model category. We say that X is

e fibrant if we have X — {x}

e cofibrant if we have 0 — X

Definition 1.1.7. For every X € M consider the maps 0 — X and X — {*}. Axiom 5 gives us
a factorization

X>:>PX—»{*},and
0—Cx > X
We call Py (resp. Cx) the fibrant (resp. cofibrant) replacement of X.

Remark 1.1.8. Given a model category M, we will denote with My (resp. M,) the full subcategory
spanned by fibrant (resp. cofibrant) objects.
By axiom 5 we have functors

R:M — Mf
L:M — M,
such that R(X) = Px and L(X) = Cx.

Example 1.1.9. Quillen model category: Quilen gave a proof that the category of topological
spaces Top can be endowed with the structure of a model category with:

e the class of weak equivalences being weak homotopy equivalences,
e fibrations being Serre fibrations, and

e cofibrations being retracts of general cellular inclusions.

It is worth noting that in this structure every object is fibrant.

Definition 1.1.10. Let M be a model category with W the class of weak equivalences. We define
the homotopy category of M to be the localization of M at the class of maps W and we denote it
with

Ho(M) := MW™!]
Note that we also have the projection functor 7 : M — Ho(M).

Lemma 1.1.11. Let M be a model category. The canonical inclusions My — M and M., — M
induce equivalences of homotopy categories

Ho(My)
Ho(M,)

L e

Ho(M)
Ho(M)

As we said in the beginning of this section one important aspect of model categories is that
they admit an underlying co-category
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Definition 1.1.12. Let M be a model category. We define the underlying oo-category as

Mo = N(M)W™1]
in other words, as the simplicial localization at the class of arrows represented by weak equivalences

in M.

Given a functor F' : C' — D between two model categories, we would like to study the conditions
on F which would allow us to compare the two model categories and their underlying homotopy
categories and therefore their underlying oo-categories. To start, we can define the notion of left
and right Quillen functor.

Definition 1.1.13. Let C' and D be two model categories ad let F': C — D and G : D — C be
two functors. We say that:

e [ is a left Quillen functor if it is left adjoint and if it preserves cofibrations and trivial
cofibrations,

e (G is a right Quillen functor if it is right adjoint and if it preserves fibrations and trivial
fibrations.

Definition 1.1.14. A Quillen adjunction is an adjunction F' : C' 2 D : G between model
categories such that F' is a left Quillen functor and G is a right Quillen functor.

Next thing that we will do is introduce the notion of a derived functor. Generally speaking,
when we have a functor F' : C' — D between two model categories, a derived functor of F' is a
functor between homotopy categories of C' and D induced by F' (or equivalently, a functor between
oo-categories C, and D induced by F).

Definition 1.1.15. Let C' and D be two model categories ad let ' : C — D and G : D — C be
two functors. We define:

e Left derived fuctor of F, LF : Ho(C) — D to be the Left Kan extension of F along 7¢ :
C — Ho(C),

e Right derived fuctor of G, RG : Ho(D) — C to be the Right Kan extension of G along
mp: D — Ho(D),

o Total left derived fuctor of F, L' F as the left derived functor of the compositionong C'
D ™2 Ho(D),

e Total right derived fuctor of G, R!'G as the right derived functor of the compositionong
D & ¢ I Ho(C).

Proposition 1.1.16. Let C' and D be two model categories ad let F: C — D and G : D — C be
two functors that form a Quillen adjunction

F:C2D:G
then the total left and right functors L*'F and R¥*'G form an adjunction
L®F ;: Ho(C) = Ho(D) : R®'G

Defintion 1.1.17. A Quillen equivalence is a Quillen adjunction F' : C' = D : G such that the
induced adjunction L*'F : Ho(C) = Ho(D) : R''G represents the equivalence of categories.
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Remark 1.1.18. An immediate consequence of the upper definition is that given that two model
categories C' and D are Quillen equivalent their underlying oco-categories C, and D, are also
equivalent.

Example 1.1.19. The most important examples of total derived functors are homotopy colimits.

Note that, given a category K and a category C we have a category of K -indexed diagrams C.
Moreover, we have an adjunction colim : C¥ = C : ¢ where colim is a functor which assigns to
every K-diagram X : K — C' its colimit and where ¢ is a constant functor.

If C is a model category we can equip C with the projective model category structure in which
the weak equivalences (resp. fibrations) are those natural transformations T : X — Y such that
Tk : X(k) = Y (k) is a weak equivalence (resp. fibration) for every k € K. The cofibrations would
be those natural transformations that have a left lifting property (LLP) with respect to all trivial
fibrations.

Now the colim functor is a functor between two model categories and we will mark

hocolim = L**colim

the homotopy colimit. We can also make an analogous definition for homotopy limits.
By [HTT] 4.2.4 we have the following:

Lemma 1.1.20. Let M be a model category. Then the notion of homotopy colimit corresponds to
the notion of colimit in the underlying co-category My .

This lemma can be used for variety of results. The one that we will be using the most in
particuliar is:

Theorem 1.1.21. Let M be a model category and let I be a filtered category with a filtered
subcategory J together with an inclusion functor incl : J — I such that for every i € I there
exists j € J such that there is a map i — incl(j). Then for an Z-diagram X : T — M, the map

hocolim gincl* X — hocolimz X

18 a weak equivalence.

Proof. Let M be the underlying oo-category of the model category M, and let N(Z) and N(7)
denote the nerve of categories Z and J respectively. Now we have the situation

N(T) = NT) 55 Mo

where N(T) X, M is induced by X : Z — M. We would like to show that the map N(J) —
N(Z) is cofinal in the oo-categorical sense. For that we will use the Quillen’s theorem A for
oo-categories (see [HTT] 4.1.3.1)

Quillen’s theorem A. Let p : X — C be a map of simplicial sets whose codomain is an oo-
category. Then p is cofinal if and only if for every y € C the simplicial set X X¢ C,, is weakly
contractible.

It is easy to see that for any i € 7 the category J xzZ;, is filtered. Since the nerve functor preserves
pullbacks and N(Z;,) = N(Z);,, the filtered property tells us that the category N(J) X n(z) N (Z);/
is weakly contractible, hence the map N(J) — N(Z) is cofinal.

This gives us the fact that colimits in M, computed over the category N(Z) are weakly
equivalent to the colimits computed over N (7 ), but the colimits in M, corespond to the homotopy
colimits in the underlying model category, hence the desired result. O
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Remark 1.1.22. We will finish this section with a remark on how to compute homotopy colimits
in general:
Let M be a model category, K an ordinary category and X : K — M a K-diagram. As we have
defined in[L.1.19] hocolimg X = L***colimy X. By the definition of derived functors hocolim g X =
colimg LX where LX is the cofibrant replacement of the K-diagram X in the projective model
structure on MK,

For example let

X1 —>Xo—> ..o X, — ...

be a sequence in M. By inspection, the cofibrant replacement is the sequence

X, X, X,

where CX; — X, is a weak equivalence and CX; — C'X,;11 is a cofibration for every ¢, thus

hocolim;enX; = colim;enCX;

1.2 Presentable oco-categories

Presentable oo-categories are co-categories with nice formal properties. Informally speaking, a
presentable co-category is generated under filtered colimits by some set of objects. The category
of Abelian groups is one such example: even though the category is large, it is in some sense
determined by the much smaller category of finitely generated abelian groups. There are many
other examples of presentable categories that arise naturally in mathematics. For the theory of
presentable categories in classical categorical setting one can look at [AR94], for more references
one can look in [Grol5] and [HTT].

Formally, the definition of a presentable co-category is the following:

Definition 1.2.1. An oco-category C is presentable if it is cocomplete and accessible.

Informally, the condition of being accessible means that our co-category C' is generated under
filtered colimits by some small set of objects in C. For that we will introduce the category of Ind-
objects. Later, we will introduce the notion of left and right adjoint functor between co-categories
in order to present the version of Freyd’s adjoint functor theorem.

Ind-objects and accessible co-categories

Let C be a category. An Ind-object of C is a diagram f : Z — C where Z is a small filtered
category. We will denote with Ind(C) the category of Ind-objects in C. Note that C' may be
recovered from Ind(C) by taking diagrams indexed by the one-point category. The idea is that
Ind(C) is obtained from C by formally adjoining colimits of filtered diagrams. Moreover, Ind(C')
can be described by the following universal property: for any category D which admits filtered
colimits and any functor F': C' — D, there exists a functor F' : Ind(C') — D whose restriction to
C' is isomorphic to F' and which commutes with filtered colimits.

In higher categorical setting we will need to take some time to explain the analogues of filtered
oo-categories:

Definition 1.2.2. ([HTT] 5.3.1.7) Let C be an co-category. We say that C' is filtered if, for every
small simplicial set K and every map f : K — C, there exists a map f : K — C extending f.
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Remark 1.2.3. Note that in [HTT] the definition of a filtered oo-category is given with respect to
some regular cardinal x, that is we say that C is s-filtered if, for every x-small simplicial set K and
every map f : K — C, there exists a map [ : K — C extending f. Then when we take k = w
we arrive at our definition. Of course that we can keep this size factor throughout this section but
for the sake of simplicity we will stick to the case Kk = w whenever it is possible.

Lemma 1.2.4. ([HTT] 5.3.1.14) Let C be an oco-category. Then C' is filtered if and only if it has
the right extension property with respect to every inclusion

OA™ — AZE
for every n > 0.

Lemma 1.2.5. ([HTT] 5.3.1.15) Let C be a topological category. Then C is filtered if and only if
the oco-category N(C) is filtered.

For the following part, denote with j : C — P(C) := Fun(C°,S) the Yoneda embedding
where C' is an co-category and S is the co-category of spaces.

Definition 1.2.6. ([HTT)] 5.3.5.1) Let C be a small oo-category. We let Ind(C) denote the full
subcategory of P(C) spanned by those functors f : C°? — S which classify right fibrations C' — C,
where the oo-category C is filtered. We will refer to Ind(C) as the oco-category of Ind-objects of
C.

Proposition 1.2.7. ([HTT] 5.3.5.3) The full subcategory Ind(C) — P(C) is stable under filtered
colimits.

Proposition 1.2.8. ([HTT] 5.3.5.4) Let C' be a small co-category and let F : CP — S be an
object of P(C). The following conditions are equivalent:

1. There exists a (small) filtered co-category T and a diagram p : T — C such that F' is a colimit
of the composition jop: T — P(C).

2. The functor F belongs to Ind(C).
If C' admits small colimits, then the upper conditions are equivalent to:
8. The functor F preserves small limits.

Definition 1.2.9. ([HTT] 5.3.4.5) Let C be an oo-category which admits small filtered colimits
and let k be a regular cardinal. We will say that a functor f : C'— D is k-continuous if it preserves
r-filtered colimits. In particuliar, we will say that f is continuous if it is w-continuous.

Let C be an oo-category which admits filtered colimits and let X € C. Let jx : C' — S denote the
functor corepresented by X. We will say that X is compact if jx is continuous.

Proposition 1.2.10. ([HTT|] 5.3.5.5) Let C' be a small co-category and let j : C' — Ind(C) be the
restriction of the Yoneda embedding. For each object X € C, j(X) is a compact object of Ind(C).

Definition 1.2.11. ([HTT] 5.4.2.1 and 5.4.2.5) An oco-category C' is accessible if there exists a
small category Cy together with an equivalence

Ind(Co) = C

If C is an accessible co-category, then a functor F': C — D is accessible if it is k-continuous for
some regular cardinal k.
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Adjoint functors

Every reader is familiar with importance of adjunctions in classical category theory. Here, we
will give a brief introduction to adjunctions in the higher categorical setting. We will start with
the definition of an associated functor which we will use in the definition of adjunction:

Definition 1.2.12. ([HTT] 5.2.1.1) Let p : M — A! be a Cartesian fibration and let C' and D
be oo-categories such that we have equivalences hg : C — p~1(0) and hy : D — p~1(1). We will
say that a functor g : D — C' is associated to M if there is a commutative diagram

DxAt —— s M

such that s|py 1y = h1, s|pxfoy = hoog and s|rgyx a1 is a p-Cartesian edge of M for every d € D.
We have the converse:

Proposition 1.2.13. ([HTT)] 5.2.1.3 (1)) Let C and D be co-categories and let g : D — C' be a
functor. Then there exists a diagram

C —— M <+—D

I

{0} — A +— {1}

such that p : M — Al is a Cartesian fibration, the associated maps C — p=1(0) and D — p~1(1)
are equivalences, and g is associated to M.

Remark 1.2.14. The proposition [HTT] 5.2.1.8 also tells us that the co-category M is unique up
to a categorical equivalence.

Now we are ready to give the formal definition of an adjunction in the higher categorical setting:

Definition 1.2.15. ([HTT] 5.2.2.1) An adjunction between oo-categories C' and D is a map
p: M — A' which is a Cartesian and CoCartesian fibration.

Let g : D — C be a functor associated to p : M — A! and let f : C — D be a functor associated
to po 1 MP — (A1)°P ~ Al. we will say that f is left adjoint to g and g is right adjoint to f.

We will turn to some properties of adjoint functors:

Proposition 1.2.16. ([HTT] 5.2.2.6) Let C, D and E be oco-categories and let f : C — D and
f": D — E be functors such that f has a right adjoint g and f’ has a right adjoint g'. Then f'o f
has a right adjoint go g'.

Proposition 1.2.17. ([HTT] 5.2.3.5) Let f : C &= D : g be an adjunction between co-categories
C and D. Then f preserves all colimits that exist in C' and g preserves all limits that exist in D.

Proposition 1.2.18. ([HTT] 5.5.1.4) Let f : C — D be a functor between oco-categories that
admit small filtered colimits. Suppose that f admits a right adjoint functor g : D — C' such that g
1s continuous. Then [ carries compact objects to compact objects.

Definition 1.2.19. (JHTT] 5.2.6.1) Let C and D be co-categories. We will denote with Fun’(C, D)
(resp. Fun®'(C, D)) the full subcategory of Fun(C, D) spanned by left (resp. right) adjoint func-
tors.

Proposition 1.2.20. ([HTT]] 5.2.6.2) The cco-categories Fun™(C, D) and Fun(D,C)°P are equiv-
alent.
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Presentable co-categories

Since we have covered enough theoretical ground, the definition of presentable co-categories is
quite easy to formulate:

Definition 1.2.21. An oco-category is presentable if it is cocomplete and accessible.

We know that the presentable oo-categories are cocomplete by definition but we also have this
important result:

Proposition 1.2.22. ([HTT|] 5.5.2.4) A presentable co-category admits all (small) limits.

One of the most important properties of presentable co-categories is their relation to the adjoint
functors which we can express as the version of the adjoint functor theorem:

Theorem 1.2.23. ([HTT] 5.5.2.9) Let F : C — D be a functor between presentable co-categories.
Then:

o F admits a right adjoint if and only if it preserves small colimits.

o I admits a left adjoint if and only if F is accessible and it preserves small limits.

This description allows us to form two oco-categories of presentable co-categories which would
be in some sense antiequivalent.

Definition 1.2.24. ([HTT] 5.5.3.1) Let Cats be the co-category of (not necessarily small) oo-
categories. Define two subcategories Pr’ Prft C Cats, the following way:

e The objects of both Pr’ and Prf are presentable co-categories.

e A functor F : C — D of presentable oo-categories is a morphism in Pr’ if it preserves small
colimits i.e. it is a left adjoint functor.

e A functor F : C — D of presentable co-categories is a morphism in Pr% if it is accessible
and if it preserves small limits i.e. it is a right adjoint functor.

Remark 1.2.25. The oo-categories Prl and Prft are antiequivalent in the sense that for every
simplicial set K we have a canonical bijection

(K, PrE] ~ [K°P, Prf]

where [K, C| denotes the collection of equivalence classes of objects of the co-category Fun(K,C).
In particular, there is a canonical isomorphism

Prk o~ (Prityer
in the homotopy category of co-categories (see [HTT] 5.5.3.4).

Proposition 1.2.26. ([HTT|] 5.5.3.13 and 5.5.3.18) The co- categories Prl and Prf admit small
limits, and the inclusion functors Pri C C’atoo and Prft C Cat preserve small limits, where
Catoo is the oco-category of (not necessarily small) co-categories.

Remark 1.2.27. Moreover, we have that the co-category Pr’ admits small colimits: Since Pr’
anti-equivalent to Pr® by replacmg each left adjoint by its right adjoint, it follows that cohmlts in
Prl are computed as limits in Pr®, which are in turn computed as limits in Cat . This means
that colimits in Pr’ are computed as limits in Cat

At the end of this section, we will list some properties and examples of presentable co-categories:
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Proposition 1.2.28. Let {Chlaca be a family of presentable oo-categories indexed by a small
set A. Let C and D be presentable co-categories and let K be a small simplicial set. Then the

following oco-categories are also presentable:
b HaeA COU
e Fun(K,C),
e Fun(C,D),
e C), and Cy,, for a diagramp: K — C.



Chapter 2

The oo-category of G-spaces

The goal of this chapter is to introduce the reader with the definition and properties of com-
pactly generated weak Hausdorff spaces with an action of a compact Lie group G (G-CGWH spaces,
for short). In fact, following this chapter all spaces will be assumed to be G-CGWH (based) spaces.

We introduce the standard model structure on G-CGWH spaces and consequently the model
structure on the based G-CGWH spaces. In we study colimits and homotopy colimits in this
category. Finally, in we prove that the underlying oo-category of the model category of based
G-CGWH spaces is presentable. In particular. it is generated under filtered colimits by the full
subcategory spanned by the finite G-CW -complexes.

2.1 G-CGWH spaces

In order to prove some fundamental statements that will be of use in our further work, it will
be convenient to introduce the category of compactly generated weak Hausdorff spaces equipped
with an action of a compact Lie group G, which we will denote as G-CGWH spaces.

As noted in [Schil8] (Appendix B), the category of G-CGWH spaces is (co)complete. Using
[Schig], Proposition B.2. (i), G/H is compactly generated, where H < G is a closed subgroup,
which gives us:

Proposition 2.1.1. Every G-CW-complez is compactly generated.

The category of G-CGWH spaces can be endowed with model structure, which we will call the
standard model structure for G-spaces ([Sch18|, Proposition B.7.), where:

e weak equivalences are weak homotopy equivalences of G-spaces, that is G-maps f : X — Y
such that f# : X# — Y is a weak homotopy equivalence for every closed subgroup H < G.

e fibrations are Serre fibrations of G-spaces, that is G-maps f : X — Y such that f7 : X —
YH is a Serre fibration for every closed subgroup H < G.

We also know that this model structure is cofibrantly generated, with the set of generating

cofibrations
Ia = {G/H x Sk=1 G/H X Dk}kZO,HSG (2.1)
(note that, for k = 0, S*~! is taken to be the empty set), and with the set of generating acyclic
cofibrations
Ja = {G/H X Dk — G/H X Dk X [0, 1]}k20»HSG

where in both cases H < G runs through the set of closed subgroups of G. We will reffer to
weak equivalences, fibrations and cofibrations in this model structure by G-weak equivalences, G-
fibrations and G-cofibrations.

Imitating the proofs of [Hov98|] 2.4.5 and 2.4.6 we can conclude:

25
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Proposition 2.1.2. Every G-cofibration is a closed inclusion.

What we want to accomplish next is to formulate a statement similar to [Rezk] 10.14 which

would take into account the action of compact Lie group G on the maping space of all continuous
maps between two G-CGWH spaces X and Y.
Remark 2.1.3. When K is compact and X is compactly generated, then the mapping space
Mapspace (K, X) of all continuous maps is compactly generated. If we take spaces K and X to be
equipped with an action of a compact Lie group G, we will mark Map® (K, X) the G-CGWH space
of all continuous maps with G acting by conjugation. As noted in [Schi8§]|, given a G-CGWH space
X and a closed subgroup H < G, the space X is a closed subspace of X and hence compactly
generated, meaning that the spaces (Map® (K, X)) are all compactly generated.

Theorem 2.1.4. Let
Xo—>X1—>...— X, — .

be a sequence of G-CGWH spaces where the maps X; — X;11 are closed inclusions of G-CGWH
spaces. Denote with X the colimit of the sequence. Then for every compact G-space K we have a
bijection

colim, Map® (K, X,,) — Map® (K, colim, X,,) (2.2)

which is G-equivariant. Moreover, for every closed subgroup H < G, we have a bijection
colim,, (Map® (K, X)) — (Map® (K, colim, X,,))?

Proof. By first forgetting the action of G and using [Rezk| 10.14 we know that every map f : K —
X factors through X, for some n. We can look at X, as a closed subspace of X (see for example
[Schi8] A.14(7)). Let us denote with 4, : X,, < X the inclusion, which in addition is a G-map, so

we can write f =i, o f. Fix an element g € G. Then we again have that g~ fg factors through
X, for some m, and let us write that factorization as g~ fg = i,, o fg- Since the inclusion maps
are also G-maps we can assume that n = m without any loss of generality. Since

g f(gK) C g ' f(K) Cg' X, C X,
we have a well defined map g_lfg : K — X,,. But now
inog ' fg=g loinfog=g ' fg=inof,

the map 1i,, is an inclusion and hence g_lfg = f,. With this we have concluded that the bijection
(2.2) is G-equivariant. The second part follows automatically. O

In other words, when restricting the G-action to H-action, we have a bijection
colimpMapspacey (K, Xn) = Mapspacey (K, colim, X,,)

Let us focus a little bit on the spaces of fixed points:

As mentioned in given a G-CGWH space X and a closed subgroup H < G, the space X
is a closed subspace of X and hence compactly generated. Then the closed inclusion of G-spaces
X — Y gives us a closed inclusion X# — Y#. This with the fact that taking H-fixed points
commutes with filtered colimits along G-maps that are closed inclusions (a slight modification of
[Schi8] B.1 (ii)) gives us:

Corollary 2.1.5. Let H < G be a closed subgroup. Then for a sequence

Xo—=2X1—> ... X, — ..
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of G-CGWH spaces where the maps X; — X;y1 are closed inclusions of G-CGWH spaces and
every G-fized point x € Xg, the map

colim, i (X, x) — 7} (colim, X, x)
s an isomorphism for every k > 0.

Corrolary 2.1.6. Let
Xo—=oX1—> ..o X,, — ..

be a sequence of G-CGWH spaces where the maps X; — X;11 are closed inclusions of G-CGWH
spaces. Then the colimit colim,, X,, in the category of G-CGWH spaces is also the homotopy colimit
with respect to the standard model structure on G-spaces.

Corollary 2.1.7. Let K be a compact G-space and let
Xo—>X1—>...— X, — .

be a sequence of G-CGWH spaces where the maps X; — X411 are closed inclusions of G-CGWH
spaces. Then the map

colim, Map® (K, X,,) — Map® (K, colim, X,,)
is a weak homotopy equivalence of G-spaces.

Now we are ready to prove theorem which will play a significant role in the upcoming sections:

Theorem 2.1.8. Let K be a compact G-CW-complex and let
Xo—= X1 —...— X, — ..
be a sequence of G-CGWH spaces. Then the map
hocolim, Map® (K, X,) = Map® (K, hocolim, X,,)
s a weak equivalence of G-spaces.

Proof. The homotopy colimit is computed by taking the colimit of the cofibrant replacement of the
initial diagram with respect to the projective model structure. In our case, that would include re-
placing the sequence by a weakly equivalent one involving G-cofibrations. The functor Map® (K, )
with K a compact G-CW-complex preserves weak homotopy equivalences of G-spaces and so we
can assume that the maps X,, — X, 1 are G-cofibrations, and therefore closed inclusions of G-
spaces by Then each Map® (K, X,,) — Map® (K, X, 41) is also a closed inclusion, and so
[2:1.6] and [2.1.7] gives us the desired result. O

We will state another theorem which will be of use further on:

Theorem 2.1.9. Let
Xo—>X1—>...— X, — ..

be a sequence of G-CGWH spaces and let H < G be a closed subgroup of a compact Lie group G.
Then the map
colimnﬂf(Xn) — 71',? (hocolim, X,,)

s an isomorphism.
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Proof. As stated in the proof of the previous statement, the homotopy colimit is computed by
replacing the initial sequence by a weakly equivalent one involving G-cofibrations, which are in
particular closed inclusions. Let us denote with {C X, } the cofibrant replacement diagram of { X, }.
Since we are talking about weakly equivalent replacement in the projective module structure on
the category of diagrams, the maps C'X,, — X,, are all weak homotopy equivalences of G-spaces.
By [2.1.5] we have have an isomorphism

colim, 7 (X,,) = colim,m} (CX,) — 7} (colim,,CX,,) = ©H (hocolim, X,,)
for every k > 0. With this the proof is finished. O

Remark 2.1.10. Note that we have been talking about G-CGWH spaces which are not pointed.
But as in non-equivariant case (see [Hov98], Corollary 2.4.24 and Theorem 2.4.25) that is not a
big concern since all of the proofs pass when we restrict our attention to pointed G-CGWH spaces
(with pointed mapping spaces).

Notation 2.1.11. From now on, when we say space or G-space we will mean a CGWH space or
G-CGWH space respectively.

2.2 Presentable oco-category of G-spaces

Similarly as in the category of based (GG-spaces can be endowed with the model structure
which we call the standard model structure on based G-spaces. In particular we have:

e weak equivalences are weak homotopy equivalences of based G-spaces, that is based G-
maps f: X — Y such that f# : XH — YH is a weak homotopy equivalence for every closed
subgroup H < G.

e fibrations are Serre fibrations of based G-spaces, that is based G-maps f : X — Y such
that f# : XH — YH is a Serre fibration for every closed subgroup H < G.

We also know that this model structure is cofibrantly generated, with the set of generating

cofibrations
Ic ={(G/H x S* ) = (G/H x D*) }iso0,n<c

(note that, for k = 0, S*~! is taken to be the empty set), and with the set of generating acyclic
cofibrations
Jo ={(G/H x D*); — (G/H x D* x [0,1])4 }r>0,1<c

where in both cases H < G runs through the set of closed subgroups of G. We will reffer to
weak equivalences, fibrations and cofibrations in this model structure by G-weak equivalences, G-
fibrations and G-cofibrations.

To summarize, we have the following:

Theorem 2.2.1. ([MMMF02] IIT 1.8) The category of based G-spaces is a compactly generated
model category with respect to the based G-weak equivalences, based G-fibrations, and retracts of
relative based G-cell complexes. The sets Ig and Jg are the generating G-cofibrations and the
generating acyclic G-cofibrations.

As for any model category, we have an underlying co-category of G-spaces SpaceS , which is
computed as the localization of the nerve

SpaceS, = N(Spacea,)[W ]
where W is the collection of G-weak homotopy equivalences. We will denote by SpaceS W c
SpaceS the co-subcategory spanned by finite, based G-CW-complexes.
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We want to show that the oco-category SpaceG is a presentable co-category. In particular,
we want to show that the objects of the co-category SpaceS~C"W are compact objects in Space$
and that the oo-category SpaceS is, in fact, generated under filtered colimits by the objects of
SpaceS—CW.

Lemma 2.2.2. Finite based G-CW -complexes are compact objects in SpaceS,

Proof. Let X be a finite, based G-CW-complex and let Y : Z — S pacefo be a diagram indexed by
a filtered category Z. We want to show that

MapSpaceg"o (Xa COlimiEIl/i) = COlimiEIMapSpaceg’o (Xa sz)

We will prove this by induction on k = dim(X).

For k = 0, without loss of generality, we have that X = G/H where H is a closed subgroup of
G. In other words, X is a G orbit space. In order to show that orbits are compact objects recall
the Elmendorf theorem (see, for example [Stel0])

Elmendorf’s theorem. Let G be a topological group. Then there is a pair of Quillen equivalences

O: Spaceng = Spaceg : P
where OF is the orbit category. The category Space©c’ is endowed with projective model structure
while the category Spaceg is endowed with the standard model structure.

This Elmendorf Quillen equivalence sends each orbit G/H to the corresponding representable
functor O — Space. Representable functors are always compact in the functor category, since
mapping out of them is given by evaluation at the representing object, and evaluation commutes
with all homotopy colimits, and in particular filtered homotopy colimits. Since the categories
Space®s’ and Spacee are Quillen equivalent, their underlying oo-categories are equivalent, and
since G/H maps to a compact object, it is also compact.

For the inductive step, let X be a finite G-CW-complex of dimension k and Xj_; its k — 1-

skeleton. By the inductive hypothesis, X;_1 is a compact object. X}, is obtained via the pushout

HG/H] N Lap— X1
J

L]

[1G/H; x DF —— X;
J

Note that since the left vertical map is in fact a cofibration we have even more, that the diagram is
a homotopy pushout square. Moreover, the objects HG/H x 8§51 X;_;1 and ]_[G/H x DF are

all compact (fist two are clear and the third is equlvalent to disjoint union of orblts and hence is
compact). The statement now follows from the fact that M aPSpaceS. (e,Y") takes colimits to limits
and that finite limits commute with filtered colimits. O

Theorem 2.2.3. The co-category Spacefo s a presentable oo-category.

Proof. We have that the co-category SpaceS has all small colimits, and is in fact generated under
filtered colimits by Space$~¢". By the previous lemma we know that the elements of
SpaceS~CW are compact objects in SpaceS and hence we can write SpaceS, as the Ind-completion
of SpaceS~ W, that is

SpaceS. ~ Ind(SpaceS V)



Chapter 3

The oo-category of (G-spectra

Since we have defined the oco-category of G-spaces and concluded that it is in fact an Ind-
completion of its subcategory spanned by finite G-spaces, it is our turn to do the same with the
oo-category of G-spectra and it’s subcategory spanned by free suspension spectra of finite G-CW-
complexes.

First section is dedicated to the introduction of the category of G-spectra, where we will become
familiar with the model structure as well as other constructions. Secondly, we will turn our
attention to the co-category of G-spectra where we will show that free suspension spectra of finite
G-CW-complexes are compact objects in the co-category of G-spectra. Later, we will construct
a functorial fibrant replacement QX of a G-spectrum X. This construction is important for two
reasons:

e The fibrant replacement is used when computing the mapping spaces in the co-category of G-
spectra (see [DK1J, [DK2] for the overall theory and [DK3] for the case of model categories),
which we will use to prove that the stabilization of the co-category of G-spaces with respect
to the representation spheres is equivalent to the co-category of G-spectra.

e Secondly, the fibrant replacement will be used when defining the stable homotopy category
of G-spectra SH¢.

Finally, in the last section, we will show that the co-category of G-spectra is presentable. In par-
ticular, we will show that (Sp%)ee = Ind((Sp%_cw)eo) Where (Sp%_ 1) is the full subcategory
of (Sp%)e spanned by free spectra X{°X where V C U is an indexing space and X is a finite
G-CW-complex.

3.1 The model category of G-spectra

Let G be a compact Lie group. Generally speaking, G-spectra are objects that encode equivari-
ant (co)homology theories. They are generalization of spectra as one passes from stable homotopy
theory to equivariant stable homotopy theory. Some good refferences include [MMMF(2], [CBMS],
and for a slightly different approach one can look at [SchO1].

Unlike the classical case, where (co)homology theories are indexed by numbers, equivariant
(co)homology theories are indexed by G-representations i.e. real inner-product G-vector spaces in
a chosen G-universe which we define:

Definition 3.1.1. ([CBMS] or [MMMEFE0(2]) A universe U is a sum of countably many copies of some
set of irreducible representations of a compact Lie group G including the trivial representation.
Finite dimensional real inner-product subspaces of U are called indexing spaces. The universe is
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called complete when we take the set of all irreducible representations, and is called trivial if we
take only the trivial representation.

The work with a universe gives us more flexibility (as well as some technical advantages) as
opposed to working with set of representations of G.
Where the ordinary concept of spectrum is given in terms of looping and delooping of ordinary
topological spaces by ordinary spheres, a G-spectrum is instead given by looping and delooping of
topological G-spaces with respect to representation spheres of G:

Definition 3.1.2. Representation sphere of the indexing space V € U is the pointed G-space
obtained as the one-point compactification of that indexing space, denoted SY. Representation
sphere SV acts functorially on the category Spaceq, by the smash product. Given a pointed
G-space X, we denote S¥ A X by ZV X.

Definition 3.1.3. Let Rep”(G) be the category whose objects are indexing spaces of a given
universe U, with morphisms given by inclusions. By a spectrum indexed on U, we mean a family
of based G-spaces EV, one for each indexing space V' C U, together with structure G-maps

ovw :XWVEV - EW

where V' C W are indexing spaces and W — V is the orthogonal complement of V in W. We
require oy, = id, and we require evident transitivity diagram to commute for indexing spaces

VcwcU

NU-WyW-VEy — »U-WEW

- |

WVEV ——— EU

A map between two G-spectra f : E — F is given by a family of maps of based G-spaces f(V) :
EV — FV for every indexing space V' C U such that the diagram

SWVEV — W=V FV

| |

EW —— FW

commutes for all indexing spaces V. C W of U. We denote with Sp¥ the category of G-spectra
indexed on universe U.

Remark 3.1.4. Note that we have the adjoint structure maps oy,w : EV — QV=VEW, where
OWVEW = Map®(SV-V EW).

For G-spaces X and Y Map®(X,Y) represents the internal hom object, that is, the mapping
G-space of maps between bassed G-spaces X and Y, which is a space of all (not necessarily
equivariant) continuous maps between based G-spaces X and Y with G acting by conjugation.

Definition 3.1.5. In the case when maps oy from are all weak homotopy equivalences of
G-spaces, we say that F is an 2-G-spectrum.

Example 3.1.6. Given a based G-space X and an indezxing space V. C U, we can define a free
G-spectrum functor, which we will denote by X3¢ : Spaceg, — Sp&, given by:

SYX(W)=SW"VX, for VCW, and
Y X (W) = *, otherwise
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On the other hand, we have a functor Q3P : Sp% — Spaceg,, which assigns to a G-spectrum E a
based G-space Q¥ E = EV. These two functors form an adjunction (see, for example [MMMF02)):
¥ : Spaceg, = Sp4 1 Q5P

which will prove to be very useful.

The category of G-spectra Sp¥ can be endowed with the stable model structure. We will give
a quick expository here, more details can be found in [MMMFE02].
First, we define homotopy groups of a G-spectrum E € Sp¥ ([MMMFE02], definition IIT 3.2):

Definition 3.1.7. Let E € Sp% be a G-spectrum. The homotopy groups of E are defined the
following way:

Hp) = li HQVEW)), forg>0
Ty (E) Veclge;g%@wq( (V)), for ¢ >0,

H _ - H(V—-R?
2, (E) = ch‘ggl}%gu(c)wo (Q E(V)), for ¢ >0

where H is the closed subgroup of G, nf/(A) = my(A™) for every based G-space A and V runs
through all indexing spaces of /. The colimit in the definition of negatively indexed homotopy
groups is indexed by all indexing spaces V' C U that contain RY.

A map f: X = Y between G-spectra will be called a 7,-isomorphism if it induces an isomomor-
phism between homotopy groups.

Before going to the stable model structure it is necessary to visit the level model structure on
Sp.:

Definition 3.1.8. ([MMMEQ2], definition IIT 2.3) Given a map f : X — Y of G-spectra, we say
that:

1. fis a level equivalence if f(V): X(V) — Y (V) is a weak equivalence of G-spaces,

2. fis alevel fibration if f(V) : X(V) — Y (V) is a Serre fibration of G-spaces,

3. f is a level acyclic fibration if it is both a level equivalence and level fibration,

4. f is a g-cofibration if it satisfies the LLP with respect to level acyclic fibrations.
Now we can present the stable model structure:

Theorem 3.1.9. ([MMMF02), III 4.1 and 4.2) The category Sp% is a compacly generated, proper
G-topological model category where:

o weak equivalences are the m,-isomorphisms,

e cofibrations are q-cofibrations,

o fibrations are those maps which satisfy the RLP with respect to the acyclic cofibrations.
Moreover, the fibrant objects are the )-G-spectrum objects.

Note that we have an action of Spacec, on the category Sp%, where for a pointed G-space X
and a G-spectrum F this action is given by (X A E)(V) = X A EV. We also have another action
given by F(X, E)(V) = Map®(X, EV). In the special case when we take X to be a representation
sphere SV we define functors XV E(W) = XV EW and QVE(W) = Map®(SYV,EW) = Q"EW. A
result form [MMMFQ2] gives us:

Lemma 3.1.10. ([MMMF02], IIT 4.15) For every indexing space V.C U, the pair of endofunctors
(2V,QV) in SpY is a Quillen equivalence.
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3.2 The oo-category

The category of G-spectra Splé is endowed with a stable model structure which means that we
have an underlying oo-category (see also [Grol5|] and [HTT]), in which, by lemma [3.1.10| represen-
tation spheres act invertibly.

Definition 3.2.1. We will denote with (S p%)OO the underlying oco-category of the model category
of G-spectra Sp¥% with respect to the stable model structure.

Definition 3.2.2. Let Sp¥%_ .y C Sp% be the full subcategory spanned by free G-spectra 59X
where V' C U is an indexing space and X is a finite G-CW-complex. Let us also denote with
(SP%_ oy )oo the full subcategory of (Sp%) . again spanned by free G-spectra $5° X where V C U
is an indexing space and X is a finite G-CW-complex.

Throughout the section we will heavily rely on the fact that Rep”(G) is a filtered category,
thus we will state this quick lemma which is the direct corolarry of [1.1.21

Lemma 3.2.3. Let R be a filtered subcategory of the category Rep* (G) together with the inclusion
functor i : R — Rep(G). Additionally, for every V € Rep(G) there exists W € R and a map
V < i(W). Then for every functor X : Rep"(G) — Spaceg the map

hocolimgi* X — hocolim gepu (e X
s a weak equivalence of G-spaces.

First we want to show that elements of the co-category (Sp%_cw)oo are compact objects in
the oco-category of G-spectra.

Let E be a G-spectrum, Z a filtered category and {Y;};cz a diagram of G-spectra indexed by Z.
We say that G-spectrum FE is a compact object if the map

holceoéimMapszé (E,Y;) = Mapguu (E, holceo%iin)
is a weak equivalence. We will show the following:

Theorem 3.2.4. Let X be a finite G-CW-complex, V. C U an indexing space. Then the G-
spectrum X7 X is a compact object in Splé,

Proof. As before, let T be a filtered category and {Y;};cz a diagram of G-spectra indexed by Z.
We want to show that the map

holceoéimMapszé (EVX,Yi) = Mapg,u (X577 X, hozcglziin)

is a weak equivalence. For that we will use the adjunction X3 : Spaceg, &= Splé 1 Q. If we could
prove that the functor £23° commutes with filtered homotopy colimits, the lemma would give
us the desired conclusion.

The homotopy colimit holcglziin is obtained by computing the colimit of the diagram obtained

as the cofibrant replacement of the original diagram. Note that, by [MMMF02] III Lemma 3.3, the
level equivalence of G-spectra is a stable equivalence, and that, by definition, the cofibrations in
level model structure are cofibrations in the stable model structure. That being said, the cofibrant
replacement in the level model structure of the diagram {Y; };cz is the cofibrant replacement in the
stable model structure, which we will denote as {CY;},cz. To add up, the diagram {CY;(V)}iez
is the cofibrant replacement of the diagram {Y;(V')}iez, since {CY;}icz is obtained from the level
model structure, meaning that

O hocolimY; — hocolimQyYY;
€T i€z

is a weak equivalence. This finishes the proof. O
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3.3 The stable homotopy category of G-spectra

In this section, we give the construction and the description of the homotopy category of G-
spectra which we will call the stable homotopy category of G-spectra and denote it by SHg. We
will start with the introduction of the functorial fibrant replacement in the stable model category
of G-spectra, since it plays a vital role in our construction of SHg.

The fibrant replacement

Since we know that the fibrant objects are the {2-G-spectra we can define:

Definition 3.3.1. For a G-spectrum X we define QX to be the G-spectrum such that:

QX (V) = hocolimy cw Q" =V X (W)

where V' is an indexing space, and the homotopy colimit is taken over all indexing spaces W C U
such that V' C W. We have the cannonical map p : X — QX. The homotopy colimit is constructed
with respect to the standard model structure on pointed G-spaces.

As mentioned before, we will restrict our attention to G-spectra X that are levelwise compactly
generated, that is X (V) is a G-CGWH space for every indexing space V' C U. Due to the work
of lman (JII78] and [III83]) we know that representation spheres admit a structure of a G-CW-
complexes, therefore they are compact G-CW-complexes hence taking a G-CGWH space A, the
spaces XYV A and QY A are again G-CGWH spaces.

In order to show that QX is indeed a fibrant replacement of X it would suffice to prove that QX
is an Q-G-spectrum and that the map p is a weak equivalence in the model structure (that is, a
m-isomorphism).

Lemma 3.3.2. Let X € Spg be a G-spectrum. Then QX is an Q-G-spectrum.

Proof. We want to show that the adjoint structure map
cwy QX (V) = QVVQx (W)

is a weak equivalence of G-spaces, for indexing spaces V' C W.

Let us take an expanding countable sequence of indexing paces U; such that W C U; for all ¢
and such that their union is the whole universe &. Note that we automatically have V' C U; for
all 7. By [3.2:3] we have a weak equivalence:

hocolimy, Vi~V X (U;) — hocolimy cy QY=Y X (U)
We will stick to the computation on the sequential homotopy colimit.
hocolimy, QU =V X (U;) ~ hocolimy, Q" =V QUi=W X (U;)

By we have a weak equivalence of hocolimy, QW =V QUi=W X (U;) — QW =V hocolimy, QY= X (U;).
Since the functor of mapping outside of G-CW-complexes preserves weak equivalences, we again,
by using [3.2.3 have a weak equivalence

QY =V hocolimy, QU =" X (U;) — QY =V hocolimy QU "V X (U) = QY =V QX (W)

Putting everything together we see that spaces QX (V) and Q" =V QX (W) are weakly equivalent.
O

Lemma 3.3.3. Let X € S’pg be a G-spectrum. Then the map p: X — QX is a w,-isomorphism.
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Proof. Since the map p : X — QX is cannonical it will be enough to check the homotopy groups
of QX. For k > 0 and H < @ a closed subgroup, we have

T (QX) = colimynt (QV QX (V))
= colimy i (Y hocolimy cw, Q=Y X (W;))
— colimy il (hocolimy cw, QY QY=Y X (W;))
— colimy colimy cyw, i (QV QY=Y X (W)
= colimy colimy cyw, i (QV: X (W)
= colimymi (QV X (U))
= 7! (X)
where W; is an expanding countable sequence such that the union is the universe ¢/. Isomorophism

at the 37¢ row is due to and the isomorphism at the 4*" row is due to while the equality
at the end is due to cofinality. The case when k < 0 is similar. O

The stable homotopy category of G-spectra

For the sake of convenience, we will work only with G-spectra that are levelwise G-cofibrant,
that is they are cofibrant in the level model structure, see[3.3.7] This is only a technical requirement
and does not represent a problem since the homotopy category of the subcategory spanned by
cofibrant objects is equivalent to the homotopy category of original model category.

We start with the definition of SHq:

Definition 3.3.4. The stable homotopy category SH g has as objects G-spectra that are levelwise
G-cofibrant. For two such G-spectra X and Y, the morphisms from X to Y are given by [X, QY]
the set of G-homotopy classes from X to the fibrant replacement QY of Y. If f : X — QY is
a map of G-spectra, we denote by [f] : X — Y its homotopy class, considered as a morphism in
SHe. We will also denote SHa(X,Y) for the set of homotopy classes [X, QY.

Remark 3.3.5. As we have seen in for every G-spectrum X there is a stable equivalence
px : X — QX to the fibrant replacement (an Q-G-spectrum) QX . In the case when X is already
an )-G-spectrum we will take QX = X and pux = Idx.

In order to define the composition and to show the associativity of composition in SHg we will
use the following lemma:

Lemma 3.3.6. Let f : X — Y be a map of G-spectra where X andY are levelwise G-cofibrant.
Then f is a stable equivalence if and only if

7Y, Ele = [X, Ele
is and isomorphism for every Q-G-spectrum E.

Proof. This is basically a reformulation of [MMMFQ2] IIT Theorem 6.1.
By [MMMEQ2] III section 2, for any two G-spectra X and Y we have

Hoo(X,Y) = [I'X,Y]q (3.1)

where H olc(X ,Y) is the set of maps in the homotopy category with respect to the level model
structure, and I'X is the cofibrant replacement of X. In our case, X and Y are already cofibrant,
hence the statement follows from [MMMFEQ02] IIT Theorem 6.1. O



CHAPTER 3. THE co-CATEGORY OF G-SPECTRA 36

Remark 3.3.7. The requirement that we work only with levelwise G-cofibrant spectra lies in .
Let us denote (Splé)co the subcategory of Sp% spanned by the G-spectra which are levelwise G-
cofibrant. Since the cofibrant replacement in level model structure is the cofibrant replacement
in the stable model structure this allows us to identiy the mapping space in the stable homotopy
category between cofibrant G-spectra X and Y exactly with [X, QY ]g. Moreover, the category
(Sp%)C° admits stable model structure from the category of G-spectra, and since object of (Sp%)©°
are obtained as cofibrant replacements in the level model structure and therefore in the stable model
structures, we have that the inclusion functor (Splé)co — S pzé induces an equivalence on homotopy
categories.

First thing we want to adress is the composition in SHg. We define it the following way:
Let f: X - QY and g : Y — @QZ be morphism of G-spectra which represent morphism from X
to Y and from Y to Z in SHq respectively. Then, by there is a morphism g: QY — QZ of
G-spectra, unique up to homotopy, such that go py ~ g. The composite of [f] € SHa(X,Y) and
l[g] € SH(Y, Z) is then defined by

lglo[f] =lgo fl e SHa(X, Z)

Secondly, we want to show that this composition is associative. For this, let us consider
XY, Z, T € SHe with morphisms of G-spectra

f: X—=>QY
g:Y —=>QZ
h:7Z— QT

As above we can choose morphisms g : QY — QZ and h QZ — QT such that go uy ~ g and
houz ~ h. Then

([Rolgl)olfl =lhoglolfl =[(hog)ofl=[ho(Go f)l=I[holgof]=1[ho(lg]of])

Remark 3.3.8. Let us focus on ux : X — QX. From the definition of composition we see that px
is a two sided unit for composition, and therefore represents the identity of X in SHq.

Definition 3.3.9. We can define the functor

L: (Sp¥)°° — SHe

which is the identity on objects and which sends a map of G-spectra f : X — Y to [uy o f] €
SHa(X,Y).

Now we prove that L indeed a functor and that it is in fact a localization functor which sends
stable equivalences to isomorphisms.

Theorem 3.3.10. The functor L : (szé)co — SHq is a localization functor at the class of stable
equivalences. In particular:

1. The functor L takes stable equivalences to isomorphisms. Even more, a map of G-spectra is
a stable equivalence if and only if its image in SHg is an isomorphism.

2. For every functor F : (Spg)co — C which takes stable equivalences to isomorphisms, there
exists a unique functor F: SHg — C such that F oL = F.
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Proof. The proof is similar to the proof of [Sym] II theorem 4.12, with exeption to few technical
differences, so we give the complete proof here.

To check functoriality, note that by [x] represents the identity of X € SH¢, hence L
preserves identities. Now consider f: X — Y and g : Y — Z two morphisms in (Sp%)“°. Now we
have

L(g) o L(f) =[pz o g] o [y o f]

[(nz 0 g)opy o f]
=[uzogo fl=L(gof)

where the equality at the last line is justified since (puz o g) is chosen is such way that (uz o g)ouy ~

Mz ©g.
Now we prove the main points of this theorem:

1. By amap f: X — Y in (Sp¥)“° is a stable equivalence if f* : [V, Elg — [X, E]g is
an isomorphism for every Q)-G-spectrum E. Note that we can restrict our attention to only
those Q-G-spectra that belong to (Sp%)©° since the same proof as in [MMMFE02] I1I theorem
6.1 passes in this case. Now the same argument using the Yoneda lemma follows as in the
proof of [MMMFEQ2] III theorem 6.1:

As Z runs through the objects of (Sp%)“°, QZ runs through all Q-G-spectra in (Sp%)¢° and
we have a commutative square

SHa(L(f),Z)

SHa(Y, Z) SHe(X, Z)
Y, QZc i 1X,Q7]c

An immediate consequence is that L(f) is a stable equivalence if and only if SHa(L(f), Z)
is an isomorphism for every G-spectrum Z € (Sp#)“°. By the Yoneda lemma, this is the
case if and only if L(f) is an isomorphism.

2. Consider a functor F : (Spi)“° — C which takes stable equivalences to isomorphisms. In
order to show that there exists a unique functor F': SHg — C such that F'o L = F' we have
to prove two things:

e A functor G : SHg — C is completely determined by G o L : (Sp¥)“° — C.

e Existence of functor F: SHg — C for F : (Sp4)©° — C as above.
The first part takes care of the uniqueness requirement. Onto the proof:
Fistly, consider a functor G : SHg — C. It is ovbious to see that G is completely determined
by G o L on objects. Now, consider a morphism [f] : X — Y € SH(X,Y) which is

represented by a map f : X — QY. Note that, by we have L(py) = [uy], hence for
every morphism f: X — QY € (Sp%)“° we have:

L(py) o [f] = L(f) € SHa(X,QY)

Hence, we have the following;:

[f] = L(py) " o L(f) € SHa
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Now we obtain
G([f])) = G(L(py) "o L(f)) = (Go L)(uy) ™' o (G o L)(f)

which finishes the first part.
For the second part, consider a functor F : (Sp¥)“° — C which takes stable equivalences

to isomorphisms. We set F(X) = F(X) on objects. Motivated by previous part, for a map
f:X — QY € (Sp%)C°, we define

F([f]) = Fuy) ™" o F(f)

We have to show that the functor F is well-defined, in particular, we need to show that
F(f) only depends on the homotopy class of f : X — QY. For X € (Sp¥)“° consider
the G-spectrum I A X where [ is the unit interval endowed with trivial G-action. The map
* — I is a G-cofibration and therefore, by [MMMFE02] III lemma 1.22 the G-spectrum I A X
is levelwise G-cofibrant.

The morphism ¢ : I A X — X that maps I to a single point is a stable equivalence (even
more, a level equivalence). By hypothesis, F'(¢) : F(I A X) — F(X) is an isomorphism. The
composite with the two end point inclusions ig,4; : X — I A X satisfy coig = coi; = Idx,
and we have

F(C)OF(iQ) :IdX :F(C>OF(i1>

Thus, we have F(ig) = F(i1). Now, given two homotopic maps f,g : X — QY with
homotopy given by H : I A X — Y we have

F(f) = F(H oig) = F(H) o F(io) = F(H) o F(ir) = F(H oiy) = F(g)

Next, we show that F is unital which follows from

F(Idx) = F([ux]) = F(ux) ™" o F(ux) = Idg

For composition we consider two maps f: X - QY andg:Y — QZ for XY, Z € (SpZ’G{)CO.
Note that we can choose a map g : QY — QZ such that go uy ~ g. Then we have

Lastly, we have to check the relation FolL = F. This is clear for objects. For a morphism
f:X =Y, where X,Y € (Sp%)°, we have
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With this the proof is finished.
O

In the remainder of this section we will show that any G-spectrum X can be written as a filtered

homotopy colimit indexed by free suspension G-spectra ¥ A where A is a finite G-CW-complex
and V is an indexing space.
Since every G-spectra is stably equivalent (even more, we can choose it to be level equivalent as we
have seen above) to its cofibrant replacement we can work with G-spectra in (Sp%)©°. Without
loss of generality we can furthemore assume that X has a property that X (V) is a G-CW-complex
for every indexing space V.

Remark 3.3.11. Now we can write X as a colimit of the sequence

Xo—=> X1 —...—> X,....

such that X, (V) is a finite G-CW-complex for every n > 0 and every indexing space V. Furthe-
more we can choose this sequence in such a way that X,_1(V) is a G-CW-subcomplex of X, (V)
in which case X,,_1(V) — X, (V) is a G-closed inclusion. Therefore, by X is in fact the
homotopy colimit of the above sequence.

In what follows, we will assume even more, that X is levelwise finite G-C'W-complex.
For every pair of indexing spaces V' C W consider the map

M ERX(V)ASYTY) = 5P X(V)
This map is a stable equivalence, and therefore admits an inverse in the stable homotopy category

Y =L)X (V) = S5 X(V)ASYTY) € Mor(SHe)

Furthemore, we can define a map

W, ') w\‘//v e’} wW-—-V L((U\V/V)*) %)
v AP X(V) — ER(X(V)A S ) ———— Xy X (W)

Using the adjunction $5° : Spaceg = Sp¥ : Q5 we obtain a map:
v Iy X(V)=> X

adjoint to the identity map on X (V). Since the following diagram is commutative in the category
of G-spectra

S X (V) v X

A‘V,VT

(X (V) A ST
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we obtain a commutative diagram in SH¢

DX (V) X

Sy X (W)
Now we have a well-defined map in SH¢g

i: hocolimy Ly X (V) — X
We want to prove the following

Theorem 3.3.12. Let X be a G-spectrum such that X(V) has a structure of a finite G-CW -
complex for every indexing space V.. Then X € (Splé)co and the map

i: hocolimy Ly X (V) — X
s an isomorphism in the stable homotopy category SHe-
Before starting the proof we will show the following lemma which will be of use:

Lemma 3.3.13. Given a sequence of G-spectra

Ey—>FE —..—FE, — ..

we have an isomorphism

colim;mt (E;) — mf (hocolim; E;)
for every k and every closed subgroup H < G.

Proof. We will prove this in the case when k > 0. The case when k < 0 is similar.
By definition, we have

7 (hocolim; E;) = colimy i (Y (hocolim; E;)(V))

Homotopy colimits are computed by first passing to the cofibrant replacement of the original
diagram in the projective model structure on diagram spaces, and then obtaining the colimit. Let
{CE;} be the cofibrant replacement of the sequence {E;}. In particular, the maps CE,, — E,, are
stable equivalences and the maps CFE,_1 — CF, are G-cofibrations, hence closed G-inclusions.
This with the fact that the colimits are computet levelwise gives us:

QY (hocolim; E;) (V)
=colimy i (Y (colim; CE;)(V))
=colimy i (Y (colim; CE;(V)))

@colimvwf(colimiﬁvCEi(V)

@colimv colim;mi (Y CE;(V)
=colim;colimy i (Y CE; (V)
=colim;m} (CE;)

=colim;m} (E;)

78l (hocolim; E;) =colimym

)
)
)
)
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Lemma 3.3.14. Let T be a filtered category that admits a countable exaustive sequence
o —> 81 —> eoo —> by —> ...

In particular, for every j € T there exists i, in the sequence such that there is a map j — i, in Z.
Let {E;}iez be a diagram of G-spectra indexed by . Then the map

colimiermil (E;) — mH (hocolim;cz E;)
is an isomorphism for every k and every closed subgroup H < G.

Proof. Mark the sequence with 7. The inclusion of the exaustive sequence into J < Z is cofinal,
and therefore we have

colimec st (E;) Zcolimcmi! (E;)

7 (hocolimie 7 E;) =il (hocolimier F;)
These two parts can be connected by [3.3.13| with which the proof is finished. O
Now we are ready to prove the theorem |3.3.12

Proof. Tt will be enough to show that the map i induces an isomorphism on all homotopy groups.
In the ligh of this, consider a closed subgroup H < G and k > 0. The proof when k < 0 is similar.
For every indexing space V' we can construct the map

ay :mg (QVX(V) = x (QV(EFX(V))(V)) = 7 (EFPX(V))
where the first map is the identity and the second map is cannonical map to the colimit.
Next, we have that the following diagram commutes

T QVX(V)) ———— aH QY X(W)) ———— ©[(X)

g (L(iw))

Gy

Ty (BFX(V)) ———— 7] (SFX(W))

Note that, by definition L(iy) = [ux otw] where px odw : Zip X (W) — QX so it is not entirely
correct to write wi (L(iw)) : i (S35 X (W)) — 7 (X). Since px is a stable equivalence we should
have written instead 7} (L(iw)) in composition with the inverse of the isomorphism induced by
1, but for the sake of readability we omit it in the notation.

This means that we have a well defined map

a: 7w (X) = colimym) (QV X (V) = colimyn[ (S X (V)

Since the right triangle in the upper diagram commutes, the composition

xH(;
7K (X) 2 colimyn (22X (V) B 7 (hocolimy S X (V) T K (X)

is an isomorphism, and since the middle map is an isomorphism it would suffice to show that « is
also an isomorphism. Note that the middle map is an isomorphism by and using the fact
that there is an exaustive sequence of indexing spaces in Rep”(G).

We do this by constructing a map
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=g (@Y oi).)
I

&v :m(SPX(V)) = colimy <wrl (QVEV TV X(V)) QY X (W) = 7 (X)

Since the folowing diagram commutes

(X (V) 9 (s x (W)
l&v l&w
7 (X) 1 7 (X)

we have a well defined map

¢ colimyml (SFX (V) = 7l (X)

Now we have that o€ is identity on colimy 7} (£3° X (V)) and £oa is identity on 7/

4 (X), meaning
that a is an isomorphism.

Since « is an isomorphism, so is wf (i), hence the proof is finished. O

Corollary 3.3.15. Every G-spectrum E can be written as a filtered homotopy colimit of free G-
suspension spectra of the form X3 A where V' is an indexing space and A is a finite G-CW -complex.

Proof. As we have seen before we can choose a cofibrant replacement of X of E in the stable
model structure in such way that X € (Spg)co. But X can be written as a homotopy colimit of a
sequence Xg = X; — ... = X, — ... as in[3.3.11] Furthemore, by [3:3.12] every X,, can be written
as hocolim X5°X,, (V). This in total gives us a map

VERepY (G)

hocolim Y7 X,(V) —- X
(n,V)ENX Rep (G)
which is an isomorphism in SHg. Note that N x Rep"(G) is again filtered which finishes the
proof. O

Presentability

As in the case with G-spaces, we can also define the oco-category of G-spectra as

(Spé)so = N(SPE) W5 ']

the localization of the nerve of the category of G-spectra with respect to the class of maps W
which correspond to stable equivalences in Spg.

Define with (Sp¥_ oy )so the co-subcategory of (Sp%) . spanned by elements of the form 5 A
where A is a finite G-CW-complex and V' is an indexing space..
We close this section with the following

Proposition 3.3.16. The co-category (szé)oo is a presentable co-category. In particular, it can
be written as the Ind completion of (SP%_ ) oo-

Proof. As in the case with G-spaces, the oo-category (Sp%)e. admits all small colimits. Moreover,
by (Sp%) oo is generated under filtered colimits by objects of (Sp%_ -y )oe, Which are, by
all compact objects (in all of the claims we use the fact that homotopy colimits in the model
structure correspond to the colimits in the underlying co-categorical structure). Hence, we have
the equivalence
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(SPE) oo = Ind((SPE—cw)oo)
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Chapter 4

Stabilization of the oco-category of
(G-spaces

Now that we have done most of the heavy lifting in the previous chapters, we are ready to
prove the main result of the first part of this paper.
We will write Rep (G for the categorical nerve N (Rept(G)) of the category of indexing spaces
of a universe U.
The idea is to look at the following map:

X : Repu(G)Oo — prl

which sends every G-representation to the presentable co-category of based G-spaces, SpaceS, and

every inclusion map V < W to the operation of smashing with the representation sphere S~V

Our stable co-category would now be the colimit of x: c%lf(m% x- The next important step would
Rep" (G) oo

be to prove the following equivalence:

Sp) e >~ colim 4.1
(SP&) oo RepM(G)OCX (4.1)
Note that the upper equivalence is the equivalence of presentable co-categories. In addition, the

colimit coulgg)b X is the colimit in the oo-category of presentable co-categories Pr’, which in
Rep oo

general differs from the colimit in the oo-category of oo-categories (see [1.2.27). This problem
would be hard to tackle straightforward, so it would be wise to restrict to the case of finite spaces,
that is, we can look at the map

X: Repu(G)oo — Cats

which sends every G-representation to the co-subcategory of SpaceS~¢"W spanned by based, finite

G-CW-complexes, and every map V' — W to the operation of smashing with the representation

sphere SW =V In this case, our stable co-category would be the colimit of ¥: coul%'g% X- Then we
Rep oo

could prove the fOHOWng equivalence:
Spl_cw)eo =~ colim X 4.2
(SPG—ow) RS u%gg X (4.2)

where (Sp%_ 1/ )oo is the oo-subcategory of the underlying oo-category (Sp%)e. of the model
category szé spanned by free G-spectra {7 X, where V is the indexing space of ¢ and X is a
finite, based G-C'W-complex.

Note that and are similarly written, but the difference between them is fundamental:

44
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The colimit in (4.2) is the colimit of small co-categories, which is in general easier to compute.
Therefore, we obtain our main equivalence (4.1]) from (4.2) by passing to the Ind-completion of
oo-categories.

In the final section, we will use the results of Marco Robalo (J[RobI3]) on the inversion of an
object in a symmetric monoidal co-category in order to show the universal property of (Splé)oo
with respect to the inversion of representation spheres.

4.1 Inversion of an object in a symmetric monoidal co-category

Let X € C® be an object of a symmetric monoidal co-category C®. The goal of this section is
to give a description of a symmetric monoidal co-category C®[X ~1] together with a monoidal map
C® — C®[X '] which sends the object X to the invertible object in C¥[X ~!]. In this section, we
follow the notes of Marco Robalo’s paper [Rob13].

By an invertible object we mean the following:

Definition 4.1.1. Let X € C® be an object of a symmetric monoidal co-category C®. We say that
X is invertibe if there exists an object Y € C® such that X ® Y (and therefore Y ® X) is equivalent
to the unit object of C®. Equivalently, X is an invertible object if the map X @ (=) : C® — C® is
an equivalence of co-categories.

The work of Marco Robalo in [Rob13] gives us the following result:

Proposition 4.1.2. For every presentable symmetric monoidal co-category C® and for every object
X € C® there exists a presentable symmetric monoidal co-category C®[X ~1] together with a functor
Fx : C® — C®[X ] which sends X to an invertible object. Moreover, the co-category C®[X 1]
admits the universal property in the sense that:

1. The restriction functor

CAlg(PTL)c®[X—1]/ — C’Alg(PrL)c@/

s fully faithful with essential image consisting of those algebras i.e. symmetric monoidal
functors C® — D® which send X into an invertible object in D®, where CAlg(Prt) is
the co-category of commutative algebra objects in Prl i.e. presentable symmetric monoidal
oo-categories.

2. The forgetful functor

Modcsx-1)(Pr") — Modcs (Pr")

s fully faithful with essential image being a full subcategory spanned by those presentable
oo-categories equipped with an action of C® such that X acts as an equivalence, where
Modcex-11(Prl) is the co-category of C¥[X ~'|-modules in Pr* (and similarly for Modce (Pr)).

Observation 4.1.3. Let C® be a symmetric monoidal oco-category and let X, Y € C®. By
the universal property, we have that C®[X ~!][Y 1] ~ C®[Y~!][X 1], which we can denote with
C®[X~1, Y. Note that, since C® is symmetric monoidal, the element X ® Y is invertible if and
only if the elements X and Y are invertible. Therefore, we write C¥[X 1, Y71 :=C®[(X @Y)~!].
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Inversion and stabilization

Recall that, given a (ordinary) category C and an endofunctor F' : C' — C, the stabilization of the
category C with respect to F'is the colimit

cELh oL oL .

and we denote it as Stabp(C).
Similarly, given a symmetric monoidal category C® and an element X € C®, we say that the
stabilization of the category C® with respect to the element X is the colimit of the sequence

c® X8 oo X8 oo X

which we denote as Stabx (C?®).
It is natural to assume that Stabx (C®) is our category C®[X 1] and that is correct under the
condition that X is a symmetric object of C®:

Definition 4.1.4. ([Robi3] 4.18) The object X € C® of a symmetric monoidal oco-category
C® is said to be symmetric if there is a 2-equivalence in C® between the cyclic permutation
o (X ®X ® X)123) and the identity of X ® X ® X, that is, there exists a 2-cell in C®

XXX 5 XXX

o =

XXX

The author of [Robl13] gives us the following results:

Proposition 4.1.5. ([Rob13] 4.24) Let C® be a presentable symmetric monoidal co-category, and
let X be a symmetric object of C®. Then the co-category of formal inversion C®[X ~1] is equivalent
to the stabilization Stabx (C®).

Corollary 4.1.6. ([Bohi3] 4.25) Let C® be a stable presentable symmetric monoidal co-category
and let X be a symmetric object in C®. Then C®[X '] is again a stable presentable symmetric
monoidal co-category.

4.2 The oco-category of G-spectra as the stabilization

Note that by [MMMFE02], IV, 4.2, we know that the stable model category on sz(“’; is topological.
Then the topological space of maps between G-spectra X and Y is weakly equivalent to the derived
mapping space if X is cofibrant and Y is fibrant (see [DK1], [DK2|] and [DK3]). To add up, the set
of generating cofibrations is the set X{°Z¢, where X59(_) is the free G-spectrum functor and Zg is
the set of maps

Io ={(G/H x S* ") 4 = (G/H x D*) }r>0.n<c

In particular, the elements of Sp¥_y are of the form X3¢ X where X is a finite G-CW-complex
hence they are all cofibrant. Note that they are all also levelwise G-CGWH spaces.

Proposition 4.2.1. Define the functor f : colimpepuay X — (SPY%,_ o )oo sending the object of
colimpepu (.. X of the form (X, V) where X is a finite G-CW -complex and V' an indexing space,
to the G-spectrum 37 X. The functor f is an equivalence of oo-categories.
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Proof. First, note that both co-categories have the same elements which can be written in the form
of a pair (X, V), where X is a finite G-CW-complex and V is an indexing space.

In (Sp%_ -y )oo the pair (X, V) coresponds to the free G-spectrum ¢ X, that is, a G-spectrum
such that L X (W) = X" =V X when V C W and is a point otherwise.

In colim ey (.. X the pair (X, V) coresponds to the element X in the colimit which is present

from the " V" level”.

Since both categories have the same elements, what is left to show is that the mapping spaces
in one oo-category are weakly equivalent to the mapping spaces in the other co-category. The oo-
category (Sp%fcw)oo is obtained from the model category széfcw meaning that the mapping
space Map(spgicw)w(Z%"X, YpY) is computed by passing to the fibrant replacement of X35Y

(see [DK3]):
Mapisye ) (SFX,S5Y) = Maps,u (55X, QSFY))

Using the adjunction (X9, Q5°) we have
Mapgu (357X, Q(EwY)) = Mapspaces, (X, Q(EwY)(V))
= Mapspace, (X, hocolimVCUQva( wY)(U))
= Mapspacec, (X, hocolimV,WCUQU_VZU_WY)

We can again take an expanding countable sequence U; of indexing spaces such that their union is
whole ¢ and such that V, W C U; for every i. Now, by [3.2.3] we have a weak equivalence

Mapspaces, (X, hocalimV’WCUiQU"*VEUWWY) — Mapspacec, (X, hocolimeCUQU*‘/EU*WY)
Furthemore, by we have a weak equivalence

hocolimy,wcu, Mapspacee. (X, QU 7V EVWY) o Mapgpaceg. (X, hocolimywcy, QU Y 8Vi="Y)
Again, by the adjunction (XV,Q") and we obtain

hocolimy,wcu, Mapspacee, (X, QUY‘_VEU“WY) ~ hocolimy,wcu, Mapspaces., (EU’i_VX7 ZUZ'_WY)
and a weak equivalence

hocolimy,w cu, Mapspace, (EUFVX, EUi*WY) — hocolimy,wcuMapspacee, (EUﬁVX, EUﬁWY)

Finally, note that the expression hocolimy,wcuMapspacec, (2V=V X, 2U=WY) represents the map-
ping space M apeotim 1 ¢, x (X, V), (Y,W)) of elements (X,V) and (Y, W) in the co-category
colimpep (). X- To summarize, we have shown that the mapping spaces Map(spg)oo (EFX,EpY)
and Mapeotim . 1, _x((X, V), (Y, W)) are weakly equivalent. With this the proof is finished. [

In order to prove the equivalence for the presentable co-categories colim gepu (. x and (SP%) o,
we will pass to the Ind-completion of the oo-categories colimpepu (. X and (SP%_ o )oo- There
is one subtile point that we need to adress with regard to the Ind-completion. Namely, The
functor Ind preserves colimits when considered as a functor from the oco-category Catlin—colim
of oco-categories with finite colimits (and finite colimit preserving functors between them) to the
oo-category Prl. Therefore, we do not have the commutativity of Ind-functor with colimits in
Cato. When looking at the Ind(colim ey (). X) the colimit now is the colimit in the co-category
Catfin=<°lim and not Cat,. The equivalent statement of [HTT] 6.3.4.4 tells us that Catlin—ctim
admits small colimits. The next thing that we need to prove is:

Lemma 4.2.2. The inclusion functor
Catlin=colim _ Cat

preserves and detects filtered colimits.
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Proof. The proof is basically the reformulation and adaptation of the proof of [HTT] 5.5.7.11.
Let Z be a (small) filtered category and let d : T — Catfin=°li™ he a diagram in Catfin=colim,
Since Cat o, is cocomplete let C be the colimit of the diagram d’ : T — Catfin=colim < Cat,,. We
need to prove the following:

1. The oco-category C admits finite colimits.

2. The induced functors d(I) — C preserve finite colimits for every I € 7.

3. For every functor F' : C — D if the composite functors d(I) — C 5D preserve finite colimits
for every I € Z, then the functor F' does as well.

Note that, since Z is filtered every finite diagram in C will factor through some d(I), I € Z,
therefore, it will suffice to prove point (2) from above, since in that case the points (1) and (3)
follow imediately.

Arguing as in [HTT] 5.5.7.11 we can assume without the loss of generality that Z is the nerve
of a filtered partially ordered set K ([HTT] 4.2.4.4). We can furthemore reduce to the case when
d is the nerve of a functor f : K — Seta, with C being the homotopy colimit of this diagram
([HTT] 5.3.1.18 and 4.2.4.1). Finally, since the collection of categorical equivalences is stable
under filtered colimits, we can regard C as the colimit of f.

Let S be a finite simplicial set and let C, = f(z) for x € K. Let g, : S* — C, be a colimit
diagram in C, for some z € K and denote g, = g.|s. We would like to show that the induced
map g : S — C is also a colimit diagram. It would suffice to show that the map 6 : C5, — C, is a
trivial fibration. Note that 6 is a filtered colimit of the maps 0, : (Cy)g,/ — (Cy),,, With y > z,
y € K. Since all of the functors C, — C, preserve finite colimits, all of the maps 6, are trivial
fibrations, hence so is 6. O

Now we are ready to prove the main equivalence.

Proposition 4.2.3. The functor F : colimpepu(a). X — (S’pg)oo induced by the functor f from
is an equivalence.

Proof. By slight abuse of notation let us write colim gepu (. X as colim geyu (). Space , and
colimpepu (.. X as colimRepu(G)wSpaceOGo. Since SpaceS, ~ Ind(Space$ V) and (Sp¥4)ee =~
Ind((Sp%_cw)oo), and since Ind-completion commutes with our filtered colimit colim pepu(q)..
we have

G-CW
o]

(SpE) oo =Ind((SPG—cw)oo)

~Ind(colimpepu(cy.. SpaceSs W)
~colimpeyu ()., Ind(SpaceS; ™)

~colim gepu (@) o SpaceOGo

The second equivalence is given by |4.2.1] while the third is given by In total, we obtain our
main equivalence

(SpY) oo =~ colim gepit Gy, X

4.3 The universal property

Following the work of Robalo (J[Robl13]) we would like to show the analogue of the proposition
4.10:
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Proposition 4.3.1. The restriction functor

CAlg(PTL)(Spg)w/ — CAlg(PTL)SpaceoGo/

is fully faithful, where C Alg(Prt) is the oo-category of commutative algebras in Prt i.e. pre-
sentable symmetric monoidal oco-categories, such that the essential image consists of those sym-
metric monoidal functors SpaceoGo — C® which send every representation sphere into an invertible
object in C®.

Let V C W be two indexing spaces. Then we can write S" = SV A SW=V hence by
and we have a map SpaceS[(SV)™!] — SpaceS [(SW)~1]. Moreover, we can organize the
presentable oco-categories SpaceS[(SY)~!] into a diagram

X Rep"(G) oo — CAlg(Prh)

sending every indexing space V to SpaceS [(SV)7!]. Next, note that, by [3.1.10] SV A (-) :
(SP%)oe — (SPH)oo is an equivalence for every representation sphere, hence, for every repre-
sentation V' we have a map

7v : SpaceS[(SV) 71 = (Sp)oe

Therefore (Sp%)o fits into a cone of the diagram A. We would like to show that this is in fact a
colimit cone. Note that colim peyu (g A s a colimit in CAlg(Prk), but since Rep" (G) o is a filtered
category the computation of this colimit is reduced to the computation in Pr%. Additionally, we
have:

Lemma 4.3.2. The representation sphere SV is a symmetric object of the symmetric monoidal
oo-category SpaceS. for every indeging space V C U.

Proof. First, note that SV A SY A SV = SV®VEV meaning that o : (SV A SV A SV)1:23) =
gVevev)®2

Basically, what we need to do is to show that the map o, induced by the cyclic permutation, is
homotopic to the identity map on SV®V®V in the underlying category of G-spaces.

For start, let dimV = n and let us fix a basis e = {e;}o<i<n. Now dim(V &V & V) = 3n and
basis consists, informally speaking, of three copies of e. It will be easier if we write the maps as
matrices. Let & : (V @V @ V)(1:23) be the map induced by cyclic permutation on (V &V & V).
Since the representation spheres are one point compactifications of indexing spaces we see that o
extends to 0. Now we can write

0 0 E
c=|E 0 0
0 FE 0

where F is the identity matrix in GL, (V') with respect to basis e. We can see that the action of G
can be seen as an homomorphism p : G — GL,(V), so if for g € G, we have A = p(g), the action
of gon V@V @V can be seen as

A0 0
P,=10 A 0
00 A

It is not hard to check that o P, = P,0, that is, that ¢ is a well defined G-map. Now we define the
homotopy between ¢ and the identity map Id of V& V @ V the following way:

H:IxVeVeV=VoeVaeV
H(t,)=to+(1—-1t)Id
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Since H (t, ) is a linear combination of two G-maps, it will also be a G-map, hence we have a well
defined G-homotopy between maps o and Id. As noted before, representation spheres are just one
point compactifications, meaning that H extends to the homotopy of maps o and the identity map
of SVOVEV  This finishes the proof. O

As a direct corollary we have an equivalence

SpaceS [(SV) ] ~ Stabgv (SpaceS)

hence, the colimit of the diagram A is equivalent to the colimit of the diagram A Rep"(G) oo — PrE
sending every G-representation V to Stabgv (Space$ ). Moreover, for G-representations V' C W,
the map Stabgv (SpaceS) — Stabgw (SpaceS) is induced by

SV A(— SV A(— SV A(—
SpaceS, S0, Space$ S0, Space$ S0,

L@'d LSW_V/\() LS(WVWWV)A(_)

SWA(- SYA(- SWA(-
SpaceS, ST, SpaceS ST, Space$ S,

therefore, we have the following

Lemma 4.3.3. The cone constructed above exibits (Sp%) oo as a colimit of A.

Proof. By we can write (Spg)oo as colimpepu gy X- We can write a new universe U =
UDU D ... as an infinite sum of copies of Y. We can again construct a category Repg(G)OO
analogous to Rep”(Q)o as well as a diagram x’ : Repg(G)OO — Prl analogous to . Since U is a
complete universe so is U and hence the colimits colim Rept(G) oo X and colim REPQ(G)Mx’ are both

equivalent to (Sp%)e. To add up, we can construct a map

t: Rep* (@)oo x N = Rep"(G)oo

which sends an object (V,n) (where V is an indexing space) to V@V @ ... ® V (n times). More
formally, the element V@& V @ ... ® V is viewed as taking value V' in the first n-coordinates of
USU S ... =U and nothing in the rest.

We claim that this map is cofinal:

First, note that both categories Rep”(G)s x N and Repg(G)oo are filtered. Let W be an
indexing space of U. Since indexing spaces are of finite dimension we can choose big enough n such
that W is contained in the first n copies of U in U. Let W; be a projection of W onto ith copy of
U, for 1 <7 < n. We can choose an indexing space V' of U which contains all of the projections
W; and hence, we have a map in Rep"(G) s, W < t(V,n). Therefore, t is cofinal.

Next, we can focus our attention to the following sequence of indexing spaces in Repg(G)oo
given by
VaVeVosVeVeVlV—..

where V is an indexing space of U regarded as an indexing space of U that corresponds to ¢(V,1).
Under x’ this sequence becomes

G SV/\(—) G SV/\(—) G
(Spaces,, V) ——= (Spaces,,V ® V) ——> (Spacel, VoV dV) — ..
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where we have written (SpaceS,V @ ...@ V) as X' (V& ... 8 V) = SpaceS, i.e. we have marked
the copy of SpaceS to which V @ ... @ V is sent. The colimit of this sequence corresponds to
Stabgv (SpaceS). To add up, for a map of indexing spaces V' C W, where V, W are indexing

o0
spaces of U regarded as indexing spaces of U, we have

Voa(_ Va(_ VA(—
(SpaceS,, V) ARSI IN (SpaceS,V o V) AN (SpaceS, Ve VaV) BN I
LSW—V/\() Ls(WV)EB(WV)/\(_) Ls(WV)GB(WV)GB(WV)/\(_)

w _ w _ w —
(SpaceS,, W) ST, (SpaceS, W @& W) ST, (SpaceS,, W & W & W) i N

(o9}

X'|t : Rep(G) oo x N — Prk corresponds exactly to the diagram A\ hence

which corresponds to the map Stabgv (SpaceS) — Stabgw (SpaceS). Note that the diagram

: / . N
colim  X'|; ~ colimpepucy A
Rep" (G) oo XN | eP(G)oo

Moreover, since t is cofinal we have an equivalence

colim ", S5 colim,, g !
Rep“(G)QCXNX ‘ Rep! (G)OOX
Finally, by our previous remark on the completeness of universes U and U we have an equivalence

colim Rep (G)mx’ = (Sp¥) o, and therefore we obtain a sequence
. g ~ . 12 ~ . ~ ;) =~ U
colim pepu (). A = Repcuo(l(g;?;XNX le = COszRepM(G)MX — (Spé&) oo
With this the proof is finished.

Finally, we are able to give the proof of

Proof. Since every map SpaceS — Space$ [(SV)7!] is an epimorphism (see [Robl3] proof of

4.10), so is the induced map Space§, — (Sp%)so. Therefore, the map C’Alg(PrL)(szé)m/ —
C’Alg(PTL)Spacego/ is fully faithful by [RobI13] 4.8 (and the proof of 4.10). The only thing left to
check is the essential image:

It is clear that if ¢ : Space$ — C? is in the image of CAlg(PrL)(Spg)oc/ — C’Alg(PrL)Spacego/.

Then ¢ factors through (szé)oo and hence, the representation spheres are sent to invertible objects
in C®. On the other hand, if ¢ : Space§ — C® is such that representation spheres are sent to
invertible objects in C®, then by [Rob13] 4.10, for every G-representation V we have a factorization

Space§ ——F— ¢®

| =

SpaceS[(SY) 7]

Moreover, this factorization is essentially unique. Therefore, we can make a compatible choice of
maps @y for every G-representation V' and we obtain a map ¢ : colimpeu(a). A — C®. The
statement now follows from [£.3.3 O
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Chapter 5

Preliminaries 11

This chapter will introduce reader to the theory of parametrized higher category theory and
higher algebra. The founders of this theory are Clark Barwick and his students: Denis Nardin, Jae
Shah, Emmanuel Dotto, Saul Glassman (see [BDGNS16|, [Narl6], [Narl7], [Shahls]).

In general, parametrized higher category theory and higher algebra represents a framework for
doing equivariant homotopy theory as we will explain below.

In order to motivate the reader and give a little bit of insight of the forthcoming theory, assume
that X is a G-space where G is a finite group. Recall that we can describe X with a functor

Fx : OF — Space
Fx(G/H) — xH

In the setting of oo-categories, we will replace Og with the corresponding oo-category, which
we will again mark with Og and we will replace Space with Caty,. The Grothendieck-Lurie
correspondence (see [HTT]) gives us a functor (a coCartesian fibration)

p: X =0

which we think of as a G-oo-category. The reason why we regard coCartesian fibrations p : X —
OF as equivariant objects rather than functors from OZ lies in the fact that coCartesian fibrations
regarded as objects are much easier to manipulate than general functors.

We will start with the formal definition of coCartesian fibration, followed by technical results
relating to them which will allow us to construct some important parametrized oo-categories, such
as G-oo-category of finite G-spaces (or finite G-sets). In the last two part of this introductory part
we will introduce the parametrized version of symmetric monoidal co-categories and oco-operads.

This chapter does not contain any original ideas or results, it is a recolection of results from
beforementioned sources.

5.1 (Co)Cartesian fibrations

CoCartesian fibrations represent a type of fibrations between co-categories. Given that, they
do admit some sort of a lifting property, but they carry much more information: The importance
of coCartesian fibrations lies in the Lurie-Grothendieck correspondence, which tells us that the oco-
category of all coCartesian fibrations above some simplicial set S is equivalent to the oo-category
of functors from S to Caty. First, we will give a definition of a coCartesian fibrations and then
state the Lurie-Grothendieck correspondence. In the end, we will give a criterion on how to detect
coCartesian fibrations that we will most commonly use.

53
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Definition 5.1.1. Let 7 : X — S be a map of simplicial sets, and let f : x — y be an edge in X.
We say that f is m-coCartesian if for every n > 2 and every commutative square

AR s X

i ) A lw

A" — S
such that o(A{%1}) = £, the dotted lift exists.

Definition 5.1.2. Let 7 : X — S be a map of simplicial sets. We say that 7 is a coCartesian
fibration if:

e 7 is an inner fibration, that is, 7 satisfies the right lifting property for every horn inclusion
A} — A™ where n >0 and 0 < i < n.

e For every € X and every edge ¢ : m(x) — sin S there exists a m-coCartesian edge f : © — y
in X such that 7 (f) = ¢.

We say that 7 is a Cartesian fibration if its opposite 7P is a coCartesian fibration.

Remark 5.1.3. A coCartesian (resp. Cartesian) fibration 7 : X — S is a left (resp. right) fibration
if the fiber X, is a Kan complex for every s € S.

Definition 5.1.4. Let 7 : X — S and ¢ : Y — S be two (co)Cartesian fibrations and let
f X — Y be a map of simplicial sets. We say that f is a map of (co)Cartesian fibrations if f
sends 7-(co)Cartesian edges to ¢-(co)Cartesian edges.

Remark 5.1.5. Let S be a simplicial set. Using we can form an oo-category coCart(S)
whose objects are coCartesian fibrations p : X — S, and a map between two objects (coCartesian
fibrations) p: X - Sand ¢: Y — Sisamap f: X = Y of coCartesian fibrations. This category
plays a key role in the Lurie-Grothendieck correspondene.

Theorem 5.1.6. (The Lurie-Grothendieck correspondence) Let S be a simplicial set. There exists
a functor called unstraightening functor

Ung : Fun(S, Cats) — coCart(S)
Moreover, this functor in an equivalence and it is compatible with base change. To add up, it
reduces to the tautological identification
coCart(x) = Cat o 19, Cato = Fun(x,Cats)

Remark 5.1.7. Similar statement could be made for Cartesian fibrations. Namely, given a simplicial
set S we can again construct an oco-category whose objects are Cartesian fibrations and with
morphisms between two Cartesian fibrations p: X — S and ¢: Y — S being maps f : X — Y of
Catesian fibrations, that is maps over S which send p-Cartesian arrows in X to g-Cartesian arrows
inY.

The Lurie-Grothendieck correspondance now gives us an equivalence

Cart(S) = Fun(S°, Cato)
The following proposition gives us a criterion of how to detect coCartesian fibrations:

Proposition 5.1.8. ([Shahl§] 2.5) Let w : X — S be an inner fibration and let f : a — b be an
edge in X. Then f is m-coCartesian if and only if for every ¢ € X the following diagram
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Mapx (b, c) _r Mapx (a,c)

I |

Maps((b), 7(c)) "5 Mapg(n(a), 7(c))

1s homotopy Cartesian.

5.2 Dualizing Cartesian and CoCartesian fibrations

Let p : X — S be a coCartesian fibration. We know that p is classified by the functor
X : S — Caty. Similarly, given a Cartesian fibration g : Y — S°P, we have its classifying functor
Y : 8 — Caty. The question now arises: Can we pass from a coCartesian fibration p : X — S to
some Cartesian fibration ¢ : Y — S°P which is represented by the same functor X'?
In this section we give a description of such construction. For more informations, see [BGN14].

Definition 5.2.1. Let X be an oo-category. We define the twisted arrow oo-category of X, and
denote it with O(X) the following way

(5(X)n = Mor(A™P x A" X) = Xopy1
Proposition 5.2.2. ([BGN1j], 2.3) Let X be an oco-category. The inclusion maps A™P —
A™P % A™ gnd A" — A™°P x A™ induce the map
O(X) > XPx X
which is a left fibration. Therefore, 5(X) s an oo-category.

Definition 5.2.3. Let X be an oo-category and let X; and XT be two subcategories which contain
all the equivalences. We say that (X, Xy, X ) is a triple of co-categories and we call the morphisms
of X ingressive and the morphisms of X egressive.

Furthemore, we say that a triple (X, Xt, X 1) is adequate if for every ingressive morphism z; ~— y;
and any egressive morphism y» — 31 there exists a pullback square

T2 — Y2

|

Ty — Y1

such that xo — y2 is ingressive and xo — x1 is egressive.

Definition 5.2.4. Let (X, XT,XT) be an adequate triple of co-categories. The effective Burn-
side co-category A°//(X, Xi, XT) of the triple (X, Xi, XT) is the simplicial set whose n-simplices
are functors

z:O(A") —» X

such that for every 0 <i < k <1 < j < n with ;; — x; and x; — x4y being ingressive arrows
and x;; — x5 and x; — xR being egressive arrows, the square

Tij — Tkj

|

T4l » > Tkl
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is a pullback square.

Let 7 : X — S be a cartesian fibration. Denote with S¢?¢ C S the subcategory which contains all
the objects, but whose morphisms are the equivalences in S. To add on, denote with X7 ¢t ¢ X
the subcategory which contains all the objects of X but whose morphisms are m-cartesian arrows
of X. The triples

(S,8%,.5)
(X,X X g Seq)XTr—C(lT‘t)

are adequate triples of co-categories. Moreover 7 induces a map
7 AT (X, X xg 8%, X™earty 5 A¢TT(§, 5% §)
Also, the projection O(A™) — A™°P gives rise to the map
SoP —y ASTT (S, 5% 8)

Definition 5.2.5. Let m: X — S be a Cartesian fibration. Then we define the dual of m denoted
as 7" the following way

v Aefj(X,X X5 Seq’Xﬂ'—cart) X Aeff(S,Sea,3) SoP — §oP

v

The map 7" is a coCartesian fibration.

Remark 5.2.6. ([BGNI4] 3.7) The map S°7 « A¢//(S 8%, S) is an equaivalence, hence, the
projection map

AT (X, X X 8%, X7 X pers(s,5ea,8) S = AT (X, X x5 90, X700
is an equivalence aswell.

Proposition 5.2.7. (|[BGN1jJ/ 3.4) The map

T AN (X, X xg 8%, X)) — AT (S, 9, 9)

is a coCartesian fibration. Moreover, a morphism in A®Ff (X, X xg S, X™=°t) js q span of a
form

x
Y z
which is T-coCartesian when x — z is an equivalence.

5.3 Parametrized oo-categories

At the start of the chapter, we have given a motivation as to what the parametrized higher
category should be. In this section we will give a formal definition. Additionally, we will see under
which conditions we can define a G-oo-category with G being a compact Lie group.
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Definition 5.3.1. Let T" be an co-category. A T-parametrized oo-category is a cocartesian fibra-
tion m : X — T°P. We also say that X is a T-oco-category for short. A T-parametrized functor
(short, T-functor) between two T-co-categories m: X — T°P and ¢ : Y — T°P is a map of cocarte-
sian fibrations.

When 7 is a left fibration, we say that X is a T-oo-groupoid.

Example 5.3.2. Let G be a compact Lie group and let Og be a full subcategory of the category
of G-spaces spanned by the transitive G-spaces (G-orbits). We call Og the orbit category, and we
call Og-category m: X — OF simply a G-co-category.

We can look at the objects O € Og as cosets G/H by choosing a basepoint x € O with Stab,(0O) =
H.

Informally, by Lurie’s straightening/unstraightening a G-oo-category @ : X — OF is classified by
a functor X : OF — Cato which sends every orbit G/H to the fiber Xiq/p) := n~*(G/H).

We have seen that we can define a T-oo-category for any oo-category 7' but in order to be
able to do some non-trivial constructions, such as to define a T-symmetric monodal structure for
example, the co-category T needs to satisfy some additional conditions. Therefore, we define:

Definition 5.3.3. ([Narl7] 7.2 and 2.2) Let T be a small co-category. We define the co-category
of finite T-sets denoted as Frp to be a subcategory of Fun(T°P, Top) spanned by finite coproducts
of representables. In the case when T" = Og, Fo, := Fg corresponds to the category of finite
G-sets.

We say that T is orbital if Fr admits all pullbacks and we say that T is cartesian orbital if Frp
admits all limits.

To add up, we say that an orbital co-category T is atomic if there are no nontrivial retracts in T
i.e. every map with a left inverse is an equivalence.

Example 5.3.4. Let G be a finite group, then Og is a cartesian orbital co-category which is also
atomic.

If we take G to be a compact Lie group then Og is not orbital in general, but the co-category of
transitive G-spaces with finite stabilizers is atomic orbital co-category. It is cartesian if G is a
finite group.

For more examples see [Narl7] 1.3.

Notation 5.3.5. From now on, we will focus on G-oo-categories m : X — OF where O¢ is the
category of transitive G-spaces with finite stabilizers.

Example 5.3.6. One of the examples of G-0o-categories that we will see throughout this paper is
the G-oo-category of G-spaces, which we denote with Top®. Here, we will give the description of
this category. e

Let us introduce the category Og — Top whose objects are G-maps X — O where X is a G-space
and O € Og and whose morphisms are G-commutative diagrams

X14>X2

Lol

01*>02

where (X1 — 01), (X2 — O3) € Og —Top. We can regard Og — Top as a topological category by
taking the space of morphisms to be a subspace of

Mapog-Top(X1 — O1, X2 = O2) € Mapr,,e (X1, X2) X Mapos(O1,02)
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consisting of those maps such that upper diagram is commutative.

The idea behind this construction is that we can regard X — O as classifying an H-space Xp
where we write O = G/H with the choice of a basepoint of O, and where Xy is the fiber of X — O
over eH .

Consider the forgetful functor q : Og—Top — Og which after applying the topological nerve functor
becomes

N(q) : N(Og —Top) = O¢

where, by abuse of notation we write Og for N(Og). This functor is a Cartesian fibration with
the Cartesian arrows given by diagrams as above which are pullback squares. Then by dualizing
this Cartesian fibration we obtain our G-oco-category of G-spaces

(N(Og —Top))Y — OF) = (Top® — OF)

The elements of TopG can still be written as G-maps X — O whereas the morphisms between
X1 — O1 and Xo — Oy are represented by diagrams

X1<;X*>X2

!

01%02;02

where the left square is a pullback square. This map is coCartesian just in case X — Xs is

an equivalence. The fiber Top[%/H] 18 equivalent to N(Topf(G/H)) which is further equivalent to

N(Top™) by taking the fibre over eH.
The ideas and constructions in this example are common in this paper, most notably in [6.1] where
we will use almost the same construction for building our G-co-category of G-manifolds.

Example 5.3.7. Let 7 : C — OF be a G-co-category and let x € C. Denote with O(C) the oo-
category of edges of C and denote with Ot (C) the full subcategory spanned by the coCartesian
edges. Then we define

z = O;og’art(c) _ {x} X OcoCart(g)
which we call the G-space associated to x (see [Shahl8] 2.28).

5.4 (G-oo-category of (GG-sets

In this section we will give a construction of the G-oo-category of finite pointed G-sets for G
a compact Lie group, which plays a fundamental role in the definition of the symmetric monoidal
G-oo-categories and more generally G-oo-algebras.
Note: Strictly speaking, this will not trully be a category of finite G-sets, but rather a finite
disjoint union of tranzitive G-spaces (G-orbits). The justification for this name comes from the
case when G is a finite group, which the autors of [BDGNS16] had in mind.

Let Fg be an oo-category of finite coproduct completion of transitive G-spaces. Since Fg is
orbital the target functor

Fun(A', Fg) =% Fun(1,Fg) = Fg

is a Cartesian fibration. Thus, by pulling back along the inclusion Og < Fg we obtain a Cartesian
fibration
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7 : Fun(A', Fg) X pun(1,Fg) Oa — Og
Definition 5.4.1. (see [Narl7] 2.14, [Horl9] 3.4.1) Denote with

OG — FinG = Fun(Al, Fg) XFun(l,Fg) OG

The elements of Og — Fing can be seen as arrows U — O with U € Fg and O € Og. Consider a
morphism in Og — Fing written as

U1 —_— 01 X0, U2 —_— U2

Lo

O, — Oq 02

We will say that this morphism is a summand inclusion just in case the map of G-sets U; —
01 X0, Us is a summand inclusion i.e. there exists a finite G-set U such that U; [[U — O1 X0, Uz
is an equivalence.

We will denote with Og — Fing” C Og — Fing the subcategory consisting of all objects with
morphisms being the summand inclusions.

Let Og™ denote the maximal subgroupoid of Og, that is Og™ C Og is a subcategory consisting
of all object with morphisms being the equivalences. It is not hard to show that

(OG —Fing,OG —FiTLG X0a OGN,OG —Fingu) (51)
is an adequate triple. Therefore we can define

Definition 5.4.2. The G-oo-category of finite pointed G-sets is defined as the pullback

Mf — Aeff(OG — Fing,Og — Fing Xo, Oc™,0¢ — FinGU)

! !

og AT (Og, 067, Oc)

It has the same objects as Og — Fing with morphism between (U; — O;) and (Uz — O3) being
the span

U1<7U*>U2

I

01%02;02

with the left square being a summand inclusion.
We will say that a morphism in F m*G is inert if the map U — U, is an equivalence, and that it
is active if the map U — O3 x, U is an equivalence.

Remark 5.4.3. In order to see that Fin® is in fact a G-oo-category, that is that Fin® — oF
is a coCartesian fibration we can consider M*G as a particular subcategory of a G-oo-category
AT (Og) (see [Narl7] 2.13) containing all of the coCartesian edges of A%/ (Og) — OP making
it a G-oco-subcategory (see [BDGNST6| section 4).
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Remark 5.4.4. ([BDGNSI6] 2.11) Let I = [U — O] € Fin€ be a finite G-set and let O(Fg) be a
twisted arrow oco-category together with a left fibration

O(Fg) — ng x Fa
Taking a pullback of this left fibration along

OF =20F x{U} = FF x Fg

we obtain a G-oo-category (a G-space to be more precise)

pu U — OF

which is classified by the functor U : OF — Top, U(O) = Mapr,(0,U). We will call py : U —
O the discrete G-space attached to U.

Note that U ~ 11 W. Also note that this G-space U is equivalent to the one of[5.3.7, hence
W eOrbit(U)
we use the same notation.

Lemma 5.4.5. ([BDGNS16] 2.12) Let C' be a G-o0o-category and let U € Fg be a finite G-set.
Then the formation of the fibers over each orbit W € Orbit(U) induces a trivial fibration

Fung(U,C) > ] ow
WeOorbit(U)

5.5 G-symmetric monoidal G-oo-categories

In the non-parametrized setting, we define a symmetric monoidal co-category as a coCartesian
fibration p : C® — Fin, satisfying some additional conditions. Naturally, we would want to
imitate this definition in order to obtain G-symmetric monoidal oo-categories by replacing F'in,
with FinC.

Definition 5.5.1. (see [Narl7], section 3.1 or [Horl9], B.0.10) A G-symmetric monoidal G-oo-
category is a coCartesian fibration C® — me such that for every finite pointed G-set J = (U —
O)eF in® we have an equivalence

I[I Gweo:Ch—= 11 G
W eOrbit(U) WeOrbit(U)

where I(W) = (W = W) € Fin®, C[?}] and C’ﬁ(w)] are the corresponding fibers. The functor
Xwcu) : CS] — CS)(W)] is associated to the following map in M*G

U+—W — W

Ll

O+—W =W

Remark 5.5.2. When defining the maps xwcy) in we make use of the fact that Og is an
atomic oco-category to ensure that the map

W —=UxoW

is a summand inclusion.

Remark 5.5.3. Given a G-symmetric monoidal G-co-category C® — me we can define its un-
derlying G-oo-category C;(_y which fits into the pullback square



CHAPTER 5. PRELIMINARIES I1 61

Croy — €7

|

oy —>I(_) Fin¢

where I : Og — Fin€ is the same as in

5.6 (G-oo-operads

Definition 5.6.1. ([Narl7] def. 3.1) A G-co-operad is an inner fibration p : O® — O satisfying
the following conditions:

e For every inert edge e : J; — J; in Fin® and every z € O?}l] there exists a coCartesian lift
€:x — y over e.

e Forany J=[U - O] € F znf and any choice of a pushforward functors along inert edges,
we have an equivalence

IT Gwen:of = I Ofw,

W EeOrbit(U) WeOrbit(U)

e For any choice of pushfoward functors along inert morphisms and for every map e : J; =
[Uy = O1] — Jo = [Us = O3] in Fin€ and every = € O%ﬂ and y € O‘[?}Z] the map

Maphe (z,y) = [ MapSe =" (z, (xpweu)w)
W eOrbit(Us)

is an equivalence where Mapg,s (x, ) is the fiber over e of the map Mapos (x,y) — Mappiyc (J1,J2).

An arrow e : & — y of a G-oo-operad p: 0% — mf is called inert if it is p-coCartesian and
if poe is inert in Fin®. Let p: O® — Fin® and ¢ : E® — FinC be two G-oo-operads and let
F : 0O® — E® be a map over M*G We say that F' is a map of G-oo-operads if F' sends inert
edges to inert edges.

Remark 5.6.2. Every G-symmetric monoidal oco-category is a G-oo-operad. Moreover, just as in
we can define the underlying G-oo-categorry of a G-oco-operad to be the pullback

O®[(_) — 0%

l 1(-)

0¥ —— Fin¢

We will usually mark with O the underlying G-co-category O® (_).

Remark 5.6.3. Let p: 02 — Fin® and ¢ : E® — Fin be two G-oo-operads and let F : 0% — E®
be a map of G-co-operads. We will sometimes call F' an O®-algebra in E® especially when E®
is a G-symmetric monoidal co-category. We will mark with Algg oe (E®) or Alge(O®, E®) the
oo-category of O®-algebras in E®.

Remark 5.6.4. Taking G to be a trivial group e, the notion of e-co-operad corresponds to the
notion of an oco-operad in the sense of Lurie (see [HA]). In this case, we will write Fin{ simply as
Fin,.
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G-coCartesian structure

Given a G-oo-category C, we will present the G-oo-operad CLI — mf, the parametrized
version of the coCartesian structure from [HA] (see 2.4.3) which we will naturally call the G-
coCartesian structure. The construction of this G-co-operad is given by Nardin and Shah in [NS].
The summary of this construction can be put in the following:

Proposition 5.6.5. Let C' be a G-co-category. Then there exists an co-category CL together with
a map CU — me which is a G-co-operad such that

o For I =[U — O] € Fin& the fiber (CU); is equivalent to Fung(U,C).

o An arrow from X to Xs lying above a map

U v,

I

O]_(*OHOQ

. . q . .
in Fing is a natural transformation

f*Xl — g*XQ

in Fung(U,C). To add up, the arrow is coCartesian if it exibits Xo as a G-left Kan extension
of f*X1 along g: U — Uy (induced by g).

Moreover, CU is a G-symmetric monoidal G-0o-category if and only if C has all finite G-coproducts.
We have the following lemma which will prove to be useful:

Lemma 5.6.6. ([Hor19] 3.5.1) Let C be a G-oo-category and let O% be a unital G-0o-operad. Con-
sider the co-category Alga(O%,C) of morphisms of G-0o-operads cl (with G-coCartesian struc-

ture) and O% and the co-category of G-functors between the underlying G-oo-categories Fung(O,C).
There is an evident restriction functor

Alga(0O,C) — Fung(O,C)

which is an equivalence.
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(G-manifolds

The second part of this project is dedicated to defining the equivariant version of factorization
homology defined by Ayala and Francis (see [AF15]) by using parametrized higher category theory.
Having that in mind, instead of co-categories we will have G-oo-categories, instead of functors we
will have G-functors etc.

The first thing on the list would be to define the G-oco-category of G-manifolds, which we describe
in the first section. Later, we introduce the tangent bundle classifier which we use to define the
framed version of the G-oco-category of G-manifolds. Lastly, we will describe the G-symmetric
monoidal structure on the G-oo-category of G-manifolds.

Note that the constructions and ideas presented here stem from the work of Horev (see [Horl9)
who gave a construction of equivariant version of factorization homology when G is a finite group.
From now on we will always assume that GG is a compact Lie group of dimestion .

6.1 G-oo-category of G-manifolds

We would want to have a G-oo-category of G-manifolds, that is a coCartesian fibration p :
M fld® — O such that for G/H € OF, M fld[% = N(M f1d™), the nerve of the category of
H-manifolds. This coCartesian fibration is indeed classified by a functor

M{ldg : OF — Cato

- (6.1)

Mfldg : G/H — N(M fld™)
so by the Lurie-Grothendieck correspondence we can take M f 1d% == Un®> (Mfldg), but as Horev
explained in [Horl9] sec. 3.1, Un*°(Mfldg) is not suitable for our work. Therefore, similar to
Horev’s construction, we will give an equivalent construction of M fldG.

Definition 6.1.1. Denote with Og — M fld the topological category whose objects are G-manifold
bundles p : M — O where M is a smooth G-manifold such that the fibers are of dimension n,
O € Og and p is a G-equivariant manifold bundle map, which we call the Og-manifolds. A map
between two Og-manifolds p; : M7 — O and py : My — O consists of a commutative diagram

M14>M2

|2

OlL)OQ

63
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with the following property:

For every x € O the induced map on the fiber (M;), — (01 X0, M2), is a G-embedding map.
We denote with Emb®¢ (M, Ms) the subspace of Map(O1,02) x C>(My, My) consisting of maps
between Og-manifolds endowed with the weak C'*°-topology.

Remark 6.1.2. Given an orbit O € Og and choosing a basepoint of that orbit we can write the
given orbit as G/H where H is the stabilizer of the basepoint. Having this in mind, we can think
of Og-manifolds as equivariant manifold bundle maps M — G/H. The fiber My over the coset
eH (where e is the neutral element of G) is therefore an H-manifold. Moreover, we see that in
that case, the map (My), — (O1 X0, M3), from is actually an H-embedding.

Remark 6.1.3. There exists an obvious forgetful functor 6 : Og — M fld — Og which takes an
Og-manifold M — O to its underlying orbit O. Given a map of orbits ¢ : O; — Os and two Og-
manifolds M; — Oy and My — O, we will denote with Emb9¢ (My, My) C Emb®¢ (My, Ms) the
fiber over ¢ of the map Emb®¢ (My, M) — Map(O1, O5) induced by the forgetful functor. In the
case when ¢ : O — O is the identity, we will simply write Embgc (M, M) for EmbSG (M, My).
Moreover, byEmbgG (My, M>) is equivalent to the space of H-embeddings Emb™ ((My).,, (Ms))
where x € O and H = Stab,(O).

G-isotopy maps

Up until now, we have just defined Og-manifolds and maps between them. In this subsection we
will define G-isotopies and see their connection to G-homotpy equivalences and G-diffeomorphisms.

Definition 6.1.4. Let M; — O and My — O3 be two Og-manifolds and let ¢ : O — O3 be a
map of orbits. By a G-isotopy over ¢ we will mean a path in Embgc (My, Ms). In the case when
01 = O3 = O we will say that a path in EmbgG (My, Ms) is a G-isotopy over O.

A map between two Og-manifolds is called a G-isotopy equivalence if it induces an equivalence in
N(Og — M fld).

Remark 6.1.5. Note that an equivalence in N(Og — M fld) always lies over an isomorphism of
orbits.
Let O € O¢g be an orbit and let z € O and let H = Stab(z). By taking = to be a basepoint of
O we have that O =2 G/H. Let M; — O and My — O be two Og-manifolds. A G-isotopy over
O in Embgc (My, Ms) is then equivalent to an H-equivariant isotopy between two H-embeddings
(My)y — (Maz),. Having this in mind, a map of Og-manifolds f : M; — My over the orbit O is
an equivalence in N(Og — M fld) if and only if the restriction f, : (M;), — (Mz), is invertible up
to H-isotopy, which means that f does not have to induce a G-diffeomorphism.

The same thing as in[6.1.5]occurs in the work of Horev ([HorI9] 3.1) and similarly we can deduce

that the existence of a G-isotopy equivalences ensures the existence of a G-diffeomorphisms. We
will show that the Proposition 3.1.12 in [Horl9] holds in the case when G is a compact Lie group:

Proposition 6.1.6. Let My — O and My — O be two Og-manifolds and let f € Embgc (M, M)

and g € Embgc(Mg,Ml) be G-isotopy inverses over O. Then there exists G-equivariand diffeo-
morphism My = Ms over O

Proof. As in take € O and denote H = Stab(z). Since the space EmbgG(Ml,Mg) is
homeomorphic to the space of H-equivariant embeddings (M7), — (M), it is enough to consider
the case when G = H. Since H is finite the proof follows from the proof of [Horl9] 5.1.12. O

G-oco-category of G-manifolds

The goal of this section is to construct the G-co-category of G-manifolds. The idea is the following:
Note that the forgetful functor
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N(8) : N(Og — M fid) — N(Og)

is a Cartesian fibration (see Lemma below) which is by and classified by the functor
as in (6.1]). Therefore, we will obtain our G-oo-category of G-manifolds as a dual to this Cartesian
fibration. In order to do so, we will first analyse the Cartesian edges in N(Og — M fld).

Lemma 6.1.7. The forgetful functor N(0) : N(Og — M fld) — N(Og) is an inner fibration.

Proof. By [HTT] 2.4.1.10 (i) it will suffice to show that, for two Og-manifolds p; : M; — O; and
p2 : My — Oy the map

Mapging(oc—mfiay(Mi, Ma) = Mapgingos)(O1,02)
is a Kan fibration. We will demonstrate this by showing that the map

p: Emb®% (M, My) — Mape,, (01, 0)

is a fiber bundle, hence in particular a Serre fibration ([HatOI] 4.48). Take ¢ € Mapo,(01,02)
and take x € O;. Note that since orbits are transitive G-spaces, the map ¢ is determined by
its image ¢(z) = y € Oy. Let H = Stab(x) and K = Stab(y) with H < K. Furthemore, let
Ny = (M), and Ny = (M3), and note that Ny is an H-manifold and N, a K-manifold. We have
(01,56) = G/H, (Og,y) = G/K and M1 =G XH Nl, M2 =ye XK N2. Then, a map

M, — M,

Lo

01 L 02
is determined by a G-commutative diagram

Nl%NQ

Lo

{z} —— {y}

Since the map M; — O; X, My has to be a fiberwise G-embedding we see that the upper
horizontal map needs to be a G-embedding: a map f : (M;), — (Ma), above ¢ induces a map on
the pullback ]7: (M1)z — (O1 X0, M), which is a G-embedding, but (O1 x o, M) = (Mz), = No
as an H-manifold (i.e. with the restriction of action of K to H). Therefore

Emb3¢ (My, Ma) = Emb™ (N1, Na)

Before we continue, note that, since O; and Oy are G-orbits i.e. transitive G-spaces, the space
of G-equivariant maps Mapg(O1,02) will be generated under ¢ by G. In other words, every
¥ € Mapg(O1,02) can be written as gy for g € G. Now, consider a neighborhood V of ¢ in
Mapg(Oq,02). By our previous remark, we conclude that there exists an open neighborhood U
of the neutral element e € G such that for every 1) € V there exists g € U such that ¢ = gp.
Additionally, we can choose V small enough such that U N kU = ) for all K € K (we can do this
because K is finite). This way, for every ¢ € V there exists a unique g € U such that ¢ = gep.
Then by letting U act on y € O, we obtain an open neighborhood U, of y. Again, we can choose
V small enough such that p,*(U,) = U, x Ny. Then a map (f, 1) € Emb®9(M;, My) with ¢ € V
restricts to



CHAPTER 6. G-MANIFOLDS 66

N —L U, x N,

{a} —2— U,

Moreover, for the unique g € U, 9 = go, ¥ (z) = gp(x) = gy, hence the upper diagram further
restricts to

Nl%NQ

Lo

{2} —— {gy}

Therefore, the map (f,v) € Emb®¢ (M, M) is completely determined by the choice of 1) and
f € EmbH(Ny, N3) and we have

p L (V) 2V x Emb (N, N)

Hence, the map p : Emb®¢ (M, Ms) — Mapo(O1,05) is a fiber bundle map, and consequently
a Serre fibration, as desired.
O

Lemma 6.1.8. N(0): N(Og — M fld) — N(O¢) is a Cartesian fibration. To be more precise, let
M — O be a Og-manifold and let ¢ : O1 — O be a map of orbits. Then the pullback square

O1 xoM — M

|

0, —2 >0

is a N(0)-Cartesian arrow in N(Og — M fld). Moreover, a morphism between two Og-manifolds
My — Oy and My — Os is N(0)-Cartesian if and only if the commutative diagram from is
equivalent to to a pullback diagram. In other words, the diagram

M1 — 01 X0y M2

| |

01 — 01
is a G-isotopy equivalence.
Proof. Given a commutative diagram as in we can compose it as

M1 — 01 X 0s M2 — M2

I

0, = O, 05

If we assume that the right pullback square is N(6)-Cartesian, then by [HTT] 2.4.1.7 the whole
morphism is N(6)-Cartesian if and only if the left square is N(6)-Cartesian, and the left square
is N(0)-Cartesian if and only if the map My — O; X, M2 is an equivalence by [HTT] 2.4.1.5.
Therefore, we only need to prove the first part.
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By the dual statement of 5.1.8) we need to show that for every Og-manifold N — O, the
diagram

Emb®¢(N,01 xo M) — Emb®¢ (N, M)

| !

Mapos (O2,01) ——— Mapo, (02, 0)

is a homotopy pullback diagram. By [6.1.7] we know that vertical arrows are fibrations hence it will
suffice to show that the fibers are equivalent. Fot this note that, for every ¢ € Mapo (O2,01) we
have a continuous bijection of the fibers

Emb9° (N, 01 xo M) L5 Emb08,

given by the universal property of the pullback, where f, is post composition with f: Oy xo M —
M.

(N, M)

N — 0O xoM L5 M

A

Oy —Y 50, —2 50

By the choice of the basepoint of the orbits, we can write the upper diagram as

N —— G/Ky xgu M —1— M

| | |

G/Ky —— GJKi —— G/H

with K» < K; < H all finite groups. Note that we can regard N and G/K; xg/g M as Og-
manifolds lying over G/H by composition N — G/Ky — G/K; — G/H and G/K1 xg/g M —
G/K, — G/H. Note also that G/Ky — G/K; — G/H and G/K; — G/H are covering spaces
with fibres corresponding to H/Ks and H/K; respectively. By taking the fiber over eH € G/H
the upper diagram becomes equivalent to

uN1*> uM1L>M1

H/K> H/K; J{

| |

H/Ky —— H/K, —— H/H

where N is the fiber of N — G/K5 and M; the fiber of M — G/H. Note that the fibers
of M — G/H and G/K; xg/g M — G /K, are non-equivariantly the same (since the latter is
obtained via the pullback) but with different action. The fiber of the first bundle map is the
manifold M; equipped with H-action, while the fiber of the second is acain M; but with action
restricted to Kj-action.

The right square is still a pullback square, hence we have that f; induces a continuous bijection

Embf( U N, U M) LS Brbf( U Ny M)
H/K> H/K; H/K>

Since the map f is essentially given as a disjoint union of diffeomorphisms it is not hard to see
that the map f;, is open, hence it is a homeomorphism. By we have
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Emb¢(N,01 xo M) ~ Emb™( L Ny, U M)
H/K> H/K,

o N H
EmbS, (N, M) = Emb!( 1) N1, My)

which ultimately gives us Embgc (N,01 xo M) ~ Embgfw (N, M) and the proof is finished. O

Now we are ready to define the G-oo-category of G-manifolds.

Notation 6.1.9. For the sake of readability and easier writing we will abuse notation and write
Og for the nerve N(Og).

Let Og denote the maximal subgroupoid of Og. By [5.2) we have that the triples

(N(Og — M fld), N(Og — M fld) xo, O, N(Og — M fld)N @) —cart)
(O¢,0g,0¢q)

are adequate triples.

Definition 6.1.10. The G-oo-category of G-manifolds is the coCartesian fibration 7 : MfldG —

O dual to the Cartesian fibration N(0) : N(Og — M fld) — Og. By the objects of M f1d®
are Og-manifolds and a morphism from M; — O to My — Os is a diagram of the form

M, «— M —— M,

I

01 — 02 — 02
such that the left square is a pullback square. This morphism is m-coCartesian just in case the
right square is a G-isotopy equivalence.
Remark 6.1.11. Unwinding the definition, M fldG is obtained via the pullback of the effective
Burnside category
AT (N(Og — M fld), N(Og — M fld) x o, OF, N(Og — M fld)N ) —cart)

along the equivalence

OF = A1 (0,05, 0c)

Remark 6.1.12. Since 7 : M fld° — O is the dual of N(6) it is classified by the same functor
OF — Cato, sending an orbit G/H — N(M fld™).

We have already explained how we can view orbits as quotients G/H where H is a finite subgroup
of G. Then the equivalence

M fld[% . = N(M fld™)

is given by taking the fiber of M — G/H over eH, with inverse given by the functor of topological
induction G x g (—) (see also [ID87| chapter 1, 9.2): Given an H-manifold M which we can write
as M — %, the topological induction gives us

GxgM—Gxyg(x)~G/H

which is an Og-manifold.
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Remark 6.1.13. Apart from [6.1.12] we would like to see other advantages of using the M f1d°.
Some of them include:

e Restriction: Given finite subgroups K < H < G we would like to have a restriction functor

H . G G
Resy - Mfld[G/H] — Mfld[G/K]

which under the equivalence from [6.1.12|restricts the H-action to K-action of the H-manifold
M.

Given an Og-manifold M — G/H the restriction functor gives us Reslt(M) the Og-manifold
over G/K obtained as a coCartesian lift of G/H — G/K € Mor(Og’) starting from
M — G/H. By the description of coCartesian edges in M f1d€ this would simply be the
pullback

M «—— ResiL(M)

| |

G/H «+—— G/K

Forgetting the action, the fibers of M — G/H and Resl (M) — G/K are the same, with
the ones of the former being H-manifolds and ones of the latter being K-manifolds, which is
what we wanted.

e Conjugation: For H < G and g € G the conjugation action equivalence

G o~ G
Cg: Mfldig) ) = MJldiG) g
is given the following way:
For M — G/H, the conjugacy action on M, c4(M) is given as a coCartesian lift of the
equivalence G/H — G/gHg™1 € Mor(Og®?) starting from M. Again, by the description of
the coCartesian arrows in M fldG, we have a pullback square

M —— ¢,(M)

|

G/H «— G/gHg™!

The inverse is given by cg-1.

e Topological induction: Let K < H < G be finite subgroups and let M be a K-manifold.
We would like to give a description of the topological induction H X x M in M fldG.
Let M — G/K be an Og-manifold with fiber M. Then the topological induction H x g M
in MfldG is given as a fiber of

M—-G/K - G/H

Note that G/K — G/H is a covering G-map, hence the composition M — G/K — G/H
remains a G-manifold bundle i.e. an Og-manifold.
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6.2 The G-oo-category of framed G-manifolds

Following the non-parametrized and non-equivariant setting we would like to get to the notion

of framing on G-manifolds. By ”framing” we mean the G-manifolds with tangential structure.
Note that this term differs in the literature. Here, we focus on the framing in the sense of Ayala
and Francis [AF15] and consequently Horev [Horl9).
Similarly as in [MS74], the tangential structure on a n-dimensional G-manifold M is given by a
G-map 7y : M — BO,(G) (see also [Wan80]). In this section we will define the G-oco-groupoid
Rep (G) that can be identified with the G-space BO,(G) that classifies G-vector bundles and we
will define the G-tangent classifier map in the higher parametrized setting.

G-tangent classifier

In the non-equivariant (and non-parametrized) case the tangent classifier map is given by (see
[AF15] 2.1)

7 : Mfldy, — Top,po(n)

where M fld,, is the oo-category of smooth n-dimensional manifolds.

Our task is to find the parametrized version of this construction. There is one difference that we
need to address: we are not interested in framings on the underlying G-manifolds of a Og-manifolds
M — G/H, but we are rather interested in the framing on the fibers of M — G/H. Therefore,
even though the G-manifold M is of dimension n + [ our fiberwise tangent classifier map will be
given by

71 Mfld — TopGpo, (@ (6.2)

Note that if we, by abuse of notation, write TM — M for the fiberwise tangent bundle map with
respect to M — G/H, then TMpy is an H-representation (a finite dimensional real vector space
with H acting by linear isomorphisms), where My is a fiber over eH of M — G/H. Therefore,
TM — M is a G-vector bundle map i.e. a vector bundle map which is a G-map such that G acts
on T'M by bundle maps (linear actions on each fiber) and is hence classified by a map .

We define the following;:

Definition 6.2.1. Let Rep (G) C M f1d® be the full G-oo-subcategory spanned by the Og-
manifolds £ — O which are G-vector bundles.

The G-oo-category @n (G) is important since it will play a major role in the parametrized version
of .

Let us denote with Vect,(G),p the category of n-dimensional G-vector bundles over the G-space
B. Since G-vector bundles are stable under pullbacks we have the following:

Proposition 6.2.2. ([TD87/ 1 9.2) Let H C G be a subgroup of G. For an H-space X and
a G-vector bundle p : E — G xg X the assignment p — px, where px is the restriction
of p to X =2 H xyg X represents an equivalence between the category of G-vector bundles over
G xg X and H-vector bundles over X. In particular, we have an equivalence Vect,(G) /G /m) =~
Vect,(H) . ~ Rep,(H) from the category of G-vector bundles over the orbit G/H to the category
of H-representations. An inverse is given by sending a representation V of H to its topological
induction G xg V.

This proposition is very important since it helps us to prove that Rep (G) is in fact a G-oo-
groupoid. But first, we will need a notion of the equivariant version of Kister-Mazur theorem (see
[Kis64]).
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Proposition 6.2.3. Let H < G be a finite subgroup of a compact lie group G, and let V' be an
n-dimensional H-representation. Then the spaces Aut™ (V) and Emb" (V,V) endowed with the
weak C*°-topology are weakly equivalent.

Proof. By translation, we have a weak equivalence of the spaces

Embl(V, V) — Emb® (V,V), and Autl (V) — Aut™ (V)

where Embl (V, V) (vesp. Autl (V) are embeddings (resp. automorphisms) which preserve the
origin. We will show that both these spaces are weakly equivalent to GL, (V).

In order to show that GL,(V) — Embll(V,V) is a weak equivalence it will suffice to show the
existence of the dashed lift of the diagram

Sk ——— GL,(V)

|

Dt L Embl (V,V)

for k > —1 (with S7! = ). We will write f; = f(d) € Embf(V,V). Informally, we want to
transform the functions fy into linear functions. In addition, we want our transformation to send
fa into f4 in case fy is already a linear function. We proceed with the following:

Take p : [0,+00) — [0,1] to be a decreasing smooth function which is equal to 1 near 0 and
which is 0 on [1, +00). Define

|| [|]]

Fa(z,t) = (1 - W(T))fd(x) + tu(T)Dfd(O)x
where t € [0,1], x € V and where D fy(0) is the derivative at 0 of f4. Note that Fy(z,t) = fa(z)
whenever ||z|| > . Additionally, since D**! is compact, we can write
[|DF4(x,t) — Dfa(x)|| < Ce

for some C' > 0, ||z|| < e and for all d € D**. Hence, choosing ¢ small enough we can conclude
||[DFy(z,t)|| # 0 for every x € V, t € [0,1], d € D**1| hence, they will all be embeddings (since
they are when t = 0). Let us denote with f4(z) = Fy(z,1). Note that, if fy is linear, then
Fy(z,t) = fa(z) for every t € [0,1], hence, in particular fy(z) = fq(z).

Next, define the function Fj(z,t) to be

D fq(0)x, for [|z|]| <et <lort=1
(1 1) fa(

lft)’ for ||z|] > et < 1
Again, note that if f; is linear, then F/j(z,t) = fq(x) for every t € [0,1].

Finally, define f; = F!(x,1). With this, we have shown that GL,,(V) — Embl(V,V) is a weak
equivalence.

The proof that GL, (V) — Autl!(V) is analogous. We consider a diagram

Sk —— GL,(V)

|

DRt L Aul (V)
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Since all f; are now diffeomorphisms, then so will F;(—,t) and F)(—,t) be for all t € [-1,1].
O

We are ready to present the following:

Proposition 6.2.4. The G-co-category @H(G) is a G-0o-groupoid. In particular, for an orbit
G/H, the objects of the fiber @H(G)[G/H] can be viewed as n-dimensional real H-representations.

The mapping space between two such elements V, W is equivalent to the mapping space Is0gep,, (iry(V, W)
of linear, H -equivariant isomorphisms endowed with a weak C* -topology.

Proof. By [HTT] 2.4.2.4 it will suffice to show that the fibers Rep (G)jo; are oo-groupoids, hence
the coCartesian fibration Repn(G) — O is a left fibration i.e. a G-oo-groupoid. By taking a
basepoint z € O and using (O, z) = G/H we have Rep (G)ig/m) =~ Rep,(H) by taking the fibers
over eH. The claim now follows from O

Recall that the classifying space for G-vector bundles is a G-space BO, (G) with the following

property:
For every G-space X we have the following isomorphism

[X, BO,(G)]g = Ob(Vect,(G) /x)
between the G-homotopy classes of maps X — BO,,(G) and the G-vector bundles over X.

Proposition 6.2.5. The G-co-groupoid Repn(G) corresponds to BO,,(G) € Top®, the classifying
G-space of n-dimensional G-vector bundles.

Proof. Space BO,(G) classifies the functor O — Mapg(O, BO,(G)), but Mapa(O, BO,(G))
classifies all G-vector bundles over O ie. Mapg(0, BO,(G)) ~ Rep (G)jo). Therefore, the
coCartesian fibration BO,,(G) — O induced by BO,(G) is classified by the same functor as
Rep (G) — O, hence the conclusion. O

Moving on with the parametrized construction of the tangent classifier map, we have to replace
Top® with a suitable parametrized invariant. Note that the model for TopG from is not a
good one since we need the G-oo-category of G-oco-groupoids in the place of Top®. We provide the
following construction:

Construction 6.2.6. Let us denote with Grp® the oo-category obtained as the nerve of a sim-
plicial category whose objects are given by left fibrations X — O. Note that we have a functor
Lf : Top® — Grp® that sends a G-space X to a left fibration Lf(X) — OF classified by a functor
O — Mapg(0O,X). We proceed with the construction of G-oco-category of G-oo-groupoids in a
similar manner as in B.3.6

Denote with Og —Grp the nerve of the simplicial category whose objects are pairs (O, X — Lf(0))
where O € Og and where X — Lf(O) is a left fibration. The forgetful functor Og — Grp — Og
is a Cartesian fibration and we obtain Grp® — O from the construction of a dual.

The functor Lf induces a functor Og — Top — Og — Grp which further induces a functor
Lf. : Top® — Grp® sending (X — O) to the pair (O,Lf(X) — Lf(O)). This functor re-
stricts to an equivalence on a full G-co-subcategory of TopG spanned by elements (X — O) where
X is a G-CW-complex. o

Remark 6.2.7. Note that Lf(O) ~ O since they are classified by the same functor.

With all categories in place we would like to construct a map

. G G
T: Mfld” — Grp/BOn(G)
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which corresponds to the G-tangent bundle classifying map.

We need to prepare ourselves a little bit more in order to continue our construction

Definition 6.2.8. We will denote with Og — Rep the full subcategory of Og — M fld spanned by
those objects E — O which are G-vector bundles.

As a direct corollary of we have:
Lemma 6.2.9. The natural map Og — Rep? — Repn (GQ) is an equivalence.

Proof. It would be enough to verify that (Og — Rep®?)jo) =~ Rep (G)io for every O € Og which
follows from the description of mapping spaces in Rep (@) from O

Construction 6.2.10. Let (M — O) € Mfld[%] and let D(M) — Og — Rep®? be a left fibration

classified by a functor (E — W) — Mapo,—mpa(E — W, M — O). The forgetful functor
Mapog—mpia(E — W, M — O) - Mapg(W,O) induces a diagram

!

D(M) — Og — Rep®?
Lf(O) —— Og

We first note that Lf(O) ~ O and then, with we obtain the diagram

D(M) — Rep, (G)

| |

0O— 5 O

Next, we see that the composition D(M) — O — OZ makes D(M) into a G-oo-groupoid since
it is a composition of two left fibrations, hence a left fibration, and we have D(M) € @[%].
Moreover, the structure map D(M) — O factors through D(M) — OxRep (G) — O hence
we have constructed an object living in (@?Rep ( G))[O]' This fiberwise functor M[GO] —

(Grprep ( G))[O] assembles into a G-functor

71 MfId® — Gl o) = Grpf] (6.3)

/BOn(G)

te

Proposition 6.2.11. The functor T in (6.3) corresponds to the G-tangent bundle classifying func-
tor.

Proof. For (M — O) e M fld[%] we have the corresponding left fibration D(M) — O which factors
as

D(M) — OxRep (G)— O
We have to show that this map corresponds to the fiberwise tangent bundle classifier of M

T: M — BO,(G)

Since the left fibration Ox Rep (G) — O is obtaine via the pullback of the left fibration Rep (G) —
O along O — OF, they are classified by the same G-space, which is BO,,(G) by Therefore,
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we need to prove that D(M) corresponds to M. In other words, we need to prove the following
equivalence

D(M)w) ~ Mapg(W, M)

where (W — O) € O. Without the loss of generality, it will suffice to prove the statement for
(O — 0) € O. Unwinding the definition of D(M) we see that, by [HTT] 3.3.4.5 the fiber D(M)0
is equivalent to

D(M)io) ~ li Emb®¢ (E, M
(M)o) S gy P (E, M)
Taking a basepoint € O and identifying (O,z) = G/H we obtain the following equivalent
expression by taking the fibers over z:

D(M)io1 =~ colim Emb™(V,N
(M)jo) yCglim B (V,N)
where N is the H-manifold obtained as the fiber of M — O over x. We need to show that this
colimit is equivalent to Mapg(O, M) ~ Mapg(x, N) ~ NH. Note that the upper colimit is the
colimit in the co-categorical sense. Equivalently, we would have to prove the equivalence

hocolim Emb™ (V, N) = Mapg (x, N)

VERep, (H)
in the category of spaces. Note that by the equivariant version of Kister-Mazur theorem (see
, the colimit in our equation decomposes as a disjoint union indexed by the isomorphism
classes of H-representations, hence we can focus only on one such class, and it will suffice to show

hocolimEmb™ (V, N) = Mapg (x, N).
AutH (V)

We can replace Emb™ (V, N) with the equivalent space of frames Frl(V, N) (see [7.3)), which we
can regard as the space of H-vector bundle maps

V — TN

|l

* —— N

where we have an induced map Frf(V,N) — Mapg (*, N) given by the downstairs map of the
diagram * — N, hence a map hocgl(in)lFrH(V, N) = Mapg (x, N). We want to show that this map
AutH (V

is in fact a weak homotopy equivalence. Note that the homotopy colimit is given by a diagram of
a group action of Autf (V) on Frf (V, N) by precomposition, hence Zocgl(iﬂ)zF rH(V,N) is given
utH (V'

by the homotopy quotient Frf (V, N) gyem vy

In order to show that the map Frf(V, N) gur (vy — Mapg (x, N) is a weak homotopy equivalence
it will sufice to show that the homotopy fiber of the map Fr#(V,N) — Mapy (x, N) is weakly
equivalent to Aut™ (V). Next, note that Mapp (¥, N) represents the equivariant configuration
space, hence the map Frf(V, N) — Mapg (*, N) is a fibration, meaning that fibers and homotopy
fibers coincide.

Let us fix e € Mapg (%, N). Note that e(x) = y € NH. Therefore TN, = V as an H-representation
and we have that the fiber of Frf(V,N) — Mapg(*, N) over e is equivalent to Frf(V,N), ~
Autl (V). The claim follows from the equivalence Autf (V') ~ Autl!(V') given by translations. [
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Framing on G-manifolds

Following our previous work, we are ready to define the G-oo-category of framed G-manifolds.
We start with the definition of a framing:

Definition 6.2.12. Let B be a G-space and let f : B — BO,(G) be a G-map. Let M be a
G-manifold. The B-framing on M is given by a G-map fy; : M — B together with a G-homotopy
commutative diagram

/\

M—21 5 BO,(G)

where M ™% BO,,(G) is a tangent bundle classifier map.

Definition 6.2.13. Let B be a G-space and let f : B — BO, (G) be a G-map. The G-oo-category
of B-framed Og-manifolds is defined to be a pullback

M [P —— Grpfy

| lr

G T G
Mfld™ —— Gp 55 ()

Moreover, for O € Og and for two B-framed Og-manifolds M, N € M fldG B=I" the mapping
space EmbG B-f "(M, N) is obtained via the homotopy pullback

EmbG (M, N) ————— Map§ 5, 0, (M 1, Bx 0,N 1% B x 0)

J |

EmbG(M,N) —"— Map$ 50, crx0y(M 25 BOL(G) x O,N ™5 BO,(G) x O)

Definition 6.2.14. Analogous to G-manifolds, we can define the G-oo-category RepB (@) as
a pullback

Rep?~I"(G) — M f1d&PI"

| I

Rep (G) —— M fld°

Proposition 6.2.15. The G-co-category RepB f’(G) corresponds to the G-space B.

Proof. Left fibration corresponding to G-space B can be described as O — Mapg(O, B), where O €

Og, which corresponds to the classification of B-framed G-vector bundles over O by composition
O — B — BO,(G). O

Remark 6.2.16. Let D be a G-space. Then D defines a G-object in Top®. By definition (see
[BDGNSIG] section 7), this G-object is a coCartesian section D : OfF — Top® given by
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D(0):=(Dx0 — 0)
G
[91/D(0)
together with G-maps X — O and X — D.

Therefore an object of (M?D)[O] ~ Top o~ TopG/(DXo%O) is given by a G-space X

Example 6.2.17. One of the most interesting examples of framing is when the G-space B is taken
to be a point B = x. The map * — BO,(G) classifies a G-vector bundle over the point i.e. an
n-dimensional G-representation V. — x. Therefore, the tangent bundle on M € MfldG’BffT 15
given by a commutative diagram

™M — V — EO,(G)

L]

M —— x —— BO,(G)

where both inner right and left squares are pullback squares. We will call this the V -framing on
Mf1d®. Finally, note that V-framing corresponds to the trivialization of the fiberwise tangent
bundle TM = M x V as a G-vector bundle.

Example 6.2.18. By taking B = BO,(G) and f : BO,(G) — BO,(G) we get to the notion of
G-oco-category of G-manifolds with no tangential structure in which case we have an equivalence
M fld®P=Im ~ M f1dC.

Remark 6.2.19. For more example, such as orientations of G-vector bundles (see also [CMWOI])
and G-oo-category of G-manifolds with free G-action, see [Horl9] 3.3.

6.3 G-symmetric monoidal structure

In this section, we will endow the G-co-category of G-manifolds with a G-symmetric monoidal
structure. In particular, we will construct a new G-symmetric monoidal category M fldG’u whose
underlying G-oo-category will be M fldG.

After that, we will take the framing into account.

In order to construct the G-symmetric monoidal category of G-manifolds, we would like to use
the unfurling construction of Barwick (see [Barldl, in particular section 11). In order to do so we
will first introduce the category Og — Fin — M fld based on which we will build our category:

Definition 6.3.1. Let us denote with Og — Fin — M fld the topological category whose objects
consist of a sequence M — U — O where M is a G-manifold, U is a finite G-set and O € O¢ such
that the composite map M — O is a G-manifold bundle map. We will say that (M — U — O) is
a Og — Fin-manifold. Let (M; — Uy — O1) and (M3 — Us — Os3) be two Og — Fin-manifolds.
A morphism of Og — Fin-manifolds consists of a commutative diagram

M1*>M2

L,

U —2 U,

Lo

01 —25 0,
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where the lower square is a map of finite G-sets. Additionally, we will require that the induced
map My, — O1 X, M, is fiberwise a G-embedding map.

We will denote with Mapo, —Fine (U1, Uz2) the subspace of Mapg(0O1,02) X Mapg(Uy,Us) such
that lower square in the upper diagram commutes, with inherited weak C'°°-topology. Similarly,
we will denote with Emb®¢ =" (M, My) the subspace of Mapo._pin(Ur,Us) x C%(My, My)
forming commutative diagrams as above, with the inherited weak C'°°-topology.

Remark 6.3.2. Let M — U — O be an Og — Fin-manifold. The idea of this construction is
to view this Og — Fin-manifold as the disjoint union of My — W — O, where W € Orbit(U)
and My is the restriction of M — U to W. Note that the composite map My — W — O is
a G-manifold bundle map. Moreover, W — O is a covering map, and as in we can look
at My — W — O as the topological induction of My, — W along W — O. In other words,
My — W is an Og-manifold. This fact will prove useful in our later work.

Again, we have a forgetful functor q : Og — Fin — M fld — Og — Fing which we would like
to use for our unfurling construction. The unfurling construction requires additional collection of
data on Og — Fing. In particular, we need a pair of subcategories containing all the equivalences.
The morphisms of the first and second subcategory will be called respectively:

e ingressive: In our case those will be morphisms in Og — Fing which are isomorphisms over
orbits;

e egressive: Morphisms in Og — Fing containing summand inclusions.

The first step toward our construction is:

Lemma 6.3.3. The forgetful functor N(q) : N(Og — Fin — M fld) — N(Og — Fing) is an inner
fibration.

Proof. Similarly to the proof of it will be enough to show that the map

Mapsing(©c—rin—mpid) (M1 — Uy — O1, My — Uz — Os)

|

Mapging(©c—rFing)(Ur = O1,Us — O3)
is a Kan fibration. Note that this map breaks as a disjoint union of

(Mapging(©g—Fin—sfiay(Mi — Uy = O1, My — Uz = Os)) (5]

|

(Mapging(©s—Fing) (U1 = O1,Uz — 02))g)
indexed by [¢] = mo(p,¢) € To(Mapsing(©s—Fing)(U1 — O1,Us — O3)). Suppose that these
maps are all Kan fibrations. Then, for n > 1 and 0 < 7 < n, the dotted lift in the following

diagram exists

A} ——— Mapsing(0g—Fin—nrfia) (M, Mz)

JAN Mapging(0e—Fing) (U1 — O1,Uz — Os)

since the diagram factors as
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A} ——— (Mapsing(0-Fin—M fid) (M1, M2)) (5] ——— Mapsing(0s—Fin—m fid) (M1, M)

Sl et |

A" = (Mapsging(0e—Fing) (U1 = 01,Uz = 02))15) ——— Mapsing(0g—rFine) (U1, U2)
for some (@] € mo(Mapging(©—Fing)(Ur = O1,Us = Oz)). Therefore, it will suffice to show that

(Mapging(0g—Fin—nfiay(Mi — Uy — Oy, My — Uz — Os)) (5]

|

(Mapsing(©g—Fing) (Ut — O1,Uz — O2)) 5]

are all Kan fibrations. We will show that

Qg : (Mapog—rFin—srs1a(Mi, M2))g) = (Mapos - ring (Ur — O1,Uz = O2)) (5

are all fiber bundle maps, hence Serre fibrations. Let us fix (¢, ) € Mapo,—ring (U1 = O1,Us —
03). Consider a commutative diagram

M14>M2

L,

U1L>UQ

I

01L>02

As in the map ¢ is completely determined by the image ¢(z) = y for some chosen = € Os.
We will mark H = Stab(x) and K = Stab(y). Since Uy — O; and Uy — Oq are covering maps, we
can mark their fibers with S and T respectively. Since U; and Us are finite G-sets i.e. equivalent to
finite disjoint union of orbits, S and T" will be finite sets. Moreover, S will have induced H-action
and T will be equipped with K-action. Now again, by equivariance, the map @ will be completely
determined by the restriction £ : S — T (which is an H-map) to the fibers of x and y. Then the
upper diagram restricts to

Nl%NQ

L

S%T

Lo

{z} —— {y}

where Ny = (M), and Ny = (Ma),. Note that the map f corresponds to an H-embedding
N; — Na, but also note that f cannot be any H-embedding, it lies over the map & : Orbity (S) —
O?“bitK (T)
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Nl—f>N2

| |

L

Orbity(S) —— Orbitg(T)

where Orbitg (S) is the set of H-orbits of S and Orbitx (T') is the set of all K-orbits of 7". Furthe-
more, £ is determined by [@] € mo(Mapog, —Fing (U1 — O1,Uz — Oz)). We will denote with

EmbL (N1, Na)
all such H-embeddings of N7 into Ns.

Since the topology on (Mapo, - Fine (Ui, Uz)) (g is inherited from Mapg(O1, O2)x Mapg (U, Uz)
we can choose a suitable neighborhood V' of (&, ¢) such that the projection on the level of orbits
represents a neighborhood W of ¢ as in |6.1.7] “ with the addition that the inverse of W, of the

coverlng map Uz — O3 can be written as W, x T'. To add up, the maps (w ¥) € V are such that
mo(1h) = mo(®). Now the map (f, 0, P) € EmbOG Fin(My | M,) with (1), 1) € V restricts to

N —L W, x N

| l

S —=— W, xT
{2} —2— W,

There is a unique g € W such that ¥ = gy, hence we have

Ny — T N,

]

S —=——T

Lo

{x} —2— {9y}

And the map ({/;, ) is completely determined by the lower square of this diagram. Therefore, we
have

45 (V) =V x Bmb{G (N1, No)

meaning that ¢z is a fiber bundle map and consequently a Serre fibration. With this the proof is
finished.

O

Lemma 6.3.4. A morphism (f,$,¢) of N(Og — Fin — M fld) in which ($,¢) € Og — Fing" is
N(q) - Cartesian if and only if it is equivalent to a pullback over a summand-inclusion.

Proof. We prove this lemma in several steps:
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1. We can factor a morphism between two elements of Og — Fin — M fld, (M; — U; — Oq)
and (Ms — Uy — O3) as

M, — U, XU, My — My

| | |

Uy = U, Us
01 = 01 02

where the right side is a pullback over a summand inclusion. By [HTT] 2.4.1.7 and 2.4.1.5
it will suffice to prove that the right side is an N(g)-cartesian arrow, which we prove in the
following step.

2. Consider a map in Og — Fin — M fld

M14>M2

L

U1;>U2

I

01 — 02
where the upper square is a pullback square. We can factor this map as

M1 _— Ol X0y M2 —_— M2

| | |

U —— O X0, Uy — U,

| | !

01 — 01 02

Note that the right lower square and right rectangle are pulback diagrams, hence so is the
right upper square. Since the upper rectangle is a pullback diagram so is the left upper
square. Analogous to we can show that the right side is N(q)-Cartesian taking into
account hence by [HTT] 2.4.1.7, we need to show that the left side is an N(g)-Cartesian
morphism.

3. Let Uy [ Uz be a coproduct of finite G-sets Uy and Us (hence, it is a finite G-set). Note that
every Og — Fing-manifold M — (U; [[Uz2) — O decomposes as My U My — Uy [[Us — O
where M7 — U; — O and My — Uy — O are Og — Fing-manifolds.

Having this in mind, consider the following diagram

M1 ‘—>M1|_|M2

| |

U1 — UlHUQ

| |

O —— 0
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Note that it is a pullback diagram. We want to show that it is a N(g)-Cartesian arrow. By
the dual statement of we have to prove that for every N — U — W the diagram

Mapos —rin—rp1a(N, My) ——— Mapos—rin—npa(N, M1 U My)

| !

MapoG_FmG(U — I/V,Ul — O) _— MapoG_FmG(U — VV,Ul HUQ — O)

is homotopy Cartesian.

By the left and right vertical arrows are fibrations, hence it will suffice to show the
equivalence of the fibers. First note that W x o (M7 U M) = (W xo M;)U(W x o Ms) hence,
for a map in Mapog - pin—n fia(N, M1) the upper horizontal map is determined by a map

N—)WXOMl‘—)(WXOMl)Ll(WXOMQ)%WXo(M1UM2)

which is a fiberwise embedding map. Therefore, for ® € Mapo,—Fine (U — W,U; — O) the
fibers EmbgG(N7 M) and Embgfq(i)(]\f, M U My) are the same, where i : My — M; U M,
and ¢(7) is the projection to a map in Og — Fing. With this the proof is finished.

O

Lemma 6.3.5. A morphism (f’,g;’,go’) in which (L;’,go’) € O¢ — Fing xo, Oc” is N(q)-
coCartesian if and only if it is G-isotopic to an identity of manifolds over an orbit isomorphism.

Proof. Let (My — Uy — O1) and (My — Us — Os) be the elements of Og — Fin — M fld such
that there is an isomorphism O; = Os. Then every morphism of these elements lying over the
isomorphism of orbits can be factored as

M, M, M,
U, U, = U,
O — = 0y —=— O,

Then, by the dual statements of [HTT] 2.4.1.7 and 2.4.1.5 it will suffice to show that the left side
is a N(g)-coCartesian morphism.

By we have to show that for every (M — U — O) € Og — Fin — M fld the commutative
diagram

Mapog, —rin—m pra(My, M) ——— Mapos—rin—nf1a(Mi, M)

[ |

MapOG—FinG(U2 — OQ,U — O) _— MapoG_FmG(Ul — Ol,U — O)

is in fact a homotopy pullback diagram. By we know that vertical maps are fibrations,
therefore it will suffice to show that the fibers are equivalent. They will, in fact, be the same,
since the induced map on fibers is given simply by precomposition M; — M; — M on the level
of manifolds i.e. we have
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i

The inverse will again be the identity on the level of manifolds and is given by the commutativity
of the diagram

U1*>U2

I

01i>02
O

Proposition 6.3.6. The inner fibration Og — Fin — M fld — Og — Fing is adequate over the
triple

(O¢ — Fing,O¢ — Fing xo, Oc™,0¢ — FinGu)
in the sense of [Bar14] definition 10.3.

Proof. By [Barld] 10.3 we need to verify the following:

1. Ingressive morphisms have coCartesian lifts, which is true by
2. Egressive morphisms have Cartesian lifts, which is true by
3. In the terminology of Barwick [Barl4], for a given ambigressive pullback diagram in Og —

Fz’ng

IlL}IQ

e ¢

JlLJQ

where 17 and ; are ingressive and ¢, and @9 are egressive morphisms, the natural base-
change operation b : (1)1 0 p1* — @2* o (7)1 is an equivalence.

Let Il = [U[l — O[l], IQ = [UIQ — 012], Jl = [UJl — 0]1}, JQ = [U]Q — OJQ] and let
M — Uy — Oy be an Og — Fin-manifold above J;. Then by and we have:

@1*(M — UJ1 — Ojl) = [UH XU M — U[1 — 011]
(Wr)iowi"(M = Usp — On) = [Un xvu,, M — Uz = Ora]

given by a diagram
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M +— U11 XU M — U[1 XU M

| | |

Un Un Ura
On On = Ors

where the upper left square is a pullback square. For the other operation:

(’(/JJ);(M—>U11 —>OJ1): [M_>UJ2_>OJ2}
w2 o (Y h(M = Ujr — Og1) = [Ura Xy, M — Ura — Ora)

given by a diagram

M — M Ura XU M
Un U Urz
Oy ——— Oy Or2

where the upper right square is a pullback square.
We obtain the map b by composing the diagrams of ¢} and (¢r) to obtain

Un xu,, M M = M
Un Usn Uja
On Oy —— Oy

Note that by the commutativity of the ambigressive square we have that

Un—Un—=Up>~Un —Up—Uj

which induces a map b to the pullback

b
Un XU M ——— Ups XUJZM — M

| | |

Un Ur2 U2

| | |

On Ors2 O

IR
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Our natural base-change operation b is thus obtained as the left side of the following com-
mutative diagram

= b
U[1 XU M —— UIl XU M —— U[Q XUjs M

| | |

Un Ura = Ur2
On = Or2 = Or2

We still need to prove that b is an equivalence. In order to do so, we turn to the diagram

U[l XU M — M

| |

Un —— UJl

| |

U[2 4>: UJ2

in which the upper square is a pullback square by the construction of Uy xy7,; M and where
the lower square is also a pullback square provided by the fact that that we have been given
an ambigressive pullback square. Hence, the outer rectangle is a pullback diagram, which
implies Uy X,y M >~ Urs Xy,, M as desired.

O

Definition 6.3.7. Let us denote with (Og — Fin — M fld)* C Og — Fin — M fld the subcategory
consisting of all the objects of Og — Fin — M fld with morphisms the N(g)-Cartesian edges over
summand inclusions. Additionaly, denote with (Og — Fin — M fld)4 the category

OG — Fin — Mfld XOa—Fing (OG — Fing X0a OGN) ~ OG — Fin — Mfld X0a OGN

Proposition 6.3.8. The triple (Og — Fin — M fld, (Og — Fin — M fld) , (Og — Fin — M fld)*)
is adequate. Moreover, applying the effective Burnside construction to the functor N(q) : Og —
Fin — M fld - Og — Fing, we obtain a functor

Al1(Og — Fin — M fld, (Og — Fin — Mfld),,(Og — Fin — M fld)*)

Aeff(OG — Fing, OG — FiTLG X0a OGN, OG — FiTLGU)

which is a coCartesian fibration. We call v the unfurling of N(q).
Proof. By (5.1]) and together with [Barl4] 11.2 we have that the triple

(Og — Fin — Mfld, (Og — Fin — Mfld), (Og — Fin — M fld)™)

is adequate, which justifies the construction of the functor ~.
By [Bar14] 11.4 the functor v is an inner fibration. The structure of a coCartesian fibration is

given by [Barl4] 11.5, and O
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Definition 6.3.9. Define the co-category MfldG"‘I together with a coCartesian fibration MfldG’u —
F mf by a pullback

Mfld%Y —— A1/ (Og — Fin — M fld,(Og — Fin — M fld),, (Og — Fin — M fld)*)

M*G SN Aeff(OG — Fing,Og — Fing X0, Oc™,0¢ — FinGU)

As we will later see M f1d“*" has a structure of a symmetric monoidal G-oo-category.

Remark 6.3.10. Unwinding the definitions we can see that the objects in MflalG’u are Og — Fin-

manifolds, while a morphism between (M; — U; — O;) and (Ms — Uz — Os) is given by a
diagram

M1 M M2
U1 U U2
01 02 = 02

where the left side is equivalent to a pullback over a summand inclusion. This morphism is
coCartesian just in case when the right side is equivalent to the identity of manifolds.

Proposition 6.3.11. The coCartesian fibration MG"" — M*G has the structure of a G-
symmetric monoidal oco-category whose underlying G-oco-category is equivalent to MG, the G-
oco-category of G-manifolds.

Proof. The underlying G-oo-category of MG"" is obtained via the pullback along the functor
I(=) : OF — Fin€ given by I(O) = [0 = O]. Hence, the objects of (M fld“");_, are given by
M — O = O and the morphisms are given by diagrams

M1 M M2
o 02 Os
O O- 0o

Where the left side is a pullback diagram. Hence, (MfldG"")I(,) ~ M f1d“ by the functor (M —
O = 0) — (M — 0).
Next, consider I = [U — O] € Fin%. An object M — U — O decomposes as

My — H W — O

(]
W eOrbit(U
€orbit(U) WeOrbit(U)
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with (My — W) e M fld[GW]. Therefore, the functor

II Gaweop:mpait - I mpudg,

W eOrbit(U) W EeOrbit(U)

given by

M—-U—=0)x~ (WeOgbit(U)MW — H W — O) — H (Mw — W)
W eOrbit(U) W eOrbit(U)

is an equivalence. Hence the statement follows. O

Framed case

For this part, let us fix a G-map f: B — BO,(G) with B a G-space. Going further, it would
be more conveniend to look at the G-oco-category of G-co-groupoids Grp® as a subcategory of
G-oo-category of G-spaces. We have already mentioned that if we restrict our attention to the
subcategory of Top® spanned by those G-spaces of the form X — O with O € Og and X a
G-CW-complex, which we mark with TopGiCW, we obtain an equivalence Grp ~ Top&=W.
Since we have already seen that the classifying G-space BO,,(G) corresponds to the G-oo-groupoid
Rep (G) we have the following;

Proposition 6.3.12. The fibrewise tangent bundle classifying map from (6.3)) is equivalent to the
map

G G—CW
T Mfld %Top/BOn(G)

sending an Og-manifold M — O to the G-space (M — O) € Top[o] W together with the map

v : M — BO,(G) classifying the fiberwise tangent vector space of M. Equivalently, the G-oco-
category of B-framed G-manifolds fits into the pullback square

MfUdSPT ——— Topf Y

l :

G G—-CW
Mfld —T Top/BO @

We would like to obtain the G-symmetric monoidal G-oco-category of B-framed G-manifolds
in the similar way as in [6.3.12] i.e. via the pullback square. In that case, we would naturally
replace MfldG with M f1d“". As for TopG CW and TopG W we will replace them with

—2L£/B0O,(G) —/B
(TOP?B OCVE/G))H and (Top? CW)U respectively, the G-coCartesian structures on Top?B g VE/G) and
Topr W (respectively). Note that (Toprg VE/G))H and (TOP? “W) are G-oc-operads, but since
G—CW G-CW G-CW
Top/BO @ and Top/B both admit G-coproducts, then by |5.6.5| we have that (Top/BO (G))H

and (Top?B CW)H are in fact G-symmetric monoidal oco-categories.

We need to show that the pull-back square from [6.2.13] extends to the pull-back square of
G-symmetric monoidal co-categories (and G-symmetric monoidal functors between them)
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MfldG,Bff’r‘,u (TOpG CW)LI

Z“Y/B
l Lf*”
M f1d“ —T— (Top§y SM )

By these G-functors extend to lax G-symmetric monoidal functors. It then remains to verify
that these lax G-symmetric monoidal functors are G-symmetric monoidal.

Remark 6.3.13. In order to better understand the G-coCartesian structure, one can look at |5.6| (or
INS] to be more precise). In addition, for a more ilustrative depiction of G-coproducts in Top —ow
we give the following description of Horev ([Horl9] 3.5.2):

Let I = [U — O] € Fin% be a finite G-set. An element of ((Top/GBgVZG))H)I is given by X €

Fung(U, TopG W), By definition, a G-coproduct I, x:0—- TopG W is given by the G-left
Kan extension of X along U — O, which we can by [Shahl8] 10.9 look as a non-parametrized left
Kan extension. In other words, ]_[ ; is left adjoint to the restriction functor along U — O.

Since we are working with G-oo-groupoids, by Grothendieck-Lurie correspondence, X : U —
Top® =W is given by a G-map X; — U where X is a G-space. Additionally, Grothendieck-Lurie
correspondence is compatible with base change, meaning that 1, is now left adjoint to the pull-
backing along U — O and therefore given by the post composition with U — O. In other words,
I, X:0— Top® =W is given by X; — U — O under straightening /unstraightening.

Remark 6.3.14. Additionally, we can give the description of the objects of the G-coCartesian

structure on the parametrizad oo-category (Top?BOCVE/G))U. For I = [U — O] € Fin% a finite G-

set, an element X € Fung(U, (TopG cw ) of ((TopG ow JH);, is represented by a G-space

——/BOn(G) ——/BOx(G)
X1 = U x BO,(G).

The G-coproduct [[, X : O — (ToprOCV(VG))U is then represented by a G-space X; — U X

BO,(G) = O x BO,(G). Alternatevly, we can say that X; — U x BO,(G) — O x BO,(G) (the
G-coproduct space) is given by X; — U — O together with a map X; — BO,(G)

Lemma 6.3.15. The G-tangent bundle classifying functor T : MfldG — Top/BO @) extends to

a G-symmetric monoidal functor

7 MfldSH — (Top?BOCVE/G))U

which we, by abuse of notation, again mark with 7.

Proof. Let us see how 7 behaves on objects. Let I = [U — 0] e Fin€ and let (M - U — 0) €
(MfldG"")[I]~ Then 7(M — U — O) € ((Top/BO (G)) )i is given by M — U together with

G-tanget classifier M — BO,(G), or simply M — U x BO,(G). The G-coproduct is then given
simply by postcomposing M — U — O together with the map M — BO,(G).

Additionally, if we look at the composition map M — U — O as an object of Mfld[%], then
(M — U — O) again maps to M — U — O together with a map M — BO,(G) which is
compatible with the upper calculation.

Finally, let
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i

be a coCartesian arrow in MfldG"". By 7 this arrow maps, by inspection, to an arrow

] N
U, U Us BO,(G)
O1 Oq = Oq
which is again coCartesian. O

Lemma 6.3.16. Let B be a G-space and let f : B — BO,(G) be a G-map. Then the induced

functor f, : Top?B AL Top?BOCVE/G) extends to the G-symmetric monoidal functor
FH s (Topfly O = (Tonf6 o) !

Proof. Let I = [U — O] be a finite G-set and let X € (Top/GB “WH be an element given by

X7 — U x B. Note that we have a commutative diagram

(X; = U x B) —L" (X; = U x BO,(G))

L [

(X; = O x B) S LIIN (X; = O x BO,(@))

Finally, note that the commutativity of the upper diagram renders the following diagram

sH
(Topy ") —=— (TopfZ 5 )

| |

G—-CW I G—-CW

TOp/B _— Top/w

comutative, which finishes the proof. O

Proposition 6.3.17. Let B be a G-space and let f : B — BO,(G) be a G-map. Then the
G-symmetric monoidal structure on MfldG’Bffr s given by lifting the G-symmetric monoidal

structure on MfldG. In particular, we have a pullback diagram
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MfldG,Bff’l“,l_l (@G—CW)H

/B
l hf*u
Mf1d% —— (Top7 S

Proof. Lemmas [6.3.15] and [6.3.16| make the upper diagram commutative. Let

PE s (Toply ™)l

Lf*ﬂ

MU —— (Topf ¥ )1

be a pullback diagram, which provides us with a map M fldG’B —/ml _ P®. Note that passing to

the underlying G-oo-category is given by taking a pullback of the structure map along F' mf — OF,
hence it preserves limits. Therefore

G-CW
/B

|k

G T G-CwW
M @/BOH(G)

(P#)1(—y — Top

is a pullback diagram meaning P := (P®)_) ~ M fldeB=Im ~ (MfldG’BffT"")I(,). This is
enough to conclude that the map M f1d®B=/"" — P® is an equivalence since for any I = U —
0] € Fin®

PO~ I Pwm= [l Mpdg 7~ @pd®s= )y,

WeOrbit(U) W eOrbit(U)



Chapter 7

(G-Discs

In this chapter we will define the G-oco-category of G-discs. Equivalently to the non-equivariant
case, G-discs represent the link between the algebra and the geometry of G-manifolds. The G-oo-
category of G-disks is used for defining the G-disk algebras which are again used as coefficients
for equivariant version of factorization homology. At the same time, G-discs provide insight into
geometry of G-manifolds by capturing the local properties. Furthemore, they can be linked with
equivariant configuration spaces.

In the first section, we will provide the definition of the G-co-category of G-discs along with its
framed variants and G-symmetric monoidal structure. Later, we will prove that the G-oo-category
of G-discs is the G-symmetric monoidal envelope of @n(G). Finally, we will finish with the
section related to the G-configuration spaces, which will play a role later in this paper, and at the
end a short example on G-disc algebras with coefficients in Sp©.

7.1 Definition of G-Discs and (G-algebras

In the classical (non-equivariant) setting of Ayala and Francis (see [AF15] 2.2) the discs were
simply taken to be disjoint union of n-dimensional Euclidean spaces, which in line with configura-
tion spaces lie over points. In the equivariant theory, points are replaced by orbits and so, in our
new definition, G-disc ought to be something lying over an orbit in a similar matter as before.

Consider a map U — O where O € Og and where U is a finite G-set. Note that this map is
a covering map. Therefore for a G-vector bundle £ — U the composite map £ — U — O is a
G-manifold bundle, hence it is an element of M fldG.

Therefore, we arrive at our definition:

Definition 7.1.1. Define a G-disc to be a vector bundle £ — O of rank n where O € Og.
Denote with Disk® c M fldG the full G-co-subcategory spanned by objects equivalent to the
form £ — U — O where U is a finite G-set and E — U is a G-vector bundle.

Remark 7.1.2. Let E — U — O be a G-disc. The reason we insert U a finite G-set in the definition
of the objects of Disk® lies in the following: as in the non-equivariant case (as in [AF15]), discs
are disjoiunt unions of n-dimensional Eucidean spaces. In our case, if we consider a decomposition

of a finite G-set U into orbits U = 11 W, we can view £ — U — O as a G-disjoint union of
WeOrbit(U)

G-vector bundles Ey — W. The composition with W — O exhibits Ey — O as the topological

induction of Ey — W along W — O.

90
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G-symmetric monoidal structure

Similar to our upper definition of Disk® as a full G-subcategory of M f1d® spanned by G-discs,
we would hope that we could do something similar in the case of framing as well as in the case of
endowing Disk® with G-symmetric monoidal structure. Although it requires some technical work,
the ideas are pretty much straightforward at this point.

Analogous to the G-manifolds, we will consider a G-symmetric monoidal category whose un-
derlying G-oo-category is the G-oco-category of G-discs.

Definition 7.1.3. Let Disk®" MfldG"" be a full subcategory spanned by those elements
equivalent to £ — U — V — O where U,V are finite G-sets, O € Og and where E — U is a
G-vector bundle.

Remark 7.1.4. Note that, given an element £ — U — V — O, the composite E — V — O exibits
E U —V — 0 as an Og — Fin-manifold, hence it is truly an element of M f1d".

dG,I_l

Proposition 7.1.5. The operation of G-disjoint union on M fl1 induces a G-symmetric monoidal

structure on the G-oo-subcategory Disk®-.

Proof. Since we have defined Disk®" < Mfld“" as a full G-symmetric monoidal category
spanned by the G-disjoint union of G-discs it will suffice to show that the underlying G-oo-category
of Disk®" is equivalent to Disk®. This is evident since the G-oo-category (DiskG’u)I(,) is

spanned by elements £ — U — O — O where E — U is a G-vector bundle. The equivalence is now
induced by functor (DiskG"")I(_) — Disk® sending (E U -0 = 0)— (E—-U—0). O

Framed (G-discs

Definition 7.1.6. Let B be a G-space and let f : B — BO,(G) be a G-map. We define the
G-oo-categories of B-framed G-discs and disjoint union of B-framed G-discs as the pullbacks

DiskC B~/ — 5 Mfl1a9B-IT

| |

Disk® —— Mf1d®

DiSkG,BffT,u MfldG,BffT‘,\_’

l [

Disk®" ———— Mf1d“"

Description 7.1.7. By definition of a G-disc £ — U — O, the map E — U is a G-vector bundle,
therefore, we can write this G-disc in the form

U —— BOL(G)

|

0

where the horizontal map is a tangent bundle classifing map. Consequently, we can think of a
B-framed G-disk in a form of



CHAPTER 7. G-DISCS 92

U— B

|

0

where the horizontal map is now the framing map. Note that in both cases we can write these
G-discs as U — O x BO,(G) and U — O x B respectively.

Reader should keep in mind that this is only the depiction of objects, as the maps between framed
discs carry more information than just the map of the underlying finite G-sets.

Definition 7.1.8. Let C® be a G-symmetric monoidal G-oo-category, let B be a G-space and let
f: B — BO,(G) be a G-map. Define the co-category of B-framed G-algebras with values in C®
to be the oco-category of G-symmetric monoidal functors Fun%(DiskG’B_fr"",Q@).

Example 7.1.9. Let B = BO,(G) and f : BO,(G) — BO,(G). Then Disk® P~ ~ Disk®,
that is, we have the category of G-discs without framing. In this case we will call the co-category
of B-framed G-algebras with values in C® simply by the oo-category of G-disc algebras and mark
it with Fun%(MG’u,Q®).

Another important example stems from the case B = . In this situation * — BO,,(G) corresponds
to the n-dimensional G-representation V. We will call Fun%(%av‘f““@@) the oco-category
of V-framed G-disc algebras with coefficients in C®.

7.2 (G-symmetric monoidal envelope

We have said that G-disc algebras are coefficients for the equivariant version of factorization
homology. The word "algebra” suggests that an operad is involved, yet we have defined the
category of (framed) G-disc algebras simply as category of G-symmetric monoidal functors from
the G-oo-category of (framed) G-discs. In this section we show that this name is indeed justified.

Definition 7.2.1. Let Repi(G) be the full G-oco-subcategory of MfldG’u spanned by the objects
of the form £ — U — O where U is a finite G-set and E — U is a G-vector bundle.

Lemma 7.2.2. The map Rep;'(G) — Mf is a G-o0o-operad. Moreover, the underlying G-oco-
category of Rep;'(G) is equivalent to Rep (G).

Proof. 1t is clear that the map Rep;'(G) — Fm*G is an inner fibration. By definition we have
to prove three points:

1. Let
U, Us — U,
0, Oy — O-

be an inert arrow in F m*G i.e. the right square is a summand inclusion. Let (E — U; —
0,) € Repyul(G) be an element above U; — O;. The coCartesian lift is given by

E+——Uyxy, E —= Uy xy, E

J | |

U, U,y = U,

| | |

O; O — O,
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Indeed, the map Us Xy, E — Us is obtained via pullback from F — U;j hence it is a G-vector

bundle.
2. Let I = [U — O] € Fin%, and let (E — U — O) € RepE(G). Then by the decomposition
U~ 11 W we have a decomposition
WeOrbit(U)

(E—U—0)~ (WeOlv_-lbit(U)EW — ]_[' W — 0)
WeOrbit(U)

where Ey — W are all G-vector bundels. Therefore, the functor
II Gwer) iR @— I (Rep™ (@)
WeOrbit(U) WeOrbit(U)

given by

(E—-U—=0)=~ (WeolFlbit(U)EW — H W —=0)+— H (Bw - W = W)
W eOrbit(U) W eOrbit(U)

is an equivalence.

3. Mark with e := I} = [U; = O1] — Iz = [Uzs — O3] an arrow in Finf and mark with
r=F — U — Oy and y = E5 — Uy — O3 two elements of Repi(G) above I; and I
respectively. A map in Map%epu(G)(x, y) can be written in the form

S
S

We can again decompose Ey — Us as the disjoint union of G-vector bundles Ey — W for
W € Orbit(Us,), hence the upper map decomposes as

I

for every W € Orbit(Us,), hence we have an equivalence

Maphe (x,y) = [[  Mappy =" (z, (xpwev)w)
W eOrbit(Us)
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The proof that @L‘J (@) is a G-oo-operad is finished. For its underlying G-oo-category, note that
the pullback of @5(6’) along the map I(—) : OF — FinS, 1(0) = [0 = O] is a G-oo-category
(@;’ (G))1(—) whose elements are E — O — O where E — O is a G-vector bundle and whose
mapping spaces consist of diagrams

b
L

where the left side is a pullback diagram. Trerefore the equivalence (@5(6’)) 1(-) — Rep (G) is
given by the functor (E — O — O) — (E — O). O

Definition 7.2.3. For a G-space B and a G-map f : B — BO,,(G) define @f‘mu(G) to be a
full G-oco-subcategory of M fldG’B —fmY Via the pullback

@f—f?",l_l(0> MfldG,Bff’r‘,U

| [

Rep™(G) ————— M f1d°"
Note that @ffﬂ’u((}) is also a G-oo-operad.
The following definition stems from [NS|:

Definition 7.2.4. Let p: 0% — Mf be a G-oo-operad. The G-symmetric monoidal envelope
of O is defined to be

Envg(0%) = ArréCt(Q®) X pin® [

where Arrgt(0%) C Arrg(O%) is the full G-oo-subcategory of the G-oo-category of arrows in O%
spanned by fiberwise active arrows. The objects of Envg(O%) can be represented as

S
SR,

for I=[U — O] and x € Q%]. Moreover, the induced map Envg(OQ®) — FinC exibits Envg(O®)

as a G-symmetric monoidal category whose underlying G-oo-category is equivalent to 0%, the
wide G-oo-subcategory of O® on active arrows.

Proposition 7.2.5. Let B be a G-space and let f : B — BO,(G) be a G-map. Then the G-
symmetric monoidal co-category of B-framed G-disks, Disk® P ~/™ is equivalent to Envg(Repf_fT’u(G)),
the G-symmetric monoidal envelope of Repf_fr""(G).
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Proof. We will give a proof for f : BO,(G) — BO,(G). The general case can be proven analo-
gously by taking into account the description of B-framed G-discs.

Since Rep:’(G) is a G-oc-operad, by definition Envg(Rep:’(G)) — Fin% is a G-symmetric
monoidal category. In order to prove that it is equivalent to Disk®" it will suffice to show that
their underlying G-oco-categories are equivalent. Again, by definition, the underlying G-oo-category
(Envg (@5 (G)))1(~) is equivalent to (@5(6?))@“. Tt is clear that both (@5 (G))aet and Disk®
have the same objects given by E — U — O where F — U is a G-vector bundle.

The map between F; — Uy — O and Fy — Uy — O- is given by active arrows

i

hence, the lower left square is a pullback square. By definition, the upper left square is also a pull-
back square, hence the whole left rectangle is a pullback diagram, which is exactly a map in Disk®.
Therefore, the mapping spaces are equivalent which concludes the proof of the equivalence of the
underlying G-oo-categories and consequently the equivalence of G-symmetric monoidal categories
Envg(Rep”(G)) and Disk®". O

One of the main results from [NS| concerning the G-symmetric monoidal envelope is that, given a
G-symmetric monoidal category C® and a G-oco-operad O® we can replace the co-category of O-
algebras Alge (0%, C%) with the co-category of G-symmetric monoidal functors Fun$ (Envg(0%),C%).
In particular, we have

Corollary 7.2.6. Let C® be a G-symmetric monoidal co-category, let B be a G-space and let
f: B —= BO,(G) be a G-map. Then there is an equivalence of co-categories

Fun$(Disk®B~ImH @) =, Algg(@f_fr’u((?),c@)

7.3 (G-configuration spaces

In this section we define G-configuration spaces and study their relation to the mapping spaces
of G-discs into an Og-manifold. The results obtained here play a role in proving the properties of
G-factorization homology @ defined below.

Definition 7.3.1. Let M — O € MfldG be an Og-manifold and let U — O be a finite G-set over
O € Og. We will denote with Conf§ (U, M) the space of injective G-equivariant maps U < M
over O, with topology inherited from the weak C°°-topology on M apg(U , M).

Let E — U — O be a G-disc (that is E — U is a G-vector bundle) and let M — O be an
Og-manifold. We will denote with Embg(E, M) the space of equivariant smooth embeddings of
FE into M. Note that there is an evident map

c: EmbS(E, M) — Conf§ (U, M)

given by the evaluation at the zero section sg : U — E. We would like to study the map c. In
fact, we claim that it is a fibration. The proof is shown through several steps:
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Definition 7.3.2. Let M — O be an Og-manifold and let £ — U — O be a G-disc, in other
words, let U be a finite G-set and let E — U be a G-vector bundle. Consider the fiberwise tangent
vector bundle (which we, by abuse of notation mark with TM) TM — M — O. We define the
oo-category Fr§(E, M) of frames E on M to be the co-category of G-vector bundle maps from
E —U— O toTM — M — O covering the identity O — O.

Remark 7.3.3. The motivation behind the name of the oo-category of frames stems from the (non-
equivariant) case where we can associate a frame bundle Fr(M) to any manifold M as a space
of pairs (z,B,) where 2 € M and where B, is the basis for TM,,. Alternatively, we can look at
the frame bundle as a space of vector bundle maps (F — *) — (T'M — M). We can make this
story more general, by replacing the point * with a finite set I and define the frame bundle as
the oo-category Fr(E, M) of vector bundle maps (E — I) — (T'M — M) covering an embedding
I — M i.e. a configuration. Definition [7.3.2]is the equivariant version of this story.

Note that there is a natural map g : Fr§(E, M) — Conf§ (U, M) which basically just forgets the
map on the level of G-vector bundles. This map is in fact a fibration, which will prove to be useful
in the near future.

Next, note that our map ¢ : Emb$(E, M) — Conf§ (U, M) actually factorizes through Fr§(E, M)

EmbS(E, M) - Conf§ (U, M)

Fr§(E, M)

where the map d : Emb§(E, M) — Fr§(E, M) is obtained by taking the derivative at the zero
section U — E.

Lemma 7.3.4. The map d: Emb§(E, M) — Fr§(E, M) is a homotopy equivalence.

Proof. We have already stated that the map g : Fr§(E, M) — ConfS§ (U, M) is a fibration. Note
that, by choosing a basepoint € O and taking a fiber over eH of the orbit G/H = (O,x)
of M - O and E — U — O we have that Emb4(E, M) — Conf§ (U, M) is equivalent to
cH EmbH(Z_IG_ISW,MH) — Cong™ (S, My) where My (resp. S, Z_GUSV,-) is the fiber of M —

G/H (vesp. U - G/H, E - U — G/H) over eH. By a suitable version of the equivarian
isotopy extension theorem (see [Las85]), we have that this map is a Serre fibration, hence so is
c: Emb§(E,M) — Conf§ (U, M). Therefore, it would be enough to check if the fibers of the
maps ¢ and g are weakly homotopy equivalent, but this now follows from [6.2.3]

O

Corollary 7.3.5. The map c: EmbS(E, M) — Conf§ (U, M) is a fibration.
We conclude this section with the following proposition:

Proposition 7.3.6. Let (E — U — O) € Disk® and let (M — O) € M fld° withi: N < M a
submanifold-fibre bundle. Then the following diagram

EmbG(E,N) ——— EmbS(E, M)
Conf§(U,N) —— Conf§ (U, M)

is homotopy Cartesian.
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Proof. The diagram above is equivalent to
Emb§(E,N) ——— Emb§(E, M)
d d
Fr§(E,N) —— Fr§(E, M)

g g

Conf§(U,N) —— Conf§(U, M)

The upper square is a homotopy pullback hence it will suffice to show that the bottom square is
also homotopy pullback square. Since the lower vertical maps are fibrations it will suffice to show
that the lower square induces an equivalence of the fibers. Let f € Con fg (U,N). We want to
show that the induced map on the fibers

(Fré) (B, N) = (Frg)ios (B, M)

is an equivalence. But this is clear since T'Nyyy = TM;.p) because N C M are of same
dimension. O

7.4 G-disc algebras in Sp“

In this short section we will give a description of framed G-disc algebras with coefficients in
the G-oo-category of G-spectra @G (see [Narl7]). We will also see the connection with the norm
maps of Hopkins, Hill and Ravenel (see [HHR16]):

Let f : B — BO,(G) be a G-map with B a G-space and let F' € Algg(Disk® "1 Sp)
be a B-framed G-disc algebra. By we can write (U; — G/H x B) € Dzsk[%fH]fr and
(Uy = G/K x B) € Dzsk[G/K] where K < H < G are subgroups.

e Recall ResK Dzsk[%fH] — Dzsk[G/K] the restriction functor from [6.1.13, We have:

H . G
Resy .@[G/H] — Sp G/ K]
ResjtF(U — G/H x B) ~ F(Resjt(U — G/H x B)) ~ F(G/K xg/u U — G/K x B)

e Again, recall that the topological induction functor:

G,B G,B—fr
H xk (-): Dzsk[G/K] — Disk

is given by post-composition with G/K — G/H. Topological induction funcor is compatible
with the norm construction of Hill, Hopkins and Ravenel

NHE (=) : SpH — Sp*
which with @[%/H] ~ SpH and @%/K] ~ Spk gives

F(Uy, - G/K x B— G/H x B) ~ N!F(U, - G/K x B)
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Remark 7.4.1. For more concrete examples when G is finite group, one can look up [Horl9] section
7. Additionaly, note that our theory restricts to the theory of Horev when G is a finite group,
therefore all the results regarding real topological Hochschild homology and twisted topological
Hochschild homology of genuine C,,-ring spectra hold in our case.

In particular, for G = S with the class of cyclic subgroups {C, }nen let us look at the S*-
oo-category of V-framed S'-discs Fun%1 (Msl’v_ﬂ"", Spsl), where V is some S! representation.

For C, < S!' we have that the total space of a V-framed disc E — S'/C,, is equivalent to
St %, V by [TD8T] I, 9.2, hence any V-framed S!-disc is equivalent to S* x¢o, V — St/C,,. Let

us fix one particular A € Fun%(DiskSl’vffr’u,&Sl).
We will denote with

o 1 1 st ~ Ch
Ac, = A(S" x¢c, V= 87/Cy) € SPisiyc,) = 5P

In other words, for every S'-disc S x¢, V — S'/C,, we have a corresponding C,,-spectrum Ac,
such that for any C, < C,, we have

. Resg: Ac, = Ac,

e Ac, = N&"Ac,



Chapter 8

(G-Factorization homology

We have finally arrived to the chapter where we will define the equivariant version of factoriza-
tion homology (or, simply G-factorization homology).
First, we give the definition of the G-factorization homology as parametrized colimit. Later, we
give a description of a G-factorization homology as a G-functor and finally as a symmetric monoidal
G-functor. Here we follow the same path as Horev ([Horl9] section 4):

For starters, let A € Fun (Dz’skG’B_fr’U7Q®) be a B-framed disc algebra with coefficients in
C® and let M € MfldG 5= fT be a B-framed G-manifold lying over the orbit O. We can construct

a diagram of O-oo- categorles

DiskG¢:B—Im OXDzskGB fr— OxC

EaLLy) Vs

0

where Dzskz/J(f 7 is the parametrized slice category. We can look at Disk‘fM — O as the co-
Cartesian fibration dual to the Cartesian fibration Disk%, — Og o (see [Horl9] 4.1.1).

The definition of the G-factorization homology would be as follows:

Definition 8.0.1. Let M € Mfld[%]B I and let A be a B-framed G-disc algebra with values in

C®. We define the factorization homology of M with values in A by the following parametrized
colimit

/ A=0- colzm(Dzsk/GAf " 0xDisk®B=I" - 0x(C)
M

Remark 8.0.2. The G-factorization homology [ o A is computed as an O-colimit, therefore it can
be written as a coCartesian section of OxC — O. Since OxC is a pullback, we can also write this
coCartesian section as a G-functor O — C which corresponds to an object of C in the fibre of O.
Therefore, we can write [,, A € C (or Co] to be more precise).

G-factorization homology as a GG-functor

Let C be a G-cocomplete G-oo-category. The inclusion functor i : Disk® B~/ «— M f1d% BT
is fully faithful. Therefore, by [Shah18] 10.6, the restriction G-functor i* : Fung (M fld®?~" C) —
Fung(Disk®P~" C) admits a fully faithful left G-adjoint

99
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iy : Fung(Disk® P71 C) = Fung (M fld5~I" C) : i*

where the values of i, are given by left O-Kan extensions. Taking coCartesian sections one again
recovers an adjunction

i1 : Fung(Disk®B=I" C) 2 Fung(M f1d%B=I" C) : i (8.1)

where the values of 4, are given by left G-Kan extensions.
Now we are ready to show that G-factorization homology can be expressed as a G-functor:

Proposition 8.0.3. Let C® be a G-cocomplete G-oo-category. Then the functor

Fun&(Disk®P~ImY €®) = Fung(Disk®P~1",¢) 2 Fung(M f1d% P17 C)

sends A € Fun®(Disk® P~ %) to iy(A) € Fung(M fld*P~1" C), i(A) : M v S A, where
A in i1(A) is regarded as an ordinary (not G-symmetric monoidal) G-functor.

Proof. This is a combination of [Shahl8] 70.3 and 10.4. By the former i1(A) is given by the left
G-Kan extension of A along i and by the latter, this left G-Kan extension is computated via the
formula

in(A) = O = colim(Disk ;" — Ox Disk®P~I" — 0xC)

which is by definition equal to [,, A (see also [Horl9] 4.1.4). O

G-factorization homology as a G-symmetric monoidal functor

In order to show that G-factorization homology can be extended to a G-symmetric monoidal
functor it will suffice to show the following:

Proposition 8.0.4. Let C® be a G-presentable G-symmetric monoidal category. Then the adjunc-
tion of (8.1) lifts to an adjunction

(i®) : Fun&(Disk®B~Im ¢®) Fun&(M fld%B~ImH ¢®) . (72)*

| |

iy : Fung(Disk®P~I™ () Fung(M fl1d9-B=ImH ¢)

We need to prepare for the proof. We will start with:

Lemma 8.0.5. ([Horl9] 4.2.5) Let C® — FinC be a presentable G-symmetric monoidal category,
let M® — mf be a small G-symmetric monoidal category and i® : D® — M® an inclusion of
a full G-symmetric monoidal subcategory. Denote by i : D — M the induced G-functor on the
underlying G-oo-categories. If for every active morphism 1 : I — J in the fiber Mf[o] and every
coCartesian lift x — y of ¥ to M® the O-functor @y : (2®<I>)m — (Q®<J>)y is O-cofinal then
the diagram

i®),
Fung(27g) L Fun%(M,Q)

{ {

Fung(D,C) —%— Fung(M,C)
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commutes, where (i®), and iy the left adjoins to the restrictions along i® and i, respectively.

To simplyfy the calculations we will state the following proposition on the equivalence of
parametrized slice categories M fldG and M fldG B=J7 " which allow us to work with the un-

framed G-manifolds. It will also prove to be very useful later on when proving the properties of
G-factorization homology.

Proposition 8.0.6. Let B be a G-space, let f : B — BO,(G) be a G-map and let M €
MfldG B=I" " Then the O-functor that forgets the framing structure

G,B—fr G
MpdS I = Mfids

s an equivalence of O-categories.

Proof. We proceed by proving that M fldi{f -t M fldfM is an equivalence. It would suffice to

show that it is a levelwise equivalence. Without loss of generality it would further suffice to show
that the map

(Mﬂd?}vf fr)[so] - (Mfld?M)[sa]

is an equivalence only for [ : O — O] € O. By construction, theses fibers are equivalent to

(MfldGB fr)[w] (MfldGB fr)/M

To add on, by the definition of the G-oo-category of B-framed G-manifolds the fibers M f ld[%] and
M fldG BT it into the pullback square

MG ——— (Topir ) (o)

| !

G—CW
Mfldd, —— (Top ™) 5o, ()0)
Further on, we obtain the following diagram of slice categories

(MfldGB ™y — (TOP%’%V)/M%B@

| |

(Mfld )/M — (Toprg (G)x0)/M—B0,(G)x0)

|

Tap%}cw

Where T'op®~W is the co-category of G-CW -complexes and where the square part of the diagram
is a pullback square. By [AF15] 2.5 the bottom vertical map is an equivalence as well as the map

obtained by composing the two right vertical maps, hence

(Top(5 8 )y Bx0y = (TopES ey o) /(M —BO. (@)% 0)
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is an equivalence as well. Since the square in the upper diagram is a pullback the left vertical map
is an equivalence thus giving us

G,B—fr =~ G
MG = M
O

Remark 8.0.7. Beside simplyfing the calculation carries some more information. Namely,
under the equivalence MfldG B=fr =, Mfld
NCM.

We are ready to present the proof of 8.0.4}

Mfid),, the framing on M induces a framing on any

Proof. Let I = [U; — O] and I, = [Us — O] be the elements of Fm ,let ¢p : I; — I be an
active morphism and let f : [M; — Uy — O] — [My — Uy — O] be a coCartes1an lift of ¢. Then
we can depict f as a diagram

MléM1HM2

I

U1<;U14>U2
O+—0—— 0

By it will suffice to prove that the induced functor

(DzskﬁIB>fru)/M —>(DzskGB fr"')/%

is O-cofinal. Note that by [8.0.6] we are reduced to showing that

. .G, - .1.G,
(Disk 2y ) ar, — (DiskZy,. ) a,

is O-cofinal. We will show that it induces fiberwise equivalences and is therefore an equivalence.
Without the loss of generality it will suffice to show an equivalence only for the fiber of ¢ : O —
O € O. By definition, we have

(DiskS ) an) o) = (VLAY ) o)) % uaprac  (DiskS )

with

(MLUEE) s )igr = (MFUET iop) a,
(MS1S} o) = M SIS

Unwinding the definitions, as explained by Horev, the category ((M fldg I"'>) /M.)[p] can be mod-
eled by the coherent nerve of the Moore over category ((Og — Fin — M fld)y, M 2707¢. Therefore
((Diskg’[f>)/%)[¢] can be regarded as a full subcategory of ((Og — Fin — Mfld )M"Me spanned

by the objects of the form

(E=-U—=U;—-0)—= (M, -U; = 0)
which can be depicted by diagrams
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E+=FE — M;

U+—U

O+—0—O0

With this clarification, the induced functor ((Diskg’ﬁ;)/ﬂ)w] — ((Diskg’};;)/&)[w] is given by
the composition with

M1<iM14>M2

I

U1<;U14>U2

L1

O+—— 0 —O0

which further induces an equivalence between topological subcategories of ((Og—Fin—M fld),«1, )%0‘;&61

and ((Og — Fin — Mfld)wh,)%ﬁ‘}c[i corresponding to the categories ((Diskg}'ﬁg/ﬁ)w] and

((Diskzg’lf>)/%)[¢] respectively, by sending an object
E — Ml
U
Uy
@)
to the object
M1 = M1 M2

Se—Mx™

U1<;U14>U2

O+—— 0 ——O0
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Definition 8.0.8. By abuse of notation we will again mark the G-symmetric monoidal functor i? :
Fun&(Disk® P~ ¢®) o Fun@(Disk®P~/" ¢®) with [ A and call it the G-factorization

homology functor with coefficients in A € Fun%(DiskG’BffT’u,QX’).



Chapter 9

Properties of GG-factorization
homology

This chapter is dedicated to the properties of G-factorization homology. These properties
include:

e The G-®-excision property;
e Respect with regard to G-sequential unions;

e Axiomatic caracterization of G-factorization homology

We start this chapter with a section dedicated to G-collar decomposition and then go on to prove
before mentioned properties in the order that they are written.

9.1 G-collar decomposition

In this section we define the G-colar gluing of G-manifolds, which is used in the G-®-excision
property of G-factorization homology. The main part of this section is the construction of the
inverse image functors which requires attention to detail.

Definition 9.1.1. ([Horl9] 5.1.1 or [Weel8] 4.20) Let M be a G-manifold and let [—1,1] be a
closed interval endowed with the trivial G-action. By G-collar decomposition we mean a surjective
equivariant map f : M — [—1,1] such that the restriction M|_; 1) — (—1,1) is a manifold bundle
map with a choice of trivialization M|(_y 1y = My x (—1,1) where My = f~1(0). We will denote
with My = f~1(—1,1] and M_ = f~1[-1,1).

Let M € Mfld[%]B_f’" be a B-framed G-manifold over O € Og. A G-collar decomposition on
M — O is a G-collar decomposition on the underlying G-manifold.

Lemma 9.1.2. Let p : M — O be an Og-manifold equipped with a G-collar decomposition f :
M — [-1,1] of the underlying G-manifold M. Let V C [-1,1] be an oriented embedding of a
1-dimensional manifold possibly with boundary. Then the restriction map f~1(V) — O makes
V) an Og-manifold.

Proof. Let x € O. By choosing = as a basepoint of O we have (O, z) = G/H where H = Stab(x).
Let U C G be a sufficiently small neighborhood of e € G such that U N H = {e}. Such U exists
since H is a finite subgroup. By letting U act on x we obtain a neighborhood U, C O of =z.
Furthemore, we can choose U to be sufficiently small such that p’l(Um) = M, x U, where M, is
the fiber of p above x € O.
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o~

Since the G-collar gluing map f : M — [—1,1] is G-equivariant, the restriction map p~'(U,)
M, x U, — [—1,1] factors through a unique map M, — [—1, 1] given by M, x {z} — [-1,1]

M, x U, — [-1,1]

|~

M,

Denote with p’ : f~1(V) — O the restriction map plg-1(vy. Then

pNUL) =2 U, x (fH (V)N M,)

Considering some other point y € O we can obtain the same formula p'~(U,) = U, x (f~1(V)NM,).
It is only left to show that f=1(V) N M, = f~1(V) N M,. Since z,y € O there exists g € G such
that gz = y. Since p and f (and therefore p’) are all G-maps, the isomorphism f~*(V) N M, —
f~1vyn M, is induced by a map {,, the action map of element g on A. The inverse is then
induced by &;,-1. It is clear now that p’ : f~}(V) — O is a G-manifold fibre bundle i. e. an
O¢g-manifold. O

Following the story in the classical setting, we would like to construct the map

. or f71 —Jr
Disk}?, 1~ (Mfld[%]B ™y (9.1)

where Dzsk?[frl 1] is the co-category of one dimensional oriented manifolds possibly with boundary

over the segment [—1,1]. Using [8.0.6| we can restrict to the case Dzsk?[irl 1 EARN (Mfld[%])/M

Both oco-categories can be described using the coherent nerve of the corresponding Moore over cate-
gories (see for example [Hor19] app. A), which we will mark as (Diska’o’“)%j"l”f] and (Mfld[%])%;me.
Construction 9.1.3. Let (M — O) be an Og-manifold with an underlying G-collar decomposition

f: M — [-1,1]. We then construct the functor f=! : (Diskavor)%j"irﬁ — (Mfld[%})more the

following way

e An element V «— [—1,1] of (Diskavor)%j"irﬁ is sent to the pullback (f~1(V) — O) where
the last arrow is given by the composition f~1(V) — M — O. By [9.1.2] we see that

f~YV) = O) is indeed an element of MfldG and since f : M — [—1,1] is a G-map
——0]

and V < [~1,1] is an embedding, the map f~*(V) — M will be a G-embedding, hence
(f1(V) = 0) € (ML) 17,

e Let o1 : Vi — [—1,1] and @2 : Vo — [—1,1] be two elements in the Moore over category

(Diska’or)%f‘ff]. Let (h, (r,v)) be a point in Map(Mflda,or)%ﬁfle] (V4,V2), where h: Vi — Vs

is an oriented embedding and (r,v) € [0, 00) x Emb?°" (V1 [—1,1])1%°°) is a Moore path from
1 to g o h. We define a functor

f—l : Map(Diska,w)%gfﬂe] (Vl, ‘/2) — Map(Mfld[co])%?ore (f_l(Vl), f_l(‘/Q))
F7Hhs (7)) = (F7H(R), (@)

where f~!(h) is obtained via the diagram
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) == f1(Ve) —— M

| | f

‘/1 ‘/2 [_171]

where both left and right squares are pullback squares and where o € Emb® (Vy, M )[0’00) is
a Moore path of length r defined as follows. If x € M|_; 1) = My x (—1,1) such that
corresponds to (y,s) € My x (—1,1) define

a(@) = (Y, o ey (s) € Mo x (=1,1)

otherwise, if f(z) = £1 define a(z) = x.

9.2 (G-®-excision

In this section we will first define what does it mean for a G-functor to satisfy the G-®-property,
and then we will prove that our G-factorization homology satisfies that property.

The main result of this section is the Proposition which states that given an Og-manifold
M together with a collar gluing map f : M — [~1,1] and a G-disc algebra A taking values in C®
satisfying certain conditions (to be specified below) we have the following equivalence

/M A /M, A ®fMo><(f1,1) A /M+ A

which serves as an analogue to the Eilenberg-Steenrod axiom for the homology theories.
First, we will give the construction of the right side of the upper equivalence in general case (not
only for G-factorization homology).

Construction 9.2.1. Let F : Mfld%P~/" - C® be a G-symmetric monoidal functor. Let

(M — 0) € Mfld[%]B_fr and let f : M — [-1,1] be a G-collar decomposition map of the

underlying G-manifold M.

-1 -~ .
Disk% L (Mf1dC ) = (M FUGE) 0 = o (9.2)

/I=1,1] =4 70] JF(M)

Let us assume that Cjo) admits sifted colimits and that the tensor product functor in C;¢) preserves
sifted colimits in each variable. Then by precomposing the upper map with the cofinal map
A°P — Diskz‘?[’fil] (see [AFTE] 3.11) and taking the colimit of [9.2] we obtain the two sided bar
construction

(F(M-) ®@pyx(~1,1)) F(My) = F(M)) € (Cio))/F(ar)

Definition 9.2.2. Let F : M fld“?~/" — C be a G-symmetric monoidal functor such that for

every (M — O) e M fldG’Bff " with a G-collar decomposition of the underlying G-manifold
f M — [~1,1] the induced map F(M_) ®@p(ayx(~1,1)) F(My) — F(M) is an equivalence in Cio-
In such case we say that F' satisfies the G-®-excision property.

Remark 9.2.3. By [HA] 4.4.2.8, under the conditions imposed on Co) as in the relative tensor
product F'(M_) ®p(ayx(~1,1)) F'(My) can be identified with the two sided bar construction, hence
we use the same notation in both cases.
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Proposition 9.2.4. Let A : Disk® B~/ 5 €% be a B-framed G-disc algebra with values in C%.
Then the G-factorization homology functor [ A_ : M f1d9B=ImY 5 €% satisfies the G-®-excision

property.
The proof of the theorem can be expressed in several steps, imitating the approach of Ayala and

Francis in [AF15]. We will first give one useful construction that will make the proof of
analogous to that of [Horl9] 5.2.3

Construction 9.2.5. Let (M — O) € Mfld¥®~/" be an Og-manifold with a G-collar de-
composition of the underlying G-manifold f : M — [—1,1]. We define the following O-category
Diskf — O as the O-limit of the diagram

G, r or
Diski /™7 Fung (0 x A, MfIdF 7777 O x Disk},”, |
[ oo [evl f*l
G,B—fr G,B—fr
M fldSis Mg

together with O-functors evg : Disk; — Dzsk%wB I and evy : Disk; — O x Dzsk?[oq 1

Description 9.2.6. Let us give a description of the O-category Disk;. Let (¢ : W — O) € O.
Then the fiber of Disky — O over ¢ is the limit of the diagram

(Diskiyi ") g Fun(AL, (MA1AGET") jrr) Disk%
|
(ML) g (M) o ar
The oo-categories (Dzsk[cé[,] ") jg s (Mfld[c‘iv]]g fr)/w*M and Disk?[’frl’l] can be modeled by the

adequate coherent merves of the Moore over categories, hence an element of (Diskf)[w] can be
written as

(g: E—=¢*M,p:V < [-1,1],h: E— f1(V),5)
where:

o V is a finite disjoint union of 1-dimensional oriented disks with boundary, i.e oriented open
intervals equivalent to R and oriented half open intervals equivalent to [0,1) or (0,1],

e  is an orientation preserving embedding of V into the closed interval [—1,1],

e £ — U — W is a finite G-disjoint union of G-disks (i.e E — U is a G-vector bundle over a
finite G-set),

e g is a G-equivariant embedding over W of E into y* M
e h is a G-equivariant embedding over W of E into the preimage f~1(V)
e 7 is a Moore path in Emb$, (E,v* M) from g to f~(p)oh, where f=1(p) : f~HV) = *M
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Furthemore, we have

(evo)i(g: E =" M,p:V s [-L 1 h: E— f7H(V),y) = (g: E = ¢*M) € (Disk[c’?_ﬁ)/ww
(ev)i(g: E—=y*M,p: V= [-1,1],h: £ — f_l(V),’y) =(p:V—=I[-11]) € Dzsc [ 1 1

Lemma 9.2.7. The O-functor evq : Disk; — Diskz%f_ﬁ is an O-Cartesian fibration. Addition-

ally, the O-functor evy : Disk; — O x Dzsk/[ 1] is an O-coCartesian fibration.

Proof. From [HTT] 2.4.7.12 it follows that for every (¢ : W — O) € O the functor

(evo)y) : (Disk )y — (Disk(it ™) e ns

is a Cartesian fibration. Moreover, a morphism in Disk is (evg)-Cartesian if and only if its image
in Disk%f ~I" is an equivalence, hence the second condition of [Shahl8] 7.1 is true by [HTT]
2.4.1.5 and 2.4.1.7. O

Lemma 9.2.8. The O-functor evy : Disk; — Dzsk?MB T s O-cofinal.

Proof. By it will suffice to prove the claim in the non-framed case.

We have to show that for every ¢ : W — O the map (evo),) : (Mf)[w] — (M?M)[@] is cofinal.
Without the loss of generality it will suffice to prove the claim for ¢ : O — O. In other words, we
need to show that (evo)(o) : (Disky)jo)] — (M?M)[O] is cofinal.

Note that with a choice of a basepoint € O we have (O, z) = G/H where H = Stab(z) is a finite
subgroup, and using the equivalence G/H ~ OF] we restrict to the finite group case. We have

(Disk§yp)iaym) ~ (Disk(e ) ar ~ (Diskitrm) /aay

where My is the fiber of M — G/H over eH where e is the neutral element of G. Moreover,
(Disky) o) is the limit of

(M[%/H])/M Fun(A', (Mfld[G/H )/ar) DZS]fd OT1 1]

eV
‘/ evg L w*f—l

(M fLdS:2 =07

(M f1d< Mfid g

1 G/H) )/J\/I

which becomes the limit of

(DZ'S]C[I}[{/H])/MH Fun(A*, (Mfld[H/H )/MH) Dlsk?[orl 1
| Levl /
€evg
(MU ) (M Uiy 1) ot

The proof now follows from [Horl9] 5.2.7

We are ready to give the proof of
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Proof. By [0.2.8 we can write

/ A~ O — colim(F) (9.3)
M
where F' is an O-functor

F': Disk; — Disk{;7~ 1" — OxDisk®P ™" — 0xc

Consider the following diagram of O-categories

kGB fr

I
(@

Dzskf — e Disk — OxDisk

‘/e’lﬂ

ad,or
O x Dzsk/[ 11]

where L is the parametrized left Kan extension of F' along evy. Note that L is obtained via the
O-left adjoint functor (evy); i.e. L = (ev1)(F) where

(ev1)1 : Fung (Disk;, OxC) S Fung (O x Dzskj9 o 1, OXC) : (ev1)”

is an O-adjoint pair. Since parametrized left adjoint functors preserve parametrized colimits (see
[Shahl18] 8.7) we have

O — colim(F1) ~ O — colim((ev1)1|(F)) ~ O — colim(F) ~ /M A

Additionally, since the O-colimit over O x Dzsk?[orl 1 is equivalent to the (non-parametrized)

colimit over Disk‘?[’fq,l] by the equivalence

Funo (O % Dzsk:a o 1, OxC) = Fun(Dzsk/[ 11 Cop)

/=
L— L o =1L
|(o—>0)xDm?[ -

we obtain the following

A~ colim(Ly) =  colim Ly(V)

8,or
M VGDwk/[ 1,1]

Using the same arguments as in [Horl9] proof of 5.2.3, again by passing to the finite group case by
writing (O, z) = G/H, G/H ~ O} with the choice of basepoint € O and H = Stab(x) a finite
group, we can conclude

F=1v)

We finish the proof by using the result [AF15] 3.11 the same way as in which gives us the
desired result. O
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9.3 (-sequential unions

Definition 9.3.1. Let M — O be an Og-manifold. A G—sequential union of (the underlying
G-manifold) M is a sequence of open Og-submanifolds My C My C ... C M with M = U$2, M.
A G-sequential union of a B-framed Og-manifold M € M fldG B=I"is a G-sequential union of its

underlying G-manifold.

Let F : M fl1d%P=I™" 5 ¢® be a G-symmetric monoidal functor and M = U, M; a G-sequential
union of M € MfldG B=I" then F induces a map

colim; F(M;) — F(M) (9.4)
i O®
in C o]
Definition 9.3.2. Let F' : MfldG’B_fT’u — C® be a G-symmetric monoidal functor and M =
U, M; a G—sequent1al union of M € M fldG BT We say that F' respects G-sequential unions if
the map is an equivalence in C% (0]

Proposition 9.3.3. Let A € Fun&(Disk® 571" C%) be a B-framed G-disc algebra with values

in C. Then the G-factorization homology functor [ A : MfldG’Bffr — C respects G-sequential
UNLONS.

First we prove the following useful lemmas:

Lemma 9.3.4. Let M € Mfld[%]B " be a B-framed O -manifold over O € O¢, and M = UL, M;
a G-sequential union of M and let (E — U — O) € Diskz%]B_fT be a finite disjoint union of G-
discs. Then the induced map

hocolim; Emb$(E, M;) — Emb§(E, M)
s a weak equivalence.

Proof. By [7.3.6] the following square
EmbS(E, M;) ——— EmbS(E, M)
Conf§ (U, M;) —— Conf§ (U,

is a homotopy pullback square. Since homotopy colimits preserve homotopy pullbacks we obtain
the homotopy pullback square

hocolim; Emb§(E, M;) ——— EmbS(E, M)

|

hocolim;Conf§(E, M;) —— Conf§ (F,

Fortunately, since M; are all open in M and since M = U2, M;, the collection of C’onfg(E7 M)
represents the complete open cover of Conf§(E, M) hence the lower horizontal line is an equiva-
lence by [DI04] 1.6. O



CHAPTER 9. PROPERTIES OF G-FACTORIZATION HOMOLOGY 112

Lemma 9.3.5. Let M € Mfld[%]B_f" be a B-framed Og-manifold over O € Og, and M = U2, M,
a G-sequential union of M. Then the O-functor

coliszzsk‘fMB fr_ DzskG B=fr

18 an equivalence of O-categories.

Proof. By [8 it will suffice to show that the O-functor colzszzsk? Bfr_, Dzsk? BIT i a
fiberwise equivalence. Without loss of generality, it will further suffice to prove that colim;(Disk y J{f -

(Disk%{f -7 ")jg) is an equivalence for ¢ : O — O. Therefore, we need to show that the functor
colimz(Dzsk:[%]B fT)/% — (Dzskr[GO]B fT)/M

is fully faithful and essentially surjective.

For the former, let £y — U; — O and Ey — Us — O be the two elements of coliml(Dzsk[O’] ! )/M

There is big enough 7 € N such that (E; — Uy — O), (Es — Us — O) € (Dzsk[o] )/% given by

G-embeddings e; : By < M; and e3 : Fo < M;. Then the mapping space Map(DlSkG,B—fr)/lw (E1, Es)

(e M,
is given as the homotopy fiber

Map 6517, ,, (v, Ea) = EmbG(Br, o) {2y BmbS (By, M)

over ej. Since the homotopy fibers are preserved by filtered homotopy colimits, we obtain the
following sequence

hocolim;Map p; 46.5-17 ,, (Ey, Ey) — Emb§(E1, Ey) — hocolim; Emb§(Ey, M;)
Disk; y

Recall that by we have an equivalence hocolim; Emb$(E1, M;) ~ Emb$(Ey, M) giving us

hocolzm,Map(D%kc 5-iry  (E1, By) = Emb$(Ey, Eo) — Emb3(Eq, M)

)/n;
In particular, the upper sequence expreses hocolim; M P (Disk DiskS;F ")y, (E1, E3) as the homotopy
ol
fiber of EmbG(FEy, E2) — EmbG(Ey, M) over the map E; <% M; =+ M. On the other hand, this
homotopy fiber is exactly equivalent to M AP(pisk®BIm (E1, Es), hence giving us a homotopy
=80 M

equivalence

hocolimiMap(Disk%]B_fr)/&(E1, Es) ~ MCLp(DiSk%]B—fr)/M (E1, Es)

hence proving the fully faithful condition.
For essential surjectivity, consider (E — U — O) € (Dzsk[%]B fr ")/nm- We can chose t > 0 small
enough such that B;(E) < E < M factors through some M;. By radial dilation £ — U — O

and By(E) — U — O are equivalent objects in (Dzsk[%]B fr ")/m- On the other hand, By(E) —
U — O represents an object of colimi(Disk[%]B Ir )/% thus proving the essential surjectivity

condition. O
The proof of goes as follows:

Proof. Let M € MfldG]B " be a B-framed G-manifold such that M = U;M; is a sequential union
of G-manifolds. Then
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colz'm,-/ A =colim; (0 — colim(Disk%Z_fr — QﬁDiskG’B_ﬁ — 0xC())
M; =

~0 — colim(colim;(Disk;7 1" — OxDisk™P~7" — 0xC))

Then, by using we obtain

colimi/ A~QO— colim(Disk?Iva—fr _ QﬁDiSkG,Bffr — OxC) = / A
M; = M

O

9.4 Axiomatic caracterization of GG-factorization homology

In this final section we give the axiomatic caracterization of the G-factorization homology. In
other words, we will prove that G-factorization homology represents all of the G-homology theories,
that is, G-symmetric monoidal functors whose domain is M fldG’B_f " and which take values in
presentable G-symmetric monoidal categories who, in addition, satisfy the G-®-excision property
and who respect G-sequential unions.

Definition 9.4.1. Let C® — Fin® be a G-symmetric monoidal G-oco-category, f : B — BO,(G)
be a G-map and let F € Fun%(MfldG’Bffr’u,Q@) be a G-symmetric monoidal functor. We
will call F' an equivariant homology theory if F satisfies G-®-excision property and is compatible
with G-sequential unions. We will denote with H (M f1d%P=I™Y C%) the full subcategory of

Fun& (M f 1d-P=ImH C®) consisting of equivariant homology theories.

Construction 9.4.2. Let N, M with N C M be compact G-manifolds. Additionally, let f: M —
R be an equivariant Morse function (which exists by [Was69] 4.10) such that M\ N contains a
single critical orbit, which we denote with W. Furthemore, Tyy M — W decomposes as the sum of
G-vector bundles Ty M = P & B such that the Hessian of f at W is positive on P and negative
on B. Denote with D(P) — W and D(B) — W the closed unit disc bundles and let S(B) — W
be the unit sphere bundle. Then

M=N ) D(P)xwD(B)
D(P)xwS(B)

In other words, we say that M is obtained from N by attaching a handle-bundle of type (P, B)w,y.

Now assume that M is a G-manifold, not necessarily compact. We can again choose a Morse
function on f : M — R such that f~!(—o0o,r] is a compact G-submanifold for every r» € R. More-
over, we can choose the increasing sequence of regular values rg, r1, ... such that lim;_, , oor; = +00,
f~1(—00,79) = 0 and (7, 7;11) contains a critical point. With the notation M; = f~!(—o0,r;), M
becomes the G-sequential union U;Og M;. Notice that M, \ M; contains only a finite number of
critical orbits (since M; is compact for all i), which we can, without the loss of generality reduce to
one critical orbit because the orbits are disjoint. Therefore, M is obtained from M; by attaching
a single handle bundle of type (P, B)w,s described above. Therefore

M =M, U D(P) xw D(B)
D(P)x wS(B)

Taking A(B) to be a unit annulus bundle (which is a G-tubular neighborhood of the unit sphere
bundle) and discarding the boundary points we have
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Mg =M; ) D(P)xwD(B)
D(P)xw A(B)
Therefore, M;;1 is obtained from M; by attaching an ”open” handle bundle of type (P, B)w, ;.
Since M is a sequential union of G-manifolds M; we have a handle bundle decomposition of M.

Theorem 9.4.3. Let C° — me be a presentable G-symmetric monoidal co-category and let
f: B — BO,(G) be a G-map. Then the adjunction

(i) : Fun@(Disk® P~ 0®) = Fun&(M f1d“P~1m2 %)« (%)*

restricts to an equivalence
(i®), : Fung(Disk® P~/ C®) = H(M f1d7P~I™H, C®)

Proof. Let H € H(M fld%B=I"" C®) and let Ay be the restriction of H along i®. Since the G-

symmetric monoidal functor (i®), factors through the full co-subcategory H.(M fld®B=/m" C®)
(by and [9.3.3)) it would be enough to show that the counit map

/AH—>H

is an equivalence. We will prove this by induction:

Let Fi for K =0,1,...,n be the full G-oo-subcategory of MfldG’BffT such that the underlying
Og-manifolds can be written in the form M xo E — O’, where O — O’ isamap in Og, M — O is
a (I + k)-dimensional Og-manifold and E — O is a finite disjoint union of (n 4 I — k)-dimensional
G-discs. Note that the fibers of M — O are k-dimensional smooth manifolds. We prove our claim
by induction on k:

For k =0, M — O a finite G-set. Since O is an orbital co-category M xo E — O is just a
disjoint union of G-discs and hence

/ AHEAH(MXOE)ZH(MXOE)
MxoFE

since (i®), is fully faithful.

When k£ > 0 note that M can be written as a G-sequential union M = U;iof M, such that each
M; admits a finite handle bundle decomposition. Since both H and | Ap respect G-sequential
unions it will suffice to provide proof when M admits a finite handle bundle decomposition. We
proceed with the induction on the handle decomposition. The base case of induction is assured.
For the inductive step, assume that M is obtained from N by attaching a handle-bundle of type
(P, B)w,f. Then we have

M=N U D(P) xw D(B), and consequently
D(P) X wA(B)

MxoEX=Nxp E U (D(P) xw D(B)) xo E
(D(P)xwA(B))xoFE

The decomposition of M x o FE presented as above is a G-collar gluing map. Intuitively, this collar
gluing map sends N x E to the point —1 in the segment [—1,1], (D(P) xw D(N)) xo E sends to
1, and the manifold bundle structure of the restriction (D(P) xw A(B)) xo E — (—1,1) is given
by the decomposition A(B) = S(B) x (—1,1) i.e. the fibers of the manifold bundle are given by
(D(P) xw S(B)) xo E.

Proceeding further with the proof, we distinguish between two cases:
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1. dim(B) =1 : In which case N — W is just a finite G-set and therefore A(B) = (. Moreover,

M decomposes as

MXoEE(NXOE)Ll(D(P) XwB)XoE

which gives us

MxoFE NxoFE (]D)(P)XwB)XoE

By induction hypotesis fooE Ag ~ H(N xo E), and since (D(P) xw B) xo E is disjoint

union of G-discs, we have [ oy, g o pAn = Au((D(P) xw B) xo E) = H(D(P) xw

B) xo E), which in total gives us

/M Ay ~ H(N)® H(D(P) xw B) x0 E) ~ H((N x¢ E) U (D(P) xw B) xo E) ~ H(M)

. dim(B) > 1 in which case A(B) = S(B) x (—1,1) where G acts trivially on the interval (see
9.4.4)). Therefore

(A(B) xw D(P)) xo E = (S(B) x (=1,1)) xw (P xo E) 2S(B) xw ((-1,1) x (P xo E))
which leads us to the conclusion dim(S(B)) = dim(B) —1 < M —1 =1+ k — 1. Hence,

(A(B) Xw D(P)) xoF € Fr_1.
By the induction hypothesis (on k) we have

/ Ag ~ H((A(B) xw D(P)) x0 E)
(A(B)xwD(P))xoE

and by the same reasoning as before

/ AH":H(N XOE)
NxoFE

/ Ay ~ H(D(P) xw D(B)) xo E)
(D(P)xwD(B))xoE

which in the end gives us

AHZ/ Ag ® A / Ag
/M NXoE Jomy o xom An (D(P)x wD(B)) X0 E

H(N x0 E) ®n(aB)xwb(P)xor) H(D(P) xw D(B)) xo E) ~ H(M)

which finishes the proof.
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Remark 9.4.4. In [Was69], Wasserman works with Riemannian G-manifolds, meaning that the
equivariant form given on the tangent bundle is orthogonal i.e. G acts by linear isometries. In our
work, we have only recquired the form to be equivariantly linear. Luckily, this does not represent
a problem since the general linear and orthogonal group are homotopy equivalent, meaning that
we can always replace our linear form with an orthogonal one. Therefore we can claim that the
annulus bundle A(N) is a tubular neighborhood of the unit sphere bundle S(NV) and hence we can
write A(N) 2 S(N) x (—1,1).

Remark 9.4.5. In the introductory part of [Horl9], Horev stated some dificulties when trying to
expand to the case of compact Lie groups. Namely, the handle bundles over critical orbits can be
non-trivial, since the orbits are of possibly positive dimension, but in our case they are still G-discs,
since we have defined them as (not necessarily trivial) G-vector bundles over orbits. Secondly, all
of the orbits are of the same dimension, which makes the proof almost analogous to that of Horev.
And finally, our oco-category O¢ is taken to be the oo-category of orbits with finite stabilizers,
which is orbital i.e. it is closed under fiber products, which is also important in the proof.
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Chapter 10

Universal property of framed
(G-disc algebras

10.1 G-approximations to G-oo-operads

In this section we will present the theory of G-approximations to G-oco-operads. It is rather
technical and serves to develop the machinery used in the following section for proving the universal
property of framed G-disc algebras. Informally, a G-approximation to a G-oo-operad is an oo-
category that somewhat behaves as a G-oc-operad. It is a more general object that can capture
information about the original G-oo-operad.

Definition 10.1.1. Let p : E® — anf be a G-oo-operad and let f : C — E® be a categorical
fibration. We say that f is a G-approzimation to E® if it satisfies the following conditions:

1. Let p" = po f. The oo-category C(_y obtained as the pullback

OI(_) — C

| b

op - G
Opf —— Fin,

together with the map Cy(_y — O is a G-oo-category i.e. the map is a coCartesian fibration.

2. Let c € C and let p'(¢) = I = [U — O]. Then there exists p’-coCartesian morphism ¢ — ¢y
in C lifting xwcy : I — I(W) for every W € Orbit(U). Additionally, the map f(c — cw) is
an inert map in E®.

3. Let c € C and let « : x — f(c) be an active morphism in E%. Then there exists a Cartesian
lift @: 2 —cof ain C.

Remark 10.1.2. Recall that, given a G-oco-operad E® we can set up a factorization system on the
arrows of E® the following way

e the inert arrows are the inert arrows of G-oco-operads.

e the active arrows are the fiberwise active arrows, that is, active arrows that lie over an
equivalence in O .

118



CHAPTER 10. UNIVERSAL PROPERTY OF FRAMED G-DISC ALGEBRAS 119

Let f : C — E® be a G-approximation. Then by [HA] 2.1.2.5 we have an induced factorization
system on C by taking

e f-inert arrows to be arrows « such that f(«) is an inert arrow in E®.

e f-active arrows to be the arrows « such that they are f-Cartesian and f(«) is active in E®.

Definition 10.1.3. Let p : E® — Fin® and ¢ : E'® — Fin® be two G-oo-operads and let
f: C — E® be a G-approximation. Denote with p’ = po f and consider a functor F': C — E'®.
We will say that I is a C-algebra object in E'® if the following conditions are satisfied:

e F induces a G-functor between underlying G-oo-categories Cr_y — E'.

e The following diagram is commutative

c Lt p®
ool
E® 2 Fin®
o Let v € C and let p'(x) = [U — O]. Let aw : ¥ — xw be a p'-coCartesian arrow lifting
X:[U—= O] = [W = W] for W € Orbit(U). Then the map F(ay ) is an inert map in E'®.
We will denote with Alge(C, E’) the co-category of C-algebra objects in E'®.

We would like to prove the proposition (the equivariant version of [HA] 2.3.3.23).
The following lemmas will be helpful:

Lemma 10.1.4. Letp 0% — Fin% and q : E® — FinC be two G-00-operads and let F : O —
E® be a map over Fm . Let F be a class of arrows in Fm of type

U(*OQLOQ

01 — 02 — 02
Then F is a map of G-0o-operads if and only if it sends an inert arrow in O% over F to an inert
arrow in E®.

Proof. For a finite G-set I = [U — O] note that the maps xpwcy) all belong to F. The proof is
now analogous to the [HA| 2.1.2.9. O

Lemma 10.1.5. Letp: E® — Fm*G be a G-oo-operad and let f : C — E® be a G-approzimation.
Let c € C and let a: x — f(c) be any morphism in E®. Consider

T CCO. E®
e By w1 5()

the full subcategory spanned by the objects corresponding to pairs {8 :d — ¢,y : x — f(d)} such
that v is inert. The co-category X is contractible.

Proof. We can factorize « as in the following commutative diagram

7%,
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such that oy is inert and «as is active. By definition of a G-approximation, we have a Cartesian
lift @y : § — c of v in C. Now, we claim that the pair 0 = (a2 : § = c,an 1z =y = f(§)) is a
terminal object of 3. We will show this, by proving that the map

E/J — X
is a trivial Kan fibration. In other words, we need to prove the existence of the dashed lift

S

OA" —— %,
[
A" —2 5 %

The map so : JA™ — ¥, corresponds to the map sj : AZH — ¥ sending {n + 1} — o. Consider
the restriction map

. AnHL 50 ® ®
to: AT —>E%EI//JC(C) —E;

Next, note that this map corresponds to
ty : AZ)H'Q — E®
such that ¢, : {0,1} — a1 : # — y. Furthemore, we have that
AnJrl ~ A{O,Q,...,nJrQ} t6|A{0,2 xxxxx n+2} E®
corresponds to
A =2 {0} x A" — E®

sending {0} to x, which is induced by the map A™ 2 ¥ — E® — E®

: 1. A{0,1}
2/ 50) /- Since o 1 A —

(x — y) is inert and hence coCartesian, we have a lift

t/
N3 o e

B l
-
p
.
p
\[ //

-

A" —— Fin®

Therefore, we also have a lift A”T1 — Ef)/ given by

n+1 50 ® ®
Anfl — X — Ew//f(c) E;
AnJrl -
Finally, since the map Eff’//f( ) — Ef/ is a right fibration, we have the existence of a dashed lift
in the upper diagram. Let us denote the restriction of that lift A+t — Ef//f( | — E%(C) with x,

and the corresponding map A"*t? — E® with y/.

Similarly, if we look at the map
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LA SN O

we see that it corresponds to the map
. An+2
t AT = C

such that ¢/ : AlHLn+2}h (&, 1 g — ). Again, At =2 AfOLnnd2) © A2 O s induced

by the map A" 5 ¥ — C /e — C. Since @y is Cartesian, we have the following lift
nt2 _t
Ani2 — E®

-
-
-
-
-
-
-

An+2
which in total gives us the lift
OA™ i> E/U
[
A" — 5 %

Therefore ¥/, — ¥ is a trivial Kan fibration, and hence, by [HTT] 71.2.12.3 and 1.2.12.5 ¢ is a
terminal object.
O

Remark 10.1.6. In Lurie’s book [HA], one can find a definition of a weak approzimation to be a map
C — E® satisfying the second point from the definition and the condition from (in
the non-equivariant case). In this paper, we will stick to the work with (strong) G-approximation
altough one could add the definition of the weak one.

Proposition 10.1.7. Let p : E® — me and q : E'® — anf be two G-oo-operads and let
f:C — E® be a G-approzimation. Furthemore, assume that the induced map Cr—y — E is an
equivalence of G-0co-categories. Then the induced map

0 : Alge(E,E') — Alge(C, E")
is an equivalence of co-categories.

Proof. Firsty, we can choose a Cartesian fibration v : M — A! associated to the functor f,
together with isomorphisms M x a1 {0} =~ E® M x a1 {1} ~ C and a retraction r : M — E® such
that r|c = f. Denote with T C Funp,c (M, E’) the full subcategory spanned by the functors
F : M — FE’ such that:

1. The restriction F|ge belongs to Algg(F, E'),

2. For every u-Cartesian morphism « of M, the image F(«) is an equivalence in E’ (or, equiv-
alently, F' is a g-left Kan extension of F|ge).

We will continue the proof and complete it in several steps:

Step 1. The restriction map Y — Algg(E, E') is a trivial Kan fibration.
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Let X C Fung;,c(M, E'®) be the full subcategory spanned by those functors F' : M — E’® which

*

are g-left Kan extensions of F|ge, and let ) C Funpy,c (E®, E'®) be the full subcategory spanned

by those functors F' : E® — E'® such that for every x € M the induced functor E%E — E'® has

a g-colimit, where E% = E® x3r My,. By [HTT] 4.3.2.15 the restriction functor X — ) is a
trivial Kan fibration. Moreover, we claim that Y ~ Funp;,c(E®, E'®). This follows from the fact

that E% has a terminal object, hence every functor in Funmc(E@’, E’®) has a g-colimit. The

terminal object in E% is given by x — x if v € M|y ~ E® and by a Cartesian lift y — x over x if

x € M|y ~ C. By the description of the co-category T the restriction functor ¥ — Algg(FE, E')
fits in the commutative diagram

T X Funp;,c(M, E")

Ll

Algg(E,E') —— Y —— Funp;,c(E, E')

In fact, the left square is a pullback square, again by the description of T, hence T — Algg(F, E')
is a trivial Kan fibration.

Going toward our next step, note that precomposition with r gives a section of this trivial
fibration, which we will traditionally mark with s. Let € : T — Funp;,c(C, E'®) be the other
restriction. The functor  is given by the composition € o s, which means that it will suffice to
prove that e induces an equivalence of co-categories T and Algg(C, E'®).

Again, by [HTT] 4.3.2.15 it will suffice to show the following:

1. For every Fy € Algg(C, E') there exists F' € Funp;,c(M, E'®) such that F is a g-right Kan
extension of Fj.

2. A functor F' € Funp;,c(M, E'®) belongs to T if and only if it is a g-right Kan extension of
Fy = F|c, with Fj € AlgG(C’, E/).

Naturally, our next step would be to prove:

Step 2. For every Fy € Alga(C, E') there exists F € Funp,c(M,E'®) such that F is a q-right
Kan extension of Fy.

Take x € E®, let Cp) = My xCandlet F, = F0|Cm/. By [HTT] 4.3.2.18 it will suffice to show
that F, can be extended to a ¢-limit diagram C’;‘/ — E'® (covering the map C;]/ — M — Fin%).
Denote with C, / the full subcategory of C,, spanned by those morphisms # — y in M such that
x — f(y) is an inert arrow in E®. By [10.1.5| the inclusion functor C;/ — C,, is final, thus by
[HTT] 4.53.1.7 it will suffice to show that F), = F$|C;/ can be extended to a ¢-limit C"f/ — E'®.

Let p(z) = [U — O] and let C!/ y be the full subcategory of C? / spanned by inert morphisms

x — f(y) such that their underlying map in Finf can be written as a span

UV —V

| F L

O+«—V —V



CHAPTER 10. UNIVERSAL PROPERTY OF FRAMED G-DISC ALGEBRAS 123

where V' € Og. At the moment, we wish to prove that F, is a g-right Kan extension of F/ = F, \C"/

so that we can use [HTT] 4.3.2.7:
Let o : © — y be a map in M which is an object of Cg’c/ and denote po f(y) = [Uy — O4]. The
oo-category C;’/ xer, (c /)a/ can be identified as the full subcategory of M, , spanned by diagrams

x

TSy B, 2 such that po f(B) can be written as the span

Uy +—V —V
01<—Vi>V

with V' € Og. Note that the upper left G-map V' — U; factors through some W € Orbit(U;). Let,

Fwcu, be a full subcategory of Fian[WCU / spanned by those object (or better said, morpshisms)
- =1

of the form

Uy +—V ——V

N

Ol%V;V

with V' € O¢. In particular, one such morphism can be factored as composition of maps

Now we can write our co-category C’;’/ Xcr, (C’;/)a/ as the disjoint union of co-categories C"'(W),,/,
for W € Orbit(Uy), where each C"(W),, is equivalent to the full subcategory of C,, spanned by
objects (that is, morphisms) covering a map from Fy cy, . Since f is a G-approximation all of these
oo-categories C"'(W),, have an initial object given by the p o f-coCartesian lift y — yy covering
X(wcu,]- Hence, it will suffice to show that Fy(y) is a g-product of the objects { Fo(yw ) }weorbit(,)-
Since E'® is a G-oc-operad it will sufice to show that the maps Fy(y) — Fy(yw ) are inert, which

is true since Fy € Alge(C, E).

We have shown that F), is a ¢-right Kan extension of F = Fg’c|c;//. By [HTT] 4.5.2.7 it will

suffice to prove that F) can be extended to a ¢-limit diagram C” f/ — E'® covering the map
C"3) = M — Fin.

Similarly as before, let C"(W),, (for W € Orbit(U) with p(x) = [U — O]) be the full subcat-
egory of C” / spanned by objects covering a map from Fycy. Now the oo-category CV / can be
written as the disjoint union of co-categories C”(W),,. Denote with E(W) the full subcategory
of Ef’/ XEinG o, Fwcu such that we have an equivalence C”"(W),, ~ E(W) xg Cy_). Since
f induces an equivalence on the underlying G-oo-categories Cj(_y =~ E this is possible to do. We
can choose the inert morphisms  — zw as coCartesian lifts of x [y cy) which in turn represent
the initial objects of E(W). Since f induces a categorical equivalence C(_) = E we can write
rw =~ f(cw) with ayy @  — cw an initial object of C"(W),,. Similarly to the previous part, we
are required to prove the existence of a g-product of objects Fy(cw ), W € Orbit(U) which follows
from the fact that E'® is a G-oc-operad. This finishes the proof of the second step.

The arguments as above give us the following equivalent condition for point 2):
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Help lemma. Let F' € Funp;,c(M,E'®) be such that Fy = F|¢ € Algg(C,E'). Let x € E®

such that p(z) = [U — O], and let ey € C such that f o p(ew) = [W — W] with W € Orbit(U).
Additionaly, let aw : x — cw be maps in M covering Xpwcuy) constructed as above. Then F' is a
q-right Kan extension of Fy if and only if F(aw) are inert arrows in E'® for W € Orbit(U).

This help lemma will turn fundamental in the proof of our third and final step:

Step 3. A functor F € Fung;,c(M, E'®) belongs to Y if and only if it is a g-right Kan extension

of Fy = F|c, with Fy € Alge(C, E').

Let F € Y. The functor Fy = F|¢ is equivalent to the functor F|ge o f hence Fy € Algs(C, E').
Our help lemma now implies that F' is a ¢-right Kan extension of Fj.

For the other direction, let F' € Funp,,c(M,E'®) and let Fy = F|c € Alge(C,E’). Assume
that F is a ¢-right Kan extension of Fy. Let ¢ € C with fop(c) = [U — O]. Let z = f(c).
We would like to show that F(z) — F(c) in an equivalence in E'®. For that, let us choose p'-
coCartesian (with p’ = f o p) lifts ¢ — cw over xjwcy). Since Fy € Alga(C, E’) by assumption,
the maps Fy(c) — Fo(cw) are all inert. Since E'® is an G-oc-operad, it will suffice to show that
F(z) — F(cw) are all inert, which is true by help lemma above.

What is left to show is that F|g € Alga(E,E’). By it would only suffice to check that
that the inert map x — xy lying over

J

U+—V Vv
0 — V

—V =

maps to an inert map. This map factors as x — zyw — v lying over

U W — W V —V

| E L

0] W — W V—V

with  — xw being inert and W € Orbit(U). By the dual of [HTT] 2.4.1.7 the map zw — zv is
also inert. It is enough to show that F(z) — F(zw) and F(zw) — F(zv) are inert.

Similarly as before, we can assume that xw = f(cw) and xy = f(cy). Since the maps F(zw) —
F(cw) and F(xy) — F(cy) are equivalences in E'®, for the map F(z) — F(zw) to be inert it
would suffice to show that the composite map F(z) — F(zw) — F(cw) is inert, which follows
from our new criterion. As for F(zw) — F(zyv), note that it is equivalent to F(cw) — F(cy)
which is further equivalent to Fy(cw ) — Fo(cy). Finally, since Fy € Alge(C, E') this map is inert
and so is F(xw) — F(xy). With this the proof is finished. O

As an immediate consequence we have the following:

Corollary 10.1.8. Let f : E® — E'® be a map of G-oo-operads. Furhemore, assume f is a
G-approximation map that induces an equivalence on the underlying G-oco-categories. Then f is
an equivalence of G-0o-operads.
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10.2 The universal property

In this section we will prove the universal property of G-disc algebras:
Let H < G be a finite subgroup. The statement that we want to prove is the following: The
G-symmetric monoidal category of G/H-framed G-discs is freely generated by the H-symmetric
monoidal category of x-framed H-discs. In other words, for C® a G-symmetric monoidal category
we have the following equivalence:

Fun(Disk® /=17 ¢®) ~ Pun$) (Disk™* 1", G/HxC®)

where G//H xC® is the underlying H-co-category of C%.

Note that by Disk®C/H=I" and Disk™*=f" are equivalent to the G-symmetric monoidal
envelopes Envg(RepS/H_fr’u(G)) and Envg (Rep* /™" (H)) respectively. For simplicity, let us

n
denote with DEG/H-fr .— RepS/Hff’"""(G) and DH*—fr .= Rep;k:fr""(H). Now the equivalence
above can be written as

Algg(DGCEH=IT C) ~ Algy (DH*=1" G/HxC) (10.1)

Description 10.2.1. Before continuing, let us give more insight into the objects of Rep’;_fr’u(H)
and RepG/HffT""(G). Since the objects of (Rep*ffT’u(H))I(_) are framed over point, they corre-

n 7

spond to the V-framed G-discs where V is an H-representation. Informally, using we can
depict these objects as

HxgV —V

L]

H/K —— «

J:

H/K

where the lower horizontal arrow is the framing map and the square is the pullback square. Using
6.1.19 andl6.1.159 we can write these elements as

GXKV

G/K — G/H

G/K

G/H

Note that the framing map is the same as the map inducing topological induction. Therefore we can
write this element as G xx V — G/K — G/K — G/H or even simpler as G/K — G/K — G/H
(since all the information on the bundle over G/K is carried by the framing map). With this
depiction the general object of Rep*ffr""(H) can be written as

n

U—-0—-G/H
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where U is a finite G-set and O € Og is an orbit.
Similarly, an object of (Repf/HffT’u(G))I(_) can be written in the form

GxgV —— GxgygV

| |

G/K —— G/H

J:

G/K

where the lower horizontal map is the framing map and the square is a pullback square. Again, by
[7.1.7 we can write this element as

G/K —— G/H

lz

G/K
Therefore, the elements of@S/H_fr’u(G) can be written in the form

O+U—G/H

where U is a finite G-set and O € Og s an orbit, the left arrow is the structure map while the
right arrow is the framing map.

In order prove the equivalence (|10.1f) we would like to be able to use |10.1.7

Construction 10.2.2. Let us construct a map 0 : DH*—f7 — DGG/H=IT 45 part of the commu-
tative diagram

pHx—fr _9 . pG.G/H-fr

! |

Finl — Fin®

Note that me is equivalent to G/HﬁFin*G. Therefore the map me — Fz'nf is a left fibration.

By|10.2.1| we have the description of the objects of D™*=I" and DS C/H=F" The object (U — O —
G/H) € DH*=I7 is then sent by the map 0 to the object (O + U — O — G/H) € D&G/H=[r,

Proposition 10.2.3. The map 0 : DH*—I1 — DGG/H=IT s o G-approzimation map. Moreover,
0 induces an equivalence on the underlying G-oco-categories.

Proof. In order to prove that 6 is a G-approximation map we need to prove the three points from

MO.TTE

1. Consider the following commutative diagram
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DH,*—fT 0 DG,G’/H—fr
Rep”™ 1" (H) Rep/H=IT(@)
Fin!! Fin®
I(-) J I(-)
o o

where the right rhombus is a pullback diagram. If we restrict our attention to the part of
the diagram

Rep " (H) ——— D=7 o~ Rep =" (H)

| !

1(-)

oy Finl!
o e Finf

we have that the upper square is a pullback square by definition. Also, by inspection the
lower square is a pullback square meaning that the whole square is a pullback square.
Therefore, the pullback of D+~ — Finf — FinG along I(—) : OF — Fin¢ is
Rep:;f "(H) — Of — OZ. Additionally, the first map in the composition is a coCartesian
fibration since RepszT(H) is an H-oo-category and OF ~ G/H — O is a left fibration,
meaning that the composition is a coCartesian fibration i.e. Rep:‘;fr(H) — O is a G-o00-
category. Additionally, since the right rhombus is a pullback diagram 6 induces a map that
fits into the following diagram

Rep” ™" (H) —— Rep/"~77(G)

! !

G/H~OP — 5 0%

2. Let z € D**=I7 be such that 0(z) lies over I : U — O € Fin®. Note that I lies in an image
of Finl — M*G hence we can consider I as an element of Fin!?. Since Fin® — M*G is a
left fibration, the maps xwcy) in M*G have coCartesian lifts which are exactly maps xwcu
in Mf Now, considering that DH*—fr — M*H is an H-oo-operad, the coCartesian lifts
of xjwcuy) exist with the source x and therefore the coCartesian lifts of xcyy in Mf also
exist.

3. Recall that, by [10.2.1] objects of DFG/H=F" can be seen as

U— G/H

|

@)
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with U € F mf and O € Og where the horizontal map corresponds to the framing map.
Now let 2 € DEE/H=I7 lying over U; — O, ¢ € DH*~I7 lying over Uy — O and let = — 6(c)
be an active arrow lying over diagram

U1 e U2 G/H

I ]k

O — O — G/H

Note that a map in DG/ H=f7 should be represented by a span, but since the underlying
arrow is fiberwise active, the left side of the span would be the identity, so we omit it in the
diagram.

The element # of the Cartesian lift corresponds to the element U; — O — O — G/H.

What is left is to show is that # induces equivalence on the underlying G-oo-categories. Let us

denote with ;) : Dﬁ’j)_fr — Df(’_G)/H_fT the induced functor.
Note that the element of DIG(’E;)/H_fT can be written as
0O — G/H
0]
which is the same as O — O — G//H, an element of Dﬁf;fr, hence 07(_y is essentially surjective.
As for the mapping spaces, recall taht the mapping space in Dﬁ(’j;ﬁ between E; — O — O —

G/H and Ey — Oy — Oy — G/H consists of the spans

E,+—— E — By

! !

Ol%OgéOg

FF L

Ol%OgéOg

NS

which is the same as the span

E1<7E*>E2

Lol

01%02;02

01 %02;02 G/H
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representing the map of the image of 07_). We conclude that 67y is fully faithful and hence an
equivalence which finishes the proof. O

Propositions [10.2.3| and [10.1.7] give us the following result:

Corollary 10.2.4. Let E® be a G-oo-operad. The map 0 induces an equivalence

Alge (DG H=IT B) = Algg(DE*—1" E)
We are one step away from proving our universal property:

Theorem 10.2.5. Let C® be a G-symmetric monoidal category. Then the G-symmetric monoidal
category of G/H-framed G-discs is freely generated by the H-symmetric monoidal category of *-
framed H-discs. In other words, there is an equivalence

Fun%(DiskG’G/H_fT,QQ@) = Fun%(DiskH’*_fr7Q%)
where Q% is the underlying H -co-category of G-oco-category C%.
Proof. As discussed in the beginning of this section, the above statement is equivalent to

Alga(DEC/TIT.€) = Algy (D17, C )
By |10.2.4] it will suffice to show an equivalence

Algg (D=1 C) ~ Algy (D17 Cpy)

Recall that the H-symmetric monoidal category Q% is obtained via the commutative diagram

ch ———

| !

Finl — Fin®

| !

G/H —— OF
where both inner rectangles (and consequently also the outer rectangle) are pullbacks.
Let F be a DH*~fT_algebra object in C® i.e. F € Algg(D"*=/7,C), and consider the following

diagram

Cir

DG.G/H~—fr FinC
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By the universal property of the pullback F induces a functor F’ : DH*=fr Q% We would like
to show that F’ € Algy (DH*—I7 C%).

Let ay be an inert map in DH*~/" covering the map xpwcy) : [U — O] = [W — W] in Fin'
Since Mi{ — me is a left fibration and F' € Algg(DH’*_fT,Q®), F(aw) is inert in C®. Again,
since Mf — Mf is a left fibration, and consequently Q% — C®, the pullback of F(ay) is
inert in C%;, which is exactly F”(aw), meaning F' € Algy (DH»*=f7 C%). Similarly, if we would
have taken F’ € AlgH(DH’**f’",Q%) the induced functor F : DHE*—Ir Q% — C® would lie in
Algg(DH»*=17 C®). By the universality of the maps to the pullback we have

Algg (D=1 ¢) ~ Algy (DH*=I7 Cyy)
and the proof is finished. O

10.3 Applications of the universal property

Algebras with genuine involution and O(2)-genuine objects

Let G = O(2) and H = Z5 and let @0(2) be a O(2)-co-category of spectra. Let V' be the adjoint
representation of O(2) at the identity element. It is evident that V is endowed with O(2)-action,
which, when we restrict to Zs-action becomes R? where ¢ is an one dimensional sign representation.

Let Ay be the R-framed Zs-disc algebra object in @Zz. Let us give more insight into the

structure of Ag. Using|6.1.13| we conclude that the objects of Disk?*® =17 are given by the finite
disjoint unions of

e R7?, which corresponds to the element R? — Zo /Zo;

¢ The restriction Res?z}(R") = R! which corresponds to the element Uz, R! — Zs/{e};
e The topological induction Liz,R! obtained as the element Lz, R — Zo/{e} — Z2/Zs
Therefore, by [7.4] we can write
o Res( Au(R7) = Ap(RY);
o A(Uz,RY) ~ NZ2(Ag(RY)).
Additionally, the equivariant embedding

(Uz, RN URT — R

induces a map NZ2(Ay(R')) ® A(R%) — A(R?). Meaning that the Zs-spectrum A(R?) has a
structure of a N22(Ax(R!))-module.
Next, note that Az (R!) has a structure of an Ei-algebra object in Sp

[ZQ since

Zo /ey = 5P

Fun® (Disk%;ﬂf;e;fcr,@[oziz/){e}]) ~ Fun®(Disk"" Sp) ~ Algg, (Sp)

Moreover, the Zs-action makes Ay (R!) into an associative (E;) algebra with involution i.e. Ay (R!)
is a Ag(R!Y) ® Ay (RY)-module. To add up, we have seen that this Ay (R') ® Ay (R!)-module
structure lifts to N22 (A (R'))-module structure on A(R?), hence we say that Ay is an associative
algebra with genuine involution.

The univesal property of equivariant disc algebras, Theorem gives us the equivalence
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Funf) (Disk™® ~IT, Sp™?) ~ Fun%@) (MO@)’SI AR @0(2))
where we have used the fact that O(2)/Zy = S*.
Let A € Fun%(z)(DLskO@)’sl_ﬁ,@0(2)) be an O(2)-disc algebra corresponding to Agy. We can
regard S! as a genuine O(2)-object in the O(2)-oo-category of manifolds Mo(z)’sl_ﬁ given by

S' 0, = Mfl1dO@ s I

O+ O x S*

Therefore, we can build the following map

{Associative algebras with genuine involution in @Zz}

|

{Genuine O(2)-objects in @0(2)}
given by

AH — A
g1

The result of Horev, [Horl9] 7.1.1 and 7.1.2 tells us that the underlying Z,-genuine object of
Js1 A is equivalent to the real topological Hochschild homology T'H R(A) (see also [DMPRIT]). In
other words, we have

( / A) ~ THR(A)
st/ [0(2)/7]

Therefore, we have obtained the refinement of the Zy-genuine structure on THR(A) to the O(2)-
genuine structure.

Associative algebras and S'-genuine objects

For the second example, let us take G = S* and H = {e} the trivial subgroup. The adjoint rep-
resentation is equal to R when forgeting the action, hence the co-category Fun® (Diske’**“7 @1)

is equivalent to the co-category of E;-algebra objects in @f ' Sp. Therefore, the Theorem|10.2.5
gives us

AZQ]EI(SP) ~ Fun%l (Mslﬁsl_ﬂ’?@sl)

Let A2°® be an associative algebra object in the oco-category of spectra Sp which corresponds to
1
the S'-framed S'-algebra object A in @S . Then we can construct a map

{Associative algebras in Sp}

|

{Genuine S'-objects in @Sl}
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given by

A% | A
S1

Where the S!-factorization homology is taken with respect to S* as an S'-genuine object given by

SH:0% — M fla® >l
0 0xS'

By [Horl9] 7.2.2 we have

oC,

(/'A> ~ THH(A; A7)
st/ (s1/c)

where A7 is a A-A°P-bimodule given by the formula

ARAT®A— AT
TRARPY > TTrR®a®yY

with 7 € C,, being the group generator.
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