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Résumé

Cette these est consacrée a 1’étude d’une marche aléatoire au plus proche voisin X récurrente
nulle sur une marche aléatoire branchante (T, (V(x);x € T)) ou T est un arbre de Bienaymé-
Galton-Watson sur-critique. Une attention particuliere est accordée a sa trace, le sous-arbre
K ={Xo,...,Xn} de T des sommets visités par X jusqu'a l'instant n.

Dans une premiére partie, nous nous intéressons au volume de certaines traces contraintes a la
fois le long des trajectoires de X et le long de celles du potentiel branchant V' dans le régime
lent [HS16b)]. 11 s’agit typiquement du nombre de sommets visités au moins n® (avec b € [0,1))
fois par la marche X jusqu’a l'instant n et dont le potentiel V' est contraint d’évoluer dans un
ensemble donné. Sous quelques hypotheses, certaines naturelles, d’autres plus techniques, nous
donnons le comportement quand n tend vers l'infini du volume de ces traces générales, mettant
en lumiere les interactions entre la marche aléatoire X et son potentiel branchant V. Nous exhi-
bons également quelques exemples de traces contraintes nous paraissant pertinents. Un exemple
important est celui des potentiels hauts : il s’agit de forcer la marche X a visiter des sommets
de potentiel typiquement supérieur a (logn)® avec o € [1,2). Ces sommets sont nombreux a

—1
1=be—c(logn)* ™" avec ¢ > 0.

I'instant n (lorsque n tend vers l'infini), de ordre de n
Dans une deuxiéme partie, nous nous focalisons sur le volume de certains sous-ensembles de
R)* =Ry X -+ X B, k> 2, dans le cas de la marche diffusive [HS07b]. Nous supposons que le
diametre L,, — 1 (pour la topologie naturelle sur T*¥) d’un tel sous-ensemble est déterministe
et nous montrons que sous une hypothése d’hérédité, le volume de ce dernier est proportionnel
a (nl/ 2L,)* lorsque n tend vers I'infini. Nous étudions également cette «constante» de propor-
tionnalité, qui est une variable aléatoire non-déterministe, mettant ainsi en lumiere les liens
entre les différents sommets de %,,. Enfin, nous appliquons ces résultats au fameux probleme de
généalogie suivant : tirons k£ > 2 sommets uniformément et sans remise dans un sous-ensemble
de 'arbre %Z,. A quoi ressemble leur arbre généalogique ? Sous certaines hypotheses portant sur

ce sous-ensemble, nous répondons a cette question assez précisément.



Summary

This thesis is devoted to the study of a nearest-neighbour random walk X, null recurrent, on a
branching random walk (T, (V(z);z € T)), where T is a super-critical Bienaymé-Galton-Watson
tree. A particular attention is paid to its range, that is to say the sub-tree %, = {Xo,..., X»}
of vertices of T visited by the random walk X up to the time n.

In a first part, we are interested in the volume of some ranges with both constraints on the
trajectories of the random walk X and on those of the underlying branching potential V' in the
slow regime [HIS16b]. This is typically the number of vertices of T visited more than n® times
(with b € (0,1)) by the walk X up to the time n with potential forced to stay in a given set.
Under a few hypothesis, some are natural, others more technical, we give the asymptotic behavior
of this generalized range and by studying it, we do wish to highlight interactions between the
random walk X and its random branching potential V. We also present some examples of such
ranges we do believe to be relevant. An important example is to enforce the vertices visited
by the random walk X to have a potential typically larger than (logn)® with « € [1,2). These
vertices are numerous at time n (when n goes to infinity), of order n*~bte=¢08m* ™" with ¢ > 0.
In a second part, we focus on the volume of some subsets of 2% = %, x -+ x B, k > 2,
in the diffusive regime [HSO7b]. The diameter L, — 1 (for the usual topology on T*¥) of such
subset is assumed to be deterministic and we show, under an hereditary assumption, that the
volume of the latter is proportional to (n'/2L,)* when n goes to infinity. We also study this
«proportionality constant», which is actually a non-deterministic random variable, allowing to
highlight the links between the vertices visited by the random walk X. Finally, we apply these
results to the following well known genealogy problem : pick & > 2 vertices uniformly and
without replacement in a subset of %,,. What does their genealogical tree look like ? Under some

hypothesis on this subset, we do answer this question quite precisely.
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8 INTRODUCTION

1 Arbres marqués

Dans cette section, nous présentons en premier lieu la notion d’arbre planaire enraciné et marqué
selon J. Neveu [Nev86] puis nous donnons une construction possible d’'un arbre de Bienaymé-

Galton-Watson marqué.

1.1 Définitions et notations

Commencons par quelques définitions. Considérons ’ensemble des mots % = UeeN(N*)é» c’est-
a-dire l’ensemble des suites de longueur finie d’entiers strictement positifs et on note |u| la
longueur d’'un mot u € % . On désigne par e I'unique mot de longueur 0, appelé racine. Si
u = (i1,...,%¢) € % est un mot de longueur ¢ alors 'ensemble {e} | J{(i1,...,im); 1 < m < (}
des mots de longueur inférieure a celle de u et ayant le méme suffixe que ce dernier constitue
la collection des ancétres de u. Le mot (i1,...,7,_1) est appelé parent de u et on le note u*. La
notion d’ancétre induit une relation d’ordre partielle < sur % : pour tout mot w et v, u < v si
et seulement si v est un ancétre de v. Dans ce cas, on dira également que v est un descendant
de u. Pour tout j € N*, le descendant (i1,...,is,j) du mot u = (i1,...,ip) est le j-éme enfant

de u, noté u?. On notera u < v si et seulement si v < v et u # v. On peut également définir

sur % Vordre lexicographique < : pour tout mot u = (i1,...,4) et v = (j1,...,jw),onau < v
si et seulement si w = v ou si u # v et il existe m € {1,...,min(¢,¢')} tel que pour tout
pe{l,....m—1}, i, = jp et ip < jm. On écrira u < v si et seulement si v < v et u # v. Notons

que v < v implique u < v mais qu’en général, le réciproque est fausse.

Définissons maintenant la notion d’arbre planaire selon J. Neveu. Un arbre T est sous-
ensemble de % vérifiant les propriétés suivantes : i) e € T; 4i) si (i1,...,i¢) € T alors
(i1,..,im) € T pour tout m € {1,...,¢}; i) si u = (i1,...,i¢) € T alors il existe N, € N tel
que (i1,...,77,j) € T si et seulement si j € {1,..., Ny}.

Un mot u appartenant & Uarbre T est appelé sommet. i) nous dit que la racine e est un sommet
de T et par convention, c’est un ancétre de tout sommet de I’arbre T. i7) affirme que tout ancétre
d’un sommet u € T est nécessairement un sommet de T. ii7) nous dit que qu’un certain nombre
N, € N des enfants de u € T sont des sommets de T et lorsque N, € N*, le mot u/ est un
sommet de T pour tout j € {1,..., Ny}.

L’ensemble {u € T; |u| = ¢} constitue la génération ¢ de arbre T et pour tout sommet u € T
tel que |u| = ¢, u; désigne I'unique ancétre de u dans la génération ¢ € {1,...,¢}. L’ensemble
[e,u] :={v € T;v <u} ={e,u1,...,us} est alors appelé ligne généalogique du sommet u. Pour
tout sommet u et v dans 'arbre T, 'ancétre commun le plus récent de u et v, noté u A v, est
I"unique sommet z € [e,u] N [e,v] tel que max,,cpe ujre,v] lw] = |2]-

Nous pouvons attribuer une marque a chaque sommet d’un arbre. Soit T un arbre et (a,;u € T)
une collection d’éléments, qu’on appelle des marques, d’un espace mesurable M. Pour tout som-
met u € T, I'élément a,, est une marque attribuée au sommet u et le couple (T, (a,;u € T))

définit ainsi un arbre marqué.
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1.2 Arbres de Bienaymé-Galton-Watson marqués

Nous présentons maintenant une classe d’arbres aléatoires trés connue, la classe des arbres de
Bienaymé-Galton-Watson marqués. Soit (N, M) une variable aléatoire a valeurs dans N x M,
sous une probabilité P. On construit arbre aléatoire marqué (%, (a,;u € %)), génération par

génération, de la facon suivante :

e la génération 0 est constituée d’un unique sommet, la racine e et on pose a. :=0;

e Soit n € N* et supposons que la génération n — 1 est construite. Si cette derniére est vide
alors la génération n l'est aussi. Sinon, chaque sommet u dans la génération n — 1 donne
naissance, indépendamment des autres sommets de sa génération, a IV, enfants marqués

(u,ay1), ... (uNe, a,n, ), suivant la loi de (N, M) formant ainsi la génération n.

Cette procédure s’arréte uniquement en cas d’extinction, c’est-a-dire lorsqu’une génération est
vide. Autrement, elle continue indéfiniment.

La loi de N est appelée loi de reproduction de 'arbre aléatoire T et est naturellement liée a
1le

nombre de sommets dans la génération n avec la convention ) . = 0. On définit la probabilité

probabilité d’extinction de ce dernier. On suppose que P(N = 1) < 1. Soit Z,, := Zze?l‘;m:n
d’extinction pey; de 'arbre T par pexy = P(In € N : Z,, = 0). pext est en réalité le plus petit
point fixe de 'application s € [0,1] = E[s"] et pex; = 1 si et seulement si E[N] < 1. L’arbre ¥
est dit sous-critique si E[N] < 1, critique si E[N] =1 et sur-critique si E[N] > 1.

A partir de maintenant, (T, (A,;z € T)) désigne un arbre de Bienaymé-Galton-Watson marqué
sur-critique tel que A, € R (c’est-a-dire en prenant M = R dans la construction précédente) et
on note P*(-) := P(:|non-extinction de T).

Revenons quelques instants a la suite (Z,,). Sous P, la suite (Z,,/E[N]™) est une martingale posi-
tive, elle converge donc P-presque stirement vers une variable aléatoire M, € [0, 00). D’apres le
théoreme de Kesten-Stigum [KS66], P(Ms = 0) = pext <= E[My] =1 < E[Nlog" N] <
0o ol log™t est la partie positive de log. Si I'une des conditions précédentes est vérifiée alors
P*(Ms > 0) =1 et donc P*-presque surement, (Z,) a une croissance exponentielle. Lorsque ce
n’est pas le cas, E. Seneta [Sen68] et C. C. Heyde [Hey70] ont prouvé qu’il existe toujours une
suite (¢,,) de réels strictement positifs et une variables aléatoire M/ telles que ¢,11/c, — E[N]

et la suite (Z,/c,) converge P-presque stirement vers M/ . De plus, P(M. = 0) = pext.

L’arbre marqué aléatoire sur-critique avec marques réelles & = (T, (Az;x € T)) défini ci-
dessus est appelé environnement aléatoire et c’est sur une réalisation de T que nous définissons
une marche aléatoire au plus proche voisin dont les probabilités de transition dépendent des

marques de ce dernier.
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2 Marches aléatoires en milieux aléatoires

Dans cette section, nous définissons une marche aléatoire biaisée X sur une réalisation de I'envi-
ronnement & puis nous présentons quelques résultats importants pour cette marche, notamment

un critere de récurrence/transience ainsi que des propriétés de localisation.

Pour des raisons pratiques, nous ajoutons un sommet e* a T. Il s’agit du parent de la racine e.
Nous considérons ainsi, sous la famille de probabilités {P%;z € TU{e*}}, la marche aléatoire au
plus proche voisin X := (Xj)en, & valeurs dans TU {e*} et réfléchie en e*, dont les probabilités

de transition sont, pour tout x € T \ {e*}

e A

1 .
& * . & )
p° (z,z%) = - et pour tout 1 <i < N, p°(x,2') = -
14 SN e ’ 14 SN e
Autrement, p®(z,u) = 0 et par définition, p®(e*,e) = 1. Pour tout z € T U {e*}, la mesure
de probabilité ]P’f est appelée probabilité quenched issu de z, c’est-a-dire ]P’f(Xo =zx) =1
et P4 := P¢ désigne la probabilité quenched issue de la racine e. Enfin, nous définissons les

probabilités annealed P et P* par
P(-):=E[P°(-)] et P*(-):=E*[P°()].

La marche aléatoire X est appelée marche aléatoirement biaisée sur I’arbre de Bienaymé-Galton-
Watson marqué sur-critique &'. La famille de marques aléatoires {A;;x € T} représente le biais
aléatoire vers la racine e (ou son parent e*) et comme nous le verrons par la suite, ce biais
joue un roéle central dans I’étude de la transience et de la récurrence de la marche aléatoire
X. Les premieres références & ces marches remontent a R. Lyons et R. Pemantle [LP92] et
M.V. Menshikov et D. Petritis [MP02]. Un cas particulier important de cette marche aléatoire,
introduit pour la premiere fois par R. Lyons (voir [Lyo90] et [Lyo92]) est celui de la marche
A-biaisée sur T : il s’agit du cas ou les marques A, sont déterministes et constantes égales &
log A\ avec A > 0. Les probabilités de transition deviennent alors : p®(x,z*) = A/(A 4+ N,) et
p®(x,2) = 1/(A + N,) pour tout 1 < i < N,. Cette marche est transiente sauf quand le biais
vers la racine est assez fort : si A > E[N] alors P*-presque strement, la marche A-biaisée est
récurrente (récurrente positive si A > E[N]). Quand A = E[N], Y. Peres et O. Zeitouni [PZ06]
puis E. Aidékon et L. de Raphélis [AdR17] ont montré le théoréme central limite suivant : P*-
presque stirement, le processus (| X ||/ Vo2n)i>o converge en loi vers le mouvement brownien
réfléchi standard, avec o2 = A(A — 1)/E[N(N — 1)] € (0,00). Le cas transient a notamment été
étudié par R. Lyons, R. Pemantle et Y. Peres (voir [LPP96b] et [LPP96a]) puis par E. Aidékon
[Aid14]. En particulier, il est montré dans [LPP96a] que la vitesse de fuite de la marche existe
et est déterministe : P*-presque strement, lim,,_, | X, |/n := vy > 0. De plus, la vitesse vy est
strictement positive si et seulement si A € (A;, E[N]), avec A, > 0. E. Aidékon [A1d14] donna

plus tard une expression explicite de cette vitesse vy.
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Revenons au cas des marques aléatoires non déterministes, posons

V(e) =0 et pour tout z € T\ {e}, V() := Z A,.

e<z<w

Sous P, (T, (V(z);x € T)) est une marche aléatoire branchante, V(z) est appelé potentiel du
sommet x et correspond a la position de ce dernier par rapport a la racine e. Définissons la

log-transformée de Laplace v associée a ce potentiel aléatoire

P(t) == logE{ Z e_tv(x)}, (1)

|z|=1

en supposant que v est bien définie dans un voisinage de [0, 1] et que ¥’(1) existe.

Voici un critére de transience/récurrence pour la marche aléatoire X en fonction des fluctuations
de ¢ du & G. faraud [Farll] (lui méme précédé par R. Lyons et R. Pemantle [LP92]) : si
infycpo,1)9(t) > 0, alors P*-presque stirement, X est transiente, sinon, elle est récurrente. E.
Aidékon [A7d08] a porté une attention particuliere au cas transient, montrant en particulier que
sous certaines hypotheses, la marche X a une vitesse de fuite strictement positive. Dans le cas

récurrent, le critere de G. faraud peut-étre détaillé. Supposons que inf;c[g 1 ¥(t) <0.

e Siinf,cpo 1) ¥(t) < 0 ou infycpoq9(t) = 0 et ¥'(1) > 0 alors P*-presque stirement, X est

récurrente positive;

e siinfycpq9(t) = 0 et ¥’(1) < 0 alors P*-presque siirement, X est récurrente nulle.

Dans la suite de cette these, nous nous consacrerons entierement au cas récurrent nulle (deuxieme
point ci-dessus). Ce cas est particulierement riche, la marche aléatoire X pouvant exhiber deux

comportements radicalement différents.

2.1 La marche lente

Commengons par présenter le régime lent pour la marche aléatoire X. Plagons nous dans le cas
appelé traditionnellement frontiere pour (V(x))zer :
inf (t) =1(1) ='(1) = 0. (BC)
t€[0,1]
Sous (BC), X est appelée marche lente sur &. L’appellation « marche lente » apparait pour la
premiere fois dans l'article de Y. Hu et Z. Shi [HSO07a] pour décrire une marche qui peine a

atteindre les hautes générations de l'arbre T. Plus tard, G. faraud, Y. Hu et Z. Shi ([FHS11],

Théoréme 1.1) montrérent que sous (BC), P*-presque stirement

maxi <j<n | Xj| 8

(2)

(logn)3  n—oo 31202’
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ot 0% = E =1 V(x)2e V@] € (0,00). La plus grande génération atteinte par (X;)j<, est
donc de l'ordre de (logn)3. Il est par ailleurs montré par Y. Hu et Z. Shi ([HS16b], Corollaire
2.3) que maxi<j<n |X;| est logn fois plus grand | X,| : sous P*, (|X,|/(logn)?),>2 converge en
loi vers une variable aléatoire strictement positive (la loi est explicite).

Sous (BC), la marche est en fait tres fortement biaisée vers la racine et ce biais est connu :
notons .2 = Z}Z:l Lx,=s} le temps local du sommet 2 € T a I'instant n. Y. Hu et Z. Shi ont
montré ([HS16b], Proposition 2.4) que le nombre de fois que la marche X visite la racine e avant
I'instant n est de 'ordre de n/logn : en P*-probabilité

214+ W
n$_>i+1

n

logn™ ¢ n=soo 4 Dy ' 3)
ol W7 = Z|z|:1 e V(@) et Dy := limy,—y0o Dy, avec Dy, := Z|z|=n V(x)e*V(‘”).

Accordons un instant a la suite (D). Il est aisé de voir que sous (BC), (D)) est une (%#,)-
martingale ou %, := o((T,V(z);z € T,|z| < n)). (D) est appelée martingale dérivée. Cette
derniére converge P*-presque strement vers une variable aléatoire Dy, € (0,00) (J.D. Big-
gins et A.E. Kyprianou [BK04] montrent que Dy, > 0, X. Chen [Chel5] prouve que Do, > 0
sous certaines hypotheses). Do, peut également étre obtenue via la martingale additive W, :=
> jzl=n e~V(®@) . E. Aidékon et Z. Shi [AS14a] ont montré qu’en P*-probabilité, (ra?n/2)'/2W,, —
Dy quand n — oo. Une preuve alternative récente de ce résultat est proposée par P. Boutaud
et P. Maillard [BM19]. En particulier, W,, est de l'ordre de 1/n et R. Lyons [Lyo97] montrait
déja quelques années auparavant que P*-presque surement, lim,, o W,, = 0.

Revenons a la marche lente sur & et pour terminer, voici un résultat intéressant di & P. An-
dreoletti et P. Debs [AD14a] : toutes les générations inférieures & ¥~ 'logn ol 7 := sup{a €
R; infy>0(¢p(—t) — at) > 0} sont entierement visitées par la marche (X;);<y : avec grande pro-
babilité, pour tout G € (0,571), {z € T; |z| < Glogn} = {x € %,; |x| < Glogn}. De plus,

! est optimale : si on note G,, := sup{k > 0; V|z| = k, £" > 1} la plus grande

la valeur 4~
génération de l'arbre T entiérement visitée par X jusqu’a 'instant n alors ([AD14a], Théoreme

1.1), P*-presque surement

Gn
logn

—
n—oo

(4)

2| =

Notons que sous (BC), G,, est seulement logn fois plus petite que les générations typiques de
la marche X & l'instant n et (logn)? fois plus petite que les plus grandes générations atteintes

avant 'instant n.

Le régime lent n’est pas le seul régime pour la marche aléatoire récurrente nulle X sur I’arbre

T, cette dernieére pouvant étre (sous-)diffusive.
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2.2 La marche (sous-)diffusive

Plagons nous a présent dans le cas

inf o(t)=(1)=0 et (1) <0, (D)

t€[0,1]
et posons
k:=1inf{t > 1; ¥(t) =0}, (5)
en supposant que k € (1,00). D’aprés Y.Hu et Z. Shi ([HSO07b], Théoreme 1.2), P*-presque

surement

log maxi<j<p | Xj| 1 1
logn n—o0 K A\ 2

: (6)

avec KA2 = min(k, 2). Autrement dit, sous (D), la plus grande génération visitée par la marche X
jusqu’a I'instant n est de 'ordre de nl=%3. En particulier, la marche aléatoire X est d’autant plus
rapide que k est grand. Il est également montré par E. Aidékon et L. de Raphélis [AdR17] (pour
k > 2) et L. de Raphélis [dR22] (pour & € (1,2]) que | X,,| et maxi<;<y |X;| sont du méme ordre :
les suites (|Xn]/n17ﬁ)neN* (si k # 2) et ((logn)'/?|X,|/n"/?)pen+ (si k = 2) converge en loi
vers une variable aléatoire strictement positive et explicite. Ainsi, sous (D), la marche aléatoire
X est sous-diffusive si k € (1, 2] et diffusive si k > 2. Naturellement, cette derniére est bien moins
biaisée vers la racine que la marche lente : d’apres P. Andreoletti et P. Debs [AD14a] et Y. Hu
[Hul7] plus récemment, .Z)* est de l'ordre de nwrz. La racine e est bien entendu un des sommets
les plus visités par la marche X, peut-on caractériser précisément les sommets les plus visités ?
Cette question nous mene naturellement au probleme des sites favoris, probleme introduit par P.
Erdos et P. Révész [ER84] pour la marche simple sur Z. Pour tout n € N, notons F(n) := {x €
T; £ = maxyer £} Uensemble des sites favoris de la marche X avant I'instant n, c’est-a-dire
'ensemble des sommets de T les plus visités par (X;)j<n. Soit TP = inf{i > 1; X; = e*} le
premier instant de passage en e* et .4 = {z € T; EF[£T"] = max,cr B 7 "1} une version
moyennée (sur une excursion et sous la probabilité quenched) de ’ensemble des sites favoris.
Un résultat montré par D. Chen, L. de Raphélis et Y. Hu [CdRH16] dans le cas de la marche
diffusive (k > 2) lie ’ensemble .# a F(n) : P*-presque stirement, pour n assez grand, F(n) C ..
Ils prouverent également que P*-presque strement, |F(n)| = min(3,|.#|) n-infiniment souvent
ou || désigne le cardinal de ’ensemble 2. Nous reviendrons brievement sur ’ensemble .# dans
la suite. Mentionnons qu’il existe des approximations de la queue de distribution de max,er NJ*
o NI := Zle Lx,=2* x;=2} est le nombre de passage sur I'aréte orientée (x*, x) avant I'instant
T et o :=inf{j > 1; X; = e*, X; = e} le premier instant de passage sur I'aréte (e*, e). X. Chen
et L. de Raphélis [CdR20] ont montré que pour tout £ > 1, il existe une constante ¢, > 0 telle
que tFVA2P(max,er NI > 1) — ¢, si k # 2, t(logt)/?P(max,er NI > 1) — ¢, si k = 2 avec
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KV 2 = max(k, 2).

De méme que dans le cas frontiere, P. Debs et P. Andreoletti ont montré que toutes les générations
inférieures & (J(k A 2))"1logn sont enticrement visitées par la marche (X;)j<p : avec grande
probabilité, pour tout G € (0, (F(k A2))71), {x € T; |z| < Glogn} = {x € %Z,; |z| < Glogn}.
De plus, la valeur (7(x A 2))~! est optimale : si on note Gy, := sup{k > 0; V|z| =k, £ > 1} la
plus grande génération de l'arbre T entiérement visitée par X jusqu’a U'instant n alors ([AD14a],

Théoreme 1.1), P*-presque stirement

G, 1
— - .
logn n—=oo ¥(k A 2)

(7)

Notons que contrairement au cas frontiere, GG, est ici beaucoup plus petite que les générations

typiques de la marche aléatoire X a 'instant n.

Nous venons de voir que le potentiel aléatoire V' joue un role central dans le comportement de
la marche aléatoire X, notamment via les fluctuations de v (voir (1)). La prochaine sous-section

est ainsi dédiée aux interactions entre la marche aléatoire X et son potentiel V.

2.3 La marche aléatoire et son potentiel branchant

Dans cette sous-section, nous faisons état des liens entre la marche X et son potentiel V. Une
attention particuliere est accordée aux interactions entre les processus (X;)j<n et (V(z))ger.

Le temps local

Le potentiel V' apparait naturellement lorsqu’on regarde le temps local fxT ' d’un sommet z € T
avant le premier passage en e* : E¢[£7"] = e U@ on U(z) := V(z)+log p® (x, z*) est le potentiel
décalé. L'ensemble .# = {z € T; ES[£T"] = maxyer EY ) "1} introduit précédemment dans
le cadre du probléeme des sites favoris de la marche diffusive n’est en réalité rien d’autre que
I'ensemble {x € T; U(xz) = minyer U(y)} des minimiseurs du potentiel décalé U. La position
minimale de U a été abondamment étudiée. J.M. Hammersley [Ham74], J.F.C. Kingman [Kin75]
ou encore J.D. Biggins [Big76] ont montré que P*-presque stirement, min,—, U(x)/n — ¢
quand n — oo ot ¢ = 0 lorsque ¥'(1) = 0 et ¢ > 0 quand ¢'(1) < 0. De plus, Y.Hu et
Z.Shi [HS09] donnent un développement & l'ordre deux de minj,—, U(x) : en P*-probabilité,
(minjg)—, U(x) — en)/logn — 3/2 quand n — oo. Notons que E. Aidékon [Aid13] a prouvé
que (minj,—, U(z) — en — (3/2)logn),>2 converge en loi vers une variable aléatoire explicite
dépendant de D.

Les descentes de potentiel

Le comportement de la marche aléatoire X est directement lié aux fluctuations du potentiel V. Il
est facile de se convaincre que pour tout x € T, moins 'application V,, : i € {0,...,|z|} — V(x;)
est réguliere plus le temps local de la marche X le long de ligne généalogique de x est élevé,
eV (2)=V(z), H, est

ralentissant la marche. Pour tout sommet = € T, posons H, := ) ...,
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un indicateur important de la régularité de V.. En effet, V@-Ve) < g o< |x|ev(x)_v(x)
avec V(x) := maxe<.<; V(2) donc plus H, est petit, plus V, est réguliere et réciproquement.
Dans le cas frontiere (BC), les descentes (exponentielles) de potentiel H sont typiquement as-

sez grandes : nous savons que H, > ¢V (@)=V(@) donc pour tout § > 0 et tout entier n > 2,

E[Y |, =n e V@) (H,)0) > E[Y. e~ V() > folmn: 2>z eV (2)=V(@)] = ¢(n=1Y(1+9) o par dé-
finition, ¥ (1 + 0) € (0, 00] donc sup,en- E[3 2|, =, e V@) (H,)] = co. Dans le cas (D), les des-
centes (exponentielles) de potentiel H sont beaucoup plus petites, elles sont d’autant plus pe-
tites que k est grand : d’apres P. Andreoletti et R. Diel (JAD20], Lemme 2.2), pour tout € > 0,
suPpen+ B3 11—, e V@ (H,)178) < 0.

Faisons un lien entre les temps locaux de la marche X et les descentes (exponentielles) de potentiel
H. On rappelle que N f= ZjT:ll L(x,=2,x,=2+} est le nombre de fois que la marche aléatoire X
passe par I'aréte orientée (z*,z) avant le premier passage en e*. On note Rp1 := ) ]l{Nlezl}
le nombre de sommets de T visités par la marche X avant le premier passage en e*. Dans
’étude de la trace de X, on cherche & controler le ratio E[(Rz1)?]/E[Rp1]2. (Rp1)? n’est rien
d’autre que le nombre de couples (z,y) de sommets de T visités pendant la premiere excur-
sion au dessus de e*. Visiter les sommets z et y dans la méme excursion demande inévitable-
ment a la marche de se rendre au sommet = A y ('ancétre commun le plus récent de = et y,
voir 1.1) plusieurs fois et le temps local de ce dernier est nécessairement grand. Notons que
ES[(Rpm)?] = > aty PE(NT' A NyT1 > 1) + E°[R1] et d’apres la propriété de Markov forte

V(zAy)

1 1
Péa(Ng A NyT Z 1) <92H " 6V($/\y)
TAY )

H, < : <
re = PE(NTT > )PS (NI > 1)

ce grand temps local se manifestant par 'apparition du facteur Hyp,. On doit donc controler
le temps local le long de la ligne généalogique de chaque sommet visité via les descentes de
potentiel : E[(Ry1)%/E[R1]2 < E[Y, eV H,] + 1. Dans le cas frontiere (BC), Y. Hu et Z.
Shi ([HS16b], Théoreme 2.8) ont montré qu’'une barriere pour les descentes (exponentielles) de

potentiel ne peut-étre franchie par la marche aléatoire X : pour tout § € (0,1)
]P)*(V] < n,Xj S ﬁn/(logn)lJr(;) n;)o 1 (8)

ou nous rappelons que pour tout A > 0, O, = {z € T; Ve < z < z, H, < A}. Dans le cas
(D), pour obtenir une estimation logarithmique de la trace lourde (cette trace est définie dans la
sous-section 3.3), P. Andreoletti et R. Diel [AD20] remarquent qu’il est possible de se restreindre
a ensemble {z € T; > H, <n'%} avec § € (0,1).

e<ulz U

Terminons cette sous-section par quelques résultats sur le processus (V(X;));en.

Le processus (V(X;));en

Ce processus suscite naturellement beaucoup d’intérét, principalement dans le régime lent. Ce

dernier est moins intéressant dans le cas de la marche (sous-)diffusive, les potentiels tres grands
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étant facilement atteints par la marche. En effet, pour tout x > 1 il existe 0 < ¢; < ¢o tel que

pour tout € > 0

}P’*(clnl_ﬁ_a <V(X,) < cznl_ﬁﬁ) — 1,

n—oo

(9)
P* (clnl_ﬁ_a < max V(Xj) < Cin_ﬁ‘*‘a) — 1.
1<5<n n—00
Autrement dit, V(X)) se comporte comme maxi<j<, V(X;) et est également du méme ordre

que | X,,|. Une preuve de (9) se trouve dans 'annexe 5.

Le processus (V(Xj)) en est nettement plus riche dans le cas de la marche lente. Dans le
cas frontiere Y.Hu et Z.Shi conjecturaient ([HS16a], Conjecture 1.2) une convergence en loi de
(V(Xy)/logn),>2. Effectivement, cette suite converge en loi, sous P*, vers une variable aléatoire

dont la loi py de support (0,00) est donnée par : pour tout borélien 2 C (0, 00)

o0
pv(2) = /0 (27:3;1/2P(5 <u 2 4 ?m e 2), (10)
ol (my¢)seo,1) est un méandre brownien et 5 := sup¢(g 1)(SuPse[o, Ms —m¢). Notons qu'un résultat
de Y. Hu, Z. Shi et M. Yor ([HSY15], Théoréme 1.1) nous assure que gy est bien une mesure
de probabilité. Une preuve de (10) se trouve dans l’annexe 5.

Sous (BC) en revanche, maxi<;<, V(Xj) est logn fois plus grand que V(X,,) : P*-presque stre-
ment ([HS16a], Théoréme 1.1)

1 1
(ogn? 1252,V %) S5 an
Remarquons que maxi<j<, V(X;) est du méme ordre que |X,,|, comme dans le cas de marche

(sous-)diffusive.

Toujours dans le cas frontiere pour le potentiel V', un autre aspect intéressant est le nombre
de fois que le processus (V(X;))j<n dépasse une valeur donnée. Pour tout a € (1,2), en P*-

probabilité

- - 0 ogn)a—1
D Lv(x,)>(tognye} = ne” HHoosm) ™ (12)
7=0

Cette somme n’est en réalité rien d’autre que le nombre total de fois que la marche aléatoire X
visite les sommets dont le potentiel est supérieur a (logn)® avant l'instant n. Le chapitre I est

entre autres dédié a ce type de traces.

Nous consacrons la prochaine section a la trace d’'une marche aléatoire et plus particuliere-

ment au comportement asymptotique de son volume.
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3 Trace de marches aléatoires en milieux aléatoires

Nous commengons par définir la notion de trace d’une marche aléatoire et donnons quelques
résultats qui nous semblent intéressants pour des marches & valeurs dans Z¢ et dans des arbres
réguliers. Les trois dernieres sous-sections 3.2, 3.3 et 3.4 sont entierement dédiées a la marche
aléatoire en milieux aléatoires récurrentes nulle X. La sous-section 3.2 aborde la trace usuelle, la
trace lourde est traitée dans la sous-section 3.3 et enfin une trace généralisée est présentée dans

la sous-section 3.4.

3.1 Définitions et exemples

Soit ® une ensemble dénombrable et X := (X;)jen une marche aléatoire a valeurs dans D.
On appelle trace (usuelle) de X jusqu'a l'instant n ’ensemble des points distincts visités par la
marche aléatoire X jusqu’a U'instant n et on note JR,, son cardinal (que nous appellerons trace
également).

Les deux premiers exemples concernent des marches aléatoires sur Z%, le dernier se concentre

sur une marche a valeurs dans un arbre régulier.
La marche simple sur Z¢

Nous commencons avec la marche simple sur Z¢ avec d € N*, c’est-a-dire ® = Z% et X est la
marche aléatoire au plus proche voisin sur ® sautant uniformément sur I'un des ses 2d voisins.
Le cas d = 1 est tres simple puisque R,, = 1+ maxi<j<, X; —mini<j<, X; et d’apres le principe
d’invariance de Donsker, en loi, Dﬁin/nl/2 — (1 + G2 ou pour tout i € {1,2}, G; suit la loi de la
valeur absolue d’une variable gaussienne standard.

Passons directement au cas d > 3. Dans ce cas, la marche aléatoire X est transiente, le temps local
de chaque sommet du réseau Z% est donc fini presque siirement et ainsi R,, = Y iczd L3 <n %=1}
est de 'ordre de n : A. Dvoretzky et P. Erdos [ED51] ont en effet montré qu'’il existe une constante
~va > 0 telle que R,,/n — 74 presque strement.

Terminons par le cas critique d = 2. Dans ce cas, toujours d’apreés A. Dvoretzky et P. Erdos,
R, est de Uordre de n/logn : presque strement, R, /(n/logn) — m quand n — co. Pourquoi
la trace MR, se comporte-t-elle différemment quand d = 27 et pourquoi nn/logn? D’abord,
contrairement & la marche simple sur Z? avec d > 3, X est récurrente (nulle) et donc le temps
local de chaque sommet du réseau Z? est infini presque siirement. On peut ainsi s’attendre a ce
que la marche aléatoire X visite moins de sommets qu’en dimension supérieure. Par ailleurs, P.
Erdss et S. Taylor [ET60] ont montré que (miﬂ(%yo) /logn)p>2 converge en loi vers une variable
exponentielle de parametre 1 ou .Z;" est le temps local de ¢ € Z? & linstant n. De plus, il est
prouvé par P. Auer [Aue90] que pour tout ¢ € Z2, .Z;*/ ,,2”(7670) — 1 presque stirement. Autrement
dit, la marche aléatoire X passe un temps de I'ordre de 7~ !logn sur chaque point du réseau Z?
visité avant I'instant n, ce qui explique le comportement en 7n/logn de MR,,. Mentionnons que
parmi ces points visités par la marche X avant l'instant n, nombreux sont ceux visités plus de

~1(log )

e~ t(logn)? fois avec ¢ € (0,1). En effet, si on note Ry * le cardinal de Uensemble de
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_1(10g n)2 9 1—c 9 N , N
est de 'ordre de n' ~¢. En effet, d’apres ([Ros05], Théoreme 1.2),

~(logn

. CT
ces derniers, alors R,

2
presque siirement, log Ry, ) /logn — 1 — ¢ quand n — oc.

Une marche aléatoire branchante sur Z¢

On s’intéresse maintenant a une marche aléatoire étudiée par J.-F. Le Gall et S. Lin ([GL13],
[GL15]). 11 s’agit d’une marche aléatoire sur Z? indexée par un arbre de Galton-Watson critique
conditionné par sa taille. Soit (T, (a,;u € ¥)) un arbre de Gaton-Watson marqué défini dans
la section 1.2 avec M = Z%, a, est donc une variable aléatoire & valeurs dans le réseau Z?. On
note V(u) = .., 0. le potentiel branchant du sommet u € T\ {e}, V(e) = 0. On suppose
que la loi de repro&uetion N est géométrique (sur N) de parametre 1/2 (on a donc E[N] =1
et T est critique). On note ¥(n) 'arbre aléatoire T conditionné & avoir n sommets, T(n) est
donc uniformément distribué sur ’ensemble des arbres planaires a n sommets. Enfin, pour tout
0<j<n-—1, u,(j) désigne le j-eme sommet de 'arbre T(n) pour l'ordre lexicographique, avec
la convention u,(0) = e (voir la sous-section 1.1).

Pour tout n € N*, on considere la marche aléatoire X" = (X7)o<j<p—1 sur D = 7% définie
par X7 := B(un(j)). Autrement dit, X7 correspond a la position sur le réseau Z? du sommet
un(j) € T(n) par rapport a la racine e. La trace s’écrit donc ici Ry, = ) 5z Lyz0<j<n—1: Xn=i}-
Sous quelques hypotheses de régularité sur la variable aléatoire (N, M), J.-F. Le Gall et S. Lin
[GL15] prouvent que pour tout d < 3, (R,,/n¥*) converge en loi. Remarquons que lorsque d = 2,
on retrouve la méme normalisation que pour la marche simple sur Z. Dans 'article [GL13], ces
derniers montrent qu’il existe une constante t > 0 telle que pour tout d > 5, R, /n — t en
probabilité. De plus, dans la dimension critique d = 4, (R,,/(n/logn)) converge dans L? et on
retrouve la méme normalisation que pour la marche simple sur Z2. La trace R, est donc plus
petite que celle de la marche simple sur Z%, la marche indexée par un arbre de Galton-Watson

interagit vraisemblablement plus souvent avec elle-méme.

Une marche aléatoire branchante sur ’arbre b-ary

Soit b > 2 un entier. On note Wy, 'arbre b-ary infini enraciné en e, c’est-a-dire 'arbre infini dont
chaque sommet a b enfants. On présente ici une marche aléatoire étudiée par T. Duquesne, R.
Khanfir, S. Lin et N. Torri [DKLT22]. Il s’agit d’une marche aléatoire sur ’arbre Wy et indexée
par un arbre de Galton-Watson critique conditionné par sa taille. Soit ¥ un arbre de Galton-
Watson défini dans la section 1.2 avec E[N] = 1. Comme vu précédemment, ¥ est critique et
s’éteint P-presque srement. On note T(n) 'arbre aléatoire T conditionné a avoir n sommets et
pour tout 0 < j <n—1, uy(j) est le j-eme sommet de T(n) pour l'ordre lexicographique. Pour
tout n € N, on considere la marche aléatoire X" = (X, (j))ogjgn—l sur 9 = Wy dont les sauts
sont ceux d’une marche aléatoire récurrente nulle sur Wy, partant de la racine e : %Zn(o) =X =e.
Si :{Zn(j)* = ¢ alors :{Zn(j) = ¢’ avec probabilité 1/b pour tout 1 < i < b, si :{Zn(j)* =z#e
;) = Z" avec probabilité 1/2 et X, (j) = 2" avec probabilité 1/(2b) pour tout 1 < i <b

(on rappelle que pour tout z € Wy, 2* désigne le parent de z et 2* le i-eme enfant de z, voir la

alors %Zn(

sous-section 1.1). La trace s’écrit ici R, = Yo . Li50<j<n—1: xr =zt Il est alors prouvé dans
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[DKLT22], sous certaines hypotheses sur la loi de reproduction, qu’il existe une constante tp > 0

telle qu’en probabilité, R, /n — tp.

Revenons au cas de la marche aléatoire récurrente nulle X sur (T, (V(z);x € T)) (voir la sous-
section 1.2 pour la définition de la marche aléatoire branchante et la section 2 pour la marche
aléatoire X). Dans les trois prochaines sous-sections, nous présentons des résultats asymptotiques

pour différentes traces de la marche aléatoire X jusqu’a l'instant n.

3.2 La trace usuelle

Rappelons que pour tout sommet x € T, £ = Z?Zl L(x,=) désigne le temps local de = a
Iinstant n. On note Ry, := ) . Lign>1y la trace usuelle de la marche aléatoire X a l'instant
n, c’est-a-dire le nombre de sommets distincts visités par X jusqu’a I'instant n.

Nous commengons par la marche (sous-)diffusive et nous remarquons que R,, est de l'ordre de

n, comme la marche aléatoire simple (et transiente) sur Z¢ avec d > 3.
La marche (sous-)diffusive

On rappelle que sous (D), la marche aléatoire X est sous-diffusive si k € (1,2] et diffusive si
k > 2 (la définition de k se trouve dans I’équation (5)). D’apres article de E. Aidékon et L.
de Raphélis [AdR17] dans un premier temps puis celui de L. de Raphélis [dR22], pour tout
k € (1,00), en P*-probabilité

B _, E| L ik (13)
n onooo 12423 .5 € S;

ou (Sj — Sj—1)j>1 est la suite de variables aléatoires réelles et i.i.d sous P vérifiant, pour toute
fonction h : R — R mesurable bornée, E[h(51)] = E[}_,,_; e V@RV (2))].

Le point de vue développé dans ces deux articles est celui des arbres de Galton-Watson multi-
types. Soient ig € N et ((N;);en, D) une suite de variables aléatoires & valeurs dans NN x N.
Un arbre de Galton-Watson multitypes (Tmr, (B(u);u € Tyvr),i0) de type initial i est la
donnée d’un arbre aléatoire Ty et d’une collection de types (B(u);u € Tymr) avec B, € N
dont la construction est la méme que pour 'arbre de Galton-Watson ¥ de la section 1.2 sauf
qu’on assigne a chaque sommet u un type B(u) (avec la convention J(e) = ip). Chaque som-
met v donne naissance, indépendemment des sommets de sa génération a N, sommets typés
(ut, B(uh)), ..., (uMNe, B(ulNv)) suivant la loi de (N3, D). Ainsi, le nombre d’enfants d'un som-
met u € Ty dépend de son type [(u).

En réalité, la motivation principale de E. Aidékon et L. de Raphélis est I’étude de la trace
Ky = {x € T; £ > 1}. Ces derniers ont cependant besoin d’une estimation précise de son
cardinal R,, et utilisent le fait que pour tout N € N* (Tyr, (8(z);z € Tvr), N) = (%p~ \
{e*}, (NEN;Z' € Rpn \ {e*}) est, sous la probabilité annealed P, un arbre de Galton-Watson
multitypes de type initial N ot T® = 0 et pour tout j € N*, T9 = inf{i > T971; X; = ¢*}.
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Présentons brievement les idées permettant d’aboutir & (13). Commengons par noter que sous
P*, avec grande probabilité, Z, C Zr . ou (j,) est une suite d’entiers positifs bien choisie et
Hrin est, comme nous venons de le mentionner, un arbre de Galton-Watson multitypes de type
initial j,. Leur idée, centrée autour des sommets u de type 5(u) = 1, est d’associer a %,, deux
foréts de Galton-Watson 2-types FL et F2 (c’est-a-dire deux familles d’arbres de Galton-Watson
2-types définies dans [AdR17] et [dR17]) construites a partir de copies indépendantes de 'arbre
(Tyr, (B(w); 2 € Tvr), 1). Dans ces deux foréts, un sommet x tel que S(x) = 1 est de type 1,
autrement, il est de type 0 (et est nécessairement une feuille, ¢’est-a-dire qu’il n’a pas d’enfant).
Si Rl désigne le nombre de sommets z € T de type B(z) = 1 visités par la marche aléa-
toire X avant l'instant n et Tén (4) est le j-éme instant de visite d’un tel sommet alors R. =
sup {j > 1; 75, (j) < n}. Cette relation reste vraie pour la forét Fy, : si 7
du j-eme sommet de type 1 dans F! pour l'ordre lexicographique (voirn (1.1)) alors R. =

(j) désigne I'indice

sup{j > 1; 7'%1 () < n}. Quant a la forét F2, elle est construite de facon & ce que son j-eme
sommet pour 'ordre lexicographique est le j-eéme sommet distinct de T visité par la marche
X jusqu’a linstant n. En particulier, R = sup{j > 1; T];Q (j) < R,}. On en déduit que

Tao (RL) /T (R 41) < Ry /n < 1k (RL 4 1) /7, (R)) et (13) découle du Lemme 2.1 de [AdR17].

Nous passons maintenant au régime lent (BC). La trace est plus petite que sous (D), R,
étant de 1'ordre de n/logn, donc du méme ordre que la marche aléatoire simple sur Z2. Dans la
sous-partie 3.1, nous expliquions le changement de normalisation pour la marche simple sur Z2
entre autres par le fait que pour tout d > 2, cette derniere est la seule a étre récurrente (nulle).
Cette explication n’est plus valable ici, les marches lente et (sous-)diffusive étant toutes les deux
récurrentes nulles.

Pour éviter toute ambiguité, nous définissons ici deux notations utilisées dans les prochaines
sous-sections : on écrira a, ~ by, si et seulement si (a,/b,) converge vers un réel non nul. La
deuxieme notation n’a pas de sens mathématique précis et releve de I’heuristique : on écrira

« = » pour signifier « de l'ordre de ».
La marche lente

Le résultat suivant est di a P. Andreoletti et X. Chen ([AC18], Théoréme 1.5) : dans le cas
frontiére pour le potentiel branchant (BC), en P*-probabilité

logn 2
&R, — ZA, (14)
n n—o00
oil nous rappelons que o2 = E> =1 V(z)2e~V(®)] et A est une constante explicite faisant

intervenir deux méandres browniens indépendants.

Le contexte de la marche aléatoire en milieux aléatoires est tres différent de celui de la marche
simple sur Z¢ mais la marche lente sur T et la marche simple sur Z2 ont la méme normalisation.
Pourquoi n/logn ? Dans le cas de la marche sur Z? (sous partie 3.1) nous tentions de justifier

cette normalisation en disant que le temps local jusqu’a l'instant n de chaque point du réseau
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Z? est de l'ordre de logn. Dans le cas de la marche lente, c’est le biais vers la racine e (voir (3))
qui nous fournit cette normalisation.

Nous donnons ici une breve description des sommets typiques de l’environnement permettant
d’obtenir le comportement de R,,. Soit (¢,) une suite d’entiers positifs. Nous nous intéressons
d’abord a la trace Rpn(ly,) := le\:ﬁn L;yrn>qy ou nous rappelons que TO = 0 et pour tout
n € N*, T" := inf{j > T" 5 X; = e*} le n-itme instant de passage en e*. Rpn(f,) n’est rien
d’autre que le nombre de sommets dans la générations ¢, de 'arbre T et visités par la marche X
pendant les n premieres excursions au dessus de e*. Dans un premier temps, il faut remarquer que
seules les générations £,, ~ (logn)? contribuent significativement & la trace ([AD14b], Théoréme
1.1). On choisit ensuite soigneusement les sommets pertinents : les sommets z € T dont les
descentes (exponentielles) de potentiel le long de la ligne généalogique ne sont pas trop grandes

en demandant typiquement H, = eV W)=V < n/(logn)? pour tout e < z < x, avec

e<w<z
0 > 1 (ce qui est raisonnable au regard du résultat (8)) ainsi que ceux dont le potentiel V(z) est
plus grand que logn + loglogn. Notons A; I'’ensemble de ces sommets pertinents et R?}L (4y) la
trace associée. Intéressons nous maintenant & la moyenne quenched E¢ [R?}L ()] = 2=, (1 =
(1 = az)"){zea,y ol az = e V(@ /H,. La condition V(x) > logn + loglogn créer de la quasi-
indépendance le long des trajectoires de la marche X, nous permettant d’obtenir E® [Réil (4n)] =
—V(x)

~
~

n Zngn azlizc,) et faisant ainsi apparaitre un facteur n. Nous savons que Z‘ =, €
1/ 0/? (il s’agit du résultat de E. Aidékon et Z. Shi [AS14b] énoncé précédemment) et les sommets

V(I)]l{xeAl} ~ 1/5}/2. Il nous faut donc déterminer

de A; sont pertinents justement car Z| ol=t, €
le cotit de la division par H,. Notons que eV (@)-V(z) <H,< Enev(’”)_v(m) pour tout |z| = £, ou
V(x) = maxe<,<; V(x). Cherchant & minimiser H,, nous conservons seulement les sommets x
satisfaisant V(z) ~ V(z) et le coiit de ce choix est 1/5&/2. Autrement dit, 37,1y aol{zen) =
2 a=tn Ol igea, V(v (a)) (1/6*)? ~ 1/(logn)? d'ot B[R4 (£,)] ~ n/(log n)?.

L’étape suivante est de montrer que Ryn (£,,) ~ E¢ [R?}L (¢,,)] en controlant la variance de Ryn (£5,).
Controler la variance, c’est controler le rapport B[Ry (€,)?]/E[Ry1 (£,,)]? ¢’est-a-dire minimiser le
temps local le long de la ligne généalogique de chaque sommet z visités par X, ce qui, comme nous
I’avons vu dans la sous-section 2.3, est rendu possible par la condition maxe<,<, H, < n/(logn)°
(Pavantage par rapport a la barriere (8) est qu’ici, nous prenons ¢ aussi grand que souhaité, le
choix de sa valeur ayant une importance mineure, voir le lemme 2.2 de [AC18]) nous permettant
ainsi d’obtenir Ryn(£,) =~ n/(logn)?. Seules les générations de 1'ordre de (logn)? contribuant
y2 R (4y) = (log n)? x (n/(logn)?) = n.
La derniére étape utilise le biais aléatoire vers la racine : en P* probabilité, 77/ 1087 ~ n (voir

significativement a la trace usuelle, Rpn &~ ) tr(logn

(3)) faisant de n/logn la bonne normalisation pour la trace R,,.

Passons maintenant a la trace lourde. Il s’agit de ’ensemble des sommets visités tres souvent

par la marche aléatoire X.



22 INTRODUCTION

3.3 La trace lourde

Soit T € N* et z € T. On rappelle que .2 = erzl Lx,=4} est le temps local du sommet a
I'instant T'. Pour tout réel b > 0, la trace lourde ,%#2 de la marche X jusqu’a l'instant T" est

(b)

Iensemble {z € T; ZI" > nb} des sommets de 'arbre T visités au moins n® fois. On note Ry,
son cardinal. Remarquons que 9?(0,2 = %pn mais qu’en général, %’Q@L n’est pas un sous-arbre de
T pour b > 0. La trace R( ) a 6té étudiée a la fois dans le cas de la marche (sous-)diffusive et
dans le cas de la marche lente par P. Andreoletti et R. Diel [AD20] puis un résultat plus précis
a été démontré par X. Chen [Che22] dans le cas de la marche lente. Quelque soit le régime
de la marche X, le comportement de R(b% dépend naturellement de b et il est aisé de voir que
P* (REFT)L = 0) — 1 quand n — oo pour tout b > 1. Le résultat suivant est dit & P. Andreoletti et

R. Diel (JAD20], Théoreme 1.1) : pour tout b € [0, 1], en P*-probabilité

log™t R;?T)L

logn n—oo

(15)

ou & =1—bsous (BC), & = k(1 —b) sous (D) et k € (1,2], £ = max(2 — kb, 1 — b) sous (D) et
k > 2. logT(x) = log(max(z, 1)) est la partie positive de log(z).

Le résultat ci-dessus (15) nous dit que Rg?z ~ n/n!'~% signifiant que la contrainte « le sommet = €
T doit étre visité au moins n® fois par la marche aléatoire X » produit un facteur n~(1=¢). Tentons
d’expliquer brievement 'apparition de ce facteur, par exemple dans le cas (D) avec k € (1,2].

L’idée est de montrer que R(Tz se comporte comme sa moyenne annealed IE[R(TZ] en controlant sa
variance comme précédemment. A nouveau, le choix des sommets pertinents est crucial : d’apres

#=1+€ pour tout £ > 0.

(6) et [Hul7], on peut se restreindre aux générations plus petites que n
Par ailleurs, on ne garde que les sommets x € T dont les descentes (exponentielles) de potentiel
sont raisonnables : > _ H, < n'=% avec § > 0, et dont le potentiel V() est supérieur & 4 logn.
Notons Ay cette ensemble. Nous avons alors E[R(TT)L] ~ nE[} | j<pn-1€ V(x)hn(Hm)]l{meAﬂ], le
facteur n provenant de la condition V(x) > 4logn qui a permis d’obtenir de 'indépendance le
long des trajectoires de X et hy(t) = (1 — 1/t)" -1 /t. On cherche ici un équilibre subtil : nous
devons minimiser le temps local le long de la ligne généalogique de chaque sommet x visité par
X via la condition

maximiser celui du sommet . Maximiser le temps local de x, ¢’est maximiser la fonction h,,, son
b

sep Hz < n'=9 (pour controler la variance de la trace) mais également

maximum étant atteint pour ¢t = n®. Donc seuls les sommets 2 € Ay tels que Hx ~ n’ comptent

pour la trace lourde, ce qui donne E[R%] ~ nt? PR /) eV 1{:(?6142 Hoamb}]-

b mais cotlite également un facteur nbx—1)

La condition H, ~ n® a déja couté un facteur n
via I'espérance précédente : B[} e” ]l{xeAQ,HINnb}] 1/n*"=1_ On obtient finalement

E[R(b)] nl=b 5 pr—1=e 5 p—bls—1) — pr(l=b)+e
X.Chen [Che22] a affiné le résultat (15) dans le cas de la marche lente : Soit N le edge-temps
local du sommet x & linstant T', c’est-a-dire N = 25:1 Lix; =2+ x;=2}> 00 = 0 et pour tout

n € N* o, :=inf{i > 0,_1; X;_1 = ", X; = e}. On note R((,bn) le nombre de sommets z € T tels
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que NI > nb avec b € (0,1). Pour tout b € (0, 1) il existe une constante A(b) > 0 explicite telle
qu’en P*-probabilité

RY
1-b

— A(b)Deo.

n n—00

Finalement, dans un article en préparation, X. Chen et L. de Raphélis prouvent, sous (D), la
convergence en loi de (Rffb,z /1) en+ & la fois sous la probabilité annealed et sous la probabilité

quenched.

Cloturons cette section en présentant des résultats asymptotiques pour une trace généralisée

dans le régime lent.

3.4 Traces sur potentiels hauts et généralisations

Les résultats présentés dans cette sous-section sont détaillés dans le chapitre I et sont tirés de
l'article [AK21] écrit avec Pierre Andreoletti et dans lequel nous nous focalisons sur une trace
généralisée pour la marche aléatoire X dans le régime lent (BC). Il s’agit d’une trace contrainte a
la fois le long des trajectoires de la marche aléatoire X et le long de celles du potentiel branchant
V. Une de nos principales motivations est de mieux comprendre les interactions entre X et son
potentiel V.

Nous commencons cette sous-section par un exemple important de contrainte sur V, celle des

potentiels hauts puis nous détaillons une trace contrainte générale.

Nous avons vu précédemment (voir la sous-section (3.2)) que les sommets x contribuant signi-
ficativement a la trace usuelle sont ceux dont le potentiel V(x) est plus grand que log n+log log n.
Nous pouvons montrer de la méme fagon qu’ajouter la contrainte V(z) > Alogn avec A > 0
n’a pas d'impact majeur sur le comportement de la trace : si Ry = D, cr Lim,<n)} L v (@)>K)}
(avec K > 0) désigne le nombre de sommets visités par la marche X jusqu’a l'instant n et dont
le potentiel est supérieur & K alors pour tout A > 0, il existe une constante C(A) > 0 telle qu’en
P*-probabilité

logn

Rn,Alogn njo C(A). (16)

La preuve de la convergence (16) est identique a celle de X. Chen et P. Andreoletti permettant
d’obtenir (14). En revanche, la constante C'(A), bien que similaire & celle de la trace usuelle, fait
intervenir une fonction décroissante en A.

Par ailleurs, nous savons d’apres (11) qu’il n’y a aucun sommet dont le potentiel est plus grand
que c(logn)? avec ¢ > 1/2 : P*-presque siirement, il existe ng € N* tel que pour tout n > no,
Ry, c(ogn)2 = 0.

Il est donc naturel de se demander comment choisir K pour que la condition V(x) > K ait

un impact significatif mais non excessif sur la trace? Prenons par exemple K = (logn)® avec
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a € (1,2). Nous avons ([AK21], Théoreme 1.1), en P*-probabilité

log™ R, (ogn)e —logn L (17)
(logn)a—t n—oo
Autrement dit, R, (ogn)e = ne~(I+o())(logn)*™ " co qui est naturellement plus petit que le

n/logn de la trace usuelle tout en prouvant que les sommets visités par la marche X dont le po-
tentiel est capable d’atteindre de telles valeurs sont nombreux : en P* probabilité, log R, (165 n)e ~
log R,,. Cette différence dans la normalisation peut s’expliquer par le fait que (X;);<, passe la
majorité de son temps sur des sommets de génération de 'ordre de (log n)2. Or, les sommets dont
le potentiel est supérieur a (logn)® avec o € (1,2) y sont trés peu présents. Ces derniers sont

yot+l générations peu visitées par la marche

nombreux dans les générations de l'ordre de (logn
(Xj)j<n et d’autant plus difficiles a visiter que « est grand.

Dans le méme esprit, nous pouvons compter le nombre R; ;- de sommets z € T visités par
la marche avant I'instant n satisfaisant V' (z,4)) > K pour une certaine fonction v : N — N
croissante vérifiant v(i) < 7. On rappelle que |z| correspond a la génération de = et que pour
tout £ < |z|, xy désigne 'unique ancétre de x a la génération £. Prenons v(i) = vg(i) = [i/S]
avec 3 > 1. Nous montrons ([AK21], Théoréme 1.2), en P*-probabilité

—logn 2

logt R
n,(logn)™ - e
-1 - —1)—). 1

(logn)e—1t nﬁo p((ﬁ ) 4 ) (18)

ol j: t € [0,00) = v/t —p(t) > 0 est croissante et p est une fonction continue telle que p(0) = 0
(voir (1.6) pour une expression de p(t) pour tout ¢ > 0). Notons que R}';. = R, i et puisque
p(0) = 0, (18) est bien vraie pour § = 1. Ce résultat implique donc que pour tout 5 > 1,
R:f(logn)"‘ ~ Ry (logn) X e—P(r?(B-1)/4)(logn)>~"

Cette contrainte sur les trajectoires du potentiel V' fait apparaitre le terme du second ordre
p(7%(B — 1)/4) dans (18), terme qui était donc absent dans (17). Ce terme du second ordre
est assez grand : limy_, p(t)/t = 3/4. Autrement dit, une faible translation le long de la ligne

généalogique dans la condition de potentiel haut a un impact majeur sur la trace.

D’une facon globale, nous nous intéressons aussi a des contraintes générales sur les trajectoires

de V, considérons par exemple

R(n An) =3 Linom Ly, v@ealy (19)
zeT

ot A, := {A¥ C RF; k € N*} est une collection donnée d’ensembles. Pour tout A > 0 et ¢ € R,

on définit la transformée de Laplace tronquée (¢, A,,) associée a la collection A,, par :

L —(V(x)+t)
UAt An) = E[Z ¢ Lizeon, <v<m>+t,...,v<x>+t>eALf'}}’ (20)
x€eT
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ou nous rappelons que O\ = {z € T; maxe<,<; H, < A}. Sous certaines hypothéses, nous
sommes capables de donner le comportement asymptotique de R(n, A,,) : si by, := |log 1, (0, A,,)|
est assez grand (au sens de (I1.13)) alors ([AK21], Théoréme 1.5) en P*-probabilité

log™ R(n, A,) — 1
og” Rln, An) —logn (21)

hy, n—00

Autrement dit, R(n, A,,) ~ ne~"n et le cotit de la contrainte imposée aux trajectoires du potentiel
V se retrouve dans le parametre exponentiel e . Notons enfin que la normalisation h,, de la
trace dépend tres simplement de la contrainte A,,.

Revenons brievement sur les hypotheéses permettant d’obtenir (21). Pour simplifier, on se place
dans le cas ott A s’écrit comme un produit : A¥ = A, 1 x -+ x A, 1 ott pour tout j € {1,...,k},
An; C R et on suppose que A, C [3logn,co) (il s’agit d’une hypothese raisonnable d’apres
(16)).

Pour prouver (21), nous faisons quatre hypotheses. Les deux dernieres, (A3) et (A4), sont tres
techniques et nous n’en parlerons pas ici. La premiere hypothése, (A1), est une borne inférieure
sur ¥, (0, A,) : pour tout € > 0 et n assez grand

1

ne’

¥ (0, Ap) >

L’idée derriere (A1) est la suivante : nous nous appuyons sur le fait que E[R,,(A,)] = ny, (0, A,)
pour demander que la condition sur les trajectoires de V' ne soit pas trop difficile & satisfaire

pour la marche X, dans le sens suivant : liminf,, . log E[R,(A,)/n]/logn > 0.

Passons maintenant & I’hypothese (A2). Définissons At := {ALF ¢ RAF k€ N*) 1a
collection A,, décalée d’un entier £ < (logn)® (on rappelle que les plus grandes générations
atteintes par (X;);<, sont de l'ordre de (logn)3, voir (2)), soit z € T dans la génération ¢ et
enfin posons \, := ne”*"» (on rappelle que h, = |log4,(0,A,)|). L’hypothese (A2) est une
borne supérieure pour 1y, (V(z), A5™) : pour tout e € (0,1), 6, B > 0, pour n € N* assez grand,
tout £ < (logn)3, et tout sommet |z| = £ tel V(2) > —B, H, < n et pour tout j € {1,...,/},
V(zj) € An

Ua, (V(2), ALF) < eV @y, (0, Ap) 5

Autrement dit, la contrainte A,, doit étre suffisamment souple pour accepter a la fois une trans-
lation du potentiel mais également une translation de génération. En effet, par définition, la
contrainte A, ; agit sur le potentiel V' (x;) de 'ancétre x; de x dans la génération i € {1,..., |z|}.

On veut donc qu'un décalage de génération £ < (logn)? ait un impact raisonnable sur la trace.

Pour prouver (21), nous montrons que R(n, A,,) se concentre autour de sa moyenne annealed
E[R(n,A,)]. C’est la borne inférieure qui demande le plus d’attention, voici quelques idées

permettant de l'obtenir. Commencons par regarder la trace R(T™, A,) aprés n passages en e*
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et définissons une nouvelle trace R(T™, A, \,) qui conserve seulement les sommets x tels que
V(z) = V(x) et dont les descentes (exponentielles) de potentiel (H,;e < z < z) le long de la

ligne généalogique de x sont inférieures & )\, = ne > (

nous demandons donc davantage de
controle que ce que nous propose la barriere (8)). Par définition, R(T™, A,,) > R(T™, A, \,) et
c’est sur cette derniére trace que nous nous attarderons.

Nous avions supposé ici que pour tout k € N*, A, . C [3logn,00). Autrement dit, R(T™, A,, \)
compte des sommets x € T vérifiant V(z) > 3logn. Or, sous P*, avec grande probabilité, un
sommet = € T tel que V() > 3logn n’est pas visité ou est visité durant une unique excursion au
dessus de e*. De ce fait, on déduit 'indépendance le long de la trajectoire de la marche aléatoire
X nécessaire pour prouver que R(T™, A,, \,) est du méme ordre que nE®[R(T', A,, \,)]. La
condition O), a permis ici de controler la variance de la trace. Nous montrons ensuite que
cette espérance quenched se concentre autour de E[R(T", A, \,)] et c’est précisément & cette
étape (que nous ne détaillons pas ici) que les hypotheses (Al) et (A2) sont indispensables.
Pour ce faire, nous créons cette fois de I'indépendance le long des trajectoires du potentiel V'
en sacrifiant les générations inférieures a h, nous permettant ainsi d’appliquer une inégalité de
concentration pour E¢[R(T', A, \,)]. Ce sacrifice s’avere avoir un cofit raisonnable, c’est-a-
dire le facteur e~ pour ¢ € (0,1). Notons que grace & la condition V(z) = V(x) nous avons
Hy=3%c.cu V7V < 2| don

§5) —V(x)
E[Rr1(An, O),)] 2 E[Ze /|x|n{(V(xl),...,V(x))eA‘,f‘,V(z)=V(x),xe@n}]’
zeT

et ’hypothese (A3) (dont nous n’avons pas parlé) permet d’obtenir que I'espérance ci-dessus est
de l'ordre de v,,(0, A,,). Finalement, le passage a R(n, A,) est rendu possible grace au biais vers
e* (voir (3)).

Bien entendu, les quatre hypotheses (A1), (A2), (A3) et (A4) sont satisfaites par nos deux
exemples précédents (et par d’autres exemples détaillés dans [AK21]). Le résultat principal
(Théoreme 1.5), plus général que (19), concerne des traces mélangeant contraintes sur les tra-
jectoires de la marche X et contraintes sur celles du potentiel branchant V', c’est-a-dire de la

forme

Bn(gns ) =D gu( L)V (@), V(@) (22)

z€eT

L’étude de ces traces généralisées nous permet entre autres de mieux comprendre les interactions
entre la marche aléatoire X son potentiel branchant V' dans le régime lent, interactions que nous

avons évoquées dans la sous-section 2.3.

Il est 1égitime de se demander s’il est possible d’obtenir une convergence presque siire plutot
qu’en probabilité pour la trace généralisée définie dans (22) voir méme gagner en précision en

s’affranchissant du logarithme (voir (21) et le Théoréme 1.5). Ces questions pourront faire partie
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d’un futur projet de recherche.

Nous consacrons la derniere section de cette introduction a I’étude de la généalogie de som-
mets tirés uniformément dans l'arbre %, = {Xy,..., Xy} lorsque la marche aléatoire X est
diffusive (voir (2.2)).

4 Généalogie de la marche aléatoire diffusive

Les résultats présentés dans cette partie sont détaillés dans le chapitre II et sont tirés de I'article
[Kag22].

Soit ¥ un arbre aléatoire, T" un nombre entier strictement positif et notons Zr le nombre de
sommets dans la générations ¢, de Parbre T. Soit k > 2 un entier. Sachant I’événement {Z1 > k},
k)

tirons k sommets distincts %T(l), cen %72 uniformément et sans remise dans la générations T'. A
quoi ressemble I'arbre généalogique de ces k sommets 7 Cette question, posée pour la premiere fois
par W. Biihler [Bii71] a requ beaucoup d’attention et continue d’en recevoir aujourd’hui. Dans
cette section, nous y répondons dans un premier temps lorsque que ¥ est un arbre de Galton-
Watson en nous appuyant sur une littérature riche. Nous focalisons ensuite notre attention sur

le cas T = {Xo, ..., X} lorsque la marche aléatoire X est diffusive.

4.1 Généalogie des arbres de Galton-Watson

Soit ¥ un arbre de Galton-Watson (voir la sous-section (1.2) pour une définition). Le cas k = 2
est tres bien documenté. Lorsque que ¥ est sur-critique (la moyenne de la loi de reproduction
est strictement plus grande que 1), il est montré par K.B. Athreya [Ath12b] que les sommets
3%”721) et 3&”752) tirés dans la générations I' partagent un ancétre commun pour la derniere fois
dans I'une des premieres générations de 'arbre : si 4 := \3&"7(,1) A %T@)\ désigne la génération
du plus récent ancétre commun de %T(l) et %T(Z) alors () converge en loi vers une variable
aléatoire réelle positive et explicite.

Lorsque que ¥ est critique (la moyenne de la loi de reproduction est égale & 1), la littérature
est plus riche. Il est montré respectivement par A. M. Zubkov [Zub76], R. Durrett [Dur78] et
K.B. Athreya [Athl12a] que %T(l) et %122) partagent un ancétre commun pour la derniere fois
dans une générations proche de T': (.#7/T) converge en loi vers une variable aléatoire explicite
a valeurs dans [0, 1].

Mentionnons enfin le cas sous-critique (la moyenne de la loi de reproduction est strictement
inférieure a 1), ce dernier étant assez proche du cas critique. En effet, d’apres K.B. Athreya
[Ath12a], (T — .#r) converge en loi vers une variable aléatoire réelle positive et explicite.
Lorsque k > 2, S. Harris, S. Johnston et M. Roberts [HJR17] puis S. Johnston [Joh19] ont décrit
de fagon exhaustive la généalogie des sommets %T(l), cee %T(k) quand T est un arbre de Galton-
Watson en temps continu, a T fixé et quand T tend vers l'infini dans les régimes sur-critique,

critique et sous-critique.
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Intéressons nous maintenant au cas de la marche aléatoire en milieu aléatoire diffusive X,
c’est-a-dire au cas T = %, oll nous rappelons que Zr = {x € T; £ > 1} désigne le sous-arbre

de T des sommets visités par la marche aléatoire X jusqu’a 'instant 7.

Soit k € N*. Pour tout ensemble non vide ©, on note ©** le k-produit cartésien ® x - - - x D.
Pour tout k > 2, AF .= {& = (2M),...,2®)) € T*F; Vi £ j, () # 20)} est ensemble des
k-uplets de sommets distincts de T. Soit ® un sous-ensemble de T de cardinal |D| supérieur ou
égal & k. Posons AF (D) = AF N D>k Pensemble, supposé non vide, des k-uplets de sommets
distincts de ®. Lorsque |D| < oo, le cardinal |A*(D)| de 'ensemble A*(D) est égale a |D|(|D] —
1) x o x (1D~ k+1).

Soit Z,, un sous-ensemble de Z%,, de cardinal D,, supérieur ou égale & k. On se donne une variable
aléatoire 2" (") = (Z an) (k’”)) a valeurs dans ensemble A* dont la loi est donnée par :

pour tout = (zM, ... ) e A* si P*(D,, > k) > 0 alors

1 1 k
* (n) — _ x| THx€ AR (D)
P =) = mp, 5w [ akg,)

Mpoon]. (23)

Sinon, IP’*(E&”(”) = x) = 0. Autrement dit, les sommets 2 An) 2 k") de arbre %, sont
tirés uniformément et sans remise dans %,,.

En pratique, nous nous intéressons aux ensembles Z,, de la forme {x € %Z,; £, < |z| < £,}
ou (£,) est une suite d’entiers strictement positifs telle que £, — oo quand n — oo mais
£, < nl/? et (¢,) est une suite d’entiers positifs telle que ¢, < £, pour tout n € N* et
lim,, 00 P*(D,, > k) = 1. Rappelons que les plus grandes générations visitées par la marche

aléatoire diffusive X sont de l'ordre de n'/2 (voir la sous-section 2.2), d’ou le choix £, < nl/2,

L’arbre généalogique de ces k sommets est trés différent suivant si £, = o(n'/?) (il s’agit du

cas des petites générations) ou non (c’est-a-dire le cas des générations critiques).

4.2 Généalogie de la marche diffusive : les petites générations

Commencgons par le cas £, = o(nl/ 2), cest-a-dire le cas des petites générations. Ce dernier
se sépare en deux sous-cas : celui des toutes petites générations, c’est-a-dire telles que £, <
(29)~'logn (on rappelle que 7 dépend de la log-transformée de Laplace (1) et est défini dans la

section 2) et celui des petites générations modérées, c’est-a-dire telles que £, > (27)~!logn.

Les toutes petites générations

Nous évoquions dans la section consacrée a la marche (sous-)diffusive 2.2 le résultat de P. An-
dreoletti et P. Debs [AD14a] affirmant qu’avec grande probabilité, pour tout G € (0, (27)~1),
{x € T; |z| < Glogn} = {x € %,; |r| < Glogn}. De plus, la valeur (27)~! est optimale. On
en déduit que pour tout G € (0, (29)71) et £ < Glogn, R,({) = Zm:g Lignsy = Zmze 1. De
plus, (e~ Z| 2|=t 1), est une martingale positive et puisque que 'arbre de Galton-Watson T
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est sur-critique, pour toute suite (I,,) d’entiers telle que l,, — oo et I, < G logn, en P*-probabilité

ol My € (0,00) P*-presque strement dés que E[My] = 1 comme évoqué dans la section 1.2.

Lorsque k = 2, comme 'avons vu dans la sous-section 4.1, K.B. Athreya ([Ath12b], Théoreme
2) montre que les sommets 2 (1) et 2727 partagent un ancétre commun pour la derniere fois
dans I'une des premieres générations de 'arbre T. Plus généralement, il est possible, en adaptant
la démarche de S. Johnston ([Joh19], Théoréme 3.5) au cas discret, de décrire la généalogie des
sommets 2 (" 2 k) pour k> 2.

Placons nous maintenant dans le cas des petites générations modérées. Il existe un nombre
réel 0 < &g < 27 (Jo est défini explicitement dans le Chapitre II et dépend uniquement de la
log-transformée de Laplace 1 définie en (1)) tel que pour tout G' € ((23)~1,8,%), si I, = Glogn,
alors il nous est impossible de donner avec précision le comportement asymptotique de Ry, (1)
notamment & cause de la forte dépendance le long des trajectoires de la marche aléatoires X
dans ce type de petites générations. L’étude de la trace dans ces générations pourra faire partie

d’un futur projet de recherche.
Les petites générations modérées

Supposons a présent que £,, > dy Yogn et £, = o(n'/?). En réalité, nous supposons que la suite
(n=Y2A(£,))nen tend vers 0 quand n tend vers P'infini ot pour tout t > 0, A(t) = tAy(t) et

Ay, est une fonction qui croit tres lentement (voir '’hypotheése de petites générations 2).

Soit k£ > 2 un entier. Pour tout k-uplet @ = (x(l), .. .,x(k)) € AF, nous définissons la plus

petite génération 7% (z) dans laquelle aucun sommet de x ne partage d’ancétre commun :
SF(@) := min{m € N*; Vi # j : [z A z0)| < m},

ou on rappelle que x A y est le plus récent ancétre commun de x et y. Posons %”,fl ={x €

AF; . 7(x) < m} avec m € N*. Considérons la trace tronquée suivante : si D,, > k

Mk(gm]l‘ﬁrﬁ) = Z ]1%71%(213),

sinon &*( D, Lgx ) = 0. Cette trace n’est rien d’autre que le nombre de k-uplets de sommets de
I’ensemble Z,, ne partageant aucun ancétre commun a la génération m. Nous montrons dans un
premier temps que ces sommets sont trés nombreux : pour tout entier £ > 2, si k > 4k et sous

quelques hypotheses d’intégrabilité que nous n’évoquerons pas ici, en P*-probabilité

A (D, Logr,) AL (L)

AF ()] Lip,>k} nﬁo W, (24)
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ol sz/O’g(]l(m) = limy 00 ZweAf Ly ok (@)<m) Hle e~V @) ot W est la limite de la martingale
additive W = 3-,1 e~ V(). Contrairement au cas frontiere (BC), P*(Wy, > 0) = 1 ici. Il est de
plus montré par Q. Liu [Liu00] que lim;_, o t"P (W4 > t) existe. Notons que limy, o0 szoko(]lcgﬁl )=
(Wao)¥ et ainsi, la suite (.7%(2 (")) converge en loi sous P* :

PR (2 ™) < m) = B ’Ak( )’

do’f)(]l?ﬁg)] (25)

Lown] 22 B [Ty ]

Ln) ., 2 1) pe peuvent partager

On déduit de ce résultat que deux sommets ou plus parmi 2 (
un ancétre commun que dans 'une des premieres générations de ’arbre et on obtient ainsi un
résultat analogue a celui évoqué dans la sous-section 4.1 lorsque T est un arbre de Galton-Watson

sur-critique.

Nous étendons ensuite le résultat (24) a d’autres fonctions en considérant la trace généralisée

suivante : pour tout n € N*

I Do, )= > fl@), (26)

zeAR (D)

ot f:x € AF — RT est une fonction bornée. .&*(Z,, f) n’est rien d’autre que le nombre k-
uplets de sommets distincts du sous ensemble Z,, de 'arbre %, satisfaisant la contrainte jointe
f. En pratique, nous considérons des contraintes f vérifiant la propriété suivante : il existe
un entier g € N* tel que pour tout entier p > g et tout = € AF, si minj<;<p lz®| > p et
x= (M, . . . 20k) ¢ Y alors

f@W, .2y = £(@ D)y, @ )y). 27)

Autrement dit, nous demandons & ce que la contrainte imposée soit héréditaire pour chaque
sommet a partir d’'une génération donnée.

Nous montrons dans [Kag22] que 7*(Z,,, f) est de I'ordre de (nl/QLn)k onL,—-1=¢2,—14,
est la hauteur de I’ensemble &, dans 'arbre T, c’est-a-dire le diametre de Z,, pour la topologie

naturelle sur T. Pour tout entier k > 2, si k > 4k et f satisfait (27) alors en loi, sous P*

A (D, ) k 0000(1)/2 Rk

& \InyJ) _ % 2
L i oo<f>(pg(eve )WOO) A, (28)
Ol Coo = limy_, E[(Zizl e, ¢ = E> sy lal=ly=1 e V@)=V /(1 - e¥@), et A suit,

sous P?, une loi normale centrée réduite. De plus,

X (f) := lim Z flx H V@), (29)

l—00
zeAk =1
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La convergence dans (29) a lieu P*-presque siirement et dans L?(P*).
Nous nous apercevons également que la contrainte n’a pas d’influence sur la normalisation de la

trace : si g # 0 et satisfait (27) alors en P*-probabilité

AT, 1) 4 AL (f)
T ( Dy g) P2 05l ok (g)”

Autrement dit, quelque soit la contrainte f imposée au sommet de Z,, la trace &*(Z,, f) se
comporte comme (L, max,ez, |2|)* et c’est la valeur limite 27X (f) qui contient toute I'infor-
mation sur les interactions entre les sommets de ’arbre.

L’hypothese d’hérédité (27) sur la fonction f est en réalité assez souple et permet d’étudier
le comportement asymptotique d’un vaste nombre de traces différentes. On caractérise 1'arbre
généalogique des 2™ . 2 (k1) de la facon suivante : pour tout m < £, et tout iy,is €
{1,...,k}, i1 ~m ig si et seulement si g (tn) o g (i2,n) partagent un ancétre commun dans la
génération m. ~,, est une relation d’équivalence sur {1,...,k} et on définit ainsi le processus
Tk = (ﬁﬁ{")mggn a valeurs dans 'ensemble des partitions de {1,...,k} tel que les blocs de 7"
sont les classes d’équivalence de ~,. 7™ est appelé arbre généalogique de 2 (™) .. g (kn),
Soit @7 = |27 ()| 1a génération du sommet 2" (™), Par définition,

"={{1,...,k}} and 7" ={{1},...,{k}} pour tout m € {maé%(z L8}
<3
En choisissant convenablement notre fonction f, nous sommes en mesure de donner, sous la pro-
babilité annealed P*, la loi asymptotique de Parbre généalogique des sommets 2% .. 2 (k)
En particulier, on observe la présence d’un caractere héréditaire dans cet arbre généalogique da
a l'environnement aléatoire, caractere absent dans le cas des toutes petites générations. Nous

développons cette idée dans le chapitre II.

Nous donnons maintenant quelques idées de preuve permettant d’aboutir a (28). Commen-

cons par le découpage suivant :

TN Do )= D @ lsr@say + . L@ sk @<an)s

xEAR(Dy) TEAR (D)

avec a, = (209) 'logn. On s’apercoit que les k-uplets de &, dont au moins deux sommets
partagent un ancétre commun dans une génération supérieure a a, ne contribuent par a la

trace :

B[ Y Lisman] = ol(n?L)b).
AR (T,,)

Nous étudions ensuite .27* (%, gk ) =2 penr(an) [ (@)L sk (z)<q,) Pour cela, nous considé-

rons en premier lieu cette trace sur 'arbre Zps pour tout entier 51n1/2 <s < n1/2/51, avec
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€1 € (0,1) :

£n
%1{%‘%:’157 f]l‘gfn) = Z Z f(w)]l{yk(w)gan, |z |=my,...,|zF) |=my }

Mmi,...;mp=Cn  TEAF(Zrs)

Nous prouvons qu’en P*-probabilité

1

k sk
& Yo F@ L r@y<an, 1Oz o) =y} =2 (eeo) (1), (30)
zEAF(Zrs)
uniformément en en!/? < s < n'/?/e; et en my,...,my € {£,,...,£,}. Il s’agit de montrer que

la somme ci-dessus se concentre autour de sa moyenne quenched. Notons que pour tout sommet
z € T tel que |x| > §; ' logn, on a V(z) > 3logn avec grande probabilité. De ce fait, on déduit
que tous les sommets du k-uplet & = (z(M, ..., 2(*) € (Z7s)** sont en réalité visités durant une
unique excursion au dessus de la racine et que seuls les k-uplets dont les sommets sont visités du-
rant des excursions distinctes contribuent a la trace. On obtient ainsi I'indépendance le long des
trajectoires de la marche aléatoire X indispensable a la convergence de la trace vers sa moyenne
quenched. Quant & la convergence de Eg[sik Ywenk@rs) L @)Lk @) <an, |6 |=mi ... [2®) | =i}
vers (coo)* @k (f), elle est assurée par I'événement {.7%(x) < a,}, qui ne fait rien d’autre que
d’empécher les lignes généalogiques des sommets 21, ... (%) de se croiser entre les générations
minj<;<x m; et maxj<;<y m;, inhibition qui est transmise de génération en génération a travers
f grace a 'hypothese d’hérédité (27).

Pour faire le lien avec la trace sur %,, il suffit d’appliquer (30) avec s = .Z* puis nous concluons
en utilisant un résultat de Y. Hu ([Hul7], Corollaire 1.2) et le fait que @/*(Z,, f]lcgécn) et

A Ryzr , f ]lcgécn) sont en réalité tres proches dans le sens suivent : en P*-probabilité

1 " .
W (fo (.@na f]l(ngn) — szn (%T'Zél’f]l%”fn)) njo 0.

Nous achevons cette section en évoquant brievement le cas des générations critiques.

4.3 Généalogie de la marche diffusive : les générations critiques

Supposons sans perte de généralité que ¢, = £, = n'/2 et k = 2. La généalogie des sommets
2 () et 221 tirés dans la génération £, selon la loi définie dans (23) est différente dans le
cas des générations critiques. Commengons par énoncer un résultat da a E. Aidékon et L. de
Raphélis ([AdR17], Théoreme 6.1) : en loi (sous P* et P*-presque stirement sous P?), pour la

topologie de Gromov-Hausdorff

GEnyian =2 Tie (81
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avec 62 := (1 —1(2))/(co(1 — @), Z,/(5°n'/?) n’étant rien d’autre que 'arbre %, dont les
branches sont de longueur 1/(5%n'/?) et | est arbre réel codé par le mouvement brownien
réfléchi standard |B| := (| Bi|)ipo,1) sur I'intervalle [0, 1]. On pourra consulter I'article de J.-F.
Le Gall [Gal06] pour plus d’information sur les arbres réels.

La définition méme de |B| suggere que 2 (1™ et 272" (deux sommets tirés dans 'ensemble
{r € Z_,1/2; |x| = £,} selon la loi définie dans (23)) peuvent partager un ancétre commun dans
une génération proche de £, mais aussi dans une génération proche de la racine e. En effet, nous

montrons, en notant 2 (W = (2 (10 2721)) que

lim lim inf P*(ef,, < .7%(2 ™) < ¢,) > 0,

e—0 n—oo

mais aussi

lim lim inf P*(7% (27 ™) < 1/¢) > 0.

e—0 n—oo

De plus, on observe que ces deux scénarios sont les seuls possibles :

lim lim sup P*(1/e < .#%(2 ™) < et,,) = 0.
€=U n—ooo
En revanche, les techniques classiques notamment utilisées dans le cas des petites générations
ne permettent ni de calculer lim,_,., P*(af, < yk(gi(n)) < bly) avec 0 < a < b < 1 ni
limy, o0 P*(ZF(2° ™) < m) pour m e N*.

Une possibilité est d’exprimer le quotient &*(Zp, Ly, <. 7v()<ben}) /9 *(Pns 1) et le quotient
MQ(Qn,]l{yk(,)Sm})/W’Q(.@n, 1) comme une fonctionnelle d’'un processus codant l'arbre %,
dont on connaitrait, en loi, le comportement asymptotique. Il s’agit d’un travail en cours avec
Pierre Andreoletti et Loic de Raphélis.

Qu’en est-il de la généalogie dans le cas de la marche sous-diffusive, c’est-a-dire lorsque
€ (1,2]? L. de Raphélis montre ([dR22], Théoréme 1) une convergence du type (31) : il existe
une constante ¢& > 0 telle que si k = 2, (%n(logn)'/?/(ctn'/?)) converge en loi vers Jp| et

si k€ (1,2), (%) (cin'~1/%)) converge en loi vers THyeron O (Hi)ier+ est le processus des

0,1
hauteurs d’un processus de Lévy stable d’indice k (voir [DLG]O5] pour la notion de processus des
hauteurs). En particulier, 7, cp. code (presque) la généalogie d’un processus de branchement
a espace d’états continu de mécanisme de branchement A\ — A" et on peut donc espérer une
réponse intéressante a notre question. Nous tenterons d’y répondre dans un futur projet de

recherche.

5 Annexe

Dans cette section, nous proposons une preuve des résultats (9) et (10). On rappelle que le

premier résultat, qui concerne la marche (sous-)diffusive, implique qu’avec grande probabilité,
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maxi<j<n V(X;) et V(X)) se comportent comme les générations typiques de la marche X, c’est-
a-dire en n!~ 7. Le deuxieme résultat, qui concerne cette fois la marche lente, implique que
V(X,,) est logn fois plus petit que les générations typiques de la marche X, c’est-a-dire de ’ordre

de logn.

5.1 Preuve de (9)

Commencons par la borne inférieure de V(X,,). Pour tout ¢t >0 et e € (0,1 — (k A2)71)

P4 (V(X,) < tn}~ 72 <) <P9(V(X,) < tn!~ w2 nl=mre = < [X,| < nl= e te)

F PO (|X,| < n'mw2e) + PO(|X,| > nl - te),

De ([AdR17], Théoréme 6.1) et ([dR22], Théoréme 1), on déduit que la somme de probabilités
P*(| Xn| < nl_%m_s) + P*(| X,| > nl_%wﬁ) — 0 quand n — oo. Par ailleurs

1
n17 RA2 +e

PE(V(X,) < tnl~ w25 pl e <X, <nl7wet) < Y EfLgn

— xT

1
1 (V(2)<tn!~mhz <}’
|qj|:n1_ "A2 €

ot nous avons utilisé le fait que Lyx,—, < Z?’:l Lix,=s) = £, et puisque n < T", ES[£7] <
ES (2" = ne V®) 4+ Zy*;y:x e~V Nous rappelons que T™ est le n-éme instant de passage

en e*. On en déduit que la probabilité ci-dessus est plus petite que

nl=whz e 1= kg te 1
1— —&
2E*[ Z V@) o } < 2E*[ Z o—(1470)V (@)+rotn' ~"A2 ]
L {V(z)<tn ~®kAZ™°} .
|z|:n17m+5 |z‘:n17m7€

1= A2 (4 (1ro)| ~tro)

)

1
S in—m""ae—n

ou on a choisi 79 > 0 tel que (1 +179) € (—00,0), ce qui est possible car 1) est bien définie dans
un voisinage de 1 et ¢'(1) < 0. On voit donc que pour tout ¢ < [(1 + ro)|/ro, P*(V(X,) <
tnl_ﬁ_a) — 0 quand n — oo donnant ainsi la borne inférieure pour V(X,,) et maxi<;<n V(Xj).
Pour la borne supérieure, on procede de la méme facon : pour tout €,s > 0, la probabilité

P (maxi<i<n V(X;) > snl_ﬁ"'s) est plus petite que

| L
2 B v My ] FEO( max | 1X] > nlTeat)

S
1 ; n KA2
|x‘§n17n/\2+5 J<T

1 &/
+ P (n > T,
avec ¢/ = o- et § = m et d’apres ([AD20], Lemme 3.2), [AdR17], [dR22], la somme de
1 &/
probabilités P*(max 1 .. |X;| > nl_%mﬁ) +P*(n > Tne2t ) tend vers 0 quand n — co.

J<T™
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Enfin, I'espérance annealed de la somme ci-dessus est inférieure a

Znﬁ“/E{ Z e V@1

1

{V(x>>sn1*w+s}]
1

|z|<n'~FA2 T

i

1 1 1
< Qnﬁﬁ-a’E[ Z e—mV(x)—s(l—rl)nl_m‘*‘T < 2nn+a‘+5/€n1_W+51/)(T1)—5(1—T1)n1_m+5

1
ja|<n!~RR2Fe

ou on a choisi r; € (0,1) tel que ¥(r1) € [0,00), ce qui est possible car ¢ est bien définie dans
un voisinage de [0,1]. On voit donc que pour tout s > ¢(r1)/(1 — r1), P*(maxi<j<n, V(X;) >
snl_ﬁ“) — 0 quand n — oo donnant ainsi la borne supérieure pour maxi<i<, V(X;) et
V(Xn).

5.2 Preuve de (10)

Nous faisons ’hypothese raisonnable suivante : pour tout A,d > 0, P*(min|z|§ Adlogn)3(V(2) —
V(z*)) > —d(logn)) — 1 quand n — oo.

Soit a, A > 0 deux réels. Regardons d’abord la probabilité P* (V(X,,) > alogn, X, € Oy, |X,| <
A(logn)?) on nous rappelons que z € O} si et seulement si H, = Y ecw<z eV (W)=V(z) < X pour

tout e < z < z. Nous avons

Pg(V(Xn) > alogn, X, € On, ‘X”‘ < A(]Ogn)g) = Z ]P)g(X'fL = x)]l{V(J:)>alogn,xeﬁn}a
lz|<A(logn)3

et d’apres ([HS16b], Théoreme 2.1), en P*-probabilité

Y P Xn=2)— (" + > VW) — 0

n—oo
TEO, yyr=x

ol %, = W, + 23 1 Wi avec W, — 1 en P*-probabilité (voir [HS16b], Lemme 3.4). Soit
B > 0 un réel. On déduit de la convergence vers 0 ci-dessus et de ’égalité précédente qu’en

P*-probabilité

2 -
1y, (Pb@(V(Xn) > alogn, X, € O, | X, < AQlogn)®) — — Y (Mf,+ Mg;a)) 0

n n—o0
k<A(logn)3
ol Dan = {infoer V(2) > =B, ming,|< sgogn)2 (V(2) = V(2*)) > —(a/2)(logn) },

Ml?,a = Z e_V(m)]l{V(u)>alogn, €Oy, V(u)>—B}>»
lu|=k

et
Ml?,a: Z]l{v )>alogn, €0y, V(u)>—B} Z IL{vu (£)>—(a/2) logn} -

lul=k Tt =u
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L’étape suivantes est de montrer que ces deux variables aléatoires sont tres proches lorsque

n — oo : il existe 7, > 0 tel que pour tout € > 0 et n assez grand

p(| > - X g,

k<A(logn)3 k<A(logn)3

> 5) <p e,

En effet, d’aprés I'inégalité de Markov et en remarquant que ¢, , M, = E[M P Fi] avec cqp =

[erl e ]l{v(x)> (a/2)1ogn}] € (0, 1] ot nous rappelons que F = o((T, V (z); |z| < k)), la
probabilité ci-dessus est inférieure a

! > E[(Mp, - M) = ! S (B — (2c0n — DE[(M],)?])2

€ €
k<A(logn)3 k<A(logn)3
De plus, (M},)? est inférieur a

()

Z Liv()av(w)>alogn, uvebn, V(u)AV (v)>—B} Z Lev, (2)>—(a/2) 10gn}

UFU T =u
Ju|=|v|=k

X Z e ]1{v (y)>—(a/2)logn} + Z Livwy>alogn, ued, Viu)>— B}( Z e V@V

Yy =v lu|=k x*iff/zu
+ Z O >>_(a/2)1ogn}),
d’on
E[(M7,)?] < El(candin)?) + (ch+ 0B 3 e 1y 0)2ai0gn)

ul=F

< El(canMa)?] +n~(ch +n?),

olt ¢ == E[} 4y 1z1=yi=1 e~ V(@) =VW)] et donc pour n assez grand

> E[(M,. - 7)) < AQogn)® (1= can)?  sup  E[(ME,)?] +2n%2) "2,
k<A(logn)3 k<A(logn)3

Notons d’une part que supj<4(iog n)3 E[(M,?’a)2]/(log n)3 < oo et d’autre part

1 —con= E Z e IL{V(ac)< (a/2) logn}] =n (1_7‘1)/261/}(”)7

|z|=1
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ou r1 € (0,1) est choisi tel que ¥(r1) € [0,00) ce qui prouve l'existence de ~,. Ainsi en P*-
(0, q : qui p v

probabilité

4
1o, (P (V(Xa) > alogn, Xo € 0, | Xo| < Aflogn)) = — 3 M) — 0.
™ p<A(logn)3

La suite de la preuve reprend le raisonnement de Y. Hu et Z. Shi ([HS16b], Corollaire 2.3) et
un théoréme de convergence fonctionnelle di & T. Madaule ([Mad12], Théoreme 1.2) : en P*-
probabilité, 43, o) M, /25 — 1 — (2/m)Y?E[min(s~*, am; )] ot (m¢)¢ef0,1) est un méandre

brownien et s := sup;¢(g 1)(SuPsefo,) Ms — M¢). Notons que

(z>1/2E[min(5_l am; )] = /OO diuP(s <u 2w Pmy < a) = py((0,d)).
T ’ o (27mu)l/2 ’ - ’

On conclut en utilisant le fait (voir (2) et (8)) que pour tout e > 0, pour n assez grand,
P*(X,, € O,) +P*(|X,| > A:(logn)®) < &/2. De plus, nous savons que P*-presque stirement,
inf|,—, V(2) = +00 quand n — oo d’ou l'existence d'un réel B. > 0 tel que P*(inf.cr V(7) <
—B.) < ¢/4 et donc, par hypothese, pour n assez grand, 1 — P*(%,,,) < /2, ce qui donne le

résultat voulu.






Chapitre 1

Generalized range for slow random walks

on trees

Abstract : We are interested in the set of visited vertices of a tree T by a randomly biased random
walk X := (X,,,n € N). The aim is to study a generalized range, that is to say the volume of
the trace of X with both constraints on the trajectories of X and on the trajectories of the
underlying branching random potential V := (V(z),z € T). Focusing on slow regime’s random
walks (see [HS16b], [AC18]), we prove a general result and detail examples. These examples
exhibit many different behaviors for a wide variety of ranges, showing the interactions between
the trajectories of X and the ones of V. This chapter in based on the article [AK21] written with
Pierre Andreoletti.
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40 CHAPITRE I. GENERALIZED RANGE IN THE SLOW REGIME

1 Introduction

The construction of the process we are interested in starts with a supercritical Galton-
Watson tree T with offspring distributed as a random variable v such that E[v] > 1. We adopt
the following usual notations for tree-related quantities : the root of T is denoted by e, for any
x € T, v, denotes the number of descendants of x, the parent of a vertex x is denoted by z* and
its children by {xi, 1<i<uy, } For technical reasons, we add to the root e, a parent e* which
is not considered as a vertex of the tree. We denote by |x| the generation of z, that is the length
of the path from e to x and we write x < y when y is a descendant of z, also x < y signifying
that x can also be equal to y. Finally, we write T,, for the tree truncated at generation n. We
then introduce a real-valued branching random walk indexed by T : (V(x),z € T). We suppose
that V(e) = 0 and for any generation n, conditionally to &, = {T,,, (V(x),z € T,) }, the vectors
of increments ((V(x%) — V(x),i < vz), |x| = n) are assumed to be i.i.d. Finally, we denote by P
the distribution of & = {T,(V(z),z € T)} and P*, the probability conditioned on the survival
set of the tree T.

We can now introduce the main process of this work which is a random walk (X,), .y on
Tu{e*} : for a given realization of the environment &, (X5, ), ¢y is a Markov chain with transition

probabilities given by

P (Xpp1=elX,=¢€*)=1,
e_v(x)

eV + 3 eVl
e*V(:vj)

eV 3T eV

Vee T~ {e}, P/(Xpp1=2a%X,=2)=

Vi <vp, PY(Xp=2|X,=2)=

The measure P¢ is usually referred to as the quenched distribution of the walk (Xn)pen in
contrast to the annealed distribution P which is the measure P¢ integrated with respect to the
law of & :

P(.)Z/Pf(.)P(dg).

Similarly, P* is the annealed probability conditioned on the survival set of the tree T (defined
by replacing P by P* in the above probability). For 2 € T U {e*}, we use the notation P4 for
the conditional probability Pg(-]Xo = z); when there is no subscript, the walk is supposed to
start at the root e. Recurrent criteria for these walks is determined from the fluctuations of

log-Laplace transform

P(s) == logE[ Z e*sv(z)],s > 0. (I.1)

|2=1

If info<s<1 9(s) > 0 then (X,,n) is P almost surely transient and recurrent otherwise. It turns

out that recurrent cases can be themselves classified, this can be found in the works of G. Faraud
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[Farll] and equivalently for transient cases in E. Aidekon [A1d08].

Here we consider recurrent cases and more particularly the regime where the random walk

is particularly slow (see [HS16b]), that is to say we put ourselves in the boundary case for which
P(1) =4'(1) = 0. 12)

In this paper, we are interested in the trace of X which is the set of vertices visited by this
random walk until a given instant. The literature on the subject initially started with the study
of the range, that is to say the volume of the trace of the simple random walk on Z¢, where d > 2
is the dimension. In particular P. Erdés and S. Taylor [ET60] prove that the asymptotic in time
of the trace depends on the dimension d. If we put ourselves in the present context of random
walk in random environment on trees then the trace naturally depends on the hypothesis on the
environment &, see for example [AC18], [AdR17] and [dR16]. A first step in the extension of
the notion of the range is to count, for example, the number of vertices visited a large number
of time (instead of at least one time). This aspect has been studied for the simple random walk
in [? ] and in our context by [AD20] and [Che22], about which we will give some details later
in the paper. A second step in the study of the trace, especially in the case of random walk in
random environment, is to select certain vertices not only with criteria on the trajectory of the
walk but also on the underlying potential V. With this in mind we introduce a generalization of
the range : for any n, let f* = {f™* : R¥ = R*; k € N*} be a collection of bounded functions.
Also, let g, : RT — R be a positive function. Then, the generalized range %, (g, f") is given by

R (gn £7) = gn( LIV IV (@1), V(@a), -+, V(2)), with (1.3)

zeT

ga? = Z ]I{Xk:x}a
k=1

(24,1 < |z|) being the sequence of vertices of the unique path from the root (excluded) to vertex
z and £ is the usual local time of the walk at x before the instant n. As we may see, Zp(gn, ")
is quite general and can not be treated in this form, at once for every of these functions g, and
f" so additional assumptions (involving f", g,, and distribution P) will be introduced in Section
1.3.

The aim of studying this extended range is twofold, first it allows to understand the interactions
between the trajectories of the main process X and of the underlying branching potential V,
second we develop a general tool allowing to treat many examples (for chosen f and g, ). Note
that if we take, for example, f™* =1 and g, = 1[1,00) for any integer n and k, then we get the
regular range (treated in [AC18]), and if g, = 1p;p o) with 0 < b < 1, then we get the heavy
range (see [AD20] and [Che22]).

The presentation of the results is divided into three subsections. In the first one below, we detail



42 CHAPITRE I. GENERALIZED RANGE IN THE SLOW REGIME

and comment particular examples showing a large variety of behaviors for the range for different
f* and g,. In a second subsection, we present an informal statement of the general result, the
aim of which is to give the main ideas without introducing too much technical material. Finally,
in the last section, we introduce assumptions which leads to the full statement of the main

theorem.

1.1 First results : examples

The first two theorems (Theorems 1.1 and 1.2) we present in this section derive from three
other works : in the first one [HS16a], it is proved that, during its first n steps, the walk can
reach height of potential of order (logn)2. More precisely, it is proved that the random variable
(maxi<k<n V(Xk)/(logn)?)p>2 converges almost surely to one half. Note that this behavior can be
quite disappointing if we have in mind the intuitive behavior of Sinai’s one dimensional random
walk in random environment [Sin82] for which the highest height of potential reached by the walk
is of order logn. Of course the fact that the walk evolves on a tree instead of a one dimensional
lattice changes the deal but at the same time it is also proved in [HS16b] that this walk has a
similar behavior than Sinai’s one (they are both at a distance of order (logn)? from the origin
at a given instant n). In both cases, the potential plays a crucial role. In the two other papers
([AC18] and [AD20]), the range is studied : in [AC18], it is proved that regular range (the number
of visited vertices up to the instant n) is of order 7/logn, whereas in [AD20], it is proved that
the number of edges visited more than n® (with 0 < b < 1) times is typically of order n'~° (this
particular range is called «heavy range»in that paper, see also [Che22| for a refinement of this
work).

Our first theorem below mixes the two approaches, showing the influence of a strong constraint
on the trajectories of V' on both regular or heavy range. What we mean by strong constraint
here is a condition of the form V' > (logn)® with 1 < a < 2, that is to say when the potential
is larger than what we can call regular height of potential for this walk (in the slow regime, a
regular height is of order logn since it can be proved that (V(X»)/logn),>2 converges weakly, see
[HS16b]) but smaller than the extreme value (logn)? of [HS16a].

Before stating this result, let us introduce the following hypothesis on the distribution of the
branching random walk : there exists # > 0 and d; € (0,1/2) such that

E{ Z e_(1+9)v(z)} + E[ Z 6€V(z)} <00, (1.4)

|z|=1 |z|=1

E[( Z (1+ \V(z)\)e_v(z))Z] —l—E[( Z e_(l_‘sl)v(z))? <00, (L5)

|z|=1 |z|=1

these are common hypothesis used for example in [AC18].

Theorem 1.1. Assume (1.2), (1.4) and (1.5) hold. If for any n and k, f™F(ti,ta,--- ,tg) =
L4, >(ogn)ey with a € (1,2) and if gn(t) = Lyyspey with b € [0,1), then
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(log"' R (gn,£™)—(1-D) logn)

(log n)a—T converges in P*-probability to —1,

n>2

where log™ x = log(max(1,z)).

This result shows that the number of vertices with high potential visited at least once (resp.
strongly visited, with b > 0) is of the same order, though smaller, than the regular range (resp.
heavy-range). So visiting high potential is not just an accident appearing a couple of times on
very specific paths of the tree. Far from that in fact, as the constraint of high potential creates a

a—1 . .
logn)*™"+o(1) 4nq therefore appears as a second order correction comparing

decrease of order e~
to ranges without constraint on the environment.
In the second theorem below, we add a slight different constraint which force the random walk

to reach a high level of potential far from the ultimate visited vertices of given paths :
Theorem 1.2. Assume (1.2), (1.4) and (1.5) hold. If for any n and k, f™*(t1,ta,--- ,tgx) =
Lt5,/5,> (logm)o} with 8> 1, a € (1,2) (|z] stands for the integer part of x) and for any b € [0, 1),
gn(t) = Lgyspey then

+ g nYy_(1— . % 7.
(10g J”((glg’gfn))a,(} b) logn)nzz converges in P*-probability to —1 — §/8 — 1+ p((ﬂ — 1)%2),

where for any ¢ > 0,
“+oo

co _e? 7 2 1
p(c)::\/ﬁ ; e 2 LLI/ZIP’(ml>1/\/u02)—2[J

and m is a Brownian meander, M; := sup,<; ms and o := E =1 V3(x)e

—+00

1 _
W]P)(ml > 1/\/y02)dy] du,
fV(w)].

As we may see, a slight change in function f (comparing to previous theorem) makes appear
something new, as the constant in the limit is very different than in Theorem 1.1. Note that p
can be explicitly calculated : for any ¢ > 0
_ 1—e Ve NG
o) = 2o g ) —2(Ve - los((e 4 1)/2). (1.6)
so we clearly obtain continuity when £ converges to 1, getting back to the previous theorem. At
this point, we also would like to discuss the appearance of the Brownian meander distribution in
p. First, note that a Brownian meander appears in the asymptotic distribution of the (correctly
normalized) generation of X, (see [HS16b]) which is the consequence of the positivity of V'
(see Fact 4 below, page 11) together with an induced constraint on the largest downfall of
V (we call maximal downfall, for a given z € T, the quantity maxy,<,(V(y) — V(y)), where
V(y) := max,<, V(z)) visited by the walk before the instant n. Also in [AC18], the distribution
of two independent Brownian meanders (m! and m?) appears in the result for the regular range
A, (that is when f™* =1 and g, = 11,00)) : in P*-probability
lim 20 %" = C(Gn, Do), (L.7)

n—-+oo n
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one of these Brownian meanders also coming from the positivity of V' and the other one coming
from the fact that for a given visited vertex x, the maximum of V' (on the unique path from the
root to x) is attained pretty near the generation of x.

Here, the Brownian meander appears as we ask a visited vertex x to have reached a high level
of potential in an early generation before the one of z and it turns out that the constraint of
low downfall of V appearing in [HS16b] (max,<,(V(y) — V(y) < logn) along this kind of path
produces this appearance of the Brownian meander. However, contrarily to (I.7), the Brownian
meander is involved in the correction of the main fluctuation (e=¢(“m)(log ”)ail) and not just in

the constant of the limit (C(Zy1, Din2)).

In the third example below, we choose f™* in such a way that an interaction appears between
the trajectory of X and the downfalls of V', which have an important role in the behavior of
these walks. More particularly, let us introduce, for a given t = (¢1,to,- -+ , ) with k a positive

integer, the following quantity

k
Hy(t) := Z eli=te,
j=1

then we call sum of exponential downfalls of V at x € T with |x| = k the quantity

||

Hyy (V) == Hig (V(z1), -, Vieg)) = Y _ eV #)7Viow), (1.8)
=1

In order to simplify the notation and when there is no possible confusion, we will simply write
H, instead of H|x|(Vz) in the sequel.

Theorem 1.3. Assume (1.2), (1.4) and (1.5) hold.

For any n and k let fo*(ty,to, - ,tg) = ]l{thQ(logn)a}(Zé?zl H;(t))™¢ with a € [1,2), a € R,
d € {0,1} and gn(t) = Ly with b > 0.

Ifbe0,1/(1+d)) and a = 1 (with a > 1/5, when d =1) then

(W)nzz converges in P*-probability to 1 — (1 4 d)b,
otherwise ifa=1,b=0,d=1and 1 < a < 2

(log+ %n(gn,f")—logn)
(logn)e/2 n>2

finally ifa=1,0<b<1/2,d=1and 1 < a <2

converges in P*-probability to —2,

(log+ R (gn, ) —(1—2b) logn

(ogm)e=T )n>2 converges in P*-probability to —1/b.

For the first limit (when « = 1, implying that we have set a common height of potential - see
Fact 1), by taking d = 0, we obtain the limit (1 — b) of the usual heavy range of [AD20]. Other-

wise, if we add the penalization with the cumulative exponential downfalls (Zy<$ H,), that is

when d = 1, then an extra cost d x b = b appears.
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The second case (with b = 0 but 1 < o < 2) has two constraints on the environment so the

a/2 gppears as a compromise between the fact that high level of potential

normalization (logn)
is asked (L{s,>(1ogn)o}); Which alone yields by Theorem 1.1 a normalization (logn)*~!, and the
fact that cumulative exponential downfall fluctuations (3, -, Hm(t)) can not be two large as

it appears in the denominator of the range. This yields the (logn)®/? (note that as a < 2,

a/2>a—1).
For the last case (0 < b < 1/2and 1 < a < 2), the range is of order n*~2be~(108m)* /b comparing
to ne=2008M* when b = 0 of the previous case. In particular, the parameter b of the heavy

. . . . _ . . _ a—1 .
range appears in both the main normalization n'~2 and in the correction e~ (108 /b Thig

1=26 — s« =0 % n~° one n~? is classical from

can be intuitively understood as follows : first n
the heavy range when asking for a local time to be larger than n® (which already appears in
the first part of the Theorem), the second 7" comes from the fact that a local time at a given

eV(@)=V(#) > nb and as this quantity appears in the

b AN
vertex x can be larger than n° only if > i1
normalization of the range (via f™"(t1,ts,--- ,t;)) this produced this second n=°. So this part
(n'=2%) appears as a first interaction between the constraints on the trajectory of X and the one

a_l @ . . . .
—oem)™ /b — o—losm)%/(bloam)  For this term, we see intuitively

of V. Let us now discuss about e
the constrains for the walk to reach height of potential of order (logn)® but a the same time,
in order to keep the denominator > i<k Hj (t) as low as possible, the maximal downfall has to

remain smaller than blogn, thus producing the ratio (logn)®/(blogn).
In the ultimate example below, we ask similar constraints for the environment than above
but only in the early visited generations :

Theorem 1.4. Assume (1.2), (1.4) and (1.5) hold. For any 8 > 1, n and k, let fF(ty,to, -+ ,t1,) =
L 2 togmyet () Hi(8) ™, a € (1,2) and if go(t) = Lz ey with b€ (0,1), then

(logJr R (gn,f")—(1-b) logn

(log n)o/2 )n>2 converges in P*-probability to —2.

This last theorem just prove that if the factor (> jui/lﬂ 'H ;(t))~! only concerns the beginning
of the trajectory, that is the sites at a distance ||z|/(] of the root (if x is a visited vertex), then

things go back to normal : there is no more multiple interactions between X and V.

We can imagine more examples like the ones we present above (by acting more on the
function g, as we did for example) but for now, let us introduce a more general result with

general hypothesis on g, and f".

1.2 A general result (informal statement)

In this section, we present an informal statement for the asymptotic in n of %, (gn,f") for
general g, and f" (including, in particular, the results of the preceding section). The aim, in a

first step, is to introduce the result and the main ideas but to minimize the technical materials.
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First recall the expression of the generalized range (1.3)

R gn- 1) =D g (L) [V (@), V (22), -+, V(2)),
zeT

with £ the local time of X at x before the instant n.

We assume that g, can be written as the product of an indicator function and a function ¢ which
is positive non-decreasing : for any b > 0 and t > 1, gn(t) := L5y (t). The indicator function
is here to include all types of range (regular or heavy). Also, we ask the function ¢ — o(t)/t
to be non-increasing, so that ¢(.£)") remains reasonable (at most of the order of the local time
itself).

Let us introduce the branching object ¥ as follows : let 0 V X' < A be two real numbers and
k > 1 an integer, also let ¢ : R¥ — R be a bounded function. \Illi v (#) is then defined as a

mean of ¢ along the trajectory of V' (with constraints) until generation k, that is

Wi (0) =E[ 3 Vo (V (21), ... V(@) 1o, ,, (@) (L9)

|z|=k

where O y is the set of (A, X')-regular lines

Oy = {z €T max Hy, <, H, > N1, with H,, —Ze @) =Vij), (L.10)
J< =1

also we denote

Oy = {:ce’]I‘; max H, S)\}, and \Ifk [Zefv z1),...,V(2)) Loy (7)|.
J<|z| lz|=k

Note that since H, > 1 (H, > 1 when |z| > 1), we have, for all X' < 1, Oy = O\ and
TR v (8) = U5 (9).

The appearance of this set of regular lines &) y/ is partly inspired from the works of [HS16b]
(X representing extreme exponential downfalls of V' related to a reflecting barrier for the walk
(Xk, k <n)), and also (for \) from the constraint on the local time appearing in the function g,,.
It turns out indeed that constraints on the value of the local time at a site x imply constraints
on H,. In other words, there are constraints on the branching potential V induced by constraints
on the random walk X and sometimes, these constraints have a major impact on the range. We
call this type of contribution «contribution of type one», that is of order n’ where § € (0, 1]
(this actually appears for example in Theorem 1.3). To be more specific, let us introduce the
following notations : first C 1= Coo({f";n > 1}) stands for the supremum of {f";n > 1} that
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is Coo 1= SUD,, 4 | f™||so- Then, define the set
Uy = {r €[0,1]; forall k > 1,t € R*,n > 1: Ly, 4)spny /™" () < Coon ™}, (I1.11)
note that %4, # () because 0 € %, and as the supremum is attained, let
Kp =: max %. (I.12)

When kp > 0, we say that a mixing between the constraints on trajectories of the random walk
X and on those of the branching potential V produce a contribution of type one.

To introduce a second type of contribution, which can be seen as the second order comparing
to the contribution of type one, we present an important quantity which is the sum over all the
generations of \Ilnnb(f") : 21@1 b (f™*). First, let us give an heuristic about the way it
appears in the asymptotic of the range.

For any k > 1, introduce the k' return time 7% := inf{k > T*~!, X}, = e} to e and take T° = 0.
Recall the definition of V before (1.7) and let %1« (g, f") be the range on {V(-) > Alogn} :
R (gn, £1) =3 e gn(LE) ™ =l (V)1 (V(2)>Alogn} With A >0 R1n(gn, 1) is a version of
the generalized range where we have replaced the instant n by 7" and we have made appear
the additional constraint V(z) > Alogn. Note that it is known (following Lemma 2.1 in [AC18]
and its proof at the beginning of Section 4.2) that this additional condition 1 (V(2)>Alogn} has
no effect on the normalization of the range, that is

Fact 1 : There exists 0 < ¢; = ¢1(A) < 1 such that lim,—, 4 ]P’*(f,;z = cl) =1.

So here, we typically consider collections of functions f" such that Zrn (g, f")/%rn (gn, f*) —
Cte > 0. One of the main gain of this consideration is the fact that relatively high potential
yields interesting quasi-independence in the trajectory of (X,,n).

With this fact, we have (see Section 3.1) something like Z7n(gn, ") = nES[Z 11 (gn, )] in
probability and thanks to the fact that ¢ is non-decreasing and to the expression of the quenched
mean of Z11(gn,f"), in probability, for large n

ng(gmfn) Z nEéa[?Tl (gnaf 2, SD TZZ‘IJ fnk
k>1

which makes appear ) ;- nnb( f™*). It turns out that this lower bound is exactly the good
quantity which leads to our main result.

The following assumption ensures that Zkzl . nb( f™*) is not too small, which would corres-
pond to an exaggerate penalization on the potential V :

Assumption 1.

For all b € [0,1), € > 0 and n large enough

1
nk
2 Vun (M) 2 g (A1)

k>1
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The second type of contribution that we call «contribution of type two» strongly involves the
term n® Zkzl \Ilfmb(f”k) It is negligible with respect to n° for all ¢ > 0 and comes also from
a mixing between the constraints on X and the constraints on V. So finally introduce (hy,,n)

which is certainly the most important sequence of the paper : for any n > 2

1 Kb Pk n,k if 3 0,1): (logn)? 0
_ ‘ og (n > k1 njnb(f ))‘ ! 7€ (0.1) log (n“bZkle?’z’nb(f"’k)) - . (1.13)

logn otherwise

Let us start by a discussion about (h,,n) with the following remark in which we note that either

hn = o(logn) or h, = logn.

Remark 1. By definition of kyp,

n“bZ\If »(fF) < Coo Z\Ilk =C E[Ze ]l{zeﬁ }} < Coo(logn)?,

k>1 E>1 z€T

where the last inequality is a quite elementary fact that will be proved later (see Remark 2). This
implies, in particular, that if there exists 0 < v < 0 such that (logn)?Y /log ( " ks Y (7 k))
goes to 0 when n goes to oo, then necessarily, we have log(n™ ", -, nnb(f" k)) < 0 and
limy,—s 400 log(n™ 3 55y nnb(f” ¥)) = —o00. Moreover, in this case, there exists 0 < v <1
such that h, > (logn)?. Also assumption (A1) above ensures that

Kb

K mn, n
log(n bZ\I} »(fF)) > log <W) > —((kp+e) N1 —Kp)logn > —clogn,
k>1

overall, definition of hy, implies, under (A1), that

(logn)?” < hy,, <logn.

The sequence (hy,n) is the quantity which gives the contribution of type two and produces
the second order in our result. It is important to note that we carefully assign an expression
to h, depending on whether constraints are penalizing or not. According to the asymptotic
behavior of the term n" 3, -, \Iff;nb(f”’k), we assign h, two possible expressions : if (logn)?”
is negligible with respect to |log(n" >, <, nnb(f” k)| for some v € (0,1) (which then re-
mains smaller than clogn by Remark 13, constraints are considered penalizing and we set

n o= [log(n™ 3 4 nnb(f"k))|, see Theorem 1.1 for example. Otherwise, constraints are
not penalizing enough and we set h,, := logn, see Theorem 1.3 with o = 1 for instance. In this
latter case, the choice is significant since logn is the right order for the logarithm of the regular
range, that is to say the range without any constraint on the trajectories of the branching ran-
dom potential V.

We are now almost ready to state a result. But first introduce two last values : L (with L = o0
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possibly) and & € {—1,0} defined as follows

L :=liminf hy;*log (n'~"""¢(n")), and (1.14)
§i= lim hytlog (™ Y Wy (F"1)), (L15)
k>1

and note that, following Remark 1, ¢ necessarily exists.

The full statement of our main result below need additional quite complex assumptions, invol-
ving f” in particular, they are described precisely in the next section (see (A2), (A3) and (A4)).
The interesting point is the fact that all of these assumptions concern >, ¥*. And more than
that, we can resume the actions of (A2), (A3) and (A4) by saying that ¥ has to be stable for
small perturbations of its parameters. In the informal statement below, we will say that ¥ should

have controlled fluctuations.

Theorem 1.5 (Informal statement). Assume (1.2), (I1.4) and (1.5) hold, b € [0,1), assume also
that (A1) is satisfied and ¥ has controlled fluctuations. If L € (=, +0o0], then in P*-probability

i (log™ Za(gn, £7) = log(n' """ o(n"))) — ¢,

n—o0

if L= =&, with A,, == hy, log(n' =t~ (n®))—infys,, hy  log(£1=0= (L)), then in P*-probability

h,Ylogt %, (gn, ") — A, — 0,

n—oo

otherwise L € [—oo, —&[ and in P*-probability
‘%’I’L[ (g’Vwane) ? 07
) ) {—00

for some increasing sequence (ng)e of positive integers. Note that when lim b, ! log(n' =0~ o (n?))

s equal to L, ng = 4.

We now present particular examples which lead to different values of L and &. First, note that
all theorems presented in the previous section satisfy L = 400 and £ = —1, corresponding, from
our point of view, to the most interesting case. Let us take, for example, g,,(t) = 1,0y and
SRt ) = L sagognyey (X< Hi(t)) ™! as in Theorem 1.3, with a > 0, o € [1,2),
but b € [1/2,1). When o > 1 and b >_1/2, we can prove that h, ~ a(logn)®1/b (with the

1=2b 5 we obtain

usual notation ¢, ~ s, if and only if t,/s, — 1) and n'~*"fp(nb) = n
lim b, ' log(n!=0=**p(n’)) = L = —oo. However, when a = 1 and a > 1/8;, we can prove that
for all b € [1/2,1), kK = b and h,, = logn thus giving L = 1 — 2b and £ = 0. In other words,
L € (—o0,—¢] (with L = = if and only if b = 1/2).

Let us finally take the simple example g, (t) = t1g>p0y and f™* = 1. We can prove that for all
b€ (0,1), hy, = logn, £ = 0 and n'~*""p(n’) = n so limh; ' log(n!=*="p(n’)) = L = 1 and
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we are in the case L € (=&, +00).

To finish, we present an example for which f™* is quite general but with a simple form. Assume
— [P =1 gk with A™F € RF and AJF := A™F 0 {t € R¥; maxi<j<p Hj(t) < n, Hy(t) >
n’};
— (A X RF R N AP = g for all k < K/ ;
— kp = 0.
(fF) = P(Up>1{(S1,...,5k) €

AZ’k}), where (S;,4) is a sum of i.i.d random variables with mean 0 and variance (1) (this

We obtain the following simple expression for n'® Zkzl b

comes from the so-called many-to-one Lemma, see Lemma 2.1). So

[log(n™ > "Wk (f"*))| = —log P(Ur=1{(S1,. .., Sk) € A"},
k=1

Consequently, if the probability P(Ug>1{(S1,...,S5k) € Ag’k}) is small enough, that is to say
such that (logn)” is negligible comparing to —log P(Ug>1{(S1,...,Sk) € Ag’k}) for a certain y €
(0,1), then the constraint is penalizing enough and h, = —log P(Up>1{(S1,...,S5k) € A;}’k}).
Otherwise, h,, = logn. For example, take A™* = {t € R¥; inf{j < k; t; > (logn)®} = k} which

leads to an example similar to Theorem 1.1.

1.3 A general result (full statement)

In this section, we explain precisely what «W¥ has controlled fluctuations» means. For that,
we present the assumptions (A2), (A3) and (A4) mentioned in the previous section. We start
with (A2), and then state a preliminary result (Proposition 1) of the main theorem (Theorem
1.5). This proposition is quite technical especially in its statement. However, it stresses on the
fact that all the expressions involved depend deeply on ), \I/’“( f™*) and therefore justify the
last two Assumptions (A3) and (A4) which leads to the formal statement of Theorem 1.5.

Assumption 2.

Assumption (A2) below is an upper bound for a conditional version of }_, -, ¥¥  (f™F) actually
requiring in order to be introduced two facts and additional notations. - ’

Fact 2 : By Lemma 2.3 in [AD20], there exists two real numbers ¢, é > 0 such that for any
h >0

P*( max |V(w)| > h) < he %" 1.16
(leé[h/021| (w) ) (116)

This fact, that will be useful when cutting on early generations of the tree, justifies the intro-

duction of the following notation : for any n and k, f;: * is the function defined by

SR, t) = e[i%fh] PR (s Syt Sy e Sm) (1.17)
s€|—h,h|™
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with m = [h/cy] and s = (s1,...,8n) € R™.

The second fact is about the largest generation visited by the walk before the instant n or before
n excursions to the vertex e.

Fact 3 : Let (£, = (logn)3,n > 2), by Lemma 3.2 in [AD20], there exists A > 0 such that :

lim P(max |X| < Al,) =
n—+oo  k<T™
This fact is here essentially to justify the introduction of the sequence (¢,,n) which appears in
our second assumption and all along the paper. Note that a very precise result on the largest

generation visited by the walk before the instant n can be found in [FHS11] .

A last notation we need to introduce is a conditional and translated version of \I/]; v (F) for a given
bounded function F. For all k € N*, | € N*, F : RI** — R bounded and t = (ty,...,t) € R!

ot (FIt) _E[Zefvx)F(tl,...,tl,V(xl)—|—tl,...,V(ac)+tl)]lﬁM,(a:)], (1.18)
2=k

where Z| o=k is the sum over all the individuals = of generation k. Otherwise, if [ = 0, then
Y (Flt) := W%, (F).

We are now ready to introduce the second assumption : for all §,&, A, B > 0 and b € [0, 1), there
exists ng € N* such that for any n > ng, [ < |Al,] and any t = (¢1,...,t) € R! with t; > —B
and Hi(t) <n

S WE e (FE) < S Ehe STk (prk), (A2)

k>1 k>1

Let us comment this inequality which plays two roles. A first one ensures that the fluctuations

of V in the early generations of the tree have minor influence, this yields the presence of e/

The second point is technical and aims to show that in probability, we have E®[%Z11 (g, )] 2
bp(nb) D1 Yy nb(f" k) . For that, the second moment of

—V(x) pn.k
7, = 2: V@ ek v)1 {V(2)>Alogn,V(2)>—B,V(2)=V(z)}
€0

n,n

has to be controlled, with V, := (V(z1),...,V(z)) and V(z) := min,<, V(v). We first observe
that

~3 30 I tueo, e S VOl s atogny - 7 w=-v)-

2€T x,y>z ue{x,y}

Then taking the expectation of Z Zk,>1 nnb it )( anc|t) in (A2) actually appears as the
conditional expectation of a well chosen function of the translated potential (V;(u) := V(u) —

V(2))u>z- Indeed, note that u € &, ,» together with V(u) = V'(u) implies that u € &7 Wb_H, =
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{u>z: max,cp<y Hyp <n,H,,y > nb — H,} with H,,:= Zz<w§v eV=(W)=Vz(v) Hence, for all

0 € (0,1/2), by independence of the increments of the branching random walk (T, V (u);u € T)

E[72] 5 PR 3 e VO ST T tpueor e OREM Vg, Va(w)]

2E0n z,Y>z ue{z,y}
~ 6(1725)BE[ 3 e Ve (eW(z) > wk n,_HZ(f"””“IVz))Q],
z€E0, k>1 ,

where, for |z| =1 and any t = (t1,...,t) € R
FM OV (i), Va(w) = 0 20 o, Vi) + 1, Va(u) + 1),

Assumption (A2) finally allows to say that E[Z2] < e/» (k1 Tk (f*)2 for all e > 0 and n

n,n®
large enough.

We are now almost ready to state an intermediate result which is a proposition giving a lower
and an upper bound for the generalized range stopped at 7. This proposition is followed by
the theorem, much easier to read, but requiring extra assumptions. First, let us introduce for

any 3 >0
A = {(th o te) ERF 1 > 3}; A= {(tr, ... ) R 1y > § min t; > —-B}, (L19)
_l_

respectively the set of vectors such that its last coordinate is larger than 3 and additionally with
all coordinates larger than —B. The introduction of these last two objects is justified by
Fact 4 : for any € > 0, there exists a > 0 such that (see [A1d13])
P(min V(u) > —a) > 1 —¢,
u€eT

and Fact 1 we have already talked about saying that, in P*-probability, E,ln/ Pis a height of
potential usually reached by the walk.

Proposition 1. Recall (1.12), let ey := min(b+Lp—0y, 1 =b)/13 and W :=3_, |, e V). Assume
(1.2), (I.4) and (1.5) hold as well as (A1) and (A2).
Lower bound : there exists cs > 0 such that for all b € [0,1), € € (0,e3), B > 0 and n large

enough

e~ min(e logn,3hy)

]P’( R (gn, 1) < e—5ahn> < €

k n,k\\ 2 —eéohn
nl_b¢(nb)ul n 2 (Z \Iln,nb(fahn)) + hpe =2 4

(nfouyn)? 7

(1.20)
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with

i = () =YWy (F ey
E>1

— min(10e log n,5hy, )

ko k. chn —
Tk .= {t € RF; Hp(t) < nbem}no? Bem/& and A\, = ne

Upper bound : for any € > 0 and n large enough

%Tn(gn’fn) ch _Ep
]P’(—n1 b (n) . > e > e 2" +o(1) (I.21)

with

U2,n = Z (\Ilk (f ]I]Rk\%”k ) + \Pﬁ,nb/(logn (fn k> +E [W\Pn nb /(W (logn)?2 (fn k)])

k>1 /%15
Note that (1.20) and (1.21) remain true replacing Zrn(gn, ") by Rrkn (gn, £™) with ky, equal to
[n/(logn)?|, p > 0.

This proposition is technical and difficult to read, we present it here however because it shows
that all the estimations depend deeply on ¥: (f) and gy, recall indeed that the key sequence
(hn,n) defined in (I1.13) depends both on W: (f) and r; (with b coming from the function g, ).
This also means that without any more information on ¥ (f), it is difficult to state a more
explicit result. Finally, note that the exact role of (A1) and (A2) will appear clearly in the proof
of the lower bound (Section 3.2).

We now present two new assumptions (A3) and (A4) which lead to the formal statement of
the result. These assumptions tell essentially that quantities u1, and us ,, which appear in the

previous proposition, are actually very similar. Now introduce (A3) and (A4) :

Assumption 3 : for all b € [0,1), € € (0,¢p), €1 € (0,¢) and n large enough

Uy, > et Z\I/ b (fF). (A3)

k>1

Assumption 4 : for all &1 > 0, b € [0,1) and n large enough

W < ealhn Z\I] fnk (A4)

k>1

The full statement of Theorem 1.5 then writes as follows :

Theorem 1.5 (Full statement). Assume (1.2), (I.4) and (1.5) hold, b € [0,1) and (A1), (A2),
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(A3) and (A4) are satisfied. If L € (=&, +0o0], then in P*-probability

h,;l(log+ R (Gn, £7) —log(nlfb*”bcp(nb))) — &,

n—o0

if L = =&, with A,, == hy;log(n' =t~ (n®))—infys,, hy * log(£1=0= (L)), then in P*-probability

h;llog+ R (gn, £) — A,, — 0,

n—oo

otherwise L € [—o0, —&[ and in P*-probability
‘%ne (gnzafné) ? 07
L—o0

for some increasing sequence (ng)g of positive integers. Note that when lim h, ! log(n'=0="tp(n?))

1s equal to L, ng = L.

The rest of the paper is decomposed as follows : in Section 2, after short preliminaries (Section
2.1), we prove the theorems of Section 1.1. For these proofs (Section 2.2), we check that the four
assumptions (A1-A4) of Theorem 1.5 are realized, obtaining simultaneously the asymptotic of
hy. In section 2.3, we prove Theorem 1.5 : essentially, Proposition 1 is assumed to be true and
we only check that if Assumptions (A3) and (A4) are true then the theorem comes.

We prove Proposition 1 in section 3, this is the most technical part of the paper which can be
read independently of the other parts : in Section 3.1, we summarize usual facts, in a second
sub-section we prove a lower bound for stopped generalized range %Zpn(g,,f™) and finally in a
last one an upper bound.

In section 4 we present some estimates on sums of i.i.d. random variables useful for the proof of
the examples of Section 1.1. Finally, we resume in a last section (page 106) the notations which

are transversal along the paper.

2 Proof of the theorems

This section is decomposed in three parts : in the first section below, one can find preliminaries
that are useful all along the rest of the paper. In the second sub-section, we prove the four

theorems presented as examples. Finally, the last section is devoted to the proof of Theorem 1.5.

2.1 Preliminary material

We recall the many-to-one formula (see [Shil5] Chapter 1, and [FHS11] equation 2.1) which
will be used several times in the paper to compute expectations related to the environment.
Note that the identity below comes from a change of probability measure (see references above),

however we still keep P and E for simplicity.
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Lemma 2.1 (Many-to-one Lemma). Recall the definition of 1) in (1.1). For any t > 0,

E[ S fVi(w),1<i< m)} = B(en M (51 < i < m)),

|z|=m

where (Sp),cy @5 the random walk starting at 0, such that the increments (Sypy1 — Sn) ey are

i.i.d. and for any measurable function h : R™ — [0, c0),

Eh(S1)] = e YOE(Y e V@n(v(2)).
|z|=1

A second very useful fact is contained in the following remark, it tells essentially that, in
probability, the e~V (®)-weighted number of vertices z such that z € &, (recall (1.10)) can be
found in a quite small quantity when |z| < A/, and can not be found when |z| > A#,. This

remark is not precise at all but will be enough for our purpose.

Remark 2. There exists c3 € (0,1) such that for any A > 0 and n large enough

E[ > 67V(x)1{xeﬁn}} <n 4% and E[ > eV peny| < /2,
|z[> | Aln | |z|<[Aln]

which implies E[ng e‘v(x)]l{xem}] <.

Démonstration. We give a proof here which essentially use technical Lemma 4.6 (for the second

inequality below), indeed by Lemma 2.1 above

B[ Y eVl < Y Ploup(Si - 5 < logn)

2| > ALy, k> AL, SH
kr?0%(1 —¢) A
< —_— ) <%,
- Z exp( 8logn Jsn
k>|Al, ]
A similar computation gives the second fact and both of them the last one. O

2.2 Proofs of Theorems 1.1 to 1.4

The pattern of the proofs of each theorem is the following : we first prove two facts (an upper
and a lower bound) about the sum ), \IJ'“(F) with specific F', depending on the considered
function f™* and on a slightly different version of the latter whether we are looking for an
upper or a lower bound. Then we use this two facts to prove that (A1), (A2), (A3) and (A4) are
satisfied.

In these proofs, we use several times the notation ¢, = min(b + ly—gy, 1 — b)/13 which was

introduced in Proposition 1.

Proof of Theorem 1.1. Recall that fF(ty,ty, - ,t;) = L, >(ogn)e), @ € (1,2) and see (1.10)



56 CHAPITRE I. GENERALIZED RANGE IN THE SLOW REGIME

for the definition of @) ). All along the proof, we assume that B, > 0, ¢ € (0,¢), n is large
enough and ¢ > —B. Let us start with the proof of the following two facts :

—V(x —(logn)*—1(1—
E[ > eVt )]I{V(x)Z(logn)a—t}} < Pt~ llogn)™ (1<), (1.22)
(Eeﬁn

and for any 0 < m <logn

—Viz —(logn)*—1(1
E{ Z ¢ ()]l{V(m)Z(logn)a—o—m, ngnbef(logn)a_l,K(m)Z—B}] > e logn)* T 1Fe), (1.23)

xEﬁAn,nb

with A, = ne 6008m°™" and recall V(z) = ming,<, V(u). We first deal with the upper bound
(1.22). Recall £,, = (logn)3,

{ Z e ﬂ{v )>(log n)e t}] Z { Z e ﬂ{v >(logn)o—t} L{zeo,}

€Oy k<|Aln] |z|=k

+ E|: Z er(x)]l{xeﬁn}] ,
|z|>[Aln |

where A > 0 is chosen such that E[} ", - 4, | e*V(x)ll{xeﬁn}] < 1/n (see Remark 2). This yields,
as a € (1,2), E[} 5 a0, e_V(x)]l{xem}] < 66(t+B)% < %eét_(log")afl(l_g) for n large enough
and any ¢ > —B. Thanks to many-to-one Lemma 2.1, the first sum in the above inequality is

smaller than

Z (Sk; (logn)® —t, max gj -5; < logn) < LA&LJP( ~ max gj -S5; < logn),
k<| ALy | isk 3<T(log nyo —t

with 7, = inf{é > 1;.S; > r}. Then, thanks to Lemma A.3 in [HS16a], and as t > —B

|A6,)P(  max  S;—5; <logn) < |Al, Jelogn (logn)*~1(1-5) < AL, Jelogn (logn)*~*(1-5)

J ST(log n)®—t

dt+6B—(logn)* 1 (1-%)

IN
o

dt—(logn)*~1(1—¢)
€ )

(AN
N

so we get exactly (1.22).
We now turn to the lower bound (I.23). Let ¢/, = (logn)* and a;, = (logn)® + logn. By the

many-to-one Lemma, for any m < logn, the expectation in (I1.23) is larger than

ZP S > ay, rjnax HS<)\n,n <Hk < pbesllogn)®™ ,QkZ—B),
k>1

with HS _,e%7% _ For any b € (0,1), by Lemma 4.3 (1.77) (with ¢ = (logn)?, t; = «
g=1l,ap=a= 6, d= (a—l)/Q and ¢ = ¢), above sum is larger than e~ (logn)* = (1+e) Otherwise,
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if b = 0, observe that for all k < £, Sy = Sy implies HY < k < £/, so the sum is larger than
ZkS%P(Sk > Qy, maxj<i H]S < A, Sk = Sk, S, > —B). Lemma 4.5 (with £ = (logn)?,
tr=an, d=1/2,a=06 and d = (a — 1)/2) leads to (1.23) also for b = 0.

We are now ready to prove that f™ satisfies assumptions (A1), (A2), (A3) and (A4). Recall
that Wﬁ7nb(f"’k) = E[Z|x|:k e‘v(x)f”’k(V(:cl),...,V(az))]l{meﬁnynb}] where z € 0, » if and
only if max;<y Hy; < n and H, > nb, also %, = {k € [0,1]; forallk > 1,t € RF,n > 1:
]I{Hk(t)>nb}fn’k(t) < Coon™ "} with Cog = sup,, 177 oo

e Check of (A1) and asymptotic of h,,. We obtain from (I1.23) with m = 0 that for any € € (0, ;)
and n large enough, E[>_ ., | e_V(””)]l{V(m)Z(logn)a}] is larger than (as A, < n)

—V(x —(logn)*~ (14
E|: Z e ( )H{V(I)Z(logn)a}n{HzgnbeE(IOg")O‘*l,Z(z)sz} >e (logmn)>~+(1+ )

€0 b

An,n

Note that above inequality implies that for all b € [0,1), k, = max %4, = 0. Indeed, if we had
kp > 0, then this should imply that for any x € T

e_V(m)]l{meﬁn,nb}fn’k(v(xl), V(X)) < Coon_ﬁbe_v(m)]l{meﬁmnb}v

which gives that E[Zmeﬁn i, €7V(I)H{V(CC)ZUOgn)a}]l{Hzgnbei(logn)o‘71’Z(z)sz}] is smaller than
Coon ™ E[Y co e V)] < Cool,n™" by Remark 2, but this contradicts the above lower bound
(I.23) as a € (1,2).

Then, by definition of \Ilﬁ b

dowk () = E[ > 6_V(r)]1{vu)zuogn)a}] > ¢~ (logm)* " (1+e)
k>1 €0

n,nb

and additionally with (1.22) (taking ¢ = 0), asymptotic of h,, is given by

hp =

n"log (Y Wy (S ”"“))‘ = ‘10% E[ > e_v(z)]l{wmzuc)gn)a}” ~ (logn)*.
k>1 €0 4

n,n

We also deduce from the previous lower bound that (A1) is satisfied, indeed, as a € (1,2),
> k1 ok L(fmR) > n~ (el for any e1 > 0 and n large enough.

e For (A2), recalling m,, = [ehy,/c2] (see (1.16)), then by definition

f:l;i (t17 e 7t]) - SE[—€f3n£h ]mn fn,mn+](81’ DR Smn7t1 + Smn7 e 7t] + Smn)

= ey Mttsn2os )} = Lty (log ) reha)-

Observe that for A > 0, n large enough, any | € N and t = (¢1,...,#), by definition of WX (F|t)
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(see (I.18)) and (I.22) with £/3A instead of €

E Nl-l-k
\I/n nb— Hl(t Ehn [ Z e ]I{V(a: )+t;>(log n)e +5hn}]1{Hz>nb H(t )}]
k>1 ocOn
o - n)o—1(1—=-
=~ E[ Z e V( )]I{V(I)Z(logn)o‘—tl} < edt; (log n) (a 3A
€0y

a—1 £ 2¢ a—1 a—1 € 5
Moreover, e~ (087" (1=5%7) — 5z (logm)® ™ o=(logm)*(1+57) < oFhn 3~ nnb(f”k) the last

inequality coming from the fact that h, ~ (logn)*~! and (1.23) with m = 0 and as above 5
instead of €. So (A2) is satisfied.

We are left to prove that technical assumptions (A3) and (A4) are realized.
e For (A3), recall first, from Proposition 1, that for all b € [0,1), T is the set

{t = (tr,... . t) € R Hy(t) < n'e™ ty > 20,/° /61, mint; > ~B},
WS

with ), = nemin(10clogn,=5hn) — pe=5hn for large n. Let 0 < €1 < g, note that \,/2 > A, =

a—1
ne—6(ogn) so for n large enough

ul n o Z \I/)\ /2 nb Ehn]lTk) = E[ Z e_v(x)]l{V(.Z’)Z(log’I’L)a+€hn,Hz§nb65h” ,Z(QT)Z—B}}

E>1 TEO, 1o b
> E[ 3 eVl . . }
- {V(2)>(logn)®+hn,Hy<nbe 3 67" v (2)>_B}
xeﬁ/\nynb

> ¢~ (logn)* 1 (1+3)
where we use that (logn)* > 2&11/ 3 /01 for the second equality and the last inequality comes from
(1.23), with m = h,, and ¢1/3 instead of ¢.

Moreover, e~(08m)* 1 (1+5) — o= S logn) ! p—(logn)* 1 (1-) > e‘slh" >k nnb(f” k) which
comes from the fact that h, ~ (logn)®~! and (1.22) with t = 0, & instead of e.

e Finally for (A4), recall the definition of ug ,, just below (I.21). Flrst observe that as a € (1,2),
for n large enough, (logn)® > Ei/s/él so for any k

Uk (kg R\

/35,

V()
_E[;_:ke Ly (@)= ogn)e v (2)</? /5, Hweon }} 0.

Recall that E[W] = e¥() =1 so

2 (Tt jtog 2 () BV i ipog ey (FO]) < 2 (TR () + BT (7))

k>1 k>1

=2) WE(f™h),

k>1
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€1

25 oy WE(fF) = 2B[Y,cp, €V Oy a)sogmyey] < 2e71EMTTAF) < = (loam)
thanks to (1.22) with ¢ = 0, 51/6 instead of ¢.

Moreover, e~ (08m)* ' (1=3) = TH(logn)* ™! o —(logn)* 1 (14+3) < ce1hn > k1 nnb(f” ¥). The last
inequality comes from the fact that h, ~ (logn)*~! and (1.23) with m = 0 and % instead of
E. U

(1=

Proof of Theorem 1.2. Here fF(t, ty,--- ,t},) = ]l{th/mZ(IOgn)a} with 5 > 1 and « € (1,2), let
us start with the proof of the two following facts, for all B,§ > 0, € € (0,¢p), n large enough,
any t > —B and ¢ €N

St—cg(logn)*—1(1—
E[ Z ()]I{V(ft(\m\w/m )>(log n)e— t}]l{zeffn}] < efimeplloam)® (1<), (I.24)
@, (|z|+4)/B8] >i
and for any m < logn

—cg(logn)*~1(1+
E[ Z Vi )]l{v(xm |+4)/8]—i)2 (logn)o‘-i-m}]l{xel‘nﬂﬁ)\ an}i| > ¢epllosm)™ a)’ (1.25)
Iv[(|$|+i)/ﬁJ>l

with A, = ne=6es(ogn)*™" £ any a > %
Yo =Tule) = {z € T; Hy < nbe(8™* ™ V(2) > alogn,V(z) > B},

and cg = —1 — /B —1/2+ p((B — 1)7?/4) (for p see (1.6)). Recall £, = (logn)® and introduce
Ly, = |(logn)?**%e| with e, € (0, — 1).
Proof of (1.24) : first note that if ¢ > (logn)®/2, (1.24) is obviously satisfied, indeed

-V -V
Bl Y ¢V Ot oztoeme-nlpen | <B| Y eV,
| (Jal+0)/8)>i 2€0n

a—1

and by Remark 2, E[} ., e~

] =
for n large enough. Now assume ¢ < (logn)®/2. The expectation in (1.24) is smaller than

DI E RPN [Ze L (2> (togn)s 1) L {zeo, }]+E[ > e‘v(””)ﬂ{xe@n}],

k<|Al,] p>1 |z|=k |z > ALy |

B[S, ., o=Vttt < g, o= 30sm)® < oht—cs(logn)
xr n - -

with A > 0 such that the last term is smaller than 1/n (Remark 2). Note that p = L%J —1
implies k£ > [Bp] and as EkSLAfnJ ]l{p=L%J*i} < 8 for any p > 1, the above sum is smaller, by

the many-to-one Lemma, than

|Aln |
B Z (Sp > (logn)* —t, max H <n)+— <B Z (Sp > (logn)* —t, max H <n)
< [Abn] <[pB] o—Ln i<[pB]

(1.26)
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+ 5 Z P (S, > (logn)* —t) —1—%.

p<Ln

For the second sum in (I.26), by the exponential Markov inequality, for n large enough, all
p<L,andt>—-B

_ (logn)2®

P(Sp > (logn)® — t) < Ont=0n(logn)*+py(1-6,) < eén(t+3) 2e77—+Lnt(1-8n) <e

_(1_ (ogn)2
ot—(1—¢) 2071 7

with &, := (logn)®/0%L,, and we have used that (1 — §,) € RT for the second inequality and
that 8, — 0 (a € (1,2)) together with ¥(1) = ¢/(1) = 0 and 9"(1) = o2 for the last one.

For the first sum in (1.26), which gives the main contribution, by the Markov property at time
p, P(S, > (logn)® — ¢, max;<rg, HJS < n) is smaller than P (S, > (logn)® — ¢, max;<, HJS <
n)P(max;<p(s_1)p] HJS < n). Then thanks to Lemma 4.6 (1.79) (with £ = (logn)?, [(8 — 1)p]
and €/2 in place of, respectively, k and ¢), for n large enough and any p € {L,, ..., [A¢,]}

7r202(571)( _ e _ 772‘72([3_1)

2) _ e Ps(—c/2 logn)?

P( max HJS < n) < e Psllogn)?
J<[(B=1)p]

Hence, as logn < (1 —¢/2)"/2logn, Z};‘ZL’:} P(Sp, > (logn)® — t, max;<[,g] HJS < n) is smaller
than

[ ALy ] #252(8-1)

. TP 12 10202
Z E ]l{T(logn)o‘ftgpv max; <), 5;—9;<(1—¢/2)~1/2logn} ¢ s e ]
p=Ln

7r202([3—1)
8((1—e/2)—1/2 logn)2i|

~T(logn)™—t

< AlLE []l{mansT(log e S;—58;<(1—¢/2)~1/2logn}€

= C t a— e c (t+B) a— £
< Al eV S eallosm)® 1 (1=5) o gy T —eallogn)* 1 (1-5)

_ —11—
661& cg(logn)*~1(1 5)’

W=

where Lemma 4.1 (with £ = ((1 —¢/2)"2logn)?, r(£) = (logn)* —t, ¢ = 7*(8 — 1)/4 and
1—+/1 — /2 instead of ) provides the second inequality. Finally collecting all the upper bounds

of the three sums in (I.26), for n large enough

—V(x
E[ > a2 toeme - Lesy)
;| (Je|+4)/B]>i
66(t+B)

)

(log n)2
5t—(1—e) (i +l <
n

< eétfcg(logn)a’l(lfs)_‘_ﬁe eétfcg(logn)""l(lfs)_‘_

Wl
Wl N

n

which is smaller than ¢%—¢s108m)* " (1=¢) (we have used that (logn)2*/L, > (logn)2(@~D=¢a and
(logn)*~! = o((logn)?(@=1=¢)). This yields the upper bound in (I1.24).
Proof of (1.25). Let a, := (logn)® + logn. For all m < logn, by the many-to-one Lemma, the
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expectation in (I1.25) is larger than

1

. 205
D Lipmlkiy/)—iy P (Sp = an,n < HE < e maxe HF < Mo, S > 55, 8 > = B).
pk>1 -

The above probability is larger than (as a,, > alogn for all a > %)

a—

P(S, > an, S, > —B,S, =S5, n" < H < nbeseslioen) l,max H? < A,, min S; > S,).
P p p P k i J - J P

J< p<j<k
Recall that HJS = 521 e%~9% 5o we have, for any p < j < k, HJS = eSP*SJ‘Hg + Hij where
Hzij = §:p+1 e%i—5i Note that §p = S, and min,.j<x S; > S, implies HJS <p+ ng so the

previous probability is larger than

— a—1
P(Sp > ap, S, > —B,Sy, = Sp,r§1<a;<Hj$ <A, n? < Hik <nPescslioan)

which, thanks to the Markov property at time p, is nothing but the product of P(Sp > ap, S, >
—B,S, = Sp, max;<, HJS < Ap) and P(n’ < H,ip < pbesesllogn)® ™t _ P, Max;<_p HJS <An—
p = ne~6logm)*™! _ Sy, > 0). From now, let p € {Ly, ..., £, = (logn)*}. We first deal with
the second probability. Observe that for all i > 0, p = | (k+1i)/8] —i implies k—p > [(5—1) Ly ].
It follows that for all € € (0,¢&p), n large enough, for all L, < p < £, k > 1, i > 0 such that
P:Kk+@ﬁj—LP@@<H§WSR%WN%MT1_@mwﬁmpHngn—nﬁhpzwis
larger than (as A, —p > A, — £/, > ne~Tes(logn)*™)
‘1r2o'2 (k—p)

P nb < HSf < nbegc/g(logn)o‘*1 max HS < ne—70ﬁ(logn)°‘*1 S, . >0)> e 8 (logAh)?
k—p 9 J yEk—p )
J<k—p

with A}, = n(+</27"% The last inequality comes from Lemma 4.6 (1.80) (with £ = (logn)?, a =
7,c= £, d =21 k—pand /2 instead respectively of k and ). The equality p = | (k+i)/3] —i
also implies, for any 0 < i < logn that k—p < (p+logn)(8—1)+ 3 so it follows that the above
probability is larger than C exp(%p
previous inequalities together with Lemma 4.4 gives, as Zkzl Lip=|(k+i)/8)—iy = 1, that for n

) for some positive constant C' € (0,1). Collecting the

large enough, the mean in (I1.25) is larger than

!
148 —“202(‘3,_12)13
8(log A},) o _ Z ]l . . .
¢ Z B |:€ ]l{S'pZan,§pZ—B,S’p=Sp,maxj<p HS<npe~Teplloam)® ' }:| {p=|(k+1)/B]~i}
p=Ln - J k>1

7r202([3—1)

> C'P(ﬁg41 > O)QE [e_ 8(log AL)2 TOm

{Ln<Tay, <O, Vj<Ta,:S;—S;<log A;L}]

n202(6-1)
2 Q - og X2 Tan
ZCP@%ZO)PS%EaQEFsaym ngmgr%§%MJ

— P(FL > Ozn).

n
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Note that thanks to (I.69) and the fact that o € (1,2), we can find a constant c(; 9) > 0 such
that CP(§% > 0)2P(§% > ap) > cag)(l,)t > 2¢~5108m)° ™"  Then applying Lemma 4.1
(with £ =1log X, r = ap, ¢ = 2(8 — 1)/4 and /1 + ¢/2 — 1 instead of ¢), for n large enough

2261
E{e 8(log Ap)2 "“m

_ 1 a—1l(14 ¢
{VjSTan:gijjglog)\%}] >e cg(logn)®( +2).
Finally, by Markov inequality, P(Sr, > ;) < Lnefczm)o"%/ I for some constant c’( 9 > > 0.
Since a2/L, > (logn)?@~Y=2« and (logn)*~' = o((logn)?(@~1=2a) we get that P(Sp, >
ay) < e~eslloam)® 1 (1+9)  Collecting the different estimates yields (1.25).

We are ready to prove that f” satisfies assumptions (A1), (A2), (A3) and (A4). Recall that
\Ilfmb(f"k) = E[Z|m|:k e V@ k(v (xy),. .., V(x))]l{xeﬁn!nb}] where z € O, ,» if and only if
max;<|y Hy; <nand Hy > nb, % = {x € [0,1]; forall k> 1,t € RF,n > 1: Ly, )5y f7F(8) <
Coon ™} with Coo = supy, ¢ || /™*]/co-

e Check of (A1) and asymptotic of h,. We obtain from (I1.25) with ¢ = m = 0 and n large enough

E|: Z e Vi )]I{V(J:U 1/5))>(logn) :| > E[Ze ]l{V (||21/8))> (logn)o‘}]l{xe'fnﬂﬁ)\nynb}]
TEC 4 z€T

S o—cpllogn)*=1(L+e)

This implies that for all b € [0,1), kK, = max%4, = 0 (we use a similar argument than in the
proof of Theorem 1.1) and additionally with (1.24), gives, taking i =t =10

TZ_

n"™ log Z\P o (F75)) ‘_‘IOgE[ Z e x)]l{V(xu 1/8))> (log ) ”Ncﬁ logn)*~".
T€0 b

n,n

We also deduce from the previous lower bound that (A1) is satisfied.
e For (A2), recalling m,, = [eh,/ca] (c2 is defined in (1.16)), by definition, for any j > 0

fg]—;i(tla"'7tj): - hinfh e fn’m"+j(81,...,8mn,t1—i—Smn,...,tj—i-Smn)
S€[—¢ehn,chn

= inf

S €l—ehn,chn] 1m0 ) =)

= Mlomn)/81>mat {timn19/8)-mn = (0gm) > +2hn }

Then for any [ € N* and all t = (t1,...,4) € R, fI7 l+k(t1, oty Vi) +t, .., V() + 1), with

|x| = k, is equal to

Lo < | (o400 /8) <Y Vit (k4178 - = Qog m)2 b} T Lg (i) /8] >0 LV (@ (k1)) i) )+t > (log m) @ +ehn }
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with i = m,, + . Recall the definition of ¥: (F[t) in (I.18), we have

Ve fRE) < E[ S e V@ Rt V(@) . V() + tl)}
kizl ;I?Eﬁn

k
<Y L < (14881 < L 1105y -y 2 o )} P (1)
k>1

—V(x
+ E[ Z eVl )l{V(x(L(\z\+i)/ﬁJ—i))Z(logn)a*tz}]l{xG@’n}]'
;[ (|z]+3) /B8] >i

Dot L <[ (40)/81 <0} Lt (50 ) -y = log mya} P (1) 15 equal to

Z]l{tp >(logn)> }Z\Il {p U"'kj —mp} —Bz]l{tp >(logn)«

k>1

where we have used that > ;- Tk ()1 =15 |-} < e D11 {p= | —mn) < . Also by
(1.24) with ¢ = my, 41, t = t; and 5 instead of g,

-V 5t logn)*~1(1- 55
E[ Z € (x)ﬂ{v(wmzw)/m7i))2(10gn)“—tz}ﬂ{x€ﬁn} < ePtmenliosm ™

;| (Je|+4)/B]>i

SO

I+k 1 it log ) (1=
2 Vi (i, 10) <ﬁzﬂ{tp (ognye + 5 —eploEm 075,
k>1 p—1

Note that 3 Z;Zl 14, >(10gn)} is very small for n large enough, any [ < |Af,| and H(t) <n
Indeed, 22:1 eSt—h) < 1H;(t)° < Al,n’ so

! !
B Lity2(ogmey = €8 ) TV 5 tognyay < €1 BALyn 0BT,
p=1 p=1

51‘,1 cg(logn)*~1(1—3

which, as o € (1,2), is smaller than 1 € 34). Finally observe that

e—Cﬂ(logn)o‘ Y- — %8 cg(logn)>— 13Ae—05(10gn) “(1+5) <eAh Z\I/ (fn7k)7
k>1

where we have used that h,, ~ cg(logn)®~! and (1.25) with i = m = 0.

We are left to prove that the technical assumptions (A3) and (A4) are realized. The ideas are
very similar to those of the proof of these two assumptions in the previous theorem, we give

details here however to keep the proofs independent from one another.
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e For (A3), recall that YF is the set
Jtp) € RF: Hy(t) < nle t), > 26}/3/51,m<i£t > —B}
j<

{t = (tl, ot
Let 0 < €1 < ¢ and recall that A, = ne~®". Note that \,/2 > X, = ne (10gm)* ™" o5 the sum
(fg;{k]lyg) which is nothing but

k .
/2 nb(f:}; ]lT’;L) is larger than Zk>1 \I”; b

Zk:21 v
E[ Z _V( )]I{L ‘+an>mn} o boeh 2 %
Ieﬁ}\n,nb {V(mL(|L|+77Ln)/BJ TVLn)>(logn) +ehn,Hy<nbeshn V(Z‘) (;7 n Z(I)Z_B}
Py )>(logn)@+hn} L{zeT,, (2L
T\ (Jo|+mn)/B) —mn ) Z(lOgN n} Hz€Tn(FHN0, b}

ZE[ Z e~

| (|z|+mn)/B]>mn
> e*Ca(bgn)a_l(H%)’
where this last inequality comes from (I1.25) with i = m = m,, and £;/3 instead of €. Moreover
—cg(logn)* 1 (1=F) > o—c1hn > k1 nnb(f” k), the last in-

f%cB(logn)a_l
Land (1.24) with i =t = 0.

&11/3/51 > logn for n large

6705(logn)°‘_1(1+%) —e
equality comes from the fact that h, ~ cg(logn)

e For (A4), first observe that for all k € N* and « € (1,2), (logn)* —

enough so

k _ V(x)
\Ij (f 1R\l/ﬁk/3/6l E|:|zz_:ke {V(Z‘U ‘/m)>(10gn)"‘,V(x)<€}/3/61}]l{zep)n}}
V() _
- E{Izke L5 @)> togmya viwy<e/ 61y LV (@) V(w><10gn}] =0
Recall that W =3, e~ V() and
<D (TR + BWER(F0))

Z(\Pk b/(logn)? (fnk)+E[W\Ijk nb /(W (logn)2 (fnk)])
k>1

k>1
(f™*) since E[W] = ¥ =1 and thanks to (1.24) with i = ¢ = 0

which is equal to 2 ZkzZl

and % in place of ¢
k(enky _ logn)*—1(1—
22\1}"” )= 2E[ Z v )]l{V(ff\ 1/5)>(logm)ry | < 2€7° e logm)® T (1=5)
k>1 TEO,
< e—cpllogn)*™1(1=F)
Moreover, e (logn)~1(1=F) _ ,*tcgllogn)>~! ,—cg(logn)®~1(1+3) < efthn ko1 \1,712 LU k), the
last inequality comes from the fact that h, ~ cg(logn)®~" and (1.25) with i = m = 0. O

Proof of Theorem 1.3.
Assume first that « = d = 1 and a € (1,2) which corresponds to the second and third case of
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the theorem. Let us start with the proof of the two facts, note that we distinguish whether b = 0
or b e (0,1/2).
Facts for the case b= 0 : for all B,d >0, € € (0,¢3,) and n large enough, for any ¢t > —B,

E[ A
S o Hy (V@008 1)

Ieﬁn

] < 66t—2(logn)a/2(1—€), (1.27)

and for all 0 < m <logn, 0 < M < e(logn)®/2

V()
¢ heeriin,) Ly (2)> (logm)e + }} > ¢~ 2logn)*/2(1+<) (1.28)
Ma]+ 5y Hey (V20084 = |

with )‘ml — ne—12(logn)a/2 and
Yot = Toile) = {z € T; H, < *008W°” V(1) > —B}.

We first deal with the upper bound (I.27). Note that if ¢ > (logn)®/2, then (1.27) is obviously
satisfied. Indeed, (ngm Hmj)il]l{V(x)Z(logn)o‘—t} < 1 so for n large enough

eiV(w)

v - 8 (log )@

El > ,7]1{V(x)2(logn)a—t}} SE[ > eV )]e Otedt < f,e0t 3 losm)
> H,.

iEE/jn J§|I‘ J fﬂeﬁn

< 65t72(logn)°‘/2(17€),
where we have used Remark 2. Now assume ¢ < (logn)®/2, by the many-to-one Lemma, the

expectation in (1.27) is smaller than

Z E[Z HS {T(IOgn)O‘ <k, max]<kH5<n}} E[ Z e_v(x)]l{;ggﬁn}}, (1.29)
k<|Aln] J=1 |z|> [Aln ]

the second sum is treated as usual : Remark 2 with a chosen A, together with the fact that
a € (1,2) and ¢ > —B implies that E[erbLAénj e—V(z)]l{xeﬁn}} <1/n < %eﬁt—2(logn)a/2(1—s)_
Also using that (Z?:l H]S)_1 < e”maXj<k 5575 Jeads to

—maxj<rg v, 555
Z E|:Z HS {T(logn)a +<k, maxj<kHS<n}} LAK J [ (log ) =t ]
j=1

k<|Aln]

Since ¢t < (logn)*/2, (logn)® —t > (logn)®/2 so by Lemma 4.2 with § instead of ¢ and any
t>—-B

_ . S.—S. - —9( _g)(lOEn)a—(t+B)
B e 5] < AT <

V/(logn)®+B <

M

66t72(log n)®/2(1—¢)

N
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This treats the first sum in (1.29) and yields (1.27).
We now turn to the lower bound (I.28). Recall £/, = (logn)*, using that Z;?ZI HJS < kmaxj<y, HJS
and the fact that m <logn, 0 < M < elogn)*/? and A1 > e(logn)/?

many-to-one Lemma

, we obtain thanks to the

[Z (z ]l{xe'fn 106)\”1}]1 :|
M|$’ +Z]<|z\ Hazj {V(z)>(logn)*+m}

- Z |:2k€ (logn) D‘/Q]l{sk>an,max]<kHS<e(1°g”)a/2 S,>—-B, Sp= Sk}:|
k<t
—(logn)/?
(& a/2 —
> P(Sp > an, mafo < eloem™™ g > B 5, = Sk),
2&1 i<k

k<0,

where a;,, = (logn)® + logn. By Lemma 4.5 (with ¢ = (logn)?, t; = oy, d = a/4 and a = 0),

the previous probability is larger than e~ (08 n)*/2(1+3)

get (1.28).

. Finally collecting the inequalities, we

Facts for the case b € (0,1/2) : for any ¢t > —B, r > 0 and w > 0

1

7o (logm)®™ (1.30)

e V@1
{rHy >t/ (w(log n)2))
E 1y oy < (w+1
{gﬁ:n 2 Hay (vizteen—a] < (w+ b

Alsoforall()gmglogn,OSMgnb

V(z)

Lizer, ono, )
eS| o > pbe= 5 (logn)* ! 1.31
[zezﬂl‘ Mlz| + Z]<|x\ Hyg, {Viw)=(logn) +m}} =noe ’ (1.31)
with A, 2 = ne —3 (logn)*~t and
Trz = Tna(e) = {x € Ty H, < nbes 6™ V(2) > —B}.

We first deal with the upper bound (1.30). We split the sum according to the generation of x :
when [z| > [Aly, ], we use that L., g o/ (w(logn)2),V (@)= (logn)o—1} (T + 225 <|a| H,,)™' <1so the

expectation in (I1.30) is smaller than

67V(x)]1 . )
—V(=z {r+Ha>nb/(w(logn)?)}
E|: Z € ( )]l{xeﬁn}] + E|: Z r 4 Z ] H,. ]I{V(I)Z(logn)(’ft}]l{xeﬁn}} .
|z|> | Alr | |z]|<| Al | J<]z| T

Then, when |z| < | A, ]|, we again split the sum but this time according to max;«, H,, : when
/ . p g J<lz| J
b L(logn)— -
max;<|,| Hy, > nPe(1°8™" " we use that Lty 5t (w(log n)2),V (@) > (og n)o—t} (T2 <o Ha ) TH <

logn)*—1

(max;<|y| sz)_l < nbe sl . Otherwise, one can observe that 1y, 57 b /(w(logn)2)} (7 +

> j<al H,,) ' < Ly oy snb f(wllogn)2)} (T + H,)~ ' < wn=*(logn)?. Therefore, the expectation in
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(1.30) is smaller than

E[ Z Giv(x)]l{xgﬁn}}"i‘E[ Z efv(x)]l{xeﬁn}}n*be*%(k’g")a*l
|z|>Aln] |z|<[ALn]

-b 2 —V(z) }
tun (log n) E|: Z € ]l{V(z)Z(logn)a—t,maxHx .Snbe%aogn)ail} ’
el <[ AL R

which, by Remark 2 and the many-to-one Lemma, is smaller, for n large enough, than
1 —b_—1(logn)o! b 2 S _ b L(logn)!
- + £,n e sllogn +wn""(logn) k<§ J (Sk (logn)* — t’I;?]z( HY <n o3 (logn) )

Also, D 1<) ac,] P (Sy, > (logn)* —t, max HJS < nbe_%(logn)a_l) is smaller than
= j<

|A6,|P( max S;—S;<blogn+ -

L ogmyot) < embnmbosn 115
JST(logn)a t b <

where Lemma A.3 in [HS16a] provides us the last inequality for n large enough and any t.

Finally, note that for any § > 0, n large enough, any w > 0 and any ¢ > —B, 1/n <
én—b —§B-1z¢ 5= (logn)>~ 1 S w;)rl —be dt—=3=(logn)*~ 7Enn—bef%(logn)o‘*l < %n—beféBfl;e(logn)o"l <
<

g
w;—lnfbedt— (logn)>~

, wn~’(logn) 6@_5(1%")&71(1_%) < Lﬁ(logn)%fgﬁ 5 (logn)* ™1 (1-5)
- n
%’;’L‘bl eSt=*5=(ogm)*™ 41 q this finish the proof of the first fact. We now turn to the lower bound
(1.31). By the many-to-one Lemma, for any m < logn, 0 < M < n® and A > 0, the mean in

(I.31) is larger than (as Ap 2 > nbess(10gn)*™ 1)

1
E ]l £ (1, a—1
b k S T {Sp>an,max; < j<p HS<nbe3p 8™ gSspb 5, > B}
k< [Aln kn —"_Zj:lHj <j<k Hj k k
—b

n 1 £ (1 ye—l S b
> e~ 3 (logn)® E PS > ay,, max HY < nlezslogn H? >n’, S, > —-B
_2A£n k nal <i<k J ) k (RS )’

k<[ ALy ]

with oy, := (logn)® + logn. By Lemma 4.3 (1.77) (with £ = (logn)?, ty = an, ¢ =b, ay = —a =
—g7, d = C“Tl anld ¢ = 5;) the above sum is larger, for n large enough, than e — 3 (logn)*~1(1+5)
2A€n675(10g n)*7 (14e)  which completes the proof of the upper bound.

Y

We are ready to prove that f™ satisfies assumptions (A1), (A2), (A3) and (A4).
e Check of (Al) and asymptotic of h,. (1.28) with m = M = 0 implies, for b = 0 and n large
enough

> wh(fmR) >E{z:Z

—2(logn)®/2(1+¢)
E>1 zeT £=i<|z| Hm]

Liv(e)>ogn)o} Lizer, mﬁ)\nl}]

This implies that ko = max % = 0 (see the part concerning x; in the proof of Theorem 1.1 for
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details) and additionally with (1.27) and ¢t = 0

h_

" log (S WE L fm'f))’ ~ 2(logn)*/2.
k>1

We also deduce from the previous lower bound that (A1) is satisfied.
From (I1.30) with r =¢ = 0, w = 1 and § instead of €, we get for all b € (0,1) and n large enough

C_V(x)]]. H.>nb/(logn)2 l1—e a—
Z \IJ fn N < E[ Z Z{ z>H/( gn)?} ]l{V(x)Z(logn)a}] <nbe % (logn)>—1 ‘
k>1 TEO, J<]z] 42

This implies that for all b € (0,1), k, > b. From (1.31) with m = M = 0, we get that for all
be (0,1)

Sowk () >E[Z

k>1 z€T ZJ'Slﬂffl

e_v(z)

H{V(I)Z(bg”)a}]l{iBGYn,zﬂﬁAn gt ) >n e

This implies that for all b € (0,1/2), kp < b. Finally, for any b € (0,1/2), k, = b and

h_

”blog Z\If f”k ‘Nflogn) -1
k>1

We also deduce from the previous lower bound that (A1) is satisfied.
e For (A2), recalling m,, = [ehy/c2]| (see (I.16)) and for all s = (s1,...,8m,) € R, t =
(t1,...,tx) € R with u= (51,...,8m,,t1 4+ Smps -+ -tk + 5m,)

1

fn,mn—i—k( < h
ZT:TL Hj(u)

S1yeesSmpstl 4 Smps-- -tk + Sm,,) = ]l{tk-‘rsmn >(logn)®} (1.32)

Note that Y77 Hj(w) = Y20 Hy(s) + Yor_) (€74 Hy,, (s) + Hj(t)) > Y25 H;(t) so

feh (tl,...,tk) = - fjnfh | fn’m"Jrk(Sl,...,Smn,h + Sy - -tk + Smy)
se€|—¢chn,ehp|™n

1 ﬂ{tkz(logn)a+shn}

Z] 1H( ) E?:l Hj(t)

Smp €[—€hn,chn] { ktsmp 2(logn)®

It follows that f7*(t1,...,t) < Lgss(ogmyet (hy Hj(t)) ™" and for || = k with u, =
(tr, st Vi) + b, Vi) + 1)

n 1
fd{ijrk(tl, coy by V(ﬂjl) +,..., V(:E) + tl) < H{V(m)Z(logn)a—tl}W'
Zj:1(uz)

Assume b = 0. Observe again that ZHk( 2) = 23':1 Hj;(t) + Zj L (e” Vi3 Hy(t) + H,,) >
> j<k Hz;. Then, by definition of Uk (FIt) (see (1.18)), for all A, B,e,d > 0, n large enough, for
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any [ € N* and all t = (t1,...,t) € R with t; > —B

I+k — I+k
Z\Dnnb Hi(t) ghn+ ‘t <E[Z€ Vi thr tl,...,tl,V(.%'1>—l—tl,...,V(aZ)—‘rtl)]
k>1 $€ﬁn

—V(z 1 —2(logn)*/2(1—=;
<E[ Y e Oy ogmpe iy e | < P20 0
Z]<k’

)
Ieﬁn

where we have used (I.27) with ¢ = #; and replaced ¢ by 55 for the last inequality. Finally,

observe that

—2(logn)*/2(1—5%) _ o35 (logn)®/? ,—2(logn)*/2(1+55) < eihn Z ‘I’fb nb(fn,k:),
E>1

where we have used that h, ~ 2(logn)®/? and (1.28) with m = M = 0.
Assume b € (0,1/2). Note that ZHk Hj(uy) > Hy(t) + ;<) Ha;. Then for all A, B,e,6 >0, n
large enough, for any I € N* and all t = (¢y,...,%) € R! with t; > —B

1
nl+k o Vie) __{V(@)2(ogn)®—ti}
kZN‘I’n wr—me) (f7, " 18) < E[gﬁ: @ HI(6) + >y ijﬂ{Hz(t>+Hz>nb/<logn>2}

€

< 2n7be6t17%(logn)°‘_1(1fm) < nfbeétl (logn)"‘ 1(17—)

where we have used (I.30) with r = H;(t), w = 1, t = ; and ;5 instead of ¢ for the last
inequality. Finally, observe that

n—beétl—%(logn)o‘ Ta-55) esbA(lOgn) TL be b(logn)"‘ H+55) < eAh" Z\P (fn,k)’
k>1

where we have used that h, ~ 3 (logn)®~! and (1.31) with m = M = 0.

We are left to prove that technical assumptions (A3) and (A4) are realized.
e For (A3), recall that YE = {t = (t1,...,t;) € R¥; Hi(t) < nbehn V(z) > 2&1/3/51,tk > —B}.
By (1.32), for |x| = k with v, = (81, -+, Sm,,, V(1) + Smpys -« -5 V(X)) + Smy,)

1

Fn V), V@) = inf L), 20sm) ) St
! g Z] 7L1+k H ( )

s€[—ehn,chy]™n ’

and recall that Zm”+kH (va) = D27 Hi(s) + E y (e7V@D H,y, (s) + H,,). For |z| = k such
that V(x) > —B, observe, as s € [—chy,, €h,|"™", that Zm”+kH (Vi) < mpe?hn 4 km?2 e2ehn+B 4

Z§:1 H,;. Also recall, by definition, that h, > (logn)Y for v € (0,1) so Z;n”fk Hji(vy) <
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2km?2e2ehntB Z LV Hay < ket 4 Z . It follows that

k
-1
fs};i (V(xl)a SRR V(l’)) > ]l{V(w)Z(logn)O‘—i—ahn} (ke&shn + Z ij>

Let 0 < &1 < £ and recall \,, = ne 5 > 2Ani, @ € {1,2}. Thanks to the previous inequality
and the fact that (logn)* > 2&11/3/61, we have

—V(m)]l

€ {V(z)>(logn)*+ehn}

Yk ]1k)>E[ ) Ly enbochn () ]
An/2, A h T 3ehn {Hy<nbechn V(z)>—B}

k>1 Gt ze0, jelehin 43 < pa) Ha

VT

Assume b = 0. By (1.28) with m = h,, M = ellosm)*’* and 5 instead of ¢, together with the
fact that h, ~ 2(logn)®/2, for n large enough

-V(z)q

€ {V(z)>(logn)*+hn}

wk ) > E[ ! 1 )

k:Z>1 A /2 Ehn Zﬂ:l‘ ‘xle(bgn) 2+ Zjél:vl Hrj (TGN

> e—2(log n)o‘/2(1+%) )

_ a/2 €1 _4ey a/2 a/2(1_ €1 _
Moreover, e 2(logn)*=(1+3) — =3 (logn)*/ o =2(logn)*/“(1=3) > c—e1hn Zk21 \I/Z,nb(fn’k)v the
last inequality comes from the fact that h,, ~ 2(logn)®/? and (I1.27) with t = 0.
Assume b € (0,1/2). By (1.31) with m = h,, and M = n’, together with the fact that h, ~

%(log n)®~1, for n large enough

V(=)

e Lty (2)>(ogn)o +h,}
;‘I’A /2,nb Ehn]lTk) = E[% [[n? + 5 o) Ha, ]l{reTnz(%l)ﬂﬁAn,z}]
> pbe—tlogm)  (14+5).

Moreover, e b(lOg”)a 1(1+51) — 6_23%(103”)0‘_16_%(1‘)gn)a_1(1_%) > nbe_alh" Zk>1 yk b(fn’k)
— Pl n,n ’
the last inequality comes from the fact that hy, ~ §(logn)*~! and (1.30) with r =¢ =0, w =1
and we have used that n’(logn)~2 < n’.
e Finally for (A4), we first observe that for all £k € N* and « € (1,2), (logn)® > 2&1/3/61 for n
large enough so
ok (kg ) =E[ Y e’ 1 0
A = [ < o YR i eﬁn}] =0.
R\ /s s o Z? \H,, {V(z)>(logn)>,V(z)<ty/” 51} 1%

Recall that W =3, eV and E[W] = ¢¥® =1 so when b =0

E (\I]k b/(logn)? 2(f"F) + E[Wq’n nb/(W(logn)2)(f k)]) < Z (‘I’ﬁ(fnk) + E[W\Ilfl(f”k)})

k>1 k>1
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=2 Z \Ilfz(fn’k)a
k>1
and thanks to (I.27) for n large enough with ¢ = 0
k( gk e V() 2(log n)*/2(1— <L
2) W) = 2] Y L (V)2 (ogn)ey | < 2e7200EW" A=)
K> w7, 2j<ial Ha;

< 6—2(10gn)°‘/2(1—%)'

Moreover 672(10gn)ﬂ/2(17%) — 64571(logn)a/2672(logn)°‘/2(l+%) < ef1hn Zk>1 ok b(fn,k) the last
) — > n,n ’

inequality comes from the fact that h,, ~ 2(logn)®/? and (1.28) with m = M = 0.

Otherwise, b € (0,1/2) and thanks to (I1.30) for n large enough with r =¢ =0, w = 1 and

instead of e

D WE g () = | 2

k>1 €0y

371/(:6)]1 b ) . )
{Hz>nb/(logn) }]] —l(logn)o‘fl(l_fl)

V [eY < —
r—+ E i<|a| H : {V(z)>(logn) }i| =~ b€ b 3,

and we also get from (1.30) with » =t = 0 and w = W that for n large enough

eV oty (0gm)?)

}]1{V<x>><logn>a}}
r+ 2 <l Ha )

v ogmty () =B

TEO),

WAL togneta-4)

IN

nb

By (L.5), telling that E[W?] < oo, we have Cy := E[W(W +1) + 1] = E[W?2 + 2] < co and then

n n C4 —Lllogn)e—1(1-=L
kZ(‘I’ﬁ,nb/(logn)Q(f M) FEWES b waogny) (™)) < s pllogm)™ (-5
>1

1 _1 1 afl(l_ﬂ)
S Tnbe b(Ogn) 3/,
Moreover efi(logn)“_l(lf%) _ e%(logn)a_lef%(logn)a_l(lJr%) < pbegihn Zk:>1 pk b(fmk) the
) — 2 n,n ’
last inequality comes from the fact that h, ~ %(log n)®~! and (I.31) with m = M = 0. This

completes the proof for these two cases.

Assume now o = 1 and a € R (with a > 1/§; when d = 1), which corresponds to the first case
of the theorem. As usual, let us first state the following two facts :

for all b € [0,1/(d+ 1)), B,6 > 0, € € (0,&5) and n large enough, for any t > —B, r > 0 and
w >0

efv(x)ﬂ b 2
{r+H;>nb/(w(logn)?)}

2€0, (r+ > < ij)d

]I{V(J:)Zalognft}] < (w + 1>£%€6tn_bd, (133)
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For any 0 < M < n’ & < b/3 (when b > 0)

€_V( )]l{xETnﬂﬁA nb} 1 fbd

d]l{V(a:)>alogn} = 62 ’

E [ 3 (1.34)

zeT (M|.T’ + Zjﬂx\ Hx])
with A, = n'=11€ and for any o’ > 1/6;
T, =T,(e) :={xeT;H, <n’ V(z) >dlogn,V(z) > —B}.

These facts ensure that ™ satisfies assumptions (A1), (A2), (A3) and (A4) for b € (0,1/(d+1)).
(A3) does not hold exactly when b = 0 so we use (1.38) (which appears in the proof of Theorem
1.5) together with the result when b > 0 to conclude this case.

e Check of (A1) and asymptotic of h,. We get from (I.34) that x;, = max%4 < bd and (1.33)
gives K > bd. It follows that for all b € [0,1/(d+ 1)), kp = bd and for any n > 2, h,, = logn.
Indeed, on the one hand, (I.33) with r =¢ = 0 and w = 1 gives, for n large enough

—V(z)

K nk bd € d )2
n't Z\I} b(fM7)=n E{ Z ﬁﬂ{v(gﬂ)zalogn}] < 2%,
E>1 zel (ijl ij)

n,nb

and on the other hand, we get from (I1.34), for n large enough that

nnbz\lf fnk 2

k>1

:e?o\ =

From these inequalities, we get that for any v € (0,1), |log(n® ), nnb(f” )| < 3logt, =
o((logn)?). Then h,, = logn and we also deduce that (A1) is satisfied.

e For (A2), let |z| = k and observe that f[} Hk(tl, oty Vi), ..., Vi) < (H(t) + Hy) ™

it follows, for all € € (0,¢3), A,0, B > 0, n large enough, any I € N*, t = (t1,...,%) € R' and
t; > —B, by (1.33) with r = Hy(t), t =t; and w =1

S0 570 < 21 S St ()
k>1 k>1

where the last inequality comes from (1.34).
e For (A3), recall that YE = {t = (t1,...,tx) € RF; Hy(t) < b+, V(z) > %}/3/51,% > —B}.

For |z| = k, we have

k
—d
f;ﬁi (V(l’l), SRR V(.%')) 2 ]I{V(J:)Z(aJrs)(logn)} <kn3<€ + Z Hx]-> )
Jj=1



2. PROOF OF THE THEOREMS 73

and thanks to (1.34) with M =n®, b€ (0,1/(d+ 1))

—V(z)

S o (i) 2 B[S o et s e S (),
n ENn,
E>1 z€T (Jzln® + ZJ'Slﬂﬂl Ha,) E" E>1

where we recall \,, = n!—10¢,

e Finally, for (A4) with d =1 (and then a > 1/6;)

€_V(x)]1 Vi
‘Ilk(fn ]l]R % ):E - {=€On} 1/3 =0
\ /35, [p;k (25 1ij)d {V(z)>alogn,V(z)<ty /51}}

Otherwise, d = 0 and for any a € R, thanks to Remark 2

> (g RV E[ 2 ¢ s g vy /3/51}} [Z ¢ V(x)}

k>1 o1 €0, TEO,

which, thanks to (I.34), is smaller than et/ D1 Yy nb(f" k) for all e > 0. We get from (1.33)
with r = ¢ = 0 and w = W that for n large enough

eV ot )W (10g m)?)

(<l Hay)

k nky _ } —bd
\I]nmb/(W(logn)Q)(f ) = E|: Z 1{V(x)2alogn}:| < (W + 1)53% .

TEO),

By (L.5), telling that E[W?] < oo, we have Cy := E[W (W + 1) + 1] = E[W? + 2] < oo and then

kz (\Dﬁ nb/(logn)? (fnk) + E[W\Pn ;nb /(W (log n)? )(f )]) < 2Cyfn~ v < et kZ\II b (f™ k)
>1 >1

where, again, the last inequality comes from (I1.34). This finishes the proof of the result of the
theorem for b € (0,1/(d + 1)).
Now assume b = 0 and let € > 0. Using the result of the theorem with b. = ¢/(2 + d) and the
fact that Zn (Lp- o0y, £7) < Zn(1]1,00), £7), we get the following lower bound for %, (11 o), f") :
P(log" Zn(1j1,00), £") < (1 — £)logn) is smaller than

P(log™ % (1 ) f7) < (1= (1 +d)be —¢/(2+d))logn) — 0,

nbe 0o

where we have used the case b > 0. For the upper bound, we use an intermediate result in the
proof of Theorem 1.5 : recall that k9 = 0 and h,, = logn.
Also recall £ = limy, o0 hy, ' log(n'™ 37, - nnb(f” k)). It’s easy to see that £ = 0 and by (1.38)

1
]P’(log+ %n(]l[l,oo)a fn> > (1 + 6) log TL) < P(ﬁ‘@n(ﬂ[l,oo)v fn) > egh") — 0,

this ends the proof of the theorem for all b € [0,1/(d + 1)). O
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Proof of Theorem 1.4. Here f™F(ti,to, -+ ,t;) = ]l{th/BJ > (log n)® (ZLk/BJ H;(t))™! with 8 > 1
and a € (1,2). We state the following facts : for all B,d > 0, ¢ € (0,¢p), n large enough, any
t>—-BandieN

;| |z|+i/B]>i

_V(I)]l{a:eﬁ )

< eét—Q(logn)o‘/Q(l—a)’ (1.35)

{V(xmzHi)/BJ7i)2(10gn)°‘—t}:| >

a/2

and for all 0 < i¢,m <logn, 0 < M < ellogn)

e—V(ac)]l{ ETnNOx, } ,
E T n An ]l v ' N > e*2(logn)°‘/ (1+€) (136)
Z ZLII\/,BJ V(@ (12| +i)/8)-1)2(logn)>+m} | = ;
|::v Llz|+i/8]> M|x‘ + Hw }

with A, = ne—120087)*"% 414 for any a > (%
T, =",(e):={xeT;H, < e2e(logn)/2 ,V(z) > alogn,V(x) > —B}.

Using these two facts, we follow the same lines as in the previous theorem to prove that h, ~
2(logn)*/? and that (A1) to (A4) are satisfied. O

2.3 Proof of Theorem 1.5

First, note that Remark 1 implies that £ = limy, o0 hy, ' log(n'™ 37, -, UF n,,( fF)) well exists.
To prove Theorem 1.5, we first show that Assumptions (A3) and (A4) yield a simpler statement
for both lower and upper bound of Proposition 1. This implies a convergence in probability
for stopped ranges Zpw, with k, = [n/(logn)®?] and Zp«. Then, we use a result of [HS16b]
(Proposition 2.4) implying that 7,,/(nlogn) converges in probability to a positive limit in order
to obtain the result for %,,. Let us start with the

Lower bound : Recalling the expression of w1, = 3 35y \Iﬂ;\n/z,nb(fgf{i]ll"ﬁ) (see below (1.20)),
together with (A3) choosing €1 = min(1,c5)§ (see Proposition 1 for c5), we get

Uln >e min(L,cs) Z \Ijn nb fn’k)
k>1

This, together with the fact that, by definition of §, n"* >, -, \Iffl nb(f”’k) > &= for n large

enough, implies

IN

P<<@Tkn(9mf") <e(§—7a)hn)

Rrrn (Gn, fn) —6chn
nl=b=rop(nb) P( <€ )

bp(nb) Zk21 nnb (fF)

P( %Tkn (gm fn) < e—5£hn> )
nl_b@(nb)ulm

IN
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Also considering (I.20), P(% < e7%¢hn) is smaller than

— min(e log n,3hn ) +min(1,c5) Shn

(no > k1 ‘I’fwb(f”’k))z

— min(z log n,3hn )+ §hn +2| log(n S0y WE , (f7H))]

_ min(1,c5) .
( C5t——g2" )ehn +hn€ ehn +

e

_ees _
<e 2l 4 et 4o

Now, thanks to Remark 1, for n large enough, [log(n™ ;- \Ilfmb(f”k)ﬂ is smaller than
£logn < —min(—%logn, —hy,) and 5hy, is smaller than < —1 min(—elogn, —h,) so we have
that —min(e log n, 3hy,) + §hy +2[log(n™ 37~y Tk (f™%))| is smaller than —% min(e log n, hy,).

n,n®

Finally, for all € € (0,¢;) and n large enough

P(‘%T’;n (gn,f") < e(g-?s)hn) < e—%hn + hne—aézhn + e—%min(slogn,hn)’
nt=b=rop(nb)

then switching € by /7 in the above probability, we obtain as h,, — +00, the desired expression :
for all € € (0, 7ep)

lim P(’@Tkn (gn, 1) < e(éfe)hn> _

n—00 nl_b_'ﬂb(p(nb) B

We are now ready to move from Zpr, to %,. First note that

%n(gna fn) (E—e)h %n(gn, fn) (€—e)h L k
[ A n < —_— N n n < n
P(nlfbfnbsp(nb) <e ) = P<nlfbfnb(p(nb) <e , I < n) +P(T" > n),

recalling that % (gn, ") = 3 ,cr 9a (L) [ (V (1), V(@2), -+, V(@) and ga(t) = @(6) Lzt
with b € [0,1). Then, as ¢ is non-decreasing and positive, so is g, hence Tk» < n implies
gn(fgkn) < gn (M) and therefore Zpiy (gn, f) < Zn(gn, ") since f* > 0. It follows that

P (gn, £7) (€—e)h Rrin (9o £")  (e—on k
- v 7 n < P R A n n
P(nl—b—ﬁw(nb) <e ) < P(nl_b_“bgp(nb) <e ) +P(T*" > n),

and thanks to the above convergence, together with the fact that (7" /(nlogn)), convergences
in P-probability to an almost surely finite and positive random variable, we obtain the desired

expression : for all € € (0, 7gp) :

: %n(gnp fn) —e)hn

Upper bound : we prove the following statement, for all € > 0

lim P(M > e<f+€)hn) =0. (1.38)
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Recall that ug, = ZkZI (‘ijl’(fN7k]le\j€k1:/3/al )Jr\pz,nb/(logn (f™ k)+E[W\Ijn b /(W (logn)2) (fn’k)])
Assumption (A4) with e; = § gives that

ugp < e Y CWE (R,
k>1

so for n large enough, as n’® Zkzl (fF) < et and T" > n

n,nb

IN

P( K (gn, ") BEON ) P

Rrn(gn, T e(f+5)h7l>
nl—b—nb(p(nb>

1-b— I‘Cbgo nb

IN
=

nl= bSD ”b Zk>1 n,nb (fnk)

%Tn gm
nl b nb u2n

IN

P

(St
T
()

> e%h”) < e st 4 o(1),

where the last inequality comes from (I.21) replacing € by . Then, taking the limit, we get
(1.38).

We are now ready to prove the theorem. We split this proof in three parts depending on the
values of (recall) L = liminf, o hy, ' log (n! 707" 0¢p(n?)).

e Assume L € (=&, +o0]. For any ¢ € R, elos™t = ¢log(tVl) > ¢ g5 for any ¢ € (0,&p) and n large
enough, P(logt %, (gn, f") — log(n'~="vp(nP)) < (£ — €)hy,) is smaller than

P(e10g+ Rnlgnf") nlfbfnbsp(nb)e(ﬁfs)hn) < P(n*l%z(izzpfgb) < e(ﬁfs)hn> 0,
where the limit comes from (I.37). Note that this lower bound remains true even when L ¢
(=&, +00]. However, we need that L € (=&, +oo] for the upper bound. Indeed, in this case, for
n large enough, n'=0="p(nt) > e~ and for any € > 0, n!=0=Rbp(nt)elEte)in > ehn > 1 50
for n large enough P(log™ %, (gn, f*) — log(n' ~t=" 0 (nb)) > (¢ + €)hy,) = P(log™ Zn(gn, ") >
log(n'=t=rbp(n?)e&te) ) 2, (gn, ") > 1). Moreover, when %, (gn, ") > 1, log™ % (gn, f*) =
log %,,(gn,f™) so the previous probability is equal to

P(log Zn(gn, ") > log(n' 0= o(n?)elT)m) 2, (gn, £7) > 1) < P(% > e<€+€>hn).
nt=b=rep(n?)

Then, taking the limit, we get the result thanks to (I.38).

e Assume L = —¢. Recall that A, = h;llog(n!==*¢(n’)) — infss, h[llog(ﬁl_b_“bgo(ﬁb)).

L = —¢ implies that for any € € (0, ) and n large enough, inf/>, h, ' log(£1=0=Fe(£%)) > —£—%

s0 hpA, < log(n'=*="p(nb)) + (€ + £)hy, and as elog’t > ¢

P(h, log" % (gn, ") < —e + A,)) < P(Zn(gn, ") < efshn+hnén)

Pnlgn:£") e g)nn
P(m <e 2 ) — 0,

IN
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where the limit comes from (1.37). Also, L = —¢ implies that for any € € (0,&5) and n large
enough, infys,, hy ' log(£1 =00 (£8)) < —£+ § s0 hnA,, > log(nt =t~ (n?)) + (€ — §)h,, and as
hn(‘g—i_én) > 07 P(hgl long ‘%n(gnafn) > €+én) = P(log%n(gnv fn) > hn(6+én)7%n(gn7 fn) >

1) which is smaller than

Pn(gn, ") <
hnthnd,, UACLC §+5)hn
P (% (gn, ") > € ) < P(nl_b_’ibgp(nb) > elét3 ) — 0,
where the limit comes from (I.38).
e Assume L € [—o0,—¢). In this case, there exists an increasing sequence (ng); of positive
integers (with ny = ¢ when lim h ' log(n' =0 p(nt)) = L) and €1, > 0 such that for any ¢ € N*,

ny U p(nd) < e~ (€F2en)hn and for any &' > 0

%’n n, 7fné
]P’(%nl(gne,f"‘f) > 5’) < P(%W(gne,f”f) > e_th") < P(%M > €(§+8L)hn) — 0,
n, So(nz)

where the limit comes from (1.38) with ¢ = ¢, which ends the proof. O

3 Proof of Proposition 1

The proof of Proposition 1 is decomposed as follows. In the first short section below, we
present the expression of the generating function with constraint of edge local time. In a second
sub-section, we prove the lower bound (I.20), this section is itself decomposed in different steps
treating successively the random walk at fixed environment and then an important quantity
of the environment. Finally, in a third section, we obtain the upper bound (I.21). Note that
the fact that the upper and the lower bounds are robust when replacing 7" by T with k, =

|n/(logn)P |, with p > 0, does not need extra arguments than the ones that follow.

3.1 Preliminary

We first introduce the edge local time N of a vertex x € T, that is the number of times the

random walk X visits the edge (z*, z) before the instant n :

n
NP o= x, y—a, Xi—a)s (1.39)
i=1
the law of Nle (recall that T is the instant of the first return to the root e) and Zy;y*:m NyT1

at fixed environment, that is under P¢, are given by
Lemma 3.1. Let z € T, and T, := inf{k > 0, X;, = z}, then P®(T,, < T") = e V®) /H, and for
any i € N*, s € [0,1] and v > 0,

i) The distribution of NI under PS(-) = P(-| Xy = ) is geometrical on N with mean
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Hy —1=3%1cicpyf eV @)=V@) " In particular

e~ V()

£ gvNE! = _L)H—
B[ Loymsp] = i 1 7)) Tea- o)

ii) For any z € T such that z* = x, the distribution of Zy'y*:a; Nfl under P¢ is geometrical

on N with mean H, := H, DI “Val®) with Vu(y) = V(y) — V(z) . In particular

1 V@ g 1
[uZy*myT]l Tl']:e z (1— ~
yiyma Ny 20 H, (1+ H,)?

Démonstration. The fact that P4 (T, < T') = e~V(®) /H, comes from a standard result for one-
dimensional random walks in random environment, see for example [Gol84]. The proofs of points
i) and 1) are very similar and elements for the first one can be found in [AD20] so we will only
deal with the second one.

For any « € T, miny,,«—, T}, is the first hitting time of the set {y € T; y* = z} of children of
x and let 5, := Pf(miny;y*zgc T, < T') be the quenched probability, starting from x, to reach a
children of x before hitting the root e. Hence, Zy;y*:x
walk X visits the «edge» (x,{y € T; y* = x}) before the instant 7. It follows, thanks to the
strong Markov property, that for all z € T such that 2* = z and k € N

NyT ' is the number of times the random

P@”( Y N = k) = 851 - B.). (L.40)

y—:r

Note that the right part above does not depend on z. We now compute 5,. On the one hand,
thanks to (1.40), we have Ef[Ey N NTI] Bz/(1 — B;) and on the other hand, thanks to the
. 1 1 _
first point, ES [Zly;y*:x NIl =3 BEINT'] = Zy;y*:x(Hy —~1) = H, Zy;y*:xe vx~(y> —

Hy 3 e NyT is finally geometrical on N under P¢ with mean H, and 8, = H,/(1 + H,).
Introduce oy, := P*(miny.«—, T, < T'), the quenched probability to reach the set {y € T; y* =

x} during the first excursion. Thanks to (1.40), we have for all k¥ € N*

Pé”( 3 Nf:k):aggﬂ’;*l(l—ﬁx) and Pé"( 3 NyTl:O)zl—ax,

Yyt = Yyt =

so on the one hand, E’”@[Zy;y*:x NyTl] = a,/(1 — B;) and on the other hand, thanks to the first
point, IE@m[Zy;y*:gC NyTj} = D =z E‘”@[NyTl] = D =z e VW, Tt follows that oy is equal to
). e~V /(14 H,) and the result is proved.

O
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3.2 Lower bound for % (g,,f")

Let us first introduce two key random variables denoted Zr»(f") and R(f"). Zr~(f") is a
simplified version of %7 (g, f") which does not depend on the function g,, and with a constraint
on V : recall \, = ne~ min(10=logn.5hn) 5pq %‘gf ={(t1,...,tx) € R¥; t;, > 3,} where we set for
convenience 3, := E}L/g'/&l with £, = (logn)? and §; € (0,1/2) (see (1.5)), then

n
()= D Lpnrt wrotswLpggines vtz L (V).

=1 xeﬁ)\n,nb

where we use the notation F'(Vy;) = F(V(z1),---,V(z)). Note that the local time until 7"
which appears in Zrn(gn, ") is replaced in Z7- (f") by edge local times excursion by excursion.
Also, visited vertices are restricted to some V-regular lines &y ,b. Z7n(gn, ") and Zrn(f") are

related as follows, first since ¢ is non-decreasing

Rrn(gn, ") > p(n") Y ﬂ{zgnznb}f"’lx‘ﬂjgglz\ (Va).
z€eT

Then, introduce E = > | 1 (£ _gTi 51} the number of excursions to the root where the
walk hits vertex x. Notice that E = 1 if and only if there exists ¢ € {1,...,n} such that
LT - ¢T > Tandforany j € {1,...,n},j #i, LT — 2T =0 thatis NI’ = NI'"" = 0.
Thus

zeT xe@kn,nb

n
DY o S n,fel

2 Ligri_ gt sum Lz npi Nz =0y f L (Va),
=1 :BE@/\nnb

so finally, as ZT" — #T"" > NI' — NT'"' we have the following relation
Rrn (gn, £7) = 0 () Rrn (£7). (1.41)

The second random variable R(f") depends only on the environment :

n — x 1 1 nb_l n,| T
R(f") == Z eV )F<1 - F) ! |]1%§\w\(vx),
TED, r r "

nﬂlb

it can be related to the quenched mean of Zrn(f") as follows

| < nR(f")

< B (7] < (1— e dm)~(n=1), (1.42)
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Indeed, the random variables NI' — N7 i € {1,...,n}, are i.i.d under P so,

n 3 1 £ 1 n— n,|x
EX [#rn(€)] =n Y PONT =B NT = 0y (V).
€0 b

An,n

Moreover, on the event {V(z) > 3n}, thanks to Lemma 3.1, P(NT' = 0)»~! = P¥(T, >
TH" 1 = (1—e V@ /H,)" 1 > (1 —e V@)1 > (1 — e=3n)" ! gince H, > 1, and thanks to
Lemma 3.1 4) with v = 0, P4(NZ" > nb) = ¢V (1 —1/H,)""~1 /H, which gives (1.42). We are
now ready to obtain a relation between a lower bound for Zrn(gn,f") and a lower bound for
R(f™).

Lemma 3.2. Recall gy = min(b+ 1g,—oy, 1 —b)/13 and let (a,) be a sequence of positive numbers.
For all € € (0,e4) and n large enough

ne- min (9 logn,4hy, )

P* (Zrn (gn, ") < ngo(nb)an/élnb) <P (R(f”) < an/nb) + (1.43)

2Kp 42
n2rva?

Démonstration. Note that thanks to (1.42), for n large enough, nR(f") < 2E¢ [%7n(f")], so by
(1.41), on the event {R(f") > a,/n’}

P¢ (%rn(gn, ") < ngp(nb)an/élnb) <P (% (f7) < EE [Zpn (£")]/2).

Using Bienaymé-Tchebychev inequality and the fact that Ngi - Ngi_l,i € {1,...,n}, are i.i.d
under P¢ implies, on the event {R(f") > a,/n’}

P (Rrn (£7) < BE [Zra (f)] /2) nVar® (% (7))

4
[ —
= EC (£

16n% e n
Sy 3 BONT AN ) (Vo) S (V). (L)

n T%n
n x/yeﬁ)\n,nb

The last inequality coming from the fact that, on {R(f") > a,/n’}, thanks to (I1.42), we have
EC [%rn (£7)]> > n®R(£7)2 /4 > n%a? /4n*". Markov inequality in (1.44) yields P* (N A N >
n’) <EC[NJ N /n®,

so finally, on the event {R(f") > a,/n"}

16

PE (Rrn (gn, f") < np(n?)a,/4nb) < na

1 1
Z 0 [N;F Ng“ ]fm‘x'ﬂyfg‘z‘ (Vx)fn7|y|]1%;‘y‘ (Vy)
z7y€ﬁ)\n’nb " "

(1.45)

To treat the above sum, we first make a simplification by using the uniform upper bound of the
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set %, see (1.11)

1 1 02 1 1
Do ENNT NS (V) M (V) < 22 S BAINT NST](146)

x’yEﬁ/\n,nb 7y€ﬁ/\n

We then split the computations in two distinct steps : the first step is dedicated to the cases
x < yory <z and the second one to the cases nor x < y neither y < z. The key here is to
take into account that we are only interested in vertices belonging to A,-regular lines &), with
Ap = ne—min(10elogn.5hn) for o € (0, ).

We start with the cases x < y and y < = and as they are symmetrical, we only deal with the first
one. First note that as E¢ [NleNyTl} <2e VW H, = 2H,e7V®e Ve (see [AD20] Lemma 3.6)

E[ Z Eg[NglNgl]} SQE[ Z e V@, Z e_Vz(y)] <2E[ Z o x)}

z<y z€Oy, y>x T€ED )y,
RTISIZN, yeos

<202 ),
where for all A > 0, 0Y is translated set of A-regular lines

Oy ={yeT,y>xz; max H,, <A}, Hyy = Z Ve (W) =Valys),

<
lz] <5<yl s<w<y;

also, the second inequality is obtained thanks to the regular line which yields H,1g, (z) < A,

and the last one comes from Remark 2.

We then move to the second case, neither z < y nor y < x, that we denote = » y. In this case,
E¢ [NIT 'NT 1} = 2H,p e’ @W)-V@)=V®) (see [AD20] Lemma 3.6). Thus

ECINI NI <20, 30 e Vg Y e e 0 T o @) §7 ),

1>1 |z]=1 uFv T>u y=v
u*=v*=z zely, yeoy

where we have used again the regular line &), which gives an upper bound for H,,,. Finally,

independence of the increments of V' conditionally to (T, V(w);w € T, |w| <!+ 1) and Remark
2 yields

[ 3 E‘f"NTINTl}QA E[(Z(WUH [Z e ﬂ

zoby Ju|=1 2€0y,,
m,yeﬁ)\n
2
<2E[(Y V) ),
Ju|=1

and thanks to (1.5), the second moment above is finite. Collecting the upper bounds for the two
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cases and moving back to (1.46), we get for n large enough

(gn)él)\n - ne— min(9e log n,4hy, )

i

1 1
B S BONT NI, (Vo) 0 (V)] <
z}yé(j}\n’nb n in

n2l€}, - n2’ib
(1.47)

the last inequality is justified by the fact (see Remark 1) that (£,)* = o(e) and (£,)* =
o(e°1°8™). We are now ready to conclude the proof of the lemma : P*(Zrn (gn, f") < np(n®)a, /4n®)

is smaller than
P*(R(f") < a,/n®) + P* (%1 (gn, ) < np(n®)a,/4nb, R(f") > an/nb),
then, as the second term in the above inequality is nothing but
E* []P’”@ (%rn(gn, ") < ngo(nb)an/élnb)]I{R(fn)ztln/nb}],

the proof ends thanks to (1.45) and (1.47). O

Lower bound for R(f")

This is the most technical part of the proof of Proposition 1. For any n > 2 and ¢ € (0,¢y),
recall that \, = ne~ min(10logn.5hn) gpnd 5 — 671/3/51, 81 € (0,1/2) (see (1.5)) with £, = (logn)3.

For any € > 0, let us choose (a,) as follows

Q= e Sk Fot ) (1.48)
k>1

with TF = {t € R*; Hp(t) < nbef} N %”Bk,%n. Recall that W% . Ay, %é“QM and fghi can be
found respectively in (1.9), (I.13), (I.19) and (I.17).

Lemma 3.3. There exists c4 > 0 such that for any € € (0,&p) and n large enough

5 + hpe <2, (1.49)

—52—4}1” 2
P (R(E") < an/n’) < ¢ Bz,
(X1 \Illin/zmb (fo )

with, recall, m, = [ehy/ca] (see (1.16)).

Démonstration. Recall the expression of R(f") :

n — T 1 1 nb_l n,|T
REY = 3 VO (1o ) (V@) V@),
€0 * z "

An,nb

with H, and %’g‘f' respectively defined in (I1.8) and (I.19). The main idea here is to cut the tree
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at the generation m,, to introduce independence between generations. First note that

—V(z) nb
R(f") = ||Z ; ||Z eHx (1—}2) f""f+mn11%i+mn(x/(xl),...,V(x)),
u|l=my k> z|=k+mn

T>U; meﬁ)\n b

from here we would like to make a translation to decompose the trajectories of V' before and
after the generation m,, and to do that, we have in particular to re-write Hy, for j < |z|. Let
u < x with |u| = m,. For all m,, < j < |z|, we have H,, = Hye Vul®i) 4 H,; where, for any
z<wv, H, = Zz<w§v eVz(w)=Va(v),

So on the events {max|, <, |V (w)| < ehy,} and {V, (7):= ming<y<a(V(w) — V(u)) > —B},
for any B >0 :

Vi <my: Hy < mpe®?n and Vm, <j < |z : Hy, < mpe2€intB 4 Hyz;-

Assume nb < H,, < nbehn. Then, H, > n® and for n large enough (recall h,, < logn for n
large enough, h,, — oo and ¢ € (0,¢p))

H,

b _ bynb _ by\nb —3chn
1( 1>n> (1—-1/n") S (1-1/n°) e .

1— —
}Iz — mn€2shn+B + Hu,m — mn62€hn+B + nbeshn — nb

Now introduce the translated (A, \)-regular lines

Oy v = {y €T,y >wv; max Hy,, <A\ Hyy> X}.
’ lv|<ji<lyl
Note that for n large enough, ﬁ;fn/lnb C O, - Indeed, if |u[ = m, and m, < j < |z[, then
H, < mpe2ehntB 4 Hy ;. Moreover, mpe?hntB < e3hn < )\ /2 for n large since € € (0,1/13),
80 Hyz; < Ap/2 implies Hy, < Ay.
For fmmn+F we simply write (still on the event {| max |V (w)| < ehy})

w|<mp,

frrEV (@), V@) 2 S5 V@i, ), - Val@),

where we recall that f;;’k(tl, oo te) = infge_p pm MR (51,00 Syt 4 Sy . b S) With
m = [h/cg]. In the same way, if [V (u)| < ehy, then Lyyy>5.1 > Liv,(2)>2;,) since € < 1
and h, < E%/ . We finally obtain, for n large enough (independently of the environment) on
{max|<m, |V (w)| < ehy} that R(f") is larger than

—3chnp
e
—V(u —Vu(z n,k
S Y eV Y Oy e i L, (V@) V(@)

. u
T>u; x€ ﬁ/\n/Q,nb
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—4ehy,
— > > > e @ I (Vi@ ), - - Val@). (1.50)
|u|=my k>1 |z|=k+mn
T>U; xeﬁj\‘ Jamb

Now, introduce the random variable Z*

71; - Z Z eivu(x)fshn]l'rk (Vu(.%'mn+1>, s Vu(x)>7
k>1  |z|=k+mn,

T>u; xGﬁ)\ Jamb

we obtain

P(R(fn) < e_4€h"E[Zn]/nb, max ‘V( )’ < Ehn) < P( Z Z;f < E[Zn]),

|w|<mp
P

with

Zyi= Y V@ fg,f‘nw, (V(z1),...,V(x)). (L51)

IEﬁAn/Z,nb

Hence, by Lemma 2.4 in [AD20], there exists ¢4 > 0 such that for n large enough

N N E[Z2]

* n 4ehy, b Mn n

P (RE) < e M B(Z,)/n', v V()] < eh) < €070 2o, (152)
and finally, (1.48) yields

ehp
=" E[72
P*(R(f") < an/n’, max [V(w)| < ehy) < . : [n"i -
|w|<mn (Y kst L4 (fI7 )

we have used that E[Z,] =35, ¥ )\ J2nb (f;;i]lTﬁ) and m,, = [¢hy,/c2|. Finally, (I1.16) finishes
the proof. ]

The next step is to give a lower bound for E[Z2], we do that in the dedicated section below.

Control of the second moment E[Z?]

In this section we prove the following lemma,

Lemma 3.4. Assume (A1) and (A2) hold. For all € € (0,ep), A > 2/c3 and n large enough

E[Z2] < %5t (qu f”’“)

k>1

recall also that cs comes from Remark 2.
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Démonstration. The expression of Z?2 is given by the following sum

S VOV (V) L (V)

$7y€ﬁAn/2,nb

(see (I.51)) and A, < n so

< Y V0w fg;{flﬂffgﬂé (V) fah‘f]lyfgy‘% (Vy), (1.53)
7y€0> ) n k) n

nnb

with (recall) F(V,) = F(V(w1),...,V(w)). Let us split the computations of the upper bound of
the mean of Z2 into two main cases : the first one is when = and y in the sum (I.53) are directly
related in the tree and the second one when it is not :

Cases 1 (x <yory<uxz):recall 3, = 62/3/51 with £, = (logn)3, 6 € (0,1/2) (see (1.5)). For
this case, we simply use the fact that f:hi < C and e*QV(w)]l{V(w)Zgén} < e*V(“’)/n2 so by

symmetry
—V(z)-V -2V —Va
E[ Y, VO WLy, )>2;,n}}<2E[Z€ S EEE ) P (y)}
<y or y<z x€0, y=>x
TYED, b yeoTy
2

< 2p[ 3 ey o),

" €0y y>z

yeoy

which is equal, by using that the increments of V' are conditionally independent and stationary,
to 2E[} . e~V (®)]2/n2. Then, thanks to Remark 2 and the fact that h, > (logn)” with
0 <y <1,2E]} 4, e V@2 <, < efn/A In addition with assumption (A1), the part
{z <y ory<z}in the sum (I.53) is smaller than e%h"(zkzl nnb(fn k))

Cases 2 (x 4 y) : recall that x ¢ y if and only if neither z < y nor y < z. First let

Eo(z) = Z ]l{xAy:Z}e—V(x)e—V(y)f?};\:ﬂﬂ%m (Vm)fg;‘jlﬂjf\y\ (Vy)

B,2 B,2
x'?(/y in in
z,yel

nnb

We decompose ¥ (z) as follows : for all A > 2/c3

dSo(z)= D Bola)+ Y. (Zi1(2) + Ba(2)), (L54)

z€T |z|>|Aly | |z|< | Al |

and for any i € {1,2},

Di(2) = Y Apgayene VWVl )f5h|x|]1%\ . (V )fghlf"]lﬂm (Vy)]l{(x,y)eﬁ,z},
zoty
I,yeﬁnynb
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with €1, == {(z,y) € T%2* > z and y* > 2} and G2, = {(v,y) € T}, 2* = 2z or y* = 2}.
Let us start with the easiest part : 3,15 44, Z0(2). Observe that

Yo T <CL D D wes-preoy y, p e VWY VW

|z|>]Aly | > Aly | |z|= UFv z2u y2v
ur=v*=z xE0, YyEOy,

By conditional independence of the increments of V' and Remark 2, for any n large enough

B[ 3 Eo(z)}SCgoeBEKZe’V(“))?E[Ze* SIND D1 SrACE

2> [ Al lu|=1 2€0, I>|Aln]  |z|=l
< CgoeBEK DIRAR ) } 23wk (), (1.55)
lu|=1 k>1

where we have used (A1) and (I.5) for the last inequality.
For ¥1(z), |z| < | Al |, we decompose according to the value of V(w) with w € {u,v} : £1(2) =
2171(2) + 2172(2‘) with

Sa2) = Y Lyvmwea) S e VO (v S e V@il vy,
u#v r>u B.2im y>v B:2n
ur=v*=z €0, b yeo, b

and

Si2(2) = > Lyawwszy D € Of W]l)flac;3 (Vo) Y e VWy] ‘ylﬂjf\u\ (Vy).

uFv z>u o y>v
ur=v*=z zeﬁn,nb yeﬁn,nb

We first deal with ¥;1(2). Observe that x € 0, ,,» (resp. y € O, ,») means H, < n (resp.
H, <n), z € O (resp. y € 02) and n® — He V() < H,, (resp. n® — Hye W) < H, ).
Besides, V(u) < 23, and V(x) > 23, (resp. V(v) < 23, and V(y) > 23,,) implies V,,(z) > 0 (resp.
V,(y) > 0) that is n® — H, < H,, (vesp. n® — H, < H, ), so X1,1(2) is smaller than

Z Ly (w)AV (v)>—B, Ho v Hy<n} Z V@ g ‘ml( V) Z G*V(y)fff;y(vy)' (1.56)

uF v T>u y>v
ur=v*=z $Eﬁu nb_ Hy yeﬁv

nb—Hy
We now move to £ 2(z). Note that {V(u) VV(v) > 23,} = {V(u) > 23, V(v) < 23, U{V (v) >
230, V(u) < 23, U{V(u) AV (v) > 23,}. By symmetry, ¥;2(2) is equal to

2 Z ]I{V )>25n,V (v)<23n} Z e 5h|x‘]1%ﬂ|x| (Va:) Z e*V(y)fg};ZA]l%gy‘%n(Vy)

“B,2
uFv T>u an y>v

ur=v*=z ‘Teﬁn,nb yeﬁn,nb
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2 vwwvezag Do ¢ O (V) D0 e WSRTL y (Vy).

uFv z>u y>v
ur=v*=z Ieﬁnmb yeﬁn’nb

The same decomposition of H, we used for ¥ 1(z) also works for the part {V(v) < 23,} in
the above sum, so as in (I.56) and first using that on {V(u) > 25,} N{V(y) > —B} ,V(u) >
(1—01)V(u)+2logn and 61V (v) > —d1 B, then using that on {V (u)AV (v) > 23,}, V(u)+V (v) >
(1—101)(V(u) +V(v)) +4logn, X1 2(z) is smaller than

C' . B
Liy (> Bocon2e? — Z —(1=5)(V()+V (v)) Z Va( )Z Vo)

uFv T>u y>v
u*=v*=z TEOY yeOY
2 e ) )
Pl speem) o2 Y e 0-V@AVE) 37 V) $7 i
’U,;é’l) r>Uu y>v
ur=v*=z TECY yeﬁ;{
C? o - -
< ﬂ{V(z)z—B,zeﬁn}?)e‘th—‘;o Z e~ (1=81)(V(u)+V (v)) Z o~ Vul2) Ze Va(y)
uFv T>Uu y>v
u*¥=v*=z xeﬁ% yfo}{

Note that the genealogical common line between x and y is the common line of individuals before

u and v so for any p < |z|, xp = yp = up = vp and

o) = W ), - V), V@) + V), - Val@) + Vi),

and

V) = W (1), V@), Viggan) + V), Vily) + V().

Recall that for all ¢ > 1 and t, = (t1,...,t;) € RY,

vk (Flt,) E[ N V@R, V@) + e V() + 1)1, ()]
jal=k

We naturally note WX (F|V,,) when we evaluate the function WX (F|-) at (V (w1), ...,V (w)).
By conditional independence of the increments of V, E[}- ., 51(2)] = E[} ], X1,1(2) +
Y1,2(2)] is smaller, for n large enough with I < | A¢,], than

B> Y twwwes s 3o L1 V0w (L)

|Z|:l *U?éf ’L',jZ]. (k,w)e{(i,u);(j,v)}
Cc% u)+V (v
+3enBR s E[le{v s Baeoy 3 e UMV ))}7
|z|=1 uFv

u*=v*=z
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where we have used that E[Y_ ., e~V(®@)] < ¢,. Then, by assumption (A2) with § = &; (see
(L.5) for the definition of d;), for all | < |Al,]| (Ju| = |[v]| =1+ 1) and n large enough, on the
event {V(u) ANV (v) > —-B,H, V H, <n}

n,|w|+k )4+ 2€ n 2
Z H \ijz,nb—Hw (fsh‘n I+ ’Vw) <e 01V (u)+61V (v)+ = hn (Z\Ijn b f ,k)) )
6521 (k,w)€{(i,u);(,0)} k>1
Hence, E[}_,, .| 44, 1] is smaller, for n large enough, than

e%hnEK 3 6—(1—61>V<w>)2]E[ S e Ve Ve B}](Z‘I’ fnk))

lw]=1 |2|<| Ay, | k>1

365135%(;%0]3[( Z —(1-61) V(w) } {Z o~V (2)—(1-261)V (= )]l{V(z)z—B}:|-

|w|=1 2E0y
Finally, thanks to assumption (A1), (I.5) and by Remark 2, for n large enough
E[ ENE }<eA (Z\p f"k) (L57)
|2|<[Aln ] k>1

We now turn to ¥a(z), that is the sum

Z ]l{ac/\y:z}e_v(x) y)f |33\]1 fl\ (V:Jc)f:};llyl]lff]\gyéa (Vy)ﬂ{(m,y)e‘@,z}a

Ty
T,YeD

n,nb

with 65, := {(z,y) € T?;2* = z or y* = z}. The first step is to split the set {z* = 2 or y* = z}
into three disjoint sets : {z* = z and y* > z}, {¢* > z and y* = z} and {z* = z and y* = z}.

By symmetry, the previous sum is equal to

2 Z ]l{xeﬁnynb}e_v(x)fg;f']lf\\ (V) Z fv(y)ffﬁly']lf\y\ (Vy)

.Z‘#’U B,23n y>v B,23n
r¥=v*=z yeao, nb
V K
+ Z @e )]l{m,yeﬁ’ b}f5h| ‘ﬂﬁm (%)ffhf‘ﬂﬂéyg (Vy)-
zy o
Tr=y*=z

We then use a similar approach as the one we used for ¥;(z) to obtain

C?
222(2) 2 > Z Z ~I-)Vie ]l{v (v)>— B}Ze V@

|z|=1 |z|=l  x#v y>v
rr*=v*=z yeoy
4 Z H{V >_p) Z —(1-01)(V (=) +V(y))
|z|=l Ty

T*=y*=z
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Hence, by using conditional independence of the increments of V, E[Z‘ 2=t Y9(2)] is smaller, for

n large enough, than

26513%(;’320}3[21{”3)2_3} S O]

|z|=l TH#v
Cc% —(1=81)(V (2)+V
+FE[ZH{V(»Z)Z—B} Y e e (y))}’
|z|=l TH#v
TrF=y*=z

where we used as usual E[3 e~V®)] < £,. Hence, thanks to assumption (A1) and (L.5), for

n large enough

E[ > zg(z)}ge%hn(zqfﬁ,nb(f””“))% (158)

|2|< | Aln k>1

Collecting Case 1, Case 2 ((1.54), inequalities (1.55), (I.57) and (1.58)) and considering (I1.53)
give the lemma.

O]

We are now ready to prove the lower bound of Z7n(gn,f™) in Proposition 1. Recall w1, =
> k1 \I/’)“\H/an (fehn]l'rk) where Tk = {t € R¥; Hp(t) < nbein}n e%”é“’%n, e%”é“,%n is defined in
(I.19) and 3,, = 26}/3/51. Thanks to Lemmata 3.2, 3.3 and the expression of a,, (1.48), for n large
enough, as e~ < 1 the probability P(%Zrn (gy, f") < n'~Pp(n?)e=5"nu; ;) is smaller than
ceap,, E[Z2] . o8ehn—min(9e log n,4hy,)

]P’(%Tn (gn,f") < mp(nb)e*‘lsh"ul,n/élnb) <e e 5+ hpe52hn 4 T~
U‘l,n n bul,n

Then, Lemma 3.4 provides the upper bound of E[Z2] so P(%Zrn (gn, ") < np(n®)e 4y ,, /4nb)

is smaller, for n large enough, than (recall that h,, <logn)

— min(e logn,3hx)

2Kp 9,2 ’
n*roui ,

ahn ( Z \If fn k /Ul n) + hne—sézhn + e

k>1

which yields the lower bound of Proposition 1.

3.3 Upper bound for Zr-(g,, ")

For alln > 1 and = € T, recall that E is the number of excursions, among the first n excursions
to the root, for which the edge (x*, x) is reached. In a similar way, E;} is the number of excursions

such that the vertex x is reached more often from above than from below :

n n
n _ E : , . n . § :
Tz = ]l{NmTlmeTl_lzl} and Ex = ' l]l{z NT@ NTl 1>NT1 NTz 1}
1=

‘ yy* =z
=1
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Also introduce the event 7, such that all vertices of the trace of { Xy, k < T™} have exponential
downfall fluctuation lower than n, potential larger than 3,, = &11/ 3 /01 and which are visited during

a single excursion to the root

Gy = {Vj <T", X; € Oy, Z (Lygp>oy + 1{E§;22})1%§|5\(‘/x) = 0}- (1.59)
Ieﬁn

Note that lim,,_,. P(<%,) = 1. Indeed, E;} > 2 implies E? > 2 so

1-P(e,) <PEj<T": X; ¢ Op) + P( > Lppool e (Va) > 0)-
€O,

By [AC18] (equation 2.2), P(3j < T" : X; € 0,,) — 0. Moreover, P(3_ ., ]1{E;122}1%f|(v;) >

0) is smaller than

[ > PAER 22, (V)} :E[ S (PUER 2 1) -PY(ED = 1))1%5‘(1@)]
TEO), €O,

Thanks to the strong Markov property, Ngi — NxTFl,i c {1,...,n}, are ii.d under P¢ so
PY(Ep > 1) —P9(Bp = 1) <EF[ER] - PO(Ep = 1) = nP“ (NI > 1)(1 P9 (N =0)"!) <
n?P¥ (NI > 1)2 and by Lemma 3.1, for all z with V(z) > 3,, n2P%(NI" > 1)2 < n2e2V (@) <
77,2_1/516_‘/(15)/[%/61. 51 € (0,1/2), hence, by Remark 2

n2-1/01 n2-1/81

—V(x)
P( Z 1{E£22}1%§‘3|(%) > 0) 1/51 [ Z eVl } = 1/51 r 0

TEO), TEC,

Lemma 3.5. Let (up,n) be a sequence of positive numbers, then
9 1-b b
PE (B (g, £7) > tn, ) < ”uﬂ")(%,n + Zon + Xan),
where
Lin =) 1{V(:v)<3n}<€_v(m) + ) e_v(y))f"’m(Vz), (L.60)
x€0y, Yy =z
e~ V(@) 1 \[nb/21-1 ol

Lo = gﬁ: ]l{\/(gc)z;,n}?x<1 - E) (n” + Hy) f ! |(‘/z)7 (1.61)

and

(n® +1+ H) ™ (v,),  (1.62)

V@) [, (1_ 1 >[nb/21—1

e
A3 = Z Lv)y>my—— = =
ol H, 1+ H, 1+ H,
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recall the definition of Hy in Lemma 3.1.

Démonstration. Since g, (0) = 0, we have, by Markov inequality, that P% (%Zrn (gn, £*) > tn, <)

is smaller than

2 (S Lprep B [9a (£7)] £ (V2)

u
n TEO),

- Z ]l{V(r)Zzn}Eév [gn(ggn)]l{Eg,Ege{o,l}}}fn"m'(Vx))-
Ieﬁn

The first part in the above sum is the easiest to deal with. Indeed, the application t € [1,00)

©(t)/t is non-increasing so g, (t) < tn~lp(n®) and we have

ST Lwiyest B [0n (L) M1 (Ve) <0 Po(n?) 3 Ly ep B 20 £7101(V,)
€0, xEC),

_ nl_bw(nb)%,n.

We have used that for all 1 <i < n, £} - ZT "' is distributed as zr " under P¢ with mean
e V) 4 ) e=V® by Lemma 3.1.

We then move to the high potential part. Assume E? € {0,1} and E;‘ € {0,1}. If E? =0, then
the vertex z is never visited during any of the first n excursions and E;L = 0. Thus, g, ( ggn) _
gn(0) = 0. If E? =1 and E;L = 0, then there exists i € {1,...,n} such that NxTi — NIT"_1 > 1
and Vj # i, Nij _Nij,1 =0and Ym € {1,...,n}, Ey;y*:x Nmi _Nmifl < NT" _N/me—l' I
particular, since, starting from the root e, £ = Z?Zl (Ngi _ N:gvrjfl Y NyTj B NyTjﬂ),
we have, on {E} =1, E} = 0}

Yyt =

g =NI' - NI 3T NI - NI <2(NIT - NI, (1.63)
yiyr=z

Otherwise, if E” = 1 and E™ = 1, then there exists i € {1,...,n} such that NI' — NI"" > 1
and Vj # i, NIV — NT'7" = 0 and 3m’ € {1,...,n} such that 3 -

/ /
™ NT™
, , yyr=z Ny Ny >
m m'—1 m m—1 m m—1 .
NI™ - NT and Vm # m/, Y N/ =N < NI = NI So we have necessarily
m/ =i and, on {EP =1,E" =1}

Yyt =

g =NI' - NI'" 4 N NI NI <2 Y NI - NPT (L64)
Yyyr =z Yyyr =z
gn is non-decreasing so (1.63) and (1.64) give, when E” € {0,1} and E” € {0,1}

n . . n i i
(L) <D e (NS =N D a2 Y0 NN,
i=1 i=1

yyr =z
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From this inequality, it follows that E¢ [gn (ZxT n)]l (En.Erelo 1}}] is smaller than

nE” [g,(2N7 )] +nE  [gn(2 > NT)] <o Po(m)ES [N L yyris s o)

Yy =
1=b (0 D\ E T
+n SO(n )E |: Z Ny ﬂ{zy;y*:zNyTlZ(”b/ﬂ} .
yiyr=z
We have used that for all 1 < i < n, NI' — NI'""(resp. I Ngi - Ngi_l) is distributed
as NT' (resp. )3 NyTl) under P? and the fact that the application t € [1,00) — @(t)/t is

non-increasing. Then, by Lemma 3.1

—V(z)

P e 1 \[m/2-1
B[N Lot fonjoy] < Tm(l_ E) (" + Ho),

and

AL 1\ /21 )
& T1 e . .
’ [y.;:xNy H{Zy;y*:wﬁzmb/ﬂ}} STH, 144, <1_ 1+flx) (n® +1+ H,),
which ends the proof. .

Lemma 3.6. Let b € [0,1). For n large enough
E[215 + 220 + 23] < 3(logn) uz .

where we recall ug n = Y 3~y (vk (f”’k]le\yf}Z)—l-\I/ﬁ’nb/(logn)z (ank)+E[W\P57nb/(W(logn)2)(fn’k)]) ,
with W = Z‘ZlZI G_V(Z).

Démonstration. We start with the easiest part, that is the expression of E[Z] ,]. Thanks to
hypothesis (I1.2)

E[ 210 = B[ Y Liyey (¢ 47V 30 o740 prisl(v )]

xE0,, Yyt =
2EO, k>1
Let
- b/2] — 1 4C o lym®
Ap 1= u with qn ‘= kC n AR
log ¢ D k>1 q’nﬂzb/(log n)2 (%)

and let us find an upper bound for E[%25 ,,]. For that, we decompose 25 ;, into two parts according
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to the value of H, :

)" (v

V()

e

Zon < Y (Mg 5y + Lnsin) 77— H (1_F
xE0, ’ :

- 1\ nb/o1— b
< Coon® + An) (1 — 5\7)[ b/21-1 S eV y (1+%) S e V@ kv,

n TE€EO, "oxel, 5.
By definition of A, and ¢, (see above) (1—1/A )f”b/ 2I-1 < 1/g,. Moreover, by Remark 2,
E[erﬁn e_V(‘”)] < ¢, and E[Zk21 b (f” k)] E[erﬁn e‘V(‘”)] < Cooly so for n large
enough (g, > 4n® implying A\, < nb), we obtain

b
‘%” = Z\IJ log;n)2 fnk) (1+

k>1

) D W (M)

k>1

|3

For E[23.,], we decompose Z3,, into two parts according to the value of H, : A3, is smaller
than

e_V(:c) E[ 1 [nb/2‘| 1 , ~
T <\ s>\ = — n,|z|
P A S iy v s (1- +ﬁzx> (n + 1+ H,) (V)

N nt/2]—-1 V(e V(z
A L LD SRS RN (FEC D I

€0y, n xeco,
% Z e_Vm(y)f"’|x|(W).
Yyt =x

Then, as above, Coo (n? + ;) (1 — 1/As )[n 21 < Skt ¥ nnb/(logn) »(f™") /2, also recall that
H, = H, > yr=a e~V 50 by conditional independence of H, and . e V=) together

with the fact that this random variable has the same law as W = Zm:l e V@),

[Z eV ]l{1+Hz>>\n} Z (% ] = ZE[W\IJE,(Z\n—l)/W(fn’k)]

€0y Yyt =z k>1

Hence

b
2 : n, n § : n
%” = \Iln nb/(logn)? f k) ( + ~7) E[W\PI:L,(S\nfl)/W(f 7k)}

k>1 nog>1
Finally, note that \Ilk (™ k) < \Iln b/ (log n)? (f”k) so using assumption (Al), we get g, <
4C o l,n' 1P thus giving An —1>nb(logn)=2 for all b € (0,1) and n large enough. Hence, for all
b€ [0,1) and n large enough, (1+n%/\,) < 2(logn)? and W* G _1)/W(f" k) (resp. \Ilk (f” )
is smaller than ¥* /(W (log n)? (f” *) (resp. UF b (log n)? (™)) so we obtain the result. O
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We are now ready to prove the upper bound in Proposition 1. Recall (I1.59) and let € > 0

A (gn, 1) h Hrn(gn, 1) h
p 2L 2 ) peha) < p( 2L D) peha or ) 41— P(o,),
(nl—b(p(nb)uln > € ) = (nl—b(p(nb)uZn >er, ) + ()

where U2n = Zk21(\1j§z (fn’k]le\jggifl) + \ijb,nb/(logn)Q (fm ) [W‘Ifﬁ nb/( logn (fn k)D
Lemma 3.5 with u,, = esh"nl_bgo(nb)uln and Lemma 3.6, for n large enough

Rrn (g, £ 2e~<hn -
P(M > oM ) < B2 P+ Zia) < 6logn)%e M,
RO ,n

and then for n large enough

P( L (gn, £7)

W > esh”> < 6(10g TL) —€hn +1- P(dn)

Finally, observe (see Remark 1) that (logn)? = o(e") and we complete the proof of the upper
bound recalling (see below (1.59)) that 1 — P(7,) = o(1).

4 Technical estimates for one-dimensional random walk

In this section, we prove some technical expressions involving sums of i.i.d. random variables
introduced via the many-to-one Lemma at the beginning of Section 2. Recall that (S; — S;—1,7 >
1) is a sequence of i.i.d. random variables such that E(S;) = 0, there exists 7 > 0 for which
E(e"1) < 4o00. Also we denote o2 = (1) = E(S?). We also use the following notations : for
any a, 7, := inf{k >0, Sp > a}, 7, = inf{k > 0, Sy < a} and 75~ := inf{k > 0,5 — S} > a}

with Sy := maxj<pm<i S, and HJS = g:l 55,

4.1 Two Laplace transforms

In this section, we deal with Laplace transforms which appear when we study the range with

underlying constraint on V.

Lemma 4.1. Let r := r({) such that limy_, ;o 7(¢)/¢ = +00, then for any e >0

)

e~ (HVep(e)i(4e) < | [e = TT]l o S} —(1+ve—p(c)) 7 (1—¢)

<Té

with p(c) \/ﬂf(;roo _7“f( )du, and f(u) = 12/2 (my > 1/Vuo?) — ff+oo#/ (m; >
1/+/yo?)dy. Note that p can be explicitly calculated : for any ¢ > 0

G

ple) = 2\[<smh(\f)>

- 2(\@ —log((eVe + 1)/2)).
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Démonstration. We start with the upper bound.
Let us introduce the usual strict ladder epoch sequence (T}, := inf{i > T}_1,S; > S, _, }, k;
To = 0). Then for any &

CCT2 60'2
— ST a Y .

CUQ k
< (E |:e_2[£7—0]17_0§7__£:|> +P(Sp, > 1), (1.65)

where the last equality comes from the strong Markov property and equality 71 = 79 := inf{m >

C02
0,5, > 0}. From here we need the asymptotic in ¢ of E [e_ﬁTO]lT0 ST__,Z] . First we use following

identity

_A _2 =2
E |e~#™1 }:E[e 5270]—P(70>T__g)+E<(1—€“2 70)1170>u>’ (I.66)

T0<T_,

and then give an upper bound for each of the three terms. Lemma 2.2 in [A1d10] gives for m

large enough

P(ro >71°,) = E(im) +o0 (2) ; (L67)
Both of the other terms can be obtained with a Tauberian theorem, we give here some details
for the third one which is more delicate. Let dHy(u) the measure defined by P(ry > z(? 75 >
7—,) = [.° dH,(u), integration by part gives E <(1 — 6%T0)]170>Q> = [0 — e ) dH(u) =
)\f0+°° e Plrg > wl?, 19 > 7_,)du. So we need an asymptotic in £ of the tail probability
P(ro > uf?, 79 > 7_,). Let us decompose this probability as follows

P(r9 > 22 1 < 7)) =P(ro>77,> z€2) + P(r9 > 262,7'_} < z€2)
=P(ry > 70> 20%) + P(ro > 2%, 7y < 20°) =: P, + P, (L68)

where 7, :=inf{k > 0, S} < 0} with for any k, S = —S} and similarly 7 := inf{k > 0, S}, >
l}.

For P», we just use Donsker’s theorem for conditioned random walk to remain positive obtain in
[Bol76] which gives limy_, o P(1p < 20%|19 > 2£?) = P(my > 1/0+/z), where m is the Brownian
meander and m; = sup,<; m,. Also we know from Feller [Fel68] (see the first equivalence page

514 of Caravenna [Car05] for the expression we use here) that for any z > 0 :

2 E(Sn,)

T Vzo? (L.69)

lim (P(1y > 20?) =
l—00
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SO

: _ 2EGn)p
e =2

For P; we use a similar strategy, for any A > x, € > 0 and ¢ large enough

P(m; > 1/0V/2). (1.70)

Py <P(z0? <1y < AP, 79> 1) + P15 > Al?)

A2
< > P(Sko1 <48k > U] 1o > k)P(1o > k) + P(m > A%)
k=202

2 E(Sy,) ¢ C
<(+e)y == Zpsk1<zsk>eyfo>k)kl/2 L

k=202

where we have used (1.69) for the last inequality and C' > 0 is a constant. Also functio-
nal limit theorem [Bol76] implies that limg_, | Z?Eiez P(Sp_1 < 0,8, > (] 70 > I{:)kl/2 =
— f 11/2 dP(m; > 1/4/yo?). We deduce from that, taking limits A — 400 and € — 0,

lim ¢ % Py
{—00

2E(S- oo 1
S\/; (SO)/ P(m; > 1/4/yo?)
z Z/

a

— EE(STO)( 11/2 P(my >1/\ﬁ)—/ Ooysl/gp(ml>1/\/“7)dy)'

™ o

Note that just by noticing that P, > P(20? < 7, < A%, 19 > 1), above expression is also a
lower bound for limy_,, £ * P;. Considering this, (1.70) and (I1.68), we obtain

lim (P(ro > 202,70 > 77,) = \/iE(STO)f(z) (L.71)
f{—00 T

g

where f is the function given in the statement of the Lemma. Note that this convergence is
uniform on any compact set in (0, c0) by monotonicity of z — (P(mg > 202,79 < T_,), continuity
of the limit and Dini’s theorem. From here we follow the same lines of the proof of a Tauberian
theorem (Feller [Fel68]) for completion we recall the main lines for our particular case. For any

€ > 0, by the uniform convergence we have talked about just above,

1/e 1/e
lim E/ e MP(1o > ul?, T > T y)du = 2E(STO)/ e M f(u)du
3 3

L—~+o0 ™ g

By (1.69), we also have for any ¢ and z > 0, P(ro > 20*,79 > 77,) < Cf}";s; and since we have

f0+oo e My~ 2du < o0, we get lim,_,0 limy_, | o IN e MUP(1 /0% > u) = 0.
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Similarly lim._,0 limg— 4o fl/oo e NUP(1o /02 > u, o > T ,)du = 0. Finally

L—~+o00 £—~+00

L EES) [
_A\/; : /0 F(w)du. (L72)

Note also that just by using (I.69) we also have limy_, o, /E[1 — e @ ] = V2AE(S,,)o~t. Then
collecting (1.66), (1.67) and (I.72) and taking A = co?/2 we obtain for ¢ large enough
E(Sr)

E[e—?ﬁfonmgw] =1-—=n <1+ﬁ— / )du> (%) (1.73)

To obtain an explicit expression for the above integral, we integrate by parts

+oo
/ e M f(u)du
0

+o00 a
lim z/ (1— e ™) dH,(u) = lim (E ((1 - eﬁm)nww)
0

oo g 1 [t~ 1 A

_ 1 L e >

- 2/0 P> 1/Vuo?)du 2)\/ (1= e P > 1/Vuo?)du
then using the expression of P(m; > u) := -2, _,(—1)* exp(—(ku)?/2), Yu > 0, and elemen-
tary computations

oo —V2\ /o
e T 1 e o2 (V2\ VaN o
du =24/~ - - —lo +1)/2)).

/0 ¢t \/:(Smh(\/ﬁ/a) Sinh(\/2/\/0)> A ( o gl(e )/ )>

(L74)

Now we deal with the probability P(S7, > r) in the same way as [HS16a]. As T}, can be written as
a sum of i.i.d random variables with common law given by 7y, the exponential Markov property
gives for any n > 0, P(Sy, > r) < e " (E(e"570))*. Taking k = (1 — ¢)r/E(S,,) we can find
constants ¢’ and ¢” such that P(Sp, >r) < de=¢" for any > 1. So replacing this and (I.73) in
(1.65), we finally get for any m large enough

802 CO'Q k
E [e_WTT]lTT<T[§5] < <E |:6_28270]170§7—_£:|> +IP)(STk >r)

E(S ) +o00 oo (1_5)”'/]]*:(570) ;o
< u c'r
< <1 7 < \ﬁ e 2 f(u)du>> +ce T,

which gives the upper bound.
For the lower bound the very beginning starts with the same spirit as the proof of Lemma A.2
in [HS16a] : let 7, = axk for 0 <k < N :=* and a > 0 (chosen later) then

ﬂfﬂvzo{inf{i > T, S > rppp <inf{i > 7,8 <rp,—(}} C {r, < TE_S},
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then, the strong Markov property gives

B _ﬁT 1 HN E —ﬁr 1
202" S > 202 "Tk+1 _
¢ T <TL§75 = Ph=0"ry | € Trigt1 <Tpp—e

s

co?
= H{cv—oE e 22 Tk+17Tk ] -
= Trp1— Tk <T—¢

N <E <6_2l2m]17'a<7'e>> .

So we only need a lower bound for Laplace transform of the form E(e*}”‘l]lm <T_[), with h =
h(¢) — 0. From here we follow the same lines as for the upper bound with following differences,

10 (resp. 7, ) is replaced by 7, (resp. by 7_,), also estimation (I.69) should be replaced by

following one that can be found in [AS14b] : there exists 0 < § < +oo such that uniformly in
a € [0, ag] with ag = o(¢'/?)

0R(a)
/7

for large ¢, where R is the usual renewal function (see (2.3) in [AS14b]) with following property
(see (2.6) together with Lemma 2.1 in [AS14b])

lim 2@ _ 1< 2 >1/2. (L.75)

a—oo @ 0 7'(‘0'2

(P(T7, > 20%) ~

Now considering (1.68), with the change we have just talked above, as for any a > 0, the limit
limg_ oo P(1y < 202|77, > 2£?) is equal to P(my > 1/0+/2), we obtain

lim (P = glim (P(T7, > 202,17 < 20°) = &(G)P(ﬁl > 1/0v/2),
—00

m—o0 \/E

similarly for Py = P(1,” > 7, > 2(?), for £ large enough and then taking the limit A — 400

Al?
OR(a - _ ¢
P> (1 —E)e() S PGS > > k)
k=202
OR(a) [T 1 _
> (1—2¢) g( ) / y1/2dP(m1 > 1/y/yo?).
z

We then obtain the equivalent of (1.71), that is lim_,o. (P(1, > 202,74 > 7~,) = OR(a) f(z) from

which we deduce following lower bound for associated Laplace transform :

Y +oo
lim mE <(1 - eTQT“)ILTa>u> = )\GR(a)/ e f (u)du.
0

{—+00

In the same spirit limy_, o /E[1 — e_e%t“] = VAmOR(a). Also first Lemma 2.2 in [A1d10] gives
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for any @ > 0 and any ¢ large P(7_, > 7°,) = P_o(70 > 7_,_,) ~ E(=5-_,)/¢. So finally

collecting these estimates and taking A = o%¢/2, for any € > 0 and ¢ large enough
_co?

L R S 0T (R

Now recall that N = r/a, so let us take a large enough in such a way that (using (1.75))
R(a)/a < § (2 )1/2 (1 +¢). Also for large a, E(—S; ,)/a < (1 4+ ¢) (this can be seen easily,

To?

noticing that undershoot S, , — a has a second moment). This finishes the proof. O

Lemma 4.2. For anye > 0, 8 > 0, any r large enough uniformly int = t(r) with lim,_, yoc 7—t =

400,

E (e_ maxX1<j<r, 4 gj_s.?‘) < e~ 2Vr—t(l=e)

Démonstration. Like in the proof of Lemma 4.1 we use strict ladder epoch sequence (T} :=
inf{s > Ty_1,5 > St._,},k;Tp = 0), also let us introduce the following random variable :
Yy := maxp,_ <j<7y, gj — S; for any k > 1. Let m a positive integer to be chosen later, by the
strong Markov property

m

— max Y; -Y;
E (e 1sksm k) = E E(e k]lyk>maxi§k—1 Yi, Yp>maxg1<i<m Yi)
k=1

mE(e™2(1 — P(Y; > Ya|Y2))™ ).

IN

At this point we need an asymptotic in y of M(y) := P(Y1 > y) = P(maxo<s<1, Ss < —Y) =
P(m9 > 7_y), for that we use following equality (see for example [Aid10] Lemma 2.2) : for large
y, P(m0 > 7—y) = E(Sr)/y + o(1/y). So for any large A, and € >0

e 2(1 — P(Y; > Ya|Ya))™ !
—e (1= P(Y; > Y3|¥2))™ Myyoa + e 2 (1= P(Y; > Va|V2))™ Hy,<a
<e ™ (1= E(Sp)(1 = e)(¥) )" Dyzoa + (1= B(Y1 > A)" 7,

For the second term above we can find constant ¢ = c(A) such that (1 — P(Y; > A))™! <
e~ ™. For the first term , let us introduce measure dM defined as M(x) = f;—oo dM (z)dz, then
integrating by parts

(o] - m-l
B (1= ()1 - )00 ) v == [ e (=) e

<ot (1 B [ () BSOS g

A x
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oo o=z E(Sy,)(1—e)\™
—m—1)S,(1 —5)/A A <1 - Om) R(z)da
< ~21-4)\/ESgm

the last inequality is definitely not optimal but enough for what we need, we can obtain it
easily decomposing the interval (A, 4+00) on the intervals (A, \/E(Sy,)m(1—¢)), (v/E(Sr)m(1 —
€), VE(Sr)m(1+¢)) and (\/E(S-)m(1l+¢€),+00). Collecting the above inequalities, we obtain
that for any € > 0 and m large enough

E (67 maxi<k<m Yk) S 2m6—2(1—4€)\/E(S’7-0)m‘

To finish the proof we follow the same lines as the end of the proof of Lemma 4.1 (below (1.74)),
that is saying that E (e_ MAXI<<ry—y Sj_sj) <E (e_ maxXi<k<m Yk) + P(St, > r —t) then taking
k=(1—=¢e)(r—1t)/E(Sy). O

4.2 Additional technical estimates

Lemma 4.3. Let (ty) a positive increasing sequence such that tol12 5 400 but el — 0. For
any B > 0 and ¢ large enough

SvrTy > 1) > e i), (1.76)

P( g1/2 -

Let A >0 large, d € (0,1/2), a>0,0<b< 1, g€ [b1], a:=a(2lysp —1) and c >0

Z P(S; > ty, sup HS < Vi-apt W HS < Vet .S, > —B) —7[\[(1-{-0(1))

J<AB/2 M=y

| \/

(L77)

Démonstration. The proof of (I.76) follows the same lines as the proof of Lemma A.2 in [HS16a].
For (L.77), as j < A€3/2 for any (d,e) and any m < j, Al*?exp(S,, — Spm) < edVltet! implies
HS < edVerel! then

[S > )€ b\[ < HS < eb\[JrC@ , sup HS < eq*\/z apt? S _B

m<j o

m<j

> P [Sj >0, bV < S; — S <bVI+ U sup Sy — S < gVl —dt?,S; > —B

with ¢/ = ¢/2 and @’ = aj, + 1. To obtain a lower bound for the above probability, the idea is to
say that maximum of S is obtained at a certain instant £ < j and that this maximum is larger

than ty + bv/f + 44 + r for a certain r > 0 to be chosen latter, then above probability is larger
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than :

> P(Sko1 < Sk, Sk =t +0VI+ I+ 7, sup Sy — S < VE—a't4, Sy > =B Sj — Sp >t — S,
3 msk

WIE< Sy —S; <bVI+ it Ym > k41,8, < Sk, Sk — Sm < VI —d' 0%, 8, — S > —B — Sy).

Now, the events {S,, — Sy > —B — x}, as well as {S; — S, > t; — x} increases in = and as
Sy >ty + bVl + 0% + r so we can replace, in the two events of the above probability, «—Sj»
by —(t¢ + bW+ 0 + r). This makes appear two independent events, so above probability is

larger than
P(Sp_1 < Sp, Sk > te+ bVl + 0%+ sup Sy — Sy < VI —d'1%, S, > —B)x
m<k
P(S; — Sk > —bVIl — i —r,bVI < Sp — S; < VI + 0 Ym > k41,
—B—ty—bVl+ 0 —r < Sy — Sk <0,8m — Sp > =Vl +d 0 =: py(k) % pa(k,§). (L78)

Probability ps can be easily simplified, indeed as limg_, 1 o tg/ VIl = +00 and ¢ large, —B — t; —
bW+ 14— r < —/0 and by taking r = %, py is smaller than

P(—bVl -t < Sj — Sp < =bVO,Ym > k+1,—VI+d1? < S, — S}, <0)
—P(Vm < j—k,—Vl+dt?< S, <0,-bVI—t4< S < —bV0)
=P(Vm < j—k, Sy <VI—dt¥8S;_; >0,8; 1, € W,V + 1) x

(

P(S; > 0,8, € [bVE,bVI+0%),
with S;, = —85,, for any m. For the conditional probability we can use a similar result proved by
Caravenna and Chaumont [CC13] telling that the distribution P, (-|Vm < n,S,, > 0,5, € [0,h))
converges. Note that they need in their work additional hypothesis on the distribution of S
(more especially absolute continuity of the distribution of S7) which is not necessary here as the
size of interval [bv/Z, byl + /09 equals /¢4 — 4-00. So as a't? = o(\/1)

lim P(Ym <, Sm < oVl —d't4S,>0,8; € [V, bV + 1) = Cte > 0.

l—+o0

Moreover another work of Caravenna ([Car05] Theorem 1) gives for large ¢, P(S, > 0,S, €
[0V, bV 4 0%) > b/, So finally when j — k is of the order of ¢, there exists a constante C'te > 0
such that ps(k,j) > Cte x £~1. Turning back to (I1.78) and summing over k and j, we obtain

> pi(k)pa(k. )

J<A/2 k<]

= 3 n) Y ek ) =Y pik) D palk.d)

k<Ae3/2 j=k k Jrg—k~t
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> T S B(Sict < S Sk 2 14 b1+ 22)VE sup Sy — S < VIS, > D)

¢ k<Ae3/2 msk
Cte S-S < \[
= 7<P(T\/Z VI > Ty ivom) = D P(SUp Sm— S < E))
ka2 MSk
Now we can check that above sum ), 44s/2 --- as a negligible contribution, indeed the proba-

bility P(sup,,,< Sm — Sm < V/{) is smaller, thanks to Proposition 3.1 in [FHS11], to e~m0%i/4
this implies that Y, 4s3/2 P(sup,,<j Sm — Sm < Vi) < e~ AL2/2 Now if we apply (1.76) to
the first probability above as bv/Z + ¢/£? = o(t,), this finishes the proof. O

Lemma below is a simple extension of FKG inequality.

In the following, a function F : R¥ — R is said to be non-decreasing if : for all s = ($1,...,8k) €
R¥ and t = (t1,...,t;) € R¥ s <j t implies F(s) < F(t) where s <j t if and only if s; < ¢; for
all j € {1,...,k}.

Lemma 4.4. Letr >0, k € N*, f1, fo : R¥ — RT. For anyi € {1,2}, introduce filur, ... ug) =
filur,up g, oo ug +ug + .o+ ug). If f1 and fo are non-decreasing then

E[fl(Sl,Sg, ey SE) f2(S1, Sa, .. .,Sk)] > E[fl(Sl,Sg,...,Sk)}E[fg(Sl,Sg, . .,Sk)].

Démonstration. When R*¥ is a totally order set, the first inequality above is the well known
regular FKG inequality. Here, we can easily extend it to the partial order <j. Indeed, since fz

is non-decreasing for any ¢ € {1,2}, we have, by independence of increments of S

I E[£i(S1,82....80)] = ] E[fi(S1,S2—S1,...,Sk = Sk—1)] = E[F1(S1)|E[F(S1)],
1e{1,2} 1€{1,2}

with F;(uq) := E[ﬁ-(ul, So—S51,..., Sk—Sk_l)] for any 7 € {1,2}. Since f; is non-decreasing, F; is
also non-decreasing so thanks to the regular FKG inequality, E[F(S1)|E[F2(51)] < E[F1F2(S1)].
Again, using that the increments of S are independent and stationary, the result follows by

induction. O

Lemma 4.5. Let (t;) a sequence of positive numbers such that t;/¢ — 0. For all d € (0,1/2] such
that tg /0% — +o00 and all e, B >0, a >0 and 0 < d’' < d for n large enough

d_,pd — _te
Z P(Sy > t4>f§13,§<Hf <l 8, > B, S = Sk) > e ea (1F€)
k<2 =

Démonstration. Recall that 7, = inf{i > 1; S; > r}. First, observe that for all j < k < ¢2

HJS < (25755 g0

Z ]P)(Sk > tfar;lglz(HJS < eEd_aZd 7§k,‘ > _ngk = Sk)
k<e2 -
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> Z k’—Tt@maXS —S <€d—a€d —210g€ Sk> B)
k<¢?

which is equal to P(gﬁ >ty,Vj <1, Ej -5 < 04— qpd — 2logt,S; > —B).
Now let k¢ = [ (e‘t;)?] + 2. First note that, since ¢2 < ky, we have, on {Sp> > t/}, 7, = Ttk;e with
Ttlze = kg A\ inf{i < kg S; > tg} SO

P(Sp > t,¥j <7, :5;—S; <t —at? —2logt,S; > —B)
=P(Sp > t,,Vj <700 85— S <t —at” —2logt, S; > —B).

For any k € N* and » > 0, let t = (¢,...,%;) € R* and define the t-version 7t of 7F that is
Tf’t =k Ainf {z <k;t;> 7“},

with the usual convention inf @ = +o00. Then

P(Spe > ta,Vj <7 :8; - S; < 04— at” —2logt,S; > —B) = E[f1f2(S1, 52, .., Sk,)],
with for all 4 € {1,2}, f; := 1 e, fifo(u) = f1(u) f2(u) and

Af = {u: (ut,...,ug,) € RFe; 35 <02 uj > tg},
and
Ab = {u=(uy,...,u,) eRF: Y j < ke’ Vi< gruj —up > —0% + al? 4 2log ¥, uj > —B}.

Then, it is easy to see that for all i € {1,2}, f; (see Lemma 4.4 for the definition) is non-
decreasing according to the partial order <, defined above. Then, thanks to Lemma 4.4,
E[f1f2(S1, 52, ..., Sk,)] is larger than

((517827 Skn) € Ag)P((ShSQa-"?Ske) € Ag)
(S > t)P(Vj <7 : S —8; <4 —at? —2logt,S; > —B, 1, < k).

Again, on {7, < k¢}, Tt]z[’ = 7y, and thanks to [Koz76] (Theorem A), there exists Cx > 0 such
that for ¢ large enough

P(Vj <7t S, — S5 <t —at” —2logl,S; > —B, 7, < ki)

>P(Vj<m,:8;—S; <t —at? —2logl,S; > —B) —P(r, > k)
>P(Vj<m,:8;—S; < —at? —2logl,S; > —B) — Cxe™*

Moreover, to/¢ — 0 so P(Sp2 > t;) — 1. Finally, by (1.76) together with the fact that ¢¢ ~
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¢ — at? —2logt (as d > d') for ¢ large enough, P(Vj < 7, : §; — S; < ¢4 — at? —2logt, S; >
-B) > 20" (14€) and since ty, /04 = o(f), Ce™t < e~ "(149)  the result follows. O

Lemma 4.6. Let a € (1,2) and g4 € [0, — 1) and introduce Ly := [x0*T% |, x > 0. For all
e >0, ¢ large enough and any k € {Ly, ..., 0%}
2. 2

P(max HS < e‘[) < e (1) (L.79)
i<k ’

and for any a,d,c >0, b € (0,1), £ large enough and any k € {Ly, ..., 0%}

2,2
P(max H < eVt V0 < S < VB 5 > 0) > o= (149), (1.80)

i<k

Démonstration. Let us start with the upper bound. Thanks to the Markov property, for any
keN, k> Ly

]P’(max Hs<e\[)< (maxS -5 <\[)<IP’(maXS -5 <\[)LL1Z
i<k i<k J<L,

n2o2 £
and thanks to [FHS11], for ¢ large enough, P(maijLé S;—8; < \/Z) <e” SZLZ(P?), so for
any ¢, ¢ large enough and any k > L,

£ kn2o2

o L
(m<a’i(5 -5 <\[)<e 1_5)7[LL4J<6 (1—e) g7
J=

For the lower bound, observe that for any k < /2, P(maxjgk HJS < (3\/2*“”[,61’\/Z < H,f <
eb\/@rdd,ﬁk > 0) is larger than P(max;j<; S; —S; < A, Wil < Sp—Sy <bVi+ct?—logl?, S, >
O), where X) 1= VI — al® —log 2. As %Ed > log/? (d > 0), the previous probability is larger
than P(maxjgkgj - 5; < A@,b\/@ < Sp—8, <b/l+ §€d,§k > 0). We need independence to
compute this probability so for all k € N*, L, < k < (2, we say that S, = Sp_, > A, which
gives that for all k — ¢ < j < k, S; < Sk_y and then, maxy_r<j<k Sk—¢ — Sj < Aj implies that
S; > Skt — A, >0forall k — ¢ < j < k. Hence

(m<a]z<5' —8; <N, bVl < S}, — S <DV + ed , 84 > 0) > P(Age N Bry) = P(Ag0)P(Bg),
S
with
Agyg = { max, S =8 <A, Sk = 0,80 =Sk—¢ >N},
i<k

and

By = {V E—0<j<k Sp¢—95;< )\Ig,Sj < Sk,g,b\/z < Sp_p— S < bW+ gﬁd}.
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Let S := —S. P(By) is nothing but
P(S; <X, 8, > 0,8, € (WE,bVI + ged]) =P(S, > 0)P(S; € (bV/4,bV/1 + géd]@ > 0)
x P(Sp < N)|S, > 0,8, € (bW, b1 + ged]),

which is larger than C'/¢ for £ large enough (see Lemma 4.3).
We then deal with P(Ay ¢). Thanks to Lemma 4.4, this probability is larger than

P(max 8 — Sj < N)P(Sp-e = A)B(S)_ > 0)",
max

and again, using [Koz76] together with the fact that P(Sg, > X)) — 1, there exists C' > 0 such
that for £ large enough and any k € {Ly,...,¢%},

P(Sk-¢ = VOP(Sy, 2 0) = P(Sg, = VOP(Sp 2 0)" >

U

We now turn to the most important part : IP’( mMax;<f—¢ §j -5; < )\2). We follow the same lines
as the proof of (1.79) : for any k € {Ly,...,0?}, k — ¢ > Ly — { so maxj<g,—¢ Sj — Sj < A,
together with ELe—Z = Sp,—¢ < 55 and maxy,_r<i<; S; — 55 < }\2 forall Ly — ¢ < j < k—1/
implies that max;<;z_¢ S; — S; < ). It follows that P(maxjgk,g S;—8; < XZ) is larger than

P(jglli}iﬁ gj — Sj < )‘/EagLe—f = SLE_Z’LgI—nEEE§<j Sl — Sj < )‘/Kvsj > SLg—Z A Lg -l < ] < k— Z)

Q ! Q Nl !/
= ]P)(jglfi}iﬁ Sj — Sj < AE)SLe—Z = SLZ_Z)IP)(jSk—I?:a()EE—Z) Sj — Sj < )\Z,gk,g,([%,g) > 0)
Moreover, by Lemma 4.4, P(l’nanSk_[_(Le_g) gj -95; < )\Q,ﬁk_e_(Ll_g) > 0) is larger than
P(maxj<g_¢—(L,—e) Sj—5; < ADP(Sy_¢—(L,—¢) > 0). By induction, we get that P(maxj<g_¢ Sj—
S; < X)) is larger than

P( max Sj—8; <X, 81,0 = Seo)" ™ TT P(Sk-e-iz,—e) = 0)
I i<Ly(k)

with Ly(k) := [(k — £)/(L; — £)]. Again, by Lemma 4.4, P(max<g,—¢ S; —Sj < X}, Sp,—¢ =
Sr,—¢) > P(maxjcr,—¢ Sj — S < N)P(Sp,—p > 0) and as k < €2, P(Sy_y_j(z,—¢) = 0)
}P’(ﬁk > 0) > P(ﬁp > 0). Hence, by [Koz76]

Y

IP’( max S; — S, <X) > <LP( max S;—S; <)\’))Lé(k)
gkt T = = Ny L, — 0 Vj<pee ) T =0

for some C' > 0. Then, thanks to [FHS11], for all ¢ > 0 and ¢ large enough P(max;<r,—s S;—S; <
e\ 7202 (Lyp=0) (/- —_
A)) > e~ (D) 50 for ¢ large enough and any k € {Lq, ..., 0%}, P(maxj<_ S; —
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S; < X)) is larger than

7r2(72 — I3 7\’20'2 —L £ 71'20'2
C -5\ Lek) | —(+ )T LT Lok | —(h=0)(145) 8555
N7 @ ° f = o
=
_"77720'2(Ll27£)
. . / .
where we have used for the first inequality that e 8% is smaller than g% for any 1,7’ > 0.

Collecting previous inequalities, we obtain

7\'20'2
8(A2)2 ]

C —(k=0)(1+%)
P(Ak) > 7€ :

Finally, observe that A ~ /¢ and then for any k € {Ly,...,¢*}

2 2
P(Apg) > e (1+e),

which completes the proof. ]

Notations

In this section, we have summarized the transversal notations, give a short description of

them when it is possible and the page or equation where they are introduced.

Sequences and constants in the statement of the main theorem
kp (equation (I.12)), critical exponent.
hy, (equation (I.13)), resume the constraint on V' and second order for %, (gn, ™).
L (equation (I1.14)).
¢ (equation (I.15)).

Different form of the cumulative exponential drop of V'
H, (below (I.8)), variable appearing in the distribution under P of the edge local
time
at x before the instant 7.
H, (Lemma 3.1), variable appearing in the distribution under P* of the sum of edge
local times of the descendants of x before the instant 7.

HS (page 56) version of above H after the many to one Lemma is applied.

The regular lines and their possible parameters : Oy y := {ZL‘ € T; max Hy, <\, Hy > )\’}

J<l|=|
A = A\, (above 1.21), A = A, (below (1.23)), A = Ay 1 and A = A, 2 (in the proof of
Theorem 1.3), A= A, in the proof of Lemma 3.6. All along the paper X is typically of

order nb.
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Secondary constraints on the environment : ‘%ﬂg,a ={(t1,...,tx) € R¥; t} > 3, min;<} t; > —B}
3=3n= &1/3/51 (beginning of Section 3.2).

Y- (Proposition 1) : various intersections of conditions on H and £ .

The branching function W

\Iliy)\/ (equation (1.9)), k is a generation, A an upper bound for H, A" a lower bound
for H.

\I/é“\/\,(\) (equation (I.18)) a conditional version of \I/’i/\,.

Elementary random variables related to the random walk X
N Edge local time at (z*, z) before n (equation (I1.39)).
T™ (page 47) n-th instant of return to the root e.
E™, E™ (above 1.59).

Different ranges
K (gn, ™) the generalized range (equation (1.3)) with
gn function of constraints on the trajectory of (X,,n),
f™ function of constraints on the potential V.
Rrn(gn, £7) variant of Zpn (g, ") with additional condition on V' (page 47).






Chapitre 11

Coalescence in small generations for the
diffusive randomly biased walk on

Galton-Watson tree

Abstract : We investigate the range %Zr of the diffusive biased walk X on a Galton-Watson
tree T in random environment, that is to say the sub-tree of T of all distinct vertices visited
by this walk up to the time 7. We study the volume of the range with constraints and more
precisely the number of k-tuples (k > 2) of distinct vertices in this sub-tree, in small generations
and satisfying an hereditary condition. A special attention is paid to the vertices visited during
distinct excursions of X above the root of the Galton-Watson tree as we observe they give the
major contribution to this range. As an application, we study the genealogy of k > 2 distinct
vertices of the tree Zr picked uniformly from those in small generations. It turns out that two
or more vertices among them share a common ancestor for the last time in the remote past. We

also point out an hereditary character in their genealogical tree due to the random environment.
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3.2 The range on AP\ &k 0 0oL 154

1 Introduction

1.1 Randomly biased random walk on trees

Let (N, A) be a random variable under a probability measure P taking values in N x R and
consider the following Galton-Waston marked tree (T, (A,;x € T)) rooted at e : the generation
0 contains one marked individual (e, Ac) = (e,0). For any n € N*, assume the generation n — 1
has been built. If it is empty, then the generation n is also empty. Otherwise, any vertex x in the
generation n — 1 gives progeny to N, marked children (z', A,1),..., (2=, A ~,) independently
of other vertices in generation n — 1 according to the law of (N, A), thus forming the generation
n, denoted by T,,. We assume E[N] > 1 so that T is a super-critical Galton-Watson tree, that
is P(non-extinction of T) > 0 and we define P*(-) := P(-|non-extinction of T).

For any vertex x € T, we denote by |z| the generation of x, by z; its ancestor in generation
i €1{0,...,|z[} and 2" := z|,_; stands for the parent of z. In particular, 7o = e and z|,| = =.
For any z,y € T, we write x < y if x is an ancestor of y (y is said to be a descendent of x)
and z < y if x < y and = # y. We then write [z;, 2] := {z;;j € {4,...,|z|}}. Finally, for any
x,y € T, we denote by x A y the most recent common ancestor of x and y, that is the ancestor
u of x and y such that max{|z|; z € [e,z] N [e,y]} = |u]-.

Let us introduce the branching potential V' : let V(e) = A, = 0 and for any = € T \ {e}

||

Viz) = Z A, = ZA%"

e<z<w =1

Under P, & := (T, (V(x);x € T)) is a real valued branching random walk such that (V(z) —
V(2*))zer\{e} is distributed as A. We will then refer to & as the random environment.

For convenience, we add a parent e* to the root e and we introduce the T U {e*}-valued random
walk X := (X;) e reflected in e* such that under the quenched probabilities {P¢; 2 € TU{e*}},

the transition probabilities are given by : for any x € T

e~ V(@) P ' e_v(xi)
= N — and for all 1 <i < N,, p°(z,2") = ¥ .
e V@) 4 St eVt eV(@) 4 N =Vi(a)

x,z")

Otherwise, p® (z,u) = 0 and p®(e*,e) = 1. Let P := P¢ and we finally define the following
annealed probabilities

B() = E[F()] and P() = E*P/()].

R. Lyons and R. Pemantle [LP92] initiated the study of the randomly biased random walk X.
When, for all z € T, V(x) = log A for a some constant A > 0, the walk X is known as the A-biased
random walk on T U {e*} and was first introduced by R. Lyons (see [Lyo90] and [Lyo92]). The
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A-biased random walk is transient unless the bias is strong enough : if A > E[N] then, P*-almost
surely, X is recurrent (positive recurrent if A > E[N]). It is known since Y. Peres and O. Zeitouni
[PZ06] that when A = E[N], X is diffusive : there exists 0 € (0, 00) such that (| X, |/V )0
converges in law to a standard reflected brownian motion. R. Lyons, R. Pemantle and Y. Peres
(see [LPP96b] and [LPP96al), later joined by E. Aidékon [Aid14] studied the transient case
and showed that X has a deterministic and positive speed vy := lim,,— o0 | X},|/n. Moreover, the
expression of vy is explicit.

When the bias is random, the behavior of X depends on the fluctuations of the following log-
Laplace transform ¢(t) :=log B[}, e~ V(#)] which we assume to be well defined on [0,1] : if
infyep0,1) 9 (t) > 0, then P*-almost surely, X is transient and we refer to the work of E. Aidékon
[A7d08] for this case. Otherwise, it is recurrent. More specifically, G. Faraud [Farll] proved
that the random walk X is P*-almost surely positive recurrent either if inf,cg 1) %(t) < 0 or if
infepoq¥(t) = 0 and +'(1) > 0. It is null recurrent if inf,co 179 (t) = 0 and ¥'(1) < 0. When
Y/(1) = 0, the largest generation reached by the walk X is of order (logn)? and the walk is in
the slow regime (see [HS07a] and [FHS11])

In the present paper, we focus on the null recurrent randomly biased walk X and assume

Assumption 1.

inf (t)=v(1)=0 and ¢'(1)<O. (IL.1)
tel0,1]

Let us introduce
k:=1inf{t > 1; ¥(t) = 0}, (11.2)

and assume k € (1,00). Under (IL.1) and some integrability conditions, it has been proven that
| X, and max;<j<p | X;| is of order n!=1/min(%2)(see [HSO7b], [Farll], [AdR17] and [dR22]). In
other words, the random walk X is sub-diffusive for x € (1,2] and diffusive for x > 2. In this
paper, we put ourselves in the latter case.

We now define the range of the random walk X. Let T' € N*. The range %1 of the random walk
X is the set of distinct vertices of T visited by X up to the time T : if £ := Z;‘.le Lix,=u}

denotes the local time of a vertex v € T at time T then
Fr ={ueT; L > 1}, (I1.3)

its cardinal is denoted by R and we also called it range. It has been proved by E. Aidékon and
L. de Raphélis that R,, is of order n (see [AdR17]). Moreover, %, is a finite sub-tree of T and
properly renormalized, it converges in law to a random real tree when n goes to infinity.

Introduce 77, the j-th return time to e* : T° = 0 and for any j > 1, 77 = inf{i > T771; X; = e*}.
Thanks to (I1.31), we know that Tn'"? is of order n. We will be focusing our attention on the

range %Tnm and we shall finally present an extension of the range %,.
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Let us now define an extension of the volume RTnl/Q : for any integer £ > 2 and any subset ©
of T with cardinal |D] > k, let D*F := ® x --- x @, introduce A* := {& = (1) ... W) ¢
T*F; Wiy # ig, 21) # 202)} which is the set of k-tuples of distinct vertices of T. Also introduce
the set (assumed to be nonempty) A*(D) := AF ND*F of k-tuples of distinct vertices of ©. For
any n € N*| any subset Z,, of %’Tnug with cardinal D,, and for any function f : A¥ — R, if
D, >k, we define the range «7*(2,, f) by

TN Do, )= > fl@). (I1.4)

Otherwise, @*(Z,, f) is equal to 0. The aim of studying the range 27*(%,, f) is to understand
the interactions between the vertices in the tree %Tnl s2 and most of all to give a description of
the genealogy of the vertices in %Tnl s2. Note that the range we investigate here differs from the
range studied in [AK21], where authors focus on the interactions between the trajectories of the

random walk X and on the trajectories of the underlying branching potential V.

1.2 Genealogy of uniformly chosen vertices in the range

For a nonempty subset Z,, of Z. . 1,2, introduce the random variable 2" = (2~ n) & (k’”))
taking values in A¥ with law defined by : for any = = (z(1), ..., z®) e A¥ if P*(D, > k) > 0,
then

“lom _ N 1 [ Lzear(2,)})
P2 =) = s s o) (1)

and P*(2™ = z) = 0 otherwise. Note that |A¥(2,)| = Dp,(Dy, — 1) x - -+ x (Dy, — k + 1) so the

()

vertices 2 L, 2 k1) are nothing but k vertices picked uniformly and without replacement

in the set Z,. For any bounded function f : A¥ — R*, we actually have
1 LAC))

U= e s [k @, s )

(11.6)

thus making a link between the generalized range 27*(2,,, ) and the law of 2™™. Recall that our
main interest is the genealogy of the k vertices 2" (™), ..., 2 (1) g0 let us define the genealogical
tree of these k vertices. First, introduce the largest generation M,, ;== max,cg, |x| of the set Z,.
Recall that in the diffusive regime (see (II.1) and (I1.2) with £ > 2), max,c»

nl/2

|z|, the largest
generation of the tree ,@Tnl/g, is of order n'/2 when n — .

If D,, > k, we then define for any m € {0,..., M,} the equivalence relation ~,, on {1,...,k}
by : 41 ~m o if and only if 2701 and 2 (2" share a common ancestor in generation m.
We denote by 7" the partition of {1, ..., k} whose blocks are given by equivalent classes of the

relation ~,,. The process (Wﬁ{n)ogmg M, is called the genealogical tree of 2~ (17"), e X (k.n) et
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@(n) = |27 )| be the generation of 2 ("), By definition,

W’g’” ={{1,...,k}} and 7%" = {{1},...,{k}} forany m € {lrilzaécg(i’n), ooy My}

Replacing Z,,,1/> by a regular Galton-Watson tree T and %, by {z € T; |z| = T} (the T-th
generation of ¥), the genealogy of k vertices %T(l), R e%”T(k)

T} has been deeply studied for fixed T' as well as for T — oo. First, when k& = 2, K.B. Athreya
[Ath12b] proved that when ¥ is super-critical (the mean of the reproduction law in larger than

uniformly chosen in {z € T; |z| =

1) 3?,”721) and %T(Q) share a common ancestor for the last time in the remote past : if #Zr :=
]%T(I) A ,%”TO)] denotes the generation of the most recent common ancestor of %T(U and e%”T(Q)
then (.#r1) converges in law to a non-negative random variable depending on the reproduction
law N when T goes to co. However, when ¥ is critical (the mean of the reproduction law is equal
to 1), %721) and %T(Q) share a common ancestor for the last time in the recent past : (47 /T)
converges in law to a [0, 1]-valued random variable which doesn’t depend on the reproduction
law N when T goes to oo, see [Ath12a]. K.B. Athreya also dealt with the sub-critical case (the
mean of the reproduction law is smaller than 1) in the latter paper and it is quite similar to
the critical case. More recently S. Harris, S. Johnston and M. Roberts gave a full description
of the genealogy of the vertices ,%”T(l), e %T(k) for a given integer k > 2 for both fixed T" and
T — o0, when the underlying process is a continuous-time Galton-Watson process (see [HJR17]
and [Joh19]). See also [AD21] for a study of the genealogy of randomly chosen individuals when

the underlying process is a continuous-state branching process.

Let us return to the case of the random walk in random environment. The generations at which
the vertices 2 (™) . 27 (k) are chosen have a major influence on their genealogical structure.
The next four subsections are dedicated to the three regimes we observe : the tiny generations,
the small generations, on which we spend most of our time and the critical generations. For the
second regime, we are able to give a quite full description of the genealogy of 2 (™) .. g (kn)
displaying five examples we believe to be relevant, see subsection 1.4, and a general result is
proven in 1.5. Finally, we show that we can easily extend our results on Z, 1/2 to the range up

to the time n.

1.3 The tiny generations

Recall that ¢ (t) = log E[}_),_; e~V (@] and introduce 7 := sup{a € R; infy>o(sp(—t) —at) >
0}. By tiny generations, we mean those of order ¢,, where ¢,, — oo when n — oo and ¢,, < Glogn
with G € (0,(2%)71). The fact is that for these generations, the random environment has a
uniform impact. Indeed, P. Andreoletti and P. Debs proved in [AD14a] that with high probability,
Ry, = {x € T; |r| < Glogn} for all G € (0,(27)~!). Moreover, the value (27)~! is optimal : if

G, denotes the largest generation entirely visited by the random walk X up to the time n, then
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P*-almost surely
Gr 1

logn n—oo 27

For this case, we are therefore capable of giving a description of the genealogy of k > 2 vertices
uniformly chosen by adapting the works of S. Harris, S. Johnston and M. Roberts to discrete

super-critical Galton-Watson trees.

1.4 The small generations : examples

In this subsection, we focus on the small generations of the tree %, 1,2 where we recall that
T7 is the j-th return time to e* : TY = 0 and for any j > 1, 77 = inf{i > T771; X; = e*}.
Let (£,) be a sequence of positive integers such that £, > §; ogn (see Lemma 3.4 for the

definition of dy) but smaller than the typical generations of the diffusive random walk X :

Assumption 2 (The small generations). Let (A;);en be the sequence of functions defined recursi-
vely by : for all t > 0, Ag(t) =t and for any i € N*, A;_1(t) = eX®). There exists ly € N such
that

. Ln
11m —--=
n—oo n1/2

Ay (£2) = 0. (IL.7)

1/2

Assumption 2 ensures that £,/n'/?, renormalized by a sequence that grows very slowly, goes to

0 when n goes to co. Note that when k = 2, it is enough to assume that £, = o(n'/?).

Let (£y) be a sequence of positive integers such that ¢, Nogn < ¢, < £, and introduce the set
Dn ={x €R1/2; ln < x| < L},

with high L, — 1 where L, := £, — ¢, + 1. Recall that D,, is the cardinal of Z,,. Note that
lim,, 00 P*(D,, > k) = 1 so we will refer to the set {D,, > k} only if necessary.
For any m € N, recall that T,,, = {x € T; |x| = m} be the m-th generation of the tree T and let

Al := AJ(T,,). In addition, we also require the following technical assumption.
Assumption 3. There ezists 91 > 0 such that ¢(t) < oo for allt € [1 — 61, [k + d1]] and for all
1<j<[r+61], for all B = (Bu,...,B;5) € (N*)*I such that Z{Zl Bi < [k +d1]

Cj(,@) = E[ Z e‘(ﬁ,V(w»J} < 00, (H.S)
:BEA{
where (B, V (x)); = 321 BiV (x1).
The next assumption is an ellipticity condition.

Assumption 4. There exists h > 0 such that

P(;requr(V(x) —V(z*) > -h) =1. (IL.9)
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Remark 3. Although we assumed k > 2, the case k = 1, that is to the say the volume D, =

Z€n<|z|<£n Liewr 101 of the regular range D, is interesting. The convergence of (Dy,/(n*/?Ly))yn
<JzI< o

does not requires all the previous assumptions and holds for k > 2. However, since it is an easy

consequence of Theorem 1.6 with k = 2 and f = 1, we state the following result :

Theorem 1.1. Let k > 4. Under the assumptions 1, 2, 3 and 4, in P*-probability

1
W2, O e (oo Woer
where coo is defined in (11.26), Wy is the limit of the #, = o((T;V(x),|z| < n)) addi-
tive martingale Wn, = 31,1, e V@) and according to [Big77], P*(We > 0) = 0.
lim¢ o0 t"P(Wso > t) exists (see [Liu00]).
In particular, if R,(¢) = le‘zé Lizew 10} denotes the volume of the {-th generation of the
N

range %12 and logn = o(£,), then both (Rn(£0)/n'?) and (Zj:éo‘llognRn(ﬂ)/(nl/Qﬂn))

Moreover,

converge in P*-probability to cooWso.-

In view of Theorem 1.1, we deduce that whenever £, is large enough but not to close to the
largest generation of the tree %, 1/2, the range R, (£,,) is of order n'/2. Moreover, L,, —1 denotes
the height of the set &, in the tree %Tnl s2 and the volume of 7, behaves like L,, X R,,(£,).

The following theorems are composed of two parts : the first part will be a convergence of the
range 7" ( f) for a given function f and the second part will be an application of this convergence
to the genealogy of the vertices 2 (b™) .. g (kn),

In the second example, we present a range such that for a k-tuple & € A*, some of the vertices
are free while others are obliged to interact with each other. Let A = (A1,...,Ax) € (N*)** and

introduce

k
fk(x(l)v cee 7$(k)) = H ]l{\r(i—l)Am(i)|<>\i}'
i=2
Note that there is no constraint between z() and z(%2) if i; ¢ {in — 1,41 + 1}.
Theorem 1.2. Let k > 2 and assume « > 2k. Under the assumptions 1, 2, 8 and /4, in P*-

probability

1
irLgE? (On ) 22 () e (f)

where ZF (fx) = limy_so0 ZmeA{“ e~ V@) Hfﬂ e*V(’”(i))]l{|$((,-_1))m<i)‘</\i} and this limit holds in
L?(P*).

In the next example, we are interested in the number of vertices of %, sharing a common

ancestor for the last time at the bottom of the tree %Tnl/z. Let £ > 2 be an integer. For any
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x = (xM, ... 2®) c A* let *(x) be the first generation at which none of (), ... 2(*) share

a common ancestor :
FF(@) == min{m > 1; Viy # iy, |2 A 2] < m}, (I1.10)

where we recall that |z("1) A 2(%2)| is the most recent common ancestor of (") and x(*2). For any
m € N*, introduce €% := {x € AF; .#*(x) < m} (see Figure II.1).

Let us also introduce the coalescent times (or split times) of the vertices 2~ @n) ., g k)
uniformly chosen in the set ,,. For a given partition 7 of {1,...,k}, we denote by || the total
number of blocks of 7r. Define the coalescent times by : yok’" ;=0 and for all j e N*, k > 2

SE" = min {m > SN |7k > \W;’;,,{\ Alk=1)}. (I1.11)
il

Note that there exists #*" € N such that for any j > ¢#kn, LS’].k’" = (2 ™) and by

definition, 2 < [{-]"; j € N}| < k. One can notice that seen backwards in time, each random

time 5”].]{’" — 1 with 0 < j < _#k" corresponds to a generation at which two or more vertices

among 2" (1) .. 2 (k1) ghare a common ancestor for the first time. Sz jk’" is usually referred

to as the j-th split time while /;’Zm_ﬂ

=

| 1s the j-th coalescent time.

+ generation
ACHD: 2n)
g (Ln)
m
(4, St —1 =gt 2 M) 1
I -1
-1
e 0

FIGURE II.1 — An example of four vertices belonging to € together with their three coalescent
times.

It appears that the number of vertices visited by the random walk X belonging to €% is

large and as a consequence, the sequence of random times (%(2 (™) = inf{m > 1; =" =

{{1},...,{k}}})n converges in law.
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Theorem 1.3. Let k > 2. Assume that x > 2k and for any m € N*, & € AF, f,,(z) = Ly ().
Recall that o/*( Dy, fm) is the number of k-tuples = of distinct vertices of %y, such that /*(x) <

m. Under the assumptions 1, 2, 8 and }

1. in P*-probability

1
pyE? O ) 22, () Ao

where % (f) is defined in (11.23). Note that lim,, oo ZE (fm) = (Wao)F in L2(P*).

2. Moreover, the sequence of random times (Z*(2 ™)) converges in law, under P* : for any
m € N*
k
P2 ) <m) — B [W} (IL12)
The convergence in (II1.12) is somewhat reminiscent of the result of K.B Athreya ([Ath12b],
Theorem 2) for a super-critical Galton-Watson tree stated earlier : each coalescence occurs in a
generation close to the root.
In the following result, we compute the law of 7%". Before that, we add, for convenience, a
collection {e(™; i € N*} of distinct leafs in the generation 0. Let ¢ > 2 be an integer and 7 be a
partition of {1,...,¢}. For any m € N*, define the set Y, » by : © = (M, ..., 29) ¢ Yoz if
and only if x € A? and

VB € Vi, ig € B : (™), = (212),,,
and if |7| > 2
VB #Bem Vi€ Bise B:(2)y # (@),

where we recall that, when |20 > m, (z(),, denotes the ancestor of () in generation m.

Otherwise, if || < m, we set (2()),,, := e s0 Ty, 1 is well defined.

Now, let 1 < d < ¢ be two integers. A collection (Z;)p<i<q of partitions of {1,...,¢} is said
to be increasing if it satisfies 29 = {{1,...,¢}}, Eqa = {{1},...,{¢}} and for all i € {1,...,d},
|Zi—1] < |Zi|, where we recall that |Z;] is the total number of blocks of the partition Z;. For p €
{1,...,d} , the j-th block Bffl of the partition =,_; (blocks are ordered by their least element)
is the union of bp_l(Bf_l) > 1 (we will write by_;(B;) instead) block(s) Bf’l,...,BZp_1<Bj),
1<h <...<ly, B, < |Ep|, of the partition =, and for any i € {1,... pr,l(Bj)}a define

—1
By = 1B, (11.13)

be the cardinal of the block BZ )
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, generation
m/
m
(5@, = @) e(3) - 0
FIGURE 11.2 — In the present illustration, the 4-tuple of vertices ('), #(?), ) belongs to
Yo with 7w = {{1,3},{2,4}}, since -/ = = 2 = (22)),, = (W), and
#+ -(2) However, it doesn’t belong to T .
Let (Z;)o<i<q be an increasing collection of partitions of {1,...,q} and let t = (t1,...,t4) € N*9

..=;- We then define the function

such that t; < --- < tg4. Introduce the set Ff&,a ="y 15 ,NT
ffE by : for all ® € AY

d
fi=@) =1] Iy _(x). (I1.14)
=1

The function defined in (II.14) plays a key role in our study : ng(:D) characterizes the genealogy
of  := (z,...,2(@). Indeed, for any i € {1,...,d}, the partition Z; corresponds to the i-th
generation of the genealogical tree of (1), ..., z(9) while ¢; — 1 denotes the i-th generation at
which at least two branches of this genealogical tree split (t; — 1 therefore corresponds to a

coalescent /split time, see Figure I1.3 for instance). We are now ready to state our result :

Theorem 1.4. Let k > 2 and assume that k > 2k. Under the assumptions 1, 2, 8 and /4, for any
¢ € N* such that £ < k, any s = (s1,...,57) € N** such that sy < --- < s and any increasing
collection I1 = (7;)o<i<¢ of partitions of {1,...,k}

1. in P*-probability

(¢L1/21L)k£’k(9m for) — (o) L (fam). (IL.15)



1. INTRODUCTION 119

2. Moreover, for any non-negative integers mgo < mq < --- < my
1
*( _kmn __ kn __ * k 4
P (m = mo,. mht = me) — B [W S )] (I.16)

3:(51,...,82)
m;_1<s;<my

where szolz(ffn) is the limit in L?(P*) of the martingale (,Qflk(fgn))l, satisfying

> S () = (W)t

IT increasing s=(s1,...,S¢)
mi—1<s;<m;

and
¢ |7T'L 1‘
B [ ()] = O] T eviimpBi7h) I eV =D, (IL.17)
=1 j=1 Bem;
|%B[>2
with 5,1 = siy1 —si— 1, 55, = 1, ,6’? = ( ]1,...,prp B. )) (see (I1.13)). We also use

the convention [[, =1 and see the assumption 3 for the definition of ¢;(B).

Remark 4 (An hereditary character). There is an hereditary character hidden in the previous
formula (I1.17) due to the random environment. The fact is, unlike the case of regular super-
critical Galton-Watson trees depending on (b;(B); B € m;, 0 <i < /{—1) (see [Joh19], Theorem
3.5), the limit law of the present genealogical tree depends on the collection ( ;, 1<:i</l, 1<
Jj < |mi—1]) and on (|B|; B € m;, 1 < i < {), making a huge difference. Indeed, by definition,
the latter take more account of the genealogical structure than (b;(B); B € m;, 0 <i < /{—1).
For instance, let k = 4, { = 3 and define the increasing collection of partitions I1 = (7;)1<i<s
by w5 = ({1342}, {3}, {43}, w2 = {{1,3}, {2}, {43}, ™ = {{1,3}.{2.4}} and mo = {1,2,3,4}.
We have B3 = (1,1), B3 =1, B3 =1; 82 =2, B3 = (1,1); B} = (2,2) and thanks to (11.17),
for any t = (t1,t2,t3) € N*3 such that t1 < to < t3

E* [ (fim)] [Z e QV(w)}E[ Yy e—v(x)—v(y)rE[ 3 e—QV(:v)—QV(y):|
- | lxﬁ/ | \mﬁ/
m:y:l ZZ‘:y:l

o el3U(R)H2A5(2) Hb(4)

Also introduce the increasing collection of partitions II' = (7))1<i<¢ such that 7§ = w3, 7h = o,

= {{1,3,4},{2}} and 7} = my. We have 33 = (1,1), B5 =1, 83 =1; B = (2,1), B =1,
B = (3,1) and thanks to (11.17), for any t = (t1,t2,t3) € N*3 such that t; < t3 < t3

B ()] =B] Y V@O VW|R[ 3 o @volg| Z V@)V ()

T#Y TH#Y
|z|=]y|=1 |z|=|y|=1 \xl \yl 1
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o @)+ T()

generation
ty3 —1

to — 1

t1 —1

0

FIGURE I1.3 — An example of a genealogical tree of the four vertices 2 (1), 27 @n) = g7 (3n)
24" associated to IT (left) and associated to IT” (right). [1,2] means that by r({1,3}) = | and
ﬁf’n = 2, [2,(1,1)] means that by11({2,4}) = 2 and Bg’n = (1,1). In the same way, |2, (2,1)]

means that by r({1,3}) = 2 and B2 = (2,1), [1,1] means that by ({2}) = | and 3" = 1.

The difference between these two examples is that in the second one, we ask (5&”(4’”))151,1 (the

ancestor of 4™ of in generation t,—1) to belong to both genealogical line [(Z V™), 1, 2 ()]
and [(Z 3™, 1, 2 GM]. This constraint can be satisfied only if the vertex (2 ™)y, _1 is of-
ten wvisited by the random walk X, inducing more dependence in the trajectories of X thus giving
the factor t5ip(3) instead of 2t51(2) = t5ip(2) + t51(2).
Howewver, in the case of regular super-critical Galton-Watson trees, the events ﬂg’zo{ﬂ'i} and
ﬁ?:(){ﬁ'i} have the same probability under the limit law of the genealogical tree. Indeed, one can
notice (see Figure I1.3) that for all i € {1,2,3} and all j € {1,...,|m|} (|mi| = |7}| by defi-
nition), by (Bj) = b (By(;)) for some permutation p on [1,|m;|], but this not the case when
replacing b; 11(B.) by ﬁ.i’H and b; v (B.) by ,@?’H/.

Since all coalesences of the genealogical lines of 2" (1) . 27 (k1) occur in the remote past

with large probability, one could focus on this particular vertices of the tree %Tnl/z. To do that,
we pick a k-tuple & (") = (@(1’"), R @(k’”)) uniformly in the set ¥ N€¥ for s € N*. In other
words, the law of % (™) is given in (IL.5) by replacing A*(2,) with A*(2,) N €F. We keep the
same notations for % (™ as for 2" (™.

The last example gives the law of the coalescent times (yk’n)lgjgjk,n of lm)  aylkn) .
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Theorem 1.5. Let k > 2 and assume that k > 2k. Let 1 < £ < k, s € N* be two integers, and
s =(s1,...,50) € N* such that s1 < ... < sy <s. Assume that for all x € AF,

Fy@)= Y foz(@),

= increasing

where E increasing means here that = = (Z;)o<i<¢ is an increasing collection of partitions of
{1,...,k}. Under the assumptions 1, 2, 3 and /,

1. in P*-probability

d* (D, FY) ok (F’f)
—’]1 — = II.1
2. Moreover
Ak (FL)
* kn kn kn _ % oo\~ 8,2
P(A" =51, S =, JE =) — B [%%(%k)}, (IL.19)

where %O]Z(ng) is the limit in L?(P*) of the martingale (szk(Fe ) and satisfying

k—1
SN FEFED = aE ().

=1 s=(s1,...,5¢)
§1<-<8¢p<s

1.5 The small generations : a general result

In this section, we present results for the range &/*(2,, f) with f satisfying a very natural
heredity condition we will discuss later and including previous examples. First, recall that Z,, =
{x € Z_,12; bn < |z| < £,} with (£,) a sequence of positive integers such that ;' logn <
£, <n'/? (see Lemma 3.4 for the definition of §y) and (£,) is a sequence of positive integers such
that (50_1 logn < £, < £,. Then recall the definition of &/*(%,, f) defined in (I11.4) : if D, > k

Mk(-@naf) = Z f(w),

TEAR(Dy)

with A*(2,) = {z = (zW,...,2®) € §xF; Viy # ig, 21 #£ 2(2)} and equal to 0 otherwise.
Although we obtain quite general results, we however require the following assumption on f :
recall that for all k& > 2, & = (... 2®) € Ak, €k = {x € AF; ZF(x) < m} where
k() — 1 denotes the last generation at which two or more vertices among =M, ..., z(*) share

a common ancestor (see (II.10)). Assume

Assumption 5. there exists g € N* such that for all integer p > g and all x = (:c(l), ey x("‘)) €
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AF | if ming <<y, |z®)| > p and = € Cféf then

FaW, 2™y = (M), .., (2P),), (I1.20)

where we recall that (x(i))p is the ancestor of (" in the generation p. In other words, we ask

the constraint f to be hereditary from a given generation g.

Introduce the local time £ := Z?:l Lx,=c+y of the parent e of the root e at time n. Recall
that 77 is the j-th return time to e* : 79 = 0 and for any j > 1, 79 = inf{i > T7~1; X; = e*}.
Let s € N* and introduce Z, s := {x € Zrs; £y, < |z| < £,,}. We denote by k5 the set defined
by : for a given & = (x(l), ey x(k)) e A¥ & e ¢85 if and only if the vertices of z(), ..., z(®) are

visited during k distinct excursions before the instant 7% :
¢ = | (We=@W,. .. 2W)ecak 215 - 21 =1}, (11.21)
jelllvs]]k =1

where we denote by [1, s]x the set of k-tuples j of {1, ..., s} such that for all i; # iy € {1,...,s},
Jiy # Jiy- Our first proposition is a convergence of the range dk(_@st, flgr.s) for any ent/?2 <
s<n'?/ey, 61 € (0,1).

Proposition 2. Let k > 2 and assume x > 2k. Under the assumptions 1, 2, 3 and /4, if f satisfies
the hereditary assumption 5 then for all e,1 € (0,1), e;n/? < s < n'/?/g;

IP*(

where (S; — Si—1)ien+ 1S a sequence of i.i.d real valued random variables such that Sop =0 and

1
(sLy)k

(D, Flews) = (e AE(f)] > €) =2 0,

n—oo

E[h(s1)] =E| > h(V(2)e™" @), (11.22)
|z|=1
and, in L?(P*)
AE(f) = lim (), (11.23)

with A (f, B) = Laent f(x)e= BV @k o(f) = o4 (f,1) and 1 := (1,...,1) € N*k,

In the next proposition, we claim k-tuples in AF\ &% with n'/?/e; and €, € (0,1), that is
k-tuples of vertices such that at least two among them are visited during the same excursion

above e* and before T, have a minor contribution to the range </*(%Z,, 1).

Proposition 3. Let ¢ € (0,1), k > 2 and assume k > 2k. Under the assumptions 1, 2, 3 and 4

P*( sup M Dpre, Dpmers) > e(n'?Ly)¥) — 0 (11.24)

Nn—00
s<nl/2 [egq -



1. INTRODUCTION 123

We are now ready to state our main result :

Theorem 1.6. Let k > 2 and assume k > 2k. Under the assumptions 1, 2, 3 and 4, if f satisfies
the hereditary assumption 5 then, in P*-probability

k
T = e (), (11.25)

and if g Z 0 also satisfies assumption 5 then in P*-probability

A (T, f) A5 (1)
T (Dnrg) 2R} T2k (g

(11.26)

where Ly, = £, — by + 1, coo 1= E[(3 ;50 e™5) 7] and % (f) is defined in (11.23). Note that a
constraint satisfying assumption 5 doesn’t have any influence on the normalization of the range.
Moreover, o/*(D,, f) behaves like (L, MaXgeR 1/
all the information about the interactions between the vertices of the tree.

Since ¥(2) < 0, coo and ¢y are well defined in (0,00). Indeed, the sequence ((Zé‘:o e ey is
bounded and non-increasing and by Jensen inequality, 1 > E[(Z;ZO e %)~ > E[(Z;ZO e %)t =
(Zé’:o eI@)~1 > 1 ¥ > 0,

|z|)* and the limiting value oo (f) contains

We end this subsection by stating an extension of Theorem 1.6 to the range %,. Before that,
introduce 2, := {x € Zp; U, <|z| < L£,} with cardinal D,,.

Theorem 1.7. Let k > 2. There exists a non-increasing sequence of positive integers (q;);, sa-
tisfying q; € (0,1/2) and q¢; — 0 when j — oo such that if k > 2&k for some integer & > 2 and

L= 0(n1/2_q5), then, in law, under P*

(D, f) AL (f)
(2L, )F e (Woo)F

(cooc(l)/2\,/V])k, (I1.27)

and if g Z 0 also satisfies assumption 5 then in P*-probability

A* (D, f) AE(f)
=zl — ol
A Dprg) M nosse ok (g)

(11.28)

where co == B[} 4012 1y=1 e V@)=V /(1 — e¥®@) and A is a standard Gaussian random
variable.

In particular, all the previous results on 9, hold for Dy, with £, = o(nl/Q_qi).

1.6 Further discussion : the critical generations

The critical generations, that is to say of order n'/2, correspond to the typical generations but

also to the largest reached by the diffusive random walk X up to the time n. E. Aidékon and L.
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de Raphélis [AdR17] showed that n!/? is also the right normalisation for the tree %, : in law,

under P*
1/2

o
nl/Q‘%” v R

where for any ¢ > 0, <% is tree %7 with edge lengths equal to ¢ and Jjg, is the real tree coded by

the standard reflected Brownian motion [B| = (| Bt|)sc[0,1) on [0, 1] (see [Gal06]). J|p, is what we

can call a Brownian forest thus suggesting that two vertices 2 (1™ and 2 (27

chosen uniformly
in the range %, at a generation of order n'/? can share a common ancestor in both remote past
and recent past. That is actually what is happening when considering two vertices 2 () and
2 (21) picked uniformly at generation n'/2 in the tree %y, , where t, is the n'/2-th return time
of X to e* (which is quite similar to %,,) : let M, be the most recent common ancestor of 2 (1™

and 2" (27) First observe that

lim lim inf P*(.#, < 1/¢) >0 and lim limsup P*(en'/? < .4, < n'/?) > 0. (11.29)
e—

e—=0 n—oo n—00

Moreover, coalescence can’t occur anywhere else :

o o1
fiug i sup B [H > Lowedtin, 1/e<lonyl<entszy| = 0

e=0 pnooo Ty

|z|=|y|=n'/?

Although T is a super-critical Galton-Watson tree, the genealogy of %, (or %,) is a mix of the
super-critical case and the critical case for a regular Galton-Watson trees (see subsection 1.2).
The fact is using standard techniques for randomly biased random walks and branching random
walks, we are able to deal with the quenched mean of (Dy, )Pt for p; < |k and (#/2(%,,,, f))P?
with pa < [k/2] but not with the actual random variables.

The computation for any m > 0 and any 0 < a < b < 1 of P*(.#,, < m) and P*(an'/? < 4, <
bnt/ 2) is part of an ongoing work with P. Andreoletti and L. de Raphélis.

The present paper aims in some way to describe the interaction between the vertices of the tree

%Tnl s> in the set of generations «squashed» when rescaling the tree by n!/2.

Remark 5. The curiosity here is the fact that critical generations and small generations equally
contributed to the range. Indeed, whether £, is negligible with respect to n'/? (with £, >

Y2 This fact makes a deep difference with the

50_1 logn) or not, Z|u\:£n Liuen,,y is of order n
slow regime in which only the critical generations (that is typical generations, of order (logn)?)

contribute significantly to the range (see [AC18], Theorem 1.2 and Proposition 1.4).

2 Proofs of the theorems

In this section, we prove theorems presented as examples and end it with the proof of Theorem

1.6.
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2.1 Proofs of Theorems 1.2 to 1.5

In this subsection, we give a proof of each example stated above except for the Theorem 1.1
which is the simplest application of Theorem 1.6, taking f = 1. For each example, the procedure
is as follows : we first prove the function f we consider satisfies the hereditary assumption 5

and we then give useful precisions on &% (f) for the description of the genealogy of the vertices
ACLN A G0N

Proof of Theorem 1.2. Recall that for & = (z(), ..., ")) e AF and A = (\1,...,\) € (N*)*F

k

@D, 2y = H Lzt ae]<}-
i=2

Let us prove that the hereditary assumption 5 is satisfied by fx. Recall that for & = (:Jc(l), o ath)) e
AF . #k(x) — 1 denotes the last generation at which two or more vertices among Mz
share a common ancestor. If p > maxo<;<; A; and « € AF such that p < ming <<k ||, then
Z*(z) < p implies that for any z € [(z™M),, zM] x - - - x [(x®)),, 2*)], we have .7*(2) = S*(x)
since, by definition of fy, the highest obliged coalescence between at least two vertices among
(M. .., 2®) must append at generation maxo<;<p Ai. Thus, *((z()),, ..., (z®),) < m.
Moreover, by definition, #*((z(1),, ..., (z®),) < maxyci<p A; implies .7F(x) < maxpci<p \i.

Consequently, assumption 5 holds for g = maxs<;<; A;. We conclude using Theorem 1.6. ]
We now prove Theorem 1.3 :

Proof of Theorem 1.3. Recall that for & = (z(1), ... 2®) € AF #F(2) — 1 denotes the last

generation at which two or more vertices among (!, ..., 2(¥) share a common ancestor and for

m € N*, recall that
fm(®) = Lok (z)<m)-

First, note that the hereditary assumption 5 is satisfied by fp,. Indeed, if p > m and & € AF
such that p < minj<;< ||, then .#*(x) < p implies that for any z € [(z(1),,zM] x --- x
[(z®)),, 2®)], we have #*(z) = #*(x). Thus, #*((zM),,..., (x®),) < m. Moreover, by
definition, yk((:):(l))p, ol (w(k))p) < m implies .*(x) < m. Consequently, assumption 5 holds
for g = m.
We then deduce the converge of the trace in (I1.15) by using Theorem 1.6.
We now move to the limit law of (.*(2°()) in (I1.12). Note, by definition, that

1

BUAME Sm) = S k)E*[

A D, fm) 4 ]
A*(D,, 1) PnzkI]
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so P*(ZF(2™) < m) goes to E*[ZL (fn)/(Wao)¥] when n goes to oo thanks to Theorem 1.6 with
f = fm and g = 1 together with the fact that lim, ,o P*(D, > k) = 1. It is left to show that
limy, 00 ZE (fim) = (Wao ). For that, we use Lemma 3.9 with f =1 and p = (I,...,1) € (N*)**

sup B [|* (fn) — 4* (D[] — 0.

I>m m—00

Moreover, lim; o %(1) = (Wao)* and limy—yco % (fim) = X (f1n) so (X (fim))m converges to
(Wso)* in L2(P*), which allows to end the proof. O

We now turn to the proof of Theorem 1.4.

Proof of Theorem 1.4. Recall that for any 1 < d < ¢ € N*, for an increasing collection = =
(Zi)o<i<a of partitions of {1, ..., ¢}, forallx = (x(l), . ,x(‘I)) € Alandallt = (t1,...,tq) € N*d
such that t] <t9 < - < g,

d
fiz(@) =] ry (@),
=1

where Ty = = Yy, 12,, Ny
if and only if

and for any r € {1,...,d} and any m € N*, « belongs to Y, =,

191

VB € B, Vi1, iz € B : (™), = (%)),
and for r # 0
VB # B € B,,Yi, € B,is € B : (z"),, # (2,0,

where we recall that (2()),, denotes the ancestor of z(?) in generation m if exists, (z()),, = e(®
otherwise. Recall that ‘59’“ ={y € A%, S(y) < g} where .#(y) — 1 is the last generation at
which two or more vertices among V), ..., 4@ share a common ancestor. Let p > t4 such that
minj <;<, 2 > p and x € %ﬁf. Ifx e ﬂj-l:lF{E, then (), = (@), for all z € [(zM),, zM] x
X [(2@),,2@], 1 < i < gand t € {0,...,p} thus giving ((zM),,..., (2(D),) € ﬂ?zlsz.
Moreover, by definition, ((z(1),,..., (z(@),)) € ﬂ;l:ll“{a implies « € ﬂ;l:ll“ia, then (z()), =
(x(i))t. Consequently, ftd’E satisfies assumption 5 with g = ¢4 and this prove that the convergence
in (II.15) holds.
We move to the limit law of (7%7) in (I.16). Recall the definition of Zk" in (I1.11). First, note
that
¢
P*(Wﬁfg = 70,... ,Wﬁl’? =my) = P*( ﬂ {71',]22?_1 = Wi,l,wf,;? =m,mi_q < 5”;6’" < ml}>
i=1
Indeed, for all 1 < i < ¢, |m;_1| < |m;| so the interval (m;_1,m;] necessarily contains at least

one coalescent time. But since mo = {{1,...,k}} and m, = {{1},..., {k}}, Uf_;(mi_1,m;] can’t
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contain more than ¢ coalescent times so 45”116" is the only one belonging to (m;_1, m;]. We now

write

(ﬂ {sz L =T, M1 < «Z’m < mz})

mi my L
* k, _ kn __ kn
— E E P (ﬂ{wmf_l—m,l,ﬂm:‘—m,ﬁﬁi —si}>
s1=mo+1 Sp=myp_1+1 =1

mi1 mye

— Z Z (m{ﬂ-sﬁl_ﬂ-l 1,7 k”:ﬁi}>a

s1=mo+1 sg=my_1+1

k

Moreover, g1 = i1, 71'51 = m; means nothing but %~ (n) ¢ I’is r and it follows that

(m{ﬂ-mb 1 _ﬂi—laﬂﬁ%?:ﬂiv‘jﬂik’nzsl}> E*[fsl_[( ( )>]

% @{k(-@n’ .fl'[)
== [T o)

where we have used the definition of 2 (™) (see (I1.6)) in the last equation. Since fin satisfies
the hereditary assumption 5, we finally get (II.15) from (I1.25) with f = fﬁvn and by (I1.26)
with g =1

k S S AL (fen)

. % oco\J s,

Jm P = m ol =) = 3 e 3 B SpsE]
s1=mo+1 sg=myp_1+1 oo

We now compute the conditional expectation of .2Z% ( fﬁ,n) conditionally given the sigma-algebra
Fs,—1=0(T; (V(x); || < sp)). Start with p = £. Let s; € {m;_1+1,...,m;} foralli € {1,...,(}.
Using the definition of ,Q%O’Z(fﬁ’n) and the fact that z € AF DFQH for I > s, implies .7%(x) < sy,

we obtain, on the set of non-extinction

E* L (o) Fe,] = hm E*[ Z fom(a)e bV } Z fon(@ V@,

TEAF mEAke

@

share a common ancestor and we recall that (1,V(x)), = Zle V(2z®). In particular, these

since sy — 1 corresponds to the last generation at which two or more vertices among z(!),

vertices don’t share any common ancestor in generation s; and last inequality comes from inde-
pendence of the increments of the branching random walk (T, (V(z),z € T)) together with the
fact that ¥ (1) = 0. Before going any further, let us define a transformation of the collection of
partitions II. We build from II, which is a collection of partitions of the set {1,...,k}, a new

collection TI*~! = (7;)o<i<¢—1 of partitions of the set {1,...,|m,_1|} as follows :

e Ty 1= {{1}7 .- -v{|772—1‘}};
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e forany 1 < i < /¢ —2and any 1 < j < |m], the j-th block B;- of the partition mr; is
the union of bz_l(Bji») > 1 block(s) of the partition 7,_;. We then denote by B; the

subset of {1,...,|m—_1|} composed of all indices of these bg,l(B;-) block(s) and let 7; =
{Bi,..., Bll‘rrzl} By definition, 7ty remains a one-block partition : 7o = {{1,...,|m_1]}}.
Note that for any 0 < ¢ < 0 —1, || = |m andfor any 0 < i </ —2,1<j < |ml,

bi(B;) = bi(B;), where B; € 7; is the union of b;(B;) > 1 block(s) of ;1.

Example 6. If II is defined by w4 = {{1},{2},{3},{4},{5}}, 73 = {{1,3},{2}, {4}, {5}}, m2 =
{{1,3},{2,5},{4}}, m1 = {{1,3,4},{2,5}} and mo = {{1,2,3,4,5}} then we have :

77"3 = {{1}7 {2}7 {3}7 {4}}7 7}2 = {{1}7 {274}7 {3}},7?1 = {{17 3}7 {274}}7 and 7}0 = {{17 27 37 4}}

If I := TI, then for any i € {0,...,¢ — 1}, let II’ be the collection of partitions of {1, ..., |m;|}
resulting from the previous procedure applied to II*t1. Note that I’ is an increasing collection of
partitions of {1,...,|m;|}. This construction is a way of preserving the genealogical information
through the generations.

Let s“~1 = (s1,...,5._1) and recall the definitions regarding partitions in (I1.13). One can now
notice that, since that the number of vertices of the k-tuple x € Ak sharing the same parent
u9) is by_1(B;) (where we recall that b,_;(B;) stands for by_ 1(B£ 1)), we have

|7e—1] be—1(
Z fﬁ,l‘[(m)e_<l’v(m)>k = Z 13 1 16— 1 ( H Z H ]l{(xaw =y}
meA,’;Z GALZZ 11\ j=1 WeAbe 1By =1
« e_v(x(j,w)
where 20) = (01 20be-1(Bi)) and (29))* is the parent of zU+). Moreover, by definition,
be—1(B;) = \Bf_1| (it comes from the fact that wy = {{1},...,{k}}) so
|7o—1] be—1(Bj) " iy Ime—1]
_V (i .
|| [T tgeooyuoye V& =@V T 37
j=1 (j)eA’;ﬁ,ﬂB]’) =1 j=1 (7>€A by_1(By)
be—1(B;) .
—V o (205
X H LG ye—uinye Yu ),
i=1
where 81 = (|By!,..., B! ||) and V¢ (209) = V(204)) — V(uld)). By independence of

the increments of the branching random walk (T, (V(z),z € T)), since (1) =0

el
B 3 fin@e VO Z o] = o (e 87 TT enaimy ) JT ™
weAI;Z Jj=1 Bemy

1B]>2



2. PROOFS OF THE THEOREMS 129

o1l

_%|;[11|(fsz 1 e 17ﬁ£_1) H Cbe,l(Bj)(ﬁﬁil)v

j=1

where ,85?_1 = (ﬂjl ,...,5 bz " ) = (1,...,1), see (IL.13). We also recall that <™ (g,8) =
Z%Alm g(x)e= BV @m and see assurnption 3 for the definition of ¢;(3). Now recall that IT¢~2
is the collection of partitions of {1,...,|ms_2|} obtain from IT*~! with the same procedure as
above (see Example 6). Let s°~2 = (s1,...,s0_2). Again, exactly b,_o(B;) vertices in generation

s¢_1 are sharing the same parent 2 so

|e—2] be—2(Bj)

%'711|(fsz 1qqe- 1aﬁeil) = Z se 2ne o ( H Z H ]1{(u(j’i))*zz(j)}

[mp_al j=1 by 2(B) i=1
EASZ 11 (J)EA

_pgt=-2 (4,%) L (0351)
€ BtV Z ]l{:c(j,i)ZU(jvi)}e /BJ ’ v un (@ )7
be 2(B

m(])GA 3)

Where u(]) — (u(jvl), . ’u(j:b272(Bj)))7 x(]) — (x(jvl), cee x(j7b572(Bj))) and Vu(j,i) (x(]vl)) is the
increment V (z09)) —V (u()). Then, by independence of the increments of the branching random
walk (T, (V(z),z € T)),

| | |7o_o] be—2(Bj)

-1 /—1

ST P S SRR | S SR
EA\""Z 2l 7=1 u(j)eAbl—z(Bj) i=1

S0—1

—B5 77V (uli?) s;;b(ﬂf;?)’

sp—1—1

X LguGiye—zy€
with s} = sy — sy_1 — 1. Moreover, since Z?;Q(Bj) ﬂ]{f = ]Bf_2\ (see (I1.13)), we have

|7e—2] be—2(Bj)

H Z H ]l{(U(j’i))*:z(j)}efﬁfzQV(u(] )

1=t ey 2P =l

|7ro—2] be_2(Bj)

TV T Y IT iuonymoye i oo,

1=l ymealt2 B =l

with 8=2 = (|1B 1Y, ..., |Bfﬂ__i2|\) and again, by independence of the increments of the bran-
ching random walk (T, (V(x),z € T)), using again that Zbl 2( ﬁfz 2 |B£ 2|

[7re—2]
w1l pl—1 0—1 ™ 0—2 0— 2 0—2
E[%L_ell (f3€—17H£—1716 )’955,1—1] - 5‘, 81_2‘1(](.32 2 ¢~ 2B H Chy_o /6 )
7j=1



130 CHAPITRE II. GENEALOGY IN THE DIFFUSIVE CASE

< [ e,

Bemy_1
|B|>2
where ,BK 2 (le e ]b[ A(B;) ) Thus, we obtain
| ‘ l |7Tz l‘
E[ Z fﬁ,H( ~(LV@) |ﬁz 1= 1] Ms;wl 21(fsé 2 ¢~ 2’ﬂz ? H H Co; 1 ( 51 1)
zeAL, i=0—1 j=1
X H eStv(IB))
Bem;
[B]>2
By induction on 2 < p < ¢, we finally get, on the set of non-extinction
| | 0 |-t
kgl ™ -1 i—1 * B
B [ (fo)| Fopt] = 0 (o B T I v (857 T et 020,
i=p j=1 Bem;
IB|>2

Taking p = 2 in the above formula, we have, on the set of non-extinction

£ |mia]
B[S (Fo)| Fat] = A (B T TT oaim (8571 T 00,
=2 j=1 Bem,
IB>2
where for any i € {2,..., £}, s7 = si —si-1 — 1 and 53, = 1. Since ZbO(Bl ‘Bgl| = k (it comes

from the fact that mo = {{1,...,k}}), we have

E [ (e B Faa] = Y0 e ey, (8Y) T et

|z]=s1—1 Bem
IB|>2
7ol
= Z —kV(2) HCbO(Bj)(B?) H eS5(IB).
|z|=s1—1 j=1 Bem
|B[>2
the last equality coming from the fact B? =pB'=(|B},.. |B‘7r ||) Finally,
f ‘777. 1|
B [ork (] = O TT T o 0o (87 T e,
i=1 j=1 Bem;
IB|>2
thus completing to proof. d

We end this subsection with the proof of Theorem 1.5.
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Proof of Theorem 1.5. First recall that for 1 < ¢ < k, s € N* and s = (sq,...,5,) € N* such
that s; < --- < s; < s, for all & € A* such that ming <<k |x(j)\ > s,

Fj@)= Y fiz(@).

= increasing

By E increasing, we mean here that = = (Z;)p<i<¢ is an increasing collection of partitions of
{1,...,k}. Since fé,a satisfies the hereditary assumption 5, the same goes for F? by taking g = s.
Using the linearity of g — saflk(g), we get (I1.18) thanks to Theorem 1.6.

First note that

{(fhr=t, o)y <sp= Y U ﬂ {mmoy = mioy,m = i),
m;m1<---<my<s II increasing i=1

where II increasing means here that IT = (m;)o<;</ is an increasing collection of partitions of
{1,...,k}. It follows that

A* (D, FL)

* kn kn kn __ TRk
P (S0 = sy, S =5y, ghN = () =E [Wﬂ{mzk} :

and we conclude using Theorem 1.6. 0

2.2 Proof of Theorem 1.6 and Theorem 1.7

Proof of Theorem 1.6. First, %k(@n Tnl/Q,f) = ;z%k(@n,f]l@k’nl/g) + %k(@n,f]lM\@ml/g) and
then for any € € (0,1)

i 1
P (| g g (@ ) — () )] > )
<P (|G (@) = (e (D] > 5) + B (8 (L ) > 501 E)).

Noticing that 2, = .@anl/z,

the first probability in this sum goes to 0 when n — oo thanks
to Proposition 2 with s = n'/2 and the second one also goes to 0 thanks to Proposition 3 thus

giving (I1.25). For the convergence in P*-probability (I1.26), note that

P (| SR wen ~ D> )
(Do, f) RS .
S]P(%k(%,f)—Mé(g)‘>s,pnzk)+}1ﬁ>(pn<k),

these two probabilities go to 0 when n — oo and the proof is completed. O

We now prove Theorem 1.7. Recall that 2, = {& € %p; £y < |z| < £,}. The main idea of
the proof is to show that, when & > 28k, € > 2, and £, = o(n!/?>7%) for some non-increasing
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sequence q such that q; — 0 when j — oo, the volume D,, of the range 2, behaves like the
volume of the range up to the last complete excursion of (X);<, above the parent e* of the root
e.

For that, one can notice that for this choice of k, Proposition 2 holds uniformly in s : there exists
a non-increasing sequence of positive integers (q;);, satisfying q; € (0,1/2) and ¢; — 0 when
j — oo such that if x > 2¢k for some integer & > 2 and £,, = o(n'/27%) then, for any ¢; € (0,1)

n'/2 Je;
P U1/2)(Sgn)kg{k(@n,TS,f]lek,s) — (e s (f)] > ) — 0. (11.30)
s=ein

The proof of (I1.30) is the same as the proof of Proposition 2 but for any €,e; € (0,1), by
Markov inequality

n1/2/&1
p( U {] X 96 1a) —E[ Y MG Mgy )| > 2(sLa)/16})
s=e1nl/2  jE[l,s] J€l,s]k
nl/2 /e, 1626k 2¢k
< Z g2k (sL,, )%k [( Z (g fﬂ%&“n)_Eéa[ Z %k’n(j’fﬂ‘ffnm }
s=e1nl/2 J€ll,s]x Jell, sk
n'/? /e o\ (e )ﬁg
cwe 'y (M) ce B
s=ein

where we have used Lemma 3.7 with a = £ for second inequality. Note that q¢ > 2 since §{ > 2
s0, as in the proof of Proposition 2, we obtain (I1.30) by taking q; := (24;) !

Proof of Theorem 1.7. First, let us state the following fact, proved by Y. Hu ([Hul7], Corollary

1.2) : in law, under P*

1 1 1/2
— Tix, ooy — —— N
n1/2 ; {Xk=e} n—00 pfg(e, e ) ‘ |

We can actually adapt this result to the local time Z" of the parent e* of the root e : in law,
under P*

1 1/2
o — O, (IL31)

nl/2 n—00 W
where ¢ is defined in (I1.26). Moreover, recall that .4 denotes, under P?, a standard Gaussian
variable. Then, we show that &7*(9, 1., f) and &*(2,, f) are close in the following :

n,

n—o0

P*((gn,; 5| (D pen, f) ~ %’“(%,f)be) — 0. (11.32)
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Indeed, by (I1.31), lim., 0 limsup,,_, ., P*(e1n!/? < 2™ < n'/?/e;) = 1 so thanks to Proposition
3, together with Lemma 3.6 taking R = A¥\ ¥ and Lemma 3.10, (%k(@njﬂfz’" , fﬂAk\cg§n) +
A*( Dy, fﬂAk\gfn))/(gnLn)k — 0 when n — oo, in P*-probability where we recall that a,, =
(260) ! logn. Therefore, it is enough to show that

1

]P)*<(gnL ‘@{k n,T<"> f]l%k )_@{k(@naf]l%ﬂfn)‘ >€> — 0.

n—oo
For that, assume " = s € {e;n'/?,...,n'/?/e;}. By definition, £™ = sup{j > 1; T7 < n} so
on the set {D,, s > k}, where D,, s is the cardinal of Z,, s, both Z,, s and %,, are nonempty

and note that

SN Do fligg ) = (Do Flp )= Y D Yaep, @ <ant Lire<tozn)

pE{ln,....,Ln 1 ¥k zEAK

: Z Z Yjo|=p, #*(@)<an} L {Ts <t <41}
pe{énu"'rgn}Xk mEAk

where |&| = |p| means that for all 1 < i < k, 2(Y) = p;. Using the strong Markov property at

time T first and Markov inequality then, we have

P"(

) AN D, [ligy ) = T (Dure, flgr ) > €, Dpjrs > b, &7 = s)

(sL
g( B > 2 Mekp S@zan Lizecrty > 6)

PE{ln,...Lnk ¥k mEAK

= (EsLln)%Eg[( > 2 Ve w(wgan}ﬂ{ndl}ﬂ-

PE{ln o B0}k EAK
Moreover E¢ (3", cax L |z/=p, yk(m)san}ﬂ{Tw<Tl})2] is equal to

Z L= lyl=p. #*(@)v.s*(g)<am P’ (T V Ty < T') + Z Lyjzjmp, (@) <an} P’ (T < T),
z,ycAk TEAF
zFyY

where t V s = max(t, s) and thanks to Lemma 3.2
2
E* [( Z Ljz|=p, eV’c(m)San}]l{Tm<T1}) } < &(anLn)*,
zEAF

for some constant € > 0 that doesn’t depend on p thus giving

* ]. n é(an)2k
P( T 2 2 Yelp r@)<ent Lri<tasn) > 62 :5> S Tes)?
(sLn) <k g Ak (es)

pE{ln,...Ln } ¥k mEA
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for some constant € > 0. Finally, for all ; € (0,1)

P*<{($”L )@f’f Don flgy ) — Mf(.@n,ﬂ%)‘ > s}) <P (D, pon < k)

1/2/61

+ Z IP*( )k Z Z ]l{yk($)§an}]l{TS<Tm§n} > 57Dn,TS >k, " = S)

pE{ln,....,Ln} <k zeAk
|z[=p

s=e1nl/2

é(an)%

m +P*<$n < €1n1/2) —i—P*(gn > n1/2/61).
1

+ P*(L" < ent?) + PH (L > 02 )e) <
Note that limy, o0 P*(D,, p2n < k) = 0 and using (I1.31) with the definition of a,, = (280) " logn,
we have lim., 0 lim sup,,_, oo (€(an)?*/(261n/?) + P*(L" < e1n'/?) + P*(L" > n'/?/ey)) = 0,
which yields (I1.32).

Now, since &*(Z,, pn, f]lM\@k,xn)/(.Z"Ln)k — 0 when n — oo, in P*-probability and thanks

o (I1.32), we can focus our attention on dk(‘@n,Tjn , flgren) /(LML)

Note the &/*(D,, r.zn, flgr.2n) concentrates around (coo)*.2Z% (). Indeed, for any €,¢1 € (0,1)

n,

2( Mﬂk(-@nwnﬂek,zn) ~ (co)*TE()] > )
nt/2?/e;
<P'( U/ { (sﬁn)kﬂk(gnjsaf]le’w) — (cx) ' TE()] > £}) + P (2" < en!?)

+ P (L™ > 02 e).

Thanks to equation (I1.30), the first probability above goes to 0 when n goes to oo and by (I1.31),
lime, 0 limy, o0 (P*(L" < £101/2) + P*(L™ > n'/? /1)) = 0 thus giving

1

mﬂk(%mf",fﬂek,x”) - (cm)kdé(f)] > s) =0. (11.33)

lim P* (

n—oo

We obtain from (I1.33), together with (I1.32) that

1

Wﬂk(@mﬂ%) - (coo)’“ﬂfo’z(f)‘ > a) — 0,

lim P*(

n—o0

which gives (I11.26). We also deduce (I1.25) using (I1.31). For the convergence in P*-probability

(I1.26), note that
P*( i )1 sy o;(f)‘ >€)
d*( D, f1 k
- JP’*( (Dns f ﬁn) ;z% (f)
dk(-@naf]l%fn) g

‘>5D >k:)+IP’*(D < k),




3. PROOFS OF PROPOSITIONS 2 AND 3 135

which goes to 0 when n goes to co and the proof is completed. O

3 Proofs of Propositions 2 and 3

This section is devoted to the proofs of our two propositions. We show that relevant k-tuples

of visited vertices are those in the set &%,

Let us recall the well-known many-to-one lemma :

Lemma 3.1 (many-to-one). For any p € N* and any bounded function h

E[h(S1,...,5,)] = E[ 3 e V@RV (ay),... 7V(xp))],

|z|=p

where (S;)ien is the real valued random walk defined in (11.22).

We now state and prove a lemma that will be useful all along this section. For any vertex x € T,
introduce T}, := inf{i > 1 X; = z}, the hitting time of z and for any = = (z1),...,2(®) € A,
Ty = maxj<ij<, T,;. Recall that for any j € N*, TV denotes the j-th return time to the parent
e* of the root e. For 1 < £ < ¢ two integers, m = (my,...,my) € N*¢ such that m; < --- < my
and II = (7)p<i<¢ an increasing collection of partitions of {1,...,¢} that is to say |m;—1| < |m;]
with mo = {{1,...,¢}} and 7y = {{1},...,{q}}, recall the definition of ffn,H in (I1.14).

Lemma 3.2. Let k > 2 and a > 1 be two integers and assume k > 2ak. Let q € {k,...,2ak} and
p = (p1,...,pq) € N*9. Under the assumptions 1 and 3, there exists a constant € > 0 doesn’t

depending neither on p, nor on m such that

B[ ) fnn(@P (T <Th] <€

xEAT
|z|=p

where |x| = p means that |x| = p; for anyi € {1,...,q}. In particular, for any integer m € N*,

there exists a constant C39 > 0 doesn’t depending on p such that

E[ S g (@)PY (T < Tl)] < OyomiL, (IL.34)
xrEAT
|z|=p

Proof in the case ﬁ?leZ‘n 1 C {x € A% €9(x) < mini<;<gp;}. First recall that I’ is the par-
tition of {1,...,|m;|} obtained via the procedure defined above Example 6 and for any i €

{1,...,¢}, any j € {1,...,|mi—1|}, the j-th block B; of the partition 7r;_; is the union of
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bi—1(Bj) > 1 block(s) of the partition ;. Note (see the proof of Theorem 1.4) that

|mme—1] be—1(B;j)
& 1
mel‘[ P T <T) Z mz 11— 1 H Z H IL{ wld D)) * =2}
reAI [mg_1l Jj=1 be 1(Bj) =1
|z[=p #€hmy 1 uPEAm
& 1
X Y Wajmp, a2y P? (T < T,
FASYAX
where m‘~! = (mq,...,my_1), u is the concatenation of u",... ull™-1D) and 2 > u means

that 2 > u(). Thanks to the strong Markov property at time T, there exists a constant
Cq > 1 such that

\71'@,1| b[—l(Bj)
S @E L <T) <0 Y @R @<t [ Y
pASYANS Al"re 1‘ _]:1 (J) Abé 1(3_7) i=1
|z|=p #E%mg-1
X Lgoioyeoy Y, LGoseoa Pl (Ten < T,
2@ eAbe—1(Bj)
|2 |=p()
where p is now seen as the concatenation of p(!), ... p{m=1D) Moreover, it is known that for all
z<zin T,
& 1 Ze<w<z eV(w) & 1 1
P(T, <T") = == ifz#e P°(IT,<T')= —=———— else, (11.35)

Zegng eV(w) Zegwga: eV(w)

so PE(T, < T') < e V(@ Y e<w<s eV, By independence of the increments of the branching
random walk (T, (V(z),z € T)), using that by_y(B;) = |B{™"| and ¥(1) =

[7me—1]

B[S fn@P (T <] <eiB[ 3 fibi e (P2 <7 T (0)/ ]

rcAd EA‘WE 11 j=1

|z|=p me=t
XCq H C|B|(1)

Bemp

with H, = 3 cpc, eV@VE and ¢, = C, [IBex, , ¢B|(1) € (0,00) thanks to assumption
3 since for any B € my_1, |B| < ¢ < 4k < k. Again, thanks to the strong Markov property at

time T, ()
|7o—1] s
Z fmi 16— 1( )Pg(Tz <T1) H (Hz(j))|Bj |
EAIM 1l Jj=1

mp—1
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|7ro—a] be—2(Bj)
<Cra Y fptepea (WP (Tw<TH [T >0 [T Teooy—won
€A|""e 2l j=1 (J)eAbe Q(BJ) i=1

my_1—1

1
X Lo 6>t (H,o, z)) P Pe o (T <TH),
{ > }
s@ealmt

for some constant Cy_; > 1, where v\ = (u(j’l), e ,u(j’b‘f*Z(Bﬂ'))) and recall the definition of
A% in (IL13). Thanks to (IL.35)

-2

=2 & —V (206 (—2_
(qu»z‘))ﬂj’l Pgu')(Tz(m <Th = H,ie W (2 )(Hz(j,w)ﬁ“ "

—V (i (200D _
and H,;) = H,gne @ ) (2 )+Hv<j,i)7z<j,i) where, for any u < x, Hy ; := Zu<w§x eV (w)=V(z),
Since H, > 1 for all u € T, we have

LV (el LV (2D
H . < Hyo (e @@ 1) (e Vot ( )+Hv<j,¢>,z<j,i))»

f—
thus giving that (Hz(jyi))ﬁj,f]f’)i(j)(T Gy < Tl) is smaller than

z

Gy, —V o (0D £—2 1 IRTNAD)
(Hw(j))ﬂﬂ eV @ )(e V @@ )+1)B V. Gy (20°9)
-2

—V (in (20D B
X (6 Gy (2 )+Hv(j,i),z(j,i)) 7,

By independence of the increments of the branching random walk (T, (V' (z),x € T)), using that
be l— l—
Zi[ 12 B_] ) ? |B 2|

7ol
£—1
E[ fmf 1 I16- 1( )P@@(Tz < Tl) H (Hz(j)>|Bj I}
zeAl:::i‘ Jj=1
|7e—2] "
E CéizE[ Z fme 2 16— o (w )Pg(Tw < Tl) H (Hw(ﬂ)‘Bj ‘],
wEA:ﬁ:fl,l J=1
where, thanks to the many-to-one Lemma 3.1
= be-2(B)) (v() (%) -2 S
_ v —V(v\"* ,8: —Pm¥ S B|—-1
Cpo= H E[ Z H (v (v )Jrl) 7 } H E[(e ¢ +Hm?5)| | ]’
7=1 'UEAbZ 2(Bj) i=1 Bemy_q
1

my = mg —my_1 — 1, Hy = > e e%r=9m (the random walk (S)) is defined in (I1.22)). Note
that €y_o € (0,00). Indeed, the first mean in the definition of &€,_5 belongs to (0,00) thanks

to assumption 3 since for any 1 < j < |my_s|, by—2(Bj) < ¢ < 2ak < £ and Eb[ 2(B; )ﬁ]‘f’;z =
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]Bf72| < g. The second one also belongs to (0, 00) since for all B € my_1, |[B|—1<¢—2 < k-2
and as it is proved in [AD20] that sup,,en« E[(Hm)" 17¢] < oo for any € > 0. We also deduce
from this, together with the fact that ¢/’(1) < 0 and m; > 0 that €,_, is bounded by a positive
constant doesn’t depending on m. By induction, there exists a constant €3 € (0,00) (still not

depending on m) such that

|71

1
E[men )PE (T, < T ] <¢2E[ Y P <Tl)H(Hu(i>)lBil]1{u(i>>Z} .
TEAY |z|=m1— IUEA‘ﬂlll
|z|=p

Thanks to the strong Markov property, P¢ (T, < T') < C’|,,1‘IP‘°@(TZ < Th Hl7:rl1| PS (T, <
T = C|,T1|IP’5(TZ < ThH H!;”l' e—V(U“))/Hu(w for some constant C,| > 1 and then, using
(I1.35) together with the many-to-one Lemma 3.1

B Y frn@P (T <T)| <@B| Y e VOHE)™] = eB[H], ).

TEAd |z|=mi1—1

|z|=p
Again, |m1|—1 < g—1 < 2ak—1 < k=150 E[(H}5, )™171] < supene E[(H5_)™171] € (0, 00)
which ends the proof. O

3.1 The range on ¢*-

This section is dedicated to the proof of Proposition 2 in which the range is restricted to the
k-tuples of vertices belonging to the set &, that is such that the vertices are visited during &

distinct excursions, see (I11.21) for the definition of & .

The relevant vertices : the set ¢

First recall that €¢ = {x € AF; *(x) < m} where, for any z = (z,...,z®) ¢
A¥ and .#%(x) — 1 is the last generation at which two or more vertices among 2z 2®)
share a common ancestor (see (IL.10)). In this subsection, we focus on the range on & N %X
with a, = (209) !logn, which is the set of relevant k-tuples of vertices in the case of small

generations. Before going any further, let us state and prove the following lemma. Recall that
Hy =Y cu eV (2)=V(u)

Lemma 3.3. Let k > 2 and a > 1 be two integers and assume k > 2ak. Under the assumptions
1, 8 and 4

(i) for any integer q € {k,...,2ak} and any B = (B1,...,By) € (N*)*9 such that 3 I_, B; <
2ak, there exists a constant €331 > 0 such that

sup B| Y e BV @ } < €335
pG(N*)Xq =yAY]
|z|=p
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(i1) for any integer q € {k,...,2ak} there exists a constant €339 > 0 such that for n large
enough and any h > 0

B > 1 ~aV@) < S22 o)

{maxi<i<q H_ (iy>h}© = a1 oW

zeA],

Proof in the case ﬂlef‘zn’n C {x € A% ¢9(x) < minj<ij<qp;}. Not that, since H, > 1, we have
E[ZmeAZn e~ LV (@))q] = E[ZwEAgn L imaxicicq Hz(i)>h}e_<1’v("’)>‘I] for all h < 1. The proof of (i)
is similar to the proof of Theorem 1.4 and Lemma 3.2 so we focus on (ii). In order to avoid
unnecessary technical difficulties, we prove it for any a > 2. Recall the definition of fiH in (I1.14)
for ¢ € {1,...,q — 1}, s = (s1,...,5¢) € N*¢ such that s; < --- < sy and Il = (m;)p<;<¢ an

increasing collection of partitions of {1,...,¢}. Note that

q qg—1
Z Z ]l{maxlgigqHx(i)>h}e—<1,v(m)>q — Z Z Z Z ff,n(ﬂ?)e_(l’v(m»q

zeAl, j=1 =1 s;51<...<sgy<an Il increasing zeAl

X ]l{maxlgigq Hz(i) >h}7

¢ —(1,V :
and ZwEAgn fs,H(m)ﬂ{maxlgigq Hm(j)>h}e (LV@)a i equal to
|me—1] be—1(Bj)
(-1
> L@ I 20 I Tooyp—on X2 Luwoswen
zea ]t T umeayt 0 O
% e—V(aj<jvi))

{maxy o g,y maxscircn, (B H 50 >hd

V(z)=V(z)

Recall that for any u < @, Hy,» =) e

fact that H ) > 1

u<z<z , thanks to assumption 4 together with the

u

V(2
Hyoy < Hopn(1+€Me Va0 '+ H (G i1) 21

" (x5

so H .y > h implies that H (1 + eb)e_vu(ﬂ"» ) > h/2 or H, i)y > h/2. We also

decompose according to the values of H ;) :

1

Vo (@G
{ max) </ <|m, | maxlgi’gbz_l(Bj,) Hz(j/) (14eb)e wG")

>h/2}

< ]l{max / H .\>h} +1 i/ i
>~ ) ) v ) (3",i") .
1gislme—11 77200 {maxl<ﬁ"<\""z 11 maXy < <, 1(3'/)2(1+eh)e u(ﬂlﬂl)(z >>1}
=4 =1"e= =0 =117y
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We therefore deduce that ]l{maXK] VH () >h} is smaller than

I<|mp_ 1| MAX1<i/ <b,_ 1 (B I

|7me_1] be—1(Bjr)

TSRS o Sl (T — o).
{max, <jrcim, ) H_y>h} £ ot H 1) 2 (i) > /2} {2(1+eb)eivu(j'ai/)(z(17 ))>1}

By independence of the increments of the branching random walk (T, (V(z),z € T)), since

$(1) =0

[ Z sz ]l{maxl<1<qH()>h}e (LV(®))q

zeA],
- |me—1]
[ > fut L1 (2 )]l{maxlsﬂswwzfllHz(j’)>h}e_<ﬁ ’V(Z)mbll} I by
EAL’Y -t =t
|7e—1]
+Q(51,n +32,n) H Cbé—l(Bj)( JE [’524;211‘(f34 176 17/68_1)}7
7=1

where we recall that <7%(g, 8) = ZmeA? e~ BV (@)a,

s =E[ Y ey ] and jon=E[ Y eV e vesy)-

|z|=an—s¢ |z|=an—s¢

Thanks to the many-to-one Lemma 3.1

3 =PH; > h/2) <E55/h" 1,

an—S5Sy

for some constant €333 > 0, the last inequality coming from ([AD20], Lemma 2.2). We now
turn to 3p2. If sy < ap/2 then, for any p € (0, — 1)

jom < 2°(1 4 eh)pean¢(1+ﬂ)/2_
Otherwise sy — 1 > a, /2 and thanks to the Cauchy—Schwarz inequality
B[ (2 e BN | BT (e 871 |+

(1P B (o (e )]

where ¥, = {min,, jo<|s1<a, V(2) > 3/2logn} (recall that a, = (20) *logn). On the one
hand, by definition, there exists i, € {1,...,|m_1|} such that ]Bfa_l\ > 2. It follows that

E[ s‘;ﬂ-elll(fé IHZ 1a/6€_1)]1“in} Sn_3/2E[ s‘pﬂ-elll(fsé IHZ 1a/6£_1)]7
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where 37! = |B{™!| for all j # i and 3{ ' = [B{'|~1 > 1. One the other hand, 1— P(”f/)
n~P5 with ps > 0 thanks to Lemma 3.4. Moreover, both E‘M 1|ﬁe ! and Z‘M 1|ﬁ§ !
smaller than 2k since g < 2k. Hence, thanks to (i)

BT (74 e )|+ B[ (A7 (2 e 8D) ] <

for some constant €334 > 0. We obtain

|: Z fSH IL{Ina,xl<l<qH(Z>>h}e (1,V(:l:)>q:|

zeAD,
- |7e—1]
[ > fefill,mfl(z)]l{maxlgj'sw_llqu'>>h}e_<ﬁ y(z»‘”_ll} |§EIERICY
GAL‘Z[ 11\ Jj=1
Ime—1]
+ q31n H Cbg,l(Bj)(l)E[ slzwlﬂ(fsz 1 q1e- 17/3671)} +n= P,
j=1

thanks to the assumption 3 and for pg > 0. Note (see the proof of Theorem 1.4) that

[re—2]

B[ (2 e B0 | = T2 (R e B0 T s (B72) T e,
Jj=1 Bemp_1
[%B]>2
with ,Bf_Q = ([5’J1 ye ﬁj b s(B;) ) and s; = sy — sy—1 — 1. Since for any B € m,_; such that
IB| > 2, ¥(|B]) < 0, we have
S Bl G e B < B[N (1 8] TT a8
sg=sp—1+1 Bem,_o
-1
(1 - I ew(l%l))
Bemy_1
[%B]>2

D i th f E -1 ]]_ _</6£717V(z)>\7r£_1| b
omg the same for [Z l7e—1] fSZ—l Hé—l(z) {maxy < jrcm,_ | H (-/)>h}e ]7 we ob-
ZEAsrl ) SrsIme—1l 720

tain, thanks to assumption 3

Z [ Z sz ]l{maxl<l<qH(1)>h}e <17V($)>Q]

3;51<...<Se§an :l:EAq

(B 2V (),
< Z E[ Z fse 2 T~ 2( )]l{maxlgj’glne,2\Hz(j/)>h}e g 2\]

51<..<sp_1<an A\ﬂ‘g_zl
557171

€335
hn—l

+ n*p77
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for some constant €335 > 0 and p7 > 0. We conclude by induction together with assumption
3. O

We remind the definition of the range &*(Z,, 75, g)

A (Dnrs,9) = Z 9(x) LT, <75},
TcAk
Ln<|x|<Lhp

where Ty = max;<;< T, and £, < |z| < £, means that £, < [¢()| < &, for all i € {1,...,k}.
Vertices with high potential have a major contribution to the range. One can note that under
the assumption 1, the potential V(u) of the vertex u € T behaves like |u| when |u| is large (see
[Big76] and [HS09] for instance). It allows to say that

Fact 1. For all € € (0,1), there exists a. > 0 such that

P*( ianTV(z) > —a.) >1—c¢. (I1.36)
zE

Moreover,
Lemma 3.4. Under the assumption 1, there exists 6o > 0 and p1 > 1/2 such that for any positive

integer C

P( min V(z)>3¢) >1—e "¢,
|2|=65'¢

Using Lemma 3.4, we are able to prove that any vertex x € T in a generation between J, Yogn
and n'/? is visited during a single excursion above the parent e* of the root e. For that, let us

define the edge local time N, := Z;F:l Lix;  =u* x,=u} of the vertex u € T and introduce
S
Bui= D iy npimizy
j=1
the number of excursions during which the vertex x is visited by the random walk X.

Lemma 3.5. Under the assumption 1, for all e; € (0,1), there exists pa == pa(e1) > 0 such that

for n large enough

nl/2 /ey nl/2

(U U {Ez2}) <

s=e1nl/? \z|:551 logn

The proof of Lemma 3.5 is similar to the one of Lemma 3.5 in [AD20].

Introduce the set &% of k-tuples of vertices visited during a single excursion :

G = {z=(aW,....aW)e AF; V1 <i<k, ES, =1} (I1.37)
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In other words, Lemma 3.5 says that we can restrict the study of the range 7 k(@n’Ts, f1 eksgk )
to the set &%, This restriction allows to get quasi-independence in the trajectory of the I‘BfILl—
dom walk X and the resulting quasi-independent version of the range «*(%Z, rs, fleksngn )
is easier to deal with. A similar idea is developed in [AD20] and [AK21]. Let j € [[1,5]]1,,
pE{ly,...,L,1*% and define

k
S "G:0):= 2 9@ [y riorsyy ond MGg= 3 G,
TCAk i=1 pE{ln,....,Ln} "k
|z|=p

(I1.38)

where for any = (z(),...,2(®)), |z| = p means nothing but || = p; for all i € {1,...,k}.
In the next lemma, we show that @*(Z,, s, flgr.sqgr) and > el sl %" (j, flyx) have the

same behavior

Lemma 3.6. Let k > 2 be an integer and assume k > 2k. Under the assumptions 1 and 3, for
all bounded function g, any €,e1 € (0,1), there exists py := pa(e,e1) > 0 such that for n large
enough and any subset R of T*F

nl/2 /g
(U o st~ Y G gto0| > oY) <0

s=e1nl/2 J€ll,s]x
Démonstration. We first decompose as follows
%k(‘@n,TS s glgrsqm) = %k(-@mT%gﬂekamGkvsmm) + dk(-@stagﬂekvsnmnAk\Gk,S)-

We first deal with 7%(Z,, 1, gl gk.snghsqm)- Note that & € €% N &** means nothing but there
exists j 6.[[1,5]]1c such that for any i € {1,...,k}, NT” N%;fl > 1 and for all j # j;,
N§’> Nf&;l = 0, thus giving that M;(.@mfps,g]l@k,smek,smm) is equal to

Z Z Zgn“ H {NT” NTI 7 > 10w, NTP - NTP~ g}

PE{ln,..., 80 } ¥k GE[L ], mEAK 2@ 0N
|z|=p

Thanks to the strong Markov property, the random variables N - NT "' are iid under P¢
and distributed as NI ' It follows that

]l H [3 (3 1 ]
[%g (@ (NI —NT3 ™ 213 ik, NTE -NTE T =0}
xrc

|z|=p
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= ) gln(x H Ty < TH( =P (Tyo) <TH)*
zEAF =1
|z|=p

Using (11.35), IP"’@(Tx(i) < Tl) < e_V(;z(”) and on ¥, = {minégllogn§|m|§n1/2 V(Z) > Slog n}
(1= P% (Ty < TH)P 12 (1—e7VED) > (1 —n™2) > (1 - n73)n"?e,

SO

[ Z Zg]lm H (N -NTE T >1)

JEl,s]x weAk 2 ()
lz|=p

&
—E [ Z Zgﬂf’" H]I{NT“ NT“ >1; Vpjs, N7 NT(f)l_o}]

FE[Ls]s wEAk (%)

||=p
Ss(s—1) %o x (s—k+1) Y gla)e BVE@k(1 - (1 —p 3oy,
zEAk
||=p

The next step is to show that the mean of the previous sum goes to 0 when n goes to oo,

uniformly in p. For that, one can notice that

B[ 3 gla)e (- (1 - )] < B g m] 3 eV,

zEAF zeAk
|z|=p |z|=p

thus giving, thanks to Lemma 3.3 (i) with 8 =1

nl/2 2kn o/
B[ Y gln(@)e OV@r(1 - (1 -0 )] < gl sup B[ 3T e 8V @N]
xeAk PENTXE % nk
lzl=p |lz|=p
< Cyn 2, (I1.39)

for some constant €34 > 0 doesn’t depending on p. We then use (I1.39) to conclude. Note that

nl/2
IP*( Ljal {’%k Dn sy Glghsmm) — Z d*n (4, gﬂm)) > e(sLy) })
s=enl/2 Je1,s]k
nl/2
<P ( J " @urghescom) = 30 @™ (G.g1n)| > 2(sLa)* . %)
s=e1nl/2 JE[l.s]k

11— P (%)
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By Lemma 3.4, for n large enough 1 — P*(%,) < n="1 for some p} > 0 and thanks to Markov

inequality
n1/2/51
P*( U {‘Mk(@n,T%g]lek«sm%) - Z Q/k’"(j,gllm)‘ > E(sLn)k},"//n>
s=en!/? JElLslk
1/2/61
U {% nTS gl gk, SARNAKR\ G s) > E(SL /2})
s=e1nl/2
1/2/51 L1/2
+ Y > Y g [Zgn V@ (1 (10 ),
s=e1nl/2 pe{ly,....Ln} ¥k jE[1, S]Jk xeAk

|z|=p

which, thanks to Lemma 3.5 and (I1.39), is smaller than n™="2 + = QC‘ & for n large enough and the

proof is completed. O

The next lemma relates > a/*n (g, [l ) with its quenched mean and illustrates why

je[[lvs]]k
this quasi-independent version of the range is easier to deal with.

Lemma 3.7. Let k > 2 and a > 1 be two integers and assume k > 2ak. Under the assumptions
1, 2 and 3, there exits a constant €37 > 0 and a non-decreasing sequence of positive numbers
(qj)j>2 satisfying g2 = 1 and q; — oo when j — oo such that for n large enough and any
ent/2<s< n1/2/51

E[( X oG ) B Y oG g )]) ] < G (L) (e

jeﬂlvs]]k Jeﬂlasﬂk

Démonstration. Recall the definition of &/%"(j, flgr ) in (I1.38). Thanks to the strong Markov
property, the random variables NI "N T """ are ii.d under P¢ and distributed as N. T " for any
z € T. It follows that

Y @G flg)]

jell]ws]]k'

k
=s(s— 1) (s—k+1) > S flg (@) [[PA (VT > 1),
pE{ln,....,Ln} "k ze Ak i=1
|x|=p

2k

and for a = 1, the term s in the above mean is equal to 0 and using again the strong Markov

property leads to

> (G, [l ) — B[ > %k’"(j,fﬂgfn)])Q]

jeﬂlzs]]k jeﬂlvsﬂk
S 63.771(1-/”)2]6((2”)252]672 + 2n52k71) S 263.7,1(Ln)2k£n32k71
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where the constant €371 > 0 comes from Lemma 3.2 and the last inequality comes the fact that
£, < s for n large enough.

When a > 2, using similar arguments we have

2
S G g )~ B[S MG g )])
JElL 8]k JelLs]w

< Cy7 < (Ly)2 % (g,,)3l0/2 g2ak=21a/2]

We finally obtain the result by taking qq := alg=1 + 2|a/2|1s>2. O

Convergence of the quenched mean of the range on ‘Kfn

We prove that the quenched mean of the quasi-independent version };.p; o, & R, fer)
of the range on the set %fn converges in P*-probability by using the hereditary assumption 5.

Lemma 3.8. Let k > 2 be an integer and assume k > 2k. Under the assumptions 1, 3 and 4, if

f satisfies the hereditary assumption 5 then

lim E*

n—o0 [

> flg H%—(coo)k%’i(f)uzo

xeAk =1 z
fnS\ﬂJ\SQn

Démonstration. The first step is to decompose ZmeAk;én<\m\<£n flgn (z) Hle e_V(x(i))/H (@) :

B V@) ko —V(a®)
> flg@]l——= > > Y fAg@]ljm—
zEAF i=1 He PE{ln,... e}k zEAE xTEAk i=1 z

In<|@|<Ln || =p; 2()>2(0)
ko o=V(®)
e
= > Y e X 5
PE{Ln, o, L} ¥k zEAL wenk  i=1 2@

|;1;|:p; (1) > (1)

where the last equality comes from the hereditary assumption 5. As we did above, we decompose
H . : Hu = Hz(i)e_vz“) (=) + H,() .- By independence of the increments of the branching

x T

random walk (T, (V(z),z € T))

B[ flg (= H Hm\ J= X s H eV ED g (Hoo), (11.40)

xrEAFk =1 zeAk
lz|=p

where Z,, = o(T, (V(2); 2] < an)) and onp,(r) = E[X- 12, 0, e V@) /(re V@) 4 H,)J.
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Let us prove that

(z k
. (= V(2 2
i, o, (S @I - 3 et
||=p !
= 0. (IL41)
Thanks to (11.40)
V(®)
E[(Zﬂ% H T 2 e H - m())‘p”’pi(Hx(“)Y}
ek i=1 (9 xeAk =
|z|=p
m() 2
I TOOIN) | CeL S (S S
reAE i=1 wEAk i=1
|z|=p

For x,y € AF, denote by xy = (ar:(l), oz ,y(k)) the concatenation of  and y. Note
that

*V(€B< i) V(z(®) e,V(y( )
(St @ ) = X o @1 H
f He , H,o  Hyw

zeEA =1 xz,y; zycA2k

||=p ||=|y|=p

ko e=V(@®) o~V(y®)
e
k. 2k — (1:(1) y(")
zYyeAR; zydA =1

|z|=|y|=p

where for any x,y € A*, xy ¢ A?* means that there exists o € {1,...,k} and i1,...,iq €
{1,...,k} distinct such that 2() = 4(@) for all j € {1,...,a}. It follows

BV (@) o-V(y®)

lim  sup E[ N Sl (@)1 (y He T T }:0,

n—oo
Ln<p<L, x,YEAk; myd A2k =1 Y
|lz|=|y|=p

Indeed, by independence of the increments of the branching random walk (T, (V(z),z € T)),
since H, > 1

V(@) =V(yt >>]

E[ S Sl (@)l (y H -
x,YEAF; zyg A2
\m\—\y\—p

<15 Z Z H by b @p [ § eV @na].

a=1i1#1iz...7%iq=1 j=1 zeAgffa

0 Hyo
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By Lemma 3.3, 7 cnE[_, ca20-a e~ (LV@)2k-a] < 00 and for any p; € {ln,..., L.}, 0 €
{1,...,k}, ePij=an)¥() < o(la=an)¥(2) 5 (0 when n — oo since £, > 5y logn and a, =
(260) ' logn, which gives (I1.41). We now prove that

0 (D SIS} | G IFIE) | Gl e || SR

zeAk =1 zeAk =1

Let h, = logn (the choice of h,, is almost arbitrary, h, — co with h, = o(n?) for all § > 0
should be enough). Note that |coc — @np, (H )| < 2 so

S |CSUD IFLE) | RGN STE) § Calat A |

zeAk i=1 zeAk i=1

k .
<If1<E[ 3 TTe" s = G (o)L g <

zeAgn =1

+2||f||OOE[ Z ]l{maxlgigkHz(i)>hn}6_<1’v(z)>k].
zeAk

We show that limy, oo SUPgy, <p,<s,. 1<r<hn} [Pnpi (1) — €oo| = 0. For that, on the first hand,
Onp, (1) < EH/H@i—an] where we recall that HS = Py e%i=5m (see (I1.22) for the definition
of the random walk S). On the other, for any ¢, < p; < £, and 1 <1 < hy, @pp,(r) is larger,
for any 1 > 0, than

V(@) 1
Bl 3 mﬂ{vm% oen] 2 E[hnn—ﬁ +HS | = P(Spima, < rilogn)

|z|:pi7an Ln—an

where we have used the many-to-one Lemma 3.1.

Note that P(Sp,—qa, < 3logn) < P(mins)-110gn<j<g, S5 < 71logn) — 0 when n — oo for
some r1 > 0 since a, = (26y) ' logn and 1'(1) < 0. Moreover, by definition, both (E[l/Hgl_an])
and (E[1/(hyn™" + HZ _, )]) goes t0 o, when n goes to oo and we obtain the convergence.
Then

£t £ AT - 5 s ]

zeAk i=1 zeAk i1
< Hf||ooE|: Z 6—<1,V(m)> } 1IEa<X]€ sup |§0n,pi (,r.) . coo‘k
P ISR L <pi<Ln, 1<r<hn
—(1,V
+2||f||OOE|: Z ]l{maxlgigk Hz<i)>hn}e { (z»k]
zeAk

Using Lemma 3.3, first (i), then (i) with b = hy, sup,eyE[} . can e~ (V@] < oo and
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limy, oo B>, c Ak Lmaxycich H (i)>hn}e_<17V(Z)>k] = 0 thus giving (I1.42).
Finally, putting together (I1.41) and (I1.42), we obtain the result. O

Convergence of the quasi-martingale ,Qflk( )

Recall that

Z f —(B,V(x )k— Z f H —B:V a:(‘>) and JZ{Zk(f):Q{lkaal)

zEAF zEAF =1

The aim of this subsection is to prove that #% := lim;_,., /"(f) exists when f satisfies our

hereditary assumption 5. For that, let us define for any p € (N*)**

Zf —(L,V(@))k

zEAF

|z|=p
where we recall that for any & = (z(1), ... 2(®) € A* |x| = p if and only if || = p; for all
i € {1,...,k}. One can notice that when p = (I,...,1) € (N*)** we have #*(f) = ;z%zf(f).

Lemma 3.9. Let k > 2 be an integer and assume x > 2k. Under the assumptions 1, 3 and 4, for
any bounded function f : AF — R, there exists two constants €39 > 0 and b € (0,1) such that

for any p € (N*)** and any integer m > 1 such that m < max p := maxj<;< p;
« 2 _
E Hﬂfi(f]l%;g) - 4246(]?” ] < €&59e7 "

Démonstration. In order to avoid unnecessary technical difficulties, we prove it for any x > 4.
First note that Mi(f) - Mg(f]l%ﬁ) = D zeAk; |zj=p f(:c)]l{y;k(w)>m}e_<lvv(m)>k which is smaller
than || flloo >peak; z/=p ]l{yk(wbm}e*(l’v(m»k. Using a similar argument as we developed in the

proof of Lemma 3.8, it is enough to show the following estimation :

E[ Y Lpa@smye” V@] < @g90e70, (11.43)

xreAd
|x|=p

for any ¢ € {k,...,2k} and some constant €391 > 0. Assume that minp < maxp (the proof is

similar when min p = max p). Note that if m < min p, then

E[ Z ]l{yq(w)>m}e_<1,‘/(w)>q} :E|: Z 1{m<§"1(w)gminp}e_u’v(m»q]

il xreA
S |z|=p
+ E[ Z 1{t5’q(w)>minp}67<1vv($)>q] )
xrEAT

|z|=p
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One can notice that, if || = p and .#%(z) < minp, then .#(x) = #9(u) for any u € A? such

that max |u| = min |u| = min p. Hence, as usual

E|: Z ]1{m<y‘1(w)ﬁminp}e_<1’v(m)>q:| = E|: Z ﬂ{yq(u)>m} Z €_<1’V($)>‘1]

rcAd ueA?ninp rEAT; x>U
|z[=p
—(1,V(u
:E[ Y Lsawsme BV ”"}
ueA:‘Zninp

thus giving

E[Z]l{yq(mbm}ef(l,v(m))q} :E[ Z ]1{yq(u)>m}e—<1y(u)>q}

q
T}E‘Aq ue min p
|=p

+ E[ Z ]l{yq(m)>minp}€7<1’v(m)>q] .
rEAY

|z|=p
We deduce from this equality that it is enough to prove (I11.43) for any m < minp with ¢ > 3.
Again, we focus on the case minp < maxp.
Assume m < minp. Let € A? such that || = p and €%(x) > m. There exists an integer f €
{m+1,...,maxp} such that, seen backwards in time, at least two vertices among A N C)
share a common ancestor for the first times in the generation f — 1 and there exits at least one

vertex among these vertices in a generation smaller or equal to f — 1. Then, one can notice that

max p

S 1 amempe V@ = 3 S Sty ey, (@) V@D
TeAI f=m+1 = partition of x€Ad
|z|=p {1,....q}, I7|<q |z|=P

where n = {{1},...,{q}} (recall the definition of Y)_1 » N Tpy in (I.14)).

By definition, there exists y € {1,...,¢ — 2} and (i1,...,%,%+1,...,%¢) € [1,¢]q such that
maxi<(<y Pi; < f—1 and miny1<i<4p; > f— 1. By definition of the set Y., for all [ € {1,...,},
if 4; belongs to the block B of the partition 7, then B = {i(}. Let @ := 7\ {{i1},..., {iy}} and
for all j € {1,...,|m| —n}, denote by B, the j-th block (ordered by their least element) of the
partition 7 of the set {iy41,...,4.} ={1,...,q} \ {#1,...,4y}. We have

|-y |B;|
E[ Z ]le—l,,rmrfm(a;)e—<1,v(as)>q‘Jozf] — Z e (LV(w)y Z H Z H
= R A

—V (v
X Ly yGiye=stye @),
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where |u| = p. means that () = p; for all [ € {1,... 9}, v = (001 .., @Bl Thus

E{Z ]1Tf_1’ﬂmff’n(w)67<1,v(z)>q‘ta;fil] _ Z e~ (LV(uw)y Z o~ BV (2)) x|y H cp(1)

rEAY ueAY ZEA\_WI*U Bew
|z|=p lu|=p. f-1
— H cg(1) E e—(ﬁ,V(u)Nﬂ’
Ben ueAll
lul=p

where p = (p1,.. .,y f— 1,...,f— 1) € (N*)*I7l and B=(1,...,1,By,... 7B\7f|—n) e (N*)xIml,
One can notice that there exists g > 0 such that

—(B,V(w)x —(f—
Bl Y BV L vy < oz, (IL.44)

ucAlwl
lu|=p

for some constant €399 > 0. Indeed, By the Cauchy-Schwarz inequality,

B “ 3 u 271/2
E[( 3 eV )>|ﬂ]1{min‘w|:f71V(w)QO(H)}} SE[ S eV )>\«|> }
ucAl=wl ueAl~l
|u|=p lul=p
< P( min V(w) <rolf—1)"",

and thanks to Lemma 3.3 (1), E[(}_,calxl: lul=p eV @Dix)2] < €33, where we recall that
€331 > 0 is a constant doesn’t depending on p (or p) since |w| < ¢ < 2k. Moreover, since
Y'(1) < 0, we can find 7o > 0 and a constant €393 > 0 such that P (min,—_; V(w) <
ro(f — 1)) < €3.93e20-1. This yields (I1.44).

Now, note that, since |w| < ¢, there is at least one block of the partition 7w with cardinal
larger or equal to 2 so (8, V(2) x| = (1,V(2))|n| + minj,—j—; V(w) thus giving that the mean
E> zens; jzj=p L1y 10750 (x)e~LV(®)d] is smaller than

11 03(1)<E[( > ei<ﬁ7V(u)>‘"|]l{min‘m:f,lV(w)<ro(f71)}]

Benw ucAlml
lul=p
—min |, —s_1 V(w —(1,V(u) |
+E|:e |w]=f-1 (w) Z e ( ( )>‘ I]l{min‘m:f,l V(w)ZTO(f_l)}i|>7
ueAlTl
lul=p

which, thanks to Lemma 3.3 (i) and (I1.44), is smaller than €3 g 4~ (1A70)0=1) for some constant

023_974 > 0. Finally

maxp

[Zﬂ{yq(w >m}€ —(1,V(x))q j|<Q:395 Z —(1Aro)(f-1) <Q:391€ (1Arg)m ’

reAd f=m+1
|z|=p
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for some constant €395 > 0 and (I1.43) is proved. O

The convergence of the sequence of random variables (<7 (f)); directly follows from Lemma 3.9.
Indeed, let f be a bounded function satisfying the hereditary assumption 5. For any [ > I’ >
m>g

A (flgr) = Y flg(x W= N flg (w) Yy e BV @D
TEAF ucAk, TEAY
r>u
s0 Bl (Flg )| F] = (Pl ) where Fp = o(T, (V(@)i]al < m)) and (*(fLyg )i is 2
martingale bounded in L?(P). In particular, for any integer m > g, (" (f Lk ))i>m converges
in L?(P*) and P*-almost surely. Hence, thanks to Lemma 3.9, (#7(f)); is a Cauchy sequence in
L?(P*) and therefore, @/% (f) exists.

k-tuples in the set A\ €

Before proving Proposition 2, let us show that the contribution of the k-tuples in the set
ek AR\ ‘Kfn is not significant. To do that, the following lemma provides an estimation for the

quasi-independent version (I1.38) of the range on the set %fn :

Lemma 3.10. Lete; € (0,1), k > 2 and assume k > 2k. Under the assumptions 1, 3 and 4, there
exist two constants Cs19 > 0 and pg > 0 such that

g | i
| oirgr 2o "0 Laneg,)] < Caaon ™™, (I1.45)
" jelLenlk

with s, = n'/?/e;.
Démonstration. Recall that, thanks to the strong Markov property together with (I1.35)
ko o=V(e®)

& k, . _
E® | ”(]JIM\%;C”)]_ Z ]lAk\("”k * H H,q

TEAk =1
Ln<|®|<Lp

and since H_u) > 1

E*[ Z ;zik,n(j; ]lAk\cgécn )} < (5n)k Z E*|: Z ]l{y’k(ac)>an}ei<1y(w)>k]
FE[L,5n ]k pE{ln,..., L} Xk T€|Ak
z|=p
< (L) €060 = (5, L) € om0,

which ends the proof. O

We are now ready to prove Proposition 2.
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Proof of Proposition 2. We have to prove that for any e;n'/2 < s < n1/2/51, g1 € (0,1)

P*(

We deduce from Lemma 3.7 with a = 1 that the range > ;. g, a*n (g, flgr ) concentrates
around its quenched mean. Indeed, for any ¢ € (0,1), by Markov inequality

S Duirs, Fllorsrgr ) — (co0) 5 f)} > 5/2) 0 (11.46)

n—oo

(sLy)k

P(| X oGl ) —E[ Y "G, flgg)]| > <(sL)/16)

jellsle FelL.slk
16 kn & ko 2
L E[( Y MG M) ~E[ Y oM e )]) |
F€lls]k Jelt,sle
<162¢37£<€2 ’21 — 0,
n /2 n—oo
where the last inequality comes from the fact that £, = o(n'/?). Then, we know, thanks

to Lemma 3.6 with ¢ = f and R = 4, that JZ/k(.@rmTS,f]lek,sm%f ) behaves like its quasi-

independent version )

IP’*(

Fell sl a*n (3, flgr ) : for n large enough

(Do Flersngr ) — > @™, flgn )‘ > s(sLn)k/16) <nP4

je[[lvs]k
hence
Tlim IP’*( S Dore, Florongr ) —E5[ Y g, f]lﬁn)}‘ > 5(3Ln)k/8> ~0
jegl,sﬂk
One can notice that
ko o=V(®)
E@”[ 3 Mk’"(j,f]l%fn)]:s(s—l) (s—k+1) Y flg @[ F—
FelL,se xEAk i=1 )

ln<l|e|<Ln

Finally, Lemma 3.8 yields

IP*(

and the result of the subsection 3.1 leads to the convergence in (I1.46).

1
(sLy)k

(D, [lersogr ) — (Coo) i ( f)] > 5/4) — 0,

n—oo

Now using Lemma 3.10, we show that

n—oo

1
P ( (sLn)kdk(%’T“ flersnarygr ) > 5/2) 0. (11.47)
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Indeed, by Lemma 3.6 with ¢ = f and % = A* \‘Kfn
IP’*(

with py = ps(e/4,¢1) instead of py(e,e;). Finally, note that for any s < n'/?/e;, the sum
> el sl m/"“”(j,f]lAk\%fn) is smaller than > ;e 1720, &/k’"(j,f]lM\ﬁn) so Lemma 3.10,
together with Markov inequality leads to (I11.47). We end the proof putting together (I11.46) and
(I1.47). O

(D, [lersnangs ) = > (G, flange )| > 5<3Ln)k/4) <nH,
je[[lfs]]k

3.2 The range on A*\ ¢t

Recall

«Q{k(gn,TSug) = Z g(w)]l{Tm<Ts}7
TCAk
Zn§|m|g’8n

where Ty, = maxj<;<k Tyi), Te = min{j > 0; X; = 2}, 70 = 0 and T% = min{j > T°71; X, = ¢}
for s € N*. Also recall that (¢,) and (£,) are two sequences of positive integers such that
(50_1 logn < /{4, < £, < nt/2.

The last step of our study is to show that the contribution of the k-tuples of vertices in small
generations (see (II.7)) and such that at least two of these vertices are visited during the same
excursion is not significant. This section is thus devoted to the proof of Proposition 3, claiming
that

P*( sup M Do, Lamens) > e(nPLy)*) — 0

Nn—00
s<nl/2 /eq -

Lemma 3.11. Let &1 € (0,1), k > 2, let s, = n1/2/€1 and assume k > 2k. Assume that the
assumptions 1, 3, 4 hold and that £, = o(n'/?).

(1) If

s k
S . -
el = U Mo = @0, .a®) e A% 27 - 217

j=1i=1

denotes the set of k-tuples of vertices visited during the same excursion before the instant
T%, then

1
lim B* | ———— sup &% (Z,, 15,1

n—oo (n1/2Ln)k 5<5n, Gk’smellc’s) =0
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(i) Let Gg’s = AR\ (ehs U Glf’s). If k > 3 and the assumption 2 hold, then, for all B > 0

. * k —
nh—>ngo]E [Wssgspd (@ans’]J'Gkasﬂ@g’S]l{K(')Z_B}) —O,

with V(x) > —B if and only if V.(x®) > —B for alli € {1,...,k}.

Démonstration. In order to avoid unnecessary technical difficulties, we prove it for any x > 4.
Let us start with the proof of (i). By definition, z € &**n @lf’s if and only if there exists
j€{1,...,s} such that forall 1 < <k, NI = N7 > L and for all p # j, NIJ) - NI = 0.
Thus, using again the strong Markov property

E| sup #*(D, 75,1, k}:E[su 1 4
S<5p (P G’%Sﬂ@l’s) b Z Z mlemp#{N;r(Ji) ( y
= =M=l zeAk
€n<|a:|<£n

[ Z H]INTJ NTJ 1>1}}

J=1 xzeAk  i=1
Ln<|x|<Lh

<se > E[ZP"@(TQ,<T1)}
PE{ln,..,En}¥k  meAF
|z|=p

S C3,1571(1‘171,)k('Qn)kil7

'>1,NT —NTE '=0}

(%)

where we have used Lemma 3.2 (I1.34) with m = £,, for the last inequality, recalling that the
constant Qﬁfm > 0 doesn’t depend on p. By definition of s,

C31/7 L

1 i 3, k—1
E (nl/QLn)k 5,8;152% (-@n,Tsv]lgk,sm@’fas)} =g (n1/2> )

which goes to 0 when n goes to oo since £, = o(n'/?) and this yields (7).

We now focus on (7). Since k > 3, Gg’s is nothing but the set of k-tuples of distinct vertices of T
neither visited during k distinct excursions, nor during the same excursion. Therefore, there exists
e€{2,...,k—1} and e disjoint subsets I1,...,I, of {1,...,k} such that {1,...,k} = LU---UI
and for any j € {1,...,¢}, 4,7 € I; if and only if 2@ and 2() are visited during the same

excursion before the instant T :
. TJ 1 T Ti—1
Let m € N* and introduce the following subset of A*

Ths = fx =W, ... 2®)eAr, vi£i e{l,...,e},Vie LVi el 12D A 2| < m},
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where we recall that uAv is the most recent common ancestor (MRCA) of w and v. T¥, is the set
of k-tuples of vertices such that the MRCA of two vertices visited during two distinct excursions
before the instant 7% has to be in a generation smaller than m. Note that the MRCA of two
vertices visited during the same excursion can be in a generation larger or equal to m.

Recall that (A;);en is the sequence of functions such that for all t > 0, Ag(t) = t and for any
1e{l,...,lo}, Ai_1(t) = M (see the assumption 2). Introduce gy, := 4kd, ' A;(£,). Note that
go,n > Ly s0

k k
E[jgf A (D1, ]lekvsme’;s]l{Z(')Z—B})} = E[jgf AN D1, ]le;kvsme’;s]I{K(-)ZfB}%”g’“om)]'
Recall that for any = (z(,... 2®) € AF it belongs to & if and only if z() is visited
during a single excursion before the instant 7 for all i € {1,...,k}. Using what we previously

said, we have, for any s < s,

k—
Lgonehs (@ )<y Z > I
e=2 je[l,s Ii,...,I, sets p=1
U(_lfr {1,....k}
k—1
< Z > Han
=2 je[l,sn]e  I1,---,1c sets =

Uc_ I[ {17 ) }

where, for any p € {1,...,¢}, Y, =1 rip—1_ - It follows that

mlelp{ijp —2Ty 21y

)

lo k-1 ¢

DD 3) D DEEED DI D DL NE s el 1 04

911, 9,
pe{l,..,Ln} ¥k =1 =2 je[lsn]e  I1,....[e sets zEAF oo p=1

Uf:1][:{17...,k} |z|=p

+ Z kz_:l Z Z [ZH{V )2—B}Lyken (@

91
pe{l,... Lo} ¥k e=2 je[l,sp]e  I1,....Ic sets TEAR "
Ui_ i={1,....k} |z|=p

E[ sup @*(Znrs, 1, snebs Ly ()>-Bynek

s<sn, 90,n

) ﬁ Yp} . (IL.48)
p=1

First, let us prove that for any p € {£,,..., £, }*¥,

4
o el (@ (2) [ %] < et (I1.49)

TEAF p=1
|z|=p

[Zﬂ{v )2—ByLyten

The proof of (I1.49) is quite technical so in order to keep it as clear as possible, as one can notice
in the proof of Lemmas 3.3 (i) and 3.2 (I1.34) with m = £,,, we can and shall restrict to the
case p=(m,...,m) € {ly,..., L, }*F.
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Thanks to the strong Markov property, the random variables Y7,...,Y; are i.i.d under P4 and

E[ > 1wz lpkom - HY]

91— 171,
xENF
||=p
= 1 Tokon kn P’ (max T, < T).
> Lyv@z-mlogem \xis H (e )
zeAk,

As usual, ZmeA’fn Ly (z)>— B}]er moTh sn( )Hp 1]P"@(mauqe]p T,i <T") is equal to

k—1
Z Z Z Z ]1{‘/(:,3> B}ftH]lTksn Tksn HP(O maXT<) <T1),

=1 II increasing t;i1<...<tg<m gcAk

(I1.50)

where the genealogical tree function ff,n is defined in (I1.14). Recall that ¢; — 1,...,¢t, — 1

correspond to the consecutive coalescent/split times. We then define
T i=max{je {1,...,60}; Ip#p €{2,... ¢}, dBen_1:BNI,# @ and BN Iy # @},

and the z-version 7¢(z) of 7¢ :

i(x) ;=max{j € {1,...,¢}; Ip#p €{2,...,¢}, Fic, i' €l,: 2 A 2] =t — 1}.

In other words, if the genealogical tree of & € AF is given by ft{H, then 7¢ = 7¢(x) and ¢t — 1
is the last generation at which two or more vertices visited during two distinct excursions share

a common ancestor.

By definition of 7¢, for all j > 7¢, if B € 7j, then B is necessarily a subset of Iy for some p’ €
{1,...,¢}. In other words, each coalescence that occurs between ¢, ; and t, involves exclusively
two or more vertices visited during the same excursion. As a consequence, for any i € {Te A
and p € {1,...,¢}, we can defined the set I; as follows : we first set If; =1, so If, . ,If form
a partition of {1,...,k}. As we said before, by definition of 7¢, coalescences can only happen
between two or more vertices which indexes belong to the same ;. ‘! Thus, for any p € {1,... ¢},
there exists an integer ee I'> 1 and ee I distinct integers kpl - ,kﬁ;g_l in {1,...,|me—1]|}

such that for any j € {kf; ERI kﬁ egl_l}, the block Bf 1 of the partition |7,_;| is the union of
"wp

be—1(Bj) block(s) of the partition m of elements of Ff. We set Ff™! = {kgll, . ,k::;—egl,l} so
»¢p

171 I8! form a partition of {1,.. ., |me_1|}. Now, let i € {r¢+1,...,¢} and assume that Fzﬁ
has been built. By definition of 7¢, for any p € {1,..., ¢}, there exists an integer e;_l > 1and e;_l
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, generation

Ji—-1,n

ts—1

gin

C,o_alege ces between vertices
visited during distinct excursions
are not permitted in this zone.

A coa&eacence etween vertices
visited during distinct excursions e 0
has to happen in this zone.

e The last comrgo({l ancestor between .
vertices visited during distinct excursions.

FI1GURE II1.4 — An example of a 12-tuple belonging to Tsl;?:1,n \ Té?n whose genealogical tree is
given by ff,n- means that the corresponding is visited during the 0-th excursion above

e*. In the present example, ¢ = 8 and 7% = 4.

distinct integer k;_ll, cel k;_eil,l in {1,...,|mi—1|} such that for any j € {k;_ll, A k;_;,l}, the
] 3 ep 3 ep

block B;fl of the partition |7;_1]| is the union of b;_; (Bj) block(s) of the partition 7; of elements

of Izir We set ];)—1 = {%117 .. .,kﬁ;g,l} SO Ii_l, ..., I'=! form a partition of {1,...,|m_1|}.

Hence, noticing that

4 4 l
ft,H]l’rsl’iﬂl n\Tst (m) S ft,H(m)]l{glynft‘rg(z)—1<gl,11n} = ft,l_[(x)]l{gl,nStTg—1<gl,1,n}a

it is enough to show (I1.49) for g;,, <t —1 < g;—1,. We then have

¢

4 & 1

Bl 3 twez-nfinlre xn@ 1P (max T <T )|
xeEAk, ’ ’ p=1
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7 e

¢ T -

<@ Y, Ly (uy>-BySf e e (0 HPO@ Zrél}‘%TxT o < T [T (Hyo)'Br
el =1

WTZ
uch,
0

for some constant €311 2 > 0 where t™ and ™" are defined in Example 6.

Note that ¢« — 1 is the first generation (backwards in time) at which a coalescence between
two or more vertices visited during distinct excursions occurs so there exists a subset Jy of
{1,...,]m_, |} and a collection {a;; i € Ji} of | Jy| integers satisfying o; > 1 for all i € J; and
> ieg, @ < k such that

4

E[ > Lv@z-spfenlegem \rbon (@) 1P (max Ty < Tl)“%f*]

zeAk, o p=1 el
|7TT€_1| ¢
1 & 1 BT 1 —a;V(z®
<Gus Y, fro e, @RI <TY) [ Ho)® e E s ny.
| \ =1 e,
zEA, ;{711 ! e
Note that

—a; V(zD) —a; V(20 ) )
IIe v H L minge g, V(-0)2— B, ming—e_, 2 V(:)<do(try—1))
icJp cJy T

_ mln\z\:t7271 V(z)

+e ]l{minM:tTZ,l V(2)>60(tr,—1)}>

[4

so B[} enr H{Z(m)Z_B}fva]ngl’i’ﬁ \rhen (@) [ 1= P (max;er, T,y < T1)] is smaller than

‘7‘-.,-571| ¢
0_ T =1
ElCus Y. S0 @PT <) [T @)™
\‘"Tz 1\ J=1

zEA
« (ekB]l{min|z\=tTe—1 V(2)<8o(tr,~1)} + 6*350(trg*1))} .

Using the same argument as the one we used in the proof of Lemma 3.2 together with the

Cauchy—Schwarz inequality, we obtain that the previous mean is smaller than

C3.11,3 sup E[(H§_1)4k*1] (ekBIP’( min  V(z) < éo(tr, — 1))1/2 + 67350(25‘%71))

deN* ‘Z|:t7-2 L
< €3.11,3 sup E[(H&gil)%—l](ekB + 1)e—kAl(2n)’
deN*

where we have used Lemma 3.4 with ¢ = dot;, and the fact that t;, — 1 > g;,,.
Back to (I1.50) together with what we have just obtained and the fact that for all j € {1,..., 7/},



160 CHAPITRE II. GENEALOGY IN THE DIFFUSIVE CASE

tj < gi—1,n, E[Za:eAk || p]]'{V(m)> B}]lTk sn

ben vl 5n( )]IGkﬁnm@’;’s" (x)] is smaller than

k—
€113 sup E[(HZ ) (eP 4 1)eMMEIY TN (g ) (2) T

deN* ¢=1 TII increasing

Note that 7, < ¢ < k. Moreover, by definition, ¢ — 74 is smaller than the total number of
coalescences occurring between two or more vertices which indexes belong to the same set If;

and this number is smaller than Z;Zl(llﬁ — 1) = k — e thus giving

4
|: Z H{V > B}]l,rlglsnl \Tk ,5n (a:) H }/p] S Q:3V11’1(A[,1(Sn)e_Al(Qn))k(,gn)k—e7

TcAk p=1
|z|=p
which, by definition of A;(£,), is equal to €311.1(£,)F ¢ and it yields (I1.49).

In the same way, we can prove that

'4
[ > Ly B}]lTk sn( )] Yp} <€ (T4 A (€0)F) (80)F, (IL51)
TEAF p=1
|lz|=p

for some constant €3, > 0. Putting together (I1.48), (I1.49) and (I1.51), we obtain, for some
constant €311 4 >0

1 k
]E [m Sllp JZ{ (.@n,TS, ]lek.’smélzc,s]l{z(.)Z_B}m(gévoyn )]

s<sp,

<€3114Z< 1/2> (24 Agg1(€0)F).

Using the fact that Ay, 1(£,)* = (log Ay, (£,))*, we obtain (ii) thanks to the assumption 2. [
We are now ready to prove Proposition 3 :

Proof of Proposition 3. Let ¢ > 0. First, note that thanks to Lemma 3.5 and Fact 1 (I1.36)
there exists a.s > 0 such that we can restrict our study to the k-tuples of vertices in the set
& N{V() > —a}

lim lim sup IP’*( sup ﬁ%k(@n,Ts, Lamers (1 — ]lgk,sm{z(,)z,asl})) > 5(n1/2Ln)k> =0,

e’—0 n—oo s<sp,

where we recall that s, = n'/2/e;. Then, note that A*( Dy s, ]lM\@k,s]lgk,sm{z(,)z,asl}) is smal-

ler than

k k
d (.@n’TS7 16k’sn€]f,s) + ﬂ ('@TZ,T‘S) ]lgk’snelg,s]l{z(,)z_as/}).
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Hence, by Markov inequality, the result follows using Lemma 3.11 with B = a.r. O
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Alexis KAGAN
Traces de marches aléatoires en milieux aléatoires sur des
arbres

Résumé :

Si on considére une marche aléatoire a valeurs dans un graphe G, la trace de cette derniére jusqu'a un instant n donné est
définie comme le nombre de sites distincts visités par la marche jusqu'a l'instant n. Lorsque G est un arbre de Bienaymé-
Galton-Watson sur-critique marqué, nous introduisons, sur une réalisation de ce processus, une marche aléatoire au plus
proche voisin. Ces marches sont, sauf dans certains cas particuliers, transientes. On ajoute donc un biais vers la racine
qui, s'il est suffisant, va rendre la marche récurrente. Ces marches biaisées introduites par R. Lyons ont une grande
richesse de comportements (voir notamment les travaux de Y. Hu et Z. Shi). En particulier, en prenant un biais aléatoire
spécifique et en renormalisant convenablement, la trace converge en probabilité vers une constante explicite et strictement
positive (X. Chen et P. Andreoletti, E.Aidékon et L. de Raphélis).

La premiére partie de cette these est consacrée a une extension de ce résultat dans le régime lent. Nous étudions une
trace généralisée: au lieu de regarder seulement la trace usuelle, nous nous intéressons a des traces avec des contraintes a
la fois le long des trajectoires de la marche aléatoire et le long de celles du potentiel branchant sous-jacent. Un exemple
important est d'imposer que les sommets visités par la marche aient un potentiel supérieur a une valeur donnée. A travers
|'"étude de cette trace généralisée, nous souhaitons mettre en lumiere les interactions entre la marche aléatoire et son
potentiel aléatoire branchant.

La deuxieme partie ce cette thése est consacrée a la marche diffusive et plus particulierement a la généalogie de
I'ensemble des sommets visités par cette derniére. Nous étudions une trace avec des contraintes sur les sommets visités
permettant ainsi de mieux comprendre les interactions entre ces derniers. Nous considérons enfin le fameux probleme
de généalogie suivant: tirons uniformément et sans remise k sommets visités par la marche aléatoire. A quoi ressem-
ble I'arbre généalogique de ces sommets? L'étude de la trace contrainte permet d'apporter quelques éléments de réponses.

Mots clés : Arbres de Bienaymé-Galton-Watson, Généalogie, Marches aléatoires branchantes, Marches aléatoires sur des
arbres, Traces.

Ranges of random walks in random environments on trees

Abstract :

If we consider a random walk on a graph G, the range of this walk until a given instant n is defined to be the number
of vertices visited by the walk up to the time n. When G is a super-critical Bienaymé-Galton-Watson marked tree, we
introduce, on a realization of this process, a nearest-neighbour random walk. These walks are in general transient, but
it can be added a bias towards the root so that the walk is recurrent. Inroduced by R. Lyons, these processes present
various behaviours and have been deeply studied by Y. Hu and Z. Shi. Lately, in some cases with a specific bias, it has
been proved that the range (well renormalized) converges in probability towards an explicit positive constant (X. Chen
and P. Andreoletti, E.Aidékon and L. de Raphélis).

The first part of this thesis is devoted to an extension of this result in the slow regime. We study a generalized range:
instead of looking at the classical range, we are interested in a range with both constraints on the trajectories of the
random walk and on the trajectories of the underlying branching random potential. An important example of that is to
enforce the vertices visited by the walk to have a potential larger than a given value. By studying this generalized range,
we do wish to highlight interactions between the random walk and its random branching potentiel.

The second part of this thesis is dedicated to the diffusive random walk and most particularly to the genealogy of the set
of vertices visited by the walk. We study a range with constraints on visited vertices to better understand interactions
between them. We finally consider the following well known genealogy problem: pick k visited vertices uniformly and
without replacement. What does their genealogical tree look like? The study of the previous range with constraints
allows to answer this question.

Keywords : Bienaymé-Galton-Watson trees, Branching random walks, Genealogy, Random walks on trees, Ranges
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