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Résumé

Cette thése comporte deux parties.

La premiére porte sur I’étude du probléme d’arrét optimal champ moyen, c’est-a-dire de
I’arrét optimal d’une diffusion du type McKean-Vlasov, lorsque le critére a optimiser est une
fonction de la distribution du processus arrété. Ce probléme permet de modéliser la situation
ou un planificateur central, contrélant une population infinie d’agents en interaction, doit
attribuer a chaque agent un temps d’arrét en vue d’optimiser un certain critére dépendant
de la distribution du systéme.

Nous étudions ce probléme via une approche type programmation dynamique, qui per-
met de caractériser sa fonction valeur par une équation aux dérivées partielles sur ’espace
des mesures, que nous appelons probléme (ou équation) de l’obstacle sur l’espace de Wasser-
stein, par analogie avec le probléme de l'obstacle classique, rencontré notamment en arrét
optimal standard. Nous montrons en particulier que si cette équation dispose d’une solution
classique, alors cette derniére est égale a la fonction valeur du probléme d’arrét optimal
champ-moyen, et peut étre utilisée pour caractériser les stratégies d’arrét optimales.

Nous étendons ensuite cette étude au cas ol la fonction valeur n’est pas nécessairement
différentiable. Ainsi, nous introduisons une notion de solution de viscosité pour I’équation
de l'obstacle sur 'espace de Wasserstein, pour laquelle nous montrons les propriétés de con-

sistance avec les solutions classiques, de stabilité et d’unicité.

Dans la seconde partie de la thése, nous nous intéressons au développement d’approximations
. P . P : )
pour certaines classes d’équations aux dérivées partielles sur ’espace des mesures de prob-
abilité. Plus précisément, nous montrons que les solutions de viscosité de ces équations
r o . . e 1os . o
peuvent s’écrire comme limites de solutions de viscosité d’équations définies sur des espaces
de dimension finie.

Nous nous intéressons d’abord au cas du probléme de I'obstacle sur ’espace de Wasser-
stein, dont il s’avére que I’équation d’approximation correspond a I’équation de la program-
mation dynamique associée au probléme d’arrét optimal multiple, qui peut étre vu comme
une formulation du probléme d’arrét optimal champ-moyen en population finie.

Nous traitons enfin le cas d’une classe plus générale d’équations paraboliques sur ’espace
de Wasserstein. Cette classe couvre notamment le cas des équations d’Hamilton-Jacobi-

Bellman champ-moyen, ou encore celui des équations affleurant dans les problémes de jeux
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différentiels champ-moyen. Nous montrons également que nos résultats peuvent étre étendus
aux équations dépendant de la trajectoire (c’est-a-dire, dont les variables de la solution ne
sont plus le temps et une mesure sur R?, mais le temps et une mesure sur lespace des

trajectoires continues).
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Abstract

This thesis consists in two parts.

The first one is concerned with the study of the mean field optimal stopping problem,
that is the optimal stopping of a McKean-Vlasov diffusion, when the criterion to optimize
is a function of the stopped process. This problem models the situation where a central
planner controls a continuous infinity of interacting agents by assigning a stopping time to
each of them, in order to optimize some criterion which depends on the distribution of the
system.

We study this problem via a dynamic programming approach, which allows to character-
ize its value function by a partial differential equation on the space of probability measures,
that we call obstacle problem (or equation) on Wasserstein space by analogy with the classi-
cal obstacle problem, which arises in particular in standard optimal stopping. We especially
show that, if this equation has a classical solution, then it is equal to the value function of
the mean field optimal stopping problem, and that it can be used to characterize optimal
stopping policies.

We next extend our study to the case where the value function is not necessarily dif-
ferentiable. Thus, we introduce a notion of viscosity solution for the obstacle problem on
Wasserstein space, for which we prove the properties of consistency with classical solutions,

stability and uniqueness.

In the second part of the thesis, we are interested in developing approximations for some
classes of partial differential equations on the space of probability measures. More precisely,
we show that viscosity solutions of these equations can be written as limits of viscosity
solutions of equations defined on finite-dimensional spaces.

We first focus our study on the case of the obstacle problem on Wasserstein space, for
which it turns out that the approximating equation corresponds to the dynamic program-
ming equation associated with the multiple optimal stopping problem, which may be seen
as a finite population formulation of the mean field optimal stopping problem.

We finally consider a larger class of parabolic equations on Wasserstein space. This class
covers in particular the scope of mean field Hamilton-Jacobi-Bellman equations, or the case
of equations arising in mean field differential games. We also prove that our results can be

extended to the case of path-dependent equations (i.e., when the variables of the solution
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are not the time and a measure on R?%, but the time and a measure on the space of paths).

Notations

In the thesis, we shall systematically use the following notations:

e Let (E, A) be a measurable space endowed with a metric d. We denote by P(E, A) the
set of probability measures on (E,.A), and by P2(E, A) its subset of square integrable
probability measures, equipped with the Wasserstein distance defined by

1/2
Wy(p,v) :=  inf (/ dZ(x,y)Q(:U,y)) for all (u,v) € Po(E, A)?,
Qell(uv) N\ JEXE

where II(u, v) is the set of couplings of y and v. When A = B(E), the Borel o-algebra
of E, we simply write P(E) and Pa(E).

e We denote by supp (u) the support of u € P(E, .A), defined as the smallest closed set
C C Est. p(Ce) =0.

e Given a random variable Z and a probability P, we denote by Pz := P o Z~! the law
of Z under P.

e The space of the d x d real valued symmetric matrices is denoted by S;, and the

subspace of non-negative symmetric matrices S;.

e For vectors z,y € R? and matrices A, B, denote = -y := Zle ziy; and A : B =
tr (ABT).

e We shall also write “LSC" (resp. “USC") for “lower (resp. upper) semi-continuous".



Chapter 1

Introduction (Francais)

I.1 Généralités sur le controle optimal champ-moyen

I.1.1 Motivations

Bien qu’utilisée depuis longtemps en physique statistique, la notion de champ-moyen s’est
durablement imposée en théorie du controle depuis qu’elle a été introduite, de maniéres
indépendantes, par Lasry & Lions [53] et Caines, Huang & Malhammé [47| pour modéliser
les problémes de décision au sein de systémes d’agents en interaction. La principale idée
derriére de tels modéles est de postuler que, sous certaines hypothéses de symétrie et lorsque
le nombre d’agents devient trés grand, I’étude de ces systémes peut se réduire & I’étude d’un
agent représentatif qui agit en fonction I’état moyen du systéme, typiquement donné par
la distribution des autres agents. Lorsque chaque agent cherche & optimiser son propre
critére, de tels problémes sont appelés jeuxr a champ-moyen; lorsqu’un planificateur central
controle les agents en interaction pour optimiser un certain critére dépendant de 1’état global
du systéme, on parle de contréle optimal champ-moyen. Le principal objet de cette thése,
I’arrét optimal champ-moyen, appartient & cette seconde famille de problémes.

Bien que moins traité que les problémes de jeux, le contréle optimal champ-moyen a
bénéficié d’un intérét croissant ces derniéres années. D’abord étudiée par Bensoussan, Frehse
& Yam [8] et Carmona, Delarue & Lachapelle [22] dans le cadre d’une étude comparative
avec les jeux a champ-moyen, cette classe de probléme a principalement été traitée via
deux approches : par 'utilisation d’un principe du maximum (voir par exemple Buckdahn,
Djehiche & Li [13], Andersson & Djehiche [1] ou Meyer-Brandis, Oksendal & Zhou [60]) et
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par la programmation dynamique (voir par exemple Lauriére & Pironneau [54|, Pham &
Wei [65], Bayraktar, Cosso & Pham [6], Wu & Zhang [77] ou Djete, Possamai & Tan [34]).
Des résumés de ces deux méthodes sont présentés dans Carmona & Delarue [21, Vol. 1, Ch.
6]. L’approche par programmation dynamique aboutit principalement a la caractérisation
de la fonction valeur du probléme de contréle par une équation d’Hamilton-Jacobi-Bellman
sur I'espace des mesures de probabilité, parfois appelée en anglais master equation.

D’un point de vue probabiliste, I'intuition derriére les problémes de contréle optimal
champ-moyen est la suivante : étant donné deux entiers d, N > 1, un ensemble de controles
Aet W = (W ..., W™T un mouvement brownien standard de dimension d x N, on

considére le systéme de N particules en interaction dans R? :
X = b(t, XN N (X)) dt + o (8, XN, N (XY), af )dWE, (L)

pour tout k = 1,..., N, avec XV .= (XN XNNOT o= (ol ..., aV)T € AV le

vecteur des controles et
N
N Nay . 1
1% (Xt ) = N ;6X5,N,a

la distribution empirique du systéme a U'instant ¢. Bien que chaque particule k soit controlée

k sa dynamique dépend également des autres controles {7} j#k, du fait

par le processus «
de l'interaction via la distribution empirique du systéme. Adoptant le point de vue d’un

planificateur central, on se donne alors le probléme de controle

N
sup €[ [ £ XY+ g,
acA =10

ou 1" > 0 correspond & I'horizon de temps. Si f et g peuvent s’écrire comme des fonction-
nelles définies sur ’espace des mesures de probabilité, c¢’est-a-dire peuvent se mettre sous la
forme f*(t,x) = f(t,xp, V¥ (x)) et g(x) = g(u (x)), on peut alors formuler "approximation
champ-moyen de ce probléme. Plus précisément, quand N — oo, on considére que la dy-

namique d’une particule représentative du systéme est donnée par
dXP = b(t, X, LIXE), ar)dt + o (t, X0, L(XP), ar)dWWs, (1.12)

ot L£(X}) désigne la distribution de X', et W est un mouvement brownien standard. Le

probléme de contréle champ-moyen s’écrit alors

T
2235[/0 f(r,Xﬁﬁ(X,?))dr} +g(L(X)). (1.1.3)

10
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Une telle approximation est essentiellement justifiée par les résultats du type propagation

du chaos :
N

]b; Oxck, oo e L(X?) en distribution.
Ces problémes de convergence ont été abondamment étudiés. Nous renvoyons par exemple
au célébre article de Sniztman [72] ou & Oelschlager [63] pour le cas des diffusions non-
controlées, et aux récents travaux de Lacker [52] et de Djete [33] pour le cas des diffusions
contrdlées (pour le premier, dans le cadre des controles relaxés).
Outre 'intérét d’un tel modéle pour étudier les systémes de particules en interaction,
il est intéressant d’observer que la classe des problémes couverts par la formulation (I.1.3)
est plus générale que celle traitée dans le cas du contrdle optimal standard, c’est-a-dire des
problémes de la forme
T
sup E[/ Flr, XOYdr + g(X%)}. (.1.4)
acA 0
Mentionnons par exemple le probléme d’optimisation moyenne-variance, donné par
sup {E[XF] — S Var(xf) ).
acA 2
Comme la variance contient un terme quadratique en l’espérance, ce probléme ne peut
étre écrit sous la forme (I.1.4), et n’est donc pas standard. Fischer & Livieri [42] en ont
par ailleurs proposé une résolution lorsque X est un mouvement brownien géométrique, en
résolvant explicitement le probléme & N particules correspondant et en calculant sa limite

lorsque N — oo.

I[.1.2 Quelques éléments d’analyse sur ’espace de Wasserstein

Avant d’évoquer le principe de programmation dynamique pour le probléme de controle
champ-moyen et I'équation aux dérivées partielles associée, il est nécessaire d’introduire un
certain nombre d’éléments d’analyse sur I’espace des mesures de probabilité. Pour un exposé
plus détaillé sur ce sujet, nous renvoyons a Carmona & Delarue |21, Vol. I, Ch. 5|. Soit
(E,d) un espace métrique, et p € [1,400). On appelle espace de Wasserstein d’ordre p
I'ensemble Pp(E) des mesures de probabilité qui possédent un moment d’ordre p fini, et

muni de la métrique

1/
W, v) :Z( inf / (d(x,y))pv(dx,dy)) " pour tout 1, v € Py(E),
Y€l (p,v) JEXE

11
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ou I'(u,v) désigne 'ensemble des couplages de p et v, c’est-a-dire 'ensemble des mesures
de probabilité sur £ x E ayant p et v comme lois marginales. Cette métrique est appelée
distance de Wasserstein d’ordre p, ou encore p-Wasserstein distance en anglais. Si (F,d)
est un espace polonais (c’est-a-dire complet et séparable), alors (Py(E),W,) l'est également.
Nous utiliserons souvent la propriété suivante, qui permet de caractériser la convergence au
sens de W, (voir [21, Théoréme 5.5]) : Wp(fin, 11) — 0 s, et seulement si, la suite {jin }n>1

converge faiblement vers u et est p-uniformément intégrable, c’est-a-dire satisfait

lim Sup/ (d(xo,x))Pdpn(z) = 0 pour un certain zo € E.
E

R—00 pn>1

Il nous est également nécessaire d’introduire une notion de dérivée sur 'espace des
mesures. On dit que u : Pp(E) — R admet une dérivée fonctionnelle linéaire, notée

Omu, si

u(p) —u(v) = /1 /E Smu(Ap+ (1 =N, z)d(pp — v)(x)d\  pour tout p, v dans Pp(E).
On remarque que ((:)ette dérivée est définie & une constante additive prés, et qu’il s’agit d’une
fonction de Pp(E) x E dans R. Par ailleurs, si & — du(p, ) est & son tour dérivable,
les dérivées Oy0u(p,-) et 82, 6mu(p,-) coincident avec les dérivées de Lions d,u(u,z) et
0z0,u(pt, -) (voir [58]), définies dans le cas p = 2 en réécrivant u comme une fonction définie
sur I'espace de Hilbert des variables aléatoire de carré intégrable, et en utilisant la dérivée
au sens de Fréchet.

Soit X est une semi-martingale continue & valeurs dans E = R?, u : [0, T] x P,(RY) — R
admettant des dérivées dyu, 00 u et 82,6, u. Posons iy := L(X;) pour tout ¢t € [0,T]. Sous

certaines conditions d’intégrabilité, nous avons la formule d’It6,
t
u(t, ) = (0, po) +/ Opu(s, ps)ds (I.1.5)
0

t
+E[/ BuOumtt(5, ps, Xs) - dXs + 02, (s, fis, Xs) 1 d(X)s],
0

qui joue un roéle crucial dans I’établissement de I’équation de la programmation dynamique

associée a un probléme de contréle champ-moyen.

I.1.3 Principe de la programmation dynamique

Comme dans le cas du controéle standard, il est possible d’étudier les problémes de controle

champ-moyen en écrivant un principe de la programmation dynamique. Pour ce faire, il

12
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est nécessaire de changer la variable d’état du probléme. Dans le probléme de contréle
standard (I.1.4), f et g sont définies sur un espace de dimension finie, typiquement R?, et
la variable d’état adaptée est donc le processus X, & valeurs dans cet espace. En revanche,
dans le probléme de controle champ-moyen (I.1.3), elles sont définies sur un espace de
dimension infinie, I'espace des mesures de probabilité. En conséquence, la variable d’état
correspondante est la loi du processus X, ou plus précisément, dans le cas markovien, le flot

de lois marginales {L£(X{*) }e(o,7)- Ainsi, aprés avoir réécrit (I.1.3) sous la forme dynamique

T
V(t,p) = supE[ / f(r,X?“’a,ﬁ(Xﬁ’“’a))dr}+g(£<X%“”>), (t,1) € [0,T] x P2(R?),
acA t

ot X4 correspond & la dynamique (I.1.2) conditionnée a L£(X{) = p, nous pouvons
montrer que
S
V(t,p) = sup E[/ f(r, Xﬁ’”’a,E(Xﬁ’“’a))dr} + V (s, L(XEH*)) pour tout s € [t,T].
acA t
Si V' est suffisamment réguliére, nous pouvons alors associer cette égalité a la formule d’'Itd

(I.1.5) pour déduire que V est solution de

—Owu(t, p) + H(t, p, omult, p,0)) =0, w(T, p) = g(p), (1.1.6)

pour tout (¢, ) € [0, 7] x Pa(RY), avec
1
H(t, 1, ) = /E sup (bt 7, 1,0)  rpl) + 50° (b, 1) i) ) ()
ac
pour toute ¢ € C?(RY). 1l est également possible d’établir (I.1.6) lorsque V n’est pas
dérivable en recourant aux solutions de viscosité (voir par exemple Wu & Zhang [77] et
Pham & Wei [65], qui utilisent deux notions de solutions de viscosité différentes).

Pour obtenir une caractérisation compléte du probléme (I.1.3) & l'aide de I’équation
(I.1.6), il est nécessaire d’établir un résultat d’unicité, appelé principe de comparaison dans
la littérature des solutions de viscosité. Un tel résultat est néanmoins difficile a prouver
dans le cas général, et nous redirigeons le lecteur vers [77, Théoréme 4.13| pour en voir une

preuve dans un cas particulier.

I.2 Le cas de ’arrét optimal

Les problémes d’arrét optimal correspondent a des problémes de décision binaires : a chaque

instant, la décision & prendre consiste & arréter ou non un processus donné, en se basant
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uniquement sur I'information disponible & cet instant et sans possibilité de revenir en arriére.
Il est possible de l'illustrer par le probléme du secrétaire : un employeur désire engager un
secrétaire et se livre & une série d’entretiens avec les différents candidats. Aprés chaque
entretien, il lui faut décider de recruter ou non le candidat.

Le principal but de cette thése est d’établir une approche type programmation dynamique
du probléme d’arrét optimal champ-moyen, qui constitue une sous-classe particuliére des
problémes de controéle optimal champ-moyen. Comme pour ces derniers, nous adoptons le
point de vue d’un planificateur central controlant une distribution de particules en interac-
tion. Dans ce cadre, il doit attribuer a chaque particule un temps d’arrét en vue d’optimiser
une certaine fonction de la distribution.

De la méme maniére que le contréle champ-moyen se distingue des jeux a champ-moyen,
le probléme d’arrét optimal champ-moyen est & distinguer des jeux d’arrét & champ-moyen
(parfois appelés mean field games of timing dans la littérature), qui ont été largement étudiés
ces derniéres années (voir, entre autres, Bertucci [9], Carmona, Delarue & Lacker [23], Nutz

[62] et Bouveret, Dumitrescu & Tankov [11]).

I.2.1 Rappels sur 'arrét optimal standard, et particularités de D’arrét

optimal champ-moyen

Rappelons d’abord quelques généralités a propos de I’arrét optimal standard (nous renvoyons
vers El Karoui [41] ou Shiryaev [70] pour des exposés détaillés). Soit X un processus de

diffusion
dX; = b(t,Xt)dt —|—0’(t,Xt)th, (121)

F la filtration engendrée par le mouvement Brownien W et, pour tout ¢ € [0,T], soit T¢ 1

I'ensemble des F-temps d’arrét a valeurs dans [, T]. On se donne le probléme d’optimisation

sup € [ 1030+ 90,

T€70, T

que l'on peut réécrire sous forme dynamique

V(t,x) = 2171_p E{/; f(r, X )dr + g(X7)| X = x] (1.2.2)
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Si V est continue, on peut montrer qu’elle satisfait le principe de la programmation dy-

namique

TAO
Vita) = sup E| / Fr, X )dr 4+ (X)L + V(0. Xp)1gr| X = 2],
t

TG'E’T

qui permet de déduire, sous certaines hypothéses de croissance, que V' est 'unique solution

de viscosité du probléme de I'obstacle
1
min { — dyu — bdyu — 502353311 —fiu—g}=0, u,-)=gy. (I.2.3)

En utilisant cette équation dans le cas ott V € C12([0, T] x R?), ou la théorie de I’enveloppe
de Snell dans le cas général (voir par exemple Karatzas & Shreve [19, Appendice DJ), on

peut alors montrer que le temps d’arrét
T i=inf{s >t:V(s, Xs) = g(Xs)}

est optimal pour le probléme (1.2.2). En finance, ce type de probléme apparait naturellement
dans le cadre des options américaines, qui permettent & leur acquéreur de les exercer a tout
instant entre la date de souscription et la maturité. L’actif X sur lequel est construit 'option
étant stochastique, ’acquéreur, qui ne peut prédire son évolution, doit résoudre un probléme
d’arrét optimal pour déterminer la meilleure date d’exercice de I'option. De la méme maniére
le vendeur, pour se couvrir, tarife 'option en calculant ’espérance de son payoff g(X;) sous
la stratégie d’arrét optimale.

Comme dans le cas du controdle, et afin de mieux saisir 'intuition qui se cache derriére le
modéle champ-moyen, nous présentons d’abord le probléme d’arrét optimal & N particules
(appelé arrét optimal multipe). Ce probléme a été traité dans un cadre trés général par
Kobylanski, Quenez & Rouy-Mironescu [50]. On adopte une fois de plus le point de vue
d’un planificateur central qui cherche & optimiser un certain critére en controlant toutes les
particules du systéme. Le choix du controle pour une particule va influencer la dynamique
des autres via le terme d’interaction. Les controles étant ici des temps d’arrét, le seul moyen
de rendre compte d’un tel impact est donc de rendre les temps d’arrét intrinséques a la
dynamique du systéme, ce qui marque une premiére différence avec le cas de l'arrét opti-
mal standard ot la dynamique (I.2.1) est non contrélée. On choisit donc de formuler le
probléme ainsi : étant donné une suite de mouvements Browniens mutuellement indépen-

dants {Wk}kzl, FN la filtration engendrée par {Wk}lngN, ’76NT I’ensemble des N-uplets
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de FN-temps d’arrét et 7 := (T1,...,7n) € 76{VT, les particules suivent les dynamiques
k,N k,N N7y k,N N,y
dX;NT = b, XN N (X)) ik Lien, dt + o (t, X5, pN (X)) ikl dWE (1.2.4)

pour tout k =1,..., N, avec XV = (XbN7 . XNNTYT o § .= (iy,...,in) " € {0, 1}V,
Cette équation est celle de la diffusion contrdlée (I.1.1) dans le cas ot b et o sont linéaires
en «, pour

oy = It = (Itl, . .,ItN)T = (i11t<71, . .,iN1t<7-N)T

Le vecteur i permet de signaler les particules qui sont arrétées dés le temps initial, et s’avére
crucial pour établir ’équation de la programmation dynamique caractérisant le probléme

d’arrét optimal multiple, qui s’énonce ainsi:

N
1 kN N N{y1,N N,N
sup E[NZ/ PN e, XNT)dr + gN(XINT L XN 7*)], (1.2.5)
(7'1,...,7'1\1)676{\% k=1 0
1 kaN7T k?,N,T . .
Remarquons que, puisque X7, = Xp pour tout k, et que 7 et I sont en bijection,

ce probléme est équivalent & un probléme de contréle en I. Néanmoins, étant donné la
contrainte de monotonie sur I (qui est décroissant), 1'établissement d’un principe de la
programmation dynamique n’est pas aussi immeédiat que dans le cas du controle standard.
Nous traitons le cas de l'arrét optimal multiple dans le Chapitre V de cette thése, qui
correspond & [76].

Si fPN(x) = f(-, 2, 1N (%)) pour tout k € {1,..., N} et ¢V (x) = g(uV (x)), alors le
probléme d’arrét optimal multiple admet une formulation asymptotique, le probléme d’arrét
optimal champ-moyen:

-
s | /0 Fr X, £(X))dr] + g(£(X2)), (1.2.6)

ou X est une diffusion de type McKean-Vlasov arrétée:
dXt = b(t, Xt, E(Xt))[tdt + O'(t, Xt, ﬁ(Xt))Itth, avec It = IQ_1t<7—, (127)

et Jo— est une variable & valeurs dans {0,1}. Comme dans le cas de I'arrét optimal multiple,
il s’agit d’un probléme de controle champ-moyen en I. Cependant, comme signalé ci-dessus,
la monotonie inhérente a cette famille de contrdles rend moins immédiate ’écriture d’un
principe de la programmation dynamique ; en particulier, il n’est pas suffisant de pren-
dre £(X};) comme variable d’état, contrairement au cas du contréle optimal champ-moyen

général.
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Quelques exemples de tels problémes d’arrét optimal (critére non standard dépendant
uniquement de la loi du processus arrété) ont été abordés dans la littérature : nous pouvons
ainsi évoquer les cas de larrét optimal moyenne-variance par Pedersen & Peskir [64] et de

la distortion de probabilité par Xu & Zhou [78], ou le critére g est défini par

ol p est une mesure de probabilité sur (0,+00), £ une variable aléatoire de loi p sous une
probabilité P fixée, U une fonction d’utilité et ¢ une fonction continue de [0, 1] dans lui-méme
appelée fonction de distortion. Ces deux exemples sont traités en horizon infini (7' = c0),
lorsque X est un mouvement Brownien géométrique ayant un Dirac comme distribution de

départ.

1.2.2 Probléme de I’obstacle sur I’espace de Wasserstein

Le premier objectif de cette thése est d’établir un principe de la programmation dynamique
(PPD) pour caractériser la fonction valeur du probléme. Cette tache est retranscrite dans
le Chapitre III, et correspond a [74].

Une idée naturelle est d’introduire une version dynamique du probléme, sur le modéle

du contréle optimal champ-moyen (1.1.3). Soit (£, ) € [0,T] x P2(R%), et

Vit = s Ef /;ﬂr,xr,axr))dr]+g<c<XT>>

T€Ti,T

T
R — E[/ f(r,XT,L(XT))err}+g(L(XT)),
IelO([¢,T7) 0

ot X est une diffusion arrétée (1.2.7) de processus de survie Iy := 15, telle que £(X;) = p,
et ot 1°([t, T]) est I’ensemble des processus de survie (i.e., 'ensemble des processus de la
forme s +— 1509, 0 € Ty ). 1l s’avére cependant que cette formulation est insuffisante pour
obtenir un PPD. En effet, les particules arrétées sur l'intervalle [¢t,t 4 ), § € (0,T —t), le
sont toujours sur U'intervalle [t 4+ §,T]. Tout controle I admissible sur [t + 6,7 doit donc
vérifier I;45 < IEKH(;)?, ot I'* est un controle optimal sur [t,¢ 4 §). L’'impossibilité d’obtenir
un PPD avec cette formulation est donc due & la monotonie des éléments de 19([t, 7)), qui
sont par définition décroissants. C’est donc pour prendre ce fait en compte que 1'on choisit

pour variable d’état la loi jointe £((Xy, I;)), et non £(X;). Intuitivement, cela signifie que

'information qui consiste & connaitre les positions des particules dans RY (la distribution
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L(X:)) n’est pas suffisante : il faut également connaitre leur état, c’est-a-dire savoir si elles
sont arrétées ou non (information contenue dans la distribution £(X¢, I3)).

Nous adoptons alors la formulation suivante : Q := C°([0,7],R%) x 1°([-1,T]), ot
C9(]0,T],R?%) désigne I’ensemble des trajectoires continues de [0, 7] dans R?, désigne notre
espace canonique, et Y := (X, I) le processus canonique sur 2. Pour tout (¢,m) € [0,T] x
P2(S), S := R? x {0,1}, on désigne alors par P(¢,m) l’ensemble des mesures de probabil-
ité sur € telles que X ait la dynamique (1.2.7), P-presque stirement, et P o Yt:1 =m. Le

probléme d’arrét optimal champ-moyen est alors défini par

V(t,m):= sup E / f(r, X, Po X, Ndr| +g(Po X7h). (1.2.8)
PeP(t,m)

Cette formulation, dite faible (le processus est fixé et 'on controle sa distribution), permet
notamment de compactifier I’ensemble des contréles en prenant également en compte les
stratégies d’arrét randomisées, qui consistent, a chaque instant, & pouvoir également arréter
X avec une certaine probabilité strictement comprise entre 0 et 1. Ainsi, il suffit que f et
g soient semi-continues supérieurement pour que le probléme (1.2.8) admette une solution.
On s’assure par ailleurs qu’il s’agit effectivement d’un probléme d’arrét optimal en posant
7 :=inf{s > t : Iy = 0} et en remarquant que, lorsque 7 parcourt I’ensemble des temps
d’arrét (randomisés) a valeurs dans [¢,T], P décrit P(t,m).

Une fois ce cadre posé, nous obtenons le PPD:

V(t,m)= sup E / f(r, X, Py, )dr] + V(s,Py,_) pour tout s € [¢,T].  (1.2.9)
PeP(t,m)

Comme souvent en contréle stochastique, on établit ’équation de la programmation dy-
namique associée a notre probléme d’optimisation en appliquant une formule d’Itd6 au PPD.
Cependant, le processus Y est une semimartingale cadlag et donc potentiellement non
continue, ce qui nous empéche d’utiliser (I.1.5) ; par ailleurs, son flot de lois marginales
{Py. }sejt,m est lui-méme cadlag, ce qui interdit d’utiliser certaines formules d’It6 pour les
lois de diffusions a sauts trouvables dans la littérature (voir par exemple Burzoni, Ignazio,
Reppen & Soner [15]). Nous sommes ainsi conduits a prouver une formule d’It6 pour le
cas général d’'une semimartingale Y cadlag. Si m := {m};c[or) désigne son flot de lois

marginales, et J7(m) l'ensemble des points de discontinuité de ¢ — m; sur T C [0, 7], alors
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sous certaines conditions d’intégrabilité :

t
u(t,my) = u(O,m0)+/ Oyu(s, mg)ds
0

t
—l—E[/ Oybmu(s,ms,Ys) - dYS + 3§y5mu(s,m3,Y;) : d(Yc>s] (1.2.10)
0
+ Z (u(s,ms) —u(s,ms—)) + E[ Z (6mu(s,ms, Ys) — dmu(s, ms, Ys,))},
s€J(0,4(m) SGJ(CO,t](m)

ot Y¢ désigne la partie continue de Y. Toutefois, seul le cas particulier Y = (X, I) nous
intéresse dans le cadre de l'arrét optimal champ-moyen.

L’application du cette formule au PPD prouve donc que V, si elle est suffisamment
réguliére, est solution de I’équation de la programmation dynamique :

IéliI(l ){—(Lu + F)(t,m')} =0, Dru(t,m,-) >0, u(T,-) =g, (I.2.11)
m'eCy(t,m

pour tout (t,m) € [0,7] x Pa(S), avec

Lu(t,m) := Osu(t,m)

+/ (b(t,a:,m) < OgOmu(t,m,x,1) + %UQ(t,a:,m) : 8§w5mu(t,m,:c, 1))m(da:, 1),
Rd
F(t,m) := f(t,z,m)m(dz,1)
R4
Cu(t,m) :={m' <m :u(t,m') = u(t,m)},

Dru(t,m, ) := dpu(t,m,x,1) — 6u(t,m,z,0) pour tout z € R%.

La notation < désigne ici un ordre partiel sur Pa(S) : nous avons m’ < m s'il existe une

fonction mesurable p : RY — [0, 1] telle que
m/(dx,1) = p(x)m(dz,1) et m'(dx,0) = (1 — p(z))m(dz, 1) + m(dz,0).

Intuitivement, cela signifie que m’ peut étre obtenue en arrétant chaque particule non déja
arrétée de la distribution m se trouvant en position = avec probabilité p(z). C(t, m) désigne
donc les stratégies d’arrét a l'instant ¢ qui préservent la fonction valeur. La condition
Dru > 0, qui implique que u est croissante pour l'ordre partiel <, exprime la monotonie
naturelle du probléme : la fonction valeur est d’autant plus grande que I’ensemble des

particules que I'on contréle ’est.
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Par analogie avec 'arrét optimal standard, nous appelons cette équation probléme de
lobstacle sur l’espace de Wasserstein. Nous montrons par ailleurs un théoréme de vérifica-
tion, c’est-a-dire que toute solution suffisamment réguliére de cette équation est égale a la
fonction valeur (1.2.8). Nous utilisons également ce probléme de I'obstacle pour caractériser

les stratégies d’arrét optimales.

I[.2.3 Caractérisation par les solutions de viscosité

Dans cette deuxiéme partie de notre travail, nous étendons la caractérisation du probléme
d’arrét optimal champ-moyen (I1.2.8) par le probléme de 'obstacle (I.2.11) dans le cas ou
V n’est pas différentiable. Autrement dit, nous entendons définir la notion de solution
faible de (1.2.11), au sens des solutions de viscosité. Introduite par Crandall & Lions [30]
dans le cadre des équations d’Hamilton-Jacobi, cette notion permet de définir des solutions
faibles pour des équations aux dérivées partielles du second ordre elliptiques, notamment
non linéaires. Contrairement aux solutions au sens de Sobolev, les solutions de viscosité sont
définies en tout point. Elles permettent d’obtenir des résultats d’existence et d’unicité sous
des hypotheéses de régularité minimes (typiquement, pour des fonctions localement bornées).
Nous renvoyons le lecteur vers l'exposé de Crandall, Ishii & Lions [29] pour plus de détails
sur les solutions de viscosité dans le cadre d’espaces de dimension finie.

Motivé entre autres par les problémes de jeux et de controle champ-moyen, I’étude des
solutions de viscosité des équations sur l'espace de Wasserstein a connu un vif intérét ces
derniéres années et a été menée via des approches trés diverses : par 'utilisation de sous-
différentielles (Cardaliaguet & Quincampoix [18]|, Gangbo, Nguyen & Tudorascu [45]), en
transposant 1’équation sur P'espace de Hilbert des variables aléatoires (Pham & Wei [65])
ou en utilisant directement les dérivées sur ’espace des mesures et en construisant des
voisinages de viscosité compacts dans l'espace de Wasserstein (Wu & Zhang [77], Burzoni,
Ignazio, Reppen & Soner [15]).

Dans cette thése, nous nous inspirons principalement de 'approche de [77], ou les au-
teurs définissent une notion de solution de viscosité pour une classe générale d’équations
paraboliques sur 'espace de Wasserstein. Cette notion est intrinséque : contrairement a
[65], qui utilise une méthode dite de lifting, elle ne recourt a aucun changement d’espace.
Sa principale force réside dans le choix du voisinage de viscosité, dont la compacité est

essentielle pour garantir les propriétés de stabilité et d’unicité des solutions. La boule
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unité sur PQ(Rd) n’étant pas compacte, les auteurs décident de considérer I’ensemble des
flots de lois marginales de semimartingales & caractéristiques bornées partant d’'un point
(t, 1) € [0,T] x P2(RY). De simples arguments de tension de mesures montrent qu'un tel
ensemble est compact (voir par exemple Meyer & Zheng [59]).

Dans le cadre de ’arrét optimal champ-moyen, nous considérons ainsi I’ensemble des lois
marginales des diffusions de type McKean-Vlasov arrétées (1.2.7). Plus précisément, étant

donné (t,m) € [0,T) x Po(R%) et § € (0,T — t), nous définissions le voisinage de viscosité :
Ns(t,m) :={(s,m) : s € [t,t + 6], € {Py,_,Py,},P € P(t,m)}.

Le flot s — Py, étant cadlag pour tout P € P(t,m), il est en effet nécessaire de prendre
en compte tous les couples {Py,_,Py,} pour assurer la compacité de Ns(t,m). Etant donné
une fonction localement bornée u : [0, T] x P2(R?) — R, on définit alors les ensembles de

fonctions test :

Au(t,m) = {gp € C%’l(Qt) D (o —uy)(t,m) = Ng}g}é)(@ — uy) pour un 6 > O},
Au(t.m) = {p € 03HQ) < (p—u)(t;m) = min (¢~ u”) pour wn § >0},

ol us et u* désignent respectivement les enveloppes semi-continues inférieurement et supérieure-
ment de u. En raison de la structure particuliére de I’équation (1.2.11), la définition des so-
lutions de viscosité de solutions est cependant moins classique qu’a ’accoutumée. En effet,
pour une équation usuelle

Du = 0,

ou D désigne un opérateur différentiel quelconque, les sur-solutions et sous-solutions de
viscosité se définissent naturellement en tout point (¢,m) par

Dp(t,m) >0 et Dip(t,m) <0

pour tout ¢ € Au(t,m) et ¢ € Au(t,m). La présence de I'inégalité Dju > 0 dans (1.2.11)
nous contraint & une certaine asymétrie entre les définitions de sur-solution et sous-solution.
Ainsi, nous posons:

(i) u est une sur-solution de viscosité de (I.2.11) si, pour tout (t,m) € [0,T) x P2(R%),
¢ € Au(t,m) et m’ < m,

us(t,m) > ui(t,m') et — (Lo + F)(t,m) > 0,

21



CHAPTER I. INTRODUCTION (FRANCALIS)

(ii) u est une sous-solution de viscosité de (I.2.11) si, pour tout (t,m) € [0,T) x P2(R%) tel
que Cy=(t,m) = {m} et p € Au(t,m),

min{_('—‘ﬁ + F)v (DI(P)*}(tﬂ m) <0,

ott Dro(t,m) := inf yegupp(m(.,1)) Prult, m, ), Supp(m(-, 1)) désignant le support de m(:, 1).
(iii) u est une solution de viscosité de (1.2.11) s’il s’agit a la fois d’une sur-solution et d’une
sous-solution de viscosité.

Les solutions de viscosité ainsi définies sont consistantes avec les solutions classiques et
satisfont la propriété de stabilité. Le résultat d’unicité, donné par un principe de compara-
ison, est comme souvent le résultat le plus délicat a prouver, d’autant plus lorsqu’il s’agit
d’équations sur 'espace des mesures. C’est en renforgant les hypothéses de régularité sur
les coefficients b et o et en nous appuyant sur une suite régularisatrice pour les fonctions
définies sur l'espace de Wasserstein (introduite par Mou & Zhang [61]) que nous parvenons

& prouver ce résultat important.

I.3 Approximations d’équations aux dérivées partielles sur ’espace

de Wasserstein

La deuxiéme partie de cette thése est consacrée au développement d’approximations d’équations
sur 'espace des mesures de probabilité. Plus précisément, notre but est d’approcher les so-
lutions de viscosité de telles équations par les solutions de viscosité d’équations définies sur
des espaces de dimension finie. Une telle démarche a déja été effectuée par Gangbo, Mayora

& Swiech [44] pour I’équation d’Hamilton-Jacobi-Bellman semi-linéaire (c’est-a-dire avec co-
efficient de diffusion non contrélé), et dans le cadre d’une notion de solutions de viscosité
différente de celle que nous adoptons. De maniére plus lointaine, nous renvoyons également
au travail de Cardaliaguet, Delarue, Lasry & Lions [17], qui montrent la convergence de
la solution de I’équation caractérisant les jeux & N joueurs vers la solution de I’équation
caractérisant 1’équilibre de Nash des jeux & champ-moyen.

Dans l'esprit de Barles & Sougainidis [2], qui prouvent la convergence d’un schéma
numérique (dit monotone) pour les solutions de viscosité des équations d’Hamilton-Jacobi-
Bellman, nous étudions la convergence de notre approximation de dimension finie vers la
solution de I’équation champ-moyen via les semi-limites relaxées. Cette approche est com-

plétée par l'utilisation de résultats type propagation du chaos (voir par exemple Snitzman
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[72] ou Oelschlager [63]), qui permettent de faire le lien entre le probléme & N particules et

la formulation champ-moyen.

I.3.1 Cas du probléme de I’obstacle

Du fait de sa structure particuliére, nous traitons le cas du probléme de l'obstacle sur
I’espace de Wasserstein de maniére isolée. Nous montrons principalement que I’équation
d’approximation correspond a l’équation de la programmation dynamique caractérisant le
probléme d’arrét optimal multiple (1.2.5).

Plus précisément, étant donné un espace de probabilité (QO,}'%, P%), on introduit le

probléme dynamique

N

or 1 Tk

VN(t,y) := sup Ezy [ﬁ Z/ FEN o, XV TYdr + g™ (XENT L ,X%N’T)} (L.3.1)
TETr k=170

pour tout y € SV, ot YN := (XM7 IN7) suit la dynamique (1.2.4) et E; y[-] := E[~]YtN7T =

y]. Comme l'ont prouvé Kobylanski, Quenez & Rouy-Mironescu [50], ce probléme peut étre

réduit a une suite de IV problémes d’arrét optimal standards imbriqués, ce qui nous permet

de montrer que (1.3.1) est caractérisé par I’équation

Hlln{ - 8tu<t7y) - (Eu + f)<t7y) ’ i7 u(t7Y) — Maxj/ «j U(t,X, il)} = O’ (I 3 2)
ul—p = uli—o = g~
o'y = (x,i), et i < i signifie que i), < i pour tout k = 1,..., N et i’ # i, avec i :=
(i1, in)T, 1 o= (i, ..., )T, £ = (f5Y, ..., FYN)T. Nous appelons cette équation

probléeme de [’obstacle en cascade. Nous montrons comment utiliser la solution de cette
équation pour identifier une stratégie d’arrét optimale pour (1.3.1).

Dans le cas ou f*N(.,x) = f(-,zx, uV(x)) pour tout k € {1,...,N} et gV(x) =
g(1N (x)), nous montrons que toute sur-solution ou sous-solution de viscosité de (I.3.2)
converge, en un certain sens, vers une sur-solution ou sous-solution de viscosité de (1.2.11).
Si les hypotheéses garantissant 'unicité de la solution de (I.2.11) sont vérifiées, ce résultat
implique que la fonction VY converge vers V', la fonction valeur du probléme d’arrét optimal
champ-moyen définie par (1.2.8), c’est-a-dire:

V& (s, yM) — V(t,m) pour tout (t,m) € [0,T] X Pa(S).

N — oco,s — t,
Wz(mN(yN),m) — 0
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Le choix de la notion de solution de viscosité pour le probléme de l’obstacle en cascade
s’avére particuliérement important pour garantir ce résultat de convergence. En effet, il faut
qu’elle s’accorde avec les solutions de viscosité pour ’équation de I'obstacle sur ’espace de
Wasserstein dans le sens ot si ¢ est une fonction test pour ce dernier, alors sa projection
sur SV définie par ¢V (t,y) := o(t,m" (y)) doit étre une fonction test pour le probléme de
dimension finie. Il s’avére alors que la bonne définition est celle donnée par le critére de «
tangence en moyenne »: étant donné u : [0,7] x SN — Reet (t,y) € [0,7] x SV, on définit
par exemple I'ensemble des fonctions test pour la sur-solution par

Ault,y) = {p € CY([t, T] x 8) : (¢ —u)(t,y) = Sup Ety[(o —u)(0 A H, Y53}

ot Y désigne la version non arrétée de (1.2.4) et H > t est un temps d’arrét de localisation.
Cette définition est une adaptation de celle introduite par Ekren [36] dans le cadre de ’arrét
optimal de diffusions dépendantes de la trajectoire au cas de 'arrét optimal multiple.
Nous montrons également dans ce chapitre que la diffusion arrétée a N particules (1.2.4)
converge vers la diffusion McKean-Vlasov arrétée (1.2.7) dans le sens suivant : pour tout
T E ’7;]%, quitte & se ramener & une sous-suite, la suite {P? o (m™(Y™™))~1} y>1 converge
en loi vers une mesure supportée sur P(t,m). En particulier, si 7V est une stratégie d’arrét
optimale pour (I.3.1), alors la limite est supportée sur l’ensemble des stratégies d’arrét
optimales pour (I1.2.8). Réciproquement, tout élément de P(t,m) peut étre approché par
une suite de la forme P o (m™ (Y™7))~1 ; en particulier, tout élément optimal pour (1.2.8)

peut s’écrire comme limite d’éléments e y-optimaux (avec ey N\, 0) pour (I.3.1).

1.3.2 Cas d’une classe d’équations paraboliques

Dans ce chapitre, nous proposons une approximation pour une large classe d’équations
paraboliques sur 'espace de Wasserstein, c’est-a-dire pour les équations de la forme:
—0pu(t, p) — F(t, p, u(t, ), Oubmult, p, -), D2 Smult, i, D) =0, u(T, ) =g, (1.3.3)

pour tout (£, ) € [0,T] xPa(RY), avec F : [0, T] x P2(R?) x Rx LY(R?,R?) x LY(RY, S4) — R,
LY(R? R?) (resp. LY(RY R%)) désignant 1’ensemble des fonctions de R? dans R? (resp. Sy)
Borel-mesurables a croissance quadratique. La notion de solution de viscosité que nous

adoptons pour cette classe d’équations est celle de Wu & Zhang |77, qui consiste a prendre
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comme voisinage de viscosité ’ensemble Py, des mesures sous lesquelles le processus canon-
ique X est une semimartingale continue a caractéristiques (c’est-a-dire, coefficients de dérive
et de diffusion) bornées par L > 0.

Nous construisons notre approximation ainsi : pour N > 1, et pour tout x = (z1,...,zN),

z=(z1,...,25) € R"N ~ = Diag(y1,...,7n) € SE, y et y € R, on définit 'opérateur
FN(t,x,y,2,7) = F(t, /"N (x),y, Nz - 14, Ny - 1), (1.3.4)

avec z - 1x(x) = Zivzl 2k 1y, (z) et v - 1x(x) = Z,ivzl Y 1g, (z) pour tout z € RY On

introduit alors 1’équation associée sur [0, 7] x R¥*V:

—dpu(t,x) — FN (¢, x,u(t,x), Oxu(t, x), 02cu(t, x)) = 0, u(T,-) = g". (1.3.5)

? XX

En employant une nouvelle fois les semi-limites relaxées, et en supposant que (1.3.3) dispose
d’un principe de comparaison (dont la preuve reste un probléme ouvert dans le cas général),
nous parvenons a prouver que les solutions de viscosité de (I1.3.5) converge vers la solution
de viscosité de (1.3.3), dans le sens introduit dans le paragraphe précédent.

Comme dans le cas du probléme de l'obstacle, le choix de la notion de solution de
viscosité pour ’équation d’approximation est crucial et nous optons une nouvelle fois pour
le critére de tangence en moyenne. Cependant, le caractére potentiellement non linéaire
de (I.3.5) nous conduit & utiliser une espérance non linéaire, & I'image du travail d’Ekren,
Keller, Touzi & Zhang [37] dans le cadre des équations aux dérivées partielles dépendant de
la trajectoire (voir aussi Ren, Touzi & Zhang [67] pour un exposé général de cette théorie).
Ainsi, étant donné u : [0,7] x R™>*N — Reet (t,x) € [0,T] x R™¥  on définit par exemple

I’ensemble des fonctions tests pour la sous-solution par

Au(t,x) = {¢ € CH([0,T] x RPN 2 (6 —u)(t,x) = inf €5 [(6 —u)(O A H, Xgrm)]},

ot X est le processus canonique sur C°([0, 7],R>™), H > t un temps d’arrét de localisation

et &, est espérance non linéaire définie par
y

éiv H = inf EtP Ha
i PePN *

avec Piv I’ensemble de mesures semimartingales continues a caractéristiques bornées sur

C([0, T], R¥*N),

25



CHAPTER I. INTRODUCTION (FRANCALIS)

Du fait de cette structure particuliére, la preuve du théoréme de convergence repose égale-
ment sur un résultat-clé de précompacité, assimilable a une forme de propagation du chaos
pour semimartingales continues & caractéristique bornées. Plus précisément, en invoquant
des critéres de tension de mesure et un probléme martingale bien choisi, nous montrons que
I’espace des mesures empiriques associées & des semimartingales continues & caractéristiques
(uniformément) bornées est précompact, et que les valeurs d’adhérence appartiennent a Pr,.
Ce résultat peut étre vu comme une généralisation de Lacker [52, Theorem 5.1|, qui traite
le cas des diffusions soumises & des controéles relaxés.

Etant donné que ces notions de solutions de viscosité, tant sur I’espace de Wasserstein
qu’en dimension finie, ont été introduites par leurs auteurs dans le cadre d’équations dépen-
dant de la trajectoire, nous parvenons également & prouver notre résultat de convergence
dans le cadre non-markovien, c¢’est-a-dire quand la variable p de (I.3.3) est une mesure sur
([0, 7], RY).

I.4 Vers une résolution numérique pour I’équation de I’obstacle

en cascade

Le but de ce paragraphe est de discuter la possible résolution numérique du probléme d’arrét
optimal multiple. On montre dans le Chapitre V que la fonction valeur de ce probléme est
caractérisée comme étant 1’'unique solution de viscosité de ’équation de la programmation
dynamique (1.3.2). Notre idée est ainsi d’exploiter cette équation pour implémenter une
résolution numérique du probléme d’arrét optimal multiple. Comme nous espérons pouvoir
la résoudre pour des dimensions relative élevées, nous nous inspirons des de méthodes de
Sirignano & Spiliopoulos [71] et Raissi, Perdikaris & Karniadakis [66], qui approchent les
solutions d’équations aux dérivées partielles par des réseaux de neurones, calibrés en utilisant
les opérateurs des équations ainsi que les conditions aux bords pour définir la fonction de
perte.

Soit @(w;-) le réseau de neurones approchant la solution v de (I.3.2), ot w € RE est le
paramétre du réseau. Etant donné (u1, pa, u3) € P([0, T] x SN) x P(SN) x P([0, T] x R*N),
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nous définissons la fonction de perte théorique

Liw) = / Ad(w:t,y)Pdu(t,y) + / (Wi T, ) — () Pdpia(y) (LA.1)
[0,T]x SN SN
+f (w31, %, 0) — p(x) 2dua(t, ),
[0,T]x (RN
ol

At(w;t,y) == min{—0ya(w;t,y) — La(w;t,y) -i,4(w;t,y) — max a(w;t,x,i')}.

li"]=li] -1

Notre algorithme va consister & minimiser L sur l’ensemble des paramétres w, via une
descente de gradient stochastique. Plus précisément, il suivra les étapes suivante:

1. Simulation de points aléatoires (t5,yL) € [0,T]xSY, y2 € SV and (£2,x3) € [0, T] xRN
selon les distributions pq, po and ps, respectivement.

2. Calcul de l'erreur quadratique

L(wa, @) i= (A(Wns b, y0))* + (Wi T.y) = 9% (60))” 4+ (Wi by %0,0) = 9" (%))
3. Descente de gradient: wy,11 (= w, — anawf)(wn,q), ot a = {an}n>1 est le taux
d’apprentissage,

4. Répétition jusqu’a satisfaction du critére d’arrét.

Le critére d’arrét peut prendre des formes diverses : il peut par exemple consister en un
nombre fixé d’itérations, ou bien en une condition sur la norme du gradient de la fonction

de perte.
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Introduction (English)

II.1 Generalities on mean field control

I1.1.1 Motivations

While it has been used for a long time in statistical physics, the notion of mean field has
become inevitable in control theory since it has been independently introduced by Lasry &
Lions [53] and Caines, Huang & Malhammé [47]| to model decision problems in system of
interacting agents. The main idea behind such models is to state that, under some symmetry
assumptions and when the number of agents becomes very large, we may reduce the study of
such systems to the study of one representative agent, who acts in function of the macroscopic
state of the system, which is typically given by the distribution of the other agents. When
any agent wants to optimize its own criterion, such problems are called mean field games;
when a central planner controls all the interacting agents in order to optimize some criterion
depending on the global system of agents, we face a mean field control problem. Mean field
optimal stopping, which is the main subject of this thesis, belongs to this second class of
problems.

Although not as extensively studied as games, mean field control has raised a growing
interest over the past few years. First studied by Bensoussan, Frehse & Yam [8] and Car-
mona, Delarue & Lachapelle [22] in the context of a comparative study with mean field
games, this class of problems has been mainly considered via two approaches: by the use
of a maximum principle (see e.g. Buckdahn, Djehiche & Li [13], Andersson & Djehiche [1]
or Meyer-Brandis, Oksendal & Zhou [60]) and by dynamic programming (see e.g. Lauriére
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& Pironneau [54]|, Pham & Wei [65], Bayraktar, Cosso & Pham [6], Wu & Zhang [77] or
Djete, Possamal & Tan [34]). Summaries of these two methods are available in Carmona
& Delarue [21, Vol. I, Ch. 6]. The dynamic programming approach mainly results in the
characterization of the value function of the control problem by an Hamilton-Jacobi-Bellman
equation (sometimes referred as master equation) on the space of probability measures.
From a probabilistic point of view, the intuition behind mean field control problems is
the following: given two integers d, N > 1, a set of controls A and W = (W1, ... . WN)T
a d X N-dimensional standard Brownian motion, we consider the interacting N-particles

system in R%:
X = b(t, XN N (X, af)dt 4 o (8, XN N (X, of)awE, (11D

for all k = 1,..., N, with XV .= (XN XNNeOT o = (al,...,a™)T € AV the

vector of controls and N
1
N/ N,y E:
1% (Xt ) = N 2 (5Xéc,N,a

the empirical distribution of the system at time ¢. Although each particle k£ is controlled
by the process o, its dynamics also depends on the other controls {ad }j#k due to the
interaction via the empirical distribution of the system. Taking a central planner point of

view, we then consider the control problem

acAN

N T
1 (o7
sup B[ 37 [ 14 X)ar + 93 )
k=1

where 7' > 0 is the time horizon. If f and g can be written as functionals defined on
the space of probability measures, i.e., can be written as f¥(¢,x) = f(t, z, u"(x)) and
g(x) = g(u™V(x)), we may then formulate the mean field approximation of this problem.
More precisely, when N — oo, we consider that the dynamics of a representative particle is

given by
dX{ =b(t, X, L(XP), op)dt + o (t, X7, L(X]), ou)dWr, (I1.1.2)

where £(X{*) denotes the distribution of X¢ and W is a standard Brownian motion. The

mean field control problem is then stated as

T
2235[/0 f(r,Xﬁﬁ(X,?))dr} +g(L(X)). (I1.1.3)
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This approximation is mostly legitimated by propagation of chaos like results:

N
% ; Oxk N o el L(X%) in distribution.

These convergence problems have been extensively studied. We refer for example to Snitz-
man |72| or Oelschlager [63] for the case of uncontrolled diffusions, and to the recent works
of Lacker [52] and Djete [33] for the case of controlled diffusions (with relaxed controls in
the first one).

Besides the interest of such models to study systems of interacting particles, we observe
that the scope of problems covered by the formulation (II.1.3) is more general than the one

of standard optimal control, i.e. problems of the form

EEEE[/OT f(r, XM dr + g(X%)} (I1.1.4)

We may for instance mention the mean-variance optimization problem, given by

1
21613 {E[X%] — §Var(X%)}.

As the variance contains the square of the mean, this problem cannot be written under the
form (II.1.4), and therefore is not standard. Fischer & Livieri [42] have proposed a solution
in the case where X is a geometric Brownian motion, by solving explicitly the corresponding

N particles problem and computing its limit as N goes to infinity.

I1.1.2 Some elements of analysis on Wasserstein space

Before stating the dynamic programming principle for the mean field control problem and
the corresponding partial differential equation, it is necessary to introduce some elements of
analysis on the space of probability measures. We refer to Carmona & Delarue [21, Vol. 1,
Ch. 5| for a more detailed presentation. Let (E,d) be a metric space, and p € [1,+00). We
call p- Wasserstein space the set P,(E) of probability measures of order p, endowed with the
metric

1
Wp(p,v) = < inf / (d(:c,y))p*y(dx,dy)> " for all p,v € Py(E),
1€l (wv) JEXE

where I'(u, v) denotes the set of couplings of p and v, that is the set of probability measures

on F x F with p and v as respective first and second marginal distributions. This metric is
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called p- Wasserstein distance. If (E, d) is a Polish space (i.e. is complete and separable), then
(P(E),W,) is a Polish space as well. We shall often use the following property, which allows
to characterize the convergence in the sense of W, (see |21, Théoréme 5.5]) : Wy (fin, it) vd
0 if and only if the sequence {py}n>1 converges weakly to p and is p-uniformly integrable,
i.e. satisfies

lim sup/ (d(zo,x))Pdpn(z) = 0 for some xg € E.
E

R—o0 n>1

It is also necessary to introduce a notion of derivative on the space of measures. We say

that u : Pp(F) — R admits a linear functional derivative §pu if

1
u(p) —u(v) = /0 /E5mu()\u + (1 =N, z)d(p—v)(z)d\  for all p, v in Pp(E).

We observe that this derivative is defined up to an additive constant, and that it is a function
from P,(E) x E to R. Furthermore, if  — 6,,u(p, x) is also differentiable, the derivatives
Dumu(p, -) and 92, 6mu(p, -) correspond to the Lions derivatives d,u(p, z) and 8,0,u(u, -)
(see [58]), defined in the case p = 2 by lifting u into a function defined on the Hilbert space
of square integrable random variables, and by using the Fréchet derivative.

Let X be a continuous semimartingale taking its values in £ = R? and u : [0,7] x
Pp(R?) — R such that dyu, 9,6,mu and 92,6, exist. Denote p; := L(X;) for all t € [0, 7).

Under some integrability conditions, we have the It6’s formula

t
u(t, ) = (0, po) +/ Opu(s, ps)ds (I1.1.5)
0
t
+E{/ DuOmu(s, s, Xs) - dXs + 02, 0mul(s, ps, Xs) : d(X )],
0

which plays a crucial role in the derivation of the dynamic programming equation corre-

sponding to the mean field control problem.

I1.1.3 Dynamic programming principle

As in the case of standard control, we may study mean field control problems by establishing
a dynamic programming principle. This requires to change the state variable of the problem.
In the standard setting (I1.1.4), f and g are defined on a finite dimensional space (say RY),
and therefore the R%valued process X is the appropriate state variable. However, in the

mean field control problem (II.1.3), they are defined on the space of probability measures,
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which is infinite dimensional. Consequently, the appropriate state variable in this context
is the distribution of the process X® or, more precisely, in the Markovian case, the flow of

marginal laws {£(X{")}iepo,r)- Thus, after rewriting (I1.1.3) under the dynamical form

T
V(t, 1) := supE[ / f(r,Xﬁ“%(Xﬁ’“’%)dr}+g(£<X%"’°‘>), (t, 1) € [0, T] x Po(RY),
acA t

where X% corresponds to the dynamics (II.1.2) conditioned to £(X{*) = p, we can prove
that

V(t, ) = sup E[/ fr, Xﬁ’“’a,E(Xf’”’a))dr} + V (s, LX) for all s € [t,T).
acA t

If V is sufficiently smooth, we may then combine this equality with 1t6’s formula (I1.1.5) to

prove that V is a solution of

—0pu(t, p) + H(t, p, dmu(t, p,-)) = 0, (T, 1) = g(p), (I1.1.6)

for all (t,p) € [0,T] x Po(R?), with

1
H(to i) = [ sup (bt pn.0) - Oupla) + 5o (10, ,0) 5 02ip(a) ) )
FE acA

for all ¢ € C%(RY). It is also possible to derive (I1.1.6) when V is not differentiable by using
viscosity solutions (see for example Wu & Zhang [77]) and Pham & Wei [65], who use two
different notions of viscosity solutions).

In order to fully characterize the problem (II.1.3) by the equation (II.1.6), it is also
necessary to prove a uniqueness result, called comparison principle in the literature of vis-
cosity solutions. However, this result is difficult to show in the general case, and we refer

for example to |77, Théoréme 4.13] for a proof in a particular case.

I1.2 The case of optimal stopping

Optimal stopping problems correspond to binary decision problems: at each time, the deci-
sion to take consist in stopping or not a given process, based on the information available
up to this time only and without possibility to come back. This can be illustrated by the
secretary problem: an employer wants to hire a secretary and organize a sequence of inter-
views with the applicants. After each interview, he must decide whether he hires or not the

candidate.
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The main purpose of this thesis is to establish a dynamic programming approach for
the mean field optimal stopping problem, which is a special subclass of mean field control
problems. As for the latter, we take the point of view of a central planner, who controls
a distribution of interacting particle. In this context, one has to choose for each particle a
stopping time in order to optimize some functional of the distribution of the system.

The same way mean field control differs from mean field games, the mean field optimal
stopping problem differs from mean field games of timing, which have been extensively
studied recently (we refer, for example, to Bertucci [9], Carmona, Delarue & Lacker 23],

Nutz [62] and Bouveret, Dumitrescu & Tankov [11]).

I1.2.1 Reminder on standard optimal stopping, and particularities of

mean field optimal stopping

We first recall some generalities on standard optimal stopping (we refer to El Karoui [41] or

Shiryaev [70] for detailed surveys). Let X be a diffusion process
dX; = b(t, Xt)dt + U(t, Xt)th, (1121)

F the filtration generated by the Brownian motion W and, for all t € [0,T], let Ty be the

set of [t, T]-valued F-stopping times. We consider the optimization problem

sup €[ [ 10X )ar+ 90X,

TG%,T

which can be rewritten under the dynamical form

V(t,z) := sup E[/tT flr, X )dr 4+ g(X0)| Xy = ZC] (11.2.2)

TE'ﬁ:yT

If V is continuous, we may show that it satisfies the dynamic programming principle

TAO
Vita) = sup E| / Fr, X ) 49X, g + V(0. Xp)1gr| X = 2]
TG'E,T t

which allows to deduce, under some growth assumptions, that V is the unique viscosity

solution of the obstacle problem

min { — dyu — bdyu — 3026§xu —fiu—g}=0, u,-)=gy. (I1.2.3)
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By using the equation in the case where V € C12([0,T] x R?%), or the Snell envelope theory
in the general case (see e.g. Karatzas & Shreve [49, Appendice D]), we may then show that
the stopping time

™ :=inf{s >t:V(s,Xs) = g(Xs)}

is optimal for the problem (I1.2.2). In finance, this type of problem arises naturally in the
context of American options, which allow their buyer to exercise them at any time between
the subscription and the maturity. Since the stock X on which the option is defined is
stochastic, the buyer (who cannot predict its evolution) has to solve an optimal stopping
problem to find the best time to exercise the option. Similarly, to hedge himself, the seller
prices the optimal by computing the expectation of his payoff ¢g(X,) under the optimal
stopping strategy.

As in the case of stochastic control, and in order to provide a better understanding of the
mean field model, we first present the N particles optimal stopping problem, called multiple
optimal stopping. This problem has been studied in a very general context by Kobylanski,
Quenez & Rouy-Mironescu [50]. We once again take the point of view of a central planner
who wants to optimize a criterion by controlling all the particles of the system. The choice
of the control for one particle impacts the dynamics of the other, due to the interaction
term. In this setting, controls are stopping time, and the only way to highlight this impact
is to make them intrinsic to the dynamics of the system, which is a first difference with
the case of standard optimal stopping, where the dynamics (I1.2.1) remains uncontrolled.
We thus state the problem as follows: given a squence of mutually independent Brownian
motions {Wk}kzl, FY the filtration generated by {Wk}lngN, 76NT the set of N-uplets of

FN_stopping times and 7 := (1q,...,7n) € 7'0]\}, the particles follow the dynamics
dX PN = b, XN N (X ik L dt + o (t XENT N (X)) igLper, AW (11.2.4)

forall k =1,...,N, with XV = (X7 XVNNYT and i := (ig,...,in)" € {0,1}V.
This equation corresponds to the controlled diffusion (II.1.1) in the case where b and o are

linear in «, for

oy = It = (Itl,,ItN)T = (i11t<7—1,...,iN1t<7—N)T

The vector i allows to signal the particles which are stopped from the initial time, and turns

out to be crucial to derive the dynamic programming equation characterizing the multiple
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optimal stopping problem, which writes as follows:

N T
(m“’s:;%)e%% E[% ;/0 U PN XNTYdr 4 gN(XINT ,X%N’T)] . (I12.5)
Observe that, as ka’N’T = X;’N’T for all k£, and that 7 and I are in bijection, this problem
is equivalent to a control problem in I. Nonetheless, given the monotonicity constraint on I
(which is decreasing), the proof of a dynamic programming principle is not as straightforward
as in the case of standard control. We study the case of multiple optimal stopping in the
Chapter V of this thesis, which corresponds to [76].

If foN(x) = f(-, 2, pN(x)) for all k € {1,...,N} and gV (x) = g(uV(x)), then the
multiple optimal stopping problem has an asymptotical formulation, that is, the mean field
optimal stopping problem:
sup E[ /O "o XT,L‘(XT))dr] +g(L(X,), (I1.2.6)

TE%’T

where X is a stopped McKean-Vlasov diffusion:
dXt = b(t, Xt, E(Xt))ftdt + O’(t, Xt, [,(Xt))ftth, with It = Io_lt<7—, (1127)

and Iy_ is a {0, 1}-random variable. As in the case of multiple optimal stopping, it is a mean
field control problem in I. However, as said above, the monotonicity property inherent to this
class of controls makes the proof of a dynamic programming principle less straightforward.
In particular, it is not sufficient to take £(X}) as state variable, unlike the case of general
mean field control.

Some examples of such optimal stopping problems (with a nonstandard criterion de-
pending only on the law of the stopped process) have been studied in the literature: we may
thus mention the case of mean-variance optimal stopping by Pedersen & Peskir [64]| and of

the probability distortion by Xu & Zhou [78|, where the criterion g is defined by

where p is a probability measure on (0, +00), £ is a random variable with distribution x under
some fixed probability measure P, U a utility function and ¢ a continuous function from
[0, 1] into itself called distortion function. These two examples are studied in infinite horizon

(T = o0), when X is a geometric Brownian motion starting from a Dirac distribution.
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I1.2.2 Obstacle problem on Wasserstein space

The first objective of this thesis is to establish a dynamic programming principle (DPP) to
characterize the value function of the problem. This task corresponds to Chapter III and
[74].

A natural idea is to introduce a dynamical version of the problem, as for the mean field
control problem (I1.1.3). Let (¢, 1) € [0,T] x Po(R%), and

View = sw E[/Tf(r,Xr,E(Xr))dr]+g(£(XT))
= s / 10, X, LX) T dr] + g(£(X7)),
1e1o([t,T))

where X is a stopped diffusion (I1.2.7) with survival process I := 15, such that £(X;) = u
and where 1°([t, T]) is the set of survival processes (i.e., the sets of processes of the form
s+ 1scg, 0 € Ty ). However, it turns out that this formulation is not sufficient to obtain a
DPP. Indeed, the particles stopped on the interval [¢,t+ ), d € (0,1 —t), are still stopped
on the interval [t + 0,T]. Any control I which is admissible on [t 4+ §,T] must then satisfy
Teys < 1y ig)_s
with this formulation is then caused by the monotonicity of the elements of 1°([t, T]), which

where I* is an optimal control on [t,t+ ). The impossibility to prove a DPP

are non-increasing by definition. Then, to take this into account, we choose L((X4, I;)) for
state variable instead of £(X). Intuitively, this means that the information which consists
in knowing the positions of the particles in R? (the distribution £(X;)) is not sufficient: we
also need to know their state, that is, whether they are stopped or not (such information is
encapsulated in the joint distribution £((X¢, I3))).

We then use the following setting: Q := C°([0, T],R%) x 1°(]—1,T7]), where C°([0, T],R%)
denotes the set of continuous paths from [0, 7] to R¢, is the canonical space, and Y := (X,1I)
is the canonical process on . For all (¢,m) € [0,T] x P2(S), S := R? x {0,1}, we then
denotes by P(t,m) the set of probability measures on € such that X follows the dynamics
(I1.2.7), P-almost surely, and P o Yt:1 = m. The mean field optimal stopping problem is
then defined by

V(t,m):= sup E / fr, X, Po X, NYdr| + g(Po X1 (I1.2.8)
PeP(t,m)

This formulation, called weak (the process is fixed and we control its distribution), allows in

particular to compactify the set of controls by also taking into account randomized stopping
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strategies, which consist, at any time, in being able to stop X with some probability p €
(0,1). Thus, if f and g are upper semicontinuous, then the problem (I1.2.8) admits a
solution. We also obverse that this problem is indeed an optimal stopping problem by
defining 7 := inf{s > ¢t : I, = 0} and observing that, when 7 goes through the set of
(randomized) ¢, T]-valued stopping times, then P goes through P(t,m).

Once this setting is defined, we are able to prove the DPP:

V(t,m)= sup E / f(r, X, Py.)dr| +V(s,Py,_) for all s € [¢,T]. (I1.2.9)
PeP(t,m) t

As often in stochastic control, we derive the dynamic programming equation correspond-
ing to our optimization problem by applying Itd’s formula to the DPP. However, in our
context, the process Y is a cadlag semimartingale (thus possibly non continuous), which
prevent us from using (II.1.5). Furthermore, its flow of marginal laws {Py, }scf, 1) is itself
cadlag, which also bans the use of some [t6’s formula for laws of jump-diffusions available
in the literature (see e.g. Burzoni, Ignazio, Reppen & Soner [15]). We then have to prove an
It6’s formula for the general case of cadlag semimartingale Y. If m := {mt}te[o,T] denotes
its flow of marginal laws, and Jyt(m) the set of discontinuity points of ¢ — m; on T C [0,7T7],

then, under some integrability conditions:

t
u(t,my) = u(O,mo)—i-/ Oru(s, mg)ds
0
t
+E| / Oy, ma, Y2) - AYE + (s, m, i) 2 d{Y°),] (11.2.10)

+ Z u(s, ms) — u(s,ms_)) + E[ Z (6mu(s,m8,Y8) — 5mu(s,ms,YS_))},
$E€J(0,¢(m) s€J(, 4 (m)
where Y¢ denotes the continuous part of Y. Nonetheless, we are only interested in the
particular case Y = (X, I) in the context of mean field optimal stopping.
Applying this formula to the DPP (I1.2.9) proves that, if V' is sufficiently smooth, then
it is a solution of the dynamic programming equation:

Iéli? ){—(Lu + F)(t,m")} =0, Dru(t,m,-) >0, u(T,-) =g, (I1.2.11)
m/eCy (t,m
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for all (t,m) € [0,T] x Pa(S), with
Lu(t,m) := Owu(t,m)

—i—/ (b(t,:c,m) < OpOmu(t,m,x,1) + %UQ(t,x,m) L 02 Omu(t,m, 1))m(dm, 1),
Rd
F(t,m) := f(t,x,m)m(dx, 1)
Rd
Cu(t,m) :={m' <m :u(t,m') = u(t,m)},

Dru(t,m, ) := dpu(t,m,x,1) — 6pu(t,m,z,0) pour tout z € R%.

The notation < denotes a partial order on Pa(S): we have m’ < m if there exists a measur-

able function p : R — [0, 1] such that
m/(dx,1) = p(x)m(dz,1) and m/(dz,0) = (1 — p(x))m(dz, 1) + m(dz,0).

Intuitively, this means that m’ can be obtained by stopping each unstopped particle of
the distribution m localized in position z with probability p(z). C,(t,m) thus denotes
the set of stopping strategies at time ¢ which preserve the value function. The condition
Dru > 0, which implies that u is non-decreasing for the partial order <, expresses the natural
monotonicity of the problem: the value function is even greater that the set of particles that
we control is.

By analogy with standard optimal stopping, we call this equation obstacle problem on
Wasserstein space. In addition, we prove a verification theorem, i.e. that any sufficiently
smooth solution of (I1.2.11) is equal to the value function (II.2.8). We also use this equation

to characterize optimal stopping strategies.

I1.2.3 Characterization by viscosity solutions

In the second part of our work, we extend the characterization of the mean field optimal
stopping problem (I1.2.8) by the obstacle equation (II.2.11) to the case where V' is not
differentiable. In other words, we shall define a notion of weak solution for (I1.2.11), in the
sense of viscosity solutions. Introduced by Crandall & Lions [30] in the context of Hamilton-
Jacobi equations, this notion allows to define weak solutions for second order elliptic partial
differential equations, in particular nonlinear. Unlike Sobolev solutions, viscosity solutions
are defined pointwise. They allow to obtain existence and uniqueness results under minimal

regularity assumptions (typically, for locally bounded functions). We refer to the survey of
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Crandall, Ishii & Lions [29] for more details about viscosity solutions on finite dimensional
spaces.

Motivated in particular by mean field games and control, the study of viscosity solutions
for equations on the Wasserstein space has raised a lot of interest over the past few years and
has been realized via very diverse approaches: by the use of subdifferentials (Cardaliaguet &
Quincampoix [18], Gangbo, Nguyen & Tudorascu [45]), in lifting the equation on the Hilbert
space of square integrable random variables (Pham & Wei [65]) or by using directly the
derivatives on the space of measures and by constructing compact viscosity neighborhoods
in the Wasserstein space (Wu & Zhang [77], Burzoni, Ignazio, Reppen & Soner [15]).

In this thesis, we mainly follow the approach of [77], where the authors define a notion
of viscosity solution for a general class of parabolic equations on Wasserstein space. This
notion is intrinsic: unlike [65], which resorts to the lifting method, this does not require any
change of space. Its main advantage lies in the choice of the viscosity neighborhood, whose
compactness is crucial to ensure the stability and uniqueness properties. As the unit ball
on P2(R%) is not compact, the authors decide to consider the set of flows of marginal laws
of continuous semimartingales with bounded characteristic, starting from a point (¢, u) €
[0, T] x P2(R?). Then, simple tightness arguments prove that such a set is compact (see e.g.
Meyer & Zheng [59]).

In the context of mean field optimal stopping, we thus consider the set of marginal laws
of stopped McKean-Vlasov diffusions (I11.2.7). More precisely, given (t,m) € [0,T) x P2(R%)
and § € (0,7 —t), we define the viscosity neighborhood:

Ns(t,m) = {(S,fn) :s € [t,t+0],m € {Py,_,Py,},P € P(t, m)}

Since the flow s — Py, is cadlag for all P € P(¢t,m), it is indeed necessary to take into
account all pairs {Py,_, Py, } to ensure the compactness of N3(t,m). Given a locally bounded

function u : [0, 7] x P2(R?) — R, we then define the sets of test functions:

Au(t,m) = {cp € C;’I(Qt) :(p —uy)(t,m) = max (¢ — uy) for some 6 > 0},
N&(tvm)

Au(t,m) := {Lp e CyNQy) : (p —u*)(t,m) = min (p —u*) for some § > 0},
N(S(tvm)

where u, and u* respectively denote the lower and upper semicontinuous envelopes of wu.

Given the particular structure of the equation (I1.2.11), the definition of viscosity solutions
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is however less standard than usual. Indeed, for a usual equation
Du =0,

where D denotes some differential operator, the viscosity supersolutions and subsolutions

are naturally defined in any point (¢, m) by
Dp(t,m) >0 and DyY(t,m) <0

for all ¢ € Au(t,m) and ¢ € A(t,m). The presence of the inequality Dyu > 0 in (I1.2.11)
implies some asymmetry between our definitions of viscosity supersolutions and subsolutions.
Thus, we define:

(i) w is a viscosity supersolution of (I1.2.11) if, for all (t,m) € [0,T) x P2(R?Y), ¢ € Au(t, m)

and m' < m,
ue(t,m) > u(t,m') and — (Lp + F)(t,m) >0,

(i) u is a viscosity subsolution of (I1.2.11) if, for all (t,m) € [0,T) x Po(R?) such that
Coy (ta m) = {’I?’L} and wE Au(t7m)a

min{—(Ly + F), (Drg)s}(t,m) <0,

with Dro(t,m) = infyegupnm(.,1)) Dru(t, m, z), where Supp(m(-, 1)) denotes the support of
m(-,1).
(iii) w is a viscosity solution of (II.2.11) if it is a viscosity supersolution and subsolution.
Our viscosity solutions are then consistent with classical solutions and satisfy the stability
property. The uniqueness result, implied by a comparison principle, is as usual the most
difficult to prove, even more that we consider equations on the space of probability measures.
We manage to prove this important result by strengthening the regularity assumptions on the
coefficients b and o and by relying on a smooth mollifier for functions defined on Wasserstein

space, introduced by Mou & Zhang [61].

I1.3 Approximations of partial differential equations on Wasser-

stein space

The second part of this thesis is dedicated to the development of approximations of equations

on the space of probability measures. More precisely, our goal is to approximate viscosity
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solutions of such equations by viscosity solutions of equations defined on finite dimensional
spaces. A related work has been realized by Gangbo, Mayora & Swiech [44] for the semi-
linear Hamilton-Jacobi-Bellman equation (i.e. with uncontrolled diffusion coefficient), and
with a notion of viscosity solutions different from ours. We may also refer to Cardaliaguet,
Delarue, Lasry & Lions [17], who show the convergence of the solution of the equation
characterizing N-players games to the solution of the equation characterizing the Nash
equilibrium of mean field games.

In the spirit of Barles & Sougainidis [2|, who prove the convergence of a numerical scheme
(called monotone scheme) for viscosity solutions of Hamilton-Jacobi-Bellman equations, we
study the convergence of our finite-dimensional approximation to the solution of the mean
field equation via the relaxed semi-limits. This approach is combined with the use of prop-
agation of chaos like results (see e.g. Snitzman [72] ou Oelschlager [63]), which allow to

connect the N particles setting to the mean field one.

I1.3.1 Case of the obstacle problem

Given its particular structure, we study the case of the obstacle equation aside. We mainly
show that the approximating equation corresponds to the dynamic programming equation
characterizing the multiple optimal stopping problem (I1.2.5).

More precisely, given a probability space (€0, ]-_%, P?), we introduce the dynamical for-

mulation

N

1 Tk

VN(t,y) := sup EE; [— Z/ FEN o, XNTYdr + g™ (XENT L ,X?JQN’T)} (IL.3.1)
TETr N o

for all y € SV, where Y7 1= (XV7,IV7) follows the dynamics (I1.2.4) and E;y[] :=

E[- ]Y;N’T = y]. As proved by Kobylanski, Quenez & Rouy-Mironescu [50], this problem

can be reduced to a sequence of IV interlocked standard optimal stopping problems, which

allows us to prove that (II.3.1) is characterized by the equation

Hlln{ - 8tu(t7Y) - (‘CU + f)(t7 Y) : iv u(ta y) — MaxXj/ «j U(t, X, i/)} = 0’ (II 3 2)
u‘t:T = u|i=0 = gN7
where y = (x,i), and i’ < i means that ) < i for all £ = 1,...,N and i’ # i, with
i=(i1,...,in)T, 1 = (@, ..., )7, £:= (F5Y, ..., fVN)T. We call this equation cascade
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obstacle problem. We show how to use the solution of this equation to identify an optimal
stopping strategy for (I1.3.1).

In the case where foN(-,x) = f(-,a,pV(x)) for all k € {1,...,N} and ¢V(x) =
g(1N (x)), we show that any viscosity supersolution or subsolution of (I1.3.2) converges (in
some sense) to the viscosity supersolution or subsolution of (II1.2.11). If the assumptions
ensuring the uniqueness of the solution of (I1.2.11) are satisfied, this result implies that the
function VN converges to V, the value function of the mean field optimal stopping problem
defined by (II1.2.8), that is:

VN (s, y™) — V(t,m) for all (t,m) € [0,T] x Pa(S).

N — oco0,s5 — t,
Wa (mN(yN),m) — 0

The choice of the notion of viscosity solution for the cascade obstacle problem turns out to
be particularly important to ensure this convergence result. Indeed, it has to be consistent
with our notion of viscosity solution for the obstacle problem on Wasserstein space in the
sense where, if ¢ is a test function for the latter, then its projection on SV defined by
oM (t,y) := p(t,m™ (y)) must be a test function for the finite dimensional problem. It then
turns out that the good definition is the one given by the ” tangency through the mean ”
criterion : given u : [0,7] x SN — R and (t,y) € [0,T] x SV, we define for example the set

of test functions for the supersolution by

./Tlu(t,y) = {qﬁ € 01’2([t,T] X 8):(¢p—u)(t,y) = sup Et,y[(go —u)(@ AN H, YQZXH)] },

967;,1"

where Y denotes the unstopped version of (I1.2.4) and H > t is a localization stopping time.
This definition is an adaptation to the case of the multiple optimal stopping of the definition
introduced by Ekren [36] in the context of path-dependent optimal stopping.

We also show in this chapter that the N particles stopped diffusion (I1.2.4) converges
to the stopped McKean-Vlasov diffusion (I1.2.7) in the following sense: for all 7 € 7?%,
after possibly passing to a subsequence, the sequence {P%o (m¥ (Y¥7))~1} y>1 converges in
distribution to a measure supported on P(t,m). In particular, if 7V is an optimal stopping
strategy for (I1.3.1), then the limit is supported on the set of optimal stopping strategies for
(I1.2.8). Conversely, any element of P(t, m) can be approximated by a sequence of the form
PYo (mN(YY™))~L. In particular, any element that is optimal for (I1.2.8) can be written
as the limit of ex-optimal controls (with ex N\, 0) for (IL.3.1).
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I1.3.2 Case of a class of parabolic equations

In this chapter, we propose an approximation for a large class of parabolic equations on

Wasserstein space, i.e. for the equations of the form
—Opu(t, p) — F(t, pyult, 1), 0uOmult, pi, ), Orpdmul(t, i, -)) = 0, u(T,") =g, (IL3.3)

for all (t, ) € [0,T] x P2(RY), with F : [0,7] x P2(R?) x R x LY(R?,RY) x LY(RY, Sy) — R,
where LY(R?, R?) (resp. LY(R?,RY)) denotes the set of functions from R? to R? (resp. Sy)
Borel-measurables with quadratic growth. The notion of viscosity solutions that we use for
this class of equations is the one of Wu & Zhang [77], which consists in taking for viscosity
neighborhood the set Pr, of measures under which the canonical process X is a continuous
semimartingale with characteristics (i.e., drift and diffusion coefficients) bounded by L > 0.

We build our approximation as follows: for N > 1, and for all x = (z1,...,2x), 2 =

c Rd><N

(21y...,2N) , v = Diag(v1,...,7n) € SD v and y € R, we define the operator

FN(t,x,y,2,7) = F(t,uN (x),y, Nz - 11, Nv - 1), (I1.3.4)

with z - 1,(z) := 3.0, 211y, (#) and 7 - 1u(z) := 20 Y ls, (2) for all z € R We then

introduce the corresponding equation on [0, 7] x R&>N:

—Oyu(t,x) — FN (t,x, u(t,x), axu(t,x),aixu(t,x)) =0, w(T,-) = gN. (I1.3.5)

By using once again relaxed semi-limits, and assuming that we have a comparison principle
for (I1.3.3) (whose proof remains an open problem in the general case), we manage to prove
that the viscosity solutions of (II.3.5) converge to the viscosity solution of (II.3.3), in the
sense introduced in the previous paragraph.

As in the case of the obstacle equation, the choice of the notion of viscosity solution
for the approximating equation is crucial and we resort once again to the tangency through
the mean criterion. However, the possible nonlinearity of (II.3.5) lead us to use a nonlinear
expectation, similarly to the work of Ekren, Keller, Touzi & Zhang [37] in the context of
path-dependent partial differential equations (see also Ren, Touzi & Zhang [67] for a general
survey of this theory). Thus, given u : [0,T] x R™*Y — R and (¢,x) € [0,7] x RN we

define for example the set of test functions for the subsolution by

Au(t,x) = {¢ € CH([0,T] x RN 2 (6 —u)(t,x) = inf €5 [(6 —w)(O A H, Xgrm)]},
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RdXN)

where X is the canonical process on C°([0, 7] , H >t is a localization stopping time

and Et],\; is the nonlinear expectation defined by
EN )= inf EP,[],
PePN
with Piv the set measures such that X is a R>N-valued continuous semimartingale with
characteristics bounded by L.

Due to this particular structure, the proof of the convergence theorem also relies on a key
precompactness result, similar to a form of propagation of chaos for continuous semimartin-
gales with uniformly bounded characteristics. More precisely, by using tightness arguments
and a well-chosen martingale problem, we show that the space of empirical measures asso-
ciated with such martingales is precompact, and that its accumulation points belong to Pr,
This result may be seen as generalization of Lacker [52, Theorem 5.1|, who studies the case
of diffusions conducted by relaxed controls.

Given that these notions of viscosity solutions, whether it is on Wasserstein space or in
finite dimension, have been introduced by their authors in the context of path-dependent
equations, we also manage to prove our convergence result in the non-Markovian case, that
is, when the variable p in eqrefIntro-parPDE-en is a measure on the set of continuous paths
C([0,T],R9).

I1.4 Towards a numerical resolution for the cascade obstacle

problem

The purpose of this paragraph is to provide an idea about a possible numerical resolution of
the multiple optimal stopping problem. We prove in Chapter V that the value function of
the multiple optimal stopping problem is characterized as the unique viscosity solution of the
dynamic programming equation (I1.3.2). Our idea is to exploit this equation to implement a
numerical approximation of the multiple optimal stopping problem. As we intend to handle
relatively high dimensions, we choose to follow the approach of Sirignano & Spiliopoulos [71]
and Raissi, Perdikaris & Karniadakis [66], i.e., we may approximate the value function with
a neural network, whose calibration is made by using the PDE operator and the boundary
conditions as loss function.

Denote u(w;-) the neural network approximating the solution u of (I1.3.2), where w €
RK is the parameter of the network. Given (u1, pa, u3) € P([0, T]x SN) x P(SN) x P ([0, T] x
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RN we define the theoretical loss function
pw) = [ Ay Pl (ty) + [ 6 T,y) - 00 Pdialy) (1L41)
[0,T]xSN SN
+ (w31, %, 0) — p(x) 2dua(t, ),
[0,T]x (RN
where

At(w;t,y) == min{—0ya(w;t,y) — La(w;t,y) -i,4(w;t,y) — max a(w;t,x,i')}.

li"[=li]-1
Our algorithm shall consist in minimizing L over w via a stochastic gradient descent. More
precisely, it should follow the following steps:
1. Simulation of a random (t},yl) € [0,7] x S¥, y2 € SV and (£3,x3) € [0,T] x RN
according to w1, e and us, respectively.

2. Computation of the squared error
A N 2 . N 2 N N 2
L(wp,q) = (Au(wn?tnaYn)) + (u(wn§T7 Yn) — 9 (Xn)) + (U(Wmtmxmo) —4g (Xn))

3. Gradient descent: wyy1 := W, — anﬁwﬁ(wn,q), where o := {ay, }n>1 is the learning
rate,

4. Repeat until the stopping criterion is satisfied.

Note that the stopping criterion may take diverse forms (a fixed number of iterations, or a

condition on the norm of the gradient of the loss function).
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Chapter 111

Dynamic programming equation for
the mean field optimal stopping

problem

ITI1.1 Introduction

In this chapter we study a McKean-Vlasov type of optimal stopping problem, where the
state dynamics and/or the reward function depend on the law of the stopped process. To

be precise, given Xy and an independent Brownian motion W, consider

tAT tAT
X, = Xo +/ b(s, X, Lx.)ds +/ o(s, Xy, Lx,)dWs, (I1.1.1)
0 0

where 7 is a stopping time and Lx, denotes the law of X;. We emphasize the impact of 7
on Lx,_, in particular, Lx, is neither equal to EXOA nor to £X9|s:7-, where X© denotes the

unstopped process:

t t
X?_Xo+/ b(s,Xg,ﬁxg)ds+/ o(s, X2, Lxo)dWs. (111.1.2)
O S 0 S

Our optimization problem is, for some functionals f and g defined on a space of probability

laws,

Vo= supE[/OT f(s,XS,LXS)ds} +9(Lx, ). (II1.1.3)
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CHAPTER III. DYNAMIC PROGRAMMING EQUATION FOR THE MEAN FIELD
OPTIMAL STOPPING PROBLEM

When b, 0 and f do not depend on Lx, and g(Lx,) = E[p(X;)] for some function ¢ : R? —
R, the above problem reduces to a standard optimal stopping problem, see e.g. Shiryaev
[70]. The mean field optimal stopping problem (II1.1.3) can be viewed as the limit of a

multiple stopping problem over a large system interacting through the empirical measure:

A tAT; _ _ A 1 X
th :$1+/ b(S,X;,ﬁs)dS—|—0’(S,X§,ﬁs)dWSz, Hs 1= 725)@;
0 N -

v N (IT1.1.4)
1 g ; 1
Vi s B[S [T s X pds +g( 3ok )]
(T15e-TN) N; 0 ° N; i
where 6, denotes the Dirac-measure, (W', ... W) are N x d—dimensional Brownian mo-

tions. We refer to Kobylanski, Quenez & Rouy-Mironescu [50] for general multiple stopping
problems, and we shall investigate the convergence issue in Chapter V.

There has been a strong attention on mean field games of optimal stopping in the lit-
erature, see, e.g., Bertucci [9], Bouveret, Dumitrescu & Tankov [11], Carmona, Delarue &

Lacker [23], and Nutz [62]. Given {4 }+>0, consider the optimal stopping problem:

| / Fs, XP, pg)ds + g, X2 1) (TI1.1.5)
T 0

where X* is unstopped and solves a standard SDE (not McKean-Vlasov type as in (I11.1.2)):

¢ t
X" = Xo +/ b(s,Xﬁ',,us)ds—l—/ o(s, X pus)dWs.
0 0

Assume the above problem has an optimal stopping time 7*(y.), then the mean field game
problem is to find a fixed point {f }+>0, namely the mean field equilibrium: £ X5 o = M
t > 0. We remark that in the last mean field game, for given {u}+>0, the dynamics of X*
does not depend on the stopping time 7 and the optimal stopping problem (II1.1.5) is a
standard one as in [70], so it has a completely different structure than our optimal stopping
problem. We would also like to mention Li [56], Briand, Elie & Hu [12], and Djehiche, Elie &
Hamadene [31] for closely related works on mean field type reflected BSDEs, and Belomestny
& Schoenmakers |7] for a numerical method for mean field type optimal stopping problems.
However, in all these works again the dynamics of the state process does not depend on the
stopping time 7. To our best knowledge, our work is the first in the literature to study the

optimal stopping problem where the dynamics depends on the law of the stopped process,

or say in (III.1.4) the interaction is through the stopped particles.
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Besides the obvious connection with large interacting particle systems, the general form
(IT1.1.3) is convenient for many other applications. For example, by considering the un-
stopped state process X© in (II1.1.2), the optimal stopping of mean variance problem
sup, {E[X?] — 3Var(X?)} corresponds to g(u) = [3(z — S2?)u(dz) + ([ :r,u(dx))2 for
a square integrable measure p. Another example is the optimal stopping problem un-
der probability distortion, used in behavioral economics, which corresponds to g(u) =
I° e(n([U(y), 00))dy, for some utility function U : R — [0,00), and some distortion
function ¢ : [0,1] — [0,1]. When X is a Geometric Brownian motion and the time hori-
zon is infinite, Pedersen & Peskir [64] proved the existence of optimal stopping time for the
mean variance problem, and Xu & Zhou [78] obtained the optimal stopping time for the
probability distortion problem for some special shapes of the functions ¢ and U (convex,
concave, or reverse S-shaped). We remark that these problems are typically considered as
time inconsistent problems, as we will explain in the next paragraph, and the existing lit-
erature considers only the static problem, namely the existence of optimal stopping time
for the problem over a fixed time interval (]0,00) or [0,7]). We shall study the problem
(IT1.1.3) systematically, and more importantly, dynamically. We remark that, even when
we consider only the unstopped state process X, our dynamic approach for the optimal
stopping problem (I11.1.3) seems new.

It is well known that standard optimal stopping problems can be solved by the dynamic
programming approach, see e.g. El Karoui [41] and Shiryaev [70]. The situation here is
more subtle because of the involvement of the law. In order to have Dynamic Programming
Principle (DPP, for short), it is crucial to choose the right variable, which stands for the
information one needs to make the dynamic system “Markovian". Indeed, if we define V (¢, x)
as the dynamic value function for problem (III.1.3) on [t,T] with initial condition X; = x,
which in the case (III1.1.4) means we observe only the state z; of one particular player 7,
the DPP would fail. Consequently the problem is often viewed as time inconsistent in
the standard sense. Moreover, even if we define V (¢, 1) as the dynamic value function for
problem (III.1.3) on [¢,T] with initial condition Lx, = u, the DPP would still fail.

Our first observation is that a successful DPP requires the introduction of the survival
process I := 11~ . To be precise, we will have the desired DPP if we write the dynamic
value function as V'(¢, L(x, 1,)), that is, to maintain the time consistency, we need to know
not only the current states of all particles, but also which particles are still surviving. More-

over, we formulate a weak relaxed version of (III.1.1) by allowing for randomized stopping
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times induced by the set P(t,m) of all joint distributions P of the stopped process and the
corresponding stopping time, started at time ¢ from the initial distribution m. Such a weak
formulation is particularly convenient here for two reasons:

e the set of controls has been shifted from the stopping times into P(t, m), that we will prove
to be compact, implying the existence of an optimal P* to the mean field optimal stopping
problem as long as f and ¢ are upper-semicontinuous;

e shifting the state variable from the process X into the flow of joint marginal distributions,
denoted as {P( X, [t)} in order to emphasize its dependence on P, enables us to establish a
DPP and to derive a dynamic programming equation on the space of measures to characterize
the value function V.

More precisely, given that the laws are deterministic, our following DPP is very easy to
establish:

V(t,m) = sup / E[f(?”, Xrap(XnIT))Ir]dr"i_ V(S,P(XSJS)),
PeP(t,m) Jt

Such dynamic programming approach has also been used successfully in the mean field
control literature, where the state variable is Lx,, see, e.g., Carmona & Delarue [21, Vol. 1,
ch. 6], Pham & Wei [65], Wu & Zhang [77], and Djete, Possamai & Tan [34].

The corresponding dynamic programming equation is as usual derived by means of [t6’s
formula. Itd’s formula for functions on Wasserstein space of probability measures has been
established for continuous diffusions by Buckdahn, Li, Peng & Rainer [14] and Chassagneux,
Crisan & Delarue [27], and for jump diffusions by Li [57] and Burzoni, Ignazio, Reppen &
Soner [15]. However, [57, 15| require the law of the state process to be continuous under the
Wasserstein distance, while in our case it is quite possible that t — Py, is discontinuous. We
thus first extend It6’s formula so that both the state process and its law can have jumps.
Our proof follows the standard derivation, based on the linear functional derivative. We
introduce an appropriate time discretization and reduce our derivation to the standard It6’s
formula for cadlag semimartingales. We also refer to the independent work of Guo, Pham
& Wei [46], who prove similar results by using density arguments.

Together with the DPP, our It6’s formula immediately leads to the desired dynamic
programming equation, an obstacle problem on the Wasserstein space. We shall characterize
the value function, provided its sufficient regularity, as the unique classical solution of the
obstacle problem, and we will use the value function to characterize the structure of the

optimal stopping time. The regularity of the value function, of course, remains a challenging
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problem in general, and we will therefore investigate the viscosity solution approach for the
obstacle problem in Chapter IV.

The chapter is structured as follows. In Section III.2, we set the mean field optimal
stopping problem in weak formulation, and establish the dynamic programming principle.
In Section II1.3 we prove the It6’s formula for possibly discontinuous flows of measures of
semimartingales, that in particular allows us to differentiate smooth functions along the
flow {P(x,.1,)}tcjo,r]- In Section II1.4 we derive the dynamic programming equation for
the value function and establish its classical solution theory. Section IIL.5 is dedicated to
some examples illustrating the connection with the standard optimal stopping theory, and
shedding more light on a class of criteria including the mean-variance one. We also provide
an explicit example which exhibits both features of pure stopping strategies and randomized
ones. In Section II1.6 we provide two extensions. Subsection I11.6.1 extends our results to the
infinite horizon setting, and Subsection II1.6.2 provides a quick discussion of the extension
to the case where the process X is a jump-diffusion. Finally, Appendices I11.7 and IIL.8

report some technical proofs.

II1.2 Formulation of the mean field optimal stopping problem

Let T < oo be fixed, and © := C%([~1,T],R?) x 1°([~1,T]) the canonical space, where:
e C%([~1,T],R%) is the set of continuous paths from [~1,T] to RY, constant on [—1,0);
e 19([—1,TY]) is the set of non-increasing and cadlag maps from [—1,7] to {0, 1}, constant
on [—1,0), and ending with value 0 at 7.
We equip €2 with the Skorokhod distance, under which it is a Polish space. The choice of
the extension to —1 is arbitrary, the extension of time to the left of the origin is only needed
to allow for an immediate stop at time ¢ = 0.

We denote Y := (X, I) the canonical process, with state space S := R? x {0,1}, its
canonical filtration F = (.7-'15)%[_1;[]7 and the corresponding jump time of the survival process
I:

7:=inf{t > 0: I, = 0}, so that [, := Iy_1;, for all t € [-1,T]. (III.2.1)
By the cadlag property of I, 7 is an F—stopping time. Denote further

Qi :=[t,T) x P2(S), and Q,:=[t,T] x P2(S), t€0,T).
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Let (b0, f): [0,T] x R? x P5(S) = R x ST x R and g : Po(R?) — R, where S} denotes
the set of d X d non-negative symmetric matrices. Throughout the chapter, the following

assumption will always be in force, where Pa(S) is equipped with the Wh-distance.

Assumption II1.2.1 (i) b,o are continuous in t, and uniformly Lipschitz continuous in
(x,m).
(ii) f is Borel measurable and has quadratic growth in x € R%, and the following function
F is continuous on [0,T] x Pa(S):
F(t,m) := f(t,z,m)m(dx,1). (I11.2.2)
Rd

(iii) g 14s upper-semicontinuous and locally bounded; and extended to Pa(S) by g(m) :=

g(m(-{0,1})).

Define the stopped McKean-Vlasov dynamics on [0, T:
X, = Xo +/ b(r, Xy, Py ) I dr +/ o(r, Xy, Py ) I, dWP and I, = Iy_1,.,, (II12.3)
0 0

where a solution P of the last SDE is defined by the requirement that the following processes
M and N are P—martingales on [0, T'):
M =X - / b(r, X,, Py, ) Idr and N. := M? — / o2(r, X,, Py ) Ipdr.  (I11.2.4)
0 0
Note that X = X .-, and in particular X7 = X, P—a.s.
We then focus on the mean field optimal stopping problem: given p € Pa(R%),

T T
Vo := sup EP [/ f(r, X, Py.)dr| +g(Px,) = sup/ F(r,Py,)dr + g(Py,), (IIL.2.5)
P 0 P Jo

where the supremum is taken over all solutions P of the McKean-Vlasov SDE satisfying the
constraint Px, = p and P(lp— = 1) = 1. We recall that this problem is motivated by the
N-multiple optimal stopping problem (III.1.4), whose convergence is studied in Chapter V.

In order to solve this problem, we use the dynamic programming approach, made possible
by an appropriate dynamic version of the problem. This requires to take as a state the joint

distribution m; of the variables Y; = (X3, I;), which leads to the dynamic value function

T
V(t,m):= sup / F(r,Py,)dr + g(Py;), (t,m) € Qy, (II1.2.6)
PeP(t,m) Jt
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where P(t,m) is the set of probability measures P on (€2, Fr) such that
e Py, =mands € [—1,t) — Y5 is constant, P-a.s.
e The processes M, N of (II1.2.4) are P-martingales on [t,T], so that, for some P-Brownian

motion WP,
S
X=X + / b(r, X,, Py ) I.dr + o(r, X,, PYT)ITde, Iy=101 1., P—as. (II1.2.7)
t

Proposition II1.2.2 For any (t,m) € Qq, the set P(t,m) is compact under the Wasserstein
distance Who. Consequently, existence holds for the mean field optimal stopping problem
(I11.2.6).

We relegate this proof to Appendix I11.7. Our main result of this section is the following
dynamic programming principle (DPP for short).

Theorem I11.2.3 For any (t,m) € Qo and s € [t,T|, we have the DPP:

V(t,m) =  sup /F(T‘,Pyr)dT-l-V(S,PYS_) (II1.2.8)
PeP(t,m) Jt

= sup / F(r,Py.)dr +V(s,Py,).
PeP(t,m) Jt

Proof Denote, for any probability measure P on (€, Fr),

T
J(t,P) ::/t F(r,Py,)dr + g(Py;).

We start with proving the first equality of (IIL.2.8). Let V (¢,m) denote the middle term of
(II1.2.8). Fix an arbitrary P € P(t,m), and denote m := Py, .
First, for any time partition 7 : —1 =t < -+ <ty < 5 < tppy1 < -+ < tmayn =T,

introduce the finite measure: for any A; € B(S),
V(A X -+ X Appin) i= P<YS_ € NoAs, Vi € Apijj =1, n)

It is clear that {v;}, satisfies the consistency condition, and thus it follows from the Kol-
mogorov extension theorem that there exists a probability measure P on (Q, Fr) such that
{vz}r is the finite distribution of the process Y under P. It is straightforward to verify
P € P(s,m), and Py, = Py for all r € [s, T]. Thus,

s

J(t,P) :/tF(r7 Py, )dr + J(s,P) :/tF(r, Py.)dr + J(s,P) < /tF(r, Py.)dr + V(s,Py,_).
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Since P € P(t,m) is arbitrary, we obtain V (t,m) < V(t,m).

On the other hand, given 7, by Proposition III1.2.2 there exists P € P(s,m) such that
J(s, IS) = V(s,m). For the above time partition 7, we introduce another finite measure: for
any A; € B(S),

Ur(Ag X -+ X Am+n)::/
S

Ep[ﬁmm Y- =y xE’S[ﬁ Ly, (Vi) [Yor = y]in(dy).
i=0 j=1

Applying the Kolmogorov extension theorem again there exists a probability measure P on
(Q, Fr) such that {v,}, is the finite distribution of the process ¥ under P. It is clear that
P=Pon F,_, and {Ys_,Y,,s < r < T} has the same distribution under P and P, and
{Y,,r < s} and {Y;,r > s} are conditionally independent under P, conditional on Y,_.
We shall emphasize that this conditional independence is valid only conditional on Y;_,
the process Y is in general not Markov under P. It is obvious that the processes M, N in
(IT1.2.4) remain to be Is—martingales on [t,s]. Moreover, for any s < s1 < sy < T, any
0=ty < - <ty <s<tme1 < - < tlmyn = s1, and any bounded measurable function
@1 : RMTDd Ry - R 5 R,

EP |:[MS2 - Msl]gpl(noa e >Y;fm)902(yvtm+1a e aY;fm-q-n)]

= EIs |:EIS [[Msg - MSl]SDQ(}/YEWH»IJ T 7Y;fm+n)‘Y:9—} B EP [SOl(YiO’ o ’Y%"L)

Y|

= EP[0x B [p1 (Vi Vi) Yo )] =0,

Then M is a P-martingale on [s,T] as well, and hence a P-martingale on [t,T]. Similarly

we can show that N is a P-martingale on [t, T, then P € P(t,m). Therefore,

/ F(r,Py,)dr +V(s,Py. ) — / F(r, Py, )dr + J(s,P)
t t

S
- / F(r, Py, )dr + J(s,P) = J(t,P) < V(t,m).
t
Since P € P(t,m) is arbitrary, we obtain V(t, m) < V(t,m), and hence the first equality of
(IT1.2.8).
It remains to prove the second equality of (II1.2.8). First, since Iy < Is_, it is obvious

that P(s,Py,) C P(s,Ys—), and thus V(s,Py,) < V(s,Py,_) for all P € P(t,m). On the
other hand, for any P € P(t,m), set P € P(t,m) be such that P =P on F,_ and I, = I,_
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for all 7 > s, P-a.s. Then Py, = Py._, and thus
/ F(r,Py,)dr +V(s,Py,_) = / F(r,Py,)dr + V(s,Py,)
t t

< sup / F(r,Py,)dr + V(s,Py,).
PeP(t,m) Jt

This completes the proof immediately. |

In order to derive the dynamic programming equation, we follow the usual procedure,
which requires Ito6’s formula along the flow of measures {Py, };<s<7, as we shall develop in

the next section.

II1.3 Ito’s formula for flows of laws of semimartingales

In contrast with the available literature reviewed in the introduction, our It6’s formula allows
for possible jumps for both the semimartingale and its flow of marginal laws m = {m}.

The mapping s — my is also cadlag and we shall denote
Jrm) :={seT:ms#ms_}, Jf(m):={s€T:ms=ms_}, forall T C [0,T](II1.3.1)

We first introduce the notion of linear functional derivative, in the same spirit as Car-

mona & Delarue [21, Vol 1, Definition 5.43] and Cardialaguet, Delarue, Lasry & Lions [17]:
Definition ITIL1.3.1 (i) u: P2(RY) — R has a linear functional derivative if there exists
Smu : Po(RY) x RY R

such that dpu is continuous for the product topology and

e the mapping y — dmu(m,y) has quadratic growth in y, locally uniformly in m. That
is, for any compact set £ C Po(RY), sup,nez [dmu(m, y)| < C=[1 + |y|?].

o for all m,m’ € Py(R%),

1
u(m'’) —u(m) = /0 /Rd/ Smu(Am’ + (1 — N)ym, y)(m' — m)(dy)dA. (111.3.2)

(i) Cy'([0,T] x Po(RY)) denotes the set of functions u : [0,T] x Po(RY) = R such that
o Jiu, O, Oydmu, 8§y5mu exist and are continuous in all variables;

. 8§y5mu is bounded in y, locally uniformly in (t,m).
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Here the subscript o in C21’1 is to refer the growth conditions so as to ensure appropriate
square integrability in the analysis below.

By abusing the notation, in the following statement, we let Y denote a general cadlag
R¥ —valued semimartingale on [0,7]. We denote Y the continuous part of Y; Y¢ = Yj +
M{+ Af the Doob-Meyer decomposition, where M€ is the martingale part and A€ is the finite
variation part; |[|A€||; the total variation process of A and (M€); the quadratic variation

process of M€,

Theorem II1.3.2 (Itd’s formula) Let u € Cy' ([0, T] x Po(RY)), and assume

E[I A%+ (M + (D 1Ve - Ve ) | <o (I11.3.3)

0<s<T

Then, denoting m = {ms}o<s<r the marginal laws of Ys,

u(T, mp) = u(0,mo) / Oru(s, ms)ds

+E / 0, 0mu(s, ms, Yy) - dAS + / [ Omt(s, ms, V) d<MC>s] (II1.3.4)
+ Z (s,ms) —u(s,ms_)] + E[ Z ((5mu(5,m5, Ys) — Omu(s, ms, YS_))}
SEJ(Q‘T]( ) SEJ(CO’T](m)

The proof of this result is relegated to Appendix III.8. Note that (II1.3.4) exhibits two
different sums: one refers to the jumps of Y, while the other to the jumps of the marginals
m. The Poisson process provides a simple example of pure jump process with continuous
marginals (i.e., Jo71(m) = 0).

We now specialize the discussion to the case Y := (X, I). Note that Py(S) C Po(R1),
we may restrict Definition I11.3.1 to P2(S) only.

Definition IT1.3.3 Let C’Ql’l(QO) denote the set of functions u : Qy — R such that dyu,
Omtt, Opdmu, 8§x5mu exist and are continuous in all variables, and 8§x6mu 1s bounded in
x, locally uniformly in (t,m), where the functional linear derivative takes the form dpu :
(t,m,x,i) € Qy x R? x {0,1} — R satisfying, for any t € [0,T] and m,m’ € Pa(S),
1
u(t,m') —u(t,m) = / / Smu(t, dm' + (1 = N)m, z,i)(m’ — m)(dz, di)dX.
S

In this case, of course there is no need to consider the derivative of §,,u with respect to the

i-variable. Instead, we denote

Omui(t,m, x) == Opu(t,m,x,i) for i € {0,1}, and Dju := dppur — dmuo. (II1.3.5)

95



CHAPTER III. DYNAMIC PROGRAMMING EQUATION FOR THE MEAN FIELD
OPTIMAL STOPPING PROBLEM

Example I11.3.4 Let us define, for a given probability measure P, u(m) := @(m[y]), with
¥ smooth and m[y] := 3", _o 1 Jga ¥(2,7)m(dzx,q). Then we compute

dmu(m, x,i) = ' (m[Y])¢(2,i) and Dru(m,z) = ' (m[y])[y(z, 1) = (z,0)].
Recall the infinitesimal generator of X, we define

Lu(t,m) := dpu(t, m) +/ L:0muy(t,m,x)m(dz,1), where
R . (I11.3.6)
Lo0mur (t,m,x) == b(t,z,m) - Opdmui(t,m,z) + 502(t,m,m) L 02, Oy (t,m, ).
We now state the It6 formula for m := {ms := Py, }s¢[—1,7]- Note that in Theorem III.3.2,
we consider the jumps on (0,7]. However, in light of DPP (II1.2.8), it is more convenient
to consider the jumps on [0,7"), namely we include the jump at the initial point instead of

the ending point. Such an adjustment is straightforward.

Corollary III.3.5 Let m € P»(S), P € P(0,m), and u € 021’1(60). Then,
T
w(T,mp_) = u(0,m) +/ Lu(s, ms)ds
0

+ Z [u(s,ms) — u(s,ms_)] +EP [/ Dyu(s,ms, Xs)dIs|.

SGJ[O T) J[COvT)(m)

Proof We can easily see that Yy — Y,_ = (0,15 — Is_) and

(111.3.7)

Ve = (X, Do), dME = (o(s,Xs,ms)dWF,0), dAS = (b(s, Xs,ms)ds,0).

Then (II1.3.3) obviously holds true. Now following Theorem II1.3.2, but by considering the

jump at 0 instead of at T', we have

T T
w(T,mp_) —u(0,m) = / Opu(s, mg)ds + EP [/ Oybmui (s, ms, Xs) - b(s, Xs,ms)ds
0 0

/ 92 Omui (s, ms, Xs) : d(X)s} + Z [u(s, ms) — u(s, ms_)]
)

SGJ[O’T)(m
+EP[ Z [5mu(5, ms, Ys) — Omu(s, ms, YS_)H
sEJ[CQT)(m)
T
:/ Lu(s, ms)ds + Z [u(s,ms) — u(s, ms_)] +EP[/ Dru(s,mg, Xs)dIs|,
0 s€Jjo,)(m) J[C(),T>(m)

where the last equality thanks to the fact that I # I,_ if and only if I, =0,[,_ = 1. |
We remark that, in this case Jig 71(m) = {s € [0,T] : P(7 = 5) > 0}. That is, Jj7)(m)

is the collection of all atoms of 7 under P.
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I1I.4 Obstacle problem on the Wasserstein space

I11.4.1 The dynamic programming equation

We first introduce a partial order < on Pa(S): we say that m’ < m if
m/(dx,1) = p(x)m(dz,1), and m’(dz,0) = [1 — p(x)Jm(dz,1) + m(dz,0), (1IL.4.1)

for some measurable p : RY — [0, 1], i.e. m/(dz, 1) is obtained from m by randomly stopping
a proportion 1 — p(x) of the surviving particles. In our context, m;— = Py, and m; = Py,

with P € P(t, m), so that m; < m,— with conditional transition probability
p(z) =pt.z) =Py =1| Xy =2, =1). (111.4.2)

Remark I11.4.1 The set {m' : m’ < m} is compact, as it is in continuous bijection with

{m € Pa(Sx{0,1}) : mo(x,i)~! = m}, with (x, i,1’) the projection coordinates on Sx {0, 1}.

Our main objective is to show that the dynamic programming equation corresponding to
our mean field optimal stopping problem, as deduced from the DPP (II1.2.8), is
min  [—(Lu+ F)(t,m’)] =0, Dyu(t,m,-) >0, u(T,-) =g, for all (t,m) € Qq,
m/€Cu(t;m) (111.4.3)
where Cy(t,m) = {m' <m:u(t,m') = u(t,m)}.
By analogy with standard optimal stopping, we call (I11.4.3) obstacle problem on the Wasser-

stein space. The different components of this equation have the following interpretation. W

Remark III1.4.2 (i) As will be proved in Lemma II1.4.3, the inequality Dyu(t,m,-) > 0
expresses the natural monotonicity of the optimal stopping problem, i.e. w is increasing for
=. In other words, the larger the set of surviving particles is, the larger the value function
is.

(ii) Cyu(t,m) is the collection of admissible stopping strategies at time t, i.e. those that
preserve the value function for smaller sets of surviving particles.

(iii) The equation m'e%li% m)— (Lu+ F)(t,m’) = 0 characterizes the sets of particles that are
optimal to keep diffusing (in the same spirit as the classical HJB equation, where the min
characterizes the optimal controls). Note that Cy (¢, m) is compact, as a closed subset of the

compact set {m’ < m}, see Remark I11.4.1. Therefore the min is attained by the continuity

of (Lu+ F)(t,-). Finally, as m € Cy(t, m), we have —(Lu + F')(t,m) > 0.
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(iv) The boundary condition u(T',-) = g is due to (I11.2.6) directly. Moreover, the boundary
condition implies that u(t,m) = g(m), for all ¢t € [0,7] and m € 9P2(S) := {m € Pa(S) :
m(R9,1) = 0}, i.e. all particles are stopped. Indeed, in this case {m’: m’ < m} = {m} and
thus Cy(t,m) = {m}. Recall (II1.2.2) and (IIL.3.6), then (III.4.3) implies to —dsu(t,m) =
—(Lu + F)(t,m) = 0. This clearly implies that u(t,m) = u(T,m) = g(m) for all ¢t € [0, T].
]

Lemma I11.4.3 Let u : Po(S) — R admit a linear functional derivative. Then u is nonde-

creasing for < if and only if Dyu(m,-) > 0 for all m € Pa(S).

Proof First, assume Dyu(m,-) > 0 for all m € Po(R?). Then, for m’ < m with corre-

sponding transition probability p, we have
1
w(im) —u(m') = / Dru(dm + (1 = \)m’, z)[1 — p(z)]m(dz,1)d\ > 0.
0o JRd

Conversely, assume that u is nondecreasing for <, i.e. u(m’) < u(m) for all m’ < m.
Introduce N := {z : Dyu(m,z) < 0}; p-(z) := 1 —elp(z), € € (0,1); and the corresponding
measure m. defined by (II1.4.1). Then (m —m.)(dz,di) = (2i —1)eln(z)m(dx,1), and thus

1
0 < é[u(m) —u(m')] = i‘/o /Sdmu()\m + [1 = AJml, z,4) (m — m.)(dz, di)d\
_ / 1 / Dru(rm + [1 = Nml, 2)m(da, 1)dA. (I11.4.4)
0 JN

Note that {Am + [1 — AJm. : A € [0,1],e € [0,1]} C P2(S) is compact, then Dju(Am +
[1 — AJm., x) has quadratic growth in z, uniformly in \,e. Moreover, sending £ — 0, since
m. — m and Dju is continuous in m, applying the dominated convergence theorem we
obtain from (IT1.4.4) that [\, Dru(m,z)m(dz,1) > 0, which is possible only if m(N,1) = 0.
That is, Dru(m,x) > 0 for m(-,1)-a.e. x. Since Dru is continuous in (m,z) and the
set {m € Pa(S) : supp (m(-,1)) = R?} is dense in Py(S), then one can easily show that
Diru(m,z) > 0 for all (m,x) € P2(S) x R%. [ |

I11.4.2 The main results

Theorem I11.4.4 If V defined in (I11.2.6) is in Cy' (Qy), then it is a solution of (111.4.3).
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Moreover, for any (t,m) € [0,T) x Pa(S), P* € P(t,m) is optimal for V(t,m) if and

only if, denoting m* = {mj := Py, }o<s<T,

~(LV + F)(s.m3) =0, V(s,m})=V(s,mi), foralls € [t,T],

DV (r, m;k.,XT)]_J[Ct o

Proof Step 1: We first prove that

(I11.4.5)

(m*)(7) =0, P%a.s., where m7 = mg|s=r.

—(LV + F)(t,m) >0, D;V(t,m,z) >0, forall (t,m,z) € Qg xR%  (II.4.6)

Fix (t,m). For any m’ < m, we may choose P € P(t,m) such that Py, = m/, and I, = I,
se[t,T), P-as. For § € (0,7 —t), by DPP (II1.2.8) we have

t+0
V(t,m) > F(S, PYS)dS+V(t+57P(Xt+5,It))'
t

Send § — 0, note that Pix, ;1) = Px,1,) = m/. Then by the continuity of V' we have
V(t,m) > V(t,m’). Since m’ < m is arbitrary, by Lemma III.4.3 we see that D;V > 0.

To prove that —(LV + F)(¢t,m) > 0, we consider P € P(t,m) such that I, = I;_,
s € [t,T], P-a.s. Apply It6’s formula (II1.3.7) on [t, ¢ + ] under P, we see that all the terms
involving the jumps are equal to 0. Then by DPP (II1.2.8) we have, denoting ms := Py,,

t+5 t+0
0> V(t+d,mus—) = V(t,m)+ / F(s,ms)ds = / (Lu+ F)(s,ms)ds.
t t

Note that ms; — m as s | t. Then by the continuity of Lu + F' one can easily see that
—(LV 4+ F)(t,m) > 0.

Step 2: In this step we prove the equivalence of the optimality condition (II1.4.5). First,
if P* € P(t, m) satisfies (II1.4.5), applying It&’s formula (II1.3.7) on [t,T) we obtain imme-
diately

T

V(t,m) = V(T,P}, ) — / LV (s, Py s — 9Py ) + / F(s, P}, )ds.
t t
As f has quadratic growth in z, locally uniformly in (¢, m), we may switch the integral and
the expectation in the expression of F', and thus P* is optimal.
On the other hand, for any optimal P* € P(¢,m) such that V(¢,m) ft (s,Py.)ds +
9(Py..). Denoting m; := Py, , s > ¢, with m = mj_, then by DPP (II1.2.8) and Ito’s formula
(IT1.3.7) we have

T
0 :/t (LV + F)(s,mi)ds + > [V(s,mi) = V(s,mi)] +E| [ DyV(s,mi, X,)dL|.

s€Jjt,m) (m*) dENC
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By Step 1 we have V (s, m}) < V(s,m}_). Together with (II1.4.6), we see that all the three

terms in the right side above are nonpositive, then all of them should be 0:

(LV + F)(s,mg) =0, ae. s€[t,T]; V(s,mg)=V(s,mg_), for all s € J 1)(m");

DyV (s, m?, X)L = 0, P* — as. (IIL4.7)
J[CmT)(m*)

Since LV + F' is continuous and, for s € Jj T)(m*)7 by definition m} = m?_ and hence

V(s,m}) = V(s,m}_), then the first line of (II1.4.7) implies that the first line of (II1.4.5)
holds for all s € [¢,T). Moreover, since 7 is the only jump point of I, the second line of
(IT1.4.7) is clearly equivalent to the second line of (II1.4.5).

Step 3: Finally we complete the verification of (II1.4.3). First by (II1.2.6) V(T,m) =
g(m). Then, by Step 1, it remains to verify min,cc,, (¢m)[—(LV + F)(t,m’)] = 0. Note
that m;_ = m and set s =t in the first line of (II1.4.5), we have m} € Cy (¢t,m). Thus

0< min [—(LV + F)(t,m)] < —(LV + F)(t,m]) =0,

m/eCy (t,m)

and therefore the equality holds. |

Theorem I11.4.5 (Verification) Letu € 021’1(60) be a solution of (111.4.3). Thenu =1V

Proof We prove the theorem by using the obstacle equation (I11.4.3) to construct an
e-optimal control for (II1.2.6). We fix m € Pa(S) and assume for simplicity that ¢t = 0.

Step 1: We first prove that v > V. For an arbitrary P € P(0,m), we apply 1t6’s formula
(IT1.3.7) and obtain: again denoting m = {m; := Py, },

T
u(T,mr_) = u(0,m) +/0 Lu(s, ms)ds

II1.4.8
+ [u(s, ms) — u(s,ms_)] +EP [/ Dru(s, ms, Xs)dIs|. ( )

SEJ[O’T) (m) ‘][CO’T) (m)

By (I11.4.3) and Lemma I11.4.3 we have u(s, ms) < u(s,ms_). Then, (II1.4.3) and (II1.4.8)
imply that

T T
u(0,m) > w(T, mp_) —/t Lu(s, ms)ds > g(mr) +/t F(s,ms)ds.

Since P € P(0,m) is arbitrary, we obtain «(0,m) > V(0,m).
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Step 2: We now show that u < V. Let n > 1, t; := %T, j=0,---,n. We define
P" € P(0,m) and my := Py, recursively such that mg_ = m, and for j = 0,--- ,n — 1,

thanks to Remark 111.4.1,

my, € Cu(tj,my,_) st. — (Lu+ F)(t;,m{) =0 and mgo il = my, o il s €[t ti1)

By the arguments of Proposition II1.2.2 applied to P(0,m), and by (II1.2.7), one can easily
show that Wa(my, m{) < C—\/%, s € [tj,tj41), for some constant Cyp, > 0 which may depend
on m but is uniform on n. Moreover, by Proposition II11.2.2 and the compactness of [0,77],
we see that the set {Py,,Py,_: s € [0,T],P € P(0,m)} is compact. Asu € Cy'(Qp), Lu+F
is continuous and then uniformly continuous on this set. Then, there exists a modulus of

continuity function p such that

n n n T Cn
_(Lu + F)(S7ms> = _(Lu + F)(87 ms) + (Lu + F)(tj7mtj) < p(g + ﬁ)v s € [tj7tj+1)'
By It6’s formula (I11.3.7), and noting that P™ is constructed such that there is no contribution

of the jump terms, we have
T
u(0,m) = w(T,mp_)— / Lu(s, my)ds
0

) < V(0,m) +Tp(

SEpE
Ss

T
T
< glmp)+ [ Flsmdds +To(, + £z,
t

Cm
NG

Send n — oo, we obtain u(0,m) < V(0,m). [ |

II1.4.3 Some discussions on optimal stopping policies

Proposition I11.2.2 (i) guarantees that the mean field optimal stopping problem has an
optimal randomized stopping strategy, i.e. a probability measure P* on Q s.t. g(P%}T) +
ftT F(s,Py )ds = V(t,m). A pure stopping strategy corresponds to the case where the
conditional transition probability in (II11.4.2) ps(-) € {0,1} for all s € [¢,T]. In this case, the
optimal stopping time is in closed-loop, i.e. 7 is a stopping time w.r.t to the P*-augmented
filtration of X, and the obstacle equation (III.4.3) reduces to:

in  [—(Lu+ F)(t,m™")]=0, u(t,m)= t,mY), uler=g, (t,m) € Qu(IIL.4.9
Aeg%{m)[ (Lu+ F)(t,m")] u(t,m) Agg%gd)U( m”), ule=r=g, (t,m) € Qo )

where m# :=mo (x,il4(x)) 7}, and By, (t,m) := {A € B(R) : u(t,m?) = u(t,m)}.
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We now discuss heuristically how to use the value function V' to construct an optimal
stopping time, provided V € 021’1(@0). In light of (II1.4.5) and recalling that D;V > 0,

introduce
K(t,m):={z € R": D{V(t,m,z) = 0}. (I11.4.10)

Fix (0, mo—). We set m{_ := mo— and construct m* for V (0, mo_) in several steps.

Step 1. First, by (I11.4.3) and Remark (II1.4.1), there exists mg € Cy(0, m{_) such that
my < mg_ and (LV + F)(0,m{) = 0. In particular, if m{_ox~! is continuous on {Io_ = 1},
there exists A € B(R?) such that Iy = Iy_14¢(Xp), and thus the optimal stopping time is a
pure strategy at O.

Step 2. Let P* be a weak solution to the following McKean-Vlasov SDE:

P;O = mé, X satisﬁes (11123) and It = IO]'{XSGK(S,P;‘, ),0<S§t}7 P*—a.s. (111411)

Assume mj := Pj, is continuous up to certain ¢; > 0. Then the optimal stopping time
between [0, ;) is a pure strategy: 7 = inf{t > 0: X; ¢ K(¢,m;)}. Note that, since V is the
value function, we should have (LV + F)(t,m;) = 0 for t € [0,¢;). We shall remark though,
the McKean-Vlasov SDE (I11.4.11) is path dependent and has discontinuous coefficients, so
in general it is hard to solve. Moreover, the case that ¢t; = 0 is even more difficult to solve.

Step 3. We have obtained mj, _ from Step 2. As in Step 1, we may find mj, €
Cy(t1,my,_) at t; such that m;, =< mj _ and (LV + F)(t1,m;;) = 0. Then following
Step 2 again we can hopefully extend m* to certain to > t;. Repeat the procedure, we may
construct m* on [0, 7.

We emphasize again that this procedure is just to illustrate the idea, in particular, it
could be helpful for constructing approximate optimal stopping times, as we saw in Theorem
I11.4.5 Step 2. In general it is hard to realize this procedure, in fact, even the existence of
classical solution is a very challenging task. Nevertheless, in Subsection I11.5.3 below we
will present an example where V' is smooth and we can construct the 7 explicitly. We also
remark again that, the optimal stopping time in the continuous region constructed in Step
2 above is always a pure strategy, while in the jump region in Step 1 the optimal stopping
time could be indeed mixed, but will also be a pure strategy when the distribution of the

survival particles at that time is continuous.
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I11.5 Examples

I11.5.1 Connection with standard optimal stopping

In this subsection we consider the case that b and ¢ do not depend on the Py(S)-valued

variable. For a measurable function ¢, we define the optimal stopping problem

V(t,m):= sup EP[QO(XT)], (t,m) € Qy, (IT1.5.1)
PeP(t,m)

We also introduce v(t, ) := V/(t,d(,,1)) which is related to the standard obstacle problem
1
min{— (v + Lv),v — p} =0, (T, ) =¢, where Lv:=b-0yv + 502 : 02, v. (111.5.2)

To be consistent with Definition I11.3.3, let Cy'* ([0, T] xR%) denote the set of v € C12([0, T] x

RY) such that 92,v is bounded. This condition can be relaxed in this case though.

Proposition II1.5.1 Assume v € 021’1([0,T] x R%). Then:

(i) V(t,m) = [g (v(t, )i+ @(x)(1 —i))m(da,di), and V is a classical solution of the corre-
sponding obstacle equation on the Wasserstein space;

(ii) The probability measure P* s.t. 7 =inf{s >t :v(s, X5) = p(Xs)} on {[,— = 1}, P*-a.s.,
is optimal for the problem V (t,m). In particular, we see that T is a pure stopping strategy

under P*.

Proof Denote by u the right-hand side of the expression in (i). Then u € 021 1(Qg) with
du(t,m) = [ga Ov(t, z)m(dx,1), dpu(t,m,z,i) = v(t,x)i + (x)(1 — i),
OxOmur (t, m, ) = Opv(t, @), 02,6mu1(t,m,x) = 0%, 0(t,z) for all (x,i) € S.

We then show that w is a solution of the equation (II1.4.3). First, by (II1.5.2),
Diu=v—¢>0 and - Lu(t,m)= /Rd —Lou(t,z)m(dz,1) > 0.
Defining A; := {z : v(t,z) — o(z) > 0} and m** := mo (x,i14,(x))"", we have

— u(t,m) = v(t, ) — o(x)|m(dx =
u(tym) — u(t, m) /Ag[ (t,2) — (@) m(de, 1) = 0,

and therefore m4t € C,(t,m). As —Lv(t,z) =0, x € A;, we have —Lu(t,m“t) = 0. Thus,
u is a solution of (II1.4.3), and we deduce that uw = V' by Theorem II1.4.5.

To see that (ii) holds, notice that the flow my := Py is s.t. mj = (m* )4 for all
s € [t,T]. Then P* clearly satisfies (II1.4.5), and thus is optimal for V (¢, m). |
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I11.5.2 Convex functions of the expectation

Let d=1, ¥,h,po : R —= R, with ¢ convex. We consider the optimal stopping problem:

V(t,m) := P;}lg) ) [EP [V(X7)] + @(Ep[h(XT)])]. (I11.5.3)

This is an extension of the mean-variance optimal stopping problem. Introducing the convex

dual p*(a) := supger{af — ¢(8)}, we may write

V(t,m) =sup [ — ¢*(a) + Va(t,m)], with Va(t,m) := sup E"[Yu(X7)], o =1 + ah.
a€eR PeP(t,m)

Assuming uq(t, ) == Vu(t,0(,,1)) € Cy'([0,T] x R), it follows from Proposition I11.5.1 that

Valt,m) = /S [ta(t, 2)i + fa(@)[1 — i]]m(dz, di),
—LV,(t,m?) =0, where Ay := {z : ua(t,z) > o(t,z)}; (IIL5.4)
DV, (t,m,z) = ug(t,x) — @(t,z) =0, when uy(t,z) = p(t,x).

Since a is one dimensional, it is not hard to find a*(t,m) s.t. V(t,m) = Ve (g (t,m) —
@*(a*(t,m)).

Moreover, fix (t,m) and let P* € P(t,m) be the optimal measure for the problem
Vo (t,m) (t,m), as constructed in the previous subsection. Then it is obvious that P* is opti-
mal for V(¢,m) as well, and by Proposition (II.5.1) (ii), 7 is an optimal stopping strategy
under P*.

IT1.5.3 Construction of a smooth solution

In this subsection we construct an example where the obstacle problem indeed has a classical

solution. First, set b =0, o = 1, and thus, for any P € P(t,m),

X, =X, + WP

TAS

~ W} P-as. on {l;_ =1}. (I11.5.5)
Next, let a € C1([0,T]) and ¢ € Cy'" ([0,T] x R4) be positive functions such that
Orp(t,z) =0 for x > ay, and O,p(t,z) > 0 for x < ay. (II1.5.6)

One such example can be ¢(t, ) := e~l(a—a)*], Moreover, we introduce another positive

function ¢ € C%(R) with bounded derivatives, and set

uo(t,m) := [T — t]p(t,vo(m)), where wvo(m /w m(dx,1). (IT1.5.7)
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Proposition II1.5.2 Under the above setting, ug € C;’l([O,T] x Pa(8S)), and ug is the
classical solution to the obstacle problem (111.4.3) with

F(t,m) :== —Lug(t,m) — [vo(m) — at]+, g:=0. (II1.5.8)

We remark that this F' may not take the specific form of (I11.2.2), which is mainly motivated
from applications but not really required for our theory. Since this example is just for
illustration purpose of the theory, we content ourselves by allowing for this more general
F. We emphasize again that in general it is hard to have classical solution for our obstacle

problem, and therefore we shall investigate viscosity solutions in Chapter IV.

Proof First, by Definition II1.3.1 one may easily verify: d,,v9(m,z,1) = 1(x), dnvo(m,z,0) =

0, Qyug(t,m) = [T —t]0pp(t,vo(m))—@(t,vo(m)), dmug(t,m,xz,1) = [T —t]0p(t, vo(m))Y(x),
Imuo(t,m,x,0) = 0. Then it is clear that uy € CI’I(QO).
We now show that wug satisfies (I11.4.3). Clearly, uo(7,.) =0 = g, and

{ D[’LLO(t, m, x) - [T ]axSO(t UO( )) ( )2
0.

(II1.5.9)
—Lug(t,m) — F(t,m) = [vo( ) — at] >

In particular, —(Lug+ F')(t, m) = 0 when vg(m) < a;. Finally, when vo(m) > a;, combining
(I11.5.6) and (II1.5.7), we have

Cuo(t,m) = {m' X m :vo(m’) € [ar,vo(m)]}, t<T. (I11.5.10)
Set m), < m by (III.4.1) with p(z) = % Then m/, € Cy,(t,m) with vo(m.) = az.
Therefore,
min  — (Lug + F)(t,m') < —(Lug + F)(t,ml) = [vo(m]) —a] " = 0.
m/€Cy (t,m)
This, together with (II1.5.9), completes the proof. [ |

In the rest of this subsection, we construct an optimal P* € P(0,mg_) for the problem

Vo :=V(0,mp—) = up(0,mo—). For simplicity we assume

(M)

x

T=2 9(x)=e 2, and Xg=0, Ip— =1, mo_— —as. (ITL.5.11)
We next specify the function a, which relies on two functions x; on [0,7] x R:

ro(t,x) == E[¢(z + Wy)], ki(t,x) :=E[(z+ Wt)l{Wt*<1}]7

111.5.12
a; = %[Ho(to) + (1= )] 1o (t) + %E['ﬂ(t = L)L), ( |
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where W} := supg<s<; Ws. Recall Karatzas & Shreve [48, Chapter 2, Proposition 8.1] for
the joint density of (Wy, W), by direct calculations we have 0 < Oyko(t, x) — O¢r1(t, ) — 0
as t — 0. Then 0;k1(0,2) = 0yko(0, ), which implies that a}, = h} = a{_, that is,
a € CY([0,T)).

Proposition I11.5.3 Under the above setting, an optimal P* has the following structure:

_1
=1

(ii) There is no stop during the time interval (0,1]: Iy = Iy, 0 <t <1, P*-a.s.

(i) At time 0, there is a massive stop with P*(Iy = 1)

(iii) Particles stop continuously during the time interval (1,2):
r=inf{t >1: X; — X1 > 1} A2, P*-as. on {Ip=1}. (I11.5.13)
(iv) All the remaining particles stop at time 2.

Proof (i) Note that in this case

1 1
vo(mo—) = E™0- [¢(Xo)Io—] = ¢(0) =1 > 3= 5/10(0,0) = ap. (I11.5.14)
Then —(Lug+ F)(0,mg—) = vo(mo—) —ap > 0, we have to stop some particles immediately.
We may choose m§ such that mi(lp =1) = %, and then ¢ = 0 is a jump point of m*, and

. 1
vo(mg) = E™o [w(XO)IO] =5 and thus  — (Lug + F)(0, my) = vo(mg) — ap = 0.

Moreover, since vo(mg) € [ao, vo(mo—)], by (IIL.5.10) we have m{§ € Cy,(0,mo—). This
implies that ug(0, m{) = up(0, m{_), and then it follows from (II1.4.5) that P* is optimal at
t=0.

(ii) For the P* specified in the proposition, we have I; = Iy and hence X; = th* on
{Io =1},0 <t <1, P*-as. By (I11.5.12) we see that vg(mj) = $r0(t,0) < a;, which implies
that —(Lug + F)(0,m;) =0, 0 <t < 1. Since no particle stops during this period, then by
(IT1.4.5) again P* is optimal on [0, 1].

(iii) We first note that, if we continue to keep all particles on {Ip = 1} alive after t = 1,
then we will have vo(m;) = $ro(t,0) > a; (since ko > k1) and thus —(Lug + F)(0,m;) > 0,
which is not optimal. So after t = 1, we start to stop particles, and our structure allows us
to stop the particles continuously in the sense m; is continuous in ¢. Indeed, by (IIL.5.5)
and (I11.5.13),

r=inf{t>1: W —WP >1} A2, P*as. on {Ip=1}.

66



CHAPTER III. DYNAMIC PROGRAMMING EQUATION FOR THE MEAN FIELD
OPTIMAL STOPPING PROBLEM

Then, for ¢t € (1,2),
vo(my) = E” [0(X0) ] = B [w(X0) o1 sy

P* P* P* P*
= B [0 WP 4 W = W)Lty L, —wp )
1 _p- «
= §EP [nl(t -1, W] )} = ay.
Therefore, —(Lug + F)(0,mf) =0, 1 <t < 2.
Next, for any 1 < ¢t < 2, clearly mf is continuous, and thus ug(t,m}) = uo(t, m;_).

Moreover, since vo(m;) = a, by (I11.5.9) and (I11.5.6) we have
Druo(t,mg, Xi) = [T = t]0zp(t, vo(my))(Xe) = [T = t]02p(t, ar) 9 (Xy) = 0.

Then by (II1.4.5) again we see that P* is optimal on [1,2).

(iv) This is required by our formulation of the problem. |

Remark III.5.4 (i) For the P* in Proposition (II1.5.3), m; has two jumps, one at t = 0
and the other at ¢t = 2. In particular, the stopping at ¢ = 0 is randomized. Indeed, since
Xo = 0 under mg_, there is no A € B(R) such that E™~[¢(X)14(X0)] = ao.

(ii) If X has continuous distribution under mg_, say with density pg(z), then it is possible
to have pure stopping strategy. Indeed, let xg be a median of Xy. Set T, ¥, Iy, Ko, K1 as
in (I11.5.11) and (II1.5.12), and modify the a in (II1.5.12) as follows:

Zo

a; = [/xo,‘fo(t7 x)po(x)dx + t2(1 — t)z} 1[071} (t) + / Elrki(t— 1,2 + Wl)]pg(x)d.fl(l,g] (t).

—o0 —o0
By the same arguments as in Proposition I11.5.3, the following pure stopping strategy is
optimal:

e At time 0, there is a massive stop for the particles Xo > zo: Iop = 1{x <z}, P*-as.

e There is no stop during the time interval (0,1]: I; = Iy, 0 <t < 1, P*-a.s.

e Particles stop continuously during the time interval (1,2) following (II1.5.13).

e All the remaining particles stop at time 2. |

IT1.6 Some extensions

IT11.6.1 Infinite horizon case

This subsection is dedicated to the case T' = +o0. For any (t,m) € Qq, let P(t,m) denote
the set of P such that Py, = m and (III.2.7) holds on [¢,00). We shall always assume
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Assumption II1.6.1 (i) Assumption II1.2.1 holds true on [0,00);

(ii) fooo SUDp ey (S) |F(t,m)|dt < oco;
(iii) For any (t,m) and P € P(t,m), Xoo := limy_,o Xy exists, P-a.s.

We remark that one sufficient condition of (i) above is that |f(¢,z,m)| < Ce™** for some
constants C, A\ > 0, and a special case of (iii) is:

1
d=1, b=byx, o=o¢x, by— 508 < 0. (I11.6.1)

That is, the unstopped process X in (II1.1.2) is a Geometric Brownian motion and X% = 0.
We also define I, := 0. This allows the case 7 = 400, and guarantees that P(t,m) is

compact. The infinite horizon optimal stopping problem then simply writes:

o
V(t,m):= sup / F(s,Py,)ds + g(Px.) forall (t,m) € Q. (I11.6.2)
PeP(t,m) Jt
The corresponding obstacle equation on Wasserstein space is
min  —[Lu+ F](t,m’) =0, Dyu(t,m,-) >0, (t,m) € Q, (I11.6.3)
m/€Cy(t,m)

with boundary condition u(co,-) = g.
Now by considering the problem on [0, 0c], we see that all the definitions as well as all

the results in the previous sections on the finite horizon remain true in the infinite horizon.

Remark II1.6.2 In the infinite horizon, one may naturally consider the time homogeneous
case, that is, b, 0, f do not depend on t. Then V = V(m) is also time homogeneous, and

thus (II1.6.3) becomes an elliptic problem: recalling (II1.3.6),

min [/Exémul(m', z)m'(dz, 1) + F(m')] =0, Dru(m,-) >0, m € Po(S)I11.6.4)
Rd

m/€Cy(m)

with boundary condition u = g on 9P(S) := {m € Pa(S) : m(R?,1) = 0}. We leave the

details to interested readers. [ |

I11.6.2 Mean field optimal stopping of a jump-diffusion

This last subsection is dedicated to an informal discussion about the case where (X, ) is a
stopped jump-diffusion, i.e., Iy = I; 15, and

S

X, = Xﬁ—/ b(r, Xr,mr)frdr—i—/ o(r, XT,mT)ITdWr—i—/ y(ry Xy myp— ) I —dn,(111.6.5)
¢ t t
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where 7 is a pure jump process with intensity s := Ag(s, Xs,ms) and whose jump size is
defined by a distribution v, and 7, := (s, Xs—, ms_) satisfies the usual conditions. We
refer to Burzoni, Ignazio, Reppen & Soner [15]|, who characterized the mean field optimal
control of a jump-diffusion by a dynamic programming equation (in the viscosity sense).
The result of this section may be seen as a complement to the context of mean field optimal
stopping. We consider the optimal stopping problem (I11.2.6), where P(t,m) is the set of
probability measures such that the canonical process (X, ) satisfies (III.6.5). Then, the
value function still satisfies the DPP (II1.2.8). In order to formally derive the corresponding
dynamic programming equation, we need to find the differential operator associated with the
dynamics (I11.6.5), which follows from It6’s formula (II1.3.4) in the present jump-diffusion
case. Let u € C’; 1(Qg). Observing that the discontinuities in the low m = {m,} are only
due to I (as 1 has an intensity, hence no atoms), by shifting the jump at s to ¢ as in (II1.3.7),
we have

u(s,ms—) = u(t, my-) —|—/ Lu(r, m;,)dr + Z [u(r,m;) — u(r,m.—)] + JIp,
t r€J}, s) (m)

where Jp = EP[ Z (5mu(r, my, Xy, L) — 5mu(t,mr,XT_,Ir_))}.
TEJ[Ct’S)(m)

We next compute Jp. Denote ¢, () := ¢(r, m,, ) for any function ¢ and An, := 1, —n,_.
Note again that J ;)(m) is countable and thus 1 does not jump at Jy ;) (m), a.s. Then

JIp = EP[ S B (e + (X)L Ay ) — 5muT(XT_,IT,)]}

TGJ[CLS)(m)
- EP |: Z [5mu7”(XT— + ’VT(XT—)IT—ATIM Ir) - (5mur(Xr—7 Ir)ﬂ
TEJ[Ct’S)(m)
+ EP [ Z [5muT(XT*’ IT) - 5mUT(Xr77 I.- )]:|

¢ (m)

TGJ[t )
= EP |:/ / [(Smur(XT + y’YT(XT)Iry Ir) - 5mUT(X'I’7 IT)] V(dy)WT(XT)AT(XT)Irdr
t JRI
4 EP[/ DluT(Xr)dIr},
J[Ctys)(m)

which implies that the differential operator corresponding to the dynamics (II11.6.5) is
L/ Pu(t, m) u(t, m)

—i—/ [6mui (t,m, x + yy(t,m, ) — Spur (t, m, 2)|YA(t, m, z)v(dy)m(dz, 1).
(R)2
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Then, the dynamic programming equation corresponding to our problem is

ngi? Y (L"Pu+ F)(t,m') =0, Dru(t,m,.) >0, u(T,-) =g, (t,m) € [0,T]xPa(S).
m'eCy (t,m

All the results of the previous sections can be adapted under appropriate assumptions.

I11.7 Proof of Proposition 111.2.2

We assume for simplicity t = 0 and fix m € P(S). Let C,, denote a generic constant which
may depend on T and m but independent of P. We proceed in three steps.
Step 1. We first prove the following uniform integrability: denoting X7 := supg< <y | X5/,

sup  EP[|X}]*] < Ch, lim  sup EPUX}]QI{X;ER}} =0. (IT1.7.1)
PeP(0,m) R—00pep(0,m)

Indeed, for any P € P(0,m), first by standard arguments we derive from (I11.2.7) that
EP[|X7[°] < CE™[1+ |Xo[*] < Ci.

In particular, this implies that the set {Py, : P € P(0,m),0 < s < T} is bounded under
W,. Then, for any p > 2, by (I11.2.7) again we have EP [| X} [P| 7] < Cpp[1+ [ X0[?], P-ass.,
where (), , may depend on p as well, but is still independent of P. Now for any R > 0,

>

Pliyv*2 Pllyv*2 Pliyv* 2
E [|XT’ Lix:>R) < E"||X7] 1{1+|X0|2\/§}] +E [’XT\ 1{1+)‘<)*T(| \/E}}
e
- 1 ’X*‘?)
Plyx2 P T
< B[ 1{1+|Xo|2¢ﬁ}] VR [1+ !XOJ

[ * 1 EP ‘X* |3 ‘/—-.0
—EP _EP[|XT’2‘]:0]1{1+|X0|2\/§}} + ﬁEP { £+T|X(‘)| ]}

m Cm,
< CmoE [[1 + |X0|2]1{1+|X0|2\/E}} + TRgEm [1 + |X0|2]-

Notice that the right side above does not depend on P, then it clearly implies (II1.7.1).
Step 2. We next show that P(0,m) is closed under the weak convergence. Let {P"},>; C
P(0,m) converge weakly to some P*°. Since P?Xo,fof) = m for all n, we have Py = m.
Then it suffices to show that the processes M, N in (III.2.4) are P°°—martingales on [0, 7).
We shall report only the detailed argument for M, as it is immediately adapted to V.
Notice that the support of P is separable under the Skorokhod distance dgg, as a sub-

space of the separable metric space 2. Then it follows from the Skorokhod’s representation
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theorem, see Billingsley [10, Theorem 6.7], that there exists a probability space (°, F°, P?)
and processes {Y" := (X", I")},>1 and Y™ := (X°°, I*°) defined on this space such that,

% =PY., for all n < oo, and dgg (Y™, Y>®) — 0, PY — as. (I11.7.2)

n—oo

For all n > 1, the P"—martingale property of M translates to:
EP'[(M™ — MM)p(Y2)] =0 forallyh € Cy(Q) and 0 <t < s<T, (I11.7.3)

with M = X7 — [ b(r, X7, PY..) I"dr and Cy,(Q) the set of R%-valued bounded continuous

functions on Q. Moreover, for r € [¢t,T], by the Lipschitz continuity of b we have
|b(T7 Xﬁ? P%)/T") - b(T, X;“)Ov PO;’°)| < CUX:} - X7<“>O| + WZ(P(})/T”7 P[l)/;"o)]

Send n — oo, by (IIL.7.2) we have | X! — X*°| — 0, P%a.s. and P}, — PJ... weakly.
Then, by the 2-uniform integrability (I11.7.1) of {PY-, }n>1, we have Wa(PYn, PYoc) — 0, see
Carmona & Delarue |21, Vol. I, Theorem 5.5]. Thus

b(r, X, PYn) — b(r, X720, PYe), Pl-as.

Moreover, as b is Lipschitz and {X"},>1 are uniformly integrable (as the 2-uniform inte-
grability of (II1.7.1) implies the 1-uniform integrability), then {M"},,>1 are uniformly inte-
grable. The convergence for the Skorokhod distance also implies the convergence of I'}, to
I%%,. This allows to take the limit in (I11.7.3) as 1 € Cy(£), hence EP"[(M2° — M) (Y2)] =
0. By the arbitrariness of 1 € Cy(Q), this proves M> is a P’—martingale, or equivalently
that M is a P°°—martingale.

Step 3. We now show that P(0,m) is compact under Wh. Let {P"},>1 C P(0,m). First,
by the first estimate in (II1.7.1) and noticing that I is bounded by 1, one can easily obtain
a uniform bound for the conditional variation of Y under all P"  then by Meyer & Zheng
[59, Theorem 4] we see that {P"},,>; is relatively weakly compact, namely there exists a
weakly convergent subsequence. By Step 2, without loss of generality we assume the whole
sequence P" — P> € P(0, m) weakly. Moreover, by the second estimate in (II1.7.1) {P"},>1
is 2-uniformly integrable, then it follows from Carmona & Delarue |21, Vol. I, Theorem 5.5]
again that lim Wh(P",P>°) = 0. This proves the compactness of P(0,m).

Finally,ngnoge g is upper-semicontinuous, the above compactness implies the existence of

optimal P* for the mean field optimal stopping problem (II1.2.6). |
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I11.8 Proof of Theorem II1.3.2

Let =, denote the convex hull of {mgs,ms_ : 0 < s <T}:

[1]

m = {)\ms/—i—(l—)\)mt/ 0< A< 1,0§sStST,s':s,s—,t':t,t—}CPg(Rd/).

We first show that =y, is compact. Indeed, for any (A, s),,t)), there exists a convergent
subsequence and we may assume without loss of generality that (A, sn,tn) — (A, s,t). By
considering different cases, one can easily show that, possibly along a subsequence, for some
s',t" we have Apmg 4 (1 — N)my, — Amy + (1 — A\)my € Em, thus Epy, is compact.
Denote AY; := Y, — Y, and Y,P := ZO<s§t AY;. By (II1.3.3) it is clear that
E[|IY72+|YP|3] < oo, where Yj:= Sup Yal, 1Y Pllei= > |AY|. (IT18.1)
<s<

0<s<t

For n > 1, set At := %, t; ;= iAt, i =0,--- ,n. Then, for each ¢,

tit1 1
u(tipr, my,, ) —u(ts,my,) = / Opu(s,my,, )ds +/ E[fg\iﬂ]d)\,
t; 0

where 45{\”1 = (5mu(ti,mffi, Yii) — 5mu(ti,ma_, Vi), mi‘z = Amy, + [1 — Nmy

(111.8.2)
i+1°

By the standard It6’s formula:

2 S

where T!:=du(s,ms,,,), T2 := 8y5mu(ti,mg\i,}{9), A .= 8§y6mu(ti,mé,Y5),

tn+1 1
&, = / [T22.dYe+ T3 d(Ye),] + / rirdyp,
tn (tn,tn-!—l]

1
re ::/0 OyOmu(ti,my, 0Ys + 1 — 0]Y,_)df.

Note that m;, mt)‘Z € Zm, by the growth conditions in Definition II1.3.1 we have

417

ri<c, TP <On+ v, [P <e, [T <O+ Y|+ Yool (IIL8.3)

Then

=

EW:H P )] < oE(1+ ) |
< CE[L+ ¥+ (M7)r] < o0,

This implies [y E[ [ T3 dM¢]dA = 0, and thus

T
w(T,mr) = u(O,mo)—{—/O I'lds

1 T
+ / E[ / [T22 . dAS + T3 - d(Y©),] + / F‘S"AdYSD]dA.
0 0 (0,7]

72



CHAPTER III. DYNAMIC PROGRAMMING EQUATION FOR THE MEAN FIELD
OPTIMAL STOPPING PROBLEM

Fix ), s, and send n — co. By the regularity of u we have: denoting m} := Am,_ +[1—A]m,
Il — du(s,my), 2 Dybmu(s,m, Ys), 3t 6§y5mu(s,mg\,Ys),
| A fol 8y5mu(s, m?, Y, + [1 — H]YS,)dﬁ, a.s.

By (II1.3.3), (III.8.1), and (II1.8.3), we may apply the dominated convergence theorem to

obtain
1 T
u(T,mr) = u(0,mgp) / Oru(s, mg)ds +/ E[/ [8y5mu(s,m§‘7Ys) - dAS

0

2 A ) A D
+02 S muls,m), Ys) 1 d(Y° /0 T]/ BySmu(s, md, 0, + [1 — 6]Y,_)dody, IdA.
Since A° and (Y¢) are continuous, and m, has at most countably many jumps, then
T
u(T,mr) = u(0,mp) + / Opu(s, ms)ds + Jp
0
T
—i—E[/ [8y(5mu(s,ms, Ys) - dAS + 65y5mu(s, ms, Ys) : d(YC>SH, (I11.8.4)
0

1 1
where Jp := E[ / / / By0mu(s,m}, 0V, +[1 — H}Y;_)dedYSDdA]
0,77

It remains to compute Jp. First, by Fubini’s theorem,

Ip = E Z / / By Omtt(s,m>, 0V, + 1 —e]ys,)dedmys} - E[ 3 A&musI

5€(0,T7 s€(0,T7
1
where  Ady,us ::/ [5mu(s,m?,Y;) f(smu(s,m?,Ys,)]d)\. (II1.8.5)
0

Note that (0, 7] = Jg7)(m) U Jo,11 (m). Since J(g 7)(m) is countable, then

[ Z Admus}: Z E[A(Smus]: Z [(5mu(s,ms)—5mu(s,ms_)],(III.8.6)

SEJ(O T] ( SEJ(O,T](m) SGJ(O7T](m)

where the second equality is due to (II1.3.2). Next, for s € JG, T]( m), we have m) = my,

0 < A<1. Then

E[ 3 A&mus}:E[ 3 [5mu(s,ms,Ys)—5mu(s,ms,Ys,)H. (I11.8.7)

SEJ(CO,T] (m) SEJ(CO,T] (m)

We emphasize that, since J (m) is uncountable, unlike in (II1.8.6) we cannot switch the
order of E and ZseJc 7 () at above. Now plug (II1.8.6), (II1.8.7) into (II1.8.5), and then
plug (II1.8.5) into (III 8 4) we complete the proof. [ |
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Chapter IV

Viscosity solutions for obstacle

problems on Wasserstein space

IV.1 Introduction

In Chapter III, we characterized the so-called mean field optimal stopping problem by a
dynamic programming equation on the Wasserstein space, that we call obstacle equation
on Wasserstein space by analogy with the equation corresponding to the standard optimal
stopping problem (see e.g. El Karoui [41] or Shiryaev [70]). More precisely, we proved that
the value function of our optimization problem is the unique solution of the obstacle equation
on the Wasserstein space, provided it has C'? regularity (in an appropriate sense). We note
that, besides its obvious connection with multiple stopping problems over a large interacting
particle system, this obstacle equation provides a convenient tool for many time inconsistent
optimal stopping problems. We also remark that, our mean field optimal stopping problem
has quite different structure than the mean field games of optimal stopping.

However, as in the case of the standard optimal stopping problems, one can rarely expect
a classical solution for the obstacle equations. In particular, the infinite dimensionality of
the space of measures makes the regularity requirement even harder to meet. Our goal of
this chapter is thus to develop a viscosity solution theory for the obstacle problem on the
Wiasserstein space, which as well-known requires much weaker regularities.

There have been some serious efforts on viscosity solutions of nonlinear partial differential

equations on the Wasserstein space. We first mention the paper by Cardaliaguet & Quin-
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campoix [18], which considered a first order Hamilton-Jacobi-Isaacs equation on Wasserstein
space arising from deterministic zero-sum games with random initial conditions. The com-
parison principle for viscosity solutions was established by combining the doubling variables
argument with Ekeland’s variational principle. In the context of mean field control problems
in a path dependent setting, Wu & Zhang [77] proposed a notion of viscosity solutions for
parabolic equations on the Wasserstein space, inspired from Ekren, Keller, Ren, Touzi &
Zhang [37, 39, 40, 68]. Note that the natural idea which consists in taking Wasserstein balls
for the viscosity neighborhood (as in Carmona & Delarue [20]) leads to serious difficulties as
the Wasserstein ball is in general not compact. Instead, [77] restricted the viscosity neigh-
borhood of some point (¢, ;) (where ¢ is a time and p a measure) to the compact set of all
possible laws of the controlled state process starting from this point. Another remarkable
work by Burzoni, Ignazio, Reppen & Soner [15], in the context of mean field control of
jump-diffusions, restricted the viscosity neighborhood in another way, so as to guarantee
compactness. They proved a comparison result by the doubling variables argument. To
do this, they succeeded in constructing a smooth metric which serves as a test function,
but unfortunately restricts the scope of the method to the case when the coefficients of the
controlled dynamics do not depend on the space variable.

We shall follow the approach of [77]. We consider the joint law of (Xr-a¢, L1{;>¢}) as the
variable of the value function, where X is the state process and 7 is the stopping time.
As in [77] we define viscosity solutions by using the set of such laws over all stopping
times 7. This neighborhood set of laws, for a given initial condition, is compact under
Wasserstein distance and thus is desirable for the viscosity theory. We show that, under
natural conditions, the value function of the mean field optimal stoping problem is indeed
the unique viscosity solution of the corresponding obstacle equation on Wasserstein space.
We shall also establish the stability and the comparison principle for the viscosity solutions.
To prove the latter, one key ingredient is a smooth mollifier for continuous functions on
the Wasserstein space, introduced by Mou & Zhang [61]. However, to obtain some uniform
estimates of the smooth mollifier which are needed in our proof of comparison principle, as in
[61] we require the coefficients to be Lipschitz continuous under the 1-Wasserstein distance,
rather than the more natural 2-Wasserstein distance.

As applications of our viscosity theory, we invest several time inconsistent optimal stop-
ping problems, including problems related to mean variance, probability distortion, and

expected shortfall. By considering the law (instead of the value) of the stopped state pro-
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cess as the variable, we show that the value functions are indeed the unique viscosity solution
to the corresponding obstacle equation on the Wasserstein space. Moreover, our results can
be easily extended to the infinite horizon case.

The chapter is organized as follows. In §IV.2, we present the mean field optimal stopping
problem, the corresponding dynamic programming equation and some of its elementary
properties. §1V.3 is the main section, where we propose our definition of viscosity solutions
and prove the main results. §1V.4 is devoted to several applications. Finally, we prove some

technical results in the appendix.

IV.2 The obstacle problem on Wasserstein space

IV.2.1 Formulation

Let T < oo be fixed, and © := C%([~1,T],R?) x 1°([~1,T]) the canonical space, where:
e C%([~1,T],R%) is the set of continuous paths from [~1,T] to R, constant on [—1,0);
e 19([—1,T7) is the set of non-increasing and cadlag maps from [—1,T] to {0, 1}, constant
on [—1,0), and ending with value 0 at 7.
We equip Q with the Skorokhod distance, under which it is a Polish space. Note that the
choice of the extension to —1 is arbitrary, the extension of time to the left of the origin is
only needed to allow for an immediate stop at time ¢t = 0.
We denote Y := (X, I) the canonical process, with state space S := R? x {0,1}, its
canonical filtration F = FY = (Ft)te[-1,1), and the corresponding jump time of the survival

process I:
7:=inf{t > 0:I; = 0}, so that [; := Iyp_14-, for all t € [-1,T].

By the cadlag property of I, 7 is an F—stopping time.
Let (b,a, f) : [0, T] x R x Pa(S) — R? x R¥*? x R with o taking values in non-negative
matrices, and g : Po(R?) — R. In the following assumption, which will always be in force

throughout the chapter, P2(S) is equipped with the Wy distance.

Assumption IV.2.1 (i) b,0 are continuous in t, and uniformly Lipschitz continuous in
(z,m).

(ii) f is Borel measurable and has quadratic growth in x € R, and

F(t,m):= g f(t,z,m)m(dx, 1) is continuous on [0,T] x Pa(S). (IV.2.1)
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(iii) g is upper-semicontinuous and locally bounded; and extended to Pa(S) by g(m) =
g9(m(-,{0,1})).

Introduce the dynamic value function

T
V(t,m):= sup / F(r,Py,)dr + g(Py,), (t,m) € [0,T] x Pa(S). (IV.2.2)
PeP(t,m) Jt

Here P(t,m) is the set of probability measures P on (2, Fr) s.t. Py, = m, the paths

€ [-1,t) — Y, are constants, P-a.s., and the processes:

M. ::X‘—/.b(r,Xr,Pyr)Irdr and MAM,T—/'JQ(r,Xr,PyT)ITdr (Iv.2.3)
t t

are P—martingales on [t, T], that is, for some P—Brownian motion wP,

S
X, =X+ / b(r, X, Py ) I dr + o(r, X,, Py ), dWF, I, =I; 1,.., P —as.
t

A special element of P(t,m) is P = P under which X is unstopped. That is,
X =Xq +/ b(r, X,,Py,)I dr+/ o(r, X, Py, de, Iy =1 1p7)(s), P-aglV.2.4)
t

Note that Y. = Y A,, and in particular Y = Y,, P—a.s. Moreover, from the definition of F'
in (IV.2.1), we have [/ F(r,Py,)dr = EP [ f(r, X,,Py,)dr.

We recall from Chapter III that P(¢,m) is compact under the Wasserstein distance Ws,
and thus existence holds for the mean field optimal stopping problem (IV.2.2). Furthermore,
we have the dynamic programming principle (DPP for short): for any s € [t,T],

V(t,m)= sup /F(T,Pyr)dT-i-V(S,PYS_): sup /F(r,Pyr)dr—i-V(s,Pyg]V.Q.E))
PeP(t,m) Jt PeP(t,m) Jt

I1V.2.2 Differential calculus

We next recall some differential calculus tools on the Wasserstein space. We say that a

function u : P2(S) — R has a functional linear derivative d,,u : P2(S) x S — R if
1
u(m’) —u(m) = / / Smu(Am’ + (1 — N)m, y)(m' —m)(dy)d\ for all m,m’ € Py(S),
S

and 0, u(m, -) has quadratic growth, locally uniformly in m, so as to guarantee integrability

in the last expression. As in [74], we denote

Omui(t,m,x) = dpu(t,m,z,i) for i€ {0,1}, Dru := dpur — dpmup, (IV.2.6)
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and we introduce the measure flow generator of X

Lu(t,m) := Owu(t,m +/ Lz0mur (t, m, x)m(dx, 1),
(tom) i= Buultm) + [ Labatomo)m(da, 1) v
where L,0nuq := b 0p0mur + %02 02, 6mu.

Throughout this chapter, we denote by
Qi = [t,7) x Po(S), and Q, = [,T] x Pa(S), te [0,T).

Definition IV.2.2 Let 021’1(615) be the set of functions u: Q, — R s.t.
e Oiu, Oty OO, (ﬁxdmul exist, and are continuous in all variables,

e 92.0mu1 is bounded in x, locally uniformly in (t,m).
The following It6’s formula is due to |74, §3|: for any u € 021’1(60) and P € P(0,m):

T
u(T,mp_) = u(0,m) —i—/o Lu(s, ms)ds

IV.2.8
+ Z [u(s,ms) — u(s,ms_)] + E" [/ Dyu(s,ms, Xs)dIs|, ( )
SGJ[O’T>(1’1’1) J[%,T)(m)

where m := {mg := Py, },c(—17), JT(m) := {s € T : mg # ms_}, for all subset T C [0, 77,

and J¢(m) its complement set in T.

IV.2.3 The dynamic programming equation

Given two probability measures m, m’ € Pa(S), we say that m’ < m if
m/(dz,1) = p(x)m(dz, 1), and m'(dx,0) = [1 — p(z)m(dz,1) + m(dz,0), (IV.2.9)

for some measurable p : R? = [0,1], i.e. m/(dx, 1) is obtained from m by randomly stopping
a proportion 1 — p(x) of the surviving particles. In our context, m;_ = Px,,1,_) and
my = P(x, 1,), with P € P(¢t,m), so that m; < m;- with conditional transition probability
p(x) =p(x) =Py =1| Xy =2, =1).

The following property (proved in Appendix IV.5) will be often used in this chapter:

Lemma IV.2.3 For an arbitrary m € Pa(S):
(i) the set {m’:m’ < m} is compact,
(ii) any compact subset K(m) C {m’ : m’ < m} has a smallest element for <, i.e., there

exists m € KK(m) such that for all m’ € K(m), we have m’ < m implies that m' = m.
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The dynamic programming equation corresponding to our mean field optimal stopping
problem is the infinitesimal counterpart of the dynamic programming principle (IV.2.5), and

is defined by

min{ min [ — (Lu+ F)(t,m)], (Dlu)*(t,m)} =0, (t,m) € Qo, (IV.2.10)

m/€Cly(t,m)

with boundary condition u|;—7r = ¢g. Here the function (Dju) is the LSC envelope of

Dru: (t,m) —> inf Dru(t,m,x),
{L’ESupp(m(-,l))

which is upper semicontinuous, but not continuous, in general, and the set
Cu(tam) = {m/ =m: u(t7m,) > u(t7m)}7 (ta m) € Qo,

indicates the set of positions in Qg which improve u by stopping the corresponding particles.

For the purpose of the present chapter, we note that this equation is slightly different
from the obstacle equation (II1.4.3) introduced in Chapter III:

- if w is a classical solution of (IV.2.10), then it is nondecreasing for < (see |74, Lemma
4.3]), and thus C,(t, m) is characterized by an equality, as in [74];

- despite the remaining differences, the two equations define the same solution, but
this does not seem to have an immediate proof; we emphasize however that the equivalence
between these two equations is a direct consequence of our uniqueness result in [74, Theorem
4.5|, and the comparison Theorem IV.3.11 below.

Our objective in this chapter is to develop a notion of viscosity solution for this equation
which bypasses the strong regularity requirements of classical solutions. As usual, we start

by introducing the notions of the sub- and supersolutions.

Definition IV.2.4 Let u € C%’l(QO).
(i) u is a classical supersolution of (IV.2.10) if

min { — (Lu+ F), Dyu}(t,m) >0, VY(t,m) € Qo. (IV.2.11)
(ii) w is a classical subsolution of (IV.2.10) if
min { — (Lu+ F), (Dru)}(t,m) <0, VY(t,m)€ Qq s.t. Cyu(t,m) ={m}. (IV.2.12)
(iil) w is a classical solution of (IV.2.10) if it is a classical supersolution and subsolution.
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IV.3 Viscosity solutions

IV.3.1 Definition and consistency

For 6 > 0 and (¢, m) € Qq, we introduce the neighborhood
Ns(t,m) == {(s,m) : s € [t,t + 6],P € P(t,m), m € {Py,_,Py,}}.

Note that, as the closure of a cadlag Ps(S)-valued graph, Ns(t,m) is compact, by the
compactnesses of [t,t + d], P(t,m) and {(Py,_,Py,)}sejt+s) for any P € P(t,m).

For a locally bounded function u : Q, — R, we introduce its LSC and USC envelopes
relatively to P(t,m), u. and u* respectively:

ue(t,m) = liminf wu(s,m), u*(t,m):= limsup u(s,m), forall (t,m)€ Q,,
(s,m)—(t;m) (5,7)—(t,m)

where the limits are taken on all sequences {t,,, my, }»>1 converging to (t,m), with (¢,, my) €

Nr_i(t,m) for all n. We then introduce the sets of test functions

Au(t,m) = {cp € C;’I(Qt) Ce —ug)(t,m) = NI;%E;EL)(QD — uy) for some § > 0},
Au(t,m) := {(p e yNQy) : (p —u*)(t,m) = N?gg?n)(w —u*) for some § > O}.

Definition IV.3.1 Let u: Qo — R be locally bounded.
(1) w is a viscosity supersolution of (IV.2.10) if, for any (t,m) € Qo,

ue(t,m) > ue(t,m’), Ym' <m, and — (Lp+ F)(t,m) >0, Yo € Au(t,m). (IV.3.1)
(i) w is a viscosity subsolution of (IV.2.10) if, for any (t,m) € Qo s.t. Cyx(t,m) = {m},
min{—(Ly + F), (Dre).}(t,m) <0, VY ¢ e Au(t,m). (IV.3.2)
(iii) w is a wviscosity solution of (IV.2.10) if it is a viscosity supersolution and subsolution.

Remark IV.3.2 Without loss of generality, we may assume that the maximum in the

definition of Au(t,m) is strict. Indeed, for ¢ € Au(t,m), we set
B(s,m) := p(s,m) — (s — )2 — (M(R%, 1) —m(R%, 1)) for all (s,7m) € Q.

It is obvious that ¢ € C'Ql’l(@t). As ¢(s,m) = ¢(t,m) if and only if s =t and m = m (since
m(R%, 1) = m(R%,1), and observing that in this case /m = Py, < m for some P € P(t,m)),

80



CHAPTER IV. VISCOSITY SOLUTIONS FOR OBSTACLE PROBLEMS ON
WASSERSTEIN SPACE

we deduce that ¢ € Au(t,m) and the maximum is strict. Moreover, simple computations
show that 0;@(t,m) = Owp(t,m) and Lp(t,m) = Ly(t,m). An analogous statement holds
for Au(t,m). [ |

Our first result shows the consistency between classical and viscosity solutions.

Theorem IV.3.3 Let u € 021’1(60). Then w is a classical sub- (resp. super)solution of
(IV.2.10) if, and only if, it is a viscosity sub- (resp. super)solution of (IV.2.10).

Proof (i) Let (t,m) € Qp. If u is a viscosity super/subsolution, then given its smooth-
ness we have u € Au(t,m) N Au(t,m), and we immediately deduce that u is a classical
super /subsolution. In particular, by [74, Lemma 4.3], u is nondecreasing for < implies that
Diu > 0.
(ii) Assume u is a classical supersolution of (IV.2.10). By (IV.2.11) we see that Dyu > 0,
then by |74, Lemma 4.3] again we see that u is nondecreasing for <. Now let ¢ € Au(t,m)
with corresponding §. Introduce 1 := ¢ — u and let P € P(¢t,m) be defined by (IV.2.4)
s.t. X is unstopped under P. By definition of Au(t,m), we have v(t,m) > ¥(s,Py,) for
all s € [t,t + d]. Applying 1t6’s formula (IV.2.8), since the jump terms are equal to zero
under P, we obtain: —% tt+6 Le(s,Py,)ds > 0. Send § — 0, by the continuity of s — Py, we
have —Li(t,m) > 0, hence —(Ly + F)(t,m) > —(Lu + F)(t,m) > 0 by the supersolution
property of u.

Assume now that u is a classical subsolution. Let ¢ € Au(t,m) with corresponding 4,

and assume that (Dr).@(t,m) > 0 and Cy(t,m) = {m}. By definition of Au(t,m), we have
[ —u)(t,m) < [p —u](s,Py,), forallseltt+d],PeP(t,m). (IV.3.3)

Set s = tin (IV.3.3), then it follows from the arbitrariness of P € P(¢,m) that [p—u](t,m) <
[ — u](t,m) for all m" < m. Following the arguments of [74, Lemma 4.3, we deduce from
above that D[y — u|(t,m,-) < 0, and therefore (Dru).(t,m) > (Drp)«(t,m) > 0. The
subsolution property of u then implies that —(Lu+F')(t, m) < 0. Using It0’s formula (IV.2.8)
under P again on [t,t+6], we get from (IV.3.3) that —(Lo+F)(t,m) < —(Lu+F)(t,m) < 0.
|

IV.3.2 Some regularity results

In this subsection, we present some regularity results which will be used in the rest of

this section. Since our main focus is the viscosity properties, we postpone their proofs to
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Appendix IV.5.
Lemma IV.3.4 Under Assumption IV.2.1, the value function V is USC.

Theorem IV.3.5 (i) Assume f and g are uniformly continuous in (t,z,m), under Wy for
m, then V is continuous on Qq, under Wy for m.
(ii) Assume further that b,o are uniformly Lipschitz continuous in m under Wi, and f,g

are uniformly continuous in m under Wi, then V' is also continuous in m under YW;.

Even for the standard optimal stopping problems, one can hardly expect the value func-
tion to be smooth. We next establish a regularity result for the value function when X is
unstopped. For (t,m) € Qq, let Pv™ € P(t,m) be as by (IV.2.4), and define

T
U(t,m) = g(ﬁé}?)—i—/ F(r,Py™)dr. (IV.3.4)
t

Lemma IV.3.6 Forp =b,0, f, g, assume @ is continuous int and 0, 6mp, Oxbmp, 02, 0mep
exist and are continuous and bounded and that, for ¢ = b,o, all ther derivatives of ¢ are
Lipschitz up to order 2. Then U € CY2(Qy) with bounded 0,6,,U, Opr6nU and in particular
U e 021’1(60). Moreover, if b, o, f,g are uniformly Lipschitz continuous in m under Wy
with a Lipschitz constant L, then U is uniformly Lipschitz continuous in m under Wy with

a Lipschitz constant C,.
Finally, we introduce a smooth mollifier for functions on the Wasserstein space.

Lemma IV.3.7 (i) Let U : P2(S) — R be continuous. There exists {Up}n>1 in C*°(Pa(S))
such that nl;néo ng/[\)/( |Un,(m) — U(m)| =0 for any compact set M C Pa(S);

(ii) Let U : P1(S) — R be continuous under Wy. There exists {Up}n>1 in C°(Pa(S)) N
CO(P1(S)) such that nh_}rgo 722/134 |Un(m) — U(m)| =0 for any compact set M C Pi(S);

(iii) Assume further that U is Lipschitz continuous under Wy, then we may choose {Uy, }n>1

to be Lipschitz continuous under Wy, uniformly in n.

The mollifier is adopted from Mou & Zhang [61]. Note that the extension of the state space
from R? in [61] to S here is straightforward. We remark that if U is Lipschitz continuous

under W, in general the Lipschitz continuity of U, under W5 is not uniform in n.
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IV.3.3 Viscosity property

We first need a simple lemma whose proof is postponed to Appendix IV.5.

Lemma IV.3.8 (i) Let v : Po(S) — R be LSC, and m € Py(S) s.t. v(m) > v(m') for
all m'" <X m with continuous conditional transition probability. Then v(m) > v(m') for all
m' < m.

(i) Let p € CY(Qq,R) admit a continuous linear functional derivative d,p. Assume we have

(Drp)«(t,m) > 0 for some (t,m) € Qo. Then ¢ is nondecreasing for < in a neighborhood
of (t,m).

Theorem IV.3.9 The value function V is a viscosity solution of (IV.2.10).

Proof First, by Lemma IV.3.4, V inherits the local boundedness of g.

(i) We first verify the viscosity supersolution property. Fix (t,m) and ¢ € AV (t,m). We
may assume w.l.o.g. that [Vi — ¢](t,m) = 0. Let & > 0 and (tn,mp)n>1 € Ns(t,m)
converging to (t,m) s.t. V(t,, my) — Vi(t,m), and denote 1, := [V — ¢|(t,, my) > 0, as
V > Vi. Thus, we have i, — 0. By the DPP (IV.2.5), we have

n—oo

Sn _ B
M+ @tn, mn) = V(tn,mn>2/t F(r,Py)dr + V (s, Pr )

Y

/ F(r,Pym)dr + Vi(sn, PPm ) > / F(r,Py)dr + o(sn, PY" ),
tn " tn ’ o

where P := Pt ¢ P(t,,my,) is defined by (IV.2.4) such that X is unstopped, and s,, :=
tn + hn with by, := /1, V n~!. Thus, by It6’s formula, the above gives h,, + ﬁ Li” —(Le+
F)(r,Py")dr > 0. Send n — oo, since h,—0, we obtain —(Ly + F)(t,m) > 0.

We now prove the remaining part of the supersolution property. Let m’ < m with
transition probability p. By Lemma IV.3.8 (i), we may assume without loss of generality
that p is continuous. For all n > 1, define m] < m,, as the measure obtained from m,,
by applying the same p. Given the continuity of p and the compactness Nj(t,m), we see
by (IV.2.9) that Wa(mi,,m') — 0. Let P™™ € P(ty,mn) be st. Py = ml,, and
I, =1I;,, P"™a_a s, for all s > t,. By (IV.2.5),

Vtn, mp) > / E(r, Is?/p:"’m%)dr + V(s, ISnYZ"’m;I), forall s > t, andn > 1. (IV.3.5)
tn

Take s = t,, and liminf, o in (IV.3.5), we obtain Vi(¢t,m) > Vi(t,m') as V(tn,my) —
Valt, m).
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(ii) We next verify the viscosity subsolution property. Let (t,m) and ¢ € AV (t,m) be s.t.
Cy+(t,m) = {m} and (Drp).(t,m) > 0. We may assume w.l.o.g. that [V* — ¢|(t,m) =
0. Let 6 > 0 and (tn, my)n>1 € Ns(t,m) converging to (¢,m) such that V(t,,m,) —

n—oo
V*(t,m), and denote —n,, := [V —¢|(tn, my) < 0. Thusn, — 0. Forn > 1, since g is USC
n—oo
and Pty mn) is compact, there exists P™* € P(tn, mn) sit. V(tn,mn) = i F(r, Py )dr +
g(Py:). By DPP, we have

Sn T
Vtn, my) > / F(r, P?,’T*)dr + V(sn, PT;,;* ) > F(r,Py)dr + g(P;L/;),
tn " "

tn

where s, :=t,, + h, with h, := /n, Vn~!, and thus,

V(tn, my) = F(r,PYS)dr +V (sn, Py ). (IV.3.6)

tn
Note that P™* € P(t,,my,) C P(t,m) for all n, and P(t,m) is compact, we may extract
a subsequence (still denoted the same) s.t. P™* - P*, for some P* € P(t,m). As
the trajectories r P%* are cadlag and s, | t, this implies WQ(P?/;Z,m*) e 0, where
m* := P}, <= m as P* € P(t,m). Thus, taking the limsup,,_,, in (IV.3.6) and recalling
V(tn,my) — V*(t,m), we have V*(t,m) < V*(t,m*). As Cy«(t,m) = {m}, we obtain

m* = m. Moreover, (IV.3.6) also implies that
1+ @, M) < / F(r, P?;*)dr + ©(8n, P?,:;_) for all n > 1. (IV.3.7)
tn

Let Byy,(m, ) denote the W ball centered in m, with radius 6. By Lemma IV.3.8 (ii), the
fact that (Drp)«(t,m) > 0 implies that ¢ is (strictly) increasing for < on [¢,t+06) X By, (m, §),
for a possibly smaller § > 0. By convergence to (t,m), we have {Py",t < r < s,} C
Byy,(m, d) for n large. Then Dro(r,Py" ,-) > 0 and o(r, Py ) > @(r, Py") for t <7 < sp.
Using the fact that the trajectories are cadlag, by applying Itd’s formula on (IV.3.7) we
obtain —(Ly + F)(t,m) < 0. |

IV.3.4 Stability

Theorem IV.3.10 Let {u:}es0 and {ve}leso be two families of viscosity subsolutions and
supersolutions of (IV.2.10), respectively. Assume that the following relaxed semilimits are

finite

u(t,m):= limsup wu.(s,m), and v(t,m):= liminf v.(s,m), (t,m) € Q,,
(g,8,Mm)—(0,t,m) (g,8,m)—(0,t,m)
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where the limits are sequences (En,tn, my) — (0,t,m), with (t,, m,) € Np_i(t,m). Thenu
(resp. v) is a USC (resp. LSC) viscosity subsolution (resp. supersolution) of (IV.2.10).

Proof (i) We prove the stability of the supersolution first. Observe that we may assume

without loss of generality that v, is LSC as v(t,m) = ( lir)n iz%f )(vg)*(s,ﬁl).
e,s,m)—(0,t,m

Fix (t,m) € Qg, and ¢ € Av(t,m) with corresponding d, and s.t. (t,m) is a strict
maximizer of ¢ — v on Ns(t,m), see Remark 1V.3.2. By definition, there exists a sequence
(Enstn,my) — (0,8, m) s.t. ve, (tn, myn) — v(t,m). Note that (t,,my,) € Ns(t,m) for all n
large, then we can find &' < § s.t. N (t,,m,) C Ns(t,m). Let (,,m,) be a maximizer of
© — ve, on Ny/(t,, my). We first note that

~

(Fn, 11m) —> (t,m). (IV.3.8)

n—oo
Indeed, (f,,7,) € Ny (tn, myn) C Ns(t,m) for all n. Thus, by compactness, there exists a
subsequence (still named 72,,) converging to some (£,1) € Ns(t,m). Observing that

[p —2](t,m) = li_>m [p = ve, | (tn, M) < liH_l)inf[QP — 0z, ) (En, 110

< limsuple — ve,|(fn, hn) < [p — v](E, ™),

n—oo

we conclude from the fact that (¢,m) is a strict maximizer of ¢ —v on Nj(t,m) that (£,7m) =
(t,m), and thus (IV.3.8) holds true. Then, given that (¢,,m,) and (£,,7,) have the same
limit, we have Ny (tn, ) C Ng(tn, my) for some §” < § and n large enough. Then,
as (tn,My) is also a maximizer on Ny (£,,7,), the supersolution property implies —(Ly +
F)(tn,my,) > 0, for n large enough, and we derive the first part of the supersolution property
of v by sending n — oo.

We now prove that v is increasing for <. By Lemma IV.3.8 (i), it suffices to prove that
v(t,m) > w(t,m’) for a given m’ < m with continuous conditional transition probability
p. We define for all n the measure m] = m,, obtained from m, by applying p. As
Wa(my, m) — 0 and p is continuous, similarly to the proof of Theorem IV.3.9, we see that
Wa(ml,,m’) — 0. Moreover, by the supersolution property of v, , we have v., (t,, m,) >
Ve, (tn,m}), for all n > 1, and we conclude by taking the liminf that v(¢,m) > v(¢t,m’), as
the Lh.s. of the inequality converges.

(ii) We now prove the stability of the subsolution. Similarly to (i), we may assume that

{ue}e>0 1s a family of USC viscosity subsolutions of (IV.2.10). Let (t,m) and ¢ € Au(t,m)
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be such that (¢,m) is a strict local minimizer of ¢ — u. Assume that Cgz(t,m) = {m}
and (Dry)«(t,m) > 0. Following the same argument as in the previous step, replacing
maximizers with minimizers, we may construct (%,,7,), converging to some (f,7), and

satisfying the inequalities

[ —@|(t,m) > limsup [ — ue,|(f,, 170,) > liminf [p — u |(tn, n) > [@ — T)(E, 7).

n—0o0 n—00
By the strict minimum property of (¢,/m), this again implies that (£,72) = (t,m), and

li_>m U, (tn, n) = W(t,m). By Lemma IV.2.3, we may now take m}, € argmin Cy_ (f5,15,).
n—00 <

By compactness, there is a subsequence {m} },>1 converging to some m*. As Ue, (tn, 11y) <
U, (tn,m}) for all n, by definition of C.,, (tn,1,), taking the lim sup implies u(t, m) <
u(t,m*), hence m* = m as Cgz(t,m) = {m}. As (Drp).(t,m) > 0, 1, and m}, are both in a
neighborhood where ¢ is strictly increasing for n large enough, and thus [p — uc, |(tn, 770,) >
[ —ue, ] (tn, m?), which implies equality by definition of (#,,77,) and the fact that ({,, m}) €
N (tn, ). Then ¢ € Aug, (tn,m?). As C

Ugqp,

(tn,m?) = {m*}, the viscosity subsolution

implies —(Ly + F)(t,, m%) < 0 for n large enough, and we conclude by letting n — co. W

IV.3.5 Comparison

Theorem IV.3.11 (i) Let u be an USC viscosity subsolution of (IV.2.10) satisfying u|i—r <
g. Assume further that f is uniformly continuous in (t,x,m) under Wa. Then u < V.

(ii) Let v be a LSC wiscosity supersolution of (IV.2.10) satisfying v|i=r > g. Assume further
that b, o, f, g can be extended to P1(S) under Wy continuously; b is uniformly Lipschitz
continuous in (x,m) under Wyi; and o has the regularity required in Lemma IV.3.6. Then

v>V.

Proof (i) We first compare V' and u. Assume by contradiction that u(¢,m) > V (¢, m) for

some (t,m). Then, for € > 0 small enough,

T
u(t,m) — ps(t,m) > sup / F(r,Py,)dr + g(Py,), (IV.3.9)
PeP(t,m) Jt
where ¢ (s, ) := e[(T —t) + m(R%,1)]. Let (t*,P*) be s.t.
t*
(=gt )+ [ FlrPi,Jar

t
s

= max (u—e)(s,m) + /F(r, Py, )dr. (IV.3.10)
(s,m,P) € Np_(t,m) X P(t,m) : t
m € {Py,_,Py;}
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where m™* is the optimal argument in {P;‘,t*_, P%* }. Clearly t* < T. Indeed, if t* = T, then
(T,m*) € Np_¢(t,m), and by (IV.3.10) and (IV.3.9) we have

T
u(T,m*) —em*(R%, 1) + /t F(r,Py )dr > (u — ¢:)(t,m)

T T
> sup / F(r,Py,)dr + g(Py,) > / F(r,Py )dr +u(T,m"),
PeP(t,m) Jt t

as u(T,-) < g. This is the desired contradiction. Moreover, by Lemma IV.2.3, we may
choose m* to be the smallest one which keeps the same value (u — @) (t*,m*). Note that

this change is only at t*, and thus has no impact on the value of ftt* F(r,Py, )dr. Then
(u— o) (t*,m*) > (u— ) (t*,m'), forall m* #m’ < m*. (IV.3.11)
Furthermore, we note that, since m ~ m(R?, 1) is increasing, by (IV.3.11) actually we have
w(t*,m*) > u(t*,m’), forall m* #m' < m*, namely C,(t*,m*)={m*}.(IV.3.12)

Next, let f*, f~ denote the positive and negative part of f, respectively, and py the

modulus of continuity function of f. Introduce:

N

~

T(s,z,m) = ft(s,z,m) — po(‘ﬁl(Rd, 1) — m*(Rd, 1)‘
(s,z,m) = f(s,z,m) + pg(‘rh(Rd, 1) — m*(R%, 1)!

)i
).

It is clear that f *f are also uniformly continuous in (s, z,m) (under Ws). For € > 0, by
Lemma IV.3.7 (i) let i:,?; be a smooth mollifier (under W) such that

N

|

£ - € * *
|i:zr_I+‘§67 ’fn_f |§67 on P(t,m )

Then, for all (s,m) € Np_(t*,m*) with corresponding P € P(t*, m*), and t* < r < s,

considering the case m = Py, _, we have

E” Hf*(s, Xo,Pixo i) s — [ (s, Xo,m) I

} < o (W2(P(XS,L-)7 P(Xstf)))
< po(VEPIL = L-P1) < po(/EPILer = L)) = po(jin(R%, 1) — m* (R, 1) ).

Then
EP [f+(s,XS,P(XSJT))IS,)] > EP [f’(s,Xs,rh)Is,}
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and, similarly,
EP |:f_(t*7 Xt*a P(XS,IT))It*i| < EP [?_(t*, Xt*7m)-[t* .

Thus, by (IV.2.1) and the regularity of f, we have
F(r,Py,) = E°[£(r, X, Py, ) L] = EP[£4(r, X0, Py, ) = £~ (1 X Py, ),
> EP £ (r Xp Py ) e = 7 (r, X0, Py ) e
> E° :f+(8, X Poxg M s = f7 (8, X, P(XS,IT))It*} —p(s —t%)

> P [ (s, Xoom) e — (8, X ) | — pls — 1)

> EP| £ (s, Xos i) Lo = F (8, X i) I | = = = pls = £,
for some modulus of continuity p which can be chosen to be smooth on (0,00). That is,
F(r,Py,) > /f::(s, x,m)i m(dz,di) — /f;(t*,x,rh)i m*(dx,di) — % —p(s—t").
In the case m = Py,, following similar arguments we see the above still holds true. Denote
o (s /f+s:cm)zmdxdz /f (t*, z,m)i m*(dx, di),
U (5,17) = el ) — 5 = 1) 025, 17) — 5 — (s — 1),

which are obviously in 021’1(60). Then, by (IV.3.10),

(u = 92) (%, m*) = (u = @) (t",m") = (u = @e)(s,m) + ; E(r, Py, )dr
> (o) (5, 7) + (5 — 1) [0, 7) — & — pls — 1)) = (= ) s, 7).
Thus ¢ € Au(t*,m*). Note that

Lot +F]<t* m*) = |Lge = 67 + 5+ (") = —e = 62(t"m") 4 5+ F(t"m")
+/ LJF t,z,m*) — f, (t", z,m")]i m*(dz,di) + F(t*,m")

/L+ (t*,z,m*) — f (t*,2,m*)]i m*(dz, di) + F(t*,m")

| /\

< -

oa\m w\m w‘

/ [f+( m*) — f_(t*,:c,m*)]i m*(dz,di) + F(t*,m") = —% < 0;
(DY) (s,m) = — (s — t*)(Dmﬁ?)(s,ﬁ@), and thus (Dryl).(t*,m*) = > 0.

Recall (IV.3.12), this contradicts the viscosity subsolution property of w.
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ii) We next compare V and v. Fix € > 0. For each n > 1, denote t; := t(n) = Q, 0<71<n.
p i n

First, note that, for (¢,m) € Qq, it follows from the continuity of the coefficients that

T
V(t,m):= lim V,(t,m), where V,(t,m):= sup / F(r,Py,)dr + g(Py;),
) Jt

n—00 PeP,(t,m

Pn(t,m) = {P € P(t,m) : T takes values in {t1,...,t,} N [t,T], P—a.s.}.

Step 1: We show that (V;, — v)(tn—1,-) < . Assume to the contrary that there exists
mp—1 such that (V,, — v)(tn—1,mp-1) > =. By the definition of P, (t,—1,mpn-1), we have
ft (r, Ptm dr + g(P "™, t € (tyn_1,T], where P¥™ € P(t,m) is defined by

(IV.2.4).

Let 61,62 > 0 be small numbers which will be specified later. Applying Lemma IV.3.7
(ii), (iil), let (gk, fx,br) be the smooth mollifier of (g, f,b) (under Wi), where by is also
mollified in (¢, z) in a standard way, such that ||gr — glleo + || & — flloo < 01, ||k — blloo < 02,
and g is Lipschitz continuous under W; with a Lipschitz constant L; depending on k,
and by, is uniformly Lipschitz continuous in (x,m) under W; with a Lipschitz constant L
independent of k. By otherwise choosing a larger L we assume o is also uniformly Lipschitz
continuous in (z,m) under W; with Lipschitz constant L. Let U¥1"*2 be defined by (IV.3.4)
corresponding to (bg,,d, gk, , fr,). Then, by Lemma IV.3.6,

1
QUFTE2 (t,m) + / [bhs - 0ubmUP ™ + 507 1 02,6mUF ™ + fi, [ m(dar, 1) = 0,(1V.3.13)
Rd

and UF1*2 is Lipschitz continuous in m under W, with a Lipschitz constant CL»Lkl in-
dependent of ko. Here, 5mel’k2 is in the sense of (IV.2.6). This, in particular, implies
\Bzémel’kQI < Cp,1,, for all ky. Then, we deduce from (IV.3.13) that

(LUkLk2 Fkl)(t,m)‘ - ) /(b by - Dub U 2 (de, 1)‘ < Cp 1, 02, Vh > (IV.3.14)
where Fy, (t,m) := [ga fr, (t,2,m)m(dz,1) as in (IV.2.1). Moreover, since
5t,m.k ! 5t,m.k
U520 m) = g (P + [ Pl P,

where P4™*2 is s.t. X is unstopped with drift coefficient by, instead of b, one can easily
show that
UktR2(t m) — (g(lst’m)—i—/T F(r, Ptm dr) ‘ < C[61 4+ d2) < i
’ Yo ] 1 2 An
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for 41, 62 small enough. Then

T ! — /
Vo(tn—1,mp—1) = sup / F(r, f’%_l’m )dr + g(Pg}LT‘l’m )

m/'Zmp—1 Jt,_1

g
< sup URR(t,,m!) + —
m'<mp_1 4n

By the supersolution property, v is nondecreasing for <, hence

€ €
— < (Vn - U)(tn—lymn—l) < sup (Uk1,k2 - U)(tn—la m/) + —.
n m/=<mn_1 4n
This implies that,
T — 3 T
max (U**2 — ) (s,1m) — e L5 € (IV.3.15)

(s;)ENT (tn—1,mn_1) n 1= 4n  n2 = 2n’

for n sufficiently large. Note that (U"*2 — v)(T,Py,) < (g9k, — 9)(Py;) < £ for all

P € P(tp—1,mp—1) and v is LSC, then by compactness of Nz (t,,—1,m,—1) there exists an

optimal argument (t*,m*), t* < T, to the above maximum. Thus ¢(s,m) := UFL*2 (s, 1) —
L=s ¢ Av(t*,m*), and therefore,

1

0 < _(LQO + F)(t*vm*) = _(LUkl’kQ + Fkl)(t*7m*) + (Fkl - F)(t*,m*) -

n

* * 1

< Crpy, 02+ (Fy, — F)(t°,m") — o

where the last inequality thanks to (IV.3.14). Fix k; so that (Fj, — F)(t*,m*) < 5= and set

09 small enough, we obtain the desired contradiction.

Step 2: We show that (V;, — v)(tp—2,") < %5 Assume to the contrary that there exists
Mmp—2 such that (V,, — v)(tn—2, mp—2) > % By the DPP, we have
tn—1
Va(tn—2,mp_2) = sup / F(r,Py,)dr + Vo (tn—1,Py, ),
Pepn(tn727mn72) th—2 "
Observe the fact that v is a viscosity supersolution of (IV.2.10) also implies that v + = is a
viscosity supersolution. Moreover, by Step 1, we have (v + £)(t,—1,-) > Vy(tp—1,-). Thus,

using the same procedure as Step 1 (where V,, replaces g on (t,,—2,t,—1]), it follows that

(Vi — (v + %))(tn_:,,» <

S|o

Finally, by backwards induction, we have (V,, — v)(t,—j,-) < % for all j € {0,...,n}, and
thus (V;, —v)(t,-) < e, which implies by the arbitrariness of n and ¢ that v > V. [ |
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IV.3.6 Infinite horizon case

As in |74, §6.1], we may formulate the problem in infinite horizon (i.e., in the case T = o),

by replacing Assumption IV.2.1 with the following conditions:

Assumption IV.3.12 (i) Assumption IV.2.1 holds true on [0,00);
(i) fOOO SUPmepy(S) |[F'(t,m)|dt < oo;
(iii) For any (t,m) and P € P(t,m), Xoo := limy_, o0 X; exists, P-a.s.

We remark that one sufficient condition of (i) above is that |f(¢,2,m)| < Ce™* for some

constants C, A\ > 0, and a special case of (iii) is:

1
d=1, b=byx, o=o¢x, by— 503 < 0. (IV.3.16)

That is, under the P%™ in (IV.2.4), the unstopped process X is a Geometric Brownian
motion and X,, = 0. All the previous results still hold true in this case, after some obvious

modifications.

IV.4 Examples

In this section we revisit the three examples studied in [74], and add a new example con-
cerning probability distortion. Note that in [74| we assumed that the value functions are
smooth, which is hard to verify. In this section we show that they are the unique continuous
viscosity solution of the corresponding obstacle problem. Note that we shall allow both
T < oo and T = oo, and correspondingly we always assume Assumption IV.2.1 or IV.3.12,
and we shall report the detailed arguments in the case T' < oo only. Moreover, for simplicity

in this section we always assume f = 0.

IV.4.1 Connection with standard optimal stopping

Assume for this example that b and o do not depend on the measure variable m. For a

measurable function v : R? — R, we define the optimal stopping problem

V(t,m):= sup EP[¢(XT)}, (t,m) € Q. (IV.4.1)
PeP(t,m)

That is, g(p) = [a ¥(x)p(dz) for p € P2(RY). We also introduce v(t,z) := V(t, S(z,1)),
which is related to the standard obstacle problem: recalling (IV.2.7),

min{—(0 + L)v,v — ¢} =0, o(T,-) =1, where Lv:=b-0yv+ %az 02,0, (IV.4.2)
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Proposition IV.4.1 Assume b,o do not depend on m, o satisfies the reqularities required
in Lemma 1V.3.6, and ¥ is uniformly continuous. Then V is the unique continuous viscosity

solution of the corresponding obstacle equation (IV.2.10), and it holds

V(t,m) = / [v(t, z)i + ¥ (z)(1 — i) m(dz, di). (IV.4.3)
S
Moreover, there exists a pure strateqy optimal stopping time.

Proof First, by the uniform continuity of v one can easily show that g is uniformly
continuous in m under Wj. Then by Theorem IV.3.5 V is continuous in ¢ and uniformly
continuous in m under W;. Thus it follows from Theorems IV.3.9 and IV.3.11 that V is the
unique viscosity solution of (IV.2.10).

It remains to verify (IV.4.3). Let P* € P(¢,m) be such that,
T=inf{s > t:v(s,Xs) =¥(Xs)}, P"—as. on{;— =1} (IV.4.4)

By the standard optimal stopping problem, see e.g. Karatzas & Shreve |19, Appendix D], v
is continuous and P* is optimal. Then by (IV.4.1) we derive (IV.4.3):

Viem) = [ g()m(d,0) + /R E” [¢(XT)\Xt:x}m(dx, 1)

— [ vlem(dn0)+ /R;)(t,x)m(dx, 1).

Moreover, clearly the optimal stopping time determined by (IV.4.4) is a pure strategy. W
We remark that, by utilizing (IV.4.3), it is possible to prove the uniqueness of viscosity

solution under weaker requirement on o. We leave the details to the interested readers.

IV.4.2 A generalization of the mean variance problem

Consider the optimal stopping problem:

V(t,m) := Pe%g) )QO(EP[Q,Z)(XT)])v (IV.4.5)

where 1 : RY — R¥ for some k > 1 and ¢ : R¥ — R. That is, g(u) = go(fRd ¢(m),u,(dx)>.

Proposition IV.4.2 Let b, o satisfy the conditions in Theorem IV.3.11 (ii), ¢ be uniformly
continuous and ¢ be continuous. Assume further that either v is bounded or ¢ is uniformly

continuous. Then V' is the unique continuous viscosity solution of the corresponding obstacle
equation (IV.2.10).
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Proof Note that, when || < C, we have |[EP[)(X7)]| < C and thus in (IV.4.5) we
may replace ¢ with the truncated function pc(z) := go(lz%z), z € R¥, which is uniformly
continuous. Then in both cases, we may assume w.l.o.g. that ¢ is uniformly continuous, and

therefore, g is uniformly continuous in g under W;. Then the results follows from Theorems
IV.3.5, IV.3.9, and IV.3.11. |

Remark IV.4.3 (i) In the case that ¢ is convex: ¢(z) := sup,[az — ¢*(a)], we have
V(t,m) =sup [Vo(t,m) — ¢*(a)], where V,(t,m):= sup EF[a-¢(X7)].
o PeP(t,m)
Let a*(t,m) be the optimal argument, then the optimal P* for V. (; ,,)(t,m) is also optimal
for V(t,m), and thus by Proposition IV.4.1 there exists a pure optimal strategy for V (¢, m).
Moreover, let P* be the optimal control for V/(0,m) and Vi« (g, (0,m) as above, and

denote mj := Py,. Then, by the DPP for V' and for Vi« (g,m), we have
V(t,m;_) =V (0,m) = Va*(o’m)(o,m) — " (a™(0,m)) = Vo (0,m) (t,m;_) — o*(a(0,m)).
That is, a*(0,m) is optimal for sup,, [Vu(t,m;_) — ¢* ()], or say, a*(t,m;_) = a*(0, m) for

all ¢.

(ii) A more special case is the mean variance problem: for some constant A > 0,

A A
d=1, k=2, ¢i(z)=2, vo(x)=2% ¢(21,22) =2+ 52% -5 (IV.4.6)

In the homogeneous case (IV.3.16) with T = oo, Pedersen & Peskir [64] solved the problem
V(5(z,1)) and the optimal stopping time is a pure strategy. We are in a much more general
framework. However, we should point out that (IV.4.6) does not satisfies the technical

conditions in Proposition 1V.4.2. |

IV.4.3 Expected shortfall
Let d =1, and fix some « € (0, 1), we consider the mean field optimal stopping problem

V(t,m):= Pgi)rg’m) ESE(X7) for all (t,m) € Qy,

where ESE denotes the expected shortfall under P, i.e., for any r.v. Z with law pu,
1 [« 1
= BSP(Z) = ~ Zydy=inf {8+ [ (@ B) p(de)}, (V4
o) =B2) = - [y = int {5+ = [ 0= )Tutan)}, (van

where ¢, (Z) :=inf{z: u(Z < z) > ~}.

Here the second equality has been established by Rockafellar & Uryasev [69].
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Proposition IV.4.4 V is the unique continuous viscosity solution of the corresponding

equation.

Proof Clearly, z — (x — )" is Lipschitz continuous with Lipschitz constant 1. By
(IV.4.7), this implies that g is Lipschitz continuous, and, given our assumptions on the

coefficients, we conclude similarly to Proposition IV.4.2 that the required claim follows. H

Note further that

V(t,m) = /i’relg B+ ﬁVg(t,m)], where  Vg(t,m) := Pai)rg’m) EP[(X7 — B)*].

One can easily show that limg_, [6 + ﬁv/g(t,m)] = limg_, o [5 + ﬁV/g(t,m)} = 00,
where the second equality is due to a € (0,1). Then there exists optimal g* = §*(t,m) € R
such that V (t,m) = 8*+ -V (t,m). Therefore, similar to Remark IV.4.3 (i), V (¢, m) and
Vg« (t,m) share an optimal P* € P(t,m), which is a pure optimal strategy as in Proposition
IV.4.1.

Moreover, in the homogeneous case with (IV.3.16) and T" = oo, one can easily show that
V and Vj are independent of ¢, and Vz(m) = B~m(Ry, 1) + [;*(« — 8) Tm(dz,0) whenever
m(R4+,{0,1}) = 1.

IV.4.4 Probability distortion

Consider the following optimal stopping problem under probability distortion:

V(t,m):= sup /oo e(P(Y(Xr) > 2))dz, (IV.4.8)
PeP(t,m) JO

where 1 : R? — [0,00) is a utility function, and ¢ : [0,1] — [0, 1] is a probability distortion

function: ¢(0) = 0,¢(1) = 1, and ¢ is strictly increasing. That is, g(p) = [;° ¢ (u({y >
z}))dz.

Proposition IV.4.5 Let b,o satisfy the conditions in Theorem IV.3.11 (ii), ¢ be a uni-
formly Lipschitz continuous probability distortion function, and v be uniformly continuous.
Then V is the unique continuous viscosity solution of the corresponding obstacle equation
(V.4.2).

Proof As in the previous examples, it suffices to show that ¢ is uniformly continuous in

m under Wj. Given arbitrary pi, us € Pg(Rd) and, for i = 1, 2, let & be a random variable
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on (Q, F,P) such that P¢, = p; and EP[|&1 — &|] = Wi (u1, pi2). Then

T loP(e)) = 2) — o(POU(&) = 2))|d=
0

IN

|9(11) — g(p2)|

IN

C/OOO E|[Lguienz2) — Liwieazay||d= = CEP[o&n) — w(&)] .

Since 1 is uniformly continuous, we see that ¢ is uniformly continuous in px under W;. M

Remark IV.4.6 (i) In the homogeneous case (IV.3.16) with T' = oo, Xu & Zhou [78] solved
the optimal stopping problem V(d(, 1)) for appropriate ¢, 1, and the optimal stopping time
is a pure strategy.

(ii) The mean variance and probability distortion problems are typically viewed as time
inconsistent, as the DPP does not hold for value function v(t,x) := V(t,9(,1)). However,
we emphasize that, by viewing m as our variable, V satisfies the DPP and the problem is

hence time consistent. [ |

IV.5 Technical results

Proof of Lemma IV.2.3. (i) The set {m’ : m’ < m} is in continuous bijection with the
compact set {m € Po(Sx{0,1}) : ho(x,i)~! = m}, with (x,1,i’) the projection coordinates
on S x {0,1}. This shows the compactness of {m':m’ < m}.

(ii) As the map m/ € K(m) — m/(R% 1) is continuous and K(m) is compact, there ex-

ists m € K(m) s.t. m € argminm/(R% 1). Let m’ € K(m) be such that m’ < m with
m/e(m)
some corresponding transition probability p, see the definition in (IV.2.9). Then, clearly

m/(R%, 1) < m(R% 1) and thus equality holds by minimality of m(R% 1). As p < 1, we

conclude that m' = m. [ |

Proof of Lemma IV.3.4. For each (t,m) € Q, and P € P(t,m), we extend P to (Q, Fr)
as follows: denoted as P € ﬁ(t,m), Xs =Xy, I =1, s € [-1,1), P-a.s. We prove the
lemma in two steps.

Step 1. For any compact M C Py(S), denote Py := Uttm)eo,r1xm P(t,m). For each
(t,m), P € P(t,m), and R > 1, following the proof of [74, Proposition 2.2] we have

EP[Ix;?] < C / j«2m(dz, {0,1});
Rd

5 1
EP [| X521y = <C/1—i—gc2 1 + —|m(dx, {0,1}).
(X3P Lz zm] < C [ 1+ ) [Lgapymoy + ] mlde 0,1))
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where X7 := supg<s<7 | Xs|. By the compactness of M, one can easily see that

sup EP[|X5?] < oo, Jim - sup Eﬁ[lX?lzl{\X;\ZR}] =0.

PePrm PP

Then the set Ppq is compact. That is, for any (tn,mp) € [0,T] x M and P™ € P(t,, my),
there exists a subsequence, still denoted the same, such that P" — P* under W, for some
P* € Pa(2, Fr).

We may assume w.l.o.g. that (¢,,my) — (t*,m*) under Wy for some (t*,m*) € [0,T] x
M. We next show that P* € P(t*,m*). Indeed, for any § > 0, we have t* —§ < t,, < t* +§
for all n large enough. By the required convergence, it is obvious that Xy = X5, [s =
L 5,8 < t* — §,P*a.s., and If’;‘/t_é = m™*. Thus, by sending § — 0, Xy = Xp», [y = L=,
s < t¥, P*-a.s. and FA)%*, = m*. Here we used the fact that X has continuous paths.
Moreover, following the arguments in |74, Proposition 2.2] again, we see that the processes
M and MM " in (IV.2.3) are P*-martingales, on [t* + 6, 7] for all § > 0, and hence also on
[t*,T] (again since X is continuous). That is, P* € P(t*, m*).

Step 2. We now show that V' is USC. Fix (¢,m) and choose (t,,m,) — (t,m) such

that lim V(tp,my) = limsup V(f,/m). For each n, let P* € P(t,,my) be optimal:
(t,m)—(t;m)

V(tn, mp) = ft (r, Py, )dr + g(Py,.). Note that M := {m, my,n > 1} C P»(S) is compact.
By Step 1, we may assume without loss of generality that P > Pe ﬁ(t,m). Then, since

F' is continuous and g is USC in m, we have

T T
i Vit ma) =t [ [ PPy )dr+ 9Py, )] < [ PPy )dr 4 g(Pyy) < Vitm)
n oo n o tn t

This means that V is USC. |

Proof of Theorem IV.3.5. (i) follows similar but easier arguments than (ii), so we prove
(ii) only. Let pg denote the modulus of continuity of f,g under Wi. We proceed in two
steps.

Step 1. Fix t € [0,T] and m,m € Po(S). For any P € P(t,m), by possibly enlarging the
space, there exists (X, I;_) on the space (9, F,P) such that

Pi%,iy=m E {\Xt = X + |- — It—\] = Wi(m,m).
Consider the following SDE on the space (2, F,P): for Y = (X,I),

X, :Xﬁ/ b(r,XT,P?T)LdH/ o(r, Xy, Py VL AW?, I = LDy, P-as.(IV.5.1)
t t
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Denote AY :=Y — Y. Note that I, = I.I,_, then

sup |AL|=I|AL_| < |AI_|, and thus EP[ sup mm] < Wi (m, ). (IV.5.2)
t<r<T t<r<T

Moreover, for ¢ = b, o, by the desired Lipschitz continuity under W, we have

)90(7”, Xy, Pffr))fr —o(r, Xy, Py, ) I

< C[|AX, [+ Wi(Py, ,Py,)| + C[1 + X, [|AL-|.
By standard estimates, one can show that

€7 [ swp [X.2] < O+ X2,

t<s<T

T
EP[|AX, P gc/ W2(Py. ,Py,)dr + CIAX, > + C sup EP[1+ X )| AT %

t<s<T

T 1

EP[|AX,]] < C(/ W%(P%,Pyr)dr)z L CJAX + Ol + [ X [|AL_|.  (IV.5.3)
This implies that
T 1

e (1aX.) < ([ WPy, Py )ar)” o+ CEP[|AX:] + 1+ PXalIAL-
S T 2
WiPy, Pr) < C [ WiPy, Prdr+ C(E7|aXi| + (L + (Xl AL-])

By Grownwall inequality we have, for any R > 0,

sup W1 (P{/S s PYS)

t<s<T

IN

CEP[|AX;| + [1+ X AL
< CRWl(m,m) + CEP [|Xt|1{|Xt|ZR}} =:0p. (IV.5.4)
Notice that P := P o (X,I)~! € P(t,7). Then
T A
/ F(r,Py. )dr + g(Py,.) — V(t, )
t
T
< [ EPLA0 X0 Py )L = £ Ko PO + 9Py, — Py, )] (IV.5.5)
t
T
< m(WiPs,Py)) + [ E7[m(18X,1) + po(Wa(Py,.Py,)) +17(r X, Py, IAL.

t

The uniform regularity of f implies that
[f(r, Xo, Py )l < [f(r,0,Py, )| + C1Xr| < Ol + [ X0 ],
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where the constant C,, may depend on m. Then, by (IV.5.2), (IV.5.3), and (IV.5.4), we

have
E (14 X, P ) |AL] < O [[1+ X )AL
< CpEP [|Altf| + po(0r) + |AX| + [1 + |Xt|HAIt7|} < C[Wi(m, ) + po(dRr)] -

Plug this into (IV.5.5), we have

T T
/t F(r,Py,)dr + g(Py;) — V(t,1m) < Con [Wi(m, 1) + po(9r)] + /t EP [po(|AX,|)]dr.

Since P € P(t,m) is arbitrary, for some appropriate modulus of continuity p we have
V(t,m) — V(t,m) < Cpp(dr). Switching m,m, and noticing that we may still use X;
in 6r, we have

V(t,m) = V(t, )] < Coupl08): (1V.5.6)
Fix m and send m — m under W, we see that

limsup |V (t,m) = V(t,7)] < Crop(CEP X011, 2m)))
m—m
for any R > 0. Now send R — oo, we see that limyg_,, V(t,m) = V (¢, m).
Step 2. Let t <t and m € P(S). By DPP we have

t t
V(t,m) = sup /F(T, Py )dr + V (t, Py, )= sup /F(r, Py )dr + V (t, Py;),
PeP(t,m) Jt PeP(t,m) Jt (IV.5.7>

V(t,m) = sup V(t,m').

m’/<m

First, for any P € P(t,m), note that m’ := P o (X3, I; )~ < m, then

V(t,Py, )= V(t,m) <V(Px, 1, y) = V({EPx, 1)) < Cnp(dr),

f—

thanks to (IV.5.6) and (IV.5.4), where, following similar arguments as in Step 1,
5p = CREP[|IX;— X,[] + CEP [|Xt\1{‘Xt|ZR}} (IV.5.8)
< COREP[1+|Xy||[VE—t+ CEP[| X1 x, >R

Since P € P(t,m) is arbitrary, by (IV.5.7) we have

i
V(t,m)—V(t,m) < sup / F(r,Py,)dr + Cpnp(0r) < Crnp(dr).
PeP(t,m) Jt
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Next, for m’ < m, choose P € P(t,m) s.t. Iy =L, t < s <t and Po (X;, ;)" =m'.
Then

t
V(t,m') = V(t,m) <V(, P, ) — V(EPx,1) —/ F(r,Py, )dr < Cnp(0r).
t

Since m’ < m is arbitrary, by (IV.5.7) we have

V(t,m) = V(t,m) < Crnp(dg), and thus |V(t,m)—V(¢,m)| < Crmp(dr).

This, together with (IV.5.8), implies the desired regularity immediately. [ |

Proof of Lemma IV.3.6. We shall apply the results in Buckdahn, Li, Peng & Rainer
[14]. For this purpose, we extend functions on Pa(S) to Po(RY x R). Let ¢ : R — R be
a smooth function with bounded derivatives s.t. 0 < ¢ < 1, ¢(0) = 0, ¢(1) = 1, and
® :1m € Po(R? x R) =+ m € Py(S), with

m(A,1) = /R(b(y)m(A,dy), m(A,0) = /R[l — ¢(y)]m(A,dy), forall A€ B(RY).

Now for ¢ = b, 0, f, g, define ¢(t,z,m) := p(t,z,P(Mm)). ¢ inherits the regularity of ¢ on
P2(R? x R).

Next, fix a filtered probability space (Q,ﬁT, F, |S) on which is defined a d-dimensional
Brownian motion W. For any (¢,1), let £ € L2(F;;R?), n € L2(F4;R) be such that If’(&n) =
. Consider the following SDE on [t, T] with solution ¥ = (X, I):

A~

X, = £+ / I;(r, Xr, If’YT)¢(fr)dr + / a(r, Xy, If’YT)(ﬁ(fr)dWT; I, = nl[t,T)(s), P-a.s.
t t

We then define, recalling (IV.2.1),

Ult,m) = g(%ﬁ/fﬁ(r, Py.)dr, where F(r,m):= /Rd+1 F(r,z,m)i m(dx, di).

We remark that, since b and o are not necessarily bounded, the coefficients of the SDE
for X is not Lipschitz continuous in I. However, since Iis already given, such Lipschitz
continuity is not needed. In particular, we can apply [14, Lemmas 6.2 and 7.1] so that
oU , 8mU, agmﬁ exist and are continuous and bounded. Here 9,;,U is the Lions derivative
and satisfies: Omf](t,m,ﬁ) = ﬁgémU(t, m, ), see e.g. Carmona & Delarue [21, Vol. 1,
Chapter 5]. We also remark that in [14] the function U takes the form U(t,z,7) while

here U does not have the z-variable. Moreover, note that each m € P(S) can be viewed
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as an element of P(R? x R) with support included in S. Since ¢(0) = 0,¢(1) = 1, one can
easily see that U(t,m) = U(t,m). Then clearly U € C’zl’l(Qo). Finally, the Wy Lipschitz
continuity of U follows arguments similar to that of Theorem IV.3.5, we thus omit the proof

here. [ |

Proof of Lemma IV.3.7 (ii) and (iii) follow directly from [61, Theorem 3.1], after the
straightforward extension to P2(S), as we will do next. Thus we shall only prove (i). For
the ease of presentation, we assume d = 1.

Fix n > 1, we construct U, as follows. First, let H,, ¢} € C*(R), j € Z, satisfy:

0<H,<1, supp(H,)C[-3 3] H,(z)=1for |z]<n, [0,H,|<3;
0<¢7 <1, supp(s})C [le ], ¢?($)+¢§L+1()flforallxe[],fgl}.

See [77, (3.3)] for a construction of ¢. Next, for each j € Z, define

/ &7 (@) Ho(2)u(d) + ;o) / 1 — Hy(2)]pu(dz), (IV.5.9)

for all finite measure p on R. We emphasize that, slightly different from [77], here the p will
be m(-,7) whose total measure is less than 1 and thus it is not a probability measure. Note
that ¢ > 0 and } ;¢ = u(R). Moreover, denote Z,, := {j € Z: [j| < 2n%} with size
N, :=4n? + 1, and

A, = {Z: {zi}jez, 7] < N3 forall j#0, and z:=— Z zj}.
7€z \{0}

We now define, for each Z € A, and m € Py(S), i =0, 1,

My (da, i 2>:=Zjez Pr(mo(-, i), 2)6 5 (da),

oo (IV.5.10)
B (. 2=yl |07 () + w(R) [ + 2]
Note that |z9| < N, 2, and thus wn(u, Z) > 0. One may easily verify that
n > n ) _ Ny, M<R> _ .
ijw,z)— [Zw n]—Nn+1[u<R>+Nn}—u<R>,
J€EZn J€Zn
n(R,%,2) = Z ’(/JJ m(R,7), and thus m,(S,Z2)=1.

JEZy
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In particular, this implies that m, (-, 2) € P2(S) for every 2’ € A,,, where the square integra-
bility follows from the fact that supp (my(+, 2)) is finite. Finally, let ¢, be a smooth density

function with support A,, and we construct
U,(m) ::/ U(mn(, 2))Cn(2)dZ, m € Pa(S). (IV.5.11)
Ap

The smoothness of U,, follows from the same arguments as in [61, Theorem 3.1]. However,
we note that [61] uses the Wj-distance and requires M to be a compact subset of P;(S).
This is mainly for the uniform Lipschitz continuity of U,, which holds only under W;. Here

we provide a proof for the uniform convergence of U,, under Ws. We first show that

M= {ma(,2) imeMn>1,7€ Ay} CPy(S) s compact. (IV.5.12)

Indeed, fix R > 0. Denote ZE := {j € Z,, : |j| > nR} for n > g Then

2
. i oL
/{ \z2my, (dx,i,2) = g 3 ;(m(~,z),z)

|z|>R} jezk

-2
J Nn n . . 1
jeZE " n

From the construction of w;., one can easily verify that
j2
> Lupmein <z [ laPm(ds.).
jezR {lz[>R}

Moreover, note that |z;| < N2 for all j € ZE. Then, for n > &,
/' m%%u@@ag2/) wPm(de, i)+ 3 Lom
{lz|>R} {l=[>R} "
R, R%,
< 2/ |lz|2m(dx, i) + EmR,0) < 2/ |lz|2m(dx, ) + %272)
{lal>R} Nn {lal>R} R

On the other hand, when n < £, we have f{|w\>R} |z|?>my, (dx, i, Z) = 0. Thus,

C
sup / |z|2my, (dx,i,Z) < 2 sup / 2 2m(d, i) + —.
E:{MM} Ej{mm} R

meEMn21,2€8n j—q meMi—0,1

Since M C P»(S) is compact, we have lim sup Z / |z|?*m(dz,4) = 0. Then
{l=[>R}

R—00 ;me M =

lim sup E / |z|?my, (dz, i, Z) = 0.
R=00 meMn>1,2eA, /751 /{|z|>R}
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This proves that M is uniformly square integrable, and therefore compact in Pa(S).

Next, note that M is also compact in P (S), by [61, (3.15)] we have

lim  sup  Wi(ma(-, 2),m) =0. (IV.5.13)
n=0 meM,ZeA,
Then, for any R > 0,

W3 (mp (-, 2),m) < BWy (m (-, 2 +C'Z/ R\x| my(dzx, i, Z) + m(dz, z)]
i=0,1 23

This, together with the uniform integrability of M and (IV.5.13), implies immediately that

lim  sup  Wh(mg(-, 2),m) =0. (IV.5.14)
n=0 meM,ZeA,
Finally, by the compactness (IV.5.12), we see that U is uniformly continuous on M. Then
it follows from (IV.5.11) and (IV.5.14) that ILm sup |Un(m)—U(m)| = 0. [ ]
=00 meM

Remark IV.5.1 While not used in the thesis, the following property is interesting in its
own right: if U is monotone under =, then so is the U, constructed in (IV.5.11). Indeed,
assume U is increasing, and let m’ < m with transition probability p. For each Z € A,,, by
(IV.5.9) and (IV.5.10), it is clear that

0 < PP(m'(-,1),2) <97 (m(-,1),2), and thus p;(2) = P%(m/(-,1),2) / P7(m/(-,1),2) € (0,1].

Since m/(dx,{0,1}) = m(dx, {0,1}), it is also obvious that

> dm =D vjm

1=0,1 1=0,1

Then m) (-, 2) < my(-,2) for each Z € A,, with transition probability p(-,Z) satisfying
ﬁ(%,é’) (2) for all j € Z,. Then, since U is increasing, by (IV.5.11) we see that

Dj
Un(m') < Up(m). ]

Proof of Lemma IV.3.8. (i) Let m’ < m with transition probability p. As m is a
probability measure on (S,B(S)), it is a Radon measure. Then, by Lusin’s theorem (see
Folland [43, 7.10]), we may find for all k > 1 a continuous p; : R? — [0, 1] s.t

m({z: ple) # pr(@)}, 10,1) < 1.
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Let {m/ }r>1 be the measures obtained from m by applying the transition probabilities
kJk=2

{pPk}r>1, and ¢ a bounded and continuous function. Then

| [ dlem@mdn1) - [ otp@imdn, 1) < Lol
Rd R4

and thus mj (dz, 1) converges weakly to m/(dz,1). We do similarly with mj (dz,0), and thus
mj. converges weakly to m’. As {mj]_}1>1 is uniformly integrable, we have limy_, o Wa(mj},,m’) =
0. As v is nondecreasing for <, we have v(m) > v(mj,) for all k > 1. Then, as v is LSC, we
have v(m) > liminf v(m}) > v(m').

(ii)) As (Drp)« i_smiSC, there exists 0 > 0 s.t. (Drg). > 0 on [t,t + ] X By, (m,0). Let
(s,mo), (s,m1) be in this neighborhood, s.t. m; =< mg with transition probability p. Then,

we have

1
o(s,mo) — p(s,mq) = /0 y Dro(t,Amg + (1 — N)my,x)(1 — p(z))m(dz, 1)dA.

By convexity of By, (m, d), we have Dro(t, \mgo+(1—X)mq,-) > 0, hence the desired result.
|
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Chapter V

A finite-dimensional approximation
for the obstacle problem on

Wasserstein space

V.1 Introduction

Lasry & Lions [53] and Caines, Huang & Malhamé [47] introduced mean field games to study
systems of interacting agents as their number goes to infinity. In [17], Cardaliaguet, Delarue,
Lasrly & Lions indeed proved the convergence of the N-players game to the corresponding
mean field game, provided that the value function of the problem is smooth. Since then,
an extensive part of the literature has been dedicated to these convergence issues: see
e.g. Cardaliaguet [16], Bayraktar, Cecchin, Cohen & Delarue |5, 4], Cecchin & Pelino [25],
Cecchin, Dai Pra, Fischer & Pelino [26], Lauriére & Tangpi [55], Djete [32] or Doncel, Gast
& Gaujal [35].

However, the literature is not as extensive when it comes to the convergence of mean field
control problems. We may mention Lacker [52], who proved a propagation of chaos result
for optimally controlled McKean-Vlasov dynamics, or Fischer & Livieri [42], who solved
the mean-variance control problem by first solving its finite-dimensional approximation and
then proving the convergence of the solution as the dimension goes to infinity. We also refer
to Cecchin [24], Bayraktar, Cecchin & Chakraborty [3| and Cardaliaguet & Souganidis [19].

The two contributions the most relevant to our work are the ones of Gangbo, Mayorga
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& Swiech [44] and Talbi [73] (which correspond to Chapter VI of this thesis). In the first
paper, the authors develop a finite-dimensional approximation for Hamilton-Jacobi-Bellman
equations with uncontrolled volatility, in the sense of viscosity solutions (defined via lifting
on the Hilbert space of square integrable random variables). The second paper introduces
an approximation for a class of partial differential equations on Wasserstein space, which
covers the scope of mean field control problems.

Our present objective is to find a finite-dimensional approximation of the mean field
optimal stopping problem introduced in Chapter III, which we characterized by a dynamic
programming equation on Wasserstein space, that we call obstacle problem by analogy with
the equation corresponding to the standard optimal stopping problem (see e.g. El Karoui
[41] or Shiryaev [70]). More precisely, after developing in Chapter IV an appropriate notion
of viscosity solution for our obstacle problem, we now intend to find a finite-dimensional
PDE whose viscosity solutions converge to viscosity solutions of the equation on Wasserstein
space.

This finite-dimensional PDE (that we call cascade obstacle due to its remarkable struc-
ture) naturally turns out to be related to the multiple optimal stopping problem, which
consists in optimizing some reward of a system of interacting particles by assigning each
particle a stopping time (see Kobylanski, Quenez and Rouy-Mironescu [50] for a review of
this problem in a very general setting). In the spirit of Barles & Souganidis |2], we prove
that the semi-relaxed limits of the viscosity super/subsolutions of the cascade obstacle are
viscosity super/subsolutions of the obstacle on the Wasserstein space as the number of par-
ticles goes to infinty. We also complete this result with a propagation of chaos theorem for
stopped McKean-Vlasov diffusion (see Snitizman [72| for the case of classical diffusions).

An important feature that ensures the convergence relies in the choice of the set of
the test functions for the finite dimensional problem. Similarly to the viscosity theory
developed for path-dependent PDEs (see e.g. Ekren, Keller, Touzi & Zhang [37], Ekren,
Touzi & Zhang [39, 40|, Ekren [36] and Ren, Touzi & Zhang [67]), we only require test
functions to be tangent to the super/subsolution through the mean, whereas the tangency
is pointwise in the standard literature. This tangency through the mean can be seen as the
finite-dimensional counterpart of our set of test functions on the Wasserstein space.

The chapter is organized as follows. In §V.2, we present the main notions of the chapter,
i.e. mean field optimal stopping problem, the obstacle equation on Wasserstein space, the

multiple optimal stopping problem and the cascade obstacle equation. §V.3 states the main
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results of the chapter, namely, the convergence of the value function and the propagation of
chaos. §V.4 introduces the dynamic programming equations characterizing the mean field
and N particles problems. §V.5 and §V.6 are dedicated to the proofs of our main results.
In §V.7, we study the multiple optimal stopping problem and specify our notion of viscosity
solutions for the cascade obstacle equation. Finally, we provide a technical lemma in the

appendix.

Notations. Given z € RV, we denote by m” (z) := & SN 6., € P(RY).

V.2 Presentation of the problem

V.2.1 The mean field optimal stopping

Let T < 0o be fixed, and Q := C°([—1,T],R?) x 19([—1,T]) the canonical space, where:
e C%([~1,T],R%) is the set of continuous paths from [—1,7] to R?, constant on [1,0);
e 19([—1,T7) is the set of non-increasing and cadlag maps from [—1,T] to {0, 1}, constant
on [—1,0), and ending with value 0 at 7.
We equip 2 with the Skorokhod distance, under which it is a Polish space. We denote
Y := (X, I) the canonical process, with state space S := R? x {0, 1}, its canonical filtration

F = (Ft)te[-1,1], and the corresponding jump time of the survival process I:
7:=inf{t > 0: I; = 0}, so that [, := Ip_1;, for all t € [-1,T. (V.2.1)

By the cadlag property of I, 7 is a F—stopping time. Note that the choice of the extension
to —1 is arbitrary, the extension of time to the left of the origin is only needed to allow for
an immediate stop at time ¢ = 0.

Let (b,a, f) : [0,T] x R? x Po(S) — R? x R™*? x R with o taking values in the set of
non-negative matrices, and g : Po(R?) — R. In the following assumption, which will always

be in force throughout the chapter, Pa(S) is equipped with the W, distance.
Assumption V.2.1 (i) b,o are continuous in t, and uniformly Lipschitz continuous in
(x,m).
(ii) f is Borel measurable and has quadratic growth in x € R, and
F(t,m):= f(t,z,m)m(dx, 1) is continuous on [0,T] x Pa(S). (V.2.2)
Rd

(iii) g is upper-semicontinuous and locally bounded.
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We also extend g to Pa(S) by g(m) := g(m(-,{0,1})). Introduce the dynamic value function

T
V(t,m):= sup / F(r,Py,)dr + g(Py,), (t,m) € [0,T] x P2(S). (V.2.3)
PeP(t,m) Jt

Here P(t,m) is the set of probability measures P on (£2, Fr) s.t. Py, = m and the processes:
M =X - /t b(r, X,, Py, )L.dr and M MT — /t o2(r, Xy Py ) pdr (V.2.4)
are P—martingales on [t, T, that is, for some P—Brownian motion W7,
X, =X + /t ’ b(r, X,,Py ) Ldr + o(r, X,,Py ) [,dWF I, =1, _1,.,, P—as. (V.25
A special element of P(t,m) is P = P®™ under which X is unstopped. That is,
X, =X, + /t ) b(r, Xy, Py ) I dr + /t ) o(r, Xy, Py, ) L. dWF, I, = I,_1j7)(s), P-a.s(V.2.6)

Note that Y. = Y A,, and in particular Yp = Y, P—a.s. Moreover, from the definition of
Fin (V.2.2), we have [ F(r,Py,)dr = EP [T f(r, X,,Py,)dr.

We recall from Chapter III that P(¢,m) is compact under the Wasserstein distance Ws,
and thus existence holds for the mean field optimal stopping problem (V.2.3).

V.2.2 Differential calculus on Wasserstein space

We recall some differential calculus tools on the Wasserstein space. We say that a function

u : P2(S) — R has a functional linear derivative dp,u : P2(S) x S — R if
1
u(m') —u(m) = / / Smu(Am’ + (1 = XN)ym,y)(m' —m)(dy)d\ for all m,m’ € Py(S),
0 JS

and 0,,u(m, -) has quadratic growth, locally uniformly in m, so as to guarantee integrability

in the last expression. As in Chapter I1I, we denote
mui(t,m,x) := dpu(t,m,x,i) for i€ {0,1}, Dru := 6pmu1 — S,
and we introduce the measure flow generator of X
Lu(t,m) := 0wu(t,m) +/Rd Lo0mui(t,m,x)m(dz, 1), (V.2.7)
where £, is the generator of X:

1
Lo0mur = b-0p0nu + 50'2:(931(57”1“.
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We also write aﬁuulvl(t,m,x,x’) := 0y O Oz Omu(t,m,z, 1,2, 1). Throughout this chapter,

we denote by

Q::=[t,T) x P2(S), and Q,:=[t,T] x P2(S), t<€[0,T).

V.2.3 The multiple optimal stopping problem

Let (Q°, ]:%, FO, P%) be a filtered probability space, equipped with a sequence of d-dimensional
Brownian motions {W "} y>1. We denote FV the canonical completed filtration of {Wk}lngN.
We also denote 7;% the set of the [t,T]—valued FY —stopping times for all ¢ € [0,T], and
[N]:={1,...,N}, and T :== (T/})".

We recall that m¥(x) := % szl Og),. For T € 7;]:\}, let X be the solution of the

stochastic differential equation

{ XET = [0 XET N (XD s+ [ oo XET VXD IEAVE

Ié; = ilek>t7
for all k € [N]. We define the multiple optimal stopping problem

N .1
V¥(y) = s B[ 30 [ 1 XET Y (XTI 4 g (¥ (X)) (V29
k=1

N
TE'TtI

V.3 Main results

Our first main result states the convergence of the value function of the multiple optimal
stopping problem to the corresponding mean field problem. We recall the assumptions

needed for our comparison principle Theorem IV.3.11:

Assumption V.3.1 b, o, f and g can be extended to P1(S) under Wy continuously, b, g
are uniformly Lipschitz continuous in (x,m) under Wy and all the derivatives of o up to

order 2 are bounded and Lipschitz-continuous.

Theorem V.3.2 Let Assumption V.5.1 hold, and VN and V be respectively the value func-
tions of the multiple and mean field optimal stopping problems (V.2.9) and (V.2.3). Then

VN converges to V, i.e.

V(t,m):= lim VY (s,m™N(y™))  for all (t,m) € Qq.

N — oco,s > t
N Ny V3
m> (y) m
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This result is proved in §V.5 by using the dynamic programming equations, which char-
acterize the finite population and the mean field optimal stopping problems. In particular,
our proof relies heavily on Theorem V.5.1, which is stated and proved in §V.5.

Our next main result states the convergence of optimal stopping strategies:

Theorem V.3.3 (i) Let the assumptions of Theorem V.3.2 hold and ¥V ¢ 76]}} be en-
optimal for (V.7.2) for all N > 1, with ey N\, 0. Assume mN(YgiV) 2 m for some
m € Po(S), and that f and g are bounded. Then, {Po (mN(Y’A'N))_l}N>1

its accumulation points are supported on the set of the optimal controls for (V.2.3).

1s tight, and all

(i) In particular, if (V.2.3) has a unique solution P* and {#"}n>1 is a sequence of -

optimal stopping strategies for (V.2.9), then {mN(Y'}N)}NZl converges weakly to P*.

We finally prove that any control for the mean field problem may be approximated
by controls for the N-particles problem. In particular, even when (V.2.3) has multiple
solutions, optimal controls may be approximated by a sequence of ey-optimal controls for

the N-particles problem, with ex 0.

Theorem V.3.4 Fizm € Po(S), and y, N > 1, such that m" (yN) o .
(i) Let P € P(0,m). There exists TV € 76]}, N > 1, s.t. the process YT started from
Y;"A],V =y" satisfies

mN(YTN) W, P, PY-a.s.

(ii) Let P* € P(0,m) be optimal for (V.2.3), and let Assumption V.3.1 hold. Assume further
than g and F are bounded. Then there exists en 0, #N e 76]’VT that is en-optimal for
(V.2.9) s.t. the process Y™ started from YZ'I\J,V =y" satisfies

mN(Y+N) Wa, P*, P-a.s.

Theorems V.3.3 and V.3.4 are proved in §V.6.

V.4 Dynamic programming equations

In this section, we define the two equations that will be crucial to prove our main convergence
result Theorem V.3.2.
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V.4.1 Obstacle equation on Wasserstein space

Definition V.4.1 Let Cy*(Qq) be the set of functions u : Qy — R s.t.
Oy, Oy, Op b1, 02,6t ewist, and are continuous in all variables,
e 92,8,,u1 is bounded in x, locally uniformly in (t,m),
. 8;2“#1,1 exists and (t,m,z) — 8ﬁuu171u(t,m,x,x) is continuous and has quadratic

growth in x, locally uniformly in (t,m).

Remark V.4.2 In the present chapter, the set 021 ’Q(Qo) has a different definition from the
one we used in the previous chapters, as we additionally require the existence of the second
order derivative 3ZMU1,1~ However, we can see that the viscosity theory implied by requiring
such regularity for the test functions is equivalent to the one we developed in Chapter 1V;
in particular, the test functions involved in the proof of our comparison result Theorem
IV.3.11 are infinitely differentiable, so that the validity of this result does not depend on the
definition of C%’Q(Qo) we set. [ |

Introduce a partial order < on P(S): we say that m’ < m if
m/(dz,1) = p(x)m(dz, 1), and m'(dx,0) = [1 — p(z)m(dz, 1) + m(dz,0), (V.4.1)

for some measurable p : R? — [0,1]. In our context, m,- = Px,.1,_) and my = P(x, 1),
with P € P(¢t,m), so that m; < m;- with conditional transition probability p(z) = pi(x) :=
P(Il; =1 | X; = 2,I;_ = 1). When p = 1,4, with A € B(R?), we denote m* the measure
defined by (V.4.1). We recall from the previous chapters that the set {m’ : m’ < m} is
compact.

In Chapter IV, we proved that V is the unique viscosity solution of the obstacle problem
on Wasserstein space

min { L [— (Lu+ F)(t,m)], (Dyu).(t, m)} =0, (t,m) € Qo (V.42)

with boundary condition u|;—r = ¢g. The function (Dru), is the LSC envelope of
Dru: (t,m) — inf Dru(t,m,x),
{L’ESupp(m(.,l))
which is upper semicontinuous, but not continuous, in general, and the set

Cult,m) = {m' <m:u(t,m) >u(t,m)}, (t,m)e€ Qq,
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indicates the set of positions in Qg which improve u by stopping the corresponding particles.
We recall from Chapter IV that, under appropriate assumptions, the value function V'
is the unique viscosity solution of (V.4.2).

V.4.2 The cascade obstacle equation

One essential observation to study (V.2.9) is the following result, which is proved in [50]:

Proposition V.4.3 For all (t,y) € [0,T] x S, we have
VN(t,y) = sup Ety / fF(r, X,) Ide'—l-I'I,la?(VN(Q,Xg,i/) , (V.4.3)
967;771 1'<1

where i < i’ means i, <4}, for allk € [N] and i # 1.
Consider the partial differential equation

min{—dyu(t,y) —i- (Lu+£)(t,y), u(t,y) — maxu(t, x,i N} =0,uli—r = uli—o = g(V.4.4)
i<i

for all (t,y) € [0,T] x SV, where i < i’ means i, <4} for all k € [N] and i # i, and
Ly = (bké?mk@ + -0 anmgp) ey Torall o € 2RO, (V.4.5)

with bg(t,x) := b(t, z, m™ (x)), o (t,x) := o(t, z, mN (%)), £(,x) = (..., )T (-, x) :=
(fC oz, mN(x)),..., f(,zn,m (x))T and gV (x) := g(m” (x)) for all x € RN, We call
(V.4.4) cascade obstacle equation, for which we define viscosity solutions (see Definition
V.7.3). In Section V.7, we prove (in a more general framework which covers the present

setting) the following results:

Theorem V.4.4 (Existence) Assume f and gV are Lipschitz-continuous. Then V¥V is a

continuous viscosity solution of (V.4.4).

Remark V.4.5 By standard techniques, a comparison result for this equation can be proved
by direct iteration of the comparison result for the standard obstacle problem for single op-

timal stopping problems.

These results are proved in §V.7, where we study the finite population multiple optimal

stopping problem in a more general framework.
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V.5 Convergence of the value function

Introduce PN (S) := {m"(y) : y € SV}. Let SV be the set of functions w : [0, 7] xSY — R
such that w(t,y) = w¥(t,m" (y)) for some w? : [0,7] x PN(S). If {w" € SN}n>1 be a

sequence of locally bounded functions, uniformly in N, we denote

w(t,m) := liminf w™(s,m™(y")), and @, m):= limsup w"(s,m"(y")),
N — 00,8 =t N — 00,5 > t
m™ (y™N) &)m mN (y™V) mz»m

for all (t,m) € Qp.

Theorem V.5.1 (i) Let {u" € SN}n>1 be a sequence of continuous and locally bounded,
uniformly in N, wviscosity subsolutions of (V.4.4). Then w is a viscosity subsolution of
(V.4.2).

(ii) Let {vV € SN}n>1 be a sequence of continuous and locally bounded, uniformly in N,

viscosity supersolutions of (V.4.4). If v is continuous, then it is a viscosity supersolution of
(V.4.2).

Proof of Theorem V.5.1

(i) We first prove that @ is a viscosity subsolution of (V.4.2).

Fix (t,m) € Qg and ¢ € Au(t,m) with corresponding dy € (0,7 —t). We assume w.l.o.g.
(see |75, Remark 3.2]) that

(t,m) is a strict minimum of (¢ — @) on Ns(t,m), with Cz(t,m) = {m}. (V.5.1)

Let (tV,y™) be such that (¥, m™(y™)) — (¢t,m) and u™N (Y, mN (yV)) — u(t,m) as

N — oco. We also introduce for all N > 1, the functions ¢~ (s,y) := (s, m" (y)) for all

(s,y) €[0,7] x SV.

Step 1: We prove that, without loss of generality, {y" = (x",i")}nx>1 may be taken s.t.
uN (N, yN) — max u¥ (#V, xN i) >0 forall N > 1. (V.5.2)

ir<iN

Indeed, either we may extract from {y’V} ~N>1 a subsequence satisfying this property, or we

may extract a subsequence (still denoted the same) s.t.

u™N (N, yN) — max uN (N, xN i) <0 forall N > 1. (V.5.3)
i<i
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Then iV # 0, as otherwise the maximum is equal to —oo, and thus (V.5.2) is trivially

satisfied, and there exists yV* := (x,iV*) which attains the above maximum, and s.t.

uN (Y, yNr) — max uN (N xN i) >0 forall N > 1,
i <ifVo*

that is, the property (V.5.2) is satisfied. As m(y"™) converges, the first marginal of

N( N,*)

m converges and, since its second marginal is a measure on {0, 1}, the sequence

y
{m"N (yN*)}n>1 is tight, and we may thus extract a subsequence (still denoted the same)

converging to some m* < m. Then, taking the lim inf as N — oo in (V.5.3), we obtain
u(t,m) —u(t,m"*) <0, i.e. m* € Cy(t,m),
which implies that m* = m by (V.5.1). Observing that

aft,m) = lim u¥ (¢, m (y")) <liminf u™ (@Y, m(y™)) < lim sup u (N, m(y™*)) <a(t,m),
— 00

we deduce that (tV, m™ (y™*), uV (Y, m» (yV*)) e (t,m,u(t,m)), and thus we may
— 00

replace {y™} y>1 with {y™*} y>1, which satisfies (V.5.2).

Step 2: Fix § € (0,8). By standard optimal stopping theory, there exists 0 € Tev 1 st

0 — . 0 _
EfN’yN (¢N - uN)(e A H§V7Y9§VAH(§V)} - 96'17%11{\; . EfN,yN |:(¢N - uN)(e A Hg\]?Y@/\HéV) ’

where Y := (X,i") satisfies the unstopped version of (V.2.8), and
HY = inf {s > N Wy (mN (Y),mN (V) > 5} AN ).

Note that, since {u’} ~n>1 is locally bounded, uniformly in /N, we may assume w.l.o.g. that
N is large enough and  small enough so that {(¢" — u™¥)(6) A HévaegV/\Hé\’)}Nzl is
uniformly bounded.

Step 3: We now justify that

lim sup P° <9(];V < H§V> > 0. (V.5.4)

N—oo
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Indeed, assume to the contrary that limsup P° («9(];\[ <H (‘;V ) = 0. We have:

N—o0
(p—m(t,m) = lim (p—uN)E",m"(y"))
—00
> limsup Efﬁ N |:(SD—uN)(e(]sV/\Hév7mN(Y9N/\HN))i|
N—oo ’ ° 8
> liminf EEJS,yN (go—uN)(H(];V/\HéV,mN(Y%vAHév))}

N—oo

vy {((P B uN)(Hévva(YHgV))(l — Loy ogy) (V.5.5)
o= w0 (V)T )

= liminf EEIS,yN _(go — uN)(Hév,mN(YHév))},

N—oo

.. 0

= liminf EPN
t

N—oo ’

where we use the uniform boundedness of {(¢" — u™)(6 A HéV,Y(,AHév)}Nzl and the fact

that limsup PO(0N < HN) = lim P°(0Y < HY) = 0.
N—oo N—oo

Let Yt"¥" be the version of Y starting from ij\\;’yN =y, Since (tV,m" (y")) N::o
(t,m) and Y is a unstopped diffusion whose coefficients satisfy the usual Lipschitz conditions,
by classical propagation of chaos (see Oelschlager [63]) and compactness of [¢t,T], there
exists a subsequence v := {P%o (H}, mN(YtN’yN))fl}Nzl that converges weakly to some
element of v € Pa([t,T] x P2(2)), under which Y is an unstopped diffusion starting from
the distribution m. Thus, denoting by (7, ) the canonical mapping on [0, 7] x Pa(£2), we

have by continuity of ¢ —uV and (7, ) — Ay, (since Y is unstopped under \, v-a.s),

s po N N N/ R PR vV N
limint ERV v (0 =) (HY mN (Y y))| = limint B (0 =) (.0,
> B[ -m)(r )]

Vv

(=) (T(@), Ay, (@),
for some @ € [0, T] x P2(€2). Yet, given that, by definition of HY, we have
Ws ()\YT, mN(yN)) >forT =tV + 5, vlV-as.,
for all N > 1, we also have,
Wg()\yT,m) >dorT=1t+9, v-as.

@ may then be chosen s.t. (7(©), Ay, ,)(@)) # (t,m). Since Y is an unstopped diffusion
under A, v-a.s., with Ay, = m, we deduce that (7(@), Ay, (@)) € Ns(t,m). Since we
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have (o —u)(t,m) > (¢ —u)(1(@), Ay, 4, (@), this contradicts the fact that (¢,m) is a strict
minimum on Nj(t,m). Thus, (V.5.4) holds true.

Step 4: We prove that ¢ € C12(A,n) (see §V.7.4). More precisely, we extend the results of
Carmona & Delarue |21, Vol. 1, Propositions 5.35 & 5.91| to the present setting by proving
that, for all (s,y) € [0,7] x SV and k € [N] s.t. i = 1,

1
8mk¢N(S>Y) = 76 5m901(57mN(y)7xk)1 (V56)
1
kak¢N(S Y) = Nam&m@l(S, mN(Y)a :L‘k) + magp,(’pl,l (37 mN(y)a T l‘k)
Let h > 0 and (ey,...,ey) be the canonical basis of RN and k be s.t. i, = 1. Denoting

T,’fqﬁN(t,y) = %((ﬁN(s,y + hey) — qu(s,y)), with y + her = (x + heg, i), and mik =

AN (y + hey) + (1 — A)mN (y), we have

TN (sy) = 5 (olsm™(y + hew) — p(s,m" (7))

= / /5mso s,mp",y)d(m® (y + hey) — m” (y))(y)dA
= N/ map S mh ,yk—{—h)— mgo(s mh ,yk)}d)\

As p € 021,1(Q0) and i, = 1, the integrand converges as h — 0, and therefore is bounded
for (h,\) € [0, ho] x [0,1] for some hg > 0. We may then apply the dominated convergence

theorem. As mi’k h—(>) m™ (y), this leads to the first equality. We now compute
H

1
T,lf&vkgb(s,y) = v (8 Imp1(s,m (y + heg),xp + h) — Ozémgpl(s,mN(y),a:k))
1
= ¥ (8 Imp1(t,m (y + heg),xp + h) — Op0mep1(s, mN(y + heg), xk))
1
hN (3 Omp1(s,m (y + hey), z) — 8x5mcp1(s,mN(y),xk)>

It is clear that the first term of the right hand side tends to +92,0mp1(s, m™ (y), zy) as

h — 0. The second term is equal to

hN/ /5 0Omp1(s mz ,TE, Y )d(mN(Y+hek)—mN(Y))(?/)d)‘

1
N2/ h[6 19) 5mg011(s mz ,xk,ﬂ:k—i—h)—(s 86mg011(s mzk,xk,xk)}d)\
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Similarly to the case of the first order derivative, we may apply the dominated convergence
theorem to deduce that it converges to

1
Wamémaxémgpl,l (Sa mN(Y), Tk, :Bk‘) = 8,3”901,1 (37 mN(y)7 Tk, xk})

Step 5: We prove that ¢V is a test function of 4"V in some well chosen point. By (V.5.4),

for all § > 0 and N > 1, we may find w®" € Q0 s.t., after possibly passing to a subsequence,
. . — tN7 N

oY (W) < HY (w?N). Then, introducing (tY,yY) = (95’N(w57N),Y%\,(’;JB’N)(QJ&N)) and

the process ZV defined by

ZN .= ess inf EP [(¢™ — uN)(s,YgN’yN)]F;V] for all s € [tIV, 7Y,

N
967;N7T

i.e., the P%-lower Snell envelope of s > (¢~ —uV)(s, YEN’yN), which is a P%-submartingale,

we have for all § € 7;§va

0 0 _ N N
(¢N —uN)(tf;V,yf;V) _ Zt];fv(w&N) < EP [Zé\/f\Hg\’] < EP [(¢N —uN)(e/\Hév,YZ/\}gév)]a

and thus we have

(@ =M, y§) = min E237y§ [(¢N —u™) (@A HéVvYG'/\Hé\’)] (V.5.7)

XS thJSV’T

Therefore, since ¢V € CH2(AN) by the previous Step, we have ¢©V € ANuN (tf;v ,yf;v ) and

the subsolution property provides,
min { — 00V (1), y )~ (L™ + V) (1Y, y )i, (V.5.8)
u (15, y5) — max uN(tfsV,Xf;V,i’)} <0.
i'<i
Step 6: We finally derive the subsolution property of w. First observe that, since tév =

Hév(w‘s’N) < Hév(w‘S’N), we have (tf;v,yév) m (N, yN). Since ¢V, LoV + £V and uV are
—
continuous, sending ¢ to 0 in (V.5.8) provides
min{ — 0V (P yN) — (Lo + V) yN) N N (3 Y) - max o (1Y, XN, i’)} <0.
i'<i

Since we assumed w.l.o.g. that ™ (tV, y") — maxy ;v uN (#V,xN, i) > 0, this implies

— 0N (N yN) — (LN + V)Y, yN) iV <0 forall N > 1. (V.5.9)
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Thus, by (V.5.6),

—8t¢N(tN,yN) . (ﬁ(bN—l—fN)(tN,yN) _iN

1
= _LSO(tNﬂmN(yN)) N2 Z ool : 8Zu@171(tN7mN(yN)vx{cV7ka)

SN
ki =1

where

ool : afmﬂﬂl,l (tN? mN(yN)v ‘%‘]kV’ :U]kv) =o0T (tNa mN(yN)a :L,]kV) : aﬁ/ﬁol,l(t]\[’ mN(yN)’ xﬁ? ka)

By continuity of (s,m) — [ooT: Gﬁuw171(s,m,x,m)ﬁz(d:n, 1), we have

N
1 )
N Z ool : 8§H<p1,1(tN, m™N (yN), zl , a )il fend » ool 82#g0171(t, m,z,z)m(dz, 1),
k=1
and thus

N
1
=00 e mN )l o )il = O(5):
k=1
Therefore, (V.5.9) becomes
1
(Lo + BN, mN (yM)) + O(N) <0 forall N> 1.

Since (tV, m" (y™)) e (t,m) and Ly + F' is continuous, we conclude by sending N — oc.

(ii) We now prove that v is a viscosity supersolution of (V.4.2). Fix ¢ € Av(t,m) with
corresponding § and s.t. (t,m) is a strict maximizer of ¢ — v on Ns(¢t,m). With the same
procedure and notations as Steps 2 to 5 of (i) (in particular, we rewrite (V.5.5) with reversed

inequalities and switch limsup and liminf), we may find (£, m" (y2)) 6 Nﬁo : (t,m)
? % 7%
s.t.

) )
(@ =)t y8) = max BN [0V — oM O A HY Vo)
E7—t§’,T 5 Y5 g

Thus ¢V € AV N (t),yY) and the viscosity supersolution property provides
1
min {~(Le + F)(t,m" (y))) + O ).

oM (6 () = ma N, m N i'))} > 0. (V.5.10)
1 15
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As (Y, mN(yd)) 6 Nﬁo : (t,m), sending (6, N) — (0,00) in (V.5.10) provides the first
s —(U,00

part of the viscosity supersolution property:
—(Lp + F)(t,m) > 0.
We now prove that v is nondecreasing for <. Let A € B(R?) and assume that
m(dz,0) and m(dz, 1) have continuous densities. (V.5.11)

By considering the corresponding cumulative density functions, we easily see that

N
1
(mMAY) = 5 D S ey oo™
j=1

By (V.5.10), we have vV (tN, mN(yV)) > vV (N, (mN)A(y™)) for all N > 1. Taking the
lim inf and using the fact that v (¢, m™V (y™)) e v(t,m), we deduce v(t,m) > v(t, m4).
Given the arbitrariness of A and Lemma V.8.1, we deduce that v(t,m) > v(t,m’) for all
m’ < m satisfying (V.5.11). By (V.4.1), density of measures with continuous density in
P2(S) and continuity of v, we easily extend this inequality to all m’ < m with continuous

transition functions, and finally by [75, Lemma 3.8] to all m’ < m. |

Proof of Theorem V.3.2 We first prove that the V¥ are locally bounded, uniformly in
N. Fix (t,m) € Qg and (s,y") € [0,T] x SV, with m®" (y) 2 . Observing that

EDx|l9(m™ (X)) = g(m™ (M) P < LED W (m” (Xp), m" (x))
N
< kazlEE,i[lX%—wm
< C(T-s)

where, by Lemma V.9.1, C is a constant independent from N, and L is a Lipschitz constant.

We obtain similar estimates with F' and then we easily see that
T
VNt yN) - / F(s,m"N(y™))dr — g(mN(xN))‘ <C'VT -5 (V.5.12)

for some constant C’ independent from N. Since f and g are Lipschitz continuous w.r.t.

W,, we deduce that
VN (s,y™)| < CoWa(m™N(y™),m) + F(t,m) + g(m)),
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where the constant Cp depends on T only. This proves that the V¥ are locally bounded,
uniformly in N. By symmetry of the dynamics of Y and of f and g, we also clearly have
VN € SV, and thus

V(t,m):= liminf VN(s,y"), and V(t,m):= limsup VV(s,y"). (V.5.13)
e, pdosogs

are well-defined. The Lipschitz continuity of f and g provides the continuity of V¥ (see
Theorem V.4.4 and V. Then, by Theorem V.5.1, V and V are respectively viscosity super-
solution and subsolution of (V.4.2). Moreover, (V.5.12) implies that V(T,-) = V(T,-) = g.
We may thus apply our comparison principle [75, Theorem 3.11] to deduce that V. > V.
By (V.5.13), we also have the converse inequality, and thus V =V, and these functions are
viscosity solutions of (V.4.2). By uniqueness, they are equal to V' and the two semi-limits

(V.5.13) are equal to the limit. [ |

V.6 Propagation of chaos for stopped McKean-Vlasov diffu-

sions

The following results extend the classical propagation of chaos to the setting of stopped

diffusions:

Proposition V.6.1 Lety¥ ¢ SV 7V ¢ (7;]\%)]\7, N > 1, m € Pa(S) such that m™ (yV) Wa,

m, and Y™ be the SN -valued process defined by (V.2.8) started from YtTN =yN. The se-
quence {P% o (m"(YT))
on P(t,m).

71}N>1 admits a converging subsequence whose limit is supported

Proof Step 1: We first prove the existence of a limit. For all N > 1, denote vV :=
POo (mN(Y™"))"! € Po(P2(Q)). By Lacker [51, Corollary B.1|, we have to prove that

(i) {vN}n>1 is uniformly integrable, i.e., limp_, o SUP N> = |:W22()\,(50)1W2()\’50)2R =0,
where A is the identity map on P2(Q),

(ii) the sequence of mean measures {EP’ [mN(Y"'N)] }n>1 is tight,

where, for all 72 : Q0 —» P,(Q2), the mean measure EP'[i] € Py(Q) is defined by

<EP0 [1], ) := EP’ [(m, )] for all p € CP().
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Let R > 0. We have

" [WQ()‘750)1W2(>\750)ZR} - ¥ [W (mN(YTN)a 30) Lyy, v () 60) R
fEPO [ ), 50)]
iEPO[ Z‘YZT |2 :|

N
2¢1 N2 pof 1 TN N2
< 21N E[— it g }}
< R{N;ﬂ:rm 2 uN 2

Since Wa(m™ (yV),m) — 0, & Zf\iﬂleP converges as N — 0o, and thus is bounded.
N—o0

By Lemma V.9.1, we have EP° [% Zf\;ﬂX”N — :va|go] < Cp, where Cp is independent

from N. Finally, there exists a constant Cr independent from N and R s.t.

IN

IN

C
N [WQ(A,50)1W2(A750)2R] < }’%L for all N > 1 and R > 0,

and thus impg;co SUP >4 Ev" [Wg(/\, 50)11/\/2()\,60)21%} = 0 and (i) is proved.
To show that {EP0 [mN (Y"N)] }n>1 is tight, we show the sequences corresponding to the

two marginals are tight. For the first marginal, we prove Aldous’ criterion (see Billingsley

[10, Theorem 16.10]), i.e

0 N
sup sup <EP [m™N (Y™ )], | X (r4)aT — XT]2> — 0. (V.6.1)
N>17€To 1 6—0

Yet, by standard estimates for SDEs, we have, for fixed N, 7 and 6,

N
(B " (Y ™)), X sy = Xol?) = % > B [|X{ T - X2 < 05
i=1
for some C' > 0 independent from ¢ and N (see Lemma V.9.1). This implies (V.6.1). The
second marginals are measures on 1°([—1,77]), and are in continuous bijection with measures
n [0,7], and thus are tight. We consequently obtain (ii), and thus {v"}y>; admits a
subsequence converging to some v € Po(Pa(12)).
Step 2: We now prove that v is supported on P(t,m), or equivalently, that A\ € P(t,m),
v-a.s. As Wo(m™ (yV), m) N::O 0, it follows that A\;— = m, v-a.s. By compactness of the

laws of bounded stopping times, the second marginal of A is the distribution of a stopping
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time. It remains to prove that the first marginal of A is the law of a stopped McKean-Vlasov
diffusion (V.2.5). For all ¢ € CZ(R?), introduce

MPAY) = 9() [ L X A = 0(X0) + [ 00,00 X, AV
t t
Fix hy € CP(2) that is F;-measurable. We shall prove that
<)\, he (MY — M;M)(Y)> =0, v-as, (V.6.2)

which means by the arbitrariness of s and h; that M¥*(X) is a A-martingale, v-a.s., and
thus, by arbitrariness of 1, that A is supported on P(t,m). Denoting M;  := M — M;, we

compute:

N N
0 1 A N\ 2 1 0 A N
' [(5 Do nf ()] = 5 SBR[ Pt
k=1 k=1

N s
D[ [ Wit ]
k=1

Th2|0,¢2EP" [1 + | X|%]
< C N ,

IN

for some constant C, where the equality is due to the mutual independence of the {IW*} ke[N]
and to the Fy-measurability of h;. Then

= [()\, htM;{ﬁ(Y)f] — P [(% ﬁ:htM;@(Y’f’f”))Q} — 0. (V.6.3)
k=1

On the other hand, as v’V converges weakly to v and P € Py(Q) — <P,hM;{’S’P(Y)>2 is

continuous and bounded from below, we also have

0 < B [0 heM ()] < timinf B[O\ et (V)]

N—o0

which together with (V.6.3) proves (V.6.2), and thus we conclude that A € P(t, u), v-a.s.
|

Proof of Theorem V.3.3 (i) Let 7V := Poo(mN(Yi'N))’l. By Proposition V.6.1, we may

extract a subsequence (still denoted the same) that converges weakly to some  supported
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N

on P(0,m). Since 7" is ey-optimal for (V.7.2), we have

o
1 N ~ o

W B 3 [ e X m O dr g(m¥(VE) | e
L k=170

T
- g /0 F(r,mN(YfN))dr+g(mN(Y;N))} ten

NT

T
_ g / F(r, A)dr + g(vr)] +en
-JO

for all N > 1, where A\ denotes the canonical map on P3(€2). By Theorem V.3.2, we have
VON N—> V(0,m). Since F' and g are bounded, and ey 0, this implies
— 00

T
V(0,m) < Ef’[/o Fr,\)dr + gOr)].

Since v is supported on P(0,m), we have

T
V(0,m) > / F(r,\)dr + g(Ar), b-as.,
0

and therefore T
V(0,m) = / F(r,\r)dr + g(Ar), v-a.s.
0

This proves that © is supported on the set of optimal controls.
(ii) If (V.2.3) has a unique solution P*, then dp+ is the unique accumulation point of {P? o
(mN (Y*N))_l. As this sequence takes its values in a compact set, this implies that it

converges weakly to dpx, i.e., mN(Y+N) converges weakly to P*. |

Proof of Theorem V.3.4 (i) Without loss of generality, we assume that (Q°, F%, F0, PY)
is sufficiently large so that there exists a sequence of i.i.d. processes Y*, k > 1, driven by
W*, such that Pg)/k = Py. Denote 73, the jump time of I*, and 7V := (1,...,7n), N > 1.
For k € [N], let Y* := (X*, I*¥) be the process driven by
t t
Xb =l + /0 b(s, XE,my) TEds + /0 o(s, XE, mg) Wk, I = iV 1y,

with m := {m; := Py, : t € [-1,T]}. By standard estimates using the Lipschitz-continuity
of b and o, we may find a constant C' (depending on T') such that

t
e Jcky" - X <0 [ B[l - KR - Wiy s
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with mY := {md := m¥(Y7") : t € [-1,T]}, and where ||-|.»+ denotes the norm oo of
a path up to time ¢, and my := m. s (and similarly for m”™ and m" below). Thus, by

Gronwall’s lemma,
PO vk k|2 FLPOT 2 N
EP[IxhTY - Xk 2] < C e [WQ(mS ,m,)|ds. (V.6.4)
Introduce m” := {m}¥ := % Zivzl 51;#6 :t € [-1,T]}. Note that
WQ(ﬁliV, mt) S Wz(ﬁliv, l’hiv) + WQ(I’hiV, mt).
By (V.6.4) we have

N t
e i’ )] < 7 [ SO - K5 < o [ g mo)as)
k=1

Then, by the Gronwall inequality again, we deduce

sup EP’ (Wi(m),m;)] < C sup E[Wji(m), my)]
0<t<T 0<t<T

On the other hand, by [61, Theorem 8.3 (ii)], we can easily see that

lim sup EP [W2(m), m)] =0, (V.6.5)

N—oo 0<t<T

from which we eventually deduce that

lim EP [W%(mN, m)| = 0.

N—oo

This implies that m" — m in probability, and thus, we may extract a subsequence that
converges P%-a.s. for Wy. This is the desired result.
(ii) By (i), there exists a sequence 7V, N > 1, such that mN(Y+N) Wa, P%., P%a.s. Thus,

introducing
N NN po [ [T N~ NN
ew = VYO (5) ~ 8| [ B (v e+ g (¥F) |
0

we deduce from Theorem V.3.2, the boundedness of F' and g and the optimality of P* that
en \, 0 (from N sufficiently large), and that 7+ is e y-optimal for (V.2.9). [ |
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V.7 Multipe optimal stopping: viscosity solutions with tan-

gency in mean

V.7.1 Formulation of the problem

We study the multiple optimal stopping problem in a more general context (without symme-
try assumption on the drift and diffusion coefficients) as a subject of independent interest.
More precisely, for k € [N], let by, 0, : [0,7] x RN — R? and S (R), respectively, be
functions satisfying the standard Lipschitz conditions. Let 7 := (71,...,7n) be a family of
FN_stopping times, and X7, 17 := (XL7 ... XV™)T (1V7 .. IN7)T processes defined as

the solution of the stochastic differential equations
t ¢
XFT =, +/ br(s, XT)I¥ds +/ o (s, XT)IFaWk 1% = iy1,, < for all k € [N)(V.7.1)
0 0

where x := (z1,--- ,2n)T € RN i:= (iy,...,in)T € {0,1}V. We also denote by X := XT,
where T := (T,...,T)T € RY, the unstopped version of the dynamics (V.7.1). Denoting
y = (x,i) € SV, and following Kobylanski, Quenez & Rouy-Mironescu [50], we consider
the problem

N

1 Tk

VNt y) = sup Ey —E / f*(r, XT)dr 4 g(XT. (V.7.2)
TE(Te,r)N ty[N 1/t ( T)}

N T
1
=  sup Eiy|— /fkr,XZIfdr+gX"

TE(Te, )N ty[N; t ( ) ( T)}

where f1,..., fV € C°([0,T] x R*N R), g € COR™*N R), and Ety[] := Ery[|Y7 =yl
with Y7 := (X7, 17).
V.7.2 The single optimal stopping case

In this paragraph, we set N = 1 and 1 : R? — R. We consider the optimization problem

Vit,z) = sup Et [w(XT)],

T€Ti,T

where X is defined by the dynamics dXs = b(r, X, )dr + o(r, X;,)dW,.. The corresponding

dynamic programming equation is given by the so-called obstacle heat equation
min{—(0; + L)u,u — ¢} =0, w(T,.) =1, (V.7.3)
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Let T, := {H € Ty v : H > t}. We consider the notion of viscosity solutions introduced by
Ekren, Keller, Touzi & Zhang [37], where the sets of test functions are defined by

Au(t,z) = {¢ e CL2([t, T] x RY) :

IH € Tyl st (6 = u)(t2) = max By (6~ u) (0 A H. Xonm)] }.
Au(t.z) = {o€CH(LT] xRY): |

SH € T st (9= u)(t,2) = min Ee (6 = w)(O A H, Xona)] .

Definition V.7.1 We say u : [0,T] x R? — R is a viscosity supersolution (resp. subsolu-
tion) of (V.7.3) if, for all (t,z) € [0,T] x R,

min{—(9; + L)o(t, z),u(t,z) —(x)} >0 (resp. <0) for all ¢ € Au(t,x) (resp. Au(t,x)).

Theorem V.7.2 Assume v is Lipschitz continuous. Then V' is the unique continuous

viscosity soution of (V.7.3).

Proof The continuity of V! follows from the Lipschitz-continuity of ). Then, the fact
that V! is a viscosity solution of (V.7.3) follows from Ekren [36], and the uniqueness from
(1). [ |

V.7.3 Reduction to a sequence of single optimal stopping problems

While our convergence results hold under symmetry assumptions on the dynamics of the
N-particles system, we study the multiple optimal stopping problem in the general case,
where each particle has its own dynamics.

Introduce AN := [t,T) x S¥, and AN :=[t,T] x SN, tc0,7T).
Proof of Proposition V.4.3 By Kobylanski, Quenez & Rouy-Mironescu [50, Theorem
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3.1], we have

N T
: 0
VN(t,y) = sup E; [max sup E,y - [7 / Pl XTOO) [ g 4 (X7 ”

A e Al

N 9
1 ki \ 7k
= sup E [— E / f5(r, X)) I dr
ot LN s '

N T
1 6
+max sup E, - [7 / fk(’r‘, XT@[@)]de,_'_g X7 ”7

[EN] perN -1 0.Y, Nkz:_1 0 r r (X77)

-1 o s—I\ s—I . . . .
Y = (X,l ),1 = (Zl,...7Zl7170,zl+17...7ZN)T,a:ndT®l0:: (Tl,-..,Tl71,977l+1,...,TN).

By the Markov property, we have

N T
1 - = .
sup Epy - [N E /0 f]’“(r7 XZ®19)Ifdr + g(XT®‘9)} = VN(H,XQ, i l).
k=1

— ' 0
T€7-6NT 1

By induction, we see that V¥ is nondecreasing in i for the partial order on {0,1}"V, and
thus

max VN(G, Xg, i*l) = max VN(97 Xy, 1),
le[N] i'<i

hence the desired result. |

V.7.4 Viscosity solutions for the cascade obstacle equation

Our purpose is to show that V¥ is the unique viscosity solution of the cascade obstacle

equation (V.4.4). Define the sets of test functions

Ault,y):={6 € CV(AN) : IH € T st (0~ w)(t.y) = max Eyy (6 —u)(0 A H. Yonm)] |-

Au(t,y):={0 € CY?*(AY) : 3H € T st (6~ w)(t.y) = min Ery (0 —w)(O0 A H. Yorr)| }.

where ¢ € C12(AY) means that 0., ¢(s,y), Oz, .2, 9(5,y) exist and are continuous for all
(s,y) € AN s.t. i = 1.
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Definition V.7.3 Let u: AY — R and f := (f1,..., fM)".
(i) w is a viscosity supersolution of (V.4.4) if, for all (t,y) € Ay,

min{_at¢(ta Y) - (£¢ + f)(t7Y) ’ ia ’LL(t, Y) - maxu(t, X, i,)} >0 fOT all ¢ € ZU(t, y)

i'<i

(ii) u is a viscosity subsolution of (V.4.4) if, for all (t,y) € AY,
min{—0:¢(t,y) — (Lo + £)(t,y) - i,u(t,y) — maxu(t,x,i)} <0 for all ¢ € Au(t,y).
i'<i

(iii) w is a viscosity solution of (V.4.4) if it is a viscosity supersolution and subsolution, and

if U= = uli=o = g.

Proof of Theorem V.4.4. As the f* and ¢ are Lipschitz-continuous, the continuity of
VN proceeds from standard SDE estimates. By (V.4.3), the multiple optimal stopping
problem (V.7.2) may be written as a single optimal stopping problem. More precisely,
(t,x) — VN (t,x,1) is a standard optimal stopping problem for every fixed i € {0,1}", with
obstacle (t,x) — maxy; V¥ (t,x,i’). We may then apply the result of Theorem V.7.2 (ii).
|

V.7.5 Construction of an optimal stopping strategy

We start by introducing the family of stopping times which will turn out to be optimal for
(V.7.2). Given 7 € (T;.r)" and the corresponding process I := I, we slightly modify our
notations and write X! := X™. Let u be continuous viscosity solutions of (V.4.4) with sub-
quadratic growth. Given a solution of (V.4.4) u, we define recursively the stopping times
7 := (#1,...,7n) and the random {0, 1}"V-valued vectors {ik}ke[N—l} as follows:

o 7 :i=¢,10 =i =i

® Ty :=inf {S > Tt u(s,Xi(k),ik) = max u(s, Xs, i')} (V.7.4)

i'<i

bl . K)o . .
e i**1 is the smallest element of argmaxy _jx u(7441, X%:l,ll ) for the lexicographic order

o IV =11, - +iFM1o | forall s € [-1,7]
for k=0,...,N — 1. In that case, the above elements can be interpreted as follows:

e 73 is the stopping time of the kth particle;
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e the (random) vector i* is the state of the particles system on [fg, 7xy1) @ if zf =1,
then the particle j is still diffusing on this interval; otherwise, it is stopped; the use of

the lexicographic orders allows its uniqueness, hence its wellposedness;

e the sequence (I(k))ke[N}a defined recursively, allows to construct an optimal control

I* .= 1Y),

Denote 7* := (17, ...,7x) the stopping times whose order statistics correspond to 7 defined

by (V.7.4), ie. 77 :=inf{s > ¢: I3 =0} for all j € [N]. We shall prove it is an optimal
stopping rule for (V.7.2), or equivalently that I™) is optimal for (V.7.2).

Theorem V.7.4 Assume the value function VN is continuous, and is the unique viscosity

solution of (V.4.4). Then T* is an optimal stopping policy for the problem (V.7.2).

Proof Recall from Proposition V.4.3 that

N 0
1 _ _
VN(t,y) = sup Eiry|— E / F(r, X, I,’fdr—{—max VN(0,Xq,1)]. V.7.5
( ) 0eTe t,y[N  J, f( ) Vi ( 0 )} ( )

As V'V is continuous, it follows from the standard optimal stopping theory that an optimal
stopping strategy for (V.7.5) is
Ty = inf {s >t:VN(s,X,,1) = maxVN(s,Xs,i’)}.
i<

Given that u = V™ by uniqueness of the solution of (V.4.4), we see by direct induction that
Tik =173 for all 1 < k < N, and thus

i 7e 1

N T
1 * *
V() = ultey) =By [ D0 [ P0XT )b+ 9(XF)].
k=1"1

Structure of the optimal stopping times Introduce the set-valued random flow:
Ag:={j € [N]: I}’ =1}, for all s € [t,T],
which takes its values in the collection of subsets of [N], and
Xy :={XT J},ca,, forall s € [t,T],
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which is the set of the positions of the particles that are not stopped yet at time s. Then,

we may rewrite the optimal stopping times 7* as

i =inf{s >¢: X7 ¢ X} =71I(XT, &) for all j € [N]. (V.7.6)

In the symmetric case (i.e., in the setting of Section V.2.3), we may specify further the
structure of the optimal stopping times (V.7.6). Denoting XZ ** := (Xg*’j)jTeXS for all
s € [t,T] (i-e., the vectors of the processes not stopped yet a time s), we observe the optimal

stopping times have the following structure:

T = (X7 % (XYY = inf {3 >t: Z, ¢ supp (mM(ZS))} for all j € [N].(V.7.7)

As we expect the flow ml?! (XE*’X) se[t,7] to tend towards a flow of deterministic distribution

as N — o0, the optimal stopping times in the mean field limit is expected to have the closed-

loop structure 7* = 7*(X)).

V.8 Approximation of randomized stopping strategies by pure

strategies

In this appendix, we prove that any immediate stopping strategy can be approximated by

a pure strategy (see [74, §4.3| for a discussion on randomized and pure stopping policies).

Lemma V.8.1 Denote (£,T) the canonical map on R? x {0,1}, and let m € P2(S) be s.t.
mo &1 has a continuous density. Let m’ < m. For all € > 0, there exists A € B(R?) s.t.
Wa(mA,m') <.

Proof We assume without loss of generality that m o Z=' = §;. It suffices to show that
m’ may be rewritten as the limit of a sequence {m o (£,14,(¢)) " }n>1, with A, € B(R?).

First, we compute, for (o, 3) € R x R, the characteristic function
g™ [eiaf—&-iﬁf] - Em™ [(eiaf—‘riﬁ _ eza{)z‘] + g™ [eiaf]
— [ vl H)f@ETZIE = oldo + BT[],
K

where K and f are the support and the density of £, and ¢ (x; «, ) := glaztif _ giaz,
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Step 1: Fix n > 1, and assume K is compact. Then, there exists J, > 1 and two sequences
{l‘n S K}lﬁjSJn and {7";1 > O}ISjSJn s.t.

JIn
U B(x ) C K, max 77 < = U  B(2%,77) is disjoint and Leb(K\ U B(xj,r})) <277

1<j<Jn 7 f
j=

where Leb denotes the Lebesgue measure on R?. There also exists {77 > 0hi<j<s, st
Leb(B(x7,77)) :/ E™[Z|¢ = x]dx for all j < J,,.
B((E" 'f‘")

Introduce 4,, := U B(:):J Ny ™). Note that <y for all j < J,, and thus A, is also a

disjoint union. We then have:

JIn
e femeri] - pr [ @) < 30| [ pwia f)f@ELL = alds
J=1 B(a:’?,r;l)
[ e f)f(e)da] + sl
B(x™,7)
JIn
< Z / (230, B) f ) — (s 0, B)f (o)
+ / (o, B F(a}) — (e B)f (@)lde + [ Flee2 "
B(:c;?,r;?)
In 1
<Zr Pl B) + 770 00 B) + 01027 < 2( D17 ) (i B) + [ floc2"
j=1

< 9Leb(K)p( 50, 8) + 2™

for some modulus of continuity p(+; a, 8) of 1 (-; «, B) f, which is continuous hence uniformly
continuous on the compact K. As « and § are arbitrary, this proves the desired result.

Step 2: Assume K is not compact and fix ¢ > 0. Let K¢ C R? be a compact set s.t.
I we f(x)dr > 1 — . Then, applying the procedure of Case 1 to K*°, we have, for some

modulus of continuity p.(-; a, 3),

‘Em [6ia.§+i61] _Em [eia-§+w1An(§)H < ‘Em [eia-f—l-zﬂIlKS (5)} _Em [eia-gﬂﬂun(g)l[(s (5)]‘
—i—‘Em [6ia'€+i’811(K5)c(§)] _Em™ [eia.g-f-iﬁlAn (5)1(1{5)C (f)] ‘
< 2Leb(K)p. (% 0 B) [ |12 + 22

Since n is independent from e, this completes the proof. |
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V.9 A useful estimate

Lemma V.9.1 Let x¥ € RN N > 1, such that m™ (xV) M m for some m € Pa(S).
Let X7 be the process defined by the dynamics (V.2.9) starting from X§ = xN, for some

T E (76]})]\] Then there exists a constant C > 0, independent from N, such that
1 N
E[— Sk - vaﬂ < Cls—t| foralltse0,T].

N
k=1

Proof For k € [N], denote by(t,x), o1 (t,X) := b(t, zx, m”™ (x)), ox(t, zx, m" (x)). We have
be(r, )2 < L(1+ [zl + WE(d0, m™ (x)) )
1
< L(1+ fanf? + S Ix?)
for all x € R¥™¥  with L a Lipschitz constant, and similarly for ¢j,. Then, applying standard
estimates to the process % Zi\;l XkT we have

N
1 k‘ k’ ~ 1
E|+ DIXET = XETE] < O+ bl

for some constant C' > 0 depending on L and T only. As m~ (x™) W, m, the sequence

{%x"[}n>1 converges, and thus is bounded. This provides the desired result. [ |
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Chapter VI

A finite-dimensional approximation
for viscosity solutions of partial
differential equations on Wasserstein

space

VI.1 Introduction

The objective of the chapter is to find a finite-dimensional approximation for a general class
of PDEs on Wasserstein space, satisfied in the sense of viscosity. This can be seen as the
counterpart of Chapter V for a larger class of equations. We use the notion of viscosity
solutions developed by Wu & Zhang |77], which is intrinsic and allows for path-dependent
PDEs (i.e., the solutions of the equations depend on the time and on a probability measure
on the space of continuous paths of R%). This class of equations covers in particular equations
arising in mean field stochastic control (including the case of controlled volatility). We intend
to find a finite-dimensional PDE whose viscosity solutions converge to viscosity solutions
of the equation on Wasserstein space. More precisely, in the spirit of Barles & Souganidis
[2], we prove that the semi-relaxed limits of the viscosity super/subsolutions of the finite-
dimensional PDE are viscosity super/subsolutions of the PDE on Wasserstein space as the
dimension goes to infinty. Assuming that the comparison principle holds for the latter

equation, this implies the convergence of viscosity solutions.
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An important feature that ensures the convergence relies on the choice of the set of the
test functions for the finite dimensional problem. Similarly to the viscosity theory developed
for path-dependent PDEs (see e.g. Ekren, Keller, Touzi & Zhang [37], Ekren, Touzi & Zhang
[39, 40] and Ren, Touzi & Zhang [67]), we only require test functions to be tangent to the
super/subsolution through the mean, whereas the tangency is pointwise in the standard
literature. This tangency in expectation can be seen as the finite-dimensional counterpart
of our set of test functions on Wasserstein space.

Another key ingredient lies in a propagation of chaos-like result for multidimensional
semimartingales with bounded characteristics. In the spirit of Lacker [52], who proves a
propagation of chaos result for SDEs with relaxed controls, we combine compactness ar-
guments and a martingale problem approach to ensure that the empirical mean of such
semimartingales converges to the law of a semimartingale with bounded characteristics.
This result allows us to connect our set of test functions for the finite-dimensional equation
to our set of test functions on Wasserstein space.

The chapter is organized as follows. In Section VI.2, we present the class of equations on
Wasserstein space and the notion of viscosity solutions. In Section VI.3, we introduce the
finite-dimensional approximation and state the main result of the chapter, the convergence
theorem. In Section V1.4, we present some examples. Section VI.5 extends our results to
the case of path-dependent PDEs. Sections VI.6 and VI.7 are respectively dedicated to the
proof of the convergence theorem and the propagation of chaos result.

Notations. We denote (i, f) := [ fdu. SdDX n denotes the set of blockwise diagonal matrices
of the form Diag(A1,..., Ay), where each A; € Sg. Given x := (z1,--- ,zy) € EV, we
denote by pu(x) := & SN, 8, € P(E), and PN(E) := {N(x) : x € EN}.

VI.2 Viscosity solutions of partial differential equations on

Wasserstein space

VI.2.1 Differentiability on Wasserstein space

For ¢t € [0,T), we denote
Q::=[t,T) x Po(RY) and Q :=[t,T] x Po(R%).
Definition VI.2.1 Fizt € [0,T).
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(i) u : Q — R has a functional linear derivative if there evists d,u : Qy x RT — R

satisfying, for any s € [t,T] and p, i’ € Po(R?),

1
ult, i) — ult, ) = /0 [ (s, (1= M) o = ) ()

and S,u has quadratic growth in x € RY, locally uniformly in (s,m) € Q.
(ii) We denote by C;’Q(Qt) the set of bounded functions u : Q, — R such that dyu, dpu,

OrOmu, (ﬁxému exist and are continuous and bounded in all their variables.

VI1.2.2 Partial differential equation on Wasserstein space

Let F': [0, T]xPo(RY) xRx LY(R, RY) x LY(R?, S4) — R, where LY(R?, R?) (resp. LY(R?, Sy))
denotes the set of Borel measurable functions from R? to R? (resp. Sy) with quadratic growth,

and g : P2(R?) — R. We consider the following equation:
_8tu(t7 :u) - F(tv s 'LL(t, /j’)a 8$5mu(t7 Ky ')7 8gzému(ta H, )) = 07 u’t:T =9, (V121>

for all (¢, 1) € Q.

Assumption VI.2.2 (i) F is continuous in the following sense:
F(t' 'y, Z2'\T") — F(t,u,y, Z,T) as (t', 1.y, Z',T') = (t, 1,9, Z, 1),

where the convergence of i’ to w is in (P2(R%), Ws) and the convergence of (Z',T") to (Z,T')
is pointwise for Z,Z' € CY(RY,RY) and T, I" € CY(R%,Sy).
(ii) For all (t,u,y, Z,T) € [0,T] x P2(R?) x R x LY(R4,RY) x LY(R%,S,), we have

F(t,p,y, Z,T) = F(t,p,y, Z',T")

fOT' all Z/,FI s.t. Z/|supp(u)7 F/’SUPP(M) = Z|Supp(u),1“]supp(u).

VI1.2.3 Viscosity solutions

Let L > 0, Q := C°([0,T],R%), X be the canonical process on § and F := {Ft}tepo,m) be the

corresponding filtration.

Definition VI.2.3 We denote by Py, the set of measures P € Po(Q, Fr) s.t. X is a P-
semimartingale with drift and diffusion characteristics uniformly bounded by L. For (t,u) €
Qo, we also define Pr(t,pu) :={P € Pr : Px, = u}.
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We define the viscosity neighborhood of (¢, 1) € Qo by
Ns(t,pu) :={(s,Px,) : s € [t,t + 8],P € Pr(t,p)},

which is compact under Wy (see Wu & Zhang [77, Lemma 4.1]). We may then introduce

the sets of test functions:

Aut.p) = {9 € G (Qu): (9~ )t ) = (= ) for some §> 01
Au(t.p) = {9 € (Qu): (9~ u)lt ) = min (p— ) for some &> 0.

Definition VI.2.4 Let u: Q, — R.
(i) u is a viscosity supersolution of (V1.2.1) if, for all (t,u) € Qo and ¢ € Au(t,m),

—8t(,0(t, M) - F(ta Hy u(t, ,u)v 8f66m90(t7 H, ')7 8£5L‘6m(p(t? Ky )) > 0.

(i) w is a viscosity subsolution of (V1.2.1) if, for all (t, ) € Qo and ¢ € Au(t,m),

_8t(p(ta M) - F(ta Hy U(t, ,U,), 8175m90(t7 H, .)7 aip(smgo(ta K, )) < 0.

(iil) w is a viscosity solution of (V1.2.1) if it is a viscosity supersolution and subsolution.

Definition of viscosity solutions via semi-jets. Fix (t,u) € Qo and § > 0. For
(v,a, f) € R x R x CZ(RY), introduce

VU (sv) i=v4als —t) + (v —p, f) for all (s,v) € Ns(t, ). (VI.2.2)
We have the equivalence result:

Proposition VI.2.5 Let u: Qy — R.

(i) w is a viscosity supersolution of (V1.2.1) if and only if it satisfies the viscosity superso-
lutions properties for all test functions of the form (VI1.2.2).

(ii) w is a viscosity subsolution of (V1.2.1) if and only if it satisfies the viscosity subsolutions

properties for all test functions of the form (VI1.2.2).

Proof We only provide the argument for (i). If u is a viscosity supersolution of (VI.2.1),
then it satisfies the supersolution property for all ¢ € Au(t, i), in particular for those of the
form (VI.2.2).

135



CHAPTER VI. A FINITE-DIMENSIONAL APPROXIMATION FOR VISCOSITY
SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS ON WASSERSTEIN SPACE

Assume now that the supersolution property is verified for all %%/ € Au(t,m), (v, a, f) €
R x R x C}R?Y). Let ¢ € Au(t,p) and & > 0, and fix (v,a, f) = (p(t, pn), Oup(t, p) —
£,0mp(t, pt,+)). We have, for (s,v) € Ns(t, p):

(=" (s,v) = @(s,v) = @(t,p) —als —t) = (v — p, f)
= (90(57V) —(p(t,lj) _a’(s_t)) + (90(757’/) _@(t’:u) - <V_:U’7f>)
= (s =) (Ot v) +n(s —t) — Bp(t, p) +e¢)
1
+/O <V — Wy Omp(t, A+ (1 = N, ) = (2, i, ')>d/\

where n(s —t) p—y 0. As (s,v) € Ns(t,u), there exists P € P(t,u) s.t. v = Px,. Thus,
s5—
introducing hf:s = Ome(t, \u+ (1 — Nv, ) — dmep(t, i, ), we have

(v = 1Bt A+ (1= N, ) = Sniplt 1, 0)) = 7 [ (X,) = il (X0)].

As @ is smooth, we may apply Itd’s formula to ha s, and thus
5 1
EP [has(xs) - hQS(Xt)} —EP [/ Db (Xy) - X, + SO%, b1 (X, ¢ d(X)T] <(s— t)%,
t

for all s € [t,t + d] and § sufficiently small, given the boundedness of the characteristics of
X under P, the boundedness and continuity of the derivatives of ¢ and the continuity of the
flow s — Px,. Finally, as we also have dyp(t,v) +n(s —t) — 0yp(t, p) > —5 for ¢ sufficiently

small, we have

(p = )(s.v) 2 (s = 1)( = 5 e = 5) =0 forall (s,0) € Ni(t. ).

which implies since "%/ (t, 1) = ¢(t,p) that ¥"*/ € Au(t, ). Then, the supersolution

property writes

—(Opp(t, ) —€) — F(t, pyult, 1), 0u0mep(t, s ), O2ybmep(t, p1,+)) > 0,

and we obtain the desired result by letting ¢ — 0. |

Under additional assumptions on F' (see Wu & Zhang [77, Assumption 3.1]), viscosity
solutions satisfy the usual properties of consistency with the classical solution and stability.
However, the uniqueness result has only been proved for some specific cases (see |77, Theorem

4.13|). Therefore, we shall use the comparison principle as a standing assumption:

Assumption VI.2.6 (Comparison principle) Let u,v be respectively USC viscosity sub-
solution and LSC supersolution of (V1.2.1) such that u(T,-) < v(T,-). Then u < v.
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V1.3 Finite-dimensional approximation

VI.3.1 The approximating equation

Let N > 1. We shall write in bold character the elements x = (x1,...,2x) € RN and
~ = Diag(v1,...,7n) € SL, 5. Introduce, for (t,x,y,2,7) € [0, T] xRN xRxR*N xSD

FN(t,x,y,2,7) == F(t,uN (x),y, Nz - 11, Nv - 1), (VL3.1)

where z - 1x(z) := 2,?7:1 2k 1y, (z) and v - 1x(x) == Z,]le Yl (z) for all x € R%. We then
introduce the PDE on [0, T] x R¥*V:

—Owu(t,x) — FN (t,x,u(t, x), Oxu(t,x), Omeu(t, x)) = 0, ulier = qv, (VL.3.2)

with gV(x) := g(puN(x)), Oxu(t,x) := (Op,u,..., 0 u)(t,x) € RN and 92, u(t,x) :=
Diag(0? . u 02 . u)(t,X) € Sgxn-

xr1T1 I YINTIN

VI1.3.2 Viscosity solutions

We define viscosity solutions for the equation (VI.3.2), as in the non-Markovian PDEs.
We refer to Ren, Touzi & Zhang [67] for a general overview of viscosity solutions for such
equations. Let X := (X', ..., X™)T be the canonical process on QV and F¥ = {FN Y e

the corresponding filtration. For ¢ € [0,T), define
AN = [t,T) x R"Nand AN := [t,T] x RV,

Definition VI.3.1 For (t,x) € A, let PN (t,x) be the set of P € Po(QN, FN) such that
e X; =x, P-a.s.,
o there exist b°, 0P : [0,T] x QN — RN, SdeN, FN -measurable, uniformly bounded by L,

s.t.
dX, = bds + oL dWw?, (V1.3.3)
where WP is a d x N-dimensional P-Brownian motion.

Lemma VI.3.2 The set PY (t,x) is weakly compact.
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Proof Let PN (t,x) be defined as P (t,x), without requiring that o is blockwise diago-
nal. Clearly P (t,x) C PN(t,x), and we know from Zheng [79, Theorem 3| that P (,x)
is weakly compact. Since SEX N 1s closed, Piv (t,x) is closed for the weak convergence, and
therefore is weakly compact. |

Let 7;]\} denote the set of [t, T]-valued F"-stopping times, and 7;];’Jr ={H ¢ 7;]% cH >
t}. We define the sets of test functions:

Al x):={0 € O A" 3H € T s (0= w)(t,x) = max E1L[(6 —u)(0 A H. Xonm)] |-

€T
AVu(tx):={0 € C*(A) : 3H € T s (0~ w)(t,x) = min £X[(6 —u)(0 A H. Xor)] |-
’ €hir ,
where " and EN are the nonlinear expectations defined by
Eplli= sup EP[], EN[]:= inf EP[], (VL3.4)
PPN (t,x) PEP (t.x)

and C’; ’Q(Kiv ) denotes the set of bounded functions of C 1’Q(Aftv ) with bounded derivatives.

Definition VI.3.3 Let u: A} — R.
(i) w is a viscosity supersolution of (V1.2.1) if, for all (t,x) € AY and ¢ € XNu(t,x),

—0up(t, %) = FY (£, %, 6(t, ), 0x(t, %), 036 (t, X)) = 0. (V1.3.5)
(ii) w is a viscosity subsolution of (V1.2.1) if, for all (t,x) € AY and ¢ € ANu(t,x),
—9p(t,x) — FN (t,x, ¢(t, ), Ox(t, %), 02,0 (t,x)) < 0. (V1.3.6)

(iil) w is a viscosity solution of (V1.2.1) if it is a viscosity supersolution and subsolution.

VI1.3.3 Main results
Let SV be the set of functions h : A) — R such that h(t,x) = h™ (¢, u"(x)) for some

hY 1 [0, 7] x PV (RY) — R.

Theorem VI.3.4 (i) Let {v"N € SN}n>1 be a sequence of continuous and locally bounded,

uniformly in N, viscosity supersolutions of (V1.3.2).The relazed semi-limit defined by

o(t,p) = liminf N (s, N (xV)) for all (1) € Qg

N — oc0,s >t
NNy V3
p ) W
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is finite and is a LSC viscosity supersolution of (V1.2.1).
(ii) Let {u" € SN} y>1 be a sequence of continuous and locally bounded, uniformly in N,

viscosity subsolutions of (V1.3.2). The relaxed semi-limit defined by

() = limsup (s, uN (M) for all (t 1) € Qy
N — oc0,s > t

uN(xN)&u

is finite and is a USC viscosity subsolution of (V1.2.1).
The proof of this result is relegated to Section VI.6.

Theorem VI.3.5 Let {VN € SV}n>1 be a sequence of continuous and locally bounded,

uniformly in N, viscosity solutions of (V1.3.2) s.t. VN|i—p = ¢, and introduce for all

(ta M) € 60

V(t,p):= Nlim inf t VN (s, ul¥(xN)), V(t,p) == limsup V¥ (s, ™ (xN)). (VL3.7)
— 0,8 = N — oco,s = t
uN Ny 23, uN Ny 23

If Assumption VI.2.6 holds and V|i—p = V\t:T = g, then VN converges to the unique

continuous viscosity solution V' of (V1.2.1), i.e., the following limit exists:

V(t,pu) = N jim N VN (s, lN(xN))  for all (t, 1) € Q

MN(XN)Wﬁu

and is the unique viscosity solution of (VI1.2.1).

Proof By Theorem VI.3.4, V and V are respectively viscosity supersolution and subso-
lution of (VI.2.1). As V|j—r = V|;=1 = g, the comparison principle implies V. > V. By
(VI.3.7), we also have the converse inequality, and thus V. = V, and these functions are vis-
cosity solutions of (VI.2.1). Given the comparison principle, (VI.2.1) has a unique viscosity

solution, and thus V. =V =V and the two semi-limits (VI1.3.7) are equal to the limit. B

VI.4 Application to stochastic control

VI.4.1 Mean field control

Let k > 1, A C R¥ and (b,0) : [0,T] x R% x P5(S) x A — R% S, continuous in (¢,a) €
[0,T] x A, Lipschitz-continuous in (z, ) € R? x Py(R?) uniformly in (¢,a) and uniformly
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bounded by L. For (¢,1) € Qo and a : [0,T] x Q — A, let P4 be s.t. X is a controlled

McKean-Vlasov diffusion with drift and diffusion coeflicients b and o, i.e.
S S
X, =&+ / b(r, Xp, PR, o )dr + / o(r, Xy, P 0 )dW, Phieas,  (VIAL)
t t

where W is a standard d-dimensional P*** Brownian motion and Pz’”’a = p. Let A; be
the set of processes av : [t, T] x Q2 — A s.t. (VI.4.1) has a unique weak solution. We consider
the mean field control problem
pt.u,o r t, 0 t,p,a
Vit = sup €7 [ 1m0 PR, ) + gL
acA; t "

where f is bounded and continuous in all its variables, and g is Lipschitz-continuous w.r.t.
Ws. We know from Wu & Zhang |77, Theorem 5.8] that, if V' is continuous, then it satisfies

the following Hamilton-Jacobi-Bellman (HJB) equation on Wasserstein space:
_8tu(t7 ,LL) - FHJB (ta K, 8135mu(t7 H, ')7 agxému(t7 H, )) = 07 U(Tv ) =9, (VI42)

where

1
Fyp(t,p, 2,T) = <u, Sup {b(t, S a) - Z(0) + 502(75, spsa) s TC)+ (- p, a)}>(-VI-4-3)

Proposition VI1.4.1 Assume A is compact. Then Fyp satisfies Assumption VI.2.2.

Proof Let (Z,T) € CP(RL,RY) x CP(RY,S,). First observe that the sup in (VL4.3) is
finite as all terms are bounded. Moreover, as b, and f are continuous in (¢, u,a) and A is
compact, it comes that

(t, ) — sup {b(t,m,u,a) < Z(x) + %JQ(t,:L',,u,a) :D(x) + f(t,x,u,a)}
acA

is continuous for all z € R%. We then deduce from the boundedness of Z and T’ that Fijp
is continuous in (¢, ). Also, if (Z/,T") — (Z,T) for (Z',T") € CP(RY,R?) x CY(RY, S,), we
deduce from the dominated convergence theorem that Fyyp(t, u, Z', ") — Fup(t, p, Z,T).
This proves Assumption VI.2.2 (i). (ii) is clearly satisfied as Fyjp is an integral w.r.t. p. W

Remark VI.4.2 We observe that, in the case of F#/5 Z and I' may belong to L'(x).
However, we chose to restrict them to sets of bounded functions when we introduced the

operator F' in order to have a more general framework and avoid possible integrability issues.
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Finite-dimensional approximation For (¢,x) € [0,T] x RN

(al,...,a™):[0,T] x QN — AN let PY®< be such that, for all i € [N] := {1,..., N},

and a given control a =

S S
X:=um+ / b(r, X, uN(X,), ol )dr + / o(r, X5, pN(X,.), al)dWHe | Pb%c_a §(VI.4.4)
t t

where W := (Wb, ... WNe)T is a standard d x N-dimensional Pt**“-Brownian motion.
Let AY be the set of processes a : [t,T] x QY — AN s.t. (VI.4.4) has a unique weak

solution. We define the control problem

N T

V¥ = sup SOEP [ Xl + gV ().
ac Al = t

with [N (t,x,a) := f(r,z;, 1’V (x),a). We know from standard stochastic control theory

that, if V'V is continuous, then it is a viscosity solution of

—Opu(t,x)— sup {b(t, x, a)-Oxu(t, X)—}—%O’z(t, x,a): 02 u(t,x) + f(t, x, a)-e} = 0(VI.4.5)

acAN

.
where b(t,x,a) := (b(t,wi,uN(x),aiD

— ) N
i< o(t,x,a):= D1ag<0(t,a?i,u (x),ai)> ,

1<i<N

. T
f(t,x,a):= (fZ’N(t,x, ai))1<‘<N and e:=(1,...,1)T ¢ RV,

Proposition VI1.4.3 If Assumption VI.2.6 holds for (V1.4.2) and the {VN}n>1 are con-

tinuous, then VN converges to V, i.e.,

V(t,p) = . lim t VN(s,xN)  for all (t,11) € Q.
Wz(MN(xA;)xM) -0

Proof We first show that (VI.4.5) is the finite-dimensional approximation of (VI.4.2), i.e.,

1
FI]{\;B(t,x,z,’y) = sup {b(t,x,a) -z + 70'2(t,x,a) cy + f(t,x,a) - e},
acAN 2
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where FI]{\{]B is the finite-dimensional approximation of Fyyyp defined by (VI.3.1). We compute
FI{I\GB(tv X, 7, 7) = FHJB(tv #N(X)v Nz -1x, N7 - ]-X)
1
= (160 Nsup {5011V (x), ) 2 Tt 507 (N (0),0) 1y 1
ac

(N (),a) )

1
= Zsup {b(t,x“,uN(X), CL) "z + 502(75,951‘7#]\/(}()» CL) Y

(w1 (), )}

+f (w1 (x), 1)}

1
= sup {b(t,x,a) 7+ —o?(t,x,a) : v+ f(t,x,a) -e}.
acAN 2

Moreover, since A is compact and g is Lipschitz-continuous, Vv is continuous. Let K, be a

Lipschitz constant for ¢ and fix o € AY. Observe that

P lg (6™ (Xr)) = g x)*] < KZEPT W (Y (Xr), 1V () |

K2 N

,X, 0 2
< ¥ LEIxk-a
< C(T-1)

with C is independent from N and «, due to the uniform boundedness of the drift and

diffusion coeflicients, and thus
V(%) - gV ()| < VOT =), (VL16)
As ¢ is Lipschitz-continuous, this provides
VN (t,x)] < C'(1+Wa(pN (x), ) + |g(p)])  for all u € Po(R?) and some C’ > 0,

which implies that {V} > is locally bounded, uniformly in N. Moreover, (V1.4.6) also
implies that V and V (defined similarly to (V1.3.7)) satisfy V|,—7 = V|=1 = g. Note also
that, by symmetry of the problem, VY € S¥. We may then apply Theorem VI1.3.5 to derive

the convergence result. |
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VI1.4.2 Zero-sum stochastic differential games

We present in a more informal way a second example. We consider the following control

problem, arising in zero-sum games:

T

. Pt’M’ocl’a2 t,pu, 17 2 1228 1’ 2

Vi(t,p) = 11nf1 sup E [/ f(s,Xs,PX’:(l @ ,a;,ag)ds—i—g(PX’;a @ )},
ated; o2eA? t

where the measures {Pt’u’o‘l’o‘2 c o € A},as € A?} are such that X has the dynamics

(VI.4.1), substituting (a!,a?) to a. By Cosso & Pham [28], V, is a viscosity solution of

(VI.2.1), with operator

1
FJr(tHUJ, Z7F) = <:u’ inf Sup{b(ta 55y a1>a2) “Z+ 70_2(ta 'nu?alan) I+ f(ta 'aﬂ’al7a2)}>'
ag€A2 a1 €A, 2

Although [28] uses another notion of viscosity solutions, we may consider in the context of
our discussion that V. is also a viscosity solution in the sense of Definition VI.2.4. Assuming
Aq and As are compact, the corresponding finite-dimensional approximation is then given
by (VI.3.2), with operator
N . 1 2
F(t,x,z,7v) := inf  sup {b(t,x, aj,as)-z+ —o“(t,x,a;,as) : v+ f(t,x,a;,as) -e}.
al EA{V ai EAéV 2
As in the case of mean field control, we may show that this corresponds to the PDE satisfied

by the control problem

N 1.2 T
vN(Lx) = | inf e {/ (X, ot a2)dr + 9(Xr) .
w6 aleﬂ%)%zi%)lv; , 7 X, e )dr o+ g(Xo)

where the measures {Pt<@"@” . o) € Al ay € A2} are such that X has the dynamics

VI1.4.4), substituting (a!, a?) to .
(

Proposition V1.4.4 If Assumption VI.2.6 holds for (V1.2.1) with F = Fy, then Viv con-

verges to V, i.e.,

Vi(t,p) = . lim t VN (s,xN)  for all (t, 1) € Qo.
W2(HN(XA;)7H) -0
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VI1.4.3 The uncontrolled case

The purpose of this paragraph is to recover the classical propagation of chaos result for
diffusion processes, whose first instance was given by Snitzman [72] for some special models.

b and ¢ do no longer depend on the variable a. We consider the equation

1
—8tu(t,u)—<u, b(t, -, 1) Opdmul(t, p,-) + 502(t, " :&%xému(t, 78 )> =0, u(T,-) =(¥1.4.7)

where g € CP(P2(R?),R), the set of continuous and bounded functions from P3(R?) to R.

For N > 1, we easily see that the corresponding finite-dimensional approximation writes
1
—0u™ (t,x) — b(t,x) - Ou™ (t,x) — 50'2(t,x) : 02 N (t,x) =0, uV(T,-) = gV.(V1.4.8)

For (t, 1, xN) € Qg x RPN et (Pt#, Ptx") € Pp(t, 1) x PN (t,xN) be such that X and X
are the uncontrolled versions of (VI.4.1) and (V1.4.4), respectively P“*-a.s. and Pt _as.
As g € CY(P2(R?),R), we know that, under some smoothness assumptions on b and o (see
Talbi, Touzi & Zhang [75, Lemma 3.6]), we have

u(t,p) = g(P), u(t,x") = EP [gV (X)) = B [g(u (X)),

for all (¢, ) € Qg and xV € RN Thus, applying Proposition VI.4.3, we have vV (0, x) —
u(0, 1) as N — oo and Wa(u¥ (xV), ) — 0, hence

E [g(uV (X)) — g(PY),

N—o0
which exactly means that poxY o (uv (X¥ ))~! converges weakly to If’gé’; , as it is true for
all g € CY (P2(R4),R). This corresponds to the propagation of chaos result proved by
Oelschlager [63].

V1.5 Extension to path-dependent PDEs

VI1.5.1 Pathwise derivatives

For t € [0,T), we adapt our previous notations to the path-dependent case:
Qi :=[t,T) x P2(Q) and Q,:=[t,T] x Pa(Q).
For (t, 1) € Qy, we denote by to,q the law of the stopped process X.n; under p.
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Definition VI.5.1 (i) Given a metric space E, we denote by C°([0,T] x 0, E) the set of F-
progressively measurable and continuous functions from [0,T] x Q to E, where S is equipped
with the norm |w| := supycpo pylwe| for all w € Q.

(i) We denote by u € C12([0,T] x Q) the set of functions u : [0,T] x  — R such that there
exist Opu € C°([0,T] x Q,R), dyu € C°([0,T] x Q,RY) and 92, ,u € C°([0,T] x ,Sy) such
that, for all P € J;<oPrL, u satisfies

du(t, X) = Ou(t, X)dt + du(t, X) - dX, + %ngu(t, X):d(X), P-as.

Definition VI1.5.2 Fizt € [0,T].
(i) We denote by C°(Q,) the set of functions u : Q, — R continuous for the pseudo-metric:

1

WQ((S,,U,), (r,v)) = (]s — >+ Ws (1o 5, V[O,r])> * for all (s,p), (r,v) € Q. (VL5.1)

(ii) We denote by C;’z(at) the set of bounded functions u : Q, — R such that Oy, dpu,

O.0mu, 02 ,,6mu exist, are bounded in all their variables and continuous in (t, 1) in the sense
of (1), where the functional linear derivative takes the form opu : [t,T] x P2(2) x @ — R
satisfying, for any s € [t,T] and p, 1’ € Pa(£2),

1
Csosl) = ulo ) = [ [ Gals, W (L= W) 0 = ) (o)
0o Jo
Note that, if u € C°(Qy), then u(s, 1) = u(s, pp,4) for all (s, ) € Q;.

V1.5.2 Path-dependent equation on Wasserstein space

Let F: [0,7T] x Po(2) x R x LY(2,RY) x LY(Q2,Sy) — R, where LY(Q2,R?) (resp. LY(92,Sy))
denotes the set of Borel measurable functions from € to R? (resp. Sy) with quadratic growth,

and g : P2(Q2) — R. We consider the following equation:
—Owu(t, p) — F(t, 1y u(t, 1), Dubmult, i, -), 02 Smult, 1, )) =0, ulp=r =g, (VL5.2)

for all (t,u) € Qp. We define semijets similarly to (VI.2.2) and straightforwardly adapt
Proposition VI.2.5 and Assumption VI.2.2 to the path-dependent setting.
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VI1.5.3 Viscosity solutions

We redefine, for all (t,u) € Qo, Pr(t,p) := {P € Pr : Px,,. = pjoy}, as well as the
neighborhood
Ns(t, i) == [t,t + 6] x Pr(t, n),

which is compact under W, (see again Wu & Zhang [77, Lemma 4.1]). We then introduce

the sets of test functions:

Au(t,p) = {go € C;’Q(Qt) S —u)(t,p) = NI?(%};)(QD — u) for some 6 > 0},
Au(t.p) = {9 € Q) (9~ u)lt ) = min () for some &> 0.

Definition VI.5.3 Let u: Q, — R.
(i) u is a viscosity supersolution of (V1.5.2) if, for all (t,u) € Qo and ¢ € Au(t,m),

—0rp(t, 1) = F (b, py u(t, 1), 0u0mp(t, 1, ), 020s6me(t, ) = 0.

(ii) w is a viscosity subsolution of (V1.5.2) if, for all (t,u) € Qo and ¢ € Au(t,m),
—0vp(t, 1) = F (b, py u(t, 1), 0ubmp(t, 1, ), 02,6mee(t, ) < 0.

(iil) w is a viscosity solution of (V1.5.2) if it is a viscosity supersolution and subsolution.

V1.5.4 Finite-dimensional approximation

Let N > 1. We shall write in bold character the elements w = (w!,...,w") € QV. Intro-
duce, for (t,w,y,2,7) € [0,T] x QN x R x RN x SdeN,

FN(t7w7y7z77) = F(tqu(w)vyaNz : ]-LWN’Y : 1w)7 (VI53)

where z - 1,(w) := SN | 2010 (W) and 4 - 1, (w) == ST, W1k (w) for all w € Q. We then
introduce the path-dependent PDE on [0, 7] x Q:

—du(t,w) — FN (t,w, u(t,w), Opu(t,w), Giwu(t,w)) =0, ul—r = g", (VL.5.4)

with gV(w) = g(uV (w)), Ouu(t,w) = (Ou,...,0,~vu)(t,w) € RN and 92 u(t,w) :=
Diag(@ilwlu, ey 83NwNu)(t, w) € SgxN-
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We now define viscosity solutions for (VI.5.4). We adapt the notations of Section VI.3.2
to the path-dependent case. For ¢ € [0,T), define

AN =, T)x QV, and AN :=[t,T] x QY.

For (t,w) € A}, we define PY (t, w) similarly to P (¢,x), with the condition X¢p. = win.,

P-a.s, for all P € Piv (t,w). Similarly to Lemma VI.3.2, we have the following result:
Lemma VI.5.4 The set PV (t,w) is weakly compact.

We define the sets of test functions:

Au(t,w)i={0 € CARY) 1 IH € TR st (9= u)(t,w) = max Eo,| (6 —w)(0 A H Xonor)]| |

N
0T

ANu(t,w)i={o € O (R) : 3H € T st (6 - w)(tw) = min £5, (6 =)0 A H, X ponmr)| }.

)

t,T
where £" and EN are the nonlinear expectations defined by
7N .
Erwll = sup EP[], EN,[]:= inf EP[], (VL.5.5)

PPN (1) | PePy ()

and C;’Q(Kiv) denotes the bounded elements of CLQ(K?]) (defined similarly to C12([0, 7] x
2)) with bounded derivatives.

Definition VI.5.5 Let u: A} — R.
(i) w is a viscosity supersolution of (V1.2.1) if, for all (t,w) € A and ¢ € ZNu(t,w),

—0p(t,w) — FN (t,w, d(t,w), 0w (t,w), agwgb(t,w)) >0.

(ii) w ds a viscosity subsolution of (V1.2.1) if, for all (t,w) € A} and ¢ € ANu(t,w),
—Op(t,w) — FN (t,w, ¢(t,w), 0o (t,w), 02, 0(t,w)) <O0.

(iii) w is a wviscosity solution of (V1.2.1) if it is a viscosity supersolution and subsolution.

In this paragraph, SV denotes the set of functions h : A) — R st. h(t,w) =
hV (¢, uN (w)) for some h™V : [0, T] x PN(Q) — R.
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Theorem VI.5.6 (i) Let {v"Y € SN} n>1 be a sequence of uniformly continuous for (V1.5.1)
and locally bounded, uniformly in N, viscosity supersolutions of (V1.5.4). Then, the relazed
semi-limit defined by
v(t,p) = liminf vV (s, u™N (W) for all (t, 1) € Qo
N — oco,s > t
pN (W) 23,
is finite and is a LSC viscosity supersolution of (VI.2.1).
(ii) Let {u’N € SN}ns>1 be a sequence of uniformly continuous for (V1.5.1) and locally
bounded, uniformly in N, viscosity subsolutions of (V1.5.4). Then, the relaxed semi-limit
defined by
Wt = lmsup w¥ (s, 4V (@) for all (t 1) € Qo
N — oco,s > t
uN (W) 23y

is finite and is a USC wiscosity subsolution of (V1.2.1).

The proof of this result is relegated to Section VI.6. Similarly to Theorem VI.3.5, this

implies the following result:

Theorem VI.5.7 Let {VN € SV} y>1 be a sequence of uniformly continuous for (VI.5.1)
and locally bounded, uniformly in N, viscosity solutions of (V1.5.4) s.t. VN(T,-) = g, and

introduce
Vit,p):= liminf  VN(s,puN (@), V(t,p):= limsup VV(s, pu¥(w™))(VL5.6)
N — 00,5 =t N — oc0,s >t
iV (@) 23 uN (@) 23

If Assumption VI.2.6 holds and V|i—p = V|t:T = g, then Tl converges to the unique

continuous viscosity solution V' of (V1.5.2), i.e.,

Vit,p) = lim VN (s,w™)  for all (t, 1) € Q.

N — oo, = t
N ,Ny W3
(W) W

V1.6 Proof of Theorems VI.3.4 and VI1.5.6

VI.6.1 The Markovian setting

We first prove Theorem VI.3.4. We only prove the convergence of the viscosity superso-

lutions, as the case of the subsolutions is handled similarly. It is clear that v is finite as
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{vN}n>1 is locally bounded, uniformly in N. Fix (t,u) € Qo and ¢ € Av(t, u) with cor-
responding &g € (0,7 — t). By Proposition VI.2.5, we may assume w.l.o.g. that ¢ is a
semijet of the form (VI.2.2), with characteristics (v,a, f) € R x R x CZ(R?). Replacing ¢
with G(s, ) := ¢(s,-) — (s —t)?, we may also assume w.l.o.g. that (¢, ) is a strict maximum

of (1o — ) on Ny (¢, 11).

Step 1: Let (tV,x) be a sequence such that tV — ¢, u™¥ (x) W, pw, and vV (tV uN (xN)) —
v(t,u) as N — oo. We also introduce, for all N > 1, the functions ¢ (s, x) := (s, uV (x))
for all (s,x) € Kév. Fix 0 € (0,dp), and introduce the stopping time

HY ==inf {s > " : Wy (u™ (Xs), pN (xN)) = 6} A (#Y +9).

By Ekren, Touzi & Zhang [38, Theorem 3.5 and weak compactness of P (t,xV), there

exists (05 ,PN*) € TN , x P (t,xV) s.t.

N, * N
EP | (0" —o™)(05 A HY Xy apy)| = sup Epv v [(¢N — oM (O A HY, XQAHMYI.GJ)

where Eﬁv\f’xz\r is defined by (VI1.3.4). Indeed, by continuity of ¢~ — v", we easily see that
the Markov process s +— (¢ —v™V)(s,X,) is bounded and uniformly continuous on {(t,w) :
t < HY(w)}, and that PY(t,xV) satisfies [38, Assumption 3.4]. Also, note that, since
{vN} y>1 is locally bounded, uniformly in N, and p¥ (xV) W, [, we may assume w.l.o.g.
that, after passing to an appropriate subsequence and for § small enough, {(¢" — v™)(6 A
HY, XQAH(JSV)}NZI is uniformly bounded for all § € 7;%
Step 2: We now justify that

limsup PYV*(0) < HY) > 0. (V1.6.2)

N—oo

Indeed, assume to the contrary that limsup PN (0(];\7 < Hév) = lim PN (0(];\7 < Hév) =0.
N—o0 N—oo
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We have:

(p—v)(t,p) = lim (o —v")E", 1N (x"Y))

N—o0

IN

. . N, *
lim inf E7 (o =) (O A HY 1™ (X))

IN

. N« [
limsup EP _(go —vM)(OY A Hév,,uN(Xeév/\Hév))}

N—oo

. Ny [
= timsup €7 [{(0 — )Y 1Y (X)) (1= Ly )

N—oo
i =M OF 1 (Xop ) gy <y } |

. N,* [
= timsup 7| (o =) (Y 1N (X))

N—oo

where we used the fact that {(¢—vV)(ON AHY, ,uN(X%v/\Hév ))} n>1 is uniformly bounded
and lim sup PN’*(H(JSV < Hév) = lim PN’*(G(]SV < Hgv) =0.
N—oo N—o0

Since (tV, uV(xV)) e (t, 1), by Proposition VI.7.1 and compactness of [¢t,T], there
exists a subsequence vV := PN* o (HY /LN(X>)71 that converges weakly to some v €
Pa([t, T] x P2(2)) supported on [¢,t+ 6] x Pr(t, ). Thus, denoting by (7,m) the canonical
mapping on [0,7] x Pa(2), we have by upper semicontinuity of ¢ — v" and continuity of

(t,m) — mx,_,

timsup £ [(p — ) (Y1 (Kpgp )] = timsup B [(o = v (7. m)]
< F [(80 —v)(r, mXT)}

< (e = 0)(T(@),mx, ) (@),

for some w € [0, 7] x P2(2). We also observe that 7 > ¢, v-a.s. Indeed, given that, by

definition of H g\f , we have
WQ(mXT,/,LN(XN)) =dorT=t"V+4, vN-as.,
for all N > 1, we have, as v is LSC,
WQ(,u, mXT) =dorT=t+9, v-as.

As vom™1 is supported on P (t, ), we have mx, = i, v-a.s. Thus the above inequalities
imply that 7 > ¢, v-a.s. @ may then be chosen s.t. 7(@) > ¢, and we have (¢ — v)(t,u) <

(¢ — v)(1(@),mx_, (@)), which contradicts the fact that (¢,u) is a strict maximum on
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Nj(t, ). Thus, (VI1.6.2) holds true, and we may find a subsequence {w®V}ys>1 s.t. tY ==
oY (W) < HY (W) for all N > 1.
Step 3: We now prove that ¢% is a test function for vV in some well chosen point. Introduce

x0N = Xeév(wa,N)(w‘s’N) and Y¥ the nonlinear Snell envelop of s +— (¢~ —v™)(s, X,), i.e.,

Yév(w) = sup Ei\’fw

b £ (0 o™ A HY X)),
0T r

which satisfies Y > ?gys [Ygupy] for all 6 € 7.Y. Then we have, for all § € 7;2%,

(O = oM XN = Y ()

Y

?i\éfv,w‘s*N [Yé\/[\HgV]

=N
> gté\f’wé,N [(¢N - UN)(9 N Hévv XG/\H(éV)]’

and therefore, as we are in the Markovian case,

@ — oMY, x*N) = max N on [(¢>N — oMY@ A HY, XQAHév)] .

0 N [
67;(1;\/,7"

Observe that ¢V € C’;’Z(ng). Indeed, since ¢ = %7 is a semijet, we have
at¢N(S7X) = atQD(S, MN(X)) =a,
1 1
0 ®(5,%) = 0uf(2:) = 3:0u0mep(s, p" (%), i), (VI.6.3)

1 1
a:%ixi(bN(S?x) = Nagxf(xl) = Naixém(p(shuzv(x)?xi)v

for all i € [N]. As HY > ¥ on {X~/\tg\f = wfs/’\]év}, we have ¢/ € XNUN(tN,X‘;’N) and the
supersolution property provides

~06™(a5) = F¥ (a5, 0" (g5), 0x0™ (a5), 050" (45')) = 0. (VL6.4)
where ¢ := (t&,x%V).
Step 4: We finally derive the viscosity supersolution of v. By (VI.3.1) and (VI.6.5), we
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have:
FN (g, 0N (g57), 0™ (a8), 020™ (ad))

N
= (6 1Y ) N (0 1Y ), 3 abmep 1,1 (), a1 v,
k=1

N

4
> 0% Smp (8 1N (), )1 o)
k=1

k
- F(tfs\f? 'UN(X(S,N)v VN(tévv /LN(X&N))v aﬂvém@(tﬁvv IUN(X67N)7 ')a ag:vémso(tév7 IUN(X(S,N)a )> '
The second equality is a consequence of Assumption VI.2.2 (ii). Note that

(57 ™ (™), v (85, ™ () o (8, N M), v (Y i (M)

by definition of H év and continuity of v, and thus

NN (N NN N (6N " " ‘
(1NN N NN (et )

We then deduce from the smoothness of ¢ and the continuity of F' (in the sense of Assumption

VL.2.2 (i)) that

FN(g5", v (g8), 0x0™ (45"), 02x 0™ (45)) - F(t, 1, 0(t, 1), 020mep(t, py ), 02 Omep(t, 1, -)).
N — oo

Finally, as 0;¢" (¢) = a = Oy(t, p), sending (6, N) — (0,00) in (V1.6.5) provides the

viscosity supersolution property of v.

VI.6.2 The path-dependent setting

The proof of Theorem VI.5.6 follows the same arguments. We use the notations of Section
VL5. Let (tV,w™) be a sequence such that (tV, u™ (w™)) — (¢, u) and vV (N, uN (W) —
v(t,u) as N — co. We also introduce, for all N > 1, the functions ¢™ (s,w) = o(s, u™ (w))
for all (s,w) € AY. Fix 6 € (0,dp), and introduce the stopping time

HY :=inf {s> tN WQ(ILLN(X./\S),/.LN(OJ']XLLN)) > 6} A N +9).
Observe that, for all s >tV w € QN s.t. s < Hév(w), we have

Ms,w)|

IN

v NV, M) + py (IS — N[+ W (i (w.ns), NN(“’-JXtN)))

N (Y, W) + o (29),

IN
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where py is continuity modulus of vVV. Furthermore, ¢ is Lipschitz-continuous as it has
bounded derivatives. Thus ¢” — v is bounded and uniformly continuous on {(s,w) : s <

HY(w)}, and by [38] again, there exists (), PV*) € ’E%T x PN(t,wh) s.t.

N ,* =N
E7 (0 = M) OF A Y Xy | = sup B [(67 = o™)ONHY X))
€ tN.T

where ggVMN is defined by (VI.5.5). Similarly to the Markovian setting, we may find a

subsequence {w¥N} 1 s.t. Y == 0N (W) < HY (wPN) for all N > 1, and satisfying

(6™ —oM)(t), ™) = max Ev o (6% — ™) (O A HY X i)

Observe that ¢ € 01}72(ng)' Indeed, since ¢ = %7 is a semijet, we have

8t¢N(3aw) = 61590(37[1']\[(“")):@7

N _ L oL N .
8Wi¢ (S7X) - Nawf(wl) - Nax(sm(p(s’lu’ (w)?wl)’
T PR DN

awiwi¢ (S’w) - Nawwf(wl) - Naww(smgp(sﬂlu’ (LU),WZ),

for all i € [N]. As HY >t} on {thVA- = wf}é\i\'}, we have ¢V € ZNUN(t(];V,w‘S’N) and the
5

supersolution property provides

—0i ™ (a5") — FN (a5, vV (4§), 0™ (a5'), 020" (45)) = 0. (VL6.5)

6,N)

where ¢ := (t), w?). We conclude similarly to (i). [ ]

VI.7 A precompactness result

In this section, we state and prove our propagation of chaos-like result for continuous semi-

martingale with bounded characteristics:

Proposition VI.7.1 Let {w"}n>1 € [Ir>1 QN and p € P2(Q) s.t. pN(wh,) Wa, 0.4
and {PN € PN(t,w™)}y>1. Then, the sequence {PN o (1N (X))~ I n>1 is tight, and all its

accumulation points are supported on Pr(t, ).

Definition VI.7.2 (i) Denote Y := (A, M) the canonical process on Q% := Q x Q. Let Py,
be the set of probability measures P on Q2 such that:
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o A is absolutely continuous w.r.t. to the Lebesque measure on [0, T], with |%] <L, P-as.,
e M is a P-martingale on [0, T, with 1/ d<2;[>s <L, P-a.s.
(ii) Denote Y := (A, M) = {(A*, M*)},c(n) the canonical process on QN2 := QN x QN.

Let 75]{\[ be the set of probability measures P on QN2 s.t.:

o A is absolutely continuous w.r.t. to the Lebesgue measure on [0,T], with |d62§| < L, for
all k € [N], P-a.s.,

e M is a P-martingale on [0,T], with d(]\;[i:ys < L and (M*, M"Y =0, for all k #1 € [N],
P-a.s.

Lemma VI.7.3 For all {PY € PN}n>1, the sequence {PN o (uV(Y))~ }y>1 is tight, and

all its accumulation points are supported on Pr,.

Proof Step 1: We first prove the existence of a limit. For all N > 1, denote vV :=
PN o (uN(Y))™! € P(P2(22?)). By Lacker [51, Corollary B.1], we have to prove that
(i) {#"}n>1 is uniformly integrable, i.e., limp_, o0 SUP N> = W3(A,80) 1w, s0)>r| = 0,
where ) is the identity map on Po(Q?).
(ii) the sequence of mean measures {EP" [N (Y)]}v>1 is tight,
where, for all P € Po(Q2V2) and fi : QN2 — Py(0?), the mean measure EF[i] € P(Q?) is
defined by

<EP[[1], Q) = EP [(fi, )] for all p € CP(Q?).

Let R > 0. We have

V" [W2<)‘7 60)1W2(m,50)2R] = ™ {Wz (LN (Y), 60)1W2(#N(Y),60)2R}

B B (4N (Y), )]

2EPN 1 ¢ A2 M2
22 [ e+ e

IN

IN

For each i € [N], we have
EP" [|AY?] < (LT)? and EP" [|M|?] < 4L°T,

the latter by Doob’s inequality. Thus, there exists a constant Cr j, independent from N and

R s.t.
c
" [WQ(A,ao)lm(MO)zR} < EL forall N > 1 and R > 0,
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and therefore limp o SUp > = |:W2()\, 90) 1w, (r60)>r| = 0 and (i) is proved.
To show that {EP" (1Y (Y)]} N1 is tight, we prove Aldous’ criterion (see Billingsley [10,
Theorem 16.10]), i.e.,

N
sup sup <EP [,uN(Y)], | A toyar — AL+ | M 45)aT — MT]2> — 0, (VL.7.1)
N>17€To,T §—0

where 7o denotes the set of [0, T]-valued F-stopping times. Yet, we have, for fixed N,
and 6,

N
<EPN [“N(Y)]7 |M(T+6)/\T - MT|2> = % Z EPN |:‘M(iT+§)/\T - M;ﬂ < L*§
i=1

by Itd’s isometry. We obtain a similar estimate for A, and this implies (VI.7.1) and conse-
quently (i), and thus {#V} y>1 admits a subsequence converging to some v € P(P2(Q?)).

Step 2: We show that v is supported on P. First observe that, by definition of P, we

have
|Ak — A% < L|s — 7|, PN-a.s., for all k € [N] and s,7 € [0, T],
and thus
|As — A.| < Lls — 7|, p™V(Y)-a.s., PN-as., for all k € [N] and s,r € [0, 7],
and finally

N [A(|AS ~ A < Ls —r\) - 1} =1, forall N >1 and s,7 € [0, T).

Since {|As — A,| < L|s — 7|} is closed in Q2 {x\(\As — A, < Lls— r\) = 1} is closed in

P2(02?), and thus the weak convergence of vV to v implies

1 = limsup v/~ {)\(|As — A | < Lls— r|) = 1} < I/[)\(|As — A | < Lls— r|) = 1} <1,

N—oc0

that is, v [)\(\AS — A | < Lls— r]) = 1] = 1. Since s and r are arbitrary, this implies that A
is absolutely continuous w.r.t. the Lebesgue measure on [0, 7] with |%] < L, M\as., v-as.

We now prove that M is a A-martingale on [0,7], v-a.s. Fix r < s in [0,7], and
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CHAPTER VI. A FINITE-DIMENSIONAL APPROXIMATION FOR VISCOSITY
SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS ON WASSERSTEIN SPACE

hy := h(Y,), where h € CP(Q?). We compute:
N
e [ e, )] = (5 R0 - a) ]
i=1

N
< 5 DIRPERY [|ni - P

i=1
B L A
- N N—oo
where we used the fact that (M*, M')1;_ = 0, and the o(Y;)-measurability of h, to derive

N

the first inequality. Thus, as v** converges weakly to v,

0 < B [(\ (M — M) | < liminf B (A, b (M, = M,))*| =0,

N—o0
hence E¥ [<)\, hy (Mg — Mr)>2] = 0, which implies that
(A hy(Ms — M,)) =0, v-as.,

which by the arbitrariness of s, and h means that M is a A-martingale, v-a.s. We prove

similarly to A that d(M)s < L, Ma.s., v-a.s.

ds

|
Proof of Propostion VI.7.1 Introduce

S S
AN =X, 4+ 1, / PV dr, MY =1, / PN awP
t t
where bPN,aPN and WP are as in (VL.3.3). Then, we clearly have
|5N = PZVAN,MN) S 75?[

Therefore, by Lemma VI.7.3, vV := PN o (1N (Y))~! converges weakly to some v supported
on Pr(t, ). Define iV := PN o (u™(X))™! and fix ¢ € CP(P2(Q2)). We have:

o) = B o(uV (X)) = B [ (e () 0 (A+ )7
= 7 [0 (a4 M) )] — Efp(he (A4 M)7Y)]
by weak convergence of 1 to v, since A = (Ao (A+ M)™!) € CP(P2(Q?)). Thus we have

(BN, 0) — (i),

N—oo

N

where i :=vo ()\ o(A+M )_1)71. Therefore, by arbitrariness of ¢, u converges weakly to

f1, which is clearly supported on Pr,(t, 1) since v is supported on P, and pN (W) Wa, . 1
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Titre : Arrét optimal champ-moyen et approximations d’équations aux dérivées partielles sur 'espace de Wasserstein

Mots clés : Arrét optimal, champ-moyen, contrdle stochastique.

Résumé : Cette thése comporte deux parties. La
premiére porte sur I'étude du probléme d’arrét optimal
champ moyen, c’est-a-dire de l'arrét optimal d’une dif-
fusion du type McKean-Vlasov, lorsque le critere a op-
timiser est une fonction de la distribution du processus
arrété. Ce probléme permet de modéliser la situation ou
un planificateur central, contrélant une population infi-
nie d’agents en interaction, doit attribuer a chaque agent
un temps d’arrét en vue d’optimiser un certain critere
dépendant de la distribution du systeme. Nous étudions
ce probleme via une approche type programmation dy-
namique, qui permet de caractériser sa fonction valeur
par une équation aux dérivées partielles sur I'espace
des mesures, que nous appelons probleme (ou équation)
de l'obstacle sur I'espace de Wasserstein, par analogie
avec le probleme de l'obstacle classique, rencontré no-
tamment en arrét optimal standard. Nous montrons en
particulier que si cette équation dispose d’une solution
classique, alors cette derniere est égale a la fonction va-
leur du probléme d’arrét optimal champ-moyen, et peut
étre utilisée pour caractériser les stratégies d’arrét opti-
males. Nous étendons ensuite cette étude au cas ou la
fonction valeur n'est pas nécessairement différentiable.
Ainsi, nous introduisons une notion de solution de vis-
cosité pour I'équation de I'obstacle sur 'espace de Was-
serstein, pour laguelle nous montrons les propriétés

de consistance avec les solutions classiques, de sta-
bilité et d’unicité. Dans la seconde partie de la thése,
nous nous intéressons au développement d’approxima-
tions pour certaines classes d’équations aux dérivées
partielles sur I'espace des mesures de probabilité. Plus
précisément, nous montrons que les solutions de visco-
sité de ces équations peuvent s’écrire comme limites de
solutions de viscosité d’équations définies sur des es-
paces de dimension finie. Nous nous intéressons d’abord
au cas du probleme de I'obstacle sur I'espace de Wasser-
stein, dont il s’avére que I'équation d’approximation cor-
respond a I'équation de la programmation dynamique as-
sociée au probléme d’arrét optimal multiple, qui peut étre
vu comme une formulation du probleme d’arrét optimal
champ-moyen en population finie. Nous traitons enfin le
cas d’'une classe plus générale d’équations paraboliques
sur I'espace de Wasserstein. Cette classe couvre no-
tamment le cas des équations d’Hamilton-Jacobi-Bellman
champ-moyen, ou encore celui des équations affleurant
dans les probléemes de jeux différentiels champ-moyen.
Nous montrons également que nos résultats peuvent étre
étendus aux équations dépendant de la trajectoire (c’est-
a-dire, dont les variables de la solution ne sont plus le
temps et une mesure sur R?, mais le temps et une me-
sure sur I'espace des trajectoires continues).

Title : Mean field optimal stopping and approximations of partial differential equations on Wasserstein space

Keywords : Optimal stopping, mean field, stochastic control.

Abstract : This thesis consists in two parts. The first
one is concerned with the study of the mean field opti-
mal stopping problem, that is the optimal stopping of a
McKean-Vlasov diffusion, when the criterion to optimize
is a function of the stopped process. This problem mo-
dels the situation where a central planner controls a conti-
nuous infinity of interacting agents by assigning a stop-
ping time to each of them, in order to optimize some cri-
terion which depends on the distribution of the system.
We study this problem via a dynamic programming ap-
proach, which allows to characterize its value function
by a partial differential equation on the space of proba-
bility measures, that we call obstacle problem (or equa-
tion) on Wasserstein space by analogy with the classical
obstacle problem, which arises in particular in standard
optimal stopping. We especially show that, if this equa-
tion has a classical solution, then it is equal to the value
function of the mean field optimal stopping problem, and
that it can be used to characterize optimal stopping po-
licies. We next extend our study to the case where the
value function is not necessarily differentiable. Thus, we
introduce a notion of viscosity solution for the obstacle
problem on Wasserstein space, for which we prove the

properties of consistency with classical solutions, stability
and uniqueness. In the second part of the thesis, we are
interested in developing approximations for some classes
of partial differential equations on the space of probability
measures. More precisely, we show that viscosity solu-
tions of these equations can be written as limits of visco-
sity solutions of equations defined on finite-dimensional
spaces. We first focus our study on the case of the obs-
tacle problem on Wasserstein space, for which it turns out
that the approximating equation corresponds to the dyna-
mic programming equation associated with the multiple
optimal stopping problem, which may be seen as a finite
population formulation of the mean field optimal stopping
problem. We finally consider a larger class of parabolic
equations on Wasserstein space. This class covers in par-
ticular the scope of mean field Hamilton-Jacobi-Bellman
equations, or the case of equations arising in mean field
differential games. We also prove that our results can be
extended to the case of path-dependent equations (i.e.,
when the variables of the solution are not the time and a
measure on R¢, but the time and a measure on the space
of paths).
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