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Résumé

Soit X une variété algébrique projective définie sur un corps k. L’ensemble des applications bijec-
tives algébriques f: X — X forme le groupe Aut(X) des automorphismes réguliers. Etant donné
un automorphisme régulier, on peut considérer son graphe:

Iy={(z, f(z))|zre X} C X x X.

C’est une sous-variété de X x X telle que les projections pr;: I'y — X sont des isomorphismes
pour ¢ = 1 et 2. Plus généralement, on peut considérer ’ensemble de toutes les automorphismes
birationnels f: X --» X. Ces automorphismes sont déterminées par une sous-variété I'y de X x X
telle que les deux projections pr;: I'y — X induisent un isomorphisme entre un sous-ensemble
ouvert pour topologie de Zariski dans I'y sur un sous-ensemble ouvert pour topologie de Zariski
dans X. La composition de deux automorphismes birationnels est birationnel donc I’ensemble de
tous les automorphismes birationnels Bir(X) forme un groupe.

Par construction Aut(X) est un sous-groupe de Bir(X). De plus, le groupe Aut(X) admet une
structure de schéma en groupes de type localement fini. Au contraire, le group Bir(X) ne peut pas
en général étre doté d’une structure de schéma en groupes. Par exemple, il peut avoir une infinité de
composants et leurs dimensions ne sont pas bornées. La complexité des groupes Aut(X) et Bir(X)
dépend fortement de la géométrie de la variété algébrique. La these couvre divers problemes sur des
groupes d’automorphismes réguliers et birationnels de variétés algébriques et complexes, et explore
les différences et les similitudes entre ces deux groupes.

Dans un premier temps, nous nous intéressons a la description des sous-groupes finis du groupe
des automorphismes birationnels Bir(X) d’une variété complexe rationnellement connexe X de
dimension 3. Nous prouvons que tout 3-sous-groupe peut étre généré par au plus 5 éléments et
dans tous les cas sauf deux, il peut étre généré par au plus 4 éléments. Nous décrivons également le
groupe des automorphismes réguliers Aut(S) d’une surface quasi-projective S définie sur un corps k
tel que char(k) = p > 0. Nous montrons que ce groupe satisfait la propriété p-Jordan. L’un des
principaux ingrédients ici est le programme du modele minimal (MMP), qui nous permet de réduire
des questions sur les groupes finis de transformations birationnelles & la classification de groupes
d’automorphismes réguliers de variétés algébriques treés particulieres obtenues apres application
du MMP.

Ensuite, nous considérons des automorphismes birationnels d’ordre infini, et essayons de com-
prendre quand il est possible de construire un modele birationnel ou ’automorphisme induit est
régulier. Nous nous intéressons principalement a ’exemple d’automorphismes birationnels d’une
variété rationnelle de dimension 3 introduits par J. Blanc. Cet automorphisme birationnel induit



un pseudo-automorphisme sur un modele birationnel spécial de P3, c’est-a-dire qu’il a un petit
lieu extrémal ; par conséquent, il est proche d’étre régulier. Cependant, le résultat principal de la
deuxieme partie de la these est que ces applications ne sont pas conjuguées a des automorphismes
réguliers. L’approche que nous adoptons dans cette partie est de nature dynamique, et 'action des
automorphismes birationnels sur les espaces de Néron-Severi joue un réle important.

La derniere partie de la thése porte sur la description du groupe d’automorphismes d’une classe
de variétés non-Kéahlériennes introduite par D. Guan et étudiée plus en détails par F. Bogomolov.
Ces variétés sont des analogues non-Kéhler des variétés hyperkahlériennes, et leurs propriétés sont
relativement similaires. Selon la construction de Bogomolov, ces variétés fibrent sur ’espace projec-
tif avec des variétés abéliennes comme fibres génériques; ainsi, des outils algébriques peuvent étre
utilisés pour étudier leur géométrie. Plus précisément, nous prouvons que la réduction algébrique
de la variété Bogomolov-Guan de dimension 2n est I’espace projectif de dimension m, puis nous
étudions le lieu des fibres singulieres d’une réduction algébrique et concluons que le groupe des
automorphismes réguliers des variétés Bogomolov-Guan est Jordan. Dans le cas de la dimension 4
il en est de méme pour le groupe des automorphismes biméromorphes.
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Introduction

Let X be a projective algebraic variety defined over a field k. The set of invertible algebraic
self-maps f: X — X forms the group Aut(X) of regular automorphisms. Given a regular automor-
phism f: X — X one can consider its graph:

Ty ={(z, f(z))| € X} C X x X.

It is a subvariety of X x X such that the projections pr;: I'y — X are isomorphisms for 7 = 1
and 2. More generally, we may consider the set of all birational self-maps f: X --+ X. Such maps
are determined by a subvariety I'y of X x X such that both projections pr;: I'y — X induce an
isomorphism between a Zariski open subset of I'y onto a Zariski open subset of X. Then for any
point € X one can define its total image: it is the set f(z) = pra (Ff N prl_l(x)). A birational
automorphism may have indeterminacy locus: it is an algebraic subvariety Ind(f) C X such that
the total image of any point p € Ind(f) has positive dimension. If X is normal then one has
codim(Ind(f)) > 2. The union of all irreducible subvarieties Z C X such that dim(f(Z)) < dim(Z)
is called the exceptional locus of f and we denote it by Exc(f) C X. When X is smooth, then Exc(f)
is of pure codimension 1. The composition of two birational automorphisms remains birational hence
the set of all birational automorphisms Bir(X) also forms a group.

By [Han87] the group Bir(X) has a natural structure of a k-scheme. Namely, any birational
automorphism f of X is determined by its graph I'y which is a subscheme in X x X. Thus, the
group Bir(X) can be considered as a subscheme in the Hilbert scheme Hilb(X x X).

By construction Aut(X) is a subgroup in Bir(X). Moreover, by [MOG7, Theorem 3.7] the
group Aut(X) admits a structure of a group scheme of locally finite type over k. Denote by Aut(X)°
the connected component of the identity map idx: X — X. Then it is a group scheme of finite
type (see e.g. [BSUIL3| Section 4.2]) and Aut(X) fits into the following exact sequence of groups:

1 — Aut(X)? — Aut(X) — Aut(X)/ Aut(X)° — 1.

The quotient group Aut(X)/Aut(X)? is a constant group scheme over k associated to at most
countable abstract group with an action of the Galois group of k. Thus, the study of automorphisms
of X can be reduced to the understanding of Aut(X)? and of the quotient group Aut(X)/ Aut(X)°.

It is a fact that Bir(X) cannot be in general endowed with a structure of a group scheme,
see [Han&7, Remark 2.9]. Complexity of groups Aut(X) and Bir(X) highly depends on the geometry
of the algebraic variety X defined over the field k. We will cover various problems on groups Aut(X)
and Bir(X) in this thesis, and roughly explore the differences and similarities between these two
groups.



If X is a smooth curve, then Aut(X) = Bir(X) and one can understand the structure of this
group very well. For simplicity let us here discuss the case where k is algebraically closed. First,
if the genus of X is zero, then X = P! and Aut(X) = PGLy(k). If the genus of X equals 1
then X is an elliptic curve and the group of points of X (k) form a subgroup of finite index in
the group Aut(X), see [HKTO8, Theorem 11.94]. If the genus of X equals g > 2 then by Hur-
witz theorem Aut(X) is a finite group, see [HKTOS| Theorem 11.50], and its cardinality is at
most 84(¢g — 1) when the characteristic of k equals 0. In the case when the characteristic of k
is positive there are also uniform bounds for the cardinality of Aut(X) depending only of the genus
of X, see [HKTO8, Theorem 11.127].

If dim(X) > 2 then Aut(X) does not coincide with Bir(X) in general. For instance, if X is
a projective space P} over a field k, then Aut(X) = PGL,41(k). The group Cry(k) of birational
automorphisms of P}, so-called Cremona group of rank n, is much bigger than the group of regular
automorphisms Aut(Py) if n > 2. In particular, if we consider Cr, (k) as a k-scheme then it has
infinitely many components and their dimensions are not bounded, see [BF13].

On the other hand there are many varieties X for which the groups Aut(X) and Bir(X) co-
incide. Varieties satisfying this condition are said to be birationally super-rigid. If we assume
that X is a minimal model, i.e. that the canonical class Kx of X is nef, and if there are no other
minimal models in the birational class of X then one has Aut(X) = Bir(X). Important classes of
such varieties include abelian varieties and minimal surfaces of non-negative Kodaira dimensions,
see [BHPVAV04, Theorem VI.1.1]. If dim(X) > 3 we know fewer examples of birationally super-
rigid varieties. If X is a variety of general type then by [HMX13] the cardinality of Bir(X) can be
bounded solely in terms of the dimension and volume of the canonical class, thereby generalizing
Hurwitz theorem. Therefore, there exists a birational model X of X such that Aut(X) = Bir(X).
In [BCHMIO] there is a construction of such variety X, it is the canonical model of X. If the
Kodaira dimension of a variety X is negative, then X does not admit a minimal model. However,
among these varieties, some of them are still birationally super-rigid. It is a deep fact due to [IM7I]
that any smooth quartic hypersurface in P* is a birationally super-rigid Fano threefold. More ex-
amples of such phenomenon have been subsequently found, see, e.g., [Puk98], [dF13], [CP17]; see
also [Puk13].

Given a variety X, the construction of its minimal model is the subject of the minimal model
program (MMP); see, e.g., [CKMB88|]. The idea of this method is to single out curves intersecting
negatively Kx, and to contract them (then maybe compose this with a small birational transfor-
mation). The result of MMP is a model X of one of the following types:

e X, is a minimal model of X i.e. the canonical class Kx, is nef;

e there exists a dominant morphism 7: Xy — B where dim(B) < dim(X), the rank of the
relative Picard group Pic(Xo)/7* Pic(B) equals 1 and the relative anticanonical class —K x, /5
is ample.

Recall that the variety X as in the second case and with a restriction on its singularities is called
a Mori fiber space. The case when we get a Mori fiber space corresponds to the situation when X
admits no minimal model; nevertheless, MMP produces a model of X with nice properties which
can be used in the study of birational and regular automorphisms of X.

Here is a brief list of the main topics of this thesis. Afterwards, they will be discussed in details.
In Chapter |1} we focus on the description of finite subgroups of Bir(X) when X is a rationally
connected complex threefold. We shall also describe Aut(X) when X is a quasi-projective surface



defined over a field k such that char(k) > 0. One of the main ingredients here is MMP, which allows
us to reduce questions about finite subgroups of Bir(X) to classifying groups of automorphisms of
very special algebraic varieties that arise as the final result of MMP.

In Chapter[2]we consider birational automorphisms of infinite order, and try to understand when
it is possible to construct a birational model where the induced automorphism is regular. We are
mainly interested in the example of a birational automorphism of a rational threefold introduced
by J. Blanc in [Blal3]. The main result here is that it is not conjugate to a regular automorphism.
Approach which we take in this part is dynamical in nature, and the action of birational maps on
the cohomology groups plays an important role.

Finally Chapter |3|is concerned with the description of the automorphism groups of non-Kéahler
manifolds introduced by D. Guan [Gua94] and further studied by F. Bogomolov [Bog96]. These
manifolds are non-Kéhler analogues of hyperkahler manifolds; thus, we expect that their properties
are similar. By Bogomolov’s construction these manifolds fiber over the projective space with
abelian varieties as generic fibers; thus, algebraic tools can be used to study their geometry.

Finite groups of automorphisms

In this section, we summarize the results that will be presented in Chapter [1] of this thesis. Recall
that the Cremona group Cr, (k) of rank n is the group of birational automorphisms of the projective
space P}. Two striking results about the Cremona group of rank 2 were nearly simultaneously
published in 2009. On the one hand, I. Dolgachev and V. Iskovskikh in [DI09] gave a complete
classification of all finite subgroups of Crz(C). On the other hand, J.-P. Serre in [Ser09] proved
that the group Cra(k) satisfies the Jordan property for any field k of characteristic 0. The following
definition was introduced by V. Popov.

Definition 0.0.1. A group I' is said to satisfy the Jordan property if there exists J > 0 such that
any finite subgroup G C T' contains a normal abelian subgroup A C G with [G : A] < J.

Serre subsequently conjectured that the Cremona group of any rank satisfies the Jordan prop-
erty over a field of characteristic 0. Serre’s conjecture was proved by Yu. Prokhorov and C.
Shramov in [PS16]: they established the Jordan property for Cremona groups of all ranks over a
field of characteristic 0 assuming the Borisov—Alexeev—Borisov conjecture which was later proved
by C. Birkar in [Bir21]. The Serre’s conjecture inspired study of Jordan property for automor-
phisms groups of different varieties. An interesting statement of this type was proved by V. Popov
in [Pop11], Theorem 2.32]: he showed that in characteristic 0 the group of birational automorphisms
of a surface satisfies the Jordan property for all but concretely described birational classes of sur-
faces. Then S. Meng and D.-Q. Zhang in [MZ18] showed that the Jordan property holds for groups
of regular automorphisms of all projective varieties over a field of characteristic 0. The Jordan
property was also established for groups of regular automorphisms of Kahler manifolds and (pos-
sibly singular) manifolds in the Fujiki class &, see [Kiml8] and [MPZ20]. Groups of birational
automorphisms of non-projective compact complex surfaces and threefolds were also proved to be
Jordan, see [PS21a], [PS20], [PS21b]. Also T. Bandman and Yu. Zarkhin in [BZ15] showed that the
group of regular automorphisms of a quasi-projective complex surface always satisfies the Jordan

property.
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Some of these results are true over a field k of positive characteristic p. For instance, Prokhorov
and Shramov managed to show that the Cremona group Crg(k) is Jordan if k is a finite field.
However, if k is an algebraically closed field of positive characteristic the situation is much harder.
Actually, many Lie groups over such field do not satisfy the Jordan property, see Example [[.2.35
In view of this F. Hu suggested the following analogue of the Jordan property:

Definition 0.0.2 ([Hu20, Definition 1.6]). We say that a group I is p-Jordan, if there exist con-
stants J(T') and e(T") depending only on T such that any finite subgroup G C I' contains a normal
abelian subgroup A with

(G A] < J(T) - |Gy,

where Gy, is a Sylow p-subgroup of G.

This definition was motivated by the work of M. J. Larsen and R. Pink [LP11] in which they
established the p-Jordan property for the group GL,(F,) for any prime number p and any n > 0.
Then Hu proved in [Hu20] that the group of regular automorphisms of any projective variety over
a field of characteristic p > 0 satisfies the p-Jordan property. Moreover, Y. Chen and C. Shramov
in [CS21] generalized Popov’s result to positive characteristic; namely, they proved that the group
of birational automorphisms of an algebraic surface over an algebraically closed field of charac-
teristic p > 0 satisfies the p-Jordan property for all but concretely described birational classes of
surfaces. The birational type of the surface S when Bir(S) is not Jordan is if S is the product P* x E
where FE is an elliptic curve.

We study finite subgroups in groups of automorphisms of quasi-projective surfaces, thereby
extending Bandman and Zarkhin’s theorem to positive characteristic. Here is the first result of the
thesis:

Theorem 0.0.3. If S is a quasi-projective surface defined over a field of characteristic p > 0, then
the group Aut(S) is p-Jordan.

The idea of the proof is the following (the complete proof may be found in Chapter . Since the
subgroup of a p-Jordan group is p-Jordan then in view of Chen and Shramov’s result the theorem
can be reduced to the case when S is birationally equivalent to the product P! x E where E is an
elliptic curve. We construct a compactification S of S and consider the Albanese map 7: S — E.
If there is an irreducible component of S\ S whose image under 7 is a point on E then we prove
that Aut(S) is Jordan. If S\ S consists of multisections of 7 then we show that the action of an
element of the group Aut(S) induces a regular automorphism of S. The proof of Theorem
highly relies on the fact that any unirational curve is rational. Note that this fact is not true in
higher dimensions in positive characteristic, there exist many examples of unirational non-rational
surfaces; see, for instance, [Shi74], [Kat&1], [Miy76].

We now turn to a more precise discussion of finite groups of birational automorphisms of pro-
jective varieties. For n > 3 a complete description of all finite subgroups of Cr,(C) is out of reach.
We shall thus focus on bounding the cardinality of the generating sets of p-subgroups in Crz(C).
Recall that if p is a prime number then a p-group is a finite group of order p™ for some m > 0.

The idea of considering such groups comes from the work [BB00] by L. Bayle and A. Beauville
where they classified all birational involutions of P2. Then T. de Fernex in [dF04] studied birational
automorphisms of P? of prime order, and Blanc in [Bla09] described all conjugacy classes of finite
abelian subgroups in Cra(C). Beauville in [Bea0O7] proved sharp bounds on ranks of abelian p-
subgroups of Crz(C) for all prime numbers p. Prokhorov in [Proll] and [Prol4] extended this result
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to dimension 3 and to a wider class of varieties; he proved bounds on the rank of abelian p-subgroups
in the group Bir(X) of birational automorphisms of any rationally connected threefold X.

Prokhorov and Shramov in [PS18] proved that if p > 17 is a prime number and X is a rationally
connected threefold, then a p-subgroup in Bir(X) is necessarily abelian, its rank is at most 3 and this
bound is sharp. In the work by J. Xu [Xu20] this result was generalized to all prime numbers p > 5;
this result in fact gives an estimation on the rank of p-subgroups of Bir(X) for a rationally connected
variety X of any dimension. Prokhorov in [Prol4] gave a sharp bound on the number of generators
of any 2-subgroup in Bir(X) for a rationally connected threefold X. Thus, we have a sharp bound
on the number of generators of a p-subgroup in Bir(X) for a rationally connected threefold X and
all prime numbers except p = 3.

In our work we study the last remaining case of 3-subgroups in the group Bir(X) for a rationally
connected threefold X. Prokhorov in [Proll] proved that any abelian 3-subgroup can be generated
by at most 5 elements. We extend this result to not necessarily abelian groups and prove the
following theorem:

Theorem 0.0.4. Let X be a projective rationally connected complex threefold and let G be a 3-sub-
group in Bir(X). Then the following is true:

1. The group G can be generated by at most 5 elements.

2. If G cannot be generated by 4 elements, then G C Aut(Xy) where Xy satisfies one of the
following properties:

(a) Xo is a Fano threefold with terminal singularities, the number of its non-Gorenstein
singular points is 9 and all these points are cyclic quotient singularities of type %(1, 1,1).

(b) Xo is a Fano threefold with terminal Gorenstein singularities with Pic(Xo) = Z Kx, of
genus 7 or 10 and the number of singular points of Xq is 9 or 18.

The second assertion of Theorem relies heavily on the G-equivariant version of MMP,
see [Pro2I]. Recall that the G-equivariant MMP which starts with a variety X with a faithful
regular action of a finite group G and its result is another variety Xy with a regular action of G
which is G-birational to X. Moreover, X is either a minimal model or it is a G-Mori fiber space i.e.
an equivariant analogue of a Mori fiber space. Note that a rationally connected threefold cannot
have a minimal model by [KMM92].

If X is a rationally connected threefold and G is a finite subgroup in Bir(X), then one can
construct a birational model X of X such that G C Aut()? ). Then we apply G-equivariant MMP
to X with the action of G and obtain a G-Mori fiber space Xy. Thus, Theoremis a consequence
of the following proposition.

Proposition 0.0.5. Let G be a 3-group and let Xo be a G-Mori fiber space of dimension 3. Then G
can be generated by at most 4 elements unless X is a Fano threefold which satisfies properties (a)

or (b) in Theorem [0.0.4}

The equivariant MMP works in the class of complex threefolds with terminal singularities en-
dowed with an action of a finite group. Mori fiber spaces with terminal singularities are relatively
well studied, see [Prol3al, [Pro13b], [BCZ04]. Moreover, by [Isk79], [MMS82] and other works there
exists a complete classification of smooth Fano threefolds. In the proof of Proposition [0.0.5| we
use also many results on the geometry of various types of Fano threefolds and on the properties of
terminal singularities.
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Recently Loginov in [Log21] has studied in more details Fano varieties which satisfy proper-
ties (a) and (b) in Theorem He was able to prove that in both cases the group G can be
generated by at most 4 elements. This leads us to the following corollary.

Corollary 0.0.6. Let G be a 3-subgroup in a group Bir(X) where X is a complex rationally con-
nected threefold. Then G can be generated by at most 4 elements and this bound is sharp.

The sharpness of the bound follows from Example [T.2:33]

Regularization of birational automorphisms

In Chapter [2| we shall focus our attention on birational automorphisms of infinite order. The set-up
will be as follows. Let X be a normal projective variety defined over an algebraically closed field &
of characteristic 0. We say that a birational automorphism f: X --+ X is regularizable on Y if
there exists a birational map a: X --» Y to a projective variety ¥ and g € Aut(Y) such that the
following diagram commutes:

Yo
al l
Y g Y
Y —Y
The question whether one can regularize an given birational automorphism f: X --» X becomes
increasingly difficult when dimension of X grows. In the curve case the question is trivial: any
birational automorphism is already regular. In order to recall the known results in higher dimensions

we need the following definitions.

Let X be a smooth variety and let N*(X) be the R-vector space generated by classes of irre-
ducible subvarieties of codimension i in X modulo numerical equivalence. Let H € N'(X) be an
ample divisor class on X and let dim(X) = d. One can define the class f*(H') € N'(X) by taking
the class of the proper preimage under f~! for a general subvariety in the class of H* € N¢(X).
Then the i-th degree of f for 0 < ¢ < d is defined as the following number:

deg;(f) = (f)*(H") - H"™".

By [DS05] the growth rate of the sequence (deg;(f™)),>0 is a birational invariant of the pair (X, f).
In particular, it does not depend on the choice of the ample divisor H, see also [Tru20]. Moreover,
the sequence (deg;(f™))n>0 is submultiplicative in n, i.e. there exists the following limit:

1
Ai(f) = Jim. (deg;(f"))™
The number A;(f) is called the i-th dynamical degree of the birational automorphism f. By [DN11]
and [Tru20] the numbers X;(f) are real, satisfy A\;(f) > 1 and they are birational invariants of the
pair (X, f) for 0 < i < d. In particular, they do not depend on the choice of the ample divisor H.
Moreover, A1(f) = Ag(f) = 1 and dynamical degrees are log-concave, i.e. one has the following
inequality for all 1 <i<d—1:

Xi—1(f) - X (F) < M)
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Using the terminology coined in [BV99] we say that a birational automorphism f is of positive
entropy if for some 0 < ¢ < d one has \;(f) > 1. This terminology is justified by the fact that
the topological entropy of f equals log (maxo<i<a(Ni(f))) when f is a regular automorphism of a
compact projective complex variety by theorems of Gromov and Yomdin [Gro03] and [Yom8&7], see
also [DS05]. Note that by the log-concavity of dynamical degrees one has f is a positive entropy
automorphism if and only if A;(f) > 1.

By [Weib5] (see also [Dés21], Section 3.5]) if the sequence (deg;(f™))n>o is bounded, then there
exists a birational model X, of X such that f is regularizable on Xy. Otherwise, one has an
additional structure associated with the automorphism f which allows us to understand better its
properties.

If dim(X) = 2 and the sequence (deg; (f™))n>0 is not bounded then by [BC16] the dynamical
degree \i(f) is an algebraic number with special properties, i.e. it is either a Salem or a Pisot
number. Moreover, by [DEOI] if the sequence (deg;(f™))n>0 is not bounded and A (f) = 1, then
(degy (f™))n>0 grows as n or as n?. The birational types of complex surfaces which admit a positive
entropy birational automorphism are described in [Can99]; moreover, there exists many examples
of surface positive entropy automorphisms, see for instance [McMQ7], [Bla08] and [BKQ09]. The first
dynamical degree is proved to be lower semi-continuous in families of birational automorphisms of
surfaces by [Xiel5].

If dim(X) = 2 the growth rate of the sequence (deg;(f"))n>0 in many situations determines
whether f is regularizable or not. By [DFO0I] if A\i(f) = 1 then f is regularizable if and only if
the sequence (deg;(f™))n>0 is bounded or grows as n?. By [BCI6] if A\1(f) is a Salem number
then f is regularizable. Moreover, there is a more complicated criterion by [DEO0T]. It claims that
if A\;(f) > 1 and there exists a divisor class # on X such that f*0 = \;(f)0 and 2 = 0, then f is a
regularizable automorphism.

Positive entropy automorphisms in higher dimensions are much more complicated. Unlike the
case of surfaces a positive entropy automorphism f: X --+ X of a smooth projective variety X
such that dim(X) > 3 can preserve a fibration i.e. there can exist a dominant map 7: X --» B
to some variety B and g € Bir(B) such that 1 < dim(B) < dim(X)—-landno f =gom If f
preserves a fibration we say that it is émprimitive. By J. Lesieutre [Lesl8| we get that if X is a
smooth complex projective threefold and f: X --+ X is a positive entropy birational non-regular
automorphism which can be regularized on a variety constructed by an iterated blow-up of X in
smooth subvarieties, then f is imprimitive.

Note that for any regular automorphism f: X — X the canonical class Kx is f*-invariant.
If Kx is an ample or an anti-ample divisor, then one can use it in order to compute the dynamical
degree of f. Therefore, if X is a Fano threefold then there is no positive entropy automorphism
of X. Moreover, by Lesieutre’s result any iterated blow-up of a smooth complex Fano threefold
in smooth subvarieties admits no regular primitive positive entropy automorphism. Thus, it is
very complicated to construct an example of a primitive positive entropy regular automorphism
on a rational threefold. At the moment there is known only one example of such automorphism
described in [OT15].

Attempts to generalize regular positive entropy automorphisms of rational surfaces resulted in
constructions of birational automorphisms [BK14], [PZ14], [Blal3] which turn out to be pseudo-
automorphisms. Recall that a birational map f: X --» X of a smooth variety X is called a
pseudo-automorphism if neither f nor f~! contract any divisor in X. Note that in the case of
surfaces any pseudo-automorphism is a regular automorphism. Thus, pseudo-automorphisms form
a class of birational automorphisms which are very close to being regular. One might expect that
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any pseudo-automorphism can be regularized and under appropriate assumptions this indeed is
true, see Section however, it may be false. Here we list some known constructions of positive
entropy pseudo-automorphisms of rationally connected threefolds:

Example 0.0.7 ([BK14]). This example is obtained as a generalization of a surface automorphism
construction from [BK09]. Fix a € C\{0} and a primitive third root of unity ¢ and consider the
birational automorphism of P3:

fac: P3 -5 P3; fac(xo: o1tz x3) = (Tox1 : 122 T1T3 axg + Cxoxo + ToT3).

Then A1 (fa,c) = A2(fac) > 1 and f, ¢ induces a pseudo-automorphism on a blow-up of P? in several
points and curves. Moreover, f, ¢ is imprimitive and if @ # 1 then f, ¢ is non-regularizable.

Example 0.0.8 ([BCK14]). Let a,c be complex numbers and let f, .: P? --» P3 be a birational
automorphism defined as f, . = Lq,c © J where

Lyc(xo: 2122 x3) = (23 : To + axs : T1 : T2 + cT3);
J(xog w29 13) = (:Cal :a:fl cag :x;l).
Thus, f,, is the composition of a regular automorphism L, . of P? and the Cremona involution J.
If a and c satisfy a certain quadratic equation then Ai(fsc) = A2(fac) > 1 and f, . induces a
pseudo-automorphism on a blow-up of P? in several points. Moreover, fa,c is primitive and non-
regularizable.

Example 0.0.9 ([PZ14], [BDK], [DOS8S§]|). This example is obtained as a generalization of a sur-
face automorphism construction from [McMOQT7]. There exists a blow-up §: X — P3? of several
points pi,...,pr in P? and a bilinear form (,) on the lattice H?(X,Z) which induces the structure
of the root lattice. Thus, there is a Weyl group W with a natural representation in H?(X,Z).
Moreover, for any element w € W there is a pseudo-automorphism

Jw: X - X,

such that f7 acts on H?(X,Z) as w. We denote by wq the Coxeter element in W. If W is an
infinite group we get that A1 (fu,) = A2(fw,) > 1 and f,, is imprimitive.

Example 0.0.10 ([BLI5]). Let Y C P* be a smooth cubic threefold and let C; be a smooth
curve of genus 2 and degree 6 on Y. Denote by Y; the blow-up of Y along Cj, then the linear
system | — Ky, | induces on Y] a structure of a surjective morphism 7 : Y7 — P? with general fiber
equal to two points. The involution corresponding to the exchange of these points is a pseudo-
automorphism 7: Y7 --» Y7.

The base locus of a general pencil of hyperquadric sections containing C is the union Cy U Cs,
where C5 is a smooth curve of genus 2 and degree 6 on Y. Therefore, if we denote by Y the
subsequent blow-up of curves C and C5 in Y, then the involutions associated to curves C; and Co
as above induce pseudo-automorphisms 77 and 7> of Y. The composition of these involutions is a
pseudo-automorphism: B B

fY,Cl,CQ = ;1 0;22 Y -——> Y,
Moreover, one has Ai(fy,c,,c.) = A2(fy,ci,c,) > 1 and f preserves the pencil of quadrics passing
through C7 U Cy; thus, f is imprimitive.
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Example 0.0.11 ([Blal3]). This example is obtained as a generalization of a surface automorphism
construction from [Bla08]. Let S C P3 be a smooth cubic surface. With each point p € S one can
associate a birational involution o, : P> — P3. For any collection py, ..., py of k points on S consider
the following birational automorphism:

_ .3 3
fply-u,Pk —Jplo-“Oka.]P’ » P2

If the points py,...,px are general and k > 3 then A (fp, ... p.) = Ao(fpy,...pp) > 1 and fo, . e
induces a pseudo-automorphism on a blow-up of P? in several points and curves.

Examples and are proved to be non-regularizable. Examples [0.0.9] and [0.0.10] are
non-primitive. Thus, we concentrate on the last example and prove that it is non-regularizable
under appropriate assumptions. Here is the main result of Chapter

Theorem 0.0.12. Let S C P? be a very general smooth complex cubic surface and let py,pa,ps
be general points on S. Then the birational automorphism fy, p, ps: P2 --+ P3 described in Exam-
ple [0.0.11] is non-regularizable and does not preserve a fibration over a surface.

There are several criteria which allow us to prove that a birational automorphism of a threefold is
non-regularizable. By [CDX21] if deg, (f™) grows as n* where k is odd, then f is non-regularizable;
also if A\j(f) > 1 is an integer then then f is non-regularizable. By [LBI9] if X is a threefold
and if the sequence (deg(f™))n>o grows as n* where k > 4 then f is non-regularizable. Also if
the number A (f) does not satisfy several conditions given in [LBI9l Proposition 4.6.7, 4.7.2, 5.0.1]
then f is non-regularizable. Another criterion which does not use dynamical properties of the bi-
rational automorphism f was used to prove that Examples and are non-regularizable.
It is based on [BKT14l Corollary 1.6] which says that if f: X --+ X is a birational automorphism
of a smooth threefold X and if Y is an f-invariant surface in X such that the birational auto-
morphism f|y:Y --» Y is non-regularizable then f is non-regularizable. In both Examples
and one can find an f-invariant surface Y such that A\ (f|y) is a Pisot non-quadratic number;
thus, by [BC16] we get that f|y is non-regularizable.

All these arguments do not work in Example Thus, in order to prove Theorem
we establish a new criterion. In order to formulate it recall that if f: X — X is a pseudo-
automorphism such that one has an inequality A\1(f)? > A2(f), then by [Truld] there exists a
unique up to proportionality pseudo-effective divisor class 8;(f) such that:

Fr01(f) = A (f)0.(f). (0.0.13)

Such class was successfully used in [DF01] for the necessary condition on the existence of a regu-
larization of a surface birational automorphism. Now we can formulate our criterion:

Theorem 0.0.14. Let f: X --» X be a pseudo-automorphism of a smooth projective threefold X
such that

(1) M(f)? > Xa(f); thus, there exists a class 01(f) as in (0.0.13));
(2) there exists a curve C such that 01(f) - [C] < 0;

(3) there exist infinitely many integers m > 0 such that C' ¢ Ind(f~™).

Then f is non-reqularizable and it does not preserve a fibration over a surface.
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Some comments are in order. By log-concavity of dynamical degrees one has A1 (f)? = A\a(f).
Thus, the condition (1) is always true either for f or for f=! since A2(f) = A1 (f~!). Condition (2)
implies that the class 61(f) is not nef and the last condition is required to avoid situations which
we describe in Section [2.2.4] _

To prove Theorem we show that the pseudo-automorphism model fp, p,ps: X --+ X
of fp, ps.ps constructed in [Blal3] satisfies the condition of Theorem The first condition
is obviously true. To show the second condition we consider a curve of indeterminacy of fphpz 3
and prove that it intersects Hl(ﬁl,pz ps) negatively. This curve is the proper transform of a line L
from P3 to X. The verification of the third condition is quite difficult; we prove that the line L
does not lie in the indeterminacy locus of f, " . using explicit formulas for the involutions oy, .
Most of our computations were done in Sage. Dealing with three involutions already makes our
proof tricky. We expect that our theorem is valid for any composition of at least three involutions
associated to general points on S.

Automorphisms of Bogomolov—Guan manifolds

In Chapter [3| we shall use the following convention: by a manifold we denote a locally ringed space
which is locally isomorphic to an open subset of the vanishing locus of a finite set of holomorphic
functions in C". In particular, manifolds are not assumed to be smooth. By a variety or an algebraic
variety we denote the vanishing locus of a finite set of polynomials in the complex projective
space P”.

Our goal in this chapter is to study a special class of non-Kéhler complex compact manifolds.
These manifolds are particularly interesting in view of their similarity with hyperké&hler manifolds.
Recall that a hyperkdhler manifold is a Riemannian manifold (M, g) which equipped with three
Kahler complex structures I, J, K : TM — T M, satisfying the quaternionic relation:

P=J?=K?>=1JK=-1id.

Any hyperkéahler manifold is holomorphically symplectic i.e. admits a non-degenerate (2, 0)-form.
Conversely, a compact holomorphically symplectic manifold is hyperkéhler, provided that it is
Kaéhler. This follows from the Calabi-Yau theorem [YauT7g|, see also [Bea83]. A hyperkéhler mani-
fold M is called irreducible holomorphic symplectic (IHS) if it is compact, complex, simply connected
and the group H?°(M) is 1-dimensional.

An example of non-Kéhler manifolds which are very close to IHS manifolds was constructed in
several papers by D. Guan [Gua94], [Gua95a] and [Gua95b]. Later F. Bogomolov in [Bog96] gave a
more geometric construction for these manifolds. We recall here the main steps of the Bogomolov’s
construction.

Let S be a primary Kodaira surface, i.e. a smooth complex compact holomorphic symplectic
surface which admits a structure of an isotrivial elliptic fiber space:

S —E,

over an elliptic curve E such that any submanifold in S which admits a structure of an algebraic
variety is either a point or a fiber of 7r. All fibers of 7 are isomorphic to an elliptic curve F'. The map
7 induces a structure of F-torsor on S. Denote by 7[™: S") — E[ the induced map beetween
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Douady spaces of length n of S and E respectively. Denote by Alb: E" — FE the Albanese
morphism of the algebraic variety E[™ which is isomorphic to the symmetric power Sym"(E). The

following variety
W = (7"~ (AIb™(0))

is a complex manifold with an action of F induced from the diagonal action of F' on S"™). Then
by [Bog96l Corollary 4.10] under appropriate conditions on the Kodaira surface S there exists a
smooth, compact, complex, simply connected manifold @ such that the group H*°(Q) is generated
by a non-degenerate holomorphic symplectic form and which is a finite cover of W/F":

p: Q — W/F.

If n = 2 then @ is a K3-surface; if n > 3 then @ is a non-Kéhler (2n — 2)-dimensional manifold.

The manifold @ constructed as described above for n > 3 is the main object of study in
Chapter we call it the BG-manifold (for Bogomolov—Guan). Since the fiber Alb~! (0) is isomorphic
to the (n — 1)-dimensional projective space then the map 7" induces the map II: W/F — Pr=t,
Thus, the BG-manifold @ admits a surjective map to a projective space:

d=Iop: Q —P" 1. (0.0.15)

Since many properties of BG-manifols are similar to those of THS manifolds we expect that many
results about hyperkahler manifolds can be extended to the case of BG-manifolds. Recall here
several significant results about hyperkéhler manifolds. First, if M is a hyperkahler manifold then
by [Fuj87] there exists an important non-degenerate symmetric quadratic form on the cohomology
group H?(M,7Z). This form is called the Beauville-Bogomolov—Fujiki form or BBF-form and it is
very useful in the study of the geometry of hyperkahler manifolds and their moduli spaces. Another
important result which later led to the proof of the Torelli theorem for hyperkadhler manifolds
is the Bogomolov—Tian-Todorov theorem [Bog78], which says that the deformation theory of a
Kéhler manifold with trivial canonical class is unobstructed. Groups of biholomorphic Aut(M) and
bimeromorphic Bim(M) automorphisms of a hyperkiahler manifold M were studied by N. Kurnosov
and E. Yasinsky in [KY19] and by A. Cattaneo and L. Fu in [CE19]. They proved in particular that
the order of finite subgroups in the groups Aut(M) and Bim(M) are bounded. Moreover, there are
only finitely many conjugacy classes of finite subgroups in Aut(M) and Bim(M).

There are some partial extensions of these results to BG-manifolds. In [KV19] N. Kurnosov and
M. Verbitsky proved the existence of a symmetric quadratic form on the cohomology group H2(Q, Z)
on a BG-manifold @ analogues to the BBF-form. They conjectured that this form is non-degenerate
and that it satisfies all properties of a BBF-form. Moreover, the study of holomorphic symplectic
defiormations and this symmetric form led them to the generalization of the Bogomolov—Tian—
Todorov theorem to the class of BG-manifolds.

In this thesis we are going to explore the groups of biholomorphic and bimeromorphic auto-
morphisms of BG-manifolds. In order to do this we find several structures on a BG-manifold @
which should be preserved under automorphisms. Since a BG-manifold @) is non-algebraic one can
consider algebraic submanifolds in (). The image of an algebraic submanifold under an automor-
phism is necessarily an algebraic submanifold. One can consider an algebraic reduction of @ i.e. a
meromorphic map f: @ --+ X to an algebraic variety X such that any meromorphic map from @
to an algebraic variety factors through f. A map f with this property is unique up to birational
conjugations. Our first result is the following description of the algebraic reduction of Q:
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Theorem 0.0.16. Let n > 3 be an integer and let QQ be a BG-manifold of dimension 2n —2. Then
the map ®: Q — P! described in (0.0.15) is an algebraic reduction of Q.

Then we study subvarieties of BG-manifolds. Recall that a manifold X is called Moishezon if
its algebraic reduction is a generically finite map. In particular, any algebraic variety is Moishezon.
We prove the following result:

Theorem 0.0.17. Let Q be a BG-manifold of dimension 2n — 2 and let ®: Q — P"~! be its
algebraic reduction as in (0.0.15). There exists a divisor D C P"~1 of degree 2n such that for any
point © € P~ one has:

(1) If x € P\ D, then the fiber ®~1(x) is an abelian variety.
(2) If x € D, then the fiber ®~1(x) is a uniruled Moishezon manifold.
Moreover, if X C Q is a submanifold such that dim(®(X)) > 2 then X is not Moishezon.

By this theorem if X C @ is a submanifold of a BG-manifold and ®(X) is a point then X is
Moishezon; in the case where dim(®(X)) > 2 one has X is not Moishezon. We also consider the
case where dim(®(X)) = 1 and obtain that X may or may not be a Moishezon manifold depending
on the curve ®(X), see Lemma and Theorem for more precise statements.

By definition of an algebraic reduction any bimeromorphic or biholomorphic automorphism
of a complex manifold is compatible with algebraic reduction. Therefore, we conclude that the
group Aut(Q) fits into the following exact sequence:

1 -G = Aut(Q) > G — 1, (0.0.18)

where G’ is a subgroup of Aut(P"~!) and G” is a subgroup of Aut(A) where A is an abelian
variety ®~1(z) and x is a point in P*~1\ D.

Theorem [0.0.17] implies that a biholomorphic automorphism of @ induces a regular automor-
phism of the projective space P*~! which preserves the divisor D. Thus, we study the geometry
of D in details and prove that the group Aut(Q) satisfies the Jordan property, see Definition m
Here is the main result of Chapter

Theorem 0.0.19. Let Q be a BG-manifold of dimension 2n — 2 and let ®: Q — P"~! be its
algebraic reduction as in . Then the group Aut(Q) fits into the exact sequence ((0.0.18)
where G' is a finite group, G’ C Aut(A) where A is an (n — 1)-dimensional abelian variety. In
particular, Aut(Q) is a Jordan group.

This result follows from a description of the divisor D and its singular locus. We prove that D
contains a finite set Z of n? points of multiplicity n — 1 and that Z does not lie in a hyperplane
in P*~1. Thus, the group of automorphisms of P*~! fixing D should fix also Z; therefore, it is
finite.

It would be extremely interesting to prove a similar result for the group of bimeromorphic auto-
morphisms of a BG-manifold @). By the same reasons as in the case of biholomorphic automorphisms
the group Bim(Q) fits into the following exact sequence:

1— H" - Bim(Q) - H' — 1,

where H” C Aut(A) and A is an (n — 1)-dimensional abelian variety isomorphic to a general fiber
of ® and H' is a subgroup in the group Cr,,_;(C) of birational automorphisms g of P*~! such that
either D lies in Exc(g) or D is g-invariant.

19



In the simplest case when n = 3 and dim(Q) = 4 we managed to establish the Jordan property
for the group Bim(Q). However, in higher dimensions it is still unclear whether the group Bim(Q)
is Jordan or not.

Notation

Algebraic varieties and maps

Aut(X): The group of biregular automorphisms if X is an algebraic variety or the group of biholo-
morphic automorphisms if X is a complex manifold.

Bir(X): The group of birational automorphisms of the algebraic variety X.

Bir(X),: The group of automorphisms of X which preserve the fiber space 7: X — B.
Cry(k): The group of birational automorphisms of the projective space P} over a field k.
Ind(f): The indeterminacy locus of the birational map f.

Exc(f): The exceptional locus of the birational map f.

Bs(|D]): The base locus of the linear system |D|.

Jac(C): The Jacobian variety of the smooth curve C.

Gr(k,V): The Grassmannian of k-planes in the vector space V.

Pic(X): The Picard group of the normal variety X; i.e. the group of isomorphism classes of Cartier
divisors on X modulo the linear equivalence relation.

Pic’(X): The connected component of the trivial element in Pic(X).

p(X): The rank of the group Pic(X)/Pic’(X).

Pic(X/B): The relative Picard group of the fiber space 7: X — B; i.e. the group Pic(X)/7* Pic(B).
Sing(X): The singular locus of the normal variety X.

N#(X): The group of classes of subvarieties of codimension i in the variety X modulo numerical
equivalence.

Ai(f): The i-th dynamical degree of the birational automorphism f.
01(f): The pseudo-effective class in N(X) such that f*(01(f)) = M\ (f)01(f) where f € Bir(X).
Tx : The Zariski tangent space to the algebraic variety X in the point z.

r(X): The index of the Gorenstein Fano threefold X with p(X) = 1.
g(X): The genus of the Gorenstein Fano threefold X with p(X) =1 and r(X) = 1.
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Complex manifolds and maps

Bim(M): The group of bimeromorphic automorphisms of the complex manifold M.
M(M): The field of meromorphic functions of the complex manifold M.

a(M): The algebraic dimension of the complex manifold M.

m1(M): The fundamental group of the complex manifold M.

Sym(M): The symmetric space of the complex manifold M i.e. the quotient space M™/&,, where
the action of &,, on M™ is natural.

M!"): The Douady space of the complex manifold M.

Groups

[G : H]: The index of the subgroup H in the group G.

Cn:  The cyclic group Z /nZ.

C):  The group of automorphisms of C,,.

S,:  The group of permutations of n elements.

GL,,(A): The general linear group of degree n over the algebra A.
SL,, (A): The special linear group of degree n over the algebra A.
PGL,,(A): The projective linear group of degree n over the algebra A.

PSO,,(A): The projective special orthogonal group of degree n over the algebra A with a fixed
quadratic form.

Hs: The Heisenberg group modulo 3, i.e. the non-abelian group of 27 elements which is non
isomorphic to Cz x Cy.

Hs: The normalizer of the image of the Heisenberg group modulo 3 under the standard embed-
ding to SL3(C).
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1. Finite groups of automorphisms

1.1. Introduction

In this section we study the structure of finite subgroups in groups of automorphisms of some
varieties. We consider two different classes of finite subgroups and deduce that finite subgroups
there are bounded in some sense.

First we discuss groups of automorphisms of varieties over a field of positive characteristic.
Finite subgroups of such groups have a substantially more complicated structure than in case of

characteristic zero. We shall see for instance that the group GL, (F,) does not enjoy the Jordan

property, see Example [1.2.35
To remedy this issue Hu in [Hu20] has introduced a class of groups which he called p-Jordan and

is a generalization of the Jordan property to characteristic p > 0. He also obtained the following
theorem:

Theorem 1.1.1 ([Hu20, Theorems 1.7, 1.10]). Let k be a field of characteristic p > 0. Then for
any projective variety X defined over k, the group Aut(X) is p-Jordan.

Theorem drove the attention of many researches that tried to extend it for groups of
birational transformations of varieties in positive characteristic. One of the most interesting results
in this area is the following analogue of Popov’s result [Popll] in positive characteristic:

Theorem 1.1.2 ([CS21], Theorem 1.7]). Let S be an irreducible algebraic surface defined over a
field of characteristic p > 0. Then the group Bir(S) is p-Jordan unless S is birationally equivalent
to the product E x P! of an elliptic curve E and a projective line.

Our goal is to prove an analogue of T. Bandman and Yu. Zarhin theorem [BZ15] in positive
characteristic:

Theorem 1.1.3. Let S be a quasi-projective surface defined over a field of characteristic p > 0.
Then the group Aut(S) is p-Jordan.

We now turn to finite subgroups of the Cremona group Cr,,(C) of rank n. Finite subgroups in
the Cremona group of rank 2 were studied in many works, see e.g. [dF04], [Bla09]. In [DI09] a
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complete classification of finite subgroups in Cro(C) was proved. However, since the list of these
finite subgroups is very big it is more reasonable to study embeddings of finite groups of some
type to the Cremona group and estimate size of this groups. This approach was used by Beauville
in [Bea07] where he studied embeddings of groups C,, where p is a prime number, to the Cremona
group of rank two and proved bounds on the rank r depending on p. This result was extended
by Prokhorov to the case of Cremona group of rank 3. Namely in works [Prol4] and [Proll]
he considered abelian p-subgroups (i.e. finite subgroups of order p™ for an integer n) in groups
of birational automorphisms of rationally connected threefolds. Note that the class of rationally
connected threefolds includes P3.

Theorem 1.1.4 (|[Prolll Theorem 1.2], [Prol4, Theorem 1.2]). Let X be a projective rationally
connected complex threefold, let G be an abelian p-subgroup of Bir(X). Then G can be generated
by r elements, with

if p =2 and this bound is sharp;

6,

5 if p=3;
4, if p=2>5, 7, 11 or 13;

3, if p = 17 and this bound is sharp.

7 <

Our next theorem focuses on the case of 3-subgroups and deals with not necessarily abelian
groups.

Theorem 1.1.5. Let X be a projective rationally connected complex threefold and let G be a 3-sub-
group in Bir(X). Then the following is true:

1. The group G can be generated by at most 5 elements.

2. If G can not be generated by at most 4 elements, then G C Aut(Xy) where Xy satisfies one
of the following properties:

(a) Xo is a Fano threefold with terminal singularities, the number of its non-Gorenstein
singular points is 9 and all these points are cyclic quotient singularities of type %(1, 1,1).

(b) Xo is a Fano threefold with terminal Gorenstein singularities with Pic(Xo) = Z Kx, of
genus 7 or 10 and the number of singular points of Xg is 9 or 18.

The proof of Theorem uses MMP. This allows us to prove that for any finite subgroup
in Bir(X) one can construct a terminal complex threefold X, with a faithful action of G such
that X, is a G-Mori fiber space. Thus, Theorem [T.1.5 follows from the following key assertion:

Proposition 1.1.6. Let G be a 3-group and Xg be a G-Mori fiber space of dimension 3. Then G
can be generated by at most 4 elements unless Xy satisfies properties (a) or (b) in Theorem m

Terminal G-Mori fiber spaces are not classified; however, there are several classes of these vari-
eties and in each case we prove a bound on the number of generators of G. We use various methods
to deal with Mori fiber spaces which base have positive dimension, Fano threefolds admitting a
terminal non-Gorenstein singular point, Gorenstein Fano threefolds which Picard number is greater
than 1; then we consider Gorenstein Fano threefolds with Picard number 1 and use the classification
of smooth Fano threefolds [Isk79] and the Namikawa smoothing [Nam97] and many other results.
Proceding case by case we prove the proposition.
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1.2. Preliminaries

1.2.1. Finite groups

Here we list well-known facts about generators of finite groups and discuss in more details the case
of the Heisenberg group.

Recall that a finite group G is a p-group if its order equals p™ for some integer n. If one can
estimate the number of generators of a subgroup of a p-group this gives us the information about
the number of generators of the whole group.

Lemma 1.2.1. Let G be a p-group and H be a subgroup of G of index p™. If H can be generated
by m elements, then G can be generated by n + m elements.

Proof. Choose an element g € G outside H and consider a subgroup H' C G generated by m
generators of H and g. We have
(G:H']<[G:H]|.

Thus, H’ is a subgroup of index at most p"~!. We conclude by induction that G can be generated
by n + m elements. O

Now consider the situation where the group G is an extension of two groups and we can estimate
numbers of generators of them.

Lemma 1.2.2. Assume that a finite group G is an extension of a group Go by a group Gy and
each group G; can be generated by n; elements for i = 1,2. Then the group G can be generated
by n1 + no elements.

Proof. Choose sets of generators x1,...,2,, and y1,...,Yn, of groups G; and G5. Denote by z;
the image of ; in G and choose a preimage ¥; of y; in G.

Take any element z € GG. Then the image of z in G5 equals to a product of generators Hyfi’
Therefore, the product z - ([T 7:%) ! equals to [[£;“. This concludes the proof. O

Note however that if H is a subgroup of Gthe knowledge about the number of generators of G
gives almost no information about the number of generators of H. For example, any finite group
can be embedded to a group of permutation &y which can be generated by two its elements: a
transposition and a cycle of length N. in the case of subgroups of a direct product, we can still
extract some information.

N
Lemma 1.2.3. Assume that H C [] G; and for each i any subgroup of G; can be generated by n;
i=1
' N
elements. Then H can be generated by > n; elements.
i=1
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Proof. We prove this by induction on N. If N = 1, then the assertion is trivial. Assume that the
assertion is true for N — 1 and show it for N. Denote by pry the projection from the product to
the group Gy:

N
pry : H G; — Gn.
i=1
N—1 N—1
The groups pry(H) € Gy and Ker(pry) N H C [[ G; can be generated by ny and ). n;
i=1 i=1
respectively. The group H fits into the following short exact sequence:

1 — Ker(pry)NH — H—=pry(H)—1

N
By Lemma [1.2.2| we conclude that H can be generated by > n; elements. O
i=1

Consider the subgroup of strictly upper-triangular matrices of GL(3,F3). This group is called
the Heisenberg group modulo 3 we will refer to it as to Heisenberg group. The following assertion
gives us several equivalent definitions of this group:

Lemma 1.2.4. Let Hz be a Heisenberg group. Then its order equals 27 and
(1) The group Hs is generated by 3 elements x,y and z with the following relations:
B =y =22=1; ryx” Ty = z; Tz = 2T yz = zy.
(2) The following matrices X and'Y generate a subgroup isomorphic to Hs in SL3(C):
0
0
C2

0 0 1 1 0
X=(10 0]; Y=1{0 ¢ ;
01 0 0 0

here € is a primitive cube root of unity.

By the first assertion of Lemma we get that the Heisenberg group can by generated by
two its elements x and y. Also we can see that the center of the Heisenberg group is generated by
the element z. Recall that for simplicity we denote by C,, the cyclic group Z /nZ. Thus, we have
the following exact sequence.

1 — C3(z) = Hs — Cs(z,y) — 1.

Here the group Cs{x,y) is isomorphic to a direct product of cyclic groups Cz x Cs.

The embedding of H3 to the group SL3(C) in the second assertion of Lemma is called the
standard embedding of the Heisenberg group. Denote by N(?3) the normalizer of the image of the
standard embedding of Hs to SL3(C) and by Hs the maximal 3-subgroup of N(Hs).

Lemma 1.2.5. The group Hs C SL3(C) fits into the following short exact sequence:
1—>7-£3—>?—~13—>Cg—>1

Moreover, the image of Hs under the projection 7: SLs(C) — PGL3(C) is isomorphic to Hs.
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Proof. By [Fei7ll, 8.5] we get that the quotient group N(Hs3)/Hs is isomorphic to SLy(F3). Since
the maximal 3-subgroup of SLs(FF3) is isomorphic to a cyclic group Cz we get the exact sequence.
The image of the generator z of H3 under the standard embedding to SL3(C) is a scalar matrix.
Thus, m(z) = 1 and the group W = m(H3) is generated by 7(z) and 7(y). Therefore, W = C3.
Denote by m the lift of the generator of the Sylow 3-subgroup of SLy(F3) under the map
ﬁg, — ’7{'23/7'[3 C SLQ(Fg)

By [Fei71l 8.5] there is a basis wy,wq of W such that the conjugation by m(m) acts on W by the

following matrix:
11
=),

Thus, the group 7r(7-13) is a non-abelian group of order 27 and all its elements are of order 3. Since
all groups of order 27 are either abelian, a semidirect product of groups Cg and C3 or a Heisenberg

group we conclude the result.
O

1.2.2. 3-subgroups in GL,(C) and PGL,(C)

In this section we give some bounds for the number of generators of any 3-subgroup of GL,(C)
and PGL,,(C) where n < 8. Let us start with a description of p-subgroups of GLy(C).

Lemma 1.2.6. If p # 2 is a prime number, then any p-subgroup G in GLo(C) is abelian and can
be generated by 2 elements and we have:

G = Cpn X Cpm.
Moreover, any p-subgroup of PGLa(C) is cyclic and its action on a projective line preserves a point.

Proof. Any embedding of a finite group G to GL2(C) induces a faithful 2-dimensional representation
of the group G. The dimension of any irreducible representation of the group G divides the order
of G. Thus, if p # 2, a representation of dimension 2 of G is a sum of linear representations which
implies the result. O

We establish bounds on the number of generators of any 3-subgroup of GL3(C) and PGL3(C).

Lemma 1.2.7. If G is a 3-subgroup of PGL3(C), then it can be generated by 2 elements. If G is
a 3-subgroup of GL3(C), then it can be generated by 3 elements.

Proof. The first assertion can be proved as in [Bor61l, Section 6.4]. To estimate the number of
generators of a 3-subgroup G of GL3(C) we consider the following exact sequence:

1 — C* = GL3(C) & PGL3(C) — 1.

The kernel of the map 7|g is a subgroup of C*; thus, it is a cyclic group. The image 7(G) is
a 3-subgroup of PGL3(C), thus, it can be generated by 2 elements. Lemma implies the
result. O
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Recall that a torus in a compact Lie group is a maximal connected abelian subgroup. The
following assertion describes p-subgroups of a compact Lie group for all prime numbers p.

Theorem 1.2.8 ([BS53|, Theorem 1], [Bor61l Section 6.4]). Let ¥ be a compact Lie group and let G
be a p-subgroup in 4. Then there exists a torus T C 4 such that the group G is a subgroup of a
normalizer N(T).

In particular, if 4 is equal to SL,(C) or PGL,(C) where p is a prime number, then the quotient
group G/(GNT) can be embedded to the group Z/pZ. Moreover, G/(G NT) can be generated by
the images of permutation matrices in 9.

This theorem allows us to describe the structure of a 3-subgroup of the group GL3(C).

Corollary 1.2.9. Assume that a 3-subgroup G of GL3(C) can not be generated by 2 elements.
Then either G contains an abelian group C3, or in some basis it contains the following matrices

0 X O 10 0
c=10 0 X3]; t=1(0 ¢ 0]; (1.2.10)
A0 0 0 0 ¢?

where  is a primitive cube root of unity and \; are roots of unity of degree 3.

Proof. Since G can not be generated by 2 elements, by Theorem the rank of the group GNT
is at least 2. If it equals at least 3, then G contains C3. Assume, that it equals 2.

By Theorem in some basis G is a subgroup of a normalizer of the torus T C GL3(C) of
diagonal matrices. Thus, there is an element o € G such that the conjugation by o acts on GNT
as a permutation of coordinates.

Consider ¢ a non trivial element of G N T. If elements ¢+ and otoc~! are not proportional,
conjugations of ¢ by o generate an abelian subgroup of rank 3 in G and this contradicts our
assumption. Thus, we can assume that for any non-trivial element ¢ in GN7T elements otoc " and ¢
are proportional.

However, if the element ¢ is proportional to oto~! then ¢ is either a scalar matrix or the second
matrix in . Since the rank of the group G N'T equals 2 there are two non-proportional
elements t; and ty of GNT. Thus, without loss of generalities we get that ¢; is a scalar matrix
and t5 is the second matrix in . This implies the result. O

Now we can estimate the number of generators of a 3-subgroup of GL,,(C) for n greater than 3.

Proposition 1.2.11. Assume that 3 < n < 9 and G is a 3-subgroup of GL,(C). Then G can
be generated by n elements. If G is a 3-subgroup of PGL,,(C), then G can be generated by n — 1
elements.

Proof. An embedding of the group G to GL,(C) induces the n-dimensional representation of the
group G. Since by assumption n < 9 this representation is isomorphic to a direct sum of irreducible
representations of dimensions 1 and 3. Thus, we have

G C -G x TIh_ G (1.2.12)

Here G are cyclic 3-groups and G/ are 3-subgroups of GL3(C). Then by Lemmas and
the group G can be generated by n elements.

27



Now consider a 3-subgroup G of PGL,(C). Denote by m: GL,(C) — PGL,(C) the quotient
map by the group of scalar matrices. Let G be a 3-subgroup of GL,,(C) such that w(é =G. IfG
can be generated by n — 1 elements, then G also can. Assume that G can not be generated by less
than n elements.

By what precedes and Corollary[I.2.9] the group G either contains an abelian subgroup of rank n
or

G=H xH", (1.2.13)

where H’ C GL,_3(C), H” C GL3(C) and H" contains matrices of the form (L.2.10). Moreover,
the rank of the group H” NT is at least 2 where T is a torus in GL3(C).

In the case G contains an abelian subgroup of rank n we get that its image in PGL, (C) can be
generated by n — 1 element. Otherwise, we have a decomposition (1.2.13). Note that the group H"”
is generated by at most 2 elements unless tk(H” NT) = 2 and H” is generated by a scalar matrix
and matrices . In both these situations we see that w(H") can be generated by 2 elements.
By induction, we can assume that w(H') can be generated by n — 3 elements. Then Lemma m
implies the result. O

Corollary 1.2.14. If G C PGL,(C) is a 3-subgroup which can not be generated by less than k
elements and n < 9, then G contains an abelian subgroup A of rank k.

Proof. Denote by 7: GL,(C) — PGL,(C) the quotient map by the subgroup of scalar matrices.
Let G be the 3-subgroup of GL,(C) such that 7(G) = G. Then, by Proposition one has that
either G is a subgroup of the torus in GL,(C) or admits the decomposition .

If Gis a subgroup of the torus in GL,(C), then we immediately get the result. If G admits the
decomposition (L.2.13), then the group m(H") can be generated by two elements and it contains a
subgroup C2%. This implies the result. O

This bounds on the number of generators of 3-subgroups in GL,(C) and PGL,(C) implies
several useful consequences.

Lemma 1.2.15. Any 3-subgroup of the group GLa(Z) or GL3(Z) is cyclic.
It follows from the above assertions, see [Tah71].

Lemma 1.2.16. Consider a 3-group G acting on a lattice A = Z>. Then the invariant lattice AC
can not be of rank 1.

Proof. By Lemma the image of group G is cyclic and it is isomorphic to Csgn. Denote the
generator of this group by ~.

The group G maps to the group of automorphisms of A which is isomorphic to SLy(Z). This
action induces an embedding ¢: SLo(C). Assume that eigenvalues of ¢(v) are A; and .

If the rank of the invariant sublattice A® is non-zero, then one eigenvalue should equal 1.
Without loss of generalities we can assume that A\ = 1. Since A\ - Ay = 1, we get that Ay also
equals 1. Thus, the rank of the lattice A is either 0 or 2. O
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1.2.3. Group action on algebraic varieties

We study actions of groups on algebraic varieties over a field k. All varieties are assumed to be
irreducible and reduced if not stated otherwise.

Definition 1.2.17. Let X and Y be algebraic varieties, let 7: X — Y be an algebraic map and
let G be a group.

e The action of the group G on X is a homomorphism of algebraic groups jx: G — Aut(X).
In this situation we say that X is a G-variety.

e The action of G on X is faithful if the map jyx is an embedding.

e The map = is a fiber space if it is surjective, proper and its general fiber is irreducible and of
positive dimension.

e If G acts on both varieties X and Y, then we say that m is G-equivariant if for any g € G one
has jy(g) om = mo jx(g). If there are actions of G on varieties X and Y then we say that
the map 7 is G-fiber space if it is a G-equivariant fiber space.

In those situations which do not lead to any confusion we will consider elements of G themselves
as automorphisms of X.

We list several very well-known assertions which describes properties of groups acting on vari-
eties.

Lemma 1.2.18. If X and B are G-varieties, m: X — B is a G-fiber space and the fiber of
over a general point of B is isomorphic to an irreducible algebraic variety F, then G is a following
extension of groups:

1-Gr —-G—Gp—1. (1.2.19)

Here Ggp C Aut(F) is the subgroup consisting of all elements of G inducing the trivial automorphism
on the base and Gp C Aut(B) is a quotient group G/Gp.

In the case of a 3-group, this implies the following restriction on the number of its generators.

Lemma 1.2.20. Assume that X — B is a G-fiber space with general fiber F' and G is a 3-group.
If any 3-subgroup of Aut(F) and Aut(B) can be generated by n or m elements respectively, then
the group G can be generated by n + m elements.

In particular, if X — B is a double cover, then G C Aut(B).

Proof. Since G is finite and preserves the fiber space structure, we have an exact sequence .
By Lemma [[.2:2] since groups G and Gp can be generated by n and m elements respectively G
can be generated by n + m elements.

If X — B is a finite n-cover , then Aut(F') 2 &,,. In particular, if n = 2, then G C C,. Since
G and G are both 3-groups, then Gp =1 and G C Aut(B). O

Next assertion is useful for actions of finite groups which fix a point on the variety. Given an
algebraic variety X and a point  on X denote by T'x , the Zariski tangent space to X at z.
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Proposition 1.2.21 ([PopI4] Lemma 4], [CS21] Theorem 3.7]). Assume that X is an algebraic
variety over the field k and a finite group G acts on X faithfully with o fized point x. If the
characteristic of k equals 0 or if it is coprime with |G| one has G C GL(Tx3).

Using the next assertion we can construct for a variety X with a birational action of a finite
group G its birational model with a regular action of G. This assertion is well-known in charac-
teristic 0, in positive characteristic the assertion is known only for surfaces, it was proved by Chen
and Shramov.

Proposition 1.2.22 (e.g., [PS14] Lemma-Definition 3.1]; [CS21, Lemma 3.6]). Let X be an alge-
braic variety over a field k, a group G be a finite subgroup of Bir(X) and one of the following is
true:

e the characteristic of k equals 0;
e k is perfect and dim(X) < 2.
Then there exists a smooth G-variety X and a G-equivariant birational map X --» X.

Now we study groups of automorphisms and their finite subgroups of several concrete alge-
braic varieties. In the next assertion we recall the description the group of automorphisms of a
Grassmannian.

Proposition 1.2.23 ([Cho49, Theorem I]). Let V' be a complex vector space of dimension n;
consider the Grassmannian Gr(k, V) of k-planes in V. If n # 2k, then Aut(Gr(k,V)) is isomorphic
to PGL(V). If n = 2k then the group PGL(V) is a subgroup of Aut(Gr(k,V)) of index 2.

If C is a curve of genus g greater than 1, then the group Aut(C) is finite; moreover, we have a
bound | Aut(C)| < 84(¢g — 1). Since p-subgroups are always nilpotent we have a better bound for
them.

Lemma 1.2.24 ([Sch16, Theorem 1.2]). Suppose G is a a complex algebraic curve of genus g > 2.
Then a p-subgroup G of Aut(C) satisfies

|G| < 16(g — 1). (1.2.25)

Using the formula (|1.2.25)) we can estimate number of generators of 3-groups acting on the
Jacobian variety of a curve.

Lemma 1.2.26. Assume that Jac(C) is the Jacobian of a curve C' of genus 2 and G is a 3-group
with a faithful action on Jac(C) which preserves its polarization. Then G can be generated by 2
elements.

Proof. By Torelli theorem for curves one has that the group of automorphisms of Jac(C') which
preserve its polarization is a subgroup of the group Z /27 x Aut(C'). Thus, the group G is a subgroup

of Aut(C). By the formula (1.2.25) we get
|G| < JAut(C)| < 16(g(C) — 1) = 16.

Since the order |G| is a power of 3, by Lemma we conclude that G can be generated by two
elements. O
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The formula ([1.2.25)) implies also a bound on the number of generators of a 3-subgroup acting
on a fiber space over a curve.

Lemma 1.2.27. Assume that S is a projectivization of a vector bundle of rank 2 over a complex
curve C of genus 3 and G is a 3-subgroup of Aut(S). Then G can be generated by 4 elements.

Proof. Any automorphism of a projectivization S of a vector bundle of rank 2 over a curve C' of
genus 3 commutes with the projection to C. By any 3-subgroup of Aut(C') has an order
less than or equal to 32; thus, it can be generated by 3 elements. The fiber of the projection to C
is isomorphic to a projective line; thus, by Lemma[l.2.6|any 3-group with a faithful action on fiber
is cyclic. By Lemma [T.2.20] this implies that G can be generated by 4 elements. O

Consider a quadric hypersurface X; in the next assertion we give a bound on the number of
generators of a 3-subgroup of Aut(X).

Lemma 1.2.28. Assume that X is a quadric hypersurface in the complex projective space P!
and d < 7. If G is a 3-subgroup of Aut(X), then G can be generated by d elements.

Proof. If X is a smooth quadric hypersurface in P4*!, then G is a subgroup of PSOg4,2(C). By
Corollary [[.2.14] if G can not be generated by less than m elements, then there is an abelian
subgroup A C G of rank m.

However, any abelian subgroup of PSO,42(C) is a subgroup of the torus of this group and the
dimension of torus of PSO442(C) equals [ 452 ]. Thus, we get the result:

m < V;2J <d.

If X is a singular quadratic hypersurface, it is a cone with a vertex Z over a smooth quadric
hypersurface. After a blow up of this vertex we get a G-invariant projective bundle over a smooth
quadric hypersurface with a faithful action of G. Lemma [1.2.20| and Proposition [1.2.11|implies the
result. O

If we consider the intersection of several quadric hypersurfaces than a 3-group with a faithful
action on this variety should preserve a point.

Lemma 1.2.29. Consider a non-empty proper intersection Y of 3 quadric surfaces in P3. Assume
that G is a 3-group with an action on Y. Then there exists a subgroup H in G of index at most 3
such that H fixes a pointy in'Y .

Proof. The dimension of Y can be equal to 0, 1 or 2. If dim(Y') = 0, then Y is a union of less than
or equal to 8 points. One concludes observing that the length of the orbit of a 3-group is a power
of 3.

If dim(Y) = 1, then Y is a union of curves and points C; U---U Cy U {p1,...,pm} in P3 and

deg(Ch) + -+ + deg(Cy) < 4.

If Y contains an isolated point, then its orbit has length at most 8. Thus, the stabilizer of this
point is the necessary group H. If Y is singular, then there are at most 6 singular points on it. The
group G preserves the singular locus of C; thus the stabilizer of a singular point is s subgroup of
index at most 3.
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If Y is a smooth irreducible curve lying on a quadric surface such that deg(Y) < 3 then either
Y is isomorphic to P! or it is a plane cubic curve lying in a hyperplane section H of P3. In the first
case we get the result by Lemma In the case Y is a smooth cubic curve in H we get that
Y is a complete intersection of 2 surfaces; namely, the hyperplane H and a cubic surface. Denote
by Q¢ the family of quadric surfaces passing through C. By Koszul exact sequence we get that
dim(Qc) =1.

If deg(Y) = 4 we get that Y is a complete intersection of two of three quadric surfaces Q1, Q2
and Q3. Then by Koszul exact sequence the dimension of the family Q¢ of quadric surfaces passing
through C' equals 1.

If the dimension of the family Q¢ of quadric surfaces passing through C' equals 1, then G acts on
this family and preserves its singular fibers. Since in a 1-dimensional family Qg of quadric surfaces
there are at most 4 singular fibers we get that a the index of a stabilizer H of one of singular fibers
is at most 3. Since the singular quadric surface contains a unique singular point, then H fixes it.

If dim(Y) = 2, then Y contains a quadric surface Yy in P3. If Y} is singular, then it is a cone
and its vertex is either a point or a line. In any case by Lemma [[.:2.6] the group G fixes a point
on Yp. If Y is smooth, then ¥ = P! x PL. Since Aut(P! x P!) = Cy x (PGL2(C) x PGL2(C)) by
Lemma [T.2.6] there exists a G-fixed point on Y;. O

We need to study 3-groups with a faithful action on varieties of minimal degree. Let us first recall
the necessary definitions. Consider a set of integers a1, ..., ax such that a; < 0 forall 1 < i < k. The
projective bundle P (€ Op:1(a;)) can be embedded to P™ by the linear system |OP(@O 1(a_))(1)|.

p1 (s
The image of this map Y is called a rational normal scroll. By the Veronese surface we denote the
image of the following embedding of P? to P?:

v P2 - P5; t(zo:wy :wo) = (23 23 23 wowy : w2 1 T1TR).

Recall that for a projective variety Y and an embedding j: Y — P™ such that j(Y") is not contained
in a hyperplane one has:
codimpn (V) + 1 < deg(Y) (1.2.30)

In case we have an equality Y is called a variety of minimal degree. Such varieties are classified by
del Pezzo and Bertini, see, [EH87]. Namely, a variety of minimal degree Y is either a projective
space, a quadric hypersurface, a rational normal scroll, a Veronese surface or a cone over a rational
normal scroll or a Veronese surface. In the next lemma we study 3-groups having a faithful action
on a variety of minimal degree.

Lemma 1.2.31. Assume that Y is a variety of minimal degree and G is a 3-subgroup of Aut(Y').
If dim(Y) =d and d < 7, then G can be generated by d elements.

Proof. If Y =2 P?, then by Proposition the group G can be generated by d elements.

If Y is a rational normal scroll, then the rank of the Picard group of Y equals 2 since it is
isomorphic to a projective bundle over P'. Thus, by Lemma the group G acts trivially
on the Picard group Pic(Y). Then it preserves the structure of the map P (€D Opi (a;)) — P
Therefore, by Lemma and Proposition the group G can be generated by d elements.

Assume that Y C P" is a cone over a variety B which is either a rational normal scroll or a
Veronese surface. Then the vertex of the cone Z C Y is a projective space of codimension ¢ in Y.
Consider the projection from P” to B with a center in Z:

gz P" --» B.
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Denote by Y the blow-up of Y in Z. Since Z is an invariant subvariety under the action of G it
acts regularly on Y. Moreover, the rational map 7z induces on Y the structure of a regular map
to B such that its general fiber is a projective space of the dimension d — dim(B). Then G can be
generated by at most d elements by Lemmas [I.2.11] and [T.2.20]

If Y is a d-dimensional quadratic hypersurface in P4*!, then by Lemma the group G can
be generated by d elements. O

1.2.4. Examples

We give here an example which shows that there exists a 3-subgroup of Bir(P?) which can not be
generated by less than 3 elements.

~

Example 1.2.32. Fix a projectivization P3 = P(V) of the vector space V with coordinates
Ty, T9, x3 and x4. Consider the following action on P(V) of the abelian 3-group (C3)?® with
generators 71, 72 and ~3. Each ~; acts non-trivially only on x; by multiplication by the primitive
cube root of unity; and ; - ; = x; for all  # j. This action is faithful and it preserves the Fermat
cubic surface S in P3:

S={(1: @2 w5 24) € PPl af + 2 + 23 + 2 = 0},

Note that S is a smooth cubic surface; thus, it is rational. Thus, the 3-group C3 acts faithfully on
a rational surface S, though it can not be generated by less than 3 elements.

The following example describes the action of an abelian 3-group of rank 4 on a rationally
connected threefold.

Example 1.2.33. Consider a product X = P! x S of P! and a Fermat cubic surface. It is a product
of a rational surface and a rational curve; thus, it is rational itself. Let the group C3 acts on S as
in Example and choose some faithful action of the group C3 on PL. Then the group Cj x C3
acts faithfully on the the product X = P! x S of P! and a Fermat cubic surface. It is a product
of a rational surface and a rational curve; thus, it is rational itself. The group (C3)* is a subgroup
of Crg(C) which can not be generated by less than 4 elements.

1.2.5. p-Jordan property
We start with the following definitions:

Definition 1.2.34. Assume that I' is a group, then

e I' is Jordan if there exists a constant J = J(I") such that any finite subgroup G C I" contains
a normal abelian subgroup A and
[G: A< T
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e I' is p-Jordan if there exist two constants J = J(I') and e = e(I") such that any finite sub-
group G C I' contains a normal abelian subgroup A and

(G Al <TGyl
where G}, is a Sylow p-subgroup of G.

C. Jordan proved that the group GL,(C) is Jordan for all n > 1, see [CR62, Theorem 36.13].
However, some groups do not enjoy the Jordan property.

n

Example 1.2.35. Consider the group GL2(F,) and its finite subgroup G = SLy(F,) where ¢ = p".
Since the quotient group PSLy(F,) of the group G is simple we get that the greatest abelian
subgroup A in G'is isomorphic to the multiplicative group C. Thus, we can compute the index of
the subgroup A in G:

(p2n _ 1)(p2n _ pn) . an
pn 7pn71 D

Moreover, one can see that the Sylow p-subgroup G, of G is of the order |G| = p". Note that the
group GL2(F,) is not Jordan, but it is p-Jordan.

[G: A] =

The notion of being p-Jordan was introduced by F. Hu in [Hu20]. The group GL,,(F,) is p-Jordan
for any integer n; this was proved in [LP1Il Theorem 0.4].

Lemma 1.2.36 ([Popll] Lemma 2.11], [CS21 Lemma 2.8]). Consider a short exact sequence of
groups:
1T >T T = 1.

Assume there exists a number C such that for any finite subgroup G of T” one has |G| < C. If the
group T is Jordan (resp. p-Jordan), then the group T is Jordan (resp. p-Jordan).

1.2.6. Fano threefolds

Let X be a normal complex variety of dimension n and let ¢t: Xy < X be the embedding of the
non-singular locus of X to X. Recall that Q% is the sheaf of differential n-forms on X which are
regular on Xy and the canonical class Kx of X is the Chern class of the sheaf 1, (¢*Qx). The
canonical class is a very important invariant of an algebraic variety. In general case the canonical
class is a class of a Weil divisor; if X is smooth then it is a Cartier class.

In this section we discuss varieties which arise when we apply MMP to a rationally connected
threefold. These varieties can be singular so we have to deal with different types of singularities.
Recall definitions of singularities we will need in following sections, the main reference here is
[Rei87].

Definition 1.2.37. Let X be a normal variety and let K x be the canonical class of X.
e A variety X has terminal singularities if the following conditions are true:

— for some r > 1 the Weil divisor r K x is Cartier;
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—if f: Y — X is a resolution of X and {E;};cs is a family of prime exceptional divisors
of f, then

rKy = [*(rKx) + Y a5,
i€l
with a; > 0.

e A point p in X is a Gorenstein singularity if the ring Ox ), is a Noetherian local ring with
finite injective dimension as an Ox ,-module.

e A point p in X is a ¢cDV -singularity if dim(X) = 3 and there exists a Zariski open sub-
set U C X such that p € U and a polynomial F(z,y, z,t) in the ring k[z, y, z, t] such that one
has an algebraic isomorphism with a hypersurface singularity:

(va) = ({F = 0}70) C (A4’0)7
where F has the following form:

F(z,y,2,t) = f(z,y,2) + tg(z,y, 2, 1)
where f is the equation of a Du Val singularity and g is an arbitrary polynomial.

e We say that C,. acts on A3 with weights a,b and c if there exist coordinates x, vy, z of A® such
that for some generator g of C,. one has:

gz, y,2) = (¢, "y, 2),
where ( is a primitive r-th root of unity.

e A point p in X is a quotient threefold singularity of index r and of type %(a, b, c) if locally X
is isomorphic to A3/C, where C, acts on A® with weights a,b and ¢ and the action is free in
codimension 1.

e if the variety X admits only terminal (resp. only Gorenstein) singularities, then we say that X
is a terminal (resp. Gorenstein) variety.

Recall here that by [Rei87, Corollary 3.12] any isolated ¢DV -singularity is both Gorenstein and
terminal. Also by [Rei87, Theorem 5.2] a quotient singularity is terminal if and only if it is of the
type %(a7 —a, 1) where r is coprime to a.

Given a complex normal variety with a regular action of a finite group G, one can apply G-
equivariant MMP. Here is a definition of types of varieties which can be obtained as an end result
of running this program.

Definition 1.2.38. Let G be a group, X be a G-variety, Kx be the canonical class on X, then

e X is a G-Fano variety if it is terminal, the class —Kx is ample and the rank of Pic(X)%
equals 1.

o X is a GQ-factorial variety, if any G-invariant Weil divisor D in X is a Q-Cartier divisor, i.e.
there exist n such that nD is Cartier.

o X is a GQ-Fano variety, if it is a GQ-factorial G-Fano variety.
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e Themap w: X — Bisa G-Mori fiber space, if B is a G-variety, m is a G-fiber space, the relative
class —Kx,p = —(Kx — 7" (Kp)) is relatively ample and the rank of the relative G-invariant
Picard group Pic(X/B)“ equals 1.

If X is a projective complex normal Fano variety, its Picard group is finitely generated and
torsion-free. We denote by Picard number p(X) the rank of the Picard group Pic(X). Its Hodge
number hP1(X) is the reak dimension of the group HP(X).

The index of a Gorenstein Fano variety X is the maximal number (X)) such that there exists
an element H of the Picard group of X and

—KX ~rH.

Any regular automorphism f of X preserves the line bundle O(H) since f*Kx ~ Kx. The Picard
group Pic(X) of a Gorenstein Fano variety X is torsion-free by [IP99, Proposition 2.1.2].
Another invariant of a Gorenstein Fano threefold of index 1 is its genus:

g(X) = dim(H°(X, O(H))) — 2. (1.2.39)

Since X is a Fano variety, the line bundle O(H) is ample and its linear system induces the following
map:
b+ X > P(HO(X, O(H)))" =PI+,
We say that a Gorenstein Fano threefold Xis a del Pezzo threefold of degree d if the index of X
equals 2 and H3 = d where H is a primitive class in Pic(X) such that Kx = —2H.

Smooth Fano threefolds of Picard rank 1 were classified in the series of works by Iskovskikh.
There exists 17 deformation classes of smooth Fano threefolds:

Proposition 1.2.40 ([IP99, Table 12.4]). Assume that X is a smooth Fano threefold of index r(X)
and p(X) =1, then X lies in one of the following families:

(1) if r(X) =1, there are ten families of smooth Fano threefolds and g(X) € {2,3,4,...,10,12};

(2) if r(X) =2, there are five families of smooth Fano threefolds; namely, del Pezzo threefolds of
degrees 1,...,5;

(3) if r(X) = 3 there is a unique family of smooth Fano threefolds: namely, smooth quadric
hypersurfaces in P*;

(4) if r(X) = 4 there is a unique smooth Fano threefold: P3.

The full classification of smooth Fano threefolds and their invariants (Picard ranks and Hodge
numbers h'?) can be found in [[P99, Table 12.4].

Assume that X is a smooth Fano threefold and its anticanonical linear system is very ample.
Denote by S(X) the Hilbert scheme of conics on X in its anticanonical embedding. If the index of
X is at most 2, then S(X) is a surface and it encodes many informations on X. Here we recall the
results from [KPSI8, Theorem 1.1.1, Lemma 4.2.1, Lemma 4.3.4, Corollary 4.3.5].

Proposition 1.2.41. Assume that X is a smooth Fano threefold such that the linear system |— K x|
induces an embedding and p(X) =1,7(X) =1,9(X) > 6. Then S(X) is a smooth surface and the
group Aut(X) acts faithfully on S(X). Moreover,
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(1) if g(X) =7, then S(X) is a symmetric square of a smooth curve C of genus 7 and Aut(X)
acts faithfully on C;

(2) if g(X) =9, then S(X) is a projectivization of a vector bundle of rank 2 over a curve C of
genus 3;

(3) if g(X) = 10, then S(X) is the Jacobian Jac(C) of a smooth curve C of genus 2 ;
(4) if g(X) =12, then S(X) = P2.

Recall an important construction of Fano varieties. Let V5 and K be a complex vector spaces of
dimension 5 and 1 respectively. The Pliicker embedding maps the Grassmannian Gr(2, V) of planes
in V5 to the projective space P(A?V5). Let W be a vector subspace in A%2V5 and @ be a quadric
surface in P(W). We say that (X, H) is a Gushel-Mukai variety if X is the following intersection:

X =Ck Gr(2,Vs) NP(W)NQ,

where Cg Gr(2, V) is a cone over the Grassmannian Gr(2,5) with a vertex in K in the projective
space P(A%2V5 ® K) and H is an inverse image of a hyperplane section in the projective space P(W).
By [IP99, Table 12.4] if X is the smooth Fano threefold of index 1 and genus 6 then (X, —Kx) is
a Gushel-Mukai variety.

Theorem 1.2.42 ([DKI18, Theorem 2.3, Proposition 2.12 and 2.15]). Let (X, H) be a normal
complex variety. Then the following assertions are true:

(1) If (X, Kx) is a Gushel-Mukai variety and dim(X) = 1, then dim(H°(X,O0x(Kx))) =7 and
the canomnical model of X is an intersection of 6 quadrics in P((H°(X,0x(Kx))).

(2) Assume that dim(X) = n and H is an ample class in X such that Kx = —(n — 2)H
and HY(X,0x) = 0. If X’ C X is a hypersurface in the linear system of H and (X', H|x/)
is a normal Gushel-Mukai variety, then (X, H) is a normal Gushel-Mukai variety.

(3) If X is a Gushel-Mukai variety then the natural map v: X — Gr(2,Vs) is Aut(X)-equivariant.
Moreover, v is either an embedding or a double cover onto t(X).

If X is a Gorenstein terminal Fano threefold, then by results of Namikawa it is a deformation
of a smooth Fano threefold. Moreover, the number of singularities on X can be estimated in terms
of some invariants of the smoothing.

Theorem 1.2.43 ([Nam97]). If X is a Gorenstein terminal Fano threefold, then there exist normal
algebraic varieties 2" and B and a proper flat map

m X — B>0,

such that the fiber &'y, of ™ over a point b is a smooth Fano threefold if b # 0 and the fiber & o over
0 us isomorphic to X. Moreover, if singularities of X are isolated, one has

|Sing(X)| < 20— p(2's) + h"2(2), (1.2.44)

where Z'y is a smooth fiber of 2.
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The family 7: 2 — B is called then a Namikawa smoothing. Since the number of families
of smooth Fano threefolds is bounded, one can estimate the number of isolated singularities on a
Gorenstein terminal Fano threefold.

If the terminal Fano threefold X has a terminal singularity z, then by [Rei87, Theorem 10.2(3)]
one can associate a set of integers r; > 2. In fact, there exists a flat deformation of X such that
the singularity = deforms to a set (basket) of quotient singularities of types = (a;, —a;, 1).

T

Theorem 1.2.45 ([Rei87, Corollary 10.3],[Kaw92]). Let X be a terminal Fano threefold with N
isolated singularities Sing(X) = {x1,...,xn} and let ry1,...,ry, be set of integers associated to

i

each singular point x; as in |[Rei87, Theorem 10.2(3)]. Then one has the following inequality:

1 Tij

i=1 j=

The formula (1.2.46|) follows from the Riemann—Roch formula in the case of a rationally con-
nected variety with terminal singularities.

1.3. Automorphisms of quasi-projective surfaces

Our goal is to prove that the group of automorphisms of a quasi-projective surface defined over
a field k of positive characteristic satisfies the p-Jordan property. In the first part of this section,
we study the group of automorphisms of surfaces birational to a product of an elliptic curve and a
projective line. Then we prove Theorem [1.1.3

1.3.1. Automorphisms of open subsets of F x P!

In this section we assume that S is a quasi-projective surface which is birational to a product P! x E/
where E is an elliptic curve. Then the projection from P! x E to the second component of the
product induces the following map:

m: S — E. (1.3.1)

Note that the map 7 is regular since it is a dominant map to an abelian variety. Then finite
subgroups of automorphisms of S can be represented as extensions of two groups.

Lemma 1.3.2. Let S be a smooth quasi-projective surface over any field k birational to P! x E,
where E is a smooth curve of positive genus. If m: S — E is the map then there exists an
exact sequence of groups:

1 — Bir(S), — Bir(S) = T, (1.3.3)

where Bir(S), C PGL(2,k(C)) and T' C Aut(E). Moreover, the group Bir(S), is p-Jordan.
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Proof. The exact sequence exists by [CS21, Lemma 4.16]. It follows from the fact that if g € Bir(5),
then the image of a rational curve F' is a fiber of = under the composition o g should be a point in
the elliptic curve E. The group Bir(S), is p-Jordan since it is a subgroup of PGL(2, k(C)) which
is p-Jordan by Theorem [T.1.1] O

Assume that the group Aut(S) fixes a finite subset of fibers of 7, then one has the following
assertion.

Lemma 1.3.4. Let S be a smooth quasi-projective surface birational to P' x E where E is an
elliptic curve, m: S — E be the map as in (1.3.1) and let ' C Aut(E) be a map and a group as in
Lemma [1.3.2 If there exists a non-empty finite T-invariant subset Z C E, then the group Aut(S)
is p-Jordan.

Proof. Denote by H the stabilizer of a point z € Z under the action of the group I'. By the assump-
tion H is a subgroup of T" of index at most |Z|. The group H acts faithfully on the elliptic curve E
and preserves a point in it. Thus, |H| < 24 by [HKTO08| Theorem 11.94]. Therefore, |I'| < 24|Z|.
Thus, if we denote by Aut(S), the subgroup of elements of Aut(S) which induce the trivial
automorphism on FE, then one can see that Aut(S), is a subgroup of finite index in Aut(S). By
Lemma the group Aut(S), can be embedded into the group of automorphisms of a general
fiber of 7; thus, it is p-Jordan by Theorem m Therefore, Aut(S) is also a p-Jordan group by
Lemma O

Let S be a quasi-projective surface. Consider a projective surface S such that S can be embedded
into S as a Zariski open subset. We call S a projective closure of S. Starting with a smooth quasi-
projective surface S birational to P! x E we can choose a good projective closure of S as follows:

Lemma 1.3.5. Assume that S is a smooth quasi-projective surface which is birational to P* x E
over a perfect field k where E is an elliptic curve and w: S — E is the map as in . Then
there exists a smooth projective variety S and an open embedding v: S < S such that © induces a
morphism 7 from S to E:

SC*= 8

|4

E

Proof. By assumption the surface S is quasi-projective; thus, there is an embedding of S to a
projective space PY. Denote by S’ the minimal Zariski closed subset in PV which contains S. By
the construction S is of locally finite type over k; thus, S is an excellent scheme and by [Lip78]
and [Lip69] one can construct its minimal resolution S. Since S is a smooth dense subset in S it

does not intersect the indeterminacy locus of S -5 3. Thus, S is a projective closure of S.
The induced map 7: S — F is regular since 7 is the Albanese map. O

Note that S\ S can contain multisections of ; i.e. 7(C) is a dense subset of E for some curve C'

in S\ S.

Lemma 1.3.6. Let S be a projective surface birational to P! x E over an algebraically closed field,
where E is an elliptic curve and 7: S — E is the map as in (L.3.1). If C C S is an irreducible
curve such that 7T(C) = E, then C ¢ Exc(g) for any g € Bir(5).
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Proof. The curve C' maps dominantly to an elliptic curve. Thus, by Riemann-Hurwitz formula we
get that the curve C' cannot be rational. Therefore, the curve C is not contractible. O

There is many different ways to choose a smooth projective closure of S. We need a projective
closure with the following properties.

Definition 1.3.7. Assume that S is a smooth quasi-projective surface birational to P* x E over
an algebraically closed field k, where E is an elliptic curve and 7: S — E is a projection. Let S be
a smooth projective closure of S. We say that it is relatively minimal if there is no (—1)-curve C
in the complement S \ S lying in fiber of 7.

By the following lemma any smooth ruled quasi-projective surface S admits a relatively minimal
projective closure.

Lemma 1.3.8. Assume that S is a smooth quasi-projective surface birational to P* x E over an
algebraically closed field k, where E is an elliptic curve and w: S — FE is the map as in .
Then there exists a relatively minimal projective closure of S. Moreover, if all fibers of S are smooth,
then the same is true for S.

Proof. The same assertion was proved in characteristic 0 in [Fuj82] Section 4]. In fact all arguments
from that paper work in positive characteristic. We recall for the convenience of the reader the

main step of the argument.

By Lemmathere is a smooth projective closure 7: S — E of S. If the complement S\ S
contains a (—1)-curve lying in fiber of 7, then it can be blown down. Thus, we obtain a new smooth
projective closure 7: S — E of S and the number of codimension 1 components of ?I\S is less then
one of S\ S. Repeating this process several times we get a smooth projective closure 7: So — E
of S such that Sy \ S does not contain (—1)-curves lying in fibers of 7.

By the semi-continuity theorem geometric genus of any fiber of ™ vanishes. Thus, if some fiber F’
of 7 is singular, then F' is reducible, its components are rational curves and the dual graph is a
tree. In particular it contains two (—1)-curves corresponding to leaf vertexes of the dual graph
of F. If we assume that all fibers of S are smooth irreducible and reduced this implies that So \ S
contains a (—1)-curve lying in the fiber of 7y. Thus, all fibers of 7y are smooth. O

1.3.2. Proof of Theorem

Consider a quasi-projective surface S and letg be a projective closure of S. Then any automorphism
of S induces a birational automorphism of S. By [CS21] we are reduced to the situation where S
is birational to a product of the projective line and an elliptic curve.

Lemma 1.3.9. Assume that S is a quasi-projective surface over a field k of characteristic p > 0.
If S is not birational to a product P! x E of a projective line and an elliptic curve E, then the
group Aut(S) is p-Jordan.

Proof. Any automorphism of S induces a birational automorphism of S. By Theorem the

group Bir(S) is p-Jordan; thus, we get the result. O

Now we are ready to prove Theorem [T.1.3]
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Proof of Theorem [I.1.3] We can assume that k is algebraically closed. If the quasi-projective sur-
face S is not irreducible, we consider its irreducible component Sy. The group Aut(Sp) is a subgroup
of finite index in Aut(S). Thus, by Lemma it suffices to prove that the group Aut(Sp) is
p-Jordan. Therefore, from now on we assume that S is irreducible.

Any regular automorphism of S can be lifted to its normalization; thus, we can assume that S
is normal. By [Lip78] and [Lip69] one can construct the minimal resolution of the surface S. The
group of automorphisms of S embeds to the group of automorphism of the resolution. Thus, we
can assume that S is smooth.

By Lemma we are reduced to the case where S is birational to P! x E since otherwise
Aut(S) is a p-Jordan group. Thus, we can consider the projection 7w: S — E. It is a regular map
since it is the Albanese map from a smooth variety.

If 7(S) is a proper subset of E or if some fibers of m are non-reduced or reducible, then the
group Aut(S) preserves a finite union of fibers of 7. Thus, by Lemma we get that Aut(S) is
a p-Jordan group. From now on we assume that all fibers of S are smooth and 7(S) = E.

By Lemma there exists a smooth closure S of S such that all fibers of S are smooth and
irreducible. Since S is relatively minimal and 7(S) = E, then the complement S\ S is a set of curves
which do not lie in fibers of 7. If g € Aut(S), then it induces a birational automorphism g € Bir(SS).
The exceptional locus of g lies in S\ S. Thus, by Lemma we get that the exceptional locus of
g is empty. Then g induces a regular automorphism of S.

We get that Aut(S) is a subgroup of Aut(S) where S is a relatively minimal projective closure
of the quasi-projective surface S. By Theorem this implies that Aut(S) is p-Jordan. O

1.4. Automorphisms of 3-dimensional Mori fiber spaces

In this section we study 3-groups having a faithful action on 3-dimensional Mori fiber spaces and
construct bounds on number of generators of these groups. All varieties in this section are defined
over the field C.

1.4.1. Singular Fano threefolds

We study complex Fano threefolds with singularities and show that any 3-group having a faithful
action on such threefold can be generated by at most 5 elements. First, we recall a very useful
description of terminal singularities in the case of threefolds.

Theorem 1.4.1 ([Rei80, Corollary 1.9][Rei87, Theorem 3.2)). Let X be a complex threefold, v € X
be an isolated terminal singularity and let r > 0 be the minimal integer such that rKx is a Cartier
divisor in a neighborhood U of x. Then there exists a complex threefold Y with an isolated cDV -sin-
gularity y, an action of the group C; on'Y and an isomorphism Y/C, 2 U. If we denote by 7 the
following map:

Y =-Y/C,=2U,
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then m=(z) = y and C,. acts freely on Y \ {y}. Moreover, Y is the spectrum of the following sheaf
of algebras on U :
Ay = Oy @ Oy(Ky) @ -+ & Oy((r — 1)Ky).

Now we consider a 3-group with an action on a terminal threefold which preserves a point. This
allows us to restrict the number of generators of the group.

Proposition 1.4.2 (|[Prolll Lemma 2.4]). Let X be a complex quasi-projective threefold with ter-
minal singularities, let G be a 3-subgroup of Aut(X) which stabilizes a point x € X. Then G can
be generated by 3 elements.

Proof. Since G is finite then by [SGAQ03, Proposition V.1.8] there is a G-invariant open affine chart
of the point = in X which does not contain singular points except x. Replace X by the intersection
of this affine chart with the affine chart U described in Theorem [[4.1]

Note that the algebra Ay defined in Theorem is invariant under the action of G. Thus,
there is an action of a group G on the projectivization Y of Ax fitting the following exact sequence:

1—>CT—>@—>G—>1,

where r > 0 is the minimal integer such that rKx is a Cartier divisor. Thus, by Theorem [1.4.1
the variety Y contains a cDV-singularity Y, it is smooth on the complement to y and the group G
stabilizes the point y. If any 3-subgroup of G can be generated by 3 elements then so can G. Thus,
it suffices to prove the assertion in the case where z is ¢DV-singularity.

Assume that x is a cDV-singularity. Thus, X is a subvariety of A* and the Zariski tangent space
Tx 5 to X in the point z is a vector space of dimension at most 4. Thus, by Proposition the
group G is a subgroup of GL4(C) and by Proposition can be generated by 4 elements.

If the group G can not be generated by less than 4 elements then by Corollary [I.2.9] and
Proposition [[.:2.1T] one gets that G either contains an abelian subgroup of rank 4 or it is a product
of a cyclic 3-group and a group H which contains matrices described in .

Assume that G contains an abelian subgroup of rank 4. Denote by G’ the subgroup of G
isomorphic to C3 and choose coordinates z1, 29,23 and z4 of T' 'y, such that the action of G’ is

diagonal.
() Czi, if i = j;
() =
Jil% zj, otherwise.

Here ¢ is a cube root of unity. Since the point = is a ¢DV-singularity, it is given by an equa-
tion F(z1, 22, 23, 24) from the list [Rei87, Theorem 6.1] and F' is an irreducible polynomial with a
non-trivial quadratic part. Since the surface X is invariant under the action of G’, the polynomial F
is semi-invariant under the action of elements g;; i.e. there are complex numbers A; such that one
has the following equality:

9i(F(21, 22,23, 24)) = NiF (21, 22, 23, 24).

After permutation of the coordinates we can assume that either 2? or z;2, has non-zero coef-
ficient in F'. Then g¢; acts on F' with a non-trivial eigenvalue. Since g; acts on z; trivially for all
indices j # 1, all monomials of f are divisible by Fj. This contradicts the fact that F' is irreducible.
Therefore, G cannot contain such an abelian group of rank 4.
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Assume that G contains the product {g;) x H, where the order of the element g; equals 3 and H
is isomorphic to a subgroup of GL3(C) which contains the matrices o and ¢ described in (1.2.10)).
Choose coordinates z1, 22, 23 and z4 of T'x , such that g1, o and ¢ acts in the following way:

C 000 10 0 0 100 0
010 0 0 0 A 0] fo10 o)
=10 01 0]’ 7=lo 0 0 Al =10 0 ¢ o’
000 1 0 M 0 0 00 0 2

where ( is a cube root of unity and ); is roots of unity of degree 3% for some integer k; and i = 1,2
and 3. Denote by F the equation of the threefold X in A* in these coordinates. As before, F is an
irreducible polynomial with a non-trivial quadratic part and F' is semi-invariant under the action
of G.

Consider the quadratic part F; of F'. It is a semi-invariant polynomial under the action of G. A
quadratic polynomial F, which is semi-invariant under the action of g; is proportional to the one
of the following form:

Fy = Q(22,237Z4); = ZlL(ZQ723,Z4); F5 = Z%

Here @ and L are respectively quadratic and linear polynomials depending only on 23, 23 and z4.

A quadratic polynomial Q(ze, 23, z4) which is semi-invariant under the action of the matrix ¢ is
of the following form:

Q= azi2 + bz, 2,

where {i,7,k} = {2,3,4} and a and b are complex numbers. We deduce that the polynomial @ is
semi-invariant under the action of ¢ only if a and b vanish.

A linear polynomial L(zs, 23, z4) which is semi-invariant under the action of ¢ is proportional to
a monomial zo, z3 or z4. Thus, it is not semi-invariant under the action of o.

Therefore, we proved that F» is proportional to z?. By [Rei87, Theorem 6.1] one can see that in
this case the cubic part F3 of F is also non-trivial. The polynomial F5 + F3 is semi-invariant under
the action of G. Since this sum is semi-invariant under the action of g; we get that

F3 = Z%L(ZQ, 23, 24),

where L is a linear polynomial depending only on 25,23 and z4. By the above argument L can
be semi-invariant under the action of ¢ and o only if it vanishes. Thus, we get a contradiction.
Therefore, the group G can be generated by 3 elements. O

Remark 1.4.3. Proposition shows that if x is a cDV-singularity which is invariant under a
faithful action of a 3-group, then this group is generated by at most 3 elements. This result can
not be improved in the case x is a smooth point. Moreover, it can not be improved for certain
singularities.

For instance, consider the subvariety X in the affine space A* with coordinates z1, 22, 23 and 24
defined as a zero locus of the polynomial F', where F is as follows:

2 2.3
F =27 4 2923 + 272y

The point 0 € A* lies on X and it is a cA;-singularity. Consider the following action of the abelian
group C'g’ on A?* in coordinates 21, 22, z3 and z4:

C3 = (diag(¢, ¢4, 1, 1), diag(¢, 1,¢ 71, 1), diag(1,1,1,¢)) € GL4(C)
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Here ( is a primitive cube root of unity. This action preserves X; thus, it is an abelian 3-group of
rank 3 with a faithful action on a cA;-singularity.

Proposition implies the following corollary

Lemma 1.4.4. Assume that X is a terminal Fano threefold and G is a 3-subgroup of Aut(X). If
the length of the G-orbit of a point x € X equals N < 27, then G can be generated by 5 elements.
If N <9, then G can be generated by 4 elements.

Proof. Consider the stabilizer Stab(z) of x. It is a 3-subgroup of G of index N = 3*. If N < 27
then £ < 2 and if N < 9 then k£ < 1. By Proposition the group Stab(x) is generated by 3
elements. Then Lemma implies the result. O

Proposition and Namikawa’s bound in Theorem |1.2.43|on the number of isolated singular-
ities on a Gorenstein terminal Fano threefolds allows estimate the size of 3-groups acting on these
threefolds.

Corollary 1.4.5. Assume that X is a singular Gorenstein terminal Fano threefold, p(X) =1, the
index and the genus of a general fiber 27y, in Namikawa smoothing are as follows:

r(Zp) = 1; o) =T,

If G is a 3-subgroup in Aut(X) then G can be generated by at most 5 elements. Moreover, if the
number of singularities of X differs from 9 and 18 then G can be generated by at most 4 elements.

Proof. Consider a singular point z on X. The bound and [[P99, Tables 12.6-12.7], implies
that the length of the orbit of z is less than 27. Then by Lemma|[I.4.4] the group G can be generated
by 5 elements.

If the number of singularities of X differs from 9 and 18 and less than 27, then there exists a
singularity = on X whose orbit has at most 9 points. In this situation by Lemma the group
G can be generated by 4 elements. O

By Proposition and Reid’s bound on the number of terminal singularities on Fano threefolds
we estimate number of generators of 3-groups acting on terminal threefolds.

Corollary 1.4.6. Assume that X is a terminal non-Gorenstein Fano threefold with isolated singu-

larities and G is a 3-subgroup in Aut(X). Then G can be generated by at most 5 elements.
Moreover, if there is a non-Gorenstein singularity on X then G can be generated by at most 4

elements unless | Sing(X)| = 9 and all singularities of X are quotient-singularities of type %(1, 1,1).

Proof. Assume that N is the number of terminal singularities on X. Then the formula
implies that N < 16. Thus, by Lemma [I.4.4] the group G can be generated by 5 elements.
If the number of singularities on X differs from 9, we can find a non-Gorenstein point z on X
whose orbit has length 1 or 3. Then by Lemma [[.4.4] the group G can be generated by 4 elements.
If N =9 and G is transitive on the set of singularities, then numbers I; = [ in formula
coincide and r;; = 7; do not depend on 4. Thus, we can rewrite the inequality in a following

way:
: 1
¥ (n5) <5
Then [ = 1 and ;1 = 2 and all non-Gorenstein singularities of X are cyclic quotient-singularities,

one can get it by arguments in proofs of [Rei87, Theorem 9.1, Theorem 10.2]. Since r; = 2, they
are of type %(1, 1,1). O
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1.4.2. Fano threefolds with p > 1

In this section we study G-Fano threefolds with Picard lattice of rank greater than 1. Recall that
the Picard group of a Fano threefold is necessarily discrete, finitely generate and torsion-free. The
rank of the group Pic(X)% equals 1 if X is G-Fano variety. The following assertion is useful in this
situation.

Theorem 1.4.7 ([Prol3bl, Theorem 1.2, Theorem 6.6]). Assume that X is a Gorenstein Fano
threefold, p(X) > 1 and G is a finite group with an action on Pic(X) preserving the intersection
form and the canonical class. If we have tk(Pic(X)%) = 1, then X is one of the following list:

(1) p(X) =2;
(2) X 2P x P! x P

(3) There is a double cover f : X — P! x P x P! branched along an element of the linear
system | — Kpiypixpr |;

(4) X is the blow up of a divisor W of bidegree (1,1) in P? x P? along a curve C of bidegree (2,2)
and the composition C — W — P2 x P2 225 P2 s an embedding for both projections pri and
pra;

(5) X is a divisor of multidegree (1,1,1,1) in P! x P! x P! x P!,

This theorem implies the following.

Corollary 1.4.8. Assume that G is 3-group and X is a Gorenstein G-Fano threefold with p(X) > 1.
Then G can be generated by at most 4 elements.

Proof. Assume that G is a 3-group with a faithful action on a terminal threefold X. Let X is a
Gorenstein G-Fano threefold with p(X) > 1. The action of the group G on X induces the action
of G on Pic(X). Moreover, since X is G-Fano one has rk(Pic(X)%) = 1. Thus, X is one of varieties
listed in Theorem [I.4.7] We argue by a case-by-case analysis.

(1) The case where p(X) = 2 is excluded by Lemma[1.2.16

(2) Assume that X = P! x P! x P!. The group G acts on the Picard lattice Pic(X). Denote
by H the kernel of the action of G on Pic(X). By construction H is a normal subgroup of G.
Since H acts trivially on Pic(X) it is a subgroup of a product PGLy(C) x PGL2(C) x PGLy(C).
Therefore, the group H can be generated by 3 elements by Lemma [T.2.6]

The quotient group G/H acts faithfully on the lattice Pic(X) = Z3. Then it is a subgroup
of GL3(Z) and by Lemma it is cyclic. Therefore, by Lemma the group G can be
generated by 4 elements.

(3) Assume that X is a double cover of P! x P! x P! branched along an element of the linear
system | — Kpiyp1ypt]-
Denote by f the map from X to P' x P! x P!

f: X ZL P x P! x P

45



By the classification of Fano threefolds one has Pic(X) = f*(Pic(P! x P! x P1)) = Z3. Let H be the
kernel of action of G on Pic(X). The group G/H acts faithfully on the Picard group Pic(X) = Z3.
Thus, G/H is cyclic by Lemma[1.2.15

Denote by pr;: P! x P xP! — P! the projection onto the i-th component. All line bundles on the
threefold X are invariant under the action of the group H. In particular, this implies that the linear
system |(pr; o f)* (Op1(1)) | is H-invariant for all ¢ = 1,2, 3. Since f = (pryo f) X (pryo f) X (prgo f)
we get that H induces the action on P! x P! x P! and the map f is H-equivariant.

Thus, by Lemmas and the group H can be generated by three elements. Therefore,
by Lemma [T:2.2] the group G can be generated by 4 elements.

(4) Assume that W is a divisor in P2 x P? of bidegree (1,1). Denote by pr;: P? x P2 — P? the
projection to the i-th component. The divisor W is isomorphic to the projective bundle P(Tp2).
Here by the projective bundle we mean the bundle of hyperplanes in fibers of the bundle Tp2. By
construction of W the following diagrams commutes:

W i> ]P)]pz (T]p2)
pr; l J/TI'
]P)2 ]P)2

where 7: P(Tp2) — P2 is the natural map to the base of the projective bundle. Assume that C is a
curve in W of bidegree (2,2) in P? x P? such that pr; induces an isomorphism of the curve C' with
its image pr;(C) C P2. Let §: X — W be the blow-up of W along C.

By [[P99, Table 12.4] there exist three maps ¢;: X — W, each §; is a contraction of an excep-
tional divisor F; in X and i = 1,2,3 and §; = d. Thus, divisors E1, F, F5 generate a G-invariant
sublattice £ C Pic(X) of rank 3.

Denote by H the kernel of the action of G on the lattice £. Then the index [G : H] is at
most 3. Then the action of H on X induces a faithful action of H on W such that the map J;
is H-equivariant. By the classification of Gorenstein Fano threefold we have Pic(X) = Z?; thus,
the 3-group H acts trivially on Pic(W). Therefore, H descends to an action on P? such that the
following map is G-equivariant.

W = Ppo (Tp2) = P2

Since 7 is a fiber bundle whose general fiber is isomorphic to P!, Lemma [1.2.20| implies that the
group H can be generated by at most 3 elements. Therefore, by Lemma [I.2.2] G can be generated
by at most 4 elements.

(5) Assume that X is a divisor of multidegree (1,1,1,1) in the product P! x P! x P* x P'. Then
by [IP99, Table 12.5] there exist exactly 4 distinct maps
8;: X — P! x P! x P!,

where i = 1,2,3 and 4 such that each d; is a contraction of an exceptional divisor E; in X. The
group G permutes divisors E1, Fo, E5 and E4. Since 4 elements can not form one orbit under the
action of the 3-group G we get that the rank of the lattice Pic(X)® can not be equal to 1. Thus,
we get a contradiction with the assumption that X is a G-Fano threefold. O
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1.4.3. Fano threefolds with p =1

In this section we consider different types of terminal Gorenstein G-Fano threefolds with a faithful
action of a 3-group G and estimate the number of elements which generate G.

We start by considering a Fano threefold whose anticanonical linear system has a non-trivial
base locus.

Lemma 1.4.9. Assume that X is a terminal Gorenstein Fano threefold such that the linear sys-
tem | — Kx| has non-empty base locus. Then a 3-subgroup G C Aut(X) can be generated by at
most 3 elements.

Proof. By [Shi89, Theorem 0.5] the base locus B = Bs(| — Kx|) of a Fano threefold is either a point
or isomorphic to a projective line P!.

If B is a point, then it is invariant under the action of G. Thus, by Proposition [[:4.2] the group G
can be generated by 3 elements.

If B is isomorphic to P!, then by Lemma there is a point  on B which is G-invariant.
Again, by Proposition the group G can be generated by 3 elements. O

We next consider the case where the anticanonical linear system of a G-Fano threefold has no
base points but does not induce an embedding.

Lemma 1.4.10. Assume that X is terminal Gorenstein Fano threefold and the linear system | —K x|
induces a reqular map from X to a projective space which is not an embedding. Then a 3-subgroup
G of Aut(X) can be generated by at most 3 elements.

Proof. Denote by ¢|_f | the map induced by the anticanonical linear system:
Gl—rx: X = P(HY(X,0x(—Kx)Y)).

Since the linear system ¢|_g | is base point free then by y [IP99, Proposition 2.1.15] its degree
equals 1 or 2. Since —Kx is an ample class on X its linear system does not contract any divisor.
Thus, by our assumption the map ¢|_g | is a double cover. Denote by Y the variety ¢|_g|(X).

If the index of X equals 1, then by the codimension of Y in P(H°(X,Ox(—Kx)V))
equals g —2. Moreover, by [[P99, Corollary 2.1.14] and since ¢|_g | is a double cover and its image
we get that the degree of Y equals g — 1. Thus, Y is a variety of minimal degree. Then by Lemmas
[[.2:20] and [T.2.31] the group G can be generated by 3 elements.

We can a priori exclude the projective space and the quadric hypersurfaces since their anticanon-
ical systems induce embeddings. Thus, the index of X equals 2 and by [IP99, Corollary 2.1.14] one
gets that the codimension of Y in P(H(X,Ox(—Kx)Y)) equals 2deg(Y) —2. Thus, the inequality
(1.2.30) is satisfied only if deg(Y") = 1; thus, X is a double cover of P2. Then by Lemmas and
the group G can be generated by 3 elements. O

If X is a Gorenstein del Pezzo threefold then by the following assertion one can estimate the
number of generators of a 3-group acting on it. Recall that a del Pezzo threefold of degree d is a
Fano threefold of index 2 such that Ky = —2H and H? = d.

Lemma 1.4.11. Assume that X is a terminal Gorenstein del Pezzo threefold and p(X) = 1. Then
a 3-subgroup G of Aut(X) can be generated by at most 4 elements.
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Proof. If the anticanonical system | — K x| does not induce an embedding to the anticanonical linear
system, then by Lemmas and the group G can be generated by at most 3 elements.
Thus, by [[P99, Table 12.5] if the degree of X equals 1 or 2 then G can be generated by at most 3
elements.

If the degree of X equals 3 and | — K x| induces an embedding, then G is a subgroup of PGL5(C).
Thus by Proposition the group G can be generated by 4 elements.

If X is a terminal Gorenstein del Pezzo threefold of degree 4, then by [IP99, Theorem 3.2.5] it is
isomorphic to the complete intersection of two quadric hypersurfaces. Thus, there is a 1-dimensional
pencil of quadrics containing X. Since the group G acts on the anticanonical linear system, then
it acts on the pencil. Moreover, by Lemma the group G preserves one hypersurface in this
pencil. Thus, G acts faithfully on a quadric hypersurface of dimension 4. Then Lemma [1.2.28
implies that G can be generated by 4 elements.

Finally if X is a terminal Gorenstein del Pezzo threefold of degree 5, then by [Prol3al, Theorem
1.7] it is smooth. By [Muk88, Proposition 4.4] we get that the group Aut(X) is isomorphic to
PGLy(C). Thus, Lemma the group G is cyclic. O

In the next assertion we compute a bound on a number of generators of a Fano threefold of
small genus.

Lemma 1.4.12. Assume that X is a terminal Gorenstein Fano threefold having the following
muariants:

p(X) =1; r(X) =1 g(X) <4
Any 3-subgroup of Aut(X) can be generated by at most 4 elements.

Proof. If the linear system | — K x| does not induce an embedding, then by Lemmas and
the group G can be generated by 3 elements. From now on we assume, that | — Kx| induces an
embedding to a projective space P91, Thus, by [[P99, Table 12.5] one gets that g(X) > 3.

If g = 3 and | — K x| induces an embedding to P4, then G is a subgroup of PGL5(C). Therefore,
Proposition [1.2.11]implies that G can be generated by 4 elements.

If g = 4 then | — K x| induces an embedding of X to P?, then by [[P99, Proposition 4.1.12] the
variety X is a complete intersection of a cubic and a quadric hypersurfaces. By Koszul resolution
of the sheaf of ideals Zx we get that there is a unique quadric hypersurface @) containing X. Thus,
the quadric fourfold @ is invariant under the action of G. Then by Lemma [I.2:28] the group G can
be generated by 4 elements. O

The next assertion gives a bound on the number of generators of a 3-group with an action of a
Fano threefold of the genus 5.

Lemma 1.4.13. Assume that X is a terminal Gorenstein Fano threefold having the following
moariants:

p(X) =1; r(X) =1 9(X) =5.
If G is a 3-subgroup of Aut(X) then it can be generated by at most 4 elements.

Proof. By Lemmas and [1.4.10| we are reduced to the situation where the linear system | — K x|
induces an embedding. Thus, | — K x| embeds X into P and by [[P99, Proposition 4.1.12] one gets
that the image of X in P% is an intersection of 3 quadric hypersurfaces @1, Q2 and Qs.
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Consider the action of G on PS = P(V), where V = H%(X,Ox(—Kx)). This action induces an

embedding of G to PGL7(C). Let G’ be the preimage of the group G in GL7(C); denote by G the
Sylow 3-subgroup of G’. Thus, there is a surjective map:

f:G—=G.

The embedding of G to GL7(C) induces a 7-dimensional representation V of the 3-group G. Thus,
there exists a 4-dimensional subrepresentation W C V of G. Since the map f is surjective then the
subspace P(W) is G-invariant in P(V).

Denote by Y the intersection P(W) N X. Then Y is non-empty intersection of 3 quadratic
surfaces in P2. By Lemma there exists a point y € Y and a subgroup H of G such that y is
invariant under the action of H and the index of H in G is at most 3. Therefore, Proposition [1.4.2
and Lemma imply that G can be generated by 4 elements. O

The next assertion proves the bound on the number of generators of a 3-group with an action
of a Fano threefold of genus 6.

Lemma 1.4.14. Assume that X is a terminal Gorenstein Fano threefold having the following
mvariants:

p(X) =1 r(X)=1; 9(X) =6.
If G is a 3-subgroup of Aut(X) then it can be generated by at most 4 elements.

Proof. By Lemmas and we are reduced to the case where the linear system | — Kx|
induces an embedding of X to P”. Denote by Y the intersection of all quadric hypersurfaces in P7
which pass through the image of X. Then Y contains X and it is invariant under the action of G;
thus, G C Aut(Y).

If the variety Y does not coincide with X, then by [[sk78, Proposition 2.3] dimension of Y
equals 4 and it is a variety of minimal degree. Thus, by Lemma the group G can be
generated by at most 4 elements.

If Y coincides with X denote by C a curve in the intersection of X and two general hyperplanes
in P”. By construction the curve C' is an intersection of quadric hypersurfaces in P° and one can
compute that the genus of C' equals 6. By the first assertion of Theorem the pair (C, K¢) is
a Gushel-Mukai curve and K¢ equals the inverse image of the hyperplane section from P° to C.

Therefore, by the second assertion of Theorem the variety (X, —Kx) is a Gushel-Mukai
variety. Thus, there exists a map:

t: X — Gr(2,5).

Then by the third assertion of Theorem [1.2.42| the map ¢ is either an embedding or a double cover
onto its image and it is Aut(X)-equivariant. Thus, by Propositions|1.2.23}[1.2.11]and Lemma [1.2.20
O

the group G can be generated by at most 4 elements.

By the next assertion some GQ-Fano threefolds happen to be Q-factorial. We will need this
assertion further.

Lemma 1.4.15 (see [PS18, Lemma 7.6]). Assume that G is a 3-group and X is a terminal Goren-
stein GQ-Fano threefold having the following invariants:

p(X) =1, r(X) =1, g(X) =28, 9 or12.

Then X is a Q-factorial variety.
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Proof. As in proof of [PS18, Lemma 7.6] we can show that if X is not a Q-factorial variety, then it
is birational to a terminal Gorenstein Fano threefold Y such that:

~K3} >29(X) -2+ (3—1)(49(X) — 6) > 66.

By [IP99] Tables 12.6-12.7] and Theorem [1.2.43| the degree of any terminal Gorenstein Fano three-
fold less than 65. Thus, X is a Q-factorial variety. O

Thus, we get the following bound on the number of generators of a 3-group having an action on
Gorenstein Fano threefolds with big genus.

Lemma 1.4.16. Assume that X is a terminal Gorenstein G Q-Fano threefold having the following
mariants:

p(X) =1; r(X) = 1; g(X) =8, 9 or12.
Then any 3-subgroup of Aut(X) can be generated by at most 4 elements.

Proof. By Lemma |1.4.15| the variety X is Q-factorial. By [Prol7, Theorem 1] there are at least 1
and at most 5 singular points on X. Thus, Lemma [[.4.4) implies the result. O

Lemma 1.4.17. Assume that X is a smooth Fano threefold having the following invariants:
p(X) =1; r(X)=1 g(X)=17,9, 10 or12.

Then any 3-subgroup of Aut(X) can be generated by at most 4 elements.

Proof. By Lemmas [1.4.9] and [1.4.10| we are reduced to the case where the anticanonical linear
system induces an embedding. Denote by S(X) the Hilbert scheme of conics on the anticanonical
embedding of X. By Proposition we see that S(X) is a smooth surface and the group G can
be realized as a subgroup of Aut(S(X)).

If g = 7 then by Proposition [1.2.41] the group G is a subgroup of Aut(C) where C is a curve of
genus 7. The bound (|1.2.25) implies

|G| <16 - (g(C) — 1) = 96 < 3°.

Thus, the group G can be generated by at most 4 elements.

If g =9 then by Lemma [[.2:27] the group G can be generated by at most 4 elements.

If g = 10 then by Lemma [T.2.26] the group G can be generated by at most 2 elements.

If g = 12 then the group Aut(S(X)) is isomorphic to PGL3(C). Thus, Propositionimplies
that G can be generated by at most 2 elements. O

The next assertion describes 3-groups having an action on smooth Fano threefolds of genus 8.

Lemma 1.4.18. Assume that X is a smooth Fano threefold having the following invariants
p(X) =1 r(X)=1; 9(X) =8.

Then a 3-subgroup G in Aut(X) can be generated by at most 4 elements.
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Proof. By Lemmas and we are reduced to the case where | — K x| induces an embedding.
As was shown in [KPS18|, Section B.6] one can associate a smooth del Pezzo threefold Y of degree
3 to any smooth Fano threefold X of index 1 and genus 8 and the group G can be realized as a
subgroup of Aut(Y).

The anticanonical system of Y induces an embedding by [[P99l Proposition 3.2.4]. Denote
by 3(Y') the Hilbert scheme of lines on Y in this anticanonical embedding.

By |KPSI18, Proposition B.6.3] the scheme X(Y) is a smooth surface and there is a canonical
isomorphism of X(Y') and the Hilbert scheme of conics S(X) on X in the anticanonical embedding.
The action of G on X(X) is faithful by Proposition Thus, the action of G on X(Y) is also
faithful. Therefore, the action of G on Y is faithful. By Lemma |1.4.11) we conclude that G can be
generated by at most 4 elements. O

1.4.4. Proof of Theorem m

We start with an assertion which establishes the relation between ranks of abelian p-subgroups
in the group of birational automorphisms of a variety and numbers of generators of non-abelian
p-subgroups there.

Proposition 1.4.19. Assume that for any complex rationally connected variety Y of dimension n
the rank of any abelian p-subgroup of Bir(Y') equals at most r. Then any p-subgroup of Bir(X) can
be generated by at most n elements for any complex rationally connected variety X .

Proof. By Proposition there exists a birational model X of X with a regular action of G.
Consider a Frattini subgroup ®(G) C G the intersection of all maximal subgroups of G. The
quotient group A = G/®(G) is an abelian group and it acts on a quotient variety Y = X /®(Q).
This quotient variety is rationally connected and of dimension n; thus, the rank of the group A is
less than or equal to r. Therefore, by Burnside theorem [Hal76] Theorem 12.2.1] the group G can
be generated by r elements. O

Propositionand the bounds on the ranks of abelian p-subgroups in Cry(C) given in [Bea(7]
imply a bound on the number of generators of a non-abelian 3-subgroup of Cry(C). This result can
be deduced from the Dolgachev and Iskovskikh classification of finite subgroups of Crg(C), but we
give another proof.

Proposition 1.4.20. Any 3-subgroup G of Cra(C) can be generated by at most 3 elements and this
bound is sharp.

Proof. By [BeaQ7] the rank of any abelian 3-subgroup of Crz(C) is at most 3 and the result follows
from Proposition [[.4.19] The bound is sharp in view of Example [T:2.32] O

Proposition implies in particular that a 3-group with a faithful action on a rational
surface can be generated by at most 3 elements. This implies the following bound on the number
of generators of a 3-groups with a regular faithful action on a G-Mori fiber space.

Lemma 1.4.21. Assume that X and B are normal G-varieties and w: X — B is a G-Mori fiber
space. If dim(X) = 3 and dim(B) > 0, then any 3-subgroup G of Aut(X) can be generated by at
most 4 elements.
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Proof. The base B is rationally connected as well as a general fiber of the map to B. By Proposition
a 3-subgroups in the group of birational automorphisms of a rational surface can be generated
by at most 3 elements. Thus, by Lemmas [1.2.6] and [1.2.20] we get the result. O

Now we are ready to prove Proposition

Proof of Proposition [I.1.6] Let 7: Xo — B be a G-Mori fiber space with terminal singularities
where G be a 3-group. To prove Proposition[I.1.6] we argue by considering all possible constructions
of equivariant Mori fiber spaces.

If dim(B) > 0, then by Lemma the group G can be generated by at most 4 elements.
From now on we assume that X is a terminal G-Fano threefold.

If there is a non-Gorenstein terminal singularity on Xy and it is not the variety described in
point (a) of Corollary then by Corollary the group G can be generated by at most 4
elements. From now on we assume that X is a Gorenstein terminal G-Fano threefold.

If X is a Gorenstein Fano threefold and p(X) > 1, then by Corollary the group G can be
generated by at most 4 elements.

If Xy is a Gorenstein Fano threefold, p(X) = 1 and index of X is at least 3, then X is either
a quadric hypersurface or the projective space. By Proposition [[.2.11] and [1.2.31] the group G can
be generated by at most 3 elements.

If Xy is a Gorenstein del Pezzo threefold, then by Lemma [I.4.11] the group G can be generated
by at most 4 elements.

If Xy is a Gorenstein Fano threefold of index 1 and genus of Xy equals at most 6, then by
Lemmas [[.4.12] [[.4.13] and [[.4.14] the group G can be generated by at most 4 elements.

If Xy is a Gorenstein singular Fano threefold of index 1 and genera 8, 9 or 12, then by
Lemma [T.4.16] the group G can be generated by at most 4 elements.

If Xg is a smooth Fano threefold of index 1 and genus greater than 6, then by Lemmas [1.4.17]
and the group G can be generated by at most 4 elements.

If Xy is a singular Gorenstein Fano threefold of index 1 and genera 7 and 10 and the number of
singularities on X differs from 9 or 18, then by Corollary the group G can be generated by
at most 4 elements. This finishes the proof of Proposition [1.1.6 O

This leads us to the proof of Theorem [[.1.5]

Proof of Theorem [I.1.5] Let X be a rationally connected complex threefold and let G be a 3-sub-
group of Bir(X). Recall that by Theorem the rank of an abelian 3-subgroup of Bir(X) is at
most 5. Thus, Proposition [1.4.19] implies the first assertion of Theorem [1.1.5

To prove the second assertion of Theoremwe assume that G C Bir(X) can not be generated
by 4 elements. Then by Proposition there exists a regularization X of the action of G on X;
i.e. X is a smooth variety birational to X and G C Aut(X). Applying G-equivariant MMP to X
we get a terminal G-Mori fiber space Xy. Since G can not be generated by less than 5 elements,
Xy is a threefold described in points (a) or (b) of Proposition [1.1.6] O

Note that the argument in the proof of the second point of Theorem gives another proof
of the first point of this theorem since by Corollaries and any 3-group with a faithful
action on threefolds described in points (a) or (b) can be generated by 5 elements.
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2. Regularization of birational automorphisms

2.1. Introduction

Let X be any normal projective variety defined over an algebraically closed field k of characteristic 0.
Recall that a birational automorphism f: X --» X is regularizable if there exists a birational
map a: X --» Y to a variety Y and an automorphism g € Aut(Y") such that one has:

aof=goa.

Understanding whether a given birational self-map is regularizable or not is a delicate problem.
In this chapter we explore the regularization properties for the following class of birational
automorphisms described in [Blal3].

Example 2.1.1. Fix a smooth cubic surface S C P3. Then to each point p € S one can associate
a birational involution
Op: P3 -5 P3,

such that for any line L C P? if one has LN S = {p,p1,p2} where p, p; and p, are distinct points
then the restriction o,|z, is a non-trivial involution which fixes p; for i = 1 and 2. Such involution
of L is unique; thus, o, is a correctly defined birational involution of P2. Choose k points py, ..., pk
and consider the following composition:

_ . 3 3
fpl,uwpk, _Uplo"'oopk'P — P

Then fp, ... p, is a birational automorphism of P3; moreover, by [Blal3] if & > 2 and if py,...,ps
are sufficiently general, then the order of f,, . . is infinite.

veey

We are interested whether we can construct a regularization of f,, . ,,. Note that if & =1
i.e. if fp, is an involution, then the regularization exists, see, e.g., [PS14, Lemma-Definition 3.1].
If dimension of X is greater than 1 and f: X --» X is an infinite order birational automorphism
then the question whether one can regularize f can be very hard. In the case of surfaces there are
criteria devised in [DF01] and [BCI6, in these works regularization properties of f are related with
properties of the dynamical degree A\ (f).
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If fp,,. p. is a birational automorphism defined in Example and if points py,...,pr are
sufficiently general and k > 3 then by [Blal3| one has A1 (fp,....p0) = A2(fpr,...pn) > 1. We prove
the following theorem:

Theorem 2.1.2. Let S C P? be a very general complex smooth cubic surface and let p1,pa,ps be
general points on S. Then the birational automorphism fp, pyps: P2 --+ P? described in Ezam-
ple 18 mon-regularizable and does not preserve a fibration over a surface.

Recall that a birational automorphism f: X --» X of a smooth threefold X is called primitive
if it does not preserve a fibration neither over a surface nor over a curve. Thus, the second assertion
of Theorem allows us to expect that f,, ,, p, maybe primitive.

To prove Theoremwe use the following nice model of the birational automorphism fp, .. ., -
We denote by X the successive blow-ups of the points p1,...,pr followed by the blow-up of the
proper transforms of all irreducible curves in Ind(fp,, . . p,). Then fp, ., induces a birational
automorphism

k
Ipipn: X -2 X,

fp_l%u',pk contracts divisors in X; i.e. fph,,,}pk is a pseudo-auto-
morphism. Pseudo-automorphisms have many good properties; in particular, if f: X --+ X is
a pseudo-automorphism such that A1 (f)? > Aa(f) then by [Truld] there exists a pseudo-effective
divisor class 01 (f) on X such that

such that neither fph...,pk nor f;

f*(el(f)) = )\1(f)91(f)-

In the case of surface birational automorphisms the considering of such class in [DF0I] was extremely
useful. We use this class to prove the following criterion:

Theorem 2.1.3. Let f: X --» X be a pseudo-automorphism of a smooth projective threefold X
such that

(1) M(f)? > A2 (f);

(2) there exists a curve C such that 01(f) - [C] < 0;

(3) there exists infinitely many integers m > 0 such that C ¢ Ind(f~™).
Then f is non-reqularizable and it does not preserve a fibration over a surface.

Thus, to prove Theorem we need to show that the pseudo-automorphism fphpz ps Satisfies
conditions (1 —3). Note that the condition (1) is satisfied by Blanc’s computation in [Blal3]. Thus,
one can consider the class 01(fp, p,.ps)- We prove that the condition (2) is satisfied i.e. that the
class 61 (fp, ps.ps) 1S DOt nef; it intersects negatively a curve lying in Ind(fp, , p;). The hardest part
of the proof is to prove the condition (3) i.e. to show that this curve does not lie in Ind(f,,", ,.)
for infinitely many integers m > 0. We prove this fact computing the orbit of a general point on
this curve.
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2.2. Preliminaries

2.2.1. Birational maps acting on the divisor class group

Throughout this chapter we consider smooth algebraic varieties over an algebraically closed field
of characteristic 0. Recall that by N¢(X) we denote the R-space of codimension i cycles modulo
the numerical equivalence. If X is a smooth variety, then N*(X) is a finite dimensional space for
any 0 <4 < dim(X). For simplicity we denote by N;(X) the group Ngjm(x)—;(X). Then by Chow’s
moving lemma on a smooth projective variety X there is a natural multiplication

NY(X) x NI (X) — N (X); (Z,W) = Z - W.
Since No(X) = N4™(X)(X) is a 1-dimensional space by Chow’s moving lemma one gets that this
multiplication induces the perfect pairing between vector spaces N*(X) and N;(X).
Definition 2.2.1. Let X and Y be smooth varieties such that dim(X),dim(Y’) > 2, then

e If D is a reduced codimension ¢ subvariety in X, then we denote by [D] the equaivalence class
of D in N*(X).

e The class Z € N(X) is effective if Z = Y"1 | a;[D;] where a; > 0 and D; is a codimension i
subvariety in X for all 1 < i < n.

e The class Z € N1(X) is nef (resp. ample) if one has Z - [C] > 0 (resp. Z - [C] = 0) for any
curve C on X.

o If f: X — Y is an algebraic map then the class D € N'(X) is f-nef (resp. f-ample) if one
has D - [C] =2 0 (resp. D -[C] > 0) for any curve C C X such that f(C) is a point.

Let f: X --» Y be a rational map between two varieties. Consider a smooth variety V' and two
regular morphisms dx and dy to X and Y respectively such that the diagram commutes and dx is
birational:

14 (2.2.2)
N\
X—-———-=--- >Y
f

Such a diagram always exists (take, e.g., the resolution of indeterminacy of the graph of the map
fin X xY). The variety V fitting the diagram of the form ([2.2.2) is not unique, in the following
assertion we describe the case when V' has additional useful properties.

Lemma 2.2.3 ([Kol07, Corollary 3.18, Theorem 3.21]). Let f: X --»Y be a rational map between
smooth varieties X and Y. Then there exists a diagram of the form such that dx is the
following composition:

dx =010030---0dp,
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where Xo = X, Xy =V and 0;: X; — X;_1 is the blow-up in a smooth center Z; C X;_1 for all
1 <i < N. Moreover, 81(...(6;i—1(Z:))...) lies in Ind(85").

Definition 2.2.4. Let f: X --+ Y be a rational map and let V' be some variety fitting the diagram

of the form (2.2.2)).
e The total image of a subvariety D in X is the subvariety f(D) = dy (65 (D)) in Y.

e The proper transform of a subvariety D which does not lie in Ind( f) is the following subvariety:
J(D) = F(D\Ind(f)).

If f is regular and Z € N;(X), then f.(Z) € N;(Y) is the class of f(Z); in particular, if Z is
contracted to a subvariety of less dimension then its direct image vanishes.

If f is regular and W € N¥(Y), then f*(W) € N?(X) is the class such that
ffW)-Z2 =W - f.(2),

for all classes Z € N;(X).
If f is not regular, Z € N;(X) and W € N7(Y'), then
f(Z) = by (0% (Z)) € Ni(Y); Fr(W) = bx:(6%(W)) € N7(X).

There are many choices for the smooth variety V' as in the diagram . However, con-
structions of the total image, proper transform, inverse and direct images do not depend on this
choice.

The following assertion known as Mori negativity lemma, it is very useful in many situations.

Lemma 2.2.5 ([KM98| Lemma 3.39]). Let f: X — Y be a proper birational morphism between
smooth varieties X and Y and let —D be an f-nef divisor class on X. The class D is effective if
and only if so is f«(D).

The inverse image of a nef class under a regular map is nef. In case of rational maps it is not
true, but we have the following generalization of this fact.

Lemma 2.2.6. Let f: X --+ Y be a birational map between smooth varieties X and Y. If D is a
nef class of a divisor on'Y and C is a curve on X such that f*D - [C] < 0, then C lies in Ind(f).

Proof. Consider a diagram as in (2.2.2)). If D is a nef divisor in Y, then its pullback D= 0y D is
also nef. Let E be the following difference:

E = 6% (0x.(D)) - D.

By construction the class E' is equivalent to a linear combination of effective divisors with support
on Exc(dx). Moreover, since D is nef and §% (dx.(D)) is trivial on classes of curves contracting by
0x. Thus, E is dx-antinef and dx.(F) = 0. Therefore, by Lcmma the class E is effective.

Let C be a reduced irreducible curve on X which does not lie in §x (Exc(dx)). Denote by C the
proper transform of the curve C' in V. Then C is a reduced curve such that dx,[C] = [C]. Then
we have _ B B B B B B

5x+(D) - [C] = 6x4(D) - 0x+[C] = 0x (0x«(D)) - [C] = (D + E) - [C] > 0.

The last inequality is true since D is nef, F is effective and C lies outside the support of E. Thus,
we get the result. O
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The next assertion shows the difference between the inverse image of a composition of two
birational maps and the composition of inverse images of these maps.

Lemma 2.2.7. Let X,Y and Z be smooth varieties and f: Y --+ X and g: Z --+ Y be rational
maps such that g(Z) does not lie in Ind(f). Then the composition f o g: Z --+ X is well-defined
and for each class D € N'(X) we have the following equality:

(D))~ (f o 9)*(D) = B, (22.8)
where E is a class of a divisor on Z supported in g~ (Ind(f)). If D is nef, then E is effective.

Proof. Denote by I'y and I'; resolutions of singularities of graphs of maps f and g respectively.
Denote by py, g projections to X and Y from I'y and by p, and ¢4 projection from I'y to Y and Z.
Both maps ¢; and g, are birational and gy (Exc(qjﬁl)) = Ind(f). The composition qjil o pg induces
the rational map v: I'y; --» I'y. Denote by I' the resolution of the graph of v and by p and ¢
projections to I'y and I';. The morphism ¢ is birational and the following diagram commutes:

r
v
ry—----- >1y
NN
z- 0 oyl o1y

By definition (f 0 9)"D = qq4(q:(p" (7 D))) and g*(f*D) = qgx(pg(as«(p7D))). Denote by D the
class p}D in N 1(T¢) and denote by E the following difference:

E= p;(Qf*lN)) - q*(p*f)).

Then the class E we are interested in equals qg*E . Thus, it suffices to prove that E is the class of a
divisor supported on p, ! (Ind(f)). Denote by E’ the class q7(qf+D) — D, then one has the following
equality:

E =q.(¢"E) = ¢.(¢"(¢}(qs+D))) — ¢.(p"D) =
=¢.(0"(q}(qsD))) — ¢.(p"D) = .(p*(D + E')) — ¢.(p* D) = q.(p" E').

By construction of E’ it is a class of a divisor in I'y with the support in Exc(gs). This implies
that pg*(E) = pg« (g« (p*(E"))) is a class of a divisor supported in Ind(f). This implies that E is a
class of a divisor in Z supported on g~ (Ind(f)).

Now assume that D is a nef divisor. Then so is 5; thus, the class E’ is ¢s-antinef by construction
and gy E’ = 0 is an effective divisor. By Lemma we get that the class E’ is effective.

The class p*E’ is ¢-nef and p,(p*E’) = E’ is the class of an effective divisor by construction.
Thus, by Lemma we get that p*E’ is effective. Therefore, the class E = g+ (g« (p*E’)) is also
effective. O

The next assertion describes the inverse image of a class of curves under the blow-up.
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Lemma 2.2.9. Let 6: Y — X be a blow-up of a smooth variety X in smooth center Z and C ¢ Z
be an irreducible reduced curve in X, Then there exists a curve T such that §(T) is a point such
that

6*[C] = [C] 4 p[T] € N1 (X),
where C is the proper transform of C' and p is a non-negative number.

Proof. Let C be a proper transform of the curve C to Y. Denote by £ the following class in N;(Y:
¢ = 5[] - [C.

Then by the projection formula we get that §.& = 0. Since 4 is a blow-up along a smooth center,
the class ¢ is proportional to the class of the curve T in the exceptional divisor of ¢ such that §(7")
is a point. By the projection formula we have

0=E-§[C]=E-(C]+&=E-[C]+E ¢
Since C does not lie inside E the product E-[C] is non-negative. Thus, E-¢ < 0, the class £ = u[T]
is effective and p > 0. 0

Lemma [2:2.9] implies the following assertion describing the inverse image of a curve under any
birational map.

Lemma 2.2.10. Let f: X --»Y be a birational map between smooth varieties X and Y and let C
be an irreducible curve on X such that C ¢ Ind(f). If C is the proper image of C under f, then
there exist effective curves Th,...,Tn in f(Ind(f)) and non-negative numbers pu1,...un = 0 such
that

flo1=1C1+ ZMz‘[Ti] € Ni(X).

In particular, if C' does not lie in Ind(f), then the class f«[C] is effective.

Proof. By Lemma one can construct a variety V fitting the diagram of the form and
such that §x = dy o --- 0 d; is a composition of several blow-ups d;: X; — X;_1 along smooth
centers Z; with X = X, V = Xn and 61(...(6;—1(Z;)) ...) lies in Ind(f) for all 1 <4 < N. Then,
applying Lemma [2:2.9 several times we get the result. O

We need to discuss birational automorphisms and their properties. We start with several defi-
nitions.

Definition 2.2.11. Let X and X’ be smooth varieties, let f: X --» X’ be a birational map and
let f: X --+ X be a birational automorphism, then

e fis a pseudo-isomorphism if codimensions of Exc(f) in X and of Exc(f~!) in X’ are greater
than 1.

e fis a pseudo-automorphism if it is a pseudo-isomorphism from X to X.
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o f is regularizable, if there exists a smooth variety Y, a birational map « and a regular auto-
morphism ¢g: Y — Y such that the following diagram commutes:

x-T.x
| |
al al
\ g \
Y —=Y

In this situation we call the triple (Y, g, a) is a regularization of f.

Note that on surfaces the notion of pseudo-automorphisms coincides with the one of regular
automorphisms, while in higher dimensions the notions differ. Nevertheless, in higher dimension
there are restrictions on the indeterminacy locus of a pseudo-automorphism.

Lemma 2.2.12 ([BK14]). If f: X --+ X is a pseudo-automorphism of a smooth variety X of
dimension 3 or greater, then Ind(f) has no isolated points.

Observe that pseudo-automorphisms induce invertible maps on the group of classes of divisors
on the variety:

Lemma 2.2.13. If f: X --+» X is a pseudo-automorphism of a smooth variety X, then
o NYX) = NY(X)
is an isomorphism of vector spaces and (f™)* = (f*)".

Proof. This follows from Lemma [2.2.7] O

2.2.2. A special construction of a flop

In this section we consider the construction of a concrete pseudo-isomorphism and construct the
resolution of its graph.

Let X be a smooth threefold and let I'y and I'y be smooth curves on X such that I'y N5 is a
finite set of points and the union I'y UT'; is a nodal curve. In this section we consider the blow-up
of curves I'y and I's in one order and in another and compare the resulting varieties.

Denote by 61: Y1 — X the blow-up of X along the curve I';. Let 'y C Y7 _be the proper
transform of the curve I'; under d;. Let d12: Y12 — Y7 be the blow-up of Y along I's.

Denote by d24: Yoy — X the blow-up of X along the curve I';. Let I'y C Y34 be the proper
transform of the curve I'y under do1 Let 6194 : Yo14 — Yo be the blow-up of Y, in fl.

Denote by 7 the composition of maps 7 = (52—11+ o 52_4} 061 0012: Y19 — Yo14. Then the following
diagram commutes:

Yio-—-—---- >Yor4+
512\L l521+
Y, You
x b4
X



Denote by U the open subset (6; o d12)~ (X \ (I'1 NTg)) of Yi2. From the construction of this
diagram we can deduce the following lemma:

Lemma 2.2.14. The indeterminacy locus of T lies in Y12 \ (61 0012) 2 (X \ (T'1 NTg)). The inde-
terminacy locus of 771 lies in Ya14 \ (824 0 do11) (X \ (T'1 NT2)). In particular, T is a pseudo-
isomorphism.

Assume that T'1NTy = {p1,...,pm}. Denote by C; the irreducible component of (4; o (512)_1 (pi)
which does not lie in the exceptional divisor of d15 for all 1 < ¢ < m. Denote by C’j the irreducible
component of (da4 o 521+)71 (p;) which does not lie in the exceptional divisor of do;4. Then C;
and Cf are smooth rational curves.

Moreover, if p;,p; € I't N I'y are two distinct points then curves C; and C; do not intersect
in Y12 and curves C;4 and C;1 do not intersect in Y1 4.

In fact, locally in a neighborhood of a curve C; the map 7 is a flop, see [HM10, Example 1.12].
Denote by f1 and fa € N1(Y12) the classes of the fibers of the morphisms 67 and d15 over I'y and fg
respectively. Then the following assertion is true:

Proposition 2.2.15 ([HMI0, Example 1.12]). Let Ty N Ty = {p1,...,pm}. Then the sets of
indeterminacy of T and T~ consist of disjoint unions of m curves:

Ind(7) =C1UCy U---UChy; Id(r—Y)=cfucyu---uct.

The blow-up A: Ble,u...uc,, Y12 — Y12 is an elimination of the map 7, i.e. the map 7oA is reqular.
Moreover, the class of each curve C; and of its direct image under T satisfy:

[Cil = fi — fa 7.[Ci] = =[G

Sketch of proof. Denote by V' be the blow-up Ble,...uc,, Yi2 — Y12 and by A: V' — Y7, birational
morphism from V to Yj2. Since Cy U---UC,, is a disjoint union of m smooth curves the variety V'
is smooth.

Consider the map d;0d120A: V — X. Since the preimage of the curve I's is of pure dimension 2
and since V' is smooth then by the universal property of blow-ups (see [Har77, Proposition I1.7.14])
we get that the following map is regular:

(52:30(5105120A)1V—>Yv2+.

Repeating this argument we can show that there exists a regular map f: V — V., where V, is a
blow-up of the variety Y214 in the smooth curve Ci4 U --- U Cyyy such that the following diagram
commutes:

VHVJ'_

TN

You4

Since Picard numbers of V' and V, are same, this implies that the map f is an isomorphism.
Considering the Neron-Severi group of Y15 we prove that [C;] = fi — f2. Since 7 is a pseudo-
isomorphism the groups N'(Yi2) and N'(Y31y) are isomorphic. Since Yjs is a threefold then by
projection formula we get that 7 induces an isomorphism between groups Ni(Yi2) and Ny (Y1 ).
Under this identification we get [C] = fa — fi1, thus, 7.[C;] = —[C}]. O
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2.2.3. Dynamical degrees

One can associate the following invariant to a birational automorphism of a smooth projective
variety.

Definition 2.2.16. Let f: X — X be a birational automorphism of a smooth projective variety X
of dimension n and let H be an ample class on X. The i-th dynamical degree of f is the following
number:

M) = tim () ) - B0

Dynamical degrees of birational automorphisms are correctly defined and do not depend on the
choice of the ample class H by [Tru20].

Theorem 2.2.17 ([Tru20]). Let f: X --» X be a birational automorphism of a smooth variety X
of dimension n. Then dynamical degrees of f are well-defined and

(1) Ai(f) is a real number and N\i(f) = 1 for all 0 < i < n. Moreover, Ao(f) = A\ (f) = 1;
(2) Ai(f) is a birational invariant for all 0 < i < n.

(3) The dynamical degrees are log-concave, that is

Ai(£)? = A (O (),
foralll <i<n-—1.

The projection formula implies the relation between dynamical degrees of an automorphism and
of its inverse:

ANi(f) = X (f 7).

Note that the log-concavity implies the inequality A;(f)? = Ao(f). If this inequality is strict
and f is a pseudo-automorphism, then the action of f* on the group of classes of divisors has the
following property:

Theorem 2.2.18 ([Trul4l Theorem 1, Corollary 3]). Let f: X --+ X be a pseudo-automorphism
of a smooth projective variety X satisfying \3(f) > Xo(f). Then there exists a mnon-zero pseudo-
effective class 01(f) in N*(X) such that:

(1) For any ample class H the limit lim,,_ W exists, is non-zero and proportional to 61(f);

(2) f(01(f) = M (£)0(S);

(3) The eigenvalue \1(f) is simple, i.e. there is a decomposition NY(X) = (01(f)) ® V which
is f*-invariant and absolute values of all eigenvalues of f|y are less that Ai(f).

In case when the birational automorphism f is regular the class 6, (f) is nef. However, even in
the case of a pseudo-automorphisms of threefolds this class can intersect some curves negatively.
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Lemma 2.2.19. Let f: X --» X be a pseudo-automorphism of a smooth projective threefold X
such that M (f)? > Xa(f). If C is an irreducible curve and 61(f) - [C] < 0, then there exists an
integer N such that
Cc () Wd(f).
n>N
Proof. Let C be a curve on X such that 61(f) - C < 0 and let H be an ample divisor on X. Then
by Theorem there exists N such that for all n > N we have the following inequality

f™(H)-C<o.
By Lemma this is possible only if C lies in Ind(f™) for all n > N. O

The set of curves C such that 61 (f) - [C] < 0 is finite hence 6, (f) is a movable class in the sense
of [BDPP13].

2.2.4. Example

We recall here the construction from [OT15] and [LesI8l Section 7] in order to give an example of
a regularizable (not regular) pseudo-automorphism f; such that the class 01 (f;) exists and is not
nef.

Consider the lattice of Eisenstein integers A = Z[j] in C, here j is a primitive cube root of
unity. Denote by E the elliptic curve C /A. The group G = (—j) acts on E. Then the group G is
isomorphic to Cg. Consider the diagonal action of G on abelian variety A = FE x E x E:

GxA—= A (9, (x1,22,23)) = (9(21), 9(22), g(x3)),

where g € G and (x1,22,23) is a point in A = E X E x E. Denote by q: A — A/G the quotient
map by the action of G on A.

Theorem 2.2.20 (J[OT15]). The variety A/G is rational.

The variety A/G contains 27 isolated quotient singular points. Let §: X — A/G be the blow-up
of all these points. It is a resolution of singularities of A/G. Denote by ¢ the rational map from A
to X:
g=doq: A--+X.

There is a natural action of the group SL(3,Z) on the abelian threefold A = E x E x E. Moreover,
since the actions of groups SL(3,Z) and G on A commute, there is an induced action of the group
SL(3,Z) on A/G and on X. Let M be the following matrix in SL(3,Z):

0
M=1]20

1 0

0 1
-1 3 0
Then M induces a regular automorphism f4 of A and it extends to a regular automorphism f of
X such that:

M (f)? > Xa(f).
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Thus, by Theorem there is a unique up to proportionality pseudo-effective eigenclass 61 (f)
in N1(X) with eigenvalue A1 (f).

Consider a curve Cg = E x {0} x {0} in the abelian threefold A. Let C' C X be a proper image
of Cg under the rational map ¢. Then C is a smooth rational curve on X and by construction one
can check that 6,(f) - [C] > 0. By [Lesl8|, Section 7] there exists a pseudo-isomorphism

a: X --+ X4,

such that Ind(«) = C and the total image of C' under « is a smooth rational curve C;. In fact,
this map is a standard Atiyah flop in the curve C.

Lemma 2.2.21. Let a: X --» X1 be a flop in a curve C, let Cy be the total image of C in X
and D be a class in NY(X). If D - [C] > 0 then (a=1)*(D) - [C4] < 0.

As a consequence of Lemma [2.2.21| we get that (a=1)*(61(f)) - [C4+] < 0. Denote by fi the
following composition:
fir=aofoa': X, --» X,.

Since f is a composition of flops and a regular automorphism it is a pseudo-automorphism. Thus,
by Theorem one can define the pseudo-effective class 61 (f1). Moreover, since « is a pseudo-
isomorphism, then Lemma implies that 6 (f,) is proportional to (a~1)*(61(f)). Therefore,
we conclude that

01(f+) - [C4] <O.

Note that by construction the curve Cy lies in the indeterminacy locus Ind(f™) for all non-zero
integers n. Thus, the pseudo-automorphism f, satisfies all but last condition in Theorem

2.3. Proof of Theorem 2.1.3

2.3.1. Regularizations

Let X be a smooth threefold, let f: X --» X be a pseudo-automorphism of X and let (Y, g, «)
be a regularization of f. Namely, Y is a smooth threefold, g is an automorphism of ¥ and « is a
birational map from X to Y such that

aof=goa.
Since « is a birational map then by Theorem [2.2.18| one has

A (f) = Mlg)-

Moreover, if one has an inequality A1 (f)? > A2(f) then by Theorem [2.2.18 one can define pseudo-
effective classes 61 (f) € N'(X) and 61(g) € N*(Y) which are eigenvectors with eigenvalue A (f)
under the action of f* and g* respectively.

63



Lemma 2.3.1. Let f: X --+ X be a pseudo-automorphism of a smooth threefold X and let (Y, g, «)
be a regularization of f. If A1 (f)? > Xa(f), then the class a*(61(g)) is non-zero.

Proof. Let V,dx,dy be a smooth threefold and algebraic maps dx: V — X and dy: V — Y fitting
the diagram . We can assume moreover, that V,dx,dy are as in Lemma Suppose by
contradiction that we have

a*01(g) = 6x+(0y(01(g)) = 0.

Denote by E € N1(V) the class 83 (61(g). Since the map dx is a composition of blow-ups along
smooth centers this implies that the class E' can be represented as a linear combination of divisors
supported on Exc(dx).

The class 0;(g) is nef, then so is E. Thus, by Lemma we conclude that F is an anti-
effective class. On the other hand, since 6;(g) is a pseudo-effective class, then so is E. Thus, we
get a contradiction. O

Lemma 2.3.2. Let f: X --+ X be a pseudo-automorphism of a smooth threefold X and let (Y, g, «)
be a regularization of f. If A (f)? > Xa(f), then a*61(g) is proportional to 01(f).

Proof. Since f is a pseudo-automorphism it does not contract divisors. Thus, by Lemma [2:2.7) we
get the following:

[ (@*01(g)) = (a0 f)"01(g)-

Since g is regular its indeterminacy locus is empty; thus, by Lemma [2:2.7 we get the following:
(90 @) 01(g) = a™(g761(9))-

Therefore, we get that f*(a*01(g)) = A1 (g)a*61(g). Since A\1(f) = A1(g) by Theorem we get
the result. O

Lemma 2.3.3. Let f: X --» X be a pseudo-automorphism of a smooth threefold X and let (Y, g, «)
be a reqularization of f. If \1(f)? > Xa(f) and C is an irreducible curve such that 6,(f) - [C] <0,
then C' lies in Ind(«).

Proof. Let H be an ample divisor on X. By Theorem the class 61 (f) is proportional to the
limit the sequence of classes (¢")*(H)/A1(g)" in N*(Y). Since g is regular one has that 6;(g) is a
limit of a sequence of ample classes. Thus, 6;(g) is nef.

By Lemmas and the class a*(61(g)) is non-zero and proportional to 6;(f). Since
both this classes are pseudo-effective the coeflicient of the proportionality is strictly positive; thus,
we get

a*(61(g)) - [C] <0.

Thus, by Lemma we get that the curve C lies in Ind(«). O

Lemma 2.3.4. Let X be a smooth threefold and let f: X --+ X be a pseudo-automorphism such
that A1 (f)? > Xa(f). If C is an irreducible curve such that 01(f)-[C] < 0, then there exists N such
that C lies in Ind(f™) for alln > N.

Proof. By Theorem [2.2.18)if H is an ample class on X then the class 61(f) is proportional to the
following:
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Since the class 6;(f) is pseudo-effective the coefficient of the proportionality is strictly positive.
Since 61(f) - [C] < 0 there exists N such that for each n > N one has (f™)*H - [C] < 0. Thus,
Lemma [2.2.6] implies the result. O

Lemma 2.3.5. Let X be a smooth threefold and f: X --+ X is a pseudo-automorphism and C' is
an irreducible curve on X. Assume that the following conditions are satisfied:

(1) there exists N > 0 such that C C Ind(f™) for alln > N;
(2) C does not lie in Ind(f~%) UInd(f~7) for two distinct integers i # j.
Then the proper transforms of C under f~* and under f=7 do not coincide.

Proof. Denote by C; and C; the proper transforms of C under f~* and f~7 respectively. They are
irreducible curves on X. Since f is a pseudo-automorphism the curve C; does not lie in Ind(f7).

Since f/=% = f~% o fJ the indeterminacy locus of f7~% contains in the union of Ind(f7) and
subvarieties in X \ Ind(f?) which proper images under f7 lies in Ind(f~?).

Thus, the curve C; does not lie in the indeterminacy locus of f/~%. Therefore, if we assume
that curves C; and C; coincide then C; does not lie Ind(f™=%) for any m > 0. This implies that
the curve C does not lie in Ind(f™U~9+7) for all m > 0 and we get a contradiction with the first
condition of the lemma. Thus, we conclude the result. O

Now we are ready to prove the criterion for non-regularizable automorphisms.

Proposition 2.3.6. Let f: X --» X be a pseudo-automorphism of a smooth threefold X. If f
satisfies conditions (1 — 3) in Theorem then f is non-reqularizable.

Proof. Assume by contradiction that there exists a regularization (Y, g, «) of the pseudo-automor-
phism f: X --+ X. By Theorem we see that A1(f) = A1(g9) = A. By the condition (1) in
Theorem and Theorem an consider pseudo-effective classes 61 (f) and 6 (g) which
are unique up to proportionality.

Consider a curve C as in the condition (2) in Theorem By Lemma[2.3.3| the curve C lies in
the indeterminacy locus Ind(«). Moreover, by Lemma ere exists IV such that C C Ind(f")
for any n > N.

Denote by I the set I C Z such that for each i € I the curve C' does not lie in Ind(f~%). Denote
by C; the proper image of C' under f~* for any i € I.

Since C; does not lie in the indeterminacy locus of f* for any i € I and since the proper image
of C; is the curve C' which lies in Ind(«) we get that C; lies in Ind(a o f%). Moreover, since g is
regular and ¢’ o @ = a o f* the following indeterminacy loci coincide:

Ind(a) = Ind(g* 0 @) = Ind(ar o f*).

Thus, Ind(«) contains curves C; for all ¢ € I. The condition (3) in Theorem and Lemma [2.3.5]
implies that Ind(«) contains infinitely many distinct curves. This leads us to a contraction; thus,
we get the result. O
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2.3.2. Fibrations over surfaces

Let X be a smooth threefold and f: X --+ X be a birational automorphism of X. We say that f
preserves a fibration over a surface (S, g, ) if there exist a smooth surface S, its birational auto-
morphism g and a dominant rational map 7: X --» S such that the following diagram commutes:

Lemma 2.3.7. Let f: X --+ X be a pseudo-automorphism of a smooth threefold X . If f preserves
a fibration over a surface (S, g, ) then it also preserves a fibration over a surface (S,q, ) such that
g is algebraically stable and (§gom)* = 7* o g*.

Proof. By [DFOT) Theorem 0.1] there exists a smooth surface S and a birational morphism §: S S
such that the birational automorphism

§=5_10905:§——+§

is algebraically stable. Denote by 7 the composition 0=t om. Then f preserves the fibration over
a surface (S, g, 7). It remains to show that (gom)" = 7* o g*. In order to prove it we show that
there is no divisor in X which proper image under 7 is a point of indeterminacy of g.

Assume by contradiction that E is a divisor in X such that its proper transform under 7 is a
point p € S which lie in the indeterminacy locus of g. Since g is algebraically stable the point p
does not lie in Ind(g~") for all n > 0 by [DF01, Theorem 1.14]. Denote by p, the proper image
of the point p under g—" for n > 0. Denote by F, the proper image of E under f™. Since f is
a pseudo-automorphism E, is a divisor for all n € Z. Then the proper image of E, under 7 is a
point p, € S for all n < 0.

Let (V,dx,0dg) be an elimination of indeterminacy of 7 as in Lemma Since V is irreducible

the set of points in S such that the dimension of fiber of 6z over this point equals 2 is finite. Thus,
the set of divisors F,, such that their proper image under 7 are points finite. Therefore, the divisor F
is f-periodic and the point p is g-periodic. This contradicts our assumption that g is algebraically
stable and p lies in Ind(g).

Thus, no divisors in X are contracted to indeterminacy locus of g and by Lemma we get

the result. O

Lemma 2.3.8. Let f: X --» X be a birational automorphism of a smooth variety X and let f
preserve a fibration over a surface (S, g,m). If g is algebraically stable and A1(g) > 1, then 7*(01(g))
is a non-zero class in N*(X).

Proof. Since g is algebraically stable then by [DF0T, Theorem 0.3] one can construct a non-zero nef
pseudo-effective eigenclass 61 (g) with eigenvalue A;(f). Let V, dx: V — X and ds: V — S be as
in Lemma [2:2.3] Then we get the following:

7 (01(9)) = 0x+(05(61(9)))-

66



The class 0§(61(g)) is non-zero, nef and pseudo-effective. Thus, by Lemma we get that the
class 7*(61(g)) is non-zero. O

This lemma allows us to prove Theorem [2.1.3]

Proof of Theorem [2.1.3] By Proposition we get that f is non-regularizable.

Then assume by contradiction that the pseudo-automorphism f: X --+ X preserves a fibration
over a surface (S, g, 7). By Lemma one can assume that g is algebraically stable and that
(gom)* = m* o g*. Moreover, by [Tru20, Theorem 1.1] since the relative dimension of 7 equals 1 we
have the following equality:

1< M(f) =A(g).
By the condition (1) in Theorem Theorem and [DF01, Theorem 0.3] there are pseudo-
effective eigenclasses 01 (f) € N'(X) and 6,(g) € N'(S) with eigenvalue A\;(f). Since f does not
contract divisors by Lemma we get the following:

(@ (01(9))) = (w0 f)"(61(9))-

By construction of (S, g, m) we has also

(gom)*(01(g)) = M(g9)7"(01(g))-

Therefore, the class 7*61(g) is proportional to 6;(f). Moreover, by Lemma we get that the
class 61 (f) is proportional to 7*(61(g)) with a strictly positive coefficient.

By the condition (2) in Theorem we get that 7%(01(g)) - [C] < 0. Therefore, by Lemma
the curve C lies in Ind(r).

By the condition (3) in Theorem and by Lemma we get that there is an infinite set
of distinct curves which lie in Ind(7). Thus, we get a contradiction. Therefore, f do not preserve
any structure of a fibration over a surface. O

2.4. Blanc’s pseudo-automorphism

In this section we study the family of positive entropy birational automorphisms introduced by
Blanc in [Blal3|]. We recall the construction of these automorphisms and then apply Theorem m
to show that they are not regularizable and do not preserve any fibration over a surface.

2.4.1. Construction of a pseudo-automorphism

Let S be a smooth cubic surface in P? and let p be a point in S. One can associate to p a birational
involution of P3:

Op: P3 -5 P3,
such that for any line L C P3 passing through p and intersecting the surface S in three distinct
points p, p1, pe the restriction o,|z: L — L is a unique involution of L = P! such that o,|z(p;) = pi
fori=1,2.
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Proposition 2.4.1 ( [Blal3| Proposition 2.1]). The birational involution a,: P3 --+ P3 preserves
pointwise an open subset of S. The indeterminacy locus of o, consists of an irreducible curveI' C S
of degree 6 containing the point p. Moreover, if §: Bl, r(P?) — P3 is the blow-up of the point p and
the proper preimage of the curve I, then o, induces a reqular automorphism of Bl, r(P?):

5 toag,068: Bl,r(P?) — Bl r(P?).

Let p1,...,pr be k points on the cubic surface S; let o,, be an involution associated to the
point p; for all 1 < 7 < k. Denote by I'; the indeterminacy locus of the involution o,,,, then I'; is
a curve in P? of degree 6 lying in the surface S. Let 6: X — P3 be the successive blow-ups of the
points p1,...,px followed by the blow-up of the proper transforms of the curves I'y,I's,..., Ty in
this order. Denote by 6, the birational involution of X induced by op,:

6p =000, 00: X - X.
The composition of several involutions of this type gives a positive entropy birational automorphism.

Theorem 2.4.2 ([Blal3, Theorem 1.2]). Let pi,...,pr be k distinct points on a smooth cubic
surface S in P3, and let T'; be the curve of indeterminacy of op, for all 1 < i < k. Then the
following composition is a pseudo-automorphism:

f=06p 006y X --+X (2.4.3)
Moreover, if k > 3, then we have A\ (f) = X2(f) > 1.

Let 6;: X; — P3 be the successive blow-ups of the points p1, ..., px, followed by the blow-up
of the proper transforms of the curves I';,I'y,...,I';_1,;41,..., % in this order. By construction
we get X; = X and 0; = . Moreover, an involution ¢,, induces a regular involution on X; for all
1<i<k:

5171' X, — X

Let 7;;: X; — X; be the birational map induced by the identity map on P3. Note that by Propo-
sition [2.2.15| the map 7; ; is a pseudo-isomorphism.

Lemma 2.4.4. The pseudo-automorphism f is the composition of the regular involutions op, : X; —
X; and the pseudo-isomorphisms T;_1;: X;_1 --+ X;, i.e. the following diagram commutes:

Ipp_1 Th—1,k

op T1,2 op Opp Th,1
X — X -2 X2 — S X - - X — X - == X, (2.4.5)
51i 61l 52i \Lék—l lék \Lék i&

o idp O Tpp_ idp. Op,. idp.
P3 - Zep3 —S.p3_T T TLp3_ S op3_ T op3__ 3. p3

Let H € N'(X) be the inverse image of the hyperplane section from P? to X, let E; be the
exceptional divisor over the points p; and let F; be the exceptional divisor over I'; for all 1 < j < k.
Lete;, f; € N 2(X) be the classes of irreducible curves in E; and F} respectively which are contracted
under §. Let h € N%(X) be the class of the proper transform of a line in P3 to X.

Lemma 2.4.6. Vector spaces NY(X) and N?(X) have the following bases:
NY(X)=(H,E,...,Ex, F1,...,Fy);
NQ(X) = <h,61,...,6k,f1,...,fk>.
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Moreover, the intersection form on X is as follows:

H-h=1, E;-h=0; F;-h =0 for all 1

H-e;=0; E;-e; =—1; F;-e; =0 for all i;
E;-e; =0 Fi-e; =0 for all i # j;

H.fi=0; Ei- fi =0; F; - fi = —1 for all i;
E;-f; =0; Fi-f; =0 foralli # j.

Lemma 2.4.7 ([Blal3l Proposition 2.3]). Under the assumptions and notation of Lemma the
involution 6,, acts on N'(X) as follows for any 1 <i < k:

6,.(D) =D +v;, if D= H or Ej;

5% (F) = F, + 2,5

6,.(D) =D, if D= Ej or Fj for j #1i;
5 (v5) = —vi

6. (Vi) = vj + 2u;.

Here v; = 2H — 2E; — F; € NY(X) for all 1 <i < k.

Note that by Theorem one has A\1(f)? > Aa(f). Thus, by Theorem [2.2.18| one can find a
unique up to multiplication by a positive real number pseudo-effective class 0;(f) € N!(X) such

that f*61(f) = A (f)61(f)
Lemma 2.4.8 (|[Blal3l Proof of Proposition 2.3]). We have:

k
=Y ay € NY(X), (2.4.9)
i=1

where ap > ag > -+ > ay, are strictly positive numbers and aq > asg + 2 (Zf:3 ozi).

One can show that 0;(f) is not a nef class in N1 (X).

Corollary 2.4.10. Let q be any point lying in the intersection of I'y and I'y. Assume that the
intersection of I'1 and Ty 4s transversal in q and let L be the proper transform of a line in P3
passing through p1 and q to X. Then one has the following inequality:

01(f) - [L] < 0.

Note that if points p; and po are sufficiently general then curves I'; and I's intersect transversally;
thus, the condition of Corollary [2.4.10|is satisfied.

Proof of Corollary[2.4.10, By construction of the birational involution o, we get that o, (L) is

the fiber of the exceptional divisor Fj over the point ¢ on I';. Thus, by Proposition [2.2.15( we get
that o, (L) is a curve of indeterminacy of 712. Then by Proposition |2.2.15(and since ), is a regular
involution we get:

Tp, L] = &pyulL] = f1 — fo
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Then by Lemma [2.4.7] we have the following equalities:

H-[L] =0y (H) -0, [L] = BH = 2E, — F1) - (/1 — f2) = 1;

E - [L] = o, (E1) -0, [L]=(2H —E —F)-(i—fa)=1;
F-[I)= o, (F1) -0, [L] = (4H — 4B, — Fy) - (f1 — f2) = 1;
Fy - [L) =55, (F) -5, [L] = F>- (fi = fo) = 1.

By Lemmam this implies that [E] =h—-e1 — f1 — f2. Then by Lemma we get

k
01(f) - [L] = (Z%’W) (h—e1—fi—fo) =
i=1
K

k
:Zai(QH—2Ej—Fj)-(h—el—fl—fg)222041'—3041—042 < 0.
i=1 =1

Thus, L is an effective curve which intersects the class 01(f) negatively. O

2.4.2. Formulas for involutions

Let p1, p2 and p3 be three points on a smooth cubic surface S in P3. Recall that the indeterminacy
locus of op, is a curve I';. By the following assertion if points p1, p2 and ps3 are sufficiently general
then curves I'; intersect each other transversally for all + = 1,2, 3.

Proposition 2.4.11. Let py, p2, p3 be non-collinear points on a smooth cubic surface S in P? such
that a line passing through p1 and py is not tangent to S. Let T'; be the curve of indeterminacy
of the involution oy, : P3 --» P3 associated to the point p; for all i = 1,2,3. Then the following
assertions are true.

(1) If q is a point in Ty NTa, then points q, p1,pa are non-collinear.

(2) Assume that ps3 does not lie in a hyperplane passing through q,p1,p2 and that xg, 21, T2, T3
are homogeneous coordinates of P? such that

gq=(1:0:0:0); p1=(0:1:0:0); p2=(0:0:1:0); p3=(0:0:0:1).

(3) If xo,x1,7,x3 are homogeneous coordinates of P? as in point (2) and p(x) = 2oir)=3 arx’
1s the equation of the surface S in these coordinates, then

a3000 = @300 = 0030 = Q0003 = A2100 = G2010 = 0.
Moreover, the intersection of the curves I'y and I's in the point q is transversal if one has the

following inequality:
a2001 (4a1200a1020 — a3110) # 0.
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Proof. (1) The assertion is follows from the fact that ¢ is a point on S such that the line passing
through p; and ¢ is tangent to S in ¢ for all s =1 and 2.

(2) By assumption and the point (1) we get there is no hyperplane in P3 which passes through
points ¢, p1, p2 and p3. Thus, one can construct the necessary coordinates.

(3) By construction the surface S passes through points (1:0:0:0), (0:1:0:0),(0:0:0:1)
and (0:0:0:1). Thus, one gets

@3000 = @0300 = @0030 = @003 = 0.

Moreover, the line passing through ¢ and p; is tangent to the surface S in q. The equation of this
line is {x9 = x3 = 0}; thus, we get that as100 = 0. Analogously, since the line passing through ¢
and po is tangent to S in ¢ we get that asg19 = 0.

Consider the affine chart Uy = {xg # 0} of P3. This chart is isomorphic to an affine space A3.
Consider coordinates ti,%s,ts3 of A3 such that t; = ;—(‘) for all i = 1,2,3. In these coordinates the
point ¢ corresponds to the origin (0,0,0). By [Blal3, Section 2] the curve T'; is the intersection of
the surfaces {¢ = 0} and {7* 92 — 0} for i = 1,2. Denote by t(ty,ta,t3) the equation induced by ¢
on the chart Uy. Then the tangent line to T'; in the point ¢ = (0,0,0) € Uy defined by the following
equations:

3 3
oY
Tr, o = E dt; = T dty, dts, dt:
Tiq 6t 0 070 : 375 atl 0 0 O l 0 C Uo,qg — < 1, 2 3>

j=1

The intersection of the curves I'y and I'; at the point ¢ is transversal if the tangent lines 77, , and
T1,,q do not coincide. This happens if the following determinant is non-zero:

p (0 0,0) o (0 0,0) o (0 0,0)

det m ml (0,0,0) m atz (0,0,0) 8t mg (0,0,0) | = as001(4a1200a1020 — a3410)-
8t28t1 (0 0 0) 8t28t2 (0 O O) 6t28t3 (0 O O)
This implies the result. O

In the coordinate which we described in Proposition write formulas defining the involu-
tions o, , 0p, and op,.

Lemma 2.4.12 ([Blal3| Section 2]). Let xg,x1, 2,73 be homogeneous coordinates in P3 and let
o(z) = 0 be an equation of a smooth cubic surface S containing the points py = (0 : 1 : 0 : 0),
po=(0:0:1:0) andp3 =(0:0:0:1). Then the involutions associated with points p1, p2 and ps
are given by the following formulas:

— (20 2% () : 2, 22 () — O Op

op, (T0, 1, T2, 23) = (mo o () : 21 B, () —2p(x) : 29 o (x):x 8x1( )) :
0 0 0 0

a0t 2) = (1052 (0) 501 92 o) 22 5 0) — 2ela) s 52 (0) )

in(an,or0) = (205 0) 101 92 (@) s 00 0) a2 ) = 2000)).
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Proof. 1t suffices to prove that o,, is the involution associated with the point p;. Let [ be a line
in P3 passing through the point p; = (0 : 1: 0 : 0). This line intersects the plane {z; = 0} in a
point (a:0:b:¢). Then we get that [ is as follows:

l={(as:t:bs:cs)| (s:t) € P'}.

Therefore, one can compute the restriction of ¢ and aaTi to I:

©(as,t,bs,cs) = p1st® + pos’t + pss®

0
a%(as,t, bs,cs) = 215t + lps>.
1

Here 1, 2 and ps3 are some numbers in C depending only on the line [ and the cubic surface S.
Then if we apply the formula of o, to the point (as: t: bs : cs), we get the following point on P3:
op, (as,t,bs,cs) =
(as2(2,u1t + p128) @ st(2ut + pos) — 2(p1st? + pos®t 4 pzs®) : bs®(2uat 4 pas) : cs*(2uat + p28)) =
= (a(2u1t + pas) : —pot — 2ugs : b(2u1t + pos) : c(2u1t + pes)) .

Then the restriction of the map o, to the line [ is an automorphism of /. In coordinates s,t it
corresponds to the following matrix in PGL(2, C):

pe =23
a. =
P1 |l <2/J'1 — 15 )
Thus, oy, |; is a non-trivial involution of [ and it preserves points (s : t) such that ¢(as,t,bs,cs) =0
and (s :t) # (0:1). By the definition of o, this implies the result. O

2.4.3. Composition of three involutions

Our goal in this section is to prove the following assertion, it is the key to the proof of Theorem
2.1.2)

Proposition 2.4.13. Let p1, p2 and p3 be three general points on a very general cubic surface S
and let op, be the involution associated to the point p; for all i = 1,2,3. If L is the line in P3
passing through the point p1 and a point in Ind(o,, ) NInd(op,) and F' is the following composition:

F=op,00p,00p: P3 - P3,
then L does not lie in Ind((F)~™) for all n > 0.

To prove Proposition [2.4.13| we fix a general point  on the line L and consider coordinates of the
image F~"(x) as polynomials of coordinates of . The condition that x does not lie in Ind (F’(”’l))
is equivalent to the fact that these polynomials do not vanish. Computing modulo some ideal and
using Sage we get the result.
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Set B = {(2001), (1200), (1110), (1101), (0210)}. Denote by R the following ring:

R= Z[alheB = Z[CL2001, 41200, 41110, @1101, 00210]-

Consider a free commutative ring R[X,Y]. Set w = a2001@0210+a1110¢1101 and denote by Z the ideal
(4,2w) in R[X,Y], i.e., the ideal of polynomials in X and Y whose coefficients lie in (4,2w) C R.
If P is an element in R[X,Y] we consider it as a polynomial of X and Y with coefficients in R.

By degy (P) we denote the degree of the polynomial P in Y. Let r(X) be the leading term in
Y of P viewed as a polynomial in the variable Y, so that deg (P — T(X)Ydeg(P)) is strictly less
than deg(P). We need the following useful property of degrees of polynomials:

Lemma 2.4.14. Let P; and P be two polynomials such that:
P =ri(X)Y% + Qi(X,Y);

Here the degree in'Y of all monomials in Q; is strictly less that d;. If dy > da and r1(X) is a non-
zero polynomial which does not lie in I, then Py + Py also does not lie in I and degy (P1+ P2) = dy.

Proof. Since X and Y are free variables, then the polynomial ZZ ;T X ‘Y7 lies in Z only if all
coefficients r; ; lie in Z. Since deg(Py) > deg(P»), then the leading term in Y of P; + P coincides
with the leading term of P;. O

Let P?}’%[X’Y] be a projective space defined over the ring R[X,Y]. Let xo,x1, 22,23 be homoge-
neous coordinates of P,y ;) and let ¢(z) be an equation of a cubic surface in Py y;:
o(z) = a2001x8x3 + a12001‘0$§ + a1110%0T1T2 + A1101T0T1 23 + a021o$%£2~

Let 0,,,0p, and o,, be birational involutions of IED%[ X,v] given by formulas from Lemma |2.4.12
Denote by Fg the composition of these involutions:

Fr = 0p; 00p, 00p,: P?;%[X,Y] -2 P?;%[X,Y] (2.4.15)

Our goal is to compute the orbit of a point under the action of Fp 1 'We will consider points of the
following form.

Notation 2.4.16. Let p = (Mo + 2Ny : My + 2Ny : go + 29> : g3 + 2g3) be a point in P%[x Y] such
that My, No, My, N1, g2, g2, g3 and g3 are elements of R[X,Y] of the following form:

(B1) Polynomials go and g3 are elements of Z; also g2 and g3 lie in 2R[X, Y] and the leading term
in Y of g3 do not lie in 4R[X,Y];

(B2) The leading terms in Y of polynomials M;(X,Y") do not lie in 2R[X] for s = 0 and ¢ = 1.

(B3) We have the following conditions on degrees of polynomials:

degy (g2) < degy (M) < degy (g3) < degy (My).

In the next lemma we show that the image of a point satisfying conditions (B1 —B3) under Fj'
still satisfies these conditions.
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Lemma 2.4.17. Let p = (Mo + 2Ny : My + 2Ny : Go + 292 : g3 + 2g3) be a point in the projective
space JP";’%[X’Y] such that polynomials My, No, M1, N1, g2, g2, 93 and g3 satisfy conditions (B1 — B3).

Then the point p does not lie in Ind(Fgl), Moreover, one has
Fpl(p) = (M{ +2Nj - M’y + 2N] = G + 2gb = G5 + 2g5),
where polynomials M}, N}, M1, N1, g4, 9%, 95 and g5 satisfy conditions (B1 — B3).

Proof. In view of condition (B3) one has degy (My) = dy, degy (M1) = di, degy(g2) = do
and degy (g3) = d3 and we have the following inequality:

do < dp < d3 < dy. (2.4.18)

In order to compute F'y 1(p) we use the formulas from Proposition associated with the cubic
surface given by the equation ), 5 arz!. Then Fgl (p) =(qo: q1: g2 : q3), where the expressions ¢;
can be computed in Sage explicitly, see Section 2.4.4]

First thing we note is that all polynomials gg, ¢1, g2 and g3 lie in 2R[X,Y]. Our goal is to
construct polynomials M{, N§, M1, N1, g, g5, g5 and g4 such that

qo = 2(Mg + 2N);
q = 2(M7 + 2N7);
42 = 2(gs + 295);
g3 = 2(g5 + 293).

We are going to do it considering all components qg, g1, g2 and g3 one by one.

Consider the component go. By formulas in Lemma[2.4.12) we can see that this is a homogeneous
polynomial of My, No, M1, N1, g2, 32,93 and g3 of degree 27. We define M|, to be the sum of all
monomials in %qo except those divisible by 2, go2, g2, g3, g3 or %m where m is a degree 2 monomial
of g2, g2, g3 and g3. Note that by construction 1go— M} lies in 2R[X, Y] since so do g2, a2, g3 and gs.

Denote Nj = %(%qo — M{). The computation in Sage shows:

1 - 1 -

M(/) = a?una%mOM&lMﬁE’(wa1200M0 + §a1110a1101aoz1092 + 50%101%21093) + hMé» (2.4.19)
where hj is a homogeneous polynomial of My, No, M1, N1, 92,92, gs and g of degree 27 and the
degree in M; of all monomials is strictly less than 15. By Lemma [2.4.14] and (2.4.18]) we get that
the leading term in Y of M does not lie in 2R[X,Y] and

dng(Mé) = 11dy + 15d; + ds. (2420)

Consider the component ¢;. This is a homogeneous polynomial of My, Ny, M1, N1, g2, g2, g3
and g3 of degree 27. We define M] to be the sum of all monomials in %ql except those divisi-
ble by 2, g2, 92,93, g3 or %m where m is a degree 2 monomial of ¢o, g2, g3 and g3. Note that by
construction ¢; — M{ lies in 2R[X,Y]. Denote N{ = %(3¢1 — M{). The computation in Sage
shows:

M = a120003 10100210 Mo " Mi" + oy, (2.4.21)
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where hj is a homogeneous polynomial of Moy, No, M1, N1, 92,92, gs and g of degree 27 and the
degree in M; of all monomials is strictly less than 17. By Lemma [2.4.14] and (2.4.18]) we get that
the leading term in Y of M/ does not lie in 2R[X, Y] and

degy (M) = 10d + 17d,. (2.4.22)

Consider the component gs. This is a homogeneous polynomial of My, No, My, N1,ps = g2 +2g2
and p3 = g3 + 293 of degree 27. We define ¢} to be the sum of all monomials of go except those
divisible by 8,2p,, 2p3 or a degree 2 monomial of py and p3. Note that by construction gz — ¢4 lies
in 27Z. The computation in Sage shows:

05 = dwaisee Mg M7 (a1110Mo + ao210M1) (a5001 M + a0 M7) (2.4.23)

Since ¢4 is divisible by 4w it lies in 2Z. Therefore, by construction go lies in 2Z. Define g, to be the
sum of all monomials of %qg except those divisible by 4,2g¢s,2gs, 293, 2g3 or a degree 2 monomial
of g2, g2, 93 and g3. Note that by construction g, = %(%QQ —g%) lies in 2R[X,Y]. The computation
in Sage shows:

~ 8 10 5 715 2 2 2 ~
g5 = ag210a7101 Mo M7 (2waisgg Mg + a2001a120005210 Mogz+

~ 1 -~
+ §a1110a1101a3210§3 + 012000%10100210M093 + 50%10&82109293)) + hg;, (2.4.24)
where hg is a homogeneous polynomial of Mo, No, M1, N1, g2, 92,93 and g3 of degree 27 and the
degree in M; of all monomials is strictly less than 15. By (2.4.18) and we get that

degy (95) < 11do + 15d; + ds. (2.4.25)

Consider the component g3.This is a homogeneous polynomial of My, No, M1, N1,p2 = g2 + 292
and p3 = g3 + 295 of degree 27. We define ¢4 to be the sum of all monomials of g3 except those
divisible by 8,2ps, 2p3 or a degree 2 monomial of py and p3. Note that by construction gz — ¢4 lies
in 27Z. The computation in Sage shows:

gy = 4waiane My M (az001 Mo + ar101 M1)(aj;o Mg+

(2.4.26)
+Fago10MT) (5001 MG + aF101 M7 (a500 My + a0 M7).

Since ¢ is divisible by 4w it lies in 2Z. Therefore, by construction ¢ lies in 27.

Define g4 to be the sum of all monomials of %qg except those divisible by 4, 2gs, 292, 293, 2g3 or
degree 2 monomial of gs, g2, g3 and g3. Note that by construction g3 = 1 (4¢3 — g4) lies in 2R[X,Y].
Moreover, the Sage computation shows:

~ 2 7 109 716 ~ 2 ~
g5 = @12000021001101 Mo~ M7 (2waiz00 Mo + a1110a1101@021092 + a11010021093) + hg.  (2.4.27)

Here hg, is a homogeneous polynomial of Mo, No, M1, N1, g2, 92,93 and g3 of degree 27 and the
degree in M; of all monomials is strictly less than 16. By Lemma [2.4.14[ and (2.4.18) we get that
the leading term in Y of g4 does not lie in 4R[X,Y] and

degy (g5) = 10dy + 16d; + ds. (2.4.28)

We have defined polynomials M|, N}, M{, N1, g5, 5, g5 and g4; thus, it remains to show condi-
tions (B1 — B3) for these polynomials.
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Polynomials g + 2g4 and g4 + 2g4 lie in Z by equations (2.4.23)) and (2.4.26). Polynomials g/,
and g4 lie in 2R[X,Y] by the construction. Also by (2.4.24)) and (2.4.27)) we get that the leading
terms of go and g3 are not divisible by 4. Thus, the condition (B1) is satisfied.

By (2.4.19) and (2.4.21)) we get that the leading monomials of M| and M7 do not lie in 2R[X,Y].
Thus, the condition (B2) is satisfied.

Finally the condition (B3) follows from the formulas (2.4.20)), (2.4.22)), (2.4.25), (2.4.28) and the
assumption .

Since by our computation polynomials qg,q1, g2 and g3 are non-zero, we get that the point p
does not lie in Ind(Fy"). O

Corollary 2.4.29. Letp= (X :Y : 0:0) be a point in IP’?I’{[X % and Fr be a birational automor-
phism as in (2.4.15). Then p does not lie in Ind(Fy™) for all n > 0.

Proof. Let ¢ = (g0 : ¢1 : g2 : q3) be the point Fgl(p) in IP’3R[X,Y]. Below we define set of polynomi-
als M|, N§, M1, N1, ¢4, g5, g5 and g5 such that they satisfy conditions (B1 — B3) and

qo = 2(Mg + 2Ny);
=2(M] + 2N));
a1 = 20+ 2N) (2.4.30)
g2 = 2(g5 + 295);
g3 = 2(g5 + 295).

Consider the component qq, it is a homogeneous polynomial in X and Y of degree 27. Define M to
be the sum of all monomials of %qo whose coefficients are not divisible by 4. Set Nj = %(%qo — MY).
Using the formula and substituting there My = X, M1 =Y, g2 = g3 = 0 we can see that
the leading term in Y of M} is equal to wa1200a310103210X 2Y?. It does not lie in 2R[X, Y] and
the degree in Y of M is

degy (M() = 15.

Consider the component ¢y, it is a homogeneous polynomial in X and Y of degree 27. Define M to
be the sum of all monomials of 3¢, whose coefficients are not divisible by 4. Set N{ = (3¢, — M{).
Using the formula and substituting there My = X, M1 =Y, go = g3 = 0 we can see that
the leading term in Y of M] is equal to aj200a;0;a3e10X 'Y 7. It does not lie in 2R[X, Y] and the
degree in Y of M/ is
degy (M) = 17.

Consider the component ¢2. By the formula we see that go lies in the ideal Z. Define g5 to
be the sum of all monomials of g, which are not divisible by 4. Set g = %(%qé — g5). Using the
formula and substituting there My = X, M1 =Y, g2 = g3 = 0 we can see that the leading
term in Y of g} is equal to 2wa?sgana10af;0; X 2Y 5. Then the degree in Y of g} is

degy@lz) =15.

Consider the component g;. By the formula we see that gs lies in the ideal Z. Define g4 to
be the sum of all monomials of %qg which are not divisible by 4. Set g = %(%Q3 — g%). Using the
formula and substituting there My = X, M7 =Y, g2 = g3 = 0 we can see that the leading
term in Y of g} is equal to 2wategnade1nal o X Y. It does not lie in 4R[X,Y] and the degree
inY of g} is

degy (7) = 16.
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Thus, one gets that ¢ has the form and polynomials M|, N§, M{, N{, ¢, g5, g5 and g4
satisfy conditions (B1 —B3). Therefore, the point p does not lie in the indeterminacy locus of Fj, 1
Moreover, by Lemma the point ¢ = F'(p) does not lie in Ind(F") for all n > 0. This
finishes the proof. O

Proof of Proposition [2.4.13] Consider a 4-dimensional complex vector space V and its associated
projective space P(V) = P3. A cubic surface in P(V) is given by an equation in P(S3VV). The
coordinates of the space P(S3VV) are coefficients a; of the cubic equation 3" ayz!. Denote by W
the following subspace of S2V'V:

W = (as] I # (3000), (0300), (0030), (0003), (2100), (2010)) C S*V'".

Consider a universal cubic surface . C P(V) x P(W). Denote by II: . — P(W) the projection
onto the second factor. The fiber of II over a point ¢ € P(W) is a cubic surface .7, = {¢ = 0}.
Moreover, by construction the surface .#, contains the points ¢ = (1:0:0:0), p1 =(0:1:0:0),
p2=(0:0:1:0) and p3 =(0:0:0:1) and the lines passing through p; and ¢ are tangent to .7,
in g for i = 1 and 2. Note that for any point ¢ € P(W) the point ¢ lies in Ind (o}, ) NInd(o,,) where
op, and o, are involutions associated with the cubic equation ¢ and points p; and ps.

Then we can define the involutions oy, , 0p, and g, of P(V)) x P(W) by the formulas in Lemma
[2:4.12] Denote by F» the following composition:

Fo =0p, 00p, 00p,: P(V) x P(W) --» P(V) x P(W).
Consider the following cubic equation ¢o € W:
P0 = 02001Z323 + A1200T0T] + A1110T0T1 T2 + A1101Z0L1T3 + A0210TT T2,

here a2001, @1200, @1110, @1101, Qo210 are non-zero complex numbers. By Corollary 2:4:29 we get
that if X and Y are very general complex numbers then the point (X : Y : 0: 0) does not lie in the
indeterminacy locus of F~™ for all n > 0.

This implies that the point ((X : Y :0:0),¢0) does not lie in Ind(F") for all n > 0. Denote
by L the line connecting ¢ and p;. Then the point (X : Y : 0:0) lies on L in P3. Therefore, the
subvariety L x P(W) does not lie in Ind(#,") for all n > 0.

Since | J,,~ o Ind(F") is a countable union of closed codimension 2 subvarieties of P(V') x P(WW),
then for a very general point ¢ in P(WW) the line L passing through p; and ¢ does not lie in Ind(F~")
for all n > 0.

Finally, by Proposition if S is a smooth cubic surface and p1, ps and p3 are three general
points on S, then there exists an isomorphism between S and ., which maps points pi, p2 and p3
t0(0:1:0:0),(0:0:1:0)and (0:0:0:1). Thus, we get the result. O

2.4.4. Sage computations for Lemma [2.4.17

In order to prove Lemma we have to compute the preimage of the point in the projec-
tive space P?}’%[X)Y] described in Notation [2.4.16] Here is the Sage code we used to perform these
computations. Below we define birational involutions o, =1j for j = 1,2 and 3 and their com-
position Flgl =F_inverse. Variables M0, No, M1, N1, g2, gg2, g3 and gg3 there play the roles of the
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polynomials My, Ng, M1, N1, g2, g2, g3 and g3 respectively. Variables p2 and p3 represent the ele-
ments g + 2g> and g3 + 2g3 of the ideal Z. Afterwards, we apply the function F_inverse to the
point p = (M0+2#N0,M1+2%N1,g2+ 2xgg2,g3+2+gg3) and get set of four polynomials v1. Then we apply the
function F_inverse to the point p =(0+2%N0,M1+2+N1,p2,p3) and get Q2

K.<a_2001, a_1200, a_1110, a_1101, a_0210, MO, M1, NO, N1, g2, gg2, g3, gg3, x0,
x1, x2, x3, p2,p3>=ZZ[]

cubic = a_2001*x072*%x3 + a_1200*x0*x172 + a_1110*x0*x1*x2 + a_1101%x0*x1%*x3 +
a_0210*x1"2*x2

dcubicdxl =cubic.derivative(x1l)
dcubicdx2 =cubic.derivative (x2)
dcubicdx3 =cubic.derivative (x3)

def I1(x0,x1,x2,x3):
return xO*dcubicdx1(x0=x0,x1=x1,x2=x2,x3=x3),
x1*dcubicdx1 (x0=x0,x1=x1,x2=%x2,x3=x3)- 2*cubic(x0=x0,x1=x1,x2=x2,%x3=x3),
x2*dcubicdx1 (x0=x0,x1=x1,%x2=%x2,x3=%x3), x3*dcubicdx1(x0=x0,x1=x1,x2=x2,x3=x3)
def I2(x0,x1,x2,x3):
return xO*dcubicdx2 (x0=x0,x1=x1,x2=x2,x3=x3),
x1*dcubicdx2 (x0=x0,x1=x1,x2=x2,x3=x3),
x2*dcubicdx2 (x0=x0,x1=x1,x2=x2,x3=x3) - 2*cubic(x0=x0,x1=x1,x2=x2,x3=x3),
x3*dcubicdx2 (x0=x0,x1=x1,x2=%x2,x3=x3)
def I3(x0,x1,x2,x3):
return x0O*dcubicdx3(x0=x0,x1=x1,x2=x2,x3=x3),
x1*dcubicdx3(x0=x0,x1=x1,x2=x2,x3=x3),
x2*dcubicdx3 (x0=x0,x1=x1,x2=x2,x3=%x3),
x3*dcubicdx3 (x0=x0,x1=x1,x2=%x2,x3=x3) - 2*cubic(x0=x0,x1=x1,x2=x2,%x3=x3)

def F_inverse(x0,x1,x2,x3):
return(I1(*xI2(*xI3(x0,x1,x2,%x3))))

Q1 = F_inverse (MO+2%NO ,M1+2%N1,g2+ 2*gg2,g3+2*gg3)
Q2 = F_inverse (MO+2*NO,M1+2%N1,p2,p3)

The set of polynomials a1 and @2 is exactly the set of polynomials (go, g1, g2, ¢3) from the proof of
Lemma [2.:4.17] To analyze the output we need several additional functions. The following function
mod_2I deletes all monomials in a polynomial which lie in the ideal 27Z.

def mod_2I(P):
Q =0
for m in P.monomials():
c= P.monomial_coefficient (m)
d2 = m.degree(p2)
d3 = m.degree(p3)
if d2+d3==2:
# here we factor mod (pi*pj) \subset 2I
Q =Q
if d2+d3 ==
# here we factor mod (2pi) \subset 2I
c2 =c % 2
Q = Q + c2*m
if d2+d3 ==
# here we factor mod (8) \subset 2I
c8 =c % 8
Q = Q+c8*m
return Q
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The function mod_4 deletes all monomials in a polynomial which lie in the ideal 4R[X,Y].

def mod_4(P):
Q =0
for m in P.monomials():
c= P.monomial_coefficient (m)
d2 = m.degree(g2)
d3 = m.degree(g3)
dd2 = m.degree(gg2)
dd3 = m.degree(gg3)
if d2+d3+dd2+dd3 ==
# here we factor mod (2gi) \subset (4)
c2 =c¢c % 2
Q = Q = Q+c2*m
if d2+d3+dd2+dd3 ==
# here we factor mod (4) \subset (4)
cd = c % 4
Q = Q+cédx*m
return Q

The function mod_s deletes all monomials in a polynomial which lie in the ideal 8R[X,Y].

def mod_8(P):
Q=20
for m in P.monomials():
c= P.monomial_coefficient (m)
d2 = m.degree(g2)
d3 = m.degree(g3)
dd2 = m.degree(gg2)
dd3 = m.degree(gg3)
if d2+d3+dd2+dd3==2:
# here we factor mod (2*xgix*gj) \subset (8)
c2 =c¢c % 2
Q = Q +c2*m
if d2+d3+dd2+dd3 ==
# here we factor mod (4*gi) \subset (8)
cd =c % 4
Q = Q + c4d*m
if d2+d3+dd2+dd3 ==
# here we factor mod (8) \subset (8)
c8 =c % 8
Q = Q+c8*m
return Q

The function 1eading_term_M1 returns the leading term in M; of the polynomial.

def leading_term_M1(P):
Q=0
d = P.degree(M1)
for m in P.monomials():

if d == m.degree(M1):
¢ = P.monomial_coefficient (m)
Q = Q + cxm

return Q

The last thing we need is a function factorization which factors polynomials into a product of
irreducible polynomials. Unfortunately the computation above results in so-called symbolic func-
tions, so to factor them we transform the symbolic function into a polynomial and then use the
factorization in polynomials.
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b_2001, b_1200, b_1110, b_1101, b_0210,

Z0,

92,93 = PolynomialRing(RationalField (),
'NO

’a_11017, ’a_0210’, °MO’, °M1°’,
’gg3’, ’p2’, ’p3’]).gens ()

def factorization(P):
Q=0
for m in P.monomials():
c= P.monomial_coefficient (m)
d2001 = m.degree(a_2001)

d1200 = m.degree(a_1200)
d1110 = m.degree(a_1110)
d1101 = m.degree(a_1101)
d0210 = m.degree(a_0210)
dx0 = m.degree (MO)
dx1 m.degree (M1)
dy0 = m.degree (NO)
dyl = m.degree(N1)
d2 = m.degree(g2)

d3 = m.degree(g3)
dd2 = m.degree(gg2)
dd3 = m.degree (gg3)
dp2 = m.degree(p2)
dp3 = m.degree(p3)

z1,
17,
PN17,

wo, Wi, fo, f1, f£2, £3, ff2, f£3,
[’a_2001’, ’a_1200’, ’a_1110’,
Jgoi’ ng)’ )g21’ )gsl’ )gg2),

Q = Q+ ¢ * b_2001"d2001 * b_1200"d1200 * b_1110"d1110 * b_1101"d1101 =*
_02107d0210 * f2°d2 * £3°d3 * ff2°dd2 *ff3°dd3 * Z0~dx0 * Z1~dxl =
WO0~dy0 *W1i~dyl * g2°dp2 * 93~ dp3

return Q.factor ()

Now we are ready to get results:

MOnew = mod_4(Q1[0])
Minew = mod_4(Q1[1])
Q2_new = mod_2I(Q2[2])
Q3_new = mod_2I(Q2[3])
G2new = mod_8(Q1[2])

G3new = mod_8(Q1[3])

print (factorization(leading_term_M1 (MOnew)))
print (factorization(leading_term_M1 (Minew)))

print (factorization(Q2_new))
print (factorization(Q3_new))

print (factorization(leading_term_M1(G2new)))
print (factorization(leading_term_M1 (G3new)))

After running a program we get six lines of results:

a_0210"2 * a_1101"8 * MO~11 * M1715 *(2*a_1200%a_1110*a_1101%MO +
2%a_2001%a_1200*a_0210*M0 +a_1110%a_1101*a_0210*g2 + a_1101"2%a_0210%g3)

(2) * a_1200 * a_0210"3 * a_1101"9 * MO~10 * M1°17

(4) * a_1200"2 * M1°6 * MO~12 * (a_1110*MO + a_0210x*M1) * (a_1110*a_1101 +
a_2001%a_0210) * (a_2001"8%*M0"8 + a_1101"8%M1"°8)

(4) * a_1200"2 * M1°7 * MO~11 * (a_2001*MO + a_1101*M1) * (a_1110%*a_1101 +

a_2001%a_0210) * (a_1110"2xM0"2 + a_0210"2%M1"°2)

a_1101"2xM1°2) * (a_2001"4%xM0"4 + a_1101"4%M1°4)
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a_0210 * a_1101"8 * MO~10 * M1°15 * (4*a_1200"2xa_1110*a_1101%*M0"2 +
4*xa_2001*a_1200"2%a_0210*xMO"2 + 2%a_2001*a_1200%a_0210"2*xMO*xg2 +
a_1110*a_1101*a_0210"2%g272 + 2*xa_1200%*a_1101"2%xa_0210*MO*g3 +
a_1101"2%a_0210"2%g2*g3)

(2) * a_1200 * a_0210"2 * a_1101"7 * MO"10 * M1°16 * (2*xa_1200%a_1110*a_1101%*MO +
2*¥a_2001%a_1200%a_0210%MO + a_1110%a_1101*a_0210%g2 + a_1101"2%a_0210%*g3)

The first line produces the leading term in Mj for 2M], we use this formula in (2.4.19)). The
2.4.21))

second line produces the leading term in M; for 2M7, we use this formula in (| . The third
line produces the expression for ¢}, we use it in (2.4.23). The fourth line produces the expression
for ¢4, we use it in (2.4.26). The fifth and sixth lines produce the leading terms in M; of g and g5
respectively, we use them in (2.4.24) and ([2.4.27)).

2.4.5. Proof of Theorem m

Let p1, p2 and p3 be three points on a smooth cubic surface S, let o, : P2 --» P be the involution
associated with these points for all 7 = 1,2,3 and let I'; be the curve of indeterminacy of o,,,. By
the generality of points p;, p2 and ps and by Proposition [2.4.11 we can assume that the line passing
through p; and ps is not tangent to S, that the curves I'y and I'; intersect transversally in the point
q and that points g, p1, p2 and p3 do not lie in one hyperplane.

Recall that X is the successive blow-ups of points p1, pe and ps, then the proper transforms of
curves I'1,I's and I's. Consider the composition f of three involutions:

[ =0p, 00p, 00y, P3 -5 P3.
By Theorem [2.4.2| one gets that f is a positive entropy automorphism and
A(f) = xe(f) > 1.
Therefore, by Theorem one can define a pseudo-effective class 61 (f) in N1(X) such that

FH01(F)) = A ()01(f)-

Let L be a line passing through points p; and q. Denote by L the proper transform of the line L
to X. By Corollary [2:4.10] one has the following inequality:

01(f)-[L] <O.

By Proposition [2.4.13] since the cubic surface S is very general and points p;, ps and ps are
general the curve L does not lie in the indeterminacy locus of f~" for all n > 0. Thus, the
pseudo-automorphism f satisfy the condition of Theorem [2.1.3] Thus, we get that the pseudo-
automorphism f is not regularizable and it does not preserve the structure of a fibration over a
surface.
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3. Automorphisms of Bogomolov—Guan manifolds

3.1. Introduction

Our goal is to shed some light on the geometry of a partial class of non-Kéahler manifolds, described
in the works of Guan [Gua94], [Gua95a], [Gua95b] and Bogomolov [Bog96]. We call theses objects
BG-manifolds and we recall Bogomolov’s construction of a BG-manofold in Section Our first
result describes an algebraic reduction of a BG-manifold.

Theorem 3.1.1 (Corollary [3.3.17)). Let n > 2 be an integer and Q be a BG-manifold of dimen-
sion 2n. Then @Q has a structure of a fiber space

d:Q—P" (3.1.2)
with typical fiber being an abelian variety. This map is an algebraic reduction of Q.

Our second result describes properties of submanifolds in BG-manifolds. Recall here that a
manifold M is Moishezon if it is a proper modification of a projective manifold.

Theorem 3.1.3 (Theorem [3.4.20). Let @ be a BG-manifold of dimension 2n where n > 2 and
let @: Q — P™ be its algebraic reduction as in (3.1.2)). Then there exists a divisor D C P™ such that
for any point x € P™ one has:

(1) If x € P*\ D, then the fiber ='(z) is an abelian variety.
(2) If x € D, then the fiber ®~1(x) is a uniruled Moishezon manifold.
Moreover, if X C Q is a submanifold such that dim(®(X)) > 2 then X is not Moishezon.

This theorem says nothing about subvarieties X C @ such that ®(X) is a curve. In this case X
may or may not be Moishezon depending on the curve ®(X) C P". See Theorem for a more
precise statement.

We next turn to the description of the groups of biholomorphic and bimeromorphic automor-
phisms of BG-manifolds . We denote these groups Aut(Q) and Bim(Q) respectively. Note that
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a biholomorphic or bimeromorphic automorphism of @ factors through an algebraic reduction.
Thus, if @ is a BG-manifold of dimension 2n then there is a map from the group Aut(Q) (respec-
tively, Bim(Q)) to Aut(P™) (respectively, Bir(P")).

We establish the Jordan property for the group of biholomorphic automorphisms of BG-mani-
fold @Q and give some restrictions for the group of bimeromorphic automorphisms of Q.

Theorem 3.1.4 (Proposition [3.5.12| and Theorem [3.5.14). Assume that @ is a BG-manifold of
dimension 2n and ®: Q — P™ is the algebraic reduction of Q. A typical fiber of ® is an abelian
variety A.

(1) The group Aut(Q) of is Jordan. More precisely, it fits into the following exact sequence:
1= G — Aut(Q) = Apawy — 1,
where G' is a subgroup of Aut(A) and Axw is a finite group.
(2) The group Bim(Q) fits into the following exact sequence:
1 -G = Bim(Q) - A — 1,

where G" is a subgroup of Aut(A) and A is the subgroup of Bir(P™). Moreover, if D C P" is
the divisor as in Theorem then for any g € A one has either D C Exc(g) or g(D) = D.

Moreover, in Theorem we prove that the group of bimeromorphic automorphisms of BG-
manifold @ of dimension 4 is Jordan. We find out that the divisor D in this situation is a Halphen
curve: a plane curve with interesting geometric properties studied in [Hal82]. Then using the the
description of the group of birational automorphisms of a plane which preserve a Halphen curve we
get the result.

Our proof of the Jordan property for a BG-fourfold uses a deep results in the geometry of
plane curves. We believe that in higher dimensions groups of bimeromorphic automorphisms of
BG-manifolds should also be Jordan.

3.2. Preliminaries

In this section we recall important definitions and some basic facts on complex manifolds and their
bimeromorphic geometry.

3.2.1. Holomorphic symplectic manifolds

We say that M a compact complex manifold if it admits a complex form I. The space of differential
forms of degree n on a compact complex manifold M admits a decomposition as a direct sum of
spaces of (p,q)-forms where p + ¢ = n. The Dolbeault cohomology H??(M) is defined to be the
quotient of 0-closed forms modulo O-exact forms. This is a finite dimensional C-vector space. We
denote h?9(M) = dimc(HP2(M)).
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Definition 3.2.1. Assume that M is a smooth compact manifold with a Riemannian metric g.
Then

e An almost complex structure on M is a vector bundle isomorphism I: Ty — Ths on the
tangent bundle of M such that I? = —Idr,,. A complex structure on M is an almost complex
structure I which is integrable i.e. such that there exists a holomorphic atlas for M such that
in coordinates of each chart I takes the canonical form. We say that M is a compact complex
manifold if it admits a complex form.

e A (1,1)-form a on a compact complex manifold M with a complex form [ is called Kdhler if

a(z1,22) = g(z1,1(22)).

In this case the the manifold M, the metric g and the complex structure I are called Kdhler
manifold, Kahler metric and Kdhler complex form with respect to a.

e A (2,0)-form w is holomorphic symplectic if it is non-degenerate i.e. wdim(M)(p) has maximal
rank at every point p in M. A compact complex manifold M is holomorphic symplectic if it
can be equipped with a holomorphic symplectic form w.

If M is a complex Kéhler manifold then by the conjugacy one has h?¢(M) = h%?(M) and by
Hodge theorem:
bi(M) =Y hP(M) (3.2.2)
p+g=i
where b; = dim(C)(H*(M, C)) is the Betti number of M. In case of non-Kihler complex compact
manifolds in general h??(M) # h?P(M) and is not true. The counterexamples for
can be found in [PSU20]. However, if M is a compact complex surface, then is satisfied for
all 0 < i < 4 by [BHPVAV04, Theorem IV.2.10].

In dimension 2, we have 3 types of holomorphic symplectic surfaces: complex tori, K3 surfaces
and Kodaira surfaces. The latter is of central importance for the present paper. We recall its main
properties in Section [3.3.1] Holomorhic symplectic manifolds are highly connected to the following
notion.

Definition 3.2.3. A hyperkéihler manifold M is a compact smooth manifold with a Riemannian
metric g equipped with three Kahler complex structures I, J, K : Ty — Ty, satisfying the quater-
nionic relation

P=7P=K=I1JK=-id.

The metric ¢ in this situation is called hyperkdahler metric.

Since we do not assume our manifolds to be K&hler, in this paper we have to distinguish between
the terms “hyperkéhler” and “holomorphic symplectic”, which are often used as synonyms in the
literature. Any hyperkahler manifold is automatically holomorphic symplectic. This is true because
if ay and ag are Kéhler forms on M with respect to the Riemannian metric g and to the complex
structures J and K respectively, then

w=aoay5+vV—-lag

is a holomorphic symplectic form on a hyperkahler manifold M with respect to the complex struc-
ture I. Now recall the fundamental result which proves the inverse assertion.
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Theorem 3.2.4 ([Yau78], [Bea83, Proposition 4]). Let M be a compact holomorphic symplec-
tic Kahler manifold. Then M admits a hyperkdhler metric, which is uniquely determined by the
cohomology class of its Kdhler form.

Therefore, every Kéahler holomorphic symplectic manifold is actually hyperkéhler.

Remark 3.2.5. A hyperkdhler manifold M is called irreducible holomorphic symplectic (IHS)
if 71 (M) = 0 and H*>°(M) is generated by one holomorphic symplectic form. THS hyperkihler man-
ifolds are building blocks of all compact hyperkahler manifolds: according to Beauville-Bogomolov
decomposition theorem, any hyperkahler manifold admits a finite covering which is a product of
a torus and several IHS manifolds. The IHS hyperkéhler components of this decomposition are
defined uniquely.

At the moment, there are only few available examples of simple hyperkéhler manifolds: two
sporadic examples of O’Grady in dimensions six and ten; the Hilbert schemes Z[") of 0-dimensional
closed subschemes of length n of a K3 surface Z; and generalized Kummer varieties, i.e. the kernels
of the composition

7 5 Sym™ T 3 T,
where T is a complex torus and X is the sum morphism. As we will see in Section [3.3.2] the

construction of BG-manifolds actually reminds that of generalized Kummer varieties (but starts
with the Kodaira surface, rather than a complex torus).

3.2.2. Complex spaces and meromorphic maps

Our main references for this paragraph are [GPR94] and [Uen75]. All complex spaces are assumed
to be reduced, irreducible and compact, if not stated otherwise. The term “variety” is reserved for
algebraic ones (which differs from Ueno’s book).

Definition 3.2.6. Let X and Y be complex spaces.
e A fiber space is a proper surjective morphism f : X — Y with irreducible general fiber.

e A morphism f: X — Y is called a (proper) modification, if f is proper, surjective, and there
exist closed analytic subsets Zx C X and Zy C Y such that f induces an isomorphism
X\Zx =Y\ Zy.

e A meromorphic map f : X --»Y is amap X — 2Y such that its graph I'; is an irreducible
closed analytic subset of X x Y, and the projection px : I'y — X is a proper modification. A
meromorphic map is called bimeromorphic if the projection py : I'y — Y is a modification as
well.

o A meromorphic fiber space is a meromorphic map f : X --» Y such that py is a fiber space.

The group of all bimeromorphic maps X --» X will be denoted Bim(X). By GAGA For a
smooth complex projective variety X one has the group of bimeromorphic automorphisms Bim(X)
of X is isomorphic to the group of birational automorphisms Bir(X) of X.
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Given a complex space X, its field of meromorphic functions will be denoted M(X). This is a
finitely generated extension over C which satisfies

0 < trdege M(X) < dim(X), (3.2.7)

see [Uen7d, Theorem 3.1]. The integer number a(X) = trdege M(X) is called the algebraic dimen-
sion of X. Further, X is said to be a Moishezon space if a(X) = dim(X), see [Moi66].

Remark 3.2.8. Any bimeromorphic map f : X --» Y induces an isomorphism of the fields of
meromorphic functions

MY )= M(X),

so a(X) is a bimeromorphic invariant. Conversely suppose that X and Y are Moishezon spaces and
we have a field isomorphism M (X) =2 M(Y). Then X and Y are bimeromorphic by [GPR94, VII,
Corollary 6.8].

Let us also mention the behavior of the algebraic dimension under some maps.

Lemma 3.2.9 ([Uen75, Theorem 3.8]). Let f : X --+ Y be a surjective meromorphic map of
irreducible compact complex spaces. Set

a(f) = inf a(f~(y)), dimf=dimX — dimY.
yey

Then one has
a(Y) <a(X) <a(Y)+a(f) <a(Y)+dim f.

Definition 3.2.10. Assume that X is a compact complex space. Then an algebraic reduction of X
is a meromorphic fiber space f : X --» X to a projective variety Xy, such that f induces an
isomorphism M(Xy) = M(X).

An algebraic reduction is unique up to bimeromorphic equivalence and we have a(X) = dim(Xj).

Example 3.2.11. The algebraic dimension of a Hopf surface can be equal 0 or 1. In case it equals 1
the algebraic reduction is an elliptic fiber space over P!, see [BHPVAV04, V.18.5].

The algebraic dimension and reduction of a Kodaira surface are discussed in Section [3.3.1

Example 3.2.12. If X is a surface of algebraic dimension 1, then its algebraic reduction is a
holomorphic map, whose typical fiber is an elliptic curve [BHPVAV04l, VI.5.1].

We shall need the following result in the future.

Lemma 3.2.13. Let fx: X — Xg and fy: Y — Yy be algebraic reductions of compact complex
manifolds X and Y. Then
(fx x fy): X xY = X x Yp

is an algebraic reduction of X x Y. In particular, we have a(X x Y) = a(X) + a(Y).

Proof. 1t is clear that fx x fy is a fiber space. Consider the map

(fx xidy): X xY — Xy x Y.

86



Fix a generic point y € Y and restrict this map to a submanifold X x {y}:

(fx xidy)|xx{yr: X x {y} = Xo x {y}. (3.2.14)

Now take a meromorphic function f on X x Y. The map (3.2.14)) is an algebraic reduction, so the
restriction of the function f|x,} is constant on fibers of (fx x idy)|xxy}. Then, the function f
is constant on all fibers of the map fx X idy. Therefore, one can define a map

SOZM(XXY)_)M(XO XY)7 @(f)(any):f(x7y)7 Wherel‘ef;l(l‘o),

which is easily checked to be an isomorphism. By repeating this argument for the map idx, X fy
we get the following chain of isomorphisms:

M(X xY) = M(Xo xY)=M(Xo x Y).
Since Xy x Y is a projective variety, it is an algebraic reduction of X x Y. O
Also we will use the following properties of non-Moishezon manifolds:
Lemma 3.2.15. Let X and Y be two complex manifolds. Then the following assertions hold:
(1) if Y is not Moishezon and f : X — 'Y is a surjective morphism, then X is not Moishezon;
(2) if X is not Moishezon and f : X — 'Y is a proper finite morphism, then'Y is not Moishezon;
(3) if X contains a non-Moishezon submanifold then X is not Moishezon.
Proof. Let Y be not Moishezon, i.e. dim(Y) —a(Y) > 1. Then by Lemma we have
a(X) <aY)+dim(X/Y) < dim X — 1,

which implies that X is not Moishezon. This proves the assertion (1).
The assertion (2) follows from the definition of Moishezon manifolds.
The assertion (3) follows from [Uen75l, Corollary 3.9]. O

3.3. Non-Kahler holomorphic symplectic manifolds

In this section we recall the construction of BG-manifolds introduced by Bogomolov in [Bog96].
Then we prove that an algebraic reduction of a BG-manifold is a fiber space over a projective
space.

3.3.1. Kodaira surfaces

The known examples of non-Kéhler irreducible holomorphic symplectic manifolds are constructed
from Kodaira surfaces, so we first recall main properties of the latter ones. Most of the statements
in this paragraph can be found in Kodaira’s original paper [Kod64].
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A Kodaira surface is a compact complex surface of Kodaira dimension 0 with b;(S) = 3. As
b1(S) is odd then S cannot be Kéhler. There are two kinds of Kodaira surfaces: primary and
secondary ones. Every secondary surface is obtained as a quotient of a primary Kodaira surface .S
by a finite cyclic group acting freely on S. Any primary Kodaira surface S can be constructed as
follows. Let E be an elliptic curve and £ be a line bundle on E with the first Chern class ¢1(£) # 0.
Denote by L£* the complement of the zero section in the total space of £. Fix A € C with |\ > 1,
and let gy : L* — L£* be the corresponding homothety. Then the quotient space S = L£*/Z(gy) is
a Kodaira surface. The projection from the total space of £ to F induces the following map:

m: S — E. (3.3.1)

All fibers of 7 are isomorphic to the smooth curve ' = C* /(\) of genus 1. Thus, 7 carries
a structure of a principal elliptic fibration though it does not admit a section. This map is an
algebraic reduction of the Kodaira surface S, see [BHPVAV04] Theorem VI.1.1].

Remark 3.3.2. The standard fiberwise action of the circle S on £* induces on the Kodaira
surface S the structure of a principal S'-fibration over the torus T3 = S! x S* x S'.

One can show that S has the following invariants [BHPVdV04], Table 10]:
Kg~0, a(S)=1, bi(S)=3, bo(S) =4, x(5)=0, p*'(S)=2, h**(9)=1.

Lemma 3.3.3. Assume that f: M --+ S is a bimeromorphic map from a smooth surface M to a
Kodaira surface S. Then M is non-Kdhler.

Proof. Indeed by [BHPVAVO04] IIT1.4.2] the map f is a o-process. Since by [BHPVAV04, 1.9.1]
the o-process does not change the Betti number by, we get by (M) = b1(S) = 3. Thus, M is
non-Kahler. O

3.3.2. Bogomolov—Guan example

Let us recall the first example of simply-connected non-Kéahler compact complex manifolds, which
we call BG-manifolds as in [KVI9]. This example was introduced by D. Guan in [Gua94] and
further studied in [Bog96]. Here we mainly follow Bogomolov’s work.

Let M be a compact complex manifold, then there is a natural action of the permutation group
&, on the M™. Set Sym"(M) = M™/&,, and let M[™ be the Douady space of length n of M.
Then M[™ is a smooth complex manifold and there is a canonical holomorphic map:

§: MM — Sym™(M).

This map is called Douady—Barlet morphism. Note that in general situation the manifold Sym™ (M)
is singular; however, if M is a smooth complex curve, then Sym"(M) is also smooth and the
Douady—-Barlet morphism is identity.

Consider a Kodaira surface S; as we discussed in Section[3.3.1] there is the structure of a principal
elliptic fibration 7: S — E with fiber F on S. Choose a point 0 € E and consider the morphism:

Alb: Sym"E - E, zx={x1,...,xpt—x1+ ...+,
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It is the Albanese map of the manifold Sym”™ E, fibers of the map Alb are projective spaces.
Denote by S the Douady space of length n zero-dimensional analytic subspaces of S. Then
we have the induced projection:

7" = (Sym™(7) 0 §) : S — Sym" E.
Here § is the Douady-Barlet morphism ¢: S — Sym™S, then we can consider the following

composition:
Ty = (Albow["]> CLQ )

Denote by W the fiber of 7, over 0:

wln _
W =7;1(0) T— Alb~(0).

The fiber of the Albanese map Alb containing a point D € Sym"™ F (e.g. D = n(0)) is the projective
space isomorphic to the linear system |D| = PH?(Og(D)), i.e. Alb~'(0) = P"~! by Riemann-Roch
formula.

Since the fibration 7 is principle the action of F' on S induces a fiberwise diagonal action of F
on S and, therefore, on the fiber . Thus, we have a projection

m: W/F — Pt
One can understand the geometry of fibers of the map II.
Lemma 3.3.4. Let II be a map as in . A general fiber of 11 is isomorphic to F™/F.
A more precise description of fibers of II is given in Lemma

Proof. Let ag: E™ — Sym"(F) be the map of symmetrization. Let T = {x1,...,z,} be a point
on the symmetric space Sym"(E) such that Alb(Z) = 0 and z; # z; for all 1 <4 < j < n. By
construction the group &,, acts faithfully on the set 04;31(5). Thus, it acts faithfully on the set of
fibers of ™ over a,' (7).

Thus, the fiber of Sym"(7) over the point T is isomorphic to F™. Moreover, this fiber does not
intersect the indeterminancy locus of the Douady—Barlet map 6. Thus, we get the result. O

Finally, the BG-manifold is constructed as an appropriate finite cover of W/F.

Theorem 3.3.5 ([Bog96| Section 3]). Assume that E is an elliptic curve, L is a line bundle over E
with the Chern class ¢1(L) # 0 and 7: S — E is a Kodaira surface associated with L. For any
integer n = 3 dividing c1(L) there exists a simply connected non-Kdhler compact complex smooth
holomorphic symplectic manifold Q of dimension 2n — 2 and a finite morphism of degree n?:

p: Q — W/F.
The following diagram summarizes the construction of Q.
Q-—LsW/F<2—Wwc Sl 2o Gym™(§) <2~ S x - x § (3.3.6)
N lwo lﬂm lSym"(ﬂ') lﬂ'x-uxw
pr-ic EM =5 Sym™(E) <2 Ex---x E
l Alb
0——F
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Remark 3.3.7. Guan actually proposed two different methods to build non-K&ahler compact holo-
morphic symplectic manifold.

(i) Consider a compact holomorphic symplectic manifold M with the Albanese map alb: M — A.
Let V be a subspace of the inverse images of holomorphic 1-forms from A such that the
holomorphic symplectic structure vanishes on them. Let G be a Lie group of holomorphic
vector field dual to V. Fix a point 2 on A. Then a special smooth cover of alb™*(z)/G is a
compact holomorphic symplectic manifold.

(ii) Given a holomorphic symplectic nilmanifold A corresponding to a Lie group G, one can
try to find a faithful representation of a finite subgroup S of Aut(G). Suppose that this
representation preserves the complex structure as well as the symplectic structure and all
irreducible components of the set

D={neN : s(n)=nforsomeseS}

are of codimension 2 and m; (V)% = 1. Then a desingularization of A//S might be a simply-
connected non-Kéahler holomorphic symplectic manifold.

The first method was used by Guan in [Gua95al for the Hilbert scheme S (] of length n of any
Kodaira surface S. The cover of the orbifold alb™*(z)/G was obtained using its isomorphism to a
quotient of a nilmanifold by a some group. This method is close to the Bogomolov’s one described
above.

The second method was applied in [Gua95b]. The author started with a concrete nilmani-
fold M, ; given by structure equations, where n € N,¢ € Z. Then he obtained a deformation
family of simply-connected holomorphic symplectic manifolds @1, which are non-Ké&hler of di-
mension 2n — 2 parametrized by an integer parameter t.

In particular, if we fix an elliptic curve E, a line bundle £ such that ¢;(£) =t # 0 and construct
the BG-manifold @ of dimension 2n as in Theoremthen (Q is isomorphic to the manifold @, +,
see [Gua95bl Theorem 1].

Example 3.3.8. Consider the manifold constructed as in Theorem but in the case n = 2.
Then the manifold W/F, where W := (Sym? )~1(0), is the fiber of a Kéhler torus of dimension 2
(see Lemma and the induced action of G2 is an involution on this torus. Therefore, W/F
is bimeromorphic to a Kummer K3 and @ is its cover of degree 4. By construction @ is smooth
simply-connected Kéahler holomorphic symplectic manifold; thus, it should be also a K3 surface.

Proposition 3.3.9. Assume that Q is the BG-manifold of dimension 2n—2 and ® is a composition
of the finite cover p and the map I1: W/F — P"~1. Then a generic fiber of ®: Q — P"~! is an
abelian variety; in particular, it is connected.

Proof. Recall some details of the construction of the finite cover p: @ — W/F. Fix the Kodaira
surface S associated with a line bundle £ over an elliptic curve E. There is an action of the group
C* on the complement £* of the zero section in the total space of £. Consider the Kodaira surface
S as a real manifold of dimension 4 and fix a subgroup S' € C*. The action of S! action on L£*
induces a free action on the Kodaira surface S. This action gives us a structure of a fiber space:

P: 8 =T,
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where T' = S/S! is a compact real 3-dimensional torus. This map induces a map from the Douady
space of S to the symmetric space of T":

[n] Sym” (3)od

S Sym" T.

Here Sym”™ T is the quotient of the scheme T x T x --- x T by the action of the symmetric group
&,,. Moreover, since T has a structure of an abelian group one can construct the following map:

Sym" T 20T, 7,

Here Alby maps a set of n points in T to their sum. By [Bog96, Proposition 2.1] the map Alby is
well-defined and fibers of the composition AlbyoSym"(1)): S — T are smooth and irreducible.
Denote by M the fiber of the map AlbyoSym"(¢)) over 0 € T. Then there is an action of the
group S* on M induced from the diagonal action of S' on Sym” T and M/S! is a real manifold of
dimension 4n — 4. Denote by IIr the induced map from M/S' to Alby'(0). Also the map T — E
induces the map r¢ from Alb;'(0) to Alb='(0) = P~ 1,

By [Bog96, Lemma 3.8] there are finite maps of real manifolds 7: Q — M/S! and r: M/S! —
W/F such that the following diagram commutes:

p

A
Q—— M/S' —— W/F

Alb ' (0) X Pt

Moreover, by [Bog96, Lemma 3.8] the degrees of both maps 7 and r are equal to n.

Denote by ¥ the composition of maps r and II. Then by construction, a general fiber of Il is
isomorphic to (S')"/S'; in particular, it is connected. Moreover, the fibers of the map rr are also
connected. Thus, we get that the map ¥ has connected fibers.

Now we fix a general point € P*~! and consider fibers Q, and (M/S'), of maps ® =Ilop
and ¥. By [Bog96, Remark 3.5] we see that the generator of the fundamental group 1 (M/S!) is
induced by an element in 71 ((M/S'),). Moreover, by [Bog96, Corollary 3.7] we see

m1(Qx) C m((M/S")z)

and the index of the subgroup equals n. Since the degree of the map 7|q, : Q. — (M/S'), equals
n we deduce that @, is a connected finite unramified cover of (M/S'),. Therefore, fibers of the
map ® are connected.

Moreover, by [Bog906, Remark 3.9] we see that the connected manifold @, is a finite unramified
cover of a generic fiber of IT which is isomorphic to an abelian variety F"/F by Lemma By the
Serre-Lang theorem [MumT74, Chapter IV], we conclude that @, is an abelian variety as well. [

3.3.3. The algebraic reduction of BG-manifolds

The goal of this section is to prove that an algebraic reduction of a BG-manifold @ is the map ®
described in Section
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We consider a Kodaira surface S as in (3.3.1)) and denote by F' the fiber of w. Denote by n™ the
power of map 7 and by € the map which sends a point on E™ to the sum of its components in F:

" ST — B 781505 8n) = (7(s1), ..., 7(sn));

EZE"_>E; 6($1,...,l‘n):$1+"'+xn.

Denote by A the kernel of the map e. Consider the preimage (7™)~!(A4) of A in S™; there is a

diagonal action of F on (7")~!(A). Denote by X the quotient space (7")~(A)/F and by 7 the

map from X to A:

)"HA)/ F——=S"/F

i [
(

X =(x"
A=e10)——E"

n

Denote the general fiber of 7 by B. By construction the variety A is isomorphic to E*~! and B
is isomorphic to F™/F. The action of F™ on S™ induces the action of B on X and, therefore, on
M(X).

There is a natural action of the symmetric group &, on X and the map 6~ o a: S™ --» Sl
induces the following bimeromorphic map:

X/ 6, --»W/F

Thus, our plan of the proof of Theorem [3.1.1]is first to show that an algebraic reduction of X is the
map 7 to the abelian variety A. As a consequence we will get that an algebraic reduction of the
manifold W/F' is the map II. Then using properties of the map from the BG-manifold @ to W/F
we deduce the result.

Lemma 3.3.10. Let By be the mazimal subgroup of B such that:
M(X)Bo = M(X).
Then either By # 0 or trdega)(M(X)) =n — 1.

Proof. Assume that By = 0 and trdeg4)(M(X)) < n—1. Consider the module 2 of M(A)-linear
derivations on M(X):
9 = DerM(A)(M(X)). (3.3.11)

By Noether normalization lemma, dimpg(a)(Z) = trdegpa)(M(X)) <n —1.

One can construct n — 1 derivations on M(X). Namely, any 1-parameter subgroup I' = {~:}
in B defines a derivation in . The dimension of the abelian variety B equals n — 1; denote its
generators by v1,...,7,_1. To each generator v; one can associate a l-parameter subgroup in B:

Fi = <t'71>

Denote by Dy,...,D,_1 derivations of the M(A)-module M(X) corresponding to 1-parameter
subgroups I'y, ..., ' _1.

By our assumption derivations Dy, ..., D, _1 are linearly dependent over the field M(A). Thus,
there exist meromorphic functions fi,..., fr—1 in M(A) such that

n—1
> fiDi =0. (3.3.12)
=1
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By construction of D; for any function g € M(X) and any a € A such that the fiber n7!(a) is not
a pole of g we have:

(Di(g))‘n—l(a) = Di(g|n*1(a))'
Denote by % the following open subset in A:

%{GEA fila)#0 Fjef{l,...,n—1}

a is not a pole of f; Vie{l,...,n—l}}

By construction for any a € % and any g € M(X) such that n~(a) is not a pole of g we have

ifi(a)Di(ngl(a)) = (i(fp»(;,))

i=1

=0.

n~(a)

Fix an element a € % and consider the following element of the group B:
n—1
Ya = Z fz(a)’ﬁ
i=1

Denote by D, the derivation which corresponds to the l-parameter group I'y = (¢t - ~,. By con-
struction D, (gl,-1(4)) vanishes. Then we get va - gly-1(a) = 9ly-1(a)-

Denote by B! a minimal abelian subvariety of B which contains I'. Since T' is Zariski dense
subset of B!, we get that for each b € B,

b- g|17_1(a) = g|17_1(a)' (3313)

For each a € % we have constructed an abelian subvariety B/ with the property .
Since a choice of an abelian subvariety is a choice of a sublattice, i.e. of discrete data, all these
subgroups coincide, denote by B’ this subgroup of B. By construction the subgroup B’ is non-zero
and M(X)5" = M(X). Thus, we get a contradiction. O

Corollary 3.3.14. If By is the mazimal subgroup of B such that M(X)Po = M(X) then By # 0.

Proof. Assume that By = 0, then by Lemma [3.3.10] we get that X is a Moishezon manifold. This
implies in particular that X carries an algebraic space structure by [Art70]. Therefore, X does
not contain a projective line since any map from P! to the abelian varieties A and B is constant.
Therefore, [BCHM10l Corollary, 1.4.6] implies that X is projective and, consequently, Kahler.

On the other hand, consider the following embedding of the curve E to the abelian variety A:

t:E—ACE"™ v(z) = (—z,2,0,...,0).

Denote (7)1 (E)/F by Xg. The manifold Xg is isomorphic to S xg S x F"~3. Then Xg maps
surjectively to a Kodaira surface S by the projection to the first component. Since S is non-Kéhler
by [Fuj83, Remark 1.1] so is Xg. O

The map 7 induces the map between fields of meromorphic functions of A and X. Now we can
show that this map is an isomorphism.

Proposition 3.3.15. The map n: X — A is an algebraic reduction of X.
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Proof. By construction the abelian variety B is the quotient of the variety F™ by the diagonal
action of F'; denote by gr the map from F™ to B:

gr: F" - F"/F =B

There is the natural action of the symmetric group &,, on S™ and, therefore, on F™. The map gp
induces the action of &,, on B. Denote by By the maximal subgroup of B such that

M(X)Bo = M(X).

The action of &,, on S™ preserves X. Moreover, by construction actions of By and of &,, on X
commute. Thus, By is an &,-invariant abelian subvariety in B. Consider the following subvariety
of F™: B

By = gz (Bo).

Then EO is an &,-invariant abelian subvariety in F™. Consider the embedding of the tangent
subspace of By:

TEO,O — TFn,70.

If EO is 6,,-invariant, then the same is true for TEU,O'

There are only two irreducible subrepresentations of the representation Tpn o = C™ of the
group &,,. Namely, these are a trivial subrepresentation of C and a standard (n — 1)-dimensional
subrepresentation A. The embedding tqing: C — C" is diagonal; i.e. tgiag(2) = (2,...,2). The
image of the embedding ta: A — C" is the hyperplane {} ., z; = 0} where z; are standard
coordinates of C".

If TEO,O = ldiag(C), then By = 0. This is impossible by Corollary

Thus, T , = ta(A) and then By = B. This implies that B acts transitively on fibers of 7
and all meromorphic functions on X are constant on fibers of n. Therefore, M(X) is isomorphic
to M(A). O
Proposition 3.3.16. The map I1: W/F — P"~! is an algebraic reduction.

Proof. The manifold W/F is a resolution of singularities of X/ &,,. Then Proposition [3.3.15implies
M(W/F) = M(X)®" =2 M(A)®n
Since by Abel theorem AS» = P"~! we get the result. O
Corollary 3.3.17. The map ®: Q — P"~! is an algebraic reduction, and M(Q) = M(W/F).
Proof. Since @ is a finite cover of W/F their algebraic dimensions are equal
a(W/F) = a(Q).

Denote by f: Q — Qo an algebraic reduction of Q; by definition of the algebraic reduction there
exists a finite rational map:
po: Qo — P!

By Lemma for a dense set of points x € P"~! we know that the fiber ®~!(z) = (pg o )~ !(x)
is a connected manifold. Therefore, py is a map of degree 1 and consequently ® is an algebraic
reduction of Q. O
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3.4. Submanifolds in BG-manifolds

In this section we are going to give a partial description of subvarieties of BG-manifolds. We give
a construction of manifolds which arises as submanifolds in the quotient space S™/F and show in
which situations they are not Moishezon and not Kéahler. This lead us to the partial description of
submanifolds of S™/F and using it we deduce properties of submanifolds of a BG-manifold Q.

3.4.1. Kodaira-type manifolds

We are going to present a construction of a big class of submanifolds in S™/F. Frequently this
construction leads to a non-Moishezon manifold.
Fix a complex number ¢ € C* with |¢| > 1, and denote by F the elliptic curve C* /¢”.

Definition 3.4.1. Consider a manifold X and a line bundle £ on X. The group ¢” acts on the
complement L£* to the zero section in the total space of line bundle £. Then we call

ML = E*/qZ.
a Kodaira-type manifold with the base X.

Remark 3.4.2. L. Ornea and M. Verbitsky describe a very similar construction of manifolds
inOV05, Section 1.4]. They called these manifolds quasiregular Vaisman manifolds. However, here
we will stick to the terminology we used in [BKKY21].

By construction there is a canonical projection from M, to X:
e My — X.

Note that if X is an elliptic curve and ¢;(£) # 0, then the Kodaira-type manifold M/ is a (primary)
Kodaira surface (see Subsection|3.3.1]). More generally, if X is a smooth curve then the Kodaira-type
manifold over X is non-Kéhler:

Lemma 3.4.3. Let C be a smooth curve and L be a line bundle on C' with ¢1(L) # 0. Then M,
is neither Kahler nor Moishezon.

Proof. The Enriques-Kodaira classification implies then that the surface M, is neither Kdhler nor
Moishezon. O

Given a complex manifold X, consider two line bundles £1, £5 on X, a fixed complex number ¢
in C* and the fibered product
Y = M[;l Xx M£2~

There is a standard diagonal action of the elliptic curve F' = C* /¢” on Y. If we consider the
quotient space under this action, we will get a Kodaira-type manifold.
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Lemma 3.4.4. Assume that X is a manifold, L1 and Lo are line bundles on X. The quotient
of the product My, xx Mg, by the diagonal action of F = C* /¢” is a smooth manifold which is
biholomorphic to Mz, gy -

Proof. We construct a map from Y/F to Mg, £y, starting with an auxiliary map

O:Y = (L£1/d%) xx (L3/4%) = (L1 ® LY)" /%

O(p,l1,lo) =l ®1y.

Here p € X is a point, l; and Iy are points on the fibers (L), and (£3), modulo action of the
group ¢ and by IJ we denote the unique linear functional on (L2)p which maps Il to 1. The map

O is well-defined. If we change [; and [ by another representatives ¢%* -1; and ¢ -l in fibers (L)p
and (L3), of the quotient-sets (£}),/q¢” and (L3}),/q%, then

O (pq" 1, g™ L) =q¢" " (hel) =Ll

The last equality holds, since we consider /3 ® [J as an element in the quotient-set (£; ® £¥); /q”.

Moreover, the map O invariant by the action of F on Y. Since the action of ¢* commutes with
the map O, it suffices to show that for any representative A € C of an element of F' the action of A
commutes with O:

ON-(p,l, L) =0l A L) =X Lo L)Y =XLox - Iy=Ll.
Therefore, the map O factors through the quotient-manifold Y/F and we get the following map:
O: Y/F — M£1®L2V.

Note that any element of (£; ® £§)p can be written as a decomposable tensor [; ® [J. Then we
can define the map
e/: ML‘1®L2V — Y/Fa ®I(Z1 & lg/) = (pa ll; l2)

As above, we can easily see that this is a well-defined map and that ©’ 0 © and © o ©' are identity
maps of Mz, gy and Y/F. Thus, © is a biholomorphism. O

Remark 3.4.5. Lemma implies in particular that M, = M -1.
We can generalize Lemma [3.4.4] to the fibered product of n Kodaira-type manifolds.
Lemma 3.4.6. If L1, Lo,..., L, are line bundles on X, then we have the following isomorphism:
(Mg, xx Mgy, Xx -+ Xx Mg, )/ F = Me,gey Xx .. Mg, ey Xx Mz, gry-
Here we consider the diagonal action of F = C* /¢* on Mz, xx M, Xx -++ Xx Mg, .
Proof. Denote M, by M; and consider the following map:

T: (My xx -+ xXx M,)/F — (Myxx M) /F xx -+ xx (M, xx M) /F;

T(z,my,...,my) = ((x,ma,my),...,(x,m,,mm)).
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If we fix a point ((z, mg, m12), ..., (,Mp,M1,)) € (M Xx M) /FXx -+ xx (M, Xx M) /F then
there exists a unique set of elements fs,..., f, in F such that f; - m;; = mo; for alli =3,... n.
Thus, we can define the following map:

\I]((:L'7m27m12)3 ey (.’L‘,mn,mln)) = (.’L‘,m127m2,f3 -ms, .. -afn : mn)

One can deduce that ¥ o Y = Id hence T is a biholomorphism. We conclude observing that by
Lemma (3.4.4 one has (M; xx M1) /F = Mg, gry- O

3.4.2. Submanifolds in S™/F

Recall that a Kodaira surface S is a principal elliptic bundle 7: S — FE with typical fiber F.
Consider the diagonal action of F' on S™. In this section we give a description of submanifolds in
the quotient space S™/F.

The power 7" of the map 7 induces the following morphism

g S"/F — E™.

Denote by p;: E™ — E and P;: S™ — S the projections from the products E™ and S™ to their i-th
components. The goal of this section is to prove the following assertion.

Proposition 3.4.7. Let X be a submanifold of S™/F, write Z = n'%(X) C E™. Then we are in
one of the following situations:

(1) If Z is a point and X is a subvariety of the fiber F™/F = (n'%)~Y(Z) which is an abelian
variety.

(2) Suppose Z is a smooth curve.

(a) If there exists i and j such that deg(p;|z) # deg(p;lz), then X is neither Kdhler nor
Moishezon.

(b) If for all i and j we have deg(p;|z) = deg(pj|z), then X is Kdhler.

(c) Let L be the line bundle on E appearing in the construction of the Kodaira surface. If for
all i and j we have (p;|z)*L = (pj|z)*L, then X is algebraic. In particular, any variety
in the preimage of Z = {(x,...,x)| x € E} C E™ is algebraic.

(3) If dim(Z) > 2 then X is a neither Kdhler nor Moishezon manifold.
Lemmas and provides us with a description of the fibers of S™/F over any subvariety.

Lemma 3.4.8. Assume that Z is a subvariety in E™, then Ly = (n[™)=1(Z) is a fiber product of
Kodaira type surfaces:

Lz =M@, ) c %z M) e Xz Xz Mp,|5) ¢

where L is a line bundle over E such that S = M.
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Proof. By definition the manifold L is the following pullback:

Lz = (")~ Z)—— 8"

Z——— = FE"

Denote by S; the fibered product of S and Z over E™. Then, Ly is isomorphic to the quotient of
the product Sy x -+ x S,, by the action of F. Thus, by Lemma [3.4.6] we get the result. O

We shall need the following result in the future.

Theorem 3.4.9 ([Var86, Corollaire 2.9, 2.10]). Let X be a Kdhler manifold, Y be a complex
analytic space and w: X — Y be a proper surjective morphism. Assume that one of the following
conditions hold:

e The fibers of m have the same dimension and either Y is normal, or 7 is flat;
e Y has no non-trivial analytic subsets different from divisors (e.g. Y is a surface).
Then'Y s Kahler.

Sketch of proof. Given an analytic space X one can associate to it a space €, (X) of m-cycles in X.
Points of this space are finite linear combinations Zle n;[X;] where n; is a positive integer and X;
is an m-dimensional analytic subspace of X for all 1 < ¢ < k. Then €,,(X) carries a structure
of an analytic space by [Bar75]. Moreover, by [Var86, Théoreme 2] if X is a Kéhler manifold,
then €', (X) is also a Kéhler manifold.

If all fibers of 7 have the same dimension m one can construct a morphism c: Y — %,,,(X)
which maps a point of y to the m-cycle [t ~1(y)] in €,,(X). This map is an embedding; thus, Y is
a Kahler manifold.

Assume that Y has no non-trivial analytic subsets different from divisors. Denote by Z the set
of points such that outside Z the map 7 is equidimensional. The codimension of Z is at least 2;
thus, Z is a union of several points. By the previous argument one can show that Y\ Z is a Kéhler
manifold. By [Miy74] one can extend the Kéahler metric to a point; thus, Y is Kéhler. O

Lemma 3.4.10. Assume that X C S™/F and Z = n"(X) is a smooth curve in E™. If there exists
two indices i and j such that deg(p;|Z) # deg(p;|Z), then X is non-Kdhler and non-Moishezon.

Proof. Consider the fiber Ly = (7I")~1(Z), denote by £; the pull-back p;|% (L) for i = 1,...,n.
Without loss of generality we can assume that degL; # degL;. By Lemmas and we
have Ly /F = Mc,ocy)y Xz -+ Xz M, ocy)- Consider the following composition:

~ pr
X C Lz/F = M(£2®£Y) Xg+++Xyg M(£n®£1v) —1> M(£2®£;/),

where pr; is a projection to the first component of the product. By Lemma we know that Z
is an algebraic reduction of Mz, y). Since X maps surjectively to Z the image of X in M(£,qcy)
coincides with it. Since M(,,g vy is not Kihler by Lemma 31;—3|, we get by Theorem that X
is not Kihler either. By Lemma we get that X is not Moishezon also. O
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Lemma [3.4.10| describes a big class of non-algebraic manifolds inside S™/F. Now we are going
to show that there are some algebraic varieties in S™/F which map to curves in E".

Lemma 3.4.11. If Z is a smooth curve in E™ such that deg(p;|Z) = deg(p;|Z) for all i and j,
then Lz /F is Kahler. Moreover, if all line bundles L; = (pi|z)*L are isomorphic, then Lz /F is
an algebraic variety.

Proof. Consider the fiber L, = (z[")=1(Z), denote by L; the pull-back p;|%(£) for i = 1,...,n.
By the assumption deg £; = deg L, for 1 < i < j < n. By Lemmas and we have the
following isomorphism:

Lz/F = M(£2®LY) Xz Xg M(£n®£}/)'

For any i we have deg(£; ® £}) = 0. Hence the Kodaira type surface Mz,ocy) 1s a compact
complex torus by [BHPVAV04, Section V.5|; thus, it is Kéhler. Therefore, Ly /F is Kéhler.
If all line bundles £; ® £} are trivial, then by construction we get

M£i®£1v = MOZ =7 X F’7
and Lemma implies that Lz /F =2 Z x (F"/F) is an algebraic manifold. O

Remark 3.4.12. Lemma proves in particular that if we consider a diagonal in E™
A={(z,z,...,x)| z € E} € E",
then the fiber Lao/F C S™/F is an algebraic manifold.

Denote by t,: E™ — E™ the translation of the abelian variety E"™ by = = (x1,...,x,) € E™.
Consider the antidiagonal V = {(z, —z)| z € E} in the product E?. Then depending on the Kodaira
surface the fiber over t,(V) in S2/F may or may not be algebraic.

Lemma 3.4.13. If the line bundle L associated to the Kodaira surface S admits a section vanishing
in ezactly one point then there exists x = (x1,x2) € E? such that Ly, ()/F C 5?/F is an algebraic
manifold.

Proof. By construction the fiber Lz is isomorphic to the following fibered product of the Kodaira-
type manifolds:
Lz = Mz £ Xz My: ((—1)-)-

By assumption, there exists a point p on E such that £ ~ Og(N - [p]) for some integer N. We have
(t5,£)® (£, (-1)°L))" = Oz(N - [p—21] = N - [22 = p]) 2 O5(N - [2p — 21 + 73] = N - [0]).

If we fix 1 and x5 such that 1 — x5 = 2p, then this bundle will be trivial. By Lemma the
fiber Lz /F is isomorphic to an algebraic manifold:

LZ/F:MOZ =Z x F.
This concludes the proof. O

Now we study submanifolds in $?/F which map surjectively to the base.
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Lemma 3.4.14. Let S%/F the the quotient space of S? by the diagonal action of F and consider
the commutative diagram

§? —% S2/F
‘rr2
F
E2

If X C S?/F and n%(X) = E?, then X coincides with S?/F and X is not Moishezon.

Proof. The dimension of X equals either 2 or 3. Note that by Lemma the complex space
S?/F is not Moishezon since the Kodaira surface S is not Moishezon. Since 72 is an algebraic
reduction of S? (see Lemma we get that 72 is an algebraic reduction of S?/F, which implies
that any divisor X in S2/F is a preimage of a divisor on E?. But this contradicts to our assumption
7% (X) = E?, so dim(X) = 3 and X coincides with S?/F. O

Here is the proof of Proposition

Proof of Proposition[3.4.7]. If Z is a smooth curve in E™ and deg(p;|z) # deg(pj|z) for some i
and j, then by Lemma the manifold X is non-Kéhler. Otherwise, by Lemma the
manifold X is Kéhler. Moreover, if for all ¢ and j we have (p;|Z)*L = (p;|Z)*L then by Lemma
[3:4.T1] the manifold X is algebraic. We conclude using Remark [3.4.12] and Lemma [3.:4.13]

If dim(Z) > 2, then there exists two indices, say 1 and 2, such that (p; x p2)(Z) = E x E.
Projections to the i-th component of the product P;: S™ — S induce a morphism

(P, x Py)p: S"/F — S?/F,

which maps X to a submanifold Y on S?/F. By the choice of p; and py we get that 7% (Y) = E2.
By Lemma we get that Y = S2/F (in particular, it is not Kihler) and Y is not Moishezon.
Then Lemma |3.2.15 imply that X is not Moishezon. Take a smooth curve Z' C Z such that
deg(p1|z/) # deg(pa|z/). As we showed above the intersection X’ = X N (7™)~1(Z’) is non-Kihler.
Since it is a submanifold of X this implies that X is non-Kéhler. O

3.4.3. Fibers of ¢ and II

In this section we study the special fibers of algebraic reductions of a BG-manifold @ as well as of
the manifold W/F which appears in Bogomolov’s construction. Recall that these manifolds fit the
following diagram:

q 3w

L W/F 1% Sym™(S)

II n
\\\ lﬂ_[n] lSym ()

Pr-1 2 Al (0)— Sym"™(E) 22> E

Q

The next lemma follows from the construction of the symmetric power of a manifold.
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Lemma 3.4.15. Let E be an elliptic curve and let y1,...,y; be | pairwise distinct points on E.
Consider a point G = {y1, .-, Y1,Y2, Y25+ - Yis - - -, Y} in Sym" (E) such that we have exactly m;
copies of y; for each i =1,...,1. Then the fiber of Sym"(w) over ¥ is as follows:

Sym" ()~ 1(y) = FIml x Flmal ... 5 plml,
Moreover, the diagonal action of F in Sym™(S) preserves the structure of the map Sym™(w) and
induces the action of F on a fiber Sym™ (7)1 (%) for any point y.
Fix the following subvariety in Alb~'(0) = P!
D={{yi,...,yn} € Alb~(0) | there exist i # j such that y; = y;} C Sym™(E). (3.4.16)
By definition D is a divisor in P"~!; by the following assertion D is the locus of special fibers of II:

Lemma 3.4.17. Let I1: W/F — P"~! be an algebraic reduction of W/F and D C P"~! be the
divisor defined in (3.4.16) Consider a point = {yi,...,yn} in Alb~1(0) = P!,

(1) Ify & D then II"1(y) is isomorphic to an abelian variety F™/F.

(2) Assume thaty € D. Then all (n — 1)-dimensional components of II1(¥) are uniruled man-
ifolds of Albanese dimension at most n — 2. Moreover, if one has y = {y1,...,yn} such that

there exist | < n integers ki, ...,k such that 22:1 ki =n and

YL =" = Uk FYhatl = = Ykika 7 oo 7 Ykl = 0 = Yne
then one component of I1=1(y) is birational to (F[kl] x Flk2l 5. x F[kl])/F.

Proof. Denote by A, the diagonal in the symmetric power of S:
Ay ={{x1,.. .20} 3,50 ;= 2;} C Sym"(9).

By construction of the Douady-Barlet morphism §: S — Sym™(S) we see that the following map
is an isomorphism:

8lstns-r(py: ST\ (671(AR)) = Sym™(S) \ A,

Fix a point § = {y1,...,yn} in Alb~'(0) = P"~! and consider a fiber of Sym” () over this point.
By construction the diagonal A, intersect the fiber (Sym™(w))~" () along a proper submanifold.
Denote by X;U- - -UX,, all (n—1)-dimensional components of 7[*)~1(7). Renumerating components

we get that the following morphism is birational:
8lx,: X1 = Sym" (7)1 (),

and X; is a rationally connected fibration over subvarieties of A,N(Sym™ (7)) ™" (7) for all 2 < i < m.

If 7 does not lie in D, then k; = ..., = k, = 1 and Sym"(7)"(y) = F™. Moreover, in this
case the fiber Sym”(7)~1(7) does not intersect the submanifold A,, in Sym”(S). Therefore, the
map 6| (;(m1)-1(z) is an isomorphism and (7")~1(y) = F". Since II!(y) = Sym" ()~ !(y)/F and
the action of F' induced from the diagonal action on Sym™(S) one gets that the fiber II=1(7) is
actually isomorphic to the abelian variety F™/F.
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If ¥ lies in D then irreducible components Xo, ..., X,, are uniruled by construction. Moreover,
by Lemma |3.4.15( we get that X; is bimeromorphic to (F[kl] x Flk2] 5 ..o x F[’“l]) JF and k1 > 1
and [ < n — 1. Then the Albanese map for (F[’“] x Flk2]l 5 o0 x F[kl]) is as follows:

Alby: (F[’“] w Flk2l 5 FW) JF — FU/F.

The fibers of the morphism Alby are rational. Thus, X; is bimeromorphic to a uniruled variety.
Therefore, the same is true for X; and we get that all irreducible components of the variety II~1 (%)
are uniruled. Thus, their Albanese dimension are less then their complex dimension. O

Lemma [3:3:4] implies the following description of fibers of an algebraic reduction of a BG-
manifold.

Lemma 3.4.18. Let ®: Q — P"~! be an algebraic reduction of a BG-manifold Q, D be a divisor
defined in ([3.4.16)) and y be a point in P"~1. Then

(1) ify € D, then ®~1(y) is an abelian variety;

(2) if ¥ is a general point on D, then all (n — 1)-dimensional components of ®~1(¥) are uniruled
and their Albanese dimensions are at most n — 2.

Proof. Recall that by [Bog96], Corollary 3.7, Remark 3.9] the branching locus of p: Q@ — W/F is
the union of subvarieties B, of W/F, where  is a torsion element in F' such that its order is a
divisor of n. If the order of v equals 7 then the dimension of B, equals 2/ — 2 and B, consiscts of
points § € W/F of the following form:

?:{yl,(y1+’Y)w~»<y1+(%—1)W>7-~7yl,(yz+7),...,<yl+(%—1)7)}.

If 7 € P! is not a point on D, then by Proposition one gets that ®~1(7) is an abelian
variety.

Let ¥ = {y1,Y1,¥Y2,Y3,---,Yn—1} be a point in D such that all y; are distinct points for distinct
indices 4. Then II7!(z) does not intersect the branching locus of p. Thus fiber ®~1(7) is a an
unramified finite cover of II71(7). Since all (n — 1)-dimensional components of II~!(7) are unir-
uled and their Albanese dimension equal n — 2 by Lemma then so are (n — 1)-dimensional
components of ®~1(7). O
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3.4.4. Proof of Theorem m

In this section we are going to prove Theorem [3.1.3] Recall that BG-manifolds @ fit into the
following commutative diagram:

W St . Sym"S§<—= gn (3.4.19)

T

Q 2~ W/F¢ St/ F L (Sym™ §)/F <2F §n/F

RN R T

Pn*l( E[TL] - Sym"(E) B E™

The upper vertical arrows are quotients by the action of F' and the horizontal maps in the middle
row are induced by the corresponding maps from above. Then the proof of Theorem follows
from the following assertion.

Theorem 3.4.20. Let Q be a BG-manifold of dimension 2n — 2, let ®: Q — P! be its algebraic
reduction and let D be the divisor defined in (3.4.16). If X is a submanifold of Q, set Z = ®(X),
then the following properties are satisfied:

(1) If Z is a point, then X is a subvariety of the Moishezon manifold ®~1(Z); moreover,

(a) if Z € P\ D, then ®=Y(Z) is an abelian variety;
(b) if Z € D then ®1(2) is a uniruled Moishezon manifold.

(2) Let Z be a curve which does not lie in D and a connected component Z of ap'(Z) is smooth

(a) if there exist i and j such that deg(p;| ;) # deg(p;|z), then X is non-Moishezon;
(b) if for all i and j we have (p;|5)*L = (pj|5)* L, then X is Moishezon.

(3) If dim(Z) > 2 and Z does not lie in D then X is not Moishezon.

Proof. Trreducible components of aj' (67(p(X))) are isomorphic to each other. Denote by X one
of them. Note that if Z does not lie in D, then dim(X) = dim(X). Set Z = 7%(X).

If Z is a point, then X is a submanifold of the fiber ®~1(Z) which is a finite cover of the
Moishezon manifold IT71(Z). Lemma and the fact that the degeneration of uniruled manifolds
is uniruled imply points (a) and (b) of the first assertion.

If dim(Z) > 2, then dim(Z) > 2 and X is a non-Moishezon manifold. Therefore, X is also
non-Moishezon by Lemma [3.2.15

Finally, assume that Z is a curve such that its preimage Z in E™ is smooth. Then the result
follows from Proposition m (2) and Lemma [3.2.15 O
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3.5. Automorphisms of BG-manifolds

Our goal in this section is to establish some properties of the group of biholomorphic and bimeromor-
phic automorphisms of BG-manifolds. We prove that the locus of degeneracy is a divisor, describe
its geometric properties and use them to prove the Jordan property for the group of biholomorphic
automorphisms.

3.5.1. Divisor D as a dual variety

In this section we study properties of the variety D defined in . By construction D is a
subvariety in the symmetric power Sym"(FE) of an elliptic curve E.

Let ¢ be the identity element for the group structure on E. The line bundle Og(nxg) is very
ample for n > 3; denote by V the vector space H’(E, Og(nzo))Y. Then by Riemann-Roch theorem
dim (V') = n. The linear system |nzg| defines the following embedding:

E—P(V)=p"!

Denote by EY the projectively dual variety to F; i.e. EV is a subvariety in P(V") whose points
correspond to hyperplanes in P(V') tangent to E:

EY ={H C P(VY)| H is tangent to E in a point x} C P(V").
There is a map from the dual projective space P(V') to the Hilbert scheme of n points of E.

Lemma 3.5.1. If n > 3, then the curve E is not contained in any hyperplane in P*~1. Each
hyperplane H C P! intersects E by n points counted with multiplicities and we have a natural
map from P(VV) to the Hilbert scheme of E:

p: P(VV) = EIM
p(H)=ENH.

The map p induces an isomorphism between P(VV) and Alb~"(0) and p(EY) equals D.

Proof. By construction the line bundle Op((1)|g equals Og(nzo). Thus, for any hyperplane H
in P(V) the divisor H|g is effective and of degree n. Therefore, the map p is well-defined.

Consider a point 7 = {y1,...,y,} on Alb~'(0) and associate a divisor Hy on E to this set of
points. Since Y ., y; = 0 in E we get that Hy is linearly equivalent to nzy. Since P(V) is the
linear system of Og(nx) one gets that there exists a hyperplane H in P(V') such that H|g = Hy.
Thus, we construct the following map:

7: Alb~H0) = P(VY).
By construction the maps p and 7 are inverse one to another. Thus, p maps P(V') isomorphically

to Alb=*(0).
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Consider a hyperplane H which lies in EY C P(V"Y). Then H is tangent to F in a point y; and
intersects F in points ys, ..., yn—1 counted with multiplicities. Thus, we get

HNE= {y17y17y27"'7yn71}c

Therefore, p(H) lies in D. Since EY and D have the same dimension and D is irreducible we get
the result. O

Example 3.5.2. If n = 3, then by Lemma we see that D C P (V") is a dual curve to a plane
cubic curve E C P2, Thus, D is a plane curve of degree 6 with 9 cusps. Such curves are called
Halphen curves of index 2, see [Hal82].

In case when n > 4 the variety D is a natural generalisation of the dual variety to a curve E in
the projective space.

We need the following well-known facts.

Lemma 3.5.3. Let U C P(V) be a linear subspace of codimension 2 which does not intersect E.
If 1 is a line in P(V') which does not intersect U, then the projection from U to | induces a regular
finite map of degree n:

my: B — L.

Lemma 3.5.4. Let U C P(V) be a linear subspace of codimension 2 which does not intersect E.
If 1 is a line in P(V) which does not intersect U, then there is an embedding:

pu:l—=P(VY).
Moreover, oy (1) is the line UY in P(VY).
Definition 3.5.5. Denote by Z the following subvariety of Fl":
Z={g={y1,....yn} € AIb"1(0)| 34 < j<k<lsuch that y; = y; and y, =y} C Alb~*(0).
By definition Z lies in the divisor D C Alb~*(0).

Lemma 3.5.6. The set Z is a proper subvariety of D.

Proof. Take n — 3 pairwise distinct points y1,...,y,—3 € E, choose y such that y & {y1,...,yn—3}

and set s
z = <—2y—2yz> g{yla"wynf?ny}
i=1

Then {y1,...,Yn—3,Y,Yy, 2} is a point on the divisor D, but it does not lie in Z. Thus, Z does not
coincide with D. O

Recall that if D is a divisor in PV of degree d then by definition a point z € D has multiplicity
m, if for a general line I C PV passing through = we have:

iND|=d—m+1.

Here we count points in I N D without their multiplicities.
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Proposition 3.5.7. The degree of the divisor D in Albfl(O) = P(VV) equals 2n. If x is a point
in D such that © = {x1,...,z,} and |{z1,...,2,}| = r then x is a point on D of multiplicity n —r.

Proof. Choose a general linear subspace U in P(V) of codimension 2, then L = UV is a general
line in P(VV). By Lemma we can assume that L N Z is empty. Moreover, without loss of
generality we can assume that U does not intersect £ C P(V).

Choose a line [ C P(V') which does not intersect U and consider the projection 7y : E — [ as in
Lemma [3.5.3] By Lemma [3.5.4) any point  on L corresponds to the hyperplane H which contains
¢y (z) and U.

Then by Lemma the hyperplane H containing <p51(x) and U corresponds to a point on D
only if the point ¢;" () is a ramification point of 7y .

Since my is a map of degree n, the ramification divisor is of degree 2n. Moreover, since L does
not intersect in Z the ramification divisor is a union of exactly 2n distinct points. Thus, deg(D)
equals 2n.

Consider a point € D such that [{z1,...,2,} = r. If r = n — 1, then a general line L
through z does not intersect Z by Lemma [3.5.6] and the multiplicity of = equals 1.

If r<n—1, then x € Z. Since Z is of codimension 2, a general line L passing through x does
not intersect Z in any point except x. Then we conclude that the multiplicity of z equals n—r. O

Denote by Zj the set of singular points on D C P (V") of multiplicity > & by the previous
proposition. These sets give a stratification of D:

0=Z2,C 21 G CZ2C 2 =D.

Proposition 3.5.8. The set Z,_1 C D is a finite set of singular points of mazximal multiplicity.
It does not lie on any hyperplane in P (V) = Alb~1(0).

Proof. By Lemma and Proposition each point of Z,_; corresponds to a point H, ., of
P (VV), where z is a point in the group of n-torsion E[n] = C,, x C,. Thus,

|Zn,1 | = ’I’L2.

There is a standard action of a group of n-torsion E[n] on the projective space P(VV). For
each £ € F[n] and a point Hy, . . inP(VY) we have:

n

5.H11,~-7mn =z +¢,.. .z +E- (3~5~9)

This action induces the action of E[n] on P(V) which leaves the curve E C P(V) invariant and
acts on it by translation with n-torsion points. By [Hul86, Theorem 1.2.5.] this projective action
is induced by the linear action of the standard representation of the finite Heisenberg group #,, on
the n-dimensional vector space V' (for the definition see [Hul86, Page 11]).

Denote by L, a l-dimensional subspace of VY associated to a point H, ., € P(VY) for
some = € Eln|. By the action of each element of H, maps L, to L, for some y € E[n].
Thus, there is a subrepresentation of V'V:

L=(Le)pepm C V"
However the standard representation V of H,, and its dual V'V are irreducible. Thus, L = V' and
there is no hyperplane in P (V") containing all points H, _, for x € E[n]. O
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Denote by Autp(P"~!) the group of biholomorphic automorphisms of P*"~! which preserves D;
i.e. for any ¢ € Autp(P"~!) one has ¢(D) = D.

Corollary 3.5.10. If D C P"~! is the divisor defined in (3.4.16)) then Autp(P"~1) is a subgroup
of the permutation group S,2.

Proof. By Proposition the group of biholomorphic automorphisms Autp(P?~1) of P*»~! which
preserves D should also preserve a finite subset of n? points Z,_; C D, which spans P*~!. There-
fore, the group Autp(P"~!) is a subgroup of the permutation group &,,2. O

3.5.2. Regular automorphisms of a BG-manifold

In this section properties of the automorphism groups of BG-manifolds are studied. We start with
a description of fibers of the algebraic reduction ® of a BG-manifold.

Given a surjective morphism ¢ : X — Y between complex spaces we denote by Bim(X), the
subgroup of Bim(X) which consists of automorphisms g: X --» X such that ¢ = ¢ o g. Recall
that the group Bim(X), can be embedded in the group of bimeromorphic automorphisms of a very
general fiber of ¢.

Lemma 3.5.11 ([PS20, Lemma 4.1]). Let ¢ : X — Y be a surjective morphism with connected
fibers between compact complex manifolds. Let {G;} be a countable family of finite subgroups in
the group Bim(X)y. Then there exists a smooth, irreducible and reduced fiber F of the map ¢ of
dimension dim X — dimY" such that all groups G; can be embedded into Bim(F').

Moreover, given a countable family = of proper closed analytic subsets in'Y the fiber F' can be
chosen so that ¢(F') does not lie in E.

In the next assertion we show that groups of automorphisms of a BG-manifold Q and the
manifold W/F which arises in the construction of ) are very similar.

Proposition 3.5.12. Let Q be a BG-manifold of dimension 2n—2, let ®: Q — P"~ ! be its algebraic
reduction and let A be a general fiber of ®. If D is a divisor (3.4.16) in P"~!, then Bim(Q) fits
into the following short exact sequence:

1 — Bim(Q)s — Bim(Q) - A — 1, (3.5.13)

where Bim(Q)e C Aut(A) and A C Bim(P"~1). Moreover, for any po € A, either D lies in the
exceptional locus of g, or the proper image of D under ¢qg coincides with D.

Proof. Let ¢ be a bimeromorphic automorphism of (). Then by the definition of an algebraic
reduction, there exists a bimeromorphic automorphism ¢y of P*"~! such that ® o p = g o ®. It
remains to show that the divisor D is either exceptional or invariant under ¢.
Since ¢ is bimeromorphic, there exists maximal open subsets % and ¥ in @, such that ¢|y is
an isomorphism onto ¥":
Q0|Q/ U SV

Denote by % o and ¥ the images of % and ¥ in P*~!; these are open subsets in P*~1. If z is a
point in P*~ ! set %, = & 1(x)N% and ¥, = &~ !(x) N ¥. By construction for any x € % the
set %  is dense in ®~1(x) and for any z in ¥ the set ¥, is dense in ®~!(z).
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Assume that the divisor D does not lie in Exc(yp), then % ¢ ND is not empty. Let 2 be a point
in %oND. Then by construction one has (%) = ¥ (). Thus, by Lemma we get that
the fiber 7 () is not birational to an abelian variety and ¢o(x) lies in D. Therefore, the proper
image of D coincides with D. O

Now we can prove that the group of biholomorphic automorphisms of BG-manifold is Jordan.
Theorem 3.5.14. Let Q be a BG-manifold. Then the group Aut(Q) is Jordan.

Proof. Assume that dim(Q) = 2n — 2. Denote by Aut(Q)s the intersection of the groups Bim(Q)e
and Aut(Q). By Proposition [3.5.12] there is a short exact sequence of groups

1— Aut(Q)e — Aut(Q) — Aayt — 1.

Here Ay is a subgroup of A C Bim(P"~1) consisting of the bimeromorphic automorphisms of P71
induced by biholomorphic automorphisms of Q). By construction, no element ¢y of Aayg contracts
divisors in P"~1. This implies that (g preserves the linear system of Opn—1(1). Thus, the automor-
phism ¢ is a biholomorphism and Ay lies in the intersection A N Aut(P"~1).

By Proposition we get that for any element g in Aa, one has po(D) = D. Thus, by
Corollary the group Aays is a subgroup of a permutation group &,,2; in particular it is finite.

By Le the group Aut(Q)e is a subgroup of the group Bim(Q,) where Q, = ®~1(z)
and x is a very general point on P*"~!. By Lemma this implies that the group Aut(Q)e is a
subgroup of the group of bimeromorphic automorphisms of an abelian variety of dimension n — 1.
Since the group of bimeromorphic automorphisms of the abelian variety coincides with the group
of biholomorphic automorphisms of it and by [MZ18] we get that the group Aut(Q)e is Jordan.

Finally, the group Aut(Q) is an extension of a finite group Axy; by a Jordan group Aut(Q)s.
Then by [PS20, Lemma 2.1] the group Aut(Q) is also Jordan. O

3.5.3. Bimeromorphic automorphisms of a BG-fourfold

In this section we prove the Jordan property for a BG-manifold of dimension 4. In order to do it
we study in details the divisor D C P? defined in and groups of birational automorphisms
which preserve such pair.

Let D be a reduced divisor in an algebraic variety X. By Birp(X) we denote the group of all bi-
rational automorphisms f: X --» X such that the proper transform of D under f coincides with D.
Recall that an embedded resolution of a pair (X, D) is a birational morphism §: X — X such that
the proper transform of D is a smooth subvariety. In the case where X is a surface the embedded
resolution exists by [Har77, Proposition V.3.8]; moreover, there is a canonical construction of an
embedded resolution g : )N(o — X such that any embedded resolution of D factors through dy. We
call such morphism &g the minimal embedded resolution of (X, D).

Here we recall a theorem which describes the group Birp (P?) where D is a singular curve.

Theorem 3.5.15 ([BPV09, Corollary 2.3.6]). Let n > 0 be an integer, let D C P? be a curve of
degree 3n and let 6o: Xo — P? be the minimal embedded resolution of D. If Sing(D) = {p1,...,px}
and the multiplicity of D in the point p; equals n for all 1 < i < k, then for any f € Birp(P?) there
exists fo € Aut(Xy) such that:

50 () fO = f O 50.
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Proof. Let H be the class of hyperplane section on P2. Then the divisor D C P? is numerically
equivalent to 6 H. Let d be an integer such that f*H = dH. If d = 1 then f is regular; thus, we
can assume that d > 2. By [Kol07, Corollary 3.18] there exists a smooth variety X and birational
morphisms §: X — P? and g: X — P? such that the following diagram commutes:

X
SN
P27**£**>P2

Moreover, we can assume that § is an iterated blow-up in points. Let Xoo = P? and X m, = X,
then § is the following composition:
Okm Oy, — O1m

X = Xpmy —255 Xy o1 — 2ty 022 x) 220 xS 2 x ) O X = P2
Namely, we set my = 0 then there exists integers my,...,m; > 0 and § is the composition of
birational morphisms:

(Sij: X,’j — Xi/j/,

where ¢/ =i and j/ =j—1ifj >2and ¢/ =¢—1, j/ = m;_; if j = 1. The morphism d;; is
the blow-up of a point p;;» € Xy ;. Denote by D;; the proper preimage of D in X;; and denote
by E;; C X the inverse images of the exceptional divisor of d;; to X. Then one has Ef] = —1 and
E; j, - Eiyj, = 0 for all pairs (i1, j1) # (i2, j2). Moreover, the canonical class of X is as follows:

k my

Kx=-3H+Y > Ej.

i=1 j=1
Denote by HeN L(X) the divisor class g*H. Then by construction there exist integers a;; =0
where 1 < i< k and 1 < j < m; such that

k my

i=1 j=1
By construction a;; = 0 if and only if the point p; j» = §;;(E;;) does not lie in the indeterminancy

locus of the composition f o d13 0812008y Xyjr — P2 where i/ =i and j' =j—1if j > 2
and i =i —1, 7/ = m;_1 if j = 1. Therefore, by projection formula one gets:

k m; k m; k m;
—3d—ZZaij = —36*H+ZZE” . dé*H—&—ZZaijEij
i=1j=1 i=1 j=1 i=1j=1

=Ky -[H)=Kx -g*H=-3. (3.5.16)

Denote by D C X the proper preimage of the divisor D under g. One the one hand, since the linear
system of D in P? is free one has [D] = 3ng*H. On the other hand, since the proper preimage of D
under f coincides with D one has:

k my

[D] = 6*[D] + Z ZMijEija

i=1 j=1
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where M;; is the multiplicity of the curve D;; C X;; in the point p;; € X. By assumption of the
theorem one has M;; < n forall 1 < ¢ <k and 1 < j < m;. The computation of the product of
classes H and [D] leads us to the following equality:

k. m;

3nd — Zl Zl Mijaij =
i=1 j=
k m; k my _ ~
i=1 j=1 i=1 j=1

The formulas (3.5.16)) and (3.5.17) implies the following equality:

k my

Z Z(n — Mij)aij =0.

i=1 j=1

Since one has M;; <nand a;; > 0forall 1 <7< kand1<j<m; we get that for any ¢ and j one
has either a;; = 0 or M;; = 2. Note that if M;; # 2 then the point p;; either does not lie on D;; or
it is a smooth point of D;; and in this case p;; does not lie in the Ind(f o d11 0 d12 0 - -0 d;;).
Therefore, if 5: X — P2 is an embedded resolution of the pair (P2, D) then the map f o 5 is
regular. Let 6yoXo — P? be the minimal embedded resolution of (X, D); then fody is an embedded
resolution of D. Thus, the composition f ody factors through dy i.e. there exists fy € Aut(Xy) such
that f o dy = dp o fo. Thus, we get the result. O

Moreover, by the next assertion we get that the group of bimeromorphic automorphisms of a
4-dimensional BG-manifold is also Jordan.

Theorem 3.5.18. If Q) is a BG-manifold of dimension 4 then the group Bim(Q) is Jordan.

Proof. Let ®: Q — P? be an algebraic reduction of @ defined in Theorem and let D C P?
be the divisor defined in . By Proposition the group Bim(Q) fits into the exact
sequence @ and for any element g € A one has D C Exc(g) or g(D) = D.
By Example [3.5.2] we get that D is a curve of degree 6 and geometric genus 1 with 9 cusps.
Since the geometric genus of D equals 1 it cannot lie in Exc(g). Thus, A is a subgroup of the
group Birp(P?). Denote by §: X — P? the minimal embedded resolution of the pair (P2, D). Then
by Theorem [3.5.15] one has the following equality:

AC BirD(IP’Z) = Birp, (X) = Autp, (X),

where Dx is the proper transform of D to X and Autp, (X) = Birp, (X) N Aut(X).

There exists at least one cubic curve C C P? which passes through 9 points Sing(D). The
curve 2C does not coincide with the curve D since D is reduced. Thus, there is a pencil of sextic
surfaces passing through Sing(D) and it induces the rational map:

w: P2 -5 PL,

and curves D and 2C' are fibers of m. Then there exists a birational morphism 5: X — X such that
the following composition is a regular map:

T )~(—>]P’1,
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is a regular map. Then X is a smooth elliptic surface. Moreover, the curve D € | — 2K ¢ is a
fiber of the map 7. Thus, 7 is the map given by linear system | — 2K ¢|. By construction Kf? =0.
Therefore, there is no sextic curves in P? passing through Sing(D) with multiplicities 2 except linear
combinations of D and 2C, see also [Hal82].

Thus, we get Autp, (X) = Autf)()?) where D is the proper preimage of D to D. Then by
construction Aut 5()2' ) fits into the following exact sequence:

1 -G — Autp(X) - G — 1,

where G’ is a subgroup of Aut(F) for a general fiber F' of ¢|_sx, | and G” is a subgroup of the

group Aut(P!) induced by elements of Autf,(f().

Fibers of smooth elliptic surface are either smooth elliptic curve or unions of several rational
curves. The action of the group Autz(X) preserves the smooth fiber D and the set of singular
fibers. By [CF03| Lemma 3.7] there exist at least two singular fibers of ¢|-2k |- Thus, the group G"
is finite.

Since for any finite subgroup of Aut(F') for a smooth elliptic curve F its order is at most 6, we
get that there exists a number C such that for any finite subgroup G C Aut 5()? ) one has |G| < C.
Then the group A also satisfies this property. Thus, by Proposition and by Lemma

we get that the group Bim(Q) is Jordan. O
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Conclusion

We studied 3-subgroups in groups of birational automorphisms of rationally connected threefolds.
Taken together, the results [Proll], [Prold], [PSI8|, [Xu20], [Log2l] and Theorem [I.1.5 give a
sharp bound on the minimal cardinality of generating sets of p-subroups in these groups for all
prime numbers p. Thus, this project is finished.

Also we proved that groups of regular automorphisms of quasi-projective surfaces over fields
of characteristic p > 0 are p-Jordan. It is natural to try to generalize this result to dimension 3.
However, Lemma [I.3.6] cannot be generalized to higher dimension since in positive characteristic
there exist non-rational unirational varieties. In particular, there is a long list of non-rational
unirational surfaces, see [Kat81], [KS20], [KS79], [Miy76], [Ohh92], [RST8|, [Shi74], etc. Thus, it
would be very interesting to study these surfaces and try to construct an example of quasi-projective
threefold which automorphisms group is not p-Jordan.

The criterion which we construct in Theorem [2.1.3] works in the case of Example How-
ever, it would be very interesting to see if it is applicable for other examples of positive entropy
automorphisms: for instance it is not clear whether Examples and are regularizable.

Another natural question is whether the automorphism f,,  ,, : P3 --» P3 in Example
is primitive or not. In Theorem we managed to prove that f,, ., does not preserve the
structure of a fibration over a surface. The idea of our proof was as following. Assume that
there exists a dominant map 7: P3 --» B and g € Bir(B) such that 1 < dim(B) < dim(X) and
TO fpi...pr = gom. In the case where B is a surface by [Tru20] one has 1 < A (fp,,...pr) = A1(9);
i.e. g has non-trivial dynamics which allows us to show that this situation is impossible. If we want
to show that f,, .. p, is primitive it remains to consider the case where B is a curve; this situation is
more complicated since g has no interesting dynamics. Thus, one should use some other approach.

There are also many natural questions about BG-manifolds. In Theorem [3.1.4] we proved that
the group of biholomorphic automorphisms of such manifold is Jordan; however, we constructed
no concrete examples of an automorphism of a BG-manifold. Thus, it would be very interesting
to find constructions of biholomorphic or bimeromorphic automorphism of a BG-manifold. One
can use constructions of automorphisms of Kodaira surfaces described in [FNO05] and understand
whether they induce an automorphism of a BG-manifold. Another direction which looks curious
is to prove that the group of bimeromorphic automorphisms of a BG-manifold of dimension 2n is
Jordan for n > 3. By Theorem this is equivalent to the study of the decomposition group of
the divisor D is the projective space P" where D is the dual variety to a twisted cubic curve. Thus,
it is a purely algebraic problem which seems to be very natural and interesting.
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Titre : Automorphismes birationnels des variétés

Résumeé : La thése couvre divers problémes portant
sur les groupes d’automorphismes réguliers et bira-
tionnels de variétés algébriques complexes, et ex-
plore les différences et les similitudes entre ces deux
groupes.

Dans un premier temps, nous nous intéressons a la
description des sous-groupes finis du groupe des au-
tomorphismes birationnels Bir(X) d’'une variété com-
plexe rationnellement connexe X de dimension 3.
Nous prouvons que tout 3-sous-groupe peut étre
généré par au plus 5 éléments et dans tous les
cas sauf deux, il peut étre généré par au plus
4 éléments. Nous décrivons également le groupe
des automorphismes réguliers Aut(S) d’'une surface
quasi-projective S définie sur un corps k tel que
char(k) p > 0. Nous montrons que ce groupe
satisfait la propriété p-Jordan. Lun des principaux
ingrédients ici est le programme du modéle minimal
(MMP), qui nous permet de réduire des questions sur
les groupes finis de transformations birationnelles a la
classification de groupes d’automorphismes réguliers
de variétés algébriques trés particulieres obtenues
aprés application du MMP.

Ensuite, nous considérons des automorphismes bi-
rationnels d’ordre infini, et essayons de comprendre

Mots clés : Automorphismes, Degrés dynamiques, Géométrie birationnelle

quand il est possible de construire un modéle bira-
tionnel ou I'automorphisme induit est régulier. Nous
nous intéressons principalement a I'exemple d’auto-
morphismes birationnels d’une variété rationnelle de
dimension 3 introduits par J. Blanc. Cet automor-
phisme birationnel induit un pseudo-automorphisme
sur un modéle birationnel spécial de I'espace pro-
jectif, c’est-a-dire qu’il a un petit lieu extrémal ; par
conséquent, il est proche d’étre régulier. Cependant,
le résultat principal de la deuxieéme partie de la these
est que ces applications ne sont pas conjuguées a
des automorphismes réguliers.

La derniere partie de la thése porte sur la des-
cription du groupe d’automorphismes d’'une classe
de variétés non-Kahlériennes introduite par D. Guan
et étudiée plus en détails par F. Bogomolov. Nous
prouvons que la réduction algébrique de la variété
Bogomolov-Guan de dimension 2n est I'espace pro-
jectif de dimension n, puis nous étudions le lieu
des fibres singulieres d’'une réduction algébrique
et concluons que le groupe des automorphismes
réguliers des variétés Bogomolov-Guan est Jordan.
Dans le cas de la dimension 4 il en est de méme pour
le groupe des automorphismes biméromorphes.

Title : Birational automorphisms of varieties

Abstract : The thesis covers various problems on
groups of regular and birational automorphisms of al-
gebraic and complex varieties, and roughly explores
the differences and similarities between these two
groups.

First, we focus on the description of finite subgroups
of the group of birational automorphisms Bir(X) of a
rationally connected complex threefold X. We prove
that any 3-subgroup in Bir(X) can be generated by
at most 5 elements and in all but two concrete cases
it can be generated by at most 4 elements. Also we
describe the group of regular automorphisms Aut(S)
of a quasi-projective surface S defined over a field k
such that char(k) = p > 0. We show that this group
satisfies the p-Jordan property. One of the main in-
gredients here is the MMP, which allows us to reduce
questions about finite subgroups of birational trans-
formations to classifying groups of regular automor-
phisms of very special algebraic varieties that arise
as the end result of MMP.

Then we consider birational automorphisms of infi-
nite order, and try to understand when it is possible

Keywords : Automorphisms, Dynamical degrees, Birational geometry

to construct a birational model where the induced au-
tomorphism is regular. We are mainly interested in a
family of examples of birational automorphisms of the
projective space introduced by J. Blanc. These bira-
tional automorphisms induce pseudo-automorphisms
on a special birational model of the projective space
i.e. it has a small extremal locus, and is therefore close
to being regular. However, the main result of the se-
cond part of the thesis is that it is not conjugate to a
regular automorphism.

The last part of the thesis is concerned with the des-
cription of the automorphism group of a class of non-
Kéahler manifolds introduced by D. Guan and further
studied by F. Bogomolov. We prove that an algebraic
reduction of Bogomolov-Guan manifold of dimension
2n is the projective space of dimension n. Then we
study the locus of singular fibers of an algebraic re-
duction and conclude that the group of regular auto-
morphisms of Bogomolov-Guan manifolds is Jordan.
In the four-dimensional case the same is true for the
group of bimeromorphic automorphisms.
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