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Résumé

Cette these porte sur I'étude des perturbations singulieres anisotropiques d’une certaine classe de
problemes elliptiques linéaires et non linéaires. Ces problemes modélisent des phénomenes de diffu-
sion dont les coefficients de diffusion tendent vers zero dans certaines directions de I'espace. Nous
étudions le comportement asymptotique de la solution dans certains espaces pseudo-Sobolev.

Dans un premier temps, nous nous intéressons a la question d’approximation par la méthode de
Galerkin et a la question de sa préservation asymptotique pour un probléme semi-linéaire monotone.
A Taide de la technique du produit tensoriel, des estimations d’erreurs des problemes continus et
discrets sont obtenues. La question du comportement asymptotique du semi-groupe de la chaleur
est également abordée.

Dans un second temps, nous étudions la conservation de la régularité elliptique pour le comporte-
ment asymptotique de la solution du probléeme semi-linéaire, des convergences locales et globales sont
étudiées.

Dans un troisieme temps, nous étudions un probléme non monotone avec un terme non linéaire
abstrait. Des applications a des problémes intégro-différentiels non standards sont envisagées, no-
tamment a I’équation du transport des neutrons.

Finalement, nous étudions le cas des problemes avec données irrégulieres, nous nous limitons au cas
L? avec 1 < p < 2. Des estimations du taux de convergence sont obtenues dans différents cas pour
le probleme linéaire. Des questions de convergence pour des problémes non linéaires sont également
traitées.

Mots-clefs: Perturbations singulieres anisotropiques, Problémes elliptiques, Comportement asymp-
totique, Méthode de Galerkin, Semi-groupe de la chaleur, Taux de convergence, Données LP, solution
entropique.
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Abstract

This thesis deals with the study of anisotropic singular perturbations of some class of linear and
nonlinear elliptic problems. These problems model diffusion phenomena whose diffusion coefficients
go to zero in certain directions of the space. We study the asymptotic behaviour of the solution in
some pseudo-Sobolev spaces.

First, we are interested in the question of approximation by Galerkin’s method and the question of
its asymptotic preservation for a monotone semilinear problem. Using the tensor product technique,
error estimates of continuous and discrete problems are proved. The question of the asymptotic
behaviour of the heat semigroup is also discussed .

In a second time, we study the conservation of the elliptic regularity for the asymptotic behaviour
of the solution of the semi-linear problem, local and global convergences are studied.

Thirdly, we study a non-monotonic problem with a nonlinear abstract term. Applications to non-
standard integro-differential problems are discussed, in particular to the neutron transport equation.
Finally, we study the case of problems with irregular data, we limit ourselves to the case LP with
1 < p < 2. Estimates of the rate of convergence are obtained in different cases for the linear problem.
Convergence questions for nonlinear problems are also considered.

Key-words: Anisotropic singular perturbations, Elliptic problems, Asymptotic behaviour, Galerkin’s
method, Heat semi-group, Convergence rate, LP data, entropy solution.
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Introduction

Les problémes de perturbations singulieres occupent une place importante parmi les problemes math-
ématiques étudiés actuellement et dans le passé. Ces problemes apparaissent souvent dans la nature,
ils sont caractérisés par la présence d’un parametre physique e tres petit. On les rencontre dans
les équations algébriques, les systemes linéaires, les équations différentielles ordinaires, et dans les
équations aux dérivées partielles. Dans le cas de ces derniéres, et en se basant sur les problemes
étudiés dans la littérature, on peut les classer selon la position du petit parametre. Dans certains
problemes, la perturbation se produit dans le domaine, et dans d’autres, elle se produit dans les
coefficients, par exemple dans des coefficients de diffusion, ou de viscosité, etc.... Pour les problemes

elliptiques, on peut classer les perturbations qui affectent les coefficients en deux catégories :

— Des perturbations singulieres "classiques" dont les coefficients de diffusion tendent vers 0 dans

toutes les directions de I'espace. Des prototypes sont donnés par
— eAu, + u. = f, +conditions aux bords (1)

eA’u, — Au, = f, +conditions aux bords (2)

L’étude des problémes ci-dessus et d’autres est présentée dans le livre de Lions [30], le lecteur

pourra également consulter les travaux de Denise Huet [1], [2], [3] .

— Des perturbations singulieres "anisotropiques" dont les coefficients de diffusion tendent vers 0,

seulement dans certains directions de I'espace. Un prototype est donné par

— eAx,u. — Ax,u. = f, u. = 0, sur 09, (3)
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ot Ay, et Ax, sont les laplaciens de RY et RM~Y respectivement, N est la dimension de
'espace, et  est un ouvert borné de RY. Un probléme elliptique linéaire général, donné sous

sa formulation variationnelle, est de la forme

ue € HY(Q) et /Q AV, - Vidz = /Q Fodr, Y € HL(S). (4)

Ces dernieres ont été introduites récemment par Chipot dans [6], une étude de (4) quand f €
L?(Q) a été réalisée dans [8]. Des probleémes elliptiques impliquant des p-laplaciens, un probléme
semi-linéaire, probléeme de 'obstacle, et un probleme intégro-différentiel ont également été étudiés
dans [9] et [10]. Les résultats démontrés concernent, d’une maniere générale, la convergence forte de u,
et Vx,u. dans L%(Q) ainsi que I'estimation du taux de convergence. Donnons une bréve comparaison
entre les difficultés rencontrées lors de 1'étude de ces deux types de perturbations. Prenons (2) et
(3) mais avec des seconds membres non-linéaires. D’une maniere générale, la convergence faible de
ue est facile a prouver dans les deux cas, mais le passage a la limite dans le terme non-linéaire serait
plus simple dans le cas de (2) car la convergence faible de Vu, est facile a obtenir ce qui implique
une convergence forte (d’une sous-suite) de u, et le passage a la limite dans le terme non-linéaire est
obtenu, tandis que dans le cas de (3), 'espace dans lequel u, et sa limite faible vivent, ne s’injecte
d’une maniere compacte dans aucun espace de Lebesgue.

Théoriquement, les perturbations singulieéres peuvent étre étudiées de deux manieres. Dans la
premiere, le petit parametre € est une donnée physique du probleme P.. Dans ce cas, on cherche le
lien entre wu,, la solution de P, et la solution v du probléme limite P, qui correspond a € = 0. Dans
la deuxiéme, on cherche a étudier I'existence d’une solution a un probléme qui présente certaines
singularités. Dans ce cas, on introduit un terme affecté d’un petit parametre afin de rendre le
probléeme plus régulier. Ainsi, dans [22] par exemple, Coclite a étudié I'existence d’une solution pour
une équation intégrale non linéaire de type Hammerstien avec un noyau singulier en régularisant
le probleme avec le terme —eAu,. Dans le cadre des perturbations singuliéres anisotropiques, un

probléme elliptique simple est donné initialement sous la forme

—Ax,u = non-linéarités,

2 INTRODUCTION



INTRODUCTION

oll u est définie sur un ouvert de RY. Remarquons que Ay, n’est pas elliptique sur RY, il l'est
seulement sur RV 9. Prouver 'existence d’une solution pour ce probléme elliptique "non-standard"
a l'aide du théoreme de Schauder (par exemple) n’est pas possible, par défaut de compacité. Pour
le résoudre, on régularise avec le terme supplémentaire —eAy,. Comme probléme "non standard" on
rencontre par exemple le modele du transport des neutrons [9)].
Dans ce mémoire, nous nous intéressons a 1’étude de perturbations singulieres anisotropiques pour
des problemes elliptiques linéaires et non linéaires selon la régularité des données des problemes.
Plus précisément, nous étudions le comportement asymptotique de la solution d’apres la régular-
ité du second membre et de la matrice de diffusion A. Nous examinons également des questions
d’approximation. Avant de donner le résumé de chaque chapitre, nous allons définir la matrice de
diffusion A, impliquée dans tous les probléemes étudiés dans ce mémoire.

Soit © un ouvert borné de RY. Soit N > ¢ > 1, on pose z = (z1,...,zx) = (X1, X») € RI x RN~¢

i.e. on décompose les coordonnées en deux parties. Avec cette notation on pose

\Y
_ T X1
0t - (T0).

ou

VX1 = (axlv "'7amq)T et VXQ = (amq-!-l’ ""axN)T'

Soit A = (a;j)1<ij<n : & = My(R) une fonction qui satisfait les hypotheses d’ellipticité
o Il existe A > 0 tel que pour p.p. = € Q

A€ - € > X[ pour tout € € RV, (5)

o Les coefficients de A sont bornés, c-a-d
aij € L=(Q) pour tout (i,5) € {1,2,...., N}*. (6)
On décompose A en quatre blocs
A Ap
A= , 7
<A21 Ay, (7)

INTRODUCTION 3
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ou Ay, Ay sont des matrices ¢ X g et (N — q) x (N — q) respectivement. Pour € € (0, 1] on pose

A — €2A11 €A12
‘ €Aor  Axp )’

0.1 Résumé du chapitre 1

Ce chapitre est consacré a 1’étude d’une méthode de Galerkin générale pour un probleme semi-linéaire
monotone. On s’intéresse a la préservation asymptotique de la méthode et a ’estimation de ’erreur.
A T'aide d’une approximation de Galerkin particuliere on démontre un nouveau résultat sur le taux de
convergence ||u. — u|| pour le probléme linéaire (4). On démontre également un nouveau résultat sur
le comportement asymptotique du semi-groupe généré par l'opérateur —div(A.V-), un tel résultat
permet d’étudier des problemes de perturbations singulieres anisotropiques d’évolution du point de
vue fort (solutions fortes). Pour un probléme parabolique linéaire on obtient une convergence forte
du type sup,ejo 7y [ue(t, ) — u(t, )| z2() — 0 . Pour des probleémes paraboliques, et hyperboliques du
point de vue faible (solutions faibles), le lecteur pourra consulter [7], [12], et [13]. Dans [7] les auteurs
obtiennent une convergence de la forme |[ue — u||r2(0,71x) — 0 pour un probléme parabolique non
local. Certains résultats de ce chapitre constituent la base d'un travail (en cours) en collaboration
avec David Maltese sur ’étude numérique de ces problemes. Pour les perturbations singulieres
"classiques', des méthodes d’éléments finis conformes et non-conformes ont déja été étudiées depuis
longtemps. Voir par exemple [23] et [24] et les références citées dans ces deux articles pour une étude
de problemes de type (1). Les résultats de ce chapitre ont fait I’objet d’une publication [18].

Soit £ = w; X wy o1l w; et wy sont deux ouverts bornés de R? et RY=9 avec N > ¢ > 1. Soit

f € L*(Q2). On considere le probleme
B(ue) — div(AVue) = f dans €, (8)

complété par la condition aux limites

ue = 0 sur OS2 (9)

la fonction A = (a;j)1<ij<n @ @ = My (R) vérifie les hypotheses d’ellipticité (5), (6). La fonction

4 INTRODUCTION
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£ : R — R satisfait les hypotheses:
3 est continue et croissante et 3(0) = 0. (10)

IM >0:Vs € R,|8(s)] < M (1+|s|). (11)
La formulation faible de (8)-(9) est

ue € H} (), (12)

ou l'existence découle du théoreme de Schauder grace a (5), (6),(10), (11). Le probléme limite est

donné par

B(u) — divx,(A»Vx,u) = f dans , (13)
complété par la condition aux limites
u(X1,) =0 sur Jws, pour X; € w;. (14)
On introduit 'espace fonctionnel
Hy (9 w,) = {v € L*(Q) tel que Vx,v € L*(Q)V "7 et pour p.p. X; € wy,v(X1,") € H&(WQ)},

équipé de la norme Hilbertienne [|Vx, (+)|;2(q)v-.- Notons que cette norme est équivalente a

9 1/2
(H(')HLQ(Q) + HVXz(‘)”LZ’(Q)N—q) ;
grace a 'inégalité de Poincaré
V]l 20y < o V201l 2(yv—a » POUT tout v € Hy(Q5w2). (15)

L'espace Hj(Q) est normé par [V ()|l 2yn. On vérifie immédiatement que linjection Hj(Q) <
H{ (2, ws) est continue. La formulation faible du probléme limite (13) — (14) est donnée par

S, Bu) (X1, )Yd Xy + [, A2a( X1, ) Vix,u(X1, ) - Vx,d Xy
= Ju, f(Xyq,) vdXy, Vo € H&(wz) (16)
u(Xh ) < Hﬂl(w2)7 pour p.p. X1 €w

Un autre probléme semi-linéaire avec une certaine croissance polynomiale a été étudié dans [10] dans

le cas A = Id.

INTRODUCTION )
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Le concept de préservation asymptotique a été introduit par S. Jin in [19] pour des Schémas
numériques quelconques. Dans [25], par exemple, le lecteur trouvera une étude assez vaste de ce
concept pour des modeles de la mécanique des fluides. L’un des aspects de cette notion peut étre

modélisé par le diagramme commutatif

Ici, P., est 'approximation de Galerkin du probleme perturbé P, et P, est 'approximation de
Galerkin du probleme limite F,. L’approximation des espaces dans la méthode de Galerkin est prise

au sens suivant [26]

Définition 0.1. Soit (V,,) une suite de sous-espaces de dimensions finies d’un espace de Hilbert H.

On dit que (V,,) approche H, si pour tout w € H.
vlél‘ﬁn |lw—wvl|l; — 0 quand n — oco.

Pour une suite (V,,) de sous-espaces de dimensions finies de H}(Q), et pour tout € € (0,1] et

n € N, on note u., 1'unique solution de

Jo Buen)pd + o ANV U, - Vodr = [q f edr, Yo € V.
(17)
Ueq € Vi
On suppose que
Oy, 055 € L(Q),0,,ai5 € LZ(Q) pouri=1,...,qet j=q+1,...,N. (18)

Nous avons le théoréme suivant :

Théoréme 0.2. Soit Q) = w; X wy ol w; et wy sont deux ouverts bornés R et RN~ respectivement,
ou N > q > 1. Supposons que f € L*(Q) et que (5),(6), (10), (11), et (18) sont satisfaites. Soit (V)
une suite de sous-espaces de dimensions finies de H}(Q)) qui Uapproche au sens de la Définition 0.1.

Soit (uey) la suite de solutions de (17), on a:
lim(limuy,) = lim(limue,) = u, dans H3 (2 ws),

€

ot u est la solution unique de (16) dans HE(Q;ws).

6 INTRODUCTION
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La preuve de ce théoreme est basée sur un lemme de type Céa qui donne les deux estimations

suivantes
1
2

IV x5 (e = )l 20 < Ceca (Uigvf IV x, (v — U)|!L2<Q>N—q) ,

!

C’céa :
I9 (e = ulzza < 52 (nf 1900 = u)llaay )

D=

et sur une autre estimation de la forme:

1V st — )l yov—a < € (C1 IV st 2y + Co 120y (19)

Ces estimations combinées avec l'inégalité triangulaire fournissent également une estimation de
Perreur globale ||V x,(ten — )| r2)v-a. Passons maintenant a l'estimation du taux de conver-
gence globale pour le probléeme continu. Dans le cas ou § = 0, Chipot et Guesmia ont démontré

I'estimation suivante (Théoreme 3.1, [8])
vwi CC wj ouvert : “VXz(ué - u)||L2(w’1><w2) = 0(6)7 et ||VX1 (uﬁ - u)HL2(wg><w2) = 0(1)7 (20)

ou ils ont supposé que
V. f € L*(Q)f, (21)
VXIAQQ S LOO(Q), (22)

et ’hypothese (18). Notre contribution consiste en 'extension de (20) sur tout le domaine 2. Pour

obtenir un tel résultat nous allons rajouter des hypotheses supplémentaires sur A et f, a savoir:
Pour p.p. Xy € wy : f(+, Xa) € Hy(w), (23)

et

Le bloc Asy ne dépend que de X,. (24)

Dans ce cas, nous avons le théoréeme suivant:

Théoréme 0.3. Soit Q) = wy Xwsy 0t wy et wy sont deux ouverts bornés de R et RN~4 respectivement,
avec N > q > 1. Supposons que 8 = 0, et que A vérifie (5), (6), (18) et (24). Soit f € L*(Q) telle

que (21) et (23), alors il existe une constante C > 0 dépendant de f, A\, C,, et A telle que:

Ve € (07 1] : HVX2(U’€ - U)HLQ(Q)N*q < CE;

INTRODUCTION 7
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ot u. est la solution unique de (12) dans Hy(Q2) et u est l'unique solution de (16) dans Hg(§2;ws).

De plus, nous avons:
u € HY(Q) et Vi, (ue — u) — 0 faiblement dans L*(Q)?, quand ¢ — 0.
La constante C est de la forme Cy [|Vx, fll 120 + C2 || fll 2y 0t C1, Co dépendent de A, A, C.,.

L’hypothese (23) est nécessaire pour obtenir une telle extension. En effet, pour un f général il y a
un phénomene de couche limite qui se produit lors du passage a la limite quand ¢ — 0. Ce dernier se
traduit par la perte des conditions au bord i.e. la fonction limite u n’est pas forcément dans Hg ().

Pour mieux comprendre ce qui se passe, observons cet exemple en dimension 2:
A =idy, f: (x1,29) — cos(z) sin(xz), et Q= (0,7) x (0, 7).

Dans ce cas , nous avons u(z1, x2) = cos(z1) sin(zz). La quantité ||V, (ue — u) || 12(q). ne peut pas étre
bornée. En effet, si nous supposons 'inverse alors le Théoreme 1.1 affirme qu’il existe une sous-suite
notée également (u,) telle que Vi, (u. —u) — 0 faiblement dans L?(2)?, et ||V x, (u. — )| p2@yv-0 =
0. Donc u € H(2) ce qui est absurde. Pour y remédier a cela, il faudrait introduire un terme
supplémentaire dans ’estimation de 'erreur, ce terme s’appelle "correcteur'. Le calcul de ce dernier
n’est pas toujours une tache facile, pour plus de détails sur la théorie de ces correcteurs le lecteur
pourra consulter le livre de J. L. Lions [30], ainsi que [11] pour une étude du probléme (3) dans un
domaine €2 particulier.

Présentons maintenant les grandes lignes de la démonstration du Théoreme 0.3. La preuve se fait
en deux étapes. Nous démontrons le théoréme dans le cas f € Hj(w;) ® H}(ws) et puis on conclut
par un argument de densité. Dans le premier cas, nous construisons une suite d’approximation
particuliere dont les termes sont donnés par V,, = V() @ V2 4 Iaide de cette suite nous arrivons a
controdler la quantité ||V x, u,|| ;- ()« dans (19) indépendamment de n, sous I’hypotheése supplémentaire
(24). Nous terminons la preuve par un passage a la limite n — oo. Pour Iargument de densité nous
démontrons (Annexe A) que toute fonction vérifiant (21) et (23) peut étre approchée, par rapport &

IV x, (-)|| 2()e, par une fonction de Hj(wi) ® H(wa).

8 INTRODUCTION
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Finissons ce résumé par la donnée du résultat concernant le comportement asymptotique du
semi-groupe généré. Pour e € (0,1], on introduit 'opérateur A, agissant sur L*(Q) et donné par la

formule

A = div(AVu).
Le domaine de A, est donné par
D(A,) = {u € Hj(Q) | div(A.-Vu) € L*(Q)},

ott div(A.Vu) € L*(Q) est pris au sens des distributions. On introduit également I'opérateur Ay

défini sur

D(Ap) = {u € H} (% ws) | divy,(AnVx,u) € L*(Q)},

par la formule

.Aou = diVX2 (AQQVXQU).
Nous avons besoin d’'une hypothese de régularité supplémentaire sur le bloc A5, a savoir
Qixjaij c L*(Q),pouri=1,...q,j=q+1,..,N, (25)
et d’'une hypothese de régularité lipschitzienne sur A i.e.
Ae Wwhe )N, (26)

Notons que (26) montre que pour tout € € (0,1], H3(Q) N H*(Q) C D(Ay) N D(A,). Remarquons

aussi que (26) implique (18). Nous avons le Théoréme suivant:

Théoréme 0.4. Soit ) = wi Xwy 0t w; et wa sont deux ouverts bornés de R et RN respectivement,

avec N > q > 1. Supposons (5), (6), (24), (25) et (26). Soient g € L*(Q) et T >0, On a :

sup [|Se(t)g — So(t)g ||L2(Q) — 0 quand € — 0.
t€[0,T]

En particulier, pour g € (H} N H*(w1)) @ (Hy N H?*(wy)) il existe Cy a0 > 0 tel que :
Ve € (0,1] : st] 1Se(t)g — So(t)gll L2y < Cga0 X T X e
telo,T

Ici, (Se(t)) =0 et (So(t)),sq sont les semi-groupes générés par A et Agy respectivement.
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Pour démontrer ce théoréme, nous supposons que g € (H} N H*(w;)) ® (Hy N H?*(wsq)), ensuite
nous dérivons cette estimation uniforme sur les semi-groupes associés aux approximations de Yosida

Ac i, Aoy des opérateurs A, et Ay:

Vi > 0,¥t > 0,Ve € (0,1] : HetAG'“g — Moug

< .
L2(Q) = Cg7A7Q Xt Xe

Un passage a la limite quand g — +o00 nous donne l'estimation donnée dans le théoréme, ensuite a

'aide d’un argument de densité nous prouvons la convergence quand g € L?*().
0.2 Reésumé du chapitre 2

Ce chapitre est consacré a I’étude de la régularité du comportement asymptotique de u, solution de
(4) . Nous supposons que la matrice de diffusion est suffisamment réguliere (de classe C') et nous
démontrons un résultat de convergence dans un espace pseudo-Sobolev local d’ordre 2. On obtient la
convergence dans ’espace global dans le cas ou le domaine est un pavé de dimension N. Les résultats
de ce chapitre, excepté le résultat de la convergence globale, ont fait 1’'objet d’une publication [16].
Soit 2 un ouvert borné quelconque (non nécessairement cylindrique) de R, et nous considérons (4).
Les coefficients aj; de A, sont donnés par
e?a;; pour i,j € {1,..,q}
¢« |} aypouri,je{¢g+1,. N}

i €a;; pour ¢ € {1,..q},je{g+1,..,N}
€dij pOurzé{Q‘l’laaN}a]e {1”(]}

Nous introduisons I'espace fonctionnel
Hy(%T1,0) = {u € LA(Q) | Vxu € LX(QN 7 et u(Xy,-) € Hy(Qx,) pp. X1 € ILQ } .
équipé de la norme Hilbertienne

IV 3, ()l L2y —a -

cette derniere est équivalente a la norme

[N

2 2
(I 2 + 1V 2@yv—)
grace a 'inégalité de Poincaré

Vo € Ho(911:9) : [[v]l 12(0) < Ca l[Va,0ll 2 (27)
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Ici, Qx, est I'ouvert de RV=4 donné par
Qx, = {X e RV 772 (X1, X;) € Q.

I1,Q et II,Q sont les images de  par les projections canoniques IT;: RY — R? et II,: RY — RN—4

respectivement. On introduit ’espace local
H} (0 T1,0) = {u € Hy (2 T9) | Vigu € L)}

équipé de la famille des normes

2 1
(V. Ola—s + [ V3O o)}

wCCS2 ouvert

2
ot V%, (+) est la matrice Hessienne dans la direction X,. Le terme HV%Q() est donné par

L2(w)

2
L2(w)

P ()

9 N
LQ(w)(N—q)2 = Z

t,j=q+1

|V3.()

On peut prouver aisément que H7, (€; T1oQ)) est un espace de Fréchet i.e. localement convexe, métris-

able, et complet. Nous définissons également

2

q
2 _ 2
HVXI(‘) L2(w)q2 - Z]Z::L 87,]( ) L2(w) I
et
2 2 g 2 2
) — o2 (.
HVX1X2( ) L2(w)q(N—q) ;]%1 ’Lj( )) L2(w)
La formulation faible du probléeme limite est donnée par:
w e HH(Q: L) et / AoV xyu - Vi, pdi = / fodr, Yo € HL(Q; TLS). (28)
9] o)

L’existence et 1'unicité d’une solution de (28) dans H}(£2;11,Q2) découlent du théoreme de Lax-
Milgram. Dans [8] les auteurs ont montré que u € HJ(£2; I1,Q) ainsi que les convergences suivantes

([8], Théoreme 2.1):

u. — u dans Hy (2 T1Q) et €Vy,uc — 0 in L* ()%, (29)
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Pour obtenir la convergence des dérivées secondes, nous avons besoin de ’hypothése de régularité

suivante :

Ae ) (30)
Dans ce cas, nous avons le théoreme suivant :

Théoréme 0.5. Soit Q un ouvert borné de RY. Supposons (5), (6) et (30). Supposons que f € L?(2),

alors u € HE (S 11,9) et uc — u dans HE (2 11,Q), on u, € H}(Q) N HE

Q) et u sont les solutions

uniques de (4) et (28) respectivement. De plus, on a les convergences €V ue — 0, eV, x, e — 0

dans L2 ()7 et L2 (Q)"N=9 respectivement.

loc loc

Le théoreme 0.5 peut étre étendu au cas semi-linéaire monotone. Considérons (12) et son probleme

limite associé

u € Hy(;T1,Q) et /Qﬁ(u)gpdx +/QA22VX2u -Vx,pdr = /Qfgodx, Vi € H(; T1,Q). (31)
Nous avons le résultat suivant :

Théoréme 0.6. Soit Q un ouvert borné de RN . Supposons (5), (6) et (30). Supposons que (3 vérifie
(10) et (11). Supposons que f € L*(Q), alors u € HE . (Q;11,Q) et uc — u dans HE(Q;1,Q), ou
u. € HY}(Q) N HE.(Q) est la solution unique de (12) et u est la solution unique de (31). De plus, on

a les convergences €2V% u, — 0, €V, x,uc — 0 dans L}, (Q)7 et L2,.(Q)"N=9 respectivement.

Les démonstrations de ces théoremes sont similaires. Elles sont basées sur le théoreme de com-
pacité de Fréchet-Kolmogorov dans les espaces de Lebesgue. Notons que 'hypotheése A € CH(Q)V ’
est assez forte pour la régularité elliptique des problemes perturbés. Il est bien connu que si A est
lipschitzienne alors u. € HE () [20]. Cependant, cette hypothése ne nous permet pas, suivant notre
Schéma de démonstration, de prouver les convergences voulues. En effet, Si A est lipschitzienne et
sl existe un sous-ensemble S C €2 de mesure nulle tel que les dérivées d;a,j, i,7 = 1,..., N vérifient

I’hypothese

(Unif) :lim max sup |0;a;;(z) — 7,0;a;5(x)| = 0, pour tout w CC Q ouvert,
h=0 4J gew\S
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alors nous aurons les mémes résultats des Théoremes 0.5 et 0.6. Pour plus de détails, voir Remarque
2.6 du Chapitre 2. Signalons que les convergences données dans les théoremes ci-dessus sont locales.
Pour la convergence globale i.e. sur tout le domaine {2, nous aurons besoin, tout d’abord, de la
régularité H? globale de u.. Il est classique que pour obtenir une telle régularité, la régularité
de A doit étre étendue jusqu’au bord de 2. Nous obtenons dans ce cas la régularité globale du
comportement asymptotique des dérivées secondes de u,. lorsque €2 est un pavé de dimension N.
Pour un ouvert de classe C!' ou convexe polygonal quelconque, la question reste ouverte. Supposons

que 2 est de la forme

k=1

oul; >0,7=1,...,N. Introduisons I’espace
H*(;11L,Q) = {u € Hy (0 TLQ) | Vi,u € Lz(Q)m—q)g} |

)%. Supposons que A soit

, : : 2 2 2
normé par la norme Hilbertienne ([|Vx,(")[|72qpv—¢ + HVXz(') L2y N0

suffisamment réguliere jusqu’au bord i.e.
Aec ()N, (33)
ot les éléments non diagonaux sont nuls sur le bord , c.a.d.
Pour tout, ¢ # j : a;; = 0 sur 0. (34)
Remarquons que (33) implique (6). Ainsi, nous avons le Théoréeme suivant :

Théoréme 0.7. Soit Q tel que (32). Supposons (5), (33), et (34). Supposons que f € L*(Q), alors
u € H*(Q;T,Q) et ue — u dans H*(;11,Q), ou u. € HY(Q) N H?(Q) et u sont les solutions uniques
de (4) et (28) respectivement. De plus, on a les convergences €V uc — 0, eV x,uc — 0 dans

L2 et L2(Q)*N=9) respectivement.

Pour démontrer ce résultat, nous allons prolonger (par symétrie) le probléeme (4) sur un pavé Q

contenant €2, la solution . du probleme elliptique obtenu prolonge ainsi u.. Nous appliquons ensuite
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le Théoreme 0.5 ou la nouvelle matrice de diffusion du probléme prolongé vérifie I'hypotheése (Unif).
Alinsi, nous obtenons la convergence a l'intérieur de Q ce qui entraine la convergence au voisinage de

chaque point de 02. Finalement, on conclut par la compacité de €.

0.3 Résumé du chapitre 3

Ce chapitre est dédié a I’étude d’un probleme elliptique non linéaire non monotone. On donnera

des applications a I’étude de certains problemes elliptiques " non standards" inspirés d’une équation
modélisant le transport des neutrons [9] et d'une équation intégrale étudiée dans [22]. Le théoreme
principal de ce chapitre a fait I'objet d’une publication [17] dans le cas ou ) est convexe. Nous
nous sommes rendu compte que cette hypothese de convexité est en excédent. La version présentée
dans ce mémoire ne suppose aucune hypothese de régularité sur le domaine et la démonstration reste

identique a celle de la version publiée.

La distribution des neutrons dans un réacteur nucléaire est modélisée par I’équation de Boltzmann

A A A A

Q-V(r,Q) + o(r)(r,Q) = os(r)o(r) + s(r, Q). (35)

L’inconnue de l'équation est le flux angulaire des neutrons v (r, Q) Le vecteur € représente la
direction du mouvement d’un neutron. Le gradient V agit seulement sur la variable spatiale r. Le
terme o(r) représente la section efficace macroscopique totale, et o4(r) représente la section efficace
macroscopique de diffusion. Le terme source est donné par s(r, Q) Enfin, le flux scalaire ¢(r) est

donné par
olr) = [ (r, )

En considérant ¢t (r, Q) = : (@D(T, Q) + o(r, —Q)) la composante paire du flux ¢ (r, 2), une équation

du second ordre est dérivée, a savoir

O.v (U(lr)Q VYt (r, Q)) + o (r)t(r, Q) = ay(r) /¢+(T, Q)dQ + - - (36)

Cette équation est de second ordre en r avec un terme non local donné par une intégrale partielle en

Q. Pour plus de détails, nous référons le lecteur a 9] et aux références citées dans cet article.
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Motivé par ce modele nous considérons des problemes elliptiques "non standards', des problemes
dont l'opérateur n’est elliptique que sur un sous-espace vectoriel de ’espace RY.

Nous traitons, dans un premier temps, un probleme de perturbations singulieres non monotone, dont
le terme non linéaire est donné par un opérateur abstrait. Nous donnons, ensuite, des applications a
des problemes inspirés de (36).

Soit 2 = wy X wy. Considérons le probleme suivant :

{ fa AEVUi -Vdr + 7 [oucpdr = [o B(ue)pdz, Vo € HL(Q) (37)
ue € Hy(92),
ol v > 0 est une constante. On suppose que 'opérateur B est tel que
B: L'(Q) — L*(Q) continu. (38)

On suppose que sa restriction sur L*(Q) vérifie

SM >0, € () £ | B paey < ML+ ul (e (39)
On introduit 'espace vectoriel

W={ueL*Q): Vxue*(Q)}.

Nous supposons que B vérifie I’hypothese géométrique

Pour tout & C W borné dans L*(Q) : conv(B(E)) C W. (40)

Ici, conv(B(E)) est enveloppe convexe fermée de B(E) dans L?(f2). Le probléme limite associé a

(37) est donné par

{ Jo A2V x,u.V x,odx + v [qupdr = [ B(u)edz,Ye € Hg(;ws) (41)

u € Hy(Q;ws).

Comme l'opérateur B est non monotone, les solutions des problemes (37) et (41) ne sont pas néces-
sairement uniques , voir par exemple [29] pour le cas des équations elliptiques semi-linéaires.

Nous avons le théoréme principal suivant :
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Théoréme 0.8. Soit Q = wy Xws ot w; et wy sont deux ouverts bornés RY et RN~ respectivement, ot
N > q > 1. Supposons (5), (6), (18), (22) (38), (39), et (40). Supposons que vy > M. Soit (ue)o<e<
une suite de solutions de (37), alors il existe u € H}(Q;ws) solution de (41) et une sous-suite (u,)
telles que

1 Vx, (e, — )|l r2(@)n-a — 0 quand k — 400

En particulier, a I'aide d’un raisonnement par ’absurde immédiat nous pouvons donner le corol-

laire suivant :

Corollaire 0.9. Supposons que les hypothéses du Théoréme 0.8 sont satisfaites. Supposons que (41)

admet une solution unique u, alors pour toute suite (u)o<e<1 de solutions de (37) nous avons :
IV x, (e — ) || L20)v-a — 0 quand € — 0.

Remarque 0.10. Le Théoréme 0.8 reste vrai si on remplace Uhypothése (38) par une autre plus

générale, a savoir
Il existe 1 <r < 2 tel que B : L"(Q) — L*(Q) est continu. (42)
Pour plus de détails, voir Remarque 3.7).

Remarque 0.11. Le Théoréme 0.8 reste vrai si on remplace l'hypothése (39) par

sup || B(u)| r2) < oo.
u€L2()

Dans ce cas on peut prendre v > 0.

La principale difficulté dans la démonstration du Théoreme 0.8 réside dans le passage a la limite
dans le terme non linéaire tout en ne disposant que de la convergence faible u, — u dans Hj(€; ws).
De plus, cet espace ne s’injecte de maniere compacte dans aucun espace de Lebesgue. Dans le cas
monotone, la difficulté est surmontée a 'aide de la monotonie (Chapitre 1, Théoreme 1.1). Pour
le présent probléme, I’hypotheése (40) va jouer un réle crucial dans I'obtention des estimations L2
locales du gradient global de u,, ainsi une convergence forte dans L} () est obtenue ainsi que le

passage a la limite dans le terme non linéaire.
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0.3.1 Applications 1

Soit A : Q — My_4(R) telle qu’il existe A > 0 tel que pour p.p. = €

AE-€> M€ pour tout € € RV 79, (43)
Nous supposons que
A e L®(Q)WN-9% (44)
avec I’hypothese de régularité
VA € L=(Q)IN-9°, (45)

Nous considérons le probleme elliptique "non standard" suivant

Joa AV x,u - Vix,pde 4 [ouedr = [o fo K(z,y)b(y, u(y))ededy, Yo € Hy(€; w,)
1 (46)
u € Hy(Q;ws),

ou b: ) xR — R est une fonction de Carathéodory telle que
1
Pour p.p. = € Q: |b(x,t)| < g(z) + c|t|?, pour tout t € R. (47)

La fonction g € L?*(f2) est positive, et ¢ > 0 est une constante. Nous supposons que le noyau .

K : Q% = R est régulier i.e.
K € L*(9?), (rappellons (7,y) = (X1, X5, Y1, Y2)). (48)

et

Vx, K € L*(Q?%)4. (49)

Nous avons le théoréme suivant:

Théoréme 0.12. Soit Q = w; X wy 0% wy et wy sont deux ouverts bornés R et RN~ respectivement,
ou N > q > 1. Supposons (43), (44), (45). Soit b une fonction de Carathéodory telle que (47).
Supposons (48) et (49). Supposons que v > 2|/ K| r2(2) max (||gHL2(Q),C|Q|i) , alors (46) admet au

moins une solution.
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0.3.2 Application 2

En se basant sur le modele physique (36), Chipot et Guesmia ont considéré le modele mathématique

suivant [9]

Ja AV x,u - Vx,pde + 7y Jqupdr = [ a(l(u))p(r)dr, Ve € Hy(Q;ws)
u € H(Q;ws),

olt a : R — R est sous-linéaire et continue et I(u)(z) = [, K (X}, X1, X2)u(X], X2)dX]}, olt le noyau

K est tel que

K € L®(w x Q), (50)

avec I'hypothese de régularité VK € L% (wy; L?(w;y X wy)). Remarquons que le terme non local est
donné par une intégration partielle sur le domaine §2. Dans le probléme perturbé associé, les auteurs
ont utilisé le résultat suivant pour le passage a limite dans le terme non-linéaire, a savoir si (v,) de
H}(Q;ws) est une suite telle que v, — v faiblement dans H}(Q;w,), alors I(v,) — I(v) dans L*(Q)
fortement. La linéarité de [ et la régularité de K permettent de montrer que la suite (Vu,,) est bornée
dans L?(Q2) ([9], Lemme 3.1). En d’autres termes, U'opérateur [ : HJ(£;ws) — L*() est compact.
Ensuite, le passage a la limite dans la non-linéarité a est assurée par convergence dominée. Notons
que [ a une forme proche d’une certaine classe d’opérateurs de Hilbert-Schmidt intégrales, cependant
on peut vérifier que ce n’en est pas un a cause de l'intégration partielle. Un opérateur de la forme
fo K (z,y)dy avec un noyau K € L?*(Q2), et sans aucune hypothése de régularité supplémentaire, est
de Hilbert Schmidt de L?(Q2) dans L*(Q2), et donc il envoie L?*(€2) dans L?(Q2) de maniére compacte.

Revenons a notre deuxieme application. Nous avons fait le choix de faire rentrer la non linéarité
a l'intérieur de l'intégrale pour la rendre plus forte. Le méthode de démonstration donnée dans ([9],
Lemme 3.1) devient inefficace dans ce cas, et nous devons faire appel au Théoreme 0.8 pour résoudre

le probleme suivant

Jo AV x,u - Vx,odr + 7 [qupdr = [o Ba(u)pdz, Vo € Hy(Q; ws) (51)
u € H (Q;ws),
avec
By(u)(@) = la(w)) = [ K(X], X1, X2)a(u(X], Xz))dX] (52)
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ou a: R — R est continue telle que
3 >0,V ER: Ja(t)] < (1 + [t]7). (53)
Nous supposons que le noyau K vérifie I’hypothese de régularité
Vx, K € L®(w; x Q)4 (54)
Nous avons le théoreme

Théoréme 0.13. Soit Q) = wy X wy 0U w; et wy sont deux ouverts bornés R et RN respectivement,
ou N > q > 1. Supposons (43), (44), (45). Soit a continue telle que (53). Supposons (50) et (54).

Supposons que vy > 2¢'|wi||| K || oo (wr x0) Max (|Q|%, |Q|%) , alors (51) admet au moins une solution.

Remarque 0.14. Dans les Théorémes 0.12 et 0.13 les hypotheses (A7) et (53) peuvent étre remplacées

respectivement par
Pour p.p. x € Q: |b(x,t)| < g(x) + c|t|? , pour tout t € R, (55)

3¢ > 0: Ve R|a(t)] < (1 + [t]?), (56)
pour un certain 1 < r < 2. Pour plus de détails voir Remarques 3.7 et 3.5).

0.4 Résumé du chapitre 4

Ce dernier chapitre est consacré a 1’étude des probléemes a données peu régulieres. Nous nous intéres-
sons au probleme (4) dans le cas f € L? avec 1 < p < 2. Par défaut d’unicité des solutions faibles,
nous considérons des solutions entropiques dans le sens précisé par Bénilan, Boccardo, Gallouét et
al. [31]. Nous étudions la convergence de u, dans un espace pseudo-Sobolev de degré p, nous éten-
dons des résultats sur le taux de convergence déja prouvés dans le cas L? dans [8]. Nous donnons
également des extensions & des cas non-linéaires. Cette partie a fait I'objet d’une publication [15].
Soit © un ouvert borné de RY et considérons le probléme (8 — 9) avec f € LP(2). La solution
faible ( i.e. au sens des distributions) de (8 — 9) n’est pas toujours unique, dans [39] Serrin a donné

un contre exemple. Dans [34] Gallouét et Herbin ont démontré 'unicité de la solution faible en
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dimension 2 d'un probléeme elliptique linéaire avec second membre mesure. Afin de résoudre ce
probleme d’unicité, des notions de solutions ont été introduites : solutions renormalisées, solutions
entropiques,..etc. Dans [38] nous trouvons une étude comparative de certaines de ces notions.

Pour k£ > 0 on définit la troncature T : R — R par:

Soit Ty 'espace défini par:

T12(Q) = u : ©Q — R mesurable telle que pour tout k > 0 il existe (¢,) € Hi ()N
0 ] telle que : ¢, — Ty(u) p.p. dans Q, et (Vo,)nen est bornée dans L2(Q)N [

Donnons la définition d’une solution entropique

Définition 0.15. Une fonction u. € Ty *(Q) est dite solution entropique de (8) — (9) si

/Qﬁ(ue)Tk(u6 —@)dr + /QAVu6 VT (ue — p)de < /Qka(u€ —p)dz, Yo € D(Q), Yk >0

Le résultat principal de [31] montre que (8)-(9) admet une unique solution entropique qui est

également une solution faible. De plus, comme () est borné alors cette solution appartient a

N Wy ().

1<r<A5

De fagon analogue, la solution entropique du probleme limite (13)-(14) (ou Ows est remplacé par

0y, existe dans T5"%(Qx,) pour p.p. X; € ILQ et elle est unique. Maintenant, introduisons

I’espace fonctionnel.
WoP (5 TQ) = {u € LP(Q) | Viu e LN et u(Xy,-) € WyP(Q,) pp. X1 €THQ |,

équipé de la norme banachique
IV, (Ol Lo yn—a -

cette derniere est équivalente a la norme

B =

(Moo + 195 aayv—a) -
grace a l'inégalité de Poincaré

Yo € Wo (5 1129) : [[v]l ey < Ca IVl pogayn—a » (57)
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ou Cq de dépend que de II,€2.

Nous avons le théoreme de convergence suivant :

Théoréme 0.16. Soit Q@ un ouvert borné de RY. Supposons (5), (6), (10), (11). Supposons que
f e LP(Q) avec 1 < p < 2, alors il existe un unique u € Wy (;T1,Q) tel que u(Xy,-) est la solution
entropique de (13) — (14) (ot Owsy est remplacé par 0Qx, ) pour p.p. Xy € 112 De plus, la suite
(Ue)o<e<1 des solutions entropiques de (8) — (9) converge vers u dans Wy P (Q;11,Q) et €Vx, ue — 0

dans LP(€)9.

Ce théoréme est une extension du Théoréeme 1.1 (Chapitre 1), prouvé dans le cas variationnel
(i.e. f € L*(Q)). Maintenant, supposons que 3 = 0. Le deuxieme résultat concerne l'estimation
du taux de convergence locale dans le cas ou le domaine €2 est cylindrique. nous référons le lecteur
a [6], [8] pour les différentes estimations (taux de convergence polynomial, exponentiel..etc) pour le

cas f € L*(). Nous allons supposer des hypothéses supplémentaires a savoir
Le bloc Ajs ne dépend pas de Xy, (58)
La fonction f ne dépend pas de X; et f € LP(ws). (59)
Nous avons 'estimation suivante du taux de convergence :

Théoréme 0.17. Soit Q) = wi xwy ot w; et wy sont deux ouverts bornés de R et RN=7 respectivement.
Supposons (5), (6), (24), et (58). Supposons que B =0 et que f vérifie (59). Alors, pour tout ouvert

wy CCwy et d e N* il existe C > 0 indépendant de € tel que

Ve € (0,1] : [Jue — u||W1,p(wixw2) < Cle,
ol u. et u sont les solutions entropiques de (8) — (9) et (13) — (14) respectivement.

Lorsque w; est convexe contenant 0, nous pouvons obtenir une vitesse de convergence plus rapide.

Théoréme 0.18. Soit Q) = wy Xws 0t wy et wy sont deux ouverts bornés de RY et RN =4 respectivement,

avec wy convexe contenant 0. Supposons (5), (6), (24), et (58). Supposons que B =0 et que f vérifie
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(59). Alors, pour tout a € (0,1) il existe C, ¢ > 0 indépendants de € tel que

C

< C'e_ﬁ7

awl Xwz) —

Ve € (0,1] = [[ue — ullya
ol u. et u sont les solutions entropiques de (8) — (9) et (13) — (14) respectivement.

Nous finissons par I’étude du probleme intégro-différentiel du transport de neutrons

{ Jo AV x,u-Vx,pde = f+ [ Ba(u)pdzr, Yo € D(R) (60)

u € Wol’p(Q;wQ),

La fonction matricielle A est définie comme dans Application 1 (Introduction 0.3.1), et 'opérateur

Bs est donné par (52). Nous avons le résultat d’existence suivant

Théoréme 0.19. Soit Q) = w; xwy ot w; et wy sont deux ouverts bornés de R et RN=9 respectivement.
Supposons que A vérifie (43), (44). Supposons que A est indépendante de X,. Soit f telle que (59).
Supposons que a est bornée et continue. Supposons que le noyau K vérifie (50) et (54). Alors, (60)

admet au moins une solution.
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Chapter 1

Galerkin Approximation in Anisotropic
Singular Perturbations

1 The Analysis of a general Galerkin method

1.1 Preliminaries

In this section we deal with problem (12) that we recall here

Ja Blue)pdr + o ANVuc - Vods = [o | pdx, Vo € Hy(Q) 11
ue € H (). (1.1)

The associated limit problem is given by

Jun Bu) (X1, )YdXs + [, A2a( X1, )Vx,u(X1,+) - Vi, thd Xy

= Jup F(X1,7) ¥dXo, V) € Hy(ws) (1.2)
u(X1,-) € Hi(wy), for a.e. X € wy.

Recall that A satisfies the ellipticity assumptions (5),(6), and that /3 is nondecreasing continuous and

sublinear (assumptions (10), (11)).

Before the analysis of the Galerkin method, let us study the asymptotic behaviour of the solution of

problem (1.1). We have the following

Theorem 1.1. Let Q = w; X wy where w; and wy are two bounded open sets of R4 and RN—4

respectively, with N > q > 1. Under assumptions (5), (6), (10) and (11) we have:
ue — u in L*(Q), eVx,ue — 0 in L*(Q)? and Vx,u. — Vx,u in L*(Q)N 79,

where u. is the unique solution to (1.1) in HY(Q) and u is the unique solution to (1.2) in HJ(;ws).
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Proof. The existence of u. follows the Schauder fixed point theorem (see Appendix C. The uniqueness
follows from assumption (10) and Poincaré’s inequality. Taking wu. as a test function in (1.1) and
using (5), (10), and (15). We obtain

€ HVXlueHm(Q) ; HVXQUEHLQ(Q) ] HUGHLQ(Q) < (1.3)
where ¢ > 0 is independent of €. By using (11) and (1.3) we get

18(ue) | 2y < M(QI? +¢) (1.4)

The bounds (1.3) and (1.4) show, by using reflexivity of L*(2) and continuity of the derivation
onD(Q), that there exist v € L*(Q), u € L*(Q), Vx,u € L*(), and a subsequence (uc, )ren such
that

Bue,) = v, €6V, ue, — 0, Vx,ue, = Vix,u, u,, — uin Lz(Q) weakly. (1.5)
Passing to the limit in (1.1), by using (1.5), we get
/Qvgodx +/QA22VXQU -Vx,pdr = /Q fodr Vo € Hy(S). (1.6)

Taking ¢ = u,, in (1.6) and passing to the limit by using (1.5, we obtain

k
/Uudm—f—/ AQQVXQU‘VXQUdl‘:/fudx. (1.7)
Q Q Q

Now, consider the quantity

Iy = /QAG’“ ( VXY()I(Lfei w) > ' ( szv(ifei w) ) dr
+ [ (Blug) = Bw) (g, — w)da
= /quekdx — G/QAHVXQu - Vx, U, dr — 6/91421vxluek - Vx,udx
—Aymv&m,v&wm—lymv&uwawﬁm+Afo

_/Qvudx—/Qﬁ(U)uekdx—/Qﬁ(uek)udx—l—/ﬂﬁ(u)udx‘

Passing to the limit in the above equality by using (1.5), (1.6), (1.7) we get

lim I, = 0. (1.8)

24 1. THE ANALYSIS OF A GENERAL GALERKIN METHOD



CHAPTER 1. GALERKIN APPROXIMATION IN ANISOTROPIC SINGULAR PERTURBATIONS

By using (5) and (10) we get
A HEkvXIUEkHiQ(Q) + M|V, (g, — U)HiQ(ﬂ) < Iy (1.9)
Passing to the limit in (1.9) by using (1.8) and (15). We obtain that
”Ekleue;c”L?(Q) s IV, (ue, = U’)HL?(Q)  Nlue, — UHL2(Q) — 0, (1.10)
and by a contradiction argument, using the continuity of g and (11), we get
15(ue,) = B(w)ll f2q) = 0 (1.11)
Whence, by using (1.11) the equality (1.6) becomes
/Qﬂ(u)cpdaz —{—/QAQQVXQU - Vx,pdr = /Qfgpd:c Vo € HY (). (1.12)
For any ¢ € H}(w;) and ¢ € Hj(ws) testing with ¢t in (1.12). We obtain for a.e. X; € w;
/w Bu(Xy el X+ [ An(X0 ) Vxu(X.o) - VgudXs = /w T Xy W € HY ().
Whence for a.e. X; € wy, u(Xy,-) is a solution of (1.2). Furthermore, the convergence
IV x, (e, — )| 20y — 0

of (1.10) shows that u € H(Q;ws) (recall that H}(2;ws) is a Hilbert space). Notice that (1.2)
has at most one solution, thanks to (5), (10), and the Poincaré inequality (15). Therefore, u is the
unique solution of (1.2) in H}(;ws). Finally, the convergence of the global sequence follows by an
immediate contradiction argument by using the uniqueness of the solution of (1.2) in Hj(€; ws).

At the end, remark that for ¢ € H}(Q;ws), and for a.e. X in w; we have o(X1,-) € Hi(ws). By

testing with ¢(X7,-) in (1.2) and by integrating over w; we get

/Qﬁ(u)gpdx—l—/ﬂAggv)Qu -Vx,pdr = /Qf pdz, Yo € H&(Q;wg). (1.13)

1. THE ANALYSIS OF A GENERAL GALERKIN METHOD 25



CHAPTER 1. GALERKIN APPROXIMATION IN ANISOTROPIC SINGULAR PERTURBATIONS

Now, we give the setting of a general Galerkin method. Let V' C H}(Q) be a closed subspace
of H}(Q,wy). Notice that V is closed in H{ (), thanks to the continuous embedding Hj(Q) <

Hg(Q,ws). Let f € L*(2), we denote by u,y,; the unique solution of

Jo B(uev,p)edr + [o AVueys - Vodr = [o f odr, Vo €V (1.14)
Uev,f € V. '

We denote by wuy, s the unique solution of

Ja Bluyp)pdr + o AV x,uvy - Vx,pdr = [o f odz, Vo €V (1.15)
uy,f € V. '

Under assumptions of Theorem 1.1, one can prove by using the Schauder fixed point theorem that
ue,v, s exists. For the existence of uy ; see Appendix C. The uniqueness, for the two problems, follows

immediately from (5) and (10). Now, let us begin by some preliminary lemmas.

Lemma 1.2. Under assumptions of Theorem 1.1 and for any € € (0, 1], we have the following bounds:

Co Hf”L?(Q) Co Hf”L?(Q)

HVUG,V,J‘HB(Q)N < T e and HVUE,fHL2(Q)N < e (1.16)

Cop [1f 1l 20 Cun £l 220
||VX2UV,f||L2(Q)N—q S %(), and ||VX2uf”L2(Q)N—q S Qf() (1.17)

M (1 Callfllrag M (1, Ch HfHL2
||/8(u€,v,f)||L2(Q) < 2 (’9’2 + f() , and Hﬁ<uﬁ’f)||[/2( < = |Q|2
(1.18)
Co 11120 A

3ty < 3 (190 + “2 B0 and 30l < 01 ([0 + S22 19

Here, Cq is the Poincaré constant of 0, and u. s, us are the unique solutions of (1.1) and (1.2)

respectively.

Proof. These bounds follow easily from a suitable choice of the test functions, monotonicity and
ellipticity assumptions. Let us prove, for example, the second inequality in (1.17) and the second
inequality in (1.19). According to Theorem 1.1 one can take ¢ = uy in (1.13), using (5) and the fact

that [, B(us)urdx > 0 (thanks to (10)) we obtain
/\/ Vx 2 </ dz.
Q| Jur|” dx . f updx
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By the Cauchy-Schwarz inequality and Poincaré’s inequality (15), we obtain the second inequality

of (1.17). Now, by using assumption (11), we obtain
Blug)l* < M2 (1+[ugl)?.

Integrating over € and applying Minkowski inequality, (15), and (1.17) we obtain the second inequal-

ity of (1.19). O
By using the above lemma, one can prove the following Céa type lemma

Lemma 1.3. Under assumptions of Theorem 1.1 we have:

=

IV x, (v, — Uf)“L?(Q)Nw < Cea <;£‘f/ IV, (v — Uf)”L?(Q)Nq) ) (1.20)

and for any € € (0,1]:

1
IV (tey.s = te )2y < C;é;a <52‘ff V(v — Ue,f)||L2(Q)N> . (1.21)
where
e i [QM% <|Q|5 . C2, ||J/C\HL2(Q)> N IIAgallLoo(Q)w” IIi‘IILz(m] |
and
S Y VN (B L BT L

Proof. The proofs of these two inequalities are similar. So, let us only prove the first one. Using the

Galerkin orthogonality one has, for v € V :

[ (Blug) = Blup) vy = wp)de + XV (v = u) [y

< [ (Bluvg) = Bup)v = up)de + [ AnVi vy —up) - Vi (0 = up)d,

Using the fact that [, (5(uy,f) — B(uys))(uy,f—ug)dx > 0, then by the Cauchy-Schwarz and Poincaré’s

inequalities we derive

MV, (uvy = up) 2o < [Cy 1B(uvg) = Blug) |l 2y + I Az2ll @)l Vs (v = 1) | 2eyv-a]

X |V, (v — uf)HLQ(Q)N—Q-
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Now, by using (1.17), (1.19) and the triangle inequality we obtain

MV x, (uv g = up) 172 )v-0 <

s, Gl Coa 1112
2 lM(JwQ <|Q|2 + A“”) [ Anel ey =5 XV (0 = ) 2y,

and (1.20) follows. O

Remark 1.4. 1) If 5 =0 (the linear case), then we have for any € € (0,1] :

[All=) .
||Vu€7\/7f — VUQfHLz(Q)N < T() ig‘f/ HVU — Vu€7f|’L2(Q)N.
A22 L>(Q) .
IVxouvy — Vxyuglz@pn-a < HH}\() inf [[Vaav = Vigug| 2 @)v .

2) If B is lipschitz continuous, then we can obtain estimations similar to those of the linear case.
1.2 Error estimates for the Galerkin method

Lemma 1.5. Under assumptions of Theorem 1.1, suppose in addition that (18) holds, then we have

for every € € (0,1]:

1V 5 (tevg = wv )l agay—s < € (CollV i wvisll e + Co 1F 12y
and
1
IV, (Uev,r — uV,f)Hm(Q)q < ﬁ (Ol ||VX1UV,f||L2(Q)q + Cs ||f||L2(Q)> )

where )
4C+CN\2 2verc,,
Ol = (A) and Cg = T

Here, C,C', and C" are given by (1.23), (1.25) and (1.26). Notice that these constants are independent

of ¢,V and f.

Proof. By subtracting (1.15) from (1.14) we get, for every v € V' :

/Q(ﬂ(uey\/’f) — Bluv,y))vdx + € /Q AnVxueyy - Vxvde
+ 6/{2A12VXQU€7V’J£ . Vledl’ + 6/{2A21VX1U€7V’J£ . VX2UdI

+ /Q A22vx2 (ueyJ - UV7f) . VXZUdl’ = 0.
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Testing with v = wu, v, s — uy s, we obtain

/ﬂ(ﬂ(ue,v,f) — Bluy,p))(ue v,y — uv,s)dr + /ﬂ AN (ucvy —uvy) - V(uey,y — uvy)
= —62 /Q Alleluv,f . le (U’E,V,f — Uv’f)dilf — E/QAlgvXQUV’f . VXl (Uey’f — uv7f)d$

— 6/§2A21VX1UV,f -Vx, (“e,V,f - uV,f)dx-

Whence, by using (10) and the ellipticity assumption we get

62>\/Q IV x, (e — uvyp)|* do + /\/Q IV, (e p — uvp)|* do <
— 62 /Q A11VX1UVJ . le (’LLE,VJ — UJV,f)dx — G/QAHVXQUVJ . VX1 (ue,v,f — uuf)da:
— 6/91421VX1UVJ . VX2 (ue,V,f — UV,f)df.

Let us estimate the first and the last term of the second member in the above inequality. By using

Young’s inequality we obtain

— /Q AnVxuvy - Vi, (uev,p — uy)dx

e\ 9 9 ||A11Hioo(9) 2
< 7/QWX1(Ue,v,f —uyys)|"dr + € T/lexluv,ﬂ dz,

and
— 6/91421VX1UVJ : VX2 (Ue,V,f - quf)dx
| A2t 7 e A
< @O 19y de+ 5 [ (Vi — vyl da
thus
62)\ 2 A 2
o IV x, (uevy — uV,f)Hm(Q) + 9 IV x, (tevy — uV,f)HLQ(Q)N*q
< Cez/Q |V uv | d — e/QAlﬁxzuw Vi (uevy = uvg)de,
(1.22)
where
At oo + | A11]12
o il + [Anllzee o) (1.23)

2\
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NOW, we estimate —e fQ A12VX2UJVJ . le (ue,V,f - UVJ)dZE. Since Uev,f — UV, f € H& (Q) and &Ciaij S
L>*(Q), 0y,a;5 € L>(Q) fori=1,...,qgand j = ¢+ 1,..., N, (Assumption (18)) then we can show by
a density argument that for i =1,..,gand j =q+1,...,N, 0, (aij (ucv.s —uyy)) € L*(Q) and:

Oy (aij(ucvy —uvyp)) = (Uevp — uyp)On, tij + 350, (ucvy — uvy), for k=i, j).

Whence

|
.MQ

s
Il

—
<

S~

—€ /Q ApVxyuvy - Vx, (tevy —uvy)de = i O, v, O, (Ue v, — Uy g )iz

—

I
|
M=

S~

0w, (@ij(ucy,f — wy,p)) 0z, uy pdx

.

_l’_
-('!\
M=

N
Il

-
<

S

(Ue,v,p — Uy, f) O, Qij O juy, pd

—_

'Mz %Mz %Mz %Mz

I
I
-

S~

Or;(aij(ucy,y — uv,s)) Oz uy, pdx

~
Il
—_
<
I
<
+
—

(Ue,v,p — v, p) O, i O juy, pd,

~.

Y

M=
-
S

—
<
Il
<
+
—

where we have used [q Oy, (@ij(Ue, v,y —uv,f))Op,uv,pdx = [q Op,; (a5 (Ue,v,s —Uv,s))Or,uv, pdz which follows

by a density argument (recall that uy; € Hj(f2)). Therefore

q N
—6/91412VX2UVJ . le (ue,V,f — uV,f)dx - —EZ Z /Q(UE’VJ — U\/’f)axjaijaxiu‘/,fdl’ (124)
i=1 j=q+1
q N
—€> > / ij O, (Ue,v,f — Uv,5) Oy, iz
i=1 j=q+1 7
q N
+€Z Z /(UQVJC — UV7f)axiaijaijv7deE.
i=1 j=q+1 7%

By Young’s and Poincaré’s inequalities we obtain

A
—€ /Q ApVix,uvy - Vi, (Uev,s — uy,p)dr < 1 /Q IV, (uev s — uvp)|” da

+C’62/Q IVX1UV,f|2d$+C"€2/Q|szuv,f|2dl’7

where

2 2
o ’ [C‘” Oz i o ) NV qﬂ 3 (1@@%3{{3@ sl e o (V - q)> _

A

) max
1<i<q,q+1<j<N

(1.25)
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and
2

31q¢C,, max 10, a5l
w! i . XTq OO(Q)
o 1< sq,q+1§y§N . (1.26)

By using (1.17) we obtain

- E/QAHVXQUVJ -Vx, (Uev s —uy,f)de <

A 2 ' 2 2 2~ Con ||f||L2(Q) i
*/ |VX2(u6Vf—qu)| dl’—f—CE /|VX1qu| dl’+€0 —_— .
4 Q A ) Q ) )\

(1.27)

Combining (1.22) and (1.27) we get

€2>\ 2 )\ )
— IVx, (uevy — uvip) 72 + 7 1V (Ueviy — wvp) 720954
2 ) 4 (@)

2 Coon 1l 20\
SGQ (C—FC/)/QIV)QUV,H d$+0” (/\ ) ,

and the proof is complete. O

Using the triangle inequality, the above Lemma and (1.20) we obtain the following estimation of

the global error between u,y ¢ and uy.
Corollary 1.6. Under assumptions of Lemma 1.5 we have for any € € (0,1] :
1V, (tevep = wp) oy < € (Co IV, uvp ]l g2y + C2 1F ]| 12y ) +Clta (7}2‘5 IV, (v — Uf)Hm(Q)Nq)

Now, we give an important remark which will be used to prove the inequality given in Remark

1.13 .

Remark 1.7. When [(s) = ps for some u > 0 and when the block Aya satisfies assumption (25),

then by performing some integration by parts in the last term of (1.24), and by using the fact that

1
||UV,f||L2(Q) < 0 Hf||L2(Q) )

we can obtain the following estimation:

Ve € (0,1] : IV (ueyy = uvip)ll paqpv— < € (Ci IV xyuv, s

!
T Hfum)) |

where C7, C, > 0 are independent of f, V, u and e.
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1.3 The Asymptotic Preserving property

In this subsection we will prove Theorem 0.2. Let us recall this density rule, which will be used

throughout this chapter: If (E,7) and (F,7’) are two topological spaces such that £ C F, and F

is dense in F' and the canonical injection £ — F' is continuous, then every dense subset in (F,7) is

dense in (F, 7).

Let (V;,) be a sequence of finite dimensional subspaces which approximates Hj({2) in the sense of

Definition 0.1. Using the density of Hg () in HJ(,ws) (Lemma A.1, Appendix A), one can check

easily that (V,,) approximates H3 (2, ws) in the same sense. Therefore, one has:
For every e € (0,1] : lél‘ﬁ V(v = e f)|| L2y — 0 as n — oo,

and

vienx}“n 1V, (v —ug)| 2@v-a — 0 as n — oo.

According to Lemma 1.5, (1.20) and (1.21) we have, for every n € N and € € (0,1] :

IV (evins = W)l agays—o < € (CoIVxsuvgllpzgaye + Callf 1l 2ey)

N

IV, (uvir = up)ll p2ioyn—o < Ceta (vieﬂvfn IV x, (v — uf)||L2(Q)Nq) ,

and
!

Ccéa .
IV (e i r = te )2y < = (vleﬂ‘ﬁn V(v — Ue,f)HLZ(Q)N>

1
2

« Fix € and pass to the limit in (1.32) by using (1.28). We get
Ue v, f — Ue g @S M — 00 in H&(Q),
in particular, by using the continuous embedding H}(Q2) < Hj (2, ws) we deduce
Uey, f — Ues as 1 — oo in Hy (€2, wy).
Now, passing to the limit as € — 0 by using Theorem 1.1, we get

lim(limuey, r) = uy in HY (82, wy).

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)
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« Fix n and pass to the limit as e — 0 in (1.30). We get
Uey, ; — Uy, ; as € — 0 in Hy(Q,wy).
Now, passing to the limit as n — oo in (1.31) by using (1.29), we get

lim(liznugymf) = uy in Hy(Q,ws). (1.34)

Finally, Theorem 0.2 follows from (1.33) and (1.34).

1.4 The Rate of convergence on the whole domain for the continuous
problem

In this subsection we prove Theorem 0.3. Throughout this subsection, we suppose that g = 0. The

key of the proof of Theorem 0.3 is based on the control of the quantity ||V x, uy f|| 12()e independently

of V. In fact, we use the following lemma.

Lemma 1.8. Let us assume that A satisfies (5), (6), and that Ay satisfies (24). Let Vi and Va be
two finite dimensional subspaces of H}(w1) and Hg(wq) respectively. Let f € Vi @ Va, and let uy s be

the unique solution in V =V, ® V4 to:
/QAQQ(XZ)VXQWJ Vxuds = /vadw, Yo e Vi @V, (1.35)

then we have:
IVx vl 20y < Cs IV fll 2

where C3 is given by C3 = @.

Proof. The proof is based on the difference quotient method (see for instance [20] page 168). Let

v=¢®¢Y e V;®V, The function X; — [, Az (X2)Vx,uy (X1, X2) - Vx,10dX, belongs to Vi.

In fact uyy = > ¢ ®1;, and whence [, A (X2)Vx,uv s - Vx,10d X, is a linear combination of ¢,
finite

thanks to the linearity of the integral. Similarly, the function X; — [ f(X1, X2)¥dX, belongs to

V1. Now, testing with v in (1.35), we derive:

/wl </WQ {An(X2)Vx,uvys - Vx,0 — f1o} dX2> 0dX; =0,
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thus, when ¢ run through a set of an orthogonal basis of the euclidean space V; equipped with the

L?(w;)—scalar product, one can deduce that for a.e. X; € w; :

A(Xo) Vv, (X1, Xo) - VaghdXo = [ J(X1, Xa)tbdXa, V00 € Vs

wa
Now, fixi € {1,...,q}. Let wj CC wy open, for any 0 < h < d(w}, Ow;) and for any (X, Xs) € w| Xwy
we denote Tiuy f(x) = uy p(@1,..2; + h, ..., x4, X2). According to the above equality, we get for a.e.

X, € wy and for every ¢ € V; :

| An(Xa) Vi, {rhun (X0, X0) — vy (X0, X0)} ViagudXo = [ {7 f(X1,X0) = £(X0, X)) Y X

For every w € V] ® V3, and for every X; fixed the function w(Xj,-) belongs to Vs, so one can take
Y = Tiuys(X1,) — uvp(X1,-) as a test function in the above equality. Therefore, by using the

Cauchy-Schwarz inequality, the ellipticity assumption, and Poincaré’s inequality (15), we obtain:

/.

Now, integrating the above inequality over w}, yields

4
Wi Xwa A2 Wi Xwa

Since Vi, f € L*(2)?, then

. L
Ty, (X1, ) = uy (X, )’ dX, <

)\2 Tlif(le‘) —f(Xl,')‘QdXz.

rif— f[ dr.

. 2
if = f| dr < [V, fll32 000 1

/wll Xwa
/w Xw2

Finally, we obtain

2
Thqu - va Cf}z HVX1fHL2(Q)q

22
Therefore
2
1Dswvsll 20y = =7 1Vl 20
and hence
IVx, < C3 || Vx, fll 20y
with C5 = \[C“"’. O

34 1. THE ANALYSIS OF A GENERAL GALERKIN METHOD



CHAPTER 1. GALERKIN APPROXIMATION IN ANISOTROPIC SINGULAR PERTURBATIONS

Remark 1.9. We have a similar result when (1.35) is replaced by
,u/guufvdx —l—/QAgg(Xg)VXQuV,f -V x,vdx = /vadac, Yo e Vi ® Vs,

where 1w > 0. In this case, we obtain the following:

Va9,
14

||VX1uV,fHL2(Q)q < — f||L2(Q)q .
Now, we can refine the estimations of Lemma 1.5 as follows.

Lemma 1.10. Under assumptions of Lemmas 1.5 and 1.8 we have:

HVXQUQVJ - VXQU’fHL?(Q)N*q <e (0103 HVX1f||L2(Q)q + Co ”fHL?(Q))

N | Aozl Lov ()

h\ vevl®v |V x,v VXQUfHB(Q)qu,

and

IV x, e v, gl 2 gye < 7 (C1Cs 11V, Fll e + Callfllz2gy) + C5 1V, £l 2

Proof. We have

IVxate vy = Viougll 2 gnv-a < IVaxatevy = Viouvigllpzgv-o + 1Vxauvy — Vougll o gpv-

By using Lemma 1.5 and Lemma 1.8 we obtain that

IV xtevs = Vicyuvgllpagopv—e < € (C1C3 Vi, Fll2ape + Call Il z2gay) »

and by using Remark 1.4, we deduce

< | A2 || oo )

||VX2U/Vf - Vquf||L2 N qg = )\ UEV1®V ||VX2 VXQUf”LZ(Q)N—q.

By using the above inequalities, we get the expected result. The second inequality follows from the

triangle inequality and Lemmas 1.5 and 1.8. O]

Remark 1.11. Let 5(s) = us, for some pu > 0. Under the assumptions of the above Lemma and

(25) we obtain, by combining Remarks 1.7 and 1.9, the estimation:

Ve € (0,1 : [V, (ue vy = uvip)ll o) < (x/_C' IV zqye + Co Il fll 2y -
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Now, we are able to give the following convergence result.

Lemma 1.12. Suppose that the assumptions of Lemmas 1.5 and 1.8 hold. Let f € Hj(w;)® HE (ws).

Then we have for any € € (0,1]:

IV x,ter — Vot agyn-q < € (0103 VX, fllp2g)e + Co ||f||L2(Q)) :

and

IV x1te fll p20p0 < 7 (0103 IV fll 2@y + C2 1 Nl 220 ) + G5 [|Vx, fll 20

Proof. Let (V,()),50 and (V,¥)),.5¢ be two nondecreasing sequences of finite dimensional subspaces
of H}(w) and H{(ws) respectively, such that UV(M) and UV are dense in H{(w;) and H}(w,)
respectively, and such that f € Vo(l) ® VO(Q), such sequences always exit. Indeed, let {651)}@\I
and {622)}1'@\1 be Hilbert bases of Hj(w;) and Hj(ws) respectively, then Unzospan(eél), ..,eD) and

n

Unsospan(el, ... e®) are dense in Hl(wi) and Hi(ws) respectively, in the other hand we have

f = 5 FU % 2 for some m € N and f € Hl(w,), f® € Hl(w,) for i = 0,...,m, then we
i=0

set, for every n € N :

v .= span(e(()l), e fél), o f(l)),

n

VAQUSES span(e((f), oy e?), f(§2)7 D).

n

Now, since f belongs to each V() @ V(2 then according to Lemma 1.10 one has, for every e € (0, 1],

neN:

||VX2U6,Vn,f - sz“me(Q) (OIC3 ||VX1fHL2 o +Co ||f||L2(Q )

|| 22||L<><> Q) .
7() vlen‘ﬁn ||VX2U - VX2uf||L2(Q)N—q )

where V,, := V() @ V2. According to Corollary A.5 in Appendix A, U,so(V,(Y) ® V(?)) is dense in

Hi(2). Using the fact that the sequence (V,,),>o is nondecreasing, then we obtain that

Ve € (0,1] : lim mf Vv = Vue sl 2@y =0,

n—oo peV,

36 1. THE ANALYSIS OF A GENERAL GALERKIN METHOD



CHAPTER 1. GALERKIN APPROXIMATION IN ANISOTROPIC SINGULAR PERTURBATIONS

and therefore, by using (1.21) we get
Ve e (0,1] : lim [|Vuey, s — Vel 2@y =0,
and thus
Ve € (0,1] : Jim |V xyte v, r — Ve fllr2()v—a = 0, and Jim IV x1uevi,r — Vi te sl 2@ = 0.

Using the fact that H}(Q) is dense in H} (€, ws) (Lemma A.1, Appendix A) and that the embedding
HY(Q) < HE(Q,wy) is continuous then U,>o(V,(V @ V) is dense in H} (€2, w,). Using the fact that

the sequence (V},),>0 is nondecreasing, then we obtain that

n—oo eV,

Now, passing to the limit, as n — oo, in the above inequality we deduce
Ve € (0,1] 1 |Vt — Vsl ooy -o < € (C1C8 1V, Fllagaps + Ca Il agen) -

Finally, by using the second inequality of Lemma 1.10 we get

Ve € (0,1] : [V e vl p2gaye < \}5 (Cng VX1 fll 2@ + Co ||fHL2(Q)) + C3 | Vx, fll 2 e -
and the passage to limit as n — oo shows the second estimation of the lemma. O]

Now, we are able to give the proof of Theorem 0.3. Let us introduce the space

Hy(Q;01) = {v € L*(Q) such that Vx,v € L2(Q)? and for a.e. X5 € ws, v(-, Xa) € Hy(wi)},
normed by the Hilbertian norm ||V, ()[|;2(q). - We have the Poincare’s inequality

HUHLQ(Q) <C,, HVXIUHLQ(Q)Q for any v € Hy (% wy). (1.36)

Let f € L?(Q) such that (21) and (23), thus f € H}(Q;w;). According to Lemma A.3 in Appendix
A, Hj(w1) ® H (ws) is dense in H} (), and according to Remark A.2 in Appendix A, H}(Q) is dense
in H}(;wy), then it follows that H}(wi) ® Hj(ws) is dense in Hy(€;w), thanks to the continuous

embedding Hg () < H}(Q;w;). Therefore, for § > 0 there exists gs € Hy(w1) ® Hg(wq) such that

IV, (f = 95)ll 2o < 0. (1.37)
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Let u.g4, be the unique solution of (1.1) with f replaced by gs;. Testing with w.; — u,4, in the

difference of the weak formulations (recall that 8 = 0)

/QAeV(ue,f — Uc,gs) - Vipdr = /Q(f — gs)pdz, Yo € Hy(9),

we obtain

C C C,,C.
HVXQU’E,f — VX2u€,géHL2(Q)N*q S %5, and ”VX1ue7f - VX1UE,96HL2(Q)¢Z S w;\6 w2

o,

where we have used the ellipticity assumption, Poincaré’s inequalities (15), (1.36), and (1.37). By

passing to the limit as e — 0 in the first inequality above, using Theorem 1.1, we get

CinCln J.

IV xyup — VX2“95HL2(Q)N*Q =
Applying Lemma 1.12 on u. 4 and u, we obtain
IV x,ttegs = Vitstigs [l oayv—s < € (C1C5 1V, 8l 2o + Co 195l z20) »
and from (1.37) we derive
IV x5 te,g5 — VXz“yaHLz(Q)Nw <e (ClC3<||vX1f||L2(Q)‘1 +0)+Cy ||95||L2(Q)) :

Notice that ||gs||2(q) = | fll12(q) as 0 — 0, thanks to (1.37) and Poincaré’s inéquality (1.36). Finally,

the triangle inequality gives

Hszue,f - VX2uf”L2(Q)Nﬂz < HVXQUGJ - VX2UE795HL2(Q)N7G{

I Vxytieg; — VX2u95HL2(Q)N*q + [V ugs — VXZUf”LQ(Q)N*q

CrCusy
< e (CC 1V x Fll 2o +0) + Co gl pagey ) + 27720,

Passing to the limit as 6 — 0 we obtain

IV stte.s = Vicatig | paayv-a < € (C1rO IV x Fllgaye + Co Il 2

which is the estimation given in Theorem 0.3.
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For the estimation in the first direction, we have

Ve € (0,1] : ||VX1u€,f|IL2(Q)q < [Vxyues — vX1ue,gaHL2 at ||VX1ue,ga||L2
< Co Cuy
- e

5+ f (CrC 19,95 2y + Co 98l 20y ) + Cs 11V 3,951l 2y -

where we have applied the triangle inequality and Lemma 1.12. Passing to the limit as § — 0 by

using (1.37), we obtain

Ve € (0,1] : ||Vx, ue s

Lay < \f(closuvxlfnﬂ o+ Co | fll2ey) + Cs IV, Fll 2y

Hence, passing to the limit in L?(Q) —weak as € — 0, up to a subsequence, we show that u belongs to
H}(f2), and by a contradiction argument, using the metrizability (for the weak topology) of weakly
compact subsets in separable Hilbert spaces, one can show that the global sequence (Vx, ue ).

converges weakly to Vy,us in L?(2)?, and this completes the proof of Theorem 0.3.

Remark 1.13. Suppose that B : s — us, for some u > 0, and suppose that assumptions of Theorem
0.3 hold, then we have the same results of Theorem (.5 with the same constants. Assume in addition

that (25) holds, then we have:

Ve € (0,1] 1 [V, (e = )| gm0 < (0' IV Fll2aye + C £l 2y
where C7, CY are only dependent on A, X, C,,,.

To obtain the above estimation, we repeat the same arguments of this section by using Remark
1.11. This estimation shows the asymptotic behaviour of the resolvent of the perturbed elliptic
operator —div(A.V(-)). It will be used in the next section to study the asymptotic behaviour of the

semigroup generated by the above elliptic operator.

2 Anisotropic Perturbations of the heat semigroup

2.1 Preliminaries

For the standard basic theory of semigroups of bounded linear operators, we refer the reader to

[21]. Let us begin by some reminders. Let F be a real Banach space. An unbounded linear operator
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A: D(A) CE — E is said to be closed if for every sequence (z,,) of D(A) such that (z,) and (A(x,))
converge in F, we have limz,, € D(A) and lim A(z,) = A(lim z,,). An operator is said to be densely
defined on F if its domain D(.A) is dense in E. Let u € R, we said that p belongs to the resolvent set
of Aif (uI —A) : D(A) —E is one-to-one and onto and such that R, = (ul —A)"' : E — D(A) CE
is a bounded operator on E. Notice that R, and A commute on D(A), that is Vx € D(A) : R,Ax =

AR, x. Let A be a densely defined closed operator. The bounded operator
Ay = pA(pl — A~ = pAR, = i’ Ry, — pl,

is called the Yosida approximation of A. We check immediately that A, and A commute on D(A)
that is for every x € D(A) we have A,z € D(A) and AA,z = A, Ax. Furthermore, since A is closed

then e“» and A commute on D(A), that is

Vt € R,Vz € D(A), ez € D(A), (1.38)
and
o0 tk
AetPig = et Ay = ,;0 H(A#)kAx,

indeed, we can check by induction that if z € D(A) then (A,)*z € D(A), and that (A,)* and A
commute on D(A). Recall also that if (. — A)~" exists for 1 > 0 and such that H(u[ — A)_IH < i
then

Vt>0: HetA“ 1 Ry

_ 2 _
_ He % He utlH < IRl 5 ot < 1

where ||-|| is the operator norm of L(E). A Cj semigroup of bounded linear operators on E is a family
of bounded operators (S(t))i>o of L(E) such that: S(0) = I, for every t,s > 0: S(t+s) = S(t)S(s),
and for every x € E : [|[S(t)x — x|y, — 0 as t = 0. (S(¢))i>0 is called a semigroup of contractions
if for every ¢ > 0 : ||S(t)||z < 1. Now, let us recall the well-known Hill-Yosida theorem in its
Hilbertian (real) version: An unbounded operator A4 is the infinitesimal generator of a Cy semigroup
of contractions (S(t)):>o if and only if A is maximal dissipative, that is when ul — A is surjective

for every u > 0 and for every z € D(A ) : (Az,z) < 0. Recall that, in this case D(A ) is dense and
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A is closed and its resolvent set contains |0, +oo[. Furthermore, for every ¢t > 0, e converges, in
the strong operator topology, to S(t), as u — +oc i.e. Vo € E : ety — S(t)r in E as u — +o0.
The basic Hilbert space in the sequel is F = L*(€). We check immediately, by using assumptions
(5—6), that A, and Ay are maximal dissipative and therefore, they are the infinitesimal generators of
C semigroups of contractions on L*(02), denoted (Sc(t)),~, and (So(t)),s, respectively. For pu > 0 we
denote by R, the resolvent of A.. Similarly, we denote by Ry, the resolvent of Ay. For f € L*(),

we denote u,, the unique solution in H} () to

,u/Quwgodx —|—/QAEVUW -Vdr = /Qf edx, Yo € Hy(Q),

we have R, f = u., and || R, || < i, where |[|-|| is the operator norm of £(L*(f2)). Similarly, let uo,,

be the unique solution in H}(; ws) to

M/Quo#godx + /QAQZVXQUO,M -Vx,pdr = /Qf wdx, Vo € Hy(Q;w,), (1.39)
we have Ry, f = up, and ||Rp || < i According to Remark 1.13, we have the following

Lemma 1.1. Assume (5), (6), (18), (24) and (25). Let f € Hg(;w), then there exists Cyq > 0

depending only on A and ). such that:

€
Ve S (07 1]7 VN >0: ||Re,,uf - RO,MfHLQ(Q) S CA7Q X ; X (Hlef”L?(Q) + ||f||L2(Q)> . (140)

2.2 The asymptotic behaviour of the perturbed semigroup

In this subsection, we will prove Theorem 0.4.

Let us begin by the following lemma

Lemma 1.2. Suppose that the assumptions of Theorem 0.4 hold. Let f € H}(Q) N D(Ap) such that
diUXl (Allelf), dile (A12VX2f), diUXQ(Aglelf) € LQ(Q), and A()f € Hé(Q;wl), (141)
then there exists a constant Craq > 0 such that for every p > 0, € € (0,1] we have:

HAe,uf - -AO,ufHL?(Q) < CﬁA,Q X €,
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where A, and Ay, are the Yosida approzimations of A. and Ay respectively. The constant C a0

is given by:
Cran = | divx, (A Vi, )l 12y + [ldivx, (A12V x, )l 12(q)
+ i, (An Y, Nl + Cao (IVx0A0f Loy + 140 f 2oy
Proof. Let € € (0,1] and p > 0. The bounded operators A, ,,, Ao, of L(L?(f2)) are given by:
Ay = pAR., and Ay, = pAgRo .
Now, under the above hypothesis we obtain that f € D(A.) N D(Ay). We have:
e — Aaufllzgy = 1 IARf — ABos |y = | BesiAcf — Rouaf |y

< 2 ”Rau-Aef - RauAOfH]ﬁ(Q) + ”Re,wAOf - RO,M-AOfHLZ(Q)

< pl[Repll X [[Acf = Aofllr2) + 1 [[RepAof — RopAofll 120y -

Since Aof € H}(Q;wi) by hypothesis, then by using (1.40) (where we replace f by Agf) and the

fact that || R || < i, we obtain

Mepf = Aoufllzgy < AL = Aokl o) + €Caa (IVxAof | 2y + Mol 2y)

B € |divx, (A Vx, )l 20 + 1divy, (A12Vx, )l 20
+ [|div, (A1 Vix, )l 12(q) + Cae (HvxlAOfHLQ(Q) + HAOme(Q))
< Cran Xe,

where we have used the identity:
Aef - .Aof = EQdiVxl (Allelf) + EdiVX1 (A12VX2f) + EdiVX2 (A21VX1f),
and the proof of the lemma is concluded. m

Lemma 1.3. Under assumptions of Theorem 0./, we have for any g € (H} N H?*(wy)) @ (H} N
H?(wy)) :

Y > 0,¥t > 0,Ve € (0,1] : HetAe’ug _ Hong

< X1 X
LQ(Q) ~ Cg’A7Q t €,

where Cy 40 is independent of j1 and €.
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Proof. Let > 0and ¢t > 0 and € € (0,1] , we have

t
oA _ gtAen / d (e(t—s)Ae,u esAo,M> ds
0o ds

t
= [ (g — A)e o ds,
Hence, for g € L*(Q2) we have

t
He“““"g — g @ S /0 HAo,uesAO"‘g — Acpe™0rg

) ds, (1.42)

where have used He(t—S)Ae,u

<1, sincet—s > 0.
Now, we suppose that g € (H} N H?*(w1)) ® (H} N H?*(ws)) (remark that g € D(Ap)). For s >0
and p > 0 we set:

. ,sAo,
fg,s,,u, =€ ”‘g_

We can prove that f,;, € Hj(2) N D(Ag) and that it fulfils the same hypothesis (1.41) satisfied by

the function f of Lemma 1.2. Moreover, for every i, 7 = 1, ..., ¢ we have Dfm], fosu € L2(Q) with:

2
HD:L‘Z:L‘J fg,s,,u,

o S D29 oy 1 Pofosinllizey < 1Dz8l oy (1.43)

L2( L2

and
(A0 fg,5. )l 2y < 108l L2y > 1Dz (Aofgsu)ll 20y < 1Dz (Aog)ll 12 - (1.44)
also for every i = 1,...,q, 7 = ¢+ 1, ..., N we have Dgﬂjfg,s,u € L*(Q) with :

2 1
L2(Q) S X HDJEzAO.gHL?(Q) ||DI19HL2(Q) :
(1.45)

2 1 2
pe S 1 Aogll 220 191l 220 and HD,,;ixjfg,s,u

HDJ:J fg,S,[.L

The proof of these assertions follows from the identity 4+ (g; ® g5) = g1 ® e340x g, (see Appendix
B). Notice that the above bounds are independent of s, €, and p.

Now, applying Lemma 1.2, we get

| divy, (A1 Vi, fng)HLQ(Q) + ||divX1(A12VX2fg,s,u)||L2(Q)
¢ + ||divy, (A2 Vi, fg,s,u)”L?(Q) +

HAO,MGSAO’HQ . AE,MGSAO’“Q
Cag (”VXlAOfg,s,uHm(Q) + HAOf!]»S,#HL?(Q))

<
L2 —
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By using (1.43—1.45) with (26), one can show that the quantity in parentheses in the above inequality

is bounded by some Cj 4o > 0 independent of s, €, and p, thus

HAOM‘?SAO’HQ - AWGSAO’”Q

< X €.
LQ(Q) — OguA7Q €

Finally, integrating the above inequality in s over [0, ¢], and using (1.42), we get the desired result. [

Now, we are able to prove Theorem 0.4. First we prove the case when g € (H} N H?(w;))® (HiN
H?(wy)) and we conclude by a density argument. So, let ¢ € (H} N H?*(w;)) ® (H} N H?*(wy)), by

Lemma 1.3 we have
V> 0,Vt > 0,Ve € (0,1] : HetAE'*‘g — etAO’“gHLQ(Q) < CyaaXtxe. (1.46)
Passing to the limit in (1.46) as  — +00 we get (see the preliminaries 2.1)
Vt > 0,Ve € (0,1] : [[Sc(t)g — So(t)g||L2(Q) < Cgan Xt Xe,

whence for T' > 0 fixed we obtain

Ve € (0,1] : s[up [Se(t)g — So(t)gll 20y < Cga0 X T X € (1.47)
telo,T
Whence
sup ||Se(t)g — So(t)gllp2(q) — 0 as e = 0. (1.48)
te[0,7]

Now, let g € L?(Q2) and let 6 > 0, by density there exists g; € (Hj N H?(w;)) @ (H} N H?(ws)

such that

=1 >

lg — QJHLQ( <

According to (1.48) there exists €5 > 0 such that

)
Ve € (0,65 : sup [1S(t)gs — So(t)gsllaqey < 5
t€[0,T]
Whence, by the triangle inequality we get
5
Ve € (0, ] | sup 15(t)g = So()gll 2y = 5 + i ISe@N + 1o @) x [lgs = 9l L2y
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Using the fact that the semigroups (Sc(t)),>, and (So(t)),5, are of contractions, we get

Ve € (0,¢5] = sup |[Se(t)g — SO<t)g||L2(Q) < 0.
te[0,T]

S0, supyepo,ry [|9e(t)g — So(t)gll12(q) — 0 as € — 0. The second assertion of the theorem is given by

(1.47) and the proof of Theorem 0.4 is completed.

2.3 An application to linear parabolic equations

Theorem 0.4 gives an opening for the study of anisotropic singular perturbations of evolution partial
differential equations from the semigroup point of view. In this subsection, we give a simple and

short application to the linear parabolic equation

ou,
ot

—div(AVu,) =0, (1.49)

supplemented with the boundary and the initial conditions

ue(t,") = 0in 9Q for t € (0,+00) (1.50)
ue(0,:) = ucp. (1.51)
The limit problem is
0
873: — diVXQ(AQQVXQU) = 0, (152)

supplemented with the boundary and the initial conditions

u(t,”) = 0in w; x dws for t € (0, +00) (1.53)

w(0,-) = wup. (1.54)

The operator forms of (1.49 — 1.51) and (1.52 — 1.54) read

du,

T Acue =0, with u(0) = u., (1.55)
and

du _

i Agu =0, with u(0) = uy. (1.56)
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Suppose that uy € D(Ap) and u.o € D(Ae). Assume that (5), (6) hold, then it follows that (1.55),

(1.56) have unique classical solutions

u. € C1([0, +00); L*(R2)) N C(]0, +00); D(A,)), and u € C*([0, +00); L*(2)) N C([0, +00); D(Ay))

We have the following convergence result.

Proposition 1.4. Suppose that uy € D(Ag) and u.y € D(A.) such that u.g — ug in L*(2), then

under assumptions of Theorem 0.4, we have for any T > 0:

sup ||ue(t) — u(?)||p2q) — 0 as e = 0. (1.57)
te[0,T

Moreover, if ucy andug are in H*(Q) such that (ucp) is bounded in H*(Q) and ||V x, (ueo—uo)| 12(0) —

0, |VX, (teo — uo)|l12(0) = 0 as € = 0, then:

d
S ult) - u(t)

— 0.
L2 (Q)

sup
t€[0,T]

Proof. 1t is well known that the solutions u., u are given by

Ue(t) = Se(t)ueo and ug(t) = So(t)ug, for every t > 0.

Let T > 0, we have

IA

sup [ue(t) — u(®)| 2o sup |[Se(t)ueo — Se(t)uoll 2y + sup |[Se(t)uo — So(t)uoll 12(q)
te[0,T] te[0,T] te[0,T]

[0 = ol p2qy + Sup, 15e(t)uo = So(t)uoll 12(q -

IN

Passing to the limit as € — 0 by using Theorem 0.4, we get supepo 7y [[ue(t) — u(t)[| 12y — 0.

For the second affirmation, we have:

|~ ute)

= [1Se(t) Actteo — So(t) Aotioll 20

L)

< Acueo — Aotol| 2oy + Sup [Se(t) Aouo — So(t) Aotio|| 12 -
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As (ucp) is bounded in H*(Q2), up € H*(Q2) and ||V x, (ue,0—u0)| 12(0) = 0, || VX, (Ue,0—10)| 12(00) —
0 as e — 0, then by using (26) we get immediately [|Acuco — Aouoll o) — 0 as € — 0, and we

conclude by applying Theorem 0.4. O

Remark 1.5. Consider the nonhomogeneous parabolic equations associated to (1.49) and (1.52)
with second member f(t,x). Suppose that f is reqular enough, for example f € Lip(|0,T]; L*(Q)),
then the associated classical solutions u. and w exist and they are unique. In this case, we have the
same convergence result (1.57). The proof follows immediately from the use of the following integral

representation formulas

Ue(t) = Se(t)uco + /Ot Se(t —r)f(r)dr, u(t) = So(t)uo + /Ot So(t —r)f(r)dr, t €[0,T],

Theorem (0.4, and Lebesque’s theorem.
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Chapter 2

Convergence in high-order
pseudo-Sobolev spaces

In this chapter, we deal with problem (12) that we recall here

Jo Bu)pdr + [o AVu. - Vodr = [o f pdz, Vo € H}(Q)
ue € H} (),

where Q) is a bounded open set of R, not necessarily cylindrical. Recall that the associated limit

problem (31) is given by
w e HY(Q;TL,Q) and /Q B(w)pd + /Q AoV oyt - Vi, pda = /Q Fodr, Yo € HY(Q; TLS).

Recall that A satisfies the ellipticity assumptions (5), (6), and that § is nondecreasing continuous
and sublinear (assumptions (10), (11)).
As mentioned in the introduction, the proof of the main theorem (Theorem 0.5) is a bit technical so,

let us begin by studying the simple case, that of the Laplacian.

1 The perturbed Poisson equation

Let us start by the following important Lemma
Lemma 2.1. Let f € L*(RY). Let € € (0,1] and let u. € H*(RY) such that
— EAx,u(z) — Axyuc(z) = f(2) a.e. x € RY, (2.1)

then we have the bounds:

2
HVquE

L2(RN)(N—q)2 < ||fHL2(RN)’
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2 |2
€ Hleue

@M S 11l 22y »

V2¢ HV%QXQuE

LQ(RN)N(N,q) S ||f||L2(RN) .
Proof. Let F be the Fourier transform defined on L?(RY) as the extension, by density, of the Fourier

transform defined on the Schwartz space S(R™) by
Flu)(€) = 2m) % / u(@)e " edr, u e S(RY)
R

where - is the standard scalar product of RY. Applying F on (2.1) we obtain

«§X4—Zf) (&) = F()(©),

1=q+1
then
( Z&ﬂ+2§§+%§22&)vm<Wﬂﬂmm% (2.2)
1,5=1 1,J=q+1 j=q+1i=1
thus
al 2 2
Y GEIF)OF <IFHEI,
4,j=q+1
hence
i 2 2 2
> |F@u©f <IFHEF,
t,j=q+1
then
i q+1H‘F aQUf L2(RN) S ‘|F(f)‘|iQ(RN)’

and the Parseval identity gives

N ) ,
Z igUe|| [2ga) < ||f||L2(]RN)'
1,j=q+1
Hence
ETR R [Py

Similarly we obtain from (2.2) the bounds

2 |2
€ Hleue

LQ(RN)qQ S HfHLQ(RN)7

V2 HV§(1X2u6

oy S I ey
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Now, let © be an open bounded set of RY. Suppose A = Id and f € L*(Q2), and let u, € H} ()
be the unique solution to (4). Notice that the elliptic regularity [20] shows that u, € HZ ().
Let (ex)ken be a sequence in (0, 1] with lime, = 0, and let uy := u,, be the unique solution of (4)
with € replaced by €,. For a function v and for h € RY we denote 7,v the function defined by

x — v(xz + h). Under the above notations one can prove the following

Proposition 2.2. 1) Let w CC Q open then:

L2(w)N-a)2 0,

lim sup HThV§(2uk — V§(2uk

h—0 LeN
lim sup Hei (V3 up — Vi uy) , =0,
h—0 keN ! ! L2(w)4
lim su He T U U =
h—0 keII\D! : hVX1X2 b VX1X2 k) L2 (w)2(N=a)

2) The sequences (V_%(Quk>, (exVi,uk), (xVi, x,ur) are bounded in L} () i.e. for every w CC

open there exists C, > 0 such that

< C,.

LQ(M)Q(N_Q) -

sup HekVXluk

2
, ,Sup HVX2uk
keN keN

2
(v-2 2 90D Hek’vxl)@u’“

L2 (w)e L2(w)

Proof. 1) Let w CC 2 open, then one can choose w’ open such that w CC w’ CC Q, let p € D(RY)
with p=1on w, 0 < p <1 and Supp(p) C . Let h € RN, 0 < |h| < dist(w',09), and let k € N.
To make the notations less heavy we set U = 1,uy, — uy, then Ul' € H?(w'). Notice that translation

and derivation commute then we have
—Ax, Ul z) — Ax, Ul (x) = F"(2), aez €,

with F'" = m,f — f.
We set Wit = pU}* then we get
— aAx,Wi(@) = Ax, Wi () = p(a) F' () — 26 Vx, p(2) - Vi, Uy (@)

— 2V x,p(z) - Vx, Ul (2) — UM (z) (e Ax, p(x) — Ax,p(z)),

for a.e z € W'
Since U} € W?%(w') then W}' € HZ(w'), so we can extend W} by 0 on the outside of ' then

Wh e H?(RY). The right hand side of the above equality is extended by 0 outside of w’, hence the
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equation is satisfied in RY, and thus by Lemma 2.1 we get

HV L?(RN)(N 9?2 = Hth L2(RN) + 26 Hvxlp Vi Uy L2(RN)
+2 HVXQP Vx, Uk ey T HUI?(E%A)ﬁp = B8%P) | gy
Whence
V30Ut | payinar < [F* 2y * 206 1900l [0V, U2 o
+2 ||VX2p||oo HVX2UIQ1 L2(w) + H(EEAXUO - AX2P)HOO HUli1 22w

Notice that by (29) we have uy — u in H}(Q;11,9) and €, Vx,u, — 0 in L?(€2), then by the Fréchet-

Kolmogorov theorem we deduce that

lim sup Hekvxl U

fm, sup = lim sup ||ex (77 V x, ur, — VXIUk)||L2(w/) =0,

L2(@')  h—0 e

and similarly we obtain

2(w) 0,

Wy =90, lflglo ilég HFh

lim sup HVXQUk
h—0 keN

=0.

lim su HUh

Hence, by passing to the limit in the above inequality we get

L2(w)N-9)2

= lim sup HVXQUk;

lim sup”mVquk szuk L2(w)(N—0)2 h=0 pen

h—0 LeN

Similarly we obtain

lim su He ThV up — V%
h_)()keg k X, X, )

and

L2(w)aN=a) 0.

lim su He WV vup — Vi v u
o keg k( hV X1 X, Uk X1Xo k)

2) Following the same arguments, we get the estimation

2
(-2 T Ve, HVXI)QUI“

V] e + [P

<
L2(w) L2(w)aN-9) —
31 2y + Ger IV xiplloo MlenV sy il 2o

+6 Va1V ot 2y + 3| (FAx00 = Axep) | 1t 2oy -
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The convergences uy, — u in H}(Q;11,9), and €, Vx,ur — 0 in L*(Q2) and boundedness of p and
its derivatives show that the right hand side of the above inequality is bounded in k, i.e. for some

C, > 0 independent of k£ we have

VkeN: e vaﬁuk

2
22 T Ve, HleXﬂk

< Cu,

2
L2(w)? + HVX2uk L2(w)aN-a) =

L2(w)(N=
loc

and therefore, the sequences (V?quk), (V% ur), (€, V%, x,ur) are bounded in L3, (Q)NV-0% ¢* aN=a),

O
Now, we are ready to prove the following

Theorem 2.3. Let Q0 a bounded open set of RN. Suppose A = Id. Let f € L*(Q2). Let u. €
Hi(Q) N HE(Q) be the unique solution of (4), then u. — u strongly in HE.(Q;T2Q) where u is the

unique solution of the limit problem (28). In addition, we have

62V§(1u€ — 0 and eV%QX?ue — 0, strongly in L? (Q)q2 and L2 (Q)1N=D respectively.

loc loc

Proof. Let u € H}(;11,2) be the solution of the limit problem (28) and let (ug)gen, uxr = U, €
Hi () N HE(Q) be a sequence of solutions to (4) with € replaced by €; with €, — 0, then Proposi-
tion2.2 shows that the hypothesis of the Fréchet-Kolmogorov theorem are fulfilled (For the statement

of the theorem, see for instance [27]). Whence, it follows that {V§(2uk} is relatively compact in

keN
L*(w)N=9" for every w CC Q open. Now, for w CC Q fixed there exists U¥ € L*(w)N~9" and a
subsequence still labelled (V% uy)ren such that Vi, uy — U* in L2 (w)N =97 strongly. Since uj, — u
in L?(w) and the second order differential operators d;; are continuous on D’(w) then U = V,u on
w. Whence, since w is arbitrary we get Vi, u € L2 (Q)N-9% ie we HE (Q;IL,Q). Now, let (w,)

be a countable covering of Q with w, CC Q, w, C w,11,Vn € N. By the diagonal process one can

construct a subsequence still labelled (uy) such that
Vi, ue — Vi,u in LlQOC(Q)(N_‘Z)2 strongly.
Combining this with the convergence u, — u of (29) we get

up — u strongly in HZ,(;T1,9), i.e. d(ug,u) — 0 as k — oo,
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where d is the distance of the Fréchet space HZ (S2; T1,2).

Finally, to prove the convergence of the whole sequence (u¢)o<c<1 We can reason by contradiction.
Suppose that there exists 6 > 0 and a subsequence (uy,) such that d(uy,u) > d. It follows by the first
part of this proof that there exists a subsequence still labelled (uy) such that d(uy,u) — 0, which is

a contradiction. By using the same arguments we show similarly that

()7 and L?

Vi, ue = 0 and eV%, y,uc — 0 strongly in L] 2 ()" V=9 respectively.

loc

2 General elliptic problems

2.1 Interior convergence on general bounded domain for the linear case

In this subsection we will prove Theorems 0.5, 0.6. At first, we suppose that the coefficients of A are

constants. We have the following lemma

Lemma 2.1. Suppose that the coefficients of A are constants and assume (5). Let (u¢)o<e<1 be

a sequence in H*(RYN) such that — ” a;05ue = f, with f € L*(RY), then we have for every
e€ (0,1]:
A Vite] gy < 11l
A [P e gy S 1 22y

V2 HleXz

oy S 1o

Proof. As in proof of Lemma 2.1 we use the Fourier transform and we obtain

(Z az%@sj) Fu)(€) = F()(©), € €RY,

From the ellipticity assumption (5) we deduce

i=q+1

(225 + Z f) [Fu) @ < |F()EF

Thus, similarly we obtain the desired bounds. O]
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Now, suppose (5), (6), and (30). Let u. be the unique solution of (4), then it follows by the
elliptic regularity that u. € H7.(Q2). We denote uy, := u,, where (ez) is a sequence in (0, 1] such that,

€x — 0 as k — oco. Under the above notation we have the following

Proposition 2.2. Let Q be an open bounded set of RN. Suppose (5), (6), and (30). Let f € L*(Q).
Let zg € Q) fized then there exists wg CC 2 open with zy € wy such that the sequences (Vg(Quk),

(eivgﬁuk) and (ekV§(1X2uk) are bounded in L?(wy).
Proof. Let k € N. Since u;, € H}(Q) N HE.(Q) and A € C'(Q2) then u;, satisfies

— Z a;;( 82 ug(x Z 8aw x)0jui(x) = f(x), for a.e z € Q (2.3)

7,j=1 3,j=1

€k

where we have set af; == ag}.

Let zg € € fixed, and let 8 > 0 such that

. A
min {[A = 30(N — g)], [\ — 30q], [V2\ — 6(N — q)g0]} > 3 (2.4)
By using the continuity of the a;; one can choose w{ CC €2, zy € w( such that
maxsup |a;;(z) — ai;(z)| <0 (2.5)

%J TEW)

Let wy CC wj open with zy € wy and let p € D(RY) such that p = 1 on wp, 0 < p < 1 and
Supp(p) C wjy. We set Uy, = puy, and we extend it by 0 on the outside of w) then U, € H*(RY).

Therefore from (2.3) we obtain

- Za” 20) 05U () = Z(afj(x) — af(20)) 07 Ur(x) + g(x), for a.e x € RY,
i.j
where we have set
gk = pf + pz &afjajuk — uy, Z afj@%p — Z afj@ipajuk — Z afj@jpaiuk, (2.6)
,J 4, (2] (2]

and we have extended it by 0 on the outside of w(,. Now, applying Lemma 2.1 to the above differential

equality we get

A V3,0

sy et |V, Uk

+vV22er [V, x, U

L?(wyp)

<3

Z(afj — afj(zo))aijk

1,

+ 319kl L2
L2(wp)
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Whence, by using (2.5) we get

A V3, O

A ViU

2
L2(w], L2(w() + \/5)\% HVXIX? Uk

L?(wy)

q N
<308 > |2ui| , 430 > |oRUi .
= L2(w() - = L2(wp)
i, 1,j=q+1
q N
2
+ 6(9€k Z Z ’ a”Uk L2(wh) +3 “ngLQ(w(’)) :
i=1 j=q+1

Therefore, by the discrete Cauchy-Schwarz inequality we deduce

MVEU] oy + 26 V3T oy + V2 VR U
< 30(N —q) HV?xQUk 2y T 304 HV?’GU’“ L2(wh)
+ 66N = )00 [V, Ul + 3 Nonl 2y
and thus

+

2
A= 30(N — )] [V, Uk o)

2 2
sy T RN = 30d] V3.

e [V2XA = 6(N — )qb] |V, x, Ui

L2(W) S 3 ||gk||L2(w6) :
Hence, by (2.4) we get

6
2
Hszuk L2(wo)a(N—9) < A HngLQ(W{J) )

2 || o2
o e Hv)ﬁ“k

2
L2(wg)(N =4 a2 T €k HleX?uk

L2 (wo)
To complete the proof, we will show the boundedness of (g;,) in L?(wj). Indeed, p and its derivatives,
a;; and their first derivatives are bounded on wj, moreover (29) shows that the sequences (e, V x, ux),

(Vx,ur) and (uy,) are bounded in L?(2), and therefore from (2.6) the boundedness of (g;.) in L*(wp)

follows. [

Corollary 2.3. Under assumptions of Proposition 2.2 the sequences (V%Q uk), (eivgﬁ uk), (ekvgﬁquk)

are bounded in L}, (Q)N-0% ¢* a(N=0),

Proof. Let w CC Q open, for every z € @ there exists w, CC €2, z € w, which satisfies the affirmations
of Proposition 2.2 in L?(w,). By using the compacity of @, one can extract a finite cover (w,,) of w,

and hence the sequences (nguk), (E%V%uk), (ekvgﬁ XQuk) are bounded in L*(w). O
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Proposition 2.4. Assume the same hypothesis of Proposition 2.2. Let zy € ) then there exists

wo CC Q with zg € wy such that

lim su HT V% u V% u =0
Py keNP WV XUk = VX Uk 1oy (v-a2 ]
lim su He AT Vi u =0
h—0 keNp RURY G TR 2 L2(wp)4” ’
}Llin kSEUNP Hek 7—th1X2uk vX1X2u’<?> L2(wo)d(N-a) 0.

Proof. Let zp € ) fixed and let # > 0 such that (2.4). By using the continuity of the a;; one can
choose wj CC 2 with 2y € wj such that we have (2.5). Let wy CC wyj, with zy € wp, and let
p € D(RY) with p =1 on wy, 0 < p < 1, and Supp(p) C wjy. Let h € RN, 0 < |h| < dist(w), 00Q).
Let k € N. We set Wi = pUF, with U} = (m,us, — uy) and we extend it by 0 on the outside of w)

then W' € H?(RY). By using (2.3) we get:

— Za@(zo)ﬁfng(x) = Z(afj(x) —a; ( ))32 Wi(z) + G (z), a.e z € RY
i.j i.j
where we have set
Gr = Ut Zau P = Zafj@pﬁjU,? — Zafjé?jp@iU,? (2.7)
,J ,J
—PZ( Thafj) mOiuk — p (f — mf)

—pz {&aij@juk — 81'Tha§jaj7-huk} )
4,3

and we have extended it by 0 on the outside of wy,.

As in proof of Proposition 2.2, we obtain

2 2 2
+ € HTthluk — VXluk

2 2
Vi u, — Vi.u
H h'V X3 %k Xo k| 12(0p) L2(wo)

(@)

<
L2(wo) — A

2 2
+ ek HTth1X2uk - VX1X2uk k) L2 N
(w())

= 0. Using the boundedness of the

To complete the proof, we have to show that lim sup HG k
h=0 keN

2. GENERAL ELLIPTIC PROBLEMS o7



CHAPTER 2. CONVERGENCE IN HIGH-ORDER PSEUDO-SOBOLEV SPACES

a;; and the boundedness of p and its derivatives on w(, we get from (2.7) the following

(e Ut

C

/
0

|+ Cuger ||V, UL

<
L2 (wé) - L2 (w(')

+C"J6 ‘VXQU,?

L2 (wp)

+ Z ’ (CLZ - Tha?j) Thafjuk
‘7j

k k
+ E ’ aiaijajuk - Th&-aijThajuk
‘?j

L2(wp)

L2(wp)

where Cy; > 0 is independent of & and k. Now, estimating the fifth term of the right hand side of

the above inequality we obtain

< . _ .
Ly S OMamax sup Jai;(x) = mha ()] X

(Iv3m

k k 2
Z’v.j

+ € vaﬁuk

2
+ € Hlexzuk

L2(w)+h) L2(wh+h) L2(w6+h)) ’

with Cy, = max (¢, N — ¢, /2¢(IN — ¢)). Let § > 0 be fixed and small enough such that for every
h e RN, 0 < |h| <d we have w) + h CC Q. We define the open set ws := Upcp<s(w) + ). Notice

that ws CC Q then follows by Corollary 2.3, that there exists Cs independent of k such that:

2
HVXQUk

< C.

2
2 T 6k Hvxlxzuk L2(g)iN—0) =

2 2
(v-g2 T Hvxluk

L2(ws) L2(ws)

Since the a;; are uniformly continuous on every w CC 2 open (thanks to (30)), then

}L%I%X:gi |aij(x) — Thay(z)| = 0,

and hence

lim sup Z H (a = 0. (2.9)

h—0 LeN i

k k 2

Now, estimating the last term of (2.8). By the triangular inequality we obtain

k k k k
g ‘ aiaijﬁjuk — Thaial-jThajuk L) < E ’ @aijajuk — Th&»aijajuk
— / —
i, i,

L?(wyp)

k k
-+ Z Hrh&aij(?juk — 81‘7'haij7'h(9juk
'7j

L2(wp)
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By using the boundedness of the first derivatives of the a;; on wj we get

k k
Z ‘ &;aij(’?juk - &Thaijajrhuk
.3

L2 (wp)

< Oy gmaxsup |G (x) — Oy (x)| (e IV il 2y + HVXQWHLQ(%))

4J TEW]

+Cl, (ek |V, U

L2(w)) * HvX? Ui

L2(w6)> ’

where Cly , = max (N,/q, Nv/N — ¢q) and CL() > 0 is independent of h and k. Now, since 0;a;; are

uniformly continuous on every w CC Q ((thanks to (30)), then

lim max sup |0;a;j(x) — Th0;a:5(x)| = 0. (2.10)

h—0 <, wEw(’)

In the other hand by using (29) and the Fréchet-Kolmogorov theorem we get

wup (e [V
keN

L2 + HVXQU,?

iy * 10

) 0, (2.11)
L2(wp)

therefore by using (2.10) and (2.11) in the above inequality we get

. k k _
}lllgl[l) ksg\lp%: ‘ Oia;;05ur — OiThag;05Thuy, ) = 0. (2.12)
Passing to the limit in (2.8) by using (2.9), (2.11), and (2.12) we get
lim sup HGZ =0,
h—0 LeN L2(wp)
and the proposition follows. O

Corollary 2.5. Under assumptions Proposition 2./ we have, for every w CC €2 open:

lim su HTV2U—V2U =0
pa keNp BV X, Uk X, Uk L2(w)(N=0)? )
lim su H627'V2 up — V> u =0
h—0 keNp K70V, Uk X, ) L2(w)e? ’
. 2 o2 _
A kSELll\IpHek(ThvxlXﬂk Vi x, k) L2(w)a(V—a)

Proof. Similar to proof of Corollary 2.3, where we use the compacity of @ and Proposition 2.4. [

Now, we are able to prove Theorem 0.5. Indeed, it is similar to the proof of Theorem 2.3. For
example, let us show the convergence
2

Vi, uc— 0in L (Q)7.
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Fix w CC Q open, and let (uy) be a sequence defined as in this subsection. It follows from Corollaries
2.3, 2.5 that the subset {eiV?Xl uk}keN is relatively compact in L2<w)q2’ then there exists V¥ € LQ(w>q2

and a subsequence still labelled (€; V% ) such that
&Vi,u — V¥ in L (w)?.

Since €2uy, — 0 in L?(w) (thanks to (29)) then V¥ = 0 (we used the continuity of V%, on D'(w)?).

Whence, by the diagonal process one can construct a sequence still labelled (€, V% uy) such that

2

eViue — 0in L7 (Q)7 .

To prove the convergence for the whole sequence (62V§(1u€)0<6§1, we reason by contradiction as in

Section 1, recall that L? () is metrizable (that is a Fréchet space!), and the proof finished.

Remark 2.6. Remark that the Lipschitz reqularity of A is sufficient for all the arguments of this
subsection except for (2.12). Following the same path we remark that we can obtain (2.12) if we

assume that there exists a zero measure subset S of 2 such that:

(Unif) hm max sup |0;a;;(z) — m,0;a;5(x)| =0, for every w CC 2, open.

LI zew~S

Therefore, we obtain the same affirmations of Theorems 0.5, 0.6 if we suppose that A is Lipschitz

which satisfies (Unif).

2.2 Interior convergence on general bounded domain for the semilinear
case

The proof of Theorem 0.6 is similar to that of Theorem 0.5. At first, the convergences of (29) are
given in Proposition 2.7 below. For the rest of the arguments we will have additional terms of the

form
176 (un) = Blun) || 2y » 18 (n)ll 2

when we show Propositions 2.2 and 2.4. The boundedness of (uy) in L*(Q2) and (11) show that

(18 (k)| 20y )k is bounded. Similarly, since uy — u in L?(€2), then by using the continuity of 8 and
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(11) we show that B(uy) — B(u) in L*(2), and therefore we get

B sup {1703 (k) = B(ur) | 2g) = 0.

Proposition 2.7. Let Q be a an open bounded set of RN . Assume (5), (6). Assume that (3 satisfies

(10) and (11). Suppose that f € L*(2), then
ue — w in L*(Q), eVx,uc — 0 in L*(Q)? and Vx,ue — Vx,u in L*(Q)N 9,
where u, is the unique solution to (12) in H(QY) and u is the unique solution to (31) in H}(Q;T1,9).

Proof. This proposition is a generalization of Theorem 1.1 for general domains. Following the same

arguments we get the convergences (1.10) and

. — 1
/Qﬂ(u)wda%l—/QAgzvxgu V x,pdz /chpdx , Vo € Hy(2). (2.13)

Therefore, since H}(Q;11,Q) is a Hilbert space, then (1.10) implies that u € H}(Q; 11,2). By using
some Hilbert basis and a partition of the unity as in the linear case ([8], Theorem 2.1), We can show

that, for a.e. X; € I1;(Q)

/Q 5(u(xl,-)¢dxz+/9 Aoa(X1, )V xyu( X1, ) - Vo, 0d X :/ F(X0, YodXs , Vi € HE(Qx,).

X1

(2.14)
Finally, for ¢ € H}(; T12Q2) we use (2.14) to get (31). The convergence of the global sequence follows

as in proof of Theorem 1.1. O

2.3 High-order global convergence in a cuboid

- N -
In this section, we will prove Theorem 0.7. Let Q = T](—l;,2l;). We denote sub(2) the set of all
i=1

- N
disjoint subsets of 2 of the form I = [] I; where each I; has one of the forms (—[;,0), (0,1;), (L, 2(;).
i=1

For 0 < j < N fixed we denote sub(£2)_1 ;, sub(€2)1 ;, sub(£2)2; the subsets of sub(§2) such that [; is

of the form (—1;,0), (0,1;), (I;,2l;) respectively. It is clear that these three subsets define a partition

of sub(QY). For x = (x;)1<i<y € I, we denote

y = (si(I) +ri(I)wi)i1<icn € Q
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where 7; and s;, 1 <4 < N, are defined on sub() by

T’Z(I) _ { 1if I € sub(ﬁ)u

—1 else

0if I € sub(@)_li U Sub(ﬁ)li
SZ([) — ) ~ ’ )
20, if I € sub(2)2,;

Now, we define the function f € L2(Q) by

Forxz eI € sub( (H i ) (y)1<i<n), and f: 0 else.

Similarly, we define the extension . of u, by:

For z € I € sub(Q) : <H 7i( ) X uc(y), and @, = 0 else.

We define A = (a;;) the extension of A as follows: For x € 6, there exists I € sub(Q) such that

x € I, in this case we set

Notice that assumption (34) implies that the value of each A(x) does not depend in the choice of
I so A is well-defined. Notice also that (33) implies that A is Lipschitz on Q and that it satisfies
hypothesis (Unif) of Remark 2.6 on Q, where the zero measure subset S is the finite union of all

N
the subsets of the form [] I; whose there is at least some ig such that I;, = {0} or {l;,}. We can
i=1

check immediately that A satisfies the ellipticity assumption (5) with the same constant. Finally, we
define fle as we have defined A, (see the introduction of the this thesis).

Under the above notations we have the following Lemma:

Lemma 2.8. Assume (5), (33), and (34). Let Q2 such that (32). Let f and u. as in Theorem 0.5,

then . is the unique weak solution in H&(Q) to the elliptic equation
—div(ANVT,) = f.
Moreover, we have i, € H? (Q).
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Proof. At first, One can check immediately that the restriction of @, to each I € Sub(ﬁ) belongs to

H((I) and hence %, € H}(Q), and moreover for 1 < j < N and I € sub(Q), we have :
For a.e. z € I : 0ju.(x) =r;(1 (Hn >8u5 Y)
Now, let ¢ € D(Q) we have

/5 AN Vedr= Y [ AV, Vds,
I

T€Sub()
by a change of variables we get
/~ AV, - Vedr = Y / AVu, - V@de, (2.15)
@ TeSub() @

where @; is defined on Q by

51(2) = (Hln(f)) or((si(0) + (D)),

and ¢y is the restriction of ¢ on I. Let us show that

> @re Hy(Q) (2.16)
Te€Sub()

It is clear that ) Pr1 € H'(Q) N C(Q), it is enough to show that it vanishes on 9. So, let

IEb

2? = (27) be un élément of G, then there exists at least j such that 29 = 0 or 2§ = ;.

1) If 29 = 0 : For any I € sub(Q)a;, we have y? = s;(I) + r;(I)29 = 2l;, then y° € 9Q therefore
@r(z) = 0. Now, for any I € sub(Q)_,,, we have y; = s;(I) + r;(I)x) = —29 = 0, and any
I € sub(€),;, we have : y; = s;(I)+r;(I)x} = 2 = 0, notice that there is a bijection from sub(€)1;
onto sub(€)_y; defined by : I+ I’ such that I and I’ have the same intervals except for the ;%
we have [; = (0,1;) and I} = (—1;,0). For such I and I' we have r;(/) = 1 and r;(I') = —1, then
$1(2°) + ¢r(a”) = 0. Finally, we get 35, g, @r(z°) = 0.

2) If 2§ = 1; : For any I € sub(€)_1.;, y; = s;(I) 4+ (12 = —1;, then 3° € 9Q therefore

@r(z) = 0. Now, for any I € sub(Q2),;, we have y; = s;(I) +r;(1)2f = 1;, and any I € sub(€)a,

J

we have : y) = 2l; — I; = [}, notice that there is a bijection from sub(€)1,; onto sub(Q),; defined
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by : I — I’ such that I and I’ have the same intervals except for the j one we have I; = (0,1;)
and I} = (I;,2l;). For such I and I" we have r;(I) = 1 and r;(I') = —1, then ¢;(2°) + ¢y (2°) = 0.
Finally, we get 3=, ¢, ) @r(2%) = 0. At the end, (2.16) follows from the two points above.

Now, since wu, is the solution of (4) in H}(Q) then (2.15) and (2.16) give

/{~2 AV, - Vipda = /Q FY Gda

IeSub(R2)

By using an other variables change in the second member of the above equality we get the first
affirmation of the Lemma. Finally, as we have mentioned above, the function A, is Lipschitz on Q
(thanks to (33)), then the H? interior elliptic regularity gives the second affirmation of the Lemma.

O

As a consequence of the above lemma, we will prove the convergence of second derivatives of u,

near each point of the boundary 0€2. Explicitly we have the following

Proposition 2.9. Suppose the same assumptions of Theorem (.7. Let xgq a point of OS), then there

exists an open neighbourhood O of xsq such that:
Vi, ue = Vi, u in L*(Q N O)N=0*
Vi, ue — 0 in L*(2N 0)7,
Vi x,te — 0 in L*(Q2N O)N-)*,

Proof. The proofs of these convergences are similar, so let us show the first one, for example. Let .
be as in Lemma 2.8, and let u € H{] (Q, @Xl) be the solution of the associated limit problem. As we
have mentioned just before Lemma 2.8, the function A satisfies the hypothesis (Unif), therefore it

follows by Remark 2.6 that the convergences of Theorem 0.5 hold for ., therefore
V%, i, — V3, i in L2 QW97

Now, let O be an open set containing xyq such that O CC Q (notice that O N2 is non empty), then

according to the above convergence we have, in particular,

V%, i — V@ in LH(O N QW07
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In the other hand we know that u. — u in L?(), and that %, = u. on €, then the continuity of V%,
on D(O NQ)N-9* gives

V2, u — Vi uin LH(ONQ)N-9%,
and the Proposition follows. O

Now, using the compacity of £ we can cover €2 by a finite family of open sets, a boundary ones like
O and interior ones i.e. like w CC (), we obtain the desired convergences in each kind by applying
the above proposition for the O-type of sets, and Theorem 0.5 to the w-type ones, and Theorem 0.7

follows.
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Chapter 3

Singular perturbations for some class of
non monotone elliptic problems and
application to integro-differential
problems

1 Singular perturbation for some class of nonlinear problem

1.1 Preliminaries

Let €2 = wy X wy, and let v > 0. In this chapter, we deal with the following problem:

{ fQ Aevue ’ V(de + ’YfQ ue(:pdx = fQ B(Ue)SOdJJ;VSO S H&(Q> (31)

u. € Hg(Q),

where the abstract operator B maps L'(Q) to L*(Q) continuously, and it is sublinear on L?*(Q)
(assumption (39)). Recall also that A satisfies the ellipticity assumptions (5), (6).
In this section, we prove Theorem 0.8. At first, let us prove the existence of solutions of (3.1). We

have the following

Proposition 3.1. Let Q be a bounded open set of RY. Assume (5), (6), (38), and (39). Suppose

that v > M, then (3.1) has at least a solution.

Proof. The proof follows from the Schauder fixed point theorem. Let v € L*(Q) and v, € H(2) be

the unique solution to the linearised problem

(3.2)

Jo AV, - Vpdr + 7 [ vepds = [ B(v)edz, Yo € Hi (),
ve € HY (D).
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The existence of and the uniqueness of v, follows from the Lax-Milgram theorem (thanks to assump-
tions (5), (6)). Let T : L*(Q2) — L*(Q)) be the mapping defined by T (v) = v.. Since B is continuous
from L'(Q) to L*(Q) and that the injection L?(Q2) — L'(Q) is continuous then B is continuous from
L?(Q) to L?(Q). Therefore, one can check immediately that 7 is continuous from L?*(Q) to L*(Q).
We define the set

5= {oe #3019l < 5 (25 ) nd ol < 2}

It is clear that B is non-empty and it is convex and bounded in Hg () and it is closed in L?(£2), then

B is compact in L*(Q).
Let us show that B is stable under 7. Let v € L*(Q), testing with v, in (3.2) and using assumptions

(5) and (39) we get

/\€2||VU€H%2(Q)N + 7||Ue||%2(m < M1+ o]l 2@ |vell 20

Whence
M(1+ [Jo]lr2@) M1+ [Jo]lz20)
H%HH(Q) < (D) and HV'UGHLQ(Q)N < Em (D) .
Now, when v € B we get
M vV oM
Ve < and ||Vwv, < =
ooy < —57 and [ Vol < YL
and the proposition follows. n

Now, we establish some bounds on the solutions

Proposition 3.2. Suppose that assumptions of Proposition 3.1 hold. Let u., 0 < € <1 be a solution

to (3.1), then we have

M y M ol M
||€VX1ueHL2(Q)q < 7_]\/[\/:a HVXWeHLz(Q)N—q < 7—]\/[\/:’ ||Ue||L2(Q) < N M

Proof. Testing with u, in (3.1) and using (5), the Cauchy-Schwarz inequality, and (39), we get

2 2 2
Aé? IV el 120y + ANV x,uell T2 pv—a + 7 el 2q) < ML+ [Juell p20)) l[uell 12q) -
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['hus
< M
HUEHLQ(Q) =M’

and therefore

2
M
2 2 2
ANV, uellzay + MV sl zay +7 luelza <7 <y—M> ’

and we get the desired bounds. O]

Corollary 3.3. Suppose that assumptions of Proposition 3.1 hold. Let (u)o<e<1, be a sequence of
solutions to (3.1), then there exist u € L*(Q) such that Vx,u € L*(Q), and a subsequence (uc,)ken
such that

Ue, — u; Vix,ue, — Vx,u and e,V x,ue, — 0 weakly in L*(9). (3.3)

Proof. Follows from Proposition 3.2 by using reflexivity of L2(2) and continuity of the derivation on

D(Q). O

1.2 The asymptotic behaviour of the solution

1.2.1 Local H! bounds on the solution:

The convergences of (3.3) show that u is the potential candidate to be a solution to (41). The main
difficult to prove such a result, is the passage to the limit in the non linear term B(u.). Recall that
the injection H}(2;ws) — L*(Q) is not compact, therefore the passage to the limit in B(u,) by using
the weak convergences (3.3) is not trivial . In proof of Theoreml.1, we have used a monotonicity
to obtain the strong convergence from the weak ones. In the present case, we will show that wu,
is bounded in H}.(2), and then we use Sobolev embeddings to show the strong convergence of
subsequence in L2 () and we will use this strong convergence to pass to the limit in the nonlinear

term. We require the following classical Banach-Steinhauss theorem [28].

Theorem 3.4. Let X and Y be two topological vector spaces. Let K be a convexr compact subset of
X. Let (T,).ez be a family of continuous linear applications from X to Y. Suppose that for every
x € K the subset {T,(x)},ez is bounded in Y. Then there exists F' bounded in Y such that, for every

v € T we have T,(KC) C F. In other words, the family {T,}.cz is uniformly bounded on K
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To obtain the desired H!' bounds. We need some additional assumptions on B and A, namely

assumptions (40), (18), and (22) that we recall here
Pour tout £ C W borné dans L*(R) : conv(B(E)) C W,

Op,055 € L>(Q),0p,055 € L(Q) pouri=1,...,qet j=q+1,..,N,
Vx, Ay € L=(Q).
Now, we are ready to prove the following principal lemma
Lemma 3.5. Assume (5), (6), (18), (22), (38), (39), (40), and v > M. Let (u.)o<e<1 be a sequence

of solutions to (3.1), then (uc)o<e<t is bounded in H. (). That is for every open € CC Q there

exists Cqy > 0 independent of € such that:
VO < e <1 [ludlgrgy < Car

Proof. Let (£2;);en be an open cover of €2 such that for every j € N : Q; CC ;1. Recall that the

topology of H}.(Q) is completely determined by the family of the semi-norms (p;);en defined by
pi(v) = [[vll g1 (q,) for every v € Hy, ().

We denote H}

loc

(Q)weak the topological vector space H} () equipped with its weak topology. We
denote L2(Q2)¥e* the Hilbert space L?(£2) equipped with its weak topology. We define the family

(T)o<e<1 : L2(Q) — HL.(Q) of linear mappings by
Vf e L*(Q): Tf) = ve,
where v, is the unique weak solution to the linear problem

{ —div(AcVue) +yoe = f, (3.4)

ve € Hy ().
(Te)o<e<1 is well defined thanks to assumptions (5), (6), and the Lax-Milgram theorem.
For every 0 < ¢ < 1, T, : L*(Q) — H..(Q) is continuous as a composition of the continuous

application

L*(Q) — HY(Q), f — v,

70 1. SINGULAR PERTURBATION FOR SOME CLASS OF NONLINEAR PROBLEM



CHAPTER 3. SINGULAR PERTURBATIONS FOR SOME CLASS OF NON MONOTONE ELLIPTIC
PROBLEMS AND APPLICATION TO INTEGRO-DIFFERENTIAL PROBLEMS

and the canonical injection H'(Q) < H}}

1be(£2). Therefore , since (7;)o<e<1 are linear, then

Y0 <e<1, To: LA(Q)ve* — H}

L (Q)“e* is continuous. (3.5)

We introduce the subset Ey = {v €W vl 12 < W_LM}, then B(Ep) is bounded in L?*(f2), thanks

to (39). Whence, the convex hull of B(Ey) is bounded in L?(Q2). Hence, its closure (in L*(Q))
K = conv(B(Ey)) is convex, and it is compact in L?*(€)"** (3.6)

Now, by assumption (40) we get K C W. Let f € K, then f € W so f satisfies (21), combining
that with assumptions (18), (22) we get the estimation (20) (Theorem 3.1, [8]) i.e.
Wl CC wy open s [V (0 — )t o = O and [V, (1 = 0) s e = O (3.7)

Here, the function v is the weak solution to the limit problem associated to (3.4). Notice that the
problem treated in [8] did not contain the term ~w.. Since 7 is positive, then we can check, by

following the proof of (Theorem 3.1, [8]), that the estimations (3.7) hold. It follows from (3.7) that
Wj €N, 3y > 0, Ve € (0,1] py(To() = o e < Cir
In other words, the set {7:(f)}ee(,1] is bounded in H}} () for any f fixed in K. Therefore,
Vf € K : {T(f)}eco, is bounded in H} (€2) ", (3.8)

Now, the affirmations (3.5), (3.6), and (3.8) show that the assumptions of Theorem 3.4 are
fulfilled (Here, we set X = L?(Q)¥** and Y = H} .(2)“**). Whence, there exists a bounded set F
in H}

loc

(2)weak such that

For every 0 < e <1:7,/(K) C F.

The boundedness of F'in H._(Q)“* implies its boundedness in H}. (£2), whence
Vi €N, 3C, >0, Ve € (0,1],Yf € K : py(Ti(f)) < C;. (3.9)

Now, let (u.) be a sequence of solutions of (3.1), then from the third inequality in Proposition 3.2

we have

{Ue}ee(o,l} C Ey.
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Hence, according to assumption (40) we have
Ve € (0,1] : B(u.) € K. (3.10)

Remark that for every e € (0, 1], T¢(B(u.)) = ue Therefore, by using (3.9) and (3.10) we get

Ve e (0,1],V) € N lucll g q,) = 1Te(B(ue)ll g1,y < Ci- (3.11)
Finally, for ' CC € arbitrary there exists jor € N such that Q" C Q; ,. Whence, from (3.11= we
get
V0 < e <1l < i
and the proof of the lemma is complete. n

1.2.2 The convergence of a subsequence and proof of Theorem 0.8:

Let us prove the following

Proposition 3.6. Let us suppose that the assumptions of Lemma 3.5 hold. Let (uc)o<e<1 be a

sequence of solutions of (3.1), then there exists a subsequence (u, )ren Such that we have (3.3) and
U, — u in L'(2) strongly, (3.12)
where u is the function given in Corollary 3.5.

Proof. Let Cq be a countable open cover of €2 by balls, such that for any B € C we have B CC (2,
such a cover always exists. Fix a ball B € Cq, and let (u,, )reny be the sequence of Corollary 3.3.
It follows by Lemma 3.5 that (u., )ken is bounded in H'(B). Therefore, by the Sobolev compact

embedding H*(B) < L*(B) there exists a subsequence still labelled (u,, )xen such that
., — u in L*(B) strongly.

We repeat this operation in each ball and we use the diagonal process, then we get a unique subse-

quence still labelled (u,, )gen such that

u., — u in L*(B) for any B € Cq strongly.
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Therefore,
u., — win L} () strongly. (3.13)

Now, by using the regularity of the Lebesgue measure, we have for § > 0 there exists Qs C €2

compact such that mes(Q\Qs) < 0, so

[, = uldo < \fmes(@s) e, = ull g + Vo llue, — ullaga). (3.14)

where we have used the Cauchy-Schwarz inequality two times. By using Proposition 3.2 we obtain

that

M
b =l < @) = sy + V3 (2 # lulhae ) 69

Passing to the limit as £ — 400 we get

limsup/ |te, —u|dx < \/5(
Q

M
- + [ull 2y | -

Passing to the limit as § — 0 we get (3.12). O

Now, we are able ready to finish the proof of Theorem 0.8. Let (u,, )ren be the subsequence of

Proposition 3.6, then we have (3.12). Combining that with (38) we get
B(u,) — B(u) in L*(Q2) strongly. (3.16)
Passing to the limit in (3.1) by using (3.3) and (3.16) we get
/QAQQVXQU -V x,pdx + 'y/ﬂugodx = /QB(u)godx,ch € Hy(Q). (3.17)
Taking ¢ = u,, in (3.17) and passing to the limit by using (3.3) again. We derive
/QAQQVX2U -V x,udr + ”y/Qqux = /QB(u)udx. (3.18)
Now, consider the quantity
= /QAek < ngv()lifei ) ) ‘ ( szv(i(;:ei u) ) ot V/Q(uek —u)tds
— e /Q A1V xt - Vi e dt — € /Q AV, e, - Vixyudz — /Q AV xt - Ve, dt

—/ A2V x,Ue, - Vx,udr — 27/ utl, dx
Q Q

—|—/QB(u6k)ukdx+/QB(u)ude-
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Passing to the limit by using (3.3), (3.16) and (3.18) we get
limJ, =0
Finally, by using the ellipticity assumption (5) we obtain
U, — u; Vx,u, — Vx,u and €,V x u, — 0 Strongly in L*(12). (3.19)

The second convergence of (3.19) means that u,, — wu in the Hilbert space Hj({2;ws), therefore
uw € Hj(2;wy). Finally, we achieve the proof as in proof of Theorem 1.1, therefore we obtain that u

satisfies (41), and the proof of Theorem 0.8 is complete.

Remark 3.7. Theorem (.8 still true when we replace assumption (38) by (42). The only changes in

the arguments are done in (3.14) and (3.15). In fact by the Hélder inequality we get, for 1 <r < 2

r 2-r 2-r
[ e, = ul” o < mes(Qa)*F [lue, — ullaqyy + 0% ey =l (320)

and

. 2-r 2—r M
i = o < mestQ@0)F e =l 40 (27 # o) - (520

Therefore we obtain u., — w in L"(S2), and hence from (42) we get (3.16).

2 Applications to integro-differential problems

2.1 A non standard Hammerstein elliptic equation

In this subsection we prove Theorem 0.12. We introduce the perturbed problem associated to (46)

Jo AVuc - Vodz + 7 [quepdr = [o Bi(uc)pdr, Vo € Hy(Q)
! (3.22)
ue € Hy(§2),
where
~  (Md, 0 ~  (XéId, 0
e (0 0), = (2100 .

Biu) = [ K(e,y)b(y, uy)dy
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We will check that A and B, satisfy the same hypothesis of Theorem 0.8.
At first, It is clear that A satisfies (5) and (6). The hypothesis (18) is satisfied since the non
diagonal blocks of A are zero. The hypothesis (22) follows from (45).

Now, for the operator B;. The hypothesis (38) and (39) follow from the following proposition.

Proposition 3.1. Under the hypothesis (47), (48) the operator By maps L'(Q) to L*(Q) continuously,
and we have :

Yo € L*(Q) ¢ |B1(0)ll 2y < Mi(L+ [[0ll 2(0)).

with

1
My = 2||K | 202 max (|lg| 2@, €]2]7)

Proof. The operator B; is well defined from L'(Q) to L*(Q), and by using (47), (48), and the

Cauchy-Schwarz inequality we get
Vo € L) [1B1()lzz < (Igllia + ellvley ) 1Ko
In particular,
Yo € @) [Bu)lzz < (Igllia + el ol ey ) 1K 2

Whence,

Vo € L) ¢ |1B1(v) 20 < 1K 2@ mawx (gl zzoy, i) (14 ol )
Finally, we obtain

Vo € L2(Q) | Bi(v) | 20y < 2IK]|z2(02) max (|lgllzzy, cl2F) (1+ [vlla)

and the inequality of the proposition follows.
Now, let us prove that Bj is continuous from L'(Q) to L*(2). Let v, — v in L*(2), then there

exists a subsequence still labelled (v,,) and a function w € L'(€2) such that

vp(z) — v(z) and |v,| < w(x), for a.e. x € Q. (3.24)
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For a.e. y € €, we have
b(y, vn(y)) — bly, v(y)),

thanks to the continuity of b in it second variable ( recall that b is a Caratheodory function). and

for a.e. x € Q, and for a.e. y € Q we get by using (47)

V< |K (2, 9)b(y, vn(y))] < [K(2,9)] (9(y) + clw(y)|?) (3.25)

The function (in y) of the second member of (3.25). Therefore by using the convergence dominated

theorem ( in y) we obtain
For a.e. x € Q: Bi(v,)(x) — By(v)(x).
In the other hand, by using the Cauchy-Schwarz inequality we obtain that
For a.e. o € Q, Yn: |Bi(va)(@)] < (lgllr2@ + clwlre ) 1K (@, )l 20

Notice that the second member of the previous inequality belongs to L?(2), therefore by the conver-

gence dominated theorem we obtain that
Bi(v,) — By(v) in L*(Q) (3.26)

Notice that (3.26) holds for the subsequence of (v,,) given in (3.24). For the whole sequence we obtain
(3.26) by an immediate reasoning by contradiction, and the continuity of B; follows, and the proof

is complete. O
Now, let us check that the hypothesis (40) of Theorem 0.8 holds for the operator Bj.

Proposition 3.2. Under the hypothesis (47), (48),and (49) the operator By satisfies (40).

Proof. Let v e W, ¢ € D(Q2) and 1 < j < ¢ we have:

[ Biwdselayia] < [

Since 9; K € L*(Q?) then integrating by parts we get

dy.

/Q K (x,9)0;0(x)b(y, v(y))dx

‘/Q By (v)0j¢(z)dx

< [ (] 10 p)bty, o) dy) ()] do.
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Therefore, by using assumption (47) we get

1 1
[ Bu@se(e)da] < ol + IO ol baoy) 10K s -

Whence, 9;B(v) € L*(Q2), and
1 1
HajBl(U)Hm(Q) < (Hg”L2(Q) + Q7 ||U“z2((z)) HajKHm(m) : (3.27)

Since j is arbitrary then B;(v) € W.

Now, let £ C W bounded in L?(Q). Let us show that conv(Bi(E)) C W ( here, the closure is
taken in L?(Q)). Let vy € conv(B(FE)) fixed, then there exists a sequence (v,,), in conv(B(FE)) which
converges to vy in L(€2). By using (3.27) and the convexity of the norm we obtain that the sequences
(0jvn)n, 7 = 1,...,q are bounded in L*(€2), hence one can extract a subsequence still labeled (v,),
such that (Vx,v,), converges weakly to some Vg in L*(Q2)?. Since the operators d; are continuous

on D'(Q) then we get Vo = Vx,vg, and therefore vy € w , whence (40) follows. O

2.2 A nonlinear second order neutron transport equation

In this subsection we show Theorem 0.13. We introduce the perturbed problem (51)

{ Jo AV, - Voda + 7 fqucspdr = o Bo(ue)pdr, Yo € HE(Q)

u, € HA(Q), (3.28)

where A, is given as in (3.23). The hypothesis (38) and (39) follow from the following proposition.

Proposition 3.3. Under the hypothesis (50) and (53) the operator By maps L*(Q) to L*(Q) contin-
wously, and we have :

Vo € LA(Q) : [ Ba(v)ll 20y < Ma(1+ V]l p2q)-

with

My = 2¢/[wi || K || 1oy ey max (]2, 12 )

Proof. The operator By is well defined from L'(Q) to L*(Q), and by using (50), (53), and the

Cauchy-Schwarz inequality we get

. 1 1
Vo € L) ¢ [ Ba(v)la) < ol K leoneey (1212 + ol )
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In particular,
Vo € L) ¢ [ Bav)lae) < el K liorcey (121 + 1920 ol )
Whence,
Vo € LX) [1Ba(o)lzz@) < ol K ooy max (1901, 19F) (1 + ol )
Finally, we obtain
Vo € L2(Q) ¢ | Ba(v) | n20) < 2¢Jwn | K| 2w on ey max (217,217 (14 [[0] 120y ) -

and the inequality of the proposition follows.
Now, let us prove that By is continuous from L'(Q2) to L*(Q). Let v, — v in L'(Q), then there

exists a subsequence still labelled (v,) and a function w € L'(Q2) such that
() — v(z) and |v,(z)| < w(x), for a.e. x € Q. (3.29)

Let us show that

a(v,) — a(v) in L*(Q) (3.30)

In fact, by using (3.29) and the continuity of a we obtain that for a.e. z € Q: a(v,)(z) — a(v)(z).
In the other hand, we have for a.e. z € Q, Vn : |a(v,)(x)] < ¢(1 + |w(z)|2). Therefore, by the

Lebesgue theorem we get (3.30). Now, by the Cauchy-Schwarz inequality and (50) we get
1B2(vn) = Ba(0)]| < |wn [ K| 1o wr xey lla(vn) = a () 2 (3.31)

Whence, by using (3.30) we get
Bs(vy,) — By(v) in L*(Q) (3.32)

Notice that (3.32) holds for the subsequence (v,) given in (3.29). For the whole sequence we obtain
(3.32) by immediate reasoning by contradiction, and the continuity of B follows, and the proof is

complete. ]

Now, let us check that the hypothesis (40) of Theorem 0.8 holds for the operator Bs.

78 2. APPLICATIONS TO INTEGRO-DIFFERENTIAL PROBLEMS



CHAPTER 3. SINGULAR PERTURBATIONS FOR SOME CLASS OF NON MONOTONE ELLIPTIC
PROBLEMS AND APPLICATION TO INTEGRO-DIFFERENTIAL PROBLEMS

Proposition 3.4. Under the hypothesis (50), (53), and (54) the operator By satisfies (40).

Proof. Let ve W, p € D(2) and 1 < j < g we have:

<h

Since 0., K € L*>(w; x (1) then integrating by parts, and using Cauchy-Schwarz and (53) we get

dX!dXs.

/Q By(v) 0y, (x)dx

/f((X{,Xl,Xg)ﬁjcp(Xl,Xg)a(u(X{,Xg)Xm
w1

‘/Q By (v)0j¢(z)dx

. 1 PR
< el Bl ooy (190 + 1905 Nl ) Il
Whence, 0, B2(v) € L*(Q), and
~ 1 1 l
10, B1(0) 0 < ler IR |y (1902 + 120 ol )

Since j is arbitrary then B;(v) € W, and we conclude as at the end of the proof of Proposition

3.2 U

Remark 3.5. According to Remark 5.7, we can deduce that Theorems (.12 and (.13 hold when we
replace assumptions (47) and (53) by (55) and (56) respectively. In fact, under these assumptions,

we prove that By and By satisfy assumption (42).
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Chapter 4

Anisotropic singular perturbations in L?

In this chapter, we will first deal with the following problem

Bue) — div(AVu,) = f,

complemented by the boundary condition

ue = 0 on 0f).

The associated limit problem is

ﬁ(u) - diVXz (A22VX2U> = fa

complemented by the boundary condition

u(Xy,-) =0 on 0Nx,, for X; € I,

(4.1)

(4.4)

The function f is supposed to be in LP(€2) and the matrix valued function A satisfies the ellipticity

assumptions (5),(6). The function f is nondecreasing continuous and sublinear (assumptions (10),

(11)).

At a second time, we will study the problem of the neutron transport

fQ AVXQU ’ VXQCIDd:C = f + fQ BQ(U)(,Ddl‘,VQO € D(Q)
u € WoP(Q;w,),
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1 The convergence theorem

Let © be a bounded open set of RY. Let f € LP(Q) with 1 < p < 2. By density let (f,)nen € L2(Q)Y

be a sequence such that f, — f in LP(2). Consider the regularized problem:

u € Hy(S2), /Qﬁ(u?)gpd:v —l—/(ZAeVu? -Vpdr = /angodx , Vo € D(Q). (4.5)

The existence and the uniqueness of u! follow thanks to assumptions (5), (6), (10), (11).

Let us begin by this primary analysis of the linear problem.

1.1 Weak convergence of a subsequence of weak solutions

Proposition 4.1. Assume (5), (6). Suppose that 8 =0 and f € LP(Q) with 1 < p < 2, then there
exist a sequence (ue, )ren € Wy (N of weak solutions to (4.1) — (4.2), (ex — 0 as k — o0, and
u € Wy (0 11,Q) such that Vx,ue, — V,u, €Vx g — 0, ug, — u in LP(Q) — weak, and u is a

weak solution to (4.3) — (4.4) for a.e X; € I,

Proof. Throughout the proof of this proposition C' denotes a generic positive constant which inde-

pendent of €, n, and k. Notice that u” belongs to W, ”(Q). We introduce the function
¢
o(t) = / (14 |s|)P~2ds, t € R.
0

This kind of function has been used in [34]. We have Vt € R : ¢'(t) = (1 + |t|)P=2 < 1 and 0(0) = 0,
therefore we have 0(v) € HL(Q) for every v € H(2). Testing with (u”) in (4.5) and using the

ellipticity assumption (5) we deduce

A [ (L 72 [Vl do+ 4 [ (L )2 Vx| do

2
< n < n|\p—1
< [, Fadtuydr < = [l (U a7

where we have used the fact that |6(¢)| < 2(1;'%‘2%1. In the other hand, by Hélder’s inequality we

have

[NJ4S]

P 1—
LVl de < ( [0+ jurly (Vg Pde ) ([ eprdo)
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From the two above integral inequalities we get

b

[yt e < (o R hehas) s (fasepas)

By the Holder inequality we get

, 2| full o\ ? s\ P
IV xw | ooy < (M) (/Q(l + [ud]) dff) : (4.6)

[NIES)

Using the Minkowki inequality we get
n||2 n
||VX2ue ||LP(Q) < C(l + Hue ||LP(Q))7
By using the Poincaré inequality (57) we obtain that

ni2 n
HVXQUG HLP(Q) < C(l + HVXQuE HLP(Q))?

whence
[l oy > 1Vxaudll oy < C. (4.7)
Similarly, we obtain
1€V, || ooy < C, (4.8)
and
ooy < < (19)

Fix €, since WP(Q) is reflexive then (4.9) implies that there exist a subsequence (u™(©);cy and
ue € WyP(Q) such that v — u, € WyP(Q) (as | — oo) in WP(Q)—weak. Now, passing to the

limit in (4.5) as [ — oo we deduce

/ ANVu, - Vodr = / fedx . € D(). (4.10)
Q Q
Whence u, is a weak solution of (4.1)-(4.2) (recall that § = 0). Now, from (4.7) we deduce

U™ (€)

el oy < liminf @] <,

and

||VX2U’€||LP(Q) < lllriléglf HVX2unl(€)

€

Lr(Q) —
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and similarly from (4.8) we obtain

eV xyttel[ 1oy < C

By using the three above inequalities, and the reflexivity of LP(€2) and continuity of the derivation
operator on D'(£2), one can extract a subsequence (ue, )ken such that Vx,u., — Vx,u, €.V, u., — 0,
U, — u in LP(Q) — weak, where u € LP(Q) such that Vx,u € LP(Q)V 9. Passing to the limit in
(4.10) we get

/QAQQVXQZL -Vx,pdr = /Qfgodx , Yo € D(Q). (4.11)

Now, we will prove that u € Wol’p(Q; I1,©2). Since Vx,u., — Vx,u and u,, — u in LP(Q) — weak
then there exists a sequence (U, )nen C conv({ue, },cy) such that Vx,U, — Vx,u in LP(§2) — strong,
where conv({ue, },.oy) is the convex hull of the set {uc, },.y. Notice that we have U,, € W,y (Q) then
we have U,(X1,-) € Wy ?(Qy,), a.e. X; € I;Q. Therefore, up to a subsequence, Vx,U,(X1,-) —
Vx,u(Xy, ) in LP(Qx,) — strong a.e X; € I1;Q. Whence u(X7,-) € ng’p(QXI) for a.e X; € 11,92, so
u € Wy (Q; 11,Q).

To complete the proof of the proposition, we will prove that u is a weak solution solution of
(4.3)-(4.4)(where 3 = 0). Let E be a Banach space, a family of vectors {e,}, .y in £ is said to be
a Banach basis or a Schauder basis of E if for every x € E there exists a family of scalars (ay,)nen
such that z = >°7° , a,e,,, where the series converges in the norm of E. Notice that Schauder basis
does not always exist. In [36] P. Enflo has constructed a separable reflexive Banach space without
Schauder basis! However, the Sobolev space W, (1 < r < co) has a Schauder basis whenever the
boundary of the domain is sufficiently smooth [37]. Let (U; x V;);en be a countable covering of €2 such
that U; x V; C Q where U; C R4, V; ¢ RV~ are two bounded open domains, where dV; is smooth

(V; are Euclidean balls for example), such a covering always exists. Now, fix ¢ € Wy ,(Vi) then it

follows from (4.11) that for every ¢ € Wi ((U;) we have

/ $dX, / AooV st - Vi, 0d Xy = / e / FdXs.

Whence for a.e X; € U; we have

/V‘ Aoo(X1, )V, (X1, ) - Vg thd X :/ F(X1, dXo. (4.12)

7
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Here, p’ is the Holder conjugate of p. When 9 run through a Schauder basis of Wol P /(Vi) we obtain

that for a.e. X; € U;

[ An(X0 ) Vu(X1, ) VawdXe = [ F(X,)0dXa, Vi € W3 (V) (4.13)

7

Since 11,2 could be covered by a countable set of U; then form (4.13) we get

For a.e. X; € I,Q /V Ap (X1, V(X1 ) - Vi tod Xy = /V FX0, WXy, Vo € Wr (Vi)
(4.14)
Now, let ) € D({2x,) then the Suppy could be covered by a finite set of V;, by using a partition of

unity subordinate to such a cover, and by using (4.14) we get

/Q A22(X17 ')VXQU(XD ) : szl/)dXQ = /Q f(Xb )@dX% ¢ € D<QX1)7

X1
for a.e X; € II,Q. Finally, since u(Xy,-) € Wy (Qx,) (as we proved above), then u(Xy,-) is a weak

solution of (4.3)-(4.4). O
1.2 Strong convergence of the entropy solutions

Theorem 0.16 will be proved in three steps. It is well known that the entropy solution are the solution
constructed by approximation [31, 38]. The proof is based on the use of the approximation problem

(4.5). Throughout this subsection C' denotes a positive generic constant independent of n and e.

Step 1

In this step we construct u, the entropy solution of the limit problem (4.3). Let u® € Hj () be the

unique solution to (4.5), we have the following proposition.

Proposition 4.2. Under assumptions of Theorem (.16 there exists a unique sequence (u™),en €
H (4 TN such that €V x,u™ — 0 in L?(Q), u — u™ in H} (;1159Q) as € — 0, for everyn € N, in
particular the two convergences hold in LP(Q) and W, P(Q; 11,Q) respectively, where u™ is the unique

solution in Hg(;T1,Q) to the problem

For a.e. X, € TLQ, /Q Bu™)pdXs + /Q ApV o, Ve, pd Xy = / FapdXs | Yo € HE(Qx,).
X1 X,

X1

(4.15)
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Proof. This result follows from the L?—theory Proposition 2.7. The convergences in W, ?(§; I1,9)
and LP(Q) follow from the continuous embeddings HE(;T1,Q) < W, P(Q; I1,Q), L*(Q) — LP(Q),

l<p<2. O

Now, we construct u. Testing with ¢ = 6(u"(X3,+)) in (4.15) and estimating like in proof of

Proposition 4.1 where we use assumptions (5), (10), we obtain as in (4.6). For a.e. X; € II;Q

) 150 e ) 2 . %
Vneanv&u<XhMumkﬂfé( oo x(é&cv+w<xhwvma) (4.16)

Integrating (4.16)over I1;Q2 and using Cauchy-Schwaz’s inequality we deduce

1
2

Vi € N (Vo Gy < C lfall iy ([ 1+ lw7)7dar)”,

and therefore

n||2 n
Vn € N: ||Vx,u ||Lp(Q) <O+ |u ||LP(Q))'

Using Poincaré’s inequality (57) (which holds since u® € Wy (Q;I1,Q2)), we obtain that
Vn € Nt ||[u*|| ) < C for every n € N, (4.17)

Now, using the monotonicity of the problem (assumption (10)) and testing in (4.15) with the test

function 0(u" (X1, ) —u™(X1,-)), m,n € N, one can obtain like in (4.16)

IV, (u™(Xas-) = a™(X0s ) ooy,

1u(X0) = Fan X Mo,y )
S( Alp—1) ) :

1

2
(/ (1+ |u™(Xy, ) —u™(Xy, -)|)de2> .
Qx,
Integrating over I1;Q) and using the Cauchy-Schwarz inequality and (4.17) we get
1
Vn,m € N: ||V, (u" —u™)| ) < Cllfn = full irge) -

where C' is independent of m and n. Since (f,,)nen is a converging sequence in LP(€2) then this last

inequality shows that (u™),ey is a Cauchy sequence in the Banach space Wy (; T1,Q), consequently
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there exists u € WP (Q; I1,Q) such that u” — u in WyP(Q; T1,9Q). Therefore, there exists a subse-
quence still labelled (u”) such that for a.e. X; € II; we have u™(Xy,-) — u(Xy,-) in WyP(Qx1),

therefore for a.e. X; € II;, u(Xy,-) is the entropy solution of (4.3) (It is well known that, up to a

).

subsequence, we have for a.e. X7 € T1Q, u™(Xq,-) = u(Xy,-) in L"(Qy,) for every 1 <r < 1

Whence we have proved the following

Proposition 4.3. Under assumptions of Proposition J.2 there exists u € Wol’p(Q; I1,2) unique such
that for a.e. Xy € ILQ, w(Xy,-) is the entropy solution to (4.3), and u™ — u in Wy* (Q; T1,Q) where

(u™)nen is the sequence given in Proposition 4.2.
1.2.1 Step 2

We construct the sequence (u¢)o<e<i of the entropy solutions to (4.1), one can prove the following

Proposition 4.4. Let (u.)o<e<1 be a sequence of the entropy solutions to (4.1), then we have ul — u,
in W(Q) as n — oo, for every € fized. Moreover, u — u. in WP (Q:11,Q) and eV x,u” — Vi, te

in LP(Q)), uniformly in €.

Proof. Testing with 0(u!" — u™), m,n € N in (4.5), and using assumptions (5) and (10), we obtain

as in (4.6)

n m ||fn_fm|| p % n m\p i
195 = ey < (22} ([ ooz = )

Therefore(4.7) gives

1
Vm,n . HVXQ(UZL - uzn)HLp(Q) < C ||fn - fm”ip ) (4'18)

Similarly, we obtain

1
Vi, €V, (= )l ooy < C = Fnllis (419)

It follows that
n m c 3
i, = oy < o = Fallh

The last inequality implies that for every e fixed (u”),ey is a Cauchy sequence in W, (), then there

exists u, € Wy (Q) such that u” — u. in W'(Q), notice that u, is the entropy solution to (4.1) (it
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is well know that, up to a subsequence in n, we have u — u in L"(Q) for every 1 < r < N 1).
Finally (4.18) and (4.19) show that u” — u. (resp eVx,u" — eV, u.) in Wy?(Q;11,Q) (resp in

LP(£2)), uniformly in e. O
1.2.2 Step 3

Now, we are ready to conclude. Propositions 4.2, 4.3, 4.4 combined with the triangle inequality show

that u — w in Wy P (Q; T1,Q) and €V x,uc — 0 in LP(Q), and the proof of Theorem 0.16 is completed.
1.3 A regularity result for the entropy solution of the limit problem

In this subsection, we assume that € = w; X wy where wy, ws are two bounded open sets of R, RV ~4

respectively. We introduce the space
W, ={velP(Q)]|Vxve LP(Q)}

We suppose the following

few, (4.20)

Theorem 4.5. Assume (5), (6), (22), (4.20). Suppose that 3 =0, then u € W'P(Q), where u is the

entropy solution of (4.3) — (4.4).

Proof. The proof of this theorem is based on the difference quotient method (see for instance [20]
page 168). Let (u") be the sequence of Proposition 4.3, then we have u™ — u in Wy (€;w,), where
u is the entropy solution of (4.3).

Let 1 <4 < ¢ be fixed. Let w] CC wy be an open subset, for 0 < h < d(0w,w;) and for a.e. X; € W}

we set Tiu" = u"(X; + he;, X3) where e; = (0,..,1,..,0) then we have by (4.15) (with 8 = 0)

AooVx, (Tiu™ — u) - Vx,0d X = / (7L f — F)edXs , Vo € H(ws),

w9 w2

where we have used the fact that Agy(x) = Ag(Xs). We introduce the function 8s(t) = [ (5 + |s|)P > ds,

p—1

6 > 0,t € R we have 0 < 64(t) = (6+[t|)’> < 6*2 and |65(t)] < % Testing with

© = %@;(T’iun*un) € Hj(ws). To make the notations less heavy we set

i
Tu —u" (7} fo— fa)
U=-" h =F
h ’ h
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Then we get
/ 0L (U) AoV x,U - Vx,UdXs = / Fo5(U)dX, .
w2

w2
Using the ellipticity assumption (5) for the left hand side, and Hélder’s inequality for the right hand

side of the above integral equality we deduce

p—1

2 v
M OO VU X € = [Pl ([ 041017 ax2)

Using Holder’s inequality we derive

2—p

V50l < ([ 50 1Vx0Fax )" ([ 50)"ax, )
w2 w:

[SI4S)

2
2—p

< (/\(]92_1) 1 oy (/wz (6 +|U)° dX2>p;> X

([ o))"

Then we deduce

2 »
IV Ul oy < 3o =1 1Pl (/w 6+ |U|)? dXQ) .

Now passing to the limit as 6 — 0 using the Lebesgue theorem we deduce

) 2 » 5
VUl < 55 gy Wl ([ 1017 0X2) "

and Poincaré’s inequality (57) gives

20,

VQU P (w Si F P(w *
IV 50l < 525 ¥l

Now, integrating over w; yields

Tut —u"

h

< QCWQ H (T}lbfn - fn)
“Ap-1) h

LP(w] xXws2) LP(w] xws2)

Passing to the limit as n — oo using the invariance of the Lebesgue measure under translations we

get
i
ThU — U

h

LP(w) Xw2) B )\(p - 1)

LP(w] xwa)
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Whence, since f € W, then
Tiu—u

h

<C,

LP(w] Xws)

where C'is independent of h, therefore we have Vx,u € LP(€2)9. Combining this with u € Wy (; ws)

we get the desired result. O

2 Estimation of the rate of convergence in cylindrical do-
mains

In this section we prove Theorem 0.17 and Theorem 0.18. We suppose that {2 = w; X wy where w1, ws
are two bounded open sets of R? and RY~7 respectively. Throughout this section, we suppose that
f = 0 and that Ay, Aja, and f satisfy assumptions (24), (58), and (59) respectively i.e. Yz €

App(z) = A12(X2), Asa(z) = Ax(X>), and f(z) = f(X>) € LP(w2) (1 <p < 2).
2.1 A polynomial rate

Let u., u be the entropy solutions of (4.1), (4.3) respectively ( recall that § = 0), we use the
approximated sequence (ul)c,, (u"), introduced in Section 1 . Subtracting (4.15) from (4.5) we

obtain
/QAEV(u? —u") - Veodr =0,

where we have used that «" is independent of X (since f and Asy are independent of X;) and that
Ajy is independent of X;. Let w] CC w; then there exists w| CC w] CC w;. We introduce the
function p € D(wy) such that Supp(p) C w{ and p = 1 on W} (we can choose 0 < p < 1) Testing with
0 = p*0s(u” —u") € HL(Q) (we can check that this function belongs to H{(f2) by using a density

argument) in the above integral equality we get
/ p205(ul — u™) ANV (u —u™) - V(u — u™)dx
Q
=— /Q pls(u —u")A NV (u! —u") - Vpdz
= —¢ [ pBs(ur = u") AV, (ul = u") - Vi, pda

- E/Qpﬁg(u? —u")A12V x, (ul —u") - Vx, pdz.
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where we have used that p is independent of X,. Using the ellipticity assumption (5) for the left

hand side and assumption (6) for the right hand side of the previous integral equality we deduce

e [ By ) |0, (2 — )Pz £ X [ O — ) [pV a2 — ) da
< [ plhs(ur — )| [V, (7 — o) d
L eC /Q p0s(ul — u™)| |V x, (ul — u")| do.

Using Young’s inequality for the two terms in the right hand side of the previous inequality, we

obtain

A A

<0 105 (u — u™)) 05 (u — u™) " da.
wy Xwa

Whence
2 A ron n n ny |2 A r(om n n ny |2
2 [ Ohur =) oV, (=) dw+ 5 [ Oz =) [V, (= ") da
<0 (0 + |ul —u"|)Pdx,
wy Xwa
Now, using Holder’s inequality and the above inequality we deduce

A n ny |2 A n ny |2
625 1PV (ué = u") 1oy + 5 1PV xa (= 0") |

€3 (Jo O5(up — - )| de
X
+2 (Jo O5(ul — u™) |pV x, (ul — u™)|* da

(/ (6 + [u" — u"\)”dx)

P

< Cé? </” (6 + |u — u”|)pda:>

Passing to the limit as 6 — 0 using the Lebesgue theorem. Passing to the limit as n — oo we get

21V, (e = )Py + 1V e = 0y < CE Nt = ) oy - (4:21)

Using Poincaré’s inequality (57) we obtain
11V, (te = 00t + 1V (e = < CE NV (e = Dy (4:22)
91
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d+1)

Let d € N* then there exist w| CC w! CC ..w\™™ cC wy. Tterating (4.22) d—times we deduce

2 2 2
62 ||VX1 (ue - U)HLP(%XW) + ||VX2(ue - U)HLP(winQ) < C€2d ||VX2 (UE — u)HLp(wgd)xwg) .

(d+1)
1

Now, from (4.21) (with w] and w{ replaced by w? and w respectively) we deduce

2 2 2
€ ||V x, (ue — u)||Lp(wixw2) + ||V x, (ue — u)||Lp(wixw2) < Ce2ld+D) ||lue — u||Lp(w§d+1)Xw2) .
Since ue — w in LP(Q) then |[ue — ul|}, q) is bounded and therefore we obtain
||U,e - u”wl,p(w/leQ) S Ced7
where the constant C' only depends on d, A, A, f, Q, .

Remark 4.1. [t is not easy to estimate the convergence rate for general data. However, under
assumptions of Theorem 0.17 and when f = fi + fo with fi € LP(wy) and fo € Wy we only have the

estimation
€ HVXI (ue - u)HLp(wfl Xwa) + HVXQ (ue - u)||LP(w’1 Xws) + ”ue - uHLp(winQ) < Ce.
This follows from the linearity of the equation, Theorem (.17 and the estimation (20).

2.2 Elliptic problems in a cylinder becoming unbounded

Anisotropic singular perturbations problems could be seen as problems in a cylinder becoming un-
bounded [4], [5]. Indeed the two category of problems could be connected to each other via a scaling

€= %. Let us consider the problem:

—V - (AVu) = f
{ Uy = 0 on 595 (423)

where A = (a;;) is a N x N matrix valued function which has the same block structure as in (7),

and such that

Elij ELOO(Rq X WQ), (424)

A >0: Az)E- € >N |E)P Ve € RY for ae € RY X wy. (4.25)
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For ¢ > 0 we set €0y = lw;y X ws where wy, wy are two bounded open sets with w; convex and containing

0. We consider the limit problem:

{ —Vx, - (A22VX2U00) =/ (4.26)

Uso = 0 on Jwy
We have the following result which gives Theorem 0.18 as a corollary.
Theorem 4.2. Assume that the blocks Agy, Ay satisfy (24), (58) respectively. Suppose (59), (4.24),

(4.25). Let ug, us be the unique entropy solutions to (4.23) and (4.26) then for every a € (0,1) there

exist C' > 0, ¢ > 0 independent of £ such that

< Qe

al) -

VE> 0 [|V(w — too) i

Proof. Let uy, uy be the unique entropy solutions to (4.23) and (4.26) respectively, and let (u}) and
(u”) the approximation sequences (as in Section 1, Chapter 4). we have u} — u, in Wy (Q,) and
U, — oo in Wy (ws). Subtracting the associated approximated problems to (4.23) and (4.26), and

taking the weak formulations. We get

AV (uf —u")Veodr =0, Vo € Hi (). (4.27)

Qy

Where we have used that 12122, 12112, u are independent of X;. Now we will use the iteration technique

introduced in [35]. Let 0 < £y < ¢ — 1 fixed, and let p € D(R?) a bump function such that
0<p<1,p=1on/lyw and p=0 on RN (¢ + Lwy, |Vx,p| < co.

where ¢ is a positive constant which only depends in w; ([4], Chapter 6). Testing with p?0s(u}—u™) €

Hj () in (4.27) we get
/Q P205(u) — um YAV (uff —u™) - V(uf —u)da +/Q pOs(up — u" ) AV (uf — u™) - Vpdz = 0.
14 14
Using the ellipticity assumption (4.25). We obtain that

[ 0 =) IV (=) <2 [ pl6s(u =) |AV (0} )| [Vl dor
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Notice that Vp = 0 on €y, and €y, C Q41 (since w; is convex and containing 0). Then, by the

Cauchy-Schwarz inequality we get

[yt — ) IV (=) de < 2ol Al [ plstur = )| V(e — u) do
14

Lo+1\2

1
~ 2
< 20l Al ([ #0507 — ) V(0w de )
4

Os(u? — u™ )|* 0% (u? — u” _1d:1:>
([ s = ) o =)

where we have used (4.24). Whence, we get (since p = 1 on €y,)

N

|05y =) [V — )P < [ 020 — i) IV (uf = i) d

0
<4CoHAHoo

2
< / 5+ Ju — u|)Pdz.
2 ) [ =)

From Holder’s inequality it holds that

2—p

(6 + |up — uz;wdx) '

‘o

170 = w2 < ( f, o500 =) 190 — P (

4eo| Al \*
< 0 e n_,n|\p
N ( p— 1 ) </Q‘~’0+1\Qfo (6 - |u£ uoo,) da:) </Q‘-’

Passing to the limit as 6 — 0 (using the Lebesgue theorem) we get

Vil — )| < C / u"—ugopda;>x</
V(0 =gy <O f, ok - i

where we have used 0 < p < 1. Notice that in the rest of this proof C' is a generic positive constant

2-p

(5+|ug—ugo|)pdx> T

0

2—p

p
|u? - ugolp dl‘) )

0

independent of n and /. Using the following Poincaré’s inequality

Juy — UZOHLP(Q[O) < G, |V (g — UZO)HLP(QZO) )

we get
1V (= ) ey, ) < €l = 0y i

Using the following Poincaré’s inequality
Jug — uZoHLP(Q[OJrl\QgO) < Co, [V (uf — UZO)HLP(Q@OH\QZO) )
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we get

IV = )y < CIT0E =) 0y
Whence

IV} = w ) < g IV = 0 By -

Let a € (0,1) and ¢ > ﬁ Iterating the previous formula starting from af we get

o A la-a)
IV = W < () 190 = ) s

where [(1 — «)] is the integer part of (1 — «)f. Whence

IV (uf = ) o,y < Ce NV (0 = ul)lpagay (4.28)

where ¢ > 0 is independent of ¢ and n. Now we have to estimate the right hand side of (4.28). Testing

with 6(u}) in the approximated problem associated to (4.23) one can obtain as in Section 1
IV | o,y < CL2. (4.29)

Similarly, testing with 6(uZ ) in the approximated problem associated to (4.26). we get
IV || oy, < CE2. (4.30)

Apply the triangle inequality to the right hand side of (4.28), and use (4.29), (4.30). Passing to the

limit as n — oo we obtain that

1
V> V(] = ul) e, < Cem 7 (4.31)
Since the left hand side of (4.31) is bounded when ¢ goes through the interval (0, 1X), then we get
VE>0: ||V (ug — UZO)HLP(QM) < Ce,

for some positives C' and ¢ independent of ¢. m

2. ESTIMATION OF THE RATE OF CONVERGENCE IN CYLINDRICAL DOMAINS 95



CHAPTER 4. ANISOTROPIC SINGULAR PERTURBATIONS IN L”

3 Non standard neutron transport equation with L? data

Suppose that = w; x wy where wy, wy are two bounded open sets of R?, RV~4 respectively. Consider

the following nonlinear problem:

{ —V - (AVu.) = f+ B(ue) (4.32)

u. =0 on 02
Where f € LP(Q),1 <p < 2and B : LP(Q2) — LP(12) is a continuous nonlinear operator. We suppose

that

IM >0, Yu € LP(Q) : | Bu)||,, < M (4.33)

Proposition 4.1. Assume (5), (6). Suppose that f € LP(S). Suppose that B : LP(Q) — LP(Q) is
continuous such that (4.33). Then:
1) There ezists a sequence (uc)ocecy € WoP(Q)N of entropy solutions to (4.32) which are also weak

solutions such that
€ ||VX1UE||LP(Q) ) ||VX2UE||LP(Q) ’ ||u5||LP(Q) < Co,

where Cy > 0 is independent of € (the constant Cy depends only on Q, X\, f and M ).

2) If (ue)o<e<t @s a sequence of entropy solutions to (4.32), then we have the above estimates.

Proof. 1) The existence of u, is based on the Schauder fixed point theorem, we define the mapping
[ LP(Q) — LP(2) by

ve LP(Q) = T(v) = v € WyP(Q)

where v, is the entropy solution (which is also a weak solution) of the linearised problem:

(4.34)

-V - (ANVv.) = [+ B(v)
ve =0 on 0f)

Since the entropy solution is unique then I' is well defined, we can prove that I' is continuous, from
LP(Q2) to LP(Q2), as a composition of continuous mappings. As in Section 1, Chapter 4 we can obtain

the estimates

€ HVXIUeHLp(Q) ) HVXQ/U€HLP(Q) ) ”U€HLP(Q) < Co
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where (j is independent of € and v (thanks to (4.33)) Now, for € fixed we define the subset
Ke= {U < WOLP(Q) - € HVle“LP(Q) ) ||szv||Lp(Q) ) “UHLP(Q) < CO}

The subset K. is convex and compact in L?(Q) thanks to the Sobolev compact embedding W, ?(Q) <
LP(Q2). Since Cy is independent of v then the subset K, is stable under I'. Whence I' admits at least
a fixed point u. € K, in other words u, is an entropy solution to (4.32) which is also a weak solution.

2) Let (uc)o<e<1 be a sequence of entropy solutions to (4.32), u. is the unique entropy solution
(which is also a weak solution) to (4.34) with v replaced by u. and therefore we obtain the desired

estimates as proved in 1). O

Remark 4.2. In the general case, the uniqueness theory of [31] could not ensure that the entropy

solution ue of (4.32) is unique.
Now, we assume that for every £ C W, bounded in LP(2) we have
conv {B(E)} C W, (4.35)

where conv { B(F)} is the closed convex-hull of B(E) in LP(€2). Assumption (4.35) has been intro-

duced in Chapter 3 (see assumption (40)). We have the following

Theorem 4.3. Assume that 2, A, f satisfy assumptions of Theorem 0.17. Suppose that B : LP(§)) —
LP(Q) is continuous such that (4.33) and (4.35). Let (uc)ocecs C Wy (Q) be a sequence of entropy

solutions to (4.32), then for every ' CC Q there exists Cqy > 0 independent of € such that
Ve € (0, 1] : ||Ue||W1,p(Q’) < Cy.

Proof. The proof is similar to the one of Lemma 3.5 . Let (€;);en be an open cover of Q such that
Q; C Qj41. We equip the space T/Vﬁ)f(Q) with the topology generated by the family of seminorms

(pj)jen defined by
pj(u) = ||u6||W1,p(Qj)

We define the family of linear continuous mappings

e LP(Q) = Wl ()
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by: g € LP(Q2), A(g) = v, where v, is the unique entropy solution to

-V - (ANVv) =g
ve =0 on 0f)

The continuity of A, follows immediately if we observe A, as a composition of the continuous mapping
Ac s LP(Q) — W'(Q) and the canonical injection W?(Q) — W,2P(Q) Now, we denote LP(Q)weo*,
WP (Q)week the spaces LP(Q), W,iP(Q) equipped with their weak topology respectively. Therefore,

A LP(Q)¥ek — WLP(Q)week is also continuous. Consider the bounded (in LP(£2)) subset
Ey = {ue W, | [ull ooy < Co},

where Cj is the constant of Proposition 4.1. Consider the subset G = f + conv { B(Ey)} where the
closure is taken in the LP—topology. G is convex closed in L”(€2) and it is bounded thanks to (4.33).
According to (4.35) we have G C LP(wy) + W, it follows from Remark 4.1 that for every g € G the
orbit {A.g}, is bounded in W,,?(Q2), and therefore {A.g}, is bounded in W,;P(Q)“ee. Tt is clear that
the set G is compact in LP(Q)“¢®*. Then, it follows by Theorem 3.4 that there exists a bounded

subset F in WP (Q)“*** such that
Ve e (0,1]: A(G) C F.

The boundedness of F' in W,,”(Q)*** implies its boundedness in W,-?(€).i.e For every j € N there

exists C; > 0 independent of € such that

Let (u.). be a sequence of entropy solutions to (4.32), then we have (u.). C Ey as proved in Proposition

4.1, then f+ B(u.) € G and A(f + B(u.)) = u. € F for every e € (0, 1], therefore by (4.36) we get
Ve e (0,1] : HUeHWLp(Qj) < Cj.
Whence, for every Q' CC  there exists Cq > 0 independent of € such that

Ve € (0,11 uclyas < Cor
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Now, we are ready to prove the convergence theorem. Assume that
dr € [1,p) such that B : L"(2) — LP(2) is continuous. (4.37)
Then, we have the following

Theorem 4.4. Under assumptions of Theorem 4.3, assume in addition (4.37), then there exist

u € Wy (Q;ws) and a subsequence (ue, )xen of entropy solutions to (4.32) such that

eV, — 0, Vx,ue, — Vx,ug in LP(Q2) — weak

and u,, — ug in L"(2) — strong
Moreover u satisfies in D'(ws) the equation
—Vx, - (AnVx,u(X1,)) = f + B(u)(Xy,-),
for a.e X1 € wy.

Proof. The estimations given in Proposition 4.1 show that there exist ug € Wol P(€; wo) and a sequence

(e, )ren solutions to (4.32) such that
exrVx,ue, — 0, Vx,u,, — Vx,up and ue, — up in LP(Q2) — weak (4.38)

Now, we pass will to the limit in the nonlinear term. As in proof of the convergence (3.12) we show
by using Theorem 4.3 and the regularity of the Lebesgue measure that there exists a subsequence

still labelled (ue, )i such that u,, — u in L"(2), therefore by using assumption (4.37) we get
B(ue,) = B(u) in LP(Q) — strong. (4.39)
Passing to the limit in the weak formulation of (4.32) by using (4.38), (4.39). We deduce
—Vx, - (AnVx,ue(X1,)) = f + B(ug)(X1, ), in D'(wy),
and the proof of the theorem is completed. n

We can check as in Section 2 of Chapter 3 that the operator By of Theorem (.19 satisfies the
same assumptions of the operator B of Theorem 4.4. Therefore, Theorem 0.19 is a direct corollary

of Theorem 4.4.
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Conclusion

Nous terminons ce mémoire par une courte description de quelques travaux en cours, et par la donnée
de quelques questions ouvertes.

Les résultats des Chapitres 1 et 2 constituent la base théorique d’une étude numérique (en cours)
du probleme linéaire (4). Nous construirons un schéma numérique asymptotiquement préservant au

sens de J. Sin [19] et nous dériverons des estimations uniformes de l’erreur de la forme
Ve € (O, 1] . Hng(ue,h - uﬁ)HL2(Q)N7q = O(hoz>7

des questions de régularité elliptique sont également étudiée.

Le Théoreme 0.3 donne un développement asymptotique d’ordre 0 de la solution u. dans I'espace
H{(€;ws), avec plus de régularité sur f dans la direction X; a savoir f(-, X5) € H(w;) nous pouvons
obtenir un développement asymptotique (dans le cas du laplacien perturbé) d’ordre d—1 dans 'espace
HJ(Q;ws), les arguments utilisent la technique du produit tensoriel introduite dans le Chapitre
1. Nous pensons qu’avec plus de régularité sur les coefficients de A, nous pouvons obtenir un
développement asymptotique d’ordre d—1 pour le probleme général. L’existence d’un développement
asymptotique local (i.e. loin du bord) a été étudiée dans [14].

Concernant les questions ouvertes, commencons par le cas des problemes a données LP. Nous
avons démontré des convergences fortes dans le cas 1 < p < 2 pour le probleme (8). Dans le cas
p > 2, nous avons une convergence forte triviale dans I'espace H}(Q;ws). Par régularité elliptique de
degré p la solution du probléme perturbé vit dans I'espace W'P(£2). Peut-on utiliser les techniques
de la théorie de Caldéron-Zygmund pour démontrer une convergence dans WP (€, w,)?

Le cas des problémes & données L! est plus délicat. En effet, d’'une maniére générale la solution
N

entropique u, ne peut pas converger dans Wol T(Qwy) avec 1 < 1 < 375. Observons l'exemple
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suivant :
On choisit un f; € L'(0,1) \ (Uj<r<2L7(0,1)). Soit fo € L'(0,1). On note f = f; @ fo. et soit uy
I'unique solution faible de

— 8§2u2 = fQ, avec UQ(O) = UQ(l) =0 (440)
Soit u. 'unique solution faible de
—626§1u6 — aizue = f, avec u, = 0 sur 9(0,1)%.

Pour tout r € [1,2), au moins l'une des deux suites (€0, uc), (Or,uc) n’est pas bornée dans L"(£2). En
effet, supposons le contraire, alors on peut extraire une sous suite (u,, ) faiblement convergente dans
Wy ((0,1);(0,1)), notons u sa limite. Nous montrons immédiatement que u(zy, -) est solution faible
de (4.40) pour p.p. 1 € (0,1). Ainsi, Par unicité de la solution faible de (4.40) on obtient u = f; ®us
ce qui est absurde car f; @ us ¢ L"(£2). Nous pouvons conclure que pour un probleme elliptique avec
une donnée L' générale, il est impossible de prouver que les suites (eVx,u.), (Vx,u.) sont bornées
dans L"(£2) simultanément, et donc prouver la convergence dans L"(£2), vers la solution du probléme
limite, en d’autres termes il est inutile d’utiliser les techniques d’estimation de la théorie L' pour
chercher des estimations dans L"(2). Cependant, il reste une seule issue possible, celle de démontrer
la convergence (méme faible) directement dans L'(Q) et celle-ci reste une question ouverte.
Maintenant, considérons I’écoulement d’un fluide dans un cylindre dont la longueur tend vers
infinie. Soit = (0,¢) X w un Ouvert borné de R3. L’écoulement est modélisée par 1’équation de
Navier-Stokes: oyl — vAud + (@ - V)i + Vp = fravec V-@ =0, @ =up, @ =0 sur 9. Supposons
que f ne dépend pas de x;. On souhaite étudier le comportement asymptotique de @ quand ¢ tend

vers +00. Avec le rescaling € = % Nous pouvons considérer le probleme de perturbations singulieres

suivant:
Oyt — v, + (T, - V)i, + Vepe = f,
€0z,
avec V-t = 0, e = Uy, Ue = 0 sur 9((0,1) x w). Iei, Ve := [ O, |, et A := €202 + 02, + 02,.
Ory

Passons a la limite ¢ — 0 formellement, nous pouvons conjecturer que le champs de vecteurs ayant

comme composantes la deuxiéme et la troisieme composante de ., tend vers la solution de I’équation
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de Navier-Stokes bidimensionnelle sur w. Afin d’étudier ce probleme de convergence rigoureusement,
nous pouvons étudier, dans un premier temps, le probleme stationnaire. Nous pouvons étudier aussi,
a la lumiere du Théoreme 0.4, le comportement asymptotique du semi-groupe généré par 'opérateur

de Stokes perturbé dont le domaine est donné par {@ € H}((0,1) x w))? : V.- @ = 0}NH?((0,1) xw)?.
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Appendix A

Density lemmas

Let w; and wy be two open bounded subsets of R? and RY~¢ respectively. Recall that

Hy(Q;02) = {u € L*(Q) | Vx,u € LX(Q)N7, and for a.e. Xy € wi,u(Xy,) € Hy(wa)},
normed by ||V, (+)| 2(q) - We have the following
Lemma A.1. The space H}(Q) is dense in H}(2;ws).
Proof. Let u € H}(Q;wy) fixed. Let I be the linear form defined on Hi () by
Vo € HHQ) : (g) = /QVXQu-VXngda:.
[ is continuous on H}(), indeed we have
Ve € HYD)  11e)] < V5l IV sl 2y

and then,
Voo € Hy(Q) : ()] < | Vxoull 2y IVl 2y -

For every n € N*, we denote u,, the unique solution to

7712 fQ VX1un ’ le(pdx + fQ szun ’ Vngpd:E = l((p)u VSO S H&(Q) (A 1)
un € Hy(92), |

where the existence and the uniqueness follow from the Lax-Milgram theorem. Testing with u,, in

(A.1) we get, for every n € N*

1 2 2
= | IVl dr+ [ [ Vagul dr < [Vl 1Vt g
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then, we deduce that

Vn e N [Vx,unll20) < [Vxoull 2 » (A.2)

and

L 1
Vn € N*: g ||VX1un||L2(Q) < ||VX2U||L2(Q) : (AS)

Using (A.2) and Poincaré’s inequality we obtain:
¥ € N Junll s < Con V0l - (A4

Reflexivity of L?(Q) shows that there exists, uq, v’ ,u” € L?(Q) and a subsequence still labelled

/
o)

(uy,) such that
/ 1 n . 2
Up = Uooy, VU — Uy, and —Vix, u,, — us, in L7(Q), weakly.
n
Using the continuity of derivation on D'(2) we get
1
Up — Use, VxoUn — Vil and —Vx, u, — 0 in L*(Q), weakly. (A.5)
n

1) we have u., € Hj(Q;ws) : By the Mazur Lemma, there exists a sequence (U,,) of convex

combinations of {u,} such that
Vx,Un — Vi, s in L*(€) strongly, (A.6)
then by the Lebesgue theorem there exists a subsequence (U, ) such that:
For a.e. X1 € wy : Vx,Up, (X1,°) = VixaUoo(X7, ) in L*(ws) strongly. (A.7)
Now, since (U, ) € Hi(Q)Y then
For a.e.X € wy : (U,, (X1,-)) € Hy(wy)". (A.8)
Combining (A.7) and (A.8) we deduce:
For a.e. X1 € wi, Uso(X1,-) € Hy(wa),

and the proof of u., € H}(Q;w,) is finished.
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2) we have u,, = u : Passing to the limit in (A.1) by using (A.5) we obtain
/Q Vs, tio - Vi, ol = /Q V- V,pde, Vo € HY(Q). (A.9)
For every ¢, € Hi(w;) and py € Hi(ws) take p = @1 ® ¢y in (A.9) we obtain, for a.e. X; € w;
/ Viatso(X1,) - VigadXa = | Vigu(X1,) - ViypadXo, Vo € Hi(wn).

For a.e. X| € wy, take @9 = uno(X1,-) — u(X7,-) (which belongs to Hj(ws)) in the above equality,
we get:
/W IV s (10 (X1, ) = u(X0, )2 d X = 0.
Integrating over w; we deduce
/Q IV x, (thos — )| dz = 0.
Finally, since [|[Vx,(+)| 2(q) is a norm on HJ(Q;wq) we get,
Uso = U. (A.10)

Combining (A.6) and (A.10) we get the desired result. O
Remark A.2. By symmetry, H}(Q) is dense in the space

Hy(Qw) = {u € L*(Q) | Vx,u € L*(Q), and for a.e. X5 € wy,u(-, Xs) € H&(wl)},
normed by [V, 0 -
Lemma A.3. The space H}(wi) ® H}(ws) is dense in HJ(S2).

Proof. 1t is well known that D(w;) ® D(w2) is dense in D(w; X wy). Here, D(w; X wy) is equipped
with its natural topology (the inductive limit topology). It is clear that the injection of D(w; X wy)

in Hj(w; X wy) is continuous, thanks to the inequality

Vu € D(Q) : (/Q Vu|? dq;>2 < /N x mes(Q2) x (max sup |0, u

1<i<N Support(u) >

Hence, by the density rule we obtain the density of D(w;)® D(ws) in H}(£2), and the lemma follows.

]
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Lemma A.4. Let (VV) and (V.?)) be two sequences of subspaces (not necessarily of finite dimension)
of HY(wy) and H}(ws) respectively. If UV and UV P are dense in H}(w,) and H}(w,) respectively,
then vect ( UV e Vn?))) is dense in Hj(wy) @ H(wq) for the induced topology of H}(Q). In

n,m

particular, if (VY) and (V,¥) are nondecreasing then U(V,\V @ V,?)) is dense in Hi(wy) @ HE(ws).

Proof. Let us start by a useful inequality. For u ® v in H}(w;) ® H}(w2) we have :

lu® ol = /Q|Vxl(u®v)|2dx—|—/g|VX2(u®U)‘2dx

= </ 1)2ng> X < |VX1U|2dX1)

+ </ Udel) X < |VX2U|2 dX2>

2 2
< Ol 100 (A1)

where we have used Fubini’s theorem and Poincaré’s inequality. Here, C' = C2 + C2, > 0. Now,
fix n > 0 and let ¢ ® ¢ € H(wy) ® Hi(wy), by density of UV(M in H}(w;) there exists n € N and

©on € VI such that:

U
HwHH&(m) X |ln — SOHHS(M) < m

Similarly by density of UV,?) in H}(w,), there exits m € N ( which depends on n and 1) and

Ym € V. Psuch that

s

19l ez3 1) X N¥m = Pl a3 ) <

R

2
Whence, by using the triangle inequality and (A.11) we obtain

I ® ¥ = on @ Ymll a0y < n- (A.12)

I
Now, since every element of H}(w;) ® H}(wy) could be written as > ¢; ® 1;, then by using the
i=1

triangle inequality and using (A.12) with 7 replaced by 7, one gets the desired result. O

Corollary A.5. vect( V) @ V(Q))> is dense in HY(Q). in particular, if (V) and (V) are

m
n,m

nondecreasing, then J(V,(V @ V@) is dense in H}(Q2).

n n
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Semigroups

Lemma B.1. Assume (5), (6), (24) and let f; € L*(w1), fo € L*(w2), then for every u > 0 we have:

Rou(f1® fo) = fLr ® (Ropufa).

Notice that Ry, fo € Hj(w2). Moreover, we have

Aou(f1 ® f2) = fL @ (Aopufa)

Notice also that Ay, f2 € L*(ws). Here, Ay, is the Yosida approximation of Ay, recall that Ay, =

IUAORO,;J,-
Proof. Let vy € H}(w2) be the unique solution in H{ (ws) to
H/ Vap2d X +/ A (X2)Vix,va - Vx,p9d Xy = / fa p2dXa, Yoy € Hy(ws), (B.1)
w2 w2 w2

Let p € H}(Q;ws), then p(Xy,-) € Hi(ws) for a.e. X € wy. Let fi € L*(w;), multiplying (B.1) by

f1, testing in (B.1) with ¢(X},-) and integrating over w; yields

i frosede+ | An(X2) Vi (fivn) - Vapda = [ fufa oda.

It is clear that fivy € Hj(Q;ws) whence, Ry ,(fi1 ® f2) = fi1 ® v, in particular when f; = 1 we have
Ro . (f2) = vo, and therefore Ry ,(f1 ® f2) = f1 ® Ry (f2). The second assertion follows immediately

from the first one, in fact

Ao u(fi ® fo) = AoRo . (f1 @ f2) = pAo(fr @ Ropufa).
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We have Ry, fa € D(Ag) N Hj(ws) then by using (24) we get

Ao(f1 ® Roufz) = f1 @ Ao(Rouf2),

Notice that the operator Ay is independent of the X; direction and that Ag(Ro . f2) € L*(w2). Finally

we get

Aou(fi ® f2) = pfi @ Ao(Roufz) = fL @ Ao ulf2)-

O

Now, let s >0, > 0 and g € L*(2). To simplify the notations, we denote f, := e*01g instead

Of fgzsnu"

Lemma B.2. Assume (5), (6), (24). Let g = g1 ® g2 € L*(w1) ® L*(wa), then for s >0, u > 0 we

have:

Jo=0® €SAO’”92-

Notice that e gy € L?(ws).

Proof. we have
A = s
fg g 65 O,I»Lg —= Z EAOHMQ7
k=0
where the series converges in L?(€2). By an immediate induction we get by using Lemma B.1
Vk e N: Af g = g1 ® Af 00,
with A'g,ugg € L*(ws) for every k € N, and the Lemma follows. ]

Lemma B.3. Assume (5), (6), (24). Let g € H*(w) ® L*(wy), then for s >0, p>0,4,7=1,....q

we have D3, fq, Da, [ € L*(), with:

Diixjfg = e*on (DQQ?iZ'jg>7 D, fy = e™Aon (D, 9). (B.2)
2 2
122, fall oy < P29 oy 1P fill oy < 1Paitl oy - (B:3)
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Proof. 1) Suppose the simple case when g = g; ® g». So, let ¢ = g1 ® go € H*(w1) ® L*(ws) and let

us prove assertions (B.2). By Lemma B.2 we get

fg= g1 @00 (gs),
with e®4org, € L%(wy).Hence, for 4,5 = 1,...,q we get D, fy € L*(Q) and D7, f, = (Dixjm) ®
es4ou gy and applying Lemma B.2 we get

D:%iwj fg - eS.AOHM (Dilzpj g) °

Similarly we get D,,f, = e*%x(D,.g), and assertion (B.2) follows when g = g; ® ga.
2) Now, let g € H?*(w;) ® L?*(ws), since g is a finite sum of elements of the form g; ® go, then by

linearity we get D3, fg, Du,fy € L*(Q) and

D? fo= es“ﬁtov“(D2 9), Dy, fy = €SAO’“(Dxig)7 fori,j=1,...,q,

TiTyj TiTj

therefore
2 S.A()’ 2 2 .o
HDazimjfg LQ(Q) S € . HDCUzll?]g LQ(Q) S HD@;BJQ LQ(Q)7 fOI' 1] = 17 wey g,
and similarly we obtain the second inequality of (B.3). O

Lemma B.4. Assume (5), (6), (24) and (26). Let g € (Hj N H*(w1)) ® (H N H*(ws)), then for

s >0, p> 0 we have:
fo € D(Ao), Ao(fy) € Hy(Qsw1), and Dy, (Aofy) = e (Dy, Aog), i = 1,...,q, (B-4)

I(Aofo)ll 2y < A0l 20y and ([ D, (Aofy)ll 2oy < [1PeiAogll 2y s = 1500 (B.5)

Proof. 1) Suppose g = g1 ® g2 € (H} N H*(wy)) ® (HY N H*(ws)) and let us prove (B.4). Since
g € D(Ay), thanks to (26), then f, = e*torg € D(Ay) and Apf, = e Ayg ( thanks to (1.38)).
Now, we have

Aofy = Ao(eorg) = A (91 ® 65“40’“92) :

Notice that, go € D(Ay), thanks to (26), then e*4ougy € D(Ap) ( thanks to (1.38)), hence

Aofy = grAoe™ 01 gy,
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where we have used the fact that Ay is independent of the X; — direction. Since e+ and A,

commute on D(Ay), then

Aofy = gie®or Ay gs.

Now, we have Aggs € L?(ws) then e4ox Aygy € L?(wy) (thanks to Lemma B.2), however g; € H} (w),

then Aof, € Hj(Q;w1). Whence, for i = 1, ..., ¢ we have

Dy, (Aofy) = Duyn ® €SA0’“A092,

and hence by, Lemma B.2 we get

Dzi (AOfg)

GSAO’” (Dwigl X .Aogg)

GSAO’“ (DJ;Z Aog) .

(Remark that D,, Ayg € L*(Q) since g; € Hi(w;) and Aggs € L*(ws)).

2) Now, for a general g € (H} N H?*(w;))® (HY N H?(wy)), assertion (B.4) follows by linearity. Finally,

we show (B.5). We have

1(Aof)ll oy

For:=1,...,q we get

HDa:i (AOfg) ||L2(Q)

IN

= |le*Aon(Agg) L2(9)§ g0 ||-’409||L2(Q)
< [Mogll 2o -
e (D, Aog) | g < €74 || 11D Aogl 2
12 ()

||DIiAog||L2(Q) :

]

Lemma B.5. Assume (5), (6), (24) and (26). Let g € (Hy N H*(w1)) ® (Hy N H*(w2)), then for

s>0,u>0,i=1,...,q, j=q+1,..., N we have ijfg,Dixjfg € L*(Q) with:

|02,
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Proof. 1) Let us show the first inequality of(B.6). Suppose g € (H} N H?*(w;)) @ (HE N H?(ws)).
Notice that g € D(Ay), thanks to (26), then according to (1.38) we have f, € D(Ag) C H(Q;ws),

hence for j € {g+ 1, ..., N} the ellipticity assumption gives

2 1
L2() < X<_A0fgvfg>L2(Q)

1
< 5 Mofoll ey 1ol 2y

|02,

e*Aon Agg

We have, || Ao fyl| 12 () = HAOeSAO’“g

) < ||AOg||L2(Q)) and ||fg||L2(Q) < ||g||L2(Q)a

‘L2(Q) L2(Q

therefore

2 1
Hijfg 12(9) < N HAOQHLZ(Q) Hg”LQ(Q)'

2) Now, let 1 < i < ¢ fixed, then according to Lemma B.3 we have D,, f, = e*%x(D,,g), notice that

D,,g € D(Ap) and hence, D,, f, € D(Ap), in particular D,, f, € Hj(Q;ws), and for ¢+ 1 < j < N

we get
9 2 1
Hijzifg L2(Q) — X <_A0D$if97D$ifg>L2(Q)
1
< X ||’A0D$ifg||L2(Q) ||D$z‘fg||L2(Q) :
We have,
_ sAo, _ || ,sAo,
| AoDz fyll 2y = [Aue 2 (Dig)| g = € (AoDi9)]
< (D, Aog) 12(e) -
Finally, by using (B.3) and the above inequality we obtain
9 2 1
1920t 2 gy < 5 1(DAog) 2y 1Dl 20y -

[
Lemma B.6. Under assumptions of Lemma B.5, we have for g € (Hy N H?*(w1)) ® (Hy N H?*(ws)) :
fu € HH(@) N D(A), B7)

and

d’l:’UXl(AHVle), d’l:’UX1 (A12VX2f), d’iUXQ(Aglelf) € LQ(Q) (BS)
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Proof. Let us prove (B.7). In Lemma B.4 we proved that f, € D(Ap). Let us show that f, €
HE(Q). Suppose the simple case g = g1 ® g, we have f, = g; ® e*0ug,. Since go € D(Ap), then
esAougy, € D(Ap), in particular we have e*4orgy, € H}(Q;w,) however, according to Lemma B.2
esAvugy € L2(wy), hence e¥40ugy € Hl (ws). Finally as g; € Hi(w1) we get f, € Hi(Q2). For a general
g in the tensor product space, the proof follows by linearity.

Now, let us show (B.8). According to Lemmas B.3, B.5 all these derivatives D,, fy, Diixj fq for
1 <14,j <q,and D, f,, Dimjfg for 1 <i<gq qg+1<j<N belong to L*(2). Whence, combining

this with (26) we get (B.8). O
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Existence theorems

Let V C H}(Q) be a subspace. We consider the problem

{ Jo Bwedr + o AV x,u- Vx,pdr = [ f edr, Vo €V (1)
u€evV, '

with Ay and [ as in the introduction.
Proposition C.1. If V is closed in H}(;ws), then there exists a solution to (C.1).

Proof. We consider the perturbed problem

Jo B(ue)pdr + [q AVu, - Vodr = [ f edr, Vo € V C9
u. €V, (C.2)

with
< e, 0
Ae o ( 0 A22> ’
The space V is closed in H} (), thanks to the continuous embedding H}(Q) — H}(Q;ws). The

function A, is bounded and coercive, then by using the Schauder fixed point theorem, one can show

the existence of a solution u, to (C.2). This solution is unique in V' thanks to (10) and coercivity of

A.. Testing with u. in (C.2) we obtain

IV uell 20y IVaatell 2y o Ml o) < €

where C'is independent of €, we have used that [, 5(uc)ucdr > 0 (thanks to (10)). By using (11),
we get

18w 2y < M2 +C).
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So, there exist v € L*(Q), u € L*(Q) with Vx,u € L*(Q), and a subsequence (u,, )ren such that
Bue,) = v, e,V x,te, — 0, Vx,ue, = Vx,u, v, — uin L*(Q)-weak. (C.3)
Passing to the limit in (C.2) we get
/Qvgodx —l—/QAmVXQu -Vx,pdr = /Qfgodar , Vo e V. (C4)
Take ¢ = u,, in (C.4) and passing to the limit we get
/Q vudz + /Q AoV x,u - Vxudz = /Q Fuda (C.5)
Let us consider the quantity
0<I;= /Qe2 IV x, e, |” da +/QA22VX2(UEk —u) - Vx, (e, —u)
+ [ (Blug) = Bw) (g, — w)da
= /quekdx— /QAQQV;(Quek -VXQde—/QAQQVXQu-VXQuEkdx
+ /Q fudz — /Qvudx — /Qﬁ(u)uekdx
— /Qﬁ(uek)udx + /Qﬁ(u)udx

Remark that this quantity is nonnegative, thanks to the ellipticity and monotonicity assumptions.

Passing to the limit as k& — oo using (C.3), (C.5) we get
lim [, = 0.

Therefore, the ellipticity assumption shows that

lexVxyuell 2oy » 1ue, — ull 20y 1V (e, = W)l 20y = 0, (C.6)
and hence, by a contradiction argument one has

B(ue,) — B(u) strongly in L*(9).

Whence (C.4) becomes

/Qﬂ(u)apdx + /QAQQVXQU -Vx,pdr = /Qfgodx , Vo e V.

Finally, |V, (ue, —u)l|2(q) — 0 shows that u € H}(;ws), and therefore as V' is closed in H (€; wo)

we obtain that u € V. O
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