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Premiére partie

Synthése des travaux de recherche






Chapitre

Introduction

1.1 Préambule

Mes travaux de recherche se situent dans le cadre de lintelligence artificielle. Ils
concernent essentiellement 1'utilisation des logiques formelles, ainsi que d’autres forma-
lismes symboliques qui s’y apparentent, pour répondre & différentes problématiques, et
cela, autour de deux principaux thémes : la fouille de données par des approches dé-
claratives et la représentation des connaissances. Mes travaux s’inscrivent ainsi de ma-
niére transversale sur les deux axes du Centre de Recherche en Informatique de Lens
(CRIL), a savoir « Algorithmes pour l'inférence et contraintes » et « Représentation des
connaissances et raisonnements ». En effet, depuis ma thése de doctorat sur la théorie
de la démonstration en logiques modales, mes contributions relévent notamment de la
modélisation en logique propositionnelle de différents problémes de fouille de données,
du raisonnement en présence de I'incohérence, de la théorie de I'argumentation et du
raisonnement qualitatif.

J’ai contribué a ’émergence de la thématique de fouille de données au CRIL a 'oc-
casion de mon recrutement en tant que post-doctorant en octobre 2011, dans le cadre
du projet ANR DAG (Approches déclaratives pour l’énumération de motifs intéressants).
Travailler au sein de cette thématique a constitué une réelle ouverture par rapport a ma
theése de doctorat. En outre, ma présence au CRIL a eu pour effet de susciter mon intérét
pour des problématiques se rapportant au domaine de la représentation des connaissances
et raisonnements. J’ai pu dans ce domaine tirer grandement profit des compétences en
lien avec les logiques formelles acquises durant la réalisation de ma thése de doctorat.

Mes travaux sur les systémes de preuve en logiques formelles se sont également pour-
suivis, mais & un degré moindre. Toutefois, j’ai initié dans ce contexte une collaboration
avec la Régie Autonome des Transports Parisiens (RATP) dans le cadre de 'améliora-
tion de son atelier de qualification logicielle. J’étais ainsi le responsable scientifique d’un
projet industriel qui a permis le développement d’outils de preuve formelle utilisés dans
le projet d’automatisation de lignes de la RATP, de méme que dans des projets réalisés
pour des clients externes.

Le contenu de ce mémoire est principalement dévolu & mes contributions relatives a
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Logique propositionnelle (LP)
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FIGURE 1.1 — Mes travaux relatifs a la logique propositionnelle

I'utilisation de la logique propositionnelle classique comme outil de modélisation, et ce,
du fait de leur place prépondérante dans I’ensemble de mes travaux et également pour
des raisons de cohésion. Néanmoins, afin de ne pas éluder totalement les apports de mes
travaux non détaillés dans ce mémoire, en particulier ceux en relation avec le raison-
nement qualitatif et la théorie de I'argumentation, je présente ces derniers de maniére
succincte dans cette introduction.

1.2 Modélisation en logique propositionnelle

La logique propositionnelle classique est centrale dans I’étude de nombreux problémes
en informatique en général, et en intelligence artificielle en particulier. Dans une grande
partie de nos travaux, nous nous sommes focalisés sur 'utilisation de cette logique comme
outil de modélisation en suivant trois principaux angles de vue. Le premier angle concerne
I’emploi du probléme de la cohérence en logique propositionnelle. Le deuxiéme se rapporte
aux problémes d’optimisation dérivés de la logique propositionnelle. Quant au troisiéme
angle, il est lié & 'utilisation de cette logique en présence de 'incohérence.

Cohérence en logique propositionnelle. Le probléme de la cohérence en logique propo-
sitionnelle, appelé SAT, posséde plusieurs qualités importantes motivant son utilisation
en tant qu’outil de modélisation. Il s’agit en effet d’un probléme simple a appréhender,
ce qui facilite entre autres la compréhension des modéles, mais il est aussi pourvu d’une
force d’expressivité permettant a la fois le traitement de problémes complexes et la défi-
nition de modéles compacts. En outre, les progrés considérables depuis plusieurs années
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1.3. Fouille de données

des outils de résolution modernes pour SAT constituent un argument supplémentaire en
faveur de son utilisation dans des approches déclaratives.

Optimisation en logique propositionnelle. Motivées par des considérations pratiques,
différentes variantes d’optimisation ayant comme base SAT ont fait leur apparition dans
la littérature. Elles emploient des fonctions objectives pouvant étre en rapport avec les
valeurs de vérité associées aux variables dans un modéle, comme dans le probléme Min-
CostSAT, ou avec les clauses falsifiées par une interprétation, comme dans le probléme
MaxSAT (voir [BHvW09] pour une vue générale). Les problémes d’optimisation fondés
sur SAT trouvent plusieurs applications dans divers domaines, tels que 'ordonnance-
ment [DMW19], la bio-informatique [LMO06] et I'analyse des programmes [SMV'07].

Incohérence en logique propositionnelle. Au nombre des cadres ou la logique pro-
positionnelle peut étre d’une grande aide, il y a ceux nécessitant de raisonner en pré-
sence d’informations contradictoires, comme en particulier les croyances et les préférences
d’un agent. Dans ce contexte, plusieurs approches ont été introduites afin de raisonner
sous l'incohérence de maniére pertinente, dont en particulier les mesures de l'incohé-
rence [HK10], les relations de conséquence logique paracohérentes [TBMP13|, la théorie
de 'argumentation [BHOS| et la révision des croyances |Gar92].

Nous décrivons dans ce qui suit nos contributions en utilisant comme ligne direc-
trice les deux domaines dans lesquels nous avons appliqué la modélisation en logique
propositionnelle, & savoir la fouille de données et la représentation des connaissances et
raisonnements. La figure représente de facon synthétique nos travaux dans le cadre
de la logique propositionnelle suivant les trois angles de vue précédents.

1.3 Fouille de données

Cadre général

La fouille de données englobe de nombreuses techniques dont ’objectif est ’extrac-
tion de connaissances pertinentes ayant des formes variées, et cela, a partir de grands vo-
lumes de données (voir par exemple [Agg15]). Elle s’intéresse principalement a deux types
d’approches : celles prédictives, comme la classification, et celles explicatives, comme la
génération de régles d’association. Les techniques de fouille possédent un champ d’appli-
cation trés large du fait de leur grande utilité dans I'analyse de données, surtout & une
époque ol nous assistons a une évolution importante et grandissante des capacités de col-
lecte d’informations. En effet, I’émergence continuelle de nouvelles applications, comme
le développement remarquable des techniques utilisées, font de la fouille de données un
domaine de premier plan en informatique.

De par la multiplicité des sphéres d’application, les techniques de fouille sont utilisées
sur plusieurs types de données : les transactions, les séquences, les graphes, les textes,
etc. Ces différents types, ainsi que les diverses taches en fouille de données associées,
ont créé le besoin de cadres génériques. C’est dans ce contexte que s’inscrit ’approche
déclarative proposée initialement dans [DGNOS|, ou les auteurs montrent que la pro-
grammation par contraintes est un outil générique, approprié & plusieurs égards, pour
effectuer différentes taches liées a 'extraction de motifs ensemblistes. Par la suite, un
grand nombre de contributions adhérant a cette approche ont vu le jour. En particu-
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lier, parmi les abondants travaux utilisant la modélisation en CSP (Constraint Satis-
faction Problem) de problémes en fouille de données, nous pouvons mentionner ceux
dans [KBC10, [GND11], [Gun15, [UBLC15, [UBC™17, BLM18]. Notre étude, quant a elle,
se focalise sur 'utilisation dans ce cadre du probléme de la cohérence en logique propo-
sitionnelle SAT.

Contributions

Dans le cadre de nos travaux, nous avons proposé des formulations en SAT pour
la réalisation de plusieurs taches en fouille de données. Ainsi dans |[CJSS12, [JSS13b],
nous avons proposé des formulations pour différents problémes relatifs & ’énumération
de motifs séquentiels. Dans ce contexte, de nouveaux problémes ont en particulier été
introduits dans [JSS13b| généralisant ceux liés a la fouille de motifs séquentiels avec
joker, tout en montrant que nos formulations s’adaptent de maniére trés simple & ces
problémes. De plus, nous avons abordé dans [JSS15] la fouille de motifs ensemblistes par
la proposition d’un nouveau cadre pour l'utilisation de SAT reposant sur une approche de
décomposition. Toujours par rapport aux motifs ensemblistes, nos travaux dans [OJST15|
ont consisté & proposer une approche d’extraction paralléle fondée sur SAT.

Dans [JSS13c, [JSS17], nous avons d’abord introduit un probléme correspondant a
une variante de SAT, appelé Top-K SAT. Ce dernier est défini comme le calcul d’un en-
semble de modéles d’une formule propositionnelle considérés comme les meilleurs selon
une relation de préférence donnée. Il a ensuite été montré que ce probléme s’applique
dans le cas de taches de fouille de motifs ensemblistes et de motifs séquentiels via tou-
jours la modélisation en SAT. Par rapport & I'utilisation des relations de préférence entre
motifs, nous avons également proposé un nouveau probléme en fouille de motifs ensem-
blistes dans |[JKSS16], ou l'extraction de ces derniers est réalisée en tenant compte de
différentes formes de préférence. Il est & noter que nos contributions en lien avec I'inté-
gration explicite de préférences sur les motifs en fouille de données reposent largement
sur l'utilisation de I'optimisation en logique propositionnelle.

Dans [BJSY16, [BJSS17¢, [BJSS17b|, nous avons proposé des formulations en SAT
pour l'extraction de différents types de régles d’association. Nous nous sommes en effet
intéressés a la fouille de régles d’association suivant la définition répandue qui utilise
les notions de support et de confiance, & U'instar de restrictions & des représentations
condensées, comme les régles fermées et celles minimales non redondantes, et des va-
riantes comme les régles indirectes. Un fait notable issu de notre étude expérimentale
relative aux régles d’association qu’il convient de signaler, est que notre approche permet
dans le cas de certains types de régles de surpasser en performance des outils spécialisés.

Au cours de nos travaux en fouille de données, notre attention s’est aussi portée sur
l'utilisation de la logique propositionnelle pour la représentation des données [BJSS17a].
Nous avons particuliérement étudié la tache de regroupement (clustering en anglais)
sur des données complexes représentées par des formules. L’intérét derriére 1'utilisation
de la logique propositionnelle dans ce contexte réside surtout dans le fait qu’il s’agit
d’un cadre permettant de représenter des entités hétérogénes de maniére compacte :
une formule peut avoir un nombre exponentiel de modéles. Effectivement, les formules
propositionnelles sont largement utilisées en intelligence artificielle pour la représentation
de différentes informations, comme des connaissances, des croyances et des préférences.

6



1.4. Représentation des connaissances et raisonnements

L’utilisation d’approches fondées sur la logique propositionnelle pour des problémes
en fouille de données nous a mené & examiner d’autres problémes connexes. Nous avons
entre autres proposé dans [JLSS14] une nouvelle approche pour I’énumération des mo-
déles d’une formule propositionnelle. De plus, nous avons introduit un nouvel encodage
des contraintes de cardinalité dans [JSS13al [JSS14] [HISS17]| de par leur présence récur-
rente dans nos différentes formulations.

Il est & préciser que nous avons aussi réalisé des travaux en fouille de données indé-
pendamment de l'utilisation de la modélisation en logique propositionnelle. Nous avons
en particulier introduit dans |[JSST12| un cadre pour I’élimination des symétries dans
I’extraction des motifs ensemblistes. En ce qui concerne aussi la notion de symétrie, nous
avons proposé¢ dans |[JKST13| un algorithme permettant I’élimination des symétries de
maniére dynamique dans la fouille de motifs ensemblistes. Nos travaux sur I’exploitation
des symétries se sont poursuivis sur des plans similaires dans [BJSS14|. Par ailleurs,
nous avons montré que 1'utilisation de la fouille de données peut étre bénéfique pour des
cadres comme SAT et CSP. Nous avons en effet introduit dans [JSSU13| [JRSS15] des
méthodes de compression d’instances issues de ces deux cadres possédant comme base
la fouille de motifs ensemblistes.

1.4 Représentation des connaissances et raisonnements

Nous décrivons ici briévement nos travaux dans ’axe de recherche de la représenta-
tion des connaissances et raisonnements, en relation notamment avec 1'utilisation de la
logique propositionnelle. Nous aborderons en particulier certains travaux dans ce méme
axe qui ne seront pas détaillés dans ce mémoire.

Intéressons-nous, dans un premier temps, au raisonnement en présence de 'incohé-
rence. Parmi nos contributions importantes dans ce contexte, mentionnons l'introduc-
tion de différentes mesures de I'incohérence [ARSO15, .IJMR"15, [JMR™16,[ASOR17]. De
plus, nous avons établi plusieurs propriétés relatives a la compatibilité entre postulats
utilisés dans la définition de telles mesures [ASORI1T7]. Il est a noter que dans le cadre
de ce mémoire, nous décrirons dans le chapitre [5| une application des mesures de 'inco-
hérence en fouille de données pour la tache de regroupement. Toujours en lien avec le
raisonnement sous l'incohérence, nous avons introduit un cadre simple et intuitif pour
la définition de relations de conséquence logique paracohérentes, fondé sur une nouvelle
notion nommeée fonction de conséquence [Sall9al.

La théorie de 'argumentation inclut des processus de raisonnement ayant comme base
la construction d’arguments et la caractérisation de ceux pouvant étre acceptés a partir
de conflits existant entre eux. Il y a notamment I’approche abstraite de Dung, o I'accent
est mis sur les relations entre arguments, en particulier les relations d’attaque, et non la
structure interne de ces derniers [Dun95|. Nous pouvons également mentionner ’approche
reposant sur I'utilisation des logiques formelles et prenant en compte la structure interne
des arguments [BHOS|.

Dans [KS14], nos travaux se rapportent a I’étude de l’approche fondée sur les lo-
giques formelles en proposant un cadre d’argumentation permettant de raisonner de
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1. Introduction

maniére constructive par I'utilisation de la logique intuitionniste. Concernant nos tra-
vaux dans [JRSS16], nous avons proposé une méthode pour U'intégration de préférences
dans I’approche de Dung. De plus, nous avons introduit dans [Sall9c| un cadre pour la
persuasion, ot nous utilisons une nouvelle structure d’argument. Il importe de noter que
nous faisons appel dans ce cadre a 'optimisation en logique propositionnelle en utilisant
des formulations dans le probléme MaxSAT partiel pondéré.

Dans le cadre de la thése de M. SIOUTIS, nous avons apporté plusieurs contri-
butions au sujet du raisonnement qualitatif. Ces contributions concernent principale-
ment la définition de formalismes qualitatifs combinant le raisonnement spatial et ce-
lui temporel. Notamment, un nouveau cadre qualitatif spatio-temporel a été introduit
dans [SCSM14|. Une étude en termes de complexité et de systéme formel a également
été proposée pour une logique spatio-temporelle, combinant une logique temporelle avec
un formalisme qualitatif spatial [SCSM15]. Nous avons par ailleurs proposé une étude
sur les effets des techniques de décomposition pour le raisonnement qualitatif spatio-
temporel [SSC15a, [SSC17|, ont nous avons particuliérement mis en lumiére une erreur
dans une méthode de décomposition existante dans la littérature. En outre, nous avons
effectué d’autres travaux dans le cadre du raisonnement qualitatif indépendamment de
la theése de M. StouTis dans [CKS16, (CRS16].

Dans ce mémoire, nous détaillerons uniquement une partie de nos travaux sur le
raisonnement en présence de l'incohérence en abordant les mesures de l'incohérence et
les relations de conséquence paracohérentes, ainsi que nos travaux sur la persuasion
automatique dans le cadre de 'optimisation en logique propositionnelle.

1.5 Co-encadrements doctoraux et collaborations

La premiére thése de doctorat que j’ai co-encadrée a été en collaboration avec I'uni-
versité Mouloud Mammeri en Algérie. Il s’agit de la thése de M. AMMOURA, dont les
travaux ont débuté en octobre 2012, et la soutenance a eu lieu en décembre 2016. Quant
au sujet, il se rapportait aux mesures de 'incohérence. Les articles co-écrits dans ce cadre
sont [ARSO15, [ASOR17].

En octobre 2013, j’ai débuté le co-encadrement de la thése de M. SIOUTIS sur le
raisonnement qualitatif spatial et temporel, qui a été soutenue en février 2017. J’ai co-
écrit dans le contexte de cette thése les articles suivants [SCSM14), ISCSM15, [SSC15a,
SCS™15, [SS15. [ISSC15b], [SSC17).

La troisiéme thése de doctorat que j’ai co-encadrée est celle de A. BOUDANE, débutée
en septembre 2015 et soutenue en septembre 2018. Le sujet gravitait autour de la modéli-
sation de problémes de fouille de données en logique propositionnelle. Les articles co-écrits
en relation avec cette thése sont [BJSY16, [BJSS17al [BJSS17b, BJSS17¢, [BJSSIS].

Je co-encadre depuis septembre 2016, la thése de M. Y. BOUMARAFI, qui concerne
la caractérisation de classes traitables en SAT, de méme que certains autres problémes
qui en sont dérivés. Les articles co-écrits pour I’heure sont [BSS17, [BS18).

Persuadé que la recherche est un travail d’équipe, ol les échanges constituent un
moteur stimulant et créateur, j’ai mené, parallélement & mes contributions en autonomie,
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1.6. Plan du mémoire

une grande partie de mes travaux en collaboration avec d’autres chercheurs. Dans ce qui
suit, je fournis la liste des co-auteurs :

Collaborations internationales

— Université of Birmingham, Royaume-Uni : David A. RANDELL (Senior Research
Fellow).

— Université de Lisbonne, Portugal : Joao MARQUES-SILVA (Professeur).

— Université Mouloud Mammeri, Algérie : Brahim OUKACHA (Professeur).

— National Institue of Informatics, Japon : Takeaki UNO (Professeur).

— Université de Tunis, Tunisie : Boutheina BEN YAGHLANE (Professeur).

Collaborations nationales

— Université Aix-Marseille, LSIS : Belaid BENHAMOU (Maitre de Conférences).

— Université Claude Bernard, Lyon, LIRIS : Emmanuel COQUERY (Maitre de Confé-
rences).

— Université de Lorraine, LORIA : Dominique LARCHEY-WENDLING (Chargé de
recherche CNRS), Didier GALMICHE (Professeur),

— Université de Montpellier, LIRMM : Souhila KAcI (Professeur).

— Université Paris-Saclay, LRI : Yue MA (Maitre de Conférences).

— Université d’Artois, CRIL : Lakhdar SA1s (Professeur) ; Said JABBOUR (Maitre de
Conférences) ; Jean-Frangois CONDOTTA (Professeur) ; Badran RAppaour (ATER
pendant la collaboration, actuellement Maitre de Conférences); Bertrand MA-
ZURE (Professeur) ; Karim TABIA (Maitre de Conférences) ; Jerry LONLAC (Post-
doctorant) ; Mehdi KnIARI (Post-doctorant) ; Stéphanie ROUSSEL (Ingénieur de
recherche) ; Imen OULED DLALA (Doctorante).

1.6 Plan du mémoire

Dans la figure nous décrivons les contributions détaillées dans ce manuscrit avec
leur répartition sur les différents chapitres. Nous utilisons dans cette figure LP, FD et
RCR pour faire référence a nos contributions dans respectivement la logique proposition-
nelle de maniére générale, la fouille de données, et la représentation des connaissances et
raisonnements.

Le chapitre |2 est principalement dédié & la présentation des approches abordées tout
au long des chapitres suivants. Ainsi, aprés une description de la logique proposition-
nelle et du probléme de cohérence SAT, nous introduisons notre encodage en SAT pour
les contraintes de cardinalité. Nous décrivons ensuite les approches fondées sur la mo-
délisation en SAT que nous considérons dans ce mémoire. Pour illustrer ces derniéres,
nous utilisons nos travaux sur I’énumération des impliquants premiers et des impliquants
premiers essentiels.

Dans le chapitre nous présentons une partie importante de nos contributions
concernant 'utilisation de formulations en SAT pour 'extraction de plusieurs types de
motifs. Nous abordons premiérement des problémes en fouille de données se rapportant
aux motifs ensemblistes. Deuxiémement, nous considérons l'extraction de différents types
de régles d’association. Nous examinons ensuite des problémes liés aux motifs séquentiels.
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1. Introduction
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détaillées

Chapitre 2 : / \- Chapitre 5 :
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LP

Modélisation
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essentiels
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FIGURE 1.2 — Les contributions détaillées dans ce manuscrit : LP (Logique Proposition-
nelle), FD (Fouille de données), RCR (Représentation des connaissances et raisonne-
ments)

Motifs
séquentiels

Enfin, nous décrivons d’intéressants résultats expérimentaux issus d’une étude compara-
tive. L’objectif visé par ce chapitre est de montrer que la modélisation en SAT, de par la
modularité et la flexibilité de cette approche, constitue un cadre générique adapté pour
Pextraction de différents types de motifs.

Le chapitre 4| porte sur nos travaux dans le cadre de I'optimisation en logique propo-
sitionnelle. Nous débutons par une bréve description des problémes d’optimisation liés a
SAT les plus étudiés dans la littérature. Aprés cela, nous présentons un probléme d’op-
timisation reposant sur SAT que nous avons introduit, appelé Top-K SAT. Enfin, nous
introduisons un cadre pour la persuasion automatique, ot nous utilisons des formulations
dans une variante d’optimisation dérivée de SAT.

Le chapitre [5 est consacré a certains de nos résultats associés au raisonnement en
présence de 'incohérence en logique propositionnelle. Dans un premier temps, nous pré-
sentons ceux en relation avec la notion de mesure de l'incohérence. Dans un deuxiéme
temps, nous fournissons une description de notre approche pour la définition de rela-
tions de conséquence logique paracohérentes. Ensuite, nous introduisons une application
des mesures de l'incohérence en fouille de données, et cela, en considérant la tache de
regroupement dans un cadre ou les données sont représentées par des formules proposi-
tionnelles.

Pour conclure, nous exposons un ensemble de pistes de recherche en relation avec nos
travaux.
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Chapitre

Modélisation en logique propositionnelle

Ce chapitre a pour objet la description de différents éléments ayant trait a I'utilisation
de la logique propositionnelle comme outil de modélisation. Nous décrirons notamment
certains types de modéles et de propriétés importantes s’y rattachant. Nous aborderons
dans ce contexte nos travaux dans [JSS13al [JSS14] [JLSS14, [JMSS14, [Sal18§].

2.1 Syntaxe et sémantique

Dans la syntaxe en logiques formelles, il s’agit de décrire la structure des formules
logiques bien formées, autrement dit, le langage de la logique en question. Tout comme
nous ne pouvons pas mettre les mots dans n’importe quel ordre dans un langage naturel,
une formule est bien formée dans une logique formelle donnée uniquement lorsqu’elle
satisfait certaines conditions décrites par la syntaxe de cette derniére.

Introduisons & présent les symboles, appelés symboles primitifs, qui correspondent
aux briques de base dans la construction des formules :

— un ensemble dénombrable de variables propositionnelles notées en utilisant les

lettres p, g, 7, etc (avec éventuellement des indices) ;

— les constantes 1 et T représentant respectivement les valeurs de vérité vrai et

faux;

— les opérateurs logiques V (disjonction), A (conjonction), — (implication), <> (équi-

valence), = (négation) ;

— les deux signes de ponctuation ( et ).

Intuitivement, les symboles primitifs peuvent étre vus comme les « mots » de la logique
propositionnelle.

En utilisant les symboles primitifs, les formules propositionnelles sont définies par
induction comme suit :

— toute variable propositionnelle, comme toute constante, est une formule proposi-

tionnelle (on parle dans ce cas de formules atomiques ou atomes);

— si ¢ et ¥ sont des formules propositionnelles, alors (¢ V ¥), (¢ A ), (¢ — ),

(¢ <> 1) et (—¢) le sont également ;

— toute séquence finie de symboles primitifs est une formule propositionnelle si et

seulement si elle est construite avec les deux régles précédentes.
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2. Modélisation en logique propositionnelle

Nous utiliserons dans ce qui suit les lettres grecques ¢, ¥ et x (avec éventuellement des
indices) pour représenter les formules propositionnelles. Par ailleurs, nous utiliserons Prop
et Form afin de nous référer a respectivement I’ensemble des variables propositionnelles et
celui des formules propositionnelles. De plus, étant donné une formule propositionnelle
¢, nous utiliserons Var(¢) pour représenter l'ensemble des variables propositionnelles
apparaissant dans la formule ¢.

Par exemple, la séquence de symboles primitifs ¢ = (((p V q) = (11 Ar2)) < (—q))
est une formule propositionnelle, alors que la séquence (p ¢ V A) ne l'est pas. En outre,
on a Var(¢) ={p,q,r1,r2}.

Un littéral est soit une variable propositionnelle, appelée littéral positif, soit la néga-
tion d’une variable propositionnelle, appelée littéral négatif. Etant donné un littéral I,
nous utiliserons [ pour noter son complémentaire : si [ est positif alors [ = —p, et s’il est
négatif [ = p, ol p est la variable utilisée dans .

Intéressons-nous maintenant a la notion de sous-formule. Elle est définie par induction
comme suit :

— ¢ est une sous-formule de ¢ ;

— 81 (¢ op x) est une sous-formule de ¢, alors ¥ et y le sont également pour tout

op € {V,\, =, };

— 81 (—) est une sous-formule de ¢, alors 1) 'est aussi.

Une sous-formule propre d’une formule ¢ est une sous-formule de ¢ différente de cette
derniére. Reconsidérons encore la formule propositionnelle (((pVgq) — (riAra)) <> (—q)).
L’ensemble de ses sous-formules est {(((pVq) = (r1Ar2)) <> (—q)), (p V q) = (r1 A12)),
(pVaq),(r1 Ar2),(—q),p,q,71, 72}

Afin d’alléger ’écriture des formules propositionnelles en omettant des parenthéses,
nous suivons l'ordre décroissant de priorité suivant sur les opérateurs (régles de précé-
dence) : = > A >V > — > . Par exemple, la formule (((—p) A q) — (r V s)) peut
s’écrire de maniére plus succincte =-p A ¢ — r V s. En outre, précisons que l'implication
est associative & droite.

Décrivons a présent la sémantique de la logique propositionnelle. Rappelons d’abord
que la sémantique pour une logique formelle permet 1’étude du sens des formules bien
formées, de la méme maniére que les phrases bien formées dans un langage naturel ont
des sens et peuvent étre interprétées.

Afin d’interpréter les formules propositionnelles, on utilise des fonctions, appelées
interprétations booléennes (en 'honneur du mathématicien Georges Bool), associant des
valeurs de vérité aux variables propositionnelles.

Définition 2.1. Une interprétation booléenne B d’une formule propositionnelle ¢ est
une fonction associant a chaque variable propositionnelle dans Var(¢) une valeur dans
{0,1}, ou 0 et 1 représentent respectivement faux et vrai.

Nous noterons parfois une interprétation booléenne par {p; — vi,...,pn +— v,} pour
exprimer que la variable propositionnelle p; prend la valeur de vérité v; € {0,1} pour
ie{l,...,n}.

Les interprétations booléennes sont étendues par induction aux formules proposition-
nelles comme suit :
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2.1. Syntaxe et sémantique

— B(1) = et B(T) =

— B(—¢) =1si B(¢) = B(—@ﬁ) = 0 sinon;;
— B(o V) =15s1B(¢) =1o0uB(®) =1, B(¢p V1) =0 sinon;
— B(pAN)=1siB(p)=1et B(yp) =1, B(¢p Ap) =0 sinon;
— B(¢ — ) =1si B(¢) =0ou B(yp) =1, B(¢p — 1) =0 sinon;

— B(¢ <> ¢) =151 B(¢) = B(¢), B(¢ <> 1) = 0 sinon.

Considérons par exemple la formule ¢ = (pVq) — (pAq) et deux de ses interprétations
booléennes B = {p — 1,¢q — 0} et B/ = {p — 1,q — 1}. Sachant que B(p V q) = 1,
B(pVvq) =1,B(pAq)=0et B(pAgq) =1, on obtient B(¢) =0 et B'(¢) =

Définition 2.2 (Modele). Un modeéle d’une formule propositionnelle ¢ est une interpré-
tation booléenne B de cette derniére telle que B(¢) = 1.

En d’autres termes, un modéle d’une formule propositionnelle est une interprétation
booléenne rendant cette formule vraie. Nous utiliserons Mods(¢) pour noter I’ensemble
des modéles de ¢.

Définition 2.3 (Satisfiabilité). Une formule est satisfiable (ou cohérente) si elle admet
auw moins un modéle.

Définition 2.4 (Validité). Une formule est valide (ou un théoréme) si toutes ses inter-
prétations booléennes sont des modéles.

En logique propositionnelle classique, il existe clairement une complémentarité entre
la notion de satisfiabilité et celle de validité : ¢ est valide si et seulement si —¢ n’est pas
satisfiable.

On dit que deux formules ¢ et i sont équivalentes, écrit ¢ = 1, si ¢ <> 1) est une
formule valide. On peut par exemple noter la présence des équivalences suivantes dans
la logique propositionnelle : T=1 — L et ¢ <> = (¢ = ) A (Y — ).

Par ailleurs, soit I' un ensemble fini de formules propositionnelles et ¢ une formule
propositionnelle. On dit que ¢ est une conséquence logique de T', écrit I' ¢, si AT — ¢
est une formule valide, avec A{t1,..., Y} =1 A A et AD=T.

Introduisons maintenant quelques conventions de notation. Etant donné une interpré-
tation booléenne B et un ensemble de littéraux {l1, ..., I} tel que Var(l;) # Var(l;) pour
tous 1 < 4,5 < k avec ¢ # j, nous utiliserons B{ZIHUL Ao} avec 1, ...,y € {0, 14,
pour noter 'interprétation booléenne B’ portant sur le méme ensemble de variables que
B et définie comme suit :

B(p) sip&{Var(l)|1<i<k}
B'(p) =1 v sidiel.k, p=1l
1—v, st diel.k, p=I

De plus, étant donné une interprétation booléenne B d’une formule ¢ et un ensemble

de variables propositionnelles E tel que E' C Var(¢), nous utiliserons B, pour noter la
restriction de B & 'ensemble F.
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2. Modélisation en logique propositionnelle

2.2 Le probléme SAT

Dans cette section, nous considérons le probléme de cohérence en logique proposition-
nelle, appelé SAT, qui est certainement I'un des problémes NP-complets les plus étudiés
dans la littérature. L’intérét accordé a ce probléme vient probablement du fait qu’il re-
groupe deux caractéristiques importantes : la simplicité de sa définition et la puissance
de son expressivité.

Le probléme SAT.
- Entrée : une formule propositionnelle ¢.
- Sortie : déterminer si ¢ est satisfiable (admet un modéle).

Dans la majeure partie des outils proposés dans la littérature pour résoudre le
probléme SAT), les formules propositionnelles en entrée doivent étre en forme normale
conjonctive. Une formule est en forme normale conjonctive (en anglais Conjunctive Nor-
mal Form, CNF) si elle est une conjonction de clauses, ot une clause est une disjonction
de littéraux. Par exemple, p V ¢ est une clause et (pV ¢) A (—=p V q) A (—q) est en forme
normale conjonctive. Nous écrirons formules CNF pour nous référer aux formules en
forme normale conjonctive.

Etat donné une formule CNF ¢, nous utiliserons Lit(¢) pour noter l’ensemble des
littéraux apparaissant dans les clauses de ¢.

En employant I’élimination de la double négation (——¢ = ¢), les lois de De Morgan et
des lois relatives a la distributivité, toute formule propositionnelle peut étre transformée
en une formule CNF équivalente. Cependant, cette transformation peut entrainer une
formule CNF de taille exponentielle en la taille de la formule d’origine, ou la taille
d’une formule correspond au nombre de symboles qu’elle contient. Pour s’en convaincre,
considérons la formule propositionnelle (py A q1) V --- V (pp A @n). La formule CNF que
I’on obtient par la précédente transformation est /\Xg{l,.,.,n}(\/iex p; V \/je{l,‘..,n}\X ),
qui est une formule contenant un nombre de clauses égal a 2™.

Il est possible d’éviter I'explosion exponentielle avec une transformation préservant
la satisfiabilité au lieu de construire une formule CNF équivalente.

Définition 2.5 (Equi-satisfiabilité). Deuz formules propositionnelles ¢ et ¢ sont équi-
satisfiables lorsque ¢ est satisfiable si et seulement si v est satisfiable.

Par exemple, les deux formules (p A q) et (p A ¢'), avec p, ¢, p' et ¢’ des variables
deux & deux distinctes, sont équi-satisfiables sans étre pour autant équivalentes.

Il existe une approche, proposée initialement par Tseitin [Tse68|, pour transformer
toute formule propositionnelle en une formule CNF qui lui est équi-satisfiable avec une
augmentation linéaire de la taille. Le point clé de cette transformation consiste & as-
socier par des implications logiques de nouvelles variables aux occurrences de sous-
formules. Considérons encore une fois la formule ¢ = (p1 Aq1) V -+ V (pn A qn). En
associant a chaque occurrence de sous-formule (p; A ¢;) la nouvelle variable r;, nous
obtenons la formule CNF équi-satisfiable de taille linéaire en la taille de ¢ suivante :
(riVee s Vrg) A(=re V) AV a) A A(=rn Vo) A (51 V gy). 11 convient ici
de noter que toute paire de clauses de la forme (—r; V p;) A (=71 V ¢;) est équivalente a
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2.3. Les contraintes de cardinalité

I'implication 7; — (p; A ¢;).

Pour des raisons de commodité, nous considérons parfois dans ce manuscrit une for-
mule CNF comme un ensemble de clauses et une clause comme un ensemble littéraux.
Cela est permis principalement grace au fait que toute clause de la forme [ VIV ¢ est
équivalente & [V ¢, et que toute formule CNF de la forme c A cA ¢ est équivalente & c A ¢.

Un des algorithmes connus pour résoudre le probléme SAT est 'algorithme de re-
tour sur trace (backtracking) nommé DPLL (Davis- Putnam-Logemann-Loveland), voir
par exemple [BHvWQ9]. L’idée principale derriére ce dernier consiste a choisir une va-
riable propositionnelle et lui affecter une valeur de vérité, pour ensuite simplifier la for-
mule en fonction de ce choix ; et si la formule simplifiée est incohérente, on retourne en
arriére pour affecter a la variable choisie la valeur de vérité opposée. Dans ce contexte, la
simplification comporte essentiellement la suppression des clauses vraies et 1’élimination
des littéraux faux.

Les solveurs SAT modernes, quant a eux, reposent sur ’algorithme CDCL (Conflict-
Driven Clause Learning) [SS96, [SS99] qui peut étre vu comme une amélioration de ’al-
gorithme DPLL par de nouveaux mécanismes. Cet algorithme utilise notamment une
méthode d’apprentissage de nouvelles clauses & partir des conflits permettant ainsi d’éla-
guer ’espace de recherche.

Une maniére naive d’étendre les solveurs SAT modernes au probléme de I’énumé-
ration de tous les modéles d’une formule CNF consiste & ajouter pour chaque modéle
trouvé une clause correspondant & sa négation afin d’empécher la recherche de retour-
ner de nouveau ce méme modéle. Le principal désavantage de cette approche concerne
la complexité notamment en espace, car le nombre de modéles, et en conséquence le
nombre de clauses ajoutées, peut étre exponentiel. En effet, aux clauses apprises & partir
des conflits dans un solveur CDCL, viennent s’ajouter les clauses permettant 1’exclusion
des modéles trouvés. C’est pour cette raison qu’il est important d’utiliser des méthodes
évitant de garder toutes les clauses correspondant aux négations des modéles a exclure.
Dans ce contexte, nous avons proposé une approche combinant une recherche similaire
a l'algorithme DPLL avec un solveur CDCL [JLSS14|. Intuitivement, & chaque modéle
trouvé par une procédure CDCL, une procédure similaire & DPLL est utilisée pour re-
trouver les modéles qui lui sont proches.

2.3 Les contraintes de cardinalité

Les contraintes de cardinalité seront utilisées pour modéliser en logique proposition-
nelle différents problémes considérés dans ce mémoire, notamment en fouille de données.
C’est pour cette raison que nous exposons ici notre encodage de ces contraintes en for-
mules CNF fondé sur une idée simple et intuitive [JSS13b| [JSS14]. Il est important de
mentionner que de nombreux autres encodages polynomiaux de ces contraintes existent
dans la littérature (par exemple voir [BB03, [Sin05l [ES06, [SLO7, BBR09]).
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2. Modélisation en logique propositionnelle

P1+p2+ps+ps+ps >3
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p3
FIGURE 2.1 — Une approche pour I'encodage des contraintes de cardinalité

Rappelons qu'une contrainte de cardinalité est une expression de la forme suivante :

n
Zpi Z«
i=1

oll p;ci..n est une variable propositionnelle et o un nombre entier naturel. Un interpré-
tation B satisfait la précédente contrainte de cardinalité si [{B(p;) =1]i=1..n}| > a.

Pour simplifier la compréhension de notre encodage, nous regardons une contrainte
de cardinalité comme une expression traduisant la mise d’au moins « jetons dans n
emplacements possibles de telle sorte que chacun des emplacements ne peut contenir
qu’au plus un jeton. Ainsi, afin de définir notre encodage nous considérerons un ensemble
de « jetons distincts J = {Ji,..., Jo} avec le fait que les variables propositionnelles de
la forme p; joueront le role des emplacements disponibles.

Pour notamment réduire le nombre de variables propositionnelles utilisées dans notre
encodage, nous imposons comme exigence ce qui suit : si le i*™° jeton .J; est mis dans
I’emplacement p;, alors tous les jetons Jj pour k < j devront étre mis dans les empla-
cements suivants : {p; | ;' < j}. Autrement dit, le ™ jeton devra toujours étre mis
aprés tous les jetons possédant des indices inférieurs & 4. Il est clair que cette exigence
ne change rien a la nature de la contrainte vu que tous les jetons sont identiques.

Notre encodage de la contrainte de cardinalité est défini en associant & chaque jeton
n — (a — 1) variables propositionnelles distinctes. Ces variables sont utilisées pour re-
présenter les emplacements possibles de chacun des jetons. Plus précisément, pour tout
jeton J; € J, on associe n — (o — 1) variables propositionnelles Q(ii)s - - Alin—(a—i))»
ou q(; ;) représente le fait que le jeton i est mis a 'emplacement p;. Notons que nous
associons au jeton J; uniquement les emplacements p;,...,p,_(o—;) dans l'objectif de
laisser suffisamment d’emplacements aux jetons précédents et suivants. Par exemple, la
mise du jeton J; dans I'emplacement p, ne laissera aucun emplacement disponible aux
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2.3. Les contraintes de cardinalité

autres jetons si nous tenons compte de I'exigence décrite précédemment.

La premiére formule de notre encodage sert uniquement & mettre en relation les
nouvelles variables associées aux jetons et les variables de la contrainte de cardinalité :

a n—(a—i)
/\ /\ (mq@ij) vV pj) (2.1)
=1 j=i

La seconde formule permet d’exprimer que tout jeton occupe au moins un emplace-

ment :
o n—

(a—i)
AV (22)

i=1  j=i

La derniére formule traduit 'exigence selon laquelle le jeton J; doit toujours étre mis
aprés tous ceux possédant des indices inférieurs a 7 :

a n—(a—it+1) j—1
AN N Capv Vi) (2.3)
=2 j=i k=i—1

Notre encodage, noté CC(>_; | p; > «), est ainsi défini comme la conjonction des

trois précédentes formules (2.1)) A (2.2) A (2.3).

Nous démontrons dans ce qui suit que notre encodage satisfait la propriété de co-
hérence d’arcs généralisée |[Bes06] par propagation unitaire, qui est une des propriétés
importantes relatives a l'efficacité de résolution en présence de contraintes de cardinalité.
Dans le cas d’un encodage de la contrainte Y ;- | p; > «, cette propriété revient a vérifier
les deux propriétés suivantes : (a) pour toute interprétation partielle attribuant a au
moins n — « + 1 variables la valeur 0, la propagation unitaire doit entrainer une contra-
diction, en l'occurence la clause vide, et (b) pour toute interprétation partielle attribuant
a n — « variables la valeur 0, alors la propagation unitaire doit attribuer & toutes les
autres variables la valeur 1. Le choix de la propagation unitaire vient du fait qu’il s’agit
d’une procédure possédant une complexité en temps linéaire et que les outils modernes
pour SAT la mettent en ceuvre de maniére trés efficace.

Rappelons que la propagation unitaire est une procédure consistant & appliquer de
maniére itérative les deux régles suivantes pour toute clause unitaire [ aprés avoir attribué
la valeur de vérité a la variable correspondante (la valeur 0 si [ est négatif, la valeur 1
sinon) : (i) supprimer toutes les clauses contenant I, et (ii) supprimer [ de toutes les
clauses contenant ce littéral. Par exemple, I’application de la propagation unitaire a la
formule p A (=pV —=¢) A (pV 1) A(qVr) produira le modéle suivant {p — 1,q +— 0,7 — 1}.
En effet, I'application des deux régles avec le littéral positif p (attribuer a p la valeur
1) supprime la clause p V r et produit —¢ en supprimant —p de la clause —p V —¢q; la
propagation du littéral négatif —¢q (attribuer a ¢ la valeur 0) dans la clause ¢V r produira
le littéral r (attribuer a r la valeur 1).

Proposition 2.1 (Cohérence d’arcs généralisée). L’encodage CC(D ;| pi > o) satisfait
la propriété de cohérence d’arcs généralisée.
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2. Modélisation en logique propositionnelle

Démonstration. Nous ne démontrerons ici que la propriété (b), car la propriété (a) peut
en étre aisément obtenue. Soit B une interprétation partielle de CC(>"" | p; > «) attri-

buant 0 aux variables dans ’ensemble {p;,, ..., p;,__}. On suppose sans perte de généra-
lité que i1 < -+ < ip—q. En utilisant la propagation unitaire (PU) sur (2.1]), on obtient
4.,y — 0 pour toute variable q; jy avec j € I = {i1,...,in—a}. Par ailleurs, notons que

la formule ({2.3) comporte la conjonction des clauses binaires suivantes :
—|Q(I’Z) V Q(i—l,i—l) pour 1 =2..« (24)

Ainsi, en utilisant PU sur (2.4)), on obtient q(; ;) — 0 pour tout i € iy..cr, ce qui produira
par PU les clauses binaires suivantes en utilisant les clauses ternaires dans (12.3) :

7G(i,i+1) V 4(i—1,) pour 1 =11..(x (2.5)

De la méme maniére, en utilisant PU sur , on obtient q(; ;4.1) = 0 pour tout i € is..cv.
Ainsi, en poursuivant l'application de PU sur (2.3)), on obtient que pour tout i € E, =
{a,...,n}\ I avec i différent de la valeur maximale dans E,, notée ja, q(a,:) = 0 et donc
par PU sur Ol & ((q,j,) > 1. En conséquence, par PU sur , on obtient p;, + 1.
On procéde de la méme fagon jusqu’a obtenir p;, — 1,...,pj,_, = 1, ol jj est la valeur
maximale dans Ey = {k,...,n— (a—k)}\ (T U{j; |l > k}) pour k =1..(a — 1). O

2.4 Problémes d’énumération de solutions via SAT

Dans cette section, nous illustrons des aspects en lien avec la maniére dont nous
pouvons formuler en SAT un probléme d’énumération de solutions. Nous mettons par-
ticuliérement 'accent sur certaines propriétés afférentes aux formulations en SAT de ce
type de problémes qui seront abordées & plusieurs endroits de ce manuscrit.

2.4.1 Avantages de 'utilisation de SAT

Comme mentionné précédemment, le probléme de satisfiabilité en logique proposi-
tionnelle classique allie deux qualités essentielles, une simplicité qui lui confére un ca-
ractére d’outil de modélisation naturel, et une force dans I'expressivité permettant le
traitement de problémes complexes avec des représentations compactes. Le probléme
SAT est encore plus adapté & la modélisation dans un contexte ot des contraintes de
différents types peuvent étre imposées sur les solutions recherchées. Cela est notamment
le cas en fouille de données, ou le nombre souvent important des motifs générés par des
taches de base requiert fréquemment des sélections sous plusieurs formes pour plus de
pertinence. De telles sélections peuvent habituellement étre réalisées dans le cadre du
probléme SAT en ajoutant par conjonction de nouvelles formules a des formulations de
départ.

Par ailleurs, la constante évolution des solveurs SAT depuis plusieurs années constitue
un argument central en faveur de I’élargissement du champ d’application des approches
fondées sur la modélisation en SAT. Il est intéressant de noter que les solveurs modernes
ont montré leur efficacité sur des instances de tailles trés importantes issues de nom-
breuses applications industrielles, comme en particulier la vérification de modéle [BK18|.
Cela méne a penser que ces solveurs sont adaptés pour des problémes de fouille de don-
nées ol nous avons souvent affaire & des bases de données volumineuses.
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2.4. Problémes d’énumération de solutions via SAT

2.4.2 Formulation bijective

Nous fournissons ici une description de 'approche reposant sur SAT ot I’ensemble des
modéles est en bijection avec ’ensemble des solutions du probléme considéré. L’intérét de
cette propriété réside dans le fait qu’elle permet d’adapter aisément la formulation pour
différentes variantes du probléme d’origine. Par exemple, avec la propriété de bijection,
le probléme de comptage de solutions revient tout simplement & compter le nombre de
modéles de la formulation en SAT.

modeéles booléens solutions du probléme

FIGURE 2.2 — Formulation en SAT bijective

Afin de présenter 'approche de maniére concréte, nous considérons comme exemple
le probléme de ’énumération des impliquants premiers. En effet, nous décrivons ici notre
formulation en SAT ot une formule propositionnelle est associée & chaque instance du
précédent probléme, de telle sorte que les modéles de cette formule représentent tous les
impliquants premiers de 'instance considérée |[JMSS14].

Un impliquant d'une formule ¢ est un ensemble fini de littéraux I tel que (/A;c; 1) — ¢
est une formule valide.

Définition 2.6 (Impliquant premier). Soient ¢ une formule propositionnelle et I un
impliquant de ¢. On dit que I est un impliquant premier de ¢ si pour tout I' sous-
ensemble propre de I (I' C 1), I' n’est pas un impliquant de ¢.

Considérons par exemple la formule ¢ = (pV =gV r) A (=pV —r) A (¢ V —r). Cette
formule admet I = {p, -r} comme impliquant premier. En effet, le fait que p soit vrai
permet de satisfaire la premiére clause, et le fait que r soit faux satisfait les deux clauses
restantes ; de plus, satisfaire seulement p ou seulement —r ne permet pas de satisfaire ¢.

Probléme de I’énumération des impliquants premiers (PEIP).
- Entrée : une formule CNF ¢.
- Sortie : les impliquants premiers de ¢.

Pour des raisons de commodité, nous considérons ici que les formules CNF ne peuvent

pas contenir de clause tautologique. Une clause est dite tautologique si elle contient a
la fois un littéral et sa négation. Il est aisé de voir qu’'un ensemble de littéraux est un
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2. Modélisation en logique propositionnelle

impliquant premier d’une formule CNF si et seulement s’il est un impliquant premier de
cette formule aprés suppression de toutes les clauses tautologiques.

Introduisons & présent notre formulation en SAT permettant de résoudre PEIP. Soit
¢ une formule CNF fournie en entrée. Nous associons a chaque littéral [ apparaissant
dans ¢ une nouvelle variable propositionnelle notée ;. Nous notons R(¢) la formule
CNF obtenue a partir de ¢ par : (i) le remplacement de chaque littéral | apparaissant
dans cette derniére par sa variable associée x;, et (it) l'ajout de la clause —zp V —z—p
pour toute variable p telle que p, —p € Lit(¢). Par exemple, considérons encore une fois
la formule ¢ = (pV =gV r)A(=pV —r)A(qV —r). Alors, R(¢) = (xp V=g V Tp) A (T-p V
Top) N (2g V Top) A (mp V 2Zop) A (g V 2Zog) A (mzyp V 22y).

Nous pouvons constater que les deux formules ¢ et R(¢) sont équi-satisfiables, car
en particulier les clauses de la forme —x; V —x; permettent d’éviter d’affecter la méme
valeur de vérité a la fois & un littéral et a son complémentaire.

Pour établir une bijection entre les modéles de notre formulation et la formule CNF
fournie en entrée, nous ajoutons par conjonction la formule suivante & R(¢) pour chaque
littéral | apparaissant dans ¢ :

o= N e\ (2.6)

cER(¢),z1EC

Cette formule énonce que si un littéral est vrai alors il existe une clause qu’il est le seul
A satisfaire.
Nous utiliserons Fpgrp(¢) pour noter la formulation en SAT que nous venons de

décrire : R(¢) A (2.6).

Nous démontrons maintenant trois propriétés essentielles établissant ’adéquation de
la formulation en SAT avec le probléme de I’énumération des impliquants premiers.
La premiére propriété, appelée correction, sert & démontrer que tous les modéles de la
formulation représentent des solutions, des impliquants premiers dans le cas présent.
Ensuite, la deuxiéme propriété, appelée complétude, est utilisée pour montrer que toutes
les solutions sont représentées. Enfin, la troisiéme propriété, appelée non-redondance,
permet de montrer qu’il n’existe pas de solution représentée par deux modéles distincts
de la formulation. Cette derniére propriété montre donc qu’il y a une bijection entre
I’ensemble des modéles et celui des solutions.

Proposition 2.2 (Correction). Si B est un modéle de Fprrp(¢), alors l’ensemble de
littérauz Ig = {l € Lit(¢) | B(x;) = 1} est un impliquant premier de ¢.

Démonstration. En utilisant le fait que ¢ et R(¢) sont équi-satisfiables et que R(¢)
n’est rien d’autre qu'un renommage des littéraux de ¢ (tout littéral [ est renommé par
x1), on obtient que Ig est un impliquant de ¢. Supposons maintenant que Iz n’est pas
un impliquant premier de ¢. Alors, il existe un littéral iy € Ip tel que Ig \ {lp} est
un impliquant de ¢. En partant de cela, on définit une interprétation B’ de Fpprp(o)

comme suit : (@)
, | B(xy) sil#l
Bim) = { 0 stnon
Etant donné que I \ {lp} est un impliquant de ¢, l'interprétation B’ est un modeéle de
R(¢). De plus, on a B(y)) = B'(¢) avec ¢ = /\CER(¢),xlOECC \ {z),} car z;, n’apparait
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2.4. Problémes d’énumération de solutions via SAT

pas dans 9. Ainsi, en utilisant le fait que B(x;,) = 1 dans le contexte de la formule
(2-6), on obtient B(v)) = B'(1)) = 0. Donc, en utilisant la définition de 1, on obtient une
contradiction avec le fait que B’ est un modéle de R(¢). Par conséquent, en utilisant le
raisonnement par I’absurde, Iz est un impliquant premier de ¢. O

Proposition 2.3 (Complétude). Si I est un impliquant premier de ¢, alors l'interpré-
tation suivante By est un modéle de Fprrp(¢) :

1 silel

Bi(wm) = { 0 sinon

Démonstration. En utilisant le fait que ¢ et R(¢) sont équi-satisfiables, que R(¢) est
simplement obtenu par renommage des littéraux de ¢ et que I est un impliquant premier
de ¢, By est un modéle de R(¢). Soit I un littéral dans ¢. Si Br(z;) = 0 alors on a
clairement Br(zi = =(Accr(g)mec¢ \ {#1})) = 1. Considérons maintenant le cas ou
Bi(zi) = 1. Ainsi on a l € I. Si Br(A.cp(g) zec ¢ \ {z1}) = 1 alors donner a [ la valeur 1
n’est pas nécessaire pour satisfaire les clauses qui le contiennent, et par conséquent I\ {l}
est un impliquant de ¢, ce qui est en contradiction avec le fait que I soit un impliquant
premier. Donc, pour tout littéral I dans ¢, on a Br(zr = =(Acerg)mec¢ \ {21})) = 1.
On en déduit que By est un modéle de Fpprrp(¢). O

La propriété de non-redondance dans le cas de la formulation Fpgrp(¢) est relative-
ment triviale, car tout impliquant premier est représenté par la totalité du modéle qui
lui correspond.

Proposition 2.4 (Non-redondance). Il n’existe pas deux modéles distincts B et B’ de
Fpeip(¢) tels que Ig = {1 | B(x;) =1} = Ig = {1 | B'(x;) = 1}.

En combinant la non-redondance avec la correction et la complétude, nous abou-
tissons au fait que 'ensemble des modeéles de Fpprp(¢) est en bijection avec celui des
solutions de PEIP pour la formule CNF ¢. Comme nous ’avons évoqué précédemment, le
fait que la formulation soit bijective facilite son utilisation pour d’autres variantes du pro-
bléme d’origine, comme en particulier le probléme du comptage du nombre de solutions.
Pour illustrer encore ce point, nous pouvons considérer une variante ou, étant donné deux
littéraux [ et I, il s’agit de déterminer s’il y a plus d’impliquants premiers contenant [
que d’impliquants premiers contenant !’. Dans ce cas, le nombre d’impliquants premiers
contenant [ (resp. I') peut simplement étre obtenu en comptant le nombre de modéles
de Fpprp(¢) Az (vesp. Fperp(o) Axy).

2.4.3 Formulation non bijective

Nous décrivons maintenant le cas ot I’ensemble des modéles de la formulation en
SAT n’est pas en bijection avec les solutions du probléme considéré. Nous montrons
particuliérement que l'absence de cette propriété n’est pas un frein & l'utilisation de
SAT, car nous pouvons adapter ’énumération des modéles pour éviter la redondance
dans la génération des solutions. Cela dit, ’absence de la propriété de bijection rend
difficile 'adaptation de la formulation & certaines variantes du probléme d’origine, en
particulier, les problémes relatifs au nombre de solutions. A titre d’illustration, nous
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2. Modélisation en logique propositionnelle

modeéles booléens solutions du probléme

FIGURE 2.3 — Formulation en SAT non bijective

considérons comme exemple 'approche fondée sur SAT que nous avons proposée pour
résoudre le probléme de 'énumération des impliquants premiers essentiels [Sall§].

Définition 2.7 (Impliquant premier essentiel). Etant donné une formule proposition-
nelle ¢, un impliquant premier I de ¢ est dit essentiel s’il existe un modéle B de ¢
tel que (i) B(Nierl) = 1 et (ii) pour tout impliquant premier I' de ¢ différent de I,
B(/\le]’ l) =0.

En d’autres termes, un impliquant premier est essentiel s’il est le seul impliquant
premier & couvrir un des modéles.

Probléme de I’énumération des impliquants premiers essentiels (PEIP-E).
- Entrée : une formule CNF ¢.
- Sortie : les impliquants premiers essentiels de ¢.

De la méme maniére que dans le cas de PEIP, nous nous restreignons ici aux formules
CNF qui ne contiennent pas de clause tautologique.

Algorithm 1: Prime(¢,B) pour calculer un impliquant premier & partir d’un

modéle
Data: une formule CNF ¢ et un modéle B de ¢.

Result: un impliquant premier de ¢.
1 S« {leLit(p) | B(l)=1};
2 [+ S,
3 for [ €5 do
4 ‘ if 7\ {l} est un impliquant de ¢ then I <« I\ {i};
5 return I[;

On appelle e-modéle tout modéle qui n’est couvert que par un unique impliquant
premier, qui est a fortiori essentiel. Plus précisément, un modéle B de ¢ est un e-modéle
s'il existe un et un seul impliquant premier I tel que B(/;c;1) = 1.

Présentons maintenant quelques résultats importants concernant la complexité.
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2.4. Problémes d’énumération de solutions via SAT

Théoréme 2.1. Le probléme de décider si un modéle est un e-modéle est dans P.

Démonstration. L’algorithme [2| permet de vérifier si un modéle est un e-modéle en temps
polynomial. En effet, étant donné une formule CNF ¢ et un modéle B de ¢, nous utilisons
dans un premier temps ’algorithme[1] afin de calculer un impliquant premier quelconque
I tel que B(/\;c;1) = 1. On vérifie ensuite s'il existe un impliquant premier I" différent I
tel que B(/\;cy/ 1) = 1. Plus précisément, s’il existe [ € I tel que By;,qy satisfait ¢, alors
¢ admet un impliquant qui ne contient pas [, et par conséquent, il existe un impliquant
premier I’ différent de I qui couvre B. O

Algorithm 2: IsEModel(¢, M) pour vérifier si un modéle est un e-modéle

Data: une formule CNF ¢ et un modéle B de ¢.
Result: Vrai ou Faux en fonction du fait si B est un e-modéle ou non.
1 I < Prime(¢, B);

2 for [ €1 do
3 if B0y satisfait ¢ then
4 ‘ return Faux;

5 return Vrai ;

Théoréme 2.2. Le probleme de décider si un impliquant premier est essentiel est NP-
complet.

Démonstration. En utilisant le théoréme on sait que le probléme considéré est dans
NP. En effet, étant donné une formule CNF ¢ et un impliquant premier I de ¢, alors I
est essentiel si et seulement s’il existe un e-modele B de ¢ tel que B(/\;c;[) = 1. Ainsi, il
existe un certificat qui permet de vérifier en temps polynomial si un impliquant premier
est essentiel. Démontrons maintenant que le probléme considéré est NP-difficile. Afin
de réaliser cela, on utilise le probléme SAT, qui est comme mentionné précédemment
NP-complet. Soit ¢ une formule CNF. On associe a chaque clause ¢ =13 V --- V[ une
nouvelle variable propositionnelle p. et la conjonction de clauses binaires 1. = (p. V
1) A+ A(pe V). On définit ensuite E(¢) comme étant la formule CNF Neeo Y- Nous
démontrerons maintenant que ¢ est satisfiable si et seulement si I = {p. | ¢ € ¢} est
un impliquant premier essentiel de E(¢). Avant cela, il convient de noter qu’étant donné
que chaque clause de E(¢) ne partage qu'un unique littéral avec I, I est forcément un
impliquant premier de E(¢).

La partie « si». Considérons que I est un impliquant premier essentiel de E(¢). Alors,
il existe un e-modéle B de E(¢) tel que B(/\;c;1) = 1. Supposons que B' = Bjyq(e)
n’est pas un modéle de ¢. Alors, il existe une clause ¢ = I1 V -+ V [ dans ¢ telle que
B'(l1) = -+ = B'(lx) = 0. Par conséquent, By, .0} est un modéle de E(¢), ce qui signifie
que B n’est pas un e-modéle car il est couvert par un autre impliquant premier différent
de I. Donc, on obtient une contradiction.

La partie « seulement si ». Considérons que ¢ admet un modéle B. Clairement, B’ =
BU{p:+— 1] c € ¢} est un modeéle de E(¢). De plus, pour toute clause ¢ € ¢, il existe un
littéral I € ¢ tel que p. VI € E(¢) et B'(I) = 1. Donc, pour toute clause ¢ € ¢, B (p. 0}
ne satisfait pas E(¢). Par conséquent, I est un impliquant essentiel de E(¢). O
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Soient ¢ une formule CNF et B un modéle de ¢. On utilise U(B,¢) pour noter
Pensemble de littéraux {I € Lit(¢) | B(l) =1 et Jc € ¢, B(c\ {l}) = 0}.

Théoréme 2.3. Etant donné une formule CNF ¢, un modéle B de ¢ est un e-modéle si et
seulement si U(B, ¢) est un impliquant de ¢ (a fortiori un impliquant premier essentiel).

Démonstration.

La partie « si ». Considérons que U (B, ¢) est un impliquant de ¢. En utilisant la
définition de U (B, ¢), il est un impliquant premier de ¢. De plus, on sait que pour tout
l € U(B, ), Bjioy ne satisfait pas ¢. On obtient ainsi que U(B,¢) est un impliquant
premier essentiel de ¢ et B est un e-modéle de ¢.

La partie « seulement si ». Considérons que B est un e-modéle de ¢. Il existe alors un
unique impliquant premier I couvrant B. Par ailleurs, en utilisant la définition de U (B, ¢),
on obtient U(B, ¢) C I. Supposons maintenant qu'il existe [ € I tel que [ ¢ U(B, ¢). On
obtient alors que By, o) satisfait ¢, car il n’existe aucune clause vraie grace uniquement
a la vérité de [. Ainsi, il existe un impliquant premier de ¢ qui ne contient pas [ et qui
couvre B. On a donc une contradiction avec le fait que B est un e-modéle. Par conséquent,
U(B, ¢) est un impliquant premier essentiel de ¢. O

Introduisons maintenant notre encodage pour I’énumération des impliquants premiers
essentiels. Etant donné une formule CNF ¢, nous utilisons Fprrp—g(¢) pour noter la
formule suivante :

SAC N (@ean ARANINVARRYED!

leLit(¢) ceplec lec\{l} cep lec

ot les variables propositionnelles de la forme z; sont, comme dans le cas de Fpgrp(¢),
de nouvelles variables. Autrement dit, pour tout littéral [ € Lit(¢), une nouvelle variable
x; est associée & [.

Proposition 2.5 (Correction). Si B est un modéle de Fprrp—g(¢), alors ’ensemble
I ={l € Lit(¢) | B(x;) = 1} est un impliquant premier essentiel de ¢.

Démonstration. Sachant que B est un modeéle de Fpgrp_p(¢), B = B\Var(qs) est un
modele de ¢, car ¢ est une sous-formule de Fpgrrp_g(¢) qui doit étre satisfaite. Par
ailleurs, pour tout littéral [ € Lit(¢), en utilisant le fait que z; — [ est une conséquence
logique de Fprrp—g(¢), on a [{zy | I € Lit(¢), B(ay) = 1} N {x;, 27} < 1. Donc, I ne
contient pas deux littéraux complémentaires. En utilisant la sous-formule A ¢y V. 21,
on sait que I est un impliquant de ¢. De plus, en utilisant les sous-formules de la forme
21 < (INV eepiee Nveaqny "), on obtient I = U(¢, B'). Ainsi, en utilisant le théoréme|2.3
I est un impliquant premier essentiel de ¢. ]

Proposition 2.6 (Complétude). Si I est un impliquant premier essentiel de ¢, alors il
existe un modeéle B de Fprrp—g(¢) ot I = {l € Lit(¢) | B(x;) = 1}.

Démonstration. En utilisant le fait que I est un impliquant premier essentiel, on sait qu’il
existe un e-modeéle B’ de ¢ tel que B'(/A\;c; 1) = 1. Donc, en utilisant le théoréme on a
I =U(¢,B'). Etant donné que I est un impliquant de ¢, B” = {x; +— 1|1 € I}U{z; — 0 |
I € Lit(¢) \ I} est un modele de A oy Ve, 21- De plus, on sait que B =B'UB" est un

modele de 1 <+ (I AV epiee Nveay!’) car I = U(¢,B'). Par conséquent, B est un
modéle de Fprrp_g(¢) ou I = {l € Lit(¢p) | B(z;) = 1}. O
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Algorithm 3: Un algorithme fondé sur une formulation SAT pour PEIP-E
Data: une formule CNF ¢.
Result: I'ensemble des impliquants premiers essentiels de ¢.
L+ 0;
Y < Fpeip—£(9);
while SAT(¢) do
/* B est un modéle o x/
U« {L € Lit(6) | Blm) = 1};
L+ Lu{U};
VYAV eyl

return L;

[SI

N o o

Comme mentionné précédemment, la formulation que nous venons de présenter n’est
pas bijective. Cela vient principalement du fait qu’un impliquant premier essentiel peut
couvrir deux e-modéles distincts. Néanmoins, notre formulation devient bijective si le pro-
bléme considéré est celui consistant a énumeérer les e-modéles. Considérons, par exemple,
la formule CNF ¢ = p A (p V q). Cette formule admet un unique impliquant premier
I = {p}, qui est forcément essentiel, et les modéles {p — 1,¢ — 0} et {p — 1,¢ — 1}
sont deux e-modéles distincts couverts par le méme impliquant premier essentiel I.

Le fait que notre formulation ne soit pas bijective ne signifie pas que son utilisation
implique une redondance dans la génération des solutions. En effet, I’algorithme [3| décrit
une méthode simple permettant d’éviter la génération multiple d’'un méme impliquant
premier essentiel. Dans cet algorithme, & chaque modéle B trouvé, on ajoute simplement
la clause VleU(¢,B)i a la place de la négation de tout le modéele \/le{leut(d,)‘g(l):l}f afin
d’éviter dans les prochaines itérations I'impliquant premier essentiel trouvé.

Meéme s’il est possible d’adapter notre formulation non bijective Fprrp—_g(¢) a de
nombreuses variantes de PEIP-E, il existe divers types de problémes ot ’adaptation peut
s’avérer problématique, tels que notamment celui des problémes ayant trait au nombre
de solutions.

2.5 Conclusion

Dans ce chapitre, nous avons décrit la logique propositionnelle classique en pointant
particuliérement le probléme SAT et I’énumération des modéles. Nous avons également
présenté notre encodage pour les contraintes de cardinalité proposé dans [JSS13al [JSS14]
en raison de leur utilité dans la modélisation via SAT. En outre, & travers des résultats
de modélisation issus de nos travaux dans [JMSS14, [Sall8], nous avons introduit deux
approches dans la modélisation reposant sur SAT. D’abord une approche fondée sur les
formulations bijectives, ou I’ensemble des modéles est en bijection avec I’ensemble des
solutions du probléme considéré. L’intérét de cette approche réside dans le fait que la
formulation en SAT peut sans difficulté étre adaptée & de multiples variantes du probléme
d’origine. Nous avons ensuite introduit une approche fondée sur les formulations non
bijectives, ou une solution du probléme traité peut étre associée a plusieurs modéles.
Nous avons notamment montré que, méme en I’absence d’une bijection entre les solutions
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et les modéles, il est possible dans certains cas d’éviter la redondance dans le processus

d’énumération. Cependant, il n’est pas facile d’adapter des formulations non bijectives
A certaines variantes des problémes de départ.
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Chapitre

Fouille de données via SAT

Une partie importante de nos travaux concerne I'utilisation d’approches fondées sur
SAT pour résoudre différents problémes en fouille de données. Dans ce cadre, nous abor-
derons ici certaines de nos contributions dans le domaine de ’extraction de motifs en
employant des formulations en SAT. Les résultats décrits dans ce chapitre sont majoritai-
rement issus de nos travaux dans [CJSS12| [JSS13b! [JSS13c, [ISS15, BJSY16, [BJSS17b,
JSS17, [BJSS18|. Une partie de ces travaux a été réalisée dans le cadre du projet ANR
DAG.

3.1 Approches déclaratives et fouille de données

L’utilisation d’approches déclaratives en fouille de données a initialement été pro-
posée dans [DGNO§| pour la réalisation de différentes taches. Plus précisément, les au-
teurs montrent dans le précédent article que la programmation par contraintes est un
outil approprié a plusieurs égards pour l'extraction de plusieurs types de motifs en-
semblistes. Une des motivations principales de l'utilisation de ce cadre réside dans le
fait qu’il constitue un modéle de représentation flexible et générique. En effet, de nou-
velles contraintes nécessitent souvent de nouvelles implémentations pour les approches
spécialisées en fouille de données, ce qui peut souvent étre intégré de maniére relati-
vement simple dans des cadres déclaratifs. En outre, I’évolution continuelle en matiére
d’efficacité des outils dédiés & la résolution des problémes pouvant étre utilisés pour
la modélisation, comme ASP (Answer Set Programming), CSP (Constraint Satisfaction
Problem) et SAT, est un argument fort en faveur de 'utilisation d’approches reposant sur
ces problémes. Ainsi, a partir de ce travail précurseur, une nouvelle ligne de recherche
s’est imposée au sein de la communauté de fouille de données. Nous assistons vérita-
blement depuis plusieurs années & de nombreuses contributions dans la réalisation de
différentes taches en fouille de données par 'utilisation d’approches déclaratives. Nous
pouvons, par exemple, mentionner 'utilisation de CSP pour 'extraction de motifs défi-
nis via plusieurs contraintes locales [KBC10]. Parmi les nombreux autres travaux faisant
appel a la modélisation en CSP pour la fouille de données, nous pouvons aussi citer
ceux dans [GND11} [Gun15, [UBLC15, [UBC*17, [BLM18|. Un autre exemple de 'utilisa-
tion d’une approche déclarative en fouille est ’emploi d’ASP pour I'extraction de motifs
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3. Fouille de données via SAT

séquentiels |[GGQ™16|. Par ailleurs, il convient de signaler la proposition de langages édi-
fiés sur I’expression de contraintes pour la résolution de problémes en fouille de données,
comme en particulier MiningZinc [GDN'17].

3.2 Motifs ensemblistes fréquents

3.2.1 Enoncés des problémes

Considérons 'ensemble de tickets de caisse décrits dans la figure Nous pouvons
remarquer de prime abord qu’il y a des produits apparaissant dans tous les tickets,
comme « Fromage ». De la méme maniére, il y a des produits que 'on trouve dans la
majorité des tickets de caisse fournis, comme « Pain » et « Tomates » qui apparaissent
respectivement dans cing et quatre tickets sur les six donnés. Ce type d’informations peut
étre utilisé pour nous renseigner sur les produits les plus populaires, ce qui est clairement
utile et pertinent dans un contexte commercial & I'instar de bien d’autres contextes. La
tache en fouille de données consistant & extraire les motifs ensemblistes fréquents fournit
un cadre naturel et bien défini pour la capture d’informations de la méme nature que
celles que nous venons de décrire.

Ticket 1 Ticket 2 Ticket 3 Ticket 4 Ticket 5 Ticket 6

- Oeufs...... - Salade.... -Pain........ - Fromage.. - Tomates.. - Fromage..

- Datt'es ..... - Tomates.. - Tomates.. - Eau......... - Pain....... - Dattes.....
Cafe....... - Fromage.. -Pain........ - Fromage.. -café.......
DVD....... - Chocolat.. - Pommes.. - Oeufs...... - Salade....
(S:ﬁlade; - Poires..... - Chocolat..
c ocolat Thé......... - Beurre.....

au........ - Beurre..... - Amandes..

Lait......... - Salade.... - Yaourts....

- Beurre..... - Pommes.. Savon.....
Fromage Pain
Yaourts.. |  ——— T
Savon.....

- Oranges..

- Tomates..

FIGURE 3.1 — Un ensemble de tickets de caisse

Le probléme de I’énumération des motifs ensemblistes fréquents a été proposé pour
la premiére fois dans 'article [AIS93]. Il a connu par la suite un succés important dans
I’analyse de données reflété par le grand nombre de travaux qui ont suivi la proposition
initiale.

L’extraction des motifs ensemblistes est réalisée sur une structure que I’on nomme
base de données transactionnelles. Plus précisément, soit Z un ensemble fini et non vide
d’éléments nommeés items. Une transaction sur Z est un couple (id, I), ou id correspond
a son identifiant et I & un sous-ensemble de Z. Une base de données transactionnelles
sur 7 est un ensemble fini et non vide de transactions sur Z tel que chaque identifiant
n’est associé qu’a une unique transaction, autrement dit, il apparait une seule fois. Par
exemple, la base de données transactionnelles correspondant aux tickets de caisse dans
la figure est décrite dans la table

Un motif ensembliste, appelé également itemset, est simplement défini comme un
ensemble fini et non vide d’items. On dit qu’'une transaction (id,I) supporte un motif
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3.2. Motifs ensemblistes fréquents

id ensemble d’items
Ticket 1 | a,b,c,d e, f,g,h,i,7,k,1,m,n
Ticket 2 a,c,e,h,j,n,o,p
Ticket 3 ¢, fig,h, 4, 0,n,p,q
Ticket 4 g,7,P,q
Ticket 5 a,e,t,5,n,0,D,S
Ticket 6 b,c,e, f 1,5,k l,p,r
Oeufs (a) Dattes (b) Cafeé (c) DVD (d) Salade (e)
Chocolat (f) Eau (g) Lait (h) Beurre (i)  Fromage (j)

Yaourts (k) Savon (I)  Oranges (m) Tomates (n)  Poires (o)
Pain (p) Pommes (q) Amandes (7) Thé (s)

TABLE 3.1 — Une base de données transactionnelles

ensembliste F sil’on a E C I. Dans ce contexte, étant donné une base de données tran-
sactionnelles D et un motif ensembliste F, on définit la couverture de E dans D, notée
C(E, D), comme ’ensemble des transactions de D supportant £ : C(E, D) = {(id,I) € D |
E C I}. Le support de E dans D, noté S(E, D), correspond a la taille de la couverture :
S(E,D) = |C(E,D)|. En utilisant ces notions, introduisons & présent le probléme de
I’énumération des motifs ensemblistes fréquents.

Probléme de I’énumération des motifs ensemblistes fréquents (PEMEF).
- Entrée : une base de données transactionnelles D et un entier naturel non nul «
jouant le réle de quorum sur le support.

- Sortie : l'ensemble des motifs MEF (D, o) = {E | S(E,D) > a}.

Nous nous référerons a chacune des instances de PEMEF par le couple correspondant &
Ientrée (D, av).

En d’autres termes, le probléme de ’énumération des motifs ensemblistes fréquents
consiste a extraire tous les motifs ensemblistes dont les supports ne sont pas inférieurs au
quorum fourni en entrée. Par exemple, dans la base de données transactionnelles décrite
dans la table si Pon considére un quorum valant 5, le motif {j, p}, qui correspond aux
deux produits « Fromage » et « Pain », est fréquent car il apparait dans les transactions
associées aux cing derniers tickets de caisse. Il convient de noter qu’en utilisant le fait
que le motif {j, p} est fréquent, on est certain que ses deux sous-ensembles non vides {j}
et {p} le sont également, sans méme que 1'on ait besoin d’explorer la base de données.
Cela traduit un principe nommé anti-monotonie.

Proposition 3.1 (Anti-monotonie). Soient D une base de données transactionnelles et
a un entier naturel non nul. Pour tout E € MEF(D,«) et pour tout E' C E avec
E' #0,0naFE € MEF(D,a).

Démonstration. Cette proposition est une conséquence directe du fait que la couverture
de E est incluse dans celle de E' : C(E, D) C C(E', D), pour tout E' C Eavec E' #0. O
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3. Fouille de données via SAT

Il résulte de la précédente proposition qu’il est possible d’obtenir tous les motifs fré-
quents en énumérant uniquement une partie de ces derniers. Des représentations conden-
sées autour du principe de ’anti-monotonie ont ainsi été proposées. Dans ce qui suit,
nous définissons les deux plus connues [Bay98, [PBTL99).

Définition 3.1 (Motif ensembliste fermé). Soit (D, «) une instance de PEMEF. Un
motif fréquent E € MEF (D, a) est dit fermé si, pour tout E' avec E C E', C(E',D) est
un sous-ensemble propre de C(E, D), a savoir C(E', D) C C(E, D).

Définition 3.2 (Motif ensembliste maximal). Soit (D, «) une instance de PEMEF.
Un motif fréquent E € MEF(D,a) est dit maximal si, pour tout E' avec E C FE',
S(E',D) < a.

En d’autres termes, un motif fréquent est fermé s’il n’est inclus dans aucun autre
motif possédant la méme couverture, et il est maximal s’il n’est inclus dans aucun autre
motif fréquent. Nous utiliserons CMEF (D, ) et MMEF (D, o) pour désigner respecti-
vement l’ensemble des motifs fermés et celui des motifs maximaux dans MEF (D, ).

Il est clair que I'ensemble MEF(D, o) peut simplement étre construit grace a cha-
cun des ensembles CMEF (D, ) et MMEF (D, o). Effectivement, en utilisant le principe
d’anti-monotonie, on obtient MEF (D, a) = Upecmerma{E' | B' C E et E' # 0} =

UremmermalE' | E'C E et E' # (0},

Remarquons que I’ensemble des motifs maximaux est un sous-ensemble de celui des
fermés. En effet, tout motif maximal est fermé car un motif maximal n’est inclus dans
aucun autre motif fréquent et, a plus forte raison, dans aucun autre motif fréquent ayant
la méme couverture, ce qui signifie qu’il est fermé. Ainsi, une question s’impose : 'extrac-
tion des motifs maximaux est-elle toujours plus intéressante que l'extraction des motifs
fermés ? Si l'on tient compte uniquement du nombre de motifs, la réponse est certaine-
ment positive; par contre, elle devient négative dans tout contexte ol sont nécessaires
les couvertures ou les supports des motifs fréquents, ce qui est en particulier le cas dans
la génération des régles d’association. En effet, la couverture de tout sous-ensemble d’un
motif fermé est égale & la couverture de ce dernier, et ainsi, avec les couvertures des
motifs fermés, on a celles de tous les motifs fréquents, ce qui n’est pas vrai dans le cas
des motifs maximaux.

3.2.2 Formulations en SAT

Nous présentons ici une formulation en SAT du probléme de I’énumération des motifs
ensemblistes fréquents ainsi que d’autres variantes de ce dernier, comme 1’énumération
des motifs fermés et ceux maximaux.

Considérons une instance de PEMEF (D, «/), ot Z est l'ensemble d’items apparais-
sant dans D et n le nombre de transactions de cette derniére. Pour la définition de notre
formulation en SAT, nous associons a chaque item a une variable propositionnelle dis-
tincte notée p,. Nous associons également & chaque transaction ¢t dans D une variable
propositionnelle distincte notée ¢;. Intuitivement, les variables associées aux items servi-
ront & représenter les motifs ensemblistes, et celles associées aux transactions serviront
& capturer les couvertures des motifs.
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3.2. Motifs ensemblistes fréquents

Notre premiére formule est utilisée afin que les variables associées aux transactions
représentent la couverture du motif ensembliste courant. Plus précisément, elle permet
d’exprimer la propriété selon laquelle, pour toute transaction ¢, ¢; posséde 1 comme
valeur de vérité si et seulement si le motif courant est supporté par ¢ :

A Cae \V p) (3.1)

t=(id,I)eD a€I\I

Concernant la formule suivante, elle signifie simplement qu’un motif ensembliste ne peut

étre vide :
\/ Pa (3-2)
a€l

La contrainte de cardinalité suivante impose le respect du quorum sur le support :

th >« (3.3)

teD

Rappelons que notre encodage en SAT des contraintes de cardinalité est décrit dans la

section [2.3]

Nous noterons Fprypr(D, «) la formulation correspondant a la conjonction des trois
précédentes formules : A A .

Il est clair que la formulation en SAT Fppypr(D, ) du probléme PEMEF est bi-
jective. Cela vient principalement de I'utilisation du connecteur logique de 1’équivalence
dans la formule . Dans ce contexte, il est & noter que nous pouvons simplifier cette
formulation en la rendant non bijective, sans pour autant perdre la correction et la com-
plétude. Cela est en effet possible par le remplacement de par la formule suivante :

A (e '\ p) (3.4)

t=(id,I)eD a€\I

Afin d’éviter la redondance dans ’énumération des solutions en utilisant la précédente
formule, il suffit d’ajouter pour chaque motif trouvé sa négation au lieu de la négation du
modéle lui correspondant. Plus précisément, si E est le motif trouvé, alors nous ajoutons
la clause \/,c 5 —pa V VbeI\ g Py pour éviter ce motif dans les prochaines itérations. Cela
fonctionne bien entendu dans le cas de la formulation bijective.

La raison principale derriére 'utilisation du connecteur de 1’équivalence & la place de
celui de I'implication vient du fait que la valeur exacte de la couverture de chaque motif
est nécessaire pour des représentations condensées comme les motifs fermés et les motifs
maximaux. Considérons d’abord le cas des motifs fermés fréquents. Une formulation en
SAT permettant de restreindre I’énumération & ces motifs est simplement obtenue en
ajoutant par conjonction la formule suivante & Fppypr(D, ) :

AC A (@—ael)—p) (3.5)

a€Z t=(id,I)eD

ou les expressions de la forme a € I correspondent & des constantes : T si a appartient &
I, | sinon. Cette formule permet d’exprimer que, pour chaque item a, si la couverture
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3. Fouille de données via SAT

d’un motif E associé a un modéle est égale a celle de EU {a}, alors a est dans E, ce qui
est exprimé par 'affectation de la valeur de vérité 1 a p,. Ainsi, de 'obligation d’avoir
la valeur exacte de la couverture, 1'utilisation de a la place de ne permet pas
ici de restreindre I’énumération aux motifs fermés.

De maniére similaire, pour ’énumération des motifs maximaux fréquents, il suffit
d’ajouter par conjonction la formule suivante & Fppypr(D, a) :

AC Y (@wrael)>a—p,) (3.6)

a€l t=(id,I)eD

Cette formule permet d’exprimer que si I'ajout d'un item a au motif correspondant a un
modéle ne réduit pas le support & une valeur inférieure au quorum «, alors a est dans ce
motif.

Il est important de noter que des formulations en SAT pour plusieurs autres variantes
de PEMEF peuvent étre obtenues par de simples modifications de Fpgrpr(D, o). Par
exemple, si nous voulons restreindre I’énumération aux motifs fermés ayant des tailles
supérieures ou égales & 3, il suffit d’ajouter la contrainte de cardinalité ) .rps = 5 &
la formulation permettant I’énumeération des motifs fermés. De méme, si nous voulons
restreindre I’énumération & des motifs contenant au moins un item dans un ensemble
S donné, nous ajoutons simplement la clause \/,c g pq. Cela montre particuliérement la
modularité et la flexibilité de I’approche fondée sur SAT.

3.3 Reégles d’association

3.3.1 Enoncés des problémes

Considérons de nouveau la base de données transactionnelles décrite dans la table[3.1]
et fixons le quorum a 3. Dans ce cas, ’ensemble E = {Fromage, Eau} correspond & un
motif fréquent car il apparait dans trois tickets de caisse distincts (Ticket 1, Ticket 3 et
Ticket 4). Ce motif traduit-il le fait que I'achat de fromage implique qu'’il est fort vrai-
semblable que ’achat d’eau se réalise 7 En fait, si ’on observe les tickets de caisse fournis,
le fromage apparait dans tous les tickets, et c’est I’eau qui n’apparait que dans trois. Par
conséquent, il y a autant de tickets de caisse ot le fromage apparait avec ’eau que sans.
Les motifs ensemblistes ne permettent donc pas de capturer le type de relations exprimé
dans la précédente question, et c’est dans ce but que le concept de régle d’association a
été introduit au méme moment que les motifs ensemblistes fréquents [AIS93].

Définition 3.3 (Reégle d’association). Une régle d’association est une structure de la
forme X = Y, ou X etV sont des ensembles d’items vérifiant les deux propriétés
suivantes : (i) X 0 etY £ 0 et (ii) XNY = 0. Les parties X et Y sont respectivement
appelées antécédent et conséquent.

Afin d’évaluer la qualité d’une régle d’association X = Y dans une base de données
transactionnelles D, on utilise en général deux mesures :

1. le support, noté S(X = Y, D), qui correspond a la valeur S(X UY, D) ;

2. la confiance, notée Conf(X = Y, D), qui correspond & la valeur %.
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Autrement dit, le support d’une régle est le nombre de transactions la vérifiant, &
savoir celles contenant a la fois I'antécédent et le conséquent, et la confiance est une
estimation de la probabilité de I’événement correspondant au conséquent sachant ’anté-
cédent.

Par exemple, {Fromage} = {Pain} est une régle d’association dans la base de données
décrite dans la table ayant comme support 4 et comme confiance %

Tout comme dans le cas de I’énumération des motifs ensemblistes fréquents, le pro-
bléme de I’énumération des régles d’association est défini en fixant des quorums sur le

support et la confiance.

Probléme de ’énumération des régles d’association (PERA).

- Entrée : une base de données transactionnelles D, un entier naturel non nul « jouant

le role de quorum sur le support, et un autre entier naturel non nul 8 (un pourcentage)

jouant le role de quorum sur la confiance.

- Sortie : 'ensemble des régles d’association RA(D,a, ) ={X =Y | S(X =Y,D) > «
et Conf(X =Y,D) > %}.

Nous nous référerons a chaque instance de PERA par un triplet (D, «a, ).

Nous avons précédemment vu qu’il existe des représentations condensées permettant
de réduire la taille de la sortie dans I’énumération des motifs ensemblistes fréquents. De
la méme maniére, nous décrivons dans ce qui suit une représentation condensée pour
les régles d’association proposée dans [Sza06]. Nous verrons que cette représentation est
fortement liée a celle de motif ensembliste fermé exposée dans la définition

Définition 3.4 (Regle d’association fermée). Soit (D, «, ) une instance de PERA. Une
regle d’association X =Y € RA(D,«, ) est dite fermée si l’ensemble X UY est un
motif fermé dans MEF(D, ).

Nous utiliserons CRA(D, a, ) pour désigner I'ensemble des régles d’association fer-
mées pour U'instance (D, a, 3).

Nous montrons dans la prochaine proposition qu’il est possible de reconstruire ’en-
semble RA(D, «, 3) de maniére simple a partir de CRA(D, «, 3).

Proposition 3.2. Soient (D, «, 3) une instance de PERA, et X et Y deux ensembles
d’items non vides. Alors, X = Y est une regle d’association dans RA(D,«, ) si et
seulement s’il existe un ensemble d’items Z tel que X = (Y U Z) € CRA(D, «, j3).

Démonstration. 11 est clair que pour tout ensemble d’items Z, si X = (Y U Z) €
CRA(D,«, B) alors on obtient X = Y € RA(D,«a, ). En effet, en utilisant la pro-
priété d’anti-monotonie, on a S(X UY U Z, D) < S(X UY, D), ce qui permet de déduire
que S(X = (YUZ),D)<S(X =Y,D)et Conf(X = (YUZ),D) <Conf(X =Y,D).
Démontrons maintenant la partie « seulement si». Soit X =Y € RA(D, «, 3). En utili-
sant la définition des motifs ensemblistes fermés, on sait qu’il existe un ensemble d’items
Z tel que XUY UZ est un motif fermé dans la base D avec S(XUYUZ, D) = S(XUY, D).
Par conséquent, on a S(X - (YUZ),D)=S(X =Y,D) et Conf(X = (YUZ),D) =
Conf(X = Y,D). Nous déduisons ainsi que X = (Y U Z) € CRA(D, «, ). O
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3. Fouille de données via SAT

Il est important de noter que 1’on ne peut pas obtenir la méme propriété en considé-
rant uniquement les régles d’association construites autour des motifs maximaux. Pour
s’en convaincre, considérons 'instance simple (D, 1,1) ou D est la base suivante :

id | ensemble d’items
1 a,b,c
a,b

Avec un quorum sur le support égal a 1, il n’y a qu’un seul motif maximal {a, b, c¢}. Dans
cet exemple, on a {a} = {b,c} ¢ RA(D,1,1) alors que l'on a {a} = {b} € RA(D,1,1).

Parmi les autres représentations condensées, il nous parait important de mention-
ner les régles minimales non redondantes [Kry98, BPTT00]. Ces derniéres sont définies
comme les régles possédant les plus petits antécédents et les plus larges conséquents au
sens de l'inclusion, tout en préservant le support et la confiance.

Définition 3.5 (Régle minimale non redondante). Soit (D, «, 8) une instance de PERA.
Une regle d’association X = Y € RA(D,a, ) est dite minimale non redondante sl
n’existe pas de regle d’association X' = Y' € RA(D,«, 8) distincte de X =Y avec le
méme support et la méme confiance que cette dernicre telle que X' C X et Y C Y.

Comme constaté dans [BPTT00], toute régle minimale non redondante (RMNR) est
également une régle fermée. Cela vient en effet du fait que le conséquent de chaque RMNR
est maximal au sens de l'inclusion. En ce qui concerne les antécédents des RMNR, les
auteurs de |[BPTT00] fournissent une caractérisation simple de ces derniers & partir d’un
concept appelé générateur minimal.

Définition 3.6 (Générateur minimal). Etant donné un motif ensembliste fermé E dans
une base D, un sous-ensemble E' C E est un générateur minimal de E si (i) S(E', D) =
S(E,D) et (ii) il nexiste pas de E" sous-ensemble propre de E' tel que S(E",D) =
S(E,D).

Pour étre plus précis, tout antécédent d’une régle minimale non redondante est un
motif de taille 1 ou un générateur minimal non vide d’un motif fermé. En effet, un
générateur minimal peut étre vide dans la situation ot un motif apparait dans toutes les
transactions. En conséquence, pour éviter les antécédents vides, on a inclus le cas des
singletons dans la caractérisation des régles minimales non redondantes.

Nous utiliserons MRA(D, «, ) pour désigner I'ensemble des régles minimales non
redondantes correspondant a l'instance (D, o, 3).

Proposition 3.3. Soient (D, «, ) une instance de PERA, et X et Y deux ensembles
d’items non vides. Alors, X =Y € CRA(D,«, ) si et seulement s’il existe Z C X tel
que (X\Z)= (YUZ) e MRA(D,«,p).

Démonstration. Comme évoqué précédemment, toute régle minimale non redondante est
également une régle fermée, ce qui démontre la partie « si». Considérons maintenant
le cas de la partie « seulement si». Soit X =Y € CRA(D,a, 3). Soit Z C X tel que,
pour tout Z' C X avec Z C Z', (1) Conf((X\ Z) = (YU Z),D) > Conf((X\ Z') =
(YU Z'),D). En utilisant le fait que X UY € CMEF (D, a), on sait que pour tout item
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a¢ XUY,S(XUY U{a},D) <S(XUY,D). Ainsi, (2) pour tout item a ¢ X UY, on
aaussi S(X\Z2)= (YUZ),D)>S(X\Z)= (YUZU/{a}),D). Par conséquent, en
utilisant les propriétés (1) et (2), on obtient (X \ Z) = (YU Z) € MRA(D,«,3). O

La précédente proposition décrit la maniére dont nous pouvons construire ’ensemble
de toutes les régles fermées en utilisant les régles minimales non redondantes. De ce fait,
en utilisant la proposition [3.2] 'ensemble de toutes les régles d’association valides peut
également étre construit en utilisant uniquement les régles minimales non redondantes.

Nous présentons maintenant une tache en fouille de données liée aux régles d’asso-
ciation, appelée fouille des régles indirectes [TKS00, [Kaz09]. Ces derniéres permettent
notamment la découverte des items apparaissant rarement ensemble mais qui sont trés
dépendants en présence d’un ensemble d’items appelé médiateur. Le choix ici de cette
tache vise principalement & montrer la modularité et la flexibilité de notre approche
fondée sur la modélisation en SAT.

Définition 3.7 (Régle indirecte). Etant donné deux quorums sur le support o (comme
seuil mazimal) et o (comme sewil minimal), avec &' > «, et un quorum sur la conﬁanceE
B sous forme de pourcentage, deux items a et b sont indirectement associés si les pro-
priétés suivantes sont satisfaites :
o S({avb}) < a,
— il existe un ensemble non vide d’items M, appelé médiateur, tel que :
(a) SHatUM) > o et S{b} UM) > o/,
(b) Conf({a} = M) > {55 et Conf({b} = M) > 5.

La premiére propriété dans la définition précédente permet d’exprimer que les deux
items considérés apparaissent rarement dans les mémes transactions ; quant a la deuxiéme,
elle exprime que ces deux items sont fortement liés 8 un méme ensemble d’items. Une des
applications intéressantes des régles indirectes réside dans le cadre de la recommandation

via le Web [Kaz09].

3.3.2 Formulations en SAT

La formulation en SAT du probléme de I’énumération des régles d’association est re-
lativement proche de celle pour PEMEF. En réalité, la principale différence réside dans
le fait que chaque item sera représenté par deux variables propositionnelles au lieu d’une
seule, car une régle d’association implique deux ensembles d’items. Un des principaux
objectifs visés par la présentation de cette formulation est notamment d’illustrer la ma-
niére dont nous pouvons encoder la recherche de plusieurs motifs ensemblistes entretenant
différents types de relations.

Soit (D, o, §) une instance de PERA, ot Z est I'ensemble d’items apparaissant dans
D. Pour la définition de notre formulation en SAT, nous associons a chaque item a deux
variables propositionnelles distinctes notées z, et y,. Nous associons aussi a chaque tran-
saction ¢t dans D deux variables propositionnelles distinctes notées ¢; et 4. Les variables
de la forme ¢; serviront & représenter la couverture de 'antécédent, et celles de la forme
r¢ la couverture de la régle d’association.

1. Plusieurs autres mesures de dépendance ont été proposées dans la littérature (p. ex. [TKS02]).
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3. Fouille de données via SAT

Notre premiére formule énonce que 'antécédent et le conséquent ne partagent aucun
item :
N (570 V ya) (3.7)

a€l

Quant a la formule suivante, elle permet d’exprimer que 'antécédent ainsi que le consé-
quent ne peuvent pas étre vides :

(V za) A (V ¥a) (3.8)

a€l a€l

De la méme maniére que dans la formulation pour PEMEF, la formule suivante capture
la couverture de l'antécédent :

A Cao \/ ) (3.9)

t=(id,I)€D a€T\I

Dans ce qui suit, la formule permettant de capturer la couverture de la régle d’associa-
tion :

/\ (mre < (g Vv \/ Ya)) (3.10)

t=(id,I)eD a€T\I

La contrainte de cardinalité suivante permet de restreindre I’énumération aux régles
ayant des supports qui ne sont pas inférieurs & « :

Zrt >« (3.11)

teD

Concernant la contrainte suivante, elle est ajoutée pour respecter le quorum sur la
confiance :

100Xy 1 =BxY ¢=0 (3.12)

teD teD
Rappelons ici que S est présenté sous forme de pourcentage. En outre, il est important
de noter qu’il existe plusieurs encodages polynomiaux efficaces des inégalités linéaires
comme formules CNF dans la littérature (par exemple [ES06, BBR09]).

Nous notons Fprra(D, «, ) la formulation correspondant & la conjonction de for-
mules A A A(3.10) A (3.11) A (3.12). Il est & signaler que, de par principa-
lement 1'utilisation du connecteur logique d’équivalence dans les formules et ,
la formulation Fprra(D, a, B) est bijective.

Pour restreindre ’énumération aux régles fermées, il faut simplement ajouter une
formule reflétant le fait que 'union de I’antécédent et du conséquent correspond & un
motif ensembliste fermé. Dans le cas de la formulation pour I’énumération des motifs
ensemblistes fréquents, nous avons proposé la formule pour exprimer la propriété
de fermeture. Cette derniére se traduit comme suit dans le cas des régles d’association :

AN N (= aeD)A-z.) = ya) (3.13)

acZ t=(id,])eD

36



3.3. Reégles d’association

L’ajout des littéraux de la forme —x, vise uniquement a éviter les items apparaissant
dans 'antécédent.

Pour I’énumération des régles minimales non redondantes, nous ajoutons seulement
a la formulation des régles d’association fermées une formule permettant de considérer
uniquement les régles ou 'antécédent est un générateur minimal :

sous—form. 1 sous— form. 2
(AN@a—=( A )V wa=1) (3.14)
a€l t=(id,I)€D,a¢l beI\(IU{a}) a€T

La premiére sous-formule représente la propriété selon laquelle si un item a appartient
a l'antécédent alors il existe une transaction contenant tous les items de ’antécédent
excepté a, et par conséquent, si 'on réduit I'antécédent en supprimant a, cela aura
comme conséquence ’augmentation du support. La deuxiéme sous-formule vient du fait
que si 'antécédent ne contient qu’un unique item, alors il n’est pas possible de le réduire.

Pour réduire le nombre de clauses issues de , nous pouvons suivre ’approche
de Tseitin, ot notamment de nouvelles variables propositionnelles peuvent étre utilisées
pour représenter les sous-formules de la forme Ayer (1u0ay) 70+ 2 € (Aper (10ga}) ~%0)
avec z une nouvelle variable. Néanmoins, notons que méme avec une telle transformation
le nombre de clauses est de I'ordre O(|D| x |Z|?). Ceci peut rendre problématique la tache
de ’énumération des modeéles. Afin de réduire de maniére plus importante le nombre de
clauses, nous utilisons la formule suivante a la place de (3.14), ot les variables de la forme
z; sont nouvelles :

(AN@a—( DA N = D m <))V za=1) (3.15)

acl t=(id,I)€D,a¢l t=(id,I)eD beZT\I a€l

Cette transformation est possible car chaque sous-formule de la forme /\bez\( 1U{a}) "Tb
dans (3.14) requiert les mémes modéles que la contrainte AuPlusUn Zbez\ 7oy < 1. Sa-
chant qu’une contrainte AuPlusUn de la forme )" | p; < 1 peut étre encodée de maniére
linéaire en SAT (par exemple [Sin05]), le nombre de clauses issues de (3.15) est de I'ordre
O(|D| x [Z]).

Intéressons-nous maintenant au probléme de I’énumération des régles indirectes. Soit
(D, a,’, 8) une instance de ce probléme. Pour étre en mesure d’obtenir une régle indi-
recte {a, b} par une formulation en SAT, il faut saisir le support de {a, b} ainsi que les
supports et les confiances des deux régles d’association {a} = M et {b} = M, ou M
est un médiateur. Ainsi, afin de représenter les deux éléments de chaque régle indirecte,
nous associons & chaque item a deux variables distinctes z} et z2. Nous associons aussi
a chaque item a une variable supplémentaire y, pour la représentation du médiateur.
De plus, nous associons & chaque transaction ¢t dans D quatre variables proposition-
nelles distinctes notées ¢, ¢Z, r} et r2. Les variables de la forme ¢} et ¢? sont utilisées
pour représenter les couvertures des deux composantes de chaque régle indirecte ; quant
aux variables r} et rZ, elles servent & représenter les couvertures des régles d’association
impliquant les médiateurs. De la méme maniére, nous associons également & chaque tran-
saction t dans D une nouvelle variable propositionnelle notée s; pour la représentation
des couvertures des régles indirectes.
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3. Fouille de données via SAT

Dans un premier temps, nous introduisons la formule v; qui permet d’encoder la
régle d’association impliquant le médiateur liée au :°™° item de la régle indirecte, pour

1=1,2:
(A2 =9 ) AN ZDA N v A N\ g e\ zl)A
a€l a€l a€l t=(id,I)eD a€I\I
( /\ —ry ¢ (2qp Vv \/ Ya))A (3.16)
t=(id,I)eD a€I\I
O riza)A00x Y ri=Bx> g =0)A> 2 <1)
teD teD teD a€Z

En fait, la précédente formule correspond a la conjonction de Fppra(D,d/, 3) avec la
contrainte ) 7 z¢ < 1 afin de ne considérer que les régles ayant des singletons comme
antécédents.

La formule suivante permet de représenter les couvertures des régles indirectes en
utilisant les variables de la forme s; :

N (s (g} A ) (3.17)
teD

Enfin, nous utilisons une contrainte de cardinalité pour exprimer la rareté du motif
correspondant aux deux items composant chaque régle indirecte :

Zst <« (3.18)

teD

En conséquence, la formulation permettant de résoudre le probléme de I’énumération
des régles indirectes est la conjonction 11 A g A A . Une des remarques
importantes relatives & cette formulation concerne la maniére dont nous avons réutilisé
notre formulation de départ pour les régles d’association. Elle montre en effet que les
formulations peuvent étre combinées de différentes facons pour répondre & plusieurs
problémes.

3.4 Motifs séquentiels fréquents

3.4.1 Enoncés des problémes

Nous considérons dans cette section une téche en fouille de données possédant une
caractéristique intéressante autant dans la structure des données en entrée que dans la
structure des motifs, qui est I'ordre entre les composantes de ces derniers. Il s’agit en effet
de la tache de I'énumération des motifs séquentiels fréquents [PRFT00, PCGS05, [AU07].
Nos formulations en SAT ici montrent notamment comment la caractéristique de I'ordre
peut étre prise en compte.

Soit Z un ensemble fini et non vide d’items. Une séquence sur Z est une liste ordonnée
aj - - - a,, d’items dans Z. Etant donné une séquence s, nous utiliserons long(s) et items(s)

pour noter respectivement la longueur de s et I’ensemble des items apparaissant dans
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3.4. Motifs séquentiels fréquents

cette derniére. En outre, nous utilisons s[i] pour noter I'item apparaissant a la position .
Nous appelons joker un symbole particulier, noté o, distinct de tous les items possibles.
Ce symbole est utilisé pour jouer le role de n’importe quel item dans un motif.

Définition 3.8 (Motif séquentiel). Un motif séquentiel sur [’ensemble d’items T est une
séquence py -+ g ot py €L, ux € Z et p; € ZU {o} pour i =2..k — 1.

En d’autres termes, un motif séquentiel est une séquence sur Z U {o}, ou le symbole
o n’est pas utilisé aux deux extrémités de cette derniére.

Etant donné une séquence s = ay - - - a, et un motif séquentiel g = piq - - - pg, on dit
que g est inclus dans s a la position i € 1..(n —k+ 1), écrit u =; s, si pour tout j € 1..k,
on a fij = a;4j—1 ou prj = o. La couverture de p dans s, notée C(f, s), est 'ensemble des
positions {i € 1..(n — k + 1) | u =<; s}. Ainsi, le support de p dans s, noté S(u, s), cor-
respond a la valeur |C(u, s)|. Par ailleurs, étant donné deux motifs p et p/, nous écrivons
= s'il existe ¢ tel que pu <; 1/, nous écrivons dans cette situation pu < ' si 'on a en

plus p # p'.

Probléme de ’énumération des motifs séquentiels fréquents (PEMSF).

- Entrée : une séquence s et un entier naturel non nul « jouant le réle de quorum sur
le support.

- Sortie : l'ensemble des motifs séquentiels MSF(s, o) = {p | S(p,s) = a}.

Considérons par exemple la séquence s = aaccbcabcba ainsi que le motif séquentiel
@ = aoec. La couverture de p est {1,2,7} (voir la figure [3.2)) et par conséquent son
support est égal a 3. Par ailleurs, on a MSF(s,3) = {a,b,c,aoc}.

o

— Qe
N eoD
wWaeao
=~ o0 e
e
one
~NQ e
co T @O
NeololN Nel
Sce
— Qe

FIGURE 3.2 — Séquence d’items et motif séquentiel

Considérons maintenant une convention de notation utilisée par la suite. Etant donné
un ensemble fini d’entiers naturels S et un entier naturel d, on utilisera S + d pour noter
I'ensemble {i +d | i € S}.

Introduisons maintenant les deux représentations condensées les plus connues.

Définition 3.9 (Motif séquentiel fermé). Soit (s, a) une instance de PEMSF. Un motif
séquentiel fréquent p € MSF (s, ) est dit fermé si, pour tout ' avec p < ', il n’y a pas
d’entier naturel d tel que C(u,s) = C(u',s) + d.

Définition 3.10 (Motif séquentiel maximal). Soit (s, ) une instance de PEMSF. Un
motif séquentiel fréquent p € MSF(s,) est dit maximal si, pour tout p' avec p < i/,
S, s) < a.
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3. Fouille de données via SAT

Nous exposons & présent notre généralisation naturelle du probléme de I’énumération
des motifs séquentiels fréquents [JSS13b|. Elle est similaire en tout point & PEMSF,
excepté que la tache de fouille est effectuée sur une séquence d’ensembles d’items. Dans
ce contexte, le réle du joker est joué par I’ensemble vide de par son inclusion dans tout
ensemble d’items. Notre généralisation permet d’exhiber des liens intéressants pour une
meilleure compréhension des données issues de nombreux domaines. Par exemple, une
séquence d’ensembles d’items peut étre vue comme un enregistrement des articles achetés
par un client sur une période donnée.

Une séquence d’ensembles d’items sur I’ensemble d’items Z est une liste ordonnée
s = e1---e, d’ensembles d’items inclus dans Z. De la méme maniére que dans le cas
des séquences d’items, nous utiliserons long(s) et items(s) pour noter respectivement la
longueur de s, & savoir le nombre d’ensembles d’items, et I’ensemble d’items apparaissant
dans cette derniére. Par ailleurs, un motif, appelé ei-motif séquentiel, est également défini
comme une séquence d’ensembles d’items, sauf que les deux extrémités sont différentes
de I'ensemble vide. De plus, on dit qu’un ei-motif séquentiel v = vq - - - v, est inclus dans
une séquence d’ensembles d’items s = e ---e, & la position ¢ € 1..(n — k + 1), écrit
v ; s, si pour tout j € 1.k, on a v; C e;1;_1. Les notions de couverture et de support
sont définies et notées de la méme maniére que dans le cas des séquences d’items en
utilisant C; a la place de =<;. En outre, étant donné deux ei-motifs séquentiels v et 1/,
nous écrivons v C v/ il existe i tel que pu C; ', et nous écrivons v C v/ si en plus
v # V. Quant aux représentations condensées, les ei-motifs séquentiels fermés et ceux
maximaux sont définis comme dans respectivement la définition et la définition [3.10
avec l'utilisation de C a la place de <.

Considérons par exemple la séquence d’ensembles d’items s = {a,b}{a, b} {c,d}{c, e}
{fHoHd}Ha,b,d}{f}{c}. Pour le ei-motif v = {a,b}{}{c} on a C(v,s) = {1,2,8}. De
plus, le ei-motif v est fermé contrairement a v/ = {a}{}{c} car C(v,s) = C(V/,s) et
vV T

3.4.2 Formulations en SAT

Nous débutons cette section par une description d’une formulation en SAT pour
le probléme de I’énumération des motifs séquentiels fréquents. Considérons ainsi une
instance (s,«) de ce dernier probléme. Nous associons a chaque item a € items(s),
un ensemble de k, variables propositionnelles distinctes notées p{,...,pg , ou kg =
mazx(C(a, s)), autrement dit, la derniére position de a dans s. Intuitivement, la variable
p§ est utilisée pour représenter le fait que a apparait dans le motif & la position %, ce qui
explique l'arrét & la position k.. En particulier, pour une position i, si aucune variable
de la forme p¢ n’est vraie, alors cette position contient le joker. De plus, nous associons a
chaque position i € 1..long(s) = n une variable distincte, notée ¢;, pour la représentation
de la couverture.

Nous commengons par une formule permettant d’éviter I'utilisation d’un joker au
début d’un motif :

\YAR (3.19)

ac€items(s)

Il est évident que nous ne pouvons pas faire la méme chose pour le dernier symbole dans
un motif du fait de l'ignorance de la longueur de ce dernier a priori. Cependant, cela
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3.4. Motifs séquentiels fréquents

ne constitue pas un probléme, car il suffit de considérer le dernier symbole différent du
joker comme la derniére composante du motif.
La formule suivante encode la couverture dans les variables de la forme g; :

N Cae Vo Wi Aasli+ il #a)) (3.20)

i€l.n acitems(s) j€0..(kq—1)

Chaque constante de la forme s[i + j] # a permet de vérifier que le motif n’apparait pas
dans la position considérée .
La contrainte de cardinalité suivante impose le respect du quorum sur le support :

Y aza (3.21)

i=1

Nous désignons par Fprasr(s,a) la formulation correspondant a la conjonction
(3.19) A (3.19) A (3.19)). Nous pouvons constater d’ores et déja que cette formulation est
bijective du fait principalement de l'utilisation du connecteur logique de 1’équivalence
dans la formule (3.20]).

A présent, afin de restreindre I’énumération aux motifs fermés, nous ajoutons les
deux formules suivantes :

A AN (CNA a—sli+til=a)—p) (3.22)

a€items(s) j€0..(kq—1) i€l.n

A\ A (N (@— ((i—j=1)As[i—j] = a))) (3.23)

acitems(s) jel.k, i€l.n

ou k, = n —min(C(a,s)). La premiére formule permet de minimiser le nombre d’occur-
rences du joker a droite tout en préservant le support ; quant & la seconde formule, elle
permet d’éviter la possibilité d’ajouter des items & gauche sans réduction du support. Il
est & noter que les valeurs entre 1 et k], sont utilisées pour capturer toutes les positions
possibles de a & gauche d’un motif.

De maniére similaire, pour ’énumération des motifs maximaux, nous ajoutons les
deux formules suivantes :

n

A A (O (@nsli+jl=a)>a) =) (3.24)

a€items(s) j€0..(kq—1) =1

A A Swnr-iz)ai-j=a)<a (3.25)

a€items(s) je€l..k i=1

La formule exprime le fait que, tant que le support n’est pas inférieur a «, il
faut réduire le nombre d’occurrences du joker & droite, tandis que la formule ex-
prime que 'ajout d’un item & gauche aboutira certainement & une réduction du support
& une valeur inférieure au quorum.
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Des formulations en SAT pour les problémes décrits précédemment relatifs aux sé-
quences d’ensembles d’items peuvent étre simplement définies & partir des formulations
que nous venons de présenter. Il suffit en réalité de remplacer les expressions de la forme
sli + j] = a, s[i — j] = a, s[i + j] # a et s[i — j] # a avec respectivement a € s[i + j],
a € sli —j], a ¢ s[li+ j] et a ¢ s[i — j]. Par exemple, la formulation suivante permet
I’énumération des ei-motifs fréquents :

CV WAl CaeC Vo @ Aadsli+i)n

acitems(s) i€l.n acitems(s) j€0..(kqa—1)

(Z ¢ > )
=1

Les légéres modifications de nos formulations dans le cas des séquences d’items afin
d’obtenir des formulations dans le cas des séquences d’ensembles d’items montrent clai-
rement la grande flexibilité et la généricité de notre approche fondée sur SAT.

3.5 Reésultats expérimentaux

Afin d’illustrer 'intérét de 'approche reposant sur des formulations en SAT pour la
fouille de données, nous décrivons dans cette section quelques résultats expérimentaux
intéressants. Dans cet optique, nous concentrons cette étude sur des problémes rela-
tifs & I’énumération des régles d’association. Des résultats trés similaires sont obtenus
concernant les autres problémes décrits précédemment.

Il s’agit principalement ici d’une évaluation expérimentale comparative avec des ap-
proches spécialisées. Nous considérons dans ce contexte les trois problémes d’énumération
des régles suivantes : les régles d’association (pures), les régles d’association fermées ainsi
que les régles indirectes.

Pour énumérer ’ensemble des modéles des formules CNF issues de nos formulations,
nous suivons l'approche que nous avons introduite dans [JLSS14]| et qui est fondée sur
une procédure de recherche DPLL. Dans nos expérimentations, 'heuristique de choix
de variable pour la prise de décision se concentre en priorité sur les variables encodant
les motifs. La puissance de cette approche consiste a utiliser la structure des littéraux
observés pour effectuer efficacement la propagation unitaire. Notons également que les
contraintes d’inégalités linéaires dédiées au support et a la confiance sont gérées dynami-
quement sans transformation en forme CNF, conduisant ainsi & un algorithme d’énumé-
ration de modéles hybride SAT-CSP. En effet, ces contraintes sont gérées et propagées a
la volée, comme cela est généralement réalisé en programmation par contraintes.

Dans nos résultats expérimentaux, nous utilisons SAT4R pour faire référence aux outils
correspondant a notre approche, avec R € {pure, closed,indirect}. La comparaison est
faite avec deux outils spécialisés : CORONE [Sza06] et SPMFlﬂ [FGGT14]. Ces derniers sont
implémentés en utilisant le langage de programmation JAVA et regroupent des solutions
pour plusieurs taches en fouille de données. Dans le cas des régles pures et fermées, notre

2. http ://coron.loria.fr /site/system.php
3. http ://www.philippe-fournier-viger.com/spmf/
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approche est comparée a 'outil CORON. Concernant I’énumération des régles indirectes,
la comparaison est faite avec I’outil SPMF.

Pour donner une idée des tailles des formules générées dans notre approche, la plus
petite instance qui est associée a la base Zoo-1 comporte 274 variables et 4379 clauses.
Quant a la plus grande instance qui est associée a la base Mushroom, elle comporte 16486
variables et 1616795 clauses.

Dans notre comparaison avec les approches spécialisées considérées, nous procédons

de la maniére suivante :

— Pour les régles d’association pures et fermées, le support varie d’une valeur cor-
respondant a 5% de la base a une valeur correspondant & 100% de cette derniére
avec des sauts de 5%. La valeur de la confiance varie de la méme maniére. Ainsi,
pour chaque base de données transactionnelles, nous générons 400 configurations.

— Concernant I’énumération des régles indirectes, pour toute instance (D, «, o, ),
« varie d’une valeur correspondant a 10% de la base & une valeur correspondant
a 100% de cette derniére avec des sauts de 10%; o’ et 3 varient de 20% a 100%
avec des sauts de 20%. Cela conduit & 250 configurations pour chaque base de
données transactionnelles.

Toutes les expérimentations ont été conduites sur une machine Intel Xeon quad-core

avec 32 Go de RAM fonctionnant & 2,66 GHz. Par ailleurs, pour chacune des instances,
nous fixons & 15 minutes le temps limite de résolution.

[ Il SA4Pure [ CORON (Pure) [ SAT4Closed [ CcoroN (Closed) |
avg. avg. avg. avg.

data (#items, #trans, dens.) #S time(s) #S time(s) #S time(s) #S time(s)
Audiology (148, 216, 45) 20 855.002 20 855.01 20 855.001 20 855.019
Zoo-1 (36, 101, 44) 400 19.125 400 6.379 400 0.525 400 11.285
Tic-tac-toe (27, 958, 33) 400 0.090 400 0.240 400 0.097 400 0.230
Anneal (93, 812, 45) 101 709.508 101 678.417 147 604.097 103 679.313
Australian-credit (125, 653, 41) 245 370.171 264 321.628 268 323.298 226 403.723
German-credit (112, 1000, 34) 306 246.887 322 192.526 329 198.029 304 238.793
Heart-cleveland (95, 296, 47) 284 286.388 301 252.278 304 251.051 262 340.159
Hepatitis (68, 137, 50) 305 241.413 304 228.004 324 206.027 266 312.268
Hypothyroid (88, 3247, 49) 85 732.123 121 665.415 107 686.952 64 761.599
kr-vs-kp (73, 3196, 49) 172 552.929 203 487.739 192 523.669 146 590.893
Lymph (68, 148, 40) 336 181.648 338 170.373 387 63.220 291 281.351
Mushroom (119, 8124, 18) 366 109.12 387 46.0015 400 30.322 390 42.843
Primary-tumor (31, 336, 48) 400 3.688 400 1.173 400 2.031 400 18.826
Soybean (50, 650, 32) 400 2.909 400 1.507 400 0.177 400 7.947
Splice-1 (287, 3190, 21) 380 53.449 400 3.527 380 54.040 400 3.255
Vote (48, 435, 33) 380 66.7402 400 1.46463 400 32.4066 398 30.2207
Total 4560 279.761 4741 247.292 4838 242.246 4470 286.107

TABLE 3.2 — Reégles d’associations pures et fermées : SATAR vs CORON

Les tables [3.2] et [3.4] décrivent nos résultats comparatifs. Dans la premiére colonne,
nous rapportons pour chaque base de données son nom et ses caractéristiques entre
parenthéses : le nombre d’items (#items), le nombre de transactions (#trans) et la
densité. De plus, pour chaque outil, nous rapportons le nombre de configurations résolues
(#5S), et le temps moyen de résolution (avg. time en secondes). Pour chaque instance
non résolue, le temps est mis & 900 secondes (limite de temps). Dans la derniére ligne,
nous donnons le nombre d’instances résolues et le temps moyen global en secondes.

Regles d’association pures. Les performances de CORON sont meilleures que SAT4Pure,
car il résout 181 configurations de plus et il est meilleur sur tous les jeux de données
considérés. Précisons que CORON procéde en deux étapes pour I'énumération des régles

43



3. Fouille de données via SAT

d’association pures : le calcul dans une premiére étape des motifs ensemblistes fréquents
et ensuite la génération des régles d’association. Nous avons observé que CORON effec-
tue la premiére étape de maniére efficace. En effet, son temps ne dépasse pas quelques
secondes sur la majorité des configurations considérées. Quant & la seconde étape, elle
reste assez facile & réaliser. En conclusion, dans le cas des régles d’association pures, nous
constatons que CORON est clairement meilleur que notre approche fondée sur SAT.

Reégles d’association fermées. Sur cette catégorie de régles d’association, les perfor-
mances de SAT4Closed sont meilleures que CORON. En effet, notre outil résout 368 confi-
gurations de plus que CORON. A 'exception du jeu de données Splice-1, SAT4Closed est le
meilleur sur toutes les bases en termes de nombre de configurations résolues et de temps
moyen. Par rapport & Splice-1, notons que le nombre de régles d’association fermées est
faible (inférieur & 4000), ce qui pourrait expliquer pourquoi CORON est meilleur que notre
outil sur ce jeu de données. Par ailleurs, il convient de signaler le fait que, généralement,
plus la densité du jeu de données est élevée, meilleure est la performance de notre ou-
til. Par exemple, sur le jeu de données Lymph, SATAClosed est remarquablement plus
efficace que CORON : il résout environ 100 configurations de plus.

Comme dans le cas des régles pures, CORON effectue I'extraction des régles fermées en
deux étapes. Dans la premiére, ’ensemble de tous les motifs ensemblistes fermés fréquents
est efficacement généré (en quelques secondes). La deuxiéme étape consistant a générer
les régles fermées a partir des motifs trouvés prend, quant a elle, un temps plus important.

La figure décrit le comportement des outils considérés sur deux jeux de données
particuliers : australian-credit et kr-vs-kp. Nous varions un des paramétres (support ou
confiance), tout en fixant le second. Dans le cas des régles pures, les deux outils SAT4Pure
et CORON ont des comportements relativement semblables : la diminution du support aug-
mente le temps nécessaire a la génération des régles. De plus, notons que les performances
de notre outil s’approchent de celles de CORON, et parfois les surpassent, pour de grandes
valeurs de la confiance et du support. Nous constatons un comportement similaire dans
le cas des régles fermées.

[ support(%) [40 [45 [50 [55 [60 [65 [70 |
kr-vs-kp 7.67 | 5.68 [ 3.64 | 2.99 [ 2.46 | 1.95 [ 1.67
australian-credit 12.38 | 8.13 | 5.61 | 4.29 | 3.23 | 2.62 | 2.01

TABLE 3.3 — Régles d’association pures vs Régles d’association fermées : #Régles pures/
#Reégles fermées

Au long des expérimentations dans le cas des régles pures et celui des régles fermées,
nous avons constaté de maniére générale que CORON effectue efficacement la premiére
étape de génération des motifs ensemblistes. Cependant, il prend un temps plus impor-
tant pour effectuer la seconde étape de génération des régles a partir des motifs trouveés.
Ce temps est plus important dans le cas des régles fermées, méme si le nombre de ces
derniéres est inférieur a celui des régles pures. Dans la table nous présentons la varia-
tion du rapport entre le nombre de régles pures et celui des régles fermées. Comme nous
pouvons le constater, & mesure que le support diminue, le nombre de régles pures aug-
mente rapidement par rapport au nombre de celles fermées. Cette derniére observation
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3.5. Résultats expérimentaux

Pures rules: Australian-credit frequency=50% Pures rules: Kr-vs-kp frequency=70%
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FIGURE 3.3 — Sélection d’instances : australian-credit et kr-vs-kp

pourrait expliquer pourquoi notre outil est plus efficace dans le cas des régles fermées.
Globalement, CORON résout plus de configurations pour les régles pures que pour les régles
fermées, tandis que notre approche est plus efficace pour I'extraction des régles fermées.

Regles indirectes. Les performances de notre outil sur ce type de régles sont trés
intéressantes. En effet, SAT4Indirect résout 572 instances de plus que SPMF (voir la
table . De plus, SAT4Indirect est meilleur sur tous les jeux de données considérés.
Comme nous pouvons le remarquer, le temps nécessaire & SAT4Indirect pour obtenir
toutes les régles indirectes est relativement stable et trés faible par rapport & SPMF. Méme
si le nombre de régles indirectes est trés faible par rapport aux régles pures ou fermées,
SPMF prend beaucoup de temps pour les trouver. Par exemple, si nous considérons le jeu
de données Hepatitis avec les seuils : o= 40%, B = 40% et a= 20%, SPMF prend plus
de 122 secondes pour trouver seulement 359 régles, alors que le temps nécessaire pour
SAT4Indirect pour les trouver ne dépasse pas une seconde. Nous pouvons également
remarquer que pour certaines configurations, SPMF prend trop de temps sans trouver de
régle indirecte sous la limite de temps de 900 secondes. En résumé, dans le cas des régles
indirectes, SAT4Indirect surpasse largement SPMF.

Fort des résultats de notre étude expérimentale comparative, nous pouvons affirmer
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3. Fouille de données via SAT

[ | SAT4Indirect | SPMF ]
avg. avg.
data (#items, #trans, density) | #S time(s) #S time(s)
Audiology (148, 216, 45) 124 | 453.743 | 61 680.451
Zoo-1 (36, 101, 44) 250 0.15684 250 9.12744
Tic-tac-toe (27, 958, 33) 250 0.09996 250 0.209
Anneal (93, 812, 45) 171 309.692 55 702.048

Australian-credit (125, 653, 41) | 232 121.061 156 339.561
German-credit (112, 1000, 34) 244 49.0707 210 154.49

Heart-cleveland (95, 296, 47) 235 64.9748 203 300.488
Hepatitis (68, 137, 50) 245 32.9806 205 187.929
Hypothyroid (88, 3247, 49) 163 336.406 81 621.293
kr-vs-kp (73, 3196, 49) 204 206.47 114 499.337
Lymph (68, 148, 40) 250 6.1024 211 170.191
Mushroom (119, 8124, 18) 250 8.8906 250 29.6236
Primary-tumor (31, 336, 48) 250 0.15144 250 2.63892
Soybean (50, 650, 32) 250 0.05732 250 0.76692
Splice-1 (287, 3190, 21) 250 61.7394 250 0.50184
Vote (48, 435, 33) 250 0.8462 250 1.4814

Total 3618 | 103.277 | 3046 | 231.258

TABLE 3.4 — Regles d’association indirectes : SAT4Indirect vs SPMF

que pour les taches d’extraction combinant plusieurs contraintes, notre approche fondée
sur SAT peut étre préférable a des outils d’extraction spécialisés.

3.6 Conclusion

Nous avons présenté dans ce chapitre une partie de nos contributions concernant 1’ex-
traction de motifs en fouille de données, et cela, en utilisant des formulations en SAT. Ces
contributions ont permis de montrer que la modélisation en SAT, de par sa modularité
et sa flexibilité, constitue un cadre adapté pour résoudre différents types de problémes
d’extraction de motifs. Un fait notable qu’il convient de relever est que I'utilisation de
notre approche permet parfois de surpasser en performance des outils spécialisés, comme
constaté dans le cadre de I'étude expérimentale précédemment présentée. En outre, il
est & noter que nous avons également apporté des contributions originales pour la réso-
lution de problémes d’extraction de motifs autres que ceux présentés dans ce chapitre.
Elles concernent particuliérement le probléme de satisfiabilité des supports sur les mo-
tifs ensemblistes [SIS12|, 'extraction de motifs avec des formes de préférence entre ces
derniers [JKSS16, [JSS17], et extraction de régles d’association non redondantes suivant
une définition introduite dans [Zak04].
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Chapitre

Optimisation et logique propositionnelle

Dans ce chapitre, nous exposons une partie de nos travaux en relation avec ’'op-
timisation dans des cadres dérivés de SAT. Aprés une bréve description des variantes
d’optimisation de SAT les plus étudiées dans la littérature, nous présentons un probléme
que nous avons introduit dans nos travaux, appelé Top-K SAT. Nous décrivons ensuite
une application d’'un cadre d’optimisation fondé sur SAT dans le domaine de la persua-
sion automatique. Les éléments présentés ici proviennent majoritairement de nos travaux

dans [JSS13c, [JSS17, [Sal19c].

4.1 Problémes d’optimisation dérivés de SAT

Précisons d’abord ce que nous entendons par « optimisation » dans le cadre du pro-
bléeme SAT. Il s’agit de rechercher une ou plusieurs interprétations booléennes d’une
formule propositionnelle en réalisant une sélection selon une ou plusieurs relations de
préférence. Dans ce contexte, il convient de noter que les interprétations recherchées de
la formule en entrée ne sont pas forcément des modéles de cette derniére.

Motivées par des utilisations pratiques, différentes variantes d’optimisation de SAT
ont été proposées dans la littérature. Elles sont souvent fondées sur des fonctions objectif
traduisant des relations de préférence sur les interprétations. Certaines de ces fonctions
sont en lien avec les clauses falsifiées, tandis que d’autres reposent sur les valeurs de
vérité affectées aux variables propositionnelles.

A titre d'illustration, considérons en premier lieu le probléme MinCostSAT [FMO6D].
Dans une instance de ce probléme, il s’agit de trouver un modéle avec un cotit minimal, o
le cotit d’un modéle est défini comme la somme des cotits des variables propositionnelles
auxquelles on affecte la valeur de vérité 1. Ce probléme utilise donc une fonction objectif
relative aux valeurs de vérité affectées aux variables. Il est & mentionner que dans le
cadre de nos travaux, nous avons utilisé une formulation dans ce probléme pour effectuer
une tache en fouille de données [JKSS16].

En ce qui concerne I'utilisation d’une fonction objectif relative aux clauses falsifiées,
le probléme le plus étudié est sans conteste MaxSAT (voir par exemple [BHvWQ9]).
Ce probléme prend en entrée une formule en forme normale conjonctive et retourne
une interprétation booléenne falsifiant un nombre minimum de clauses. Par exemple,
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considérons la formule CNF ¢ = (pV ¢) A (=pV ¢) A (pV —q) A (=pV —q). Cette formule
est clairement incohérente et une des solutions de MaxSAT est l'interprétation B =
{p+— 1,9+ 1} qui ne falsifie qu'une unique clause, a savoir (—p V —q).

Un premier probléme dérivé de MaxSAT, appelé MaxSAT partiel, consiste & diviser
I’ensemble de clauses en une partie dure et une partie souple. Une solution pour une
instance de ce probléme est une interprétation booléenne vérifiant I’ensemble des clauses
appartenant a la partie dure et falsifiant un nombre minimum de clauses dans la partie
souple. Considérons encore une fois la formule CNF ¢ fournie précédemment. Si 'on
considére que la partie dure est uniquement composée de la clause (—p V —q) dans ¢,
alors B ne peut étre une solution, par contre l'interprétation B’ = {p — 1,q > 0} lest
car elle satisfait a la fois la partie dure et un nombre maximum de clauses souples.

Une généralisation du probléeme MaxSAT partiel, appelé MaxSAT partiel pondéré
(PW-MaxSAT), a été proposée en associant des cotits aux clauses souples. A cet égard,
toute clause d’une instance de PW-MaxSAT est soit dure, soit souple avec un cofiit
associé. L’objectif est ici de trouver une interprétation booléenne vérifiant toutes les
clauses dures et minimisant la somme des cotits des clauses falsifiées. Par exemple, soit
® = ¢p A ¢s une instance de PW-MaxSAT, ot ¢, = (pV ¢q) A (p V r) est la partie dure
et s = (3:—p) A(L:—=g)A(Ll:—r) est la partie souple. Il n’est clairement pas pos-
sible de satisfaire a la fois la partie dure et la partie souple. L’interprétation booléenne
B={p+ 0,q+— 1,7+ 1} est une solution de ¢, car le coit de B est égal a 2 et le coiit
de tout autre modéle de ¢, est supérieur ou égal a 3.

De nombreux outils modernes dédiés aux précédents problémes NP-difficiles reposent
sur l'utilisation d’un solveur SAT comme sous-procédure profitant ainsi des grandes
avancées relatives a SAT. En effet, depuis son introduction dans [FMO06a], nous assis-
tons depuis plusieurs années a de multiples améliorations de cette approche (voir par
exemple [MP08, [DB11l, INB14|, [AG17]).

4.2 Top-K SAT

Les problémes d’optimisation que nous avons décrits précédemment consistent a trou-
ver au plus une interprétation booléenne pour chaque instance. Nous présentons dans
cette section le probléme Top-k SAT que nous avons introduit dans [JSS17], oi une
solution peut correspondre & plusieurs interprétations. En effet, ce probléme consiste a
calculer un type particulier de modéles appelés top-k modéles, ot k est un entier naturel
non nul. Intuitivement, un top-k modéle d’une formule est un modéle ayant moins de k
modéles qui lui sont préférés selon une relation de préférence donnée. Dans [JSS17], nous
avons notamment montré que le probléme Top-k SAT est une généralisation de MaxSAT
partiel. Nous avons également proposé un algorithme employant un solveur SAT comme
sous-procédure pour résoudre ce probléme.

Etant donné une formule propositionnelle ¢, une relation de préférence = sur Mods(¢)
est une relation binaire réflexive et transitive. L’expression B = B’ signifie que B est au
moins aussi préféré que B'. Nous utilisons P(¢, B, >) pour noter le sous-ensemble de
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Mods(¢) défini comme suit :
P(¢,B, =) ={B' € Mods(¢) | B = B}

ou B’ = B signifie que 'on a B’ = B sans avoir B = B’. L’ensemble précédent correspond
donc a ’ensemble des modeles strictement préférés a B.

Introduisons maintenant une relation d’équivalence, notée ~x, sur P(¢,B,>), ou X
est un ensemble de variables propositionnelles :

B' ~x B" si et seulement si B'|x = B"|x

Ainsi, il existe une partition de l’ensemble P(¢, B, =) en classes d’équivalence par ~x
que nous notons [P(¢, B, t)]X . Chaque classe d’équivalence est un ensemble de modéles
préférés a B affectant les mémes valeurs de vérité aux variables dans X. Dans notre
étude, la relation d’équivalence ~x est utilisée pour ne prendre en compte qu’un sous-
ensemble de variables propositionnelles. En particulier, on introduit souvent de nouvelles
variables pour la transformation en forme normale conjonctive de Tseitin [Tse68]|, et de
telles variables peuvent n’avoir aucun influence sur les relations de préférence.

Définition 4.1 (Top-k Modele). Soient ¢ une formule propositionnelle, B un modéle de
@, = une relation de préférence sur Mods(¢) et X un ensemble de variables proposition-
nelles tel que X C Var(¢). On dit que B est un modéle top-k suivant la relation = et
Uensemble X si et seulement si |[P(¢, B, =)]*| <k — 1.

Le probléme Top-k SAT.

Entrée : une formule propositionnelle ¢, une relation de préférence = sur les modéles
de ¢, un ensemble de variables propositionnelles X C Var(¢) et un entier naturel k£ > 0.
Sortie : un ensemble £ de modéles top-k de ¢ selon > et X vérifiant les deux propriétés
suivantes :

1. pour tout modéle top-k B, il existe B’ € L tel que B~x B';
2. pour toute paire de modeles {B, B’} dans L, B #x B'.

La premiére propriété permet d’avoir un représentant pour toute classe d’équivalence

)
quant a la seconde, elle permet de se restreindre & un unique représentant par classe
d’équivalence.

La définition suivante introduit un type particulier de relations de préférence, appe-
lées relations de §-préférence. Ces relations nous ont notamment permis de proposer un
algorithme par séparation et évaluation (en anglais branch and bound) pour résoudre le
probléme Top-k SAT.

Définition 4.2. Soient ¢ une formule propositionnelle et > une relation de préférence
sur les modéles de ¢. Alors = est une relation de 6-préférence s’il existe une fonction 5f
de Mods(¢) dans l’ensemble des formules propositionnelles, appelée fonction de borne,
telle que (i) elle peut étre calculée en temps polynomial en la taille de ¢, et (ii) pour
tout B € Mods(¢), B est un modele de ¢ A 62 (B) si et seulement si By B', pour toute
interprétation booléenne B'. -
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Notons que pour un modéle B d’une formule ¢, 5&(8) est une formule telle qu’en
I'ajoutant par conjonction & ¢ avec la négation de B, les modéles de la formule résultante
sont différents de B et ils correspondent aux modéles de ¢ qui ne sont pas moins préférés
que B. Intuitivement, cela peut étre vu comme un moyen d’introduire une borne inférieure
durant le processus de sélection des interprétations composant une des solutions.

Clairement, si nous ignorons la condition (7), toute relation de préférence est égale-
ment une relation de d-préférence. En effet, pour chaque relation >, nous avons unique-
ment besoin de définir la fonction de borne 5f comme suit :

32(B) = A B

B'eMods(¢),B B’

ou B est la clause correspondant a la négation de B’. Cette définition signifie que I’on
exclut tous les modéles de ¢ qui sont moins préférés que B.

Il est a relever que nous avons proposé dans nos travaux plusieurs applications en
fouille de données de la modélisation en Top-k SAT. Nous avons, entre autres, considéré
le probléme lié aux motifs ensemblistes introduit dans [WHLTO05], ainsi qu’'une variante
similaire dans le cas des motifs séquentiels.

4.3 Un cas d’utilisation : la persuasion

Les technologies de persuasion visent principalement & inciter les utilisateurs & appor-
ter des changements psychologiques et/ou physiques (p. ex. pensées, sentiments, com-
portements), et cela, a des fins liées a plusieurs domaines tels que la santé, I’éduca-
tion, la politique, et le marketing (pour une définition intéressante et plus compléte,
voir |Fog98| [Hunl8|). L’un des points clés dans 'activité de persuasion est l'utilisation
explicite et appropriée d’arguments convaincants [Hunl6, [Hunl8|. Dans ce contexte, il
est important de noter que dans [Hunl4]| 'auteur propose des conditions intéressantes
pour la persuasion centrée sur I'utilisation d’arguments. Certaines de ces conditions sont
essentielles dans le travail décrit dans cette section, notamment celle consistant a tou-
jours privilégier les courtes séquences d’arguments.

Parmi les travaux intéressants en relation avec l'activité de persuasion par arguments,
nous pouvons premiérement mentionner ceux utilisant l'approche dialogique, ou la per-
suasion est définie comme un dialogue entre deux agents essayant de se convaincre 1'un
Pautre en échangeant des arguments (p. ex. [APMO00, [AMP00, Pra05, BM11, [AdS13]
HT16]). Nous pouvons aussi mentionner 1’approche asymétrique proposée dans [Hunl5|.
Le mot « asymétrique » fait référence au fait que I’agent & persuader ne peut pas utiliser
de contre-arguments, mais il peut uniquement accepter ou rejeter chacun des arguments
employés. L’avantage principal d’un systéme de persuasion asymétrique est qu’il permet
d’éviter des traitements lourds relatifs aux langages naturels. Nous avons en particulier
proposé une approche asymétrique dans [Sall9c|. Plusieurs autres approches récentes ont

été proposées dans [HP17al [HP17b, [HHIS, (CHH'18].

Nous présentons dans cette section un cadre pour la persuasion automatique centré
sur 'utilisation d’arguments que nous avons introduit dans [Sall9¢c|. Ce cadre repose
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sur l'utilisation de formulations en MaxSAT partiel pondéré. Il s’agit ici de montrer
I'utilité de I'optimisation en logique propositionnelle grace a un cas d’utilisation issu de
nos travaux.

4.3.1 Approches de persuasion

Nous considérons dans notre étude que l'activité de persuasion consiste a employer
une séquence d’arguments permettant a l'agent persuadeur d’atteindre son objectif en
utilisant 'une des trois approches suivantes :

— Approche forte : atteindre 'objectif en montrant qu’il est une conséquence des

connaissances, croyances et souhaits de I'agent a persuader.

— Approche faible : atteindre ’objectif en montrant qu’il a pour conséquence des
souhaits de l'agent a persuader (rendre I'objectif attractif).

— Approche mixte : combiner de différentes maniéres les deux approches précé-
dentes. Par exemple, utiliser 'approche forte pour atteindre une partie de 1’ob-
jectif et approche faible pour atteindre la partie restante.

Par exemple, en employant ’approche forte, le persuadeur peut utiliser 'argument
selon lequel le fait que I'agent & persuader sait qu'un produit donné est efficace et pas
cher a pour conséquence que ce produit doit étre acheté : l’achat du produit considéré
est le but de ’agent persuadeur et le fait que ce produit soit efficace et peu codteur sont
des croyances de ’agent & persuader. Par ailleurs, en employant I’approche faible, ’agent
persuadeur peut utiliser I’argument affirmant que la pratique d’un sport a pour consé-
quence le développement d’amitiés : faire du sport est le but de I'agent persuadeur et
développer des amitiés est un souhait de 'agent & persuader. Précisons que ’argument
précédent ne signifie pas que le sport est 'unique moyen de développer des amitiés. En
résumé, dans l'approche forte, ’agent persuadeur débute la persuasion par les connais-
sances, les croyances et les souhaits de celui & persuader, tandis que dans ’approche
faible, il commence par 'objectif visé.

Précisons que nous définissons dans notre cadre de persuasion un argument comme
un couple d’ensembles de littéraux. En un sens, cela peut étre vu comme une abstraction
de la structure d’argument standard fondée sur la logique (voir par exemple [BHOS]). En
effet, un argument fondé sur des formules logiques est défini comme un couple composé
d’un ensemble de formules, représentant le support, et d’'une formule représentant la
conclusion. De cette maniére, au lieu d’utiliser des formules logiques, nous utilisons ici
des littéraux. Dans ce contexte, notre objectif est d’utiliser une structure intermédiaire
simple située entre I’approche logique et celle abstraite de Dung [Dun95|. Dans I’approche
de Dung la structure interne des arguments est totalement ignorée.

4.3.2 Définition formelle

Nous définissons dans cette partie la notion de cadre de persuasion considéré et
quelques notions connexes. Ensuite, nous introduisons un probléme de décision, appelé
satisfiabilité de persuasion, qui est défini comme le probléme de déterminer s’il existe une
séquence d’arguments débutant par un ensemble donné de littéraux, appelé état initial,
et permettant d’obtenir un autre ensemble de littéraux, appelé état objectif.

Comme convention de notation, nous utilisons £(V') pour noter I’ensemble V U {—p |
p € V}, on V est un ensemble de variables propositionnelles.
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Définition 4.3 (Cadre de persuasion). Un cadre de persuasion est un triplet (S, A, W),
ot S est un ensemble fini non vide de variables propositionnelles, représentant des énon-
cés de maniére abstraite, A un ensemble fini d’arguments construits a partir de S, et W
une fonction associant un poids (un entier) a chaque argument dans A. Un argument a
sur S est un couple (X,C), ou X,C C L(S), X UC est cohérent, X NC = et C # 0.
L’ensemble X est appelé support de l’argument a et [’ensemble C' est appelé conclusion
de 'argument a.

Nous utilisons Supp(a) et Conc(a) pour noter respectivement le support et la conclu-
sion de I’argument a.

Le poids d’'un argument est utilisé pour représenter le cotit de ce dernier. En par-
ticulier, la fonction de poids peut étre utilisée comme une mesure de la faiblesse des
arguments quant a 'impact sur ’agent & persuader.

Exemple 4.1. Considérons d’abord l’ensemble des énoncés S :

— ad; : la publicité numéro 1 est convaincante ;

— h : penser que le produit p est bon pour la santé;

— eff : penser que le produit p est efficace;

— exp : penser que le produit p est cher;

— pack : aitmer ’emballage du produit p ;

— buy : étre convaincu de l'achat du produit p.
Dans cet exemple, nous considérons l’ensemble d’arguments A : a1 = ({adi},{h,eff}),
a2 = ({ads}, {-exp}), as = ({ads}, {pack}), as = ({h, eff, ~ewp, pack}, {buy}), a5 =
({h,ef f,pack},{buy}) et ag = ({pack},{buy}). Par exemple, l’argument ag signifie que
st l’agent a persuader aime [’emballage du produit p, alors il peut étre convaincu de [’achat
de ce dernier. Nous pouvons raisonnablement affirmer que l'argument ay est plus fort que
as, qui est quant o lui plus fort que ag. Cela peut étre représenté par une fonction de
poids attribuant les valeurs suivantes : W(as) =0, Wi(as) =1 et W(ag) = 2.

Définition 4.4 (Chemin d’arguments). Etant donné un cadre de persuasion F = (S, A,
W) et un ensemble de littérauz I C L(S), un I-chemin dans F est une séquence s =
ai,...,ar d’arguments distincts dans A ou, pour tout entier i € 1..k, on a la propriété
Supp(a;) € ITUU;¢,; Conc(ay).

Notre condition sur une séquence d’arguments pour étre un /-chemin signifie seule-
ment que ’on doit obtenir le support d’'un argument avant de faire appel a lui. Notons
que ’ensemble I représente 1’état initial.

Etant donné un I-chemin s = ay, ..., ay, nous utilisons Arg(s), Leng(s), Weight(s)
et Conc(s) pour noter respectivement {ai,...,ax}, la longueur k, Zle W(a;) et T U
Ule Conc(a;).

Définition 4.5 (Cohérence). Un I-chemin s = ay,...,ax est dit cohérent si [’ensemble
de littéraur Conc(s) est cohérent.

En d’autres termes, un I-chemin cohérent est une séquence d’arguments qui peuvent
étre utilisés ensemble en partant de 1’état initial I et sans impliquer des informations
contradictoires. Considérons encore une fois ’exemple La séquence ay, as, as, aq est
un {ady, ads, ads}-chemin cohérent, mais elle n’est pas un {adi, ads, ads, exp}-chemin
cohérent, car ag produit le littéral —exp qui est en contradiction avec ’état initial.
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Définition 4.6 (Satisfiabilité de persuasion). Etant donné un cadre de persuasion F =
(S, A, W), un ensemble cohérent de littéraux I C L(S), appelé état initial, un ensemble
non vide et cohérent de littéraux O C L(S), appelé état objectif, une borne sur la longueur
k € NU {oco} et une borne sur le poids b € Z U {0}, le probleme de la satisfiabilité
de persuasion consiste a déterminer s’il existe un I-chemin cohérent s dans F tel que
O C Conc(s), Leng(s) < k et Weight(s) < b.

Nous notons chaque instance du probléme précédent comme un tuple de la forme
(F,1,0,k,b). Précisons que la valeur oo est uniquement utilisée pour représenter ’ab-
sence de borne.

Exemple 4.2. Nous fournissons ici un exemple inspiré de [CHH" 18]. Considérons l’en-
semble suivant d’énoncés : s1 = bonne santé, so = arréter de fumer, s3 = longue vie,
sq = bonne apparence, s5 = soutenir sa famille. Soit F = (S, A, W) un cadre de persua-
sion tel que S = {s1, s2, 83,54, 85}, A= {a1 = ({s1}, {s2}), a2 = ({s3},{s1}), a3 = ({sa},
{s1});as = ({ss}. {s3}).as = ({sa}. {s2})}, et W(a1) = 3, W(az) = 2, W(as) =2,
Wi(as) = 1 et W(as) = 6. Dans ce contexte, nous considérons l'instance du probléeme
de la satisfiabilité de persuasion P = (F,{s5},{s2}, 3,6). En utilisant l’approche forte,
lobjectif dans P est de convaincre l’agent a persuader d’arréter de fumer en utilisant le
fait qu’il est important pour lui de soutenir sa famille. Le {s5}-chemin a4, a2, a1 est une
solution de P qui correspond & lutilisation dans 'ordre des éléments suivants : soutenir
sa famille — longue vie — bonne santé — arréter de fumer.

En utilisant particuliérement le probléme de cycle hamiltonien, nous avons obtenu le
théoréme suivant.

Théoréme 4.1. Le probléme de satisfiabilité de persuasion est NP-complet.

4.3.3 Formulation en MaxSAT partiel pondéré

Nous proposons dans cette section une formulation en PW-MaxSAT pour résoudre le
probléme de la satisfiabilité de persuasion. En fait, vu que 'outil de modélisation est un
probléme d’optimisation, notre formulation permet de trouver une solution possédant la
plus petite valeur possible pour le poids.

Soit P = (F,1,0,k,b) une instance du probléme de la satisfiabilité de persuasion,
ou F = (S, A, W). Afin de définir notre formulation pour P, nous avons besoin de cer-
tains éléments syntaxiques. Premiérement, nous associons a chaque littéral [ € £(S) un
ensemble de k + 1 variables propositionnelles distinctes, notées p?, ey pf . La variable pf
est employée pour exprimer que le littéral [ est produit & la i€ étape (le 1™ argument
quand 7 > 1). En particulier, p? obtient la valeur 1 si et seulement si [ appartient a I’état
initial 7. De plus, étant donné un sous-ensemble de littéraux X C £(S) et 0 < @ < k,
nous utilisons R(X,i) pour noter 'ensemble de variables {p! | | € X}. Nous associons
aussi & chaque argument a € A une variable propositionnelle distincte g, et un ensemble
L ,7“5. La variable ¢, est utilisée pour
exprimer que ’argument a apparait dans la solution, et de maniére similaire, la variable
7l est utilisée pour exprimer que I'argument a apparait dans la solution & 1'étape i. Par
ailleurs, pour tout littéral [ € £(S), nous employons Arg(l,.A) pour noter I’ensemble

d’arguments {(X,C) € A | [ € C}. Nous généralisons cette notation aux ensembles de

de k autres variables propositionnelles, notées

93



4. Optimisation et logique propositionnelle

littéraux comme suit : Arg(Y,A) = {(X,C) € A| Y NC # 0}.

Commencons par la description de la partie dure de notre formulation. Dans ce cadre,
notre premiére formule exprime que [ est I’état initial :

Avin N\ - (4.1)
lel VeL(S)\I

Dans ce qui suit, nous exigeons des I-chemins cohérents :

ko k
AN NV =ple) (4.2)

€8 i=0 ;=0

La troisiéme formule est utilisée pour lier la vérité de chaque variable de la forme p; a
I'utilisation a I’étape ¢ d’au moins un argument contenant [ dans sa conclusion :

A /\pl AV (4.3)

leL(S a€Arg(l,A)

La prochaine formule signifie que I'utilisation d’un argument & 1’étape ¢ requiert la vérité
de son support avant cette étape :

/\ /\ ry, — /\ \/pl (4.4)

=(X,C)eAi=1 leX j=0

Nous introduisons maintenant la formule énoncant que si un argument est utilisé a ’étape
1, alors les littéraux de sa conclusion sont vrais & cette étape :

/\ /\r —>/\RC@ (4.5)

=(X,C)eAi=1

ou A R(C,1) représente la conjunction des littéraux dans R(C,1).
La formule suivante traduit le fait que chaque argument est employé au plus une fois :

k
AD ri<i (4.6)

a€A i=1

De maniére similaire, la prochaine formule signifie qu’au plus un argument est utilisé a
chaque étape :

k
AD <t (4.7)

i=lacA

La conjonction de clauses suivante représente le fait que ’objectif doit étre obtenu :
k
A Vo (4.8)
l€O\I i=1
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4.3. Un cas d’utilisation : la persuasion

La derniére formule de la partie dure est uniquement employée pour associer la vérité de
chaque variable de la forme ¢, & I'utilisation de ’argument « :

k

A\ 72) > aa) (4.9)

acA i=1

En ce qui concerne la partie souple de notre formulation, elle est composée des clauses
pondérées suivantes :
W{(a) : g4 pour chaque a € A (4.10)

Par conséquent, chaque clause souple permet d’associer chaque argument a son poids.

A partir de maintenant, nous utilisons Epe,s(P) pour se référer a la formulation que
nous venons de définir.

Proposition 4.1 (Correction). Soit P = (F,1,0,k,b) une instance du probléme de
la satisfiabilité de persuasion. Alors, P admet une solution si et seulement si Epers(P)
admet une solution B telle que cost(B) < b, ot cost(B) correspond au coit de l'interpré-
tation B.

Afin de montrer la flexibilité de 'approche ayant comme base PW-MaxSAT, nous
considérons certaines variantes du probléme de la satisfiabilité de persuasion. Notre pre-
miére variante repose sur une propriété sur les chemins, appelée cohérence faible, qui
formalise le fait que I'agent peut masquer des parties des conclusions des arguments
utilisés afin de présenter un chemin cohérent.

Définition 4.7 (Cohérence faible). Un I-chemin ai,...,ay est dit faiblement cohérent
st l’ensemble de littéraux I U Ule Supp(a;) est cohérent.

Considérons par exemple le cadre de persuasion F = ({a,b,¢,d}, {a1 = ({a},{b,c}),
ay = ({d},{—-c})},W), ot W(a1) = 1 et W(a2) = 1, et l'instance P = (F,{a,d},
{b,—c},2,2). Clairement, il n’existe pas de {a, d}-chemin cohérent solution de P. Cepen-
dant, la séquence a1, ay est un {a,d}-chemin faiblement cohérent permettant d’obtenir
Pobjectif {b, ~c} a partir de {a,d}.

Afin de prendre en compte la cohérence faible a la place de la cohérence dans notre
formulation en PW-MaxSAT, nous avons seulement besoin de supprimer la formule (4.5).
En effet, cette formule est utilisée pour imposer la satisfaction des variables proposition-
nelles représentant les conclusions des arguments considérés. Il est important de préciser
ici que ce sont les formules et qui permettent de satisfaire les variables repré-
sentant les supports.

De maniére générale, il serait intéressant de permettre a I'agent persuadeur de réaliser
une sélection des littéraux pouvant étre omis pour éviter 'incohérence. Par exemple,
I'agent peut décider d’omettre uniquement les négations des littéraux appartenant a
I’objectif ou I’état initial. Pour ’adaptation de notre formulation & cette situation, nous
avons simplement besoin de remplacer par :

k
A ACi— A\RC\T.0) (4.11)

a=(X,C)eAi=1
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oul T est ’ensemble contenant les littéraux pouvant étre omis. Cette formule énonce que
si un argument est utilisé a ’étape ¢ alors les littéraux de sa conclusion sont vrais excepté
ceux dans 7.

Les variantes précédentes montrent la flexibilité du cadre proposé et de notre solution
fondée sur I'utilisation d’une formulation PW-MaxSAT. Dans ce contexte, nous pouvons
facilement définir d’autres variantes prenant en compte d’autres aspects intéressants.
Pour mieux illustrer ce point, nous proposons une variante ot l’'on considére des conflits
entre les arguments disponibles. Plus précisément, étant donné un cadre de persuasion
F = (S, A, W), nous considérons un graphe de conflits G = (A, E), ou chaque arréte
{a,a’} dans E exprime que les arguments impliqués a et a’ ne peuvent étre utilisés en-
semble dans une méme solution. Pour cette variante, notre formulation peut étre adaptée
en ajoutant la formule suivante & la partie dure :

k k
A O+ )

{a,a}eE i=1 =1

N

1 (4.12)

Supposons sans perte de généralité qu’il existe 7 € 1..k tel que r}, posséde comme valeur
P k P 2 . k Jj o .
de vérité 1. Alors, on a ) ;" ry = 1, et en conséquence on obtient » 7, ry, = 0, ce qui
assure que a’ n’est pas utilisé dans la solution.
Plusieurs autres variantes peuvent étre définies en raisonnant sur différents aspects,

tels que 'argument d’ouverture et le dernier argument.

4.3.4 Optimum de Pareto

Dans le probléme de la satisfiabilité de persuasion, nous utilisons explicitement des
contraintes de borne sur la longueur et le poids de la solution. Le choix de ces bornes peut
étre arbitraire en 'absence de connaissances spécifiques en lien avec le cas considéré, ce
qui peut étre vu comme un réel inconvénient de notre approche. Pour éviter 1'utilisation
de contraintes de borne, nous considérons ici la notion d’optimum de Pareto. Cette partie
nous permet donc d’aborder 'optimisation multi-objective dans des cadres dérivés du
probléme SAT.

Nous définissons une PO-instance comme un triplet de la forme P = (F, I,0),ou F =
(S, A, W) est un cadre de persuasion, I C £(S) un ensemble de littéraux cohérent (état
initial), et O C L£(S) un ensemble non vide de littéraux cohérent (objectif). Clairement,
une PO-instance peut étre vue comme une instance du probléme de la satisfiabilité de
persuasion sans les bornes sur la longueur et le poids. De ce point de vue, on dit qu'une
séquence d’arguments s est une solution d’une PO-instance P = (F, I, O) si elle est une
solution de I'instance du probléme de la satisfiabilité de persuasion (F, I, O, 0o, 00).

Définition 4.8 (Solution Pareto-optimale). Une solution Pareto-optimale d’une PO-
instance P est une solution s de P ou, pour toute solution s’ de P, (i) si Leng(s') <
Leng(s) alors on a Weight(s) < Weight(s'), et (ii) si Weight(s') < Weight(s) alors
on a Leng(s) < Leng(s').

Etant donné deux solutions s et s’ d’'une PO-instance, on dit que s domine s’ si au
moins une des propriétés suivantes est vérifiée :
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4.3. Un cas d’utilisation : la persuasion

— Leng(s) < Leng(s') et Weight(s) < Weight(s') ;

— Weight(s) < Weight(s') et Leng(s) < Leng(s').
En d’autres termes, s domine s’ si s est meilleure que s’ sur un des critéres (longueur ou
poids) et s n’est pas plus mauvaise que s’ sur I'autre critére. Notons qu’une solution est
Pareto-optimale si et seulement si elle n’est pas dominée par une autre solution.

Jength
s18)
14|
12 O ]
S92 H .
O
O
O
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6 L 34
Sy -
S6
(]
weight
30 70 >

FIGURE 4.1 — Front de Pareto

A titre d’illustration, dans la figure nous montrons les solutions d'une PO-
instance donnée. Il est important de préciser au préalable qu’'un point peut repré-
senter plus d’une solution, par exemple s; et s}, car il peut exister plusieurs solu-
tions de méme longueur et de méme poids. En outre, les solutions si, s et s3 sont
Pareto-optimales, ce qui n’est pas le cas de la solution s7 qui est dominée par s3
(Leng(sz) = 6 < Leng(s7) = 12 et Weight(sz) = Weight(sy) = 70). Par ailleurs,
s1 ne domine pas s3 car Leng(ss) = 6 et Leng(s;) = 14, et s3 ne domine pas s; car
Weight(si1) = 30 et Weight(ss) = 70.

Nous appelons front de Pareto d’'une PO-instance ’ensemble de toutes les solutions
Pareto-optimales. Le front de Pareto dans I'exemple décrit dans la figure |4.1| est 'en-
semble {s1, s, s2, $3, 84, S5, 6}

Notre formulation en PW-MaxSAT pour résoudre le probléme de la satisfiabilité de
persuasion permet de calculer une solution vérifiant la contrainte relative a la borne sur
la longueur et possédant la plus petite valeur possible pour le poids. Plus précisément,
étant donné une instance P = (F, 1,0, k,b), toute solution de la formulation Epe,s(P)
vérifie Leng(s) < k et Weight(s) < Weight(s') pour toute solution s’ de P. Partant de
ce point, si s est une solution de P obtenue grace a Epers(P), alors nous savons qu’il
existe une solution Pareto-optimale s’ de la PO-instance (F, I, O) telle que Weight(s') =
Weight(s).
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Proposition 4.2. Etant donné une PO-instance P = (F,I,0) avec F = (S, A, W), la
longueur de toute solution Pareto-optimale est inférieure ou égale a min(|S| — |I], |A]).

Pour une PO-instance P = (F,I,0) avec F = (S, A, W), nous utilisons LB(P)
pour noter la valeur min(|S| — |I|,|A|). En outre, en utilisant la proposition nous
pouvons aisément obtenir une borne sur le poids. Effectivement, cette borne peut étre
définie comme la somme des poids des arguments appartenant & un ensemble de LB(P)
arguments ayant les plus grandes valeurs pour le poids. Plus précisément, le poids de
chaque solution Pareto-optimale de P est inférieur ou égal a Y~ . W(a), ou A" C A,
|A’'| = LB(P) et, pour tout a’ € A\ A", W(d') < min{W(a) | a € A'}. Nous utilisons
W B(P) pour noter la borne ) ., W(a).

Afin de présenter notre approche pour le calcul de solutions Pareto-optimales, nous
proposons une formulation en MaxSAT partiel pondéré permettant de calculer une so-
lution d’une PO-instance de longueur minimale. Soit P = (F,I,0) une PO-instance
avec F = (S, A, W). Nous utilisons E59""(P) pour noter la formulation permettant de
calculer une solution de longueur minimale. La partie dure est exactement la méme que
celle de Epers(P'), ou P! = (F,I,0,LB(P),00). Quant a la partie souple, elle est définie
comme suit :

1: =g, pour chaque a € A (4.13)

En effet, en utilisant le fait que la partie dure est la méme que celle de Epers(P’), on sait

que chaque solution de E5"9""(P) correspond a une solution de P. De plus, en utilisant

Pers
la proposition la partie dure de SIEfoth(P) est cohérente si et seulement si P admet

une solution. Nous pouvons facilement constater dans le cas de cette formulation que la
partie souple permet de réduire le nombre d’arguments utilisés.

Une approche simple pour trouver certaines solutions Pareto-optimales d’une PO-
instance donnée P consiste & employer deux formulations en PW-MaxSAT. En effet,
nous débutons dans un premier temps par une solution sy de SIEfoth(P). Ensuite, chaque
solution de Epers(P') avec P = (F, 1,0, Leng(sp), o) est une solution Pareto-optimale
de P. Effectivement, soit s une solution de P obtenue grace a Epers(P’). Alors, pour
toute solution s’ de P avec Leng(s') < Leng(sp), on obtient Weight(s) < Weight(s').
De plus, on sait que Leng(sg) est la plus petite valeur possible pour la longueur. En
conséquence, la solution s n’est dominée par aucune autre solution.

Une approche similaire pour trouver des solutions Pareto-optimales consiste & cal-
culer dans un premier temps la plus petite valeur possible pour le poids en utilisant
notre formulation Ep..s(P), et ensuite, faire appel a une formulation permettant de
trouver une des plus petites séquences ayant le poids calculé précédemment. Soit P =
(F,1,0) une PO-instance. Premiérement, une solution sy de Epe,s(P’) est calculée avec
P’ = (F,I,0,LB(P),o0). Nous savons que Weight(sp) est la plus petite valeur possible
pour le poids quant aux solutions de P. Apres cela, nous utilisons la formulation en
PW-MaxSAT 8wezght(P, Weight(sg)) pour trouver une solution Pareto-optimale, qui est

Pers

définie en ajoutant la contrainte suivante a la partie dure de Eéfg,ith(P) :

Z W(a) * g < Weight(so) (4.14)
acA
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4.4. Conclusion

Cette contrainte permet clairement de garantir que chaque solution de la formulation
Sg:iiht(P, Weight(sg)) posséde la plus petite valeur possible pour le poids. En outre,
weight p Weight(sg)), il n’y pas de solution de P qui 4 la

pour toute solution s de &p 7
fois a le poids Weight(sg) et est plus courte que s. Par conséquent, les solutions de
gweight

Pers

(P,Weight(so)) sont forcément Pareto-optimales.

4.4 Conclusion

Nous avons consacré ce chapitre & la description de nos travaux en rapport avec
Poptimisation dans des cadres reposant sur SAT. Nous avons notamment présenté un
probléme d’optimisation ayant comme base SAT et intégrant des formes de préférence
sur les modéles. Celui-ci a été utilisé dans nos travaux pour la résolution de différents
problémes en fouille de données [JSS13c, [JSS17]. Nous avons aussi présenté un cadre
pour la persuasion automatique, ot nous utilisons la modélisation dans un probléme
d’optimisation dérivé de SAT [Sall9c|. Nous avons également abordé dans le contexte de
ce cadre des aspects intéressants liés a ’optimisation bi-objective. Concernant ce dernier
point, il convient de préciser que nous avons employé dans [JKSS16| 'optimisation bi-
objective en lien avec SAT dans le contexte d’un probléme en fouille de données.
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Chapitre

Au-dela de la cohérence en logique
propositionnelle

Ce chapitre est dévolu a nos travaux sur le raisonnement en présence de I'incohérence
en logique propositionnelle. Nous abordons dans un premier temps nos contributions
ayant trait aux mesures de 'incohérence. Nous présentons ensuite notre approche pour
la définition de relations de conséquence logique paracohérentes fondée sur 'utilisation de
la notion de fonction de conséquence. Nous présentons enfin une application des mesures
de l'incohérence en fouille de données en considérant la tiche de regroupement. Une
grande partie des contributions présentées ici viennent de nos travaux dans [ARSO15)

ASOR17, [BJSS174, Sall9h).

5.1 Mesures de I’incohérence

En logique classique, le principe d’explosion énonce que toute formule peut étre dé-
duite a partir de 'incohérence, ce qui signifie que nous avons besoin d’approches autres
que 'inférence classique pour raisonner sous I'incohérence. Dans ce contexte, les logiques
paracohérentes, ’argumentation et la révision des croyances font partie des approches
les plus étudiées pour le raisonnement sous l'incohérence. Dans la méme veine, les me-
sures de l'incohérence ont été proposées comme une contrepartie naturelle dans le cas
de l'incohérence des mesures d’information. De nombreuses mesures de ce type ont été
proposées dans la littérature (voir par exemple [KLMO03|, [HK10, (GH13, .JMR™16, [Thi16!
ASORI17, DGHK18, [Thil8]), et leur utilité a été démontrée pour de multiples applica-
tions dans des domaines tels que le e-commerce [CZZ04|, les bases de données [MPS™07|
et les systémes multi-agents [HPW14]. Nous avons également proposé une application
dans le cadre du raisonnement qualitatif spatio-temporel [CRS16].

5.1.1 Approche de définition fondée sur des postulats

Une mesure de 'incohérence est simplement définie comme une fonction associant
a des bases de formules des nombres réels non négatifs. Rappelons qu’une base dans
ce contexte est un ensemble fini de formules propositionnelles. Dans [HK10], les auteurs
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proposent une approche fondée sur des postulats saisissant des aspects rationnels pour la
définition des mesures de l'incohérence. Ils proposent notamment les postulats suivants
(I est une mesure de l'incohérence) :
— pour toute base finie B, I(B) = 0 si et seulement si B est cohérente (Cohérence) ;
— pour toute paire de bases finies B et B’ avec B C B’, I(B) < I(B') (Monotonie) ;
— pour toute base finie B et pour toute formule ¢ libre dans B, I(B) = I(B\ {¢})
(Formules libres) ;
— pour toute base finie B et pour toutes formules cohérentes ¢ et ¥ telles que ¢ - 1,
I(BU{¢}) = I(BU{y}) (Dominance).
Rappelons qu'une formule est libre dans une base si elle n’appartient & aucun des sous-
ensembles minimaux incohérents. Un sous-ensemble d’une base est minimal incohérent
s’il est incohérent et il n’est inclus dans aucun autre sous-ensemble incohérent.

Définition 5.1 (Sous-ensemble minimal incohérent). Un sous-ensemble B’ de B est mi-
nimal incohérent si (i) B’ est incohérent, et (ii) pour tout sous-ensemble propre B" C B’,
B est cohérent.

Nous utiliserons M I(B) pour noter ’ensemble de tous les sous-ensembles minimaux
incohérents de B.

Le postulat (Cohérence) signifie qu'une mesure de l'incohérence doit permettre de
faire la distinction entre les bases cohérentes et celles incohérentes. Quant au postulat
(Monotonie), il signifie que la quantité de contradiction ne diminue pas en ajoutant de
nouvelles formules. Le postulat (Formules libres) signifie que les formules libres n’in-
fluencent pas la quantité de contradiction. Enfin, le postulat de (Dominance) stipule que
la quantité de contradiction ne diminue pas en considérant une formule plus forte qu'une
formule existante dans la base.

Il y a dans la littérature, notamment dans [Bes14| et dans nos travaux [ASOR17], des
objections concernant le postulat (Dominance). Nous avons dans ce contexte proposé un
affaiblissement permettant d’éviter des aspects négatifs en lien avec ce postulat :

— pour toute base finie B et pour toutes formules cohérentes ¢ et 1 telles que ¢ ¢ B

et o, I[(BU{¢}) = I(BU{vY}) (Aff-Dominance).
La condition ajoutée ¢ ¢ B a comme conséquence ¢ ¢ B U {1} dans le cas ot ¢ # 9, ce
qui permet d’exprimer que ¢ est remplacée par 1) et éviter par la méme occasion que ce
postulat soit en conflit avec le postulat (Monotonie).

Par ailleurs, parmi les postulats les plus étudiés, nous pouvons également mentionner
les deux suivants introduits respectivement dans [Thil3| et [HK10] :

— pour toutes bases finies B et B’ avec BN B =, I[(BUB') > I(B) + I(B’)

(Super-Additivité) ;
— pour toutes bases finies B et B’ avec MI(B) N MI(B') = () et MI(BU B’) =
MI(BYUMI(B'), I(BUB') = I(B) + I(B") (MI-Additiité).

Dans nos travaux dans [ASORI17], nous avons mis en lumiére des problémes d’in-
compatibilité entre certains postulats, notamment ceux décrits dans cette section. Nous
avons en particulier démontré la proposition suivante.

Proposition 5.1. Les systémes de postulats suivants ne peuvent étre vérifiés par aucune
mesure de l’incohérence :
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— (Cohérence), (Dominance) et (MI-Additivité) ;
— (Cohérence), (Aff-Dominance) et (MI-Additivité) ;
— (Cohérence), (Dominance) et (Super-Additivité).

Néanmoins, ce qui peut plaider en faveur de notre variante (Aff-Dominance) est la
proposition suivante.

Proposition 5.2. Le systéme de postulats suivant admet une mesure de l’incohérence :
(Cohérence), (Monotonie), (Aff-Dominance), (Formules libres) et (Super-Additivité).

En outre, nous avons montré dans [ASOR17] que les mesures de 'incohérence vérifiant
le systéme fort de postulats proposé dans [Besl4| permettent uniquement de distinguer
les bases cohérentes de celles incohérentes. Rappelons que ce systéme a principalement
comme base la propriété nommée orientation de subsomption reposant sur une notion
abstraite de conflit primitif. La proposition suivante présente notre résultat plus formel-
lement.

Proposition 5.3. Une mesure de l'incohérence I satisfait les postulats du systéme fort
si et seulement si elle est définie comme suit :

I(K) = 0 st K¥FL
"1 n  sinon

ot n est une constante différente de 0.

5.1.2 TUne mesure de ’incohérence

Au nombre des mesures de 'incohérence les plus connues dans la littérature, nous
pouvons citer la mesure Ip;; définie comme le nombre des sous-ensembles minimaux
incohérents [HK10]. Nous avons également introduit des mesures fondées sur la notion
de sous-ensemble minimal incohérent dans [JMR™15, JMR™'16].

Nous décrirons dans ce qui suit une mesure de I’incohérence que nous avons introduite
dans [ARSO15, [ASORI17] et qui est fondée, quant a elle, sur la notion de sous-ensemble
maximal cohérent.

Définition 5.2 (Sous-ensemble maximal cohérent). Un sous-ensemble B' de B est maxi-
mal cohérent si (i) B’ est cohérent, et (ii) pour tout B” C B avec B C B", B" est
incohérent.

Nous utiliserons M C(B) pour noter ’ensemble de tous les sous-ensembles maximaux
cohérents de B.

Dans ce qui suit, nous nous restreignons aux bases qui ne contiennent que des formules
cohérentes.

Etant donné une base de formules B, un sous-ensemble C de MC(B) est appelé une
MC-couverture de B si on a |Jgice B’ = B. Une MC-couverture est dite normale si elle
n’est un sous-ensemble propre d’aucune autre MC-couverture. En outre, étant donné une
base de formules cohérentes B, nous notons A\(B) la valeur maximale dans ’ensemble
{INgrcc B'| | C est une MC-couverture de B}.
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Notre mesure Iy;oc est définie comme suit :
Incc(B) = |B| — A(B)

L’idée principale derriére notre définition est double. Premiérement, l'incohérence
est quantifiée en considérant que toutes les formules sont possibles. Cela explique pour-
quoi nous utilisons la notion de MC-couverture. Deuxiémement, une base avec des sous-
ensembles maximaux cohérents partageant beaucoup de formules doit se voir attribuer
une valeur de I'incohérence inférieure a celle d’une base avec des sous-ensembles maxi-
maux cohérents partageant un petit nombre de formules. Intuitivement, en prenant en
compte les formules partagées entre les sous-ensembles maximaux cohérents, notre ob-
jectif est de capturer les formules impliquées dans un petit nombre de conflits.

Nous pouvons aisément vérifier que la mesure de I'incohérence I;c¢ satisfait les trois
postulats (Cohérence), (Monotonie) et (Formules libres). Cela dit, elle ne vérifie pas le
postulat (Dominance) mais elle satisfait a la place le postulat (Aff-Dominance). Il est
intéressant de noter que nous avons aussi démontré que Iy;coc satisfait d’autres postulats
importants proposés dans la littérature. De plus, nous avons proposé une interprétation
épistémique de cette mesure en utilisant la logique modale S5.

5.2 Fonctions de conséquence

L’inférence paracohérente est I'une des approches centrales pour raisonner en présence
de I'incohérence. Nous décrivons ici un cadre intuitif et flexible permettant de définir une
variété de relations de conséquence logique paracohérentes. Nous introduisons dans ce
contexte la notion de fonction de conséquence, qui est utilisée pour associer une valeur,
appelée degré de conséquence, & chaque paire composée d’une base de croyances et d’une
formule. Nous proposons des postulats associés & cette notion afin de saisir des aspects
intéressants liés au raisonnement en présence de I'incohérence. Pour utiliser les fonctions
de conséquence dans la définition de relations paracohérentes, 1'idée principale consiste
a utiliser un seuil de degré de conséquence pour la sélection des formules informatives.
Notre cadre permet en particulier de définir des relations de conséquence paracohérenctes
bien connues.

5.2.1 Base de croyances

Dans la littérature, une base de croyances est généralement définie comme un en-
semble fini de formules. Nous utilisons ici une généralisation de cette notion en divisant
une base de croyances en deux parties : la partie certaine et la partie possible. Intui-
tivement, la partie certaine contient les formules considérées comme des connaissances
ne pouvant pas étre remises en cause, tandis que la partie possible contient celles consi-
dérées comme éventuellement vraies. La partie certaine peut notamment contenir des
contraintes d’intégrité.

Définition 5.3 (Base de croyances). Une base de croyances est un couple [I', A], ou T
et A sont des ensembles finis de formules et T' ¥ L (T est cohérent). L’ensemble T" est
appelé la partie certaine et I’ensemble A la partie possible.
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Nous utilisons BCrom pour noter I’ensemble des bases de croyances.
En un sens, notre définition de base de croyances peut étre vue comme un cas parti-
culier de la notion de base de croyances stratifiée proposée dans [BDP96|.

Exemple 5.1. Considérons les énoncés suivants :

— Cette personne est une femme (F).

— Cette personne est un homme (H).

— Si cette personne est une femme, alors elle est Alice (A).

— Si cette personne est un homme, alors il s’agit de Bob (B) ou John (J).
Ces énoncés peuvent étre représentés par l’ensemble de formules suivant : A = {F, H,
F — A H — (BV J)}, qui correspond a la partie possible. En outre, il existe clairement
d’autres informations connues et liées a la partie possible, comme celles dans ' = {=FV
-H,-BV~J,A— F,(BVJ)— H}. Par ezemple, la formule =B\ —J signifie qu’une
personne ne peut pas étre & la fois Bob et John. L’ensemble I' peut étre vu comme la
partie certaine de la base.

Une base de croyances [I', A] est dite incohérente si ' U A F L. De plus, nous gé-
néralisons la relation de conséquence logique F & BCporm comme suit : [I', A] = ¢ si et
seulement si ' UA F ¢.

Dans la définition des fonctions de conséquence, nous avons besoin des notions sui-
vantes qui sont des adaptations de notions vues précédemment & la structure de base de
croyances ue nous prenons ici en compte.

Définition 5.4 (Sous-ensemble cohérent maximal). Etant donné une base de croyances
B = [I', A], un ensemble de formules M est un sous-ensemble cohérent maximal de B si
(i) M e MC(T'UA) et (ii) T C M.

Dans la précédente définition, nous exigeons l'inclusion de la partie certaine pour
tenir compte du fait que la vérité des formules de cette partie ne peut étre remise en
question.

Etant donné une base de croyances B, nous utilisons N MC(B) pour noter I’ensemble
des sous-ensembles cohérents maximaux de B.

Définition 5.5 (Formule libre). Etant donné une base de croyances B = [T, A], une
formule ¢ € T'UA est libre dans B si ¢ € (\yrenmcom M-

Nous utilisons Libres(B) pour faire référence a I’ensemble des formules libres de B.

5.2.2 Définition par des postulats

Nous introduisons dans cette section la notion de fonction de conséquence en tant
qu’outil d’analyse de la vérité d’une conclusion par rapport a une base de croyances.
Plutét que de considérer toutes les formules comme des conclusions au méme niveau
d’une base de croyances incohérente, les fonctions de conséquence fournissent plus d’in-
formations, en particulier un ordre induit entre les conclusions pouvant étre utilisé dans
un processus de sélection. Nous utilisons des postulats de rationalité pour formaliser
différents aspects liés au raisonnement en présence de 'incohérence.

Une fonction de conséquence associe un degré de conséquence a une formule par
rapport & une base de croyances. Un degré de conséquence peut étre interprété comme
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une valeur de vérité associée au fait qu’une formule est une conséquence logique d’une
base de croyances. Formellement, une fonction de conséquence E est définie comme une
fonction de BC'rorm X Form dans [0, 1]. Intuitivement, la valeur 0 représente le fait que 'on
est certain de la fausseté d’une conclusion par rapport & une base de croyances, tandis
que 1 représente le fait que 'on est certain de la vérité d’une conclusion par rapport a
une base de croyances.

Nous définissons maintenant un type particulier de fonctions de conséquence en uti-
lisant des postulats de rationalité capturant certains aspects fondamentaux.

Définition 5.6 (Fonction de conséquence rationnelle). Une fonction de conséquence E
est dite rationnelle si elle satisfait les postulats suivants, pour toute base de croyances
B=1,A] et ¢,% € Form :

— si'F ¢ alors E(B,¢) =1 (Conclusion vraie) ;

— si ' ¢ alors E(B,—¢) =0 (Conclusion fausse) ;

— si ¢ -1 alors E(B,¢) < E(B,) (Conséquence) ;

— siI'UA ¥ L alors on a st ' UA & ¢ alors E(B,¢) = 1, sinon E(B,¢) =0

(Cohérence).

Le postulat (Conclusion vraie) signifie que si une formule est une conséquence logique
de la partie certaine, alors elle I'est aussi de la base de croyances. De maniére duale,
(Conclusion fausse) signifie que si une formule est une conséquence logique de la partie
certaine, alors sa négation ne peut pas étre une conséquence de la base de croyances.
Le troisiéme postulat (Conséquence) exprime qu’'une formule logiquement plus faible ne
peut étre moins vraie. Nous utilisons ce postulat pour saisir le fait que les conséquences
logiques d’une formule sont au moins aussi informatives que cette formule. Le dernier
postulat (Cohérence) garantit que le raisonnement classique est préservé dans le cas des
bases de croyances cohérentes.

Exemple 5.2. Les deux fonctions de conséquence suivantes sont clairement rationnelles :

1 sil'F¢pou TUAF LetTUAK
Ebasz'que([r’ A}v ¢> = { 0 sinon (ZS ( ¢)
1 si Libres(B) F ¢

0 sinon

Elibres(Ba ¢) = {

En utilisant le fait que les formules qui sont des conséquences logiques de la partie
certaine sont considérées comme vraies, il peut étre intéressant d’ajouter le postulat
suivant dans certains cas pour toute base de croyances B = [, A] et toute formule
¢ € Form :

— E(B,¢)=E(I', A\{¢ e A|TFv¢ ouT F —}], ¢) (Affaiblissement).

Ce postulat stipule que les formules dont on est certain qu’elles sont vraies, comme
celles dont on est certain qu’elles sont fausses, peuvent étre supprimées de la partie
possible sans impacter le degré de conséquence. Nous n’avons pas considéré ce postulat
dans notre définition de la notion de fonction de conséquence rationnelle car les formules
supprimées peuvent dans certains cas étre significatives. Considérons par exemple la base
de croyances suivante décrivant des préférences par rapport & l’achat d’une voiture :
B = [{Color},{—=Color A (Price N\ Speed)}]. Dans la base précédente, Color, Price
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et Speed sont utilisés pour exprimer les critéres de choix relatifs a4 respectivement la
couleur, le prix et la vitesse de la voiture. Par exemple, la présence de Color dans la
partie certaine signifie que le choix de la couleur doit obligatoirement étre pris en compte.
Clairement, la formule dans la partie certaine a comme conséquence la négation de celle
dans la partie possible. Cependant, la sous-formule Price A Speed de la formule possible
n’est pas en conflit avec la formule nécessaire et elle peut en conséquence étre prise en
compte dans le choix de la voiture.
Nous pouvons également considérer les postulats de rationalité supplémentaires sui-
vants pour formaliser certains aspects intéressants, en relation notamment avec la notion
de sous-ensembles cohérents maximaux. Pour toute base de croyances B = [I', A] et pour
toutes formules ¢, € Form :
— Si Libres(B) = ¢ et Libres(B) ¥ 1 alors E(B, ¢) > E(B, ) (Formules libres) ;
— ¢i (i) AM € NMC(B) t.q- M + ¢ et (ii) VM € NMC(B) on a M ¥ 1, alors
E(B 6) > E(B,1) (ENMC):

— sl (4) IM € NMC(B) q. M E ¢et (ii) VM € NMC(B) on a M ¥ 1), alors
E(B ¢) > E(B,v) (Fort-ENMC) ;

— si (i) VM € NMC(B) ona M ¢ et (ii) IM € NMC(B) t.q. M ¥ 1, alors
E(B 6) > E(B, ) (ANMC);

— si (i) VM € NMC(B) on a M + ¢ et (i4) IM € NMC(B) t.q. M ¥ 1, alors
E(B,qb) > E(B,) (Fort-ANMC).

Les postulats précédents donnent de maniére générale une préférence aux consé-
quences issues des sous-ensembles maximaux cohérents.

Exemple 5.3. Nous proposons ici une fonction de conséquence, notée Enprc, reposant
sur la notion de sous-ensemble cohérent mazimal :

{M e NMC([T', A]) | M - ¢}
INMC([T, Al

ENMC([F7A]7¢) =

Par exemple, nous avons Exnyc([{-p V —q},{p, p},~q) = 3, car il y a deuz sous-
ensembles cohérents mazimaur My = {—pV —q,p} et My = {—pV —q, —p} et uniquement
My a comme conséquence —q.

Proposition 5.4. Enpc est une fonction de conséquence rationnelle vérifiant les pos-
tulats (Formules libres), (Fort-ENMC) et (Fort-ANMC).

5.2.3 Relations de conséquence paracohérentes

Nous proposons ici un cadre pour définir des relations de conséquence paracohérentes
fondées sur l'utilisation des fonctions de conséquence (FC). L’idée principale consiste a
utiliser un seuil sur les degrés de conséquence pour la sélection des formules informatives.
Nous montrons en particulier que notre approche permet de définir des relations de
conséquence paracohérentes existantes.

Définition 5.7 (Relation de conséquence fondée sur FC). Etant donné une fonction de
conséquence E et une valeur v € [0, 1], on définit la relation de conséquence I—ZP (resp.

F%7 ) sur BCrorm x Form comme suit : B I—E> ¢ (resp. B F37 ¢) si et seulement si
E(B,¢) 2 v (resp. E(B,¢) >v).
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Dans les cas des FC rationnelles, nous obtenons la proposition suivante.

Proposition 5.5. Soit E une FC rationnelle et v € [0,1] et v' € [0,1] avec v # 0 et
v' # 1. Alors, on a les propriétés suivantes pour toute base B = [I'; A] € BCrorm et pour

toute relation Fgp€ {I—%’% I—g’>
1. V¢ € Form, si I' = ¢, alors on a BFg ¢ et B¥Fg —¢;
2. il UAF L, alors V¢ € Form, B g ¢ si et seulement siI' UAF ¢ ;
3. Vo, € Form, st BFg ¢ et ¢ =1, alors B Fg ).

Intéressons-nous maintenant a certaines relations paracohérentes existantes. Il im-
porte de noter que nous adaptons ces relations & notre définition de la notion de base
de croyances. Considérons tout d’abord la relation Fp;..s en la définissant d’une ma-
niére similaire a la relation introduite dans [BDP95, BDP96| : B Fpiye ¢ si et seule-
ment si Libres(B) F ¢. Maintenant, définissons les relations F4nac et Fpyaec comme
dans [RMT70] : B Fanamc ¢ si et seulement si VM € NMC(B), M+ ¢; BbFgnye ¢ si
et seulement si M € NMC(B) tel que M F ¢.

Rappelons que Epipres €t Enpre sont définies dans les exemples et respec-
tivement. La proposition suivante montre que Frpres, FanNme €t FENMe peuvent étre
définies en utilisant Eppres €t Enpic-

Proposition 5.6. Les propriétés suivantes sont vérifiées :
— VB € BCporm €t V¢ € Form, B Fpripres @ si et seulement si B L= o;

Elibres

— VB € BCform €t V¢ € Form, B Fannc ¢ si et seulement si BFy> ¢ ;

Ennvc

— VB € BCform €t V¢ € Form, B Fpnae ¢ si et seulement si BFY ¢,

Enmc

Il est clair que les relations paracohérentes fondées sur les FC peuvent conduire &
avoir comme conséquences des formules contradictoires a partir d’'une méme base de
croyances. Afin d’éviter ce probléme, nous pouvons exiger la propriété suivante :

— E(B,¢p Np) = min(E(B, ¢), E(B,)) (Conjonction).

En effet, cette propriété permet d’obtenir la proposition suivante.

Proposition 5.7 (Adjonction). Soit E une FC qui satisfait la propriété (Conjonction),
v € [0,1] et v € [0,1] avec v # 0 et v # 1. Alors, pour toute base B € BCromm et
pour toutes formules ¢, € Form, si BtFg ¢ et B Fg ¥, alors on a BFg ¢ Ay pour
Fee {F57, F 7).

Proposition 5.8 (Non-Contradiction). Soit E une FC rationnelle qui satisfait la pro-
priété (Congonction), v € [0,1] et v’ € [0,1] avec v # 0 et v/ # 1. Alors, pour toute base
B € BCrom et pour tout ensemble fini S C {¢ € Form | B kg ¢}, on a S ¥ L pour
Fpe {Fi7 FY Y

5.2.4 Liens avec les mesures de ’incohérence

Comme nous ’avons vu précédemment, les mesures de I'incohérence concernent des
ensembles de formules. Il est aisé d’adapter les postulats de ces mesures & notre structure
de base de croyances. Par exemple, les postulats (Cohérence) et (Monotonie) peuvent étre
adaptés comme suit :
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— pour toute base de croyances B = [I'; A], I(B) = 0 si et seulement si TUA ¥ L ;
[T,

— pour toute base de croyances B = [I', A] et pour tous ensembles de formules finis
IMet A"avec TUTY ¥ L, I(B) < I([TUT",AUA]).

La plupart des mesures de l'incohérence qui ont été proposées dans la littérature
utilisent I'ensemble R, au lieu de I'intervalle [0, 1]. Ainsi, afin d’associer une fonction
de conséquence & toute mesure de l'incohérence, nous avons besoin de reformuler les
postulats (Conclusion vraie) et (Conséquence) pour utiliser RT & la place de [0, 1] :

— pour toute base de croyances B = [I', A] et pour toutes formules ¢, 1), si I' - ¢ et

I'¥ 4, alors E(B, ¢) > E(B,v) (Conclusion vraie 2) ;

— pour toute base de croyances B = [I', A] avec 'UA ¥ L et pour toute formule ¢,

silTUAF ¢ alors E(B,¢) > 0; et si'UAF ¢ alors E(B,¢) =0 (Conséquence

Présentons maintenant notre approche pour associer une fonction de conséquence
a chaque mesure de l'incohérence. Elle consiste a considérer le degré de conséquence
d’une formule par rapport & une base de croyances comme la quantité de contradiction
introduite par la négation de cette formule dans la base considérée. Plus précisément,
étant donné une mesure de 'incohérence I, la fonction de conséquence associée, notée
E;, est définie comme suit :

Ei([0, A, ¢) = I([T, A" U{EQ(A, ~¢) }]) — I([T', A))

oun A'=A\{Yp e A|THFYoulkF -9} et EQ(A’,~¢) correspond & n’importe quelle
formule équivalente & —¢ mais qui n’est pas dans A’. 1l est & noter que EQ(A’, —~¢) peut
étre calculée en temps linéaire en utilisant la loi de la double négation : ajouter la double
négation —— jusqu’a l'obtention d’une formule qui n’appartient pas a A’.

Nous supprimons de la partie possible les formules appartenant a {¢p € A | '+
ou I' = )} car nous savons comment les prendre en compte en utilisant le fait que les
formules dans I" ne peuvent pas étre remise en cause. En outre, nous utilisons EQ(A’, —¢)
a la place de —¢ pour prendre en compte le fait que —¢ peut étre dans A’. En effet, sans
ce remplacement, nous aurions E([", A], ¢) = 0 pout tout —¢ € A.

Notons que pour toute mesure de I'incohérence I qui vérifie le postulat (Monotonie),
et pour toute base B et toute formule ¢, on a Er(B,¢) = 0.

Nos relations paracohérentes utilisent un seuil dans [0, 1] suivant la déﬁnition cecl
est problématique lorsque I'on utilise R a la place de [0, 1]. Dans les deux définitions
suivantes, nous proposons deux approches permettant d’éviter I'utilisation de seuils de
maniére explicite. Nous sélectionnons dans la premiére les formules ayant des degrés de
conséquence plus grands que le degré d’une formule donnée, tandis que dans la deuxiéme,
nous sélectionnons les formules dont les degrés de conséquence sont plus grands que ceux
de leurs négations.

Définition 5.8. Etant donné une fonction de conséquence E et une formule ¢, nous dé-
finissons la relation paracohérente l—¢’> (resp. I—%>) comme suit : B l—% 1 si et seulement

si E(B,v) > E(B,¢) (resp. E(B, w) > FE(B,¢)).

Définition 5.9. Etant donné une fonction de conséquence E, nous définissons la relation
paracohérente -7, (resp. F7,) comme suit : B -7, ¢ si et seulement si E(B, ¢) > E(B, —)

(resp. E(B,¢) > E(B,—¢)).
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5.3 Une application en fouille de données

Nous présentons dans cette section une application de la notion de mesure de I’inco-
hérence en fouille de données. Pour cela, nous nous intéressons au probléme de regrou-
pement (en anglais clustering) sur des données complexes représentées par des formules
propositionnelles. L’intérét principal derriére 'utilisation de la logique propositionnelle
réside dans le fait qu’il s’agit d’un cadre permettant de représenter de maniére compacte
des entités hétérogénes. En outre, les nombreux systémes formels de raisonnement pour
cette logique peuvent étre utilisés pour capturer des connaissances possédant des struc-
tures complexes. Nous utiliserons dans ce contexte les mesures de l'incohérence pour
I'amélioration des groupes incohérents.

Il est important de préciser que nous nous focalisons dans la description que nous
détaillons ici sur la définition du cadre général et non sur les aspects algorithmiques,
I'objectif étant de montrer la maniére dont nous pouvons intégrer la notion de mesure
de l'incohérence dans le probléme de regroupement.

5.3.1 Le probléme de regroupement

Le regroupement, on parle également de partitionnement de données, est une des
principales méthodes utilisées dans I’analyse de données. Il permet d’extraire des struc-
tures cachées sous forme de division en groupes dans des bases de données, de telle sorte
que les groupes soient homogénes, et cela, en exigeant que les éléments de chaque groupe
soient fortement similaires via des critéres choisis, mais il est également important qu’il
y ait une faible similarité entre groupes distincts. Il est ainsi important de préciser que
les mesures de similarité utilisées dans la réalisation de la tache de regroupement jouent
un role de premier ordre.

Le probléme de regroupement est trés étudié du fait de son large champ d’application,
comme par exemple en biologie, en analyse d’images ou bien encore en commerce (voir
entre autres [AR13]). Les nombreux domaines d’application ont donné lieu & une variété
de types de données, tels que les transactions, les séquences, les données textuelles, les
graphes, ce qui a notamment conduit & la proposition de plusieurs techniques dans la
réalisation des regroupements (voir [Ber06] pour une vue générale). Parmi ces types de
données, les données symboliques [dCCLQ9, [dSdC04, I(GD94| sont particuliérement ap-
propriées pour traiter des objets complexes (voir par exemple [BD12, Boc00, DEQ3]).
Nous pouvons de plus mentionner le regroupement conceptuel proposé dans [Mic80], qui
est une tache d’apprentissage automatique traitant d’un ensemble de descriptions d’ob-
jets (événements, faits, observations, etc.) et produisant un schéma de regroupement les
concernant. Le regroupement conceptuel non seulement réalise la partition des données,
mais génére des groupes pouvant étre décrits de maniére conceptuelle. Un des points
intéressants relatifs aux taches de regroupement conceptuel et symbolique réside dans le
fait qu’elles permettent de traiter des objets complexes et hétérogénes.

5.3.2 Représentation par formules logiques

Nous décrivons dans cette section le probléme de regroupement sur des données
représentées par des formules propositionnelles. Afin d’illustrer I'intérét de ce probléme,
nous débutons notre présentation par un exemple simple.
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Exemple 5.4. [l s’agit ict d’un exemple d’organisation d’un diner de mariage. L’objectif
est de proposer une distribution des invités sur les tables disponibles. Considérons que
nous sommes en présence de m invités et n tables. Pour chaque invité i € 1..m, nous
associons une variable propositionnelle distincte p;. Dans ce contexte, les préférences de
chaque invité i sont exprimées par une formule propositionnelle notée ¢;. Par exemple,
la formule p1 A —pa A (p3 <> pa) peut étre utilisée pour exprimer les préférences de l'invité
1 qui ne veut pas étre avec l’invité 2 et qui accepte d’étre avec linvité 3 si et seulement si
Uinvité 4 est également présent a la méme table. De cette facon, la division de ’ensemble
de formules B = {¢1,...,¢m} en au mazimum n groupes correspond & une distribution
des m invités autour des n tables disponibles. En outre, il est clair que pour respecter
les préférences de tous les invités, tous les groupes doivent correspondre a des ensembles
cohérents de formules. Par ailleurs, il est souvent utile de prendre en compte certaines
préférences qui doivent étre respectées par tous les groupes. Par exemple, dans le cas de
notre exzemple, Nous pouvons utiliser la formule (\/;cppi) A (Ve pi) A (it pi < 5),
ou I représente 'ensemble des femmes parmi les invités et H celui des hommes, pour
exprimer le fait que chaque table doit étre mixte et qu’elle ne peut contenir plus de cing
invités. Nous appellerons formules globales ce type de formules. Il convient de préciser
que les formules globales peuvent étre vues comme des contraintes d’intégrité.

Rappelons qu’une partition P d’'un ensemble S est un ensemble de sous-ensembles de
S tel que (i) VS' € P, 8" # 0, (ii) Ugep S' = S, et (i) VS', 5" € P avec S' # S”, on a
S’'NS” = 0. Une n-partition P est une partition telle que |P| = n. De plus, étant donné
un ensemble fini S, nous utilisons P(S) afin de noter I'ensemble de ses sous-ensembles.

Définition 5.10 (Partition ¢-minimale). Soient B une base de formules cohérentes finie
et non vide, P une n-partition de B et ¢ une formule. La partition P est dite ¢-minimale
si pout toute n-partition P' de B, on a {B' € P' : B U{¢} + L} > {B € P :
B'U{¢}F L}.

Nous définissons maintenant le concept de regroupement de formules a travers une
approche ayant comme base des postulats pour la prise en compte d’aspects rationnels
importants.

Définition 5.11 (Regroupement de formules). Etant donné une base de formules pro-
positionnelles cohérentes finie et non vide B, un entier naturel non nul n et une for-
mule cohérente ¢, appelée formule globale, un (n, ¢)-regroupement de B est un ensemble
C CP(BU{¢}) tel que :

— Upree B' = BU{¢} (Complétude) ;

— ¢ €Npgree B' (Formule globale) ;

— |C| € n (Borne supérieure) ;

— si B posséde une partition P t.q. |P| < n et QU {¢} ¥ L pour chaque Q € P,
alors, VB' € C, B' ¥ L (Partition cohérente) ;

— VB € C etVB" C B'\{¢} avec B'+ L et B\B" ¥ L, etV{Bi,...,B,} CC\{B'}
avec |B"| = m, il n’existe pas de m-partition {BY,..., B} de B” t.q. B;UB} ¥ L
pour i € 1.m (Préférence de la cohérence) ;

— st AB" € C t.q. B'F L, alors |C| = min(|B|,n) (Nombre de groupes).

Dans un (n, ¢)-regroupement, n correspond au nombre maximum de groupes et la
formule globale ¢ est utilisée pour représenter la propriété devant étre partagée par tous
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les groupes. Le postulat (Complétude) contraint a ce que toutes les formules de la base et
la formule globale soient présentes dans le regroupement. Le postulat (Formule globale)
exprime simplement que la formule globale doit étre dans tous les groupes. Le postulat
(Borne supérieure) est utilisé pour ne pas dépasser le nombre maximum de groupes fixé.
Les postulats (Partition cohérente) et (Préférence de la cohérence) permettent d’exprimer
que la préférence est toujours donnée & la constitution de groupes cohérents. Dans la
méme veine, le postulat (Nombre de groupes) stipule qu’il faut constituer un maximum
de groupes en présence de groupes incohérents afin de permettre la réduction des conflits
dans les groupes. Ceci peut étre vu comme une maniére de s’approcher de la cohérence.

Proposition 5.9. Etant donné une base de formules cohérentes finie B, si P est une
n-partition ¢p-minimale alors {B' U {¢} | B' € P} est un (n, ¢)-regroupement.

Une des conséquences importantes de la proposition précédente réside dans le fait
qu’elle montre qu’il est toujours possible de construire un (n, ¢)-regroupements a partir
d’une base.

Notons que suivant notre définition de la notion de (n, ¢)-regroupement, deux groupes
distincts peuvent partager en plus de la formule globale d’autres formules. Ceci peut
particuliérement étre adéquat dans certaines applications. Dans le cas de notre exemple
de l'organisation d’un diner de mariage, I'appartenance d’une formule & des groupes
différents signifie simplement que I'invité qui y est associé peut étre placé a différentes
tables, information qui peut intéresser l'organisateur. Cela dit, il peut étre pertinent
dans d’autres types d’applications d’éviter des chevauchements entre groupes, excepté
bien entendu celui de la formule globale. Dans ce cas, il suffit de considérer la propriété
suivante dans la définition des (n, ¢)-regroupements :

— VB',B" € C, BN B" = {¢} (Indépendance du chevauchement).

Dans certains cas, il se peut que le fait de limiter le chevauchement & uniquement la
formule globale soit trop restrictif sachant que des formules peuvent étre des conséquences
logiques d’autres formules. Un compromis peut ainsi étre ['utilisation des deux propriétés
suivantes :

— VB ' €Cet Vi € B,si B'F 1 et B'F1, alors 1) € B’ (Conséquence logique) ;

— VB',B" € C avec B’ # B”, B'N B" # {¢} si et seulement si B’ ¥ 1, B" ¥ 1,

(B'\B")U{¢} b ¢ et (B"\ B")U{¢} F ¢ pour tout y» € B'N B” (Intersection).
La premiére propriété signifie principalement que le raisonnement classique est préservé
sous la cohérence en augmentant chaque groupe cohérent avec ses conséquences logiques.
Quant a la deuxiéme propriété, elle permet de restreindre les chevauchements aux consé-
quences logiques en présence de la cohérence.

Il est important de préciser que les propriétés relatives aux regroupements de for-
mules que nous venons de présenter ne permettent pas de faire de distinction entre
groupes cohérents, de méme qu’elles ne permettent pas de faire de distinction entre
groupes incohérents. En effet, 'unique distinction exprimée par ces propriétés est dans
la préférence des groupes cohérents aux groupes incohérents. Des distinctions qualita-
tives entre groupes cohérents, comme entre groupes incohérents, sont primordiales pour
I’obtention de regroupements pertinents, et notamment pour le fonctionnement de dif-
férentes approches existantes de regroupement. Par exemple, des mesures de qualité de
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groupe peuvent étre utilisées dans des approches hiérarchiques afin de choisir les groupes
& améliorer, par fusion ou par division.

Dans le cas des groupes cohérents, nous sommes en possession d’un outil fort pour
mesurer la qualité d’'un groupe qui est la notion de modéle. Il est en effet possible de
définir une telle mesure en accordant une préférence & 'augmentation du nombre de
modeéles liant les membres d’un groupe. Nous pouvons ainsi définir la mesure de qualité
d’un groupe B avec ’expression suivante :

_ [Mods(Ayep ¥)
[Mods(V yes 0)

ot Mods(x) correspond a I’ensemble des modéles de x. Cette définition peut étre vue
comme une simple adaptation du coefficient de Jaccard [Jac01].

Afin d’étre également en capacité de distinguer les groupes incohérents, nous utilise-
rons la notion de mesure de I'incohérence comme nous le verrons dans ce qui suit.

Q(B

5.3.3 Regroupement fondé sur les mesures de ’incohérence

Nous décrivons dans cette section la maniére dont la notion de mesure de 'incohé-
rence peut étre utilisée dans la tache de regroupement de formules. L’idée principale
consiste & employer cette notion dans 'amélioration des groupes incohérents. Nous in-
troduisons d’abord un type particulier de regroupements pour lequel est utilisée une
propriété indiquant la facon dont nous pouvons améliorer les groupes incohérents en
utilisant une mesure de l'incohérence. Nous proposons ensuite des propriétés supplé-
mentaires permettant de caractériser des aspects intéressants liés & la quantification des
conflits.

Il est important de noter que nous considérons ici uniquement les mesures de 1’in-
cohérence vérifiant les postulats (Cohérence) et (Monotonie), largement admis dans la
littérature.

Groupe; (BY) Groupes (Bj) Groupes (Bj) Groupes (By)
I(By \ B") < I(Bf) I(ByUX) > I(B})
(amélioration) (détérioration)

FIGURE 5.1 — Une illustration de la propriété de regroupement I-rationnel

Définition 5.12. Etant donné une base de formules cohérentes finie et non vide B,
une mesure de l'incohérence I, un entier naturel non nul n et une formule ¢, un (n, $)-
regroupement C de B est dit I-rationnel s’l satisfait la propriété suivante
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VB € C et VB" C B'\ {¢} avec I(B'\ B") < I(B'), et ¥{Bi,...,Byn} CC\ {B'} avec
|B”| = m, il nexiste pas de m-partition {BYy,...,Bp} de B” t.q. I(B; UBY) = I(B;)
pourt € 1..m.

En d’autres termes, un (n, ¢)-regroupement est I-rationnel si la quantité de I'incohé-
rence dans un groupe ne peut étre réduite en déplagant certaines formules vers d’autres
groupes sans augmenter la quantité de I'incohérence dans au moins un de ces derniers.
Cela s’apparente & un équilibre o I’action d’amélioration de tout groupe incohérent, par
rapport a une mesure de l'incohérence donnée, implique nécessairement la détérioration
d’au moins un autre.

Tout comme la proposition la proposition suivante montre qu’il est possible
d’obtenir des regroupements I-rationnels en restreignant la recherche aux regroupements
construits & partir de partitions ¢-minimales.

Proposition 5.10. Etant donné une base de formules cohérentes finie et non vide B,
I une mesure de lincohérence et P une n-partition ¢-minimale vérifiant la propriété
suivante : pour toute n-partition ¢-minimale P’ avec |Si| = |S2| ot S; = {B' € P’ |
B'U{¢}F L} et So={B" € P|B"U{¢} - L}, > pies, I(B) =D pnes, [(B"). On a
{B"U{¢} | B"' € P} est un (n,p)-regroupement I-rationnel.

Exemple 5.5. Considérons encore l'exzemple du diner de mariage décrit précédemment,
mais cette fois-ci l'objectif est la constitution de deuxr menus de repas. Les préférences
des invités sont définies a travers les formules suivantes : 1) = soupe A poisson; ¥y =
poisson A glace; ¥3 = —viande A fromage ; ¢4 = salade A viande A fromage ; ¥5 =
—soupe Aviande Aglace. La formule globale sera utilisée pour décrire le fait que chaque
menu contient au plus une entrée, au plus un plat et au plus un dessert. Elle est ainsi
définie comme suit : ¢ = (Q.epe <K A ,epp S VDA (Dyepd < 1), o0 E, P et D
sont les ensembles de respectivement les entrées, les plats et les desserts.

Nous pouvons facilement constater que l’ensemble B = {11,112, 13,104,105} ne peut
pas étre partitionné en deuzr sous-ensembles cohérents. Donc, chaque (2, ¢)-regroupement
de B contient au moins un groupe incohérent. Parmi ces derniers, nous avons les regrou-
pements Cy = {{¢, V1, V2},{®,¥3,04,5}} et Co = {{d,¢1},{d, V2, ¢3,%4,¢5}}. Dans
Ci1, le premier groupe est cohérent et représente le menu soupe, poisson et glace; par
contre le second groupe est incohérent, mais toutes ses formules ne rejettent pas salade
et fromage, en plus, nous pouvons raisonnablement dire que viande est plus acceptée
que poisson car viande est une conséquence logique de 1y et V5. Ainsi, en utilisant
C1, nous pouvons proposer les deur menus suivants : mj; = soupe, poisson, glace et
mo = salade, viande, fromage.

Considérons maintenant la mesure de lincohérence Iy;; correspondant au nombre
des sous-ensembles incohérents minimaux. Le (2, ¢)-regroupement Cy est Iprr-rationnel
car nous avons Inrr({¢,¥1,v%2}) = 0 et Injr({d, ¥1,¢2} U {x}) > 0 pour toute for-
mule x € {s3,%4,15}. Cependant, Cy ne l'est pas car nous avons Inrr({p,1}) =
Iner({#, 01, 92}) = 0 et nous avons de plus Inrr({9,v2,%3,%4,95}) = [{{9, 2,3},
{6, 2, ¥a}, {92, s}, {03, at, {03, ¢5}, {d,Yas st} = 6 > Ine({9, Y3, 94, 905 }) = 3.

Afin d’aboutir a une forme de réduction globale de la quantité de conflits dans un
regroupement, nous pouvons requérir la propriété suivante :
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— il n’existe pas de (n, ¢)-regroupement C’' de B tel que max{I(B’) | B’ € C} >
maz{I(B') | B' € C'}.
Cette propriété permet de privilégier la répartition des conflits sur plusieurs groupes
au lieu de les concentrer en peu de groupes. Nous pouvons généraliser cette propriété
en considérant une fonction quelconque f sur les quantités de l'incohérence dans les
différents groupes comme suit :
— il n’existe pas de (n, ¢)-regroupement C’ de B tel que f{I(B’) | B’ € C}<f{I(B’) |
B e('},
ou < € {<,>}. Par exemple, nous pouvons utiliser les fonctions moyenne et somme avec
I'inégalité >.

5.4 Conclusion

Dans ce chapitre, nous avons examiné des aspects relatifs & 'utilisation de la logique
propositionnelle en présence de I'incohérence. Nous avons donc présenté une partie de nos
travaux afférents & la notion de mesure de I'incohérence. Nous avons en particulier décrit
de maniére détaillée une des mesures de l'incohérence que nous avons introduites, ainsi
que certains de nos résultats concernant la compatibilité entre postulats proposés dans
la littérature. En outre, nous avons présenté notre cadre pour la définition de relations
de conséquence paracohérentes fondé sur les fonctions de conséquence. L’idée principale
consiste & utiliser un seuil sur les valeurs fournies par les fonctions de conséquence dans
la sélection des conclusions. Nous avons également exposé un cadre pour la réalisation
de la tache de regroupement dans des bases constituées de formules propositionnelles.
Nous avons pour cela utilisé une approche reposant sur des postulats pour I'introduction
d’un cadre intuitif et simple. Nous avons par la suite présenté la maniére dont la notion
de mesure de 'incohérence peut étre utilisée dans la tache de regroupement de formules.
L’idée consiste & utiliser cette notion dans ’amélioration des groupes incohérents.
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Chapitre

Conclusion et Perspectives

Ce mémoire résume nos travaux de recherche autour de la modélisation en logique
propositionnelle classique. Nous avons a cette fin décrit les approches que nous avons
suivies reposant sur 'utilisation du probléme de la cohérence SAT. L’accent a été mis
sur des propriétés importantes en lien avec la modélisation, comme la correction, la
complétude et la non-redondance. Nous avons tout d’abord exposé nos contributions
relatives & différents types de problémes d’extraction de motifs en fouille de données.
En effet, nous avons présenté nos formulations en SAT pour des problémes de fouille de
motifs ensemblistes, de régles d’association et de motifs séquentiels. Nos contributions
montrent la pertinence de 'emploi de SAT comme cadre générique adapté a la réalisation
de diverses taches en fouille de données.

Nous avons également abordé la modélisation dans des problémes d’optimisation dé-
rivés de la logique propositionnelle. Dans ce contexte, nous avons introduit notre cadre
d’optimisation générique, appelé Top-K SAT, par 'intégration de formes de préférence
sur les modéles. Dans nos travaux, nous avons en particulier montré que ce cadre géné-
ralise le probléme MaxSAT partiel, et nous avons aussi proposé différentes applications
en fouille de données de ce cadre. En outre, nous avons décrit une approche pour la per-
suasion automatique, ol nous utilisons la modélisation dans un probléme d’optimisation
dérivé de SAT. Cette approche montre notamment l'intérét des problémes d’optimisa-
tion reposant sur la logique propositionnelle dans le domaine de la représentation des
connaissances et raisonnements.

Nous nous sommes enfin intéressés a l'utilisation de la logique propositionnelle en
présence de l'incohérence. Nous avons ainsi exposé nos contributions relatives a la no-
tion de mesure de 'incohérence, en présentant une de nos mesures et en décrivant des
propriétés concernant la compatibilité entre postulats proposés dans la littérature. Nous
avons ensuite introduit notre cadre pour la définition de relations de conséquence logique
paracohérentes fondé sur une notion nouvelle, appelée fonction de conséquence. En par-
ticulier, nous avons abordé les liens qu’entretient cette notion avec celle de mesure de
I'incohérence. Fort des précédents outils pour raisonner en présence de l'incohérence,
nous avons introduit une nouvelle tache en fouille de données, ou la logique proposi-
tionnelle est utilisée pour la représentation des données. Cette derniére offre plusieurs
avantages dans la description de données complexes et hétérogénes, comme les préfé-
rences, les connaissances, les croyances, etc. En effet, notre attention s’est portée sur le
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- Gestion de I'incohérence
- Raisonnement qualitatif
- Préférences

Fouille de données

[- Compression }

- Théorie de la démonstration

{- Modélisation et logiques W

. [— Construction d’arguments}
non classiques

Représentation
de
connaissances

Logiques formelles

Complexité

FIGURE 6.1 — Eléments principaux constituant mon projet de recherche

probléme de regroupement, ot les mesures de 'incohérence sont utilisées pour ’amélio-
ration des groupes.

Dans la continuité de nos travaux de recherche, les principaux axes envisagés sont les

suivants :

— La poursuite de l'utilisation d’approches fondées sur la logique propositionnelle
dans la résolution de problémes, notamment en fouille de données en insistant sur
des problémes complexes tels que ceux liés aux graphes.

— La poursuite de nos travaux sur le raisonnement en présence de l'incohérence
dans les logiques formelles fondées sur la logique classique, comme en particulier
les logiques modales dites normales.

— La fertilisation croisée entre la fouille de données et le domaine de la représentation
des connaissances et raisonnements.

— La fertilisation croisée entre également la fouille de données et les logiques for-
melles.

— L’étude d’aspects liés a la complexité par rapport & l'utilisation des logiques
formelles en caractérisant notamment des classes traitables.

A Dexception de la poursuite des travaux décrits dans ce manuscrit, nous exposons

dans ce qui suit notre projet de recherche par rapport aux précédents axes. Ce projet est
décrit de maniére synthétique dans la figure

6.1 Fouille de données et représentation des connaissances

Les contradictions pouvant exister entre connaissances extraites par des techniques de
fouille de données constituent un argument fort en faveur de I'utilisation des cadres dédiés
au raisonnement en présence de I'incohérence. C’est en particulier ce que nous avons fait
en utilisant les mesures de l'incohérence dans la tache de regroupement. Nous pensons
qu’il est possible d’associer & la fouille de données d’autres cadres comme notamment la
théorie de I’argumentation.
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6.2. Fouille de données et logiques formelles

Une autre piste de recherche réside dans 'intégration du raisonnement qualitatif, no-
tamment spatial et temporel [Ligl3], en fouille de données par rapport a des taches telles
que l'extraction de motifs, le regroupement et la classification. Effectivement, la proxi-
mité du raisonnement qualitatif avec celui humain peut clairement étre trés bénéfique
dans I'analyse de données complexes. Dans ce contexte, nos travaux sur les formalismes
de raisonnement qualitatif peuvent étre d’une grande aide.

En outre, nous avons utilisé dans [JKSS16] un cadre pour la représentation de pré-
férences afin d’induire des préférences sur les motifs. Une troisiéme piste intéressante
consiste donc & poursuivre nos travaux dans cette direction par I'incorporation en fouille
de données d’autres cadres pour la représentation des préférences (voir [Kacll]). Cela
peut entre autres permettre d’améliorer la pertinence dans I’extraction des motifs.

Par ailleurs, nous avons décrit dans le chapitre [4 notre cadre pour la persuasion au-
tomatique [Sall9c|, ou les arguments possédent comme forme (X,Y), ou X et Y sont
des ensembles de littéraux représentant respectivement le support et la conclusion. Les
arguments dans ce cas peuvent étre vus comme des régles d’association particuliéres.
L’extraction des régles d’association peut donc étre utilisée dans la construction auto-
matique d’arguments a partir de différents types d’informations, comme les réponses a
un questionnaire. Il s’agit d’une piste ou la fouille de données peut participer a ’enri-
chissement du domaine de la représentation des connaissances.

6.2 Fouille de données et logiques formelles

Nous avons proposé¢ dans [JSSU13| une méthode utilisant la fouille de données pour la
compression des formules propositionnelles en forme normale conjonctive. L’idée consiste
a exploiter des structures cachées redondantes pour la réduction de la formule en entrée.
Nous pensons que cette approche de compression peut étre étendue a d’autre logiques for-
melles, notamment celles fondées sur la logique classique. En effet, ’approche de Tseitin
en logique propositionnelle classique [Tse68|, qui consiste a factoriser des sous-formules
redondantes en les associant & des variables propositionnelles nouvelles, peut étre adaptée
a d’autres logiques, comme particuliérement des logiques modales.

Il nous semble également intéressant d’utiliser des techniques issues de fouille de
données dans la théorie de la démonstration. Il est & noter qu'un grand nombre des
systémes de démonstration existants sont fondés sur des décompositions syntaxiques, ou
la notion de sous-formule joue un role central [T'S96]. Il nous parait dans ce contexte que
Iextraction de sous-formules par des mesures d’intérét appropriées en utilisant la fouille
de données pourrait étre trés bénéfique dans la construction de démonstrations.

De plus, nous avons pu constater dans ce mémoire que l'utilisation de la logique
propositionnelle a permis d’enrichir la fouille de données. Nous sommes convaincus qu’il
est également possible de tirer parti d’autres logiques formelles pour différents types de
développements en fouille de données. Par exemple, nous avons montré dans [SJS12| la
maniére dont une logique modale peut étre utilisée pour traiter un probléme de cohérence
relatif aux motifs ensemblistes introduit dans [Cal0§].
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6. Conclusion et Perspectives

6.3 Complexité

Je co-encadre actuellement une thése sur I'étude de la complexité en SAT et cer-
tains autres problémes qui en sont dérivés. Nous avons dans ce contexte proposé une
nouvelle approche pour la caractérisation de classes traitables dans [BSS17]. L’idée prin-
cipale consiste & transformer des instances de SAT en instances de classes traitables
de problémes dans la théorie des graphes. Dans [BS18|, nous avons employé cette idée
pour capturer des classes traitables dans Exactly-One SAT, qui est une variante du pro-
bléme SAT. Nous envisageons d’utiliser des techniques similaires fondées sur la théorie
des graphes pour ’énumération des modéles, ce qui pourrait avoir un impact important
sur notre approche utilisant SAT pour I'extraction de motifs. En particulier, les graphes
pourraient étre des outils intéressants pour la définition de nouvelles représentations
condensées pour certains types de motifs.
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Mining Top-k Motifs with a SAT-based Framework

Said Jabbour and Lakhdar Sais and Yakoub Salhi
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Abstract

In this paper, we introduce a new problem, called Top-k SAT, that consists
in enumerating the Top-k models of a propositional formula. A Top-k model
is defined as a model with less than & models preferred to it with respect to
a preference relation. We show that Top-k SAT generalizes two well-known
problems: the partial Max-SAT problem and the problem of computing mini-
mal models. Moreover, we propose a general algorithm for Top-k SAT. Then,
we give an application of our declarative framework in data mining, namely,
the problem of mining Top-k motifs in the transaction databases and in the
sequences. In the case of mining sequence data, we introduce a new min-
ing task by considering the sequences of itemsets. Thanks to the flexibility
and to the declarative aspects of our SAT-based approach, an encoding of
this task is obtained by a very slight modification of mining motifs in the
sequences of items.

Keywords: Boolean satisfiability; Data Mining; Modeling; Top-k motifs

1. Introduction

The problem of mining frequent itemsets is well-known and essential in
data mining, knowledge discovery and data analysis. It has applications in
various fields and becomes fundamental for data analysis as datasets and
datastores are becoming very large. Since the first article of Agrawal [1] on
association rules and itemset mining, the huge number of works, challenges,
datasets and projects show the actual interest in this problem (see [2] for a
recent survey of works addressing this problem).

Email address: {jabbour, sais, salhi}@cril.fr (Said Jabbour and Lakhdar Sais
and Yakoub Salhi)
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We are also interested in frequent sequence data mining which is the
problem of discovering frequent patterns shared across time among an input
data-sequence. Sequence mining is a central task in computational biology,
temporal sequence analysis and text mining. In this work, we consider the
pattern discovery problem for a specific class of patterns with wildcards in a
sequence. The data-sequence can be seen as a sequence of items, while the
pattern can be seen as a subsequence that might contains wildcards or jokers
in the sense that they match any item [3, 4, 5]. At the first sight, allowing
wildcards to occur in a pattern can be seen as an even more restrictive type
of patterns in general. However as argued in [3] ”studying patterns with
wildcards has the merit of capturing one important aspect of biological features
that often concerns isolated positions inside a motif that are not part of the
biological feature being captured’.

Important progress has been achieved for data mining and knowledge
discovery in terms of implementations, platforms, libraries, etc. As pointed
out in [2], several works deal with designing highly scalable data mining
algorithms for large scale datasets. An important problem of data mining
problems, in general, concerns the huge size of the output, from which it
is difficult for the user to retrieve relevant information. Consequently, for
practical data mining, it is important to reduce the size of the output by
exploiting the structure of the patterns. Computing for example, closed,
maximal, condensed, discriminative patterns are some of the well-known and
useful techniques. Most of the works on itemset and sequential mining re-
quire the specification of a minimum support threshold A. This constraint
allows the user to control at least to some extent the size of the output by
mining only patterns covering at least A transactions (locations). However,
in practice, it is difficult for users to provide an appropriate threshold. As
pointed out in [6], a too small threshold may lead to the generation of a huge
number of patterns, whereas a too high value of the threshold may result in
no answer. In [6], based on a complete ranking between itemsets, the authors
propose to mine the n most interesting itemsets of arbitrary length. In [7],
the proposed task consists in mining Top-k frequent closed itemsets of length
greater than a given lower bound min, where k is the desired number of fre-
quent closed itemsets to be mined, and min is the minimal length of each
itemset. The authors show that setting the minimal length of the itemsets
to be mined is much easier than setting the usual frequency threshold. Since
the introduction of Top-k mining, several research works investigated its use
in graph mining (e.g. [8, 9]) and other datamining tasks (e.g. [10, 11]). This
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new framework can be seen as a nice way to mine the k preferred patterns
according to some specific constraints or measures. Starting from this obser-
vation, our goal in this paper is to define a general logic based framework for
enumerating the Top-k preferred patterns according to a predefined prefer-
ence relation.

The notion of preference has a central role in several disciplines such as eco-
nomics, operations research and decision theory in general. Preferences are
relevant for the design of intelligent systems that support decisions. Model-
ing and reasoning with preferences play an increasing role in Artificial Intel-
ligence (AI) and its related fields such as nonmonotonic reasoning, planning,
diagnosis, configuration, constraint programming (CP) and other areas in
knowledge representation and reasoning (KR). For example, in nonmono-
tonic reasoning the introduction of preferential semantics by Shoham [12]
gives an unifying framework where nonmonotonic logic is reduced to a stan-
dard logic with a preference relation (order) on the models of that standard
logic. Several models for representing and reasoning about preferences have
been proposed. For example, soft constraints [13] are one of the most general
way to deal with quantitative preferences, while CP-net (Conditional Pref-
erences networks) [14] is most convenient for qualitative preferences. There
is a huge literature on preferences (see [15, 16, 17] for a survey at least from
the Al perspective). In data mining, preferences have also been investigated
by several authors (e.g. [18, 19, 20]). For example, in [18], the authors intro-
duced a new paradigm of pattern discovery based on Soft Constraints, where
constraints are no longer rigid boolean functions. More recently, Ugarte et al.
[20] introduced a generic and efficient method based on constraint program-
ming for mining (soft-)skypatterns that enable to express user preference
according to dominance relations. From the observation that dominance re-
lations can be found in many pattern mining settings, in [21], the authors
propose an algebra that combines constraints and dominance relations that
can be used to describe a broad range of pattern mining settings.

In this paper we focus on qualitative preferences defined by a preference
relation on the models of a propositional formula. Preferences in proposi-
tional satisfiability (SAT) has not received a lot of attention. In [22], a new
approach for solving satisfiability problems in the presence of qualitative pref-
erences on literals (defined as partial ordered set) is proposed. The authors
particularly show how DPLL procedure can be easily adapted for computing
optimal models induced by the partial order. The issue of computing optimal
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models using DPLL has also been investigated in SAT [23].

Recently, a constraint programming (CP) based data mining (DM) frame-
work was proposed by Luc De Raedt et al. in [24] for itemset mining
(CP4IM). This new framework offers a declarative and flexible representa-
tion model. New constraints often require new implementations in specialized
approaches, while they can be easily integrated in such a CP framework. It
allows data mining problems to benefit from several generic and efficient CP
solving techniques. The authors show how some typical constraints (e.g.
frequency, maximality, monotonicity) used in itemset mining can be formu-
lated for use in CP [25]. This study leads to the first CP approach for item-
set mining displaying nice declarative opportunities. Encouraged by these
promising results, several contributions addressed other data mining prob-
lems using the two well-known CP and SAT Al formalisms. For example,
in [26], the authors proposed a SAT-based encoding for the problem of dis-
covering frequent, closed and maximal patterns in a sequence of items and a
sequence of itemsets. In [27], the authors solve the frequent itemset mining
problem by compiling the set of all itemset into a binary decision diagram
(BDD) (augmented with counts). Frequent itemset are then extracted by
querying the BDD. By considering the relationship between local constraint-
based mining and constraint satisfaction problems, Khiari et al. [28] pro-
posed a model for mining patterns combining several local constraints, i.e.,
patterns defined by n-ary constraints. Also, several constraint-based lan-
guage for modeling and solving data mining problems have been designed.
Let us mention the constraint-based language defined in [29], which enables
the user to define queries in a declarative way addressing pattern sets and
global patterns. All primitive constraints of the language are modeled and
solved using the SAT framework. More recently, Guns at al. [30], intro-
duced a general-purpose declarative mining framework, called MiningZinc.
Compared to CP4IM framework [31], MiningZinc supports a wide variety of
different solvers (including DM algorithms and general purpose solvers) and
uses a significantly more high-level modeling language.

This new research trend offers nice opportunities for cross-fertilization
between Al and data mining. The work presented in this paper fit into this
framework. Our goal is to provide a step forward towards the integration of
AT and Data mining. Our approach is based on SAT as the underlined data
mining constraints involve Boolean variables.

The contributions of this paper are the following:
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1. Firstly, we propose a generic framework for dealing with qualitative
preferences in propositional satisfiability. Our qualitative preferences
are defined using a reflexive and transitive relation (preorder) over the
models of a propositional formula. Such preference relation on models is
first used to introduce a new problem, called Top-k SAT, defined as the
problem of enumerating the Top-k£ models of a propositional formula.
Here a Top-k model is defined as a model with no more than k-1 models
preferred to it with respect to the considered preference relation. Then,
we show that Top-k SAT generalizes the two well-known problems, the
partial Max-SAT problem and the problem of generating minimal mod-
els. We also define a particular type of preference relations that allows
us to introduce a general algorithm for solving the Top-k SAT problem.

2. Secondly, we introduce our first application of our declarative frame-
work to data mining. More precisely, we consider the problem of min-
ing Top-k frequent closed itemsets of minimum length min [32]. In
this problem, the minimum support threshold usually used in frequent
itemset mining is not known, while the minimum length can be set to
0 if one is interested in itemsets of arbitrary length. In itemset mining,
the notion of Top-k itemset was introduced in [7] as an alternative to
finding the appropriate value for the minimum support threshold. It
is also an elegant way to control the size of the output. Consequently,
itemset mining is clearly a nice application of our new defined Top-k
SAT problem. In this context, we provide a SAT encoding and we show
that computing the Top-k closed itemsets of length at least min cor-
responds to computing the Top-k models of the obtained propositional
formula.

3. Thirdly, we provide an application of our declarative framework to se-
quence mining. Indeed, we propose an encoding of the problem of
enumerating the Top-k patterns with wildcards in a sequence of items
in our framework. The notion of Top-k pattern in this context is de-
fined in the same way as in itemset mining. The SAT encoding that
we use comes from our encoding proposed in [26].

4. In the fourth contribution, we consider a variant of the problem of

discovering patterns with wildcards in a sequence, proposed in our work
n [26], by considering a sequence of itemsets instead of a sequence of
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items. In this extension the emptyset will simply play the same role
as the wildcard symbol. Indeed, one can use the emptyset to match
any itemset. This new problem admits some similarities and differences
with the classical sequential pattern mining problem introduced in [33].
Indeed, given an alphabet or a set of items >, in both problems we
consider a sequence s as an ordered list of itemsets sg,...,s, where
s; € X for i = 0,...,n. However, the first difference resides in the
definition of a subsequence. Indeed, in the sequential patterns, we say
that s’ is a subsequence of s if there exists a one-to-one order-preserving
function f that maps (inclusion relation) itemsets in s’ with itemsets
in s. In our new setting, the notion of subsequence is defined w.r.t.
to a given location and by using empty itemsets as wildcards. The
other difference is that in the sequential pattern mining we consider a
database of sequences of itemsets, while in our setting, we consider only
a single sequence of itemsets. In this case, an encoding of the problem
of enumerating the Top-k patterns in our framework is derived from
the one used for the sequences of items with a very slight modification
demonstrating its flexibility.

In this paper, we extend our work published in [34]. The extension in-
cludes the application of our declarative framework to sequence mining (con-
tributions 3 and 4) using our SAT encodings introduced in [26]. We also
provide an extensive experimental results showing the feasibility of our pro-
posed approach.

2. Preliminary definitions and notations

In this section, we describe the Boolean satisfiability problem (SAT), the
itemset mining problem and introduce some necessary notations.

Let P be a propositional language of formulas F» built in the standard
way, using usual logical connectives (V, A, =, —, <) and a set of propo-
sitional variables. A CNF' formula (Conjunctive Normal Form) ® is a con-
junction of clauses, where a clause is a disjunction of literals. A literal is a
positive (p) or negated (—p) propositional variable. The two literals p and
—p are called complementary. A CNF formula can also be seen as a set of
clauses, and a clause as a set of literals. Let us recall that any propositional
formula can be translated to CNF using linear Tseitin’s encoding [35]. We
denote by Var(®) the set of propositional variables occuring in ®.
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An interpretation M of a propositional formula @ is a function which asso-
ciates a value M(p) € {0,1} (0 for false and 1 for true) to each propositional
variable p in Var(®) C V. A model of a formula ® is an interpretation M
that satisfies the formula. The SAT problem consists in deciding whether a
given CNF formula admits a model.

We denote by [ the complementary literal of {. More precisely, if [ = p
then [ is —p and if | = —p then [ is p. For a set of literals L, L is defined as
{l'|1 € L}. Moreover, we denote by M (M is an interpretation over Var(®))
the clause V. Var(®) s(p), where s(p) = p if M(p) = 0, —p otherwise. Let
® be a CNF formula and M an interpretation over Var(®). We denote by
M(®) the set of clauses satisfied by M. Let us now consider a set X of
propositional variables such that X C Var(®). We denote by M N X the set
of variables {p € X|M(p) = 1}. Moreover, we denote by M, x the restriction
of the model M to X.

Let us now introduce the itemset mining problem.

Transaction database. Let T be a set of items. A transaction is a couple
(tid, I') where tid is the transaction identifier and I is an itemset, i.e., I C 7.
A transaction database is a finite set of transactions over Z where each trans-
action identifier refers to only one itemset.

Cover, support and frequency of an itemset. We say that a transaction
(tid, I) supports an itemset J if J C I. The cover of an itemset I in a
transaction database D is the set of transaction identifiers in D supporting
I: C(I,D) = {tid | (tid, J) € D,I C J}. The support of an itemset I in D is
defined by: S(I,D) =|C(I,D)|. Moreover, the frequency of I in D is defined

by: F(I,D) = S52.

For instance, consider the following transaction database:
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tid | itemset

1 a,b,cd

2 a,b,e, f

3 | a,b,e,m
4 |a,c.d, f,j
5 g,

6 d

7 d,j

Transaction database D

In this database, we have S({a,b, c}, D) = |[{1,3}| = 2 and F({a,b},D) = 2.

Let D be a transaction database over Z and A a minimum support threshold.
The frequent itemset mining problem consists in computing the following set:

FIM(D,\) ={I CT|S(I,D)>\}

Let us now define one of the well known condensed representation of
frequent itemsets.

Definition 1 (Closed Itemset). Let D be a transaction database (over L) and
I an itemset (I C I) such that S(I,D) > 1. I is closed if, for all itemset J
with I C J, S(J,D) < S(1,D).

One can easily see that all frequent itemsets can be obtained from the
closed frequent itemsets by computing their subsets. Since the number of
closed frequent itemsets is smaller than or equal to the number of frequent
itemsets, enumerating all closed itemsets allows us to reduce the size of out-
put without losing information.

3. Preferences and Top-k models

Let ® be a propositional formula and Ag the set of all its models. A
preference relation > over Ag is a reflexive and transitive binary relation (a
preorder). The statement M = M’ means that M is at least as preferred as
M. We denote by P(®, M, =) the subset of Ag defined as follows:

P@® M, =)={M €Ay | M" = M}
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where M’ = M means that M’ = M holds but M = M’ does not. It
corresponds to all models that are strictly preferred to M.

We now introduce an equivalence relation ~x over P(®, M, =), where X
is a set of propositional variables. It is defined as follows:

M=x M"ITMNX =M'"NX

Thus, the set P(®, M, =) can be partitioned into a set of equivalence classes
by ~x, denoted by [P(®, M, =)]¥. Each equivalence class is a set of equiv-
alent models with respect to X that are strictly preferred to M. Then,
[[P(®, M, =)]*| represents the number of equivalent classes in the set of
strictly preferred models to M with respect to X. In our context, this equiv-
alence relation is used to take into consideration only a subset of propositional
variables. For instance, we introduce new variables in Tseitin’s translation
[35] of propositional formula to CNF, and such variables are not important
in the case of some preference relations.

Definition 2 (Top-k Model). Let ® be a propositional formula, M a model of
®, > a preference relation over the models of ® and X a set of propositional
variables. M is a Top-k model w.r.t. = and X iff |[P(®, M, =)]*| <k —1.

Let us note that the number of the Top-k models of a formula is not neces-
sarily equal to k. Indeed, it can be strictly greater or smaller than k. For
instance, if a formula is unsatisfiable, then it does not have a Top-k model for
any k > 1. Nevertheless, if the considered preference relation is a complete
order, then the number of Top-k£ models is always smaller than or equal to

k.

It is easy to see that we have the following monotonicity property. if M
is a Top-k model and M’ = M, then M’ is also a Top-k model.

Top-k SAT problem. Let & be propositional formula, > a preference
relation over the models of ®, X a set of propositional variables and &k a
strictly positive integer. We call the tuple (®, =, X, k) a Top-k instance.
The Top-k£ SAT problem consists in computing a set £ of Top-k models of ®
with respect to > and X satisfying the two following properties:

1. for all Top-k model M, there exists M’ € L such that M ~x M’; and
2. for all M and M’ in L, if M # M’ then M %x M'.
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The two previous properties come from the fact that we are only interested
in the truth values of the variables in X. Indeed, the first property means
that, for all Top-k model, there is a model in £ equivalent to it with respect
to ~x. Moreover, the second property means that £ does not contain two
equivalent Top-k£ models.

In the following definition, we introduce a particular type of preference re-
lations, called §-preference relations, that allows us to introduce a general
algorithm for computing Top-k models.

Definition 3. Let ® be a CNF formula and = a preference relation on the
models of ®. Then = is a d-preference relation, if there exists a function 55
from Ag to the set of CNF formulae, called bound function, such that (i) it
is polynomially computable in the size of ® and (ii) for all M € Ag, M’ is a
model of ® A2 (M) iff M is a model of & and M £ M’, for every Boolean
interpretation M.

Let us note that, given a model M of a CNF formula &, §2(M) is a CNF
formula so that when added (with conjunction) to ® together with M, the
models of the resulting formula are different from M and they correspond to
all the models of ® which are not less preferred than M. Intuitively, this can
be seen as a way to introduce a lower bound during the enumeration process.
In other words, at each step of the enumeration process, a d-preference rela-
tion allows us to generate a formula from the current found model to force
the algorithm to enumerate the models that are not less preferred.

Clearly, if we ignore the condition (i), each preference relation is a J-
preference relation. Indeed, for every preference relation = on Ag, we only
have to define the bound function 62 as follows:

52 (M) = A M
M ENg , MFEM'

This definition means that we exclude all the models of ® that are less pre-
ferred than M. One can easily see that in this case 7 (M) is not polynomially
computable in the worst case. -

From now, we only consider the d-preference relations. We also consider
that their bound functions are provided.
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3.1. Top-k SAT and Partial MAX-SAT

In this section, we show that the Top-k SAT problem generalizes the
Partial MAX-SAT problem (e.g. [36]). In Partial MAX-SAT each clause is
either relaxable (soft) or non-relaxable (hard). The objective is to find an
interpretation that satisfies all the hard clauses together with the maximum
number of soft clauses. The MAX-SAT problem is a particular case of Partial
MAX-SAT where all the clauses are relaxable.

Let ® = &, A ®, be a partial MAX-SAT instance such that ®; is the hard
part and @, the soft part. The relation denoted by =g, corresponds to a
preference relation defined as follows: for all M and M’ models of ®; de-
fined over Var(®, A®y), M =g, M’ if and only if the number of soft clauses
satisfied by M is greater than or equal to the number of soft clauses satis-
fied by M', i.e., |IM(D,)| > |M'(Dy)|. Clearly, the set of models of ®;, over
Var(®p, A ®,) is isomorphic to that of " = &, A\ e, Po <> C, where pe for
C € ®, are fresh propositional variables. Indeed, for every model M of &',
Myar@) is a model of ®;,. Further, for every model M of ®;, the following
Boolean interpretation M’ is a model of @':

M(p) if pe Var(®)
Mp)=<¢ 1 if p=pcand M(C) =1

0 otherwise

We define the preference relation > over the models of ®’ as follows: M = M’
if and only if My @) =a, M'[var(@). It is a d-preference relation since its
bound function (5? can be defined as follows:

5T (M) = 3 pe > IM(@,)

Cedg

If S is the set of all the Top-1 models of ® with respect to = and Var(®),
then the 5" = {M|y4r@) | M € S} correspond to the set of all solutions of
® in Partial Max-SAT. Naturally, the models in S’ are the most preferred
models with respect to >4,, and that means they satisfy &, and satisfy the
maximum number of clauses in ®,. Thus, in a sense, the Top-k SAT problem
can be seen as a generalization of Partial MAX-SAT.

The formula 62’ (M) involves the well-known cardinality constraint (0/1 lin-
ear inequality). Several polynomial encodings of this kind of constraints into
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CNF formulas have been proposed in the literature. The first linear encod-
ing of general linear inequalities to CNF has been proposed by Warners [37].
Recently, efficient encodings of the cardinality constraint to CNF have been
proposed, most of them try to improve the efficiency of constraint propaga-
tion (e.g. [38, 39, 40, 41]).

3.2. Top-k SAT and X-minimal Model Generation Problem

Let ® be a formula, M and M’ two models of ® and X a set of propo-
sitional variables. Then, M is said to be smaller than M’ with respect to
X, written M <x M. if MNX C M'NX. We now define a preference
relation =y as follows: M >=x M’ if and only if M <x M’ ie. M is at
least as preferred as M'.

We now show that >y is a J-preference relation. We can define 5§X as
follows:

B2M=CAN = A ¥

peEMNX p eX\MNX

Indeed, M’ is a model of a formula ® A M A 02 (M) if and only if M’ is
a model of ®, M’ # M, and either (M N X)\(M'NX)#Bor M'NX C
M N X. The two previous statements mean that M #x M’. In fact, if M’
satisfies (A cpqx p) then M’ must satisfy A, cx\mnx p’. As a consequence,
we deduce that M'N X C M N X. Otherwise, M’ falsify (A . nx ) and
that means that (M N X)\(M’' N X) # (). This latter statement expresses
that either M'NX Cc MNX or M and M’ are incomparable with respect
to tx.

Let @ be a propositional formula, X a set of propositional variables and
M a model of ®. Then M is said to be an X-minimal model of ® if there
is no model strictly smaller than M with respect to =x. In [42], it was
shown that finding an X-minimal model is PNPOUos)l_hard, where n is the
number of propositional variables.

The set of all X-minimal models corresponds to the set of all top-1 models
with respect to =x and Var(®). Indeed, if M is a top-1 model, then there is
no model M’ such that M’ =x M, and that means that M is an X-minimal
model. In this context, let us note that computing the set of Top-k models
for £ > 1 can be seen as a generalization of X-minimal model generation
problem.
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Algorithm 1: Top-k
Input: a Top-k instance (@, =, X, k)
Output: A solution £ of (®, >, X, k)
P+ &
L+ 0; /* Set of all Top-k models */
while (M = solve(®’)) do /¥ M is a model of P’ */
if AM' €L st. M~=x M & M > M) then
| replace(M, M, L);
else if (VM € L s.t. M #x M’ & |preferred(M, L)| < k) then
S + min_top(k, £);
L+ LUM,
removeNotTop-k(k, L£);
S < min_top(k, L) \ S;
' — AN Appes 5; (M');
else
O+ ' ASE(M)
P — ' AM;
return L;

O © N O ok WN

o e e
w N =

B
[

3.8. An algorithm for Top-k SAT

In this section, we describe our algorithm for computing Top-k£ models
in the case of the d-preference relations (Algorithm 1). The basic idea is
simply to use the formula §& (M) associated to a model M to obtain models
that are not less preferred than M. This algorithm takes as input a CNF
formula ®, a preference relation >, a strictly positive integer k, and a set
X of propositional variables allowing to define the equivalence relation ~y.
It has as output a set £ of Top-k models of ® satisfying the two properties
given in the definition of the Top-k SAT problem.

3.8.1. Algorithm description
In the while-loop, we use lower bounds for finding optimal models. These
lower bounds are obtained by using the fact that the preorder relation con-
sidered is a d-preference relation. In each step, the lower bound is integrated
by using the formula:
A\ M)
Mes
e Lines 3. Let us first mention that the function solve(¢') refer to any
SAT solver or DPLL procedure that enumerates all the models of a
given CNF formula.

e Lines 4 — 5. The procedure replace(M,M’,L) replaces M’ with
M in L. We apply this replacement because there exists a model M’
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in £ which is equivalent to M’ and M allows to have a better bound.

e Lines 6 — 11. In the case where M is not equivalent to any model in
L and the number of models in £ preferred to it is strictly less than k
(lpreferred(M, L)|< k), we add M to L (line 8). Note that S contains
first the models of £ before adding M that have exactly £ — 1 models
preferred to them in this set. After adding M to L, we remove from £
the models that are not Top-k, i.e., they have more than k£ — 1 models
in £ that are strictly preferred to them (removeNotTop-k(k, £)). Next,
we modify the content of S. Note that the elements of S before adding
M are used as bounds in the previous step. Hence, in order to avoid
adding the same bound several times, the new content of S corresponds
to the models in £ that have exactly £ — 1 models preferred to them in
L (min_top(k, £)) deprived of the elements of the previous content of
S. In line 11, we integrate lower bounds in ®" by using the elements of
S. Indeed, for all model M of a formula &' A A cg 02 (M), M £ M
holds, for any M’ € S.

e Lines 12 — 13. In the case where M is not a Top-k model, we integrate
its associated lower bound.

e Line 14. This instruction enables us to avoid finding the same model
in two different steps of the while-loop.

Proposition 1. Algorithm 1 (Top-k) is correct.

Proof. The proof of the partial correctness is based on the definition of the
d-preference relation. Indeed, the function §¢ allows us to exploit bounds to
systematically improve the preference level of the models. Indeed, using the
condition (i) of the d-preference relation, adding A g 02 (M'’) at Line 11
and 62(M) at Line 13 ensure that we consider in the next iterations only
the models that are not less preferred than k — 1 found models. Further, as
the number of models is bounded, adding the negation of the found model at
each iteration leads to an unsatisfiable formula. Consequently the algorithm
terminates.

]

3.4. Complete preference relations

Our aim in this section is to show how Top-k SAT problem can benefit
from algorithms of standard optimization problems in the case of complete

109



preference relations. We provide in particular a simple algorithm that allows
to find a Top-1 solution from a single Top-1 model, which may be found using
an algorithm of an optimization problem.

Let us recall that a preference relation > is complete if, for all models M
and M’ we have M = M’ or M’ = M. It is worth noting that the size of
a solution of a Top-k SAT instance may also be greater than £ in the case of
complete preference relations, since solutions might be equivalent w.r.t. the
equivalence relation induced by the preference relation. However, we get the
following interesting property:

Proposition 2. Let ® be a propositional formula, > a complete preference
relation, X a set of propositional variables and M a Top-1 model of ® w.r.t.
= and X. Then, for all M' € Ag, M’ is a Top-1 model of ® w.r.t. = and
X iff M = M, where = is the equivalence relation induced by *.

Proof. The 7if part” is a consequence of the fact that M’ = M and M is a
Top-1 model. We now consider the ”only if part”. Let M’ be a Top-1 model.
Knowing that M is a Top-1 model and > is a complete preference relation,
we get M = M'. We also get M' = M since M is a Top-1 model. As a
consequence, M =~ M’ holds. O

Note that the property highlighted in Proposition 2 is not true for any
preference relation. Indeed, there exist preference relations in Top-k in-
stances for which two distinct Top-1 models are incomparable.

In a sense, Proposition 2 describes a simple way to compute a solution of
a Top-1 instance from a single Top-1 model in the case of complete prefer-
ence relations. Indeed, such computation process is described in Algorithm 2,
where we use an approach widely used for solving model enumeration prob-
lems. Usually, the algorithms designed to solve this problem are based on
the use of additional clauses, called blocking clauses, to avoid producing re-
peated models [43]. Similarly, in Algorithm 2, we add to the Top-1 instance
a blocking clause ./\/l—|X (line 1) to avoid models equivalent to M w.r.t. the
equivalence relation ~x, and a formula §2(M) (line 1) to only consider the
models that are at least as preferred as the input Top-1 model M, i.e. the
models that are equivalent to M w.r.t. the equivalence relation induced by
the preference relation. In this way, at each iteration of the while loop, the
next found model M’ (line 3) is a Top-1 model. At each iteration, we also
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Algorithm 2: Top-1¢

Input: Top-1 instance (®, =, X, 1) s.t. = is a complete preference relation and M a Top-1
model
Output: Solution £ of (@, >, X, 1)

1 @+ &AM x ASE(M);

2 L+ {M}; N

3 while (M’ = solve(®')) do /¥ M’ is a model of &' */
4 L+ LU{M}

5 O o' AM x5

6 return L;

make use of a blocking clause ./\/l—"X (line 5) to avoid equivalent models w.r.t.
the equivalence relation =~y.

As a consequence, for some complete preference relations, methods for
computing a solution for a Top-1 instance can be obtained by combining
Algorithm 2 with algorithms for standard optimization problems, such as
Partial Max-SAT (see Section 3.1). In this approach, the optimization al-
gorithm is used to compute a single Top-1 model, and then Algorithm 2
provides a Top-1 solution using this first Top-1 model. Moreover, a gen-
eralization of this approach to Top-k instances can be obtained by using a
recursive algorithm. Indeed, consider a Top-k instance (®, >, X, k) with a
complete preference relation. We first compute a solution S of the Top-1
instance (¥, >, X, 1) using the approach that combines an optimization al-
gorithm with Algorithm 2. Then, if £k —[S| > 1 and S # (), a recursive call is
made on the instance (® A A e M|x, =, X,k —|S|) to compute a solution
S (S'U S is a Top-k solution of (®, =, X, k)), otherwise S is returned.

The correctness of the recursive algorithm sketched above is a consequence
of the following proposition:

Proposition 3. Let I} = (®,>=, X, k) be a Top-k SAT instance and S a
Top-1 solution of (®,>=,X,1). Ifk—1|S| > 1 and S # () then SW S is a
Top-k solution of I, where S" is a Top-(k — |S|) solution of the instance
L =(®A /\MeSM—\X’ =, X,k —|S|) and W is the disjoint union operator;
otherwise, S is a Top-k solution of I.

Proof. 1t is worth noting that if S = (), then we know that ® is unsatisfiable
and there is no Top-k model. Moreover, if k—|S| < 1, then the Top-1 solution
S contains at least £ Top-1 models and it means that each Top-k£ model is a
Top-1 model. Assume that k£ — |S| > 1 and S # (). Using the sub-formula
Ames Mix, we know that (i) there is no model of ¥ = ®AA g M|x which
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is a Top-1 model of ® w.r.t. > and X. We also know that (i7) each Top-k
model which is not a Top-1 model of ® w.r.t. > and X is a model of ¥, since
we only exclude in ¥ the Top-1 models of ®. Let M be a Top-(k—|S|) model
of U w.r.t. = and X. Then, |[P(PANA yeg Mix, M, =)]*| < k—|S|—1 holds.
Using Property (ii), we get |[P(®, M, =)]*| < k — 1 and, as a consequence,
M is a Top-k model of & w.r.t. > and X. To complete our proof, we have to
show that each Top-k model of ® w.r.t. > and X, which is not a Top-1 model,
is a Top-(k—|S|) model of ¥ w.r.t. > and X. Assume that there exists a Top-
k model M of ® which is not a Top-1 model of ® and not a Top-(k—|S|) model
of U w.r.t. = and X. Using Property (i) and the fact that M is not a Top-
(k—1S]) model of ¥, we get |[P(PAA pes Mix, M, =)]¥| > k—|S|—1 and, as
a consequence, |[P(®, M, =)]*| > k — 1 holds. We thus get a contradiction.

]

Let us consider, for instance, a generalization of Partial Max-SAT prob-
lem, called Top-k Partial Max-SAT. It consists in computing a Top-k solution
for an instance T = (®p, =q¢,, Var(®, A @), k) where @, A O, is a Partial
Max-SAT instance (®;, and ®, are the hard part and the soft part respec-
tively) and >, is the preference relation defined in Section 3.1. An algorithm
for computing a Top-1 solution can be defined as a combination of an algo-
rithm for Partial Max-SAT and Algorithm 2 as described above. Indeed, an
algorithm for Partial Max-SAT is first used to find a Top-1 model, and then,
Algorithm 2 is used to find a Top-1 solution. Using this approach, we can also
derive an algorithm for Top-k Partial Max-SAT using our recursive approach.

In the sequel, we provide our SAT based encodings of itemset and se-
quence mining problems. We use standard propositional formula instead of
CNF formula. Let us recall that every propositional formula can be trans-
lated in linear time to a CNF form using the well known extension principle
(with fresh propositional variables) [35].

4. An application of Top-k SAT in itemset mining

The problem of mining frequent itemsets is well-known and essential in
data mining [1], knowledge discovery and data analysis. Note that several
data mining tasks are closely related to the itemset mining problem such
as the ones of association rule mining, frequent pattern mining in sequence
data, data clustering, etc. Recently, De Raedt et al. in [24, 31] proposed the
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first constraint programming (CP) based data mining framework for itemset
mining. This new framework offers a declarative and flexible representation
model. It allows data mining problems to benefit from several generic and
efficient CP solving techniques. This study leads to the first CP approach
for itemset mining displaying nice declarative opportunities.

In itemset mining problem, the notion of Top-k frequent itemsets is in-
troduced as an alternative to finding the appropriate value for the minimum
support, threshold. In this section, we propose a SAT-based encoding for
enumerating all closed itemsets. Then we use this encoding in the Top-k
SAT problem for computing all Top-k frequent closed itemsets.

In this work, we mainly consider the problem of mining Top-£ frequent closed
itemsets of minimum length min. In this problem, we consider that the min-
imum support threshold A is not known.

Definition 4 (FCZF ). Let k and min be strictly positive integers. The

problem of mining Top-k frequent closed itemsets fCIﬁm consists in com-
puting all closed itemsets of length at least min such that, for each one, there
exist no more than k — 1 closed itemsets of length at least min with supports

greater than its support.

4.1. SAT-based encoding for FCI*
We here propose an encoding of FCZ* = in Top-k SAT problem. Let Z

mwn
be a set of items, D = {(0,¢;),...,(n—1,t,_1)} a transaction database over
Z, and k and man strictly positive integers. In order to define our encoding,
we associate to each item a in Z a propositional variable p,. These proposi-
tional variables encode the candidate itemset I C 7, i.e., p, is true iff a € I.
Moreover, for all i € {0,...,n— 1}, we associate to the i-th transaction in D
a propositional variable b;. These propositional variables allow us to reason

about the cover of the candidate itemset.

We first propose a constraint allowing to consider only the itemsets of length
at least min. It corresponds to a cardinality constraint:

> pa > min (1)

a€l

We now introduce a constraint allowing to capture all the transactions where
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the candidate itemset does not appear:

Ao\ p) @)
i=0 a€T\t;

This constraint means that b; is true if and only if the candidate itemset is
not in t;.

By the following constraint, we force the candidate itemset to be closed:

n—1

AN —aet) = p, 3)

a€Z 1=0

This formula means that if C(I) = C(I U {a}) where I is the candidate
itemset, then a € I holds. In other words, when the transactions containing
the candidate itemset (b; is false) also contain the item a (a € t;), the
candidate itemset can be extended by adding the item a (p, is true).

Proposition 4. The set of models of (1) A (2) A (3) corresponds to the set
of closed itemsets of size at least min.

Proof.

Part =. Let M be a model of (1) A(2)A(3) and [ its corresponding itemset,
ie, I ={a€T]|p,istrue}. Then, using (1), we know that the size of I is
greater than or equal to min. Moreover, using (2) A (3), we know that, for
alla € Z,if C(I) = C(I U{a}) then a € I holds. Thus, we obtain that [ is a
closed itemset.

Part <. Let I be a closed itemset of size greater than or equal to min.
Then, we define its associated Boolean interpretation M as follows:

o foralla e Z, M(p,) =1 if and only if a € I; and
e forallie {0,...,n— 1}, M(b;) =0 if and only if ¢; supports I.

Clearly, M satisfies the constraint (1), since the size of I is greater or equal
to min. Moreover, we know that the set of all the transactions supporting
I'is {t; € D | M(b;) = 0}. Hence, M satisfies the constraint (2). Using the
fact that I is a closed itemset, we have, for all a € Z, it if C(I) = C(I U {a})
then a € I holds. Therefore, M satisfies the constraint (3). O
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In this context, computing the Top-k closed itemsets of length at least min
corresponds to computing the Top-k models of ® = (1)A(2)A(3) with respect
to =p and X = {p,|a € T}, where B = {by,...,b,—1} and > is defined as
follows: M =5 M’ if and only if [M(B)| < |M'(B)|. This preference
relation means that a model M is more preferred than a model M’ if the
itemset {a € Z | M(p,) = 1} is more frequent than {a € Z | M'(p,) = 1}.
It is a d-preference relation since one can define the bound function (5;{33 as

follows: .

52, (M) = (3 b < IM(B))
i=0
Indeed, this formula allows us to have models corresponding to closed item-
sets with supports greater than or equal to the support of the closed itemset
obtained from M.

4.2. Some Variants of FCIF,

In this section, our aim is to illustrate the nice declarative aspects of our
proposed framework. To this end, we simply consider variations of FCZF . |
and show that their encodings can be obtained by slight modifications of that
of FCT*

min*

in

4.2.1. Variant 1 (FCI’(“mmmax))
In this variant, we consider the problem of mining Top-k closed itemsets
of size between min and mazx. This variant can be used to reduce the size of

the output by focusing the attention on a size interval (min, maz).

Our encoding in this case is obtained by adding to (1), (2) and (3) the
following constraint:

> pa <max (4)

a€l

In this case, we use the d-preference relation > defined previously.

4.2.2. Variant 2 (FCIY)

Let us now propose an encoding of the problem of mining Top-£ closed
itemsets of supports at least A (minimal support threshold). In this context,
a Top-k closed itemset is a closed itemset such that, for each one, there
exist no more than k — 1 closed itemsets of size greater than its size. In

115



the same way as maximal frequent itemsets mining, the mining task FCZ}
allows us to focus on the largest frequent itemsets. Let us recall that a
frequent itemset is maximal if all its supersets are infrequent. Formally,
given a transaction database D, a minimal support threshold A and a frequent
itemset I (S(I,D) > A), I is said to be maximal w.r.t. \ if, for all J with
I CJ,8(J,D) < \. FCI% can be used in cases where the size is related to
the amount of information.

Our encoding in this case is obtained by adding to (2) and (3) the follow-

ing constraint:
n

PP} (5)
i=0
The preference relation used in this case is > defined as follows: M =; M’
if and only if [M(I)| > |M’(I)|. It means that a model M is more preferred
than a model M’ if the size of the itemset {a € Z | M(p,) = 1} is greater
than the size of {a € Z | M'(p,) = 1}. It is a J-preference relation because
the bound function 02, (® = (2) A (3) A (5)) can be defined as follows:

5T (M) = pa = [M(D)]

acl

5. An application of Top-k SAT in sequence mining

5.1. Frequent pattern mining in a sequence of items (FPS)

In this section, we present the datamining problem of enumerating fre-
quent and closed patterns with wildcards in a sequence of items [3, 4, 5].

Sequences of items. Let X be a finite set of items, called alphabet. A sequence
of items s over X is a simple sequence of symbols sq - - - s,,_1 belonging to >.
We denote by |s| its length and by P, the set {0, ...|s|—1} of all the locations
of its symbols. A wildcard is a new symbol o which is not in ¥. This symbol
matches any symbol of the alphabet.

Pattern. A pattern over ¥ is a sequence p = pg...Pm—1, Where py € X,
Pm_1 € X and p; € XU {o} fori=1,...,m — 2. We say that p is included
ins=sp...s,_1 at the location [ € P;, denoted p C; s, if Vi € {0...m — 1},
p; = Siui or p; = o. We also say that p is included in s, denoted p C s,
if 3l € P, such that p C; s. The cover of p in s is defined as the set
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Ls(p) = {l € Ps|p &, s}. Moreover, The support of p in s is defined as the
value |L4(p)].

FPS problem. Let s be a sequence, p a pattern and A > 1 a minimal support
threshold, called also a quorum. We say that p is a frequent pattern in s w.r.t.
MNif |Ls(p)| > A. The frequent pattern mining problem in a sequence of items
(FPS) consists in computing the set FPS(s, A) of all the frequent patterns
w.r.t. A

For instance, consider the sequence s = aaccbcabcba and the pattern
p=aoc. Wehave L,(p)=1{0,1,6}, since p Ty s, pCy s and p Cg s. In this
case, if we consider that the minimal support threshold is equal to the value
3, then the pattern p is a frequent pattern of s.

Closed Patterns. A frequent pattern p of a sequence s is said to be closed if
for any frequent pattern g satisfying p C ¢, there is no integer d such that
Li(q) = Li(p) + d, where Ly(p) +d = {l +d|l € L,(p)}. Clearly, the set of
closed frequent patterns is a condensed representation of the set of frequent
patterns. Indeed, the frequent patterns can be obtained from the closed ones
by replacing items with wildcards.

Note that if p; and py are two patterns such that p; T p, then if [Ls(p2)| > A
then |Ls(p1)| > A. This property is called anti-monotonicity.

Definition 5 (FCPS* . ). Let k and min be strictly positive integers. The
problem of mining Top-k frequent closed patterns in a sequence FCPS®
consists in computing all closed patterns with at least min items such that,
for each one, there exist no more than k—1 closed patterns with at least min
items and with supports greater than its support.
5.2. SAT-based encoding for FCPS" .
Let ¥ = {ai,...,a,} be an alphabet, s a sequence over X of length
n and A a minimal support threshold. We associate to each character a
appearing in s a set of k, propositional variables pao,...,Pa,k,—1) Where
ko, = max(Ls(a)) + 1. The variable p,; means that a is in the candidate
pattern at the location 7. In fact, that explains why we associate only
max(Ls(a)) + 1 variables to each character a, because {0, ..., max(Ls(a))}
corresponds to the set of all possible locations of a in the candidate patterns.
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We first need to encode that the first symbol must be a solid character
(different from the wildcard symbol). This property is expressed by the fol-
lowing simple clause:

\/ Pa,0 (6)

acy

The following constraints allow us to capture all the locations where the can-
didate pattern appears:

A (Pasi A S14: # @) — by (7)
a€X,0<1<n—1,0<i<kq—1
n—1
N (0 = V' (Pai Asisi # a)) (8)
=0 a€X,0<i<kq,—1

Indeed, the previous constraints allow us to obtain that, if the Boolean in-
terpretation M is a model of the constraints (6), (7) and (8), then the
candidate pattern that corresponds to M appears only in the locations

(0<1<n—1M(b) =0}

In order to consider the patterns with at least min items (solid characters),
we just have to add the following constraint:

Z Pai > mMin (9)

A€, 0<i<kq—1

Now, we introduce a necessary, but not sufficient, constraint, w.r.t. the pre-
vious constraints, for obtaining a closed frequent pattern:

n—1

/\ (/\ b — Si4i = @) = Pai (10)

a€Y,0<i<kq—1 1=0

Intuitively, the previous constraint maximizes the number of symbols differ-
ent from wildcard on the right side of the symbol represented by the propo-
sitional variable having 0 as index.

Then, we introduce a constraint allowing to maximize the number of sym-
bols different from wildcard on the left side of the symbol represented by the
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propositional variable having 0 as index:

A ﬁ(/i\b_l_>517i:a) (11)

a€s,1<i<k!,

where kl, = n —min(Ls(a)) — 1 for a € ¥. for all a € X, the integers from
1 to k) allows us to capture all the possible locations of a on the left side of
the candidate pattern.

Proposition 5. The set of models of (6)A(T)A(8)A(9)A(L0)A(11) correspond
to the set of closed patterns with at least min items.

Proof.

Part =. Let M be a model of (6) A (7) A (8) A (9) A (10) A (11) and p its
corresponding patterns. Then, using the constraints (6), (7), (8) and (9), we
know that p contains more than or equal to min items and appears only in
the locations {0 <[ <n —1|M(b) = 0}. Moreover, using (10) and (11), we
have, for all py, ps and a with p = p; 0 pa, L4(p) # Ls(praps) holds. Thus,
we obtain that p is a closed pattern.

Part <. Let p be a closed pattern with at least min items. Then, we define
its associated Boolean interpretation M as follows:

o foralla e ¥ and 0 <i < ko, M(p,,;) = 1if and only if @ is in p at the
location 7; and

o forall i € {0,...,n— 1}, M(b;) = 0 if and only if p appears at the
location +.

One can easily see that M satisfies the constraints (6), (7), (8) and (9), since
p is a pattern appearing in s that contains a number of items greater than
or equal to min. Furthermore, using the fact that I is a closed pattern, we
obtain that M satisfies the constraints (10) and (11). Indeed, we have, for
all py, po and a with p = p; o pa, Ls(p) # Ls(prape) holds, and this property
implies that M satisfies (10) A (11). O

The problem F CPS’;“-,L is encoded as the problem of computing the Top-
k models of (6) A (7) A (8) A (9) A (10) A (11) with respect to =5 and X =
{pala € X}, where B = {by,...,b,_1} and >=p is the d-preference relation
defined in the same way as that in the case of FCZ¥ i.e., M =5 M’ if and

only if [M(B)| < |M/(B)].

in’
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5.3. Frequent Pattern Mining in a Sequence of Itemsets (FPST)

We here define a variant of the problem of discovering patterns with
wildcards in a sequence, by considering a sequence of itemsets instead of a
sequence of items. The role of wildcard symbol is nicely played by the empty
itemset as it match any itemset. This problem admits some similarities and
differences with the classical sequential pattern mining problem introduced in
[33]. The main difference resides in the definition of the notion of subsequence
(inclusion), where empty itemsets are used as wildcards, and in the use or
not of a single or several sequences.

Our goal in this section is to illustrate the flexibility of our framework and
its nice declarative aspects. As we can see below, a change in the problem
specification induces a small change in the model. Considering sequences of
itemsets is also interesting from the practical side. In the literature, several
data mining papers consider sequences of itemsets (e.g. [44]). Such data
can be found in several applications including web logs, trading where one is
interested in analyzing the consumer purchases over time. Mining frequent
patterns with periodic wildcard gaps can flexibly reflect the sequential be-
haviors and is often exhibited in many real-world applications. For example,
in business, retail companies may want to know what products customers
will usually purchase at regular time intervals rather than in continuous time
according to time gaps [45]. As mentioned in the introduction, in biology,
patterns with wildcards are redeemed as having significant biological and
medical values. Minimum and maximum time gaps are also introduced to
constrain two items/itemsets to occur neither too close nor too far apart in
time.

Sequence of itemset. A sequence of itemsets s over an alphabet ¥ is de-
fined as a sequence s, ..., S, 1, where s; C 3 for ¢ =0,...,n — 1. Similarly
to the sequences of items, we denote by |s| its length (|s| = n) and by P; the
set {0,...|s| — 1} of the locations.

Pattern. A pattern p = pg,...,pm—1 over X is also defined as a sequence
of itemsets where the first and the last elements are different from the empty
itemset. In this context, let us mention that we do not need the wildcard
symbol. Indeed, one can use the empty itemset to match any itemset. Fur-
thermore, we say that p is included in s = s¢ ... s,_1, denoted p C; s, at the
location | € P if Vi € {0...m — 1}, p; C s;4,;. The relation C and the set
Ls(p) are defined in the same way as in the case of the sequences of items.
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The cover (resp. support) of p in s is defined as the set Ls(p) (resp. as the
value |L4(p)|).

The frequent and closed patterns are also defined in the same way as in
the sequences of items. For instance, a frequent pattern p of a sequence s is
said to be closed if for any frequent pattern ¢ satisfying p C ¢, there is no
integer d such that L£,(q) = Ls(p) + d, where L(p) +d = {l +d|l € Ls(p)}.
The frequent patterns can be obtained from the closed ones by replacing
itemsets with their subsets.

For example, consider the sequence of itemsets s = {a,b}, {a,b},{c, d},
{c.e} {r} A9}, {d} . {a,b,d}, {f}. {c} and the pattern p = {a, b}, {},{c}. If
we set the minimal support threshold to 3, then p is a frequent pattern in s,
since L4(p) = {0,1,7}. The pattern p is also a closed frequent pattern, but
P ={a},{}, {c} is not closed, since p’ C p.

The pattern mining task that we consider in the sequences of itemsets allows
to exhibit a high degree of self similarity for better understandings of large
volumes of data. For instance, a sequence of itemsets can be seen as a record
of the articles bought by a customer over a period of time. In such a case, a
frequent pattern could be ”the customer bought acetylsalicylic acid two days
after buying beer and wine in 20% of the days from 2008 to 2012”.

The problem of mining Top-k frequent closed patterns in a sequence of item-
sets FCPSZ"  is defined in the same way as FCPS”

min min®

5.4. SAT-based encoding of FCPSTF ..
Our encoding of the problem FCPSZF . can be easily obtained from the
one of FCPSF . . We only have to replace the equalities (resp. inequalities)

of the form s;1; # a (resp. s4; = a) with a ¢ s;1; (resp. a € s4):

\/ Pao (12)

acy

A (poi N & s15) = b (13)

a€S,0<1<n—1,0<i<kq—1

n—1
Aoi—= ) painadsi) (14)
1=0 a€X,0<i<kq,—1
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n—1
dbhi<n—A (15)
=0

n—1

A (N\b—acsii) = pa (16)

a€X,0<i<k,—1 [=0

n—1
N (N\b—aes) (17)
a€T1<i<K,  1=0

Similarly to FCPSE .., the problem FCPSIE, is encoded as the problem
of computing the Top-k models of (12) A (13) A (14) A (15) A (16) A (17) with

respect to = and X = {p,|a € X}, where B = {by,...,b,_1}.

The slight modification of our encoding in the case of the sequences of items
in order to obtain encoding for the sequences of itemsets clearly shows the
high flexibility of our proposed framework.

6. Implementation and Experiments

In this section, we carried out an experimental evaluation of the perfor-
mance of our Algorithm for Top-k SAT empirically. The primary goal is to
assess the declarativity and the effectiveness of our proposed framework. For
this purpose, we consider the problems FCZM?* and FCPS* . .

For our experiments, we implemented the Algorithm 1 (Top-k) on the
top of the state-of-the-art SAT solver MiniSAT 2.2 ! adapted to efficiently
enumerate models of a propositional formula. Compared to our previous
version, the new model enumeration algorithm is based on a DPLL based
procedure, without adding blocking and learned clauses [46]. We also set
the decision literal polarity to false by default as it is clearly the best option
in practice. This version is significantly better than our previous model
enumerator implemented using a CDCL based solver with blocking clauses
[26].

The cardinality constraints involved in our SAT encodings, are managed
dynamically during search. In other words, similarly to constraint program-
ming, a propagator is associated to a cardinality constraint, obtained by

'MiniSAT: http://minisat.se/
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maintaining the sum of its assigned variables. Managing cardinality con-
straints on the fly outperforms our previous implementation [34] where we
used the sorting networks, one of the state-of-the-art encoding of the cardi-
nality constraint to CNF proposed in [39].

For the problem FCZM? .  we considered a variety of datasets (18 data
instances) taken from the FIMI repository? and CP4IM?. Regarding the prob-
lem FCPS® . we used two different datasets:

mwn?
1. Bioinformatics: proteinic data encoded as a sequence of items, where
an item is an amino-acid?;
2. Computer security: user data drawn from the command histories of
UNIX computer users® [47].

All the experiments were done on Intel core i7 machine with 8GB of RAM
running at 1.7 Ghz.

Concerning the problem FCZME . = Table 1 details the characteristics of
the different transaction databases (D). The first column mentions the name
of the considered data instance. In the second and third column, we give the
size of D in terms of number of transactions (#trans) and number of items
(#items) respectively. The fourth column shows the density (dens) of the
transaction database, defined as the percentage of 1’s in D. The panel of
datasets ranges from sparse (e.g. mushroom) to dense ones (e.g. Hepatitis).
Finally, in the two last columns, we give the size of the CNF encoding (#vars,
#clauses) of FCIME . . As we can see, our proposed encoding leads to CNF
formula of reasonable size. The maximum size is obtained for the instance
Connect (67815 variables and 5877720 clauses).

In order to analyze the behavior of our Top-k algorithm on FCIME
we set the minimum length min of the itemsets to 1, while the value of k is
varied from 100 to 100000.

In Table 2, we provide the number of Top-k frequent closed itemsets for
each data instance according to different values of k. We also provide in
parenthesis the total number of models including Top-k£ and intermediary

non Top-k models, found by the model enumerator.

2FIMI: http://fimi.ua.ac.be/data/

3CP4IM: http://dtai.cs.kuleuven.be/CP4IM /datasets/
4http://www.biomedcentral.com/1471-2105/11/175/additional /
Shttp://kdd.ics.uci.edu/databases/UNIX user data/
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[ instance [ #trans [ #items | dens(%) | #vars | #clauses |
Zoo-1 101 36 44 173 2196
Hepatitis 137 68 50 273 4934
Lymph 148 68 40 284 6355
audiology 216 148 45 508 17575
Heart-cleveland 296 95 47 486 15289
Primary-tumor 336 31 48 398 5777
Vote 435 48 33 531 14454
Soybean 650 50 32 730 22153
Australian-credit 653 125 41 901 48573
Anneal 812 93 45 990 39157
Tic-tac-toe 958 27 33 1012 18259
German-credit 1000 112 34 1220 73223
Kr-vs-kp 3196 73 49 3342 121597
Hypothyroid 3247 88 49 3419 143043
Chess 3196 75 49 3346 124797
Splice-1 3190 287 21 3764 727897
Mushroom 8124 119 18 8348 747635
Connect 67558 129 33 67815 5877720

Table 1: Characteristics of the datasets

In general, the number of Top-k frequent closed itemsets is slightly around
the value of k. We can also observe that there is only one data instance
(Audiology), where the number of Top-k frequent closed itemsets is signif-
icantly greater than k. Let us note that for a given data instance involving
a total of m frequent closed itemsets, if k is greater than m (e.g., Zoo-1,
Soybean, Tic-tac-toe) then the number of Top-k models remains equal
to m. Let us also note that computing the Top-k£ models can leads to the
same number for different values of k (e.g., Audiology). To illustrate such a
particular case, given a data instance with a number of Top-1 models equal
to 100. In this case, the number of top-k models for each value of k less than
100 remains equal to 100. However, the total number of models necessary to
the generation of the Top-k£ models can vary with k. Indeed, the constraints
allowing us to cut the non Top-k models is activated when the first £ models
are generated. Consequently, the search tree might depend on the value of k.
As a summary, enumerating Top-k is clearly a method of choice for keeping
the size of the output under control.

We compared, our method with a LCM algorithm proposed by Takeaki
Uno et al in [48], one of the best specialized algorithm, using the Top-k op-
tion. In Table 3, we provide the CPU time in seconds needed by LCM(Top-k
option) and ]:CIMIf respectively (separated by the slash symbol) for differ-
ent values of k varying from 100 to 100000.

First, the CPU time needed for computing the Top-k models increases,
in general, with k. The Splice-1 dataset with low density, is the most chal-
lenging instance for our approach. Our algorithm computes the Top-100000
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[ instance/k | 100 | 1000 | 5000 | 10000 | 50000 | 75000 | 100000 |

Australian-credit 103 1013 5070 10072 50389 76975 100569
(261) (2717) (19001) (39142) (215691) (330280) (435093)

Heart-cleveland 103 1021 5172 10507 51841 78926 100678
(324) (3909) (21855) (43641) (219591) (332703) (448248)

Primary-tumor 101 1005 5007 10242 50039 77336 87231
(188) (2030) (10935) (20873) (71173) (85003) (87231)

Anneal 100 1004 5029 10148 50403 75524 100996
(268) (2942) (12650) (24745) (115708) (161776) (203796)

Hepatitis 121 1025 5409 11062 51823 83047 104836
(335) | (3397) (20211) (42950) (191396) | (274096) | (346937)

Zoo-1 103 1027 4568 4568 4568 4568 4568
(282) | (1991) (4568) (4568) (4568) (4568) (4568)

Lymph 100 1004 5226 10356 51862 79185 108720
(246) (2415) (12583) (23549) (89372) (115912) (135816)

Audiology 221 1583 8615 38202 144016 144016 144016
(929) (10745) (52307) (107407) (496001) (716473) (964565)

Soybean 100 1029 5057 10041 31760 31760 31760
(207) (2043 ) (9509) (17014) (31760) (31760) (31760)

Tic-tac-toe 103 1011 5411 10717 42712 42712 42712
(341) (3300) (13413) (22568) (42712) (42712) (42712)

Chess 100 1005 5019 10018 50174 75251 100051
(152) | (2716) (17283) (35613) (182140) | (285942) | (377538)

Vote 105 1062 5147 10324 50855 75016 101717
(416) | (4738) (21932) (39959) (126138) | (159608) | (182252)

German-credit 100 1013 5031 10126 50460 75145 101001
(302) (3889) (21814) (46044) (253203) (379607) (504992)

Kr-vs-kp 100 1005 5019 10018 50174 75251 100051
(150) (3589) (19929) (43726) (222536) (331336) (436830)

Mushroom 100 1000 5016 10127 50914 75364 108114
(202) | (2316) | (11632,) | (22014) (94294) (133102) | (160138)

Connect 100 1000 5001 10001 50001 75002 100004
(181) (2084) (11127) (22300) (141083) (223922) (325512)

Splice-1 102 1005 5041 10217 50700 75670 100424
(450) | (5450) (30682) (64958) (90941) (145505) | (190976)

Hypotyroid 100 1004 5035 10031 50188 75239 100013
(251) | (1881) (11364) (22921) (110745) | (161237) | (215279)

Table 2: Number of Top-k Models and Total number of Enumerated Models

in 557.2 seconds. This is not the case for Mushroom which is even more sparse
(density of 18%). Our experimental evaluation clearly shows that finding the
Top-k models (the most interesting ones) can be computed efficiently for
small values of k. For example, on most datasets the top-1000 models are
computed in less than 1 second of CPU time, except for Mushroom, Connect
and Splice-1 dataset, where the Top-1000 are computed in less than 6 sec-
onds. As expected, on all the datasets and all tested values of k, LCM is able
to enumerate the Top-k frequent closed itemsets in less than 10 seconds. It
is important to note, that our new implementation is able to compute the
Top-k on most of the tested instances in less than 100 seconds except for
Splice-1. Let us give some elements of explanation. It is first important
to note that in our SAT based itemset mining encoding, the propositional
variables associated to items form a strong backdoor set [49]. Any assign-
ment of the variables from these set leads to a tractable sub-formula that can
be decided by unit-propagation. Indeed, the propositional variables associ-
ated to transactions are dependent on the variables associated to items. As
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a consequence, the size of the search tree depends on the number of items.
The excessive CPU time obtained on the Splice-1 data instance can be ex-
plained by its high number of items. Indeed, Splice-1 involves 287 items,
the highest number of items among all the data instances. For the Mushroom
and Connect data instances, the number of items is lower, but the higher
number of transactions increase the cost of unit propagation.

As a summary, comparatively, to our previously published results the gap
with specialized approaches is significantly reduced. The results depicted in
Table 3, demonstrate the competitiveness of our declarative approach with

state-of-the-art LCM specialized algorithm.

\ instance/k I 100 [ 1000 | 5000 [ 10000 50000 [ 75000 100000
Chess 0.04/0.04 0.04/0.09 0.05 /0.23 0.07 /0.4 0.25/1.95 0.31/2.96 0.44/3.87
Heart-cleveland 0.01/0.01 0.03/0.05 0.05/0.16 0.13/0.29 0.53/1.2 0.8 /1.73 1.04/2.32
Primary-tumor 0.01/0.03 0.01/0.01 0.01/0.03 0.03/0.05 0.15 /0.14 0.18/0.17 0.28/0.16
Australian-credit 0.01/0.02 0.04/0.09 0.15/0.32 0.23/0.62 0.98/2.54 1.25/3.62 1.62/4.74
Anneal 0.07/2.57 0.02/0.04 0.04/0.11 0.07/0.18 0.28/0.67 0.37/0.91 0.55/1.18
Hepatitis 0.001/001 0.01/002 0.06/007 0.10/0.14 0.43/0.51 0.61/0.84 1.2/0.84
Lymph 0.001/0.005 | 0.01/0.01 0.03/0.05 0.08/0.08 0.38/0.3 0.59/0.41 0.8/0.48
Vote 0.01/0.03 0.03/0.15 0.1/0.44 0.16/0.66 0.47/1.41 0.59/1.60 0.71/1.77
Soybean 0.001/0.01 0.03/0.03 0.03/0.12 0.12/0.20 0.12/0.38 0.12/0.38 0.12/0.38
German-credit 0.01/0.07 0.04/0.17 0.11/0.55 0.17/1.10 0.76/3.94 1.1/5.48 1.43/7.01
Kr-vs-kp 0.01/0.07 0.04/0.15 0.11/0.37 0.12/0.66 0.25/3.02 0.43/4.3 0.61/5.67
Tic-tac-toe 0.001/0.03 0.01/0.14 0.05/0.39 0.06/0.57 0.17/0.77 0.17/0.76 0.17/0.78
Zoo-1 0.001/0.003 | 0.01/0.007 | 0.01/0.01 0.01/0.01 0.01/0.01 0.01/0.01 0.01/0.01
Audiology 0.01/0.07 0.01/0.06 0.15/0.26 0.43/0.52 1.71/2.32 2.10/3.20 2.69/4.23
Mushroom 0.01/0.73 0.08/2.3 0.17/5.8 0.26/9.1 0.74/43.48 1.01/59.47 1.03/72.99
Connect 0.81/3.81 1.18/5.6 1.55/10.59 | 2.64/15.13 2.21/55.61 2.56,/83.09 2.8/102.32
Splice-1 0.07/2.57 0.32 /6.07 | 0.93 /24.77 | 1.75 /70.00 | 6.28 /332.67 | 8.32/451.09 | 10.27/557.92
Hypotyroid 0.03/0.08 0.05/0.10 0.07/0.24 0.1/0.39 0.34/1.45 0.39/2.03 0.57/2.65

Table 3: CPU time (seconds) to compute Top-k itemsets: LCM(Top-k option) / FCTM®¥

Concerning sequence mining, we are not aware of any available tool that
enumerates the Top-k frequent closed patterns with wildcards in a sequence
(FCPSF . ) as described in this paper. Consequently, our last experimental
evaluation (see Table 4) aims to simply show the flexibility of our proposed
declarative approach and its feasibility. However, to provide an idea on the
performance gap between our Top-k sequence mining approach and special-
ized algorithms, we compare with MaxMotif the state-of-the-art sequence
mining tool [5]®. As MaxMotif does not provide a Top-k option, we proceed
in two steps. In the first step, we generate all the frequent closed patterns
and in a second step we generate the Top-k by sorting the patterns according
to their frequencies.

Similarly to FCZME

min)

we set the minimum length min of the patterns

SmaxMotif: http://research.nii.ac.jp/ uno/code/maxmotif.html
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instance/k 100 250 500 1000 2500 5000

(#vars, #clauses)

|

10000

User_200_ 1.97 2.1 2.24 2.19 2.19 2.19 2.19
(3491, 685562) (106, 348) (392, 802) (944, 1285) | (2084, 2084) | (2084, 2084) (2084, 2084) (2084, 2084)
User_400_ 55.95 61.32 64.60 73.36 75.25 77.34 77.81
(12049, 4070356) (113, 412) (265, 1045) (552, 2059) | (1832, 4130) | (3842, 9036) (8803, 15893) (21772, 25891)

Bioinfo_300_ .66 8.74 8.02 9.57 8.57 9.51 9.51
(5582, 1640349) (109, 490) (491, 1059) | (1352, 1924) | (1352, 2806) | (3848, 3977) (4105, 4105) (4105, 4105)
Bioinfo_500_ 66.00 69.11 72.13 74.08 79.27 79.12 79.39
(9712, 4749779) (118, 440) (297, 1127) (852, 2161) | (1628, 3937) | (3436, 8809) (9779, 14907) (24174, 24323)
Bioinfo_650_ 174.54 185.08 196.69 200.19 210.06 222.96 227.40
( 12456, 7909598) (109, 452) | (344, 1171) | (530, 2271) | (1280, 4290) | (4001, 10163) | ( 8759, 19013) | (26396 , 35137 )

Table 4: Top-k frequent closed patterns in a sequence (.FCPS’f)

User_200_ User_400_ Bioinfo_300_ Bioinfo_500_ Bioinfo_650_
(3491, 685562) (12049, 4070356) (5582, 1640349) (9712, 4749779) (12456 , 7909598)

[y |

5.16
(2084)

0.41
(33670)

141
(4105)

12.80
(24623)

(59382)

Table 5: Top-10000 frequent closed patterns in a sequence (MaxMotif in two steps)

to 1, while the value of k is varied from 100 to 10000.
Let us first mention that on the considered data sets, the encoding of

FCPSE . leads to large CNF formula comparatively to those considered in
FCIM? . encoding. Indeed, for the sequence User-400 containing 400 solid

characters, the set of clauses required for its encoding exceeds 4 millions of
clauses. The same observation can be made on the number of variables.
Similarly to FCIM" . the CPU time needed for computing the Top-
k models increases, in general, with k. Although the model enumeration
process using DPLL leads to an important improvement with respect to our
first version of CDCL-based model enumerator [26]. In Table 4, for each k
and for each instance, the CPU time in seconds needed to compute Top-
k frequent closed patterns in a sequence is given. We also provide a couple
(x,y) where x represents the number of Top-k models and y the total number
of models including the intermediary models necessary to the generation of
the Top-k models. We also mention for each data instance the number of
variables (#vars) and clauses (#clauses) of its associated CNF encoding.

As expected, the numbers of Top-k patterns is close to k. We can also
remark that we have to mine about a factor of 4 of non Top-k models to find
the final Top-k models. Overall, less than 120 seconds is needed to enumerate
all top-k patterns for different values of k.

Table 5 illustrates the performances of MaxMotif using two steps as ex-
plained above. We tested the five sequence data instances with k& = 10000.
For each data instance, we provide the cumulated CPU time of the two steps
in seconds and the total number of frequent closed patterns found in the
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first step (in parenthesis). As expected, to compute the Top-k, on all consid-
ered data instances, MaxMotif (in two steps) requires less than 13 seconds
to enumerate the set of Top-10000 frequent closed patterns in a sequence.

Let us also note that mining Top-k frequent closed patterns in a sequence
using Top-k SAT approach suffers from the size of the encoding. However,
the advantage of our declarative approach is its ability to not enumerate all
the Top-k frequent closed patterns through a dynamic use of constraints to
cut the search tree.

As a summary, the experiments show clearly the feasibility of our pro-
posed framework. It is clearly competitive on Top-k itemsets mining prob-
lem. However, on Top-k sequence mining, MaxMotif (in two steps) is several
orders of magnitude better.

7. Conclusion and Perspectives

In this paper, we introduce a new problem, called Top-k SAT, defined
as the problem of enumerating the Top-k£ models of a propositional formula.
A Top-k model is a model having no more than £ — 1 models preferred to
it with respect to the considered preference relation. We also show that
Top-k SAT generalizes the two well-known problems: the partial Max-SAT
problem and the problem of computing minimal models. A general algorithm
for this problem is proposed and evaluated on the problem of enumerating
Top-k patterns in data mining, namely, the problem of mining Top-£ motifs
in the transaction databases and in the sequences. In the case of mining
sequence data, we introduce a natural extension of the problem to deal with
the sequences of itemsets. Interestingly, its encoding to SAT is obtained with
a slight modification of the SAT encoding of the problem dealing with the
sequences of items.

While our new problem of computing the Top-k preferred models in
Boolean satisfiability is flexible and declarative, there are a number of ques-
tions that deserve further research efforts. One direction is the study of
(preferred/Top-k) model enumeration algorithm so as to achieve a further
speedup of the runtime. This fundamental problem has not received a lot of
attention in the SAT community, except some interesting works on enumer-
ating minimal /preferred models. We also plan to investigate other variants
of the considered data mining problems such as sequences of sequences of
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items or itemsets. It would be interesting to extend our encodings with con-
straints on the form of the enumerated patterns (restriction on the number
of consecutive wildcards, regular expressions, etc). Finally, on the Boolean
satisfiability side, the design of efficient model generation procedures is an
important issue for SAT-based datamining framework in general and to other
important application domains. Finding a better approximation of the initial
set of Top-k patterns to reduce the intermediary non Top-k patterns deserves
to be investigated.
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Abstract

Discovering association rules from transaction
databases is one of the most studied data mining
task. Many effective techniques have been pro-
posed over the years. All these algorithms share
the same two steps methodology: frequent item-
sets enumeration followed by effective association
rules generation step. In this paper, we propose a
new propositional satisfiability based approach to
mine association rules in a single step. The task is
modeled as a Boolean formula whose models cor-
respond to the rules to be mined. To highlight the
flexibility of our proposed framework, we also ad-
dress two other variants, namely the closed and in-
direct association rules mining tasks. Experiments
on many datasets show that on both closed and in-
direct association rules mining tasks, our declara-
tive approach achieves better performance than the
state-of-the-art specialized techniques.

1

Association analysis is one of the fundamental data mining
task. It aims to discover interesting relationships hidden in
large data sets. Such relationships between sets of items are
presented in the form of implications, called association rules,
along with metrics to quantify the rule’s relevance. Since
the first well known application [Agrawal and Srikant, 1994],
usually referred to as market basket data analysis, several new
application domains have been identified, including among
others, bioinformatics, medical diagnosis, networks intrusion
detection, web mining, and scientific data analysis. This
broad spectrum of applications enabled association analysis
to be applied to a variety of data sets, including sequential,
spatial, and graph-based data.

There has been considerable work developing a nice theory
and fast algorithms for mining association rules. Among the
existing techniques, Apriori [Agrawal and Srikant, 1994] and
FP-Growth [Han et al., 2004] are some of the most known
algorithms. All these algorithms share the same two steps
methodology. The first step is to find all itemsets with ade-
quate supports and the second step is to generate association
rules with high confidence by combining these frequent or
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large itemsets. Support and confidence are two important sta-
tistical measures. For a given rule r : X — Y, the support is
defined as the percentage of transactions containing X UY,
while the confidence provides an estimate of the conditional
probability p(X/Y") of Y given X usually defined as the ra-
tio between the supports of X UY and X. Association rules
mining aims to identify all rules meeting user specified con-
straints such as minimum support and minimum confidence.
Supports is used to eliminate uninteresting rules, while con-
fidence measures the reliability of the inference made by the
rule. The higher the confidence, the more likely it is for Y to
be present in transactions that contain X.

From this brief overview, two observations can be made.
First, one can easily guess why association rules mining tech-
niques follow a two steps based approach. Secondly, we can
also observe that the relevance of the rules to be mined are
expressed using constraints. As pointed out in [Raedt ef al.,
2011], on many data mining tasks, constraints are often part
of the problem specification. This observation led to a new
active and multidisciplinary research field, initiated by Luc
De Reardt et al. [Raedt er al., 2008], focussing on cross
fertilization between data mining and artificial intelligence
(AID). Two well-known Al representation and solving models,
namely constraint programming (CP) and propositional satis-
fiability (SAT) have been used to model and solve several data
mining tasks, including pattern mining [Guns et al., 2011;
Négrevergne and Guns, 2015; Jabbour et al., 2015a; 2015b]
and clustering [Davidson er al., 2010; Métivier et al., 2012;
Dao et al., 2013]. This new framework offers a declarative
and flexible representation model. Indeed, in data mining,
new constraints often require new implementations, while
they can be easily integrated in such declarative models.

Following this research trend, in this paper, we propose a
new propositional satisfiability based approach to mine asso-
ciation rules in a single step. The task is modeled as a propo-
sitional formula whose models correspond to the rules to be
mined. As the number of association rules can grow rapidly,
especially as we lower the frequency requirements, limiting
the number of rules produced without information loss has
be recognized as an important issue. It has also been noted
that some of the infrequent patterns, such as indirect associa-
tions, provide useful insight into the data. In our second con-
tribution, we consider two well-known variants designed to
overcome these two main limitations, namely closed [Taouil
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et al., 2000] and indirect [Tan et al., 2000] association rules
mining tasks. Our goal is to highlight the flexibility and the
nice declarative features of our proposed framework.

The paper is organized as follows. After some prelimi-
naries about propositional satisfiability and association rules
mining, we present in Section 3 our SAT-based encoding
of the association rules mining task. Section 4 presents the
two variants mentioned above, namely closed and indirect as-
sociations rules. In Section 5, our proposed approches are
extensively evaluated on many data sets, demonstrating that
declarative approaches can achieve better performances with
respect to specialized techniques particularly on closed and
indirect association rules.

2 Preliminaries

2.1 Propositional Logic and SAT Problem

In this section, we define the syntax and the semantics of
propositional logic. Let Prop be a countable set of propo-
sitional variables. We use the letters p, g, r, etc to range over
Prop. The set of propositional formulas, is defined induc-
tively started from Prop, the constant | denoting false, the
constant T denoting true, and using the usual logical con-
nectives —, A, V, —, and <>. We use P(A) to denote the
set of propositional variables appearing in the formula A. A
Boolean interpretation T of a formula A is defined as a func-
tion from P(A) to {0,1} (0 corresponds to false and 1 to
true). A model of a formula A is a Boolean interpretation 7
that satisfies A, i.e. Z(A) = 1. A formula A is satisfiable if
there exists a model of A. A formula in conjunctive normal
form (CNF) is a conjunction (A) of clauses, where a clause is
a disjunction (V) of literals. A literal is a propositional vari-
able (p) or a negated propositional variable (—p). The two
literals p and —p are called complementary. Let us mention
that any propositional formula can be translated to a CNF for-
mula equivalent w.r.t. satisfiability, using linear Tseitin’s en-
coding [Tseitin, 1968]. The SAT problem consists in deciding
wether a given CNF formula admits a model or not.

2.2 Association Rules

Let €2 be a finite non empty set of symbols, called items. From
now on, we assume that this set is fixed. We use the letters a,
b, ¢, etc to range over the elements of 2. An itemset I over )
is defined as a subset of €, i.e., I C Q. We use 2 to denote
the set of itemsets over ) and we use the capital letters I, J,
K, etc to range over the elements of 29,

A transaction is an ordered pair (i, I) where ¢ is a natural
number, called transaction identifier, and I an itemset, i.e.,
(i,I) € N x 2. A transaction database D is defined as a
finite non empty set of transactions (D C N x 2%) where
each transaction identifier refers to a unique itemset.

Given a transaction database D and an itemset I, the
cover of I in D, denoted C(I,D), is defined as follows:
{i e N| (¢,J) € Dand I C J}. The support of I in D,
denoted S(I, D), corresponds to the cardinality of C(I, D),
ie, S(I,D) = |C(I,D)|. An itemset I C € such that
S(1,D) > 1 is a closed itemset if, for all itemsets J with
I1cJ,8J,D)<S8(,D).

For instance, consider the transaction database D in
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Tid Itemset
1 a b ¢ d
2 |a b e f
3 a b ¢
4 |a c d f
5 g
6 d
7 d g

Table 1: A Transaction Database D.

Table 1. In this case, we have C({a,b}, D) = {1,2,3} and
S({a,b}, D) = 3 while S({f},D) = 2. The itemset {a, b}
is closed, while {f} is not closed.

In this work, we are interested in the problem of mining
association rules. An association rule is a pattern of the form
X — Y where X (called the antecedent) and Y (called the
consequent) are two disjoint itemsets. In association rules
mining, the interestingness predicate is defined using the no-
tions of support and confidence. The support of an associ-
ation rule X — Y in a transaction database D, defined as
S(X -Y.D) = %, determines how often a rule is
applicable to a given data set, i.e., the occurrence frequency
of the rule. The confidence of X — Y in D, defined as

Conf(X — Y,D) = %, provides an estimate of
the conditional probability of Y given X. A valid associa-
tion rule is an association rule with support and confidence
greater or equal to the minimum support (o) and minimum
confidence (3) thresholds. More precisely, given a transac-
tion database D, a minimum support threshold v and a mini-
mum confidence threshold 3, the problem of mining associa-
tion rules consists in computing the following set:
MAR(D,0) ={X =Y | X,)Y CQ AN SX —=>Y,D) >
a A Conf(X —-Y,D)> 5}

From Table 1, we get S({a} — {b},D) = 3/7 and
Conf({a} — {b},D) = 3/4.

3 SAT-Based Association Rules Mining

In this section, we describe a SAT encoding for the problem
of mining association rules. The basic idea consists in the
use of propositional variables to represent the covers of the
itemsets X and X U Y for each candidate rule X — Y.
These variables are used in 0/1 linear inequalities to deter-
mine wether the support and the confidence of the candidate
rule are greater than the specified minimum thresholds for the
support and the confidence.

LetD = {(1,1;),...,(m,I,,)} be a transaction database,
o a minimum support threshold and 5 a minimum con-
fidence threshold. To represent the two itemsets of each
candidate rule X — Y, we associate two propositional
variables z, and y, to each item a. The variables of the
form x, (resp. y,) are used to represent the antecedent (resp.
consequent) of each candidate rule. Then, to represent the
cover of X and X U Y, we associate to each transaction
identifier i € {1...m} two propositional variables p; and
q;- The variables of the form p; (resp. ¢;) are used to
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represent the cover of X (resp. X U Y). More precisely,
given a Boolean interpretation Z, the candidate rule is
X={a€eQ|Z(xza) =1} 2 Y ={be Q| Z(yw) =1},
the cover of X is {i € N | Z(p;) = 1}, and the cover of
XUYis{i e N|Z(¢;) = 1}.

We now describe our SAT-based encoding using the propo-
sitional variables described previously. The first propositional
formula allows us to express the constraint X N'Y =

INGEAES 1)

a€q

To obtain the cover of the itemset X, we use the following
propositional formula:

m

NEpie \/ za) @)

i=1 ac€Q\I;

In this formula, p; is false if and only if X contains an item
that does not belong to the transaction <. As a consequence,
the cover of X is {t € N | Z(p;) = 1}.

In the same way as the previous formula, we use the fol-
lowing formula to capture the cover of X UY:

/\(_‘QiH_‘piv( \YARTS) 3)

a€O\I;

It is worth noticing that we use the propositional variables p;
to prevent the reuse of the variables x,. This allows us to
obtain a more compact formula.

Let us now introduce the formula expressing that the sup-
port of the candidate rule has to be greater than or equal to
the specified threshold m X « (in percentage):

Z%’ >mXa 4)
=1

This formula means that the number of variables ¢; (i €
{1...m}) assigned to 1 has to be greater than or equal to
o, which is equivalent to the fact that the support of X UY is
greater than or equal to m X a.

Finally, we describe the formula expressing the fact that 3
is a minimum confidence threshold:

E:Z;1pi‘7

We here consider that 3 is given in percentage format 5%
where (3 is a positive integer. Thus, the previous formula can
be rewritten as follows:

IOO*iqi—/B*ipiZO 5)
i=1 i=1

The two propositional formulas (4), (5) corresponds to
0/1 linear inequalities, usually called cardinality (resp.
Pseudo Boolean) constraints. The first linear encoding of
general 0/1 linear inequalities to CNF has been proposed
by J. P. Warners in [Warners, 1998]. Several authors have
addressed the issue of finding an efficient encoding of
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cardinality (e.g. [Asin er al., 2011; Jabbour et al., 2013a;
Warners, 1998]) or Pseudo Boolean (e.g. [Abio et al., 2012;
Eén and Sorensson, 2006; Warners, 1998]) constraints as
a CNF formula. Efficiency refers to both the compactness
of the representation (size of the CNF formula) and to the
ability to achieve the same level of constraint propagation
(generalized arc consistency) on the CNF formula.

We use E4r(D, «, ) to denote the encoding correspond-
ing to the conjunction of formulas (1), (2), (3), (4), and (5).

4 Closed and Indirect Association Rules

In this section, we highlight the nice declarative and flexible
aspects of the proposed SAT framework for mining associ-
ation rules. To this end, we consider two well-known as-
sociation rules variants, namely closed [Taouil et al., 2000]
and indirect association rules [Tan et al., 2000]. The first has
been proposed to avoid redundant rules using condensed rep-
resentation, while the second aims to find indirect relations
in data. Indirect association, extensively used to build web
recommandation systems [Kazienko, 2009], refers to a pair
of items that rarely occur together but highly depend on the
presence of a mediator itemset.

Definition 1 (Closed Association Rule) An association rule
r: X — Y is a Closed association rule iff r : X — Y isa
valid association rule and X UY is closed.

Intuitively, we obtain a closed association rule by maximiz-
ing either its antecedent or its consequent while decreasing
neither the support nor the confidence.

A SAT encoding of the problem of mining closed associa-
tion rules, noted Ecar(D, «, ), can be simply obtained by
extending the encoding described previously (E4r (D, a, 3))
with the following formula:

m

N (N (@ = a€L)Aza — ya) 6)

acQ) i=1

This formula means that if we have C(X UY, D) = C(X U
Y U {a}, D) then the item a has to belong to Y, i.e., a € Y.
As a consequence, if X — Y and X — Y W {a} are two
valid association rules (W stands for disjoint union), then the
Boolean interpretation that corresponds to the rule X — Y
is a counter-model of (6). Moreover, if there is no item a
such that X — Y W {a} is a valid association rule, then the
Boolean interpretation corresponding to X — Y is a model
of (6). Furthermore, it is worth noticing that the formula (6)
encodes that X U Y is closed. Indeed, we do not need to
add a formula to maximize the antecedent of the rule as it
is implicitly encoded in the formula (6). More precisely, the
formula remains the same if we substitute —x, (resp. y,) by
-y, (resp. x,). Thus, the formula (6) describes a necessary
and sufficient requirement for mining the closed association
rules. We can also note that the number of clauses added by
the formula (6) is equal to the number of items.

We now consider a second mining task related to the prob-
lem of mining association rules. It consists in mining indirect
rules, which allow to discover items that rarely occur together
but frequently occur with other items [Tan et al., 2000].
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Definition 2 Let D be a transaction database. Two items ay
and by are indirectly associated via an itemset M, called me-
diator, w.r.t. a maximum support threshold )\, a minimum sup-
port threshold o and a mediator dependence threshold (3 iff
the following conditions hold:

o S({ap} — {bo}, D) < X (Itempair Support Condi-
tion)".

o There exists a non empty itemset M such that:

1. S{ap} - M,D) > avand S({bp} - M, D) > «
(Mediator Support Condition)

2. Dep({ao}, M, D) > 8 and Dep({bo}, M, D) > 8
where Dep(p, Q, D) is a dependence measure be-
tween p and Q w.r.t. D (Dependence Condition)

In other words, in the problem of mining indirect rules, we

look for pairs of items that are infrequent (or rare) but sepa-
rately involved in interesting association rules with the same
consequent.
Over the year, several measures of dependence between two
itemsets X and Y have been proposed, including IS measure
[Tan et al., 2002] and classical confidence. The relevance of
such measures depends on the target application. In this pa-
per, as a dependency measure, we simply use the confidence
of X — Y. This last dependence measure is for example em-
ployed in [Kazienko, 2005] for a web recommendation appli-
cation. Using confidence as a dependency measure and min-
imum confidence threshold instead of mediator dependance
threshold the two conditions (mediator support and depen-
dence) in Definition 2 can be simply stated as: {ag} — M
and {bg} — M are two valid association rules w.r.t. the min-
imum support « and minimum confidence f3 thresholds.

In order to define a SAT encoding for the problem of
mining indirect association rules, we have to use proposi-
tional variables that allow us to capture the cover of the as-
sociation rule {ap} — {bp} and we adapt the encoding
Ear(D,a, 8) to constrain the antecedent of the two associ-
ation rules {ag} — M and {bp} — M to contain only a
single item. We use the propositional variables 2%¢ and z%
for each item c to represent ag and by respectively. Simi-
larly, we use the same set of variables ¥, for each item a as in
Ear(D, a, B) to capture the elements of the mediator. More-
over, we introduce variables of the form p{°® (resp. pfo) to
express the cover of the item ag (resp. bp) in the same way
as in E4r(D, o, B) and variables of the form ¢;° and qfo to
express the covers of M U {ag} and M U {by} respectively.
Finally, we also introduce variables of the form r; to capture
the cover of {ag, bo}.

The following formula allows us to capture the association
rule {ag} — M:

Ear(Dia, B)A (Y _wee = 1) )

a€Q

where the variables of the form x,, p; and ¢; are replaced in
Ear(D, o, B) with 220, pi°® and ¢;° respectively. The cardi-
nality constraint ), #5° = 1 is used to require that an-

tecedent of the rules contains a single item.

"We can equivalently write W <A
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In the same way as (7), we use the following formula to
capture the association rule {by} — M:

Ear(D, e, B) A (D ale = 1) ®)

a€Q

where the variables of the form x,, p; and ¢; are replaced in
Ear(D, a, B) with b0, pli’0 and qf ° respectively.
We now describe the formula that allows us to capture the
cover of {ag, by }:
ri & (0 A ) ©)

7

Finally, we introduce the formula expressing that {ag} —
{bo} is infrequent w.r.t. the maximum support threshold A:

D> or<mx A (10)
=1

In Definition 2, the items ao and by are interchangeable
leading to symmetrical indirect association rules. To avoid
enumerating such redundant indirect association rules, we
break symmetries between ag and by by adding the con-
straints ag < by over the set of items 2 expressed as:

N e v el (11)

a,a’€Q,a’'<a

We use E1r(D, A, «, B) to denote the encoding of the prob-
lem of mining indirect rules (7) A (8) A (9) A (10) A (11).

S Experiments

In this section, we present a comparative experimental evalu-
ation of our proposed approaches with specialized association
rules mining algorithms. We consider, three mining tasks,
namely classical (pure), closed, and indirect association rules.

For our SAT based association rules mining, to enumerate
all the models of a given propositional CNF formula, we use
an adaptation of modern SAT solvers proposed in [Jabbour ef
al., 2014]. For cardinality and pseudo Boolean constraints,
similarly to constraint programming, a propagator is associ-
ated to each constraint, obtained by maintaining the sum of
its assigned variables. Managing such constraints on the fly
outperforms our previous implementation based on the state-
of-the-art SAT encodings [Jabbour et al., 2013b].

Another advantage, is that for each association rules min-
ing instance, as the constraints (1), (2) and (3) does not de-
pend on the specified thresholds, the propositional formula is
generated only once. On all the considered data, the encoding
phase does not exceed 5 seconds CPU time.

Let us note that our approach can be easily encoded using
MiningZinc, a general framework for constraint-based pat-
tern mining [Guns et al., 2013]. MiningZinc is a nice declar-
ative framework, it offers a high level modeling language with
a toolchain component for finding solutions.

In the experiments, we indicates by SFAR_R with R &
{pure, closed, indirect}, our SAT based approach for min-
ing the corresponding () association rules. We compare
our approaches to two specialized association rules mining
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[ [ SFARPure [ ZARTPure [ SFARClosed [ ZART Closed [[ SFARIndirect | SPMF_Indirect |
avg. avg. avg. avg. avg. avg.
data (#items, #trans, density) #S time(s) #S time(s) #S time(s) #S time(s) #S time(s) #S time(s)
Audiology (148, 216, 45%) 20 855.00 20 855.01 20 855.00 20 855.01 124 453.74 61 680.45
Zoo-1 (36, 101, 44%) 400 19.12 400 6.37 400 0.52 400 11.28 250 0.15 250 9.12
Tic-tac-toe (27, 958, 33%) 400 0.09 400 0.24 400 0.09 400 0.23 250 0.09 250 0.20
Anneal (93, 812, 45%) 101 709.50 101 678.41 147 604.09 103 679.31 171 309.69 | 55 702.04
Australian-credit (125, 653, 41%) 245 370.17 | 264 321.62 268 323.29 | 226 403.72 232 121.06 156 339.56
German-credit (112, 1000, 34%) 306 246.88 | 322 192.52 329 198.02 | 304 238.79 244 49.07 210 154.49
Heart-cleveland (95, 296, 47%) 284 286.38 | 301 252.27 304 251.05 | 262 340.15 235 64.97 203 300.48
Hepatitis (68, 137, 50) 305 241.41 304 228.00 324 206.02 | 266 312.26 245 32.98 205 187.92
Hypothyroid (88, 3247, 49%) 85 732.12 121 665.41 107 686.95 64 761.59 163 336.40 81 621.29
Kr-vs-kp (73, 3196, 49%) 172 552.92 203 487.73 192 523.66 146 590.89 204 206.47 114 499.33
Lymph (68, 148, 40%) 336 181.64 338 170.37 387 63.22 2901 281.35 250 6.10 211 170.19
Mushroom (119, 8124, 18%) 366 109.12 387 46.00 400 30.32 390 42.84 250 8.89 250 29.62
Primary-tumor (31, 336, 48%) 400 3.68 400 1.17 400 2.03 400 18.82 250 0.15 250 2.63
Soybean (50, 650, 32%) 400 2.90 400 1.50 400 0.17 400 7.94 250 0.05 250 0.76
Splice-1 (287, 3190, 21%) 380 53.44 400 3.52 380 54.04 400 3.25 250 61.73 250 0.50
Vote (48, 435, 33%) 380 66.74 400 1.46 400 32.40 398 30.22 250 0.84 250 1.48
Total 4560 | 279.76 | 4741 | 247.29 4838 | 242.24 | 4470 | 286.10 3618 | 103.27 | 3046 | 231.25

Table 2: Pure, Closed, and Indirects Associations Rules: SFAR vs ZART and SFAR vs SPMF

algorithms Coron > and SPMF *[Fournier-Viger et al., 2014].
Coron and SPMF are two multi-purpose data mining toolk-
its, implemented in Java, which incorporate a rich collection
of data mining algorithms. For pure and closed association
rules, we compare our approach to the ZART algorithm im-
plemented in the Coron toolkit, which is one of the recent
state-of-the-art algorithms for enumerating closed association
rules [Szathmary er al., 2007]. For indirect association rules,
we compare our solver to the SPMF implementation.

To give an idea on the size of our encodings, for classi-
cal association rule mining, the smallest (resp. the biggest)
formula corresponds to the encoding of zoo-1 (resp. mush-
room) data and contains 274 variables and 4379 clauses (resp.
16486 variables and 1616795 clauses).

To compare the performances of the different mining ap-
proaches, for each data we proceed as follows:

e For pure and closed association rules, the support is var-
ied from 5% to 100% with an interval of size 5%. The
confidence is varied in the same way. Then, for each
data, a set of 400 configurations is generated.

For indirect association rules, there are an additional pa-
rameter A\. The frequency and confidence are varied
from 20% to 100% with an interval of size 20%. \ is
varied from 10% to 100% with an interval of size 10%.
This leads to 250 configurations for each data.

All the experiments were done on Intel Xeon quad-core
machines with 32GB of RAM running at 2.66 Ghz. For each
instance, we fix the timeout to 15 minutes of CPU time.

Table 2 describes our comparative results. We report in col-
umn 1 the name of the data and its characteristics in parenthe-
sis: number of items (#items), number of transactions (#trans)
and density. For each algorithm, we report the number of
solved configurations (#5), and the average solving time
(avg.time in seconds). For each unsolved configuration, the
time is set to 900 seconds (time out). In the last row of Table
2, we provide the total number of solved configurations and
the global average CPU time in seconds.

2Coron: http:/coron.loria.fr/site/system.php
3SPMEF: http://www.philippe-fournier-viger.com/spmf/
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Pure rules: The performances of ZART algorithm are bet-
ter than SFAR. It solves 181 configurations more and it is
better on all the considered data. ZART performs the enumer-
ation of pure association rules in two steps. We observed that
ZART performs the first step efficiently. Its CPU time does
not exceed few seconds on the majority of the considered
configurations. For the pure rules, the second step remains
easy enough to perform. On classical association rules, the
specialized algorithm ZART is better than SFAR.

Closed association rules: On this category, our SAT based
approach outperform ZART. It solves 368 configurations
more than ZART. Except for Splice-1 data, SFAR is the
best on all the data in terms of the number of solved con-
figurations and average CPU time. Let us remark that for
Splice-1 data, the number of closed association rules is
very limited (less than 4000). This explains why SFAR is
worse than ZART on this data.

Let us recall that ZART finds the closed association rules
in two steps. In the first step, the set of all frequent closed
itemsets are efficiently enumerated (in few seconds), while
in the second step, the extraction of association rules from
the closed itemsets already generated is more time consum-
ing. For instance, on Lymph data, SFAR is remarkably ef-
ficient. It solves about 100 configurations more than ZART.
More generally, the higher the density of the data, the better
are the performances of SFAR.

Indirect association rules: The performances of SFAR are
very impressive. SFAR approach solves 572 instances more
than SPMF. Here again, the approach is better on all the con-
sidered data. As we can remark the time needed by SFAR
to obtain all indirect association rules is relatively stable and
very low compared to SPMF. The number of indirect asso-
ciations is very small compared to classical or closed asso-
ciation rules. However, SPMF takes a lot of time to find
them. For example, if we take the Hepatitis data with
frequency = 40%, confidence 40% and A = 20%,
SPMF takes 122.56 seconds to find just 359 indirect associ-
ation rules, while SFAR does not exceed 1 second. We also
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Figure 1: Highlights: Australian-credit and Kr-vs—-kp
{ frequel]:cy %) “ 406 { ‘5‘56 { 206 { 259 - { 2046 { ?595 { Zoé ’ as the frequency decreases, the number of classical rules in-
Kr-vs-kp 7.67 g 3 E :
| Australian-credit || 12.38 | 8.13 | 5.61 | 4.29 | 3.23 | 2.62 | ‘ creases rapidly compared to the number of the closed rules.

Table 3: Pure vs Closed: # Purerules/#Closed rules

noticed that for some configurations, SPMF takes excessive
CPU time without finding any indirect association rule under
the time limit. As a summary on indirect association rules,
SFAR outperforms SPMF.

In Figure 1, the behavior of the considered ap-
proaches are highlighted on two representative data,
Australian — credit and Kr — vs — kp. We varied one
parameter, while maintaining the others fixed. For pure as-
sociation rules, ZART and SFAR present similar behavior.
When the frequency decreases, the time needed to find all
rules increases. Let us remark that for some particular pa-
rameters values, our approach can outperforms the one of
ZART on pure rules as is the case for Kr-vs-kp. Simi-
lar behavior is also observed for frequent closed association
rules. However, we can note that when the confidence goes
from 100% to 80%, the CPU time dramatically increases.
Such a gap is more visible with SFAR on classical associa-
tion rules and with ZART on closed association rules. Indeed,
for Kr-vs—kp instance, using SFAR, we vary between 0 to
70 seconds while with ZART approach, the variation range is
from 40 to 240 seconds.

Throughout this experimental study, we noticed that the
specialized algorithms like ZART performs the first frequent
(resp. closed) itemsets enumeration step efficiently. However,
they take excessive CPU time in the second rules extraction
step. Additionally, the extraction step is more time consum-
ing for closed rules than classical rules even if the number of
closed rules is lower in general. In Table 3, we provide the
variation of the ratio between the number of classical (pure)
rules and the number of closed rules. As we can observe,
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This last observation explains why SFAR is more efficient on
the enumeration of closed rules than on the enumeration of
classical ones. Overall, ZART solves more configurations for
pure rules than for closed ones, while SFAR is more efficient
in mining closed rules and indirect rules than classical ones.
As a summary of our experiments, we can say that for min-
ing tasks combining several constraints, our declarative and
flexible approach is better than specialized mining tools.
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7 Conclusion and perspectives

In this paper we developed a novel association rules min-
ing approach that accurately discovers association rules ef-
ficiently. Our declarative approach contrasts with all the pre-
vious techniques as the mining of association rules is per-
formed in a single step, thanks to our SAT based encoding.
As a second contribution, we have shown that our proposed
framework is flexible and declarative, as one can easily model
other important variants, such as closed and indirect associ-
ation rules mining. The experiments particularly show that
on closed and indirect association rules mining, our proposed
approaches achieves better performance with respect to spe-
cialized mining techniques.

Our work opens several perspectives. First, our results on
closed and indirect association rules provide new research di-
rections for association rules mining. Indeed, several other
variants can be addressed more efficiently by extending our
proposed framework. Such rules include among others top-k
association rules, weighted association rules [Tao et al., 2003]
and disjunctive association rules [Nanavati et al., 2001].

141



References

[Abio et al., 2012] Ignasi Abio, Robert Nieuwenhuis, Albert
Oliveras, Enric Rodriguez-Carbonell, and Valentin Mayer-
Eichberger. A new look at bdds for pseudo-boolean con-
straints. J. Artif. Intell. Res. (JAIR), 45:443-480, 2012.

[Agrawal and Srikant, 1994] Rakesh Agrawal and Ramakr-
ishnan Srikant. Fast algorithms for mining association
rules in large databases. In Proceedings of VLDB 94,
pages 487-499, 1994.

[Asin et al., 2011] Roberto Asin, Robert Nieuwenhuis, Al-
bert Oliveras, and Enric Rodriguez-Carbonell. Cardinality

networks: a theoretical and empirical study. Constraints,
16(2):195-221, 2011.

[Dao et al., 2013] Thi-Bich-Hanh Dao, Khanh-Chuong
Duong, and Christel Vrain. A declarative framework
for constrained clustering. In Proceedings of ECML
PKDD’13, pages 419-434, 2013.

[Davidson et al., 2010] Ian Davidson, S. S. Ravi, and Leonid
Shamis. A SAT-based framework for efficient constrained
clustering. In Proceedings of SDM’10, pages 94-105,
2010.

[Eén and Sorensson, 2006] Niklas Eén  and  Niklas
Sorensson. Translating pseudo-boolean constraints
into SAT. JSAT, 2(1-4):1-26, 2006.

[Fournier-Viger et al., 2014] Philippe Fournier-Viger, Anto-
nio Gomaric, Ted Gueniche, Azadeh Soltani, Cheng-Wei
Wu, and Vincent S Tseng. Spmf: a java open-source pat-
tern mining library. The Journal of Machine Learning Re-
search, 15(1):3389-3393, 2014.

[Guns et al., 2011] Tias Guns, Siegfried Nijssen, and Luc De
Raedt. Itemset mining: A constraint programming per-
spective. Artif. Intell., 175(12-13):1951-1983, 2011.

[Guns ef al., 2013] Tias Guns, Anton Dries, Guido Tack,
Siegfried Nijssen, and Luc De Raedt. Miningzinc: A mod-
eling language for constraint-based mining. In Proceed-
ings of IJCAI'13, pages 1365-1372, 2013.

[Han et al., 2004] Jiawei Han, Jian Pei, Yiwen Yin, and Run-
ying Mao. Mining frequent patterns without candidate
generation: A frequent-pattern tree approach. Data Min-
ing and Knowledge Discovery, 8(1):53-87, 2004.

[Jabbour et al., 2013a] Said Jabbour, Lakhdar Sais, and Yak-
oub Salhi. A pigeon-hole based encoding of cardinality
constraints. TPLP, 13, 2013.

[Jabbour et al., 2013b] Said Jabbour, Lakhdar Sais, and Yak-
oub Salhi. The top-k frequent closed itemset mining using
top-k sat problem. In Proceedings of ECML/PKDD’13,
pages 403418, 2013.

[Jabbour ef al., 2014] Said Jabbour, Jerry Lonlac, Lakhdar
Sais, and Yakoub Salhi. Extending modern SAT solvers
for models enumeration. In Proceedings of IEEE-IRI’14,
pages 803-810, 2014.

[Jabbour et al., 2015a] Said Jabbour, Lakhdar Sais, and Yak-
oub Salhi. Decomposition based SAT encodings for item-

set mining problems. In Proceedings of PAKDD’15, pages
662-674, 2015.

2478

[Jabbour et al., 2015b] Said Jabbour, Lakhdar Sais, and Yak-
oub Salhi. Mining top-k motifs with a sat-based frame-
work. Artificial Intelligence, pages —, 2015.

[Kazienko, 2005] Przemystaw Kazienko. Intelligent Infor-
mation Processing and Web Mining: in Proceedings of
IIPWM’05, chapter IDARM — Mining of Indirect Asso-
ciation Rules, pages 77-86. Springer, 2005.

[Kazienko, 2009] Przemyslaw Kazienko. Mining indirect
association rules for web recommendation. Applied Math-
ematics and Computer Science, 19:165-186, 2009.

[Métivier et al., 2012] Jean-Philippe
Boizumault, Bruno Crémilleux, Mehdi Khiari, and
Samir Loudni. Constrained clustering using SAT. In
Proceedings of IDA’12, pages 207-218, 2012.

[Nanavati ef al., 2001] Amit Anil Nanavati, Krishna Prasad
Chitrapura, Sachindra Joshi, and Raghu Krishnapuram.
Mining generalised disjunctive association rules. In Pro-
ceedings of CIKM’01, pages 482—489, 2001.

[Négrevergne and Guns, 2015] Benjamin Négrevergne and
Tias Guns. Constraint-based sequence mining using con-
straint programming. In Proceedings of CPAIOR’IS,
pages 288-305, 2015.

[Raedt et al., 2008] Luc De Raedt, Tias Guns, and Siegfried
Nijssen. Constraint programming for itemset mining. In
Proceedings of SIGKDD’08, pages 204212, 2008.

[Raedt et al., 2011] Luc De Raedt, Siegfried Nijssen, Barry
O’Sullivan, and Pascal Van Hentenryck.  Constraint
programming meets machine learning and data mining.
Dagstuhl Reports, 1(5):61-83, 2011.

[Szathmary et al., 2007] Laszlo Szathmary, Amedeo Napoli,
and Sergei O. Kuznetsov. ZART: A multifunctional item-
set mining algorithm. In Proceedings of ICCLTA 07, 2007.

[Tan et al., 2000] Pang-Ning Tan, Vipin Kumar, and Jaideep
Srivastava. Indirect association: Mining higher order de-
pendencies in data. In Proceedings of PKDD’00, pages
632-637, 2000.

[Tan et al., 2002] Pang-Ning Tan, Vipin Kumar, and Jaideep
Srivastava. Selecting the right interestingness measure for
association patterns. In Proceedings of SIGKDD’02, pages
3241, 2002.

[Tao et al., 2003] Feng Tao, Fionn Murtagh, and Mohsen
Farid. Weighted association rule mining using weighted

support and significance framework. In Proceedings of
SIGKDD’03, pages 661-666, 2003.

[Taouil et al., 2000] Rafik Taouil, Nicolas Pasquier, Yves
Bastide, and Lotfi Lakhal. Mining bases for association
rules using closed sets. In Proceedings of ICDE’00, page
307, 2000.

[Tseitin, 1968] G.S. Tseitin. On the complexity of deriva-
tions in the propositional calculus. In Structures in Con-
structives Mathematics and Mathematical Logic, Part II,
pages 115-125, 1968.

[Warners, 1998] Joost P. Warners. A linear-time transforma-
tion of linear inequalities into conjunctive normal form.
Inf. Process. Lett., 68(2):63—69, 1998.

Métivier, Patrice

142



Boolean satisfiability for sequence mining

S. Jabbour, L. Sais, Y. Salhi : Boolean satisfiability for sequence mining. ACM In-
ternational Conference on Information and Knowledge Management, CIKM 2013, ACM,
649-658.

143



Boolean Satisfiability for Sequence Mining

Said Jabbour
jabbour@ocril .fr

Lakhdar Sais
sais@ocril.fr

Yakoub Salhi
salhi@ocril.fr

CRIL - CNRS, University of Artois
F-62307 Lens Cedex
France

ABSTRACT

In this paper, we propose a SAT-based encoding for the
problem of discovering frequent, closed and maximal pat-
terns in a sequence of items and a sequence of itemsets. Our
encoding can be seen as an improvement of the approach
proposed in (8] for the sequences of items. In this case, we
show experimentally on real world data that our encoding
is significantly better. Then we introduce a new extension
of the problem to enumerate patterns in a sequence of item-
sets. Thanks to the flexibility and to the declarative aspects
of our SAT-based approach, an encoding for the sequences
of itemsets is obtained by a very slight modification of that
for the sequences of items.

Categories and Subject Descriptors

F.4.1 [Mathematical logic and formal languages|: Math-
ematical Logic—Logic and constraint programming; H.2.8

[Database management|: Database applications—Data

mining

Keywords

Data mining; Propositional satisfiability and modeling

1. INTRODUCTION

Frequent sequence data mining is the problem of discov-
ering frequent patterns shared across time among an input
data-sequence. Sequence mining is a central task in compu-
tational biology, temporal sequence analysis and text min-
ing.

In this paper, we consider the pattern discovery problem
for a specific class of patterns with wildcards in a sequence.
The data-sequence can be seen as a sequence of items, while
the pattern can be seen as a subsequence that might con-
tains wildcards or jokers in the sense that they match any
item [18, 20, 2]. At the first sight, allowing wildcards to oc-
cur in a pattern can be seen as an even more restrictive type

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full cita-
tion on the first page. Copyrights for components of this work owned by others than
ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions @acm.org.

CIKM’13, Oct. 27-Nov. 1, 2013, San Francisco, CA, USA.

Copyright 2013 ACM 978-1-4503-2263-8/13/10$15.00.
http://dx.doi.org/10.1145/2505515.2505577 .
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of patterns in general. However as argued in [18] "studying
patterns with wildcards has the merit of capturing one impor-
tant aspect of biological features that often concerns isolated
positions inside a motif that are not part of the biological
feature being captured’. The enumeration problem for max-
imal and closed motifs with wildcards has been investigated
recently by several authors [19, 20, 2, 8]. One of the major
problem is that the number of motifs can be of exponential
size. This combinatorial explosion is tackled using different
approaches. For example, in Parida et al. [18], the number
of patterns is reduced by introducing the maximal non re-
dundant g-patterns (patterns occurring at least q times in
a sequence). Arimura and Uno [2] proposed a polynomial
space and polynomial delay algorithm MaxMotif for maxi-
mal pattern discovery of the class of motifs with wildcards.

In this work, we follow the constraint programming (CP)
based data mining framework proposed recently by Luc De
Raedt et al. in [10] for itemset mining. This new framework
offers a declarative and flexible representation model. New
constraints often require new implementations in specialized
approaches, while they can be easily integrated in such a CP
framework. It allows data mining problems to benefit from
several generic and efficient CP solving techniques. The au-
thors show how some typical constraints (e.g. frequency,
maximality, monotonicity) used in itemset mining can be
formulated for use in CP [14]. This first study leads to the
first CP approach for itemset mining displaying nice declar-
ative opportunities without neglecting efficiency. More re-
cently, Coquery et al. [8] have proposed a SAT-Based ap-
proach for Discovering for enumerating frequent, closed and
maximal patterns with wildcards in a sequence of items. In
this paper, we first propose a new SAT encoding of the prob-
lem of enumerating frequent, closed and maximal patterns
with wildcards in a sequence of items. Our contribution can
be seen as an improvement of the approach proposed in [8].
Indeed, the experimental results clearly show that the new
encoding is significantly better than the original SAT encod-
ing proposed in [8].

Encouraged by these promising results, we propose in our
second contribution a new variant of the problem of discov-
ering patterns with wildcards in a sequence, by considering
a sequence of itemsets instead of a sequence of items. In
this extension the emptyset will simply play the same role
as the wildcard symbol. Indeed, one can use the emptyset
to match any itemset. This new problem admits some simi-
larities and differences with the classical sequential pattern
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mining problem introduced in [1]. Indeed, given an alpha-
bet or a set of items Y, in both problems we consider a
sequence s as an ordered list of itemsets so,...,s, where
si C X for i =0,...,n. However, the first difference resides
in the definition of a subsequence. Indeed, in the sequen-
tial patterns, we say that s’ is a subsequence of s if there
exists a one-to-one order-preserving function f that maps
(inclusion relation) itemsets in s’ with itemsets in s. In our
new setting, the notion of subsequence is defined w.r.t. to
a given location and by using empty itemsets as wildcards.
The other difference is that in the sequential pattern min-
ing we consider a database of sequences of itemsets, while
in our setting, we consider only a single sequence of item-
sets. These differences leads also to different definitions of
the notions of support, closeness and maximality. In sum-
mary, our new problem of discovering patterns in a sequence
of itemsets can be seen as a simple and natural extension of
the same problem in a sequence of items. As we can show
later, the SAT encoding can be derived from the one used
for the sequences of items with a very slight modification
demonstrating its flexibility.

The paper is organized as follows. In the next section, we
give a short overview of necessary definitions and notations
about Boolean Satisfiability (SAT) and Frequent Pattern
mining in a Sequence of items (FPS). The extension to the
Frequent Pattern mining in a Sequence of Itemsets (FPSI)
is presented in Section 3, followed by a discussion of some
related works. Then our new SAT-based approach for FPS
is described in Section 4, while the closeness and maximal-
ity constraints are discussed in Section 5. In Section 6, we
show how the SAT encoding of FPSI, can be obtained by
a slight modification of the SAT encoding of FPS. Finally,
experimental results are conducted and discussed before con-
cluding.

2. PRELIMINARIES
2.1 Boolean Satisfiability

In this section, we introduce the Boolean satisfiability
problem, called SAT. It corresponds to the problem of decid-
ing if a formula of propositional classical logic is consistent
or not. It is one of the most studied NP-complete decision
problem. In this work, we consider the associated problem
of Boolean model enumeration.

We consider the conjunctive normal form (CNF) repre-
sentation for the propositional formulas. A CNF formula
® is a conjunction of clauses, where a clause is a disjunc-
tion of literals. A literal is a positive (p) or negated (—p)
propositional variable. The two literals p and —p are called
complementary.

A CNF formula can also be seen as a set of clauses, and a
clause as a set of literals. Let us recall that any propositional
formula can be translated to CNF using linear Tseitin’s en-
coding [22]. We denote by Var(®) the set of propositional
variables occurring in .

An interpretation B of a propositional formula ® is a func-
tion which associates a value B(p) € {0, 1} (0 corresponds to
false and 1 to true) to the variables p € Var(®). A model
of a formula & is an interpretation 55 that satisfies the for-
mula. SAT problem consists in deciding if a given formula
admits a model or not.
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We denote by [ the complementary literal of I, i.e., if | = p
then I = —p and if | = —p then [ = p. For a set of literals L,
L is defined as {I | I € L}. Moreover, B (B is an interpreta-
tion over Var(®)) corresponds to the clause V ¢y o) f(P),
where if B(p) = 0 then f(p) = p, otherwise f(p) = —p.

Let us informally describe the most important compo-
nents of modern SAT solvers. They are based on a rein-
carnation of the historical Davis, Putnam, Logemann and
Loveland procedure, commonly called DPLL [9]. It performs
a backtrack search; selecting at each level of the search tree,
a decision variable which is set to a Boolean value. This
assignment is followed by an inference step that deduces
and propagates some forced unit literal assignments. This is
recorded in the implication graph, a central data-structure,
which encodes the decision literals together with there im-
plications. This branching process is repeated until finding
a model or a conflict. In the first case, the formula is an-
swered satisfiable, and the model is reported, whereas in the
second case, a conflict clause (called learnt clause) is gen-
erated by resolution following a bottom-up traversal of the
implication graph [17, 24]. The learning or conflict analy-
sis process stops when a conflict clause containing only one
literal from the current decision level is generated. Such a
conflict clause asserts that the unique literal with the cur-
rent level (called asserting literal) is implied at a previous
level, called assertion level, identified as the maximum level
of the other literals of the clause. The solver backtracks to
the assertion level and assigns that asserting literal to true.
When an empty conflict clause is generated, the literal is
implied at level 0, and the original formula can be reported
unsatisfiable.

In addition to this basic scheme, modern SAT solvers
use other components such as activity based heuristics and
restart policies. An extensive overview about propositional
Satisfiability can be found in [6, 15].

2.2 Frequent Pattern Mining in a Sequence of
Items (FPS)

In this section, we present the frequent pattern mining
problem of enumerating frequent, closed and maximal pat-
terns with wildcards in a sequence of items [18, 20, 2]. Let
us first give some preliminary definitions and notations.

Sequences of items.

Let X be a finite set of items, called alphabet. A sequence
of items s over % is a simple sequence of symbols sg - - - $p—1
belonging to . We denote by |s] its length and by Ps the set
{0,...|s| = 1} of all the locations of its symbols. A wildcard
is a new symbol o which is not in 3. This symbol matches
any symbol of the alphabet.

Pattern.

A pattern over X is a sequence p = po...Pm—1, where
po €Y, pm—1 € L and p; € XU {o} fori=1,...,m — 2.
We say that p is included in s = sg...5,—1 at the location
l € Ps, denoted p <; s, if Vi € {0...m — 1}, p; = si144 or
p; = o. We also say that p is included in s, denoted p =< s,
if 31 € P, such that p <; s. The cover of p in s is defined as
the set Ls(p) = {l € Ps|p =i s}. Moreover, The support of
p in s is defined as the value |Ls(p)|.
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FPS problem.

Let s be a sequence, p a pattern and A > 1 a minimal
support threshold, called also a quorum. We say that p is
a frequent pattern in s w.r.t. X if [Ls(p)| > A. The fre-
quent pattern mining problem in a sequence of items (FPS)
consists in computing the set M2 of all the frequent pat-
terns w.r.t. \. For instance, let us consider the sequence
s = aaccbcabcba and then pattern p a oc. We have
Lo(p) = {0,1,6}, since p <o s, p <1 s and p <6 5. In
this case, if we consider that the minimal support thresh-
old is equal to the value 3, then the pattern p is a frequent
pattern of s.

Closed and Maximal Patterns.

A frequent pattern p of a sequence s is said to be closed if
for any frequent pattern ¢ satisfying g > p, there is no integer
d such that £,(q) = Ls(p) +d, where Ls(p) +d = {l+d|l €
Ls(p)}. Moreover, it is said to be mazimal if for any frequent
pattern q, q % p. Clearly, the set of closed frequent patterns
(resp. maximal frequent patterns) is a condensed represen-
tation of the set of frequent patterns. Indeed, the frequent
patterns can be obtained from the closed (resp. maximal)
ones by replacing items with wildcards.

Note that if p; and ps are two patterns such that p; < pas,
then if |L£s(p2)| > X then |Ls(p1)| > A. This property is
called anti-monotonicity.

3. FREQUENT PATTERN MINING IN A SE-
QUENCE OF ITEMSETS (FPSI)

In this section, we define a new variant of the problem of
discovering patterns with wildcards in a sequence, by consid-
ering a sequence of itemsets instead of a sequence of items.
The role of wildcard symbol is nicely played by the empty
itemset as it match any itemset. As mentioned in the in-
troduction, this new problem admits some similarities and
differences with the classical sequential pattern mining prob-
lem introduced in [1]. The main difference resides in the
definition of the notion of subsequence (inclusion), where
empty itemsets are used as wildcards, and in the use or not
of a single or several sequences

A sequence of itemsets s over an alphabet X is defined as
a sequence Sg,...,Sp—1, where s; C X fori =0,...,n — 1.
Similarly to the sequences of items, we denote by |s| its
length (|s| = n) and by Ps the set {0,...|s| — 1} of the lo-
cations.

A pattern p = po,...,pm—1 over % is also defined as a se-
quence of itemsets where the first and the last elements are
different from the empty itemset. In this context, let us men-
tion that we do not need the wildcard symbol. Indeed, one
can use the empty itemset to match any itemset. Further-
more, we say that p is included in s = s¢...sn—1, denoted
p =i s, at the location I € Ps if Vi € {0...m—1}, p; C s144.
The relation < and the set Ls(p) are defined in the same way
as in the case of the sequences of items. The cover (resp.
support) of p in s is defined as the set Ls(p) (resp. as the
value |Ls(p)]).

The frequent, closed and maximal patterns are also defined
in the same way. For instance, a frequent pattern p of
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a sequence s is said to be closed if for any frequent pat-
tern q satisfying ¢ > p, there is no integer d such that
Ls(q) = Ls(p) + d, where Ls(p) +d = {l +d|l € Ls(p)}.
The frequent patterns can be obtained from the closed (resp.
maximal) ones by replacing itemsets with their subsets.

For example, let us consider the sequence of itemsets s =
{a,b}, {a,b}, {c d}, {c, e}, {}, {g}, {d}, {a, b, d}, {}, {c} and
the pattern p = {a,b},{},{c}. If we set the minimal sup-
port threshold to 3, then p is a frequent pattern in s, since
Ls(p) = {0,1,7}. The pattern p is also a closed frequent
pattern, but p’ = {a}, {}, {c} is not closed, since p < p’.

The pattern mining task that we consider in the sequences
of itemsets allows to exhibit a high degree of self similarity
for better understandings of large volumes of data. For in-
stance, a sequence of itemsets can be seen as a record of the
articles bought by a customer over a period of time. In such
a case, a frequent pattern could be "the customer bought
acetylsalicylic acid two days after buying beer and wine in
20% of the days from 2008 to 2012”.

3.1 Related Works and Motivations

SAT-based encodings for enumerating frequent, closed and
maximal patterns in the sequences of items have been pro-
posed in [8]. They follows the constraint programing (CP)
based approach proposed recently by Luc De Raedt et al.
in [10] for itemset mining. The SAT and CP based ap-
proaches in data mining are proposed in order to offer declar-
ative and flexible frameworks. Indeed, new constraints re-
quire often new implementations in specialized approaches,
while they can be easily integrated in such frameworks.

In this paper, we propose a SAT-based encodings for enu-
merating frequent, closed and maximal patterns in the se-
quences of items and the sequences of itemsets. The choice
of SAT comes from our desire to exploit the efficiency of
modern SAT solvers [6]. In this context, our encodings can
be seen as an improvement and an extension of the encod-
ings proposed in [8]. Indeed, we show experimentally on
real world data that our encodings are better than those
in [8]. Furthermore, we show that encodings in the case
of the sequences of itemsets are obtained by a very slight
modification of that for the sequences of items.

4. A NEW SAT-BASED APPROACH FOR FPS

We describe here our new Boolean encoding for the prob-
lem of enumerating the frequent patterns in a sequence of
items FPS. The base idea consists in using a propositional
variable to represent the location of an element of the al-
phabet in the candidate pattern. Moreover, we use the well-
known cardinality constraint to reason about the support of
the candidate pattern.

Let ¥ = {a1,...,am} be an alphabet, s a sequence over X of
length n and A a minimal support threshold. We associate to
each character a appearing in s a set of k, propositional vari-
ables Pa,o, - - - Pa,(k,—1) Such that k, = min(maz(Ls(a)) +
1,n—X+1). The variable p, ; means that a is in the candi-
date pattern at the location 4. In fact, that explains why we
associate only min(maz(Ls(a)) + 1,n — XA + 1) variables to
each character a, because {0, ..., min(maz(Ls(a)),n — A)}
corresponds to the set of all possible locations of a in the
candidate patterns.
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We first need to encode that the first symbol must be a
solid character (different from the wildcard symbol). This
property is expressed by the following simple clause:

\/ Pa,0

a€Xx

ey

The following constraint composed of binary clauses al-
lows us to capture the locations where the candidate pattern
does not appear:

A

a€X,0<I<n—1,0<i<k,—1

(2)

(pa,i A Si+i 75 a) — bl

where by, ...,bp—1 are n new propositional variables. In
the previous formula b; = 1 if the candidate pattern does
not appear in s at the location j. Let us recall that, in clas-
sical propositional logic, we have A — B := -AV B, and
that explains why the previous formula can be seen as a set
of binary clauses (the expressions of the for s;1;, # a are
constants, i.e. siy; #a € {0,1}).

In the problem of enumerating all the frequent patterns in
s w.r.t. A, we need to express that the candidate pattern
occurs at least A times. This property is obtained by the
following cardinality constraint:

®3)

Indeed, if this constraint is not satisfied, then we know
that there exist at least n — A + 1 locations where the can-
didate pattern does not appear. This is equivalent to say
that there exist at most A —1 locations where the candidate
pattern appears, i.e. it is not frequent. Otherwise, there
exist at least A\ locations of the candidate pattern , i.e. it
is frequent. Hence this constraint allows us to reason about
the support of the considered candidate pattern an to de-
cide whether it is greater or equal to the minimal support
threshold or not.

The previous constraint involves the well known cardinality
constraint (0/1 linear inequality). Several polynomial en-
coding of this kind of constraints into a CNF formula have
been proposed in the literature. The first linear encoding
of general linear inequalities to CNF have been proposed
by J. P. Warners [23]. Recently, efficient encodings of the
cardinality constraint to CNF have been proposed, most of
them try to improve the efficiency of constraint propagation
(e.g. [4, 21, 3, 16]).

PRrROPOSITION 1. The problem of enumerating all frequent
patterns in a given sequence s is expressed by the constraints

(1), (2) and (8).

PrROOF. We first prove that if p = ao,...,ar—1 is a fre-
quent pattern, then there exists an extension of its corre-
sponding Boolean interpretation B, which is a model of (1),
(2) and (3). Note that B, is defined as follows: for alla € ¥
and for all ¢ € {0,...,kq}, if a; = a then By(pa;) = 1.
One can easily see that the constraint (1) is satisfied by B,
since Bp(pag,0) = 1. Let us now extend the Boolean Inter-
pretation B), to the variables by, ...,b,—1. This extension is
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obtained as follows: for all 0 < i < n —1, if p A; s then
B, (b;) = 1. Clearly this extension corresponds to a Boolean
interpretation that satisfies (2). Finally, it also satisfies (3),
since p is a frequent pattern, i.e. its support is greater or
equal to the minimal support threshold A.

Conversely, we have to prove that if a Boolean interpretation
B is a model of (1), (2) and (3), then there exists a unique
pattern pg corresponding to B which is frequent. Note that,
using the constraints (2) and (3), we have, for all a,a’ €
Y and for all i € {0,...,kq — 1}, if B(pa,s) = B(pari) =
1, then @ = a’. Indeed, if there exists a # a’ such that
B(Pa,i) = B(par,;) = 1, then we get 37" ' b; = n and this is
in contradiction with 31" b < n—X (X # 0). Furthermore,
using the constraint (1), we know that the first symbol of p
is different from o. Therefore, we deduce that there exists
a unique pattern associated to B. This pattern corresponds
to ps = ao - - - ax—1 such that, for all 7 € {0,...,k — 1} with
a; # 0, B(pa;:) = 1, and B(pa,:;) = 0 for all a € ¥ with
a # a;. Moreover, using the constraint (2), we know that
if B(b;) = 1, then p #A; s. Hence, using the cardinality
constraint (3), we deduce that the support of p is greater or
equal to the support threshold A. [J

Example. Consider the frequent pattern mining problem
in the case of the sequence aabb with 2 as minimal support
threshold. Our encoding corresponds to the following for-
mulae:

Pa,0 V Py

Pa,0 — (bg AN b3)

Pa,1 — (b1 Aba A bg)
Pa,2 — (bo Abi Aba A b3)
b0 — (bo A b1)

Pb1 — (bo AN bg)

Pv2 — (bz AN b3)

bo + b1 + b2 + b3 <2

Note that, for all Boolean interpretation B, if B(pg,:) =
B(py,s), then bo+ b1 + b2 +bs = 4. Hence we cannot have dif-
ferent solid characters at the same position. Moreover, using
the last constraint, for all Boolean interpretation B which is
a model of the encoding, we must have B(pa,1) = B(pa,2) =0
and B(pa,0) # B(ps,1). If we describe each Boolean model
of the formula by a subset of {pa,0,Pa,1;Pa,2; Pb,05 Pb,1, Pb,2 },
then we obtain as models {pas,0}, {pPv,0} and {pa,0,ps,2}.
These Boolean models correspond to the patterns a, b and
aob.

Note that in order to consider the frequent patterns with
at least min solid characters, we just have to add the fol-
lowing constraint:

>

a€X,0<i<kq—1

(4)

Pa,i 2 min

Conversely, in order to only consider the frequent patterns
with at most max solid characters, we add:

>

a€x,0<i<ky—1

(®)

Pa,i > max

Moreover, the combination of the two previous constraints
allows us to only consider with the number of solid char-
acters between min and mazx. Let us mention that such
extensions show that our approach is flexible.
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S. ENUMERATING CLOSED AND MAXI-
MAL MOTIFS

5.1 Enumerating Closed Motifs (CPS)

In order to provide constraints allowing to enumerate the
closed frequent patterns, we associate to each symbol a a set
of kq + (n — min(Ls(a)) — 1) propositional variables:

pmAkga~~7paka—1

where k; = n — min(Ls(a)) — 1. Similarly to our previous
encoding, the propositional variables pq,0,...,Pa,k,—1 allow
us to reason about the possible locations of a in the candi-
date pattern. The variables with negative indices are used
to force the candidate pattern to be closed. Our encoding
of the problem of enumerating the closed frequent patterns
in a sequence of items CPS is obtained by extending the
previous one with new constraints.

We first have to capture all the locations where the can-
didates pattern appears. This is obtained by the following
constraint:

n—1

/\(bl —

=0

V

a€R,0<i<kq—1

(Pasi A 8140 7# @) (6)

Indeed, the previous constraint combined to the constraint
(2) allows us to obtain that, if the Boolean interpretation
B is a model of the constraints (1), (2) and (6), then the
candidate pattern that corresponds to B appears only in the
locations {0 <1 < n — 1|B(b) = 0}.

Now, we introduce a necessary, but not sufficient, constraint,
w.r.t. the previous constraints, for obtaining a closed fre-
quent pattern:

n—1

/\ (/\bil—>5l+i:a)—>pa,i

a€X,0<i<kq—1 1=0

(7)

Intuitively, the previous constraint maximizes the number
of the symbols different from wildcard on the right side of
the symbol represented by the propositional variable having
0 as index.

We now define a constraint with the propositional variables
having the negative indices. Conversely to the previous con-
straint, the following constraint allows us to to maximize
the number of the symbols different from wildcard on the
left side:

(\ b= sii=a) < pa,
0

(8)

n—1
1/;3% 1=
Let us note that if the Boolean interpretation B is a model
of (NA(2)AB)A(6)A(T)A(8) and B(pqg,:) = 1, then, for all
b € ¥ such that a # b and py; exists, B(ps,;) = 0 holds. This
property is mainly obtained from the constraints (2) and (8)
(see arguments used in the proof of Proposition 1). A closed
motif is obtained from a model by using the propositional
variables associated to the elements of ¥ and evaluated to
1 by this model. Let pag,iq,Pat,irs---»Pag_1,i5_1 D€ these

a€lxl,
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variables. In this case, the closed motif is:
i1—ip—1

ag 0-+-0 A1 Ak_1

We now provide another encoding without using propo-
sitional variables with negative indices. The idea consists
in excluding each interpretation whenever its corresponding
pattern is not closed. This encoding is obtained by replacing
the constraint (8) with the following constraint:

A

a€s,1<i<k!

(N B s =a) ©)
=0

By the previous constraint, we simply force the candidate
pattern to be closed.

PRrROPOSITION 2. The problem of enumerating all the closed
frequent patterns in a given sequence s is expressed by the

constraints (1), (2), (3), (6), (7) and (9).

PROOF. Let p = ao,...,ar—1 be a closed frequent pat-
tern. We define its corresponding Boolean interpretation B,
as follows: for all a € ¥ and for all i € {0,...,k.}, if a; = a
then Bp(pq,i) = 1. We extend B, to the propositional vari-
ables {bo,...,bp—1} as follows: p A; s iff By(b;) = 1, for
i=0,...,n—1. By using similar arguments as in our proof
of Proposition 1, we know that I3, satisfies the constraints
(1), (2) and (3). It also satisfies (6), since if By(b;) = 1
then p A; s. In this context, the support of p is equal to
[{b; | Bp(b;) = 0}|. This allows us to deduce that B, satisfies
(7) and (9), since p is closed. Indeed, if (7) or (9) are not sat-
isfied by B,, then there exists a pattern p’ such that p < p’
with a support greater or equal to that of p and we get a con-
tradiction because that means that p is not a closed pattern.

Conversely, consider B a model of (1), (2), (3), (6), (7) and
(9). Using the constraints (2) and (3), we have, for all a,a’ €
Y and for all s € {0,...,ka — 1}, if B(pa,i) = B(pari) = 1,
then a = a’. Hence, there exists a unique pattern associated
to B that corresponds to ps = ag - - - ax—1 such that, for all
1€{0,...,k—1} with a; # o, B(pa,,:) = 1, and B(pa,:) =0
for all @ € ¥ with a # a;. Using Prposition 1, we know that
the pattern pg is frequent. The constraint (6) allows us to
obtain that the support of p is equal to |{b; | B(b;) = 0}/
Using the constraints (7) and (9), we now that there is no
frequent pattern ¢ having the same support as p such that
p < q. Therefore, we deduce that p is a closed frequent
pattern. [

Note that in order to enumerate all frequent patterns with-
out any condition on their supports, we only have to remove
the constraint 3.

5.2 Enumerating Maximal Motifs (MPS)

In our encoding of the problem of enumerating the maxi-
mal frequent patterns in a sequence of items MPS, we only
use the propositional variables associated to the elements of
>, with positive indices, i.e. we associate to each symbol a
a set of k., propositional variables pa,0,...,Pa,(k,—1). Our
encoding of MPS is obtained by extending the one of FPS
in a similar way as our encoding of CPS.

In order to enumerate the maximal frequent patterns, we
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need to capture all the locations where the candidates pat-
tern appears. To this end, similarly to our encodings of CPS,
we use the constraint (6). Indeed, the combination of the
constraints (2) and (6) allows us to obtain, if B is a Boolean
model of these two constraints, then {0 <1 <n—1|B(k) =
0} corresponds to the set of the locations where the candi-
date pattern appears.

We now provide the constraint allowing to maximize the
number of symbols different from wildcard on the right side
of the symbol represented by the propositional variable hav-
ing 0 as index:

n—1

A Earaizasyon,

@€, 1<i<kq—1 1=0

(10)

Intuitively, the constraint means that if p =ao---ar—1 is
the patter candidate and there exists a € ¥ such that then
pattern ag - - - ax—10--- oa have the same support as p, then
p is not a maximal frequent pattern.

Coversely to the previous constraint, we finally introduce
the constraint allowing to maximize the number of symbols
different from wildcard on the left side of the symbol repre-
sented by the propositional variable having 0 as index:

N ﬂ(ni:b*m sii=a>\) (11)

@€, 1<i<k!  1=0

One can easily see that it is equivalent to the following
constraint:

n—1
/\ ZEAsz_i:ag)\—l

aex,1<i<k!, 1=0

(12)

Indeed, the constraint —(3°/" '« > \) is equivalent to
n—1
x

cardinality constraint ) ;" < A — 1.

PROPOSITION 3. The problem of enumerating all the maz-
tmal frequent patterns in a given sequence s is expressed by

the constraints (1), (2), (3), (6), (10) and (12).

PROOF. Similar to our proof of Proposition 2. []

Let us mention that we can also use the constraints (4)
and (5) to reason about the number of the solid characters
in the considered patterns in the cases of CPS and MPS.
Furthermore, we can use a constraint in order to only con-
sider the closed and maximal patterns with support between
X and \'. This constraint is the following:

(13)

6. SAT-BASED ENCODINGS AND SEQUENCE

OF ITEMSETS

In this section, we extend our SAT-based approach for
discovering frequent, closed and maximal patterns in a se-
quence of itemsets. We will show that our encodings in this
case can be obtained from the previous ones with a very
slight modification.

Our encoding of the problem of enumerating the frequent
patterns in a sequence of itemsets FPSI can be easily ob-
tained from the one of FPS. We only have to replace the
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equalities of the form s;1,; # a with a ¢ s;44:

\/ Pa,0 (14)
acy
A (PaiNa @ sivi) = b (15)
a€x,0<1<n—1,0<i<kq—1
n—1
> bi<n—A (16)
=0

In this case, the variable p,; means that the symbol a is
in the candidate pattern in the itemset at the location . Let
us recall that we use the empty itemset as wildcard.

We denote by CPSI (resp. MPSI) the problem of enumer-
ating the closed (resp. maximal) frequent patterns in a se-
quence of itemsets. Similarly to FPSI, Boolean encodings of
CPSI and MPSI can be directly obtained from the ones of re-
spectively CPS and MPS by replacing the expressions of the
form si4; # a (vesp. siy+i = a) with a & si4; (resp. a € si44).

Constraints of closeness:

n—1
N b — V  Geinadsi) (17)
1=0 a€X,0<i<kg—1
n—li
A (/\ b = a € sipi) = pa (18)
a€ex,0<i<kq—1 1=0
n—li
/\ ﬁ( /\ by —ac€ Sl_i) (19)

a€x,1<i<k!,  1=0

Constraints of maximality: to express the maximality,
we add the following two constraints to (17):

n—1
(ZE/\ a € Si4i > AN) = Payi (20)
a€S,1<i<kq—1 1=0

n—1
/\ ZEAaesl,ig)\—l

a€X,1<i<k! 1=0

(21)

The slight modification of our encodings in the case of
the sequences of items in order to obtain encodings for the
sequences of itemsets clearly shows the high flexibility of our
proposed framework.

7.

In our study, we carried out a preliminary experimental
evaluation of our proposed approaches using two different
datasets.

1. Bioinformatics: proteinic data encoded as a sequence
of items, where an item is an amino-acid .

"http://www.biomedcentral.com/1471-
2105/11/175 /additional/
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2. Synthetic datasets: we use the well-known IBM item-
set data generator? to derive datasets with different
features. We used this generator to get sequences of
itemsets, that can be seen as an ordered set of trans-
actions.

To make fair our comparison with the approach proposed
in [8], we adopted the similar choices in our implementa-
tions. First, as we deal with the problem of enumerating
all the models of a given CNF formula encoding our se-
quence mining problem, we implemented a model enumera-
tion solver based on the CDCL-based solver MiniSAT 2.2 3.
To enumerate all the models, each time a model is found,
we add only the negation of the sub-model restricted to the
literals encoding the pattern to the formula and we restart
the search. Secondly, as our SAT encodings include cardi-
nality constraints, we also use the BDD encoding [5] using
BoolVar/PB open source java library 4,

In the first experiment, we compare our new SAT encod-
ing (noted CPS1) against the SAT encoding proposed in
[8] (noted CPS2), on bioinformatics datasets (sequences of
items). This first evaluation concerns the enumeration of fre-
quent closed patterns with wild cards in a sequence of items.
We consider a sequence of fixed length and we measure the
evolution of computation time with respect to the minimal
support threshold (quorum) A. The quorum evolves linearly
(Ao =5 and A; = A\;—1+5). Several datasets have been con-
sidered, their evaluation shows similar behavior. The results
obtained on a representative dataset are depicted in Figure
1. This experiment confirms that in the case of sequences of
items, our new SAT-based sequence mining approach out-
performs (in terms of CPU time) the approach proposed re-
cently in [8]. We also obtain significant improvement w.r.t.
the size of the encoding. For instance, if we consider the
most difficult dataset of the Figure 1 (quorum X\ = 5), the
obtained CNF formula using our encoding contains about 19
millions of clauses and 3 millions of variables, whereas with
the encoding proposed in [8] the formula contains about 30
millions of clauses and 7.5 millions of variables.

The second experiment concerns the new extension of the
problem to the case of sequence of itemsets. Our goal is
show the feasibility of our proposed extension and its as-
sociated encodings. For our evaluation, we considered syn-
thetic datasets, generated using the approach outlined in [1]
and also used by several authors (e.g. [12]). In our context,
we only consider a single sequence of itemsets with differ-
ent features (size of the sequence, number of items, average
size of the itemsets). In Figure 2, we illustrate the results
obtained on two datasets: datasetl (size of the sequence =
100, avg. size of itemsets = 15, number of items = 40) and
dataset2 obtained from datasetl by cutting the sequence at
50th position. The quorum is also varied linearly as in the
first experiment. The main observation that can be made,
is that the hardness of the enumeration problem increase as
the quorum decrease. Indeed, for smaller values of A, the
number of frequent closed patterns is huge, leading to even
harder problems. However for higher values of A, the enu-

2http:/ /sourceforge.net/projects/ibmquestdatagen/
SMiniSAT: http://minisat.se/
“BoolVAR/PB : http://boolvar.sourceforge.net/
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meration problem becomes easy as the number of interesting
patterns decreases.
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Figure 1: Bioinfo: time Vs quorum (Sequence of
Items - Frequent Closed Patterns)
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Figure 2: Synthetic datasets: time Vs quorum (Se-
quence of Itemsets - Frequent Closed Patterns)

As a summary, in the above experiments, we have shown
that our encoding significantly improve the one proposed in
[8, 7]. For comparison purposes, we used the same encoding
of the cardinality constraint and also the same algorithm
for enumerating all models of a CNF formula. We think
that several room for future improvements can be obtained
by using the state-of-the-art encoding of the cardinality [3],
and by using more efficient model enumeration algorithm
[13, 11, 25]. Obviously, our SAT based approach is less
efficient than dedicated approaches such as the state-of-the-
art algorithm proposed by Arimura et al. in [2]. However,
our SAT model is declarative and highly flexible. Indeed,
the SAT encoding for a sequence of itemsets is obtained
with a very slight modification of the SAT encoding of a
sequence of items. Also, one can easily combine several kind
of constraints. Finally, SAT-based data mining benefits from
the continuous progress of SAT community.
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9. CONCLUSION AND PERSPECTIVES

The contributions of this paper are twofolds. First, we
proposed an interesting improvement of the SAT-based en-
codings introduced in [8] for enumerating frequent, closed
and maximal patterns with wildcards in a sequence of items.
Secondly, we introduced a new and natural extension of the
problem to deal with the sequences of itemsets. Interest-
ingly, its encoding to SAT is obtained with a slight modifi-
cation of the SAT encoding of the problem dealing with the
sequences of items. This clearly shows the high flexibility of
our proposed framework and opens several issues for future
research. We first plan to investigate other variants of the
problem such as sequences of sequences of items or itemsets.
It would be interesting to extend our encoding with con-
straints on the form of the enumerated patterns (restriction
on the number of consecutive wildcards, regular expressions,
etc). Finally, on the Boolean satisfiability side, the design
of efficient model generation procedures is an important is-
sue for SAT-based data mining framework in general and to
other important application domains.
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Abstract. Recently, several constraint programming (CP)/propositional
satisfiability (SAT) based encodings have been proposed to deal with
various data mining problems including itemset and sequence mining
problems. This research issue allows to model data mining problems in
a declarative way, while exploiting efficient and generic solving tech-
niques. In practice, for large datasets, they usually lead to constraints
network/Boolean formulas of huge size. Space complexity is clearly iden-
tified as the main bottleneck behind the competitiveness of these new
declarative and flexible models w.r.t. specialized data mining approaches.
In this paper, we address this issue by considering SAT based encodings
of itemset mining problems. By partitioning the transaction database, we
propose a new encoding framework for SAT based itemset mining prob-
lems. Experimental results on several known datasets show significant
improvements, up to several orders of magnitude.

Keywords: Declarative Data Mining, Itemset Mining

1 Introduction

Recently, a constraint programming (CP) based data mining (DM) framework
was proposed by Luc De Raedt et al. in [10] for itemset mining (CP4IM). This
new framework offers a declarative and flexible representation model. New con-
straints often require new implementations in specialized approaches, while they
can be easily integrated in such a CP framework. It allows data mining problems
to benefit from several generic and efficient CP solving techniques. The authors
show how some typical constraints (e.g. frequency, maximality, monotonicity)
used in itemset mining can be formulated for use in CP [5]. This study leads
to the first CP approach for itemset mining displaying nice declarative oppor-
tunities. Encouraged by these promising results, several contributions addressed
other data mining problems using the two well-known AI models: constraint
programming and propositional satisfiability. For example, in [7], the authors
proposed a SAT based formulation of the problem of enumerating the Top-k
frequent closed itemsets. In [2], the authors solve the frequent itemset mining
problem by compiling the set of all itemset into a binary decision diagram (BDD)
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(augmented with counts). Frequent itemset are then extracted by querying the
BDD. By considering the relationship between local constraint-based mining and
constraint satisfaction problems, Khiari et al. [8] proposed a model for mining
patterns combining several local constraints, i.e., patterns defined by n-ary con-
straints. Also, several constraint-based language for modeling and solving data
mining problems have been designed. Let us mention, the constraint-based lan-
guage, defined in [9], which enables the user to define queries in a declarative way
addressing pattern sets and global patterns. All primitive constraints of the lan-
guage are modeled and solved using the SAT framework. More recently, Guns at
al. [3], introduced a general-purpose, declarative mining framework called Min-
ingZinc. Compared to CP4IM framework [4], MiningZinc supports a wide variety
of different solvers (including DM algorithms and general purpose solvers) and
employe a significantly more high-level modeling language.

The above non exhaustive description of some recent works on constraint
programming based data mining shows an important research activity in this
new research trend. In most of these contributions, particularly for SAT based
data mining framework, despite the nice declarative aspects, the authors pointed
out that the main challenge concern their competitiveness against specialized
data mining algorithms. As mentioned in [3], ”this is non-trivial because data
mining algorithms are highly optimized for specific tasks and large datasets,
while generic constraint solvers may struggle in particular with the size of the
problems”. The work presented in this paper fit into this framework. Our goal
is to provide a step in that direction by pushing forward the effectiveness of
SAT-based data mining approaches.

In this paper, we consider the SAT-based encodings of itemset mining prob-
lems proposed in [7]. An enhancement of the encoding is provided. We propose
an original partition based approach allowing us to partition the whole problem
into sub-problems of reasonable size while maintaining solving incrementality. It
takes as input a transaction database and a partition of the set of items, then
it incrementally generates and solves a sequence of sub-problems while ensuring
completeness. This partition based SAT encoding improves Jabbour et al. [7]
SAT-based itemset mining approach by several orders of magnitude on several
well-known datasets.

2 Preliminaries

Let 2 be a finite non empty set of symbols, called items. From now on, we
assume that this set is fixed. We use the letters a, b, ¢, etc to range over the
elements of 2. An itemset I over 2 is defined as a subset of (2, i.e., I C 2. We
use 2% to denote the set of itemsets over {2 and we use the capital letters I, J,
K, etc to range over the elements of 2.

A transaction is an ordered pair (i,1) where ¢ is a natural number, called
transaction identifier, and I an itemset, ie., (i,I) € N x 29 A transaction
database D is defined as a finite non empty set of transactions (D C N x 2)
where each transaction identifier refers to a unique itemset.
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Let D be a transaction database and I an itemset. The cover of I in D,
denoted C(I, D), is the following set of transaction identifiers:

{ieN|(i,J)€Dand I C J}

Moreover, the support of I in D, denoted S(I, D), corresponds to the cardinality
of C(1,D), ie., S(I,D)=|C(I,D)|.

Tid|Itemset
a,b,c,d
a,b,e, f
a,b,c
a,c,d, f
g
d
d, g

Table 1. A Transaction Database D.

N O U W N

For instance, consider the transaction database D in Table 1. In this case,
we have C({a,b}, D) = {1,2,3} and S({a,b}, D) = 3 while S({f},D) = 2.

In this work, we are mainly interested in the problem of finding frequent
itemsets (FIM problem). Given a transaction database D and a natural number
n greater than 0, solving this problem consists in computing the following set
of itemsets: FIM (D,n) = {I C 2| S(I,D) > n}. In this context, we call n a
minimal support threshold.

The number of frequent itemsets in a transaction database can be significant.
Indeed, this problem is # P-hard [15]. The complexity class #P corresponds to
the counting problems associated with a decision problem in NP. In order to
partially face this problem, condensed representations have been proposed:

Definition 1 (Closed Frequent Itemsets). Let D be a transaction database
and n a minimal support threshold and I an itemset in FIM(D,n). The itemset
I is closed iff, for oll J D I, S(I,D) > S(J, D).

Definition 2 (Maximal Frequent Itemsets). Let D be a transaction database
and n a minimal support threshold and I an itemset in FIM (D, n). The itemset
I is mazimal iff, for all J D I, S(J,D) < n.

For instance, in the previous example, for n = 2, the sets of closed and maxi-
mal frequent itemsets are respectively {{a, b}, {a,b, c}, {d},{a,c,d},{a, f},{g}}
and {{a,b,c},{a,c,d},{a, f},{g}}. We use CFIM(D,n) (resp. MFIM(D,n))
to denote the set of closed (resp. maximal) frequent itemsets.

3 Propositional Logic and SAT Problem

In this section, we define the syntax and the semantics of propositional logic.
Let Prop be a countably set of propositional variables. We use the letters p,
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q, r, etc to range over Prop. The set of propositional formule, denoted Form, is
defined inductively started from Prop, the constant 1 denoting false, the constant
T denoting true, and using the logical connectives —, A, V, —. We use P(A)
to denote the set of propositional variables appearing in the formula A. The
equivalence connective <> is defined by A <+ B=(A — B) A (B — A).

A Boolean interpretation Z of a formula A is defined as a function from P(A)
to {0,1} (0 corresponds to false and 1 to true). It is inductively extended to
propositional formulse as usual:

I(L)=0 Z(T)=1 Z(AAB) = min(Z(A),Z(B))
I(~A) =1-Z(A) Z(AV B) = max(Z(A),Z(B))
I(A — B) = maz(1 — I(A), Z(B))

A model of a formula A is a Boolean interpretation Z that satisfies A, i.e.
Z(A) = 1. A formula A is satisfiable if there exists a model of A. A is valid
or a theorem, if every Boolean interpretation is a model of A. We use Mod(A)
to denote the set of models of A.

Let us now define the conjunctive normal form (CNF) representation of
propositional formulee. A CNF formula is a conjunction (A) of clauses, where
a clause is a disjunction (V) of literals. A literal is a propositional variable (p)
or a negated propositional variable (—p). The two literals p and —p are called
complementary. A CNF formula can also be seen as a set of clauses, and a clause
as a set of literals. The size of the CNF formula A corresponds to the value
> eca lc| where |c| is the number of literals in the clause c. Let us mention that
any propositional formula can be translated to a CNF formula equivalent w.r.t.
satisfiability, using linear Tseitin’s encoding [13]. The SAT problem consists in
deciding if a given CNF formula admits a model or not.

4 SAT Encoding of Itemset Mining

In this section, we describe SAT encodings for itemset mining which are mainly
based on the encodings proposed in [7]. In order to do this, we fix, without loss
of generality, a transaction database D = {(1,11),...,(m, 1)} and a minimal
support threshold n.

The SAT encoding of itemset mining that we consider is based on the use of
propositional variables representing the items and the transaction identifiers in
D. More precisely, for each item a (resp. transaction identifier ¢), we associate
a propositional variable, denoted p, (resp. ¢;). These propositional variables are
used to capture all possible itemsets and their covers. Formally, given a model
T of the considered encoding, the candidate itemset is {a € 2 | Z(p,) = 1} and
its cover is {i € N| Z(g;) = 1}.

The first propositional formula that we describe allows us to obtain the cover

of the candidate itemset: .

NGa <\ pa) (1)

=1 a€2\I;
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This formula expresses that g; is true if and only if the candidate itemset is
supported by the i*" transaction. In other words, the candidate itemset is not
supported by the ' transaction (g; is false), when there exists an item a (p, is
true) that does not belong to the transaction (a € 2\ ;).

The following propositional formula allows us to consider the itemsets having
a support greater than or equal to the minimal support threshold:

m

Zqi >n (2)

This formula corresponds to 0/1 linear inequalities, usually called cardinality
constraints. The first linear encoding of general 0/1 linear inequalities to CNF
have been proposed by J. P. Warners in [14]. Several authors have addressed
the issue of finding an efficient encoding of cardinality (e.g. [12,11,1]) as a CNF
formula. Efficiency refers to both the compactness of the representation (size
of the CNF formula) and to the ability to achieve the same level of constraint
propagation (generalized arc consistency) on the CNF formula.

We use Eprp (D, n) to denote the encoding corresponding to the conjunction
of the two formulee (1) and (2).

Proposition 1 ([7]). Let D be a transaction database and n a minimal support
threshold. T is a model of Eprp(Dyn) iff I ={a € 2| Z(p,) =1} is a frequent
itemset where C(I,D) = {i € N | Z(g;) = 1}.

We now describe the propositional formula allowing to force the candidate
itemset to be closed:

m
NN\ a—ael)—pa (3)

a€f? i=1
This formula means that if we have S(I, D) = S(IU{a}, D) then a € I holds. This
condition is necessary and sufficient to force the candidate itemset to be closed.
Let us note that the expressions of the form a € I; correspond to constants, i.e.,

a € I; corresponds to T if the item a is in I;, to L otherwise.

Note that the formula (3) can be simply reformulated as a conjunction of

clauses as follows:
AC NV @Vl (4)

ac? 1<i<m,a¢l;,
This reformulation is obtained using the equivalence A - B =-AV B.
For illustration purposes, and to show the generality of our proposed frame-
work, we give below the encoding of the maximality constraint. Indeed, the
following formula corresponds to a constraint forcing the candidate itemset to

be maximal:
m

/\ (Z(qz Na € 1;) =n) — pg (5)

acR i=1
Since the expressions of the form a € I; correspond to constants, the formulae
of the form Z;il(qi Aa € I;) = n correspond to cardinality constraints. Indeed,
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for every propositional variable ¢;, we have ¢; A L = 1 and ¢; A T = ¢;. In the
same way as in the case of (3), the formula (5) provide a necessary and sufficient
condition to force the candidate itemset to be maximal, since we have, for every
a€ 2, S(IU{a},D) > n implies a € I. It is worth noticing that this formula is
not provided in [7]. However, an equivalent constraint is provided in De Raedt
et al’s encoding proposed in [10].

We use Ecrin(D,n) (resp. Eprin(D,n)) to denote the encoding corre-
sponding to the conjunction of the formule (1), (2) and (4) (resp. (1), (2) and

(5))-

Proposition 2. Let D be a transaction database and n a minimal support thresh-
old. T is a model of Ecrrnm (D, n) iff I = {a € 2] Z(ps) = 1} is a closed frequent
itemset where C(I,D) = {i e N| Z(gq;) = 1}.

Proposition 3. Let D be a transaction database and n a minimal support thresh-
old. T is a model of Exprne(Dyn) iff I = {a € 2| Z(ps) = 1} is a mazimal
frequent itemset where C(I,D) = {i € N| I(q;) = 1}.

5 A Partition Based Method

One of the significant problems of the declarative approaches in data mining
is the large size of the encodings. Indeed, even if the sizes of the encodings
is polynomial in the size of the input, this does not mean that these sizes are
reasonable. In order to tackle this problem, we propose an approach which allows
us to decompose the encodings described previously.

Let D be a transaction database and S an itemset. We use D|g to denote
the transaction database {(i,I) € D | I NS # 0}. Let k be a natural number
smaller than or equal to |£2|. A k-partition of {2 is a structure of the form
({S1,..., 5k}, <) where {S1,...,Sk} is a partition of {2 into k subsets and < is
an ordering on {S1,..., Sk}

Let D be a transaction database, P = (W, <) a k-partition of £2, S € W and
n a minimal support threshold. We use X'p (D, n, S, P) to denote the following
propositional formula:

Eom(Pis,m) A\ p)AC N\ ) (6)

acS beUgr 45 S’

where DM € {FIM,CFIM,MFIM}.

In formula 6, the subformula (\/,.gp.) expresses that the itemsets must
contains at least one item from S. The second subformula (/\bGUsus < TDb)
avoid generating itemsets previously generated using the previous elements of
the partition sequence.

Proposition 4. Let D be a database, P = (W, <) a k-partition of 2, S € W
and n a minimal support threshold. T is a model of Xpy(D,n,S,P) iff the
following properties are satisfied:
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1: procedure SATS,;(D,n,P) >P=({S1,...,5} <)
2 R+ 0

3 for i < 1,k do >S5 < < Sk
4: R < RUenumModels(Xpy(D,n,Si, P))

5 end for

6 return itemsets(R)

7: end procedure

Fig. 1. Algorithm SATDE,,

() I={a € Q|Z(p) = 1} € DM(D,n);
) C(I,D) ={i e N[ Z(q:) = 1};

(i4i) INS #0; and

(iv) INUg2gS" =0.

Proof. Part =. Using Propositions 1, 2 and 3, we obtain the properties (i) and
(7i). The properties (7i7) and (iv) are dlrectly obtained from the formulee \/ . ¢ pa
and /\bGUs/<s g Db Tespectively.

Part <. Using the properties (i) and (ii), we obtain that Z is a model
of Epn(Dys,n). This is a consequence of Propositions 1, 2 and 3. Since I N
S # 0 (resp. INUggS = 0), we get that T is a model of \/, g pa (resp.

/\beUSuS s Pb)-

Proposition 5. Let D be a transaction database, P = (W, <) a k-partition
of 2, 5,8 € W such that S # S" and n a minimal support threshold. Then
Mod(Xppr(D,n, S, P)) N Mod(Xpa(D,n,S",P)) =0 holds.

Proof. Since S # S’, we have either S < S’ or S < S. We here consider,
without loss of generality, that S < S’. Since all models of Xpy (D, n,S’, P)
satisfy A,cg —Pa because of S” < S and all models of Xpy(D,n, S, P) satisfy
Vaes Pas we deduce that Mod(Xpr (D, n, S, P)) N Mod(Xpn (D, n, S, P)) = 0.

We provide in Figure 1 a simple algorithm using our partition based method
for enumerating all (closed/maximal) frequent itemsets. This algorithm takes as
input a transaction database D, a minimal support threshold n and a k-partition
P =({S1,...,5k}, <) such that S; < --- < Sg. The procedure enumM odels(A)
enumerate all Boolean models of the propositional formula A. The procedure
itemsets(R) returns the itemsets corresponding to the Boolean models in the
set RR.

Theorem 1 (Soundness). The algorithm SATYE,, is sound w.r.t. the data
mining task DM .

Proof. The soundness of SATY,, is a direct consequence of Proposition 4.

Theorem 2 (Completeness). The algorithm SATY,, is complete w.r.t. the
data mining task DM .
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Proof. The completeness of SATE,,; comes from the fact that 2 = |J, <i<k S
and Proposition 4.

It is worth noticing that, using Proposition 5, we know that there is no
itemset computed in two different steps in the for-loop.

In the propositional formula (6), the main difficulty is in the sub-formula
Epm(Djg,n). Indeed, if the number of transactions of D)g is close to that of
D, then the gain is minimal. For this reason, it is more interesting to consider
orderings < in k-partitions that are based on the number of transactions in the
sense that S < S if the number of transactions of Djg is smaller than that of
D, 5. Let us note that the number of transactions of Djg depends directly on
the size of S: if S is included in S’, then the number of transactions of D|g is
smaller than that of Djg.

6 Experiments

In this section, we carried out an experimental evaluation of the performance
of our partition based approach for enumerating frequent closed itemsets. We
considered a variety of datasets taken from the FIMI! and CP4IM? repositories.

All the experiments were done on Intel Xeon quad-core machines with 32GB
of RAM running at 2.66 Ghz. For each instance, we used a timeout of 2 hours
of CPU time. As described in the previous section, the Algorithm 1 takes a

14000

krvs-kp (73)
australian-credit (124)

d : anneal (89)

12000 hepatitis (68)

10000

8000

#clauses

6000

4000

2000

0 L=
) 20 40 60 80 100 120 140
formula (number i

Fig. 2. SATE w2 Formulas: Evolution of the Number of Clauses

transaction database and a k-partition of the set of items as inputs, and returns
the set of patterns of interest (frequent, closed or maximal). In our experiments,
we consider a partition P where each S; € P contains a single item and S; < S;41
if S; contains a less frequent item than S; 1. Obviously, in this case k is equal to
[£2|. This ordering allows us to first generate encodings of smaller size. Our goal
is to show the feasibility of our proposed approach even when a basic partitioning

! FIMI: http://fimi.ua.ac.be/data/
2 CP4IM: http://dtai.cs.kuleuven.be/CP4IM /datasets,/
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scheme is considered. Finding a k-partition of the set of items that leads to better
improvements is an interesting optimisation problem. This issue is out of the
scope of this paper. We compare our partition based approach noted SATZ;D FIM
(SAT-P-CFIM in the figures) with SATcrya, the encoding of frequent closed
itemsets mining problem without partition (named SAT-CFIM in the figures).

We implemented the Algorithm 1 in C. For the enumeration of all models
of the Boolean formula encoding the corresponding itemset mining problem, we
use the extension of modern SAT solvers described in [6]. The implementation
is based on an extension of MiniSAT 2.2 3.

Note that, the time needed to generate the partition does not exceed 1 sec-
onds on the majority of the instances, except for splice-1 and connect, which
takes 17 and 60 seconds respectively. First, we present in Table 2, the charac-

[instance “#trans[#items[[#vars[#clauses“min[max ]
z00-1 101 36 173 |2196 4 |387
Hepatitis 137 68 273 |4934 193|934
Lymph 148 68 284 |6355 28 (724
audiology 216 148 508 |17575 4 |657
Heart-cleveland [|296 95 486  [15289 192 {2534
Primary-tumor [|336 31 398 (5777 117|801
Vote 435 48 531 |14454 225 (2591
Soybean 650 50 730 |22153 4 1847
Australian-credit|[653 125 901 48573 108 |5896
Anneal 812 93 990 (39157 4 4149
Tic-tac-toe 958 27 1012 |18259 485 (3619
german-credit 1000 (112 1220 |73223 319 (6957
Kr-vs-kp 3196 |73 3342 (121597 ||4 13879
Hypothyroid 3247 |88 3419 (143043 [|4 14410
chess 3196 |75 3346 (124797 ||4 14853
splice-1 3190 |287 3764 |727897 ||4 105540
mushroom 8124 [119 8348 (747635 [[23 [34695
connect 67558 [129 67815 (5877720 (|297 (291139

Table 2. Characteristics of the instances & Encoding size

teristics of the dataset and the size of the CNF formula encoding the whole
transaction database for the closed itemsets mining problem. For each instance,
we mention the number of transactions (#trans), the number of items (#items),
the size of the formula encoding the whole problem in terms of number of vari-
ables (#vars) and clauses (#clauses). The last two columns give the number
of clauses of the smallest (min) respectively the largest formula (max) gener-
ated using our partition based encoding. On all instances, the number of clauses
of the largest formula (mazx) generated with our partition based encoding is
significantly smaller than those generated without partition (#clauses).

In Figure 2, we represent the evolution of the size of the resulting CNFs
during the partition process for a sample of representative instances. For each
instance, we mention its name and the number of generated Boolean formulas
(in parenthesis) corresponding to the number of elements in the partition (k).
As we can observe, our approach allows to generate small CNFs compared to the
approach encoding the whole transaction database (see Table 2). For example,
if we consider the Kr-vs-kp instance, the largest generated CNF formula does

3 MiniSAT: http://minisat.se/
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Fig. 3. SATgFIM vs SATcrim

not exceed 14 000 clauses while it reaches 121 597 clauses without partitioning.
Moreover, the size of the different formulas evolves as follows. During the first
steps of the partitioning process, the size of the obtained CNF's is smaller, as the
first elements of the partition contains less frequent items. For these formulas,
the enumeration process takes relatively short time. The same observation can
be made for the latest steps of the partitioning process (last elements of the
partition). We recall that at iteration ¢, the transactions containing the items
from S; (j < i) are removed. A peak in the size of the generated formulas
can be observed in the middle of the partitioning process. Indeed, for the first
generated formulas, the considered items appears in less transactions leading
to an encoding of a smaller transaction database. For higher elements of the
partition, even if they correspond to frequent items, some of their occurrences
are avoided by the previous removed items. The peak in size corresponds to the
steps of the partitioning process, where items occurs a reasonable number of
times.
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Fig. 4. SATL w5 anneal (left) and australian (right) instances

To evaluate the performances of our proposed approach, we compare the
time needed for our partition based approach SATg iy With SATcpry (with-
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out partitioning) to enumerate all models corresponding to all closed frequent
itemsets. The comparison is depicted by the the scatter plot of Figure 3. Each
dots (x,y) represents an instance (see Table 2) with a fixed minimal support
threshold n. The scatterplot represent all the instances described in Table 2 (18
instances), where for each instance, we tested 70 different values of n. The to-
tal number of instances is 1260. The x-axis (respectively y-axis) represents the
CPU time (seconds) needed for the enumeration of all closed frequent itemsets
using SATE ;s (vespectively SATc ). Clearly, the partition based approach
outperforms those without partition on the majority of instances. For several in-
stances and values of n, our partition based approach allows to enumerate all
models while the classical method without partitioning is not able to enumerate
them under the time limit. For instance, for connect data, SATcrras is able to
enumerate all closed frequent itemsets for only n = 50000, while our partition
based approach enumerates all models for 8 different minimal support threshold
(for all n > 5500).

Figures 4 and 5, highlight the results obtained by SATgFIM and SATrcrym
on anneal, australian, hepatitis and mushroom instances while varying the
minimum support threshold (quorum). These figures highlights the great poten-
tial of our partitioning based approach.
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Fig. 5. SATL - a: hepatitis (left) and mushroom (right) instance
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8 Conclusion and perspectives

In this paper, a partition based SAT encoding of itemset mining problems is pro-
posed. It aims to decompose the original problem into subproblems of reasonable
size generated by partitioning the set of items. Our proposed approach is incre-
mental and complete. The experimental evaluation on several known datasets
shows significant improvements, up to several orders of magnitude. The results
obtained in this paper, open several interesting paths for future works, including
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the design of parallel based approaches. Handling the different subproblems in
parallel, will leads to substantial additional improvements. Finding the ”best”
partition of the set of items is another interesting issue.
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Abstract. Clustering has been extensively studied to deal with differ-
ent kinds of data. Usually, datasets are represented as a n-dimensional
vector of attributes described by numerical or nominal categorical values.
Symbolic data is another concept where the objects are more complex
such as intervals, multi-categorical or modal. However, new applications
might give rise to even more complex data describing for example cus-
tomer desires, constraints, and preferences. Such data can be expressed
more compactly using logic-based representations. In this paper, we in-
troduce a new clustering framework, where complex objects are described
by propositional formulas. First, we extend the two well-known k-means
and hierarchical agglomerative clustering techniques. Second, we intro-
duce a new divisive algorithm for clustering objects represented explicitly
by sets of models. Finally, we propose a propositional satisfiability based
encoding of the problem of clustering propositional formulas without the
need for an explicit representation of their models. Preliminary experi-
mental results validating our proposed framework are provided.

1 Introduction

Clustering is a technique used to recover hidden structure in a dataset obtained
by grouping data into clusters of similar objects. It is derived by several im-
portant applications ranging from scientific data exploration, to information
retrieval, and computational biology (e.g. [1]). Such diversity in terms of ap-
plication domains induces a variety of data types and clustering techniques (see.
[2] for a survey). Indeed, data can be transactional, sequential, trees, graphs,
texts, or even of a symbolic nature [6, 7, 10]. This last kind of data is particularly
suitable for modeling complex and heterogeneous objects usually described by a
set of multivalued variables of different types (e.g. intervals, multi-categorical or
modal) (e.g. [3,4,8]). We can also mention conceptual clustering proposed more
than thirty years ago by Michalski [14] and defined as a machine learning task. It
accepts a set of object descriptions (events, facts, observations, ...) and produces
a classification scheme over them. Conceptual clustering not only partitions the
data, but generates clusters that can be summarized by a conceptual description.
As a summary, conceptual and symbolic clustering are twoparadigm proposed to
deal with kinds of data other than those usually described by numerical values.

In today’s data-driven digital era, data might be even more complex and het-
erogenous. Such complex data might represent customers desires or preferences
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collected in different possible ways using surveys and quizzes. As an example,
one can cite configuration systems usually designed to provide customized prod-
ucts satisfying the different requirements of the customer, usually modeled by
constraints or logic-formulas (e.g. [11]). These customers requirements-data or
the data-models provided by the configuration systems are some kind of complex
data that we are interested in. These data can be represented by logic-formulas
(requirements) or by models (the products satisfying the requirements). Data
can also represent more complex entities such as transaction databases. Indeed,
suppose that we collected several transaction databases from stores chain selling
the same products, one can be interested in determining similar stores (clusters)
or stores with the same behavior. This could help the manager of the stores
chain to better define its trade policy. In the two previous examples, data can
be better represented as a set of propositional formulas or as sets of models.

In this paper, we introduce a new clustering framework, where complex ob-
jects are described by propositional formulas. We first extend the two well known
k-means and hierarchical agglomerative clustering techniques. Then, we intro-
duce a new divisive algorithm for clustering objects represented explicitly by
sets of models. Finally, we propose a propositional satisfiability based encoding
of clustering propositional formulas without the need for an explicit representa-
tion of their models. Preliminary experimental results validating our proposed
framework are provided before concluding.

1.1 Propositional Satisfiability

Let P be a countably infinite set of propositional variables. The set of proposi-
tional formulas, denoted Fp, is defined inductively starting from P, the constant
1 denoting absurdity, the constant T denoting true, We use the greek letters ¢,
1 to represent formulas. A Boolean interpretation T of a formula ¢ is defined as
a function from P(¢) to {0,1} (0 for false and 1 for true). A model of a formula
¢ is a Boolean interpretation Z that satisfies ¢ (written Z E ¢), i.e. Z(¢) = 1. We
denote the set of models of ¢ by M(¢). A formula ¢ is satisfiable (or consistent)
if there exists a model of ¢; otherwise it is called unsatisfiable (or inconsistent).

Let ¢ and v be two propositional formulas, we say that v is a logical conse-
quence of ¢, written ¢ F ¢, iff M(¢) C M(¢). The two formulas ¢ and 1) are
called equivalent iff ¢ F v and ¢ F ¢, i.e M(d) = M(¥)).

A CNF formula is a conjunction (A) of clauses, where a clause is a disjunc-
tion (V) of literals. A literal is a propositional variable (p), called positive literal,
or (—p), called negative literal. The SAT problem consists in deciding whether a
given CNF formula admits a model or not. Another problem related to SAT is
the SAT model enumeration problem. Enumeration requires generating all mod-
els of a problem instance without duplicates. Models enumeration is related to
#SAT, the problem of computing the number of models for a given propositional
formula. Model counting is the canonical #P-complete problem. On the practi-
cal side, for model counting, Sample Count a sampling based approach proposed
by Gomes et al in [9], provides very good lower bounds with high confidence.
Similarly, an efficient model enumeration algorithm has been proposed in [12, 5].
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2 DMotivating Example

To motivate our proposed framework, let us consider a simple example of a
car dealer selling different cars bands with several possible options. For each car
brand, several colors and types of fuels are available. The car dealer collected the
preferences of four customers through a survey questionnaire. The first customer
does not want red cars. The second wants a car with a diesel fuel, while the third
wants a red car with gasoline fuel. Finally, the fourth customer prefers brand
Peugeot cars. In addition to these customer desires, we also consider mutual
exclusion constraints (mutex), allowing to express that each car must have only
one color, one type of fuel and one car brand.

To express the different customer desires in propositional logic, we consider
the following propositional variables: r (resp. b) represents red (resp. black)
colors, p (resp. c) represents the Peugeot (resp. Citroen) car brand and d (resp.
g) represents cars with diesel (resp. gasoline) fuel.

The mutex constraints are expressed by the following formula: p = [(rA=b)V
(oA =) A[(gA=d)V(dA=g)] A(pA=c)V(cA-p)

In Figure 1 (left hand side), for each customer ¢;, we associate a propositional
formula ¢., expressing its desires. We also provide the set of models satisfying
both the desires of the customer and the mutex constraints (M (¢, A p)). The
presentation of the models follows the variables ordering: 7 < b <d < g < ¢ < p.
In Figure 1 (right hand side), we give a graphical representation of the preferences
of the four customers. This illustrative example highlights the expressiveness of

Customers c1 co c3 c4

Oc; -r d gAT P
./\/l(qi)c,i A 1)[|010101{011001 010101
010110{011010 011001

011001{101001{100101|100101
011010{101010|100110{101001

Fig. 1. Logical and Graphical Representation of Customers Preferences

logic-based data representation while allowing the possibility to define both user
and background constraints.

3 Adapting Standard Clustering Algorithms

In this section, we present our extension of the well-known k-means and ag-
glomerative hierarchical clustering algorithms to handle objects expressed as
propositional formulas. Let us first fix some necessary notations and definitions.
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We use P(k,®P) to denote the problem of clustering the set of propositional for-
mulas @ = {¢1,...,d,} into a set of k clusters with k < n. Let C be a family of
sets over @. C is a solution of P(k,®) if and only if |C| = k, U¢,cc Ci = @ with
C;NCy =0 for 1 <i<j<k, and M(Ayee, ¢) # 0 for every C; € C. We say
that a clustering problem P(k, ®) is consistent if it admits a solution.

3.1 k-Means Algorithm for propositional formulas Clustering

Given a set of n data points in d-dimensional space R? and a positive integer k,
the k-means algorithm determines a set of k points in R%, called centers, so as
to minimize an objective function such as the mean squared distance from each
data point to its nearest center. To extend the k-means algorithm to clustering
of objects described by propositional formulas, we need to define,

1. a distance between two formulas;
2. a centroid representing a given cluster;
3. an objective function to optimize.

Let us recall that a propositional formula ¢ can be equivalently expressed by
its set of models M (¢). With this representation in mind, one can consider that
two formula ¢ and ¢ are similar if their set of common models M (¢1)NM(¢2)
is higher with respect to the remaining (distinctive) models M(¢1) \ M(¢2) U
M(p2) \ M(¢1). This kind of similarity is related to the well-known contrast
model of similarity proposed in a seminal paper by Tversky [15].

Definition 1 (Tversky [15]). Let a and b be two objects described by two sets
of features A and B respectively. Similarity between a and b, denoted s(a,b), is
defined as:

f(ANB)

s(ab) = F(ANB) + af (A—B) + Af (B — A)

o, 520

The positive coefficients o and S reflects the weights given to the distinctive
features of the two objects a and b. We usually assume that f is a matching
function satisfying the additivity property f(AU B) = f(A4) + f(B), whenever
A and B are disjoint. The ratio model defines a normalized value of similarity
such that 0 < s(a,b) < 1.

Contrast similarity model is particularly suitable in our context. To extend
Definition 1, we consider the relationship between set operations and logical
connectives. Indeed, the set union (resp. intersection) corresponds to disjunction
(resp. conjunction). The difference between sets can be expressed using both
conjunction and negation connectives, while the symmetric difference between
sets can be expressed using the xor (@) logical connective. Indeed, we have
M(§1) \ M(2) UM(¢p2) \ M(¢1) = M((¢1 A=2) V (d2 A =¢1)) = M(d1 @ ¢2).

Using these relationships, we derive the following extension of the ratio
model[16].
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Definition 2. Let a and b be two objects described by two propositional formulas
¢1 and ¢o respectively. Similarity between a and b is defined as:

s(ab) = [ (P1 A b2)
’ [ (P1Ag2) + af (p1 A —¢2) + Bf (p2 A —é1)

In our context, as no distinction is made between the measure of ¢; A —¢o
and ¢o A —¢1, we derive the following similarity measure.

o, 520

Definition 3. Let a and b be two objects described by two propositional formulas
@1 and ¢o respectively. Similarity between a and b is defined as:

f (1A §2)
[ (@1Ad2) +f (61 @ ¢2)
From Definition 2 (resp. Definition 3), instantiating & = 8 =1 (resp. v = 1),
we derive a logic-based variant of the well known Jaccard similarity coefficient
(resp. distance) [13]:

s(a,b) =

;720

Definition 4. Let a and b be two objects described by two propositional formulas
01 and ¢o respectively. Similarity and distance between a and b or between ¢,
and ¢o are defined respectively as:
f(@1 A ¢2)
sj(a,b) = 5;(¢1,¢2) = ———= and d;(a,b) =1 - s;(a,b) = d;(¢1, ¢2)
f(o1V ¢2)
As mentioned previously, considering the model based representation of propo-
sitional formulas, we define the function f as:

f . Fp — N
o (M)
Clearly, the function f satisfies the additive property. Indeed, we have M(¢; V
@2) = M(d1) U M(¢2). Computing f involves solving a #P-Complete model

counting problem as discussed in Section 1.1.
Let us now define the representative of a cluster of propositional formulas.

Definition 5. Let C; be a cluster involving n; formulas {¢1,, d2,, ..., Pn,}. We
define the cluster representative (also called centroid) Oc, of the cluster C; as:

It is important to note that in our proposed extension, the goal is to group
formulas into consistent clusters. Consequently, the formula representing a given
cluster must be consistent.

We use the classical k-means objective function introduced in Definition 6

Definition 6. Let P(k,®) be the problem of clustering a set of propositional
formulas @ = {¢1,...,dn} to k(< n) clusters C = {Cy,...,Cx}. The objective
function is defined using Absolute-Error Criterion (AEC):

k
Ccr = arggninz > di($,0c,) (1)

i=1 ¢peC;
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Our clustering algorithm of a set of propositional formulas can now be de-
rived from the classical k-means algorithm using the new components (distance,
centroid and objective function) defined above.

3.2 Hierarchical Agglomerative Algorithm for propositional
formulas Clustering

Hierarchical algorithms can behave better than the k-means. The base idea of
hierarchical agglomerative algorithms is to build a dendrogram such that at each
level the two closest clusters are merged. By applying a hierarchical algorithm,
we will ensure that if there are two objects that are closest to each other, they
will necessarily be in the same cluster. In this adaptation, the similarity be-
tween two clusters is identical to the similarity between their representatives.
Similarly to Definition 5, the conjunction of all formulas in a cluster represents
its centroid. To merge clusters, we combine the two clusters with the smallest
centroid distance. Using this adaptation, we can applay a standard hierarchical
agglomerative algorithm on data represented as boolean formulas as illustrated
in figure 2.Note that this algorithm needs at least O(n?) calls to a # SAT oracle.

dy

Inconsistency
1
4/5 “rAdNp
23 —rAd

C1 Co Cy C3
—-r d P gAT

Fig. 2. Agglomerative Clustering on the Car Dealer Example

4 Divisive Algorithm for Model Based Representation

As mentioned previously, when we consider the problem of clustering a set of
formulas @ = {¢1, ¢1, ..., ¢} without common model, i.e., ® - L agglomerative
algorithm and k-means can fail to find a clustering with the desired number of
clusters. In the sequel, we propose a top-down hierarchical (or divisive) algorithm
for clustering a set of propositional formulas. Our proposed adaptation makes
use of the well-known minimum hitting sets problem, that we recall.

Definition 7. H is a hitting set of a set of sets 2 if VS € 2, HNS # (0. A
hitting set H is irreducible if there is no other hitting set H' s.t H' C H. H is
called minimum hitting set if there is no hitting set H' such that |H'| < |H]|.
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Ezample 1. Let & = {¢1,¢2, 3} be a set of propositional formulas such that
M(¢1) = {ml,mg,mg}, M(¢2) = {ml,m4} and M(d)g) = {m3,m5}. The set

H = {mj,m3} is a minimum and irreducible hitting set of the models of &.

In our adaptation, we choose the worst cluster to divide according to the
following quality measure.

Definition 8. Let C; = {¢1,,...,¢Pn, } be a cluster of n; propositional formulas.
We define the quality of C; as:

_ IM(P1 A A dny)

) = Mo vV om)

The quality of a cluster is obtained by extending the similarity measure between
two formulas to a set of formulas. Indeed, a cluster is qualified to be of poor
quality, when its formulas admits a great number of models while sharing a
small number of models. Consequently, the worst cluster is obtained as follows:

C; = argmin 9Q(C;)
c;eC

Definition 9. Let @ be a set of propositional formulas and T a Boolean in-
terpretation. We define the subset of formulas of @ sharing the model I as
SZ,2)={¢c®|IF¢}

To build consistent clusters, Algorithm 1 starts by computing a minimum
hitting set H of the set of sets of models of the formulas in @ (line 1). The main
idea behind our algorithm is to use the models of the computed minimum hitting
set to divide a cluster into several consistent clusters. Each cluster is obtained
by selecting for each model m of the minimum hitting set, the set of formulas
admitting m as a model. In this way, the formulas in the obtained clusters share
at least one model. If the size of the minimum hitting set H is greater than k,
then no clustering is possible, and the algorithm returns an empty set (line 3),
otherwise a consistent clustering can be obtained. In this last case, the algorithm
starts by a clustering C where all the formulas in @ are grouped into a single
cluster (line 6). We start an iterative top-down divisive process (lines 7-20), until
generating k clusters. At each iteration, we choose a cluster to divide (line 8)
which is one of those with the worst quality (see Definition 8). Then, we build
(2 the set of sets of models of the formulas involved in the selected cluster, while
removing the set of common models M (lines 9-10). A minimum hitting set
H of 2 is then computed (line 11). It is important to note that by removing
the common models M from the models of each formula of the selected cluster,
we avoid the trivial minimum hitting sets of size 1. Now, we use the hitting
set H to divide the chosen cluster C into |H| clusters (line 12). Indeed, for
each model m in H, we associate a cluster ¥,, made of formulas of C; sharing
the model m. In this way, we maintain the consistency property on each new
cluster ¥,,. Now, we substitute in C the cluster of poor quality C; with the new
set of clusters (line 18). However, this is only done when the size of the new
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Algorithm 1: Model-Based Divisive Algorithm for Clustering Boolean
Formulas

Input: A set of formulas & = {¢1,..., ¢} and an integer k > 1
Output: A set of clusters C = {C1,...,Ck}

1 H < minHittingSet({M(¢1),..., M(dn)});

2 if (|H| > k) then

3 | return ) ;

4 end

5 else

6 | C+ {D}

7 | while (|C|!=k) do

8 cr :{4),;1...@,”7;}(— argmin Q(C;), >n; =|CI[;

c,ec,|C;|>1

o | | M=M(biy)n 0 M(@i,,);

10 | | 2= (M) \ M, ... M(Gi, )\ MY

11 H <+ minHittingSet(£2);

12 Vm € H, ¥y, < S(m,C});

13 if (|C|+|H|—1> k) then

14 &D<7merge({u'/ml,.‘.,Jlmch‘H‘_l_k});

15 Ce(C\Ci)U{W}U{Wmlc‘+‘H‘7k,...,Wm‘Hl}

16 end

17 else

18 ‘ C<—(C\C;‘)U{%nl,...,ﬁlm‘m}

19 end

20 end

21 end

22 C < eliminateOverlap(C);

23 return C

clustering does not exceed k (line 13); otherwise to obtain exactly k clusters, we
merge (function merge) the first |C| + |H| — (k + 1) of these new clusters (line
14) before applying substitution (line 15). Note that in the divisive step (line
12), a formula can belong to several new clusters. The reason comes from the
fact that a given formula can share several models of the minimum hitting set.
Consequently, a last step is then performed to produce non overlapping clusters
(line 20 - function eliminateQOuverlap). To do this, for each formula occurring in
several clusters, we keep it in the cluster with the best quality, while removing
it in the remaining clusters. Obviously, depending on applications, overlapping
clusters might be more suitable. In this case, one only need to skip the call to
the overlap elimination function.

Algorithm 1, involves O(n) calls to model enumeration problem (line 1), O(k)
calls to # SAT oracle (line 8) and O(k) calls to minimum hitting set problem
(line 1 and 11).

Let us now gives some interesting properties of our propositional formulas
based divisive algorithm. The first one states the correctness of our algorithm.

Proposition 1. If P(k,®) is consistent, then Algorithm 1 produces a clustering.

The proof trivially follows from the previous detailed explanation on how the
algorithm operates.
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The second property allows us to establish that two equivalent formulas might
be located in the same cluster when overlaps between clusters are allowed.

Proposition 2. Let P(k, D) be a clustering problem with overlaps, C a clustering
of P(k,®) and ¢1,p2 € D. If o1 = ¢o then VC; € C, ¢p1 € C; iff 2 € C;.

The last property generalizes the previous property to the case of two for-
mulas where one is a logical consequence of the other.

Proposition 3. Let P(k,®) be a clustering problem with overlaps, C a clustering
of P(k,®) and ¢1,d2 € D. If o1 F ¢o then VC; € C, if ¢1 € C; then ¢o € C;.

5 SAT encoding for a Bounded Consistent Clustering

As discussed in the previous section, when the propositional formulas are not
represented by their models, our proposed model based divisive algorithm re-
quires O(n) calls to model enumeration oracle, to compute the set of models of
each formula. Such set of models might be of exponential size in the worst case.
In addition to these limitations, one also need to compute a minimum hitting
set of a set of sets of models (O(k) calls). In this section, we present an alterna-
tive approach that significantly reduces the overall complexity of our Algorithm.
To this end, we introduce a SAT-based encoding that allows to find a bounded
consistent clustering of a given set of propositional formulas.

Let & = {¢1,...,0n} be a set of propositional formulas and k a positive
integer. To define our encoding, we associate to each propositional variable p
appearing in @ a set of k fresh propositional variables, denoted p',...,p". Then,
for every formula ¢; € @ and j € {1,...,k}, we use ¢! to denote the for-
mula obtained from ¢; by replacing each propositional variable p with the fresh
variable p?. The formula @] is used to model the fact that ¢; is in the 4t cluster.

The following formula expresses that each formula in @ has to be true in at
least one consistent cluster:
n
Al
=1 j

k

¢7) (2)
1

One can easily see that (2) is satisfiable if and only if ¢ can be partitioned
in k consistent clusters. It is worth noting that in a model of (2) a formula can
belong to more than one cluster. To obtain a bounded consistent clustering from
a model m, we only have to consider for each formula ¢; € ¢ a single positive
integer j in the set {1 < j < k | m(¢!) = 1}. This problem can be avoided
by reformulation. To this end, we associate to each formula ¢; in & a set of k
fresh propositional variables, denoted qéi, .. .,q(’;i. The variable qu is used to

represent the fact that ¢; is in the j** cluster by using the following formula:

3

i

k
(N, o)) Q)
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Then, to express that each formula in @ belongs to exactly one consistent cluster,
we use the following formula:

n k
AQ g, =1 (4)

i=1 j=1

Our second SAT encoding of the bounded consistent clustering problem
P(k,®) is defined by the formula Psar(k,?) = (3) A (4). From a model m
of Psar(k,®), a clustering can be easily extracted. Indeed, if m(q),) = true
then ¢; € C; otherwise ¢; & C;.

Definition 10. Let @ = {¢1,...,¢n}. C is called a minimum consistent clus-
tering of @ if there is no consistent clustering C' of @ such that |C'| < |C].

As we can observe, clustering propositional formulas can be done using Algo-
rithm 1 by replacing the computation of the minimum hitting set with the com-
putation of the minimum consistent clustering (Definition 10) using Psar (k, ).
Similarly to Algorithm 1, Properties 1, 2 and 3 holds.

6 Experimentation

In this section, we carried out an experimental evaluation of the performance of
our divisive and agglomerative algorithms for the clustering of a set of propo-
sitional formulas. Our goal is to assess the feasibility and effectiveness of our
proposed framework.

We performed our experiments on a machine with Intel Core2 Quad CPU of
2.66GHz and 8G of RAM. Our first aim is to compare the performance of our
divisive and agglomerative algorithms. To this end, We consider two datasets
splice, and german-credit!. We consider each data set as a set of transactions,
where each transaction is a formula (a set of models). Consequently, an item is
assimilated to a model.

Figure 3 shows the performances of agglomerative (Algorithm ?7?) and divi-
sive (Algorithm 1) methods on the problem of clustering transaction databases.
First, our divisive algorithm outperforms the agglomerative algorithm on splice
and german-credit. Nevertheless, as illustrated in section 3.2, the agglomera-
tive algorithm is unable to find a clustering all the time. This is the case on
splice data, where such approach can not provide clustering answer when the
number of desired clusters is less than 84.

To further investigate the expressiveness and the ability of our approach
to scale, we enlarge our experiments of the previous problem by studying the
clustering of a set of formulas resulting from a random-generated poll with 100
to 1000 participants where each participant is invited to report its preferences.
The questions of the poll are organized in four levels. At the first level, the
participant is invited to select its 3 preferred options among 5. According to the

! https://dtai.cs.kuleuven.be/CP4IM/
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Clustering On Splice Dataset Clustering On German-Credit Dataset
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Fig. 3. Model approach: Agglomerative vs Divisive

preferences of the participant, she/he is invited to select other preferences from
the second level and so on until the last level (level 4). For illustration, assume
that in the first level we consider a set S of courses (e.g. Artificial Intelligence,
Data Mining, Databases, Networks and Web Programming). A student selects
three courses from S (level 1). Then, for each selected course, she/he chooses
chapters (level 2), and so on. The preferences of each participant are encoded
as a propositional formula (the resulting formulas have between 567 and 1813
models). Agglomerative approach is not considered since it can not guaranty to
find a clustering solution if it exists.

syntetic Preferences Dataset Clustering syntetic Preferences Dataset Clustering

85 — - 80 - -
Divisive —e— I Divigive —s—
‘.,.ov"‘ 70
80 e
/’/ «
R . %
o o
E g 40
E E
70 20
20
65
/ 10
60 0 t=——t—1
0 10 20 3 4 50 60 70 8 9 100 100 200 300 400 500 600 700 800 900 1000
#Clusters #Participants

Fig. 4. Time vs #Clusters vs #Participants

The time needed to obtain a clustering, Figure 4, does not exceed 100 seconds
for all values of k. This shows that our approach scale well. Finally, we study the
evolution of the time needed to find a clustering when the number of clusters is
fixed to 20 and the number of participants is varied from 100 to 1000 (Figure
4). Here again the time needed is reasonable, i.e., less than 100 seconds.

7 Conclusion et perspectives

In this work we introduced the concept of consistent clustering propositional for-
mulas. We show how well-known k-means, agglomerative and divisive algorithms
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can be adapted to this new framework. We then, propose two new solutions. The
first one called model based, assume that the set of models of each formula are
given. We then show how the hitting set notion is used to efficiently give a con-
sistent clustering. In the second part, we propose an encoding into SAT of the
divisive algorithm that make a linear number of calls to a #SAT oracle to count
the set of models during the clustering steps. As a future work, we plan to ex-
plore other similarity measure, to define intuitive distance between propositional
formulas. Improving our divisive algorithm by exploiting efficiently the overlaps
deserves further investigation.
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ABSTRACT

In this paper, we propose an argument-centric persuasion frame-
work. We first introduce a decision problem, called persuasion sat-
isfiability, which is defined as the problem of determining whether
there exists a sequence of arguments that starts from a given initial
state, such as beliefs or wishes of the persuadee, and allows for
achieving a given purpose of the persuader. This sequence should
satisfy different constraints, including particularly upper bound
constraints on the weight as well as on the length. We show that
this decision problem is NP-complete and propose an encoding
in partial weighted MaxSAT framework for solving it. Then, we
show that the proposed encoding offers flexibility for dealing with
different variants of the persuasion satisfiability problem. Finally, to
avoid the explicit use of upper bound constraints on the weight and
the length, we consider the notion of Pareto optimality by propos-
ing an approach based on the use of partial weighted MaxSAT,
which allows for finding non dominated (optimal) solutions.
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1 INTRODUCTION

Persuasion technologies aim at influencing users to make psycho-
logical and/or physical changes (thoughts, feelings, behaviors, mo-
tivation, etc) in several domains, such as healthcare, education,
politics, marketing, etc (for interesting more complete definitions,
see e.g. [12, 18]). One of the key approaches in the persuasion ac-
tivity is the explicit use of convincing arguments [17, 18]. In this
context, it is worth mentioning that in [15] the author has proposed
interesting and reasonable key requirements for argument-centric
persuasion in the particular case of behavior change. These require-
ments include those essential in this work, which are minimizing
the effort involved on the part of the user and maintaining engage-
ment by, for instance, avoiding long sequences of arguments.

In the literature, there are number of works which focus on the
use of arguments in the persuasion activity. One can first mention
the dialogical approach, where persuasion is defined as a dialogue
between two agents trying to convince each other about an issue

Proc. of the 18th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2019), N. Agmon, M. E. Taylor, E. Elkind, M. Veloso (eds.), May 13-17, 2019,
Montreal, Canada. © 2019 International Foundation for Autonomous Agents and
Multiagent Systems (www.ifaamas.org). All rights reserved.

by exchanging arguments, that is, each agent plays both the role
of persuader as well as that of persuadee (e.g. [2-4, 8, 21, 22]). In
addition, in [16], the authors have proposed an asymmetric ap-
proach, where the word "asymmetric" refers to the fact that the
persuadee agent is unable to posit arguments, but can accept and
reject the arguments of the persuader agent. The main advantage
of an asymmetric persuasion system is that it allows for avoiding
natural language processing. As shown in this paper, this approach
can be used in our argument-centric persuasion framework. Fur-
thermore, there are works where the persuader system uses models
and strategies for selecting the right sequence of arguments to con-
vince the persuadee. To illustrate this point, in [13], the authors
have proposed a decision-tree based framework for representing
persuasion dialogues. In this general framework, the notion of de-
cision tree is adapted to persuasion for selecting the argument to
posit in the current state of dialogue. In the same vein, we propose
in this work approaches that are based on the use of encodings in
partial weighted MaxSAT framework for selecting the sequences
of arguments that the persuader agent has to use. Let us note that
other recent interesting studies on argument-centric persuasion
have been proposed in [9, 14, 19, 20].

In this paper, we introduce an argument-centric persuasion
framework. To do this, we consider the case where the persua-
sion activity consists in using a sequence of arguments following
different approaches, in particular, that where the persuader agent
shows that the target objective is a consequence of knowledge,
beliefs and wishes of the persuadee agent. An argument in our
framework is defined as an ordered pair of sets of literals, which
can be seen as a simple intermediate approach between the logic-
based one where the arguments are defined using logical formulas
(e.g. see [1, 7]) and Dung’s abstract one [10] where the internal
structure is not considered at all. In this context, our main motiva-
tion is enhancing the expressivity of the abstract framework and
avoiding at the same time important computational complexity
issues, such as the fact that entailment in classical logic is coNP-
complete. Moreover, to take into account particular requirements
for argument-centric persuasion introduced in [15], we associate
a weight to every argument to represent the effort needed on the
part of the persuadee to integrate this argument, and we reason on
the lengths of the argument sequences in order to prioritize shorter
ones.

To formally define our framework, we introduce a decision prob-
lem, called persuasion satisfiability, which is defined as the problem
of determining whether there exists a sequence of arguments that
starts by a given set of literals, called the initial state, and allows
for obtaining another given set of literals, called the objective state.
This sequence should satisfy different constraints, in particular, up-
per bound constraints on the weight as well as on the length. The
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initial state can be seen as the set of knowledge, beliefs and wishes
of the persuadee agent, while the objective state as the purpose of
the persuader agent. From the computational complexity point of
view, we show that this decision problem is NP-complete. Note that
we propose a simple approach for using the proposed framework in
the context of a bidirectional persuasion by allowing the persuadee
agent to accept and reject the arguments.

Then, we propose an encoding in partial weighted MaxSAT
framework for solving the persuasion satisfiability problem. Using
the fact that partial weighted MaxSAT is an optimization problem,
our encoding allows for finding a solution of the smallest weight.
Next, we show that the proposed partial weighted MaxSAT en-
coding offers flexibility for dealing with different variants of the
persuasion satisfiability problem, such as allowing the persuader
to hide parts of conclusions of the used arguments to avoid incon-
sistency, or considering a conflict graph between arguments.

As said before, we use in the persuasion satisfiability problem
upper bound constraints on the length and on the weight. The
choice of the bounds may be arbitrary without specific knowledge
about the considered case, which can be seen as a drawback of
our approach. Thus, to avoid the use of upper bounds constraints,
we consider the notion of Pareto optimality. Indeed, we propose a
method based on the use of partial weighted MaxSAT encodings
that allows for finding solutions that are not dominated (optimal in
Pareto sense). More precisely, a sequence of arguments is optimal
if there is no sequence that has a smaller length without a greater
weight, or a smaller weight without a greater length.

2 A PERSUASION FRAMEWORK

In this section, we introduce a simple argument-centric persuasion
framework. We first describe the approches that we consider in the
persuasion activity. Then, we formally introduce our framework
and, in particular, the persuasion satisfiability problem. After that,
we provide some computational complexity results. Finally, we
describe a basic bidirectional approach within our framework.

2.1 Persuasion Approaches

In this work, we consider that the persuasion activity consists in
using a sequence of arguments that allows the persuader agent
to achieve a target objective by using one of the following three
approaches:

e Strong approach: the persuader agent shows that the target
objective is a consequence of knowledge, beliefs and wishes
of the persuadee agent.

e Weak approach: the persuader agent shows that the target
objective has as a consequence wishes of the persuadee agent.
In other words, the persuadee may satisfy her/his purpose
by accepting/doing the purpose of the persuader, but the
latter is not a requirement to satisfy the persuadee purpose.

e Mixed approach: the persuader agent uses both the strong
and the weak approaches for convincing the persuadee agent.
For instance, the persuader can use the strong approach to
achieve a part of the purpose and the weak approach to
achieve the remaining part.

For instance, using the strong approach, the persuader agent can
use the argument stating that the fact that the persuadee knows

that a given product is efficient and not expensive has as a conse-
quence that this product should be purchased: the purchase of the
considered product by the persuadee agent is the purpose of the
persuader agent and the fact that the considered product is efficient
and not expensive are beliefs of the persuadee agent. In addition,
using the weak approach, the persuader agent can use the argument
stating that playing sports has as a consequence that the persuadee
agent may develop friendships: playing sports is the purpose of
the persuader agent and developing friendships is a wish of the
persuadee agent. It is worth noting that the previous argument does
not mean that playing sports is the unique way to develop friend-
ships. In summary, in the strong approach the persuader starts with
knowledge, beliefs and wishes of the persuadee, while in the weak
approach the persuader starts with the target objective. Regarding
the mixed approach, the persuader agent can first use the weak
approach with the argument that stop smoking allows for avoiding
dangerous carcinogens, and then the strong approach with the ar-
gument that avoiding dangerous carcinogens allows for avoiding
dangerous diseases: the purpose of the persuader is convincing
the persuadee to stop smoking, and the persuadee wishes to avoid
any dangerous disease. As a side note, the mixed approach can be
used by combining in different other manners the strong and weak
approaches.

In this paper, we define the notion of argument as an ordered pair
of sets of literals. In a sense, this can be seen as an abstraction of
the standard logic-based argument structure (e.g. see [1, 7]). Indeed,
a logic-based argument is defined as an ordered pair of a set of
formulas representing the support and a formula representing the
conclusion. Thus, instead of using logical formulas, we use here
literals. Our aim in this context is to use a simple intermediate ap-
proach between the logic-based one and Dung’s abstract one [10]
where the internal structure is not considered at all.

It is noteworthy that our framework is inspired, in part, from the
requirements for argument-centric persuasion introduced in [15], in
particular, the requirements 3 and 6. Indeed, we associate a weight
to each argument in order to represent the effort needed on the
part of the persuadee to integrate this argument, and we reason
on the lengths of the arguments sequences in order to prioritize
shorter ones.

2.2 Framework Definition

We here define the notion of persuasion frame and some related
notions. Then, we introduce a decision problem, called persua-
sion satisfiability, which is defined as the problem of determining
whether there exists a sequence of arguments that starts by a given
set of literals, called the initial state, and allows for obtaining an-
other given set of literals, called the objective state.

First, let us recall that a propositional variable is a variable that
can either be true or false. A literal is either a propositional variable
or a negated propositional variable. As usual, we use the unary
logical connective — to denote the negation. Moreover, given a set
of propositional variables V, we use Lit(V) to denote the set of all
the possible literals that are defined using the variables in V, i.e.,
Lit(V)=VU{-p|peV}]L
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Definition 2.1 (Persuasion Frame). A persuasion frame is a tu-
ple (S, A, W) where S is a non empty finite set of propositional
variables representing abstract statements, A is a finite set of argu-
ments built over S and W a mapping that associates a weight (an
integer) to each argument in A. An argument a over S is an ordered
pair (X, C) where X,C C Lit(S), X UC is consistent, X N C = 0
and C # 0, X is called the support of a and C the conclusion of the
latter.

Given an argument a, we use Supp(a) and Conc(a) to denote its
support and its conclusion respectively.

The weight of an argument is used to represent the cost of the
latter. In particular, the weight mapping can be used as a weakness
measure of the arguments regarding the impact on the persuadee
agent.

Example 2.2. Let us first consider the following set of statements

S:

e ad;: the advertisement number i convinces the considered
agent.

o h: the considered agent thinks that the product p is healthy.

o ¢f f: the considered agent thinks that the product p is effec-

tive.

exp: the considered agent thinks that the product p is expen-

sive.

o pack: the considered agent likes the packaging of p.

e buy: the considered agent is convinced that the product p
has to be purchased.

In this example, we consider the following set of arguments A: a; =
({ad1}, th,ef f1), az = ({adz}, {mexp}), as = ({ads}, {pack}), as =
{{h,ef f,—exp, pack}, {buy}), as = {{h,ef f, pack}, {buy})and ag =
{{pack}, {buy}), where (X, C) means that the truth of the elements
of X has as a consequence the truth of the elements of C. For
instance, the argument as means that if the persuadee agent likes
the packaging of the product p, then she/he is convinced that she/he
has to buy it. Clearly, the argument ay4 is stronger than as which
is stronger than as. To represent this fact, one can use the weight
mapping by setting for instance W(a4) = 0, W(as) = 1and W(ag) =
2.

A persuasion frame can be developed by using a crowdsourcing-
based collaborative approach. For instance, an interesting approach
may consist in allowing crowd members to propose arguments and
also to vote on arguments as describe in Figure 1. The votes are
then exploited for defining the weights of the arguments. For the
sake of illustration, one can use the following simple vote-based
mapping:

W(a) = #NegVotes(a)—#PosVotes(a)

where #NegVotes(a) and #PosVotes(a) corresponds respectively to
the number of votes against and for the argument a. This function
means that more votes for a and less votes against it reduce the
weight.

Definition 2.3 (Argument Path). Given a persuasion frame ¥ =
(S, A, W) and a set I C Lit(S), an I-path in F is a sequence
s = ai,...,ay of distinct arguments in A where, for all i € 1..k,
Supp(a;) € 1U Ui<j<i Conc(aj).

. ~
AN

/
(LT"(j’lL"l,(f”f (LT'g’lL"t(fo

Persuasion Frame

argument
L4 -

~ €

argument

Figure 1: Building a persuasion frame

The condition on a sequence of arguments to be an I-path means
only that we have to obtain the support of an argument before
using it.

Given an I-path s = ay, ..., ax, we use Arg(s), L(s), W(s) and
C(s) to denote respectively the set {ay, ..., ag}, the length of the
sequence k, Zile W(a;) and I U U{.‘zl Conc(aj).

Definition 2.4 (Consistency). An I-path ay, ..., ay is said to be
consistent if the set of literals I U Ule Conc(a;) is consistent.

Roughly speaking, a consistent I-path is a sequence of argu-
ments that can be used together starting from I and do not produce
contradictory pieces of information. Consider again Example 2.2.
The sequence a1, az, as, a4 is a consistent {ad1, ady, ads }-path, but it
is not a consistent {ady, adz, ads, exp}-path since az produce —exp
which is in contradiction with exp in the initial state.

Now, we introduce the central decision problem studied in this
work.

Definition 2.5 (Persuasion Satisfiability Problem). Given a persua-
sion frame ¥ = (S, A, W), a consistent set of literals I C Lit(S),
called the initial state, a non empty consistent set of literals O C
Lit(8S), called the objective state, a length bound k € N U {co} and a
weight bound v € Z U {oo}, the persuasion satisfiability problem is
to check whether there exists a consistent I-path s in # such that
O CC(s), L(s) < kand W(s) < b.

We denote every instance of the persuasion satisfiability problem
as a tuple of the form (7,1, O, k, b). Further, note that co is only
used to formally represent the absence of a bound.

For example, if we only consider the strong approach, the initial
state corresponds to knowledge, beliefs and wishes of the persudee
agent and objective state to the purpose of the persuader agent.
Conversely, if we only consider the weak approach, the initial state
corresponds to the purpose of the persuader and the objective state
to wishes of the persuadee.
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Example 2.6. We here provide an example inspired from [9]. Let
us consider the following statements: s; =being healthy, so =stop
smoking, s3 =a long life, s4 =good looking, s5 =supporting fam-
ily. Let ¥ = (S, A, W) be a persuasion frame such that S =
{s1,82,53,84,85}, A = {a1 = ({s1},{s2}), a2 = ({3}, {s1}),a3 =
({sa}, {s1}),aa = ({ss},{s3}),as = ({s4}, {s2})}, and W(a1) = 3,
W(az) = 2, W(a3) = 2, W(asg) = 1 and W(as) = 6. In this context,
we consider the instance of the persuasion satisfiability problem
P = (F,{ss5},{s2}, 3,6). Thus, using the strong approach, the aim
in P is to convince the persuadee to stop smoking by using the fact
that it is important for her/him to support her/his family. The {ss}-
path a4, az, a; is a solution of P which corresponds to the sequence:
supporting family — a long life — being healthy — stop smoking.

It is worth noticing that the support and the conclusion of an ar-
gument are not treated in our framework as an implication in classi-
cal logic. Consider for instance the two arguments a = ({p, =q}, {r})
and @’ = ({q}, {r}). Clearly, a,a’ and a’, a are both not {p}-paths
since the supports of a and a’ are both not included in {p} (see
Definition 2.3). However, we have in classical logic {p} U {p A ~q —
r,q — r} + r.Infact, r is obtained from {p} U {p A ~q = r,q — 1}
using the law of excluded middle g V —q that is valid in classical
logic. But in our framework, we need to know the disjunct in g vV =q
that we have to take into account for choosing the appropriate argu-
ment to produce r: in the case where q is true, we use the argument
a’, otherwise, we use a. For example, consider that p = having time,
q = there is an exam and r = review lessons. In this case, the argu-
ment a can be used when the persuadee agent prefers reviewing her
lessons if she has time to do it without the constraint of an exam,
while a’ can be used when she can be convinced by the constraint
of an exam. In a sense, this example shows that the support and
the conclusion of an argument are treated in our framework as a
constructive implication. The word “constructive” is used to refer
to the constructivism principles in mathematics (see e.g. [6, 24]).
One of the main constructivism principles is the rejection of the
law of excluded middle.

2.3 Computational Complexity

We here show that the persuasion satisfiability problem is NP-
complete, even when we do not consider one of the bounds on the
length and the weight. In order to show NP-hardness, we use the
well-known NP-complete problem of Hamiltonian cycle.

THEOREM 2.7. The persuasion satisfiability problem is NP-Complete.

Proor. Givenaninstance P = (F,1I,0,k,b) withF = (S, A, W)
and an I-path s in ¥, one can check that s is a solution of P in
polynomial time. Indeed, we only have to check the properties
O C C(s), L(s) < k and W(s) < b. Moreover, one can easily
see that P is satisfiable iff there exists a solution bounded by the
number of abstract statement (|S]). Indeed, this comes from the
fact that one can require w.l.o.g. that each used argument has
to bring at least one additional piece of information in Lit(S).
As a consequence, the persuasion satisfiability problem is in NP.
To show that the latter is NP-hard, we use the well-known NP-
complete problem of Hamiltonian cycle, which consists in deter-
mining if an undirected graph contains a Hamiltonian cycle. Let
us recall that a Hamiltonian path in a graph is a path that visits

each vertex exactly once. A Hamiltonian cycle is a Hamiltonian
path that is a cycle. Let us now define our reduction of the Hamil-
tonian cycle problem into the persuasion satisfiability problem. Let
G = (V,E) be an undirected graph. Then, we associate to G the
instance PG = (F,{vo}, V U {vg}, [V], 00) where vy € V, vy is a
fresh vertex (v ¢ V) and F = (V, A = (U{o,0r)e{{{v) {o'HH U
(Uto, 01 eE {2}, {ugh}), W) such that W(a) = 0 for every a € A.
Assume that G admits as a Hamiltonian cycle the following path
¢ = {vg,v1}, {v1, 02}, ... {vn—1,vn Hon, vo}. Then, the sequence
s = (oo, {v1h), vk {v2h), .. ., {on-1}, {onh), ({on} {ygh) is a
{vo}-path of F with C(s) = V U {vp} since ¢ is a Hamiltonian
cycle. Using again the fact that ¢ is a Hamiltonian cycle, we get
L(s) < |V|. Then, s is a solution of Pg. It is easy to use a similar
approach to show that every solution of Pg can be transformed
into a Hamiltonian cycle of G. m]

Our proof of Theorem 2.7 shows that the persuasion satisfia-
bility problem is NP-complete, even when we do not consider the
upper bound on the weight. Similarly, by using the weights of the
arguments to represent the path length, we can also show that the
problem remains NP-complete even when we do not consider the
upper bound on the length.

ProPosITION 2.8. The restriction of the persuasion satisfiability
problem to the instances of the form (¥, 1,0, k, c0) is NP-complete.
Further, the restriction of the persuasion satisfiability problem to the
instances of the form (7,1, 0, 00, b) is also NP-complete.

2.4 A Basic Bidirectional Approach

In our framework, we do not explicitly describe how the persuader
agent enters into a dialogue with the persuadee agent. However,
this does not mean that we only consider a unidirectional approach
for persuasion. For instance, in the same way as the asymmetric
persuasion framework introduced in [16], our framework can be
used in the context of a bidirectional asymmetric persuasion ap-
proach by allowing the persuadee to only accept or reject every
argument.

Consider the approach described in Figure 2. First, the persuader
agent uses the solution a; — --- — aj. The persuadee agent
accepts only the subsequence a; — --- — a;—1 and rejects the
argument a;. Then, the persuader agent recomputes a new solu-
tion without taking into account the argument ay, ..., a;, since
ai,...,aj—1 are already accepted and a; is rejected. Using the fact
that the persuader agent communicated already i arguments to
the persuadee agent, the length upper bound is set to k — i. Fur-
ther, the weight upper bound has to be reduced by the weights
of the accepted arguments ay, . . ., a;—1. More precisely, the new
weight upper bound is equal to b — Z]’;% W(a;). Note that W) #/
corresponds to the restriction of W to A’

3 AN ENCODING IN PARTIAL WEIGHTED
MAXSAT

In this section, we employ a declarative approach for solving the

persuasion satisfiability problem. Indeed, we propose an encoding

of this problem in partial weighted MaxSAT, which is a well-known

optimization problem within the artificial intelligence community.
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Figure 2: A basic bidirectional approach

In fact, our encoding allows for finding a solution of the smallest
weight, since partial weighted MaxSAT is an optimization problem.

First, let us recall that a CNF formula is a conjunction of clauses
where a clause is a disjunction of literals. It is well-known that
every propositional formula can be translated to CNF w.r.t. the
satisfiability problem using Tseitin’s linear encoding [25]. A Boolean
interpretation of a CNF formula ¢ is an assignment that associates
truth values in {0, 1} to propositional variables in Var(¢), where 0
stands for false and 1 stands for true. A Boolean interpretation is
extended to CNF formulas as usual. A model of a CNF formula ¢ is a
Boolean interpretation 8 satisfying this formula, i.e., B(¢) = 1. The
problem of determining whether there exists a model that satisfies
a given CNF formula, abbreviated as SAT, is one of the most studied
NP-complete problems.

In partial weighted MAX-SAT, each clause is either relaxable
(soft) with an associate cost or non-relaxable (hard). The objective
is to find a Boolean interpretation that satisfies all the hard clauses
and minimize the cost of the falsified soft clauses. Given a satisfiable
partial weighted MAX-SAT instance ¢ and a solution 8 of ¢, we
use cost(B) to denote the cost of B.

Consider for instance the partial weighted MAX-SAT instance
¢ = ¢n N ¢s where ¢, = (pV q) A (p V r) is the hard part and
¢s = (3:7p) A(1:7q) A (1:—r) is the soft part. Clearly, it is not
possible to satisfy at the same time all the hard and soft clauses. The
Boolean interpretation 8 defined by B(p) = 0 and B(q) = B(r) =1
is a solution of the instance ¢. Indeed, the cost of B is equal to 2
and the costs of all the other models of the hard part ¢}, are greater
than or equal to 3.

Let P = (7,1,0,k,b) be an instance of the persuasion satis-
fiability problem, where ¥ = (S, A, W). In order to define our
encoding for the instance P, we need some syntactic elements. We

first associate to each literal [ € Lit(S) a set of k + 1 distinct propo-
sitional variables denoted p?, cees p;‘. The propositional variable pf
is used to express whether or not the literal [ is produced at the
step number i. In particular, p(l) is true if and only if / occurs in the
initial state I. Moreover, given a subset of literals X C Lit(S) and
0 < i <k, we use R(X, i) to denote the set of variables {p; |1 e X}
We also associate to each argument a € A a distinct propositional
variable denoted g, and a set of k distinct propositional variables
denoted rl,...,rk. The propositional variable g, is used to ex-
press whether or not the argument a is used in the solution, and
similarly r} is used to express whether or not the argument a is
used in the solution at the step number i. Further, given a literal
1 € Lit(S), we use Arg(l, A) to denote the set of the arguments
{(X,C) € A | | € C}. We generalize this notation to the sets of
literals as follows: Arg(X, A) = {(X,C) e A | XNC + 0}.

In the following, we describe our partial weighted MaxSAT en-
coding. We first define the hard part of this encoding. In this context,
the following formula expresses that I corresponds to the initial

state:
AV A (1)

lel I'eLit(S)\I
Then, we introduce a formula that allows us to require a consistent

I-path:
k ok A
A N N\ -ple) )
eeS i=0 j=0
The following formula is used to relate the truth of every variable
of the form p; to the use of at least one argument containing [ in
its conclusion at the step i:

k
A A VAR ) 3)

leLit(S) i=1 acArg(l,A)

The next formula expresses that the use of an argument at the step
i requires the truth of its support before this step:

k i-1
A A= AN ) (4)

a=(X,C)eA i=1 lex j=0

Then, we propose a formula that states that if an argument is used
at the step i, then the literals of its conclusion are true at this step:

k
A\h = (\RC.H) (5)

a=(X,CyeA i=1

where A R(C, i) represents the conjunction of the literals occurring
in R(C, i).

We now introduce the formula expressing the fact that each argu-
ment is used at most once:

k
Azr;g (6)

Similarly, the following formula expresses the fact that in each step
we use at most one argument:

k
/\Zréﬁl @)

i=laeA
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Essentially, the next conjunction of clauses states that we have to
obtain the objective state:

k
AV ) (®)

leO\I i=1

The following formula is only used to associate the truth of g, to
the use of the argument a:

k
N\ (/D) < qa) )
acA i=1
The relaxable part contains only the following soft clauses:

W(a) : ~qq for everyac A (10)

Every soft clause allows for associating each argument to its weight.

The formulas (6) and (7) involve the well-known at-most-one
constraint. There are several linear encodings of this constraint
as CNF formulas w.r.t. the propositional satisfiability problem (e.g.
see [23]). Furthermore, for the sake of clarity, we do not use the
conjunctive normal form for describing the hard part of our encod-
ing. However, it is easy to transform the hard part into an equi-
satisfiable CNF formula by using Tseitin’s linear encoding [25]. The
main idea of this encoding consists in using De Morgan’s laws with
other valid equivalence rules, and associating fresh propositional
variables to subformulas. Consider for instance the formula (4).
We first associate a fresh variable sli for every subformula of the

form \/ ;;1 pli. Then, we replace (4) with the conjunction of clauses

Na=(X,C)eA /\f:1 Aiex(=ri v sli) and conjunctively add impli-
cations of the form sé( - \/;;(1) p;, which can be easily replaced
by simple clauses. It is worth mentioning that we do not need to
use the equivalence connective for relating the fresh variables to
their associated subformulas, since the implication connective is
sufficient to preserve satisfiability.

From now on, we use &(P) to denote the encoding that corre-
sponds to the partial weighted MaxSAT instance (1)A - - - A(10).

ProrosITION 3.1 (SOUNDNESS). Let P = (¥,1,0,k,b) be an in-
stance of the persuasion satisfiability problem. Then, P admits a
solution iff &(P) admits a solution B s.t. cost(B) < b.

Proor.

Part=. Assume that P admits as a solution the I-path s = a1, ..., am.

Then, we associate to s a Boolean interpretation 8 as follows. First,
forall1 < i < m, B(qq;) = 1, and for all a ¢ {a1,...,am},
B(qq) = 0. Then, forall 1 < i < m, B(réi) = 1, and for all
o {r,‘;i | 1<i<m), B(r}) = 0. Clearly, the previous definitions
implies that B satisfies the formulas (6), (7) and (9). The following
property on 8B shows that the latter satisfies (1): for all [ € Lit(S),
if | € I then B(p?) = 1, otherwise B(p?) = 0. Further, we define
the truth values of the variables of the form pf fori € 1..k by us-
ing the following property: B(pf ) = 1iff | € Conc(a;). Using the
previous property and the fact that s is an I-path, we know that
B satisfies the formulas (3), (4) and (5). Moreover, using the fact
that s is consistent, 8 satisfies also the formula (2). Then, using the
property O € C(s), B satisfies (8). Finally, using the fact W(s) < b,

cost(8B) < b holds. As a consequence, the partial MaxSAT instance
&(P) admits a solution B’ s.t. cost(B’) < b.

Part <. Assume that &(P) admits a solution 8B s.t. cost(8) < b.
Using the formula (7), we know that there is at most one true
variable of the form ré for every 1 < i < k. Then, there is a
unique sequence of argument s = a;,, ..., a;,, S.t. i < i, for ev-

eryn < n’,B(rZ,i_) = 1forevery1 < j < m, and B(rg) = 0 for
J

every rg ¢ {rél_ | 1 < j < m}. Further, using the formula (6), we
know that the ;rguments in s are pairwise distinct. Then, using
the formulas (1), (3), (4) and (5), Supp(a;;) € TUU1<j <) Conc(ai, )
holds for every 1 < j < m. As a consequence, s is an I-path. Further,
using the formula (2), we know that s is consistent. The formula
(8) allows us to obtain O € C(s). Using the formula (9) and the soft
part (10), cost(B) = W (s) holds. Thus, knowing that cost(8) < b,
we obtain ‘W (s) < b. Therefore, s is a solution of P. ]

An improvement of our encoding can be accomplished by re-
moving the formula (6). Indeed, this formula is used to express that
each argument is applied at most once, but one can easily see that
it is not problematic to have arguments that occur more than once
in a solution respecting the considered upper-bounds. In fact, we
only need to keep the first application of each argument to obtain
a solution where every argument occurs at most once.

4 WEAK CONSISTENCY AND FLEXIBILITY

In this section, we introduce a property on paths, called weak
consistency, that formalizes the fact that the persuder agent may
hide parts of conclusions of used arguments in order to present a
consistent path.

To illustrate our motivation, consider a persuadee agent that has
the following set of wishes I = {being healthy, — playing sports},
which means that this agent wants to be healthy without playing
sports. Moreover, consider a persuader agent that has only the argu-
ment a = ({being healthy}, {stop smoking, playing sports}), that is,
being healthy requires to stop smoking and to play sports. Clearly,
the I-path a is not consistent. However, in certain cases, it would
be interesting to hide literals in the conclusions of the considered
arguments, as for instance, hiding the literal playing sports in the
case of the previous argument. To this end, we introduce here the
notion of weak inconsistency, which states that we only have to
inspect the consistency of the supports of the considered arguments
in a path.

Definition 4.1 (Weak Consistency). AnI-pathay, ..., ay is said to
be weak consistent if the set of literals TU U{F:l Supp(a;) is consistent.

In the following proposition, we formally show that weak con-
sistency is a weaker version of consistency.

PROPOSITION 4.2. Given a set of literals I, if an I-path is consistent,
then it is also weak consistent.

ProoF. Let s = ay,...,ar be an I-path. Assume that s is not
weak consistent. Then, the set of literals I U U{'C:I Supp(a;) is not
consistent. Further, using the definition of an I-path, we know
that Supp(a;) S I'U Uy<j<; Conc(a;) for every i € 1..k. Thus,

Iv Ule Supp(a;) € 1U U;{:l Conc(a;i) holds. As a consequence,
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Iv Ui.‘zl Conc(a;) is not consistent and we deduce that s is not
consistent. O

Consider for instance the persuasion frame ¥ = ({a,b,c,d},
{a1 = {a}, (b, c}}), az = ({d}, {—c}})}, W) where W(a;) = 1 and
W (az) = 1, and the instance of the persuasion satisfiability problem
P = (F,{a,d}, {b,~c}, 2,2). Clearly, there is no consistent {a, d}-
path that satisfies P. However, a1, az is a weak consistent {a, d}-path
that allows for obtaining {b, —c} from {a, b}.

In order to use a partial weighted MaxSAT encoding for solving
the persuasion satisfiability problem where we use weak consis-
tency instead of consistency, we just need to remove the formula
(5) from the encoding described in Section 3. Indeed, the formula
(5) is used to impose the satisfaction of the propositional variables
representing the conclusion of the applied arguments. It is notewor-
thy that the satisfaction of the variables representing the supports
of the applied arguments comes particularly from the formulas (2)
and (4).

In general, it would be interesting to allow the persuader agent
to select the literals that can be hided to avoid inconsistency. For
instance, the persuader agent may decide to hide only the negations
of the literals that occur in the objective state and/or the initial
state. To adapt our partial weighted MaxSAT encoding, we only
have to use the following formula instead of (5):

k

N A\t (\RC\T.i) (11)

a=(X,C)eA i=1

where T is the set containing the literals that can be hided. This
formula states that if an argument is used at the step i, then the
literals of its conclusion are true at this step except the literals that
can be hided.

The previous variant show the flexibility of the proposed frame-
work and our solution based on the use of encodings in partial
weighted MaxSAT. In this context, one can easily define other vari-
ants to take into account other aspects. In order to better illustrate
this point, we introduce a variant where the persuader agent consid-
ers conflicts between the available arguments. More precisely, given
a persuasion frame ¥ = (S, A, W), we assume that the persuader
agent has a conflict graph G = (A, E), which is an undirected
graph where the set of vertices is A, and having an edge {a, a’}
in E means that the arguments a and a’ cannot be used together
in any solution. For this variant, our encoding can be adapted by
adding the following formula to the hard part:

k k
N O+ Q) <1 (12)
j=1

{a,a’}eE i=1

Indeed, assume w.l.o.g. that there exists i € 1..k such that r} is
assigned to 1. Then, Zé‘zl rl = 1holds, and consequently, we obtain
Z}‘:l rfl , = 0, which means that a’ is not used in the found solution.

Several other variants can be defined by reasoning on different
other aspects, such as the opening argument, the last argument,
etc.

5 PARETO OPTIMALITY

In the persuasion satisfiability problem, there are explicite upper
bounds on the length and on the weight of the solution. The choice
of these bounds may be arbitrary without specific knowledge about
the considered case, which can be seen as a real drawback of our
approach. Thus, to avoid the use of bounds, we here consider the
notion of Pareto optimality.

We define a PO-instance as a triple of the form P = (F,1,0)
where ¥ = (S, A, W) is a persuasion frame, I C Lit(S) a consis-
tent set of literals, called the initial state, and O C Lit(S) a non
empty consistent set of literals, called the objective state. Clearly,
a PO-instance can be seen as an instance of the persuasion satis-
fiability problem without the upper bounds on the length and on
the weight of the solution. From this angle, we say that a sequence
of arguments s is a solution of PO-instance P = (¥,1,0) if it is
a solution of the instance of the persuasion satisfiability problem
P=(F,I,0,00,).

Definition 5.1 (Pareto-Optimal Solution). A Pareto-optimal solu-
tion of a PO-instance P is a solution s of P where, for all solu-
tion s” of P, (i) if L(s") < L(s) then W(s) < W(s’), and (ii) if
W(s") < W(s) then L(s) < L(s").

Given two solutions s and s’ of a PO-instance, we say that s

dominates s’ if at least one the following properties is satisfied:

o L(s) < L(s") and W(s) < W(s');

o W(s) < W(s")and L(s) < L(s').
In other words, s dominates s’ if s is better than s’ on one criterion
(length or weight) and s is not worse than s’ on the other crite-
rion. Note that a solution is Pareto-optimal if and only if it is not
dominated by any other solution.

length

518}

14

7

weight

30 70

Figure 3: Pareto Front

For instance, in Figure 3, we show all the solutions of a given PO-
instance. The x-axis and y-axis represent respectively the weights
and the lengths of these solutions. It is important to note that a point
can represent more than one solution (e.g. the point that represents
the solutions s; and s{), since there may exist several solutions with
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both the same length and the same weight. The solutions s1, s; and
s3 are Pareto-optimal, but s7 is not because it is dominated by s3
(L(s3) =6 < L(s7) = 12 and W (s3) = W(s7) = 70). Moreover, s1
does not dominate s3 because of L(s3) = 6 < L(s1) = 14, and s3
does not dominate s; because of ‘W (s1) = 30 < W(s3) = 70.

We call Pareto frontier of a given PO-instance the set of all its
optimal solutions. For instance, the Pareto frontier in the example
described in Figure 3 is the set {s1, 517, $2, 53, S4, 55, S}

Our partial weighted MaxSAT encoding for solving the per-
suasion satisfiability problem described in Section 3 allows for
computing a solution that satisfies the length bound constraint
and has the smallest weight. More precisely, given an instance
P =(7,I,0,k,b) of the persuasion satisfiability problem, every so-
lution of the encoding &(P) corresponds to a solution s of P where
L(s) < kand W(s) < W(s’) for every solution s’ of P of length
smaller than or equal to k. Thus, given a solution s of P which is
obtained using &(P), we know that there exists a Pareto-optimal s’

of the PO-instance (¥, I, O) such that W(s") = W(s).

PROPOSITION 5.2. Given a PO-instance P = (¥,1,0) with F =
(S, A, W), the length of every Pareto-optimal solution is smaller than
or equal to min(|S| — |I|, |Al|), where min stands for the minimum.

ProOF. Let s = ay,...,a, be a Pareto-optimal solution of P. It
is trivial that n < |A| since the arguments used in s are pairwise
distinct and belong to (A. Furthermore, we have IU U{:l Conc(aj) C
Iv U{:} Conc(a;) for every j € 1..(n — 1). Indeed, if there exists
jel.(n-1),IU Ué:l Conc(a;) = IV Ui:i Conc(a;), then the use of
aj+1 is useless and we get a contradiction since s is Pareto-optimal.
Thus, using the fact that |[I U U7, Conc(a;)| < [S|,n < |S| - 1|
holds. m}

Given a PO-instance P = (¥,1,0) with ¥ = (S, A, W), we
use LB(P) to denote the value min(|S| — |I|, |A|). Furthermore,
using Proposition 5.2, one can easily obtain a weight upper bound.
Indeed, this bound can be defined as the sum of the weights of
the arguments occurring in a set of LB(P) greatest weights. More
precisely, the weight of every Pareto-optimal solution of P is smaller
than or equal to Y ,c 4 W(a), where A’ C A, |A’| = LB(P) and,
foralla’ € A\ A’, W(a’) < min{W(a) | a € A’}. We use WB(P)
to denote the bound ) ,c 4 W(a).

In order to introduce our approach for computing certain Pareto-
optimal solutions, we propose a partial weighted MaxSAT encoding
that allows for computing a solution of a Given PO-instance with
the smallest length. Let P = (¥, 1, O) be a PO-instance with ¥ =
(S, A, W). We use Ejepgrp(P) to denote the encoding that allows
for computing a solution of smallest length. The hard part of this
encoding is exactly the same as the hard part of E(P’) with P’ =
(F,1,0,LB(P), ). The relaxable part is defined as follows:

1:-qq foreveryae A (13)

The soundness of Ejp gk (P) can be obtained in the same way
as the soundness of the encoding of the persuasion satisfiability
problem. Indeed, knowing that the hard part is the same as that
of E(P’), we know that every solution of E;p g4 (P) corresponds
to a solution of P. Moreover, using Proposition 5.2, the hard part
of Ejengen(P) is satisfiable if and only if P admits a solution. In

addition, one can easily see that the relaxable part allows clearly
for reducing the number of used arguments.

A simple approach for finding a Pareto-optimal solution of a
given PO-instance P can be defined by solving two partial weighted
MaxSAT encodings. Indeed, we first compute a solution sy us-
ing the encoding &jepg:k (P). Then, every solution of &E(P’) with
P’ = (F,1,0, L(s0), ) is a Pareto-optimal solution of P. Indeed,
let s be a solution of P obtained from E(P’). Then, for every solu-
tion s’ with £(s”) < L(so), W(s") < W(s) holds. Moreover, we
know that L(so) is the smallest length of the solutions of P. As a
consequence, s is not dominated by any other solution of P.

A similar approach for finding a Pareto-optimal solution can be
defined by computing first the smallest weight that can be obtained
from our encoding &(P), and then, we use an encoding that allows
for finding one of the shortest paths with respect to the previous
weight. Indeed, let P = (7,1, O) be a PO-instance. First, a solution
so for &(P’) is computed where P’ = (F,1,0, LB(P), ). Using
Proposition 5.2, we know that W (sp) is the smallest weight of the
solutions of P. Then, we use a partial weighted MaxSAT encoding
Eveight (P, W(so)) to find a Pareto-optimal solution. The encoding
Seight (P, W (so)) is obtained by only adding the following hard
pseudo-Boolean constraint to Ejepgeh (P):

> W(@) g < Wiso) (14)
aeA
Clearly, this constraint allows for guaranteeing that every solution
of Eyyeight (P, W (so)) has the smallest weight, i.e., it is also a solu-
tion of &(P’). Moreover, for every solution s of &.,¢gn: (P, W (s0)),
there is no solution of P that has the weight W (sp) and is also
shorter than s. As a consequence, every solution of the encoding
Seight (P, W (so)) is Pareto-optimal.
It is worth mentioning that there are several efficient polynomial
encodings of the pseudo-Boolean constraints as CNF formulas in
the literature (e.g. see [5, 11]).

6 CONCLUSION AND PERSPECTIVES

In this paper, we have presented an argument-centric persuasion
framework. This contribution proposes a decision problem, called
persuasion satisfiability, that allows for dealing with computational
persuasion in a simple and intuitive way. From the computational
complexity point of view, we showed that this decision problem is
NP-complete. We have proposed an encoding in partial weighted
MaxSAT for solving this problem. We also showed the flexibility
of our framework and the approach based on the use of partial
weighted MaxSAT. Finally, in order to avoid the use of explicit
upper bound constraints, which can be seen as a drawback of our
framework in the absence of specific knowledge about the consid-
ered case, we have proposed an approach that allows for finding
optimal solutions in Pareto sense.

In our future work, we intend first to improve the proposed
framework following two directions: (1) allowing the persuadee
to use different kinds of counterarguments; and (2) defining an
updating method for persuasion frames to take into account the
responses of the persuadee. We also plan to implement the proposed
solving methods based on partial weighted MaxSAT to provide an
experimental study on the use of the proposed framework.
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Abstract

An important problem in knowledge-based systems is inconsistency handling.
This problem has recently been attracting a lot of attention in AI community.
In this paper, we tackle the problem of evaluating the amount of conflicts
in knowledge bases, and provide a new fine grained inconsistency measure,
denoted lpce, based on maximal consistent sets (MCSes). The main idea
consists in quantifying the inconsistency of a knowledge base by considering
that all its consistent pieces of information are possible. Furthermore, we
provide an epistemic interpretation of our inconsistency measure using the
multimodal logic S5. Then, we show that |y;c¢ satisfies several state-of-the-
art postulates. Moreover, we provide an encoding in integer linear program-
ming for computing our inconsistency measure, which is defined from the set
of MCSes. We also propose a Partial Max-SAT encoding, which allows us
to avoid the computation of the MCSes. Finally, we provide a comparison
between ly;cc and two related existing inconsistency measures.

Keywords: Knowledge Base, Inconsistency Measure, Maximal Consistent
Subset

1. Introduction

In classical logics, the principle of explosion is a law which states that
any formula can be deduced from a contradiction using the inference pro-
cess. This principle means that the inference process alone in classical logic
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does not allow to reason under inconsistency. To remedy this problem, sev-
eral approaches have been proposed in the literature, such as argumentation
theory, paraconsistent logics, belief revision, etc. The main goal of these
approaches is to deal with inconsistency as an informative concept. In the
same vein, inconsistency measures have been introduced in order to be used
in analyzing inconsistency. In the literature, an inconsistency measure is de-
fined as a function that associates a non negative value to each knowledge
base [1]. Several inconsistency measures have been proposed in the literature
(e.g. [2, 3,4, 5,1, 6,7, 8]), and it has been shown that they are suitable
for various applications such as e-commerce protocols [9], software specifica-
tions [10], belief merging [5], news reports [11], requirements engineering [1],
integrity constraints [12], databases [13], ontologies [14], semantic web [14],
network intrusion detection [15], and multi-agent systems [8].

In [1], Hunter and Konieczny have proposed four axiomatic properties
that any inconsistency measure should satisfy, namely Consistency, Mono-
tonicity, Free-Formula-Independence and Dominance. However, in a recent
article [16], Besnard has provided objections to Free-Formula-Independence
and Dominance. Indeed, the author has pointed out in his article unde-
sirable consequences of these properties, such as ignoring certain conflicts,
and has provided alternative properties in order to avoid these consequences.
It is worth noting that Hunter and Konieczny have also provided similar
objections in [1] to Fee-Formula-Independence by pointing cases where this
property can be considered as too strong. To address these objections, the
authors have proposed to consider the weaker property introduced in [17],
called Safe-Formula-Independence.

Inconsistency is often measured by quantifying its origin in a monodi-
mensional way, such as the number of minimal inconsistent subsets [1] and
the number of maximal consistent subsets [18]. However, the numerous ex-
isting inconsistency measures show in a sense that no measure alone can
capture the multiple aspects of inconsistency. Indeed, the inconsistency of a
knowledge base may result from several reasons and has to be quantified in
a multi-dimensional way. For instance, let us consider the knowledge base
K ={p,~pAq,—pAr,—pAs}. Clearly, the inconsistency of K results from
the conflict between the formula p and the subformula —p in the other for-
mulee. If we use the inconsistency measure |, p,, defined in [4] and based on
Priest’s three-valued logic [19], then we can capture the conflict between p
and —p. Indeed, Iy p, (K) = 1 means that there is only a unique propositional
variable which is involved in the conflicts of K. However, since I p,, considers
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K as a single formula, it does not reveal the fact that there are three conflicts
between the formulee of K. To this end, one can use the measure Iy [1] de-
fined as the number of the minimal inconsistent subsets of K (lp/(K) = 3).
We are not arguing that the measure l;; is more informative than I p or
conversely, but the two measures provide information about incomparable
facets of inconsistency. In other words, two measures are not necessarily
comparable in the sense that one is better than the other, they can capture
incomparable aspects that constitute inconsistency. We think that Besnard’s
objections to Free-Formula-Independence and Dominance may be used to ar-
gue in this sense. For instance, Free-formula-Independence has a sense when
we do not consider the internal structure of the formulae in a knowledge base.
Indeed, it simply means that adding a new formula which is not involved in
any conflict does not change the amount of inconsistency. However, we need
other properties in cases where we consider the internal structure of formulee.
For instance, the fact that |y p does not satisfy Free-Formula-independence
does not mean that this inconsistency measure is not suitable, since it cap-
tures important aspects of inconsistency.

Before introducing our inconsistency measure, we first present in this
work results on the compatibility of some state-of-the-art properties of in-
consistency measures. Our aim behind establishing these incompatibility
results is to show that there is no inconsistency measure that is better than
all the others, knowing that most of the proposed properties for measuring
inconsistency in the literature have reasonable motivations. Moreover, we
aim at providing formal reasons explaining why our inconsistency measure
does not satisfy certain properties. We show in particular that the properties
of additivity introduced in [1] and [20]! are incompatible with Dominance [1]
and the property of Subsumption Orientation introduced in [16]. We also
show that the inconsistency measures that satisfy the properties of Besnard’s
strong system [16] allow only to distinguish the inconsistent knowledge bases
from the consistent ones? (the amount of inconsistency is the same in all the
inconsistent knowledge bases).

Then, we introduce our inconsistency measure, denoted ly;c¢, by follow-
ing an approach based on the use of maximal consistent subsets (MCSes).

!Super-Additivity and MinInc Separability.
2These measures are called drastic inconsistency measures in [1].
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Using this measure, the amount of conflicts in a knowledge base is defined as
the smallest number of pieces of information that are not in the intersection
of MCSes covering all the consistent pieces of informations. The main idea
is twofold. First, the inconsistency has to be quantified by considering that
all the consistent formulee of a knowledge are possible. Second, a knowledge
base with MCSes sharing a lot of formulee should be assigned a smaller value
of inconsistency than a knowledge base with MCSes sharing a small number
of formulee. Intuitively, by taking into account the formulse shared between
MCSes, we aim at capturing the formulee that are involved in a small number
of conflicts. Furthermore, we describe a multi-agent consensus based inter-
pretation of Iy;cc using a well known epistemic logic, namely the multimodal
logic S5. In this approach, we consider each consistent piece of information
as a claim which is possible according to a distinct agent, and the amount
of conflicts is defined from the size of the largest consensus between all the
agents. A possible consensus is a subset of consistent pieces of information
that are not rejected by any agent. An agent rejects a subset of pieces of
information if it is inconsistent with the piece of information that she/he
supports.

After the description of ly;cc, we show that it satisfies several desirable
properties proposed in the literature, such as Consistency, Free-Formula-
Independence, Monotonicity and Super-additivity. We also point out other
interesting properties satisfied by our inconsistency measure such as a gen-
eralization of Super-Additivity and a weak variant of Dominance. Then, we
show that the problem of computing our inconsistency measure can be for-
mulated as an integer linear program. This encoding is mainly defined from
the set of maximal consistent subsets. It is worth noting that the number
of the MCSes of a knowledge base is exponential in its size in the worst
case. Thus, to avoid the problem of computing the MCSes, we propose a
Partial Max-SAT encoding, which is of polynomial size and defined without
computing any maximal consistent subset.

Finally, we study relationships between our inconsistency measure and
two related state-of-the-art inconsistency measures, namely lcc proposed
in [21] and Iy, proposed in [18]. The measure loc aims at taking into ac-
count the formulae shared between the minimal inconsistent subsets (MISes).
Intuitively, this measure quantifies the amount of conflicts as the number
of MISes that can be isolated by removing formulee. Our comparison of
lvce and loe is motivated by the fact that these two measures satisfy sev-
eral existing properties, in particular, the interesting property introduced

4
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n [21], called Independent MI-Additivity®. Moreover, lycc and lge take
into account the distribution of the formule among the conflicts. We show
in particular that there are inconsistent knowledge bases that are not distin-
guishable by lo¢ but distinguishable by |;c¢c, and conversely. Furthermore,
our comparison of l;c¢ and the inconsistency measure I, is motivated by the
fact that they are both based on MCSes. Indeed, |, quantifies the amount of
conflicts from the number of MCSes: more MCSes means more conflicts. We
show that ly;cc and I, do not quantify the amount of conflicts in the same
way. Indeed, unlike ly;cc, 1y does not take into account the distribution of
formulae among the conflicts.

The rest of the paper is structured as follows. Section 2 provides some pre-
liminary definitions and introduces the problem of measuring inconsistency.
Section 3 provides results on the compatibility of some state-of-the-art prop-
erties of inconsistency measures. In Section 4, we introduce our inconsistency
measure. In Section 5, we show that |y;cc satisfies several desirable proper-
ties. Then, in Section 6, we present two modeling approaches for the problem
of computing ly;cc. In Section 7, we provide a comparison between |y/cc
and two related existing inconsistency measures. Finally, Section 8 presents
our conclusion.

2. Formal Setting

2.1. Classical Propositional Logic

In this section, we define the syntax and the semantics of classical propo-
sitional logic. Let Prop be a countable set of propositional variables. We use
the letters p, q, r, etc to range over Prop. The set of propositional formule,
denoted Form, is defined inductively started from Prop, and using the logi-
cal connectives =, A, V, —. Notationally, we use the greek letters ¢, ¥ to
represent propositional formulee. Given a syntactic object O, we use Var(O)
to denote the set of propositional variables appearing in O. For a set S, we
denote by |S] its cardinality.

A Boolean interpretation B of a formula ¢ is defined as a function from
Var(¢) to {0,1} (0 corresponds to false and 1 to true). It is inductively

3In the original paper, this property is called Enhanced Additivity
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extended to propositional formulee as usual. A formula ¢ is consistent if there
exists a Boolean interpretation B of ¢ such that B(¢) = 1. It is valid or a
theorem, if every Boolean interpretation is a model of ¢.

It is worth noting that we can restrict the language to the connectives —
and A, since we have the following equivalences: ¢ V ¢ = —=(=¢ A =) and
O — Y=V

A Eknowledge base K is a finite set of propositional formulse.

Definition 1. Let K be a knowledge base. M is a minimal inconsistent subset
(MIS) of K iff (i) M C K, (ii) M+ L and (iii) Yo € M, M \ {¢} ¥ L.
Definition 2. Let K be a knowledge base. M is a mazximal consistent subset
(MCS) of K iff (i) M C K, (i1) M¥ L, (iii) Vo€ K\ M, MU{¢}F L.

We use MC(K) (resp. MI(K)) to denote the set of all maximal consistent
(resp. minimal inconsistent) subsets of K.

Definition 3. Let K be a knowledge base and ¢ a formula in K. ¢ is a free
formula in K iff o ¢ M for every M € MI(K).

We use Free(K) to denote the set of free formule in K. Moreover, we use
IF(K) to denote the set of inconsistent formulee in K, i.e., IF(K) = {¢ € K |

ok L}

Let us now describe the SAT problem. A formula ¢ in Conjunctive Nor-
mal Form (CNF) is a conjunction of clauses, where a clause is a disjunction
of literals. A literal is a positive (p) or negated (—p) propositional variable.
A CNF formula can also be seen as a set of clauses, and a clause as a set of
literals. The SAT problem consists in deciding whether a given CNF formula
admits a model. We recall that every propositional formula can be translated
to CNF using linear Tseitin’s encoding [22].

Given a finite set S, we use |S| to denote its cardinality. Moreover, we
use W to denote disjoint union, which is just like regular union, except that
its operand sets are required to have no element in common. More precisely,
given two sets S; and S,, S; W .Sy means S; U Sy such that S; NSy, = 0.

2.2. Measuring Inconsistency and Axioms

In recent years, inconsistent data reasoning has seen a revival in interest
because of a number of challenges in terms of collecting, modeling, repre-
senting, and querying information. In this context, various logic-based ap-
proaches have been proposed in the literature for quantifying the amount

6
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of inconsistency. In the literature, an inconsistency measure is defined as a
function that maps a knowledge base onto a non negative real number. Several
properties have been defined to characterize such measures. In particular, in
[1] the authors propose axiomatic properties that any inconsistency measure
should satisfy. More precisely, an inconsistency measure I is called a basic
inconsistency measure if it satisfies the following properties, for all knowledge
bases K and K’ and for all formulase ¢ and :

e Consistency: 1(K) =0 iff K is consistent;
e Monotonicity: 1(K) < I(KUK');
e [ree-Formula-Independence: if ¢ € Free(K), then I[(K) = I(K \ {¢});

e Dominance: if ¢ -1 and ¢ ¥ L, then I(K U{y}) < I(K U{¢}).

It is worth noting that Besnard has provided in [16] objections on Free-
Formula-Independence and Dominance. In particular, the objection to Free-
Formula-Independence comes from the fact that a free formula may be in-
volved in a conflict if we consider the internal structure of formulee, and
in this case it has to increase the amount of inconsistency. Let us con-
sider, for instance, the following knowledge base proposed in [16]: K =
{pAr,gN\—r,—pV—q}. The knowledge base K has a single minimal inconsis-
tent subset M = {pAr,gA—r} and, consequently, =pV —q is a free formula in
K. Using Free-Formula-Independence, we should have [(M) = I(K). How-
ever, p and ¢ are compatible and p A ¢ is contradicted by the free formula
—p V —q. As a consequence, one can consider that K contains more con-
flicts than M and in this case Free-Formula-Independence fails. Moreover,
Besnard has showed that Free-Formula-Independence is strongly related to
the concept of minimal inconsistent subset, which can be seen as a strong
restriction in defining inconsistency measures. To illustrate this point, let us
consider the following property:

For all K, K', if MI(K') C MI(K"), then I(K) < I(K’) (MI-Dependence)
Then, we have the following proposition:

Proposition 1. [ satisfies Monotonicity and Free-Formula-Independence iff
I satisfies MI-Dependence.
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Proof.

Part =. Assume that [ is an inconsistency measure satisfying Free-Formula-
Independence and Monotonicity. Let K and K’ be two knowledge bases such
that MI(K') C MI(K’). Since I satisfies Free-Formula-Independence, we have
both I(K) = I(Uyremixy M) and I(K') = I(Upremixry M) Thus, using
Monotonicity, we get I(K) < I(K"), since MI(K) C MI(K").

Part <. Assume now that [ is an inconsistency measure satisfying MI-
Dependence. For all K and K’ with K C K’, MI(K) C MI(K') holds. As
a consequence, we obtain that I satisfies Monotonicity. We now show that
I satisfies also Free-Formula-Independence. Let K be a knowledge base and
¢ a free formula in K. Then, we get MI(K) = MI(K \ {¢}). Thus, using
MI-Dependence, I(K) = I(K \ {¢}) holds. O

Note that Hunter and Konieczny have also provided objections in [1]
to Fee-Formula-Independence. Indeed, from the fact that the inconsistency
measure l;p based on Priest’s three-valued logic [19] does not satisfy Fee-
Formula-Independence, the authors argue in favor of a weaker property,
called Safe-Formula-Independence (also called Weak-Independence in [20]).
A safe formula in a knowledge base is a consistent formula that does not
share any propositional variable with the other formulee. Clearly, every safe
formula is a free formula. Safe-Formula-Independence means that if we add
safe formulee, which have no relation with the existing conflicts, we do not
change the amount of inconsistency.

Regarding Besnard’s objection to Dominance, it is related to the internal
structure of formulee. Let us consider knowledge bases similar to those pro-
posed in [16]: Ky = {pAgAr,—p} and Ky = {pAgAr,—pV (-gA-r)}. We
have —=p - =p V (=g A =r) and —p ¥ L. Besnard has argued that K5 is more
inconsistent than K7, since the inconsistency of K5 comes either from p and
=p or from ¢ A r and —¢ A —r, while that of K; comes only from p and —p.
The property of dominance is considered as violated in this case because of
the used interpretation of disjunction within inconsistency. As pointed out
by Besnard, it is a delicate matter to assess how inconsistent a disjunction
is. In this context, the author has introduced the following property, called
Disjunction-Maximality:

(K U{oVe}) < Max(I(K U{¢}), (KU {¢}))
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However, if we consider, for instance, an inconsistency measure as a function
associating to each knowledge base the amount of effort needed to resolve its
possible inconsistency or the cost that an agent should pay because of the
possible inconsistency of his knowledge base, then it is reasonable to use the
following bound:

(K U{oVy}) < Min(I(KU{¢}), [(K U{4}))

since by resolving the inconsistency in K U{¢} or in K U {1} we resolve the
inconsistency in K U {¢ V ¢}. Using this interpretation of measuring incon-
sistency, Besnard’s objection to the property of dominance can be avoided.
Moreover, consider the knowledge base K = {p,p V —p}. The right part
of the law of excluded middle is involved in a conflict. If we consider the
interpretation used in Besnard’s objection to the dominance property, K is
considered as containing more conflicts than {p}, however, K and {p} are
both consistent.

Other objections to Dominance can be obtained from its incompatibil-
ity with some state-of-the-art properties, which have reasonable motivations.
For instance, we show in Section 3 that Dominance is incompatible with the
additivity properties introduced in [1, 20].

We agree with Besnard’s objections in the sense that it is not suitable to
require Hunter and Konieczny’s basic properties for every inconsistency mea-
sure. However, we think that inconsistency is a multi-dimensional concept
and a single inconsistency measure is insufficient to capture all the informa-
tion about the amount of conflicts. In this context, to capture certain aspects
that constitute inconsistency, we need inconsistency measures satisfying the
basic properties.

3. Additivity and Inconsistent Axiomatization Systems

In this section, we consider important properties on inconsistency mea-
sures introduced in the literature. We show in particular that combinations
of some properties lead to inconsistent systems. An axiomatization system
is inconsistent if there is no inconsistency measure satisfying all its axioms.

Our aim behind establishing incompatibility results between state-of-the-
art properties is twofold. First, showing that there is no inconsistency mea-
sure that is better than all the others, knowing that most of the proposed
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properties for measuring inconsistency in the literature have reasonable mo-
tivations. Second, providing formal reasons explaining why our inconsistency
measure, introduced in Section 4, does not satisfy certain properties.

3.1. Properties for Measuring Inconsistency

We here present some state-of-the-art properties on inconsistency mea-
sures. The aim of such properties is to provide a reasonable way for measuring
the amount of conflicts.

Let us first consider the additivity properties introduced in [20] and [1]
respectively:

e Super-Additivity: if K N K" =0, then (K UK') > I(K) + I(K').

o MLAdditivity®: if MI(K U K’) = MI(K) & MI(K"), then I(K U K') =
I(K)+ I(K"), where W stands disjoint union.

Super-Additivity means that the amounts of inconsistency in two disjoint
knowledge bases are preserved in the union of these bases. It is worth not-
ing that Super-Additivity and Consistency implies Monotonicity. Regarding
MI-Additivity, it captures a similar idea to Super-Additivity, but it relates
the amount of conflicts to the minimal inconsistent subsets.

Let us now define two concepts that are used in the definition of Besnard’s
postulates. First, a substitution is a mapping o : Prop — Form from the set
of propositional variables to the set of propositional formulae. Then, given a
propositional formula ¢ and a substitution o, o(¢) is the result of replacing
each propositional variable p with o(p). For instance, for o(p) = r A s and
o(q) =1 — s, weget o(-pAq) =—-0(p)ANo(q) = ~(rAs)A(r —s). Given a
knowledge base K, we use o(K) to denote the knowledge base (e {0 (¢)}-
Second, a primitive conflict is a notion that is considered to quantify the
amount of inconsistency. For example, one can consider the notion of minimal
inconsistent subset and, in this case, the primitive conflicts of a knowledge
base are its minimal inconsistent subsets. Besnard has used primitive conflict
as an abstract notion that allows to represent the conflicts in a knowledge
base considered by a measurer.

In the following we describe Besnard’s postulates proposed in [16]:

4In the original paper, this property is called MinInc Separability.
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e Subsumption-Orientation: if C(ocK) C C(K’) for a substitution o then
I(K) < I(K'), where C(K) is the set of primitive conflicts in K.

e Conjunction-Dominance: I(K U{p AvY}) = (K U {¢}).
e Tautology-Independence: if ¢ = T then I(K U {¢}) = I(K).

e Rewriting: if ¢ is a prenormal form of ¢ then I(K U {¢}) = I(K U
{1}) where ¢ is a prenormal form of ¢ if v is obtained from ¢ by
applying (possibly repeatly) one or more of the following principles:
commutativity, associativity, distribution from A and Vv, De Morgan
laws, double negation equivalence.

e Instance-Low: if o K C K’ for some substitution o then I(K) < I(K').

e Disjunction-Maximality: (K U {¢ V ¥}) < mazx(I(K U {¢}),[(K U
{¢1)).

e Disjunction-Minimality: [(KU{¢V1}) = min(I(KU{¢}), [(KU{¢})).
e Exchange: if K’ = K” and K’ ¥ 1 then (KUK') =I(K UK").
o Adjunction-Invariancy: I(K U{¢,v}) = I(K U {p A¢}).

One can see that, unlike Hunter and Konieczny’s properties, most of these
properties take explicitly into account the internal structure of formulee in
a knowledge base. For instance, as explained in [16], Rewriting takes into
account any inessential difference in which a formula can be be written.
Note that Besnard’s strong system is defined as Consistency with Rewriting,
Instance-Low, Disjunction-Maximality, Disjunction-Minimality, Exchange,
Adjunction-Invariancy. Moreover, note that the properties in the strong sys-
tem entail the following properties: Conjunction-Dominance and Tautology-
Independence. Furthermore, all the properties in the strong system can be
entailed by Subsumption-Orientation from specific properties on C. For ex-
ample, if C satisfy the property C(KU{¢}) = C(KU{¢'}) for every knowledge
base K, formula ¢ and ¢’ prenormal form of ¢, then Rewriting can be derived
from Subsumption-Orientation (for more details, see [16]).
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3.2. Dominance and Additivity

We here study the consistency of systems combining Super-Additivity
and MI-Additivity with Dominance. Our main aim is to point out incom-
patibility results between these properties.

In the following proposition, we show that MI-Additivity is stronger than
Free-Formula-Independence.

Proposition 2. Given an inconsistency measure I, if I satisfies Consistency
and MI-Additivity, then I satisfies Free-Formula-Independence.

Proof. Let K be a knowledge base. Then we have MI(K) = MI(K \ Free(K)).
Thus, we get MI(K) = MI(K \Free(K))WMI(Free(K)) since MI(Free(K)) = 0.
As a consequence, using MI-Additivity, we get I(K) = I(K \ Free(K)) +
I(Free(K)). Using Consistency, we get I(Free(K)) = 0 since Free(K) ¥ L.
Thus, I(K) = I(K \ Free(K)) holds. O

We now show that Dominance is incompatible with the considered addi-
tivity properties.

Proposition 3. The following systems are inconsistent:

1. {Consistency, Dominance, Super-Additivity};
2. {Consistency, Dominance, MI-Additivity}.

Proof.

(1). Assume that there exists an inconsistency measure I satisfying Consis-
tency, Dominance and Super-Additivity. Let K = {pAq,—pAq} be a knowl-
edge base. Using Dominance twice, I(K U {p, p}) < I(KU{pAq,p}) <
I(KU{pAqg,—pAq}) holds, since pAg¥F L, -pAqg¥F L, pAqgt pand
-p A g F —p. Note that K U{p A q,—pAq} = K. Moreover, using Super-
Additivity, I(K U {p,—p}) = I(K) + I({p, —p}) holds. Then, using Consis-
tency, I({p, —p}) > 0 holds and, as a consequence, I(K U {p,—p}) > I(K)
holds and we get a contradiction.

(2). Assume that there exists an inconsistency measure I satisfying Consis-
tency, Dominance and MI-Additivity. Let K = {p Ar,q A —r,—pV —q} be a
knowledge base. Using Dominance, I(K U {p,q}) < I(KU{pAr,q A —r})
holds, since p Ar F p and ¢ A —-r F ¢q. Note that KU {p Ar,q A —r} =
K. We have MI(K U {p,q}) = MI(K \ {-pV —¢} U{p,q,;—pV —q}) =
MI(K) & MI({p,q,—p V —=q}). Then, using MI-Additivity, I(K U {p,q}) =
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I(K) + I({p,q,—p V —q}) holds. Using Consistency, I(K U {p,q}) > I(K)
holds since I({p,q,—~pV —¢}) > 0, and we get a contradiction. ]

In our proof of Proposition 3, we use the fact that Dominance allows us to
add to a knowledge base logical consequences of its formulae without changing
the amount of conflicts. Indeed, Dominance does not exactly express that the
amount of conflicts does not increase when a consistent formula is replaced
with one of its logical consequences. In order to avoid this problem, we
consider the following variant of Dominance:

e Weak-Dominance: if ¢ ¢ K, ¢ F ¢ and ¢ ¥ L, then I[(K U {¢y}) <
I(K U{¢}).

The condition ¢ ¢ K in Weak-Dominance means ¢ ¢ K U {¢}, which
allows us to express that ¢ is replaced with .

We now show that Super-Additivity is compatible with Weak-Dominance.
To this end, we use the inconsistency measure lgc introduced in [21]. This
measure takes into account the formulae shared between the minimal incon-
sistent subsets. Given a knowledge base K, an MI-decomposition of K is a
pair ({K7,..., K, }, K’) satisfying the following properties:

(1) (U Ki) UK = K;
(ii (U?:l Kt) NK' = ®§

)

)
(1i1) K; F L for every 1 <7< n;
(iv) K;NK; =0 for every 1 <i# j < n;and
)

(v MI(U?:l K;) = L‘d?:l MI(K;).

Given a knowledge base K, loc(K) = n if there is an MI-decomposition
(D, K') such that |D| = n, and there is no MI-decomposition (D', K”) such
that |D’| > n. Intuitively, this measure can be seen as the maximum number
of minimal inconsistent subsets that can be isolated by removing formulze.
For example, consider the knowledge base K = {p, “pAq, =q, gA\r,g\—r}.
Then, we have MI(K) = {{p,~p A ¢}, {-p A ¢, ~q},{~q, g A1}, {=q,qg A —r},
{gAr,qN\—r}}. Let us note that each one of the formulee —p A ¢, =g, g A r
and g A —r belongs to at least two minimal inconsistent subsets. To build an
MI-decomposition, we have to put some of the previous formulee in the right
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side. For example, the pair S = ({{p,-p A ¢}, {g Ar,q A —r}},{—q}) is an
MI-decomposition. Indeed, we have: Condition (7): {p,—p Aq} U{gAr,qgA
—r} U{=q} = K; Condition (i1): ({p,pAqtU{gAr,qA—-r})N{-q} =10
Condition (iii): {p,—~pAq} F L and {g Ar,qg A —r} F L; Condition (iv):
{p,—pAgy{gAr,qA—r} = 0; and Condition (v): MI({p, - pAqtU{gAr,qA
—r}) ={{p,pAqt{gnr.g A}t =MI{p,—pAq}) MI{gAr,qgA-r}).
Moreover, one can see that there is no MI-decomposition (D, K”) of K such
that |D| > 2, since there is no more than two disjoint minimal inconsistent
subsets. As a consequence, we get loo(K) = 2.

Proposition 4. The system { Consistency, Free-Formula-Independence, Mono-

tonicity, Weak-Dominance, Super-Additivity} is consistent.

Proof. We here show that |oo satisfies all the properties in the previous
system. One can easily see that loc satisfies Consistency, since loo(K) = 0
iff MI(K') = (). Tt satisfies also Free-Formula-Independence since the amount
of conflicts is computed through the minimal inconsistent subsets. Moreover,
Monotonicity is implied by Consistency and Super-Additivity.
Super-Additivity. Let K and K’ be two knowledge bases s.t. K N K' =
f, and S = (D,K;) and S" = (D', K;) MI-decompositions of K and K’
respectively such that lco(K) = |D| and loo(K’) = |D’|. Thus, we obtain
that S3 = (DW D', K; W K;) is an MI-decomposition of K U K’. Indeed,
S3 satisfies the conditions (i) and (444) since these conditions are satisfied
by S and S’. Moreover, S? satisfies the conditions (i7), (iv) and (v), since
KNK'= () and these conditions are satisfied by S and S’. As a consequence,
IC’C<K ) K/) = IC’C<K) + ICC(K/) holds.

Weak-Dominance. Let K be a knowledge base, and ¢ and v two formulae
st. o ¢ K, ¢o¥ Land ¢ 1. If ¢ € K, then we get K U{¢y} C K U {¢}.
Using the fact that lo¢ satisfies Monotonicity, loc(K U{¢}) = loc(K U{¢})
holds. Let us now consider that ¢ ¢ K. Let S = ({K1,...,K,},K') be
an MI-decomposition of K U {¢}. If ¢ ¢ K; for every 1 < i < n, then
S = ({Ky,..., K.}, (K'\ {¢}) U{¢}) is an MI-decomposition of K U {¢}.
Otherwise, there is a unique ¢ € 1..n such that ¢ € K;. We have (K;\ {¢})U
{¢} F L since ¢ - ¢. Hence, there exists K] € MI(K U {¢}) s.t. K] C (K;\
{Y})U{¢} and ¢ € K|. Thus, thereisa K" s.t. ({Ky,...,K],...,K,},K")is
an MI-decomposition of K U{¢}. As a consequence, we know that if K U{¢}
has an MI-decomposition (D, K'), then K U {¢} has an MI-decomposition
(D', K") such that |D| < |D’|. Therefore, we obtain loc(KU{¢}) > loc(KU

{v}). O
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In the following proposition, we show that, contrary to Super-Additivity,
MI-Additivity is also incompatible with Weak-Dominance.

Proposition 5. The system { Consistency, Weak-Dominance, MI-Additivity}
18 inconsistent.

Proof. Assume that there is an inconsistency measure satisfying the proper-
ties of Consistency, Weak-Dominance and MI-Additivity. Let Ky = {—¢,p A
(—=pV q)} and Ky = {p,—q,—p V q} be two knowledge bases. Using Con-
sistency, we have both I(K;) and I(K») greater than 0. We define n as an
integer strictly greater than %2;
Ks ={pAry,....p Ary,—q,p A (—pV q)} where r,...,r, are n distinct
fresh propositional variables. Then, using Proposition 2, we get I(K3) =
I(K;) since MI(K3) = MI(Ky) = {{—q,p A (-p V ¢)}}. Moreover, using
Weak-Dominance and p A (-p V q) F —p V q, we have I(K3) > I(Ky)
where Ky = {pAr1,...,p ATp,—q,—pV q}. Using MI-Additivity, we ob-
tain I(Ky) = I{p Ar1,—q,—-pVq})+ - +I1({p A rn,—q,—pV q}), since
MI(K4) = {{pAr1,mq,pVaq}, -, {pAryn,—q,—pVq}}. Then, using Weak-
Dominance, I(Ky) > n x I(K3) holds since p Ar; F p for every i <i < n. As
a consequence, we obtain I(Kj3) > n x I(K3). Thus, we get a contradiction

since I(K3) = I(Ky) and n > f4. 0]

Let us now consider the knowledge base

It is worth noting that Proposition 5 implies the second property in Propo-
sition 3, since Dominance is stronger than Weak-Dominance.

3.3. Subsumption-Orientation and Additivity

In the same way as for Dominance, we here show incompatibility results
between Subsumption-Orientation and the considered additivity properties.
We also show that the inconsistency measures that satisfy the properties of
Besnard’s strong system allow only to distinguish the inconsistent knowledge
bases from the consistent ones® (the amount of inconsistency is the same for
all the knowledge bases that are inconsistent).

Proposition 6. The following systems are inconsistent:

1. Sy = { Consistency, Subsumption-Orientation, Super-Additivity};

°These measures are called drastic inconsistency measures in [1].
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2. Sy = { Consistency, Subsumption Orientation, MI-Additivity}.

Proof.

(1) and (2). Assume that there exists an inconsistency measure satisfying
the properties of S (resp. S3). Let K = {p, —p, q, ~q} be a knowledge base
and o a substitution such that o(p) = p and o(¢) = p. Then, using Super-
Additivity (resp. MI-Additivity), we get I(K) > I({p,—p}) + I({q,—q})
(resp. I(K) = I({p,~p}) + I({q, ~q})) since K = {p,~p} & {q, ~q} (resp.
MI(K) = MI({p, —p}) & MI({gq, =q})). Moreover, since o(K) = {p, —p}, we
get C(o(K)) = C({p,—p}). Thus, using Subsumption-Orientation, [(K) <
I({p,—p}) holds. Using Consistency, we get a contradiction since we have
I({g, ~q}) > 0. O

Proposition 7. An inconsistency measure I satisfies the properties of the
strong system iff it is defined as follows:

0 if K¥FL
n  otherwise

I(K) = {

where n is a constant different from 0.

Proof. One can consider w.l.o.g. that all the formulee in the knowledge
bases are consistent. Indeed, for each knowledge base K, using Rewrit-
ing and Adjunction-Invariancy, there exists a set of clauses K’ such that
I(K) = I(K’). This comes from the fact that each propositional formula can
be rewritten into a formula in Conjunctive Normal Form (CNF) using De
Morgan’s laws. Moreover, we know that each non-empty clause is consistent.
Claim 1: For all inconsistent knowledge base K and p € Var(K), I(K) <
I({p,—p}).

Let K be an inconsistent knowledge base such that ¢ ¥ L for every ¢ € K.
Then, we get ¢ = /\BeMod(ﬂd)) B forfvery ¢ € K, where Mod(—¢) is the set of
the models of =¢ over Var(K) and B denotes the clause (\/ v, (x0) sp)=1 7P)V
(Vyevar(r)sp)=0@)- Let us note that we consider Boolean interpretations
built over the set Var(K). Using Exchange and Adjunction-Invariancy,
I(K) = I(K') where K' = U¢6K{B | B € Mod(—¢)}. Let p be a propo-
sitional variable in Var(K) and o a substitution defined by o(q) = p for
every ¢ € Var(K). Using Instance-Low, we get I(K) < I(0(K)). Then,
using Tautology-Independence and Rewriting, we get I(o(K)) = I({p, —p}).
Indeed, each positive clause p; V- - - Vp, (resp. negative clause =p;V---V-p,)
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is transformed into pV--- Vp (resp. =pV---V-p) using o which is equivalent
to p (resp. —p). Moreover, each clause of the form p;V--- Vp, V=g V- - - V=g,
is transformed into pV -+ VpV —pV--- V —p using o which is a tautology.
As a consequence, we get I(K) < I({p, p}).
Claim 2: For all inconsistent knowledge base K and p € Var(K), I(K) >
I({p,~p}). _ _
We have K’ = K1 W Ky where K; = {B € K' | B(p) =1} and Ky = {B €
K' | B(p) = 0}. Clearly, K; and K, are consistent and, as a consequence,
they are not empty since K’ is inconsistent. Moreover, using the principle
of distribution of conjunction over disjunction, we know that there exist two
formulae 1, and v such that K; = p Ay and Ky = —p A ¢s. Then, using
Conjunction-Dominance and Exchange, we get I({p, p}) < I(K’) = I(K).
As a consequence, using Claim 1 and Claim 2, we get I(K) = I({p, —p}).
Moreover, using Instance-Low, we have I ({p, —p}) = I({q, —q}) for every two
propositional variables p and g. Therefore, there exists n > 0 such that, for
all inconsistent knowledge base K, I(K) = n holds. ]

4. MCS-Cover based Inconsistency Measure

In this section, we introduce a new inconsistency measure, denoted ly;cc,
which is based on the use of maximal consistent subsets (MCSes). To de-
fine ly;cc, we use a concept called MCS-cover, which consists in a set of
MCSes covering all the consistent pieces of informations. Technically, the
amount of conflicts in a knowledge base using our measure is defined as the
smallest number of pieces of information that are not in all the elements of
an MCS-cover. Furthermore, we provide an epistemic interpretation of our
inconsistency measure using the multimodal logic S5.

4.1. MCS-Cover and ly;cc measure

Let us first define fundamental concepts that will be useful in the sequel.

Definition 4 (MCS-Cover). Let K be a knowledge base. An MCS-cover C
of K is a subset of MC(K) such that | Jge S = K \ IF(K).

In other words, an MCS-cover of a knowledge base is a subset of its MCSes
that cover all the consistent formulee. Intuitively, an MCS-cover of a knowl-
edge base can be seen as a possible scenario of the origin of its consistent
formulee in the sense that each MCS can be viewed as set of pieces of infor-
mation provided by a possible source agent. Following this interpretation,
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the intersection of the elements of an MCS-cover can be seen as a possible
consensus between the different possible source agents. This interpretation
is formally described in Section 4.2.

Example 1. Let us consider, for instance, the knowledge base K = {—pV
—q,—p VN —r,=qV —r,p,q,r,r A —r}. The following two sets are MCS-covers
of K: Ci = {{-pV ~q,=pV —r,=qV —r,p},{p,q,7}}, Co = {{-pV =¢,—pV
=, —qV-r,ph, {—pV—q, ~pV-r,q,r} . Indeed, we have {—pV—q, ~pV—r, gV
—r,p}U{p,q,r} = {-pV g, —pV-r,—qV-r,pyU{-pV g, —pV-rqr} =
K\ A{rA-r}.

We now define a complete preorder relation on the MCS-covers of a given
knowledge base, denoted >=. Let K be a knowledge base. For all C and C’
two MCS-covers of K, C = C' if and only if | (,,cc M| = |(\yyreer M'|- Let us
consider again the previous example. We get Cy = C; since |{—p V ¢, p V
—r,=g Vo pt O {p,g.r}| =1 and [{-pV =g, =pV =1, =gV —r,p} N {-pV
—q,—pV —r,q,r} = 2.

Definition 5 (Normal MCS-Cover). Let K be a knowledge base and C an
MCS-cover of K. Then, C is a normal MCS-cover if C' is not an MCS-cover
for every C' C C.

The normalization aims at considering a minimal number of MCSes,
since we intend to maximize the number of shared formule between MC-
Ses. Indeed, one can easily see that if C is an MCS-cover which is not
normal than there exists an MCS-cover C' C C such that the MCSes in C’
share at least the same number of formulee as those in C. For instance,
in Example 1, the MCS-covers C; and Cy are normal, but the MCS-cover
Cs ={{-pV—q,—pV-r,~qV-rpt{-pV-q,-pV-rqr}{pqr}t}isnot
since Cy C Cs.

Definition 6 (Maximum MCS-Cover). Let K be a knowledge base and C an
MCS-cover of K. Then, C is said to be a maximum MCS-cover of K if it
is normal and ¥ C' MCS-cover of K, C = C'. We denote by \(K) the value

[Marec M-

Let us consider again Example 1. The set Cs is a maximum MCS-cover
of K, since there is no subset of MCSes of K that covers all the consistent
formulae of K such that the number of shared formulae between the MCSes
of this subset is greater than 2.
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Intuitively, a maximum MCS-cover of a knowledge base captures the max-
imum number of its consistent formulee that do not contradict any consistent
formula in this base. More precisely, given a knowledge base K and a max-
imum MCS-cover C = {M;, ..., M,} of K, we know that (;_, M; ¥ —¢ for
every ¢ € K with ¢ ¥ 1. Indeed, this property is a consequence of the fact
that the MCSes of C cover all the consistent formulee in K.

(Classical reasoning states that an inconsistent knowledge base contains no
useful information, which is counter-intuitive in several cases. For instance,
it is reasonable to consider that the knowledge base {p,q, ~q} is more in-
formative (or ”less inconsistent”) than {p, —p, ¢, ~q}, since the formula p in
the first knowledge base is not involved in any conflict. This explains the
need to have techniques and principles that allow us to analyze inconsistent
information, such as inconsistency measures. Let us recall that an inconsis-
tency measure is defined as a function that maps a knowledge base onto a
non negative real number.

We now present our inconsistency measure, denoted l;c¢, which is based
on the notion of maximum MCS-cover. The main idea is twofold. First, the
inconsistency has to be quantified by considering that all the consistent for-
mulae of a knowledge are possible. This explains why we use the notion
of MCS-cover. Second, a knowledge base with MCSes sharing a lot of for-
mule should be assigned a smaller value of inconsistency than a knowledge
base with MCSes sharing a small number of formule. Intuitively, by taking
into account the formulee shared between MCSes, we aim at capturing the
formulae that are involved in a small number of conflicts. In particular, a for-
mula in all the MCSes of a knowledge base does not belong to any minimal
inconsistent subset.

Definition 7 (ly;cc Measure). The inconsistency measure lyco is defined
as follows: lyoo(K) = |K| — MK).

In other words, ly;cc corresponds to the minimum number of formulae
that can not be shared between MCSes covering all the consistent formulee.
Regarding the knowledge base in Example 1, we have ly;cc(K) = 5 since Cy
is a maximum MCS-cover and r A —r is the unique inconsistent formula in

K.

Example 2. A propositional classical logic can be used to represent pref-
erences of an agent. This can be be achieved by considering the models
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of a formula as the preferred outcomes and its counter-models as the re-
jected outcomes. For instance, the formula (fish — white_wine) A (meat —
red_wine) A\ (—red_wineV —white_wine) means that one prefers to take white
wine with fish and red wine with meat. Moreover, one rejects white wine with
meat and red wine with fish. In this context, let us consider the following
knowledge base of an agent:

o1 : (fish — (white_wine A tea)) A (meat — (red wine A cafe)),

¢9 : (cheese — (red_wine A tea)) A (cake — (white_wine A cafe)),
K =< ¢3: (fish A cheese) A (—red_wine V —white_wine) A\

(—cheese V —cake) A (—cafe V —tea),

¢4 cafeV tea

Clearly, K is inconsistent, since the agent prefers fish with white wine (¢1)
and cheese with red wine (¢o) but she/he also prefers fish with cheese (¢3).
It is worth noting that the knowledge base K admits three maximum MCS-
covers: Cy = {{d1, G2, @}, {b1, @3, @a}t}, Co = {{¢1, b2, G}, {2, b3, ba}} and
Cs = {{o1, D3, 01}, {P2, d3,P4}}. The number of shared formule between
the MCSes of each mazximum MCS-cover is equal to 2, i.e., \(K) =2. As a
consequence, we get lyoo(K) =4—2 = 2. The number 2 here means that we
have to ignore at least two formule in K to not contradict any formula in K.
Indeed, if we ignore a single formula, then we know that it is contradicted
by the four remaining formule. For instance, if we ignore only ¢3, then
we have {¢1, P2, P4} b —¢3. However, if we ignore some two formule, for
instance, the formule that are not shared between the MCSes of the maximum
MCS-cover Cy, then these two formule are not contradicted by the formule
shared between the MCSes of Cy, i.e., {pa, ds} ¥ =1 and {¢2, ds} ¥ —¢s.
In other words, by considering for the preferences of the agent the formule
¢o and ¢4, the two formulae ¢1 and ¢3 remain possible (they are satisfied by
interpretations that satisfy ¢ N ¢y).

Let us now consider the knowledge base K' obtained from K by replacing
¢4 with cafe, i.e., K' = {1, ¢, ¢3,cafe}. In the same way as K, the knowl-
edge base K' admits three mazimum MCS-covers: C; = {{¢1, p2, da}, {P1, d3}},
Co = {{d1, b2, P}, {02, ¥3}} and C3 = {{d1, b2, da}, {#3,da}}. Thus, we get
lveo(K') = 3 since A(K') = 1. As a consequence, following our inconsis-
tency measure, the amount of conflicts in K' is greater than that in K. This
can be explained by the fact that the formula cafeV tea is not involved in any
conflict in K, but cafe is involved in a conflict in K'.
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4.2. An Interpretation of lyroc within an Epistemic Logic

The multimodal logic S5 is among the most studied epistemic logics. It is
suitable for representing and reasoning about the knowledge of agents [23].
For instance, given a propositional formula ¢, we use the formula K,¢ to
represent the fact that the agent a knows ¢. For a better understanding of
our inconsistency measure, we here use the multimodal logic S5 to provide an
epistemic interpretation of Iy;cc. In this context, we consider that each con-
sistent piece of information is possible according to a distinct agent. Then,
we show that the amount of conflicts is defined from the size of the largest
consensus between all the considered agents. A possible consensus is a subset
of consistent pieces of information that are not rejected by any agent. An
agent rejects a subset of pieces of information if it is inconsistent with the
piece of information that she/he supports.

We now provide an overview of the multimodal logic S5. Given a count-
able set of agents A, the set of the multimodal S5 formulee is obtained by
extending the propositional language with the primitive unary modal con-
nectives K, for a € A. Given an S5 formula ¢, we use Var(¢) (resp. A(¢))
to denote the set of propositional variables (resp. agents) occurring in ¢. For
instance, for ¢ = K,p A Ky—q, we get Var(¢) = {p,q} and A(¢) = {a,b}.
To define the possible-worlds semantics of the multimodal logic S5, we first
define the structure of Sh-interpretation.

Definition 8 (S5-Interpretation). An Sh-interpretation of an S5 formula ¢
is a structure of the form (W, {~a}aca(g), V) where W is a non-empty set of
worlds, V is a function from W to 2V (@) (the powerset of Var(¢)), and for
all a € A(¢), ~C W x W is an equivalence relation.

Definition 9 (Satisfaction Relation). The satisfaction relation between an
S5 formula ¢, an Sh-Interpretation M = (W, {~g}aca(), V) and a world
w e W, written M,w E ¢, is inductively defined as follows:

MowEpiffpe V(w);

M,wE AN iff MywE ¢ and M,w E ;

MwE VY iff MywE ¢ or M,w E ;

M, wE =¢ iff M,w ¥ ¢;

M,wE Ko iff V' € W, if w ~, w' then M, w' E ¢.

Definition 10 (S5 Satisfiability Problem). Given an S5 formula ¢, deter-
mine whether there exists an Sb-interpretation M = (W, {~q}aca(e), V) and
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a world w € W such that M,w E ¢. If M satisfies ¢, we say that M is an
S5-model of ¢.

To describe our interpretation of ly;,cc, we associate to each consistent
formula in a knowledge base a distinct agent which considers this formula as
possible (she/he does not know its negation). In other words, each consistent
piece of information is possible according to its associated agent. More pre-
cisely, given a knowledge base K, we associate to each formula ¢ € K\ IF(K)
a distinct agent a,, and we use the following S5 formula, denoted ZS(K) (ZS
stands for Initial State), to express that each consistent formula is possible
according to its associated agent:

/\ _'Ka¢_'¢

PeK\IF(K)

It is worth noting that each agent consider her/his corresponding formula
possible but not necessarily known. Indeed, using K, ¢ instead of =/, —¢
means that we require that each agent knows his corresponding piece of in-
formation, which is impossible in the case of an inconsistent knowledge base
since there is no world that satisfies all its formulee, i.e., there is no com-
mon knowledge state. Thus, the formula ZS(K) is used to be able to have
a common knowledge state between all the agents, which can be seen as a
CONSensus.

Then, given a knowledge base K and K’ C K, we use PC(K,K') (PC
stands for Possible Consensus) to denote the following formula:

IS(K)n - N Koy N\ ¥

PEK\IF(K) YEK'

The formula PC(K, K’) is used to represent the fact that all the agents that
satisfy ZS(K') know all the formule in K’. We say that K’ is a possible
consensus in K if PC(K,K') ¥ L. We use PCS(K) (PCS stands for Pos-
sible Consensus Set) to denote the set of all possible consensus in K, i.e.,
PCS(K)={K'C K|PC(K,K")F L}.

Intuitively, the consistency of PC(K, K') means that there exists a sce-
nario (an Sh-interpretation) where all the agents know the pieces of infor-
mation in K’, knowing that each agent considers his corresponding piece of
information possible. In other words, K’ can be seen as a possible common
knowledge state between all the agents.
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Figure 1: An Sb-interpretation

Example 3. Let us consider the knowledge base K = {p — ¢, pA—q, —q, —p}.
Then, we associate to each formula in K a distinct agent: ay, as, as and
ay are associated to p — q, p A\ —q, —q and —p respectively. Let K' =
{—q} be a subset of K. Then, we get PC(K,K') = (=K, —(p — q)) A
(a7 (PA=G)A (mK 0y =(29)) A (K ay = (=0)) A (Kay 2g) A (Kay =) A (Kag =) A
(Kay—q). The S5-interpretation M described in Figure 1 is an S5-model
of the formula PC(K,K'). Indeed, following the S5-interpretation M, the
piece of information —q is known by the four agents, and a; considers its
associated piece of information possible in the world w; for i = 1,2,3,4.
More precisely, we have M,wy E (Ko,7q) A (Kay—q) N (Kas—q) A (Kay—q)
since —q is satisfied in every world. Moreover, M,wy E =Ky, —(p — q),
M wy E =Ky,—(p A —q), Mywy E =Key—(—q) and Mywy E —Ku,—(—p)
hold since M,w, E —p, M,wy E p A ~q, M, w3 E =g and M,w, & —p
respectively. As a consequence, we get M,wy F PC(K,K'). Thus, K' is a
possible consensus.

In the following theorem, we show that ly;cc can be defined from the set
of possible consensus between the considered agents. More precisely, given
a knowledge base K, we show that ly;cc(K) is the number of formulae that
are not in one of the largest possible consensus. Theorem 1 shows that our
inconsistency measure is directly related to the notion of possible consensus
described previously.

Theorem 1. Given a knowledge base K, lyoo(K) = | K| —maz{|K'| | K’ €
PCS(K)} holds.
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Proof. Using the definition of | y/¢¢, it suffices to show that A(K) = max{| K| |
K' € PCS(K)}. Let us first show that \(K) < max{|K'| | K’ € PCS(K)}.
Let C = {My,...,M;} be a maximum MCS-cover of K and B a model of
(Ni<;<; Mi. In order to associate an S5-interpretation that satisfies the for-
mula PC(K, (,;; Mi) , we associate two distinct worlds wg and w), to ev-
ery element ¢ in K \ IF(K). Then, we associate to C an Sh-interpretation
M = (W {~a, tservr), V), where W = U e rao {ws, wy}, and for all
¢ € K\ IF(K), we have:

o V(wy) ={p|B'(p) =1} with B’ a model of ¢,
o V(wy) ={p|B(p) =1}, and
o ~a,= {(wg,wg), (w, wp), (ws, wh), (wh, wo)}-

Clearly, for all ¢ € K\IF(K), we get M, wy F ¢ and M, w), F (), ,; M;, since
V(wg) = {p | B'(p) = 1} with B" a model of ¢ and V(w)) = {p | B(p) = 1}
respectively. As a consequence, M is an S5-model of PC(K, (), ,; M)
Thus, we get A(K) < maz{|K'| | K' € PCS(K)}.

Let us now show A(K) > max{|K'| | K’ € PCS(K)}. Let K’ € PCS(K)
and M = (W, {~a, }ser\IF(x), V) an S5-model of PC(K, K'). Then, for all
¢ € K\ IF(K), there exists a world w, € W such that M, ws F ¢ AN o -
Thus, Uyegiro 15 U {¢}} is a set of consistent subsets of K. Therefore,
there exists an MCS-cover C of K such that, for all ¢ € K \ IF(K), there
exists M € C such that K’ U {¢} C M. We get |(,;cc M| > |K'| and, as a
consequence, A\(K) > |K'|. O

5. On Properties of ly;cc

In the section, we show that |y;c¢ satisfies several reasonable properties.
We first show that it satisfies Consistency, Monotonicity and Free-Formula-
Independence. Then, we show that our measure satisfies Weak-Dominance
and a stronger variant of Super-Additivity. We recall, as stated in Propo-
sition 3, that there is no inconsistency measure that satisfies Consistency,
Weak-Dominance and Super-Additivity. This can be seen as a reason ex-
plaining why our inconsistency measure does not satisfy Dominance.

Proposition 8. |y;,cc measure satisfies Consistency, Monotonicity and Free-
Formula-Independence.
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Proof.

Consistency. We first consider the ”if part”. Let K be a consistent knowledge
base. Then, {K} is the unique maximum MCS-cover of K (A(K) = |K|).
Hence, lyscc(K) = 0 holds. We now consider the ”only if part”. Let K be a
knowledge base such that Iy;cc(K) = 0. Then, |K|— A(K) = 0 holds. Thus,
we get A(K) = | K| and, as a consequence, K is consistent.

Monotonicity. Proposition 10 implies that |y;cc satisfies Monotonicity.
Free-Formula-Independence. Let K be a knowledge base and ¢ a free formula
in K. Let C = {M,,..., M,} be amaximum MCS-cover of K\ {¢}. Since ¢ €
Free(K), M;U{¢} ¥ L holds for every 1 < i < n. Thus, {M;U{¢},..., M, U
{¢}} is a maximum MCS-cover of K and we obtain A\(K) = A\(K \ {¢}) + 1.
As a consequence, lyoo(K) = |K|=AK) = [K\{o}+1=-AK\{¢})—1=
IMCC(K \ {(;5}) holds. ]

Proposition 9. |y;cc measure satisfies Weak-Dominance.

Proof. Let K be a knowledge base and ¢ and v two formulse s.t. ¢ ¥ L,
¢ ¢ K and ¢ - 1. Let C be a maximum MCS-cover of K U{¢}. We consider
w.l.o.g. that ¢ ¢ K, since ly;cc satisfies Monotonicity. Clearly, by replacing
in C the formula ¢ with ¢ we obtain a set of satisfiable subsets of K U {¢}.
As a consequence, we get A(KU{¢}) > MK U{¢}). Thus, Iyecc(KU{¢}) =
[KU{} = AKU{v}) < [KU{o} = AKU{¢}) = lnco (K U{¢}) holds. [

Let us now provide an example that shows that ly;cc does not satisfy
Dominance. Consider for instance the knowledge base K = {pA(p — ¢), —q}.
We have p A (p — q) ¥ L, pA(p = ¢ F q and N(K) = 0. Moreover,
MK U{q}) =0 holds. Then, we have lycc(K U{q}) =3 > lycc(KU{pA
(p = q)}) = 2. In other words, Dominance fails in this case because it sates
that we can add ¢ to K without changing the amount of conflicts.

Proposition 10. ly,cc measure satisfies Super-Additivity.
Proof. A direct consequence of Proposition 11. m

In the following proposition, we show that Iy;cc measure satisfies a prop-
erty generalizing Super-Additivity.

Proposition 11 (Generalized Super-Additivity). Given two knowledge bases
K and K', we have:

|MCC(KUK,) > |MCC(K) + IMCC(K/) — |Kﬂ K”
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Proof. We have, for all M € MC(KUK"), M' = MNK and M" = MNK' are
both consistent. Let C = {Mj, ..., M,,} be a maximum MCS-cover of K UK".
Then, C' = {MiNK,...,M,NK}and C" = {MiNK',..., M,NK'} are sets of
consistent subsets. Moreover, (,,cc M = ((Myreer M )U((greer M"). Thus,
MK UK') < MK)+ AK') holds. As a consequence, lyco(KUK') > |K U
K'|=X(K)—A(K") holds. Moreover, we have |[KUK'| = |K|+|K'|—|KNK'|.
Therefore, IMCC(K U K,) } IMCC(K) + |M00(K/) - |K N K,| holds. ]

It is worth noting that ly;cc does not satisfy MI-Additivity, since there
is no inconsistency measure that satisfies Consistency, Weak-Dominance and
MI-Additivity (Proposition 5). To illustrate this point, consider for instance
K = {p,q,-p AN —q}, K1 = {p,—p A —q} and Ky = {q,—p A —q}. It is
easy to see that lyoo(K) = 3, lyeco(K1) = 2 and lyee(Ks) = 2. We have
M'(K) = Ml(Kl) W Ml(KQ), but IMCC<K) < IMCC(Kl) + IMCC(KQ)-

In the following proposition, we provide interesting lower and upper
bounds for lycc.

Proposition 12. Given a knowledge base K, |IF(K)| < lyco(K) < |K| —
|Free(K)|.

Proof. The inequality lycc(K) < |K|— |Free(K)| is a direct consequence of
the fact that, for all M € MC(K), Free(K) C M. Moreover, the inequality
IF(K)| < lyeo(K) is a direct consequence of the fact that, for all M €
MC(K), IF(K)N M = 0. O

In the same way as the property Minlnc introduced in [1], the following
proposition expresses that all the minimal inconsistent subsets are considered
equally.

Proposition 13. Given a minimal inconsistent set of formule K such that
|K| > 1, we have lyoc(K) = 2.

Proof. Let K = {¢1,...,¢,} be a minimal inconsistent set such that n > 1.
Then, M = {¢1,...,¢p_1} and M’ = {¢o,...,¢,} are MCSes of K, and
{S, 5"} are an MCS-cover of K. Then, lycc(K) < n— (n—2) =2 holds.
Let us assume that lycc(K) = 1. Then, there exist M and M’ in MC(K)
such that M # M’ and |M N M’'| > n — 1. Thus, |S| = |S’| = n holds and
we get a contradiction. Therefore, we obtain |ycc(K) = 2. O
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6. On Computing ly;ceo

In this section, we describe two modeling approaches for l;cc computa-
tion. On one hand, we propose an integer linear programming model that
is mainly defined from the set of MCSes. On the other hand, we propose a
Partial Max-SAT model, which allows us to avoid the computation of the set
of MCSes.

6.1. An Integer Linear Programming Formulation

We here show that the problem of |3;cc computation can be formulated
as an integer linear program (ILP) by providing an encoding defined mainly
from the set of the MCSes of a knowledge base. To do this, each variable
used in our encoding is binary (a 0-1 variable) and corresponds to either
a formula or an MCS. The constraints are defined so that the objective
consists in maximizing the function corresponding to the sum of the variables
associated to formulae.

Variables. 'We associate a binary variable X4 having as domain {0,1}
to each consistent formula ¢ in K. We also associate a binary variable Y},
having as domain {0, 1} to each MCS M of K.

The integer linear program ILP-MCC(K) is defined as follows:

minimize |K| =3 e Xo
subject to:

> Yu=1foral¢eK\IF(K) (1)
MeMC(K):peM
Xo+ Yy <1 foral ¢ € K and M € MC(K) with ¢ ¢ M (2)

Intuitively, the linear inequality (1) allows us to consider the subsets of
MCSes that cover all the consistent formulee of K. Then, the linear inequality
(2) says that if Xy = 1 then ¢ is a formula shared between all the considered
MCSes. The objective function aims at maximizing the number of shared
formulae between the considered MCSes.

Proposition 14 (Soundness). Given a knowledge base K and a solution S
of ILP-MCC(K), then lyoo(K) = |K|—|{¢ € K| S(Xy) =1}].
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Proof. Each solution S; of the linear inequality (1) means that the set C =
{M € MC(K) | S1(Ya) = 1} is an MCS-cover of K. Moreover, each solution
Sy of the linear inequality (2) means that {¢p € K | S3(Xy) =1} C (N, M
where L = {M € MC(K) | S2(Ya) = 1}. Thus, since minimizing |K| —
> sek\IF(K) Xo corresponds to maximizing -, () Xo. We have A(K)
{¢ € K | S(X4) = 1}|. As a consequence, lycc(K) = |K| — |[{¢ € K
S(X,) = 1} holds.

[

6.2. A Partial Maz-SAT Formulation

We here propose a Partial Max-SAT encoding of the problem of lycc
computation, which is of polynomial size and defined directly from the knowl-
edge base without computing its MCSes.

Partial MAX-SAT is an optimization problem such that each clause is
either relaxable (soft) or non-relaxable (hard). The objective is to find an
interpretation that satisfies all the hard clauses together with the maximum
number of soft clauses (e.g. [24]).

In the following proposition, we show that it suffices to consider a linear-
bounded number of MCSes of a knowledge base for computing l,cc.

Proposition 15. Given a knowledge base K, if C is a mazimum MCS-cover
of K, then |C| < |K \ IF(K)|.

Proof. Let C = {Mj, ..., My} be a maximum MCS-cover of K. Assume that
k > n where n = |K \ IF(K)|. If we consider that each MCS in C contains a
formula that belongs only to it, we get a contradiction, since we have k > n.
Then, there exists 1 < ¢ < k such that M; C Ulgj@’#i M;. However, C
is a normal MCS-cover (see Definition 5 and Definition 6). Thus, we get a
contradiction and deduce that k& < n. O]

Using Proposition 15, we know that the value A(K) of a knowledge base
K can be redefined as the maximum number of formulae shared between n =
| K\ IF(K)]| consistent subsets {S1,...,S,} of K where I, S; = K \ IF(K).
Below we introduce a Partial Max-SAT model that encodes A(K) using this
definition.

Let K = {¢1,...,¢,} be a knowledge base. We assume w.l.o.g. that K
does not contain any inconsistent formula. Indeed, to define our model, it
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suffices to consider the subset of the consistent formulee of a knowledge base.

Variables. For each propositional variable p appearing in K and 1 < j <
n, we introduce a fresh propositional variable p?. Then, for all 1 <4,j < n,
we use gb{ to denote the formula obtained from ¢; by renaming each proposi-
tional variable p with its j** corresponding fresh variable p’. Moreover, for all
1 <4,7 < n, we introduce a fresh variable qf , which is used to represent the
fact that ¢; belongs to the j* consistent subset. Further, for all 1 < i < n,
we introduce a fresh propositional variable r;, which is used to represent the
fact that ¢; is shared by all the n consistent subsets.

Hard part.  We first provide the formula stating that q{ is true if and
only if its corresponding formula ¢! is true (¢; belongs to the j* consistent

subset):
AN < ¢ (3)

i=1j=1
We then provide the formula encoding the fact that each formula in K belongs
to at least one consistent subset:

AV @)

Finally, the following formula relates the truth values of the variables of the
form r; to the formulse shared between the n consistent subsets:

Ao A\ d) )

Let us note that we do not use the conjunctive normal form in our definition
of the hard part. However, using linear Tseitin’s encoding [22], we know that
every propositional formula can be translated to CNF.

Soft part. To maximize the number of shared formulase between the n
consistent subsets, we only need the following unary soft clauses:

ST (6)

Given a knowledge base K, MSAT(K) is used to denote the Partial
Max-SAT encoding described above.

29

220



Proposition 16 (Soundness). Given a knowledge base K and a solution B of
MSAT(K\IF(K)), then N(K) = |{r; | 1 <i < |K\IF(K)| and B(r;) = 1}|.

Proof. Let K = {¢1,...,¢n,Y1,...0¥n} be a knowledge base s.t. 9y,... ¢,
are its inconsistent formulae. Every Model B of the hard part of MSAT (K \
IF(K)) ((3) A (4) A (5)) represents a set {S1,...,S,} of n =|K \ IF(K)| con-
sistent subsets of K. Then, using the formula (5), we know that B(r;) = 1
iff ¢; € -, Si- As a consequence, since the objective is to find an inter-
pretation that satisfies the hard part together with the maximum number
of soft clauses in (6), we know that [{r; | 1 < ¢ < n and B(r;) = 1}| is
the the maximum number of formulse that can be shared between n con-
sistent subsets {S1,...,S5,} of K where J! , S; = K \ IF(K). Therefore,
MEK) = |{r; |1 <i<nand B(r;) = 1}| holds. O

7. Related Inconsistency Measures

In this section, we study relationships between our inconsistency measure
and two existing ones. We first consider the MIS based inconsistency measure
lce [21] described in Section 3.2. Comparing lycc and loe is motivated by
the fact that they satisfy both several fundamental property, namely Con-
sistency, Monotonicity, Free-Formula-Independence, Weak-Dominance and
Super-Additivity (see Proposition 4 and Propositions 8-10) They also sat-
isfy the fundamental property introduced in [21], called Independent-MI-
Additivity®. The aim of this property is to distinguish the inconsistency
measures that take into account the distribution of the formulee among the
conflicts. We also consider the MCS based inconsistency measure |, intro-
duced in [18]. The comparison of |y and Iy, is motivated by the fact that
they are both defined through the maximal consistent subsets.

Definition 11 (Independent-MI-Additivity). Let I be an inconsistency mea-
sure. Then, I satisfies Independent-MI-Additivity iff, for all knowledge bases
K and K', if we have MI(K U K') = MI(K) & MI(K") and (Upemirey M) N
(UMeMl(K/) M) =0, then [KUK')=1(K)+ I(K').

Proposition 17. ly,cc measure satisfies Independent-MI-Additivity.

5In the original paper, this property is called Enhanced Additivity.
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Proof. Let K, K; and K, be knowledge bases such that MI(K) = MI(K;) W
MI(K>) and, for all M € MI(K;) and M’ € MI(K5), M N M’ = (. We denote
K', K1 and Kj the sets Uy eme) My Unemigrey M and Uyemx,) M respec-
tively. Let us note that K’ = K| W K. Using Free-Formula-Independence,
we have IMCC(K) = IMcc(K/), IMCC(KI) = IMCC(KD and IMCC<K2) =
oo (K5). Then, using Super-Additivity, we have lyoc(K) = lyoo(Kr) +
IMCC(K2)- Let M; € MC(K{) and M, € MC(K&) Since (UMGMI(Kl) M) N
(Unremiey M) = 0, My U My is a consistent set in K’. Then, using the
fact that K" = K{ W K}, we have A\(K") > A(K}) + A\(K}) and, consequently,
lvee(K') < luee(K7) +lvcc(K3). Thus, hyee(K) < lvee(Kq) + oo (Ka)
holds. Therefore, we get lyoo(K) = lyeo(Kr) + o (K2). O

In the following proposition, we highlight an interesting relationship be-
tween |y co and lac.

Proposition 18. Given a knowledge base K, we have lycc(K) = 2 X
leo(K).

Proof. Let S = ({Ki,...,K,}, K’) be an MI-decomposition s.t. loc(K) =
n. Using the condition (iv) in the definition of MI-decomposition, we get
KiNK; =0 for every 1 < i < j < n. Thus, we get lyec(U, Ki) >
Yoy oo (K;) since lyee satisfies Super-Additivity. Moreover, using the
condition (7i7), we get K; - L for every 1 < i < n. As a consequence, for all
1 <7 < n, there exists M; C K; s.t. M; is a minimal inconsistent set. Using
Proposition 13, we get ly;cc(M;) = 2 for every 1 < i < n. Then using the fact
that ly/co satisfies Monotonicity, we get |y oo (K;) = 2 for every 1 < i < n.
Thus, lyce(U;—; Ki) = 2xn holds. Finally, using the fact that |y/¢c satisfies
Monotonicity, we get Iyoo(K'UUL, Ki) = lucc(K) = 2 X n. O

We now show that ;¢ allows to distinguish knowledge bases which are
not distinguishable by loc. Consider, for instance, the two knowledge bases
Ky = {pAq,pAr,—p} and Ky = {pAq, —p}. Then, MI(K;) = {{pAq, —p}, {pA
r,—p}t} and MI(K3) = {{p A ¢,—p}}. Hence, we get loc(K7) = lec(K2) =
1. Furthermore, C; = {{p A ¢,p A7}, {-p}} and Co = {{p A ¢},{-p}}
are maximum MCS-covers of K; and K, respectively. As a consequence,

AMK7) = MK3y) = 0. Thus, lyeo(K7) = 3 and lyec(Ks2) = 2 hold. The
previous example shows that ly;cc allows to distinguish knowledge bases
which are not distinguishable by Ioc. More generally, we formally show in
the two following propositions that loc does not distinguish knowledge bases
of a certain type, but l,cc does.
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Proposition 19. Given a knowledge base K, if M 0 M' # O for every
M, M’ € MI(K) with M # M, then loo(K) = 1.

Proof. This property is a consequence of the fact that the maximum number
of MISes that can be isolated by removing formulee is 1, since they share all
a non-empty subset of formulze. O

Proposition 20. Given a knowledge base K, if (i) IF(K) =0 and (ii) there
exists a formula ¢ € K s.t. M N M = {¢} for every M, M € MI(K) with
M # M, then lyco(K) = [MI(K)| + 1.

Proof. Using Condition (i), we know that K \ {¢} is an MCS. Moreover,
using Condition (7) and Condition (i), we know that for each MCS M con-
taining ¢, |M| = |K| — [MI(K)|. As a consequence, {K \ {¢}, M} is a
maximum MCS-cover of K for every M € MC(K) with ¢ € M. Thus,
MK) = |K|—|MI(K)|—1 holds. Therefore, we get Iyoo(K) = |K|—AK) =
IMI(K)| + 1. O

It is worth noting that the knowledge bases that are considered in Propo-
sition 20 are particular cases of those considered in Proposition 19.

Conversely, consider the knowledge bases K3 = {p A q1,p A q2, —p,r, 71}
and Ky = {pAqi, pAga, PAGs, pAqs, =p}. Then, ({{pAq1, pAgz, ~p}, {r, —r}},0)
and ({{pAq1,pNq2,p N3, D N qa, —p}}, ) are maximum MI-decompositions
of K3 and K, respectively and, consequently, loc(K3) = 2 and loo(K3) =1
hold. Moreover, {{p A q1,p A qa,7},{—p,—r}} and {{p Aq1, P AN g2, D AN g3, D A
qs}, {—p}} are maximum MCS-covers of K3 and K respectively. Thus, we
obtain lycc(K3) = lycc(Ky) = 5. This example shows that loo allows to
distinguish knowledge bases which are not distinguishable by ly;cc. As a con-
sequence, we can deduce that ly;cc and loe do not capture the same facets
in measuring inconsistency, since the one allows us to distinguish knowledge
bases that are not distinguishable by the other.

Let us now consider the inconsistency measure |y, introduced in [18]. It
is defined as follows:

L (K) = [MC(K)| + |IF(K)| — 1

In our comparison of lIy;cc and Iy, we first consider the simple case of the
knowledge bases containing only inconsistent formulee. We have the following
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property: for all knowledge base K with IF(K) = K, lycc(K) = 1y (K) =
|K|. Indeed, when a knowledge base K contains only inconsistent formulae,
we get A(K) = 0 and [MC(K)| = 1. More generally, using similar arguments,
we get the following property: for all knowledge base K with |M| = 1 for
every M e Ml(K), I]\/[CC(K) = |M<K) = “F(K)| In other WOI‘dS, lrvoc and
I5; proceed in the same way in the case where the inconsistency of a knowledge
base is only the consequence of the presence of inconsistent formulze.

Furthermore, It is worth noting that, for a given knowledge base K,
lvoo(K) < |K|, but | (K) may be exponential in the size of K. Consider,
for instance, the following knowledge base:

2n
K = {sz >N, 7P1, ... TPant
i=1

The inequality in K corresponds to an instances of the well-known cardinality
constraint. Several polynomial encodings of this kind of constraints into
propositional formulee have been proposed in the literature (e.g. [25, 26]).
Clearly, each MCS in K is either {—p,...,pa,} or a subset of n formule
in {=p1,...,pan} with 37" p; > n. As a consequence, we get [MC(K)| =
1+ () =1+ 20 > 2,

Consider, for instance, the two knowledge bases K7 = {pA—q,gAr1} and
Ky ={pA—q,qAr1,...,qAr,} for an integer n > 2. In both knowledge bases,
there are two disjoint maximal consistent subsets and, consequently, we get
Iy (K1) = Iy (Ky) = 1. However, we have lyco(Ky) = 2 and lyco(Ksy) =
n + 1. Except the fact that this example shows that |y;cc can distinguish
knowledge bases that are not distinguishable using I, it also shows that
Iyicc and 1y, do not quantify the amount of conflicts in the same way. Indeed,
unlike ly;ce, the inconsistency measure |y, does not take into account the
distribution of formulae among the maximal consistent subsets.

8. Conclusion and Perspectives

Several approaches for measuring inconsistency have been proposed in the
literature. In this paper, we proposed an original approach based on the use
of maximal consistent subsets. Using this measure, the amount of conflicts in
a knowledge base is defined as the smallest number of pieces of information
that are not in the intersection of MCSes covering all the consistent pieces
of informations. The main idea is twofold. First, the inconsistency has to
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be quantified by considering that all the consistent formulee of a knowledge
are possible. This explains why we use the notion of MCS-cover. Second,
a knowledge base with MCSes sharing a lot of formulee should be assigned
a smaller value of inconsistency than a knowledge base with MCSes sharing
a small number of formuleae. Intuitively, by taking into account the formulae
shared between MCSes, we aim at capturing the formulae that are involved in
a small number of conflicts. Furthermore, we proposed a multi-agent consen-
sus based interpretation of our inconsistency measure. In this interpretation,
we consider that each consistent piece of information is possible according to
a distinct agent, and the amount of conflicts is defined from the size of the
largest consensus between all the agents. A possible consensus is a subset of
consistent pieces of information that are not rejected by any agent. We use an
epistemic logic, namely the multimodal logic S5, to describe this interpreta-
tion. We then showed that our inconsistency measure satisfies several desired
state-of-the-art properties, such as Consistency, Monotonicity, Free-Formula-
Independence and Super-Additivity. Moreover, we proposed an encoding in
integer linear programming for its computation, which is defined from the
set of maximal consistent subsets. We also proposed a polynomial Partial
Max-SAT encodings, which allows us to avoid the computation of maximal
consistent subsets.

As a future work, we plan to conduct experimental evaluations for the
problem of l;cc computation. We also intend to investigate relationships
between our approach for measuring inconsistency and existing multi-agent
consensus models.
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Abstract

Dung’s argumentation framework is an abstract frame-
work based on a set of arguments and a binary attack
relation defined over the set. One instantiation, among
many others, of Dung’s framework consists in con-
structing the arguments from a set of propositional logic
formulas. Thus an argument is seen as a reason for or
against the truth of a particular statement. Despite its
advantages, the argumentation approach for inconsis-
tency handling also has important shortcomings. More
precisely, in some applications what one is interested in
are not so much only the conclusions supported by the
arguments but also the precise explications of such con-
clusions. We show that argumentation framework ap-
plied to classical logic formulas is not suitable to deal
with this problem. On the other hand, intuitionistic logic
appears to be a natural alternative candidate logic (in-
stead of classical logic) to instantiate Dung’s frame-
work. We develop constructive argumentation frame-
work. We show that intuitionistic logic offers nice and
desirable properties of the arguments. We also provide
a characterization of the arguments in this setting in
terms of minimal inconsistent subsets when intuition-
istic logic is embedded in the modal logic S4.

Introduction

Argumentation theory is a reasoning process based on con-
structing arguments, determining conflicts between argu-
ments and determining acceptable arguments. Dung’s argu-
mentation framework is an abstract framework based on a
set of arguments and a binary attack relation defined over the
set (Dung 1995). In this framework, an argument is an ab-
stract entity whose origin and structure are not known. The
role of an argument is only described by its conflicts with
other arguments. The abstract nature of Dung’s framework
accounts for the broad range of its applications.

We distinguish between two main trends for extend-
ing/instantiating Dung’s framework: those argumentation
frameworks which use (as in Dung’s framework) abstract
arguments, e.g. (Bench-Capon 2003), and those which take
into account the internal structure of the arguments, e.g.,
(Simari and Loui 1992; Besnard and Hunter 2008). The
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present paper follows the second trend. In particular we fo-
cus on the case where the arguments are built from a set
of classical propositional logic formulas. Therefore an argu-
ment is seen as a reason for or against the truth of a par-
ticular statement. In particular, an argument is a pair of (1)
a set of classical propositional formulas obeying some con-
ditions, called the support of the argument, and (2) a logical
formula inferred from the set, called the conclusion of the ar-
gument. Given a set of arguments (constructed from a set of
classical propositional formulas), the classical treatment of
argumentation framework consists in determining conflicts
over the arguments and determining acceptable arguments.
Conclusions supported by acceptable arguments are consis-
tent and considered reliable. Although works around argu-
mentation frameworks have shown great promises for rea-
soning with inconsistent knowledge, the argumentation ap-
proach also has important shortcomings in this setting. More
precisely, in some applications what one is interested in are
not so much only the conclusions supported by the accept-
able arguments but also the explications of such conclusions.
Unfortunately, in some situations the internal structure of the
acceptable arguments is not sufficient to provide such infor-
mation. Let us consider the following example to illustrate
the problem:

e If John has taken his medication (M), then his situation is
stable (.5).

e If John has not taken his medication, then a doctor admin-
isters the medication to him (D).

e If a doctor administers the medication to John, then the
situation of John is stable.

From the previous statements, we can deduce that the situa-
tion of John is stable (S) using classical reasoning. Indeed,
this can be easily obtained using the law of excluded middle
(M Vv =M): on one hand, if M is true then S is true. On
the other hand, if =M is true then D is true which allows
us to conclude that .S is true too. It goes without saying that
this situation is extremely confusing as, although we know
that the situation of John is stable, we are not able to pro-
vide the precise reason for such a conclusion if we don’t
know whether John has taken his medication or not! For in-
stance, if John lost consciousness, we, including the doctor,
cannot determine which of M or =M is true in M V - M.
Clearly we need an argumentation framework over a logic
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which, contrary to classical logic, goes beyond the classical
deduction of the conclusion of an argument from the support
of the argument. This consideration calls for more sophisti-
cated logics. In other words, what we need is not only the
information from which a certain conclusion is derived but
also that information which permit to construct the conclu-
sion at hand. This consideration is formally known in the
literature as “constructivism”.

In mathematics, constructivism is a philosophical ap-
proach which consists in requiring that in order to prove
that a mathematical object exists, it iS necessary to be
able to construct it. In this context, intuitionistic propo-
sitional logic can be seen as a formalization of construc-
tive mathematics of Brouwer and Heyting (Beeson 1984;
Troelstra and van Dalen 1988). It is defined starting from
classical logic by excluding certain standard forms of rea-
soning, in particular, the law of excluded middle and double-
negation elimination. A statement in intuitionistic logic is
considered as true if we are able to provide a constructive
proof, and as false if we are able to prove that it does not
have a constructive proof. In a sense, the truth value of a
statement is more related to our knowledge than in classical
logic. For instance, the formula M V —M is true in intuition-
istic logic only if we provide a constructive proof of M or
a constructive proof of —M, whereas this formula is true in
classical logic without such proofs. Thus, if we consider the
previous example, it is not possible to derive S in intuition-
istic logic from the given statements.

In the setting of argumentation framework for handling
inconsistent logical formulas, intuitionistic logic appears to
be a suitable tool to address the above considerations. In this
paper, we develop a constructive argumentation framework
which builds on Dung’s framework and intuitionistic logic.

Intuitionistic Propositional Logic

We first define the syntax of intuitionistic propositional logic
(IPL for short). Let Prop be a denumerable set of proposi-
tional variables whose elements are denoted by p, g, r, etc.
The symbols V, A, — denote disjunction, conjunction and
implication, respectively. The set of formule of IPL, denoted
Form, is defined from Prop and the constant |, denoting ab-
surdity, by using the following grammar:
Axz=p|L|ANA|AVA|A— A

The logical connective of negation — is defined by using L
and the connective —: =A = A — 1. The logical connec-
tive of equivalence, denoted <, is defined as usual.

We provide here a possible world semantics, called
Kripke semantics, of intuitionistic logic. In this semantics,
we use a universe of worlds where each propositional vari-
able has a truth value in each world.

Definition 1 (Kripke Model). Let W be the universe of
worlds. A Kripke model is defined as a triple (W,=,V),
where = is a preorder over W andV : W — 2Prop i an in-
terpretation such that, for all w and w' in W with w < w/,
V(w) C V().

We associate to each Kripke model M = (W, <,V) a
forcing relation, denoted F o, between W and Form. It is
defined by induction on formula structure as follows:

wEMm piffp € V(w);

w Faq L never holds;

wEpm AN Biff wEa Aand w Fpaq B,
wEpm AV Biff wkEy Aorw Fa B;

w Epm A — Biff, for all w' € W with w < w0/, if
w' By A then w’ Fm B.

Note that F 5 satisfies Kripke monotonicity property:

Proposition 1. Let A be a formula, M = (W, =,V) and
w,w € W. Ifwky Aandw X w', thenw' E A.

A formula A is satisfiable in IPL if there exists a Kripke
model M = (W, <, V') and a world w in W such that w =,
A. Ais valid in IPL if, for all Kripke model M = (W, <, V)
and for all w in W, w Fj; A. Satisfiability and validity in
IPL are Polynomial-Space Complete (Statman 1979).

For logical consequence concept, we use the turnstile
symbol ”F;” (¢ for intuitionistic propositional logic), i.e.,
{41,...,A,} b; Band (A; A--- A A,) — B are equiv-
alent. Similarly to classical logic, we have the deduction
property in intuitionistic logic:

Proposition 2. Let T be a set of formulee, and A and B two
Sformulee. Then, I' =; A — B iff T U{A} +; B.

Classical logic is stronger than intuitionistic logic. There-
fore a valid formula in the latter is also valid in the former.

Classical vs Constructive Arguments

In this section, we first present the usage of Dung’s frame-
work for handling inconsistency in classical propositional
logic knowledge bases (Besnard and Hunter 2008). We then
discuss how this instantiation can or can not be directly ap-
plicable with intuitionistic propositional logic. Essentially,
a logic-based argumentation framework operates in the fol-
lowing steps:

1. constructing arguments (in favor of/against a conclusion)
from knowledge bases,

2. determining the conflicts, called an attack relation, be-
tween the arguments,

3. and determining the acceptable arguments from which
justified conclusions are concluded.

Dung’s argumentation framework is a pair (A, Att), where
A is the set of arguments and Att is the attack relation over
A x A. Acceptability semantics define sets of arguments that
should satisfy some conditions in order to represent a justifi-
able point of view on the acceptance of the arguments. Due
to the lack of space we do not recall these semantics and
refer the reader to (Dung 1995). The notion of argument is
defined on the basis of the underlying logical language and
its associated logical consequence.

Classical Argumentation Framework

When Dung’s argumentation framework is used to deal with
inconsistent knowledge encoded in classical propositional
logic, an argument is defined in the following way:
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Definition 2 (Argument). Let I" be a set of classical propo-
sitional formulas. An argument over I is a pair A = (A, C)
such that A C T, A¥F. 1, A+, C (cfor classical proposi-
tional logic) and, for all A’ C A, A’ ¥, C.

The set A is called the support of the argument and
C its conclusion. We say that A is an argument for C.
In this setting, (A, C) is called a classical argument. For
instance, consider I' = {A — C,-A — B,B — C}. The
pair (A, C), with A = T, is a classical argument. Given
two arguments (A, C) and (A, C’), we say that (A, C)
undercuts (A’, C") iff for some ¢ € A/, C = —¢. (A,C)
rebuts (A’, C") iff C = =C". Then, (A, C) attacks (A’, C”)
iff (A, C)) rebuts/undercuts (A’, C’)1.

The practical computation of the arguments is far from
being a straightforward problem. Given the setting of classi-
cal propositional logic and the properties of an argument, the
authors of (Besnard et al. 2010) have proposed an approach
based on insights from SAT problem (Grégoire, Mazure, and
Piette 2009). More precisely, let (A, C') be a classical argu-
ment. From Definition 2 we have that A is minimal. More-
over we have A -, C' which is equivalent to A U {=C'} be-
ing inconsistent, i.e., AU{—=C?} . L. Therefore AU{-C}
is minimally inconsistent. The subset is inconsistent but all
its proper subsets are consistent. From the previous equiva-
lence, a classical argument is characterized in the following
way (Besnard and Hunter 2008):

(A, C) is a classical argument if and only if AU {-C} is
a minimal inconsistent subset.

In SAT terminology, a minimal inconsistent subset is
called MUS (for Minimally Unsatisfiable Subset). An algo-
rithm is provided in (Besnard et al. 2010) to generate the set
of arguments in an efficient way.

Constructive Argumentation Framework

Let us now focus our attention on our main problem, namely
argumentation for intuitionistic propositional logic. We de-
fine a constructive argumentation framework as an instanti-
ation of Dung’s framework over intuitionistic propositional
logic. It also operates in the three steps previously described.
The main difference however consists in the logical con-
sequence. More precisely due to the use of intuitionistic
(instead of classical) propositional logic, the logical conse-
quence | in Definition 2 is replaced with I-;. The argument
is then called constructive. The definitions of the attack re-
lation and acceptability semantics remain unchanged.
Having defined what constructive argumentation frame-
work is, we naturally come to the question “How do clas-
sical and constructive argumentation frameworks relate to
each other?” While the definition of the attack relation and
acceptability semantics are identical, we will show that the
notion of argument and its characterization with a minimally
inconsistent subset fall down in the setting of intuitionis-
tic propositional logic. For this purpose, readers need not to

'In some argumentation systems, called preference-based argu-
mentation frameworks, the attack relation is derived from a conflict
relation and a preference relation over the arguments. However this
is not the main focus in this paper.

have a strong background on IPL. What they need to know
in this section are the following properties?: (i) {——A} F; A
does not hold, (ii))A — ——A is a theorem of IPL and
(iii) AV = A is not a theorem of IPL.

With this in mind, we can first state that:

a classical argument is not necessarily a constructive ar-
gument.

For example ({A — C,—-A — B, B — C},C) is a classi-
cal argument but not a constructive one.

Moreover the characteristic property of a classical ar-
gument stating that (A, C) is a classical argument if and
only if A U {~C} is a minimal inconsistent subset does
not hold with constructive arguments. For instance, the set
{—=—p, —p} is a minimal inconsistent subset, but ({—=—p}, p)
is not a constructive argument. This is because of {—~—p} ¥;
p. Indeed, the formula ——p — p has as a counter-model
M = ({w,w'},X,V) with w < o', V(w) = 0 and
V(w’) = {p}. In this Kripke model, we have w Fq ——p,
since w’ Eaq p, and w E g p.

However, we have the following property:

Proposition 3. If (A, C) is a constructive argument, then
A U {=CY is an inconsistent subset.

Proof. We have A +; C, since the pair (A, C) is a construc-
tive argument. Moreover, we have C' F; =—=C' (C' — ——C'is
a valid formula in IPL). Thus, using A +; C'and C' +; =—=C,
we obtain A F; ——C. From Prop. 2, we deduce that A U
{—C% is an inconsistent set, since ~—C' = -C — L. O

The inconsistent subset in the previous proposi-
tion is not necessarily minimal. Indeed, the pair
({——p,~—p — p},p) is a constructive argument, but
{=—p,~—p — p,—p} is not a minimal inconsistent set
because {——p, —p} is an inconsistent set.

Nonetheless, constructive arguments can be characterized
by means of minimal inconsistent subsets when the conclu-
sion of the argument has the form —~C'. Formally, we have:

Proposition 4. The pair (A, —C) is a constructive argument
iff AU {C} is a minimal inconsistent subset.

Proof.

Part =. Using Prop. 2, we have if A ; =C then AU{C'} |-,
L. Hence, A U {C'} is an inconsistent subset. If A U {C}
is not a minimal inconsistent subset then there exists A’ C
A such that A’ +; —=C. We get a contradiction since A is
minimal from Def. 2, i.e., no proper subset of A deduces
—C. Therefore, A U {C'} is a minimal inconsistent subset.
Part <. If AU{C'} is a minimal inconsistent subset, then we
have A ¥; L, A F; =C (Prop.2) and, forall A’ C A, A" ¥,
—C. Thus, the pair (A, =C') is a constructive argument. [J

Proposition 4 comes from the fact that constructing the
negation of a formula corresponds to having a contradiction
(L) from this formula considered as an hypothesis, since ~C'
is seen as the formula C' — L in IPL.

Lastly, let us emphasize that a constructive argument can
be seen as a classical argument augmented with additional

2A formal exposition of IPL and its consequence in argumenta-
tive reasoning will be given in the next section.
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information that allow us to comply with the principles of
constructivism.

Proposition 5. If (A, C) is a constructive argument, then
there exists A" C A s.t. (A, C) is a classical argument.

The proof of the previous proposition relies on the fact
that each valid formula in IPL is also valid in classical logic.

Besides the fact that constructive arguments provide a
way to construct a given conclusion, they also prevent
some undesirable justifications when classical arguments are
dealt with. By undesirability we mean here that the justi-
fication is misleading. In order to illustrate this point, we
consider a simple medical diagnostic framework. We use
rules of the form Sy A--- A S, — D, where S1,...,S,
denote symptoms and D a disease. A diagnosis consists
in searching for a rule for which the left part matches
symptoms of a patient. Consider the following rules and
symptoms of a patient: S1 — D, (0S1 A S2) — D,
S1, So. We fix T' as the set of the previous formule. The
pair A = ({S1 — D, (=51 A S2) = D, S2}, D) is a classi-
cal argument over I'. Clearly this argument cannot be con-
sidered as such. This is because it is based on the law of
excluded middle. Indeed, by using the validity of S7 V =57,
if S; then D is true because of the rule S; — D; other-
wise, =57 is true and, by using the rule (—S; A S2) — D,
D is also true, since we have S5 in the support. Therefore
this argument suggests that D is true because S is true or
=51 A Sy is true. However only S is true and =57 A S5 can-
not by no mean considered as a possible justification of D.
The argument A is not constructive because it is based on
the law of excluded middle. There exists a single construc-
tive argument over I" having D as conclusion which is the
pair ({S1, 51 — D}, D). This argument provides the justi-
fication explaining why the patient has the disease D, i.e.,
the patient has the symptom S;. Indeed we can say that con-
structive arguments get rid of imprecision (S7 or =57 A S3)
and provide arguments with a precise justification, namely
S in the previous example.

Properties of Intuitionistic Logic: Application
to Constructive Arguments

We have shown in the previous section that instantiating
Dung’s framework with intuitionistic logic defines a new
argumentation framework in which the notion of argument
and its characterization with a minimal inconsistent set com-
pletely differs from classical argumentation framework. Not
only does the new framework compute an argument in favor
of a statement but it also builds the precise justification for
that statement. Given the virtues of IPL, in this section we
go into a more detailed exposition of this logic. We illustrate
its applicability on argumentation reasoning.

Non-Interdefinability of Connectives

In classical logic, it is possible to define the logical connec-
tive A (resp. V) by using V and — (resp. A and —) which
is not possible in intuitionistic logic. Indeed in intuitionistic
logic, it is not possible to reformulate the logical connectives

A, V and —. The most of de Morgan laws are not valid in
this logic. For instance, the formula A — B is not equiv-
alent to =A V B. Moreover, double-negation elimination is
excluded from IPL, i.e., A is not equivalent to =—A.

Intuitively reasoning in intuitionistic logic is not carried
out in terms of "true” and "false”, but in terms of ”proof” and
”contradiction”. For instance, the formula —=(A A B) means
that we can prove from both A and B that we get a contra-
diction. However it does not mean that we can prove that
(i) we get a contradiction from A or (ii) we get a contradic-
tion from B as it may be suggested by (—A V = B).

For instance, consider the formula =(p A ¢) — (—pV —q)
which is valid in classical logic. This formula is not
valid in intuitionistic logic because it admits the counter-
model M = ({w,w’,w"},<,V) where < is defined by
w = w and w X w”, and V(w) = 0, V(w') = {p} and
V(w'") = {q}. Indeed, we have w Fq =(p A ¢), because of
w Ea pAqand w’ B p A q; and we have w By —p
because of w’ E 4 p, and w ¥ o —q because of w” E gq.

Let us consider the following statements:

1. Peter cannot be an owner and a tenant of an apartment:
-(OAT).

2. Peter is an owner of an apartment: O.

We put I' = {=(O A T),0}. The pair A = ({-(O A
T)},—0 Vv —T) is a classical argument over I'. This means
that from —(O A T') we obtain that Peter is not an owner
of an apartment or he is not a tenant of an apartment. Note
that the conclusion of A is obtained by using one of the fol-
lowing instances of the law of excluded middle: (O V —O)
and (T' vV —T). Indeed, if we have O (resp. T) then, by us-
ing (O AT, we have =T (resp. —=O). Otherwise, we have
=0 (resp. —T). Thus, the argument A allows us to know
-0 V =T without precisely knowing whether Peter is not an
owner of an apartment (—QO) or he is not a tenant of an apart-
ment (—7"). The unique constructive argument over I" having
=0V =T as conclusion is ({O, ~(OAT)},~OV —=T). This
argument is constructive because we know that Peter is not
a tenant (—7) and, a fortiori, we have -0 V —T.

As a second example, consider the formula (p — ¢q) —
(=pV q) which is not valid in intuitionistic logic. A counter-
model, among others, of this formula is M = ({w,w’}, <
, V) where V(w) = 0, V(w') = {p,q} and = is defined by
w = w'. This is obtained from w Faq p — ¢, w Erqr —p
because of w’ Eq p, and w ¥ aq p.

In order to illustrate the fact that the formula (p — q) —
(—p V q) is not valid in intuitionistic logic, consider the fol-
lowing statements:

o If Peter is a tenant, then he will buy an apartment: 7" — B.
e Peter is a tenant: 7.

We put I' = {T" — B, T'}. In the classical argument ({T" —
B}, =T Vv B) we know that Peter is not a tenant or he will
buy an apartment without exactly knowing which of these
statements is true. In this context, constructivism requires to
know this information in order to obtain the conclusion —=7"V
B. For instance, ({T,T — B},—T V B) is a constructive
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argument because its support allows us to know that Peter
will buy an apartment.

As a third example, consider the following statement: it is
note true that if the suspect is guilty then he confesses his
crime (—=(G — (). From this statement, one can deduce
that the suspect is guilty in classical reasoning. Indeed, the
pair ({-(G — C)},G) is a classical argument, since we
have =(G — C) = =(=G v C) = G A —=C. This comes
from the interdefinability of connectives in classical logic
and the double-negation elimination. However, the previous
pair is not a constructive argument, since we are not able to
construct G from —(G — C).

Disjunction Property

The disjunction property is one of the most important prop-
erties satisfied in intuitionistic logic. It says that if a formula
AV B is valid, then A is valid or B is valid. This property is
not satisfied in classical logic. Indeed, the formula p VV —p is
valid without p and —p being individually valid in classical
logic. From the point of view of constructivism, the disjunc-
tion property says that to construct the object A V B, it is
necessary to be able to construct at least one of the objects
A and B.

—— [1d] —_—— [4]
IAFA r,L+C
I'A,B-C (ALl '+A '+B (Ax]
r,ArBrc F TFAAB R
Ik A; et rA+C I' B+ A vl
'k AV A, R I'AVBFC
I'A+B
N
rrasp
I'A— BFA A, BFC
(=]

LA A— BFC

Figure 1: Sequent Calculus Gp.

Here we use the fact that intuitionistic logic enjoys the
disjunction property to show that if a constructive argument
has a support A which does not contain the disjunction con-
nective, and a conclusion of the form A V B, then from A
we can construct one of the formulas A and B, i.e., (A, A)
or (A, B) is a constructive argument. In order to show this
property, we use a proof system for IPL in the sequent cal-
culus formalism-style.

Let us recall that an inference rule has the following form:

P - P,
C

where [R] is its name, C'its conclusion and P, ..., P, its
premises. An axiom can be seen as a rule without premises.
A proof system is defined as a set of inference rules. Proof-
search in a sequent calculus corresponds to a bottom-up con-
struction of derivations using its inference rules, i.e., a con-
struction from the conclusion to axioms.

We consider here the sequent calculus Gp for IPL de-
scribed in Figure 1 (see (Troelstra and Schwichtenberg

R

1996)). A sequent S has a proof in G\p_ if it has a finite
derivation in Gp. where each leaf node is labeled with
an axiom. For instance, we provide a proof of {p — r,
q— r}FpVq— rusing Gp in Figure 2.

We now show a property satisfied by constructive argu-
ments that comes from the disjunction property.

Proposition 6. If (A, AV B) is a constructive argument
and \ does not appear in A, then (A, A) or (A, B) is a
constructive argument.

Proof. By induction on the proof of AF-AV B in the sequent
calculus G\p_. Note that A+ AV B can not be an instance of
an axiom ([ L] and [Id]), since A ¥ L and AV B is not a sub-
formula of A. If the last application rule is a right rule, then
it is an instance of [V g]. Hence, we have a proof of A+ A
or A+ B in Gp.. Consequently, (A, A) is a constructive
argument or (A, B) is a constructive argument, since A ¥ L
and A is minimal. We now consider the case where the last
application rule is an instance of a left rule. In this case, the
last application rule is an instance of either [Az] or [—L].
In the case of [AL]:

A, C,D-AV B
A, CNDFAVB

/\L]

where A = A, AA B, by applying the induction hypothesis

on A’,C, D+ AV B, we obtain a proof of A’ C, D+ A or

A’,C,DF B in Gp.. Hence, we have a proof of A, C' A

DFAor A',;C ADF Bin Gp. Therefore, (A, A) is a

constructive argument or (A, B) is a constructive argument.
In the case of [—1]:

A,C - DFC A ,DFAVB
A,C—>DFAVB

[—1]

where A = A/, A — B, by applying the induction hypoth-
esison A’ D+ AV B, we obtain a proof of A’, D A or
A’, D F B in Gip.. Hence, using the rule [— 1], we have a
proof of A’,C — D+ Aor A’,C — DF B in G\p. There-
fore, (A, A) or (A, B) is a constructive argument. O

Note that Proposition 6 is not satisfied in classical logic.
For instance, the pair ({—=(p A q)},—p V —q) is a classical
argument where the support does not contain the disjunction
connective. However, neither ({—(p A q)}, —p) nor ({=(p A
q)}, —q) are classical arguments.

Computing Constructive Arguments using
Modal Logic S4

In this section we borrow from classical argumentation
framework the characterization of classical arguments in
terms of minimal inconsistent sets. As shown in (Besnard et
al. 2010) this characterization offers nice tractability prop-
erties for computing classical arguments. We provide such
a characterization for constructive arguments using modal
logic S4 (Blackburn, de Rijke, and Venema 2001).

234



[1d] [1d]

p—>r,q—>r,pkp q—>r,p,rkEr

p—1,qg—T,qbq

[1d] [1d]
p—>rqrkr

[—eL]

p—>r,gq—>r,pkr

(=]
p—r,q—>rqkr

V]

p—>r,gq—>r,pVgbkr

[—r]

p—>r,gq—>rkEpVg—r

Figure 2: A proof in G\p_

Modal Logic S4

The set of S4 formule is obtained by extending the proposi-
tional language with the modal connectives [J et {:

Auv=p|L|AANA|AVA|A— A|OA|OA.

Similarly to intuitionistic logic, modal logic S4 has a pos-
sible world semantics where we use a universe of worlds
with an accessibility relation between worlds which is re-
flexive and transitive. More precisely, an S4 model is a
triple M = (W, X, V), where < is a preorder over W and
V. W — 2P°P is an interpretation. Hence, a S4 model
can be seen as a Kripke model of intuitionistic logic without
Kripke monotonicity property.

The forcing relation, denoted ES4 s inductively defined on
formula structure as follows:

w hfﬁ piffp e V(w); w hfﬁ 1 never holds;
wFF AN BiffwF{G Aand w F3; B;

wFF AV BiffwE{; AorwF{ B;

wEH A — Biffif w =53] A then w F5{ B;
wEF QAIff Jw' € Wst.w < w' and w' F{ A;
w FXy OAff V' € W withw < w', w’ FX] A;

Embedding Intuitionistic Logic into S4

We describe here Godel’s embedding of intuitionistic logic
into modal logic S4 (see, e.g., (Troelstra and Schwichten-
berg 1996)). Intuitively, this embedding comes from the fact
that the Kripke models of intuitionistic logic are S4 models.
The definition of the embedding (-)** is by induction on for-
mula structure as follows:

(p)** =Op; (L)% = Li (AAB)™* = (A)%*A(B)%":
(AV B)5* = (A)%* v (B)
(A — B)%* =0((A)%* — (B)%%).
We have the following property:
Proposition 7. T' ; C is valid in intuitionistic logic iff
(T)5* = (C)5* is valid in S4.
Hence, since the logical consequence concept in S4 is
classical, we obtain the following proposition:

Proposition 8. The pair (A, C) is a constructive argument
iff (A)S*U{=(C)5*} is a minimal inconsistent subset in S4.

Prop. 8 states that the use of S4 allows to provide a sim-
ple characterization of being a constructive argument Simi-
lar to that of being a classical argument. Such a character-
ization can be used in a constructive argument generation

in the same way as in (Besnard et al. 2010). However, no-
tice that the computation of minimal inconsistent subsets in
modal logics is much less studied than in classical proposi-
tional logic. An interesting idea would be exploring how the
MUS computation methods in classical propositional logic
could benefit to modal logics. This is left for future work.

Conclusion and Future works

Constructivism is an approach which requires that to prove
the existence of an object, it is necessary to be able to
construct it. So far the main application of intuitionistic
logic in computer science is using the Curry-Howard cor-
respondence (Howard 1980) which corresponds to a di-
rect relationship between constructive proofs and computer
programs (Nordstrom, Petersson, and Smith 1990; Paulin-
Mohring and Werner 1993).

In this paper we show the benefits of using intuitionis-
tic logic to reason about inconsistency in argumentation the-
ory. In particular Dung’s framework is instantiated with this
logic. In this setting, not only does the support of an argu-
ment deduce the conclusion of that argument but also con-
structs that conclusion. The present paper comes to com-
plete existing works studying the validity of the logic-based
instantiations of Dung’s framework (Amgoud and Besnard
2013). While the focus of these works has been on the qual-
ity of the output of the logic-based argumentation frame-
works (in terms of postulates), no attention has been paid on
the argument itself, in particular the support of the argument.
In our setting, a set of formulas which deduces a conclusion
would not be a support of an argument for that conclusion if
the reasons for such a deduction are not exactly identified.
For example ({=(O AT)},=O V =T is not an argument in
our setting while ({O, =(OAT)}, OV —T) is. In addition,
we provided a characterization of being a constructive argu-
ment in terms of a minimal inconsistent subset using Godel’s
embedding of intuitionistic logic into the modal logic S4.
Our work should be useful in diagnosis-based applications
and law reasoning, to cite few.

As a future work, we intend to investigate the use of the
Curry-Howard correspondence in encoding the proofs of the
constructive arguments. Indeed, we know that each proof of
a constructive argument can be encoded as a A-term in a
typed A-calculus (Howard 1980). In this context, we plan to
consider a constructive argumentation framework where we
associate to each constructive argument a A-term encoding
a method used in the argument to construct its conclusion
from its support. In this case, one of the perspectives consists
in defining a new type of attack relations over the A-terms.
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