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Chapitre 1

Introduction et motivation

La simulation numérique, notamment en régime transitoire, de la propagations d’ondes
électromagnétiques dans des réseaux de cables électriques co-axiaux est un enjeu tres im-
portant dans des nombreuses applications scientifiques et industrielles, que cela concerne
les réseaux de communication, I’alimentation électrique de capteurs piézo-électriques ou
le controle du réseau ferroviaire de la SNCF. En effet, I'un des enjeux est le controle non
destructif de ces cables. Le contrdle non destructif des défauts [6, 1, 11] s’appuie souvent
sur la modélisation et les simulations prospectives des grandeurs électriques se propageant
dans des réseau électriques.

Cable coaxial

Propagation des ondes électromagnétiques dans un réseau électrique

FI1GURE 1.1 — Réseau électrique.

Un cable coaxial a une structure de type cylindrique et est constitué d’'un matériau diélec-
trique qui entoure un fil intérieur métallique (dont la présence est nécessaire pour permettre
la propagation des ondes le long du cable aux fréquences d’intérét) et est entouré d’une
gaine extérieure. Le modele mathématique de base pour la propagation des ondes dans un
tel cable est fourni par les équations de Maxwell 3D, la difficulté principale provenant de la
géométrie du domaine de calcul, un cable a des dimensions transverses tres petites devant sa
dimension longitudinale, et dans le caractere inhomogene des matériaux qui le composent.
Effectuer des simulations numériques réalistes représente aussi un challenge scientifique :
les échelles tres différentes mises en jeu sont telles que, méme si les phénomenes que 1’'on
souhaite simuler relevent des équations de Maxwell 3D, passer par la simulation numérique
3D s’avere tres coliteux en temps de calcul.
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Gaine extérieure métallique \ Fil intérieur métallique
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FIGURE 1.2 — Cable coaxial (Modification d'une figure obtenue sur le Web').

C’est pourquoi il est naturel de chercher a proposer des modeles mono-dimensionnels ap-
prochés en cherchant a exploiter le fait que les dimensions transverses d’un cable sont tres
petites devant la dimension longitudinale. Les modeéles sous-jacents principalement utilisés
sont basés sur la représentation des cables coaxiaux par un modele 1D appelé modele du
télégraphiste qui traite de la propagation de la tension et du courant le long d’un quadripdle
RLCG infinitésimal (voir figure 1.3) (voir [44] pour le cas cylindrique). Cette approche est
utilisée depuis bien longtemps en génie électrique, mais elle n’est vraiment bien maitrisée
et comprise que dans des situations idéales ou académiques, comme par exemple le cas d’un
cable homogene parfaitement cylindrique en régime harmonique, situation dans laquelle la
décomposition de la solution en modes de propagation permet de justifier completement le
modele 1D.

FI1GURE 1.3 — Un cable coaxial comme succession de quadripéles RLCG infinitésimaux
((figure reprise de [10]).

Pour les applications réalistes, toutefois, il est nécessaire de savoir prendre des situations
beaucoup plus complexes, incluant le caractere hautement hétérogene de la structure in-
terne des cables électriques (ce qui peut résulter suivant les cas de leur fabrication méme
ou de phénomenes d’usure) ainsi que des imperfections de géométrie (dues notamment a
des endommagements), des jonctions de cables sans parler des phénomenes de pertes par
effet de peau liées au caractére imparfaitement conducteur des gaines par exemple.

Dans ces cas, la simple approche modale se révele bien impuissante pour proposer des
modeles approchés réalistes, ce qui se comprend assez bien : il faut a la fois aboutir a
un modele suffisamment simple (c’est a dire mono-dimensionnel) pour se préter a une si-
mulation numérique efficace tout en étant suffisamment riche pour garder en mémoire la
structure 3D complexes des céables et en restituer leurs effets utiles pour les applications
visées.

1. https://www.lextronic.fr/cable-coaxial-noir-50-ohms-91-mm-64308.html


https://www.lextronic.fr/cable-coaxial-noir-50-ohms-91-mm-64308.html

11

Pour répondre a ces enjeux, au cours des dix dernieres années une théorie de modeles
de cébles simplifiés de "type 1D" a été développée au sein de ’équipe POEMS a partir
d’une analyse asymptotique rigoureuse des équations de Maxwell 3D, le petit parametre
de 'analyse étant la dimension transverse des céables. Cela a débuté au cours de la these
de Sébastien Imperiale [35] dans le cadre de 'approximation de capteurs piézo-électriques
en collaboration avec le CEA List. Ces travaux initiaux ont débouché notamment sur deux
articles, [33] et [34], ou sont établis des modeles limites appelés "modeles de télégraphistes
généralisés" et ce dans une configuration treés générale (cable hétérogene de section variable
avec présence possible de pertes). Ensuite, dans sa these [10] effectuée dans le cadre du
projet ANR SODDA (sur le contréle non destructif de réseaux de cables, projet porté par
le CEA List), Geoffrey Beck a étendu cette théorie au cas d’'un cable multi-conducteurs
[12] (le cable contient plusieurs fils métalliques), puis & des modeles simplifiés d’ordres
supérieurs, a la prise en compte de l'effet de peau [13] et enfin a la jonction de plusieurs
cables.

Ces modeles ont été justifiés d'un point de vue mathématique mais la phase véritablement
opérationnelle du travail, notamment tout ce qui concerne les applications numériques, n’a
pas été abordée.

C’est dans le cadre et dans le contexte décrit plus haut que se situe cette theése avec, au
départ, un triple objectif :

1. Proposer, analyser et implémenter des méthodes numériques efficaces pour la résolu-
tion des problémes approchés.

2. Quantifier les erreurs induites par des modeles approchés, et par conséquent en cerner

les limites de validité, par le biais de la comparaison entre simulations numériques
1D et 3D.

De facon cachée, ce second objectif en sous-tend un troisieme puisque, comme on I'a dit
précédemment, se contenter de codes existants pour la résolution des équations de Maxwell
3D est difficile. C’est pourquoi, afin d’atteindre 1'objectif 2, il fallait au préalable :

3. Concevoir des méthodes numériques pour la résolution des équations de Maxwell 3D
dédiées a la prise en compte de la structure particuliere des cables électriques, en
particulier I'existence de deux tres petites dimensions transverses.

Cet objectif qui a bien stir un intérét en soi indépendamment des modeles asymptotiques
a de fait constitué I’enjeu principal de cette these.

Les difficultés d’une approche numérique 3D

Afin de mettre en évidence les difficultés liées au troisieme objectif évoqués, entrons un peu
dans les détails relatifs a la discrétisation des équations de Maxwell dans un cable mince.

Un cable coaxial droit de longueur L (voir la figure 1.2) est, comme déja dit plus haut,
constitué d’un matériau diélectrique qui entoure un fil intérieur métallique (dont la pré-
sence est nécessaire pour permettre la propagation des ondes le long du cable aux fréquences
d’intérét) et est entouré d’une gaine extérieure. En premiere approximation, les structures
interne et externe sont toutes deux constituées de matériaux parfaitement conducteurs,
de sorte que le champ électromagnétique est confiné dans la partie diélectrique (pour les
questions relatives aux fils internes et externes non parfaitement conducteurs, le lecteur
peut se référer a [13]). Cette partie diélectrique peut étre définie comme une succession
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longitudinale de sections planes transversales 2D avec un trou.

Dans les applications industrielles, les cables sont fins, mathématiquement nous considé-
rerons que sa dimension transversale est proportionnelle & un petit parametre § < 1. En
utilisant une analyse asymptotique des équations de Maxwell 3D avec o — 0, plusieurs
modeles simplifiés 1D ont été rigoureusement présentés dans la these de Geoffrey Beck
[10]. Si certains de ces modeles ont été justifiés d'un point de vue mathématique par des
estimations d’erreurs lorsque le cdble a une géométrie cylindrique, il n’existe pas, a notre
connaissance, de comparaison numérique quantitative entre le modele 1D et la théorie de
Maxwell 3D. Pour ce faire, il faut effectuer des simulations 3D avec des équations de Max-
well 3D. Il s’agit d’'un défi de calcul, d’autant plus que le cable est fin, et I'objectif de cette
these est d’aborder précisément ces questions. Pour mieux cerner les difficultés a traiter, il
convient de mentionner qu’un probleme de simulation typique contient naturellement trois
longueurs :

— le diametre du céable 9,
— la longueur d’onde moyenne le long du cable A,
— la longueur caractéristique de la propagation L.

En raison de la structure allongée du domaine de propagation 2, il est naturel d’utiliser
des mailles allongées avec une taille de pas h dans la direction longitudinale x3 et une
taille de pas hp dans les directions transversales. Ces parameétres sont contraints par les
caractéristiques des problémes comme suit

— hp < ¢, pour bien traiter la structure interne du cable et bien représenter les varia-
tions du champ électromagnétique a l'intérieur de chaque section transversale,

— h < A\, pour représenter avec précision les variations de la solution dans la direction
longitudinale.

En pratique, comme § < L, nous aurons hy < h ce qui conduit & un nombre énorme de
degrés de liberté.

Lorsque la discrétisation temporelle, avec un pas de temps At, est impliquée, on est
confronté a un choix :

(i) Soit on utilise une discrétisation temporelle totalement explicite, auquel cas, pour
des raisons de stabilité (conditions CFL), At est contraint par le petit pas spatial
hr, c’est-a-dire At < ¢! hp ol ¢ est une constante qui a la dimension d’une vitesse.
Cela impose clairement des pas de temps tres petits.

(ii) Soit on utilise une discrétisation temporelle totalement implicite et inconditionnel-
lement stable. Dans ce cas, il n’y a plus de contrainte sur At pour des raisons de
stabilité mais le probleme est qu'un grand systeme linéaire doit étre résolu a chaque
itération temporelle.

En résumé, chacune des deux solutions ci-dessus entrainerait des cotits de calcul prohibitifs
(si ce n’est des calculs hors de portée) : soit le nombre de pas de temps est beaucoup trop
grand, cas (i), soit le cofit de chaque itération temporelle est beaucoup trop élevé, cas (ii).
C’est pourquoi notre objectif de trouver un compromis entre les solutions (i) et (ii) dans
lequel

(a) At serait limitée par le pas d’espace longitudinal h seulement, comme pour un pro-
bleme de propagation 1D discrétisé avec un schéma explicite

(b) Le coiit de chaque itération temporelle resterait raisonnable.



13

Cet objectif sera atteint par une approche hybride de discrétisation temporelle qui serait
implicite dans les directions transversales, assurant (a), mais explicite dans la direction
longitudinale, assurant (b).

Contributions et plan de la these

Ce qui suit est un résumé des principales contributions présentées dans ce travail. Cette
these comporte cing chapitres :

Chapitre 2 : Méthode numérique pour les cables cylindriques

Dans ce chapitre, nous proposons une méthode numérique efficace pour la résolution des
équations de Maxwell 3D dédiée a la prise en compte de la structure particuliere des cables
électriques, en particulier 1'existence de deux tres petites dimensions transverses. L’idée
consiste a utiliser un maillage prismatique anisotrope, avec un pas du maillage transverse
hr et un pas de maillage longitudinale h, tout en se basant sur un schéma hybride implicite-
explicite.

Pour mettre en oeuvre cette méthode, la premiere étape consiste a faire une discrétisa-
tion longitudinale du céble, puis une discrétisation transverse de chaque section, enfin une
discrétisation en temps. Notre approche est de distinguer le role des variables spatiales
transverses xr et celui de la variable longitudinale x5 et d’exploiter le découplage entre
la composante transverse Er du champ électrique et sa composante longitudinale Fs5. Le
champ Er est alors approché par des éléments de Nedelec dans chaque section .S; et par des
éléments affines par morceaux selon la direction longitudinale. Par contre le champ FEj3 est
approché avec des éléments P; sur chaque section S; +1 et par des éléments Py discontinus
par morceaux selon la direction longitudinale.

Nous montrons que le schéma est inconditionnellement stable par rapport au pas de ’es-
pace transverse hp et conditionnellement stable par rapport au pas de 1’espace longitudinal.
Donc le schéma est stable sous la condition CFL : At < ¢! h.

La méthode présentée a été implémenté dans le logiciel Xlife+42(développé au départe-

ment UMA de 'ENSTA).

Chapitre 3 : Modéle limite 1D et comparaison 3D / 1D

Dans ce chapitre, nous présentons un modele limite 1D appelé le modele télégraphiste, qui
résulte d'une analyse asymptotique appliqué aux équations de Maxwell 3D en considérant
que § est un parametre qui devient infiniment petit. Afin de rendre ce document "self-
contained", nous avons choisi de rappeler brievement la méthode pour obtenir, au moins
formellement, ce modele (plus de détails sont donnés en Annexe A). Ce modele 1D obtenu
prend en compte les propriétés physiques et géométriques des cables a l'intérieur duquels
la propagation de champ électromagnétique a lieu. Ce modele limite s’écrit comme suit

t
C(z3) OV + G (x3) V + / K (z3,t —s)V(z3,8)ds+ 051 =0, )
0 1.1
L(l’g) 8tI + 83V = 0,

2. https://uma.ensta-paris.fr/soft/XLiFE++/
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ou les inconnues sont le potentiel électrique V et le courant électrique I. Les coefficients
‘effectifs" ou "homogénéisés" sont : C' (la capacité) , L (I'inductance), G™ et K, sont
calculés via la résolution numérique des problemes elliptiques posés dans les sections droites
du cable. Ce calcul numérique peut étre remplacé dans certaines situations par un calcul
analytique. Nous présenterons cette approche dans 'annexe A.

Nous présentons ensuite une méthode numérique pour I'approximation de (1.1), la difficulté
principale résidant dans la prise en compte des terme non locaux en temps (convolutions)
de fagon garantie stable. Pour se faire nous nous sommes inspirés de I’approche développée
dans un cadre général dans [4] et d’'une fagon plus adaptée a notre configuration [35].

Enfin nous faisons des comparaisons entre calculs 1D et 3D qui nous permettent de valider
(et cerner les limites de validité) le modele asymptotique.

Les résultats de deux chapitres 2 et 3 ont fait 'objet d’une publication [2] dans le journal
"Computational Methods in Applied Mathematics".

Chapitre 4 : Modeéle limite 1D d’ordre 2 et comparaison 3D / 1D

Nous reprenons la structure du chapitre 3 en rappelant dans un premier temps la construc-
tion du modele d’ordre 2, en nous limitant toutefois au cas d'un cable purement cylindrique
a section hétérogene sans pertes. Ce modele limite a pour principal intérét de rendre compte
des principaux effets dispersifs dus a 'hétérogénéité des cables. Ce modele prend la forme
suivante :
05(03) 8tV‘5’2 + 83 16’2 = O,
(1.2)
L(g(xg, 63) 8t15’2 + 63 V6’2 = O,

a comparer au modele lorsque K, = 0. Cette fois, Cs(x3,03) et Ls(03) sont des opérateurs
de capacité et inductance, opérateurs elliptiques d’ordre 2 en la variable x3 :

Cs(ws, D) := C(s) — 0° 35(e(ws) 5 ),
(1.3)
Ls(x3,03) := L(x3) — 6% 03 (7L<I3) 83),

ou les nouveaux coefficients L, Cy, v, v, font intervenir de nouveaux problemes elliptiques
2D dans les sections transverses du cable.

Faute de temps, et pour simplifier la présentation de nos résultats nous allons focaliser
notre attention sur le cas ou les coefficients ne dépendent pas de la variable z3.

Nous présentons ensuite une méthode numérique pour la discrétisation de ce modele et
terminons par des comparaisons entre calculs 1D et 3D qui illustrent 'intérét du modele
d’ordre supérieur.

Ce chapitre est le fruit d'une collaboration avec Geoffrey Beck et fera 'objet d'une publi-
cation.
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Chapitre 5 : Méthode numérique pour les cables non cylindriques

Dans un cable non cylindrique le découplage - naturel dans le cas cylindrique - entre Ep
et F5 disparalt a cause des variations en x3 de la section transverse. Dans ce but, afin de
préserver autant que faire se peut les avantages de la méthode du cas cylindrique, nous
proposons une approche basée sur les ingrédients suivants :

— utilisation d’un technique de mapping "section par section" entre le cable non cylin-
drique et un cable cylindrique de référence,

— utilisation d’une transformation de Piola anisotrope pour définir les nouvelles incon-
nues dans le domaine de référence.

L’avantage est que le nouveau probleme est posé dans un domaine cylindrique. L’inconvé-
nient est que le nouveau probleme a résoudre comporte de nouveaux termes qui dépendent
de la géométrie du céble (et disparaissent dans le cas cylindrique) et ne se prétent plus
bien a I'approximation par éléments finis proposée au chapitre 2.

Pour contourner cette difficulté, nous proposons une approche hybride éléments finis/Ga-
lerkin discontinue, la partie Galerkin discontinue servant a traiter les nouveaux termes.
La méthode résultante se révele coincider avec la méthode du chapitre 2 dans le cas d'un
céble cylindrique et se révele posséder des propriétés de complexité (coiit calcul) et stabilité
similaires a celles du cas cylindrique.

Ce chapitre fera I'objet d’une publication.

Chapitre 6 : Couches PML pour les cables

Pour traiter des cables infinis ou tres longs il est évidemment souhaitable de pouvoir bor-
ner artificiellement le domaine de calcul. Une des méthodes désormais trés populaire est
la méthode des couches absorbantes parfaitement adaptées ou PML (Perfectly Matched
Layers).

Pour le probleme 3D, si la construction de telles couches via la méthode de "complex sca-
ling" usuelle ne pose pas de probleme de principe, 1'utilisation pratique de ces PML dans
la configuration des cables se heurte de fait a deux difficultés :

— la possibilité d’utiliser des couches PML avec les méthodes numériques proposées
dans la these,

— la stabilité de ces modeles PML, laquelle n’est pas a priori garantie par la théorie.

Nous avons partiellement réussi et partiellement échoué dans le traitement de ces difficultés
mais il nous a paru utile de faire état de nos efforts et résultats sur ces questions.

— Pour la prise en compte numérique des PML dans notre code de calcul, nous nous
sommes inspirés des travaux de Baffet, Grote, Kachanovska et Imperiale [7] pour le
cas de I’équation des ondes. La principale difficulté est d’aboutir a une formulation
variationnelle compatible avec les éléments finis présentés au chapitre 2, ce qui repose
sur I'introduction astucieuse d’inconnues auxiliaires.

— Faute de temps, la question de la stabilité n’a pu étre abordée qu’au travers de simu-
lations numériques. Si les PML se révelent stables dans le cas d'un cable homogene,
ce n’est plus le cas des que la vitesse de propagation des ondes électromagnétiques
varie dans la section du cable. Nos expériences numériques nous amenent a penser
que cette instabilité est due au modele continu et non a sa discrétisation.
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Dans I’état actuel des choses, la question de la stabilité des PML, et encore plus la construc-
tion de PML stables, est largement ouverte et nécessite une analyse beaucoup plus appro-
fondie.

Cependant, il est important de mentionner que 1'utilisation de cette méthode s’est révélée
efficace dans le cas des modeles approchés 1D, ce que nous allons illustré a la fin de ce
chapitre.
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2.1 Introduction

In this chapter, we propose a new efficient numerical method to solve the 3D Maxwell
equations in an elongated cylindrical coaxial cable. The originality of our approach comes
from the fact that we use an anisotropic prismatic mesh, with a transverse mesh hr and
a longitudinal mesh h, which is consistent with the cable geometry, while relying on a
hybrid implicit-explicit scheme. Furthermore, by studying the complexity and the stability
properties of the proposed scheme, we show that it is unconditionally stable with respect
to the transverse step-size and conditionally stable with respect to the longitudinal one.

17
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This chapter is organized as follows :

After setting the problem (Section 2.2, we rewrite, in Section 2.3, Maxwell’s equations in a
specific form whose interest is to distinguish the transverse and longitudinal components of
the electric field and make appear specific decoupling. Section 2.4 is dedicated to the semi-
discretization in space. We first treat the discretization with respect to the longitudinal
variable (Section 2.4.1) then with respect to the transverse variable (Section 2.4.2). It turns
out that the proposed discretization can be re-interpreted via prismatic edge’s element
[15, 20] on prisms (Section 2.4.3). In Section 2.4 we describe the semi-discrete scheme in
an algebraic form. The section 2.5 concerns the time discretization. In Section 2.5.1, we
propose a hybrid implicit-explicit scheme, whose complexity and stability properties are
analyzed in Sections 2.5.2 and 2.6. At the end of this chapter, in section 2.7, we present
numerical results that confirm the efficiency of our approach.

2.2 Position of the problem

We consider a cylindrical cable for which the cross section is independent of z3 (Figure
2.1) and we assume, for simplicity of the exposition, that the length L is infinite so that

Q=S5xR, (ie S(x3)=S (independent of x3), 9S =T . UT};. (2.1)

A T2

heterogeneous
propagation domain

FIGURE 2.1 — Left : slice of the domain S(x3) = S, right :the geometry of the domain (.

The dielectric material is characterized by the electrical permittivity ¢ and the magnetic
permeability p which are both functions of the space variable x € 2 and satisfy the usual
assumptions

0<p- <pux)<py, 0<e_<ex)<eq, aex=(r1,x,13) €

We shall also consider the possibility that the cable can be, at least locally, conducting,
which is modelled through the conductivity o,

0<o(x)<o;, ae x=(r1,22,23) €L (2.2)

Note that the translational invariance in x3 concerns only the geometry of the domain €2,
not the coefficients € , ¢ and pu. The propagation of waves in the cable 2, through the
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unknowns E(x,t) (the electric field) and H(x,t) (the magnetic field) is governed by 3D
Maxwell’s equations completed with perfectly conducting boundary conditions on 0f2,

cOE+0cE-VxH=0, in QxR
woH+V x E =0, in QO xRT, (2.3)
Exn=0, on 90 x R,

where t is the time, V x the 3D curl operator and n stands for the unit outward normal.
The model is completed with initial conditions (for simplicity again we suppose the absence
of source terms, without any loss of generality)

E(-0) =Ey, H(-,0)=H,. (2.4)

Our method will be developed for the second order electric field formulation of the problem,
obtained after elimination of the magnetic field,

cE+00E+V X p ' VXxE=0, in O xRT,
Exn=0, on 00 x R, (2.5)
E(-0)=Ey, 0E(,0)=c'(VxHy—0E) inQ.

Our approach is based on a particular rewriting of that well separating the roles of the lon-
gitudinal and transverse space variables (resp, longitudinal and transverse electric fields).

For simplicity, without any loss of generality, we shall present our method in the case o = 0.

2.3 An adequate reformulation of the continuous pro-
blem

We introduce the longitudinal and transverse space variables x = (x7,x3), Xp = (71, %2)
and decompose the electric field into transverse (Er) and longitudinal (E3) components,

ET El
Eg E2

To rewrite (2.5), we shall use the following transverse curl and gradient operators (note
that the index T refers to transverse derivatives),

82E3 a1E3
I‘OtTET = 81E2 — 82E1, I'OtT E3 = N VT E3 = . (26)
—81E5 82E3

The first one is a scalar rotational operator whereas the second is a vectorial rotational
operator that can be seen as a "rotated" gradient

—E,
rotp E3 = —e3 X vTEg, with ez X Er = ( ) and €3 = (0,07 1)t

E,
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Warning to the reader : In what follows, and for the sake of simplicity, we shall often
identify in the same notation the 2D transverse field Er = (E}, Es) and the 3D vector field
Er = (E4, E,0), without mentioning it. This in particular gives a sense to e3 x Er that
we identify with (—FEs, Fy).

These rotational operators are related to the 3D curl operator via
I‘OtTEg +e3 X 83ET
VxE= .
I‘OtTET

Thus, the Maxwell’s equations (2.5) can be rewritten (this is a straightforward computa-
tion) as

g 8t2ET — 83 ([L_lagET> + I‘OtT ([}J_lI“OtTET) + 83 (M_lvTEg) = O,

2.7
88t2E3 + rotr (/flrotTEg) + divy (/flagET) =0. @)

2.4 A hybrid discretization method in space

We shall use a Galerkin approach based of the weak (variational) formulation of (2.7). In
order to give the weak formulation of this problem, we introduce the functional spaces

H(rot; Q) := {(Er, Bs) € L*(Q)* x L*(Q) /oty Es + es x 5By € L*(Q)?, rotrEr € L*(Q)},
V := Hy(rot; Q) = {E € H(rot; Q) /E x n =0 on 00Q}.

We aim at finding (ET, Eg) € V such that for any test function (ET, Eg) €V, we have

2

cclig m(ET, ET) +k; (ET, ET) + kr (ET7 ET) — 37 (Es, ET) =0,

e ) ) ) (2.8)
75 (B, By) + br (B, Bs) — car (s Ex) =0,
with the continuous bilinear forms
m(ET, ET) = /QEET : ET; m(E3, Eg) = /QEEg Eg,
kT (]E)T7 ET) = /Q/Ll I‘OtTET I'OtTET, kT (Eg, Eg) = A,ul VTEg . VTE3, (29)
k3 (]‘:‘]T7 ET) = /Q[,L_l 63ET . 83ET7 CgT(Eg, ET) = /Q,U/_1 VTEg . agET.

The stiffness bilinear forms k7, k7 and ks do not couple transverse and longitudinal fields.
We use bold letters when they apply to transverse fields. The index 7" means that only
transverse derivatives are involved while the index 3 means that only z3 derivatives are
involved. Oppositely, the bilinear form c3y couple the transverse and longitudinal fields
and mixes the z3 and transverse derivatives. We shall call it the coupling bilinear form.
Note that, with the exception of c3r, these bilinear forms are symmetric and positive. The
coupling term can easily be controlled thanks to the Cauchy-Schwarz inequality

sz (s, Br)| < kT(Eg,Eg)% kg(ET,ET)%. (2.10)
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We now deal with the space discretization. For the presentation, we find useful to treat
successively the discretization in z3 first (Section 2.4.1) then in the transverse variables xr
(Section 2.4.2), which is by the way justified by the "cylindrical structure" of 2. However,
we can reinterpret the result of these two steps as the result of direct 3D discretization
(Section 2.4.3).

2.4.1 Semi-discretization in 3.

For the longitudinal discretization, we decompose the cable €2 into small cylindrical cells

G.+% = {(XT,(Eg) € Q/]h < T3 < (] + 1)h}, j e Z (211)

J

These cells of size h in the x3 direction (h is the longitudinal space step) are separa-
ted by transverse cross sections S;,j € Z (see Figure 2.2 ) where, by definition, 8, =
{(xr,vh),xr € S}, For all v € R.

Sections
S, = QN {xzs =vh}

Cipy ={(xr,23) €Q/ jh < w3 < (j +1)h}
Cylindrical cells

FIGURE 2.2 — Schematic of the sections and the cells of the cable.

We now describe V), the approximation space of the 3D space H(rot;(2), it is the product
space
V,, = Vh,T X Vhyg C H(I‘Ot; Q), (212)

where the approximation of transverse field E7 lives in V), p, whereas the approximation of
the longitudinal variable E3 lives in V}, ;. On the one hand, V¢ is made of [P; continuous
functions in three directions with values in the 2D H (rotr, S) space

Vir = {ET,h c CO(R; H (rotr, S)) / ET\@]V+1 cP, (R; H(rotT,S)) For allj}, (2.13)

where, H (rotr; S) := {ET € L*(Q)? x L*(Q) /rotrEp € LZ(Q)}.
In other words, for any Er € V), 1, denoting Er; = Er|s, € H(rotr, S), we have

Er(xr,23) = ) Erj(xr)w;(zs), (2.14)

JEL
where w; is the usual hat function associated with z3 = jh (see Figure 2.3 ).

On the other hand, the space V},, is made of piecewise constant (Py) functions in 3 with
values in H'(S)

Vie ={Es: Q= R/ Eyle,, €P (R; H'(S)) For all j }. (2.15)
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In other words, for any E5 € V}, 4, there exists E37j+% € H'(S),j € Z such that

By(xr,x3) =) E?;,j—o—%(XT) Xj—i—%(x?))v E3j1 = E3|Sj+% (2.16)
jEL

where x; 1 is the characteristic function of the interval (jh, (j + 1)h] (see Figure 2.3).

i NS Xi+} —
Sjti
. . . z3 T
G-Dh  jh G+Dh G-Dh  jh G +1h 3

FIGURE 2.3 — The 1D basis functions w; (left) and x; 1 (right)

The semi-discrete problem is obtained essentially by rewriting the variational formulation
(2.8) after replacing the continuous space by the semi-discrete space V. More precisely,
this problem reads :

Find (ET,ha E&h) eV, = Vh,T X th such that for any (ET,ha Eg’h) € Vy,

2

5752 my, (ET,iu ET,h) + k3 (ET,h, ET,h) + Kk (ET,hy ET,h) — C37 (E3,h7 ET,h) =0,

2

dr?

(2.17)
m<E3,h, ES,h) + kr (Es,h, ES,h) — C3r (Ea,h, ET,h) =0.

Apart from the functional spaces, there is another difference between (2.8) and (2.17) which
makes our approximation non-conforming in the finite element sense. This ingredient is in
fact very important for the efficiency of the method and to end up with numerical schemes
which will be explicit in x3. More precisely, we approximate the two bilinear forms that
involve transverse fields and do not involve 3 derivatives, namely (m and kT>, by using

a quadrature formula in the z3 direction, transforming them into (mh and kr h) More
precisely, with respect to the definition (2.9) of the exact bilinear forms

(mkr) —  (mu ken) /5f—>§lgsf, /u f%ygu £, (2.18)

where 55 e [ (resp. 515 p~ ' f) refers to a nodal quadrature formula in 23, well adapted to
Q Q
the measure ¢ dx (resp. u~* dx). More precisely, for f € C° (R; LI(S)) NnL! (Q), we set

%z?f —h 2:/5]._~_é (f]'HQfJ) dxr, fj = f|Sj’ (2.19)
Q j 48
where £j+%(xT) holds for the 1D mean value of € in .5, 1,

1 U+
a.e. Xy € 5, €j+%(XT) = h/ e(xr, x3) drs, (2.20)
jh

Remark 2.4.1. One has the Fubini-like formula

ygaf / yﬁ e(xp,x3) f(X7,x3) d:vg)de, (2.21)
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with the 1D quadrature formula, for any g € L'(R) N C°(R),

i+ 1)h) 4+ g(jh
§1§5(XT,$3) glazs) dug = h 3, (xr) (LU )2) 9Uh)y (2.22)
R J
Note that this formula can also be written as
yga(xT,xg) g(x3) dag = / en(xr, x3) ™ pg(x3) drs. (2.23)
R R

where g, 1is the piecewise constant approrimation of € with its mean value inside each
interval
(h, (4 + 1)h] and 7y pg is the Py-interpolate of g.

One has the fundamental property (1D mass lumping) about hat functions
%5()@, x3) wi(xs) we(xs) drs == 0, for all € # j. (2.24)
R

For what follows, it will be useful to have an expanded version of the bilinear forms appea-
ring in (2.17), when acting on the semi-discrete spaces. Since functions in V}, 4 are piecewise
constant, the bilinear forms m and kr are naturally "block diagonal'. More precisely, using
the decomposition (2.16),

m(E3=h>E3,h) - ij-l-%( 3]+1>E3J+§) hy € B3 41 E3]+ v

JEZ JEZ i+3
- = -
kT(E&h?E&h) Z %( 3.J+37 3]+ ) =h Z VTE3,j+$ 'VTEs,jJr%-
JEZ JEZ

(2.25)
In the same way, thanks to the quadrature (2.19), the bilinear forms my, and ky, are block
diagonal too. More precisely, using the decomposition (2.14),

my, (ET,h> ET,h) = Z mh,j (ET,j7 ET,]') = hz €ET7]' . ET,ja

JEZ jeZJS; (226)
kT,h (ET,ha ET,h) = Z kh,j (ET,j7 ET,j) = h Z < ,U_l I“OtTEij rotTET,j.
JEZ JEZL Y O;

Finally, for the last two bilinear forms, one computes that

E - Erivi—Er: Er.q—Erp;
k3 (ETJHET,h) =h Zlu]_ié/; T7J+1h T,j ) T’]+1h T,j’

Er ;1 — Eq;

(2.27)
cor(Ban Bra) = 0 ity [ ok B

where, as in (2.20), we have defined

) 1 [UFDA .
M]._+%(XT) = h/ u(xp,x3) des  a.e. xp € S. (2.28)
jh
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2.4.2 Full space discretization

For the discretization in the transverse variables, we introduce a conforming triangular
mesh T (in the usual finite element sense) of S with step size hr (Figure 2.4), namely
the transverse space step. In the sequel, we shall denote N the number of nodes of this
mesh and N, the number of (interior) edges. We shall use the letter h to denote the set of
approximation parameters in space, namely h := (h, hr). The fully discrete space, indexed
with h takes the same form of the semi-discrete space as in (2.12),

Vh = Vh,T X V}Lg.

The transverse field Et is searched piecewise linear continuously in z3 with value in the
classical 2D Nedelec space [41],[43] denoted V},,.(S) (with respect to (2.13), we simply
replace H(rotr, S) by Vp,,.(5)).

Vh,T = {ET,h < CO<R; VhT(S>> / ET|(3]_+% cPy <R7 VhT(S)) VJ} (229)
Vi, (S) = {Er € H(rotr,S)) /¥ K € T, Er|xc € Nap },
with (2.30)
Nop = {a (13, —21)" + b, (a,b) € R x ]Rz} c P

The longitudinal field Fj3 is searched piecewise constant in z3 with value in the standard P,
finite element space for H'(S) (with respect to (2.15), we simply replace H'(S) by V,..(5)),

Vi = {E3: Q 5 R /Vj, Va € [jh, (j + )] Es(-,25) = Eyj,1 € Vi (S)},
(2.31)
Vi (8) :={Es € H'(S) /V K €T, By|x € P},

FIGURE 2.4 — Triangular mesh of S with step size hr

We have thus two types of degrees of freedom for the discrete electric field. The first one,
associated to the transverse field, denoted Ery, = {ETJ}, Er; € RN ¢, is the vector of the
tangential components of the discrete transverse electric field along the edges in the cross
section S;. These degrees of freedom are represented with the red arrows in Figure 2.5 (in
2D) and in Figure 2.6 (in 3D).

The second one, for the longitudinal field, is denoted Esy, = {E&j +%}, where [E; ; 11 € RY
is the vector of the values of the discrete longitudinal field at the nodes of the mesh. These
degrees of freedom are represented with the blue dots in Figure 2.5 (in 2D) and with blue
arrows in Figure 2.6 (in 3D).
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Transverse field in each section S; Longitudinal field in each section Sj, 1

FI1GURE 2.5 — Two types of degrees of freedom

In the end we have the transverse field unknowns Ez; and longitudinal field unknowns
E37j+% alternate from one cross section to the other (Figure 2.5 and 2.6).

FIGURE 2.6 — Degrees of freedom in the
3D mesh. FIGURE 2.7 — Prismatic mesh.

2.4.3 Reinterpretation as prismatic edge elements

It is worthwhile reinterpreting the space as the result of a 3D finite element approximation
of H(rot, ) based on a prismatic mesh T3p of the cable €,

Tsp = {Px,; / K €T,j €L} suchthat Q=] Px;, (2.32)
K.,j

where the prim Py ; is defined as (note that it has only longitudinal or transverse faces,
cf. Figure 2.7)
Pr; =K x [jh,(j + 1)h]. (2.33)

The space is nothing but a space of prismatic edge elements, namely,

Vi = {Eh € H(I’Ot, Q) /V U)KJ‘ € ‘TgD7 Eh|TK,j S R}, (234)

where ® = {E = (Er, E5) / Er(-,23) € Py(R;Nap), Es(-x3) € Po(R;Py(R?)} C P,
Note that the use of edge elements on prisms has been already studied (see [15, 20]), in
regard to these works, the originality of our approach lies in the time discretization, that
will treat differently in-plane (i.e. in the plane of the sections) and out-of-plane interactions
between degrees of freedom.

2.4.4 The semi-discrete scheme and its algebraic form

The fully semi-discrete variational problem reads
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Find (ET,h7 E37h> € Vy = Vh,T X Vh,é such that for any (ET,ha E37h) € Vi,

j; s (ET’h’ ETJ“) + ks (ET:hv ET,h) +krp (ET,h, ET,h) — C3r (E&h, Enh) =0, .
2.35
5; m(E3,h> E3,h> + kr (ES,h7 E?),h) —C3r (E&m ET7h) = 0.

To write the problem in a more algebraic form, we introduce here the (infinite) vector
degrees of freedom namely (with obvious notation)

E7n Er,;
E, = = eV, = Vh,T X Vh,3 (236)
E3 n E3,j+%
where Vy, r and Vy, 3 are the Hilbert spaces
Vir = C(2,RY),  Vyz=2(Z,RY).
According to the above, it is clear that (2.35) has an equivalent algebraic form,

d*Ey,
My——— + KL E, = 0. 2.37
h™ + Ky By (2.37)
where M}, and Kj, are the mass and stiffness matrices in Vj, (their obvious and classical
definition is omitted here). According to the decomposition of Vy, between transverse and

longitudinal fields , the mass matrix My, has the following block diagonal form

M 0
Mp={ " (2.38)
0 M

and, in particular, thanks to numerical quadrature, ME (resp. M) is block diagonal by
sections with blocks of dimension N, (resp. N). On the other hand, the stiffness matrix
K can be written, according to (2.35) as

Ksnh+Krn Csrn
Ky = . (2.39)
Cirn Krn

where there are also some block decomposition’s by sections. More precisely, the global
problem can be rewritten "section by section", separating the roles of the transverse and
longitudinal fields as follows

d*Er, 1 Erj1 — Ez; Er; —Er 1
M, I L + K Ery — 7 (Mj—k% % -M;_, e . J
Cargd Byt — Cory1Bs5-1 —0 (2.40)
h ?
d°Ey 1 Erirv — o
Jts3 * T,j+1 T3 _
Mjis e Krjri Bajet — C3T,j+%f =0,

which well emphasizes how the various 'interface unknowns"' are coupled or decoupled.
Note that
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— The matrices M}, Mﬂ% and Ky ; are of dimension N, x N, : M; (resp. MJJF% )isa 2D
(vectorial) mass matrix (which is not diagonal) corresponding to the multiplication
by € (resp. by u~ ') while Kz ; is a 2D stiffness matrix corresponding to the action of
the operator rot,(u 'rotr).

— The matrices M, 1 and Kp ;.\ 1 are of dimension N x N : this corresponds to the
multiplication by ¢ while K, 1 is a 2D stiffness matrix corresponding to the action

of the operator divy(u 'Vy).

— The matrices Cyp 1 are N x N, and correspond to the action of the operator p1~ V.

*

3741 to the action of the operator —divp(p~t) .

— Their transpose corresponds C 1
2

2.5 An explicit/implicit time discretization scheme

Our method will be based on a tricky decomposition of the stiffness matrix Kj, (cf. (2.39))

A . Krn 0 Ksn Csrn
K, =K} +Kj where Kj = and Kj = . (2.41)

*
0 K T,h 3T,h

The interest of the decomposition lies in the following double observation

— Kj, is adapted to implicit time discretization because the matrix is positive and block
diagonal : for this reason it is "easy" to invert (it corresponds to a series 2D problems,
see section 2.5.2).

— Oppositely Kj, is adapted to explicit time discretization because of the presence of
the index ”"3” which corresponds to the z3 derivative : this matrix couples all the
interfaces and has no sign.

2.5.1 A hybrid implicit-explicit scheme
According to (2.41), we rewrite (2.37) as

d*Ey, . ;
th + Ki En + K Ep =0,
and propose a numerical scheme in which E;, at time t" = nAt is approximated differently
depending on the fact that it is in factor of K§ or Kj,. More precisely, and according to what
we said in the introduction of this section, we propose the following hybrid implicit-explicit
leap frog scheme, in which 6 € [0, 1] is a parameter,

Ept! — 2B + Ep!

M
h At2

+ K {Ef}y + KL E! =0, (2.42)

where {Ej }¢ corresponds to the weighted mean value
{EiYy =0 Ep + (1 —-20)Ep + 0B, 6€0,1]. (2.43)

Clearly, this scheme is a mix between the explicit leap frog scheme and the implicit -scheme
(or centered Newmark scheme). It is obviously second order accurate in At whatever 0 is.
How implicit this scheme is the subject of the next section.
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Remark 2.5.1. The above ideas already appeared in the literature in various contexts and
for different purposes. One class of works concerns locally implicit time stepping in which
different parts of the computational domain are treated differently : see for instance [}5]
or more recently [30] for fourth order schemes. In [18], [3], the objective was to treat in
a particular way the boundary condition arising from the formulation of elastodynamics
by way of potentials introduced for treating separately the two types of waves. In [29], the
objective was to treat explicitly the linear part of the model and implicitly the nonlinear
one. Here, these are the direction of space differentiation, longitudinal or transverse, which
are treated in a different manner. In some sense, except for the fact that we are dealing
with a strongly anisotropic problem, our work has some similarities with the ADI schemes
proposed by Fornberg and Lee (see [37], [38] and [28] for an analysis).

2.5.2 Computational complexity

According to the rewriting "section by section' (2.40) of the discrete problem, we can
rewrite the scheme

Ett — 2E7 . + B

+Kr,; (0 ERS' + (1— 20) Ep; + 0 By

J At?
1 E%,jﬂ - E%j E%j - E%j—l C3TJ+% Eg,jJrQ C3T,JJE J—3%

Ertl, —2E" | +E™ 1

3+ 3.J+3 3.3+ n+1 n n—1
M, 5 At22 2+KT].+;<0E3J+§+(1—29)]E 1+9E3+>
* E%-‘rl_E%
(C3T]+2 : n L =0

Looking at where the superscript n + 1 appears in the above equations, one sees that at
each time step one has to invert (this can be done in parallel) the matrices

M]’ + 0 AtQKT’j and MJ-JF% + 0 AtQKT’j+%.

This illustrates the fact that the scheme is implicit only in the transverse direction. This
corresponds to solving numerically, using appropriate finite elements,

e a series of coercive 2D vectorial curl-curl problems of the type
yroty(p 'rotru) +u=g inS, y=0At*c!>0,
e a series of coercive 2D scalar div-grad problems of the type

—ydivp(p'Vou) +u=g inS, y=0At2e">0.

2.6 Stability analysis of the fully discrete scheme

For our main theorem, we need to introduce the function oy (x7) > 0 defined by :

-1 2
2 f]R xr) ! |ug

op(X = Su
h( T) uheﬂg,h ¢]R s XT ’uhP

(2.44)
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where
]P)l,h = {Uh S CO(R> N L2<R) /V] S Z, uh|[jh,(j+1)h] S ]Pl} (245)
It is also useful to introduce the velocity of electromagnetic waves in €2
VxeQ, c¢x)= 5(x)*%u(x)*%, ¢t = sup ¢(x). (2.46)
Q

1
Theorem 2.6.1. The fully discrete scheme (2.42) is stable if 0 > 1 and

=A< —— (2.47)

with oy, defined in (2.44). The CFL condition (2.47) is in particular satisfied as soon as

ct At 40 — 1
; </ TR (2.48)

Proof. Since there is no possible ambiguity, and for the sake of simplicity, we shall use
the same notation (-, ) for inner products in Vy, 7 and Vi 3. Below, we refer to (2.36)
and the dot is systematically used for the appropriate Euclidean scalar product that may
change from one occurrence to the other :

(Uh,T,@h,T) =Y Ur; .Uz, (Uh,?n@h,?,) =) Us i1 '[Ugﬁ%,
j€L JEL (2.49)
(Um@h) = (Uh,T,[Bh,T> + (Uh,:};@h,S)-

The proof is done in three steps using an energy approach.

Step 1 : Discrete energy conservation. We use the two key (but standard) identities :
Ep = {Ex}1 — 1 (Eh+1 — 2K, + Ky 1)’ {Ento = {En}s + (Q - Z) (EhJrl —2E, + Ky 1)-

1
This allows us to rewrite our scheme as a perturbation of the Zseheme.

Eptt —2Ep + Ep?

Mh(At) At2

+ Ky, {Eﬁ}% =0,

where we have set

. At? . 1 .
Mu(Af) = Mj,(Af) — == Kj, and M (Af) := My + (6 - 1) APKL (2.50)

n+l Enfl
Taking the scalar product (in Vy, := Vi, 7 x Vy,3) of the above equation with h A7 h

we classically deduce —thanks to the symmetry of all matrices— the conservation of the
discrete energy

ntl 1 Ept! —Ep Ept' —Efp Ext' + Ep\ Ept' +Ep
S ::2[<Mh(At) hAt h hAt h>+<Kh( h 2+ h>’ h 2+ hﬂ

Step 2 : Derivation of the sufficient stability condition (2.47).
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1
This will be simply obtained from showing the positivity of the discrete energy EEJFQ, that
amounts to the positivity of the modified mass matrix M, (At). The idea is first to ensure

, 1
the positivity of My (At) only choosing adequately 6 (typically 6 > Z) then to control

At K§, by playing with At. As we are going to see this can be done by imposing to At a
lower bound that only sees the longitudinal space step h.

1
To be more precise, assuming 6 > 7 we first obtain a lower bound of the quadratic form

associated with M, (At). Recalling that

M. 0 , Krn 0
M, = .| and K} = ;
0 M 0 Krn

we drop, in the expression of Mj (At), the positive blocks associated with M, and (6 —
1
Z>KT7h, one deduces that for any Uy, € Vy,,
. 1
(M}, (At Uy, Un) > (M, Ur, U ) + (60— 1) A (KrpUsn, Usn), (2.51)

where we draw again the attention of the reader to the fact that, according to (2.49) and
depending on the context, the notation (-,-) is the scalar product in Vy, Vi, 7 and Vy, 3.
We now obtain an upper bound for the quadratic form associated with Kj,. For this, we
first remark that inequality (2.10) results in

1 1
(C3T,hU3,h7UT,h> = (Ug,h, C?;T,hUT,h) < (KT,hUg,h,U3,h)2 (KS,h[Uh,TaUhI)Qa (2.52)
so that, from the block decomposition (2.41) of Kj,, one deduces the inequality

| (KiUm Uh)| < <K3,hUh,T, Uh,T) +2 <KT,hU3,h, US,h) : (K:s,hUh,T, Uh,T) %'

Finally, in order to exploit (2.51), we control the matrix K5 with the help of the mass
matrix M{. that appears in the lower bound (2.51). This is where the longitudinal space
step h will appear via the function ay,.More precisely, let Uy, r € V), 1 be associated to the
vector Uy r € Vi 7, by definition of K3y

(K3,hUh,T7Uh,T) =ks(Upr,Upr) = / M71|33Uh,T|2-
Q

Using the Fubini theorem and Uy r = (U1, Uy 2), we get

(K3,hUh,T7Uh,T> = / (/ Mfl(XT7$3)(|53Uh,1(XT,$3)\2 + |83Uh,2(XT>x3)’2) d%)dXT-
s \Jr

Then, by definition (2.44) of the function «y, and since, for fixed xp, each function
Up1(x7,-) and Uy, 1 (x7, ) belongs to Py by definition (2.13) of Vj, 7, we have

(Kg,hUh,T,Uh,T) < /SOZh(XT)<§£

5(XT7 1’3)<|Uh,1(XT7 $3)\2 + |Uh,2(XT> $3)|2) d$3)dXT,
R

so that, referring to the Fubini-like formula (2.21) and the definition of my, (see (2.9, 2.18)),
we get

(KS,hUh,TaUh,T) < lanloo mp(Up1, Up 1) = |lan|loo (MEUh,%Uh,T) (2.53)
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Finally, joining (2.51) and (2.53) to definition (2.50) of Mj(At), we obtain

Atz) X2 — lan]los A2t2xy+ (6- i) APY?,

(2.54)

(Mn(A8) Un, Un) 2 ¢(X,Y) = (1 [laall =

1 1

where we have set X = (M:}C Un, 7, [Uhj)E and Y = (K’ﬂh[Ug,h, U&h)g.

The stability condition (2.47) is finally obtained by writing that the quadratic ¢(X,Y)
form is positive.

Step 3 : Derivation of the sufficient stability condition (2.48).

With respect to (2.47), (2.48) is a (slightly) stronger but more explicit (thus more useful)
sufficient stability condition. It is a direct consequence of the upper bound

This estimate is a straightforward consequence of the definition of the weighted quadrature
formula (2.22). Indeed, for any u;, € P, and by definition of ¢*

[ nteoxa) i < & [ sl
R R

However, since uj, is piecewise constant, we have, with u; := uy,(jh) and by definition (2.20)
of ¢; +1
i1 — Uy [?

h

[ RS o

jez
By |uj1 — uy]* <2 (|Uj+1|2 + |Uj|2>7 we deduce,
_ 42 lus)? + |ujq|? 42
[ty < 25 ey (M) =S5 et
R jez R

by definition of the 1D quadrature formula (2.22). [

2.7 Numerical experiments

2.7.1 The data of the problem

We have chosen to treat two examples : the first one is the case of a cylindrical cable Q
with a circular section S, and the second one is the case of a cable 2 with a non-circular
section S. More precisely :

Q=5x[0,12], and Q=5 x[0,12].
With S = F(S), where

~

S={(z,2) /1< (a2 +22)2 <25}, (2.55)
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FIGURE 2.8 — Left : the circular section S, right : the section S. Each color corresponds
to a different material.

and F' is the 2D transform defined by

1 T

Flar,29) = [xl, (2m+1> :cg]. (2.56)

The numerical computations are done in the portion of cable 0 < z3 < 12. For simplicity,
periodic boundary conditions will be applied between x3 = 0 and z3 = 12.

FIGURE 2.9 — Left : the domain €2, right : the section S of the domain. Each color corres-
ponds to a different material.

Concerning the coefficients of the model, we shall treat the case where the coefficients of
the model are invariant by translation in the longitudinal direction,

e(xp,m3) =% (x7), p(xr,w3) = pu’(xr). (2.57)

The cable is however heterogeneous is the cross sections S. More precisely S is made of
three layers S = S; U Sy U S5 and inside S;, the material is homogeneous (see Figure 2.9),

(°(xr), 1 (x1)) = (g5,115), n ;. (2.58)

In our numerical experiments we shall take (g1, 1) = (2, 1), (2, o) = (1,2) and (e3, u3) =

D=

(2,1), so that the velocity of electromagnetic waves, ¢(x) = (ep)(x)"2 is
c(x)=1/vV2 in Q=5 xR, i=123. (2.59)

We also take initial conditions that are localized near x3 = 6. More precisely, we suppose
that Ho(xr,z3) = 0 and

Eo(xr,73) := &(x3) Vrp(xr), E(vs)=e ™ 707, (2.60)
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where p(x7) is the solution of

divy (" Vrp) =0 in S,
1

on I,

2
=20 on ',

The time interval for the numerical experiments will be [0, T] with 7" = 6.75 so that, taking
into account (2.59), implies that the waves will not reach the transverse boundaries x3 = 0
and x3 = 12 before the final time 7" : in other words, the periodic boundary conditions in
x3 will not play any role.

2.7.2 Discretization parameters

Data for the transverse discretization. The mesh of the cross section will be a trian-
gular mesh represented in Figure 2.8.

Data for the longitudinal discretization. The longitudinal step size h will be taken
h = 0.06 which is well adapted to the discretization of the Gaussian & (z3) (see (2.60)).

Data for the time discretization. The choice of At will be constrained by the 3D
condition (2.48). We shall take § = 1/3, in which case (2.48) gives :

Cc

+g<
n o=

N

In practice we shall choose At = 0.95 h/(2 ¢").
Concerning the conductivity, we shall consider two scenarios :

— without any conductivity (non conductive case.) : 0 = 0,

— with conductivity (conductive case.) : o = 0.5.

2.7.3 Numerical results
Example 1 : The cable with circular sections.

In this numerical test we shall use the domain Q = S x [0,12] (See Figure 2.8).

In the next four pages we represent the results of two numerical experiments via the norm
|E7| of the transverse field and the longitudinal one E3 : more precisely we represent color
levels of these functions on both interior and exterior boundaries of the cable.

The figures 2.10 (transverse field) and 2.11 (longitudinal field) concern the non conduc-
tive case and figures 2.12 (transverse field) and 2.13 (longitudinal field) the conductive case.
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e The non conductive case.

0.05 0.05 0.05
[ 1.0e-117 [ 1.0e-117 [ 1.0e-117

T =0.75 T7'=15 T =225

2.8e-01

K 0.25
—02
—0.15
—0.1

[ 0.05
1.0e-117

0.05 0.05
[I.Ue-l'l7 I:I.De-l'l7

T=3 T =3.75 T =45

rox” Fox”
—02 —02
—0.15 —0.15
—0.1 —0.1
0.05 0.05
[I.De-l'l7 [I.Ue-l'l7
T =5.25 T =6 T =6.75

FIGURE 2.10 — The norm of the transverse field |Er|.
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T =0.75 T =225

T=3 T =3.75

T =15.25 T=6 T =6.75
FI1GURE 2.11 — The propagation of Ej.
Comment : We essentially observe the propagation of the wave in the longitudinal di-

rection (even though the transverse propagation is also taken into account, but not really
visible because of our choice of initial condition).
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e The conductive case.

[ 0.05 [ 0.05
1.0e-117 1.0e-117

T =0.75 T =225

[ 2.8e-01 [ 2.8e-01 r 2.8e-01
0.25 0.25 =025
—02 —02 —02
—0.15 —0.15 —0.15
—0.1 —0.1 —0.1
0.05 0.05 0.05
[ 1.0e-117 [ 1.0e-117 [ 1.0e-117
T=3 T =3.75 T =45

2.8e-01

| B 0.25

2.8e-01

| B 0.25

[Ryet [Ryet [RyetS
T =525 T =6 T =6.75

FIGURE 2.12 — The norm of the transverse field |Er|.
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T =0.75 T =225

T=3 T =3.75

T =5.25 T=6 T =6.75
F1GURE 2.13 — The propagation of Ej.
Comment : The comparison of figures 2.12 and 2.13 with figures 2.10 and 2.11 emphasizes,

in addition to a pure damping effect visible on the amplituce of the wave, the influence of
the presence of the conductivity on the shape (wave form) of the propagating wave.
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Example 2 : The cable with non-circular sections.

In this numerical test we shall use the domain 2 = S x [0, 12] (See Figure 2.8).

Again, in the next four pages we represent the results of two numerical experiments : figures
2.14 (transverse field) and 2.15 (longitudinal field) concern the non conductive case, figures
2.16 (transverse field) and 2.17 (longitudinal field) concern the conductive case.

e The non conductive case.

2.8e-01

[ B 0.25
—02
—0.15
—0.1

[ 0.05
1.0e-117

2.8e-01

[ I 0.25

—02
—0.15
—0.1

[ 0.05
1.0e-117

2.8e-01

[ I 0.25

—02
—0.15
—0.1

[ 0.05
1.0e-117

T =0.75

I 0.05 [ 0.05
1.0e-117 1.0e-117

L oo
T =525 T = T =6.75

FIGURE 2.14 — The norm of the transverse field |Er|.
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—2.1e-02

0.01

0

-0.01
-2.1e-02

—2.1e-02

0.01

0

-0.01
-2.1e-02

—2.1e-02

0.01

0

-0.01
-2.1e-02

T =0.75 T =225

T =375

—2.1e-02

0.01
0

-0.01
-2.1e-02

—2.1e-02 —2.1e-02
0.01 0.01
E?u.m F?D.O'I
T =5.25 T=6 T =6.75
FI1GURE 2.15 — The propagation of Fjs.
Comment : The comparison of the above figures and figures 2.12 and 2.13 clearly empha-

sizes the influence of the geometry of the cross section of the cable on the spatial repartition
of the electric field.
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e The conductive case.

T =0.75

[ 0.05
1.0e-117

2.8e-01
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—02
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FIGURE 2.16 — The norm of the transverse field |Er|.
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T =0.75

T =5.25

|

—2.1e-02

0.01

0

-0.01
-2.1e-02

—2.1e-02

0.01
0

-0.01
-2.1e-02

—2.1e-02

0.01

0

-0.01
-2.1e-02

2.1e-02

0.01
0

-0.01
-2.1e-02

T =225

T =375

—2.1e-02

0.01

0

-0.01
-2.1e-02

—2.1e-02

T=6 T =6.75

FIGURE 2.17 — The propagation of Fjs.
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2.8 Conclusion

We have presented a hybrid explicit-implicit temporal discretization combined with a spa-
tial discretization of the 3D Maxwell equation based on edge elements on prisms. Note
that, since we have shown that our scheme is unconditionally stable with respect to the
transverse step size hr, by employing scaling with respect to the transverse coordinates,
one can use the same approach to solve the 3D model in a thin cylindrical coaxial cable.
As a result, this approach can be used to validate a 1D limit model that is obtained by an
asymptotic analysis applied the the 3D Maxwell’s equations. This is the object of the next
two chapters.
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3.1 Introduction

In the previous chapter, we have proposed a new efficient numerical method to solve the 3D
Maxwell’s equations in cylindrical coaxial cables. However, almost all cables are thin, i.e.
their transverse dimensions are proportional to a small parameter § < 1. Using a scaling
with respect to transverse coordinates our method can be used to solve the 3D model in
this configuration. In the other hand, another interesting approach consists in deriving a
1D limit model, called the "the telegrapher limit model", that leads to a good approxima-
tion of the solution of our 3D problem, as it has been done in [34] first, and in a more
general context in G. Beck Thesis [10]. As a matter of fact, the telegrapher’s equations can
be found in classical textbooks in electromagnetics [17, 46]. They are justified in the case
where the cable is cylindrical has a homogeneous cross section via a modal expansion of
the electromagnetic field (see also [21] for a more mathematical presentation). In the case
of heterogeneous and varying cross-section, in the possible presence of losses, the telegra-
pher’s equation can be derived and generalized by an asymptotic analysis as in [34] (see
also [22] for an alternative, modal-like, approach). It is also worthwhile mentioning that
such models can be extended to the multi-conductors case : see [44, 47, 48] in the electro-
magnetism literature or [12] for a more rigorous approach. Although this type model has
been justified from a mathematical point of view by error estimates (in particular when the
cable has cylindrical geometry, see [33] and [10]), to the best of our knowledge, there is no
existing quantitative numerical comparison between 1D model and 3D Maxwell’s theory.

43



Chapter 3. The 1D telegrapher limit model and 3D /1D comparison 44

This is the subject of this chapter, in which we will propose a numerical method to solve
this 1D limit model and we will validate this 1D model in the case of a cylindrical coaxial
cable using 1D /3D comparisons.

This chapter is organized as follows :

We start by presenting briefly (and reminding the formal derivation for the sake of comple-
teness) the "1D" limit model in Section 3.2. Then, we describe in Section 3.3, the method
used for the discretization of this 1D model, particularly in the conductive case which in-
volves the appearance of non-local operators in time. Finally, Section 3.4 is dedicated to
the validation tests via 3D /1D numerical comparisons.

3.2 Recap about the "1D" limit model

The asymptotic analysis of thin co-axial cables with respect to the small thickness of the
cable has been led in [34, 33| (see also [10, 12, 13] for extensions and more elaborated
models). What follows is mainly extracted from [34]. Roughly speaking, the 1D model is
obtained from a rigorous asymptotic analysis of a family of domains parametrized by a
strictly positive scalar 6 > 0, which are defined as the result of a transverse scaling of a
reference cable €2. More precisely we introduce

Q0 = 95(9)7

where Gs is the transformation Gs : (21,22, 23) — (0x1, 029, x3). Accordingly, for each
§ > 0, we consider (£, u°,0%), defined in Q°, respectively the permittivity, permeability
and conductivity of the cable Q° obtained from the ones for the reference cable Q by a
simple mapping, namely,

1) -1 1) -1 1) -1
5280957 ,LL:/ULOS(;, 0200967

and we consider the family of problems, with unknown E°(x,t) : Q° x RT — R3,
COE+0°E -~V xH =0, in Q° xR,
O HY +V x E° =0, in Q° x RT, (3.1)
E’xn=0, on 99° x R,
completed with the initial conditions
E°(-,0)=E), H’(-,0)=H), E):=E;o0G;', H):=HjoG;" (3.2)

In order to state our asymptotic result, we first rescale the fields in the fixed domain €2
setting B -
E'(x,t) :== E°(Gsx,t), H°(x,t) := H(Gsx,t), Vxe€Q, (3.3)

and it is useful to introduce a cut X of the cross S, namely a line ¥ C  that joins the
interior boundary I'; to the exterior boundary I, in such a way that the open set 2\ I is
simply connected. We then define accordingly,

HY(S) = H'(S\Y) and Hy(Q) = {uec HL(S) / /Su dxr =0} (3.4)
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In what follows, [u] . denotes the jump of u across ¥ (properly defined in [34], Section 3.1).

Then, one can show (see for instance ([33], [10] and [32] in a more general context) that, if
the initial data are well-prepared, (cf. (3.12) and remark 3.2.1)

t

E’(x, 1) ol E°(x,t) := V(xs,t) Vi (X7, 23) —i—/ V(zs, t — s) Vo (X7, 23, 5) ds,
0

ﬁé(x7 t) 5::0 EO(X7 t) = I(.ﬁﬂg,t) VT ¢m<XT7 .’13'3),

(3.5)
where, in the formulas (3.5),

(i) the potentials @.(-,x3) € HE(S) and ¢ (-, 23) € Hu(S) are defined for each s
that plays the role of a parameter, as the solutions of the following boundary value
problems (see the comments below for more details and subtleties concerning 1,,),

divT(e(-,xg) Vel mg)) =0 in (), diVT(,U('; x3) Vr wm(',xy,)) =0 in Q\ X,

(106('7x3) =1 on Fi, an¢m(ax3) =0 on 85,

Ye(+,23) =0 on I, {Q/Jm(-,asg)]zzl, [8nwm(-,x3)}2 =0 across X,
(3.6)

(ii) the functions @, (-, x3,-) : S x R" are defined for each z3 by the formula,
O+ 23,1) = e tAE) o (- x5) € COO(R+,H3(S)), (3.7)

where A(x3) € £ (H& (S )) is the bounded positive definite symmetric operator defined
by

u:=A(r3)v <= u€ Hy(S)and diVT<6(-,x3)VT u) = divT<a(-,x3)VT v) in S.
(3.8)
and where ¢,.(-, 23) == —A(z3)p. € Hy(S).

(iii) The voltage V (z3,t) and the current I(zs,t) are solution of the generalized telegra-
pher’s equation (this is the 1D limit model)

t
C(x3) 0V (z3,t) + G(x3) V (23, 1) + 031 (73,1) + / k(xs,t —s)V(xs,s)ds =0,
0
L(Ig) 8tl(x3,t) + 83‘/(:63, t) = 0,

(3.9)
where the effective coefficients C'(x3) > 0, G(x3) > 0 and L(x3) > 0 are given by

Clas) = [ elorv0) [V gl ) dx,
S

Glas) = / o (1, 7) [V 0o (37, 25)| (3.10)
S

L(zs) = /SM(XT,QS?)) Vo (X7, 3) |* dxr,

and the kernel k(x,t) is given by

k(xs,t) = / o(x7,x3) Vr op (X1, 3,1) - V1 0o (X7, T3). (3.11)
S

3
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By well-prepared data we mean that,

E{(x7, 73) = Vo(23)Vr e (x1, 73) + O(6),
(3.12)
H) (x7, 73) = Io(23) V7 Y (x7, 73) + O(0),

and complete the generalized telegrapher’s equation (3.9) with the initial conditions
V(xs,0) = Vo(z3) and  I(x3,0) = Io(xs). (3.13)

Remark 3.2.1 (Well prepared data). The reconstruction formulas given in (3.5) corres-
pond to well prepared initial conditions (3.12). It is also possible to consider general initial
data, i.e.

Eg(XT, Ig) = %(ﬁg)vT QOe(XT, Ig) + ES,T + O((S),

Hy(xr, 3) = Lo(23) Vi tm (X7, 23) + Hyy 7+ O(9), (3.14)
where (ES,T, HS,T) are purely transverse fields that must satisfy for each xs,
rotrBg p(+,v3) =0, in Q, roty Hy 1 ( x3) = 0, in Q,
{ Eo (- 23) X np =0, on 0%, { (-, 23) - = 0, on 0Q. (3.15)

In that case, the asymptotic formula (3.5) is still valid up to the addition of a quasi-static
field that is not propagating. In particular, if the initial data have a compact support, these
quasi-static fields vanish outside this support which means that (3.5) is still valid outside
this support.

The above asymptotic results and formulas deserve the following comments :

(a) In all above formulas, 9, (-, z3) being discontinuous across ¥, Vg ¢, (-, 23) € L*(S)?
has to be understood in the sense of D'(Syx). Let us emphasize that, if ¢,,(-, x3)
depends of course on the choice of the ¥, V,(-,23) does not! (see for instance
[34], formula (33)).

(b) In the limit § — 0, (3.5) shows that the longitudinal fields ES and HY vanish. In other
words the limit fields are transversely polarized. Moreover, the formula point out the
existence of a kind of asymptotic separation of variables between longitudinal and
transverse variable. In particular, the time dependency of the limit fields is entirely
contained in the 1D (in space) functions V(x3,t) and I(x3,t).

(c) Tt is remarkable that the presence of the conductivity o induces the apparition of non
local effects in time through the presence of the time convolution term appearing in
the first equation of (3.9). On the other hand, when ¢ = 0, (3.9) is nothing but a 1D
wave equation with variable coefficients.

(d) The well posedness and stability of the evolution are ensured by the following posi-
tivity property (see Lemma 5.2 in [34]), valid for any 7' > 0 and any ¢ € L} (R")

G(z )/ |2dt+/ / (z3,t — 5)E(s)E(t) dsdt > 0. (3.16)
(e) We notice that from definition (3.5) of the limit field E°(x,t) = E}(x,t), one has

V(s t) = Clzs)"! / (s 23) B3, 8) - Vi e 1) ey
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3.3. Numerical resolution of the telegrapher’s equations

because, from definition (3.6) of ¢, and form the fact that o,(-,t) € Hy(S), it follows
that

V> 07 /8(',$3) VT @T(’)x&t) ' vT SOC(.7’I3) dXT =0.
S

This suggests to define a 1D voltage V°(x3,t) for the 3D problem as

V(g 1) = Cg) ") /Sg(.,xg) BS (- 2.t) - Vigo(ws) dxr. (3.17)

3.3 Numerical resolution of the telegrapher’s equa-

tions

Even though this question is not the main purpose of the present chapter, the main lines
of the approach deserve to be explained. These consist of three phases :

(I) Precomputation of the coefficients of the model

It is a preliminary step that only consists in solving 2D problems in the cross section S :

e Numerical computation of the potentials (e, ¥,,) and the coefficients C(z3), G(x3)

and L(x3).

The potentials (e(-, 23), ¥m(-, x3)) are first approximated thanks to a IP; finite-
elements approximation of the boundary value problems (3.6) with a triangular mesh
of the cross section S with step size hy (this mesh "respects' the cut X), producing

(Pehp (5 23), Yinpp (- 23)) € Vony X Vz,hm

where Vj 1., and Vs 5., are the respective Galerkin approximation subspaces for Hg (S)x
H(S). Then C(x3), L(z3) and L(z3) are approximated, according to (3.10), by

Qﬂm:/dmmHW%memwm,
S

G (5) = / o (5, 23) [V o (1 23) 2 e, (3.18)
S

Linee) = [ o 20) (V2 buny G 20)

s

Note that, from well known properties of conforming Galerkin methods one has
Chr(ws) =2 C(x3),  Ghp(w3) 2 G(x3), Ly (x3) =2 L(s). (3.19)

Numerical approximation of the function ¢, and kernel k(z3,t).

One first realizes a finite dimensional approximation of the operator A(z3) via a Py
finite-elements approximation (using the same mesh as above) of (3.8). This produces

Ay, (x3) € L(VO,hT)7
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which is easily proven to be uniformly bounded with respect to hr. Then, for each x5,
or(+,23) = @r(x7,x3,t) is approximated by the solution ¢, (-, t,x3) of the ordinary
differential equation

d@?ﬁhT(" x3)

dt + AhT(xii) QOTJLT('J I3) =0, ¢T,hT('7 L3, 0) - _AhT<x3)§0€7hT('= I3)'

That is consistent with the expression (3.7). The above differential system is not stiff
and can thus be efficiently solved numerically with any ODE solver (Euler, Crank-
Nicolson, Runge-Kutta, ...). Finally, the convolution kernel k(z3) is approximated,
consistently with (3.11), by

khT ($3, t) = / O’(XT, $3) VT Pr.hr (XT, xs3, t) . VT Pe,hr (XT, $3) dXT. (320)
S

(IT) Resolution of the 1D evolution problem

The semi-discretization in space does not pose any particular problem : it can be done,
for instance, using 1D mixed finite elements (for instance continuous Py for V' (cf. (2.45))
and discontinuous Py for I) and mass lumping with a uniform mesh of step size h. The
resulting algebraic problem takes the form

v t
Moy, o 4 Moy Vi + Dy Ty + / Ky (t — 5) Va(s) ds = 0,
t 0 (3.21)
L,
Mm7h E - Dth - O,

where Vy,(t) = (Vj(t)> is the vector of degrees of freedom at time ¢ for the semi-discrete

voltage Vi, (t) € H'(R) (the nodal values at the points jh), In(t) = (Ij+%(t)> is the vector

of degrees of freedom at time ¢t for the current Iy,(t) € H'(R) (namely the mean values in
the intervals [jh, (j + 1)h]) and

o M.y = diag(me,j) >0, Mcy, = diag(mc,j) >0 and M, = diag(mm7j+%) > 0 are
diagonal mass (like) matrices (divided by h for homogeneity) with

‘ . o1
Mej = ChT(jh')7 Me,j = ChT(-]h’)7 mm,j-i—% = ChT((] + i)h)

o Ky(t) = diag(/fj (t)) is for each t a diagonal matrix with (see (3.20))

k_](t) = /O-(XT7jh) vT (;OT,hT(Xijhat> : vT Qpe,hT(Xijh) dXT-
S

e D), is a rectangular matrix that represents a discrete differentiation operator in x3
for the current (as well as —Dj, for the voltage).

Concerning the time discretization, it is natural to use a leap-frog (or Stormer-Verlet)
scheme with a constant time step and a staggered grid. The only non-standard part is the
way one discretizes the convolution involving Ky, (t). With obvious notation, the resulting
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(purely explicit) scheme reads

n+1 n n+1 n n m+1 m
_V na L
M, oYy, Yo YR +Vh+DhHh+2+ZKﬁ*m i S V)
SN Ty P 2
1 1
]ITH_E B Hn_i * N
Mm’h hT — Dth == O7

(3.22)
where the unknowns in the above system are

Vi is the vector of degrees of freedom of V;* € H*(R), approximation of V4, (t"),
1 a1
]Iﬁ+2 is the vector of degrees of freedom of ]h+2 € L*(R), approximation of Ih(t"J“%),

and where the matrix K} is defined as follows

1 At At
K} = diag(k?), K = AP / / ke(jh,r — s + pAt) ds dr. (3.23)
0 0

The theoretical interest of choosing Kj, as defined by (3.23) is clarified by the following
lemma, which provides a discrete counter-part to the positivity property (3.16).

Lemma 3.3.1. For any j € Z and any real sequence £",n € N, one has the (discrete)
positivity property

G(jh) Z €% At +Z Z KT e A > 0. (3.24)
n=0 m=0

Proof. Let w; be the P; hat function associated to the node jh, we introduce fjm(t)
defined by

¢A(t) = §m+12 & fort € [t and 0 <m <n, EM(t) =0if t > t,.
Then, one can compute directly that
G(jh) Zy§”|2 At +Z Z ke Em AL? =
. OT;“ O Tt
Gt [P+ [ [ kGne— 96 €0 dsar >0,
and one concludes with (3.16). |

Using Lemma 3.3.1 and standard energy techniques, it is easy to prove the stability result
below.

Theorem 3.3.2. The numerical scheme (3.22) is L*-stable under the sufficient CFL condi-
tion

At 1
CZT > <1, C;T = su% Chp(23),  cnp(r3) = Chp(x3) 2 Ly, (23)7 2, (3.25)
T3€

where the function c,(x3) satisfies the uniform (in x3) convergence property (see also

(3.19))

chy(23) < eip(3), thiI_I)lo cny(23) = cip(x3), cip(x3) == C(l’a)_%L(x:s)_

D=
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Remark 3.3.3 (Comparison with the 3D stability condition). According to Theorem 3.3.2,
an asymptotically optimal (when hy — 0) sufficient CFL condition is

At
cip — <1, clp:= sup cip(ws). (3.26)
h z3€ER

In order to compare with the CFL condition (2.48) for the 3D problem, we need to compare
cip with ¢*. However, it is shown in [3/] that

Vas €R, c¢ip(xs) < sup c(xr,x3), which implies ¢y < c*.
XT€E

This shows that the 3D CFL condition (2.48) is more restrictive than the 1D condition
(3.26). Indeed, if (2.48) holds,

+
Cip 7~ = Cy

<L
h

At At 40 — 1
— <
h — 46

(ITI) Reconstruction of the 3D electric field

Once the discrete voltage V;"(x3) is computed, according to (3.5), one can reconstruct the
(rescaled) 3D electric field at time as the Py-interpolant of the following transverse fields,
defined for each 7, using a discrete convolution formula consistent with the one appearing
in (3.22), namely,

Sl ng; oy s VI (R) + V(R
E}(xr, jh) = V' (jh) Voe(xr, jh) + D ( )2 )

m=0

VT QOT(XT, jh, tn — tm) At
(3.27)

3.4 Comparison between 3D and 1D calculations

In this section, we present numerical results aiming at illustrating, and even more quan-
tifying, the asymptotic analysis presented in Section 3.2. This will be done by solving
problem (3.1) for several values of ¢ using the numerical method presented in Chapter
2, thus with the second-order formulation (see (2.5) or equivalently (2.8)). Even more, to
allow for a comparison between values of ¢, we shall compute the rescaled field (cf. (3.3))
that has the advantage to be defined in the reference geometry, as well as the asymptotic
electric field appearing in (3.5). The only difference with respect to (2.8) is the apparition
of d-dependent terms in the equations through the simple substitution

roty — 6 ' rotp, roty — d 'roty, divp — 6 'divpy, Vp =0 Vrp,

which has no incidence on the numerical method of Chapter 2.

3.4.1 The data of the problem

We have chosen to treat a cable whose geometry has no circular symmetry. This geometry
is represented in Figure 3.1. The diameter of S is 4 and its intersection with the half-plane
x1 > 0 "coincides" with a circular annulus. More precisely :

SO {xy >0} ={(x1,22) /21 > 0and 1 < (22 +22)2 <2} (3.28)
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3.4. Comparison between 3D and 1D calculations

As the cut for the computation of the potential v, (cf. (3.6)), we shall take the segment

s = [1,2] x {o}. (3.29)

The numerical computations are done in the portion 0 < x3 < 10 of the cable. For simpli-
city, periodic boundary conditions will be applied between x3 = 0 and x3 = 10.

FIGURE 3.1 — Left : the domain €2, right : the section S of the domain. Each color corres-
ponds to a different material.

Concerning the coefficients of the model, we shall treat two cases

— The unperturbed case. This corresponds to the case where the coefficients of the model

are invariant by translation in the longitudinal direction,

e(xp,w3) = ' (x7), p(xr,r3) = p’(x7), o(xr,23) = 0"(x7). (3.30)

The cable is however heterogeneous in the cross sections S. More precisely, S is made
of two layers S = S;US, and inside S;, the material is homogeneous (see Figure 3.1),

(£°Ger), 10(x1), 0 (xx) ) = (g5, 15, 05)  in 5. (3.31)

and (eq, 12) = (1,1) so

1S

In our numerical experiments, we shall take (g1, 1) = (2,2

D= SN—"

that the velocity of electromagnetic waves, c¢(x) = (ep)(x)

1
c(x)=c = 5 in Q=85 xR, ¢x)=c=11in 0y := 5 xR. (3.32)

Concerning the conductivity, we shall consider two scenarios :

— without any conductivity (non conductive case.) : 01 = g9 =0,

— with conductivity in Qy (conductive case.) : 01 =0, g9 = 0.5.

The perturbed case. In this case, the translational invariance is broken because the
coefficients may vary locally in z3 near x3 = 6. This can be reinterpreted as a localized
damage of the cable. We take,

e(xr,x3) = *(x7) (1 —l—p(xg)), and the same for p(xr,z3) and o(x7, x3). (3.33)

where p is a very localized Gaussian, supported in practice in [5.75,6.25] (see Figure
3.2),
plas) = me 30N (@—6)* (3.34)
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FIGURE 3.2 — The functions &(x3) (left) and p(x3) (right).

We also take initial conditions that are localized near x3 = 5 and are well prepared with
respect to the expected asymptotic result (3.5). More precisely, Hy(x7, z3) = 0 and

Eo(xp,23) = E(23) Vr pe(xr, 23), E(x3) = e (@75 (3.35)

In practice, the initial data are supported in [4,6] and will generate longitudinal waves
with a wavelength A ~ 1. The time interval for the numerical experiments will be [0, T
with 7' = 4 so that, taking into account (3.32), this implies that the waves will not reach
the transverse boundaries z3 = 0 and x3 = 10 before the final time 71" : in other words, the
periodic boundary conditions in x3 will not play any role.

Note that the initial field is transversely polarized. However, due to the heterogeneity of the
cable, it will not remain transversely polarized during the time (even in the unperturbed
case, separation of variable does not work for Maxwell’s equations) as the numerical results
will illustrate. Note also that, because of (3.6), div(e Eq) = 0.

3.4.2 Discretization parameters

Data for the transverse discretization. The mesh of the cross section will be a trian-
gular mesh represented in Figure 3.1. In particular, there are 20 mesh points along the cut
> and the typical diameter of each triangle in the mesh is

hr ~ 0.05.

This mesh is used for the 2D transverse problems (3.6,3.7,3.8) for computing the potentials
(pe, Ym, pr) and the coefficients (C, G, L) but also for the 3D computations. Because of the
specific form of the coefficients (e, u, o) for the perturbed case, see (3.33), the potentials
(es Ym, @r) coincide with the xs-independent potentials (2,42 | ¢°) for the unperturbed
case,

Pel x3) = 902(')7 U (-, x3) = ¢2@()7 or(-x3) = 902('7t)'
Thus, only (¢?, %2, ") need to be computed numerically. Accordingly, with obvious nota-
tion,
C(x3) = (1 +p(:v3)> C°,  (the same for G(x3), L(x3), k(xs,1)).
Data for the longitudinal discretization. The longitudinal step size h will be taken as

1
h = T which is well adapted to the discretization of the Gaussian € (z3) (see again Figure
3.2).

This longitudinal mesh will be used for the discretization of the 1D problem (3.22) (cf.
(3.9)) but also for the 3D computations.
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Data for the time discretization. For facilitating the comparison between the 1D and
3D results, we shall use the same time step At for both 1D and 3D computations. According
to Remark 3.3.3, the choice of At will be constrained by the 3D condition (2.48). For the

1 At 1
3D calculations, we shall take 6 = 3 in which case (2.48) gives : c+7 < 3 In practice
we shall choose At = 0.95 L
2ct

3.4.3 Numerical results

The potentials (©°, 2, %)

We present in Figure 3.3 the computed potentials ¢, and ,,. The right picture shows
at the same time the level lines of ¢, (which are "parallel' to the boundaries) and the

ones of 1, (which intersect the boundaries). This illustrates that (gpe(a:l, x9), U (21, x2))
generalizes polar coordinates inside S.

100120
luv
Los

o7
L.
Ius
o
"
qu
o

i

FIGURE 3.3 — Potentials ¢, (left) and 1), (center), associated isolines (right).

Figure 3.4 represents, via color levels, the evolution of ¢,(t). We observe that ¢, (t) tends
to 0 when ¢ — 400, as expected from its definition (3.7) and the strict positivity of the
operator A(z3) = A.

FIGURE 3.4 — Propagation of the ¢,(t) field at t; = 0, ty = 2.43, t3 = 3.47 and t4 = 4.

Finally, we show in Figure 3.5 the convolution kernel k(t), which is negative (as proven in
[34], Lemma 5.2) and tends also to 0 for large ¢.
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FIGURE 3.5 — The convolution kernel k(t).

3D / 1D comparisons in the unperturbed case.

The non conductive case.

(a) Comparisons of voltages (in 1D). In Figure 3.6, we compare the evolution of the 1D
(limit) voltage V' (x3,t) issued from the numerical resolution of the 1D limit model (3.9),
to the 1D voltage V?°(z3,t) for the 3D problem, defined by (3.17) and obtained by post-
processing the 3D solution EJ..

0.6 0.6 0.6

Vo with 5=0.1
_v v
05 05 05

V2 with 5=0.001
-V
0.4 04 04
03 03 03

0.2 0.2 0.2

0.1 0.1 0.1

-0.1 . . : . -0.1 . . . : -0.1

FIGURE 3.6 — The voltages V° and V at t = 4.

More precisely, we compare the above functions in space at the final time T" = 4 for
decreasing from 1 to 1073, The limit solution V' (z3, T) is in red while V?°(z3, T) is in blue.
The numerical results confirm the convergence of V°(x3,t) towards V (xs,t). We observe
that V and V? already almost coincide for 6 = 0.1. This corresponds to a cable diameter
equal to 0.4, to be compared to the length of the support (in z3) of the initial condition,
which is about 1 according to Figure 3.2.
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(b) Comparison of the electric fields in 3D. We now compare, still at the final time 7' = 4,
the norm of the electric field for § > 0 with its limit value. In Figure 3.7, we represent |EJ|
on the boundary 9 of the reference cable for § = 1 and § = 107 and J = 0. We observe
that the result obtained with § = 10™% cannot be distinguished from the one obtained with
the limit model while a substantial difference exists for 6 = 1. In Figure 3.8, we make the

Los
™

Lois Lo Lois
o 01 a
005 005 a5
12099 12099 12099

FIGURE 3.7 — Left |E}| with § = 1, Center |ES| with 6 = 1072, Right |EY| at ¢t = 4.

same comparison in the cross section 3 = 2.71, which roughly corresponds to the position
of the wave at time T' = 4 (see Figure 3.6). Again we observe that the results are very close
for 6 = 1072 and § = 0, themselves quite different from the result obtained for § =1 .

FIGURE 3.8 — Left |[ES| with § = 1, Center |EJ| with 6 = 1073, Right |ES| for 23 = 2.71
and ¢t = 4.

Finally, in order to test the asymptotic transverse polarization of the electric field, we re-
present in Figure 3.9, again along 02 at time T' = 4, the longitudinal electric field E;f . Let
us draw the attention of the reader to the fact that the color scale is quite different from
the ones in Figures 3.7 and 3.8. We observe that, as expected, the longitudinal field tends
to 0 when ¢ tends to 0. On the other hand, for 6 = 1 we see that, as announced previously,
the field is really non transversely polarized even though the initial field is (cf.(3.35)) : this
confirms that separation of variables does not work.
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FIGURE 3.9 — ES with 6 =1, § = 0.5, 6 = 0.1, § = 0.001 at t = 4.

The conductive case.

(a) Comparisons of voltages (in 1D). In figure 3.10, we compare the evolution of the 1D
(limit) voltage V(x3,t) to the 1D voltage V?°(x3,t), exactly as in figure 3.6.

0.6 0.6 0.6

Vwith 5=0.6 VO with 6=0.3

0.5 05

VO with 6=0.1 VO with 6=0.01 VO with 6=0.001
—-v —-v —-v

0.4 04

0.3 0.3

0.2 0.2

0.1 0.1

-0.1 -0.1 -0.1

FIGURE 3.10 — The voltages V° and V at t = 4.

There are two main effects due to the conductivity (clearly visible on the limit blue curves) :
the attenuation of the signal (compare Figures 3.6 and 3.10) and the shape of the wave.
However, the convergence of V°(zs,t) towards V(zs,t) is very similar to the one for the
non-conductive case for 6 < 0.1, but varying ¢ above 0.1 affects the waveform much more
than in the non-conductive case.
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(b) Comparison of the electric fields in 3D. We now compare in Figure 3.11, still at the
final time 7" = 4 on the boundary 0f), the norm of the electric field for 6 > 0 with the
one of its limit value, exactly as in Figure 3.7. The conclusions are the same as for the

non-conductive case.

FIGURE 3.11 — Left |E3| with § = 1, Center |ES| with § = 107, Right |E%| at ¢t = 4.

The perturbed case.

The non-conductive case.

(a) Comparisons of voltages (in 1D). As represented in Figure 3.12, the main effect of
the local perturbation is the apparition of reflection phenomena. We observe that the
convergence to the limit solution is much slower than in the unperturbed case (compare
with Figure 3.6) : for instance, one needs 0 = 0.01 to get a correct localization of the
reflected waves. This is probably due to the fact that we have considered a strong defect
with fast variations and large amplitude.

v with §=0.001
-v

FIGURE 3.12 — The voltages V° and V at t = 4.
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(b) Comparison of the electric fields in 3D. This is the object of Figure 3.13, to be compared
with Figure 3.7. In Figure 3.13, we represent the norm |E$| on the boundary 9 of the
reference cable for § = 1 and § = 1072 and 6§ = 0. We observe that the norm of the 3D
field cannot be distinguished from the one of the limit field 6 = 10~ while a substantial
difference exists for 6 = 1, and as found in the 1D results, we also observe that the wave is
reflected because of the perturbation localized at x5 = 6.

The conductive case.

FIGURE 3.13 — Left |E3| with § = 1, Center |ES| with § = 1072, Right |ES| at ¢t = 4.

We repeat in Figures 3.14 and 3.15, the same experiments / comparisons as in Figures 3.10
and 3.11 for the non conductive case, respectively for the 1D voltages and the 3D electric
fields. Once again, one observes a big influence of the presence of the conductivity on the
shape of the propagating wave. However, this does not affect the speed of convergence
towards the limit model, which is quite similar to the one observed in the non conductive
case.

0.6 0.6 0.6

0.5 v 0.5 v 0.5
0.4 0.4 04
0.3 03
0.2 0.2

0.1 0.1

V7 with 5=0.001
-V

-0.1 . . : . -0.1 . . . : -0.1
0

FIGURE 3.14 — The voltages V° and V at t = 4.
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FIGURE 3.15 — Left |E3| with § = 1, Center |ES| with § = 107, Right |E%| at ¢t = 4.

3.5 Conclusion

In this chapter, we proposed a numerical method to solve the 1D limit model. Then, we
used the approach developed in Chapter 1 to validate this 1D limit model. The numerical
results showed that the 1D limit model is a good approximation of the 3D model when the
thinness ¢ tends to zero. However, in order to obtain more efficient approximations, it will
be interesting to consider a higher order 1D model. This is the subject of the next chapter,
in which we will consider the case of the second order 1D model.



Chapter 3. The 1D telegrapher limit model and 3D /1D comparison

60




Chapter 4

The 1D effective telegrapher’s model
of order 2 and 3D /1D comparison

Contents

4.1 Introduction . . . . . . . . . . . e 61

4.2 A second order effective model for cylindrical cables with piecewise
homogeneous cross sections . . . . . . . ... 62
4.2.1 Description of the second order model . . . . ... ... .... 62
4.2.2  Formal derivation of the second order model . . . . . . . .. .. 66

4.3 Numerical resolution of 1D effective telegrapher’s model of order 2 . . . 75
4.3.1 Precomputation of the coefficients of the model . . . . . . . .. 75
4.3.2  Resolution of the 1D evolution problem . . . .. ... ... .. 75
4.3.3  Reconstruction of the 3D electric field . . . . .. ... ... .. 78

4.4  Comparison between 3D and 1D calculations . . . . . . ... ... ... 78
4.4.1 Problem’sdata . .. ... ... ... ... 78
4.4.2  Discretization parameters . . . . . . .. ... ... ... 79
4.4.3 Numerical results . . . . .. .. ... oL 80

4.5 Conclusion . . . . . . . . . . e e e 83

4.1 Introduction

In the previous chapter, we have seen 3D/1D comparisons. In particular, we have shown
that the simulation of the full 3D Maxwell’s equation and the simulation of the 1D tele-
grapher’s model are very closed when the thinness of the cable is "very small'. We recall
that the 1D models we used can be obtained through asymptotic analysis with respect to
the thinness parameter. In this asymptotic analysis, we have assumed that the electroma-
gnetic fields can be expand in polynoms of power 6 where ¢ is the thinness parameter. In
the previous chapter (Chapter 3), we have only consider the first term of this asymptotic
expansion. We can also consider higher terms in this expansions. In ([10] Chapter 5), some
high-order asymptotic 1D models were derived. This models are more accurate since there
are valid even if the thinness is bigger than the one considered in the previous chapter.
These models have been rigorously justified, from a mathematical point of view, but there
is no numerical validation of their accuracy. In the present chapter, we shall consider the
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numerical validation of particular case of the second order model with respect to the thin-
ness parameter, by 1D/3D comparison.

This chapter is organized as follows :

We start in Section 4.2.1 by giving a brief recap of the second-order 1D telegrapher’s model
in the case of a purely cylindrical cable with heterogeneous cross-sections. Then, in Section
4.2.2, we recall the construction of this second-order 1D model. After that, in Section 4.3,
we present a scheme to perform numerical simulations for the obtained 1D model. Finally,
we show some comparisons between 1D and 3D computations in Section 4.4.

4.2 A second order effective model for cylindrical cables
with piecewise homogeneous cross sections

Second order effective model have been derived for very general cables in the PhD thesis
of G. Beck [10]. We restrict ourselves here to describe this model for the class of cables
described in the next section (see Definition 4.2.1).

4.2.1 Description of the second order model

In general 1D models of wave propagation in a coaxial cable can be derived by asymptotic
analysis from 3D Maxwell’s equations for small thinness §. The reader can refer to Section
3.2 in Chapter 3 for a presentation of Maxwell’s equations in a thin cylindrical coaxial cable
% = §S x R where S is a reference cross section. In this chapter, we will moreover assume
that the coaxial cable is cylindrical that the characteristic coefficients of the dielectric
material, i.e. € and u, do not depend of the longitudinal variable x3

e(xr,x3) ==e(xr) and p(xXr,r3) = p(xr) xr €S, 13 €R, (4.1)

and that there is no electrical conductivity, i.e. ¢ = 0. In that context we can consider the
following "generalized" telegrapher’s equations

Cg(@g) 8tV5’2 + 63 16’2 = 0,
(4.2)
Lg(ag) 8t15’2 + 83 V5’2 = 0,

where V%% and respectively 1% refers to the electrical voltage and respectively electrical
current. We use the notation 4,2 to emphasize that we consider a more accurate model
that the one considered in Section 3.2 of Chapter 3. Indeed, the reader will observe that
this model corresponds formally to the limit model presented in Chapter 3 in absence
of conductivity, except the fact that the capacitance C' and the inductance L appearing
in (3.10) become respectively a capacitance and inductance operators (this is the main
difference with the limit model (3.9)). More precisely, these are the second order elliptic
operator given by

Cs(03) := C — 6* 7,05, Ls(03) := L — 6*v,, 05. (4.3)

The new coefficients 7, and ~,,, respectively the electric and magnetic dispersion coeffi-
cients, involve two potentials, namely ¢, and ¢,,, which are defined as the solutions of new
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elliptic problems in the reference cross section S.

For 1), this problem is
divy (5—1 Vo %) =0 in S\,
Onthe = 0, on 058, /Swe dxp =0, (4.4)
[els =1,  [Opthe]s =0, through X,

where 3 is a cut of the cross S, and [u]yx, denotes the jump of u across ¥ (properly defined
in [34], Section 3.1).

For ¢,,, it is
divy (/fl Vr gom) =0, in S,
(4.5)
om=1 only ¢,=0, onl,,
with I'; (resp. I'.) is the inner boundary (resp the outer boundary).
The coefficients v, and 7, are then given by
Ve = /5 |906 - (pm‘2dXTa Ym = / 2 |@Ee - @Em|2 dxr, (4'6)
S S

where the potentials ¢, and 1, have been defined in (3.6), and ¥, and 1y, are deduced from
Y. and 1, by subtracting their weighted mean value with respect to the weight functions
eand p :

B == s T = (b where (g)y = ( [atxr) ([ wodxr). (a7

Remark 4.2.1. In a more general case, i.e. not cylindrical or not longitudinally homoge-
neous, the 1D effective model still be of the form (4.2) but the capacitance and inductance
operators (4.3) will have more complicated expression (see Chapter 5 in [10]).

If the electromagnetic wave velocity ¢ = 1/,/ep is constant, then the dispersion coefficients
Y. and 7,, are null. Indeed in that case, ¢, = ¢,, and ¥, = 1,,,. In the following we shall be
interested in cables for which dispersion occurs. One important class or dispersive media is
provided by cables whose internal structure is made of finitely many materials structured
in an onion-like manner. By this we mean that the coefficients are piecewise constant in
successive concentric layers. This is formulated mathematically in the following way.

Definition 4.2.1 (Onion-like piecewise homogeneous cylindrical cables).
An onion-like piecewise homogeneous cylindrical coaxial cable S is of the form Q2 = S x R
such that,

1. There exists a finite sequence {O;,j =0,1,--- N} of simply connected open subsets
of R? such that

Vi<N-1, 6j C Oj+1, 00y =1y, 00N =T, (48)

in such a way that S := 0.\ O; is the union of N distinct layers S;, in the sense that

N
? == U gi, Sj = Oj \ Oj—l- (49)
j=1
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2. The functions € and pu are piecewise constant according to the partition (4.9) : there
exists positive coefficients (¢;, jt;) such that

e=¢j, p=pn; nS;1<5<N. (4.10)

In Figure 4.1 an example of the cable 2 when N = 3 is given (the cable is made of three
concentric layer).

A T9

heterogeneous
propagation domain

FIGURE 4.1 — Left : the cross-section S of the domain, right : the domain 2. Each color
corresponds to a different material.

Lemma 4.2.1. The onion-like structure of Definition 4.2.1 implies that ¥, = .. In
particular, any cable with the onion-like structure of Definition 4.2.1 is without magnetic
dispersion, i.e. v, = 0.

Proof.
Step 1 : Onion-like structure cylindrical cable with a circular cross-section.

In the case where the cross section S of the onion-like structure cable is a circular annulus,
and € and p are radial, one has in polar coordinate system (r,6) (for more details, see
(A.58) in Appendix A)
0
e =Yy =1— —. 4.11
Vo=t =1 o (a.11)

Thus, in the circular annulus case, one has ~,, = 0.
Step 1 : Onion-like structure cylindrical cable with a non-circular cross-section.

We start by introducing a transformation 7T, to come back to the case of a circular cross-
section. More precisely,
T, =:5—>85,

with S is the cross-section of the cable €2, and S is the circular reference cross-section. So
using this transformation for each cross-section, we get an onion-like structure cable with
a circular annulus (see Figure 4.2).

We will choose this transformation in such a way that it preserves the volume, i.e. map with
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To(S1) S, So

FIGURE 4.2 — Left : the reference cable {2 = S x R. Right : the cable Q = S x R.

unitary Jacobian (see [10] Page 154). To to this, we denote by v,, the volume of each layer
S, and by 2r, the diameter of S. We can construct a piecewise preserving volume elements
mapping T, such it restrictions T := ‘J'U‘S transform each layer S, into an annulus 5,
with inner radii r,,_; and outer radii r,,, of the same area (see Figure 4.3), where the radii
are found through this induction

Sa

S1

T.(51)

FIGURE 4.3 — The piecewise preserving volume elements mapping 7.

Thus, using this volume preserving transformation and the definition of ~,, (see (4.6)), one
has

Ym = /,/g\u < Tv(XT)hZe,v - z;m,v|7

where

we,v = we,v - <we,v>u, &m,v = wm,v - <wm,v>,u7

where the potentials v, and v,,, are the solutions of the following problems,
divy (110 To) Vi thm) = 0 in 5\ T,(D),
anwm,v = 07 on 8§, /\wm,v dxp = 0,
S

[wm,v]’.]’v(z‘) = 17 [8nwm,v]’.]'v(2) = 07 thrOUgh ‘IU(E),
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divy ((5*1 oT,)Vr we,v) =0 in S \ T,(%),
and}e,v = 07 on (‘35“, /\?ﬂeﬂ, dXT =0.
S

[we,v]ﬂ'v(z) = 17 [8n¢e,v]‘fv(2) = 07 thTOUgh ‘IU(E),
Again, one has in polar coordinates,

7

muy — ev:]-_i-
Ym, v 2m

this leads us to say that v, = 0. |

In that case, the second order model model (4.2) simplifies into
Cg(ag) atV‘S’Q + 63 ]6’2 = 0,
(4.12)
Lo, +03V = 0.

It is also possible to show that, if moreover the electromagnetic wave velocity ¢ = 1/,/ep
is not constant, then the dispersive electric coefficient 7, is positive. We will not give the
proof here but the tools are very similar to the one used in the proof of Lemma 4.2.1,
namely the used of volume preserving transformation and explicit computation in circular
annulus case.

The elimination of 1°% in (4.12) results into a dispersive wave equation for V%2 :
Cs(05) 2 Vo2 — L7102 V%% =, (4.13)
or equivalently, in more explicit form

OV — 2PV — 5, C7 0202VO? = 0, with 2 = C'L7

4.2.2 Formal derivation of the second order model

Preliminary material

To derive the second-order 1D telegrapher’s model we will need some technical lemmas.

We introduce € the space defined by :
&= {llT S [L2(S)]2 | I'OtT ur = 0, diVT(€ llT) = 07 ur X np = O}
Lemma 4.2.2.

We have € = span {Vr@.}, where @, is the unique function solution of the 2D problem
divy (V7 @) =0, in S,

e =1, on I, (4.14)
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Proof. See [34] Page 11. |
We denote H the space defined by :

H = {uy € [L*(S)P |rotrur =0, divy (pur) =0, ur-ng =0},
Lemma 4.2.3.

We have H = span {VTi/AJm} , where &m is the unique function solution of the 2D boundary
value problem

divy (4 Ve thm) =0 in S\ %,
anwm = O; on 85,
/ ¢m dXT = 0.
Proof. See [34] Page 13. |

Lemma 4.2.4. Let (oo, ¥,) € H*(S) x H(S\X) solutions, respectively, of the problems
defined in (3.6). one has,

° (rotT @m, Vr @6>L2(S) =

L] (I'OtT @67 VT @Z}\m)LQ(S) = 0.

® (I‘OtT ll}\m, VT @Q)LQ(S) = 0.

Proof. See [34] Page 19. |

—(rotr @e, Vr ‘Em)p@ =1.

Lemma 4.2.5. The potentials (@e, ) and (@m,¥m) are conjugated in the sense they
satisfy the relation

eVrp. = Crotr .,
(4.16)

,MVT wm =-L roty Pm-

Proof. See the proof of Lemma 2.4 in [12]. |

Asymptotic analysis
In order to derive our asymptotic expansion, we first rescale the fields — solution of equations
(3.1) in Chapter 3— in the fixed domain S x R setting

E’(x,t) ;== B°(0xp,x3,t), H(x,t):= H(dxr,x5,t), V (x7,x3) €S xR, (4.17)

As in [12], we postulate an Ansatz for the electromagnetic field of the form of a power
series expansion in 0

E°(xr, 23) = > oor E? (x7,23) + O(6%),
N = with xp € S 73 € R (4.18)
H’ (2, 23) Zap H? (x7, 23) + O(6%),

p=0



Chapter 4. The 1D effective telegrapher’s model of order 2 and 3D/1D
comparison 68

where each coefficients (E?, H?) : S x R — R® are given by injecting the Ansatz (4.18)
in the Maxwell’s equations (3.1) (in Chapter 3). This was done in [10] in Chapter 5. We
will just recall the cascade of equations to determine (EP*' HP*!) from (E?, HP) in the
particular case of cable with onion-like structure. We will be interested only in the cases
p = 0,1,2. To do that, we separate for each 3D fields, the tangential component and the
longitudinal one

EF = Ey on w - (2 d for HP
= E§ wi =\ and so on for H”.
The cascade of equations is :
e Transverse electric fields
diVT(&T E‘g—‘) = —83<€ Eg_l) in S,
roty Eb, = — pO,HY! in S, (4.19)
El xn =0, on 0S.
e Transverse magnetic fields
divy(p HS) = —05(p ﬁ?{"l), in S,
roty Hy. = ¢ 9,EY in S, (4.20)
HY -n =0, on J8S.
e Longitudinal electric fields

rotr E'g = —u atﬁifl - 83 (e3 X Egjl), in S,

) (4.21)
EY =0, on 08S.
e Longitudinal magnetic fields
roty HY = e O,EL ' + 05 (e3 x H ') in S,
(4.22)

/ME{’:O.
s

E’ =H” =0 for p < 0.

With the convention

The zero order terms

x Limit longitudinal field
Using (4.21) and (4.22) at order 0 (p = 0), we get

rotr Eg = rotr ﬁg =0, inS,

EY=0, on 8S, and /,uﬁg = 0.
s
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From the first two equalities, the longitudinal fields EJ and HY are constant in S, and
according to the last two equations these constants are zero. Thus, the limit longitudinal
electromagnetic field satisfies,

EY = H)=0.

x Limit transverse field

Using (4.19) and (4.20) with p = 1 we get

divp(e E3) =0 in S, divp(e HY) =0 in S,
roty ES = 0 in S, roty H) = 0 in S, (4.23)
E) xn=0 on 0S. H) xn=0 on 0S.

So, using Lemma 4.2.2 and Lemma 4.2.3, there exist V° and I° such that,

E%(XT7 T3, t) = VO(:B?” t)VT Sae(XT)a
B (4.24)
H%(XT’ZE&t) = ]0(1:3’ t)vT 77Z)m(XT)7

where the potentials ¢, and v, are respectively the solutions of the problems (4.14) and
(4.15).

* The 1D limit model
Now, Using (4.21) and (4.22) at order 1 (p = 1) we get

€8tﬁgv — 83 (e3 X /I:I/%) —rotp ﬁ% = in S,
. B B (4.25)
u@tHE} + 83 (93 X ng) + I‘OtT E% = 0, in S,

We start by replacing the fields H). and EY. in (4.25) by the expressions (4.24). Then, we
multiply the first and second equations by V1 ¢, and V1), respectively, and we integrate
over the section S. Finally, if we use Lemma 4.2.4, we get the 1D limit model as follows

C 8tVO(ZE3, t) + 83[0($3, t) = O,
(4.26)
L 875]0(.173, t) + 83V0(x3, t) = 0,
where VO(x3,t) is the voltage and I°(x3,t) is the current.
The first order terms
x The first order longitudinal field
Using (4.21) and (4.22) at order 1 (p = 1) we get
roty B} = —p0,H) — 95 (e3 x E}), in S,
(4.27)

rotr ﬁ?} = 6@]@% + 63 (63 X ﬁ%) in S.
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Now, we inject the formulas (4.24) in (4.27) to get,

roty B3 = —pu Vi, 01° — 05 (es x VO Vi), in S,
N (4.28)
I'OtT H?} :€VT(,06815V0+83 (e3 X IO vT¢m>; in S.

Using the hypothesis (4.1) we can easily show that the potentials ¢, and v, depend only
on the transverse variables xp. Thus, using Lemma (4.2.5) and the 1D limit model (4.26),
we can rewrite the equations (4.28) as

roty E; = —03Vroty ¢ + 03 Vrotr ¢., in S,
B (4.29)
rotr H§ = —05I°roty 1, + 05 I roty 1, in S.

On the one hand, we have,
roty E% =roty (Ve — ©m) O3V, in S,

therefore,
E3(x,t) = (e — ¢om) 03 V° + C, with C is a constant.

Since (E%)‘ag = (Ye — ©m)jps = 0, we get
E;(x, t) = (pe — Pm) O3 Vo,

On the other hand, using Lemma 4.2.1, we get roty Hg = 0, thus Hg does not depend on
x1 and xo. Thus, since

/Nﬁg('yxzsyt):ﬁ;(xs,t)/u:()and /,u#(],
s g s

we get ﬁ§ =0.

Finally, we obtain
E% (x,1) = (Pe — ) O3 Ve,

(4.30)
Hj(x,t) = 0.
x The first order transverse field
Using (4.19) and (4.20) with p = 1, we get
divp(e EY) =0 in S, divp(e HY) =0 in S,
roty Eh = 0 in S, roty HY. = 0 in S, (4.31)
Er xn=0, on 0S. H.-n=0, on 0S.
From Lemma 4.2.2 and Lemma 4.2.3, there exist V! and I' such that,
Ep(xr, 23,t) = V' (23, 8)Vr @ (x1),
(4.32)

H} (x7, 23, 1) = I'(23,8) Vi (7).
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x The first order 1D model
Using (4.21) and (4.22) at order 2 (p = 2), we get

8(%]?)% — 83 (83 X /I:I/%—‘) —rotp Eg = 0, in S,
. B B (4.33)
1O HY + 05 (e3 x E}) +rotr Bz =0, in S,

We inject the expressions (4.42) of the fields HY and EL in (4.33). Then, we multiply the
first and second equations by V. and V1, respectively, and we integrate over the
section S. Finally, if we use Lemma 4.2.4, we get the 1D model as follows with with the
unknowns : the voltage V! (z3,t) and the current I'(zs,1),

C 8tV1(x3, t) + 83[1(1'3, t) = 0,
(4.34)
L 8t]1(x3, t) + 83V1(I3, t) = O,
with the initial conditions
V25,00 =0 and I'(x3,0)=0. (4.35)
We can therefore say that the solutions of this model are as follows,
Vixs,t) =0 and [I'(z3,t)=0. (4.36)
Thus, one gets B .
E; = H; =0. (4.37)

Second order terms

x The first order longitudinal field

Using (4.21) and (4.22) at order 2 (p = 2) we get
rot; E2 = —0,HY — 95 (e3 x EL) e 0, inS,
rot; H? = e O, EL 4 05 (e3 x HY) = 0 in S.

(4.37)

Thus, the longitudinal fields E2 and ﬁgware constant in the cross-section S. Since K2
vanishes on S and the mean values of uHj is zero (since the mean values of y positive),
these constants are zeros.

x The second order transverse field

Using (4.19) and (4.20) with p = 2, we get

divy (e E2) = —£(pe — )02V in S, divp(e H2) =0 in S,
rotp E?F =0 in S, rotp ﬁQT = (e — ©m)0,03V"  in S,
E2 x n =0, on 0S. H2 .n =0, on 08S.

(4.38)
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First, let us introduce &2 and (,, 2, respectively the solutions of the following problems :

{ dive(eVr Ees) = —<(pe — Pu), { totr (W' T0br () = (pe = m), in S,

ez =0, Gm2 =0, on 08.
(4.39)
Then, we define the two fields G and B7 such that :
Gr = E}(x7, 23,t) — 03V (23,t) Vr & a(X7),
(4.40)

Br = ﬁQT(XT, w3, t) — 0103V (x3,t) p~t (x7) Y0t T (o 2 (X).

Using the problems (4.41) and (4.39), we can easily see that the fields Gy and B are the
solutions to the following problems

diVT(E GT) =0 in S, diVT(e’f BT) = O, in S,
roty Gp =0 in S, roty By =0, in S, (4.41)
Gr xn=0, on 0S. By -n=0, on 05S.

We use again Lemma 4.2.2 and Lemma 4.2.3, thus there exist V2 and I? such that,

GT(XT7 I3, t) = V2($3, t)vT S06<XT)7
(4.42)
Br(xr, x3,t) = I? (23, 1) V1 m(X7).
Finally, since (4.40), we get
{ EQT(XT, T3,t) = V2($3, )V pe(x7) + 8§V0(w3, t) Vi &ea(x7),
B (4.43)
H7 (x7, 23, t) = I*(23,8) Vi U (x7) + 0,05V ° (3, 1) 1~ (X7) rOb 7 G2 (X7),
x The second order 1D model
Using (4.21) and (4.22) at order 3 (p = 3), we get
eOE2 — 05 (es x H2) —roty H3 =0 in S,
- N B (4.44)
pOH3 + 05 (es x E3) +roty B3 =0, in S.
We inject the expressions (4.43) of the fields H2 and EZ2 in (4.44),
e0(VVr@.) — 05(es x (I°Vr)y,) — roty Hj
+ ¢ @(832,‘/ \Y% 56’2> — 83 (e3 X (@83\/ ,Ulil I'OtT Cm,?)) = O,
(4.45)

/,Lat(IZVT wm) + (93 (63 X (V2VT QDe) + rotp Eg

+ 11(0705V 1 0ty C2) + 05 (e3 x (B3V V&.2)) = 0,
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Then, we multiply the first and second equations, of (4.45), by Vr . and Vg, res-
pectively, and we integrate over the section S. Finally, if we use again Lemma 4.2.4, we
get

C O,V? 4 051° +at8§V0/€vT€e,2'VT‘Pe
S

— 0,05V /(63 X p roty Gne) - Ve =0,
S
(4.46)

LOJI* 4+ 05V? + 020, V° / rotr Cno - VU
S

+ 05V /(e3 X Vr&en) V1 thm = 0.
s

Since Green formula, (& 2)ss = 0 and using the definition (3.6) of ¢, we find that

. e
/5 VT 66’2 . VT Pe = — / 56’2 (leT€ VT QOe) + 56726 asp =0
S S as n

Moreover, we have ((mn2)jas = 0, thus using again the Green formula we get

/ rotr (o Vo, = 0.
s

Therefore, the equations (4.47) can rewrite as

C 8tV2 -+ 83[2 — 8,563%‘/ /<63 X ,U_1 I‘OtT Cm,Q) : VT Pe = 07
s (4.47)
Lo+ 05V + 63V / (€3 X Virbes) - Vit = 0.
S

Since ((m,2)j9s = 0, we have

/(93 X Vr&es) Vo, = — / rotré.o- Vo, =0.
s

S

In addition, we have

/(e3 Xt roty (o) - Ve = — / 1V Cno sV @e.
s s

Using the definition (4.5) of the potential ¢,,, we can say that

//L_l vT Cm,2 : VT Om = 0.
S

Thus,
/(e3 x 1 roty Cm2) - Ve = / w Vo Cm2 - V1 (Om — @e). (4.48)
S s

Since (@e — @m)jas = (Gn2)jas = 0, by using Green formula we can rewrite (4.49) as

/(83 X ptroty (na) - Vg = / divy (4™ V1 Gng) (Om — ©e),
s s
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and with definition (4.39) of (.2, we get

/(e3 X =t roty (o) - Vo pe = / €|om — ©e)l? = e (4.49)
S S

Finally, we get the 1D model as follows with the unknowns : the voltage V?(x3,t) and the
current I%(x3, 1),

C O,V?(x3,t) + 0s1*(23,t) — Oy 7. O3V (23, 1) = 0,
{ L 0,1 (w3,t) + 05V (3, t) = 0. (450
with the initial conditions
V3(x3,0) =0 and [I*(x3,0) =0. (4.51)

Derivation of the second order effective telegrapher’s model

We want equations that take into account the three equations (4.26), (4.34) and (4.50). It
can be done the following formal combination

(4.26) + 0 (4.50) + 02 (4.50). (4.52)

We can write the equations for V° + 6 V! + 62 V% and I° + 6 I' + 6% I?,

2 2
0 (C=705) (S0P VP) +05( X 0P 17) = 6% 7.0, 05 (V! + 6 V),
=0 =0 (4.53)

L& (iapfp) + Oy (i(spvp) — 0.
p=0 p=0

Therefore, if we neglect the third and fourth orders we obtain the second order effec-
tive telegrapher’s model as follows with the unknowns : the second order effective voltage
V22(z3,t) and current I%%(x3, 1),

Og(&g) 8,5 V6’2(ZL’3, t) + 83]6’2<1’3, t) = 07
(4.54)
L 8tf‘5’2(x3, t) + 83 V6’2(]§'3, t) = 0,
where C5(03) is the second order elliptic operator given by
C5(05) = (C — 7. 05).

The initial conditions of second order effective telegrapher’s model (4.54) are given by

VO2(25,0) = VO(z3,0) = Vp(x3) and  I%%(x3,0) = I°(x3,0) = Io(xzs).

Approximation of the electromagnetic fields

Using the same formal combination as (4.52) applied to the transverse and longitudinal
electromagnetic fields, we can give an approximation of the electromagnetic fields solution
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of the rescaled 3D Maxwell’s equations (3.1) (in Chapter 3) from V%% and I*? (the solution
of the 1D model (4.54)).

EY (xp, 3, 1) = VO (23, 6) Vi @o(x7) + 6% 92V (23,) Vi Ee2(x7),
ﬁg;Q(XTa 23, 1) = I°2(03, )V Y (X7) + 6% 0,05V °2 (23, 1) = (X7) rOt7 (o (X77),

3 (4.55)
E§72(XT7 T3, t) =9 (Qpe - (,Om) a; V6’2,

HY? (xp, 23,t) = 0.

4.3 Numerical resolution of 1D effective telegrapher’s
model of order 2

4.3.1 Precomputation of the coefficients of the model

First, we must solve a 2D problems in the cross section S, that is to say the numerical
computation of the potentials (e, @m, ¥m, ¥m) and the coefficients C, L and ~,.

The potentials (@e, Pm, Vm, ¥m) are first approximated thanks to a Py finite-elements ap-
proximation of the boundary value problems (3.6), (4.4) and (4.5) with a triangular mesh
of the cross section S with step-size hy (this mesh "respects' the cut X), producing

(Yenrs Pmnr) € Vonr X Vonr, (Vs Yenr) € Vane X Vang,

where V5, and Vz,hT are the respective Galerkin approximation sub-spaces for H(S) x
HY(S) (where Hy(S) = H*(S\X)). Then C, L and v are approximated, according to (3.10)
and (4.6), by

Chy = / e(xr) [V peny (x2) P dcr.
S

Ly = [ ce) (97 () dcr (4.56)
S

i = / c(x2) |penn (X2) — Gy (x2) 2 dxr
S

4.3.2 Resolution of the 1D evolution problem

There is no difficulty in tackling the semi-discretization in space of the 1D model (4.13).
It can be done, for instance, using 1D finite elements (for instance continuous P;), and
mass lumping with a uniform mesh of step-size h. The resulting algebraic problem takes
the form )
d*Vvy
M 4 TKn V=0, (4.57)

where V,(t) = (V(t)) is the vector of degrees of freedom at time ¢ for the semi-discrete
voltage Vj,(t) € H'(R) (the nodal values at the points jh), and

[l )

Mi = LhT ChT Mh + 62 Yhr LhT Khv

with
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e M. = diag(meyj) > 0 is diagonal mass (like) matrices with m,; = h.

o K, is the stiffness matrix corresponding to the action of the operator 8§ .

Concerning the time discretization, we use a leap-frog scheme with a constant time step
At +1 1
T n—

Vit —2Vp +Vy
At?
where V) is the vector of degrees of freedom of V;* € H'(R), approximation of V},(¢").

Y H + K, VI =0, (4.58)

Theorem 4.3.1. The numerical scheme (4.58) is L*-stable under the sufficient CFL condi-
tion

At

11
ChT ? S 1, ChT = ChT2 LhT27 (459)

Proof. We shall introduce the notation (-, ) for inner products in Py,

(Vi Vi) =3 v, 9, (4.60)
JEL
and the factor ay, > 0 defined by :

/|2
aF = sup M (4.61)

up€Py QSR |uh|2 ’

where
Py = {up € COR)NL*(R) / V j € Z, un|yjni+1m € Pi}, (4.62)

and 55 f refer to a quadrature formula in z3. More precisely, for f € C° (R) NnL (R), we
R

set

brnsletth g pam. (1.63)

The proof is done in two steps using an energy approach.

Step 1 : Discrete energy conservation. We use this standard key identity :

1
n=1{Viti - 1 (VZ“ —2VP + VZ‘l), with {V}}p =0V 4 (1-20)Vy+ 0Vl

1
This allows us to rewrite our scheme as a perturbation of the Zseheme.

Vit —2vp + V!

M (At) A + K {Vi} =0,
where we have set
5 5 AP
n+l _ yn—1
Taking the scalar product (in P;) of the above equation with — N " we classically

deduce, thanks to the symmetry of all matrices) the conservation of the discrete energy

11 Vit —vp vt —vp Vit £ Vi Vit v
e | (M (ALt h Yh h K ( h h> h n\|




7 4.3. Numerical resolution of 1D effective telegrapher’s model of order 2

Step 2 : Derivation of the sufficient stability condition (4.59).

1
This will be simply obtained from showing the positivity of the discrete energy 8:+2, that
amounts to the positivity of the modified mass matrix M9 (At).

Since K}, is positive, we have for any vector U, r € P,
(MiUh,TaUh,T> > Ly Cor (MhUh,T,Uh,T). (4.65)

We control the matrix K; with the help of the mass matrix M, that appears in the
lower bound (4.65). This is where the space step h will appear via «;. More precisely, let
Uy r € Ph1 be associated to the vector U, r € Py, by definition of K,

(KnUnr, Un) = / 05U 7.
Q
Using Upr = (Up,1, Up), we get

(KhUh,T,Uh,T) = / (]83Uh71(g;3)‘2 + ]83Uh,2(x3)|2> dl’d
R

Then, by definition (4.61) of the function oy, and since each function Uy, ; and Uy, ; belongs
to Py 5, we have

(KhUh,TaUh,T) < Oéhyg (’Uh@(fcs)’Q + \Uh,2($3)|2) dxs,
R

so that,
(KhUh,T,Uh,T) <aj (MhUh,Tawh,T)- (4.66)
Joining (4.65) and (4.66) to definition (4.64) of M, (At), we obtain

, At

(M (At) Uy, Up) > (Ly, Cp — 0 T) (M, U, Un ). (4.67)
The stability condition is obtained by writing
At?
(LayCap — 0 T) > 0. (4.68)

In addition, for any uj, € P;, we have u), is piecewise constant, and

[ k=3

jez

]2
Uj1 — Uy

h

Y

with u; := up,(jh). By |ujp1 — uj|* <2 (|uj+1|2 + |uj|2), we deduce,

4 (gl bl 4
/2<7 J J )h:¢ 2.
T C 5l

jez
thus, we get the upper bound
a,% <

4
= (4.69)

Finally, using (4.68) and (4.69), we get the CFL condition (4.59). |
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4.3.3 Reconstruction of the 3D electric field

Once the discrete voltage V;"(x3) is computed, according to (3.5), one can reconstruct the
(rescaled) 3D electric field at time ¢" as the P;-interpolant of the following transverse fields,
defined for each j, using a discrete convolution formula consistent with the one appearing
in (3.22), namely,

ETTL(XTajh) = Vi'(7h) Vo @e(xr) + 62 {{th}}j Vr&ea(Xr).

1 V*((j + 1)h) — V*(jh) (4.70)
B (er, G+ )h) = 8 (e xr) — pmep)) LT D=V,

Where V(g +1h)—=2V"™(gh)+V™((7 — 1)h
{{th}}j — ((]+ ) )_ h(] )+ ((]_ ) )

4.4 Comparison between 3D and 1D calculations

4.4.1 Problem’s data

We have chosen to treat a cylindrical coaxial cable 2 such that,
Q=25x][0,12],

This cable is represented in Figure 4.4.

FIGURE 4.4 — Left : the domain €2, right : the section S of the domain. Each color corres-
ponds to a different material.

For the numerical computations, a periodic boundary conditions will be applied between
x3 = 0 and x3 = 12. As the cut for the computation of the potentials v,, and 1., we shall

take the segment
¥ =11,2.5] x {0}. (4.71)

Concerning the coefficients of the model, the cable is heterogeneous (onion-like piecewise
homogeneous cylindrical cable). More precisely the cross section S is made of three layers
S = 51U S, U Ss and inside S;, the material is homogeneous (see Figure 4.4),

(e(xr), plx0)) = (g, 1) 10 S, (4.72)

In our numerical experiments, we shall take

(817/“) = (273)7 (527/1’2) = (172) and (83,#3) = (17 1)7



79 4.4. Comparison between 3D and 1D calculations

so that the velocity of electromagnetic waves, ¢(x) = (ep) (x)_% is

c(x)=c; =1/V6in Sy xR, ¢(x)=c;=1/v2in S, xR, ¢(x)=cs=11in S5 x R.
(4.73)
We also take initial conditions that are localized near x3 = 5 and are well prepared with
respect to the expected asymptotic result (4.55). More precisely, Ho(x7, z3) = 0 and

Eo(x7, 23) := &(23) Vi @o(xr, 23), &(x3) = ™ #3707, (4.74)

The time interval for the numerical experiments will be [0,7] with 7" = 6, so that, taking
(4.73) into account, it implies that the waves will not reach the transverse boundaries z3 = 0
and x3 = 12 before the final time T'. In other words, the periodic boundary conditions in
x3 will not play any role.

As in the previous chapter, the initial field is transversely polarized. However, due to the
heterogeneity of the cable, it will not remain transversely polarized during the time (even
in the unperturbed case, separation of variable does not work for Maxwell’s equations) as
the numerical results will illustrate it.

4.4.2 Discretization parameters

Data for the transverse discretization. The mesh of the cross section will be a trian-
gular mesh represented Figure 4.4. In particular, there are 40 mesh points along the cut X
and the typical diameter of each triangle in the mesh is

This mesh is used for the 2D transverse problems (3.6,4.4,4.5) for computing the potentials
(©ey Pmy Ym, Ye) and the coefficients (C, L,~,) but also for the 3D computations.

Data for the longitudinal discretization. The longitudinal step size h will be taken
h = 0.06 which is well adapted to the discretization of the Gaussian &€ (z3) .

This longitudinal mesh will be used for the discretization of the 1D problem (4.58) (cf.
(4.13)) but also for the 3D computations (Chapter 2).

Data for the time discretization. For facilitating the comparison between the 1D and
3D results, we shall use the same time step At for both 1D and 3D computations. According
to Remark 3.3.3, the choice of At will be constrained by the 3D condition (2.48). For the
3D computations, we shall take § = 1/3, in which case (2.48) gives : ¢"At/h < 1/2. In
practice we shall choose At = 0.95 h/(2 c*).
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4.4.3 Numerical results

The potentials (¢, Vi, Pm, Ve)

We show in Figure 4.5 the computed potentials ¢, and 1,,. The right picture shows at the
same time the level lines of ¢, (which are "parallel" to the boundaries) and the ones of ),

(which intersect the boundaries). This illustrates that (goe(xT), ¢m(xT)) generalizes polar
coordinates inside S.

Q9

FIGURE 4.5 — Potentials ¢, (left) and 1), (center), associated isolines (right).

Similarly, we present in Figure 4.6 the computed potentials ¢,, and .. The right picture
shows at the same time the level lines of ¢,, (which are "parallel" to the boundaries) and
those of ¥, (which intersect the boundaries).

Q9

FIGURE 4.6 — Potentials ¢, (left) and 1. (center), associated isolines (right).

In Figure 4.7, we present the potentials ¢, —,,, and 1, —,,,. The numerical results proves
that 7. > 0 and the two potentials ¢, and 1, are equal (this is a numerical interpretation

of Lemma 4.2.1).

FIGURE 4.7 — Left : the potential ¢, — 1,,. Right : the potential ¢, — @,,.

3D / 1D comparisons.

e Comparisons of voltages (in 1D).
In Figure 4.8, we compare the evolution of the 1D voltage V‘S’Q(xg,t) issued from the
numerical resolution of the 1D model (4.13), to the 1D voltage V°(2s, t) for the 3D problem,
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defined by (3.17) and obtained by post-processing the 3D solution E‘;T.

0.2} oy 1 02} v

-0.3 - - - - - -0.3

05 ; ‘ ‘ ‘ ‘
7\,15
04} —

03[

0.2r

0.1

0.1

-0.2 b -0.2

0.3 . . . . . .03 . . . . .
0 2 4 6 8 10 12 0 2 4 6 8 10 12

0=0.2 0 =0.01

FIGURE 4.8 — The voltages V° (in blue) and V*? (in red) at T = 6.

More precisely, we compare the above functions in space at the final time 7" = 6 for different
values 6. The solution V%%(x3,T) is in red while V°(x3,T) is in blue. Numerical results
confirm that the approximation of V°(x3,t) by V°?(x3,t) improves with the decrease of 4.
We observe that V%2 and V? already almost coincide for § = 0.01.

e Comparison of the electric fields in 3D.

We still at the final time 7" = 6, in Figure 4.9 and Figure 4.10 , we represent respectively
|E2.| and [E3?| on the boundary 99 of the reference cable for different values of 6.

2.8e-01

Nozs
—02
015

2.8e-01

Koz
—02
015

2.8e-01

| e
—02
015

2.8e-01

Roas
—02
{015
Lo

005
l 1.0e-117

— o1

l 0.05
1.0e-117

Lo

l 005
1.0e-117

Lol

l 0.05
1.0e-117

FIGURE 4.9 — |ES| with 6 =1, 6 = 0.6, § = 0.2, 6 = 0.01 at T' = 6.
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FIGURE 4.10 - |[EY’| with 6 =1, = 0.6, 6 = 0.2, 6 = 0.01 at T = 6.

We observe that the result obtained with § = 0.01 cannot be distinguished from the one
obtained with the 1D model (E}?), while a substantial difference exists for § = 1.

Finally, in order to test the asymptotic transverse polarization of the electric field, we
represent in Figures 4.11 and 4.12, again along 0f2 at time T' = 6 the longitudinal electric
field ES and E$?. We observe that the two longitudinal fields tend to 0 when d tends to 0.
On the other hand, for § = 1 we see that these fields are really non transversely polarized.

FIGURE 4.11 - B} with 6 =1, = 0.6, 6 = 0.2, § = 0.01 at T = 6.

—2.1e-02

to
-2.1e-02

FIGURE 4.12 — E3? with 6 =1, § = 0.6, 0 = 0.2, § = 0.01 at T' = 6.
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We define the relative space-time error as follows :
sup [[V°(t) = V()| 2(o.0)
t€[0,T]

sup [V ()]l 2o,z
te€[0,T]

Ve = VOl =

In Figure 4.13, we present —in red— the relative error between the electric voltage V°
obtained by the 3D computations with the voltage V%2 of the second-order 1D model
(4.13), for different values of § and at different final times 7. On the same figures we
display —in blue- the relative error between the electric voltage V° obtained by the 3D
computations with the solution voltage of the 1D limit model V° (is the solution of (4.13)
when § = 0). From the numerical results obtained, we can see that when 7 is small,

100 T T T T T 10°

1073

10-3 L L L L L L L L L L
0.04 0.06 0.08 0.1 0.14 0.2 0.04 0.06 0.08 0.1 0.14 0.2

T=0.5 T=25

0.04 0.06 0.08 0.1 0.14 0.2 0.04 0.06 0.08 0.1 0.12 0.2

T=35 T=5
FIGURE 4.13 — In blue : |||V® — VO|||. In red : |||V® — V*?|||. (On the "loglog" scale).

the relative error associated with the 1D limit model is smaller than the one associated
with the second order 1D model. This can be explained by the fact that the effect of the
dispersion term in the second-order model is negligible for a small value of T, but when
the final step T" becomes large, this term becomes more important, so the performance of
the second-order model becomes better compared to the case of the limit model.

4.5 Conclusion

In this chapter, we presented a second order effective 1D model, developed a stable numeri-
cal scheme for its space-time discretization, we carried out and performed the validation of
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this new effective model by comparing its results with those obtained for the 3D Maxwell’s
model for small values of §. Our numerical results illustrate the interest of this new model
compared to the one obtained in the previous chapter. However, it is important to note
that all the results obtained in this chapter as well as in the previous chapter are only valid
for the case of cylindrical coaxial cables. For this reason, it will be interesting to study the
extension of these ideas to the case of non-cylindrical coaxial cables.
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5.1 Introduction

In Chapter 2 we have considered the numerical resolution of the 3D time dependent Max-
well’s equations in a cylindrical coaxial cable. In order to deal with more realistic situations,
it is interesting to extend our approach to the case of non-cylindrical cables. This is the
main aim of this chapter in which we will introduce a generalization of the method proposes
in Chapter 2 (the case of cylindrical cable).

We propose an approach based on two ingredients. First, the use of a section-by-section

85
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matching technique between the non-cylindrical cable and a cylindrical reference cable.
Second, the use of an anisotropic Piola transformation to define the new unknowns in the
reference cable.

The new problem obtained in this reference domain includes new terms that depend on
the cable geometry (and vanish in the cylindrical case). These terms are not compatible
with the finite element approach proposed in Chapter 2. To circumvent this difficulty, we
propose a hybrid finite-element /discontinuous-Galerkin approach, with the Discontinuous
Galerkin part being used only to handle the new terms. It is found that the resulting me-
thod is an extension of the method of Chapter 2 and possesses similar stability properties.

The outline of this chapter is as follows :

In Section 5.2, we will present the 3D Maxwell’s problem in a non cylindrical cable, we
explain why the classical 3D Piola transform is not adapted to our approach, we propose a
modified Piola transform "The anisotropic Piola transform" and finally, we write the weak
formulation in the reference domain. Next, in Section 5.3, we applied the Interior Penalty
Discontinuous Galerkin approach to the 3D model but only use it in the transverse di-
rection to obtain an Interior Penalty weak formulation. Then, using a mapping approach
combined with an anisotropic Piola transform, we rewrite the obtained weak formulation in
the reference domain. In Section 5.4 , we derive the spatial discretization of the obtained
problem using a hybrid Galerkin finite element/discontinuous approach. Finally, in Sec-
tion 5.5, we perform the temporal discretization of the problem using an explicit/implicit
scheme and study its stability.

5.2 The Maxwell’s equations in cables with varying
cross-section

5.2.1 Setting of the problem

In this section, we will repeat the setting of our 3D Maxwell’s model, found in Chapter
2 (Sections 2.2 and 2.3), but the difference here is that the domain is a non cylindrical
cable. More precisely, we consider a cable for which the cross section is dependent of w3
(see Figure 5.1) and we assume, for simplicity of exposure, that the length L is infinite so
that

Q:= |J S(x3). (5.1)

z3€ER

heterogeneous
propagation domain

zr = (%1, 22)

1
>
>

FIGURE 5.1 — Left : slice of the domain, right : the geometry of the domain €.
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The dielectric material is characterized by the electrical permittivity € and the magnetic
permeability p which are both function of the space variable x € ) that satisfy the usual
assumptions

0<p_ <px)<py, 0<e_<e(x)<e; aex=(x,x,1x3) €

We shall also consider the possibility that the cable can be, at least locally, conducting,
which is modelled through the conductivity o,

0<o0(x) <o, ae x=(T,22,23) € (5.2)

The propagation of waves in the cable €2, through the unknowns E(x, t) (the electric field)
and H(x,t) (the magnetic field) is governed by 3D Maxwell’s equations completed with
perfectly conducting boundary conditions on I' := 012,

ceOE+0cE-V xH=0, in QxR".
woH+V xE =0, in O xR, (5.3)
E xn=0, on I' x RT,

where ¢ is the time, V x the 3D curl operator and n stands for the unit outward normal.
the model is completed with initial conditions (for simplicity again we have supposed the
absence of source terms, without any loss of generality)

E(-,0) =E,, H(-,0) = H,. (5.4)

Our method will be developed for the second order electric field formulation of the problem,
obtained after elimination of the magnetic field,

ERFE+0OE+V x u 'VxE=0, in O xRT,
E xn=0, on I' x RT, (5.5)
E(-0)=Ey, OE(,0)=c"'(VxHo—0Ey) inQ.

Our approach will be based on a particular rewriting that well separates the roles of
the longitudinal and transverse space variables (resp. longitudinal and transverse electric
fields).

For simplicity, without any loss generality, we shall present our method in the case o = 0.
In that case, we recall that the weak formulation of (5.5) is :

Find E(-,t) = (Ez(-,), Bs(-,t)) € H(rot; Q) such that, VE € H(rot; Q)

% m(E,E) + k(E,E) =0, (5.6)

where
m(E.E) := / e E-E dx,
. (5.7)
k(E,E) ::/M—lv x E-V x E dx.
Q
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Recall of the reformulation of the continuous problem
We introduce the longitudinal and transverse space variables

X = (XT>SE3)> X = (551,372)

and decompose the electric field into transverse (Er) and longitudinal (F3) components,

Er Ey
Eg EQ

To rewrite (5.5), we shall use the following transverse curl operators and the transverse
divergence operator (note that the index T refers to transverse derivatives),

02 B
rotT ET = 81E2 - 82E1, I‘OtT E3 == ( ) y diVT ET = 81E1 + 82E2. (58)

—01E5

The first one is a scalar rotational operator whereas the second is a vectorial rotational
operator which can be seen as a "rotated" gradient

_E2
I'OtT E3 = —e3 X VTE37 with ez X ET = ( ) and €3 — (O, 0, 1)t (59)

Ey

These rotational operators are related to the 3D curl operator via

I‘OtTEg +e3 X aSET
V xE = : (5.10)
I'OtT ET
Thus, the Maxwell’s equations (5.5) rewrite (this is straightforward computations)
£ afET — 83 (,u_lﬁgET) -+ I‘OtT (,u_lrotT ET> + ag (M_lvTEg) = O,
(5.11)

£ ang + rotp (,uill'OtTEg) + diVT (/[183ET) =0.

From the section above, we will present the novelties of our 3D formulation compared to
Chapter 2.

5.2.2 The principle of the mapping approach
In Chapter 2, the propagation domain of electromagnetic waves is a cylindrical cable
Q:=39 x R,

with S an invariant cross section in the longitudinal direction. In this section we introduce
the case of the variable cross section, and the idea is to come back to the cylindrical case
[2], via a mapping

F: Q=9xR — Q=) S(s), F@&r %)= (Fr&ri%s),%s),  (5.12)

z3€R
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with Fp := (F, Fy) a diffeomorphism,
Fr(-;x3): S — S(x3). (5.13)

The specificity of the mapping F' is to keep invariant the transverse planes, so, in some
sense, it is a series of 2D transformations from reference cross-section S to each cross-
section S(x3).

Our strategy is then to deduce the solution E(x,t) of Maxwell’s equations in Q from
an auxiliary unknown E(X,t) defined in Q. More precisely, E(%,t) will be defined as the
solution of a modified Maxwell-like problem in the reference domain Q to which we will
apply —more precisely adapt— the method presented in [2]. Then, E(x,t) will be deduced
via a simple linear transformation

Eo F(x,t) = T(X)E(X,t) (T is a matrix). (5.14)

The key issue is to find the appropriate transformation of the field E that will allow to
adapt the method of cylindrical case [2].

FIGURE 5.2 — An (adapted) mapping approach

5.2.3 Why the usual Piola transformation is not adapted

The mapping approach is inherent, to the finite element theory of Maxwell’s equations. In
this framework, the most commonly used transformation, the so called 3D Piola transform
[2] is given by

E(x) = (DF(®)™") E(x), for %= F(x), (5.15)

where DF(X) is the differential matrix of the mapping F' (here, in (5.14) T = (DF~1)*).

This transformation is inspired by the usual transformation of the 3D gradient operator
V of a scalar field u(x) via the simple change of variable x = F'(X),

Vu(x) = (DF®)™) Va(x), if u(x)=u().

One can show that E in (5.15) is curl-free, when E is curl-free. More generally the main
interest of the Piola transform is that it preserves the curl operator up to a linear mapping,
more precisely,

(V x E)(x) = J7'(%) (DF V x E) (%) for x = F(&), with J(%) = det(DF(%)). (5.16)
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In particular, the space H(rot) is preserved by the Piola transformation, this is the reason
why it is adapted to finite elements. For the case of the transformation F' given in (5.12),
the differential DF' has the following structure

DTFT(OPACT,IU:;) aSFT(TwaS)) | (5.17)

where DrFr holds for the partial differential in the transverse variables.

DF()ET,.TQ,) = (

The major difficulty is the presence of the off-diagonal term O3Fr in (5.17). Indeed, if one
defines E(X, t) from the solution E(x, t) of the Maxwell’s system via (5.15) (for each ¢), it is
easy to obtain the weak formulation for E(X, ) from (5.6). It suffices to substitute (5.15) in

(5.6), the same for the test field E, which becomes E, to use (5.16) for the transformation
of the 3D curl operator and dx = |J(X)| dX. One then obtains

Find B(-,t) = (Er(,t), Es(-,t)) € H(rot; Q) such that, V E € H(rot; Q)

d? PR = a4 = =

— §AE-Ed§c+/ﬁ1A‘1V xE-VxEdx=0.

dt? Jg o

Where the matrix A ( A = A()) is given by A = |J| DF~' (DF')*, and its inverse is
written as follows

A*1 — |J’—1 DF* DF — |J‘_1 ((DTFT)*(DTFT) (DTFT)*agFT> |

(OsFr)"(DrFr) 1+ |0sFr|?

The problem is the presence, as soon as d3Fr # 0, of off diagonal terms in A, and therefore
in A™! which introduces new couplings between the longitudinal and transverse field and
longitudinal and transverse derivatives.

The method of Chapter 2 relies on a mass-lumping strategy possible only when the kinetic
term do not couple longitudinal and transverse fields. Without mass-lumping, performances
are drastically reduced at the point where it is then preferable to use a fully implicit time
discretization. To circumvent this problem, we are going to introduce a mapping approach
that corresponds to modified Piola transform.

Remark 5.2.1 (Other approaches).

To solve the 3D Maxwell problem in a non-cylindrical coazial cable, there are other ap-
proaches. Among these approaches, we can mention the H'-formulation with Py finite ele-
ments by adding in the Mazwell equations a reqularization term of form V(div-). This
method is inspired by [16]. There is also the Discontinuous Galerkin method [5][25] [31].
The cable is straight, hence these approaches are not optimal in term of used functional
spaces.

5.2.4 Formulation based on an anisotropic Piola transform

An adequate alternative to (5.15) is obtained by treating differently the transverse and
longitudinal fields via what we shall call the anisotropic Piola transform, E = (Er, E3) —
E = (E7, E3) defined as follows : for x; = Fr(Xr),

E(xr,3) = (Br, Bs) (X, 23) := (DrFy” By, B3) (R, 23), (5.18)
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where for any invertible matrix M, M™* = (M~ )* = (M*)"!. The formula (5.18) can be
rewritten as

E(x) = (D')" B(%). D(ﬁ):(DTO@) (1)> Dr(%) == DrFr(x).  (5.19)

In other words,
— the passage from E; to Ep results from a 2D Piola transform,

— the passage from Es5 to Ej results from a simple change of variable.
Remark 5.2.2. The inverse of the transformation E = (B, E3) — E = (Ep, E3) defined
by (5.18) is as follows : for xp = Fr(Xr),
E(}/ET, .T3) = (ET, Eg) (}?T; 333) = (DT(iTa Ig)* ET (XT, $3) 5 E3 (XT7 Ig)) . (520)

Our next objective is to describe how V x E is transformed through the transformation
(5.18) for E . For this we shall use the expression (5.10) for V x E. The next three lemmas
5.2.1, 5.2.2 and 5.2.4 detail how the various terms appearing in (5.10) namely rotyFEj,
rot7 Er and 0sE7. In the following, for shortening the writing, we shall also set,

Jr(R) = det(DrFr(x)) = det Dr(X), vr(X) = 05Fr(%), br(X) = D' (%) vr(%). (5.21)

Remark 5.2.3. In the reference domain Q, the differential operators have the same defi-
nition except that we use the symbol -~ to indicate that they are defined in the reference
domain.

Lemma 5.2.1. Through the transformation (5.18), the 2D vector curl operator is transform
according to
roty Fs(x) = J71(X) Dp(X) roty Es(X). (5.23)

Proof. By differentiation in the transverse variables (z1,22) of E3(X) = Ej (F ()Ac)), ac-
cording to the chain rule, we recover that

82E3(§<) - 82F2()A(> —82F1 ()/E) agEg(X>
_ 0, By (%) —01F(R)  OF(R) ) \~0iEs(x))
which, by definition (5.8) of roty, we can recast as
rot; B5(X) = Jr(X) Dp(X) ! roty Es(x),

that is to say (5.23). |

Lemma 5.2.2. Through the transformation (5.18) , the 2D scalar curl operator is trans-
formed according to
I'OtT ET<X) = Jfl(}/a I'/O\tT ET(}/&) (524)
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Proof. By definition R R
I'OtT ET()/E) = (81E2 - 82E1)()/E),

while from (5.18), we also have

{ El(i) = 81F1()/E) E1<X) + 81F2()/E) EQ(X),
(5.25)

Ey(R) = 0o F1(R) By(x) 4 02 F5(R) Ey(x).
By the chain rule, remembering that x = F(X), we get
NENR) = 0%Fy(X) Ey(x) + 0%, F(X) By (x)
+ (0:1)(%) (0FL(R)D1 By (x) + 01 Fy(X)02 B (x) )
+ (02F)(R) (00 F1(R)01 Ea(x) + 01 Fy(R)02Fa(x)),
HE(X) = 0%LF(X)Ei(x)+ 0%, Fy(X) By (x)
+ () (R) (0P (R)D1E1(X) + 02 Fa(R) D2 (x) )

+ (1F)(R) (02F1 ()01 Ea(x) + 01 Fy(X)0Ea(x) ).

By difference the zero order terms in Ey, Ey cancel, as well as 0; F; and 0y F». It remains
rOtT ET()E) = (@1F1 82F2 — (91F2 (92F1) ()E) (alEl — 62E2)<X),

which leads to the announced result. [ |

For our next result, we shall need the technical lemma below :

Lemma 5.2.3.

A ur € L2(§)2, ez X Dr;* ur = Jfl DT (83 X LIT). (526)

. _ -1 [ OF 0B
Proof. First note that D" := (DTF}) =Jr , 5o that
—82F1 81F1

(02 Fy) uy — (01 F) ug
—(02F1) uy + (01 FY) Uz) '

81F1 02F1 —U2
OFy OoF, U ’

which is nothing but (5.26) . |

D%* ur = J:Fl (

Thus, using ez X (vy,v2)" = (—vy,v1)", we have

(82F1) uy — (81F1) U9
GQFQ) Uy — (81F2) (5)

€3 XDT_«* lszt];l(

Lemma 5.2.4. Through the transformation (5.18), the x3-derivative is transformed accor-
ding to ~ - ~ ~
0sEr(x) = D7 0sE¢ (%) — (br - Vr)(D7" Er) — D" Br Ex(R). (5.27)
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Proof. By the chain rule and (5.25), one has
BE(R) = 05 F1(R) By(x) + 05 Fo(R) By(x)
+ ()R (BREEX) + REGEX +BE(X)  (52)

+ (D1F)(R) (05F1 ()01 Ea(x) + 05Fy(X)02Ea(x) + 03Fa(x)),

O3Ex(%) = 0%Fi(R) Bo(x) + 05,F (%) By (x)

+ (02F)(R) (05F1(R)01 By (%) + 05 F5(X)02 By (%) + 05 Fy () (5.29)

+ (02F)(R) (05F1(R)01 Ea(x) + 05Fy(R)02Ea(x) + 03 Fa(x)),
which we can write in vector form as the sum of three vectors
9B (%) = a(X) 4+ b(X) + ¢(X), (5.30)
where the vectors a(xX), b(X) and c(X) are defined and expressed below.
Definition and expression of a(X).
This vector is defined from the first lines of (5.28) and (5.29) :
®) 035, F1(X) B1(x) + 03, F (%) Es(x)
a(x) = :
03, F1 (%) Es(x) + 05,15 (%) B (x)
This can be rewritten as, using (5.19),
- 05, F1(%) 03, F5(%)\ (Ei(x) -
a®)=|{_ O = (a3DT) (X) Er(x). (5.31)
05 F1(X) O5,F3(X) ) \ Ea(x)
Definition and expression of b(X).

This vector is defined from the last two lines of (5.28) and (5.29), excluding the last terms
in ((93E1, 83E2).

To simplify its writing, we observe that, using (5.21),

03 F1(R) 01 E;(x) + 05 Fy(R) 0, E;(x) = V() - Vo By (x).

b(X) = ((alFl)(f() Vr(X) - Vr Ei(x) + (01 F)(X) Vr(X) - Vr El(X))

(02F1)(X) Vr(X) - Vr Ea(x) + (02F3)(X) Vr(X) - Vr Ea(x)
which we rewrite as

(5.32)

vr(X) - VrEi(x
b(X) = D7(X) ( ‘A,T((f()) -Vr EZ((X))) |

Definition and expression of c(X).
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This vector is defined from the last terms involving 03 F; and 0;FE; of the last two lines of
(5.28) and (5.29).

c(R) = (M(’:{) 00+ O ) ) ) = Dy(%) B:Er(x).  (5.33)
01 Fy(X) 05 1 (x) + 0o Fy(X) 03 Ey(x)

Ezxpression of 9sEp(X).

Substituting (5.31), (5.32) and (5.33) in (5.30), we get

Vr(X) - Vr By (x)

0sEr (%) = (05D7)(X) Er(x) + D7(%
(X) ( )< ) Er(x) + Dr(X) (\AIT()A()'VTE2(X)

) + D (X) O3Er(x). (5.34)
Ezxpression of dsEp(X).
Multiplying (5.34) by D;"*(X), we obtain

- vr(X) -V B (x
O3Er(x) = D" (x) (63ET(§() - (53D*T) (%) ET(X)> - ( ) ( )) : (5.35)

Vr(X) - Vr By (x)

Next, we express the last terms of (5.35) with respect to E;. First, using Er(x) =
D" (X)Er(x), (cf. (5.18)), we get, by definition of By,

R N {\’T X) - VT El X
03B (x) = D7*(R) (6’3ET(>A<> — Br(%) ET@) - ( v;@z)) Vi Ez((x))) ’

Next, we use Lemma 5.2.1, applied to E;,j = 1,2 instead of Ej3, to write
VrEj(x) = —e3 x oty Ej(x) = —e3 x (J;'Dr)(%) oty (E; o F(%)).
Thus, using Lemma 5.2.3
V.E;(x) = —Dy (e3 x rotr (Ej o F(i))) — D, V(B0 F(%)).
As a consequence,
vr(X) - VrEj(x) = vi(X) - D7 Vr(Ejo F(X)) = Dy've(x) - Vr(E; o F(R))
(o0 T (50 Fi2)

Using the anisotropic Piola transform (5.19), we have E; o F(X) = (D;* ET) . Thus,
J

VT<)/E) : VTEj (X) = (bT : /V\T> (D%* ET)]"

Substituting the above into (5.35), we finally obtain the announced result. |

Remark 5.2.4. The "bad" terms for our purpose are the last two terms in formula (5.27),
since they involve the xs-derivative of Fr. These terms disappear when Fr is independent
of x3, that is to say when the cable remains cylindrical after deformation. In such a case,
the anisotropic Piola transform (5.18) coincides with the usual one.
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We introduce now the first order matricial transverse differential operator Pr(X, /V\T) that
acts on 2D tangential vector fields given by (see also Remark 5.2.5) and is given by

Pr(x,Vr)Er = (br - Vr)(D;" Er) + D;* Br Er, (5.36)

from which we construct (artificially) the first order matricial transverse differential opera-
tor P(X, V) that acts this time on 3D tangential vector fields via the block decomposition

es x Pr(%, V) 0
P(x,Vr) = . (5.37)
0 0
Theorem 5.2.5. Through the transformation (5.18), one has the formula

(V x E)(x) = Jr(X) ' D) (V x E) (%) - P&, Vr)E(X) with x = F(%), (5.38)

where the matriz D(X) is given by (5.19), or equivalently, using (5.10) (with (V, V1, rotr, roty)
instead of (V,Vr,rotr,rotr)) and (5.37) - for simplicity, we omit x and X

V x E— J;l DT (I‘/(-)\tT Eg +e3 X afjr)/\— e3 X PT()/Z,/V\T) ET) ‘ (539)
I"OtT ET
Proof. Our goal is to relate the two 3D curls :
I'OtTE3 +e3 X 83ET g . r/o\tT Eg +e3 X 85ET
VxE= and V xE= L . (5.40)
I‘OtT ET I'OtT ET

For the first line of V x E, we first use (5.23), that is to say

roty F3(x) = J71(X) Dp(X) rot Bs(X). (5.41)

Next, using (5.27) (Lemma 5.2.4), we also have
e3 x OsEr(x) = e3 x D7 03Er(X) — e3 x ( D" By Ex(X) + (br - Vo)Er(X) ). (5.42)

In order to make appear the first line of V x E, we use Lemma 5.2.3 to make appear
ez X 83ET,

e3 x sEr(x) = J;' (%) Dr(R)(es x 5E7(X)) — e3 x ( D" By Ex() + (br - V1) Er(X) ).
~ (5.43)
Since, by (5.23), cf. Lemma 5.2.1, roty E3(x) = J;'(X) D7(X) rot F5(X). we see that

I'OtTEg +es3 X 83ET = Jfl(i) DT(}/E> (I'/O\tT Eg +e3 X 83ET>
) o (5.44)
— e3x (D7" By Ex(%) + (br - V) Er (%))

On the other hand, the second line of the expression of V x E is directly given by Lemma
5.2.2
I'OtT ET(X) = Jj_wl(}/i) ﬁT ET(}E) (545)

Finally, (5.38) is nothing but the concatenation of (5.44) and (5.45). |
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Remark 5.2.5. The term P()A(,/:V\T)FJ in (5.38) prevents from expressing V- x E from a
simple linear transformation of V x E. This term can be seen as perturbation term (hence
the letter P ).

Moreover in the expression (5.36) of Pr(X,Vr)Er, the first term if of order 1 (as a diffe-
rential operator) while the second one is of order 0. It is clear from the definitions (5.21)
and (5.22) that

OFr(x) =0 = bp(x)=0 and Br(x) =0, thus P(X,Vy) = 0. (5.46)

In particular P(}A(,/V\T) vanishes in the cylindrical parts of the cable.

5.2.5 The weak formulation in the reference domain
The correct functional space to work with for E is

V= {B = (Er, B5) € L*(Q)* | E = D" Ewith E = (E, E3) € H(rot,Q)},  (5.47)
where D given by (5.19).

In the definition above, we have used the definition (5.19) of E, however, according to
Theorem 5.2.5, we have

~

V ={E e L*(Q)* ) roty By € L*(Q), Dy (rotr Es + d:sEr) — Pr(%, Vr) Er € L(Q)*}.

_ (5.48)
In the cylindrical case, Py (X, V) = 0 and one recovers that
V="V,:= {EeL*Q)?* /oty Er € L*(Q), rotr E5 + 0sBr € L*(Q)?}. (5.49)
However, in the general case,
A (5.50)

which is the main reason why we can not use the same finite element method as in the
cylindrical case. In the following, for shortening the writing, we shall set :

Ar = |Jr| D7 D7* (5.51)
Theorem 5.2.1 (Weak formulation for the problem in E).
If E is solution of (5.6), E given by (5.18) is solution to :
Find E(t) = (ET, E;;) (t) € V such that for any test function E = (ET, Eg) eV, we have

> __ o = ~ e
T 1 (E.E) + k,(E,E) =0, (5.52)
where the global mass bilinear form is given by

m, (E,E) .= m(Er, Br) + (B, Bs),
L o o L (5.53)
ﬁ(ET,ET) = /Ae?(ATET : ET), m\(Eg,Eg) = /§§]JT|E3-E3,

Q
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and the global stiffness bilinear form is given by

o~ ~

K, (B,E) = /§ A ! (D (ﬁxﬁ)—P(ﬁﬁT)E)-(D (ﬁxﬁ)—P(i,%)E) (5.54)

Moreover, under extra-regularity, namely

the above bilinear form can decomposed as

k,(E,E) := k(E,E) + ky(E, E), (5.55)
with
k(E,E) = /A i~ Ar(VrEs — 0sEr) - (V7 By — 0Er)
” (5.56)
+/Aﬁ1 | Jr| ! roty Er - roty Er,
Q
and

kd(E7E> = /Aﬂ_l | Jr| PT(i,/V\T) Er- PT(>A<7/V\T) Er
Q

- /A i~ |Jr|(Dy" VrEs — D7 0sEr) - Pr(%, V) Er (5.57)
Q

Q

Note that Ed vanishes when 03Fr = 0.
Proof. The idea is to start from the weak formulation of the original problem in E,

d? — —
— 5E~de+//f1V><E-V><de:O, (5.58)
and to use the anisotropic transformation of both the unknown and the test fields

E(x)= (D) E(%), E(x)=(D")E(8), wherex=F(), (5.59)

so that the bilinear forms m, and lA(g are given by

i, (B, E) - /

Q

¢ E-E dx, EQ(E,E):/waE.Vxde.
Q

The expressions above are implicit with respect to (E, E). Our next goal is to give explicit
expressions using (5.59).

Step 1. Expression of m,,.

Using (5.59), dx = |Jr(X)| dX, and € o F(X) = £(X), we get

m,(E,E) = /Qg E-Edx = /§§]JT| (DY) E- (D" E dx. (5.60)
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We decompose the 3D electric field E in transverse field ET and longitudinal one Eg, and
we use the notation (5.51), we obtain,

/ﬁg|JT| DY E- (D) Edg = /ﬁéATET ‘Erdx + /§§|JT| Es- Fydx.  (5.61)
Finally, with (5.60) and (5.61) we obtain
m, (E,E) .= m(Er, Br) + m(Es, Bs).
Step 2. Expression of 1A<g.

Note that the first expression (5.55) is a direct consequence of Theorem 5.2.5 and the
change of variable x = F'(X). o
For the second expression, we shall exploit the fact that, for Ein V,.NV

(rotr Es + 0sEr) € L2(Q)* and Pr(x,Vr)Er € L*(Q)?,
which allows to expand the product inside the integrand of the right and side of (5.55) :
(J;l D(V xE) - P(i,%)ﬁ) - (JT—l D (V x E) - P(ﬁ,%)ﬁ) _

Ji'D(V xE)-J;'D(V xE) +P(X Vr)E-P(X,Vr)E (5.62)

~J;'D(V xE)-P& Vr)E-J;'D(V xE)-P(& Vr)E.
Using the expression
- N rotp E3 +e3 X agET
V XE= L ,
I'OtT ET

the identity rots Eg = —e3 X /V\TE3 and the Lemma 5.2.3, we get

(5.63)

Ji'D(V xE) = ( es x (= D" VrEy + Dy sEr) ) :

Jrtroty B
Therefore, since ez X ug - €3 X vp = ur - vr
Ji'D(VxE)-J;'D(VxE) = (D7 VzEs — D;"0sEr)(Dy" VrEs — D7 0sEr)
+ J72 oty Er - roty Er,
that is to say, since Ay = |Jr|D3'D3* (cf. (5.51)),
Ji'D(V xE)-J;'D(VxE) = |Jr| 'Ar(VrEs — 0sBr) - (VrEs — 05Br)
+ Jp2rotp Er - roty Ep.

(5.64)
Obviously, from (5.37),
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Finally, using (5.63) then (5.37), we have that

Ji'D(VXE) PR VE = (-D;" ViEs+D;"0:Er) - Pr(X, Vr) Er.
Inverting the roles of E and E we get finally
~J;'D(VxE) P& Vr)E-J;'D(VxE) P& Vr)E

= (Dy" VrEs — D7 0sEr) - Pr(X, Vr) By (5.65)

+ (D7 V1B - D" 0sEr) - Pr(x, V1) Br ).
Using dx = |Jr(X)| dX, and po F(X) = [i(X), then substituting (5.64) and (5.65) in (5.62),
we get (5.55). m

To use the approach proposed in Chapter 2, it is useful to decompose the two bilinear
forms k and k.

Lemma 5.2.1 (Decomposition of the bilinear form k).

E(E, E) = ET (ET, ET) + Eg (ET, ET> — /C\3T (Eg, ET)

) o (5.66)
+kr(Bs, Bs) — ear(Es, Br),
where
ET(ETaﬁT) = /Aﬁl‘JTfll"/CETET rotrEr, ET(E&EB,) = /Aﬁl ArNpEs -V Es,
9 9
ks (ET,ET) = /Aﬁ_l ApdsEr - O3B, Car (E37ET) = /Aﬁ_l ArVrEs - 5E.
Q Q

(5.67)
Remark 5.2.6 (About formulas (5.67)).

The stiffness bilinear forms lAcg, kr and k3 do not couple transverse and longitudinal fields.
We wuse bold letters when they apply to transverse fields. The index T means that only
transverse derivatives are involved while the inder 3 means that only xs-derivatives are
involved. Oppositely the bilinear form ¢sp couple the transverse and longitudinal fields and
mixes the x3 and transverse derivatives. We shall call it the coupling bilinear form. Note
that, at the exception of csr, these bilinear forms are symmetric and positive.

Lemma 5.2.2 (Decomposition of the bilinear form k).

where
E%T(ET7ET> = /AM_I |JT| PT<5E;/V\T) ET : PT(£7$T) ET;
Q
ki (Br,Br) = /A b | (DT* 0By - Pr(%,Vy) By + D7 03By - Pr(%, Vi) ET),
Q
/C\%T(Eg, ET> = /ﬁp_l |JT| D;* VT Eg . PT()A(,/V\T) ET.

(5.69)
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Remark 5.2.7 (About formulas (5.69)). The letter d refers to "deformation” . In par-
ticular, all these terms vanish if the cross-sections does not vary with respect to xs3, cf.
(5.46). We use the bold letters when they apply to transverse fields. Oppositely, the bilinear
forms ¢4y couple the transverse and longitudinal fields. The index TT means that there are
two transverse derivatives involved, while the index 3T means that one mizes the x3 and
transverse derivatives.

The reader will observe that the bilinear form E(E, E) has the same nice structure than the
one we had in the cylindrical case. In particular it is continuous in the space H(r/o\t, Q) :
the only difference lies in the apparition of the matrix Ar (which is the identity in the
absence of deformation) in the first term of its expression and of the coefficient |Jr| (equal
to 1 in the absence of deformation) in the second term.

Which prevents us from proceeding as in the cylindrical case for the numerical approxi-
mation is the presence of the bilinear form lAcd(E, E) which is only due to the presence of
deformation, indeed by and Br vanish everywhere 03 Fr vanishes. In particular this bili-
near form is not continuous in the space H(rot, Q) Therefore, we will use a hybrid Finite
Element/Discontinuous Galerkin approach based on Discontinuous Galerkin in the trans-
verse direction and conformal finite elements for longitudinal variables. In the following
section, we will start by deriving the Discontinuous Galerkin approach for the transverse
variables.

5.3 An Interior Penalty Discontinuous Galerkin ap-
proach

Our discretization strategy is based on the use of an Interior Penalty Discontinuous Galer-

kin approach found in several works in the literature [5][25][26][27][31]. Except that we will

apply this approach in a particular case where the cable is discretized with infinite curved
prismatic meshes in the longitudinal direction.

5.3.1 Preliminary material

Partitions and broken functions

To prepare Section 5.3.2, we introduce some useful definition.
In the following, if O denotes an open set of R®, we denote by p(OQ) €]0,4+oc] the largest
radius of balls included in O.

p(O) = sup {T >0/ 3z € Osuch that B(x,r) C O}. (5.70)
Definition 5.3.1 (Regular partition). Given O open set of R, a reqular partition P(O) is

defined as
P(O)={0,C0O, je€JCN}, 0O; open set of R®,

satisfying moreover

0=U0;, 0,n0,=0fort#j, and YR>0, p(P(0)):=infp(0;)>0.

jeJ jeJ
Note that such a partition is necessarily locally finite, i.e.

¥VR>0, {j/0;nB(0,R)#0} is finite.



101 5.3. An Interior Penalty Discontinuous Galerkin approach

With the above definition, we can define broken H'-functions.

Definition 5.3.2 (Broken H'-functions). A function u € L*(O) is called a broken H'-
functions, which we shall write w € H}(O), if there exists a regular partition P(O) of O
(depending on u) which is u-compatible, meaning that

Vied, we, € H(O;), and > [ |[Vu]> <+oc.

i J0;

It is not difficult to see that Hy(O) is a vector space that we can equip with the norm (the
only subtlety is to check the quantity below is independent of the u-compatible partition, we
do not claim that it is a Hilbert space)

lulls o = llago) + by Tuliyo) = 3 / IVl
J J

Finally, we shall denote by Hy, ,(O) the subset of functions in Hy(0) that admit a p-regular
partition (note that it is not a vector space).

The important property for us is that, as a consequence on the usual trace theorem in H',
functions in H; (O) have L? traces on any surface included in O,

Property 1 (Trace property). Let G be any Lipschitz 2d-manifold included in O, for any
u € H(0), the trace u|g exists and belongs to L*(G). Moreover, for all functions admitting

a compatible partition P(O) such that 0 < p(fP(O)) < p, there exists C(p,G) > 0 such that

Vue H,,(0), lullag < Clp, ) llulla o)

Prismatic meshes in the reference cylindrical domain and associated spaces of
functions

For the discretization in the transverse variables of the reference cable Q, we introduce a

~

finite partition of T(8) (in the sense of Definition 5.3.1 , the set J being finite)
T(5) = {K € T(5)},

we assume that S is a polygon, and that ‘J'(g) is a triangulation of S with a conformal
triangular mesh (in the finite element sense). We denote hp step-size, namely the transverse
space step. In the sequel, we shall denote N the number of nodes of this mesh, N, the
number of (interior) edges and N; the number of triangles K in this mesh.

Remark 5.3.1. Implicitly, we should consider, for the numerical analysis, a family of
partition T(8) whose step-size hy would tend to 0. This means that it would be appropriate
to index the partition by hr. We have chosen not to make appear explicity hy to avoid too

heavy notation.

Accordingly, we consider a corresponding partition ‘T(Q) of ) into disjoint infinite elongated

prisms Pk, R R R
T(Q) = {Px = K xR, K € T(S)}. (5.71)

In the following, again to avoid heavy notation, we shall often (thzit is when the context
permit) simply denote P (instead of Pk ) the current element of T(€2) (see Figure 5.4).

VP eT(Q), 3K eT(S)such that P = Pg. (5.72)
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FIGURE 5.3 — Representation of a prismatic element in T(Q) (in blue a chunk of the infinite
the prism P).

In the following, we will denote the interface between two elements f’K and f’L by 3 KL,
Sk =Sk = 0Pg NOP;. (5.73)

Note that each of these interfaces is included in a plane parallel to the x5 axis.

We will note ¥ the skeleton of the partition,

K#L

Finally, for all K € T(S), it is useful to introduce V(K) the set of neighbours of Px

VEK)={LeT(S\K /|Ski| > 0}. (5.75)

Curved prismatic meshes in the deformed cable

~

According to the cylindrical partition T(£2) of the cylindrical reference cable introduced in
the above, we defined a curved prismatic partition of the deformed cable 2 as

T(Q) :={P=F(P),PecT®)} (5.76)

FIGURE 5.4 — The transformation of the infinite reference prisms to an infinite deformed
prisms.
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In the following, we will denote the interface between two elements Px and Pj by

YKL = F(EKL)a

such that
EKL = ELK = GPK N 8PL (577)
and we will note ¥ the skeleton of the mesh,
K#L

For all K € T(5), we will denote by V(K) the set of neighbors of P

~

V(K)={LeT(S)\ K/ |2k > 0}. (5.79)

5.3.2 The Discontinuous Galerkin formulation in the deformed
cable

Useful functional spaces

Preliminary notation . For any u in L?(Q2)*, we shall denote uy its restriction to Py,

~

so that u can be identified to the collection of the ug’s when K describes T(5).

For any curved prism P € T(Q2) (see (5.76)), we shall define
V(P) = H(rot, P) N H}(P)?, (5.80)
from which we can define
V(Q) = {ue LX(Q)?® /¥ PeT(Q),ulp e V(P)} C L*(Q)". (5.81)

From the trace property (1), we know that vector fields u in V() have L? traces of the
interfaces Y. More precisely, on any interface Y we can define the two traces

Ukls,, € L*(Zkz), upls,, € L*(Zkr). (5.82)

In the following, when it will be clear from the context that we look at traces on Xk,
we shall often simply write ug for the first trace and uy for the second one. With this
convention we shall define respectively the tangential jump and mean trace of u on Xy,
by

[n X u]g, =ng X ug +ng xug, {u}kr = (ug +uy)/2. (5.83)

where ng (resp. ny) is the unit normal vector along Y. 1, outgoing with respect to Pk (resp.
Pr). The reader will observe that the above quantities are invariant under the permutation
of K and L. While it is clear that the second quantity in (5.83) is a mean value, the fact
that the first one is called a jump is due to the fact that, since ng = —ny, we also have

[n X u]KL =Nk X (uK — uL) =njy X (U.L — U.K). (584)

Note that V() is not a subspace of H(rot, () since no continuity is imposed through the
interfaces X . Moreover we have the following characterization of V() N H(rot, () :

VPeT(), ueV(P),
ue V(Q)NH(rot,) <=
VEKLa [HXU]KLZO i. e. nKqu—l—anuL:O.
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Indeed, by property (1), functions in V(§2) have well defined traces on I' = 0f) as functions
in L*(T). It is then quite natural to define (n denoting the unit normal vector to I' outgoing
with respect to Q)

Vo(©) :={ue V() /uxn=0onT} (5.85)

Finally, we shall define the space
D(Q):={ueV(Q) /u'VxuecVQ)}, (5.86)
which is also defined as
D(Q) = {u e L*(Q)* /¥ P € T(Q),ulp € D(P)}. (5.87)
where D(P) is defined as D(Q) (cf. (5.86)).
The Discontinuous Galerkin formulation
In what follows, we assume that the solution E of (5.5) has the regularity
E(-t) € C*(R"; L*(Q)*) N C°(R*, D(Q)). (5.88)

The starting point of the weak formulation is the rewriting of (5.5) as an equivalent trans-
mission problem,

Find E(t) : Rt — D(Q) such that for all(K, L)

cfEx+V x (p7'V xEx) =0, in Px xRY, (3) 550
(u’l V x EK) X N = — (M’IV X EL) X ny, on Y x RY, (i1) '
ng X Ex = —n; x Ef, on Y X R (1)

Next, we derive a weak formulation of (5.89) of "Discontinuous Galerkin" type.

First, considering any subset P of 2 and integrating the equation (i) in (5.89) multiplied
(in the sense of the inner product) by a test function E € V() on Pk, we obtain :

2
L 5EK-Ede+/ Vx(,,HVxEK)-Ede:o (5.90)

dt? Pr P

We then use Green’s formula —as in [41] page 59— to transform the second term
/ VX(ILL71VXEK>'EKdX = / ,u71V><EK'VXEKdX
Pk Pr

- <(M_1V x Ex) x ng,ng x (Eg X nK)>aPK’

where we recall that, in the first line, <~, '>aP holds for the duality bracket between
K

H™2(divy, OPx) and H ™% (rotr, dPy).
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Using the L-regularity of the traces of Ex (because we chose E € V(Q2)) and of (™' V x
Ex) (because, by assumption (5.88), 1 ="V x E also belongs to V(12)), we can write

Vx u'VxEg Egdx = / (,ﬂVxEK)-VxEde
Py

Pg

- / ((/ﬁ71 V x Eg) x nK) . (nK X (EK X nK)) do.
0Pk
Finally, using the fact that the identity
((Mflv x Eg) x nK) : (IIK X (EK X IIK)) = ((,ufl V x Eg) x nK) -Ex.

holds in a pointwise sense, we obtain

Vxpu 'VxEg Egdx = / (1 V x Ex) -V x Eg dx
Pr

Pg

(5.91)
— / ((/Lil V x EK) X IIK) 'EK dO’,
OPy
that we substitute into (5.90) to obtain

d — _

— | eEg-Egdx + / 1 'V x Eg -V x Eg dx

dt P P
(5.92)

_ / ((ILL_IVXEK)XHK>EK do = 0.
0Pk

Up to now, all subdomains Px remain decoupled the ones from the others. This is where
we use the decomposition

8PK = U ZKLUFK with FK :FﬂﬁK,
L#K

with I, possibly empty, to rewrite the boundary term as (using that Ex x ng vanishes
on I' since E belongs to V(€2))

/ ((/L_IVXEK>XHK)'EK do = Z ((,u_IVXEK)XnK)-EK do.
0Pk LeV(K) Y XKL
We now use the first transmission condition (5.89)(ii), that we rewrite as (this corresponds
to a centered flux in the standard DG vocabulary)
1 1
(0 'V x Eg) x ng = 3 (0 'V x Eg) X ng — 3 (1™ 'V x Er) x np,
so that

_ 1 _
/ pi (VxBg) xng By do = 5 / (1 (VxEx)xng—p; (VxEp)xny ) -Ex do.
YKL b

KL

Substituting the above in (5.92)
d? — —
2/ eEg-Egdx + / p 'V xEg -V x Eg dx
dt P Pg
1 —
- = / (/L;(l(VXEK) an—uzl(VxEL) XHL) EKdO'IO
YKL

2
(5.93)
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After summation over K € T(5), we obtain

j;m(E E) +ko(E,E) —cy(E,E) =0, VEeD*Q) (5.94)

where we have defined

m(E E) :—/5E'de7 ko(E,E) : Z p 'V xEg-V x Egdx, (5.95)
Q
as well as
1 —
CE - Z / (/JJ;(1<VXEK)XDK—/JJ21<VXEL)XIIL)'EKdO'. (596)
2 K LeV(K) Y¥kL
Lemma 5.3.1. With the convention that integrals over X are 0 when || = 0, we
have
V (E,E) € D(Q)?, Z {17!V xE}xr- [Exn| _do.  (597)

K;AL YKL

Proof. With the convention that integrals over X are 0 when |Xg .| = 0, we have

Z (1! (V x Bxe) x i — 7" (V x By) x n) -Excdo,  (5.98)

K;AL YKL

where it is understood that

Z aKyr = Z aKyr — Z AKK- (599)

K#L (K,L)ET(Z)xT() KeT(x)

Inverting the roles of K and L, we also have

Z p™ ((V x Br) xnp — (V x Ex) x ng ) - Erdo.  (5.100)

K#L JYEKL

Adding (5.98) and (5.100) we get

cs(E - Z (i (VX Ex) xng—p;' (VxEL) xny,)-(Ex—EL) do. (5.101)
K#L JEKL
Since ng = —n;, on Xg; We get
Z (1 (V x Bx) + p1* (V X Ep)) x ng - (B — Br) do. (5.102)
K7£L YKL

Finally, using the fact that a - (b x d) = (a x b) - d we obtain

CE — Z (,uf_(l (V X EK) + ,U/Zl (V X EL)) ‘N X (EK — EL> dO’, (5103)

K#L JEKL

which is nothing but the announced expression using the notation (5.83). n
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With (5.94), we cannot still expect to have equivalence with the problem (5.89) since
we still did not use the first transmission condition (5.89)(iii). Moreover, in view of the
time discretization, one drawback of the bilinear form cx(+,-) is that it is not symmetric.
Fortunately, we remark from the expression (5.97) of cx(-,-) that

(5.89)(iii) = cx(E,E)=0, VEeD(Q), (5.104)

so that E also satisfies

& m(E, E) + ko(E,E) — cx(E,E) — cx(E,E) =0, (5.105)

where, now, the stiffness bilinear form kq(E, E) — cx(E, E) — cx(E, E) are symmetric, this
is an essential property for ensuring some energy conservation property after discretization.
In addition, to ensure the stability of the method after spatial discretization, we will add
to the previous symmetrical weak formulation a jump term as follow,

Jz(E,E) = Z a [E X n]KL . [E X n]KL dO’, (5106)

Skrer JEKL
where a € L>(Y) is a positive function.

Fortunately, we remark from the expression (5.106) of js(-,-) that
(5.89)(iii) = js(E,E)=0, VEeD(), (5.107)

The interior penalty term jx(E, E) penalizes the tangential jumps of E over the faces, the
function a should chosen sufficiently large, as shown later.

Definition 5.3.3 (The Interior Penalty weak formulation).

Find E € D(Q) such that for any test function E € D(Q), we have

;Zm(E,E) +ko(E,E) +'(E,E) = 0. (5.108)

The bilinear forms m(-,-) and k(-,-) are defined in (5.95), and j* is defined as follows,
j'(E,E) = —cs(E,E) - cx(E,E) + jx(E, E), (5.109)

where cx(+, ) and jx(-,-) are respectively defined in (5.97) and (5.106).

5.3.3 The Discontinuous Galerkin formulation in the reference
cylindrical cable

The objective of this section is to rewrite the weak formulation (5.108) in the cylindrical
domain. We start by introducing a lemma that is necessary to prove Definition 5.3.4 that
summarizes the main results of this section. To do this, we shall recall our anisotropic Piola
transform

E(xr,73) = (Er, Bs) (x7, 23) := (D" By, ) (R, 3).
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Lemma 5.3.2. If E € D(Q) (see (5.86) for the definition of D(Q)) and E given by the
anisotropic Piola transform, we can write the following relation between the tangential
jumps of E and E.

n x Elg, = [(DF) k|t [[E]] kL (5.110)

with the notation,

[Wllxr = (DF~')* i) x (DY) [u]xr). (5.111)

Proof. Using the anisotropic Piola transformation (5.18) and the expression of the out-
ward normal vector on the face of the prism in the reference domain (see [41] page 80)

no F = |[(DF)'a|™" (DF*) 'n,
we get

[n X E]KL = IIKEK -+ IILEL

- ( ) E —1y\*

= fory g (P Bx) T (e, < (07 Bu)

= <DF71)* Ny —1\* T —1\x R .

= (g < (07 B) - (07 £:)) s
_ (DF ) ng e e

T (DF)Tag| (D" [Elxe)

We now introduce the adequate functional space in which E(-,t) = (D7*Erp, Es)(-,t) is
sought. Its definition is

e~ o~

D(Q) = {E = (Er, E5) € L*(Q)° / E = (Er, E3) € D(Q), where E is given by (5.18)

Definition 5.3.4 (Weak formulation for the problem in E).

IfE(-,t) € D(Q) is solution of (5.108), B(-,t) € C*(RT; L*(Q)?) ﬂCO<R+,ﬁ(Q)) given by
(5.18) is solution of :

Find E(-, t) = (ET(-,t), Eg,(-,t)) € ﬁ(@), such that for any test function E € /ﬁ(ﬁ), we have

j; m,(E,E) +k,(E,E) +j*(E,E) =0, (5.113)

where the bilinear forms my,(-, ), lA{g(‘, 1), and jd(-, -) are defined as follows :
x The global mass bilinear form :

fﬁg(E, E) = I/I\I(E:m ET) + /Tﬁ(E& E3),
(5.114)

I/ﬁ(ET,ET) = [ﬁ§<ATET . ET); /Tﬁ(Eg, Eg) = [ﬁg|JT’ Eg . Eg,
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x The global stiffness bilinear form :

LEE =Y [ gl (D(ﬁxEK)—P(ﬁﬁT)EK).(D(€XEK)—P(§<,€T)EK>.
KeT(s5) YK

(5.115)

x The jump bilinear form :

3<E’E> B AZA S a|Jr| |(DF*) ') [[E]) ke - [Ellxp do

= > | elBlke-{i (Jr' DrFrV xE- P, Vr)E)}  do

T KL
YKLED YKL
- > | rllElke-{a" (Jr' DrFrV xE—- P, V1) E)}  db,
S $ JYEKL
YKLED
where P(X, V) is given by (5.36).

Proof. The idea is to start from the weak formulation (5.108)

 m(E.E) + ko(E.E) + /'(B.E) =0,

and to use the anisotropic Piola transformation (5.18) of both the unknown and the test
field ~ R
E(x) = (D) E<>A<), Ex) = (D" E(f{), for x = F(X).

The bilinear forms m, and Eg appears as in the proof of the Theorem 5.2.1, where as the
bilinear form j, can be expressed as follows : we recall that

Jd(E7E) = — Z ([n X E]KL . {,u_lv X E}KL + [n X E}KL . {,u_IV X E}KL) do

YKLED YKL

+ Z / a[an]KL-[an]KLda.
YKgLEX YKL

Using do = |J7| |(DF*) ™' d&, po F(X) = ji(X), and a o F(X) = @(X), the expression of
the jump in the reference domain (5.110) and the 3D curl operator (5.38), we can write
that

FEE) = > [ aldl((DF) 81 (Bl - [Bl]x do

= > | el {a (Jr DrFrV x E-PR V) E)}  do

_AZ . | J7] HEHKL : {/771 (Jfl DTFT/V\ x B — P()?,/V\T) E)} do.

KL
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5.4 Space discretization

At this moment, the domain is meshed but the problem is always of infinite dimension. To
overcome this problem, we will make a discretization of the space : we will start with a
transverse semi-discrete discretization, then a longitudinal discretization will be performed.
And we will use the same discrete-spaces as in the cylindrical case [2].

5.4.1 The transverse semi-discretization.

We introduce the finite-element semi-discrete space VhT C f)\(ﬁ) such that,

Vi (Q) = {E = (Br, Bs) € H'(R, Vi, (3)) x LA(R, V3, (5))}, (5.117)

Vi (3) = {Br € H'(5)* |V K € 7(5), Erlx € Nop}.

Nop :={a(xq, —21)" + b, (a,b) € R x R2} c P2 (5.118)

— =

~

Vi (S) := {Es € H'(S) /¥ K € T(S), Es|x € P},
Definition 5.4.1.

Find E(-,t) = (ET,hT(-,t), E&hT(',t)) € Vi, (Q), such thatVE € V,.(Q), we have

d2

e >, (E,E) +k,(E E) +j(E,E) =0, (5.119)

The bilinear forms My (-,-) and k,(-,-) are defined in (5.114) and (5.115), and j? is defined
n (5.116).

Let us draw the attention of the reader that if @ in V,,(Q) then the expression of the
tangential jump term [[@]] kL becomes simpler. To see this, we introduce the Lemma 5.4.1,

Lemma 5.4.1.
A ur € L2(Q)2 and vV € LQ(Q)2, (D;* llT) X (Dj_«* VT) = Jfl (llT X VT). (5120)
Proof. using the definition of D"

Ll (X)  —0,Fy (i))

D—* — J—l
o (—alfg(;z) O Fy(R)

we get,

(D%* llT) X (D%* VT) = J;? (82F2(>E)u ~0hE)u ) X (82F2(§()v — &), )
a1Fz( )ulalFl( ) a1FQ( )UlalFl( )

X
7?2 (81F1(§<) 82F2()A<) — 62F1(§() 81F2( (Ulvg — U2U1>

= Jfl (uT X VT).
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The lemma 5.4.1 is very important to prove the following lemma in which we present a
simplified expression for the jump term [[u]] kL.

Lemma 5.4.2. If G = (tir,d3) € Vi, (), then

[0]]xr =

es X (DE*(dgTﬁT [ﬁT}KL))
0

Proof. We have
[Wlkz = (DF7) 8) x (D7) [u]xz).

The outward normal vector on 3. KL lsn = ( nr ), so that we get

D n D u
(DF )5 = T and D Yu=|[ " | (5.122)
—03 7 Dy ny U3

By definition, we have

0 S X (usvy — vzu
Vu=(ur,ug) € L*(Q)%and v = (vp,v3) € L*(Q)®, uxv= (63 ( 3Vr — U3 T))

up X vp
(5.123)
We denote dsp := —03 F;7 D", So using (5.122) and (5.123), we get
ez X (DE*(dSTﬁT[ﬁT]KL - [%]KLflT))
[U]lkr = R R ,
(D;* UT) X (D;* VT)
that is to say, using Lemma 5.4.1,
R ez X (D:F*(dy,TﬁT[ﬁT]KL - [ﬁs]KLﬁT))
[l = e
Jp~ (Op X [Ur]kL)
Since 4 = (ﬁT, ﬁg) € V5., () we have that
(ﬁT X [ﬁT]KL) =0 and [QS]KL =0.
We finally obtain the announced result,
R ez X (DE*(d:fTﬁT[ﬁT]KL))
[u]]lr = :
0
[

Theorem 5.4.1 (Weak formulation for the problem in E).
If E is solution of (5.6), E given by (5.18) is solution to :
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Find Ep,, (-,t) = (ET,hT(-, t), EgyhT(',t)) € Vi, (Q), such thatV By, € V,,,(Q), we have

;; (B, En, ) + kg (Bn,, Br, ) + (B By ) = 0. (5.124)

The bilinear forms My (-,-) and k,(-,-) are defined in (5.114) and (5.115), and j? is defined
as follows,

i'(E,B) = j4(Er, Er) + 74 (Er, Er) + 14 (Er, Er) + 7 (Er, Bs) + 74 (Br, E3), (5.125)

where

3t (Er, Br) = > A a|(DF*) 8" Az ((dsrir[Er))) - ((dsrfir[Er])) do
YKLEYH KL

(B E) = Y / 72| (D (dsriar [Br))) - ({3~ Pr(x, Vi) Br}) do
EKLGEh YKL

Jr/i 7| (D7 (dsrir[Er))) - ({27! Pr(x,Vr) Br}) do

15 (ET, ET) = ZA A | Jr| (D%*(d3TﬁT[ET]>) : ({ﬁfl D" (93ET}) do
YKLEYH KL
+/§ |J7| (Df*(d:sTﬁT[ET])) . ({ﬁ_l D;* (93ET}) do
(B, B) = ) A ((dsrie[Be))) - ({2 Vo Es}) do
e (5.126)

Proof. The result of this theorem is a consequence of the expression for the bilinear jump
term (5.116) and Lemma 5.4.2. |

5.4.2 Full space discretization

For the longitudinal discretization, we consider the mesh ‘fh, which is a partition of the
reference domain (). This partition is composed of cylindrical cells parametrized by h,

T=U €1, (5.127)
JEZ
where
Cro1 ={(xr,a3) €Q/jh <y < (j+1)h}, jeL (5.128)

These cells of size h in the z3 direction (h is the longitudinal space step) are separated by
transverse cross section S;, j € Z (see Figure 5.5 ) where, by definition

VveR, 8,={(xr,vh),xre€S}. (5.129)
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Sections
S, =Qn{z3 =vh}

........... Cylindrical cells

FIGURE 5.5 — Schematic of the sections and the cells of the cable Q.

Based upon the transverse discretization (5.71) and the longitudinal discretization (5.127),
we introduce a 3D prismatic partition T3p of the cable €2,

Tsp = {Px; /| K €7(S),j €2}, suchthat Q=] P, (5.130)

Kj

where the prism Pk ; is defined as (note that it has only longitudinal or transverse faces,
cf. Figure 5.3)
Py ;=K x [jh,(j + 1)h]. (5.131)

As in Chapter 2, we shall use the letter h to denote the set of approximation parameters
in space, namely

h := (h, hr). (5.132)
The fully discrete space, indexed with h takes the following form,

Vi = Viur X Vay,

where on the one hand, the transverse field ET € Vh;r is searched piecewise linear conti-
nuous in z3 with value in the 2D Discontinuous Nedelec space [41],[43].

Vh,T = {ET,h € CO<R; /VhT(S\)) /V], ET|G. 1 € Pl (R, VhT(S\))}, (5133)
its
where th (§) is defined in (5.118). In other words, for any E; € /th, denoting ETJ- =
ET]@ € V5. (5), we have

Er(xr,z5) = Y Br(xr) w;(ws), (5.134)
JEZL

where w; is the usual hat function associated with z3 = jh (see Figure 5.6).

On the other hand, the longitudinal field F3 € \A/M is searched piecewise constant in xj3
with value in the standard IP; finite element space.

Vae = {Es: Q> R /Vj, Vag € [jh, (j + DA] Es(,25) = By ;0 € Vi (S)}, (5.135)

with Vj,,(S) is defined in (5.118). In other words, for any Es € Vi, there exists Eg’j% €
Vi (S), j € Z such that

Es(xr,13) = Z E3,j+%(XT> Xj+%(1’3)> ES,H% = E3‘§j+l (5.136)

=7/ 2
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v AN Xivy [
Sj+§
G-Dh  Gh Gon G-Dh  jh G+DR®

FIGURE 5.6 — The 1D basis functions w; (left) and Xj11 (right).

where x; 1 is the characteristic function of the interval [7h, (7 + 1)h] (see Figure 5.6).

We have thus two types of degrees of freedom for the discrete electric field. The first ones,
associated to the transverse field, are denoted Erp, = {ETJ}, Er; € R¥e is the vector of
the tangential components of the discrete transverse electric field along the edges in the
cross section 5.

The second ones, for the longitudinal field, are denoted Eszy = {E&j 1 }, where E; 1€

RY is the vector of the values of the discrete longitudinal field at the nodes of the mesh.

Transverse field in each section S; Longitudinal field in each section Sj, 1

FIGURE 5.7 — Two types of degrees of freedom.

Reinterpretation as prismatic edge elements

It is worthwhile reinterpreting the space as the result of a 3D finite element approximation
of H(rot, ) based on a prismatic mesh T3p of the cable €,

Tsp :={Px; | K€T,j €L} suchthat Q=] P, (5.137)

k.j

where the prism Pk ; is defined as (note that it has only longitudinal or transverse faces,
cf. Figure 5.3)
Py ;=K x [jh,(j + 1)h]. (5.138)

The discrete scheme in space

The discrete problem in space is obtained essentially by rewriting the variational formula-
tion (5.124) after replacing the semi-discrete space by full space Vy. More precisely, this
problem reads,

Find En(-,t) = (Ern(- ), Esn(-, 1)) € Va(Q),such that V By € Vi(Q), we have

L, (B Ba) + K, (B By) (B B) = 0. (5.139)

For stability analysis reasons, we will rewrite the weak formulation (5.139) in (Eg, E).
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Theorem 5.4.2 (Weak formulation for the problem in (ET, Eg))
If (Er, E5) is solution of (5.6), E given by (5.18) is solution of :

Find (Eth, Eg}h) S Vh = Vh’T X Vh’g such that for any (Eth, E3’h> € Vh,

522 my, (ET,h, ET,h) +kpp, (ET,hu ET,h) + ks (ET,ha ET,h) — C3r (E&h; ET,h)
+E§I‘T7h (ET,h; ET,h) - fch,h (ET,h, ET,h) + 5%1;1 (Es,h, ET,h)
+de,h (ET,h, ET,h) + de,h (ET,h, ET,h) + ?%h (ET,fu EB,h) =0, (5.140)
d; (Es n B3 h) + kT(ES n B h) - C3T(E3 nEr h)
+5%T,h (Es,m ET,h) + f’%;t (ET,h, ES,h) =0.

Apart from the functional spaces, there is another difference between (5.124) and (5.140)
which makes our approximation non-conforming in the finite element sense. This ingredient
is in fact very important for the efficiency of the method and to end up with numerical
schemes, that will be explicit in z3. More precisely, we approximate the two bilinear forms
that involve transverse fields and do not involve z-derivatives, namely m, kr and kg, by
using a quadrature formula in the x5 direction, transforming them into my, krj and kg .
More precisely, with respect to the definitions (5.53) (5.67) and (5.69) of the exact bilinear
forms

(fﬁ,f(T;f(d) — (r/ﬁh;f(T,haf(dh via /5f—>§£€f /M f—>§£ﬂ_1f
(5.141)
where ?g e [ (resp. yﬁ 1t f) refers to a nodal quadrature formula in 23, well adapted to
Q )

the measure ¢ dx (resp. u ' dx). More precisely, for f € C° (]R; Ll(g)) NnL! (Q), we set

;Igsf =h Y [ €1 (f]+12+f]> dxr, [ = flg, (5.142)
Q j JS

where 5j+%(XT) holds for the 1D mean value of ¢ in Cj, 1,

. 1 [U+DA
a.e. Xy € S, 5j+%(xT) = h/ e(xr, x3) drs. (5.143)
jh

Remark 5.4.1. One has the Fubini-like formula

§1§5f / yﬁ (%, 23) f(XT,:Eg)dx3>de, (5.144)

with the 1D quadrature formula, for any g € L'(R) N C°(R),

ﬁs(XT,xg) glws) dwy = h Y .4 (xr) (9((j = D) +9(jh)). (5.145)

2

Note that this formula can also be written

éa(xnxg) g(x3) dag == / en(xr, x3) mpg(z3) das. (5.146)

R
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where g, is the piecewise constant approrimation of € with its mean value inside each
interval [jh, (j + 1)h] and 7 ng is the Py-interpolate of g.

One has the fundamental property (1D mass lumping) about hat functions

VIl # g, ;lis(xT,xg) wj(xs) we(xs) dag := 0. (5.147)

Well-posedness

We denote the diameter of element K € ‘3'(5 ) by hg, and the transverse mesh size hrp is
given by
hr = min hg.
KeT(S)

We assume that the local mesh sizes are of bounded variation, that is, there is a positive
constant ¢ depending only on the shape-regularity of the mesh, such that for all neighboring

elements K and L
chig < hp <c 'hg, (5.148)

To define the interior penalty function @ = a o F' we first introduce
min{hx, hr}, if Sxp € i;va
hi, if Spp € 5
min{/ig, i}, if Skr € EA]ZT,
fix, if S, €350
with, Jig is the restriction of the coefficient fi to element Py, we then set

Uy, = K ILL|KL h\KL’

where x > 0 is chosen sufficiently large, independently of the mesh size and [i.

To discuss the well-posedness of (5.140), we introduce the semi-norm

uf = X (@ 1el) (47D (Y x &) - P& Va1
KeT(s) A (5.149)
+ 3 1@l [(DF) 87 )? ([6])klls,
ZKLEE

Lemma 5.4.1 (Well-posedness).
Set Kmin = 402 with C2  denoting a constant that only depends on the shap-reqularity

mu’ muv

of the mesh. So if we denote

o~

a(u,v) :=ky(u,v) +j(u,v),  u,veVy,
and we suppose that kK > Kyn, we get
. . L, —
la(u,v)| < V2 |ulu|v|n, la(u,u)| > 5 luli, u, v E V. (5.150)

Proof. The proof is similar to the proof of Lemma 5 found in Grote et al., 2007 [26]. W
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The algebraic form

To write the problem in a more algebraic form, we introduce here the vector degrees of
freedom namely (with obvious notation)

Ern Ep,;
Ey, = = € Vy = Vh,T X X’]-hg7 (5.151)
E3n Bg vl
where Vy, v and Vy, 3 are the Hilbert spaces
Vig = C(2,RY),  Vyz=(Z,RY).
According to the above, it is clear that (5.139) has an equivalent algebraic form,

d°E
MhW; + K En =0, (5.152)

where My, and K}, are the mass and stiffness matrices in Vy, (their obvious and classical
definition is omitted here). According to the decomposition of Vi, between transverse and
longitudinal fields, the mass matrix My, has the following block diagonal form

ML 0
My = " , (5.153)
3
0 M

and, in particular, thanks to numerical quadrature, M}, (resp. Mj) is block diagonal by
sections with blocks of dimension N, (resp. V). On the other hand, the stiffness matrix
K can be written, according (5.140) as

K (KS,h +Krn+ K%T,h - KgT,h + JdT,h + R%,h + Rg,h —Carn + CCTI’T,h + R%,h)
h = .

—(Carp)™ + (Chrn)" + (RTp)* Krn
(5.154)

5.5 Time discretization

Our method will be based on a tricky decomposition of the stiffness matrix Ky, (cf. (5.154))
into two symmetric matrices,

Ky, = K} + K¢, (5.155)
where Ki — Krn+ K(Ii“T,h + JdT,h + R%,h C(Ii“T,h
§ (Clrn)* Krp )

Ksn— KgT,h + Rg,h —Carn + R%,h
and K = .

—(Csrn)” + (R7p)" 0
The matrix K}, can be also decomposed into two symmetric matrices
K, = Kj + K,

where
Kid — Krn+ K%T,h + JdT,h + R%h 0
h 0 KT7h )
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( 0 CdTT,h)
h — " .
(Crrn)" 0

The interest of the decomposition lies in the following double observation

and

— Kiis adapted to implicit time discretization because the matrix is positive and block
diagonal, for this reason it is "easy" to invert (it corresponds to a series 2D problems).

— Oppositely K§ and Kj¢ are adapted to explicit time discretization because of the
presence of the ”3” index that corresponds to the x3 derivative, these matrices couples
all the interfaces and has no sign.

The matrix Kj, can be also decomposed into two symmetric matrices
h =Ky + Ri,

where

et Ksn 0 4 . _KgT,h + Rgl,h —Carn + CdTT,h + R%,h
Kh = O O an Rh = . C * Cd * d * :
( 3T,h> + ( TT,h) + (RT,h) 0

This decomposition lies in the following double observation

— K™ is is positive.

— Oppositely Ry, has no sign.

This choice of decomposition of these matrices is a reasonable choice. It is well chosen to
study the stability of our 3D problem. To do this, we introduce the following two defini-
tions :

Definition 5.5.1. For E = (ET, Eg) €V, we define the following differential operator

D, *(dsrnp [ET] KL)
—1 y—x* T - D -1 o9\
{M D7 (33ET — VTES) — " Pp(X,Vr) ET}KL

lf% D" (Q%ET — /V\TE?)) — lf% Pr(x, /V\T) Ep

/f% rotr Er
The operator G can decompose in two operators G* and G¢ such that,

G(E) = G'(E) + G“(E),
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where
D" (dsrir[Er| kL)
-1 ~ -
R —\M PT(X;VT>ET
Gi(B) = 1 {A A 1 }Kf\ A 7
—/Lii DE* VTEg — /fi PT()/i, VT) ET
[1,_% ﬁT ET
0
-1 o —1 y—=x* n
Ge(E) — - {N DT vTES}KL + {,U, DT 83:ET}KL

§2 Dy OsEr
0

Definition 5.5.2. we define the following scalar product for all E = (ET, E?,) € Vi and
E = (ET, Eg) €Vy

(GE).G®) = X [ alkl|(DF) '8 Gi(E) G\(E)do

g ~ ~
YKLEYR XKL

— > | V1| Gi(E) Gu(E) do

/E\KLeih YKL
— Y | || GIE)-GoE)di+ Y. | |Jr|Gs(E)- G3(E) da,
i]\KLE/X\)h YKL KEThT Pg
where g = L*(S5,)% x L*(Sh,)? x L2(Q)°.
Using Definition 5.5.2, we have the following lemma,

Lemma 5.5.1. For all E = (Ep, E3) € Vy, and E = (Er, E3) € Vi, we have
G(E),G(E)) =ky(Ep Epn) +j*(En, Ep).
(G(B).G(B)), =k (En En) +J'(En En)

Remark 5.5.1. 4
Let Uy, € V}, associated to the vector Uy € Vy,, by definition of Kj, and Kj,

(KiUn. Un) = (G'(U4). G'(Uw)) .
(K& Un, Un) = (G*(U5), G*(Un)) .
(KiUn, Un) = (G(Un), Ge(Uh))g +2(G'(Uy), Ge(Uh))g.

The Remark 5.5.1 is very important because it allows to prove the following lemma,

Lemma 5.5.2. For Uy, € Vy, the quadratic form associated with Ky, can be estimated
thanks to the Young’s inequality

(KiUn, Un) < (14 ) (Ki U, Un) + @ (KLU, D),

with o > 0 is a parameter.
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Proof. Let U, € V,, associated to the vector Uy, € Vy,, we have
(KiUn. Un) = (G*(Un). G“(U)) +2(G'(Un). G*(Uy)) .
Now using the Young’s inequality we get the following bound
7 e 1 e e 7 )
2(G/(U,), G (Uh)>g <- (G(Un). G (Uh))g +a(G(U,),G (Uh))g,
with a > 0 is a parameter. As a consequence

(K§Un, Un) < (1+ ;) (G“(Un). G*(U) +a (G(U,),G'(Un)) .

g

Finally using the Remark 5.5.1 we get

(K§Un, Un) < (1+ ;) (K5 Un, Un) + o (KjUn, Un).

A hybrid implicit-explicit scheme

According to Ky-decomposition (5.155), we rewrite (5.152) as
d’Ey
dt?
and propose a numerical scheme in which Ey, at time " = nAt is approximated differently
depending on the fact that it is Kj,, K}, or Kﬁi. More precisely, and according to what we

said in the introduction of this section, we propose the following hybrid implicit-explicit
leap frog scheme (see Chapter 2, in which 6 € [0, 1] is a parameter,

Ept' —2Ep + Ept

My, + K{ Ey + K} Ey, = 0.

My, A +KiHER Y + (K§ + KO B} =0, (5.156)
where {[Ef }4 corresponds to the weighted mean value
{(EiYg = 0E " + (1 —-20)EL +0EP!, 0€10,1]. (5.157)

Clearly, this scheme is a mix between the explicit leap frog scheme and the implicit #-scheme
(or centered Newmark scheme). It is obviously second order accurate in At whatever is 6.

Stability analysis

For our main theorem, we need to introduce the function &y, (x7) defined by :

[ i) (ArCoau )

[anll5 = sup ,
ur€Py % ( l’T)U-h'U-h)

(5.158)

where
2 .
Py = {u, € (COR)NLAR)) /Y j € Z, plyn (41 € Py x P} (5.159)
It is also useful to introduce the velocity of electromagnetic waves in Q

Ve, aR) =R u(R)z, ¢ =supaR). (5.160)
Q
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1
Theorem 5.5.1. The fully discrete scheme (5.156) is stable if 0 > 3 and

(5.161)

with &y, defined in (5.158).

The proof of this theorem is very similar to that of Theorem 2.6.1 in Chapter 2.

Proof. Since there is no possible ambiguity, and for the sake of simplicity, we shall use
the same notation (-, ) for inner products in Vy, r and Vi 3. Below, we refer to (5.151)
and the dot is systematically used for the appropriate Euclidean scalar product that may
change from one occurrence to the other,

(Uh,T,Hjh,T> = Z UT,j : ®T,ja (Uh,37®h,3) = Z Ug,j+% '®37j+%7
jez JEL (5.162)
([Uh,@h) = (Uh,T;[Bh,T) + (Uh,3,®h,3)-

The proof is done in two steps using an energy approach.
Step 1 : Discrete energy conservation.

We use the two key (but standard) identities :

Ep = {Ex}1 — 1 (Eh+1 — 2K, + Ky 1), {Exto = {En}s + (9 - Z) (EhJrl —2E, + &y 1)-
. . ) 1

This allows us to rewrite our scheme as a perturbation of the 1—scheme.

Ept! — 2B + Ef !

M, (At) N

+ Kj, {Eﬁ}% =0,

where we have set

A At? , A 1 A
My (A1) = My (A1) = == (K{+K()  and M (A1) = My+ (07 ) APK(L (5.163)
Taking the scalar product (in Vy, := Vy, 1 x Vy, 3) of the above equation with (Ep™ — Ep) /At
we classically deduce —thanks to the symmetry of all matrices— the conservation of the
discrete energy

: S S L ) B+ Ep\ 4 Ef
e [ M (A) 2B h Ly h K ( h h) h h|
h ( n(At) At At T {%n 2 ’ 2

Step 2 : Derivation of the sufficient stability condition (5.161).

This will be simply obtained showing the positivity of the discrete energy ST% when the
condition (5.5.1) holds, this amounts to the positivity of the modified mass matrix My, (At).
The idea is first to ensure the positivity of Mj (At) only choosing adequately 6 —typically
0 > 1/4- then to control At? (K§ + Ki) by choosing adequately At. As we are going to
see this can be done by imposing to At a lower bound that only sees the longitudinal space
step h.
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To be more precise, we first obtain a lower bound of the quadratic form associated with
K}, using the Lemma 5.5.2 we get

(K§Un, Un) < (1+ ;) (K5 " Un, Un) + o (KyUn, Un), with a >0

Thus, we can write the following bound of the quadratic form associated with My, (At),

(Mh(At)Uh,Uh) > ((Mh - Afu + ;) Kﬁ*Uh,Uh) +((9 — i(1 + a)) At? K;’?Uh,mh)
—(Afu + ) KicUn, Up).

(5.164)
For any Uy, = (Uzn, Usy) € Vi, we use the Young’s inequality we get the following bound

(KgUh,Uh) < (K%T,hUT,haUT,h) + (KT,hU3,h,U3,h). (5.165)

Using the expression of Ki¢ and the inequality (5.165), we can rewrite the inequality (5.164)
as follows

At? 1. . 1 ,
(M, (At) Uy, Un) > (M — -+ ) K§ U, Un) + ((0 - 5(1+a) A K}/ Up, Up).
(5.166)
1
Assuming 6 > 27 and by choosing o =26 — 1 we get
At? I
(Mh<At)Uh>Uh) > ((Mh - 1+ a) Ky UhaUh)7 (5.167)

Recalling that

ML O Kz O
M, = . and Kyt = o :
0 M 0 0

we drop, in (5.167), the positive blocks associated with Mﬁ, and deduces that for any
Un = (Uzn, Usn) € Vh,

At? 20
(Mh(At>UhaMh> > ((ME T 1 90-1 K3,hUh,Uh>- (5.168)

Finally, we control the matrix K3y with the help of the mass matrix M. This is where the
longitudinal space step h will appear via the function ;. More precisely, let U, € Vi, 1
associated to the vector Uy r € Vi, 1, by definition of K3y,

(KsnUnz, Unr) = ks(Upr, Upz) = /A A7 A 05Uy - 03Uy
Q
Using the Fubini’s theorem, we get
(K3,hUh,T7Uh,T) = /A</ﬁl(xTaxZi)(AT(XTaxS)83Uh,T(XT>x3)'aSUh,T(XTa$3)) dfl?s)dXT-
s\Jr

Then, by definition (5.158) of the function @, and since, for fixed xr, the function
Uy, r(xr,-) belongs to Py, by definition of Vj, 7, we have

(KS,hUh,TaUh,T> < /A@h(XT)(§£ é\(XTax?))(AT(XTuxS) Uh,T(XT7$3)'Uh,T(XT7$3)) dﬂUs)dXT
S R
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so that, referring to the Fubini-like formula and the definition of my,, we get
(K3,hUh,T7Uh,T) < ||anllZ m(Upr, Upr) = [|an|2 (MEUh,TaIUh,T)- (5.169)
Finally, joining (5.169) to the inequality (5.168), we obtain

A2 24
4 20—

(Min(At) Uy, Un) > (1 - [la@nl% = =) (MY Unr, Unr). (5.170)
A sufficient stability condition is obtained by writing that

> 0.

(1l 25 20

Computational complexity

According to the weak formulation (5.140) and the implicit-explicit scheme (5.156) , we
can write the full discrete problem as a series of 2D problems "section by section" which
have the following structure :

Extl — 2E% . + Ent
Ty T 4 (K + KTT] + J%j + RdT,j) (9 ETZFSI +(1—20)Er; +0 ETL_]I)

] At?
_1 M Eg“,j+l - E?’,j M E%j - E%,jq n C3ij+% Eg,jJr% - C?’TJ—%E;J’—%
n\ it h i3 h h
+C ( g]+1+En )+CTT]( 3J+1+En é):O,
E;t, —2E7 . +EI
3.j+3 3.J+3 3.J +2 n+1 n n—1
M, N Ky (9 B+ (1= 20)BS,, + E37j+§)

% E% i+1 IE’T j * TN * TN
—Cop i Ty ((C%,j—&-l) Tj+1 T (CdT,j) ET,j)

J+3 h
((CTTjJrl) E7 1+ (CTT]> E%) =0,

Looking at where the superscript n + 1 appears in the above equations, one sees that at
each time step one has to invert the matrices

M + 0 At (K + Kfp; +J7; +R7;)  and M1 +0APKy 1.

This illustrates the fact that the scheme is implicit only in the transverse direction.

5.6 Conclusion

In this chapter, we presented an extension of the method developed in chapter 2 for cylin-
drical cables to the case of non-cylindrical cables : we used a mapping technique combined
with an anisotropic Piola transform and a hybrid Finite Element/Discontinuous Galerkin
approach for the spatial discretization, and an explicit/implicit scheme for the temporal
discretization. The implementation of the obtained scheme is not straightforward because
it involves new terms that are not available —under construction— in the Xlife++ software.
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6.1 Introduction

Pour simuler la propagation d’ondes électromagnétiques dans un cable coaxial non borné
dans la direction longitudinale, plusieurs approches existantes dans la littérature peuvent
étre utilisées. Parmi ces approches nous trouvons la méthode basée sur les couches absor-
bantes parfaitement adaptées (Perfectly Matched Layer) "PML". Le modele de PML a été
introduit par Bérenger en 1994 [14], il constitue une méthode particulierement efficace pour
formuler des conditions de bord transparentes, et consiste a prolonger le domaine de calcul
par un domaine fictif dans lequel les ondes sont atténuées. Dans cette couche on cherche a
satisfaire deux objectifs :

— Ne pas avoir de réflexion a l'interface entre le domaine d’intérét et la couche absor-
bante.

— Atténuer les ondes entrantes dans la couche PML.

125
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Dans ce chapitre, nous allons utiliser cette méthode pour résoudre le modele Maxwell 3D
présenté au Chapitre 2, puis pour résoudre le modeéle télégraphique présenté au chapitre 4.

Pour la construction d’une formulation variationnelle adaptée, nous nous sommes inspirés
des travaux de Baffet, Grote, Imperiale et Kachanovska [7] pour le cas de I’équation des
ondes. La principale difficulté est d’aboutir a une formulation variationnelle compatible
avec les éléments finis présentés au Chapitre 2 (pour le modele 3D) et au Chapitre 4 (pour
le modele 1D), ce qui repose sur I'introduction astucieuse d’inconnues auxiliaires.

6.2 Construction des couches PML pour les équations
de Maxwell 3D

6.2.1 Rappel du modele 3D dans un cable infini

Notre domaine de travail est un cable coaxial cylindrique €2, nous supposons qu’il est infini
dans la direction longitudinale x5 (voir Figure 6.1).

Q=SxR, 9S=T.UT, (6.1)

ou S est une section du cable 2 indépendante de 3.

A 72

heterogeneous
propagation domain

FIGURE 6.1 — Gauche : une section du cable, Droite : le domaine 2.

La propagation des ondes dans le cable €2, a travers les inconnues E(x,t) (le champ élec-
trique) et H(x,t) (le champ magnétique) est régie par les équations de Maxwell 3D com-
plétées par des conditions aux limites parfaitement conductrices sur 02,

eOE+0cE—-V xH=0, dans Q x R,
wOH+V xE =0, dans Q x R™, (6.2)
Exn=0, sur 092 x RY,

ou t est le temps, V x l'opérateur rotationnel 3D et n représente la normale extérieure
unitaire. Les coefficients € et p sont respectivement la permittivité électrique et la per-
méabilité magnétique, et sont toutes deux des fonctions de la variable spatiale xpy € S et
satisfont aux hypotheses suivantes

0<p_ <pxr)<pg, 0<e_ <e(xr)<e, avec xXp=(r1,22) € S.
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Nous considérerons également la possibilité de la présence de la conductivité o,
0<o(xr) <oy, xr€b. (6.3)

Le modele (6.2) est complété par les conditions initiales (pour simplifier, nous supposons
I’absence de termes sources, sans aucune perte de généralité).

E(-,0) =E,, H(-,0) = H,. (6.4)

Pour utiliser la méthode développée dans le Chapitre 2, nous considérons la formulation
du probleme en champ électrique de second ordre, obtenu aprés élimination du champ
magnétique,

cRE+0OE+V X i 'VXxE=0, dans Q x RY,
Exn=0, sur 092 x R, (6.5)
E(-0) =By, 0E(,0)=ec'(VxHy—0E) dans Q

Pour des raisons de simplicité, sans perte de généralité, nous supposons que o = 0.

Nous introduisons la décomposition du champ électrique E en composantes transversale
Er et longitudinale FEj,

ET El
E = avec Er = .
E3 Ey

Les équations de Maxwell (6.5) peuvent étre réécrites sous la forme suivante :

gafET — O3 (/flag ET> + roty (/flrotT ET) + 03 (uflvTEg,) =0, dans Q x RT,

£ 0} B3 + 1oty <,u_1rotTE3) + divp (/flag ET> =0, dans Q x R",
Er xnp=0, et FE3=0, sur 02 x R*.
(6.6)

Ici 0; est la dérivée partielle par rapport a la variable z; pour ¢ = 1, 2, 3, roty est 'opérateur
de rotation transversal scalaire, rotr est 'opérateur de rotation transversal vectorielle, Vp
est l'opérateur de gradient transversal et divy est I'opérateur de divergence transversale
(notez que l'indice T fait référence aux dérivées transversales) :

Oy Fs
rotrEr = 81E2 — 82E1 rotr E3 =
—01F5

O Fs
diVTET = 81E1 - 82E2 vT E3 =
0o F

6.2.2 Construction des couches PML

Dans cette section, nous allons expliquer comment construire la formulation PML associée
a notre modele (6.6). La premiere étape consiste a introduire la transformation de Laplace,

u(zx, s) :/ e u(z,t)dt, seC. (6.8)
0
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Ensuite, en appliquant cette transformations sur le probleme (6.6), nous obtenons

£ 52 ET — 83 (,uilﬁg ET) + I‘OtT (,Lbill"OtT ET) + 83 (,UilvTﬁg) = 0, dans Q, S € C,

£s? Eg + rotr (u‘lrotTﬁAfg) + divy (u‘lag ET> =0, dans €,s € C,
Er xnp =0, et E; =0, sur 0€), s € C,
(6.9)

Soit & une fonction positive, qui dépend de la variable longitudinale 3, et qui s’annule
dans un sous-domaine €2, borné du €2, et strictement positive en dehors de €, (voir Figure
6.2), nous introduisons le changement de coordonnée suivant :

1 [*3
T3 Ty = T3+ / £(z)dz, z3€R. (6.10)
SJo

L’application de ce changement de variable au probleme (6.9), et en utilisant le fait que

853_ S
Opy S+E

nous conduit au probléme suivant :

2Br— — 0y (u ' —— 0,E tr (i roty B 0y (Vg Bs) =0

es” by st € 5 (1 S+§3T)+I‘0T(/~L roty T)+S+§ 3(M T 3) ;
9 1 —~ . 1 S R B

ES Eg—l—l'OtT (,u I‘OtTE3>—|—d1VT([L 8+§03ET)—0

(6.11)
Le principe de la méthode des PML consiste a bien choisir la fonction £ de telle facon
a, d’une part, ne pas avoir des réflexions a l'interface entre le domaine d’intérét €2, et les
deux couches absorbantes Qp,,; et Q3,,,, d’autre part atténuer les ondes entrantes dans
les PML. Une fois le systeme PML construit, on peut tronquer artificiellement le domaine
Q2 et compléter le probleme (6.2.2) par la condition E x n = 0 aux extrémités des deux
couches PML (voir Figure 6.2).

FIGURE 6.2 — Le domaine €2 tronqué par deux couches PML, QF,,; et Qpyr
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Si on multiplie les deux équations (6.2.2) par 1 + §, nous obtenons
s

S

s+¢&

§

S

3 82 (1 + )ET — 83 (,u_l 83ET> + I'OtT (,u_l (1 + i) I'OtT ET)

+83 (M_l VT Eg) = O, (612)

es? (1+ i) Es + roty (/fl (14 i) roty Eg) + divT(u’l&)) ET) = 0.

Maintenant, nous cherchons a trouver une formulation qui sépare les termes de la formu-
lation (6.9) et les nouveaux termes qui dépendent de £ et qui expliquent la présence des
couches PML. Pour se faire nous utilisons 1’égalité suivante

Avec cette remarque, les équations (6.12) se réécrivent comme suit,

9 32 ET — 83 (M_l 63 ET) + I‘OtT (M_l IOtT ET) + 83 (LL_I VT Eg)

§
s+¢&

+€€S ET + 83 (,u_l 83 ET) + I‘OtT (,u_l § I‘OtT ET) = 0,
S

£s? Eg + rotp (/fl rotr Eg) + divyp (;fl@g ET) +e&s Eg + rotp </fl § roty Eg) =0.
S

Nous définissons trois nouvelles inconnues,

§
s+&

~

83 ET, ?T = §l"OtT ET, Tr3 = §I'OtT E3, (613)
S S

b=
et obtenons alors le systeme,

s> Ep — 04 oy E; + roty (,u’l roty ET) + O30V Es
+eésEr+p 1050 + roty </flfT) =0,
2 B -1 7 . —19 % 7 15 _
S E3 + roty (,U, rotr Eg) + leT (,LL 83 ET) +e 5 S E3 + rotp (/JJ T'3) = 0,
(s+&) ¢ =E0Er,

S ?T = §r0tT ET,

8?3 = §r0tT E3.
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En utilisant la transformation de Laplace inverse, nous pouvons revenir au régime temporel,
€ 83 Er — 05 (,u_l O3 ET) + rotp (ﬁb_l rotp ET> + O3 M_l Vr E5
+e€ 0, Er+ ' 93¢ + roty (M_ITT) =0,
2 ~1 ~1 . —1a ) _
9 8t E3 + 55 8t E3 + rotr (,LL I'OtT Eg) + rotr <,u 7”3) + leT (,u 83 ET) = 0,
hp+Ep=E05 Er,

Oy rp = {roty B,

at T3 = §r0tT E3.
(6.14)

Maintenant, nous allons chercher une méthode de discrétisation en espace et en temps pour
résoudre numériquement le modele obtenu.

6.2.3 Une méthode hybride de discrétisation en espace

Nous allons utiliser une approche Galerkine basée sur la formulation variationnelle de
(6.14). Afin de donner la formulation faible de ce probléme, nous commencgons par intro-
duire I'espace fonctionnel V' ot nous cherchons le champ électrique transverse Er et le
champ électrique longitudinal E3, qui est défini comme suit,

H(rot; Q) := {(Er, Bs) € L*(Q)* x L*(Q) [ rotrEs + e5 x 05 By € LA(Q)?,

et roty Er € L2(Q)},  (6.15)

V' := Hy(rot;2) = {E € H(rot;Q) /Er x np = B3 = 0 sur 89}.

En utilisant les expressions des nouvelles inconnues (6.13), nous déduisons qu'il faut cher-
cher les inconnues respectivement dans les espaces fonctionnels suivants :

W = L2(]R, H(rotr, S)) = {uT € L*(Q)?/Va3 €R, rotyur(-,x3) € LQ(S)},

Wy = ot (R, LQ(S)) — {U c LQ(Q) /\v’ xr €5, 05 U(XT7 ) € L2(R)}7 (616)
WT = L2(Q)27

VZ:VXWXWTXWT.

En adaptant ce choix des espaces fonctionnels, nous pouvons introduire la formulation
variationnelle du probleme (6.14) :

Trouver (ET7 Eg,)(t) et (¢, r, 7‘3) (t) dans V tel que pour toute fonction test (ET, Eg) et
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<¢, rr, Fg,) dans V, nous avons

2

Cclltz m(ET, ET) + k3 (ET, ET> + kT (ET, ET) — C3T17 (Eg, ET>

+ Cclit mgé(ET, ET) + pz;_1 (T’T, s ET) — pi_l (d), ET) = 0,

C‘;; m(Es, Bs)  + kr(Es, Bs) — csr(Es, Br)
+ ccllt mgé(Eg, Eg) + pZ—l ("'37 ES) =0, (6.17)

S mi(9.6)  +me(0.8) = p}(Er),

d

%ml(rT;FT) = p?(?T;ET>7
jtml(rg,?“g) = pgT(?tzs,E:a)-

ou les formes bilinéaires suivantes ont les mémes notations et expressions que les formes
(2.9) trouvées dans le chapitre (2),

m(ET,ET) ::/QgET'ETa m(Eg,E3> 3:/§2€E3E37

kT(ET,ET) = / /Jfl l"OtT ET l"OtT ET, k‘T (Eg,Eg) = / ,LLi1 VTEg : VTE;g, (618)
Q Q

k3(ET,ET) = /Q[,L_l 63 ET . 63 ET, 63T<E3,ET) = /Q[L_l VTEg . 83 ET.

Les nouvelles formes bilinéaires sont les suivantes :

0 (0Br) = [a6-0,Br ma(0.0) = [ag-d.

pZ(rT,,ET) = /OM’T rot Er, ma(TT,?T) = /OM"T T, (6.19)
Q Q

Pg(TS,Es) = /Oc'rg-rotTE3.
Q

Remarque 6.2.1 (Les formes bilinéaires (6.19)).

Tous ces formes disparaissent en dehors des deux couches de PML. L’indice en bas a signifie
que la forme bilinéaire dépend d’un coefficient a. Nous utilisons les lettres en gras (resp. en
normale) lorsqu’elles s’appliquent aux champs vectoriels (resp. aux champs scalaires). Pour
les formes bilinéaires p2, pg et pg, lindice en haut T signifie que la dérivée transversale
est impliquée, tandis que l'indice 3 signifie qu’il existe une dérivée par rapport a x3 dans la
forme bilinéaire, et o est une fonction strictement positive.
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Nous traitons maintenant de la discrétisation en espace. Nous suivrons la méme approche
que dans le Chapitre 2 (dans Section 2.4.1 et Section 2.4.2), ainsi nous allons traiter d’abord
la discrétisation longitudinale par rapport a x3, et ensuite une discrétisation transverse par
rapport aux variables transversales xr, ce qui est justifié par la "structure cylindrique" de

cable ).

Semi-discrétisation longitudinale.

Nous commencons par décomposer le cable ) en des petits portions cylindriques.

Ciyr ={(xr,23) €Q/jh<as < (j+1)h}, jeZ (6.20)

J

Ces portions de taille h dans la direction longitudinale z3 (h est le pas d’espace longitudinal)
sont séparées par des sections transversales S;,j € Z (voir figure 2.2 ) ot, par définition,
Sj - {(XTa.jh)7XT € S}

Nous introduisons maintenant les sous-espaces semi-discrets des espaces définis dans (6.15)
et (6.16), et adaptés a cette semi-discrétisation en espace :

x Pour l’espace H(rot; )
Nous notons V}, 'espace d’approximation de I'espace 3D H(rot; (),
V, = Vh,T X thg C H(I‘Ot; Q), (621)

ou d'une part, Vj, 1 est constitué de P; fonctions continues dans la direction x3 et a valeurs
dans l'espace 2D H (rotr, S).

Vir = {ET,h € C’O(R; H(rotr, S)) / ET|@j+1 e, (R; H(rotr, S)) Vj}, (6.22)

avec H (rotr; ) := {Er € L*(Q)? x L*(Q) /rotsEr € L*(Q) }.

En d’autres termes, pour tout E; € Vj, 7, nous avons

Er(xr,23) = ) Brj(xr) w;(ws), (6.23)

JEZ
ot w; est la fonction chapeau habituelle associée & x3 = jh (voir figure 2.3 ), et

ETJ‘ = ET|S]- S H(I‘OtT, S)

D’autre part, I’espace Vj, est constitué de fonctions constantes par morceaux Py dans la
direction 3 et a valeurs dans H'(S).

Vie:={Es: Q= R/ Eyle , € Po(R; H'(S))Vj}. (6.24)

2

En d’autres termes, pour tout E3 € Vj,, il existe E37j+% c H'(S),j € Z tel que

Bs(xr,x3) = ) E3,j+%(XT) Xj+%(373)’ Byl = E3’Sj+% (6.25)

JEZ



133 6.2. Construction des couches PML pour les équations de Maxwell 3D

ou X1 est la fonction caractéristique de lintervalle (jh, (7 + 1)h] (voir figure 2.3).

« Pour espace W = L? (R, H(rotr, S))

Nous notons W), I'espace d’approximation de l'espace W. Cet espace est constitué de
fonctions constantes par morceaux Py dans la direction z3 et a valeurs dans 'espace 2D

H(rotr, S).
W, = {¢: Q=R /@le , €Py(R; H(rotr,5)) V. (6.26)

En d’autres termes, pour tout ¢ € Wy, il existe ¢, 1 € H(rotr, S), j € Z tel que

P(xr,13) = Z ¢j+% (x7) Xj—f—%(x?))v ¢j—|—% = ¢|Sj+;' (6.27)
JEL :
x Pour l'espace Wy = H* (]R, L2(S))

Nous notons W), r 'espace d’approximation de ’espace Wrp. Cet espace est constitué de
fonctions constantes par morceaux IP; dans la direction x5 et & valeurs dans I'espace L*(S).

Whr = {TT Q=R / TT|@j+1 € ]P’l(]R; LQ(S))Vj}. (6.28)

2

En d’autres termes, pour tout v € Wy, p, il existe rr; € L*(S)?, j € Z tel que

ro(Xr, x3) = Y rej(xr) wi(es), o =rrls,. (6.29)
JEZ

x Pour l'espace W = L*(Q)?

Nous notons Wy, 1 I'espace d’approximation de ’espace Wp. Cet espace est constitué de
fonctions constantes par morceaux Py dans la direction x5 et & valeurs dans I'espace L*(S)2.

W= {rs: Q= R/ ryle € Po(R; L*(5)*) ¥ j}. (6.30)

2

En d’autres termes, pour tout 75 € Wy, 7, il existe T34l € L*(S)?, j € Z tel que

ra(Xr, 23) = ) TS,jJr%(XT) Xj+%($3)> T3+l = 7‘3\Sj+%- (6.31)
JEZ

Le probleme semi-discret est obtenu essentiellement en réécrivant la formulation variation-
nelle (6.58) apres avoir remplacé les espaces continus par leurs sous-espaces semi-discrets.
Plus précisément, ce probleme semi-discret s’écrit comme suit :

Trouver (ETJL,Eg’h) € Vi et (¢, rrn,T30) € Wi X Wy x W3 tel que pour toute
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fonction test (ET,h, Egyh) cVet (q?)h,?T,h, T3n) € Wi, X Wy, X W, 3, nous avons,

d2
dt?

d2

75 (B, Es)

i my <¢h7 J)h)

d

%ml h(TTh,TTh)

d

o my (7“3 hy T3 h)

4 jtm%h (Eth’ETVh) - pzzfl’h(rT,h; ,ET,h) _

+ kr <E3,h7 Eg,h) — 31 (E:s,h, ET,h)

+ jt Me¢ (E3,h7 ES,h) + pZ—l (’1"3,}“ Egﬁ) =0,
+ me (d’ha &h) = p§’ (&h, ET,h),

= Dy (77T,h, ET,h)a

= pi (7“3,}” E3,h>-

—my, (ET n Ep h) + ks (ET,h, ET,h) + ko, (ET,h, ET,h) —C31 <E3,h, ET,h)

i (¢n Brn) =0,

(6.32)

Comme nous 'avons fait dans le chapitre 2, les formes bilinéaires d’indice h, sont traitées
par une formule de quadrature dans la direction x3. Plus précisément, par rapport a leurs
expressions exactes dans (6.18), nous les avons approchées par une formule de quadrature
qui est définie comme suit :

fer=der [utradus

(6.33)

ou yg e f (resp. @ p~' f) correspond a la formule de quadrature dans la direction z3. Plus
Q Q

précisément, pour f € CV (R; Ll(S)) nL (Q), NOUS avons :

avec pour Xy € S,

;lgsf hZ/ M>dXT>

G+
/ €(XT,£L'3) dl’g.
J

SIS

g1 (xr) =

fi=fls;, (6.34)

(6.35)
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Nous rappelons ici les expressions des formes bilinéaires trouvées au chapitre 2 apres avoir
utilisé la formule de quadrature,

m(Ea,h,Es,h) Zmﬁ ( ,J+17E3,j+§) =h Z @-E 3.J+3 E 3,+3"

JEZ JEZ Sj+%
_— = -
kT<E37hv E&h) - Zkﬂ% (E3,j+ 3,5+ ) =h Z Fjv1 VTE3,j+§ 'VTES,j-i-%’
JEZ JEZ +
2
my,(Ery, Bry) = my;(Bry, Bry) =Y. | &Er;-Exy,
JEL JEZY S

krp, (ET,h, ET,h) =Y ki (ET,j> ET,j) =h> [ ;' rotrEq rotrEr

JEL jezJ Sj

- Eriii—Er: Erivi —FErs
ks (ET,h, ET,h) 3> SM;&% T,J—Hh Tj T,g+1h rj
jez

Erj. — Er;
1 T,j+1 T,
csr(Bsn, Bra) =h Y. H% ol VB - LT

JEZ h
(6.36)
ou comme dans (6.35), nous avons défini
. 1 U+ .
! L (x7) = h/ w(xp,x3) des VYV xp € S.
jh
De méme, les formes bilinéaires (6.19) sont réécrites comme suit,
m, (¢, ) = h > by big
JEZ i+
Ma,h (TT,th,h) =h) O‘j T, T,
JEZ
Er:i —Er,
3 o T,7+1 T,j
JEZ Sj+%
Poh (T’T,h, ET,h) = hY [ ajrp;rotrEpy,
jezJ S;
pg(Fg,h, Eg) = h Z ajJr% T3l rotr E37j+%,
JEZ
avec la définition,
1 (J+1h
i 1(Xr) = h/ a(xr,x3) drs Yxr €S, (6.38)
jh

Discrétisation spatiale globale

Pour la discrétisation transversale, nous introduisons un maillage triangulaire conforme T
(au sens habituel des éléments finis) de S avec un pas transversal hp.
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Dans la suite, nous notons N le nombre de noeuds de ce maillage, N, le nombre d’arétes
et N; le nombre de triangles.

Nous introduisons maintenant les espaces totalement discrets, indexés par h qui prennent
les mémes formes que les espaces semi-discrets.

e Nous notons Vy, I'espace d’approximation de 1’espace 3D H(rot; (),
Vh = Vh,T X th.

Le champ transverse Et est constitué de P; fonctions continues dans la direction z3 et a
valeurs dans 'espace classique 2D de Nédélec.

Vir = {Ers € C°(R; Vi (S)) / Erle , € Py(R; Vi (S)) ¥ i}, (6.39)

2

VhT(S) = {ET € H(I‘OtT,S)) /\V/ K e ‘I, ET|K € NQD},
avec (6.40)
NQD = {CL (l‘g, —l'l)t -+ b, (a,b) eR x R2} C Pl X ]P)l.

D’autre part, I'espace Vj est constitué de fonctions constantes par morceaux Py dans la
direction x3 et a valeurs dans [P;.

Vh’g = {Eg Q=R / Vi, Vas € [jh, (j + 1)]1] Eg(',l’g) = E37j+% S VhT(S)}7
(6.41)
Vi (S) = {Es € H'(S) /V K €T, Es| € P1}.

e Nous notons Wy, 'espace d’approximation de l'espace W. Cet espace est constitué de
fonctions constantes par morceaux Py dans la direction x3 et a valeurs dans 'espace clas-
sique 2D de Nedelec.

W, = {¢: Q=R /dle , €Py(R; Vi (9))Vj}, (6.42)

avec Vp,.(S) défini dans (6.40).

e Nous notons W, r I'espace d’approximation de I'espace Wyr. Cet espace est constitué de
fonctions constantes par morceaux IP; dans la direction x3 et a valeurs dans Py.

Wiz = {rr:Q >R/ rrle,, €Pr (R; Py (5)) ¥ 5}, (6.43)

2
avec [Py(S) défini par :

Po(S) := {u € L*(S) /¥ K € T, ulx € Py }. (6.44)

e Nous notons W, 1 'espace d’approximation de I’espace Wy. Cet espace est constitué de
fonctions constantes par morceaux Py dans la direction x3 et a valeurs dans Py x P.

W= {rs: Q> R/ rale € Po(R;Py(S)?) V 5}, (6.45)

2

avec V. (S) défini dans (6.44).
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Le probleme discret en espace est obtenu en réécrivant la formulation variationnelle (6.32)
apres avoir remplacé les espaces semi-discrets par les espaces totalement discrets.
Plus précisément, ce probléeme semi-discret s’écrit comme suit :

Trouver (ETﬁh,E&h) € Vi et (¢n,7rn,T3n) € Wh X Wy X W3 tel que pour toute

fonction test (ETJ], E37h) e W et ((}h, FTJ], ’FT,h) € Wy x Wh,T X Wh,3, nous avomns,

5:2 my, (ET7h7 Enh) + k3 (ET,h, Eﬂh) + krp, (ET,h, ET,h> — C37 <E37h, ET7h>
+ jtmag,h (ET,h, ET,h) + pffl,h (TT,h7 ) ET,h) - piﬂ <¢h, ETJ]) =0,
d2

pTel m(E:a,h, E3,h> + kr <E3,h> Eg,h) — 37 (E?,,h, ET,h)

+ jt Meg (Eg}h, E&h) + pgfl (TS,h; E3,h) =0,

c;if m; (¢h7 &h) + mg <¢ha &h) = p§ (%h, ET’h)7
c;it mih (TT,h, ?T,h> = pgh (?ﬂh, ET,h) ,
c;it m; (Tg,h, 'I~°3,h) = pg ('T“37h, E37h>,

(6.46)

La forme algébrique

Pour écrire le probléeme sous une forme algébrique, nous introduisons ici les vecteurs des
degrés de liberté,

Ern {Er;}
o £, = = € Vi := V1 X Vi3,
Esn {E3,j+§}

ou Vi, 7 et Vi, 3 sont deux espaces de Hilbert,

Vi = (2,RY), Vys=C(ZRY).

Py, {(I)j-s-%}
eRy=[Rrn | = | {Rrj} | € Wi x Wiy x Wy,
R3n {Rg; 1}

ou Wy, Wy 7 et Wy, 3 sont trois espaces de Hilbert,

Wy = 2(Z,RY), Wiri=C2(ZRY), Wys=(2Z,RY).



Chapitre 6. Construction des couches PML pour les modeles 3D/1D 138

Il est clair que le probléme (6.46) a la forme algébrique suivante,

d’E dR
My, dt;‘ +Kn B+ My~ B 4P R, =0,
. (6.47)
Myo—— 7 + My 3 Ry = P Ep,

ou My, et Ky, sont les matrices de masse et de rigidité. Selon la décomposition de Vy, entre
champs transversaux et longitudinaux, ces matrices ont les formes suivantes :

M{ 0 Ksn +Krn Csrn
M, = ;] Kn= . . (6.48)

Notez que ces matrices ont les mémes notations que dans le chapitre 2.

Les autres nouvelles matrices signifient la présence de couches PML ont les structures

suivantes,
0 Megpnp O P, P, 0
Mh71 = s Ph,l - 7 7 T ’
0 0 M557h 0 0 P,Lrl,h
M;, O 0 Men 0 0 (P 0
My = 0 Min 0 , Myz= 0 0 0], Puno= (Pg,h)* 0
0 0 My 0 00 0 (Pen)

6.2.4 Discrétisation temporelle explicite/implicite

Comme au chapitre 2, nous commencons par la décomposition de la matrice de rigidité K,
en deux matrices : la premiere est K adaptée a une discrétisation temporelle explicite, et
la seconde est K; adaptée a une discrétisation implicite.

. . . Krn 0 Ksn Csrn
Kn=K,+K; ou K= and Kj = | . (6.49)
0 KT,h C3T,h 0

En utilisant (6.49), la forme algébrique (6.47) se réécrit comme suit,

&K dRy,

M, h+K6Eh+K Ep 4+ Mp;—— +Pp1 Ry =0,
dt2 dt
dRy,

My o—— Il + My 3Ry = Pro Ep,

Nous allons discrétiser les nouveaux termes apparaissant dans les deux couches PML selon
le schéma proposé dans [7] (Page 20), et le reste selon le méme schéma proposé dans le
chapitre 2. Ainsi, nous proposons le schéma suivant :

EnJrl —2F» & Er— 1 RnJrl . ]Rnfl
M, — At; : K {Eq}o + Kj, ]En"'Mhl%‘i‘Ph,lRﬁ:Oa
]Rn—i—l — Rn» Rn—i—l R» En+1 En»
Mp g2 My, 5 —2 5 =Ppy 2 +

At ’ 2 ' 2 '
avec la notation

(B} = 0B + (1 -20)E + 0B, 0€[0,1].
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Remarque 6.2.2 (Etude de stabilité). La question de la stabilité de ce schéma proposé
est une question ouverte pour le moment, il est a noter que pour le schéma proposé pour
le cas des équations d’ondes avec PML (dans [7]) une étude de stabilité a été réalisée.
Comme nous le verrons dans la section suivante, notre schéma devient instable dans le cas
ou la vitesse est variable.

6.2.5 Simulations numériques

Les données du probleme

Nous traitons un cable cylindrique €2 de longueur L = 11, et avec une section circulaire S
de rayon intérieur 7 = 1 et de rayon extérieur ro = 2 (voir Figure 6.3). Plus précisément :

Q=9 x0,11].

Ce cable est borné par deux couches PML QFf,,; et Qp,,;. Donc on peut le redéfinir comme
suit

Q=QUQbL UQpurL
avec Qpyp = S % [0,1], QF,,, = S x [10,11] sont les deux couches PML, et €, = S x [1,10]
est le domaine du calcul.

=
PML
/

Qpumr

FIGURE 6.3 — A gauche : le domaine ©, & droite : la section S du domaine. Chaque couleur
correspond a un matériau différent.

Le céable est hétérogene au niveau des sections S. Plus précisément S est constituée de deux
couches S = 51U S, et a l'intérieur de S;, le matériau est homogene (voir Figure 6.3).

Pour tester les performances de notre méthode, nous allons considérer deux configurations,

— le cas de vitesse de propagation constante : nous allons prendre (g1, 1) = (2,1) et
(€2, 112) = (1,2). Ainsi, la vitesse de propagation des ondes électromagnétiques est :

¢(x)=1/v2 dans Q;:=8;x[0,11], i=1,2.

— le cas de vitesse de propagation variable : nous allons prendre (e1,p1) = (2,1) et
(€2, 112) = (2,1). Ainsi, la vitesse de propagation des ondes électromagnétiques est :

1/2  dans €y :=5; x [0,11],
c(x) =

1 dans QQ = SQ X [O, 11]
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Nous prenons des données initiales qui sont situées au centre du cable a x3 = 5.5. Plus
précisément, nous supposons que Hy(x7,z3) = 0 et que

Eo(xr, 23) := &(w3) Vrp(xr), E(13) =™ @755
avec p(x7) est la solution de

divr (" V) =0 dans S,
1

sur I';,

2
p=0 sur I'.

Pour le pas de temps At, nous utilisons la condition CFL du probleme 3D (voir (2.48),
Chapitre 2). En choisissant § = 1/2, (2.48) donne :

< —, avecc' :=sup c(x).
<7 up ¢(x)
En pratique, nous choisirons At = 0.95 h/ V2, ott h = 0.05 est le pas d’espace longitudinal.

Le choix du terme d’amortissement £(x3) > 0 est arbitraire. Dans nos simulations, nous
utilisons ce choix trouvé dans [24].

At 1
+8t +
“

1
40 <|x—1|—zsin(27r|a7—1|)> si z € [0,1],
7r

(z) =40 si z € [1,10], (6.50)

1
40 (l:c — 10 - o sin(2r |z 10|)) sizelol]
T

40

30 — —

20 — —

FIGURE 6.4 — Le terme d’amortissement &.

Tests numériques

Dans ce paragraphe nous allons présenter les résultats numériques que nous avons obtenus
en utilisant la méthode présentée précédemment conjointement avec les données ci-dessus.

Dans cette configuration le champ longitudinal est presque nul (Voir la figure 6.6). Ainsi,
nous représentons dans les figures 6.5 et 6.7 uniquement la propagation du champ |Er| au
cours du temps.
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e [Le cas de vitesse de propagation constante.

T =0.87 T =26 T
T =6.12 T="7 T =787

FIGURE 6.5 — La norme du champ transversal |Er|.

— 7.8e-15

0
-5e-15
-1.2e-14

FIGURE 6.6 — Le champ longitudinal F5 a T' = 0.87.
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e Le cas de vitesse de propagation variable.

LS

T =0.87 T =26 T =437
=7

s

FIGURE 6.7 — La norme du champ transversal |Er|.

T =6.12

= 7.87

Discussions : Nous constatons que le comportement de la solution est different entre les
deux tests. En effet, dans la premiere simulation (voir Figure 6.5) 'onde se propage le
long du cable et vient s’atténuer dans les deux couches PML sans produire de réflexions
parasites significatives : d’ou l'efficacité de la méthode de PML dans cette configuration.
Par contre lorsque la vitesse devient variable nous constatons que la solution se propage le
long du cable mais explose lorsqu’elle atteint les deux couches PML (voir Figure 6.7) : On
peut dire que les PML induisent une instabilité du schéma numérique proposé.

Il est a noter que ce phénomene d’instabilité a été déja observé dans le contexte de la
résolution numérique des équations de Maxwell anisotrope dans 'espace libre [9]. Ainsi,
avec tous ces éléments, nous conjecturons que l'instabilité est présente sur le modele continu
et ne résulte pas du choix de la discrétisation (ou d’'un bug informatique).

6.3 Construction des couches PML pour le modéle
Télégraphique 1D d’ordre 2

6.3.1 Rappel du modele 1D

Dans le chapitre 4, nous avons présenté un modele dispersif 1D, qui est déduit a 'aide
d’une analyse asymptotique appliquée aux équations de Maxwell 3D dans un cable coaxial
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cylindrique mince. Nous avons supposé que les coefficients caractéristiques du matériau
dié¢lectrique, a savoir € et u, ne dépendent pas de la variable longitudinale z3. Le modele
asymptotique obtenu est un modele télégraphique du second ordre selon le parametre 9,
dont I'inconnue est V' qui désigne la tension électrique. Ce modele se présente comme suit,

(C —6%7, 090V — L7102V =0, (6.51)
avec

%:/em—gom\?de, C:/gw?de, ot L:/u|¢m|2de. (6.52)
S S S

Ici les potentiels ¢, et @, sont les solutions des problemes suivants :

divy (u‘l Vr gpm) =0, in S, divy (5 Vr gpe) =0, in S,
Pm = 17 on Pi) Pe = ]-7 on Fi7 (653>
Pm = 0: on Fea Pe = 07 on Fea

et le potentiel v, est la solution du probleme suivant :
divy (4 Ve thm) =0 in 5\,

anwm = O; on 85,

mle =1, [On¥m]s =0, through ¥, (6.54)

[v
/
L’objectif de la section suivante est de construire une formulation PML pour ce modele

asymptotique obtenu. Pour ce faire, nous répétons le méme processus que celui effectué
dans la section 6.2.2 pour les équations de Maxwell, ce qui fera 1’objet de la section suivante.

by
wm dXT = Oa

6.3.2 Construction des couches PML

Nous commengons par appliquer la transformation de Laplace (6.8) a I’équation (6.51).
(C =670V —L'92V =0, seC, a3€R. (6.55)

Maintenant on applique le changement de variable (6.10) au probléme (6.55), et en utilisant

le fait que
s

23:S+€33,
nous obtenons le probleme suivant
20V =82y, 8 —— 05 (—— 05V) — L' —2— 9y (—— 05V) = 0.
° e s+¢& 3<S—|—§ sV) s+¢& 3<S—|—§ 2V)

Si on multiplie cette équation par 1 + §, nous obtenons
s

S S ES

C(s2+5E)V — 027,525 ( A3V) — L7105 ( d5V) =0,

s+& s+ &
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Maintenant, nous cherchons a trouver une formulation qui sépare les termes de la formu-
lation (6.55) et les nouveaux termes qui dépendent de £ et qui expliquent la présence des
couches PML. Pour se faire nous utilisons 1’égalité suivante

S £

s—l—le_s—l—ﬁ'

Donc nous obtenons la formulation suivante :

Cs*V — 0272 RV — L7192V
€

~ £ - B ~
+CsEV + 62, 5% 0 V) + Lo o5V) =
s& Ye S 3(S+£3) 3(S+£3)
Nous définissons une nouvelle inconnue,
~ € ~
U= o5 V. (6.56)

s+¢&
Nous obtenons alors le systeme suivant,
Cs*V — 627,202V — L' 02V
+CsEV 4827, 820U + L7109, U =0,
(s+& U= £8;V.
En utilisant la transformation de Laplace inverse, nous pouvons revenir au régime temporel,
CORV —627.0°0;V —L1ojV
+CEQV +0%7.020,U + L1 05U = 0, (6.57)
U+ EU=E05V.

Pour résoudre numériquement ce modele obtenu, nous allons chercher une méthode de
discrétisation en temps et en espace.

6.3.3 Discrétisation spatiale

Nous commencons cette section par donner une la formulation variationnelle du modele
obtenu (6.57). Nous cherchons la tension électrique V dans I'espace H*(R). Et en utilisant
I'expression (6.56) de la nouvelle inconnue U, nous déduisons qu’il faut chercher U dans
I'espace L*(R).

Pour résoudre numériquement ce modele, nous allons résoudre le probleme dans un domaine
[, L], et nous allons borner ce domaine par deux couches PML [0,1] et [L,L + I] dans
lesquelles € > 0 (voir Figure 6.8). les ondes sortantes du domaine du calcul seront atténuées
dans les deux couches PML, pour cela nous pouvons tronquer artificiellement le domaine
et en compléter le probleme (6.57) par une condition de dirichlet homogene aux bout des
deux couches PML.

Maintenant, nous pouvons introduire la formulation variationnelle du probleme (6.57) :
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PML Le domaine de calcul PML
L l 'l l [ l |
| | ] 1
0 [ L L+1
x3

FIGURE 6.8 — Le domaine de calcul borné par deux couches PML.

Trouver (V(t),U(t)) € Hy([0,L +1]) x L*([0, L + I]) tel que pour toute fonction test
(‘7, ﬁ) € Hy([0,L +1]) x L*([0, L +1]), nous avons :

Cj;m(v,f/) +62%§2k(VJ7)+L‘1k(V,\7>
L e (V) = (U V) - L (V) =0, (658)
jtm(U,ff) +&m(U,0) = ¢p(V,0).

avec les formes bilinéaires continues
N L+l B L+l B L1
m(V,V) ::/ vV, k(V,V) ::/ 05V sV, p(V,U) ::/ OV U. (6.59)
0 0 0

Nous discrétisons l'intervalle [0, L 4[] en m points avec un pas de discrétisation h, et nous
définissons les deux sous-espaces de dimensions finis suivants :

V= {U € H&([O,L-i— l]) | Ul[nh,(n+1)h] € ]Pl, n e {Om — 1}},

U= {u c L2([O,L + l]) | U|[nh,(n+1)h] € Py, n € {0- em o — 1}}

Nous introduisons alors la formulation variationnelle approchée du probleme (6.57) :

Trouver (Vh(t), Uh(t)) € V x U tel que pour toute fonction test (Vh, ljh> € V x U, nous
avons :
2 2

d . , d
Commn(VinVa) +0% 7 -5

+C¢ ;i m(Vh, ‘7}1) — 8%, j;p(Um vh) - L_1p<Uh, Vh) =0,

k(Vi, Vi) + L7k (Vi, Vi)

;ltm(Uh’ﬁh> +€m(Uh7ﬁh> = fp(vhvf]h)'

(6.60)
La forme bilinéaire d’indice h, est traitée par une formule de quadrature dans la direction
xg (voir (6.34)).

Pour écrire cette formulation variationnelle sous une forme algébrique, nous introduisons
les vecteurs de degrés de libertés suivants :

V,eVet U, elU.
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Ainsi, la forme algébrique du probléme (6.57) s’écrit comme suit :

s 2V dv

-1
MhW-i-Cf My, —- + LT KV
d?U
—5% 7, Phﬁ - L'P,U=0, (6.61)
dU
My ==+ &M, U = PV,

avec :
M = (CM,, +6*7.Kp).

« M, est une matrice de masse, carré, symétrique et définie positive : (My); x = mn (¢, dr).
. M}, est une matrice de masse, carré, symétrique et définie positive : (Mp,); 1 = m(s, Yy).
. K, est une matrice de rigidité, carré, symétrique et définie positive : (Kp);r = k(¢i, dr).
. P, est une matrice rectangulaire : (Pp,); . = p(¥;, ¢r).

Les ¢; et les 1; sont respectivement les fonctions de base de 'espace V et U.

6.3.4 Discrétisation temporelle

Dans ce qui suit, on va chercher les solutions (V},(t), Ux(t)) du probleme (6.60) qui sont déja
discrétisées en espace. Les solutions (V}(t), Ux(t)) seront approchées a différents instants
t", avec t" = n At, ou At > 0 est le pas de temps fixe.

Nous proposons un schéma similaire au schéma proposé pour les équations d’ondes trouvé
dans [7] (Page 20).

5 VnJrl —oyn + anl VnJrl _ anl

M M L 'K,V"
h A2 FOEMy "
Un+1 —_2oUn + [Unfl B .
—6° 7. Py, A —L7'P,U" =0, (6.62)
UnJrl — U [UnJrl + ur Vn+1 + VAL
My, ———— M, ———= P ———.
h AL + & M, 5 P, 9

6.3.5 Simulations numériques

Les données du probleme

Pour calculer les coefficients C, L et ~, (voir (6.52)), nous supposons que le domaine de
référence est un cable cylindrique de longueur L = 11, et avec une section circulaire S de
rayon intérieur r; = 1 et de rayon extérieur ro = 2 (voir Figure 6.3). Plus précisément :

Q=9 x0,11].

Nous traitons un cas de vitesse de propagation variable : nous allons prendre (g1, ;) =
(27 1) et (52;/12) = (27 1)

Ainsi, en utilisant les expressions des coefficients trouvés dans (6.52) a 'aide du code
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Xlife4++ nous avons trouvé :

C =13.72, L =0.18, Yo = 0.47.
Nous prenons des données initiales comme suit :
Vizs,0) =e ™ @755 5 V(zs,0) =0.

Pour le pas de temps At, nous choisissons At = 0.95 h/\/§, avec h = 0.05 le pas de
I’espace. Nous utilisons le choix du terme d’amortissement que nous avons déja utilisé dans
la section 6.2.5.

Tests numériques

Dans ce paragraphe nous allons présenter les résultats numériques que nous avons obtenus
en utilisant la méthode présentée précédemment conjointement avec les données ci-dessus.

1 1 1
08 08 08
06 06 06
04 04 04 Al
‘\
02 0.2 0.2 \\ |
[ \/ A | [ 0
\ \/
0.2 0.2 0.2
0 2 4 6 8 10 0 2 4 6 10 0 4 6 10
1 1 1
=
08 08 08
06 0.6 06
04 04 04
N A
A /
I\ (| ) )
o2t || I 02t || i 02t |\ 1
A A A I I I
I\ A Al I al I\ /
o/ | [\ VAN U o L Ju . |
0.2 0.2 0.2
0 2 4 6 8 10 0 2 4 6 10 0 4 6 10
1 1 1
=
08 08 08
06 06 06
04 04 04
0.2 0.2 02
of— —— — 0 0
0.2 0.2 0.2
0 2 4 6 8 10 0 2 4 6 10 0 4 6 10

FIGURE 6.9 — La propagation de la tension dans un domaine avec deux couches PML.
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Discussions : Nous observons que pour différentes valeurs de o, I'onde se propage et
s’atténue dans les deux couches de PML. Nos simulations montrent que le schéma proposé
pour ce modele 1D proposé est stable.

6.4 Conclusion

Dans ce chapitre, nous avons présenté une méthode numérique basée sur 1'utilisation de
la méthode des couches absorbantes parfaitement adaptées PML pour résoudre le modele
de Maxwell 3D (Section 6.2) et le modele de Télégraphiste 1D dispersif (Section 6.3) dans
un cable coaxial cylindrique et infini dans la direction longitudinale. Le principe de cette
méthode est d’aboutir a une formulation variationnelle qui repose sur I'introduction as-
tucieuse d’inconnues auxiliaires. Nos simulations numériques montrent que cette méthode
s’est révélée efficace dans le cas des modeles dispersifs 1D. Cependant, pour le modele
3D, si les PMLs sont stables dans le cas d’un cable homogene, ce n’est plus le cas deés
que la vitesse de propagation des ondes électromagnétiques varie dans la section du cable.
La question de la stabilité de la formulation PML 3D n’a pu étre abordée que par des
simulations numériques, une analyse de stabilité reste une perspective de ce chapitre. Nos
expériences numériques nous amenent a penser que cette instabilité est due au modele
continu et non a sa discrétisation.

Pour résumer, la question de la stabilité des PML 3D pour les cables coaxiaux, et en-
core plus la construction de PML stables, est largement ouverte et nécessite une analyse
approfondie.



Chapitre 7

Conclusion et perspectives

Dans ce dernier chapitre, nous allons résumer la contribution qui a été présentée dans
cette these, puis nous allons mentionner quelques perspectives qui semblent intéressantes
a étudier.

Résultats et principales conclusions

Dans cette these, on s’est intéressé principalement a la résolution numérique des équations
de Maxwell 3D de second ordre en temps et dont I'inconnue est le champ électrique dans
des cables co-axiaux minces.

Dans le cas d'un cable cylindrique, nous avons proposé une méthode qui vise a exploiter
- et non pas subir - la géométrie du probleme en distinguant le role des variables spa-
tiales transverses et longitudinales, mais aussi celui du champ électrique transverse et du
champ électrique longitudinal. Ainsi, la premiere étape consiste a faire une discrétisation
longitudinale du cable, puis une discrétisation transverse de chaque section, enfin une dis-
crétisation en temps. Le champ électrique transverse est alors approché par des éléments
d’aréte (Nédélec) dans chaque section du céble et par des éléments affines par morceaux
selon la direction longitudinale. Par contre le champ électrique longitudinal est approché
avec des éléments P; dans chaque section et par des éléments Py selon la direction longi-
tudinale. Ensuite, on réalise une discrétisation en temps hybride qui est implicite dans les
variables transverses, pour ne pas pénaliser la condition CFL, et explicite dans la direction
longitudinale, pour maitriser le cotit de calcul. Ainsi, seul le pas de discrétisation longitu-
dinal, en pratique beaucoup plus grand que le pas de discrétisation transverse, intervient
dans la condition de stabilité de la méthode.

L’extension de cette méthode au cas non cylindrique est essentielle pour les applications
afin de prendre en compte les déformations et les défauts, et présente des difficultés qui
ont conduit a proposer une méthode alternative reposant sur une technique de mapping
(pour se ramener a une géométrie cylindrique) sur l'utilisation d’une transformation de
Piola anisotrope, et finalement sur une stratégie de discrétisation spatiale hybride entre
Galerkine discontinu, pour les variables transverses, et éléments finis conformes, pour la
variable longitudinale. Grace a cela, les bonnes propriétés de la méthode dans le cas cy-
lindrique sont préservées. La méthode proposée est en fait une extension de la méthode
proposée pour le cas d'un cable cylindrique.

Parmi les principaux objectifs de cette méthode numérique, nous mentionnons la validation
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numeérique des modeles limites 1D qui prennent en compte la structure complexe du cable.
Ceci a été fait dans les deux chapitres 3 et 4.

Nous avons également réussi a la fin de cette these (Chapitre 6) a implémenter une formu-
lation PML, mais nous avons constaté que cette formulation n’est valable que pour le cas
ou la vitesse de propagation des ondes est constante dans tout le domaine.

Perspectives

Ici nous allons présenter quelques pistes de recherche qui peuvent étre vues comme une
continuation de notre travail.

La liste qui suit présente quelques perspectives du travail entrepris dans cette these.

e Mettre en oeuvre la méthode numérique 3D présentée dans le chapitre 5 pour la simu-
lation d’onde électromagnétique dans un cable non cylindrique. Ce travail nécessite
I'introduction d’outils numériques différents des outils communément utilisés. En ef-
fet il faut pouvoir calculer des termes de sauts et de flux aux interfaces d’éléments
de Nédélec. L’'implémentation de ce terme est en cours dans le logiciel Xlife4+.

e La méthode numérique 3D permettra de valider numériquement des modeles asymp-
totiques pour des cables déformés. Ces modeles asymptotiques sont donnés en annexe
pour l'ordre 0 et dans la these de G. Beck [10] pour les ordres supérieurs.

e L’effet de peau [8] est un phénomene relativement important que nous avons négligé
jusqu’a maintenant. La prise en compte de ce phénomene sur le modele 3D pourrait se
faire a priori avec les mémes outils que ceux développés dans les chapitres 2 et 5 tandis
que les modeles asymptotiques ont été obtenus dans [13]. Ces modeles font intervenir
des termes non-locaux en temps qui peuvent étre traités de la méme maniere que les
modeles développés aux chapitres 3 et 4.

e Une question importante d’analyse numérique reste en suspens : a quel ordre espace-
temps converge le schéma proposé au chapitre 2. Il est relativement aisé (bien que
cela reste a faire) de proposer une analyse de convergence en espace (sur le probléme
semi-discret) ou en temps (au sens des systémes d’ODE) mais une analyse espace-
temps est plus difficile, et, dans notre cas, plus difficile que pour ’analyse de schémas
saute-mouton standard. Cela s’explique par le fait que le schéma en temps explicite-
implicite construit en chapitre 2 dissocie la contribution de 'opérateur rotationnel,
faisant apparaitre des termes dans l'erreur de consistance qui ne sont pas aisés a
controler.

e Les simulations du chapitre 6 ont montré des instabilités des PMLs lorsque les para-
metres physiques varient dans la section. Ces instabilités sont stirement des instabili-
tés qui se retrouvent sur le probléme continu (cela reste a vérifier). Il serait intéressant
d’analyser ces instabilités pour éventuellement y remédier.

e La stratégie de discrétisation en espace et en temps présentée peut étre couplée a
des modeles 3D de jonctions de cables. Dans ce cas il apparait naturel d’utiliser une
discrétisation en temps implicite au niveau de la jonction. Le schéma obtenu peut
s’avérer efficace pour tester la validité de modeles de jonctions obtenus dans la these
de G. Beck [10].
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Enfin, une perspective plus excitante est d’étudier comment utiliser tous les résultats ob-
tenus ici pour étudier le probleme inverse associé : identifier si le cable contient des défor-
mations et les localiser a partir des mesures du champ éclectique.
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A.1 Introduction

Dans cette annexe, nous présentons certains des résultats obtenus dans [10, 34, 35] et que
nous avons utilisés dans les chapitres 3 et 4. Plus précisément, elle est composée de deux
parties : dans la premiére (Section A.2) nous rappelons comment nous avons obtenu le
modele limite 1D, et dans la deuxiéme (Section A.3) nous proposons un schéma numérique
pour résoudre le modele limite 1D avec des coefficients calculés explicitement dans le cas
d’un céable cylindrique avec une section circulaire, et en présence d'un terme non-local en
temps. En particulier, nous présentons deux approches pour traiter ce terme non-local dans
cette configuration.

A.2 Le modele mathématique des cables coaxiaux

A.2.1 Position du probleme

On considére un céble coaxial Q° paramétré par un scalaire strictement positive §, qui
représente 1’épaisseur du cable :

Qéz U 56(1'3),

z3€R
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S(z3)

FIGURE A.1 — Droite : le cable Q°. Gauche : une section du cable S°.

avec S°(z3) Lipschitzien de R? et n’est pas simplement connexe. Pour simplifier, nous nous
limitons au cas o chaque section transversale ne contient qu'un seul trou (voir figure A.1).

Le long du bord du cable 99°, nous définissons le champ vectoriel 2D des vecteurs normaux
unitaires ny : 9Q° — R2, tel que, le long de 95 (x3), nr est le vecteur normal unitaire &
08 (z3), sortant par rapport & S(z3) . Sur 9Q°, un champ de vecteurs normaux a 9Q° (non
unitaires), sortant par rapport a Q. sera défini par

n’ = (n},¢°): 00’ - R? n%:00° - R? ¢°:00° = R. (A1)

En d’autres termes, ¢° : 9Q° — R désigne la composante longitudinale du vecteur normal
anj : 99° — R? dont la projection sur le plan (1, ;) est nj. .

Pour décrire la propagation des ondes électromagnétiques dans ce domaine, nous nous
reposons sur les équations de Maxwell suivantes,

SCOE 4+ E -V xH =7, xeQ’ t>0,
(A.2)
WO, H + 0 HO + Ve xE =0, xe€Q° t>0,

ot les coefficients €°, u5,ag, et o—;; sont des fonctions mesurables de x € Q° et satisfont,
pour tout x € Q°,
0<e <e(x)<ey, 0 < po < p’(x) < pig,
(A.3)
0< 0, <0l(x) <oy, 0<0m- <op(x) <oy,

et j° désigne la densité du courant. Pour simplifier, nous supposons que la source j° de

notre modele est donnée comme suit,
i’ = (5, 0) avec divy j5 = 0 (divy est Popérateur de divergence 2D).
Les donnée initiales du probleme sont données par
E’(x,0) = EY, H’(x,0) = H), x e,

et pour que le probleme soit bien posé nous ajoutons les conditions aux bords suivantes le
long du cable :
E’° x np =0, x € 0Q°, t > 0. (A.4)
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Remarque A.2.1. Sinous prenons la divergence 3D de (A.2), nous obtenons les équations
de divergence cachées :

div ((5‘5 O + aj) E‘S) =0, xeQ, t>0,
(A.5)
div ((;ﬂS 0y + Ufn) H‘S) =0, xe€Q°, t>0,

tel que div est l’opérateur de divergence 3D.

On introduit maintenant les composantes tangentielles et les composantes longitudinales
de champ électrique E° et de champ magnétique H?, nous notons alors

e BES = (E2 BT, HY = (H!, H))T : les composantes tangentielles.

. Eg , Hg : les composantes longitudinales.

nous allons utiliser les opérateurs de rotationnel et de gradient transversaux suivants (nous
notons que 'indice T fait référence aux dérivées transversales),

o E5 oL
I'OtT ET = 31E2 - 82E1, I'OtT E3 = s VT E3 = . (A6>
_81E3 82E3

Le premier terme est un opérateur de rotation scalaire tandis que le second est un opérateur
de rotation vectorielle qui peut étre vu comme un gradient "tourné’,

—E,

rotr F3 = —e3 x VrE3, avec e3 X BEp = (
Ey

) et e3=(0,0,1)". (A.7)

L’opérateur rotationnel 3D se réécrit comme suit

I'OtTEg +es3 X 83ET
VT x E = .

I'OtTET

Egalement, grace & la formule de Green (do est la mesure surfacique le long de 0S(z3)),
nous avons pour (u,v) € H*(S(x3)) x H(roty, S(x3)) :

(I‘OtT u, V)LQ(S(Z‘g)) = (u, rotr V)LQ(S(Ig)) + / u-v x nydo. (A8)
05 (x3)

Par suite, nous pouvons réécrire les équations de Maxwell (A.2) comme suit
558tE5T+02E5T—8m3(e3><H5T)—rotTngj‘;T x € t>0,
€20, BS + 0% ES — rotp HY = 0, xeQ’ t>0,

(A.9)
1’ 0, HY + 0°, HY + 0, (93 X E‘sT) +rotyE; =0, x€Q’ t>0,

10 0y HY + 0, HS + rotr B = 0, x €0 t>0.
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A.2.2 Les équations de Maxwell dans un cable de référence

Nous considérons une famille de domaines (minces) Q° paramétrés par un scalaire § (0 <
d << 1 est le diametre de la section transversale d'un céble habituel dans le plan z3 = 0) :

Q° = G5(Q), avec Gs(xp,x3) = (6 X7, 23).

ou x1 = (x1, xo)représente les coordonnées transversales.

Les propriétés matérielles des cables minces ©° sont définies & partir de celles du céable de
référence € :

é -1 é -1 é -1 0 -1
e"=¢co08§y, o.=0e0G;, p =poSy, o,=0m05; .

Nous notons ici que nous pouvons définir la normale n°, qui est défini par (A.1), a partir
de la normale a 0f) et sortant par rapport a €2

n’ =noG;"' n=(0""ng,g), avec [np| =1let g:0Q — R. (A.10)

Remarque A.2.2. Dans ce qui suit, nous allons utiliser le passage de Q° & Q via le
changement de variable Gs. Et pour plus de clarté, nous allons utiliser la notation x pour
les coordonnées dans Q° et €.

On introduit maintenant le champ électrique E’ = (E‘}, E’g ), le champ magnétique
H’ = (HS, H. ;,f ) et la source jr dans le cdble de référence et qui sont défini par les expressions
suivantes

E'=EoG', H =Hog"  jr=jro§"
Les équations de Maxwell (A.9) se rééerivent dans le domaine de référence 2 comme suit

0, Ey + 0, E) -0, (eg xﬁi}) — 6 troty HY=jr xe€Q, t>0,

EﬁtE§+aeE§—(5_lrotTﬁ5T:0, x e, t>0,
(A.11)
o, H + 0, HY + 0, (eg X E‘ST) +6'rot; ES =0, x€Q, t>0,
(108, HY + 0y HS + 6 rotp B = 0, x €, t>0,
avec les conditions aux bords (A.4)
S 'ES xnp =0, S Einy — gEL = 0. (A.12)

Ces conditions impliquent des conditions aux bords par rapport au champ magnétique H :
51 ((u O+ om) /I-TST) ‘nr+g ((u O+ om) ﬁg‘f) = 0. (A.13)
Pour plus de détails, on renvoie le lecteur a la these [10] (page 82).

Remarque A.2.3.
Les équations de divergence (A.5) se réécrivent dans le domaine de référence 2 comme suit,

0~V divey ((Ore + 00) BY) + (0h e + 00) Oy B =0 x €0, t>0,
N B (A.14)
5t divy ((z’wu—l— Om) H‘;) + (fwp 4 o) Oy H = 0 xeN, t>0,

avec divy l'opérateur de divergence 2D.
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A.2.3 Analyse asymptotique

Maintenant, nous nous intéressons au développement asymptotique formel de la solution
du probleme (A.11) — (A.14) lorsque § tend vers 0, pour cette raison nous cherchons des
solutions sous la forme suivante :

E;=E) +0EL +6%E2 +..., H=H}+0HL +62H2 + ...,
Es=E)+0FE}+6°E2+..., Hy=HY+0H}+6°H:+ ...,

On adopte la méthodologie d’analyse asymptotique habituelle qui consiste a injecter ces
solutions dans (A.11), et a identifier la série terme par terme qui commence par les termes
en 0~' (en raison des facteurs 6~' dans (A.11)).

Définition A.2.1. Les champs électromagnétiques a chaque ordre p sont définis comme la
solution dans L*(Q) des équations suivantes

0

(€01 + o) B — O, (€5 x HY) — roty HEY = 60 jr,

(e 0, + 0.) EY — roty HY™
(A.15)
(1101 + o) FE + O, (€3 x E) + rotr BE™ =0,

(10 + 0,,) HY + rotp BT =0,
avec les conditions aux bords
ng+1 X Np = 0, E§+1 nr — gng = 0,

. N (A.16)
(£ + o) BE) g + g (0h + o) HE) = 0.

Nous utilisons également les équations "cachées" de divergence suivantes

divr ((Oe + o) BE™) + (9he + 00) Oy B = 0 x €, t>0,
N N (A.17)
divr (O p+ ow) HE? ) + (Oh i+ o) O HE =0 x €Q, £> 0.

Awvec la convention :

1 sip=0,

PP — HP — 0 _
EP =H? =0, pour p<0, et 5p—{0 sip£0.

Pour effectuer 'analyse asymptotique, il est utile de passer au régime fréquentiel via une
transformée de Fourier temporelle :

(E,H) — (E,H), Oe+o0.iwe+0., O+ Om>iwp+ om.

Définition A.2.2. Dans le cas ou les données initiales sont causales nous pouvons étendre
les équations posées en domaine temporel, (A.15) — (A.17), pour des temps négatifs, et a
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laide de la transformation de Fourier nous obtenons le probleme suivant :

(iwe +0.) Bl — 0, (e3 X ﬁ’%) — roty HOT = 0,

~

(iwe + o) EY — roty HY = 0,

(A.18)
(iw o + o) Hy. + Oy, (€3 x BY) + vty BET =0,
(iw pu+ o) H? + rotp BET = 0,
avec les conditions auz bords
ng+1 X Np = O, E§+1 nr — gEIj)w = O7
- - (A.19)
((z’wu +0om) HZ%H) ‘nr+ g ((z’w,u +om) H§> = 0.
Les équations de divergence en régime harmonique se réécrivent comme suit
divy ((iwerae) EA]’}H) + (iwe+0.) 8, EL =0 xeQ, t>0,
(A.20)

divy ((z'w,u +0om) ﬁ’}“) + (1w p+ o) By HY = 0 xeQ, t>0,
avec la convention :
Ep:ﬁp:(), pour p < 0.
A.2.4 Le modele Télégraphiste limite

Dans cette section, nous allons traiter les termes limites E° et H°. Dans ce cadre, nous
avons besoin de quelques considérations sur les premiers ordres E! et H.

Notre objectif est donc I'identification des champs limites :
E)., ES, HY, HY.
Les équations en §*

L’identification des termes en 6~ ' dans le probléme (A.18) (i.e., nous remplagons dans ces
équations p par —1), nous donne les équations suivantes :

rot; EJ = roty fl\g =0, xe€f,

(A.21)
rotp E% = rotp ng = 0, x € ().
De méme pour les équations de divergence (A.18), nous obtenons :
divy ((iwa + 0¢) EOT) =0, xe€,
(A.22)

divy ((iwu +om) ﬁ%) =0, xe€.
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Pour les conditions aux bords, nous obtenons :
E) xnp =0, x e,
EY = x € 09, (A.23)
ﬁOT-nT:O, x € 0f).

e Champ électrique longitudinal Eg

En utilisant la premiere équation de (A.23), il est facile de vérifier que Eg ne dépend pas
de xq et x5, et puisque Eg est nul sur les bords, alors

EY=0, xeq.
e Champ électrique transversal EOT

EY. est la solution du probléme suivant :

rotp EOT =0, x € (),
divr ((iwe+0,)E}) =0, xeQ (A.24)
EY xny =0, x € 0N).

Propriété A.2.1.
Soient S(x3) un domaine borné, Lipschitz de R?, et v € [L*(S)]? vérifiant :

rotrv =0, dans S,
vxnr =0, surdS(zs),

alors il existe ¢ € H'(S) telle que v = V.

Nous notons &€ 'espace défini par :
€ = {ug € [L*(S(x3))* [rotrur =0, dive((iwe+0,)ur) =0, urxny =0},

Lemme A.2.1.
L’espace € est un espace de dimension 1

& =vect{Vrp.},

avec @, l'unique fonction de H'(S(x3)) solution du probléme
divy ((iwg + O'e) Vr @e) = 0, X € S(.?Zg),
(56 = ]-7 Fi7 (A25>

S/O\e - 07 Fe'
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Il est clair que pour tout 3 € R la solution EY.(., z3,w) du probleme (A.24) est dans €&,
donc nous choisissons de définir V(x3,w) tel que

E%(XT7$3aw) - ‘//\Y(x37w> VT@E(XT,ZL'g,UJ)- (A26)

e Champ magnétique transversal ﬁ%

ﬁ% est la solution du probleme suivant :

roty ﬁ?p =0, x € (),
divy (ud; + o) HL. =0, x € Q, (A.27)
ﬁ%'nT:O, x € 0f).

Propriété A.2.2.
Soient D un domaine borné, simplement connexe, Lipschitz de R* et v € [L*(D))?, telle
que rotpv = 0 dans D, alors il existe v € H' (D) telle que v = V).

Nous définissons un espace H tel que
H = {uT c [L*(S(x3))]? |rotyup = 0, divy ((iw,u +0om) uT) =0, ur-np= 0}.

Il est clair que pour tout z3 € [0, L], nous avons ﬁ% e H.
Afin d’étudier I'espace H et pour appliquer la propriété précédente, nous introduisons une
coupure intérieure notée ¥ qui rend S(z3) simplement connexe, nous notons alors

Lemme A.2.2. L’espace H est un espace de dimension 1 :
H = vect {VTzZm} ,

avec Yy, Vunique fonction de H'(S(x3)) solution du probléme

divr ((iw pp+ o) Vrthm) =0, xr € S(x3),
Vi m nr =0, xr € 05(x3),
i (A.28)
[wm] = 17 X € E,
[(iw i+ ) Vi U] = 1, xr € %,

avec

[l = lim  (y) = lim  (y), == (x1,75) €.

y—)l‘ y—)x
y-nr<0 y-np>0

Comme ﬁOT € K, nous pouvons alors choisir une fonction I (z3,w) telle que

—

HY).(x7, 23,w) = (23, w) Vi U (X7, T3, ). (A.29)
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Les équations en §°

L’identification des termes en 6" dans le probléme (A.18), nous conduit au probléme
(iws + Ue) Eg« — (93;3 (83 X ﬁ%) — rotp ﬁé = ‘]/.\T,
(iwe +0.) EY — roty Hy = 0,

(A.30)
(wp+on) HY + 0, (eg X EOT) +roty B = 0,

(iwp+ o) HY + roty EL = 0.

Ce probleme est complété par des conditions aux bords, obtenues en identifiant les termes
en 6° dans les conditions aux bords

EClZwXIlT:O,

Einy —gE) =0, (A.31)

((iwu-l—crm)ﬁlT> ‘np + g((iw,u—kam) ﬁg) = 0.

e Champ magnétique longitudinal ﬁg

En utilisant la premiére équation de (A.21), il est facile de vérifier que HY ne dépend pas
de x; et x9. On integre, la derniére équation de (A.30) sur la surface S(x3), nous obtenons,

ﬁg/iwujLamde—l—/rotTE%de:O.
S S

D’apres (A.31) nous avons
EL x ny =0, ¥x € 99,

donc / roty E} do = 0 et puisque / iwp + o, dxy # 0, nous obtenons donc
S S
Hi(x,w) =0, xe.

Construction des équations télégraphistes

On commence par remplacer les champs ﬁOT et EOT dans la premiere et la troisieme équation
de (A.30) par leur expressions en fonction respectivement de I et V', nous obtenons alors

(iwe +05)‘7VT@6—89;3 (IAe3xVT1$m)—rotTﬁ§=jT, x € (,
(lwp + am)IAVTQZm + O, (‘A/e;; x Vo @m(xT,w)> +rotp Eé =0, xe.

Ensuite, nous multiplions la premiere et la deuxieme équation, respectivement, par Vr @,
et Vi, et nous passons par U'intégration sur la section S(x3). Nous obtenons alors le
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systeme suivant :

(iwC + G) ‘7 - <0x3 (fefﬂ X vT 77Zm)a vT @e('7$37w))

L2(S(x3))
_ (rotT H) Vr @e(-,Ig,W)>L2(S(I3)) = flws,w),
(A.32)
(iwL+RT + (5’963 (‘7 e3 X Vr @e),VT 12m("w3’w))L2(S(a:3))
+ (rotr By, Ve dn(asw)) o =0,

ou (é, C:’, Z, ﬁ) sont des coefficients et fest la nouvelle source qui dépendent de x3 et w :

)

L (-773a CU) = (5 vT @e('a xs, OJ), vT @e('; xs, w))LQ(S(xB)) )

)

o G(x3,w) 1= (0 V1 @c(+, 23,w), Vr @6(-,x3,w))L2(5(x3)),
i (ZE3,W) = (MVT ﬁm(',%;w);VT @Z)\m('7173,w))

° ﬁf(Ig,w) = <Um Vr &m(',I&WLVT {p\m(VI:’nw))

)

L2(S(x3)) ’

L2(S(z3))’
° A(.’L'g,td) = (am VTjT(-,xg,w), Vr (’5€<"$3’w))L2(5($3)) .
Nous utilisons (A.29) et (A.7), nous aurons
(0ns (Tes X V). Ve 8e) gy = (00600 V2 B g, O T (A.33)
~(eyrotr G0, Ve @e) o
De méme, nous utilisons (A.26) et (A.7) pour obtenir I’égalité suivante :
(90 (Vs X V2 8e) Vetm) ) = = (1047 8o Vi) i 0V (A.34)
_ (&,33 rotr @e, Vr wm)LQ(S(xg)) vV

Maintenant, nous appliquons la formule de Green (A.8), puis nous utilisons le fait que
rotr(Vr @) = 0), et que V@, X ny = 0, nous obtenons

(I‘OtT ﬁ?}, VT @e(', x?”w))LQ(S(m)) = o5 )/H\?} ’ vT @e('a .233,0.)) X np do = 0. (A35)
x3

D’une fagon similaire, nous utilisons la formule de Green (A.8), la deuxiéme équation de
(A.31) et les expressions (A.26) et (A.7), nous obtenons

(I‘OtT E;,VT QZm(.’x37w))L2(S(I3)) = \/BS( )E?} : VT "Zm<'7x37w) X nr do
z3
= —/ gEY. - roty 1, do (A.36)
0S(x3)

= _</ gVrpe - doroty zﬂm d(r) V.
95 (z3)
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Par conséquent, nous obtenons le probléeme suivant :

(iwé+ @) 1% +(rotT @Em,VT @6>L2( Stan)

+ ax3r0tT¢m7vTSOe) N I=7,

roty G, Vrihn) , o s, V (A.37)

(

-

~(0n, v0t7 8o, Ve ) o
-

/ gVr3. - dorotr Uy, da) vV =0.
0S(x3)

Propriété A.2.3. Soient (¢e, ) € H'(S(x3)) x H*(S(x3)\X) les solutions, respective-
ment, des problémes (A.25) et (A.28). Nous avons

o (rotT Uy Vr @)LQ(S(%)) = —(rotT Ge, VT &m)m(s(%)) =1.

L4 (81'3 rOtT (1067 VT wm)Lg(s(%)) + (/8$(x3)g ngpe : rOtT d}m do-) = 0

° ((9303 roty Y, Vr (’06>L2(S(w3)) =0

Démonstration. Voir [34] page 19. |

Finalement, nous obtenons les équations suivantes :

~

(iw C(xs,w) + G(xs,w)) V(zs,w) + O, I(23,w0) = f, x5 €R,
(A.38)

~

(iw L(zs,w) + R(zs,w) I(x5,w) + Oy, V(zg,w) =0, 23 € R.

Les coefficients homogénéisés

Lemme A.2.3. Nous définissons la décomposition suivante :
Pe(w) = @r(w) + ¢
La fonction ¢ est la limite de g.(w) lorsque |w| — 400, et elle est I'unique solution de
divp (5 Vr gp) =0, dansS(x3),
v =1, surly, (A.39)
p =0, surl’,,
et nous avons que P, (w) est la solution du probléme

divp ((z’we +0.)Vr @T) = —divy (ae Vr cp), dans S(x3),
(A.40)
Pr = Oa 8U7’85<$3).
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Lemme A.2.4. Nous définissons la décomposition suivante :

2Zm((*‘)) = {Z;TOU) + 1.

e 1) est la limite de @m(w) lorsque |w| — 400, et elle est l'unique solution de

divy (M Vr) =0, xr€ S(xs),
Vry-np =0, xr € 05(x3),
ot - (A.41)
(uVrY-np| =0, xrel.
o U, (w) est la solution du probléme
divy ((iwp + om) Ve ) = —divr (0, Vo), x7 € S(x3),
Vot -ng =0, xp € 9S(x3),
G0 e (A.42)
[(lwp + o) Vi Uy - nr| = —[o, Vo - nrl, xr € Y.
Lemme A.2.5. Les coefficients homogénéisés satisfont
iw C(z3,w) + G(as,w) = iw C + G + ke(w),
iw L(zs,w) + R(w) = iw L + R + kp,(w),
ou
© C=(eVro,VT0)12(5(a)) o L= V1, V1) ag,)
© G =(0eV7r 0, V7 0)12(5004)) ® R=(0mn V1, V) 12(50s4))
. Ee(w) = (0 Vr @r(w), Vr ¢)L2(s(x3)); ° Em(“’) = (Um Vr ?Zr(w)a Vr Q/J)LQ(S(Q));
et
ke(w) € L(R) U L*R),  km(w) € L(R) U L*(R).
Le théoreme A.2.5 nous permet de réécrire le probleme (A.38) comme suit
(iw C + GV (23,w) 4 O, I(w5,w) + ke(w) Vs, w) = f, x5 €R, e
A3

~

(iw L+ RI(x5,w) + Oy, V(xg,w) + k() I(z5,w) =0, x5 €R.
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Les noyaux de convolutions k.(t) et k,,(t)

Nous notons par ! la transformée de Fourier inverse, alors nous avons
he(t) = T (Be(w)) = (00 Vo 00 (), Vi 9) pagsany (1)
() = T (k@) = (0 V2 60 (8), V) 1250 (1),

avec op(t) = T (B, (w)) et . (t) = T (@ZAW)) les solutions des problémes obtenus apres
I'application de la transformée de Fourier inverse sur (A.40) et (A.42) :

divp ((6 Oy +0e)Vr cpT) = —0o(t) divy (O’e Vr <p), dans S(z3), t€E€R,

(A.44)
o =0, sur0S(z3), teER,
et
diVT ((H at + Jm) VT wr) = _50(t) diVT (O_m vT ¢)> XT € 5(1'5), te Ra
VT’QDT'IIT:O, XT685($3), tER,
(A.45)
[77/}7‘] =0, Xxr €, teR,
(1O + 0m) Vb, - 7] = —04(t) [0 Vo ¥ - 07, xr €, teR.

Théoreme A.2.1.
Les problémes (A.44) et (A.45), pour des temps positifs (t > 0), possédent une unique
solution

pr € C (R, HY(S)), o € C(RY, Hy(S)).

Pour des temps négatifs (t < 0), ces deux problemes possédent une unique solution (., ;)
avec @, , respectivement 1., est nulle ou exponentiellement croissante lorsque (—t) aug-
mente.

Démonstration. Voir la these [35] page 106. |

Les équations 1D en domaine temporel

Le probleme temporel s’obtient en appliquant la transformée de Fourier inverse sur le
probleéme (A.43), et s’écrit comme suit

t
C’E)tV—I—GV+8$3]—|—/ke(t—s)V(s)ds:f, r3 € RY, >0,
. (A.46)
L@tl—i—RI—amSV—i—/ km(t —s)I(s)ds =0, x3€R", >0,
0

avec les conditions initiales suivantes

V($3,0) = 1(1'3,0) = 0.
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Remarque A.2.4 (Reconstruction du champ électrique 3D). Nous supposons que la den-
sité de courant jr est quelconque. Une fois que la tension discréte V,'(x3) est calculée,
nous pouvons reconstruire les champs électrique et magnétique 3D en utilisant la formule
sutvante :

t
E°(x, 1) ol E’(x,t) := V(x3,t) Vro(Xr, 73) +/0 V(xs,t — $) Ve (X7, 23, )

+£S(XT7 xs, t) dSa

Ho(x,t) ~ H(x,t):=I(23,t) Vh(xr, z3).

0—0
(A.47)
Le potentiel électrostatique £ est la solution du probléme suivant :
divT((e O+ 0.) (-, x, t)) =divy jp, surS(zs),t >0,
& =0, sur 0S(x3), (A.48)

€ =0, pour t = 0.

Remarque A.2.5 (Reconstruction du champ électrique 3D). Si nous supposons que la
densité de courant j = 0, alors par analogie avec les solutions du probléeme limite 3D
obtenu par l'analyse asymptotique, nous pouvons utiliser les données initiales comme suit,

E{(xr, z3) = Vo(23)Vro(xr, 3) + Ef (-, 73) + O(0), (A.09)
.49
Hg(XT, w3) = lo(23)Vrp(xr, x3) + Hy (-, 23) + O(9),

les potentiels (-, x3) et (-, x3) sont définis, pour chaque x3 qui joue le rdle de parameétre,
comme les solutions des problemes suivants

divT(e(-, 73) VTgo(-,x;;)) =0, dans$, diVT(N(': 3) VT?/J(',I:&)) =0, dans Q\ 3,

o(-x3) = 1, sur I';, O (+,x3) =0, sur 0S(x3),

90('7 Ig) - 07 sur Pev |:¢(7I3)} 2217 [anw('7$3)}2 = O’ sur 27
(A.50)

et, E{ p et H ; sont donnés par les deux problémes suivants :

rotT(EaT(XT,xg)) =0s dans €, I‘OtT(HS’T(XT,ZL‘g)) =0 dans §,
Hy 7 -nr =0, sur 0.

(A.51)
Eor X np =0, sur 02,

Enfin, nous pouvons montrer que si les données initiales sont bien préparées alors

t
Eé(X7 t) ~ EO(X7 t) = V(x37 t) VTSO<XT7 x3) + / V($3, t— 8) VTQOT(XTa T3, S) + gg(XTa L3, t) dS,
0

6—0

H’(x, 1) o H'(x,t) := I(x3,t) Vo (x7, 73) + &0 (X7, 23).

(A.52)
Les potentiels électrostatiques Sg et 521 sont les solutions des problémes suivants :
divT((a O+ 0.) E2(-, as, t)) =0, surS(x;z),t>0,
& =0, sur 05 (z3), (A.53)
ﬁg = EaT, pour t = 0.
. 0 .
divr (10 1)) = 0. sur S(a), s
&, =0, sur 0S(x3).
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A.3 Le modele 1D dans un cable cylindrique et a
section circulaire

A.3.1 Les coefficients du modele 1D

Nous supposons que le cable de référence €2 est cylindrique et avec une section S circulaire
de rayon ro > 0 et constituée de deux matériaux différents.

Nous choisissons les coefficients des milieux comme suit :

(51a06,17,u170-m,1)7 XT S C(larl)a
(an-ea,uagm) =
(52,05,2,M2,0m,2)7 xr € C(ry,12),

ou C(a,b) est la couronne de rayon interne a et de rayon extérieure b.

Les expressions de ¢, et des coefficients homogénéisés C' et GG

On commence par introduire deux fonctions @, et @y qui sont les restrictions de @, sur les
deux couronnes, respectivement, C'(1,17) et C(rq,13).

Selon la construction du domaine de travail, nous avons ¢, et @ solutions de
A@l = 0, XT € 0(1,1"1), A{O\Q = 0, Xr € C(I‘l,l‘g),

(70\1 = 17 XT € 8D(1), Q/O\g = O, X7 € aD(I'Q),

avec D(a) le disque de rayon a centré en 0, et A I'opérateur Laplacien 2D.

Les conditions de couplage au niveau des deux couronnes sont définies par

Wwes + 0

~ o~ ~ ~ 2 2 2 2 e,2

©1 = P2, VT<P1 Ny = C(w)ngOQ - N, x3 + xry =TIy, avec C(W = .
WEL + O¢1

Si nous utilisons les coordonnées polaires (r,0), alors selon la configuration géométrique
nous constatons que les @; ne dépendent pas de 6.

Par suite, les équations précédentes se réécrivent comme suit :

—r—¢1 =0, re(lr),
”

:O, r e (fl,I'Q),
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et les conditions de couplage sont données par

@1:1, 7“:17
@2:07 T =T9,
01 = P, r =T,
0 ()(9A

-_— = CclWwW T =1.
87"901 87"902’ 1

Les solutions de ce probleme sont de la forme
@i = Ai(w) In(r) + B;(w), i=1ou 2.
ePourr=1: ¢ =1= B(w)=1,
e Pourr=ry: @y =0= Ay(w) In(ry) = —Bs(w),
e Pour r =1y :

0 0
5@1 - C(W)g@ = A1(w) = c(w) Az(w),

¢1 =@y = A1(w) In(r1) + 1 = Az(w) In(ry) + Ba(w),
= c(w) Ay(w) In(ry) + 1 = As(w) In(ry) — Az(w) In(rs),

1
(w) ln(%) —i—ln(%)'

Par conséquent, nous avons :

= AQ(W) = -

B 1 B —In(rs)
'Az(w)_c(w) ln(r—ll)—i—ln(%)’ «By(w) =

c(w)

(
(w) ln(ﬁ) + 1n(%)’

A(w) = .

Il est clair maintenant que

.1 1
Vg = ;Al(w) er, et Vrpy = ;Az(w) er,

ainsi, nous avons
I 1 r2 1
Clw) = 27?51/ L) ar + zm/ L As(w)? dr,
1 T rn T

— 2e 1 | Ay ()]? In(ry) + 2782 As ()2 In(2),

I

de méme .
G(w) = 2100 1| A1 (W) [P In(r1) 4 27002 Ax(w)]? In(2).

I
Nous avons
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Ay (w) m @7 As(w) m @7

€1
B — 1, B — -1 —
1) jwl—+oo 2(w) |w|—+00 n(r2) (e)’
avec la notation (-) définie par :

(fy="h ln(z) + fo ln(rl), (A.55)

1

fi pourl <r <ry,
ou f(r) =

fo pourr; <r <rs.

Si nous faisons tendre |w| vers +oo dans les deux expressions C'(w) et G(w), nous obtenons

O = —orl? (A.56)

(&)

0'671<€2)2 ln(rl) + 06,2(51)2 ln(%)

G=2m 5
(€)

(A.57)

Il est possible de calculer ¢, en prenant la limite formelle de @, lorsque |w| tend vers l'infini,

1+ 1In(r) <€€2>, r<r,

&1 r
— In(— > 1.
<€> n(r2)7 r Iy

Pe =

Les expressions de 1, et des coefficients homogénéisés L et R

Nous choisissons la coupure ¥ de cette fagon :
Y= []_, 1"2],

et nous supposons que la restriction de @m sur C(1,11) (respectivement sur C(ry,12))
est égale a 1y (respectivement 1),). Donc 1 et 1, sont les solutions des deux problémes
suivants :

Atpy =0, xr € C(1,11) \ %, Athy = 0, xp € C(ry,12) \ X,
Vb -ny =0,  x¢ € 0D(1), Vs np =0,  xp € 0D(1y),
] =1, xr € C(1,r) NE, (] = 1, x7 € C(r1,12) N,
[VT% ‘ny] =0, xpreC(l,r)NX, [VTQZQ ‘ny] =0, C(r,r) N,

ou les conditions de raccordement au niveau des couronnes C'(1,r;) et C(ry,15) sont :
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_ - iwpa + Oz, -~
1 = o, Vo -np = .7mVT¢2 -y, xf + x% = rf.

W + O,
On se place maintenant en coordonnées polaires (r,#). Il apparait que VT@, 1 =1 ou 2,
est indépendant de 6.

Le fait que
~ ~ 10 ~ ,
quvbi(T) - ( 1/12 er + 6077b )( ) 1=1 ou 2,
implique
~ 10 0 -~
sz( ) =0= dlvTvaz( ) Ta’l" 8T¢ ( ) = 0,
0 ~ &) .
= 51/)1(7") = 1=1ou?2,

avec ¢; € C, or VTQEZ- -n = 0 sur les frontiéres. Par suite ¢; = 0, ce qui montre que 1@ ne
dépend pas de r. Donc la forme générale de 1); est :

bi(r,0) = A; 0 + Bi.
D’apres la condition sur le cercle de rayon r; nous avons
@212@22=>A1:A2et31232-
Maintenant, nous utilisons la condition de saut :
[il)s = 1= ¢i(r,0) = 1 et i(r,27) = 0,

1
=B=1letA=——.
27

Nous obtenons alors

B, 0) = Du(r,0) = 1 — 2

5 i=1ou2. (A.58)

Nous avons ﬁm = Y, et @n(w) =0, car @m ne dépend pas de w. Par conséquent le noyau
de convolution k,,(t) est nul.

Il est clair que VTzzm ne dépend pas de w et

~ 1
VT'lbm(r, 9) = —% €g, 1= 1ou?2.

Donc, nous obtenons

L) = L= o (i aten) + o 1n2)) (A.59)

Rw)=R= 217r (am1 In(r1) + o2 ln(ij)) : (A.60)
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Les expressions de ¢. et du noyau de convolution k()

Suivant la géométrie de la section S, nous choisissons . sous cette forme :

9071‘<T7t)7 r S Iy,
@Z(T,t) =
o5(r,t), T >r171.

Ou ' (r,t) et ¢5(r,t) sont les solutions de deux problémes suivants :

o 0
ETE (e100] + 0ent) =0, 7€ (1,1y), t >0,
9071,:07 T:17t>0’

et
o o
ETE (82815(,02 + 0'6,2@2) = O, r e (1"1,1"2), t > O,
902207 T:rz,t>0,

avec les conditions de raccordements :

Y D Y S
+U€ —_— = —_— —"_0-6 —_— R T
¥1 ¥ 1 tf)rgpl 71871%01 2 taTSOQ ,28T¢2 1

et la condition initiale est donnée par I’égalité suivante :

g o 0 0
EWE%(T’ 0) = —57‘085%, r € (1,rg).

Nous allons chercher des solutions sous la forme :

i (r,t) = A;i(t) In(r) + B;i(t).
ePourr=1: ¢ =0= By(t) =0,
e Pour r =r1y: ) =0= By(t) = —As(t) In(rs),

1 I

-1
ePourr=ry: ¢ =¢h=A(t)=—In <) In () As(t), et

I Iy

5 8—8 T+ 0 £90, 0 5+ 0
0_6 _— —= —_— O’e —_
1 t@?“gol 718')"801 2 tayﬂgp2 7287“902

1 -1 I 1 -1 I
= (941 In <) In (> 8tA1 (t) = —|0e2+ 0c1 In <> In <> Al (t),
I T2 I 2

= () 0 A1) = — (o) Av(t),

<‘7>t

= [Ay(t) = A1 (0) e &,

La condition initiale nous donne :

0 0
7"6590’;(7", 0) = —raeggoe +c, 1€ (lry,
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avec ¢ est une constante.

Par suite, il est facile de montrer que

€1 Al(O) = : +C,

€9 AQ(O) = . + c.

Alors, nous avons
Oeo€
€9 AQ(O) = <’:T> ! + C,

1\7! .
—&11n <) In (1‘1> Ay(t) = el &2 +c.

I )

Par suite, nous trouvons

A5(0) = 1In (1>

I

Oe2€1 — 0c1E2
(e)?

Ainsi, nous obtenons les expressions explicites de A;(t) et Ag(t) :

I1\ Oc1€2 — Oc2€1 4oy 1 Oe2€1 — O¢1 €2 Loy
Ai(t) =In <> - s m—e @, At)=In(— )= e @
Iy {e) I {e)
Finalement, I’expression explicite de (. est donnée par :
T1\ Oc1E2 — Oc¢2E&1 _f9)
In () = St e” @ n(r), r <y,
2 (€)

Po =

e 1 Oc2€1 — O 1E2 Loy r

In(— 5 e @'In{—), r>r.
I (€) Iy

Maintenant, a ’aide des expressions explicites de . et ¢., nous déduisons ’expression de

ke(t). )
ke(t) = (0Vrer, Vrpye)r2(s) = ke(0) e @

avec . . ,
In(3)In(32)(0c1 €2 — 0e 2 €1)

ke.(0) =27 BE

(A.61)

A.3.2 Discrétisation espace/temps

Apres avoir calculé les coefficients homogénéisés et les noyaux de convolutions, nous nous
intéressons a résoudre numériquement le modele suivant :

t
C’@tV—i-GV—l—@ng—l—ke(O)/eiESSV(t—s)ds:f(xg,t), r3 € RT, t>0,
0

Lo, I+RI—-0,,V =0, zs €ERYT, t>0,
(A.62)
avec C, G, L, R, k.(0), (), et (o) sont des scalaires donnés par (A.56), (A.57), (A.60), (A.61),
et (A.55).

Il s’agit des équations différentielles contenant un terme non local en temps ce qui pose un
probléme au niveau de la simulation numérique. Pour surmonter cette difficulté on propose
deux approches d’approximation stables.
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Premiere Approche

Nous pouvons utiliser cette approche juste pour le cas ot la section S est circulaire, et elle
consiste a simplifier la premiere équation de (A.62) en remplagant le terme non local par
une inconnue auxiliaire X (z3,1) telle que :

b
X(z3,t) = / e @°V(t—s)ds.
0
Puis, nous montrons facilement que X est la solution de I’équation suivante :

X +cX =V, avec c:@.
(o)

Par conséquent, le probléme (A.62) peut se réécrire sous la forme suivante :
CoV +GV + 0, I +k(0)X = f(z3,t), w3 €RT, >0,
KX +cX =V, rg €RT, t>0, (A.63)
Lo,I+RI—-0,,V =0, r3 € RY, ¢t>0.

La résolution numérique de ce probleme nécessite 1'utilisation de conditions de périodicité
pour borner le domaine de calcul. Alors, nous cherchons a résoudre le probleme suivant :

COV+GV 40y, I+k(0)X = f(zs,t), x3€(0,L], tel0,T],
X +cX =YV, x3 € [0,L], tel0,7T], (A.64)
Lo,I+RI—-0,,V =0, x3 €1[0,L], tel0,T].
* Conditions initiales :
V(x3,0) = I(x3,0) = X (x3,0) =0, xz € [0, L.
* Conditions aux bords :
V(0,t) =0, I(0,t) =0, t €[0,7],

ou T est le temps final et L est la longueur du cable.
Pour résoudre numériquement ce probleme, nous allons utiliser la méthode des éléments
finis en espace puis la méthode des différences finies.

Discrétisation spatiale :

Nous cherchons a trouver les solutions V' et I du probleme, (A.64) de telle sorte que
Ve Hy(0,L), I¢cL*0,L),

ou Hy(0,L) ={ue H'(0,L) | u(0)=u(L)=0}.
On commence par discrétiser 'intervalle [0, L] en m points, et nous définissons les deux
sous-espaces de dimensions finies
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Vi={ue€ Hy(0,L) | wpn(nsnn € P, n€{0---m—1}},

I, = {u < L2(0, L) ‘ U[nh,(n+1)h] € ]P)l, n e {0 e — 1}}
Il est clair que Vj, C H}(0, L) et I, C L*(0, L).

+ Formulation variationnelle :

La formulation variationnelle du probleme (A.64) s’écrit comme suit :

Trouver (V(-,t),1(-,t)) € Hy(0,L) x L*(0, L) telles que
V(‘N/,?) € Hy(0,L) x L*(0,L) et ¥Vt > 0 nous avons
(CO+G)(V(,8), V)2, + (L(, 1), 0n,V)2(0,1) + ke (0)(X (), V) 1200,y = (f(-:1), V) 12001,

8t ()((7 f;), ‘7)[/2(07[/) -+ 8

L@t (I(,t), V)L2(O,L) + R(I(,t), I)LQ(O,L) - (6x3V(, t), I)L2(O,L) — O

(X, V)20 = (V(51),V)i2o,n),

x Formulation variationnelle approchée :

La formulation variationnelle approchée du probléme (A.64) s’écrit comme suit :
Trouver V3 (t) et Iy(t) telles que V ¢ > 0 nous avons

CMy, 0, Vi, + GM, Vi, + Ry, I + ko (0)M, X, = M, F (1),

M, 9; X, + <<Z>> M, X5, = My, Vi, (A.65)

LB, O, I, + RBy, I, - RI v, = 0,

avec

L
« M, est une matrice carré symétrique définie positive, (M) = / Vi dr.
0
L
. B, est une matrice carré symétrique définie positive, (By);r = / Wiy d.
0

L
. Ry, est une matrice rectangulaire, (Ry);, = / 0. ; Yy, d.

0
ou les ; et les 1; sont respectivement les fonctions de base de 'espace Vy, et .
. Fh(t) = (f(xi,t))i:ham—y

e X = (Xi())imromer.

Discrétisation temporelle

Dans ce qui suit, nous allons chercher les solutions (V}(t), I (t)) du probléeme (A.65) qui
sont déja discrétisés en espace. Les solutions (V,(t), I,(t)) seront approchées a différents
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instants t", avec t" = nAt, ou At > 0 est le pas de temps fixe. Nous discrétisons les
solutions en notant (V;*, I}}) telles que (V;*, I}') = (Vi (n At), In(n At)).

Donc le probléme (A.65) se réécrit comme suit

[ P R Xt + Xy n ntl
M, (C oy gl T o) 2 ) LR, 1, B
At 2 2
Xn+1 XZLL < >Xn+1 4 X}? B Vn+1 4 th
At <5) 2 B 2 ’
3 1 3 1
In+§ o In+§ In+§ +ITZ+§
B | L L — + R L Ry V=0
g ( At * 2 ’

(A.66)

1
avec des données initiales V) = I? = 0.

Deuxiéme Approche

Cette approche est une approche générale, nous pouvons l'utiliser méme dans le cas ou la
section S n’est pas circulaire, et elle repose sur le méme principe que la premiere (différences
finies et éléments finis), en approchant le terme non local en temps par une somme qui est
la discrétisation de 'opérateur de convolution.

t
CMhﬁch+GMth+RhIh+Mh/ ke(t—s) Vh(S)dS:MhFh(t),
0

(A.67)
LB, O, I, + RBy, I, — R}V, = 0.
\
Vit =y Vit + v Vit + vy n
om, Y gy, YV e e kY PV g, s
At prd 2
3 1
[n+§ _ n+§ [n+2 + [n+2
LB h B, b~ "h RT n+1l __
h At + RB, 5 Vit =0.
(A.68)

1
Ou V) et I étaient donnés et nous notons

(n+1)A (i+1)A
K;%At/ / ke(r — s)dsdr.

Etude de stabilité

Nous multiplions a gauche la premiere et la deuxieme équation du schéma (A.68) respec-
th+1 + th o ]h""z +]n+2
5 .

tivement par
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Nous obtenons :

1 Vit v vty Vit e ntl
n+1 n\ _ h h h h h h >
BT B = G (g My ) o (P ML)
RIS e B Mas NI
R (g By )
2 2
Vit Vit + Vi
- M Krich _— h
(= 2 h% 2 )
(A.69)
ou E; est I'énergie discrete définie par :
n 1 n ”+% n n—l—%
Ey = 5(0 Vit IR, + L8213, — AUV R Iy 2)s). (A.70)
On somme maintenant la relation (A.69) pour m = 0 jusqu’a m = n, nous obtenons :
m—+1 vm V m+1 Vm Vm+1 Vm ma 1
Ertt = B —AtGZ(V RELEA A S )+At2(#,MhFh )
2 2 oy 2
n  pmts m+3 m+3 m+3
+1, I, *+1,
~AtR Z ( : B, 5 )
n m Vm+1 vm Vz-i—l V@
_AtZZK;m( 2+ h ,Mh 2+ h)’
m=0¢=0

(A.71)
La stabilité du schéma (A.68) sera obtenue sous les deux conditions suivantes :

e La premiere est la condition CFL classique déduite par la condition de positivité de
I'énergie discrete (A.70).

En effet,
n 1 n n+ty n+t3
B =5 (CIVils, + L1572 IR, — AtV Ry L))
1 n+ At 1 _1 " "
> (CIVElEs, + LI IE,) — S IV RaBy U V7, 17 s,
C L—p n+l
> g, + 252 R,
MTR Bfﬁ
avec = At M, 2h h ”2
Donc la condition CFL est donnée par :
% < CL.

e La deuxieme condition pour laquelle ’énergie est bornée.

L’égalité (A.71) se réécrit comme suit :

Vit ym

EZLL+1:E2_Kh,V_Kh,I+AtZ( 5

m=0

M, E 2)
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avec
Vm+1+vh Vm+1+vh . m+1+vhm VH_l—f-V,f
KhV_AtGmZD( 5 .M, 5 ) AthOZZK ( 5 My~ )
n Im+2 + [m+2 [m+2 + Im+2
KhI_AtRZ< : B, - 5 )

m=0

Il est clair que K3 ; > 0 car By, est définie positive. Maintenant, nous allons montrer que
K h,V > 0.

Nous définissons la fonction constante par morceaux V" (t) par

Vm+1 Vm

h;h, mAt <t < (m+1)At, 0<m<n
Vh’rLAt(t) = O t < 0’

0 t> (n+1)At,

alors K, v se réécrit comme une intégrale :
(n+1)A
Kny = AtG/ V"At( ), M VA () dr

(n+1)At
—i—At/ / (r—s) "At( ), M, VA )) dsdr.

Lemme A.3.1.

Soit u une fonction de L*(R™), alors pour tout t > 0, nous avons

G/ ds+// (r — s)u(s)u(r)dsdr > 0,
R/ ds—b—// (r — s)u(s)u(r)dsdr > 0.

Démonstration. Voir la these [35] Page 107. |

D’apres le théoreme (A.3.1), il est facile de montrer que
(n+1)At (n+1)At
G/ (V”At( ), M, VA (r d7"+/ / (r—s) "At(s),MhV"At( )) dsdr >0,
0
dOIlC, Kh,V > 0.
Finalement, nous obtenons la majoration suivante
Vit v mt
EMl < BV 4 At Z (;_haMhFh ),

de plus, nous trouvons que 'énergie satisfait ’estimation

VEI! < F + AM ZHF’”*QHMh
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A.3.3 Tests numériques

Dans cette section, nous nous intéressons a présenter quelques résultats numériques pour
la propagation du potentiel électrique V' et du courant électrique I au cours du temps dans
un cable. Nous utilisons des conditions de périodicité pour borner le domaine de calcul,
par suite nous travaillons dans un cable borné de longueur L = 10. La source du probleme
est une source volumique de la forme :

[, t) = F(x) J(t),

ou
F(z) =e 5" Jt)= -7t —1—b)e ™ =170

1
avec les choix de a = —41In(10"*) et b = o

- Source temporelle J - - source spatiale F' -
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e Comparaison des résultats des deux approches

On pose :

r1=16,1m=2, ei=ca=u=pp=1, 01 =0m1=0n2=0,¢t 0.2 =0.5.

L’implémentation des deux approches a été faite via un code Matlab. Nous constatons
que les résultats numériques obtenus par les deux approches sont identiques comme le

montrent les figures suivantes, dans lesquelles nous présentons la propagation de la tension
et du courant électrique au cours du temps.

x 10

Premiére méthode
— —— Deuxigme méthode

Premiére méthode Premiére méthode
— ——Deuxigme méthode — ——Deuxiéme méthode
1k} 1k}

N M

05

-1
0 [t} 2 4 B 8 10

] 2 4 B g 10 ] 2

4 6 g

Premiére méthode
— ——Deuxiéme méthode

Premiére méthode

Premiére méthode
— ——Deuxiéme méthode — ——Deuxiéme méthode
0.005

0.005
0 H 0
0005

-0.005

0.005

-0.005

-00 -0.m
a 2 4 B 8 10 a 2 4 B 8 1) 1} 2 4 B 8 10

- Propagation du courant électrique -

F1GURE A.2 — Comparaison des résultats numériques du modele télégraphique obtenu par
les deux approches a t; = 34, to = 37, t3 = 40.
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Résumeé : Dans cette thése, nous nous intéressons
a la propagation des ondes électromagnétiques dans
un réseau de cables coaxiaux minces (constitués
d’un matériau diélectrique qui entoure un fil intérieur
métallique) avec sections transverses hétérogenes.
Le premier objectif, atteint dans la these de G. Beck,
était de réduire les équations de Maxwell 3D a un
graphe quantique dans lequel on se ramene au cal-
cul du potentiel et du courant électriques en résolvant
des modeles 1D simplifiés. Ainsi, I'objectif principal
de cette these est la validation numérique de ces
modéles 1D.

Dans un premier temps, nous avons proposeg, analysé
et mis en ceuvre des méthodes numériques efficaces
pour résoudre les modéles simplifiés 1D. Afin de
réaliser la comparaison 1D/3D, un défi majeur est de
concevoir des méthodes numériques pour résoudre
les équations de Maxwell 3D qui sont adaptées a la
spécificité des cables électriques fins. Une procédure
de discrétisation naive basée sur un schéma expli-
cite saute-mouton peut étre vraiment colteuse en rai-

son de la finesse du cable. Nous avons alors pro-
posé une approche originale consistant a adapter
les éléments d’'aréte "Nedelec” a des mailles pris-
matiques allongées et a proposer une procédure de
discrétisation temporelle hybride, explicite dans les
directions longitudinales et implicite dans les direc-
tions transversales. En particulier, la condition de sta-
bilité de la CFL qui en résulte n’est pas affectée par
I'épaisseur du cable.

Cependant, la méthode ci-dessus n’est efficace que
pour des cables parfaitement cylindriques : son exten-
sion naive aux cables déformés génére un recouplage
longitudinal-transversal qui détruit I'efficacité de la
méthode. En présence de déformations, la méthode
doit donc étre modifiée. En conséquence, afin
de préserver le découplage longitudinal-transversal,
nous proposons une méthode hybride combinant une
discrétisation conforme dans les variables longitudi-
nales et une méthode Galerkin discontinue dans les
variables transversales. Cette méthode coincide avec
la précédente dans les parties cylindriques du cable.

Title : Modeling and numerical simulation of electromagnetic wave propagation in coaxial cables.

Keywords : Coaxial cables, Maxwell's equations, Edge elements, Discontinuous Galerkin method, Telegra-

pher's models, Numerical simulations.

Abstract : In this thesis we are interested in the elec-
tromagnetic wave propagation in a network of thin
coaxial cables (made of a dielectric material which
surrounds a metallic inner wire) with heterogeneous
cross sections. The first goal, achieved in the PhD
thesis of G. Beck few years ago, was to reduce 3D
Maxwell’s equations to a quantum graph in which we
reduce ourselves to the calculation of the electric po-
tential and current by solving simplified 1D models.
Thus, the main objective of this thesis is the numeri-
cal validation of these 1D models.

In a first step we have proposed, analysed and imple-
mented efficient numerical methods for solving the 1D
approximate problems. In order to achieve the 1D/3D
comparison, a major challenge is to design numerical
methods for solving 3D Maxwell’s equations dedica-
ted to taking into account the specificity of thin electric
cables. A naive discretization procedure based on a
leap-frog explicit scheme can be really costly because

of the thinness of the cable. In the case have then pro-
posed an original approach consisting in adapting Ne-
delec’s edge elements to elongated prismatic meshes
and proposing a hybrid time discretization procedure
which is explicit in the longitudinal directions and im-
plicit in the transverse ones. In particular, the resulting
CFL stability condition is not affected by the small thi-
ckness of the cable.

However the above is only effective for perfectly cylin-
drical cables : its naive extension do deformed cables
generates longitudinal-transverse recoupling that des-
troys the efficiency of the method. In the presence
of deformations, the method needs to be modified.
In order to preserve the longitudinal/transverse de-
coupling, we propose a hybrid method combining a
conforming discretization in the longitudinal variable
and a Discontinuous Galerkin method in the trans-
verse ones. This method coincides with the previous
one in the cylindrical parts of the cable.
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