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Notations et conventions

On noteZ := limproj,Z/nZ = 1], Z, le completé profini d&. On notéA; := Z®Q
'anneau des adeles finis &t:= R x A; I'anneau des adeles.

Par corps de nombres on entend une extension fing de
On noteQ la cloture algébrique d@ dansC.

On dit qu'un premiep décompose un corps de nombiessi F' @ Q, est un produit de
copies deQ,.

On ne suppose pas les variétés analytiques lisses.xBaupke siX est une variété al-
gébrique sufC alors X (C) est une variété analytique.

Par groupe algébrigue, on entend un groupe algébrifjne.a
Les groupes reductifs sont supposés connexes.
Etant donné un groupe algébriqiesurR, on noteG(R)* la composante neutre d§R).

SoitG un groupe réductif su@. Alors G*! désigne le groupe adjoint €t le groupe
dérivé correspondant.

SoitS un schéma et soietX etT deuxS-schémas. On not&; := X x¢ 7T le T-schéma
obtenu par changement de baseSdaT de X. Si A est un anneau commutatif alors on
écrira souvent au lieu deSpec(A). Par exemple, gi est un groupe algébrique sQx
Gr d€signel X gyec(g) Spec(R), le groupe obténu par extension de scalaire@ GeR.

SoitM un tore sur un corps. Un tore est dit decomposé par une extengiote & si M,
est un produit de copies de,;,. Si M est un tore suf) et p est un premier alord/ est
dit décomposé par si Mg, est un produit de copies d&,g, -

Une variété algébrique sur un corp®st un schéma réduit separé et de type finiksur
Nous ne supposons pas une variété algébrique irrédectune variété algébriqu& sur
un corpsk est dite geomeétriquement irréductible si pour toutewi® algébriquek, le
schémaX;, est irréductible.

SoitG un groupe algebrique s@ avec une representation fidgle— GI.,,. On définit
un Gz, comme I'adherence de Zariski d§Q) dansGL,, ;,. Le schemaG, n'est pas, en
général lisse mais pour presque tout premide schema’;, := G, x Z, est lisse.
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14. Soit G un groupe algébrique su). Soit ¢ un élément deG(A¢). Alors, par la

15.

16.

17.

p-composante dg, notéeg,, on entend l'image dg par la projection canonique
G(A¢) — G(Q,).

On identifie systematiqueme@} avec un sous-anneau de. En particulier, siG est un
Q-groupe, on identifi€7(Q,) avec un sous-groupe normal G¢A ).

Le mot “rationnel” veut dire défini sup.

En général on ne differencie pas, dans les notati@ssydriétés algébriques srde
'ensemble de leurs points a valeurs d&hsPar exemple, st est une variété sut, on
dira souvent que est un pointZ pour dire quer est dans”(C).
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Chapter 1
Introduction

Les variétés de Shimura sont des généralisationsellsides courbes modulaires dont I'etude
a connu un développement extrémmement important mptavées applications aux problemes
de théorie des nombres tels que, par exemple, le derrderaghie de Fermat. Actuellement la
théorie des variétés de Shimura constitue une brancheriante de la géométrie arithmétique
dont I'etude est liee, par exemple, a la théorie des fs\otiu programme de Langlands, a la
conjecture de Mumford-Tate, etc ...

Lathéorie arithmétique des variétés de Shimura a sgmes dans les travaux de Shimura qui
a demontré I'existence de modeles sur des corps de nagndereertains quotients de domaines
hermitiens symétriques par des groupes arithmétiqliasiéfini la notion de modéle canonique,
qui est unique si elle existe, et a montré dans certains'esstence de telles modeles. A ce
sujet on peut consulter ses articles [34] et [35].

La définition “moderne” des variétés de Shimura, et ca selie avec laquelle on va travailler,
basée sur la théorie de Hodge est due a Deligne et est@xdass les articles [12] et [13]. Grace
aux travaux de Borovoi, Deligne, Milne et certains autresconnait I'existence de modeles
canonigues pour toutes les variétés de Shimura. \oir28} les références précises.

Pour pouvoir expliciter le genre de problemes que 'ord&wans cette these, rappelons tres
rapidement la définition des variétés de Shimura au serBaligne. On considére un couple
(G, X) formé d’'un groupe algébrique reductf et d'une classe d&(R)-conjugaisonX dans
Hom(S, G) Vvérifiant les3 conditions que I'on explicitera dans le chapitre suivanés €ondi-
tions impliquent que les composantes connexe¥ d®nt des domaines hermitiens symeétriques
et que les familles de structures de Hodge paramétrédepanints deX obtenues naturelle-
ment a partir de representations @esur desQ-espaces vectoriels de dimension finie sont des
variations de structure de Hodge polarisable.
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Soit K un sous-groupe compact ouvert@éAy), 'ensemble
Shi (G, X)(C) = GQ\X x G(A¢)/K

est 'ensemble de points complexes d’une variété alggbrcomplexesh (G, X)c lisse siK
est suffisamment petit. Tout elemente G(A¢) induit surShy (G, X)¢ une correspondance
algébrique notéé; appelée correspondance de Hecke. Pour un choix convetabdpréesenta-
tion deG sur unQ-espace vectoridl’, la variation de structure de Hodge obtenue Eupasse
au quotient et en induit une sbh (G, X)c et donc, par restriction, sur toute sous-variété lisse
deShk (G, X)c. Etant donné un ensemble fini de tenseurs dansV®" @ VV®*, on regarde
'ensemble de points d& tels que ces tenseurs sont de typg)) (comme on le dira sont des
classes de Hodge) pour le structure de Hodge définie paraietspOn s’intéresser a I'image
de cet 'ensemble danshy (G, X)(C). C’est une réunion denombrable de sous-variétés al-
gébrigues. Ses composantes irréductibles sont praeisece que I'on appelle les sous-variétés
de type Hodge. La propriété d’'une sous-variété d'deaype Hodge peut étre characterisée en
termes de données de Shimura uniquement (voir chap)itr&n effet, une sousvariété de type
Hodge deShy (G, X)c est une composante irréducible de la transformée par ératgur de
Hecke d’une sous-variété définie par une sous-donn&huheura(G’, X') C (G, X). Tout ceci
sera précisé dans le chapitre suivant. Les points spesiant par définition des sous-variétés de
type Hodge de dimension zéro. |l est a noter que dans oertas les variétés de Shimura admet-
tent une interprétation modulaire - elles paramétrisensystemes formés de variétés abéliennes
et de quelques classes de leur conomologie rationnelles Batels cas les points spéciaux cor-
respondent aux variétés abéliennes a multiplicatimmsplexes au sens de Shimura-Taniyama.
Une variété de Shimura a toujours beaucoup de pointsapéd_ensemble de points spéci-
aux est dense dans la variété pour la topologie de Zariskeene pour la topologie analytique.
De méme, étant donnée une sous-vafetie type Hodge, I'ensemble de points spéciauxsde
est dense dans. La question naturelle a se poser est la réciproque -eegtie les composantes
irreductibles de I'adhérence de Zariski d’'un ensemblepdimts spéciaux est de type Hodge.
Pour les composantes irréductibles de dimens8ijda réeponse est positive car, par définition, ce
sont les points spéciaux. Cette question a d’abord &ség@@ar André pour les composantes
irreductibles de dimensionh (voir [1]) et ensuite par Oort pour les sous-variétés dspace de
modules des variétés abéliennes principalement s&lesi (voir [27]) et porte maintenant le nom
de la conjecture d’André-Oort. Cette conjecture fait |&tlde cette these.

Conjecture 1.0.1 (André-Oort) Soit(G, X') une donnée de Shimura et sBitun sous-groupe
compact ouvert. Sof := Shy (G, X)c la variété de Shimura complexe associé# et S une
sous-variété algébrique fermée irréductible coatdgmun sous-ensemble Zariski dense de points
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spéciaux. Alors’ est de type Hodge.

Signalons quelques résultats et conjectures analogoegeiconjecture ainsi que quelques
cas déja connus de la conjecture d’André-Oort. L'unerdesivations d’André et de Oort était
une conjecture plus ancienne, celle de Manin et de Mumfoaihtenant démontrée par Raynaud
(voir [31]) dont on rappelle I'énonce.

Theorem 1.1 (Raynaud) Soit A une variété abélienne complexe£tC A une sous-variété
algébrique complexe irréductible contenant un sousmde Zariski dense de points de torsion.
Alors 7 est le translaté d’une sous-variété abélienne par imt ge torsion.

L'analogie entre la conjecture d’André-Oort et celle derifard-Manin (théoreme de Ray-
naud) peut étre resumée dans le tableau suivant.

André-Oort Manin-Mumford
Variété de Shimura Variété abélienne
Point spécial Point de torsion

Sous-variété de type HodgeSous-variété abélienne translatée
par un point de torsion

Le premier résultat sur la conjecture d’André-Oort edticde Moonen (voir [24] et [25]) qui
considere le cas de I'espace de modules des variétéisraiEs principalement polarisées. Il a
montré qu’une sous-variété est de type Hodge si et seulementZsvérifie la condition suiv-
ante. La variété” contient un ensemble Zariski denSede points spéciaux tel qu’il existe un
premierp tel que les variétés abéliennes correspondantes d®udansy ont une réduction or-
dinaire dont elles sont le relevement canonique. |l estivelaent facile de donner des exemples
d’ensembles infinis de points speciaux qui ne vérifient jgde condition.

Les autres résultats obtenus traitent des cas plus patieu En 1996, Edixhoven et An-
dré ont (indépendamment, voir [19] et [2]) démontré dmjecture dans le cas des courbes dans
Al x Al (vu comme espace de modules pour les couples de courbeialtig). La preuve
d’Edixhoven suppose I'hypothese de Riemann génemlianhdis que celle d’André est incon-
ditionnelle mais semble &tre difficilement générallsatu cas des autres variétés de Shimura
car elle utilise de fagcon essentielle un résultat de Mad'sgpproximation diophantienne sur la
fonction modulairej. En revanche, la méthode d’Edixhoven, bien que condigtandonne
une strategie qui semble étre généralisable au cas emdita plus général. Je signale quand
méme qu’en essayant de généraliser la méthode d’Ederhon rencontre tres rapidement des
difficultés techniques importantes mais qui ne sembleatgiee insurmontables. Récemment
Edixhoven a généralisé sa méthode au cas des sowtésmdé dimension quelconque dans un
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produitA x --- x A{, et aux courbes sur les surfaces modulaires de Hilbert (léacgs mod-
ulaires de Hilbert sont les espaces de modules des surfaébsrmes a multiplications par un
corps quadratique réel). Ces résultats également seppbHypothese de Riemann Généralisée.
En utilisant la méthode d’Edixhoven, j'ai prouvé la catigre sous I'Hypothése de Riemann
Généralisée dans le cas du prodijitx S, ou S, etS, sont les courbes de Shimura associées aux
algebres de quaternions indéfinies Quvoir [40] ou chapitre3 de cette these). En s’appuyant
sur un résultat de Bas Edixhoven sur la minoration deseslide Galois, on a démontré qu’une
courbe conténant un ensemble infini de points spéciaugaqidans une orbite de Hecke est de
type Hodge. C’est le résultat principal de cette thesdésaonstration occupe les chapitdes?.
Certains resultats en rapport avec la conjecture ontlét#nas par Breuer et Beljah Dahman. On
peut aussi indiquer un probleme qui est semblable a laectunie d’André-Oort. Il s’agit de la
conjecture de Coleman dont voici 'énonce.

Conjecture 1.1.1 (Coleman)Soitg > 4. Il n’existe qu’'un nombre fini de courbes projectives
lissesC' surC de genre telles que la jacobiennic(C) soit de type CM.

Pourg = 4 etg = 6, il y a des contre-exemples. En effet, de Jong et Noot onttoahg§voir
[11]) des familles de courbes — S (S étant unC-schéma) de genrket6 telles que I'image
de la famille des variétés abéliennes corresponddmte”’/S) — S dans.A, (resp. Ag) est
une sous-variété de type Hodge et donc contient une iafit@tpoints spéciaux. Poyr= 5 et

g > 7, la conjecture de Coleman est completement ouverte. Lgoragde cette conjecure avec la
conjecture d’André-Oort est le suivant. Supposons queigecture d’André-Oort soit varie et
supposons qu'’il existe une infinite de courbes de genrealgnni et g # 6 dont la Jacobienne
est de type CM. SoiM , I'espace de module de courbes de genrelors, I'adherence de Zariski
de I'image dans4, ¢ de 'ensemble de points det, correspondant a cette famille est une sous-
variété de type Hodge. La question est alors de savoly gitles ouverts de sousvariétés de type
Hodge dans 'image dé&1, dansA,. Il s’agit d’'une question trés interessante et completégme
ouverte.

Une autre question interessante est de savoir si une soié@sevd’une variété de Shimura
qui contient un point special et un ensemble Zariski denggoit@s (non nécessairement spéci-
aux) qui sont dans une orbite de Hecke est de type Hodge. Qatttion est Enoncée comme
probleme dans [1, Probleme 3]. Sans hypothése d’existélun point spécial on peut s’attendre
a avoir une sous-variété totalement géodésique. Danalogie entre André-Oort et Manin-
Mumford signalée avant, une variété totalement géwmplée correspond au translaté d’'une sous-
variété abélienne par un point qui n'est pas nécegsaint de torsion. Le cas d’'une courbe
contenue dans un éspace de modules de variétés aledisamble étre faisable avec les méth-
odes de cette these et fait I'objet de travaux en cours.
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Maintenant, expliquons les résultats obtenus dans dettet Le resultat principal, comme
on I'a déja signalé, dit qu’une courbe algébrique feentontenue dans une variété de Shimura
et contenant un sous-ensemble infini de points spéciaugamidans la méme orbite de Hecke
est de type Hodge.

L'une des motivations de notre recherche était le travaiCshen, Wolfart et Wistholz sur
la transcendance de certaines fonctions hypergéomeésifyoir [39] et [9]). En effet, le resulat
principal de cette these implique leur conjecture sur damdcendence de valeurs de fonctions
hypergéométriques. En effet ce résultat est la Conjectudans le preprint [9]. Le premier a
avoir fait le lien entre la conjecture d’André-Oort et latiscendence des valeurs de fonctions
hypergéométriques était Wolfart. En effet, cette conjee apparait déja implicitement dans la
séction9 de I'article de Wolfart [39] ou I'auteur pretend le demmertdans certains cas partic-
uliers. 1l y a quand méme une serieuse lacune dans cetiersetes arguments de l'auteur ne
suffisent pas pour conclure. Dans cette these on comble leetine (dans une beaucoup plus
grande généralité).

Détaillons un peu de quel genre de question en trnscendlesiagit. Considérons d’abord
la fonction modulaire classiquge(voir [33] pour les détails sur cette fonction). Rappelguosl
s’agit d’'une fonction holomorphe

j:H—C
(ou H désigne le demi-plan de Poincaré) qui est invariante $aaton de SI.,(Z) par des
homographies, c’est a dire qu'on a

,(az+b
] cz+d

et dont le développement de Fourier est de la forme

) =74(2), z € H, (28) € SLy(Z).

§(2) = e 2™ 1 744 + Z ane’™™* q, € C, z € H

n=1

On a un résultat suivant concernant la transcendance tgvae la fonction (voir [36]).

Theorem 1.2 (Schneider)On az € HN Q etj(z) € Q si et seulement si est un point de
multiplication complexe (i.e si le cor§3(z) est un corps quadratique imaginaire).

Un résultat analogue pour les variétés modulaires dgebie’est a dire celles qui paramétrisent
les variétés abéliennes principalement polariseeseglus recemment démontré par Cohen,
Shiga et Wolfart (voir [8] et [37]).

Dans leur preprint [9], Cohen et Wustholz considerent lesiges définis de maniere suiv-
ante: soienp, ¢, r trois entiers tels que < p,q,r < oo tels quel/p+ 1/g+ 1/r < 1, alors on
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considere le groupa := A(p, ¢, r) défini, a conjugaison pres daRSL,(R), par générateurs et
relations par:
{M],MQ,M3 . M]p — Mg — Mg — M]M2M3 — 1}

Ces groupes sont des groupes de monodromie de certainatiopgudifferentielles hyper-
géomeétriques. En effet, posons

SN VA USRS SRS PAOS B B
/’Ll_z D q TJMQ_Q D q r

SN VA S S WS PR B B
/1’3_2 P q T7M4_2 D q r

a=1—pu, b= p3, ¢ = + p3
1= (pi, fh, 13, f1a)

Alors le groupeA est conjugué au groupe de monodroijede la fonction multivaluée donnée
par une intégrale hypergéométrique:

h
[ w0y e, o g,
g9
oug,h € {0,1,00,z} etg # h. Ces intégrales engendrent un espace vectoriel de diorensi
La fonction hypergéométrique de Gauss est donnée péedirale normalisé

Fle) = S um (u— 1) 72 (u — z) H3du
= [ umms (u— 1)~ duy

On montre alors que

F(m):F(a,b,c;m):ZM.ﬁ

—~ (cn) n!
n

avec, pourw € C, (w,n) := [[;_,(w +n — j). Une telle fonction s’appelle fonction hyper-
géomeétrique. Dans cette thése on démontre qu’une ealabs une variété de Shimura contenant
un ensemble infini de points spéciaux qui sont dans uneeodeitHecke est de type Hodge. Ce
résultat implique, d’apres Cohen et Wistholz ([9]) ésultat suivant sur la transcendance des
valeurs deF () pourz € Q.

Theorem 1.2.1 (Cohen, Edixhoven, Wolfart, Wistholtz, Yafaev) Soit A un groupe du type
défini ci-dessus. Soit

E = {2 c Q\([1,0[NQ) : F(z) € Q}

Alors I'ensemblel est fini si et seulement & n’est pas un groupe arithmétique.
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Disons quelgues mots sur notre stratégie. Comme on l'a digj cette stratégie est due a
Edixhoven et utilisé par lui pour traiter certains cas dedajecture ([18], [19] et [20]). La
stratégie se decompose en deux parties, dans la prepagie on utilise I'action de Galois sur
les points spéciaux d’'une variété de Shimura pour progue la sousvariété que I'on considere
est contenue dans son image par certaines correspondandeskk bien choisies. La deuxieme
partie montre qu’une variété conténue dans son imagegytaines correspondances de Hecke
est de type Hodge.

Signalons enfin qu’il y a d’autres approches du problemecdriment, Clozel et Ulimo
ont démontré certains résultats d’équidistributiads dmages des points de certaines variétés
de Shimura (précisement, celles associées au groupglegtigueGSp,, ) par des opérateurs de
Hecke. Bien sur, pour les applications a la conjecture dv&rOort, il faudrait avoir des résultats
analogues dans le cas des orbites de Galois des pointagpée qui est un probleme difficile.
Le seul résultat d'équidistribution des orbites de Galmnnu est dans le cas dé (espace de
modules de courbes elliptiques), voir [17].

Donnons enfin le plan de cette these:

Chapitre 2 Contient les rappels sur les structures de Hodge, les warg@ate structures de
Hodge sur les variétés analytiques complexes lisses ealgetés de Shimura.

Chapitre 3 Reproduit I'article accepté a “Manuscripta mathemdtidaans cet article on dé-
montre, sous I'hypothese de Riemann généralisée |lgectume d’André-Oort pour les
sous-variétés du produff; x S, de deux courbes de Shimura associées aux algebres de
guaternions indéfinies s@.

Chapitre 4 Ici on énonce les résultats principaux de la these et ibedataines étapes prélimi-
naires. On expose aussi la strategie des preuves des teguiteipaux.

Chapitre 5 Contient quelques résultats qui permettent de caraetéleés sous-variétés de type
Hodge des variétés de Shimura par la propriété qu’'sibed contenues dans leurs images
par certains opérateurs de Hecke.

Chapitre 6 Ecrit par Bas Edixhoven. On donne une borne inferieure pesiotbites de Galois
des points dans une orbite de Hecke.

Chapitre 7 Dans ce chapitre on démontre le résultat principal de éseh une courbe dans
une variété de Shimura contenant un sous-ensemble irdipiothts spéciaux dans une
orbite de Hecke est de type Hodge. On démontre égalemenesutiat auxiliaire énoncé
dans le chapitre 4 pour les souvariétés de dimension gugie mais avec une hypothese
supplementaire sur les points.
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Chapter 2

Theorie de Hodge et les vagtes de
Shimura

Dans ce chapitre on rapelle les définitions et les resutti@ncipaux sur les structures de Hodge et
leur groupes de Mumford-Tate. On donne également uneiti@fird’'une variation de structure
de Hodge sur une variété analytique complexe lisse et enfa€finit les varietés de Shimura. Le
contenu de ce chapitre n’est pas nouveau, pour les detifgut consulter (par exemple) [12],
[13], [23], [24] ainsi que [22]. Signalons aussi qu’'on negehte que des aspects de la thérie
dont on se sert effectivement dans la suite. Pour un expesécbup plus complet, on renvoie
aux références citées ci-dessus.

2.1 Structures de Hodge
SoitS le groupe algébrique sl défini parS := Resc/g Gc.

Definition 2.1.1 Soit V' un R-espace vectoriel de dimension finie. Une structure de Haedge
V' peut étre définie de facons équivalentes:

e Une morphismé : S — GL(V).

e Une décompositio’ ® C = @, ,zV??, VPa = V2P, La conjugaison complexe sur
V ® C étant définie par ® z := v ® Z pour toutv € V etz € C.

e Une graduatior’’ = &,,V,, et une filtration descendante tlex C
...DFPDFP‘HD...

telle queV,, = (V,, N F?) @ (V,, N F9) pour tous lesn, p, g avecp + ¢ = m + 1.
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Pour passer d’'une définition & une autre on utilise lesegegliivantes:
veEVPI=Vze C h(z)v=2"z"N
Va®C= P vr, Fr=pvr's

ptg=m p'>p
VP,!]: p+qﬁFmeq

SoitT un sous-ensemble d& x Z. Une structure de Hodge sur un espace vectdfiekst dite
de typeT si VP4 = () pour tous legp, q) ¢ T. Une structure de Hodge est dite (pure) de poids
si pour tout(p, ¢) tels quep + ¢ # r, VP2 = (. Toute structure de Hodge est somme directe de
structures pures, en efféf, est pure de poidsa.

Si A est un sousanneau @ alors uneA-structure de Hodge est un modulg de type fini
muni d’une structure de Hodge au sens de la définition chulesui’y ® 4 R. Les seuls cas que
I'on va rencontrer sont aved = 7, Q ouR.

Definition 2.1.2 Soient V; et V, deux R-espaces vectoriels et; : S — GL(1}),

hy : S — GL(V;) des structures de Hodge sur et V, respectivement. Un morphisme de
structures de Hodge dé&, h) vers(V5, hy) est une applicatioR-lineaireV; — V; telle quef
est équivariante vis-a-vis de I'action 8e

On généralise cette définition de maniere évidenteraagphismes ded-structures de Hodge.
La structure de Hodge de Tafdm) est obtenue en prenant pdimodule sousjaceriri)™7Z
avecS agissant via le caractefez)™. Bien sur,Q(m) ouR(m) sont définis comm&(m) ® Q
etZ(m) ® R. Une polarisation d’une structure de Hodge réé¢lleh) est une famillgv,,,) de
morphismes de structures de Hodge

Um : Vin @V = R(=m), m € Z

tels que la forme bilinéairgz,y) — (278)" Y, (x,h(i)y) est symétrique définie pos-
itve.  Une polarisation d’uneZ-structure de Hodge est une famille de morphismes
Um 2 Vin @ Vi — Z(—m), m € Z tels que la famille(¢,, ® R),, est une polarization de
structures de Hodge réelles. Une structure de Hodge ffraite ou réelle) est dite polarisable si
elle admet une polarisation définie comme ci-dessus. Oell@mgiructure de Hodge polarisée un
triplet (V = &@M,,, (¥n), F) ou(V, F') est une structure de Hodge(et,,) est une polarisation.

2.2 Groupe de Mumford-Tate d’une structure de Hodge

Dans cette section on définit les notions fondamentalesaigpg de Mumford-Tate et de classe
de Hodge. On caracterise le groupe de Mumford-Tate d’'unetsire de Hodge en termes de
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classes de Hodge. La définition du groupe de Mumford-Tadtecgsme suit.

Definition 2.2.1 (Groupe de Mumford-Tate) Soit (V, ) une structure de Hodge rationelle po-
larisable. Le groupe de Mumford-TaMT (V') de (V. h) est défini comme étant le plus petit
sous-groupé/ deGL(V') tel queh se factorise pab/.

Remark 2.2.2 On peut bien sur définir le groupe de Mumford-Tate pour unectiire de Hodge
qui n’est pas forcement polarisable. Néanmoins, les &tras de Hodge que I'on va consid-
erer dans cette these seront toujours polarisables pbtigse de polarisabilité implique que le
groupe de Mumford-Tate est un groupe algébrique réductif

Ensuite on introduit la notion de classe de Hodge.

Definition 2.2.3 (Classe de Hodgeyoit (V, h) une structure de Hodge rationnelle polarisable.
On appelle un élémentde V' une classe de Hodge siest du typg0, 0) pour un certain entier
p dans la décomposition de Hodge.

On peut caracteriser le groupe de Mumford-Tate comme lalisi&ieur des droites engendrées
par les classes de Hodge dans les constructions tenserddtenues a partir dg’, h). Plus
précisement, on a la proposition suivante.

Proposition 2.2.4 Soit(V, h) une structure de Hodge rationnelle polarisable. AlB(1) est
le stabilisateur de toutes les droites dans les structgétodlged; V" @ VV®™i engenrées par
les classes de Hodge.

Une démonstration de cette proposition peut étre treulens [18], Appendix K1. Elle repose sur
le théoreme de Chevalley énoncé ci-dessous, dontlevpiee trouve également dans I'appendice
K1.

Theorem 2.2.5 (Chevalley)SoitG un groupe algébrique affine sur un cokp> Q. SoitH un
sous-groupe algébrique dé etV representation d€ de dimension finie. Alors il existe une
droite L dans une certaine representationilde la formed,; V" @ VVe™i telle queH est le
Stabilisateur dé..

2.3 Variation de structure de Hodge

Definition 2.3.1 Soit S une variété analytique complexe lisse et connexe. Un&tiam
de Z-structure de Hodge polarisée sfirest un triplet triplety := (V,, F,Q) ou V, est
un faisceau localement constant @demodules libres de rang finif’ est une filtration de
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Vo = Os ®y V7 par des sous-fibrés holomorphes(gest la collection de formes de polar-
izationQ, : Vi m X5 Vz.m — Lg(—m) telles que

e F satisfaitVF? C Qg ®o, FP~' par rapport a la connexion de Gauss-Mawin
¢ V induit uneZ-structure de Hodge polarisé€¥, ,, F, ();) sur chaque fibre.

Bien sur, on définit de maniere analogue les variatiort daR-structures (et plus généralement
desA-structures) de Hodge polarisées.

Example 2.3.2 Les variations de structures de Hodge polarisables agsarati naturellement en
géomeétrie algébriqgue de maniere suivante. saity” — S un morphisme projectif et lisse de
varietés algébriques complexes ave) connexe. Alors, pour tout entier> 0, R"7,Q est

une variation dé)-structures de Hodge polarisables Suille poids-. Ceci est prouvé dans [14].

Soit S une variété analytiqgue complexe lisse et connexe munieeariation d€)-structure de
Hodge polarisabléV, F, @Q)). Soitr : S — S le revétement universel dg, alors le fibrér*V
est trivial. Choisissons une trivialisatiar) =~ S x V. Pour touts € S, soitMT, ¢ GL(V,)
le groupe de Mumford-Tate de la fibd& de) ens. Le choix d’'un un points de S dans la
fibore 7' (s) donne un isomorphismg, = V/, ce qui permet de voir le groupdT, comme un
sous-groupe d&L(V'). On montre (voir par exemple [10]) qu'il existe un ensembialgtique
¥ de S, union dénombrable de sous-variétés analytiques psogeS tel que

e Pour touts ¢ Y, MT,, vu comme sous-groupe del.(1") par le procedé expliqué ci-
dessus, est constant. Pou¢ ¥, le groupeMT est appelé le groupe de Mumford-Tate
générique d&’, noteMT&" (V).

e Pourtous les ets comme ci-dessus avec= Y, le groupeM T, est un sous-groupe propre
deMTe" (V).

L'ensemble: s’appelle le lieu de Hodge exceptionnel et son complerient danssS le lieu de
Hodge générique. Dans [10], il est montré qué sist I'espace analytique associé a une variété
algébrique complexe alors les composantes irredustilid® sont des sous-variétés algébriques
deS.

Maintenant on considére une variationZstructure de Hodg®,, sur une variété analytique
S qui est I'espace analytique associé a une variétéalpée complexe. Soit comme avant le
revétement universet : S — S et choisissons une trivialisatiort); = S x Vz. Soits € S
et soits un point deS au dessus de, ceci donne un isomorphismeé, , = V. Le faisceau
localement constant;, correspond alors a une representatiant (S, s) — GL(V7,) du groupe
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fondamentalr; (S, s) de S. Ladherence de Zariski de I'image de cette representastappelé
le groupe de monodromie algébrique. La composante conmexee de ce groupe est appelé le
groupe de monodromie algébrique connexe. On a le thémsnvant du a André et demontré
dans [2].

Theorem 2.3.3 (And®©) Avec les notations ci-dessus, on a les resultats suivants:

e Pour touts € S\X le groupe de monodromie algébrique connexe est un soug€ro
normal du groupe de Mumford-Tate générigua .

e Supposons qu'il y ait un poing, € S tel queMT,, soit abélien, alors le groupe de mon-
odromie algébrique connexe est égal @,

2.4 Donrees de Shimura

Definition 2.4.1 Une donnée de Shimura est un coufile X) ou G est unQ-groupe réductif
connexe elX C Hom(S, G) est une classe d&(R)-conjugaison tel que pour totte X on ait

1. La structure de Hodge slie(G) induite parh est de typg (—1,1), (0,0), (1, —1)}.
2. Linvolution Int(k(4) est une involution de Cartan sG§<.

3. Le groupe adjoinG*! n'a pas de facteurs simples sQrsur lesquels$: se projette triviale-
ment.

Definition 2.4.2 Soit(G4, X,) et(G2, X,) deux données de Shimura. Un morphisme de données
de Shimura déG, X;) vers(Gs, X,) est un morphism¢ : G; — G, de groupes algébriques
qui envoieX; surXs.

2.5 Variétes de Shimura en tant que vartés analytiques com-
plexes

Soit (G, X') une donnée de Shimura. Séitun sousgroupe compact ouvert@éA;). Consid-
érons d’abord I'ensemble

Shi (G, X)(C) := GQ\X x G(As)/K

ou un élemen{q, k) de G(Q) x K agit surX x G(A¢) en envoyant un élémerit, g) sur
(q,k)-(h,g) := (¢h, qgk). Onvanotefh, g| I'image de(h, g) € X xG(As) dansShx (G, X)(C).
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Soit X * une composante connexe de Alors X+ est une classe d&*!(R)* -conjugaison
d’'un morphismeS — G&! (voir [24, 1.2]) etX est I'orbite deX* pour I'action deGG(R) sur X.
Le stabilizateur deX* pour I'action deGG(R) sur X estG(R),, image inverse d&4(R)* dans
G(R) (voir [13, prop. 1.2.7]). La variet& ™ est un domaine hérmitien symétrique’étest une
union de copies d& * indexée paG(R)/G(R), . SoitG(Q); := G(R); N G(Q). On a alors
(voir[13, 2.1.1]):

GQ\X x G(A)/K = G(Q:\XT x G(A)/K = JT,\x*

ou g parcourt un ensemble de representants dai#s ) pour 'ensemble fini de doubles classes
G(Q\G(Af)/K etl'y, := G(Q). NgKg¢'. Chaque composantg\ X * admet une structure de
variété algébrigue complexe quasi-projective d’'apra résultat de Baily et de Borel ([4]).

2.6 Variations de structures de Hodge sur les vadtés de
Shimura et sous-varetés de type Hodge

On conserve les notations de la section précedente. Daparagraphe on expligue comment
certains choix de representations@sur unQ-espace vectoriel induisent une variation de struc-
ture de Hodge sh (G, X)c.

Soit p une representation d& sur unQ-espace vectoriél” qui se factorise par une repre-
sentation fidele d&'*!. Cette representation définit naturellement une famidestiuctures de
Hodge rationnelles paramétrée par les pointskdeEn effet, soitz un element deX, c’est un
morphismeS — Gg. Le compos&g o x est un morphism8 — GL(Vk) donc c’est une struc-
ture de Hodge suvi. Les conditions de 2.4.1 impliguent que cette famille et variation de
structure de Hodge polarisable avec le fibré vectoriel $acsntX x 1 (voir [13, 1.13-1.17]
pour une démonstration de ce fait). On introduit la notasaivante.

Definition 2.6.1 Soitz un point deX. On appelle le groupe de Mumford-Tate dée plus petit
sous-groupdd deG tel quer se factorise pafk. On le noteMT(x).

Remark 2.6.2 Le lien entre ce groupe et le groupe de Mumford-Tate d’ungsire de Hodge
défini precedemment est le suivant. Seitine representation d& sur unQ-espace vectoriel
V. Alors, p(MT(z)) est le groupe de Mumford-Tate de la structure de Hodgé/sdéfinie par

PR O X.

Considérons une composaritg\ X * deShx (G, X)c avecX ™ et’, comme avant. Suk *
on a une variation structure de Hodge polarisable avec le fiectoriel sousjaced¥ ™ x V. Ce
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fibré est muni d’'une action dg,: un élémenty del’, opere surtX x G(A¢) de maniere suivante
v+ (x,v) = (v-z, p(7y) -v). La condition pour avoir une variation structure de Hodgelsy X *
est que le stabilizatedr, , de tout pointz € X pour I'action del’, agit trivialement suit/.
Ceci est réalisé si on prend le groufieassez petit (voir [24, 2.3]). En fait, il suffit qu€ soit
net au sens de [28]. On nop) cette variation de structure de Hodge. Un choix d’'un reggau
invariantV, dansl” (qui existe par [30, prop. 4.2]) donne une variatiorZdstructure de Hodge
surl’,\X* que I'un noteV(p);. On recapitule ce qui vient d’étre dit.

Proposition 2.6.3 Soit (G, X ) une donnée de Shimura Bt un sous-groupe compact ouvert de
G(A¢). Soitp une representation dg se factorisant par une representation fidélééfe Soit

S? :=T,\X* une composante connexe $le, (G, X )¢ avecl', := G(Q); NgKg ' pourun
certaing € G(A;). Alors, si le groupek est suffisamment petit, la variation de structure de
Hodge induite pap surX* avec le fibré vectoriel sousjaceRt" x V induit une variation de
structure de Hodge s’ avec le fibré vectoriel sousjacent le quotientXie x V par I'action
del', donnée paty - (z,v) = (v -z, p(7y) - ). Un choix d’'un reseaill ,-invariantV; dansV’
donne une variation dé-structure de Hodge.

On considere une variation de structure de Hodge commessitde Soit maintenant le lieu

de Hodge exceptionnel. Alots est I'union de sous-variétés définies comme suit. Caneits

un tenseut dans®,, ,ew VO™ @ VV¥" o0 W est un certain sous-ensemble d&hs N. En
utilisant la representatiop, on peut considérer le lieu de pointsle Sh (G, X )¢ tel quet est
une classe de Hodge pour la structure de Hodge sur la fiby¥ @leenz. On a déja signalé que
¥ est une reunion dénombrable de sous-variétés anadgidLes composantes irréductibles de
¥ sont, comme on 'a déja signalé, des sous-variété&baigues d&h (G, X)c. On les appelle
les sous-variétés de type Hodge. Avec cette définitipariit clair que la notion de sous-variété
de type Hodge ne depend pas du choix du groupe compact aldveRlus précisement, soit
K' C K un sousgroupe compact ouvert alors une sous-variétéhgeG, X)c est de type
Hodge si et seulement si son image dghg (G, X )¢ est de type Hodge. Aussi, I'intérprétation
des sous-variétés de type Hodge comme les lieux de pairtsrtaines classes sont des classes
de Hodge montre que les composantes irréductibles deseaateons des sous-variéts de type
Hodge sont des sous-variétés de type Hodge. Pour un exjsaillé, on renvoie a [24, Sect.
2-3]. On peut caractériser les sous-variétés de typagel@h termes purement de la théorie de
groupes.

Definition 2.6.4 Soit (G, X') une donnée de Shimura &t un sousgroupe compact ouvert de
G(A¢). Soit Z une sous-variété irréductible fermée ek (G, X)c. Alors Z est une sous-
variété de type Hodge si et seulement si il existe une demie” ShimurédG’, X'), un morphisme
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de données de Shimura: (G', X') — (G, X) et un éléemeny de G(Ar) tel queZ est une
composante irreductible de I'image du morphisme:

Sh(G", X")e ") Sh(G, X)e % Sh(G, X)e — Shx (G, X)e.

Pour voir que les deux caractérisations sont effectivaraguaivalentes, voir [24, sect. 2-3].

Définissons enfin la notion de correspondance de Heckdeiefiar des éléments d§ Ay ).
SoientK et K, deux sous-groupes compacts ouverts:dé; ) et soitK’ := K, NgK,g'. Soit
g un éléement d&7(A¢). La correspondance de HeckgdeSh, (G, X )¢ dansShg, (G, X )¢ est
définie par le diagramme

Shi, (G, X)e & Shx (G, X)e =2 Shr, (G, X)e

ou I'applicationr; est donnée par I'inclusion naturellé’ ¢ K et envoie un poinfz, 6] sur
[z,6-g]. Pour une sous-variétedeShy, (G, X )¢, on notel,(Z) := my(r; ' (Z)) et on 'appelle
le transformé deZ par I'opérateufl,.

2.7 Modeles canoniques

On a déja signalé que les varietés de Shimura étaieatvdriétés algébriques complexes
guasiprojectives. En fait, on sait qu’elles admettent dedétes sur des corps de nombres qui
verifient certaines conditions que I'on va expliciter. Pourexposé détaillé (avec preuves) du
contenu de cette section, on renvoie a [13].

Considerons d’abord une donnée de Shimura définie paren@m se donne donc un couple
(T, h) ouT estun tore suf eth est un morphism8 — Tk. Soit M le groupe de Mumford-Tate
deh. Rappelons qué/ est le plus petit sous-groupe algébrigtiele T" tel queh se factorise par
Hyg. Alors M est un sous-tore dE. Le morphisme: := h¢(z, 1) se factorise pab/c et, en fait,
M¢ est le plus petit sous-groupe algébrigidede T tel que H contient I'image de: (voir [15,
l, prop 3.4]). SoitE(T, h) le plus petit corps de définition de ce morphismeOn 'appelle le
corps reflexe d€7', h). Alors p induit le morphisme: : Resg/oGne — M défini surQ défini
par

Resg /qu
_>

N
RQSE/QGmE RGSE/QMF; i;@ M

Proposition 2.7.1 Le morphisme- défini ci-dessus est surjectif (en tant qu’un morphisme de
tores algébriques).

Proof. Supposons que l'image desoit contenue dans un sous-ta¥€ de M. Fixons un
plongement d&Z dansC. L'extension de scalaires dede Q a C via ce plongement redonne
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u = he(z,1). Alors, d’apres la propriété d&/ d'étre le plus petit sousgroupe algébrigdede
T tel queH contient 'image de:, on voit queM' = M. O

Le lemme suivant est tres important pour nos démonstrafigtures.

Lemma 2.7.2 Whenp ranges over the set of all primes, the indéx(Q,) : r((E ® Q,)*)] is
finite, bounded independently pf

Proof. Soit Ty := Resp)oGme. Le morphismer : T — M est un morphisme surjectif
de tores algébriques. Soit : X(M) — X(Tg) l'injection au niveau de groupes de charac-
téeres induite par ce morphisme. Sditle groupe de torsiolX (7y)/r*(X (M)), alors, comme
X (Tr)/X est sans torsion, c’est le groupe de characteres d'uniceégtore, appelons-14'.
Linclusion X (T%) C X donne une isogenie: T'— Tp. Le noyau de’ est de la formeb .
ou / est un ensemble fini d’entiers gt des le groupe de racinégemes de I'unité dang'. Alors
on a une suite exacte

0— Bkerpiy =T =Ty - M — 0.

Commep déecompose”, il decomposd’, Ty et M, donc cette suite induit une suite exacte

0— (@kelﬂk)((@p) — T(Qp) - (E ® Qp)x — M(Qp) — EBkGIHl(Mkan) — 0.

Donc le conoyayM (Q,) : 7((E ® Q,)*)] est 'ordre de®c; H' (1, Q,). La théorie de Kum-
mer dit que 'ordre deff! (1, Q,) est I'ordre deQ; /Q;”“. L'ordre de ce dernier groupe est
ko |k (Qy)] - p»™®). Bien sur|u(Q,)| < k et pourp assez grang’»¥) = 1. Ceci montre que
[M(Q,) : r((E ® Q,)*)] est borné par entier independantide O

La variété de Shimura définie par la donriéeh) est de dimension zéro. Pour tout sousgroupe
compact ouverk’ deT'(A¢), 'ensemble

Shic (T, h)(C) := T(@\{h} x T(As)/ K

est fini. Pour définir une structure de(7, h)-schema sur cet ensemble, il suffit donc spéci-
fier 'action du groupe de Galoi€lal(Q/E(T, h)) la-dessus. La théorie de corps de classes
global donne un morphisme continu et surjectif(@T, h) ® A)* versGal(Q/E(T, h)). Soit

o dansGal(Q/E(T, h)) et [h, g] un élement d&'(Q)\{h} x T(A;)/K. Soits un idele dans
(E(T,h) ® A)* dont I'image danstal(Q/E(T, h)) par le morphisme de corps de classesrest
Ecrivonss = s, - s; OU so, (resp. sy) sont des projections sur la partie infinie (resp. finie) de
(E(T,h) ® A)*. Alors, on définit I'action der par

o(lh, g]) = [h,7(s;) - 9]
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Pour deux sousgroupes compacts ouvehd < K de T(A;), le morphisme
Shy (T, h)c — Shg(T,h) descend & (T, h), on obtient donc un modéle de la variété pro-
algébrique indexée par les sous-groupes compacts gulett( Ay ),

Sh(T, h)c := limprojSh (T, h)c

Considerons maintenant une donnée de Shimura quelcqifiué). Rappelons qu&’ est
une classe de conjugaison d’un morphismeS — Gk. On renvoie a [13] pour la définition du
corps reflexe? (G, X).

Un modele de la limite projective indexée par les groupesgacts ouverts d&(Ay),

Sh(G, X )k := limproj,Shx (G, X)c

sur un corps de nombrgs(G, X) C E C C est dit canonique si pour tous les couples spéciaux
(T,{h}) ouT est un sous-tore d& et h est un morphism& — Tk qui appartient aX et un
élementg de G(Ay), le point[h, g] est dansSh(G, X)(E(T, h)*) et Gal(E(T, h)**/E(T, h))
conjugudh, g suivant la regle donnée ci-dessus. Grace aux travaux de/BipDeligne, Milne,
Shih et autres, on sait maintenant que toutes les variéShimura admettent des modeles
canoniques sur leur corps reflexe (voir [23, 3]).
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Chapter 3

Special points on products of two Shimura
curves

This chapter reproduces an article accepted for publicatidlanuscripta Mathematica.

3.1 Introduction and results.

In [4], Edixhoven proves, assuming GRH for imaginary quédréelds, that an irreducible
closed algebraic curve ii? containing infinitely many pairs of CM (complex multiplidai)
j-invariants and which is not a fiber of one of the projectionghie Hecke correspondence
{(j(7),j(nT))|r € H} C C? for some integen > 1. The same result has been obtained
inconditionally by André in [1]. His proof uses a result oflgker on Diophantine approximation
and thej-function and hence it doesn’'t seem to generalize to the aiaake Shimura curves that
we propose ourselves to treat in this article. In this agtigk extend the result and the method
of Edixhoven ([4]) to products of two Shimura curves attatke rational indefinite quaternion
algebras. Let us consider two Shimura cur$egnd S, associated to indefinite rational quater-
nion algebras3, and By with maximal orders3; and B,. We recall the necessary facts about
these curves and their modular interpretation in sectioA point (zq,z) in (S; x S3)(C) is
called special if both:;; andx, correspond to abelian varieties of CM type. Using the dedinit
given in [7] of sub-varieties of Hodge type, one finds thedwaling list of sub-varieties of Hodge
type of (S; x Ss)c up to isomorphism.

1. If Big andByg are notisomorphic then the only sub-varieties of Hodge &pés; x Ss)c,
Sic x {x} (wherex is special){y} x S, ¢ (wherey is special) andz, y) a special point
in (S; x S3)(C).
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2. If Big and By are isomorphic, then there exists an isomorphism fem to B,g which
sendsB; to By and hence induces an isomorphism frémto S,. Therefore, it suffices
to classify the sub-varieties of Hodge type (&f x S)c where S is the Shimura curve
associated to a quaternion algelsta overQ with maximal orderB. The sub-varieties of
Hodge type of S x S)c are(S x S)¢, Sc x {z} (Wherex is special){y} x Sc (where
y is special), a Hecke correspondence associated to an dlgneeis,, * := (B ® A¢)*
embedded iiS x S)¢ via the map which on complex-valued points is induced by tap m
(h,z) — ((h,z), (h, gx)) fromH* x By, ™ to (H* x By, *) x (H* x By, *) and the special
points.

Our main result is the following.

Theorem 3.1.1 Assume the generalized Riemann hypothesis for imaginaaygtic fields. Let
Si andS, be as above. Let C (S; x Sy)c be a closed irreducible algebraic curve such that
C(C) contains infinitely many special points. Théns of Hodge type.

Note that this result include the one of Edixhoven ([4]) sifiar By = M,(Q) we get a modular
curve. The idea of the proof is to consider the intersectib’ avith some well-chosen Hecke
correspondences. Using the Galois action on special paingsproves that for some well chosen
Hecke correspondences this intersection is not proper.eSopological arguments allow then
to conclude that” is of Hodge type. The details of many proofs are omitted sihey are
completely similar to [4].

3.2 Shimura curves.

3.2.1 Modular interpretation.

For definitions and properties of quaternion algebras werref [13] and [9]. LetBg be a
rational indefinite quaternion algebra with maximal ordeand letd be its discriminant. Let
us choose an isomorphisihh: B ® R — M,(R) and for anyp prime tod, isomorphisms
fp: B®&®Z, — My(Z,). Letx — x* be the involution ofBy characterized by the property that
tr(z) = x + z*. The orderB is then invariant by this involution. Consider the modulbplem
of classifying the isomorphism classes of triples/M /Q, i : B — End(A/M), \) where)M is
aQ-scheme A is an abelian scheme ovéf of relative dimensior2 with an action ofB given
by i and ) is a principal«-polarization in the sense of [3, 1.5]. It is well known thiaéte is a
coarse moduli schemgoverQ for this moduli problem. To prove this one can, for examphe u
the methods of [2]. Proposition 1.5 of [3, chap. Ill] showatthiven(A/M/Q, 1), a principal
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x-polarization exists and is unique hence we don’t bothergation it. A pair(A/M/Q, ) will
be called a QM-abelian surface. L&t beP'(C) — P'(R) which is the union of the upper half-
plane and its complex conjugate. We identify with a quotient of B ® R)* = GL,(R) hence
it has a natural left action d8;j. The set of complex points ¢fis S(C) = By \ (H* x Bj; /1’§X ).
As an analytic varietyS(C) is compact if and only iBg is a division algebra. The schemds
in fact the canonical model d8;;\ (H* x B&/EX) in the sense of Deligne, see [8].

3.2.2 Galois action on special points.

One fixes an embedding @ into C, then special points are ifi(Q). Letz be a special point
in S(Q) and let(A4,/Q, i,) be the corresponding QM-abelian surface. We deRaiés (A,) the
ring of endomorphisms commuting with the action®fgiven byi,. One easily sees that this
ring is an order in an imaginary quadratic field. There exists a unique integer> 1 called
the conductor such tha@l, . := Z + cOx whereOy is the ring of integers of<. The Picard
groupPic(Og ) acts on the se$. of isomorphism classes of QM-abelian surfa¢dsi) such
thatEnds(A) = Ok in the way we are going to describe. Let, i) be an element of. and

I an invertibleOf .-module. We wish to define a QM-abelian surfdde® A, I ® i) whose
isomorphism class depends only on the cld$®f I in Pic(Ok,). For any schemé& overC,
A(S) is aOg -module and one associatesidhe O .-module/ ®o, . A(S). This defines a
functor fromC-schemes t@)k .-modules sending to / ®o,. ., A(S) which is easily checked to
be representable by a QM-abelian surfate A, I®1). One sees that, if we writé(C) = C? /A,
then(I @ A)(C) is the quotient off @ C* by I ® A. Moreover, the isomorphism class of this
pair depends only on the clagg of I in Pic(Ok ). This defines an action dfic(Ok ) on S.
commuting with the action dfial(Q/K). One can, moreover, show thétis aPic(Oy .)-torsor
hence the action dfial(Q/K) factorizes through a morphisfial(Q/K) — Pic(Ox ). This
morphism is surjective. The orliital(Q/K) - x has exacthPic(Ox ) elements. The Frobenius
element at a maximal ideab not containing: is sent to the elemeritn] ' of Pic(Og ). The
Galois extensiork (z)/ K corresponds to this quotient 6fal(Q/ K ).

Remark 3.2.3 If one wishes to generalize the methods of this article toctse of the moduli
space of abelian varieties of some dimension 1, one has to deal with the problem of finding
lower bounds for the size of the Galois orbit of an abelianetgrof CM type in terms of the
discriminant of the center of its endomorphism ring. Thisras to be a hard open problem.
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3.2.4 Hecke operators.

We noteB* := (B ® Z)*. Letg € B}, the map(h,x) ~ ((h, ), (h, gz)) from H* x B} to
(H* x By ) x (H* x B} ) induces a map

BE\(H* x (B, /B ngB*g ")) = B\(H x (B}, /B")) x By\(H* x (B}, /B"))

The image of this map is the Hecke correspondefceBy the theory of canonical models of
Shimura varieties, it is defined ov&: Forp prime tod, 7, is defined to b&, for g := (%)

at the placep and1 elsewhere. We now give the modular interpretation of thekdemorre-
spondence§),. Let (A/C, i) be a QM-abelian surface. We defiiig](A, )] = > ,[(A/G,7)]
whereG ranges through th8 ® I, -submodules ofi [p](C) isomorphic tdF’. SinceA[p](C) is a

B ®F,-module isomorphic t& ® F, and B ® F,, is isomorphic taVl,(F, ) because: is prime to

d, there exists an isomorphism 6f® F,-modules betweed [p|(C) andM,(F,). Through this
isomorphism, the subgrous correspond tavl, (I, )-submodules of, (T, ) isomorphic toF
asF,-modules. Under the Morita equivalence, such submodulessmmond tadF, -submodules
of F2 isomorphic toF, hence, in particular, there age+ 1 such submodules. Let us describe
the action of Hecke operators oi{C). So, letz be a point ofS(C) and(A, ¢) the correspond-
ing abelian surface. The lattid® (A(C), Z) defines a clasg in B@/EX. The complete set of
lattices defining the subgrouiss as above i{? ) g where0 < i < p— 1 and(45)g. For

n square free, prime to the discriminant and composed outiafgsp,, - - -, p., one defines
T,:=T, T,

Dr-

3.3 The curve is contained in its images by infinitely many
Hecke correspondences.

Let C' be as in the main theorem. Sin€econtains infinitely many points i0S; x S3)(Q), the
setC(C) N (Sy x S,)(Q) is Zariski-dense irC' hence there exists a unique closed cufgin
(Si x S;)g that givesC' after base change frof to C. Let Cy be the image of” under the
morphism(S; x Sy)c — (S1 % S2)q, thenCy x Q is the finite set of conjugates 6f; under
Gal(Q/Q). For a special point € S;(Q), we denote byEnd z () the ringEndz(A,) where
(Az, 1) is the corresponding QM-abelian surface. The imaginargota fieldEndz (A4,) @ Q

is called the CM field of:.

Proposition 3.3.1 LetCq be as above. For all but finitely many special pojats ) in Co(Q),
the CM fields ofr,; andx, are isomorphic.
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Proof. One just has to follow the proof of [4, prop. 3.1]. O

Let (z1,z,) be a special point i€o(Q) such that the CM fields of, andz, are isomor-
phic to the quadratic imaginary field and letc; be the conductors of the ordefsid ;3 (z;) in
K. Letc be the least common multiple of andc,. Let K., := K(z;). The field generated
by K., and K, is contained inkK, and K. : K. K.] < 3. This last inequality comes from
the unit groups oD ., Ok ., andOk,. Hence the orbit of z,, ;) underGal(Q/K) has at
leastGal(K./K)/3 elements. Let € Gal(K./K) be represented by a clags in Pic(O..)
of an invertible ideall. There are isogenies from to o(z;) with kernels isomorphic, a8 .-
modules, to(Ok ./I)*. Letp be a prime split inOg ., that isOx,. ® F, = F, x F,. Then
taking the class of one of the maximal ideals, sayn, dividing p and denotingr,, the cor-
responding Frobenius element, we see that there are issggéomx; to o,,(z;) with kernel
isomorphic toF, henceo,,(z1, z3) is in (T, x T,)(x1, ;). SinceCq and (T, x T,)(Cy) are
defined overQ, o,, (71, z9) is in Co(Q) N (T, x T,)(Cg)(Q). All the conjugates of this point
by Gal(Q/K) are contained in this intersection, her@g(Q) N (7, x T,)(Cqp)(Q) contains at
least|Pic(O .)|/3 elements. Now we give a lower bound for the intersection nemalbCy (C)
and (T, x T,)(C)(C). If B, is isomorphic toM,(Q) we replaceS;(C) by its compactification
P, (C) by adding one point, if3; is not isomorphic tal/;(Q) then S;(C) is already compact.
We take closures of'(C) and (7, x T,)(C) in (S x S,)(C) compactified. Letd,, d,) be the
bidegree ofCy(C) then the bidegree off, x T,)(C)(C) is ((p + 1)%*di, (p + 1)%ds). Let f;
be a finite morphisns;(C) — P'(C) of degreeD;, thenf := (fi, f2) is a finite morphism
from (S; x S3)(C) to P'(C) x P'(C) of degreeD,D,. The Picard group oP'(C) x P'(C)
is isomorphic toZ x Z, the isomorphism is given by the bidegree. The intersediom on
P!(C) x P'(C) is given by(a, b).(c, d) — ac + bd. One easily sees that, the intersection number
of C(C) and(T,, x T,)(C)(C) is bounded by2(p + 1)*(DyDy)?d1dy. Letk := 6(D;yDs)?d;ds.
Bezout's theorem shows that|ific(Ok )| > k(p + 1)? thenCy C (T, x T,)(Cg). In [4, sect.
5], the following result is shown (it is a consequence of tfieative form of Chebotarev density
theorem which is true only under GRH, see [11]):

Lemma 3.3.2 Assume the Generalized Riemann Hypothesis for imaginagdigtic fields.
There exists > (0 such that wherk ranges through all the imaginary quadratic fields and
ranges through all positive numbers, then the number ofgsjm< |discr(Of .)|'/*~¢ that are
splitin Ok .tends to infinity agdiscr(Of )| tends to infinity.

On the other hand, the Siegel's theorem tells th@fPic(Ox )| = (1/2+0(1)) log|discr(Ok..)
as|discr(Ok )| tends to infinity . AsC' contains infinitely many special pointgliscr(Ox )|
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associated to them tends to infinity, then the two ineqealishow that for infinitely many,
Co C (T, x T,)(Cg). We have shown the following proposition.

Proposition 3.3.3 Assume GRH for all imaginary quadratic fields. lte$ be as before. Then
there exist infinitely many primassuch that’y is contained inT,, x T,)(Cyg).

3.4 Topological characterisation of Hodge type curves.

Theorem 3.4.1Let C in (S; x S)(C) be an irreducible closed complex algebraic curve. Let
(dq,ds) be its bidegree i.€; is the degree of the projectigir;, : C — S;(C). Suppose that
C c (T, x T,,)(C) for somen square free and composed out of primes max{13, d,} prime

to the discriminants oB, andB,. ThenC' is of Hodge type.

If one of the projections of' is constant, then the result is trivial. Hence, we assumienibiae
of the projections is constant. Using [9, prop. 5.2.11], shews that there exist elements
gi (i = 1,2) in B;g of normn such that the image df, in S;(C) x S;(C) is the image of
Sy (C) :=TiNg; 'Tig:\H in I;\HxT;\H given byz + (z, g;z). LetTc, be the correspondence
induced byT,, x T,, onC'. This correspondence is defined as follows: take the invarage of
C xCin S, (C) x S, (C) and delete its zero-dimensional part. This set with its twajgetions
toCisTey.

The image of7., under (pr,,pr;) from C x C to (S; x S;)(C) is the image of
T, =Ty nglig, "\Hin[}\H x T';\H under the map induced by — (7, g;7) from H to
H x H. We have the following diagram.

ﬁ’ —L5,(C)
TC,n Tn

Lemma 3.4.2 The map fronil.,, toC' x s, (c) T,, induced by this diagram is surjective.

Proof. The four morphisms in the diagram are finite morphisms of demplgebraic curves
hence the morphism froffi,, to C' x5, () 1T,, is finite. Hence, to show that the map frdrp,, to

C xg, ) T, is surjective, it suffices to show that x 5, () 7, is irreducible, or, equivalently, that
the tensor product of the function fields@fandT,, over the function field of; (C) is a field. Let
I'p:={zelijz=1 mod n},lets ,(C) be the complex algebraic cun# ,,(C) = T',\ H.
The curvesS, ,,(C) is a Galois cover of5; (C) and its function field is the Galois extension of
that of S, (C) with Galois group isomorphic td, /I'y,, = SL,,(Z/nZ) = [],,, SL2(F,). Since

pln
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SLy(Z/nZ) has no non proper subgroup of index at méstthe tensor product of the function
fields of C' andS; ,,(C) over that ofS; (C) is a field. This finishes the proof. O

Lemma 3.4.3 Let S be the Shimura curve attached to the datusg, B) andn > 1 a square
free integer prime to the discriminant Bf. The orbits ofT,, acting onS(C) are dense ir$ (C).

Proof. Let GG be the algebraic group ové&r of norm-one elements i8. This means that for
anyZ-algebraR, one has7(R) = {x € B® R : n(z) = 1}. For anyp that does not divide the
discriminant of B, there is an isomorphism betweéf{Q,) andSL,(Q,) and betweert:(Z,)
andSL,(Z,). One can writeS(C) = G(Q)\G(A)/K. x G(Z) whereK,, is some maximal
compact open subgroup 6fR). Consider the elemen}, := (’g p91 ) of SLy(Q, ). This element
defines a correspondence 8(C) by the right multiplication by, onG(A) and clearly the orbits
of this correspondence are contained in the orbit5,0fThe orbits of the correspondence defined
by the right multiplication by the elementof G(Ay) that equals, at all place% dividing » and

1 elsewhere are contained in the orbits/igf

The subgroup of [, G(Q,) generated by and[],, G(Z,) is[],, G(Q,). Thisis a con-
sequence of the Cartan decomposition§bs over a local field (see [12, p. 108, example]). In
this case this is actually a consequence of the theory ofeziéary divisors.

Let 2 be a point ofS(C). Lett be an element ird7(A) in the preimage of. The closure
of the orbit ofz by 7,, contains the closure of the image 6{Q)¢[],,, G(Q,) in S(R). But,
GQtIL,,GQ) =GQ¢I],, G(Q)t 't = G(Q) [1,,, G(@,)t. The strong approximation
theorem [13, thm. 4.3] shows that a6dQ) [],, G(Q,) is dense inG(A). The density of the
orbits follows. O

Remark 3.4.4 Using the strong approximation theorem for simply conngetigebraic groups,
one can prove the density of some Hecke orbits in any Shimanaty.

Letw : Hx H — I''\H x I';\H be the quotient map. LeX be an irreducible com-
ponent of the analytic variety ' (C) and Gx the stabilizer ofX in SL,(R) x SLy(R). Let
I'y :== Gx N(I; xT'y). To prove the two following lemmas, one just has to follow pineofs of
[4, lemma 6.6 and lemma 6.7]

Lemma 3.4.5 The groupG x is an analytic subgroup &f.,(R) x SLy(R).
Lemma 3.4.6 The kernels of the two projections fro@iy to SL,(R) are discrete.
Lemma 3.4.7 The topological group: x is not discrete.
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Proof. Let us take representatives, t) in B, x By, (Where+ means "elements of positive
norm”) for the coset spade; x I'y(g1, o)1 x I'y/T'; x T'y. The conditionC' C (T,, x T,,)(C)
imply that there exist pairg;, ) such tha{t;, ;) X is contained inr ' C. Every such pair gives
an elemeny; ; in G'x of the form

9ij = Vi (777]/291 ; 777]/292)%,,7,2

with v; ;; and, ;- in 'y x I'y. Let H be the subgroup affx generated by x and all theg; ;.
Reproducing the proof of [4, lem. 6.9], one shows tHat not discrete hena@ x is not discrete.
]

Now we can finish the proof of the theorem. AS, is not discrete, the Lie algebiiae(G y)

is non-zero. Since the kernels of the two projections(bf are discrete, the images of
the two projections oflLie(Gx) are non-zero. Sincer;Lie(Gy) is normalized bypr;(I'x)
which is Zariski dense ir8L,(R) (because it is of finite index in the arithmetic subgroup
SLy(Z) of SLy(R) which is Zariski-dense by [10, thm 4.10]) and tHat(SLy(R)) is sim-
ple, pr;Lie(Gx) = Lie(SLy(R)). SinceSLy(R) is connected(x projects surjectively to the
both factors. The kernel gfr; : Gx — SLy(R) is a normal subgroup ofL,(R) (viewed
asSLy(R) x {1}). This kernel is discrete and contaif$, —1} so it is {1, —1}. Goursat’s
lemma then says that y is the inverse image iIBL,(R) x SLy(R) of the graph of analytic
automorphisnmu of STy(R) /{1, —1}. Now, sincepr,I"y is of finite index inSLy(Z), o comes
from an isomorphism between the algebraic grotijs and B,,. If Byg is not isomorphic to
Bsyg then such an isomorphism does not exist. Consider the casa B4y is isomorphic to
B,g. Then, as explained in the introduction, one takes an ispmsm which send$; to B,,
hence one reduces to the casesSak S whereS is the Shimura curve associated to the quater-
nion algebraB, with maximal orderB. Let G be the algebraic group defined B (that is
G(R) = (B ® R)* for anyQ-algebraR). The algebraic grouput(B) is G*! := G/G,, and
the mapG(Q) = By — G*(Q) is surjective because of Hilbert 90, hencés given by conju-
gation by some elemeptof B;;. We have shown thakx is the se{(h, £ghg~')|h € SLy(R)}.

In the previous version of this chapter there was a gap in titead the proof, pointed out
by Richard Pink. The problem was that we have assumed, witlkagon thay was actually in
SL,(R). In fact this gap was already present in the article of Ediegm[19]. So Edixhoven has
found a way out and has written an erratum to his article. paddiere to my situation.

Letx = (x1,z2) be an element oK such that the two projections frork to H induce iso-
morphisms on tangent spacEs(z) — Tu(z,) andTx (z) — Tu(zs). LetG x , be the stabilizer
of x in Gx. Letfori = 1,2, the groupSLy(R),, be the stabilizer of:; in SLy(R). These
tangent spaces are naturally isomorphicLie(G x)/Lie(G x ,), Lie(SLy(R))/Lie(SLy(R),, )
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and Lie(SLy(R))/Lie(SLy(R),,). Since X is a complex analytic subvariety @& x H, the
isomorphisms between the tangent spaces are compatiliietivéitcomplex structures. Write
xe = g'z1, With ¢’ in SLy(R). Theng’ also induces an isomorphishy(z;) — Tx(xs) of one-
dimensional complex vector spaces. It follows that confiegeby ¢ '¢’ on SL,(R) induces an
automorphism otf.ie(SLy(R))/Lie(SLy(R),, that preserves orientation. A simple computation
shows that this implies that !¢’ is in the connected component of identity of the normalizer
in GLy(R) of SLy(R),,, hence thay has positive determinant. (Note th#t,(R),, is a con-
jugate of SO, (R), whose normalizer ifGL,(R) is R*O4(R), a group with exactly two con-
nected components.) Hengédas positive determinant, and we haye= ¢gz,. This means that
X = {(r,g7) |7 € H}. The curveC is thenl'x\ X which is easily seen to be isomorphic to
gUg~' NT\H hence itis of Hodge type.

3.5 End of the proof.

Using the results of the two preceding sections, one canyefasish the proof of the main
result. LetC' be as in the introduction. There are infinitely many prirpegbat are prime to the
discriminant of B such that”y is contained in7, x 7,)(Cgy). LetC be the set of irreducible
components o'y, then every as above induces a correspondeficgonC commuting with the
transitive action of>al(Q/Q) onC. Letx, € C be the element corresponding to the irreducible
component’. One then easily shows that there exists a finite produet p; ... p, such that

xg € T w0, Which means that' C (7, x T,,)C. The result of the preceding section finishes the
proof.

3.6 Some remarks.

Remark 3.6.1 Our resultis a special case of the André-Oort conjectwymgdhat an irreducible
component of the Zariski closure of a set of special points 8himura variety is a sub-variety
of Hodge type. Very recently Edixhoven ([6]) generalized hiethod to prove under GRH the
André-Oort conjecture for the product of an arbitrary nianbf modular curves. It should be
easy to extend these methods to the arbitrary products afi8hicurves.

If one makes an additional assumption that the curve camt@mninfinite subset of special
points such that the corresponding abelian varieties lanmisogeny class, then the method we
used in this article show that the curve is of Hodge type wittassuming the GRH. Indeed, in
this case one does not need the effective form of the Chehothansity theorem but only the
classical form.
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Remark 3.6.2 The methods of [5] can be used to give another proof of theltgpeal result,
in a somewhat weaker form. But these methods does not seeengerteralizable to the higher
dimensional case whereas one can expect a generalizatibe wfethods of the topological part
of this article to the case of sub-varieties of arbitrary ditaion in general Shimura varieties.
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Chapter 4
Main results

In this chapter we state the main results of this thesis arkétrsame preliminary reduction steps.
We also give the strategy of the proof of the main results.

So we consider a Shimura datui@, X ) and a compact open subgrodp of G(A;). We
consider an irreducible closed subvarietyf Sh (G, X )¢ such that”Z contains a Zariski dense
subset of special points. Recall that the general André&-@mjecture asserts that in this situa-
tion, Z is a subvariety of Hodge type. Since fgrof dimension0, the André-Oort conjecture is
true by definition of special points, we assume that the dsimenof 7 is at leastl. In the rest
of this thesis we only consider the situation whércontains a Zariski-dense subset of special
points that lie in one Hecke orbit. This means that theretgrispecial element, in X such that
7 contains a Zariski dense subset of points that are in theeérmaBr, } x G(A¢) in Shx (G, X)c.
We take such & an we try to prove that it is of Hodge type. As we can not do iulthdenerality
for a subvariety of arbitrary dimension, we impose some ¢k onZ.

4.1 Main results and some reduction steps

The main result is the following.

Theorem 4.2 Let (G, X)) be a Shimura datum and IBt be a compact open subgroup(®fAy).
Let Z be an irreducible algebraic curve containedsin (G, X)c such thatZ(C) contains an
infinite set of special points that lie in one Hecke orbit. iileis of Hodge type.

Let us now make some reduction steps. In order to prove atrabolt irreducibility of the
transforms of irreducible subvarieties by some Hecke epwadences we will need to apply
results about the monodromy such as a theorem of André3(2s8. we wantZ to be Hodge
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generic in the sense of the definition that follows. This ¢bod “Hodge generic” plays a crucial
role in the proof of 5.2.1.

Definition 4.2.1 Let (G, X) be a Shimura datum arfd a compact open subgroup@GfA¢). An
irreducible closed subvariety of Shx (G, X)c is said to be Hodge generici is not contained
in any proper subvariety of Hodge type i (G, X )c.

Remark 4.2.2 The property of subvariety to be Hodge generic does not dkparthe compact
open subgroupx..

Remark 4.2.3 The property of being Hodge generic can be characterizegring of variations
of Hodge structure attached to various representations trideed, “Hodge generic” means that
for such a variation of Hodge structure, the generic Mumidatke group on this variety i§. To

be more precise , let us consider a representationG overQ which factors through a faithful
representation of;*!. We also assume thdf is neat. Hence we get a variation @fHodge
structureV(p) overShx (G, X)c. Suppose that a point, g] of X is not Hodge generic in the
sense of the preceding definition. This means fhag] is contained in a proper subvariety of
Hodge type. Hence the Mumford-Tate graufi’(z) is strictly smaller thaidz. Using Chevalley’s
theorem, we see that there exists a lime V' such thafp(MT(x)) is the stabilizer of. Letv be
an element o/ generating. Let Y be the locus of points ok wherev is a Hodge class. Then
[z, g] is contained in the image af in Shy (G, X)c hence itis in the Hodge exceptionnal locus
for V(p). Conversely, suppose that ¢| is in the Hodge exceptionnal locus fofp). Let v be
an element of” which is an “extra” Hodge class for the Hodge structuré/odetermined by:
(this means that is not fixed byp(G)). Let M be the stabilizer ifz1.(V') of the line generated
by v. Then the neutral compone@t of the identity ofp—! (M) is a proper subgroup @ andzx
factors through?’. Let X’ be theG'(R)-conjugacy class of. The Shimura daturiz’, X') and
the elemeny determine a proper subvariety of Hodge type that containg.

Example 4.2.4Consider C x C as a Shimura variety defined by the Shimura datum
(GLy x GLy, H* x H*) whereH™* is the union of the upper and lower half plane. Special
points of C are thej(r) wherej is the classical modular function and € H is imaginary
quadratic. Letr be anon-special point (then{xz} is Hodge generic it€) and consider the fiber
{z} x C C C x C of the first projection ovefz}. This variety is Hodge generic. Obviously it is
not of Hodge type (if it were it would be equal @x C). However this variety has an interesting
property to be totally geodesic in the sense of [24].

There exists a smallest subvariety of Hodge typef S that containsZ in the sense that is
not contained in a proper subvariety of Hodge typesaf This follows form the fact that the
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irreducible components of the intersection of two subvaseof Hodge type is again of Hodge

type. One can prove this last assertion using the charaatenn of subvarieties of Hodge type as
irreducible components of the loci where certain classesHdge classes. The Shimura datum
(G', X") describingS’ is given by the following proposition.

Proposition 4.2.5 Let (G, X) be a Shimura datuni{ a compact open subgroup Gf A;) and
let Z be a closed irreducible subvariety 9fi (G, X)c. Lets in Z be Hodge generic. Let
(z,g) iIn X x G(A¢) lie overs and letG' be the Mumford-Tate group af. Then we have a
morphism of Shimura data frofd:', X') to (G, X') with X' theG' (R)-conjugacy class of. Let
K’ be the intersection d&'(A;) andgK g~'. Then the inclusion ofi’ in G, followed by right
multiplication by g induces a morphisnfi: Shx/(G', X')¢ — Shg (G, X)c. This morphism is
finite and its image containg. Let Z' be an irreducible component ¢f 'Z. ThenZ is of
Hodge type if and only it/ is.

Proof. The proof is essentially the same as in the Remark 4.2.3. &wilsl we refer to the
Proposition [24, Prop 2.9] and [24, 32.9]. O

Remark 4.2.6 This proposition gives a “candidate” far. Indeed, the variety is of Hodge type

if and only if Z equals the irreducible component of the imag¢g @ontaining it. To prove this
equality it will be sufficient to prove that contains an orbit of a suitable Hecke correspondence.
Indeed, in the next Chapter we will prove that such an orhieisse in the smallest subvariety of
Hodge type containing. The proof of the fact that contains such a Hecke orbit is, however,
the hardest part of the proof and | still do not know how to da full generality.

Example 4.2.7 As an example, let us consider the Shimura vari€étx C x CC which is
a moduli space for triples of elliptic curves. Let be C x {z} x {y} wherez is a non-
special point ofC and y is special. The grougs’ given by the preceding proposition is
GLy x GLy x M C GlLy x GLy x GLy whereM is the Mumford-Tate group af. The smallest
subvariety of Hodge type containirigis C x C x {y}.

With the notations of this propositiols; is an irreducible component containiigof the image
of Shx/(G', X')¢c by f. This proposition shows that the general André-Oort coje is true if
and only if it is true for the sets of special points whose Zdrclosure is irreducible and Hodge
generic. On the other hand, the proposition does not reche@itoof of Theorem 4.2 to the
case where” is Hodge generic, because the inverse imagdthin (G', X') of a Hecke orbit in
Shx (G, X)c is adisjoint union of a possibly infinite number of Hecke ¢sbiThis means that we
cannot simply replac&’ by G’ in our proof. The point is that an infinite set of tori @ that lie
in oneG(Q)-conjugacy class does not, in general, intersect only a&fget ofG’ (Q)-conjugacy
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classes of tori inG'. However, we will overcome the difficulty by considering thituation only
over Q, for some fixedp. In this case using some Theorems of Grothendieck on theggt
properties of morphisms from tori to group schemes.

It will be convinient for us to work with Shimura varietiesahare defined by semisimple
groups of adjoint type. The following proposition showsttltas actually possible to reduce
ourselves to this case.

Proposition 4.2.8 Let (G, X) be a Shimura datum, I€t*® be the quotient ofi by its center,
and letX?! be theG*(R) conjugacy class of morphisms frofnto G&! that contains the im-
age ofX. Let K* be a compact open subgroup @Gf!(A;), and letK be a compact open
subgroup of(A;) whose image intz*d(A¢) is contained ink®!. Then the induced morphism
from Shy (G, X)c to Shyaa (G2, X29) ¢ is finite. LetZ be a closed irreducible subvariety of
Shy (G, X)¢, and letZ2d be its image irSh .. (G, X34).. ThenZ is of Hodge type if and
only if Z* s,

Proof. By [24, §2.1], X is just a set of connected componentsXof!. Let S and S*! be
the connected components ®if x (G, X)c and of Sh . (G2, X24) that containZ and Z*¢,
respectively. LetX* be a connected component &fand letg in G(A¢) be such thaf is the
image inShy (G, X)c of X* x {g}. Then the inverse images &f andZ*! in X+ x {g} are
equal, hence the property of being of Hodge type for them usvadent. O

We also see that contains a Zariski dense subset of special points lying @ ldacke orbit if
and only if Z* does. Now we state an auxiliary result that we obtain in thésis.

Theorem 4.3 Let (G, X)) be a Shimura datum whefe is a semisimple group of adjoint type
and letKk C G(Ay) be a compact open subgroup. Letbe a closed irreducible subvariety of
Shy (G, X)c which is Hodge generic. There exists a primesuch that the following holds.
Suppose tha¥ contains a Zariski dense set of special points g] (with z, in X a special
element) such that there exists a prime> p, that splitsMT(xy) and for all points in this set
g, € H(Q,)K, (H is the centralizer oXIT(x,) in G). ThenZ is of Hodge type.

4.4 Reduction

In this section we use the results form the previous sectiaorder to reduce the proof of the
general theorem 4.2 to a more particular situation. So we with an arbitrary Shimura datum
(G,X) and K a compact open subgroup 6f(A¢). We are also given an irreducible closed
subvariety”Z containing a Zariski-dense subset of special points Iyingne Hecke orbit. Recall
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that our aim is to prove that is of Hodge type. Using 4.2.8 we readily see that we can assume
that G is semisimple of adjoint type without loosing any of our asgtions. So from now on
we suppose that

The groupG is semisimple of adjoint type.

Let (G’, X') be as given in the Proposition 4.2.5 (after the choice of agéageneric point in
7). Let K', g and the morphism

f : Sh[(!(GI,XI)(Q — Sh[((G,X)(Q

be as in the proposition 4.2.5. We |&t be an irreducible component gf (7). From the
Proposition 4.2.5 we know that is of Hodge type if and only i’ is. Let X be a connected
component of\ and letX’" be a connected component Bf. Let S andS’ be the connected
components oBhg (G’, X')¢ and Shx (G, X)¢ that are images ok’ x 1 and X+ x 1 in
Shy (G', X")c andShk (G, X)¢ respectively.

After possibly changing by its transform by some Hecke correspondence, we can
and do assume that lies in the image of’ by f (hence inS).

Let(G", X'*1) be obtained fromiG’, X') as in 4.2.8. Lefx’*! be an open compact subgroup
of G"*(A). After possibly replacinds by a smaller compact open subgrougifd, ) the image
of K’ in G'*(Ay) is contained ink’*. Let Z'** be the image o’ in Sh ... (G™, X"*!)¢ and
let S be the connected componentSif .. (G"**, X'*")¢ containingZ'*. | wish to add one
obvious remark: sinc&’* is a Hodge generic variety of dimensionl, the groupG’* is non-
trivial. Various objects that we have introduced can beesgented by the following diagram:

f

A VA
g—1-s
Z/ad S/ad

All the arrows in this diagram are finite morphisms. To prokattZ is of Hodge type it
suffices to prove that’* is of Hodge type. Recall that the property.6f to be of Hodge type
is independent of the choice of the compact open subgfétip in G'*!(A¢). Hence we can
safely assume thdt’*! is a producf ], K'3" of compact open subgroups’s of G'**(Q, ). The
result of our reduction steps is hence the following.
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1. The group= is semisimple of adjoint type

2. The varietyz’* is contained in the imag#'*® of X'* x 1in Sh,..a(G', X')¢c whereK "™
is a producf [, K3 of compact open subgroups’;* of G'"**(Q, ).

3. To prove that” is of Hodge type, it suffices to prove that the varigf§® is. The last
statement is equivalent to proving th&t equalss’™.

We recall once again that with our assumptions we can nottesty’t*’ contains an infinite set
of special points that lie in one Hecke orbit. Hence we carsimoply forget the existence df.

4.5 Strategy of the proofs

At this point we can describe the strategy of the proof of tleémnesults. So let the notation now
be as in the introduction to this chapter. Recall thatenotes an irreducible closed subvariety of
Shk (G, X)c containing a Zariski dense subset of special points thahla@e Hecke orbit. To
avoid exposition of details here, let us assume that Hodge generic and thét is semisimple
of adjoint type.

In the next chapter we will prove thatis of Hodge type if and only if there exists an element
g of G(Ay) that satisfies some conditions that we will make explicitia hext chapter such that

7 C T,(Z)

The ingredients for a proof of this characterization is ailesbout irreducibility of images of
by some irreducible components of Hecke correspondenaka egsult about the density of the
orbits of some Hecke correspondences.

The hardest part of the proof is the proof of such an inclusha is carried out in our cases
in chapter7 and that uses a hard Theorem 6.1 by Edixhoven giving lowentt®dor Galois
orbits of special points. The idea is basically the same #seipreceding chapter where we have
cosidered the case of a Shimura variety which is a producivofShimura curves attached to
indefinite quaternion algebras ov@ We use the action on special points4nof Gal(Q/F),

F being some number field of definition af. The explicit description of this action given by
the reciprocity morphism allows one to prove that the irget®n of Z with its images by some
Hecke correspondences is not proper. The strategical tyay&this part of the proof is the idea
to consider two cases depending on the behavior of the gienfsspecial points or¥. In
the first case we can conclude directly that the intersecaifori with its image by some Hecke
correspondence is infinite and in the second we really needbther bounds for Galois orbits
given by the theorem of Edixhoven 6.1.
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Chapter 5

Irreducibility of transforms by Hecke
correspondences and density of Hecke
orbits

This chapter contains

1. Aresultaboutirreducibility of the transforms of an drecibleHodge generic subvariety of
a Shimura variety defined by a semisimple group of adjoing typirreducible components
of Hecke correspondences.

2. Aresult about density of orbits of irreducible comporsaritsome Hecke correspondences.

The two results will actually provide a criterion that we Wike to prove that some subvariety is
of Hodge type. We will prove in the last section of the chapteat subvarieties of Hodge type
are actually characterized by the property that there xisiecke corresponden€ég verifying
certain conditions such that

ZCT,(2)

We consider the following data.

e A Shimura datum{G, X) with G a semisimple algebraic group of adjoint type (except the
first section where we consider general Shimura datum).

e A compact open subgroufy of G;(As) which is a produc{ [, K, where K, are compact
open subgroups of/(Q,) and we moreover assuni€ to be neat (see [28] for defini-
tion). Recall that this implies that rational faithful regentations ofs induce polarizable
variations of Hodge structure oveh (G, X)c.
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¢ A closed irreducible Hodge generic subvarietyf Shy (G, X)c.

Let X be some connected componentdf We suppose that the connected comportent
Shy (G, X )¢ containing” is the image ofX " x 1 in Sh, (G, X)c. LetG(Q)* be the intersection
of G(R)™ with G(Q). SinceG is adjointG(Q)* = G(Q), (with the notations of chapter 2). Let
us defind’ := G(Q)" N K. Thenl is an arithmetic group acting o+ and

S=T\x*

5.1 Hecke correspondences

We consider a Shimura datuft, X') with G a compact open subgroup of G(A;). In this
section we do not assum@ to be semisimple of adjoint type. Let* be some connected
component ofX. We recall from Chapter 2 tha&t(Q). denotes the intersection 6f(R)* with
the inverse image of the intersecti6ii?(Q) with G*(R)*. Let X be a connected component
of X. We letS be the image oK™ x 1in Shx (G, X)c. Let us defind” := G(Q), N K. Then

I" is an arithmetic group acting o+ and

S=T\x*

In this section we recall the definition of Hecke correspards onShk (G, X)¢ defined
by the elements of/(A¢). Then we explain how the correspondencesSonduced by Hecke
correspondences dsh (G, X )c decompose into a union of irreducible components and we
describe these components in terms of correspondencegd®fjnthe elements @¥(Q). This
will provide us with the definition of correspondencﬁq‘% defined by the elements ¢¥(Q),
whose properties we shall study in the next sections.

5.1.1 Definition of Hecke correspondences defined by elemerdf G(Ay)

The first kind of correspondences 6h, (G, X )¢ are the Hecke correspondences that we have
already defined in the second chapter. Let us recall theinitiefi. Let s be an element of
G(Ar). Thens defines a correspondendé on Shy (G, X)c whose graph is the image of
Shyks-1nx (G, X)c In Shi (G, X)c x Shi (G, X)c by the map[z, g] — ([z,¢],[z,9 - s]). In
other words, the Hecke correspondefiGen Sh (G, X )¢ is defined by the diagram

Shr (G, X)c < Shyrs 10k (G, X)e = Shr (G, X)¢

where the left arrow is the obvous map induced by the inclusifis ' N K c K and
the right map - by right multiplication bys. We will identify the correspondencé;
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with its graph inShg (G, X)c x Shg(G, X)c and sometimes speak df, as a subset of
ShK(G,X)(C X ShK(G,X)(C

Remark 5.1.2 It is obvious that a Hecke correspondence defined bykK is the identity.

Example 5.1.3 Consider the moduli space of elliptic curves o@&which is identified withC by
the classical modulai-function. It can be viewed as a Shimura variety defined byShienura
datum(GL,, H*) and the open compact subgro@.(Z) of GL,(A;). We can consider Hecke
correspondences, for anyp, defined by the matriy := (ﬁ ?) Given a pointz in C, the image
T,(z) consists op + 1 points representing elliptic curves isogeneous to theetepresented by
x by a cyclic isogeny of degree

More generally, suppose that the Shimura varkdty (G, X )¢ admits a modular interpreta-
tion in terms of abelian varieties and Hodge classes.zHarShg (G, X )(C), let us denote by
A, the corresponding abelian variety. Le€ G(A¢). ThenT, sends a point to the set of points
{y} such that the abelian varietiels, and A, are isogeneous by some isogeny determinesl by

5.1.4 Decomposition of the correspondenes induced on therceected com-
ponent

In this section we introduce the correspondefi¢énduced byT; on.S. We explain how this cor-
respondence decomposes into a set of irreducible compoardtwe describe these irreducible
components in terms of elements@fQ) ™.

The Hecke correspondengedefined bys induces a correspondenég on S whose graph is
the intersection o, with S x S C Shg (G, X)¢ x Shg (G, X)c. Of course this correspondence
might be empty. We will also identify’! with its graph inS x S.

Now we define another type of correspondenceSowhich will appear to be connected
components of the previous ones. ket G(Q) .. Recall thatS is the quotient ofX * by the left
action ofl". Forz in X+ we denote byz] the image of: in S. We define the correspondericg
to be the one whose graph is the imageofC¢NT\X " in S x S by the magz] — ([z], [¢-z]).
As before this correspondence can be represented by tlogvfod diagram:

NX*T ¢ rgnn\ X+ S \Xx+

This correspondence is obviously irreducible in the sehag;t 'T'q N T\ X is irreducible. As
before, we considef, as a subvariety of x S. The next proposition shows thatif is non-
empty, then its irreducible components are preciesly ofone Tq0 with ¢ in G(Q) . defined in
terms ofs.
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Proposition 5.1.5 Let s be an element af/(A;). LetG(Q)+ N KsK = | J,., 'q;,I" be a decom-
position ofG(Q) . N K sK into a union of double classes modulo left and right actiofl @

G(Q)*. Then
1 _ 0
7! =] |Tq;1

i€l

is a decomposition df! into a set of irreducible components.

Proof. We consider the intersectidnN (S x S). Let([z, 1], [¢/, 1]) be a pointin the intersection
T,N(S x S). Then, by definition of ;, there exists somk in K such thafz', 1] = [z, kys]. This
means that there exists somm G(Q) such thay-z’ = x andg = k; -s-k, for somek, in K. The
conditiong- 2’ = z impliesthaty € G(R); NG(Q) = G(Q).. and, with the conditiog € KsK,
we see thay € K'sK N G(Q),. The fact thays' = = shows thafs'] € 7, ([z]). Hence any
element in the intersectidhi, N (S x S) isin T, whereg is an element ik s K N G(Q),.. And
conversely, for any in K'sK N G(Q),, the correspondencg), is contained irf’;. HenceT

is the union of thel}), over allq in the intersectio s K N G(Q) . Any correspondencg,

is determined by the double claBgl’. The intersectionsK N G(Q), is a union of double
classesT'q;I");c; with ¢; € G(Q) 4 indexed by some sét We then havé’, =[], quf“ O

5.2 lrreducibility of the images under Hecke correspondenes

In the previous section we have introduced irreducible espondences of defined by the
elements ofG(Q). Now we are interested in the properties of irreducibilifytiee images of
irreducible closed subvarieties 6fby these correspondences. In this section we suppose that
the Shimura datum that we consider is defined by a g@uwhich is semisimple of adjoint
type. We suppose that the compact open subgréuf G:(Ay) is a product] [, k), where K,
are compact open subgroups @{Q,) and we moreover assuni€ to be neat (see [28] for
definition). This condition implies that faithful represations ofG induce variations of Hodge
structure overShy (G, X)c. We consider a closed irreducible subvarietyof Sh (G, X)c.
Let X+ be some connected component’df We suppose that the connected comportent
Shr (G, X)c containingZ is the image ofX ™ x 1 in Shx (G, X)c. SinceG is semisimple of
adjoint type, we hav& (Q), = G(R)" N G(Q). The result is the following.

Proposition 5.2.1 Keep the above assumptiorts,(X, K, Z etc.) For almost all primeg the

following holds. Lets € G(Q,) and letT)} = [1,; Tq“_,1 be the decomposition @t into a union
of irreducible correspondencé?,1 asin5.1.5. Then ea(fl’lll_,1 (Z) is irreducible.
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Proof. The idea of the proofis to exploit the relation between therigric Mumford-Tate group
on Z” and the algebraic monodromy group which is the Zariski agtesof the image in it of the
fundamental group () acting on the locally constant sheaf underlying the vasiatf Hodge
structure over the smooth locus &t In our case (the grou@ is semisimple and is Hodge
generic) André’s theorem allows us to say that these twoggare the same. The theorem of
Nori stated after the proof of this proposition allows us tmclude thatr, () acts transitively
on the fibers of the covering

q;qui NT\XT = T\X*

which will prove the irreducibility.

Let p be a prime and an element of7(Q,). Let7, = [],, T0 be the decomposition of
T! into a union of irreducible correspondenéé‘é], each being glven by somgin G(Q)" as
in 5.1.5. Let us take somén I andq := ¢; * the correspondlng element 6§Q)* definingTy,
(the element is defined up to right and left multiplication by the elemeoit$’). We will prove
thatT}) (Z) is irreducible ifp is larger then some prime.

Letw: 'N¢g 'T¢\X* — '\ X' be the natural map induced by the inclusiong 'T'q C T.
Let Z, := n~'(Z). To prove thatl;)(7) is irreducible, it suffices to prove that, is irreducible.
Let Z™ denote the smooth locus &f. Letz € Z°™ be a nonsingular point which is Hodge
generic (it does not lie on a proper subvariety of Hodge tyjpE\oX ™). The (topological) fun-
damental grougr; (7™, z) acts onr ' (z). The irreducibility of 7, is equivalent to the property
that this action is transitive. We will hence prove the titivisy. Let V(p) be the polarized
variation of Hodge structure ovef that we have constructed in 2.6 from a faithful representa-
tion p of G on aQ-vector spacé’. A choice of al'-invariant latticeV, in V' gives a variation
of Z-Hodge structure that we denotdp);. We defineG;, to be the Zariski closure off in
GL(Vz). We choose an isomorphism between the fib(g); . of V(p)z abovexr andV7. Let
& m (7%, x) — GL(Vz) be the monodromy representation. A theorem of André (2iBBlies
that the Zariski closure it:L(V7,) of £(m(Z°™(C), z)) is G. SinceK is neat,I" acts without
fixed points onX*, hencer (S, z) = I and the image of by the monodromy representation is
a finitely generated Zariski-dense subgroug:¢%.).

The coveringZ;™ — Z°" is defined by ther, (Z°", x)-setl'/I" N ¢ 'T'q. From the fact that
q € KsK NG(Q) and thats € G(Q,), it follows that there exists an integer > 1 such that
the groupl’ N ¢ 'T" contains the kernel of the natural mBp— G(Z/p™Z). Now we apply a
theorem of Nori ([26, thm 5.3]) stated below and the remask fhllows its statement. It implies
that the closure itGL(V;, ® Z) of the image ofr; (Z*™(C), z) by the monodromy representation
is open in the closure af(Z) in GL(V;, ® Z). Hence there exists a primg such that ifp is
larger tharp,, then for anym > 1, the images itz(Z/p™Z) of I' and ofm, (Z°™(C), z) are the
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same. Hence, (Z*™, z) acts transitively onr ! (x). The irreducibility of Z, follows. O

Theorem 5.2.2 (Nori) Let 7 be a finitely generated subgroup®f.,,(Z). Let A be its Zariski
closure inGL,, ;. Suppose that(C) has a finite fundamental group, then the closure af
GL,(Z) is open in the closure of(Z) in GL, (Z).

Remark 5.2.3 We apply this theorem to the case of semisimple group. Thefsebmplex
valued points of such a group is a semisimple complex Lie grothe fundamental group of
such a group is finite by [32, thm. 2 (c)]

Remark 5.2.4 The condition that” contains a special point in the above statement can not be
omitted. Indeed, consider the Shimura variety defined bySthienura datun{GL,, H*) where

H* is the union of the upper and lower half complex plane anddet= GLQ(i). Let S be the
connected component 8fix (G, X )¢ isomorphic tdSL,(Z)\H. Letx be a Hodge generic point

in S. Actually any nonspecial point i is Hodge generic. For any prime the transforni, (x)

of = by the Hecke operatdf, defined by the matriy := ({; [1’) consists op + 1 points hence is

not irreducible.

5.3 Density of Hecke orbits

In this section we prove a result about the density of Heck#tin Shimura varieties. We
are actually interested in the orbits of the irreduciblerespondence$, described in the first
section. We actually prove that for suitably chosem G(Q), for any pointz of S, the set

U Ty T,)™ () is dense inS for the Archimedian topology.

m,n - q

Theorem 5.3.1 Let (G, X ) be a Shimura datum with semisimple algebraic group of adjoint
type. LetK be a compact open subgroup@fA;) that is a product of compact open subgroups
K, in G(Q,). Let X' be a connected component ®fand letS be the image oK * x 1 in

Shi (G, X)c. Then all but finitely many primes have the following property. Let be an
element of7(Q)". Suppose that for any prinie p the image ofy in G(Q,) is in K; and that no
image ofy under a projection to a simple factor@#,, is contained in a compact subgroup. Then,
the for any point: in S, the setJ,,, ,, Tl?mTqOP1 (x) is dense irf for the Archimedian topology.

Proof. The idea of the proof is to reduce ouselves to the case whergrbupG is simply
connected (to work in the simply connected cove:df The reason for doing this is that we will
apply results about topology of the set of points of such gsaver local fields and adele-valued
points like the strong approximation theorem.
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Let ¢ be an element of/(Q)™ satisfying the conditions of the theorem andddie a point
of S. Letp : G — G be the universal covering @f. Let us choose song-structure onz and
G. Write X+ = G(R)* /K, WhereK,, is a maximal compact subgroup 6{R)". The group
é(R) is connected by the Proposition [30, Prop. 7.6] and its image in G(R) is G(R)™.
Thenk,, := p 1 (K, ) is a maximal compact subgroup @KR) andp induces an isomorphism
between(R)/K. andX'. Let K := p~!(K), thenK is a compact open subgroup Gf A;)
which is a producrf( [, K K K, of compact open subgroups 5T(Qp). SinceK is a compact
open subgroup oﬁ(Af) forp large enoughK is G( »). Then, from [38, 3.9 and 3.8.2], it
follows that forp large enougﬁ( is a maximal compact subgroup @(Qp) We assume that
is so large thaf<, is a maximal compact subgroup@f@, ). ThenS := G(Q\X* x G(A)/ K
is a finite covering ofS. Let s be a point in the inverse image of Let F' be the kernel op
(viewed as a morphism of algebraic groups), tters a finite group scheme of order hence
HY(Q, F) is killed by n. Let¢ be an element of:(Q) in p~'(¢"). The correspondence o
given by left multiplication byt is the same as the correspondence given by right multipdicat
by t' onG(A). LetT; be this correspondence. Obviously, the imags iof Unnn ﬁmﬁ’h (s)
is contained inJ,,, , Tq[’mTU” ( )

The density ofJ,, , 7Ty, (3) implies the density o, T;"T,)™ (s) by lemma 5.4.5
applied to the covering — S. Letz x 1 be arepresentative i © x G(Ay) for the points € S.
Since for anyl # p, the image of in G(Q) is in K, the setJ,, , T;"T. () is the image inS
of x x H whereH is the subgroup o@((@p) generated bf(,, and the image, of ¢ in é((@p).

Lemma 5.3.2 The groupH is G(Q,).

Proof. LetG =G, x - -- x G,, be the decomposition @f into a product of simple factors over
Q- Lett,,; be the image of, in G,(Q,). Sincek,, is a maximal compact subgroup 6f(Q, ),
K,, = K,,, - X K,, » Wherek, ; are maximal compact subgroups[é,f(@,,) By 5.4.3, forany

i, the group generated by, andK,,J is GZ(Q,,) (indeed this group is open because it contains
an open subgrouﬁ’p,i which is open and it is not compact becaysgis not contained irf(p,i) :
This proves that all the projections éf to the@((@p) are surjective. One easily checks that the
intersections? N éi((@p) are normal (5.4.1) subgroupséﬁ((@p). Since in a semisimple group
the normalizer of an open compact subgroup is compact ()5,.4s2y intersectiorf{ N éi((@p)

is equal toG;(Q, ). It follows thatH = G(Q,) O

To prove the density of the orbit, it now suffices to prove ttie imager x é((@p) of
zx G(Q,)in Sis denseir. Letzt be an element af/(A) lying abover x 1. Thenz x G(Q,)
is the same as the image fof the subseﬁ(@)ﬁG(Qp) of G(A). SinceG(Q,) is a nor-
mal subgroup of7(A), we haveG (Q)z*G(Q,) = G(Q)G(Q,)x*. Since any simple factor of
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é(Qp) contains an element which is not contained in any compagrsup, any simple factors
of é(@,,) is not compact. The strong approximation theorem (see Yalded proves the density
of G(Q)G(Q,) in G(A). The result follows. O

Remark 5.3.3 Richard Pink suggested to me that this theorem is, althaugleorrect and suffi-
cient for our purposes, is not optimal. One can actually p@gtronger result (without assuming
that Hecke correspondences are concentrated at a singlejgtiHe suggests the following the-
orem, from which 5.3.1 follows (indeed, is easy to see thavarifying the conditions of 5.3.1
verifies the conditions of the following theorem).

Theorem 5.3.4 (Pink) Let G be a semisimple group ovdp. Consider the decomposition
G = T];_, G2 into Q-simple factors, denoting the projectioh — G2¢ by w;. Consider
an arithmetic subgroup and an elemeng of G(Q). LetT', be the subgroup generated By
andg. Assume thatr;(I') has infinite index inr;(T';) for everyi. (In other wordsm;(T',) is
not an arithmetic subgroup of:2*(Q).) Then the closure df, in G(R) contains the identity
componentz(R)™*.

Example 5.3.5 The theorem above is a generalization of the lemma 3.4.3 apt@h 3 where
we considered the special case of the Shimura variety wkialproduct of two Shimura curves
S; x Sy associated to indefinite quaternion algebfsand B, over Q. We have considered
Hecke correspondencéd$ x T, defined by the element x ¢, of B; x By, whose image in
Big, X Byg, = GL, x GLy is s, x s, with s, = (?9). We note that the method of the
proof is exactly the same: we lift the square of the image; ot ¢, in the adjoint group to the
simply connected covering (fdPGL,, it is SL.,) and then prove the density using the strong

approximation theorem.

5.4 Some lemmas and theorems

In this section we state with proofs or references some lesrand theorems used in the preced-
ing section.

Lemmab.4.1Let H,,...,H,, be abstract groups. LeH be a subgroup of a product
H, x --- x H,,. Assume that all the projections &f to H; are surjective. Then, for any
i=1,---,m, the intersectior N H; is a normal subgroup dfl;.

Proof. Leti be an integer betweenandm and let us prove thall N H; is a normal subgroup
of H;. Takei = 1 for simplicity. Let us prove that{ N H; is a normal subgroup off;.
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Let (z,1,---,1) be an element ol N H; and lety be an element of{;. Let us prove that

(yxy~',1,---,1)isin H N H,. Since the projection froni’ to H, is surjective, there exists an
element inH of the formY := (y,y1,...,ym), then(yzy=',1,--- 1) = Y(z,1,--- , 1)Y!
hence(yxzy ', 1,---,1)isin H. O

Lemma 5.4.2 Let G be a semisimple group over a local fileéd The normalizer of any compact
open subgroup df (F') is compact.

Proof. See [30, prop. 3.16]. O

Theorem 5.4.3Let G be an almost simple simply connected algebraic group oveora n
archimedian local field”. ThenG(F') doesn’t contain a proper open non-compact subgroup
of G(F).

Proof. If G(F') is compact, then the result is obviously true. Assume now ¢h&’) is not
compact. The theorem [6, thm. 8.2] asserts thét i§ anisotropic (contains no split torus) then
G(F) is compact. Hencé is isotropic. LetH be an open non-compact subgroupCafF').
Let G (F) denote the subgroup @f(F') generated by thé’-valued points of the unipotent
radicals of the parabolic subgroups®f By [30, prop. 7.5]G*(F) = G(F'). We conclude that
H = G(F) using the following theorem [29, thm. (T)]

Theorem 5.4.4 (Tits) Let G be an almost simple group over a non-archimedian local field
Then any proper open subgroup®f (F) is contained in a compact subgroup.

This finishes the proof of the theorem. O

Lemmab.4.5Letf: X — Y be a continuous map of topological spaces. Edte a subset of

X, thenf(F) c f(F)

Proof. Sincef is continuousf~'(f(F)) is closed and it containg, hence it containg’. [
Theorem 5.4.6 (Strong approximation theorem)Let G be a semisimple simply connected al-
gebraic group ove®. If G is almost simple and is a prime such that(Q,) is not compact,

thenG(Q)G(Q,) C G(A) is dense irG(A).

Proof. The proof of this theorem can be found for example in [30, Th#).7 O
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5.5 Characterization of subvarieties of Hodge type

In this section we use the preceding results in order to peowkaracterization of subvarieties
of Hodge type that will be used in chaptein the proof of the main results. As usual we start
with a Shimura datuniG, X'), a compact open subgroup of G(A¢) and an irreducible closed
subvariety ofSh (G, X')¢ containing at least one special point. It is important that

We do not assumg to be Hodge generic.

The notationg?’, 7', Z'**, 5’ are those of the preceding section. Recall from the Sectién 4
from the previous Chapter that to prove thiats of Hodge type we can assume that

1. The group= is semisimple of adjoint type

2. The varietyZ'* is contained in the imagé’®® of X'* x 1in Sh.a(G", X')c where K™
is a producf{ [, K" of compact open subgroups’s® of G™**(Q, ).

3. To prove thatZ is of Hodge type, it suffices to prove that the vari¢f{}® is. The last
statement is equivalent to proving that equalss’.

The following proposition is the actual caracterizaritiohsubvarieties of Hodge type that we
will use to conclude that with our assumptioiisis of Hodge type.

Proposition 5.5.1 Keep the above notations and assumptions. Suppose thatekists ars in
G'(Q,) for p so large that 5.2.1 and 5.3.1 hold, that none of the projestass to the simple
factors ofG(@p is contained in a compact subgroups and thatsuch that

Z'c T2
(T is the Hecke correspondence definedslpnSh . (G', X')c). ThenZ is of Hodge type.

Proof. Let s be an in the proposition, hence in particuldr ¢ 7,(Z'). From this inclusion it
follows thatz"*! ¢ (T,(Z'))*! whereT,(Z') is the image of T,(Z"))* in Shaa (G, X").
Let s* be the image of in G"*!(Q, ). Itis clear tha(T,(Z"))*! is contained if,.. (Z'*"). Hence

7" C Tpa (2"

It follows from 5.1.5 that there exists somén G'**(Q) which satisfies the conditions of the
Theorems 5.2.1and 5.3.1such ti&t’' ¢ 70(Z"*"). Then 5.2.1 shows that

Z/ad — Tq[)(Z/ad)

54



If we prove that
7 =10, (2™

then 5.3.1 will prove thaz’** = 5’*! and hence” is of Hodge type. It then suffices to prove that
7™ = TO,(Z""). But this is a formal consequence of the equalitif' = 7.)(Z"*"). Indeed,
let T be the intersection a'*!(Q)* with K'*? whereG"**(Q)* = G"*Y(R)* NG"**(Q). Then
S = ad\ X' We write [«] for the image of the point in X'" in $"*Y. Given[z] in $"*!, we
haveT?([z]) = {[qvyz] : v € T3}, Then

ad 410/ prady ) ad ad
7" =T(Z"™) ={lgyz] -y € T, [2] € 27}
It follows that
Tqul(Zlad) _ {[qil’}/i]’qu’}/”Z] : 7/77// c Fad7 [Z} c Z/ad} _ Zlad

This finishes the proof that? (7'*¢) = 2'*! = T, (2'*%). Now 5.3.1 shows that'*! = 5"*
and hence” is of Hodge type. O
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Chapter 6

Lower bounds for Galois orbits (written by
Bas Edixhoven)

The aim of this chapter is to give certain lower bounds forglees of Galois orbits of special
points in a fixed Hecke orbit on a Shimura variety. To be pescige will prove the following
theorem.

Theorem 6.1 Let (G, X ) be a Shimura datum, with semi-simple of adjoint type. Lt be a
compact open subgroup 6f(A;). Via a suitable faithful representation we viéwas a closed
algebraic subgroup @&tL,, o. Letz, in X be a special point, let/ be its Mumford-Tate group,
and letH' be the centralizer of! in GL, . Let F' be a number field over which the Shimura
variety Shx (G, X')¢ has a canonical modéh (G, X) . (for example, the splitting field of the

torusM). Forg in G(Ay), let(x, g) denote th&)-valued point ofSh (G, X) r given by(zy, g).
Then there exist real numbers> 0 andc, > 0 such that for ally in G(Ar) we have:

|Gal(Q/F)-(x0, g)| > ¢ 11 Cop.
{p prime| g, H'(Qy)GLa (7))

Let us note that varying” and K does not affect the statement of the theorem#”ifand K’
satisfy the same hypothesesiasnd K, then the sizes of the Galois orbits differ by a bounded
factor, andK’ N K has finite index in botl and K. In the course of the proof of Theorem 6.1
we will assume thab/ splits overF'.

6.2 The “Shimura varieties” associated to{ and M.

Let the notation be as in Theorem 6.1, andHebe the centralizer id: of M, i.e.,H = H' N G.
In order to prove the theorem, we first study the maps indugethbe g in G(A¢) from the
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Shimura varietysh(M ) associated toM, {x}) to Shx (G, X). All these maps have their image

contained in the Hecke orbit @f, 1). This Hecke orbit is in bijection wittiH (Q)\G (A;)/ K,
via the mag — (o, g). To simplify notation, we will also write, fob/ a compact open subgroup
of H(A;¢), Shy(H) for H(Q)\H(A¢)/U. (Note that(H, {x,}) is not a Shimura datum if72

is non-trivial; this is simply the third condition in the deifion of what is a Shimura datum.)
We note thatt7 (R) is compact: the kernel of the action G{R) on X consists precisely of the
product of the compact factors, i.e.,Gfz is the product of simpl&7;’s, then the kernel is the
product of the7;(R) with G;(R) compact, and? (R) is the stabilizer in7(R) of the pointz, in
the hermitian manifoldy .

We have, forg in G(Ay¢), the following maps:

(6.2.1) Shas(arngieg— (M) — Shia)ngrcg—1 (H) == H(Q)\G(Ar)/K,

with the first one induced by the inclusion &f into H and the second one by the inclusion of
H into G, followed by right multiplication byy. The composed map $al(Q/F)-equivariant,
hence useful for studying Galois orbits in the Hecke orbit.

Proposition 6.2.2 Let g be inG(Ay), and consider the two maps in (6.2.1).

1. The second map is injective, and the fibers of the first mafiaite, and with cardinality
bounded uniformly iny.

2. If K is neat (see [5;17] for a definition), then the first map is injective.

Proof. Let us first prove that the second map is injective. This magpbeasplit into two maps,
first from Sh;(a,)ngrcg-1 (H) 1o H(Q\G(Ar)/gK g, simply induced by the injection off in
G, and then fromH (Q)\G(A¢)/gKg~' to H(Q)\G(A¢)/K via the isomorphism induced by
right multiplication byg. Hence it suffices to show that the first map in this splittgjective.
Let us write this map out:

H(Q\H (As)/(H(As) NU) — HQ)\G(As)/U,

with U = gKg~'. Let h; andh, be in H(A¢). Thenh, and h, have the same image in
H(Q)\G(Af)/U if and only if hy is in H(Q)h, U (in G(A¢)). But that is equivalent to the
existence oh in H(Q) andu in U such that, = hh;u. But now note that suchais in H(Ay),
since it ish, 'h~'hy. Hence the condition is equivalent to the existencé of H(Q) andu in
H(As) N U such thath, = hhyu. This finishes this part of the proof.

Let us now consider the first map. We remark that the secortcbptlre Proposition we are
proving implies the first part, as an arbitraly contains a neat one with finite index. So let us
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assume thak’ is neat, and prove the injectiveness. Let us wWiitlor H(A;) NgK g !. The map
we consider is the map adff (A )-sets:

M (As)/M(Q)(M(As) NU) — H(Q)\H (As)/U.

The image of this map is th¥f (A )-setM (A¢) /((H(Q)U)N M (A¢)). So what we want to show
in fact is that the inclusion o¥/ (Q) (M (A¢) NU) into (H(Q)U) N M (A¢) is an equality.

To do so, let us consider the quotient (of algebraic grodps) H = H/M (recall thatM/ is
central inH, hence normal). The imadéof U in H(A;) is neat. Sincéf (R) is compactH (R)
is compact as well, as this depends only on the connectedarmenp(archimedean topology) of
the identity element, and since the map fréR) to H (R) is surjective on identity components.
HenceH (Q) is discrete inH (A;). SinceU is compactH(Q) N U is finite, hence torsion. But
then the neatness 6f says thatt (Q) N U is trivial.

Now suppose that is in H(Q) andu in U such thathu is in M (A¢). Then, inH(A;), we
haveh-w = 1, henceh = u = 1 in H(A¢). But that means thai is in M(Q) andu is in
M(Af)NU. O

Proposition 6.2.2 enables us to replace the Galois 6rbitQ/F)-(xy, g) in Theorem 6.1 by the
Galois orbitGal(Q/F)-Tg in Shar(a)ngrcg—1 (M).

6.3 Reduction to a problem about representations of tori.

The aim of this section is to reduce the proof of Theorem 6.4 &iatement about represen-
tations of tori. We keep the notation of the previous sectibet £ be the splitting field of
the torusM, and letOy be its ring of integers. Then the Galois groGal(Q/E) acts on
Sh(M) = M(Q)\ M (Ay) via its maximal abelian quotient, which we view, via clasgifieory,
as a quotient of A ® E)*/(R ® E)**. The action ofGal(Q/E) is then given via a surjective
morphism of tori:

r: Resg/oGme — M.

We note thatA® E)*/(R® E)** is the product of A; ® E)* and the finite group of connected
components ofR® E)*. Hence the sizes of thgal(Q/ E)-orbits in theSh s (a,)ng o1 (M) are,
up to a bounded factor, the sizes of {fe ® E)*-orbits. SinceE*" in (A ® E)* acts trivially,
and since the class group\(As ® E)*/(Z ® Og)* is finite, proving the lower bound we want
for the (A; ® F)*-orbits is equivalent to proving it for theZ @ O)*-orbits.

The image of Z ® Op)* in M(A;) is a compact subgroup. In order to reduce our problem
on (Z ® Op)*-orbits in M (Q)\ M (A¢)/(M(As) N gKg ') to a problem oiZ ® Op)*-orbits in
M(A¢)/(M(As) N gKg~') we use the following lemma.
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Lemma6.3.1Let U be a compact subgroup dff(A¢). Then the index ofU N gKg*
inU N (M(Q)(M(Af) N gKg~') is bounded uniformly ing (g ranging overG(A¢)). In
particular, there is a real number > (0 such that, under the map dfl (A¢)-sets from
M(A¢)/(M(As)NgKg™ ") toM(Q)\M(A;)/(M(A¢)NgKg~'), the sizes of th& -orbits change
by a factor at least.

Proof. We may replacd/ and K by open subgroups of finite index. Hence we may assume
that the images of/ and K in M(Qs;) and G(Qs) are pro-3-groups. Suppose then that
andm, are in M(Q) and M(A¢) N gKg~!, respectively, such that;m, is in U. Thenm;,

isin U(M(As) N gKg~'). But this last group has finite intersection witlf(Q), since it is
compact and sinc@/(Q) is discrete inM(A;) (as M(R) is compact). By our assumptions,
U(M(As) N gKg™') is neat (because it is pro-3 at 3). Hend€Q) has even trivial intersection
with it. Som; = 1, which proves what we want. OJ

Lemma 6.3.2 Let U be a compact open subgroup Mdf(A;) which is the product of compact
open subgroups, in M (Q,). Then there exists an integesuch that, for alp, the intersection
ofr((Z,®0g)*) andU, in M(Q,) has index at mostin r((Z,® Og)*) and inU,. In particular,
the sizes of th€Z,,® O )*-orbits and of thé/,-orbits in theM (A¢) /M (As)NgK g~ are bounded
uniformly in terms of each other.

Proof. Forallp, r((Z,®0g)*) is a compact open subgroupf(Q, ). We choose models over

Z for M and forResy oG e (for the last one we takBeso,, /zGimo, ). For almost allp, these
models give group schemes ov&y andr induces a morphism of group schemes afigrwith

a smooth kernel. For almost all U, = M(Z,) andr((Z, ® Og)*) is contained inV/(Z,) with

an index bounded independently;ofTo see that these indices are uniformly bounded, consider
the exact sequence:

r((Z, ® Og)*) = M(Z,) — H(Z,, ker(r)),

and use Lang’s Theorem ([21]) and that the group of connect&siponents Oker(r)FP has
uniformly bounded order. O

With notation as in Lemma 6.3.2, tli&orbits in theM (A¢) /M (As) N gK g~ are products over
all primes, as botl/ and K are such products. Hence the proof of Theorem 6.1 is how eztluc
to the following proposition, that will be proved in the nesdction.

Proposition 6.3.3 Let M be a torus in somé&L, o, and letH be its centralizer. Let be a
compact open subgroup dfl (A¢). Assume that/ is a product of compact open subgroups
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U, of M(Q,). Then there exists > 0 such that forp prime andg in GL,,(Q,) but not in
H(Q,)GL,(Z,), we have:
Uy /U, N gGL,(Zy) g~ | > cp.

Equivalently: thdJ,-orbits inGL,,(Q,)/GL,(Z,) that are not in thé (Q, )-orbit of the identity
element have cardinality at least

6.4 Lattices in representations of tori.

The aim of this section is to prove Proposition 6.3.3. Wetdigimrephrasing the proposition in
terms of lattices.

Proposition 6.4.1 Let M be a torus ovef), letV be a finite dimensiond)-vector space with
a faithful M -action. LetH be the centralizer i := GL(V'). LetV; be a lattice inV". This
inducesZ-structures o7, M andH by taking Zariski closures it1.(V7). Forp prime, the set
L, = G(Q,)/G(Z,) is the set ofZ,-lattices inVy,. There existg > 0 such that fop prime
andL in L, not in theH (Q, )-orbit of V; , we have M (Z,)-L| > cp.

Remark 6.4.2 In the proof we will see that, for afl such that\/,  is atorus, thed(Q),)-orbitin
question is exactly the set of fixed pointsdp of the group schema/;, , in the following sense.
An elementL of L, is called fixed byMy, if for all finite extensionsk™ of Q, the latticeL,

is fixed by all elements of/ (Ox). This is an important point, since it underlies the prineipl
of the proof of the proposition. Namely, for a latti¢ethat is not fixed byA/; , we consider a
suitable non-trivialMy, -orbit, and only then study what happens witfrvalued points.

Proof. We start with noting that, by takingsmall enough, we can assum# be large enough,
so that a finite set of “bad” primes can be avoided. Ket= Homg(Mg, Gi,g) be the character
group of M, which we view as &-module (free of finite rank) with a continuotl(Q/Q)-
action. LetE be the splitting field inQ of M, i.e., the finite Galois extension @ in Q such
thatGal(Q/Q) acts onX with imagel := Gal(E/Q). The action ofMg on V' corresponds to
an X-grading ofVy such that, for ally in I' and ally in X we have:yVy, = Vg ,,. (To see
this, use the representation theory of split tori as in [D&.H, §4.7], and finite etale descent of
guasi-coherent modules as in [7, Ch. 6].)

Let p be a prime such thal/;, is a torus (in particular, this implies thatis not ramified
in E). Note that this condition op excludes only finitely many primes. We choose a place of
E aboveyp, i.e., a factorE), of Q, ® E. LetI', be the corresponding decomposition subgroup
of I',i.e.,I', = Gal(E,/Q,). The fact thatQ — E is unramified ap implies thatQ, — E,, is
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unramified, and thdt,, is a cyclic subgroup of, with a canonical generator: the Frobeniup.at
We letOg,, be the ring of integers of),. For L aZ,-lattice in1, and fory in X, we define
LX = L()E,’p N VEvX'

Lemma 6.4.3 With the above notations and assumptions, the morphisnd ©f-modules
®y Ly — Lo, is injective, with finite cokernel. It is surjective if and lgnif L is in theH (Q,)-
orbit of V7, .

Proof. We begin by noting that to give ai;, -action on &,-moduleL is to give anX -grading
Loy, = ®yLy such that for ally in ', we haveyL, = L., (as before, use finite etale descent,
but now fromOp, to Z,). In this description), . , acts onL, via the characteg. For example,
the My, -action onV7, gives such ark’-grading. It follows that for eacli in the H (Q, )-orbit of
Vz, the morphism®, L, — Lo,  is an isomorphism.

Now suppose that is a Z,-lattice in Vg, such that the morphism, L, — Lo, is an
isomorphism. Then we have ar;, -action onZ, compatible with thél/, -action onLg, = Vg, .
All we have to show now is that andV;  are isomorphic as representations\éf . The easiest
way to do this is to use the classification of representadig;, onZ,-modules that are free of
finite rank. For each such a representafitnone gets a direct sum decompositibh= ¢,W,,
indexed by the elemenisof I',\ X, such that for each one has)y, ®z, W, = @, W, (finite
etale descent frorvy , to Z,). The classification says that two representatidhend V' are
isomorphic if and only if for each the ranks ofit, andWW, are equal. It would be convenient
to have a reference for this, but we could not find one.

A down to earth proof in our case can be given as follows.Weand1¥’ be given, such that
for eachs the ranks foilV,, andW, are equal. Of course, it suffices to show that, for eacl,
andWW, are isomorphic as representations\éf . Letx be in X, letx be itsI"-orbit, and letiV’
andW’ of equal rank be given witht” = W,, W' = W,. We may replaces, by its minimal
subextension over whick is defined. Then all elements ofare defined ovek,, sincel’, is
commutative. Now one just chooses any isomorphfsohO ,-modules fromiV, to W, . Fory
in ', one then gets an isomorphismfrom W, to W, . The direct sum of these isomorphisms
is an isomorphisn#’: Wo, , — W, thatis compatible with the descent datun#tp Hence
it is an isomorphism fromV to ", |

Another way to prove the classification is to use the infimies lifting properties for mor-
phisms of a torus into a smooth group scheme as for examplEginExp. 1X]. These lifting
properties, applied to théL,, imply that each finite dimensional representation\éf has a
unique lift to Z,. Hence this reduces the proof of the classificatiofpin which case we
consider it standard. O
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We continue the proof of Proposition 6.4.1. Let névbe given such that it is not in thé(Q, )-
orbit of Vz . Definel' := (®, Ly) N Lg, (intersection inL ;). Thenl'is a sublattice of., and
it has the property thaL’OE’p is the direct sum of thé| , and moreover/.,, = L/ for eachx
(again, use finite etale descent). By the previous lentrha, in the H (Q, )-orbit of V;, . In fact,
it is the biggest sul#,-module ofL with that property. We have to prove that thé(Z,)-orbit
of L in £, has at leastp elements, for some > ( independent op. SinceH (Q,) commutes
with M(Z,), we may as well replacé by hL, with hin H(Q,) such that:' = V7 . ThenL
strictly containsl’z,, and for eachy we havel, = (Vz,),.

Let W be the subspadg@L N V; )/pV;, of thelF,-vector spacés,. By construction)V is
non-zero, and has the property that, for egdm X, Wi N V5 | = 0. This implies that?’ is
not stabilized by the action of/y,, . Let M{Fp be the stabilizer i/, of 1. Lemma 6.4.4 below
says that the order of the group of connected componerits’@zgis bounded independently pf
andL, and thatM%p is smooth for almost ap. PutMy := My, /M%p. Then)My is a non-trivial
torus overf,, and by Lemma 6.4.5, the morphishi(F, ) — My (F,) has its cokernel of order
bounded independently pfand .. The proof of Proposition 6.4.1 is now finished by noting that
My (F,) has at leasp — 1 elements (see [26, Lemma 3.5]). O

Lemma 6.4.4 Let k be an algebraically closed field, aiida k-torus. LetV be a finite dimen-
sionalk-vector space with an action @y, Then the set of stabilizelsy, for W running through
the set of subspaces Uf, is finite. The set of groups of connected components of tbtds-
lizers, up to isomorphism, is finite, and bounded in termshefdimension ol and the set of
characters ot that do occur irv/.

Proof. Let us consider the sét of subspacedl” of a fixed dimension, call i. Then we have
a natural injection fronf into P(A4(V')), compatible with thel'(k)-action. The image of &’
under this map is the line generatedbyA - - - A wy, Wherew is anyk-basis ofil’. Hence the set
of stabilizers of the elements 6fis contained in the set of stabilizers of element®pt?(V)).
This reduces the proof of the lemma to the case of one-dirmaeaksubspaces (we replate
by P(A4(V))).

Let X be the character group @f, and letV = @,V be theX-grading ofV" given by the
T-action. Of course, almost dll, are zero. For in V, we havev = > v,, and we leSupp(v)
be the set ofy with v, # 0. Forv non-zero, the stabilizer ifi’ of the elemenkv in P(V) is
the intersection of the kernels of the— x’ with y and x’ in Supp(v). Since the set of such
differences is finite, the claim follows. O

Lemma6.45Let0 - T" - T — T" — 0 be a short exact sequence of tori owerwith
k a finite field. Let® be the group of connected componentd'f Then we have the exact
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sequence:
0 — T'(k) — T(k) — T"(k) — H'(Gal(k/k), ®),

and the upper bound:
H(Gal(k/k), )| < [®].

Proof. One has, of course, the long exact sequence coming fromcettenology:
0 — T'(k) — T(k) — T"(k) — H'(Gal(k/k), T'(k)).
We combine this with the sequence
H'(Gal(k/k), (T")"(k)) — H'(Gal(k/k),T'(k)) — H'(Gal(k/k), ®)
coming from the short exact sequence
0 — (T —T —T/(T) —o.

Lang’s Theorem ([21]) implies that!(Gal(k/k), (T")°(k)) = 0. The upper bound for
|H'(Gal(k/k), ®)| follows from the fact that this cohomology group is just threup of coin-
variants for the action ofial(k/k) on . O
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Chapter 7
Proof of the main results

In this chapter we eventually prove the main results 4.2 ai3dofithe thesis using the results of
the previous chapters.

7.1 Notations and assumptions

In this section we recall some notations and assumptionsalgéemake some first reduction
steps. We start with the following data.

1. A Shimura datumG, X).
2. A compact open subgroup of G(Ay).

3. Anirreducible closed subvariefy of Shx (G, X )¢ of dimension at least which contains
a Zariski-dense subset of special points lying in one Hecke orbit. Recall that tlastl
condition means that there exists an elemagnin X such that> consists of points of
the form |z, g] with g varying in G(A¢). Actually another choice of, changes:, by a
G(Q)-conjugate.

We try to prove that is of Hodge type using the characterization 5.5.1. We witesd whery
is a curve and whew contains a Zariski dense subset of special points thatyire condition
of 4.3. As we have seen in the Chapter 4 we can and do assume

1. ThatG is semisimple of adjoint type

2. ThatK is neat and is a produdf = [[, K, of compact open subgroups 6{Q, ).
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Futhermore we fix once and for all a faithful representation~ GL,,, this gives a-structure
to G. After possibly replacing< by a smaller subgroup, we can and do assume that fiamge
enoughk, = G(Z,) C GL,(Z,).
We now recall the reduction that is done in Chapter 4, Sectidn Let(G', X') and K’ be
as given in the Proposition 4.2.5 (after the choice of a Haglgigeric point inZ). We have a
morphism
f:Shi (G, X")e = Sh (G, X)e

of Shimura varieties and we I¢t’ be an irreducible component ¢f ' (7'). Let Xt be a con-
nected component of and letX’" be a connected component®f. Let S andS’ be the con-
nected components 8h - (G', X')¢ andSh (G, X )¢ that are images ok’'" x 1 andX* x 1 in
Shy (G', X")c andShk (G, X )¢ respectively. To prove thef is of Hodge type it suffices to do
so under assumption thatis contained inS, that”' is contained inS’. We letY’ be the inverse
image of the seE in S’. Our criterion 5.5.1, which is the main result of Chapter&®yssthat to
prove that” is of Hodge type it suffices to prove that there exists a slétalement; of G/(Ay)
such that’ ¢ T,(Z'). As explained in the Chapter 4, to prove such an inclusionexmoit
Galois action and use (in the case wherés a curve) the result of Edixhoven from chapter 6.
Let us now introduce some more notation.

1. We fix an element, of X’ such that: consists of point$r, g] with g varying inG(Ay).
2. We letM be the Mumford-Tate group afy, M is then a subtorus af’.

3. We letF" be a number field such thatand S’ admit canonical models ovdf and 7’ is
defined and is geometrically irreducible over ThenF splits M .

4. We letC be the centralizer o#/ in GL,,.
5. We letY) be the inverse image 6f in S'.
6. For any pointz’, 1] in &' we let M’ be the Mumford-Tate group of .

7. We letr denote the reciprocity morphisRes;/oG.nr — M attached to the elemeny of
X.

8. For any pointz’, 1] in X' we letr’ be the reciprocity morphisesy/oGmr — M' at-
tached to the element of X".

Let us make some comments about these definitions.

66



1. The fieldF' of the item 3 does actually exist. Indeetl,admits a canonical model over
some number field. One of the properties of a canonical madilat special points of
S"are inS'(Q). SinceZ’ contains a Zariski dense subset of special poifitss defined
overQ. To be more precise, there is a unique closed subsci%grtd % that givesZz’
after base change t0. Hence we actually can take a number fiélduch thats” admits
a canonical model over such that”’ is defined overr'. Possibly replacing’ by a finite

extension, we can assunéis geometrically irreducible over'.

2. As was already remarked in Chapter 4, the point¥‘ofio not in general lie in a finite
number of Hecke orbits i§’. This will cause some technical complications.

3. The element’ can be written as’ = ¢z for someg in G(Q). Then the torus/’ is actually
gMq*. The morphism” is the conjugatgrq .

7.1.1 Some preliminary lemmas

In this section we prove some general lemmas that will be urstte proof.
The following lemma explains in some sense the significan€eth@ condition

9p € C(Qy)GL,(Zy).

Lemma 7.1.2 For almost all primeg the following holds. Letx,, g| be a point in>: such that
g, 15inC(Q,)GL,(Z,). Let[z', 1] be a point inS’ lying over|x, g] and letM' be the Mumford-
Tate group of:'. Then there exists an eleménin GL,,(Z,) such that

M'g, = kMg, k™'
In particularMsy,, is a torus if and only if\l;, is.

Proof. In S we have an equalityr, g] = [2', 1] (here[z', 1] actually stands for the image of the
point[z’', 1] of S"in S). Then there existgin G(Q) andk’ in K such thayx, = 2’ andggk’ = 1.
Henceq = &' '¢~'. The groupK is a product of compact open subgrougs of G(Q,). The
group K, is G(Z,) for almost allp. From gz, = 2/, it follows that M’ = ¢gMq'. Then
M'q, = q,Mg,q, ", wherey, denotes for the image efin G(Q,). Sincey, isinC(Q,)GL,(Z,),
we can writeg, = ¢ - k" with ¢ in C(Q,) andk” in GL,,(Z,). It follows that

-1 1 —1,n—=1 1 -1
g =k, g, =k, k' ¢ =kec

with k the element;’, k"' of G(Z,) It follows that there exists an eleméhntn GL,(Z,) such
thatM’@p = kM@pkil. O
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Next proposition is a generality on the conjugacy classesgdbraic groups ovef,. This
lemma will allow us to overcome the problem that we can nagéatly reduce ourselves to the
case where’ is Hodge generic.

Lemma 7.1.3 We consider a reductive grodp overQ, with a finite dimensional faithful rep-
resentation' — GL,, overQ,. This gives dZ,-structure to;'. We suppose that; is a
reductive group scheme (this condition is satisfied for &tad p). Let M be a subtorus of’
such thatMy, is a torus. The sély of tori in G’ that are conjugated tdl by an element of
GL,(Z,) splits into a finite number d&'(Z,)-conjugacy classes.

Proof. Consider the setl, consisting of reductions moduloof tori in . Since the group
GL,(F,) is finite, the setV, is finite hence it splits into a finite number 6f (F, )-conjugacy
classes. Then, using lemma 7.1.4 below, we see that &v&if,)-conjugacy class lifts to
a G'(Z,)-conjugacy class. Hendd splits into a finite number of:'(Z,)-conjugacy classes
classes. O

Lemma 7.1.4 Keep the notations and assumtions of lemma 7.1.3Melbe a torus iV such
that My, is conjugated tdly, by an element o' (F,). ThenM is conjugated tdlz, by an
element oG’ (Z,,).

Proof. Letk be an element df:L,(Z,) such that\/ andA/’ are conjugated by. We apply the
following theorem of Grothendieck (see [16, Corollaire,F=&posé 11]).

Theorem 7.1.5 (Grothendieck) Let S be a scheme. Léf andG be twoS-group schemes with
GG smooth and affine ovei andH of multiplicative type and of finite type. Let,,u, : H — G
be two S-group homomorphisms. Let us consider the fundfemsp(uy,uy) that to anys-
schemdl” associates the set gfin G(T) such thati, = gu,g~'. The functofTransp(u,, us) is
representable by a smooth closed subschemé of

We apply this theorem in the cagé = M, G = G', S = Spec(Z,) and withu; the inclusion
M — G'anduy = ku;k . By our hypothesi&lransp(u,us)(F,) is not empty hence this
scheme is actually non-empty. Next we apply Hensel’s lens®aa for example [30, Thm. 3.11]).
It follows from it that we actually can apply this lemma. Thesnma implies that we can lift to
Transp(uy, uz)(Z,) the element of'(IF, ) that conjugates, y, to uoy, . This finishes the proof
of the lemma. O

The remaining Lemmas of this section answer the followingsgion. For any poinit:’, 1]
of ¥, for any primep, we are looking for an elementin A/'(Q,) such that
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1. The projections of: to the simple factors of:’ over QQ, are not contained in compact
subgroups.

2. TheindeXK, : zK,z '] is bounded by* wherek does not depend gnand on the point
[, 1].

The existence of such anis proved in Proposition 7.1.8.

Lemma 7.1.6 All the projections of\! to the simple factors af'*® overQ are non-trivial.

Proof. The torusM is the Mumford-Tate group of some special element S — Gy in X'.

Let G” be a simple factor of:’*! overQ. Then the projection of/ to G” is non-trivial if and
only if the composition ofi, with G, — G'3 — G is non-trivial. ButX' is aG’(R)-conjugacy
class ofz,, hence, by the axiom 3, the compositiomgfwith G, — G'3 — G is non-trivial.
0

Lemma7.1.7 Let G be a simple algebraic group ov@:. Let M be a subtorus of:. Let
G =G4 x --- x Gy, be a decomposition @f overQ. Then the projections d¥l (overQ) to the
simple factorss; of G overQ are non-trivial.

Proof. LetN be the subgroup af(Q) generated by the conjugate®/ (Q)g ! with g € G(Q).
The groupN is invariant by conjugation by the elements@®@fQ). SinceG is connected=(Q)

is Zariski-dense 7 hence the Zariski closur® of N in G is a normal algebraic subgroup of
G. As G is simple,N = G. Assume that the projection 0ff; to some simple facto’ of G
overQ is trivial. Let W be the group generated by the conjugates3/dfQ) by the elements of
G(Q). Then the projection o’ to G'(Q) is trivial. Then the Zariski closure of this projection is
trivial. But obviously, the Zariski closure of this projémh contains the projection o¥5 = 5.

This gives a contradiction. O

Proposition 7.1.8 There exists an integérsuch that the following holds. For afy, 1] in ¥,
and for almost all primeg splitting E and such thavl; is a torus, there exists an elemepin
M'(Q,) that satisfies the following conditions.

1. LetG"™ = G, x --- x G,, be a decomposition a&'** into a product of simple factors
overQ,, then the image of, in anyG,(Q, ) is not contained in a compact subgroup.

2. TheindeXK : s,Ks,' N K] is at mosp*.

Proof. Foranyz € G'(Q,), we haveK : Kz ' N K] = [K,, : «K,z~' N K,] and the index
K, : zK,z~' N K,] is the size of thd(,-orbit of the latticezZ, (recall that we have chosen a
representation). Of course this orbit is smaller than tht@f +Z; for the action ofGL,,(Z,).
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Hence it suffices to find an integérand for almost any an element: in A/'(Q, )

that satisfies the condition that its projections to simpledrs ofG’** are not con-
tained in compact subgroups and such that the size of the Gibi(Z,) - 27 is

bounded by*.

The point is that given an in A/'(Q, ), one obtains bounds for the size of {i&,,(Z,)-orbit
of the latticez - Z; from the bounds of the valuations of the eigenvalues of tleeaiters of the
torus M’ that are actually involved in the representation evaluated More preciesly we have
the following lemma.

Lemma7.1.9 Let M be a torus ovefQ with a finite dimensional faithful representation
p: M — GL,. Letp be a prime that splitd! and such thabl, is a torus. Then the fol-
lowing holds.

1. The representationx Q, of Mg, onQy splits as a direct sum
QZ = ®X€XPVX

Here X, is some finite set of characters avidis the subspace @, on whichMg, acts
viax (x in Mg, sends inV, to x(x) - v).

2. The latticeZ,, splits as
Z; = ®X€XPVZ7X

whereV7, , is some lattice irV, on whichMj,  acts viay.

3. Letx be an element afl(Q, ). Let\ be the maximum of absolute valuespeédic valua-
tions of thex(x) with x € X,. Then

GL,(Z,) - 2Z7| < p

Proof. The first two statements are generalities about representaf split tori. They are
explained in detail in Chaptér. Let us prove the third statement. Letn M/ (Q,) and and le
be as in the statement. Consider the direct sum decompoagion 1

QZ = 69XGXvaX
and letV, , be a lattice inl/, as in 2. LetE), be a basis of eacly, ,, then
E = @yex, By
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is a basis ofZ; such that the actiopg, (z) with respect to this basis is given by the diagonal
matrix
x1(z)

xi ()
X2 ()

x2(7)

Xm ()

wherex;, ..., xm are the characters that actually occurNp. The passage from the standard
basis toF is given by a matrix inGL,(Z,). Hence the elemnts &L, (Z,) in the basist the

are given by matrices with entries i,. We have supposed that the absolute valug-aflic
valuation of everyy;(z) is bounded by\. By a direct computation one sees that the group
zGL,(Z,)z~"' N GL,(%Z,) contains the principal congruence subgroup

['(2)\) :={y € GL,(Z,) : y = I, mod p*'}
The index|G(Z,) : T'(2))] is at mosp>*™". The statemeri follows from it. O

From this lemma it follows that to prove the Proposition 8,1t suffices to find an integer
k' and, for almost any splitting M, an element: in M'(Q,) such that the valuations of the
eigenvalues of the characters i, that actually occur in the representationiafg, induced
from p by base change fro@ to Q, are bounded by’ in absolute value.

Let X' the character group af/’. From the Lemma 7.1.7, it follows that the projections of
M'5 to the simple factors o@f@ are non-trivial. Hence, for any, the projections of\/y, and
M'q, onto the simple factors @¥{, are non-trivial. LetX; be the character groups of the images
of the projections of\/’ to the simple factors off overQ.

Lemma 7.1.10 For any primep that splitsM’, there exists a surjective morphism
¢: M'(Q,) — Hom(X', )

whose kernel is exactly M'(Z,). Futhermore, the kernel of the map
M'(Q,) — Hom(X',Z) — Hom(X/,Z) is exactly the set of elements of'(Q,) whose
projection to the simple factd¥;, is contained in a compact subgroup.
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Proof. Let p be a prime that splitd/’. Then all the characters dff;, are defined oveg,
and we can identifyl/'(Q,) with Hom (X', Q) by the evaluation map. One has a surjective
morphismg¢ from Hom (X', Q) to Hom (X', Z) which is induced from the ma@; — Z which
takes the-adic valuation. The kernel af is Hom (X', Z) which is identified with)/'(Z,,) via
evaluation. Sa gives us a surjection from/’(Q, ) to Hom(X", Q) whose kernel is\l'(Z,).
The second statement can be seen in the same way. O

Recall thatX”’ is a freeZ-module of some rank, say Let us choose a basis af'. Then we
can define a euclidiean norm ofi by

[ A = maxicicr (JAdl)

Note that all theX’ are isomorphic, the isomorphism is given by conjugatiorhveiements of
G(Q). Combining the two previous lemmas we obtain the followiagina.

Lemma 7.1.11 We keep the above assumptions. Suppose that there exiségarinsuch that
the following holds. Suppose that for any subtokdsof G' conjugated ta\l by an element of
GL,(Q), there exists an elemehtin Hom(X', Z) such that

1. For anyi, the images ok in Hom (X, Z) are non-zero.
2. When we vievHom (X', Z) as az-free module, the euclidian norii\|| is at most:.

Then the conclusion of 7.1.8 holds.

Our last aim is to prove the existence of such.aUsing the fact that all the tor/’ that
we consider are conjugated by elementg79f)), we see that this follows from the following
lemma.

Lemma7.1.12Letr > 0 andl > 0 be two integers. There exists an integesuch that the
following holds. LetN be a freéZ.-module of finite rank:. Letl be an integer and;, 1 > i > [
bel proper free submodules oF such thatank(N;) = r; < r. Then there exists i — | J, N;
an elemeni whose norm is strictly smaller than

Proof. This can be seen by reduction modulo some primédndeed, lety be a prime. The
number of points inV ® F, is ¢™, the number of points in the uniqy, N; ® F, is at mostg™ .
Hence if we takey larger thary, there exists an elememntin N ® [, which is not contained in
U; N; ® F,. We can liftz to an element: of N — [, N; such that]|z|| < ¢. Then one takes
k:=q+1and\ := . O

72



O

We have now in our posession all the ingredients to prove tai@ mesults of our thesis, the
Theorems 4.2 and 4.3.

7.2 Case of a curve

In this section we treat the case whefes a closed irreducible algebraic curveSncontaining

an infinite se®: of points lying in one Hecke orbit. We actually prove the Tien 4.2. In the
proof we will distinguish two cases depending on the formhaf ¢lementg that correspond to
the pointszg, g] in X.

Definition 7.2.1 For = in X, let i(x) be the number of primep such thatg, is not in
C(Q)GLA(Zy).

Note that this function : ¥ — Z depends on the choice of but another choice changes it
by a bounded function. Also, replacidgby an irreducible component of its image by a Hecke
correspondence, changdsy a bounded function. Hence it makes sense to distinguislc&ses,
whether; is bounded or not.

7.2.2 The case where¢is bounded

In this section we assume thais bounded. We will use this property to prove that theretsexis
an irreducible Hecke correspondence $nsatisfying the conditions of 5.2.1 and 5.3.1 such
that for infinitely many points irt2, Galois orbits of these points intersect their images by thi
correspondence. This will allow us to conclude thais contained in its image by some Hecke
correspondence off satisfying the conditions of 5.5.1. Then 5.5.1 will finiste throof in this
case.

Recall that>: is the set of points of of the form|[z,, g] with ¢ varying inG(A;), thatM is
the Mumford-Tate group of, and that the' that we have taken for the field of definition &f
splits M. Letp be a prime such that

1. The Theorems 5.2.1 and 5.3.1 of the preceding chaptereapyiiied ta5’*®;
2. My, is atorus;

3. there exists an infinite subséi; of ¥ such that for all[zy,¢] in ¥, we have
9p € C(Q,)GL,(Zy);
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4. p splits F' (hencep splits M)

Such primes do exist. Indeed the first two conditions onlylueke a finite number of primes.
The last condition is verified by infinitely many primes (by&Riotarev density theorem). In fact,
Chabotarev density theorem asserts that the number of pispid in /' and which are smaller
than some striclty positive real is roughly speaking:/[F' : Q]log(z). The third condition is
also satisfied by almost all primes.

Let >} be the inverse image af; in Z'. For any pointz’, 1] of 3, we let as beford/’ be
the Mumford-Tate group of’. Recall thatM/’ is conjugate taV/ by an element of7(Q), say
M' = gMq " with ¢ in G(Q). We also recall that we have defined

r': R,GSF/QGmF — M’
as the reciprocity morphism attachedo Let s, be an element in the image of the morphism

TI(QP) (FeQ)" — MI(QZ))

induced fromv’ by takingQ, -valued points. Thefx', s, ] is aGal(Q/ F)-conjugate ofz’, 1]. The
image of(F' ®Q, ) * by the above morphism is of finite indexid’(Q, ), bounded independently
of p. Letn be a bound for this index which is independentpof Since for different points
in o}, the associated morphismSare conjugated by elements 6fQ), this boun is actually
independent of the point af}, that we take.

We wish to extract front an infinite subset of points for which the tavig, andgMg, ¢ *
overQ, are actually conjugated by an element#{Z,). This is important because we wish to
prove that the intersection &f with its image by one well-chosen Hecke operator is infinitee
theorem 7.1.3 implies that any Mumford-Tate group of a point inX', is of the formk’ M, k'~
with £" in G'(Z,) and M; is a subtorus ofs’ belonging to a finite set/;, ..., M; of tori in G .
The tori M; are all conjugated by elements G, (Z,) by 7.1.2 hence any/;; is a torus. It
follows that for an infinite set, say/, of ¥/, the corresponding torugM¢~' is conjugated in
G'(Z,) to the same of thé/,. SayqMq ' = kM k' with k in G'(Z,,) for any[qz,, 1] in 27.

Let us take one point:’, 1] in X{. Let s, be the element i/’ (Q,) given by 7.1.8. Then
there exists an elemehtn G'(Z,) andt, € M;(Q,) such thak, = kt,k~'. The elemenkt) k"
is in the image of'(Q, ). It follows that for any point in] some Galois conjugate is contained
in 73 (#') and hence

Sy CZ'NTy(2)

It follows thatZ’ C T;»(Z') and the Proposition 5.5.1 allows us to conclude #fat of Hodge
type.
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7.2.3 The case where¢is not bounded

In this section we treat the case wheérns not bounded. As in the preceding section, our aim
is to prove thatZ’ is contained in its image by some Hecke correspondencehenG’, X')¢

but the strategy is somewhat different in this case. Thetpsitinat in the previous section, the
fact thati was bounded, allowed us to prove directly that the intergeaif 7’ with its image

by some Hecke correspondence contained infinitely manytgoln the case that we consider
here ( is not bounded), we choose one Hecke operator for one paintvarexploit the fact that
Galois orbits are large. The crucial ingredients of the pe@osed in this section are results
of Edixhoven on the growth of Galois orbits and on the numbepaints in the intersection
Z'NT,(Z") for gunG(Ay).

Number of points in the intersection of Z’ with T,(Z’)

Since we consider intersections Gfwith its images by Hecke correspondences, we will need a
bound on the number of points in the intersectighiC) N 7, (Z)(C)| for g in G(A¢) in the case
when this intersection is finite. Let us recall the followiresult proved by Edixhoven in [18,
thm. 7.2].

Theorem 7.2.4 (Edixhoven)Let (G, X)) be a Shimura datum and I&t, and K, be compact
open subgroups df(A¢) and letZ, and 7, be closed subvarieties of the Shimura varieties
Sy := Shg, (G, X)c andS, := Shg, (G, X)c respectively. Suppose that or Z, of dimension
at most one. Then there exists an integeuch that for all in G(A¢) for whichT,(Z,) N Z, is
finite, one has:

Ty(Z1) N Zs| < ¢ - deg(m)

wherer is the natural map
ShKﬂ"nggg*] (G, X) — Sh[(l (G, X)

induced by the inclusiok; N gK,g ' C K;.

In our case is adjoint, K; = K, = K andZ is a curve. Next lemma gives a bound on the
degree of the map; : Shxn,x,-1 (G, X)c = Shg (G, X)c.

Lemma 7.2.5 The numbedeg () is[K : KNgKg™'].

Proof. This follows from the fact that, sinceK is neat, the action of KX on
Sh(G, X)c := G(Q)\X x G(Ay) is free. O
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Proof of the equality betweenZ’*® and its image by some Hecke correspondence

By Theorem 5.5.1, to prove that is of Hodge type, it suffices to prove th4t is contained in
its image by some well-chosen Hecke correspondence. Tlaetadprove such an inclusion is
to apply some element @#al(Q/F) to some point ofZ’ and to consider the intersection Bf
and its image by the Hecke correspondence coming from tineegieofGal(Q/F) that we have
applied. Such an intersection contains ¢hé (F'/ F)-orbit of the point that we have considered
because Hecke correspondences are definedovedur aim is to prove that the intersection
is not proper, hence the lower bounds for Galois orbits ginethe preceding chapter will play
crucial role. First we prove the following proposition.

Proposition 7.2.6 Suppose that there exists a pdiry, g| in > and a primey such that
1. The primep is so large that the Theorems 5.2.1 and 5.3.1 hold
2. The primep splits F
3. The primep is such that, € C(Q,)GL,(Z,)

4. The primep is that the size of th€al(Q/F)-orbit of [z, g] exceeds: - p* (wherek is
given by 7.1.8 and is a constant from 7.2.4).

ThenZz' C T, (Z").

Proof. Let [z, g] be a point inX and letp be a prime as in the proposition. Sineg, ¢] is in
the image ob”, there existsz’, 1] in X' with 2’ = gz, for someg € G(Q) whose image irb is
[z9, g]. The Mumford-Tate group/’ = qMq " of 2’ is such thaﬂ\/[%p is a torus because by 7.1.2
Mg, is conjugated td/g, by an element ofsL,,(Z,). Take an elemen, in M'(Q,) asin 7.1.8.
Possibly replacing, by a suitable power (independentydf, we can and do assume thats in
the image of'(Q, ). Leto be the corresponding element@#1(Q/ F). Theno([2', 1]) = [/, s,],
hencer([2', 1]) is in the intersection of’ andT}, (') and hence all th&al(Q/ F)-orbit of [z, 1]

is contained in the intersection. Suppose that the intemers finite, then the number of points
in the intersection is bounded ly p*. Since the size of thélal(Q/F)-orbit of [z, 1] exceeds
¢ - p*, the intersection can not be finite. It follows th&tC T, (Z'). O

Our next and last aim is to prove the existence of a ppiras in the proposition. Let us recall
the Theorem 6.1 of Edixhoven about Galois orbits of points.ifror anyz = [z, ¢] in 3 we let
p1,- -, Pi(e) D€ thei(z) primes such thag, ¢ C(Q,)GL,(Z,). Then there exists a real > 0
andc, > 0 such that for anyz,, ¢] in ¥, the size of th&zal(Q/ F)-orbit of 2 := [z, ¢] is at least
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c1 - '™ times the product; x - - - X p;(,). We have to find a point in = and a primep verifying
the condltlons of 7.2.6 such that

c i(x 7
(7])02'(' Ipp x - x Di(z) > p*

1/k
. )

p<( ** Pi(x)

For any realy > 0, define
7w (y) = |{p prime splitting ' and p < y}|

Recall that the Chebotarev density theorem says that

Y
Tr(Y) “y-so0 [F: Qlog(y)

Lety := ()5 /% (p -+ piwy) /%, It follows that for anyz in & with i(x) large enough, the
number of prime® with p < y is larger thani Sincey tends to infinity wheni(z)

F:Qllo
tends to infinity, for any: with i(z) large enoughW is larger than,'/?.

Now we use that thé&h prime is larger tham and we replacé by 2k. It follows that
y'1? > ()4 () O i()))
Stirling’s formula asserts that
nl e (—)"V 210

Hence for any: with i(z) large enough,

i@t > (12 %y /i)

(&

Hence

] 2 (P]\/_/Qr)]/k ( ) x)/2,; ( )1/2k( G2 )i(w)/k

ok /2

It is now clear that the right expression is bigger thar) is x is such that(zx) is large enough.
It follows that forx in X with i(x) large enough

y
2[E : Qllog(y)

Hence the primes verifying the condition of 7.2.6 do exigtisTinishes the proof in this case.

> i(x)
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7.3 Case of an arbitrary subvariety

In this section we prove 4.3. Recall the assumptions. Wemgihat” is an arbitrary subvariety
of S whichis Hodge generic and that the generic Mumford-Tate group Bns semisimple of
adjoint type. Suppose that conatins a Zariski dense subsewf special points lying in one
Hecke orbit. Letr, be an element ok such that: consists of elements of the forin,, g]. We
let M be the Mumford-Tate group @ and H its centralizer inG. As in the preceding section,
we choose a number fiel# which splits M and such that/ is defined and is geometrically
irreducible overr'.

We suppose that there exists a pripeuch that the Theorems 5.2.1 and 5.3.1 hold, such that
p splits F' and such that the following condition is verified: for ahny, ¢] in X thep-component
g, of gisin H(Q,) K, whereH is the centralizer ofi/ in G. Let

r: Resg/oGmr — M

be the reciprocity law corresponding i9. We take an elemery, in M (Q,) which is in the
image of the map

r(@): (F®Q)" — M(Q,)

induced fromr by taking Q,-valued points. Moreover, we takg such that the projections
of s, to the simple factors of: over@Q, are non-trivial. The existence of such an element is
guaranteered by the Lemma 7.1.8. Sisgés in the image of (Q, ), there exists in Gal(Q/F)
such that for anyz, g] in X

o ([0, 9]) = [0, 5p - g]
It follows from the fact thaty, € H(Q,)K, that for any|xz, g] in £, o([ze, g]) isin T, (Z),

henceX is in the intersection of andT,, (7). SinceX is Zariski-dense it¥, Z C T; (7). We
conclude tha¥ is of Hodge type using 5.5.1.

Remark 7.3.1 The result above should be easily improuved. One can trynmve the condi-
tions( is adjoint and” is Hodge generic. One can also consider the question to kmavhich
extent we really need the condition that points lie in onekeearbit. It should be also interesting
to compare this result to the result of Moonen [25]. The latkme prevented the author from
doing this.

78



Bibliography

[1] Y. André G-functions and geometnAspects of Mathematics, E13. Friedr. Vieweg and
Sohn, Braunschweig, 1989.

[2] Y. André Mumford-Tate groups of mixed Hodge structures and the #raaof the fixed
part Compositio Math. 82 (1992), no. 1, 1-24

[3] Y. André Finitude des couples d’invariants modulaires singuliars ne courbe al-
gébrique plane non modulairg& Reine Angew. Math. 505 (1998), 203-208.

[4] W. Bally, A. Borel Compactification of arithmetic quotients of bounded symioeato-
mains Ann. of Math. (2) 84 1966 442-528.

[5] A. Borel Introduction aux groupes arithmétiquétermann, Paris, 1969.
[6] A. Borel J. TitsGroupes reductifPubl. Math. IHES 27, 1965, 659-755.

[7] S. Bosch, W. Lutkebohmert and M. Raynatéron modelsErgebnisse der Mathematik
und ihrer Grenzgebiete 3. Folge, Band 21. Springer-Veda§0.

[8] P. CohenHumbert surfaces and transcendence properties of autdmademctionsRocky
Mountain J. of Mathematics, 26, n. 3, 1996, 987-1001.

[9] P. Cohen. G. WustholApplication of the André-Oort conjecture to some questiam
transcendenc@reprint, may 1999.

[10] E. Cattani, P.Deligne, A. Kapla@n the locus of Hodge classeks.Amer. Math. Soc. 8
(1995), no. 2, 483-506.

[11] J. de Jong, R. Noalacobians with complex multiplicatioArithmetic algebraic geometry
(Texel, 1989), 177-192, Progr. Math., 89, Birkhauser BnsBoston, MA, 1991.

[12] P. DeligneTravaux de Shimuré&séminaire Bourbaki, 23eéme année (1970/71), Exp. No.
389, pp. 123-165. Lecture Notes in Math., Vol. 244, SprinBerlin, 1971.

79



[13] P. Delignevariétés de Shimura: interprétation modulaire, et teghes de construction de
modéles canonique&utomorphic forms, representations ahdunctions (Proc. Sympos.
Pure Math., Oregon State Univ., Corvallis, Ore., 1977)t Pgop. 247-289, Proc. Sympos.
Pure Math., XXXIIl, Amer. Math. Soc., Providence, R.I., P97

[14] P. DeligneTravaux de GriffithsSém. Bourbaki, Exposé 376, LNM 244, Springer, 1971.

[15] P. Deligne, J. Milne, A. Ogus, K-Y. Shikodge cycles, motives, and Shimura vari-
eties Lecture Notes in Mathematics, 900. Philosophical StuSlie$es in Philosophy, 20.
Springer-Verlag, Berlin-New York, 1982.

[16] M. Demazure and A. Grothendie&GA 3: Schémas en groupégcture Notes in Math-
ematics 151-153, Springer-Verlag, 1970.

[17] W. Duke Hyperbolic distribution problems and half-integral weid#tiaass formsinvent.
Math. 92 (1988), no. 1, 73-90.

[18] S.J. EdixhoverOn the André-Oort conjecture for Hilbert modular surfadegprint, Uni-
versité de Rennes, 1999. Available at www.maths.univesi.fr/ edix

[19] S.J. EdixhoverSpecial points on a product of two modular curvesmpositio Mathemat-
ica, 114, 315-328, 1998.

[20] S.J. EdixhovemAndré-Oort conjecture for arbitrary products of modulanees In prepa-
ration.

[21] S. LangAlgebraic groups over finite field®\merican Joural of Mathematic&8 (1956),
555-563.

[22] J. Milne Shimura varieties and motivesMotives part 2, American Mathematical Society,
1994.

[23] B. MoonenModels of Shimura varieties in mixed characterisBages 261-350 in "Galois
representations in arithmetic algebraic geometry”, elliig A.J. Scholl and R.L. Taylor.
Cambridge University Press 1998.

[24] B. MoonenLinearity properties of Shimura varietiesJournal of algebraic geometry ,7
(1998), 539-567.

[25] B. MoonenLinearity properties of Shimura varieties. Lompositio Math. 114 (1998),
no. 1, 3-35.

80



[26] M. Nori On subgroups o&L,,(F,). Invent. Math. 88, 257-275 (1987)

[27] F. Oort Canonical liftings and dense sets of CM-poirisithmetic geometry (Cortona,
1994), 228-234, Sympos. Math., XXXVII, Cambridge Univ. 8geCambridge, 1997

[28] R. PinkOnl-adic sheaves on Shimura varieties and their higher dineages in the Baily-
Borel compactificationMath. Ann. 292 (1992), no. 2, 197-240.

[29] G. PrasacElementary proof of a theorem of Bruhat- Tits-Rousseau draltheorem of
Tits. Bull. Soc. Math. France 110 (1982), no. 2, 197-202.

[30] V. Platonov A. Rapinchuldlgebraic groups and number theoAcademic Press, 1994

[31] M. RaynaudSous-variétés d’une variété abélienne et points agdo Arithmetic and
geometry, Vol. |, 327-352, Progr. Math., 35, Birkhiiser 8os Boston, Mass., 1983.

[32] J.P. SerrAlgébes de Lie semi-simples compleX&sA. Benjamin, inc. 1966.
[33] J. H. SilvermanThe arithmetic of elliptic curve&TM 106, Springer-Verlag 1986.

[34] G. ShimuraOn canonical models of arithmetic quotients of bounded sgimm do-
mainsAnn. of Math. (2) 91 1970 144-222.

[35] G. ShimuraOn canonical models of arithmetic quotients of bounded sgmmdomains
[I. Ann. of Math. (2) 92 (1970), 528-549.

[36] T. Schneiderithmetishe Untersuchungen elliptischer Integnidiath. Ann, 113 (1937),
1-13.

[37] H. Shiga, J. WolfarCriteria for complex multiplication and transcendenceganies of
automorphic function3. Reine Angew. Math, 463 (1995), 1-25.

[38] J. Tits Reductive groups over local fieldsutomorphic forms, representations aiid
functions (Proc. Sympos. Pure Math., Oregon State Univry&lis, Ore., 1977), Part
1, pp. 29-69, Proc. Sympos. Pure Math., XXXIIl, Amer. MatlocS Providence, R.I.,
1979.

[39] J. Wolfart Werte hypergeometrische Functionament. Math. 92 (1988), 187-216.

[40] A. YafaevSpecial points on products of two Shimura curyagprint, accpted for publi-
cation in Manuscripta mathematica.

81






Resune

Dans cette these on traite certains cas de la conjecturaddéAOort qui affirme que les
composantes irreducibles de I'adherence de Zariski dhsemble de points spéciaux dans une
varieté de Shimura est une sousvariété de type Hodgeprémier resultat traite le cas des
courbes dans un produif x S, ou S; etS, sont des courbes de Shimura associées aux algebres
de quaternions indéfines sQr On démontre la conjecture d’André-Oort pour un tel pribea
supposant 'Hypothese de Riemann Généralisée.

Le deuxieme résultat affirme qu’une courbe irréductfelenée dans une variété de Shimura
guelconqueS contenant un ensemble infini de points qui sont dans uneeodeitHecke est de
type Hodge. Ce resultat implique, via le travail de Cohenl|fsvbet Wistholz, une conjecture
sur la transcendence de valeurs de fonctions hypergéeiojnés.

Mots clés
Variété de Shimura, point spécial, sous-variété deetidodge, groupe de Mumford-Tate,
monodromie

Abstract

In this thesis we deal with some cases of the André-Oorteminje which asserts that the
Zariski closure of a set of special points in a Shimura vgiigef subvariety of Hodge type. The
first result deals with curves contained in a prodsic S; whereS; andS; are Shimura curves
attached to indefinite quaternion algebras d@eiVe prove the André-Oort conjecture for such
a product assuming the Generalized Riemann Hypothesis.

The second result asserts that an irreducible closed ageturve in any Shimura variety
containing an infinite subset of special points lying in orexke orbit is of Hodge type. This re-
sult implies, via the work of Cohen, Wolfart and Wustholz,amjecture about the transcendence
of values of hypergeometric functions.

Key words
Shimura variety, special point, subvariety of Hodge typenhMord-Tate group, monodromy
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Resumé

Dans cette these on traite certains cas de la conjecture d’André-Oort qui affirme que les
composantes irréducibles de 1’adherence de Zariski d’un ensemble de points spéciaux dans une
variété de Shimura est une sousvariété de type Hodge. Le premier resultat traite le cas des
courbes dans un produit S; x S; ot S; et S; sont des courbes de Shimura associées aux algebres
de quaternions indéfines sur Q. On démontre la conjecture d’ André-Oort pour un tel produit en
supposant I’Hypothese de Riemann Généralisée.

Le deuxieme résultat affirme qu’une courbe irréductible fermée dans une variété de Shimura
quelconque S contenant un ensemble infini de points qui sont dans une orbite de Hecke est de
type Hodge. Ce resultat implique, via le travail de Cohen, Wolfart et Wiistholz, une conjecture
sur la transcendence de valeurs de fonctions hypergéométriques.

Mots clés

Variété de Shimura, point spécial, sous-variété de type Hodge, groupe de Mumford-Tate,
monodromie

Abstract

In this thesis we deal with some cases of the André-Oort conjecture which asserts that the
Zariski closure of a set of special points in a Shimura variety is a subvariety of Hodge type. The
first result deals with curves contained in a product S; x S, where .S; and S, are Shimura curves
attached to indefinite quaternion algebras over Q. We prove the André-Oort conjecture for such
a product assuming the Generalized Riemann Hypothesis.

The second result asserts that an irreducible closed algebraic curve in any Shimura variety .S
containing an infinite subset of special points lying in one Hecke orbit is of Hodge type. This re-
sult implies, via the work of Cohen, Wolfart and Wiistholz, a conjecture about the transcendence
of values of hypergeometric functions.

Key words
Shimura variety, special point, subvariety of Hodge type, Mumford-Tate group, monodromy



