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ECOLE DOCTORALE

CARNOT - PASTEUR

Titre : Théorie motivique des nceuds

Mots clés :

Théorie de ’homotopie motivique, Théorie des nceuds, Entrelacs,

Groupes de Witt, K-théorie de Milnor-Witt, Complexe de Rost-Schmid.

Résumé Dans ce manuscrit, nous
créons une théorie en géométrie al-
gébrique par analogie avec la théorie des
nceuds. Etant donné que cette nou-
velle théorie s’appuie sur la théorie de
I’homotopie motivique (plus précisément,
sur la théorie de l'intersection quadra-
tique), nous la nommons théorie mo-
tivique des neeuds. Plus précisément, nous
étudions ’enlacement motivique: com-
ment deux F-sous-schémas fermés dis-
joints dans un F-schéma ambiant peu-
vent étre enlacés (F étant un corps par-
fait). En théorie des nceuds, 'enlacement
d’un entrelacs orienté & deux composantes
(i.e. de deux nceuds orientés disjoints)
est un entier qui compte combien de fois
une des composantes tourne autour de
P’autre composante. Nous définissons des
analogues en géométrie algébrique des en-
trelacs orientés a deux composantes et
de l’enlacement; nous appelons ces ana-
logues de l'enlacement des enlacements
quadratiques. Nos enlacements quadra-
tiques ne sont pas nécessairement des
entiers; ceux que nous étudions le plus

sont des éléments du groupe de Witt du
corps de base F, qui est un groupe de
classes d’équivalence de formes bilinéaires
symétriques sur F (ou de maniére équiv-
alente, de formes quadratiques sur F,
quand la caractéristique de F est dif-
férente de 2). Dans un premier temps
nous répondons aux questions qui émer-
gent naturellement de ces enlacements
quadratiques et dans un second temps
nous créons des méthodes de calcul des
enlacements quadratiques. Ces méthodes
s’appuient sur des formules explicites pour
les morphismes de résidus de la K-théorie
de Milnor-Witt (qui permettent de cal-
culer des morphismes de bord pour les
complexes de Rost-Schmid) et pour le pro-
duit d’intersection de ’anneau de Rost-
Schmid (et en particulier de 'anneau de
Chow-Witt). Grace a ces méthodes, nous
calculons explicitement nos enlacements
quadratiques sur des exemples. Certains
de ces exemples sont inspirés de la théorie
des nceuds, plus spécifiquement des en-
trelacs toriques (notamment les entrelacs
de Hopf et de Salomon).

Title: Motivic knot theory

Keywords: Motivic homotopy theory, Knot theory, Links, Witt groups, Milnor-Witt

K-theory, Rost-Schmid complex.

Abstract: In this thesis, we introduce a
counterpart in algebraic geometry to knot
theory. Since this new theory uses motivic
homotopy theory (specifically, quadratic
intersection theory), we name it motivic
knot theory. We focus on motivic linking,
which means that we study how two dis-
joint closed F-subschemes of an ambient
F-scheme can be intertwined, i.e. linked
together (where F is a perfect field). In
knot theory, the linking number of an ori-
ented link with two components (i.e. of
two disjoint oriented knots) is an integer
which counts how many times one of the
components turns around the other com-
ponent. We define counterparts in alge-
braic geometry to oriented links with two
components and to the linking number;
we call these latter counterparts quadratic
linking degrees. Our quadratic linking de-
grees are not necessarily integers; the ones

we study the most take values in the Witt
group of the ground field F, which is a
group of equivalence classes of symmetric
bilinear forms over F' (or equivalently, of
quadratic forms over F', when the char-
acteristic of F is different from 2). Af-
ter answering questions which naturally
arise from these quadratic linking degrees,
we devise methods to compute them.
These methods rely on explicit formulas
for the residue morphisms of Milnor-Witt
K-theory (from which boundary maps
for the Rost-Schmid complexes are con-
structed) and for the intersection prod-
uct of the Rost-Schmid ring (and in par-
ticular of the Chow-Witt ring). Using
these methods, we explicitly compute our
quadratic linking degrees on examples.
Some of these examples are inspired by
knot theory, specifically by torus links (in-
cluding the Hopf and Solomon links).
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Introduction

Knot theory emerged in the end of the nineteenth century and is still widely
studied today. Motivic knot theory is a new theory which begins with
this thesis and is a counterpart in algebraic geometry to knot theory. We
call it motwic knot theory because it relies heavily on motivic homotopy
theory (specifically on quadratic intersection theory). Before we describe
the contents of this thesis, let us recall some notions from these theories we
have mentioned.

Knot theory

Knots in knot theory are similar to knots in everyday life, except that the
two ends of the piece of string are glued together and the string has no
thickness, so that a knot is an embedding of the circle S' in R3, or rather
in the 3-sphere S* (which is R? with a point at infinity). Knots have two
possible orientations (see Figure on page [23| for the orientations of the
trivial knot (i.e. the circle), which is called “unknot”) and oriented knots
(i.e. knots with a fixed orientation) are important objects of study in knot
theory.

In addition to (oriented) knots, knot theorists are also interested in
(oriented) links, which are finite disjoint unions of (oriented) knots (which
are called the components of the link). Of particular interest to us is the
linking number of an oriented link with two components, which is an integer
in Z which counts the number of times one of the components turns around
the other component (the sign indicating the direction it turns in). The
absolute value of the linking number does not depend on the orientations
(but it is important to have orientations in order to compute it). The linking
number has several applications outside of mathematics, one of which is in
the study of DNA supercoiling (see for instance the article [BOS02]).



INTRODUCTION

Motivic homotopy theory and quadratic
intersection theory

Motivic homotopy theory began in 1999 with Morel and Voevodsky’s article
[MV99] and has already proved very useful (for instance, motivic homotopy
theory was used to prove Milnor’s conjecture and later on its generalisation
the Bloch-Kato conjecture). This theory applies methods from algebraic
topology to algebraic geometry, which is why it is particularly useful for
our endeavor: creating a counterpart to knot theory in algebraic geome-
try. We are particularly interested in a theory which is central in motivic
homotopy theory: quadratic intersection theory. In quadratic intersection
theory, instead of considering Z-linear combinations of subvarieties of a
scheme, we consider subvarieties together with coefficients in Milnor-Witt
K-theory graded rings (which are constructions with a deep relationship
with motivic homotopy theory, see [Morl2, Corollary 1.25]) together with
“twists” which are very useful for considerations pertaining to orientations.
The term “quadratic” comes from the fact that for every perfect field F' and
for all n < 0, the n-th Milnor-Witt K-theory group KMW(F) is canonically
isomorphic to the Witt group W(F') and the ring K)™W(F) is canonically
isomorphic to the Grothendieck-Witt ring GW(F); the Witt ring W(F’) and
Grothendieck-Witt ring GW(F) being constructed from symmetric bilinear
forms on F', or equivalently from quadratic forms on F' if the characteristic
of F'is different from 2. Milnor-Witt K-theory comes with residue mor-
phisms from which “boundary maps” are constructed in quadratic intersec-
tion theory. These boundary maps, together with the intersection product
in quadratic intersection theory, which is the product of the “Rost-Schmid
ring”— which generalises the “Chow-Witt ring” and is the direct sum of the
“Rost-Schmid groups”— are tools which are crucial for this thesis.

A bird’s-eye view of the thesis

In this thesis, we define counterparts in algebraic geometry to oriented links
with two components and to the linking number. In a sense, we answer
the question “How many times does this closed F'-subscheme turn around
this other closed F-subscheme in this ambient F-scheme?” (where F'is a
perfect field and the two closed F-subschemes in question are disjoint). Our
answer is an element of the Witt group W(F') (thus is an integer in the case
F =R, but not in general) or of the Grothendieck-Witt group GW(F’) or
of the first Milnor-Witt K-theory group KMW(F), or is a couple of such
elements (depending on the context).
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A bird’s-eye view of the thesis

The first counterpart to the linking number we present in this thesis
is the ambient quadratic linking degree. It is thus named because it is
obtained from an element (called the ambient quadratic linking class) of
a Rost-Schmid group of the ambient F-scheme (similarly to the linking
number which can be obtained from an element of a singular cohomology
group of the ambient 3-sphere S). In the cases which are studied in this
thesis, the ambient quadratic linking degree is in the Witt group W(F') or
in the Grothendieck-Witt group GW (F').

The other counterpart to the linking number (or rather to the linking
couple, whose components are the linking number up to sign) we present in
this thesis is the quadratic linking degree couple. This couple is obtained
from an element (called the quadratic linking class) of a Rost-Schmid group
of the link (similarly to the linking couple which is obtained from an element
of a singular cohomology group of the link). In the cases which are studied
in this thesis, each of the components of the quadratic linking degree couple
is in W(F), in GW(F), or in KMV (F).

Unlike the quadratic linking class and the ambient quadratic linking
class which can be defined in a rather general context, the ambient quadratic
linking degree requires knowledge of the Rost-Schmid group in which the
ambient quadratic linking class lives (namely, an isomorphism between this
group and a well-known group, such as W(F')) and the quadratic linking
degree couple requires knowledge of the Rost-Schmid group in which the
quadratic linking class lives (namely, an isomorphism between this group
and a well-known group, such as W(F) & W(F)).

Thus, the ambient quadratic linking degree and the quadratic linking de-
gree couple complete each other well, since the former only requires knowl-
edge of Rost-Schmid groups of the ambient F-scheme (which is useful in
situations in which the Rost-Schmid groups of the link are not well-known)
while the latter only requires knowledge of a Rost-Schmid group of the link
and the fact that some Rost-Schmid groups of the ambient F-scheme are
zero (which is useful in situations in which the Rost-Schmid groups of the
ambient F-scheme are not well-known).

Since the ambient quadratic linking degree and the quadratic linking
degree couple depend on the orientation of the oriented link, we also define
“invariants of the quadratic linking degree”. These invariants are quantities
computed from the ambient quadratic linking degree or the quadratic link-
ing degree couple which do not depend on the orientation of the oriented
link and thus anwer more accurately the question “How many times does
this closed F-subscheme turn around this other closed F-subscheme in this
ambient F-scheme?”. In knot theory, the absolute value of the linking num-
ber is the answer to how many times one knot turns around another knot,
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and it answers completely this question since it is the only information we
can get from the linking number which does not depend on the choices of
orientations. In motivic knot theory, it is much harder to find interesting
invariants of the quadratic linking degree. We find several such invariants
by looking closely at the structure of the Witt group W(F') and at the
structure of the Grothendieck-Witt group GW(F).

After we define these new mathematical objects and prove results which
answer questions which naturally arise from these, we turn to computations.
There were two main difficulties to overcome in order to be able to compute
the ambient quadratic linking degree, the quadratic linking degree couple
and their invariants:

e The quadratic linking class (which is an intermediate step both for the
ambient quadratic linking degree and for the quadratic linking degree
couple) is defined as the image by a boundary map of an intersection
product in quadratic intersection theory, but the definitions of the
intersection product and of the boundary map are not well-suited to
computations. We gave an explicit definition (i.e. one well-suited
to computations) of the residue morphisms of Milnor-Witt K-theory
(and proved that it is equivalent to the classical definition) which
enabled computations of the boundary maps in the situations in which
we need them. A recent formula also enabled computations of the
intersection product in some of the situations in which we need it, so
that computing the quadratic linking class became possible in several
situations.

e To get the ambient quadratic linking degree or the quadratic linking
degree couple from the quadratic linking class, we need explicit (and
computable) isomorphisms between some Rost-Schmid groups and
well-known groups (such as W(F')). This has taken some work (and
will continue to take some work) since most results on the structure of
Rost-Schmid groups are abstract results (in the sense that they show
that a Rost-Schmid group is isomorphic to a well-known group in a
way which does not provide an isomorphism between these groups).

In this thesis, we present methods to compute the quadratic linking
class, the ambient quadratic linking class, the ambient quadratic linking
degree and the quadratic linking degree couple in some cases (in which the
ambient quadratic linking degree takes values in the Witt group W(F’) and
the quadratic linking degree couple takes values in W(F) & W(F)). We
then make explicit computations of these and of invariants of the quadratic
linking degree on several examples. The first of these examples, the Hopf



Outline of the thesis

link, is a simple example over any perfect field. The second example is rather
a family of examples, which we call binary links, over any perfect field of
characteristic different from 2, which we have created in order to realise
classes of binary quadratic forms in W(F') as ambient quadratic linking
degrees (and also as components of quadratic linking degree couples) and
to showcase the usefulness of an invariant of the quadratic linking degree
we have defined. (Note that classes of unary quadratic forms in W(F) can
be realised as ambient quadratic linking degrees (and also as components
of quadratic linking degree couples) of variants of the Hopf link.) The third
family of examples, which we consider over the field R of real numbers, is
inspired by knot theory: it is a family of examples, indexed by n € N, which
is a counterpart to a family of links in knot theory (which is also indexed
by n € N), and verifies that the absolute value of the ambient quadratic
linking degree (which is in W(R) ~ Z) of the n-th member of this family
(which is equal to n) is equal to the absolue value of the linking number of
its counterpart in knot theory. The same is true of the absolute value of
each component of the quadratic linking degree couple of the n-th member
of this family.

Outline of the thesis

We now discuss the contents of this thesis in some more detail.

Let us begin by highlighting the fact that there is a list of notations on
page [17] which recalls usual notations. Notations which are specific to this
thesis are introduced at the beginning of the section they are used in if they
are local notations and in environments (especially Notation environments)
if they are global notations. In any case, all important notations used in this
thesis are referenced (with page numbers) in the Index of notations and all
important words and phrases used in this thesis are referenced (with page
numbers) in the General index (you may find these at the end of this thesis).

This thesis is divided into two parts.

Part |l Mathematical background, presents material which is important
for the development of motivic knot theory. Most of this material is not new,
with an important exception: Theorem [2.46) which enables the computation
of the residue morphisms of Milnor-Witt K-theory (which we also included
in our preprint [Lem23|). In Chapter [l we present the aspects of knot
theory and higher-dimensional knot theory which are important for the
development of motivic knot theory. In Chapter [2, we present the Witt
ring, the Grothendieck-Witt ring and the Milnor-Witt K-theory ring. In
this chapter we also prove Theorem which will be used to compute
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boundary maps in Chapters [6] and [7] In Chapter 3] we present the aspects
of quadratic intersection theory which are useful for the development of
motivic knot theory.

Part [T, Motivic linking, is the beginning of motivic knot theory. In this
part, we define oriented links with two components in algebraic geometry
and we study their linking, i.e. how their components are intertwined.
Everything in this part is new (note that a study of oriented links of type
(AZ\ {0}, A%\ {0},A% \ {0}) was also included in our preprint [Lem23]).

In Chapter 4] we define counterparts in algebraic geometry to oriented
links with two components (i.e. couples of disjoint oriented knots) and to
the linking class (from which the linking number and the linking couple
can be defined). We call this latter counterpart the quadratic linking class.
The quadratic linking class is an interesting object of study because it
contains the linking information of the oriented link (i.e. the information
about how its components are intertwined) and does not depend on any
convention, unlike the ambient quadratic linking degree and the quadratic
linking degree couple. This allows the quadratic linking class to be defined
in a coherent manner in a very wide variety of contexts. More precisely,
we can associate a quadratic linking class to any couple (Z, Z3) of disjoint
irreducible smooth finite-type closed F-subschemes of same dimension in an
irreducible smooth finite-type F-scheme X (with F' a perfect field) which is
equipped with orientation classes of the normal sheaves of Z; and Z, in X
(in particular, the normal sheaves of Z; and Z5 in X need to be orientable,
which means that their determinants need to be isomorphic to squares).
One of the reasons behind our statement that the quadratic linking class
is defined in a coherent manner is Theorem the pullback along a
smooth morphism of the quadratic linking class of an oriented link with two
components is the quadratic linking class of the pullback of this oriented
link (under some minor additional assumptions). We end this chapter by
studying some special settings in which the study of the quadratic linking
class seems particularly interesting.

In Chapter [p] we define counterparts in algebraic geometry to the linking
number and to the linking couple, which we call respectively the ambient
quadratic linking degree and the quadratic linking degree couple. The inclu-
sion of the first component of the oriented link in the ambient F-scheme
induces a morphism of Rost-Schmid groups which takes the part of the
quadratic linking class which lives over this first component to what we
call the ambient quadratic linking class. Note that the inclusion of the
second component of the oriented link in the ambient F-scheme induces
a morphism of Rost-Schmid groups which takes the part of the quadratic
linking class which lives over this second component to the opposite of the

10



Outline of the thesis

ambient quadratic linking class. The ambient quadratic linking class, like
the quadratic linking class, does not depend on any convention. However,
both of these are hard to understand (or rather their values are hard to un-
derstand), since it is difficult to compare elements of Rost-Schmid groups
(especially in the case of the quadratic linking class, since it lives in a Rost-
Schmid group of the link). This is why we introduce the ambient quadratic
linking degree (respectively the quadratic linking degree couple), which is
obtained from the ambient quadratic linking class (resp. the quadratic link-
ing class) by an isomorphism between the Rost-Schmid group in which it
lives and a well-known group. These are easier to understand (in the sense
that comparisons of their values on different oriented links are easier to
make), at the price of the introduction of a convention: the choice of the
above-mentioned isomorphism (since there are several such isomorphisms
in general). In the case of the ambient quadratic linking degree, this means
that we fix a convention for the ambient F-scheme (an isomorphism between
one of its Rost-Schmid groups and a well-known group) but in the case of
the quadratic linking degree couple the situation is more complicated: we
need to fix a convention for each link (an isomorphism between one of
its Rost-Schmid groups and a well-known group) in a coherent manner (so
that we can compare the quadratic linking degree couples of different links).
This is why we introduce the notion of oriented links of type (Y7, Y5, X):
oriented links in the ambient F-scheme X together with a parametrisation
¢1 1 Y1 — X of their first component (i.e. a closed immersion ¢; : Y, — X
whose image is their first component) and a parametrisation ¢y : Yo — X of
their second component (i.e. a closed immersion ¢, : Y2 — X whose image
is their second component). By using the couple of orientation classes and
the couple of parametrisations of an oriented link of type (Y1, Y5, X), we
obtain an isomorphism between the twisted Rost-Schmid group in which
its quadratic linking class lives and the direct sum of an untwisted Rost-
Schmid group of Y] and of an untwisted Rost-Schmid group of Y, and it
suffices to fix once and for all an isomorphism between this direct sum and a
well-known group in order to have a quadratic linking degree couple which
is defined in a coherent manner for all oriented links of type (Y1, Ys, X).
We end this chapter with the creation of invariants of the quadratic linking
degree, which are quantities computed from the ambient quadratic linking
degree or from the quadratic linking degree couple which do not depend on
the orientations (nor on the parametrisations in some cases) of the oriented
link (of a certain type in the case of the quadratic linking degree couple).
See Propositions and for simple invariants of the quadratic link-
ing degree and Theorems and for more involved and potentially
more interesting invariants of the quadratic linking degree. In Section

11



INTRODUCTION

we give examples (over the field Q of rational numbers) which show the
usefulness of X5 (applied to the ambient quadratic linking degree or to a
component of the quadratic linking degree couple (in W(Q))) which is the
first of these more involved invariants. More precisely, we show that >, can
distinguish between infinitely many oriented links. In Propositions [5.26
and [5.31] we create complete invariants of the quadratic linking degree over
the field R of real numbers (for the ambient quadratic linking degree, and
for the quadratic linking degree couple when none of its components is in
KW (R)). By “complete invariants”, we mean invariants which capture all
the information in the ambient quadratic linking degree or in the quadratic
linking degree couple which does not depend on the orientations.

In Chapter [0} we give methods to compute the quadratic linking class
(see Theorem , the ambient quadratic linking class (see Corollary ,
the ambient quadratic linking degree (see Theorem and the quadratic
linking degree couple (see Theorem [6.4]) in the case A%\ {0} UAZ\ {0} —
A%\ {0} under reasonable assumptions on the oriented link (and under
assumptions on j; and js, which parametrise different (coherent) versions
of the quadratic linking class etc.). We also list other cases (in the beginning
of the chapter) in which similar theorems can be established (and have not
been established yet due to lack of time).

In Chapter [7} we give examples of oriented links in the case A%\ {0} U
AZ\ {0} — A%\ {0} and compute the quadratic linking class, the ambient
quadratic linking class, the ambient quadratic linking degree, the quadratic
linking degree couple and invariants of the quadratic linking degree on these
examples. We begin by a simple example (the Hopf link, see Section
which is defined over any perfect field F', then we consider a family of ex-
amples (the binary links, see Section which are defined over any perfect
field of characteristic different from 2 and which show that the class of any
binary quadratic form in W(F') can be realised as an ambient quadratic
linking degree (and as a component of a quadratic linking degree couple);
the Hopf link and its variants already show that the class of any unary
quadratic form in W(F') can be realised as an ambient quadratic linking
degree (and as a component of a quadratic linking degree couple). Finally,
in Section we consider a family of examples over R which is inspired by
knot theory (specifically, by the torus links 7'(2,2n)). More examples could
be tackled but have not been tackled yet due to lack of time.

Finally, let us highlight the fact that there is a list of future works on
page |16| which references (with page numbers) the Future work environ-
ments in this thesis.

12
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Chapter 1

Knot theory

Before we develop motivic linking in Part [[Il — a counterpart in algebraic
geometry to classical linking — we introduce in this chapter knot theory
(especially classical linking) to readers who are unfamiliar with it, in order
to give the intuition behind motivic linking (and more generally motivic
knot theory). In contrast to the following chapters, this chapter is rather
informal, as its goal is to present the ideas in knot theory which are of
particular interest for the development of motivic knot theory. If you wish
to know more about knot theory, we recommend these five introductory
books: [Ada94|, [Cro04], [Lic97], [Mur96], [Rol90].

In Section we paint the big picture of what knot theory consists of,
while in Section [1.2) we give formal definitions of important notions in knot
theory. In Section we focus on the linking number, which is the link
invariant to which we create (and study) counterparts in Part [[Il Section
focuses on torus links (from which all link classes which can be rep-
resented by complex algebraic varieties can be constructed), while Section
presents the fact that all link classes can be represented by real alge-
braic varieties, whose polynomial equations can be effectively determined.
Finally, in Section [1.6] we present higher dimensional knot theory and a
generalisation of the linking number.

1.1 What is knot theory?

You probably already encountered knots in your life (for instance, to tie
your shoelaces). You also probably already encountered links (for instance,
the links in a necklace or in a bracelet).

Knot theory is the study of knots and links. In knot theory, knots differ
slightly from knots in real life: the two ends of the piece of string (or rope,

21



1. KNOT THEORY

etc.) are glued together and the string has no thickness. More formally, a
knot is an embedding of the circle S! in R? (or in S?; see below for details)
and a link is a finite disjoint union of knots.

The study of given knots or links goes back centuries, but the systematic
study of knots and links began at the end of the nineteenth century. Indeed,
that is when the classification of knots and links began. The goal of a
classification of a collection of objects is to gather these objects together in
classes which verify the following:

e When given an object of this collection, it is possible to determine to
which class it belongs.

e The objects in a class verify the same properties (among the properties
which interest you).

This means that once the classification is (at least partially) done, you can
easily determine the properties of an object (which has been classified) by
determining to which class it belongs then looking up the properties which
are verified by this class of objects. This way of thinking (by classifying)
is common in mathematics, but also in other sciences and in real life (with
less precision).

In knot theory, the collection of objects is the collection of oriented
links (which includes oriented knots). An oriented knot is a knot with a
direction in which to follow the knot (such as the clockwise direction or
the counterclockwise (a.k.a. trigonometric) direction for the circle) and
an oriented link is a link whose components/knots are all oriented (thus
a link with n components has 2" possible orientations). The properties
of oriented links which interest knot theorists are invariant under ambient
isotopy (a relationship between oriented links, see below for details) hence
the classes of oriented links are their classes for the equivalence relation of
being ambient isotopic.

See Figure[L.1]for the two possible orientations of the unknot (the circle).

It is hard (perhaps impossible) to classify every link (or even every knot)
in a meaningful way, so a link invariant (i.e. a characteristic of links which
is invariant under ambient isotopy) which takes values in the nonnegative
integers was chosen to order the classification (by ascending values), in order
to set realistic classification goals (classifying all links with a value of this
characteristic below a given value, then increasing this value to set a new
goal when this goal is achieved). This characteristic (which in a sense is
one way of measuring the complexity of a link) is the crossing number of a
link: the minimum of the number of times a two-dimensional picture of the
link crosses itself. It is important to take a minimum since two different
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1.1. What is knot theory?

(a) The unknot with the trigono-
metric (a.k.a. counterclockwise)
orientation.

(b) The unknot with the clock-
wise orientation.

Figure 1.1 — The unknot (a.k.a. circle) with the two orientations.

Figure 1.2 — The Hopf link is of crossing number 2 (you can see on this
drawing that its crossing number is at most 2).

link diagrams (i.e. two-dimensional pictures of the link) may have different
numbers of times the link diagram crosses itself. The links with crossing
number 0 are called unlinks (one example of which is the unknot). There
is no link with crossing number 1. The Hopf link has crossing number 2
(see Figure and the trefoil knot has crossing number 3 (see Figure[L.3).
When two strands of a knot cross in a picture, two lines are drawn around
the strand which is on top (i.e. nearer to you) and when two different knots
cross each other in a picture, the knot on top (i.e. nearer to you) is the one
whose colour you see at the crossing.

As the author writes these lines, the links with crossing number at most
16 have been classified (see [HTW9g| and [Hos05]). Tables with all the
classes of links whose components are prime (i.e. are not connected sums of
more than one knot), topologically linked (i.e. there is no homeomorphism
H of R? onto itself such that the image by H of one of the components
of the link and the image by H of another of the components of the link
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1. KNOT THEORY

f
I\

Figure 1.3 — The trefoil knot is of crossing number 3 (you can see on this
drawing that its crossing number is at most 3).

can be separated by a plane) and whose crossing number is between 0 and
16 are available in Knotscapdﬂ. There are 2 518 665 such classes of links
(including 1 701 936 classes of knots).

You can also find herd?]a table of the classes of prime knots with crossing
number at most 12, except for the unknot, the mirror images of knots in
the table, the knots with a reversed orientation from knots in the table, and
the mirror images with a reversed orientation from knots in the table.

The knot which is denoted ¢, in this table is the m-th knot of crossing
number ¢ (there are other names available by ticking squares in the Nomen-
clature section (and the meaning of each nomenclature is explained when
clicking on it)). Several invariants of oriented knots are available in this
table.

You can also find herd| a table of the classes of links with prime com-
ponents which are topologically linked and have crossing number at most
11, except for knots (which are in the previous table), the mirror images
of links in the table, the links with a reversed orientation from links in the
table, and the mirror images with a reversed orientation from links in the
table.

The link which is denoted Lckm{ey,...,e,} in this table is the m-th
link of crossing number ¢ which is alternating if k¥ = a (which means that
there exists a diagram of this link such that each component goes over then
under then over then under etc.), nonalternating if k& = n; the &; (which
are equal to 0 or 1) denote the changes in orientations from Lckm{0,...,0}
(click on Name in the Nomenclature section for more information; there are

'https://web.math.utk.edu/ morwen/knotscape.html
’https://knotinfo.math.indiana.edu/
3https://linkinfo.sitehost.iu.edu/
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1.2. Knots and links

other names available in the Nomenclature section). Several invariants of
oriented links are available in this table.
Let us now go into details!

1.2 Knots and links

Knots are topological subspaces of R? or of the 3-sphere S* which are home-
omorphic to S! and verify an additional tameness property (for instance,
smoothness). The 3-sphere S? can be constructed by adding a point at
infinity to R3, which is why it does not matter if we consider knots as be-
ing in R? or in S3. In the following, we will consider knots as topological
subspaces of the 3-sphere S?.

Definitions 1.1 (Knots and Links).

e A knot is the image K of a smooth (i.e. indefinitely differentiable) map
S' — S? such that the induced map S! — K is a homeomorphism.

e A link is a finite disjoint union of knots, which are called the compo-
nents of the link.

Knot theorists are interested in equivalence classes of links for the fol-
lowing equivalence relation (which corresponds well to what happens when
you move links around in real life).

Definition 1.2 (Ambient isotopy). An ambient isotopy from a topolog-

ical subspace N; of S® to a topological subspace N, of S? is a contin-

uwous map H : S§* x [0,1] — S? such that, denoting for all ¢t € [0,1]
3 3

H,: {Sx : H(Sx,t)’ Hy is the identity, H;(/N7) = Ny and for all ¢ € [0, 1],

H,; is a homeomorphism. If there is an ambient isotopy from N; to N5 then

N7 and N, are said to be ambient isotopic.

This is indeed an equivalence relation (take (x,t) — z for reflexivity,
(z,t) = H,; '(x) for symmetry and (z,t) — Hyo(H,(x,t),t) for transitivity).

Let us now talk about orientation.

Similarly to the circle S* which can be oriented in the clockwise direction
or in the counterclockwise (a.k.a. trigonometric) direction, a knot has two
possible orientations. The choice of an orientation of a knot K is the choice
of a generator of the singular homology group H;(K) ~ H,(S') ~ Z.

Definition 1.3 ((Homological) oriented fundamental class). An oriented
knot is a knot K together with a generator of the singular homology group
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1. KNOT THEORY

H,(K) which is called the (homological) oriented fundamental class of K.
An oriented link is a link whose components are oriented.

The homological oriented fundamental class (or oriented fundamental
class for short) is sometimes simply called the fundamental class, but we
will always call it the oriented fundamental class to stress out the fact that
it depends on the orientation of the knot.

This definition may seem rather abstract compared to the informal talk
on orientations which was made earlier, but it is equivalent to the more
visual definition of an orientation, or rather of an orientation class, of a
knot as the equivalence class of an orientation of its tangent bundle, i.e.
of the datum for each point p of K of a basis (e,) of the tangent space
T,K ~ R of K at p such that the (e,) vary continuously with p, for the
following equivalence relation: ((e,))pex and ((e;,))pex are equivalent if for
every point p in K there exists a positive real number 7, > 0 such that

e, = Tp.ep, which means visually that the arrow e, and the arrow e;, point

in the same direction. We denote by ((e,))ycx the class of ((e))pex-

Indeed, a generator of H;(K) is the class of a continuous map o : [0, 1] —
K which verifies that o(1) = ¢(0) and that its restriction to [0,1] is a
bijection with K. The homological oriented fundamental class of K is the
class in Hy(K) of such a o which goes in the direction pointed by the arrows
of the orientation (class) of the tangent bundle of K, and conversely the
orientation class of the tangent bundle of K is the one whose arrows point
in the direction in which o goes (as time moves from 0 to 1).

Note that since there is an orientation class ((ay, by, ¢,))pess of the ambi-
ent space S* (which verifies that at every point its tangent space is isomor-
phic to R?) which is fixed once and for all (by the “right-hand rule”), there is
an equivalent definition of orientation which uses the normal bundle of the
knot in the ambient space S? instead of its tangent bundle. An orientation
of the normal bundle of a knot K in S? is the datum for each point p of
K of a basis (fp,g,) of the normal space (NxS?), ~ R? of K in S* at p
such that the (f,,g,) vary continuously with p. An orientation class of a
knot K is an equivalence class of orientations of the normal bundle of K
in S* for the following equivalence relation: ((fp, gp))pex and ((f}, g}))pex
are equivalent if for every point p in K there exists a 2 X 2 real matrix A,

/
with positive determinant such that (g?) = A, (gp ) The relationship
p

between ((e,))pex and ((fp, gp))perx (When they give the same orientation
class of K) is that for every point p in K, the basis (e,, f,, g,) of the tangent
space T,S* = T,K & (NgS?), of S* at p verifies that there exists a 3 x 3
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1.3. The linking number

€p ap
real matrix B, with positive determinant such that | f, | = B, | b,
9p p

Remark 1.4. Note that having an orientation class ((e,)),ex of a knot K is
equivalent to having a cohomological oriented fundamental class of the knot
K, i.e. a generator of the singular cohomology group H'(K) ~ H'(S!) ~ Z.
Indeed, the cohomological oriented fundamental class of the knot K is the
class of the volume form w such that for every point p in K: w(p) = det(,)

(the determinant in the basis (e,)) and conversely the orientation class (e,,)
of the tangent bundle of K is the one such that det(,) = w(p).

Since ambient isotopy preserves orientation classes, we can consider
equivalence classes of oriented links for ambient isotopy. This is what knot
theorists strive to classify (see Section [L.I). Knot theorists also strive to
compute link invariants: quantities which are computed from an oriented
link and only depend on the equivalence class of the oriented link for am-
bient isotopy. In the next section, we consider such a link invariant for
oriented links with two components: the linking number.

1.3 The linking number

The linking number is an invariant of oriented links with two components
which counts the number of times one of the components turns around
the other component. The sign of the linking number indicates in which
direction this component turns around the other component. The linking
number has several applications outside of mathematics, one of which is in
the study of DNA supercoiling (in which the linking number is sometimes
called the topological entanglement); see for instance the article [BOS02].

In Chapters[dand [5| we will construct counterparts in algebraic geometry
of the linking number and in Chapters [f] and [7] we will compute these
counterparts. Before we do this, let us introduce the linking number.

See Figure for an example of a link of linking number 1 (the Hopf
link) and Figure for an example of a link of linking number 2 (the
Solomon link).

We say that a link with two components is topologically unlinked (or
split) if there is a homeomorphism H of R® = S§*\ {x} onto itself such
that the images by H of the two components of the link can be separated
by a plane (where % is a point which is not on the link). Note that links
with two components which are topologically unlinked are of linking num-
ber 0 (see Subfigure for an example) but the converse is false: the
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1. KNOT THEORY

Figure 1.4 — The Hopf link is of linking number 1.

Figure 1.5 — The Solomon link is of linking number 2.

Whitehead link in Subfigure is a counterexample. There is however
a weaker notion which is equivalent to being of linking number 0: being
homologically unlinked (or algebraically split). We say that a link with two
components is homologically unlinked if one of the components of the link
is the boundary of an orientable surface which is disjoint from the other
component. See [BOS02] (in which the “linking number” is the opposite of
the linking number (due to their choice of the “left-hand rule” instead of
the more commonly used “right-hand rule”) but this does not change the
instances in which the linking number is equal to 0)).

The fact that being homologically unlinked implies being of linking num-
ber 0 will come directly from the following definition of the linking number,
which uses the notion of Seifert surface of an oriented knot. A Seifert sur-
face of an oriented knot K is a compact connected oriented surface whose
oriented boundary is the oriented knot K. The following three steps give
the linking number of two disjoint oriented knots K; and K, (i.e. of the
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1.3. The linking number

(a) The unlink
(b) The Whitehead link

Figure 1.6 — The unlink and the Whitehead link are both of linking number
0 but the Whitehead link is topologically linked.

oriented link K; U K5).

e Pick a Seifert surface S5 for K5 such that the oriented intersection
of K; with S5 is a finite number of oriented points. This is always
possible (and the oriented intersection of K; with Sy is equal to the
oriented intersection of Sy with K7).

e Let P be one of the oriented points mentioned above. We want to
associate ep € {—1,1} to P by taking into account the orientation of
the oriented point P. To do this, place yourself so that near the point
P, the oriented knot K is coming towards you:

— If the Seifert surface Sy is oriented in a trigonometric (a.k.a.
counterclockwise) manner, set ep := 1 (see for instance Subfigure
1.7al).

— Otherwise (i.e. the Seifert surface Sy is oriented in a clockwise
manner), set ep := —1 (see for instance Subfigure [1.7b)).

e The linking number is the sum (over the oriented points P of the
oriented intersection of K with S) of the ep.

See [Rol90, Chapter 5, Section D] for this definition of the linking num-
ber (more precisely, (2) and (5) at the beginning of the cited section, (2)
being the visual definition (described in [Rol90] with a bicollar of a Seifert
surface) and (5) being the more formal definition as the intersection num-
ber of Sy with K (see below for an even more formal variant of this defi-
nition)). The fact that ep is as described above comes from the fact that
ep = 1 means that the orientation of the direct sum of tangent spaces
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1. KNOT THEORY

2y 2

(a) The red (dotted) Seifert sur-
face is oriented in a trigono-
metric (a.k.a. counterclockwise)
manner.

(b) The red (dotted) Seifert sur-
face is oriented in a clockwise
manner.

Figure 1.7 — In the two examples above, near the intersection of the blue
knot (on the left) with the red (dotted) Seifert surface (for the red knot),
the blue knot is coming towards you.

Tp(Ky) @ Tp(S2), which is canonically isomorphic to the tangent space
Tp(S?), corresponds to the orientation given by the “right-hand rule”.

Note that in |[Rol90, Chapter 5, Section D], knots are considered to
be polygonal rather than smooth, but this is inconsequential since every
smooth knot is ambient isotopic to a polygonal knot (and vice versa) and
the linking number is a link invariant.

The formal version of the definition above is as follows. We denote by L
the oriented link whose components are K7 and K5, by N an open tubular
neighbourhood of K5 which is disjoint from K; and by F the complement
of N in §%, ie. E := S*\ N. We can pick a Seifert surface Sy of Ko
which induces a class [Ss] in the singular cohomology group H'(E). The
linking number of L is the cup-product of the class (denoted [K;]) of K,
in H*(E,0F) with [Sy], or rather the image of this cup-product by the
isomorphism H?(E,0F) — 7 which is induced by the orientation of the
ambient space S* (more precisely, the isomorphism H3(FE,0F) — Z in
question is the Kronecker product with (or “evaluation on”) the fundamental
class [F, OF], a.k.a. the cap product with the fundamental class [E, OE]; see
[Bre97, Chapter VI]). Note that [K;]U[Ss] = (—1)?[S2] U[K;] = [Sa] U[K]].

Note that even though this definition is non-symmetric, the linking num-
ber does not depend on the order of the components K; and K, (see [Rol90,
Chapter 5, Section D, Theorem 6]). Further note that the linking number
only depends on the oriented link (not on a choice of Seifert surface for one
of the components); even better, it only depends on the class of the oriented
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link for ambient isotopy (see [Cro04, Theorem 3.8.2]), or even better, on
its class for concordance (which is a weaker equivalence relation than being
ambient isotopic; see [Rol90, Chapter 8, Section F|, especially Exercise 13).

We will introduce a new definition of the linking number which will be
more symmetric and which will only use classes in cohomology, not chains,
so that it will be easier to see that the linking number only depends on
the oriented link. To do this, we use Borel-Moore homology and singular
cohomology (see [BM60] and |[Mas78] for further information on these, as
well as [Bre97] for further information on singular cohomology).

Notation 1.5. Let A C M be Hausdorff topological spaces. We denote by
HBM(M, A) the Borel-Moore homology groups of the pair (M, A) and by
H*(M, A) the singular cohomology groups of the pair (M, A). We denote
HEM(M) := HEM(M,0) and H*(M) := H*(M, ).

We choose to work with these groups because they verify a Poincaré du-
ality theorem which gives an isomorphism H*(M\ B, M\ A) ~ HEM (A, B)
whenever M is an oriented topological manifold of dimension n, B C A are
locally compact closed subspaces of M and 0 < k < n. Note that this is
different from the better-known Poincaré duality theorem for singular ho-
mology H, and Cech cohomology H* which, under the same assumptions
and the extra assumption that A and B are compact, gives an isomorphism
H*(A,B) ~ H,_x(M\ B,M \ A). Indeed, in the former case the closed
subspaces A and B of M are on the homology side of the isomorphism (and
the open subspaces M \ B and M \ A are on the cohomology side) whereas
in the latter case the closed subspaces A and B are on the cohomology side
of the isomorphism (and the open subspaces M \ B and M \ A are on the
homology side).

This Poincaré duality theorem between Borel-Moore homology and sin-
gular cohomology, together with the Borel-Moore homology long exact se-
quence, straightforwardly imply the following theorem, which we will use
in our new definition of the linking number.

Theorem 1.6. Let M be an oriented topological manifold and A be a
locally compact closed submanifold of codimension ¢ in M. We have the
following long exact sequence, in which the maps are induced by the in-
clusions A — M and M \ A — M except for the maps 0 which are the
boundary maps (a.k.a. connecting morphisms):

. —— H*(M) —— H*(M \ A) —2= H*1=¢(A) —= HF1 (M) — . ..
We directly get the following corollary.
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Corollary 1.7. Let L be a link. We have the following long exact sequence,
in which the maps are induced by the inclusions L — S* and $* \ L — S3
except for the maps 0 which are the boundary maps:

. —— H¥S?) — H*(S?\ L) 2> HF1(L) — HMY(S?) — ...
In particular, the following sequence is exact:
HYS?) = 0— HY(S*\ L) —2> HO(L) — H%(S?*) = 0
i.e. the boundary map 0 : H'(S*\ L) — HY(L) is an isomorphism.
This corollary allows us to give the following definition.

Definition 1.8 (Couple of Seifert classes). Let L be an oriented link with
two components K; and K,. Let [og,] € H°(K;) (respectively [og,] €
H°(K5)) be the element which corresponds to the oriented fundamental
class of K; (resp. K,), which was defined in Definition [I.3] The couple of
Seifert classes of L is the (unique) couple (S, S2) of elements of H'(S*\ L)
such that 0(S1) = ([ox,],0) and 0(S2) = (0, [0k,]) (via the isomorphism
H°(L) ~ HY(K;) ® H°(K,) induced by the inclusions of K; and K, in
L = K, U K,). We call S; the Seifert class of K; (relative to the link L)
and S the Seifert class of Ky (relative to the link L).

By Poincaré duality, S; € H'(S?\ L) ~ HEM(S?, L) is the class of some
surfaces in S whose boundaries lie in the link L; in fact, it is precisely
the class of the Seifert surfaces of K7, and the same is true for S, and K.
See Figure for an example of a couple of Seifert surfaces (which in this
simple example are disks).

Remark 1.9. If you reverse the orientation of K; (respectively of K3) then
[0k, ] (resp. [0k,]) is turned into its opposite hence S; (resp. S) is turned
into its opposite since the boundary map is a group morphism.

Now we can define the linking class, from which we will define the linking
number.

Definition 1.10 (Linking class). Let L be an oriented link with two com-
ponents K7 and K and let (S7,S2) be its couple of Seifert classes, as defined
in Definition The linking class of L is the image by the boundary map
0 : H*(S*\ L) — H'(L) of the cup-product of S; with Sy, i.e. 9(S; U S»).
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1.3. The linking number

Figure 1.8 — The Hopf link with a Seifert surface hatched in blue for the
blue component (on the left) and a Seifert surface dotted in red for the red
component (on the right).

e o °
1 ° °
| | o o
| | °
| | | .
| ° °
e o °
e o

Figure 1.9 — The Hopf link and the oriented intersection of the blue
(hatched) Seifert surface with the red (dotted) Seifert surface.

See Figure for the oriented intersection of the blue Seifert surface
(on the left) with the red Seifert surface (on the right), which is an oriented
purple interval in this drawing. See Figure[I.10|for a portrayal of the linking
class of the Hopf link (by two oriented green points, one of which lies on
the blue component (which was chosen as first component) of the link and
one of which lies on the red component of the link).

Note that the linking class contains as much information as the cup-
product of S; with Sy, since the boundary map 8 : H*(S* \ L) — H*(L) is
injective (see Corollary [1.7|and note that H?(S?) = 0).

Remark 1.11. The linking class is turned into its opposite if you reverse
the order of the components, since Sy U S; = (—1)1(S; U Sy) = =51 U Sy
and the boundary map is a group morphism.

Remark 1.12. If you reverse the orientation of K (respectively of K5)
then the linking class is turned into its opposite since S (resp. Ss) is
turned into its opposite (see Remark [1.9).
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1. KNOT THEORY

Figure 1.10 — The Hopf link and the oriented boundary of the oriented
intersection of the blue (hatched) Seifert surfaces with the red (dotted)
Seifert surface.

Let us now define the linking number.

Definition 1.13 (Linking number). The linking number of the oriented link
L = K U K, is the image of the part of the linking class of L which is in
H'(K,) by the composite of the morphism 4, : H'(K;) — H?(S*) which is
induced by the inclusion of K in S* and of the isomorphism r : H3(S?) — Z
which corresponds to the “right-hand rule”.

The fact that this definition of the linking number is equivalent to the
definition which was made earlier follows from the stability property of
the cup-product which is described in [Dol95, Chapter VII, 8.10]. Indeed,
in our case this property tells us that the part of the quadratic linking
class 9(S; U Sy) which is in H'(K7) is sent to [K;] U [Sy] by the morphism
H'(K,) — H3(E,0F) which is induced by the inclusion of K in E (since
the oriented knot K7 is the boundary of the Seifert surface S;). Also note
that the isomorphism H?(E,0F) — Z we mentioned earlier depends on the
choice of the (oriented) fundamental class [E,JFE], i.e. on the orientation
of E, and that we implicitly chose the orientation which is induced by the
orientation of S3, i.e. by the isomorphism r : H3(S*) — Z which corresponds
to the “right-hand rule”.

Remark 1.14. If you reverse the orientation of K (respectively of K5)
then the linking number is turned into its opposite since the linking class
is turned into its opposite (see Remark [L.12).

Remark 1.15. Note that the image of the part of the linking class of the
oriented link L = K; U K, which is in H'(K5) by the composite of the
morphism iy : H'(K3) — H?(S*) which is induced by the inclusion of K,
in S* and of the isomorphism r : H3(S®) — Z which corresponds to the
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“right-hand rule” is the opposite of the linking number. Indeed, the linking
class 0(S; U Sy) is in the kernel of the morphism H'(L) — H3(S?) which is
induced by the inclusion of L in S? (see Corollary and this morphism
is the composite of the isomorphism H'(L) — H'(K;) ® H'(K3) (which is
induced by the inclusions of K; and K5 in L = K; U K5) and of the direct
sum of the morphisms i; : H'(K;) — H3*(S?) and iy : H'(Ky) — H3(S?).
(Another way of proving this is to use the more general version of the
stability property of the cup-product (see [Dol95, Chapter VII, 8.19(2)|)
and to identify which part comes from H'(K;) and which part comes from
H'(K,).) It follows from this and from the fact that the linking class is
turned into its opposite if you reverse the order of the components (see
Remark that the linking number does not depend on the order of the

components.

Note that a definition similar to our definition of the linking number is
made between Exercise 8 and Exercise 9 in [Rol90, Chapter 5, Section D],
with an important difference: in Rolfsen’s definition, he considers Seifert
surfaces in the four-dimensional disc D* whose boundary is S* and defines
the linking number as the intersection number of these surfaces (which can
be chosen so as to intersect in a finite number of points since they are
surfaces in D*).

Remark 1.16. Note that the cohomological oriented fundamental classes
lwi,] € HY(K;) of Ky and [wy,] € H'(K>) of Ky (see Remark [L.4) fix an
isomorphism hy : H'(K;) — Z (the isomorphism which sends [wg,] to 1)
and an isomorphism hy : H*(K3) — Z (the isomorphism which sends [wp,]
to 1) respectively. Also note that the morphisms 4, : H'(K;) — H3(S?) and
iy HY(K,) — H3(S?) are surjective since they are in the following exact
sequences (see Theorem [1.6]):

HY(K;) 2> H3(S?) —= H3(S3\ K1) =0

HY(K,) —2> H3(S?) —= H3(S3\ K5) =0

(where H3(S®* \ K;) = 0 and H3(S® \ K3) = 0 since $* \ K; and S? \
K, are orientable connected noncompact manifolds). Therefore, the group
morphisms roiy 0 (hy)™':Z — Z and r oiy 0 (hy) ™' : Z — Z are surjective
hence each is the identity of Z or the opposite (which sends m € Z to —m).
It follows from this, Definition [I.13]and Remark that hy @ hy sends the
linking class of L = K, U K, to (n,n), (n,—n), (—n,n) or (—n, —n), where
n is the linking number of L.
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Definition 1.17 (Linking couple). The linking couple of the oriented link
L = K; U K, is the image of the linking class of L by the composite of
the isomorphism H'(L) — H'(K;) ® H'(K3) (which is induced by the
inclusions of K7 and Kj in L = K; Ll K3) and of the isomorphism hy @ hs :
H'(K:) ® H'(K) = Z ® Z (see Remark [1.16]).

Remark 1.18. If you reverse the order of the components then the linking
couple is either the same (if r o 4y o (hy)™! and 7 o iy o (hy)™! are both
the identity of Z or both the opposite) or is turned into its opposite (if
roiy o (hy)! is the identity of Z and r o iy o (hy)~! is the opposite or vice
versa).

Remark 1.19. If you reverse the orientation of the first component (respec-
tively the second component) of the oriented link then the first component
(resp. the second component) of the linking couple stays the same and
the second component (resp. the first component) of the linking couple is
turned into its opposite.

Finally, let us introduce link homotopy (which was defined by Milnor in
[Mil54]).

Definition 1.20 (Link homotopy). A link homotopy from an oriented link
L =K,U---UK, with n € N components to an oriented link L' = K U
-+ K with n components is the data of n continuous maps Hy,..., H, :
S' x [0,1] — S? such that, denoting for all 7 € {1,...,n} and ¢ € [0, 1],
1 3
it {Sm : Hi(Sﬂf,t)’ foralli € {1,...,n}, H;o(S') = K; and H;;(S*) =
K/, and for all t € [0, 1], the sets Hy4(S"), ..., H,.(S') are pairwise disjoint
(le. foralli # j € {1,...,n}, H;;(S') N H;,(S') = 0). If there is a link
homotopy from L to L’ then L and L’ are said to be link homotopic.

Note that link homotopy is an equivalence relation and that if n = 1 then
it is merely homotopy (hence every two oriented knots are link homotopic).
If n > 2 then two oriented links with n components are link homotopic if
and only if you can deform one continuously into the other while keeping
the n components pairwise disjoint. Note that any oriented link is link
homotopic to an oriented link whose components are all unknotted circles
(a.k.a. unknots). The class of an oriented link for link homotopy describes
how the components of the link are “linked” together, how they turn around
each other.

In the case of oriented links with two components, the linking number
is a complete invariant for link homotopy, i.e. two oriented links with two
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1.4. Torus links

Figure 1.11 — The torus link 7°(2,6) (without orientation on this drawing).

components are link homotopic if and only if they have the same linking
number (see [Mil54] Section 5]).

Note that the unlink (see Subfigure has linking number 0, that the
Hopf link (see Figure has linking number 1 and that the Solomon link
(see Figure[L.5) has linking number 2. The Hopf link (a.k.a. 7'(2,2)) and the
Solomon link (a.k.a. 7'(2,4)) are part of a family of torus links (7'(2, 2n)),en
(see Figure for T'(2,6); for n > 3, T(2,2n) can be pictured as two
intertwined n-gons) which verifies that for all n € N, T'(2,2n) is of linking
number n (see the next section). Thus, the unlink, the family of torus links
(T'(2,2n))nen and the family given by reversing the orientation of one of the
components of T'(2,2n) (with n € N), make up a family of representatives
for the link homotopy classes of oriented links with two components (see
Remark [I.14). We present torus links in the following section.

1.4 Torus links

Torus links are links which can be drawn on the surface of a torus. They
are indexed by couples of integers (p,q) € Z x Z. If d € N is the greatest
common divisor of p and ¢ (by convention, d := 1if p = ¢ = 0) then T'(p, q)
is an oriented link with d components, each of which wraps around the
torus £ times meridionally and ¢ times longitudinally (the signs of p and
q indicating the directions). For further details on the definition of torus
links, see [Mur96, Chapter 7|]. Note that if the greatest common divisor
of p and ¢ is 2, then the linking number of the oriented torus link T'(p, q)

(which has two components) is equal to % See |[BES14, Theorem 4.2] but

note that there is a typo there: their result should be divided by 2 (their
proof consists in counting the number of crossings (which are all positive
here) in the braid representation, but the linking number is the number of
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crossings divided by 2 (when all the crossings are positive), not the number
of crossings).

For each p, ¢ € N, the torus link 7'(p, ¢) is a complex algebraic link, which
means that there is a complex polynomial R, , € C[u,v] and a positive real
number ¢, , > 0 such that:

e R, , vanishes at the origin (0,0) € C?;

e the origin is an isolated singularity for R, ,, i.e. the origin is a singu-
larity for R, , (which means that Bg% and a};% both vanish at the
origin) and there is an open neighbourhood U, , of the origin in C?
such that R, , has no singularity in U, , \ {(0,0)};

e forall0 < e <e¢,,, thereis a diffecomorphism h,,,. : S — S* such that
hpqe(V(Ryq) NS2) = T(p,q), where S? := {(u,v) € C* |u|* + |v]* =
g2} and V(R,,) := {(u,v) € C* R, ,(u,v) = 0}.

In fact, R, , can be chosen to be the complex polynomial u? —v9. Thus, the
torus link T'(p, q) is called the link of the singularity (0,0) of the complex
curve defined by u? —v9. See the classical reference [Mil69] or the historical
account [Dur99].

Note that not many links are complex algebraic links. Indeed, complex
algebraic links are all unions of iterated torus links (see [Ore2l| for the
definition of iterated torus links). However, there is a reasonable way to
define algebraic links in general so that every link is an algebraic link.

1.5 All links are algebraic

In their article [AK81], Akbulut and King defined algebraic links in a similar
manner to complex algebraic links, with two important differences: the
complex polynomial in two variables was replaced with two real polynomials
in four variables and the isolated singularity was replaced with a weakly
isolated singularity.

Definition 1.21 (Algebraic link). A link L is an algebraic link if there are
two real polynomials P, @ € Rz, y, z,t] and a positive real number gy > 0
such that:

e P and Q vanish at the origin (0,0,0,0) € R

e the origin is a weakly isolated singularity of (P, @), i.e. the origin is a
P 9P 9P 9P 9Q 9Q 0Q 0Q

singularity Of (P, Q) (Wthh means that Bz a_y’ 320 Bl Bz 8_y’ 2 ot
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all vanish at the origin) and there is an open neighbourhood U of
the origin in R* such that (P,Q) has no singularity in V(P,Q) N
(U \ {(0,0,0,0)}), where V(P,Q) := {(z,y, 2, t) € R, P(z,y,2,t) =
07 Q($7 y? 27 t) = 0};

e for all 0 < & < g, there is a diffeomorphism h. : S* — S? such that
he(V(P,Q)NS?) = L, where S? = {(x,y, 2,t) € R} 22+ 2+ 22 +1? =
e},

Note that a complex algebraic link is an algebraic link (you can take
the real part of the complex polynomial as P and the imaginary part of
the complex polynomial as (). In their article [AK81|, Akbulut and King
prove that every link is an algebraic link! However, their proof does not
give explicit polynomials P and () as in Definition In his recent paper
[Bod22|, Bode provides an algorithm which gives explicit polynomials P
and @ as in Definition [I.21]

1.6 Higher dimensional knot theory

In this section, we first consider the linking number of higher-dimensional
(smooth) links with two components, then we mention the different contexts
in which higher-dimensional knots and links are studied (to the best of our
knowledge).

Definitions 1.22 ((Higher-dimensional) knots and links).

e Smooth higher-dimensional knots are images of smooth maps from
the m-sphere S to the n-sphere S” for some integers m,n > 1.

e Smooth higher-dimensional links are finite disjoint unions of smooth
higher-dimensional knots which go into the same sphere (but may
come from spheres of different dimensions).

Definition 1.23 (Oriented fundamental class). A higher-dimensional knot
K ~ S™ is oriented if a generator of H°(K) ~ H°(S™) ~ Z has been chosen;
this generator is called the oriented fundamental class of K and is denoted
lok]. A higher-dimensional link is oriented if all its components (i.e. the
knots of which it is a union) are oriented.

Once an orientation of the ambient sphere (i.e. the sphere in which the
considered higher-dimensional links live) has been fixed, a classical way to
define the linking number of a higher-dimensional link L = K; U K, with
two components is as the intersection number of K with a “Seifert surface”
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of K5 (which is not necessarily a surface anymore) or as the intersection
number of a “Seifert surface” of K; with K, (which gives the same number
up to a sign). For this intersection number to be well-defined (and not
always zero), the sum of the dimensions of K; and K, needs to be one
less than the dimension of the ambiant sphere: if K; ~ S™ and K, ~ S",
then they need to lie in S™™ 1. Indeed, we want the intersection of the
dimension m chain K; and of a dimension n+ 1 “Seifert surface” of K5 to be
of dimension 0 in order to obtain an “intersection number” (by identifying
the zeroth homology group of the ambient sphere with Z). See [STS80,
Section 77| for further details on this definition of the higher-dimensional
linking number (and more generally [ST80, Chapter X]| for a discussion of
intersection numbers).

In the case where m = n > 1, we can give a definition of the higher-
dimensional linking number which generalises Definition Let us walk
you through this generalisation.

Let n > 1. We fix an isomorphism r : H*"*1(S?"*1) — Z once and for all
(in the case n = 1, we choose 7 to be isomorphism which is induced by the
“right-hand rule”), which is the same as fixing an orientation of the ambient
sphere S*"*! once and for all. (If the other isomorphism H?*"*(S**1) — 7
is chosen instead, then the linking number will be turned into its opposite.)

Let K, Ky >~ S"™ be two disjoint oriented (higher-dimensional) knots in
S? 1 and L = K, U K5 be the corresponding oriented (higher-dimensional)
link with two components.

In order to define the couple of Seifert classes of L, we state the following
corollary of Theorem which is a direct application of this theorem.

Corollary 1.24. We have the following long exact sequence, in which the
maps are induced by the inclusions L — S*"*1 and S*"*!'\ L — S?"*! except
for the maps 0 which are the boundary maps:

N Hk(S2n+1) Hk<S2n+1 \ L) 9 Hk_n(L) Hk+1(82n+1> o

In particular, the following sequence is exact:
H?L(SQ%—FI) =0 Hn(S2n+1 \ L) 0 HO(L) Hn—H (SQn—H) =0

i.e. the boundary map 0 : H"(S*"*!'\ L) — H°(L) is an isomorphism.
The following definition generalises Definition

Definition 1.25 (Couple of Seifert classes). The couple of Seifert classes
of L is the (unique) couple (Sy, Ss) of elements of H™(S*" ™!\ L) such that
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9(S1) = ([ok,],0) and 9(S2) = (0, [ox,]) (via the isomorphism H°(L) =~
H°(K,)® H°(K,) induced by the inclusions of K; and K, in L = K; U Kj).
We call S; the Seifert class of K (relative to the link L) and S5 the Seifert
class of Ky (relative to the link L).

Remark 1.26. If you reverse the orientation of K; (respectively of K5)
then [og,] (resp. [ox,]) is turned into its opposite hence S; (resp. Ss) is
turned into its opposite since the boundary map is a group morphism.

Now we can define the linking class of L. The following definition gen-
eralises Definition [L10l

Definition 1.27 (Linking class). Let (S, S2) be the couple of Seifert classes
of L. The linking class of L is the image by the boundary map 0 :
H?"(S*"1\ L) — H"(L) of the cup-product of S; with Sy, i.e. 9(S; U Sy).

Note that the linking class contains as much information as the cup-
product of S; with Sy, since the boundary map 0 : H**(S***'\ L) — H"(L)
is injective (see Corollary and note that H**(S?*"*1) = 0).

Remark 1.28. If you reverse the order of the components then the linking
class is multiplied by (—=1)" (i.e. it stays the same if n is even, it is turned
into its opposite if n is odd). Indeed, Sy U S; = (—1)"*(S; U S,) and the
boundary map is a group morphism, hence 9(S, U S;) = (=1)"9(S; U S,).

Remark 1.29. If you reverse the orientation of K (respectively of K5)
then the linking class is turned into its opposite since S; (resp. Ss) is
turned into its opposite (see Remark [1.26)).

Let us now define the linking number of L. The following definition
generalises Definition [1.13]

Definition 1.30 (Linking number). The linking number of the oriented link
L is the image of the part of the linking class of L which is in H"(K7) by the
composite of the morphism 7, : H"(K;) — H***1(S*"*1) which is induced
by the inclusion of K in S***! and of the isomorphism r : H?"1(S?"1) —
Z.

Remark 1.31. If you reverse the orientation of K (respectively of K5)
then the linking number is turned into its opposite since the linking class
is turned into its opposite (see Remark [1.29).

Remark 1.32. Note that the image of the part of the linking class of the
oriented link L which is in H"(K5) by the composite of the morphism i :
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H"(Ky) — H*T1(S**1) which is induced by the inclusion of K, in S?**!
and of the isomorphism r : H?"T1(S*"*1) — 7 is the opposite of the linking
number. Indeed, the linking class 9(S1USs) is in the kernel of the morphism
H™(L) — H**1(S**1) which is induced by the inclusion of L in S*"™! (see
Corollary and this morphism is the composite of the isomorphism
H"(L) — H™(K;) @ H"(K,) (which is induced by the inclusions of K; and
K, in L = K, K5) and of the direct sum of the morphisms i; : H"(K;) —
H*HH(S? ) and iy : H'(Ky) — H?"TH(S?" ). Tt follows from this and
from Remark that the linking number is multiplied by (—1)"2*'1 if you
reverse the order of the components. In other words, if you reverse the
order of the components, then the linking number stays the same if n is
odd, and is turned into its opposite if n is even.

Remark 1.33. Note that the cohomological oriented fundamental classes
[wi,] € H"(K1) of K and [wg,| € H"(K2) of Ky (which are defined simi-
larly to what was done in Remark fix an isomorphism hy : H"(K;) —
Z (the isomorphism which sends [wg,] to 1) and an isomorphism h, :
H"(K,) — Z (the isomorphism which sends [wg,] to 1) respectively. Also
note that the morphisms i : H*(K;) — H*""(S*"1) and iy : H"(Ky) —
H?"1(S27F1) are surjective since they are in the following exact sequences
(see Theorem [1.6]):

Hn(Kl) i1 H2n+1 (SZn+1) H2n+1 (SQnJrl \ Kl) =0

Hn(Kg) i2 H2n+1 (SQn+1) H2n+1 (S2n+1 \ KQ) =0

(where H?"T1(S?"T1\ K}) = 0 and H*""}(S* !\ K;) = 0 since $*"™! \ K,
and S?"1\ K, are orientable connected noncompact manifolds). Therefore,
the group morphisms roi; o (hy)™' : Z — Z and roiso (hy)™' : Z — Z
are surjective hence each is the identity of Z or the opposite (which sends
m € Z to —m). It follows from this, Definition and Remark that
hi @ he sends the linking class of L = K; U K, to (1,1), (I,=1), (=I,1) or
(=1, —1), where [ is the linking number of L.

Definition 1.34 (Linking couple). The linking couple of the oriented link
L = K; U K, is the image of the linking class of L by the composite of
the isomorphism H'(L) — H'(K;) ® H'(K;) (which is induced by the
inclusions of K and K; in L = K; Ll K3) and of the isomorphism hy @ hs :
H'(K)) ® H'(Ky) — Z ® Z (see Remark [1.33).

Remark 1.35. If you reverse the order of the components then the linking
couple is either the same (if n is odd and roi; o (hy)~' and roigo (hy) ™! are
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both the identity of Z or both the opposite or if n is even and roi; o (hy) ™!
is the identity of Z and r o iy o (hy)™! is the opposite or vice versa) or is
turned into its opposite (if n is odd and rod;0(h;)~! is the identity of Z and
roiyo (hy)~!is the opposite or vice versa or if n is even and r o4y o (hy)™!
and 7 o iy 0 (hy) ™! are both the identity of Z or both the opposite).

Remark 1.36. If you reverse the orientation of the first component (respec-
tively the second component) of the oriented link then the first component
(resp. the second component) of the linking couple stays the same and
the second component (resp. the first component) of the linking couple is
turned into its opposite.

Let us now briefly mention the other higher-dimensional contexts in
which knots and links are studied.

First, let us mention that in classical knot theory (S' — S?), there
are three competing definitions of knots, which all give the same classes of
knots for ambient isotopy (and the same is true for links). Knots can be
defined as smooth knots (see Definition , as topological knots (topolog-
ical subspaces of S* which are homeomorphic to S' and locally flat in all
their points), or as piecewise-linear knots (a.k.a. combinatorial knots, a.k.a.
polygonal knots in this case). In higher-dimensional cases (S™ — S"), these
three competing definitions do not give the same classes of knots, hence
there are three higher-dimensional knot theories: the theory of higher-
dimensional smooth knots, the theory of higher-dimensional topological
knots, and the theory of higher-dimensional piecewise-linear knots (a.k.a.
combinatorial knots).

Although piecewise-linear knots S™ — S" can be knotted (which means
that there are at least two equivalence classes of piecewise-linear knots) only
in codimension 2 and perhaps codimension 1 (the case of codimension 1 is
an open problem if n > 4 as far as the author knows, whereas all knots
S! — S? or §? — S? can be unknotted; see [Zee63| for these results), and
a similar result exists for topological knots (see [Sta63|; this result existed
before the corresponding result for piecewise-linear knots), this is not the
case for smooth knots: for each integer &k > 2, there are infinitely many
equivalence classes of smooth knots S*~1 — S (see [Hae62)).

Note that in their article [AK81], Akbulut and King proved that every
higher-dimensional smooth link is algebraic (similarly to what we discussed
in Section. However, there is no constructive proof of this result (except
for links S! — S?) as far as the author knows.

Finally, although we have only considered links S™ — S", note that
links S™ — R™ are also objects of interest. For an informal introduction to
the case S¥ — R*2, see [Ogalg].
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Chapter 2

The Witt, Grothendieck-Witt
and Milnor-Witt K-theory rings

In this chapter, we recall well-known facts about symmetric bilinear forms,
quadratic forms and Milnor-Witt K-theory, which will play an important
role in the following chapter on quadratic intersection theory and in all
subsequent chapters. We also prove a new result: Theorem [2.46] which
enables us to compute the residue morphisms of Milnor-Witt K-theory (we
also included this theorem in our preprint [Lem23|). We use this theorem to
compute the quadratic linking class and the quadratic linking degree (our
counterparts of the linking class and of the linking number) in Chapters @
and [

In Section 2.1 we consider symmetric bilinear forms and quadratic forms
in order to construct the Witt ring W(F') and the Grothendieck-Witt ring
GW(F) of a field F'. In Section [2.2| we construct the Milnor-Witt K-theory
(graded) ring KMW(F) associated to a field F', which has a strong rela-
tionship to the Witt ring W(F') and the Grothendieck-Witt ring GW (F).
Namely, the ring K}W(F) in degree 0 is canonically isomorphic to the
Grothendieck-Witt ring GW (F') and for each negative n, the group KMV (F)
in degree n is canonically isomorphic to the Witt group W(F'). Further-
more, for all negative m,n, the product KMW(F) x K}W(F) — KMW (F)

corresponds via these isomorphisms to the product of the Witt ring of F.

2.1 The Witt ring and the
Grothendieck-Witt ring

In this section, we define the Witt ring and the Grothendieck-Witt ring
of a field, which arise from symmetric bilinear forms on finite-dimensional
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vector spaces over the field (which correspond to quadratic forms if the
field is of characteristic different from 2). For further information on the
Witt ring and the Grothendieck-Witt ring of a field, we recommend these
five books (the first of which is in French): [dSP11], [EKMOS§|, [LamO05],
IMHT73], [Sch&5].

In the first subsection we construct the commutative semiring Isom(F")
of isometry classes of (non-degenerate) symmetric bilinear forms on the field
F. In the second subsection we use Grothendieck’s construction to obtain
a commutative ring GW(F) from Isom(F): the Grothendieck-Witt ring of
F. In the third subsection we construct the Witt ring W(F') of F' in two
ways: from the Grothendieck-Witt ring of F' (by taking out the hyperbolic
plane) and directly (from Witt-equivalence). In the final subsection we give
examples of Grothendieck-Witt rings and of Witt rings.

Throughout this section, F' is a field and V.V’ are F-vector spaces of
finite dimension.

Symmetric bilinear forms and quadratic forms
Definitions 2.1 ((Symmetric) bilinear forms and quadratic forms).
e A bilinear form on V' is a bilinear map b: V x V — F.

e A bilinear form b on V is symmetric if for all v,w € V:

b(v,w) = b(w,v)

e If char(F') # 2, a quadratic form on V is a map ¢ : V — F such that
VxV — F

(z,y) = slalz +y) —alx) —a(y)
bilinear form such that for all x € V, b(x,z) = g(z). We call b the
polar form of q.

the map b : is a symmetric

Remark 2.2. If char(F') # 2 and b is a symmetric bilinear form on V' then

V — F .
q: {m — bz, ) is a quadratic form on V of polar form b.

Note that if char(F') # 2 and V' = F" for some n € N then the quadratic
forms on V are exactly the homogeneous polynomials of degree 2 in n
variables on F'.

Examples 2.3. o If V = {0} then the only symmetric bilinear form on
V' is be : (0,0) — 0. If char(F') # 2 then the only quadratic form on
V'is ¢o : 0 — 0 (and its polar form is b,).
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e [f V = F then symmetric bilinear forms on V' correspond to elements
a € F in the following way: b, : (z,y) — axy. If char(F) # 2 then
the quadratic form g, of polar form b, is simply x — ax?.

o If V = F? then symmetric bilinear forms on V correspond to triples
(a,b,c) € F? in the following way: by : ((21,91), (22, y2)) —
ax1xy + b(x1ys + w2y1) + cyr1ya. If char(F) # 2 then the quadratic
form qap,c) of polar form by is simply (z,y) — ax? + 2bxy + cy?.

In what follows, we will only be interested in non-degenerate symmetric
bilinear forms and quadratic forms.

Definitions 2.4 (Non-degenerate symmetric bilinear forms and rank).

e The symmetric bilinear form b on V' is non-degenerate if 0 is the only
element = of V' which verifies that for all y € V, b(x,y) = 0. In this
case, the rank of b is the dimension of V.

e If char(F) # 2, the quadratic form ¢ on V' is non-degenerate if its
polar form is non-degenerate. In this case, the rank of ¢ is the rank
of its polar form (i.e. the dimension of V).

In the examples above, b, is non-degenerate (of rank 0), b, is non-
degenerate if and only if @ # 0 (and is of rank 1 in this case) and b(qp,) is
non-degenerate if and only if (b # 0 or (a # 0 and ¢ # 0)) (and is of rank 2
in this case).

We want to say that two quadratic forms (or two symmetric bilinear
forms) are “the same” if they are the same up to a change of coordinates,
i.e. if they are isometric.

Definitions 2.5 (Isometry). e Two non-degenerate symmetric bilinear
forms b on V and b’ on V' are isometric if there exists a linear isomor-
phism u : V' — V' such that for all x,y € V, b(z,y) = b'(u(x), u(y)).

e If char(F') # 2, two non-degenerate quadratic forms g on V and ¢’ on
V' are isometric if there exists a linear isomorphism u : V' — V' such
that for all x € V, q(z) = ¢'(u(z)).

Note that two quadratic forms are isometric if and only if their polar
forms are isometric.

Remark 2.6. [sometry is an equivalence relation on non-degenerate sym-
metric bilinear forms (set © = Id for reflexiveness, the inverse of the linear
isomorphism for symmetry and the composite of the linear isomorphisms
for transitivity).
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Notation 2.7. We denote by Isom(F') the set of isometry classes of non-
degenerate symmetric bilinear forms.

If char(F') # 2, the set Isom(F') is in canonical bijection with the set of
isometry classes of non-degenerate quadratic forms on F' (by polarising (i.e.
taking the polar form) / depolarising (i.e. associating the quadratic form
q: x> b(x,z) to the symmetric bilinear form b)).

The set Isom(F") can be endowed with a commutative semiring structure.

Definitions 2.8 (Orthogonal sum and tensor product). Let b: V xV — F
and b’ : V' x V' — F be symmetric bilinear forms.

e The orthogonal sum of b and &' is the symmetric bilinear form b L b’ :
(Ve V') x (Ve V') — F which verifies:

bLb: ((x,2), (y,y) — bz, y) + (2, y)

e The tensor product of b and b’ is the symmetric bilinear form b ® b’ :
(Ve V') x (VeV') — F which verifies:

bt (Y zi @l yey) e Y blriyy) x V(yl)

iel jeJ (i,9)eIxJ

Note that if char(F) # 2 and ¢ : V — F and ¢’ : V' — F are quadratic
forms of respective polar forms b and b’ then we can define ¢ L. ¢ : VoV’ —

Fand gq¢ : V®V’'— F as the quadratic forms of respective polar forms
bLVandb®V.

Remark 2.9. The orthogonal sum and the tensor product induce opera-
tions on the set Isom(F') which make it into a commutative semiring.

If char(F) # 2 then we can construct a commutative semiring from
quadratic forms on F' which is canonically isomorphic (through polarising
/ depolarising) to Isom(F). This is also true of the commutative rings
which are constructed from symmetric bilinear forms on F' in the following
subsections: the Grothendieck-Witt ring of F' and the Witt ring of F'. In
these subsections we stop making comments about quadratic forms but the
readers should keep in mind that if char(F) # 2 then symmetric bilinear
forms can be replaced with quadratic forms every step of the way (through
polarising / depolarising).
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The Grothendieck-Witt ring

The Grothendieck-Witt (commutative) ring of F is obtained from the com-
mutative semiring Isom(F') by using Grothendieck’s construction.

Definition 2.10 (Grothendieck-Witt ring). The Grothendieck-Witt ring of
F, denoted GW(F'), is the Grothendieck ring associated to the commutative
semiring Isom(F"). More explicitly:

e As a set, GW(F) is the set of equivalence classes of elements of
Isom(F') x Isom(F) for the following equivalence relation:

(b1, b)) ~ (B,,0) < 3d € Tsom(F), by L by, Ld="¥, Lby Ld
The equivalence class of (b1, by) is denoted by by — bs.
e The sum + of GW(F) is given by:
(by — b2) + (by — b5) = (b1 L by) — (ba L b))
e The product x of GW(F) is given by:
(b1 —b2) x (b —by) = (b1 @b L by ®@by) — (by @by L by @ b7)

Note that if char(F') # 2 then Witt’s cancellation theorem, which states
that for all b,0',d € Isom(F), b L d =V L d= b= 1V, gives as a
Isom(F) — GW(F)

b = b—0
the case if char(F) = 2 (although the restriction of this map to classes of
anisotropic symmetric bilinear forms b (i.e. symmetric bilinear forms b such
that b(x,z) = 0 implies = 0) is injective).

Remark 2.11. The rank is well-defined on GW(F') (by demanding that
the rank of b; — by be the rank of b; minus the rank of b,).

Notation 2.12. Let a € F*. We denote by (a) € GW(F) the class of
(FxF — F
Al (y) eoaxy

corollary that the map is injective. This is not

Note that (a) x (b) = (ab) for all a,b € F*.

Theorem 2.13 (Theorem 4.3 in Chapter II of [Lam05|). The elements of
GW(F) are finite sums of elements of the form e(a) with ¢ € {—1,1} and
a € F*. Furthermore, a presentation of the abelian group GW(F) is given
by the generators (a) with a € F* and the following relations:

o (ab?) = (a) for all a,b € F*;
o (a)+ (b) = (a+Db)+ {(a+b)ab) for all a,b € F* such that a+b € F*.
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The Witt ring

There are two ways of defining the Witt ring. One way is to define the Witt
ring as a quotient of the Grothendieck-Witt ring.

Definition 2.14 (Witt ring). The Witt ring of F, denoted W(F), is the

quotient of the Grothendieck-Witt ring of F' by the ideal generated by the
F? x F? — F

(1, 11), (2, 42)) — T1y2 + T2y1”

Remark 2.15. The rank modulo 2 is well-defined on W(F).

class of the hyperbolic plane H : {

Notation 2.16. Let a € F*. We denote by < a > W(F) the class of
‘{FXF ~ F

(x,y) +— axy’

Note that < a > x <b>=<ab > for all a,b € F*.
The following theorem follows immediately from Theorem [2.13]

Theorem 2.17. The elements of W(F') are finite sums of elements of the
form < a > with a € F*. Furthermore, a presentation of the abelian group
W(F) is given by the generators < a > with a € F* and the following
relations:

o <ab®>=<a>forallabec F*

e <a>+<b>=<a+b>+ < (a+b)ab > for all a,b € F* such that
a+be

e < —1>+4 <1>=0 (note that < —1 > + < 1 > is the class of H).

Note that for all a € F*, < —a > + < a >= 0 (which is why the elements
of W(F) are finite sums of elements of the form < a > rather than finite
Z-linear combinations).

Another way to define the Witt ring is to introduce Witt-equivalence of
symmetric bilinear forms.

Definition 2.18 (Witt-equivalence). Two non-degenerate symmetric bilin-
ear forms b on V and b on V' are Witt-equivalent if there exist integers
n,n’ € Ny such that b | nH is isometric to o' L n'H.

Remark 2.19. The orthogonal sum and the tensor product induce opera-
tions on the set of equivalence classes for Witt-equivalence which make it
into a commutative ring. The morphism from W(F') to this commutative
ring which for each a € F* sends < a > to the equivalence class of b, is an
isomorphism.

20



2.1. The Witt ring and the Grothendieck-Witt ring

Examples of Witt rings and of Grothendieck-Witt rings

First note that if every element of F' is a square (e.g. if F' is a perfect field
of characteristic 2 or if F' is algebraically closed) then GW(F') ~ Z via the
rank and W(F) ~ Z/27 via the rank modulo 2.

Examples 2.20. o The rank r : GW(C) — Z is a ring isomorphism.

e The morphism r : W(C) — Z/2Z induced by the rank is a ring
isomorphism.

e If F'is a finite field of characteristic 2 then the rank r : GW(F) — Z
is a ring isomorphism.

e If F'is a finite field of characteristic 2 then the morphism r : W(F) —
7,/27 induced by the rank is a ring isomorphism.

For the real case, we need the following definitions.

Definition 2.21 (Group ring). Let G be a group. The group ring Z[G] is
the free abelian group @ZA 7 associated to G with the following product:

fea@
QO nAANQ mA) =D (> nymgh
fea geG heG f,g c@

fg="n
Definitions 2.22 (Signature couple and signature). Let a,b € Z.

e The signature couple of a(l) + b(—1) € GW(R) is the couple (a,b) €
Z|7./27).

e The signature of a <1 >+4+b<—-1>c W(R)isa—0b e Z.

Examples 2.23. e The signature couple GW(R) — Z[Z/27Z] is a ring
isomorphism.

e The signature W(R) — Z is a ring isomorphism.
For the cases of finite fields, we need the following definitions.

Definition 2.24 (Binary group ring). Let G be a group. The binary group

ring Z/27Z|G] is the Z/2Z-module @Z/2ZM associated to G with the
feG
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following product:

(an)‘f)(zmgAg):Z( Z npmg) A

feGg geG heG f g€ G
fg=nh

Definitions 2.25 (Signature couple and signature for finite fields). Let F
be a finite field of characteristic different from 2 and s € F' be a non-square
(e.g. s = —1 if the cardinal of F'is congruent to 3 modulo 4). Let a,b € Z.

e If the cardinal of F'is congruent to 1 modulo 4 then the signature cou-
pleof a <1>+4b<s>c W(F) is the couple (a,b) € Z/27Z[Z/27).

e If the cardinal of F'is congruent to 3 modulo 4 then the signature of
a<l>+b<s>eW(F)isa—beZ/AZ.

Note that in the preceding definitions the choice of s is inconsequential
since if s, 5" are non-squares in a finite field F' then < s >=< s’ > W(F).

In the following example, Z & Z /27 is the abelian group endowed with
the coordinatewise product ((n,a) x (m,b) = (n x m,a x b)), which makes
it into a commutative ring.

Examples 2.26. Let I’ be a finite field of characteristic different from 2.

o Let ¢ : GW(F) — Z & Z/2Z be the ring morphism which for each
a € F* sends (a) to (1,0) if a is a square in F, to (1,1) otherwise.
The ring morphism ¢ : GW(F) — Z & Z/2Z is a ring isomorphism.

e If the cardinal of F' is congruent to 1 modulo 4 then the signature
couple W(F') — Z/27Z[Z/2Z] is a ring isomorphism.

e If the cardinal of F' is congruent to 3 modulo 4 then the signature
W(F) — Z/AZ is a ring isomorphism.

Finally, let us consider the field Q of rational numbers. Note that for all
r € QF, there exists an integer m with no square factor such that in W(Q)
<r>=<m >. We denote by P the (ordered) set of prime numbers.

Example 2.27. The group morphism ¢ : W(Q) — W(R) & @W(Z/pZ)
peEP
which for all e € {—1,1}, n € Ny and distinct prime numbers py, ..., p,
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sends < gﬁpi > to < &?ﬁpi >c W(R) @é <e ﬁ p; >€ W(Z/piZ)

=1 =1 =1 j -1

J#1
is a group isomorphism. Since v is surjective, we can define a product -
on W(R) & B,p W(Z/pZ) by () - (8) = 1(af); this makes the group
W(R) & D,cp W(Z/pZ) into a ring and 1) into a ring isomorphism.

We denote by I(R) ~ 27 the kernel of the ring morphism W(R) — Z/27Z
induced by the rank. Using the rank r : GW(Q) — Z and the isomorphism
¢ from the previous example, we determine the structure of GW(Q).

Example 2.28. We denote by 7 : GW(Q) — W(Q) the ring morphism

which sends (a) to < a > for each a € Q*. The group morphism ¢’ :

GW(Q) - Z @ I(R) & @ W(Z/pZ) which verifies for each a € GW(Q)
peEP

V(o) = (r(a),v(r(a — r(a)(l)))) is a group isomorphism. Since v is

surjective, we can define a product - on Z & I(R) & ,.p W(Z/pZ) by

Y'(a) - ¢'(8) = ¢¥'(af); this makes Z & I(R) ® D,cp W(Z/pZ) into a ring

and ¢’ into a ring isomorphism.

2.2 The Milnor-Witt K-theory ring

In this section, we construct the Milnor-Witt K-theory ring associated to a
field, which has a strong relationship to the Witt ring and the Grothendieck-
Witt ring (see Theorem [2.33)and Corollary [2.34). In the first subsection, we
introduce the Milnor-Witt K-theory of fields which was defined by Morel
in [Mor12 Section 3.1] and recall some of its properties. In the second sub-
section, we consider the residue morphisms of Milnor-Witt K-theory and
we prove Theorem which gives an explicit definition (i.e. one which al-
lows computations) of the noncanonical residue morphisms of Milnor-Witt
K-theory. In other words, we give in Theorem [2.46] a formula to com-
pute the noncanonical residue morphisms which were defined by Morel in
[Mor12] (see Definition [2.36). Formulas to compute the canonical residue
morphisms (see Definition and the twisted canonical residue mor-
phisms (see Definition follow directly. This in turn enables us to
compute the differentials of the Rost-Schmid complexes (see Definition
and their boundary maps (see Definition in the cases which are useful
to compute the quadratic linking class and the quadratic linking degree (see
Chapters [6] and [7)).
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Throughout this section, F' is a perfect field, v : F* — Z is a discrete
valuation (of residue field x(v) and ring O, (of maximal ideal m,)) and =
is a uniformizing parameter for v. For all u € O}, we denote by u its class
in k(v) (which is in k(v)* since u € OF).

Milnor-Witt K-theory
We start by defining the Milnor-Witt K-theory ring associated to F.

Definition 2.29 (Milnor-Witt K-theory). The Milnor-Witt K-theory ring
associated to F, denoted KMW(F), is the Z-graded ring with unit generated
by elements [a] of degree 1, for a € F*, and an element 7 of degree —1,
subject to the relations:

e [ab] = [a] + [b] + n[a][b] for all a,b € F*

e [a][l —a] =0forall a € F\ {0,1} (Steinberg relation)
e nfa] = [a]n for all a € F*

o n(n[—1]+2) =0, i.e. ph =0 with h := n[—1] + 2

This means that KMW(F) is the quotient of the non-commutative poly-
nomial ring with coefficients in Z and (non-commuting) indeterminates
the [a] for @ € F* and n (with n[ai]n™ ... [a,|n*" of degree n — k with

n, ko, ..., k, € Ngand k = Z k;) by the (homogeneous) ideal generated by
i=0
the relations above.
Note that since KMV (F) is a Z-graded ring with unit, K)™ (F) inherits
a ring (with unit) structure and all the KMW(F) (with n € Z) inherit a
K)™W(F)-module structure (in particular, an abelian group structure).

Remark 2.30. This definition of the Milnor-Witt K-theory ring associated
to F' may seem abstract; the readers who are interested in motivic homotopy
theory should see [Morl2, Corollary 1.25] for a more concrete definition.

We now introduce important notation.
Notation 2.31. Let a € F*. (a) := 1 +n[a] € K}™(F). € := —(-1).
For all n € Ny, ne := Z((—l)i_1> and (—n). := en,.
i=1

For all ay,...,a, € F*, [a,...,a,] == [a1] ... [a,) € KMV(F).

We recall the following facts which are very useful for computations.
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Proposition 2.32.
1. For all a,b € F*, (ab) = (a)(b) (see [Morl2, Lemma 3.5]).

2. If n < 0 then any element of KMW(F) can be written as a Z-linear
combination of elements of the form (a)n™ with a € F* (see [Morl2,
Lemma 3.6]).

3. If n > 1 then any element of KMW(F) can be written as a Z-linear
combination of elements of the form [ay,...,a,] with a,...,a, € F*
(see [Morl2, Lemma 3.6]).

4. For all a € F*, [a,a] = [a, —1] (see [Morl2, Lemma 3.7]).

5. For all « € KMWV(F) and 8 € KMY(F), af = ¢™Ba (see [Morl2,
Corollary 3.8|).

6. For all n € Z and a € F*, [a"] = n.[a] (see [Morl2, Lemma 3.14]).

Note in particular that K)™W(F) is a commutative ring.

The following theorem and corollary give the relationship between the
Milnor-Witt K-theory ring on the one hand and the Grothendieck-Witt
ring and Witt ring on the other hand.

Theorem 2.33 (Lemma 3.10 in [Mor12|). For all n < —1, the morphism
Yo+ KMY(F) — W(F) which for all @ € F* sends (a)n™ to < a > is an
isomorphism of abelian groups and the morphism v : KW (F) — GW(F)
which for all @ € F* sends (a) to (a) is an isomorphism of commutative
rings with unit.

Corollary 2.34. The product in negative degrees in Milnor-Witt K-theory
corresponds to the product in the Witt ring via the isomorphisms described
in Theorem In other words, for all negative integers m,n < 0, the
following diagram is commutative:

KW (F) x KW (F) —— K3 (F)

Wm,X’Ynl L’Yern
W(F) x W(F) W(F)

Proof. For all a,b € F*, ({a)n™™) x ({b)n™™) = ((a) x (b))n~(™+™) and since
Yo : KYW(F) — GW(F) is an isomorphism of rings (see Theorem [2.33)),
Yo({a) x (b)) = (a) x (b) € GW(F) which is sent to < a > x < b >€
W(F) via the canonical ring morphism GW(F) — W(F') (see Definition
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2.14). Furthermore, the composite of vy : K}W(F) — GW(F) and of
the canonical morphism GW(F) — W(F) is equal to the composite of
xn~ ) KYW(F) — KMW (F) and of vy4n 1 KMY (F) — W(F) since

these two group morphisms send (a) € K} (F) to < a >€ W(F) for all
a € F*. Therefore the diagram above is commutative. O]

Note that (1) = 1, thus A = (1) + (—1) (see Definition [2.29) corresponds
via 7o to the hyperbolic plane.

Before we move on to residue morphisms, we introduce one last definition
(which will be useful to turn noncanonical residue morphisms into canonical
residue morphisms).

Definition 2.35 (Twisted Milnor-Witt K-theory).

e The group ring Z[F*] is the free abelian group @ Z\y associated to

feF*
F* with the following product:

(D AN mA) =D (>, nymg)h,

feF* geF™* heF* f g€ F*
fg=nh

e Let L be an F-vector space of dimension 1. The Z[F*]-module

Z[L \ {0}] is the free abelian group EB Z&, associated to L\ {0}

ecL\{0}
with the following scalar product:

O npd) (> meg) = > | > ngmg)&n
feF* geL\{0} heL\{0} feF*gel \ {0}
f-g=nh

e Let m € Z and L be an F-vector space of dimension 1. The L-twisted
m-th Milnor-Witt K-theory abelian group of F, denoted KMW(F, L),
is the tensor product of the Z[F*]-modules KMW(F) and Z[L \ {0}]
(the scalar product of KW (F) being (37 e npAp)-o0 = 37 sepe 1y (f)):

K" (F. L) = KW (F) @z ZIL N\ {0}]

Note that if we fix an isomorphism between L and F' then we get an
isomorphism of Z[F*]-modules between KMW(F, L) and KMW(F); never-
theless, KMW(F, L) is a useful construction because there is no canonical
isomorphism between KMW(F, L) and KMW(F) unless L = F (since there is
no canonical isomorphism between L and F unless L = F') and the introduc-
tion of KMW(F, L) is what allows us to have canonical residue morphisms.
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Residue morphisms of Milnor-Witt K-theory

We recall Morel’s definition of the noncanonical residue morphism associ-
ated to the discrete valuation v : F* — Z and the uniformizing parameter 7.

Definition 2.36 (The noncanonical residue morphism). The residue mor-
phism 97 : KMW(F) — KMY(k(v)) is the (only) morphism of graded groups
which commutes to product by n and satisfies, for all n € No, uy,...,u, € O;:

o ([myur,. .., u,)) = [ur,...,u,) and 9] ([ui, ..., u,]) = 0.
(For n = 0, this means 07 ([r]) =1 and 07 (1) = 0.)

In [Mor12l Theorem 3.15], Morel proves that such a morphism exists and
that it is unique. For an explicit definition, see Theorem [2.46] Before we
define the canonical residue morphism associated to the discrete valuation
v : F* — Z (which will not depend on a uniformizing parameter), we recall
the following proposition and corollary.

Proposition 2.37 (Proposition 3.17 in [Mor12]). For all u € O} and « €
KMW(F), we have 0T ((u)a) = (u)0T (a).

Corollary 2.38. Let u' € Of and 7’ = «'7. Then 97 = (u/)OF .

Proof. Note that (u/)or : KMW(F) — KMW(k(v)) (which sends a to
(WO (o) for all @« € KMW(F)) is a morphism of graded groups which
commutes to product by n. Thus it suffices to prove that for all n €
No, 1, ..., un € OF, (WO ([ug, ..., u,]) = 0 and (WO ([m,us,. .., u,]) =
[@1,...,Uy,). Note that 97 ([uy, ..., u,]) = 0 hence (W)OT ([uy, ..., u,]) = 0.

WO ([, uy, ... up]) = OF (W), uy, . .., upn]) by Proposition 2.37]
= O™ (1 + n[u')[x][us, - . ., uy]) by definition of (u')
= 3y (L +nlu D) urs - un]) + 07 ([, ug])
= 0y (([w] + nlu)[x) + [ ur, - - )
= 9" ([u'm)[uy, . .., uy]) (see Definition
= 07 ([x', u1, ..., u,]) by definition of 7’
= [, ..., W]

]

Recall Definition[2.35 In the following definition, we denote by (m, /m2)¥
the dual of the x(v)-vector space m, /m?, by 7 the class of  in m, /m? (which
is nonzero since 7 is a uniformizing parameter for v) and by (7*) the dual
basis of (7).
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Definition 2.39 (The canonical residue morphism). The canonical residue
morphism 9, : KMYV(F) — KMY(k(v), (m,/m?)V) is given by 0, = 0T @ 7.

Remark 2.40. Note that 0, does not depend on the choice of 7, since if 7’
is another uniformizing parameter for v then there exists v’ € O} such that
7' = u/'m hence OT @7 = (W)0F @7 =97 @u/nr =0T @7 by Corollary
2.38

We also introduce the twisted canonical residue morphism associated to
the discrete valuation v : F* — Z and the rank one O,-module L.

Definition 2.41 (The twisted canonical residue morphism). Let L be a
rank one O,-module. The twisted canonical residue morphism

O+ K;W(F, L ®o, F) = K0 (k(v), (my/m)" ®uw) (L ®0, K(v)))

is the (only) morphism of graded groups which satisfies for all « € KMW(F)
and [ € L:

Drp(a®(I®1)=0"(a)® (T (®1))

These twisted canonical residue morphisms we have introduced will turn
up in the definition of the differentials of the Rost-Schmid complexes (see
Definition and (through this definition) in the definition of the bound-
ary maps of the Rost-Schmid complexes (see Definition [3.18). These twisted
canonical residue morphisms will then be used (through the definition of
boundary map) to define the quadratic linking class and the quadratic
linking degree, which are central to this thesis. In order to compute the
quadratic linking class and the quadratic linking degree, we thus need to be
able to compute the twisted canonical residue morphisms. By definition,
it suffices to be able to compute the noncanonical residue morphisms. The
following lemmas and theorem allow us to do just that.

Lemma 2.42. For all n € Z, n. = n + [ §]n[—1].

Proof. Tt n > 0 then n, = S0, (—1)1) = [21(1) + [2]{=1) = [2] +
5] (L+n[=1]) = n+[5]n[-1]. If n < 0 then n. = ¢(—n). hence, from what
we have previously shown, n. = e(—n + [ F|n[—1]) = (=1 — n[-1])(=n +
[t nl=1]) = n+ (= [F] +n)nl=1] = |5 2IiP[-1,-1]. By Definition [2.29]
n[=1,-1] = [1] = [- ]—[—1]2—[ henceneznﬂL(—L%"JJr"Jr
2[5 Dnl=1 =n+ (n+ [F)nl=1] = n+ [5]n[-1]. O

Lemma 2.43. For all m,n € Z, (mn). = men,.

1
_l’_
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2.2. The Milnor-Witt K-theory ring

Proof. Let m,n € Z. By Lemma 2.42 mcn. = (m + [5n[—1])(n +
[5]nl=1]) = mn+( 51 +mlgnl=1] + [3][5n*[-1,—1]. By Defi-

nition .29 n[-1,-1] = [1] — [-1] — [-1] = —2[ 1] hence men, = mn +
(nl5] +ml[3] - ZLTSH%J)W[—U = mn + |5t |n[=1] = (mn)c by Lemma
RIpl O

Notation 2.44. We denote by x°% the characteristic function of the set
of odd numbers, i.e.

7 — {0,1}
odd . 1 if mis odd .
T m e xem) = |
0 otherwise

Lemma 2.45. For all m € Z, nm, = nx°(m).

Proof. Note that n(—1) = —n since (1 + (—1)) = 0 (see Definition [2.29).
It follows that if m > 0 then nm, = [2]n — [Z]n = nx°*(m). I m <0
then m, = e(—m), hence, from what we have previously shown, nm, =
enx°4(—m) = enx°*4(m). Since en = —(=1)n = n, nme = nx**4(m). O

We now give a formula to compute the noncanonical residue morphisms
or : KMV(F) — KMYW(k(v)) (see Definition . We restrlct to genera-
tors of the group KNV (F) (see 2] and 3] in Pr0p081t10n since O7 is a
group morphism (see Definition [2.36). Note that formulas to compute the
canonical residue morphisms and the twisted canonical residue morphisms

follow immediately from the definitions (see Definitions and [2.41)).

Theorem 2.46. For all n <0, m € Z and u € O;:

o ((x™uyn™™) = (@n " x°(m)

Foralln>1,my,...,m, € Z and uy,...,u, € O}:
I ([m™uy, ..., 7""u,]) =
n—1
1 .
S (Bt LT
1=0 JC{1,....,n},|J]|=l ke{l ..... n}\J 1) terms

J={j1<<gi}
n

+ZZ Z Z nXOddeh H mi))[—1,..., =1, T, ..., T

p=1 l=p JC{1,...,n},|J|= llC{l ..... 1} i€l ke{l,..n}\J n—1+p—I terms
J={ii<<at  Hl=p
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Remark 2.47. This last formula may seem daunting, but for n = 1 it is
merely

0y ([w™u]) = me +nx°(m)[@) = (@)m,
(similarly to the case n < 0 where 97 ({(r™u)n™") = (w)n ""'m,, see Lemma
[2.45)), for n = 2 it is merely
Op ([ uy, 7™ ug]) = (mama)e[=1] + (=ma)c[tn] + (ma)[w]

+ x4 (mamg) =1, @] + ) (ma) -1, 7]

+ (X% () + nx° (me)) [, @)

+ XN (mams) [-1, 77, 03]
and so on (the number of terms growing (a priori) exponentially with n).
Remark 2.48. Note that for n > 1, the formula in Theorem could be

rewritten so that 7 does not appear (by using the fact that for all a,b €
k(v)*, nla,b] = [ab] — [a] — [b], see Definition [2.29)). For n = 1 this gives:

op(xma) = | 5| @+ | 5| (o
for n = 2 this gives:
Op ([, 77 ua]) = (¢ muma) — x**mo) 1) — | T4 ) - | 5| (-]
+ (¢ mama) — X (m) + | 22 | ()
(M ma) = X mma) + |22 ]) [
LIRS L e
2
I my — Mgy — XOdd(ml — my) B

2
and so on (the number of terms growing (a priori) exponentially with n).

Proof. Let n <0, m € Z and u € O;.
Oy (" uyn™) = o7 (1 +nlx™ul)n™")
(

=0, (L4 n([x™] + [u] + n[7™,u]))n™") by Definition [2.29
= 97 (1 + nme[a] + nlu] + n*me[m,ul)n™) by [6]in Prop.
=n""07 (1) + 0" 'm0y ([7])

+ 07O ([u]) + 7" Pmor ([, u)) by Prop. and Def.
— " m, + " 2m, 1] by Def.
= (n7"" + 7" 2] x4 (m) by Lemma [2.45

n+1. odd

= (@)n "X (m)
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2.2. The Milnor-Witt K-theory ring

Let n>1,mqy,....,my, €Z, uy,...,u, € OF and N :={1,...,n}.

n

[T™ g, . 7Ty, ] = H([?Tm] + [w;] + n[7™, u;]) by Definition [2.29

= H((mi)e[ﬂ + [wi] + n(mi)c[m, w]) by 6 in Prop.

By developing this product and using |5[in Proposition m (e-graded com-
mutativity), as well as the fact that ne = n (since n(1 4+ (—1)) = 0 (see
Definition [2.29))), we get that [7™ uy, ..., 7" u,] is equal to:

n
1 .
Z Z H (mg)e X eXim "=Hidi Ujps ooy Uy

1=0 Jc{1,...n},|J|=l keN\J
J={j1<<gi}

+ZZ Z ( Z anH(mji)eX H (mi))[m, ..y Ty, -

p=1 l=p JC{1,..,n},|J|=l IC{1,..,1} i€l keN\J
J={j1<<gi} |I|=p

7ujl]

The index p corresponds to the number of terms coming from an n(m;) [, u;,

the index [ corresponds to the number of terms coming from a [u;] or an
n(m;)e[m, u;] (which is why [ > p), the set J = {j1,..., i} corresponds to
the indices i of the terms coming from a [w;] or an n(m;) |7, u;] (which is
why the cardinality |J| of J is equal to [) and the set I corresponds to the
indices ¢ of the j; such that u;, comes from an n(m;,) |7, u;] (rather than
from a [u;,]), which is why the cardinality || of I is equal to p.

Therefore, by [4 in Proposition and Lemmas and [2.45] we have
that [7™wuy, ..., 7" u,] is equal to:

S Y (oEeeE I medm -1 =g, g

1=0 JC{1,..,n},|J|=l kEN\J
J={j1< <G}

—I—ZZ Z ( Z anOdd(Hmjix H me))m, =1, =Lug, )

p=1 l=p JC{1,..,n},|J|=l IC{1,...,0} el kEN\J
J={n<-<a}  |l=p
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2. WITT, GROTHENDIECK-WITT AND MILNOR-WITT K-THEORY

Finally, by Definition and Proposition we get that O] ([7™ uy, ..., 7" u,))
is equal to:

n—1
Z Z ((_1)Zé:1nil+iiji H mk)e[_la--'7_17u_j17"'7u_jl]

=0 JC{1,...n},|J|=l kEN\J
J={j1<-<gi}

> D> Y0 ] o< T med =1 L)
p=1 l=p JC{1,...,n},|J|=l IC{1,...,l} i€l keN\J
J={j1<<ai} [I|=p

Note that the term [ = n in the first double sum vanished because
Or([ug, ..., up]) =0 (see Definition [2.36)). O
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Chapter 3

Quadratic intersection theory

In this chapter, we present quadratic intersection theory, which is a quadratic
refinement of classical intersection theory (in algebraic geometry) which is
central in motivic homotopy theory (and will rely heavily on Chapter 2.
This chapter will play an important role in all subsequent chapters.

In Section we recall the reinvention and generalisation of Chow
groups by Rost, which is the inspiration for quadratic intersection theory.
In Section [3.2] we regroup important results on Rost-Schmid groups, in par-
ticular on Chow-Witt groups (the quadratic counterparts to Chow groups)
and in Section we focus on the intersection product in quadratic in-
tersection theory and present a recent formula to compute it. Finally, in
Section we compute some useful Rost-Schmid groups.

3.1 Intersection theory a la Rost

In this section we present the reinvention and generalisation of Chow groups
by Rost (see [Ros96]). For a more classical take on intersection theory, see
|[Ful98] and |[EHI6].

Throughout this section, F'is a perfect field and X is a smooth finite-
type F-scheme.

First, we define Milnor K-theory (which was introduced by Milnor in
[Mil70]).

Definition 3.1 (Milnor K-theory). The Milnor K-theory ring associated
to F, denoted KM (F), is the Z-graded ring with unit defined as the quotient
of the tensor algebra of F* by the (homogeneous) ideal generated by the
“Steinberg relations” a ® (1 — a) with a € F'\ {0,1}. The class in KM(F)
of a; ® -+ ®a, (where ay, ..., a, € F*) is denoted {ay,...,a,}.
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3. QUADRATIC INTERSECTION THEORY

Note that for all n < 0, KM(F) =0, K)(F) ~ Z and KM(F) ~ F*.
The following definition is equivalent to Definition [3.1}

Equivalent Definition 3.2 (Milnor K-theory). The Milnor K-theory ring
associated to I, denoted KM(F), is the Z-graded ring with unit generated
by the elements {a} of degree 1, for a € F* subject to the relations:

o {ab} = {a} + {b} for all a,b € F*
e {a}{l—a}=0foralla e F\{0,1} (Steinberg relation)

Note that KM(F) is canonically isomorphic to the quotient of KMV (F)
(see Definition [2.29) by the (homogeneous) ideal generated by 7 (the el-
ement {a} € KM(F) corresponding to the class of [a] € KMW(F) for all
a € F*).

Remark 3.3. Milnor K-theory has residue morphisms which are defined
in a similar manner to the noncanonical residue morphisms in Milnor-Witt
K-theory (see Definition but which are canonical (i.e. they do not
depend on a choice of uniformizing parameter).

Traditionally, the i-th Chow group CH'(X) of X is defined as the group
of rational equivalence classes of cycles of codimension i in X (which are
Z-linear combinations of subvarieties of codimension ¢ in X). In his arti-
cle [Ros96], Rost uses Milnor K-theory KM to define for each j € Z the
following complex (where X @ is the set of points of codimension i in X):

i

e @pexm Kjl\fi(’%(p)) - @qexmn K]l‘viiq(’f@)) —
whose cohomology groups are A'(X, j) := ker(d})/im(d} ") and shows that
the i-th Chow group CH(X) of X is equal to A% (X, 1).

Remark 3.4. The morphisms dé- are constructed from the residue mor-
phisms of Milnor K-theory.

This generalisation of Chow groups has several advantages, one of which
is that Chow groups fit in the long exact sequences given by the exact
triangle theorem in homological algebra (see [Rot88, Theorem 5.6]):

An(Z’ m) ix An+dX_dZ(X,m+dX _dZ)]_*>

I Artdx=dz (U, m + dx — dy) A" Z m)
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3.2. The Rost-Schmid complex and Chow-Witt groups

with 7 : Z — X a closed immersion and j : U — X an open immersion such
that the image of U by j is the complement in X of the image of Z by 1,
where Z, X, U are smooth F-schemes of pure dimensions (denoted dz, dx
and dy = dx respectively), the morphisms 0 (which are called boundary
maps) being the connecting morphisms of the exact triangle theorem.

In [Ros96, Remark 2.6, Rost suggested that his work could probably be
developed similarly over the Witt ring rather than the Milnor K-theory ring
(with additional difficulties), which was partially done by Schmid in [Sch98].
In [BMO0O], Barge and Morel developed similar work over the Milnor-Witt
K-theory ring (which in this article was constructed from the Milnor K-
theory ring and the Witt ring, see [Mor03, Theorem 6.4.5]) and created
the Chow groups of oriented cycles, which were later called the Chow-Witt
groups, and a complex which was later called the Rost-Schmid complex.

Remark 3.5. In [Ros96], Rost developed much more general machinery
than the generalisation of Chow groups we have described above: Chow
groups with coefficients in cycle modules. In [Fel21], Feld recently developed
Chow-Witt groups with coefficients in Milnor-Witt cycle modules, finally
completing the work announced in |[Ros96, Remark 2.6] and in [Morl2]
Remark 5.37].

3.2 The Rost-Schmid complex and
Chow-Witt groups

In this section, we define the quadratic counterpart to the complex which
was described in the preceding section and study its cohomology groups,
some of which are the Chow-Witt groups which play the role of Chow groups
in a quadratic setting. After we define the Rost-Schmid complex and its
cohomology groups (including Chow-Witt groups), we study some of their
properties (homotopy invariance, the existence of a localization long exact
sequence, their equivalent definition as sheaf cohomology groups) then focus
on their interactions with orientations and orientation classes.

Throughout this section, F' is a perfect field and X is a smooth finite-
type F-scheme.

Definitions

We need the following definition and notation to define the Rost-Schmid
complex.
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3. QUADRATIC INTERSECTION THEORY

Definition 3.6 (Determinant of a locally free module). The determinant
of a locally free Ox-module V of constant finite rank r, denoted det(}), is
its r-th exterior power A"(V).

Notation 3.7. Let i € Z, v € X and L be an invertible Ox-module.

e We denote by X® the set of points of codimension 7 in X. Note that
X is empty if 7 is less than 0 or greater than the dimension of X.

e We denote by N, ,x the normal sheaf of z in X, i.e. the dual of
mX’I/mﬁ(’m, where my , is the maximal ideal of the local ring Ox , of
X at z. We denote by v, the determinant of N,/ x.

e We denote by L, the tensor product of the Oy, -modules £, and
K(z), ie. Lz =Ly oy, k(7).

We now give the definition of the Rost-Schmid complex that Morel gave
in [Mor12, Chapter 5|. Note that an earlier (equivalent) definition of the
Rost-Schmid complex was given in [BMO0Q]. (The equivalence of these defi-
nitions follows from [Mor03, Theorem 6.4.5].) Recall Definition [2.35]

Definition 3.8 (Rost-Schmid complex). Let j € Z and £ be an invertible
Ox-module. The Rost-Schmid complex associated to X, 7 and L, denoted
C(X,K?dw{ﬁ}), is the following:

, dic .
L —=CU(X, K™{L}) S22 oYX, KWL — ...

where
CH(X KL} = D KTV (5(2), vo o) Lic)
zeXx®

and d ; » (which is called the differential of the Rost-Schmid complex)
is the (only) morphism of groups C'(X, K)"™{L}) — C™(X, K}"™{L})
which for each z € X@ and k, € KMV (k(2), vz Qp(y L12) maps ky to

Z 8;(kar)a with aggf : KJNEV(’{(ZE)? Vx@n(:ﬁ)'c\x) — Kgl‘vgv—l(’f(y% Vy®n(y)£|y)
e ®
the twisted canonical residue morphism (see Definition when {z} is
smooth, and the adequate composition of twisted canonical residue mor-
phisms and transfer morphisms (between y and points of the normalisation
of {x}) otherwise (see [Fel20], Section 7] (in which the (verified) axiom FD
ensures that this sum is finite) or [Fas20, Subsection 2.1] or [Morl2, pp.
121-122] for further details). We denote C(X,K;WW) = C(X,K;VIW{OX})
and for all i € Z, C'(X, K;") := C'(X, K}"™{Ox}) and diy ; :=d ; o -
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3.2. The Rost-Schmid complex and Chow-Witt groups

Theorem 3.9 (Theorem 5.31 in [Morl2]). The Rost-Schmid complex is a
complex, i.e. for each 7,5 € Z and each invertible O x-module L:

7+1 7 _
dxjcodx =0

This theorem allows us to define the Rost-Schmid groups (and in par-
ticular the Chow-Witt groups) as follows.

Definition 3.10 (Rost-Schmid groups). Let ¢, 7 € Z and £ be an invertible
Ox-module. The i-th Rost-Schmid group associated to X, j and £, denoted
by H(X, K;MW{/J}), is the i-th cohomology group of the Rost-Schmid com-

plex C(X, K" {L}), i.e.:

HI(X, KYY{LY) = ker(di, o)/ im(di! )
We denote H'(X, K;'™) := H'(X, K" {Ox}).
Definition 3.11 (Chow-Witt groups). Let ¢ € Z and £ be an invert-
ible Ox-module. The i-th Chow-Witt group associated to X and L, de-
noted by CHl(X, L), is the i-th cohomology group of the Rost-Schmid

complex C(X, K}V{L}), i.e. CH'(X, L) := HI(X,KMV{L}). We denote
CH'(X) := CH (X, Ox).

Remark 3.12. As soon as i is less than 0 or greater than the dimension
of X, we have H'(X, K}"V{L}) = 0 and CH (X, L) = 0.

Note that if we quotient the C'(X,K}™™{L}) by 5 then we obtain
the complex which was described in the previous section, differentials in-
cluded (i.e. the morphism dé» mentioned in the previous section is induced
by the morphism dY ;. (which commutes to product by 7)), hence we
have morphisms H'(X, K;"V{L}) — A’(X, ) and in particular morphisms

CH (X, £) — CH(X).

Homotopy invariance

Let us now state the property of homotopy invariance of Rost-Schmid
groups. We denote by A% the product of F-schemes A xp X.

Theorem 3.13 (Theorem 5.38 in [Morl2]). Let 7 : A}, — X be the
projection and 4,7 € Z. The induced morphism 7* : H'(X, K;ww) —
Hi(A}(,K?WV) is an isomorphism.
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3. QUADRATIC INTERSECTION THEORY

Localization long exact sequence

In order to give the localization long exact sequence, we first define bound-
ary triples and boundary maps (which were introduced by Feld in [Fel20]
who was inspired by Rost’s work in [Ros96]).

Definition 3.14 (Boundary triple). A boundary triple is a triple (Z, X, U),
or rather a 5-tuple (Z,i,X,7,U), with ¢ : Z — X a closed immersion
and 7 : U — X an open immersion such that the image of U by j is
the complement in X of the image of Z by ¢, where Z, X, U are smooth
finite-type F-schemes of pure dimensions. We denote by dz and dx the
dimensions of Z and X respectively and by vz the determinant of the normal
sheaf of Z in X (which is the dual of the Oz-module .#;/.#2, where %7 is
the ideal sheaf of Z in X).

Remark 3.15. Let (Z,i,X,7,U) be a boundary triple and n,m € Z.
Since every point x of codimension n in X is either a point of codimen-
sion n +dyz — dx in Z (in which case, det(N,,x) is canonically isomorphic
to det(N,)z) ®p(z) (V2)z) or a point of codimension n in U (in which case,
det(N,,x) is canonically isomorphic to det(N,)), we have a canonical
isomorphism C™(X, K),") = C"+dz=dx(Z, KIWN, _, {vz}) @ Cn (U, Kn ™).

Notation 3.16. Let (Z,7, X, j,U) be a boundary triple and n,m € Z. We
denote the projections by

i* :Cn(X7 K%W) N Cn+clz—dx(Z7 K%mz—dx{VZ})
5N X KN = e U KLY

and the inclusions by
i, ICn+dZ_dX(Z, KMW {VZ}> N Cn(X, K%W)

—m+dz—dx

Ge 1 CM(U, KXW = cm(X, KMWY)

Remark 3.17. Let (Z,i,X,j,U) be a boundary triple and n,m € Z.
Note that the morphisms i, and j* commute with the differentials of the
Rost-Schmid complexes and induce morphisms i, : H*(Z, KXWV{v,}) —
Hrrdx=dz(X KN, ) (which is also induced by the pushforward along
the closed immersion 4, see [Fas20), Subsection 2.3]) and j* : H"(X, KMWV) —
H™(U, KMWV) (which is also induced by the pullback along the open immer-

sion j, see [Fas20l, Subsection 2.4]).
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3.2. The Rost-Schmid complex and Chow-Witt groups

Definition 3.18 (Boundary map). Let (Z,i, X, j,U) be a boundary triple
and n,m € Z. The boundary map associated to this boundary triple is the
morphism

9 - Cn+dxfdz(U’ KMW ) — Cn+1(Z, K%IW{VZ})

2m+dx—dy

induced by the differential d}mﬁd_}?_ 4, of the Rost-Schmid complex C(X, K. %[Yrvdx_ dy):

0= odifi 17, o],

The following theorem is a special case of the exact triangle theorem in
homological algebra (see [Rot88, Theorem 5.6] and note that the boundary
maps are the connecting morphisms by definition). Note its similarity to
Theorem (which is also a consequence of the exact triangle theorem
(and of Poincaré duality)).

Theorem 3.19. Let (Z,i,X,5,U) be a boundary triple. The boundary
maps induce morphisms 9 : H"+dx~dz(U, K)'W, ) — H"(Z, KW {vz})
and we have the following long exact sequence, called the localization long
exact sequence:

-k

H™(Z, KNV {vz}) —" s Hrtdx—da(x gMW, )T

L Hrdx—dz (U, KN, ) — 9 N Z, KMV )

Rost-Schmid groups are sheaf cohomology groups

The reason Rost-Schmid groups are denoted as they are is the following:
for each j € Z, there is a strongly Al-invariant sheaf K?AW of abelian
groups (this means that the morphisms HY,, (X, K2™V) — HY, (A%, KX™Y)
and Hy, (X, K)™) — Hy, (Ak, K™) induced by the projection Ak :=
AL xp X — X are isomorphisms, see [Mor12, Definition 1.7|) such that
the Rost-Schmid cohomology groups H* (X, K ?WV) are the Zariski sheaf co-
homology groups Hy, (X, Ké-v[w) with respect to the sheaf K?WV as well as
the Nisnevich sheaf cohomology groups H;, (X, K ?NI) with respect to the
sheaf K;ww. See [Morl12, Chapter 3| for the construction of K?AW (which is
called the unramified Milnor-Witt K-theory in weight j) and the fact that
it is a strongly Al-invariant sheaf of abelian groups.

Theorem 3.20 (Corollary 5.43 in [Morl12]). For all i,5 € Z, there are
canonical isomorphisms H'(X, K}™) ~ H}, (X, K}™) ~ Hj, (X, KJ™).
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Remark 3.21. It follows immediately from Theorems and that
for all j € Z, the sheaf K yw is strictly Al-invariant (this means that for all
i € Ny, the morphism Hjy, (X, K}'™) — Hj, (A%, K}™) induced by the
projection A}, — X is an isomorphism, see [Mor12, Definition 1.7]).

Orientations and their induced isomorphisms

In all subsequent chapters (as well as Section , orientations will play a
major role. Let us define orientations as Morel did in [Morl2, Definition
4.3].

Definition 3.22 (Orientation of a locally free module). An orientation of
a locally free Ox-module V of constant finite rank r is an isomorphism
o:det(V) =A"(V) = L ® L where L is an invertible Ox-module.
Two orientations o : det(V) — L ® L and o : det(V) — L' ® L' are
said to be equivalent if there exists an isomorphism 1 : £ — £’ such that
/

(¥ ® ) oo = o. The equivalence class of o, denoted 0, is called the
orientation class of o.

Remark 3.23. Note that if X = Spec(F’) then V is an F-vector space of
dimension 7 and an orientation class of V corresponds to a basis of V up
to multiplication by a matrix of determinant a square of a unit of F. In
particular, if X = Spec(R) then an orientation class of V corresponds to a
basis of V up to multiplication by a matrix of positive determinant, thus
we recover the usual definition of orientation class.

Before we define the isomorphisms 6 : H'(X, K™V {det(V)}) — H'(X, K;")
induced by the orientation o : det(V) — L&®L, we need the following lemma.

Lemma 3.24. Let £ be an invertible Ox-module. For all i,5 € Z, the
morphism

CCENLR L)) - O EMY)

Yhobel) = Y k

zel xzel

where I is a finite subset of X, k, € KMW(k(z),1,) and I, € £, \ {0}, is
a well-defined isomorphism which commutes with differentials.

Proof. First note that elements of C'(X, K?dw{ﬁ ® L}) are of the form
> werMe ® tp with I a finite subset of X@, m, € KMW(k(x)) and ¢, €
Z{(v:R(LRL);;)\{0}]. Let z € I. Since v, @(LRL), is a k(x)-vector space
of dimension 1, there exist n, € K1 (k(z)) and s, € (v, ® (L® L)}5) \ {0}
such that m, ® t, = n, ® s,. By definition of KMV (k(x),v,), there exist
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3.2. The Rost-Schmid complex and Chow-Witt groups

he € KW (k(x), 1) and Iy, 72 € L1\ {0} such that n, @ s, = he ® (I, @72).
Since L, is a k(x)-vector space of dimension 1, there exists v, € s(x)*
such that r, = v,l,. Tt follows that h, ® (I, ® ;) = (Va)he @ (I, ® L).
Denoting k, := (v;)h,, we obtain m, ® t, = k, ® (I, ® l). Thus, elements
of C'(X, KX"™{L ® L}) are of the form Y _ ks ® (I, ® I,) with I a finite
subset of X0, k, € KMV (k(z),v,) and I, € £}, \ {0}.

To check that our map is well-defined, let us show that ) _ k, =
> yes Ky in C'(X, K™) whenever >, k, @ (I, ®1,) = > yes iy @ (L, ®1)
in C'(X, K;"V{£®L}), where I, J are finite subsets of XV and for all z € I
and y € J, ky € KW (k(2), 1), K, € K}V (k(y),vy), lo € Lz \ {0} and
I, € L, \{0}. Since C'(X, K?qw{£®£}) is the direct sum over  in X@ of
KW (k(z),ve ® (L ® L)), note that for all z € I'\ (IN.J), k, =0, for all
y € J\(INJ), k;, = 0andforall z € INJ, k.®([.®L.) = k.Q(I.®I). Let x €
INJ. Since L, is a one-dimensional x(x)-vector space, there exists u, €
such that I, = u,l,. Hence, ¥, @ (I, ®1}) = (u2)k. @ (I, ®1,;) = kL. @ ([, ®1,),
thus k&, @ (I, ® l;) = k, ® (I, ® ;) and finally k!, = k, (since the tensor
product is over Z[x(x)*]). Similarly, the equality k. ® (I, ®1.) = k. ® (I, ®l,)
above gives straightforwardly that our map is a morphism and that the map

Cl(X,K™) — C(X,KY'™{L®L})

Yok = D kolLoL)

zel zel

is well-defined and is a morphism, which shows that our morphism is an
isomorphism. The commutation with differentials is straightforward. ]

Notation 3.25. Let i, 7 € Z and £ be an invertible O x-module. We denote
by iyt H(X, K" {L® L}) - H(X,K}"V) the isomorphism induced
by the isomorphism of Lemma If 0: det(V) - L® L is an orientation
then we denote by 0 : H'(X, K;"" {det(V)}) — H'(X, K;"V) the isomor-
phism which is the composite of the isomorphism H*(X, K"V {det(V)}) —
H(X, K}Y'"V{L ® L£}) induced by o and of the isomorphism tz; ;.

In the following proposition, we show that the isomorphism o only de-
pends on the orientation class o of o (see Definition [3.22]).

Proposition 3.26. Let i,j € Z, o : det(V) — L ® L be an orientation and

—_——

¥ : L — L' be an isomorphism. Then (1) ® 1)) o 0 = 0.

Proof. Note that the isomorphism H*(X, K} {det(V)}) — H'(X, K} {L'® L'})
induced by ()®1))oo is the composite of the isomorphism H*(X, Kyw{det(V)}) —
H(X, K" {L®L}) induced by o0 and of the isomorphism H*(X, K" {L&® L}) —
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H (X, K;-WW{E’ ® L'}) induced by 1 ® 1. Hence it suffices to show that the
isomorphism ¢, ; ; is the composite of the isomorphism H*( X K}WW{E(@ L}) —
H(X, K}"{£'®L'}) induced by 1 @1 and of the isomorphism ¢z ; ;. This
follows directly from the definitions of ¢z ; ; and ¢z ; ; and the fact that the
isomorphism H'(X, KX'"V{L @ £}) — H'(X,K;"V{£' ® L£'}) induced by
Y @1 sends k, @ (I, ® 1) to k, @ (¥(l,) @ Y(l,)) for all x € XDk, €
KW (k(x),v,) and I, € L, \ {0} O

3.3 The intersection product

In this section we define the intersection product in quadratic intersection
theory and recall some of its properties, then we present a formula to com-
pute the intersection product.

Throughout this section, F' is a perfect field and X is a smooth finite-
type F-scheme.

Before we define the intersection product, we need to define the exterior
product (a.k.a. cross product).

Definition 3.27 (The exterior product (or cross product)). Let X and X’
be smooth finite-type F-schemes and 4,7, 7, € Z. The exterior product
o CH(X, KW )< CF (X! KON — CH(X x X7, KJWY) (which is sometimes
denoted x and called cross product) is the (only) morphism which for all
v e XD ke KMV(k(z), 1), 2 € (X)) K € KXW (k(a'),vy), maps
(k, k') to the sum over I € {1,...,n} of kk" € K}V .. (k(21), v, where
21, .., 2 € (X x X)) are such that x(7) @p k(2') ~ [[1L, &(2).

The exterior product induces a well-defined product p : H (X, K?IW) X
H' (X', KJWY) — HF(X x X', K}'W) (see [Fel20, Section 11]). The in-
tersection product is defined from the exterior product and the pull-back
along the diagonal (see [Fas2(), Subsection 3.3]), which is also known as the

Gysin morphism induced by the diagonal (see [Fel20, Section 10]).

Definition 3.28 (The intersection product). Let A : X — X x X be
the diagonal. The intersection product - : H'(X, K2"") x H" (X, K}") —

HH(X, KYY) is the composite of the exterior product p : H (X, K}'™) x

H' (X, KXV) — HH(X x X, KI'W) with the pull-back (ak.a. Gysin
morphism) A*: H'H(X x X, KMY) — H*(X, KI'W).

We will give a more explicit definition of the intersection product below
under some assumptions. Before we do this, let us state that the intersection
product is a product, then expand on its graded commutativity.
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Proposition 3.29 (Subsection 3.4 in [Fas20] or Theorem 11.6 in [Fel20]).
The intersection product makes EB H'(X, K}™) into a graded K)™(F)-

i,JEZL
algebra, which is called the Rost-Schmid ring. In particular, the intersection
product makes @ CH'(X) into a graded KMV (F)-algebra, which is called
€L
the Chow-Witt ring.
Recall that € = —(—1) € K}W(F) and that Milnor-Witt K-theory is
e-commutative (see |5 in Proposition [2.32)).

Proposition 3.30 (Subsection 3.4 in [Fas20]). Let i,4',5,j € Z, ¢; €
H{(X,K}"V) and ¢; € H"(X, K}V). The intersection product of ¢; with
¢y is ((—1)7) =00 ") _commutative:

c1 - ¢ if i’ is even and (5 —4)(j — ¢') is even
_ Jeler-¢p) ifii is even and (j —4)(j' — ') is odd
@ras —e(cy - ¢g) if 17 is odd and (j —4)(5' — ') is even
—(e1 - o) if i7" is odd and (j —i)(j' — 7') is odd

We now present a formula to compute the intersection product under
some assumptions (this will be very useful in Chapters [6] and [7)). The fol-
lowing theorem has been proved by Déglise; the proof will be made available
in the second part of his notes [Dég23|. In the meantime, we give a proof
sketch of this theorem below.

Theorem 3.31. Let ny,no > 0 and Dy, Dy be distinct smooth integral
divisors in X. For all i € {1,2}, let g; be a local parameter for D;,
i.e. g; is a uniformizing parameter for Ox p,. The intersection prod-
uct of n™ ® gi* € H'Y(X, K} ) (over the generic point of D) with
" @ gt € HY(X, K™, ) (over the generic point of D,) is the class in

H*(X, K. gﬁ_Vxl_m) of the sum over the generic points x of the irreducible
components of D1 N Dy of (my)(uz)n™ " @ (7,* @ gr*) (over the point x),
where 7, is a uniformizing parameter for Ox ,./(g1), u, is a unit in Ox . /(g1)

and m, € Z, such that go = u, 77" € Ox./(g1).
The ideas of the proof are the following:
e Reduce the problem to the case where Dy = div(g).
e Denoting by i; : D; — X the inclusion and by ©, : H(Dy, KMWV) —

=-—n1
H°(Dy, K%YY{VDI }) (where vp, is the determinant of the normal sheaf
of Dy in X) the isomorphism which sends n™ to n™ ® g%, check that

" g e HY(X, Kll\{vxl) is equal to (i1).(©1(n™)).
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e Use the projection formula (Theorem 3.19 in [Fas20]) to show that
(11)«(©1(n™)) - (1™ @ 72") = (i)« (O (n™) - (1) (™ ® 727))-

e Use Proposition 3.2.15 in [DIJ22|, which states that if i is the closed
immersion of a principal divisor D = div(7) and j is the comple-
mentary open immersion to 7, then i' = J o Vix] © 4', to show that
(i1)* = 01 0 g © (J1)*, with j; the complementary open immer-
sion to i1, 0; the boundary map associated to the boundary triple
(D1,41, X, j1, X \ D1) and 7,) the multiplication by [g,].

e Deduce from the previous steps that (n™ ® g1*) - (1™ ® g2*) is equal
t0 (12),(©107™) - (94 0 g © (1)) (1" © 75°)) and conclude.

In Chapters [6] and [7] we use the following formula to compute the
quadratic linking class and the quadratic linking degree.

Corollary 3.32. Let ny,no > 0 and D, Dy be distinct smooth integral
divisors in X. For all i € {1,2}, let g; be a local parameter for D, and
fi be a unit in k(D;) = Ox p,/mx p, such that for all generic points = of
irreducible components of D; N Dy, f; € k(z) = Ox/mx, is a unit. The
intersection product of (f1)n™ ®gi* € H'(X, K™ ) (over the generic point
of Dy) with (fo)n™ ® go* € H' (X, K™ ) (over the generic point of D,)
is the class in Hz(X,Kgl_Vxl_m) of the sum over the generic points = of the
irreducible components of D1 N Dy of (my)(f1fou,)n™ 2 (T, *®@71*) (over
the point x), where 7, is a uniformizing parameter for Ox,/(¢g1), u, is a
unit in Ox . /(g1) and m, € Z such that go = u, 7" € Ox./(g1)-

Proof. First note that, with the notations above, f; € x(x) is well-defined
since if f; and f] are two representatives in Ox p, of f; € x(D;) (hence
differ by an element of mx p,) and if f;, f/ € Ox, are sent by the canonical
morphism ¢ : Ox, — Oxp, to fi, f/ € Ox p, respectively, then f;, f/ €
Ox . differ by an element of mx , (since ¢! (my p,) C my,).

Note that for all i € {1,2}, (fi)n™ @ g* = 1™ @ f,g; with fig; a local
parameter for D; (f;g; € mX7Di/m§(,Di is well-defined since f; € Ox p,/mx. p,
and ¢g; € mxp, and (a representative of) fig; € my p, is a generator of
myx p, since (a representative of) f; is a unit in Ox p, and g, is a generator
of mX7Di) .

Therefore, by Theorem [3.31] the intersection product of (f1)n™ ® gr*
with (f2)1n" ® g2* is the sum over the generic points = of the irreducible
components of Dy N Dy of (my)(v)n™+" @ (7" ® E*) (over the point
x), where 7, is a uniformizing parameter for Ox,/(fig1), v, is a unit in
Ox./(fig1) and m, € Z such that fog, = v,70"* € Ox,/(fi191).
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Note that since f, is a unit in x(z), u, := f; v, is a unit in x(z) and
(mz)e<vx>nnl+n2®(ﬁ_x*®ﬂ*) = (M) (f2uz)n™ @ (7" ®H*) Further
note that since f; is a unit in x(z), the ideal (f1¢1) is equal to the ideal (g;)
in Ox, and (mx)e<f2ur>nnl+n2®(7_x*®ﬂ*) = (mz)6<f1f2ux>7]”1+”2®(7r_z*®
g1%). Finally note that, by definition of u,, g2 = w77 € Ox../(g1)- O

It would be very useful to have more general intersection formulas in or-
der to compute the quadratic linking class and the quadratic linking degree

in more cases (especially in cases which give a quadratic linking degree in
GW(F) rather than in W(F)).

Future work 1 (More general formulas for the intersection product). The
formulas given in Theorem and Corollary can probably be gener-
alised to the following settings (by increasing order of difficulty):

e The assumptions on the right-hand term of the intersection product
could be greatly weakened (recall the asymmetry of the proof sketch
of Theorem (and of the resulting formula)).

e The smooth integral divisor D; could be replaced with a complete in-
tersection of smooth integral divisors (by taking intersection products
in a row, asking that each left-hand term be in H'(Y, K;vlw) with Y
the intersection of the divisors which have already been considered
and j < 1).

e The assumption that n; > 0 could probably be weakened, but the
proof of the intersection formula would have to be different (since
we would not have the special element n™ anymore). If we had a
formula in the case where n; = —1 (and ny > —1) then we could
compute the quadratic linking class and the quadratic linking degree
in all the cases of codimension 2 links. Under the same assumptions as
the ones of Corollary [3.32] a conjectural formula for the intersection
product of [fi] ® gi* € H'(X, K5™) (over the generic point of D))
with [fo] ® 2% € H' (X, K3™) (over the generic point of Dy) is the
following: the class in H?(X, K™ of the sum over the generic points
x of the irreducible components of DyN Dy of (my)e[f2][f1]{u) @ (7z* ®
g1*) (over the point x), with the same notations as in Corollary
Note that [f>][f1] # [fi][f2] in general (in fact, [fo][fi] = e[fi][f];
see [5| in Proposition [2.32). If [fi] ® gi* € HY(X, K}"W) is replaced
with (fi)yn™ @ gi* € HY(X,K\™ ) (where n; > 0), conjecturally
(ma) e[ fo][f1]{uz) @ (72" @ g1*) (over the point z) should be replaced
with (mg)e[fo] (fiue)n™ ® (72" @ g1*) (over the point x). If [fo] ®
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% € H'(X,IK3™) is replaced with (fo)™ ® g* € H'(X,K}W,),

conjecturally (my)[fo][f1]{us) ® (72" ® 1) (over the point x) should
be replaced with (my,)[f1]{fou)n™ & (7,* ® g1*) (over the point z).

3.4 Computations of Rost-Schmid groups

In the following chapters, we will need to know the Rost-Schmid groups
of several smooth schemes. Furthermore, from Chapter 5| onwards (re-
spectively Chapter @ onwards), we will need ezplicit isomorphisms (resp.
computable explicit isomorphisms) between these Rost-Schmid groups and
well-known groups. In this section, we provide these explicit isomorphisms.

Throughout this section, F' is a perfect field, X is a smooth finite-
type F-scheme, and for each n € N, A% = Spec(F|xy,...,x,]) and P} =
Proj(Flxo, ..., %))

We begin with the following basic result.

Proposition 3.33. Let i, j € Z. The Rost-Schmid group Hi(SpeC(F),K?IW)
is equal to K}™W(F) if i = 0, to 0 otherwise.

Proof. By definition, for all i, j € Z, C'(Spec(F), K;™) is equal to KMW(F)
if 1 = 0, to 0 otherwise. The result follows directly. O

Homotopy invariance (Theorem [3.13) gives us the following corollary.

Corollary 3.34. Let n,i € N, j € Z and 7 : A% — Spec(F) be the pro-
jection. The morphisms 7* : 0 = Hi(SpeC(F),K;WW) o Hi(A%,K?IW) and
7 KMW(F) = HO(Spec(F), K;™) — H°(A, K}™Y) are isomorphisms.

The last two results together with the localization long exact sequence
allow us to compute the Rost-Schmid groups of A%\ {0} for n > 2. Recall
Definitions (boundary maps) and (orientations) and Notation [3.25]

Proposition 3.35. Let n > 2 and ¢,j € Z be integers. We denote by
¥+ A%\ {0} — A% the inclusion, by 7 : A} — Spec(F') the projection,
by O the boundary map associated to the boundary triple ({0}, A%, A%\
{0}) and by o : det(Nyoy/an) — Oy @ Oyoy the orientation of the normal
sheaf of {0} in A% which maps Z;* A --- AZ," to 1 ® 1. The morphisms
Prort: KMW(F) = H(Spec(F), K;™) — HO(AR\ {0}, K}™) and 600 :
H (AR N\ {0}, KXY) — HO({0}, K1) = KMW(F) are isomorphisms and
if i ¢ {0,n — 1} then H'(A7\ {0}, K}"") =0.
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Proof. The localization long exact sequence (see Theorem [3.19) associated
to the boundary triple ({0}, A%, A%\{0}) gives the following exact sequences
forall j € Z and ¢ ¢ {0,n — 1}:

0— HO(AR, KNW) s HO(A7\ {0}, KMY) —0

0—= H" (A7 {0}, KXY 2 HO({0}, KXW {det(No)/ap)}) —= 0

0—— H'(Ap\ {0}, KG™) —0
The result follows directly from this, Proposition and Corollary
O

Notation 3.36. Let n > 2 and j < n be integers. We denote by (, ; the
isomorphism which is the composite of the isomorphism 00 9 : H" 1 (A% \
{0}, K}"Y) — KMW(F) (see Proposition ) and of the isomorphism ~;_,,
(see Theorem [2.33]).

Remark 3.37. Note that the localization long exact sequence associated
to the boundary triple ({0}, AL, AL\ {0}) gives for all j € Z and i # 0 the
equality H'(Af \ {0}, K;™) = 0 and the following short exact sequence:

"
0— HO(AL, KY"™) —— HO(AL\ {0}, K)™) = H°({0}, K} {det (N gy a1 ) }) —0

ks ! |o

KMVY(F) KXY (F)
In particular, HO(A} \ {0}, KX"") # 0.

Notation 3.38. Let n € N.

QQTL = SpeC<F[x1a o Ty Yty -5 Yny Z]/(Z TiY; — Z<1 + Z)))
=1

QQn—l = SpeC(F[fEla ey Ty Y1y - ayn]/(z TiYi — 1))
i=1
In the following proposition and corollary, we explicitly compute the
Rost-Schmid groups of (s, 1.

Proposition 3.39. Let n > 2 and i,j € Z be integers. Let p : Qo1 —
A"\ {0} be the projection on zi,...,2,. The morphism p* : H'(A% \
{0}, K}Y) = H'(Qgn—1, K}™) is an isomorphism.
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Proof. This result is the direct application of [AF14, Lemma 4.5] and its
proof to the strictly Al-invariant sheaf K ?/IW (see Theorem and Remark
3.21)).

We directly get the following corollary from Propositions and [3.39

Corollary 3.40. Let n > 2 and i,j7 € Z be integers. With the same
notations as in Propositions [3.35] and [3.39, the morphisms p* o ¢* o 7* :
KMW(F) = H°(Spec(F), KJ™) — H(Q2,-1, K}"™) and 00 9o (p*)" :
H" Y (Qon—1, KI™) — HO({O},K?{VX) = K;"W(F) are isomorphisms, and
if i ¢ {0,n — 1} then H'(Q2n—1, K}™) = 0.

Notation 3.41. Let n > 2 and j < n be integers. We denote by ¢,_; ; the
composite of the isomorphism 0odo(p*) ™' : H" (Qap—1, K;™) — KMW(F)

(see Corollary [3.40)) and of the isomorphism 7;_,, (see Theorem [2.33).

Remark 3.42. Since the F-scheme ()1 = Spec(F|x,y]/(xy — 1)) is isomor-
phic to AL \ {0}, it follows from Remark that for all j € Z and @ # 0,
H(Q1, KJ™) =0 and H(Q,, K}™) #0.

In the following proposition, we compute (non-explicitly) the Rost-
Schmid groups of ()9,. For an explicit computation of the Rost-Schmid

groups of ()2, see Lemma and Corollary

Proposition 3.43. Let n > 1 and 7,j € Z be integers. The Rost-Schmid
group H'(Qu,, KY™) is isomorphic to KMY(F) if i = 0, to KMW(F) if
© =mn, to 0 otherwise.

Proof. This result is the direct application of [AF22, Proposition 1.1.5]
to the strictly A'-invariant sheaf K;VIW (see Theorem and Remark
3.21)).

By combining Corollary and Proposition [3.43] we directly get the
following corollary.

Corollary 3.44. Let n > 2 and 7,5 € Z be integers. The Rost-Schmid
group H'(Qn, K3™) is isomorphic to K}V(F) if i = 0, to K}V, (F) if
2

i = 5], to 0 otherwise.

Future work 2 (Explicit isomorphisms for the Rost-Schmid groups of
Q2,,). In order to define the quadratic linking degree (in Chapter [5) in a
setting with @)2,, we need to explicitly compute the Rost-Schmid group
H”(an,Ké\ﬂw), i.e. to exhibit for each n > 2 an isomorphism between

H"(Qan, ™) and KMW(F). To do this, it suffices to show that the
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morphism i, : HO(Yn,Kﬁ/I_W{VYR/QQH}) s H”(an,ﬁyw) is an isomor-

phism, where Y,, is the closed subscheme of the affine quadric @, =

Spec(F (21, -y Tns Yrs - -+ Yns 2/ Oy iyi — 2(1+ 2))) which is defined by

the equations 1 = --- = x, = 2z =0 and ¢ : Y,, — @2, is the inclusion.
Indeed, the tuple (x1,...,z,) induces an orientation of the normal sheaf of
Y, in Q2,, hence an isomorphism HO(Y,, K;'V) — HO(Y,,, K™V {vy. /ga. })

(see Notation[3.25)), the coordinates y1, . . ., y, give an isomorphism between
A% and Y, hence an isomorphism H°(A%, KX'W) — HO(Y,, K31, and
the projection 7 : A% — Spec(F) gives an isomorphism 7* : KJ%EYLV(F) =
H°(Spec(F), KX™) — HO(A%, KJ™) (see Corollary . The consider-
ations in [ADF16l, Section 2| should be useful to show that the morphism
it HO(Y, K™ {0y, 1000 }) — H™(Q2n, K™) is an isomorphism.

We now give the Rost-Schmid groups of the projective space P} when
F is of characteristic different from 2. Recall Definition [3.11

Theorem 3.45 (Theorem 11.7 in |Fas13|). Let n > 1 and 4,5 € Z be
integers. If F' is of characteristic different from 2 then the Rost-Schmid
group H'(Pp, KY™) is isomorphic to KMWY(F) if i =0, to KM,(F) if 0 <

i <mn,to K}! (F)ifi=n and n is even, to K;"VV(F) if i = n and n is odd,
to 0 otherwise.

As before, we would like to explicitly compute the Rost-Schmid groups of
P% (and to drop the assumption on the characteristic of F'). The following
proposition and corollary do this for n = 1.

Proposition 3.46 (Subsection 3.4 in [Dég23|). Let [ € Z, i : Spec(F) —
PL be the closed immersion of image the point co := [1 : 0] and j :
Al. — P} be the open immersion of image PL \ {oo}. The morphism
g* - HO(PL, KM"™W) — H°(AL, K}'V) is an isomorphism and the morphism
ix : HO(Spec(F), K)™ {V{oo) }) — HY(PL, K)™) is an isomorphism (where
Vioo} 18 the normal sheaf of {oo} in P}).

Recall Definition [3.22] (orientations) and Notation Propositions
and and Corollary directly give the following corollary.

Corollary 3.47. Let | € Z and oo := [1: 0] in PkL.
1. The composite of the isomorphism o, : KMV (F) = H(Spec(F), K;*V) —
H°(Spec(F), K}V {vsy}) which is induced by the orientation oy, :
Viso} = Ofoc} @ Ofoy of the normal sheaf iy of {oo} in Pp which
maps ;* to 1®1 and of the isomorphism i : HO(Spec(F), K}V {vie }) —
HY(PL, K;™) which is induced by the inclusion of {co} in P is an
isomorphism.
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2. The composite of the isomorphism j* : H°(PL, K}'V) — H(AL, KM'"W)
which is induced by the inclusion of PL \ {oo} in PL and of the iso-
morphism (7%)~ : HO(AL, K}") — H°(Spec(F), K}'"™) = KMY(F)
is an isomorphism.

3. If k ¢ {0,1} then H*(PL, K}"™) = 0.

Notation 3.48. Let [ < 0 be an integer. We denote by o, the composite
of the isomorphism (i, 0 05,)~" : H'(PL, KM™W) — KMW(F) (see Corollary
3.47) and of the isomorphism v,y : KMV (F) — W(F) (see Theorem [2.33).

Future work 3 (Explicit isomorphisms for the Rost-Schmid groups of P}).
In order to define the quadratic linking degree (in Chapter [5)) in a setting
with P where n is odd, we need to explicitly compute the Rost-Schmid
group H”(]P”};, KMW), i.e. to exhibit for each odd integer n > 3 an isomor-
phism between H™ (P, K3™) and KMW(F). To do this, it suffices to show
that the morphism i, : H°(Spec(F), KMW{V{OO}}) — H”(]P”I@,KMW) is an
isomorphism, where ¢ : Spec(F') — P’ is the closed immersion of image the
point 0o :=[1:0:...:0]. Indeed, the tuple (£,..., 7*) induces an orienta-
tion of the normal sheaf of {oo} in P}, hence an isomorphism KMV (F) =
HO(Spec(F), K;™) — H(Spec(F), KMW{I/{OO}}) It may be possible to
adapt the proof (in [Dég23, Subsection 3.4]) of Proposition to prove
that the morphism i, : H(Spec(F), K}™ {v(o}}) — H”(]P”};,K W) is an
isomorphism. Note that [Yan21, Theorem 1.1] may be useful to show that
the morphism 4, : H(Spec(F), KX {v(sey}) — H"(Pp, KXV) is an iso-
morphism.

Finally, let us compute explicitly the Rost-Schmid groups of ()». Recall
that Qo = Spec(F[x,y,z]/(xy — z(1 + 2))). The following lemma can be
proved in a similar way to Proposition [3.39 (since the morphism p which
is defined in the following lemma is an Al-weak equivalence, hence an iso-
morphism in the A-homotopy category).

Lemma 3.49. Let 4,5 € Z. Let p : Q3 — P} be the morphism which sends
(x,y,2) to [z : z] = [L + 2z : y] (note that x, 2,1+ 2,y cannot all be 0, so
that for any (z,y,z2), [z : 2] or [1 + z : y| is well-defined). The morphism
p* H (P, KI™Y) — H'(Qs, KJ™) is an isomorphism.

Lemma and Corollary directly give the following corollary.

Corollary 3.50. Let [ € Z and oo := [1 : 0] in PL. With the same
notations as in Corollary and Lemma[3.49] the morphisms p* 04, 00 :
KMY(F) = H(Qo, KM) and (1) 0 j* o (p')") = HO(Qo, K}Y)
KMW(F) are isomorphisms. If k ¢ {0,1} then H*(Q,, K}™) = 0.
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3.4. Computations of Rost-Schmid groups

Notation 3.51. Let [ < 1 be an integer. We denote by ¢; the composite of
the isomorphism (p* 04, 00s) " : H'(Qq, KI™) — KMV(F) (see Corollary

3.50) and of the isomorphism ~;,_; (see Theorem [2.33). We denote ¢y :=
(p* 01y 0000) "'+ HY(Qq, KY™W) — KMW(F) (see Corollary [3.50).
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Part 11

Motivic linking
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Chapter 4

The quadratic linking class

In this chapter and Chapter , we use quadratic intersection theory (see
Chapter |3)) — which is central in motivic homotopy theory — to study what
we call motivic linking: a counterpart in algebraic geometry to classical
linking (in knot theory and in higher-dimensional knot theory; see Chapter
. More precisely, in this chapter we introduce and study counterparts in
algebraic geometry to:

e oriented links with two components (see Definition [1.1] and its higher-
dimensional generalisation Definition [1.22));

e the oriented fundamental class (see Definition and its higher-
dimensional generalisation Definition [1.23));

e the couple of Seifert classes (see Definition [1.8and its higher-dimensional
generalisation Definition [1.25);

e the linking class (see Definition and its higher-dimensional gener-
alisation Definition we call its counterpart the quadratic linking
class).

In Chapter[5| (which builds on this chapter), we will introduce and study
counterparts in algebraic geometry to the linking number (see Definition
and its higher-dimensional generalisation Definition [I.30} we call its
counterpart the ambient quadratic linking degree) and to the linking cou-
ple (see Definition and its higher-dimensional generalisation Definition
[1.34} we call its counterpart the quadratic linking degree (couple)).

In Section we present the general context in which the above-
mentioned counterparts, such as the quadratic linking class, can be de-
fined, and study some general properties of these counterparts. In Section
we prove functoriality properties of the quadratic linking class in this
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4. THE QUADRATIC LINKING CLASS

general context. In Section we explore which closed immersions be-
tween smooth models of motivic spheres are special cases of this general
context and what properties are verified in these (quasi-affine) cases, and
in Section we present a (projective) special case of this general context
which is not a closed immersion between smooth models of motivic spheres
but which is also reminiscent of classical knot theory. Note that the case
(AZ\ {0}, A%\ {0}, A%\ {0}) was partially included in our preprint [Lem?23].

4.1 The general case

In this section, we introduce oriented links with two components in algebraic
geometry and define the quadratic linking class, before studying how the
quadratic linking class changes when the order of the components of the
oriented link or the orientations are changed.

Throughout this section, F'is a perfect field, X is an irreducible smooth
finite-type F-scheme of dimension dy, Z; and Z, are disjoint irreducible
smooth finite-type closed F-subschemes of X of same dimension d and
¢ := dx — d is their codimension in X.

We denote by Z the (disjoint) union of Z; and Z, in X and by vz (resp.
Vz,,Vz,) the determinant of the normal sheaf Nz x of Z (resp. Z,Z5) in
X, i.e. the dual of the Oz-module .#;/.#2 with .#; the ideal sheaf of Z in
X.

Defining the quadratic linking class

Similarly to oriented links with two components in knot theory which consist
of a couple of closed subspaces of the topological 3-sphere S* which are
homeomorphic to the topological circle S! (and verify a tameness property,
such as smoothness), together with orientations of their normal bundles in
S? (see Definitions and as well as the discussion which follows this
last definition), we define oriented links with two components as follows.
See Definition [3.22] (orientations and orientation classes).

Definition 4.1 (Oriented link with two components). The couple (Z;, Z5)
of closed F-subschemes of X, together with a couple of orientation classes
(01,02), where 0y : vz, — L1 ® Ly is an orientation of the normal sheaf
Nz x of Zy in X and 0y : vz, = L5 ® L5 is an orientation of the normal
sheaf NZ2/X of Z, in X, is called an oriented link & with two components.
The closed F-subscheme Z; of X is called the first component of £ and
the closed F-subscheme Z5 of X is called the second component of £ .
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4.1. The general case

Remark 4.2. If (Z;,Z,), (01,02) is an oriented link with two components
then in particular Nz, x and N7z, x are orientable (i.e. their determinants
are isomorphic to squares, see Definition . If we were to define (nonori-
ented) links (7, Z) with two components, we should first ask ourselves if
it is better to require Nz, x and Nz, x to be orientable (so that a link can
always give rise to an oriented link) or to have a more general definition of
links. Also, note that even though we only defined oriented links with two
components, similar definitions for (oriented) knots (i.e. (oriented) links
with one component) and for (oriented) links with n components (with
n € N) can be made.

For instance, oriented links with two components can be couples of dis-
joint closed F-subschemes of A% \ {0} which are isomorphic to A% \ {0}
together with orientation classes (this is almost the definition we chose in
our preprint [Lem23|; the only difference is that in our preprint we fixed
isomorphisms ¢; : A%\ {0} — Z; and ¢y : A%\ {0} — Z5 (which were
used to define the quadratic linking degree (couple) but were not used to
define the quadratic linking class)). See Section for this special case
(among others) and Chapter [7] for examples (especially Section for a
simple example: the Hopf link). Note that A2 \ {0}(R), i.e. R?\ {0}, and
the topological circle S* are of same homotopy type and that Ag \ {0}(R),
i.e. R*\ {0}, and the topological 3-sphere S are of same homotopy type,
so that the above-mentioned special case is quite close to the definition of
oriented links with two components in classical knot theory. More generally,
for n > 1, oriented links with two components can be couples of disjoint
closed F-subschemes of AZ""?\ {0} which are isomorphic to A%\ {0}
together with orientation classes (see Section for this family of special
cases). This family of special cases is quite close to the family of oriented
links with two equidimensional components in higher-dimensional knot the-
ory for which there is a linking class and a linking number: S"LJS" — S?7+!
(see Section . Indeed, on the one hand Azt \ {0}(R), i.e. R**1\ {0},
and the topological n-sphere S™ are of same homotopy type and on the
other hand A2\ {0}(R), i.e. R2"*2\ {0}, and the topological (2n + 1)-
sphere S?"*1 are of same homotopy type. Further note that on the one
hand A\ {0}(C), i.e. R?"*2\ {0}, and the topological (2n + 1)-sphere
S*+1 are of same homotopy type and on the other hand A"\ {0}(C),
i.e. R\ {0}, and the topological (4n + 3)-sphere S'"*3 are of same
homotopy type (and S***1 1 §¥+1 — §%+3 is simply a special case of
S™US™ — §* 1), See Sections 4.3| and |4.4| for these and other families of
special cases.

Now that we have defined oriented links with two components, we can
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4. THE QUADRATIC LINKING CLASS

define the oriented fundamental classes of their components. Recall that in
Definitions and the oriented fundamental class of a knot K was
the generator of the singular cohomology group H°(K) (or equivalently the
generator of the singular homology group H,(K) if K ~ S") which cor-
responded to the orientation of K. We are going to define the oriented
fundamental class of the component Z; of the oriented link .Z as the el-
ement of the Rost-Schmid group HO(Zi,K%W{VZi}) (see Definition
which corresponds to the orientation of Z;. Note that to do this, an integer
ji must be chosen (which was not the case in knot theory). Furthermore, we
need j; to be nonpositive to ensure that a special element can be isolated in
HO(ZZ»,K%W), so that we can define the oriented fundamental class as the
element of H%(Z;, KX“{vz}) which corresponds to this special element
in HO(ZZ-,K%W) via the isomorphism o; (see Notation and Proposi-
tion induced by the orientation class 0; (similarly to the fact in knot
theory that the oriented fundamental class is the element of H°(K) which
corresponds to 1 € Z via the isomorphism induced by the orientation).

Definition 4.3 (Oriented fundamental class). Let ¢ € {1,2} and 5, < 0
be an integer. The oriented fundamental class of the ith component of £
with respect to j; is the (unique) element [o;];, (denoted [o;] for short) of the
Rost-Schmid group H°(Z;, K %W{VZ}) which is sent by the isomorphism o;
to the class in HO(ZZ-,K%W) of the cycle whose coefficient over the generic
point of Z; is 77,

See Section [7.1] for simple examples of oriented fundamental classes.

Remark 4.4. Let i € {1,2} and j; < j; < 0 be integers. Note that product
by n (hence product by nji_jz/‘) commutes with the differentials of the Rost-
Schmid complexes (since these are constructed from the residue morphisms
of Milnor-Witt K-theory) so that the class 7/ %i[0;];, € HO(ZZ‘,K%W{I/%})
is well-defined. Since, by definition of ¢; (see Notation [3.25)), the following

diagram is commutative:

HO(Ziy KXW {v,}) 2= HO(Z;, KMVY)

><7’]J’ Jil LXT]JZ 14

H(Zs, K™ {vz,}) — HO(Z:, K}™)

and the morphisms o; are isomorphisms (by definition, see Notation [3.25]),
the oriented fundamental class [o;];; (which is sent to n~Ji by 0;) is equal to

n9i[0;];, (since [0i];, is sent to n~7 by &;).
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4.1. The general case

The following proposition will ensure that there exists a unique Seifert
class for each component of the oriented link. Recall Definition (bound-
ary maps).

Proposition 4.5. Let ¢ € {1,2} and j; < 0 be an integer.

1. If HeY(X, K3'W) = 0 then the boundary map 9 : H*(X\Z, K}'7) —

H(Z, K}V {vz}) is injective.

2. If H°(X, K}'VV) = 0 then the boundary map 8 : H*~'(X\ Z, K}'N) —

H(Z, K™ {vz}) is surjective.

Proof. The boundary map 0 : H (X \ Z, K}'V)) — HY(Z, K}V {vz}) is

part of the localization long exact sequence (see Theorem (3.19):

0

c——=HYX KM —— et (x 0\ 2, KM 2

—2 H%(Z, KXV {v,}) H(X, KMW) ——— .

]

We can now define the couple of Seifert classes (in a similar fashion to
what was done in Definitions [1.8] and [1.25)).

Definition 4.6 (Couple of Seifert classes). Let ji,j2 < 0 be integers. We
assume H (X, KMVW) =0, HH(X, K3)\Y) = 0, HY(X,K'Y) = 0 and

He(X, K%YFVC) 0. The couple of Seifert classes of £ with respect to
(j1,J2) is the (unique) element (S,, j,,S,,.;,) (denoted (51, Ss) for short) of
H XN\ Z, K)Y) & HNX N\ Z,K)Y,) such that 9(S1) = ([o1],0) and
9(Sz) = (0,[02]) (respectively via the isomorphism H%(Z, K} {v;}) ~
H°(Zy, KMW{Vzl}) @ H(Zy, KXV {vz,}) and via the isomorphism

H°(Z KMW{I/Z}) ~ H(Zy, K2V {vz}) & HY(Zy, KV {vz,}) which are
induced by the inclusions of Z; and Z, in Z = Z; U Z,). We call S,, ;, the
Seifert class of the component K (relative to the link . and j;) and S,, j,

the Seifert class of the component Ky (relative to the link .2 and js).
See Section for simple examples of couples of Seifert classes.

Remark 4.7. Note that the couple of Seifert classes of .Z with respect to
(j1,J2) is well-defined as soon as there exist a unique preimage of ([o1];,,0)
by 0 : HHX \ Z,K}1Y,) — H(Z,K}™{vz}) and a unique preimage
of (0,[02]y,) by 8+ HHX \ Z,K3Y) — H(Z, K3V {vz}), even if the
above-mentioned Rost-Schmid groups are nonzero.
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4. THE QUADRATIC LINKING CLASS

Remark 4.8. Let ji,jo < 0 be integers such that the oriented link .Z
has a well-defined couple of Seifert classes with respect to (j1,j2) (see Re-
mark [4.7] . Let 71 < j1 < 0 and j5 < jo < 0 be integers such that
H N (X, K5 YY) = 0 and HY(X, KjY) = 0 (which ensures the unicity
of the couple of Seifert classes with respect to (ji,75) if it exists). By
Remark M, [01]j1 = /' 1[01];, and [0o]j; = 172792[05];,. Since the bound-
ary map commutes to product by 7 (see Definition , it follows that
(118, j,, 172 7928,, j,) is the (well-defined) couple of Seifert classes of .

with respect to (71, 75)-

We can now define the quadratic linking class as the boundary of the
intersection of the Seifert classes, as was done in Definitions and
for the linking class. See Definition [3.2§ (intersection product).

Definition 4.9 (Quadratic linking class). Let ji,72 < 0 be integers. We
assume H* (X, KM'VW) =0, HH(X, K3Y) = 0, HY(X,K'\Y) = 0 and

He(X, Kéwivc) = 0. The quadratic linking class of £ with respect to (j1, j2),
denoted Qlcgy ; . (or Qlcgy for short), is the image of the intersection prod-
uct of the Seifert class S,, j, with the Seifert class S,, j, by the boundary

map 0 : H>*2(X\ Z, KXV ) — H Y Z, K'Y {vg)}).

) =j1+j2+2c ) ==j1+Je+c

See Section for simple examples of quadratic linking classes.

Remark 4.10. Note that the quadratic linking class of £ with respect
0 (j1,J2) is well-defined as soon as the couple of Seifert classes of &
with respect to (ji, j2) is well-defined (see Remark [1.7), even if the above-
mentioned Rost-Schmid groups are nonzero.

Remark 4.11. Let ji,jo < 0 be integers such that the oriented link .Z
has a well-defined quadratic linking class with respect to (ji,j2) (see Re-
mark [1.10). Let j; < j1 < 0 and j5 < jo < 0 be integers such that
H N (X, K YY) = 0 and HoH(X, K37Y) = 0 (which ensures the unicity of
the couple of Seifert classes with respect to (ji,75) if it exists, hence the
unicity of the quadratic linking class with respect to (j1, j5) if it exists). By
Remark [1.8] (n=91S,, j,, 028, ,) is the (well-defined) couple of Seifert
classes (So, j1,So,,,) of £ with respect to (ji,7;). It follows that if the
following diagram is commutative (which is verified for instance under the

assumptions of Corollary [3.32)):

He 1(X\Z KMW) % H¢ I(X\Z KMW) H2c Z(X\Z KMW )

Jitc Jat+c —j1+ja2+2c
(anl—j17><77.7'2—.72)l Lan1+j2(j1+jQ)
HNX N Z,KWY) < V(X 2, KN —— B2\ Z, K3, )
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4.1. The general case

then S, j; S,y 5y = P 27 UIH)(S,, ;- S,, ;,), and since the boundary map
commutes to product by 7 (see Definition , the oriented link .# has a

well-defined quadratic linking class Qlcy ; ;» = pitiz=1+32) Qle,

’.jl:jQ.
In the following proposition, we show that the quadratic linking class is

in a specific subgroup of H*71(Z, K?fzvjﬁc{uz}).

Proposition 4.12. Let i : Z — X be the inclusion of the closed sub-
scheme Z in X and i, : HNZ, K'Y, | {vz}) — H* Y(X, K1Y, L,.) be
the morphism induced by its push-forward. Then Qlcy ;, ;, € ker(i.).

Proof. The boundary map which we used to define the quadratic linking
class in Definition is part of the localization long exact sequence (see
Theorem |3.19)):

c— c— 9
e XK, ) (XN ZEGY, ) —

— = HYZ, KO Avzy) ——= H* Y(X KON, o)) ——

==j1+j2+c ==j1+j2+2c
UJ

In the following proposition, we see that an additional assumption on
a Rost-Schmid group of X ensures that no information is lost between the
intersection product of the Seifert classes and the quadratic linking class.

Proposition 4.13. If H*~2(X, K}V .,.) = 0 then the boundary map

==j1+j2+2c
0 H* (X \ Z, KMV, o) — HNWZ, K, | {vz}) is injective,

Proof. This boundary map is part of the localization long exact sequence
(see Theorem [3.19)):

CcC— c— 8
I 2(X7K%Yrng+2c)_>H2 Q(X\ZK%Y:;%QC)_’

— Y2, KMV, Avs)) —— H XY, L) ——

==J1+j2+c ==J1+j2+2c
]

Remark 4.14. The additional assumption in Proposition is verified
in all the special cases of Sections and except Z1 ~ Qs ~ Z, in
X ~Qs, 71 ~Q3~Zyin X ~ Qs and Z; ~ Q2 ~ Zy in X ~ Q4 (recall
Notation . Note that in these last two cases, H(X, K%fc) # 0 and
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4. THE QUADRATIC LINKING CLASS

He(X, KMV) £ 0, so that the quadratic linking class does not necessar-

==J2+c
ily exist (but it is well-defined if it exists since H* (X, K}/\) = 0 and
H (X, K%[XVC) = 0, see Proposition and Definitions and .

In the next two subsections, we determine how the quadratic linking
class is affected by changes in the order of the components or in the orien-
tation classes.

Changing the order of the components

Recall that the linking class of an oriented link S” LIS™ — S*"*! stayed the
same if the order of the components of the oriented link was changed and
n was even (i.e. the codimension n 4+ 1 was odd), and was turned into its
opposite if the order of the components of the oriented link was changed

and n was odd (i.e. the codimension n + 1 was even); see Remark [1.28]

Proposition 4.15. Let ¢’ be the link (Z5, Z,), (02,01). Then:

Qley 4, if ¢ is odd and (j; is odd or jy is odd)

Ql €Qley ; if ¢ is odd and 7j; is even and js is even

Cey . . = W
#dt —€Qlcy 5, if ¢is even and (j; is odd or j; is odd)

—Qley ;4 if ¢ is even and j; is even and j, is even
Proof. By Proposition we have:

S-S, if ¢ is odd and (j; is odd or js is odd)
S .S — €SSy if ¢ is odd and 7j; is even and js is even
2T e S1-S;  if cis even and (j; is odd or j; is odd)

-5,-85 if ¢ is even and j; is even and 7, is even

We deduce the result by using Proposition [2.37]and the fact that the bound-
ary map is a group morphism (and is constructed from the residue mor-
phisms for Milnor-Witt K-theory). O

Changing the orientation classes

In general, orientation classes can vary significantly. However, if the Picard
group of the underlying scheme has no 2-torsion, then any two orientation
classes differ from one another by the multiplication by a global invertible
function (see [DDV22, Theorem 6.1.6]). If this is the case for Z; and Z,
and if their global invertible functions are exactly the units of the ground
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field (note that all these assumptions are verified in all the special cases
of Sections and [£.4), then we know how the quadratic linking class is
changed by orientation changes.

Proposition 4.16. Let a = (a;,ay) be a couple of elements of F*. Let
%, be the link obtained from .# by changing the orientation class o1 into
01 0 (xap) and the orientation class 03 into 0y o (Xag). Then

Qlcy, = (a1a2) Qlcy

Proof. Let i € {1,2}. Note that (a;")[o;] = (a;)[o;] is sent by o; o (xa;)
to the class in H°(Z;, K ;\/[W) of the cycle whose coefficient over the generic
point of Z; is 77 hence [0; o (xa;)] = (a;)[0;]. Therefore, by Proposition
and Definition [4.6] So,o(xa,) = (@:)So, hence, by Proposition [3.29)

Solo(xal) : SOQO(XQQ) = <a1a2>801 : 802

It follows from this and Proposition that 0(So o(xay) * Soso(xas)) =
(a1a2)0(S,, - So,), 1e. Qley, = (ar1a2) Qlcy. O

Note that in the case where the ground field is the field of real numbers
(i.e. F = R), this proposition is similar to what happens to the linking
class (see Remark [1.29): the quadratic linking class is the same if a; and
as have the same sign (similarly to the linking class which is the same if
both orientations are reversed (or if they are both left unchanged)) and is
multiplied by (—1) if a; and ay have different signs (similarly to the linking
class which is multiplied by —1 if exactly one of the orientations is reversed).

Future work 4 (More general changes of orientation classes). It would
be interesting to know how the quadratic linking class can be affected by
changes of orientation classes when the Picard groups of the components Z;
and Z; of the oriented link have no 2-torsion but there are global invertible
functions of Z; or of Z, which are not units of the ground field. It would
also be interesting (but a priori even more difficult) to study this when one
of these Picard groups has 2-torsion. This could be useful for the study of
the ambient quadratic linking degree (see Definition [5.7).

In the following section, we consider some functoriality properties of the
quadratic linking class.
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4. THE QUADRATIC LINKING CLASS

4.2 Functoriality properties

In this section, we define the pullback of an oriented link with two compo-
nents along a smooth (surjective) morphism and show that it is an oriented
link with two components of quadratic linking class the pullback of the
quadratic linking class of the original oriented link.

Assumptions and notations

Throughout this section, F' is a perfect field, ¢ : X’ — X is a smooth
surjective morphism between irreducible smooth finite-type F-schemes of
respective dimensions dys and dx, Z; and Z, are disjoint irreducible smooth
finite-type closed F-subschemes of X (of respective inclusions fi, fo in X)
of same dimension d and ¢ := dx — d is their codimension in X. We set
Zy = *(Z1) and Z} := *(Z,) and we assume Z] and Z) to be irreducible.

Note that Z] and Z} are disjoint closed F-subschemes of X’ of codimen-
sion ¢ in X'. We denote by f], f; their respective inclusions in X’ and by d’
their dimension (so that we also have ¢ = dx, — d'). We set Z' := Z| L Z}
and Z := Z, U Z». We denote by vz (resp. vz ,vz) the determinant of
the normal sheaf of Z’ (resp. Z],Z}) in X’ and by vy (resp. vz,,vz,) the
determinant of the normal sheaf of Z (resp. Z;,Z;) in X.

We denote by ¢y : Z] — Z; and 19 : Z), — Z5 the morphisms induced
by %, thus we have the following commutative diagrams:

7 2t x
il o
ZlT)X ZQTX

We fix an orientation oy : vz, — £1 ® L, of the normal sheaf of Z; in X
and an orientation os : vz, — L9 ® Ly of the normal sheaf of 75 in X.

The pullback of an oriented link is an oriented link

Lemma-Definition 4.17. Let i € {1,2}. There is a canonical isomor-
phism ¢ : vz — (¢:)"(vz,).

Proof. First note that there is a canonical isomorphism Nz:/x: — (¢;)*(N7z,/x)
since v; is flat and f; : Z; — X is a regular closed imbedding (see [Ful98,
B.7.4]; our normal sheaf NZ{/X’ is the sheaf of sections of Fulton’s normal
bundle Nz X'). Then note that flat pullback commutes with the determi-
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nant since it preserves the rank and commutes with the exterior product to
conclude that there is a canonical isomorphism vz — (¥;)*(vz,). H

The fact that flat pullback commutes with the tensor product gives us
the following lemma-definition.

Lemma-Definition 4.18. Let ¢ € {1,2}. There is a canonical isomor-

phism &g, (1) (Li @ L) — ()" (Li) @ (¥i)*(Ls).

By using the two preceding lemma-definitions, we can construct ori-
entations on Z| and Zj from o; and o0,. Better still, the classes of these
orientations on Z] and Zj only depend on the orientation classes 01 and 03
rather than on the orientations o; and 0.

Lemma-Definition 4.19. Let ¢ € {1,2}. The composite o, = ., o
(1;)*(0;) o ¢ is an orientation of the normal sheaf of Z! in X’ and its orien-
tation class only depends on the orientation class of o;.

Proof. By definition, &z, o (¢3)"(0:) 0 ¢ = vz — (¥:)"(L£:) @ (4:)"(L;) 1s an
orientation if it is an isomorphism (since (¢;)*(£;) is an invertible Oz-
module, being the pullback along v; of an invertible Oz -module). Since ¢
and &, are isomorphisms, it suffices to show that (1;)*(0;) : (¥)*(vz,) —
(i)*(L; ® L;) is an isomorphism. This follows from the fact that o; : vz, —
L; ® L; is an isomorphism (since (;)* is a functor). Now let us show that
the orientation class of o, only depends on the orientation class of o;. Let
i L; — L7 be an isomorphism of invertible Oz -modules. Note that
(i) (i @ ;) 00;) = (i)* (i @ ;) o (;)*(0;) since (;)* is a functor. In
addition, &gy o (¥)" (s @ ¢i) = ((¥:)" (i) ® (¥3)" (1)) © &z, by naturality of
the commutation of flat pullback with the tensor product. It follows that
Ecy o (Y1) (0 @ @i) 0 0i) 0 ¢ = ((¥:)"(0i) ® (4i)"(03)) © &, © (¥i)*(04) ©
¢ = ()" (i) @ (¥i)" (i) 0 0f. Since (¢5)*(0i) : ()" Li — (¥5)"L7 s an
isomorphism of invertible Oz-modules (by pullback of ¢;), it follows that
Ecr o (Yi)*((pi @ i) 00;) 0 ( is in the same orientation class as o;. Thus the
orientation class of o} only depends on the orientation class of o;. ]

Pullback

See [Fas20l, Subsection 2.4] for more details on pullback.

Lemma 4.20. Let i € {1,2} and j; < 0. We have (¢;)*([0;];,) = [0}];,-

(2

Proof. By definition, [0];, (respectively [o0;];,) is the unique element of the

)

Rost-Schmid group H(Z, K}™{vz}) (vesp. HO(Z;, K" {vz,})) which is

—Ji
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4. THE QUADRATIC LINKING CLASS

sent by o! (resp. ;) to the class in HO(Z[, K;™) (resp. H(Z;, KX™")) of
the cycle whose coefficient over the generic point of Z/ (resp. Z;) is n~7i.
Thus, since (¢;)*(n~7") = n~7 (see for instance [Fas20, Example 2.11] and
note that 1; is smooth since 1 is), it suffices to show that the following
diagram is commutative:

H(Z!, KXV {vy}) —> HO(Z!, K}V

i) == AR

(wi)*L l(wi)*

HO(Z, K3 {07,}) — H(Z, K}V

This follows from the definitions of 0; and g; (see Notation and Propo-
sition [3.26]) and the fact that o) = &, o (¢;)*(0;) o C. O

We fix nonpositive integers ji, j» < 0 and assume that H* (X', K%YLVC) =

0, HHX', K)W) =0, HY(X', K)'V) = 0, HS(X', KJ)V) = 0, HH(X, K'W) =

jotc =ji1+c —=Ja2+tc e
O; HC_I(X7 K;\;IY’VC) - 07 HC(X7K§\11YFVC) = O and HC(X7 K‘l;gfc) = 0

Lemma 4.21. Let ¢ € {1,2}. The pullback along 1 of the Seifert class S,,
is equal to the Seifert class S .

Proof. Recall that the Seifert class Sy is the only element of H* (X' \
Z', K}11V) such that its image by the boundary map 9 : H*H(X'\Z', K1) —
HO(Z’,K%W{I/Z/}) is ([01],0) if i = 1, (0,[0}]) if i = 2. Thus it suffices to
prove that 9(¢*(S,,)) is equal to ([0}],0) if i = 1, (0,[04]) if i = 2. Re-
call that by naturality of the boundary map (see [Rot88, Theorem 5.7] and
note that the boundary map is the connecting morphism for Rost-Schmid
cohomology by definition), it commutes with morphisms of Rost-Schmid
complexes. It follows from the fact that the pullback 1* is a morphism of
complexes (see Theorem 2.14 in [Fas20]) that 0(¢v*(S,,)) = ¢*(9(S,,)) =
v*([0;i]) = (¥3)*([0;]) (by definition of the Seifert class S,, and of ;). Tt
follows from Lemma that d(¢¥*(S,,)) = [0}], hence ¥*(S,,) = Sy. O

Remark 4.22. We do not need the conditions HC(X’,K%YXC) = 0 and

He(X',K}'W) = 0 (which ensure the existence of Sy and S,;) since we

prove in Lemma that the pullbacks along 1 of the Seifert classes S,,
and S,, verify what is asked of the Seifert classes for o] and o}, respectively.

Theorem 4.23. The pullback along ¢ of the quadratic linking class of
(Z1, Zs), (01,02) is the quadratic linking class of (Z7, Z3), (o}, 0}).
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Proof. By Proposition 3.13 in [Fas20], the pullback ¢* is a ring morphism
with respect to the intersection product, hence

77ZJ*(801 ' 802) = w*(sol) ’ d)*(SOQ)
By Lemma it follows that:
w*(sm : 802) = So’l : 80’2

Recall that by naturality of the boundary map (see |[Rot88, Theorem 5.7|
and note that the boundary map is the connecting morphism for Rost-
Schmid cohomology by definition), it commutes with morphisms of Rost-
Schmid complexes. It follows from the fact that the pullback ¢* is a mor-
phism of complexes (see Theorem 2.14 in [Fas20]) that:

%0*(5(501 : 802)) = a('lvb* (801 ’ Soz)) = 0(80’1 : 80'2)

In other words, the pullback along ¢ of the quadratic linking class of
(Z1,Zs), (01,02) is the quadratic linking class of (Z], Z}), (0}, 0%). O

Remark 4.24. The assumption that ¢ is smooth, instead of flat, was only
needed to invoke [Fas20, Theorem 2.14] (in Lemma and Theorem [4.23])
and |Fas20, Example 2.11] (in Lemma [4.20]).

Pushforward

See [Fas20l, Subsection 2.3] for more details on pushforward.

We denote by Qlc 4, 7, o7.45) (respectively Qlc(%%%@g)) the qua_dra_tic
linking class of the oriented link (Z;, Z5), (01,03) (resp. (Z7,Z}), (0}, 0%))
and by 1 = (1) @ (1) € H(Z;, K}™) @ H°(Z},, K{™V) the neutral element
for the intersection product of the Rost-Schmid ring of Z' = Z] U Z).

Theorem 4.25. If we further assume that the morphism 1 is proper then
the pushforward along v of the quadratic linking class QIC(Zi ) of

(Z:,75), (), 0) is the intersection product ¢,(1) - Qle(z, 2,

,(0],05)
,(o1,02)

Proof. Tt follows directly from Theorem that ¢*(Q1C(Z{,Z§ 77)) —

)7(01’02
V(0 (Qlez, 2,0, 01.0m)) = V(1 " (Qlez, 2,),6r55)))- Since 1 is proper,
it follows from the projection formula (see Theorem 3.19 in [Fas20]) that

Yu(Qle(zy z9), @) = V(1) - Qlez, 2,) i) =

1
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4. THE QUADRATIC LINKING CLASS

Applications

Recall that the Rost-Schmid ring is a graded K™ (F')-algebra (see Proposi-
tion [3.29)) and that K)™W(F) is canonically isomorphic to the Grothendieck-
Witt ring GW(F) of F (see Theorem [2.33).

Theorem 4.26. Let F' C K be a finite Galois extension, . = (Z; C
X, Zy C X), (01,02) be an oriented link with two components (over F), 1 :
X" = X Xgpee(r) Spec(K) — X be the canonical morphism, and ji, jo <0
be integers. We assume X', 7| := *(Z;) and Z} := ¢*(Z3) to be irreducible
and HU (X, KMY) = 0, HNX KW = 0, HOY(X, KW = o,
H Y X, KN =0, H(X, KMY) = 0 and H(X, K}1Y) = 0. The pull-
back along v of the quadratic linking class Qlcy, of £ is the quadratic
linking class of (Z, Z}), (0}, ) (see Lemma-Definition and the push-
forward along 1 of the quadratic linking class of (Z!, Z}), (0}, 0b) is equal
to TX. Qlcy,, with TE the class in KMW(F) ~ GW(F) of the restriction to
F x F of the trace form of K over F' (which sends (z,y) € K x K to the

trace in F of (the multiplication by) zy).

Proof. The pullback along ¢ of the quadratic linking class Qlc, of £ is
the quadratic linking class of (7], Z}), (0}, 04) by Remark and Theorem
4.23] since 9 is a smooth surjective morphism. Since 1 is also proper, by
Theorem [4.25] we have that the pushforward along v of the quadratic linking
class of (Z/, Z5), (0], 0b) is the intersection product 1, (1)-Qlc,. The result
follows from this and [Fas20, Example 1.23] (recall that F'is perfect). O

Theorem may be useful when computing the quadratic linking class
of an oriented link (in some cases it can be used to have linear equations
for the irreducible components which are considered when computing the
intersection product of the Seifert classes).

Theorem 4.27. Let h : AT\ {0} — P% be the Hopf map (which sends
(Toy ooy Tp) 10 [Xo @ oot my)), L = (41 C PR, Zy C P}),(01,03) be an
oriented link with two components, and ji, jo < 0 be integers. We assume
Z4 == *(Z1) and Zb := 1*(Z,) to be irreducible and H*™ (X', K}'V) =0,

H Y (XL KW = 0, HH X, KQY) = 0, HHX, KG)Y) = 0, HO(X, K Y

=j2+c ) ==g1+c ) ==g2+c =jit+ec/
0 and H(X, K%[XVC) = 0. The pullback along h of the quadratic linking class

Qlcy of £ is the quadratic linking class of (Z}, Z}), (0}, 05) (see Lemma-
Definition [4.19)).

Proof. The result follows directly from Remark and Theorem since
the Hopf map h is a smooth surjective morphism. O
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4.3. Smooth models of motivic spheres

Remark 4.28. Since the Hopf link (see Section with the adequate
orientation classes is the pullback along the Hopf map of the oriented link
% whose components are defined respectively by the equations z = 0,y =0
and by the equations z = 0,¢ = 0 in P, (with some orientation classes),
by Theorem the quadratic linking class of this variant of the Hopf
link, which is nonzero (see Section and note that it is sent by a group
isomorphism to the couple (< a >, < b >) € W(F) & W(F) for some
a,b € F*), is the pullback along the Hopf map of the quadratic linking
class of Z. In particular, the quadratic linking class of £ is nonzero.
Thus we have an example of an oriented link of the form PL U PL — P2,
whose quadratic linking class is nonzero without having had to make any
computation in this projective setting.

4.3 Smooth models of motivic spheres

In this section, we explore which closed immersions of smooth models of
motivic spheres give rise to a quadratic linking class.

Throughout this section, F' is a perfect field, G,, is the multiplicative
group scheme over I and S! is the simplicial circle over F.

Recall that a motivic sphere is a smash-product S‘AG/7 for some i, j € Z
(where S* := (S1)"") and that a smooth model of S* A G is a smooth F-
scheme which has the A'-homotopy type of S? A G2. See [ADFI16] for
further details.

Note that not all motivic spheres have smooth models. Indeed, in
[ADF16, Proposition 2.3.1] it is shown that if & > [ then S* A G/ does
not have a smooth model. However, it is shown in [ADF16, Theorem 2.2.5]
that if & = [ then S* A G)! has a smooth model, and it is known since
IMV99, Example 2.20 in Subsection 3.2| that if k& = [ — 1 then S* A G
has a smooth model. More precisely, it is shown in [ADF16| that for ev-
ery [ € N, AL\ {0} and Qo1 (see Notation are smooth models of
S A GO and Qo (see Notation is a smooth model of S' A G/!.

In what follows, we study closed immersions of @, or A%\ {0} in @,

or A7\ {0}

Remark 4.29. There exist other smooth models of motivic spheres which
could be studied, for instance the smooth affine scheme Qg ¢ which is
Spec(F (1, s Tns Y1y - - Ynl/ Qi i filyrs - .- yn) — 1) where n € N and
fi,oooy fn € Flyr,...,ys) are such that {f; = --- = f,, = 0} is a point in
Spec(Flyi, ..., yn)) (see [AF14, Remark 4.13|). Note that Q. f, is not
necessarily isomorphic to (s, _1; for instance if n = 2 and 7, j are integers
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4. THE QUADRATIC LINKING CLASS

such that i +j > 2 then Qyi v is not isomorphic to (J5. This follows from
IDF14, Theorem 2.5] with the values m; = 1,n; = 1,p1 = 1,mg = i,ny =
jap2 =1

Let m > 2 be an integer and X be an F-scheme isomorphic to A\ {0}
or ,,. Let n € N and Z, Z5 be disjoint closed F-subschemes of X such
that Z; is isomorphic to A% \ {0} or @, and Z, is isomorphic to A%\ {0}
or Q,. Thus, Zy, Zy and X verify the assumptions in the beginning of
Section they are irreducible smooth finite-type F-schemes and Z; and
Zy are disjoint closed F-subschemes of X of same dimension. We denote
by ¢ := m — n the codimension of Z; in X (which is also the codimension
of Zy in X), by Z the (disjoint) union of Z; and Z5 in X and by vy (resp.
Vz,,Vz,) the determinant of the normal sheaf of Z (resp. Z1,7Z;) in X, i.e.
the dual of the Oz-module .%;/.#2 with . the ideal sheaf of Z in X.

From now on, we assume that v, and vy, are orientable, and we fix an
orientation class o7 of vz, and an orientation class oy of vz,. We denote by
Z the oriented link (Z1, Z3), (01, 02).

For each i € {1,2} and integer j; < 0, there exists a unique oriented
fundamental class [o;];, with respect to j; (see Definition [4.3)). The following
lemma and theorem explore the existence and the unicity of the couple of
Seifert classes and of the quadratic linking class. Recall Proposition and
Definitions [4.6] and

Lemma 4.30. Let j1,j2 < 0 be integers.

1. The Rost-Schmid groups H*™!(X, K1) and H*'(X, K'\V) are equal

to 0 if and only if ((X ~ A%\ {0} and ¢ ¢ {1,m}) or (X ~ Q,, and
c AL 5] +1})).

2. The Rost-Schmid groups HC(X,K%YC) and H(X, K%IXVC) are equal

to 0 if and only if ((X ~ A2\ {0} and ¢ ¢ {0,m — 1}) or (X ~ Q,,
and ¢ ¢ {0, [%]})).

Proof. By Proposition , for all i,j € Z: H'(A\ {0}, KJ™) =0 if and
only if i ¢ {0,m—1}. By Corollary[3.44 for all i, j € Z: H(Q, K}™) =0
if and only if i ¢ {0, 7] }. The results follow from applying this to i = c—1
and to 1 = c. ]

The following theorem is a direct consequence of Proposition and
Lemma
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4.3. Smooth models of motivic spheres

Theorem 4.31.

L If X ~ A%\ {0}, m > n+2 and n > 2 then for each couple of
nonpositive integers (ji,j2) there exists a unique couple of Seifert
classes of .Z with respect to ji, jo and there exists a unique quadratic
linking class of .2 with respect to j1, jo.

2. f X ~Qpn,m>n+2andn ¢ {m— %] —1,m—|F]} then for each
couple of nonpositive integers (ji,j2) there exists a unique couple of
Seifert classes of . with respect to ji,jo and there exists a unique
quadratic linking class of . with respect to ji, jo.

3. If X ~ A%\ {0} and m > n + 2 then for each couple of nonpositive
integers (j1, j2) the couple of Seifert classes of £ with respect to ji, jo
is unique if it exists and the quadratic linking class of .Z with respect
to J1,J2 is unique if it exists.

4. U X ~Qp, m>n+2and n #m — || — 1 then for each couple
of nonpositive integers (j1, j2) the couple of Seifert classes of £ with
respect to j1,Jo is unique if it exists and the quadratic linking class
of £ with respect to 71, js is unique if it exists.

There is another important property to check: when is the Rost-Schmid
group in which the quadratic linking class of .Z lives (if it exists) nonzero?
Recall that this Rost-Schmid group is the following:

HNZ, K3 Avzy) =~ HNZ K3, Ava e H T (Ze, K3 Y, Ava))

==jJ1+j2+c ==j1+j2+c ==j1+j2+c

Lemma 4.32. Let ji, j2 < 0 be integers.

1. The Rost-Schmid group Hcfl(Zl,K?ﬁVjﬁc{yZl}) is different from 0

if and only if ((Z; ~ A%\ {0} and ¢ € {1,n}) or (Z; ~ @, and
ce{l, [3]+1}).

2. The Rost-Schmid group H*(Zy, K}V, | {vz,}) is different from 0

if and only if ((Zy ~ A% \ {0} and ¢ € {1,n}) or (Zy ~ @, and
ce{l, 5] +1})).

Proof. By Proposition and Remark [3.37, for all i,j € Z: HiiA’I@ \

{0}, KX"™) # 0 if and only if i € {0,n — 1}. By Corollary [3.44| and
Remark for all for all 4,j € Z: H'(Q,,K;™) # 0 if and only if
15

i € {0, The results follow from applying this to ¢ = ¢ — 1 and
from the fact that H*1(Zy, K}V, | {vz,}) =~ HW(Z, K'Y L) (via oy)
and HY(Zy, K1Y, Avz,}) ~ H N2y, K'Y, ) (via 03); see Notation
3.2l ]
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4. THE QUADRATIC LINKING CLASS

By combining Proposition Theorem and Lemma (and
recalling that if n > 2 then there is no closed immersion A% \ {0} — Q.

since A%\ {0} is not affine and @, is affine), we get the following theorem.
Theorem 4.33.

1. Ifn > 2, Z; ~ A%\ {0} or Z; ~ A%\ {0}, and X ~ A"\ {0}, then for
each couple of nonpositive integers (j1, jo) there exists a unique couple
of Seifert classes of .Z with respect to ji, jo and there exists a unique
quadratic linking class of . with respect to ji, jo, which is in the
Rost-Schmid group H"(Z, KXV, . {vz}) # 0. Furthermore, the

) ==j1+j2+n
boundary map 9 : H*~2(X\ Z, K}'V, ,) — H"(Z, KMﬂﬁn{z/Z})
is injective, which implies that the quadratic linking class of .Z con-
tains as much information as the intersection product of the Seifert

classes of Z.

2. 1n >2 Z ~ Quor Zy ~ Qu and X ~ AW\ {0}, then

for each couple of nonpositive integers (ji, jo) there exists a unique
couple of Seifert classes of .Z with respect to j;,j> and there exists

a unique quadratic linking class of . with respect to ji, 7o, which
is in the Rost-Schmid group H!21(Z, K]1+92+L uiy1ivz}) # 0. Fur-

thermore, the boundary map 0 : H22l(X \ Z, K%X‘;ﬁ% +2) =

HE(Z, K]1+]2+L x| 411vz}) is injective, which implies that the quadratic
linking class of Z contains as much information as the intersection
product of the Seifert classes of .Z.

3.Iftn >5 721 ~ Q,, Zo ~ @, and X ~ Q7L+L%J+1> then for each
couple of nonpositive integers (j, j2) there exists a unique couple of
Seifert classes of . with respect to ji,js and there exists a unique

quadratic linking class of . with respect to ji, jo, which is in the

Rost-Schmid group H'z1(Z, K%X\;ﬁ J+1{VZ}) # 0. Furthermore,

if n > 6 then the boundary map 0 : H2L%J(X \ Z, K%YX;QHL +2) =

HE(Z, K]1+]2+L u|411vz}) is injective, which implies that the quadratic
linking class of Z contains as much information as the intersection
product of the Seifert classes of .Z.

4. Ifn € {2,3,4}, Z1 = Qn, Zo = @y and X =~ Q4|2 )41, then for each
couple of nonpositive integers (ji, j2) the couple of Seifert classes of
- with respect to ji, j» is unique if it exists and the quadratic linking
class of .Z with respect to ji, jo is unique and is in the Rost-Schmid
group H'z1(Z, Ké\f\fr\;ﬂ 1+1{vz}) # 0, if it exists. Furthermore, if

102



4.3. Smooth models of motivic spheres

n = 4 then the boundary map 0 : H221(X \ Z, K%\JZQHL"JH) —
Hzl(Z, K31+32+L +1{vz}) is injective, which implies that the quadratic

linking class of .f contains as much information as the intersection
product of the Seifert classes of .Z.

This last case is interesting if one can exhibit a couple of Seifert classes
for £ (which is the case under reasonable assumptions; see Chapter @

Let us now focus on orientation. The following proposition lets us see
how restrictive the assumption that vz, and vy, are orientable is.

Proposition 4.34.

1. For all n > 2, the Picard group of A%\ {0} is trivial (i.e. equal to 0)
and every invertible Oan\(o1-module is orientable.

2. For all n > 3, the Picard group of @, is trivial (i.e. equal to 0) and
every invertible Og,-module is orientable.

3. For all n > 1, the Picard group of P’ is isomorphic to Z. An invertible
Opn-module is orientable if and only if it is even (as an integer).

4. The Picard group of () is isomorphic to Z. An invertible Og,-module
is orientable if and only if it is even (as an integer).

Proof. 1. The Picard group of A%} \ {0} is the divisor class group of
A%\ {0} (see [Har77, Corollary 6.16 in Chapter II]) and there is a
surjective morphism from the divisor class group of A%, which is trivial
(see [Har77, Example 6.3.1 in Chapter I1]), to the divisor class group of
A7\ {0} (see [Har77, Proposition 6.5 in Chapter II]), hence the Picard
group of A% \ {0} is trivial. Since Opn\(oy is orientable (for instance,
the multiplication Oan\ 0y ® Ogn\ g0y — Oan\qoy is an isomorphism),
it follows that every invertible Oan\(o}-module is orientable.

n4l
2. If n > 3is odd then the projectionp : @, — A2 \{0} on x4, ... , T gl
is an Al-weak equivalence hence it induces an isomorphlsm between

the Picard group H'(A* \ {0}, (O n+1\{0}) ) of A \ {0} and the
Picard group H'(Q,, (Og,)*) of Q,, (by a similar argument to the one
used in the proof of Proposition [3.39)). The result for n odd follows

from the previous item.
If n > 4 is even then the projection p : Q, — AL on z; is a trivial
fibre bundle outside of 0 (since if ; # 0 then gy = 2022z Titi)

1
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4. THE QUADRATIC LINKING CLASS

and its fibre over 0 is isomorphic to AL Xp Qu—o (since Y 1", z;y; =
2(1+ z) and there is no restriction on y;) hence is integral, therefore
the Picard group of @), is trivial and every invertible Og, -module
is orientable (since O, is orientable; for instance the multiplication
Og, @ Og, — O, is an isomorphism).

3. See [Har77, Proposition 6.4 and Corollary 6.16 in Chapter II| for the
fact that the Picard group of P} is isomorphic to Z. The fact that
an invertible Ops-module is orientable if and only if it is even (as
an integer) follows immediately from the definition of orientation (see

Definition [3.22)).

4. The morphism p : Qo — Pk which sends (z,y,2) to [z : 2] = [1 +
z : y] is an Al-weak equivalence hence it induces an isomorphism
between the Picard group H'(Pj, (Op1)*) of P}, and the Picard group
HY(Q2,(0g,)*) of Q2 (by a similar argument to the one used for
Lemma [3.49). The result follows from the previous item.

O

In the following proposition, we determine how changes of the orienta-
tion classes affect the quadratic linking class.

Proposition 4.35. Let £ be as in one of the cases of Theorem [4.33] and
such that .Z has a quadratic linking class. Let a = (ay, az) be a couple of
elements of F* and %, be the link obtained from .Z by changing the orien-
tation class 07 into o7 o (Xay) and the orientation class 03 into 0y o (Xas).
Then %, has a quadratic linking class and Qlcy, = (a1a2) Qlcy.

Proof. The result follows from Proposition [4.16] (note that in the proof of

this proposition we show that ((a;)S,,, (a2)S,,) is a couple of Seifert classes
for £,). O

Remark 4.36. Proposition [4.35] covers all possible changes of the orienta-
tion classes since the global invertible functions of Z; and of Z, are exactly
the units of the ground field F' (recall that for each i € {1,2}, Z; ~ Q,,
with m > 2 or Z; ~ A%\ {0} with m > 2, and the global functions of
A7\ {0} extend uniquely to global functions of A7 by [GWI10, Theorem
6.45 (Hartogs’ theorem)|) and any two orientation classes on Z; or on Z,
differ from one another by the multiplication by a global invertible function
(see [DDQ22, Theorem 6.1.6|) since the Picard groups of Z; and of Z, have
no 2-torsion (see Proposition [4.34).

104



4.3. Smooth models of motivic spheres

In Tables [4.1) and [1.2] we recap the different cases we have discussed in
this section. Specifically, Table recaps the cases in which X ~ A%\ {0}
and Table [4.2| recaps the cases in which X =~ (),,,. The first column lists the
different cases, the second column specifies whether the quadratic linking

class always exists, the third column specifies whether all links are ori-

entable, the fourth column specifies whether H := H*72(X, KMV, ,)) =0
(recall that this equality ensures that the quadratic linking class contains
as much information as the intersection product of the Seifert classes; see
Proposition and the fifth column gives a well-known group which is
isomorphic to the group in which the quadratic linking class lives, namely
H(Z, K%Yjﬂ_c{l/z}) (see Proposition and Corollary . In these
two tables, x°V" denotes the characteristic function of the set of even num-
bers (x*V*"(n) = 1 if n is even, x****(n) = 0 if n is odd).

We end this section with the following research lead. Note that the
article [HWXZ21]| may be useful for this investigation.

Future work 5 (Real realization and complex realization). In the case
A2\ {0} UAZ\ {0} — Ag \ {0} (or more generally: AZ \ {0} L AZ \
{0} — A%\ {0} with n > 2), one may ask whether the real realization of
the quadratic linking class is the linking class of the induced oriented link
S'US! — S (respectively S US™! — §*1). One may also ask whether
the complex realization of the quadratic linking class is the linking class of
the induced oriented link S31US® — ST (respectively S~ 11§21 — §in=1),

Similar questions may be asked of the ambient quadratic linking de-
gree (see Definition , compared with the linking number, and of the
quadratic linking degree couple (see Definition [5.15), compared with the
linking couple.

In the following section, we study another family of cases (which is
summarised in Table which give rise to a quadratic linking class. Unlike
the cases in this section, the schemes in the next section are not smooth
models of motivic spheres (except for the projective line PL which is a
smooth model of S' A G,,).
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901

All links =
Case JQLC? | orient.? | 0 7 | Group isomorphic to H* (7 K%fjﬁc{yz})
K MW ( ) D KMW (F) ~
Ap 10U A (0} GW(F) & GW(F) i G o) - (0,0
A%\ {0} with n > 2 Yes Yes Yes o ’
W(F)® W(F) otherwise
AT\{0}UQ, — A2\ {0} e
F f =
with n >3 Yes Yes Yes | KMV (F)® 0~ CW(F) &0 (jl"‘h) (0.0)
e W(F) & 0 otherwise
K (F ) o Kl ~
AZ\{0}UQs — AL \{0} | Yes ? Yes W(F)® GW( ) if (j1,72) € {(—1,0),(0,—1)}
| W(F) @ W(F) otherwise
MW ~
AR\ {0} U Qn o e e () -
R \ {O}" L (0@ K™Y (F) if (j1,72) = (0,0) and n is even
r wi PN .
N> 3 Yes Yes Yes 0® GW(F) if (j‘hj.g) (0,0) and n is odd or |
(41, J2) € {(—=1,0),(0,—1)} and n is even
L0 ® W(F) otherwise
MW MW =
Jitiz+xever(n) (F) D Kj1 +j2+xever(n) (F) o
n (KMWV(F) ® KMWV(F) if (j1,j2) = (0,0) and n is even
QuLQ, = AR\ {0) Yes if GéV(F) ® GV\I/(F) it (jy ;2) _ (0,0) and 7 is odd or
with n > 2 Yes n# 2 Yes ' '

17 0)7 (07 -1

(J1,J2) € {(— )} and n is even

(W(F) @& W(F) otherwise

Table 4.1 — The quadratic linking class when the ambient space X is the affine space minus the origin.
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L0T

Case

IQLCY

All links
orient.?

07

Group isomorphic to H(Z, K%%QJFC{I/Z})

Qn U Qnp — Qn-ﬁ-\_%]-i—l
with n > 6

Yes

Yes

Yes

MW MW =
Kj1+j2+xeven(n)(F) @ Kj1+j2+xeven(’ﬂ) (F) —
KMW(F) & KMW(F) if (ji,j2) = (0,0) and n is even
GW(F)® GW(F) if (j1,72) = (0,0) and n is odd or
(71,72) € {(-1,0),(0,—1)} and n is even

W(F) @ W(F) otherwise

Qs U Qs — Qs

Yes

Yes

K452 (F) ® K (F)

GW(F) ® GW(F) if (j1,j2) = (0,0)
W(F) ® W(F) otherwise

12

QiU Qs — Q7

Yes

Yes

K}fﬁ2+1(F> © KJI’\f-lejz—i-l(F)
KY"W(F) @ KY"™W(F) if (j1,72) = (0,0)
GW(F) ® GW(F) if (j1,2) € {(—1,0),(0,—1)}

W(F) & W(F) otherwise

12

Q3 U Q3 — Qs

Yes

12

Kt () ® Kb, ()

GW(F) & GW(F) if (71, J2) = (0,0)
W(F) @ W(F) otherwise

Q2 U Qr — Q4

12

K5, (F) D K (F)
KYW(F) & KY™W(F) if (ji, 72) = (0,0)
GW(F) & GW(F) if (j1,72) € {(=1,0),(0,-1)}
W(F) @ W(F) otherwise

Table 4.2 — The quadratic linking class when the ambient space X is the smooth affine quadric @,,.
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4. THE QUADRATIC LINKING CLASS

4.4 A projective case

In this section, we explore which closed immersions P” LI P" — P™ of pro-
jective spaces give rise to a quadratic linking class.

Throughout this section, F' is a perfect field of characteristic different
from 2 (this restriction is due to the same restriction in Theorem [3.45).

Let m > 2 be an integer and X be an F'-scheme isomorphic to P}.
Let n € N and Z;, Z, be disjoint closed F-subschemes of X isomorphic
to P%. Thus, Z;, Z and X verify the assumptions in the beginning of
Section they are irreducible smooth finite-type F-schemes and Z; and
Zy are disjoint closed F-subschemes of X of same dimension. We denote
by ¢ :=m — n the codimension of Z; in X (which is also the codimension
of Zy in X), by Z the (disjoint) union of Z; and Z5 in X and by vy (resp.
Vz,,Vz,) the determinant of the normal sheaf of Z (resp. Z1,7Z,) in X, i.e.
the dual of the Oz-module .#;/.#2 with . the ideal sheaf of Z in X.

From now on, we assume that v, and vy, are orientable, and we fix an
orientation class o7 of vz, and an orientation class oy of vz,. We denote by
Z the oriented link (7, Z3), (01, 02).

For each i € {1,2} and integer j; < 0, there exists a unique oriented
fundamental class [o;];, with respect to j; (see Definition [£.3). The following
lemma and theorem explore the existence and the unicity of the couple of
Seifert classes and of the quadratic linking class. Recall Proposition and
Definitions [4.6] and [4.91

Lemma 4.37. Let j;,j2 < 0 be integers.

1. The Rost-Schmid groups H¢~ (X, K}V ) and H* (X, KMW) are equal

=—=J1tc =—=J2+c
to 0 if and only if m > n 4+ 2 and j; < —2 and j, < —2.

2. The Rost-Schmid groups He(X, K'") and H¢(X, K}V are equal

=—J1+c =—=J2+c
to 0 if and only if m > n+1 and j; < —1 and j5 < —1.

Proof. By Theorem for all i,j € Z: HO(Pp, K)"™) ~ KMW(F) if
i=0, H(Pp, K™") ~ KM(F)if 0 <i <m, H"(Pp, K;"™) ~ KM (F)

if m is even, H™ (P, K}™) ~ KMW (F) if m is odd, and H' (P, K}'™) =0
otherwise. The results follow from applying thistoi = c—1andtoz =c. 0O

The following theorem follows directly from Proposition [4.5and Lemma
437

Theorem 4.38. If m > n + 2 then for each couple of integers (71, j2) such
that j; < —2 and j; < —2, there exists a unique couple of Seifert classes of
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4.4. A projective case

£ with respect to ji, jo and there exists a unique quadratic linking class of
£ with respect to ji, jo.

There is another important property to check: when is the Rost-Schmid
group in which the quadratic linking class of . lives (if it exists) nonzero?
Recall that this Rost-Schmid group is the following:

Hc_l( KMW {VZ}) Hc_l(ZlﬂKMW {Vzl})@Hc_l(Z%KM {sz})

) =—=j1t+j2+c —Jji1+j2+c —Jji1+j2+c
Lemma 4.39. Let j1, 2 < —2 be integers.
1. The Rost-Schmid group He~ ' (Zy, KMV, {vz}) is different from 0 if

—ji1tjetc
and only if n is odd and m = 2n + 1.

2. The Rost-Schmid group H*™*(Zs, KV, | {vz,}) is different from 0 if
and only if n is odd and m = 2n + 1.

Proof. By Theorem for all i,j € Z: H(Pp, K}'™) ~ KMW( ) if
i =0, H(Pp, K}'™") ~ KM(F)if 0 < i < n, H"(Pp, KJ™) ~ KM (F)
if n is even, H"(Py, K}'V) ~ KMW(F) if n is odd, and HZ(IP’;E, KMW) =0
otherwise. The results follow from applying this to ¢ = ¢ — 1 and from
the fact that He'(Zy, KMV, | vy ) ~ H Y2, KXY ) (via 6;) and

J1+j2+c J1+j2+c

H Y2y, K, Avz,}) ~ H Y (22, K'Y, L) (via 63); see Notation [3.25]
O

By combining Proposition .13 Theorem [4.38 and Lemma [£.39] we get
the following theorem.

Theorem 4.40. If n > 1is odd, Z; ~ P}, Zy ~ P% and X ~ IPQF”“, then
for each couple of integers (ji,j2) such that j; < —2 and j, < —2, there
exists a unique couple of Seifert classes of .Z with respect to ji, jo and there
exists a unique quadratic linking class of . with respect to j;, jo, which is
in the Rost-Schmid group H™(Z, K;Vfivjﬁnﬂ{vz}) # 0. Furthermore, the
boundary map 0 : HQ”(X \ Z, Ké\ﬁ;zﬂmz) — H"(Z, K?ﬂvyﬁnﬂ{’/Z}) is
injective, which implies that the quadratic linking class of £ contains as
much information as the intersection product of the Seifert classes of .Z.

In the following proposition, we show that in the case of Theorem [4.40]
the assumption we made earlier that v, and vz, are orientable is not re-
strictive at all.

Proposition 4.41. Let n > 1 be an odd integer. Let Z; ~ P and Z, ~ P},
be disjoint closed F-subschemes of X =~ P?'*'. Then vy and vy, are
orientable.
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4. THE QUADRATIC LINKING CLASS

Proof. Let i € {1,2}. By [Ful98, Paragraph B.7.2] and the fact that Z; and
X are smooth F-schemes, we have the following short exact sequence:

0——Tz,— (Tx)jzs —=Nzyx —=0

where Ty, is the tangent sheaf of Z;, Ty is the tangent sheaf of X, (7x)|z
is the restriction to Z; of the tangent sheaf of X, and /\/’Zi/X is the normal
sheaf of Z; in X. Therefore, vz, which by definition is the determinant of
Nz, x, is isomorphic to the tensor product of the dual of the determinant
of Tz, and of the restriction to Z; of the determinant of 7x. The result
follows from the fact that these are squares of invertible Oz -modules, since
Z; ~ P% with n odd and X ~ P2"*! (note that 2n + 1 is odd). O

Finally, let us focus on what happens to the quadratic linking class when
the orientation classes are changed.

Proposition 4.42. Let .Z be as in Theorem [4.40l Let a = (a1, as) be a
couple of elements of F™* and .Z, be the link obtained from . by changing
the orientation class 07 into 0 o (xa;) and the orientation class o, into

02 0 (xay). Then Qlcy, = (ai1a2) Qlcy.
Proof. The result follows from Proposition [4.16] O

Remark 4.43. Proposition [4.42] covers all possible changes of the orienta-
tion classes since the global invertible functions of Z; and of Z; are exactly
the units of the ground field F' (recall that for each i € {1,2}, Z; ~ P}
with n > 1) and any two orientation classes on Z; or on Z, differ from one
another by the multiplication by a global invertible function (see [DD©22,
Theorem 6.1.6]) since the Picard groups of Z; and of Z5 have no 2-torsion
(see Proposition [£.34)).

In Table we recap the case we have discussed in this section. The
first column gives the case, the second column specifies whether the quadratic
linking class always exists, the third column specifies whether all links are
orientable, the fourth column specifies whether H := H*~2(X, K}'W, o)) =
0 (recall that this equality ensures that the quadratic linking class contains
as much information as the intersection product of the Seifert classes; see
Proposition and the fifth column gives a well-known group which is
isomorphic to the group in which the quadratic linking class lives, namely

H Y7, KMV, . {vz}) (see Theorem (3.45)).

==J1+j2+c
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4.4. A projective case

All links | H = | Group isomorphic to
Case JQLC? | orient.? | 0?7 | HY(Z, K}, | {vz})
PLUPE — P2
with n > 1 odd,
1 < —2 and KN (R KGN (F) ~
J2 < 2 Yes Yes Yes | W(F) @ W(F)

Table 4.3 — The quadratic linking class when the ambient space X is the
projective space. Here the characteristic of F' is different from 2.

We end this section with the following research lead. Note that the
article [HWXZ21| may be useful for this investigation.

Future work 6 (Real realization in a projective setting). In the case Pg LI
Py — P2, one may ask whether the real realization of the quadratic linking
class is equal to the linking classes of the oriented links S! U S! — S3
such that their image via the projection S* — P3(R) is the induced map
PL(R) =S UPL(R) = S! — PE(R). More generally, one may ask whether,
in the case PR LUPE — P2"™ (with n > 1 odd), the real realization of the
quadratic linking class is equal to the linking classes of the oriented links
S*US™ — §?"*! which make the following diagram commute (where the
map in the bottom of the diagram is the map induced by the oriented link
Pr UPE — P2 and the vertical maps are the projections):

Sn L] Sn S2n+ 1

| |

P3(R) U PR (R) —=PZ"(R)

Similar questions may be asked of the ambient quadratic linking degree (see
Future work , compared with the linking number, and of the quadratic
linking degree couple (see Definition and Future work [L3)), compared
with the linking couple.
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Chapter 5

The quadratic linking degree

In this chapter, we continue our study (which we started in Chapter )
of what we call motivic linking: a counterpart in algebraic geometry to
classical linking (in knot theory and in higher-dimensional knot theory; see
Chapter [I).

More precisely, in this chapter we introduce and study counterparts in
algebraic geometry to the linking number (see Definition and its higher-
dimensional generalisation Definition and to the linking couple (see
Definition and its higher-dimensional generalisation Definition .

In Section [5.I] we define the ambient quadratic linking class and the
ambient quadratic linking degree (our counterpart to the linking number)
and study some of their properties. In particular, we study how changes
of the orientation classes of the oriented link affect the ambient quadratic
linking class and the ambient quadratic linking degree. In Section
we define oriented links of a certain type (for instance, oriented links of
type (AZ\ {0}, A%\ {0},A% \ {0}), which are oriented links in A% \ {0}
whose components are isomorphic to A% \ {0} and which are equipped
with explicit isomorphisms (called parametrisations) between A%\ {0} and
each of their components) and the quadratic linking degree couple (our
counterpart to the linking couple) of such links. We also study some of its
properties, in particular how changes of the orientation classes and of the
parametrisations affect the quadratic linking degree couple. In Section
we introduce invariants of the quadratic linking degree, which are quantities
computed from the ambient quadratic linking degree or from the quadratic
linking degree couple which do not depend on choices of orientation classes
(nor, in some cases, on choices of parametrisations). This is similar to the
absolute value of the linking number (or the absolute value of one of the
components of the linking couple) which does not depend on the orientations
of the components of the oriented link, but is more complicated in our case
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5. THE QUADRATIC LINKING DEGREE

since the ambient quadratic linking degree takes values in the Witt ring
W(F) of the ground field F' or in the Grothendieck-Witt ring GW(F') of
the ground field F', rather than in the ring of integers, and each component
of the quadratic linking degree couple takes values in W(F'), in GW(F)
or in the first Milnor-Witt K-theory group KMW(F) of the ground field
F, rather than in the ring of integers, and since the effects of changes of
the orientation classes are not merely changes of sign. Note that the case
(AZ\ {0}, A%\ {0}, A%\ {0}) was partially included in our preprint [Lem23].

5.1 The ambient quadratic linking degree

In this section we define the ambient quadratic linking degree, which is
a counterpart in algebraic geometry to the linking number (see Definition
and its higher-dimensional generalisation Definition [1.30]).

Throughout this section, F' is a perfect field.

We first define the ambient quadratic linking class (from which the am-
bient quadratic linking degree will be defined) and study some of its prop-
erties. Recall Definitions (oriented links with two components) and
(the quadratic linking class).

Definition 5.1 (Ambient quadratic linking class). Let & = ((Z; C X, Z5 C
X), (01,02)) be an oriented link with two components and j;, jo < 0 be in-
tegers such that H* (X, K)'WV) = 0, H*Y(X, K))W) = 0, HY(X, K}'T) =

0 and HC(X,K%?C) = 0 (where ¢ is the codimension of Z; (or Z;) in
X). The ambient quadratic linking class of £ with respect to (ji, j2), de-
noted AQlcy ;, i, (or AQlcgy for short), is the image of the part of the
quadratic linking class of £ with respect to (j1,j2) which is in the group
H Y2, K, {vz,}) (where ¢ is the codimension of Z; in X) by the

morphism (i), : HN(Z, K}, vz }) — H* (X, KNV, ,.) induced

by the push-forward of the inclusion #; : Z; — X of the closed subscheme
Zl in X.

See Section [7.1]for simple examples of ambient quadratic linking classes.

Remark 5.2. Note that the ambient quadratic linking class of .Z with
respect to (71, 72) is well-defined as soon as the quadratic linking class of
£ with respect to (ji,j2) is well-defined (see Remark [£.10)), even if the
above-mentioned Rost-Schmid groups are nonzero.

Remark 5.3. Let j1,j2 < 0 be integers such that the oriented link . has
a well-defined ambient quadratic linking class with respect to (j1,j2) (see
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5.1. The ambient quadratic linking degree

Hcfl(X,Kjiyc) = 0 and H (X, K%XVC) = 0 (which ensures the unicity
of the quadratic linking class with respect to (j1,75) if it exists, hence the
unicity of the ambient quadratic linking class with respect to (ji,75) if it
exists). By Remark [.11] if the following diagram is commutative (which is

verified for instance under the assumptions of Corollary [3.32):

Remark [5.2). Let 75 < j; < 0 and 75 < jo < 0 be integers such that

HYXN\Z, KWy x H Y X\ 2, K\'Y) —= H*2(X \ Z, @fﬁvjﬁ%)

—Jjit+c —Jja2+c
(anle,anzjg)L anlerjz(jiJrjé)
c—1 MW c—1 MW 2c—2 MW
H (X \ Z’ Kji+c) x H (X \ 27 KjéJrc) —H (X \ Z7 Kji+j§+2¢)

then the oriented link .Z has a well-defined quadratic linking class Qlc gl =
piiti2=01+5) Qle 2 j1.jo» ence it has a well-defined ambient quadratic link-
ing class AQley ;i = i t92=01432) AQley, ;S (since (i1). commutes to

product by 7; see Remark Notation and Remark [3.17)).

One may want to define the ambient quadratic linking class by consider-
ing the second component of the quadratic linking class rather than the first
one: this gives the opposite of the ambient quadratic linking class (as is the
case in classical knot theory, see Remark and its higher-dimensional

generalisation Remark [L.32).

Remark 5.4. Note that if i : Z = Z; U Zy — X (respectively i, : Z; — X,
iy 1 Zy — X) is the inclusion of the closed subscheme Z (resp. Z,Z) in
X then i, = (i1). ® (i2), via the isomorphism H¢!(Z, K%XEQJFC{VZ}) ~
Hc‘l(Zl,K%Ymc{l/Zl}) @ HC_I(ZQ,K%YDJFC{VZQ}) induced by the inclu-
sions of Z; and Z, in Z. Tt follows from this and from Proposition [4.12]
which states that Qlcy ; i, € ker(i.), that the image of the part of the
quadratic linking class of % with respect to (j1,j2) which is in the group

H Y Zy, KMV, {vz,}) by the morphism (i5), : H Y (Zy, KXV, {vz,}) —

g tgete —Jji1tj2+c
H* Y(X, K}, ) is the opposite of the ambient quadratic linking class.

Let us now see what happens to the ambient quadratic linking class
when we reverse the order of the components of the oriented link.

Proposition 5.5. Let & = ((Z, C X, Zy C X), (01,02)) be an oriented link

with two components and j;, j» < 0 be integers such that H¢1( X, K%XVC) =

0, H*-Y(X, K)1Y.) = 0, HY(X, K}'Y) = 0 and HY(X,K}Y,) = 0. Let 2/

== j2+4c —J1+c =—J2+cC
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5. THE QUADRATIC LINKING DEGREE

be the oriented link (Z,, Z), (02,071). Then:

—AQlcgy ; 5, if cis odd and (j; is odd or j, is odd)

AQI —€AQlegy ; 4, if cis odd and j; is even and j; is even
Ceoyr . . = W
il €AQlcy ;, j, if ¢ is even and (j; is odd or j, is odd)

AQlegy ;, 4, if ¢ is even and j; is even and j, is even
Proof. By Proposition [4.15

Qleg ;i j, if ¢ is odd and (j; is odd or js is odd)

Ql €Qlegy ;, J, if ¢ is odd and j; is even and js is even

Ceyr - . = W
it —€Qlcy 5, if ¢is even and (j; is odd or j; is odd)

—Qley ;4 if ¢ is even and j; is even and j, is even

The result follows from this, Remark and the fact that (i1). and (ia).
are group morphisms which commute to product by € (see Remark [3.15]

Notation and Remark [3.17). O

Recall that if the Picard group of the underlying scheme has no 2-torsion,
then any two orientation classes differ from one another by the multiplica-
tion by a global invertible function (see [DD@W22, Theorem 6.1.6]). If this is
the case for Z; and Z, and if their global invertible functions are exactly the
units of the ground field, then we know how the ambient quadratic linking
class is changed by orientation changes.

Proposition 5.6. Let & = ((Z, C X, Zy C X), (01,02)) be an oriented link
with two components and 71, j» < 0 be integers such that H¢ (X, K%XVC) =
0, H=Y(X, EMY) = 0, H(X, KMY) = 0 and H(X,EMY) = 0. Let
a = (a1, az) be a couple of elements of F*. Let .Z, be the link obtained from
Z by changing the orientation class o7 into o; o (Xa;) and the orientation

class 03 into 0y 0 (xaz). Then
AQICX(I — <a1a2> AQ].CDQJ

Proof. By Proposition .16, Qlcy, = (ajaz) Qlcy. The result follows from
this and the fact that (i;). commutes to product by (ajas) (see Remark

B.15] Notation and Remark [3.17)). O

Similarly to the linking number (see Definition and its higher-
dimensional generalisation Definition [1.30) which depends on an orientation
of the ambient space (which is fixed once and for all), or equivalently on the
choice of an isomorphism H3(S?) — Z (more generally, H*"T!(S*"*1) — Z),
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5.1. The ambient quadratic linking degree

the ambient quadratic linking degree will be defined as the image of the am-
bient quadratic linking class by an isomorphism (which will depend on the
ambient space X but not on the oriented link) between H?*~(X, K31V, )
and a well-known group. Before we fix these isomorphisms and define the
ambient quadratic linking degree, let us see which cases are interesting.

Recall that in the cases which were studied in Section [£.3] the ambient
space X was either A2"\ {0}, A?LEJH\{O} Or Q| n)11, Where Z = Z,UUZ,
was of dimension n > 2. Note that for all n > 3 and j;, jo < 0, H*" (A%

n n+|5]+1
{0}, K1Y, 1 00) = KXY, (F) and HPB AL\ {0}, K1Y, 1 a)40) =
0, and that for n = 2, H*"~' (A3 \ {0}, K}, p,) = HPLEIHH (AR

{0},&%1\;#%%”) ~ KW (F). Also note that for all n > 2 and jy, jo <0,

HZL%JH(QML%JH’K?f?jﬁﬂgﬁ?) = (. Therefore, the only cases of Section
for which the ambient quadratic linking class is in a nonzero group are
the ones which are in Table (recall that the quadratic linking class is
in H1(Z, Kﬁfﬁﬁc{uz}) and that the ambient quadratic linking class is in
H* ! (X7 K%X\;Q-ﬁ-%)) :

Recall that the case which was studied in Section was P U Py —
P2+ with n > 1 odd, j; < —2 and j, < —2 (with F of characteristic differ-
ent from 2). Since H2H (PP KMV o o) ~ KMY L (F), the ambient
quadratic linking class is in a nonzero group in this case. See Table for

this case (recall that the quadratic linking class is in H*™!(Z, K%X\’jﬁc{yz})

and that the ambient quadratic linking class is in H?*7 (X, K%fjﬁzc)).
In the cases of Table we define the ambient quadratic linking degree

as follows. Recall Definition (the ambient quadratic linking class).

Definition 5.7 (Ambient quadratic linking degree). Let n > 2 be an integer
and £ = ((Z, € A%\ {0}, Z, C A%\ {0}), (01,02)) be an oriented link
with two components of dimension n (i.e. Z; and Z, are of dimension n).
The ambient quadratic linking degree of £ with respect to a couple of
nonpositive integers (ji,j2), denoted AQIdy ; . (or AQIld for short), is
the image of the ambient quadratic linking class of £ with respect to (j1, j2)
by the isomorphism (o, j,4j,+2n (see Notation [3.36)).

See Section [7.1]for simple examples of ambient quadratic linking degrees.
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SIT

A%\ {0} U AR\ {0} —
A2\ {0} with n > 2

GW(F) ® GW(F) if (j1,52) = (0,0)
W(F) ® W(F) otherwise

Group isomorphic to
Case Group isomorphic to H~'(Z, K'YV, | {vz}) H* (X, KV o)
Kjn(F) @ K, (F) ~ | K5 ,(F) =

GW(F) if (j1,72) = (0,0)
W(F) otherwise

AF\{0}UQ2 — AL\ {0}

12

KjiwnF) @ K a(F)
(GW(F) & K™Y (F) if (ju,j2) = (0,0)
W(F) @ GW(F) if (j1,52) € {(=1,0),(0,-1)}

W(F) @ W(F) otherwise

\

Kj\f}zz(F) ~

GW(F) if (ji,j2) = (0,0)
W(F) otherwise

QU Q2 — AL\ {0}

K%I-Y'\;Q-‘rl(F) ® K%4\¥2+1(F)
(KMV(F) @ KMW(F) if (j1,j2) = (0,0)
GW(F> D GW(F) if (jlan) € {<_1v0)7 (07 _1>}

W(F) ® W(F) otherwise

12

\

K}fﬁé (F) ~

GW(F) if (j1,j2) = (0,0)
W(F) otherwise

Table 5.1 — The ambient quadratic linking class for closed immersions of smooth models of motivic spheres.

Case

Group isomorphic to H'(Z, KXV, | {vz})

Group isomorphic to
2c— MW
H* X K Fjne)

P UPE — PP with
n >1odd, j; < —2 and
Jo < =2

KM

Jitjo+1

(F) =~ W(F)

Table 5.2 — The ambient quadratic linking class when the ambient space X is the projective space.

characteristic of F' is different from 2.

Here the

q
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5.1. The ambient quadratic linking degree

Remark 5.8. Let j; < 73 < 0 and 55 < jo < 0 be integers. By Remark
if the following diagram is commutative (which is verified for instance
under the assumptions of Corollary [3.32} here X := A%"\ {0}):

Hcfl(X \ Z KMW) Hcfl(X \ Z KMW) : HQC*Z(X \ Z KMW )

j1+c J2+c ==j1+j2+2c
(anljl»XnJQjQ)L anj1+j2(jl+j2)

HNXN Z, K5V x HTN XN Z, K5 Y — H* (X \ Z, K3 1,0
then AQlcy  » = i1 t92=0142) AQley S, hence:

AQldy jr i = AQldy ;

(with a slight abuse of notation when (71, j2) = (0,0) and (j1,55) # (0,0):
in this case, the canonical morphism GW(F') — W(F) maps AQldg ; ; to
AQIdy i i1). See Notation and Theorem and note that 0 and o
commute to product by 7.

In classical knot theory, the alternative definition of the linking number
(by considering the second component rather than the first one) gives the
opposite of the linking number (see Remark and its higher-dimensional
generalisation Remark [1.32). This is also true of the ambient quadratic
linking degree.

Remark 5.9. Let iy : Zy — X := A%\ {0} be the inclusion of the closed
subscheme Z5 in X. It follows from Remark that the image of the
part of the quadratic linking class of .Z with respect to (ji,j2) which is
in the Rost-Schmid group H*'(Zy, K}'V. | {vz,}) by the composite of the
morphism (i), : H¢™ 1(22,_31+32+C{V22}) — H* Y(X, KV 5.) and of
the isomorphism an,ﬂﬂﬁgn is the opposite of the ambient quadratic linking
degree.

Similarly to the linking number which stays the same when the order
of the components of the oriented link is reversed and the codimension is
even, and is turned into its opposite when the order of the components
of the oriented link is reversed and the codimension is odd (see Remark
1.32| and note that in this Remark, the codimension is n + 1), we have the
following result for the ambient quadratic linking degree.

Proposition 5.10. Let n > 2 be an integer, ¥ = ((Z; C A%\ {0}, Z, C
A2\ {0}), (01,02)) be an oriented link with two components of dimension n
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(denote by ¢ := n the codimension) and j;,jo < 0 be integers such that
(j1,72) # (0,0). Let £’ be the oriented link (Zs, Z1), (03,01). Then:
AQldy 4, 4, if ¢ is even

AQldf’,jg,jl - {

AQUdy. g = (—=1)AQld g, ?f c %s odd

w AQIldg g if ¢ is even
Note that AQId g, j, ;, € W(F) whereas AQld 4/, € GW(F).
Proof. By Proposition

—AQlcgy ; 5, if cis odd and (j; is odd or j, is odd)

—€AQlcgy ; i, if cis odd and j; is even and j; is even
AQlegr j, 5, = o

€eAQlcy ; 4, if ¢ is even and (7; is odd or 7 is odd)
AQley ;, 5, if ¢ is even and j; is even and 7j, is even
AQI —eAQlcy,, if cis odd
C o1 = Y
<00 AQlcg g, if ¢ is even

The result follows from the fact that the ambient quadratic linking degree
AQld g, ;, (respectively AQIdy, ) is the image of the ambient quadratic
linking class AQlcy j, ., (tesp. AQlcy o) by the composite of the mor-
phism 000 (which commutes to product by €) and of the morphism v;, 1, :

KMY (F) = W(F) which sends (a)n~U*7) to < a > (resp. 7o : K}V (F) —

GW(F) which sends (a) to {(a)). O
Let us now see how the ambient quadratic linking degree is changed by
some orientation changes. Note that when the oriented link corresponds to

one of the cases in Table [5.1] then, by Remark Proposition [5.11] covers
all possible changes of the orientation classes.

Proposition 5.11. Let n > 2 be an integer, .£ = ((Z, € A%\ {0}, Z, C
A2\ {0}), (o1,02)) be an oriented link with two components of dimension n
and j1, jo < 0 be integers such that (ji,j2) # (0,0). Let a = (a1,az2) be a
couple of elements of F™* and .Z, be the link obtained from .# by changing
the orientation class o7 into o0; o (xay) and the orientation class 03 into
09 0 (Xagy). Then:

AQldKa J1:32

AQldffa,O,O = (a1az) AQldy,o,o
Note that AQld g, ; ,, € W(F) whereas AQldg, ,, € GW(F).
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5.2. The quadratic linking degree couple

Proof. By Proposition AQlcgy, j, 4, = (a1a2) AQlcy ;5 and AQlcy, oo =
(a1a2) AQlcy o. The result follows from the fact that the ambient quadratic
linking degree AQId g ;, ,, (respectively AQldy ;) is the image of the am-
bient quadratic linking class AQlcy ; 5, (resp. AQlcgy () by the composite
of the morphism 0o @ (which commutes to product by (ajas)) and of the
morphism v;, 1, : KXW, (F) — W(F) which sends (a)n=01+72) to < a >

Jitj
(resp. o : K2V (F) 2> GW(F) which sends (a) to (a)). O

Remark 5.12. In the case where the ground field is the field of real numbers
(i.e. F' = R), this proposition is similar to what happens to the linking
number (see Remark: the ambient quadratic linking degree is the same
if a; and a have the same sign (similarly to the linking number which is the
same if both orientations are reversed (or if they are both left unchanged))
and is multiplied by < —1 >= —1 € W(F) or by (—1) € GW(F) if a; and
as have different signs (similarly to the linking number which is multiplied
by —1 if exactly one of the orientations is reversed).

Future work 7 (Ambient quadratic linking degree in a projective setting).
Since we do not yet have an explicit isomorphism between the Rost-Schmid
group H (P KW o 1o) and KMY L (F) (see Future work , we
cannot define the ambient quadratic linking degree for the case in Table
When Future work [3] will be completed, we will be able to define the
ambient quadratic linking degree for the case in Table as the image of
the ambient quadratic linking class by the composite of the explicit iso-
morphism between H2"+! (Pt MW ) and KMV (F) and of the

. . —J1+j2+2n+2 Jit+j2+1
isomorphism 7, yj,+1 : K}V, 1 (F) = W(F) (see Theorem [2.33).

5.2 The quadratic linking degree couple

In this section we define the quadratic linking degree (couple), which is a
counterpart in algebraic geometry to the linking couple (see Definition [1.17]
and its higher-dimensional generalisation Definition [1.34)).

Throughout this section, F'is a perfect field.

We begin by giving a definition of oriented links with two components
which has more information than what was needed to define the quadratic
linking class in Chapter

Definition 5.13 (Oriented link with two components of a certain type).
An oriented link £ with two components of type (Y1,Ys, X) is a couple
of closed immersions (¢1 : Y1 — X, @9 : Yo — X), where XY}, Y5 are
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irreducible smooth finite-type F-schemes and Y; and Y5 are of same dimen-
sion, such that the image Z; of ¢; and the image Z, of ¢y are disjoint,
together with a couple of orientation classes (01,02), where 01 : vy =
det(Nz,/x) = L£1 ® Ly is an orientation of the normal sheaf of Z; in X
and 0y : vz, 1= det(Nz,/x) = L2 ® Ly is an orientation of the normal sheaf
of Z, in X. In other words, an oriented link ¢ with two components of
type (Y1, Y5, X) is an oriented link with two components (71, Z5), (o7, 03)
in the sense of Definition together with a parametrisation 1 of Z; and
a parametrisation o of Zs.

Remark 5.14. If (71, Z,), (01,02), (¢1,¢2) is an oriented link with two
components of a certain type then in particular N7z, x and Ny, x are ori-
entable (i.e. their determinants are isomorphic to squares, see Definition
B.22)). Similar considerations to the ones in Remark apply to links of
a certain type: (nonoriented) links (71, Z3), (1, ¢2) with two components
of a certain type could be required to be orientable or not. Also, note
that even though we only defined oriented links with two components of a
certain type, similar definitions for (oriented) knots of a certain type (i.e.
(oriented) links with one component of a certain type) and for (oriented)
links with n components of a certain type (with n € N) can be made.

See Chapter [7|for examples (especially Section for a simple example:
the Hopf link).

In the following two subsections, we define quadratic linking degree cou-
ples by these three steps:

1. Apply the isomorphism H*'(Z, K}V,  {vz}) = H N Z, KN L)
induced by the orientation classes 07 and 05 to the quadratic linking
class.

2. Apply the isomorphism H*'(Z, K%XVJTFC) — H“_I(K,K%XV]#C) &

H Y Y, K %1\32 +.) induced by the couple of isomorphisms of F-schemes

(p1: Y1 = Z1,p9 : Yo — Z5) to the result of the first step.

3. Apply an isomorphism (which only depends on Y; and Y5, not on the
specific oriented link) between He™(Yy, K31V | V@H ™ (Yo, K1Y, )
and a well-known group to the result of the second step to get the

quadratic linking degree couple.

Note that step 3 will use an isomorphism which has been fixed once and
for all but which is not canonical (similarly to what was done to define the
ambient quadratic linking degree from the ambient quadratic linking class).
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5.2. The quadratic linking degree couple

Smooth models of motivic spheres

In this subsection, we define the quadratic linking degree couple for oriented
links with two components of type (Y7, Y, X) with Y7, Y2, X smooth models
of motivic spheres, as in Section [£.3] Recall Tables [4.1] and

Definition 5.15 (Quadratic linking degree couple). Let (41, j2) be a couple
of nonpositive integers and & = (Zy, Z3), (01,03), (1, p2) be an oriented

link with two components of type (Y7, Y3, X), with (Y7, Y3, X) equal to:
1. (A% N\ {0}, A%\ {0}, A2"\ {0}) for some n > 2;

2. (AN {0}, Q,, A%\ {0}) for some n > 3;

7\ {0}, Q2, A%\ {0});
Q2, A%\ {0}, AL\ {0});

6. (A% \ {0}, Qn,A;H%JH \ {0}) for some n > 3 odd;

(
(A%
3. (Qn, AP\ {0}, A2\ {0}) for some n > 3;
(A%
(

7. (Qn, AR\ {0},A7}H%H1 \ {0}) for some n > 3 odd;
8. (QQ: QQ? A%‘ \ {0})7
Qn, Qn,A;ﬂ%Hl \ {0}) for some n > 3 odd;

11. (Q3,Qs3,Q5);

Q27 QQ? Q4)

In the cases [11] and assume that .2 has a well-defined quadratic link-
ing class with respect to (ji,72) (see Remark this is always verified
in the other cases). The quadratic linking degree couple of £ with re-
spect to (ji,J2), denoted Qldy ; i, (or Qldg for short), is the image of
the quadratic linking class of . with respect to (ji,j2) by the compos-
ite of four isomorphisms (in a nutshell, this quadratic linking degree cou-
ple is the image of (o] @© ¢5)((01 © 02)(@(Qlcy ; ;,))) by an isomorphism
which depends on the type of the oriented link .#). The first of these is
the isomorphism @ : H"Y(Z, K}V, Avz}) — H N2, KT, Avz,}) @
H Y (Zy, KJTY.  A{vz,}) which is induced by the inclusions of Zy,Z, in
Z = Zy1 U Zy (where c is the codimension of Z; in X and vz, vz, vz,

(

10. (Qn,Qn,QanHl) for some n > 5 odd;
(
(

12.
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are the determinants of the normal sheaves of Z, Z;, Z5 in X respectively).
The second of these isomorphisms is 07 @ 05 : HC*I(Zl,K%XVjﬁC{VZI}) D

HY(Z,, E.fivjw{%}) — HYZ, K'Y )@ H Y Zy, K'Y ) (see

==j1+j2+c ==j1+j2+c

Notation . The third of these isomorphisms is @3 : H (7, K%X\;fw)@

H Y Zy, KXY ) — HN (Y, KM )@ Ho (Yo, KXY, ). The last of

Fo 2gitjate ==J1+j2t+c \ =jitj2tc o
these isomorphisms depends on the type of the oriented link .Z and is listed

below in the same order as above (see Notations [3.36] [3.41| and [3.51):

L. Gujitjotn D Cojitjotn

2. Cnjitjotn D0

3. 0 Cn,j1+j2+n

4. Cojitgot2 © Pjitjato

5. @jitjot2 D (o ji+jot2

6. 0 Snjitjat | 2]+1

7. Snjitjatl2)+1 B0

8. Djrtjnt2 D Djitjnt2

9. Snjitiat| 2141 B Sngitia+| 2141
10. S jitjo+ (2141 D Snjitiot| 241
11. G3,j14j2+2 D 3,51 +jot2
12. ¢j1+j2+2 s> ¢j1+j2+2

See Section for simple examples of quadratic linking degree couples.

Future work 8 (Additional quadratic linking degree couples). Since we do
not yet have an explicit isomorphism 0y, j, 4 j, 42 41 : HE1(Q,, K?ffy‘zﬂgjﬂ) —

KN ((F) when n > 4 is even (see Future work , we cannot define the

quadratic linking degree couple for the following types (Y7, Y2, X):
13. (A% \ {0}, Qn,AT}H%JH \ {0}) for some n > 4 even;
14. (Qn, A%\ {0},AZH%H1 \ {0}) for some n > 4 even;
15. (Qn, Qn,AT}H%JH \ {0}) for some n > 4 even;
16. (Qn, Qn, Qnﬂgjﬂ) for some n > 6 even;
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5.2. The quadratic linking degree couple

17. (Q4, Q4, Q7) (note that in this case, there is a priori not necessarily a
well-defined quadratic linking class).

When Future work [2| will be completed, we will be able to define the
quadratic linking degree couple of an oriented link & = (71, Zs), (01, 02), (¢1, ¥2)
of type (Y1, Y2, X) with respect to a couple of nonpositive integers (ji, j2)

(for the five cases listed above) as the image of the quadratic linking class of

Z with respect to (ji,j2) by the composite of the first three isomorphisms
which were described in Definition and of the following isomorphism
(which depends on the type of the oriented link . and is listed below in the
same order as above; see Theorem for v, 4,41 when (j1,j2) # (0,0),
and conventionally v; is the identity of KMW(F)):

13. 0@ Vji+jat+1 © O jitgor|2)4+1
14, Yji4jot1 © Onjisjor|2)41 DO
15. Yj14ja+1 © 6n,j1+j2+L%J+1 D Vji+jot1 © en,j1+j2+L%J+1
16. Vii+ja+1 © Ongitior|2)41 D Virtia+1 © Ongi o+ 21+1

170 Yjrtjot1 © 0y 4jo+3 © Viriot1 © Oa 4ot

Note that in the cases[I} [} 5] and [§|above, there is an ambient quadratic
linking degree as well (see Definition , whereas in the other cases the am-
bient quadratic linking class is in the zero group (and we can conventionally
say that the ambient quadratic linking degree is zero in these cases).

Future work 9 (Ambient quad. link. degree and quad. link. degree
couple). In classical knot theory, each component of the linking couple is
the linking number up to a sign (see Remark[l.16]and its higher-dimensional
generalisation Remark. Since the morphism (i), : H* (7, K?ffjﬁc{uzl}) —
H* Y(X, K. ,.) and the morphism (i5), : H ' (Za, KJ1VY, Avz,}) —
H* (X, KMV ) induced by the inclusions Z; — X and Z; — X respec-
tively are a priori neither the identity nor the opposite (a contrario from
their counterparts in classical knot theory, which are surjective morphisms
from a group isomorphic to Z to a group isomorphic to Z), the compo-
nents of the quadratic linking degree couple are a priori not the ambient
quadratic linking degree up to a sign. It would be interesting to investi-
gate the relationship between the ambient quadratic linking degree and the
quadratic linking degree couple and especially to answer the following ques-
tion: must the quadratic linking degree couple be zero when the ambient
quadratic linking degree is zero? In particular, can the quadratic linking

125



5. THE QUADRATIC LINKING DEGREE

degree couple be nonzero in the cases 6l [7 [} [10} and (when

it will be defined) [13] [16] [17]? (Note that the ambient quadratic
linking degree is necessarily zero in all these cases.)

Remark 5.16. Let £ = (Z1, Z3), (01,02), (1, p2) be an oriented link with
two components of type (Y7, Y5, X) in one of the twelve cases of Definition
and ji, 72 < 0 be integers such that . has a well-defined quadratic
linking degree with respect to (ji,72). Let j1 < j; < 0 and jj < j» <0
be integers such that H (X, K;VIXVC) =0 and H (X, K?/IXVC) 0 (which
ensures the unicity of the quadratic linking class with respect to (j1, 7%) if
it exists, hence the unicity of the quadratic linking degree with respect to
(j1,75) if it exists). By Remark[4.11] if the following diagram is commutative

(which is verified for instance under the assumptions of Corollary [3.32):

Hc—l(X \ Z KMW) Hc—l(X \ Z KMW) : H20—2(X \ Z KMW )

Ji+c Jj2+c 22 j14+j2+2¢
(anl—j17><n.7'2_]'2)l anjl+j2_(jl+j2)
HY XN Z KW x HYXN\ 2, KM —— H22(X\ 2, KNV, o)

then the oriented link .Z has a well-defined quadratic linking class Qlc JLib =

i tiz=(i+72) Qle, #.j1.j»» ence it has a well-defined quadratic linking degree
Qldz,jiﬁjé which is equal to Qld g ; ., with the following conventions:

e an element « of W(F') and an element 5 of GW(F') are conventionally
equal if the canonical morphism GW(F) — W(F') maps 3 to «;

e an element 3 of GW(F) and an element ¢ of KMV (F) are conven-
tionally equal if the morphism 7 maps 7nd to S;

e an element a of W(F) and an element ¢ of KMW(F') are conventionally
equal if the morphism v_; maps 1?d to a (note that for all m > 2,
-1 maps 1*d to «a if and only if v_,,.; maps 7™ to a);

e as usual, a couple (aq, az) is equal to a couple (by, by) if a; = by, ag = bs.

Indeed, the isomorphisms @, 01 @ 02, ¢ @ ¥3, and ¢ commute to product
by 1 and the isomorphisms (, ¢ and ¢; with [ < 1 are composites of iso-
morphisms which commute to product by n and of v (recall Definition [5.17]
Notations [3.36] [3.41] B.51] and Theorem [2.33)).

Let us now see what happens to the quadratic linking degree couple
when the order of the components of the oriented link is reversed.
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Proposition 5.17. Let & = (Z1, Zs), (01,03), (1, p2) be an oriented link
with two components of type (Y1, Ys, X) in one of the twelve cases of Defini-
tion p.15and j1, j2 < 0 be integers such that .Z has a well-defined quadratic
linking degree couple Qldy ; .. = (di,dz) with respect to (ji,j2). Let £’
be the oriented link (Zs, Z1), (02,071), (2, 1) of type (Y2,Y1,X). Then
the oriented link %’ has a well-defined quadratic linking degree couple
Qld g ;, ;, Which verifies (recall that e = —(—1) € K)"V(F), and conven-
tionally € := —(—1) € GW(F) and € := 1 € W(F)):

(dy, dy) if ¢ is odd and (j; is odd or js is odd)
Q.. . — (edq, €dy) if ¢ is odd and j; is even and j, is even
It (—edy, —edy) if ¢ is even and (j; is odd or j, is odd)
(—ds, —dy) if ¢ is even and j; is even and js is even

Proof. By Proposition [£.15}

Qlcy ;4 if ¢ is odd and (j; is odd or js is odd)

Ql €Qlegy ; 4, if ¢ is odd and 7; is even and js is even

Cey . . — WA
#han —€Qlcy 5, if ¢ is even and (j; is odd or j, is odd)

—Qleg 4, if ¢ is even and j; is even and j, is even

The result follows from the fact that the isomorphisms w, o1 @ 03, ¢ & ¢3,
and ¢ commute to product by € and the isomorphisms (, ¢ and ¢; with
[ < 1 are composites of isomorphisms which commute to product by € and of

7 (recall Definition [5.15, Notations [3.36} [3.41} [3.51) and Theorem [2.33)). [

Future work 10 (The two components of the quadratic linking degree
couple). Tt would be interesting to determine the relationship (if there is
one) between the first component of the quadratic linking degree couple and
the second component of the quadratic linking degree couple (it would allow
us for instance to make Proposition more precise). The fact that the
quadratic linking class is in the kernel of i, (see Proposition may be
useful for this (since the corresponding fact in knot theory is useful to show
that the first component of the linking couple is the second component of
the linking couple up to a sign, see Remark and its higher-dimensional

generalisation Remark [1.33)).

Similarly to the linking couple whose first component (respectively sec-
ond component) stays the same and whose second component (resp. first
component) is turned into its opposite if the orientation of the first compo-
nent (resp. second component) of the oriented link is reversed (see Remark
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1.36), the quadratic linking degree couple is changed in the following way
by orientation changes. Recall Remark [4.36]

Proposition 5.18. Let & = (7, Zs), (01, 02), (¢1, p2) be an oriented link
with two components of type (Y7, Y2, X) in one of the twelve cases of Def-
inition and ji,j2 < 0 be integers such that £ has a well-defined
quadratic linking degree couple Qldgy ; .. = (di, d2) with respect to (ji, ja).
Let a = (a1,as) be a couple of elements of F*. Let .Z, be the link ob-
tained from % by changing the orientation class 07 into 0; o (Xa;) and the
orientation class 03 into 0s o (Xag). Then %, has a well-defined quadratic
linking degree couple Qld g ; . with respect to (ji,j2) which verifies:

Qldg, ;, j, = ((az2)ds, {a1)ds)

(with slight abuses of notation: if d; € W(F’) then (as) should be replaced
with < ay >, if dy € W(F') then (a;) should be replaced with < a; >, if d;
is in the zero group (see cases [3 and [6) then conventionally (as)d; = 0, if
do is in the zero group (see cases 2] and [7)) then conventionally (a;)ds = 0).

Proof. By Proposition[1.16} Qlcy, ; 5, = (a1as) Qley j, 5, hence w(Qley, ; ) =
(a1a2)w(Qlcy ; 5,) (see Definition[5.15). Thus, denoting (01, 02) := @w(Qlcgy 4, 4, ),
we have @w(Qlcgy, ; i) = ({(a1a2)01, (a1a2)09). Let i # j € {1,2}. Note
that o; o (xa;)({maz)0;) = (a:i)oi({maz)os) = (aja;)oi(oi) = (a;)0i(0s)
(see Notation |3.25)). Therefore, ¢} (0; o (xa;)({(ar1a2)0;)) = ;i ({a;)0:(0;)) =
(a;)¢i(0i(0;)) (since a; € F*). Since the i-th component of the quadratic
linking degree couple Qld ; i, (respectively Qld, ; ;) is obtained from

¥ (0i(0;)) (respectively (a;)¢f(0i(0;))) by applying the isomorphism from
the relevant case in Definition and since these isomorphisms commute

to product by (a;) (in the case of ¢ (see Notation ) or are composites

of isomorphisms which commute to product by (a;) and of v (in the case of

¢, s and ¢ with I <1 (see Notations [3.36] [3.41] [3.51] and Theorem [2.33)),
the 4-th component of Qldg, ; . is equal to (a;)d; (with the same slight
abuses of notation as above). ]

Let us now focus on changes of parametrisations.

Remark 5.19. Let n > 2 and ¢ be an automorphism of A% \ {0}. By
composing with the inclusion A%\ {0} — A%, we get from ) an n-tuple of

elements of Ogn (A% \ {0}). By [GWI0, Theorem 6.45 (Hartogs’ theorem)],
the restriction Oyn (A%) — Ogn (A%\{0}) is an isomorphism, hence v is the
restriction of an endomorphism of A’ which in fact is an automorphism

128



5.2. The quadratic linking degree couple

of A% (which preserves the origin) since the same arguments can be ap-
plied to the inverse of ¢. Since we have defined AL as Spec(F|xy,...,2,))
(thus fixing coordinates 1, ..., x,), this automorphism of A% has a Jaco-
bian determinant, which we denote by J,. Note that .J, is in F™ since
(Flxq,...,x,]) = F™.

Proposition 5.20. Let i € {1,2}. Let £ = (Z1,Zs), (01,02), (1, 2) be
an oriented link with two components of type (Y7, Y2, X) in one of the cases
of Definition such that Z; ~ A%\ {0} and X ~ A?*\ {0}. Let (j1,J2)
be a couple of nonpositive integers, 1; be an automorphism of A% \ {0}
and .Z, be the link obtained from .# by changing ¢, : A% \ {0} — X into
@iot; - AR\ {0} — X. Then, denoting (d1,ds) := Qldy ;, ;, and by k the
only element of {1,2}\ {i}:

e the i-th component of Qldy, ; ;, is equal to (Jy,)d;;
e the k-th component of Qldfw,,jl,jg is equal to dj.

Proof. Recall that the quadratic linking class does not depend on the choice
of parametrisations (see Definitions {4 1 and 4 ) thus Q1C$ iy = Qleg .
It follows immediately that (0;®03) Qlczw ) = (01 @02)( @(Qley, 4,))
(see Definition [p.15). By [Fas20, Theorem 2.14], the following diagram is
commutative (where the v; on the right is the restriction to 0 of the (unique)
extension of ¢; to A%; see Remark [5.19):

H" (A \ {0}, K3, ,,.) == HO({0}, KV, {det(Nop/ap)})

) ==J1+jo+n

w;l jiﬁf

H AR\ A0}, K1Y, 1) —5= HO({0}, KO, {det (Noyap) )

) =j1+j2+n ==j1t+Jj2

It follows from this and from the equality (¢; 01;)* = ¥ o} that, denoting
(rrom) = Qe ). DUl o B (B0) = GO0 (o)), The
result follows from this and from the fact that for all « € K}V (F), 1/)2‘(04@
(@ A ANTY)) = (Jy)a® (@ A--- ANa,*) (recall Definition and
Notation [3.36)). [

Future work 11 (Changes of parametrisations for @,). When Z; ~ @,
instead of Z; ~ A%\ {0}, it should be feasible to get a similar result as the
one in Proposition but with another definition of J,, (where v; is an
automorphism of @),,). We should fix a volume form w on @,, (for instance,

o ToN- ATy At A Ay if n=2m—1and f =" x;y; — 1 (note
o1
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1
that up to sign it is equal to ——+ FLLNTE N N Ty AYL N - N, etc.), or

8902

1
By ToN- ANy ANy N Ayp Az if n=2m andgzzglxiyi—z(ljtz)

oz1
1
(note that up to sign it is equal to —+ B TINTZIN ATy AY1L A AYm A 2,
Oxo

etc.)) and define Jy, (if possible) as the element of F* such that for all
a € KW(F), df(a®@w) = (Jy)a @ w.

Before we move on to a projective case, let us mention the following
future work.

Future work 12 (A'-ambient isotopy). It would be interesting to define a
notion of Al-ambient isotopy for which the ambient quadratic linking degree
and the quadratic linking degree couple would be invariants or invariants up
to multiplication (of each component) by some (a) with a € F* (similarly
to ambient isotopy (see Definition for which the linking number is
an invariant and for which each component of the linking couple is an
invariant up to sign). A naive version of A'-ambient isotopy could be
constructed from natural transformations h : AL — Aut(X) such that
hr(0) = Idy (the identity of X) and for all i € {1,2}, (hp(1))"(Z;) = Z!
and &z, o (hp(1))*(0;) o ¢; = 0} (see Lemma-Definitions |4 17, [4.18) and [4.19)

A projective case

In this subsection, we define the quadratic linking degree couple for oriented
links with two components of type (P, PL, P3).

Throughout this subsection, F' is assumed of characteristic different
from 2.

Recall Section and Table

Definition 5.21 (Quadratic linking degree couple). Let & = (Zy, Z5), (01, 02),
(1, ¢2) be an oriented link with two components of type (PL,PL P3.) and
Ji,72 < —2 be integers. The quadratic linking degree couple of £ with
respect to (j1,J2), denoted Qldg ; . (or Qldy, for short), is the image of
the quadratic linking class of £ with respect to (ji,j2) by the composite
of four isomorphisms (in a nutshell, this quadratic linking degree couple is
(035212 03, 15012) (91 ©63)((51 9 3)((Qles, ,))))). The first of these
is the isomorphism @ : H'(Z, K}\V, {vz}) — HY(Z, K3V, {vza}) ®
HY(Zy, KXY, ,{vz,}) which is induced by the inclusions of Z;, Z, in Z :=

==j1+j2+2
71 U Zy (where vz, vz, , vz, are the determinants of the normal sheaves of
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5.2. The quadratic linking degree couple

Z,Zy, Zy in P respectively). The second of these isomorphisms is 01 @ 0y :

Hl(ZbK?lﬂ-ﬁ;Q-iﬁ)@Hl(ZQ? K?EY]‘Q—&-Q) — Hl(Zl’K?ijQ-FQ)@Hl(Z?)K?f\ﬁQ'FQ)

(see Notation|3.25)). The third of these isomorphisms is i@ s : H' (7, K%\sz”)@

HY(Zy, K1Y, L) — HY (P, KN, ) H (P), K1Y, 1 ,). The last of these
K3

isomorphisms is the isomorphism g, yj,12 © 0j4jp12 : H' (Pp, K 1), 10) ©
H' (P}, K1Y, 5) = W(F) ® W(F) (see Notation [3.48).

—=j1+jo+2

Future work 13 (Additional projective quadratic linking degree couples).
Since we do not yet have an explicit isomorphism 9, j, 4 j,+nt1 : H™ (PP, K%ijﬁml) —
KM 1 (F) when n > 3 is odd (see Future work 7 we cannot define the
quadratic linking degree couple for oriented links of type (P73, P, P2+
with n > 3 odd. When Future work [3| will be completed, we will be
able to define the quadratic linking degree couple of an oriented link .Z =
(Z1,Z5), (01,02), (01, p2) of type (P, P% P2+ with respect to a couple of
integers 71, jo < —2 as the image of the quadratic linking class of £ with
respect to (j1,j2) by the composite of the first three isomorphisms which
were described in Definition and of the composite of the isomorphism
Un iyt jotntl B Unjit+jotntr and of the isomorphism ;4 j,4+1 B Vjy4io+1 (s€€
Theorem [2.33). When this future work and Future work [7] will be com-
pleted, it would be interesting to investigate the relationship between the
ambient quadratic linking degree and the quadratic linking degree couple
and especially to answer the following question: must the quadratic linking
degree couple be zero when the ambient quadratic linking degree is zero?

This last research lead is similar to the one in Future work [9

Remark 5.22. Let & = (71, Z3), (01,02), (1, 2) be an oriented link with
two components of type (PL, PL P%) and j; < j; < —2and j5 < jo < —2be
integers. By Remark [4.11] denoting Z := Z; LU Zy, if the following diagram
is commutative (which is verified for instance under the assumptions of

Corollary [3.32):

H'(PY\ 2, KO) < H\(P3\ 2, KON ——= H2(P3\ Z, KO, )

—Jj1+2
(anljg,xnjzjg)l anj1+j2(ji+jé)
HY(PE\ 2,100 x H' (B 2, K)Y) —— HA B\ 2, K1Y, )

then the oriented link .Z has a well-defined quadratic linking class Qlc gl =
iz (its) Qlcy j, i,» hence it has a well-defined quadratic linking degree
Qldy j/ ;» which is equal to Qldy ; ;.. Indeed, the isomorphisms @, 01 & 05
and ¢]®y; commute to product by n and the isomorphism 0;, 4, 2P0, 1jo+2
is the composite of an isomorphism which commutes to product by n and
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5. THE QUADRATIC LINKING DEGREE

of the isomorphism 7, 1,41 @ Vji1jorr = Ky, 1 (F) & KN (F) —

j2+1
W(F) @& W(F) (recall Definition Notation and Theorem [2.33)).

Let us now see what happens to the quadratic linking degree couple
when the order of the components of the oriented link is reversed.

Proposition 5.23. Let & = (Z,, Z»), (01,02), (1, p2) be an oriented link
with two components of type (PL,PL,P3), ji,j» < —2 be integers and
(dl, dg) = Qldf,jl,jg' Let g/ be the oriented link (ZQ, Zl), (O_g, 0_1), ((,02, ng)
of type (PL,PL P%). Then Qld . = (—dy, —dy).

NEN

Proof. By Proposition [4.15}

—eQlcgy ; 5, if (j1 is odd or jy is odd)
Qley j,, = } o is
Qlcfu‘m if j; is even and jp is even

The result follows from the fact that the isomorphisms w, 01 @0, and ¢} B}
commute to product by € and that the isomorphism 0; 4,12 @© 0j,+j,42 18
the composite of an isomorphism which commutes to product by € and of
the isomorphism v, 4j,11 BV +jp41 : Kjrs, 1 (F) KGN L (F) = W(F)®

W(F') (recall Definition Notation and Theorem [2.33)). O

Future work 14 (The two comp. of the projective quad. link. degree
couple). Tt would be interesting to determine the relationship (if there is
one) between the first component of the quadratic linking degree couple and
the second component of the quadratic linking degree couple (it would allow
us for instance to make Proposition more precise). The fact that the
quadratic linking class is in the kernel of i, (see Proposition may be
useful for this (since the corresponding fact in knot theory is useful to show
that the first component of the linking couple is the second component of
the linking couple up to a sign, see Remark and its higher-dimensional

generalisation Remark [1.33)).

Similarly to the linking couple whose first component (respectively sec-
ond component) stays the same and whose second component (resp. first
component) is turned into its opposite if the orientation of the first compo-
nent (resp. second component) of the oriented link is reversed (see Remark
[1.36)), the quadratic linking degree couple is changed in the following way
by orientation changes. Recall Remark [4.43]

Proposition 5.24. Let % = (Z1, Z5), (01,02), (¢1, p2) be an oriented link
with two components of type (PL,PL,P%) and ji, j» < —2 be integers. Let
a = (ay, az) be a couple of elements of F*. Let £, be the link obtained from
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5.3. Invariants of the quadratic linking degree

Z by changing the orientation class 07 into o; o (xa;) and the orientation
class 0y into 09 0 (xag). Then, denoting (di,ds) = Qldg  ;,, we have
Qldg, j, j, = ((az)ds, (ar)dz).

Proof. By Proposition Qleg, ; 4, = (a1a2) Qley ;o hence w(Qley, j, 4,) =
(a1a2)w(Qley ;, ;,) (see Definition|5.15). Thus, denoting (o1, 02) := w(Qlcgy ; ;)
we have @w(Qlcgy, ; ;) = ({(a1a2)01, (a1a2)02). Let i # j € {1,2}. Note

that o; o (xa;)({a1a2)0:) = (a:)0;((a1a2)0:) = (afa;)0i(0;) = (a;)04(07)

(see Notation |3.25). Therefore, ¢} (0; 0 (xa;)({ara2)0;)) = ¢i({a;)0:(0;)) =
(aj)pi(0i(0;)) (since a; € F*). Since the i-th component of the quadratic
linking degree couple Qld ; . (respectively Qldg, ; ;) is obtained from

i (0i(0;)) (respectively (a;)¢f(0;(0;))) by applying the isomorphism g;, 1,42

(see Definition and since this isomorphism is the composite of an iso-
morphism which commutes to product by (a;) and of v;, 1,41 : K}V, (F) =

W(F) (see Notation and Theorem 2.33)), the i-th component of Qld ¢, ;,
is equal to (a;)d;. O

Let us finally mention the following future works.

Future work 15 (Changes of parametrisations for P%). It should be fea-
sible to get a similar result for the case (PL, PL P3) (or more generally the
case (P, P P¥H) with n > 1 odd, see Future work [13)) as the one in
Proposition Indeed, the group of automorphisms of P} is isomorphic
to PGL,(F) := GL,41(F)/F* (where GL,41(F) is the group of invertible
(n+1) x (n+1) matrices with coefficients in F; see [Har77, Example 7.1.1]).
Therefore, the Jacobian determinant Jy, of an automorphism 1 of P is well-
defined up to multiplication by the (n + 1)-th power of an element of F*,
hence (Jy) is well-defined if n is odd.

Future work 16 (A'-ambient isotopy in a projective setting). It would be
interesting to define a notion of Al-ambient isotopy for the projective case
studied in this subsection (see Future work [12| for more details).

5.3 Invariants of the quadratic linking degree

By construction, the ambient quadratic linking degree (see Definition E
and the quadratic linking degree couple (see Definitions and [5.2]]
depend on choices of orientation classes (o7,0;) and the quadratic linking
degree couple depends on choices of parametrisations (@1, ¢2). Recall that
the ambient quadratic linking degree is in the Witt ring W(F') of the ground
field F' or in the Grothendieck-Witt ring GW(F') of the ground field F' and
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5. THE QUADRATIC LINKING DEGREE

that the quadratic linking degree couple is a couple whose components are
each in the zero group 0 or in W(F) or in GW(F') or in the first Milnor-Witt
K-theory group KMY(F) of the ground field F.

In the first (respectively second) subsection, we construct functions on
the Witt ring W(F') (resp. the Grothendieck-Witt ring GW(F')) which
are invariant by multiplication by < a > (resp. by (a)) for all a € F*.
When applied to the ambient quadratic linking degree or to a component
of the quadratic linking degree couple (in the cases for which it is in W(F)
(resp. in GW(F))), these functions provide quantities which are invariant
by changes of the orientation classes (o1, 07) (see Propositions[5.11] and
note that even when applied to a component of the quadratic linking
degree couple, these quantities are probably also invariant by changes of
parametrisations (@1, ¢2) (see Future works [11] and [15)) and which we call
invariants of the quadratic linking degree.

Throughout this section, F' is a perfect field.

Cases in the Witt ring W(F)

Let us begin with the easiest (nontrivial) invariant.
Proposition 5.25.

1. Let & = (Z1,Z5), (01,02) be an oriented link with two components
satisfying the assumptions of Definition and (ji1,72) # (0,0) be
a couple of nonpositive integers. The rank modulo 2 of the ambient
quadratic linking degree of £ with respect to (j1,72) (which is in
W(F)) is invariant under changes of the orientation classes oy, 03.

2. Let £ = (Z1,25),(01,02), (g1, ¢2) be an oriented link with two com-
ponents of type (Y1, Y2, X), (71, 72) be a couple of nonpositive integers
and i € {1,2} satisfying the assumptions of Definition or of Defi-
nition and such that the i-th component of the quadratic linking
degree couple of .Z with respect to (ji, jo) is in the Witt ring W(F') of
F'. The rank modulo 2 of the i-th component of the quadratic linking
degree couple of .Z with respect to (j1,j2) is invariant under changes
of the orientation classes 01, 0.

Proof. The results follow directly from Propositions [5.11] and
since the rank modulo 2 of an element of the Witt ring W(F) is invariant

under the multiplication by < a > for all a € F™*. O
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5.3. Invariants of the quadratic linking degree

In Chapter[7] there are examples of oriented links whose ambient quadratic
linking degree is of rank modulo 2 equal to 0 as well as examples of oriented
links whose ambient quadratic linking degree is of rank modulo 2 equal to 1.

Let us now give an invariant when the ground field is the field R of real
numbers. Recall that W(R) ~ Z (via the signature).

Proposition 5.26. Assume that F' = R.

1. Let £ = (Z1, Z5), (01,02) be an oriented link with two components
satisfying the assumptions of Definition and (ji1,72) # (0,0) be
a couple of nonpositive integers. The absolute value of the ambient
quadratic linking degree of £ with respect to (ji,j2) (which is in
W (R) which is isomorphic to Z via the signature) is invariant under
changes of the orientation classes o7, 0.

2. Let & = (Z1,Z5),(01,02), (¢1,¢2) be an oriented link with two com-
ponents of type (Y1, Y2, X), (j1,72) be a couple of nonpositive integers
and i € {1,2} satisfying the assumptions of Definition or of Defi-
nition and such that the i-th component of the quadratic linking
degree couple of £ with respect to (j1, j2) is in the Witt ring W(R) of
R. The absolute value of the i-th component of the quadratic linking
degree couple of .Z with respect to (ji,j2) (which is in W(R) ~ 7Z) is
invariant under changes of the orientation classes o7, 0.

Proof. For all a € R*, < a >=< 1 >=1o0or < a >=< —1 >= —1 since
every real number is a square or the opposite of a square. The results follow
directly from Propositions 5.11] [5.18/and [5.24]since the absolute value of an
element of the Witt ring W(R) ~ Z is invariant under the multiplication
by 1 and under the multiplication by —1. O]

Note that no better invariant of the quadratic linking degree can be
given in the case where the ground field is R since the signs of the ambient
quadratic linking degree and of each component of the quadratic linking
degree couple can be changed by changing o into 0; o (x(—1)) or 03 into
050 (x(—1)) (see Propositions [5.11} [5.18] and [5.24).

In Section we give an example for each n € N of a link of am-
bient quadratic linking degree whose absolute value is n (and in Section
we give (among others) examples of links of ambient quadratic linking
degree 0).

We will now give a family of invariants in the general case. Before
we do this, we need the following lemma-definition which is an inductive
definition. For each d € W(F'), with k ranging over the nonnegative even
integers, we define an abelian group Q4 and an element ¥ (d) € Qg.
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5. THE QUADRATIC LINKING DEGREE

Lemma-Definition 5.27. Let d € W(F'). There exists a unique sequence
of abelian groups Qu and of elements X;(d) € Qqx, where k ranges over
the nonnegative even integers, such that:

e Quo=W(F) and %4(d) = 1 € Quyp;
e for each positive even integer k, Qg is the quotient group Qg r—2/(Xxk—2(d));

e for each positive even integer k, Xx(d) = Z < H ai; >€ Qap

1<ip<<ip<n - 1<5<k

n
as soon as n € Ny and aq,...,a, € F* verify that Z < a; >=d.
i=1

Proof. Recall the following presentation of the abelian group W(F') (see
Theorem [2.17)): its generators are the < a > for a € F* and its relations
are the following:

1. <ab?® >=<a > forall a,b € F*;

2. <a>+<b>=<a+b>+ < (a+b)ab > for all a,b € F* such that
a+b#0;

3. <—-1>+<1>=0.

We denote by G the free abelian group of generators the < a > for a € F*,
by (G the quotient of G by the first relation above and by G5 the quotient
of G by the second relation above.

Let k be a nonnegative even integer such that for all nonnegative even
integers | < k, (QQq; is an abelian group and %;(d) € Qg; which verify
the conditions of the statement. Note that the quotient of the abelian
group Qg x—2 by its subgroup (X;_2(d)) is well-defined, so we can fix Qq ) =
Qak—2/(Xk—2(d)). Let n € Ny and ay,...,a, € F* be such that the class

of Z < a; >€ G in W(F) is d. Note that Z < H ai; >€ Qap
i=1 1<iy<-<ig<n  1<j<k

is well-defined (since it is well-defined in G and Qg is obtained from G by
quotienting several times). In fact, Z < H a;; >€ Qg only

1<ig < <ip<n 1<j<k

depends on the class of Z < a; > in (31 since for all b € F™, Z <

i=1 2<i << <n
2
arb || a;; > + E < H a;; >= E < H a;, >€
2<j<k 2<iy<<ig<n  1<5<k 1<ij<-<ip<n  1<j<k
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Qa k-2 (since this equality is already true in W(F') and Qg is obtained
from W(F) by quotienting several times) and similarly for other indices.

Furthermore, Z < H a;; >€ Qg only depends on the class

1<ij<--<ig<n  1<j<k

of Z < a; > in Gy since if a; + as # 0 then in Qg

i=1

Z < (ay + a)?ajay H ai; >+ Z < H ai; >

3<iz<-<ip<n 3<j<k 3<ii<<ig<n  1<j<k

+ Z < (ay + az) H ai; >+ Z < (a1 + az)aray H ai; >

3<ip<<ip<n 2<j<k 3<ip<-<ip<n 2<j<k

= Z <a1a2Haij>+ Z <Ha¢j>

3<iz<-<ip<n 3<j<k 3<ii<<ig<n  1<j<k

t(<atar>+<(m+a)may>) Y < [ @ >

3<ig<<ig<n  2<j<k

= Y <aa [[a>+ > <][a->

3<ig < <ip<n 3<i<k 3<it<<ig<n  1<j<k

t(<am>+<a>) Y <[] a>

3<ig << <n 2<j<k
= E < | | aj; >
1<ip << <n 1<j<k

(since these equalities are already true in W(F')) and similarly for other
indices.

Finally, Z < H a;; >€ Qg only depends on the class of

1< <-<ip<n 1<j<k

n
Z < a; >1in W(F'), i.e. on d, since, with the convention that Z <

=1 1<iz<--<i2<n

H a; >=1:
3<j<2
oo <] a+<iz+<-1>) > <] @ >

1<ii<-<ig<n  1<j<k 1<ig<--<ip<n  2<j<k

+ < —-1> Z <Hai].>

1<ig<-- <, <n 3<ji<k

is equal to Z < H ai; > —Yg_2(d) in Qqx (since this equality is

1<ii<<ig<n  1<j<k

already true in W(F')) which is equal to Z < H ai; >1in Qqp =

1<ip<--<ip<n  1<j<k
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Qui—2/(Sk-2(d)). Thus we can fix Ny(d) = > < [] @, >€ Qua

1<ip<-<ipg<n  1<j<k

(since there exist ay,...,a, € F* such that Z <a;>=de W(F)). O

i=1

It follows from Lemma-Definition that we have a map

Zk : W(F) — U Qng

which verifies that for all d € W(F), X4(d) € Qqk. This provides new
invariants of the quadratic linking degree.

Theorem 5.28.

1. Let & = (Z1,Z5), (01,02) be an oriented link with two components
satisfying the assumptions of Definition (71,72) # (0,0) be a
couple of nonpositive integers and k£ be a positive even integer. The
image by ¥ of the ambient quadratic linking degree of .Z with respect
to (j1,72) is invariant under changes of the orientation classes o7, 03.

2. Let & = (Z1,7,),(01,03), (1, p2) be an oriented link with two com-
ponents of type (Y1, Y2, X), (j1,72) be a couple of nonpositive integers
and i € {1,2} satisfying the assumptions of Definition or of Defi-
nition and such that the i-th component of the quadratic linking
degree couple of .Z with respect to (ji,72) is in the Witt ring W(F)
of F'. Let k be a positive even integer. The image by X, of the i-th
component of the quadratic linking degree couple of .Z with respect
to (J1,72) is invariant under changes of the orientation classes 07, 03.

Proof. First, let us show that X is invariant under the multiplication by

<b>forallbe F* Let Y < a; > W(F). Forallbe F*, Sy(<
1<i<n

b > iy < i >) = Y cocicn < U Tli<jcp @i; > hence (b* being

a square since k is even) Yp(< b > Y0 0 < @ >) = Yo ocn <

[Ticjcrai; >= k(D 1<ic, < @ >). The results follow directly from this

and from Propositions [5.11} [5.18 and [5.24] ]

Note that even though these invariants are not interesting for some
fields, e.g. the field R of real numbers (which verifies that for all d € W(R),
Qa2 = W(R)/(1) = 0 since W(R) =~ Z, hence all Q4 = 0 and all ¥;(d) =0
as soon as k > 0), they are interesting for other fields, e.g. the field Q of
rational numbers. Indeed, in Section , we show that Yo (applied to the
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ambient quadratic linking degree or to a component of the quadratic linking
degree couple (over QQ)) distinguishes between infinitely many oriented links.

Before we move on to the cases in which the quadratic linking degrees
are in GW(F') instead of being in W(F'), let us make the following remark.

Remark 5.29. Let p : GW(F) — W(F) be the canonical morphism (which
sends (a) to < a > for all a € F*) and k be a positive even integer.

1. The composite of p and of the rank modulo 2 is invariant under the
multiplication by (a) for all a € F*.

2. In the case F = R, the composite of p (of the signature) and of
the absolute value is invariant under the multiplication by (a) for all
ac ™.

3. The composite of p and of ¥ is invariant under the multiplication by
(a) for all a € F™.

It follows from Propositions[5.11] |5.18/and |5.24|that these functions (applied
to the ambient quadratic linking degree or to a component of the quadratic
linking degree couple) provide invariants of the quadratic linking degree
when it is in GW(F'). However, we will provide better invariants than each
of these in the following subsection.

Cases in the Grothendieck-Witt ring GW(F')

Let us begin with the invariant which is a better version of the invariant
which stems from the invariant of Proposition (see Remark [5.29).

Proposition 5.30.

1. Let & = (Z1,75), (01,02) be an oriented link with two components
satisfying the assumptions of Definition The rank of the ambi-
ent quadratic linking degree of .Z with respect to (0,0) (which is in
GW(F)) is invariant under changes of the orientation classes o7, 05.

2. Let £ = (Zy,2Zs),(01,03), (1, p2) be an oriented link with two com-
ponents of type (Y7, Y5, X), (41, j2) be a couple of nonpositive integers
and i € {1,2} satisfying the assumptions of Definition or of Defi-
nition and such that the i-th component of the quadratic linking
degree couple of .Z with respect to (j1, j2) is in the Grothendieck-Witt
ring GW(F) of F. The rank of the i-th component of the quadratic
linking degree couple of £ with respect to (ji,j2) is invariant under
changes of the orientation classes o7, 0.

139



5. THE QUADRATIC LINKING DEGREE

Proof. These results follow directly from Propositions [5.11} [5.18| and [5.24]
since the rank of an element of the Grothendieck-Witt ring GW(F) is in-
variant under the multiplication by (a) for all a € F*. O

Let us now give the invariant which is a better version of the invariant
which stems from the invariant of Proposition (when the ground field is
the field R of real numbers; see Remark [5.29). Recall that GW(R) ~ Z®Z
(via the signature couple).

Proposition 5.31. Assume that F' = R.

1. Let & = (Z1,%5), (01,02) be an oriented link with two components
satisfying the assumptions of Definition The unordered pair (i.e.
set of two elements) which underlies the ambient quadratic linking
degree of £ with respect to (0,0) (which is in GW(R) which is iso-
morphic to Z @ Z via the signature couple) is invariant under changes
of the orientation classes 07, 0.

2. Let £ = (Z1,75),(01,02), (g1, p2) be an oriented link with two com-
ponents of type (Y1, Y2, X), (j1,72) be a couple of nonpositive integers
and i € {1,2} satisfying the assumptions of Definition or of Defi-
nition and such that the i-th component of the quadratic linking
degree couple of ¥ with respect to (ji,jo) is in the Grothendieck-
Witt ring GW(R) of R. The unordered pair (i.e. set of two elements)
which underlies the i-th component of the quadratic linking degree
couple of .Z with respect to (ji,j2) (which is in GW(R) ~ Z & Z) is
invariant under changes of the orientation classes o1, 0.

Proof. For all a € R*, (a) = (1) =1 or (a) = (—1) since every real number
is a square or the opposite of a square. The results follow directly from
Propositions [5.11] [5.18| and [5.24] since in GW(R) ~ Z @ Z, multiplication
by 1 is the identity and multiplication by (—1) is the function which maps
(a,b) to (b,a) for all a,b € Z (and the sets {a, b} and {b,a} are equal). O

Note that no better invariant of the quadratic linking degree can be
given in the case where the ground field is R since the components of the
ambient quadratic linking degree and of each component of the quadratic
linking degree couple can be switched by changing o7 into 01 o (x(—1)) or
03 into 0y 0 (x(—1)) (see Propositions [5.11} |5.18 and |5.24).

We will now give a family of invariants in the general case (which is a
better version of the family of invariants which stems from the family of
invariants of Theorem see Remark . Before we do this, we need
the following lemma-definition.
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5.3. Invariants of the quadratic linking degree

Lemma-Definition 5.32. Let k be a positive even integer. The map > :
GW(F) — GW(F) which mapsdtoSx(d) = > (] e)( ] @),

1<iy<-<ip<n 1<I<k 1<j<k
as soon as n € Ny, €1,...,6, € {—1,1} and ay,...,a, € F* verify that

> eila;) = d, is well-defined.

=1

Proof. Recall the following presentation of the abelian group GW(F) (see
Theorem [2.13)): its generators are the (a) for a € F* and its relations are
the following;:

1. (ab?) = (a) for all a,b € F*;

2. {a) + (b) = (a + ) + {(a + b)abd) for all a,b € F* such that a + b # 0.

We denote by G the free abelian group of generators the (a) for a € F*
and by G; the quotient of G by the first relation above. Let d € GW(F)
and n € Ny, e1,...,6, € {—1,1} and ay,...,a, € F* be such that the

class of Zsi(a,) € G in GW(F) is d. Let k be a positive even integer.
i=1

Note that Z ( H i, ){ H ai;) € GW(F) is well-defined (since it
1<in < <ig<n 1<I<k 1<j<k

is well-defined in G and GW(F) is obtained from G by quotienting). In
fact, Z ( H €i)( H ai;) € GW(F') only depends on the class of

1<in < <ip<n 1<I<k 1<i<k
n
Zgi(aﬁ in G since for all b € F™*, Z e1( H gi,)(a,b? H ai;)+
i=1 2<ig<<iy<n  2<I<k 2<j<k
S (T e I @)= D> (Il e ]I @) € GW(F)
2<iy <-<ip<n 1<I<k 1<j<k 1<iy <-<ip<n 1<I<k 1<j<k

and similarly for other indices.
Finally, Z ( H i) H ai;) € GW(F) only depends on the

1<iy<-<ip<n 1<I<k 1<j<k

class of Ze,(ai) in GW(F), i.e. ond, sinceif ay+as #0and ey =e9 =: ¢
i=1

141



5. THE QUADRATIC LINKING DEGREE

then in GW(F):

Z (H e)((a1 + as)?aras H a;;) + Z (H Eir)( H a;;)

3<ig < <1 <n 3<I<k 3<j<k 3<ir << <n 1<I<k 1<5<k
+ Z e( H eir)({(a1 + a2) H a;;) + ((a1 + az)aras H ai;))
3<ig<<ig<n  2<I<k 2<j<k 2<j<k
= > (] etmas [T ep+ D> (Il e)C 1T @)
3<ig<-<ip<n 3<I<k 3<j<k 3<iy < <ipg<n 1<I<k 1<j<k
+ (a1 + a2) + (a1 + a2)aaar)) Y e([] @) I @)
3<ia< <1 <n  2<I<k 2<5<k
= > (Il evt@mas ] @)+ D> (1] (1] @)
3<i3< <1 <n 3<I<k 3<i<k I<n << <n 1<I<k 1<5<k
) +ia) ST (IT et IT )
<< <1 <n - 2<I<k 2<j<k
- Y (e IL e
1<iy <-<ip<n 1<I<k 1<j<k
and similarly for other indices. O]

This provides new invariants of the quadratic linking degree.
Theorem 5.33.

1. Let & = (Z1,Z5), (01,02) be an oriented link with two components
satisfying the assumptions of Definition and k be a positive even
integer. The image by >, of the ambient quadratic linking degree of
Z with respect to (0,0) is invariant under changes of the orientation
classes o1, 0.

2. Let & = (Z1,%,),(01,03), (¢1, p2) be an oriented link with two com-
ponents of type (Y1, Ys, X), (41, j2) be a couple of nonpositive integers
and i € {1,2} satisfying the assumptions of Definition or of Defi-
nition and such that the i-th component of the quadratic linking
degree couple of £ with respect to (j1, j2) is in the Grothendieck-Witt
ring GW(F') of F. Let k be a positive even integer. The image by
Yk of the i-th component of the quadratic linking degree couple of .Z
with respect to (ji,j2) is invariant under changes of the orientation
classes o1, 0.
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5.3. Invariants of the quadratic linking degree

Proof. First, let us show that X is invariant under the multiplication by
(b) for all b € F*. Let » ~ &;{a;) € GW(F). For all b € F*:

1<i<n
2k((0) Z eifa;)) = Z (H ei) (B* H ag,;)
1<i<n 1<iyi << <n 1<I<k 1<j<k
= > (Il =1 a0
1<ip << <n 1<I<k 1<5<k
= Sk( ) eila))
1<i<n

since b* is a square as k is even. The results follow directly from this and
from Propositions [5.11] [5.18] and [5.24] O

Remark 5.34. Let p : KMW(F) — GW(F) be the composite of the mor-
phism KY"W(F) — K)W(F) which is the multiplication by 7 and of the
ring isomorphism 7o : K)™W (F) — GW(F) (see Theorem [2.33). Let k be a

positive even integer.

1. The composite of p and of the rank is invariant under the multiplica-
tion by (a) for all a € F*.

2. In the case F' = R, the composite of p (of the signature couple) and
of the map (a, b) — {a,b} is invariant under the multiplication by (a)
for all a € F*.

3. The composite of p and of > is invariant under the multiplication by
(a) for all a € F™.

It follows from Propositions and that these functions (applied to
a component of the quadratic linking degree couple) provide invariants of
the quadratic linking degree when it is in KMV (F') (however the first one is
the trivial invariant since for all a € F™*, yo(n[a]) = (a) — (1) is of rank 0).

Future work 17 (Invariants of the quad. link. degree in the case KMV (F)).
It would be interesting to devise better invariants of the quadratic linking
degree for the cases in KMW(F). Note that [Morl2, Definition 3.3 and
Lemma 3.4] give a presentation of the abelian group KMW(F) for n > 1 (in
particular of KMW(F)) which may be useful for this. Also note that [Mor03,
Theorem 6.4.5] gives, when the characteristic of F' is different from 2, an
isomorphism of graded rings between KMW(F) and another graded ring
which is constructed from Milnor K-theory (see Definition and Witt
K-theory. (Note that Witt K-theory KY(F) verifies that for all m < 0,
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5. THE QUADRATIC LINKING DEGREE

KW(F) = W(F) and for all n > 1, K\(F) = I(F)", where I(F) is the
kernel of the ring morphism W(F') — Z/2Z induced by the rank.) This iso-
morphism gives for instance the following isomorphism between the abelian
group KW (R) and the fibre product of abelian groups R* X g« /r+)2~07,/42, 27
(which is the set of couples (z,n) € R* x 2Z such that either z > 0 and n is
a multiple of 4 or x < 0 and n is not a multiple of 4 (hence is congruent to 2
modulo 4 since it is even) with the addition (z,n) + (y, m) = (zy,n+ m)):

Z eilai] — Z gi(ai, —2x"*(a;))

i€l el

where [ is a finite set, g; € {—1,1}, a; € R* and x"* is the characteristic
function of the negative numbers (i.e. y"* maps negative numbers to 1 and
other numbers to 0; note that —2x"°8(q; ) is necessarily even and is a multiple
of 4 precisely when a; > 0). Note that —(a;, —2x"*%(a;)) = (a; ', 2x"8(a;)).
The inverse isomorphism (from R* Xgs/ge)2~07/47 2Z to KM™W(R)) is the
following (where z € R* (and |z| is its absolute value) and k € Z (even if
x> 0, odd otherwise)):

[z] ifk=0

—k[—|z|"%]  otherwise

(x,2k) — {
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Chapter 6

Computing methods

In this chapter, we give methods to compute the quadratic linking class
(see Definition [£.9), the ambient quadratic linking degree (see Definition
and the quadratic linking degree couple (see Definition in the case
AT\{0}UAZN\{0} — AL\ {0} with j; < —1and j, < —1, under reasonable
assumptions on the oriented link (which are verified in the examples of
Chapter . Similar methods can be worked out for the following cases:

the quadratic linking class, the ambient quadratic linking degree and
the quadratic linking degree couple for oriented links with two com-

ponents of type (A% \ {0}, Q2, AL\ {0}), (@2, AL\ {0}, AL\ {0})), or
(Q2,Q2, A%\ {0}) with j; < —1 and j, < —1 (recall Definitions

and [5.13);

the quadratic linking class and the ambient quadratic linking degree
for oriented links with two components of dimension 2 in A%\ {0},

with j; < —1 and jo < —1 (recall Definition [5.7);

the quadratic linking class and the quadratic linking degree couple for
oriented links with two components of type (A% \ {0}, Q3, A%\ {0}),

(@3, AR \{0}, AL \{0}), (@5, @5, AL\ {0}) with j1 < —Tand jo < —1;

the quadratic linking class and the quadratic linking degree couple for
oriented links with two components of type (P, PL, P3) with j, < —2

and j, < —2 (recall Definition and Remark [4.28)));

the quadratic linking class and the quadratic linking degree couple
(when they are well-defined, which should be the case under reason-
able assumptions on the oriented link) for oriented links with two

components of type (Qa, Q2,Q4) or (Q3,Q3,Qs) with j; < —1 and
J2 < —1.
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6. COMPUTING METHODS

The codimension 2 assumption and the assumption that j; < —1 and
j2 < —1 which are in all these cases come from the fact that the method
uses the formula to compute the intersection product which is in Corollary
[3-32] on the couple of Seifert classes of the oriented link (see Definition [4.6).
Note that in the case (P, PL P3.), it is assumed that j; < —2 and j, < —2
in order to have a well-defined quadratic linking class in a nonzero group.
Note that under these assumptions, all of the ambient quadratic linking

degrees and the quadratic linking degree couples take values in the Witt
group W (F') of the perfect field F or in W(F) & W(F).

By Remarks [4.4] (recall Definition [4.3)), [1.11] (recall Definition
b.1), 5.16] and [5.22] in the cases above it suffices to give computing
methods for j; = —1 and j, = —1 (except for the case (PL,PL,P3), for
which it suffices to give computing methods for j; = —2 and j, = —2).

As soon as Future work (1] is (at least partially) completed, more cases
become effectively computable (in particular, cases with ambient quadratic
linking degree in GW(F) or with a component of the quadratic linking
degree couple in GW(F) or in KMW(F)).

Section gives the assumptions and notations under which we can
effectively compute the quadratic linking class and the ambient quadratic
linking class of an oriented link (Z; C AL\ {0}, Z, € AL\ {0}), (o1, 02) such
that Z; ~ A%\ {0} and Z, ~ A%\ {0}. In Section we compute the
quadratic linking class with respect to (—1, —1) and the ambient quadratic
linking class with respect to (—1,—1) of an oriented link which verifies
the assumptions of Section In Section we compute the ambient
quadratic linking degree with respect to (—1, —1) of an oriented link which
verifies the assumptions of Section Finally, in Section [6.4] under the
additional assumption that a choice of parametrisations (i.e. isomorphisms)
¢1: AL\ {0} — Z; and o, : A%\ {0} — Z5 has been made, we compute the
quadratic linking degree couple with respect to (—1, —1) of an oriented link
which verifies the assumptions of Section 6.1} Note that we also included
these computing methods in our preprint [Lem23|.

6.1 Assumptions and notations

In this section, we give the assumptions under which we will compute the
quadratic linking class and the ambient quadratic linking class (in Section
[6.2), the ambient quadratic linking degree (in Section[6.3) and the quadratic
linking degree couple (in Section , as well as useful notations.
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6.1. Assumptions and notations

We assume that:

e [ is a perfect field and X = A%\ {0}, where A} = Spec(F[z,y, 2,1])
(so that coordinates are fixed once and for all);

e 7, and Z, are disjoint closed F-subschemes of X and are isomorphic
to A%\ {0}, where A% = Spec(F[u,v]); we denote Z := Z; U Zs;

e for each i € {1,2}, the closure Z; of Z; in A%} is given by two equations

f’i(xa Y, =, t) = 07 gz(xv Y, =z, t) =0
where f; and g; are irreducible polynomials in F|z,y, 2, t];

e 7 is the oriented link (Z,,Z), (01 := 07, 4,,02 ‘= Opy.55) (see below
for the definition of the oriented classes oy, 4, and 0y, 4, );

e the subscheme of X \ Z given by the equations g; = 0,9, = 0 is of
codimension 2 in X \ Z;

e for each generic point p of an irreducible component of the subscheme
of X \ Z given by the equations g; = 0,9, = 0, the images of f;
and of fy in the residue field k(p) (by the composite of the canoni-
cal morphism Flz,y, 2,t] = Ou1 (A%) — Oyps,, and of the canonical
morphism Oys , — x(p)) are units.

These last two assumptions are here to ensure that we can use the
formula for the intersection product in Corollary[3.32]on the couple of Seifert
classes of the oriented link (Z1, Z2), (07, 41, 02.9)-

Let i € {1,2}. Note that the conormal sheaf Cz,/x 1= S5,/ 97 of Z; in
X (where .#z, is the ideal sheaf of Z; in X) fits in the following short exact
sequence (see [Ful98, Paragraph B.7.4| for a different formulation):

0 ” (CV(gi)/A‘;)\Zi g CZi/X - (CZ/A )‘Zi - (CV(fi)/A%)lzi —0

LIL:'
so that the determinant of the dual of the conormal sheaf of Z; in X,
which we denote vz, is canonically isomorphic to det(((Cy (s, as)12,)") ®
det(((Cy(g,)/a1)1z.)"). We define oy, 5, as the isomorphism vz, — Oz, ® Oy,
which maps f; Ag;* to 1®1 and 07,4, as the orientation class of oy, ;. (see
Definition [3.22).

Note that if we want to compute the quadratic linking class of £ =
(Z1, Zs), (01, 02) for some orientation classes o7, 05 rather than £ = (73, Z5),
(0f1.91:0Fanga), We simply need to find a; € F* such that o; = oy, 4, o (xa;)
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6. COMPUTING METHODS

(such an a; exists by Remark [4.36) and use Proposition [4.16 (see also Propo-
sitions |5.11| and |5.18[). Also note that by definition oy, 4, o (xa;) =
0417, 4., SO that 0; = 0,-1, -~ and that if (p;,¢;) is another couple of irre-

ducible polynomials such that Z; is given by the equations p;, = 0,¢, = 0
then 0,4 = 0y, 4 © (x(J;)~1) with J; the determinant of the 2 x 2 matrix A,

such that A; (gz) = ];Z) (note that the coefficients of A; are in Fx,y, z, ]
(2 7
but J; € (F|x,y, z,t])* = F* since A; is invertible).
Now that we have presented our assumptions, let us turn to notations.
We recall the following notations:

e we denote by x°4 : Z — {0, 1} the characteristic function of the set
of odd numbers (i.e. x°(n) = 1if n is odd, x°4(n) = 0 if n is even);

e we denote € := —(—1) € KYW(F);

e for all n € Ny, we denote n. := >0 ((—=1)"1) € K}'™W(F) and we
denote (—n). := en. € KW (F).

Let us now introduce notations which will be useful to explicitly compute
the quadratic linking class, the ambient quadratic linking class, the ambient
quadratic linking degree and the quadratic linking degree couple. Note that
these will not depend on the choices of uniformizing parameters made below

(see Definitions [£.9] 5.1] 5.7 and [5.15)).

e We denote by I the set of generic points of irreducible components
of the subscheme of X \ Z given by the equations g; = 0, go = 0.

e Lor every p € I, we denote by 7, a uniformizing parameter of the
discrete valuation ring Ox\z,/(g1), by u, a unit in Ox\z,/(g91) and
by m, € Z an integer such that g» = u,mp” € Ox\z,/(q1).

—
e Foreverype [ and g € {p}( )ﬂ Z, we denote by 7, , a uniformizing
parameter of the discrete valuation ring O@q, by u,, a unit in

O@g and by m,, € Z an integer such that fifou, = u,,mpa? €

{rha

6.2 The quadratic linking class

In this section, we compute the quadratic linking class with respect to
(—1,—1) and the ambient quadratic linking class with respect to (—1,—1)
of an oriented link which verifies the assumptions of Section
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6.2. The quadratic linking class

Theorem 6.1. Under the assumptions and with the notations of Section
the cycle

Z Z (Upq) UXOdd(mpmp,q) ® (Mg @Tp ®7G17)

T
Pl 4oy Uz

where (1, 4)n x°*(mymy,,) ® (T @ T @ gi*) € KMV (k(q), vy @ (v2))4)
(with v, = det(N,/z) (see Notation and vz = det(Nyz/x)), represents
the quadratic linking class of £ with respect to (—1,—1) (which is in
HY(Z, KY™{v,}), see Definition [4.9).

Proof. From Definition [4.3] the orlented fundamental class [o;] is the class
in H(Z;, KMYV{v,}) of n® (f;” Agi*) (over the generic point of Z;). It
follows from Definition and Theorem that the Seifert class S; of
Z; is the class in H'(X \ Z, KMWV) of (f;) ® g* (over the generic point p;
of the hypersurface of X \ Z of equation g; = 0). In the expression above,
(fi) € Ko™V (k(p:)) and Gi* € Z[det (N3, x,2) \ {0}]; with a slight abuse of
notation, we denoted by f; the image in the fraction field of F|x,y, z,t]/(g;)
of f; € Flz,y, z,t]. We will make similar slight abuses of notation below.
By Corollary the intersection product of the Seifert class S; of Z;
with the Seifert class Sy of Zs is the class in H?(X \ Z, K5™) of the cycle:

> (my)e{frfauy) @ (7" @ G1°)

pel

The quadratic linking class is the image of this intersection product by
the boundary map 0 : H*(X\ Z, Ki™) — HY(Z, K"V {vz}) thus the cycle

Z Z ((frfoup)) @ (Tpg" @T," @ TG17)
PEl ety Vnz

represents the quadratic linking class (note that we used Proposition m
to extract (m,). from the morphism 9;7*). By Theorem and Lemma

2.45| the cycle

Z Z (Up,q) nXOdd(mpmpvq) ® (Tpg" @7 ®G17)

pel el 'z

represents the quadratic linking class of .Z. O

The following corollary is a direct consequence of Theorem [6.1]
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6. COMPUTING METHODS

Corollary 6.2. Under the assumptions and with the notations of Section

6.1] the cycle

ST @XM mymy,) ® (g @7, @ G17)
pel qem(l)mzl

where (T, )1 XM (mmy,q) ® (T @7, @ 01%) € KMV (k(q), vg) (with v, =
det(Ny/x) (see Notation [3.7)), represents the ambient quadratic linking
class of .Z with respect to (—1, —1) (which is in H3(X, K3™V), see Definition

5.1).

Let us now compute the ambient quadratic linking degree from the am-
bient quadratic linking class.

6.3 The ambient quadratic linking degree

In this section, we compute the ambient quadratic linking degree with re-
spect to (—1, —1) of an oriented link which verifies the assumptions of Sec-
tion

Recall the notations in Section [6.1 We introduce the following addi-
tional notations:

—a
o forevery pe€ I and q € {p}( i 7y, we denote by v, , the discrete

. . / . ° e /
valuation of O{q}’g, by m,,0 & uniformizing parameter for v, ,

by w40 a unit in Oy, and by mj, o € Z an integer such that

—_— / m .o
Up,q = up,q,O(ﬂp,q,(J) P

—q
e foreverype [ and ¢q € {p}( )ﬂZl, we denote by A7, an element of
KW (F) such that ? @ () ) @7y @75 QG1") = Ny 4o 2 @(T AT*A
Z*AT). Note that such a X, exists since W;’qyo* RTpq T, VG €

Z[(det(MO}/A‘;)\o) \ {0}].

Theorem 6.3. Under the assumptions and with the notations of Section
(and the notations above), the ambient quadratic linking degree of &
with respect to (—1,—1) is the following element of the Witt ring W(F):

/ / odd /
Z Z Ap,q70 < Up,q,0 > X <mpmpvqmp,q70)
—(1
pel qe{p}( )mZ1

(with the following abuse of notation: if X ;= >""" (u;) € K{"™V(F) then

the A, o in the expression above is in fact ) ", < u; >€ W(F); in other
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6.4. The quadratic linking degree couple

words, the )\;),q,O in the expression above should be replaced with the image
of X! y1? by the isomorphism v_ : KMWV(F) — W(F) (see Theorem [2.33))).

P,q,0

Proof. By Definition and Notation [3.36] the first step consists in apply-
ing the boundary map 0 : H*(AL\{0}, K3™) — HO({0}, K3V {det(Njoy/a1)})
to the ambient quadratic linking class. By Corollary the cycle

S (T ) @ (T @y @7 @ FT)
pel qem(l)mzl

represents the image of the ambient quadratic linking class by the boundary
map. By Theorem the cycle

!/ 2 . odd !/ /—>’< —_—x — —%
Z Z (Upq.0)1” XMy gy, 4 0) ® (T, 00 @ Ty ®T," @ g17)
Pel Wz,

represents the image of the ambient quadratic linking class by the boundary
map. It follows that the cycle

S X o X (mymy gl ) @ (B AT AZ AT
pel (16@(1)0Z1

represents the image of the ambient quadratic linking class by the boundary
map. Therefore, by Definition [5.7and Notation [3.36] the ambient quadratic
linking degree of % is the following element of W(F'):

! 2 ! odd /
Z Z 7—QO‘p,q,On ) < Upgo = X (mpmpvqmp,q,O)
pel qe@(l)mzl

6.4 The quadratic linking degree couple

In this section, we compute the quadratic linking degree couple with respect
to (=1, —1) of an oriented link which verifies the assumptions of Section
together with a closed immersion ¢; : A%\ {0} — A% \ {0} whose image
is Z; and a closed immersion ¢, : A%\ {0} — A%\ {0} whose image is
Zy. In other words, (Z1,Zs),(01,03), (1, p2) is an oriented link of type
(AZ\ {0}, A%\ {0}, A%\ {0}) (see Definition [5.13).

Recall the notations in Section We introduce the following addi-
tional notations:
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6. COMPUTING METHODS

e for every i € {1,2}, p€ I and q € @(1) N Z;, we denote by 7,, an
element of v, = det(N/z,) (see Notation such that 7, ;* @7,* ®
T =T, @ (fi AG*). Note that such a 7, exists since T, ,* ® T,* ®
g1 € Zl(vg ®n(q) (v2,)1a) \ {033

—(1
e for every i € {1,2}, p € [ and ¢ € {p}( 'n Z;, we denote by v, 40
the discrete valuation of Om o bY Tpq0 a uniformizing pa-

rameter for v, 0, by U, 40 a unit in Omo and by my .0 € Z an

. S m
integer such that ¢} () = upq0m, 06"

e for every i € {1,2}, pe I and q € @(l) N Z;, we denote by A, ,0 an
element of K)'W(F) such that n° @ (T,50" @ ¥} (Tpq)) = Apgo* @
(@w* A v*). Note that such a A, o exists since T,,0" ® @i (7p,) €

Z[(det(Nioy /a2 )po) \ {0}].

Theorem 6.4. Under the assumptions and with the notations of Sec-
tion (and the notations above), the quadratic linking degree couple
of (Z1, Z3), (01,02), (¢1, v2) with respect to (—1, —1) is the following couple
of elements of the Witt ring W(F) (i.e. element of W(F') @& W(F)):

_ odd
E , E , Apa0 < Upgo > X (Mpmy gy g0)
—(1
pel q€{p}< )ﬂZl

—_ odd
S § § Ap.a0 < Upgo > X (Mpmy My g0)
—(1
Pl 4oy 'z,

(with the following abuse of notation: if A\, ,0 = > 1" (u;) € K}™(F) then
the A\, 0 in the expression above is in fact Y " < u; > € W(F); in other
words, the )\, ;o in the expression above should be replaced with the image
of Apq.on? by the isomorphism y_5 : KMY(F) — W(F) (see Theorem 2.33)).

Proof. Recall from Definition that the first step in computing the
quadratic linking degree from the quadratic linking class consists in ap-
plying (01 @ 02) o w. It follows from Theorem and from the definitions
of 01 = 0y, 4, and 03 = 0y, 4, that the couple of cycles

Z Z (@) XM (MM ) © Ty g

—(1
Pl 4 prVnz,

b Z Z (Upa) x4 (Mmpmyq) @ Ty

—(1
pel qe{p}( )ﬂZg
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6.4. The quadratic linking degree couple

where (U, 4)7 XOdd(mpmp,q>®Tp,q € KMV (x(q), V), represents (010z)(w(Qlcy)).
It follows that the couple of cycles

Z Z (01 (pg))n x4 (mpmp,g) ® 1(Tpq)

—Q
pel qe{p}( >ﬂZ1

D Z Z (5 (Wpq))m XOdd(mpmpvq) ® 05(Tp,q)

I —(1
Pl iV nz,

where for all i € {1, 2}, (¢} (Tpg))n XM (MM, ) @97 (Tpg) € EMY (k0 (9)), V%fl(q))a
represents (@@ ps)(01D02)(w(Qlcy)). This is the second step in computing
the quadratic linking degree (see Definition [5.15)).

Recall from Definition and Notation that the third step in
computing the quadratic linking degree consists in applying the boundary
map

0 H' (AL \ {0}, K§™) — HO({O}aKI\—/IQW{det(N{O}/A%)})
to each element of the couple above, which gives:

Z Z agf;(? (@1 (Tpg)))n x4 (mpmypq) @ (Tpg0” @ ¢1(Tpq))
pel qe@(l)mzl
eY Y o (3@ X M) @ (Tpgo” ® 93(Tg))

—(1
Pl 4t Vnz,

where for all i € {1, 2}, 90775 ({0} (Tpig)) )0 XM (M1, ) (T 00" @97 () €
Ky;N(H(O), det(N{o}/A%))

By Theorem for every i € {1,2} we have 0,77 ({¢}(Upq))) =
(Wp70)m X°%(my.40) thus the third step gives:

Z Z (Up.q0) " XOdd(mpmp,qmnq,O) ® (Tpgo” ® ¢i(Tpg))
pel qE@(l)mzl

D Z Z (Wp,q.0) x4 (MM, M4,0) ® (Tpg0" ® 05(Tpg))
pel (1)
ae{p} "NZ2

It follows that the third step gives:

Z Z X0 (Tpg0) 17 X (i g1 4.0) © (T A TY)

—(1
Pl e mrVnz,

& Z Z Ap.q.0(Tp.g0) 7 X (mpmp,gmypg0) @ (W AVY)

—(1
pel qe{p}( )ﬂZg
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6. COMPUTING METHODS

Therefore, by Definition and Notation the quadratic linking
degree couple of (Z1,75), (01,02), (1, v2) with respect to (—1,—1) is the
following couple of elements of the Witt ring W(F):

Z Z V-2(Apg0°) < Upgo > x4 (M g1My6,0)
pel qE@(l)mzl

@ Z Z V=2 (Apg0?) < Tpgn > X (M4m0
pel (W

]

Future work 18 (Additional computing methods). In addition to the cases
mentioned at the beginning of this chapter (and to the case tackled in this
chapter), there are other cases in which the quadratic linking class etc. have
been defined (and in which it would be interesting to compute the quadratic
linking class etc.). Unlike previously mentioned cases, the following cases
need Future work |1 to be (at least partially) completed before they can be
tackled:

e the cases mentioned at the beginning of this chapter (except the case
(P}, PL,P%)) and the case tackled in this chapter, with j; = 0 (and
Ja < 0) or jo =0 (and j; < 0) instead of ji,jo < —1;

e higher codimensional cases (see Definitions [5.7] and with j; <0
and j, < 0; note that Future works [2| and [3| once completed, would
add other higher codimensional cases (as well as an ambient quadratic
linking degree in the case (P, Pk, P%.), see Future work [7)).
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Chapter 7

Examples and computations

In this chapter, we compute the quadratic linking class, the ambient quadratic
linking degree (and its invariants) and the quadratic linking degree couple
(and its invariants) on examples, by using the methods given in Chapter [6]

In Section [7.1] we give a simple example over a perfect field F: the
Hopf link. By changing its orientations, one can get any < a >€ W(F)
as ambient quadratic linking degree (or as a component of the quadratic
linking degree couple). In Section we give a family of examples, which
we call binary links, over a perfect field F' of characteristic different from
2, such that, by changing their orientations, one can get any < a > + <
b>€ W(F) (i.e. any class in W(F) of a binary quadratic form) as ambient
quadratic linking degree (or as a component of the quadratic linking degree
couple). Finally, in Section , we give for each n € N a counterpart
over R to the torus link 7'(2,2n) (whose linking number is n; see Section
[1.4). The ambient quadratic linking degree of our counterpart of 7'(2,2n)
is —n € W(R) ~ Z and its quadratic linking degree couple is (n,—n) €
W(R) @& W(R) ~ Z @& Z. Note that we also included these computations in
our preprint [Lem23|.

7.1 The Hopf link

In this section, we present a simple example of oriented link with two
components (see Definition and compute oriented fundamental classes
and Seifert classes for its components, as well as its quadratic linking
class, its ambient quadratic linking class and its ambient quadratic link-
ing degree. We then enrich this oriented link into an oriented link of type
(AZ\ {0},A%\ {0},A% \ {0}) (which means that we fix isomorphisms be-
tween A2 \ {0} and each of its components (which lie in A% \ {0}); see
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7. EXAMPLES AND COMPUTATIONS

Definition and compute its quadratic linking degree couple.

Let F be a perfect field. Recall that A} = Spec(F[z,y, 2,t]) and A% =
Spec(F[u,v]) (so that coordinates are fixed once and for all). We define the
Hopf link over F' as follows:

e 7, is the intersection of the closed subscheme of A} of ideal (z,y)
and of X := A%\ {0} (hence is a closed F-subscheme of X; in other
words, Z; is the closed F-subscheme of A%\{0} given by the equations
r =0,y =0);

e 7, is the intersection of the closed subscheme of A}, of ideal (z,t) and
of X (hence is a closed F-subscheme of X; in other words, Z, is the
closed F-subscheme of A%\ {0} given by the equations z = 0,¢ = 0);
note that Z; and Z, are disjoint (see [GW10, Proposition 3.35]);

® 07 = 0, is the orientation class associated to the couple (x,y) (see
Section in other words, oy is the class (see Definition of
the isomorphism o, : vz, = det(Nz,/x) = Oz ® O which maps
AT to1®1);

e 0, = 0,, is the orientation class associated to the couple (z,t) (see
Section [6.1} in other words, 05 is the class (see Definition [3.22)) of the
isomorphism o, : vz, := det(Nz,/x) = Oz, ® Oz, which maps z* N4
to1®1).

The reason behind the name of the Hopf link will be made apparent
in Section [7.3] See Table for a recap in the case j; = j, = —1 of
the computations made below (note that for the last three lines, closed
immersions o1, s : A%\ {0} — A%\ {0} need to be fixed; this is done
below). The quadratic linking class is given in two different lines since it
is used to compute the ambient quadratic linking degree on the one hand
and the quadratic linking degree couple on the other hand. Note that the
second column gives cycles which represent the classes in question (except
for the ambient quadratic linking degree which is in the Witt ring W(F))
and the quadratic linking degree couple which is in W(F)® W (F)), without
specifying the points over which these cycles live, but that in the case of
this table these points are the obvious ones (for instance (x) ® y* (which
represents a class in H'(X \ Z, KMWV)) lives over the generic point of the
hypersurface of X \ Z of equation y = 0).

Instead of applying Theorem to get the quadratic linking class of
the Hopf link, we go through the different steps which lead to the quadratic
linking class in order to illustrate the proof of Theorem and to give
examples of the mathematical objects we have introduced in Chapter
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7.1. The Hopf link
Oriented fund. cl. n& (T AY*) | n® @ AL)
Seifert classes () @7y* ] Y@t
Int. prod. of Seif. cl. 2) @ (F NT")
Quad. linking class (@ E AT AY) @ ([T AZTAL)
Amb. quad. link. cl. | —(2)n® (£ AT AT)
Apply 0 (T ANT NZAT)
Amb. quad. lk. deg. -1
Quad. linking class e T AT AY) @ (e @ AT AL)
Apply (01 @ 03) o @ —(zm et ® ey
Apply ¢1 @ ¥} —(u)n ®v* ® (u)n ® v*
Apply 0 0 —n? @ (u* A T*) @ n* @ (u* AT*)
Quad. link. deg. cpl. —1 & 1

Table 7.1 — The ambient quadratic linking degree and the quadratic linking
degree couple of the Hopf link.

First note that it follows immediately from Definition (also recall
Notation and Proposition that the oriented fundamental class
[01];, of the first component of the Hopf link with respect to j; < 0 is the
class in H%(Z1, K} {vz,}) of the cycle n7" @ Z* A (over the generic
point of Z;), since by definition o7 is the orientation class of o, ,. Similarly,
the oriented fundamental class [0s];, of the second component of the Hopf
link with respect to jo < 0 is the class in HO(ZQ,K%W{VZQ}) of the cycle
N2 ®7z* At (over the generic point of Z,), since by definition o5 is the
orientation class of o, ;.

By Theorem (see also Definitions [3.8 and [3.18), the image by the
boundary map of the cycle [x]®@7* (over the generic point of the hypersurface
of X\ Z of equation y = 0) is the cycle 1 ® T* A 7* (over the generic point
of Z1) and for each j; < —1 the image by the boundary map of the cycle
(x)yn=1~1®y* (over the generic point of the hypersurface of X'\ Z of equation
y = 0) is the cycle (x)n 7' @y* (over the generic point of Z;). It follows from
Definition that the class in H'(X \ Z, K}™V) of [z] ® 7* is the Seifert
class S,, 0 of the first component of the Hopf link with respect to 0 and
that for each j; < —1, the class in H'(X \ Z, K}'V%) of (z)n™'"'®@7" is the
Seifert class S,, ;, of the first component of the Hopf link with respect to j;.
Similarly, the Seifert class S,, ¢ of the second component of the Hopf link
with respect to 0 is the class in H'(X \ Z, K3™) of the cycle [2] @ " (over
the generic point of the hypersurface of X \ Z of equation ¢ = 0) and that
for each j, < —1, the class in H'(X \ Z, K))'Y,) of the cycle (2)n 27! @
(over the generic point of the hypersurface of X \ Z of equation ¢ = 0) is the
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7. EXAMPLES AND COMPUTATIONS

Seifert class S,, j, of the second component of the Hopf link with respect
to jo. Recalling Remark it may seem surprising that on the one hand
S,,0 is the class of [2] ® * and on the other hand S,, ; is the class of
(z) @ t" rather than the class of n[z] ® £ . This surprise evaporates when
one remembers that we are talking of classes and not of cycles. Indeed, the
cycle (z) ®T" and the cycle n[z] @ have the same class in H'(X \ Z, KMWV)
since their difference is the cycle 1 ® £ which is the image of the cycle [t]
(over the generic point of X \ Z) by the differential of the Rost-Schmid
complex of X \ Z (see Theorem and Definition [3.8)).

Recall from Definition that the quadratic linking class with respect
to a couple (j1, j2) of nonpositive integers is the image by the boundary map
0: HY(X\Z, K\, ) — HY (Z, K'Y, ,{vz}) of the intersection product
Soijr * Sos.jo-  With the formula for the intersection product which is in
Corollary .32 we can compute S, j, - S, j, When j; < —1 and j, < —1.
First note that the intersection of the hypersurfaces of X \ Z of respective
equations y = 0 and ¢ = 0 is irreducible and is the closed subscheme of X'\ Z
which is given by the equations y = 0,¢ = 0. It follows from Corollary
that the cycle m.(xzw)n~ 0117242 @ (7* @ 7*) (over the generic point p of
the closed subscheme of X \ Z which is given by the equations y = 0,¢ = 0)
represents the intersection product S,, j, - So, j,, Where 7 is a uniformizing
parameter for Ox\z,/(y), w is a unit in Ox\z,/(y) and m € Z is an
integer such that ¢ = wn™ in Ox\z,/(y). Note that the ring Ox\z,/(y) is
canonically isomorphic to Oy ,/(y) hence to Flz,y,z,t],»/(y) hence to
Flz,z,t]4), i-e. to the localization of the ring Fz, z,t] at the prime ideal
(t). We can therefore take m = ¢, m = 1 and w = 1, so that the cycle
(x2)n~1+12+2) @ (" A7) (over the generic point p of the closed subscheme
of X \ Z which is given by the equations y = 0,¢ = 0) represents the
intersection product S,y ;, - S,y j,- By Definition [3.18] (see also Defintion
3.8), it follows that for all ji,jo» < —1, the quadratic linking class of the

Hopf link with respect to (j1,72) is the class in H'(Z, K?f\fﬁ”{yz}) of the
following cycle:

where v, (respectively v;) is the discrete valuation of Ogy , (resp. Ogy,)

with ¢, (resp. ¢.) the generic point of the hypersurface of {p} of equation
x =0 (resp. z = 0). By Theorem [2.46] the quadratic linking class of the
Hopf link with respect to (ji,j2) is the class in H*(Z, K}V, ,{vz}) of the
following cycle:

(I @ (T AT AT @ (a)yn VY @ (2 AT AT

158



7.1. The Hopf link

hence of the following cycle:
_<Z>n*(j1+j2+1) ® (%* AT* /\y*> ® <x>n*(j1+j2+1) ® (y* AT /\z*)

Note that by Remark we could have restricted ourselves to the case
(71,72) = (—=1,—1) and deduced the other cases (j; < —1 and j, < —1)
from it, but for expository purposes we chose to directly compute these
cases.

Let us now turn to the ambient quadratic linking class and the ambient
quadratic linking degree.

It follows from our computation of the quadratic linking class and Defi-
nition [5.1] (or Corollary that the ambient quadratic linking class of the
Hopf link with respect to (ji,72) (where j; < —1 and j, < —1) is the class
in H3(X, KT, ) of the following cycle:

— () VHE @ (T AT AYY)

We could apply Theorem [6.3]to get the ambient quadratic linking degree
but we will rather go through the different steps which lead to the ambient
quadratic linking degree from the ambient quadratic linking class in order
to illustrate the proof of this theorem. Recall Definition

The first step consists in applying the boundary map 0 : H3(A% \
{0}, KV ) — HO({O},K?ffh{det(/\/{o}/%)}) to the ambient quadratic
linking class. This gives the class of the cycle —n~U1H2) @ (Z* AT AT* AT*)
which is the class of the cycle —~0U1172) @ (z* A7* AZ* AT ). The second step
consists in applying the isomorphism HO({O},K?fﬁQ{det(/\/’{o}/A%)}) —
H({0}, K}'V,)) = KMV (F) (denoted ¢ in Notation @) induced by the
orientation of A% \ {0}, which gives —n~(1+72). The last step consists in
applying the isomorphism 7;, 1, : K}, (F) — W(F), which gives —1 as
ambient quadratic linking degree of the Hopf link.

Note that if we change one (or both) of the orientation classes of the
Hopf link, then the ambient quadratic linking degree will be equal to <
a >€ W(F) for some a € F*, and that all such values can be obtained by
changing one of the orientation classes (see Proposition and Remark
. In any case, we have our invariants of the quadratic linking degree:
the rank modulo 2 of the ambient quadratic linking degree of the Hopf link
(and of all its variants for which one or both of the the orientation classes
are changed) is equal to 1, all of the 3; map the ambient quadratic linking
degree of the Hopf link to 0, and in the case F' = R, the absolute value of the
ambient quadratic linking degree of the Hopf link (which is in W(R) ~ Z

(via the signature)) is equal to 1.
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7. EXAMPLES AND COMPUTATIONS

Let us now turn to the quadratic linking degree couple. Recall that
the quadratic linking degree couple (see Definition [5.15) is associated to
oriented links of a certain type (see Definition @ , so that we need to
introduce parametrisations ¢; and yy. We set the following.

e o1 : A2\ {0} — A%\ {0} is the morphism associated to the morphism
of F-algebras Fx,y,z,t] — F[u,v] which maps z,y,z,t to 0,0,u,v
respectively;

e o : A2\ {0} — A%\ {0} is the morphism associated to the morphism
of F-algebras F|x,y, z,t] — F[u,v] which maps z,y,z,t to u,v,0,0
respectively.

We could apply Theorem to get the quadratic linking degree couple
but we will rather go through the different steps which lead to the quadratic
linking degree couple from the quadratic linking class in order to illustrate
the proof of this theorem.

Recall Definition [5.15] By applying the isomorphism w to the quadratic
linking class, we consider that the cycle —(z)n~U1T2+) & (£ AT* AT*) (over
the generic point of the hypersurface of Z; given by the equation ¢ = 0) rep-
resents a class in H(Zy, K1\, o{vz }) rather than in H(Z, K}V, {vz})
and that the cycle (z)n~U+2+) @ (7" AZ* AT") (over the generic point of
the hypersurface of Zy given by the equation y = 0) represents a class
in H'(Zy, K'Y, ,{vz,}) rather than in H'(Z, K'Y, ,{vz}). The isomor-
phism 0; maps the class of —(z)n~ T2V (T AT*AY*) in H' (Z4, K%Y—\Z‘QH{V& H
to the class of —(z)n~ U2 @1 in H'(Zy, K'Y, ,,) (since o7 is the orien-
tation class of 0, ,) and the isomorphism 0, maps the class of (x)n~ 1+t
@ AZAT) in HY(Zs, K'Y, 0{vz,}) to the class of (z)n~ 02t g g
in Hl(ZQ,K?fYF\;ZH) (since 07 is the orientation class of 0, ;). By definition,
¢} maps the class of —(z)n~ T2t @ 7 in H'(Z, K1Y, |,) to the class
of —(u)yn=U+2+) @ p* in HY(A% \ {0}, K1V, ) and ¢} maps the class
of (z)n~ U+t @y in H(Zy, K}V, 1) to the class of (u)n~ 172 @5
in H*(A3\ {0}, K"V, .5). We then apply the boundary map 0 : H' (A% \
{0}, KMV o) — HO({O},K%mQ{det(N{o}/A%)}) to each of these, to get re-
spectively the class of —~U172) @ (u* Av*) and the class of =172 @ (u* AT*)
in HO({O},K%XZQ{det(N{O}/AzF)}). By applying to each of these the iso-

morphism H°({0}, K31V, {det(Noya2)}) — HO({0}, K31Y,) = KGN, (F)
(denoted 0 in Notation [3.36) induced by the orientation of A%\ {0}, we get
respectively —p~U1+2) ¢ KMV (F) and 5=+ ¢ KMV (F). Finally, by

applying to each of these the isomorphism ;, 1, : K31V (F) — W(F), we
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7.2. Binary links

have that the quadratic linking degree couple of the Hopf link with respect
to (j1,j2) is (—1,1) € W(F) & W(F).

Note that if we change one (or both) of the orientation classes of the Hopf
link, or one (or both) of the parametrisations ¢1, o, then the quadratic
linking degree couple will be equal to (< a >, < b>) € W(F) ® W(F) for
some a,b € F*, and that all such values can be obtained by changing one
of the orientation classes (or by changing one of the parametrisations; see
Proposition and Remark for orientation changes and Remark
and Proposition for parametrisation changes). In any case, we have
our invariants of the quadratic linking degree: the rank modulo 2 of each
component of the quadratic linking degree couple of the Hopf link (and of
all its variants for which one or both of the the orientation classes (or of
the parametrisations) are changed) is equal to 1, all of the ¥, map each
component of the quadratic linking degree couple of the Hopf link to 0, and
in the case F' = R, the absolute value of each component of the quadratic
linking degree couple of the Hopf link (which is in W(R) ~ Z (via the
signature)) is equal to 1.

7.2 Binary links

In the previous section, we presented an oriented link (the Hopf link) of
ambient quadratic linking degree —1 € W(F) (with F' a perfect field),
whose variants (by changing one of its orientation classes) give examples of
oriented links of ambient quadratic linking degree < a >€ W(F) for each
a € F*. In this section, we present for each a € F* (with F a perfect
field of characteristic different from 2) an oriented link (which we call the
binary link B,) with ambient quadratic linking degree 14+ < a >€ W(F).
Its variants (by changing one of its orientation classes) give examples of
oriented links of ambient quadratic linking degree < b > + < ba >€ W(F)
for each b € F* (see Proposition and Remark [£.36). Thus, for each
b,c € F*, we have an example of oriented link whose ambient quadratic
linking degree is <b > + < ¢ > (take Be and change 01 into o0y o (xb)).

Let I' be a perfect field of characteristic different from 2 and a € F*.
We define the binary link B, over F' as follows:

e 7, is the intersection of the closed subscheme of A}% of ideal (f; :=
t—((1+a)z—y)y,g1 :==2—x(xr —y)) and of X := A%\ {0} (hence
is a closed F-subscheme of X; in other words, Z; is the closed F-
subscheme of A% \ {0} given by the equations f; = 0, g; = 0);
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e 7, is the intersection of the closed subscheme of A} of ideal (f; :=
t+ (1 +a)r —y)y,g2 := z+ x(x — y)) and of X (hence is a closed
F-subscheme of X; in other words, Z; is the closed F-subscheme of
AL\ {0} given by the equations f, = 0, go = 0); note that Z; and Z,
are disjoint (see [GW10, Proposition 3.35|);

® 01 = 0,4 is the orientation class associated to the couple (fi,g1)
(see Section ; in other words, 07 is the class (see Definition of
the isomorphism oy, g, : vz, = det(Nz, ,x) = Oz, ® Oz which maps
A AT to1®1);

® 0, = 0y, is the orientation class associated to the couple (fa, g2)
(see Section ; in other words, 0 is the class (see Definition of
the isomorphism oy, g, : vz, = det(Nz, x) = Oz, ® Oz, which maps
fo AT to1®1).

As in Section we can compute the ambient quadratic linking degree
and the quadratic linking degree couple of the binary links with respect to

(j1, o) for all j; < —1 and j, < —1. By using Remarks [1.8 5.3
and [5.16], we restrict ourselves to (ji,j2) = (=1, —1).

See Table for a recap of the computations made below (note that
for the last three lines, closed immersions o1, ¢ @ A%\ {0} — AL\ {0}
need to be fixed; this is done below). The quadratic linking class is given in
two different lines since it is used to compute the ambient quadratic linking
degree on the one hand and the quadratic linking degree couple on the
other hand. Note that the second column gives cycles which represent the
classes in question (except for the ambient quadratic linking degree which
is in the Witt ring W(F') and the quadratic linking degree couple which is
in W(F) & W(F)), without specifying the points over which these cycles
live, but that in the case of this table these points are the obvious ones.

Instead of applying Theorem to get the quadratic linking class of
the binary link B,, we go through the different steps which lead to the
quadratic linking class in order to highlight a difficulty which arises from
the fact that the equations which define the components of our link are no
longer of degree 1 (compared with those for the Hopf link in Section .

There is no difficulty in computing the oriented fundamental classes (n®
(fi Agr*) and n® (fy Agz") respectively) and the Seifert classes ({f,) ®gr*
and (f2) ® go* respectively) of the binary link B,. The difficulty (or rather
difficulty lying in wait) appears when we want to compute the intersection
product of the Seifert classes. By Corollary the intersection product
of (f1) ®1* (over the generic point of the hypersurface of X'\ Z of equation

162



7.2. Binary links

g1 = 0) with (f5) ® g2* (over the generic point of the hypersurface of X \ Z
of equation g, = 0) is the class in H*(X \ Z, K)™) of the cycle

(mp)e<f1fzup> ® (W_p* ®gr) + (mq>e<f1f2uq> ® (W_q* ®gr)

where (my,)(f1fou,) @ (T, @g1*) lives over the generic point p of the closed
subscheme of X'\ Z given by the equations z = 0,z = y (with 7, a uniformiz-
ing parameter for Ox\z,/(91), u, a unit in Ox\z,/(¢91) and m, € Z an in-
teger such that go = u,my " € Ox\zp/(91)) and (mg)e(fifoug) ® (T @ 1%)
lives over the generic point ¢ of the closed subscheme of X \ Z given
by the equations z = 0,2 = 0 (with 7, a uniformizing parameter for
Ox\z4/(91), ug a unit in Ox\z,/(g1) and m, € Z an integer such that
g2 = U € Ox\za/(91))

The difficulty lying in wait for us lies in the choices of 7, and m,.
If one were to choose m, = g € Ox\zp/(g1) (ie. m, = 2z(x —y) €
Flz,y,2,t]co-y/(z—2(x —y)) = Flz,y,t]@—y) and 7 = g2 € Ox\24/(91)
(ie. mg =2(x —y)v € Flx,y, 2, t]0)/(2 — x(x —y)) ~ Flz,y,t]x)), com-
puting the ambient quadratic linking degree or the quadratic linking degree
couple would be horrendous. We choose 7, = x—y € Flx,y, 2, t] (20— /(2 —
r(x —y)) ~ Flz,y,t]@—y) (hence u, = 2z and m, = 1) and 7, = z €
Flz,y, 2z, tjon /(2 — 2(x —y)) = Fla,y,t]m (hence u, = 2(x — y) and
mg = 1) in order to have simple computations in what follows.

Thus, the intersection product of (f;) ® gi* with (f2) ® g2* is the class
in H*(X \ Z, K}™V) of the cycle

*

(fif20) @@=y @z —a(@—y) )+ {(fife2@—y) T @z —a(z—y))
hence of the cycle
(fif222) @ (x =y @Z°) + (fifi2(x —y) ® (T @ 7")

Therefore, the quadratic linking class is the class in H'(Z, K{™ {vz})
of the cycle

o ((fifs20) @ (il @r—y @z )+ 0l ((fif2(z—y)) @ (i ®T @7
+0f, (fifo2e) @ (f 07—y @) + 0l (fif2@@—-y)) e (B 0T %)

where vy p, (respectively vy p,, v1,,, V2, ,) is the discrete valuation of Ogy . |

(resp. O@, (9{7}“2) with ry (resp. roq,712,722) the generic

Oi
72,17 {p}r1,2’ oL AR A
point of the hypersurface of {p} (resp. {q},{p},{q}) of equation f; = 0
(resp. fl = O; f2 = 07 f2 = O)
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Oriented fund. classes

n® (fi AGY) | n® (f2 AG*)

Seifert classes

()@ g | {f2) ® 32"

Intersection product
of Seifert classes

Czfife) @@ —y ANZ)
+(2(z —y)fifo) ® (T NZY)

Quadratic linking (ay)n @ (t —ay® Nz —y AZ¥) @ —(ayn @ (t+ay?> AT —y AZ¥)
class Yo [+ 2 AT AT —(yn @ (t—y> AT AZY)
Ambient quadratic lay)n @ (t —ay® ATz —y AZ)
linking class +Hyn (t+ 2 AT A z*)
—(a)? @ (T NG NZTAT)
Apply 0 —?Q (T AT AT AT
Ambient quad. link. deg. —(1+ <a>)
Quadratic linking lay)n @ (t —ay? Nz —y AZ¥) & —(ayn @ (t+ay?> AT —y AZ¥)
class +(y)n @ (t+ 2 AT A z5) —(y)n® (t — v AT A z*)
- - Qr—y (ayn@r—y
Apply (01 ® 03) o lay)n _* © —x
pply (01 32) ~(yneT +HynoT
Appl * * _<av>77®u_v <QU>77®U—'U
pply ¢1 © 5 — () @ T* S +(v)n @ w*
Apply 0® 9 (14 {a)n* ® (@ AT*) ® —(1+ (@)’ ® (@ A7)
Quad. link. deg. couple I+ <a> ® —(1+<a>)

Table 7.2 — The ambient quadratic linking degree and the quadratic linking degree couple of the binary link B, with

a € F* (and F of characteristic different from 2).
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7.2. Binary links

By Theorem the quadratic linking class of the binary link B, with
respect to (—1, —1) is the class in H'(Z, K™ {vz}) of the following cycle:

(2@ (il 92—y @F)+ (2z—yme (i T ®7")
+Hh2eme (f @7 —y @)+ (fi2z -y (f @7 @77

hence of the following cycle:

<y>”®(t_“yz ANT=y AZ)+ (n® [+ AT AT
ey @ G+ aE AT—Y AT) — (Y@ E— 2 AT AT

From now on, there is no difficulty in the computations if one chooses
y as uniformizing parameter (see Corollary n 6.2l and Theorems [6.3] E and [6.4] .
Note that in general, the choice of the uniformizing parameter 7, , for
the computation of the ambient quadratic linking degree (see Section
(or the choice of the uniformizing parameter m,,( for the computation of
the quadratic linking degree couple (see Section [6.4))) affects the difficulty
of the computations, so that it is not always a good idea to pick the first
uniformizing parameter which comes to mind. See Table[7.2|for the ambient
quadratic linking degree of the binary link B, and the quadratic linking
degree couple of the binary link B, together with:

e o : A2\ {0} — A%\ {0} is the morphism associated to the morphism
of F-algebras Fx,y, z,t| — F[u,v] which maps z,y, z,t to u, v, u(u —
v), ((1 + a)u — v)v respectively;

o o : A2\ {0} — A%\ {0} is the morphism associated to the mor-
phism of F-algebras Flx,y,z,t] — Flu,v] which maps z,y,z,t to
u, v, —u(u — v), —((1 4+ a)u — v)v respectively.

Let us now discuss the values of the invariants of the quadratic linking
degree of the binary link B,.

The rank modulo 2 of the ambient quadratic linking degree of B, (which
is —(14+ < a >) € W(F), see Table is equal to 0 (thus the invariant
presented in Proposition distinguishes between the Hopf link and the
binary links).

The image by >y of the ambient quadratic linking degree of the binary
link B, is (a) € W(F)/(1). For instance, if ' = Q, X, distinguishes
between all the B, with p prime numbers since if p # ¢ are prime numbers
then (p) € W(Q)/(1) corresponds to 1 € W(Z/pZ) C D, ,yime W(Z/1Z)
and (g) € W(Q)/(1) corresponds to 1 € W(Z/qZ) C D, ,yime W(Z/TZ) via
the isomorphism W(Q)/(1) — GB W(Z/rZ) induced by the isomorphism

r prime
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7. EXAMPLES AND COMPUTATIONS

W@Q) - WR) @ EB W(Z/rZ) described in Example 2.27, Thus the

T prime
invariant induced by pEg in Theorem [5.2§] can distinguish between infinitely
many oriented links.

In the case F' = R, the absolute value of the ambient quadratic linking
degree of the binary link B, (which is in W(R) ~ Z via the signature) is
equal to 2if @ > 0 and is equal to 0 if a < 0 (hence the invariant presented in
Proposition distinguishes between the Hopf link and the binary links,
as well as between the binary links with positive parameter and the binary
links with negative parameter).

We get the same results for the invariants of each component of the
quadratic linking degree couple of the binary link B, (since the quadratic
linking degree couple of B, (together with ¢1,¢s) is equal to (1+ < a >

,—(14 < a >)), see Table[7.2).

Future work 19 (The values of the quadratic linking degrees). We created
the binary links so that their ambient quadratic linking degree would be the
class in W(F') of a binary quadratic form, and so that by considering all
our binary links with all their possible orientations, we could get the class
in W(F) of any binary quadratic form as ambient quadratic linking de-
gree. Similarly, it seems feasible to construct ternary links (whose ambient
quadratic linking degree would be the class in W(F') of a ternary quadratic
form), so that by considering all these ternary links with all their possi-
ble orientations, we would get most classes in W(F') of ternary quadratic
forms (if not all) as ambient quadratic linking degrees. More generally,
the question arises as to which elements of W(F') can be obtained as the
ambient quadratic linking degree of an oriented link (or as a component
of the quadratic linking degree couple of an oriented link). It would be
interesting to exhibit for each positive even integer k examples of oriented
links on which ¥ (applied to the ambient quadratic linking degree or to
a component of the quadratic linking degree couple) takes different values
(similarly to what we have done above for ).

7.3 Torus links

In this section, we define counterparts over R to the torus links 7'(2,2n)
(with n > 1 an integer) from knot theory (see Section and compute
their ambient quadratic linking degrees and their quadratic linking degree
couples. Note that in knot theory T'(2,2) is the Hopf link (see Figure [1.4),
T'(2,4) is the Solomon link (see Figure and for each n > 3, T(2,2n)
can be pictured as two intertwined n-gons (see Figure for T'(2,6)). The
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7.3. Torus links

similarity between the link we described in Section (whose components
are of respective equations = 0,y = 0 and 2 = 0,¢ = 0 in A%\ {0}) and our
counterpart of the Hopf link 7(2,2) (whose components are of respective
equations z = z,t =y and z = —x,t = —y in A} \ {0}) is the reason why
we called the former the Hopf link.

Let n € N. Recall that in knot theory one of the components of 7'(2, 2n)
is the intersection of {(a,b) € C* b = a"} with S, the 3-sphere of radius
e, and that the other component of T'(2,2n) is the intersection of {(a,b) €
C%,b = —a"} with S? (for € > 0 small enough; see Section [1.4). By writing
a=x+iy and b = z+ it (with x,y, z,t € R), the equation b = a™ becomes
the system of equations

n
_ 1)k pn—2k—1, 2k+1
=2 <2k+1)< Sty

k=0
13 n
_ _ 1\k..n—2k_ 2k
z = Z (2k)< 1)Fa" "y
\ k=0
and the equation b = —a”™ becomes the system of equations
( n—1
5 n
b= 1)k pn—2k—1, 2k+1
2 (2k+1>( Ty
k=0
L3 n
_ -1 k,_n—2k, 2k
=3 (50 ) 0¥

From now on, we denote

127+

2 n B -
Sien) = 32 (")) (DR i = ) fe = 4 Sio)
k=0
5] n
Ez('ra y) = (2/€) (_1)kmn72ky2kvgl =c Zz(ma y>7g2 =zt EZ(.I', y)
k=0

Consequently, we define our counterpart over R to the torus link 7'(2, 2n)
as follows:

e 7, is the intersection of the closed subscheme of A} of ideal (fi, 1)
and of X := A} \ {0} (hence is a closed R-subscheme of X; in other
words, Z; is the closed R-subscheme of Ag\ {0} given by the equations

fi=0,g1 =0);
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7. EXAMPLES AND COMPUTATIONS

e 7, is the intersection of the closed subscheme of A} of ideal (f2, g2) and
of X (hence is a closed R-subscheme of X; in other words, Z, is the
closed R-subscheme of A%\ {0} given by the equations f, = 0, go = 0);
note that Z; and Z, are disjoint (see [GW10, Proposition 3.35]);

® 01 = 0f,4 is the orientation class associated to the couple (fi,g1)
(see Section ; in other words, o7 is the class (see Definition of
the isomorphism oy, ¢, : vz, 1= det(Nz, ,x) = Oz, ® Oz which maps
A A to1®1);

e 0, = 0y,4, is the orientation class associated to the couple (fa, g2)
(see Section [6.1} in other words, o5 is the class (see Definition [3.22)) of
the isomorphism oy, g, : vz, := det(Nz,/x) = Oz, ® Oz, which maps

fo A to 1®1).

As in Section we can compute the ambient quadratic linking degree
and the quadratic linking degree couple of the torus links with respect to

(jl,jQ) for all j; < —1 and j, < —1. By using Remarks [4.4] 4.8 [£.11] [5.3]
and [5.16] we restrict ourselves to (ji,j2) = (=1, —1).
For expository reasons, instead of applying Theorem [6.1] to get the

quadratic linking class of the torus link 7'(2,2n), we go through the dif-
ferent steps which lead to the quadratic linking class.

There is no difficulty in computlng the oriented fundamental classes
(n®@ (fi° Agr*) and n @ (f; A ga*) respectively) and the Seifert classes
((f1) @ 91" and (fa) ® ga* respectively) of the torus link 7'(2,2n).

The first difficulty lies in determining the irreducible components of the
intersection of the hypersurfaces of X \ Z of respective equations ¢g; = 0
and go = 0, i.e. of the closed subscheme of X \ Z given by the equations

z— ,ﬁjo (;c)(—l)kx"*%y%, z+ Z,LEJD (272)( 1)*2"=2%9%k This boils down
to finding the irreducible factors of Z,Zé (g)(=1)kam= 2ky%. This may seem
difficult, but if we remember that this is the real part of (z +iy)™, then the
following line of reasoning leads us to the irreducible factors we are seeking.

Denoting x + iy = pe’ with z,y,0 € R and p > 0, we have:

R((x +1y)") =0« cos(nf) =0

27+ 1
<:>9:(‘7;_—)7T mod 27 for some j € {0,...,2n — 1}
n
—1-2j
@x:tan(mz—m)yforsomeje{O,...,n—l}
n
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7.3. Torus links

For this last equivalence, visualize the usual orthogonal triangle (of sides
of lengths |z|, |y| and p) and take the tangent of the angle between the side
of length |y| and the hypotenuse (also note that the tangent is m-periodic).
(n—1-=2j)r
; 2n

Since ZPJ (5.) (=1)kam=242F s equal to H;:S(x — tan(d;)y) and since
the tan(6;), with j € {0,...,n—1}, are distinct (as they are the roots of the
polynomial (x+47)"+(x— ) which is coprime with its derivative), the closed

subscheme of X'\ Z given by the equations z — ,Eié (5.) (=1)kan=2ky2k 5 4

From now on, for every j € {0,...,n—1}, we denote 6; :=

Zk o (%)( 1)k =2ky%k has n irreducible components whose generic points
we denote by F, ... ,Pn,l, where for all j € {0,...,n — 1}, the component
of generic point P; is given in X \ Z by the equations z = 0,z = tan(f;)y.

It follows from Corollary [3.32] that the intersection product of (fi) ® gr*
(over the generic point of the hypersurface of X'\ Z of equation g; = 0) with
(f2) ® g2* (over the generic point of the hypersurface of X \ Z of equation
g2 = 0) is the class in H2(X \ Z, K}™) of the cycle

n—1

Z(mj)e<f1f2uj> ® (7" @ q17)

Jj=0

where (m;)(fifou;) @ (7" A gr*) lives over P; (which corresponds to the
equations z = 0,z = tan(0;)y), 7; is a uniformizing parameter for Ox\z p,/(g1),
uj is a unit in (’)X\Z,Pj/(gl) and m; € Z is an integer such that g, =
ujw;nj € Ox\zp;/(91). The second difficulty (or rather difficulty lying
in wait) in our computations lies in the choice of 7; (similarly to the
difficulty highlighted in Sectlon [7.2). We choose 7; = x — tan(f;)y €

Rz, y, z, t](w ran(0,)y)/ (2 =112 H(x—tan(0:)y)) =~ Rz, Y, t](z—tan(o )y (hence
Uy =2 Hz#w oz —tan(d;)y) and my = 1) in order to have simple compu-
tations in what follows.

Thus, the intersection product of (fi) ® gi* with (f2) ® g2* is the class
in H*(X \ Z, K}™V) of the cycle

*

,_.

n—1

(fif22 H x —tan(6;)y)) ® (x — tan(ﬁj)y* ®z— H(:c — tan(6;)y) )

1#£3,i=0 =0

n—

I
=)

J

hence of the cycle

H

n—
*

(fife2 H x —tan(6;)y)) ® (z — tan(b;)y ®@z)

1#7,1=0

<.
Il
o
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7. EXAMPLES AND COMPUTATIONS

It follows from Theorem that the quadratic linking class of the torus
link T(2,2n) with respect to (—1,—1) is the class in H'(Z, Ky"™{vz}) of
the cycle

n—1 n—1
Y (h2 I @ —tan@)y)me (7" @ v —tan(d;)y ©7°)
j=0 i#,i=0
n—1 n—1

+ Z<f12 H (x — tan(6;)y))n ® (E* R x — tan(@k)y* ®Z")
k=0 1£k,1=0

Let us now turn to the ambient quadratic linking class and the ambient
quadratic linking degree.

It follows from our computation of the quadratic linking class and Defi-
nition [5.1] (or Corollary that the ambient quadratic linking class of the
torus link 7'(2,2n) with respect to (—1,—1) is the class in H3(X, K53™) of
the cycle

n—1 n—1
Y (2 I] (@ tan(@)y)ne (" @z —tan(0;)y © =)
j=0 i#5,i=0

hence of the cycle

n—1 LE%H n—1
2 (> (%Z 1) (—1)*(tan(8,))"*1)( T (tan(6;) - tan(6.)))y)n
J=0 k=0 i#7,i=0

(i @z —tan(0))y @7")

We could apply Theorem to get the ambient quadratic linking de-
gree but, for expository purposes, we will rather go through the different
steps which lead to the ambient quadratic linking degree from the ambient
quadratic linking class. Recall Definition

The first step consists in applying the boundary map 0 : H3(A% \
{0}, K5™) — H°({0}, K" {det(N{g}/as)}) to the ambient quadratic link-
ing class. This gives the class in HO({O},K%\)V{det(/\/'{o}/%)}) of the fol-
lowing cycle:

n-1 "7 n—1
e (2]{1 1)(—1)k(tan(6’j))”_2k_l) [T (tan(6)) — tan(6;)))n*
Jj=0 =0 i#£5,i=0

RF @[ @r—tan(f,)y ©z*)
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7.3. Torus links

hence of the following cycle:

n-1 %3] 1
(2 (2k+1)( Df(tan(8;))"=7) ] (tan(0;) — tan(6:)))”
FO k=0 i#3,i=0

QT AT ANZAL)

The second step consists in applying the isomorphism H({0}, KM {det(NVgy/41)}) —
HO({0}, KMV) = KMW(R) (denoted ¢ in Notation [3.36)) induced by the ori-
entation of A%\ {0}, which gives:

Ln 1

3 (Qki 1)(_1) (ran(8,)" %) T] (can(,) ~ tan (@)}
3:0 k=0 i#§,i=0

The last step consists in applying the isomorphism v_, : KMWV(R) — W(R),
which gives

|_7L71

n—1 n—1

n n—
<=() (=1 (tan(0;))" %) T] (tan(6;) — tan(8,)) >
. 2% + 1 a
7=0 k=0 i#4,i=0
Recall that in W(R)> < a>=1if ais positive and < a >= —1 if a is

negative. Since ZL =) (50 ) (=1)*(tan(6;))" 2" is the imaginary part of
(tan(d;) + 7)™, it has the same sign as Sln(@) hence is positive if j is
even and negative if j is odd. Also note that forall k € {0,...,n—1}, =% <
0r < 5 so that for all i < j, tan(f;) — tan(@i) is negative and for all i > j,
tan(d;) — tan(6;) is positive, hence HZ _ji—o(tan(f;) — tan(6;)) is positive if
j is even and negative if j is odd. Therefore, for all j € {0,...,n — 1}:

\_nT_lJ n—1

< —( Z (2]{:7:_ 1) (—1) (tan(6;))"~ k= 1) H (tan(d;) — tan(6;)) >= —1

k=0 i#5,i=0

and it follows that —n € W(R) ~ Z (via the signature) is the ambient
quadratic linking degree of the torus link 7°(2,2n).

Note that if we change one of the orientation classes of the torus link
T(2,2n) then we get n as ambient quadratic linking degree (similarly to the
linking number of the topological torus link 7'(2,2n) which is equal to n)
and that if we change both orientation classes then we get —n as ambient
quadratic linking degree (see Proposition and Remark [4.36). In any
case, the absolute value of the ambient quadratic linking degree of the torus
link 7°(2,2n) is equal to n.
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7. EXAMPLES AND COMPUTATIONS

Let us now turn to the quadratic linking degree couple. Recall that
the quadratic linking degree couple (see Definition [5.15) is associated to
oriented links of a certain type (see Definition @ , so that we need to
introduce parametrisations ¢; and yy. We set the following.

e o : A2\ {0} — A} \ {0} is the morphism associated to the mor-
phism of R-algebras R[z,y,z,t] — Rlu,v] which maps z,y,z,t to
u,v, 2, (u,v), X (u, v) respectively;

o v : A2\ {0} — A} \ {0} is the morphism associated to the mor-
phism of R-algebras Rz, y, 2,t] — Rlu,v] which maps z,y, z,t to
w, v, =%, (u,v), —3(u, v) respectively.

The computations are similar to the ones for the ambient quadratic linking
degree and give (n, —n) € W(R)GW(R) ~ Z®Z as quadratic linking degree
couple. Thus, each component of the quadratic linking degree couple of the
torus link 7'(2,2n) has the same absolute value as the ambient quadratic
linking degree of the torus link 7'(2, 2n).

Future work 20 (More general torus links). It would not be much more
difficult to compute the ambient quadratic linking degree of a counterpart
over R to T'(2p,2q) with p and ¢ coprime (see Section [I.4). Note that
when p, g > 2 the components of T'(2p,2¢q) would no longer be isomorphic
to AZ \ {0} but we do not need this to compute the ambient quadratic
linking degree (see Definition [5.7). It would also be interesting to study
counterparts to other links than torus links (see Section [1.5)).

We end this chapter with the two following future works.

Future work 21 (Examples over other specific fields than R). We plan to
study examples over specific fields other than the field R of real numbers
and see whether we can get any element of the Witt ring of these fields as
the ambient quadratic linking degree of an oriented link. (Note that this
is the case for R since the ambient quadratic linking degree of the binary
link B, is equal to 0 if a is negative (see Section and for each n € N,
the ambient quadratic linking degree of T'(2,2n) is equal to —n and the
ambient quadratic linking degree of T'(2,2n) with its first orientation class
reversed is equal to n.)

Future work 22 (Examples in other cases). We also plan to study exam-
ples in several other interesting cases than AZ\ {0}UAZ\{0} — AL\{0} (see
the bullets in the beginning of Chapter[6). In addition to these cases, there
are also cases in which we would want to compute the ambient quadratic
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7.3. Torus links

linking degree or the quadratic linking degree couple but for which we do not
yet have an intersection formula (see Future works (1| and or for which
we do not yet have an explicit isomorphism between the Rost-Schmid group
in question and W(F), GW(F) or KMWV(F) (see Future works [2] and [3)).
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