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L’enfer des vivants n’est pas chose a venir; s’il y en a un, ¢’est celui qui est déja
la, l'enfer que nous habitons tous les jours, que nous formons d’étre ensemble. Il y a
deur fagons de ne pas en souffrir. La premiére réussit aisément & la plupart : accepter
Uenfer, en devenir une part au point de ne plus le voir; la seconde est risquée et elle
demande une attention, un apprentissage, continuels : chercher et savoir reconnaitre
qui et quoi, au milieu de l'enfer, n’est pas ’enfer, et le faire durer, et lui faire de la
place.
— Italo Calvino, Les willes invisibles
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Introduction

Avant-propos

Cette thése porte essentiellement sur de la combinatoire énumeérative, c’est-a-dire I’étude et le
comptage de structures finies.

Le but premier de la combinatoire énumérative est le dénombrement, c’est-a-dire la déter-
mination du nombre d’éléments d’un ensemble. Plus précisément on dit qu’un ensemble E fini
ou discret si 'on dispose d’une application taille h : F — N, ou N est ’ensemble des entiers
naturels, telle que les sections E,, := {x € E | h(x) = n} soient finies pour tout entier n. Dans
le cas ou E est fini, un exemple de taille peut correspondre & une indexation des éléments.
C’est dans le cas ot E est discret et infini que la notion de “section" prend tout son sens : on
cherche effectivement & découper E par “tranches" d’ensembles sur lesquelles ’application taille
est constante. Le probléme initial potentiellement infini est alors discrétisé si on ne s’intéresse
qu’aux éléments de E,. Il n’est cependant pas toujours possible de trouver une formule explicite
pour le cardinal de E,. Il peut alors étre utile d’étudier sa série génératrice. En effet, si cette
derniére est égale & des séries génératrices correspondant & d’autres ensembles, cela implique
alors qu’il existe une bijection entre les deux ensembles. Cette étude permet donc non seule-
ment d’étudier le cardinal de I'ensemble FE,,, mais donne aussi des informations sur certaines
caractéristiques de cet ensemble comme certaines propriétés d’invariance.

Les problémes liés a la combinatoire, de par leur aspect trés appliqué, existent depuis au
moins I’Antiquité, que cela soit en Europe comme en Gréce ou en Asie comme en Inde ou en
Chine. D’ailleurs certains de ces objets asiatiques servent a ce jour d’inspiration pour des objets
plus abstraits comme les abaques. En Europe, Fibonacci au XIITéme siécle, est un des pionniers
de la discipline. La discipline a ensuite connu un essor particulier avec le développement des
probabilités a partir du XVIIéme siécle avec, entre autres, les travaux de Pascal et Fermat. En
effet, le dénombrement intervient lorsqu’on cherche a calculer la probabilité d’'un événement :
c’est le nombre d’événements divisé par le nombre total d’événements. On peut aussi citer
Euler qui introduit et généralise 1'usage des séries génératrices. Plus récemment, au XXéme
siecle, le développement et I'essor de 'informatique ont apporté a la combinatoire des questions
nouvelles. En effet, 'algorithmique s’intéresse & la systématisation de résolution de problémes
sur des données finies. Il a par conséquent été nécessaire d’étudier la structure de ces problémes
afin d’améliorer l'efficacité des algorithmes, comme pour des algorithmes de tri. Une approche
combinatoire est alors un des outils permettant cela. Le développement récent de I’apprentissage
statistique a aussi contribué a la nécessité pour les personnes étudiant la combinatoire de se
pencher sur de nouveaux modéles.

Les partitions d’entiers sont un des principaux thémes de la combinatoire énumérative et
algébrique ainsi que de cette thése. Ces derniéres ont été introduites en 1748 par Euler qui a
démontré bon nombre d’identités comme le théoréme des nombres pentagonaux. Leur énuméra-
tion est déterminée par un algorithme récursif et leur série génératrice a été largement étudiée.
Citons ici les travaux de Hardy et Ramanujan qui fournissent 'asymptotique du nombre de
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partitions d’'un entier. Cependant on ne connait toujours & ce jour de formule close pour le
nombre de partitions d’un entier n. Un des intéréts de la théorie des partitions d’entiers est le
lien qu’elle entretient avec la théorie des représentations du groupe symétrique : il est en effet
possible d’indexer les fonctions de Schur, & savoir les caractéres des représentations irréductibles
du groupe symétrique par des partitions.

Un sous-ensemble des partitions, le sous-ensemble des partitions t-cceurs, fut introduit en
1940 par Nakayama | | pour I’étude des représentations du groupe symétrique. C’est no-
tamment pour l'étude de ces objets que Littlewood introduisit dans | | une décomposition
entre partitions d’entiers et une paire constituée d’une partition ¢-cceur et de t partitions d’en-
tiers qu’on appelle le t-quotient. James et Kerber | | ont remis au goit du jour a partir
du début des années 1980 cette décomposition sous la dénomination “décomposition de Little-
wood”. Cette décomposition est un des objets centraux de cette thése. En 1990, Garvan, Kim
et Stanton | | se servirent de cette décomposition afin d’obtenir une preuve bijective des
congruences de Ramanujan. On peut ici citer les travaux d’Ono | | sur Pexistence ou non
de partitions t-cceurs pour un entier n donné. Des généralisations comme les partitions qui sont
a la fois des t-coeurs et des s-coeurs ont été aussi étudiées plus récemment, citons ici les travaux
d’Anderson | |, Fayers | |, Olsson et Stanton | | ou encore Cho, Huh et Sohn
[CHS20).

L’étude des t-coeurs apparait aussi naturellement en théorie des nombres, notamment dans
les développements en séries entiéres de la fonction 7 de Dedekind | |. Par exemple, la
conjecture de Lehmer porte sur la non-nullité des coefficients de la fonction éta. En 2006,
Nekrasov et Okounkov, dans leur études de la théorie de Seiberg—Witten sur les jauges super-
symétriques, ont obtenu une formule portant leur nom liant puissance de la fonction éta d’une
part et partitions d’entiers d’autre part. Ce résultat avait été déja découvert simultanément
par Westbury | | dans son travail sur les caractéres universels des identités de Macdonald.
Cette formule a été redécouverte par Han | | en 2010 en utilisant une description bijective
des t-coeurs ainsi qu’une spécialisation d’une identité de Macdonald pour le systéme de racines
affines de type A;_;. Cette démonstration crée un pont entre les identités de Macdonald pour
les systémes de racines affines d’une part, et les partitions t-coeurs d’autre part. Explorant
les liens entre certains sous-ensembles de partitions t-cceurs et certaines spécialisations des
identités de Macdonald, Pétreolle | | a découvert deux nouvelles formules de Nekrasov—
Okounkov pour d’autres systémes de racines affines. En 2018, Carlsson et Rodriguez Villegas
d’une part | |, Rains et Warnaar | | d’autre part, ont découvert un (g, t)-analogue
de la formule de Nekrasov—-Okounkov. Ce faisant, ils remarquent qu'un g-analogue était déja
obtenu gréace a des travaux combinatoires de Dehaye et Han | | d’une part mais aussi grace
& des méthodes issues de la physique mathématique avec les travaux d’Igbal, Nazir, Raza et
Saleem | |. Ces derniers obtiennent treés élégamment des ¢ déformations des formules de
Nekrasov—Okounkov grace a la théorie des opérateurs de vertex.

Contenu de la thése

Chapitre 1 (en anglais)

Ce chapitre a pour but d’introduire les définitions nécessaires & la compréhension de cette thése.
Il sert en particulier a rappeler les définitions des partitions d’entiers ainsi qu’a introduire les
statistiques liées & ces derniéres qui vont jouer un réle particulier dans cette thése. Un des
ponts entre la combinatoire des partitions et la théorie des représentations est celui effectué
par la notion introduite aprés, les tableaux de Young. Ces derniers peuvent servir & introduire
les fonctions de Schur, qui peuvent étre vues comme des caractéres irréductibles de groupe
symétrique ou de permutations. Ensuite sont introduites dans un premier temps les identités
de Macdonald pour les 7 systémes infinis de racines affines, ou plus exactement elles sont
présentées en adoptant le point de vue de Rosengren—Schlosser ou Stanton, & savoir comme des
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séries entiéres multivariées. Ces identités portent sur des vecteurs d’entiers et sont naturellement
associés a des formes quadratiques. Cette connexion permet de motiver les interprétations de
ces vecteurs d’entiers dans le monde de la combinatoire des partitions d’entiers présentes dans
les chapitres suivants. L’interprétation combinatoire de ces identités peut, comme mentionné
dans le paragraphe ci-avant, servir & obtenir des formules de type Nekrasov—Okounkov, qui sont
introduites dans la derniere section. Ces derniéres sont des identités de type “somme=produit”
dont la partie somme porte sur les partitions d’entiers et dont les coefficients dépendent de
statistiques données par le diagramme de Ferrers des partitions, a savoir les longueurs d’équerre.
L’étude des connexions entre les identités de Macdonald d’une part et les formules de type
Nekrasov—Okounkov d’autre part sont une des motivations principales de ce manuscrit.

Chapitre 2 (en anglais)

Comme mentionné ci-avant, des formes quadratiques apparaissent naturellement dans les iden-
tités de Macdonald. Or Garvan-Kim-Stanton | | ont montré que des vecteurs d’entiers
associés a certaines formes quadratiques étaient en correspondance bijective avec des familles de
partitions t-cceurs. Comme mentionné dans ’avant-propos, un moyen d’étude des t-cceurs est
une bijection, appelée décomposition de Littlewood. Nous nous intéressons donc & une maniére
de décrire de facon explicite cette bijection. L’outil central pour ce faire est la correspondance bi-
jective entre partitions d’entiers et mots binaires bi-infinis sur I’alphabet {0, 1}. Nous expliquons
ensuite comment cette correspondance nous permet de décrire explicitement la décomposition
de Littlewood sur les partitions ainsi que sur certaines sous-familles de partitions qui ont un
intérét algébrique : des partitions dont le diagramme de Ferrers a des propriétés de symétrie
par rapport a la premiére bissectrice du plan (en notation a la francaise). Ensuite nous explici-
tons une correspondance bijective entre les vecteurs d’entiers associés aux formes quadratiques
présentes dans les identités de Macdonald et certaines sous-familles de partitions qui ont pour
propriété de pouvoir étre définies explicitement par la décomposition de Littlewood. Enfin nous
utilisons la correspondance entre partitions et mots binaires bi-infinis pour introduire une no-
tion centrale qui est uniforme pour tous les types de systémes infinis de racines affines & savoir
le vecteur d’entier qui est un V, ;-codage d'une partition, ol g est autre entier positif qui dé-
pend de t. Ces vecteurs d’entiers peuvent étre vus comme un t-uplet d’indices de lettres “0”
dans le mot binaire bi-infini correspondant & une partition. Ces vecteurs d’entiers constituent
Iingrédient principal de la preuve de théorémes d’énumération sur les produits d’équerres des
partitions définies dans la section précédente pour chaque systéme infini de racines affines.

Chapitre 3 (en anglais)

Les preuves de ces théorémes d’énumération d’équerres nous permettent de retranscrire, avec des
statistiques de partitions d’entiers comme certains sous-ensembles de longueurs d’équerres ou
encore le carré de Durfee, la signature de permutations permettant de réordonner des vecteurs
d’entiers. Ce sont ces mémes vecteurs d’entiers qui apparaissent dans les formes quadratiques
des identités de Macdonald. Cette correspondance bijective entre vecteurs d’entiers et familles
de partitions permet alors de réécrire chacune des 7 identités de Macdonald comme une somme
portant sur des sous-familles de partitions et de fonctions de Schur. Enfin nous explicitions
comment passer de la réécriture de ces identités a des formules de type Nekrasov—Okounkov.

Chapitre 4 (en anglais)

Si le chapitre précédent porte plutét sur I’étude des partitions d’entiers ¢-coeurs ou presque
t-coeurs, ici nous étudions 'autre pan de la décomposition de Littlewood, & savoir le t-quotient.
Nous étudions plus particuliérement comment des propriétés fines de la décomposition de Lit-
tlewood permettent des analogues “modulaires” de formules d’équerre. Nous nous cantonnerons
dans cette partie & I’étude des partitions auto-conjuguées.



Chapitre 5 (en francais)

Ce chapitre constitue une bréve conclusion a cette thése et liste les perspectives potentielles de
recherche que souléve cette thése.



Preliminary material

1.1 Partitions and compositions

A sequence of nonnegative integers pu = (u1, p2, ..., ug) is called a weak composition of an
integer n into k entries if |p| := p1 + po + -+ + ur = n. By definition, negative integers do
not have any weak composition. Moreover any nonnegative integer has an infinite number of
weak compositions if the number of entries is unbounded. The set of all compositions of n into
k parts is denoted by C,, .

A partition X is a composition of a positive integer n on an infinite number of entries, where
the entries are in weakly decreasing order. Therefore there exists £ € N such that A = 0 for any
1 > L. The positive entries of A\ are called the parts and the number of parts is called the length,
denoted by ¢()\). Partitions whose entries only differ by their number of zeros are held to be
equal. The set of all partitions of n is denoted by P(n). Hence the set of all partitions is P :=
Un>0P(n). For example, there are 5 partitions in P(4): (4),(3,1),(2,2),(2,1,1),(1,1,1,1). In
this manuscript, A and g mostly denote partitions. The symmetric group S, is the group of
permutations on n indices, which acts on a sequence x = (x1,...,x,) by permutation of the
entries x;.

Each partition can be represented by its Ferrers diagram, which consists in a finite collection
of boxes arranged in left-justified rows, with the row lengths in non-increasing order. The Durfee
square of A is the maximal square fitting in the Ferrers diagram. Its diagonal, denoted by A,
will be called the main diagonal of A. Its size will be denoted D) := max(s|As > s). As an
example, in Figure 1.1a, the Durfee square of A = (4, 3, 3,2), which is a partition of 12 of length
4, is colored in red. The main diagonal A is shaded in green in Figure 1.1b. The partition
A= (A, Ay, .., A),) is the conjugate of A, where X, denotes the number of boxes in the column
j. For example, the conjugate of A = (4,3,3,2) is X = (4,4,3,1). Note that the sum of parts
of A is invariant by conjugation, as well as its Durfee square and its main diagonal A. Indeed
another way of describing the conjugation is to see it as the reflection of axis A.

Figure 1.1: A partition A\ = (4,3,3,2) € P(12)

(a) with Durfee square in red, (b) with A in green
A1 Al ‘
/\2 )\2
A3 A3
/\4 )\4

When looking at this reflection with respect to A, one would want to consider the subset
of partitions that remain invariant by this transformation. A partition A is self-conjugate if its
Ferrers diagram is symmetric along the main diagonal, that is equivalent to A = X'. Let SC be
the set of self-conjugate partitions. The set of doubled distinct partitions, denoted by DD, is

3



that of all partitions A of Durfee square size dy such that \; = X, +1 for all i € {1,...,d\}.
We also define the set of conjugates of doubled distinct partitions DD’ := {\ | N € DD}. For
instance, in Figure 1.2a A = (5,3,3,1,1) € SC has its main diagonal A shaded in green while
in Figure 1.2b X\ = (6,4,4,1,1) € DD has its main diagonal shaded in green. As for the strip
shaded in yellow, it corresponds to the boxes added to a self-conjugate partition to obtain a
doubled distinct partition. The conjugate of a doubled distinct partition is also illustrated in
Figure 1.2c. These subsets of partitions already appear algebraically in particular within the
works of Koike—Terada on Young diagrammatic representation of classical groups | | and
Macdonald | , p- 79] when he expresses the Weyl denominator formula for types B,C
and D in terms of Schur functions. Another statistic that will play a particular role in this
manuscript is €5, defined as —1 if the box s is strictly below A in the Ferrers diagram of A and
as 1 otherwise, as depicted in Figure 1.2. This signed statistic already appears algebraically

within the work of King | | and combinatorially within the work of Pétréolle | |-
(@) A= (5,3,3,1,1) € SC (b) A= (6,4,4,1,1) € DD (¢) A= (5,3,3,3,1,1) € DD’
+|+[+]+]+] + ]+ [+ ]+ +]+] +|+[+]+]+]
— [+ + —[+]+]+ — =]+
— -1+ — |- +]+ —| -1+

Figure 1.2: Self-conjugate, doubled distinct partitions and their conjugate filled with ¢

For each box s in the Ferrers diagram of a partition A (for short we will say for each box s
in \), one defines the arm-length (respectively leg-length) as the number of boxes in the same
row (respectively in the same column) as v strictly to the right of (respectively strictly below)
the box v. The hook associated to a box s is the collection of boxes u such that either u = s, or
u lies strictly below (respectively to the right) of s in the same column (respectively row). The
hook of the box of coordinates (1,2) is shaded in blue in Figure 1.3a. The cardinal of the hook
is called the hook length of s, denoted by hg(\) or hs. The hook length multiset of X, denoted
by H()), is the multiset of all hook lengths of \. For any positive integer ¢, the multiset of all
hook lengths that are congruent to 0 (mod t) is denoted by H;(\). Notice that H(A) = Hi(A).
A partition w is a t-core if it has no hook that is a multiple of ¢, i.e. Hy(w) = 0. For any
A C P, we denote by A the subset of elements of A that are t-cores. For example, the only
2-cores are the “staircase” partitions (k,k — 1,...,1), where k is any positive integer, which
are also the only SC 2-cores. In Figure 1.3b, the hook lengths of all boxes for the partition
A = (4,3,3,2) are written in their corresponding boxes, the boxes associated with Hsz(\) are
shaded in red. The hook length multiset H(\) is here given by {2,1,4,3,1,5,4,2,7,6,4,1} and
H3(A) = {3,6}.

M 716 1|
A2 5|4
A3 413
oV 211
(a) A hook (b) The hook lengths

Figure 1.3: A hook and the hook lengths



A rim hook (or border strip, or ribbon) is a connected skew shape containing no 2 x 2 square.
The length of a rim hook is the number of boxes in it, and its height is one less than its number
of rows. By convention, the height of an empty rim hook is zero. Another possible definition of
the t-core of a partition A is to define it as the remaining partition after removing iteratively all
the rim hooks of length ¢ of A until this operation is no longer possible. For example, if t = 3
and A = (4,3,3,2), the 3-core of X is the partition w = (2,2,1,1).

R r —
= - -

Figure 1.4: Successive removal of rim hooks of length 3 from A = (4,3,3,2)

Another statistic of integer partitions intervening in formulas bridging integer partitions
and representation theory is the content ¢ of a box s of coordinates (i,7) and is defined by
¢(s) := j —i. One can remark that the sign of ¢(s) corresponds to &.

1.2 Young tableaux

Our later discussions of the Schur functions might use the notion of Young tableaux. Here we
briefly introduce these simple combinatorial objects. Fix a positive integer n. A semi-standard
Young tableau of shape A is a Young diagram of shape A filled with the integers 1 to n such
that the entries are weakly increasing from left to right along rows and strictly increasing down
columns. A standard Young tableau is a semi-standard Young tableau of shape A with |[A| = n,
filled with integers from 1 to n so that each integer occurs exactly once. Formulas involving
hook lengths abound in combinatorics and representation theory. One illustrative example is
the hook length formula discovered in 1954 by Frame, Robinson and Thrall | |. Tt states
the equality between the number f* of standard Young tableaux of shape A\ and size n, and
the number of permutations of {1,...,n} divided by the product of the elements of the hook
lengths multiset H(A) of A, namely:

f/\ v (1.1)
IT »
REH(N)
The type p of a semi-standard Young tableau is a composition (1, . .., i) where u; corresponds

to the number of occurrences of the integer ¢ as an entry of the semi-standard Young tableaux.
We denote by SSYT (A, i) the finite set of semi-standard Young tableaux of shape A and type
p such that |A| = |p| and by SSYT()A) the set of semi-standard Young tableaux such that
n = |Al = |g| and p = (1,...,1): an element of SSYT(A) is a Young tableau filled with
integers from 1 to n such that each number occurs exactly once. For example, the following
semi-standard Young tableaux both have shape (4,4, 1,1) and type (2,2,3,0,2,1):

’Ul|U! [N
’Gﬁ|0‘! DN

Figure 1.5: Two semi-standard Young tableaux



1.3 Schur functions

Let n be a positive integer and let x = (z1,...,2,) be a set of any independent variables.
Let Z[x] := Z[x1,...,zy] be the ring of polynomials in xy,...,z, with integer coefficients. A
polynomial P(x) := P(z1,...,2,) in Z[x] is symmetric if it is invariant under permutations of

its variables, i.e. for every o € S,:

P(.Z'l,...,ib'n) = P(xa(l)a"' >$U(n)) .

The set of all symmetric polynomials in n variables, denoted by A,,, is a vector subspace of
Z[x]. The Schur polynomials have been an object of extensive studies as they can be thought of
an orthonormal basis of A, for the Hall inner product that we will not discuss in this manuscript.

We will try to follow here Macdonald’s path in | | and as presented in Bartlett’s thesis
[ |. For a = (aq,...,an), let aq(x) := a, be the anti-symmetrization of the monomial
x® = ({7, ..., 20

g = Z sgn(o)x7(@),

oE€Sy

where sgn(o) is the sign (or signature) of the permutation o. Moreover by construction, the
polynomial is skew-symmetric:
o(aq) = sgn(o)ag.

An interesting consequence of the above property is that if there exists (i,5) € {1,...n}?

such that ¢ # j and o; = o, then the permutation (ij) merely introduces a sign, so we have

Go = —aqo. Therefore a, = 0 unless aq, ..., a, are all distinct. Therefore one can reorder o up
to a sign so that a3 > ag > -+ > a;, > 0. Hence we can set @« = A+ 6 where A = (Aq,...,\,) is
a partition and ¢ := (n—1,...,1,0) is the staircase partition. With this rewriting, a, naturally

admits a determinant form

Aj+n—j
a = det (:B J ) .
AT Gjen N

By the skew-symmetry property, if ; = x; for i # j, axys = 0 and the polynomial (z; —x;)
is a divisor of ayis in Z[x|. Therefore the Vandermonde determinant Aa(x) (see (1.2)) is a
divisor of ayys. Recall

Aa(x) = det (x?;—f): I (- (1.2)

1<i,j<n

The Schur polynomial is given by

ax+s
sa(x) = . (1.3)
as
First observe that as = A(x). By the alternating property of the determinant, a Schur
polynomial is invariant by any o € S,, as a quotient of determinants. One can think of a Schur
polynomial as a general linear (type A) character of GL,. We mention here an interesting

specialization of the Schur polynomials called the hook-content formula (see | D:
n —+ Cg
s, ) =] .
SEA s

Schur polynomials have been extensively studied and there exist multiple approaches, such
as (1.3), or as a sum over semi-standard Young tableaux (see | D).
If one thinks of the Schur polynomials as invariant by the action of any element in S, one
can introduce the analogues for other groups of signed permutations (see | , , ,
| for more details and background).



The odd orthogonal (type B) character of the group SO(2n + 1) is given by

det

Aidn—j+1/2  —(hitn—j+1/2
<xiana /—xi(Jn] /))

s05(x) 1= 1S
A T det (xn—j+1/2 B xn—j+1/2>
1<i,j<n !
det (x?\j—i-n—j—kl B x.—()\j—l-n—j))
1<ij<n \ * '
- A — (1.4)
det (xn—ﬁl _ xf(n—J)>
1<ij<n \ * v
and the Weyl denominator formula here is:
. j—n _ f(jfn)+1>
Ap(x):= lﬁczlg'tgn (xl x;
I === [ (@5— 21— aaj). (1.5)
1<i<n 1<i<j<n
The symplectic (type C) character of the group Sp(2n) is given by
det (x5j+n—i+1 B x‘—(Aj+n—z‘+1)>
spy (x) = 1<iy<n \ 1 ' (1.6)
P - det (xn_j"'l — a;._(n_j+1)> ’ .
1<ij<n \ * v
and the corresponding Weyl denominator formula here is:
- j—n—1 _ f(j*n*1)>
Aolx) : = 1<(33't<n (ml i
= H x;"(1 - a? H (xj —a5)(1 — a2). (1.7)
1<i<n 1<i<j<n
Lastly, the even orthogonal (type D) character of the group O(2n) is given by
2 det (x{\j+7z—i I x.—(/\j—&-n—z’))
N 1<i,j<n \ ' i (18)

(1+8x,0), det (x? g nm ”)
7‘] n

where ¢ is the Kronecker delta. There is an extra factor in the denominator because the last

column becomes 2 if A\, = 0. Note that the Weyl denominator formula here reads as follows:

Ap(x):= det (xg‘—”m;“‘”)):z [T =" I -2 —aay). (19

1<i,j<n ) -
1<i<n 1<i<j<n

1.4 Macdonald identities for affine root systems

As we will not need it here, we do not give the definitions of (affine) root systems. Nevertheless
we refer an interested reader, who wants to read a proper introduction and the definitions of
finite and affine root systems, to | , Part I Chapter 2|. Using the notations of Macdonald

[ |, there are seven infinite reduced affine root systems: Ay, B, Bt ,Ct, C’t ., Dy and BC,.
Note that the notations of Kac in his book | , p.80] slightly differ, X; becomes Xt( ) for X
in A, B,C, D, and BY,CY and BC} are respectively denoted by Ag)_l, ngi)1 and A(Qi).

The Macdonald identity for affine root systems can be thought of as a generalization of the
Weyl denominator formulas, specialized before for the finite root systems A;_1, By, Cy and D;.

The latter can be stated as follows for a reduced root system R

> sgn(o)e”@ P = ] (1-e7), (1.10)

oceW acR



where W is the Weyl group associated with R, Ry is the set of positive roots, e* is a formal
exponential and p = 1/2% g, @ The Macdonald identity for affine root systems connects
a sum depending on the associated Weyl group W, which is a group of (signed) permutation
acting on the affine root system, and a parameter GG, which can be seen as the dual Coxeter
number hY, except for type Cy, where g = 2hY, to a product over the positive roots.

Even though none of the techniques used by Macdonald in | | are required in this
manuscript, it is still interesting to see what the right-hand side of (1.10) becomes for infinite
affine root systems. So we recall the roots and positive roots for each infinite type. Let (e;)1<i<t
be a basis for RY, and let k + ; be the affine function e; — k + &;;, with &;; the Kronecker
symbol. Then in type

1. A, for t > 1, the set of affine roots is {k + (g; — £;),k € Z,1 < i < j < t} and the one of
positive roots is {k+(e;—¢;),k > 0,1 <i < j <t}U{k+(gj—ei), k < —1,1 <i < j <t}

2. B, for t > 3, the affine roots are

kte keZ 1<i<t,
kte*ejkeZ 1<i<j<t.

The positive roots are

k4eik>0,1<i<t,

k—ek<—1,1<i<t,
k+e+ejk+e—¢e;,k>0,1<1i<j<H,
k—ei+ejk—eg—¢ej k< —-1,1<i<j <t

3. BY for t > 3, the affine roots are

k2, keZ, 1<i<t,
k:l:€i:|:5j,k€Z,1§i<j§t.

The positive roots are

2k +2¢;,k > 0,1 <i<t,

2k —2e;,k < —1,1<i <t
k+ei+ejk+e—¢;,k>0,1<i<j<H,
k—eit+ejk—eg—¢ej k< —-1,1<i<j<Ht.

4. Cy for t > 2, the affine roots are

k+2e,keZ,1<i<t,
kte *ejkeZ, 1<i<j<t.

The positive roots are

k+425,k>0,1<i<t,

k—2e,k<-1,1<i<t,
k+ei+ejk+e—¢cj,k>0,1<i<yj<t,
k—ei+ejk—eg—ej k< —-1,1<i<j <t
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5. C) for t > 3, the affine roots are

1
gh+2ekeZ 1<i<t,
k‘:l:é‘i:l:€j,k‘€Z,1§i<j§t.

The positive roots are

1
Shtenk>01<i<t,

1
§k—6’“k§_1,1§1§t,

kE+e+ejk+e—¢€;,k>0,1<1<j<H,
k—ei+ejk—e—ej,k<—1,1<i<y<t.

6. BC, for t > 1, the affine roots are
kte ke, 1<i<t,

2k+1+£2¢,keZ,1 <4<,
ktexejkeZ 1<i<j<t.
The positive roots are
k+ei,k>0,1<1¢<t,
k—egik<—1,1<1q<t,
2k +1+2,k>0,1<i <t
2k +1—2¢,k < —-1,1 <4 <t
k+€i+€j,k‘+€i—8j,k§20,1§i<j§t,
k—&i—l-Ej,k‘—Ei—&j,kS—l,1§i<j§t.

7. D, for t > 4, the affine roots are
kftextejkeZ, 1<i<j<t.
The positive roots are
k+e+ejk+e—¢;,k>0,1<1<j<H,

k-gZ—Fg]’k—EZ—E‘j,k)S—l,1§Z<]§t

Stanton in | | and Rosengren—Schlosser in | | prove the Macdonald identities in all
these seven types by looking at (1.10) as multivariate power series. To illustrate this process,
we give here the examples of the right-hand sides of (1.10) in types A; and C;. Using the set
of positive roots for Ay, the right-hand side of (1.10) becomes

H H (1 —(k+ei— sj)> ( _ 67(k+1+sj75i))7 (1.11)

1<i<j<t k>0

and for C;, it is:

H H (1 k+2€1)) (1 —(k+1-2¢) ) H H (1 —(k+ei+sj)) (1 _ e—(k—i—ai—aj))

1<i<t k>0 1<i<j<t k>0

% (1 _ e*(k+1+€j+€i)) (1 _ ef(kJrlejfei)) . (112)



To rewrite the above products in a more compact way, we recall some classical notations. For
formal variables, the T-Pochhammer symbol is defined as (a; 7)o = 1 and for any integer n > 1:

(@;T)p=(1—a)(1 —aT)...(1 —aT™"),
(@;T)oo = [[(1 = aT),

Jj=0
and (a1, yan;T)oo = (013 T) 00 - - - (n; T') o
Moreover we introduce the three following shorthand notations:
(TaF;T)eo := (Tar, Ta;*; T) oo,
(Tai* D)oo := (Ta}, Tay*; T)oc,
(Ta1 ay 7T)oo = (Tal_lag,Talagl,Talag,Tal_lagl;T)oo.
Then setting T = e~ ! and x; = T, formula (1.11) becomes
H (:cl ]1, i x]T T) ,
1<i<j<t

and this rewriting yields in (1.12)

t
H x T;U H (xw 1x1x],Tx l‘j,T.r T 1,T> .
oo J J 0o
i=1 1<i<j<t

For a positive integer ¢, let us introduce the compact notation:

Krp(t,x) := H z; (Txfxf;T) . (1.13)
1<i<j<t o
In | , Corollary 6.2], Macdonald identities are written with 6 functions. We state here

this result in a slightly different way writing the 6 functions as infinite products in which we
isolate the terms without any power of T. Moreover for types Bt,éy and D, Macdonald
identities are stated as a sum of the sublattice {m € Z! | 3>¢_, m; =0 (mod 2)}. As remarked
in the proof of | , Corollary 6.2], the sum can be replaced as half the sum over Z.

Proposition 1.4.1 (| |, Corollary 6.2). The Macdonald identities are
1. For type Ay_1 with t > 2

t
Z sgn(o) HTt(rgi)*(U(Z’)*l)miwzmi—f—a(i)—l

meZt =1
mi+--+m;=0
oc€St

= ()5 A ] (Txx Ta; a;j,T> . (1.14)
1<i<j<n o

where A 4(x) is defined in (1.2).
2. For type By with t > 3

9 Z sgn(o H T 1)(gi)+(t_l)mi$£2til)mi ((Tmizi)g(i)_t - (Tmil‘i)ﬁl_a(i))

meZt =1
€St

t
= (T: 7%, Ap(x)Kr(t,x) [ [ (T
=1

where Ap(x) is defined in (1.5).
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3. For type Btv with t > 3

mez i=1
oESt

1 i - _ A ,
5 Z Sgn(a) HTQt( 5 )+tm¢x12tmz ((Tmixi)a(z)—t—l _ (Tmixi)t—i-l—a(z))

t
= (T%7T%) (T )5 Ac(x)Kr(t,x) [ [t (T2 T7)
=1

where Ac(x) is defined in (1.7).
4. For type Cy with t > 2

t

Z sgn(o) HT(2t+2)(”;i)+(t+1)mix£2t+2)mi ((Tmixi)a(i)ftfl . (Tmixi)tJrlfa(i))
mez! i=1
o€ESt

t

= (T;T)!, Ac(x)K7(t, %) H z! (T

A
=1

Zﬁ;T)OO, (1.15)

where Ac(x) is defined in (1.7).

5. For type C’l}/ with t > 2

t
Z sgn(o) H T2t(’gi)+(t—1/2)m¢$?tmi ((Tmixi)a(i)—t _ (Tmil'i)t+l_g(i))
mcZt i=1

gES}

= (TV312) (M)t Ap)Kr(tx) [T (725 T?)

i=1 o
where Ap(x) is defined in (1.5).
6. For type BCy with t > 1
¢
Z sgn(a) H T(Qt—i—l)(”;i)—&—tmimZ(ZtJrl)mi ((Tmixi)a(i)ft . (Tmixi)tJrlfU(i))
mezt i=1
o€ESt

t
= (T;T)5, Ap(x)Kr(t,x) [[ (T=f: T) (T T7)
=1

where Ap(x) is defined in (1.5).

7. For type Dy with t > 4

meZt =1
o€St

t
i > sgn(o) HT(2t72)(Tgi)+(t*1)mif€§2t—2)mi ((Tmil'i)a(i)_t - (Tm"xi)t_a(i)) ,

(T; )., Ap(x)Kr(t,x)
where Ap(x) is defined in (1.9).
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Hence the Macdonald identities can all be stated as sums over sublattices of Z!. To motivate
the combinatorics in Chapter 2, we write (1.14) corresponding to type A,_1 and (1.15) corre-
sponding to type C; isolating the power of T. When we complete this step, a quadratic form
will appear at the exponent of T, which can be mapped to some subsets of integer partitions
defined explicitly through the Littlewood decomposition.

First we begin the rewriting of the Macdonald identity (1.14) for type A;_;. Extracting the
powers of T" on the left-hand side of (1.14) yields

t

Z sgn(o)T St mE Yt (o(D)—1—t/2)m; H plmito@)-1

i
meZt i=1
my+--+my=0
gES}

Substituting m; — mg(;) and setting ||m[|* := S°t_, m?, this becomes

t
2 toiq_ . tm (5 +o(i)—1
meZt i=1

mi+--+me=0
oESt

Hence, using the fact the sum of all m; is equal to 0, one can rewrite (1.14) as follows

det (:E?mj—i_j_l)
Z tliml /245 (i—1)m; 1ShI<t g

mEZt det ( )
mi+-+my=0 1<i,j<t

= (1) ] (Txizc]l,T:c[l:rj;T> . (1.16)

1<i<j<t

We proceed similarly for the Macdonald identity for type C,. Expand the product on the

left-hand side of (1.15) and denote by & € {£1}* the sign coming from the expansion of the

terms
t

HT(2t+2)(n;i)+(t+1)mia:§2t+2)mi ((T”% )a( i)—t—1 _ (miTmi)t—&—l—o(i)) '

=1

Then setting m; — &m; and finally noting that m? is invariant by this transformation, the
left-hand side of (1.15) can be rewritten as follows:

Z sgn(o Z Hfz Z HT (t+D)mZ+mi€i(o(i)—t-1) . (2t+2)m1+£z(0(1) t—1)

oES; ge{i}tz 1 mezti=1
t t
= Z sgn(o) Z H&, Z HT(t+1)m%+mi(a(i)7t71)x(?t-ﬁ-?)fimi—i{i(a(i)—t—l).
o€S; fe{£1}ti=1 meZti=1

By extracting the powers of the variable 7', replacing m; with mg ;) and inverting the sums,
we get:

ngn Z Hg Z T (t+1) Mm|2+32E my(i—t—1) H (2t+2)£1 M (i) +&i(0(i)—t—1)

o€St ge{+1}ti=1 meZ?
_ Z D m]P+320 mi(i—t=1) et (x(2t+2)mj+y—t—l _wf((2t+2)mj+a—t—l))
- 1<ij<t \* !
me

12



The right-hand side of (1.15) is

t

(T; 7)o Ac(x)Ep(t,x) [ [ (T2 T)

=1

with A¢(x) as defined in (1.7). Hence (1.15) becomes

det (a:(.””)mf”*t*l - xf((2t+2)mj+jftfl)>
Z D ImI2+32E 1 mi(i—t—1) 16Tt i
¢ det (z/707' — ;U7
mee 1<ig<t ! i
t
= (15T, Kr(t,x) [[ (T ). (1.17)
=1

1.5 Nekrasov—Okounkov formulas

As mentioned in Section 1.2, hook length formulas such as (1.1) are useful enumerative tools
bridging combinatorics with other fields. A much more recent identity is the Nekrasov-Okounkov
formula. It was discovered independently by Nekrasov and Okounkov in their work on random
partitions and Seiberg—Witten theory | |, and by Westbury [ | in his work on universal
characters for sl,. This formula is commonly stated as follows:

ST (1 - %) - k]:[l (1 - T’“)Z_l , (1.18)

AEP heH(N)

where z is a fixed complex number. This identity was later obtained independently by Han
[ ], using combinatorial tools and the Macdonald identities for affine type A; | ,
Appendix 1, eq. (6.a) p.143] when all of the z; — 1. If ¢ is a positive integer and z = 2, then
the product over hook lengths on the left-hand side of (1.18) is zero unless A has no hook of
length t. The latter can be rephrased as A is a t-core though it is not immediate to see that
Hi(A\) = @ is equivalent to A not having any hook length equal to ¢. This will be explained in
Section 2.3. The well-known generating series for P can also be derived from (1.18) with z = 0:

S M= (1)) (1.19)

AEP

Formula (1.18) was first generalized to a two parameter identity in | , Equation (3.7)].
Later, simultaneously both Rains—Warnaar | |, by using refined skew Cauchy-type iden-
tities for Macdonald polynomials, and Carlsson-Rodriguez Villegas | |, by means of ver-
tex operators and the plethystic exponential, discovered a (g,t)-extension of the Nekrasov—
Okounkov formula to settle a conjecture from Hausel-Rodriguez Villegas | , Conjecture

4.3.2] in their study of mixed Hodge polynomials of character varieties with genus 1.

Theorem 1.5.1. / , Theorem 1.0.2],/ , Theorem 1.3] We have

Z TW H 1 — ug® +j_tll(l))(1 _ uflqa(;)tl(s)Jrl)

=

H (1 _ uqitj—lTk)r(l _ u—lqi—lthk)r
(1 _ qi—ltj—lTk:)r(l _ qithk)r

i,5,k>1

13



As mentioned in | ) |, the special case ¢ = t is a reformulation of a result due
to Dehaye-Han | | and Igbal-Nazir-Raza-Saleem | |, using the refined topological
vertex. It can be written as follows:

ST ] (1—ug")(1-u'q") 1T (1 —ug"TF) (1 —u'q"T*)" (1.20)

(1 _ qh)Q (1 _ qr—lTk)r(l _ qr-l-lTk)r :

AEP heH(N) keyr>1

Note that taking u = ¢* and letting ¢ — 1 in (1.20) yields (1.18), although it is not
immediate for the product side.

The methods used by Han to prove the Nekrasov—Okounkov formula (1.18) and Dehaye—
Han for its g-analogue (1.20), both start from the type A specialization of Macdonald’s formulas
for affine root systems. Nevertheless one needs to keep track of the variables to derive (1.20).
Therefore it is necessary to use the more general formulation given by Rosengren—Schlosser
[ | (see also Stanton’s reformulation in | ). The next step in | | for proving
(1.20) uses new combinatorial notions such as exploded tableaux and a V;-coding. In the next
chapter, we extend this last notion to V, ;-codings (see Definition 2.5.1) adapted from Garvan—
Kim—Stanton | |, which comes naturally from the study of the Littlewood decomposition
described in Section 2.3.

14



Partitions, words and the Littlewood decomposition

2.1 Introduction

This manuscript in particular aims to provide a transcription of Macdonald identities introduced
in Proposition 1.4.1 in terms of integer partitions. From the discussion at the end of Section 1.4,
this requires to establish a connection between vectors of integers and integer partitions. Such a
connection can be obtained by considering integer partitions through their bijective correspon-
dence with binary bi-infinite words. This bijection has many different names in the literature
such as boson-fermion correspondence, Maya diagrams and is connected to many tools used
within different theories such as beta sets (see for instance | , |) or vertex operators.
In this chapter, we first introduce this correspondence. Then we discuss the Littlewood decom-
position, which is the main tool of this manuscript. As recalled with some history and context
in | , Section 2.2|, this decomposition has many equivalent descriptions, see for instance
[ , , |. As mentioned in Section 2.4, Garvan—-Kim-Stanton | | already
gave a bijection between vectors of integers and #-cores. An important remark here is that the
weight of the corresponding partition corresponds to a quadratic form on the corresponding
vector of integers. We recall some of their results and introduce the subsets of partitions whose
weights correspond to the quadratic forms obtained when extracting the power of T in Propo-
sition 1.4.1. In the last section, we derive enumerative results on product of hook lengths of
these subsets of partitions that will be necessary first to rewrite Macdonald identities for the
seven infinite affine root systems, and then to derive ¢-Nekrasov—Okounkov type formulas in
Section 2.5.7. Indeed, to derive the g-Nekrasov—Okounkov formula (1.20) from a specialization
of the Macdonald identity (1.14) for type Ay, Dehaye—Han prove the following theorem, which
we rephrase using the definition of V; ;-coding (see Definition 2.5.1):

Theorem 2.1.1. Set t a positive integer. Let w € Py and v € 7t its associated V; ;-coding,
and set r; = v; for any i € {1,...,t}. Then we have

jw| = %Z Qtil) (2.1)

Moreover, setting a;(w) := #{s € w,hs =t — i}, for any function 7 : Z — F*, where F is a
field, we also have

r(hs —)7(hs + 1) oy (T(=i)\ ¥ (ri — 1j)
I H(m’)) Il == (22)

sCw i=1 1<i<j<t

In order to mimic the proof of Dehaye—Han, we need to prove theorems that are similar
to Theorem 2.1.1 for partitions arising in Section 2.4. The following theorem deals with the
partitions in DD g0y arising in type Cy.
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Theorem 2.1.2. Set t a positive integer and g = 2t + 2. Let w € DD(y) and v € 7t its
associated Vy i-coding, and set r; = v; — g/2 for any i € {1,...,t}. Then we have

w| = 12 (9/2 — 1;(9 - 1). (2.3)

Moreover, setting a;(w) := #{s € w,hs = g —i,e5 = 1}, for any function 7 : Z — F*, where
F is a field, we also have

7(hs — s (=)@ Ti 7(r; — 1) T(r; + 1,
5 =1 () me [[ ot o oy

s€w 1<i<j<t T —i) Tlg—i—j)

T(hs +259) T (T(=)\ " {y 7(2r) T(r)7(ri + L+ Dr(ri —t — 1)
H _H< ) HT(%) ()i +t+ )76 —t—1)

% H T(Ti — T‘j) T(TZ‘ + 7“]')- . (2.5)

\<idie TU—9) T(g—1-7])

2.2 Integer partitions and bi-infinite binary words

In this section, we use the formalism of Han and Ji of | |, as already used by the author in
[ , I

Let OA be the border of the Ferrers diagram of A. Each step on O\ is either horizontal or
vertical. Encode the walk along the border from the South-West to the North-East as depicted
in Figure 2.6: take “0” for a vertical step and “1” for a horizontal step. This yields a 0/1
sequence and the resulting word over the {0, 1} alphabet:

e contains infinitely many “0”’s at the beginning (respectively “1”’s at the end),
e is indexed by Z,
e and is written (cx)kez-

This writing as a sequence is not unique (since for any k sequences (cx;)icz encode the
same partition, note that this is related to the notion of charge in fermionic Fock space), hence
the necessity to set the index 0 uniquely for that encoding to be bijective. To tackle that issue,
we set the index 0 when the number of “0”’s to the right of that index is equal to the number
of “1”’s to the left. In other words, the number of horizontal steps along A\ corresponding to
a “1” of negative index in (cg)rez must be equal to the number of vertical steps corresponding
to “0”’s of nonnegative index in (cg)rez along OA. The delimitation between the letter of index
—1 and that of index 0 is called the median of the word, marked by a | symbol. The size of the
Durfee square is then equal to the number of “1”’s of negative index. Hence the application v
bijectively associates a partition to the word:

w()\) = (Ck)kEZ = ( .. c_gc_l\coclcg .o ) y
where ¢ € {0,1} for any k € Z, and such that

In Figure 2.6, one can remark that the hook corresponds to the collection within 9\ of a
ray coming from the south in parallel to the ordinate axis and exiting in parallel to the x-axis.
This remark illustrates the following lemma.
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Figure 2.6: O\ and its binary correspondence for A = (5,5, 3,2) with a hook.

Lemma 2.2.1. The application ¥ maps bijectively a box s of hook length hs of the Ferrers
diagram of X to a pair of indices (i, js) € Z2 of the word y()\) such that

1. is < Js,
2. Ciy = 1, st = 0,
3. js - iS = hs;

4. s is a box above the main diagonal in the Ferrers diagram of \ if and only if the number
of letters “17 with negative index greater than is is less than the number of letters “0” with
nonnegative index less than js.

Proof. The first three points are immediate. We now prove the last point. Let s be a box and
(is, js) € Z* the corresponding indices in ¥(A\) = (cx)gez such that ¢;, = 1 and ¢j, = 0. If 4
and js share the same sign, this is equivalent to the fact that the hook defined by the sequence
Ci, - - - ¢j, begins and ends on the same side of the median of ¢()\). Then the box s associated
with this hook is either below the Durfee square or to its right. Hence s is below when ¢5 and
Js are negative as we also know that is < js, which concludes the proof of this case. Now we
assume that i is negative and js nonnegative. The number of letters “1” with negative index
greater than 75 corresponds to the number of horizontal steps before the Durfee square and the
number of letters “0” with nonnegative index less than jg corresponds to the number of vertical
steps after the Durfee square. By definition of the Durfee square, this concludes the proof.

]

Let A be a partition and ¥ (\) = (¢x)rez be its corresponding word. Let ) be the conjugate
of X and (X)) = (c});ez. We have

Vk€Z,ch,=1—c_p 1.

Given the properties of symmetries of self-conjugate and doubled distinct partitions, they
admit a similar characterization:

ANeDD «— ¢()\) = (Ck)kEZ ’ co =1and Vk € N*,C,k =1-c, (2.6)

and
ANeSC — w(/\> = (Ck>k€Z | VkeN,c_p_1=1-—c¢. (27)
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From Remark 2.2 and (2.6), the set DD’ also admits a nice word interpretation characterization:
A€ DD «— ID()\) = (Ck)keZ ‘ c.1=0andVk eN,c_p_9=1—cs. (2.8)
From (2.6)-(2.8) and Lemma 2.2.1(4), we derive the following result:

Corollary 2.2.2. Set A\ € {SC,DD, DD’} and ¥ (\) its corresponding word. Let s be a box of
the Ferrers diagram of \. Let (is,js) € Z? be the indices in 1(\) associated with s. Then s is
a box on or above the main diagonal in the Ferrers diagram of A if and only if

lis| < |js| if A € DD,
lis + 1] < [js| if A € SC,
lis +2| < |js| if A € DD".

2.3 The Littlewood decomposition

Now we recall the following classical map, often called the Littlewood decomposition (see for
instance | , D.

Definition 2.3.1. Let ¢t > 2 be an integer and consider:

Pr: | P — 'P(t)XPt
A= (w, Oy

where if we set ¥(\) = (c¢i)jeg, then for all & € {0,...,t — 1}, one has
vk) = g1 ((CtH_k)Z-eZ). The tuple v = (V(O),...,V(t_l)) is called the ¢-quotient of A and
is denoted by quot, (), while w is the t-core of A denoted by core;(A).

Obtaining the t-quotient is straightforward from () = (¢;);cz: we just look at subwords
with indices congruent to the same values modulo ¢. The sequence 10 within these subwords
are replaced iteratively by 01 until the subwords are all the infinite sequence of “0”’s before the
infinite sequence of “17’s (in fact it consists in removing all rim hooks in A of length congruent to
0 (mod t)). Then w is the partition corresponding to the word which has the subwords (mod ¢)
obtained after the removal of the 10 sequences. For example, if we take A = (4,4, 3,2) and t = 3,
then 1(\) =...001101|010011 ...

¥ (V) =...001]001... ¥ (wg) = ...000[011...,

¥ (VW) =...000]111... —> |4 (w)=...000[111...,

¥ (V(Q)) = | Y (wg) = ...001] .
Thus

Y(w) =...000001[011111...
and
quot; () = (v, v, 1) = ((1,1),0,(2)), cores(A) =w = (1).
The following properties of the Littlewood decomposition are given in | |
Proposition 2.3.2. [ , Theorem 2.1] Let t be a positive integer. The Littlewood decompo-
sition ®; maps bijectively a partition X to (w, O 7V(t_1)) such that:
(P1l) w is a t-core and O D gpe partitions,

t—1
(P2) Al =lw| +¢ Y [,
=0

(P3)  Hi(A) = tH(v),
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where, for a multiset S,
t—1 ‘
tS:={ts,s€ S} and H(v):= U H(D).
=0

When ¢ = 2, Han and Ji also obtain additional properties on BG-rank and some other
statistics. The first part of their Theorem 2.2 with respect to the BG-rank reads as follows.

Proposition 2.3.3. [ , Theorem 2.2] When t = 2, the Littlewood decomposition ®o has
the further two properties:

L(w)+1 :
=i BG(Y) >0,
(P4) BG(\) = { _@ if BG(\) <0.

Proposition 2.3.2 (P3) in particular implies that A is ¢-core is equivalent to the fact that A
has no hook of length t. Indeed if there exists i € {1,...,t} such that |v()| # @, then 1 always
belongs to the multiset H(v(*)) and then there always exists a hook of X\ whose length is equal
to t.

Now we discuss the Littlewood decomposition for SC partitions. Let ¢ be a positive integer,
take A € SC, and set () = (¢;)iez € {0,1}% and (w,v) = (cores(\), quot,(\)). Then one has
the equivalence (see for instance | , D:

ANESC <= Vige {O,...,t—l},Vj €N70i0+jt:1_07i07jt71
e v@o € {O, e ,t — ].},\V/] € N, Cig+jt = 1-— th(i0+1)7t(jfl) (29)

. . !/
— Vige{0,...,t—1},00) = (u(t*m*”) and  w € SC).

Therefore A is uniquely defined if its t-core is known as well as the |¢/2] first elements of
its quotient, which are partitions without any constraints. It implies that if ¢ is even, there
is a one-to-one correspondence between a self-conjugate partition and a pair made of one SC
t-core and t/2 generic partitions. If ¢ is odd, the Littlewood decomposition is a one to one
correspondence between a self-conjugate partition and a triple made of one SC t-core, (t —1)/2
generic partitions and a self-conjugate partition g = v((=1/2) Hence the analogues of the
above theorems when applied to self-conjugate partitions are as follows, which we will need in
Chapter 3.

Proposition 2.3.4. [ , Lemma 4.7] Lel t be a positive integer. The Littlewood decompo-

sition ®; maps a self-conjugate partition A to (w, vO V(t_l)) = (w,v) such that:

(SC1) the first component w is a SC t-core and 1/(0)’ . ,]/(t_l)a,,«e partitions,
3 . !
(5C2) Vje{o,...,[t/2] —1},00) = (y(t—1—j)) ’

(SC'2) if tis odd, p(=1/2) = <V<<t—1>/2>)’,
(t=3)/2
wl+2t > WO+t if tis odd,
(5C3) |Al = o1
|lw| + 2t Z W] if tis even,
=0

(5C4)  Hi(A) = tH(v).

This way of computing the Littlewood decomposition enables to prove the following lemma
which will be necessary to interpret Macdonald identities for types B, BY and D in Section
2.5.7.
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Lemma 2.3.5. [ , Lemma 4.3] Let t be a positive integer. The Littlewood decomposition
®; maps a doubled distinct partition \ to (w, vO V(t_l)) = (w,v) such that:

(DD1) the first component w is a DD t-core and V(U), cen D gre partitions,
. . /
(DD2) Vje{L.”,U/ﬂ},M”::<y“*”>,um)elﬂl

/
and if t is even, V2 — (u(t/2)> e SC,

(t—1)/2
lw| + 2t Z WD)+t O] if t is odd,
(DD3) || = /o1
lw| + 2t Z O]+t O]+t D] if tis even,
i=1

(DD4)  Hi(\) =tH(v).
By (2.8) and Lemma 2.3.5, one gets the following result for partitions in DD’.

Lemma 2.3.6. Let t be a positive integer. The Littlewood decomposition ®; maps a conjugate
doubled distinct partition X\ to (w, (O .,V(tfl)) = (w,v) such that:

t—1)

(DD'1)  the first component w is a DD’ t-core and 1/(0), ey vV gre partitions,

. . /
(DD'2) Vje{0,...,|t/2] —1},0) = (y“—?—ﬂ) WD € DD,

/
and if t even, p(2=1) = (V(t/%l)) e 8C,

(t—3)/2
w| +2t Y O+t if tis odd,
(DD'3) A = =
lw| + 2t Z O] 4t ED| 4 2D if tis even,
i=0

(DD'4)  Hy(\) = tH(v).

2.4 Integer partitions and some quadratic forms

Thanks to the properties of the Littlewood decomposition, one might see t-cores w as partitions
whose t-quotient in the Littlewood decomposition is empty: quot,(w) = (0,...,0). This is
equivalent to say that all subwords (mod ¢) in ¢ (w) are of the form ...0011..., which is
an infinite sequence of “0”’s and then followed by an infinite sequence of “1”’s. For any i €
{0,...,t — 1} let us define n; := min{k € Z | ¢;1,t = 1}. Each n; corresponds to the index
of the first “17 in the subword of ¢(w) whose index is congruent to ¢ (mod ¢). Recall that the
word 1(w) has as many “1”’s of negative index as “0”’s of positive index. That condition is
equivalent to require Z;‘f;(l] n; = 0. Hence there is a natural bijective map

gb : P(t) — Zt

such that if we set ¢(w) := n then Zf;é n; = 0.
For example, if we take w = (4,2) and t = 3, then

Y (wp) = ... 000 |00121...,
no=:
=... 11011011111 ... =... 1 111...
¥ (w) 000011]0110 ) 00 y ,
ni=—
T,D(wQ):... |

20



Therefore in the above example, ¢(w) = (2,—1,—1) € Z3.

In | |, Johnson uses the fermionic description of partitions (which is equivalent to the
definition of 1) to prove that this bijection is the one defined by Garvan-Kim-Stanton in
[ , Bijection 2]. We reformulate what Johnson wrote in | , Section 2| in terms of

indices of words. Let A be a partition and ¢ be a positive integer. The abaci correspond exactly
to the t-subwords of () with fixed residue (mod t) and the n;’s, as defined in Theorem 2.4.1,
correspond to the charge of the i-th runner on the abaci.

Theorem 2.4.1. [ , Theorem 2.10]/ , Bijection 2] Let w be a t-core and p(w) =
(ck)ez be its corresponding word. The bijection ¢, where if we set p(w) = (ng,...,n4—1), then
satisfies n; = min{k € Z | cxry; = 1} and ZZ oM = 0. Moreover, we have:

t—1 t—1
t .
lw| = B E n? + E in;. (2.10)
=0 i=0

When studying Macdonald identities for the seven infinite types of affine root systems, some
quadratic forms arise. For instance, as pointed out by Han | | and Dehaye-Han | |,
the quadratic form (2.10) appears in the Macdonald identity for type A; ;. When it comes to
the study of other types, different quadratic forms arise. The goal of this section is to introduce
the subsets of partitions linked to these quadratic forms. We will see that all of them can be
described through the Littlewood decomposition.

First, when studying the Macdonald identity for type C;, the subset DD 3442) appears.
A restriction of the Littlewood decomposition to DD(y,9) yields some additional conditions
on the associated vector of integers already studied by Garvan-Kim-Stanton in | | but
stated here in a slightly different way. Set w € DD(g49) and ¢(w) = n € Z**2 where ¢
is the bijection from Theorem 2.4.1. Equivalence (2.6) ensures that the following additional
conditions are satisfied:

ng =0, and Vi € {1, co, 2+ 1}, N = —N2t42—4. (2.11)

So in particular, the last condition implies nsy1 = 0 and w is bijectively associated with a vector
of t integers. Applying Theorem 2.4.1, we then have:

2t+1 2t+1

w| = (t+1) Zn +Zml_2<t—l—1)z n? + (i—t—l)n,). (2.12)
1

i=

As underlined in | |, Figure 2.7 below illustrates how the word interpretation together
with the computation of the Littlewood decomposition for a partition in DD(g) when ¢ = 2,
and 2t 4+ 2 = 6 provide the vector of integers given in | |. The arrows are sorted in six
different colors, each of them corresponding to a fixed residue (mod 6) of the index of the
corresponding word of w. The word corresponding to w writes as follows:

P(w) = ---0000001000001001|1011011 1110111111111 - -

By extracting the subwords of fixed residue (mod 6), we obtain:

¥ (wp) = 000|111
¥ (wr) = |
¥ (wy) = 011|111
¥ (ws) = |
¥ (wy) = |
¥ (ws) = 001|111

so that
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Figure 2.7 w = (11,6,4,2,2,1,1,1,1,1) € DD and its binary correspondence. Here g =
2t + 2 = 6 and vy is defined in Section 2.5.

(71/()./ na, 7L5) = (0, -2, —1) € 78.
Equivalence (2.6) enables us to keep two components of n:
w € DDg) +— (1 —2) € Z2.

Similarly the subset DDy 1) arise in the Macdonald identity for type BC,. Set w €
DD(9¢+1) and ¢(w) = n € Z* its image by the bijection of Theorem 2.4.1. Equivalence (2.6)
yields in this case ng = 0 and for all i € {1,...,2t}, n; = —ng+1-;. Once again, w is bijectively
associated with a vector of ¢ integers. Then (2.12) becomes:

t t

2% + 1 2t 2t
wl = =5 =D _ni+ D ini=(2t+1)D nf+ Y (2 -2t~ Dni. (2.13)
i=0 i=0 i=1 i=1

The subset of self-conjugate 2t-cores arises in the Macdonald identity for CN’L}/ . A restriction
of this previous results to SC(y) yields some additional conditions on the associated vector of
integers. Let w € SC(gy) and ¢(w) = n € 72" by the bijection of Theorem 2.4.1. Equivalence
(2.7) ensures that for all i € {0,...,2t—1},n; = —ng;_1—;. Hence w is also bijectively associated
with a vector of ¢ integers. By application of Theorem 2.4.1, we then have:

o 2t—1 2t—1 t—1 t—1
Wl=75 D+ D =203 ni+) (22 i 214
i=0 i=0 i=0 =0
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Regarding types B, Btv . and Dy, the leading coefficients of the quadratic forms on vectors
of Z! appearing in the Macdonald identities are respectively 2t — 1, 2t and 2t — 2. We start

/

by examining the properties of the restriction of the bijection ¢ to the set DD(%) of partitions
whose conjugate is a doubled distinct partition and that are (2¢)-cores. Set w € DD/(2t) and

¢(w) =n € Z*. From (2.8), one has
e ngy 1 =0,
e Vie{0,...,2t —2},n; = —ng_oy.
So in particular, the last condition implies ny—; = 0 and w is bijectively associated with a vector

of t — 1 integers. Applying Theorem 2.4.1, we then have

2t—1 2t—1

lw| = 2t2n +Zznl—2<t2n +Zz—t+1 ) (2.15)

Following the exact same path, if we set w € DD(% 1 and ¢p(w) =n € Z*71 ngy 5 =0
and w is bijectively associated with a vector of ¢ — 1 integers such that

2t 123 2t—3 1\ 22 ) =2 1
lw| = +Zml—2<< 2>Zni+z<z—t+1+2>ni> (2.16)
1=0 i=0 =0

As remarked above, ¢ maps DD’(Qt) and DD'(Ztil) to Z!~! whereas it maps DD’(QFQ) to
Z!=2. Therefore these quadratic forms on vectors of t integers cannot be interpreted as the
weight of (conjugate or not) doubled distinct core partitions. Nevertheless these quadratic forms
can be interpreted as weights of elements of subsets of partitions with an explicit Littlewood

decomposition whose quotient is almost empty but for one or two components.
For instance, in the case of type By, let mi be a positive integer and let us introduce the
set DDy, := {X € DD | By 1(A) = (w,0,...,0,2 )} where =2 is the rectangular
conjugate doubled distinct partition whose parts are all equal to m; — 1 and are repeated my

times. Hence [v(3*=2)| = my(m1 — 1). Note that its corresponding word is:
Y2y =...01...10]0...01... (2.17)
M~ ——
m1—1 mi

Now if we set ¢(w) = (ng, ..., ni—2), A € DDA | is mapped bijectively to (ng,...,ni_2,m1) €
Z'=1 x N*. Moreover using (2.13) and Lemma 2.3.6 (DD’'3), we derive:

t—2 t—2
A =2t = 1)) nZ+> (26 —t) + i + (2t — 1)(mF — my)
i=0 i=0

t—1 t—2
=2t —1)(mi+) nd)+ <—(2t —1)my+ Y (20— 2t+ 1)ni> . (2.18)

=1 i=0

For type BY, let m; be a positive integer and let us introduce the set DD% :={\ € DD’ |
Dor(N) = (w,0,...,0, v )} where v(2~1) is the same rectangular partition as in type By
whose correspondlng word is (2.17). Now if we set ¢(w) = (ng, ..., ni—2), A € DDy} is mapped
bijectively to (no,...,n¢_2,m1) € Z~ x N*. Moreover using (2.13) and Lemma 2.3.6 (DD'3),
we get this time:

t—2 t—2
A =2t nZ+>" 200 —t+ 1)n; + 2t(mf —my)
=0 =0
t—2 -2
=2t(m} —my+ Y_ni)+ (—2tm1 +2) (i—t+ 1)ni> . (2.19)
1=0 =0
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For type Dy, let m; be a positive integer and m; be a nonnegative integer and let us
introduce the set DDy o := {\ € DD’ | Boy_o(N) = (w,0,...,0,002 0, ... 0,23} where
v(2t=3) ig the same rectangular partition as in types B, and Btv, and v*2 is the my x my
square self-conjugate partition. Hence |v(**=3)| = my(m; — 1) and |[v*=2)| = m?. Note that the
corresponding word is:

(t—2)\ _

b2y =...01...1]0...01... (2.20)
mt mi

Now if we set ¢(w) = (ng, . ..,ni_3), A € DD, is mapped bijectively to (ng, ..., n¢ s, my,my) €

772 x N* x N. Moreover using (2.13) and Lemma 2.3.6 (DD'3), we derive:

t—3 t—3
A= (2t —2)) nf+ ) 20— t+ i+ (2t — 2)(m] —my + m7)
=0 1=0

t—1 -1
= (2t =2)O _ni +mi+mi)+ (—(215 —2)my + Y 2i —t+ l)ni) : (2.21)

i=1 i=1

2.5 The enumeration of hook lengths products

A common property of all of the subsets of partitions introduced above is that their elements can
be associated with a vector of ¢t integers. Given the properties of symmetry of these partitions,
we will bijectively associate them with ¢ positive integers through their word interpretations: it
consists in the greatest ¢ indices of letters “0” in the corresponding word such that all of those
t indices have a different congruence class modulo an integer g to which we add g. To be more
precise, first we introduce the notion of V, ;-coding:

Definition 2.5.1. Let t and g be two positive integers such that t < g. Set A € P and
PY(X) = (ck)kez its corresponding binary word. For i € {0,...,g — 1}, define f5; :== max{(k +
)g+i| chgyi = 0}, Let o : {1,...,9} — {0,...,9 — 1} be the unique bijection such that
Bo(r) > > By(g)- The vector v := (50(1), -5 Bo(t)) 1s called the V; i-coding corresponding to
A

Remark 2.5.2. When g =t, the map between w € Py and its Vi -coding 1s bijective. Indeed
one can deduce o from v; = 0(i) (mod t) and 0 € {o(1),...,0(t)}. Moreover we have NGy =

|vi/t], where o(i) is the remainder of o(i) by t. Therefore

= (52 |2))

where ¢ 1s the bijection from Theorem 2.4.1.

For any condition C, we will use the boolean notation

1if C is true,
1o = )
0 otherwise.

The following proposition bridges the gap between Definition 2.5.1 and all of the subsets of
partitions introduced in Section 2.4. Indeed it shows that the Vj;-coding of a partition is
equivalent to the vector of integers used to characterize the subsets of partitions defined in the
previous subsection.

Proposition 2.5.3. Lett be a positive integer. Any X in one of the sets Pyy, DD 2442y, DD (2441),
SC a1 DD%,DDIQLP and DDIQQFQ is in bijective correspondence with its Vy i-coding, where g is
the index of the corresponding set.
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Proof. We will show that the correspondence between the V, ;-coding of A and the vector of
integers ¢() is bijective, and therefore so is the correspondence between \ and its V, ;-coding.
Let A be a partition in one of the sets of Proposition 2.5.3. Set ¢(\) = (ck);cy the word
corresponding to A. Let v be its Vjs-coding. The case A € Py is already handled in Remark
2.5.2.

If quoty(A) is empty, then A is a g-core. By definition 3; — g is the last letter “0” in
the subword of #(\) whose indices are congruent to ¢ (mod g). This implies that for all i,
Bi = Iknei%{kg +i | cggri = 1}. Set ¢(A) = n € Z9. Let ¢’ be the unique permutation of

{0,...,g — 1} such that the sequence (n4/(;),0'(i)); is strictly decreasing with respect to the
lexicographic order. By definition of ¢’, note that Boroy >+ > Bor(g—1)- By definition of the
Vyi-coding, we define o from ¢’ as (i) = o'(i — 1) for all i € {1,...,g} and v; = B,y for all
i€{l,...,t}. Moreover setting

;) g—1ifAe SC,
7= g otherwise,

recall that we have n;_y, s, = —n—; for all i € {1,...,¢} where —i is the remainder of —i by
g- Hence for all i € {0,...,t =1}, By = —for(g—1—4) +¢'- Hence knowing the V j-coding of A
is equivalent to knowing S,(;) for i € {0,...,g—1}. Whence the V} ;-coding of A is in bijective
correspondence with A.

Moreover we have that for all i € {1,...,t}:

—vi+g§

(NS

<. (2.22)

If quoty(A) is not empty, it implies that A belongs to one of the subsets DD, DDA | or
DD ,. We now have that for all i € {0,...,9 — 2} \ {g/2}, 8; = r]gﬂ%l{kg +i | crgyi = 1}
€

By Section 2.4, note that the index congruent to g — 1 (mod g) of the last letter “0” in (\)
is (m; —1)g — 1. Hence ;1 > g — 1. Similarly if g is even, 3,5 > g/2. If g is equal to
2t or 2t — 1 and if we set w = coreg(\) and ¢(w) = n’ € Z9, let o’ be once again the unique
permutation of {0,...,¢g — 1} such that the sequence (n;,(i),a’(i))i is strictly decreasing with

respect to the lexicographic order. By the word interpretation of elements in DD;1 given in
Section 2.4 and following the exact reasoning as for elements of DDy, we derive the same
inequalities as (2.22). Hence there are exactly ¢ — 1 elements k in {0,...,g — 2} such that
Br. > g/2 and exactly t — 1 elements such that 5 < ¢g/2. Thus there exists ig € {0,...,t — 1}
such that B0y > Bg—1 > Bor(ip—1)- By setting o (i) = o’(i—1) for any 1 <i <, o(ip) = g—1
and o(i) = 0'(i — 2) for ig +1 < i <t — 1, we obtain v; = f,(;) for all i € {1,...,t}. By (2.8),
the Vj s-coding associated with X is in bijective correspondence with (ng,...,n;_5,m1), hence
as remarked in Section 2.4, this is in bijective correspondence with A.
The case g = 2t — 2 is exactly the same except that there exists (k,1) € {1,...,t}? such
that vy = myg 4+t — 2 and v; = mig — 1.
O

For example, the Vg 2-coding of the partition w = (11,6,4,2,2,1,1,1,1,1) € DD(g) is (6 x
2+4,6x1+1)=(16,7) and 0 :{1,...,6} = {0,...,5} such that o(1) =4, 0(2) =1, 0(3) =
3,0(4)=0,0(5)=5and o(6) =2.

The aim of this section is to show Theorem 2.1.2 stated in Section 2.1, which is a general
formula for hook lengths. This is done by induction on the length of the Durfee square of a
partition.

We need to introduce the g-intervals as I%ZLM ={keZ|m<k< Mk=m (mod g)}

and I3, ,, :={l€Z|m << M]l=M (mod g)} for m, M two integers. This notion is of
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particular interest in our case ever since we are trying to enumerate hook lengths with a fixed
residue (mod g). We will need the following lemma all along this section.

Lemma 2.5.4. Let g be a positive integer, let T be a function defined over Z, let m and M be
two integers such that m < M. We have

(M -k — (M — max(I97 ) —
11 %Mfk)g)_( T(M(—T;;A)J) ” (2.23)

g9,+
kelm,]ﬂ

and

7(l—m+g) (M —m + g)
H T(l —m) T(Hliﬂ([7g7£7_]\/[) —m)

9,—
USI Sy

The proof is straightforward since all products are telescopic.

The proofs of Theorems 2.1.1 and 2.1.2, as well as those of all theorems present in the next
subsections, are done by induction on the maximal element of the V, ;-coding of the partitions: it
means that, given v a V, 4-coding and A the corresponding partition, vy is the maximal element.
By definition of v, v; — g corresponds to the maximal index of “0” in (). To use the induction
property, one needs to consider the partition associated with v/ a Vj;-coding such that there
exists i € {1,...,t} such that v/ = v; — g. For generic t-core partitions (i.e. when g = ¢),
in order to use the induction property, one needs to consider the V;;-coding corresponding to
the partition stripped from its largest part (i.e. stripped from the colored part in Figure 2.8).
Whereas for all the other subsets of partitions discussed in Section 2.4, given their property
of symmetry along A, one needs to consider the partition stripped from its largest hook (i.e.
stripped from colored hook in Figure 2.7) to use the induction property on the maximal element
of their associated V, ;-coding.

In the next subsections, we first state the lemma corresponding to the indices of the boxes
in either the largest part or the largest hook. Then we use these lemmas combined with
the induction property to derive the theorems of hook lengths product. These hook lengths
enumerations and more specifically their proofs are to be applied in the next chapter, both to
rewrite Macdonald identities for all types and also to derive g-Nekrasov—Okounkov formulas.
As seen in Section 2.4, quadratic forms appear in Macdonald identities and are related to some
subsets of partitions. Each of the following subsections hence give the product of hook lengths
on the subset of partitions defined in Section 2.4. The case of type C, is fully detailed, whereas
the other subsections contain only the main technical results.

2.5.1 Type A, | and P

As mentioned above, the case of t-core partitions is a bit particular: it is the only subset of
partitions studied in this chapter with no properties of symmetry along A. For instance, when
t = 6, to prove Theorem 2.1.1 in the example of w = (7,3,3,2,2,1,1) € Ps) (see Figure 2.8),
the induction property is used on the partition (3,3,2,2,1), which is still a 6-core partition.

w1

0] 7 5|4|3|2|1\

w2

w3

w4

5
4
2
1

Ws

we

wr

’»—|wq>cnﬂoo;

Figure 2.8: w € Pg)
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Lemma 2.5.5. Let t be a positive integer. Set w € Py and (v1,...,v) € 7t its associated

t,+

Vii-coding. Then the largest part of w, corresponds to the collection of boxes of indices in 1,7, _,.

The proof is straightforward from the fact that the boxes in w; are those whose index of the
letter “0” is v; — g and the definition of g-intervals.

Lemma 2.5.4 is necessary to prove Theorem 2.1.1, but given the product over hook lengths
slightly differ, one needs also the following result, which is proved as (2.23). Let g be a positive
integer, let 7 be a function defined over Z, let m and M be two integers such that m < M. We
have

(M —k) (M- max([ﬂ;j\/[))'

H 7(M —k+g) (M —m + g)

keld

The proof of Theorem 2.1.1 follows after Lemmas 2.5.4 and 2.5.5 and manipulations of
products as (but simpler than) in the proof of Theorem 2.1.2 detailed below.

2.5.2 Type C’t and DD 540

The following lemma is useful in order to decompose the product over hook lengths of doubled
distinct (2t 4 2)-core as a product over g-intervals.

Lemma 2.5.6. Lett be a positive integer and set g = 2t+2. Set A € DDy and (v1,...,v) € VA

its associated Vg 4-coding. Then the largest hook of A, denoted by Hy corresponds to the collection
of boxes of indices in

H, = H17+ U /HL*

where M1 4 (respectively Hi,—) denotes the set of indices of bozes s in the first hook such that
es = 1 (respectively s = —1) and

— 19+ g,+ g,+ g,+
HL‘*‘ - If’vlfq,m -9 U I(J-,vhg U U (Ivi,v:ﬁg U I*vﬂrg,vrg) ’
i=2
t
_ 9~ 9,— 9,—
Hi- = ULy 49—V U (I_U1+97Ui_g U Ivl—g,—vz) '
i=2

Proof. Set A € DD(g), ¥(A) = (Ck)pez, and set (vi)igq1,..1y its associated Vj-coding and o
as defined in Definition 2.5.1. By Lemma 2.2.1, the box with the largest hook length has the
corresponding pair of indices (imin, jmax) wWhere imin := min{i € Z | ¢; = 1} and jmax :=
max{j € Z | ¢; = 0}. Since X is a g-core, v; = max{j € Z | ¢j_4 = 0} by Proposition 2.5.3.
Therefore jmax = v1 — g. Moreover by (2.6), the maximal index of a letter “0” corresponds to
the minimal index of a letter “1”, whence iy = —v1 + g. Therefore the box of coordinates
(1,1) in the Ferrers diagram of A corresponds to word indices (—v; 4+ g,v1 — ¢) as shown in the
boxes shaded in Figure 2.7.

Moreover, as illustrated in Figure 2.7, each box s € A is by Lemma 2.2.1 in bijection with a
pair of indices (i, js) such that is # j, (mod g), ¢;, =1, ¢j, = 0, and i < j,. By Proposition
2.5.3, it implies that

Nk e{l,...,t} |is = to(k) (mod g),
M e{l,...,t}\{k} | js = +o(l) (mod g).
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By Theorem 2.4.1, we have

o vg if is = o(k) (mod g),
ZS i
—vg +gifis=—o(k) (mod g),
and (2.24)
, vy —gifig=o0(l) (mod g),
Js < o
—u ifis = —o(l) (mod g).

Ultimately, and as illustrated in Figure 2.7 in the red and blue shaded areas, let s be a box
of X\ in the first hook. Then e, = 1 (respectively e5 = —1) implies js = v; — g (respectively
is=—-v1+g) and js < vy — g.

O

From the proof above, note that the largest hook length in the boxes of the largest hook of
Ais 2(v1 — g) = 2(ng(1) — 1)g + 20(1) and that it corresponds to the hook length of a box on
the main diagonal A. From this remark, we derive by induction on the length of A

{he | s € Ay = J{2kg +20() | 0 < k < ngy — 1} (2.25)

i=1
We now prove Theorem 2.1.2.

Proof of Theorem 2.1.2. First we show (2.3). By Theorem 2.4.1, the weight of w is:

p 2t+1 2t+1 1 [ 2t+1
lw| = 3 Z n? + Zmz =% <Z(9nz‘)2+ Zgnz‘(i—t— 1)> :
i=0 i=0 i=0 i=0
From (2.11), we derive (2.3).

To prove (2.4), we proceed by induction on the size of the Durfee square by removing the
hook with largest length (which is the largest hook on the main diagonal). When w = 0, its
corresponding V; ;-coding is v € Z' whose components are v; = g — 7. Hence the vector r as
defined in Theorem 2.1.2 has components r; =g —¢ —t —1 =t + 1 —i. The left-hand side of
(2.4) is empty, thus equals 1 by convention. So is the right-hand side. Hence the initialization.

We can rewrite the left-hand side of (2.4) as

T(hs - 559) o T(hs - Esg)
11 0 SE}J_\[Hl o (2.26)
hs€H(w)

By Lemma 2.5.6, the first product on the right-hand side of (2.26) writes

H T(v1—g—2—9g) H (v —g—7—g)

T(nn—g—x T —9g—2x
a:elﬂjﬁ!mﬁg ( g ) eelgt (v1—yg )

T(v1—g—7—g) T(v1—g—2—g)

X .
I === ==

= IEIL;,vl—g xGI‘_’Ui+g,Ul_g

(2.27)
By definition of g-intervals, if IT’;:FM # (), then
g7+

x GI%,M\{m} — x—gEImM.
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Moreover by Lemma 2.5.6 there exists a unique box s in the Ferrers diagram of w such that

hs = v —g— max(lf,’:;l,g) < g. Products in (2.27) are therefore telescopic and by Lemma

2.5.4 it can be rewritten as

<T(20(1> - 9(1 + ]lcr(l)>,f]/2))>ﬂg<v1 <7'((7(1)g)>£9<'”1
7(2(v1 — g9)) T(v1 —9)
T(”(l) o (1/2 - ]lﬁ(lt)\»(/’,r"z.(/) Jl-'i’/ o
X 3
T(v1 — %)
Xﬁ <T(U(1) - 0(7/) - ]lo-(l)>0'(i)g)>ﬂg<v1vi <T<J(1) =+ U(Z) — g(l + ]10(1)+0_(i)>g))>]129<v1+vi '

T(v1 — v — g) T(v1 4+ v; — 29)

(2.28)

To complete the rewriting of the first hook product Hi, it remains to proceed the same way
for the second product on the right-hand side of (2.26). Note that the latter can be written as
follows

11 7(v1 +y) 11 7(v1 +y) 11 7(v1 4+ ¥)
) vi—g+y) T(v1—g+y) T(v1—g+y)
yEI;,U1+_(]_,,,172_q yel v1+9,—g

" z‘I;[zyGIg,H (1 —g+Yy) H Toi—g+y) (2.29)

9,—
—v1+9,v;,—9g yelfvlJrg,fvi

Again the products in (2.29) are telescopic and the same computations as before yield

(T(207(—1()2 (ijlgii)im) ) e < TT(E;;(I)g)) ) 2y<u

X < T(v1 — 9/2) >Lw 2<v]
T<O—(l) - (//2 + ]lrr('li)<(/,"2.(/>

" ﬁ < T(v1 +v; — g) >129<v1+”i ( T(v1 — v;) >ﬂg<v1”i
5 \7(0(1) +0(i) = glo(1)+0(i)>g) 7(o(1) — (i) + Ly1)<o(i)9) '

Z (2.30)

First note that g < vy < 3g/2is equivalent to g < gn,(1)+o(1) < 3g/2. This implies n, (1) =
Land o(1) < g/2. Hence 2(v1 —g) = 20(1) — gl (1) g/2 and v1 —g/2 = 0(1) — g/2+ gls(1)<g/2-
Similarly if g < v; < 2g, then v; — g = o(1). We can then rewrite (2.30) as

< 7(2(v1 — g)) >L"’<”1 (T(m — g))ﬂg@'
7(20(1) = gly(1)>g/2) 7(o(1))
( (o1 — 9/2) )
X , :
T(O—(l) o (//2 + H(T(I)<y(],"’2.(/,)
t

x H < (01 +vi —9) )129@”” ( 7(v1 — v;) )19@1—%
=2\ T(0(1) +0(7) — 9lo(1)+0(i)>g) 7(0(1) = 0()) + Ly(1)<o()9) .

=2
(2.31)

Hence using (2.28) and (2.31), the red terms 7(2(v1 — g)) cancel and (2.26) can be rewritten
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as

T(hs —esg) _ (T(20(1) = g(1 + Ly)5g/2)) | "
H m(hs) < 7(20(1) = gly(1)>g/2) >

X (T(”(l) - FJ))L”Q” <7<”(1) —39/2 = 1501)54 ;’.f/)> Lo<t
7(o(1)) T(0(1) = 9/2 + 15(1)<g/29)
x ﬁ <T(U(1) +oli) — g1+ ﬂa(1>+a(i)>g))>ﬂ2“’<””“i (T(U(l) —o(i) - 10<1)>o(i>9)>19<”1‘“i
7(0(1) + (i) — 9lo(1) 1o (i)>g) 7(0(1) = o(i) + Lo(1)<o()9)

) < T(I'] N %) >I,,, vy rt[< T(Ul _Uz') >ng<1)1—1)i < 7_(,1)1 +; _g) >ﬂ2g<v1+m‘,
T(v1— 5 —9) T(v1 —vi —g) 7(v1 +vi — 29)

scw

=2

=2
T(hs — €59)
2.32
< 1 (hs) (2:32)
sew\H1q
hs€H(w)

To complete the induction step, we need to investigate the second largest hook of w, denoted
Hy. There are two cases according to the coordinates of the box on the main diagonal of Hy
(that of largest hook length), which has coordinates

1. (first case) either (—vy + 2g,v1 — 2¢), then for any i € {2,...,t}, v1 —v; > g,

2. (second case) or (—v2 + g,v2 — g), then in particular one has v; — v9 < g. To study this
case, let [ be the integer such that [ := max{i € {2,...,t} | vi —v; < g}.

We handle the first case. Let w \ H; be the partition w deprived from its largest hook. As
H(w\Hy) C H(w), w\ Hi still belongs to DD . In this case, r} = v1—g—t—1and r; = v;—t—1
for 2 < i < t. It also implies by (2.22) that v; > 3g/2. Moreover for all 2 < i <t,v; —v; > g
and 2¢g < vy + v;. Hence all of the boolean conditions in (2.32) are satisfied.

Now we examine the residual terms depending on o in the product (2.32). Set (i,5) €
{1,...,t}, and note that

o(1) = o (i) + Lo)<o()g = 0(1) — 0(j) + Lo1)<o(j)9 = o(i) =0(j) (mod g).

By definition of o this cannot be true, so we have o(1) — (i) + Ly1)<o(9 7# (1) — o(j) +
]10'(1)<a(j)g7 hence:

{19 =1} ={0(1),20(1) = glo(1)>g/2: (1) — /2 + L 5(1)<g/29) }
Q{U(l) —0() + Lo(1)<o()9,0(1) + 0() — 9lo1)1o(i)>gts (2:33)
and
{=g+1,...,-1} ={o(1) — 9,20(1) = g(1 + Ls(1)>g/2)): (1) — 9/2 = Lg(1)5g/29) }
t

o)) = o)) = Loyco@g, (1) + 0(i) = 9(1 + Lo(1)so(i)>g) ) (2:34)
=2

Hence by (2.33) and (2.34), the products depending on o in (2.32) can be rewritten as

-1 .
gH Y (2.35)



By the induction property, we have:

-1 3 o (w
[ 7t =9H (7(—1)) (A
sew\H; 7(hs) i=1 7(1)
hs€H(w)

T(v1 — 39/2) ! 7(v1 — g — vj) T(v1 4+ vj — 29)
" ) v B

) ECEUEIE S CRATET R s S CE

=2 7(7) 2<i<j<t 7(i+7) 2<i<j<t (7 =)

Plugging (2.35) and (2.36) into (2.32) concludes the proof of this first case.
The second case is yet more subtle. To handle the second point, let us first remark that
w\ Hy € DD, and let v’ be its associated Vj;-coding. Let I be the integer such that, if
g < w1 <3g/2, then vj = g —o(1) = —v1 +2g and v/ = (va, ..., v, —v1 + 29,141, ...,v;) and
v/ = (vg,...,u,v1 — g,V41,-..,0) otherwise. We start with the case v; > 3g/2.

By the induction property, we have:

-1 3 o;(w
[ =0 7 (r(—z)) )
SEUJ\Hl T(h’s) i=1 T(Z)
hs€H(w)

l

v1—3g/2 (v g =) 17 T —g-v) yp T(v v —2)
I U5 I a5

=2 j=l+1

9/ 2 7(vi +v; —9) 7(v; —vy)
X H 2<£[j§ Tg=i=J) 2Sz‘1:[j§t T(j —1) (2:37)

Hence (2.32) and (2.37) lead to:

7(hs —esg) _ (T(20(1) = g(1 4 Lo(1)542)) | o=
H 7(hs) a < 7(20(1) — g]l(,(l)>g/2) >

x (T(a(l) - .q))“w </—w< 1) = 9/2 = 1014 m>“ :
7(o(1)) 7(0(1) = 9/2 + 15(1)<g/29)
" ﬁ (T(U(l) +o(i) —g(l+ ]10(1)+0(i)>g))>]l2g<vl+vi (7'(‘7(1) —o(i) - 10(1)>a(i)9)>lg<”1”i
7(0(1) + (i) — 9lo(1) 10 (i)>g) 7(o(1) — (i) + Lo)<o(i)9)

sew

o) AR (TT<(—i;‘>>ai<w\H1>

i 7(v1 — vj) pabet

XﬁT g/2 H T(vi—vj)r(vi+vj—g).

— L (2.38)
(i T =) T(i4])

Moreover we have:

l
T(vj+g—v1) vy 7)) +9(1—Loy<o@) —o(1))
11 B 1;[2 T(o(1) = a(4) + Lo0)<o(;)9)

7 700+ Loyse(ng — o (1))
a H 7(0(1) = 0(j) + Lo()<o(;)9)



Let us introduce

A= (T(%(l) —g(1+ ]la(l>>g/z))>“"<” <T( o(1) 9)) o <rw<l> —9/2 = 15(1)5g ~_>f/‘>>"/‘ "
' (20(1) = gly(1)>g/2) 7(o(1)) 7(0(1) = /2 + Ly(1)<g/29)
T (PO gt Letiotona)) 2207 (700D~ o0~ dowrtat)y B
) +0(1) = 9Ls(1)10(i)>g) 7(o(1) —o(i) + ]la(l <o(i)9)
l

XHT vj +g—v1).
7j=2

=2

By (2.33), we can rewrite A as

,1 N L —1 N !
Hg H 7(v1 — vj) HT(vj ) = 9 T(—"L) H T(_(Ul__ ?j -9)) HT(Ul — vj)

| EaC j=27—vl_vj 9)

where a;(Hy) = Lifg = z.e Hit)
0 otherwise.
Plugging (2.38) in (2.39) completes the induction.
The case g < v1 < 3¢/2 is settled by the induction property and the remarks used to obtain
(2.32).
The proof of (2.5) follows the exact same steps except for the first terms of each product of
the right-hand sides of (2.30) and (2.28) where the products in red and in green are now:

(T(%(l) = g(1+1501)54/2)) > fa/29<01 ( T(2(v1 — g) + g) >“”<”
7(2(v1 — 9) — 9) 7(20(1) — gls(1)>g/2)

. <T€(m)7(m - g))>ﬂ"<“‘ (T((U(l) —g)7(v1 — g)>ﬂ2"’<’“{ (2.40)

o(1))r(vy —g T(v1 — 29)7(v1 — g)
To handle the boolean conditions,we use once again that if g < v; < 3¢/2 then 20(1) —
g(1+1501)5g/2) = 2v1 —3g and if g < vy < 2g then 01 — g = v1 — 2g which concludes the proof.
g

2.5.3 Type B, and DD,._,

As mentioned in Section 2.4, interpreting the geometric conditions on lattices in Macdonald
identities for types B, BY and D as g-cores of DD or SC is not possible but these can be inter-
preted as a subset of doubled distinct partitions with a specific g-quotient. In this subsection,
we set g = 2t — 1.

If we take A € DD'; such that v@®~2) has its corresponding word equal to (2.17), and
Y(A) = (cg)rez, remark that the set of indices congruent to 2t — 2 (mod ¢g) corresponding to
a letter “0” is {kg — 1| k € Z,k < —mpor0 < k < m; —1}. Using (2.8) and the same
considerations as for the proof of Lemma 2.5.6, we have the following similar result.

Lemma 2.5.7. Let t be a positive integer and set g = 2t — 1. Set A € DDlgl and v € 7! its
associated Vyi-coding. Let ig € {1,...,t} be such that vy, = mig — 1. Then the largest hook of
A, denoted by Hy, corresponds to the collection of boxes of indices

Hy, = 7‘[1,_:,. U ’Hl’_
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where Hi 4 (respectively Hi ) denotes the set of indices of boxzes s in the first hook such that
es = 1 (respectively s = —1) and

t
_ 19+ g,+ 9,7+ 9+ l l g,+ 9,7+
H1,+ - Iﬂf1+!]*2,'v1*g U Ilv()-m—g U (I*l'i() +9—2,v1—g \ IH.mﬂ]) (IUi7U1_9 U I*vi+g*2,v1*g> ’

=2
1#£10

— 9,— 9,— 9,—
HL_ - U Ifl,'l+g72.f'z;,1“72 U (171,‘1+g72,'1,',1“7g 177:1+g72.7g71>

t
9,— 9,—
U (I—U1+9—27vi—9 U I'Ul_gv_'Ui_Q) :
=2
i£i0

As for (2.25), we derive similarly that for any partition in DDy}, DDy, | or DD, and g
is the index of the corresponding set:

{he | s €A} = J{2kg +2(c(i) +1) | 0 < k < nygy — 131} (2.41)
=1

The issues arising when using (2.4) is that if the g-quotient of a partition is not empty,
we have at least one box s such that hy = g. As when we derive ¢g-Nekrasov—Okounkov type
formulas, we specialize 7(x) = 1 — ¢* or 7 = Id, the product can be equal to 0. Therefore one
needs the following result for type B,.

Theorem 2.5.8. Set t a positive integer and g = 2t — 1. Let \ € DD;?1 and v € 7! the
Vyt-coding associated to A\, and set rj =v; — g/2+1 for any i € {1,...,t}. Then we have

Al =

Moreover setting a;(\) as in Theorem 2.1.2, for any function 7 : Z — F*, where F is a
field, we also have

Uey ~HGe ) A 500 rere—i—))

Proof. The proof is exactly the same as the one of Theorem 2.1.2 but without the products

in brown in (2.27) and (2.29). These products would have been over the sets IZ’/E_I g And
Ig_’;l -2, 05y —2 in this case. Remark that these products in brown are the one which yields

the terms 7(v; — ¢/2)/7(i) in (2.4). Hence there are no terms 7(r;)/7(7) in (2.42). The other
difference with (2.4) is that ®o;_1(\) = (w,0,...,0,r22))} where (=2 has a corresponding
word verifying (2.17). Then there exists ig € {1, ...,t} such that o(ip) = g—1 and v;, = m1g—1.
The product of hook lengths belonging to Hat—1(\) corresponding to pairs of indices (4, j) such
that i < jand i =j (mod g) = g—1 (mod g) are telescopic as well as the other products over
hook lengths corresponding to pairs of indices (7, j) with ¢ < j such that i or j is congruent to
g — 1 modulo g. Using Lemma 2.5.7, the products give

7(2vip — 29 +2) 7(9) _
7(9) (204, — 29 +2)
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If ip > 1, the products in green in (2.40) are now

<T(Ul +/I/"/f0 —qg + 2)>ﬂ!]<131 ( ( 110) > g<vi—v;,
T(v1 +1—g) (c(1)+ 1)

X ( 7(o(1) + 1_‘/)> IS i < T(vi+1—g) >ﬂ°<”1
(o1 = vig — 9) oo, —20+2))

The case ig = 1 is handled in the same way and the proof is completed with the same compu-
tations as in the previous theorems. O

2.5.4 Type BY and DD}

If we take A € DDy} such that (2~ has its corresponding word equal to (2.17), and ¥()\) =
(ck)kez, remark that the set of indices congruent to 2¢ — 1 (mod g) corresponding to a letter
“0"is{kg—1|ke€eZ,k <—mjor0<k<mg—1}. Using (2.8) and the same considerations
as for the proof of Lemma 2.5.6, we have the following similar result.

Lemma 2.5.9. Let t be a positive integer and set g = 2t. Set A € DD;I and v € 7! its
associated Vyi-coding. Let ig € {1,...,t} be such that vy, = mig — 1. Then the largest hook of
A, denoted by Hy, corresponds to the collection of boxes of indices

Hy=Hi+ UHy -

where Hi 4 (respectively Hi ) denotes the set of indices of bozes s in the first hook such that
es = 1 (respectively es = —1) and

_ 19+ g9,+ g9,+
HlHr - IleJrq 2v1—g U Il,‘L[),l,'lf_(] U (If'vquflv] q\ 71 21— q)

t

9,+ 9,+ 9,+
UT</ 2—1,v1—g U (Ivz»m gUI*v +9—2,01— 9)

=2

i#ig

_ - 9,— 9,—

HL— - U I—t 1+9—2,—viy—2 U (I—rl—s-g—?-/v,:o—g \ I_7~’l+9_2s_9_1>
t
g9,— 9, 9,—
U 17!‘\#(/.7_«/ 21 U (I—v1+g 20— UIUl—Q»—Uz‘—2) :

1=2
i#ig

Following the steps of the proot of Theorem 2.1.2, using Lemma 2.5.9, we derive the following
result which will be necessary to derive a Nekrasov—Okounkov formula for type By’ .

Theorem 2.5.10. Sett a positive integer and g = 2t. Set \ € DD;]1 and v € Z! the Vy4-coding
associated to \, and set r; =v; — g/2+ 1 for any i € {1,...,t}. Then we have

g—}—l (g/24+1)

Moreover setting a;(\) as in Theorem 2.1.2, for any function 7 : Z — F*, where F is a
field, we also have

-1 AN @A)t , . . )

o\ () pabet T(z) (i TU =) T(g+2—i—])




2.5.5 Type C) and SCat)

In this subsection, set g = 2¢t. Recall that the quadratic forms appearing to the exponent of T’
in the Macdonald identity for type C’tv can be interpreted as half the weight of an element in
SCg)- Using (2.7) and the same considerations as for the proof of Lemma 2.5.6, we have the
following similar result.

Lemma 2.5.11. Let t be a positive integer and set g = 2t. Set A € SC(y) and (v1,...,v;) € VA
its associated Vg 4-coding. Then the largest hook of A, denoted by Hy corresponds to the collection
of bozes of indices in

H;, = 7‘[1’4. U 7‘[17_

where Hy 4 (respectively Hi ) denotes the set of indices of bozes s in the first hook such that
es = 1 (respectively s = —1) and

t
19,2+ g9,+ 9,+
7‘[1 I,“+g 1,v1—g (Ivz,vl gUI—v +g—1v1— g>
=2
t
JE— g? g?
/Hl,* - U <va1+g 10— UIUl gr%)'
=2

As for (2.25), we derive similarly that for any self-conjugate g-core partition
t
{hs | s € A} = J{2kg +20(i) + 1| 0 < k < nggy — 11} (2.44)
i=1
Using Lemmas 2.5.11 and 2.5.4, we derive the following analogue of Theorem 2.1.2

Theorem 2.5.12. Set t a positive integer and g = 2t. Let w € SC(y) and v € 7t its associated
Vyi-coding, and set r; =v; — g/2+1/2 for any i € {1,...,t}. Then we have

-

Moreover setting «;(w) as in Theorem 2.1.2, for any function 7 : Z — F*, where F is a
field, we also have

M _ i (=) o) T(ri—rj)  7(ri +15)

SEw i=1 1<i<j<t

1
wl =~
g*

2.5.6 Type BC; and DDy

In this subsection, we set g = 2t +1. Recall that the quadratic forms appearing to the exponent
of T in the Macdonald identity for type BC can be interpreted as half the weight of an element
in DDyy. Similarly to Lemma 2.5.6, one derives the following lemma.

Lemma 2.5.13. Let t be a positive integer and set g = 2t+1. Set A € DDy and (v1,...,v;) €
Z' its associated Vyi-coding. Then the largest hook of N, denoted by Hy corresponds to the
collection of bozes of indices in

H, = ’Hl’+ U 7—[17_
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where Hi 4 (respectively Hi ) denotes the set of indices of bozes s in the first hook such that
es = 1 (respectively es = —1) and
t
—+ g,+ —+ —+
Hl,-',- = IZY?1+9-U1*9 U I(;Wl*!/ U (Igiﬂ)l_g U:[g_vz‘"l‘gﬂ)l_g) ’
i=2
t
Hi- = UL, g U (I%;Jrg,vrg Ulg’;gﬁvi) :
i=2
The proof of Theorem 2.5.14 stated below is exactly the same as the one of (2.4) in Theorem

2.1.2 but without the products in brown in (2.27) and (2.29), as underlined in the proof of
Theorem 2.5.8. Using Lemmas 2.5.13 and 2.5.4, the proof follows the same step as the one of
Theorem 2.1.2.

Theorem 2.5.14. Set t a positive integer and g = 2t + 1. Set w € DD,y and v € 7t its
associated Vy 4-coding, and set r; = v; — g/2 for any i € {1,...,t}. Then we have

¢

I e (9=2)]9/2]
Moreover, setting a;(w) as in Theorem 2.1.2, for any function T : Z — F*, where F is a field,
we also have

T hs— s g1 T(—1 ai(w) T T’i—Tj T\T; T’j
1" = 211 < T(u))) 0 (240

SEW i=1 1<i<j<t 7(j =) (g —1-7)

2.5.7 Type f)t and and DD;%,Q

Set g = 2t 4+ 2. If we take \ € DD;]Q such that ©2t=3) and v(#=2) has their corresponding word
equal to (2.17) and (2.20), and ¥(\) = (ck)rez, remark that the set of indices congruent to
t —2 (mod g) corresponding to a letter “0” is {kg —t | k € Z,k < —my or 1 < k < m;}. Using
(2.8) and the same considerations as for the proof of Lemma 2.5.6, we have the following similar
result.

Lemma 2.5.15. Let t be a positive integer and set g = 2t — 2. Set \ € DD/gl and v € 7 its
associated Vg 4-coding. Let (ig,i1) € {1,... ,t}? be such that vi, = m1g—1 and v, = myg+t—2
Then the largest hook of A\, denoted by H1, corresponds to the collection of bozes of indices

Hy =M1+ UHi -

where Hi 4 (respectively Hi ) denotes the set of indices of bozes s in the first hook such that
es = 1 (respectively es = —1) and

_ 19+ g,+ g,+ g,+
/HlHr - val +g—2,v1—g U Il,‘L[),Ul —g U (If'vm +g—2,v1—g \ Ifl,v] *.U)
t
g7+ g7+
U U (Ivi,vl -9 U I*Uz‘+9*2ﬂ’1*9> ’
=2
i#ig
ii1
— 9,— 9,— g9,—
HL— - U I—’l‘1+g—2,—/u,:0—2 U <I—7:1+g—2-/v,t0—9 \ I—m+g—2,—9—1>
t
9,— 9,—
U U (I—’U1+9_27'Ui_9 UIUl—g»—W—2> :
=2
i#ig
i#iy
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Following the steps of the proof of Theorem 2.5.8, using Lemmas 2 .15 and 2.5.4, we derive
the following result on product of hook lengths for elements of DDQt 5 related to type D, as
underlined in Section 2.4.

Theorem 2.5.16. Set t o positive integer and g = 2t — 2. Set A € DDlg2 and v € 7! the
Vg t-coding associated to w, and set r; =v; — g/2+ 1 for any i € {1,...,t}. Then we have

(9/2+1)(g+1)
Al = Z? I

Moreover setting a;(\) as in Theorem 2.1.2, for any function T : Z — F*, where F is a field,
we also have

[0 - (L

SEA i=1

a;i(A) (re — (r: 4+ 7
> H (z ]) (1+ J) . (2.47)

\<isi<t T(j—i) T(g+2—i—7)
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Macdonald identities for affine root systems, g-Nekrasov—Okounkov formulas
and applications

3.1 Introduction

Motivated by the computations from Section 1.4, the last chapter detailed some enumerative
results about subsets of partitions linked to the quadratic forms that appear in the Macdonald
identities of each infinite affine root system. In this chapter, the goal is to show how these
enumerations enable one to transcript the Macdonald identities within the language of integer
partitions. The V ;-codings introduced in Definition 2.5.1 (that are some specific (decreasingly)
ordered vectors of integers) are going to be the key tool for this purpose. These are heavily
linked to the bijection o : {1,...,9} — {0,...,9 — 1} involved in their definition and which
can be thought of as a shifted permutation o’ € S,, i.e. ¢’ := g —o(i). In Section 3.2, we
detail how the sign of these o, denoted by sgn(c) := —sgn(c’) and which can be thought of as
a signature of a permutation sorting in decreasing order, is characterized by both the cardinal
of some subsets of hook lengths of the partitions introduced in Section 2.4 and some statistics
attached to the partitions (such as A or the size of the Durfee square).

The purpose of Section 3.3 is then to provide the desired rewriting of Macdonald identities
for all infinite affine types in the language of partition. These formulas are of type “sum =
product”, and recall that in (1.16) and (1.17), the sum is computed over m in some subsets of
Z! without any order on its components. However, partitions come with an order, hence when
sending the vector m to the vector r from Theorems 2.1.1-2.1.2 and the theorems from Section
2.5 we have chosen a specific order: that is the translation by a constant of a V| ;-coding. We
apply this formalism to rewrite the sum part of Macdonald identities for all seven infinite root
systems as a sum over symplectic, special orthogonal and even orthogonal Schur functions. For
instance the rewriting of the Macdonald identity (1.16) for type A;_1 gives the following result.

Theorem 3.1.1. Sett € N*. The Macdonald identity for type A,_1 can be rewritten as follows:
¢
Z (—1)H<tlTlls (%) Hxi_z(w) = (T;T)1* H (Txiacj_l,Txi_lxj;T> . (3.1)
wEP) i=1 1<i<j<t e

where v is the Vi —coding corresponding to w (see Definition 2.5.1), Hey :={s € w | hy < t}
and p € P is such that p; :=v; — vy +i—1t for all 1 <i <t and l(p) =t — 1.

Recall the notation K7 defined in (1.13)

Kr(t,x) = H z; (T:L'?:ZE;-E;T> .
o

1<i<j<t
Formula (1.17) becomes with the same techniques:
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Theorem 3.1.2. Set ¢ € N* such that t > 2 and g = 2t + 2. The Macdonald identity for type
Cy can be rewritten as follows:

t
> (—n ol P () = (T3 T, Kr(t,x) [ [ (727, T2;7%) (3.2)
WEDD(Q) =1

where v is the Vj-coding corresponding to w (see Definition 2.5.1), Hey 4 = {s € w,hs <
g,€s = 1}, dy, the length of the main diagonal of w and p € P is such that u; :=v; +1i— g for
all1 <1< t.

Then in Section 3.4, we show how one can derive by specializing the rewriting of Macdonald
identities obtained in Section 3.3 and combining them with the theorems from Section 2.5 ¢-
Nekrasov—Okounkov type formulas such as (1.20) but also new results. For instance setting
x; = ¢' in Theorem 3.1.2, and 7(x) = 1 — ¢* in Theorem 2.1.2, with a polynomiality argument,
we derive a ¢-Nekrasov—Okounkov formula for type Cy.

Theorem 3.1.3. [A g-Nekrasov—Okounkov formula for type C’t] For formal variables T, q and
any complex number u, we have:

S (cuyh TR 1 —u gl 11 1+ ugh+/?
hs —1,hs/2
AeDD SEA 4 sEA 1+u™q /

H 1+ uqr—le (1 _ u—2qr+2TnL)T_LT/2J (1 o u2qr—1Tm)7'—L7'/2J
1+u-tgTm (1— gy /2l (1 — qr+1Tm)T—LT/2J

m,r>1

(3.3)

We finally examine in Section 3.5 how we can specialize these techniques to derive for all
the identities in [ , Appendix 1| for the infinite affine root systems By, Bt ,Ct, Ct ., BC,
and D; as Nekrasovakounkov formulas.

3.2 Signs of permutations and integer partitions

In this section, we establish the lemmas that bridge the sign of o : {1,...,9} = {0,...,9— 1}
as defined in 2.5.1 together with some subsets of the corresponding partitions for each type.
The order of the types in this Section slightly differs from the rest of the paper because these
enumerations depend on the subset of partitions attached to the quadratic form as introduced
in Section 2.4.

3.2.1 Type A, , and P

The case of type A; is once again a bit particular. Indeed one of the differences between
Theorems 2.1.1 (stated for type A;) and 2.1.2 (stated for type Cy) is that in Theorem 2.1.1
the left-hand side 7(h — t)7(h +t)/7(h)? does not depend on a signed statistic €, whereas in
Theorem 2.1.2 this left-hand-side is a single quotient of functions 7 depending on €.

Lemma 3.2.1. Let t be a positive integer and g =t. Let w € Py and (w) = (c)rez- Let v
be its associated Vi ¢-coding and o as defined in Definition 2.5.1. Then

|Het| = #{s € w,hs <t} =sgn(o) (mod 2). (3.4)

Proof. Set ¥(w) = (cx)rez the word corresponding to w by Lemma 2.2.1 then H; as defined in
Theorem 3.1.1 is equivalently described by Hey = {(k,l) € Z |k <l,cx =1, =0and I —k <
t}. We decompose H; with respect to the remainders (mod t) of the indices of the letters “0”
and “17. More precisely, let k,l be two integers such that 1 < k <[ <t. Note that there exists
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a unique element that belongs to both H.; and the set {s € w | i, € Itv’limmk_t_t} (where
Ii’limt,katft is the t-interval defined in Section 2.5) if and only if v; + mt < v —t — mt and

m > 0, whence 0 < m < n,) — ) — Lok)<o)- Therefore this enumeration of H<; yields

|Hey| = E (No() = No(j) — Lo(i)<o()) - (3.5)
(i,7)€{1,-,t}?
1<J

Ever since we are interested here in having a relation on the parity of sgn(o), rewriting (3.5)
(mod 2) yields

Hotl = Y (o) + 10() + Lo@y<o))  (mod 2). (3.6)
(i3)E{ 1t}

Gathering the common terms, one derives from (3.6)

t—1
[Het| = (¢ —1) chr(i) + Z Ls5)<o(5) (mod 2).
=0 (i,7)€{1,-,t}?

1<]

We then conclude using Theorem 2.4.1 which states that for elements w € Py and ¢p(w) =
(ng,...,n¢—1) one has the vanishing condition Zz;é n; = 0.
O

3.2.2 Type C’t and DDy 9

We now prove the following lemma that will be quite useful when applying Theorem 2.1.2 to
specializations in Macdonald identities. Its proof follows the same path as the proof of Lemma
3.2.1, but requires an extra discussion due to the presence of g-intervals of different kinds in
this case (as explained in Section 2.5). This explains the presence of an extra term (which is
the size of the Durfee square).

Lemma 3.2.2. Sett be a positive integer and g = 2t + 2. Set w € DD,y and P(w) = (ck)rez.
Let v be the V, ;-coding associated to w together with o : {1,...,9} = {0,...,9 — 1} as defined
in Definition 2.5.1. Then

|Heg | =#{s €w,hs < g,es =1} =d, +sgn(o) (mod 2). (3.7)
Proof. By (2.24) and Lemma 2.2.1 (4), we can split the boxes in H.,4  according to the cor-
responding pair of indices. By Lemma 2.2.1, we associate a box s € w to (is,7s). Then
Hegy ={js —is | is < js,¢j, = 0,¢;, = 1} and we can rewrite Ho, 1 as the disjoint union
of the respective congruence classes (mod g) of (is,js). Let k,I be two integers such that
1 <k <1 <t Note that there exists a unique element that belongs to both H., | and
the set {s € w | is,€ Ig;img’%_g_mg} if and only if v; + mg < vy — g — mg and m > 0.
Hence 0 < m < no4) — oy — Logry<o@y- For any (k1) € {1,...,t}2, the case of the ele-
ments of Heg N{s € w | is € 125 oo —gimg) i trickier. If o(k) + o(l) > g, there are
exactly ng(y) elements. If o(k) + o(l) < g, then it remains to determine whether the box u
associated to the pair of indices (—o(l),o(k)) is above the main diagonal or not. Hence by

Corollary 2.2.2, the number of boxes in H., 4 corresponding to this enumeration corresponds
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t0 Ng (k) — ]la(k)+a(l)<g X ]lg(k)>a(l). This enumeration yields:

Hegil= Y (o) = o) — Lo(i)<o() + M) + Mo() — Lot +o(i)<g)

(6,5)€{1,...t}?
1<j

t

+ ) (o) + o) + Moty — Lo(y<gr) - (3.8)
=1

By gathering the common terms, we derive the following from the above equality:

¢
[Heg 4| = Zna(i) + Z (1a(i)<a(j) + Lo(i)<g-o(j) + ]lo(i)<9/2) (mod 2). (3.9
i=1 (i.)€{1,....t}2

1<)
The last step of the proof consists in noticing that the sum over n, ;) for i € {1,...,t} is the
sum over the positive (nk)ke{o ..... 2t+1}- 1t is therefore the size of the Durfee square of w, whence
the desired equality. O

3.2.3 Type BNC’t and DDy 1)

Similarly we get the following lemma needed in the rewriting of Macdonald identities for affine
type BCY as a sum of special orthogonal Schur functions.

Lemma 3.2.3. Sett be a positive integer and g =2t +1. Set w € DD,y and Y (w) = (ck)kez-
Let v be the Vg -coding associated to w together with o : {1,...,g} —{0,...,9 — 1} as defined
in Definition 2.5.1. Then

|Heg+| =#{s €w,hs <2t+ 1,6, =1} =sgn(o) + |Heg+ NA| (mod 2). (3.10)
Proof. The proof follows the same exact steps as for Lemma 3.2.2 except that (3.8) becomes in

this case

Hegil= Y (Mo(i) = o) = Lo(iy<o) + Mot + Mo() — Lot +o(i)<g)

(i,5)e{L,...t}?
1<J

i=1
Hence (3.9) becomes
Hegil= Y (Lo@y<o) + Logy<g—o(y) (mod 2). (3.11)
(i,j)e'{<1,'...,t}2
i<j

To complete the proof, it remains to add 1,(;)<g/2 — Lo(s)<g/2 and note that by (2.25)
Hego A= #{i € {1,...,t} | o(i) < /2.

3.2.4 Type C) and SC

Following the same kind of enumeration as for Lemma 3.2.2, one derives the following lemma
which will be applied when rewriting the Macdonald identity for affine type C) as a sum over
orthogonal Schur functions.

Lemma 3.2.4. Set t be a positive integer and g = 2t. Set w € SC(yy and Y(w) = (cx)rez. Let
v be its associated V -coding and o as defined in Definition 2.5.1. Then

=#{scw, hs <2l,es =1} =sgn(o) + |Heg+ N A| +d,, (mod 2). (3.12)

|Heg,+
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3.2.5 Type BY and DDy},

Adapting the proof of Lemma 3.2.2, we derive the following lemma.

Lemma 3.2.5. Set t be a positive integer and g = 2t. Set \ € DD;]1 and Y(N\) = (cx)kez- Let
v be the Vy-coding associated to X together with o : {1,...,g} = {0,...,9 — 1} as defined in
Definition 2.5.1. Then

|Heg 4| =#{s €w,hs <2t,es =1} =d) +sgn(o) (mod 2). (3.13)

Proof. The only difference with the proof of Lemma 3.2.2 resides in the fact that A has a (2t)-
quotient not necessarily empty. Let m; be a positive integer as in Section 2.4. Set i € {1,...,t}
such that o(ig) = ¢ — 1 and v;, = mig — 1. Set i € {1,...,t}. If i < ip, then o(i) < o(ip)
and there are exactly nq(;) —m1 pairs of indices (k,1) such that | —k € Hey 4 and | = o(i)
(mod g) with ¢, = 0 and k = g — 1 (mod g) and ¢; = 1. Similarly there are m; — 1 pair of
indices (k,1) such that | —k € Hegy and [ =g —1 (mod g¢) with ¢, =0 and k = o(i) (mod g)
and ¢y = 1. Similarly if 7 > 49, this number becomes 2(m; — 1) — n,(;. Remarking that
dy=m;1—1+ foi:,l ny(;) and following the same steps as for Lemma 3.2.2 where 1,;)<y—o(5)
is replaced by ILU(ZZZ_Q_UQ) concludes the proof. a

3.2.6 Type B, and DD} _,

Following the same path as for Lemma 3.2.5 yields the following lemma

Lemma 3.2.6. Set t be a positive integer and g = 2t — 1. Set X € DDI; and V(X)) = (ck)rez-
Let v be the Vg -coding associated to X together with o : {1,...,g9} = {0,...,9 — 1} as defined
wn Definition 2.5.1. Then

|Heg | =#{s €w,hs <2t — 1,6, =1} =sgn(o) + [Hey+ NA] (mod 2). (3.14)

3.2.7 Type f)t and and DD;%_Z

Following the same path as for Lemma 3.2.5 yields the following lemma

Lemma 3.2.7. Set t be a positive integer and g = 2t — 2. Set \ € DD/g2 and Y(X) = (cx)kez-
Let v be the Vg -coding associated to \ together with o : {1,...,9} = {0,...,9 — 1} as defined
in Definition 2.5.1. Then

|Heg 4| =#{s €w,hs <2t —3,6s =1} =dy +sgn(o) (mod 2). (3.15)

3.3 Rewriting of the Macdonald identities for affine root systems

The Macdonald identities of Proposition 1.4.1 are formulas of the form “sum=product” where
the sum is a power series over sublattices of Z! of a formal variable T' depending on a vector of
t variables x. The proofs in this section all follow the same steps:

1. expand the products in the sum part and interpret them as determinants,

2. interpret the exponent of the formal variable T' as one of the quadratic forms from Section
2.4 and then use the correspondence between vectors of integers and partitions studied in
Section 2.4 together with the V ;-coding.
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3.3.1 Type A,
Recall the left-hand side from (1.16)

det ( ZTRjJrj*l)
3 Ttliml /24357 (i=1)m; 151t I (3.16)
det (47
- 1<z

Set w € Py such that ¢(w) = (m1,...,m), where ¢ is the bijection from Theorem 2.4.1
and v its associated V;;-coding. By (2.1), the exponent of T is the weight of w. It remains to
deal with the quotient of determinants.

Note that the exponents tm; + j — 1 of the x;’s in (3.16) can be negative, whereas in the
definition of a Schur polynomial in (1.3) the exponents of the z;’s in the determinant are positive.

tmj-l—j—l

To prove Theorem 3.1.1, we will first reorder the columns of the matrix <:1: SO

1<4,5<t
that the sequence (tmg(;) + 0(j) — 1) is in decreasing order. Set o : {1,...,t} = {0,...,t =1}
as defined in Definition 2.5.1. Take ¢’ € S; such that ¢/ := t — ¢ and ¢/~! the inverse of o.
Therefore for all j € {1,...,t}, tm; +j — 1 = vr)-1(

Hence, using Lemma 3.2.1, (3.16) becomes

3

det ()
S (gl ==t (3.17)
t—5\’
UJE’P(t) 1g%t§t ('rq, )

where v is the V} ;-coding associated bijectively with w, as underlined in Remark 2.5.2.

The final step of the proof to rewrite the quotient of determinants as a Schur polynomial is
to transform it so that all of the exponents of the x;’s become nonnegative. By definition of v,
vy = min(vy, . ..,v;). Therefore v; —v; > 0 for any i € {1,...,t} and factorizing by [[i_, =¥,
one has

¢
Vi Vi—U
det (:clj) = det (azi] t)ngt.
1<i,j<t 1<i,j<t 11
1=

To complete the proof of Theorem 3.1.1, it remains to prove that v; = —¢(w) where ¢(w)
is the number of parts of w. Let ¢ (w) = (cx)rez be the word corresponding to w. Then by
Definition 2.5.1, v; = min{k € Z | ¢y = 1}. The number of parts of w then corresponds to the
number of letters “0” whose indices are greater than v;. Therefore

t—1
Uw) = (M) — Moy — Logi<o(t)

= Zma(i) — (t=1D)mg) —o(t).

i=1
By using >'_, Mg(; = 0, one derives (w) = —wv;. By setting € P such that y; =
v; — vt + ¢ — t, we conclude the proof.
3.3.2 Type C,
Proof of Theorem 3.1.2. We recall the left-hand side of (1.17) here:
det (x(2t+2)mj+j—t—1 _ :I:'—((2t+2)mj+j—t—1))

g (2
E (D lm >+ 3575y mi(i—t—1) 1SLISt

Jj—t—1 —(j—-t-1)
¢ det (z —x,
me7Z lgi,jgt( ) ) )

(3.18)

44



It remains to order the m;’s to derive a sum of symplectic Schur functions sp (defined
n (1.6)). Set w € DDy such that ¢(w) = (0,m1,...,my,0,—my,...,—my), where ¢ is the
bijection from Theorem 2.4.1, v its Vj;-coding with g = 2¢ + 2 as in Definition 2.5.1 and
r = (v —g/2,...,v — g/2) the vector defined in Theorem 2.1.2. Let ¢’ € S, be such that
the sequence (¢(w)or(i)—1,0"(1))ieq1,...g) is increasing with respect to the lexicographic order.
Note that by definition of ¢ in Definition 2.5.1, for any i € {1,...,t}, 0(i) = g — 0’(i) and
o'(9g—1i) = g—o(i). Hence for any i € {1,...,t}

T(5")=1(4) if gm; +1 — 9/2 < _(gmi +i1— 9/2)7
—T(61)=1(i) otherwise.

gmi+i—g/2:{

Moreover the exponent of 7" in (1.17) corresponds to the quadratic form (2.12). Recall that in
Theorem 2.1.2 the vector r is in bijective correspondence with v and so with w € DD,). Hence
the left-hand side of (1.17) becomes

det (xm — m-_rj>
Z sgn(o T'“’l/2 ! L

t+1— .
et det(x; I z )

Set pj :==r; —g/2+ j for all j € {1,...,t}. By definition of the V,;-coding and (2.22), we
have g > -+ > puy > 0 which concludes the proof by (1.6). O

3.3.3 Type B,
Following the same path as before, one rewrites the Macdonald identity for type By as follows.

Theorem 3.3.1. Set t € N* such that t > 3 and g = 2t — 1. The Macdonald identity for type
By can be rewritten as follows:

t
> (~pl et <o DAITINE g0, (x) = (T5 7)., Kr(t,x) [ [ (T25T) (3.19)
AeDD} i=1

where v is the Vg -coding corresponding to X (see Definition 2.5.1), A is the main diagonal of
N Hegri={s€w,hs <g,es =1} and p € P is such that p; := (v; +i—g) for all 1 <i <t

Proof. The change of variables and the swap of sums performed in the proof of (3.2) are the
same and (1.17) is replaced by

1 (2t—1)|[ml|2/2+ 32t mi(i—t—1/2) ( (2t—1)m;+j—t —((2t—1)mj+j—t—1))
2A5(x) Z T ' 15?}9 i i

t
= (T; 75 Kr(t,x) [ [ (T2 7). (3.20)
=1

We split the sum on the left-hand side of (3.20) in two sums. The first is over m € Z! such that
my € N* and the other is over m € Z! such that m; < 0. By (2.18), the exponent of T in the
first sum is the quadratic form that corresponds to half the weight of A € DDy, | such that

e setting coreg,—1(A) = w then ¢p(w) = (ma,...,my_1,—Mmy_1,...,m2,0),

(2t—2) (20-2)| =

e and quoty,_(A) =v with |v mi(my —1).

The second sum reads as follows

3 =D M2+ mi(i—t-1/2)  qot (x@t—l)mﬁj—f_
1<ij<t \ *

—((2t—1)ymj+j—t—1)
X, .
AB(X) meZt Z )
m1<0
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Note that the exponent of 7" in the second sum is the quadratic form corresponding to (2.18).
This quadratic form is invariant by the transformation m; — 1 — m1. Hence it corresponds to
half the weight of A € DDy:_; such that

e setting corey—1(A\) = w, then ¢(w) = (ma,...,my—_1, —My—1,...,ma,0),
e and quoty, {(\) = v with [v(#2)| = my(m; —1).
Hence A corresponds to the vector (ma,...,m¢ 1 —my). Therefore by setting m; — 1 — my,

using then (2.42) and Lemma 3.2.6, the sum over nonpositive m; is the same as the sum over
positive my1 which concludes the proof.
g

3.3.4 Type BY

Using Lemma, 3.2.5 and the same computations, one derives the following result.

Theorem 3.3.2. Sett € N* such thatt > 3 and g = 2t. The Macdonald identity for type Bl}/
can be rewritten as follows:

t
> (Bt TN (x) = (T 7). Ko (t,x) [ [ (1225217 (3.21)
AeDD}} i=1

where v is the Vg 4-coding corresponding to X (see Definition 2.5.1), dy is the length of the main
diagonal of \, Heg 4 = {s € w,hy < g,6s = 1} and p € P is such that p; == v; + 1 — g for all
1<i<t.

3.3.5 Type C)

Following the same steps and using Lemma 3.2.4 one can also rewrite the Macdonald identities
for type C}’ as follows.

Theorem 3.3.3. Set t € N* such thatt > 2 and g = 2t. The Macdonald identity for type CN'tV
can be rewritten as follows:

Z (—D)H<ot |+ HegrNAdo plwl /2 50,(x)
wGSC(g)

t
() K x) [ (T2 12)  (3.22)

- )
=1

_ <T1/2;T1/2>

o0

where v is the Vj ¢-coding corresponding to w (see Definition 2.5.1), A is the main diagonal of
w, Heg 1 ={s€w,hs <g,es =1} and p € P is such that p; :=v;+i—g forall1 <i <t

Proof. The proof is the same as for Theorem 3.1.2 but the determinants appearing are now
determinants of type B and A¢(x) is replaced by Ap(x) defined in (1.5). Therefore the inter-
mediate (1.17) now becomes

1 Z tlml+325 2, mi(i—t=1/2) et (xgmjﬂ’—t _xf(QMj+j—t—1))

Ap(x) = 1<ij<t \"° ¢

t
= (T;7)5 Kr(t,x) [ [ (Taf5T) . (3.23)
1=1
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The exponent of the formal variable 7" on the left-hand side is the same quadratic form as
(2.14) when taking w € SC(gy) such that ¢(w) = (m1,...,my, —my, ..., —m1). Using the corre-
spondence between w and its Vj -coding and r as defined in Theorem 2.5.12, note that for any
i€{l,...,t} there exists k € {1,...,t} such that r, = max(gm; +i—1t,—gm; —i+1+1t). By
reordering the columns in a decreasing order, one derives (3.22).

O

3.3.6 Type BC,

Following the same steps as before using Theorem 2.5.14 and Lemma 3.2.3, one derives the
following results

Theorem 3.3.4. Sett € N* and g = 2t + 1. The Macdonald identity for type BC} can be
rewritten as follows:

H H A 2
Z (=) H<g [ HHg DAl plwl/ 50, (%)
wED'D(g)

t
= (T;7) Kr(t,x) [ (TafT)  (Ta77)  (3.24)
=1

where v is the Vg i-coding corresponding to w (see Definition 2.5.1), A is the main diagonal of
w, Heg 4 ' ={s €w,hs < g,6s =1} and p € P is such that p; :=v;+1i—g for all 1 <i < t.

3.3.7 Type D,

Similarly, using Lemma 3.2.7, Theorem 2.5.16 and the same computations, one derives the
rewriting of Macdonald identity for type D;.

Theorem 3.3.5. Set ¢ € N* such that t > 4 and g = 2t — 2. The Macdonald identity for type
Dy can be rewritten as follows:

Z (_1)dx+|H<g,+|T\)\|/2 0" (x) =
\EDD,?

5 L, T). Kp(t, x) (3.25)

where v is the V, -coding corresponding to X (see Definition 2.5.1), dy the length of the main
diagonal of w, Hey + = {s € w,hs < g,e5 = 1} and p € P is such that p; :== (v; +i—g) for
all 1 <i<t.

The proof is done using (2.43) in Theorem 2.5.10 and Lemma 3.2.7. The only difference is
that instead of splitting the sum in two parts as we did for type By, the sum is split with a
condition on the positivity of mj1 or not and the sign of m;. The case m; = 0 is equivalent to
pe = 0 and hence by definition of 0®V*",, this yields (3.25).

3.4 ¢-Nekrasov—Okounkov formulas

In this section, we combine the results obtained in Sections 2.5 and 3.3 to derive g-Nekrasov—
Okounkov type formulas for all infinite types except for the type A already given in (1.20). The
proofs of all theorems below follow the same steps:

1. Specialize all the Macdonald identities stated in Section 3.3 either taking x; = ¢* or
201
T; =q . Then
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(a) reinterpret the specialized symplectic, special orthogonal Schur functions as a prod-
uct over hook lengths using one of the theorems in Section 2.5 with an appropriate
choice of the function 7 on the sum part,

(b) and rewrite the products with some technical lemmas.

2. Then setting u = ¢9 or u = ¢9/2, verify that both sides of the equalities derived at the
end of the previous step can be seen as Laurent polynomials in w.

For instance, to derive Theorem 3.1.3, we will use a polynomiality argument by remarking
that for any positive integer n, the coefficients of T™ on both sides of (3.3) can be seen as
Laurent polynomials with coefficient in C(g). To see that, note that for any A € DD we have:

H 1 _u—Zsths H 1 +uqhs/2 B H 1 _u—265qhs H (1+uqhs/2)(1 +u—1qhs/2)
_ ghs —1,hs/2 - _ qhs _ ohs )
SEA 1 q SEA 1t+u q / sgeg 1 q sEA 1 q
S

Hence the left-hand side is a sum of Laurent polynomials in u with coefficients in C(q). By
expanding the quotient on the right-hand side of (3.3) and extracting the coefficients in T", we
obtain the Laurent polynomiality in w of the coefficients. Hence it is enough to prove that both
sides coincide at u = ¢' for infinitely many positive integers .

The following Lemma is the key ingredient in step 1.(b).

Lemma 3.4.1. Let x be a formal variable and t a positive integer. Then we have:

(1—giz) = [[ L% (3.26)

t
1—qgrtty’
—1 r>1

)

t

H (1- q_i:c) = H ﬂ, (3.27)

i=1 o L-ahe
and
r+24) L HD/2) r142t,\ "= Lr/2]
oy - d ) (1-¢ z)
1<£[j<t (1 =q™e) = 11;[1 (1 — grittg)” ) (3.28)
i (1—¢" 'z Lr+1)/2] (1- qr—2t$)T—Lr/2j
b o - r ’ 3.29
1§z‘1:[j§t o) rl;Il (1—q 1 x) (3:29)
and
O e L W (BT s}
1— J—t 1— 1—7J — T - 330
1<£[J'<t L= i-a7) (1—2)" 11;11 (1 =g *+a) (1 —q¢'z) (3.30)

Proof. Equalities (3.26) and (3.27) are just obtained immediately but noting that they are
telescopic products. In order to prove (3.28), we will need to gather i + j by values. Hence if
we set 3 < k < 2t — 1, we need to count how many (,7) € {1,...,¢}? such that i < j and
i+ j = k there are. For i + j = k, we have:

1<i<t—1 1<i<t—1
<~
i+1<j<t 2i+1<k<itt.
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Hence it is equivalent to

t+1<k<2t—1 3<k<t
k—t<i< |

Therefore gathering by values of k in the left-hand side of (3.28) yields:

t _ 201 el
H (1 _qu) L(k—1)/2] H (1 _qu) L(k=1)/2] —k+t+1
k=3 k=t+1
2t—1 _ 2t—1 .
_ H (1_(]%) [(k—1)/2] H (1_qu)t+1 k
k=1 k=t+1

The above equation is equivalent shifting k — k + ¢ in the second product to

th (1 - qu) L(k—1)/2] ﬁ (1 - qk+tx)1_k 1L (= g )=/ Lo (1 - qr+tx)r_1

k=1 k=1 Hr22t (1- qrx)t(r—l)/ZJ Her (1- qTHl‘)T_l
(1 _ qrx) [(r—1)/2] (1 _ qr71+2tx)t+7“*2
= J;[l (1 ~ qT_H_th)t—lJrLr/QJ et (1 . qr_:,_tx)r—l

)L(r—l)/2j (1 . r—1+2tx>r—1—Lr/2J

_ H (1-q'= q
b (1 _ qr+tl_)7’—1 ’

which is the desired result by shifting » — r 4+ 2 at the numerator and » — r + 1 at the
denominator. The other equalities (3.29) and (3.30) are proved similarly. O

3.4.1 Type A4, ;

This corresponds to the result (1.20), obtained in parallel by Dehaye-Han | | and Igbal-
Nazir-Raza-Saleem | |.

3.4.2 Type C,

The goal of this subsection is to specialize symplectic or orthogonal Schur functions as product of
hook lengths using the theorems from Section 2.5. The left-hand side of (3.3) can be obtained
by setting 7(x) = 1 — ¢® in Theorem 2.1.2 and multiplying the resulting expression by the
product of hook lengths on the main diagonal A. We prove the following result.

Lemma 3.4.2. Let t be a positive integer, set A € DD (g, 9) and v € Z! its associated Vayio -
coding. Set = (vy —2t—1,...,0, —t—2) € P. Then
1— qhs—(2t+2)€s 1+ qt+1+h_g/2

2 H 1)d
5,(0:0%, ") = (=) [T ——— g 14 gt 1Hhef2
s€EA

SEA

(3.31)

Proof. The proof of (3.31) is done by induction on the length of the main diagonal A of .
We show that it follows the same induction as for Theorem 2.1.2 with 7(x) = 1 — ¢®. Set
g = 2t + 2. When A\ is the empty partition, v = (2t + 1,...,t + 2) then p is the empty
partition. This concludes the initialization step. If we set A € DD(y49), v its associated
Vai424-coding, then p = (v; —2t —1,...,vy —t —2) € P and H; the largest hook of A. Then
define A = A \ H; € DD (3112) the partition whose Ferrers diagram is the one of A where H; as
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been removed. Let v/ be its associated Va9 -coding and g = (v] —2t—1,...,v; —t —2) € P.
Setting r; = v; —t — 1 and r, = v] —t — 1, we have

det i(vj—t—1) _ —i(vj—t—1) det (i—t=Dr; _ o—(i—t=1)r;
sp(p) _ I<ij<t (4 1 ) _ 1sigst la ! ) . (3.32)
U det (¢ =g D) det (g g ()

1<i,j<t 1<i,j<t

We first handle the case ¢ < v; < 3¢g/2. In this case, v; = g+ o(1) and o(1) < g/2,
with o as defined in Definition 2.5.1. Then o(1) < g — o(1), A has for largest hook length
haa) = 20(1) € Aand hq /2 —t—1=0(1) — g/2 < 0. There exists 2 < [ < ¢ such that
r,=g/2—0(1) = —ri+g, and for any ¢ € {1,...,1—1} we have r] = rj;1, and r; = r; otherwise.
Moreover if we take 1)(\) = (cx)kez the word corresponding to A, then c_g 1y = 1. For 1 <i <,
we have g — o(1) < v; < g+ o(1). This implies that —o(1) < v; and recall that ¢,,—y = 0.
Similarly for [+1 <1i <t, v;—g < —o(1). Hence H1 + = {20(1),0(1),r1+1r;—g for 1 <i <[}
with H1 4+ as defined in Lemma 2.5.6.

By (1.7), (3.32) becomes

H q ri o q2n) —(t—i)ri ﬁ (1 o qri—rj)(l o qu“H”j)
palet q Z. _ (] ) q —(t—1)r} iZi (1 —qTi_TJ')(l q'r”z—i-v )
_ g2t S men ity (L= )
1— QQ(Q_TI)
-1 ) ) t ) )
(1 g =)0 = g+7) (1= g7 7)1 g *)
<[] T 11 ( (3.33)

_ rj—l—rl—g)(l _ qrj—r1+g) 1— qg—rj—n)(l _ qu—T"l-I-g) .

j=2 j=l+1

Remark that the first term in the right-hand side of (3.33) can be rewritten using tg =
—g/2 + 321 as follows

q—tg+2(g—v"1)+2,-:2(rj—T1+g)—E§:l+1(v'1+m—g) —q
Then using that for any 2 € C* ¢ = —(1 — ¢*)/(1 — ¢~7). this term becomes
_ _ 241 i
o (L0 g
Crire ) LT

i=1 j=2

j=l+1
This can be rewritten as

14 ¢tHithan/2 24l 1 g a;(H1)
1—¢ '

1 _|_q_t_1+h(1,1)/2
Using the induction property, it concludes the proof of the case g < v; < 3g/2. As in the
proof of Theorem 2.1.2, there are two cases left to deal with to perform the induction:
1. either v} = v; —2¢t — 2 and v} = v; for 2 <i <t
2. or there exists 1 <1 < t such that for any 1 <1 <1 v} = v;q1, v = v1 — 2t — 2 and for
any [+1<i<t, v =
Moreover by (2.25), remark that in both cases h € Hy N A implies that h = 2r; — 2t — 2.

We handle these cases by using 1 — 22 = (1 — z)(1 + ), ¢~ DDA H?ttl ( 1{};) and

the same reasoning as for the proof of Theorem 2.1.2.
O

When u = ¢'T!, the product over hook lengths on the left-hand side of (3.3) is zero unless
A has no hook length equal to 2t + 2, i.e. A € DD(4,9). By Lemmas 3.4.2 and 3.4.1, (3.3)

coincides with the Macdonald identity (3.2) for type Cy setting z; = ¢*. This completes the
proof of Theorem 3.1.3.
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3.4.3 Type B,

Following the same steps as for Lemma 3.4.7, using that Z?SQ'L = (t—1)(2t — 1), we derive
the following from Theorem 2.5.8 with 7(z) =1 — ¢**

Lemma 3.4.3. Let t be a positive integer, set A € DD%_l and v € 7! its associated Var—1,4-
coding. Set p = (v1 —2t+2,...,04 —t+1) € P. Then

2hs—2(2t—1)es 2t—1+hs

1- 1-
s0u(¢, ¢, ., g2 ) = (—1) H<o 1+ Heg +NA] =(21=1)d H q q

]_ — q2hs 1 _ q—2t+l+h5 ’

SEA SEA

Following the same steps, using Theorem 3.3.1, rewriting the products with Lemma 3.4.1

and Lemma 3.4.3, setting x; = ¢* 1, u = ¢**~ !, one derives

Theorem 3.4.4. [A q-Nekrasov—Okounkov formula for type Bt] For formal variables T, q and
any complex number u, we have:

Es

1—u2 1 — ughs

—d A

Z w2 H 2hs H =

AeDD’ SEX SEA
B H 1 u—1q2(r—1)Tm (1 _ u—2q2rTm)r—Lr/2J (1 _ ugqg(r_i_l)Tm)rfLr/Qj
B 1 —ug>Tm (1- qZTTm)T+1*\_(T+1)/2J (1 _ q2(T+2)Tm)r—Lr/2j :

m,r>1

Like in the case of Theorem 3.1.3, if we set u = ¢**~! and z; = ¢**~! in Theorem 3.3.1,
(3.19) coincides with the formula of Theorem 3.4.4. We conclude by remarking that the two
sides are Laurent polynomials in w.

3.4.4 Type B

Following the same steps of the proof of Lemma 3.4.2, showing that the induction steps are
the same as the ones of Theorem 2.5.10 with 7(x) = 1 — ¢%, (2.41) and using the fact that
4t(t — 1) — 7714, we derive the following result.

Lemma 3.4.5. Let t be a positive integer, set g = 2t, A € DD/gl and v € Z! its associated
Vori-coding. Set p= (v —2t+1,...,0,—t) € P. Then

he—2tes 1 4 gt+hs/2

1—

) 2 t_7|H+|—tdl| q

bI)M(qvq 7,Q)—( 1) q A 1_qhs ]__|_q7t+hs/2’
SEX s€EA

Following the same steps, using T heorem 3.3.2, rewriting the products with Lemma 3.4.1
and Lemma 3.4.5, setting x; = ¢', v = ¢', one derives the following g-Nekrasov—Okounkov
formula.

Theorem 3.4.6. [A q-Nekrasov—Okounkov formula for type B;/] For formal variables T, q and
any complex number u, we have:

2 <q hs hs/2
S (—u dAT|/\|/2H1_u : 11 1+ ug/
wea Lt u~lghs/2

AeDD’ sEX 1—qghs
H (1 4 ,1Tm) H (1 + u—lqum) (1 _ qr+1u2Tm)T’—|_7”/2J (1 . qru_QTm)T—\_r/Qj
= u
m21 o (UugTm) g grpmyr=U/2l(q — griapmyr=Lr/2]

Like in the case of Theorem 3.1.3, if we set v = ¢’ and x; = ¢¢ in Theorem 3.3.2, (3.21)
coincides with the formula of Theorem 3.4.6. We conclude by remarking that the two sides are
Laurent polynomials in w.
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3.4.5 Type C)

The following lemma corresponds to the specialized odd orthogonal Schur functions specialized
for x; = ¢* 1.

Lemma 3.4.7. Lett be a positive integer, set A € SC(gp) and v € Z' its associated Vay ¢-coding.
Set p=(vy —2t+1,...,u.—t) € P. Then

2hs—4tes 2t+hs

21y _ (_ 1y HegsHHegrnA TT L= 4 1—q
)= (1) === ==
The proof of Lemma 3.4.7 follows the exact same path as the one of Lemma 3.4.2 with the

difference that in Theorem 2.5.12 with 7(x) = 1 — ¢**, the product Hle(l — ) /(1 —¢*) is

missing and instead of using (1.7), we use (1.5). As in the proof of Lemma 3.4.2; this product
comes from the product over the terms belonging to the main diagonal of A € SC(9. Using

(1—q %) /(1 —¢") = —¢~*, this product induces a term (—1)#<s+0Al in (3.34). Whereas in all

other lemmas, there is a factor ¢ to some power, this factor is missing in (3.34) because of the

fact that, at each step of the induction, this power of ¢ yielding the dependency on d for the
other types, is equal to 2t(2t — 1) — 2 Z% Li=o.
Following the same steps, using Theorem 3.3.3 rewriting the products with Lemma 3.4.1 and

Lemma 3.4.7, setting z; = ¢**~!, u = ¢** and a Laurent polynomiality argument, one derives

the following Nekrasov—Okounkov type formulas.

Theorem 3.4.8. [A q-Nekrasov—Okounkov formula for type C~’tv] For formal variables T, q and
any complex number u, we have:

sou(q, 4, ... q (3.34)

SEA

1—u —2¢eg 2hs 1—u hs
> o] I
_ 2h — 1k,
AesC e 1o wal—ua
Lg2r=1pm/2 (1 w2 2(r+1)Tm)T—LT/2J (1 _ uquTTm)r*LTﬂJ

1—
- H 1_|_Tm/2 H “ 2r—1Tm/2

(1 — g2rpm)r+1-Lr+D)/2] (1- q2(r+1)Tm)T—LT/2J '

3.4.6 Type BC,

Following the same steps as in the proof of Lemma 3.4.7, one derives the following from Theorem
2.5.14 with 7(z) =1 — ¢**

Lemma 3.4.9. Let t be a positive integer, set A € DD(g441) and v € 7t its associated Va1 4-
coding. Set = (vy —2t,...,vy —t —1) € P. Then

3 2 g i [1Heg oAl 2041y TT L @ 2CHD% pp 1 g2
Soﬂ(qv q,...,9q ) = (_1) <ot <ot q ’ H 1-— q2hs 1-— q_2t—1+hs ’
SEA SEA
Using Theorem 3.3.4, rewriting the products with Lemma 3.4.1 and Lemma 3.4.9, setting

_ 211 _ 2t+1
x;=q* ! u= ¢t

Theorem 3.4.10. [A g-Nekrasov—Okounkov formula for type BNCt] For formal variables T, q
and any complex number u, we have:

, one derives

1 — u=2esg?hs 1 — ughs
d Al/2

RIS | ey | pee
AeDD SEA sEA

!

m,r>1

1 — u1g2rTm 1 — y~2ghr2m+l (1 —u2 2(r+1)Tm)7‘ lr/2] ( u2q2rTm)r—L7’/2J
1—wug?Tm 1 —u2gtrT?m+l (1- qerm)r+1—L(r+1)/2J (1- q2(r+1)Tm)T—LT/2J ’

Like in the case of Theorem 3.1.3, if we set u = ¢***! and x; = ¢* ' in Theorem 3.3.4,

(3.24) coincides with the formula of Theorem 3.4.10. We conclude by remarking that the two
sides are Laurent polynomials in u.
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3.4.7 Type D,

Similarly one derives from the induction step of Theorem 2.5.16 with 7(z) = 1 — ¢**

Lemma 3.4.11. Let t be a positive integer, set A € ’DDIQ%,Q and v € 7! its associated Vay 4-
coding. Set p = (v1 —2t+3,...,0, —t+2) € P. Then

_2he—2(2t—2)e,

I—q
3 2t—1 H+| —4(t—1)d
0" (q, . ) = ()T T 1 — g2hs
SEX

Following the same steps, using Theorem 3.3.5, rewriting the products with Lemma 3.4.1

and Lemma 3.4.11, setting z; = ¢!, u = ¢**~2, one derives

Theorem 3.4.12. [A g-Nekrasov—Okounkov formula for type Dt] For formal variables T, q and
any complex number u, we have:

—2es ,2hs

_ 1 —u""¢q
2\d Al/2
S (a2 e

AeDD’ SEA

m,r>1

(1 _ q2(r+2)u2Tm)T—\_r/2J (1 . q2(r_1)u_2Tm)T_ |r/2]

(1- q2(7~+1)Tm)T—LT/2J (1- q2(r+2)Tm)?"—Lr/2J

As for Theorem 3.1.3, if we set u = ¢**~2 and z; = ¢*~! in Theorem 3.3.5, then (3.25)
coincides with the formula of Theorem 3.4.12. We conclude by remarking that the two sides
are Laurent polynomials in u.

3.5 Confluences and connections with the Appendix 1 of Mac-
donald’s paper

In this section, we consider all of the specializations for infinite root systems in | , Ap-
pendix 1| as specializations of g-Nekrasov—Okounkov formulas above. These specializations
yields some Nekrasov—Okounkov type formulas that are already known and some others which
are new. To explicit how Macdonald’s specializations are to be transcribed in terms of the set of
variables x, recall from Chapter 2 the following. Let (e;)1<i<¢ be a basis for R* and write k +¢;
for the affine function e; — k + 9; ;. Then Rosengren—Schlosser set T = e land 2; =T % in
their rewritings of Macdonald identities for all infinite affine types.

As for technical aspects and in order to avoid repetitions, we remind the reader of the
following limit, which will be used in all of the specializations introduced in | , Appendix
1] to get new Nekrasov—Okounkov formulas. For any z,y) € R*?, we have:

3.5.1 Type 4, ;

Both specializations in | , Appendix 1| correspond to the same Nekrasov—Okounkov for-
mula (1.18).
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3.5.2 Type B,

Let ¢ be an integer greater than 3. In this case, in | |, ap=1—e1—¢e9,and a; = ¢, — €41
for 1 <i<t—1anda; =e;. In all this section, we set u = ¢?~1.
(a) The first specialization in | | corresponds to e* — 1 for 1 < ¢ < t. This is

equivalent to taking x; = 1 in Theorem 3.3.1. By letting ¢ — 1 in Theorem 3.4.4, using this
time the fact that both sides are polynomials in ¢, one derives

Al/2 (22 — 1)es 2z — 14 hs 92245
A <1 - h) 11 ol (T)Z 7, (3.35)
AeDD’ SEX sEA

where z is any complex number. With this formulation, the issue is that it is not immediate
that the product on the left-hand side of (3.35) is well-defined because of the term hgs — 2z + 1
at the denominator. Moreover this formula was stated in a different way in | , Theorem
3.20]: the sum part was over the set of doubled distinct partitions and the product over hook
lengths slightly differs. Recall that the set eH () := {eshs, s € A} and eH()\’) only differ for the
boxes shaded in yellow in Figure 1.2b and Figure 1.2c: a horizontal (respectively vertical) strip
of length dy with sign e, = 1 (respectively e, = —1) for A € DD’ (respectively \'). Therefore
for A € DD, the left-hand side of (3.35) becomes

11 (1 - (2221)5> [ (hs +22—1) = (1) T¥I2 T (1 + (2'2;1)5> .

SEXNA sEA seN
Hence one can write (3.35) as | , Theorem 3.20]
2z -1
> (—phTNAT] (1 + (Zh)’f) = (T;T)%, (3.36)
AEDD SEA s

where z is any complex number.

(b)The second specialization is e* — 1 for 1 < i <t —1 and e* — —1. This specialization
is equivalent to taking x; = —1 in Theorem 3.3.1. It is equivalent to letting ¢ — —1 in Theorem
3.4.4. This implies that u = ¢?~! — —1. Moreover recall that if A\ € DD’, all the hook lengths
of the boxes of A are even. Hence for any complex number z, we get

A (1 _ 2z Ve ;sl)€5> = ((T; T)% (TQ;TZ);)Z, (3.37)

\eDD’ SEX

which is new.

(¢) The third specialization is e — 1 for 0 < i < ¢t — 1. This specialization is equivalent
to taking z; — 1/ VT in Theorem 3.3.1. In this case, one cannot derive a formula with the
g-analogues written in this manuscript. Nevertheless there is a ¢-Nekrasov—Okounkov formula
that could be obtained using the same techniques as the ones developed in this manuscript.
To do so, one should first replace z; — ;7?2 in the Macdonald identity for type B; from
Proposition 1.4.1. In this case, the quadratic form to the exponent of T' changes. The subset of
partitions linked to the latter is another subset of partitions. Namely it is the subset SC3, | of
self-conjugate partitions whose (2t — 1)-quotient is empty except for the self-conjugate element
of the quotient which is a square. Analogues of Theorem 2.5.12 and Lemma 3.2.4 can be
obtained using the same methods but no details are given here. The Nekrasov—Okounkov
formula corresponding to this specialization is therefore the following:

Z (—1) b2 H <1 + (22;81)58> — <(Tl/2;Tl/2>2 (T;T)iff?’)z, (3.38)

xesc sEX *
where z is a complex number. Moreover (3.38) can actually be obtained from a Nekrasov-
Okounkov formula (3.43) for type C}/, as already noted in | , Theorem 3.33|. The proof of
(3.43) is detailed in the subsection dedicated to the type C)': it suffices to substitute 7' — T'1/2
and z — —z + 1/2 in (3.43) to derive (3.38).
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3.5.3 Type BY

Let ¢ be an integer greater than 3. In this case, in | |,ap=1—¢1—¢9,and a; = ¢, — €41
for 1 <i<t—1and a; = 2¢. In all of this section, we set u = ¢'.

(a) The first specialization is e% — 1 for 1 < ¢ < ¢. This is equivalent to taking x; = 1 in
Theorem 3.3.2. By letting ¢ — 1 in Theorem 3.4.6, using this time the fact that both sides are
polynomials in ¢, one derives

Z dATmnH ( 2258) — ((T;T)gl (TQ;T2))22H, (3.39)

D
DD’ SEA

where z is any complex number.

(b) The second specialization is e — 1 for 0 < i < ¢ — 1. Once again, this specialization
is equivalent to taking x; — 1/ VT in Theorem 3.3.2 and one cannot derive a formula with
the g-analogues written in this manuscript. Once again a ¢ analogue could be obtained using
the same techniques but once more one can derive a Nekrasov—Okounkov type formula here by
shifting z -+ —z 4+ 1/2 in (3.37) and one derives the new Nekrasov—-Okounkov type formula:

3 TA|/2H< 2255) _ ((T;T)zjl (TQ;TQ);l)%l, (3.40)

AeDD’ SEA

where z is a complex number.

3.5.4 Type C,

Let ¢ be an integer greater than 2. In this case, in | |, ap =1—2¢;, and a; = g; — ;4 for
1<i<t—1and a; = 2. We set u = ¢**2.

The specialization is e* — 1 for 1 <4 < ¢t. This is equivalent to taking x; = 1 in Theorem
3.1.2. By letting ¢ — 1 in Theorem 3.4.4, using this time the fact both sides are polynomials
in ¢, one derives as | , Theorem 3.1]:

Z 1) A/ H < M) = (T;T)ZQ“, (3.41)

AeDD SEA

where z is any complex number.

3.5.5 Type C)

Let ¢ be an integer greater than 2. In this case, in | |, a0 =1/2 —¢1, and a; = €; — €41
for 1 <i<t—1and a; = &. In this section, we set v = ¢*.

(a) The first specialization is e% — 1 for 1 < ¢ < ¢. This is equivalent to taking x; = 1 in
Theorem 3.3.3. Moreover in | , Appendix 1], T is replaced with 72. By letting ¢ — 1 in
Theorem 3.4.8, using this time the fact that both sides are polynomials in ¢, one derives this
new Nekrasov—Okounkov type formula

IRV | (1 . 2:*) I1 (1 + ?) = ((T; 7). (T2;T2);1)22+1, (3.42)

esc SEA\A 57 seA

where z is any complex number.

(b) The second specialization is e% — 1 for 1 < i <t —1 and e® — —1. This is equivalent
to taking x; = —1 in Theorem 3.3.3. Moreover in | , Appendix 1], T is replaced with T2.
It is equivalent to letting ¢ — —1 in Theorem 3.4.8. This implies that © — 1. Moreover if s is
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a box on the main diagonal A of a self-conjugate partition, then hs is odd. Therefore we derive

the following result already proved in | , Theorem 3.24]
d I\l 2263 2. 2\ #t+1 22-1
S (AT (1 ((T 7). (1% 72) ) , (3.43)
AeSC SEA

where z is any complex number.

3.5.6 Type BC,

Let t be an integer greater than 1. In this case, in | |, ap =1 —2¢1, and a; = ¢; — €41
for 1 <i <t—1and a; = &. In this section, we set u = ¢***1. (a) The first specialization is
e — 1 for 1 <+¢ < t. This is equivalent to taking x; = 1 in Theorem 3.3.4. By letting ¢ — 1 in
Theorem 3.4.10, using this time the fact that both sides are polynomials in ¢, one derives this
new Nerkasov—Okounkov type formula

ST ] ( M) 11 <1+ 2Zh+ 1) = (mmZ™ (1513 2), 349)

AeDD sEA\A s sEA 8

where z is any complex number.

(b) The second specialization is e* — 1 for 0 < ¢ < t—1. This specialization is equivalent to
taking z; — 1/v/T in Theorem 3.3.4. As for specializations (c) of type B; and (b) of type BY,
one can derive a ¢-Nekrasov—Okounkov formula by substituting 2; by ;7~'/2 in the Macdonald
identity for type BC, of Proposition 1.4.1. The quadratic form to the exponent of T changes
and the subset of partitions naturally arising is SC(g4.1). Using the same techniques, one has
analogues of Theorem 2.5.12 and Lemma 3.2.4 and one derives the following new Nekrasov—
Okounkov type formula:

ST <1 _ M) = <<T1/2;T1/2)io (T;T)% 3 (TQ;TQ);>Z, (3.45)

AESC SEX

where z is any complex number.

(c) The third specialization is e% — 1 for 1 < ¢ <t —1 and e* — —1. This is equivalent
to ¢ — —1 and v — —1 in Theorem 3.4.10, we derive the following new Nekrasov—Okounkov
type formula:

3 (b TNAT] (1 _ 2zt be ;Lrsl)gs> — (T;T)%°7%, (3.46)

AeDD SEA

where z is any complex number.

(d) The fourth specialization is e/ — —1 and e% — 1 for 0 < i < t—1. This specialization
is equivalent to taking z; — —1/ VT in Theorem 3.3.4. One could obtain this specialization by
letting ¢ go to —1 in the ¢-Nekrasov—Okounkov derived from the specialization (b) mentioned
above. Nevertheless this specialization can also be obtained as remarked by Pétréolle | ,
Theorem 3.33] by the shift 2 — 2z +1/2 and T — T'/? in (3.43) and one has the following
Nekrasov—Okounkov type formula:

DONCRICARIER | | (1 (22 ;Lrsl)&) _ ((T1/2;T1/2)002 (T;T)ij“’)z, (3.47)

AeSC SEA

where z is any complex number.
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3.5.7 Type D,

Let ¢ be an integer greater than 4. In this case, in | |,ap=1—¢1—¢9,and a; = ¢, — €11
for 1 <i<t—1and a; =e/_1 + ;. We set u = ¢* 2.

The specialization is e* — 1 for 1 < ¢ < t. This is equivalent to taking x; = 1 in
Theorem 3.3.5. By letting ¢ — 1 in Theorem 3.4.12, using this time the fact that both sides
are polynomials in ¢, we have the new Nekrasov—Okounkov type formula

Z 1)hIN/2 H ( 22_2)) = (T; T)ZLZ, (3.48)

DD’ SEX

where z is any complex number.
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Multiplication-addition theorems

4.1 Introduction

In the last two chapters, the main focus was to provide products of hook lengths over some
subsets of t-core partitions or with a t-quotient very constrained. Motivated by the work of
Han-Ji | |, we explore here the properties of the Littlewood decomposition applied to self-
conjugate partitions on the subset H;(\) of hook lengths of a partition A that are divisible by ¢.
The work of Han—Ji can be thought of as a way of systematically getting some generalizations
of known hook length formulas, including more variables, via the Littlewood decomposition.
One of the new variables keeps track of a statistic not introduced so far, the BG-rank.

We give in Figure 4.9 some illustrations of the statistics already introduced in Section 1.1 plus
a new statistic, the aforementioned BG-rank. In Figure 4.9a, the hook lengths of all boxes for the
partition A = (4, 3, 3,2) have been written in their corresponding boxes and the boxes associated
with H3(\) shaded in red. In the example, we have H(\) = {2,1,4,3,1,5,4,2,7,6,4,1} and
Hsz(A) = {3,6}. Recall from the work of Berkovich-Garvan | | that the BG-rank of the
partition A, denoted by BG()), is defined as follows. First fill each box in the Ferrers diagram
of \ with alternating +1’s along rows and columns beginning with a “41” in the (1, 1) position
(see Figure 4.9b). Then sum their values over all the boxes. Note that all boxes belonging to the
diagonal of a Ferrers diagram are filled with a “4+1”. For instance, the BG-rank of A = (4,3, 3,2)
is 0.

7I6] 41 +]-[+]-]
514 —|+1|-
4181 + =]+
2|1 — |+

(a) hook lengths (b) BG-rank

Figure 4.9: Ferrers diagram and some partition statistics

In | |, Han—Ji underline some important properties of the Littlewood decomposition,
which enable them to prove the following multiplication-addition theorem.

Theorem 4.1.1. | , Theorem 1.1| Let t be a positive integer and set p1, p2 two functions
defined on N. Let f; and g; be the following formal power series:

() =Y TN T m(th),
)

AEP heH (A

g(T) ==Y T T pi(th) Y palth).

AeP heH(N) heH(N)
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Then we have

T T?)
Al [He (M) — (7 t t
ZT ‘ H p1(h Z p2(h) =t (T5T).. (fi(=T )) g¢(2T").
xeP heH () he”Ht(A)
Note that Walsh-Warnaar in | | also prove multiplication theorems giving rise to hook

length formulas. They also prove interesting extensions regarding leg lengths.
Theorem 4.1.1 gives modular analogues of many classical formulas. For instance, setting
p1(h) =1 — z/h? for any complex number z and pz(h) = 1, it provides the modular analogue

of the Nekrasov—Okounkov formula (1.18) originally proved in | , Theorem 1.2]:
t. t\t
S o T (1= )= e m
t—z/t
XeP heH:(N) h (@Th 2T 7 (T5T)

In the present work, we extend Theorem 4.1.1 to an important subset of P, namely the
self-conjugate partitions, and derive several applications regarding these.
Recall that we denote the set of self-conjugate partitions by SC. As mentioned in Section
1.1, this subset of partitions has been of particular interest within the works of Pétréolle | ,
| where two Nekrasov-Okounkov type formulas for C' and C are derived. See also the
work of Han-Xiong | | or Cho-Huh-Sohn | |. The already mentioned Littlewood
decomposition, when restricted to SC, also has interesting properties and can be stated as
follows (see for instance | ; D:

AESC — (w,D) € 8Cy x P2 if ¢ even,
AESC = (w,,p1) €SCy x PU=D/2 % SC if t odd.

Indeed, as detailed in Section 2.3, in the particular case of self-conjugate partitions, elements of
the t-quotient v € P! can be gathered two by two through conjugation (except (E=1/2) when
t is odd), therefore yielding the above vectors  and (7, p).

As can be seen above, to provide an analogue of Theorem 4.1.1 for self-conjugate partitions,
the t even case is simpler to handle, therefore we first restrict ourselves to this setting. Nev-
ertheless, it yields a slightly more general result than Theorem 4.1.1, as the BG-rank can be
incorporated.

Theorem 4.1.2. Let t be a positive even integer and set p1, pa two functions defined on N. Let
ft and gy be the formal power series defined as:

fT) = 30T H pr(th)?

veP heH (v
ZTM H p1(th)? Z p2(th).
veP heH (v heH(v)

Then we have

ZTW [He(M[BG(V) H p1(h Z p2(h)

AESC heHi(N) heH(N)
=t (ft(x2T2t))t/2_1 gt(x2T2t> (Tgt T2t)t/2 ( bT7T4)OO (—Tg/b, T4)Oo

Remark 4.1.3. Note that the functions f; and g in Theorem 4.1.2 are close to the ones in
Theorem 4.1.1. The explanation is that when t is even, there is no additional self-conjugate
partition w in the Littlewood decomposition.
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We will derive several consequences of this result, including a new trivariate generating
function for SC, new hook length formulas, new modular versions of the Han-Carde-Loubert—
Potechin—Sanborn, the Nekrasov—Okounkov, the Bessenrodt—Bacher—Manivel, the Okada—Panova,
and the Stanley—Panova formulas. Among them, we highlight here the self-conjugate version
of (4.1):

Corollary 4.1.4. For any complex number z and t an even positive integer, we have:

AL He(\)|pBG(A Z\1/2
3 T OIBEO T (“ﬁ)
XeSC heHe(N)

— (332T2t' CL'QTQt) (z/t—t)/2 (T2t. TQt)t/2 (—bT T4) (_T?)/b T4) )

o o)

As some combinatorial signs naturally appear in the work of Pétréolle regarding Nekrasov—
Okounkov type formulas for self-conjugate partitions, we will also prove a signed refinement of
Theorem 4.1.2 (see Theorem 4.4.2 in Section 4.4, which actually generalizes Theorem 4.1.2).

It is also possible to prove a result similar to Theorem 4.1.2 when ¢ is odd; nevertheless
more difficulties arise due to the additional g € SC appearing in the Littlewood decomposition.
However, as will be seen later, the subset of SC for which u is empty, can be handled almost
similarly as for Theorem 4.1.2 (see Theorem 4.5.2 in Section 4.5). The interesting thing here is
that this subset of SC actually corresponds to partitions called BG; in | |, which are alge-
braically involved in representation theory of the symmetric group over a field of characteristic
t when t is an odd prime number.

This chapter is organized as follows. Section 4.2 is devoted to the proof of Theorem 4.1.2,
together with some useful special cases. Many interesting modular self-conjugate analogues of
the above mentioned classical formulas are then listed and proved in Section 4.3. In Section 4.4,
our signed generalization of Theorem 4.1.2 is proved, and finally in Section 4.5 we study the
odd case.

The set D(A\) = {hs | s € A} is called the set of main diagonal hook lengths of A. For short,
we will denote h(; ;) by d;. It is clear that if A € SC, then D(A) determines \, and elements of
D()) are all distinct and odd. Hence, as observed in | |, for a self-conjugate partition A,
the set D(A) can be divided into the following two disjoint subsets:

Di(A\):={6; € D(N\):6;=1 (mod 4)},
Dy(A) :=={d; € D(A):6; =3 (mod 4)}.
We have the following result which is the analogue to Propostion 2.3.3.
Lemma 4.1.5. For a self-conjugate partition A\, set v := |D1(\)| and s := |D3(\)|. Then
BG(\) =r —s.
Proof. Set a1 > ag > -+ >a, > 0and by > by > --- > bs > 0 integers such that:
Dl()\) = {4@1 +1,...,4a, + 1},
Do(N) = {4b1 +3,...,4bs + 3}.

Let us consider a hook in the main diagonal of A\ whose length is 4a+1 for a nonnegative integer
a. Then its leg and arm are both of length 2a. As the BG-rank alternates in sign, we have
BG(4a+1) = 1. In the same way, we can observe that BG(4b+ 3) = —1 for any main diagonal
hook length 4b + 3 € Dy()). Hence

BCG(A) = > BG(da; +1) + > BG(4b; +3) =7 — .
i=1 j=1
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Remark 4.1.6. Note that as its diagonal is filled with “+17, we can consider A hook by hook. In
the following example are depicted two hooks of length congruent to 1 (mod 4) and 3 (mod 4)
respectively.

—[+][-1+]

—[+]-]

[+ [+

L+ [+

(a) A hook of length 7 =4 x 1+ 3. (b) A hook of length 9 =4 x 2+ 1.

In the case t = 2, we can combine Lemma 4.1.5 and Proposition 2.3.3 (P4) to derive the
following additional result.

Proposition 4.1.7. The Littlewood decomposition ®o has the further property:

Q)tl i BG(A) > 0
(5C5) BGMW) =r—s=14 @2, ¥ BG(Y) >0,
——=~ if BG()) <0.

4.2 Multiplication-addition theorems for self-conjugate partitions

In this section, we prove Theorem 4.1.2 stated in the introduction and we exhibit some inter-
esting special cases.

4.2.1 A preliminary result on BG-rank and SC;-core partitions

In order to prove Theorem 4.1.2, we will need the following result, which can be of independent
interest.

Proposition 4.2.1. For any positive even integer t, the generating series of SC;y with pre-
seribed BG-rank is:

Z T|w|bBG(w) — (T2t; TQt)t/Q (_bq7 T4)Oo (_Td/b7T4)Oo )

00
WGSC(t)

Proof. For an integer k, let ¢, /o(k) be the number of ¢ /2-core partitions of k. Following | I,
define for a nonnegative integer m:

SC™ (n) := {\ € SC(n) : |D1(N)| — |D3(\)| = (=1)" ' [m/2]} .

Setting p = 1 in | , proposition 4.7|, we get that for any integer m > 0, the number of
self-conjugate t-core partitions w such that |D;(w)| — |D3(w)| = (—=1)™+1[m/2] is

SC(t)

)y — { 20) i =kt m{mtl)
n pr
0 otherwise.

To prove this, the authors define a bijection ¢(™ in | , Corollary 4.6] between w € SCE?;)
and Kk € P9y with |w| = 4]k| +m(m +1)/2 and & independent of m.
Recall from Lemma 4.1.5 that BG(\) =7 — s = |D1(\)| — |D3(\)|. Therefore

_ [2BG() -1 if BG()) >0,
| —2BG()\) if BG(A) <O0.
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Hence the bijection ¢(™ maps a t-core self-conjugate partition w with BG-rank j to a t/2-
core partition independent of j. Then property (SC5) from Proposition 4.1.7 implies that
lw| = j(2j — 1) + 4|k| with & independent of j. Therefore we deduce

Z 71w pBG(w) Z b (2-1) Z T4l (4.2)

WESC (1) j=—00 #EP(t/2)
Now we compute the sum over j. Recall that the Jacobi triple product | | can be stated
as
D (CWIATIE = (4 T) | (T/25T) (T T)
Jj=—00

Therefore, setting z = —bT and then replacing T by T* in the above identity, yields

+oo
S VT = (T T (T 6 T (THTY) (4.3)

j=—o0

Finally, to complete the proof of Theorem 4.1.2, it remains to compute the generating
function of ¢/2-core partitions which is well-known (see | , ). However we shortly
recall its computation. By direct application of the Littlewood decomposition, using (SC3) and
the generating series (1.19) for P where T is replaced by T%?2, we have for w € Pi2):

t/2—1 el
Yook 3 Y et T
t/2°
XeP =0 L) ep (Tt/2;112) /
corey o (N)=w
As by (1.19)
S SRS D Sl
OO AeP wép(t/g) AEP
corey o (N)=w
we derive

t/2. it/2\ /2
> le_w. (4.4)

wEP(¢/2)

Replacing T by T* in (4.4), and using (4.2) and (4.3), this proves Proposition 4.2.1.

4.2.2 Proof of Theorem 4.1.2

Let t be a fixed positive even integer. Let p; and ps be two functions defined on N. First we
will compute the term

Y TPORECTT py(n) Y pa(h), (4.5)

AESC heH(N) heH (M)
coret(\)=w

where w € SC(y) is fixed. Let us remark that for A € SC and w = coret(\), one has BG(\) =
BG(w). Indeed w is obtained by removing from A ribbons of even lengths ¢ and these have
BG-rank 0. Hence (4.5) can be rewritten as follows

bBG(w)T\w‘ Z T‘A|_|W|x|'Ht()‘ H ,01 Z pz(h)

AeSC heHi(N) heH(N)
coret(\)=w
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Hence using properties (SC3) and (SC4) from Proposition 2.3.4, this is equal to

pBSTl N il TT puth) S path), (4.6)

vept heH(v) heH(v)

t—1
where |v| := Z‘I/(i)’

The product part yaamia [Tren ) p1(th) inside the sum over v can be rewritten as follows

t/2—1
[T rtor g b T pieny I eaeh).
=0 heEH (@) heH (v(t-1-1))

When ¢ is even, as mentioned in the introduction, Proposition 2.3.4 (SC2) implies that the
t-quotient v is uniquely determined by its first ¢/2 components, which are any partitions. It also
implies that || = |[p¢=1=)] and H(v®) = H(vF~179) for any i € {0,...,t/2 — 1} because
sizes and hook lengths multisets of partitions are invariant by conjugation. Therefore

t/2—1

vadamiq H pr(th) = H 2t 2] H P2(th).

heH (v) heH (@)

Moreover by application of Proposition 2.3.4 (SC2) and (SC4), the sum part » ;¢4 p2(th)
n (4.6) is -

t/2-1 t/2-1
> S opath)+ D palth) | =2 p2(th).
=0 \nen@®) heH (1) i=0 heHw®)

Therefore (4.6), and thus (4.5), become

t/2—1 _ _
=0 \pep heH(v(D) heH(v(D)
t/2—1
X ZT2t|V|x2|”| H P2 (th)
veP heH(v)

Hence we get:

Z TIAL [ He(N)[pBG(N) H p1(h Z p2(h)

AeSC heH(N) he?—tt(A)
coret(\)=w

_ thG(w)T\w\ (ft (33‘2T2t))t/2_1 gt(.TL'QTQt).

To finish the proof, it remains to sum both sides over all SC;-core partitions w and apply
Proposition 4.2.1.

4.2.3 Special cases

Here we list useful special cases of Theorem 4.1.2. First, by setting po = 1, we have the following
result.
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Corollary 4.2.2. Set p1 a function defined on N, and let t be a positive even integer and f; be
defined as in Theorem 4.1.2. Then we have

SO TP OB T pi(h

AeSC hth()\)
= (A7) (13T 2 (0T T (T )

Proof. Take po = 1 in Theorem 4.1.2. This yields g; = Z|I/|T|V | H p1(th)?. Therefore we

veP heH (v)
get
x d

22t
T
9¢(z"T™) = 5
The right-hand side of Theorem 4.1.2 is then
t t/2—-1 d t/2 :
5 (ft(.’EQth)) / x%ft(szzt) (TQt T2t) / ( bT7T4)OO (—Ts/b, T4)ooa
while its left-hand side becomes

ZTWU‘Q( IHt(/\\bBG(A H p1(h

AESC heM: ()

f (x2T2t).

We complete the proof by dividing both sides by = and integration with respect to x. O

Similarly, as when we take p; = 1 in Theorem 4.1.2, then f; becomes the generating func-
tion (1.19) of P (with T replaced by 22T2!), we immediately derive the following special case.

Corollary 4.2.3. Set p2 a function defined on N and let t be a positive even integer and g; be
defined as in Theorem 4.1.2. Then

D TSN % pa(h) = tgi(2*T™)
XeSC heH(N)
<T2t. TQt)t/2
) 0 ol 3 /7.
(szzt;szgt)t/z—l (—bT,T )OO (—T /b; T )oo

4.3 Applications

In | |, Han-Ji derive from Theorem 4.1.1 modular versions of many classical identities
for partitions. In this section, we give self-conjugate modular analogues of most of them as
consequences of Theorem 4.1.2 and its corollaries. The specificity for SC is that we have to
consider ¢ even in all this section. Nevertheless, our results are slightly more general than
in | |, as the BG-rank can be included in our formulas, although this was only possible
in | | for t = 2.

4.3.1 A generating function

Setting p1(h) = 1 in Corollary 4.2.2, we derive the following trivariate generating function for

SC:

2t. 2t \t/2
T T OBER) (T T%) o
Aese (272 22T2) 2

If we take z = 1, we obtain the generating function with respect to the BG-rank for SC:

> TRBON = (—bri ) (-1 /6 T
AeSC

(=075 T (=T/6:T7)
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4.3.2 Two classical hook length formulas

Recall the following hook length formulas:

Z T H = exp(T (4.7)

AeP he?—t
1 T2
ST - = exp <T + 2) . (4.8)
AeP heH

These formulas are direct consequences of the Robinson—Schensted-Knuth correspondence (see
for example | | p.324). Again, we can use Corollary 4.2.2 to find self-conjugate modular
versions for them. The difference between the case of P treated in | | and the case of
self-conjugate partitions is that now p; is replaced by its square leading to applications with
1/h and 1/v/h instead of 1/h% and 1/h.

The modular SC version of (4.7) is as follows.

Corollary 4.3.1. Fort an even positive integer, we have:

S TG OECO) T 1
h

AESC heH(N)

22t
— (%572 (<bT; T (=T% /5 T*) _ exp <$2:: )

Proof. Taking p1(h) = 1/h in Corollary 4.2.2, we have by using (4.7):

JT) = exp (f) |

O
Setting x = 1 and comparing coefficients b on both sides of Corollary 4.3.1, we get:
1 T2t p2t)t/2 T2
Z T H 727( ) exp| — | .
h (T4 T4) 2t
AESC heHi(N)
BG(\)=0
Note that in | |, a similar formula was given for P only when ¢t = 2. By identification

of the coefficients of b/ 22" T2 +7(21=1) on both sides of Corollary 4.3.1 and using (4.3) on the
right-hand side, we have for all integers j and all nonnegative integers n:

1 1
N I

AESC AF2tn+5(2j—1) heHi(N)
[He(N)|=2n
BG(AN)=j

The case j = 0 is the same result as Pétréolle ([ | Corollary 4.24):

1
Z H E lentn’

AESCAF2tn heHy (N
[He(N)|=2n

as the conditions on A in the summation necessarily imply by the Littlewood decomposition
that w = (), which is equivalent to BG(\) =
Now we prove the following modular SC version of (4.8).
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Corollary 4.3.2. Fort an even positive integer, we have:

S T HOBEO) T %
h

Aesc heH(N)

— (7572 (<bT, T (=T /55 T) _ exp (

I2T2t 1‘4T4t
> T m )

Proof. Take py(h) = 1/h'/? in Corollary 4.2.2. Then by direct application of (4.8), we have:

2
fe(T) = exp <T 2th>

Setting « = 1 and comparing coefficients b° on both sides of Corollary 4.3.2, we derive:

. 1 _(TQt;T2t)to{>2 T2 it
Z H pi2 — (T4 TY) R
\eSc hEH(N) ’ OO

BG(M\)=0

On the other hand, by comparing coefficients of T2"+7(2i=1z27p7 on both sides of Corol-
lary 4.3.2 and using (4.3) on the right-hand side, we have the following result, which is true for
all integers j and all positive integers n:

[n/2]

2 H Wi znZk, i (49)

AeSC heH (A
AF2tn+j5(25—1)

[He(N)[=2n
BG(\)=j

As underlined by one of the reviewers of my article | |, one can remark that the
right-hand side of (4.9) can be actually rewritten as a Hermite polynomial. Indeed, for n a
nonnegative integer, the Hermite polynomial H, can be defined as follows (see for instance
[ ; 1):

[n/2]
VzeC, Hy k(2z)n2k,
z€ Z Bl —2k)! 2]<; —1)7(22)

Therefore (4.9) yields the following unusual expansion for this polynomial:

Zﬁ _ \nyn/2
H, <2> = (20)"t"*n! E I | (4.10)
AeSC heH(
A-2tn+5(2j—1)
[He(A)[=2n
BG(\)=j

4.3.3 The Han—Carde—Loubert—Potechin—Sanborn formula

The following formula is an interpolation between (4.7) and (4.8) conjectured by Han in | ]
and proved by Carde-Loubert-Potechin-Sanborn in | | :
114 2" 1+2 T2
T = T+~ ). 4.11
> ™ 1 57 eXP<1_Z +2) (411)
AeP hGH

Here is a modular SC version of (4.11).
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Corollary 4.3.3. Fort an even positive integer, for any complex number z, we have:

h 1/2
S 7RO ] (11+zh>
hl—z

AeSC heH(N)

— (T 72 (<bT; T (=T% /5 T*) _ exp (

1 +Zt 1,‘2T2t I’4T4t
1—2t 2 * 4t )

N\ 1/2
Proof. Take p1(h) = <%1fz;) in Corollary 4.2.2. By direct application of (4.11), we have:

1+2'T  T?
fe(T) = exp <1 e + 2152>
|
4.3.4 The Nekrasov—Okounkov formula
In | |, Pétréolle discovered and proved analogues of the Nekrasov-Okounkov formula (1.18)

for SC and DD, as this has been mentioned in Section 3.5. Recall that both in his work and
in Sections 3.4, a sign appears combinatorially, which corresponds to the algebraic sign in the
associated Littlewood formulas for Schur functions | , 11.9.5 p.238]. Here it is possible
to avoid the sign and only use (1.18) with Theorem 4.1.2 to derive a modular SC version of
Nekrasov—Okounkov type when ¢ is even. This is given in Corollary 4.1.4 that we prove below.
In Section 4.4 we will prove refined versions of our results which take the signs into account.

Proof of Corollary 4.1.4. Take p1(h) = (1 — ,'<:/h2)1/2 in Corollary 4.2.2, we have by application
of (1.18):

JUT) = (T T
The conclusion follows when this result is plugged in the right-hand side of Corollary 4.2.2. O

By setting z = —c?/2? and letting x — 0, the left-hand side of Corollary 4.1.4 becomes:

IAlRBG(N) ¢
ZT b H .

AeSC heH (M)

On the right-hand side, the three first terms remain unchanged, while we can write for all j > 1:

) . _ 1/ 2 L 2ik2tik
1— 2jT2t] (Z/t t)/2 — I t oo
( x ) exp 2 + kil 2 ,

2
therefore
2n2t, 22t (2/t—t)/2 p2k2tk
(@ T T )ss B ) ( )Z — 2k T2tk
k>1
2T2t
= exp < >
2T2t
mexp( o >
Therefore
22t
SR T = () (o) (1) e (S ).
AESC heH:(N\)

which is equivalent to the identity in Corollary 4.3.1.

68



4.3.5 The Bessenrodt—Bacher—Manivel formula

The following formula deals with power sums of hook lengths. Its proof is based on a result due

to Bessenrodt, and Bacher—Manivel | ) | which provides a mapping, for any couple
of positive integers j < k, the total number of occurrences of the part k among all partitions of
n to the number of boxes whose hook-type is (j,k—j—1). In | |, Han—Ji explain that this
result can be embedded in the following generalization, which is true for any complex number
G:
TN s = : 4.12
> T, T (412)
AEP heH
The modular SC version of (4.12) takes the following form.
Corollary 4.3.4. For any complex number B8 and t an even positive integer, we have:
Z TlM‘T‘th bBG Z hf)’
AeSC heHe(N)
(T2, 72) t/2 p2k2kt
= oo (b1 T (=T /b T 7
($2T2t;x2T2t)toé2 ( T ( /b )oo;( ) 1 — p2kT2kt
Proof. Take pa(h) = hP in Corollary 4.2.3 and then use (4.12) to compute:
B+1 T*
gt( OO Z k 1— Tk
k>1
O

4.3.6 The Okada—Panova formula

The following formula is the generating function form of the Okada—Panova formula, which was
conjectured by Okada and proved by Panova in | |:

> W H > H C(r)T™ exp(T), (4.13)

AeP hEH heH (A

1 2r 2r + 2
cr) i = —— )
W=geme () ()
To find a modular SC version of (4.13), we want to use Theorem 4.1.2 with p;(h) = 1/h and

T

pa(h) =[] (h* = i%). Recall from [11)11] that:
=1

where

=T ] 2 — exp <§2) . (4.14)

D)
XeP  heH(N) (ah)

We also define as in | |:

=31 Y H ((an)* = 2).

XEP heH heH(A) i=1
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In order to evaluate go(7"), Han and Ji introduce the polynomials defined by the following
relations:

Brola) =[] (e = 57),

j=1
B, k(o) = [a2 (k+1)% — rﬂ B,o1x(a) +a?B,_1p1(a) for ke {l,...,r—1},
B, (a) = a".
This enables them to rewrite go(7") in | , Proposition 8.2] as:

9a(T) = exp ( > ZBM <§2>k+1. (4.15)

We prove the following modular SC version of (4.13).

Corollary 4.3.5. For any positive integer v and t an even positive integer, we have:

> sl 1 3 e

AeSC heH () hG’Ht()\
— ¢ (12170 (b T (<P /0 TY)

r

.7}2T2t x2T2t k+1
Xexp( o > > Bu(t)C(k) (t2> :
b=

=[(r—t+1)/£]

T

Proof. Take p1(h) = 1/h and pa(h) = H (h2 —i2) in Theorem 4.1.2 and o = ¢ in (4.14)
i=1

and (4.15) to rewrite f; and g, respectively. |

4.3.7 The Stanley—Panova formula

Panova and Stanley proved the following formula | , I:
k i
1 . . )
> ] Yo S =3 "Tk+1,i+1)C0) [[(n—j) (4.16)
AFn REH(N)  heH(N) i=0 3=0
where T'(k, 1) is a central factorial number | , ex.5.8] defined for £ > 1 and i > 1 by:

T(k,0) =T(0,i) =0, T(1,1)=1,
T(k,i) = i*T(k —1,i) + T(k —1,i— 1) for (k,q) # (1,1).

By setting p1(h) = 1/(ah) and pa(h) = (ah)?*, we have as in (4.14)

=371V ] )(c;z)Q — exp <§2> , (4.17)

AEP heH (A

and by using (4.16)

goz( Z Z a?kth

ser nen( ) heH(N)
o T k T\ !
= a”"exp (oﬂ) ZT(k‘ +1,i+1)C(3) (c12> . (4.18)
1=0

Now we prove the following modular SC version of (4.16).
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Corollary 4.3.6. For any positive integer k and t an even positive integer, we have:

S TR T % S

AeSC heH () heH¢(N)
_ t2]€+1 (T2t T2t)t/2 ( bT T4) ( TS/b T4)

22720\ & ' 2T i+1
exp< >Z£T k+1,i+1)C(i) <t2>

Proof. Take pi(h) = 1/h and pa(h) = h?* in Theorem 4.1.2 and a = ¢ in (4.17) and (4.18) to
rewrite f; and g, respectively. a

4.4 Signed refinements

In | |, Pétréolle proved the following SC Nekrasov—Okounkov type formula similar to (1.18),
which stands for any complex number z: Recall from Section 3.5 the following Nekrasov—
Okounkov formula (3.43), which we state here stressing the fact that the product over hook
lengths is computed over the multiset of all hook lengths of the partitions/

2. 2y z+1y 2271
VI | <1 _ h22> _ <(TT)oo> 7
Aesc SEX sEs (73T
hs€H(N)
for any complex number z.

We recall here some the definitions of some statistics widely discussed in the previous chap-
ters. Here, §) and €5 are signs depending on the partition A, and the position of any box s in
its Ferrers diagram (written s € X in the above formula), respectively. If the Durfee square of
A has size dy, then one simply defines §y:= (—1)%. Recall that this sign also has an algebraic
meaning regarding Littlewood summations for Schur functions indexed by partitions in SC.
Next, for any partition A € SC and a box s = (i,7) € A, €5 is defined as —1 if s is a box strictly
below the diagonal of the Ferrers diagram and as 1 otherwise.

Our goal in this section is to prove a multiplication-addition theorem similar to Theo-
rem 4.1.2 including the above signs. Nevertheless one can notice that for A € SC, we have
actually 8y = (—1)/*. Indeed, by Lemma 4.1.5 in Section 2.3 and by definition of the BG-rank,
one has |A| = r — s (mod 2); and moreover d = r + s by definition of D;(\) and D3(\). This
means that the sign ) can readily be omitted, by replacing 7' by —7" in formulas like (3.43)
and their modular analogues.

Recall that Corollary 2.2.2 allows to determine the position with respect to the main diagonal
of the Ferrers diagram, thanks to the correspondence between a box of A and a pair of indices
of the corresponding word (\). Next, to include the sign €, we will need a refinement of
Proposition 2.3.2 (P3), which is an immediate consequence of the Littlewood decomposition:
for A € P and any box s € A with hook length hs € H;(\) (here ¢ is any positive integer), there
exists a unique k € {0,...,t — 1} and a unique box uy € v%) such that hy = thy,, where hy, is
the hook length of sj, in the partition v(¥). We will say that the box s, is associated to the box
s. We have the following result for self-conjugate partitions.

Lemma 4.4.1. Set A\ € SC, let t be a positive even integer. Set u € X such that hsy € Hy(N).
Then the following properties hold true:

1. The box s does not belong to the main diagonal of .

2. The application s — s', where us’ is the symmetric of s with respect to the main diagonal
of A, is well-defined on A, bijective and satisfies hy = hs € Hy(N\) and 5 = —e.
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3. If s, and s; are the boxes associated to s and s’ respectively, then | =t —1 — k.

Proof. For any SC partition, all hook lengths of boxes on the main diagonal are odd numbers.
As t is even, the result (1) follows.

Next (2) is a direct consequence of (1) and the definitions of SC and &,.

Finally, to prove (3) we need to explicit the bijection between the coordinates of a box of A
and a pair of indices of the corresponding word 1(A) = (¢;);cz, defined in Section 2.3. Let us
introduce the two following sets:

I:={i€Z|c;=1and 3j € Zsuch that i < j, ¢; = 0},
J:={j€Z|cj=0and 3i € Zsuch that i < j, ¢; = 1}.

By definition of 1)()), those sets are finite. Therefore one can write I = {i1,...,4),} and
J ={j1,...,jx, } such that the sequence (ia)acq1,...x;} (r€SP- (Jb)be{1,..\,}) is strictly increasing
(resp. strictly decreasing).

Let F'(A) be the Ferrers diagram of A and define the application

U:| F(\) — IxJ
($,y) = (Zy’]l’)

Note that ¥ is injective by monotony of the sequences (i,) and (jp).
Recall that A € SC translates in terms of the associated word to:

cj = 1-— C_1—j vy € N. (4.19)

This implies that [I| = A] = |J| = A\1. Let ¢ : I — 4 (I) be the application such that
Y(im) == —1 — ipy. The aforementioned property actually guarantees that ¢(I) C J. As
[I] = [J], we deduce that ¢ is bijective. Moreover, as (ia)se(1,....n;) 18 strictly increasing, we

derive that (¢ (i4)) is strictly decreasing and for any a € {1,..., A} = A}, we have j, = —1—1i,.

Suppose that (iy, j;) € ¥(F(X)) is such that iy, = k (mod t) and j, =k (mod ¢t). By (2.9)
and the bijectivity of ¢ sending (i,) to (j»), we have that (iz,j;) € V(F(N)) and iy =t —1—k
(mod t) and j, =t —1—k (mod t). As s’ has coordinates (iy, j,) and is associated to the box
s;, we derive that [ =t — 1 — k, which concludes the proof. O

4.4.1 A signed addition-multiplication theorem

We will now prove a generalization of Theorem 4.1.2 which includes the sign mentioned above.

Theorem 4.4.2. Set t an even integer and let py, pa be two functions defined on Z x {—1,1}.
Set also fi(T), g:(T) the formal power series defined by:

=y TV H p1(th, 1)p1(th, —1),

veP heH (v
ZT|V| H p1(th,1)p1(th,—1) Z (p2(th, 1) + pa(th, —1)).
veP heH(v) het(v)

Then we have

ZTW [He(A)[pBG(N) H p1(hs,€s) Z p2(hs, €s)

AeSC SEX SEX
hs€H(N) hs€H1(N)
= o (RPT) P g2 (1257 P (s ) (T T
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Proof. The proof follows the same steps as the one of Theorem 4.1.2, but now (4.6) becomes

pBe@Iiel N T pu(thy, ) 3 polth, e,), (4.20)

vept sev sev

where w is in SC;y. The product part 7t Y] [Ie, 1(ths,es) inside the sum over v can be
rewritten as follows

t/2-1 . . . v
[ e Or N b O T Gy (e, 1) (0, —1).
i=0 heH (D)

Indeed, by Lemma 4.4.1, each box s € v, with 0 < i <t — 1, is bijectively paired with a box
s' € V=1 satisfying py (thy, ew) = p1(thy, —€s). The sum part Y sew P2(ths, ) in (4.20) can
be rewritten in a similar fashion. We leave the rest of the proof to the reader as the remaining
computations are similar to the ones used to prove Theorem 4.1.2. a

Note that Theorem 4.1.2 is a consequence of Theorem 4.4.2, by choosing
p1(a,e) = pi(a) and pa(a,e) = pa(a). Moreover by choosing p1 = 1 or pg = 1, we have
special cases similar to Corollaries 4.2.2 and 4.2.3. However we will only highlight the case
where po = 1, as this one yields interesting consequences.

Corollary 4.4.3. Set p1 a function defined on Z x {—1,1}, and let t be a positive even integer
and f; be defined as in Theorem 4.4.2. Then we have

Z TN L He (V) pBG(A) H p1(hs, €s)

AeSC SEX
hs€Hi(N)

= (RaT2) (T2 ) (0T T (-7 )

4.4.2 Applications

We have applications similar to the ones obtained in Sections 4.3.1-4.3.7. However we only
highlight the cases concerning Sections 4.3.1-4.3.4, which are the most interesting in our opinion
and are all derived from Corollary 4.4.3.

First note that the generating series obtained with p; = 1 is the same as the one in Sec-
tion 4.3.1.

Next, when ¢ is an even positive integer and X\ € SC, notice that

H £s = (—1)HMNI/2,

SEX
hs€Hi(N)
Therefore the specialization p;(a,e) = 1/(ae) yields a hook length formula equivalent to the one
in Corollary 4.3.1 when z is replaced by zv/—1. Similarly, the specialization j;(a,c) = 1/(ag)'/?
yields a hook length formula equivalent to the one in Corollary 4.3.2 when x is replaced by
zv/—1.

Now the signed modular analogue of (4.11) is as follows.

Corollary 4.4.4. Fort an even positive integer, for any complexr number z, we have:

E T He (V)] pBG(A) H 1 1+4e2My/=1

— hs
A\eSC sy h;/2 1—es2
hs€H(N)

— (757 ? (<bT T _ (T3 /65 T) _ exp (

1+ Zt :L'Qth ZL‘4T4t
=2 2 > ‘
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Proof. Take
1 14e2%v/—1

pl(a75) = a1/2 1 — gp0

in Corollary 4.4.3 and use the identity p1(a, 1)p1(a, —1) = (14+2%)/(a(1—2%)) and Formula (4.11)
to conclude. 0

The signed modular SC analogue of the Nekrasov-Okounkov formula (1.18), which is actu-
ally a modular analogue of (3.43), is the following.

Corollary 4.4.5. For any complex number z and t an even positive integer, we have:

T TR ] <1_ = >
SES

AeSC SEA
hs€Hi(\)
2t p2t\t/2 . d 3y, 22t o 220\ (22 /t—1)/2
= (T 1) (=15 1) (=17 /0, TY) (2T 2°T%) .
Proof. Take pi(a,e) = 1 — z/(ae) in Corollary 4.4.3, then wuse the identity
p1(a, )p1(a,—1) =1 — 22/a® and (1.18) to conclude. O
Note that taking b = 1 in the above formula, one gets Pétréolle’s result | , Théoréme 4.22],

in which T, y, z have to be replaced by —T, z, z/t, respectively.
By identifying coefficients on both sides of the previous formula, we get the following con-
sequence.

Corollary 4.4.6. For all positive integers n and all integers j, we have

> MLy o 1 isas @
N h 2~ 2 (n— 1)
AESCAF2nt+5(25—1) heHi(N)  heHi(\)

BG(\)=

Proof. By Lemma 4.4.1, the left-hand side of Corollary 4.4.5 can be rewritten as follows

2
Z T e (M) pBG(Y) H (1 - 22) ) (4.22)

reSe SEX
hs€Hi(N)
es=1

The left-hand side of (4.21) is the coefficient of T2+7(21=1)z2npi(—22)n=1 in (4.22). Using
the following identity

1 Tk
I = =0 (X a7 |

m>1 k>1

the right-hand side of Corollary 4.4.5 can be rewritten:

(th. T2t)t/2 _2 (2272
= ! o0 —bT": T4 _T3 b: T4
R (2272t 227212 (=TT (=T%/BTY)  exp 2t 2= (1 — (2T2)F)
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Thus, by also using (4.3), our desired coefficient is equal to

|:T2m+j(2jfl)x2nbj(_ZQ)nfl} R

T2 T2 t/2 2 22tk
_ [TQtnl,Qn(_ZQ)n—l] ( t/2)oo exp z (x 5 )2t -
(2272 2272)Y2 (T4, 74) 2t = k(1 — (x2T?t)F)
) n—1
1 1 2T2t
= [T*"a™] n—lyn—1 1 t/2 Z w 2 )2t %
2n= = n — 1)l (g272t; xQth)O/O P k(1 — (z2T2t)F)

1 t 1 2272 et
— T2t 2 1 v 2T2t
N T Y] < T 1272 T 2(1— (£272)2)

- 2"_115"_1(71 —1)! (é * 3(”2_1)>

_ ! (t+3n —3)
= ongn—i(p — )l T

O

Corollary 4.4.6 could also be derived from Corollary 4.3.6 by setting k¥ = 1 and comparing
the coefficients of T27+3(21=1) z2np) on both sides.

4.5 The odd case

In this section, we analyse the case where ¢ is a positive odd integer. Recall that in this case
the Littlewood decomposition can be written as follows

AESC > (w,i,p1) € SCpy x PUH/2 % SC. (4.23)

When t is odd, Formula (3.4) in | | gives a connection between the BG-rank of a
partition, and its t-quotient and its t-core. However the formula implies a dependence between
t-core and t-quotient, which is not convenient for multiplication-addition type theorems. This
is why we will formulate multiplication-addition type theorems without the BG-rank.

Moreover, because of the partition pu € SC appearing in (4.23), more difficulties arise which
make a general result less elegant than in the even case. Even if it is possible to prove a general
odd analogue to Theorem 4.1.2 (without the BG-rank), formulas on self-conjugate partitions
would be required to derive interesting applications. These are, to our knowledge, missing in
the literature. This is why we will focus here on a subset of self-conjugate partitions for which
p is empty, which, as will be explained, is algebraically interesting.

For a fixed positive odd integer t, let us define

BG' := {\ € SC,®4(\) = (w,v) € SC(;y x P’ with p(=D/2) = g},

Note that A is in BG? if and only if the partition u is empty in (4.23). Following [ |, we
also define for an odd prime number p, the set of self-conjugate partitions with no diagonal
hook length divisible by p:

Algebraically, this set yields interesting properties in representation theory of the symmetric
group over a field of characteristic p, see for instance | , |. Combinatorially, it is
natural to extend this definition to a set BG; for any positive odd number ¢.

The following result explains the connection between the two above sets and is proved
in | , Lemma 3.4] for any prime number p. Nevertheless, we give a proof here to generalize
it to any positive odd integer ¢.
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Lemma 4.5.1. For any positive odd integer t, we have:
BG! = BG;.

Proof. Take A € SC \ BGy. There exists (z,7) € A such that ¢ | h ;). Recall that h(, . is
necessarily odd. Take m such that h(, ,) = t(2m + 1). Let (i, jz) € Z? be the pair of indices
in ¥(A) associated with the box (z,x). Then j, > 0 and iy < 0. Moreover, by (4.19), one has
g = —Jz — 1. AS h(yz) = Ju — iz, We get h(yy) = 2j + 1. This yields 2j, + 1 = t(2m + 1).
Therefore we have P

This  implies  that  there exists a sequence “10” in  the subword
(Chit(t—1)/2)kez = (), where p1 = ((t=1)/2) ig the partition uniquely defined by the Littlewood
decomposition. Hence p # () and therefore A ¢ BG'.

Conversely, let A € SC\ BG'. So u # 0. Set 1¥(\) = (cx)rez the corresponding word.
Remark that u # ) is equivalent to the existence of i; € N such that Ctir+(t—1)/2 = 0 and
C_tiy+(t—1)/2 = 0. This implies that there exists a hook of length #(2i1 + 1) which is on the main
diagonal of A\. Therefore \ ¢ BG;. O

We now prove the following result which is the analogue of Theorem 4.4.2 for ¢ odd, restricted
to the set BG! = BGy.

Theorem 4.5.2. Let t be a positive odd integer and set py, pa two functions defined on Z, x
{=1,1}. Let f; and g¢ be the formal power series defined in Theorem 4.4.2. Then we have

So TN T ilhees) S palhs,es)

AEBG! SEA SEA
hs€Hi(N) hs€H(N)

T2, th)(lﬁ*l)/2 (_T5T2)oo

o8

(~T5T)

= (t—1) (ft(xQTQt))(t*3)/2 gt(x2T2t) (

Proof. The proof follows the same lines as the ones of Theorems 4.1.2 and 4.4.2 but with
b= 1. Here t is odd and the summation on the left-hand side is over partitions in BG' (therefore
(=172 — ;) = (), so the Littlewood decomposition shows that, in our situation, (4.20) takes

the form
T N T ity e) S alth, es),

vept-1 sev scv

where w is a fixed t-core in BG!. Next we can transform the above expression by using Proposi-
tion 2.3.4 and Lemma 4.4.1: although the latter was proved in the ¢ even case only, it is possible
to extend it to ¢ odd for partitions A € BG!, by noticing that a box s is on the main diagonal
of A and satisfies hs € Hy(\) only if s is associated by the Littlewood decomposition to a box
in v((¢=1/2) = 1, which is empty in our situation. Therefore we can proceed as in the proof of
Theorem 4.4.2, but the factor ¢ in Theorem 4.4.2 now becomes t — 1.

The remaining part to finish the proof is the computation of the generating series of parti-
tions w in BG! that are t-cores, that are partitions in the set BGft). As remarked in | I,

the generating series of BG! is given by

—T- T2)
I\ _ 2k+1y _ ( )
E T = | | (1+T ) = 7(—Tt;T2t)oo . (4.24)
AeBG! k>1 o0
#2k+1
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By using Proposition 2.3.4 (SC3) of the Littlewood decomposition and the generating se-
ries (1.19) for partitions, the left-hand side of (4.24) can be rewritten as

(t=1)/2 )
jwl 2t|v| — |l
Z r (ZT ) (T2t 2D Z .

weBGY{,, veP 0 weBGY{,,

Hence the generating series of BG’Et) is

o (th; T2t)§o*1)/2 (—T; T2)oo
2 1= T,

t
wEBG(t)

The rest of the proof follows the exact same steps as for Theorem 4.1.2, without taking the
BG-rank into account. O

Note that by taking p1(a,e) = pi1(a) and p2(a,e) = p2(a) in the above result, we get an
analogue of Theorem 4.1.2 for t odd and b = 1, restricted to the set BG! = BG;.

We now derive applications of Theorem 4.5.2 in the same spirit as the ones proved in
Sections 4.3 and 4.4, but for odd ¢. As the specializations are the same here, we do not give
details for the proofs.

First, our bivariate generating function takes the form:

(th; T2t) (t=1)/2 (—T; T2)
o

0

(2272 2272) /2 (e 2ny
) o0 ’ o0

Z TN —
AEBG!

Next, the odd analogues of Corollaries 4.3.1 and 4.3.2 for BG! are summarized in the fol-
lowing result.

Corollary 4.5.3. Fort a positive odd integer, we have:

1 (T2t. T2t)(t—1)/2 (—T'T2) 2272
TN [ He (V)] - = ! 00 — 7% exp ((t - 1)) ;
AezBGt hel?;I(A) h (=Tt th)oo

and

S T ] #

AEBG! heH(N)

(T2t; th)(lt—l)/2 (—T' T2) P2T2 AT
- 00 - t—1 “= ).
CrorEy, P )

The odd version of Corollary 4.4.4 is as follows.

Corollary 4.5.4. Fort a positive odd integer, for any complex number z, we have:

DA | | L e
t hy? 11—zl
AeBG SEA
hsEHt()\)

2t. 2t (1—1)/2 .2
(T2t 1) (=T T?) exp (- 1) 1+ 2! 2?72 N AT
(=T T2 1—2t 2t 4¢2 ’

Now the odd version of the modular signed Nekrasov-Okounkov type formula given in
Corollary 4.4.5 is given bellow.
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Corollary 4.5.5. Fort a positive odd integer, for any complex number z, we have:

S Tl ] (1_hj€s>

AEBG! SEX
hs€Hi(N)

(th T2t)(t 1)/2( T'T2)
(=T%T%)

22t 22\ (t=1)(27/t*~1)/2
= (ac T T )OO .
Finally, the odd analogues of Corollaries 4.3.4, 4.3.5 and 4.3.6 are given in the three results
below.
Corollary 4.5.6. For any complexr number B and t a positive odd integer, we have:

(T2t T2t)(t 1)/2( T T2)
(xQTQt’ $2T2t)((>'; 1)/2 (=Tt T2t)oo

Z T [ He (A Z BB —

AEBG! heH (A
2kT2kt

B+1, T
X Z (tk) k 1— $2kT2kt'
k>1

Corollary 4.5.7. For any positive integer v and t a positive odd integer, we have:

T2 T2 (t—1)/2 _T, T2
Z TIA I He(A H Z H t—l)( ()—O%t;T%()OO ) oo

AeBG! heHi () hth(A)z 1

<o (0= 1) (f”QtT)) . S BAOC®) (tT)H -

=[(r—t+1)/t]

Corollary 4.5.8. For any positive integer k and t a positive odd integer, we have:

(t=1)/2 2
A A k N ) N G AT
POIAEICLUN | - Z h?F = (t— 1) (—T%T%)

AEBG! heHi(X) hth

k

2272 22t i1
X exp <(t—1) 57 )ZT(k+1,i+1)C’(i) <az> .
i=0
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Conclusion et perspectives

5.1 Conclusion

Nous avons vu dans le chapitre 3 comment obtenir des ¢ formules de type Nekrasov—Okounkov
pour chacun des systémes de racines affines infinis d’une part et d’autre part dans le chapitre
4 comment obtenir des analogues “modulaires” de formules d’équerres pour le seul cas des
partitions auto-conjuguées. Notons toutefois que les techniques et preuves développées dans le
chapitre 4 s’adaptent sans probléme aux partitions DD ou DD’. En fait, on pourrait méme
obtenir des théorémes de multiplication-addition sur les partitions z-asyméiriques pour z un
entier relatif, telles qu’introduites par Ayyer—Kumari dans | |. Ces derniéres sont des
partitions qui ont exactement z bandelettes (verticales ou horizontales selon le signe de z) ayant
pour longueur la longueur de la diagonale A du carré de Durfee. En pratique ces bandelettes
correspondent aux cases coloriées en jaune dans les figures 1.2b et 1.2c. Notons que le cas
z = 0 correspond aux éléments SC, le cas z = —1 aux éléments de DD et le cas z = 1 aux
éléements de DD’. Toutefois la décomposition de Littlewood sur ces sous-ensembles de partitions
donne des éléments du t-quotient qui ne sont plus seulement des partitions mais qui peuvent
aussi étre des partitions distinctes & parts doublées ou leurs partitions conjuguées, ainsi que des
partitions auto-conjuguées. Dans ce cas, comme souligné & la Section 4.5, on peut obtenir des
théorémes de multiplication-addition sur ces sous-ensembles de partitions. Toutefois, obtenir
des applications intéressantes nécessite de connaitre & la fois les séries entiéres f; et g; dont
les sommes portent sur les partitions, mais aussi leurs analogues lorsque la somme porte sur
DD, SC ou DD'. Enfin obtenir par des théorémes de multiplication des analogues modulaires
des formules de ¢-Nekrasov—Okounkov du Chapitre 3 est possible mais nécessiterait une version
raffinée des théorémes du Chapitre 4 en raison du réle particulier joué par la diagonale principale

A.

5.2 Perspectives

Cette section se divise en quatre sous-parties. La premiére porte sur les potentielles connexions
algébriques des g-analogues des formules de Nekrasov—Okounkov. La seconde, quant & elle, liste
les potentielles pistes & explorer dans l'obtention de (g,t) analogues.

5.2.1 g¢-analogues de la formule de Nekrasov—Okounkov
Théorémes de multiplication

Mon premier article | | utilise des propriétés fines de la décomposition de Littlewood pour
établir des théorémes de multiplication sur les partitions SC, ce qui me permet d’obtenir des
versions modulaires (pour les SC) de formules classiques sur les longueurs d’équerre. Lorsque le
parameétre fixé pour appliquer la décomposition de Littlewood est pair, jobtiens des formules
qui n’utilisent que des identités sur les partitions et font apparaitre le BG-rang (une statistique
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introduite par Berkovich et Garvan | | pour obtenir des raffinements des congruences de
Ramanujan). Le cas du paramétre impair est plus complexe. Une question intéressante serait
d’obtenir des théorémes de multiplication du méme genre mais qui font apparaitre la diagonale
du carré de Durfee afin de pouvoir dériver des g-analogues de la formule de Nekrasov—Okounkov
a partir de théorémes de multiplication. Notons que les techniques développées dans ma thése
permettent 'obtention de g-analogues d’identités de type Nekrasov—Okounkov grace a la spé-
cialisation de la reformulation des identités de Macdonald obtenues.

Il est également a priori possible d’obtenir le méme type de théoréme de multiplication pour
les partitions DD. Il serait intéressant d’étudier quelles formules pourraient étre obtenues a
partir de ce cadre.

Par ailleurs, je souhaiterais explorer les connections entre la décomposition de Littlewood et
les formules de caractéres en caractéristique positive. Dans | |, une premiére connexion
semble apparaitre, puisque je démontre un théoréme de multiplication pour les BG-partitions
mais les aspects algébriques de ces formules d’équerres restent encore & explorer.

5.2.2 (q,t)-analogue de la formule de Nekrasov—Okounkov

Les paragraphes qui suivent s’intéressent a ’obtention de ¢, t-analogues de la formule de Nekrasov—
Okounkov. Ces (g, t)-analogues permettraient par exemple d’obtenir des formules de caractéres
sur des variétés algébriques | , |. Sila littérature laisse apparaitre assez clairement
une méthodologie & adopter pour obtenir un ¢g-analogue, la situation est moins déterministe pour
I'obtention du (g, t)-analogue. La seule approche combinatoire devrait se révéler insuffisante ici,
bien qu’elle permette de dégager certains axes d’étude. Ainsi, le recours a des théorémes de mul-
tiplication semble permettre de mieux appréhender la nature des questions qui s’y rattachent
(en faisant par exemple apparaitre fortement le lien entre I'obtention de cet analogue et 1’étude
des propriétés de certaines fonctions elliptiques).

Théorémes de multiplication et conjecture de Walsh-Warnaar

Ce paragraphe est dédié a la description d’un travail commun en cours avec Isaac Konan autour
de la conjecture de Walsh-Warnaar sur un analogue modulaire de la (g, t)-formule de Nekrasov—
Okounkov (| , Conjecture 8.1]).

Cette conjecture résulte d’un travail préalable sur des variations autour des théorémes de
multiplication de Han—Ji | | qui utilisent la décomposition de Littlewood pour obtenir des
analogues modulaires de certaines formules portant sur les longueur d’équerres. Ma thése
applique notamment la méthodologie de Han—Ji a I’étude d’autres sous-familles de partitions, &
savoir les partitions auto-conjuguées, pour obtenir des théorémes de multiplications et formuler
des analogues modulaires, en particulier des g-formules de Nekrasov-Okounkov | |. 1
ressort de 'article de Walsh—Warnaar que les théorémes de multiplications ne permettent a
priori pas d’obtenir des (g, t)-analogues du fait de la forme des produits qui apparaissent dans
ces égalités de type “somme = produit”. En particulier, les auteurs expliquent qu’une approche
uniquement combinatoire ne devrait pas permettre la résolution de la conjecture car méme les
cas simples impliquent des propriétés fines de fonctions elliptiques.

Il semble qu’un raffinement de la décomposition de Littlewood qui garderait la trace des
bras et des jambes des partitions et non seulement des longueurs de jambes permettrait une re-
formulation de la conjecture qui ferait apparaitre plus explicitement les propriétés des fonctions
elliptiques.

Par ailleurs, notons que les travaux de Walsh-Warnaar | | s'intéressent au lien entre
théoreémes de multiplication et la formule de Buryak—Feigin—Nakajima | | qui propose une
décomposition de la série génératrice des polynémes de Hilbert—Poincaré des schémas de Hilbert
des points du plans. Cette formule a récemment obtenu une preuve combinatoire & l'aide de
modéles de mots bi-infinis dans une prépublication de Vidalis | |-
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Mots binaires et formule de caractéres de Weyl-Kac

Dans sa thése, Bartlett | , |, avec son directeur de thése Warnaar, donne des formules
combinatoires pour les caractéres des algébres affines de Kac—-Moody pour les types Cy, BC,
et Btv comme des sommes sur des polynémes modifiés de Hall-Littlewood. Les spécialisations
de ces identités donnent des identités ressemblant aux identités de l'appendice de l'article de
Macdonald | , Appendix 1], et j’aimerais regarder dans quelle mesure les résultats obtenus
pendant ma thése pourraient s’étendre & ce type d’identités.

Dans une prépublication récente, Guilhot—Lecouvey—Tarrago expliquent en quoi les algébres
positivement multiplicatives et les graphes positivement multiplicatifs permettent d’uniformiser
le cadre de nombreux problémes a lintersection entre algébre, combinatoire et probabilités
[ |, ce qui est le cas de la question formulée ici. Ces outils interviennent en particulier
dans I’obtention d’une description combinatoire des algebres de fusion, qui semblent étre en lien
avec ’ensemble H.g9i 12 de longueurs d’équerres inférieures & 2¢ 4+ 2 qui intervient dans ma
recherche (voir par exemple | D-

Opérateurs de vertex, modéles de particules et (g,t)-analogues

Comme mentionné dans la Section 1.5, les formules de type Nekrasov—Okounkov ont des con-
nections avec la physique et certains outils employés pour trouver ce type de formules sont
appelés opérateurs de vertex. La méthodologie employée dans ma thése est trés similaire & ce
type de techniques comme souligné par Johnson | |. Il serait intéressant d’uniformiser les
notations entre les deux méthodes afin de pouvoir les comparer et d’établir un langage commun.

En effet, dans l'article de Rains—Warnaar, un (g, t)-analogue de la formule de Nekrasov—
Okounkov pour le type A est obtenu en utilisant des identités déformées de type Cauchy sur
des partitions dont le diagramme de Ferrers est contenue dans un rectangle. Les paramétres
q et t désignent ici respectivement la taille du bras d’une équerre et de la jambe. Soit s
une case d’une partition. Ce travail est en lien avec un article de Bouttier—-Chapuy—Corteel
[ |, dans lequel un dictionnaire semble étre déja construit. Ce dernier article utilise un
formalisme d’opérateur de vertex sur des modéles de particules et de partitions entrelacées. 11
serait intéressant d’étudier les connexions avec les modéles de particules afin de déterminer en
particulier a quel niveau ces travaux se situent dans le cadre des hiérarchies intégrables.

Dans | | lgbal-Kozcaz—Vafa définissent un opérateur de vertex raffiné qui permet a
Igbal-Kozgaz—Shabbir d’obtenir dans | | non seulement les g-analogues des formules de
Nekrasov—-Okounkov, mais aussi des formules plus générales incluant les longueurs de bras et
de jambes des partitions considérées, qui sont en fait des cas limites des (g, t)-analogues, et qui
semblent étre des spécialisations des polyndmes de Jack. La encore, une premiére étape serait
d’effectuer une vrai travail d’uniformisation du cadre théorique, en établissant en dictionnaire
entre l'article de Carlsson-Rodriguez Villegas | | et celui d’Igbal-Kozcaz—Vafa. Si le
dictionnaire s’avére efficace cela devrait permettre de retrouver des résultats déja connus en type
A et d’obtenir des formules similaires pour tous les autres types, en adoptant une méthodologie
similaire & celle que j’ai développé dans ma thése.

Par ailleurs, la combinatoire des partitions intervient dans ’étude par I’angle de la géométrie
algébrique de problémes issus de la physique théorique. C’est par exemple I’approche proposée
par les travaux mentionnés précédemment mais également dans la recherche de Szendrgi. Un
autre objectif serait de mieux comprendre les liens entre mes résultats de thése et les schémas
de Hilbert. Un point de départ pourrait étre un article de Gyenge-Némethi-Szendréi | |
qui étudie la géométrie et la topologie de schémas de Hilbert de points sur certaines surfaces
en lien avec des sous-groupes de types A ou D.
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Glossary

P set of all integer partitions. 3

A set of all boxes on the main diagonal of the Ferrers diagram of a partition. 3
dy length of the side of the Durfee square, alternatively cardinal of A. 3

SC set of all self-conjugate partitions. 3

DD set of all doubled distinct partitions. 3

DD’ set of all partitions whose conjugate is a doubled distinct partition. 4
H(A) multiset of all hook lengths of the partition . 4

H(\) multiset of all hook lengths divisible by an integer t. 4

g parameter arising in Macdonald identities, can also be seen as equal to hY for all types but
for type C; where g = 2h". 8

DDy set of g-core doubled distinct partitions. 16, 36

1 bijection between partitions and binary bi-infinite words. 16

®,; Littlewood decomposition. 18

¢ Garvan—Kim—Stanton bijection between t-cores and vectors of integers. 20

DD, | set of all conjugate doubled distinct partitions whose (2 — 1)-quotient is empty but
the 2t — 1-th component whose Ferrers diagram is a (a — 1) x a rectangle, where a is an
integer. 23

DDIQ%t set of all conjugate doubled distinct partitions whose (2t)-quotient is empty but the 2¢-th
component whose Ferrers diagram is a (a — 1) x a rectangle, where a is an integer. 23

DD, set of all conjugate doubled distinct partitions whose (2t — 2)-quotient is empty but
the 2t — 2-th component whose Ferrers diagram is a (a — 1) x a rectangle, where a is an
integer and the t — 1-th component’s Ferrers diagram is a square. 24

If?;TM set of all integers lower than M and whose residue (mod g) is m. 25
Ify’;M set of all integers greater than m and whose residue (mod g) is M. 25
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DD;l set, of conjugate doubled distinct partitions whose g-quotient is almost empty but for one

component. 33

SC(4) set of g-core self-conjugate partitions. 35
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Résumé. Cette thése s’intéresse a des objets de combinatoire énumérative et plus particulié-
rement aux partitions d’entiers.

Les partitions et les tableaux de Young sont des objets combinatoires qui jouent un roéle
important en théorie des représentations et des fonctions symétriques. La correspondance de
Robinson—Schensted—Knuth est une correspondance bijective entre des permutations et des ta-
bleaux de Young dont le nombre est donné par une formule d’équerres.

On ¢s’intéresse dans ce manuscrit principalement & l'obtention de formules d’équerres par le
biais de la décomposition de Littlewood, qui est une bijection entre partitions d’entiers et une
paire constituée d’une partition bien spécifique, appelée t-core et d’un t-uplet de partitions.

Dans un premier temps, nous nous intéressons aux partitions ¢-cores et nous montrons com-
ment la correspondance bijective entre partitions d’entiers et mots binaires bi-infinis permet non
seulement de réécrire les identités de Macdonald, qui peuvent étre vues comme une généralisa-
tion des déterminants de Weyl aux systémes de racines affines infinis, mais aussi d’obtenir des
g-déformations de formules de type Nekrasov—Okounkov. Les formules de Nekrasov—Okounkov
sont des identités de type “somme=produit” qui interviennent dans divers autres domaines tels
que la théorie des représentations, la théorie de jauge ou encore la combinatoire des partitions
d’entiers. Ces formules, de part leur nature, font intervenir naturellement des partitions ¢-core.

Dans un second temps, nous nous intéressons & des généralisations de formules d’équerres
grace a la décomposition de Littlewood dans le cas particulier des partitions auto-conjuguées, a
savoir des partitions dont le diagramme de Ferrers (en notation a la frangaise) est symétrique par
rapport a la premiére bissectrice du plan. Cela permet d’obtenir des théorémes de multiplication-
addition pour les partitions auto-conjuguées, dans la lignée des travaux de Han et Ji.

Mots-clés : Identités de Macdonald, partitions d’entiers, partitions ¢-cores, formules de
Nekrasov—Okounkov

Image de couverture : Pochette de 'album You want it darker de Leonard Cohen, gracieuse-
ment dessinée par Marion Jeannin.

-
ED 512 z
=

INFQ MATHS =

am

Ecole doctorale

\S UNIV=RSIT= D= LYON



	Remerciements
	Introduction
	Preliminary material
	Partitions and compositions
	Young tableaux
	Schur functions
	Macdonald identities for affine root systems
	Nekrasov–Okounkov formulas

	Partitions, words and the Littlewood decomposition
	Introduction
	Integer partitions and bi-infinite binary words
	The Littlewood decomposition
	Integer partitions and some quadratic forms
	The enumeration of hook lengths products
	Type t-1 and P(t)
	Type t and DD(2t+2)
	Type t and DD2t-1'1
	Type t and DD2t'1
	Type t and SC(2t)
	Type t and DD(2t+1)
	Type t and and DD2t-2'2


	Macdonald identities for affine root systems, q-Nekrasov–Okounkov formulas and applications
	Introduction
	Signs of permutations and integer partitions
	Type t-1 and P(t)
	Type t and DD(2t+2)
	Type t and DD(2t+1)
	Type t and SC(2t)
	Type t and DD2t'1
	Type t and DD2t-1'1
	Type t and and DD2t-2'2

	Rewriting of the Macdonald identities for affine root systems
	Type t-1
	Type t
	Type t
	Type t
	Type t
	Type t
	Type t

	q-Nekrasov–Okounkov formulas
	Type t-1
	Type t
	Type t
	Type t
	Type t
	Type t
	Type t

	Confluences and connections with the Appendix 1 of Macdonald's paper
	Type t-1
	Type t
	Type t
	Type t
	Type t
	Type t
	Type t


	Multiplication-addition theorems
	Introduction
	Multiplication-addition theorems for self-conjugate partitions
	A preliminary result on `3́9`42`"̇613A``45`47`"603ABG-rank and SC(t)-core partitions
	Proof of Theorem 4.1.2
	Special cases

	Applications
	A generating function
	Two classical hook length formulas
	The Han–Carde–Loubert–Potechin–Sanborn formula
	The Nekrasov–Okounkov formula
	The Bessenrodt–Bacher–Manivel formula
	The Okada–Panova formula
	The Stanley–Panova formula

	Signed refinements
	A signed addition-multiplication theorem
	Applications

	The odd case

	Conclusion et perspectives
	Conclusion
	Perspectives
	q-analogues de la formule de Nekrasov–Okounkov
	(q, t)-analogue de la formule de Nekrasov–Okounkov


	Glossary



