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Notations

e P(X) : espace des mesures de probabilité sur X, ou X est un espace métrique.

o P,(R?) : espace de Wasserstein d’ordre p > 1, défini comme le sous-ensemble de P(R%)
composé des mesures admettant un moment d’ordre p fini. Voir appendice

e P.(R?) : espace des mesures de probabilités définies sur R¢ & support compact.

o (p° (R?) : espace des fonctions f : R* — R de classe C*, bornées, et dont les dérivées de
tout ordre sont bornées.

e D(I,E)oul=1[0,T]oul =]0,00) : espace des fonctions cadlag définies sur I et a valeurs
dans F (espace métrique). Voir appendice

e HE(U) : espace de Sobolev WE2(U), ott U est un ouvert de R”. Voir appendice
e 1L (U). Espace de Sobolev & poids. Voir section m
e C°(RY) : espace des fonctions f : R* — R de classe C*, & support compact.

o (f,1) = [ga [(z)p(dz) pour p € P(R?) et une fonction p-intégrable f : R — R, ou u(f)
pour p € H=EY(U) et f € HI(U).

e |z] : partie entiere de = € R, c’est-a-dire le plus grand entier n tel que n < z.






Chapitre 1

Introduction

Le propre du sage est de mettre
de lordre.

Aristote, Métaphysique.

L’apprentissage automatique, ou Machine learning, déja central dans de nombreuses techno-
logies de nos sociétés (recherches sur internet, reconnaissance et génération d’images, de textes,
de sons) est au cceur des recherches visant a développer celles de demain : voiture autonome,
aide au diagnostic médical, etc. Un des principaux moyens de réaliser un apprentissage auto-
matique est d’utiliser un réseau de neurones, fonction dont le principe de base est d’appliquer
une transformation non linéaire (a I'aide d’une fonction d’activation) & une donnée d’entrée. Les
capacités de calcul aujourd’hui disponibles permettent d’itérer ces transformations - réaliser de
multiples transformations élémentaires - et de réaliser ainsi un apprentissage profond (deep lear-
ning [GBCI16]) ; chaque couche du réseau de neurones apprend alors un aspect de l'information
contenue dans les données d’entrainement. Cette structure en couches des réseaux de neurones
leur confere une grande expressivité : ils peuvent approcher de vastes classes de fonctions, et leur
structure s’adapte a des jeux de données variés. Les performances exceptionnelles des réseaux de
neurones reposent essentiellement sur les capacités de calcul aujourd’hui a notre disposition, en
adaptant empiriquement des millions de parametres qui interagissent a priori de maniere assez
chaotique, et auxquels il est bien difficile de donner une interprétation. Ceci est problématique a
plusieurs points de vue. D’une part, d’un point de vue scientifique : outre la soif de compréhension
qui anime ’esprit humain, les problémes auxquels nous faisons face aujourd’hui (par exemple en
biologie, en dynamique moléculaire, en astrophysique) requierent des simulations numériques qui
dépassent nos capacités de calcul ; développer de nouveaux algorithmes, plus performants et plus
rapides, s’avere nécessaire. D’autre part, les innovations de demain, mentionnées précédemment,
permettront d’aider a la prise de décision et méme de prendre des décisions de maniere entierement
autonome, ce qui posera des questions éthiques et juridiques. Réfléchir sereinement a ces ques-
tions et légiférer en conséquence exigera donc une compréhension profonde du fonctionnement
des méthodes utilisées.

L’objet de cette these est d’étudier théoriquement des problemes d’apprentissages supervisés,
c’est-a-dire des problémes ot I’on cherche a prédire une donnée y € Y a partir d’'une donnée x € X.
On distingue les problemes de régression (ou y est un réel) et les problemes de classification (ou
y € {1,...,c}, c étant le nombre de classeﬁﬂ). Pour entrainer un réseau de neurones, on se
donne un jeu de données d’entrainement D = {(z;,v;)}M, C (X x V)M, ol les (w;,y;) sont tirés
idépendamment suivant une loi inconnue 7 € P(X x )). Etant donné un réseau de neurones
fw, Pobjectif est de trouver les meilleurs poids W de sorte que fy (z;) ~ y;, pour i = 1,..., M.

'En pratique, si y = 4, on utilise le one-hot encoding : y = (0,....,0,1,0...,0), le 1 étant placé en position i.
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Plus précisément, on considere une fonction de cout L : R x R — R4 qui quantifie 'erreur entre
fw (i) et y;. L’objectif est alors de minimiser (sur W) 'erreur R commise sur le jeu de données
D (appelée aussi risque empirique)

M

. 1 1

R(M/:D):@ > Ly, fw(= Z'— Yi» fw (24))
(z,y)eD Z=1

Trouver
W* = argmin R(W, D)
w

est un probléeme délicat, du fait de la grande dimension des poids W et des fonctions non linéaires
constituant le réseau de neurones. On cherchera donc a approcher W* par descente de gradient.
Remarquons maintenant que si 'on s’entraine sur un nombre fini de données, le réseau de neu-
rones risque d’apprendre non pas la véritable distribution des données 7, mais la loi empirique
M Z . C’est le probleme de 1'overfitting. En fait, la véritable quantité a minimiser est
le msque populatzonnel

R(W) = E(x,y)ur LY, fw (X))].

Cette quantité étant inconnue, la méthode utilisée en pratique est de subdiviser le jeu de données
en deux : un jeu de données d’entrainement (grace auquel on va optimiser les poids W), et un
jeu de données de test (sur lequel on n’entraine pas le réseau de neurones, et grace auquel on
approximera R (W) par la moyenne empirique ﬁ(Wk, Diest)). Pour entrainer le réseau, on utilise
I’algorithme de descente de gradient stochastiqueﬂ : pour k > 0,

1.0.1
WO ZTLZ ( )

{Wk-H = Wi — ax VR(W, D)
ou Dy C D est une partie du jeu de données; considérer ’ensemble du jeu de données a chaque
itération serait trop couteux, et favoriserait 1’overfitting (bien que dans le cas de réseaux surpa-
ramétrés, on observe un phénomene de double descente [dARBK20]). On appelle époque le temps
(le nombre d’itérations) au bout duquel 'ensemble du jeu de données a été vu par le le réseau.
Subdivisons par exemple le jeu de données en N parties disjointes :

D =UN'D;.

Une fois passée la premiere époque, 'entrainement se poursuit en évaluant la fonction de cotuit
avec des données déja utilisées : ([1.0.1]) s’écrira donc

Wit1 = Wi — ax VR(Wi, Dk mod N)
WO ~ zm

A la fin de chaque époque, on calcule ﬁ(Wk,Dtest). Cette quantité va logiquement décroitre,
puis se mettre a croitre une fois que le réseau apprendra davantage la distribution empirique
ﬁ Zi\il O(z;;) que la distribution des données . Il sera alors temps d’arréter I'entrainement.
Une autre maniere d’avoir de bonnes propriétés de généralisation est d’ajouter un terme de
pénalisation a la fonction de coft :

fz(vv,D)—l‘ S Ly, fw (@) + POV)

|D
(z,y)eD

2appelé stochastique car on utilise Pestimateur R(W) de R(W). Notons aussi qu'il existe des variantes de cet
algorithme (Adam, AdamW, Lion), que nous ne discuterons pas ici.
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ou, par exemple, P(W) = ||IW]]; (lasso) ou P(W) = ||W||2 (ridge).

Pour entralner un réseau de neurones, il a donc fallu faire un certain nombre de choix :
le modele utilisé (nombre de couches, nombre de neurones, fonctions d’activations), la fonction
de cout, 'algorithme de minimisation. Ces choix reposent pour une bonne part sur des études
expérimentales; 'objet des études mathématiques est d’une part d’appuyer et d’expliquer ces
choix, et d’autre part de proposer de nouveaux modeles et algorithmes, plus performants, moins
sensibles aux perturbations et moins cotiteux en temps de calcul. Trois grandes pistes de recherche
peuvent étre identifiées :

(i) les recherches concernant le modele utilisé, c’est-a-dire les questions relatives a 1’expressivité
du réseau de neurone considéré. Quelles fonctions peuvent étre approchées par ce réseau,
et a quelle vitesse? Par exemple, le théoreme d’approximation universelle stipule qu’un
réseau de neurones a deux couches avec une fonction d’activation sigmoidale peut appro-
cher uniformément toute fonction continue sur un compact. Ce résultat, qui correspond au
théoreme de Weierstrass d’approximation des fonctions continues par des polynomes, n’est
cependant pas quantitatif. Or, quand on approche une fonction f*, par exemple par des
polynémes ou des séries de Fourier, les erreurs typiques sont de la forme

i} C
Hf - fNHH < Wa

ou d la dimension des données d’entrées, N est le nombre de parametres du modele, et H
est un espace de fonction. Le fait que la dimension d apparaisse dans les bornes obtenues
est communément appelé le fléau de la dimension ("curse of dimensionality”), puisque
les données avec lesquelles on souhaite entrainer les réseaux de neurones sont en grande
dimension. Pour revenir a ’exemple du théoreme d’approximation universelle, on peut
obtenir des bornes ne dépendant pas de la dimension, en considérant les espaces de Barron
[Bar93|. Plus généralement, les espaces de fonctions naturellement associés aux réseaux de
neurones sont essentiellement des espaces de Sobolev ou de Besov. Pour un travail récent
dans ce domaine, nous renvoyons le lecteur & [GKNV22].

(ii) les recherches sur le paysage de la fonction de coiit; en particulier sur le nombre de mi-
nima locaux et la taille de leur bassin d’attraction, la nature des points critiques, etc.
L’idée générale est que le paysage se simplifie quand la taille du réseau augmente. D’apres
[IMWW™20], on ne dispose pas encore de vision générale sur ce sujet de recherche, bien
que des résultats partiels aient été obtenus, par exemple avec des fonctions d’activations
linéaires quadratiques [DLIS8| [STL19].

(iii) les recherches concernant le processus d’apprentissage. Des algorithmes treés simples de
descente de gradient sont capables d’atteindre des minima de fonctions trés complexes,
jusqu’a atteindre une erreur nulle sur le jeu de données d’entrainement. L’explication de la
convergence de ces algorithmes reste ouverte. De plus, il semble y avoir un phénomene de
régularisation implicite lorsque le nombre de parametres du réseau est largement supérieur
au nombre de données d’entrainement, qui fait que les minima locaux atteints par ces
algorithmes ont de bonnes performances de généralisation, bien que le réseau ait été entrainé
sur un jeu de données fixé, et sans terme de pénalisation [CB20), VRF22].

Dans cette these, nous nous intéresserons au processus d’entrainement des réseaux de neu-
rones. Nous utiliserons une approche champ moyen, utilisée classiquement pour les systemes de
particules en interaction.

L’introduction de cette these est organisée de la maniere suivante. Nous exposerons d’abord,
en section lorigine et les méthodes des approches champ moyen, ainsi que le type de résultats
qu’elles permettent d’obtenir. Ensuite, en section [I.2] nous appliquerons ces méthodes au cas des
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réseaux de neurones classiques et présenterons les résultats que nous avons obtenus. Nous ferons
ensuite de méme en section [I.3] dans le cadre des réseaux de neurones bayésiens.

1.1 Approche champ moyen pour les systemes de particules

A partir de la fin du XIXe siecle, les modélisations physiques sont de différentes natures :

e déterministes, lorsque la modélisation ne fait pas intervenir d’aléa. Exemple : la mécanique
classique.

e stochastiques, lorsque la modélisation fait intervenir ’aléa. Exemple : le mouvement brow-
nien.

Unifier de maniere cohérente ces différentes modélisations constitue une partie du sixieme probleme
de Hilbert, énoncé en 1900.

Sixieme probleme de Hilbert : Traitement mathématique des axiomes en physique. Les
investigations sur les fondements de la géométrie suggerent le probléme : Traiter de la méme
maniere, au moyen d’axiomes, les sciences physiques dans lesquelles les mathématiques jouent
déja aujourd’hui un réle important ; au premier rang figurent la théorie des probabilités et la

mécanique.

En effet, unifier les différentes théories physiques est un élément important pour traiter mathé-
matiquement les sciences physiques et pouvoir ainsi leur donner une base axiomatique cohérente.
Or, les équations de la physique qui découlent des différentes modélisations décrivent le monde a
différentes échelles. Les approches champ moyen ont pour objet de relier une description micro-
scopique a une description macroscopique. Considérons par exemple N particules de masse m, de
position X et de vitesse V' soumises & une force F dépendant des positions de chaque particule.
La deuxieme loi de Newton s’écrit

; N
dvy ; :
dtt =-) F(X{-X]).
j=1

m

Lorsque le nombre de particules N tend vers l'infini, le terme de force risque de diverger. Il
convient donc de réaliser un changement d’échelle, c’est-a-dire de passer d’une description discrete
a une description continue, en écrivant par exemple ’équation sous la forme

. N
avy 1 iy
mdt :_N;F(Xt_Xt),

forme qui permet d’espérer trouver une limite lorsque N — co. Une question naturelle est alors,
ayant prescrit la position initiale des particules (ou la loi de ces positions), de savoir quelle est
la position des particules a un temps t ultérieur, dans la limite N — oo. Une autre question
naturelle, au regard de considérations thermodynamiques, concerne le chaos moléculaire : si les
états initiaux des particules sont indépendants,

cette propriété reste-t-elle vraie a des temps ultérieurs, dans la limite N — oo ? C’est Kac [Kac56]
qui a donné une définition mathématique précise du chaos moléculaire et introduit la notion de
propagation du chaos, dans le cadre de I’étude de ’équation de Boltzmann.
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Définition 1.1. Soit E un espace métrique et P € P(E). On dit qu’une suite (Py)n>1 de
distribution symétriques, telles que Py € P(EN), est P-chaotique si pour tout entier k, la k-eme
marginale de Py converge faiblement vers P®¥ ; autrement dit, si, pour ¢1,. .., ¢ € Co(E),

k
lim ¢1(z1) - .. dr(zx) P (dz1,. .., dzw) = H/ ¢i(z)P(dz).
N—oo JEN i—1JE

Définition 1.2 (Propagation du chaos). Considérons un systéme de particules (X})i>1.4>0
définies sur un espace métrique E, et une famille (P;)>0 C P(E). Supposons que la loi de
(Xé, . ,Xév) soit Py-chaotique. On dit qu’il y a propagation du chaos jusqu’au temps T > 0, st,
pour tout t € [0,T), la loi de (X},..., X}N) est Pi-chaotique.

Apres le travail de Kac, McKean [MJ69] introduisit une classe de diffusions qui satisfont la pro-
priété de propagation du chaos, donnant ainsi une nature stochastique aux équations cinétiques.
Ces idées fécondes ont trouvé des applications non seulement en théorie cinétique [BGSRI16]
GSRT13, MMT3, BFOZIS]|, mais aussi en biologie et en sciences sociales [NPT10, MTT14,/ABF*19],
en théorie des jeux & champ moyen (ou le nombre de joueurs devient grand) |[CDLL19, [Car10l
CD™18] et en optimisation [PTTMIT, [GP21 [CJLZ21]. Les systémes de particules et leurs limites
champ moyen sont devenus des notions centrales en mathématiques appliquées [CD22].

Introduisons maintenant les outils mathématiques propres a I’étude des limites champ moyen.
On n’étudiera pas les particules & travers le N-uplet (X/,..., XtN ) pour deux raisons : la dimen-
sion de I'espace (R4 évolue avec N et tend vers l'infini, et 'ordre des particules n’importe pas.
On considérera donc plutot la mesure empirique des particules

N
1
Hy =~ D 0x; € P(RY).
=1

A noter que dans le cas de données initiales stochastiques, ,uiv est une mesure de probabilité
aléatoire. La mesure empirique permet d’ailleurs de démontrer des résultats de propagation du
chaos.

Proposition 1.3 ([Szn91l, Proposition 2.2]). Soit pV = - Zf\il Sx,. En notant PN la loi jointe
de (X1,...,XnN), supposée symétrique, on a l’équivalence :

o 1N converge faiblement en loi vers la loi déterministe P.

e PN est P-chaotique.

On va voir dans un premier temps comment obtenir des limites champ moyen, puis nous nous
demanderons comment obtenir des résultats plus fins (trajectoriels ou quantitatifs).

Limite champ moyen a temps fixé. On se donne deux modeles, I'un microscopique (Mi)
et 'autre macroscopique (Ma). Dans le cas de données initiales déterministes, on dispose de uév .
Supposons que

N
Ho — Ho
au sens de la convergence faible des mesures de probabilité. Soit alors yu; la solution de (Ma) avec
pour donnée initiale pg. A-t-on, pour tout ¢ > 0,

N
e S U
Dans le cas de données initiales aléatoires, on a par exemple,
N
Ho — Ho
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presque strement, avec o déterministe. On se demande alors de méme si u) — ju, presque
stirement, en probabilité, selon une certaine distance, au sens faible, etc.

Exemple : I’équation de Vlasov. Utilisée en physique des plasma, cette équation décrit
I’évolution temporelle de la densité de particules f; de charge g et de masse m, dans l’espace
des phases (position z, vitesse v). La densité f; satisfait

1
atft = —U- szt - EFt : vat, (1'1-1)

ou
Fy(x) :/Rd /Rd F(z —2') fi(2,0")d2’dv’.

En testant ((1.1.1)) contre une fonction g lisse & support compact sur lespace des phases, on
obtient, par intégration par parties, en notant u; la loi définie par ft,

Orp(9) = e (Vag - v) — %Mt X uy(F(z —2') - Vyg), (1.1.2)

N

ou
pr X pe(F(z — ') - Vyg) = / / F(z —2') - Vyg(x,v) fe(x,v) fr (2, 0")dzdvda’do’.
RIxR? JRIxRY

Cette équation admet une unique solution dans I’espace des mesures de probabilité. Considérons
un systeme de N particules satisfaisant aux équations de Newton

dx; — V’L
& to e ' ; (1.1.3)
m-g = —x Zj:l F(X; — X7),

et & une condition initiale Xé = xf). Alors

N
1
u = ~ > Oxiby (1.1.4)
=1

satisfait ((1.1.2). On a alors le résultat suivant

Théoréme 1.4 ([Spol2, Corollary 5.2]). Soit F une force d’interaction bornée et lipschitzienne,
et x}y des données initiales et pu telles que dpr(ud, ) — 0, alors en notant y; la solution de
(T.1.2) avec donnée initiale pi, on a dgr(pl’, us) — 0 ot ul¥ est donnée par (T.1.3)) et (T.1.4).

L’hypothese sur F est forte, et ne prend pas en compte des forces coulombienne ou gravitation-
nelle. On verra par la suite des résultats moins restrictifs sur F et ou la vitesse de convergence
sera explicite.

Limite champ moyen trajectorielle. Jusqu’ici, nous avons voulu savoir si, pour tout ¢t > 0,
,ufv — . Cette convergence est-elle uniforme en temps ? Pour répondre & cette question, on peut
chercher & montrer des limites champ moyen non plus sur ¥, mais sur

t»—>ué\7.

Ce processus (déterministe ou stochastique), s’il est continu en temps, appartient a l’espace
C(R,,P(R%)). Typiquement, on montre alors que la loi de ce processus - qui est donc un élément
de P(C(R.,P(R%)) - converge vers une mesure de Dirac concentrée sur ¢ ~ iy, la solution
de (Ma). C’est cette approche que nous utilisons dans nos théoremes [1.10 [1.22| et [1.23] Pour
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obtenir plus de précision sur la convergence vers la limite champ moyen, on peut s’intéresser
aux fluctuations autour de la limite champ moyen, en cherchant une limite (a temps fixe ou
trajectorielle) a

N N
me = VN — ).
Dans le cas ol 5" — n;, on aura alors un résultat de type théoréme central limite :

1
ﬁnt-

Le cadre mathématique convenable pour 1’étude des fluctuations 7 ne va pas de soi. En effet, on
peut voir naturellement 1" comme une mesure signée. Or l'espace des mesures signées n’est pas
métrisable ; une approche classique [FM97al, [TM98bl [DLR19b] est donc de considérer n{v comme
un élément du dual d'un espace de Sobolev H F(RY) = WL2(RY), ott L est suffisamment
grand (nous donnons une introduction & ces espaces dans I’appendice . La structure hilber-
tienne permet d’utiliser les théoremes classiques de tension de la mesure valable pour des espaces
métriques. C’est cette approche que nous suivrons dans le théoreme On peut également
restreindre I’étude au processus t — 7V (f) € C(R4,R), out f est une fonction test (ou plus
généralement t — ®(n¥) € C(R.,R), voir par exemple [JT21]). Une approche alternative pour
obtenir plus de précision sur la convergence )Y — u; consiste & quantifier I'écart entre 1Y et ;.
On présente par la suite quelques résultats relatifs a ’équation de Vlasov.

N
My &2 pg +

Retour sur I’équation de Vlasov. Considérons de nouveau I’équation (1.1.2)) et le systeme
(1.1.3) avec données initiales déterministes. On a le résultat suivant

Théoréme 1.5 ([HHJ14, Theorem 1]). Si F satisfait, pour tout x € R? — {0},

C C
IVF(z)| < e o [VF(z)| < = (Sa)
pour C > 0 et a < 1, alors il existe, pour tout 0 < v < 1, un constante Cy telle que pour tout
T >0 et N suffisamment grand,

vt € [0,T], Wi, i) < e (Wi (i), o) + 273 ),

ot Wy désigne la distance de Wasserstein d’ordre 1 (voir appendice .

Remarquons également que les hypotheses faites ici sur F sont plus faibles, bien qu’elles ne
prennent pas en compte des forces de Coulomb ou de gravitation, pour des interactions a courte
distance.

Citons également un résultat quantitatif de propagation du chaos :

Théoréme 1.6 ([HJ14, Theorem 2]). Si F satisfait ([Sa) et (X§, Vi)i<icn ~ pg™ sont les
données initiales de (1.1.3)), il existe, pour tout T > 0, des constantes Cy,C1 > 0 telles que pour
N suffisamment grand,

_ Ch
P(Ht € [0, 7], Win', ) > 3N “) =N

yd—(2—v)a—2

0U $ = —30GF1)

En utilisant la proposition ainsi que le fait que la convergence en distance Wi implique
la convergence faible, on obtient qu’il y a propagation du chaos au sens de la définition
Pour d’autres approches récentes sur 1’équation de Vlasov, on pourra consulter par exemple
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[LP17]. Une approche probabiliste a I’étude des processus de McKean-Vlasov est développée
dans [Szn91, IGKM™96]. Pour des systémes déterministes, on pourra consulter le cours [Gol16].

Dans cette these, nous appliquerons les méthodes mathématiques propres aux limites champ
moyen trajectorielles au cas des réseaux de neurones. En effet, les poids du réseau de
neurones (ou les parameétres de la famille variationnelle, dans le cas des réseaux
bayésiens) peuvent étre vus comme des particules en interaction, ’interaction entre
les particules ayant lieu a travers ’apprentissage sur des données communes. Nous
formaliserons cela plus précisément dans la section suivante.

1.2 Approche champ moyen pour les réseaux de neurones classiques

L’objectif de cette section est d’appliquer les méthodes présentées a la section précédente dans
le cadre d’un réseau de neurones classique & une couche cachée. Nous établissons en section [1.2.]]
la modélisation champ moyen pour ces réseaux de neurones et présentons les résultats de limite
champ moyen. En section nous présentons nos résultats concernant les fluctuations autour
de la limite champ moyen, sous forme de théoréeme central limite.

1.2.1 Limite champ moyen : loi des grands nombres

On s’intéresse a un réseau de neurones a une couche cachée avec une paramétrisation champ
moyen :

1 N
N; (1.2.1)

ot z est la donnée d’entrée, W = (W1',..., W) € (RY)Y représente les poids du réseau de
neurones, et g{,VV () la prédiction faite par le réseau. L’objectif est de minimiser le risque popula-
tionnel, c’est-a-dire de trouver
W* € argmin R(W). (Pw)
4%

A cause des non linéarités (les fonctions d’activation) constituant le réseau de neurones, la fonction
W — R(W) n’est pas convexe, ce qui rend le probleme difficile a résoudre. On va voir qu’on peut
se ramener & un probleme convexe, en se placant dans ’espace des mesures de probabilité. En
notant v = + SN 6,14, on peut écrir

ota =« 2_i—1 Owi, on peut écrire

N
gw(l') = <U*('7 l‘), V>7
qui est linéaire en v. Introduisons maintenant
X e P(Rd) = E(X,Y)NW[L(<O-*('7X)7N>5 Y)] (122)
Si L est une fonction convexe, il en sera de méme pour Z, et le probleme qui consiste a trouver

p* € argmin Z(p) (Pu)
o

sera donc a priori plus simple a résoudre que (P, tout en étant plus général. La résolution de
(Pw) s’effectue par descente de gradient, de type (1.0.1)). On considérera un taux d’apprentissage
(learning rate) fixe au cours de I'entrainement. L algorithme s’écrit

{sz-i-l = Wi — ax VR(Wi, Bi) (1.2.3)

WO ~ mz
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L’objectif de 1’approche champ moyen pour les réseaux de neurones est de relier
(1.0.1) au probleme (P,), et d’obtenir ainsi des informations sur . Nous allons
désormais tacher de trouver, par des calculs informels, quelle équation sera satisfaite par la
dynamique dans la limite N — oco. On se place dans le cas d’une fonction de cotlit quadratique

1 2

L(z,y) = 5 (z —y)~.

5 (1.2.4)

Quelques calculs heuristiques. Considérons tout d’abord, pour simplifier, une descente de
gradient sur le risque populationnel

RW) = E(xy)~r LY, fir (X))], (1.2.5)

au lieu du risque empirique. L’algorithme s’écrit donc
Wii1 = Wi — aVR(Wy). (1.2.6)

Pour comprendre la dynamique dans le cas N = oo, on va paramétrer cet algorithme de
maniere continue, puis chercher une équation différentielle satisfaite par la mesure empirique des
poids du réseau. Cherchons d’abord une écriture de cet algorithme en temps continu. Comment
relier un parametre continu ¢ au parametre discret k7 En utilisant et , I’algorithme
(1.2.6]) se réécrit

Wiy = Wi = TEl(g, (X) = Y)Viwo. (W, X)), (1.2.7)

Ici, le facteur % provient de la normalisation champ moyen en . Cette écriture montre que
la différence entre Wy et Wy4q est de 'ordre de 1/N. Ainsi, si I'on considere N itérations de
lalgorithme, les poids W auront varié de l'ordre de ozE[(g{/IV/}C (X) — Y)Vwo. (Wi, X)], quantité
indépendante de N. Prendre en compte cette observation est nécessaire dans le changement
d’échelle qui accompagne le passage en temps continu, puisque ’on va chercher une limite N — oo.
Définissons donc .

Wi =Wy, t 20,

ou 'on a relié le nombre de pas de I’algorithme au nombre de neurones N, qui doivent étre du
méme ordre de grandeur. On a, pour t = k/N,

Wy, 1 = Wi = Wi — aVR(Wy) = W, — aVR(W,),

1
N

d’ou

On définira donc la dynamique en temps continu de la maniére suivante (on écrira W; pour Wt
quand il n’y a pas de confusion possible) :

%Wt = —aNVR(W}). (1.2.8)

On a alors, pour t =1,..., NV,

%W;‘ = —aE[(gl,(X) — V) Vo (W}, X)].

Introduisons maintenant la mesure empirique des poids du réseau entrainé par cet algorithme

1 N
N __ )
TN Zizl Owy-
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Cherchons une équation d’évolution satisfaite par la distribution empirique des poids du réseau.
Pour une fonction test f : R* — R,

N
Sy =+ thf(Wf)

1=1

=)

N
= W VI = 1 S Bl =, (X)) Ve (W, X) - VA7)
i=1 =1
= (Bla(Y — g, (X)) Vwo. (- X) - V1]11")
:< [a( <O'*(-,X),ng>)vwa*(~, )vf]7’/1tN> (1'2'9)

Cette équation peut se réécrire en fonction de la variation premiere de #Z (voir (1.2.2))).

Définition 1.7 ([Sanl5, Définition 7.12]). Soit F : P(R?) — R. On appelle, si elle existe,
variation premiére de F en p € P(R?), toute fonction mesurable 5F :R? - R telle que

limF(u+6><)—F(u):/ oF
e—0 £

pour tout x = p—p ot p € P(RY) NLL(R?) (mesure de probabilité qui admet une densité bornée
a support compact par rapport a la mesure de Lebesgue).

Notons que la variation premieére est unique & une constante pres. Rappelons la définition de Z :
1
B € PR o JExyyal((on(, X)) = V)2

La variation premiere de Z en p est, pour u € P(R?) et w € RY,
OR
E(w) =E[((0+(-, X), 1) = Y)ou(w, X)].

L’équation (T.2.9) signifie que 1 satisfait au sens faible 1’équation[’]

dwl = —adiv(uﬁv(ﬁ)). (1.2.10)

A ce stade, plusieurs pistes de recherche se dessinent :

(i) Passer a la limite dans ((1.2.10)).

(ii) Etablir rigoureusement cette limite si I’on remplace l/tN par la mesure empirique des poids
des algorithmes (|1.2.6) ou (1.2.3]).

(iii) Relier cette limite au probleme ([P,)).

C’est a ces problemes que nous nous sommes intéressés dans cette premiere partie de la these.

Etat de l’art relatif aux questions Dans [RVE22|, les auteurs établissent des
réponses informelles aux trois questions et appellent la communauté a les établir rigoureusement.

With this in mind, we adopt a presentation style that relies on formal asymptotic arguments to
derive our results, though we are confident that providing rigorous proofs to our propositions is

achievableH]

3Nous commenterons cette équation de transport & la suite du théoréme
“Voir le preprint [RVEISH].
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Plus précisément, les auteurs s’intéressent au cas d’une fonction de cotit quadratique et de données
générées par une fonction oracle g* : X — ), c’est-a-dire que (z,g*(z)) € X X ), ou g* et
e € P(X), la loi de x, sont inconnues. Ils montrent notamment qu’on peut espérer obtenir

Proposition 1.8 ([RVE22, Proposition 3.5]). Soit v la solution de (1.2.8) avec pour condition
initiale W ~ ung et py la solution de (1.2.10) avec condition initiale pg. En faisant des hy-
pothéses sur le support et les moments de po et en supposant que Ny cra{os«(w, -)}LLQ(’TE) = {0}
et que g* est représentable (il existe p telle que g(z) = (o4(-,x), p) Ve € X) on a que si (ut)i>0
admet une limite lorsque t — oo, alors

lim (o.(-,2), ) = ¢*(x), pour m,-presque partout.
t,N—oc0
Dans [CB18a], les auteurs se placent dans un cadre légerement différent de (1.2.8)) : ils

considerent un flot gradient de m particules défini sur &, c’est-a-dire que
uw: Ry — (RH)™

est défini par la dynamique

U (t) € —mdRm (u(t)),

ot %y :u € (RY) — Z(L3T64,), et 0%m(u(t)) désigne la sous-différentielle de %, en
u(t). En utilisant des méthodes d’analyse de flots gradients développées par [AGS05], les auteurs
démontrent le

Théoréme 1.9 ([CBI8al Proposition 2.3 et Théoreme 3.3]). Sous des hypothéses de
différentiabilité de Z et de régularité sur la fonction d’activation oy, il existe un unique
flot gradient absolument continu u. En notant fi,; = %2111 Ou; () €t en supposant que
Wo (f4m,0, o) —*m—oo 0, 0on a de plus que (Mmp)i>0 converge trajectoriellement vers la solu-
tion de l’équation avec donnée initiale po. Enfin, si on fait en plus des hypotheses sur
le support de pg, de convexité sur Z et d’homogénéité sur o, on a que si Wa(put, fioo) —>t—00 0
pour un certain fioo € Po(R?), alors s est un minimum global de Z. On a alors, en particulier,

lim Z(pmy) = min Z(p).
pim 2 (fimt) e (1)

Mentionnons également [Woj20] qui considére une fonction d’activation ReLU. Concernant
et [IMMN18] ont montré une convergence & temps fixé de la mesure empirique des poids du
réseau de neurones entrainé par dans le cas d’un batch de taille 1 (|Bg| = 1 dans (1.2.3)),
ainsi que dans le cas bruité - nous reparlerons plus loin plus en détails de ce cas bruité. Enfin,
[SS20b] ont donné des pistes de démonstration rigoureuse de la convergence trajectorielle de le
mesure empirique des poids de vers la solution de . Notre objectif sera d’exploi-
ter ces idées et démontrer rigoureusement une limite trajectorielle de la dynamique
(1.2.3) vers la dynamique , afin d’apporter une solution aux problémes et

(i)

Cas d’étude, hypotheéses et résultats. Détaillons I'algorithme étudié. Nous considererons
un algorithme plus général que (1.2.3)), au sens ot un bruit artificiel est ajouté & chaque itération
de I’algorithme :

Wk+1 = Wk - aka%(Wk, Bk) + €k,
Wo ~ Pip;.

Une telle perturbation de 'algorithme a des motivations pratiques (éviter les points-selles, confi-
dentialité différentielle [ACGT16]) et mathématiques, comme nous le verrons plus loin. L’algo-
rithme de descente de gradient considéré est le suivant : pour k£ > O et i € {1,..., N}, (pour
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simplifier la présentation, on considére, dans I'introduction, un taille de batch fixe B)

€k

= (1.2.11)

o
Wit =Wi— 5 > Vwk(ow,(@),) +
(Iry)EBk

ol
e « > 0 est le taux d’apprentissage (learning rate), fixe au cours de ’entrainement.

e B C X x Y est le batch de données sur lequel le réseau s’entraine a l'itération k. Son
cardinal est noté B.

o g ~ N(0,Ing) est un bruit ajouté artificiellement.

L’analyse de la dynamique (|1.2.11]) se fera par l'intermédiaire des mesures empiriques

1 N
N E
I/k = N = 5W;;

et de sa version continue (avec le changement d’échelle dont nous avons discuté apres (|1.2.7))

N
1
N_ N _ } : .
i=1

Pour tout N > 1, la trajectoire
teRy = pl (1.2.12)

est un élément aléatoire de I'espace des fonctions cadlag D(R4, P(R?)), appelé espace de Skoro-
hod (une introduction & ces espaces est donnée dans I’appendice E .
Notre objectif sera de montrer que la suite de processus @D converge lorsque
N — oo et de caractériser cette limite. Pour ce faire, nous ferons les hypotheses Al. a A4.
suivantes. Introduisons ]:,iv la tribu engendrée par les variables aléatoires permettant de connaitre
la valeur de Wy ; autrement dit, la plus petite tribu telle que W; soit f,ﬁv -mesurable. On a donc

févZO'{Wo,Bj,Ej,jZO,...,k—l}.

A1. Pour tout k € N, les données d’entrainement de l'itération k sont indépendantes des données
d’entrainement des itérations précédentes :

(Bkagk’) AL fliv

Par ailleurs By et le bruit additionnel €, sont indépendants.

Cette hypothese traduit mathématiquement le fait que les données d’entrainement font partie
de l'environnement : elles n’ont pas de lien avec le modele considéré (le réseau de neurones). Mais
elle n’implique pas nécessairement un jeu de données d’entrainement infini. En effet, si {z;, yl)}f\il
est un jeu de données fini, on peut considérer By comme un sous ensemble aléatoire suivant la

: _ 1 M
loi = 37 2251 O(aiwa)-
A2. La fonction d’activation est lisse et bornée (ainsi que toutes ses dérivées) :

0. € C°(RY x X)
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Cette hypothese permet de considérer, entre autres, les fonctions sigmoide ou tangente hyper-
bolique, mais pas les fonctions de type ReLLU, car non bornées. On pourrait néanmoins adapter
nos résultats a une fonction non dérivable en un point, en considérant la sous-différentielle.

A3. Toutes les données d’entrainement (x,y) sont i.i.d. suivant la loi 7, et y a des moments
d’ordre suffisamment élevé finis.

Cette hypothése est cohérente avec le fait qu’on ne consideére pas ici de réseau de neurones
récurrents.

AA4. Les poids initiaux Wy sont initialisés de maniére i.i.d. suivant une loi py qui possede des
moments d’ordre suffisamment élevé finis.

En pratique, on considere souvent des initialisations gaussiennes.

Nous pouvons désormais énoncer notre résultat.

Théoréme 1.10. Supposons > 1/2 et Al.-A4. La suite (u¥)n>1 C D(R4, P1(RY)) converge
en probabilité vers fi € C(Ry,P1(RY)), caractérisé comme l'unique élément de C(R,P1(R%))

solution de
{@;ﬂt = —adiV<ﬂtV<§T—%))a (1.2.13)
Ht = flo- -

Une illustration de ce théoréme est donnée en figure [1.1

Commentaire sur ’équation (1.2.13)). Il s’agit d’une équation de transport sur I’espace des me-
sures de probabilités, avec un champ de vitesse non local, au sens ou le champ de vitesse

V(%) : R? —» R? dépend globalement de la mesure fi;. Dans le cas d’un champ de vitesse
local, I’équation correspondante, c’est-a-dire

Oppiy = _diV(PtUt)7

avec v; : R — RY, est bien connue et a été étudiée par de nombreux auteurs (voir par exemple
[Sanl5l Section 4.1.2]). L’équation non locale, quant & elle, est plus délicate & étudier, mais
a suscité beaucoup d’intérét ces dernieres années; elle est notamment utilisée pour modéliser
des déplacements de foules, ou p; représente la densité de piétons a l'instant ¢, [CPT11]. D’un
point de vue mathématique, des résultats d’existence sont donnés dans [AGOS|] sous des condi-
tions de croissance et de continuité du champ de vitesse. Notons que notre limite champ moyen
prouve l'existence d’une solution. Pour prouver I'unicité de cette solution, nous utilisons des ar-
guments développés dans [PR13]. Nous donnons également une preuve probabiliste faisant appel
aux résultats de [Szn91]. Citons également [PRT15] ou les auteurs établissent I’existence d’un
controle sur I’équation de Cucker-Smale cinétique.

Lorsque le bruit additionnel de (|1.2.11)) est suffisamment intense, ’équation limite est per-
turbée, ce qui fait apparaitre un terme laplacien.

Théoréme 1.11. Supposons 3 = 1/2 et Al.-A4. La suite (™) ny>1 C D(R4, P1(R?)) converge
en probabilité vers i € C(Ry,P1(RY)), caractérisé comme l'unique élément de C(R,P1(R?))
solution de

{&tﬂt = —adiV(ﬂtV(%) 4 Vﬁt)’ (1.2.14)

fit = pho-

21



FIGURE 1.1 : Evolution de la distribution empirique des poids d’un réseau de neurones et distri-
bution prédite par (1.2.13)) a différents temps d’apprentissage.

N=30000, Iteration 15000 (T=0,5) N=30000, Iteration 45000 (T=1,5)
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Cette équation correspond & la minimisation de la fonction de cott

R+ > Rp) — Ent(p),

—o0 sinon.

Ent(u) = {— J (@) log(p(x))dx si i < Leb,

L’équation (|1.2.14)) est une version régularisée de , grace a I'ajout d’un terme diffusif, qui
rend 1’étude de I'unicité de I'équation plus aisée (voir notamment [JMM20, [HRSS21]). Notons
que [MMNI§| ont obtenu le résultat de convergence du théoréeme a temps fixé. Pour une
revue des différentes régularisations de ((1.2.13)), nous renvoyons le lecteur a [FRE22].

La convergence u{v 2, [y obtenue dans ces théoremes permet, par une application directe
du théoréme de Tanaka-Sznitman ([Got98, Théroeme 3.2]), d’obtenir un résultat qualitatif de
propagation du chaos, au sens de la définition [1.2

Corollaire 1.12. Introduisons, pour t > 0, la loi jointe
N __ ) S
Pt = LaW(WLNtJ,Z = ]_,. ,N)

Alors, pour tout t > 0, la suite (p)¥)N>1 est fig-chaotique, au sens de la définition .

Pour une version quantitative de ce résultat, on pourra se référer a [DBDFS20].

Schéma de preuve des théoremes et Nous donnons ci-dessous les étapes des
preuves des théoremes et La démonstration complete du théoreme |[1.10|est donnée dans
le chapitre 2] Celle du théoréme similaire, est omise.

(i) Trouver une équation < pré-limite >, c’est-a-dire une équation satisfaite par p¥ comme nous
I’avons montré pour la dynamique avec 1’équation . A noter qu’étudiant une
dynamique discrete et avec un colt empirique on n’obtiendra pas exactement 1’équation
limite, comme ce fut le cas pour 1’équation : on obtiendra aussi des termes ad-
ditionnels. Cette équation pré-limite s’obtient par un développement limité a I'ordre 1
pour le théoreme [1.10] a 'ordre 2 pour le théoreme Plus précisément, on évalue
les différences (f, v, ;) — (f,vi’) par un développement limité, faisant donc intervenir la
différence Wi — Wy et un terme de reste. Le terme Wi 1 — Wy, se réécrit grace a (1.2.11]).
En sommant ensuite sur k = 0,...,|Nt], on obtient une équation intégro-différentielle sur

t= (fud).
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(ii) Montrer que les termes additionnels tendent vers 0 lorsque N — co.

(ii) Montrer que les moments des poids du réseau sont bornés, uniformément sur un nombre
d’itérations du méme ordre de grandeur que IN. On utilise pour cela nos hypotheses de
moments bornés sur les données d’entrainement A3. et sur les poids initiaux A4.

(iv) Montrer que la suite des lois de (u™V)n>1 est relativement compacte. En vertu du théoreme
de Prohorov, ceci est équivalent au fait de montrer que ces lois sont étroites.

Définition 1.13. Soit & C P(S) un ensemble de mesure de probabilités définies sur un
espace métrique S. On dit que la famille & est étroite si pour tout € > 0, il existe un
compact K C S tel que

inf P(K)>1—e.
pPe7

Ici, S = D(R4,P1(R?)). On utilise alors le critere de Jakubowski [Jak86l, Théoreme 4.6]

qui permet de prouver I’étroitesse des lois de (u”) N>1 a partir de Iétroitesse des lois de

((f, u™))n>1 € D(R4,R), olt f appartient & une famille de fonctions qui sépare les mesures

de probabilité. On utilise crucialement le résultat du point

(v) Montrer que tout point limite de (/LN )n>1 satisfait presque strement 1’équation limite
(1.2.13)) ou (1.2.14)). C’est la un point délicat de la démonstration, qui repose sur I’applica-
tion du continuous mapping theorem a une famille de fonctionnelles. Or ces fonctionnelles ne
sont pas toutes continues. Nous appliquons donc ce théoreme pour les fonctionnelles conti-
nues, et utilisons ensuite des arguments de séparabilité, couplés a d’autres arguments de
continuité, pour pouvoir conclure que tout point limite satisfait presque strement

ou (|1.2.14]) au sens faible.

(vi) Montrer que 1’équation limite admet une solution dans C(R.,P;(R?)). Pour cela, on doit
déja montrer que tout point limite de (u¥)n>1 C D(R4,P1(R?)) est presque stirement
continu. On utilise pour cela le critere de Jacod et Shiryaev [JS87, Chapitre VI, Proposition
3.26] ou 'on montre que la probabilité que les sauts du processus soient plus grands que €
tend vers 0 lorsque N — oo, et ce quel que soit € > 0.

(vii) Montrer I'unicité d’une solution de I’équation limite. Pour (|1.2.13]), on utilise des méthodes
développées par [PRT15, [PR16]. La preuve de l'unicité de (|1.2.14)) est faite dans [JMM20,
Théoreme C.4].

Dans la suite nous allons nous intéresser aux fluctuations de N autour de sa limite [, solution

de (T.2.13).

1.2.2 Fluctuations autour de la limite champ moyen : théoréme central limite

Dans cette section, nous introduisons les notions mathématiques propres a l’obtention d’un
théoreme central limite, et présentons nos résultats.

Pour obtenir un théoreme central limite sur (u'V)

teny = VN — ).

Pour tout ¢ > 0, " est donc une mesure signée. Il n’est pas aisé de travailler dans cet espace,
puisque ’ensemble des mesures signées muni de la topologie de la convergence faible n’est en
général pas métrisable. Dés lors, deux approches sont envisageables :

N>1, on introduit le processus de fluctuation

(i) Etudier le processus & valeurs réelles (f,nMN).

(i) Considérer ¥ comme un élément du dual d’'un espace de Sobolev.
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Etat de ’art. Une dérivation informelle du théoréme central limite est donnée, a temps fixé et
pour l'algorithme ([1.2.8)), dans les articles [CRBVE20] et [RVE22] avec des considérations sur les
différentes échelles et le temps long. Concernant ’approche [JT21] considere - dans le cadre
de l'approximation champ moyen de processus de McKean-Vlasov - une généralisation de cette
approche, en considérant le processus t — vV N(®(ul¥) — ®(fi;)) € C(R4,R), ot & : P(RY) = R
est une fonctionnelle non linéaire.

L’approche a été utilisée dans plusieurs travaux pour ’étude d’équations de type McKean-
Vlasov [FM97b, IGKM ™96, [JM98a] ainsi qu’en théorie des jeux a champ moyen [DLRIOD]. C’est
cette approche que nous allons suivre, en s’inspirant d’idées développées par [SS20a]. Notre
contribution consiste 4 mettre en ceuvre rigoureusement les idées de ce dernier ar-
ticle, en les adaptant au cas d’un mini-batch et d’un bruit (voir Théoréme ,
ainsi que de mettre en évidence un régime limite lorsque le bruit additionnel est
trop intense (voir Théoréme [1.18)).

Résultats. Comme nous I'avons dit, nous considérons ici 7 comme un élément du dual d'un
espace de Sobolev, plus précisément comme un élément de Pespace H ™7 (Rd), dual de 'espace
HI(RY) = W(‘)] 2(RY). Justifions que cela est licite. Comme 7 fait intervenir des mesures de
Dirac (via p)"), les fonctions tests associées a ) doivent étre définies en chaque point de R%;
or, dés que J > d/2, on a l'injection de Sobolev

HJ(RY) — Cy(RY),

ce qui rend (f, 7" >7{g (Rd), 17 (rd) bien défini. Nous noterons plus simplement (f,n) ce crochet
de dualité par la suite.
Introduisons maintenant 1’équation différentielle stochastique généralisée qui caractérisera la

limite en loi du processus de fluctuations (n™)y>1 :

(f,me) = (f+70) :/0 (LP f,ns)ds + (f, %), f€CXRY, (1.2.15)

ol £*#s est un opérateur différentiel dépendant de la limite champ moyen obtenue par le théoréme
et 4 € C(Ry,H 7 (R%)) est un processus gaussien en dimension infinie, appelé G-process,
et défini ainsi

Définition 1.14 (G-process). On dit que 4 € C(Ry, H™7(R?)) est un G-process si pour tout
kE>1, et fi,....fr € HIRY, {t = ((f1,%), - (%), t € Ry} € C(Ry,RF) est un
processus a moyenne nulle, a incréments indépendants et de structure de covariance donnée par :
pour tous 1 < 4,7 <k et 0 <s<t,

2 s

Cov((n D {1:90) = G5 | Covtayan(QulA)@). QL) o ) (12.16)

ou QV[f](x7y) = (y o <U*(,$),ﬁv>)<Vf : VWU*('7x)7ﬁv>7 ol f est donné par le théoréme '
Nous pouvons maintenant définir les solutions faibles de (|1.2.15)).

Définition 1.15 (Solution faible). On dit que j € C(Ry, H™7/(R?)) est solution faible de (1.2.15)
avec donnée initiale v € H™7(R?) s’il existe un G-process tel que (1.2.15)) soit vérifiée presque
surement et ng = v en loi.

Ceci conduit & la notion d’unicité faible.

Définition 1.16 (Unicité faible). On dit qu’il y a unicité faible pour (1.2.15|) si, étant données
deuz solutions faibles n' et n* avec méme donnée initiale, possiblement définies sur des espaces
probabilisés différents, on a n* = n? en loi.
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Avant d’énoncer notre résultat, nous devrons faire une hypothese supplémentaire sur la distribu-
tion des poids initiaux.

AS5. Le support de pg est compact.

Notre théoréme central limite est le suivant.

Théoréme 1.17. Supposons B > 3/4 et Al.-A5. La suite (n™V)y>1 € DRy, H 7 (RY))
converge en loi vers l'unique solution faible de (1.2.15)) avec donnée initiale vo € H™/(RY) définie
par

(<f177/0>a" ° 9 <fk7V0>)T NN(Ovr(flv 7f/€))7 fl?" Ik € HOJ(Rd)? k > Il
ot D(f1,..., fx) désigne la matrice de covariance de (f1(W3),..., fr(Wa)T.

Commentaires sur le théoréme :

e Le théoreme est valable pour 5 > 3/4; la loi des grands nombres du théoréme m
est donc vérifiée. Pour que ce théoreme central limite soit valable, I'intensité du bruit
additionnel doit donc étre plus faible.

e le théoreme central limite signifie que

_ I

pr R i+ ﬁﬂu (1.2.17)
ou 7; satisfait (1.2.15)). Un intérét de cette formule est que si 'on sait échantillonner effica-
cement la fluctuation 7; (disons (7:(w;))™ ), alors on peut, & partir d’un estimateur )" (w)

de fi¢, obtenir plusieurs estimateurs de la limite champ moyen f; :

p (W) + \/lﬁﬁt(wi), i=1,...,m.
Ceci pourrait constituer une méthode pour simuler des réseaux de neurones, et obtenir
ainsi des deep ensembles [LPB17], sans avoir & entrainer les m réseaux de neurones. Notons
toutefois que la simulation de solutions d’équations de type n’est pas chose aisée,
et pas nécessairement plus rapide en temps de calcul que d’entrainer un réseau de neurones
(d’autant que les cas d’intérét sont en grande dimension d).

e Pour quantifier la déviation de uiv autour de sa limite champ moyen, la quantité d’intérét
est

*1 (77¢)
Var (),

N 1t

I'approximation ayant été obtenue grace a ((1.2.17). L’équation (|1.2.16)) nous donne l’ex-
pression exacte de la variance du G-process, qui montre que celle-ci décroit de facon in-

versement proportionnelle a la taille du mini-batch B. Cependant, notre équation
ne permet pas de relier directement la variance du G-process a la variance de 7, puisqu’a
priori 4, n’est pas indépendant de {75, s < t}. Notons toutefois qu’une décroissance de la
variance en fonction de la taille du mini-batch est attendue, étant donné que ’estimation
du risque populationnel par le risque empirique est plus exacte avec un grand mini-batch.
Numériquement, nous pouvons constater une décroissance de la variance de 7; avec la taille
du mini-batch, voir figure [1.2

Var(p') =~

On n’a a priori pas de théoréme central limite pour § < 3/4. En effet, dans ce cas, le terme
d’erreur e [f] diverge avec N (voir (1.2.18) et le point |(v) dans le schéma de preuve ci-dessous).
Les simulations numériques de la figure suggerent toutefois 'existence d’un régime critique
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FIGURE 1.2 : Décroissance de la variance de (f, ;) en fonction de la taille du mini-batch.
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dans le cas f = 3/4. Nous avons pu montrer mathématiquement, dans un cas particulier, que
dans ce régime critique, 1’équation est perturbée par un terme additionnel linéaire en
temps. Plus précisément, nous montrons, en dimension 1 et avec une fonction test particuliere,
le résultat suivant.

Théoréme 1.18. Supposons B = 3/4 et A1.-A5. La suite (nV)n>1 € DRy, H /(R)) est
relativement compacte et tout point limite suite la loi de n*, ou n* satisfait ’équation

t
o) — (o) = /0 (L7 f.05)ds + (f, ) + Blf(ED)], f:ze R 2

Schéma de preuve du théoréme Les étapes de la preuve sont les suivantes.

(1)

(i)

Obtenir une équation < pré-limite > pour le processus de fluctuation en utilisant 1’équation
< pré-limite > obtenue sur x¥ dans la preuve du théoréme et ’équation (1.2.13)) :

oy — (o) - /0 (2P f)ds — (FVNMY) = el (1], (1.2.18)

ot t — (f,/NM}) est une martingale et e}’ [f] un terme d’erreur.

Montrer la relative compacité de (™) y>1 C D(Ry, H™7(RY)). Pour cela, on travaille dans
des espaces de Sobolev a poids de différents ordres, pour utiliser des injections de Hilbert-
Schmidt et nos bornes sur les moments. Nous avons pour cela modifié un critere de relative
compacité de Kurtz [Kur75, Théoréme 4.20] pour pouvoir utiliser nos estimées de moments
des poids du réseau de neurones, obtenues au point de la preuve du théoreme m
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FIGURE 1.3 : Evolution temporelle du processus de fluctuation pour différentes intensités 8 du
bruit additionnel. On trace aussi la différence entre les courbes 8 = 0,75 et 8 = 1.
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Proposition 1.19. Soit Hi et Ho deux espaces de de Hilbert tels que Hi —n.s. Ho. Si
(nV)n>1 C DR, Hyb) satisfait les conditions :

(i) Pour tous T >0 et € > 0, il existe C > 0 tel que

sup P( sup ||77,fVHH_1 > C’) <e.
N>1 te[0,7) 2

(ii) Pour tous 6 >0, N >1,0<t,s<T avec |t —s| <9, il existe Fx(J) < +o0o tel que
B[l —n 11| < Fv ()
2

avec limgs_,o lim sup > Fy(5) = 0.

Alors la suite (NN )ny>1 C DRy, H ') est relativement compacte.

(i4i) Montrer que (v NMN)y>; € D(Ry,H™7/(R?)) converge en loi vers un G-process. Pour ce
faire, on montre d’abord que la suite (v NMYN) ~>1 est relativement compacte, en utilisant
les techniques du point précédent. Il s’agit ensuite de montrer que la suite (v’ NMN) N>1
admet une unique valeur d’adhérence. Pour montrer cela, on s’intéresse au processus testé
contre des fonctions. Plus précisément, on utilise un théoréme central limite pour les mar-
tingales (voir [EK09, Théoreme 7.1.4]) pour montrer que pour tous k > 1 et fi,..., fx €
HJ(RY), la suite

{t = ((fr, VNMN), .. (o, VNMM)), t € RyJyst

converge en loi vers un processus satisfaisant les conditions de la définition Pour
conclure, on montre par des considérations de théorie de la mesure que la loi de tout point
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limite ¢* de (\/N MN )n>1 est entierement caractérisée par les lois de

(f1.9"),. ., (fr.9")) € D(R+, RY),

ot k > 1 et (fx)r>1 est une base orthonormée de HJ (R?). Par unicité du point d’adhérence,
toute la suite (VNMY)y>1 € D(R4, H™7/(R?)) converge en loi vers un G-process.

(iv) Montrer I'unicité trajectorielle pour I'équation (1.2.15)), c’est-a-dire que si ' et 7% sont
deux solutions fortes de (I.2.15]) avec le méme G-process, alors n' = n? presque siirement.
n n
On utilise pour cela le lemme de Gronwall.

(v) Montrer que si (n*,%4*) est une valeur d’adhérence de (n™,vVNM™)y>1 (ce couple est

relativement compact par les points |(22){(211)), alors n* est solution faible de (|1.2.15) au

sens de la définition Pour ce faire, on montre que pour tous ¢ et f fixés :

e la fonctionnelle qui & (7}, v/ NM}) associe le membre de gauche de (T.2.18)) est conti-
nue.

e le terme d’erreur tend vers 0 : E[|el’[f]|] — 0 lorsque N — oc.

On a ainsi que pour tous t et f, presque strement, (n*,4*) satisfait 1’équation limite.
En utilisant un argument de continuité et de séparabilité, on peut conclure que le couple

(n*,9*) satisfait presque sturement (1.2.15).

(vi) En considérant deux points limites ! et n? de (7)) y>1, on a, en considérant des sous-suites
et en appliquant le point que n' et n? sont deux solutions faibles de (1.2.15)). On utilise

ensuite le fait que 'unicité trajectorielle implique 'unicité faibleﬂ pour conclure que

n' = n? en loi. Ceci conclut la preuve du théoréme m

)

Dans la section suivante, nous allons nous intéresser au paradigme bayésien, qui offre notamment
la possibilité de quantifier I'incertitude des prédictions des réseaux de neurones, ce qui est un sujet
d’une importance majeure au regard des innovations technologiques que les réseaux de neurones
sont & méme de produire.

1.3 Approche champ moyen pour ’inférence variationnelle dans le cadre des
réseaux de neurones bayésiens

Cette section est consacrée a la présentation de nos résultats relatifs aux réseaux de neurones
bayésiens. Nous commencerons par présenter en section le formalisme bayésien propre aux
réseaux de neurones, et plus particulierement l'inférence variationnelle. Nous présenterons ensuite
en section [1.3.2| notre premier résultat de limite champ moyen, qui a fait ’objet d’une publication
dans COLT 2023 [DHG™23|. Enfin, la section m présente un travail en préparation sur les
fluctuations autour de la limite champ moyen.

1.3.1 Formalisme bayésien pour les réseaux de neurones

En statistiques bayésiennes, la quantité a approcher - ici, les poids d’un réseau de neurones - est
modélisée par une variable aléatoire, appelée variable latente et notée w. La loi jointe de w et des
données = doit étre posée par le statisticien, sous forme d’une loi a priori p(w) sur la variable
latente et d’une loi conditionnelle des données sachant la variable latente, appelée vraisemblance
et notée p(z|w) :

p(w, ) = p(afw)p(w).

®Ce résultat remonte & [YWTI] et été utilisé pour un probléme similaire au nétre dans [DLRI9D] dans le cadre
des jeux a champ moyen.
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La loi de la variable latente sachant les données, appelée loi a posteriori, s’exprime alors grace a
la formule de Bayes, ou p(x) est la loi des données :

plalw)p(w)

p(wlx) = (o)

C’est cette loi qui contient toute I'information d’intérét, comme nous allons le voir plus précisément
dans le cadre des réseaux de neurones.

Les réseaux de neurones bayésiens. Une bonne introduction générale aux réseaux de neu-
rones bayésiens et aux questions qui s’y rattachent est donnée dans [JLBT22|. On notera

fw: X—=R

un réseau de neurones bayésien de poids w € #', ou X x Y est I’ensemble de définition des données
d’entrainement. Dans cette écriture w est la variable latente qui suit la distribution a poteriori
p(w|D), ou D C X x Y est le jeu de données d’entrainement.

Toute 'information sur les prédictions du réseau (par exemple des informations sur I'incertitude
liée a ces prédictions) est alors contenue dans la loi marginale (appelée aussi loi prédictive a
posteriori) p(y|x, D), qui peut s’exprimer & partir de la loi a posteriori et de la vraisemblance
L(ylz,w') :

p(ylx, D) = /7/ L(y|z, w")p(w'|D)dw’. (1.3.1)

Comme la vraisemblance fait partie du modele statistique, on voit que toute I'information s’ob-
tient grace a la loi a posteriori.

Malheureusement, ’espace # relatif a la variable latente étant typiquement de grande dimension,
cette intégrale n’est pas calculable; la formule n’est donc pas directement exploitable en
pratique. Concrétement, s’il s’agit par exemple de prédire un label § & une donnée d’entrée x, on
cherchera a échantillonner des poids (w;)i=1,...m de fagon i.i.d. suivant la loi a posteriori p(w|D),
et a utiliser une moyenne empirique :

i= > falo)
=1

On pourra alors calculer une variance empirique pour obtenir une information sur l'incertitude
prédictive relative a la donnée z.

Utiliser un réseau de neurones bayésien requiert donc de savoir échantillonner efficacement suivant
la loi a posteriori. Plus généralement, échantilloner des lois a posteriori est un enjeu majeur des
statistiques bayésiennes. A cette fin, les algorithmes les plus étudiés et utilisés sont les méthodes
de Monte-Carlo par chaines de Markov [RCC99]. Cependant, ces méthodes peuvent étre difficiles
a mettre en place lorsque les jeux de données sont grands et les modeles complexes. Dans ce cas,
I'inférence variationnelle, avec laquelle on n’échantillonne pas suivant la loi a posteriori, constitue
une alternative prometteuse.

Inférence variationnelle et Fvidence Lower Bound. L’idée de l'inférence variationnelle
est de transformer un probleme d’échantillonnage en un probleme d’optimisation [BKMI1T7]. Etant
donné un ensemble de densités de probabilités 2, faciles & échantillonner, on cherche celle qui
minimise la divergence de Kullback-Leibler par rapport a la distribution a posteriori :

¢* = arg min Zk1,(q|p(w|D)), (1.3.2)
qE2

29



ou la divergence de Kullback-Leibler de P par rapport a @ (ou P et ) sont absolument continues
par rapport a la mesure de Lebesgue, de densités respectives p et ¢), est définie par

ZxL(P|Q) = /log (5*

Minimiser cette divergence de Kullback-Leibler revient a maximiser une autre quantité, appelée
Evidence Lower Bound, que nous introduisons maintenant. Partant de (1.3.2), nous avons, pour
g€ 2,

FralalpwiD) = [ 1og (L1 Ytw)du
~ [ tos(atw)atu)du - [ tog(p(wlD))g(w)du
W W

= /// log(g(w))g(w)dw — /// log <pg€bl)))>q<w)dw

:/bmwmwm~/mmw0mww+mwm»
y/ 4 /2

En utilisant que la loi jointe p(w, D) s’exprime en fonction de la vraisemblance et de la loi a
priori P,
p(w, D) = L(y|z, w)P(w),

il vient
%mmwmbéymwmwwémww@ w)dw — Lm (w)dw + log(p(D))

Z—/fﬂlog(L(yl%w)) (w)dw + Zx1(q|P) + log(p(D)). (1.3.3)

Le dernier terme ne faisant pas intervenir la distribution ¢, minimiser Zki,(q|p(w|D)) revient
donc & maximiser

mmzaéyg@wmw»«wa—@m@u» (1.3.4)
Remarquons que par (|1.3.3)), Epo < log(p(D)), d’ott le nom Fvidence Lower Bound (ELBO).

L’écriture ((1.3.4)) est suggestive. D’une part le premier terme de ((1.3.4)) est une espérance (condi-
tionnelle) de la fonction de vraisemblance; la distribution g va donc placer sa masse sur des

w € ¥ qui maximisent la vraisemblance L(y|x,w). D’autre part, le deuxiéme terme est une di-
vergence de Kullback-Leibler par rapport a la distribution a priori. La distribution ¢ devra donc
étre proche de la distribution a priori. Maximiser I’Ey,, revient donc a chercher une distribution

q qui :

e permet au réseau de neurones de bien prédire les données observées (premier terme de
(T3-4))

e est proche de la distribution a priori (second terme de ((1.3.4))).

On retrouve donc, dans ce cas de I'inférence variationnelle pour des réseaux bayésiens, le classique
compromis entre risque empirique et terme de pénalisation. Ce lien avec les réseaux de neurones
classiques n’est pas propre au cas de l'inférence variationnelle, comme le montre la remarque
suivante.
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Remarque 1.20 (Lien entre loi a priori et pénalisation). Considérons une loi a priori gaussienne
(A>0)

w3
P(w) xe™ 2x,

un jeu de données d’apprentissage D = {x;,y;};", et une vraisemblance L(y|z, w, D) o ¢~ Loss(w)

avec une fonction de coit Loss(w) = 3 31 |yi — fw(zi)[>. Par la formule de Bayes, on obtient
la loi a posteriori

p(w|D) o< L(y|z, w, D)P

lwi3
o< 67% 2111 Iyi*fw(xi”ze* 2>\2 .

Echantillonner des poids w sutvant la loi a posteriori consiste a échantillonner des w proches de

a 2
W = arg max e 3 it lyi=fu(@)l® o= H2/|\|2
w
1 ¢ s w3
= argglax—i Zl lyi — fuw(xi)|” — T
P

= arg min 1 i lyi — fw(;,;i)‘2 + M
w 2 P 2

C’est cette derniere quantité que l'on cherche a approcher dans le cas des réseaux non bayésiens.

Ainsi, dans le formalisme bayésien, une loi a priori gaussienne correspond & une pénalisation
: 2

ridge | - 3.

Dans la remarque précédente, A est un hyperparametre qui quantifie I'importance donnée au
terme de pénalisation (ou de la loi a priori). Dans le formalisme bayésien, on peut de méme
introduire des hyperparametres, au niveau de la loi a posteriori. Il a notamment été montré que
des lois a posteriori froides ont de meilleures propriétés prédictives.

Remarque 1.21 (Loi a posteriori froides (cold posteriors)). On peut écrire la loi a posteriori
p(w|D) o L(y|z, w)P(w) = e V)

avec U(w) = —log(L(ylz,w)) — log(P(w)). Il a été montré empiriquement [WRYV™20]
qu’échantillonner des poids w suivant

6_%
avec 0 < T < 1 (loi a posteriori froide) donnait lieu a de meilleures performances prédictives

pour des réseaux de neurones sur des taches de classification.

Dans le cas de l'inférence variationnelle, minimiser la divergence de Kullback-Leibler de ¢ par
rapport a p(w|D) o e (voir (1.3.2))) correspond & maximiser 'ELBO (1.3.4) en remplagant
L(y|z,w) (respectivement P(w)) par L(y|z, w)"” (respectivement P(w)'/T). Cependant, dans le
contexte de l'inférence variationnelle, des études expérimentales [ZSDGIS, (OSK™19, [ALMV20)]
ont suggéré d’affaiblir uniquement le terme de pénalisation (distribution a priori) de (1.3.4), et
donc d’introduire, pour A = 1/7 > 1,

i = [ Tox(Llsle w)a(w)du =  FraalP). (135)

Le cas A = T = 1 correspond bien siir & Ej,,. Remarquons que Ep,,* s’obtient par les mémes
calculs que By, avec une loi a posteriori p(w|D) oc L(y|x, w)* P(w). Les études précédemment
citées ont suggéré différentes valeurs de A.
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Référence ‘ A

[ZSDGIS] A € {2,10}
[OSK*19) A€ {5,10}
[ALMV20] 102 <A< 10°

Dans [HMD™22|, les auteurs considérent le cas d’un réseau bayésien & une couche cachée, dans
le formalisme champ moyen, et montrent empiriquement que la valeur de A doit étre choisie pro-
portionnellement au nombre de neurones N de la couche cachée.

Notre travail consistera premierement a justifier rigoureusement que ce rapport
entre A et N est le bon. Nous verrons aussi d’autres conséquences a notre résultat, une fois
introduits les algorithmes concernés.

1.3.2 Algorithmes étudiés et loi des grands nombres

Le réseau de neurones que nous considérons est le suivant : pour N > 1, w = (w',...,w") et
T € X,
N 1
f’w (:C): N S(U)Z',l’),
i=1

ot s : R* x X — R est la fonction d’activation. Pour N > 1, nous considérons une famille
variationnelle de lois gaussiennes indépendantes

2% =1{4g9,0 € BTN} = {Up#N(0,1g) @ - @ Upn #N (0, L), (6., 0") € (RTHNY,
oil, pour 6 = (m, o) € R x R and z € R%, ¥y(z) = m + oz, de sorte que
Z~N(0,1) = Vy(Z) ~ N(m,o?1y), 0 = (m,o).

La quantité & maximiser (sur @ € (R4THN) est :
1
B = [ lop(Livle,w)a (w)dw ~ 3 Fia(a)|P). (1:3.6)
(RHN

Comme notre objectif est faire tendre N vers 4oo, nous allons nous placer dans un cas ou
I'intégrale sur (R?)" se simplifie (quand on considere le gradient de (1.3.6)) selon 8) , en considérant
la vraisemblance

L(y’x’ w) — 6_%|y_f111\’](x)|2/2w.

ce qui mene a

1 1
B == [ o= @R e - G 1P) - [ log(Zu)a) (w)dw. (13.7)
(RN RHN

En pratique, la maximisation de Ep,o" s’effectue par descente de gradient stochastique, ¢’est-a-
dire qu’on utilise ’algorithme, pour k£ > 1,

01 = 0 +nVeEY (0k, zk, yi),
0o ~ ME)@Nv
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ou (g, Yk )k>0 sont les données d’entrainement, n est un taux d’apprentissage fixe. En utilisant
la notation ¢(, z,x) = s(Vy(2),x), le gradient du premier terme de ((1.3.7)) se simplifie alors en

1
5 [ Valu— @R )
RN

1
- _5 /(‘Rd)N vei

1N
NZ/ N (y — o(07,27,2))Vep(0°, 2%, 2)y(2h) ... y(zM)dzt .. AN

N
1 2
R J 1 N 1 N
U E_l(b(e,z,x)‘ v(zY) . ooy(z)dzt . dz

j=17 B’
N
% |: Z l‘), V>)<v9¢(017 ) CC), 7> + <(y - ¢(ez7 "y x))Vggé(Hl, "y x)fY)] )
J=Llj#i

ott (¢(07,-,x),v) = Jra #(07, z,2)v(2)dz. En choisissant une loi a priori gaussienne, le deuxieme
terme de (|1.3.7]) admet une expression explicite. Quant au troisieme terme de (|1.3.7]), nous ferons
le choix, en premiere approche, de le négliger. Nous obtenons ainsi I’algorithme : pour k£ > 0 et
ie{l,...,N},

N
eerl = HZ Z ( k’ YTk )77) - yk) <v9¢(91k? 'axk)7’7>

J:1 JFi
(Alg-1d)
<<<z 7) = YIVod (0 s ax),7) — - VoTics(ay | P,

96 ~ Q-
Il s’agit du premier algorithme que nous allons étudier, et que nous appellerons « I’algorithme
idéal >, puisqu’il fait intervenir une intégrale (suivant 7(z)dz) incalculable explicitement en

général. En pratique, on utilise ’algorithme suivant, appelé Bayes-by-backprop, ou chaque intégrale
est approchée par une réalisation Z ~ N (0, Iy),

N
Ohs = O — ~15 > (606, Zh k) — ) Vool Zh i) — -V ict(a | P)

et (Alg-Bbb)

96 ~ Lo,

L’évolution des parameétres (01)Y | pour k > 0 s’étudiera 1a encore & travers 'évolution de la
mesure empirique

d+1
Z 0, € PRI, £>0.

Introduisons la fonction de cout 7 : P(Rd‘H) — Ry,

1

‘@W(N) = iE(X,Y)Nﬂ’HM)(" R X)a B '7> - Y‘Q]

Notre premier résultat est le suivant :

Théoréme 1.22. La suite (1) y>1 définie par (Alg-1d)) (resp. (Alg-Bbh) ) converge en probabilité
dans D(R.y, Po(RTY)) (resp. dans D(R, Py (Rd+1))) vers i € C(Ry, P.(R4TY)), définie comme
["unique solution de

{at,zt = —ndiv ([ (3 + Vo2iu(@!|)] ). (138)

Ho = Ho-
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Commentaires sur le théoreme [1.22 :

e Ce résultat justifie que la valeur de A\ doit étre du méme ordre de grandeur que N, afin
qu’aucun des deux termes constituant ne domine l'autre. En effet, si A était d’un
ordre de grandeur plus petit, la suite (u') N>1 divergerait, et si A était d’un ordre de
grandeur plus grand, le terme Vg@KL(qHPOl) n’apparaitrait pas dans I’équation (|1.3.8)).

e La limite champ moyen étant la méme pour les algorithmes (Alg-Id|) et (Alg-Bbbl), ce
résultat justifie que I'algorithme (Alg-Bbb)) est une bonne approximation de ’algorithme

idéalisé (Alg-1d).

e Pour simplifier les notations, nous avons considéré un méme taux d’apprentissage pour le
terme de vraisemblance et le terme de pénalisation; nous aurions pu prendre deux taux
d’apprentissages différents, ce qui n’aurait rien changé mathématiquement.

e C’est pour traiter 'algorithme idéalisé que nous avons fait ’hypothese d’une fonction de
colut quadratique. Dans le cas de 'algorithme , notre analyse pourrait s’adapter
au cas d’'une autre fonction de colt, moyennant des hypothéses de moments sur le gradient
de cette fonction.

L’équation (T.3.8) s’écrit, au sens faible : Vf € C;°(R4H1) et Vt € Ry,

<f’:u’t> fnU’O = _77/ /X v EREEY y,,us®v><V9f VQ¢( I )7[L5®’y>ﬂ'(dl‘,dy)d8
X
[ (VoF VoTrala! P, s
0
Remarquons que cette équation peut se réécrire :

fv:ut fnuU

/ / (s 21,2) — 9y )V - Voo(-s 22, 2), fis yZ2(de1, dzp)m(de, dy)ds
X><Y><(R”l)2
—77/ (Vof - VoZxL(q"|Py), is )ds.
0

Ainsi, I'intégration suivant v%? a le méme statut que celle suivant 7, c¢’est-a-dire que les variables
21 et zo peuvent étre considérées comme deux données supplémentaires, au méme titre que (z,y),
et devant étre échantillonnées a chaque itération de ’algorithme. En adoptant ce point de vue,
nous introduisons un nouvel algorithme :

N
i i n i n
Okr1 =0k — 2 Z (07, Zk, xx) — yi) Voo(Ok, 23, ax) — NVG-@KL(Q;;C‘P&) (Alg-MinV1)

0 ~ Ho,

ou Z}C, Zi ~ N(0, I;) sont des variables indépendantes. Nous appellerons cet algorithme Minimal-
VI, car il ne nécessite d’échantillonner que deux variables aléatoires gaussiennes a chaque itération
(Zi et Z2) tandis qu’il faut en échantillonner N avec 1’algorithme (Z],j=1,...,N).
Remarquons aussi que ce nouvel algorithme n’est pas une approximation directe de 1’algorithme
(Alg-1d)), puisque chaque intégrale de est approchée par une méme variable aléatoire.
Pourtant, comme nous le montrons dans le théoréme suivant, ces deux algorithmes ont la méme
limite champ moyen.
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FIGURE 1.4 : Distributions empiriques des parametres (GZL Nt J)i]il pour les trois algorithmes, pour
N grand.
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Théoréme 1.23. La suite (u") N>1 définie par (Alg-MinVI)) est converge en probabilité dans
D(R,P1(RY)) vers fi définie au théoréme|1.24,

Ce résultat est illustré en figure ou l'on peut voir, a différents temps ¢, les distributions
empiriques uf' des trois algorithmes se concentrer autour fi¢, leur limite commune. Ce théoréme
justifie également que lalgorithme (Alg-MinVI)) est une bonne approximation de I’algorithme
(Alg-1d)), au méme titre que I’algorithme , tout en étant moins coiiteux en temps de
calcul. Remarquons enfin qu’une application directe sur théoreme de Tanaka-Sznitman ([Got98],
Théroeme 3.2]), d’obtenir un résultat qualitatif de propagation du chaos, au sens de la définition
2

Corollaire 1.24. Introduisons, pour t > 0, la loi jointe
N __ % -
ry = Law(f}n,,i=1,...,N).

Alors, pour tout t > 0, la suite (er)Nzl est fiz-chaotique, au sens de la définition .

Remarques sur les preuves des théorémes et Les démonstrations completes
de ces deux théoremes se trouvent au chapitre |3 Les étapes de la preuve sont les mémes que
celles de la preuve du théoreme : trouver une équation < pré-limite >, montrer que la suite
(,uN )N>1 est relativement compacte, passer a la limite dans 'équation <« pré-limite > et enfin
montrer I'unicité de la solution a I’équation . Néanmoins, la démonstration du théoreme
dans le cas de 'algorithme idéal est grandement simplifiée, grace au lemme suivant.

Lemme 1.25. Pour tout T > 0, il existe cp > 0 tel que pour tous 1 <i < N et 0 < k < |[NT],
presque surement,
|0;c‘ S Ccr.

Autrement dit, les poids du réseau sont inclus dans le compact

Or = [—cr, ep].

Ce résultat de compacité permet d’obtenir des majorations presque stires, et non plus des ma-
jorations sur les moments des différentes variables aléatoires, ce qui rend ’ensemble des calculs
beaucoup plus simples. Plus fondamentalement, des simplifications substantielles des preuves sont
obtenues ; mentionnons en particulier les deux points suivants.

e La preuve de la relative compacité de (u™) ~>1. Pour montrer la tension de mesures a valeur
dans un espace de Skorohod, il y a toujours deux conditions & vérifier : I'une d’inclusion
compacte (par exemple le point de la proposition et lautre de régularité (par
exemple le point de la proposition . Ici, ¥ étant une mesure & support compact
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(grace au lemme [1.25)), la condition d’inclusion compacte est automatiquement vérifiée. La
condition de régularité se montre grace a l'inégalité suivante :

[ R VATAN CHfHoo<|t—8| +%) Vfel®(Or),0<t<s<T,N=1 (13.9)

e La preuve de la continuité des valeurs d’adhérence de (uV)y>1 € D(R4, P(R?)). En faisant
tendre t — s~ dans (1.3.9)), on obtient que les sauts de s — (f, #Y) tendent uniformément
vers 0 lorsque N — oo, ce qui montre le lemme suivant.

Lemme 1.26. Soit f € C®°(RI*Y). Toute valeur d’adhérence de ({f,pu™¥))n>1 C D(R4,R)
appartient presque surement ¢ C(R4,R).

De 14, on va pouvoir montrer que toute valeur d’adhérence p* de (u™V)n>1 € D(R4, P(R?))
est presque stirement continue, c’est-a-dire que pour tout 17" > 0,

P, VO <t <T, Vf €CO7), (fiul) —ese (fop). (1.3.10)

Cette assertion est plus générale que celle du lemme puisque le sous-ensemble de
mesure 1 de cette derniere assertion est uniforme sur les fonctions test f. Pour intervertir
les symboles < p.s. > et < Vf >, on va utiliser le théoréme de Stone-Weierstrass qui fournit
une famille (f,)n>1 de polynomes dense dans C(©7). Par le lemme on a que presque
strement pour tout n > 1, t — (f,,p;) est continue. Or, grace au théoreme de Stone-
Weierstrass, on peut, pour toute fonction f € C(©r), trouver une suite (fn,, Jm>1 C (fn)n>1,
qui converge uniformément vers f. En particulier, la suite {t — (fn,,, ;) }m>1 converge
uniformément vers t — (f, uy), ce qui implique la continuité de cette derniere fonction, et

donc P’assertion (|1.3.10]).

Les preuves pour les algorithmes (Alg-Bbb)) et (Alg-MinVI) ne permettent pas de bénéficier du
lemme m puisque les variables Zj ~ N(0,I) ne sont pas bornées. On doit alors utiliser des
estimées sur les moments des variables aléatoires comme dans le théoréme .10l

Il parait clair que la convergence de ! vers ji va étre plus rapide pour les algorithmes (Alg-Id))
et (Alg-Bbb|) que pour I'algorithme (Alg-MinVI)); on va dans la prochaine section s’intéresser a

la vitesse de convergence de u!V vers fi, par un théoréme central limite.

1.3.3 Fluctuations autour de la limite champ moyen

Cette section présente un travail en préparation relatif a la vitesse de convergence de p” vers
i, pour les trois algorithmes présentés précédemment. Nous avons vu que deux de ces algo-
rithmes sont implémentables : algorithme (Alg-Bbb|) qui est communément utilisé et ’algorithme
, que nous avons introduit, moins couteux en temps de calcul. Pour vérifier que la
suite (p™V) N>1 relative a ce dernier algorithme converge moins vite vers la limite champ moyen
i que celle relative a ’algorithme , I’étude du comportement de la mesure empirique

N autour de [i est nécessaire. Une fois encore, nous introduisons le processus de fluctuations

n = VN - i) € H (RO, (13.11)

ou J > 1 est suffisamment grand. Nous montrons dans le théoréeme suivant que la limite en loi
de n"V, notée 7, satisfait une équation de la forme , avec un opérateur différentiel faisant
intervenir la divergence de Kullback-Leibler par rapport a la distribution a priori. Nous donnons
ici I'expression explicite de cette équation.

36



Théoréeme 1.27. Considérons p définie par les algorithmes (Alg-Id)), (Alg-Bbb) ou
(Alg-MinVI), et fi définie par (L.3:8). Alors la suite (n™)n>1 C DRy, H ™7 (RITY)) définie
en converge en loi vers 7 € C(Ry, ™7 (R1)), lunique solution faible de I’équation :
Vt >0, Vf € CP(R4TL),

<f? ﬁt> - <f¢ ﬁ0> = _77/0 /X Y<¢(.’ -7.%') — Y, Us ® 7><V9f . ngﬁ(., '1x)7773 ® 7>7r(d$,dy)ds
_n/o /X Y<<f>(.,.,:c),ﬁs RYNVof - Voo (-, -, x), fis ® y)m(dz, dy)ds

t
= 77/ (Vo - VoZxL(q'|Py), 7ls)ds + %[ f],
0
ou 1o est définie par

(<f17770>7"'7<fk:7ﬁ0>)TNN(O’F(f17"'7fk))7 fla---7 ker)](Rd+1)a kZl,

avec T(f1, ..., fx) la matrice de covariance de (f1(65), ..., fe(03)T et ou G est un G-process (voir
définition de structure de covariance :

e dans le cas des algorithmes (Alg-1d) et (Alg-Bbb) : Vf,g € HJ(R1),v0 < s < ¢,

Cov(%f], %ulg]) = 2 /0 " Cov(QUA 1, ¥, o), Qlol(, ¥, o)),

ot Q[f](ma Y, ﬂv) - <¢<7 '71') — Y,y ® 7><V9f : VQ(b(', ',l‘),ﬂv 029 7>
e dans le cas de lalgorithme (Alg-MinVI) : Vf,g € HJ(RH1),v0 < s < ¢,

Cov(4If], %lg)) = n* /08 Cov(Qlfl(z,y, 2", 2% iw), Qlgl(z, y, 2, 2°, fiw))d,

ou Q[f](xvya Zla 227/-_}’1)) = <¢(',Z1,$) - yvﬂv><v9f : V9¢(',Z2,l'),ﬂv>-

Commentaires sur le théoréme [1.27] :

e Remarquons tout d’abord que les algorithmes (Alg-Id|) et (Alg-Bbb) vérifient le méme
théoréeme central limite. Cela montre donc que I'algorithme utilisé en pratique (Alg-Bbb))
est une approximation exacte de I’algorithme , non seulement au sens de la limite
champ moyen (comme nous l’avons montré par le théoreme , mais également au sens
des fluctuations autour de cette limite. Il s’agit du premier résultat mathématique en ce
sens.

e La structure de covariance du G-process ne fait pas intervenir les variables Z', ... Z" dans le
cas de I’algorithme (Alg-Bbb]), tandis qu’elle fait intervenir les variables Z', Z? dans le cas de
Palgorithme (Alg-MinVI|). Ceci met en évidence la différence de statut de ces variables : dans
le cas de 'algorithme , les variables Z!,...Z" font partie du modele, au méme
titre que les parametres §°, tandis que dans le cas 1’algorithme , les variables
Z' 7Z? apparaissent comme extérieures au modele, comme des données additionnelles, sur
lesquelles le modele s’entraine, comme nous 'avions déja évoqué avant d’introduire cet
algorithme.

e Le schéma de preuve est identique a celle du théoreme hormis pour la convergence
de (VNM™N)n>1 vers un G-process dans le cas de I'algorithme (Alg-Bbb)) (voir |(44i)| dans
le schéma de preuve du théoréme [1.17)). En effet, comme dit précédemment, les variables
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FIGURE 1.5 : Réalisations de (f, V) a différents temps, illustrant la plus lente convergence de
uV vers i pour I'algorithme (Alg-MinVI).
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Z',...ZN font dans ce cas partie du modele, ce qui impose, pour obtenir la structure de
covariance du G-process, de considérer la mesure empirique jointe

N
1 , A+l pd
t N z_: LNtJ’ZzLNtJ) € P(R xR )

Remarquons qu’on ne peut pas obtenir de théoreme central limite (ni méme de loi des
grands nombres) directement sur la suite de processus {t — p¥ } y>1, puisque celle-ci n’est
pas relativement compacte, du fait que la suite (Z}C) >0 est une suite de variables aléatoires
indépendantes. Nous avons en revanche démontré le résultat de convergence suivant, qui
est suffisant pour appliquer le théoréme central limite sur les martingales (déja utilisé dans
le du schéma de preuve du théoreme [1.17)).

Proposition 1.28. Si u’¥ — [ presque sirement dans D(R.,P1(R4T1)), alors presque
surement, pour tous 0 <t < T,

pN —— [i; ® v dans P(R¥! x RY).
N—o0

Nous étudierons précisément la convergence de la martingale vers le G-process au chapitre 4]

e Comme pour le théoreme 9, n'est a priori pas indépendant de {7s,s < t}, ce qui
ne permet pas d’obtenir directement une information mathématique sur la différence de
variance de 7; selon que 'on considere les algorithmes (Alg-Bbb)) ou (Alg-MinVIJ).

La derniere remarque montre que l'information fournie par le théoreme central limite est limitée,
au sens ol il ne permet pas de quantifier précisément la plus lente convergence de pu? vers fi,
dans le cas de l'algorithme (Alg-MinVI)). En pratique on observe bien cette différence de vitesse
de convergence, comme on peut le voir sur la figure La question naturelle est alors de savoir,
pour une précision € > 0 et un temps d’apprentissage ¢ donnés, quel nombre N de neurones il
faut considérer pour que uf’ soit proche de fi; & une précision d’e pres, le nombre d’itérations de
lalgorithme de descente de gradient étant alors, rappelons-le, de | Nt]. Bien siir, ce nombre N
sera plus grand pour l'algorithme que pour ’algorithme . On pourra alors
calculer le nombre de variables aléatoires Z}'c simulées par les deux algorithmes, et savoir ainsi si
I’algorithme est plus ou moins couteux en temps de calcul, eu égard a sa position
autour de sa limite champ moyen. C’est a cette question que nous comptons répondre par des
simulations numériques, qui feront partie de ce travail en préparation.
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1.4 Conclusions et perspectives

Le fruit de cette these a tout d’abord été d’apporter de la rigueur a des résultats déja connus,
concernant les réseaux de neurones classiques, ot nous avons donné une preuve rigoureuse de la
loi des grands nombres et du théoréme central limite. Nous avons mis en évidence que ’analyse
de I’équation satisfaite par la limite champ moyen est délicate, et que peu de résultats a son
sujet sont connus a ce jour. En particulier, la question de la convergence en temps long vers un
minimum de & reste ouverte. En outre, le théoréme central limite nous a permis de quantifier
mathématiquement l'influence du mini-batch sur la réduction de variance, lorsque ’on considere
la limite champ moyen ; nous avons également identifié une intensité de bruit additionnel limite,
au-dela de laquelle le théoreme central limite n’a plus lieu. Il serait toutefois intéressant de quan-
tifier I'erreur avec la limite champ moyen, dans le cas § = 1/2 ou I’équation limite est perturbée.
D’une maniere générale, les limites de ’approche champ moyen résident dans la complexité des
équations obtenues (loi des grands nombres et théoréme central limite), qu’il est difficile d’ana-
lyser. Une étude plus approfondie des équations aux dérivées partielles obtenues par ces deux
théoremes s’avere donc nécessaire pour pouvoir pleinement tirer profit de cette approche, tant
sur le plan théorique que pratique (le théoréme central limite pourrait étre utilisé pour quantifier
I'incertitude de prédiction du réseau, ou pour simuler d’autres réseaux de neurones et obtenir
ainsi des deep ensembles [LPB17] par exemple).

Pour aller plus loin dans ces résultats asymptotiques, les grandes déviations autour de la
limite champ moyen pourraient étre étudiées, en utilisant les méthodes similaires a celles em-
ployées par [DLR20]. Dans un autre registre, pour obtenir des taux de convergence a N fixé,
I’étude d’inégalités de concentration pourrait étre menée, afin de compléter les résultats obte-
nus dans [MMM19] en obtenant des inégalités faisant intervenir les distances de Wasserstein
entre la mesure empirique ¥ et la mesure limite ;. A cette fin, les méthodes développées dans
[DGW04, [FG15] pourraient étre mises en ceuvre.

Notre analyse champ moyen de 'inférence variationnelle pour les réseaux bayésiens montre
plusieurs choses. Premierement, elle prouve que le terme de pénalisation de 'ELBO doit étre
tempéré par un facteur 1/N. Deuxiémement, elle montre que I’algorithme utilisé en
pratique, en utilisant une seule variable aléatoire pour approcher une intégrale, est une bonne
approximation de l'algorithme idéal , tant au niveau de la loi des grands nombres que du
théoreme central limite. Enfin ’équation satisfaite par la limite champ moyen nous a permis de
trouver un nouvel algorithme, qui partage cette méme limite champ moyen. Ce nouvel algorithme
differe des deux autres au niveau des fluctuations autour de cette limite (& cause du G-process) ;
un travail en cours completera ces résultats par une analyse numérique.

Enfin, la généralisation de ces résultats au cas de réseaux profonds (avec plusieurs couches),
et tout d’abord la limite champ moyen vers une équation de type flot gradient, est un probléeme
difficile et ouvert. En effet, dans le cas d’un réseau & une couche caché, chaque poids W7 est
un élément de RY, ot d est la dimension des données d’entrées. Si I’on rajoute une couche,
chaque poids de cette nouvelle couche sera un élément de RV, ott N est le nombre de neurones
sur la premiere couche. Passer de une a deux couches cachées nécessite donc de travailler dans
de nouveaux espaces, et d’utiliser d’autres techniques d’analyse. Dans le cas d’un entralnement
continu, une analyse est menée dans [CVEB22]. D’autres méthodes de généralisation au cas de
plusieurs couches ont été proposées dans [AOY19, Ngul9, INP20, [SS22].
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Chapter 2

Law of large numbers and central
limit theorem for wide two-layer
neural networks: the mini-batch and
noisy case

This chapter corresponds to the preprint [DGMN22]. It is a joint work with Arnaud Guillin,
Manon Michel and Boris Nectoux.
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Abstract

In this work, we consider a wide two-layer neural network and study the behavior of its empirical
weights under a dynamics set by a stochastic gradient descent along the quadratic loss with mini-
batches and noise. Our goal is to prove a trajectorial law of large number as well as a central
limit theorem for their evolution. When the noise is scaling as 1/N” and 1/2 < < oo, we

rigorously derive and generalize the LLN obtained for example in [CRBVE20, MMMT19, [SS20b].
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When 3/4 < 8 < oo, we also generalize the CLT (see also [SS20a]) and further exhibit the effect
of mini-batching on the asymptotic variance which leads the fluctuations. The case f = 3/4 is
trickier and we give an example showing the divergence with time of the variance thus establishing
the instability of the predictions of the neural network in this case. It is illustrated by simple
numerical examples.

2.1 Setting and main results

2.1.1 Introduction

Setting and purpose of this work. Thanks to their impressive results, deep learning tech-
niques have nowadays become standard supervised learning methods in various fields of engi-
neering or research [GBCI16]. A robust understanding of their behavior and efficiency is however
still lacking and a large effort is put towards achieving mathematical foundations of empiri-
cal observations. Among this effort, the case of wide two-layer single network, and its con-
nection with mean-field network, has particularly been fruitful, as considered for example in
[RVE18al, IMMN18, [SS20bl [SS20a]. In such setting, a convergence towards a limit PDE system
can be established when the neuron numbers goes to infinity. The behavior in long time of this
limit PDE may then give an easier framework to establish the convergence towards minimiz-
ers of the loss function of the neural network. Partial results can be found in this direction
[MMN18, [CB18a] but as underlined in [E20], a lot still remains to be understood and proved
mathematically rigorously. In this context, our work is two-fold. First, we will concern ourselves
with the mathematical justification of the law of large numbers and central limit theorems of
the trajectory of the empirical measure of the weights, under the optimization by a stochastic
gradient descent (SGD), with mini-batching and in the presence of noise with a range of scalings.
Mini-batch SGD [BCNIS]| is widely used in machine learning since it allows for shorter training
times thanks to parallelisation, while reducing the variance in SGD estimates. How to choose
the optimal mini-batch size, and furthermore with theoretical guarantees, remains an active re-
search line [KMN™17, [SLT8, | GLQ™19]. Introducing noise in SGD, as considered in [MMNTS], can
lead to better generalisation perfomance thanks to an improved ability to escape saddle points,
as shown in [JNGT21]. Note that this differs from the analysis approach consisting in directly
modelizing the noise of SGD as for instance done in [WHX"20, [SGNT19|. Second we will do so
by providing a rigorous framework which could be generalized to study overparametrized limit
of other neural networks (e.g. deep ensemble, bayesian neural networks, ...). Thus, the benefit
of the overparametrized limit and its convexification of the loss landscape through a non-linear
PDE could lead in these different architectures to derivations of theoretical guarantees of conver-
gence, while it remains hard to analyse these landscapes directly in the case of a finite number
of neurons, even large.

Let us now precise the framework for this paper. Let (€2, F,P) be a probability space, and
X and Y be subsets of R™ (n > 1) and R respectively. In this work, we consider the following
two-layer neural network

1< A
g (x) == NZU*(W’,x), (2.1.1)
=1

where x € X denotes the input data, g{,vv(x) € R the output returned by the neural network,
0. : RY x X — R the activation function, N > 1 the number of neurons on the hidden layer,
and W = (WL ..., WN) € (RHN are the weights to optimize (d > 1). In the supervised
learning setting, a data point (z,y) € X x Y is distributed according to m € P(X x ), where
P(X x Y) denotes the set of probability measures on X x ). Ideally, one chooses the weights
W = (W1 ...,W¥) as a global minimizer of the risk E;[L(gi}(z),y)], where L: R x R — R
is the so-called loss function (E, stands for the expectation when (z,y) ~ 7). In this work,
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we consider the square loss function out of simplicity, but other loss function or classification
problem could be considered, namely:

Lgiv (), ) = 59w (@) —y|"

Since the risk can not be computed (because 7 is unknown), the parameters are usually learned
by stochastic gradient descent. In this work, we consider the mini-batch setting with weak noise,
which is defined as follows. First, for £ > 0, consider ((z}, y))n>1 a sequence of random elements
on X x Y (each (x},y;) being distributed according to 7), and N}, a random element with values
in N* ={1,2,3,...}. Then, the mini-batch By is defined by:

By = {(z},91), ..., (xiv’“,y,iv’“)}, in particular |Bg| = Nj, where |By| denotes the cardinality of By.

In addition, at each iteration of SGD, we add a Gaussian noise term, whose variance is scaled
according to N~2# with 8 > %, hence qualified weak. Note that the case of Gaussian noise with
B = 1/2 is addressed in [MMNI8] and could also be considered here in our setting, but with
additional assumptions to integrate the noise in the limit process.

Thus, the SGD algorithm we consider is the following : for k > 0 and i € {1,...,N},
Win =W+ <o ST (ol () Vwen (W) +

N|By| N (2.1.2)
W5 ~ no,

where i ~ N(0,1,) and pp € P(RY). The evolution of the weights is tracked through their
empirical distribution v{¥ (for k > 0) and its scaled version p (for t € Ry ), which are defined
as follows:

N
1
N . N.__ N
Vg =y Z(SW;i and g = vy
i=1
For an element 1 € My(R?) (the space of bounded countably additive measures on R%), we use
the notation

Pt = [ Flputaw)

for any f : R? — R such that [g. f(w)u(dw) exists. If no confusion is possible, we simply denote
(f,1)m by (f, u). For instance, considering the neural network (2.1.1)), we have, for any x € X,

N
1 .
gI]/VVk(w) = NZU*(WI~2>$) = <O'*(-,:E),I/]]€V>, k > 0.
=1

In this work, we prove that the the whole trajectory of the scaled empirical measures of the
weights defined by (namely {t — p¥,t € Ry }n>1) satisfies a law of large numbers and a
central limit theorem, see respectively Theorem [2.1and Theorem[2.8] We also exhibit a particular
fluctuation behavior depending on the value of the parameter 5 ruling the weakness of the added
noise.

Related works. Law of large numbers and central limits theorems have been obtained for
several kinds of mean-field interacting particle systems in the mathematical literature, see for
instance [Szn91, [HMS86l [FM97al, [JM98al, DLR19a, DMG99, [KX04] and references therein. When
considering particle systems arising from the SGD-minimization problem in a two-layer neural
network, we refer to [MMNIS§| for a law of large numbers on the empirical measure at fixed
times, see also [MMMI9]. We also refer to [RVEI8a] where conditions for global convergence of
the GD on the ideal loss and of the SGD with mini-batches increasing in size with N, as well
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as the scaling of the error with the size of the network, are established from formal asymptotic
arguments. Doing so, they also observe with increasing mini-batch size in the SGD the reduction
of the variance of the process leading the fluctuations of the empirical measure of the weights (see
[RVEISal Arxiv-V2. Sec 3.3]), until the mini-batches are large enough to recover the situation
of the idealized gradient descent (similar to an infinite batch), which leads to other order of
fluctuations (see [RVEISal Arxiv-V2. Prop 2.3]). We also refer to [CRBVE2()] for a similar line
of work on the GD on the empirical loss. A law of large numbers and a central limit theorem on
the whole trajectory of the empirical measure are also obtained in [SS20b] [SS20a] for a standard
SGD scheme. We also mention the work done in [DBDFS20] on propagation of chaos for SGD
with different step-size schemes. In this work, and compared to the existing literature dealing
with the SGD minimization problem in two-layer neural networks, we provide a rigorous proof
with precise justifications of all steps of the existence of the limit PDE (in particular, uniqueness
and relative compactness) in the law of large numbers as well as the limit process for the central
limit theorem on the trajectory of the empirical measure. This will be the basis for future
works on deep ensembles or overparameterized bayesian neural networks. We furthermore do so
in a more general variant of SGD with mini-batching of any size and weak noise (see (2.1.2)).
A noisy SGD was also considered in [MMNIS§]|, corresponding to = 1/2 in our setting, for
which they obtain for the LLN a different limit PDE than in the non-noisy case (presence of
an additionnal regularizing Laplacian term in the limit equation). While we could recover in a
straightforward manner a trajectorial version of [MMNI18], we consider here out of concision the
range 5 > 1/2, showing a single limit PDE for the LLN, and obtain a similar result for 5 > 3/4
for the CLT, while showing analytically for § = 3/4 and numerically for § < 3/4 a particular
fluctuation behavior. Furthermore, we analytically show the expected reduction, with the mini-
batch size, of the variance of the process leading the fluctuations of the weight empirical measure
and numerically display the reduction of the global variance.

2.1.2 Main results

The sequence {t — ,u,fv .t € Ry} > is studied as a sequence of processes with values in the dual
of some (weighted) Hilbert space on R?%. These Hilbert spaces are introduced in the next section.

Notation and assumptions

Weighted Sobolev spaces. Following [AF03, Chapter 3|, we consider, for a function g €
C*(RY) (the space of functions g : R — R of class C* with compact support), the following
norm, defined for J € N and b > 0 :

o |D¥g( )1/2
o= (3 [ L 00"

k|<J

Let H7?(R?) be the closure of the set C3°(R?) for this norm. The space H’?(R?) is a Hilbert
space when endowed with the norm || - [|4z. The associated scalar product on H’?(R¢) will be
denoted by (-, -)5.s. We denote by H~7?(R9) its dual space. For an element ® € H~7*(R%), we
use the notation

(f.®)sp = ®[f], f€HPRY).

For ease of notation, and if no confusion is possible, we simply denote (f, ®) s by (f, ®). Let us
now define C’/*(R?) as the space of functions g : R — R with continuous partial derivatives up
to order J € N such that
Dk
for all |k| < J, lim 1D%g(@)]

=0.
lz]—so0 1+ ‘.’L‘|b
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This space is endowed with the norm

DFg(z
lolless == 3" sup 129N,

\k|<J rzeRA 1 + |x]b

We also introduce C,(R%), the space of bounded continuous functions g : R¢ — R, endowed with
the supremum norm. We also denote by Cp° (RY) the space of smooth functions over R? whose
derivatives of all order are bounded. We have C°(RY) ¢ H7*(R?) as soon as b > d/2 (more
generally z € R% — (1 — x(z))|z|* € H"*(R?) if b — a > d/2, where x € C°(R%,[0,1]) equals 1
near 0).

Weighted Sobolev embeddings. We recall that from [FM97a, Section 2],
HAIYRY) g HPP(RY) when £ > d/2, b > d/2, and a,j > 0 (2.1.3)

where <15, means that the embedding is of Hilbert-Schmidt type, and

HFIe(RY) < ¢7(RY) when £ > d/2, and a,j > 0. (2.1.4)
We set p p
L= [51 +3, 7:4[71 +5, and v, =y + 1. (2.1.5)
According to and since 7, > 7, it holds:
HLY(R) < C27(RY) — 27+ (RY). (2.1.6)

We set throughout this work, for all N > 1:
N={t—puN,teR,}.

When FE is a metric space, we denote by E’ its dual and by D(R, E) the set of cadlag functions
from Ry to E. For b > 0 and for all N > 1, xV is a random element of D(R,C*?(R?)’), and
thus also of D(Ry, H~7*(RY)), as soon as J > d/2 (by ([2.1.4)).

Let for k£ > 1,

Pu(RY) = {1 € P(RY), / ] p(dw) < oo}, (2.1.7)
Rd
which is endowed with the Wasserstein distance
Wi(, v) = [inf{E[| X — Y|*|], Px = g and Py = v}]"/*.

We refer for instance to [Sanl5, Chapter 5] for more about these spaces. We recall that Wy (u, v) <
Wy (1, v) (k> 1) and the dual formula for Wy (u, v):

Wieo) =sup{| [ fw)duto) = [ fap@ol iflw<1) @18
Note also that for all N > 1, ¥ is a random element of D(R., Pq(Rd)), for all ¢ > 0.
Assumptions. For N > 1, we introduce the o-algebras,
Fo' = o {{W§}il,} and, for k > 1, F = o {Wg {B;}iZg, {ei}i2), i € {1,...,N}}.  (2.1.9)

The main assumptions of this work are the following:

Al. For all k,q € N, |By| 1L ((«},y}))n>1. In addition, for all £ € N, (]Bk\, ((xz,yg))nzl) il
FN.
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A2. The activation function o, : R x X — R belongs to Cgo(Rd x X).

A3. Forall £ #k € N, (7, y)n>1 LL (2}, 97))n>1. In addition, for all k € N, (27, y2))n>1
is a sequence of i.i.d random variables from 7 € P(X x )), and E[|y|'07*] is finite.

A4. The randomly initialized parameters {W¢}Y, are i.i.d. with a distribution pg € P(R9)
such that E[|[W}[®7] < +oo.

A5. Forallk € Nandie€ {1,...,N}, et ~N(0,1,) and 52 1L FN. In addition, for all k,l € N
and 4,5 € {1,..., N} such that (i,k) # (j,1), €}, 1L e].

Law of large numbers for the empirical measure

Statement of the law of large numbers. The first main result of this work is a law of large
numbers for the trajectory of the scaled empirical measures.

Theorem 2.1. Let B > 1/2 and assume A5| Then, the sequence (u™N)n>1 converges in
probability to a deterministic element fi in D(R, Py(R?)). In addition, i € C(R4,P1(RY)) and
it is the unique solution in C(R.y,P1(R%) of the following measure-valued equation:

Vf € C®(RY),t € Ry,

(F, e} = {F, i)+ /0 /X 0 = (0.2, (VS Vo 2), ) e, dy)ds. - (21.10)

Corollary 2.2. Assume A5l Then, i € C(Ry,H LV(R?)). In addition, fi satisfies also
[2.1.10) for test functions f € HY(R).

Proof of Corollary[2.9. Note first that by o € COY (R — H~E7(RY) according to (2.1.6).
By ([2.1.10)), and it holds for all f € C*(R%) and 0 < s <t < T,

[(fy i) = (f )| < Clt = sl fllers sup [(T+ [+ [7, fiw)]-
u€[0,T)
Note that sup,cpo ) [(1+ [ - [7; fiu)| < +00 since t > 0 (1+ |- |7, iiy) € D(R+,R) (indeed this
follows from the fact that i € D(Ry,P,(R%)) and [Vil09, Theorem 6.9]). Thus, using (2-1.6)),
it holds fi; € H~2Y(RY) and [(f, i) — (f. fis)| < C|t — s|||f|l3z.~, proving the first claim in
Corollary [2.2] The second claim in Corollary [2.2]is obtained by a density argument and the fact
that HL7(R?) — CH(RY). O

On the proof of Theorem Theorem [2.1] is proved in Section The proof strategy
is the following. We first derive an identity satisfied by (u") N>1, namely the pre-limit equa-
tion (2.2.8). This is done in Section Then, we show in Section that (u™)n>1 is
relatively compact in D(R, P, (R?)). To this end we use [Jak86, Theorem 4.6]. The compact
containment of (™) N> relies on a characterization of the compact subsets of P, (R™!) (see
Proposition and moment estimates on {#%,i € {1,.. - N}}i—o,.., N7 (see Lemma . We
then use the pre-limit equation to prove that any limit point of the sequence (uV)x>1 in
DRy, P,(RY)) satisfies (2.1.10). This requires to study the continuity property of the involved
operator (namely A;[f], see Lemma . This the purpose of Section and more precisely
of Proposition there. With rough estimates on the jumps of the function t € Ry ~ (f, i)
(where f is uniformly Lipschitz over R%*1), we also prove in Section that any limit point
(M) n>1 in D(R4, P, (R?)) belongs a.s. to C(Ry,P1(R?)). This is indeed needed since we then
prove in Section that admits a unique solution in C(R.y,P;(R%)). To prove that
there is at most one solution to (2.1.10), we use arguments of [PRT15] which are based on a
representation formula for solution to measure-valued equations [Vil03, Theorem 5.34] together
with time estimates in Wasserstein distances between two solutions of derived in [PR16].
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Remark 2.3. In view of their proofs, Theorem and Corollary are still valid for v > %
and L > d/2 + 1.

Remark 2.4. When 3 = 1/2, one can obtain a similar limit equation for i, with an additionnal
(regularizing) Laplacian term in the limit equation. To derive it, one should consider a Taylor
expansion up to order 3 of the test function in the pre-limit equation . Let us mention that
the case = 1/2 is studied in [MMNI18] but only at fixed t. Straightforward application of our
method would lead to a trajectorial version of [MMNI18, Theorem 3] which we leave to the reader
for the sake of brevity.

Remark 2.5. Of course, one important question is the convergence of iy in long time. It is not
hard to see that the loss function decays (but not strictly a priori) along the training, i.e. with t.
This asymptotic behavior of iy ast — 400 has been studied in [MMNI18, Theorem 7] or [CB18d]
who give partial results in the case without noise. Roughly speaking, they prove that if it is
known that [y is converging in Wasserstein distance then it converges to the minimum of the loss
function. It is however quite hard to prove such a convergence. We refer also to [E20, MWW 20]
for what remains to do in this direction which is clearly a difficult open problem. In the case with
noise f = 1/2 then the situation is different as the limit PDE is a usual McKean-Vlasov diffusion
and one can study the free energy and study convergence in long time [MMNI18, Theorem 4.

Central limit theorem for the empirical measure

Fluctuation process and extra assumptions. Assume The fluctuation process is
the process n = {t — n/¥,t € R} defined by:

n = VN — ), N>1, teRg, (2.1.11)

where i = {t + [it,t € Ry} is the limit of (4™)y>1 in D(R4, Py (R?)) (see Theorem . Let
us introduce the following additional assumptions:

A6. The distribution ;o € P(RY) is compactly supported.
AT. |Bx| = |Bso| a.s. as k — 0.
Let
d , d
Jo > 4[51 + 8 and jo = [51 + 2. (2.1.12)
For later purpose, we also set
d , d d . d
Ju=2[35] +4,j1=3[5] +4, Jo = 3[5] +6, and j2 = 2[3] +3. (2.1.13)
By (2.1.3)), we have the following embeddings:

HIo~LI(RY) s HI22(RY), HP22(RY) ops HOTVRY), HIV(RY) s HET(RY).
(2.1.14)

G-process and the limit equation.
Definition 2.6. We say that 4 € C(Ry,H ™79 (R%)) is a G-process if for all k > 1 and
fl"-vfk € %JO’jO(Rd)} {t = (<flvgt>a---a<fkagt>)T7t € R+} € C(R-i-aRk) is a process with

zero-mean, independent Gaussian increments (and thus a martingale), and with covariance struc-
ture given by: for all 1 <i,5 <k and all 0 < s <,

Cov (Ufin ), ;> 4)) = 0B [@] [ eov@uii@. Qitl@ma, @119

where Qu[f](x,) = (y — (02 (), ) (V- Vo (@), i) for f € M (RY) and i is given by
Theorem [2.1]
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Let us make some comments about Definition 2.6l The first one is that we have decided to call
such a process G-process to ease the statement of the results. In addition, notice that Qs[f](z,y) is
well defined for f € H7090(R?)) (indeed for all k € {1,...,d}, O, f € H7~LI0(R?) — HLV(RY))
and i € C(Ry,€ H~E7(R%))). Finally, we mention that by Proposition below, the law
of a process p € D(R,, H 7P (R?)) is fully determined by the family of laws of the processes
((fro )y (fres i)' € DR 4, R)¥, k > 1 and where {f,}4>1 is an orthonormal basis H”/*(R?).

For n a C(Ry,H 7ot1Jo(R%))-valued process and 4 € C(R,,H 77 (R%)) a G-process (see
Definition [2.6)), define the following equation:

As. Vf e HP0(RY), vt e Ry,

o) — (o) = /0 /X 00 = (0.2, (TS Vo) (e, dy

- / / o(0u (-, 2), )V f - Vou (- z), o), dy) + (£.9).  (2.1.16)
0 JAXXY

Definition 2.7. Let v be a H~70t190(RY)-valued random wvariable. We say that a
C(R, H~JotLio(RY))-valued process n on a probability space is a weak solution of with
initial distribution v if there exist a G-process 4 € C(Ry, H™7070(RY)) such that (2.1.16)) holds
and g = v in distribution. In addition, we say that weak uniqueness holds if for any weak two
solutions n' and n? of (possibly defined on two different probability spaces) with the same
inatial distributions, it holds m = ny in distribution.

The second main result of this work is a central limit theorem for the trajectory of the scaled
empirical measures.

Theorem 2.8. Let § > 3/4. Assume A7, Then:

1. (Convergence) The sequence (n™)y>1 C D(Ry, H™/0tLio(RY)) (see (2.1.11)) converges in
distribution to a process n* € C(Ry, H~/0+hio(RY)).

2. (Limit equation) The process n* has the same distribution as the unique weak solution

n* of (2.1.16)) with initial distribution vy (see Definition , where vy is the unique
H—Jot1io(RY)-valued random variable such that for allk > 1 and fy ..., fr € H/O~Lio(RY),

(foms)s -5 (oo™ ~ N(O,D(f1, ..., f)),

where T'(f1,. .., fx) is the covariance matriz of the vector (fi(Wg),..., fe(W)T.

Remark 2.9. By looking at the definition of the G-process and in particular its covariance
[2.1.15)), one remarks the effect of mini-batching by the |Boo| ™! prefactor, thus leading to a re-
duced variance of the G-process. Note that this is quite intricate to deduce proper information
on the variance of the fluctuation process n, since the terms appearing in are a priori
dependent. Nonetheless, it will be shown through the numerical experiments of the next subsection
that the variance of fluctuation process reduces when the size of the mini-batches increases (see

in particular Figure .

Theorem is proved in Section , following inspiration from the previous works [FM97a,
JMO98al [DLRI9a]. The starting point to prove Theorem consists in proving, like in the
current literature [SS20a], that (n™)y>1 C D(R.y, H 7040 (RY)) is relatively compact (see Propo-
sitions . We then prove that the whole sequence (n'V) N>1 converges in distribution to the

unique weak solution of (2.1.16]) in Section m
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When 8 = 3/4, (nV)n>1 is still relatively compact in D(R,H ™ 7ot1J0(R9)) (see Proposi-
tion but the derivation of the limit equation satisfied by its limit points is more tricky.
However, in a specific case (when d = 1 and the test function is f; : € R + |2|?), Proposi-
tion below suggests how the equation might be perturbed, as shown numerically in
Figure and more precisely in the inset.

Proposition 2.10. Let § = 3/4 and assume that conditions hold. Let n be a limit
point of (™M) )n>1 in D(Ry, H™oH1I0(R)) (see Proposition . Then, ny = vy in distribution
(see Lemma , and there exist a D(R, H~7ot190(RY))-valued process n* and a G-process
G* € C(Ry, H™ 7090 (R)) such that n = n. in distribution, and a.s. for everyt € Ry,

(fa, ) — (Fa ) = /0 /X 0 = (0.2, TV - Vo 2,7, dy)

—/0 /Xxya@*(‘,:v),"?:xvh'VU*(',Q:),/LSM(dx,dy)—i-<f2,54t*)+tE[f2(g%)]'
(2.1.17)

2.1.3 Numerical Experiments

We now illustrate numerically the results derived in the previous sections. First, we consider
a regression task on simulated data, based upon an example of [MMNI18]. More precisely, we

consider (2.1.1)) with o, (W?* x) = f(W*- x) where

—2.5 if t < 0.5,
F(t) =410t — 7.5 if 0.5<t< 1.5,
75 if ¢ > 1.5.

The distribution 7 of the data is defined as follows: with probability 1/2, y = 1 and = ~
N(0, (1 + 0.2)21;) and, with probability 1/2, y = —1 and x ~ A(0, (1 — 0.2)?1;). This setting
satisfies the assumptions of Theorems and except due to the fact that f is not
differentiable at ¢ = 0.5 and ¢t = 1.5 (a smooth modification of f around those points would
tackle this problem and would not change the numerical results).

Then, we consider a typical classification task on the MNIST dataset. The neural network we
consider is fully connected with one-hidden layer of N neurons and ReLU activation function'}
The last layer is a softmax layer (we consider one-hot encoding and use Keras and Tensorflow
librairies). Given a data x € R? (d = 784 here), the neural network returns § = softmax((1W/ < -
Wh(z))9_,) where Wh(z) = (W . 2) )XY, is the hidden layer (W™ € R? is the weight of the
i-th neuron) and W€ € R¥ is the weight of the output layer corresponding to class c. The total
number of trainable parameters is thus d/NV 4+ 10N. The neural network is trained with respect to
the categorical cross-entropy loss. This case is not covered by our mathematical analysis and the
motivation here is to show numerical evidence that the variance reduction derived in Theorem [2.§]
is still valid in this case.

Variance Reduction with increasing mini-batch size. We illustrate here that the variance
of the limiting fluctuation process decreases with the mini-batch size, even though we only have a
mathematical structure of the variance of the G-process (see together with Remark [2.9)).
On both experiments, we consider a fixed mini-batch size during the training (i.e. |Bg| = |B|
for all £ € N). We first consider the regression task. Consider L = 1000 neural networks
(initialized and trained independently) whose N = 800 initial neurons are drawn independently
according to pg = N(0, %Id). For each neural network, we run k = 1000 iterations of the

'ReLU function (-)4+: u € R+ 0if u < 0, u if u > 0.
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Figure 2.1: Variance V reduction of the fluctuation process with increasing mini-batch size. Left:
Regression task on simulated data. V is an empirical estimation from 1000 realisations of the
variance of (|| - ||2, #i¥ ), where N = 800 and ¢ = 1.25. The other parameters are d = 40, a = 0.1,
B = 1, and the noise is €, ~ N(0,0.017;). The boxplots are obtained with 10 samples of V.
Right: Classification task on MNIST dataset. V is an empirical estimation from 30 realisations
of the variance of + Z;V:1 Wko’o’j, where N = 10000 and k£ = 3000 (¢ = 0.3). The boxplots are
obtained with 10 samples of V.
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%Zi\; HW/iH% where ¢ € {1,...,L},

Finally, we compute the empirical variance of this

SGD algorithm (2.1.2) and compute my := {|| - ||2, u¥) =

t=k/N =125 and |w]y = /37w

quantity, i.e.,
L
1 1
’mL):E E (mf—t

and display for different mini-batch sizes | B| in Figure[2.1|the obtained boxplots from 10 samples
of V. The other parameters are d = 40, a = 0.1, 8 = 1, and the noise is 62 ~ N(0,0.011y).
Second, we turn to the classification task. Consider L = 30 neural networks (initialized and
trained independently) with N = 10000 neurons on the hidden-layer, until iteration k& = 3000 of
the SGD algorithm (¢t = k/N = 0.3), and compute the mean of the weight of the output layer

L
V.= @(ml,...

corresponding to class 0, i.e., for each £ = 1,...,L, we compute my := % Z;VZI W,f’o’j. Finally,
we compute the empirical variance of this quantity, i.e., V = @(ml, ...,mp) and exhibit for

different sizes |B| the boxplots obtained with 10 samples of V in Figure

Central Limit Theorem. We focus here on the regression task. For different values of 3, we
plot in Figure (fa, V) for 0 < t < 8 (recall fo(z) = |2|?), to show the agreement of (f2,n;")
for different values of § > 3/4, corresponding to the regime of , and the divergence from
it when g < 3/4. For 8 = 3/4, we also illustrate the regime derived in Proposition The
parameters chosen are d = |B| = 1, N = 20000, o = 0.1 and €}, ~ N(0,0.01). The procedure to
obtain the plots is as follows. We first compute (f, uf¥) (we repeat this procedure 20000 times
to get confidence intervals). Then, we approximate (fy, i) by (f, u') where N’ = 250000. On
Figure we plot VN ((fo, Ny — (fo, ulN')) ~ (f2,nY) as a function of ¢.

2.2 Proof of Theorem |2.1

2.2.1 Pre-limit equation and remainder terms

In this section, we derive the so-called pre-limit equation (2.2.8). We then show that the remainder
terms in this equation are negligible as N — +o0.
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Figure 2.2: Time evolution of the fluctuation process for different values of 8 on the regression
task, with fo : 2 € R — |2]?, N = 20000, d = |B| =1, a = 0.1 and €}, ~ N(0,0.01). Confidence
intervals are obtained from 20000 realisations. The case 8 > 3/4 is driven by . The case
B = 3/4 is driven by . The case < 3/4 is not covered by our analysis. The inset exhibits
the linear term in time appearing in (2.1.17]).
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Pre-limit equation

In this section, we introduce several (random) operators acting on C%7*(R%). Using and ,
it is easy to check that all these operators belong a.s. to the dual of 27 (R?). The duality bracket
we use in this section then is the one for the duality in C*7*(RY). Let us consider f € C?7+(RY).
The Taylor-Lagrange formula yields, for N > 1 and k € N,

N
<f7 VIZXH> f7 Vlc = Z WkJrl le)

Z\H

N
VWD) - (Wi = Wi + 2NZ Wi = W'V (W) (Wi, — W),

1
==
'Mz 1§

@
Il
—

where, for all i € {1,...,N}, W,ﬁ e (Wi, Wi,,). Using (2.1.2), we have

i

N

=1 (z,y)€Bs
a
= NBi| Z (y = (0w 2), )V f - Vou (), i)
(‘Tvy)EBk
1 & o
+ N1 Z VI(WE) -ei + (f, BY), (2.2.1)
i=1
where, for N > 1, k€ Nand =1 N,
1 ,
(f, R% = 9N Z(Wk+1 Wk>TV2f(Wk)(Wk+1 Wi). (2.2.2)
i=1
For k € N, we define:
@ N N
<f7 Dk > (y_ <O'*(',l'),l/k ><Vf-VO'*(-,$),Vk >7T(dl',dy), (223)
N Jaxy
«
(x,y)GBk
Equation (2.2.1)) writes, for k£ € N,
1 U .
(Fovkin) = (o) = (£ D)+ (£ M) + £ B + 55 D VIOV eh (225)
i=1
Define for N > 1 and t € Ry:
[Nt]-1 |Nt|—1
(£,DY) = Y (. DF) and (f,MY):= > (f.M), (2.2.6)
k=0 k=0
with the convention that Y 5" = 0 (which occurs if and only if 0 < ¢ < 1/N). Tt will be proved

later that {t — (f, M}¥),t € R, } is a martingale (see indeed Lemma [2.24} - hence the notation.
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One has, for t € R4,

[Nt|—1 %
vt =% [, /Xxya<y—< (o2) ANV f - Vo (2,0 (e, dy)d
|[Nt|—1 %
- Z [v /X ya(y_<U*("x>vﬂé\7>)<vf'VU*(',SE),,MéVﬁT(d:E,dy)ds
k=0 N X
t

- / / oy — (2 2), 1))V f - Vo (), ¥ ym(de, dy)ds + (. V),
0 XxY
where (f, V;N), for t € Ry:
(FV) /M /X y (@), iV f - Vo (-, @), ) m(de, dy)ds. (2.2.7)

Therefore, using (2.2.5)), we obtain that the scaled empirical measure process {t ,u,{v ,te R4}
satisfies the following pre-limit equation : for f € C>"*(R%), N > 1 and t € R,

[Nt]—1
(Foudy = (Fomoy = Y (fvi) = ()
k=0
[Nt]-1 INt|-1 N
= (LD + (MY + > (fRY) le Z ZVf (W) -
k=0 =
t
— [ ] aly= (oo VS To) e, dy)ds
0 Xx)Y
[Nt]—-1 Nt|—-1 N
+ (LMY + (VN + Y (R + N1+ Z Zv
k=0 k=0 1i=1

(2.2.8)

In the next section, we study the four last terms of (2.2.8).

The remainder terms in 1) are negligible

The aim of this section is to show that the last four terms of (2.2.8)) vanish as N — +oo. This
is the purpose of Lemma The following result will be used several times in this work.

Lemma 2.11. Let 8 > 1/2 and assume A5 Then, for all T > 0, there exists a constant
C < +oo such that for all N >1,i€{1,...,N} and k € {0,...,|NT|},

E [|W,§|SV*] <C.
Proof. Let us recall the following convexity inequality : for m,p > 1 and z1,...,2, € R4,
m P m
(Z l‘l) <mpP! Z zy. (2.2.9)
=1

=1

Let C' > 0 denotes a constant, independent of i € {1,...,N} and 0 < k < |NT], which can
change from one occurence to another. Set p = 8v,. Fori € {1,...,N} and 1 < k < |[NT], we

have, using and [A 2] -

|Wk|S|Wo|+\§ Wia=Wi SIWil+ 5> % D (wl+C)+
§=0 ‘




Thus, by (3.9.3),

k—1 k—
, , 1 1 1
Wi < C|Wr + ( DRl
7=0 (z,y)€B; j=0
A = 1ok,
< C|Wil + ~ Z Iyl +C) + 5| Do .
]=0 y)EB Jj=0
We have:
1 |B51
B[y 3 ml+or] <clB[ 3o wr]+1)
| Bj , |1Bj| 2=
(:B’y)eBJ
and, using [A1] and (A3]), it holds for j > 0:
|B; 1B, |= +oo 1 q
=q
B[ 5 2] = > p[H Z i) =30 5 30 Bl s, ]
q=1 q=1 n=1
—+00 1 q
B SEDSE MG
q=1 n=1
=E[[yi[] < +oo. (2.2.10)
Thus, using the two previous inequalities, we deduce that:
k-1
1 1
E[— ]y| +C) } C.
z,y)EB

By . [[W{[P] < C. In addition, we have that, for i € {1,..., N},

Ea
e
—_

SC’Z‘ a’l

=1

-1
>
J

I

=)
.

I

)

Since we deal with the sum of centered independent Gaussian random variables, we have that,
forallie{l,...,N}andl € {1,...,d},

k—1

il

E H D5
=0

Putting all these inequalities together, we obtain that E [[Wi|P] < C [1 + JX,Z/;] < C (recall

B > 1/2). This concludes the proof of the lemma. O

p} < CkP/2 < CNP/2,

Lemma 2.12. Let > 1/2 and assume A5 Then, for all T > 0 there ezists C < oo such
that for all N > 1 and f € C*7+(R%),

(i) maxo<< nT) E [[(f, B < Cllifllcen [3z + 727 -
(ii) supsepom E [|(F, V)] < Cliflicar /N.

(iii) supseio.r) B [I(f, M{V)I?] < Cllf Iz /N

(iv) supicpo7 U N Tito | i VI(WY) €l

2
] < Clf|12an. /N2,
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Proof. Let T > 0 and f € C?>7*(R%). In what follows, C' > 0 is a constant, independent of N > 1,
t€[0,7], f, and k € {0,...,[NT| — 1}, which can change from one line to another.

Proof of item For k € {0,...,|NT]| — 1}, by (2.2.2)), we have

N
Cll fllczon i i 7t
(f, R < Clf ez Z (Wi = Wil2 (1 + W

N ). (2.2.11)
i=1
On the other hand, by (2.1.2)), we have:
Wi -Wil< 2o 3 (ol + ol (@) + 212
k+1 El = N\Bk] Yy 9w, NGB 2.

By (3.9.3) and the triangle inequality, we deduce

42
> (P + g, @) + 5]

, ; 1
2
(Wi = Wil” < C[Ng|Bk|(
By definition of\W,i, there exésts ol € (0,1) such that Wg = o, W} + (1 — o}, )W}, leading,
by (8.9.3), to Wi < C [|[Wi|" + W[, ,["]. Therefore,

1
NQ!BM(

|5i ‘2 . .
S (P + g, @) + | L+ WP + W)

Wi = Wi+ Wi < €|

c e Ay c 4 4
SW(1+|WI§P + [Wial™) +WBH( >l + lgw, ()Y

leblt + (1 + Wi + Wi

+ 5735 | 2] (2.2.13)

Plugging (2.2.13)) in (2.2.11)), we obtain

N
C||flcz 1 : : 2 1 4
B < SN (L W W )t e D +C

+ 5 ekl + @+ WP + Wi )] |- (2:214)
Finally, using Lemma and one deduces that E [|(f, RY)|] < C||fllcz (1/N? +
1/N?8). This proves item

Proof of item Let t € [0,T]. Since o, and all its derivatives are bounded (see [A2]), it
holds for all s > 0:

N
1 i
ouCsw) i) = | Do o Wiygow)| < € (2.2.15)
=1
and
S « ‘ Cllllezo- §- -
(V1 Vo) )] = | SV Wing) - Twon(Wiygpoo)| < ZERE S (14 Wiy ).
=1 =1
(2.2.16)

Notice that C' above is also independent of x € X. Since E[|y|] < 400 (see (A3)), we obtain

O 2,7% N ;
[ oo a0 T ) )| < SLRE S04 )

=1
(2.2.17)
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Noticing that s € (LN ) = | Ns| = | Nt], we obtain (see ([2:2.7))

C 2,7x N i
v (0= ) e Y i) (2218)

i=1
Then, by Lemma E [[(f,V")|] < C||fllc2= /N. This proves item |(ii)
Proof of item (%), Let t € [0,7]. Recall the definition of ¥ in (2.1.9) and (f, M}') in (2.2.4).

Step 1. In this step we prove that

E [|(f, M")*] < ClIflIg2nn /N?. (2.2.19)
With the same arguments as those used to get (2.2.15)) and (2.2.16f), we have
Clflleza- - -
i=1

Note that C above is also independent of x € X. By (3.9.3) and ([2.2.20)), we have:

C
| M) < NIB Y (= (ol a) DAV Vou (o)) + CIf, DY)
F 7y)€Bk
C
< g 2 (WP +ONVEVoulia), ) + OIS DI
F (xzy)EBk
Clf s 2 % ; Ny 2
< M, DT WP+ A+ W)+ Cl(f, DY) (2.2.21)
(z,y)EBy, i=1

On the other hand, it holds since (W}, ..., W}) is FN-measurable and by

N q N

E[|Blk| Z (|y’2 —|—C) Z(l + |WZ|’Y* } Z E 1|Bk‘:q2(’y2’2 +C>Z(1 + ‘Wé"y*)ﬂ

(z,y)EBy i=1 1 n=1 i=1
N

-Y iE i1y (P + O B[S0+ Wi

=1 ! n=1 i=1

_ 1 1|Bk‘:q} [Zq:|yk|2+c} [i(lﬂwlil”*ﬂ
n=1 i

i=1

»Q

N

= ZE[llBkhq}E{\yW + B[+ Wiy

a>1 i=1

:E[|y%\2+C}E{§:(1+W,§

=1

2 <en,
(2.2.22)

where we have used Lemma [2.11] and [A3] for the last inequality. Consequently, one has:

¢ 2,7
E[|(f, MM)?] < %

On the other hand, we easily obtain with similar arguments that E [|(f, D)'}?] < C| f||2.... /N?.
Together with (2.2.23)), this ends the proof of (2.2.19)).

+CE [(f.DY)?]. (2.2.23)
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Step 2. In this step we prove that for all k£ > 0:
E[(f, MM)|FN] =o0. (2.2.24)
For ease of notation, we set
QY [f)(z,y, {Witiz1,..N) = (y — <0*(',33),V;]§V>)<Vf Vo (- z), ). (2.2.25)

With this notation, we have (see (2:2.3)) (f, DY) = % Sy QN [f(z, y, {W}}iz1,. N)m(d, dy)
and <f7 M]iv> = m Z($,y)€Bk QN[f] (':Uayv {Wli}iZL...,N) - <fa DN> It then holds:

| Br|

Bl X QW@ {Wiko, | 7] = [,BMZQN (i g AW i) | 72

( 7y)€Bk

=Y B[, 5 QYR Wi dimr) | 7]
n=1

q>1

Since (Wkl,,WéV) is f,ﬁv—measurable, (]Bk\,((aﬁz,y,?))nzl) 1 FN and |Bi| I (@}, yi))n>1
(see |A 1)), we deduce that

q
E (15,4 > QVIA)af, v AW Yims,.) | 7|
n=1

q
=E |:]-|Bk|:q Z QN[f] (1"27 yl?’ {w/ic}’i:lw-vN)] ’{wi}l{le}l

E[1 5, -] {ZQ xkayz’{wz:}i:L“.,N)]‘{wi}‘_{wi}_
k=W i

= qE [1|Bk\:q] E [QN[f] (3317 y17 {w;g}izl,...,N)] ‘{w’ (Wi,

=q gE[1|Bk|:q] <f7 Dljﬂv>7

where we have used to deduce the last two equalities. We have thus proved that

E Nif Witie D).
[N\Bk] Z QY [fI(zy, vi s { k} LN ‘}—k} (f, D)
(z,y)EBy,
Therefore, using in addition that E[(f, Di)| FY] = (f, DY) (because (W},...,W}N) is FN-
measurable), we finally deduce (2.2.24]).

Step 3. We now end the proof of item Ifj >k, (f, M}) is .Ffv—measurable (because (f, M)
is }'ﬁl—measurable). Then, using also (2.2.24]), one obtains that for j > k:

E [(f, M) (f, M)] = B [(f, M")E [(f, M) FN]] = B [(f, My7) x 0] = 0. (2.2.26)
We then have (see (2.2.6)):
|Nt|—1
E [|(f, M{)]? E [|(f,MY)?]. (2.2.27)
k=0

Plugging (2.2.19) in (2.2.27)) implies item

o7



Proof of item |(iv), Let t € [0,7]. By Lemma Vf(W}) - €l is square-integrable for all
ke N andie{l,...,N}. From the equality

INt|-1 N INt]-1 N

B S Sviovp-dil]= 3 X BIVA - viov) <),

k=0 =1 7,k=0 i4=1

Recall that W2 is FN-measurable for all a € N and b € {1,..., N}, and that 2 1L FY (see|A5).
Let e, denotes the ¢-th element of the canonical basis of R? (¢ € {1,. d,}) Assume that
0<j<k<|Nt]—1. Then, 8 is FV-measurable, and it holds for all i, E e{l,....,N}:

d

E[Vf(W}) e, VW)l = > E[aenﬂw,i)aemf(Wf)af-em}E[ez-en] =0. (2.2.28)

n,m=1

because i ~ N(0, ;) (see|A5)). On the other hand, using we have for all 0 < k < |[Nt| —1
and when i # ¢ € {1,...,N}:

d

E[VF(W) -, VIWE) el = > |00 f(W) 0, FW)) B[] - ea] B[ ] = 0.
n,m=1
(2.2.29)
Consequently, we have:
INt]-1 N Nt|-1 N
B Y S viowh el = Z Z (V£ (W) - ek f?].
k=0 i=1 k=0 i=1
Using the Cauchy-Schwarz inequality, we deduce, using also Lemma [2.11] and [A5] that:
[Nt|-1 N [Nt]-1 N
Bl| 3 S i ] X SBIVI 0B (<
k=0 i=1
[Nt|-1 N
<CIfEzne Y D B[+ Wi™)?] < Ol flfgeq N*. (2:2.30)
k=0 i=1
This proves The proof of Lemma is complete. O

We now want to pass to the limit in (2.2.8). To this end, we first prove that (u™)y>1 is
relatively compact in D(R.y, H~%7(R%)). This is the purpose of the following section.

2.2.2 Relative compactness in D(R;,P,(R%)) and convergence to the limit equation

In this section, we show that (u™)y>1 is relatively compact in D(R+, P, (R?)). Then, we prove

that any limit point of (u’V)y>1 satisfies a.s. (2.1.10)).

Relative compactness in D(R, P, (R%))

In this section we prove the following result.

Proposition 2.13. Let 8 > 1/2 and assume that the conditions hold. Then, (,uN)Nzl
is relatively compact in in D(Ry, Py(RY)).
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We first recall the following standard result.

Proposition 2.14. Let ¢ > p > 1 and C > 0. The set % = {u € Pp(R?), [ga|z|?p(dz) < C}
18 compact.

We have the following result.

Lemma 2.15. Let > 1/2 and assume that hold. Then, for every T > 0, there exists
C > 0 such that for all f € C?>7+(RY),

sup B| sup (f,u")?] < Clf[Za0.. (2.2.31)
N>1  Lte[o,7)

Proof. Let T > 0 and f € C?7+(RY). All along the proof, C' < oo denotes a constant independent
of t € [0,T], N>1, k€ {0,...,[Nt]}, i € {1,...,N}, and f € C?>7*(R?), which can change
from one occurence to another. From (2.2.8)), we have:

sup (f, i )? <C f,uo / /X , (y — (ou(-,2), N2V f - Vou (-, 2), pd ) (dz, dy)ds

te[0,7)

|Nt|—1 )
+ sup (f, MM+ sup (VP4 sup |30 (L RY))
t€[0,T] te[OT] te[0, 7] 12,
|Nt|—
N2+2,3tSE3PT Z zZVf W) - } (2.2.32)

We now study each term of the right-hand side of (2.2.32)). Let us deal with the first term in the

right-hand side of (2.2.32)). Using and (3.9.3), it holds:

E[{f,u)’] = B[(/.1g)? HNZf W)

] = 1§N:E [LFWOP] < ”ngMf:E [(1+ [WiP=)2)
N ‘ - N 0
i—1

=1
< C|lflIge.q -

For the second term in the right-hand side of (2.2.32)), we have since E[|y|?] < +oo (see (A3))
and using (2.2.15)), (2.2.16)), and Lemma

T
). N2 Yo (- ). N2 (da . 2
E[/o /Xxy@‘“’*(’ V)2V - Vo (), i) 2r(d ,dwd] < CIf]12a,

Let us deal with the third term in the right-hand side of (2.2.32). By (2.2.6) and (3.9.3)), we
have, for ¢ € [0,T],

INT|—1
sup [(f,M{)? < [NT| > (f,.M})?
t€[0,T) =0

Hence, using (2.2.19)), we obtain that E[supte o5 Mt >2] < C||f]|... - Let us deal with the

fourth term in the right-hand side of (2.2.32] m From and m,

clflz,. X .
sup (£ )2 < DWeo 5~ wy

%)27
te[0,7] N3 £ o<k<|NT)
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which leads to

2] < ClIf I .
E| sup |[(f,V)] < =TE= S B | max (14 [Wil™)

re0.1] N3 0<k<|NT|
C 2 N [NT] ) C 2
- ”@”g? STl SB[+ Wi < %!fj (2.2.33)
=1 k=0

Let us now consider the fifth term in the right-hand side of (2.2.32)). From ([2.2.14)) and (3.9.3]),

we have

N
e < Dles S I LG iyt e L Yl 0P
’ k —_ N N4 k k+1 N4|Bk|

1 . . .
+ 2 Lel® + L+ W™ + Wiy,

v*)4] }

Then, by and together with Lemma [2.11) and (2.2.10]), we obtain

1 1
E [I(f, BYP] < Ol |7 + 775 ) (2.2:34)
Therefore, using also , it holds:
|Nt|—1 2 INT|—1 e , 1 N2
ELSESPT } | > EO[] S INTL YD BRI < O e [ + i) (22:35)
€lo, k=0 k=0

Let us deal with the last term in the right-hand side of (2.2.32)). Using the same arguments

leading to (2.2.30)) together with (3.9.3)) and (2.2.29)) we have

1 [Nt]-1 N o Nt|-1 N )
el | 3 o] < sl g vt 3 (S oo
NTJ 1
C|NT|
- NL2+2/3 [ ‘va (W) - }
LNTJ 1
C
= N1+28 Z EHZVf W) - }
LNTJ 1 N
C
S N1i28 Z ZE IVF(W3) - eil?] < ]H\g;ufzf
k=0 i=1
(2.2.36)

Plugging all these previous bounds in (2.2.32), we obtain (recall that 5 > 1/2), for all f €
C?7+(RY), E[supsepo,r(f )2 < C|f||2,.. This proves (2.2.31) and ends the proof of the

lemma. O

Lemma m provides the following compact containment for (1™)y>1 in D(R4, P, (R9)).

Corollary 2.16. Assume > 1/2 and A5 Let 0 <e< 1. For every T > 0,

sup E[ sup / \w[”'“,uiv(dw)] < 400. (2.2.37)
N>1  Llicfo1]JRY
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Proof. Recall v, — v = 1. Thus, it holds f : w + (1 — x(w))|w|"*¢ € C?7*(R?) since v, > v +e.
The result follows from Lemma O

The following result will also be needed.

Lemma 2.17. Assume and > 1/2. For oll T > 0, there exists C > 0 such that for all
0>0and 0<r <t<T such thatt —r <9, one has for all N > 1 and f € CQ’V*(Rd):

1 1 1 1 1
B {107, ") — (78] < Ol [0+ 5 + 72 + 00+ 1) | 573 + 78] + |
(2.2.38)

Proof. Let 6 > 0and 0 < r <t < T such that t —r < §. Let f € C>7*(R9). In the following,
C > 0 is a constant independent of ¢, r, §, N, and f, which can change from one occurence to

another. From (2.2.8)), we have
t
Gty =8y = [ [ aly= (o a) d))VS - Toro) iy, dy)ds
r JXXY

|Nt]—1
+ (MY = (MY + (VN = (V) + > (FRY)
k=|Nr]
[Nt|-1 N
1+6 Z va Wk
k=|Nr] i=1

Jensen’s inequality provides

(o) = )P Ce=n) [ [ = o) i S Tou () i) el dy)ds
r XxY

[Nt|—-1
MY — (1M [V — VP | S R
k=|Nr]
INt]-1 N
N2+2ﬁ‘ S S VW) - } (2.2.39)
=|Nr| =1

We now study each term of the right-hand side of (2.2.39)). Let us consider the first term in the
right-hand side of (2.2.39)). From ([2.2.15)), (2.2.16)) and (3.9.3]), we have:

Ol S
B[y — (0. () k)P S Vo), )] < HEE] (1l +C) Y1+ Wiy )] < Clf e

=1

where the last inequality follows from and Lemma We then have:

—r t — (o (-, ), uly Vo, (- x), 1)) r(da s — )2 f112.
E{(t >/T/m((y (02 ( ) 1))V f - Vo (), 1)) m(d ,dy>d]sc<t U2

< C&| f 112z
(2.2.40)

Let us consider the second term in the right-hand side of (2.2.39)). From item of Lemma

we have

CHngQa’Y*

E [(<f, MY) = (f, MY >)2} < 2B [(f. M) + (£, M])?) < = (2.2.41)
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Let us consider the third term in the right-hand side of (2.2.39)). From (2.2.18)) and (3.9.3)), we
have

e < Sl B 5 s
VR < R SO (1 Wy )2
=1

Therefore, by Lemma [2.11], we obtain that:

2 C|lf Iz,
E[|(£,V™) = (£ VO] < 2B [[(F VNP + 1A VP < —5 (2.2.42)
Let us consider the fourth term in the right-hand side of (2.2.39)). By (2.2.34)),
|Nt|—1 ) 1 )
B 3 ¢ at[] < clsin. vl - ) | 5+ |
k=|Nr|
< Y|P (N6 +1) | — ! 2.2.43
< CllflIg2 (NG +1) ~Ni T NaE | (2.2.43)

Let us consider the last term in the right-hand side of (2.2.39)). By item in Lemma

[Nt]-1 N

1 ; P
rer IO SID LA
k=|Nr]| =1
[Nt]-1 N INr|—1 N 9
72 ( i |? i i |? ClI £l .
< N2+26EH Z va(Wk)'gk +‘ Z va(wk)'é?k ] < Ni;;w (2.2.44)
k=0 i=1 k=0 i=1
Using ([2.2.40), (2.2.41), £.2.42), (2.2.43), (2.2.44), and (2.2.39), we deduce (2.2.33). O

We now collect the results of the previous lemmata to prove Proposition [2.13

Proof of Proposition|2.13. To prove Proposition we apply [Jak86, Theorem 4.6] with E =
Py(R%) and F = {Vy, f € C°(R")} where

Vi:veP,(RY = (f,0).

The set F on P, (R?) satisfies Conditions [Jak86, (3.1) and (3.2) in Theorem 3.1]. Condition (4.8)
there is a consequence of Proposition [3.15] Corollary [3.19] together with Markov’s inequality. We
now prove that [Jak86, Condition (4.9)] is verified, i.e. let us show that all f € C°(R?), the
sequence ((f,uN))n>1 is relatively compact in D(R4,R). To do so, it suffices to use Lemma
and Proposition below (with H; = H2 = R there). In conclusion, according to [Jak86),
Theorem 4.6], (1) y>1 is relatively compact in D(R, P, (R9)). O

Limit points in D(R,P,(RY)) are continuous in time

In this section we show that any limit point of (u¥)y>1 in D(R4,P,(R?)) belongs a.s. to
C(R4,P1(RY)).

Proposition 2.18. Let > 1/2 and assume A5 Consider y* € D(Ry, Py(R%) a limit
point of (uV)n>1 in D(R4, Py(RY)). Then, a.s. u* € C(R4, P1(RY)).
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Proof. Let N’ be a subsequence such that in distribution g — p* in D(R., P, (R?)). Because
Wy < W, p¥" — u* in distribution also in D(R,P;(R?%)). By [JS87, Proposition 3.26 in
Chapter VI|, u* € C(Ry,P1(RY)) a.s. if for all T > 0, limy 4 oo E[supte[O’T] Wi (Y, uY)] =0.
According to the duality formula , this is equivalent to

lim E| sup sup [(f,u) — (fu)]] =0, (2.2.45)
N=4oo  Lie[0,7] || fl|Lip<1

Let T > 0 and consider a Lipschitz function f : RY — R such that ||f||lLip < 1. One has that

(fo )y = (f, 1) + ZLNt N, vl 1) — (f,v}¥) (with the convention 3 ;" = 0). Therefore, the
discontinuity points of t € [0,T] ~ (f,ud) are exactly {1/N,2/N,...,|[NT|/N} and for all
t € 0,7,

[(fopgt) = {fou)] < o max  |{f, vierr) — (fovid)l- (2.2.46)

=0,...,|NT|—1

Let k € {0,...,[NT] — 1}. We have using and [A2}

() — (o) Zwkﬂ Wil < NZ[N‘B, >yl + 1)+ ] = gy

x,y)€EBy,
(2.2.47)

Then, one deduces that

al ek |2

C 1
T < 5 X gy 32, 0+ s

and hence that E[|3)[?] < C(1/N? + 1/N?#) where C' > 0 is independent of N > 1 and k =
0,...,|NT] — 1. Then, using (3.9.20) and(3.9.21)),

E[ s swp |(ful) = (fa)l] B sup omax () — (£
te[0, 7] || fllLip<1 U llnip<1 k=05, [NT|-1
<E| N}
- -k:o,?ﬁﬁr{mqﬁk
vty INT|—1
<E|\| > sz} < E[ > !B{Q’I?} < C[1/VN + \/N/N?5].
i k=0 k=0
This proves (3.9.19) since § > 1/2. The proof of Proposition is complete. O

We end this section with the following result which will be used later in the proof of Theorem

2.8
Lemma 2.19. Let 5 > 1/2 and assume A5 Then, for all T > 0 there exists C > 0,

1 1 VN

1
E| sup (£, = u0)?| < Olflan. | 5375 + | 37 + ors + o) S € OO (RY).

t€[0,T]
(2.2.48)
Proof. The arguments used in the proof of Proposition are not sufficient to prove (2.2.48)).
We will rather use (2.2.8). Let 7 > 0 and f € C>"(R%). In what follows, C' > 0 is a constant,

independent of N > 1, k = 0,...|NT| — 1, and f, which can change from one occurence to
another. Recall that ¢t € [0,7] — (f,u)) € R has |[NT| discontinuities, located at the points
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L2 BT I addition, from (2:2.8), @:2.7), and ([2:2.6), for k € {1,...,|NT]}, its k-th

discontinuity is equal to

AN f] =, MY ) / /X ) () NV f - Vo (), 1 yr(de, dy)ds
+(f, R+ N1+/3 va Wi )€k (2.2.49)
=1
Thus,
s (6= ) < mas {4 S, 0 <k < INTJ). (2.2.50)

By (2.2.21) and (3.9.3), it holds:

CHfH * %
< e Y S0t + O+ WP
k (z,y)€By, 1=1

Then, using Lemma we have with the same computations as the one made in (2.2.22)):

Cllf 1132 i Cll £l g2,
E[|(f, M)|'] < — 55 E:E E [(1+[Wi)'] < =55 (2.2.51)
Consequently, one has:
[NT]-1 . 9
2 _ Cllfllee
Ny2| N\4 < 2o 9
Bl g ] <| 3wl [P TGgE e

By (2.2.15)), (2.2.16) and since | Ns| = k when s € [k/N, (k + 1)/N], we have

‘/W /Xxy (), XNV f - Vo (- 2), 1l ) m(de, dy) ds

C\|f||2 al
¢ / /X (ol +C) S+ [WiP*) m(d, dy) ds
xy =1

Cllflle2

= e gy O )
=1
N
C f 2,vx i
< CWller Sy i),
=1

By (3.9.3) and Lemma it then holds:
k+1 4
\/ | a= (o)) VT - Vo), i) (o, dy) |
Xx)Y

_ Cllfllgon. N? al ; Cll £l 2.
< O S iy < Wl
=1
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Thus, one has:

k+l

max ’/ /M w>,u§>><w-vfr*<»w>,u5>ﬂ<dx’dy)dS\Q]

0<k< |INT|

NT|—-1
L J ClIf 112

/ i s Vol amtamanas| ] < U

On the other hand, from ([2.2.14]) and (3.9.3), we have

Cllfllden, &
1(f, RV < TC“Z
=1

(x,y)€Bs,

C . . .
+ g [IEh18 + (1 W+ W ) ]
Using Lemma and the same computations as those made in (2.2.10)), we deduce that:
E [|(f, ROIY] < Cllfllgen (1/N® 4+ 1/N*P).

Then, it holds:

INT|-1

E[ max |<f,R]kV>|2}§‘ Z E[|<f>RJkV>|4}

0<k<|NT| —

By , and Lemma
N .
E[| Y viwi)-
i=1

’1/2 1 1 ]1/2

< CHng'?v* [ﬁ + NEAT

N
] < N B (VW) -]
=1

N
< NIfean D B[+ W) E [le]'] < Cllfllgan. N*.

i=1
Thus, one deduces that
1 . 2 INT]—1 1/2
el ot e s <| 5 Bllter S+
1/2 VN
< | Ol N < Cll I, 25
Plugging all these previous bounds in (2.2.50) implies (|2.2.48)). O

Convergence to the limit equation ([2.1.10)
This section is devoted to prove Proposition where we show that any limit point of (1) y>1

in D(R4, P, (R?)) satisfies a.s. (2.1.10).
For t € R4 and f € CY7(RY), we introduce the function A¢[f] : D(Ry, P (R%Y)) — R defined

by
Adlf] = s [(fome) — (F. o) — /O /X 0= (o2 ma)(TF - Vo) mayw(d, dy)ds

To prove that any limit point of the sequence (u¥)n>1 in the space D(R.y,P,(R?)) satis-
fies (2.1.10), we study the continuity of the function A;[f]. This is the purpose of Lemma
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Lemma 2.20. For anyt € Ry and f € CY(RY), the function A¢[f] is well defined. In addition,
let (m™)n>1 be such that m™ — m in DRy, P,(R?Y)). Then, for all continuity points t € R
of m, A¢[f](mN) = Ay[f](m) as N — +oo0.

Proof. In the following C' > 0 is a constant independent of f € C1Y(R%), s € [0,t], z € X, and
y € Y, which can change from one occurence to another. By

(o)l =] [ P oldw)] < (1+ BIWEDI o (2259)

The following result [Vil09, Theorem 6.9] will be used many times in the following:

is bounded.

(2.2.54)
In particular u > 0+ (1 + |- [7,m,) € D(R4,R) and thus sup,¢joq [(1 + | - |7, mqy)| < +oo for
all t > 0. Define the function ¢5"¥(m) = a(y — (04(-, ), ms))(Vf - Vo, (-, x), m,). Using[A2] one
has for s € [0, t]:

fi — g iD PW(Rd) iff (g, un) — (g, ) for all g : R% — R continuous s.t. 1 +g’ o

|95 (m)| < C(1 + Jyl) sup, [+ malll fllern (2.2.55)
u€|0,t
Using also this proves that A;[f] is well defined.
Let us now consider (m’¥)>1 such that m® — m in D(R., P, (R%)). Denote by C(m) C R

the set of continuity points of m. From [EK09, Proposition 5.2 in Chapter 3|, we have that for
all t € C(m), m¥ — my in Py(R?), and thus, for all ¢ € C(m), according to (2:2.54),

<f7miv> Njo <f7mt>'

For the same reasons, for all s € [0,{]NC(m) and = € X,

My — (ou(-,x),ms) and (Vf-Vo.(,z),md) — (Vf-Vo.(-,z),ms).

<a*(.,x),m N—o0 N—o0

Since R \C(m) is at most countable (see [EK09, Lemma 5.1 in Chapter 3]), it holds a.e. on
[0,t] x X x Y, ¢5¥(mY) — ¢5s¥(m). Note that using [EK09, Item (b) in Proposition 5.3 in
Chapter 3] together with the triangular inequality:

(- [y = Wa (S0, mlY) < (W (S0, msr) + W (me, m )7, AN s Ry = R, u > 0,

one deduces that there exists C > 0, for all N > 1 and s € [0,¢], [(1+|-|?",mY)| < C. Together
with (2.2.55)), one has using the dominated convergence theorem, fg f/’\fxy 5 (m™N)m(dz, dy)ds —

fg Jxxy @5 (m)m(dz, dy)ds. This proves the desired result. O

We are now in position to prove that any limit point of the sequence (u')

D(R4, P, (RY)) satisfies (2.1.10).

~N>1 in the space

Proposition 2.21. Let § > 1/2 and assume A5 Let p* be a limit point of (u™N)n>1 in
DRy, Py(RY). Then, a.s., u* satisfies (2.1.10).

Proof. Up to extracting a subsequence, we assume that in distribution u — p* in D(R.4, P, (R%)).
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Let t € Ry and f € C°(RY). By (2.2.8) and Lemma we have:

E [A¢[f](1™)]

[Nt]—-1 Nt|-1 N
= B[[(7,m)) ~ (Foo) + M) V) + S0 (L RY) + S §j EZVfavm Al
k=0 k=0 =1
|Nt|—1
E[|(f, 1) — {F, n)| ]+ BNV + EL MDA+ E]| Y0 RY))|
k=0
INt]-1 N
1 2 1 1 1 1
| Z SOVHW) €l }<C’||f|]czw*[\/> ~+ 7T 75
= =1

where the bound E[|(f, 1d") — (f, p0)|] < C|| fllc2: /N follows from (2.2.53)) and the fact that the
initial coefficients are i.i.d. (see|A4)). Therefore, since f > 1/2, for all t € R, and f € C*(RY),

Nl_lg_looE [A[f1(™)] = 0. (2.2.56)

By [EK09, Lemma 7.7 in Chapter 3], the complementary of the set

Cp) ={t=0, Py = pi) =1}

is at most countable. Let t, € C(p*). Denoting by D(As,[f]) the set of discontinuity points of
Ay, [f], we recall that from Lemma m ¢ D(Ay,[f]) if m is continuous at ¢,. Then, we have:

P (4" € D(A[f])) = 0.
y [Bil99l Theorem 2.7], it then holds:

Jm A [A(Y) = A [f)(n") in distribution, Ve, € C(u"). (2.2.57)
'—400

By uniqueness of the limit in distribution, (2.2.56)) and (2.2.57) imply that for all t, € C(u*)
and f € C°(R%), a.s. Ay, [f](u*) = 0. It then remains to show that a.s. for all + € R, and
f e C®RY), Ai[f](p*) = 0. To do so we use a standard continuity argument.

First of all, for all m € D(R.4,P,(R%)) and f € C°(RY), the function t € Ry + Ay[f](m) is
right-continuous. Moreover, there exists a countable subset R+ of C(x*) such that for all t > 0
and € > 0, there exists s € R,x, s € [t,t +¢]. Thus, for all f € C°(R?), it holds a.s. for all
e R, AJf)(u) = 0.

Secondly, for all m € D(Ry,P,(R%)) and ¢ > 0, using the dominated convergence theorem,
the function f € HLY(R?) — Ay[f](m) is continuous (because H17(R?) — C17(RY), by [2-1.6)).
Furthermore, 77 (R%) admits a dense and countable subset of elements in C°(R%). Thus, a.s.
for all f € HEY(R?) and all t € Ry A¢[f](u*) = 0.

Note also that Cgo(Rd) c HLY(RY) since 2y > d. This ends the proof of the proposition. [J

Note that we have not used Proposition [3.23]in the proof of Proposition [2.21

2.2.3 Uniqueness of the limit equation in C(R.,P;(R%)) and proof of Theorem

Uniqueness of the limit equation in C(R,,P;(R%))

Proposition 2.22. There exists a unique solution to (2.1.10) in the space C(R.y,P1(RY)).
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Proof. We have already proved the existence. Let us now prove that there is at most one solu-

tion to (2.1.10) in C(R4,P1(R%)). The proof of the uniqueness of (2.1.10) relies on arguments
developed in [PR16, [PRT15] and is divided into several steps.

Step 1. Preliminary considerations.

If u* is solution to (2-1.10), then for all f € C°(R%), s > 0 — fXx)J aly — (ox(-,x), us))(Vf -
Vo.(-,z), pe)m(dz,dy) is continuous (by the dominated convergence theorem). This implies that

for all f € C°(R%) and t € Ry,
d * * *
G = [ V) Vi),
Rd
where V : € P(R?) — V[u] is defined by

V] :we R — Xxyoz(y — (o4 (-, ), 1)) Vo, (w, z)m(dz, dy) € RY.

Adopting the terminology of [Sanl5l Section 4.1.2], p* is thus a weak solutiowﬂ of the measure-
valued equation

{atu; = div (V[if]f) (2.2.58)

1o = Ho-

Therefore, to prove the uniqueness result in Proposition it is enough to show that (2.2.58))
has a unique weak solution in C(R,P;(R?)). To this end, we consider two solutions p' = {t
pi t >0} and p? = {t — p?,t > 0} of (2.2.58)) in C(R4, P1(R?)), and we introduce the following
mappings

vl (t,z) € Ry X R% — V[utl](x) and v?: (t,z) € Ry X R% — V[uf](x)

Step 2. In this step, we prove some basic regularity properties of V, v!, and v?2.

Let us first prove that the velocity fields v and v? are globally Lipschitz continuous over R x R?.
Let pu € {u', u?} and set v(t,x) = V[ug](x). For 0 < s <t and wy,ws € RY, we have

lo(t,wy) — v(s,w2)| < |v(t,wr) — v(t,we)| + [v(t, we) — v(s, we)l.

By the function w — V[u|(w) is smooth and |VV[u](w)| < C for some C' > 0 independent
of 4 and w. Thus, it holds

v(t, w1) = o(t, wa)| = |V]p](w1) = V] (wa)| < Clwr —wal,

for some C > 0 independent of ¢, wy, and wy. Secondly, for any = € X, considering (2.1.10f) with
f =0.(-,z), we obtain

(ouer ), s — )] < / /X o= (2T 2)- T ) ) ey
§C|t—8|,

leading to

lo(t, we) — v(s,wa)| =

/ (0 2), s — 1) Vo (ws, 2)(de, dy)| < Clt — 5.
XxY

2We mention that according to [Sanibhl, Proposition 4.2], the two notions of solutions of (2.2.58) (namely the
weak solution and the distributional solution) are equivalent.
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Thus, there exists C' > 0 such that for 0 < s < ¢ and wy, w2 € RY, |v(t,wr) — v(s,wa)| <
C(|t — s| 4+ |w1 — wal), which proves that v is globally Lipschitz. Now we claim that there exists
L' > 0 such that for every p,v € Pi(R),

IVIpl = VIVl = sup, VIul(w) = VIV](w)] < L'W1(p, v). (2.2.59)

By there exists C' > 0 such that for all u,v € P;(R%) and all w € R,

Vipl(w) = Vy|(w)| = ‘/Xxya((a*(-,x)w — (0x(,2), W) Vwor(w, z)m(dz, dy)
<C (0w, ), v) = (o (-, @), )| w(da, dy) < CWi(p,v),
XxY

where the last inequality is obtained by the Lipschitz continuity of o.(-,2) (which is uniform in
zeX).

Step 3. End of the proof of Proposition [2.22

Since v is globally Lipschitz, we can introduce the flows (qﬁtl)te[o’ﬂ and (QZ)%)tG[O,T} with respect to
p! and p2. By [Vil03, Theorem 5.34], one has

i = bi#ho,  Hi = GiFtpo, V> 0. (2.2.60)

The symbol # stands for the pushforward of a measure. Let L > 0 be a constant such that
|vi(w1) — vi(wy)| < Llwy — ws| for all i = 1,2, t € Ry and wy,ws € RY (which exists by the
previous step). Then by [PR16], Proposition 4], it holds for all u, v € P;(R%),

Lt

sup ||} — 12| - (2.2.61)

e
Wi (i, Of ) < W (u,v) + ——
0<s<t

We are now in position to prove that u! = 2. We use the techniques introduced in [PRT15].
Let us now consider T' > 0, and introduce

to := 1nf{t S [O,T]7 Wl(:u%vu%) 7& 0}

We shall prove that tg = T. Assume that tg < T. By (2.2.60) and (2.2.61)), we have, for
0 S S S T— t(),

Ls
e —1
Wl (lu%()-i-S? :u?()—‘rs) S €L8W1 (lutl()’ 'thO) + L

sup v} —v2]loo
to<T<to+s

By continuity, Wl(,u%o,ufo) = 0. For s small enough such that e/ —1 < 2Ls, we obtain,

using ([2.2.59)),

1 2 1 2
Wl(:U’tOJrsv Mt0+s) S 28L/t <Sli1t) N Wl (/’LT7 l"LT)'
0TS0 TS

Then, for 0 < s’ < s < min(1/2L', T — ty), applying the last inequality for s’ gives

1 2 1,2
Wl (:u’to-‘,—s’v Mt0+s’) < sup Wl (Mrﬁ MT)?
to<T<to+s

which is not possible. Hence, to = T', and again, by continuity, we conclude that W1 (u}, u?) = 0,
vt € [0,T). Therefore, u* = p?. We have thus proved that (2.1.10) admits a unique solution in
C(Ry,P1(R%)), which is the desired result. O
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We end this section by giving an alternative proof of Proposition [2.22| using probabilistic
arguments developed by [Szn91].

Alternative proof of Proposition [2.23, Introduce, for ji € C(R4,P(R?)), the system

dXt = anxy(y - <U*('7x)7 /lt>)VWO'*(Xt,x)ﬂ'(dx, dy)dtv
Xo ~ Ho-

Introduce the function

where P € P(C(R4,R%)) is the weak solution of (Sa). Let us justify why ¢ — P, defines an
element of C(R.y, P(R%)). Considering a test function g € C>*(R¢) and 0 < s < t, we have, using

[ atw)Pitaw) - [ glw)Pu(dw)] < Ellg(X) - (X)) < CEIX: - X, <Ct )
Rd R4

Hence, by [AGS05, Remark 5.1.6], the function ¢ — P; defines an element of C(R,,P(R%)).
Given a vector field v : R* — R%, introduce also

o = div(vji

Opft = div(vfie), (2.2.62)
Mo = Ko,

We are now in position to prove the uniqueness of (2.1.10) in C(R.,P1(R%)). Let u',u? €

C(Ry,P1(R%)) be two solutions of (2.1.10). On the one hand, for i € {1,2}, u’ is a solution of

(2-2.62) with v* = V[u!]. On the other hand, taking the expectancy of

o%0) = o(X0) + [ Vg(x,)- i

where g € CL(R?), shows that F(u') is a solution of (2.2.62)) with v* = V[u?]. Since (2.2.62)
admits a unique solution in C(R.y,P(R%)) (see [Vil03, Theorem 5.34]), it holds p! = F(u').

By [Szn91, Theorem 1.1], F' admits a unique fixed point. Hence pu! = p?, which concludes the
proof. O

End of the proof of Theorem

We can now prove Theorem

Proof of Theorem[2.1. By Proposition the sequence (1) N> is relatively compact in D(R., P, (R%)).
Let 72! and fi? be two limit points of (1™")y>1 in D(Ry, P, (RY)). Let j € {1,2}. By Lemma
as. ¥ € C(Ry,P1(R%). According to Proposition [2.21) i/ satisfies a.s. (2.1.10). Let p* €
C(R.y,P1(R%) be the unique solution of (see Proposition . Therefore, one has
that a.s. i/ = p* in C(R4,P1(RY)). Note that this implies also that p* € D(Ry,P,(RY))
and then that a.s. i/ = p* in D(Ry, P,(R%)). Therefore, (u")y>1 converges in distribution to
p* in D(R4,P,(RY)) (and then the convergence holds in probability). This ends the proof of
Theorem 2.1 O
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2.3 Proof of Theorem

In this section, we prove Theorem Recall that ii € C(Ry, H~F7(R?)) is given by Corollary
and that the fluctuation process is defined by (see (2.1.11))):

N =VNEN —p), N>1
Throughout this section, we assume that hold.

2.3.1 Relative compactness of (7")y>1 in D(R,, H~0TLio(RY))

To prove the relative compactness of (n™V)n>1 in D(Ry, H~o+Lio(R%)), we will use Proposi-
tion with Hy = H70~1J40(R9) and Hy = H7272(R%). Mimicking the proof of [Szn91, Theorem
1.1], there exists a unique, trajectorial and in law, solution of

{dXt = 0 [y (U = (00 @), 1)) Voo (Xe, @)m(de, dy)dt,

< (2.3.1)
X() ~ o, M = LaW(Xt)

Denote by 1 € P(C(R4,R?)) this solution. The mapping t > 0 ~ fi; satisfies Equation (2.1.10).
In addition, using it is straightforward to show that the function ¢ + fi; lies in C(R.,, P; (R?)).
Since [ is the unique solution of (see Proposition , it = fi. Therefore, we introduce,
as it is customary, the particle system defined as follows: for N > 1, let X' = {t — X/, t € Ry}
(1€ {1,...,N}) be the N independent processes satisfying:

th = Wé + f(;e anxy(y - <U*('7 x)v ﬂ5>)VWU*(X;,$)W(da}, dy)dS, te R+
o (2.3.2)
= LaW(X;)
We then introduce its empirical measure:
| N
iy = Nz‘sff?’ N>1,teRy. (2.3.3)
=1
By there exists Cp > 0 such that a.s. for all 0 < s <t, it holds for alli € {1,...,N}:
| X} — X! < Cot — s). (2.3.4)
In particular, t € Ry +— X/ € R? is a.s. continuous for all i € {1,...,N}. Because pg is

compactly supported (see indeed , one deduces that there exists C' > 0 such that a.s. for all
T>0and forallie{l,...,N}:

sup |X| < C(1+T). (2.3.5)
te[0,T
Thus, for any 8 > 0, a.s. 7V € C(R,4,CH?(R?)’). We now define, for N > 1,
TNV = VNN — ") and OV .= VNEN - a). (2.3.6)
It then holds:
N =1V + eV (2.3.7)

For all N > 1 and for any 3 > 0, since a.s. u’V € D(Ry,C%?(R?)’), one has
as. TV € D(R,,CHP(RYY).

In particular a.s. YV € D(R4, H'=/171(RY)) because H/1 7171 (R?) — C11(RY) (according
to (2.1.4) and since J; — 1 > d/2 + 1). On the other hand, since fi € C(Ry, H 7 (RY)) (see
Corollary and since a.s. iV € C(R4, H~L7(R%)), it holds for all N > 1:

as. ON € (R, H LY (RY). (2.3.8)

We start with the following lemma.
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Lemma 2.23. Let > 3/4 and assume A7\ Then, for all T > 0, we have

N N
sup sup E[”@t ||7-[ J1,71 + ||T HH J1 Jl] < +o0.
N>1t€[0,T)]

In particular, supy>q SUP¢e(o0,T7] E[anVHi_le] < foo.

Proof. Let T > 0. In all this proof, f € H71/1(R?) and {f,}s>1 is an orthonormal basis of
#7171 (RY). In the following, C' denotes a constant independent of N > 1, ¢t € [0,T], (z,y) €
X x Y, and the test function f, which can change from one occurence to another. The proof is
divided into two steps.

Step 1. Upper bound on E UI@VIIQ‘:M]-

Since X!, ..., XY arei.i.d. with law fis (see (2 ), using (2-3.5)), the fact that i € C(Ry, K27 (RY))
(see Corollary ., and HEY(RY) — CO’V(Rd) 1t holds for all ¢ € [0, T7:

B (.61 = B[{7 VA - 1) ] = B[ Z 7D — (][]
-+ ZEHf (X)) — (7. ]

<—ZE IF(XDIP] + (1) < ClfIIBen-

Taking f = f, in the previous inequality, summing over a € N*  and using the fact that
HILIL(R) —ps. HEY(RY), one deduces that:
sup sup E [||@£V||H na] <C. (2.3.9)
N>1t€[0,T]

Step 2. Upper bound on E [HTNHH il

Recall that a.s. TV € DRy, H' /11 (R?)). Thus, a.s. TV € DRy, H~/+1(R?)). We then
have for all t € Ry,

+o00
N5 = D (far YY), (2.3.10)

a=1
For alli € {1,...,N}, as. t € Ry — f(X}) € C}(Ry). Indeed, f € C}(R?) and as. t € Ry

X! (see (2.3.2))) is C* (because a.s. s € Ry a [yy(y — (o(-y2), jis)) Vo (XL, x)m(dz, dy)
1S continuous by the dominated convergence theorem). Therefore, it holds (f, i) = (f, @d’) +
0 ds(f iN)ds and therefore,

G = () + / | a— (o) (95 Vo oo) i e, dy)ds. (23,10
0 XxY
Thus, by definition of TV (see (2.3.6))) and using also (2:2.8)), we have:
(1 0N) = VN (4 8 = ) +VF / | al— (o)) VS - Vo) i (o, dyhs
XxY

t [t Vo, (- ), iY)r(dz S
_\/N/O /Xxya(y—<0'*(-,aj‘),,us>)<Vf \4 *(7 ),/LS> (d 7dy)d

[Nt|—-1 \F [Nt|]-1 N
+ VN MY) + VN(EVN) + VN Y0 (L RY) + 545 Z ZVf W) -
k= =

0
(2.3.12)
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Furthermore, it holds,
\/N(y - <U*(‘7 $), Hév>)<vf : VO'*(', .T), Név>
= (y — (o 2), p NV F - Vou(,2), TT) = (0u(,2), YINVF - Vou (-, 2), 1)
+VN(y = (0(,2), fis) — (0u(, ), B — Bs)(Vf - Vo (-, ), 7). (2.3.13)
Consequently, plugging (2.3.13)) in (2.3.12]), we obtain for t € R:

t
ah= [ 0= (o) i)V S Vo), T (e s

/ [ alona) YN)(VS - Vo (), n(dr. dy)ds
X XY
- / | alon(a) VN @Y = ) (V- Vo (o). i (e, dy)ds
0 JXXY
|Nt|—1 JN [Nt]-1 N -
VN MY) +VNEVE) VN Y R + 5 Do D VWD) <
k=0 k=0 1i=1
(2.3.14)

By Lemma (in Section see also Remark [2.45)), one then has for all ¢t € R :

(£, < AN+ BY[f], (2.3.15)
where
AN =2 / | al o T — (o), i) - Vo), Tl s
2 / [ alf X)) TN S - Vo () iy, dy)ds
X XY
2 / | alr e () VNG — g9 F - Vo () iy, dy)ds
X xY
= L[]+ IV [+ K[,
and
|Nt]—1 |Nt]—1
BY/J= 3 20000 VNG M) +aN(F MY+ 30 200 T, VNG RY) + AN IR
k=0 k=0
|Nt|—1
2\F 4
Y (e ZVf wi)- NH%\ZW wi)-<if’]
k=0
|Nt|—1
£ 3 [t Y el + 4l 1] 2V [ L s
k=0
with
LX) = [ aly— (o)) VS - Tou (o) pd e, dy) and af[f) = VW [ LY flas
XxY k
(2.3.16)
Usingand ,
+o0o +oo
N 12 = S AN+ S BN, (2.3.17)
a=1 a=1
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By Lemma detailed in Section and since 3 > 3/4, one has for all f € H/171(R%) and
te Ry,

E[BY(f]] < C(If 120, + E [ [ >2ds] )

Thus, recalling H”/171 (R?) <—sy.s. XY (RY) and (2.3.10)), we obtain,

+o00
SOEBBN L < o+c/ 11T 2,00 ]ds. (2.3.18)

a=1

Let us now provide a similar upper bound on 37> AN[f,]. By (2:3.5) and because %7 (R%) —
C27+ (RY) (see (ZL3)),

N N
1 iy - Ol f Iz
(VF Vo). i) = | 5 S VAED - Vo (K m)| < SNt Sh 4 Kipe) < ) e
=1 =1

(2.3.19)

Then, using and since j; > d/2, it holds: we have using ([2.3.19):
t
2 [ alf T ) TN S Vo). i (e, dy)ds
0 XxY
t
<ta [ [ (T OB o Vo) B 1T ) (s
0 JAXXY
t
<0 [T 4 O XY )

Thus, SIS E[TN[f.]] < C'f(f ||TN||H 715, ]ds. Let us now study S KN [f,]. Since X!,..., XV
are i.i.d. with law fis (see (2.3.2)) and because o is bounded (see , we have:

2]

1 & o
= 37 2 B0 (XE0) — (0 (,2), )] <
i=1

E [(0u(,2), i — fis)"] = E[(}Vim@;,m — (o), )

(2.3.20)

=k

Hence, E[(0,(-, ), VN(iY — is))%] < C. Thus, using in addition (2:3.19), one deduces that
B2/ [ Xya<f, 0 o). VN — )V Vo), i, s
<c| t | g AR+ B (0w n) VN (Y = @) (V- Vo), )2 f (e, dy)ds
<o [ [ {Bn T4 [l VG = 0] 11 (s, dnas
<c /0 (BUL YY)+ 113 } ds.

Therefore, > "X E[KN[f,]] < C+C fot I3, 5, 5, ]ds. Tt remains to study STV fa]. To
this end, for x € X, introduce the bounded linear operator

Te: fe”HI(RY = VS Vo,(,z) € H (R, (2.3.21)
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Then, one has:

th 5] Z //X 0 {far TNV (g — (s ), 1)) (T four TN yr(dz, dy)ds

“+oo

—2/ /M @) 1) S XN (Tafur XN (e, dy)ds

a=1
:2/0 /Xxya(y_@'*(.,x),ué\f» <TéV,T*TN> . dx dy)d

Since o, and ) are bounded, this implies that:
00 t
S BN <C [ B[ = o) i) TN g dy s
a=1

<0 ['B[[ (ol + O T s () as
XxY

By Lemma detailed in Section and since a.s. YV € D(R, H!~/171(R?)), there exists
C > 0 such that for all z € X, (YN, TEYN) 0] < C’HT?TH%,JIJI. Hence, since E[|y|] < +oo,

we deduce that: .
o0 t
S B <0 [ BV ] as
a=1

We have thus proved that Y"1 E[AN[f.]] < C + Cfo HTNHH 11,5,)ds. In conclusion, using

also (2.3.18)) and (2.3.17)), we have E[HT,{VHH,JMJ <C+ Cfo HTNHH 71,5, 1ds. By Gronwall’s
Lemma, we get:

sup sup B[ Y7 [5,-05,] < +oo.
N>1te[0,T)

Together with the first step, this ends the proof of the Lemma (recall the decomposition n’¥

TN + 0N, see (2.3.7). O
Lemma 2.24. Assume A7|. Introduce the following o -algebra (see (2.1.9)):
%'i\f ::‘Fﬁ\/tj’ tER+.

Then, for all f € C>7*(RY), the two processes

[Nt]-1 N
{t — Z Z VW)€, te R.,.} and {t — (f, MMt e Ry} are N _martingale. (2.3.22)
k=0 i=1

Proof. Recall that by Lemma/[2.11] the first process in (2.3.22) is integrable. By (2.2.19) and ({2.2.6]),
the second process in (2.3.22) is integrable. For 0 < s < t, we write

[Nt|]-1 N ' ‘ [Ns|-1 N
ISR UARE AR SRV N L a2
= =1 k=0 =1
where
I'th N . .
if [Nt] = [Ns]: RY[f] =0, and if [Nt] > [Ns]: RY[f]= > > E[VF(W) - il Flyy)
k=|Ns] i=1
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When |Nt| > | Ns|, since the Wi’s are F{'-measurable (see (2.1.2) and (2.1.9)) and the &i’s are
centered and independent of F}' (see [A5)), we have, for k > [Ns| and i € {1,...,N}:

E[V(W]) el F ] = B[V W) - BlLIAN|F Y, | =0

Hence, for all 0 < s < t, R,[f] = 0. Furthermore, for 0 < k < [Ns] —1 and i € {1,..., N},
V(W) - el is ]-',ﬁl—measurable and thus is F ﬁv s J—measurable. Therefore, (2.3.23) reduces to

[Ns]-1 N

= Y v e
k=0 =1

[Nt]-1 N

B Y > viwi) e
k=0 i=1

This proves that {t — Zlgtoj_l Zfil VF(Wi)-el, t € Ry} is aFY-martingale. Let us now prove

that the process {t — (f, M}¥),t € Ry} is a §}-martingale (see (2:2.6)). We have, for 0 < s < ¢,

[Ns|-1
E[(f,M")3Y] = > E[(f, M")|FN,] + €Nl
k=0
where
|Nt]—1
if [Nt] = [Ns]: €[f] =0, and if [Nt] > [Ns]: €Y[f]= Y E[(f, M)|F\,]-
k=|Ns]

When |Nt| > |Ns], we have for k > |Ns|, by (2.2.24):
B[(f, MV)IFN, ] = B[B[ MIONEY] |7 | = 0.

Hence, for all 0 < s < t, (Sl{ffs[f] = 0. In addition, for k < [Ns| — 1, (f, M) is f,i\jrl—measurable
and thus is f?vsfj—measurable. In conclusion, {t = (f, MN),t € R+} is a §V-martingale. This
ends the proof of Lemma O

The following lemma provides the compact containment condition needed to prove that
(n™V)n>1 is relatively compact in D(R., H~/o+170(R%)).
Lemma 2.25. Let § > 3/4 and assume A7 Then, for allT >0,

sup E[ sup Hn{VH?{,J%D} < +o0. (2.3.24)
N>1 te[0,T)

Proof. Let T' > 0. All along the proof, C' > 0 denotes a constant indendent of ¢ € [0,7] and
N > 1, which can change from one occurence to another. Recall that ¥ = TV + 0V, see (2.3.7).
By (2.3.14) and Jensen’s inequality, it holds for f € H’272(R?) (recall H'272(R%) — H/171(RY),
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see (2.1.14))),

sup (f,T7")?
t€[0,T]

/ / 0u () W)V F - Vo (), TN m(ds, dy)ds

Xx)Y

/ | o) T F - Vo () i) (e dy)ds
XxY

[ ol VNG iVS Vot i) w(dn,as
0 XxY

|Nt|—1
) 2
+N sup (MNP +N sup (V4N sup | S0 (£ RY)]
te(0,7) te[0,T 1253 (OV S —
) |Nt|—
e | 3 S wson-if|

(2.3.25)

We now consider successively each term in the right-hand-side of m By Lemma - for
0 < s < T, we have using also [A2] and E[|y|?] < +oo (see [A3):

B[ [ o (ouCa) ) PVS - Vo), T (o, dy)
Xx)Y

< CE| /X Sl DI S 9ol 1wl )
X
< O 131 BN 13510 ) < I By (2.3.26)

Let us now study the second term in (2.3.25). By (2.3.19) and since sup,cy |0« (-, z)|| < +o0
(because j1 > d/2 and o, € C{°(RY x X) by |A2), for 0 < s < T,

E [[(0.(,2), TNV - w*<-,x>,ﬂ5>\2] < ON I3 B (1N 120 ] < ClAIEL,. (2327)

Let us now consider the third term in ). By (2.3.19)) and m, we have for 0 < s < T,
E (0. (,2), VN (Y = 1) (VS - Vo 2), i )] < Ol i (2.3.28)

Let us now deal with the fourth term in (2.3.25)). By Lemma we have using Doob’s maximal
inequality, E[sup;c(o11(f; M}N)?] < CE[(f, M¥)?]. Then by Lemma and since H7(R?) —
C?7+(R%) (recall indeed (2.1.6))), we obtain

NE| suwp (f, MP)?] < Cllf |2 < ClF s (2.3.29)
t€[0,T]

Using ([2.2.33)) and again (2.1.6)), the fifth term in (2.3.25) satisfies:

NE| sup [(£,V)P] < ONTV2) Ry (2.3.30)
t€[0,T

Using (2.2.35)), the sixth term in ([2.3.25]) satisfies:
|Nt]—1

B[Nswicor| Yo (. EN[] < O /N + N3N,
k=0
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Let us deal with the last term in the right-hand side of (2.3.25) for which we need a more
accurate upper bound than (2.2.36). By Lemma and Doob’s maximal inequality, we have

using (2.2.30) and H7(R?) — €27 (RY),

. INt|-1 N INT|-1 N
wirsBl g | 3 o vion Al ] sy X Svrmh:

< N

Collecting these bounds, we obtain, from (2.3.25), for f € H/22(R9),

E| sup (£,11)?| < C (If13m 0 + 1 13n) - (2.331)
t€[0,T]

We now turn to the study of E[sup,cpo (f, OM?] for f € H’272(R%). By (2.3.11) and Corollary
we have, for all t € [0,T] (recall that OF = VN (il — fit), see (2.3.6)),

(f.0N) = (f.00) + / / oy — (0u(2), 1)) (Y f - Vou(2), 0N yr(da, dy)ds.  (2.3.32)
0 XxY

By Jensen’s inequality together with and (2.3.9), one has:

ELS[%%]U’ o] < CE[l(f, 63)2] +C/OT/XW(\2/!2 +DE[(Vf - Vo.(,2),07)?] n(dz, dy)ds
< CIf 15 n B[O 170151
O[]+ DITF o) BION o] i s
< C\|f||HJl+1,.7-1~ (2.3.33)
Let { f.}a>1 be an orthonormal basis of #7272 (R?). Let us recall that (see @114)) #272(RY) —nus.

HAFTLI(RY) and H/1 191 (RY) — HE7(RT). Then, by (2-3.31) and (2.3.33)), we obtain, since
B =3/4,

E[ Sup N HH J2J2} E[ sup Z<faa77t ] ZE[ sup (fa, ;') }

te(0,T t€[0,T] a>1 a>1 t€[0,T]
< 22( | sup (£, TNV +E[ sup (fa,0])?])
t€[0,T] te[0,T]
< CZ | fall3 4150 + [ fallFrn) < C.
a>1
This concludes the proof of the lemma. O

The following result provides the regularity condition needed to prove that (n™V)y>1 is rela-
tively compact in D(R, H~/0+Lio(R%)).

Lemma 2.26. Let 8 > 3/4 and assume A7|. Let T > 0. Then, there ezists C > 0 such that
for alld >0 and 0 <r <t < T such thatt —r <6, one has

N6+ 1 1 1 1 N6+ 1
E [l - |l Jm]gc[(;u L L N+ (3 + ) N25}

(2.3.34)
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Proof. Let T' > 0. In the following, C' > 0 is a constant independent of § > 0, 0 <r <t < T,
N > 1, and f € H’272(R%) which can change from one occurence to another. In what follows
t—r < 6. Recall n¥ = TN + OV, see (2.3.7)). Using (2.3.14) and the Jensen’s inequality, one has:

t
) - () <] <t—r>/ /m»(y—<a*<-,:v>,uév>><w-m(-,x),ri%!%(ds,dy)ds
t—r//X y (0:(-,2), TNV f - Vo,(-, ),ﬂf)fﬂ(dx,dy)ds

#e=n) [ Jional VR = 95 o). i) n(a. s

|Nt|—1
+ NI MY = MNP+ N[V = (V)] +N| > r|
=[NV}
[NtJ 1 N
N1+2B DD NFUAE } . (2.3.35)
k=|Nr| i=1

We now study each term of the right-hand side of (2.3.35)). By (2.3.26]), we bound the first term
in (2.3.35) as follows:

E[(t—r) / = T Do) X ()] < O B
Using (2 , we bound the second term of as follows:
(== / | o) Y o) )l dyds] < €O
x
Using (2 , we have the following bound on the third term of :
B[t | t /. o va? ~ BNV Vo (), i) (e, dy)ds]| < OO

In addition, we have, using (2.2.26)), (2.2.19)), and ”HLW(Rd) s CW(Rd) (see (2.1.6)),

[Nt]—1
Bl MY - MNP = NB[| S (5 m)[] =N Z E[(f, M))?]
k=|Nr] k=|Nr]|
< ON(INt) = (N7 )| fl2an. /N? < C(NO + 1) I /N. (2:3.30)

The fifth term of (2.3.35]) is bounded as follows using (2.3.30)):
E [N|(f, V") = (£, V)] <2NE[|(f, V)] + 2NE[V,Y[f]]*] < ClIf 3.~/ VN

Let us consider the sixth term in the right-hand side of (2.3.35)). By (3.9.3)), (2.2.34)), and because
HEY(RY) — €27+ (RY), we have that:

[Nt]-1 |Nt|—
B[N S (R[] < NN (Nel) SB[ RV < ONQNS + DRI (N + 180
k=|Nr] k [N7]

Let us consider the last term in the right-hand side of m Using (2.2.28]) and (2.2.29)), we

have:

LNtJ 1 N 1 [Nt]-1 N i -
E|:N1+25‘ va W) - ]:m Z ZE[|Vf(Wk)'5k|]
k=|Nr| i=1 k=|Nr]| i=1
< COIfI2a N(NS+1) = M(NH 1).
= N1+28 HI - N28
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Let {f.}a>1 be an orthonormal basis of #72:2(R%). Gathering the previous bounds, we obtain,
using also (2.1.14)),

+oo
[T = T3] = Y E || o T) = (fas T[]
a=1

No+1 1 1 1 N6 +1
< 2 BN of 1
_0[6 eyt W (N3+N45_1) N5 ]
(2.3.37)

By (2.3.32) and using the same arguments leading to (2.3.33), we obtain for f € H/272(R%),
t
E[|(f,0}) = (f,6;)]*] < 05/ E [V 1305 198 13005 ] ds < C8(| FI13,0, 41 -

Considering an orthonormal basis of H’272(R%), and using the fact that H’272(R%) <y,

H1HLIY(RD), we obtain E[||O) — @7]_\7”3{,‘,2,].2] < (4%, Combining this result with (2.3.37),
we obtain ([2.3.34)). This concludes the proof of the lemma. O

Now, we collect the results of Lemmata and to prove the following result.

Proposition 2.27. Let § > 3/4 and assume AT\ Then, the sequence (n™)n>1 is relatively
compact in D(Ry, H~To+1io(R9)).

Proof. Recall Ho~170(RY) sy g H7272(RY) (by (2.1.14)). Using Markov’s inequality, Lemma
implies item 1 in Proposition In addition, according to Lemma [2.26] item 2 in Proposi-
tion is satisfied. Consequently, (7™V)n>1 is relatively compact in D(R, H~70F150(R%)). The
result follows from Proposition [2.41 O

To prove Proposition we mention that one could also have used [Jak86, Theorem 4.6] with
E =HPtbio(RY) and F = {Ly, f € C°(RY)} where Ly : ® € HPoFLio(RY) — (f, ®) 1.,
2.3.2 Relative compactness of (v NMY)y>; in D(R, H 7070 (RY))

We begin this section with the compact containment condition on the sequence {t — vV NM}¥ t €
R+}N21 (see (]2.2.4D and (|2.2.GD).

Lemma 2.28. Let § > 3/4 and assume A7 Then, for all T > 0,

supE[ sup “\/NMgV‘}i_Jl,jl} < +o0.
N>1  lte[o,T]

Proof. Let T > 0 and f € H/171(R%). Then, according to (2.3.29)), we have:

E[ sup (£ VNMY?| < Clf I
te[0,7

The proof of the lemma is complete considering an orthonormal basis { f, }4>1 of H/1+1 (RY) —ps.

HEY(RY) (see (2.1.14)). ]
Let us now turn to the regularity condition on the process {t — \/]VMtN, teRytnN>1-

Lemma 2.29. Let § > 3/4 and assume A7 Fiz T > 0. Then, there exists C > 0 such that
for alld >0 and 0 <r <t <T such thatt —r <6, one has

]SCN5N+1-

E[HthN — VNMY

’ 2

H—J1:31
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Proof. This lemma is a direct consequence of (2.3.36) (which also holds for f € H/1J71(R%))
together with the embedding /171 (R?) —ps. HYV(RY) (see (2.1.14)). O

Proposition 2.30. Let > 3/4 and assume A7 Then, the sequence {t — VNMN .t
R }n>1 is relatively compact in D(Ry, H~7090(RY)).

Proof. Tt is a direct consequence of Proposmon u 2.41] Lemmata [2.28) and [2.29] together with the
embedding H7070 (R?) —y.g. H/191(RY) (see (2.1.14). O

2.3.3 Regularity of the limit points
Lemma 2.31. Let 8 > 3/4 and assume A7 Then, for all T > 0,

NETOOE[ s%%] Hnt — i HH Jo+1, ]0] =0. (2.3.38)

In particular, any limit point of (n™)n>1 in D(Ry,H DotLio(RY)) belongs a.s. to
C(Ry, H ™ot ldo(RY)).

Proof. Let T > 0 and f € H70~1J0(R?). We have (see (2:3.7)):

N N N N N N
sup |[jn, — U ||§.[—Jo+1,jo <2 sup [T} — T,h Hi—Joﬂ,jO +2 sup [|©; — She H?.[—Jo+1,jo'
t€[0,T7] t€[0,T t€[0,T

According to (2.3.8) and since H7o~10(RY) — HEY(RY) (see (2.1.14)), one has a.s. for all
te Ry and N > 1,
108 — O ll3y-s0+1.0 = 0.

Since a.s. iV € C(Ry,H 7(RY)), by definition of TV (see (2.3.6)), it follows that a.s. for all
N>,

sup (f, TN — TNV =N sup (f,ul¥ — plY)?
+€[0,T] t€[0,T]

From (2.2.48) and the fact that H%7(R?) < C?7+(R?), we obtain

1 1 1 3
N _yNy2] o 2 o 3728
E[tes[%%]g,rt T < CHfHHL,W[\/N + /75 + v + VY]

Using H70~10(RY) <y g HEY(RT) (see (2.1.14))), we deduce that

1
E[ sup TN — TN |2, .]gc[—Jr —
te[og“} [ t HH Jo+1.40 VN N5

Because § > 3/4, this ends the proof of (2.3.38). The second statement in Lemma follows
from Proposition (2.3.38), and [JS87, Condition 3.28 in Proposition 3.26]. The proof of
Lemma is complete. O

Lemma 2.32. Let 5 > 3/4 and assume A7|. Then, for all T > 0:

N N |12 ) —0. 3.
NgrgooE[t:B%] IVNMY — VNMY 3 5] =0 (2:3.39)

In particular, any limit point of (VNMN)y>1 in DRy, H 7090 (R?)) belongs a.s. to
C(Ry, H™ T (RY)).
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Proof. Let T > 0 and f € H70%(R%). The function ¢ € [0, T] (f,v/NMN) € R has [NT|
discontinuities, located at the times 4, %, .. ., LNTJ . Fork e {l,...,|NT|}, its k-th discontinuity
is equal to VN (f, M{¥ |). Thus,

sup (f, VNMY - VNMM?2 =N max (f, M]M)2

te[0,7) 0<k<|NT|
Then, using ([2.2.52) and because H7(R?) — C%7+(RY) (see indeed ([2.1.6)),
E[ sup (f, VNMY —VNMM)’] < C||fl|ge. /VN < C| fl50.4/VN. (2.3.40)

te[0,T]

Considering an orthonormal basis of #7070 (R%) and H7090(R?Y) <y HEV(RY) (by [2.1.14)),

we obtain
[ sup || v Mt v NMt]YH?H—JoJo] < C/ \ N’
t€[0,T]

for some C' > 0 independent of N > 1 and f. This proves (2.3.39). The second statement in
Lemma is a consequence of Proposition (2.3.39)), and condition 3.28 of [JS87, Proposi-
tion 3.26]. The proof of Lemma is complete. O

2.3.4 Convergence of (VNM")y>1 to a G-process

The aim of this section is to prove Proposition |2 - below which states that {t — v NMN
Ry}n>1 (see (2.2.4)) and - ) converges towards a G-process (see Deﬁmtlon. To this end,

we first show the convergence of this process against test functions.

Proposition 2.33. Let 5 > 3/4 and assume A7\ Then, for every f € C*7(R?) the sequence
{t = VN(f,MN),t € Ry}n>1 (see [2.2.6)) converges in distribution in D(R.,R) towards a
process X¥ € C(Ry,R) that has independent Gaussian increments. Moreover, for allt € Ry,

E[Xf] =0 and Var(Xf) =o’E [’Blood / Var(Qs[f](z,y))ds

where we recall Qs[f](z,y) = (v — (0+(-sx), 1s))(V f - Vo, (-, x), fis) (see Definition[2.6).
Proof. Let f € C>7(RY). Set for ease of notation
m' [f] = VN(f, M;").

To prove Proposition we apply the martingale central limit theorem [EK09, Theorem 7.1.4]
to the sequence {t — m)[f],t € Ry}ny>1. To this end, let T > 0. Let us first show that
Condition (a) in [EKQ09, Theorem 7.1.4] holds. First of all, by [EK09, Remark 7.1.5] and (2.2.6),
the covariation matrix of m{¥[f] is al¥[f] = NZLM N, M})? and therefore alY [f] — al [f] >0
if t > s. On the other hand, by (2.3.40] m and -7 we have:

lim E[ sup |mN[f] —mﬁ[f]\] = 0. (2.3.41)
N—oo  Licpo)

Thus Condition (a) in [EK09, Theorem 7.1.4] holds. Let us now prove the last required condition
n [EK09, Theorem 7.1.4], namely that for all ¢ € Ry, aM[f] & c[f] where ¢ satisfies the
assumptions of [EK09, Theorem 7.1.1], i.e., t € Ry +— ¢[f] continuous, ¢o[f] = 0, and ¢[f] —
¢s[f] > 0if t > s. Recall the definition of the o-algebra F;' in (2.1.9). For t € Ry,

[Nt]-1 | Nt]—1
fl=N E[(f, M{VIFNT+N D (MY —E[(f, MY)?|FN]) (2.3.42)
k=0 k=0

82



We start by studying the first term in the right-hand side of (2.3.42)). Recall that (see ([2.2.25))
QY@ y AWid) = (v — (02, 2), vV S - Vou (@), ),
and set (see (2.2.3))

QAW = [ Q¥ (Who(de,dy) = {7, DY),

XxY

Using that (’Bk|7((3327y2))n21) ain }",iv, |Bi| 1L (22, yi))n>1 (see , and (Wkl,,WéV) is
]:,év -measurable, it holds:

Blpr 2 (QUUIGE ) - QUMW ) (Q IR Wik - w0 ) | 7]

1<n<m<\Bk|

“Y 5 2 B[ (QX Gk ) - QY IUWE)

(QN[f](wk i (W) = QW) ) |7
“Y 2 Y Efime q( QYA s ik — QVIA (i b))

q>1 1<n<m<q

(QN[ (i, yi {wid) — QVI({wkh) ) |
_Z Z 1|Bk| —g]

q>1 1<n<m<q

[(QN[ (i i {wide) — QYA ) (QVIA R v fwk ) — QYL ({wi}))
—Z > Elp -

q>1 1<n<m=<gq

< BlQYIIGR o fuid) = VAR |

< BQYIR o (w3 — QVIA (k)|
=0.

{wi}i={Wi}s

{wiyi={W}}i

{wi i={Wi}s

where we have used at the two last equalities. We also have with the same arguments:

| Bi|
Bl 7 21 Ul (WD) - QAW P

>t S - B ek s b)) - QU

n {wi }i={Wi}i
;ZE i [ QY (1)t . 1w - Q¥

n

{wiyi={W}}i

—_

i

The notation Cov, means that we consider the expectation only w.r.t. (z,y) ~ 7 (see|A3]) . We
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then have, for k > 0 (see (2.2.4)),
B( MR = | 3 Qe 90 - Q) 7]

z,y)EBy
|Bk|

[|B p 2 1Q UG (7)) - QVIAAWL)[*| 7]

@ 1 i
E [’Bkd Vary (QV[f(z,y, {Wi}i)) -

Then, one has:

|Nt|—1 INO-1 ki ) |
N Z [(f, M) FN] = o? kz /k E {M] Var, (QN[f](:U,y,{WENSJ}i))dS
=0 N

— a2 : 1 ar NIz : i))das
- /OELBLNSM]V (U, PV J)

_012 t # ar N T i . S
/L E[|BLNSH]V = (QV[f(, y, {W]ng }a))ds.  (2.3.43)

Nt
N

Using a dominated convergence theorem, and the same arguments as those used in the proof
of Lemma we prove that if m" — m in D(R4, P,(R%)), we have for all f € C>?(R%) and
te Ry, as N — 400,

/ /XXJJ [|BLN5JJ [( <U*("x)7mév>)<vf‘VU*(-,x)7méV>
/ W = (0.2, MOV S - Vol )vmivﬁf(dﬂf/,dy/)r?r(dx,dy)ds
XxXY

—>/ /Xxy [\BOO]] {( —{04(-,2), ms) (V[ - Vou (-, ), ms)
/ (v = (ox(,2"), m)(V - Vo.(,z )m5>7r(da:',dy')]27r(dx,dy)ds_
Xx)Y

Recall that by Theorem N L fin D(R4, Py(Rd)). Therefore, using the continuous mapping
theorem, we have for all t € Ry and f € C?7(RY):

o | E[@LH] Vars (QY(f](e0. (Wi blds 5 alf]i=a? [ B [ ] Var(QullGeyas.

Note that t € Ry — ¢[f] is locally Lipschitz continuous since for all s € [0, t], Var(Qs[f](z,y)) <
C [y (Iy* + )m(da, dy) || f1IZ:.- supseqo . [((1+]-17), 1s)|*. Let us now consider the second term

in the right-hand side of (2.3.43). Using (2.2.20) and Lemma [2.11] . QN [f](z,y, {Wi})[?] <
C||f||22.,- Consequently, it holds:

’B[Ns” N—oo

EHa2 /Lf\ltj E{ 1 } Var, (QN[f](gc,y,{I/I/'f]\,sJ },))dsH — 0.

We have thus shown that
|Nt|—1
VY B o et [ B[] Ve s
k=0 >
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At this point, the study of the first term in the right-hand side of (2.3.42)) is complete. It remains
to study the second term in the right-hand side of (2.3.42). Using (2.2.51)), we obtain:

[Nt -1 ) [Nt)-1 )
NE[| S (M2 =B MR ] = N2 Y B[ M2 - Bl A EY]
k=0 k=0
|Nt|-1
<CN? Y E[f, Mi')"] < ON?| fl|¢2nn /N? = 0.
k=0

In conclusion, we have proved that for every t € R,

aM[f] 5 ¢[f] as N — +oo. (2.3.44)

By [EK09, Theorem 7.1.4], the proof of Proposition is complete.
O

Proposition 2.34. Let § > 3/4 and assume |[A1HAT. Consider a family F = {fs}a>1 of
elements of C>7(R®). Then, for k > 1, the sequence

{t’_> (\/N<f1aMtN>v"'7W<fkaMtN>)T7tGRJr}NZl

converges in distribution in D(R.,RF) towards a process Y,fz ={t— (Y,...,Y)T teR,y} €
C(Ry,RF) with zero-mean and independent Gaussian increments (which is thus a martingale).
In addition, for all 0 < s <,

Cov(Yi, Y7) = o’E [‘BOOJ/ Cov(Qulfil(@, 9), Qulfil(@,y))dv, 1<ij<k.  (2.3.45)

Notice that (2.3.45) is exactly (2.1.15]).

Proof Set for ease of notation, .Y = (VN{(fi, MM), ...,V N{fr, MN)T, t € R,. We have
ZLN” YeN | where §N (\/N(fl,MéV>, . .,\/N(fk,MéV»T (see indeed (2.2.6))). From
[EKOQ Remark 7 1 5], the covariation matrix of . is

|Nt]—1 LNtJ 1

Nft, frl =N Z eNen” Z ((Fis MYY(F5 MY )i e,

N o
Ift > s, we have &N [f1, ..., fil = IV f1, s fu] = NZ(E H\/sj ¢re, > 0. By (2.3.41), Condition
(a) in [EK09, Theorem 7.1.4] is satisfied for .#". Secondly, condition (1.19) in [EK09, Theorem
7.1.4] is satisfied, using the decomposition

|Nt]—1 Ve =1
IV Flis = NS (o MYV S MY) = N 5 (Ui £, MY = (fi, M) = (£, M1)?)
q=0 =0
_ %(ai\’[fﬂrf]] a [fi] — o [5])
%(ct[fz + fi] = alfil = lf5]) (by (2:3.44))

_a2 ! 1 ov €T x
_ /E[‘Bm|]c QI (@9, Qulfy (s ) do
= (&)
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It remains to check that € satisfies the assumptions of [EK09, Theorem 7.1.1]. Clearly €(0) =0
and t € R4 — & is continuous. In addition, if 0 < s <,

&—aza%LE{@;}%ﬂ@ﬂﬁawﬂdmwwmﬁ

i,j=1,..k

t 1 _ _

—o [ B || B = a,
S | 00|

where E,(x,y)i = Qulfil(z,y) — E[Qu[fi](z,y)], ¢ € {1,...,k}. Thus, € — & is symmetric and

non negative definite. The proof of Proposition is complete. O

Proposition 2.35. Let 3 > 3/4 and assume that hold. Then, the sequence (V' NMYN )y
converges in distribution in D(R.y, H~ 790 (R%)) to a G-process 4 € C(Ry, H™/00(R%)) (see
Definition @)

To prove Proposition we will prove that there is a unique limit point of the sequence
(VNMYN)y>1in D(R4, H7070(R?)) (recall that this sequence is relatively compact in this space,
see Proposition , so that the whole sequence converges in distribution. Proposition will
then imply that this unique limit point is a G-process. Before, we need to introduce some
definitions. For a family .# = {f.}as>1 of elements of #7070 (RY), we define, for k& > 1, the
projection

Wf: : D(R+7H_JO,jO(Rd)) - D(R-l-a R)k7 m ((fla m>7 SRR <fka m>)T

The function 7/ is continuous. In the following, J# = {hq}s>1 is an orthonormal basis of
#7090 (R?). Let dr be a metric for the Skorohod topology on D(R.,R). Introduce the space
D(R4,R)* defined as the set of sequences taking values in D(R,R). We endow D(R4,R)>®
with the metric p(u,v) = > ,~; 27 min(1, dr(uaq,ve)). We consider on D(R,R)* the topology
associated with p. We have that p(u’¥,u) — 0 if and only if dg(ul’,us) — 0 for all a > 1.
Notice with that with this metric p, D(R4, R)* is separable, since D(R 4, R) is separable [EK09,
Theorem 3.5.6]. We now define the map

II: DRy, H 0 (RY)) - DRy, R)®, m e ((ha,m)) sy

This map is injective (because # is a basis of H700(R?)) and continuous. The map I depends
on the orthonormal basis .7 but, for ease of notation, we have omitted to write it. Finally, we
introduce the continuous function

pr: D(Ry,R)>® — D(R,,R), (ma)3:21 = (ma,...,mg)T.

It holds

Tr}ff = pg o IL.

We now introduce the set
C:={p,'(H), HeBDRLR"), k>1}C DRy, R)™,

where B(D(R.,R)*) denotes the Borel o-algebra of D(R.,R)*. The continuity of pj im-
plies that C C B(D(R+,R)>). The following result shows that C is a separating class of
(D(R+,R)*, B(D(R+,R)*)), where we recall that this means by definition that two proba-
bility measures on B(D(R4,R)>) which agree on C necessarily agree on B(D(R,R)>).

Lemma 2.36. The set C is a separating class of (D(R4+,R)*, B(D(R4+,R)*)).
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Proof. We recall that any subset of B(D(R4,R)*) which is a m-system (i.e. closed under finite
intersection) and which generates the o-algebra B(D(R4,R)>) is a separating class (see [Bil99]
Page 9]). Let us first prove that C is a m-system. Notice that it holds p, '(H) = p;il(H X
D(R4,R)). Thus, if A and A’ € C (write A = p; '(H) and A’ = p;,'(H'), and assume that
k' > k), then AN A" = p ! ((Hx D(Ry,R)... x D(Ry,R)) N H') € C. Consequently C is a
m-system. It remains to show that the o-algebra generated by C is equal to B(D(R,R)*°). To
prove it, it is sufficient to prove that any open set of D(R4,R)> is a countable union of sets in
C. Introduce, for x € D(R4+,R)*, k> 1 and € > 0,

Nie(z) :={y € D(R4,R)*; dr(zq,vq) <€, 1 <a <k} CC. (2.3.46)

By straightforward arguments Ny (z) is open in (D(R4,R)>,p). Remark that for all y €
Ni.e(z), it holds p(z,y) < €+ 27F. Given 7 > 0, choose € > 0 and k > 1 such that € +27% < r.
Then, N (z) C By(x,r) where B,(z,r) is the open ball of center = and radius r for the metric
p of D(R4+,R)*>. The space D(R4,R)™ is separable and we consider D a dense and countable
subset of (D(R4+,R)*, p). Let O be an open subset of (D(R4,R)*>, p). We claim that

O = No where Np := U Nie(T).

zeDNO, k>1
€c€QNRY, Ny (x)CO

We have No C O. Let us now show that O C Np. To this end, pick y € O and ry > 0 such that
B,(y,r0) C O. Choose ko > 1 such that

9k o 10

Consider, for n > 1, 2™ € D such that p(y,z") < 1/n. Choose n > 1 such that

ko

%—i—%o<roand27<%o.
Since for all @ > 1, dr(yq,zl}) — 0 as n — +oo (by definition of p), we choose if necessary
n > 1 larger so that min(1,dg(ya,zY)) = dr(ye,xl) for all a = 1,... kp. Finally, choose
€hon = 2k /n € Q. We have for all a = 1,...,ko, dr(22,ys) < p(z™, y)2% < p(a™, y)2k <
2ko /n, = €kom, SO that y € Nko,eko,n(wn)' It just remains to check that Nko’ekoyn(:c”) c O to
ensure that Nkovfko,n (z™) C No. We have p(y,z") < €ryn + 27k < ro/4 4+ 19/4 = 19/2 and thus
Nio,exy o (2") C Bp(z™,70/2). Since 1/n +19/2 < 1o, by triangular inequality, By(z",70/2) C
B,(y,m0) C O. Thus, Nko’eko,n(x”) C O, which proves that Nko’eko,n(:p") C Np. Consequently,
we have proved that y € J\/‘ko,eko’n(x”) C Np, and then that O C Np. Thus, O = Np. In
conclusion, every open set O is a countable union of sets of the form . This implies that
o(C) = B(D(R4,R)*>) and therefore C is a separating class. O

Proposition 2.37. Let P,Q be two probability measures on D(R.y,H 7090 (R?)) such that
7l P=mQ for allk > 1. Then, P = Q.

Proof. The equality W,‘ffP = W;fo for all £ > 1, writes pg o IIP = pg o II(). By Lemma
IIP = IIQ. Since II is injective it admits a left inverse II"!, and therefore P = Q. The proof is
complete. O

We are now in position to prove Proposition [2.35]
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Proof of Proposition[2.535. By Proposition (VNMPN) > is relatively compact in D(R, H~/0:90 (R%)).
Let .#* be one of its limit point. Let us show that .#* is independent of the extracted subse-

quence, say of N’. Since 77‘,520 is continuous for all k£ > 1, the continuous mapping theorem implies

that in D(R,R),
Y (VN'MN'Y = 7 (") in distribution, as N’ — +oc.

For k > 1, introduce the following continuous and bijective mapping 2, : D(R4,RF) —
D(R.,R)” defined by: m +— (m-eq,...,m-e,)T, where {e1,...,ex} denotes the canonical basis
of R*. By Proposition applied with f, = ha, a € {1,...,k} (recall H’/0Jo(R%) C C*7(RY)),
it holds in D(R, R¥),

VE>1, 2. on 7 (VN'MN') = v in distribution, as N’ — +oo.
Since 2, is continuous, one then has in D(R,R)¥,
VE > 1, i (VN'MN') = 2,(v7) in distribution, as N’ — +oc.

It follows that 7/ (.#*) = 2;(Y;’*) in distribution. By Proposition the distribution of
A is fully determined by the collection of distributions of the processes Wff (A*), for k > 1.
Thus, .#* is independent of the subsequence, and therefore the whole sequence (\F MN) N>1
convergences to .#* in D(R., H~/0d0(R%)). By Lemmam 2.32) .#* € C(Ry,H 7070 (RY)). Let us
now consider a family .# = {f,}q>1 of elements of HJO’jO(Rd) Since 7, and 7Tk are continuous,

and by Proposition [2.34] one has that 2, ' o/ (.#£*) =Y;” € C(R+,R¥) in distribution. The
proof of Proposition [2.35| is complete. ]

2.3.5 Limit points of (n)y>; and end of the proof of Theorem

On the limit points of the sequence (7", vV NM")y>;

Lemma 2.38. Assume . Then, the sequence (n))N>1 converges in distribution in
H—JotLio(RY) towards a wariable vy which is the unique (in distribution) H~7o+1Jjo(R%)-
valued random wariable such that for all kK > 1 and fi...,fr € HIo"LIo(RY),
((frv0), -y (fes o)) T ~ N(0,T(f1, ..., fr)), where T(f1,..., fr) is the covariance matriz of the

vector (f1(W3),..., fr(Wi)T.

Proof. The sequence ()Y )n>1 is tight in H~70F10(RY). Let F = {f,}a>1 be a family of elements
of H70~1Jjo(R%). Define, for k > 1, the projection

PiL HTTRRY) 5 RE moes ((fum), - (frm)).

The map @,f is continuous. By the standard vectorial central limit theorem, for £ > 1,
27 () = N(0,T(f1,..., fr)) in distribution. In addition, we show with the same arguments
as those used to prove Lemma[2.36] and Proposition [2.37] that when .Z is an orthonormal basis of
HSo—1do(RY), the distribution of a H~7/0thio(R4)-valued random variable v is fully determined
by the collection of the distributions {2 (v), k > 1}. Hence, (n¥)n>1 has a unique limit point v
in distribution which is the unique (in distribution) H =70+ (R%)-valued random variable such
that for all k > 1, 227 (1)) ~ N(0,T(f1,-.., fx)). In particular, the whole sequence (n)')n>1
converges in distribution towards 1y. The proof of the lemma is complete. O

Set
& := DRy, H™ 0t (RY) x DR, H~ /090 (RY)). (2.3.47)
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According to Propositions and (nV,V/'N MN) > is tight in &. Let (7*,9*) be one of
its limit point in &. Along some subsequence, it holds:

(N, VN MY = (%,9%), as N' — +oc.
Considering the marginal distributions, and according to Lemmata [2.31] and [2.32] it holds a.s.
n* € C(Ry, H 7ot (RY)) and ¥* € C(R,, H‘JO’jO(Rd)). (2.3.48)

By uniqueness of the limit in distribution, using Lemma (together with the fact that the pro-
jection m € D(Ry, H~TotLio(R)) s my € H~/oFLio(RY) is continuous) and Proposition m
it also holds:

no = vo and ¥ = ¢, in distribution. (2.3.49)

Proposition 2.39. Let § > 3/4 and assume A7 Then, n* is a weak solution of (2.1.16|
(see Definition [2.7) with initial distribution vy (see Lemma[2.38).

Proof. Let us introduce, for ® € H~/otLio(R4), f € H/odo(R?), and s > 0:
Us[f1(®) := / aly — (ox(-,2), fis))(V f - Vou (-, ), ®)m(dz, dy) (2.3.50)
Xx)Y
and
VAA® = [ (o) @)(VS - Vo) )l dy). (2.3.51)
XxY
Recall ¥ = VN (u — i) (see (2.1.11)). Using and Corollary it holds:
t
(Fom”y = (f.m") —/0 (Us[A10) = Vsl A1 ))ds — (f, VNMY) = —e¥ [, (2:3.52)

where

Nl = / | a 02 ) o ). (s
[Nt]—1 JN INt|]—-1 N

—VN(LVY) =N Y (LB — v Z Zw Wi
k=0 i=

In what follows, f € H7%(R?) and t € R are fixed.
Step 1. In this step we study the continuity of the mapping

By[f] : m € D(Ry, H™THO(RY) = (f,my) — /O (Uslf](ms) = Vs[fl(ms))ds € R.

Let (m™V)n>1 such that m” — m in D(R, H~0F140(R?)). Recall that sup,cy |04 (-, 7) | 3s0-140 <
+00 (by[A2]and because jo > d/2). Then, for all N > 1 and s € [0, ], it holds:

|(y = (0w 2), i) (V f - Vo (-, ), mE)| < Cllyl + DI f 1347050 sup sup [ |3-r0+1.00 < +00
1se

and since f € H70Jo(RY) — CLV(RY),

(0 (,2).mI N (V- Vou (), fis)] < Csup sup [[m|ly-s0+1.50
N2>1 s€0,t]

X || fll370-505uPsepo, g [((1 4| - [7), f1s)| < 400,
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for some C' > 0 independent of N > 1, f € H/0:5o(RY), s > 0, and (x,y) € X x V. With these
two upper bounds, and using the same arguments as those used in the proof of Lemma [2:20]
one deduces that for all continuity points t € Ry of {t — my,t € Ry}, we have By[f](m?) —
B:[f](m) as N — +o0. Consequently, using and the continuous mapping theorem [Bil99,
Theorem 2.7], for all f € H7/0:70(RY) and t € R, it holds in distribution and as N’ — 4oo:

Bl 1) = (fimo ) = (S, VN'MY) = Bl f107) = (foms) — (f-%57). (2.3.53)
Step 2. In this step we prove that for any t € Ry and f € #7090 (R9):

EHeéV[f]H — 0as N — +oo. (2.3.54)

By ([2.3.24), we have since f € H/0o(RY) «— H/2+132(R4) (because Jo > Jo + 1 and j2 > Jo,
see (2.1.12) and (2.1.13)),

Ct”fo’H72 Jj2
(), OV - Vou (-, 2), 0 ) r(de, dy)ds| < ——=——E 2.2
SB[ [ altonal a9 Vo) . an P2 p sup [ ]

te[0,7)
< Ct]| fllggra+19

VN
Using Lemma we also have since f € H70J0(R9) — C27<(R%),

— 0as N — +oo.

[Nt]-1 INt]-1 N
B[|VRGVY) - VE Y (R - s Z ZVf W) -&i]] < Clflenn [
k=0

+\FN[ N12ﬂ}+>/v§}

The right-hand-side of the previous term goes to 0 as N — +o0, since 5 > 3/4. This proves ([2.3.54]).

Step 3. End of the proof of Proposition By (2.3.53), (2.3.54), and (2.3.52), we deduce
that for all f € H’0J0(R?) and t € RY, it holds a.s. Bi[f](n*) — (f,n5) — (f,%4) = 0. Since
H70:70(RY) and Ry are separable, we conclude by a standard continuity argument that a.s. for
all f € H7oJo(RY) and t € RT, By[f](n*) — (f,m5) — (f,¥4) = 0. Hence, n* is a weak solution

of (2.1.16) (see Definition with initial distribution vy (see (2.3.49))). This ends the proof of
Proposition [2.39 O

Inspired by the proof of [DLRI19al Corollary 5.7] (see also [KX04]), to end the proof of
Theorem we will show that (2.1.16]) has a unique strong solution. This is the purpose of the
next section, where we also conclude the proof of Theorem

Pathwise uniqueness

Proposition 2.40. Let 8 > 3/4 and assume A7l Then strong uniqueness holds for (2.1.16)),
namely, on a fized probability space, given a H~70T10(RY)-valued random variable v and a G-
process 4 € C(Ry, H~700(R%)), there exists at most one C(Ry, H~/0tLio(R%))-valued process

1 solution to (2.1.16)) with ng = v almost surely.

Proof. By linearity of the involved operators in (2.1.16)), it is enough to consider a C(R.., H =70 1Jo(R%))-
valued process 7 solution to (2.1.16) when a.s. v = 0 and 4 = 0, i.e., for every f € H/090(RY)
and t € R4

{ fom) = [y(U = Vil/l(ns))ds =0, (2.3.55)

<fa 770> - Oa
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where U and V are defined respectively in and . Pick T' > 0. By , a.s. for
all f € #7070 (RY) and t € [0,T], we have (f,m:)* = 2 [5(Us[f](ns) — V[ f](ns)){f,ms)ds. Recall
supseo. 71 (1+]+17), f1s)| < +00 (because i € D(R, Py(R%))) and HX7(R?) < C'7(R?). Then,
by Cauchy-Schwarz inequality, a.s. for all f € H7070(R%) and ¢ € [0, T]:

_/ V[f1(ns)(f,ns)ds < a/ [<f’ 775>2 +/ <0*(‘a$)7ns>2<Vf ) VU*('@),%)%(dﬂ?,dy)]dg
0 0 XY
< C/O [(fa 773>2 + ||775H3.[7J0,j0 ||f||§{L,ﬂ,]d8. (2.3.56)

Let {f,}a>1 be an orthonormal basis of H70J0(R?). Using the operator T, : f € H/00(R?)
Vf-Vo(-,z) € H/o~bio(RY) defined for all 2 € X and Lemma|2.43, we have a.s. for all ¢ € [0, T):

S [0l onias = [ [ o)) (3o (T, s

a>1 a>1

- / / (0 — (041 2), 1)) (es T g spio (e, dy)ds
0 XxY

t
< C/O 1725113~ 7.0 - (2.3.57)

Therefore, using the bounds (2.3.56) and (2.3.57)), together with #7070 (R%) < g, HEY(RY), we
have a.s. for all ¢t € [0, T7:

t
12, s0s0 = S (farm)? < C /0 19212,y s

a>1

By Gronwall’s lemma, a.s. |ny-s040 = O for all ¢ € [0,7]. This concludes the proof of
Proposition [2.40} O

End of the proof of Theorem

Proof of Theorem[2.8, Let ¢ € {1,2} and N, be such that in distribution nNe — nf in
D(R, H~/0FLio(R?)) (see Proposition . By Lemma a.s. n° € C(Ry, H~TotLio(RY)).
Consider now (n®*,4%*) a limit point of (n™V¢, /Ny MN¢)y,>1 in &. Up to extracting a subse-
quence from Ny, we assume that in distribution and as Ny — +o0,

(nNZ, v/ Ny MN") — (né’*,%e’*) in &.

Considering the marginal distributions, we then have by uniqueness of the limit in distribution,
for £ = 1,2 (see also Proposition [2.35)):

n"* =nt, and ¥5* = ¢ in distribution. (2.3.58)

By Proposition n'* and n>* are two weak solutions of with initial distribution 1
(see also Lemma . Since strong uniqueness for (see Proposition ED implies weak
uniqueness for (2.1.16]), we deduce that n'** = n** in distribution. By @ , this implies that
n' = n? in distribution and then, that the whole sequence (n™¥)y>1 converges in distribution in
D(R., H~7otLio(RY)). Denoting by n* its limit, we have proved that n* has the same distribution
as the unique weak solution n* of with initial distribution vy. This concludes the proof
of Theorem 2.8

O
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2.3.6 The case when = 3/4

In this section, we assume that d = 1. Recall fo : # € R — |z|?, which belongs to H7J0(R)

because jo —2=3—2> 1/2 (see (2.1.12)).

Proof of Proposition[2.10 Assume 8 = 3/4. The proof of Proposition is divided into two
steps.

Step 1. Let f € H70J0(R). When § = 3/4, it appears that for non affine test functions f, the
term (f, R}CV ) is not negligible any more. In this step we simply rewrite by decomposing
the term (f, RY) into two terms: (f, RY) = (f, %) + (f, BY) where (f, %+ ) will be negligible
and (f, YY) will not be negligible. More precisely, by (2:2.2) and (2.1.2)), it holds

(f.RY) = QNZ Wi = WO (W)

i €k |2 i
S (- ol @) Vwen (Wha) + | (W)
(x7y)eBk

= (f. %) + (f, ),

:m;’J\qu

where
N\ (6%
(P = o | wipy 2 W o @) Vwe (W) (7))
= (x7y)eBk
1 a 57; "
+sz Z (v — g, (2)) Vo (Wy, >N3/4f (W)
=1 xvy)EBk
and

N
1 : .
<f’ '%]]CV> - IN5/2 Z ‘EQIQfII(WZ:)-
i=1
From ([2.3.52)), one then has:

|Nt]—1

<f,niv>—<f,név>—/0<Us[f1<név>—Vs[f}<n£v)>ds—<f,x/NMt )=—&"[f]+VN Z (f. B),
(2.3.59)

where

. ag ag N’/TIL' S
& .f//m) () WS - Vo, (), nm(da, dy)d

[Nt]-1 VN [Nt]-1 N
—-VN(f,V¥) - VN kz ()~ s ZW Wie
=0 — i=

Step 2. Let 7 be a limit point of (n™)n>1 in D(Ry, H~0+1J0(R)). Let N’ be such that in
distribution nN/ — n as N’ — +oo. In this step, we pass to the limit in with the test
function f; : € R + |z|?. By Propositions and the sequence (n™', vV N'MN") y1>
is tight in & (see (2.3.47)). Let (n*,%*) be one of its limit point in &. Up to extracting a
subsequence from N’, it holds:

(N VN MN') = (n*,9*), as N' — +oo.
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Considering the marginal distributions, it holds in distribution,
n* =nand ¥* =9 € C(Ry,H 7"°(R)).

Introduce C(n*) C R4, whose complementary in Ry is at most countable, such that for all
u€C(n*),sc Ry —nf e H JoFLio(R) is a.s. continuous at u. Then, with the same arguments
as those used to derive and using also the fact that 0 € C(n*), one has for all t € C(n*)
and in distribution,

Bulf1(™) = (£ — (F VN MNY = By[fl(n") — (f,m5) — (f.97) as N' — +00.  (2.3.60)

Let us now deal with the two terms in the right-hand side of (2.3.59). Using (3.9.3), (2.2.10))
and

1 R 1 2
E[’B—k' (xgejBk(y—g%k(m))vwo*(wk,x)ek] < 2E[‘Bk|( ’%E:Bk’(y—gwk( ) Viwo. (Wi, z)] }
+2E[|5};| }
1
<clelizg, 3, o+ ] ] <
z,y)EBy

We now set f = f,. Then, we have E[|(f, Z))|] < C(N~2 + N~7/%). Using also the lines
below (2.3.54) and Lemma it holds:

+N3/2<—+ 1 >+L} (2.3.61)

B[a (5] < ¢~ vt ) Ty

VN

On the other hand, using and the law of large number, it holds a.s. as N — 400,

|Nt]—1 1 INt|-1 N |Nt]—
VN Z (fp, BY) Z > el Z Z|5k|2—>tE|5 2. (2.3.62)
k=0 =1 k=0 =1

Therefore, using (2.3.60)),(2.3.61]) and (2.3.62), it holds for all ¢ € C(n*), a.s. B:[f2](n*) — (f2,n§) —
(fo,9) = tE[|e1?]. The mappinéﬂ s € Ry — Bg[fa](n*) is right continuous and s — (fy, 4F) is
continuous. By a standard continuity argument (the same as the one used in Proposition [2.21]), it
holds a.s. for all t € Ry, By[fa](n*) — (fa, ) — (f2,9*) = tE[|e1]?]. The proof of Proposit
is complete. ]
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3For all m € D(Ry, H~70TH90(RY)) and f € H'*0(R?), t € Ry > By[f](m) is right-continuous. This is clear
since t — (f, m.) is right-continuous, and because s — U,[f](ms) — Vi[f](ms) € Lis.(R4).
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2.4 A note on relative compactness

In this section, we prove, in our Hilbert setting, that the condition (4.21) in [Kur75, Theorem
(4.20)] can be replaced by the slightly modified condition, namely the regularity condition of item
2 in Proposition below.

In the following H; and Hs are two Hilbert spaces (whose duals are respectively denoted by
7—[1_1 and 7—[2_1) such that H; —pgg Ho.

Proposition 2.41. Let (1")n>1 € D(R4, 7—[2_1) be a sequence of processes satisfying the follow-
ing two conditions:

1. Compact containment condition : for every T’ > 0 and n > 0, there exists C > 0 such that

N2
sup P (sup 4 >C0) <.
Reh ( te[o,T]HMt ||H21 ) Ui

2. Regularity condition : for every 6 >0, N >1, 0<t<T and 0 <u < (T —t) A6, there
exists F(9) < oo such that

E |1 — o I21] < Fw(0),

with lim limsup Fy(0) = 0.
=0  N>1

Then, the sequence (uN)y>1 C DRy, H ') is relatively compact.

Proof. To prove this result, we follow the proof of [Kur75, Theorem (4.20)]. More precisely, we
show that the assumptions of [Kur75, Theorem 1] are satisfied (namely conditions (4.2) and (4.3)
there), when E = H; ' there.

Step 1. The condition (4.2) in [Kur75, Theorem 1] is satisfied (when E = H ' there).

We have that H; is compactly embedded in Hso (since a Hilbert-Schmidt embedding is compact).
By Schauder’s theorem, H, Lig compactly embedded in 7—[1_1. Thus, for all C > 0, the set
{p € HY, H¢”H2‘1 < C} is compact. Therefore, the condition (4.2) in [Kur75| is satisfied.

Step 2. The condition (4.3) in [Kur75, Theorem 1] is satisfied (when E = #; ' there).
By [Kur75, Lemma 4.4, {t — ul¥,t € Ry }n>1 is relatively compact in D(R, H ') if for all
e > 0, there exists a tight sequence {t — ,u,iv’a,t €eRifn>1 C D(R+,7-{,1_1) which is e-close to

{t = ul¥,t € Ry}n>1. Following [Kur75], we define, for ¢ > 0, the sequence {t — uiv’a,t €
R }n>1 C DRy, HY) in D(Ry, Hy ') of pure jump processes as follows. Let us first introduce,

foer1and5>0,Tév’g:zoand,fork:>0:
Ne  _ . Ne .y, N N
T, c=inf{t > 7l — Mr,i\QiHH;l > e},

N, N,
sp " i=sup{t <7 1 |pp — ﬂZN’EHH? > e}
Then we define, for ¢ > 0,

Ve { ppo o for t< (s 4 )
t T

N 1/.Ne N, 1, Ne N,
Hode for 5(sp ™ +7,7) <t < 3(s00 + Toyn)-

We claim that for any ¢ > 0, the sequence {t — uiv .t € Ry }n>1 verifies condition (4.2) of
[Kur75, Theorem 4.1] when E = Hfl there. Indeed, by the discussion in the first step above, this
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follows from the compact containment condition verified by {t +— u, ¢t € Ry }n>1 in D(Ry, Hy h

(see item 1 in Proposition 2.41)) together with the fact that sup;eg,, [l1f —,uiV’EHHgl < Cye, where

the constant Cy > 0 is independent of N and e.
It remains to prove that for any € > 0, {t — ,uiv’s,t € Ry} N> satisfies the condition (4.3)

in [Kur7s, Theorem 4.1] when E = H[' there (so that it will be tight for each ¢ > 0). Since

Hy' < H[', it is enough to show that for any ¢ > 0, {t uiv’s,t € R, }n>1 satisfies the

condition (4.3) in [Kur75, Theorem 4.1] when E = H, ' there. By [Kur75, Lemma 4.5] (and its
note) and the construction of {t — uiv’g,t € Ry}n>1, it is sufficient to bound § — P(TlN’E <)
and 0 — P(T]ﬁﬁ - s,]:"s < §) by a function § — G%/(9) such that for every ¢ > 0,

lim limsup G%(d) = 0. (2.4.1)
6—0 N

Let us prove that we can indeed bound these two terms by such G%(0) satisfying (2.4.1). Recall
that by item 2 in Proposition forevery § >0, N>1, 0<t<Tand 0<u< (T —1t)AJ,

B [ —#¥5,1] < F(@). with lim limsup Fy(3) = 0.

Now, introduce as in [Kur75], the distance r on H; * defined by (', ¢?) = min(1, || _902”7{;1)'
We thus have:

E |1 (1% o)’] < Fi(0), (24.2)

On the one hand, we have, for 0 < e < 1,

1
P " <0) = P(lulve s = ) gy > €) = P(r(ulve o) > ) < gE[T(MJTfN,EM,uéVf]-

(2.4.3)
On the other hand, we have, for k > 1 and 0 < e < 1,
P(r) = sy <0) < P(r -  <0) = P(r(ugﬁ Ao iy e > €)
< ;E[r(u%w%s oy //TZN,E)Q]. (2.4.4)

From ([2.4.2)), and because the stopping times appearing in (2.4.3)) and ([2.4.4]) can be approximated
by sequences of decreasing discrete stopping times, we can indeed bound § — P(TlN € < §) and

J— P(T,ﬁi - s,]cv’E < §) by Fn(8) which satisfies (2.4.1)). Consequently, for each 0 < & < 1, the
condition (4.3) in [Kur75, Theorem 4.1] is satisfied for the sequence {t — ,uiv .t € Ry }n>1 when
E = H, ! there. We can thus apply [Kur75, Theorem 4.1] to {t + uiv’s,t € R4 }n>1, which is
therefore tight in D(R.y,H ') for each 0 < & < 1. Using [Kur75, Lemma 4.4] (with B = H[!
there), this concludes the proof of the lemma. O

2.5 Technical lemmata
In this section we state and prove Lemma [2.42] Lemma [2.43] and Lemma [2.44]
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Lemma 2.42. Let 8 > 1/2 and assume A7 Recall H'171 (R) — HEY(RY) (see (2.1.14)).
Then, for all T > 0, there exists C > 0 such that for all f € H/V'(RY), N > 1, and t € [0,T],

1t holds:

(i) B[S U-Lorr i >W<f,MéV>+4N<f,M,§V>2] < O f I

.. [ Nt|—1 i i 7 7
(i) B | SN 21N 1) T VIO - e+ ek | Ziy VW) -

I
IA

N2C 1 HfH’HL’Y

(i6i) B[S NI ROPR] < CIF I [ + 3]

N

(iv) B | SR T T VN, R{X>] < OIf s 1+ & + 55| + B [ foif, TN)?ds].

(v) B !ZLN” N el f]—mf5<f,r5>w[f]ds|] < Ollf -

(vi) B[ Y 117 < CIlf IRy

Proof. Let T > 0 and f € H/71(R?). In what follows, C' > 0 is a constant, independent of
N>1,t€]0,T], f,and k € {0,...,|NT| —1} which can change from one occurence to another.
We recall that for N > 1 and k£ > 1 ]-",iv is the o-algebra generated by {Wi}Y |, B; and (¢ );N , for
j= (),. k: 1, and that F = {({WiY, }, see (2.1.9). Recall also the definitions of MN and
RkN in and (2.2.2) respectlvely, of a¥ and LY in E} and that for N>1andte Ry,
TN = \/N(,ut — [y ) (see also (2.3.3)). We start by proving item |(i)| in Lemma - For all
t € [0,T7], because for alla € N and be{l,...,N}, Whis FN- measurable and €% 1L .7-"N see-
together with the fact that X? is 7V —measurable (for all s > 0), one has using also

[Nt]-1 [Nt|—1
E|: Z fv k+1 \/N<f,M]£V>j| N Z E|:<f7/‘Lk+1— _,uk+1><f’Mk >:|
k=0
[Nt]—1
=N Y E[{f.u)E[(f, M) 7]
k=0
|Nt)—1

_NZ [ Zly% {<f7M;£V>!F,iVH=O. (2.5.1)

By .219) E [(f, M}Y)?] < C|f3,..,/N?. Together with (2.5.1)), we deduce item
Let us now prove item We have, using

N
B[(/, Y, wak et] = VNE[((f. ) = (f. i) S VFW)) -]
= VN ZE[ (ool = (£ )V W) - Bl =

On the other hand, using (2.2.29), H%7(R?) — C?7*(R%) (see (2.1.6)), and the same arguments

as those used in (2.2.30)), it holds:

N N
E[| S Vi) -ci|’] = Y E[|[VFW)) - el*] < ON|fl2en. < ONIIfIR .-
3 =1
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This ends the proof of item Item is a direct consequence of ([2.2.34) and H7(RY) —
C2 (Rd).
Let us now prove item We have that

|Nt|—1 (Nt -1 |Nt|—1
D> BT WNRY) < 3 G Ten)®+ > N R (2.5.2)
k=0 k=0 k=0

On the one hand, by item

|Nt|—1

B[ S NULRDE] < Ol [ + ] (2.5.3)
k=0
On the other hand, we have
| |Vt) N1 ki1
[T s > Loy, LR tZI/CN (292 = (0%, )as|

k=0 k=0 N
< > [ e o 2as

Let 0 < k < [Nt| and s € (£, £5). We have

<f7TéV> <f7 k+1 > N|:(<f’yliv>_<faﬂév>)2_(<f71/l]€v>_<fv _%»Q]
= N [20) (i) = (YD) + (B = ()]
= N 205 (£ 1) = (£ D))
+ (<f, R = () (U ) + {F i) | (2:5.4)
It holds using and that |X% by (2-3.4)):
e, o .
(i) = (i) = | D0 F(Xhg) — (XD
i=1
1 al 7 7 7 1
< [ 2 W - RUVAE + C1Xey — X sup [V241(0XL + (1= ) X))
c < i e eip C
< % lflleze 31Xy = Xl + [ Xy — X2 < Sl (2:5.5)

=1

Going back to (2.5.4), and using also (2.3.5)), we have:
[0 = (0] < Ol (10 (782 + (. )

)

N
f 2,7 i
< Ol (VI S0 i) 4 €l e ).

i=1

Therefore, using Lemma [2.11] we have shown that

LLNH [Nt]—1 |[Nt|— %
Bl [ s IS TRLEDY / .92 = ey, 2 Jas
< Ol
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so that

[Nt]—1 [Nt

B[ 3 U1l < Ul +B [ 7 1]

On the other hand, using (2.2.31)), -, and HEY(RY) — C27+(RY)

N
(£, X)) < ON [E[<f, i)+ B[S ] < ON [, + 5B Y 7 (XD]
1 Nl:l iy
< ON[If e + B[S IF(XDP)]
i=1

< CN | fll3;2.-
Therefore, it holds: E[ [{xe (f,TY)2ds] < C||f|2,..,. Hence
N

[Nt]
E[ Ni:l k+1 2} SC"f‘%{LW+E|:/t<f’TéV>2de|

Ttem is then a consequence of (2.5.2] - -, and ( -
Let us now prove item [(v)] We have (see (2.3.16]))

(2.5.6)

Nt|-1 L
N\ N
[ Z;) (rnr k+1 [f]_\/N/O (f, T4 Ly [f]ds}
[Nt|—1
=VN Z / k+1 ) — <f,TéV>)L£V[f]}ds.

Using ([2.5.5)), for s € (% %) it holds:

N = (T = VI |7 — ()| < ol

VN '
and using (2.2.17), Lemma and HEY(RY) < €27+ (R?), one deduces that

E[[LY/]]°] < Cl e

Thus,
et ety 112,z

B Y (ol f/ ] < v vy / o s < O
k=0 N

In addition we have:

f‘/ YL [f ]ds < VN ™ \/E[|<f’yév>’2] \/EHLN[f]Q

< O f1I3,2.-
We have thus proved item
Finally,
[Nt]—-1 k1 [Nt|—1 K+l
B[ > lae] =~ ! [T 30 [ RN < Ol
k=0

which proves item This ends the proof of the lemma
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Lemma 2.43. Let J > 1 and v > 0. For x € X, recall the definition of T, (see (2.3.21))),
To: fE€HMRY = Vf-Vou(,x) € H/ 7V (R?). Then, there exists C > 0 such that for any
T eH 7HIYRY) and x € X,

(0, TEX)3-1m ] < CIT|F =1 (2.5.7)

This result is stronger than what one obtains with the Cauchy-Schwarz inequality. Indeed, the
Cauchy-Schwarz inequality only implies

0 T 0| < AT Mg=00 IT2 Yl 3g=00 < O Nl [T 3=

Let us mention that Lemma extends [SS20a, Lemma B.1] to the non compact and weighted
case.

Proof. Let x € X and T € H~/*17(RY) — H~/7(R?). By the Riesz representation theorem,
there exists a unique ¥ € H’7(R?) such that,
(£,0) = (f, )5, for f € HIV(RD.

We set F(Y) = ¥. The density of C°(R?) in H77(R?) implies that {Y € H~/7(R%) : F(Y) €
C°(R%)} is dense in H~77(RY). It is thus sufficient to show ([2.5.7) for T such that ¥ = F(Y) €
C°(R%). We have

<T7T;T>'H7J»"/ = <\I’7T;T> = <Tx\117T> - <Ta:\117 \Ij>'HJ,v. (258)
Let us prove that [(T, W, ¥) ;.| < C||¥]3,,, for ¥ e C°(RY). By definition, we have

(To, W)y = > / D’c VU(w) - Vo, (w,z)) D (w)

“Trp
|k|<J

In the previous sum, the only terms involving derivatives of ¥ of order greater than J are the
terms for which |k| = J. Therefore, it is sufficient to only deal with such k. Pick a multi-index k
such that |k| = J. For all z € X', we have

d
dw DF W (w)
k k — k E . . 7
DF¥ (w)
— k )
g D (0; ¥ (w)0;o 4 (w, x)) X T+ o
Let us consider the case when i = 1 and k = (J,0... ,O). The other cases can be treated similarly.
For all z € X,
DR (w) 0 W (w)
k _ J 1
" D (81\:[/('11))810'*(20,.'1;)) X mdw = " 81 (al\:[/(w)ala*(w, x)) X 1 T |w|2’)’
0 W (w)
_ J+1 1
= Jes 07 T (w)0 o4 (w, x) X T+ w2
J-1
J j+1 J—j+1 0 U (w)
+ 3 () ot ot e
(2.5.9)

Since o, and all its derivatives are bounded, one has:

().

J=0

0/ ¥(w)

j+1 J—j+1
5{ U (w)o; ! a*(w,:n)xm

w < O ||
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Let us now deal with the first term in the right-hand side of (2.5.9)). By Fubini’s theorem :

B‘J\I’( 0{ W (z,w')
J+1\If J+1\II 1 ’ /.
/dal (w)ala*(w,x)xil w27 /d 1/ 0 (z,w")O104(2, 0 9U)><—1 |(z,w’)]27d2dw

An integration by parts yields, for all w’ € R%!, using that ¥ is compactly supported,

oW (z,w')
J )
Q/Ral (2, w0104 (2,0, 1) X Wdz
oo (z,w' )] ox(z,w' x)
_ J ni2 Y1 1 9 9
- ot PP - et (R ) o
:/ |8J\I’(Z w/)‘Z % 2’}/Z|(Z,w)|2’y 2810'*(2,10,%‘)—0%0'*(2 w ZL‘)(1+|( ,)|2’y)dz.
L (1+ |z w2
Therefore,
/ 7N (w)By 04 (w, ) X M
R 1 10x% ) 1+"UJ|27

2v—2 2 / 1|2y
‘/ /mm )P x DE )P 200 (5wl 3) = ol v @)L+ W)y g
Rd-1

(1 +|(z, w")|27)?

]8‘]‘1/ z,w')|? , 9

<C x dzdw' < C||¥ .
/Rd1/1+\zw]27 2dw’ < CJ[¥ |30,

To summarize, we have shown the existence of C' < oo (independent of z) such that for any
U € CXRY), (ToW, W) 5] < CJ¥|f3,,. Consequently, by @.58), (T, T3T)-ss] < CIYI,,-
This completes the proof of the lemma. O

Lemma 2.44. Let N > 1 and f : Ry — R be a piecewise continuous function whose jumps

occur only at the times k/N, k > 1. Introduce the function g : R4 — R defined by, for allt > 0,

g(t) = ]EZEJ—l ay where for all k > 0, ay € R (recall the convention E,;:lg =0). Set fort >0,

:/O f(s)ds and ¢(t) = F(t) + g(t).

Then, for all t >0,

¢ |Nt|— [Nt]— _
s =2 [ fomedst 3 tasfr2 3 () (o(5E1) —o(E))
k=0 k=0 -~

Proof. For all k > 0 and t € [£, L) it holds v(t)? w(%)Q = 2ft% ' (s)(s)ds. Letting

%
2\

t— k+1 , we obtain

w(%_)ﬂ L _2/k+1¢ (2.5.10)

Since F is continuous and by definition of g, it holds ¢(5: )% = (F(5H) + g(£))%. Hence,

o5 ) —ely) =R () - r(R) +aly) (F(55) - £ (7))
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Therefore, (2.5.10) reads (using also that ¢’(s) =0 for all s € (%, k—]‘sl))

k+1
N

P r () () () - r(8) =2 [ s

Now, for all ¢ > 0, denoting k = | Nt],

2 [[stowtenn= 32 [ stvtans 2 [ st
1 .

=§;F<T>2—F<J@> +29<]@><F<%>—F<%;>>+w<t>2—¢<%>2
A SR () ool
(B S () () el e 8) o )

§=0
Hence,
o0 =2/Otf<s>w<s>ds+g(]’i,)2+2§F(‘j;1)(9(j;1> -9(%))
§=0

Using that g(0) = 0, one can write g(4)? = Z;:é o |? + 22?;&@(%) —g($))g(4). This
yields,

w7 =2 [ swties S+ 23 (F(5) o)) (65 ~o(3))
—2 [[somons s S -2 (5 ) (65 ~ol3)

which is the desired formula. O

Remark 2.45. Notice by Lemma and (3.9.3) (with m = 4 there), if a = aj,+ a2 + a3 +af,
it holds

4 |Nt]-1 4 |Nt|-1

t)2§2/0tf(s (ds+4>° > JagP+2> 0 > o <k+1 )

/=1 k=0 (=1 k=0

101



102



Chapter 3

Law of Large Numbers for Bayesian
two-layer Neural Network trained
with Variational Inference

This chapter corresponds to the article [DHGT23|, published in the 36th Conference on
Learning Theory (COLT 2023). It is a joint work with Tom Huix, Arnaud Guillin, Manon

Michel, Eric Moulines and Boris Nectoux.
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Abstract

We provide a rigorous analysis of training by variational inference (VI) of Bayesian neural net-
works in the two-layer and infinite-width case. We consider a regression problem with a regu-
larized evidence lower bound (ELBO) which is decomposed into the expected log-likelihood of
the data and the Kullback-Leibler (KL) divergence between the a priori distribution and the
variational posterior. With an appropriate weighting of the KL, we prove a law of large numbers
for three different training schemes: (i) the idealized case with exact estimation of a multiple
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Gaussian integral from the reparametrization trick, (ii) a minibatch scheme using Monte Carlo
sampling, commonly known as Bayes by Backprop, and (iii) a new and computationally cheaper
algorithm which we introduce as Minimal VI. An important result is that all methods converge
to the same mean-field limit. Finally, we illustrate our results numerically and discuss the need
for the derivation of a central limit theorem.

3.1 Introduction

Deep Learning has led to a revolution in machine learning with impressive successes. However,
some limitations of DL have been identified and, despite, many attempts, our understanding of
DL is still limited. A long-standing problem is the assessment of predictive uncertainty: DL
tends to be overconfident in its predictions [APHT21], which is a problem in applications such
as autonomous driving [MGK™17, MWL™'20|, medical diagnosis [KGI7, FFG™19], or finance; cf
[KA13, [Ghal5]. Therefore, on the one hand, analytical efforts are being made to thoroughly
investigate the performance of DL; and on the other hand, many approaches have been proposed
to alleviate its shortcomings. The Bayesian paradigm is an attractive way to tackle predictive
uncertainty, as it provides a framework for training uncertainty-aware neural networks (NNs)
(e.g. [Ghalsl BCKW15, IGG16]).

Thanks to a fully probabilistic approach, Bayesian Neural Networks (BNN) combine the im-
pressive neural-network expressivity with the decision-theoretic approach of Bayesian inference,
making them capable of providing predictive uncertainty; see [BCKWT5, MWL™20, MGK™17,
FFGT19]. However, Bayesian inference requires deriving the posterior distribution of the NN
weights. This posterior distribution is typically not tractable. A classical approach is to sam-
ple the posterior distribution using Markov chain Monte Carlo methods (such as Hamilton-
Monte-Carlo methods). There are however long-standing difficulties, such as the proper choice
of the prior and fine-tuning of the sampler. Such difficulties often become prohibitive in large-
dimensional cases,[CJ21]. An alternative is to use variational inference, which has a long history
[HC93, Mac95, IMT95]. Simpler methods that do not require exact computation of integrals
over the variational posterior were then developed, e.g. first by [Grall] thanks to some ap-
proximation and then by [BCKWI15| with the Bayes by Backprop approach. In the latter, the
posterior distribution is approximated by a parametric distribution and a generalisation of the
reparametrization trick used by [KW14] leads to an unbiased estimator of the gradient of the
ELBO; see also [GG16, [LW17, KNTT18]. Despite the successful application of this approach,
little is known about the overparameterized limit and appropriate weighting that must be as-
sumed to obtain a nontrivial Bayesian posterior, see [[VHW2I]. Recently, [HMD™22| outlined
the importance of balancing in ELBO the integrated log-likelihood term and the KL regularizer,
to avoid both overfitting and dominance of the prior. However, a suitable limiting theory has
yet to be established, as well as guarantees for the practical implementation of the stochastic
gradient descent (SGD) used to estimate the parameters of the variational distribution.

Motivated by the need to provide a solid theoretical framework, asymptotic analysis of NN
has gained much interest recently. The main focus has been on the gradient descent algorithm
and its variants [RVE18al [CB18bl MMNT18| [SS20b, DGMN22|. In much of these works, a mean-
field analysis is performed to characterize the limiting nonlinear evolution of the weights of a
two-layer NN, allowing the derivation of a law of large numbers and a central limit theorem for
the empirical distribution of neuron weights. A long-term goal of these works is to demonstrate
convergence toward a global minimum of these limits for the mean field. Despite some progress in
this direction, this is still an open and highly challenging problem; cf [CB18bl [Chi22, [CCFRE22].
Nevertheless, this asymptotic analysis is also of interest in its own right, as we show here in the
case of variational inference for Bayesian neural networks. Indeed, based on this asymptotic anal-
ysis, we develop an efficient and new variant of the stochastic gradient descent (SGD) algorithm
for variational inference in BNN that computes only the information necessary to recover the
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limit behavior.

Our goal, then, is to work at the intersection of analytical efforts to gain theoretical guar-
antees and insights and of practical methods for a workable variational inference procedure. By
adapting the framework developed by [DGMN22], we produce a rigorous asymptotic analysis of
BNN trained in a variational setting for a regression task. From the limit equation analysis, we
first find that a proper regularisation of the Kullback-Leibler divergence term in relation with
the integrated loss leads to their right asymptotic balance. Second, we prove the asymptotic
equivalence of the idealized and Bayes-by-Backprop SGD schemes, as both preserve the same
core contributions to the limit. Finally, we introduce a computationally more favourable scheme,
directly stemming from the effective asymptotic contributions. This scheme is the true mean-field
algorithmic approach, as only deriving from non-interacting terms.

More specifically, our contributions are the following;:

e We first focus on the idealized SGD algorithm, where the variational expectations of the
derivative of the loss from the reparametrization trick of [BCKWT15| are computed exactly.
More precisely, we prove that with the number of neurons N — +oo, the sequence of
trajectories of the scaled empirical distributions of the parameters satisfies a law of large
numbers. This is the purpose of Theorem The proof is completely new: it establishes
directly the limit in the topology inherited by the Wasserstein distance bypassing the highly
technical Sobolev space arguments used in [DGMN22].

The idealized SGD requires the computation of some integrals, which in practice prevents a direct
application of this algorithm. However, we can prove its convergence to an explicit nonlinear
process. These integrals are usually obtained by a Monte Carlo approximation, leading to the
Bayes-by-Backprop SGD, see [BCKW15].

e We show for the Bayes-by-Backprop SGD (see Theorem that the sequence of trajectories
of the scaled empirical distributions of the parameters satisfies the same law of large numbers
as that in Theorem [3.I} which justifies such an approximation procedure. Note that each
step of the algorithm involves the simulation of O(N) Gaussian random variables, which
can make the associated gradient evaluation prohibitively expensive.

e A careful analysis of the structure of the limit equation allows us to develop a
new algorithm, called Minimal-VI SGD, which at each step generates only two Gaussian
random variables and for which we prove the same limiting behavior. The key idea here
is to keep only those contributions which affect the asymptotic behavior and which can
be understood as the mean-field approximation from the uncorrelated degrees of freedom.
This is all the more interesting since we observe numerically that the number weights N
required to reach this asymptotic limit is quite small which makes this variant of immediate
practical interest.

e We numerically investigate the convergence of the three methods to the common limit
behavior on a toy example. We observe that the mean-field method is effective for a small
number of neurons (N = 300). The differences between the methods are reflected in the
variances.

The paper is organized as follows: Section [3.2]introduces the variational inference in BNN, as well
as the SGD schemes commonly considered, namely the idealized and Bayes-by-backprop variants.
Then, in Section [3.3] we establish our initial result, the LLN for the idealized SGD. In Section [3.4
we prove the LLN for the Bayes-by-backprop SGD and its variants. We show that both SGD
schemes have the same limit behavior. Based on an analysis of the obtained limit equation, we
present in Section the new minimal- VI. Finally, in Section [3.6] we illustrate our findings
using numerical experiments. The proofs of the mean-field limits, which are original and quite
technically demanding, are gathered in the supplementary paper.
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Related works. Law of Large Numbers (LLN) for mean-field interacting particle systems,
have attracted a lot of attentions; see for example [HMS86, [Szn91, [FM97al [JM98al [DL.R19al,
DMG99, KX04] and references therein. The use of mean-field particle systems to analyse two-
layer neural networks with random initialization have been considered in [MMNI8, MMMTI9|,
which establish a LLN on the empirical measure of the weights at fixed times - we consider in
this paper the trajectory convergence, i.e. the whole empirical measure process (time indexed)
converges uniformly w.r.t. Skorohod topology. It enables not only to use the limiting PDE, for
example to study the convergence of the weights towards the infimum of the loss function (see
[CB18b] for preliminary results), but is is also crucial to establish the central limit theorem,
see for example [DGMN22]. [RVEI18a] give conditions for global convergence of GD for exact
mean-square loss and online stochastic gradient descent (SGD) with mini-batches increasing in
size with the number of weights N. A LLN for the entire trajectory of the empirical measure
is also given in [SS20b] for a standard SGD. [DBDFS20| establish the propagation of chaos for
SGD with different step size schemes. Compared to the existing literature dealing with the SGD
empirical risk minimization in two-layer neural networks, [DGMN22] provide the first rigorous
proof of the existence of the limit PDE, and in particular its uniqueness, in the LLN.

We are interested here in deriving a LLN but for Variational Inference (VI) of two-layer
Bayesian Neural Networks (BNN), where we consider a regularized version of the Evidence Lower

Bound (ELBO).

3.2 Variational inference in BNN: Notations and common SGD schemes

3.2.1 Variational inference and Evidence Lower Bound

Setting. Let X and Y be subsets of R” (n > 1) and R respectively. For N > 1 and w =

(wh,...,wN) e RHN, let £V : X — R be the following two-layer neural network: for x € X,

1N
)=y 2

where s : R? x X — R is the activation function. We work in a Bayesian setting, in which we seek
a distribution of the latent variable w which represents the weights of the neural network. The
standard problem in Bayesian inference over complex models is that the posterior distribution is
hard to sample. To tackle this problem, we consider Variational Inference, in which we consider
a family of distribution QN = {qév .0 e=N } (where = is some parameter space) easy to sample.
The objective is to find the best q(],v € OV, the one closest in KL divergence (denoted Zx1,) to
the exact posterior. Because we cannot compute the KL, we optimize the evidence lower bound
(ELBO), which is equivalent to the KL up to an additive constant.

Denoting by £ : R x R — R the negative log-likelihood (by an abuse of language, we call
this quantity the loss), the ELBO (see [BKMIT]) is defined, for 8 € ZV, (z,y) € X x Y, by

Buo(@ o)== [ 0 £ () Tl 1Y)

where P}V is some prior on the weights of the NN. The ELBO is decomposed into two terms: one
corresponding to the Kullback-Leibler (KL) divergence between the variational density and the
prior and the other to a marginal likelihood term. It was empirically found that the maximization
of the ELBO function is prone to yield very poor inferences [CPDV21]. It is argued in [CPDV21]
and [HMD™22] that optimizing the ELBO leads as N — oo to the collapse of the variational
posterior to the prior. [HMD™22] proposed to consider a regularized version of the ELBO, which
consists in multiplying the KL term by a parameter which is scaled by the inverse of the number
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of neurons:

BN @) i=— [ 2 £ @)y (w)dw — T 6 P, (3:2.1

(RN

A first objective of this paper is to show that the proposed regularization leads to a stable
asymptotic behavior and the effect of both the integrated loss and Kullback-Leibler terms on the
limiting behavior are balanced in the limit N — oco. The maximization of Efgo is carried out
using SGD.

The variational family QY we consider is a Gaussian family of distributions. More precisely,
we assume that for any @ = (6,...,0") € ZV the variational distribution qéV factorizes over
the neurons: for all w = (w!,...,w") € (RHYN, ¢} (w) = Y, qp:(w"), where 8 = (m, p) €
= := R? x R and ¢} is the probability density function (pdf) of N(m,g(p)ls), with g(p) =
log(1+e¢”), peR.

In the following, we simply write R4 for R? x R. In addition, following the reparameter-
isation trick of [BCKW15], ¢j(w)dw is the pushforward of a reference probability measure with
density v by ¥y (see more precisely Assumption A1). In practice, v is the pdf of NV (0, I;) and
Uy(z) = m+ g(p)z. With these notations, writes

(52 3 (W ().0) 2 (M) . — =D P,
=1

Ef\bfo(e,af,y) = —/ £
(RHN

Loss function and prior distribution. In this work, we focus on the regression problem,
i.e. £ is the Mean Square Loss: for y1,y2 € R, £(y1,42) = %|y1 — y2|?. We also introduce the
function ¢ : (0, z,2) € R x R? x X = s(¥p(2),z). On the other hand, we assume that the
prior distribution P3¥ write, for all w € (RN, PV (w) = HZ]\; | P}(w?), where P3 : RY — R
is the pdf of N(mo,031y), and oo > 0. Therefore Ik (¢} |PY) = Ef\il Px1(qgi|PY) and, for
0 = (m,p) € R,

1 ply _ 1 1 1 _ [[m — mol|3 d 9(,0)2_ d 90
Pa@lR) = [ ab@)loglab(w)/ P (e))de = 1500 4 S(SEE 1) ¢ Fog (755).

Note that Zkr, has at most a quadratic growth in m and p.

Note that we assume here a Gaussian prior to get an explicit expression of the Kullback-
Leibler divergence. Most arguments extend to sufficiently regular densities and are essentially
the same for exponential families, using conjugate families for the variational approximation.

3.2.2 Common SGD schemes in backpropagation in a variational setting

Idealized SGD. Let (2, F,P) be a probability space. Consider a data set {(zx, yx) }re>0 i.1.d.
w.r.t. ™ € P(X xY), the space of probability measures over X x Y. For N > 1 and given a
learning rate 1 > 0, the maximization of § € R¥! — EY (0, z,y) with a SGD algorithm writes
as follows: for k >0 and i € {1,...,N},

oN (3.2.2)

O+1 = O +nVeEY (0k, xk, yi)
0o ~ Ko s

where yp € P(R**!) and 6, = (0}, ...,0Y). We now compute VoEN (6,z,7).
First, under regularity assumptions on the function ¢ (which will be formulated later, see A1

107



and A3 below) and by assumption on £, we have for all i € {1,..., N} and all (z,y) € X x Y,

—_ ] J 1 N 1 N

N
1 o
=~z Z /Rd (y — d(07, 27, 2))Vep(0', 28, )y (2Y) ... y(zV)dzt .. AN (3.2.3)
7=1
N2 |: Z )’ ’Y>)<V@¢(91, ) :E)a ’Y> + ((y - gf)(@l, ) x))vl%b(elv ) :C), 'Yﬂ ’
J=1j#i
where we have used the notation ( qu v(dz) for any integrable function U : R? — R

w.r.t. a measure v (with a slight abuse of notatlon we denote by 7 the measure v(z)dz). Second,
for § € R%!, we have

1| pl %(m—m)
vogralallB}) = (i) - ( S - 9’{P}> | (324)

In conclusion, the SGD ({3.2.2)) writes: for k >0 and i € {1,...,N},

N
i i U j i
O =0~ 5z O (G 21).7) = ) (Vod(Bh, 70, 7)
. j=i17j7fi i 1 - (3.2.5)
_W<(¢( ko Tk) — Yk) Voo (O, ',mk)7’>’> - Nve-@KL(qu’PO)
96 ~ U
We shall call this algorithm idealised SGD because it contains an intractable term given by the

integral w.r.t. 7. This has motivated the development of methods where this integral is replaced
by an unbiased Monte Carlo estimator (see [BCKW15]) as detailed below.

Bayes-by-Backprop SGD. The second SGD algorithm we study is based on an approximation,

forie{1,...,N}, of f(Rd)N(y — ¢(07, 27, 2) )Vt (07, 28, 2)y(2Y) ... y(2N)dzt ... d2 (see (3.2.3))
by

B
% > (y— (07,27, 2)) Voo 0, 2", x) (3.2.6)

where B € N* is a fixed integer and (2%, q € {i,5},1 < £ < B) is a i.i.d finite sequence of random
variables distributed according to y(z)dz. In this case, for N > 1, given a dataset (xj,yr)r>0,
the maximization of § € R — EY (0, r,y) with a SGD algorithm is the following: for k& > 0
and i € {1,..., N},

% __pt
ek-‘rl _ek_

N B
S (664, 74" —yk)VW(@k,zz’e"’”’f)_%W'@KL((J;Z|P&)
j=1 1=1

N2B
06 = (m%)a Pf)) ~ [0,
(3.2.7)

where n > 0 and (Zi’z,l <j<N,1 </¢< B,k >0)is a iid sequence of random variables
distributed according to 7.

3.3 Law of large numbers for the idealized SGD

Assumptions and notations. When E is a metric space and .¢# = R4 or .# = [0,T] (T > 0), we
denote by D(.#, E) the Skorohod space of cadlag functions on .# taking values in E and C(.#, E)
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the space of continuous functions on .# taking values in E. The evolution of the parameters
({6i,i=1,...,N})i>1 defined by (3-2.5) is tracked through their empirical distribution v¥ (for
k > 0) and its scaled version ¥ (for t € R, ), which are defined as follows:

N
1 ,
vy = N E dg; and pd = Vf\][m, where the 6}’s are defined ([3.2.5)). (3.3.1)
i=1

Fix T > 0. For all N > 1, u := {uN,t € [0,T]} is a random element of D([0, T], P(R*+1)),
where P(R4!) is endowed with the weak convergence topology. For N > 1 and k > 1, we
introduce the following o-algebras:

FY =0(0i,1<i<N) and FY =}, (xq,y.),1 <i<N,0<q<k—1). (3.3.2)

Recall ¢} : R? — R be the pdf of N'(m, g(p)?14) (0 = (m,p) € R¥1). In this work, we assume
the following.

A1l. There exists a pdf v : RY — R, such that for all § € R+, qédx = Wy#~ydx, where
{Wy,0 € R4} is a family of C!-diffeomorphisms over R such that for all z € R%, § €
R Wy(2) is of class C*°. Finally, there exists b : R? — R such that for all multi-index
o € N with |a| > 1, there exists C,, > 0, for all z € R? and 0 = (6y,...,04.1) € R¥

10aWg(2)| < Cab(z) with for all ¢ > 1, (b7,7) < +oo, (3.3.3)
where d, = 95" ... 8;“;:; and 6;); 7 is the partial derivatives of order o w.r.t. to 6;.

A2. The sequence {(zg,yx)} x>0 is i.i.d. wrt. 7 € P(X x Y). Theset X x Y ¢ RY x R is
compact. For all k > 0, (z,yx) 1L Y, where F is defined in (3-3.2).

A3. The activation function s : R? x X — R belongs to C°(R? x X) (the space of smooth
functions over RY x X whose derivatives of all order are bounded).

A4. The initial parameters (6))Y, are ii.d. w.r.t. gy € P(R4T!) which has compact support.

Note that A1 is satisfied when ~ is the pdf of N (0,1;) and Wy(z) = m + g(p)z, with b(z) =
1+|z|. With these assumptions, for every fixed T > 0, the sequence ({6%,i = 1,... , N}k=o,...|NT]

defined by (3.2.5) is a.s. bounded:

Lemme 3.1 (Uniform bound on the parameters). Assume A1—Ad4. Then, there exists C > 0
such that a.s. for allT >0, N>1,i€{l,...,N}, and 0 < k < [NT], |0}| < CelCC+DIT,

Lemma implies that a.s. for all 7 > 0 and N > 1, u" € D([0,T], P(O7)), where
Or = {0 € R™ 9] < CelCC+DITY,

Law of large numbers for (1")y>; defined in (3.3.1)). The first main result of this work is
the following.

Theorem 3.1. Assume A1—A4. Let T > 0. Then, the sequence (1) n>1 C D([0,T], P(Or))
defined in (3.3.1)) converges in probability to the unique deterministic solution i € C([0,T], P(Or))
to the following measure-valued evolution equation: ¥Yf € C*°(Or) and Vt € [0,T],

t
(F, e} — (o) = —n /0 /X (8, 2) =i @ 7)(Vof - Voo, 2), i © 1), dy)ds
t
—’7/0 (Vof - VoZxr(q'|1Fy), fis)ds. (3.3.4)
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The proof of Theorem is given in Section We stress here the most important steps and
used techniques. In a first step, we derive an identity satisfied by (") n>1, namely the pre-limit
equation ; see Sec. Then we show in Sec. that () ~>1 is relatively compact
in D([0,T],P(Or)). To do so, we check that the sequence (u’¥)y>1 satisfies all the required
assumptions of [Jak86l Theorem 3.1] when E = P(Or) there. In Sec. we prove that every
limit point of (V) ~N>1 satisfies the limit equation . Then, in Section we prove that
there is a unique solution of the measure-valued equation . To prove the uniqueness of the
solution of , we use techniques developed in [PRT15] which are based on a representation
formula for solution to measure-valued equations [Vil03l Theorem 5.34] together with estimates
in Wasserstein distances between two solutions of derived in [PR16]. In Section ,
we also conclude the proof of Theorem (3.1} Compared to [DGMN22, Theorem 1], the fact that
({0};,1' =1,... ,N})k:()’_._’LNTJ defined by are a.s. bounded allows to use different and more
straightforward arguments to prove (i) the relative compactness in D([0, 7], P(O7)) of (1™ )n>1
(defined in (3.3.1))) (ii) the continuity property of the operator m — Ay[f](m) defined in
w.r.t. the topology of D([0,T],P(Or)) and (iii) (u¥)ny>1 has limit points in C([0, 7], P(O7)).
Step (ii) is necessary in order to pass to the limit N — +oo in the pre-limit equation and Step
(iii) is crucial since we prove that there is at most one solution of in C([0,T],P(©r)). It is
worthwhile to emphasize that, as N — oo, the effects of the integrated loss and of the KL terms
are balanced, as conjectured in [HMD™22].

To avoid further technicalities, we have chosen what may seem restrictive assumptions on
the data or the activation function. Note however that it readily extends to unbounded set X,
and also unbounded Y assuming that 7 as polynomial moments of sufficiently high order. Also,
RELU (or more easily leaky RELU) may be considered by using weak derivatives (to consider
the singularity at 0), and a priori moment bounds on the weights.

3.4 LLN for the Bayes-by-Backprop SGD

The sequence {#:,i € {1,...N }i—o,.., 7| defined recursively by the algorithm (3.2.7) is in
general not bounded, since Vy¢(0,Z,x) is not necessarily bounded if Z ~ ~(s)dz. Therefore,

we cannot expect Lemma [3.1] to hold for {6},i € {1,... N}};—o_ n7) set by (3.2.7). Thus, the
sequence {0, € {1,... N}i—o,... v s considered on the whole space R4+,

Wasserstein spaces and results. For N > 1, and k > 1, we set
FN = 0(96,2{;@, (29,1 <i,j <N, 1<(<BO0<q<k-— 1}). (3.4.1)

In addition to A1—A4 (where in A2, when k > 1, f,ﬁv is now the one defined in (3.4.1))), we

assume:

A5. The sequences (Zi’g, 1<j<N,1<{<B,k>0)and ((z,yr), k > 0) are independent. In
addition, for k >0, ((zg, k), 2251 <j < N,1<£< B) 1L FN.

Note that the last statement of A5 implies the last statement of A2. We introduce the scaled
empirical distribution of the parameters of the algorithm (3.2.7)), i.e. for k > 0 and ¢ > 0:

N
1 .
v = N 2(592 and pl = I/f}]\;tJ, where the 6}’s are defined (3.2.7)). (3.4.2)
1=
One can no longer rely on the existence of a compact subset O C R such that a.s. (,LLN ) N>1 C
D([0,T],P(O7)), where ™V = {t > 0+ ul¥} is defined in (3.4.2)). For this reason, we will work

in Wasserstein spaces Pq(RdH), g > 0, which, we recall, are defined by

PRI = {ve PR, [

Rd+1

1090(d6) < +oo}. (3.4.3)

110



These spaces are endowed with the Wasserstein metric Wy, see e.g. [Sanl5h, Chapter 5] for more
materials on Wasserstein spaces. For all ¢ > 0, (u™)n>1 € D(R4, Py(R¥*1)). The second main
results of this work is a LLN for (") y>1 defined in (3.4.2).

Theorem 3.2. Assume A1—A5. Let vg > 1+ %. Then, the sequence (,uN)Nzl de-
fined in converges in probability in D(R, Py, (RY)) to a deterministic element i €
DRy, Py (RTY)), where i € C(Ry, P1(RYTY)) is the unique solution in C(Ry,P1(R1)) to
the following measure-valued evolution equation.Nf € Cgo(RdH) and Vt € R4,

(fa Nt> fv .uo 7]/ /X v BHT) =Y, s ®’Y><v0f VQ¢( » )’p“s ®’)/>7T(dl’,dy)d8
- /0 (Vo - Voxcr (' |PL), fis)ds. (3.4.4)

Theorem [3.2is proved in Section Since {0, € {1,... N}}i—o,..., n7) defined by is not
bounded in general, we work in the space D(R., P,,(R%*1)). The proof of Theorem [3.2|is more
involved than that of Theorem and generalizes the latter to the case where the parameters
of the SGD algorithm are unbounded. We prove that (uV)n>1 (defined in (3.4.2)) is relatively
compact in D(R, Py, (R4)). To this end we now use [Jak86, Theorem 4.6]. The compact
containment, which is the purpose of Lemma is not straightforward since P, (R¥1) is not
compact contrary to Theorem where we used the compactness of P(O7). More precisely, the
compact containment of (1V) y>1 relies on a characterization of the compact subsets of P, (R4+1)
(see Proposition and moment estimates on {0},i € {1,... N}},—o w7 (see Lemma 3.16).
We also mention that contrary to what is done in the proof of Theorem . we do not show that
every limit point of (u™¥)n>1 in D(R4, Py (R4T)) is continuous in time but we still manage to
prove that they all satisfy . Then, using the duality formula for the W;-distance together
with rough estimates on the jumps of ¢ > (f, u') (for f uniformly Lipschitz over R%*1), we then
show that every limit point of (1¥)n>1 in D(Ry, Py (R4FY)) belongs a.s. to C(Ry, P (RIT)).
Again this is important since we have uniqueness of in C(R,P1(R4Y)).
We conclude this section with the following important uniqueness result.

Proposition 3.3. Under the assumptions of Theorems and 3.3, the solution to (3.3.4) is
independent of T and is equal to the solution to (3.4.4)).

This uniqueness result states that both idealized and Bayes-by-backprop SGD have the same
limiting behavior. It is also noteworthy that the mini-batch B is held fixed B. The effect of
batch size can be seen at the level of the central limit theorem, which we leave for future work.

3.5 The Minimal-VI SGD algorithm

The idea behing the Bayes-by-Backprop SGD stems from the fact that there are integrals wrt
~ in the loss function that cannot be computed in practice and it is quite natural up to a
reparameterization trick, to replace these integrals by a Monte Carlo approximation (with i.i.d.
gaussian random variables). To devise a new cheaper algorithm based on the only terms impacting
the asymptotic limit, we directly analyse the limit equation and remark that it can be
rewritten as, Vf € C*(Or) and Vt € [0, 717,

fa/’bt fa/’LO

/ / Zlyx) _y7ﬂ8><v9f ’ v9¢('7z27x)’ﬂ5>7®2<d21d22>ﬂ(dw’dy)ds
XxYx(R4)2
— 77/ <V9f : VOQKL(QHPOI)vﬂQdS‘
0
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Figure 3.1: Convergence of (f,ul¥) to (f,fir), for the idealized (blue), Bayes-by-Backprop (or-
ange) and Minimal-VI (green) SGD algorithms over 50 realizations.

Thus, the integration over Y¥2 can be considered as that over 7, i.e., we can consider them as
two more data variables that only need to be sampled at each new step. In this case, the SGD
(3.2.7) becomes: for k >0 and i€ {1,...,N},

N
i i n j i n
Vi1 =0k — 7372 > (661, 23, ) — yi) Voo (64, Zh, 1) — NVGQKL(Qéi’P&)
=1

66 = (mévp%)) ~ [0,

(3.5.1)

where n > 0 and (ZF,p € {1,2},k > 0) is a i.i.d sequence of random variables distributed
according to 7®2. We call this backpropagation scheme minimal- VI SGD which is much cheaper
in terms of computational complexity, with the same limiting behavior as we now discuss.

We introduce the o-algebra for N,k > 1:

FN = a(eg,zg, (2g:9a), 1 Si< N,pe{1,2},0< q< k— 1}). (3.5.2)

In addition to A1—A4 (where in A2, F} is now the one defined above in (3.5.2) when k > 1),
the following assumption

A6. The sequences (Z7,p € {1,2},k > 0) and ((zg, yx), k > 0) are independent. In addition, for
k>0, ((zr,yk), 20, p € {1,2}) 1L F, where F}Y is defined in (3.5.2).

Set for k> 0and t > 0, v} := + Zf\;l 591’; and pp¥ = Vﬁwj, where the 0} ’s are defined in (3.5.1]).
The last main result of this work states that the sequence (uV)y>1 satisfies the same law of large
numbers when N — 400 as the one satisfied by (3.4.2)), whose proof will be omitted as it is the

same as the one made for Theorem [3.21

Theorem 3.4. Assume A1—A4 and A6. Then, the sequence of (u¥)n>1 satisfies all the
statements of Theorem [3.2.

3.6 Numerical experiments

In this section we illustrate the theorems and using the following toy model. We set
d = 5. Given 6* € RY (drawn from a normal distribution and scaled to the unit norm), we draw
i.i.d observations as follows: Given z ~ U([—1,1]%), we draw y = tanh(z"0*) 4 ¢, where € is zero
mean with variance 1074, The initial distribution of parameters is centered around the prior:
0o ~ (N (mg,0.0114) x N(g~1(00),0.01))*N | with mg = 0 and o9 = 0.2. Since the idealized
algorithm cannot be implemented exactly, a mini-batch of size 100 is used as a proxy for the
following comparisons of the different algorithms. For the algorithm SGD we set B =1.
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Figure 3.2:  Decay of the negative ELBO (left) and its two components (KL (middle), loss
(right)) during the training process done by the idealized (blue), Bayes-by-Backprop (orange)
and Minimal-VI (green) SGD algorithms, for N = 10000.

Evolution and limit of the distribution Fig. displays the histograms of {F (0, )i =
1,...,N} (F(8)=|mlz2,g(p) or m, where § = (m, p) € R? x R), for N = 10000, at initialization,
halfway through training, and at the end of training. The empirical distributions illustrated by
these histograms are very similar over the course of training. It can be seen that for N = 10000
the limit of the mean field is reached.

Convergence with respect to the numbers of neurons. We investigate here the speed of
convergence of ui" to fi; (as N — 400), when tested against test functions f. More precisely, we
fix a time T (end of training) and Figure represents the empirical mean of (f, ) over 50
realizations. The test functions used for this experiment are f,,,(0) = [|m|l2, fribo(s) = — B (0)N
where Ejp, is the empirical EY, (see (3-2.1)) computed with 100 samples of (z,y) and (24, ..., 2M).
Finally, fprea(d) = Esx [waqév [fN (x)]l/ 2} where E and ¥ denote respectively the empirical mean
and the empirical variance over 100 samples. All algorithms are converging to the same limit and
are performing similarly even with a limited number of neurons (N = 300 in this example).
Convergence with respect to time. This section illustrates the training process of a BNN
with a given number of neurons N = 10000. In Figure we plot the negative ELBO on a test
set and its two components, the loss and the KL-divergence terms. Figure [3.2] shows that the
BNN is able to learn on this specific task and all algorithms exhibit a similar performance. It
illustrates the trajectorial convergence of {ui¥,t € [0,T]}n>1 to {fit,t € [0,T]} as N — +oo.
Behavior around the limit . On Figure we plot the boxplots of {f, ui¥) for 50 realizations
and N = 10000, at different times of the training. Minimal-VI scheme (which is computationally
cheaper as explained in exhibit a larger variance than the other algorithms.

3.7 Conclusion

By establishing the limit behavior of the idealized SGD for the variational inference of BNN with
the weighting suggested by [HMD™22], we have rigorously shown that the most-commonly used
in practice Bayes-by-Backprop scheme indeed exhibits the same limit behavior. Furthermore, the
analysis of the limit equation led us to validate the correct scaling of the KL divergence term in
with respect to the loss. Notably, the mean-field limit dynamics has also helped us to devise a
far less costly new SGD algorithm, the Minimal-VI. This scheme shares the same limit behavior,
but only stems from the non-vanishing asymptotic contributions, hence the reduction of the
computational cost. Aside from confirming the analytical results, the first simulations presented
here show that the three algorithms, while having the same limit, may differ in terms of variance.
Thus, deriving a CLT result and discussing the right trade-off between computational complexity
and variance will be done in future work. Also, on a more general level regarding uncertainty
quantification, an interesting question is to analyse the impact of the correct scaling of the KL
divergence term on the error calibration and how to apply the same analysis in the context of
deep ensembles.
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3.8 Proof of Theorem

For simplicity, we prove the theorem [3.I] when 7" = 1, and we denote ©; simply by ©. In this
section we assume A1-A4.

3.8.1 Pre-limit equation (3.8.9) and error terms in (3.8.9)

Derivation of the pre-limit equation

The aim of this section is to establish the so-called pre-limit equation , which will be our
starting point to derive Equation . Let N> 1,k €{0,...,N}, and f € C*(©). Recall
that by Lemma and since 0 < k < N, a.s. 02 € O, and thus a.s. f(%) is well-defined. The
Taylor-Lagrange formula yields

(f, Vljc\i&—1> f,Vk; Zf 9k+1 )
. 1 X . ~ .
—Zvef 0) + O = 00 + 57 2Ok = 00 V2L (0)) (001 — ),
i=1

where, for all i € {1,...,N}, Gi € (0;,0;.,) C ©. Using (3.2.5), we then obtain

<f7 VI]XH> <f7 Vk N3 Z Z <¢ 0{97 » & 7 > yk)<v0f(0;c) V9<l5( k» L )a7>

i=1 j=1,j#i
—%<<¢<-wk>—yk>vef-ve¢<-,-7xk>,u,gvm>
— (50f - Vo (1P, 1Y) + RIS 3.81)

where
Z b1 — 0 V2 F(0L) (0h0 — O1).

Let us define
N

N
DY/ :=E[ = <53 > (66 a0).7) = ) (VoS (64) - Voo(0h -, on), )| FE |
1=1 j=1,j#i

Note that using 1) and (3.8.28)) together with the fact that |Vy f(0%)| < suppeg [Vof ()], the
integrant in is 1ntegrable and thus DY [f] is well defined. Using the fact that (g, yy) 1L Fi¥

by A2 and that {9 i=1,...,N}is F- measurable by (3.2.5)), we have:

3 Z Z / 6%7 , X 7/7> - y) <v9f<9]i:) : v9¢(0;€7 B $), 7>7T(d$7 dy)

i=1 j=1,j#i XY

o % /X><Y <(¢(7 '7‘7:) - y)vef : V9¢(', '7x)7yl]cv ®7>7T(dxady)‘ (383)

Introduce also
N N ) ‘ )
MY ()= =5 Do Do (00 a1).7) = u) (VoS (B)) - VoolOh. - 20).7)
2 (60, @) = u) Vo - Voo (-, ) v @ 7) = DY/,

114



Note that E[MZ[f]|FY] = 0. Equation (3:8.1)) then writes

(Fovi) = (F) = DY+ MY (] = 5:(Val - Voicw (@ |F3), ) + RY 1],

Notice also that

ZZ [ 000,30 = 0006 Va0, ), 7). )

+ % ; /X><Y(<¢(0277 R x)77> - y)<v0f(ellf) : V@Qb(ellcv ~,x),’y)7r(dx, dy)

L [ 60 = )V - Tagle ) v ), )

XxY
=~ o902 =yl @) (Vaf Vbl ), ©)(d, dy)
3 {000 = )V - Faotea),). v (o, dy)
- A?g/)( Y<(¢(‘7'aw) —y)Veaf - Vod (-, x), v} ©@y)(dz,dy). (3.8.4)
Now, we define for ¢ € [0, 1]:
INt)-1 |Nt|-1 INt)—1
DY[fl:== ) D{lfl. RY[fl== > RY[f], and MY[f Z MY[f]. (3.8.5)
k=0 k=0
We can rewrite DV [f] has follows:
INt-1 k1 . .
D= Y [ D lds =N [ DY sias— N [ DI s
k=0 N N

Since Vi\][\fsj = 1 (by definition, see (3.3.1))), we have, using also (3.8.4) with k = | Ns|,
- _77/ /X v 5HT) Y, Ms ®’7><V9f ved)(v y L ),Mév®7>ﬂ'(dl‘,dy)d$
X
N/ / - Y ’7><v9.f VQ(ZS(, ) )77>7:U’fev>7r(dx7dy)ds
XxY

N 0 /va <(¢( 2) = y)Vof - Vool -, @), il @ v )r(de, dy)ds = VV[f], (3.8.6)

<¢(7 K x) - Y :U'év ® 7> <v9f : v9¢('7 E .ZL‘), :Uajsv ® 7>7T(dx7 dy)ds

+
|

]T\I[ ﬁj\,ﬂ /va <<¢('7 “2) =y, Y (Vof - Voo(, ',36),7>,uév>7r(dx,dy)ds

On the other hand, we also have for ¢ € [0, 1],

[Ntj-1 1vel
N

> Vol Vo 1By = =0 [ T (VoS - Vaiala! B )as. (357)

k=0
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We finally set:

W)= =V [, (Vof - Vaiaulal P, s (3.8.8)

Since (f, ud) — (f,ud}) = IEZSJ_IU, vil) — (f,viY), we deduce from (3.8.1), (3.8.5), (3.8.6),

(3.8.7) and (3.8.8), the so-called pre-limit equation satisfied by u™: for N > 1, t € [0,1], and
feC>(0),

<f7:ut > f7 NO = _77/ /); v Y ynus ®7><V9f v9¢(7 ’ )7uév®’y>7T(dl‘,dy)dS

—77/ (Vof - VoZxL(q'|Py), nd )ds
0

+ ]Z/t/xxy <¢(‘v'aw) —y,7)(Vaf - Vetﬁ(‘,',x),’y),uév>7r(dx,dy)ds
/ / )V@f qub(, ) )?Mév®7>77(dxvdy)d5
XxY

+MN[f]+ WN[f] + RN[f] (3.8.9)

The last five terms in (3.8.9) are error terms

The purpose of this section is to show that the last five terms appearing in the r.h.s. of (3.8.9)
are error terms when N — +oo. For J € N* and f € C7(©), set [ fller@) = 2jk1<s 10k f lloo,0
where ||g[lcc,0 = supgee |9(0)] for g : © — R™.

Lemma 3.5 (Error terms). Assume A1—A4. Then, there exists C > 0 such that a.s. for all
feC*©) and N > 1,

1 08 B[40, @) = 5,090 f - V(. 2),7), i ) | m(de, dy)ds < Clfllere)/N-

2 % Iy oo | (002 = )0 f - Voo, 2), 1Y @ 1) |r(dz, dy)ds < Clfllere)/N

3. supseqo 1] [W [l + supseqo 1) IRY [F1l < Cllflle2(ey /N -
Pinally, supci 1 E[[MY[f]] < Ol fllce)/vVN-
Proof. All along the proof, C > 0 denotes a positive constant independent of N > 1,k €
{0,...,N —1},(s,t) € [0,1]%,(z,y) € Xx Y,0 € ©,z € R4, and f € C>*(0) which can change

from one occurrence to another. Using (3.8.28]), the Cauchy-Schwarz inequality, and the fact that
Vo f is bounded over © imply:

[(Vo.f(0) - Vod(0,-,2), ) < (IVof(0) - Vod(0,-,2)],7) < Cllfllcr(e)- (3.8.10)
Combining and , we obtain:

/ Ja 5o - Vod (), 7)) Y (e, dy)ds < Clf ey

and

/01 /ny )<(¢(-, @) = YV f - Vi (-, ), ®7>‘7T(dx,dy)ds < Cfllere)
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which proves Items [T] and [2

2]
Let us now prove Item By (3.8.26)) and (3.8.10), sup;¢jo 1] IVNIf| < C| fller@)/N. On the
other hand, because f € C*(0) and 0 — VyZkr(qj|Py) is continuous (see (3.2.4)) over © which
is compact, it holds, | Vo f - VoZk1(q4| Py )|lsc,0 < +00. Hence, it holds:

sup )/ e (Vof - VoZxi(qd'|Py), £V>ds‘ < C|fllcre)/N

te[0,1]

Using (3.8.8)), it then holds sup¢jo 1) (WYl < Clifllere)/N. Since f € C®(O), we have, for

N>1and0< k<N =1, [RY[f < I fllcaey§ S 16, — 6% By (33:29) and Lemmal3.1]
|0}, — 0;,]* < C/N? and consequently, one has:

IRy [f1] < Cl flle2(e)/N?. (3.8.11)

Hence, for all ¢ € [0, 1], |RN[f]] < C|If|lc2 (©)/N. This proves Itern
Let us now prove the last item in Lemman Let ¢t € [0,1]. We have, by (3.8.5),

|Nt]—1
2
IMYAP= ) MR +2) MM ],

k=0 k<j
For all 0 < k < j < |Nt], MY[f] is ]-'jN—measurable (see (3.3.2))), and since E[M;V[f]\}"JN] =0,
one deduces that E[MN[f] N[ f1] = EMY[f]E[M N[ ]\fNH = 0. Hence, E[|[MN[f]?] =

LNtJ ! E[MZY[f]]?]. By (3-8:26) and (3.8.10), one has a.s. for all 0 <k < N — 1,

IMY [£]] < Cll fllere)/N- (3.8.12)

Hence, E[|[MN[f]?] < C|fller(@y/N, which proves the last inequality in Lemma O

3.8.2 Convergence to the limit equation as N — 400

In this section we prove the relative compactness of (4™ )y>1 in D([0,1], P(©)). We then show
that any of its limit points satisfies the limit equation (3.3.4)).

Wasserstein spaces and duality formula

In this section we recall some basic results which will be used throughout this work on the space
P(S) when (S, d) is a Polish space. First when endowed with the weak convergence topology, P(S)
is a Polish space [Bil99, Theorem 6.8]. In addition, Py(S) = {v € P(S), [sd(wo, w)?v(dw) <
+oo}, where wy € § is arbitrary (note that this space was defined previously in (3.4.3) when
S = R4™!) when endowed with the W, metric is also a Polish space [Vil09, Theorem 6.18]. Recall
also the duality formula for the Wi-distance on P;(S) (see e.g [Vil09, Remark 6.5]):

wiev) = sup{| [ fant) = [ rwp@ol. <1}, @813

Finally, when K C R%! is compact, the convergence in W,-distance is equivalent to the usual
weak convergence on P(K) (see e.g. [Vil09, Corollary 6.13]).

Relative compactness

The main result of this section is to prove that (u)x>1 is relatively compact in D([0, 1], P(©)),
which is the purpose of Proposition below. To this end, we need to prove that for all f €
C>(0), every sequence ({f, ) n>1 satisfies some regularity conditions, which is the purpose of
the next result.
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Lemma 3.6 (Regularity condition). Assume A1—A4. Then there exists C > 0 such that a.s.
forall f€C®(©),0<r<t<1,and N >1:

4F0) = ) < e[l = 71+ 5+ ). (3.8.14)

Proof. Let f € C*°(©) and let N > 1 and 0 < r <t < 1. In the following C' > 0 is a positive
constant independent of f € C>*°(©), N > 1, and 0 < r < ¢t < 1, which can change from one
occurrence to another. From ([3.8.9)), we have

t
oy = (o) = AN — / (Vof - VoZin(a'[PL), 1 )ds

T

+ MY - MY+ WY - WY+ RYS] -RY[f, (3.8.15)

where

f1= -1 / / ) = g i @) (VoS - Vb (s s )oY @ (e, dy)
XxY

+N/ /ny <¢(‘='733)—ya’Y><V9f‘V@(ﬁ(‘,',x),'y),uiv>7r(dx,dy)
/ /X><Y _y)VGf Vqu(, y L ),M£V®7>7r(dx,dy),

By (8:8:26) and (B8.10), |AN[f]| < C|fllc1 (o) [[t— 7|+ 51]. In addition, since 6 — Zir,(q5|Py)
is bounded over © (since it is smooth and @ is compact),

t
| [ (V05 - 9ugia. @1, 1| < Cllf syt =11

Furthermore, using (3.8.12)),
|Nt|—1

MY - MY = | > M| < (N = INP)CI lervey/N.
k=|Nr|

Next, we have, by Ttem [3]in Lemma 3.5, [W[f] =W [£]| < [W[f]|+|WN[f]| < C||fllc2(e)/N

Finally, by (3.8.11] m,

|Nt)—
RN - RN = S R /1] < (LNt] = NT))CIS lex(e)/N*.
k=|Nr]
The proof of Proposition is complete plugging all the previous estimates in (3.8.15)). ]

Proposition 3.7 (Relative compactness). Assume A1—A4. Then, the sequence (u™N)n>1 is
relatively compact in D([0,1], P(O)).

Proof. The proof consists in applying [Jak86, Theorem 3.1] with E = P(O) endowed with the
weak convergence topology. Set F = {£¢, f € C*°(©)} where

Ly :v e P(O) = (f,v).

The class of continuous functions F on P(0) satisfies Conditions [Jak86l (3.1) and (3.2) in
Theorem 3.1].
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On the other hand, the condition [Jak86, (3.3) in Theorem 3.1] is satisfied since P(O) is
compact because © is compact (see e.g. [PZ20, Corollary 2.2.5] together with [Vil09, Corollary
6.13]).

It remains to verify Condition (3.4) of [Jak86l Theorem 3.1], i.e. that for all f € C*(0),
((f, u™N))n>1 is relatively compact in D([0, 1], R). To this end, we apply [Bil99, Theorem 13.2].
Condition (i) in [Bil99, Theorem 13.2] is satisfied because |(f, )| < || f||oo.0 for all t € [0,1] and
N > 1. Let us now show that Condition (ii) in [Bil99, Theorem 13.2] holds. For this purpose, we
use Lemma For 6, 8 > 0 sufficiently small, it is possible to construct a subdivision {t;};_, of
[0,1] such that tg = 0, t, = 1, tiv1—t; = 0+p fori € {0,...,v—2} and 6+ 5 < t,—t,—1 < 2(0+7).
According to the terminology introduced in [Bil99, Section 12], {t;}{_, is d-sparse. Then, by
Lemma there exists C' > 0 such that a.s. for all 6,5 > 0, all such subdivision {t;};_,
i€{0,...,v—1},and N > 1,

tiv1 — tl" 1 2060+ B) 1
I T < _

Thus, one has:

26 1
inf max sup  |(f, ) = {f, )] SC(20+ 5 +
mfmax | swp () = (F )| S C(6+ F+ ).

Consequently, there exists C' > 0 such that a.s. for all § > 0 small enough and N > 1,

26 1
w) d):= inf max sup fom) = (f, 7{\/ <C(20+ —+
@ 5= m_sup | K5} = o) (25+5+75):
sparse

This implies lims_,olimsupy_, | o E[wz 5 MN>(6)] = 0. By Markov’s inequality, this proves Condi-

tion (ii) of [Bil99, Theorem 13.2]. Therefore, for all f € C>°(©), using also Prokhorov theorem, the
sequence ({(f,u™V))n>1 C D([0,1],R) is relatively compact. In conclusion, according to [Jak86,
Theorem 3.1], (1™)n>1 C D([0,1],P(0)) is tight. O

Limit points satisfy the limit equation (3.3.4))
In this section we prove that every limit point of (1) y>1 in D([0, 1], P(©)) satisfies (3.3.4)).

Lemma 3.8. Let m, (m")y>; € D([0,1],P(0)) be such that mN — m in D([0, 1]

,P(©)). Then,
for all Lipschitz continuous function f:© — R, we have (f,mN) — (f,m) in D([0, 1

[, R).

Proof. Let f be such a function. By [Bil99, p.124], m® — m in D([0, 1], P(©)) iff there exist func-
tions Ay : [0,1] — [0, 1] continuous, increasing onto itself such that sup,c(o 1) [AN(t) =] = N—00 0

and sup;¢o 1) Wl(mf\VN(t),mt) —Nosoo 0. Then (f,m") — (f,m) in D([0,1],R) since by (3.8.13)),
SUP¢eio,1] I(f, mf\VN(tQ —(f,m)| < [ flluip SUD¢c[0,1] Wl(m]AVN(ty M) = N—soo 0.

Proposition 3.9 (Continuity of the limit points of (f,u™)). Let f € C°>(©). Then, any limit
point of ({f, ™)) n>1 C D([0,1],R) belong a.s. to C([0,1],R).

Proof. Fix t € (0,1]. Letting r— t in (3.8.14), we obtain |(f, ') — (f, X )| < C/N. Therefore
SuPye 0,1 |(f 11t Ny = (f, 1) Z, 0as N — +00. The result follows from [Bil99, Theorem 13.4]. [

Proposition 3.10 (Continuity of the limit points of u™). Let u* € D([0,1],P(0)) be a limit
pont Of (MN)NZI C D([()? 1]77)(@)) Then, a.s. H* € C([07 1]77) ))
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Proof. Up to extracting a subsequence, we assume that puv 2, w*. By Skorohod representation
theorem, there exists another probability space (€2, F,P) on which are defined random elements
(i) n>1 and i, where,
~x 9
,U =

and such that ls—a.s., N = g

Lemma [3.8]

w*, and for all N > 1, [LNZ/LN,
in D([0,1],P(©)) as N — +oo. Fix f € C*(0). We have, by

Poas, (f,i") 9Ny (f,47) in D([0,1],R).

In particular, (f, Y)Y = N_too (f, %) in distribution. By Proposition there exists Qf C
Q of P-mass 1 such that for all w € Qf, (f,2*(w)) € C([0,1],R). Denote by # the class
polynomlal functions with rational coefficients. Since this class is countable, the set Qr =
Nye Py 7 is of P-mass 1. Consider now an arbitrary f € C(©) and let us show that for all w €
Qz, (f,fi*(w)) € C([0,1],R). By the Stone-Weierstrass theorem, there exist (f,)p>1 C % such
that || frn — fllco.0 —nsto00 0. On Qz, for all n, t € [0,1] — (f,, i) is continuous and converges
uniformly to ¢ € [0,1] — (f, i¥). Hence, for all w € Q7 and f € C(0), (f, i*(w)) € €([0,1],R),
i.e. for all w € Qz, i*(w) € C([0,1], P(O)). This concludes the proof. O

Now, we introduce, for ¢t € [0,1] and f € C>(©), the function Ai[f] : D([0,1],P(©)) — R4
defined by:

ALf] s m o |(Fome) = (f, o)
o [ [ (00 = vme ©3)(Vas - V) me @ 2} s
[ <vef-va@KL<q?|P&>,ms>ds\. (38.16)

We now study the continuity of A;[f].

Lemma 3.11. Let (m")y>1 C D([0,1],P(O)) converge to m € D([0,1],P(0)). Then, for all
continuity point t € [0,1] of m and all f € C*(O), we have A[f](m™) — Ay[f](m).
c |0

Proof. Let f € C*°(0) and denote by C(m) C [0, 1] the set of continuity points of m. Let ¢t € C(m).
From [Bil99, p. 124], we have, for all s € C(m),
mY = m, in P(O). (3.8.17)

Thus, (f,mY) =N e {f,m). For all z € R? and (z,y) € X x Y, A1 and A3 ensure that the
functions 6 € © — ¢(0,z,z) —y and 0 € © — Vyf(0) - Vyp(0,z,z) are continuous and also
bounded because © is compact. Hence, for all s € [0,¢] N C(m), using (3.8.17)),

<¢)(',Z,.’E) - Y, mi\f> - <¢(',Z,$) - Y, ms> and <v9f : V9¢(',Z,$), méV> - <V9f : VQ¢(‘,Z,IE), m8>

Since [0,1]\C(m) is at most countable (see [Bil99, p. 124]) we have that for a.e. (s,2’,z,2,y) €
[0,t] x RYx REx X x Y,

<¢(7 Z/,:L‘) - Y, mf)(V‘gf : V9¢(', Z7$)’ méV> — <¢(7 Z/,CC) - Y, ms><v6'f . ngb(', va)7 ms>'

Since ¢(6, 2, x) —y is bounded and by (3.8.27)), there exists C' > 0 such that for all (s, 2/, z,x,y) €
[0,8] x RT x R x X x Y, (|o(-, ', ) — y[,mI )N {|Vof - Voo(:, 2,2)[,ml') < C||Vyflloc,0b(2). B
the dominated convergence theorem, we then have:

/ /X (0n) = ol ©)(Taf - Vadleeva).ml @ 3)e(de dy)ds

/ / ) — g ms @ NVof - Vb (s ), my @ 7)m(de, dy)ds.
N—>+°° XxY

120



With the same arguments as above, one shows that fg(ng -VoZxL(¢|PY), mY)ds — fot(ng .
Vo ZxL(q'|Pg), ms)ds. The proof of the lemma is complete. O

Proposition 3.12 (Convergence to the limit equation). Let u* € D([0,1], P(0)) be a limit point
of (uWN)n>1 € D([0,1],P(O)). Then, a.s. u* satisfies (3.3.4).

Proof. Up to extracting a subsequence, we can assume that p® Z, uw* as N — +oo. Let
f € C>*(0). The pre-limit equation and Lemma imply that a.s. for all N > 1 and
t € [0,1], A¢[f](1™) < C/N + MY[f]. Hence, using the last statement in Lemma it holds
for all t € [0, 1],

lim E[A[f](1™)] = 0.

N—o00
In particular, A;[f](u) Z, 0. Let us now show that A (™) Z, A[f](g*). Denoting by
D(A¢[f]) the set of discontinuity points of A:[f], we have, from Proposition and Lemma

for all t € [0,1] and f € C*(0©),

P(u* € D(A{[f])) = 0.

By the continuous mapping theorem, A;[f](u') 7, A[f](*). By uniqueness of the limit in
distribution, we have that for all ¢t € [0,1] and f € C*(0©), a.s. A¢[f](¢*) = 0. Let us now prove
that a.s. for all t € [0,1] and f € C*(0O), A¢[f](x*) = 0.

On the one hand, for all f € C*°(©) and m € D([0,1],P(0©)), the function ¢ — A¢[f](m) is
right-continuous. Since [0, 1] is separable, we have that for all f € C*(0©), a.s. for all t € [0, 1],
ALf](") = 0.

One the other hand C*°(©) is separable (when endowed with the norm |[|f[lce@) =
S sg27F min(1, > 195 fll,0)) and the function f € C*°(©) — A¢[f](m) is continuous (for
fixed ¢ € [0, 1] and m € D([0, 1], P(©))) relatively to the topology induced by || f|lce(e)-

Hence, we obtain that a.s. for all ¢t € [0,1] and f € C*(©), A¢[f](x*) = 0. The proof of the
proposition is thus complete. O

Uniqueness and end of the proof of Theorem (3.1

Proposition 3.13. There exists a unique solution to (3.3.4) in C([0,1], P(©)).

Proof. First of all, the fact that there is a solution to is provided by Propositions
and The proof of the fact that there is a unique solution to (3.3.4) relies on the same
arguments as those used in the proof of [DGMN22| Proposition 2.14].

For 1 € P(R*1), we introduce v[u] : R4 — R defined, for § = (m, p) € R4, by

v[p](0) = —n/mw(-, L a) =y, n @) (Ved(0, -, x),y)m(dz, dy) — nVeDkr(g5] Fy).  (3.8.18)

In addition, if i € C(]0, 1], P(0)) is solution to (3.3.4), it satisfies also (3.3.4) with test functions
f € C®(R¥1). Then, adopting the terminology of [Sanlbl, Section 4.1.2], any solution [ to
(3.3.4) is a weak solutionﬂ on [0,T] of the measure-valued equation

(3.8.19)

Oty = div(v[fie] fir)
Ho = po-

Let us now prove that:

!We mention that according to [Sanl5, Proposition 4.2], the two notions of solutions of (3.8.19) (namely the
weak solution and the distributional solution) are equivalent.
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1. There exists C' > 0 such that for all ;4 € P(R%*!) and 6 € R4+,

[Jovlu](0)] < C.

2. There exists C' > 0 such that for all & € C([0,1], P(©)) solution to (3.3.4), 0 < s,t <1, and
|v[ae](0) — vl (0)] < CJt — 5.

3. There exists L' > 0 such that for all u, v € P(R4),

sup [v[ul(0) — v[V](6)] < L'Wi (u,v).
fcRd

Before proving the three items above, we quickly conclude the proof of the proposition. Items 1
and 2 above imply that v(t, ) = v[fi](0) is globally Lipschitz continuous over [0, 1] x R**! when
i € C([0,1],P(©)) is a solution to (3-3.4). Since i € C([0,1],P(©)) C C([0,1], P(RI*1)), this
allows to use the representation theorem [Vil03, Theorem 5.34] for the solution of in
C([0,1], P(R4*1)), i.e. it holds:

vVt € [0,1], it = dr#i0, (3.8.20)

where ¢; is the flow generated by the vector field v|[fi;](6) over R%*!. Equation and the
fact that C([0, 1], P(0)) c C([0, 1], P1(R¥*1)) together with Item 3 above and the same arguments
as those used in the proof of [DGMN22, Proposition 2.14] (which we recall is based estimates in
Wasserstein distances between two solutions of derived in [PR16]), one deduces that there
is a unique solution to (3.3.4)).

Let us prove Item 1. Recall g(p) = In(1 + e”). The functions

pr=g"(p)gp), pr=4d'(p), pr— gg/((/f)), and p — gg”((pp))

are bounded on R. Thus, in view of (3.2.4), |[Hesss Zk1 (g5 Py)|loo ra+1 < +00. On the other
hand, by Al and A3, for z € X, z € R% 0 € © — ¢(0, z, ) is smooth and there exists C > 0,
for all z € X, # € R4, z ¢ R%:

[Hessgp(8, z, )| < C(b(2)? + b(2)).

This bound allows us to differentiate under the integral signs in and proves that
1Jo sy (@) — yo 0 @ ¥)(Vog(0, -, x),v)m(de,dy)| < C, where C > 0 is independent of
€ P(O) and 6 € ©. The proof of Item 1 is complete.

Let us prove Item 2. Let g € C([0,1], P(©)) be a solution to (3.3.4), 0 < s <t <1, and
6 € R™1. We have

v[ﬂt](e) - ’U[ﬂs](e) =N /X><Y<¢(‘7 K ZL'), (/]t - ﬁs) ® 7> <V9¢(97 K l‘), 7>W(dx7 dy) (3'8'21)

Let z € R? and # € X. By Al and A3, ¢(-,2,z) € C*(0O). Therefore, by (3.3.4),

t

<¢(7 2, x)a Mt — ﬂs) = _77//)( <Y¢(7 ) x/) — Y, fr ® ’Y><v9¢(7 Z,l’) ’ ve(b('a ) x/)na?‘ ® ’y)ﬂ'(dl’l,dy)dﬂ"
t

0 [ (Fo6(.20) - VoTn a1 ). s
We have ||VgZkr (g3 P})|loc,0 < +00. Using also (3.8.27) and the fact that X x Y is a compact
(see A2), it holds:
’<¢(7 Z,l’),/jt - ﬂs>| < Cb(z)|t - 5’-
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Hence, for all 2’ € X,

|<¢)(a '71;/)7 (,at - /_Ls) ®7>| < <|<¢(7 '733,)’/_“ - ﬁs>‘77> < C|t - 5|'

Thus, by (3.8.21) and (3.8.28)), |v[](0) — v[is|(0)| < C|t — s|. This ends the proof of Item 2.
Let us now prove Item 3. Fix u,v € P;(R!) and € R, We have

v[u](0) — v[v](0) = _n/><xv<¢(" @), (1 —v) @7)(Ved(0, -, ), ) (dz, dy) (3.8.22)

For all z € X, using (3.8.13]) and (3.8.27]), it holds:

|<¢(’ 'ax)v (:U’ - V) ®7>| < / |<¢(-,z,x),,u> - <¢(a va)7y>|7(z)dz

Rd
<C [ Wil v)b(2)y(2)dz < OW, (s, v).
Rd

Finally, using in addition ((3.8.28) and ([3.8.22]), we deduce Item 3. This ends the proof of the
proposition. ]

We are now ready to prove Theorem [3.1]

Proof of Theorem [3.1. Recall Lemmaensures that a.s. (uV)n>1 C D([0,1],P(O)). By Propo-
sition this sequence is relatively compact. Let p* € D([0,1],P(0)) be a limit point. Along
some subsequence N’, it holds:

' 2
pN =

In addition, a.s. p* € C([0,1],P(©)) (by Proposition [3.10) and p* satisfies (3.3.4]) (by Proposi-
tion [3.12). By Proposition (3.3.4) admits a unique solution i € C(]0, 1], P(©)). Hence, a.s.
w* = pi. Therefore,

N 9 _

uy = .

Since the sequence (') ~N>1 admits a unique limit point, the whole sequence converges in dis-
tribution to . The convergence also holds in probability since [ is deterministic. The proof of
Theorem [3.1] is complete. O

3.8.3 Proof of Lemma

In this section we prove Lemma We start with the following simple result.

Lemma 3.14. Let T > 0, N > 1, and ¢; > 0. Consider a sequence (ug)o<gp<|nT| C Ry for

which there exists vy such that ug < vy and for all 1 < k < [NT], up < e1(1+ + ?;& ug).

Then, for all 0 < k < [NT|, uj, < voe™T.

Proof. Define v, = ¢1(1+ % ?;01 ve). Forall 0 <k < |NT|, up < vy and vy = vg—1(1 4+ ¢1/N).
Hence v, = Uo(l + cl/N)k < g (1 + cl/N) INT] < 99T This ends the proof of the Lemma. [

Proof of Lemma(3.1. Since p — ¢'(p) and p — ¢'(p)/g(p) are bounded continuous functions over
R, and since |g(p)| < C(1 + |p|), according to (3.2.4), there exists ¢ > 0, for all § € R+

(Vo Zx1(q51Py)| < c(1 4 16)). (3.8.23)
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All along the proof, C' > 0 is a constant independent of N > 1, T > 0,7 € {1,...,N}, 1 <k <
INT|, (z,5) € Xx Y, 0 c R™ and z € R?, which can change from one occurence to another.
It holds:

k-1
04 < 1051+ 1631 — 03 (3.824)
£=0
Using (3.2.5)), we have, for 0 < ¢ <k —1,
00 =0l < 55 D | ({0 20),7) = 9e) (Voo (6., e). )|
j=1,j#i
+ 5 [ (004 20) = y) Voo(0), -, w0), 1) | + Vo Trulay B (3.8.25)
N2 05" 5" ) N oi 0)l- ReR

For all # € R¥!, 2 € RY, (x,9) € X x Y, we have, by A2 and A3, since ¢(0, z,z) = 5(Vy(2), ),
[9(0,2,2) —y| < C. (3.8.26)

Moreover, we have Vgp(0,z,2) = Vis(Vg(2),2)JoVs(2) (here Vs refers to the gradient of s
w.r.t. its first variable). By A3, |V1s(Ug(z),z)| < C and, hence, denoting by Jg the Jacobian

w.r.t. 6, using (3.3.3)),

|Vop(0, z,x)| < C|JgWy(2)| < Cb(2). (3.8.27)
Therefore, by ,
(IVoo(0, -, z)|,7) < C. (3.8.28)
Hence, we obtain, using (3.8.25)) and (3.8.23)),
al C
01 =0l < ~5 Y. C 50+ T+ 16]) < < (1+16G)). (3.8.29)

j=1,j#i

Using A4, there exists Ko > 0 such that a.s. for all 4, |§}] < Ko. Then, from (3.8.24) and
(3.8.29), for 1 < k < [NT], it holds:

k—1

i c i
|9k\§K0+NEZ%(1+\6@])§KO+CT+ ZW@\<COT NZW@’

with Cpr = max(Ko+CT,C) < Ko+ C(1+T). Then, by Lemma and A4, we have that for
al N>1,i€{l,...,N}and 0 < k < |[NT|, |0} < KoelKo+CU+DIT " The proof of Lemma
is thus complete. O

3.9 Proof of Theorem

In this section, we assume A1—A5 (where in A2, when k£ > 1, ]:,év is now the one defined
in (3.4.1)) and the 6i’s (resp. p?) are those defined by (3.2.7) for i € {1,..., N} and k > 0 (resp.

by (B4.2) for N > 1).

3.9.1 Preliminary analysis and pre-limit equation
Notation and weighted Sobolev embeddings

For J € N and 8 > 0, let H7#(R%*!) be the closure of the set C2°(R*!) for the norm

‘8kf 1/2
Mlhess 2= ( 32 /Rdﬂ 1+ya|2ﬁd9>

k| <
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The space H”#(R¥1) is a separable Hilbert space and we denote its dual space by H~7#(RI*1)
(see e.g. [FM97al, [IM98al]). The associated scalar product on H”?(R%1) will be denoted by
(-, )32.8. For & € H=7B(RI1), we use the notation

(f, ®)s5 = O[f], f€HIPRI.

For ease of notation, and if no confusion is possible, we simply denote (f, ®) g by (f, ®). The set
C(‘)] P(RIHLY (resp. CHB(RIH1)) is defined as the space of functions f : R™! — R with continuous
partial derivatives up to order J € N such that

I (A (O (resp. 3 sup 0k f(0)]
|0] =00 1+ |l9|6 = PcRd+1 1+ |9|6

for all |k| < J, < 400).

The spaces C”#(R%*1) and C(‘)]’ﬁ(RdH) is endowed with the norm

Fless = Y sup 2SO]

iy oereer T 10F
We note that
0 € Ry (1= x(O)I8]* € HPARI) if - a > (d+1)/2 (3.9.)

where x € C2°(R4™1) equals 1 near 0. We recall that from [FM97al Section 2], for m’ > (d+1)/2
and a, j > 0, H™ ¢ (R) — ¢2*(R1). In the following, we consider 79,71 € R and Lo € N

such that

d+1 d+1
71>70>%+1andL0>%+1.

We finally recall the following standard result.

Proposition 3.15. Let ¢ > p > 1 and C > 0. The set A := {p € Pp(R™), [Ras |z]7p(dz) <
C'} is compact.

Bound on the moments of the 92’5
We have the following uniform bound in N > 1 on the moments of the sequence {H,i,i €

{1,..., N} }pmo,.. |1y defined by B:Z7).

Lemma 3.16. Assume A1— A5. For oll T > 0 and p > 1, there exists C > 0 such that for all
N>1,ie{l,...,.N} and 0 < k < |[NT|,

E[|0;"] < C.

Proof. Let p > 1. By A4, E[|0j|P] < C,, for alli € {1,...,N}. Let T > 0. In the following C > 0
is a constant independent of N > 1,7 € {1,...,N}, and 1 <k < |NT]. Using (3.2.7), the fact
that ¢ is bounded, Y is bounded, and 3.8.2 , we have, for 0 <n <k —1,

N B
1031 — O, ZZb (Z3) + frve@mqm 1Py
]:1 /=1
c & C
'LE 7
<5 > (1 +6(Z; + 5 (L + 167D, (3.9.2)

TT
X
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where we have also used (3.8.23)) for the last inequality. Let us recall the following convexity
inequality: for m,p > 1 and z1,...,2, € Ry,

(an>p < mpflzxfl. (3.9.3)
n=1 n=1

Using 1) Al with q = p, and the fact that 1 < k < |[NT|, one has setting u; = E[|0% ],
up, <C(1+ & Zn o Un). The result then follows from Lemma O

Pre-limit equation

In this section, we derive the pre-limit equation for pV defined by (3.4.2)). For simplicity we will
keep the same notations as those introduced in Section though these objects will now be
defined with 0% set by (8.2.7), and on C>71(R4*!), for all integer k > 0, and all time ¢ > 0. Let
f € C*1 (R, Then, set for k > 0,

Z Z / 003 2),7) = y) (VoS (01) - Voo (0y. -, ), 7)m(de, dy)

i=1 j=1,j#1 xXxY
- / ((@++12) = y)Vof - Vool 2), vl ©7)m(da, dy).

N2 Jxxy
Note that DY above is the one defined in (3:8:3) but now on €27 (R*1) and with 6% defined
by (3.2.7). For k > 0, we set

My [f] = N3B ZZ (00.25" ) — uk)Vof (04) - Vo (0}, 2, ) —DY[f]. (3.9.4)
i,j=10=1

By Lemma together with (3.8.26) and (3.8.27), MY [f] is integrable. Also, using A5 and
the fact that 67 is ;' -measurable (see (3.4.1)),

EM{[fIFY] =
Set MM [f] = ]E]Zékl MY [f], t > 0. We now extend the definition of W' [f] and R [f] to any
time ¢t > 0, k > 0, and f € > (R%™!), and with 0% set by (3.2.7). We then set
INt| -1
RY[f], t 2 0.
k=0

With the same algebraic computations as those made in Section [3.8.1] one obtains the following
pre-limit equation: for N > 1, ¢ > 0, and f € C>7(R4*1),

(foudhy = (foud") =—n/ /X USRS —y, 1Y @V (Vof - Voo (-, 2), pl @ y)m(dz,dy)ds

/<V0f VoZxL(q" Py ), 1l )ds

N/ /Xxy =y )(Vof - Voo(-,-, )’7>7ﬂév>ﬂ(dm,dy)d5
// z) =y)Vof-Voo(--, )7M£V®’Y>7T(dx,dy)ds
XxY
+ MN[f] + WV ] + RN[f). (3.9.5)

We will now show that the sequence (uV)y>1 is relatively compact in D(R, Py, (RIH1)).
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3.9.2 Relative compactness and convergence to the limit equation
Relative compactness in D(R, P, (R4™))

In this section we prove the following result.

Proposition 3.17. Assume A1—A5. Recall v > d%l + 1. Then, the sequence (u™N)n>1 is
relatively compact in D(R4, Py, (RdH)).

We start with the following lemma.

Lemma 3.18. Assume Al— A5. Then, VT > 0 and f € C>7 (R1),

supE[ sup (f, uiv>2} < +o0.
N2>1 t€[0,77]

Proof. Let T > 0. In what follows, C > 0 is a constant independent of f € C27(R4*1),
(s,t) € [0,T]?, and z € R? which can change from one occurence to another. We have by A4,

E[(f,110)%] < C|| |22+, - By (8:9.5) and (8.8:26), it holds:

>,M§V>\2F(d$,dy)ds

T
sup (V2 < ClIf s+ [ [ {(50F Vst o),

te[0,7

T
/ (| Vaf - VoZk1(q" N>‘2d8

// (IVof-Vod(-,-,2)|.7), us>] (dz, dy)ds
XxY

+ sup MYIAP+ sup WA+ sup (RYIAP ] (3.9.6)
t€(0,7) t€(0,T] tel0, T

We have using (3.8.27)), for s € [0,T] and z € R,

VoS (O] a)) - Vod(0] oy 2 2)| < Ol Flleron b(2)(L + 107y 7). (3.9.7)
Thus, using Lemma [3.16
E[((IVof Voo (-, 2)|,7), Y] < Ol fl|21, - (3.9.8)
Using (3.8.23), for s € [0,T7, it holds:
Vol Bln)) - VoZkulage . 1P0)] < Cllfllern (14100 xy "), (3.9.9)

Thus, using Lemma [3.16
H<V9f Vg@KL q |P0 >’ ] < C||f||gl,ﬂ. (3.9.10)
On the other hand, we have using (3.9.3)):

INT|-1
sup [MY[f][* < [NT] > M /] (3.9.11)
te[0,T] k—0

Recall (3.9.4). By (3.8.3), (3.9.3), A1, and (3.9.7), it holds:

N

1 ; 1 C ;
DY AP < ClAG A [5r Do QIO + g (L (- P )] < 1120 (4 [6:2™)
i#j=1
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and

M1

i,0=1¢=1
By Lemma and A1, one deduces that

E[M [f]]°] < Cllf g1 /N

< N4B Z Z\Ifl!cmlb (ZE)P (L4 10 gy I7) + IDR £

(3.9.12)

Going back to (3.9.11)), we then have E[sup;cjo 1] IMN[f]2] < CHnglm. Using the same argu-

ments as those used so far, one also deduces that for t € [0, T]
ClfIZ.
sup [WH ()2 < 2 sup (1 (- ) )y
te[0,T) t€[0,T]

ClFIIZ: 0,
— ’ 1 Ll NyN\2
e ogl?%%ﬂ( + (- )

Cllf |20,

Y

<R ()
k=0

and thus

E| sup [Wf]2| < ClfI2in, /N,
te[0,7

Let us finally deal with the term involving R{¥[f]. One has using (3.9.3)):

INT|—1

sup RY[f]° < [NT] D [Ri[fI%.

t€[0,T] =0
For 0 <k < |NT] — 1, we have

CHfH > 5

RY[f° < C - Z|‘9k+1 WA+ 16,0)?
C ) )
eibilxy Z s — L1+ 1077+ 6™
Using (39.2),
i ’92 |4 1 zZ

(3.9.13)

By Lemma and A1, it then holds E[|0] ,, — 0} |*(1 + ]9k+1|2“f1 + 16¢*)] < C/N*. Hence,

one deduces that

E[ sup [RY[f]]*] < C|If[Igeqn /N?.
te(0,7

This ends the proof of Lemma [3.18

Lemma 3.19 (Compact containment for (u™)n>1). Assume A1—A5. Let 0 < e <71

every T' > 0,

supE[ sup / ]w\70+euiv(dx)] < +o00.
N>1  Liejo,) JRa+
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Proof. Apply Lemma with f: 60— (1 —x)|@]0Fe € 27 (RIFY). O

Lemma 3.20. Assume A1—A5. Let T > 0 and f € C*71(R4TY). Then, there exists C > 0
such that for all 0 >0 and 0 < r <t < T such thatt —r <6, one has for all N > 1,

E[|(f,5) = (f, 1 )PP] < C(° +8/N +1/N).

Proof. Using (3.9.5), Jensen’s inequality, (3.8.26)), (3.9.8)), and (3.9.10)), one has for f € €7 (R4F1),

|Nt]—1

E[I(f, 1) = (fu)P] < [t =P+ NI f 2o + B Y. MY

k=|Nr|
2 2
+B[WI - WA+ B[R -RIAM]. (3.9.16)
We also have with the same arguments as those used just before (3.8.12)

|Nt]—1 |Nt]—1

SoMNAP = Y EIMYAA)

k=|Nr]| k=|Nr|

Using in addition (3.9.12), one has E|| Z]EN?N:J MN[f]|2] < C(N6 +1)[|f112:.,, /N?. Note that
with this argument, we also deduce that

E[M [f1]°] < C|If |31, /N (3.9.17)
On the other hand, by (3.9.13)) and (3.9.14]), one has

2 2
E[|W ] = WYA] < ClIfIIG -, /N and B[ [RY[f] = RY[f]]7] < Cllf 32, /N?.
One then plugs all the previous estimates in (3.9.16f) to deduce the result of Lemma O
We are now in position to prove Proposition [3.17}

Proof of Proposition[3.17. The proof consists in applying [Jak86, Theorem 4.6] with E = P, (R*1)
and F = {Hy, f € C>°(R%*!)} where

Hy:v € Py (RYTY) = (f,0).

The set F on P,,(R*1) satisfies Conditions [Jak86, (3.1) and (3.2) in Theorem 3.1]. Condition
(4.8) there follows from Proposition Lemma and Markov’s inequality. Let us now
show [Jak86l, Condition (4.9)] is verified, i.e. that for all f € C2*(R4*!), the family ((f, u™))n>1
is relatively compact in D(R4+,R). To do this, it suffices to use Lemma and [DGMN22|
Proposition A.1] (with H; = Hs = R there). In conclusion, according to [Jak86, Theorem 4.6],
the sequence (u)n>1 C D(Ry, Py (R4TY)) is relatively compact. O

Limit points satisfy the limit equation (3.4.4))

For f € Cl,vofl(RdJrl) and ¢t > 0, we introduce for m € D(R+77370(Rd+1))’
®[f]:m »—>‘ £ome) = (f po)
X

+n/ (Vof - vg.@KL(qHP(}),ms>ds’. (3.9.18)
0

Note that ®.[f] is the function A;[f] previously defined in (3.8.16)) for test functions f €
Co~ YR and for m € D(R4, P, (RH)).
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Lemma 3.21. Assume A1—A5. Let f € CYO YR, Then ®,[f] is well defined. In
addition, if a sequence (m™)n>1 converges to m in D(Ry, Py, (R¥1)), then, for all continuity
point t > 0 of m, we have ®[f](m™) — ®;[f](m).

Proof. Using A1, and because Y is bounded and the function ¢ is bounded, 4,"Y : 6 — (¢(0, -, x)—
y,7) € C°(R1). In addition, for all multi-index ov € N¥+1 there exists C > 0, for all z,y €
X x Y and all § € R [9,%,Y(0)| < C. The same holds for the function 45 : § € R4
(Voo(0,-,x),7). Consequently, 6 — Vo f(0)-45(0) € COPHRIHL) — 00 (R, Then, there
exists C' > 0 independent of (z,y) € X x Y and s € [0, ¢] such that

(9™ mg)| < C,

and

[(Vof - 45, ms)| < Cllfllerao-1 (L +[.%, ms).

Finally, the function 6 — VoZk1,(gj|P}) is smooth (see (3.2.4)) and (3-8.23)) extends to all its
derivatives, i.e. for all multi-index a € N%*1 there exists ¢ > 0, for all # € R*1,

10aVoZk(g51Fy)| < e(1 + 16]).
Thus, Vo f - VeZkr(q3|Pg) € CO°(R4T!) and for some C > 0 independent of s € [0,1]
(Vo - VoTku(a!|Fy ), ms)| < Ol fllerao-1 (L + |0, my).

Since in addition sup,ep (1 + [.]7°,ms) < +oo (since s = (1 + [.[70,m;) € D(R4,R)), P¢[f]
is well defined. To prove the continuity property of ®;[f] it then suffices to use the previous

upper bounds together similar arguments as those used in the proof of Lemma (see also
[DGMN22]). 0

Proposition 3.22. Assume A1—A5. Let u* be a limit point of (™) n>1 in D(R, Py (RIH)).
Then, p* satisfies a.s. Equation (3.4.4)).

Proof. Let us consider f € C°(R4*!) and p* be a limit point of (u™)y>1 in D(R, Py (REFY)).
Recall that by [EK09, lemma 7.7 in Chapter 3|, the complementary of the set

Cp*) ={t =0, P(u- = puf) =1}

is at most countable. Let t, € C(u*). Then, by Lemma one has that P(u* € D(®4,[f])) = 0.
Thus, by the continuous mapping theorem, it holds

&, [f1(N) L &, [f1(1).

On the other hand, using (3.9.5) and the estimates (3.9.14)), (3.9.13)), (3.9.17), (3.9.8)), and
(13.9.10)), it holds

lim E[®, [f](1")] = 0.

N—oo

Consequently, for all f € C2°(R¥1) and t, € C(u*), it holds a.s. ®;,[f](1*) = 0. On the other
hand, for all ¢ € C°(R4™), m € D(Ry, P, (R4T1)), and s > 0, the mappings

is right continuous, and

fe o (R s &[f])(m)

is continuous (because HL00~H(RH1) s 107 H(RAT)). In addition, HEo0~1(RH1) admits a
dense and countable subset of elements in C2°(R¥*!). Moreover, there exists a countable subset

130



T+ of C(p*) such that for all ¢ > 0 and e > 0, there exists s € T+, s € [t,t 4+ €]. We prove this
claim. Since R is a metric space, C(1*) is separable and thus admits a dense subset O,«. Since
[t+€/4,t+ 3e/4 N C(p*) # 0, there exists u € [t +€/4,t 4+ 3¢/4] N C(p*). Consider now s € O
such that |s — u| < €/4. It then holds ¢t < s <t + ¢, proving the claim with 7, = O,x.

Hence, we have with a classical argument that a.s. for all f € HFo0~ LR and ¢t > 0,
A¢[f](w*) = 0. Note also that C°(R**!) c HLo0=1(RI*1) since 279 > d + 1. This ends the
proof of the proposition. O

3.9.3 Uniqueness of the limit equation and end of the proof of Theorem

In this section, we prove that there is a unique solution to (3.4.4) in C(R4,P;(R4*!)). To this
end, we first need to prove that every limit points of (4¥)y>1 a.s. belongs to C(R4, P;(R*H1)).

Limit points belong to C(R,,P;(R%1))

Proposition 3.23. Assume A1—A5. Let u* € D(R, Py, (R4H1)) be a limit point of (4>
in DRy, Py (R¥Y)). Then, a.s. p* € C(R4, Pr(RITY)).

Proof. Note that since Wy < W, u? 7, p* also in D(R.y, P (R¥H1)), along some subsequence
N'. According to [JS87, Proposition 3.26 in Chapter VI], u* € C(Ry,P1(R4*1)) a.s. if for all
T >0, imy_ oo E[SUPte[o,T] Wi (i, uiv)] = 0. Using (3.8.13)), this is equivalent to prove that

lim E| sup sup [(fu) — (f )] =0, (3.9.19)
N=doo Lielo,1]|flluip<1

Let us consider 7 > 0 and a Lipschitz function f : R4 — R such that || f||Lip, < 1. We have
(fiudy = (f, 1dy + ZLN” 1<f, vily) — (f,va') (with usual convention Zal = 0). Thus the
discontinuity points of t € [0, T] + (f, ui¥) lies exactly at {1/N,2/N,...,|[NT|/N} and

(o) = (Fomedl < mft]@(ﬂil\<f,véil>—<f,vév>|, vt € [0,7], f Lipschitz.  (3.9.20)

Pick k=0,...,|NT|] — 1. We have by (3.9.2),

N B
(o) = () Z|ek+1— z|sjcvzl[]jlggzl<1+b<zzf>> F 1+ 16D)] =
Z B (3.9.21)
Hence, it holds:
N 1 B '
a1 < Z[NQB S0+ 0ZE) + 5 (116,
/=1

where thanks to Lemma and A1, for all k = 0,...,|NT] — 1, E[|[d)|*] < C/N? for some
C > 0 independent of N > 1 and k=0,...,|NT| — 1. Thus, using (3.9.20)) and (3.9.21)),

B| swp sup [(fo) = ()] SB[ s omax [(f) - (£
t€[0.7] |1 fllLip<1 L1 fllip<1 k=0, [NT] 1

<E| max d{cv}
L k=0,...,|[NT|—1
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This concludes the proof of Proposition [3.23 O

Uniqueness of the solution to (3.4.4)
Proposition 3.24. There is a unique solution i € C(Ry,P1(RYY)) to (3.4.4).

Proof. First of all, the existence of a solution is provided by Propositions [3.17}, [3.23] and [3.22]
Let us now prove that there is a unique solution to in C(R4, P1(RETY)).

Recall the definition of v[u] in (3.8.18). We claim that for all 7 > 0 and all solution i €
C(Ry, P1(RT)) of (3:4.4)), there exists C > 0 such that

|v[](0) — v[fis](0)| < C|t —s|, forall0<s<t<T and# e R (3.9.22)

The proof of item (3.9.22) is the same as the one made for Item 2 in Proposition since it
holds using (3.8.23) and (3.8.27)), for all 0 < s <t < T and z € R,

‘/ (V9¢(-,z,x) : VOA@KL(QHPOl)aﬂ»dT’ < Cb(z)/ <(1 + ‘ ’ ’)7ﬂr>dr

< Cb ax ((L+41-1), gr)|t — s|-
< Co(e) max (1 |- it =
We now conclude the proof of Proposition [3.24] Item 1 in the proof of Proposition [3.13] and
(3.9.22) imply that v(t,6) = v[f](#) is globally Lipschitz on [0,7] x R, for all T > 0, when
i € C(Ry,P1(RI1)) is a solution of (3.4.4). Since in addition a solution i to (3.4.4) is a weak
solution on Ry to (3.8.19) in C(R4, P(R)), it holds by [Vil03, Theorem 5.34]:

V>0, fir = b, (3.9.23)

where ¢; is the flow generated by the vector field v[fi;](0) over R4T!. Together with Item 3 in
the proof of Proposition [3.13| and using the same arguments as those used in Step 3 of the proof
of [DGMN22, Proposition 2.14], two solutions agrees on each [0,7] for all T > 0. One then
deduces the uniqueness of the solution to . The proof of Proposition is complete. [

We are now in position to end the proof of Theorem

Proof of Theorem [3.3. By Proposition (1) N>1 is relatively compact in D(R.y, Py, (R4TL)).
Let pt, u? € D(Ry, Py (R™1)) be two limit points of this sequence. By Proposition a.s.
il 2 € C(Ry, PL(RYTY)). In addition, according to Proposition p! and p? are a.s. solutions
of (3.44). Denoting by fi € C(R4,Py,(R*™)) the unique solution to (see Proposition
@, we have a.s.

p' = pand p* = i in C(Ry, Pr(RT)).

In particular i € D(R, Py, (R¥1Y)) and @ = i in D(Ry, Py (R4TY)), j € {1,2}. As a con-
sequence, fi is the unique limit point of (u™)n>1 in D(Ry, Py (R4T1)) and the whole sequence

(M) n>1 converges to i in D(Ry, Py, (RIHY)). Since i is deterministic, the convergence also
holds in probability. The proof of Theorem [3.2]is complete. O

Let us now prove Proposition

Proof of Proposition[3.3. Any solution to (3.3.4) in C([0,T],P(Or)) is a solution to (3.4.4)) in
C([0,T],P1(R¥1)). The result follows from Proposition O
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Chapter 4

Central Limit Theorem for Bayesian
Neural Networks trained with
Variational Inference

This chapter is devoted to our work in preparation, presented in Section More precisely, we
discuss about the proof of Theorem[I.27] The proof follows the same lines as the proof of Theorem
1.17| (see more precisely Theorem , thus we focus on the convergence the martingale term to
the G-process, which leads to different covariance structures, as well as a novel proof in the case
of the Bayes-by-backprop algorithm (see Section . Each algorithm is treated separetely in its
proper section. Let us recall the fluctuation process :

m =vVN(u — ), t>0,N > 1.

Contents
[4.1 The case of the Idealized algorithm | . . . ... .. ... ......... 134
[4.2  The case of the Bayes-by-backprop algorithm| ... ... ... ..... 137
[4.3  The case of the Mwnimal-VI algorithm| . . ... ... ... ....... 142
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4.1 The case of the Idealized algorithm

Let us first recall Theorem [[.271

Theorem 4.1. Assume A1—A4 and let J3 = A[94] +38, j3 = [EH] + 1. Consider " defined

by (Alg-Id) and fi defined by (L.3.8). Then, the sequence (77N)N21 C D(Ry, H 3L (RITY))
converges_in distribution to 1 € C(R+,’H_J3+1’j3 (RY*1)), the unique weak solution (see Defini-
.13

tions and of: Vt >0, Vf € HE)IS’h_l(RdH),
(fsne) = (f,m0) = —77/ / Yo @) =Y, s @ Y)(Vaf - Voo(-, -, x),7s ® v)m(dz, dy)ds
XxY
—y /0 /X (612, @ 1)(Vaf - Vol 0), s © 2)r(do, dy)ds
t
—77/0 (Vof - VeZkL(q'|1Py),7s)ds + 4[f],

where 1y s defined by

(Fra7i0)s -« s (Frr T0)) T ~ NCOD(fry- vy i) froeens fre € Ht PB(RIY), k> 1,

with T(f1, ..., fk) the covariance matriz of (f1(65), . .. . Ji(0 )T and where 9 is a G-process (see
Definition with covariance structure: Vf, g € 7—[ 8,J3 (R™1),V0 < s < t,

Cov(4[f], )=mn / Cov(Q[f](z,y, i), Qlg](z, y, fir))dv, (4.1.1)

where Q[f](x’yvﬂv) = <¢(a '7$) — Yl ® ’7)(V@f : VG‘b('? 'am)aﬁv ®/7>

As already mentioned in the introduction, the proof of this theorem is similar to the proof of
Theorem m (see more precisely Theorem [2.8). In the following, we enounce the pre-limit
equation for n™ and discuss about the convergence of the martingale term v NM?Y towards a
G-process.

Pre-limit equation. Recall pV satisfies the pre-limit equation (3.8.9) and j satisfies (3.3.4)).
Hence, we obtain the pre-limit equation satisfied by n¥ = VN (i — fit):

oy — (Fody = —n / /X (0@) =i @) (VoS - D0l-rwa). ) @ (i, dy)ds
—q /0 /X Y<¢<-,-,m>,n;v ®7)(Vof - Vod (-, ), fis ® 7)m(de, dy)ds
t
Z\,/O /X Y<¢(-mw),nﬁv®7><Vef-Vegb(mw)mév®'Y>7r(dx,dy)ds
t
77/ (Vof - VoZxL(q"|Py),n)ds
0
t
e <¢<~,-,x>—y,v><vef-wc,-,z>,v>,u5>w<dx,dy>ds

/ /X v —y)Vaf - Voo(:, -, ),uiv®~y>7r(dx,dy)ds
+VNM[f ]+fwt I ]+\/NR§V[f]. (4.1.2)
where MY [f], W[f] and R [f] and given by and (3.8.8).
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Convergence of vV NMY toward a G-process. To show that v NM?Y converges to G-process
with covariance structure given by , we proceed similarly as in Section i.e., we first
apply the central limit theorem for martingales for v NMM[f], where f is a test function (see
Proposition . It is then straightforward to obtain the same result in the multidimensional
case (see Proposition . Combined with the relative compactness of vV NM?Y (see Proposition
, we obtain that v/ NMY converges to a G-process (see Proposition . Since the proofs
of these results are similar the ones in Section we confine ourselves to the application of the
central limit theorem for martingales for v/ NM[f] (similarly as Proposition , since these
calculations give the covariance structure of the G-process. According to [EK09, Theorem 1.4 in
Chapter 7], the covariance structure of the G-process is given by the limit in probability (when
t > 0 is fixed) of the covariation of MY [f], that is, the limit in probability of

|Nt]—1
' [fl=N > MY[f, as N — oc. (4.1.3)
k=0

In the following, we identify this limit. By (3.8.3), for & > 0,

N N
chv[f] - _% Z Z ./X><Y <¢(9£7 '737) - y77><v9f(02) : ve(b(a%w ',.’L'),’)/>7T(d$,dy)

i=1 j=1j#i

_ / (61 ) — 9)Vof - Vod(-,- 2), v ©7)m(de, dy)
XxY

N N
3 ZZ/XXY (¢ %) = 5, 7)(Vo S (Bh) - Voo (6}, -, 2), 7)m(dw, dy)

=1 j=1

+ i Z/XY <¢(9;~cv ',l’) - y77><v9f(0;g) : Veﬁb(%a ) 13),’7>7T(d$, dy)

Let us introduce, for any v € #7070 (R1Y) (where Jo = [%51] + 3 and jo = 4[442] +5),

Q[f](y) = /XXY (<¢(‘,'7x)71/®7> _y)<v0f ’ V9¢(-,‘,x),y®7>7r(dx,dy).

Setting, for kK > 0 and N > 1,

RS = 55 il«qb( b 20):7) = (Vo (6)) - Voo (Bh -, 21),7)
- ]3;<(¢>< k) =y VoS - Vod(, - ak), v © 1)
- ]’Vﬂi:j /X (904 ,2).7) = 9)(Vos 00) - V(6 - ), ) m(dz, dy)
s [ A0a) = 9)Vaf Vol © 1)l i),
we obtain
MY [f] = = QU ey i) + QU0 + R 17 (4.1.4)
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Hence, by (4.1.3) and (4.1.4), for all t € Ry,

o [Nt]-1 [Nt|—1
=% > (@UlCeryr) = QUG + 20 3 FYQUCA) = QlflGen v i)
=0
L t]—1
+ N RV [f]°. (4.1.5)

k=0

Fix t > 0. Our aim is to determine the limit in probability of the sequence (a¥[f])n>1 C R.
Observe that the two last terms of converge to zero in probability, using the bounds
E[IRY[fIP] < Cllf1Z5,/N* and E[QIfI(v)P + |Q[f(zr, yxvi )] < C (these two bounds
come from A1-A2-A3 and Lemma . Therefore, one just needs to determine the limit in
probability of

Nt|—
Z :L'kvykayk ) Q[f] N 2

Nt|—
77 77 N
N N Z arﬂ' :L' Y,V ))
k=0 k=0
77 iy A
k=0
2 |Nt)—1
- v Varr (Q[f](z,y, ).
k=0
On the one hand,
. |Nt|—1 Nt -1 ke
N 2 Varg (Q[f](z,y,14)) = n* kzo . Vare(Qlf)(e,y, 1)) ds
= = N

= 772/0 Vary (Q[f](x, y, ) ))ds — 772/

LN
N

t
mn /0 Var (Q[f](z,y, fis))ds,

using Theorem [3.1]together with the continuous mapping theorem and the dominated convergence
theorem. On the other hand, we have, for some C > 0 independent of IV,

2
TS @k )~ QUG TS Var(@U)Ge )]
k=0

=

@Ak ) ~ QUIEN? ~ Vare(@LA G, 5.

< B{QU) (i v ) € & 3100 0.

k=0

We have thus shown that

a’ [f] Lmy?/o Var, (Q[f](z, y, is))ds.

N—+o00

In the following section, we do the same analysis in the case of algorithm (Alg-Bbb|).
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4.2 The case of the Bayes-by-backprop algorithm

Let us first recall Theorem [L.27]

Theorem 4.2. Assume A1—A5 and let J3 = 4[%1 +38, j3 = [%] + 1. Consider u defined

by (Alg-Bbb) and i defined by (1.3.8). Then, the sequence (n™¥)n>1 C D(Ry, H™/3 133 (RIH))
converges in dzstmbutzon to 7 € C(Ry,H~BFTL33(RITL)), the unique weak solution (see Defini-
i

tions and B) of: Yt >0, er?-[‘]3’]3 R4,
i) — {f ) = / / @) — g, fia @ )V f - Vod(-, ), 7l ® V)m(de, dy)ds
XxY
—n /0 /X (02,1, ©) Vo - Tadle-,2), r © 2)m(da, dy)ds
t
q /0 (Vof - VoTr(d'|BL), 7)ds + %],

where 7y s defined by

(<f1a770>7" "<fk’77/0>)T NN(Ovr(fla . 7f/€))’ fl"")fk: € Hbjsil’js(Rd-i_l)? k > 17

with T'(f1,. .., fk) the covariance matriz of (f1(6}),- .., fx(03)T and where 4 is a G-process (see
Definition with covariance structure: Yf, g € HJ3’j3(R V0 < s <t

Cov(%If], %lg)) = n* /OS Cov(Q[f1(2, ¥, fw), Qlgl(, ¥, fiw))dw,

where Q[f](‘rayaﬂv) - <¢(7 'ax) - yalav ®’Y><V@f : VQ¢(', '7$)7ﬁv ® F)/>

Similarly as in Section we first enounce the pre-limit equation satisfied by n'V, and then
. N
discuss about the convergence of vVIM  towards a G-process.

Pre-limit equation. Using (3.9.5) and (3.4.4), we obtain the following pre-limit equation for

n = VN — ):

(Fony — (fomd’) =—77/ /X ot ) =y, fis @ V) (Vo f - Vod(-, -, x),n) @ y)m(dz, dy)ds
—q / / (6(s,2)snY @YWV - Vob(-s oy ), is @ 7)e(da, dy)ds
0 XxY
t
e /0 /X (002 ©9) (Vo - oo, @), dy)ds
t
/(Vef VoZkL(q!|Py),nl)ds
[ 000y T Tt e s

/ /X v )vef V9¢(, > )7ﬂ§®7>7(dx,dy)ds
+VNM)[f H\ﬁWt f ]+\/NR{V[f].
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Note that the terms W¥[f] and R}¥[f] have the same expression as those which appear in (£.1.2).
We also have

MY [f] =~ Z Z (01, Z¢" @) — ye) VoS (0)) - Voo (04, Z;, xx) — DY [f]
7 1/=1
’ N B
= Y D (@02 wk) — ) Vol (63) - Voo Oy Z3F )
i,7=1,57#1 £=1
. N N . 4 '
+==> Y / (o8], 2),7) — y)(Vof(OL) - Vod(0, -, x),7)m(dz, dy) + 2} [£],
N 1=1 j=1,j#i XxY
where
Z Z /X v 9%)7 a’y>_y)<v9f(912€)v9¢(0;977x)7/y>7r(d$7dy)
i=1 j=1,j#1i X
- zg/x (00 2) = )V Vb ( ), o © 7)m(dr, dy)
and

B
() == 5 2o 2 (6012 w) — yo) Vol (6)) - Voo (6}, 2} )

i=1 (=

+J\72/XW<(¢(',',$) —y)Vof - Voo (-, ), vy ©v)m(dz,dy).

—_

Convergence of vV NMY toward a G-process. We refer to our discussion in about the
proof of convergence convergence of vV NMY toward a G-process, and confine ourselves here only
to the convergence of vV NMPN[f], for fixed t > 0 (see more precisely Proposition and [EK09,
Theorem 1.4 in Chapter 7]). Since our analysis requires B = 1, we set B = 1 throughout this

paragraph. Again, we define, as in (4.1.3)),

|Nt|—1
YT
Let us introduce the random probability measures over R4t! x R?
| N
N N N
n :NZcS(%Z@ and pi’ =71y, k20, 20 (4.2.1)
i=1
We also set, for (x,y) € X x Y and p € P(R! x RY),

Q[f]($’ Y, p) = <¢(7 * .ZU) - Y, p><v9f(€1()) ’ V9¢(‘, K 33), p)?
where e; is defined by ey (6, ...,09T) = (91,...,0%), for (9%,...,09") € R¥L. We have

= N3 Z Gi, yk;)Vef(ek) V0¢( i:’zéwwk) _DkN[f]
1,j=1
- —%w(-, J2k) = gk N (Vo (e1(-) - Voo -, - ), ri ) — D[]

- _%Q(l’k,ykmjﬂv) = D[f] = F(ap, y, 71 ) — DY []
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where "
FN(xk)yk7TI]<;V) = _NQ(xlmykarlng)

Fix t > 0. Our aim is to determine the limit in probability of the sequence (al¥[f])n>1 C R.
We define a new filtration, different from F¥ (see (3.4.1])), in which the Z%s at iteration k are
considered:

FY = o (00,Z) (20,90 1 S SNOSq<k=1,0< ¢ < k), k=1,

We have

|Nt]—1 |Nt]—1

=N Y MYPE=N Y (BMYURIAY] + MY - EMYPFY]). (42.2)
k=0 k=0

Since E[[MY [f1['] < C|Ifll51.50/N*,

|Nt|—1 N |Nt]—1 B
B[(v S MR- BMYIEN) | = N Y B[(MY 1R - M (Y]
k= k=
’ LNiJ—l
<CN? > EMYf]'] < ON?|[f[|gns /N* = 0.
k=0

Hence, the two last terms of (4.2.2)) converge to zero in probability:
INt| -1
N > MY - EMY[fP|FY] =2 0. (4.2.3)

N—oo

Therefore, the limit in probability ¢;[f] of aN[f] is given by the limit in probability of

|Nt| -1 [Nt|-1
N Z E[Mfcv[f]z‘]:N =N Z Varg (FN (z,y, 7).

It holds

[Nt]—-1 Nt|—
77
N g Var,r(FN(:U,y,rk =~ kE Varﬂ g;y,r,]cv)
Nt|—

=’ /N Varg(Q(z,y, pY ))ds

L Var Qo g p))ds

(4.2.4)

Nt|

t
_ .2 N 2
=1 /OVarﬂ(Q(fv,y,ps ))ds 77/

Our aim is now to pass to the limit in probability in (4.2.4) as N — +oo, for fixed t > 0. To
this end, we introduce (N’) a subsequence of (V). We seek a subsequence (N”) C (N') such that
N" ,E];[O”*l Var, (FN” (x,y,r,ivﬁ)) converges almost surely to 7> fot Var, (Q(x,y, fis ® v))ds. We
know that H N2, i in DRy, Py, (RH1)). Hence, there exists a subsequence (N”) of (N') such

that V" 2% i in D(Ry, Pj (R4T1)). By Lemma 4.3 below, a.s. for all 0 < s < t, pN” o
—+00

fs @ . Using A1-A2-A3 and the fact that for almost every w € Q, there exists C'(w) > 0 such
that for all N” and s € [0,t], (14|90, uN" (w)) < C(w), we have, using the dominated convergence
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theorem, that almost surely for all 0 < s < ¢, VarW(Q(:n,y,piw)) — Var, (Q(z,y, is ®y)). Using
the dominated convergence theorem again,

t t
[ Ve (@ ol s 2o o [ Varn(@a s @ )i

N"—00

We now show that the last term of (4.2.4)) tends to zero almost surely, up to a subsequence. Since
E(lQ(z,y, pY)*] < C|IfI|21.5 We have

t Clf,
N < €% :
|| /WNJ Vare (Qay, p)))ds|] € € ——0

Therefore, up to a subsequence, f@ Var, (Q(z,y, p))ds Np'—s'> 0. Since we have found a
N —00

subsequence (N) such that almost sure convergence holds, we have shown that

[Nt]-1 t
N Varw(FN(w,y,réV))#nzf Var (Q(z,y, fis ® 7))ds,
=0 N—o0 0

which is the desired result since Q(z,y, fis @ v) = Q(z,y, fis)-

Lemma 4.3. Consider algorithm (Alg-Bbb)). Assume p¥' 225 fi in D(R., Pj,(R*1)) for some
subsequence. Then, almost surely, for all 0 <t < T,

pN ——— i ® v in PRI x RY).
N—4o00

Proof. For simplicity, we denote N instead of N’. Let 0 <t < T and g € Cy(R%*! x R%). We
have

N T _1 i i i
(9:00) = {9, 0 @) = N ; (Q(HLNtJaZLth) - /Rd g(@LNtJ,z)'y(z)dz)
1 & .
TN Z/Rdg(@imyz)v@)dz — {9, it ® ). (4.2.5)
i=1
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On the one hand,

[sup ( Zg [Nt NtJ /dg(eiNtJ’ZW(z)dz)ﬁ

t€[0,T]
LN ]

= % Z ZEKQ( i Z)

k=0 i=1
INT|

7 2 SB[(s00.Z0— [ a6l on:) (9012 - [ a0l 2nz)az) ]

k=0 i#j
|INT|

N6 Z ZEK (6}, Z1) /Rdg( 27Z)7(2)d2)4(g(0i72i)_/r{d g(%,z)’y(z)dz

k=0 i#j

]

INT|
kZO%;M (01,20 | a0h2nv2)az) (0.2 = [ a0l 2n(2)a:)’
< (900120 [ a6 n(0:) ]
< C,/N?%

Hence,
N

ZE[ sup (%Zg(ethJaziLNtJ) —/Rdg(%wzw(z)dZ)G] < Fo0.

N>1 t€[0,T i—

By Borel-Cantelli lemma,

2500,

sup 9( ,Zt /gﬁi ,2)v(z)dz
te[OT‘NZ e Zivey) o (0N 2)7(2)

On the other hand, let us show that a.s., for all t € R,

N Z/ aLNtJv Y(2)dz — (g, it ® ¥) = N—s400 0.

Since W1 < Wj,, we have that

pN =2 [ in DRy, Py (RT).

(4.2.6)

(4.2.7)

As fi € C(Ry,P1(R1)), it holds a.s. for all t € Ry, u — N oo fi¢ in Pp(RY). Considering
g:0 e R™ — [L.9(0,2)y(z)dz, which is bounded continuous, we have a.s. for all ¢ € Ry,
(g, 1) =N 00 (g i), which is exactly (4.2.7). At this point, considering (4.2.5) together with

(#.2.6) and (4.2.7), we have shown that for all g € Cy(R*! x R), a.s. for all t € [0, T,

(4.2.8)

To prove that a.s., for all t € [0,7T7], p)¥ — [is ®, it is sufficient to show that a.s. for all ¢ € [0, 7]
and g € C®(R™ xRY), (g, pN) = N_oo (g, fit ®7) (see [AGSOH, Remark 5.1.6]). Since the space
C®(RI*! x RY) is separable, this last statement follows from (4.2.8) and a continuity argument.

Hence, we have proved that a.s., for all ¢t € [0,T], pV — fi; ® 7, as desired.
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4.3 The case of the Minimal-VI algorithm
Let us first recall Theorem

Theorem 4.4. Assume A1—A4 and A6 and let J3 = 4[F2] +8, js = [42] + 1. Con-

sider p defined by (Alg-Id) and i defined by (1.3.8). Then, the sequence (n™¥)n>1 C
D(R.y, H 3133 (RITY)) converges in distribution to 1 € C(Ry, H™3T133 (R, the unique
i

weak solution (see Definitions cmd of: ¥t >0, Vf € HJ# P~ (R,
(f,7e) = (f,70) / /X N80:2) =9 As @ 7)(Vof - Vod(, -, 2), 7 ® )m(dz, dy)ds
X
[ [ 8T O Tos Vbl 2), s © (e, s
X

¢
— 77/ (Vof - VoZxL(d"|Py),Ms)ds + %[ f],
0
where Ny is defined by

(<f17770>a--' ) <fk:a770>>T NN(O?F(flavfk))7 fla-- HJk € H(‘)Igilng(Rd—i_l)’ k > ]-7

with T(f1, ..., fx) the covariance matriz of (f1(6}),. .. ,fk(Oé))T and where 4 is a G-process (see
Definition with covariance structure: ¥ f, g € HE)]?”J?’ (R™1) V0 < s < t,

Cov(@[f], %ulg)) = 1 / @ 32 o Ol 0,2 25

where Q[f](x’yv Zlaz27lav) = <¢('azla$) - yaﬂv><v‘9f : V9¢('a22am)7ﬁv>'

Pre-limit equation. Using (3.9.5) and ([3.4.4), we obtain the following pre-limit equation for

= VN = fir):

FomYy = (fm0) n/ /X Lole — Y, is © V) (Vo f - Voo (-, - 2),nY @ y)m(dx, dy)ds
_UA /X Y<¢(77$)7név®7><v9fv0¢(77x)7ﬁs®7>ﬂ<dxady)ds
[ N T )1
T [ [ (0 @3 T - Tadle ) ) (e, dy)ds
t
—77/ (Vof-VoeZxu(q!|Py),nd)ds
0
t
/ /X v <¢(,,3§') _y7’7><v9fv9¢(77x)77>7uév>ﬂ(dx7dy)d8

//XXY )vef VG(Z)(,, )7uév®')/>ﬂ'(dx,dy)ds
+VNMY[f] + VNW[f ]+\/NRgV[f].

where

Mllcv[f} == <¢(,Z]£,l‘]€) - ykaylév><v9f : qu(',Zi,ﬂfk),V]iV) - Dljﬁv[f]

A
N
Note that the terms W¥[f] and R}¥[f] have the same expression as those which appear in (4.1.2)).
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Convergence of vV NM” toward a G-process. We refer to our discussion in about the
proof of convergence convergence of vV NMY toward a G-process, and confine ourselves here only
to the convergence of vV NMJ[f], for fixed t > 0 (see more precisely Proposition and [EK09,
Theorem 1.4 in Chapter 7]). The computations of this paragraph are similar to the ones of
Section We use again the decomposition

[Nt -1
' [fl=N > MY[fP
k=0
[Nt]—1 [Nt]—1
=N EMY [fPIFN 1+ N >0 MY[f? - BMY [N (4.3.1)
k=0 k=0

Introduce

Q[f](x>y>zlazzaﬂ) = <¢(',z1,x) - yau><v0f ’ v¢('7z2>x)>lu>'

On the one hand, considering the fist term in the right hand side of (4.3.1]), we have, considering
Z' and Z? as two additionnal data,

INt)—1 o LNE]—-1
N Y EMYAPAN] = T Y Varee,e: QUG y, 2 2% 0l)
k=0 k=0
[Nt]—-1 %

- "72 /k Varw®'7®2(Q[f]($7 Y, 217 227 Mév))ds
k=0 N
t

=n2/0 Var, g o2 (QUf](x,y, 2", 2%, 1l ))ds
t

- Nt Varw®7®2 (Q[f] (:Ba Y, Zla 227 Miv))ds

t
Py /0 Var, 02 (QUf) (@, 9, 21, 22, i) ds.

On the other hand, the L?-norm of the second term in the right hand side of ([4.3.1]) vanishes as
N — +o0. Therefore, we have shown that

t
1) 52 o | Vargenen QU@ 3,2 2 )

as desired.
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Appendix A

Mathematical tools
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A.1 Skorohod spaces

Our main references for this section are [Bil99] and [EK09]. Throughout this section (F,r) is a
metric space, assumed separable and complete.

Definition A.1. Let 0 < T < 0o and I = [0,T] or [0,00). A function x : I — E is said to belong
to the Skorohod space D(I, E) if it is cadlag, i.e., if it satisfies, for all t € I,

ili}l% z(s) = z(t) and 1813% x(s) ewists.

s>t s<t
To define a metric on this space, contrary to space of continuous functions, we allow a uniformly
small deformation of the time scale. Physically, this amounts to the recognition that we cannot
measure time with perfect accuracy any more than we can position. The following topology,
devised by Skorohod, embodies this idea. We start by focusing on the case when I = [0,7]. Let A
denote the space of continuous increasing functions A : [0, 7] — [0, 7] with A(0) = 0and A\(T") =T
The following metric defines the so called Skorohod J1-topology: for x,y € D([0,T], E),

dr(x.y) = inf (sup r(z(A(®).y(®) + sup [AE)—1]).
AEA NyefoT) te[0,T]

We have the immediate following property.

Proposition A.1. Let x,x1,x2,... € D([0,T], E). Then, dr(x,,z) — 0 if and only if there exists
a sequence (Ap)n>1 C A such that x,( Ay (t)) — z(t) uniformly in t and A\, (t) — t uniformly in t.

Endowed with this metric, the Skorohod space D([0, 7], E') is not complete. Therefore, we define
the following metric d°, equivalent to d, for which (D([0,T], E)), d°) is complete:
A(t) — A
d7(z,y) = inf ( sup r(xz(A(t)),y(t)) + sup logM )
AEA N yelo,1) 0<s<t<T t—s
Note that instead of requirering A to be uniformly close to the identity, we require the slope of
each chord to be near 1 or, what is equivalent, that its logarithm be close to 0.
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We now extend this ideas to case I = [0,00). A natural way to extend this topology to the
case I = [0,00) would be to require that z,, — = in D([0,00), E) if dr(xy,,z) — 0 for all T > 0.
But consider the case z, = ljg 141/n) and z = 1jg ;). We have da(z,,z) — 0 but di(zy,,z) = 1.
In fact, we have the following result:

Lemma A.2. Let t > s. If di(zn,z) — 0 and if x is continuous at s, then dg(xy,x) — 0.

To fix with this problem, in case E is a vector space, one can transform functions in such a
way that they become continuous at some point. More precisely, given m > 0, one can multiply
a function x € D([0,00), E) by the following function g,, in order to obtain a function that is
continuous at m:

lift<m-—1
gm(t)=dm—tifm—-1<t<m
Oift >m

This is the approach of [Bil99, Section 16], and one can define, on D([0, c0), E),

o0
d(z,y) = Z 27" max(dy, (xgm,Ygm), 1), E being a vector space. (A.1.1)
m=1

We have the following caracterization of convergence.

Proposition A.3 ([Bil99, Theorem 16.2]). Let z,x1,xa,... € D([0,T], E). Then, d(zy,z) — 0 if
and only if di(xp,x) — 0 (or equivalently df(z,,x) — 0) for each continuity point t of x.

In case (E,r) is only a metric space, we first introduce A, the set of continuous increasing
functions A : [0,00) — [0, 00) with A(0) = 0 and lim A(t) = oo as t — oco. For z,y € D([0,00), E),
we define

d(xz,y) = inf (/000 e “d(z,y,\,u)du+ sup logM ), (A.1.2)

AeA 0<s<t<T t—s

where, denoting by ¢ the metric r A 1,

d(z,y,\,u) = Sup q(z(t Au),y(A(t) Au))

This last distance enjoys the following property, similar to Proposition

Proposition A.2 ([EK09, Proposition 5.3 in Chapter 3]). Let z,x1,z2,... € D([0,00), E). Then,
d(xn,z) — 0 if and only if for each T > 0, there exists a sequence (AL),>1 C Ao such that

sup |AT(£) = t] =00 0
t€[0,T]

and

sup 7(zn(t), (AL (1)) =00 0.
t€[0,T]

Endowed with d defined either in (A.1.1)) or (A.1.2]), the space D([0,00), F) is separable and
complete.

Random elements in D(I, E). Given a probability space (2, F,P), a function X : Q —
D(I,E) is called a stochastic process with sample paths in D(I, E) if it is measurable and, for
each w € Q, X(w) € D(I,E). The following property shows that for almost every time ¢ > 0,
such a random process is almost surely continuous a t. This remarkable result is crucial in our

proofs (see for instance Proposition in Chapter [2)).
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Proposition A.3 ([EK09, Lemma 3.7.7]). Let X be a process with sample paths in D(I, E) with
I =10,T] or[0,+00). Then, the complement of the set

CX)={tel, P(X;=X;-)=1}
1s at most countable.

Note that the set C(X) depends only on the law of X. We now give an example of relative
compactness criteria, in the case I = [0,7] and F being a vector space. This kind of results
is at the core of our proofs. Let us introduce the following modulus of continuity, designed for
Skorohod spaces: for 0 < § < 1,

/ .

wy(6) = inf max  sup |z(s) — x(¢)]

! {t:} 16 g ye b1 04) ’
where the infimum extends over all d-sparse sets {t;}, i.e., which satisfy 0 = to < t;1 < --- <t, =T
and t; —t;_y >dforalli=1,...,0.

Theorem A.4 ([Bil99, Theorem 13.2]). Let I = [0,T], (PY)n>1 C P(D(I,E)) a sequence
of probability measures on the Skorohod space D(I,E), E being a vector space. The sequence
(PN)Nzl 1s relatively compact if and only if these two conditions hold:

o Compact containment condition:

lim lim sup PV (:v € D(I,E); sup |z(t)| > a) =0.
@=e2 Iy te[0,T]

e Regularity condition: For each € > 0,

lim lim sup PV (z € D(I, E); w,,(§) > €) = 0.
6—0 N
This result could be generalized to arbitrary metric spaces E and to I = [0, 00), see for instance
[EK09, Theorem 8.6 in Chapter 3]. These Arzela-Ascoli type theorems are always composed by
so called compact containment and regularity conditions. In particular, we proved a criterion in
the case of Hilbert spaces having Hilbert-Schmidt embeddings (see Proposition for the result
and Appendix for a definition of Hilbert-Schmidt embeddings).

A.2 Wasserstein spaces and optimal transport

Our main references for this section are the famous books of Cédric Villani [Vil03] and [Vil09].
Given a metric space (X, d), separable and complete, we denote by P,(X) the set of probability
measures with finite moment of order p > 1, i.e., probability measures u € P(X) such that there
exists g € X with

/ d(x,z0)Pp(dzr) < oo.
X

When d is bounded, one has, of course, Pp(X) = P(X).
Given p,v € P(X), let II(u, v) denote the set of probability measure over X x X whose first
(resp. second) marginal is p (resp. v), i.e.,

I(p,v) ={r e P(X x X), m(Ax X)=pu(A), n(X x A) =v(A),VBorelian A C X}.

The Wasserstein distance of order p > 1, is then defined as

1/
Wy, (11, v) = ( inf / d(w,y)pﬁ(dx,dy)> p, p,v € Pp(X). (A.2.1)
mell(py) JxxXx
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This could be written in terms of random variables: considering the infimum over all random
elements (U, V) (i.e., over all probability spaces (€2, F,P) and all measurable functions (U, V) :
Q- X xX),

WP(M’ V) = 1nf{E[d(Uv V)p]7 Ur~p, Vo~ V}l/p'

It is a non trivial fact that W, defines a distance (see [Vil03, Theorem 7.3]). In case p = 1,
we mention the so called Kantorovich-Rubinstein duality, which we use in our proofs (see for

instance Proposition [3.23]) :

Wi(p) = suwp | /X o(x)u(dz) - /X ola)v(da)|.

ll9llLip<1

The minimization of (A.2.1]) is a special case of Kantorovich’s optimal transportation problem
[Kan42l, Kan48| (in which d” is replaced by a nonnegative function ¢, called the cost function),
which consists in minimizing the quantity

Klr] = /X _cly)elde.dy) (A.2.2)

over II(u,v), pn and v being given. It is itself a generalized version of Monge’s problem [Mon&1],
formulated in 1781, which remained unsolved at the time Kantorovich introduced his relaxed
version of the problem. Monge’s problem consists in minimizing

MIT)] :/Xc(x,T(:U))u(dx) (A.2.3)

over all functions 7' : X — X such that T p = v. It corresponds to minimizing K[r] over

o (p,v) = {(Id x T)yp, Typ=v} CIl(p,v),

where (Id xT) : z € X — (x,T(z)) € X x X. We refer to [Vil09, [Vil03] for an overview of
problems (|A.2.2) and (A.2.3).

A.3 Sobolev spaces

In this section, we introduce Sobolev spaces, that are extensively used in this thesis, to prove the
central limit theorems. Our references for this section are [Eva22] and [AF03]. Let U be an open
subset of R", of class C'!. Sobolev spaces are subspaces of Lebesgue spaces LP(U), designed to
weaken the classical notion of derivative.

Let us first introduce some notations. For o = (a1, ..., a,) € N™ a multiindex we denote

D% = oy ... 00 .
For 1 < p < oo and any positive integer m, we define the following Sobolev norms:
a,,||P 1/p :
lullwms = ( Sociarem 1Dl ) i 1< p < oo, (A31)
[[ul[wm.ee = maxo<ja)<m [|1D%ul| Lo,
for any function u : U — R for which the right side makes sense. In the following definition,
we leverage the classical integration by parts formula to introduce the notion of weak partial

derivative.
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Definition A.5. Let u,v € L}, (U) and o be a multiindex. We say that v is the o~ weak partial
derivative of u, written
D% =w

provided

/ u(x)D¥(x)dz = (—1)°! / v(z)p(z)de, (A.3.2)
U U

for all test functions ¢ € C°(U).

Note that there is no boundary term in the formula (A.3.2) since U is open and ¢ has compact
support. We now define two function spaces, equiped with the norm (A.3.1)):

Definition A.6. For 1 < p < oo and any positive integer m, we define the Sobolev space
W™P(U)

as the set of all u € L}, .(U) such that for each multiindez o with || < m, D%u exists (in the

sense of Definition[A.5) and belongs to LP(U). We denote by

Wy (o)
the closure of C2°(U) in W™P(U).

The spaces W™P(U) and W;""(U) are Banach spaces for each 1 < p < co and m > 1. When
p =2, it is usual to write H™(U) (resp. H*(U)) in place of W™2(U) (vesp. W{"*(U)).

In the following, we enounce conditions on p, m and the domain U to ensure regularity of elements
of a Sobolev space. We start by recalling what we mean by ”"having a continuous representative”.

Definition A.7. We say u* : U — R is a version of a given function u € L}OC(U) provided
u=1u" a.e.,

i.e., for any representative u : U — R of u, there exists a measurable set /~ C U of mass 0 (with
respect to the Lebesque measure) such that

u(z) = u*(z), Yo € A€
We now introduce the Holder spaces.

Definition A.8. For any 0 < v <1 and any nonnegative integer m, we define the Holder space

CIT-;Lc;Yder ( U)

as the space of all function uw € C™(U) for which the norm

« D%u(x) — D%*u y
[ullgma = Z sup |[D%u(z)| + sup | (z) ()|

Hold _
older \algmer x,yeU x4y |l’ y|'y

is finite.

We are now ready to state the continuous embedding theorem.
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Theorem A.9 ([Eva22, Theorem 6 in Section 5.6.3] and [AF03, Theorem 4.12]). Let m > 1 and
1 <p < oo be such that m > n/p, and set

p p

~J L3I =5+ 1, if 3 s not an integer
- any positive number < 1, if% s an integer.

Then, we have the following.

e IfU C R™ is open and bounded with C*-boundary, then any v € W™P(U) admits a version

=2 _17 c o
u* € Cl?o dLe‘;J 7(U). Moreover, there exists a constant C > 0, independent of u, such that
[l 211+ < Clltflwrms-
Holder
o m m_l_%J_lv’Y o °
In other words, the embedding W™ P(U) = Cyo1qe (U) is continuous.

o If U C R"™ is arbitrary, then any v € Wy""(U) admits a version u* € Cy o (0).

Moreover, there exists a constant C' > 0, independent of u, such that
J* | 13110 < Clluflwms.
Holder

m—|2|-1,
In other words, the embedding Wi'"P(U) — CHOl(}e’;J 7(U) is continuous.

In the following, we enounce some Hilbert-Schmidt embeddings between Sobolev space, which
are a subclass of compact embeddings. We first define the notion of Hilbert-Schmidt operators.
Let X and Y be two separable Hilbert spaces and let {e;}°; be an orthonormal basis of X. Let
A: X — Y be a bounded linear operator. If

oo
>l Aeil?
i=1

is finite, A is called a Hilbert-Schmidt operator. We end this appendix by enouncing the following
theorem, due to Maurin, extensively used in our proofs of the central limit theorems, to obtain
moment estimates.

Theorem A.10 ([AF03, Theorem 6.61]). Let m,j be nonnegative integers with j > n/2. Then,
for any bounded domain U C R™, the embedding

Ho I (U) — M (U)

is a Hilbert-Schmidt operator, which we write 7-[6”+j(U) —us. HJ'(U). If U is a bounded domain
of class C%, it also holds H™ I (U) —u.s. H™(U).
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