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Résumé

On étudie dans cette thése le comportement statistique de plusieurs sys-
témes de particules issus de la mécanique des fluides. Plus précisément, on
s'intéresse au probléme-type suivant : justifier la convergence d’un systéme
modélisant 1’évolution d’un nombre fini de particules vers un systéme mo-
délisant 1’évolution d’une densité continue lorsque le nombre de particules
devient grand. On considére des modeles de "champ moyen", c’est-a-dire des
modéles ol les interactions entre les particules sont & "longue portée".

Au Chapitre 1 on introduit les différents modéles étudiés et les résultats
principaux de la thése, puis on présente un historique des différents travaux
traitant des limites de champ moyen dans la littérature ainsi que la "méthode
d’énergie modulée" introduite par Duerinckx et Serfaty dans [81] qui sera le
principal outil utilisé dans les chapitres 2 et 3. Enfin, on donne davantage
de précisions sur les résultats principaux de ce manuscrit et on détaille les
arguments utilisés pour les démontrer.

Dans le Chapitre 2 on étudie un systéme d’équations aux dérivées par-
tielles modélisant ’interaction entre un fluide incompressible non visqueux
et une densité continue de solides plongés dans ce fluide et soumis a un effet
gyrocinétique. On montre le caractére localement bien posé en temps des
solutions fortes de ces équations puis on les obtient comme limite de champ
moyen d’un modéle décrivant ’évolution d’un nombre fini de solides plongés
dans un fluide. Les résultats de ce chapitre correspondent a l'article [67].

Dans le Chapitre 3 on s’intéresse aux limites de champ moyen d'un sys-
téme modélisant 1’évolution de petits tourbillons ou "points vortex" dans un
lac de profondeur non constante. Les résultats de ce chapitre correspondent
a Darticle [68].



Abstract

In this thesis we study the statistical behaviour of several particle sys-
tems related to fluid dynamics. Namely we are interested in the following
problem: Prove the convergence of a system modeling the evolution of a
finite number of particles to a system modeling the evolution of a continu-
ous density when the number of particles becomes very large. We consider
"mean-field" models, for which particles are subjected to a long range inter-
action potential.

In Chapter 1 we introduce the models and the main results studied in
this thesis. Then we provide an overview of the previous works that have
investigated mean-field limits and we explain the main ideas of the "mod-
ulated energy method" introduced by Duerinckx and Serfaty in [81], which
will be the main tool used in chapters 2 and 3. Finally we give more details
about the main results of this thesis and we describe the main arguments
used for the proofs of these results.

In Chapter 2 we study a system of partial differential equations model-
ing the interaction between an incompressible inviscid fluid and a dispersed
phase of solid particles subjected to a gyroscopic force. We show the local
well-posedness of strong solutions of these equations and we derivate them
as the mean-field limit of a model describing the evolution of a finite number
of solids in a fluid. The results of this chapter are the content of [67].

In Chapter 3 we investigate the mean-field limits of a system modeling
the evolution of small vortices in a lake of non-constant topography. The
results of this chapter are the content of [68].
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Chapitre 1

Introduction

Dans ce manuscrit, on s’intéresse aux limites de champ moyen de deux
systémes : un modeéle décrivant un nombre finis de solides plongés dans un
fluide (au Chapitre 2) et un modeéle décrivant ’évolution de petits tourbillons
dans un lac de profondeur variable (au Chapitre 3). Dans cette introduction
on définit les différents modeéles étudiés (en Section 1.1) et on expose les
résultats et arguments principaux de cette thése (en Section 1.3) ainsi que
le contexte bibliographique dans lequel s’inscrivent ces résultats (en Sec-
tion 1.2). Les notations principales de ce manuscrit sont rassemblées sur les
pages 151 a 154.

1.1 Modéles étudiés et résultats principaux

1.1.1 Equations d’Euler incompressibles dans le plan et points
vortex

Equations d’Euler incompressibles dans le plan

Les équations d’Euler incompressibles dans le plan décrivent 1’évolution
du champ de vitesse u(t,z) d’un fluide incompressible et non visqueux ou ¢
est la variable de temps et x € R? la variable d’espace. Elles s’écrivent

div(u) = 0.

Dans le cas d’'un domaine & bord on adjoint le plus souvent & cette équation
une condition de flux nul au bord v -n = 0. Elles ont été écrites pour la
premiére fois par Euler dans [29]. Pour une introduction a 'obtention de ces
équations on renvoie a [18, Chapitre 1|, [31, Chapitre 1| ou |63, Section 1.1].

La pression p est une inconnue du probléme et peut étre interprétée
comme un multiplicateur de Lagrange provenant de la contrainte div(u) = 0.



En prenant la divergence de la premiére équation, on trouve
Ap =div((u - V)u).

On peut donc exprimer la pression en fonction du champ de vitesse & condi-
tion d’avoir suffisamment d’hypothéses de régularité et de décroissance sur
u pour pouvoir résoudre 1’équation précédente.

Pour éviter d’avoir & traiter ce terme de pression, on peut formuler cette
équation comme une équation d’évolution sur le rotationnel du champ de
vitesse

w = curl(u) = O1uz — dhuy

aussi appelé "vorticité du fluide" ou "fonction tourbillon". Cette quantité
peut s’interpréter comme la vitesse de rotation infinitésimale d’une particle
de fluide sous l'action du champ de vitesse u. En effet, on peut localement
écrire le développement de Taylor au premier ordre d’un champ de vitesse u
a divergence nulle autour d’un point ¢ comme

u(z) = u(wg) + %w(x — 20)" 4+ D(z — 20) + O(|z — @0))

ou D est une matrice symétrique de trace nulle appelée "matrice de défor-
mation" (pour plus de détails voir [61, Lemme 1.1]).

En prenant le rotationnel de 'Equation (1.1.1), on trouve l’é¢quation
d’évolution suivante pour w :

Ow~+u-Vw=0
(1.1.2) div(u) =0
curl(u) = w.

La vorticité est donc transportée par le champ de vitesse : pour u suf-
fisamment régulier (par exemple lipschitzien), w est constante le long des
lignes de champ de u et les normes LP de w sont conservées au cours du
temps (car u est & divergence nulle).

Précisons également que le champ de vitesse u peut étre reconstruit a
partir de sa vorticité en résolvant le systéme elliptique suivant :

div(u) =0
curl(u) = w
dont la solution est donnée par la loi de Biot-Savart en dimension deux :
1L [ (z-y*
= — — dy.
uw) = 5= [ =)y

Le caractére bien posé des solutions classiques en tout temps des équa-
tions d’Euler incompressibles dans le plan a été établi par Wolibner dans
[82]. L’existence et 'unicité des solutions faibles a été établi par Yudovich
dans [83], qui a démontré le théoréme suivant :
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Théoréme 1.1.1. Si wy € L'(R?) N L>®(R?), alors il existe une unique
solution faible a I’Equation (1.1.2) dans L>([0, +00), L*(R?) N L>=(R?)).

Ce résultat a été depuis généralisé pour démontrer I'unicité avec des
méthodes différentes ou des conditions moins restrictives (par exemple des
critéres de controle de la croissance des normes L? de w). Citons notamment
[19, 23, 60].

Points vortex

On souhaite décrire la dynamique de petits tourbillons dans un fluide
plan, c’est a dire de solutions de I'équation (1.1.2) dont la fonction vorticité
est concentrée autour d’un certains nombres de points (z1(¢), ..., zn5(t)) (ce
qui correspond & un champ de vitesse tournant rapidement au voisinage de
ces points).

On cherche donc & obtenir une équation simplifiée pour décrire I’évolution
d’une solution de (1.1.2) de la forme :

w(t) = @il (1)

M-

I
—

K3
ol a; représente l'intensité de masse du tourbillon centré en z;(t).

La loi de Biot-Savart nous donne le champ de vitesse généré par cette
distribution de vorticité :

=z

a; (x— z(t)*

u(t,x) = .
— 2m Nz =z

Comme la vorticité est transportée par u qui est a divergence nulle, on
souhaiterait poser Z;(t) = wu(t,z;(t)). Le champ de vitesse u ci-dessus est
cependant singulier au point z; et la quantité u(t, z;(t)) n’est donc pas bien
définie. Si 'on retire ce terme singulier, on obtient le systéme d’équations
suivant

N
. aj (2i(t) — z(t)*
(1.1.3) 4(t) =
%5% |2i(t) — 2 (1) [?

qui est appelé "Systéme des points vortex" ou "loi de Kirchhoff". A cause de
la singularité du noyau d’interactions en zéro, ce systéme est bien posé tant
que la distance entre les points reste strictement positive.

Ce calcul formel est justifié rigoureusement par le théoréme suivant,
prouvé par Marchioro et Pulvirenti dans [63, Chapitre 4, Théoréme 4.2] :
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Théoréme 1.1.2. On définit
N
W) =2 ailyi(x)
i=1

ot ay,...,an € R et (Aé)lgigN est une famille d’ouverts disjoints de mesure
€2 et tels que AL C B(z?,as) pour un certain o > 0. Soit T > 0 tel que le
systéeme des points vortex (1.1.3) soit bien posé sur [0,T] (c’est & dire pas
de collisions) et w la solution des équations d’Euler issue de w°. Alors pour
tout temps t € [0,T] et toute fonction f lisse,

N
[ ert) @) de — S afe0)
=1

ot (21(t), ..., 25 (1)) est la solution de (1.1.3) issue de (29, ...,2%).

Notons pour finir que les trois quantités suivantes sont des constantes du
mouvement : le Hamiltonien

H = E aiaj ln\xi—xﬂ,
I<i#j <N

le centre de vorticité (pondéré par U'intensité des vortex)

N
M = E a;Tq,
=1

et le moment d’inertie
N

I = Z ai\xi|2.
i=1
Une conséquence de la conservation du Hamiltonien et du moment d’iner-
tie est que, pour des intensités toutes du méme signe, il n’y a pas de collisions
en temps fini. On précise également que pour un bon choix de variables, le
Systéme (1.1.3) peut s’écrire comme le systéme Hamiltonien associé a H
(pour davantage de détails sur ces deux aspects voir |63, Section 4.2]).

1.1.2 Points vortex massiques et systéme Euler-points vortex
massiques

Dans le Chapitre 2 on s’intéressera a la limite de champ moyen d’un mo-
déle décrivant des solides de tailles négligeables plongés dans un fluide plan
incompressible non visqueux avec les interactions suivantes : les particules
de fluide sont transportées par le champ de vitesse V généré par le fluide
et par les particules solides, tandis que les particules solides sont soumises &
une force gyroscopique liée a leurs vitesses et & V.

12



Ce modeéle est décrit par les équations suivantes

Oyw + div(wV) =0

qi = Pi
1
N
mapi =i | pi + Vg rw(a) + Y vV igla(t) — g;(1)
(1.1.4) =1
J#i

V=-Vigx(w+pn)

N
PN = iby,
i=1

ol m; représente la masse du solide 7 de position g;, ; représente la cir-

culation de fluide autour de ce solide et g(z) = 5 In |z| est I'opposé du
s

noyau du laplacien sur le plan. Remarquons que la force gyroscopique qui
s’applique sur les particules est perpendiculaire a la différence de vitesses
entre la particule et le fluide environnant. Remarquons également que si l'on
fixe w = 0, alors on retrouve I’équation suivie par des particules chargées
interagissant via un potentiel Coulombien répulsif et soumises & un champ
magnétique constant :

N
mipi = vipi — Y v Vg(ai(t) — g;(t)

i=1

ou ~; représente cette fois-ci la charge de la particule g;.
Ce modele a été établi par Glass, Lacave, Munnier et Sueur dans [33, 34,

35, 36| en étudiant un ou plusieurs solides plongés dans un fluide et en faisant
tendre leurs tailles vers zéro. Le caractére bien posé du systéme ci-dessus a
ensuite été étudié par Lacave et Miot dans [52], qui ont prouvé le théoréme
suivant (voir [52, Théoreme 1.2|) qui établit I'existence de solutions faibles
au Systeme (1.1.4) :

Théoréme 1.1.3. Soient (¢), ..., q%, 0, ..., p%) € (R%) tels que ¢) # q? st
i # j etwg € L®(R?) a support compact. Il existe T* > 0 tel que pour tout

0 < T < T* il existe une unique solution faible au systéme (1.1.4). De plus,
st les v; ont tous le méme signe, alors on peut choisir T* = 4-00.

On a également un résultat d’unicité, donné par le théoréme suivant (voir
[52, Théoréme 1.5]) :

Théoréme 1.1.4. Siwqg est constante au voisinage des points q?, ey q?v alors
la solution domnée par le théoréme précédent est unique.

Ces propriétés sont similaires a celles qui avaient déjd été obtenues pour
le systéme mixte Euler-points vortex dans [51, 63, 64].

13



1.1.3 Modéle de spray gyrocinétiques

On souhaite établir I’équivalent du Systéme (1.1.4) pour une densité
continue de particules en interaction avec un fluide. On considére pour cela
le cas de N particules indifférenciées de masses m; = N~! et de circulations
v = N~1, ce qui donne le systéme suivant :

Owwn + div(wNVN) =0
¢ = Dpi

N
pi= | pi — Vgrwn(a) - %ZVLQ(%U) —q;(t))
j=1

J#

(1.1.5)
VN = —VJ‘g * (wWN + pN)

1 N

En prenant (formellement) la limite

1
N 2 @) o7 Ft 2, §)dude

e

wWwN — W
N—+oco

on obtient le systéme suivant

Ow + div(wV) =0

Of +€- Vaf +dive (€= V)Hf) =0
V=-Vig*(w+p)

pltoa) = [ ft.a.€) .

(1.1.6)

Ce systéme a été étudié par Moussa et Sueur dans [69]. Ils ont notamment
établi ’existence de solutions faibles et fortes, ainsi que ['unicité dans le cas de
densités (p,w) bornées, étendant ainsi les résultats de [83] (pour les équations
d’Euler) et de [60] (pour les équations de Vlasov-Poisson). En remplacant
V+g par un noyau d’interactions lipschitzien, ils ont aussi établi la limite
de champ moyen du Systéme (1.1.5) vers le Systéme (1.1.6) en utilisant des
outils de transport optimal & la Dobrushin (voir [25] et la Section 1.2).

Un régime particulier des équations cinétiques (sur lequel se concentrera
le Chapitre 2) est le régime hydrodynamique ou monocinétique, c’est a dire
le régime ot les vitesses des particules solides sont & la méme échelle que les

14



vitesses des particules du fluide dans lesquelles elles sont immergées. Plus
précisément, on s’intéresse a des distributions de la forme

f(ta €L, 5) - p(tv .T)) ® 5§=v(t,x)'

En insérant cette quantité dans I’Equation (1.1.6), on trouve les équations
d’évolutions suivantes pour le systéme (w, p,v) :
Oyw + div(wV) =0
Op + div(pv) =0
o+ (v-Vv=(v-V)*
V =-Vigx(w+p).

(1.1.7)

La stabilité de ce régime a été étudié dans [69] : pour un noyau d’interaction
lipschitzien, il est démontré qu’une solution de (1.1.6) proche de (wg, po ®
O¢—uvy(z)) Teste proche de la solution de (1.1.7) (au sens de la distance de
Wasserstein Wi ).

Dans le Chapitre 2 (en Section 2.2) on établira le caractére localement
bien posé de solutions fortes du Systéme (1.1.7) (voir la Section 1.3.1 pour
plus de détails).

Le résultat principal du Chapitre 2 est le Théoréme 2.1.6 qui montre la
convergence du systéme Euler-points vortex massiques (1.1.5) vers le Systéme
(1.1.7). On peut 'énoncer formellement de la fagon suivante :

Théoréme 1.1.5. Soit T > 0, (p,w,v) une solution faible de (1.1.7) et
(wn, Qn, Pn) une solution faible de (1.1.5) (sur Uintervalle [0,T]). Sous des
hypothéses techniques sur (wy, Qn, Pn) et (w, p,v), et si une certaine fonc-
tionnelle H(wo, po,vo, wn(0), Qn(0), Pn(0)) converge vers zéro, alors pour
tout temps t € [0,T], on a

N

1 *

¥ 2 a0 o P © i)
i=1

pour la convergence faible-x des mesures de probabilités et

lon (t) = w®ll 21 77 O

On présentera plus en détails ce résultat et la fonctionnelle H en Sec-
tion 1.3.1.
1.1.4 Equation des lacs et points vortex pour les lacs
Equation des lacs

L’équation des lacs est un modéle qui décrit 1’évolution du champ de

vitesse d’un fluide incompressible dans un lac, sous les hypothéses suivantes :
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— La profondeur du lac est faible par rapport a I’échelle de variations

du champ de vitesse.

— La surface du fluide est presque plate ("petit nombre de Froude").

— La composante verticale du champ de vitesse est faible par rapport &

sa composante horizontale.

Ces équations ont notamment été dérivées a partir du modéle de Saint-
Venant en rotation rapide par Bresch, Gisclon et Lin dans [8]. Pour une
introduction plus générale aux modéles bidimensionnels obtenus & partir de
modeles de fluides moyennés dans la direction verticale on renvoie a [38,
Chapitre 5].

Les équations des lacs présentent de nombreuses similarités avec les équa-
tions d’Euler incompressibles dans le plan, mais prennent en compte les va-
riations de la topographie décrites par une fonction de profondeur b. Lorsque
b est constant, on retrouve les équations d’Euler incompressibles dans le plan.

Le caractére bien posé de I’équation des lacs dans des domaines bornés a
été étudié par Levermore, Oliver et Titi dans [57]. Dans ce travail les auteurs
étudient un analogue du théoréme de Yudovich (voir [83]) pour les équations
d’Euler incompressibles dans le plan.

Ce résultat a été généralisé plus tard par Bresch et Métivier dans [13]
pour prendre en compte le cas ou la fonction de profondeur b s’annule au
bord, puis par Lacave, Nguyen et Pausader dans [53] pour traiter le cas de
fonds irréguliers. L’existence et 'unicité de solutions classiques globales en
temps a ensuite été établie par Al Taki et Lacave dans [1].

Dans le Chapitre 3 on étudie un lac infini modélisé par une fonction de
profondeur b : R? — (0, +00). On s’intéresse & la formulation vorticité de

I’équation des lacs :
1L
Ow + div <(u — avbb> w> =0

div(bu) =0

curl(u) = w

(1.1.8)

ou
— «a € [0,+00) est un parametre de forcage,
— w:[0,+00) x R? — R? est le champ de vitesse du fluide.
— w:[0,400) x R?2 — R est le champ de vorticité du fluide, défini par

w = curl(u) := d1ug — Gau;.

L’équation des lacs classique ne comporte pas de terme de forcage (o =
0). On étudiera cependant ce modéle plus général puisqu’il peut se dériver
comme limite de champ moyen du systéme des points vortex (1.1.10) (dans
le régime ou les auto-interactions des points ne sont pas négligeables). Ces
équations sont un cas particulier d’un modéle étudié par Duerinckx et Fischer
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dans [27]. Dans cet article les auteurs prouvent le caractére globalement bien
posé des solutions faibles et le caractére localement bien posé des solutions
fortes de ce modéle.

Points vortex pour les lacs

L’équation des lacs avec forcage (1.1.8) apparait également comme limite
de champ moyen de vortex de type Ginzburg-Landau complexes soumis a
des effets d’ancrage et de forcage dans un théoréme montré par Duerinckx et
Serfaty dans [28]. La dynamique de ces vortex est cependant trés différente de
la. dynamique des tourbillons que ’on peut observer en eaux peu profondes.

Dans le Chapitre 3 on dérivera les Equations (1.1.8) comme limites
de champ moyen d’un systéme d’équations issu d’un modéle introduit par
Richardson dans [73]|. Dans cet article, en considérant I’équation des lacs
((1.1.8) avec o = 0), lauteur établit par un calcul formel I’équation suivie
par le centre de vorticité ¢(¢) d'un vortex dans un lac de profondeur b. A
I'ordre principal, cette équation donne

_Tlin(e)| Vb(q())

(1.1.9) WO~ = o)

ou I' est l'intensité de la vorticité (c’est a dire I' = / w).
o o B(q(0),¢) ]
Cela signifie qu’a 'ordre principal en e, un vortex suivra les lignes de

topographie constante sans interagir avec les autres vortex restant a distance
bornée. L’équation ci-dessus a été rigoureusement justifiée par Dekeyser et
Van Schaftingen dans [22]| pour le cas d’'un seul point vortex. Ce résultat a
ensuite été généralisé au cas d’'un nombre fini de points vortex par Hientzsch,
Lacave et Miot dans [44].

On s’intéresse dans le Chapitre 3 au comportement de N vortex d’inten-
sité N~! lorsque N tends vers +o0o. On verra en Section 3.2 que le probléme

elliptique
div(bu) =0
curl(u) = w

posséde une unique solution donnée par le noyau

gv(w,y) = /b(@)b(y)g(x — y) + Sp(z,y)

ott Sy est la solution d’une équation elliptique (voir I'Equation (3.2.9)) et
1

g(z) = ~5- In |z| est 'opposé du noyau du laplacien du plan R?. Plus pré-
i

cisément, on a

uw) = 5 [ Vdale et av.
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En utilisant le noyau Vi g; on peut donc calculer le champ de vitesse généré

1
par N — 1 points vortex d,; d’intensité N sur un point vortex 4, :

L
L
_NZV 96(Gis G5)-
j=1
JFi
Ce terme correspond au terme u,., donné par Richardson dans |73, Equation
(2.90)]. En combinant cette équation avec le terme d’auto-interaction donné

par (1.1.9), on obtient le modele de points vortex que l'on étudiera dans le
Chapitre 3 :

VLb(Qz‘) 1 Y €

(1.1.10) 4i = —an — V=95(¢, 45)

' b(:) Nb(qi); v

J#i
ou l'on a noté
NLICY)
' AT N
avec ey la taille des vortex. Dans le cas ot ay —— 400 on étudiera éga-
N—~+o0

lement le régime en temps rapide
(1.1.11) G(t) = gi(ay't).

Remarque 1.1.1. 1l n’existe pour 'instant pas de justification rigoureuse des
Equations (1.1.10). On ne s’attend pas nécessairement a ce que ces équations
décrivent précisément la dynamique d’un nombre fixé de vortex puisque l'on
a négligé tous les termes d’auto-interaction d’ordre inférieur & |In(e)|. Ce-
pendant le résultat de limite de champ moyen démontré dans le Chapitre 3
(voir Théoréme 1.3.3) justifiera rigoureusement que ce modéle simplifié est
pertinent dans la limite N — 4-o00.

Remarque 1.1.2. 1l existe plusieurs travaux calculant des trajectoires appro-
chées de vortex pour des profils b spécifiques ainsi que des résultats expé-
rimentaux et numeériques liés & la dynamiques des tourbillons dans un lac.
Pour plus de détails on renvoie aux résultats de [73] et a la bibliographie
associée.

Le résultat principal du Chapitre 3 est le Théoréme 3.1.6 qui établit la
convergence du systéme des points vortex (1.1.10) vers I’équation des lacs
forcée (1.1.8). On peut I’énoncer formellement de la facon suivante :

Théoréme 1.1.6. Soient w une solution de (1.1.8) sur [0,T] avec donnée
initiale wo et (q1,...,qn) une solution de (1.1.10) avec des données initiales
bien préparées. Alors si

N
P2ty
- 0 wo
N 4 1 % N—+oo
1=
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pour la topologie faible-x des mesures de probabilité et

aN —r «
N—+4o00

alors pour tout temps t € [0,T],

N

1
dgi( RN t
lel ai(t N—H—oo W( )

pour la topologie faible-x des mesures de probabilité.

On présentera plus en détails ce résultat dans la Section 1.3.2. Remar-
quons que dans le cas ou = 0, on retrouve I’équation des lacs classique
(sans forgage).

Transport selon les lignes de niveau de la topographie

Dans le régime ou les auto-interactions sont dominantes (c’est a dire

ay +00) le systéme des points vortex (1.1.10) convergera en temps
—+

rapide et pour un grand nombre de particules vers une équation de transport
dont les trajectoires sont données par les lignes de niveau de la fonction de
profondeur b :

1
(1.1.12) O — div <Vbb > = 0.

Cela sera montré au Chapitre 3 dans le Théoréme 3.1.6, que l'on peut
énoncer formellement de la fagon suivante :

Théoréme 1.1.7. Soient @ une solution de (1.1.12) sur [0,T] avec donnée
initiale Wq et (g1, ...,qn) une solution de (1.1.11) avec des données initiales
bien préparées. Alors si

1 N
N z; @’ N—+o00 wo
1=
pour la topologie faible-x des mesures de probabilité et

ay —r +00
N—~+oc0

alors pour tout temps t € [0,

],
1 N
— t
N Z N—>+oo w(t)
pour la topologie faible-x des mesures de probabilité.

On présentera plus en détails ce résultat dans la Section 1.3.2.
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1.2 Limites de champ moyen

Les limites de champ moyen s’inscrivent dans la famille des problémes
de limites d’échelle en théorie cinétique : on s’intéresse au lien entre des sys-
témes représentant I’évolution d’un grand nombre de particules (point de vue
"microscopique” ou "particulaire" : loi de Newton, loi de Coulomb...), et des
systémes représentant I’évolution d’une densité continue de particules (point
de vue "mésoscopique" ou "macroscopique). Selon la nature des interac-
tions entre les particules, ce type de probléme peut concerner des systémes
trés différents et donc donner lieu & & des méthodes d’études tres variées.
Le terme "champ moyen" désigne le cas ou les particules sont soumises a
un champ de force créé par une moyenne pondérée de forces a longue portée
exercées par chacune des autres particules.

1.2.1 Bibliographie

Comme expliqué dans le paragraphe précédent, on cherche & étudier la
convergence d'un systéme d’équations différentielles ordinaires modélisant
I’évolution d’un nombre fini de particules x1,...,zx vers la solution d’une
équation aux dérivées partielles modélisant 1’évolution d’une densité continue
de particules, lorsque le nombre de particules tends vers +oo.

Pour des systémes d’ordre un, on cherche par exemple a étudier la conver-
gence du systéme

N
o1
(1.2.1) i = NZK(:@—;EJ-)
i=1

vers I’équation de conservation suivante :
(1.2.2) O+ div((K * p)p) =0

ott K : R — R? désigne un certain noyau d’interaction.
Pour des systémes d’ordre deux on s’intéresse a la convergence d’un sys-
téme de particules suivant la seconde loi de Newton

N
1
(1.2.3) i = NZK(% —z;)
=1

vers une équation de type Vlasov modélisant I’évolution d’une densité conti-
nue f(t,z,v) :
O f + divgy(fo) + divy (K * ) f) =0
(1.2.4)
wu(t,z) = / f(t,xz,v)dv.
R4
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Un résultat de limite de champ moyen consiste & prouver que si en temps
zéro, la distribution empirique des particules

1 & 1 &
N Z; 0) (respectivement N Z; 5(%@)%@)))

converge (en un sens & préciser) vers u(t, x) solution de (1.2.2) (respective-
ment vers f(¢,x,v) solution de (1.2.4)), alors la convergence a aussi lieu pour
tout temps strictement positif.

Lorsque le noyau d’interactions entre les particules K est lipschitzien, la
limite de champ moyen de (1.2.3) vers (1.2.4) a été établie par des arguments
de compacité dans [7, 70] ou par des méthodes de transport optimal par
Dobrushin dans [25]. Si le noyau K est singulier, d’autres travaux ont étudié
des résultats de limites de champ moyen pour des systémes d’ordre un :

Schochet a montré dans [79] la convergence en champ moyen du systéme

it
2m |x[?
vers une solution des équations d’Euler & valeurs dans un espace de me-
sures, & extraction d’une sous-suite prées. Pour cela il a utilisé des arguments
développés dans [23] et [78].

Pour des interactions sous-coulombiennes (plus précisément dans le cas
ou |K(x)|,|z||VK(x)] < Clz|~® avec 0 < a < d — 1), la limite de champ
moyen du Systéme (1.2.1) a été démontrée par Hauray dans [40] (dans le
cas ou div(K) = 0) en utilisant des méthodes de transport optimal a la
Dobruschin (en s’inspirant des méthodes développées dans [41, 42]). Cette
méthode a été réutilisée par Carillo, Choi et Hauray pour étudier la limite
de champ moyen de modéles d’aggrégation dans [16].

Dans [26], Duerinckx a montré la limite de champ moyen de systémes
d’ordre un pour des noyaux d’interactions de type Riesz en utilisant une
"énergie modulée" introduite par Serfaty dans [80] (voir la quantité définie
par (1.2.8)).

Dans [81], Serfaty a utilisé cette méthode d’énergie modulée pour montrer
la convergence en champ moyen de systémes d’ordre un dans le cas ot K est
donné par un potentiel coulombien, logarithmique ou de type Riesz, ou plus
précisément K = Vg avec g(x) = |z|~° lorsque max(d — 2,0) < s < d et
d>1oug(zx)=—In|z| pour d =1 ou 2. Dans cet article K * u est supposé
lipschitzien.

Rosenzweig a montré dans [75] la limite de champ moyen du systéme de
points vortex sans supposer de régularité lipschitzienne pour le champ de
vitesse limite, en utilisant la méme énergie modulée que dans [81] avec des
estimées améliorées. Remarquons que cela prouve que le systéme des points
vortex converge vers une solution de Yudovich des équations d’Euler (voir
[83]). Ce résultat a été étendu au cas de systémes de dimension supérieure &
deux par le méme auteur dans [74].

des points vortex (c’est a dire (1.2.1) avec K(z) = en dimension 2)
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Nguyen, Rosenzweig et Serfaty ont généralisé dans [71] la méthode d’éner-
gie modulée & une classe de potentiels plus généraux, en utilisant des estimées
de commutateurs pour des opérateurs de type Calderén-Zygmund.

En s’inspirant de cette méthode d’énergie modulée, Bresch, Jabin et
Wang ont défini une "entropie modulée" qui leur a permis d’étudier la li-
mite de champ moyen de particules avec des interactions de type Riesz et
du bruit stochastique dans [10, 11, 12]. Cette méthode a été ensuite utili-
sée pour obtenir de la convergence en champ moyen uniforme en temps par
Rosenzweig et Serfaty dans |77] et par Rosenzweig, Serfaty et Chodron de
Courcel dans [20].

Le cas des systémes d’ordre deux est généralement plus complexe, la
dérivation comme limite de champ moyen de I’équation de Vlasov-Poisson

((1.2.4) avec K(z) = :l:ﬁ en dimension trois) est notamment encore ou-
verte. Plusieurs travaux ont cependant étudié d’autre cas de limites de champ
moyen de systémes d’ordre deux :

Hauray et Jabin ont traité plusieurs cas d’interactions sous-coulombiennes
dans [41, 42] en utilisant des outils de transport optimal & la Dobrushin.

Dans [48, 49], Jabin et Wang ont étudié le cas de gradients bornés et
W—hee,

Plusieurs travaux ont étudié des limites de champ moyen en régularisant
les interactions puis en faisant tendre le paramétre de régularisation vers zéro
lorsque N tends vers +oo. Citons par exemple [5, 45, 55, 56].

Dans ’annexe de [81], Duerinckx et Serfaty ont étudié le cas de parti-
cules en interaction Coulomb ou Riesz convergeant vers l’équation de Vlasov-
Poisson dans le régime monocinétique (c’est a dire I’équation d’Euler-Poisson
sans pression) en utilisant I’énergie modulée introduite dans [26, 81].

Dans [39], Han-Kwan et Tacobelli ont utilisé cette méme méthode pour
étudier la limite de champ moyen de particules en interactions coulombiennes
dans un régime quasineutre ou gyrocinétique, vers les équations d’Euler in-
compressibles. Ce résultat a été généralisé plus tard par Rosenzweig dans |76]
pour permettre un choix plus large d’échelles entre le nombre de particules
et la constante de couplage.

Bresch, Jabin et Soler ont prouvé dans [9] la dérivation comme limite de
champ moyen de l’équation de Vlasov-Fokker-Planck en utilisant la hiérar-
chie BBGKY et la diffusion en variable de vitesse pour obtenir des estimées
sur les marginales.

De nombreux autres travaux ont étudié le cas de particules en interac-
tions avec du bruit, par exemple [4, 6, 17, 30, 48, 49, 54, 58, 71, 72|. Pour
une bibliographie plus compléte sur les limites de champ moyen dans le cas
stochastique, on renvoie & la bibliographie de [20].

Pour une introduction plus générale aux limites de champ moyen on
renvoie aux articles de synthese [37, 47].
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1.2.2 Meéthodes d’énergie modulée

On présente ici 'idée générale et les grands principes de la méthode
d’énergie modulée introduite par Duerinckx dans [26] et Serfaty dans [81] et
sur laquelle se basent les travaux de cette thése. Par simplicité, on se restreint
ici & la convergence du systéme des points vortex

1 N
.
Xr; = _7N E - V g(wi — $j>
1=

1
vers les équations d’Euler (1.1.2) (avec g(x) = ~5 In |zl).
T

Montrons tout d’abord comment la structure de 1’équation peut étre
utilisée pour obtenir des estimations de stabilité fort-faible. Les arguments
qui suivent sont issus de [26, 80, 81]. Soient w; et wo deux solutions lisses &
support compact des équations d’Euler telles que

/wlz/ w9.
R2 R2

Notons u; = V'1g * w;. La condition précédente permet d’assurer que la
quantité

lur — u2H2L2

est bien définie (voir par exemple [61, Proposition 3.3]). En intégrant par
parties de facon formelle (voir par exemple la preuve de [81, Proposition 3.3]
pour les justifications), on trouve

o= walffe = [ |1V« 1 —an)P
(1.25) = . ot = e — ) ) ) de dy
=: F(w1,ws2).
car —Ag = Jp.

On veut utiliser la quantité F(wi,ws2) pour établir une estimation de
stabilité. Calculons donc

%}"(whwg) = -2 //R2><R2 g(z —y) div(uiw; — uswe)(x) (w1 — w2)(y) dedy

= 2//R2 - Vg(zr —vy) - (viwi — uswe)(x) (w1 — we)(y) de dy

en intégrant par parties. En écrivant

Uiwi — Ugwo = (U — ug)wi + uz(wi — wa)
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et

- Vg(z — y)(wi — w2)(y) dy = Vg * (w1 —wz) = (ug — ug)™

on obtient
(1.2.6)

T F(wi,we) //]R2XR2 ) Vg(x —y) (w1 — w2)(x) (w1 — ws2)(y) dedy

:2/R2u2-v¢mp

ot 'on a noté 1» = g * (w; — we). Pour borner I'intégrale obtenue ci-dessus,
on va utiliser un outil issu du calcul des variations appelé "tenseur énergie-
contraintes", défini par

[h, hlij = 20;hdjh — |V h|*; ;.

Pour une introduction plus précise a ce tenseur on réfere a [43, Section 1.3.2].
Si h est suffisamment régulier, on peut montrer par un calcul direct que

div[h, h] = 2AhVh
ce qui nous permet d’écrire
d
G = [ -div(w.0)
/ Vug : [, 9]

en intégrant par parties. Comme [1), 1] est une expression quadratique des
dérivées de 1, on obtient

(1.2.7)

d
}'(wl,wg)

2
di < COlIVuzl o V972

et
VY172 = IV * (wi = wa)|[72 = F(wr, wa).
Par lemme de Gronwall on obtient donc, pour t < T,
f(wl (t), w2 (t)) < ecnvu?”Ll([O,T]vLOO)f(wl (0), WQ(O)).

Remarquons que seule la norme de ug intervient dans l’inégalité précé-
dente : on peut donc généraliser cette inégalité a des fonctions w; moins
réguliéres, et ainsi obtenir un principe de stabilité fort-faible H! pour les
équations d’Euler.
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On souhaiterait utiliser le méme principe pour étudier la convergence du
systéme des points vortex. Cependant, la quantité

n’est pas dans H ! et la quantité F(wy,w) n’est donc pas définie. On peut
cependant observer que le seul probléme de définition de cette quantité vient
de la singularité de g sur la diagonale A = {(z,z) | z € R?}. On peut donc
la supprimer de l'intégrale pour définir

(1.2.8)
N N
gz —y)d (u - Z&:) (z)d (u -3 5&-) (y)-
=1 i=1

FXw) = [
R2xR2\A
Cette quantité est ’énergie modulée introduite par Duerinckx dans [26] et
Serfaty dans [81] pour démontrer la limite de champ moyen de plusieurs
systémes & interactions singuliéres. Une partie importante des résultats de
ces travaux consiste & démontrer que cette quantité est adaptée pour mesurer
la distance entre une mesure empirique de points et une densité continue.
On a notamment le résultat de coercivité suivant (voir par exemple |75,
Proposition 3.10] ou [81, Proposition 3.6]) :

Proposition 1.2.1. Soient s < —1 et x1,...,xn tels que x; # x; si i # j et
w € L™ une densité de probabilité o support compact, alors

1 N
NZ&’M —H
1=1

Expliquons briévement le principe de la preuve de cette proposition. Soit

n > 0 un petit paramétre et (5;5?) une régularisation de la masse de dirac dy,.

Alors on peut montrer que

1 _1 1 _1
< C(IF (XN, )2 + N72 [ In(N)[> + (14 [|pll o )NT2))
Hs

N N
Fotwew = [ ale=u)d (u - ;5;?) () <u - :aéfz)) (v) +o(n)
X i=1 i=1
2

+o(n)

_/RQ

en intégrant par parties comme on a fait pour (1.2.5). Notons maintenant

N
HKM? =g* (u - 2559?))
i=1

N
Vg * (u — Zé&?)

i=1
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le potentiel associé a la distribution régularisée. Pour £ lisse & support com-
pact on a alors

/]RQg(M_;ém) :/]1%25(#—;5907)4‘0(77)

=— /ﬁAH]’Gm + o(n)

< Vel ,+oln)
< Vel g2 F(Xns 1) + ().

VH]‘\”,M)

En choissisant une bonne suite 7y N—> 0 et en étant plus précis et explicite
—+00

sur les restes que l'on a noté o(n) (qui vont faire apparaitre des termes
négligeables dépendant de N et d’autres normes de &), on obtient la preuve
de la Proposition 1.2.1 par dualité.

Il a été également montré par Duerinckx dans [26, Lemme 2.6] que
la convergence en énergie modulée correspond & demander la convergence
faible-x de la mesure empirique de points vortex ainsi que la convergence de
I’énergie associée au systéme :

Proposition 1.2.2. Soient 1, ...,z tels que x; # xj si1 # j et € L™ une
densité de probabilité a support compact, alors les deux assertions sutvantes
sont équivalentes

L F(Xy.p) > 0.

N
1
2. N z; Oz, N_>—+>00,u pour la topologie faible-x de l’espace des mesures de

proZbeilités et
1
w2 slm—a), = [l st drdy.

1<i#j<N

Pour plus de détails sur ces hypothéses on renvoie & l'introduction de
[26].

Remarquons enfin que la quantité F n’est plus une distance a propre-
ment parler puisqu’elle n’est plus nécessairement positive. On a cependant
le résultat de positivité asymptotique suivant (voir [81, Corollaire 3.5]) :

Proposition 1.2.3. Soient x1,...,xN tels que x; # x; si 1 # j et p € L™
une densité de probabilité a support compact, alors

F(Xn, ) = —%ln(N)N_l —CNL
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Les trois propositions ci-dessus nous permettent d’assurer que la quantité
F est une bonne mesure de la distance entre une distribution empirique de
points vortex (zi(t),...,zn(t)) et une densité de vorticité réguliere w(t, x).
On veut donc se servir de cette quantité pour établir une estimation de
type Gronwall comme on I'a fait plus haut pour deux solutions réguliéres
des équations d’Euler. Le calcul de la dérivée est similaire a celui qui a été
effectué en (1.2.6) et on peut démontrer que

d
—F(Xn(t) // u(t,z) - Vg(xr —y)
di R2 xR2\ A

N
d <w(t) - Z%(t)) (z)d (W(t) - Z%(t)) (y)
=1 =1

Pour pouvoir borner le terme ci-dessus, on va utiliser de nouveau des régu-

larisations des masses de dirac 59(0?).

//]R2><R2\A u(@) - Vy(x —y (Z‘S@%_ )®2 (z,y)

N

®2
o NG R (Zéﬁgz ) (29) + oln)
N
<C g(z —y)d (Z 551 — w) (x)d (Z o4 — w) (%)
i=1

2% R2
R2xR i=1

+o(n)
< CF(Xn(t),w(t)) +o(n)

ot on a utilisé le tenseur [-,:] comme en (1.2.7). En étant suffisamment preécis
sur le controle des restes et en choisissant n = N~ pour un « bien choisi,
on obtient une estimation du type

d

7 K (), )] < C(F(Xn(t),w(t) + N77)

pour 8 > 0 indépendant de u et w, et C dépendant de certaines normes de
w (pour une preuve et un énoncé plus précis, voir [81, Proposition 1.1]). Par
le lemme de Grénwall on obtient donc

F(Xn(1),w(t)) < C(F(Xn(0),w(0)) + N9
et il découle directement de la Proposition 1.2.2 le théoréme suivant

Théoréme 1.2.1. Soit w solution d’Euler suffisamment réguliére et Xy €
(RHN | alors si

_* 0
N—>+oo w( )

||Mz
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et
1
— g(z;(0) — x; // g(x — y)w(0,2)w(0,y) dz dy
N2 1<i;£zj<N () N4)+OO R2 xR2 ) ( ) (

alors pour tout t > 0,

1 N

R ; t

Nz_: N—H-oo W()
et

v X s -ano) [ e gttty ded,
1<iZj<N R2 ><]R2

Précisons que cette méthode s’applique & des cas plus généraux que le
systéme des points vortex : des noyaux d’interactions plus ou moins singuliers
que le noyau de Coulomb, des systémes avec du bruit, etc. (Pour plus de
détails voir la Section 1.2.1.)

Concluous cette section en expliquant comment la méthode d’énergie mo-
dulée détaillée ci-dessus peut étre utilisée pour étudier des systémes d’ordre
deux. Considérons par exemple le systéme :

1N
(1.2.9) iy = fNZVg(xl
7j=1
J#i
Comme expliqué en Section 1.2.1, la limite de champ moyen du systéme
ci-dessus vers I’équation de Vlasov-Poisson

Of+€-Vof+(Vgxp)-Vef =0
pwmz/fm%oﬁ

n’est pas encore justifiée rigoureusement. Concentrons nous sur le cas par-
ticulier de distributions monocinétiques, c’est a dire de la forme f(¢,x,&) =
p(t, ) @ d¢—y(t,p)- En insérant formellement cette quantité dans I’équation
ci-dessus, on trouve un systéme couplé sur (p, v) appelé "Equations d’Euler-
Poisson sans pression"

Op + div(pv) =0
v+ (v-V)v=—-Vgxp.

Dans ce régime, Duerinckx et Serfaty ont démontré dans l'annexe de [81] la
limite de champ moyen du Systéme (1.2.9) vers les équations d’Euler-Poisson
sans pression & l'aide de ’énergie modulée suivante :

(1.2.10) sz o(t, z) > + F(Xn, p).
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C’est cette méthode qui sera adaptée dans le Chapitre 2 pour étudier la
limite de champ moyen du Systéme (1.1.5).

1.3 Plan et arguments de preuves

Dans cette section on présente le plan du manuscrit et les différents ar-
guments de preuves utilisés dans cette these.

Dans le Chapitre 2 on étudie le modeéle de spray gyrocinétique présenté
en Section 1.1.3. On montre tout d’abord le caractére localement bien posé
des solutions fortes. On prouve ensuite la limite de champ moyen du systéme
vortex wave gyrocinétique présenté en Section 1.1.2 vers le modéle de spray.

Dans le Chapitre 3 on étudie la limite de champ moyen du modéle de
points vortex pour I'équation des lacs (1.1.10).

1.3.1 Etude du modéle de spray gyrocinétique
Caractére localement bien posé en temps du modéle de spray

Le caractére localement bien posé des équations d’Euler Poisson (c’est a
dire le Systéme (1.1.7) avec w = 0 et un terme de pression dépendant de p
dans ’équation sur v) a été étudié par Makino dans [62] pour le cas d = 3 en
utilisant les estimées hyperboliques prouvées dans [50]. Dans la Section 2.2,
on étendra ce résultat au cas du Systéme (1.1.7). Le théoréme peut s’énoncer
de la fagon suivante (pour un énoncé plus précis, voir le Théoréme 2.2.1) :

Théoréme 1.3.1. Soit s > 3 un entier, ug € H* 1 (R2 R?) et po,wo €
H*(R? R) a supports compacts, alors si T est suffisamment petit il existe
un unique (u + V,w,p) solution de (1.1.7) avec condition initiale (ug +
V,wo,po0) (ot V est un champ de vecteur lisse indépendant du temps tel

que / curl(V) = / (po + wo))-
]RQ ]RQ
La preuve de ce théoréme repose sur une méthode de point fixe que I'on
présente plus en détails dans l'introduction de la Section 2.2.
Ces solutions donneront une classe d’exemples sur lesquelles pourra étre
appliqué le théoréme de limite de champ moyen 2.1.6 que 'on présente dans
la prochaine section.

Limite de champ moyen du systéme Euler-points vortex massiques

Dans la Section 2.3 on montre la convergence du Systéme (1.1.5) vers
(1.1.7) dans le régime monocinétique en adaptant la méthode développée par
Duerinckx et Serfaty dans [81] que l'on a présenté en fin de Section 1.2.2.

Pour cela on va introduire une énergie modulée similaire & celle qui a
été deéfinie en (1.2.10) mais qui prendra en compte les vorticités wy et w
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des fluides dans lesquels sont plongés les solides dans les modeles (1.1.5) et
(1.1.7).

Soient p,w,wyn € (L'NL>®)(R? R) & support compact, v € W1 (R? R?)
et Qn, Py € (R?)N tels que g; # g; si i # j. Supposons que

Lo
R2 R2
/ p=1

R2

On définit :
(1.3.1)
H(w, p,v,wN,QN, PN)

1 N
=N Z o(i) — pil?
=1
] oy a7 00—y~ Py
X

+ //RQXRQ gz —y)(w—wy)(x)(w — wn)(y) dzdy
+ |lw — wx |72 + BN™Y

ol
1 N
PN = N ;5%
1=

et oll v et B sont des constantes strictement positives qui permettent d’as-
surer que la quantité H est positive (ce qui sera prouvé dans la Proposi-
tion 2.1.5).

Le théoréme principal de cette section est le suivant (pour un énoncé
preécis voir le Théoréme 2.1.6) :

Théoréme 1.3.2. Soit T > 0, (p,w,v) une solution faible de (1.1.7) et

(wn, Qn, Pn) une solution faible de (1.1.5) (sur lintervalle [0,T]). Suppo-
sons que

On définit

Hn(t) == H(w(t), p(t), v(t), wn (t), QN (E), Pn(1))-

Si lon suppose que (q1(0),...,qn(0)) sont deur o deux distincts et n’in-
tersectent pas le support de w?v, et sous des hypothéses de régularité sur
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(w, p,v) il existe des constantes C' and ( dépendant seulement de T, p,w et
de sup [|wn|| 110 telles que pour tout t € [0,T],
N

Hn(t) < C(Hn(0) + N7F).

La convergence de Hy(0) vers zéro implique donc la convergence de
H () vers zéro pour tout temps t € [0, 7.

Pour préciser la notion de convergence induite par la fonctionnelle H on
montrera également un résultat de coercivité (pour un énoncé précis voir la
Proposition 2.1.9) :

Proposition 1.3.1. Soient Qy, Py € (R?)V et w,wn,p € L' N L>®(R?,R)
a support compacts et v € W2 (R2,R?). Supposons

Jue= fue
=

Sup [|lwn | 1o < oo
NeN

et

Alors il existe des constantes strictement positives C et B telles que

C(1+ || VolZi)

1 N
N Z 5(111',10:') A 55:1;(9[:)
=1 H-5
1 B\ L
X (H(W,p,U,WN,QN,PN)E + (1 + Hp”LOO)N /8)2
FEn particulier, st on suppose
H(w, p,v,wN,QN, Py) — 0
N—oo
alors pour tout a < —1,

pN —> p dans H®

N—+o00
wy—w — 0 dans L>NH™!
N—+o0
1 N
-5
N Z O(gi,pi) Nj—‘r)oo P @ O¢—y(z) dans H™.
=1

Remarquons pour finir que si 'on suppose la convergence de wy,p — wo
vers zéro dans H ! et la convergence de py o vers py pour la topologie faible-x
des mesures de probabilités, alors la convergence de

/ 9(z — ) (po + wo — prvo — wio)®2(da dy)
(R2XR2)\A
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vers zéro peut-étre vue comme une condition de bonne préparation des don-
nées initiales, comme on le montrera dans la proposition suivante (voir la
Proposition 2.1.12), dont la preuve sera une conséquence directe de la Pro-
position 1.2.2 établie par Duerinckx dans [26].

Proposition 1.3.2. Soient wy o, wo, po € L & supports compacts telles que

/OJN,O :/wo, /po =1 et soient (¢),...,q%) tels que ¢ # q? s1 1 # 7.

Supposons
/ wo = / WN,0,
R2 R2

/ po =1,
]RQ

;‘é% HW?VHleLoo < 400

et

wno —wg — 0 dans H™"
N—+oc0

PN 0 i+ po dans M(R?)

1
w2 9@ ) N // x —y)po(x)po(y) da dy

1<i#j<N

alors

/ 9(z —y)(p0 + w0 — o — wno)®(dedy) — 0.
(R2xR2)\A

N—+o00

Par des arguments de compacité que 'on détaillera dans l'introduction
du Chapitre 2, les propositions ci-dessus permettent d’assurer que sous les
hypothéses du Théoreme 1.3.2; on a

Zé(% i) y T P() © Ggmu(ray dans M(R?)

et

o (8) = w(Oll g1 —_0

ce qui donne la convergence en champ moyen du Systéme (1.1.5) vers le
Systéme (1.1.7).
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1.3.2 Limite de champ moyen du systéme des points vortex
pour I’équation des lacs

Le résultat principal du Chapitre 3 est le théoréme suivant, qui donne
la limite de champ moyen du systéme des points vortex (1.1.10) et de sa
version renormalisée en temps (1.1.11) (pour un énoncé précis, voir le Théo-
réme 3.1.6). Rappelons que g, (qui sera défini en (3.2.10)) désigne le noyau

du probleme elliptique — div (bV@b) = w. Plus précisément, on a

On rappelle également que 'on a noté I(Qn) = Z g2

Théoréme 1.3.3. Soient w une solution de (1.1.8) issue de wy et W une
solution de (1.1.12) issue de wy. Supposons que w, w et b sont suffisamment
régulieres. On a la convergence en champ moyen du systéme des points vortex
dans les deuz régimes suivants :

1. Supposons que :
( (QN( )N est bornée.

Z(Sq =\ wo pour la topologie faible-x des mesures de pro-
i N—4o00

babzlzte

— N —— O.
N—+400

1 0
N2 Z gb(qz'aqj N—>+OO//R2XR2 , y)wo(z)wo(y) dz dy.

1<i#j<N
Alors pour tout t € [0,T], 'N Z(qu N:TOO w(t) pour la topologie

faible-x des mesures de probabzlzte et

§ X (e — [[ | st dedy.

1<i#j<N

2. Supposons que

( (QN( )N est bornée.
7 Z q° N—‘A wo pour la topologie faible-x des mesures de pro-
© N—+
babzlzte

— ay — —oo.
N——+oco

33



1 0
— 7 2 od.q) N%OO//R (2, y)wo(z)wo(y) da dy.

2 2
1<i£j <N xR

Alors pour tout t € [0,T], 25% ng w(t) pour la topologie
——+00

faible-x des mesures de probabzlzte et

3 X a@0a) — [ ansost.) dedy.

I<i#j<N

Remarquons que dans le cas ay —— 0 on retrouve I’équation des lacs

N—+o00
usuelle ((1.1.8) avec a = 0).

On demande a (I(Qn(0)))n d’étre bornée pour garantir qu'’il n’y a pas
trop de fuite de vorticité a 'infini. Cette hypothése n’était pas nécessaire
dans les travaux de Serfaty et Duerinckx [26, 81] mais nous sera utile pour
traiter I’hétérogénéité du noyau gp.

Comme pour ce qui a été décrit pour la Proposition 1.2.2, la convergence
de I’énergie et la convergence faible-x de wy vers w assurent la convergence
de wy vers w en un sens plus fort : on prouvera au Corollaire 1.3.4 que
sous certaines hypothéses, cela est équivalent a la convergence vers zéro de
"’énergie modulée des lacs", définie par :

(13.2) FolQu,w) i=

1 1 o
//(RZXRZ)\A gb(ﬂf, y) d (N ZZ; 5%‘ - w) (w) d <N Z 6(11' - UJ) (y)

=1

ott (q1,...,qn) € (R)N, w € L>® a support compact, g, est le noyau défini
n (3.2.10) et
A= {(z,z); x € R?}.

On utilisera cette énergie pour mesurer la distance entre les solutions w
et Qn de (1.1.8) et (1.1.10) ou les solutions w et Qy de (1.1.12) et (1.1.11).

Le Chapitre 3 est organisé comme suit :

Dans la Section 3.2 on démontre le caractére bien posé du probléme
elliptique liant un champ de vitesse satisfaisant div(bu) = 0 & sa vorticité, on
construit le noyau de Green g, de ce probléme elliptique et on établit plusieurs
estimations liées & ce noyau. On se base notamment sur des résultats établis
par McOwen dans [65, 66] et par Duerinckx dans [27].

Dans la Section 3.3 on montre que le systéme des points vortex est bien
posé et on établit des bornes sur ’énergie et le moment d’inertie du systéme
dont on aura besoin en Section 3.7.

Dans la Section 3.4 on calcule la dérivée en temps des énergies modulées.
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Dans la Section 3.5 on établit plusieurs propriétés de la fonctionnelle
Fp. On montre notamment le résultat de coercivité suivant (pour un énoncé
preécis voir le Corollaire 3.5.3) :

Corollaire 1.3.3. [l existe B > 0 tel que pour tout s < —1, si w est une
densité de probabilité bornée a support compact et QN est tel que q; # q; i
1 # j, alors sous des hypothéses de régularité sur b, on a

N

1 _

N > 0w < C((1+T@QN) + Wl L1 (14 jaf) dayrzee )N 7
=1 Hs

+ Fp(w,Qn))-

On établit également que la convergence de JFp vers zéro est équivalente
(modulo certaines hypothéses techniques) a avoir convergence faible-x de la
distribution empirique du systéme des points vortex ainsi que la convergence
de I’énergie associée (voir le Corollaire 3.5.4 pour un énoncé précis) :

Corollaire 1.3.4. Soit w est une densité de probabilité bornée a support
compact, QN tel que q; # q; si i # j. Supposons que (I(Qn))n est bornée,
alors sous des hypothéses de réqularité sur b, les deuxr assertions suivantes
sont équivalentes :

1. Fp(w, Qn) v

N
1
2. N Z; g Njoow pour la topologie faible-x des mesures de probabilités
1=

% > alaq) —>//R2X]R2 g(@, y)w(z)w(y) dz dy.

1<i#£j<N

Dans la Section 3.6 on borne le terme principal apparaissant dans les
dérivées calculées en Section 3.4.

Dans la Section 3.7 on utilise les résultats des autres sections pour dé-
montrer le Théoréme 1.3.3.

L’énergie modulée Fy, est similaire & celle définie par (1.2.8) et les preuves
des Sections 3.4 & 3.7 suivent le mémes idées que celles expliquées en Sec-
tion 1.2.2 : calculer la dérivée de 1’énergie modulée, régulariser les masses de
dirac et controler les termes de restes dans les différents termes qui appa-
raissent dans ces dérivées puis appliquer un lemme de Grénwall.
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Chapitre 2

Mean-field limit derivation of a
spray model with gyroscopic
effects

The results of this chapter are the content of [67].

2.1 Introduction

The purpose of this chapter is to establish the mean-field limit of the
gyrokinetic vortex-wave system introduced in Section 1.1.2. We recall that
it models the evolution of N solid particles with positions g¢1,...,qny and
velocities p1, ..., py in a fluid of vorticity wy:

Own + diV(CuNVN) =0
¢ = pi
| N
i = piL —Vgxwn(q) — szg(%’(t) —q5(1))
(2.1.1) o
J#i
Vi = =Vig (wn + pn)

1 N
PN:N;(S%

1
where N represents both the mass of a solid particle and the circulation of

1
velocity around it and g(z) := o In |z|.
T
In the monokinetic regime, when the number of particles becomes very
large, we want to recover the following partial differential equations (intro-
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duced in Section 1.1.3)

Oww + div(wV) =0

Op + div(pv) =0

o+ (v-Vyv=(v—-V)*
V =-Vigx(w+p).

(2.1.2)

Before establishing the mean-field limit, we will justify the local in time
existence and uniqueness of strong solutions of System (2.1.2). The local
well-posedness of Euler-Poisson system (that is the system we get if we take
w = 0 and add a pressure term in the equation on v) was studied in [62] in
the case d = 3 using the usual estimates on hyperbolic systems that were
proved in [50]. In Section 2.2 we extend this result to System (2.1.2).

2.1.1 Main results

The main result in this paper is Theorem 2.1.6 which proves the mean-
field limit of solutions of System (2.1.1) to solutions of (2.1.2) with some
regularity assumptions. We will use the following definition of weak solutions:
Definition 2.1.1. We say that (p,w,v) is a weak solution of (2.1.2) if

1. p,w € CO[0,T], L' N L>=(R?, R)) with compact supports.

2. For allt €[0,T1, / p(t) = 1.
R2

3. v e Whe([0,T] x R% R?)

4. The equation on the velocity is satisfied almost everywhere and the
continuity equations are satisfied in the sense of distributions, that is
for every ¢ € WH°([0,T],C*(R?)) with compact support and for every
t € 10,7, we have:

(2.1.3)

[ wttret) = popto) = [ [ pls.a)(0ug+ Vi) (s.) dwals
/}R2 (w(t)p(t) —wop(0)) = /0 /}R2 w(s,z)(0sp + V- V)(s,z)dxds

Remark that by conservation of mass it is enough to ask

/ po=1
RQ
to get Assumption (2).

In Section 2.2 we will prove existence and uniqueness of solutions of
(2.1.2) in a space strictly included in C°([0, T, L' N L>°)% x W1 (see The-
orem 2.2.1). For the microscopic system (2.1.1), we will use the following
definition of weak solutions, introduced in |52]:
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Definition 2.1.2. (wy,Qn, Pn) is a weak solution of (2.1.1) on [0,T] if
1. wy € L>([0,T), L* N L) N C°([0, T], L>® — w*) with compact support.
2. q1, - qn € C*([0,T],R?)

3. The partial differential equation on wy s satisfied in the sense of dis-
tributions (which means that it also verifies (2.1.3)) and the ordinary
differential equations are satisfied in the classical sense.

Remark 2.1.3. By Theorems 1.4 and 1.5 of [52] we know that for wx(0) €
L>(R?) compactly supported and ¢;(0), ..., gn (0) distinct outside of the sup-
port of wy(0) there exists a unique weak solution of (2.1.1) on [0,7] for any
T > 0 and no collision between the solid particles occurs in finite time. It fol-
lows by [52, Corollary A.2| that for all 1 < p < oo, |lwn(t)||» = [[wn(0)||1p-

Remark 2.1.4. One could replace the compact support assumptions by some
logarithmic decrease of the solutions w and p at infinity as done in [26]
and [75] but for the sake of simplicity we will only consider solutions with
compact support.

In order to show that the limit of a sequence (wy, @y, Py) of solutions of
(2.1.1) converges to a solution (w, p,v) of (2.1.2), we will use the modulated
energy introduced in Subsection 1.3.1.

Let v € WL°(R2 R?), p,w,wy be (L' N L®)(R% R) with compact sup-
ports and Qn, Py € (R?)Y be such that ¢; # ¢; if i # j. Assume that

Lo o
R2 R2
/ p =1

R2

Then this modulated energy is defined by:

H(WapavawNaQNypN)
1 N
=y > lola) = pil?
=1
+// 9z —y)(p+w—py — wy)®?(dz dy)
(R2xR2)\A

+ //R%RQ gz —y)(w—wn)(@)(w—wn)(y)dedy
+|w—wn|72 + BN

where
1 N
PN = N ;5%

and v and B are constants ensuring that H is nonnegative, as explained by
the following result:
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Proposition 2.1.5. For any 0 < v < 1, there ezists a constant B depending
only on 7y, ||w||f1qpees 1Pl L1ALee and s%p lwn |l p1apee Such that:

(2.1.4) // gz —y)(p+w—py —wy)®?*(dzdy) + BN~ > 0.
(R2xR2)\A

and
H(vaavawNaQvaN) 2 0.

This Proposition is similar to Proposition 1.2.3 (proved in [81]) which
states that for a bounded probability density u, we have

~In(V)

—CN—!
2N

F(Xn,p) >
where C' depends only on ||| ;. Since we have no information on the sign
of p+ w — wy, it is not necessarily a probability density. Therefore we will
prove Proposition 2.1.5 in Section 2.3 using the method that was used to
prove Proposition 1.2.3 in [81].

Remark that if we remove BN ~7 and if we set wy = w = 0 our quantity
‘H is the functionnal H¢ used by Duerinckx and Serfaty in the appendix of
[81] to prove the mean-field limit of particles satisfying (1.2.9) to the Euler-
Poisson equations (see the end of Subsection 1.2.2).

Our main result is the following theorem:

Theorem 2.1.6. Let (p,w,v) be a weak solution of System (2.1.2) in the
sense of Definition 2.1.1 and (wn,Qn, Py) be a weak solution of System
(2.1.1) in the sense of Definition 2.1.2 such that

(2.1.5) /wNp_/ wo-
R2 R2

Then we define

(216)  Hult) = Hw(t), p(t), o(t), wx (1), Qu(t), P (1)).
Suppose that Vw € L™, Vv € C°([0,T] x R%,R?) and that
(2.1.7) i{lgé lwnoll f1qpe < 400

(2.1.8) q1(0), ..., qn(0) ¢ supp(wn,o)
Vi # j,4i(0) # ¢;j(0).

Then there exist positive constants C and 3 depending only on T, p,w and

sup |lwnollf1qz00 Such that for all t € [0,T7,
NeN
(2.1.10) Hy(t) < C(Hn(0) + N7P).
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Remark 2.1.7. By conservation of mass (2.1.5) implies that for all ¢ € [0, T7,

[n)= [ wto)

Remark 2.1.8. By Sobolev embeddings the solutions of the spray system
(2.1.2) given by Theorem 2.2.1 are also solutions in the sense of Defini-
tion 2.1.1 that satisfy the hypothesis of Theorem 2.1.6 and thus Theo-
rem 2.2.1 gives the existence of sufficiently regular solutions of System (2.1.2)
that can be approached as mean-field limits of solutions of System (2.1.1)
(even if Theorem 2.1.6 does not require solutions to be as regular as the
solutions obtained in Theorem 2.2.1).

We will also prove a coerciveness result about this energy.

Proposition 2.1.9. Let Qn, Py € (R?)Y and let w,wn, p € L'NL>®(R?,R)
with compact supports and v € W2 (R2 R?). Assume that

Juo= foes
R2 R2
=

R2

(2.1.11) sup |wn || 1apee < 00
NeN

and that

Then there exist positive constants C and B such that

N
1
(2.1.12) NE (gip) — P ® Og—u(a) < C1L+[|Volfie)
i=1 H-S

1 1
X (H(w,p,U,WN,QN,PN)E + (1 + HPHLOO>N_B)§

In particular, if we assume that
H(vavvvavQNapN) — 0
N—oo
then for any a < —1,

PN —> p in H®

N—+
wy—w — 0 in L2 N H™1
N—~+oc0
1 N
. -5
NZ (qi,pi) N—>—+>oop®5§ v(z) in H™.
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Remark 2.1.10. The H~° norm is not optimal, but it is sufficient to justify
that Hy controls the convergence to a monokinetic distribution in a weak
sense.

As a consequence we get that if a sequence of solutions (wy, @y, Pyn) of
(2.1.1) satisfying the hypothesis of Theorem 2.1.6 are such that

HA ), 2. 0

then for any ¢ € [0,7] we have

HN(t) NI)OO 0

and it follows by Proposition 2.1.9 that for any ¢ € [0,7] and a < —1,

t t) in H®
P ( )ijp() in

wn (t) —w(t) N—>—+><x>0 in LN H!

N
1 . _
3 2 S m(e) = P @ Femu(ey 0 HT.
=1

N
. 1 . . .
Since N El (gs(t),pi(¢)) 18 bounded in the dual of continuous bounded func-

tions, we can extract a subsequence which will converge for the weak-* topol-
ogy of probability measures. Since it necessarily converges to p(t) ® d¢—y(t,0),
by weak-* compactness we can deduce that for all ¢ € [0, 7],

N
1 *
N Z 5(‘11‘(75)7}71‘@)) N—too p(t) ® 5£=v(t,:r)
i=1

for the weak-* topology of probability measures and thus we have the mean-
field convergence of (2.1.1) to (2.1.2). One can look at |75, Corollary 1.2] for
a more detailed proof of such a compactness argument.

Remark 2.1.11. If we suppose that wy o —wo converges to 0 in H~! and that
pN,0 converges to po in the weak-* topology of signed measures, then the
convergence of

/ 9z — 9)(po + wo — P — w0)®2(dz dy)
(RZxR2)\A

to zero can be seen as a well-preparedness condition on the initial data, as
stated in the following proposition:
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Proposition 2.1.12. Let us suppose that wy.o,wo, po € L*(R%,R) with com-
pact support and that (¢, ...,q?\,) are such that q) # q? if i # j. Then if we

suppose
/ wo _/ WN,0,
R2 R2
/ PO = 1a
RQ
(2.1.13) sup [|ww,oll f1qpee < +00
NeN
and
wno —wo — 0 in H!
N—+o0o
* n P(R2
PNO T Poin (R*)
1 ) //
9 —q;) — 9(z — y)po(x)po(y) dz dy
N2 1<;<N ¢ 7 Notoo [ p2yp2
we have

N—+o00

// 9(z — 9)(po + wo — prvo — wno) 2 (dzdy) — 0.
(R2xR2)\ A

The latter statement strongly relies on Proposition 1.2.2 (proved in [26]).
One could have more details about these well-preparedness assumptions by
reading the introduction of [26].

Let us finish this introduction by giving some functionnal inequalities
on the Coulomb modulated energy introduced by Duerinckx and Serfaty in
|26, 81] (see Subsection 1.2.2) that we will need in Section 2.3. For Xn =
(z1,...,xn) € (R?)Y such that z; # z; if i # j and p a L> probability
density with compact support, this energy is defined by:

(2.1.14)

Fxtw) = [

N N
g(l‘ —Z/) = Z(sz (dx) = Zél’z (dy)
RZxRA\A i=1 i=1
As we explained in Subsection 1.2.2 this quantity controls the distance be-
tween p and the empirical distribution on X in a weak sense. More precisely
we have the following proposition proved in [81] (number 3.6 in the article):

Proposition 2.1.13 (proved in [81]). For any 0 < 0 < 1, there exists A > 0
and C > 0 such that for & smooth and p € L* probability density with
compact support,
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< C(’f\cOﬁN_A

1 N

+ V€]l 2 (J:(XN7M) + (14 [l o) N7L 1n(N)>2>

where

§(z) — &)
|| o.e = sup—————".
TH#Y |:E - y|9
Remark 2.1.14. In [81, Proposition 3.6] the coercivity inequality is stated

with the Hélder norm |[[{||s0 but by inequality [81, Inequality (3.27)] we
can replace this Holder norm by the semi-norm [£|qo0.6.

We will also need the following functional inequality, proved by Serfaty
in [81] (number 1.1 in the article).

Proposition 2.1.15. There exists \,C > 0 such that for any probability
density p € L™ with compact support, b € WH>*(R2,R?) and Xy € (R?)V,
we have

1Y 1 Y
/ 2XRQ\A<w<x>—¢<y>>-Vg<x—y>d(Nizl(su—u)@)d(N;«sxi—u)w)
< C e (F (X, 1) + (L [l )N ).

This proposition is one of the main result of [81] as it is used to perform
a Gronwall estimate on the modulated energy from which the mean-field
result is deduced.

The remainder of this paper is organized as follows. In Section 2.2 we es-
tablish local well-posedness of strong solutions of (2.1.2). Then in Section 2.3
we provide the proof of Proposition 2.1.5, Theorem 2.1.6, Proposition 2.1.9
and Proposition 2.1.12. Sections 2.2 and 2.3 are independent of each other.

2.2 Local Well-Posedness

In this section, if y is a continuous function defined on R? with compact
support, we will denote

Rlp) == sup {|z| ; = € R?, p(x) # 0}
and

Rylp] = sup R[u(t)]

o<t<T

if ;4 depends on time. If B is a Banach space and 1 < p < oo, we will denote

12.B := L*([0,T), B).
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We will use the same convention for the spaces Cé‘iB and the Sobolev spaces

1
lef’pB. Let us also recall that g(x) = 5 In |z| is the opposite of the Green
T

kernel on the plane.

C will refer to a constant independent of time and of any other parameter
that can change value from one line to another. We will denote C'(A, B) for
a constant depending only on some quantities A and B.

We want to show that System (2.1.2) has a unique regular solution on
[0,7] for T small enough. In [62], Makino builds such a solution for the
following compressible Euler-Poisson system in three dimensions:

Ou+ (u-Vu+Vp=Fxp
{ Op + div(pu) =0

where p is a function of p and F' := VG where G is the Green function on

R3. There are three main differences with our system (2.1.2):

1. We have no pressure term, but we have a gyroscopic effect.

2. We have a continuity equation on w that we also need to solve.

3. On the plane R?, the function V = —V1gx* (p+ w) is not in L? except

if we assume that /(p +w)=0.

In order to deal with the third point, we will assume that vy = ug + V'
where ug € L? and V is a function of = that we will specify later. If we try
to find a solution of (2.1.2) when v = u+ V, we find that (u, p,w) evolves
according to the following equations:

Oww + div(wV) =0

Op + div(pv) =0

Ou+ (u+V) - Vyu+ (u- V)V =ut + f
V=-Vigs(w+p)

=V -V) = (V-7

v=u+V.

(2.2.1)

Thus if we choose V such that f € L?, we will find an equation that
we expect to have a solution in L2. We can achieve this goal choosing the

following value of V:
Vi=-— (/ wo-l—po) Vg x
R2

where x is some compactly supported function such that / x = 1. We make
R2

such a choice because /

p and / w are conserved and we will justify later
R2 R2
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that for p compactly supported,

Vrgent) =5 ([ T 0 (o).
27 R2 |:E’2 |z|—o0

Since we assumed that p and w have compact support, we are not concerned
by the fact that V is not L? on the whole plane. Remark also that the space

—(/ wO+po> Vtg*x+ L
RQ

does not depend on the choice of x. Now we are able to write the main
theorem of this section:

Theorem 2.2.1. Let s be an integer such that s > 3 and ug € H*T'(R?,R?),
po,wo € H(R2,R) such that wy and py have compact support, then if T
is small enough (with respect to some quantity depending only on |lwo||ys,
llpoll s, Nlwoll ggas1, Rlwo] and Rlpo]), there ezists a unique (u,w,p) with
(pyw) € (CRH*NCLH*Y)? and u € CRLH*TL NCLH® solution of (2.2.1).
The proof of Theorem 2.2.1 proceeds as follows:
1. We fix T' > 0 and define

Ry := R[po + w()]

Mo := max(|[poll s » [woll grs + [[woll grs+1)

Xy = {(mp) € LEH NCYIH!

w(0) = wo, p(0) = po,

1ol oo s < 2Mo, [|wll Lo s < 2Mo, Rr[p + w] < 2Ry,
vt € 0.71, [ (o6) +(®) = [ o0+ wn),

vt € (0,7, |o() — p(t) | jos < Ll — ¢,

Jo(®) = )]s < Ll = 1,

where L > 0 is a quantity depending only on Ry and My. Remark that
Xr is a subspace of (C3H* NCLH*"1)2. Then we fix (w, p) € X7 and

we define

(2.2.3) Vi=-Vigx(p+w)

(2.2.4) Vi=— </RQ wo + Po) Vg x
(2.2.5) f=V-Vt-V.VV.

Note that we will prove in Subsection 2.2.1 that f € C%HS N L%OHSH.
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2. In Subsection 2.2.2 we solve in C% H5t' N Cp H® the equation
ou+ ((u+V) - Vu+ (u-V)V=ut +f

with initial condition ug and 77 < T small enough depending only on

MO and L.
3. In Subsection 2.2.3 we define v = u+V and solve in (Cry H¥NCj, H51)?
the system

0w +div(wV) =0
Op + div(pv) = 0.

4. In Subsection 2.2.4 we apply a fixed-point theorem by showing that
the map defined on X, by (w,p) — (@, p) is a contraction for the
C2.L? norm if Tp < Ty is small enough, using the estimates proved for
the previous equations.

Remark 2.2.2. X is strictly included in (C%HS N C%,l H*~1)2 but since we
prove in step (3) that the image of the application ® sending (w, p) to (@, p)
is contained in (C%H N C%l H*71)2 we have the expected regularity for the
solutions of our system.

Remark 2.2.3. Uniqueness is established in the space X7 which is bigger than
(CRH*NCHH*~1)2. 1t ensures uniqueness for the whole system: If (py, w1, u1)
and (p2,w2,uz) are two solutions of (2.1.2), then (p1,w1) = (p2,w2) by
uniqueness of the fixed point and u; = wug follows by uniqueness of solu-
tions of Equation (2.2.6). Remark also that by using energy estimates one
could prove uniqueness in a space of smaller regularity.

Before doing these different steps, we give some results about the Biot-
Savart kernel —V1g that we will need later. In this section we will use the
following definition of uniformly local Sobolev spaces:

Definition 2.2.4. We define H%(R?) as the space of locally H® functions
verifying
HUHHSI(]RQ) i= sup [ull gs(p(gy) < 00
u "L'GRZ

For a more complete introduction to these spaces we refer to [50, Section
2.2].
2.2.1 Properties of the Biot-Savart kernel on the plane

In this subsection we prove Proposition 2.2.5, which contains several re-
sults about the Biot-Savart kernel —V=1g.

Proposition 2.2.5. Let s > 3 and let i be a H® function on R? with compact
support. Denote
Vi=-Vigxpu

Then we have the following inequalities:
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1V e Y and |V st < OO+ Rlp]) ] .
2. [VVlgs < Cllpllgs-
3. V € L™ and we have the three following bounds:
Vil geo < CR[p] ||pll g
1
IVl geo < CRIp]5 (ol 1
1 1
IVl geo < CllpllZa [l Foo -
4- 1V - V)Vl < O+ Rl ||l 7
5. If u has average zero, then V € L? and

IVlig2 < OO+ R[u) llull -

The fact that if ;¢ has average zero and compact support then V € L?
is a classical result in fluid dynamics (see for example [61, Proposition 3.3|)
that we will prove to have the specific bound we need on ||V||; 2. Estimates
(1) to (4) are consequences of the two following propositions. The first one is
the usual potential estimate of a velocity field given by the Biot-Savart law:

Proposition 2.2.6 (Potential estimates in LP). If 2 < p < o0 and w €
L'NLP, then

—92 »

v
IVg s wllpee < Cpllwll 2 llwll 25

1 1
Vg *wllpee < CllwllZy llwllZoe -

For the proof of this proposition see for example [46, Lemma 1]. The
second is the Calderon-Zygmund inequality:

Proposition 2.2.7 (Calder6n-Zygmund inequality). If 1 < p < +o0,
V29w, < Cpllwll gy -

For the proof of this inequality we refer to [3, Proposition 7.5].
The first consequence of Proposition 2.2.5 is the following:

Corollary 2.2.8. Let pg,wg € H® with compact support, x be a smooth
function with compact support and (p,w) € Xp where X is the space defined
by (2.2.2). Let us consider the functions V and f defined by (2.2.4) and
(2.2.5), then we have V € ijz, feLXHTINCLH® and

7 < O M)
£l g o < C(Ro, Mo).



Proof of Proposition 2.2.5. Let us begin by the second inequality. We have:

IVVIlge = [[V29 % pl| e < C Z [V2g % 0%ul| o < Cllpll g5

la|<s

by Proposition 2.2.7.
Let us now prove the third Claim. By Proposition 2.2.6, we have

1 1
Voo < ClpllZ1 1l 7oo

1 2
< Clullkn ( /B . Iul>
Rl
<Cth”<ﬂmRHf>
Raday

< ORI |lu) -

[

D=

For the second inequality of (3), we use Proposition 2.2.6 again to get

1 2
Vilgee < CllpllZ llpllza -
Moreover, by Cauchy-Schwartz inequality,
lullp <C HlB(O,R[u])HLQ il 2 < CR[p] ||l g -

and therefore by the embedding of H! into L* (see for example |14, Corollary
9.11]) we have

1
IVl < CRIu] (ol g1 -

The third inequality of (3) is the second inequality of Proposition 2.2.6.

The first inequality follows from the two Claims we just proved: Since
all derivatives of V of order k for 1 < k < s+ 1 belong to L? and since
HVHLal S OV o, we get

(eall s + Rlpd llpell oo )
(1 + Rlp) [ all 75

IVilgan < C
<C

because H® — L°°.

Now let us prove the fourth point. Let o be a multi-index such that |«| <
s, then 0%((V - V)V) is a combination of (9*1V - V)9*2V where a1 + a2 = .
If ¢y =0,

10V - V)32V || 2 < [V || oo IVV [l 17 -
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If 1 <ai| < s—1, then
[0V - V)0V 2 < 10V oo [VV | s

<|
<IVVIE..
Finally if || = s,
101V - V)0* V| 2 < 0" V]| 12 [IVV]] oo
<|VVIFe -
We conclude using (2) and (3).

Now let us assume that / 1 = 0 and bound the L? norm of V. We have
RQ

~ gl

V(E) = —@M(é)

and therefore by Fourier-Plancherel,

V|2
WiE:=c [ BEE e =culz.

) e e
= d de.
lielzs /K.gl T “/@1 g &

By Fourier-Plancherel,

Now we write

€17

Since p has average zero, for |¢| < 1,

~ 2
[ B < [ a@pae<clul.
el>1 =

1 =| [ uo)e - 1)as

< C/]R? |pe(x)] [sin (x2§>‘ dzx

< el [ lelluta)|dz

:
<Ol / ) Il
B(0,R[u])

< CRIu lull gz -

Therefore
ae)?
[ S e < orp e
gl<r €]
so we get the proof of Claim (5). O
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Now we prove the uniform bounds we need on f and V:

Proof of Corollary 2.2.8. First remark that

Pllges = [ [, o0+
u R

<C’/po+wo

C |lpo + woll 11
CR[po + wo [|po + woll 12
2C Ry M

19 % Xl g2

INCININ

by Claims (1) and (3) of Proposition 2.2.5. Moreover, if we denote

h=p+w—(/‘m+wox
RQ

[fllgrren <[V =Tt = (V- 9)7 |

we have

Lo Hs+1

o it WP L Uan ey O

+ H(V'V)VHLOTOHsH
<|IVg*hllpeors + [V2g * hHLgsHs +{|(V V)VHL%OHS'H
<C(1 + Rr[h)?) 12/l oo 2 + C NI Lo s
2

#0004 B [ o0 +n] Il

<C(Ro, M)

where we used Claims (2), (4) and (5) of Proposition 2.2.5.
Now let us justifiy that f € CRH®. If t1,ts € [0,7], we have

1) = £t = |[T49 % (k1) + wo(ta) = pta) —w(t2))|
< HVLg * (p(t1) +w(t1) — p(ta) — w(tz))’ L2
+ [[V2g % (p(t1) + w(tr) — p(t2) — w(t2))]| geos
< C(1+ Ryp +wl?)

X [|p(t1) + w(t1) — p(ta) — w(t2)| 12
+ C||p(t1) +w(t1) — p(t2) — w(t)|| s

where we used points (5) and (2) of Proposition 2.2.5 and therefore f € C3H?
follows from p,w € C3H*™1. O
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2.2.2 Pressureless Euler equations

In this subsection we prove that there is a unique solution to the following
equation

(2.2.6) du+ (u+V)-Vu+ (u-V)V =ul + f

where V and f are the functions defined in (2.2.4) and (2.2.5).
Following the idea of [50, 62|, we start by fixing u € C3L?N L H*! and
we solve the linearized equation:

227 i+ ((u+V) - Vyu+ @ -V)V=u-+f
o u(0) = Tp.
We have the following well-posedness theorem:

Theorem 2.2.9. If s is an integer such that s > 3, u € CXL?> N L HTY
g € H*L, ju with compact support and f € LLHSTINCYLH?, then (2.2.7) has
a solution u € C:(}HSJrl ﬁC%pHs, unique in the space C%Hl HC%LZ. Moreover,

we have the following estimates:
ol 41 +C | 7] LWH)

x| < € (|70 + ll e ress + 7] s s + 1) N0 7o) -

cT(||lv .
(7)o < T gz tlulage s +0 <

Proof. The proof is a direct application of Theorem 1 of [50] which gives the
well-posedness result and the estimates: We can rewrite (2.2.7) as

2
Ot + Y Ayl + Agii = f

=1

To apply the theorem we need to prove the following:

1. A; €CYLA for 1 <i<3

2. V€ [0, TT[|Ai(t) lgyqm < K for 1 <i<3
3. Ay and As symmetric

4 fe LLH*'NCYH*

5. g € HH

where K := HVHLOOHS+2 + [|u]| oo gys+1 4+ C. The three last points are auto-
T “"ul T “"ul

where A; = (u;+ V)1 for i € {1,2} and Ag := < OvVy = OVi+ 1>.

matically checked by the assumptions of the theorem. For the first point and
the second point, since u € C:(}L2 N L%OHSH, we only need to prove that V'
is in er2, which is given by Corollary 2.2.8.

O
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As in [50] and [62] we will use the previous estimates to apply a fixed
point theorem u — u on Equation (2.2.7) to prove the well-posedness of the
non-linear equation (2.2.6). Let us first recall that we have fixed ug € H5*!,
(w, p) € X7 (where X7 is defined by (2.2.2)) and

Ry := R[po + wo]
Mo := max({[poll s » woll gzs » [[woll grs+1)
Vi=-Vigx(p+w)

—(/woero)VLg*x

f=V-V)t-V.VV.

V:

Then the well-posedness of (2.2.6) is given by the following theorem:

Theorem 2.2.10. Let s be an integer such that s > 3, then

1. There exists T* = T*(My, Ry) < T such that if Ty < T, there is a
unique solution u € C) HST' N Cp H® to (2.2.6), with

el e sr < 2Mo.
1
2. Let u and u' be two solutions defined on [0, Ty] with initial condition
ug and forcing terms f and f’, where
fl=(V-Vht-vV.vV
V= =Vigx(p + )
and (p',w’") € Xp. Then we have

< CeCMoFo)Th |V - V,HLl Hr
T

/
[ = u HL?S;H*
where 0 < r < s.
Proof. Let Th < T. We will use a fixed-point method on the following subset
of C%L2:
X, = {u € Ly H**' nCY H? lull Lo prss < 2Mo,u(0) = uo,
1
[u(t) — u(t)||,;. <Lt —t| vt,t' € [O,Tl]}

where L is a constant which will be fixed later. Let u € XT1 and u be the

solution of (2.2.7) associated to u. By Theorem 2.2.9, for t < Ty, we have:

(V]| g sz Hlul g prosa 1) (
u

E(8) a1 < e ol + ¢ £y, g
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< ecT1(C(R0,M0)+2M0+1) (MO + CTlc(Mo,Ro))
by Corollary 2.2.8. Thus we get
1E(t)[| o1 < 2Mo

if T1 is small enough. Moreover, using Corollary 2.2.8 again, we get

H@tﬁ(t)HHs Sc (Hf(t)HH? + (”uHLOTOHsH + HVHL%OHEI"'Q +1) ||’17”HS+1)
< ¢(C(Mo, Ro) + (2My + C(Mo, Ro) + 1)2M) =: L

Thus for all 77 < T* we have built a map W : )?Tl — )Z'Tl such that
U(u) = u, where T = T™(My, Rp). We will now show that ¥ is a contraction
for the induced distance on X7,. Let u and w be two elements of X7, and
set U :=u — w. Then U := u — w satisfies:

U+ (u+V)- VYU +(U-V)V = —(U-V)a+U*.

Therefore since (U - V)@ € C3L? N LLH! we can apply Theorem 1 from [50]

to have the following estimate:

Hﬁ‘ < eCTl(”VHL%OHE*QJFHUHL&'?HSH+1) (
L

< eCT1(C(M0,Ro)+2M0+1)CT1 |

04U V)illyy 12)

Vg5 1o 1015 12

< 4CMOT166T1(C(MO,RO)JrQMoJrl) HUHLOO 12
Ty

using Corollary 2.2.8 in the last inequality. Thus V¥ is a contraction if T' is
small enough, so since X7, is complete (this can be proved in the same way
as the closedness of X7 which is proved in the beginning of section 2.2.4), it
has a unique fixed point in X7, thus (2.2.6) has a unique solution for short
time. Remark that the solution we find belongs to the space C% HsHL ﬁC%l H?
by Theorem 2.2.9.

Now let us prove the second point of our theorem: Let u and u’ be two
solutions associated to fi; and fo defined on [0,77] with T7 < T*(My, Ro).
Then U := u — v’ verifies:

WU+ ((u+V)- VU +U-VV +d)=U++F

where F := f — f’. We can rewrite this equation as

2
oU + ZA@U +BU=F
=1
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R 72 _( Vit ouy 140V + 0l
where A; := (u; + V)12 and B := (81V2 o~ 1 05V + Dot
Then by Theorem 1 of [50], for any 0 < r < s we have:

T (1A g g, +142l ge s H1Blage g

)
HUHL%C;HT < Ce o HFHLlTlHT

% 2+ M,
ec(” ||L%OH31+2+ o+l

N
Q Q

)T
1705y,

< 6C(C(M0,R0)+M0+1)T1 HV . V/

HLlTlHT

where we used Corollary 2.2.8 in the last inequality. O

2.2.3 Continuity equations

In this subsection we still fix s > 3, v € CYXH*™ N CLH®, (p,w) €
(CRH?®)?, V := —=V1gx (p +w), x smooth with compact support such that
Ix =1, Vo= —(fwg—i—po)vlg*x, v := u + V and we consider the
following continuity equations:

0w + div(wV) =0
(2.2.8) o+ diviey)
Op + div(pv) =0
with initial conditions (pg,wo).

Theorem 2.2.11. Let u,p,w be as in the upper paragraph, there exists a
solution (p,w) € CRH* NCLH*™1 of (2.2.8), unique in CXL?. Moreover, we
have the following estimates:

~ T ‘ T A
1Pz rre < lollge €155 exp (e IMF T W )

~ T||VV
1@l e gre < Moo 1Y e

_ 1 _
HathL,‘}OHS—l <O+ Rrlp+w3)|lp+ WHL"TOHS HWHL%"HS

(071101 < € (| f -+

#lullprzee ) -

Now let p1 and pa be two solutions associated to two velocity fields v1 =
ui +V and vy = ug + V with same initial conditions, and &1 and @y be
two solutions associated to two wvelocity fields Vi and Vo with same initial
conditions, then we have the following estimates:

@1~ Ballpe 12 < CT Vi — Vall e [1@2ll e o

~ ~ ~ T
171~ B2l o2 < OT [all e s 102 — vl € 15070
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We will also give a general lemma to control the support of a compactly
supported solution of a continuity equation:

Lemma 2.2.12. If u is the solution of the following continuity equation,
O+ div(pa) =0

with a € C%Wl’oo and po with compact support, then p has compact support
and

(2.2.9) Ry(p] < Rlpo] + T lall peo po -
In order to prove the main theorem we will need the following result:

Lemma 2.2.13. If a is a Lipschitz vector field, o € L? and f € LL.L* then
there exists a unique solution of the continuity equation

O + div(pa) = f

mn C%LQ, Moreover we have the following estimate

t .
(2210) a2 < <|ruorL2 + [ 1@l dT> e I (@) Pl o o
0

Proof of Lemma 2.2.13. The existence and uniqueness of the solution in
C%L2 can be obtained by Theorem 3.19 and Remark 3.20 of [3]. Moreover
by Proposition 6 of [2], we know that for all ¢ and almost every = we have

:u(tv X(t’ 33)) :NO('T)

+ /Ot <div(a)(s,X(s,w))u(s,X(s,x)) + f(s,X(s,a:))) ds

where X is the flow associated to a. Let us denote h(t,z) = h(t, X (t,x)) for
any function h. Taking the L? norm of the upper inequality we get

t
IE®N 2 < llmoll 2 + ([ £ . 12 +/0 [div(a)(s)l| oo ()] 2 -

Thus by Gronwall lemma,

ldiv(a)l g poe

@2 < (Nlpollz + [[£]l 1y z2)e
Now remark that for any L? function g,

‘div(a)HL%‘Loo

|
/ 9(X (1, 2)* da = / IX @)lg@)Pde < llglee
by of |2, Inequality (7)]. Using it for 7 and f we get inequality (2.2.10). O
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Now we prove the main theorem of the section:

Proof of Theorem 2.2.11. Let us now use the previous lemma to prove the
H? bound on . Let a be a multi-index such that |a| < s. Then, since V is

divergent-free,
0;0%0 + div(Vo“w) = F*

where F'* is a combination of 9V - 0*2Vw with |aq| + |ae| = s, |ag| < s—1
and |aq| > 1. Thus by the upper estimate (2.2.10), since V is divergent-free,
we have:

t
51,2 < (10°l + [ 1l 0r).
If |on] < s —1, then

0%V - 02V G| 2 < |0V | oo |02V @] 2
<OV | g2 1072 VD || 12
< |

[VV s NIl s -
If |a1| = s, then ag = 0, thus

[0°1V - 0%V 12 < [|[VV || s VD] oo
< IVVIgs V6] g2
<

Ve 13

Thus

t

107G (0)] 2 < (Ha%oum re [ 19V @l 180l df) |

Summing over all indices a, we get

@] gre < <”"~UOHH°' +0/0 NV g 9T s dT) :

By Gronwall’s lemma we get the first inequality of our theorem. Now we
will prove the estimate on p. For a multi-index a with || < s we also have

8,0°% + div(v0p) = F°.

Because v is not divergent-free, F'“ is now a combination of 0*vd*2p
where |aq| + |az] = s+ 1, |aq] > 1 and |az] < s. If |a1] < s — 1, we have

0% v - 0]l 12 < |0 0| Lo |0%2P]| 12
<[00l g2 107 ]| 12
< |

Vol s 121 s -
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Now if |ag| = s or s + 1 (respectively |aa| =0 or 1),

10%10 - 0%2pl| L2 < [Vl s 10%2P]] oo
< Voll g 199201 g2
< Voll g 121 s -

Thus
10731 <<H8aﬁoHL2

t
+ c/ Vo) || g 12T || s d7> ¢ Jo 1div(v)ll oo (7) d7
0

Summing over all indices a, we get
t T .
1A s < (HﬁoHHs +e / V0 (7) s 1150 g dT) e Jo 14 ()ll oo () dr
0

t T
< (H’ﬁoHHs - c/O IV O(T)| s 1507 | 7 d7> e Jo (s dr

because div(v) = div(u). The corresponding estimate follows by Gronwall’s
lemma.

Now let us bound the time derivatives of w and p. Take a a multi-index
with |a| < s —1, then

00°0 = —0*(V-V&) = Y Cayan0™V - VO
a1tas=a

Moreover,

[0V - VO 0| 2 < |0 V]| oo [VOU20]| 2

CV N oo + 1INV [ gro) 160]] s -

NN

Now by Claim (3) of Proposition 2.2.5,

1
Vi < CRrlp+w] o+ wlm

and [|[VV] 5. < C||p+ wl| s Thus we have our estimate.
Let us do the same kind of computations for p:

0:0%p = 0%(div(u)p+u-Vp+V - Vp).
If oy + ag| = s — 1,

|07 92951 2 < |19l 92

L2
< el s 191 s -
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We do the same estimates for every term composing 0“(div(u)p), except for

10 div(w)pl 2 < [lull g [1P]] oo

< |

< lull g 121 s -

Now for the third term, if |a; + az] = s — 1,
17 - 90 < |0 T 197571,

<CU@wmmuw”wwmwmm

<4/w+wnm%

by Claim (3) of Proposition 2.2.5. Thus we have the estimate we wanted to
prove.

Now let us prove the last point of our theorem. Substracting the two
continuity equations satisfied by w; and Wy, we have

&5@1 — (,NUQ) + diV(Vl((Dl — &2)) = (VQ — Vl) -Vws.

Using estimate (2.2.10), we have

mlwﬂwm<gfﬂmw»wwmvmf
SCT Vi = Vol pee 2 llw2l s -
Now we prove the last estimate we need for p; — pa:
Or(p1 — p2) +div(vi(p1 — p2)) = (v —v1) - V2 + div(ve — v1)pa.

We can bound the second term the same way that we did for the previous
one:

[(v2 — v1) - V2 + div(va — v1)p2ll 2 < Jlvr — vl 2 | VP2 oo
+ [|div(vr — va)ll g2 1P2]] oo

< 2|jor = vall g1 (|92l s -
Thus by (2.2.10),

~ ~ ~ T||di
171~ B2l o2 < OT [Ballyze s 102 = il € V00

~ T :
< CT WBallgepa e = vill e o € 2107
because div(vy) = div(uq). O

Now let us prove Lemma 2.2.12:
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Proof of Lemma 2.2.12. Solving the continuity equation by characteristics,
we see that

supp(u(t)) = v (supp(p(0)))

where 9 is the flow associated to a. Moreover, for € supp o,
[0 ()] < [90()| + [ (x) — ¢° ()]
t
<lal+ | [ ar v @) ar
0

< Rlpol +T ||a||L5>9L°° :

Taking the supremum for all x in supp(po), we get (2.2.9).

2.2.4 Monokinetic spray System

In this section we prove the well-posedness result of system (2.1.2), that
is Theorem 2.2.1:

Proof of Theorem 2.2.1. Let (po,wo) € H*, ug € H**! and x be a smooth
function with compact support such that x = 1. We recall that we have

R2
defined
Mo == max({|pol| g7 , l[woll s » [[woll grs+1), Ro == Rpo + wo

and

X = {(wap) € LFH® N CrH*~w(0) = wo, p(0) = po,

Pl e pre < 2Mo, [lwll ¢ s < 2Mo, Rerlp + w] < 2Ro,
vt e 0.71, [ (o6) + w(®) = [ o0+ w0),
Vtat, € [OaT]v Hp(t) - p(t/)HHs—l < L|t - t,|7

|@m—wwmm4<Lu—ﬂ}

with L > 0 that we will fix later. Let us justify that X7 is a complete metric
space for the distance

d((p1,wi), (p2,w2)) := [|p1 — pZ”L%OL? + flor - W2HL§9L2 :

It is sufficient to prove that X7 is closed in (L$L?)2. Let us consider a
sequence of functions (py,wy) in X7 and (p,w) € (L5°L?)? such that

d((pn,wn), (PM))N:ZOO
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and prove that (p,w) € Xp. By Banach-Alaoglu’s theorem, since H® is a
Hilbert space, for almost every time there exists a subsequence p,,(n)(t)
that converges weakly in H*. By uniqueness of the limit in weak-L?, px(t)
converges weakly to p(t) for almost every t € [0, 7. By lower semi-continuity
of the H® norm we get that

(2.2.11) ||p||L%oHs < 2Mp.
By the same argument we can prove that

(2.2.12) el e 11+ < 2Mo.

Now for almost every ¢,t" € [0,T], we know that (pn(t)) and (pn(t')) con-
verge weakly to p(t) and p(t') in H*. By lower semi-continuity of the H*~1
norm we get that

p(t) = p(")]| o—r < LIt — ']

and therefore p has a representative which is continuous in time with values
in H5~!. Using the same argument for w we get that for all ¢, € [0, 7]

|p(t) = p(t)|| yyos < LIt =¥

2.2.13
- [w(t) = w(t)|] jyor < LIt —#].

By time continuity of p and w with value in H5~! we get that

(2.2.14) +(0) = ro.

Moreover for all ¢ € [0, T,

[ to0ann (40 + @)~ [ Loam (20 + w2(0) =0

by strong convergence in L?. Thus p and w have compact support and
(2.2.15) R[p + w] < 2Ry.

Finally, uniform compact support and convergence in L? implies convergence
in L' so we get that for every t € [0, 7],

(2:2.16) [ty +w) = [+

Inequalities (2.2.11), (2.2.12), (2.2.13), (2.2.14), (2.2.15) and (2.2.16) gives
us that (p,w) € Xr, so Xr is closed in Ly L.

Now let us build a contraction X7 — Xp. For (p,w) € Xp fixed, we
have defined

— Vi==Vigx(p+w),
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V1=—</,00+w0> Vg x,

— f=(V -Vt (V.- V)V.

By Corollary 2.2.8, f € L¥H**! NCY%H?*. Let T} be sufficiently small so
that Theorem 2.2.10 can be applied and u be the solution of (2.2.6) given
by this theorem, v = u + V, and (p,@) be the solution of (2.2.8) given by
Theorem 2.2.11. According to Theorem 2.2.10, the smallness of T} depends
on My and Ry. Now let us justify that for small enough T> < 77, we have
(p,w) € Xp,. By Theorem 2.2.10, we have the following estimates:

~ Ty f|ul Ty f|ufl
Pl < ool ™" F exp (R 90
1

~ | VV|
HwHL%OlHS < lwoll e K

Remark that
NVl e < Cllp+ llpge e < 4CMo

by Claim (2) of Proposition 2.2.5. Moreover by Claim (2) of Proposition 2.2.5
and Theorem 2.2.10,

IVollg e < Cllullgg s+ [VV s o)

< C(2M0 + CR()M())

< C(1+ Ro)M,

Thus ||5HL%<> s < 2Mp and ||<,TJ||L%O s < 2My if T < T and 75 small enough
2 2

with respect to My and Ry. Now, by Lemma 2.2.12 and Claim (3) of Propo-
sition 2.2.5,if 0 < t < Ty we have

R[p(t) +&(t)] < R[p(t)] + R[w(t)]
< Ro +t([[vl oo + IVl p)
< Ro + t(lfull g« + [V oo + 11V [] o)

Ro—i—t(?MO—FC‘/po + wo +C’RT2[p+W]% Hp_'_WHHl)

1
Ry + T2<2M0 + 2CRyMy + 4CR03 Mo)
2Ry

VAN

if T is small enough with respect to Ry and My. By Theorem 2.2.11, we
have:

~ 1 ~
Hatw”L%" 1 S C(1+ Rpy[p +w]3) ||P+WHL39 Hs ||WHL;° Hs
2 2 2
< C(1+ (2Ro)3)4My2M,
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1071150+ < € (| [ | + sy ) 1P
2 T 2

< C(2ROM0 + 2MO)2M[).
Choosing L large enough (with respect to My and Ry), we have
1015 o1 < L
2

196755 -1 < L.

Thus we have built a map ® : (p,w) — (p,w) such that ®(Xp,) C Xp,. We
will now prove that ® is a contraction for the L7 L? norm.

Let (p1,w1), (p2, w2) € X1, (p1,W01) = @(p1,w1) and (pa, W2) = ®(p2, w2).
By Theorem 2.2.11, we have

11 — Ball e 12 < CT2 Vi — Vall o g2 182l oo g
2 Ty Ty

and

SO — cT'flual| 3
171 = P2l e 12 < CTallPall oo s o2 = 01l poe e 2"
T3 Ty Ty

Moreover, by Theorem 2.2.10:

CeC (Mo, Ro)T> Vi

[lva — UlHL%‘;Hl = |luz — Ul”Lgs;Hl < - VZHL;ZHl

Thus
l|liog — 52”L392L2 + 11 — ,52HL;°2L2
< 20T Mo Vi = Vallpge 12
I 20T2M062cT2M0CeC(MmRo)Tz V1 — VQHL%O I
2

< C(Mo, Ro, T)T» |V1 — V2”L%<;H1
for any T < 17 < T'. Moreover,

Vi = Vall o s
2
<V = Vallpeo 2 + IV(VE = V2)l[ o0 12
2 2
<O+ (14 (4R o1 + 1 — p2 - wall s
by Claims (2) and (5) of Proposition 2.2.5. Thus ® is a contraction if T is

small enough (with respect to My and Ryp), so it has a unique fixed point
(pyw) € Xnp,. O
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2.3 Mean-field limit

In this section we prove Proposition 2.1.5, Theorem 2.1.6, Proposition 2.1.9
and Proposition 2.1.12. Let us begin by proving Proposition 2.1.5.

2.3.1 Proof of Proposition 2.1.5

For 0 < n < 1 we define

1 .
g(”) (z) = T on In(n) if |z| <n
g(x) if |z[ = n

and we denote 5?(]7) the uniform probability measure on the circle of center y

and radius . We have the following lemma:

Lemma 2.3.1. For any 0 <n <1 and y € R?,

[ ote =248 = g0z~

Proof. By a change of variable we may assume that y = 0. The function
f@= [ gle= 2
9B(0,n)

is locally bounded and satisfies Af = —6(()77) = Ag" . Now if |z| > n, we have

[ ge-2ds6) - g0@) = [ (gla - 2) - gla) d5()
9B(0,m)

aB(0,n)

L z (n)
- gl £ = Z ) as™ (-
/83(0,7;) <|:c| |a:|> o ()

1
s / —ZIn(1) =0
|x|—o00 oB(0,n) 2

by dominated convergence theorem. Therefore f—g" is a harmonic bounded
function so it is constant. Since f(z) = g(n) = g (z) for any z of norm 7,
we get that f = g(m. O

Integrating by parts, since / w —wpy = 0, we have

R2

(2.3.1)

Vg s w-wn)lf = [ oo =)o wm)@)w - wx)@)dsdy.

R2xR?
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For a more detailed justification of such integrations by parts we refer to [81,
Equality (1.23)]. Therefore we only need to justify Inequality (2.1.4) to get
that A > 0. For that purpose we define

1 N
N = 2o
i=1

7

We have

// 9@ —y)(p+w — py —wn)®?(da dy)
(R2xR2)\A
[ st Y ) (dody)
(RZ2xR2)
L e dox )~ 4o (@) dp ()
(R2xR2)\A

42 // g — )@ —wy + p)(@) dzd(0 — px)(y)
(RZ2xR2)
:L1 =+ L2 -+ Lg.

Integrating by parts the first line we find that

Li= [1Vge(p+w—p) —wn)P >0

For the second line, by Lemma 2.3.1 we have

1
Lo=-—5 > / (9(gi — a5) — ¢ (a; — ) (64, + 057 (y) dy
N — R2
1<i#j<N

This quantity have been bounded in |71, Inequality 2.14] so we get

C N
Ly > —— Z U
N =1
Finally,

|L3| < Clg * (w —wn + p)|con”

so by Morrey’s inequality (see for example [14, Theorem 9.12]) and Hardy-
Littlewood-Sobolev inequality (see for example 3, Theorem 1.7]) for some
p > 2 we have

Vg * (w—wn+p)|lon?

<C
SCllw—wn+pll 2
LPt2

S Cllwllpinpee + llwnllpinpee + [loll rapee)n™

We get Inequality (2.1.4) by taking n = N1,
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2.3.2 Proof of Theorem 2.1.6

We want to compute the derivative of the functional Hy = 11 + T +
T5 4+ Ty + T5 + Tg + T7 defined in (2.1.6). We will denote a := w + p and
aN = wWyN + PpN.

| N
11 ZZN;’U(Q)_

T22

g(z —y)an(t, dz)an(t, dy)
R2xR2\A

Ty 1= /R o 800 Dl 0l ) dadly

Ty = —2 /R2><R2\A 9(z — y)alt, z) de day(t, y)

Ts = eo(t) — on(8) 3

Ty = 9(a — y)(w — wn) (@) (w — wn)(y) da dy

Claim 2.3.2. For every t € [0,T], we have

T
gz_izvv% : pz)
9 N
—~ N;pi- Z:Vg i)+ Vg (wy — a)(q)
J?él

+ 2// v(t,z) - Vg(z —y)pn(t, dz)(an — a)(t, dy)
R2xR2\A
=T +Ti2+T13.

Proof of Claim 2.3.2. Since v € C*([0,T] x R?,R?) we can compute

N
% :% Z(U(Qi) —pi) - (Ow(qi) + (pi - V)v(gi) — pi)

1=1

:Z o) =)+ (= (0 V)ela) + 0= V@)

+ (pi - V)vla:) — pi- + Vg * wn(g:) NZVQ >

J#z
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9 N
= Z(U(qi) —pi) - (((pi —v(t, i) - V)v(a) + (v(g) — pi)*

+ Vg (wy — a)(a) ZVg )

Hﬁz

z—fZVv g) : —pi)®?
+ 5 Z v(¢) — pi) <V9*(wzv—oz %) ZVQ )

J#Z
g
= — N ZV’U(Q@) . ( (QZ) pz)
i=1
N N
B %Zp" . <J§ZV9((1¢ —qj) + Vg * (wy — 06)(%‘))
i=1 Jj=1
j#i
g N
) <NZV9 )+ Vs o~ a)la)
J#Z

:——ZVU qi) : pZ)
_;Zpi( ng ~ )+ Vg o~ a)la)
=1

J#z
w2 ufea) Vgl - ot dn) dlax - a)t.y)
R2xR2\A
=T+ Ti2+T13.
O

In the incoming computations, we will find some terms which look like
Ty 2, that is, terms depending on p; (which will cancel out) or like T7 3, that
is terms of the form:

// A(t,z) - Vg(z —y) du(z) dv(y)
R2ZxR2\A

with A a smooth vector field (for example v or V) and p, v some signed
finite measures (for example a or p — py). We will finish our computations
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grouping all terms corresponding to the same vector field A. Let us now
compute the time derivative of T5. Notice that the energy

Z il e v dante ) dax ()

of System (2.1.1) is constant in time (for more details see |52, Proposition
5.1]). Thus we have

N_ 72’171‘2

and
dT: 2
T;:—szi < — Vg *wn(q) —*ZVQ )>
i=1 j=1
J#
(2.3.2) 2 N
=P (Vg*wzv %) ZVQ >
i=1

J?él
= T271.

Let us compute the time derivative of the third term:
Claim 2.3.3. T3 € W1°°([0,T]) and for almost every ¢ € [0,T], we have

dTi’ua//RQ v(t.3) - Va(a = y)p(t.x)at.y) dedy.
1131

Proof of Claim 2.3.3. Let (gy)o<n<1 be a family of smooth functions such
that

— gy(z) = g(z) if |z >n,
— |gy(2)| < [g(2)],

— [Vgy(2)] <

— gn(—2) = gy(z).
For 0 <s,t <T and 0 < n <1, we have

Ts(t) — Ts(s) = //g(l’ —y)(a(t, z)a(t, y) — s, z)a(s,y)) dz dy.
Remark that
/ lgn(z — y)(a(t, z)u(t,y) — als, z)a(s, y))|dzdy

< / l9(z = y)l(a(t, 2)alt,y) — als, z)a(s, y))|dzdy < +oo
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because « has compact support. Thus by dominated convergence theorem
we have

(2.3.3)
7,(t) - 73(s) = Iy [[ ,(s — )(a(t.)a(tp)  als.)a(s.) dod.

Since gy, is smooth and o has compact support, we have by (2.1.3) that
t
/gn(x —y)(a(t,z) — a(s,z))dz = / /(pv +wV)(1,2) - Vgy(r —y)dedr

Since (pv+wV)*Vg, € L=([0,T],C*(R?,R)), we get from the upper equation
that g, xa € WH°([0,7],C!(R? R)) and that for almost every ¢ € [0, 7],

9t(gn x a) = —(pv + wWV) x Vgy.

Thus we can use g, * & as a test function in (2.1.3) to get
[t = wiattvatt.y) - ats.z)als ) dody
—/St/((pv+wV)*Vgn)oﬂr/:/(pv—kw‘/)-V(gn*a)
= — /St //(pv +wV)(r,2) - Vagy(y — x)a(r,y) de dy dr
+ /St //(pv +wV)(r,2) - Vgy(z — y)a(r,y) dedy dr
—9 /: //(pv +wV) (1, 2) - Vgy(z — y)olr,y) dz dydr.

Remark that for almost any 7 € [0, 7], we have
[V = 0) - oo+ V) )a(r ) drdy

<J |x_y||<pv+wv><7,x>|a<ny>|dxdy

Hpv—FwVHLwU sup sup/|

7€[0,T]zeR? |z — Z/|

< (HPHLOTOLl HUHL%OLOO + ||W||L§9L1 HVHL%"LOO)RT[O‘] ||04||L%°L°<>'

where the last inequality follows from the proof of Claim (3) of Proposi-
tion 2.2.5. Thus by dominated convergence theorem,

//gn(x —y)(alt,x)alt,y) — als, z)a(s,y)) dz dy
///m””"v (r,2) - Vg(z —y)a(r,y) dz dydr.

77—>0
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Combining the upper limit with (2.3.3) we get that

T3(t) — Ts(s) = 2/ //(pv +wV)(r,x) - Vg(r — y)a(r,y) de dy dr.

Remark that since Vg * o = —V+, we have

/: //(“V)(Ta z) - Vg(z — y)a(r,y) de dy dr = 0.

Finally, we get

1)~ T5(6) =2 [ [[ vt Voto - ot datry aray

which ends the proof of Claim 2.3.3 for almost every ¢ € [0, 7. O
Now for the fourth term, we have:
Claim 2.3.4.

dTy

T =2 // V(t,x) Vg(r —y)(wny —w)(t,z)dzdan(t,y)

— 2//1)(75,3:) -Vy(z —y)p(t, ) drdan(t, y)

5 N
N > pi-Vgralq)
=1

=Ty +Tyo+Ty3.

Proof of Claim 2.5.4. Recall that
ti=-2 [ gl patto)deday(ty)
_ o // g9(x — y)a(t, 2)wn (t,y) ddy

N

-2 Z/Rg(x — gt z) da.

i=1

Using g, in the same way we did for the previous claim, one can prove that
Ty is W1 and that for almost every t € (0,7,

% :( _ 2/ Vg(z —y) - (V(t,z)w(t,z) + p(t,x)v(t, z)) de dan(t, y)

+2 [[ Vot - ) Vittpatt () de dy)
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N
2
+ N ;pi . /Vg(x —¢)a(t,z)dx

=A; + As.
Let us compute each term. For the second term in A;, remark that:
[ 99t =) Vatt.patt opex ) deay
= [|] Voo - ) V4ol - Jattahon(t.p) dr dydan(e. 2
= ] 9*ota — )+ Yoty — Dt opex (t.y) drdyda . 2)
-/ (— [ 740t - wate.o) dx) Vgly — 2wt y) dyda(t,2)
— [[ Vit Vaty - 2pon ) dydante. 2
= // V(t,x) Vg(r — y)wn(t,z)dedan(t,y).
It follows that
=2 [ Vit.2) - Vgl — y)wy - w)(t.) dedan(t.)

-2 // v(t,x) - Vg(z —y)p(t,z) de dan(t,y)
=Tu1+Typ.

For the second term:
5 N
Ay = N ;pi . /Vg(qi —z)a(t,z)dz
1=

9 N
=~ 2P Vg*a(g)
i=1

=T43.

We now need to differentiate the fifth term with respect to time.

Claim 2.3.5. T5 is Lipschitz and for almost every ¢ € [0, 7] we have:

ddjf’:—z/vu-(v—vzv)(w—wzv)

= T571.
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Proof of Claim 2.3.5. Let (xy)y>0 be a sequence of mollifiers with compact
support and set wN = Xp *wn. For t,s € [0,T], we have

T5(t) - T5(s) = [ Jott) ~wn(®F - [ lu(s) ~wn(s)P
— limy [ fult) = w3 (OF - [ lu(s) ~ ()P
—tiny [* ([l - P ar

o [t =GP =2 [ @ - W) vl = xy ¢ (wn V)
=2 [ (0~ W) div(o(V = Vi) + (0~ ) Vi)
+2 [ (0= W) divwl Vi = xp = (o3 Vi)
) / (@ —wh)Vew- (V — V)
42 [ (@ -wf)Vw-wh) Yy
+2 [ wdiv(WhViy = o * (oxViv)
~2 [ div(e Vi~ vy = (Vi)

For the first term, remark that for any 1 < p < 2, we have Vy € LV and

loc @

1 1
w! N —> wy in LP where — + — = 1. Thus since w —wy has compact support
n—0 P

and Vw € L™, we have
2/(w —wi)Vw - (V = Vy) —0>2/(w —wy)Vw - (V = Vn).
n—
Remark also that the second term cancels out because Vi is divergent-free:

1
/(w—w?\,)VN-V(w—w%) = —Z/VN-V]w—wnNIQ =

We will now prove that the two last term tends to zero. For the third term,
we integrate by parts to get:

2/wdiv(w"NVN — Xn * (WNWN)) = —Q/Vw (Wl VN = xn * (WNVN))

Since wk Vy 7mu}]\/vj\h Xn* (WNVN) 7ma)NVN in L' and Vw € L>®, we have
2 / Vw - (W VN — xn * (WNVN)) 7:)0.
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For the last term, since all the g; are outside of the support of wy (see
Remark 2.1.3), they are also outside of the support of w}; if ) is small enough.
Thus we have:

Vv € WhHP(suppw},)

for any 2 < p < 400. By the commutator estimate of DiPerna and Lions in
[24] (see [21, Lemma 2.2| for more details) we get

[Vvirz*]wNmO in Llloc'
Since w}; is uniformly bounded in L>, we obtain

/wnN[VN, Xn*|wn 7:6 0.

which ends the proof of Claim 2.3.5. 0

For the sixth term:

Claim 2.3.6. T Lipschitz and for almost every ¢ € [0,7] we have

% - 2\//R2><]R2 vg(l’ - y) : V(t,x)(w - WN)(t7 .CC)(LU - wN)(t’y) dmdy

<2 / Vog(z —y) - Vg x (w — wn)(t 2wy (b 2) de d(p — pn) (y).
R2 xR2

Proof of Claim 2.3.6. Using g, in the same way we did for Claim 2.3.3, one
can prove that Tg is W5 and that for almost every ¢ € (0,T),
dTs
dt

9 //RQXRQ Vo(x —y) - V(t2)(w — wn)(t, 2) (w — wn) (£ y) de dy

2//R2xR2 Vg(x —y) (Vw — Vywn)(t,2)(w — wy)(t,y) dzedy

+ 2//}1@@&2 Vg(x —y) - (V—=Vn)(t,z)wn(t,x)(w — wn)(t,y) dzdy.
Since V = Vy = =V g * (w—wn + p — pn) we get
//]RQX]RQ Vg(x —y) - (V—=VN)(t,z)wn(t,z)(w —wn)(t,y) de dy

- //R2 o Vg(z —vy)- Vlg % (w—wn)(t, z)wy(t,z)ded(p — pn)(y)

which ends the proof of Claim 2.3.6. O
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Remark that all terms depending on p; (coming from the equations of
Claim 2.3.2, Claim 2.3.4 and Equation (2.3.2)) cancels out, that is

Tio+To1 +Ty3=0.

Now let us group all terms of the form
. vt e -y dut) av)
R2xR2\A
coming from the equations of Claims 2.3.2, 2.3.3 and 2.3.4:

Ty 3+ 131+ +1Ts2

=9 //sz]Rz\Av(t, z)-Vg(z —y)(pny @ (an — @) — p@ an + p @ a)(dzdy)
- //]R2><]R2\A o(t.z) - Vg —y)dlp = py)(t z) dle = an)(t,y)
=2 //]R?xR2\A v(t,z) - Vg(r —y)d(a —an)(t,z)d(a —ax)(t,y)
- 2//RQ><R2\A v(t,2) - Vgl — y)(w — wn)(t,2) ded(e — an)(t, y)
- // (v(t,z) —v(t,y)) - Vg(z —y) d(a — an)(t,z) d(a — an)(t,y)
R2xR2\A
* 2/“(@%) (V= V)t o) (w —wn)(t, ) dz

because

2 /\/R2><R2\A U(t7 x) ' Vg(l’ B y) d(a B OéN)(t, x) d(a B OtN)(t, y)
- // v(t, 2) - Vg(z = y)d(a — an)(t,2) d(o = an)(ty)
R2xR2\A
+ //RQXRQ\A v(t,y) - Vgly — z) d(a — an)(t,y) d(a — an)(t, x)
= // (v(t,2) = v(t,y)) - Vg(x — y) d(a — an)(t, z) d(a — an)(t,y).
R2xR2\A

Let us do the same for V (there is only one term, coming from the
equations of Claim 2.3.4):

Ty =2 // V(t,2) - Voo — y)(wx —w)(t,2) drdax(t,y)

= 2// V(t,z) Vg(r —y)(wy —w)(t,z)ded(a — an)(t,y)
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because
[ Vi) Vot - p)en — @)t 2)alt.y) dody
- / Vit 2)(wy — w)(t ) - V(L 2) do
= 0.
Thus

Ty, = _2/ VLt 2) - (V = Vi)t 2) (w(t ) — wn(t, 7)) da.

Putting all terms together, we obtain
(2.3.4)

dH N
Sdt
9 N
= — N ZVU(QZ) : (U(Qi) _pz’)®2
=1
+ //]R2><R2\A(v(t’x) - v(t7y)) . Vg(x _ y)(a _ OZN)®2(d:E dy)
+ 2A- (V = Vn)(w — wn)

R
+ 2//R2XR2 Vy(x —y) - V(t,x)(w —wn)(t, z)(w —wy)(t,y) dedy

+ 2//11@2 i, Vg(z —y) - Vg (w—wy)(t, z)wn(t,z)dzd(p — pn)(y)
X
=tRi+Ro+Rs+Rs+ Rs

with A = 2(vt — V1 —Vw). In order to control R3, we will need the following
result:

Lemma 2.3.7. If A € WY, then there exists A\ > 0 and a constant C
depending only on || A0 such that

‘ [4- 0w —wm‘ < C(ﬂ@w) + o — w2

+ // o — 9) (0 — o) () (@ — wa)(y) da dy + N_A>

where F is the functionnal defined by (2.1.14).
Proof. Let us fix I = [A-(V — Vy)(w — wn), then

I=— //A(;);) VEg(r —y)(w —wn) (@) d(w + p — wy — pn)(y) dz
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By [81, Lemma 4.3],
I :c/VAl dgx (w—wn),g* (w—wn)]
where for ¢, j € {1,2} and h regular enough,
[h, h]; j = 20;h0;h — |V h|?6; ;.

Hence
11 < C VA oo Vg * (w — wn)72 -

Therefore by (2.3.1) we have

235) 10 <CIVAl [[ 9o - ) - on)@)w - wx)(y) dody.
Now denote

Env = —Vgx [AJ‘(w — wp)]-
We can write

IL— / Ex(y)(p — o) (dy).

Using Proposition 2.1.13 (proved in [81]), we get that for any 0 < 6 < 1,
there exists constants C, A > 0 such that

1 I| <C|én|coo N7

w0

+ OVl (@) + (0 ol )N + 20

By Morrey’s inequality (see for example [14, Theorem 9.12]) and Propo-
sition 2.2.7, for some p > 2 depending only on 6, we have

evlens < € [[729 (44w = ww))
< C AW —wn)l
S ClA| oo lw = wnl
< C Al (ol o + oo

Lp

)

by Remark 2.1.3. Therefore by Assumption (2.1.7),

€N o < C.
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where C' is independent of N. Now, by Proposition 2.2.7,

HV2g s« [AT(w — wN)}’

2 < Al e llw —wnllz2 -

Thus we obtain the inequality we wanted to prove. O

Hy

Let us get back to the expression of =Ry +Ry+ Rs+ R4+ R5

given by (2.3.4). We have

VUHLOO

N
2
(236) Ral < 20V 570 g) 2 < 29 o
=1

For the second term,
e = //R2 xR2\A(U(t’ z) —v(t,y)) - Vg(z — y)(w — wn)®?(dz dy)
vit,x) —v . T — _ ®2( dq
* //R2><R2\A( (t,) (t,y)) - Vg( y)(p — pn)°(dz dy)

+ 2//R2XR2\A(U(t,y) —v(t, x))

Vg(z — y)(w —wn)(z)dzd(p — pn)(y)
=:Ro1+ Ra2+ Ra3.

We can bound Rj; as we did to obtain Inequality (2.3.5) and we get
237) [Raal < CITolw [ | ol =) = wn) @)oo — won) 0} do .
Using Proposition 2.1.15 (proved in [81]) with p = p € L*, we get
(2:38) [Baal < Collyroe (F(Quap) + (1 + ol )N 7).

Now,
Ry 3 = /XN d(p—pn)

with xy = —2v-Vgx (w—wn)+2Vg* (v(w—wp)). Using Proposition 2.1.13,
we get that

ol <c(|xN|co,eN-A T IVl e (f(QN,m

N 2,
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Now by Morrey’s inequality (see for example [14, Theorem 9.12|), Hardy-
Littlewood-Sobolev inequality (see for example [3, Theorem 1.7]) and Propo-
sition 2.2.7, for some p > 2 we have

xwleos SCIVll L Vg * (w = wn)ll o + [0ll e [[ V29 (w — )| 1
+[[V2g x (v(w = wwn)|| )
< Collwree (lw —wnllpe + llo = wnll 2,)

Cllollwre (lo = wnllp + llw = wnll L)

<
< Cllollwres (lwollpr + ool + llwoll oo + llwnoll L)

by Remark 2.1.3. Therefore by Assumption (2.1.7),

XN lcow < C.
Moreover, using Proposition 2.2.7 and Equation (2.3.1), we have

VXNl SNVl Ve * (@ —wn)llpe + [0l e [[V2g * (@ = wn)|
+[[V2g* (v(w = wn))|| 2

<Clowe |( [, ste =i -
X (w—wn)(y)dz dy) :
Tl —wN||L2].
Therefore
R <C o]l (\w — iz
(2.3.9) + //R2XR2 gz —y)(w—wy)(x)(w — wy)(y) dzdy
- F(Quap) + (14 upnm)w).

Combining inequalities (2.3.7), (2.3.8) and (2.3.9) we find that
(2.3.10) |Ro| < Clollypice (Hn + F(Qn, p) + (1+ [Ipll )N 7).

Now using Lemma 2.3.7, since V, v and Vw are in L™,

IR| <c<f<QN,,o> +lw—wn 72 + N7
(2.3.11)

+ ] ste =) - ex) @)~ em) ) drdy ).
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We can bound R4 as we did to obtain Inequality (2.3.5) (with A = V') and
we get,

(23.12)  [Ra| S C|VV] 10 //g(iv —y)(w —wy)(@)(w —wy)(y) de dy.

Finally we have
Rs = /Vg*uNd(p—pN)

with uy = —wnV+g * (w — wy). Using Proposition 2.1.13 we get
| Rs| <C<|V9 s un|coos N7+ || V2 un|| (]:(QN,P)

ol 200 )

Using Morrey’s inequality (see for example [14, Theorem 9.12|), Proposi-
tion 2.2.7 and Hardy-Littlewood-Sobolev inequality (see for example [3, The-
orem 1.7]), we get that for some p > 2,

Vg *unleos < C[V2gx unll,
< Cllull
< C ol Vg * @ = o)l
< Cllwnllgo = vl 2,

Cllwnllpes (lw = wnllpr + llw = wnll L)
Cllwnoll g (lwoll 1+ llwnoll o+ llwoll oo + llwnoll o)

NN

by Remark 2.1.3. Therefore by Assumption (2.1.7),
Vg *xun|coe < C.

Now using Proposition 2.2.7 again, we get

V29 % un|| ;2 < C llunl| 2

<Cllanlle [ oo =) - wx) @) = wn)(y) dedy

by Equation (2.3.1). Therefore by Assumption (2.1.7),
sl <C(F(Qxo) + (14 )N

(2.3.13)
+ //R2><]R2 gz —y)(w —wn)(z)(w—wy)(y) de dy)
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Combining inequalities (2.3.6), (2.3.10), (2.3.11), (2.3.12) and (2.3.13) we
get

d
’ZN’ <C<HN+]:(QN>P) +N_B>-

for some 8 > 0. We are only remained to bound F(Qn,p) by Hy. Let us
write

F@un) = [, o= et ooy — o) dedy)
- [ oo =9l —en) @) - en)m) drdy
2 e e @) drdlp = px) )
<Hy+0-2 ] gle ) —em)@) drdlp = px) o)

To bound the upper integral, we use Proposition 2.1.13 to get that
(2.3.14)

2| [9+ - do )

<c(rg* (w0 — won)leos N +20|Vg = (w — o)l

. <f<QN,p> A ol )N I(N))>

N
<Clg (&~ wn)leoaN ™+ C Vg » (0 — )l
1 _ In(N
+5(F @)+ (1 olv + 2.

Now by Morrey’s inequality (see for example [14, Theorem 9.12]) and Hardy-
Littlewood-Sobolev inequality (see for example [3, Theorem 1.7]), for some
p>2,

|9 % (W —wn)lcos < Cf[Vg * (w—wn)llLe
<Cllw—wnl 2
Lpt2
(2:3.15) <Cllwnll zp, +lonoll 2,
< COlllwoll pinzee + llwnvoll pippee)
<C

by Assumption (2.1.7). Using (2.3.1) we also have

Vg * (w— WN)H%z < Hn.
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Therefore
1
F(Qn,p) SCNT + CHy + 5 F Q1 p)

for some for some A > 0, hence

(2.3.16) F(Qn:p) SC(Hn + N,

It follows that

dHn _
— <K NP,
a C(HN+ )

Applying Grénwall’s lemma we get
Hn(t) < (Hn(0) + CN~F)eT,

that is Inequality (2.1.10).

2.3.3 Proof of Proposition 2.1.9

Let ¢ be a smooth test function with compact support in R*. We have:

N
[ o6 (fv POLIMEIE 651](@) ()
1 N =1
N ;[@(Qi,m} — (i, v(q))]

1 N

by Do plav(a) ~ [ el @) ds
=1
=T +T5.

Let us bound T77:

T < Zuso (@5 ) lyiee [Pi — v(g)]

”90HH5 Nz‘pl_ z

by Sobolev embedding. Using Cauchy-Schwarz inequality we get

2

(2.3.17) ‘T1| < CH(,O”Wl,oo ( Z |pz - z )
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For the second term:

T3] = ' [ taso@o - pw)(an)

< lleolao)lgz llp = pnllg-2-

Let f := (I4,v), then

(2.3.18) lg o Flluz < CO+[IVolpce) Osiszv ve

Now let ¢ := 0%p for some multi-index « of length k& € {0, 1,2}, then
wo 7l = [ 10 vlt,a) P ds
<sup [ ooyl do
y

< [ Fllysa

where F(y) := [ [¢(z,y)|* dz (see for example [14, Corollary 9.13]). Remark
that

0, F ()] =2 \ [ otz a

< / 18,0, ) da + / o, ) da.

Doing the same computations for all derivatives of F' of order less or
equal than three and integrating in y gives us

2
1Ellysa < C 1 [lrs -

From (2.3.18) and the upper equation we get

(2.3.19) loo fllge < CA+ V0 lfpre) 1ol s -

Now, by [75, Proposition 3.10] (which is a refined version of Proposi-
tion 2.1.13), we have

1 1 1 _1
o= oxllg-s < CUF @) E + N~HIn(N) [ + (14 ol yo) N ).
Using Assumption (2.1.11) we can bound F(Qn,p) as in (2.3.16) to get

(2.3.20) IF(Qn, p)| < C(H(w, p,v,wn,Qn, Py) + N7

and therefore

1 _
lp = pnll -2 < C(H(w, p, 0,08, QN Pr)? + (L4 [Ipll )N )
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for some A\ > 0. Combining the upper inequality with (2.3.17) and (2.3.19)
we get that

N
1
'/‘P(%O (N Z(S(inpi) —P® 55=”(90)> ‘
i=1
1 N
< COIH(|Vo[f1e) 6l s (H(w, p, v, w0n, Qs Pn)2+C (14 pl| oo ) N F) 2
for some > 0. Thus we get (2.1.12). It follows from this estimate that if
H(W7P7U7MN7QN7PN) — 0
N—o00
then
1 N
N Z O(gi,ps) H—_g P de—u(ta)-
i=1
By equality (2.3.1) we also have
2 2
- - 0
IV (wn =)l + o —wnl3s —
Now remark that for any pu € L?,

2 —~ 2

Vg pllz =C HVW’ L
-~ 2

(2.3.21) :C/ ’M|(§§y3| d

2
= el

and therefore

Wy —w — 0 inL2NnHL
N—+oco

Finally, using Inequality (2.3.20), we have

F(Qn,p) Nt 0

and therefore by [75, Proposition 3.10] we get that for any a < —1,

N — in H*
P N—)—l—oop

which concludes the proof of Proposition 2.1.9.
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2.3.4 Proof of Proposition 2.1.12
We have

/ g(z —y)(po + wo — pno — wn,0) P (dz dy)
(R2XR2)\A

=F(Qn,0,po) + / g(x — y)(wo — wn0)*?(dz dy)
(R2xR2)\ A

o / gz — y)(wo — wn0) () dz d(po — pno)(y)
(R2xR2)\A

It is proved in Theorem 1.1 of [26] that the weak-* convergence of pn o to po
and the convergence of

1
N2 Z g(qg—qg)

1<i#j<N

to

// 9(z —y)po(x)po(y) dz dy
R2xR2

ensures that

(23.22) F(Qno.p0) 2 0.

Using (2.3.1), (2.3.21) and the convergence of wy g to wp in H~' we have
that

/ g(z —y)(wo — wN70)®2( dzdy) — 0.
(RZXR2)\A N—+o00

Using inequalities (2.3.14) and (2.3.15) we have
‘ / 9(z — ) (wo — wn0)(x) da d(po — pN,o><y>\
(R2xR2)\ A
<o(<||wo||mm T lowoll o )N

+ ||Vg % (WO _ WN,O)H[} (f(QN’(),po) + (1 + HPOHLOC)N_l + ln(]\]fv)>2>

Using Assumption (2.1.13), equations (2.3.1), (2.3.21), (2.3.22) and the con-
vergence of wy o to wp in H 1 we get that

/ 9 — ) (wo — wr0) (@) dz d(po — pvo)(y) —> O
(R2xR2)\A N—+o00

which ends the proof of Proposition 2.1.12.
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Chapitre 3

Mean-field limit of a system of
point vortices for the lake
equations

The results of this chapter are the content of [68].

3.1 Introduction

The purpose of this chapter is to investigate the mean-field limit of the
system of introduced in Section 1.1.4 modeling the evolution of a finite num-
ber of small vortices in a lake:

Vib(g) 1en 1

3.1.1 i = —an - =Y —Vaolaq
J#i
where
— an = % where e is the size of the vortices.

— 1 denotes the rotation by g (that is (21, 22)" := (=22, 71)).

— b:R%? — (0, +00) is the depth function satisfying Assumption 3.1.3
below.
In the regime where ay — « € [0, +00) we want to recover the forced
N—+o00

lake equations (introduced in Section 1.1.4):

1
Oww + div ((u—avbb> w) =0

div(bu) =0

curl(u) = w

(3.1.2)
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where
— « € [0,4+00) is a forcing parameter.
— u: [0, +00) x R? — R? is the velocity field of the fluid.
— w:[0,400) x R? — R is the vorticity field of the fluid, defined by

w = curl(u) := drug — Oouy.

We will consider the following definition of weak solutions:

Definition 3.1.1. Let T > 0 and wo € L*°(R?) with compact support. We
say that (w,u) is a weak solution of (3.1.2) on [0, T] with initial condition wo
if w € LY([0,T], L (R%,R?))NCO([0, T], L>=°(R?) — w*) with compact support
in space for allt € [0,T], uw € L2 ([0, T]xR% R?), for almost every t € [0,T],

div(bu) = 0 and curl(u) = w distributionally and for all ¢ smooth with
compact support in [0,T) x R? and t € [0,T),

(3.1.3) //MXRQ Do+ Vep - <u—ozv;_b> w= /R go(t)w(t)—/RQ £(0)wo.

Two quantities will be of interest for the study of this limit. The interac-
tion energy

1 N N
En(t) :== e Z Zgb(%’(t)? q;(1))

i=1 j=1
J#

and the moment of inertia

| X
In(t) = N Z lqi (1)
i=1

One could prove that the total energy
an N
N
ER' = En + N z; b(q:)
1=

is a conserved quantity for the point vortex system (3.1.1) or that if w is a
solution of (3.1.2) with enough regularity and decay, the quantity

R2

//R2><R2 9o(, y)w(t, z)w(t, y) dmdy+a/ b(z)w(t, z) da

is conserved by the flow. The moment of inertia Iy and the interaction energy
FEn are not conserved quantity but they are bounded in time, and this will
be useful both for our mean-field limit result and for the well-posedness of
System (3.1.1) (see Section 3.3).
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In the regime where the self-interaction of the point vortices are predom-
inant (apy N +00), we will study the mean-field limit of System (3.1.1)
—+00

in an accelerated timescale:
Ti(t) == qilay't).

This gives

Vqu

(3.1.4) R Zb Vi 9(@, T)-

J#

In this regime the system of point vortices will converge to a transport
equation along the level sets of the topography:

1
(3.1.5) O — div (Vbbw> =0.

For this equation we will use the following definition of weak solutions:

Definition 3.1.2. Let T > 0 and Wp € L°°(R?) with compact support. We
say that is a weak solution of (3.1.5) on [0,T] with initial condition Wy if
w € LY([0,T], L*°(R%,R?)) N C°([0, T], L>=°(R?) — w*) with compact support
in space for all t € [0,T] and for all ¢ smooth with compact support in
[0,T) x R? and t € [0,T),

aro) [ aw-ve Vra= [ om0 - [ o0

We also define the rescaled interaction energy
En(t) = Ex(ay't)

and the rescaled moment of inertia

IN(t) = IN(O(J_VILL).

3.1.1 Notations and assumptions
Notations

— For u € LIOC(RQ,Rz), we denote curl(u) = djug — dauy.
— For h € H'(R?), we denote

(3.1.7) [h, hlij := 20;h0;h — |Vh|?6; ;.

It is the stress-energy tensor used in [81] to prove the mean-field limit
of several singular ODE’s. Remark that for h smooth enough, we have

div[h, h] = 2AhVh.
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— We denote <z >= (1+ |1:]2)%
— g is the opposite of the Green function of the laplacian:

1
g(x) == —2—ln|x].
T

— |+ |co.s is the semi-norm associated to the Hélder space C*:

fleoe = sup L& =IW)]

Ay |l’ - y|s

— When 1 < p < +00, p’ denotes the dual exponent of p.

— If v is a probability measure on R?, we will denote %% := v ®@ v.

— ('is a generic constant. We will denote C4 g when a constant depends
on some quantities A and B.

— P(R?) is the space of probability measures on R2.

N
1
— For Qn = (q1, .., qn) € (RN we denote [(Qn) = v > ail.
=1

Assumptions

We will make the following assumption on the depth function b:

Assumption 3.1.3. We assume that b is a smooth function, infb > 0,
supb < +oo and that there exists v > 0 such that

(1 + |z)*(|Vb(2)| + |D?*b(x)]) < +oo.

We will consider regular solutions of (3.1.2) and (3.1.5) in the following
sense:

Assumption 3.1.4. We say that a function w(t, z) satisfies Assumption 3.1./
if w € L®([0,T], L®(R?) N P(R?)) N C°([0, T], L®(R?) — w*), if there ex-
ists a compact K such that for every t € [0,T], supp(w(t)) C K and if
VGylw] € L*°([0,T], W) where Gy is the operator defined by Equation
(3.2.11).

Remark 3.1.5. A weak solution of (3.1.2) in the sense of Definition 3.1.1 (or a
weak solution of (3.1.5) in the sense of Definition 3.1.2) does not necessarily
verify Assumption 3.1.4 because of the regularity we ask for the velocity
field VGp[w]. This assumption will be crucial to apply Proposition 3.6.1
and prove the mean-field limit Theorem 3.1.6. The existence and uniqueness
of sufficiently regular solutions of (3.1.2) locally in time is ensured by [27,
Theorem 2]. One could also prove that w € L>([0,T],C%*) is sufficient to
have VGylw] € L>([0,T], W1o°).
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3.1.2 Main result and plan of the chapter

The main result of this paper is the following theorem which gives the
mean-field limit of the point vortex system (3.1.1) and its rescaled version
(3.1.4) (we recall that the kernel g is defined by (3.2.10)):

Theorem 3.1.6. Assume that b satisfies Assumption 3.1.3. We have mean-
field convergence of the point-vortex system in the two following regimes:

1.

Let w be a solution of (3.1.2) with initial datum wy in the sense of Def-
inition 3.1.1, satisfying Assumption 3.1./ and (qi, ...,qn) be a solution
of (3.1.1). Assume that:

(IN (0))N is bounded.

Z e N *_wo for the weak-+ topology of probability measures.

1 N_>
T
OZNNH+OOa
1 ha //
i 0 0y z. Y )wo(z)w dx dy.
N2 1g§<Ngb(q“qj)N_*+°° e 962, y)wo(z)wo(y) dz dy

Then for all t € [0,T7, Z ai(t N N w(t) for the weak-* topology
—+00

of probability measures (md

v 2 s 2 [ st dedy.

1<i#j<N

Let @ be a solution of (3.1.5) with initial datum wy in the sense of Def-
inition 3.1.2, satisfying Assumption 3.1.4 and (qi,...,qn) be a solution
of (3.1.4). Assume that:

— (In(0))n is bounded.
N

— ¥ Z 5q? Nﬁoo wo for the weak-+ topology of probability measures.

1=
— any — —00.
N—+400

1 0 0
N2 > gb(qi,qj)Njoo//szRQgb(xyy)wo(fv)wo(y)dwdy

1<i#j<N

=~ @(t) for the weak-+ topology

N
1
Then for all t € [0,T], i E g () Non
— —+o00

of probability measures and

3 X a@0a) = [ sEwtost.) dedy.

1<i#j<N

As explained in Section 1.3.2 the proof of this Theorem will rely on the
following "modulated energy" functionnal. For an empirical measure of point
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vortices (qi, ..., qn) and a vorticity field w € L® with compact support, it is
defined by:

(3.1.8)

where

Fo(Qn,w) :=
1Y 1 &
//(R2><R2)\A g(z,y)d (N ;5% — w) (x)d (N ;5% - w) (y)

A= {(z,2); z € R?}.

We will use this energy to control the distance between solutions w and

Qn of

(3.1.2) and (3.1.1) or solutions @ and Qu of (3.1.5) and (3.1.4) at any

given time t:

(3.1.9) Fon(t) := Fp(Qn(t),w(t))
and
(3.1.10) Fun(t) == Fp(Qn(t),w(t)).

The proof of Theorem 3.1.6 relies on Gronwall-type estimates on these
two quantities. The paper is organised as follows:

In Section 3.2 we prove the well-posedness of the elliptic problem
linking a velocity field satisfying div(bu) = 0 and its vorticity, the
existence of a Green kernel for this elliptic problem and we establish
several regularity estimates.

In Section 3.3 we prove that the point-vortex system is well-posed and
give some estimates on the interaction energy and on the moment of
inertia of the system that we will need in Section 3.7.

In Section 3.4 we compute the time derivative of F, x and of 71,’ N
In Section 3.5 we state several properties of the modulated energy.
We prove that it controls the convergence in H® for s < —1 (see
Corollary 3.5.3) and that having the convergence of the modulated
energy is equivalent to have weak-* convergence of the point vortex
system and convergence of its interaction energy (see Corollary 3.5.4).
In Section 3.6 we bound the main term appearing in the derivatives
of the modulated energies.

In Section 3.7 we use the results of the other sections to prove Theo-
rem 3.1.6.

The modulated energy Fp is similar to the modulated energy defined
by Equation (1.2.8) and the proofs of Sections 3.4 to 3.7 follow the same
scheme as the one we explained in Section 1.2.2. The main difference between
Theorem 3.1.6 and the classical mean-field result on the Coulomb kernel (see
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Theorem 1.2.1) is that the kernel g is not of the form a(x,y) = a(x — y).
Most of the difficulties adressed by this paper consist in dealing with the
heterogeneity of the kernel gp.

3.2 Velocity reconstruction

There exists a Biot-Savart type law to reconstruct a velocity field u sat-
isfying div(bu) = 0 from its vorticity. In this section we prove several results
concerning this reconstruction. In Subsection 3.2.1 we prove that the elliptic
equations linking w with its vorticity are well-posed. In Subsection 3.2.2 we
prove some results related to the asymptotic behavior of the velocity field
as |z| — oo. In Subsection 3.2.3, we give an analogue of the Biot-Savart
law for a velocity field satisfying System (3.2.1). Finally, in Subsection 3.2.4
we define some regularisations of the Coulomb kernel and of the dirac mass
that we will need in Sections 3.5 and 3.6.

3.2.1 Well-posedness of the elliptic problem

In this subsection we justify the well-posedness of the elliptic equations
satisfied by the velocity field:

(3.2.1) { div(bu) =0

curl(u) = w.

1
As we will write v = —=V*¢ we will also consider the "stream function"

formulation of the upper system:

(3.2.2) — div <2W> = w.

For this purpose we will consider the following weighted Sobolev spaces:

Definition 3.2.1. For 1 < p < oo we consider the Banach space WE’f(R2)
defined by

W2P(R?) := {u € D'(R?) ; Va € N*,|a| < 2,<->17! D € IP(R?)}
and equipped with its natural norm

L C<al-1 «
lullzy o= [ 3 H< Slal=1 pay,

laf<2

p
Lp

These weighted spaces were first introduced by Cantor in [15] and have
been investigated to study elliptic equations on unbounded domains. For a
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more precise study of these spaces and further references we refer to [59,
65, 66]. The following proposition is a straightforward consequence of [59,
Theorem 2| (which is the combination of two theorems proved in [65] and
[66]) and states that Equations (3.2.1) and (3.2.2) are well-posed.

Proposition 3.2.2. Let 2 < p < +oo, assume that < - > w € LP(R?),
then there exists a unique solution ¢ of (3.2.2) in WE’f(R%/R. Morever if
u € LP(R%,R?) is a solution of (3.2.1) in the sense of distributions, then

I T
U= sz/J.

Proof. We can rewrite Equation (3.2.2) as

—A — bV (i) Vi = bw.

We have that:
— —Ais an elliptic operator with constant coeflicients and homogeneous
of degree 2.

— bV <11)> €Y and

|z| =400

lim |<gz7>21+O b(x)V () ()

since b satisfies Assumption 3.1.3.
— <->bwell.
2 2
— —1<——and1—--¢N.

Therefore by [59, Theorem 2|, there exists a unique solution % (up to a
constant) of Equation (3.2.2) in W2P(R?).
Now if u € L? is a solution of (3.2.1), then

<> curl(bw)|| 1 = [|<-> bl 1 + H<-> vib. uH

< (<> wllpe + llull )

since b satisfies Assumption 3.1.3. Let us consider 7 € sz (R?) to be the
unique solution (up to a constant) of —Am = curl(bu) given by [59, The-
orem 1]. Then bu + V-7 is a div-curl free vector field in LP so it is zero.

Moreover,
/1 1_,
—div EVTF = —curl EV ) =curl(u) =w
so Vr = V4 by uniqueness of solutions of (3.2.2) in W*(R2)/R. O
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Now we state several estimates for solutions of Equation (3.2.2), proved
by Duerinckx in [27]:

Lemma 3.2.3. [From [27, Lemma 2.6]] Let p > 2, w be such that <-> w €
LP(R?). If+ € WE’f(IR@) is the solution of (3.2.2) given by Proposition 3.2.2,
then:

1. There exists pg > 2 depending only on b such that for all 2 < p < po,
IVelle < Cpllwll 2, -

2. Forall0 < s <1,
Veblen < ool 2.

3 IVl oo < Cllwll pinpe-

Remark 3.2.4. In [27], this lemma was stated for any solution of (3.2.2)
with decreasing gradient (which is the case for a solution given by Proposi-
tion 3.2.2 since its gradient is in W'P) and for w smooth with compact sup-
port but by density it can be extended to all w such that <-> w € LP(R?)
and such that the upper inequalities make sense.

3.2.2 Asymptotic behavior of the velocity field

The main result of this subsection is the following proposition giving the
asymptotic behavior of a velocity field satisfying (3.2.1).

1
Proposition 3.2.5. Let w € L with compact support and u = —BVL@ZJ

where 1 is the solution of (3.2.2) given by Proposition 3.2.2. There exists
C > 0 depending only on b and w such that for all x € R?\{0},

3.2.3 < e
(3.2.3) e

Moreover there exists 6 € (0,1) and C' such that
(3:24) (@) < C(1+ [al).

To prove this proposition we will need to use the following result about
the asymptotic behavior of a velocity field given by the usual Biot-Savart
law:

Lemma 3.2.6. Let us assume that p is a measurable function such that
p € LY(1 4 |z?)dz) and | - | € LP for some p > 2. Then there exists
C, R > 0 depending only on p such that for all x € R*\{0},
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Lt - ([ aw) Sl < 5

e

In particular if dp =0, then
R2

/ Y ) = 0 (2],
R

2 [z —y? x| —+00

This lemma is a classical result in fluid dynamics (see for example [61,
Proposition 3.3]) that we will prove for the sake of completeness.

Proof. If x # 0, we have

imy @ y 22z — y) — ala — yP?
Y \lT— e =175 y dy.
Aﬁ“>(u—m2 mP) FEl UL P

Now remark that

|z (z — y) — zlz — y[?
= [z (x —y) — (x —y) (2 + [y]* = 22 - y) — ylz — [
= (- )y —2(x —y) -y — 20yl*) — ylz — y|
= —ylz —yl = 2[(x —y) - yl(z —y) — [y]*(z — y).

Lo (5= ) o] <z (i

2
+/ ly "l (y) dy>'
R2 |z —yl
Now we have that for any p > 2,

I u(y)| =i =
[y < -l - Pl

Thus

(see for example [46, Lemma 1]) and therefore we get the proof of Lemma 3.2.6.
O

With this result we can now study the asymptotic behavior of a velocity
field satisfying System (3.2.1):

Proof of Proposition 3.2.5. We write

(3.2.5) p = div(u) = div (ll)bu> =V (2) cbu = —Vbb. g
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By Helmholtz decomposition we can write
(3.2.6) w=—-Vg*pu—Vtg*w.
Let 2 < p < 400, then by Assumption 3.1.3,

/ (1+y*)|p(y)|dy < Cb/ 1Jriwf\uw)\dy
R? g2 (14 [y))++

<G| a+1-DE |l < +oo
and
[Pl dy < 6 [P )P dy

<c / [u(y)[P dy < +oo.
R?

If we apply Lemma 3.2.6 on each term of (3.2.6) we only need to show that
/u = 0 to obtain (3.2.3). We define

boo := lim b(x).

|z| =400

Remark that the existence of this limit is guaranteed by Assumption 3.1.3.
Let us prove by induction that for any integer n,

n 1k
(3.2.7) Zl IS!’OO) /RQM:l In” (b) .

n!
=0 R?

If n = 0 then this equality reduces to / = / u. Now let us assume

that it holds for some n > 0. Using Equation (3.2.5), we get

1
In"(b)p = — In"*(b) - u.
WO = —— T
Inserting Equation (3.2.6), we get
1
" (b)pe = = VI () - (Vg s ot VEg 5).

Integrating over a ball of center 0 and radius R and integrating by parts we
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get

1 =
/ In"(b) = (/ "t (0)(Vg * p+ Vg xw) - dS
B(0,R) n+ 1\ JaB(o,r)

- / In" "L (b) div(Vg * p+ Vg * w)>
(0,R)

(3.2.8) X " ) .
:n_’_l(/aB(OR)ln (b)(Vg*p+Vog*w)-dS
+/ ln”“(b)u)
B(0,R)
where dS(z) = 2rzdo(z) and o is the uniform probability measure on

0B(0, R). Using Lemma 3.2.6, we get that for z € 9B(0, R),

(Vg*p+ V- g*w)(ﬂf ‘T

-5 (L) 2 < [o#) mroms) -+
Z‘Qw</ ) +our

Thus we get that

L / W (B) (Vg g+ Vg rw) - d§ —s —W(bm)/
n+1 dB(0,R) gxp g R—+4o00 TL—|—1 RQM

Combining the upper equality with Equations (3.2.7) and (3.2.8) we get that

2 InF (boo 1 .
> z(g! )/RQ’“‘: (n+1)!/R21“ H o

k=0

which ends the proof of Equality (3.2.7). Now if n goes to infinity, this gives

o) [ =0
R2
/ w=0.
R2

Now by Lemma 3.2.3 and Morrey’s inequality (see for example [14, Theo-
rem 9.12]), for any 2 < p < po,

()] < () =P (0)] + [4(0)]
< GVl o 277 + [$(0)].

and thus

2
Taking 6 = 1 — — we obtain (3.2.4). O
p
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3.2.3 Construction of the Green kernel

The main result of this subsection is a Biot-Savart type law for the lake
equations, given by Proposition 3.2.8. Let us begin by giving the definition
and some estimates on the function S, that appears in the definition of the
kernel g, (see Equation (3.2.10)):

Lemma 3.2.7. Fory € R?, let Sy(-,y) be a solution of

(3.2.9) _div <zl>vsb("y)> ) VEA <\k>

1
given by Proposition 3.2.2 applied to w = —g(- — y)\/b(y)A (\/5) and ¢ =
Sp(-,y). Then:
1. For anyy € R? and 2 < p < +oo, ViSy(-,y) € LP and

IV Sy (5 )l e < Cop(1+ Jy])-
2. There exists so € (0,1) such that for all 0 < s < s,

Cb,s(l + ‘y|)
Ch,s(1+ ly])-

)

’vzsb(xv ')‘CO’S(B(?JJ))
IV Sp (5 y)|cos (2)

NN

Proof. For any p such that 1 < p < 400, we have

H\/@<'> A (%) 9(- —y) . < Hblléoo g(-—y) <> A <\}5) .
and
|<>sc-0a(Z)],,

p
dx

A (\}B) (x)
A (%) (x)
<C ||9||ip(B(0,l)) H<'> A (\}5> p

+/ (1 + |25 (2] + [y])?
B(y,1)¢

</ <o>? |g(e — )P
B(y,1)

p
dx

+/ <a>? |g(e — )P
B(y,1)¢

LOO
p
dzx.

()

By Assumption 3.1.3, we have that

p

/ (1+ 222 (|| + |y))? dz
B(y,1)c

()
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2\ 2 p
< [ WD pr,,
R2

(L+ fa) e
< Gy(1 + [yl

Therefore we can apply Proposition 3.2.2 to show that there exists a solution
Sp(-,y) of (3.2.9) in WE’{’(RZ), unique up to a constant. Since <x>> 1 we
also have that

s (5)

By Lemma 3.2.3, there exists pg such that for any 2 <p <ppand 0 < s < 1:

1955150 < |[VEIA (5 )~ )

< Cop(1+1yl)

w2 () ot~

that is the second inequality of Claim (2). Using that

< Cb,p(l + ‘yD
p

2p

Lp+2

and

’vJ;Sb( ‘COS S

2
L1I-s

S Cb,s(l + |y‘)

e < CUl e + 1+ leos)

(see for example the proof of Morrey’s embedding theorem in [14, Theo-
rem 9.12]), we get the bound we want on V,S5:

IV Sh( 9) | oo < Co(1 + [y])-

If we interpolate the inequalities on [|V4Sp(-,y)| e and |[VeSu(-,y)|p for
2 < p < po we find that for any p > 2,

IVaSy (9l e < Cop(1+ Jyl).

For the first inequality of Claim (2), let us consider z such that |z| is
small and remark that Sy(x,y + 2) — Sp(x, y) solves

div (2(%56(-, y+z) — VS, y)))

= ( bly+2)9(y +2—-) —Vby)gy — -)) A <\}B> -

Let us find a bound for the second member in LP:
1
by + z +2z—1x) — | (x
<(y )g(y —Vb(y)g(y ><\/i3>()
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—(V/Bly T 7) — VE)aly — x)A (;5) (@)
BT gy + 2 — ) — gly - 2))A (;5) (x).

For the first term,

- (5)

and we can bound its LP norms by Cy(1 + |y|)|z| as in the proof of Claim
(1). For the second term,

VoAt + 2= ) - gt ana (75 ) @)
<Gy [ Jista+ 2~ atena () -
<G f o) g

< Cplz|

(VB2 - Vgt - 2 () @)

P
dx

YEAL

for any 0 < o < 1. Now, if |z] is small enough,

L6 / 9(@ + 2) — g(@)?
B(0,|z]%)¢

/ gle+2) — g(@)Pdz < C gz + 2 + g(o)P du.
B(0,|z]%) B(0,|z]*)

Now we use a classical rearrangement procedure to bound

/ gz + 27 — / g(x)? du
B(0,|z]%) B(0,|z]%)

_ / g(x)? — / g(2)? da
B(z,]2|%) B(0,|z]%)

_ / 9@ (Lo e (2) — 1) da
B(0,|z]%)

—i—/ g(x)P dx
B(0,]z|*)°NB(z,]2|*)

1
Now remark that for x € B(0, |z|%), g(z)? > ~5 In?(|2|%) and therefore
™



< - W) (B0, 1) N B, |21%)] — 1B, 1)

and on B(0, |2|%)¢, g(z) < —5= In(|2|*) so

1
/ 9(@)? dz < = In([z[*)[B(0, [2[*)°N B(z, [2]*)].
B(0,|z]%)°NB(z,]2[*) T

We get

/ g(x 4+ 2)P — / g(x)Pdx <0
B(0,]2]%) B(0,]z]%)

and therefore

/ gle + 2) — g(a)P da < 2 / g(2)? da
B(0,|z]%) B(0,|z]%)

<Ol / 9(121%y)P dy
B(0,1)

<ClPe / (ag(2) + 9(y))" dy
B(0,1)

< Cyl=Pog ().

Now if |z| is small enough,

p

YEAT
s (oo

dx
by Assumption 3.1.3. Finally, using Lemma 3.2.3 as for the first claim, we
get that for any 0 < a < 1 and some p > 2,

Gy / 9(z + 2) — g(@)P do
B(0,|z|%)¢

p
<a(Fh)
| 2| R2

< Cb‘z‘p(l—a)

20 —a
VaSy(a,y + 2) = VaSy(a, y)| < Co(L+ Jy])|z| + Co(l2] 7 g(2) + 2! 7).

Dividing both sides by |z|® for s small enough proves the first inequality of
Claim (2). O

With this lemma we are now able to construct the lake kernel. The con-
struction is similar to the one established in [22, Proposition 3.1] for bounded
domains.

Proposition 3.2.8. There exists a symmetric solution Sy of Equation (3.2.9)
such that Sy(0,0) = 0. We define gy as

(3.2.10) 9b(x,y) == V/b(x)b(y)g(x — y) + Sp(z,9).
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Let w € L with compact support. We define

(3211) Glel@) = [ anlo.9) dwly)

Then Gplw] is a distributional solution of (3.2.2).
Moreover for2 < p < +00, Gp|w] is the unique solution (up to a constant)
of (3.2.2) in WE’{’(RQ) given by Proposition 3.2.2.

Proof of Proposition 3.2.8. Let us first define

g(w,y) = /b(@)b(y)g(x — y) + Sp(z,y)

where Sp, is a solution of Equation (3.2.9) given by Proposition 3.2.2 (not
necessarily symmetric). Then we have the following result:

Claim 3.2.9. If ¢ is smooth with compact support, then
. 1
- [ aleaiv (bw) (2) dz = (y).
RQ
Proof of Claim 3.2.9. We have
) 1
- [ty div (w (z) da
R2 b
. 1
—— [ Viste ) div (§7) (@) ds

-/ Sy(z,y) div <l1)V<p) (z)dz

=Ty + T5.

We have

1
=V [ ot ) g V) - Vi) da
+0(y) /RQ \/[j(—x)VQ(w —y) - Vy(z)dr
=:L1+ Lo

1



For Lo, we use

1 1 1
V(W) N AR
to get
Ly =v/b(@) | ole)————Vb(z) - Vg(z — y) da

R2 2b(z)+/b(x)

Vi [ v (bl(x)w(w)> V(e —y)de
1
Vi) [ o) s
+ ©(y)

since —Agg(x — y) = 0, distributionally. Now let us compute T:

Vb(zx) - Vg(x —y)dx

1
Ty =— [ Sp(z,y)div (Vgo) (x)dx
R2 b

- /R2 div (ll)vxsb(-,y)> (z)ep(x) dz

= —\/@/RQ glz —y)A (%) (z)p(x) dz

where we used that Sp is a solution of (3.2.9) in the last line. Now just remark

that . .
Al—)=—-div|—=Vb
()= (™)
and thus adding L; and Lo we get
(1
- [ e aiv (§) (@) s = ol
R2
and we get the proof of Claim 3.2.9. U

Now let w € L>®°(R?) with compact support. We have

—/RQ (/RQ 9o(z,y)w (y) dy) div (2W’> (z) do
- /Rz (/R2 gy, y) div (2%) (z) d:L‘) w(y) dy

= / p(y)w(y) dy
R2

where we used Claim 3.2.9 in the last equality. Therefore Gplw] is a distri-
butional solution of (3.2.2).

Now we prove that with this kernel we recover solutions in the sense of
Proposition 3.2.2:
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Claim 3.2.10. Let w € L* with compact support, then for all p € (2, +00),
we have that VGy[w] € LP. Moreover if 1) is the solution of (3.2.2) given by
Proposition (3.2.2), then ) = Gp[w] up to a constant.

Proof of the Claim 3.2.10. We have:

VGyw(x) = /Rzzﬁ\ﬁ”_ y) dy
n /R Vb)) V(e — y)e(y) dy

+ [ VaSp(z,y)w(y)dy
RZ

=T +Tp + T3.

Now,

T| <cb|w<x>r( [ dmle =yt dy

)

n / (| + ) ()] dy)
supp(w)\B(z,1)

<Cp 1wl 1 (1.4 ol awyee (1 + 2))7EFY

by Assumption 3.1.3. Hence T} € LP. For the second term, we have

Ty = /b(x)Vg * (Vbw)

and therefore Ty € LP by Hardy-Littlewood-Sobolev inequality (see for ex-
ample [3, Theorem 1.7]). For the third term,

T3] < (/R le> /R |vmsb(x,y)|W

and thus by Jensen inequality

p—1
1312, < ( / \wr) [, 19l dy .
R2 R2xR2

We have that
IVSp( 9l e < Co(1+ |yl)

by Claim (1) of Lemma 3.2.7. Therefore

p—1
I, < G, ( / |w|) [ a+ Pl dy
R2 ]R2

and it follows that VGy[w] € LP. By Proposition 3.2.2 we get that Gp|w] = ¢
up to a constant. [
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We are only left to justify that there exists a symmetric solution of

(3.2.9). Consider wy,ws two smooth functions with average zero, then by
Claim 3.2.10, we have

// b,y (2w (y) dz dy = / (2(z) + C)wr () da
R2xR2 R2

—_ /R2 o) div <2V¢1> (z)dz

where 1); is the solution of

—div <2V¢z> = W

given by Proposition 3.2.2. If R > 0, we have that

-/ w2<x>div(1vw1> @ar== [ v s
B(O,R) b aB(0,R) b

+/B( 1V¢J2-V¢J1.

o,R) b

Using Proposition 3.2.5, we obtain

<2rR|b7H| . C(1+ R‘S)% L

1 o
/ ngvwl - dS
dB(0,R)

and therefore

// gz, y)wi(z)wa(y) dedy = / %v¢2'v'¢1
R2xR2 R2

which is a symmetric expression of 11 and 5. It follows that

L. otepa@awara = [[ o) dd,

R2 xR2

Since 1/b(x)b(y)g(x — y) is symmetric we get that

//R2xR2 Sy(x, y)wi (z)w2(y) dov dy = //R2XR2 Sp(y, x)wr (z)w2(y) dz dy

for any w1, ws smooth with compact suport and average zero. Let us define

A(Q?, y) = Sb(xay) - Sb(y7$)'

Now we fix x,wi,ws smooth functions with compact support such that

/ wo = 0 and / x = 1. Remark that we no longer assume that / wy = 0.
R2 R2 R2

We define

As(x) = /R2 Az, y)wa(y) dy.
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We have

o= oo ()) (o) o
(o) o

Thus A, is constant so for every x € R?
| VaA(z,y)wa(y)dy =0
R

for all wy with mean zero and therefore V,A(z,y) = U(x). It follows that
A(x,y) = c(z) + d(y). Since A(z,y) = —A(y, ), we have d = —c. Now let
us set Sp(z,y) = Sp(x,y) + c(y). We have:

§b(xay) - §b(y7m) = Sb(l',y) - Sb(y,l’) + C(y) - C(JZ')
= c(z) — c(y) + c(y) — c(z)
=0

which proves that Sy a symmetric solution of (3.2.9). Up to adding a constant
we can also assume that S;(0,0) = 0. O

The symmetry of S, allows us to obtain more regularity estimates:

Lemma 3.2.11. Let Sy be the symmeltric solution of Equation (3.2.9) given
by Proposition 3.2.8, then

1. Sy is smooth on R? x R?\{(z, ) ; = € R?}.
2. |Sh(@, )l < Co(1+ |af* + [y[?).

Proof. For 0 < r < R, we define C(y,r, R) := B(y, R)\B(y,r). We have that
Sp(+,y) is a solution of
(1 1 :
i (3780)) =~ VA () i Clun )
Sb('7 y) = Sb('v y) € 6078 in 8C(y> T R)

Thus by elliptic regularity (see for example [32, Theorem 6.13]) we obtain
that Sy(-,y) € C>*(C(y,r, R)) for all y € R? and 0 < r < R. By symmetry
we get that S is C>* on

R? x R2\{(z,z) ; = € R?}.

We can iterate the argument by writing the elliptic system satisfied by the
derivatives of Sy, to show that .5, is smooth on

R? x R*\{(z, ) ; = € R?}.
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The second claim is just a consequence of Lemma 3.2.7, since

1Sp(z, y)| < [86(0,0) — Sp(w,0)| + [Sp(x,0) — Sp(z,y)|

/

< 185(0,0) — Sp(, 0)| + |Sp(0, ) — Sp(y, z)|
< NVaSe(+ 0) [ oo 2] + IV So (s 2) | o [y
< Cylz| + Cp(1 + |2])|y|

< Cp(1+ | + [y[?).

O]

We finish this subsection by giving a straightforward consequence of
Proposition 3.2.5 and [27, Lemma 2.7] which will be useful to deal with
the regularisation of the dirac mass we will introduce in Subsection 3.2.4
and use in Sections 3.5 and 3.6.

Lemma 3.2.12. p— VGy[u] extends into a bounded operator from H=' to
L2,

Proof. Let p be a smooth function with compact support and average zero.
By Proposition 3.2.5, VGy[i] € L? and therefore it follows by [27, Lemma 2.7]
that

IVGolpll 2 < Co [l 7+

and the lemma follows from the density of smooth functions with compact
support and average zero in H !, O

3.2.4 Regularisations of the Coulomb kernel and the dirac
mass

To study our modulated energy we will need to have suitable regularisa-
tions of g and of the dirac mass d,. For that purpose, let us first define g
forany 0 <n <1 as

1
(3.2.12) g(n)(x) — o n(n) if |z] <n
9(x) if |z >

and we define 538") as the uniform probability measure on the circle 9B(y,n).
We recall that by Lemma 2.3.1, for any 0 < 7 < 1 and y € R?,

We also define

()
(3.2.13) 50 = my(y,m) doy
Y Vb



where

m\ !
(3.2.14) my(y,n) := (/ d\(S/yB ) .

Remark that
),
mp(y,n) —/bly) = mp(y,n) b(y)( 1 _/d%())

and therefore by Assumption 3.1.3

(3.2.15) Ims(y,m) — Vb(y)| < Con.

3.3 Point vortices

To prove Theorem 3.1.6 we will need to control the evolution of the
interaction energy and of the moment of inertia. We recall that the moment
of inertia is not conserved for the lake equations, nor for the point vortex
system. Due to the self-interactions, the interaction energy E is also not
conserved.

The following proposition gives bounds on the interaction energy and on
the moment of inertia and the global well-posedness of the lake point-vortex
system (3.1.1).

Proposition 3.3.1. Let T > 0 and (), ...,q%) be such that ¢0 # q;) if i # 7.
There exists a unique smooth solution of (3.1.1) on [0,T]. Moreover, we have
the following estimates:

(3-3.1) [En(t)] < e En (0)] + In(0) + 1)

(3.3.2) In(t) < eCoUFenIt (| En (0)] + In(0) + 1).

We also have similar estimates for the rescaled moment of inertia and for
the interaction energy:

(3.3.3) [En(t)] < OBy (0)] + Tn(0) + 1)

(3.3.4) In(t) < @) By (0)] + Iy (0) + 1).

Proof. Since b is regular (see Assumption 3.1.3) and Sy, g, Vg are regular
outside of the diagonal (see Claim (1) of Lemma 3.2.11), System (3.1.1) is
well-posed up to the first collision time by Cauchy-Lipschitz theorem. We
will first prove the bounds on En and Iy and then deduce that there is no
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collision between the points (this is the classical strategy to prove that the
Fuler point vortex system is well-posed when all the vorticities are positive,
as explained for example in [63, Chapter 4.2]). Let us assume that there is
no collision up to some time 7% < T.

We first compute the time derivative of Ey. Since gp is symmetric, we
have

N

. 1 . )
En =772 Z (Zqi - Vago(qi qj) + 45 Vyg(qi, Qj)>
i=1 ‘j=1
i
N N N
_ 2 VLb(Qi) 1 1
—Nz; ( N o) Nb(ql')kz_lvm (%> qx) ~;ngb(qz,q])
ki j#i
2ay o= V0(q) < b(q:) ( 1Tb(a))
=- . 9(qi — q; qj
N2 — b((_h) 9 b(q]) J J
+ 1/b(q:)b(q;)Vg(ai — q5) + VaSp(a, qj))
and thus we get that
(3.3.5)
By = 2 o~V bla) Z\/iv i) + VaSi(gi,qi) )-
N — N2 £ b Qz Qz QJ g b\ 4qi, 45
J#Z

Now let us bound the right-handside of the upper equality. Using Claim
(1) of Lemma 3.2.7 and Assumption 3.1.3, we have

Vlb((h’)
‘ b(qz) V:ch(q“%) X Cb(1+ ‘QJ’)
and thus
204]\/ \Vos b(q;)
0. is < .
(3.3.6) N 2 ig) ZV 29 (i, 47)| < Cran(1 + In)

j#i

Now remark that

2 v b 7
]?,]QV q (Z\/ 4:)b(q;) V(g >
i=1
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Moreover,

\/TJ v \/7 V4 b(05) = W (7 ba) — bl

b(q:) L/
b(Qi)b(Qj)v lay)

and thus using the Lipschitz regularity of b and Vb (see Assumption 3.1.3)
and [Vg(gi — g;)| = Clgi — q]‘lil we get that

20N V b(qi)
(3.3.7) N2 bai) [Z\/ 2:)b(q;)Vyg(q ] < Cray.
J?él

=1

Combining inequalities (3.3.6) and (3.3.7) we get that
(338) ’EN’ Cb(1+IN)aN

Now we compute the time derivative of In:

N Qz

—Y = g(g; — q;)qi - Vb(q:)

N = = 2b(q:) v/ b(ai)
i
N N
2 V/b(ai)b(g;) 1
- N;; b)Y V=9(qi — ¢;)
i
9 N N
-~ S a4 ViSilaiq;)
i=1 j=1
i

::2(T1 + 15+ T35+ T4).
Using Assumption 3.1.3 we have
(3.3.9) |T1| < CbOéN.
For the second term, using Assumption 3.1.3 we have
ITy| < <Zlg —gj) )

=1 =1
J?él
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C N N
b 2 2
< 1o 2 (ot~ 0 + i + o)
i=1 Nj=1
J#i
<Oy +
<Gy N+m Z Q(Qi_qj')-
I<i#j<N
lgi—q;|<1

Now by Assumption 3.1.3, we have that

1 Cy

e Z 9(qi — qj) SN2 Z < b(q:)b(g;)9(a: — ;)
1<iAj<N 1<iAj<N
lgi—qj]<1

C
+ Sb(Qian)) + Fl; > l9la —gp)

1<iAj<N
lgi—aqj]|>1
Cy
+F Z |Sb(qi, q5)]
1<i#Aj<N

1
<Gy (EN 32 Z 19(¢i — 45|
I<i#j<N
lgi—q;|>1

fyr X ISl

1<i#j<N

Moreover,

Cb Cb
e > 90 — 45)| < 2 > lal* + g

1<i#jKN 1<i#j<N
lgi—q;]>1 lgi—qj]>1
< Cply

and using Claim (2) of Lemma 3.2.11,

1 Cp
2 > 1Suan )l < N2 > A+ lal® +lgl?) < Gyl + In).
1<i#j<N 1<i#jSN
Therefore
(3.3.10) ’TQ’ < Cb(l + ‘EN| + IN).

For the third term we write

T = NQ;;%WW

J#

¢%—qj) - G
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QNQZZVL i — 45) (i_Qj)

=1 j=1
j#i
\/ QJ \/ Qz i
V=g9(¢i —¢;) -2 —0
- !
J#

and thus using the Lipschitz regularity of b (see Assumption 3.1.3) we get
(3.3.11) T3] < Cp(1+ In).

For the fourth term, using Claim (1) of Lemma 3.2.7 we get

|Ty| = NQZZI) ¢ - Vi Se(gi, q5)

=1 j=1
J#

1 N N
< Gy D lail(1+ g5

i=1 j=1
< Cp(1+ In).

(3.3.12)

Combining with inequalities (3.3.9), (3.3.10), (3.3.11) and (3.3.12) we get
that

(3.3.13) 1In| < Co(1+ an + |[In| + |EN)).
Let us write Uy := (En, In). By equations (3.3.8) and (3.3.13) we have
Un| < Co(1+ an)(1 + [Un])
therefore by Gronwall’s lemma we have
Un ()] < @0 ([Ux(0)] 4 1) - 1

from which (3.3.1) and (3.3.2) follows.
Let us use these bounds to prove that there is no collision (and it will
follow that System (3.1.1) is globally well-posed). If ¢ # j, then

1
g(!qz'—Qj|)<Cb<EN+N2 > ISulae @)l

1<k#IKN
1
N2 Z g(ar — QZ)>
1<kAIKN
(kD#(i.5)
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1
<GBtz X +laf+lal).

1<k£IKN

where we used Claim (2) of Lemma 3.2.11 and In|z —y| < |z| + |y|. Thus by
inequalities (3.3.1) and (3.3.2) we get

(g — ;1) < Cy(eP N (| En(0)] + In(0) + 1) + 1)
and therefore

|¢i(t) — q;(t)] = exp < — 2w Cy (PN (| B (0)] + In(0) + 1) + 1)> > 0.

It follows that there is no collision on [0,7]. The bounds on Ey and Iy
follow directly from Inequalities (3.3.1) and (3.3.2) applied to t = ay'r. O

3.4 Time derivatives of the modulated energies

The time derivatives of F v and of Fp, v, defined in (3.1.9) and (3.1.10),
are given by the two following propositions:

Proposition 3.4.1. Let w be a weak solution of (3.1.2) in the sense of
Definition 3.1.1, (q1, ...,qn) be solutions of (3.1.1). We denote

1 N
WN = N 26%@)

Assume that w satisfies Assumption 5.1.4. Then Fy n is Lipschitz and
for almost every t € [0,T),

%}—b,]\[(t) =
V4b(z)

2//(R2XR2)\A (u(t’ =)~ b(z) ) Vags(w,y) dw(t) = wn (£)**(2,9)
VLb(z)

Frlay —a // s @) eoy) don(t ) dw(d) —wn (D))

Proposition 3.4.2. Let (q1,...,qn) be solutions of (3.1.4) and @ be a solu-
tion of (3.1.5) in the sense of Definition 3.1.2.

We denote
1 N
=% Z

Assume that @ satisfies Assumption 3.1.). Denote v = VGp[w]. Then
Fo.n is Lipschitz and for almost every t € [0,T), we have
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- €T
dﬂﬂwzqﬂQWa‘7M”Vﬁwmawmem@mw

dt \A b(x)
N N
2 v(t, @) _
+ VCL‘ 1,45 )-
NQQN;; i) V@ )
J#i

Proof of Proposition 3.4.1. We split F, n in three terms:

ﬂwzﬂ' (@, y)w(t, 2)w(t, y) de dy
R2xR2

N
2
N ;/]1%2 gp(z, qi)w(t,x)dx + En

=T1+ 15+ Ey.

Let us compute the time derivative of T7. For that purpose, we will need
to regularize the kernel g,. The regularisation we will use is given by the
following Claim:

Claim 3.4.3. There exists a familly of smooth functions (gg)o<n<1 such that:
— lgd(z,y)| < Cy(lg(x — )| + 1+ [=* + [y[?)
— Vgl (), 19,8021 < Gl — g1~ + 1+ [a] + [y).
— For any (x,y) € (R?)? such that = # y,

9 (x,y) — gp(x,y)

n—0

Vg (x,y) — Vagy(,y)
n—0

ui
Vg, (x,y) -t Vygo(z,y).
Proof of Claim 3.4.5. We define
gp(z,y) = Vo(x)b(y)g" (z — y) + S} (z,y)

where ¢g" is a smooth function satisfying:

— ¢"(x) = g(x) for [z[ > n,

— lg"() < lg(2)],

— |[Vg'(z)| < Clz|7".
that we can obtain by extending In|;>, in a smooth function on R*. We
define Sg := Sp*xy where x,, is a mollifier on R%. Since Sy is locally Lipschitz
(see Lemma 3.2.7), S} is smooth and we get from Claim (1) of Lemma 3.2.7
and Claim (2) of Lemma 3.2.11 that

— [S)(z, )| < Co(1+ |z* + [y[?),

— VS () 1V, ] p)] < Co(1 + [l + ).
Since Sy is locally Lipschitz, S; and VS] converge locally uniformly to S
and V.S, (see for example [14, Proposition 4.21|) and therefore we get the
convergence of g (z,y) and Vg, (z,y) to gy(z,y) and Vgy(z,y) for any = #
1. [
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With this regularisation we can compute the time derivative of 77:
Claim 3.4.4. Ty € W1°°([0,T]) and for almost every ¢ € [0,T], we have

ﬂ = 2//]1%2@%2 ( (t,z) VLb( )> < Vagp(z, y)w(t, z)w(t,y) dz dy.

b(x)
Proof of Claim 3.4.4. For 0 < s,t <T and 0 < 7 < 1 we have:

10 -Ti(5) = [ o)t alulty) - wls,a)u(s.) drdy.

Now for almost all z and y such that x # vy,

|95 (@, )l|w(t, )w(t, y) — w(s, )w(s, y)|
Collg(a =yl + 1+ |2 + [y*)w(t, 2)w(t, y) — w(s, z)w(s,y)|

// (lg(x — )| + 1+ |af? + 5]
R2xR2

X |w(t, z)w(t,y) — w(s, z)w(s,y)|dzdy < 400

because w € L* with compact support. Therefore by dominated convergence
theorem we get that
(3.4.1)
Ti(t) ~ Ta(s) =ty [[ | glle)((ta)u(t,y) - w(s)es,0) dody.
RQXR2

n—0

Since gg is smooth and w has compact support, we can use (3.1.3) to get
that

| i) ettn) = (o) dy =
t 1
/8 /R2 Vygg(x, y) - <u(7‘, y) — aV{)(l;()y)) w(r,y)dydr.

plt.0):= | gty
Since gZ is smooth we have that for any compact K C R?,
(t,z) —

1
/RQ V9! (z,y) <u(t,y) - aVb(l;()y)> w(t,y) dy € L2((0, T}, C(K))

Let us write

113



and thus ¢ € W1°°([0,T],C®(K)) and for almost every t € [0, 7],

V-+b(y)
b(y)

Therefore we can use ¢ as a test function in (3.1.3) (remark that we defined
(3.1.3) for smooth functions only but by density we can extend it to functions
which are only W™ in time) and we get that

// 0 9) @t D) (t,y) — w(s, 2)w(s,y)) dz dy
R2 xR2

:/st //RQx]R? Vygy (©,y) - (U(T, y) — ozv;(l;()y)) w(T, y)w(r, ) dydzdr
+ /St //IR2xR2 ngg(xvy) : (U(T, x) — aV:(l;()@) w(T, z)w(7,y) de dy dr.

Now we have that for almost every x and y such that x # y and almost every
T €1[0,T7,

ouptta) = [ Vaien) (utr) = ¥ )l

. UTx—OéVLb(x) W\T,ZT)W\T
V.gi(e.0) - (ur.2) - @YD) it
L X
Culle = o1 + L+ Jaf + P [u(r,2) — a7 2 (st )

t
L o= ol o)
s JJRZxR?

V4ib(x)
b(x)

Applying dominated convergence theorem we find that

/t //R2><R2 Vagy (2, y) - <U(7', T) — aV:(Z;(;)) w(T, x)w(T,y) dedy dr
77_)0/ //R?xR2 29(T,y) - ( (1,2) — Vi(l;()x)) w(T, z)w(r,y) dz dy dr.

We can do the same for the first term to get that

X

u(t,x) — (1, y)||w(r,z)| dzdy < 4o00.

VLb
/ // Vy9; (2, y) ( (r,y) — ¢ )>w(T, y)w(r, z) dy dz dr
R2xR2 ( )
1
/ // Vygp(x,y) (u — V by )> w(r,y)w(r,z)dy dz dr.
n—0 R2 xR2 y)
Using that Vygy(2,y) = Vgs(y, z) and (3.4.1) we get that Ty € W1H°([0,T7)

b (
and for almost every ¢ € [0, 7], we get Claim 3.4.4. O
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We know by Equation 3.3.5 that

N N
. 2an V4b(q)
Ey=-— : vx iy 4j
J#i
and therefore
. VLb ()
(3.4.2) = —2ap o) Vagp(z,y) dwn(z) dwn (y).
RZxR2\A

Now we compute the derivative of the second term:

Claim 3.4.5. T, is Lipschitz and for almost every ¢ € [0, 7], we have

£T2( t)

dt
—_ 2//]1@2%1@2 < (t,2) V;(b() )> +Vags(z,y)w(t, z) do dwy (t, )

VLb
+ 2an : ngb(x, y) dwy(z)w(t,y) dy
R2 xR2 b(ff)

+2 // u(t,z) - Vagp(z,y) dwy(z) dwy ().
(RZxR2)\A

Proof of Claim 3.4.5. If we use the regularisation g? we defined in Claim 3.4.3,
Equation (3.1.3) and if we let n tends to zero as we did for the proof of
Claim 3.4.4, we can show that T is Lipschitz and that for almost every
t € [0,T7], we have

dTs
—= =T T
q 2,1 +422

where

(3.4.3)
_ 25 Vb)) |
1:= N;/Rz (u(t,m) o bz) > Vaegp(x, gi)w(t, z) dx

= -9 //]RQXRQ <u(t, x) — av;(bx(f)) - Vagp(z,y)w(t, ) dz dwn(t, y)

and



-| % R ) [ et ot )]

5 NN |
+ 2221 (qi)vxgb(%q]‘)./RQ ngb(qi,ac)w(t,:r:)dx]

i=1 j—
JFi
=T321+T222.
Now we have
2c v+ b(q;
Toon = N () / Vagn(qi, x)w(t, z) da
N < b(qi)
(3.4.4) i=1
Vib(x)
=2ay “Vagy(z,y) dwy (z)w(t,y) dy
R2xR2 ()

and using / Va0b(qi, y)w(y) dy = b(gi)ut(t, ¢;) (see Proposition 3.2.8), we
R2
get

N N
2
To22 =N2 Z u(t, i) - Zvigb(% )
=1 =
J#i
9 // u(t, z) - Vogy(e,y) don (2) dwn (9).
(RZxR2)\A

Combining the upper equality with (3.4.3) and(3.4.4) we get the proof of
Claim (3.4.5). O

Now remark that
// u(z) - Vagp(z,y) dwn(z) dw(y) = / u - but dwy = 0.
R2 xR2 R2

Thus combining Claim 3.4.4, Equation (3.4.2) and Claim 3.4.5 we obtain
Proposition 3.4.1. O

We now compute the derivative of the rescaled modulated energy:

Proof of Proposition 3.4.2. We split 71,7 N in three terms:

Fn =[], ootz ) dedy
R2xR2
9 N
- — gp(z, q@)w(t,z)dz + Ex
N2 [ ot mat.s)

=T+ 1T+ E
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Let us compute the time derivative of the first term. Using the regularisation
g, we defined in Claim 3.4.3 and using (3.1.3) and letting 7 tends to zero as
we did for the proof of Claim 3.4.4, one can show that 7} is Lipschitz and
that for almost every ¢ € [0, 7], we have

dT ib
(345)  —t= // v : ngb(x, y)w(t, z)w(t,y) dz dy.
R2xR2

.T

For the derivative of Ey we rescale Equation (3.4.2) to get

1
(3.4.6) —EN _ //R2><R2\A Vb Y2) G g1, y) dmn () dmn (3).

Now let us compute the derivative of the second term:
Claim 3.4.6.

dT Vlb
Gl ) Vo)t z) dr da ()
R2xR2

LE

V4b(z) _ _
+2//RQXR2 b(m’) Vel ) don (o) d)

NQQN ZZ b - Vagb(@i, @)

J#

Proof of Claim 3.4.6. Using the regularisation gg we defined in Claim 3.4.3
and using (3.1.3) and letting 7 tends to zero as we did for the proof of
Claim 3.4.4, one can show that 75 is Lipschitz and that for almost every
t € [0,T7], we have

dTs

— =T T
1 21+ 122
where
N
2 va(l‘)
To1 = — - Vaegp(z,q)w(t, z)dx
N o o) Vet
Vib
= // gy, y)lt, ) de d (1)
r2xR2  O(T)
and

N
2 - —
Toi= =5 2+ [ Vaale.a)att.a) da

9 N
=— 5 24 v(t.E)
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al Vb(G@
Ng t,7 |: b( q Zb Vg q“%)]

J#Z

= Vlb(x). Y wy(r)dw
—> //(M)\A & Vegi(,y) o (x) da(y)
v(t,g

NQQNZZ E’ Va0 q27QJ)

J#
and thus we have Claim 3.4.6.

Combining Equations (3.4.5), (3.4.6) and Claim 3.4.6 we get (3.4.2). O

3.5 Properties of the modulated energy

For 0 < n < 1, we denote

Hy gy =Gy

1L
-l
i=1

If b = 1 this quantity is the electric potential introduced by Serfaty in [81,
Equation (3.12)] divided by N.

Proposition 3.5.1. Let w € P(R?) N L>®(R?) with compact support and

q1, ., qn € R? be such that q; # q; if i # j. Then the following inequality
holds:

1 C
L3IVl 55 3 (o= a) — 9@ a)

1<i#j<N

< Fp(@n,w) +Co (](V) + QN+ N+ llwll 2 (14 o]y doynzoe g(n)n)

where g is defined by (3.2.12).

From this proposition we see that even if it is not necessarily positive,
the modulated energy is bounded from below by some negative power of N
(provided that (I(Qn)) is bounded). We will also prove the three following
corollaries:

Corollary 3.5.2. If w and QN satisfy the hypothesis of Proposition 3.5.1,
then there exists ¢ > 0 such that

%H(qm q;); | — a5 < e} <F(Qn,w) + Cb<g](§) +I(Qn)(e+ N

+ llwll L1 (1) doynzoe 9(5)€>-
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Corollary 3.5.3. Let o € (0,1) and & be a test function (for example smooth
with compact support or in the Schwartz space), then if w and Qn satisfy the
hypothesis of Proposition 5.5.1 we have

1 N
Le(zxn--)

1

<Cpl€leo.a NT* + Cy (/R2 11)|V§|2> ) <fb(W,QN)

In(NV)
N

+I(Qn)N?

ol @rizn doynze —x—

1n(N)>%
In particular, there exists B > 0 such that for all s < —1,

N
1 _
~ d S —w|  <C(1+T@QN) + Wl L (14 o)) dayrzoe ) N 7
1=1

HS

+ Fp(w, Qn))-

Corollary 3.5.4. If w and QN satisfy the hypothesis of Proposition 3.5.1
and if (I(Qn)) is bounded, then the two following assertions are equivalent:

1. Fp(w,Qn) v

N
1
2. N z; g N:*:oo w for the weak-x topology of probability measures and
iz

% > gb(qz‘,qj)—>//WXWgb(:rvy)w(w)w(y)dxdy-

1<ij <N

Proposition 3.5.1 and Corollaries 3.5.2, 3.5.3 and 3.5.4 are analogues of
other results obtained in [26, 71, 81]. Proposition 3.5.1 is an equivalent of [81,
Proposition 3.3] or |71, Proposition 2.2] and the proof will follow the same
steps: regularise the modulated energy and control the remainders. Some
terms are very similar to the ones obtained in the Coulomb case whereas
other terms are specific to the lake kernel and will be handled using the
estimates proved in Section 3.2.

Corollary 3.5.2 is an equivalent of [71, Corollary 2.3] and Corollary 3.5.3
is an equivalent of [81, Proposition 3.6] (see Proposition 1.2.1). Both can
be deduced from Proposition 3.5.1 in the same way |71, Corollary 2.3| and
[81, Proposition 3.6] are deduced from [81, Proposition 3.3| or [71, Proposi-
tion 2.2].

Corollary 3.5.4 is an equivalent of |26, Lemma 2.6| (see Proposition 1.2.2)
and its proof proceeds in the same way. Due to the bound we assumed on
the moment of inertia, tightness issues will be easier to handle.

Let us begin by proving the main proposition of this section:
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Proof of Proposition 3.5.1. Let us regularise the modulated energy (3.1.8)
using the regularisation of the dirac mass § defined in (3.2.13). We have

Fo(@Qn,w) =
1 X 1 M
//RQ L M@ y)d (N > o — w> (z)d <N > o — w) (y)
X i=1 i=1
1
" NQm;AstN //R?xR?( b(ai)b(a;)9(di = 45)

— Vb(@)b(y)g(x — y)) doSP () doLP ()
1 ~ ~
+ NZK;@V //R2><R2(Sb(%'7 qj) — Sp(z,y)) dééj_’) (z) d5§;7) (v)

N
1 = ~
N2 Z () )
N i=1 //H@XIR? o (z,y) déqz‘ (z) d(sqi (y)

92 N
TN ; //RQX]R2 (Vb(2)b(y)g(z —y)
~ Vb(@)b(g:)g(x — ) )w(@) da d6y) (y)
N
- % ; //Rgxw(Sb(% y) — Sp(, ;))w(x) dz A5 (y)

=T +To+T5+ Ty +T5+ Ts.

Claim 3.5.5. We have )
Ty :/ ~|VHy %
]R2 b

Proof of Claim 3.5.5. Let us first fix p smooth with compact support and
average zero and write H,, = Gp[u]. By Proposition 3.2.8, we have

// (e, @) ply) dedy = [ Hy(@)p(e)de
R2xR2 R2
. 1
=/, H, () div (bVH“> (x)dz.

Let R > 0, then integrating by parts we get

1 1 . 1
—/ H, div <bVHM> = —/ SH,VH, - dS+/ FIVH,[.
B(0,R) dB(0,R) B(0,R)

1
Using Proposition 3.2.5 applied to w = p, u= —EVLH# and ¢ = H,, we

ha\/(f

R—+o00

1 .
/ “H,VH, - dS
aB(0,R) D
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and therefore

//RMR2 go(z, y) (@) p(y) de dy = /R2 %|VHH|2'

Now consider a sequence (uy) of smooth functions with compact sup-
N

1 ~ .
port and average zero converging to m := ~ 25((1:7) —w in H~!, then by

i=1

Lemma 3.2.12,

VH,, — VHy,in L’

k——+o0

and therefore

1 1
Z|\VH,, | —|VHy,|?
/RQ b‘v 'uk| k—>_+><>o/RQ b’v N,n‘

and

9o(z, y) (@) pre(y) dow dy — gv(@, y) dm(z) dm(y)
R2xR2 R2 xR2
= ‘ /]R2 Golpr, — m] dpy, + /}R2 Gplm] d(py, — m)‘

< OV Gyl —ml a2 laell g1 + C [V Gofom | 2 i — m] -
< Ol —mll s

by Lemma 3.2.12 so we get Claim 3.5.5. O

Now let us bound the fourth term:

Claim 3.5.6.
Cy

T4 < 57 (9(n) + 1(Qn))-

Proof of Claim 5.5.0. We write
1 & ~ ~
1=z 3 [ V@bt — ) 45 @) 45 )
i=1 x

N
1 Y ~
TN ) (1) 45
e ; //RQ xRR2 So(,y) défli (2) déqi (y)
=Ty1 + Ty 2.

Using the definition of gq (3.2.13) and Lemma 2.3.1 we get
| N
- )2 _ (m) ()
Tin =~z ;:1 i (Gi, 1) //R e 7@ ) 40,7 (@) A0, (y)
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Therefore,

Crg(n)
5

Now by Claim (2) of Lemma 3.2.11, we have

[Ty 1| <

N
Cy
Ty 2| < N2 E (1+]g?).
i1

We get that

T3l < S+ (@) + 9n) < Sotn) + Q).

=&

Now we bound the third and the sixth term:
Claim 3.5.7.

T3]+ 1T6] < Colllool (1t o]y ) + @)

Proof of Claim 3.5.7. For x € 0B(¢;,n),y € 0B(g;,n), we use Claim (1) of
Lemma 3.2.7 and the symmetry of Sy to get

1S6(gi> q5) — Se(w, y)| < [Se(gi, q5) — So(x, q5)| + |Se(z, 45) — Se(z,y)]

<
< Cy(1+ |g;)n + Co(1 + |qil)n
< Cy(1 4+ |gi| + la;))n-

Thus we can bound the third term:

(3.5.1) T5] < Co(1+ 1(Qn))n.

The sixth term can be bounded in the same way:

N
Cy ~
T < X Ll lalnela) dedBD ().
=1

We get that
(3.5.2) T6] < Collwll 1 ((14-12]) day + 1 (@n))0-
and combining (3.5.1) with (3.5.2) we get Claim 3.5.7. O

Now let us bound the fifth term:
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Claim 3.5.8.
T5| < Gy [|wll L1z 19(n)-

Proof of Claim 3.5.8. Using Lemma 2.3.1 we write T3 as

9 N
:NZ/ (my(gismg™ (@ = ¢:) = Vb(a)g(x — 4:)V/b()w(x)
i—1 /R?
9 N
=% S (mulan) = Vola) [ - @)Vt o
NZ\/T/ (& —a) - g(x - 4:)V/b(@)w(x) da

and thus by (3.2.15) and since [g" (z — ;)| < C(g(n) + |z| + |¢;|) we have
|T5] <Cp [lwll 1 ng(n) + Co lwll L1 (12 a2y 7 + Co [[wll 1 (L + L(Q@n))n

Gy ] / 19 (@) — g(z)| de.
n

)

We get that

T5] < Co [|wll 1 ((141a)) deynes 19(m) + (L + 1(QN))n
since w is a probability density. O

We are only remained to estimate from below the second term:
Claim 3.5.9.

Tz~ Y, (9(a—a5) — 9" (a — ¢;)) — Cong(n).
1<iZj<N

Proof of Claim 3.5.9. We also split T5 in two terms:

> \/blai)bla;)g(g

1<iAj<N

~ my(gi m)ma(ag ) // 9z — ) Ao (z) 3 (y)
R2 xR2

Z b(qi)b(4;)9(qi — q5)

1<i#j<N
— my(qi, m)mp (g5, m) /R2 9™ (g — ) d&§P (y)
1
=2 Z (7/0(q:)b(q;) — m(qs, m)mi(qj,m))
1<i#j<N
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X / 9" (gi — y) A6\ (y)
R2

+ % > /bla)bl) (g(% —qj) — /R2 9" (4 —y) d5§§7)(y)>

1<i#Aj<N
=T51 +T52.

Writing
b(qi)b(q;) — mu(gi, n)mu(gj,m) = /b(qi)(y/b(q;) — mu(g5,n))
+myp(g5,m) (v b(gi) — mp(gi,n))

and using (3.2.15) we get that

(3.5.3) T2,1| < Cyng(n).

Now by Lemma 2.3.1,
9lai—a;) — | 9"(a —y)dolP (y)
R2 !

=g9(ei — ;) — 9@ — @) + /RQ (9(qi —v) — 9" (g — ) A6 (y)

> g(qi — ;) — 9" (g — qj) +0

and thus
Cy
(3.5.4) Do >z Y (9(ai—a) — 9" (6 — ).
1<i#j<N
We get Claim 3.5.9 combining Equations (3.5.3) with (3.5.4). O

Combining Claims 3.5.5, 3.5.6, 3.5.7, 3.5.8 and 3.5.9 we get the proof of
Proposition 3.5.1. 0

Now we prove the "counting close particles" Corollary:
Proof of Corollary 3.5.2. The proof is exactly the same as the proof of [75,
Lemma 3.7|. If |g; — ¢;| < € then
90 — 45) — 9% (i — 4;) = o In|g; — 5] + = In(2¢)
I J 27 J 27

1 1 1
> —_— _— = — .
Z =5 In(e) + o In(2¢) 5 In(2) >0

Thus, since g — ¢(%) > 0,

1

oz D@(a )i lai — g5 < e}
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1 15
<z 2. e —a) =% (e - q)
1<i#j<N
lgi—qj|<e
1
Sz (9(ai — a5) — 9% (@ — @)
1<iAj<N
<Fo(Qn,w)

g(e -
+Ch <N) +1@QN)(e + N7 + wll (14121 deynze 9(5)’5> '

where we used Proposition 3.5.1 in the last inequality. O
Now we prove the coercivity result:

Proof of Corollary 3.5.5. We have

1 Y 1 il
/Rzg (N;&h —w> =5 R2§ (;5% _5(577))
1 ~
+ | gl =D o - w)
(v
=:Th1+1T5
Now,
7= L 3 €)= mo(ann) [
N i=1 dB(qim) \/ b(z) o
1 o (i) = &(2) 1 )
. SAe) Z S 450 (),
N;mb(q "V /83(111-,77) b(z) “ )
Thus

IT1| < Cpl€|co.an®™.

Using a sequence (pug) of smooth functions with compact support and average
N

1 ~
0 converging to N Z 5(5?) — w as we have done for Claim 3.5.5 we can show
i=1
that
1
T2 - EVS . VHN,n
R2

and therefore

1 1
1 2 1 2
i< ([ 3ver) ([ ivmar)
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<Gy (/RZ ll)\V§|2)é (J:b(QNM) + £]](V77)

QN0+ N1 + 9]l £ (1t af) daynre 9(77)7]>

N|=

by Proposition 3.5.1. We conclude by taking 7 = N~!. The bound on

follows from Sobolev embeddings. O

We finish this section by proving the weak-* convergence result:

N

Proof of Corollary 3.5./. Let us denote wy = Z dq; and prove that (wy)
i:l

is a tight sequence of probability measures. Let R > 1, then

N
{i € [1,N]; |a| > R}R® < Z
|QZ|>R

Dividing by NR? both sides of the inequality we get

(3.5.5)

/ dwy < (QN)R_
(0,R)¢

and since (I(Qn)) is bounded we get that (wy) is tight. We will now prove
the following Claim:

Claim 3.5.10. Assume that (wy) converges to w for the weak-x topology of
probability measures and that (I(Qx)) is bounded. Then Fp(Qn,w) o7 0
—+00

if and only if we have

% > alaiq) —>//R2X]R2 9@, y)w(z)w(y) dzo dy.

1<iAj<N

Proof of Claim 3.5.10. Let € > 0. We write the modulated energy as the
sum of three terms:

Fo(Qn,w //}R2X1R2 (@, y)w(z)w(y) dz dy
(3.5.6) N2 > olang)

1<i#j<N

~2 [ v den —w)w)
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where 1) = Gp[w]. Let R > 1 be such that supp(w) C B(0, R) and xr be a
smooth function such that 0 < x < 1, xg(xz) = 1if |z] < R and xg(z) =0
if |x| > 2R. We write

[ —wn) = [0 = xmd =) + [ xndio—wy)

_ _/ (1= xR) dwzv+/¢><ad(w—ww>-
B(0,R)¢

We bound the first term as we did to obtain (3.5.5):

P(1—x dw 7/] QZ
/B(o,R)c ( R)dun Z |

|QI‘>R
N

C
<23 +al)

=1
lgi| >R

< C(RI(Qn) + R*T°I(Qn))
for some 0 < § < 1 (by Proposition 3.2.5). Therefore,

/¢(1 _XR)dWN‘ <e

=

if R is big enough. Now 9y is continuous and bounded (see Lemma 3.2.3),
so by weak-* convergence of (wy) to w we get that

/¢XR d(w —wn) ijo
and therefore

lim sup
N—+oco

for all € > 0, so we get

wd(w—wN)' <e
R2

Ypdw—-—wny) — 0.

R2 N—+o00

Using (3.5.6) we get that Fp(Qn,w) —> 0 if and only if we have

1
Nz > w4 q) —>//R2X]R2 (z,y)w(z)w(y) dz dy.

1<iAj<N
O

It follows directly from Claim 3.5.10 that (2) = (1). Now if we have
(1), using Corollary 3.5.3 we have convergence of (wy) to w in any H*® for
any s < —1. It follows by Prokhorov’s theorem (wy) converges to w for
the weak-x topology of probability measures. By Claim 3.5.10 we also have
convergence of the interaction energy and therefore (1) = (2). O
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3.6 Proof of the main Proposition 3.6.1

Let us recall that for ¢ € R, Qny = (q1,...,qn) € (R?)Y and 0 < < 1,

we have denoted
2
QN N Z |Q1|

dsy”
Vb

d&(ﬁ) -1
mz;(q,n):(/w ﬁ)

where 5577) is the uniform probability measure on the circle 9B(q,n).
In this Section, we prove the following result:

S:(]n) = mb(Q? 77)

and

Proposition 3.6.1. Let Qn = (q1, ..., qn) € (R?)YN such that q; # qj ifi # J,
u € WH*(R? R?) and w € P(R?) N L>®(R?) with compact support such that
VGyw] is continuous and bounded. There exists 8 € (0,1) (independent of
w, u and QN ) such that

'//RMR? %) Vainle:) (N 25% >®2(x,y)‘

<Gl | Fo( Q)]
+ Co(1+ [fullygne) 191l 1 1)y aynzee (1 T(@u))N 2.

This proposition is an equivalent of [81, Proposition 1.1] (see Proposition
2.1.15) or |71, Proposition 4.1| and the proof will follow the same steps:
regularise the dirac masses, use the structure of the lake kernel to bound the
regular part and control the remainders. Some terms are very similar to the
ones obtained in the Coulomb case and we will use both the properties of
our regularisation (see Subsection 3.2.4) and some estimates proved in [71]
to bound them. As in the proof of Proposition 3.5.1 some terms are specific
to the lake kernel and we will use results of Section 3.2 to bound them.
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1
Proof. Let us fix 0 < n < 3 and write

| X ®2
//(RZXRQ)\AuU-vxgbxyd( >0 - ) (2,9)

=1

| N 2
_[/]RQXRQU() Vagn(z,y)d (deé:? ) (z,y)

( Z //R e ME) Vagn(2, y)[dw(x)d(éqi—gg?)(y)
T d(dy — 50 (@) duly >D

< Z //RQXRQ ‘ ngb(x y)

1<i,j<N

(3.6.1)

46, (2) by, (4) — A3 () dSS,;?)(y)])
=T+ 15 + T5.
Let us bound the first term. As in Section 3.5 we write

1 XL
~ 204 —WI :
=1

Hy, = Gy

We claim:

Claim 3.6.2.

Proof of Claim 3.6.2. This claim is similar to [81, Lemma 4.3] and we pro-

ceed the same way: Let us first fix p smooth with compact support and
average zero and write H,, = Gy[p]. Then

//RQXRQ u(z) - Vags(z,y) du®*(z,y)
—— [ wto)- Vi) av (§98,) ()0
. /R u(z) - VH,(2)V (;) . VH,(x) de

—/ 1u VH,AH,.
]R2b
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For the second integral of the right handside we proceed as in [81] and
use the stress-energy tensor defined by (3.1.7) (for more details, see [81,
Equality (1.25)] and the associated references):

1
/ Fu VH,AH, Q—u div([H, H,)).
R2 R2

Integrating over a ball of radius R and integrating by parts we get
1 -
/ Lo div((H,, ) = / L, B 48
B(0,R) 2b aB(0,R) 20

_/B(O,R)V<21b > Hlr Hy

Using Proposition 3.2.5 (applied to w = p and ¢ = H,,) we have

1 -
/ o7 Hys Hylu - dS
dB(0,R) 2b

Letting R — oo we obtain

/RQ oyt div([Hy, Hyl) = — / v<21b ) [H,., Hy).

Coa ]l oo

R.

Now if (ug) is a sequence of smooth functions with compact support and
average zero such that

1 & .
e — < (5&7) — w) — O0in !
NI

then by Lemma 3.2.12 we have

VH, — VHy,in L?

N—+oc0

and therefore since u € W1 and since [H,,, H,,] (defined by Equation
(3.1.7)) is quadratic in the derivatives of H,, we get that

_/Rzu(x)'VH“k(w)v (2) -VH“k(x)d:er/ V(;b ) [Hyy, Hyy )

converges to

_/R2 u(z) - VHy p(2)V (Z) - VHy () dm+/ \Y (;b > [HN s HN )

as k — 400. We are only left to justify that
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// w(@) - Vagp(z,y) dui? (z,y)
R2xR2

N ®2
1 ~
N ) il E ' (n) _
k—+oo //Rz «R2 u(@) - Vags(z,y) d (N 6‘“ w) (@,9)-

=1

We define

1L~
e

Let us consider a sequence (vg) of smooth probability densities with support
included in a ball B(0, R) independent of k (containing supp(m)), such that
(vx —m) converges to zero in H~' and for the weak- topology of probability
measures. If we set up = v — w, then

pr — (m—w) — 0in H 1,

k——+o00

Now we write

// U($) : ngb(iﬂ, y) dlu%Q (:U’ y)
R2 xR2
- // u(x) - Vags(z,y) d(m — w)**(z,y)
R2 xR2
— // u(z) - Vags(x, y)w(x) dzd(m — vg)(y)
R2 xR2
" // 2 V) Vag (e y)ey) dy dm — 1) (2)

+ // u(z) - Vagy(w,y) d(vg @ vp — m @ m)(z,y)
R2xR2
::Il =+ 12 -+ 13.

We have

= | [ we VGutm - ke <l ol [9Galon — ]l
R
< C g Il I — vl

by Lemma 3.2.12 and therefore I; N 0. Recall that (m —vy) converges to
—+00

zero for the weak-x topology of probability measures. Therefore

_[2:/ u-VGb[w]d(m—Vk) — 0
R2

k——+o00

since v and VGplw| are continuous and bounded by assumption. Now we
want to show that I3 converges to zero. Remark that writing pp = vy — w
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and proving that I; and Is converge to zero allowed us to restrict ourself to
study the convergence of

// u(z) - Vagp(z,y) dvg(z) dvg(y)
R2xR2

for v nonnegative (which will be crucial for using Delort’s argument below).
We use the definition of g (3.2.10) to write

I3 = // u(x) - V\/l;(x)\/@g(:g —y)d(vp @ vy — m @ m)(z,y)
R2xR2
" /R2><]R2 b(z)b(y)u(z) - Vg(z —y) d(vk ® vg —m @m)(z, y)

+ //R2><R2 u(z) - ViSp(z,y)d(vp @ vy — m @ m)(x,y)
=31+ I32 + I33.
We write
b= [ @) 9Vb)VBg(e — ) A~ m) (@) dly)
R2xR2
[, ute) 9VE@) VB ) dm(a) d, - m) ()
(3.6.2) x
— [ 9VB) (g« Vo)l — m)
R2
+ /R2 (u- VVb)(g * [Vb(r —m)]) dm.

Recall that B(0, R) is a ball containing the supports of m and vg. Consider
a smooth probability density p with support in B(0, R). We define

Xk = </RQ\@VI§>P7
o (i)

and write
Vg (Vb(vg —m)) =Vg (Vb — xi + Xoo — VM)
(363) + (/ Vb, — \/Bdm) Vg * p.
R2 R2
Now

HVg * (\/Buk — Xk + Xoo — ﬁm)HiQ
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e / L Von(€) - XR(E) + X (6) — Vom(©)[2 de.
e I€]

Remark that o, = Vb — Y& + Yoo — VDM is a Radon measure with support
included in B(0, R) such that ag(0) = 0. Therefore

/R e day(a) /R (e~ 1) day(a)

/RZ sin <””25) day(z)

< ORI / dlog|(2)
R2
< Gy rlEl

=2

It follows that for € > 0

/£|< |E|Qrak< J2de < Cppe?.

Moreover,

/g N WWIC( ) = 6 + X (6) — Vom(©)[2 de

(/ TGO - m©OP e+ [ Voo - 7b7n<5>|2)
Ce (k= ool + Hmk Vo), = 0

since b is smooth. Therefore

2
(3.6.4) lim sup HVg * (\/Byk — Xk + Xoo — \/Bm)HL2 < beREQ

k—4o00

for all e > 0 so

(3.6.5) Vg # (Vo — xi + Xoo — Vbm) 5 0.

k——+o0

By Hardy-Littlewood-Sobolev inequality (see for example |3, Theorem 1.7]),
Vg p e LP for all 2 < p < 400 so

</ \/Bl/k—/ \/5m> Vgxp — 0in L*(B(0,R)).
R2 R2 k—+o0
Combining the upper limit with (3.6.3) and (3.6.5) we get that

Vg * (Vbuy) e Vg * (Vbm) in L*(B(0, R)).
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Now, by convolution inequality, we have

Hg * [\/Z;Vk]‘

L2(BO.R) < Collgllr2cpo,2m)) Vel < CollgllL2(B0.2r))

so (g * [v/bry]) is bounded in H'(B(0, R)) which is compactly embedded in
L*(B(0, R)). Therefore by (3.6.5), up to extraction, (g [v/bvy]) converges to
g% [vbm] + C where C is a constant. If 2o € B(0, R) is at a positive distance
from the supports of v and m then g(xg — -) is continuous on the supports
of v, and m and therefore

g* [Vbul(z0) — g * [Vom](xo)

k—+o0

by dominated convergence theorem. It follows that C' = 0, thus

g% Vo] — g [Vbm]in H(B(0, R)).

k——+o0

We recall that since b is smooth,

\fbuk — Vbmin H %

k—+o0

Moreover, m € H~! with compact support and u-Vvb € W so it follows
by Decomposition 3.6.2 that

13’1 — 0.
k—+o00

Since Vg is antisymmetric we can write
B =3 [[,  Hulw) Ao ) AV o)
1
5 . B A im) @) dm(y)

where

Ha(o,y) = = (u(x) — u(y)) - Vg(z — ).

2
We recall that (v/byy,) is a sequence of nonnegative functions with supports in
B(0, R) converging to Vbm in H=! and for the weak-* topology of measures
with finite mass. Moreover, since w is Lipschitz, H,, is continuous outside of
the diagonal and bounded. Therefore we can use Delort’s argument (see [23,
Proposition 1.2.6] or |78, Inequalities (3.4) and (3.5)]) to prove that

1372 — 0.
k—+o00
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Finally we write

Ba= [ ) ([ Vasianann) ) d - m)(o

+ /R2 u(x) - </R2 V2 Sp(x,y) dm(:v)> d(vg — m)(y).

By Proposition 3.2.7 u(x) - V3 Sp(x, y) is locally Hélder with respect to both
variables and therefore since v, ® vy — m ® m has compact support we have
that 13,3 — 0. ]
k——+o0
It follows from Claim 3.6.2 that
T < Collulrce || 19 Hwof

Hence by Proposition 3.5.1 we get

131 <Gl (173(@uv) + 282 + 1@}y + N )

(3.6.6)
+ \|W||L1((1+\z|)dx)mLoo 9(77)77>-

Now let us split 75 in three parts:

=— Z//R2XR2 Vagy(z,y)

+u(y) - Vago(y, @))w(x) dz d(6,, —557)(y)
=—Z//R2X]R2 ) - VVb(2)v/b0)
uly) - VVb(y)V/b() ) g(w = y)(@) dw (s, — 357)(y)
1 N
N2 [ g VI ) -

- Vg(z — y)w(@) dz d(d, — 6)(y)

Z//RMR2 VaSi(@, y)

u(y) - VaSuly, x))w(a:) Az (5, — 35)(y)
—(Ton +Top +1To3).

We will bound the three terms separately:
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Claim 3.6.3. There exists 0 < s < 1 such that
T2 ] < Gy lull oo |0l L1 ((141a]) daynzee (14 1(@N))7°

Proof of Claim 3.6.5. Since gg?) is a probability measure, we can write

To, :% ZV; //]RQXR2 VVb(z) - u(z)w(@)(Vb(e)g(x — ¢)
— Vb(y)g(z —y)) Ao\ (y) dx
1 N
0% MRCEECI RTINS
— VVb(y) - uly)g(x — y)) Aoy (y) dz

N
IS L Vb @) - st - 0 a8 ) e
i=1 R2 xR2
1 N
’ N ; //R2XR2 (V\/B ’ uw)(g;)\/@

x (g(x — ;) — glz —y)) Ao\ (y) dw

+ L Z / [ w(x)(TVb(gi) - ulgs)

2><R2

- W( ) uy))g(z —y) Ao (y) dz
1 N
+ N ; //R2><R2 \/@W(CC)V\/E(QZ) -u(gi)

x (9(x = g) — gl — y)) Ao\ (y) da,

For the first integral, we use the Lipschitz regularity of v/b to bound

‘//2 2V\/Buw )(Vb(g) — Vo(y))g(x —y ()d:v
R=xR
< Cyn //R2><R2 (VVb - uw)(z)g(x —y)]dgg])(y) dz.

Moreover for y € 0B(qg;,n), we have
R2I(V\/5 uw)(2)g(z —y)| dx
<[ VB w)@gle )l da
B(y,1)
# [ UVE w) @yl - g do
B(y,1)¢
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<[V VB, Ngllasony + / (VVb - uw) (@) (2] + ly]) da
Les B(y,1)°

<Cp [|ull poo llwll oo (1 +lgil)

since b satisfies Assumption 3.1.3. Therefore

L 7VE ) (BT~ Vit — ) 450 )

< G [Jull oo [lwll oo (1 + |gil)n-

The third integral can be bounded in the same way:

’ //R2><R2 V(@) w () (VVD(g) - u(g) — VVB(Y) - uy))g(z —y) dgé?) () da
<0b||u|W1»°077//R2 [Vb(@)w(x)g(z — )| O (y) da

<O |ullyree Wl £1 (14 ja)) daynzes (1 l@il)n.

Summing over IV we get that both the first and the third line can be bounded
by

(3.6.7) Co l[ullyroe 1wl 1 (14 j2]) daynzee (1 + 1(Qn))n.

Now the second integral is equal to

N
LS @) [ (9% (Vb uw)(gs) — g (VWb - ww)(y)) A6 (y)
N .

and thus by Morrey’s inequality (see [14, Theorem 9.12]) its absolute value
can be bounded by

Cb,pnl_% (VVb- UW)HLP

for any finite p > 2. The fourth integral can be bounded in the same way by

S

Using Hardy-Littlewood-Sobolev inequality (see for example [3, Theorem 1.7])
we have

1—2
C’b,pn P

(3.6.8) Cyn'

(V)| |, < Con* P ]z,

p+2

Combining (3.6.7) and (3.6.8) we get that

< Ch llullyyre 190 2 (1 oy oz (L + 1@’

for some 0 < s < 1. O]
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Now we bound 75 :

Claim 3.6.4.
To2| < Co [Vl oo [[w] 1100 1-

Proof of Claim 3.6.4. Let us recall that

N dé(’?)
5((;7) = mb(Q)n) \/ql;
and thus
/R Via ) - Vg(x — y)w(z) de d(d, — 00)(y)
2>< 2
=mu(qi,n // . Vb(z ) - Vg(z — y)w(x) dz d(5g, — 67)(y)
>< 2

N (1 o my qz, ) \/7% —u(q)) - Vg(zr — ¢j)w(x) dz.
RQ

The first integral is exactly the term defined in [71, Equation (4.10)] with
s = 0 and m = 0 (remark that we can choose m = 0 since no extension
procedure is needed for s = 0 and d = 2, for more details we refer to the
introduction of [71, Section 4]). It can be bounded by the right hand side of
[71, Equation (4.24)] :

CIVule IVHV3)||, 1 < G IVl 1917 e
< G [IVullpoe llwll 1 oo -

A proof of the last inequality can be found for example in [46, Lemma 1].
Now by (3.2.15) and the Lipschitz regularity of u we can bound the second
line by

Co [IVull oo [|wll 1 n-

Combining the two upper equations we get

To2| < Cy VUl poo |0l 14z 1-

O
Claim 3.6.5.
T3] < C (1+]a]) dz) (L + L(@N)7°
Proof of Claim 5.6.5. We write Ty 3 as
Ty = i) — Ve o5
5 NZ (L, ctuto) - (VuSuto.a) = TuSite. ) i ) a
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i ~//R2><R2 W(:E)(u(ql) o u(y)) ’ Vsz(qi’ x) dgl(}?) (y) dx
+ //RQX]RZ w(@)u(y) - (VaS(gi x) — VaSs(y,x)) Ao (y) da:),

Using Claims (1) and (2) of Lemma 3.2.7, we get that for some 0 < s < 1,

N

1
Taal <5y 3 (G Bl ol 0+ e

=1
IVl oo Wl 1412y day 7
 ull e Tl s nS)

<C,s l[ullyroe 1wl L1 14 1a)) day (1 + 1(@nN))0°

Combining Claims 3.6.3, 3.6.4 and 3.6.5 we get that

(3.6.9) To| < Cos ullwroe 10l 1 ((14-(2]) daynzee (1 1(Q@nN))7°

Now let us write T3 as

1<7, JSN

<d6 () ddy, ( )— dé“”( >d5<”>< )

N //RQW - VVb(2)V/b(y)g(e — y)

1<z JSN

<d6qz< ) ddg; (y) — o () d6J (y))

ty Y //R2XR2 VBGu() - Vol )

1<i,j<N

(d5qz( x) g, (y) — oy (= )d5(")( )

+ = // - VaSi(z, )
1<Z§J:<N R2XR2)\A

(ddg, (x) ddg, (y) — dol (x) d5§}7)(y))
=T31+T32+T53.

We bound the first term:
Claim 3.6.6.
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il € Gyl 1F3(@v )]+ Colfuly o (22

+I@QN)(n+ N1+ 9l L1 (1)) daynzos 9(77)77)-

Proof of Claim 3.6.6. We write

N
Tg,lz—;zz//wwwx (2)V/B(y)g( — ) A6 () 4B ()

) - VVb(z)\/b T —
1<1§<N//R x]RQ)\A ( )\/@9( y)
(b, (x) b, (y) — oy (x) A5 (y)
=T311+T312.

By the definition of 5(77) (3.2.13) we have

T LS g // (@) D 0 ) a6 () a5 0
11=— 5 > Mg, u(z) - g(z —y)doy? () ds,” (y
3,1,1 N2 - b o b) p g

1 N u(z) - VVb(z
e’ Lo e w e

by Lemma 2.3.1. It follows by Assumption 3.1.3 that

Cy ||l o g(n)
T

(3.6.10) 1T3,1,1] <

Now we write

Tuz=yz > (0 9VB@) et - 0)

1<i#j<N

L e YRVt — ) ) 05 ) )
:% > ((“'V\/B)(%’) b(g5)9(qi — q5)

1<i#j<N

~ gy [ TYD g o ) ) )
by the definition of 6(") (3.2.13) and Lemma 2.3.1. Now,

Tyia=ns o (ur VW) @)y/ba) ol — a) — 9 (ai )

1<i#j<N
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+% ST (- V) (a)y/b(g)

1<i#j<N
x /R (9" (g = ) = 9"z — ¢5)) A5 (x)
+ % > (w-VVD)(4)/b(gy) /R2 9" (@ = q;) d(35P = 617 (w)

1<i#j<N

+% > /blg)

1<i#j<N
< [ (- VB @) — (- TVB @)y = g5) A5 )
o X W) —man)
< [ VVB@ @ = ) 450 )
=:51+ 5 + 53+ 54+ S5.

Since g — ¢\ is nonnegative we can bound

1
S1 <Collulle 53 D (9(ai = 4) = 9" (¢ — 7))
1<iAj<N
(36.11) <Ch lul 7@ + Gl 25

+I1QN) (0 + N7 + [lwll £ (1)) dwynzee 9(77)77>
by Proposition 3.5.1. Now remark that if |¢; — ¢;| > 21 and = € 0B(¢;,n),

g — [ >l — gl =l —x| =2n—n=n

and it follows by Lemma 2.3.1 that

[ 6= ) a5 @) = [ glo—a) s a)
R2 R2
= 9(")(%' - qj)-
Hence we can write
1
S2=3 D (u'V\/l;)(q@-)\/b(Qj)/RQ(g(”)(qi—q]-)—g(”)(:v—qg-))d5§?)(w)-

1<i#j<N
lgi—q;1<2n

Notice that if |¢; — ¢j| < 2n and « € B(g;,n), then

19" (qi — ¢5) — 9" (z — ;)| < HVg(")H n=Cn 'y <C.

L
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Therefore,

Co ]~
’SQ, gTQLH(QzAQj); ’qfi - q]" < 277}]
2
3612 <Cillulln 1Py + Gl (232

+IQN)2n+ N7 + lwll g1 (1] deynzos 9(277)277>

by Corollary 3.5.2 applied to € = 2.
By definition of (5((]1.7) (3.2.13) we can write

Si=x7 Y0 (w0 VW)@ /blay)

1<iAj<N

< [ a6~ ) (1 - W) 467 (z)

and therefore

Cy HUHLoo /
|S5] < Z -

— 1| d8{P ().

Vb(z)
For x € 0B(gi,n), we have
i (gi, 1) 1 1
MGG | < © (i, m) ! —
a0 (y) 1
<O

since b is Lipschitz by Assumption 3.1.3. It follows that
(3.6.13) |53 < G [lull o g(n)n-
Now by regularity of u, b and (3.2.15), we get

|54l + 5] < Cb [Jully1,00 mg(m).-

Combining the upper inequality with (3.6.10), (3.6.11), (3.6.12) and (3.6.13)
we obtain Claim 3.6.6. O

For the third term we have the following bound:

Claim 3.6.7. For s small enough, we have
T35 < Chs l[ullyro (14 1(Qn))1°
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Proof of Claim 3.6.7. We write
1

T373 :N2 Z U(Q’L) ’ vbe(Ql)qJ)

1<i,j<N
1 - -

e XL ) VaSie) B @) 45 )

1<i j<N R2xR2
1

= 2 // <U(Qi)'vmsb(Qian)_u(Qi)'Vwa(Qi,y)

1<ij<N R2xR2

+u(qi) - VaSp(gi, y) — u(qi) - VaSe(z,y)
+ulgr) - VaSp(z,y) — u(x) - VoSy(a, y>> do? (x) o (y).

Therefore,

1
15| <73 > ull o 1V2S6(ai, )leos (Bg;,1)n°

I<i,j<N
1 . B
+37 2 Ml /RZ VS, ) o dOY (1)

1<i,j<N

1 ~ ~
s L el VS 0 ) 5D 1),

1<i,j<N
By Proposition 3.2.7, for s small enough we have

Cb,s

D53l <73 > ull g 11+ lgi)n°
1<i,g<N
Cb,s s
e > lullpee 7°(1 + lg51)
1<,j<N
Ch
TN Z [ullyyiee (1 + gjl)
1<, j<N

<Cps l[ullyyro (1 + 1(QN))7°.

We are only remained to bound 73 o:

Claim 3.6.8. For € > 27 small enough, we have

Ch Cb77||CUHLoo
Tso| <— ||Vul|;e0 + ———=—
|T5,2 N [Vul| e + 5

£
+ 09l (@] + 4 4

FIQWE + N+ el s 966)2 ).
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Proof of Claim 3.6.8. Let us denote

ku(2,y) = (u(z) = u(y)) - Vg(z —y)
and remark that
(3.6.14) |ku(z,y)| < C||Vul| foo -

Since Vg is antisymmetric we can write 732 as

Z // . b(2)b(y)ku (@, y) d(Sg, +057) (x) d(Jg, — 057) (1)

1<'L,j<N R2\A
Using the definition of gg’) (3.2.13) we can write
(0, + 047 () d(dy, — 3) (v)

—d <5qz. + Waﬁ,ﬁ) (2)d <5qj - Wé&?) ()

me(qi> 1)mw(g5,1m) (6, + 5(5?))(33) (6, — 5(5(1))@)

Vb(2)b(y)
n <1 _ (%n)mb(%v )) 4o, (z) d5qj(y)

my(gi,n) (4 M )
) (1 ) ) A0 (2) 400,10

b(y) b(q:)

We will use some inequalities proved in |[71] and Corollary 3.5.2 to control
the first line, but let us begin by controling the three last remainders. Using
the bound (3.6.14) and (3.2.15) we can bound

7 2 ey VIR)

1<z JSN

( (1 mb(jLi(q) )) 43, () 46y, 1)

1 moldg ) (mb(q”") - 1) A6y, () A8 (y).

v CAl ) a5y (z) dby, (1)

q]

mb qj, ( q“ _ 1) d(Sqi (x) dég?) (x))




by
(3.6.15) T32,2] < Cy ||V poo 1

We are remained to bound

1
B2t =55 > mu(gin)ma(gz,m)

1<6,j<N
X // Ful, ) d(8, + 847) () d(6,, — 0 (y).
(R2xR2)\A

Using decomposition (4.26) and inequalities (4.27), (4.28) and (4.31) of [71]
with s = 0 and m = 0 (remark that we can choose m = 0 since no extension
procedure is needed for s = 0 and d = 2, for more details we refer to the
introduction of [71, Section 4]), we get that for any small parameter € > 27,

Cy ||vu||L°°

Cy Cn ||Vu| ;o
T52,1] < N VUl oo + TH(%%’); i — qj| < e} + ———=.

e

Using Corollary 3.5.2, we get that

Cy
Tspa < [Vull o +

g(e -
- ](V) +1(QN)(E+ N7 + @l g (14 jafy dyrzoe 9(5)5)~

IV 1 1l (@)

(3.6.16)

And we get Claim 3.6.8 by combining (3.6.16) with (3.6.15). O

We finish the proof of Proposition 3.6.1 using Decomposition (3.6.1),
Inequalities (3.6.6), (3.6.9) and Claims 3.6.6, 3.6.7 and 3.6.8. That gives

' //(RQX]RQ)\AU@) Vagy(z,y)d (;T Ziv; O — w) N (, y)‘

<Collulys (7@ + B2 4 @)+ 87

+ lloll L1 (14 ey daynies 9(77)77>
+ Cos lullyroo [l L1 1412y dzynnee (1 + 1(Qn))n°

+ Cy |l e Fo(Qnsw) + Ch [l 1. <gj<vn>

+1@Q@N) 0+ N7+ 1wl 1 (14 jo)) daynzos 9(77)77)
+ Cs l|ullyr (1+1(Qn))0°

Cyn ||VU||L<>o
€

C
+ STl + + G 19l (173(Q )
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g\e -
+ ](V) + 0+ Q)+ N1 + @l L1 ampnios 9(€>5> '

Choosing e = N~! and n = N~2, and since Wl 1 ((1412]) dz)nree 15 bounded
by below (because w is a probability density) we get that

’ //(R2XR2)\AU($) ' Vegn(my)d (]17 ﬁ; O = W) ) (z, y)'

<G [[ullyreo |Fo(Qn, w)
+ Co(1 + |lullyroo) 1wl 11 410)) daynpoe (1 + I(QN))N*

for some 0 < B < 1. O

3.7 Mean-field limit

In this section we prove the mean-field limit Theorem 3.1.6. For this
purpose let us first prove the following estimates:

Theorem 3.7.1. If w is a weak solution of (3.1.2) with initial datum wg (in
the sense of Definition 5.1.1) that satisfies Assumption 3.1.4 and if In(0) is
bounded, there exists a constant

A=A <b, T, [|ull oo (jo,1y,w100) 5 191l oo 0,77, L1 ((1-+1]) d) L) »SUp IN(0)>
such that for every t € [0,T],
371 |Fn(®)] < A(Fon(0)] + (1+ [Ex ()N +|an — a).

If W is a weak solution of (3.1.5) with initial datum wy (in the sense of
Definition 3.1.2) that satisfies Assumption 3.1.4 and if In(0) is bounded,
there exists a constant

B:=B <b’ T 1@l e (o7, 02 (1) dayrizee) »
IVg * @l oo ((0,17,w1.00) - Sup IN(O)>
such that for every t € [0,T],
(3.7.2) [ Fon (0] < B(Fo,n(0)] + (1+ [Ex (0NN + ayh)).

Proof. By Proposition 3.4.1, we have that for almost every ¢ € [0, T],

d

a]:b,N(t)
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_ ata) - o T b@Y o e
_2//(R2><R2)\A< @) —a=r) > Vags(z,y) d(w(t) — wn (1)) (,y)

€L
r2on =) [ T o) dent,0) () v )

=:L1 4+ 2(any — a)Ls.

Using Proposition 3.6.1, we have

V-4
|L1| <Cp [|u — aT | Fp(Qn,w)|
Loo([0,T),Whee)
1
+Cp | 14 [|u— Osz
b Loo([0,T),Wlee)

X (@l oo (0,77, L3 (14 ]y dayreey (1 + In(E) N7

By Proposition 3.3.1, we have
In(t) < Cpr(1+[EN(0)| + In(0))

since (an) is bounded (here we consider the case ay N7 «). Therefore,
— 400

(3.7.3)

| La] <Co (1 + [[ull oo 0,7y, w1.00) ) [ Fo(Qn, w)| + Coyr (1 + HUHLoo([o,T],WLoo)>

X ]l oo (079,81 (14 el dayrzee) (14 I (0) + [Ex (0) )N 7.

Now
N
1 Vb
:NZ
i=1
L
’ |:/ b(ql)b(y)Vg(QZ - y) d<w(t) - N Zéqj(t)>
R2\{g;} =
L
+/ VSp(qi,y) d<w(t) - =) 4, ﬂ
E2\{q:) N ; i)
::L2,1 + L272 + L2,3
with
V b(q:) / ‘
- Vglgi — b t,y)d
ra 2= ’N b e O )Vb()w(t,y) dy

<Gy \|W||Loo([o,T],L1mL°°)
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(for the last inequality see for example [46, Lemma 1]). For the second term

/7V b
=1 j=1
J#i

We can bound it as in (3.3.7) to get

(3.7.5) |Loa| < Cy

For the last term, we use Claim (1) of Lemma 3.2.7 to get

Vlb
| 23| = ‘N / \Y Sb QZa ( Nzan > ’
=1

J#z

<a [ a+mafuo NZ% )

J#Z
< Co(lwll oo (f0,77, 21 (1)) day) T IN(2))
< O, (lwll oo 0,77, (14 12]) dayy T 1 + In(0) + [EN(0)])

by Proposition 3.3.1. Combining the upper inequality with (3.7.3), (3.7.4)
and (3.7.5) we get that for almost every t € [0,T7,

d
dt
SOy (L + [[ul] oo 0,79, w1.00)) [ Fo.n ()| 4+ Co (1 + HUHLN([O,T],WLOO))

X N[l poo ((0.77.21 (14 2] daynzee) (1 + IN(0) + | EN(0) )N 7

be()'

+ Cb,T|aN - Oé| ( ||w”L°°([O,T},L1((1+|z\)dx)ﬂL"o) ‘I‘ 1 + IN(O) + ‘EN(O)|) .

Therefore there exists a constant A depending only on the quantities b,
T, Hu||L°O([O,T],W1'°°)7 ||w||L°°([O,T},L1((1+|J}Dd.Z’)ﬁLoo) and IN(O) (Wthh 1S uni-
formly bounded in N by assumption) such that for almost every ¢ € [0, T],
‘ d

0] S AQF (O] + (L4 ENODN + ax ~ al)

By Gronwall’s lemma (up to taking another constant A depending on the
same quantities) we get (3.7.1).

Now let us study the rescaled regime where ay N—+> +00. By Proposi-
—+00

tion 3.4.2 we have

d V4b(x) o —
ara@==2ff T Ve d@0 o))
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=:L1 + Lo.

The first term can be bounded by Proposition 3.6.1:

S mwea(i+| )

(3.7.6) X NN@N oo 0,77, (14 o) deyrzoey (L + T(@n))N 7

|L1] <Cy

<Cy|Fo, N ()] + Cor 18] oo (0.7, 11 (1)) da) L)
x (1+1In(0) + [En(O))N"7

where we used Proposition 3.3.1 in the last inequality. We split the second
line in three terms:

t % Vb C_h _
L2 = N2aN ;; b@)  2\/b(w) 2
J#Z

+ ZZ o ) V(@ - )@@
=1 j=1
J?ﬁz

NQCKNZZ b q vxsb(aa@)

=1 j=1
J#

::LQJ + L272 + L273.

We can bound the first term by

Moay IVl ZZ|Q - ;)

=1 j=1
JF#i

and applying Lemma 3.2.3 we get

[l oo = IVGB@ oo < Cp @]l oo 0,17, 21725 -

We can bound Z Z|g —qj)| as we did for Inequality (3.3.10) to get
=1 j=1
J#i
L2 | < Cull@]l oo o, ooy (1 [Bn| + Inv)ay!
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The second term Ly can be bounded as in (3.3.7) to get

[L2,2] < Co(L 4 [[v]] oo jo,77,w1.00) )y

and the last term can be bounded directly using Claim (1) of Lemma 3.2.7:

[Lasl < Cyllvll oo (1+ In)oryy < Cp @] oo o7, 220100y (1 + )y
Combining these three inequalities with (3.7.6) and using Proposition 3.3.1
to bound Iy we get that for almost every t € [0, T],

dt]:b,N(t)' SCp|Fo,N ()] + Coll[@l oo 0,77, 21 (14 ]]) dz)nz=)

+ [0l Lo jo,77,w1.00)
x (1+ [In(0)] + [EN(O))(N =7 + ayh).

And therefore there exists a constant B depending only on the quantities b,
Tl poo (0,77, (14 12]) dw)oey @nd In(0) (which is uniformly bounded in N
by assumption) such that for almost every t € [0, T,

jtfb,N(t)‘ <B(|Fon(®)|+ (1 + |E7N(0)|)(N*5 + a&l))‘

By Grénwall’s lemma (up to taking another constant B depending on the
same quantities) we get (3.7.2). O

Proof of Theorem 5.1.6. By Corollary 3.5.4, weak-* convergence and conver-
gence of the interaction energy gives that (F n(0)) and (Fp v (0)) converge
to zero. Using convergence of the interaction energy we also get that |En(0)]
and |Ex(0)] are bounded. Thus by Inequalities (3.7.1) and (3.7.2) we get that
for any t € [0,7] (Fpn(t)) and (Fp n(t)) converge to zero and the theorem
follows by Corollary 3.5.4. O
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Notations

Constantes

— ( désigne une constante générique dont la valeur peut changer d’une
ligne d’une inégalité & la suivante. On notera C(A, B) ou C4 p une
constante dépendant de parameétres A et B.

— Pour 1 < p < +oo, p' désigne 'exposant dual de p (c’est & dire tel

1 1
que — + — =1).
p D
Opérations sur les vecteurs
Pour des vecteurs z,y € R? et des matrices A, B € M»(R), on note :

— x -y le produit scalaire entre z et y et |z| la norme euclidienne de z,
— A:B:= Z A; ;B; j le produit scalaire entre A et B,

1<4,j<2
— xt = (—w9,21), )
— <z>=(1+z*)2.
L
— Pour Xy = (21,...,7x) € (R?)Y, on note I(Xy) := N z; ERRR
1=

Espaces de fonctions et normes

Considérons des espace de Banach A, B et un espace métrique E.

— B* désigne le dual de B.

— Si F(E,R) est un certain espace de fonctions de F dans R, on notera
F(E):= F(E,R).

— Pour k € N, C* désigne I'espace des fonctions de classe C*.

— C%9(R?) désigne I’espace des fonctions #-Holder & valeurs réelles, muni
de la norme

I fllcoe = [Ifl oo + [ flcos0
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avec

Flone 1= sup LB =W
“ T#Y |z — vy

— Ppur k € R, H* désigne 'espace de Sobolevy W*:2,
— H ~1(R?) désigne I’ensemble des distributions tempérées f telles que
f € Li (R?) et telles que

loc
F©P
171171 ey = /R | I(f\;| <

— H?(R?) désigne lespace des fonctions localement uniformément H®,
c’est a dire les fonctions f telles que

111 zzg, (r2) == 9P [Lf Nl (B 1)) < +o0-
u zER?

— Pour 1 < p < o0, WE’f(RQ) désigne ’espace de Sobolev & poids défini
par

W2P(R?) := {u € D'(R?) ; Yo € N?, || < 2,<->12171 Do e LP(R?)}

et muni de la norme

B =

L <a|-1 no
HuHWE.,lp = Z H< > D%u

|| <2

P
Lp
— Pour 1 < p < o0, on notera

L’:’FB := LP([0,T1], B).

On utilisera la méme convention pour les espaces CéﬁB ou lef’p B.
— Si B= A*, onnotera C°([0, T], B—w*) 'espace des fonctions continues
de [0,7T] dans B muni de la topologie faible-x.

Opérateurs différentiels

Considérons f : R — R, u et v sont deux champs de vecteurs sur R,
On note :

— V Yopérateur gradient : Vf = (01 f,...,04f),
— (u- V)v le champ de la vecteur dont la i-éme coordonnée est u - Vv,

d
— div(u) = Z Oiu; la divergence de u,
i=1
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d
— Af =0 le laplacien de f.
i=1
— Pour d = 2, curl(u) = dyug — dauy le rotationnel de u,
— Pour d =2, [f, f] désigne le tenseur défini par

[, Flig = 20i£0;f = [V f1%61,.
Mesures et espaces de mesures
On considére z € R%2 et 0 < n < 1.

— P(R?) désigne I'espace des mesures de probabilités sur R?.
— Si v est une mesure, on note

®2

v =V QU.

— J, est la masse de dirac en .
— 6 est la mesure de probabilité uniforme sur le cercle 9B(z,n).
— Dans le Chapitre 3, on note

_ (n)
08" = my(x, ) df/%

x
ol b est la fonction de profondeur satisfaisant I’hypothése 3.1.3 et

m\
moly,m) = (/ dj% ) |

Fonctions et ensembles

On note :

— 1q la fonction indicatrice d’un ensemble €,
— A la diagonale de (R?)? :

A= {(z,z); = € R?},

— supp(f) le support d’une fonction f,
— g l'opposé du noyau du laplacien sur le plan :

1
g(x) = =5 lnla,
— ¢ la fonction définie par
D) sifel<
— —1n 1 <
g () = o M SIS T
g9(z) si x| >,
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— blafonction de topographie considérée dans le Chapitre 3 qui satisfait
3.1.3,
— Sy la solution du probléme elliptique (3.2.9),

— gp(z,y) = Vb(2)b(y)g(z — y) + Sp(x,y) est le noyau du probléme
elliptique (3.2.2) construit en Section 3.2.

Fonctionnelles

— Si p est une fonction continue sur R? & support compact on notera

Rlp] = sup {|z[ ; = € R, p(x) # 0}

et
Rylp] := sup R[p(t)]
0<t<T

si p dépends du temps.
— F designe la fonctionnelle d’énergie modulée définie en (1.2.8).
— F} désigne la fonctionnelle d’énergie modulée des lacs définie en (1.3.2).
— H désigne la fonctionnelle d’énergie modulée du modeéle de spray dé-

finie en (1.3.1).
— Gy désigne lopérateur qui a w associe la solution ¢ du probléme

1
elliptique — div <bV1/)) = w (voir la Proposition 3.2.8).

— Pour 0 < 1 < 1, on note
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