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Résumé i

Stabilité de profils de choc totalement discrets pour les systémes de lois de conservation
Résumé

Cette thése aborde I’analyse de la stabilité des profils de choc totalement discrets pour les systemes de lois de conservation.
Ces profils correspondent a I'approximation d’ondes progressives discontinues par des schémas aux différences finies
conservatifs. De telles solutions discontinues apparaissent naturellement dans ’étude des systémes de lois de conservation
qui peuvent modéliser de nombreuses situations physiques comme par exemple la dynamique des gaz.

L’étude des profils de choc totalement discrets se divise essentiellement en deux axes, le premier étant de construire
de tels profils discrets et donc de prouver leur existence, et le second étant d’étudier leur stabilité. L’objectif principal
de cette these est d’approfondir cette seconde direction. De nombreux résultats existants sur la stabilité des profils de
chocs totalement discrets introduisent des hypotheses contraignantes, telles que la restriction aux lois de conservation
scalaires ou encore le fait d’imposer que les discontinuités approchées soient de faible amplitude. Les résultats de cette
these visent & ouvrir la voie vers des résultats de stabilité non linéaire qui traiterait de systemes de lois de conservation
et non pas seulement de lois scalaires, et qui remplacerait ’hypothése de faible amplitude des discontinuités par une
hypotheése spectrale sur le linéarisé du schéma autour du profil de choc discret considéré.

Au niveau des résultats obtenues, dans un premier temps, la theése se focalise sur 'obtention d’estimées de décroissance
fines sur le linéarisé du schéma aux niveaux de solutions particuliéres. On se concentrera d’abord sur le linéarisé au niveau
des solutions constantes avant de passer au cas plus compliqué du linéarisé au niveau des profils de choc totalement
discrets. D’un point de vue spectral, I’analyse du probléme des chocs fait apparaitre une valeur propre plongée dans le
spectre essentiel. Il en résulte de nouveaux termes dans I’analyse de la fonction de Green du schéma linéarisé et on détaille
les propriétés de décroissance de chacun de ces termes. Dans une derniére partie, on utilise les estimations obtenues sur
Popérateur linéarisé pour établir un argument de stabilité non linéaire.

Mots clés : schémas aux différences finies, stabilité, systémes de lois de conservation, profils de choc

Stability of discrete shock profiles for systems of conservation laws
Abstract

This thesis deals with the stability analysis of discrete shock profiles for systems of conservation laws. These profiles
correspond to approximations of discontinuous traveling waves by conservative finite difference schemes. Such discon-
tinuous solutions appear naturally in the study of conservation law systems, which can model many physical situations,
such as gas dynamics.

The study of discrete shock profiles is essentially divided into two directions, the first one focusing on the construction
of such discrete profiles and thus on the proof of their existence, and the second one studying their stability. The main
objective of this thesis is to investigate this second direction. Many existing results on the stability of discrete shock
profiles introduce constraining hypotheses, such as the restriction to scalar conservation laws or the requirement that
the approximated discontinuities should be of small amplitude. The results of this thesis aim to pave the way towards
nonlinear stability results that would deal with systems of conservation laws and not just scalar laws, and that would
replace the smallness assumption on the amplitude of the discontinuities by a spectral assumption on the linearization
of the numerical scheme about the discrete shock profile under consideration.

In terms of the results obtained, the thesis initially focuses on obtaining sharp decay estimates for the linearization of
the numerical scheme about particular solutions. We will first focus on the linearization about constant solutions before
moving on to the more complicated case of the linearization about discrete shock profiles. From a spectral point of view,
the analysis of the shock problem implies the existence of an eigenvalue located within the essential spectrum. This
results in new terms in the analysis of the Green’s function of the linearized scheme and decay properties of each of
these terms will be presented. In a final section, we use the estimates obtained on the linearized operator to establish a
nonlinear stability argument.

Keywords: finite difference schemes, stability, systems of conservation laws, shock profiles
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Lorsque I'on considére une approximation d’un systéme de lois de conservation par un schéma aux différences
finies conservatif, les profils de choc totalement discrets correspondent aux solutions qui sont des ondes progres-
sives reliant deux états. Dans cette theése, nous allons présenter des résultats sur la stabilité de ces fameux profils
de choc totalement discrets. Le premier objectif de cette introduction est de rappeler I'intérét et ’état actuel de
la recherche autour de ces objets afin de clarifier les apports des résultats de cette thése. On commencera par
redéfinir succinctement et rappeler des éléments centraux autour des systemes de lois de conservation hyperbo-
liques monodimensionnels et des approximations de ceux-ci par des schémas aux différences finies conservatifs
(Section 1.1). Cela nous menera a définir les profils de choc totalement discrets. Nous ferons une présentation
relativement générale de cette notion et des propriétés connues concernant les profils des chocs totalement dis-
crets (Section 1.2). La troisiéme partie de I'introduction (Section 1.3) portera sur les différentes contributions
de la these concernant la stabilité de profils de choc totalement discrets. Cette section présentera en particulier
les résultats des Chapitres 4 et 5 ainsi que la méthodologie pour arriver a ces résultats. Le Chapitre 4 portera
sur le contenu de l'article [Coe23].

Les Chapitres 2 et 3 présentent des contributions de la theése qui ne portent pas immédiatement sur la
stabilité des profils de choc totalement discrets. La Section 1.4 présente la contribution du Chapitre 2 sur une
généralisation du théoreme de la limite locale, un résultat connu de probabilités, et, plus précisément, sur le
contenu de l'article [Coe22]. Enfin, la Section 1.5 quant & elle porte sur le résultat du Chapitre 3 qui concerne la
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stabilité de schémas aux différences finies pour une équation de transport & vitesse négative sur la demi-droite
positive. Plus précisément, le Chapitre 3 présentera le contenu de I'article [Coe24].

1.1 Contexte général

1.1.1 Systémes de lois de conservation, solutions faibles et chocs

Les systéemes de lois de conservation monodimensionnels sont les équations aux dérivées partielles de la

forme :
Ou+ 0, f(u) =0, t€J0,+o0f,z €R,

uw:Re xR —=UCRY, (1.1.1)

ou lentier d correspond au nombre de quantités conservées, la variable u := (ug,...,uq) correspond aux quan-
tités conservées, I’ensemble U appelé espace d’états est un ouvert (parfois supposé convexe) de R? et la fonction
f:U — R? est appelée le flux. On consideérera toujours que les systémes de lois de conservation étudiés dans
cette thése sont hyperboliques, c’est-a-dire que pour tout état u € U, la jacobienne df (u) est diagonalisable dans
R. L’étude des solutions des systémes de lois de conservation (1.1.1) et du probléme de Cauchy qui lui est associé
est un domaine vaste et dont la théorie est encore incompléte (en particulier dans le cadre multidimensionnel).
On redirige les lecteurs intéressés vers [Ser99 ; Ser00 ; Bre00 ; Daf16] pour une présentation générale des systémes
de lois de conservation.

Ces systémes de lois de conservation (plus généralement leurs versions multidimensionnelles) apparaissent
dans de multiples domaines : mécanique des fluides (avec les équations d’Euler ou encore les équations de
Saint-Venant), électromagnétisme (équations de Maxwell), magnétohydrodynamique, etc...

Précisons deux exemples de lois de conservation scalaires (i.e. d = 1 et & = R dans (1.1.1)) qui apparaissent
dans la these.

— En considérant le flux linéaire f(u) = cu avec une constante ¢ € R, on retrouve la fameuse équation de

transport
Opu+ cOzu =0, t€]0,+o0],z € R,
u:Ry xR = U CRY

Précisons d’emblée que les chapitres 2 et 3 présenteront des résultats associés a des schémas aux différences
finies appliqués a cette fameuse équation de transport dans divers cadres.

— Si I'on prend le flux f(u) = u?/2, on retrouve 1’équation dite de Burgers. C’est I’exemple le plus simple
de loi de conservation nonlinéaire et il nous servira de modele jouet dans cette these. Pour faire des
simulations associées aux profils de choc totalement discrets, on considérera généralement ce choix.

Perte de régularité des solutions

Une particularité des systémes de lois de conservation est que, méme en imposant une condition initiale
réguliere, des discontinuités peuvent apparaitre en temps fini. En effet, si 'on se place dans le cas scalaire (i.e.
d =1 dans (1.1.1)) et que l'on considére le probleme de Cauchy associé & (1.1.1) ou la condition initiale ug
est réguliére, la méthode des caractéristiques permet de construire "explicitement" une solution réguliére sur un
ensemble [0,T[xR ot T' > 0. Cependant, la valeur maximale de T est généralement bornée et correspond au
temps ou les caractéristiques se croisent. Cela conduit & introduire la notion de solutions faibles du probleme
de Cauchy associé a (1.1.1).

Définition (Solution faible du probléme de Cauchy). Si I’on consideére une condition initiale ug € L}, (R, U).
On dit que la fonction u € L}, ([0, +oo[ xR, R?) est une solution faible du probléme de Cauchy associé a (1.1.1)
avec comme condition initiale ug lorsque u(t,z) € U pour presque tout (¢,z) € [0,+00[xR, f(u) appartient

aussi a L} ([0, +0o[ xR, R?) et que pour toute fonction test ¢ € C°([0, +oo[xR) :

loc
//ﬂth Z—f(t,x)u(t,x) + %(t, x) f(u(t, z))dtde + /R o(x,0)up(z)dz = 0.

Condition de Rankine-Hugoniot et chocs

Une conséquence de cette définition des solutions faibles est la condition de Rankine-Hugoniot qui permet
de caractériser les discontinuités admissibles pour les systémes de lois de conservation.

On considére une fonction X : [0, +oo[— R de classe C' paramétrisant la localisation d’une discontinuité.
Soit une fonction v : Ry x R — U telle que :
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— La fonction u est C! sur les ensembles
{(t,z) e Ry xR, z< X))} et {(t,x) eRy xR, z>X(t)}

et est une solution classique de (1.1.1) sur ces ensembles.
— Pour tout ¢t € Ry, les états

+ — : - — 3
u(t):= lim wu(t,x)eld et u (t):= lim wu(t,z) el
( ) z—X(t)t ( ) ( ) z—X (1)~ ( )
sont bien définis.
Alors, la fonction u est une solution faible de (1.1.1) si et seulement si la condition dite de Rankine-Hugoniot
est vérifiée :

Ve Ry, St (1) — fum (1) = S (0t (1)~ (1), (11.2)
Un exemple de solutions faibles sont les chocs.
Définition. On appellera choc les fonctions de la forme :
u: Ry xR — u
u” siz < st, (1.1.3)

w0

sinon,
ol les deux états u™,ut € U et la vélocité s € R vérifient :
flwh) = fu™) =s(u™ —u). (1.1.4)

La condition (1.1.4) correspond a la condition de Rankine-Hugoniot (1.1.2) et implique que les chocs sont
des solutions faibles de (1.1.1). Précisons cependant que 1'on ajoute la plupart du temps des conditions supplé-
mentaires, dont on parlera plus bas, que 'on appelle condition d’admissibilité afin de définir quels chocs sont
"physiquement admissibles".

Problématique générale

Essayons d’ores et déja de présenter la problématique générale qui justifiera 'introduction des profils de choc
totalement discrets.

Les observations de la Section 1.1.1 nous poussent & envisager que la solution du probléme de Cauchy (1.1.1)
pour une donnée initiale réguliére par morceaux sera elle aussi réguliere par morceaux avec des discontinuités qui
peuvent apparaitre ou disparaitre, mais qui sont toujours caractérisées par la condition de Rankine-Hugoniot
(1.1.2). Si l’on cherche a approcher ces solutions a ’aide d’un schéma aux différences finies, une problématique qui
apparait alors clairement est de déterminer si la méthode numérique sera capable de capturer les discontinuités
de ces solutions. En effet, I'étude de la consistance des schémas aux différences finies repose généralement sur des
hypothéses de régularité des solutions sous-jacentes (par exemple, le développement de Taylor pour déterminer
Pordre de consistance du schéma).

Pour étudier ce vaste probleme qu’est la capacité des schémas numériques a capturer les discontinuités des
solutions, on se rameéne essentiellement & se poser la question plus "élémentaire" de I’approximation des chocs
par ces méthodes numériques. Les profils de choc totalement discrets qui seront définis en Section 1.2 sont des
objets centraux pour répondre a cette problématique.

Condition d’admissibilité et chocs de Lax

Avant de passer a une partie liée aux schémas aux différences finies, finissons par discuter de conditions
supplémentaires que ’on va imposer aux chocs qui seront étudiés au sein de cette these. En effet, 'introduction
de la notion de solutions faibles pose un probleme fondamental dans la théorie des systeémes de lois de conserva-
tion : on perd l'unicité des solutions du probléme de Cauchy associé au systéme de lois de conservation (1.1.1)
Afin de résoudre ce probléme, il est nécessaire d’ajouter des conditions supplémentaires que les solutions doivent
vérifier pour essayer d’isoler une solution qui serait "physiquement admissible". Plusieurs conditions d’admissi-
bilité existent et les systemes étudiés approchant généralement des phénomenes physiques, ces conditions ont
généralement pour but d’identifier une solution qui ait un sens physique.

Comme nous ’avons intuité dans le paragraphe précédent, nous allons nous concentrer sur ’approximation
des chocs par les schémas aux différences finies. Plus précisément, nous allons nous focaliser sur une famille
particuliére de chocs dans cette theése vérifiant une condition d’admissibilité nommée condition de Lax que 1'on
va présenter ci-dessous.
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On considére deux états u™,u™ € U et une vélocité s € R telle que la condition de Rankine-Hugoniot (1.1.4)
est vérifiée. Le choc (1.1.3) est alors une solution faible de (1.1.1). Le systéme de lois de conservation que 'on
étudie est supposé hyperbolique au niveau des états u~ et uT. On peut alors noter les valeurs propres Ali, ceey )\;‘t
des jacobiennes df (u*) et df (u™) en les ordonnant telles que

MN< <A

ou certaines des valeurs propres peuvent étre égales.

On considéerera par la suite des chocs dits non-caractéristiques, c’est-a-dire que la vélocité s du choc n’ap-
partiendra pas au spectre des jacobiennes df (u™) et df (u™). Il existe alors deux entiers p™ € {0,...,d — 1} et
p~ €{1,...,d} tels que :

AL <s<Ah, and AT <s< A (1.1.5)
ou 'on prend la convention que /\3E = —00 et )\diH = +o00. Un choc vérifiant la condition p™ = p~ =: p

(condition de Laz) est appelé p-choc de Lax.

Cette condition a été introduite dans [Lax57]. Elle est particuliérement prisée pour la simplicité de sa véri-
fication comparée a d’autres conditions d’admisibilité telle que la condition d’entropie qui nécessite d’identifier
une entropie associée au systeme de lois de conservation. Dans certains cas, cette condition partage des liens
forts avec d’autres types de condition d’admissibilité. Typiquement, pour les lois de conservation scalaires avec
un flux convexe, les chocs entropiques sont les chocs de Lax, i.e. ceux qui vérifient

fuh) <s < f'(u).

Dans le cas plus général d'un systeme de lois de conservation, si celui-ci admet une entropie, il est aussi connu
que les p-chocs de Lax de faible amplitude associés & un champ caractéristique vraiment non linéaire sont aussi
des solutions entropiques. Cependant, dés lors que ’on considere des chocs sans hypothése de faible amplitude,
les liens entre les conditions d’admissibilité tiennent moins. Précisons d’ores et déja que cela va nous pousser
a nous poser des questions dans les perspectives sur la généralisation de certains résultats de la thése pour des
chocs plus généraux, typiquement les chocs sur- et sous-compressifs (ot les entiers p™ et p~ définis par (1.1.5)
ne sont pas égaux).

1.1.2 Schémas aux différences finies conservatifs

Dans cette these, on s’intéresse a approximation des solutions du systéme de lois de conservation (1.1.1)
par des schémas aux différences finies conservatifs que 'on va définir ci-dessous. Concernant 1’étude des schémas
aux différences finies conservatifs, on peut citer [GR21; LeV92].

On considére une constante v > 0 et des pas d’espace Az > 0 et de temps At := vAx > 0. La constante
v correspond alors au ratio entre les pas de temps et d’espace. On introduit I'opérateur d’évolution discret
N U? — (RY)Z défini pour une donnée u = (u;)jez € U% par

VieZ, Nu)j=uj—v(F Wuj_pi1,.. Ujtq) — F Wiuj—p, ... Ujrq-1)), (1.1.6)
ou les entiers p, ¢ € N\ {0} correspondent au stencil du schéma et la fonction
F:(Viu_p, ... ug—1) €)0,+oo[xUPTT — R?

de classe C! est appelé le flux numérique du schéma. Le schéma aux différences finies conservatif correspond
alors aux familles (u"),en telles que u™ € UZ pour tout n € N et qui soient solutions de la récurrence :

vn €N, u"t=N(u"). (1.1.7)

Généralement, on impose de plus que la constante v doit vérifier (ou au moins la vérifier sur un compact
raisonnable de U) la condition dite de Courant-Friedrichs-Lewy (CFL) définie par :

Yu €U, wvmino(df(u)) > —¢ and wvmaxo(df(u)) <p. (1.1.8)

Consistance, Théoréme de Lax-Wendroff et comportement diffusif

Une hypothese importante a introduire est la fameuse condition de consistance qui se traduit par 1’égalité
suivante :

Vv €]0,4oo[,Yu eU, F(v;u,...,u)= f(u). (1.1.9)
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Cette hypothese est essentielle car elle est centrale pour le Théoréme de Lax-Wendroff (originellement introduit
dans [LW60]) qui permet de conclure que si les solutions du schéma aux différences finies (1.1.7) convergent vers
une fonction u, alors u est une solution faible de (1.1.1). L’énoncé détaillé est le suivant.

Théoréme (Théoréme de Lax-Wendroff). On fize dans cet énoncé v > 0 le ratio entre les pas de temps et
d’espace. On considére un schéma numérique (1.1.7) consistant avec le systéme de lois de conservation (1.1.1),
i.e. telle que le flur numérique F apparaissant dans l'opérateur d’évolution nonlinéaire N défini par (1.1.6)
vérifie la condition (1.1.9). On considére une suite de pas d’espace (Axy)gen convergeant vers 0 et on définit les
pas de temps Aty := vAzy pour k € N. Pour k € N, on consideére la fonction par morceauz vy : Ry x R — U
définie par :

1 1
Vn e NVj€Z, wp(t,r):=u; site[nAty, (n+1)At[ etz e K] - 2) Axy, (j + 2) Amk[

ot les suites u™ sont construites par le schéma aux différences finies (1.1.7) avec la condition initiale

) o 1 (j+%)Awk
VieZ, wu;:= el ug(z)dz.
(jfi)Awk
Si la suite de fonctions (vy)ren est bornée dans L (R, x R,RY) et converge vers une fonction u appartenant
a L, (10, +0o[ xR, R?), alors la fonction u est une solution faible du probléme de Cauchy associé a (1.1.1) pour
la condition initiale ug.

Comme on I’a présenté dans le paragraphe "Problématique générale" de la Section 1.1.1, ce qui nous intéresse,
c’est de discuter de la capacité des schémas aux différences finies a capturer les discontinuités. Sur cette question,
le Théoreme de Lax-Wendroff nous permet de conclure que les discontinuités capturées par les schémas aux
différences finies conservatifs et consistants vont vérifier la condition de Rankine-Hugoniot. Essentiellement,
lobjectif des profils de choc totalement discrets est de répondre a la question réciproque : Si ’on considere un
choc vérifiant la condition de Rankine-Hugoniot ainsi que des conditions d’admissibilité convenables, est-il bien
approché par un tel schéma aux différences finies ?

Finissons cette section en introduisant la notion d’ordre de consistance.

Définition. On dit que le schéma aux différences finies conservatif (1.1.7) est d’ordre de consistance r € N si
r est l'entier le plus grand tel que, en fixant le ratio v := % > 0 et en considérant une solution réguliere u du
systéme de lois de conservation (1.1.1), on ait que :

u(t + At,z) — u(t, z)
+v(F(ult,z+ (—p+ 1)Ax),...,ut,z + ¢Ax)) — F (v;u(t,x — pAx),...,u(t,z + (¢ — 1)Ax)))
=O(Az"™™). (1.1.10)

Le terme de gauche dans (1.1.10) est appelé erreur de troncature locale du schéma et il correspond a lerreur
effectuée en remplagant dans expression du schéma (1.1.7) les valeurs approchées uy, calculées a l'aide du
schéma numérique, par les valeurs exactes de la solution u(t, z) du systéme de lois de conservation (1.1.1). Pour
déterminer l'ordre de consistance d’un schéma, on utilise la régularité de la solution u que I’on considére pour
effectuer des développements limités et obtenir une estimation de la forme (1.1.10). Précisons que les schémas
consistants, c’est-a-dire les schémas satisfaisant la condition (1.1.9), sont au moins d’ordre 1.

Les contributions de cette these se concentreront sur le cas des schémas aux différences finies conservatifs
d’ordre impair. En effet, les schémas de ce type impliquent des propriétés spectrales particulieres pour les opé-
rateurs linéarisés du schéma numérique au niveau des états constants (voir le paragraphe suivant). Précisons
de plus que si ’on considere un schéma d’ordre impair, alors on peut s’attendre a voir apparaitre des compor-
tements diffusifs sur les solutions du schéma numérique (1.1.7). En effet, il est par exemple possible de prouver
que, sous des hypotheses de régularité suffisantes sur le flux numérique F', en appliquant des développements
limités sur Perreur de troncature locale (i.e. le membre de gauche de (1.1.10)) et en utilisant la condition de
consistance (1.1.9), on a que :

u(t + At,z) — u(t, x)
+v(F (v;u(t,z + (—p+ 1)Ax),...,u(t,z + ¢Ax)) — F (v;u(t,z — pAz),...,u(t,z + (¢ — 1)Ax)))
= —vA2?8, (B(v;u(t,z))du(t, z)) + O(Az®) (1.1.11)
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ou la matrice B(v;u(t, z)), parfois appelée matrice de viscosité, est définie par :

v , ok
B(v;u(t,x)) = —§df(u(t,ac)) - Z TaukF(V,u(t,x),...,u(t,a:)).

k=—p

Le cas des schémas consistants d’ordre 1 correspond au cas ou la matrice de viscosité B ne s’annule pas. On a
alors que le schéma approche bien mieux les solutions de 'EDP :

ou+ Oy f (u) = —Azd,, (B(u)d,u), t>0,z€R (1.1.12)

ou l'on voit un phénomene diffusif apparaitre, que le systéme de lois de conservation (1.1.1). Précisons que
Péquation (1.1.12) correspond a ce qui est connu comme étant 1’équation modifiée du schéma. Pour plus de
détails, on invite les lecteurs intéressés par la notion d’équation modifiée & s’'intéresser a article [Hed75] qui
présente cette notion plus en détail dans le cadre plus élémentaire des schémas aux différences finies pour
I’équation de transport.

Les schémas d’ordres impairs plus élevés font apparaitre des phénomeénes visqueux eux-aussi d’ordre plus
élevé. Au contraire, un schéma d’ordre 2 par exemple, comme le schéma de Lax-Wendroff (voir (1.1.21) ci-
dessous), fait apparaitre un comportement dispersif (voir Figure 1.1).

Stabilité du linéarisé au niveau des constantes

On remarque que pour un état @ € U, la condition de consistance (1.1.9) implique que la suite constante
(@) ez est un point fixe de Popérateur d’évolution discret N associé au schéma. De plus, dans le cas ou I'on
étudie approximation des solutions réguliéres du systéme de lois de conservation (1.1.1) par les schémas aux
différences finies (1.1.7), on remarque que, pour des choix de pas de temps et d’espace suffisamment petits,
les valeurs uf_,, ..., u7,  qui apparaissent sont proches d’une valeur constante. Il est donc utile d’étudier la
linéarisation de I'opérateur N au niveau des états constants.

Fixons un état constant u € Y. La linéarisation de N au niveau de 1’état constant u est donnée par I'opérateur

Ly défini lorsqu'il agit sur I'espace £7(Z,C?) avec r € [1, +oc] par :

q
Vh e ("(Z,CY,Vj € Z, (Lyh); = Y Afhjik, (1.1.13)
k=—p

ot pour k € {—p,...,q}, les matrices A} € My(C) sont définies par :

B Okold+v0, F(v;4,...,u) — vy, F(wu,...,u) sike{-p+1,...,¢—1}
Ay = ~V0y,  F (v;u,...,7) sik=gq, (1.1.14)
vo,_  F(viu,... ) sik=—p.

Définition. Pour r € [1,40¢], on dit que le schéma aux différences finies conservatif (1.1.7) est linéairement
{"-stable au niveau de 1'état constant u lorsque le semi-groupe (Z2),en est borné quand il agit dans ¢"(Z, C%),
i.e. il existe une constante C' > 0 telle que :

Vn € N,Vh € £"(Z,C%), || Z2h|,. < C R,

* Objectif de ce paragraphe

Par souci de clarté, on se permet de présenter d’ores et déja les objectifs de ce paragraphe pour guider
le lecteur. L’objectif est de présenter un lien entre la stabilité linéaire du schéma numérique au niveau de
I’état u, ’étude du spectre de I'opérateur %% et enfin I'ordre de consistance du schéma. En effet, comme dit
précédemment, dans cette these, ’ensemble des résultats obtenus vont se concentrer exclusivement sur le cas
particulier des schémas d’ordre de consistance impair, c¢’est-a-dire les schémas aux différences finies conservatifs
faisant apparaitre des comportements diffusifs. Nous allons voir que les opérateurs .%%; satisfont des propriétés
spectrales intéressantes quand on considere des schémas diffusifs.

* Matrices d’amplification et spectre de 'opérateur L5
Les opérateurs % étant a coefficients constants, ils peuvent étre étudiés par analyse de Fourier. Cela nous
pousse a introduire les matrices d’amplification (k) :
q —
Vi € C\{0}, Fa(k):= Y _ rFA} € My(C). (1.1.15)

k=—p
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Précisons que l'expression de la matrice d’amplification F7(x) implique que celle-ci posséde d valeurs propres
qui dépendent continiiment de k. Nous allons maintenant nous permettre une hypothese simplificatrice pour
cette introduction en supposant qu’il existe d fonctions holomorphes Ay, ..., \; définies sur C\ {0}, & valeurs
complexes, telles que pour tout x € C\ {0}, les valeurs propres de la matrice d’amplification Fz(x) soient
A1(K), ..., Aa(k). Ceci est bien évidemment nontrivial & imposer et nous introduirons dans le Chapitre 4 des
hypotheéses qui nous permettront de nous retrouver dans ce genre de situation.

L’expression (1.1.14) des matrices A} et la condition de consistance (1.1.9) impliquent que :

Fa(l):=1Id et Fi(l):=—vdf(u),
et donc
Vie{l,....d}, N1):=1 et N(1):=—-vy (1.1.16)

ol ; est une des valeurs propres de df (), qui est bien défine par hyperbolicité du systéme de lois de conservation
(1.1.1).

A T’aide du Théoréme de Wiener, dont une preuve succincte dans le cadre scalaire peut étre trouvée dans
[New75], on prouve que, lorsque I'on considére que 'opérateur % agit sur ¢"(Z,C%), on a :

M(Sh). (1.1.17)

C =

o(La) = | o(Falr) =

KEST

1

ou la notation o est utilisée pour indiquer le spectre d’un opérateur ou d’une matrice en fonction de son
application. Ainsi, le spectre de % est 'union de d courbes continues paramétrisées par les valeurs propres
A1(K), ..., Aa(k) des matrices d’amplification Fz(k) quand s parcourt le cercle unité S' dans le plan complexe.

* 02-stabilité linéaire et condition de dissipativité

Si 'on s’intéresse au cas particulier de la £2-stabilité linéaire, 'analyse de Fourier implique que la famille
d’opérateurs (£"),en est bornée quand elle agit sur £2(Z,C?) si et seulement si la fameuse condition de Von
Neumann est vérfiée :

d
o(%) = U NESH c{zeC, |z <1},
I=1

i.e. les courbes de valeurs propres des matrices d’amplification 5 (k) quand x € S! doivent se trouver dans le
disque unité fermé. Cette condition est généralement vérifiée en imposant une condition CFL sur le choix de v.

Afin d’étudier la ¢"-stabilité linéaire pour r € [1,+00], on impose généralement une condition plus stricte
que la condition de Von Neumann connue sous le nom de condition de dissipativité. Elle suppose I'existence d’un
entier 1 € N\ {0} et d’une constante ¢ > 0 tels que, pour tout & € [—m, 7]\ {0}, on ait que les valeurs propres
A (€%),..., Aq(e%) € C de la matrice d’amplification Fy(e'*) vérifient :

Vie{l,....,d}, |M(e®)]<1—ce (1.1.18)

En £ = 0, on remarque que (1.1.16) implique que X\;(1) = 1. La condition de dissipativité implique donc que les
courbes de valeurs propres des matrices d’amplification Fz(k) quand x € S* vont toucher le disque unité en 1
puis vont rentrer a U'intérieur du disque unité ouvert. Grace a cette hypothese de dissipativité, le probleme de
la £"-stabilité linéaire pour tout r € [1,+00] se ramene a regarder plus précisément le spectre de % au niveau
de 1. C’est cette partie de I’étude qui va nous pousser a nous concentrer sur les schémas aux différences finies
d’ordre impair.

x Article [Tho65] de Thomée et {"-stabilité linéaire pour tout r € [1, +0o0]

Dans la contribution fondamentale [Tho65] de Thomée, celui-ci caractérise, pour I’équation de transport
scalaire, ’ensemble des schémas aux différences finies consistants qui sont ¢"-stables pour tout r € [1, +00] (plus
précisément, il se concentre sur le cas r = +oo mais un schéma £>-stable est £"-stable pour tout r € [1, +00]).
Adaptée dans notre cadre, la condition de Thomée se traduit comme suit :

Hypothése 1.1. Pour toutl € {1,...,d}, on a :
Ve € SN\ {1}, |N(x)| < 1. (1.1.19)

De plus, on suppose qu’il existe un entier pn € N\ {0} et pour tout entier I € {1,...,d}, il existe un nombre
complexe [ d partie réelle strictement positive tels que :

M (e®) o exp(—ivy€ — BiE* + O(|¢|** 1)), (Condition de diffusivité) (1.1.20)
—
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FIGURE 1.1 — On représente le comportement en temps long des solutions u™ des schémas de Lax-Friedrichs
modifié (& gauche) et de Lax-Wendroff (& droite) approchant une équation de transport & vitesse positive (i.e.
f(u) = cu avec ¢ > 0). La condition initiale est un Dirac u? = 0p,; centré en 0. Puisque 'on étudie le cas d’une
EDP linéaire sans dépendance spatiale, le schéma est linéaire et comprendre le comportement en temps long
d’une condition initiale qui soit un Dirac fournit la solution fondamentale du schéma aux différences finies qui
permet de comprendre le comportement en temps long de la solution du schéma pour n’importe quelle condition
initiale. On voit apparaitre les caracteres diffusifs et dispersifs respectifs des schémas.

ot v, est défini par (1.1.16).

En combinant (1.1.19) et (1.1.20), on peut retrouver la condition de dissipativité (1.1.18) présentée précé-
demment. Sous cette hypotheése, on peut prouver que le semi-groupe associé a 'opérateur 2% est bornée lorsqu’il
agit sur £"(Z,C%) pour n’importe quel choix de r € [1, +oq].

On remarque que la condition de diffusivité (1.1.20) correspond & avoir une forme particuliere au dévelop-
pement limité du logarithme de la fonction A; en 1, ou tous les termes d’ordre 2 jusqu’a 2u — 1 doivent étre
nuls et ou le coefficient a l'ordre pair 2u doit avoir une partie réelle strictement positive. On prétend que cela
impose au schéma d’étre d’ordre 2y — 1 et donc en particulier d’étre d’ordre impair. Les schémas d’ordre pair,
tels que le schéma de Lax-Wendroff, font apparaitre dans le développement limité (1.1.20) des termes de la
forme ic€® ot ¢ est un réel non nul et k est un entier dans {2,...,2u — 1}. L’article [Tho65] de Thomée prouve
qu’en particulier, ces schémas ne sont pas ¢*°-stables.

Exemples de schémas aux différences finies conservatifs

Précisons deux exemples de schémas aux différences finies conservatifs :
— Le schéma de Lax-Friedrichs modifié correspond au choix de flux numérique :

flu) + f(uo)

Vv €]0,+oo[,Vu_1,ug € R, F(v;u_i,up) := 5

+ D(’U,_l — uo)

ou D € R. Pour avoir la stabilité de ce schéma au niveau des états constants, il nous faut choisir un ratio

fixe v := % et un coefficient D tels que :

1
Vuel, |f'(u)|<2D< =

Ce schéma est d’ordre 1 et fait apparaitre une viscosité numérique (voir Figure 1.1). Ce sera le schéma
exemple que l'on utilisera réguliérement a travers la these.
— Le schéma de Lax-Wendroff correspond au choix de flux numérique :

flu_1) + f(uo)
2

+ iy (57 ) (fum) - (o).

(1.1.21)
Au contraire du schéma de Lax-Friedrichs modifié, ce schéma ne fait pas apparaitre un comportement
diffusif mais plutdt un comportement qualifié de dispersif (voir Figure 1.1). En effet, c’est un schéma
d’ordre 2. Les résultats prouvés dans cette theése ne s’appliqueront pas a ce type de schémas, mais notons
que certains résultats sur les profils de choc totalement discrets se concentrent sur ces schémas.

Vv €]0, +oo[,Vu_1,ug € R, F(v;u_1,up):=
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1.2 Profils de choc totalement discrets

1.2.1 Définition et objectifs

Nous allons introduire la notion de profil de choc totalement discret. Ils sont dénommés "discrete shock
profiles" en anglais. Nous nous permettrons généralement 1’utilisation de l’abréviation DSP pour remplacer
"discrete shock profile' tout au long de la these. Ce seront les objets centraux de cette these.

Définition. Pour deux états ut,u~ € U et une vélocité s € R, un profil de choc totalement discret associé au
triplet (uT,u™;s) est une solution (u™),en € (U%)N du schéma numérique (1.1.6) de la forme :

VneN,Vj€Z, uj=U(j—svn) (1.2.1)
ou U : Z+ svZ — U vérifie
lim U(x) =u*. (1.2.2)
T—r T 00

Les profils de choc totalement discrets sont donc les solutions du schéma numérique (1.1.6) qui sont des ondes
progressives connectant deux états u~ et uT. La vitesse sv du profil de choc totalement discret correspond
essentiellement au nombre de cellules parcourues en un pas de temps. Pour une introduction relativement
exhaustive sur la notion des profils de choc totalement discrets, on renvoie a [Ser07].

Précisons quelques propriétés et remarques fondamentales liées a ces profils de choc totalement discrets :

— 11 est important de remarquer que ’existence et les propriétés d’un profil de choc totalement discret

associé & un triplet (u~,uT;s) sont trés dépendantes du choix du ratio v entre les pas de temps et
d’espace choisis pour le schéma numérique. Un profil de choc totalement discret pour un choix de v ne
sera pas nécessairement aussi un profil de choc totalement discret pour un autre choix de v. De plus,
il est relativement évident que la définition des profils de choc totalement discrets differe en fonction
de la rationalité du parametre sv. On parlera de profil de choc totalement discret a vitesse rationnelle
quand sv € Q et a vitesse irrationnelle quand sv ¢ Q. Dans le cas des profils de choc totalement discrets
a vitesse irrationnelle, ’ensemble Z + svZ est dense dans R. Généralement, dans le cas des vitesses
irrationnelles, on demandera alors a la fonction U associée au profil de choc totalement discret d’étre
définie sur R entier et d’étre (au moins) continue.

— Par Pexpression (1.1.6) de l'opérateur d’évolution N, la définition des profils de choc totalement discrets

se ramene essentiellement & la recherche des fonctions U : Z + svZ — U vérifiant (1.2.2) et qui soient
solutions de :

Yy € 7 + svZ,
Uly—-sv)=Uy) —v(FwUly—p+1),....U(y+q) - F(w;U(ly —p),...,Uly+q—1))). (1.2.3)

Dans son habilitation & diriger la recherche [Ben98], Benzoni-Gavage prouve que, pour un schéma consis-
tant, dans le cas des profils de choc totalement discrets a vitesse rationnelle, en sommant intelligemment
(1.2.3), on retrouve que les états u~,u™ et la vélocité s associés & un profil de choc totalement discret
doivent vérifier la condition de Rankine Hugoniot (1.1.4). Dans [Ser07], cet argument est présenté a nou-
veau et est étendu au cas des profils de choc & vitesse irrationnelle en intégrant plutét qu’en sommant.
L’argument essentiel de la preuve dans les deux cas est 'utilisation de la condition de consistance (1.1.9).
La conclusion de cette observation est que les profils de choc totalement discrets ne peuvent exister que
pour des chocs qui sont des solutions faibles du systéme de lois de conservation avec lequel le schéma est
consistant. C’est en réalité relativement logique lorsque 'on met cette observation en paralléle avec le
théoreme de Lax-Wendroff qui énongait sensiblement la méme chose : les chocs qui peuvent étre appro-
chés par un schéma aux différences finies conservatifs consistants avec (1.1.1) sont ceux qui vérifient la
condition de Rankine-Hugoniot (1.1.4).

— La these va se concentrer en particulier sur les profils de choc totalement discrets stationnaires, qui seront
donc associés aux chocs stationnaires du systeme de lois de conservation d’apres la remarque ci-dessus.
Ceux-ci ont une forme particuliére car ils correspondent aux points fixes de 'opérateur (1.1.7) d’évolution
N reliant deux états, i.e. ce sont les suites (u;) ez telles que

im uy =ut et N((uy)jez) = (u5)jez.
j—+oo
On remarque que Iéquation (1.2.3) devient dans le cas des profils de chocs totalement discrets station-
naires :
VieZ, F (V; Uj—ptls-- -, uj_,_q) =F (V; Uj—py -« - ,u_j+q_1) s

i.e. la suite (F (V;uj—p,. .., Uj+q—1))yez €St constante.



1.2. Profils de choc totalement discrets 10

T = —— 4

=10 -5 0 5 10

FIGURE 1.2 — Un exemple de profils de choc totalement discrets stationnaires. La loi de conservation est
I’équation de Burgers, le schéma aux différences finies est le schéma de Lax-Friedrichs modifié avec v = 0.5 et
D = 1/6 et le choc stationaire a pour états u~ = 1 et uT = —1. La solution en rouge est un profil de choc
totalement discret ainsi que tous les profils en bleu. Il existe un continuum de profils de choc totalement discrets.
De plus, en se concentrant sur le profil en rouge, on remarque que la transition entre les deux états limites u™
et u" est essentiellement contenue dans un nombre fini de cellules.

Précisons que des observations similaires peuvent étre faites pour les profils de choc totalement discrets a
vitesses rationnelles en itérant le schéma numérique, mais au prix d’une augmentation notable du nombre
de parametres a prendre en compte.

Dans la Figure 1.2, on représente un exemple de profils de choc totalement discrets stationaires. Faisons
deux remarques a ce stade :

— On remarque que, pour un profil de choc totalement discret, la transition entre les deux états du choc est
généralement contenue dans un nombre "raisonnable" de cellules. Il est en effet cohérent de s’attendre a
une convergence exponentielle de la fonction U vers les états limites pour les chocs non-caractéristiques.
Ainsi, en termes de parameétres temporels et spatiaux ¢ et x, la transition entre les deux états v~ et u™
est confinée dans une bande de taille O(Az). La discontinuité est donc bien capturée.

— Pour les chocs de Lazx, qui seront les chocs étudiés dans cette these, on prouve généralement non pas
I’existence d’un unique profil de choc totalement discret associé a ce choc mais d’une famille continue
de tels profils. Nous parlerons plus en détail de la théorie de l'existence des profils de choc totalement
discrets ci-dessous. Précisons cependant que dans le cadre particulier des chocs sous-compressifs (qui ne
sera pas considéré dans cette thése), on prouve au contraire 'existence de profils de chocs totalement
discrets isolés.

Revenons a la problématique qui nous occupe depuis le début de cette introduction. Notre objectif est de
démontrer que, pour tout choc solution faible de (1.1.1) répondant & des conditions d’admissibilité appropriées
(essentiellement liées a la stabilité du choc pour le systéme de lois de conservation), il existe une famille de
profils de choc totalement discrets qui présentent également des propriétés de stabilité satisfaisantes. Ainsi, les
thématiques de recherche sur les profils de choc totalement discrets se scindent en deux directions distinctes :
Iexistence de ces profils et leur stabilité. Bien que cette theése se concentre principalement sur la seconde
direction, nous aborderons tout d’abord brievement les résultats connus en matiere d’existence de profils de
choc totalement discrets.

1.2.2 Existence de profils de choc totalement discrets

Dans cette section, nous allons présenter certains des résultats connus sur l’existence des profils de choc
totalement discrets. On notera dorénavant v~ et u™ les états caractérisant un choc et s sa vélocité. On supposera
d’ailleurs toujours que la condition de Rankine-Hugoniot (1.1.4) est vérifiée.

Le résultat de Jennings [Jen74] pour les schémas monotones

Dans son article fondamental [Jen74] sur les profils de choc totalement discrets, Jennings prouve un résultat
d’existence dans le cas des lois de conservation scalaires (i.e. d = 1) et pour les schémas aux différences finies
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monotones. Ce sont les schémas numériques (1.1.7) dont le flux numérique F' vérifie que la fonction :
(U—pyevyug) € RPYIM s g — U (F (Wsu_pi1, .y uy) — F(Viu_p, .. uq—1)) €R

est croissante en fonction de chacune de ses variables. Plus précisément, pour les chocs vérifiant la condition de
Rankine-Hugoniot et la fameuse condition d’entropie d’Oleinik définie par :
flw) = fuh)  flu) — fu’)

— ot
Yu €lu”, uT, T ST e

si 'on considére une valeur @ dans l'intervalle Ju™, u™ [, alors il existe un unique profil de choc totalement discret
qui vaut w en n = 0 et j = 0. De plus, le profil de choc totalement discret dépend contintiment de u. Ce résultat
a essentiellement deux avantages :

— 11 s’applique pour des chocs de n’importe quelle amplitude. Comme on va le voir par la suite, une
des limites récurrentes liées aux résultats sur les profils de choc totalement discrets sera le fait qu’ils
s’appliquent généralement dans le cadre des chocs de faible amplitude.

— Le résultat tient pour des profils de choc totalement discrets & vitesse rationnelle ou irrationnelle. Les
résultats d’existence et de stabilité dans ce second cadre sont rares. Précisons cependant que la preuve
de Jennings était fausse pour les profils de choc totalement discrets a vitesse irrationnelle. Une preuve
correcte a été donnée plus tard par Serre dans [Ser04].

Cependant, il est impossible de passer outre les fortes limitations du résultat de Jennings. En effet, le cadre
qu’il considere est particulierement favorable pour faire son étude, mais aussi extrémement limité. La preuve
repose entierement sur la monotonie du schéma considéré. Précisons que les schémas monotones consistants sont
d’ordre 1 mais que la réciproque est fausse (voir [LeV92]). Il est inenvisageable de ’étendre pour des schémas
aux différences conservatifs plus généraux (méme les schémas d’ordre 1) et encore moins pour étudier le cas des
systémes de lois de conservation (i.e. d > 1).

Le résultat de Smyrlis [Smy90] et discussion sur la paramétisation des profils de choc totalement
discrets dans le cas scalaire d =1

Précisons qu’il est parfois possible de construire explicitement des profils de choc totalement discrets pour
certains schémas aux différences finies. C’est typiquement le cas du schéma de Lax-Wendroff. En effet, si 'on
considére un choc stationnaire (i.e. s = 0) vérifiant la condition de Rankine-Hugoniot (1.1.4), alors la suite
(uj)jez définie ci-dessous est un profil de choc totalement discret stationnaire (i.e. un point fixe de 'opérateur
N définie par (1.1.6)) :

. u- sig<—1
VieZ, uj::{u+ sijZO.’

Dans [Smy90], Smyrlis se concentre sur le schéma de Lax-Wendroff pour les lois de conservation scalaires.
Pour les chocs de Lax stationnaires (i.e. s = 0) d’amplitude quelconque, il prouve en utilisant la remarque
présentée ci-dessus l'existence d’une famille continue de profils de choc totalement discrets associée au choc
(u~,u"). De plus, il paramétrise cette famille de fagon élégante avec une notion "d’exceés de masse'. Nous
qualifions cette paramétrisation d’élégante car elle repose sur le caracteére conservatif des schémas et surtout car
cette paramétrisation jouera un rdle important dans la stabilité des profils de choc totalement discrets. Cela
sera discuté dans la section suivante.

Le résultat de Smyrlis a, comme pour le résultat de Jennings, plusieurs limites. En particulier, il ne s’applique
que dans le cas scalaire et seulement pour le schéma de Lax-Wendroff. Cependant, la fameuse paramétrisation
par exces de masse est tres intéressante. En effet, dans le Chapitre 5 de cette these, dans la Section 5.1.4, nous
retrouvons cette paramétrisation dans le cas scalaire pour des schémas aux différences finies conservatifs qui
exhibent cette fois un caractere diffusif. Ce n’est pas un résultat central de cette thése mais potentiellement une
remarque intéressante.

Les résultats de Majda-Ralston [MR79] et de Michelson [Mic84] dans le cas sytéme pour les
vitesses rationnelles

Parlons maintenant des résultats d’existence des profils de choc totalement discrets dans le cas des systemes
de lois de conservation. Le résultat de Majda-Ralston [MR79], qui a été ensuite généralisé par Michelson dans
[Mic84], se concentre sur les profils de choc totalement discrets & vitesse rationnelle et associés a des chocs de
Lax. Pour des schémas & comportement visqueux (plus précisément d’ordre de consistance 1 dans [MR79] et plus
généralement d’ordre 1 et 3 dans [Mic84]), ces articles énoncent des résultats d’existence de familles continues
de profils de choc totalement discrets. Cependant, ils imposent que les chocs soient de faible amplitude. Plus
précisément si la vitesse sv s’écrit comme % avec p € Z et ¢ € N\ {0}, alors Pamplitude du choc doit étre
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petite vis-a-vis de %. Cette condition de faible amplitude est une conséquence de la preuve utilisée qui repose
sur l'utilisation du théoréme de la variété centrale (voir [Bre07]). Précisons qu’il n’est pas envisageable d’écrire
un résultat aussi général sur l'existence des profils de choc totalement discrets pour des chocs d’amplitude
quelconque.

Le résultat de Liu et Yu [LY99a] dans le cas systéme pour les vitesses irrationnelles

Comme dit plus haut, le cas des profils de choc totalement discrets a vitesse irrationnelle est particulierement
compliqué car la preuve utilisant le théoréme de la variété centrale ne pourra pas fonctionner dans ce cas. Si ce
n’est le résultat de Jennings [Jen74] qui s’applique dans le cadre des lois de conservation scalaires et pour les
schémas aux différences finies conservatifs monotones, le résultat principal connu pour des vitesses irrationnelles
est celui de [LY99a] par Liu et Yu qui s’applique dans le cas systéme et pour un choix particulier de schéma
de Lax-Friedrichs modifié. Leur résultat d’existence porte sur les chocs de Lax de faible amplitude et lorsque la
vitesse sv vérifie une condition dite Diophantienne qui signifie qu’il existe des constantes C' et v positives telles
que :

Vp € Z,Vq € N\ {0},

C
S,,_p\>.
q q*

Cette condition implique que la vitesse sv est "mal" approchée par les rationnels.

1.2.3 Résultats connus sur la stabilité des profils de choc totalement discrets

Maintenant que I'on a présenté des résultats d’existence liés aux profils de choc totalement discrets, venons
en au coeur de la theése qui concerne les résultats de stabilité. Pour présenter les choses plus clairement, on
considerera dans cette section un choc de Lax stationnaire et on notera les états de part et d’autre de la
discontinuités ut et u~. De par les résultats d’existence de la section précédente, il semble raisonnable de
supposer qu’il existe une famille & un parametre (65)56], a,a[ de profils de choc totalement discrets stationnaires
associés a ce choc. En particulier, puisque 1'on s’est placé dans le cas stationnaire, les suites @ sont des points
fixes de V. Essentiellement, ’existence d’une famille continue de profils de choc totalement discrets pouvant
approcher le méme choc implique que la notion raisonnable de stabilité a introduire sera la notion de stabilité
orbitale. Les résultats que 'on peut espérer prouver auront l'allure suivante, ou X et Y désignent des espaces
vectoriels normés :

Théoréme. II existe une constante € positive telles que si l’on considére une perturbation initiale h® € X telle
que
1% <=,

alors la solution (u™)nen du schéma numérique (1.1.7) pour la condition initiale u® = u° + h° est bien définie
pour tout n € N et de plus, on a :

— 0. (1.2.4)

min Hun —ﬂ‘sH
Y n—-+4o0o

se]-ALA[

Les résultats de ce type sont appelés résultat de stabilité orbitale nonlinéaire. 11 nécessite d’identifier des
espaces normés X et Y convenables tels que si I’on perturbe un profil de choc totalement discret avec une
perturbation h° assez petite dans X, alors la solution du schéma numérique (1.1.7) qui en découle est bien
définie en tout temps n € N et tend a rester proche de la famille des profils de choc totalement discrets ou méme
a converger vers I'un d’entre eux. La Figure 1.3 représente exactement ce comportement. Précisons qu’il n’est
pas trivial que la solution (u"),en du schéma numérique (1.1.7) initialisé par u® := @° + h? soit bien définie
pour tout n € N. En effet, il est tout & fait possible qu'un mauvais choix de perturbation initiale h° implique
que la solution du schéma numérique sorte du domaine de définition UZ de I'opérateur N d’évolution du schéma
(1.1.7), i.e. il peut exister un temps n € N et un entier j € Z tel que uj ¢ U.

Une partie non négligeable des articles présentés dans la section précédente prouvent des résultats de stabilité
nonlinéaire orbitale en plus des résultats d’existence des profils de choc totalement discrets que ’on a présentés.

e Dans la continuité de leur résultat d’existence, Liu et Yu ont prouvé dans [LY99b] un résultat de stabilité
nonlinéaire sur les profils dans le cas systéme de lois de conservation pour profils de choc totalement discrets a
vitesse irrationnelle. Ce résultat constitue d’ailleurs le seul résultat connu de stabilité sur ce type de famille de
profils de choc totalement discrets.

e On rappelle que les résultats de Jennings [Jen74] et de Smyrlis [Smy90] se concentraient sur les profils de
choc totalement discrets dans le cas des lois de conservations scalaires, bien qu’ils considéraient des schémas
numériques tres différents, 1'un se focalisant sur les schémas monotones et 'autre sur le schéma de Lax-Wendroff.
Chacun dans leurs articles respectifs prouve de plus un résultat de stabilité orbitale nonlinéaire. Le résultat de
Jennings [Jen74, Théoréme 2| s’applique pour les chocs de Lax et pour les profils de choc totalement discrets
a vitesse rationnelle (ce qui est moins général que pour son résultat d’existence). Les perturbations qui sont
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FIGURE 1.3 — Un exemple numérique de stabilité orbitale d’un profil de choc totalement discret. Sur 'image
de gauche, on représente en bleu un profil de choc totalement discret @° et en rouge une perturbation du profil
discret u” := @° 4+ hY. Les images suivantes représente 1’évolution dans le temps de la solution u” du schéma

numérique (1.1.7). On voit qu’en temps long, la suite (u™),en converge vers un autre profil de choc totalement
discret associé au méme choc, i.e. la distance entre u™ et la famille des (ué)ge]_AvA[ tend vers 0.

permises sont mesurées dans la norme ¢! ce qui est une condition relativement faible. Rappelons cependant
que le cadre dans lequel Jennings travaille est particulierement favorable et lui permet de prouver un résultat

de stabilité aussi fort. Cela n’est pas le cas du résultat de Smyrlis [Smy90, Théoréme 4.1] qui impose des

perturbations qui doivent appartenir & des espaces ¢! & poids exponentiel. Il s’agit donc d’'un cadre fonctionnel
beaucoup plus restreint.

Résultats sur les profils discrets a vitesse rationnelle pour les systémes de lois de conservation

Les résultats présentés ci-dessus traitent de cas trés particuliers. En effet, le résultat [LY99b] ne s’applique
que pour les profils de choc totalement discrets associés a une vitesse irrationnelle. C’est un cas particulier

extrémement complexe a traiter et cette thése ne se préoccupera pas d’essayer d’étendre des résultats dans cette
voie. D’'un autre coté, les résultats de Jennings [Jen74] et Smyrlis [Smy90] ne s’appliquant que pour les profils
de choc totalement discrets de lois de conservation scalaires, on comprend aisément que de fortes limitations en
terme d’applications concreétes de ces résultats sont & anticiper. En effet, la plupart des phénomeénes physiques
approchés par des EDP de la forme (1.1.1) font intervenir plusieurs variables conservées qui interagissent entre
elles, ce qui nécessite de trouver des résultats qui ne s’appliquent pas seulement au cas des lois de conservation
scalaires, mais bien dans le cas des systémes de lois de conservation.

Nous allons donc maintenant mettre en avant quelques résultats supplémentaires qui s’appliquent particulie-
rement aux systémes de lois de conservation et pour des profils de choc totalement discrets a vitesse rationnelle
associés a des chocs de Lax.

e Dans [LX93b; LX93a], Liu et Xin prouvent des résultats de stabilité nonlinéaire sur les profils de choc
totalement discrets dans le cas des systémes de lois de conservation pour le choix particulier du schéma de Lax-
Friedrichs modifié et pour des chocs de faible amplitude. L’article [LX93a] se concentre initialement sur les profils
de choc totalement discrets stationnaires avant d’étre généralisé pour les profils discrets a vitesse rationnelle
dans [LX93b]. Les deux articles imposent aux perturbations initiales d’étre petites dans un espace 2 & poids
polynomial. Précisons qu’une telle condition est relativement raisonnable comparée a d’autres résultats tels

que celui de Smyrlis [Smy90] qui peuvent imposer des décroissances exponentielles sur les conditions initiales.

Cependant, il est aussi imposé dans [LX93a; LX93b] aux perturbations initiales h® d’étre de masse nulle, i.e.

0
> hd=o. (1.2.5)
JEL
Le résultat obtenu est alors la convergence de la solution du schéma numérique vers le profil discret initial dans
toutes les normes ¢P. La condition de masse nulle (1.2.5) impose la convergence vers le profil discret initial et
non pas vers 'un des autres profils discrets de la famille continue qui est associée aux états limites du choc. Un

résultat similaire est prouvé par Ying dans [Yin97] concernant les profils de choc totalement discrets a vitesse

initiales.

rationnelle pour le schéma de Lax-Friedrichs en retirant 'hypothése (1.2.5) de masse nulle sur les perturbations

e Enfin, on cite le résultat [Mic02] par Michelson. Il prouve que les chocs de Lax stationnaires de faible am-
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plitude admettent des profils totalement discrets vérifiant une propriété de stabilité nonlinéaire. La convergence
de la solution perturbée u™ obtenue est exponentielle en norme ¢P. La preuve repose sur la stabilité de certaines
ondes visqueuses pour des problémes scalaires qui restreignent le résultat aux schémas d’ordre de consistance 1
ou 3.

1.3 Contribution de la these sur la stabilité des profils de choc to-
talement discrets (Chapitres 4 et 5)

1.3.1 Objectif initial de la these

Limitations des résultats connus de stabilité nonlinéaire et question ouverte de [Ser07]

Dans cette these, nous allons nous concentrer sur les profils de choc totalement discrets a vitesse rationnelle
(et méme plus particulierement au cas des profils discrets stationaires) associés & des chocs de Lax. Comme
nous l’avons dit plus tot, le cas des profils discrets a vitesse irrationnelle est particulierement ardu et ne sera
pas considéré ici.

Comme présenté dans la Section 1.2.3, la plupart des résultats de stabilité nonlinéaire qui ont été prouvés

font intervenir de multiples limitations. Sil’on devait les classifier, les limitations majeures seraient les suivantes :

— Certains résultats tels que celui de Jennings [Jen74] ou encore de Smyrlis [Smy90] ne s’appliquent que
dans le cadre des lois de conservation scalaires, et les preuves ne peuvent étre étendues au cas des systemes
de lois de conservation. Comme précisé précedemment, il serait intéressant de prouver des résultats dans
le cas des systemes de lois de conservation car ce sont généralement ceux qui apparaissent pour modéliser
des situations physiques.

— Une partie des résultats est réalisée pour des choix spécifiques de schémas aux différences finies. On peut
par exemple citer le résultat de Smyrlis [Smy90] qui se concentre sur le schéma de Lax-Wendroff, les
résultats [LX93a; LX93b] de Liu et Xin qui se concentrent sur le schéma de Lax-Friedrichs modifié ou
encore le résultat [Yin97] qui considere le schéma de Lax-Friedrichs. Il serait intéressant de prouver des
résultats de stabilité des profils de choc totalement discrets qui fonctionnent pour de larges familles de
schémas aux différences finies conservatifs. Plus précisément, il serait préférable de prouver un résultat
valable pour des schémas d’ordre de consistance (potentiellement) élevé.

— Pour les résultats qui s’appliquent dans le cas des systémes de lois de conservation, les résultats ne
s’appliquent généralement que pour les profils de choc totalement discrets approchant des discontinuités
de faible amplitude (voir [LX93a; LX93b; Yin97; Mic02]). C’est un cadre qui est & premiére vue rela-
tivement logique car les chocs de Lax vraiment non-linéaires sont des solutions entropiques de (1.1.1)
lorsqu’ils sont de faible amplitude. De plus, les résultats d’existence de profils de choc totalement discrets
[MR79; Mic84] reposent sur cette condition de faible amplitude des discontinuités approchées. Il serait
cependant préférable d’étendre I’étude aux profils de choc totalement discrets approchant des disconti-
nuités d’amplitude quelconque. Précisons que cela remet en question le fait de se concentrer sur les chocs
de Lax. Une problématique non traitée dans la thése viserait a généraliser cette étude au cas des chocs
sur- et sous-compressifs (i.e. ol la différence entre p* et p~ prend des valeurs différentes dans (1.1.5)).

L’objectif initial de la these était donc de prouver un résultat de stabilité non-linéaire qui éviterait le plus

possible les limitations décrites ci-dessus. Plus précisément, le but est d’obtenir une réponse la plus convaincante
possible a la question ouverte suivante :

Question ouverte [Ser07, Open Question 5.3] : On se place dans le cadre des systémes de lois de conser-
vation et 'on considére un schéma conservatif auzx différences finies qui introduit de la viscosité numérique.
Pour un choc de Lax stationnaire, on suppose ’existence d’une famille continue de profils de choc totalement
discrets (Ué)ge}_A7A[. On suppose que chacun des profils discrets W est spectralement stable. Prouver la

stabilité nonlinéaire de la famille de profils discrets (E‘S)(;e]_AﬁA[.

Remarque. La question ouverte [Ser07, Open Question 5.3] impose plus spécifiquement que la famille de profils
discrets soit issue d’un profil continu U : R — U, c’est-a-dire qu’elle soit de la forme :

Vs ERNVj€Z, u,=U(j+9).

Nous n’imposerons pas cette restriction sur les profils considérés dans la these.

Revenons sur quelques points intéressants autour de cette question. Tout d’abord, on remarque qu’une
réponse a cette question éviterait les limitations citées plus haut. L’hypotheése de faible amplitude qui était
introduite régulierement dans les résultats de stabilité nonlinéaire cités précédemment a cette fois été remplacée
par une hypothese de stabilité spectrale. Cette hypothese impose essentiellement que le spectre du linéarisé de
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I'opérateur d’évolution A au niveau du profil discret @’ (qui est un point fixe de A dans le cas stationnaire
considéré ici) ne contienne pas de valeurs propres de module supérieur ou égal a 1 autre que 1. Cette définition
de la stabilité spectrale n’est que partielle et cette hypothese sera détaillée plus en détails un peu plus tard.

Méthodologie pour répondre a la question ouverte

La méthodologie pour aboutir au résultat de stabilité nonlinéaire attendu est relativement claire. Elle peut
étre séparée en deux étapes :

1. Stabilité spectrale = Stabilité linéaire :
Les différentes hypothéses introduites sur le profil discret et le schéma (choc de Lax, schéma aux diffé-
rences finies introduisant de la viscocité,...) ainsi que ’hypothése de stabilité spectrale implique que le
linéarisé de 'opérateur N au niveau du profil de choc totalement discret satisfait certaines propriétés
spectrales. L’objectif est de traduire ces propriétés spectrales en estimées de décroissance fines pour le
semi-groupe associé au linéarisé au niveau du profil de choc totalement discret.

2. Stabilité linéaire = Stabilité nonlinéaire :

Sous réserve que les estimées obtenues sur le semi-groupe associé au linéarisé au niveau du profil discret
soient assez fines, on espere qu'’il soit ensuite possible d’utiliser ces estimées pour boucler un argument
de stabilité nonlinéaire.

Ce schéma de preuve n’est bien entendu pas nouveau et a été utilisé a de multiples reprises dans d’autres
contextes. On peut par exemple citer [ZH98; MZ03] qui traitent de la stabilité nonlinéaire des chocs visqueux
et [MZ02] du cas des chocs de relaxation, ou encore [BHRO03; Bec+10] qui traitent d’'un probléme trés proche
de celui que 'on étudie dans cette these : la stabilité nonlinéaire des approximations semi-discrétes des chocs de
systemes de lois de conservation. Essentiellement, les chapitres de la thése se séparent eux aussi selon les deux
étapes présentées ci-dessus.

1. Les Chapitres 2, 3 et 4 traitent du passage de propriétés spectrales d’opérateurs linéaires a des estimées
fines sur les fonctions de Green associées a ces opérateurs. En restant sur le theme de la stabilité des
profils de choc totalement discrets, le point d’orgue est I’obtention du Théoréme 4.1 du Chapitre 4 qui
donne essentiellement, dans le cadre des systémes de lois de conservation et pour une famille de schémas
aux différences finies conservatifs assez large, des estimées fines sur la fonction de Green du linéarisé
au niveau d’un profil de choc totalement discret associé & un choc de Lax stationnaire, sous réserve que
celui-ci vérifie la fameuse condition de stabilité spectrale. Précisons que les Chapitres 2 et 3 ne traitent pas
a proprement parler du probleme de la stabilité des profils de choc totalement discrets mais ils constituent
des étapes préliminaires importantes dans l'aboutissement de ce programme. Ils présentent par ailleurs
des liens avec d’autres problémes sur lesquels nous reviendrons. Ils partagent de plus les mémes outils
mathématiques que 'on détaillera plus tard.

2. Le Chapitre 5 est consacré au passage des estimations sur la fonction de Green obtenues dans le Théoreme
4.1 du Chapitre 4 a un résultat de stabilité nonlinéaire. Cela correspond au Théoréme 5.1 qui répond
partiellement & la question ouverte [Ser07, Open Question 5.3]. Le résultat de stabilité nonlinéaire du
Théoreme 5.1 a cependant deux limitations importantes : Il ne s’applique pour l'instant que pour les
lois de conservation scalaires et pour des perturbations de masse nulle. Cependant, la Section 5.1.4 du
Chapitre 5 présente une discussion détaillée de ces limitations pour justifier qu'un résultat plus général
que le Théoreme 5.1 peut étre prouvé, ou les deux limitations présentées ci-dessus n’interviendraient pas.

L’article [God03] et la thése [Laf01] de Lafitte-Godillon

Avant de passer a une description plus précise des résultats de la présente these, il nous faut parler de I’article
[God03] et de la these [Laf0l] de Lafitte-Godillon qui, au sein de la présente theése, joueront un rdle central.
En effet, au cours de sa these, Lafitte-Godillon s’était d’ores et déja attelée a la tache de prouver le passage de
I’hypothese de stabilité spectrale sur un profil de choc totalement discret associé a un choc de Lax statonnaire
vers des estimées sur la fonction de Green du linéarisé du schéma au niveau du profil discret. Le résultat
obtenu sur la fonction de Green dans [God03] ne semblait malheureusement pas assez précis pour conclure un
argument de stabilité nonlinéaire et était limité au cas du schéma de Lax-Friedrichs. Essentiellement, le résultat
du Chapitre 4 sera une amélioration du résultat de [God03] qui permettra enfin de conclure un argument
nonlinéaire. Cependant, il est important de remarquer que beaucoup des outils qui seront utilisés dans cette
these sont directement inspirés ou méme issus de [God03] et [Laf01].

Dans la suite de cette introduction, nous proposons donc de rentrer plus dans le détail sur les résultats des
chapitres que 'on a cités ci-dessus en respectant la séparation entre les deux parties de preuve que nous avons
identifiées.
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1.3.2 Linéarisé du schéma au niveau du profil discret et étude spectrale

Fixons les principaux objets et les principales hypotheses qui interviendront par la suite.

— On considérera dorénavant un choc de Lax stationnaire dont les états a gauche et a droite de la discon-
tinuité sont respectivement notés v~ et ut.

— Le schéma aux différences finies conservatif étudié est d’ordre impair et introduira de la viscosité au
niveau des états constants u~ et u™ dans le sens défini dans 'Hypothése 1.1 du paragraphe "Stabilité
du linéarisé au niveau des constantes" de la Section 1.1.2. On peut donc observer des comportements
numériques paraboliques d’ordre élevé, et non pas seulement des viscosités numériques que 1’on trouve
pour les schémas d’ordre 1.

— On suppose qu’il existe un profil de choc totalement discret associé a la discontinuité que ’on note uw*
qui converge exponentiellement vite vers ses états limites u* et ™. On utilisera par moment une famille
dérivable selon § de profils discrets (H‘s) se]-a,A[ qui lui sera associée. Les théoremes ne nécessiteront pas
cette famille mais nous I'utiliserons afin d’illustrer certaines observations importantes.

Linéarisé du schéma au niveau du profil @°

On linéarise Popérateur d’évolution discret A/ au niveau du profil de choc totalement discret u° et I’on définit
alors I'opérateur bornée . agissant sur ¢ (Z, C?) avec r € [1, +o0o] par :

a
Vh e 0'(Z,CY),Vj € Z, (ZLh);= Y Ajrhjix, (1.3.1)
k=—p
oupour j€EZet ke {—p,...,qg— 1}, on commence par définir la matrice :

B i=v0, F (viuw,_,,..., 0, , 1) € Ma(R)

puis pour j € Z and k € {—p,...,q} :

—Bjt1,4-1 si k=g,
Aj,k: = ij—P si k= —D,
5k70]d + Bj7k — Bj+1,k_1 sinon.

On remarque que la convergence du profil de choc totalement discret a U'infini vers les états limites :

up = ut
j—+oo
implique que les matrices A;  vérifient : N
Ay — A} 1.3.2
Jik jodoo R ( )

ou les matrices A}gi sont définies par (1.1.14). Cette remarque nous permet essentiellement de conclure que
le "comportement & 'infini" de l'opérateur linéaire .Z est le méme que celui des opérateurs .Z,+ définis par
(1.1.13). Le linéarisé de N autour d’un état constant apparait donc de fagon naturelle dans I’étude des profils
de choc totalement discrets, et c’est ceci qui motivera I’étude du Chapitre 2 ci-apres.

Etude du probléme aux valeurs propres de I'opérateur .Z et réécriture en systéme dynamique

Comme nous l'avons dit plus tot, le point central de I'analyse produite dans cette thése repose sur une
compréhension précise des propriétés spectrales de 'opérateur linéarisé .Z et sur la traduction de ces propriétés
spectrales en estimations sur la fonction de Green associée a l'opérateur .. Pour ce faire, il faut étudier le
probléme aux valeurs propres associé a 'opérateur .Z, c’est-a-dire chercher les éléments u € £2(Z,C?) tels que :

(zldp2 — L)u=0 (1.3.3)

pour z € C. L’étude de ce type de probléme est en réalité bien connue de par la forme de 'opérateur £ défini
par (1.3.1). En s’inspirant de ce qui se fait dans le cadre de I’étude des linéarisations d’EDPs nonlinéaires au
niveau d’ondes progressives (voir [KP13, Section 3] pour plus d’informations), I'idée est de se rendre compte
que le probléme aux valeurs propres (1.3.3) se ramene essentiellement & chercher les solutions d’un systéme
dynamique discret homogene de la forme :

Vj e Z, Wj+1 = Mj(Z)Wj (134)
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Ujtq—1
VieZ, W;:= : e Ccdlrta), (1.3.5)
Uj—p
Les matrices M;(z) € Mg(p4q)(C) sont des matrices par blocs explicites faisant intervenir les matrices A; ;. de
la définition de l'opérateur linéarisé .£. Faisons quelques remarques importantes :

— Si z € C est une valeur propre de .Z, alors il existe une suite u € £2(Z,C?%) qui soit solution non nulle de
(1.3.3). Cela implique alors qu'’il existe une solution (W) ,cz non nulle du systéme dynamique (1.3.4) qui
converge 0 en +00 et en —oo. Il se trouve que le sens réciproque est aussi vrai pour beaucoup de z € C.
Ceci nous pousse donc a introduire les ensembles Eoi(z) des solutions du systéme dynamique (1.3.4) qui
tendent respectivement vers 0 en +0o et en —oo :

EX(z):= {Wo € CPHId (W) ez solution de (1.3.4) telle que W; — O} . (1.3.6)

j—too

De plus, pour la plupart des z € C, si Wy € ESE (2), on prouve que la solution (W;);ez (1.3.4) converge
exponentiellement vite vers 0. On a alors que z est une valeur propre de . si et seulement si Ef (2)NE; (2)
n’est pas réduit a 0. Précisons que pour une grande partie des z € C, les solutions (W;);ez de (1.3.4)
associées a Wy € ESE (z) vont converger exponentiellement vite vers 0 quand j tend vers +oo.

— On remarque que la limite (1.3.2) implique que les matrices M;(z) convergent vers des matrices M*(2)
quand j tend vers U'infini. Cela nous permet de dire que le systéme dynamique (1.3.4) peut étre vu comme
une perturbation des systémes dynamiques

VieN, Wy=M (o)W, (1.3.7a)
Vj € =N, Wj+1 = M_(Z)WJ (137]3)

De plus, les solutions du systéme dynamique (1.3.7a) tendant vers 0 en +oo sont données par l’espace
des vecteurs propres "généralisés" stables Es(M™(z)) de Mt (z). Il en est de méme pour les solutions
tendant vers 0 de (1.3.7b) et l’espace des vecteurs propres "généralisés" instables E, (M ~(z)) de M~ (z).
Or, on connait des résultats (en particulier [Kre68]) qui nous permettent de déterminer le spectre des
matrices M*(z). On connait donc explicitement les solutions tendant vers 0 des systémes dynamiques
(1.3.7a) et (1.3.7b).
Essentiellement, & partir de ce moment, ’étude du probléme aux valeurs propres (1.3.3) se raméne & trouver
comment lier les deux observations ci-dessus. Typiquement, puisque le systéme dynamique (1.3.4) est une
perturbation du systéme dynamique (1.3.7a), on peut s’attendre & ce que les dimensions des espaces EO+ (2) et
Es(M*(2)) soient les mémes et que 1’on puisse construire une base de E; (z) & partir des éléments de E(M T (2)).
Le méme genre d’idées est vrai pour E; (z).

Une partie importante de l'article [God03] et des deux derni¢res chapitres de la these [Laf01] de Lafitte-
Godillon visait a formaliser ce lien. Les deux choses importantes qui peuvent en étre tirées (que ’on ne va pas
détailler dans cette introduction) sont :

— La notion de dichotomie géométrique qui vise a exhiber des projecteurs projetant sur les espaces Eoi(z)

— La construction de bases des espaces Eoi(z) qui permettent ultimement la construction d’une fonction

d’Evans. Cette fonction d’Evans jouera le méme role que le polynéme caractéristique pour une matrice.
C’est une fonction holomorphe s’annulant au niveau des valeurs propres de 'opérateur Z.
Dans le Chapitre 4 de la présente these, nous allons réintroduire ces différents résultats prouvés par Lafitte-
Godillon dans [Laf01; God03] et parfois les améliorer.

Résultat sur le spectre de .Z et hypothése de stabilité spectrale

A Taide des résultats obtenus sur le probléme aux valeurs propres (1.3.3) que V'on a présentées dans la
section précédente, il est possible d’obtenir des informations importantes sur le spectre de l'opérateur .Z. En
particulier, & l’aide de la fameuse dichotomie géométrique formalisée par Lafitte-Godillon dans sa theése [Laf01],
Serre prouve dans [Ser07, Theorem 4.1] que le spectre essentiel de l'opérateur £ ne peut pas se localiser dans
la composante connexe non bornée de C\ (¢(Z,+)Uc(Z,-)) (zone grise sur la Figure 1.4) ou les opérateurs
L+ et Z,— sont définis par (1.1.13) et correspondent aux linéarisés du schéma au niveau des états constants
ut et u~. La conséquence immédiate de cette observation est que les éléments se trouvant dans la composante
connexe non bornée de C\ (0(Z+)Uc(Z,-)) font soit partie de ’ensemble résolvant de opérateur ., soit
sont des valeurs propres de .Z. De plus, on rappelle que, d’apres les explications du paragraphe "Stabilité du
linéarisé au niveau des constantes" de la Section 1.1.2, le spectre des opérateurs %, + et %~ correspond a d
courbes continues, contenues strictement dans le disque unité ouvert sauf au niveau du point 1 ou elles sont
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FIGURE 1.4 — Une représentation du spectre de .Z. En rouge, on trouve le spectre des opérateurs Z,+. Ces
courbes délimitent une zone au sein de laquelle doit se trouver le spectre essentiel de 'opérateur .Z. A 'extérieur
de ces courbes rouges, c’est-a-dire dans la zone grise, les éléments ne peuvent que soit se trouver dans I’ensemble
résolvant de .Z, soit étre des valeurs propres de l'opérateur . (représentées en vert). L’hypothese de stabilité
spectrale impose aux valeurs propres de se situer dans le disque unité ouvert. 1 est la seule valeur propre qui
fait exception.

tangentes au cercle unité (voir Figure 1.4).

On rappelle que ’on va considérer que le profil de choc totalement discret que ’on consideére est spectralement
stable. Cela implique que toutes les valeurs propres ne peuvent pas étre de module supérieur ou égal a 1, sauf
1 qui est un cas particulier que 1'on va traiter ci-dessous. On obtient alors la représentation faite sur la Figure
1.4 d’un spectre typique pour 'opérateur .Z.

Le cas particulier de la valeur propre 1

La valeur propre 1 joue un role central dans I’étude de l'opérateur .Z. En effet, on peut prouver que 1 est
toujours une valeur propre pour le linéarisé d’un profil de choc totalement discret associé & un choc de Lax.
Cette propriété est intimement liée au fameux résultat d’existence d’une famille (7°) se]-A,a[ de profils de choc
totalement discrets associée a u®. En effet, on a formellement :

o’ o’

7 (V(S €] - AA[ N(Ué) = ﬂ(s) = j%‘é:o = W‘J:O'”

De plus, I’hypothese de convergence exponentielle des profils de choc totalement discrets vers leurs états limites

que 'on fait impose que la suite aa—ﬂ; décroit exponentiellement vite vers 0 en +00 et —oo. On a donc en

|6=O

particulier que la suite 6876; appartient & £2(Z, C?%). L’hypothése de stabilité spectrale implique en particulier

|5:0
que 1 doit étre une valeur propre simple de . (quand il agit sur ¢£2(Z,C?)). Cela implique donc formellement
que
ow’
"ker(Idp: — %) = Span | — | .”
(Ide — Z) = Sp ( P )

Remarque. La véritable expression de la condition de stabilité spectrale qui sera utilisée dans le Chapitre 4 est
légerement plus précise que ce qui est présenté ci-dessus et demande a 1 d’étre un zéro simple de la fonction
d’Evans dont on a parlé plus tét (que 'on peut construire dans un voisinage de 1).

1.3.3 Passage de la stabilité spectrale a des estimations sur la fonction de Green

Le but de cette section est de présenter le résultat du Chapitre 4 qui correspond au passage de la stabilité
spectrale a la stabilité linéaire. L’analyse qui va étre présentée ici a été réalisée au moins en partie dans l'article
[God03].
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FIGURE 1.5 — Une représentation schématique du résultat du Théoréme 4.1 sur la fonction de Green ¥ (n, jo, 7).
On représente le cas jo € N et d =4.

Définition de la fonction de Green

Pour un entier jy € Z, on définit la fonction de Green de l'opérateur £ récursivement par :

%(0,jo,") = 6jq
VneN, 9(n+1,j,):=2L9n,jo,), (1.3.8)

ou la suite d;, est définie par la suite de Dirac en jo constamment égale a 0 sauf en jo ou elle vaut I'identité :
8jo = (8o, 1d) ;e7 € £2(Z, Ma(C)).
L’intérét de la fonction de Green est qu’elle fournit la solution fondamentale pour la récurrence :
e (Z,C?) et VneN, h"tl= 2"
En effet, pour toute suite h € £"(Z,C?%) avec r € [1,+0oc], on a

VneNVj€Z, (L h); =Y 4(n,joj)hj,. (1.3.9)
Jo€EZL

Ainsi, il est clair que I'égalité (1.3.9) implique qu’une compréhension assez précise du comportement en temps
long de la fonction de Green permet de déterminer le comportement en temps du semi-groupe (£"),en associé
a Uopérateur .Z.

Estimées sur la fonction de Green

Le résultat essentiel du Chapitre 4 est le Théoréme 4.1. L’expression de ce théoreme est légerement chargée,
en particulier dans le cas des systémes de lois de conservation. On se propose donc dans cette introduction de
faire une présentation informelle du résultat a I’aide d’un schéma et de conserver son expression concrete dans le
Chapitre 4. On attire I’attention du lecteur sur la Figure 1.5 qui représente une version schématique du résultat
du Théoréme 4.1.

Nous allons faire une description du comportement de la fonction de Green ¢ (n, jo, j) de Vopérateur £ décrit
par le Théoréme 4.1 pour un point de départ jo > 0, c’est-a-dire quand la masse de Dirac se situe initialement
a droite du choc. En regardant la figure ci-dessus, nous espérons qu’il est clair que le comportement quand la
masse de Dirac est a gauche du choc sera similaire.

Dans un premier temps, la masse de Dirac est décomposée selon d ondes correspondant aux caractéristiques
associées a I’état u™. Pour chaque caractéristique de I’état de droite u* du choc, on verra une gaussienne (ou
une gaussienne généralisée pour des schémas d’ordre élevé) étre transportée et diffusée le long de celle-ci (en bleu
sur la Figure 1.5). Certaines caractéristiques ne sont pas orientées vers le choc et, dans ce cas, 'onde gaussienne
parcourra la caractéristique en se diffusant sans encombre. Ce comportement correspond a une propagation
"libre" pour 'opérateur de convolution %, + définie par (1.1.13). Ces opérateurs sont étudiés en détail dans le
Chapitre 2

Concernant les caractéristiques orientées vers le choc, une nouvelle décomposition de ’onde a lieu des lors



1.3. Contribution de la these sur la stabilité des profils de choc totalement discrets (Chapitres 4 et 5) 20

que celle-ci atteint le choc. On observe 'apparition d’ondes réfléchies (en violet) et transmises (en vert), ainsi
que l'activation d’un profil constant (en rouge). Les ondes réfléchies sont transportées le long des caractéristiques
de 'état ut qui sortent du choc. De méme, les ondes transmises sont transportées le long des caractéristiques
de I’état u~ qui sortent du choc. Enfin, en rouge, on voit I'activation d’un profil constant. Ce profil est lié a la
valeur propre 1 et correspond donc & la dérivée de la famille de profils discrets d’apres les remarques faites plus
haut.

Cette description de la fonction de Green est similaire a celle observée dans d’autres résultats traitant
d’approximations différentes des chocs (chocs visqueux [ZH98 ; MZ03] ou encore approximations semi-discrétes
des ondes de chocs [BHRO3; Bec+10]). La seule différence est la nature totalement discréte du cas qui nous
intéresse ici. Comparé au résultat [God03, Theorem 1.1], la différence est que la description donnée dans le
Théoréme 4.1 est uniforme en j, € Z alors que les bornes du [God03, Theorem 1.1] sont locales en jo (i.e.
valables pour un nombre fini de valeurs de jj). Cette différence est fondamentale car 'utilisation de la formule
(1.3.9) nécessite la plupart du temps de faire des sommes sur I'ensemble des jy € Z.

De plus, on isole le terme principal dans la fonction de Green et on montre une meilleure estimation sur le
reste. On donne donc un premier développement asymptotique en temps de la fonction de Green.

Idée de la preuve : Formule de Laplace inverse et fonction de Green spatiale

Les techniques qui vont étre présentées ici sont initialement dues & Zumbrun et Howard dans [ZH98]. Elles
ont été utilisées dans une quantité importante de problémes depuis leur introduction comme, pour citer les
exemples qui apparaissent dans la these, [ZH98; MZ02; MZ03 ; BHR03; Bec+10; God03; CF22; CF23]. Elles
sont au centre des résultats des Chapitres 2, 3 et 4.

Le point de départ de 'analyse est la transformée de Laplace inverse qui nous fournit 1’égalité suivante sur

la fonction de Green : )

anN,VjEZ, g(”a]@a]):%

/ 2"G(z, jo, j)dz (1.3.10)
r

ot I' est un chemin qui entoure le spectre de I'opérateur . et la suite G(z, jo,-) € £?(Z,C%) aussi connue sous
le nom de fonction de Green spatiale est définie comme 1'unique solution pour z dans l’ensemble résolvant de

l'opérateur de £ de :
(Zldp —X)G(Z,jo,-) = 6j0. (1.3.11)

Précisons le chemin I intervenant dans (1.3.10) entoure le spectre de . sans le croiser d’ou la définition (1.3.11)
de la fonction de Green spatiale a du sens pour z € I'.

Si lon regarde lallure du spectre de £ que 'on a déterminé plus tot (voir Figure 1.4), on comprend que
la difficulté se concentre dans l’absence de trou spectral car le spectre de I'opérateur .£ touche le cercle unité
en 1. Cependant, la situation est plus délicate encore. En effet, 1 fait a la fois partie du spectre essentiel de £
mais est aussi une valeur propre de .£ comme on ’a vu plus tot.

L’idée de Zumbrun et Howard dans [ZH98] se sépare en deux temps :

1. Tout d’abord, la définition de la fonction de Green spatiale (1.3.11) permet d’exprimer celle-ci a aide
de solutions d’un probléme inhomogene associé a (1.3.4). Les résultats prouvés sur le systéme dynamique
(1.3.4) permettent alors d’exprimer la fonction de Green spatiale en fonction des éléments des ensembles
EZ(z) définis par (1.3.6). Cela va permettre de tout d’abord prouver des bornes sur la fonction de Green
spatiale mais aussi, et c¢’est certainement le plus important, de prouver un prolongement méromorphe de
la fonction z — G(z, jo, j) dans un voisinage de 1 avec 1 qui est un pdle d’ordre 1.

2. La seconde étape est donc de revenir a la formule (1.3.10) reliant la fonction de Green ¥(n, jo,j) et la
fonction de Green spatiale G(z, jo, j). L’idée est maintenant d’utiliser les bornes obtenues sur la fonction
de Green spatiale et un bon choix de chemin I' pour obtenir les estimées les plus fines possibles sur la
fonction de Green. La déformation du chemin I se fait au moyen de la formule de Cauchy ou du théoreme
des résidus. La dissipativité du probleme que I’on considére fait que la difficulté dans le choix du chemin I"
est uniquement concentrée au niveau du point 1. Cependant, le prolongement méromorphe de la fonction
de Green spatiale que 'on a prouvé permet d’avoir une marge de manoeuvre plus conséquente. L’article
[ZH98] offre essentiellement un choix optimal de chemin quand g = 1 dans ’'Hypothése 1.1, ce qui permet
de répondre a de multiples situations faisant apparaitre des comportements visqueux. Le choix optimal
de chemin quand p > 1 dans P'Hypothese 1.1 est quant & lui obtenu dans les articles [CF22; CF23].

1.3.4 Passage de la stabilité linéaire a la stabilité nonlinéaire

Comme expliqué a la fin de la Section 1.3.1, nous avons réussi a utiliser les estimées sur la fonction de Green
données par le Théoreme 4.1 pour conclure un argument nonlinéaire. Le résultat est le Théoréme 5.1 obtenu
dans le Chapitre 5 qui est un résultat de stabilité nonlinéaire ne fonctionnant pour l'instant que dans le cadre
des lois de conservations scalaires.
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Théoréme 1.1 (Stabilité spectrale implique stabilité nonlinéaire). On se place dans le contexte des lois de
conservation scalaires. On considére un paramétre p € [0,+oo|. Si le profil de choc totalement discret u® est
spectralement stable et sous quelques hypotheses techniques supplémentaires sur le profil discret u° considére,
il existe deuz constantes e,C € [0, +00] telles que si 'on considére une perturbation initiale h® € RZ vérifiant :

S @)t RY < et > R =0 (1.3.12)
JEZ jez

alors la solution (u,)nen du schéma numérique (1.1.7) initialisé avec la condition initiale w* + h° est définie
pour tout n € N et l'on a pour tout r € [1,400] :

C

<H (14 [5])max ’T‘>+P|h°|) (1.3.13)

1

vn € N\ {0}, H((1+|J'|)max(1’p)|u?uj}) < —
oot 2 v)

j€z JEL|| 1

ot l’entier v est donné par I’Hypothése 1.1.

Ce résultat constitue donc une premiere réponse a la question ouverte [Ser07, Open Question 5.3]. Dans
la section 5.1.4 du Chapitre 5, on revient sur la possibilité d’étendre ce résultat au cas des systemes lois de
conservation. En effet, puisque le Théoréme 4.1 sur la fonction de Green prouvé dans le chapitre 4 fonctionne dans
le cas des systemes de lois de conservation, il est raisonnable de penser qu’une généralisation est envisageable.

Finissons cette section en décortiquant un petit peu ’énoncé du théoreme 1.1. On observe que 'on impose
aux perturbations initiales h° la condition (1.3.12) qui se sépare en deux parties :

— La premiere partie de (1.3.12) impose que les perturbations h° soient petites dans un espace ¢! & poids
polynomial. Le poids que l'on impose est défini a l'aide de la constante p € [0,4o00[ qui intervient
également dans la limite (1.3.13). Essentiellement, plus I'on impose un poids fort sur les perturbations
initiales h°, plus on peut espérer un taux de convergence rapide sur u” — u®.

— La seconde partie est une condition de masse nulle sur les perturbations initiales, comme dans les articles
[LX93a; LX93b] cités plus tot. Cela offre une justification au fait de trouver des bornes seulement sur
la différence entre u™ et le profil initial @° et non pas sur la distance entre la solution et la courbe des
profils discrets stationnaires :

: n
min Hu |[,, .

LISIEFAWAN|
En effet, la condition de masse nulle des perturbations implique que ’on va converger vers le profil initial
et non pas vers I'un de ses translatés. Dans le cas ou ’on aurait considéré des perturbations de masse non
nulle, il aurait fallu essayer de traquer a tout temps n € N quel élément de la famille des profils discrets
est le plus proche de u™ et ’on prétend que ceci est particulierement difficile dans le contexte totalement
discret dans lequel on se trouve (voir section 5.1.4 du Chapitre 5 pour une discussion détaillée a ce sujet).

1.4 Généralisation du théoréme de la limite locale (Chapitre 2)

1.4.1 Présentation des opérateurs de Laurent et du théoréeme de la limite locale

Le contenu du Chapitre 2 a fait 'objet d’un article [Coe22] et porte sur I’étude de la fonction de Green
des opérateurs de convolution sur I’ensemble Z, aussi connu sous le nom d’opérateurs de Laurent. Ce probléeme
se trouve, comme on le précisera ci-dessous, dans la périphérie de I’étude de la fonction de Green du linéarisé
des profils de choc totalement discrets. Commengons par redéfinir les opérateurs de Laurent ainsi que certaines
propriétés importantes les concernant.

On commence par rappeler que I'inégalité de Young pour les convolutions permet en particulier de déduire
que, pour b € £1(Z,C) et u € ¢"(Z,C) avec r € [1, 4], la suite b * u définie par :

VjeZ, (bxu); Zbku] k
JEZ

est bien définie et appartient a ¢"(Z,C). Plus précisément, on a que :
165 ull g < (1Bl g1 [l -

Ainsi, pour une suite a € £1(Z,C) et pour r € [1,+0oc], si l'on définit de plus la suite b := (a_x)rez € (1(Z,C),
Popérateur de Laurent L associé a la suite a défini par :

Vu € ("(Z,C),Vj € Z, (Lu); =Y arujir = (b*u); (1.4.1)
keZ
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est bien défini et borné lorsqu’il agit sur ¢"(Z,C). Précisons que l'expression (1.4.1) de l'opérateur de Laurent
a l'aide de la suite a ou de la suite b sont deux faces d’une méme piéce :

— L’écriture de 'opérateur L a ’aide de la suite b pointe clairement le fait que les opérateurs de Laurent
sont les opérateurs de convolution sur l’ensemble Z. Cela implique immédiatement un lien fort avec
I’utilisation de la théorie de Fourier pour étudier ces opérateurs. De plus, cette écriture des opérateurs de
Laurent sera particulierement adaptée dans le paragraphe plus bas qui concernera les marches aléatoires
sur Z. Enfin, on verra plus bas qu’introduire la suite b permet d’exprimer simplement la fonction de
Green de l'opérateur L comme les itérés de produits de convolution de la suite b.

— L’écriture de l'opérateur L & 'aide de la suite a est particulierement récurrent dans le cadre de ’ap-
proximation de problemes d’évolution linéaires par des méthodes aux différences finies, comme cela sera
présenté plus en détail dans un paragraphe ci-dessous.

Cette these se plagant de manieére évidente dans la seconde direction, on utilisera plus souvent la notation des
opérateurs de Laurent a I'aide de la suite a dans le reste de la these. Nous sauterons cependant entre les deux
notations relativement librement a certains moments dans le reste de I'introduction.

Le théoreme de Wiener, que 'on a déja cité plus t6t dans le paragraphe "Stabilité du linéarisé au niveau

des constantes" de la Section 1.1.2 et dont on peut trouver une preuve dans [New75], nous permet de décrire le
spectre de I'opérateur L en fonction de la série de Fourier F' associée a la suite a :

Ve eSS, F(k):= Zak/@k,
keZ (1.4.2)
o(L) = {F(e*), ¢eR}.

On remarquera que le spectre de L est indépendant de V'espace ¢"(Z,C) sur lequel il agit et que la série de
Fourier F est bien définie et continue car la suite a appartient & ¢1(Z, C).
On s’intéresse aux solutions du probléme d’évolution discret dans ¢”(Z, C) pour r € [1,+o0] :

n+1l __ n __ n
{VnEN, U =Lu" =bxu", (1.4.3)

ul € (7, C).

Les solutions (u™)nen de (1.4.3) sont immédiatement données par le semi-groupe (L™),en associé & 'opérateur
L a laide de 'expression suivante :

VneN, " =L"u =b"xu’ (1.4.4)
olt I'on note b := bx*...x b € ¢*(Z,C) les produits de convolution itérés de b. D’aprés I'expression (1.4.4),
on souhaite utiliser 'appelation fonction de Green de I'opérateur L pour parler des suites ™. En effet, si 'on
introduit la suite §, qui appartient & I'espace £"(Z, C) pour tout r € [1,+00], definie par :

. ] 1 sij =0,
Vi€Z, 0= { 0 sinon,

alors la suite (b"),en est la solution fondamentale du probléme d’évolution discret (1.4.3) pour u® = § dans
" (Z,C) pour r € [1, +00].

Dorénavant et dans tout le reste de cette section, on se permettra de noter (b")nen la fonction de Green
Vopérateur L associé la suite a (en se rappelant du lien avec les produits de convolution itérés de la suite

b= (a_p))kez)-

Le point de départ de notre étude repose sur 'observation suivante : Pour étudier le comportement en
temps long des solutions du probléme d’évolution (1.4.3), il suffit d’étudier le comportement en temps long de
la fonction de Green (b™),en associée & 'opérateur L.

Renormalisation de la suite a

Avant de continuer, précisons que 'on va dorénavant considérer que 'on a :
max [F| =1 (1.4.5)
S

quitte & renormaliser la suite a, en ayant au préalable évacué le cas trivial @ = 0. En effet, un résultat de
Beurling [RS55, p.428] implique que :

1
lim [[o"]|;; = max |F|.
n—+00 st
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Ainsi, lorsque maxg: |F| < 1, la suite (b"),en tend exponentiellement vite vers 0 en norme £*. De plus, la suite
(16™ |l ;1 )nen croit exponentiellement vite lorsque maxg: [F'| > 1. Ainsi, lorsque la condition (1.4.5) est vérifiée,
on se trouve dans le cas limite ot le comportement de b” quand n tend vers +oo n’est pas évident.

Liens avec les profils de choc totalement discrets et les schémas aux différences finies pour 1’équa-
tion de transport

On commence par observer que 'opérateur de Laurent L correspond a une version scalaire de 'opérateur
%z, défini par (1.1.13), correspondant au linéarisé du schéma numérique (1.1.7) au niveau de I'état constant w.
Comprendre le comportement en temps long de la fonction de Green associée a ’opérateur L dans ce cas scalaire
permet, sous des hypothéses raisonnables de diagonalisabilité, de passer a I’étude de la fonction de Green des
opérateurs Z.

Cette observation est importante dans le cadre des résultats de stabilité des profils de choc totalement
discrets que 'on présente dans les Chapitres 4 et 5. En effet, une partie du comportement principal observé sur
la fonction de Green du linéarisé au niveau des profils de choc totalement discrets dans le résultat principal du
Chapitre 4 correspond & une propagation "libre" pour les opérateurs de convolution .Z,+ ou .Z,,- en fonction de
la position initiale du Dirac par rapport au choc, ott u™ et u~ sont les états limites du profil de choc totalement
discret (ondes tracées en bleu sur la Figure 1.5). Ainsi, comprendre le comportement asymptotique ponctuel de
la fonction de Green b" de l'opérateur de Laurent L correspond & une premieére étape "élémentaire" de ’étude
de la fonction de Green pour les profils de choc totalement discrets.

Les opérateurs de Laurent apparaissent aussi en étant les opérateurs d’évolution associés aux schémas aux
différences finies approchant une équation de transport scalaire, ou méme tout autre probleme d’évolution
linéaire scalaire. En effet, si 'on fixe une vélocité ¢ > 0, alors pour ’équation de transport

O+ copu=0, t>0,x€cR, (1.4.6)

les schémas aux différences finies (& un pas de temps) peuvent étre écrit sous la forme du probléme d’évolution
discret (1.4.3) pour un certain choix de suite a. Par exemple, le schéma upwind défini par :

Vne N, VjeZ U;L'H = cyu?_l +(1—-cv) u?, (1.47)
u® e CZ, o
ou v correspond au ratio entre les pas de temps At et d’espace Az du schéma, se réécrit comme (1.4.3) pour la
suite a définie par :
a=1-cv, a1=cv et VjeZ\{-1,0}, a;=0.

Si 'on revient a un choix arbitraire de schéma, remarquons que les suites a associées aux schémas explicites
seront & support fini. De plus, I'hypothése de consistance avec I’équation de transport (1.4.6) pour le schéma
aux différences finies que 1’on considere se traduit par les égalités :

F)=Y ar=1 et F(1)=> ka=—cv. (1.4.8)

kEZL keZ

Cette condition ne contredit pas (1.4.5). On remarque enfin que la condition (1.4.5) correspond en terme de
schémas aux différences finies & la condition de Von Neumann qui implique la ¢2-stabilité du schéma numérique,
i.e. la famille d’opérateurs (L"), ey est bornée lorsqu’ils agissent sur ¢2(Z, C).

Marche aléatoire sur Z et Théoréme de la limite locale

Nous allons présenter un premier résultat sur le comportement en temps long de la fonction de Green b" de
Popérateur de Laurent L : le théoréme de la limite locale. Précisons d’ores et déja que le domaine d’étude dans
lequel se place ce résultat, c’est-a-dire les marches aléatoires sur I’ensemble Z, limitera le cadre d’application de
ce qui suit a la famille tres restreinte des opérateurs de Laurent associés a des suites b a valeurs réelles positives.

On considere deux variables aléatoires X,Y & valeurs dans Z. La premiere variable aléatoire X correspondra
a la distribution de probabilité de la position initiale de notre marche aléatoire. La seconde variable aléatoire Y,
quant a elle, sera la distribution de probabilité pour chacun des pas de la marche aléatoire. On considére donc
des copies (Y,,)nen {0} indépendantes et identiquement distribuées de Y qui soient aussi indépendantes avec X.
On consideére la marche aléatoire définie par :

VneN, S,=X+)Y Y.
k=1
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On introduit alors des suites b et 4™ correspondant respectivement aux distributions de probabilité des variables
aléatoires Y et S, :
VjeZ, b =P =),
Vn e N,Vj € Z, ul:=P(S,=j).

J

On remarque que v’ est aussi la distribution de probabilité de la position initiale X :

Vi€Z, uj=P(Sy=j)=PX=j)
On observe que la suite b appartient & £*(Z, C) et est a valeurs positives. De plus, par indépendance des variables
aléatoires, on a que :

VneNVjeZ, uitt=P(Sp1=j)= ZP(Yn+1 =k)P(S, =j—k)= Z bpuf = (bxu");.
keZ keZ

et donc par récurence :
VTL c N, un — bn % UO — Lnu().

Ainsi, la distribution de probabilité u™ de la marche aléatoire S,, est déterminée par l'application du semi-
groupe (L™),en & la distribution de probabilité u® associée a la position initiale de la marche aléatoire. Plus
précisément, si ’on considére que la variable aléatoire X indiquant la position initiale de la marche aléatoire
est nulle P-presque stirement (i.e. le point de départ de notre marche aléatoire est 0), alors la distribution de
probabilité de la marche aléatoire .S, est la fonction de Green b™ de 'opérateur L. On se place dans ce cas
dorénavant.

Il existe de multiples résultats abordant le comportement en temps long des marches aléatoires sur Z, tels
que la loi des grands nombres ou encore le théoréeme central limite qui énonce la convergence en loi de la variable
aléatoire y/n (22 — E(Y)) vers la loi normale N'(0, V(Y)), o0 E(Y) := 3, ., kay, et V(Y) = 3, o, k2ar —E(Y)?
correspondent a ’espérance et a la variance de la variable aléatoire Y.

Le théoreme qui nous intéresse particulierement est le théoreme de la limite locale car il détermine le
comportement ponctuel en temps long de la distribution de probabilité de la variable aléatoire S, ce qui,
d’aprés ce que 'on a dit précédemment, revient a déterminer le comportement ponctuel en temps long de la
fonction de Green b™ associée a 'opérateur L. Sous certaines hypotheses sur la distribution de probabilité de la
variable aléatoire Y qui détermine les pas de la marche aléatoire, et donc sur la suite b, le théoreme de la limite
locale énonce qu’il existe une famille explicite de fonctions (g5 : R = R),en (0,13 telle que pour tout s € N\ {0},
la suite b™ correspondant a la distribution de probabilité de la variable aléatoire S,, satisfait le développement
asymptotique suivant :

Ve3

1 ~ 0o (Xny) 1
e (5 B () e

et ol le terme en o est uniforme en j € Z. Ainsi, dans le cadre ou b est une distribution

X2,
2

J—nE()

VvV )n

de probabilité, le théoreme de la limite locale offre une description précise de la fonction de Green b™ associée a
Popérateur L. On obtient un développement asymptotique a n’importe quel ordre uniforme en espace et ou ’on
retrouve dans le premier terme le comportement gaussien qui est attendu d’apres le théoreme central limite.
Les fonctions ¢, sont des combinaisons linéaires de fonctions de la forme :

avec X, j =

2
xeRl—MUk'eXp(—a;)ER oukeN

ce qui peut aussi étre exprimé en terme de dérivées de la gaussienne. On redirige les lecteurs intéressés vers
[Pet75, Chapter VII, Theorem 13] pour plus de détails.

1.4.2 Généralisations connues du théoréme de la limite locale et résultat du Cha-
pitre 2

Généralisations attendues

Pour I’étude de la fonction de Green b™ de l'opérateur de Laurent L, le théoreme de la limite locale que
I'on a présenté ci-dessus ne peut étre appliqué que lorsque la suite b, et donc aussi la suite a, correspond a
la distribution de probabilité d’une variable aléatoire a valeurs dans Z. Une premiére perspective qui serait
souhaitable est de trouver une version du théoréme de la limite locale applicable pour des suites a vérifiant
(1.4.5) a valeurs réelles ou méme complexes. Cela permettrait d’appliquer ce résultat dans d’autres situations,
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comme par exemple pour discuter du comportement en temps long des solutions de schémas aux différences
finies pour ’équation de transport, comme discuté plus haut. En effet, le comportement gaussien décrit par le
théoreme de la limite locale peut par exemple expliquer la diffusion numérique observée dans les solutions de
schémas numériques dont on dit qu’ils introduisent de la viscosité numérique.

De plus, on souhaiterait prouver des estimées précises et ponctuelles sur le reste de I’égalité (1.4.9). En effet,
il peut étre souhaitable de pouvoir sommer les erreurs que ’on fait en approchant le comportement de la suite
b™ par la gaussienne qui est le terme principal du développement asymptotique (1.4.9). Cependant, le fait de

n’avoir qu'une estimation de l'erreur en 0( 15) uniforme en j ne permet pas de sommer sur I’ensemble des
n

entiers Z ou méme sur une partie infinie de celui-ci.

Nous allons dorénavant discuter de généralisations du théoreme de la limite locale dans les directions citées
ci-dessus. Nous allons commencer par fixer certaines limitations importantes & préciser sur le choix de suite
a que lon va étudier en discutant de l'article fondamental de Thomée [Tho65]. La seconde partie de cette
section portera sur la présentation des résultats récents [DS14; RS15; CF22] qui généralisent le théoreme de
la limite locale. Enfin, nous parlerons de la contribution du Chapitre 2 et de son rapport avec les articles cités
précédemment.

Limitations sur le choix des suites a et I’article de Thomée [Tho65]

Par la suite, nous imposerons deux limitations sur les suites a étudiées. Nous préciserons les moments ou
I'une de ces hypotheses n’est pas nécessaire pour un résultat. Tout d’abord, on considerera que la suite a est
a support fini. Dans le cadre de I’analyse numérique, cela revient a ne regarder que les schémas aux différences
finies explicites.

Concernant la seconde limitation, on rappelle que 'on a d’ores et déja imposé que la série de Fourier F
associée & la suite a doit vérifier la condition (1.4.5). Nous allons imposer une condition plus forte insipirée par
larticle de Thomée [Tho65].

Hypothése 1.2. On suppose que :
Ve € S\ {1}, |F(k)| <1. (Condition de dissipativité). (1.4.10)

De plus, on supposera qu’il existe une constante réelle a € R, une constante complexe f € C a partie réelle
strictement positive et un entier p € N\ {0} tels que :

F(e') So exp(—iaé — BEH + o(¢*)).  (Condition de diffusivité) (1.4.11)

En particulier, on a F(1) = 1.

Par ’égalité (1.4.2) sur le spectre de 'opérateur L, la condition de dissipativité (1.4.10) impose que le spectre
o(L) de opérateur L n’a qu'un unique point de tangence en 1 avec le cercle unité S! et que le reste du spectre
doit étre contenu dans le disque unité ouvert. L’information spectrale pour comprendre le semi-groupe (L™),en
et la fonction de Green (b™),en se trouve donc au niveau du point 1. La condition de diffusivité (1.4.11) impose
quand a elle un comportement particulier du spectre de 'opérateur L au niveau du point 1. Elle impose en
particulier au logarithme de F' d’avoir un développement limité en 1 dont tous les termes d’ordre 2 jusqu’a
2 — 1 doivent étre nuls et ou le coefficient a I'ordre pair 2u doit avoir une partie réelle strictement positive.

Faisons quelques remarques qui nous semblent importantes :

— Nous allons présenter ci-dessous des généralisations du théoreme de la limite locale pour des suites a

dont la série de Fourier F' vérifie 'Hypothese 1.2. Ces résultats peuvent étre résumés trés grossiérement
de la fagon suivante :

"La fonction de Green (b™),en de Vopérateur L se comporte en temps long comme une gaussienne
généralisée dont les propriétés (vitesse de déplacement, coefficient de diffusion, etc...) sont données par
(1.4.11)."

ou le terme gaussienne généralisée sera défini plus bas. Essentiellement, I'information du comportement
en temps long de la fonction de Green 0™ se trouve au niveau du point 1 du spectre de 'opérateur L.
Bien évidemment, le reste de cette section de l'introduction sera amené a préciser ce que l'on vient de
dire le plus clairement possible.

Cependant, il nous semble important de garder a l'esprit que, dans les résultats que l'on va présenter
ci-dessous, c’est une version plus faible de I'Hypotheése 1.2 qui est souvent utilisée. Cette hypothese
"affaiblie" impose & 'ensemble F(S') = o(L) d’avoir un nombre fini de points de tangence avec le cercle
unité S', et non pas nécessairement qu’un seul comme dans ’Hypothese 1.2. De plus, au niveau de chacun
de ces points de tangence, une condition de diffusivité doit étre vérifiée. Pour une suite a dont la série
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de Fourier vérifie cette hypothese affaiblie, la fonction de Green b" fera apparaitre autant de gaussiennes
généralisées qu’il y aura de points de tangence entre F(S!) et le cercle unité S'. Les résultats dont nous
parlerons sont alors adaptés pour soutenir cette description de la fonction de Green b™.

Dans le reste de cette introduction, nous allons présenter tous les résultats dans le cadre restreint de
I’Hypothese 1.2 mais soulignerons quand ceux-ci sont généralisables pour des suites a dont le spectre
o(L) de Vopérateur de Laurent associé & la suite a admet plusieurs points de tangence avec le cercle
unité S! sans rentrer beaucoup plus dans le détail de I'impact sur I’énoncé des résultats. Nous invitons
les lecteurs en recherche de détails a se tourner vers le Chapitre 2 ou tout ceci est clairement présenté.

— Dans I'étude de la stabilité des profils de choc totalement discrets que I'on a présentée précédemment et
qui est le centre thématique de cette these, on retrouve ces conditions de dissipativité et de diffusivité
dans 'Hypothése 1.1 que l'on avait imposée aux opérateurs %, définis par (1.1.13), correspondant aux
linéarisés de I'opérateur A au niveau des états constants u € U.

— Dans le cadre présenté plus haut des marches aléatoires, sous certaines hypotheéses sur la suite a comme
par exemple le fait d’avoir deux termes successifs non nuls, on a que la série de Fourier F' vérifie 'Hypo-
these 1.2 avec u =1, a =E(Y) et § = @ Ainsi, le cas probabiliste présenté précédemment se trouve
dans le giron de ’'Hypothese 1.2.

— Dans le contexte présenté plus haut des schémas aux différences finies pour I’équation de transport, on
remarque que la condition de consistance (1.4.8) implique que la constante o de (1.4.11) est égale a ve.
De plus, si le schéma que 1'on considére vérifie effectivement la condition de consistance (1.4.8), alors
la condition de diffusivité (1.4.11) implique que le schéma aux différences finies associé a est d’ordre de
consistance 2p — 1. Par exemple, le schéma Upwind (1.4.7) d’ordre 1 vérifie la condition de dissipativité
(1.4.10) sous une condition CFL et la condition de diffusivité (1.4.11) pour = 1. Il en est de méme pour
le schéma O3 [Des08] d’ordre 3 mais cette fois avec 1 = 2. Cependant, les schémas de Lax-Wendroff et de
Beam-Warming qui sont d’ordre 2 ne vérifient pas la condition de diffusivité (1.4.11) bien qu’ils vérifient
la condition de dissipation (1.4.10) sous condition CFL (voir [Cou22] pour plus de détail). On appelle
"condition de diffusivité" la condition (1.4.11) car les schémas qui vérifient cette condition introduisent
de la viscosité numérique.

Comme dit précédemment, 'Hypothése 1.2 est inspirée de I’article [Tho65] de Thomée. Dans cet article,

Thomée prouve que pour une suite a € ¢1(Z) a support fini, dont la série de Fourier vérifie I'Hypothese 1.2, il
existe une constante C' > 0 telle que la fonction de Green b™ de I'opérateur L vérifie :

C
| < —,
vn € N\ {0},Vj € Z, gni (1.4.12)
R
| J‘ - |j7na|2’

ou les constantes a et u sont celles de 'Hypothese 1.2.

A Taide des estimées (1.4.12) sur la fonction de Green b" de 'opérateur L, Thomée prouve que, pour
n’importe quel r € [1,400], le semi-groupe (L™),en est borné lorsque opérateur L agit sur £"(Z). Dans le
contexte des schémas aux différences finies approchant les problemes d’évolution linéaires, cela correspond a
avoir la ¢"-stabilité du schéma pour tout r € [1,+oc]. De plus, Thomée prouve que, si la suite a vérifie la
condition de dissipativité (1.4.10) mais pas la condition de diffusivité (1.4.11), alors on peut trouver des bornes
inférieures sur les normes [b7] des coefficients de la fonction de Green b qui permettent de prouver que le
semi-groupe (L™),en n'est pas borné lorsque 'opérateur L agit sur £°(Z).

Le résultat de Thomée a un impact fort sur I’étude de la stabilité des schémas aux différences finies pour les
équations d’évolution linéaire car il permet de caractériser les schémas qui sont £"-stables pour tout r € [1, +00].
Précisons que Thomée considére dans son article le cas plus général ot 'ensemble F(S') peut avoir plusieurs
points de tangence avec le cercle unité et prouve qu’il suffit de ne pas avoir la condition de diffusivité (1.4.11)
au niveau de I'un de ces points de tangence pour que le semi-groupe (L™),en ne soit pas borné en agissant sur

(Z).

Les résultats [DS14] de Diaconis et Saloff-Coste et [CF22] de Coulombel et Faye

Le résultat de Thomée permet de prouver des bornes (1.4.12) ponctuelles algébriques élémentaires pour la
fonction de Green b™. Le résultat [DS14] de Diaconis et Saloff-Coste améliore les estimées (1.4.12) en prouvant
des bornes gaussiennes généralisées sur les coefficients de la fonction de Green b™. Plus précisément, si une suite
a € (Y(Z) est A support fini et vérifie 'Hypothese 1.2, alors il existe deux constantes C, ¢ > 0 telles que :

nze

VneN\{0},Vj ez, [p|< (i exp <c <J”O‘|) . ) . (1.4.13)
n2n
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On retrouve pour p = 1 des bornes gaussiennes usuelles. Ces bornes sont attendues car le terme principal
du théoréme de la limite locale (1.4.9) pour les marches aléatoires sur Z est une gaussienne. Dans le cas pu # 1,
on parle de bornes gaussiennes généralisées. On observe que la fonction de Green b™ est transportée a vitesse a.

Ce résultat est d’ores et déja a la fois une généralisation du théoreme de la limite locale pour des suites
a & valeurs complexes, mais aussi une amélioration du théoreme de la limite locale dans le cadre des marches
aléatoires, permettant de prouver des estimées de décroissance plus précises que celle de (1.4.9).

Dans [CF22], Coulombel et Faye généralisent le résultat de [DS14] dans deux directions :

— TIs consideérent le cas olt 'ensemble F(S!) a plusieurs points de tangence avec le cercle unité. Cela fait
apparaitre une somme de bornes gaussiennes généralisées.

— 1ls généralisent le résultat pour certaines suites a € £1(Z) qui ne sont pas a support fini. Plus précisément,
ils considerent le cas ou la suite b = (a—g)kez est de la forme b1~ by out les suites by, by € 01(Z) sont &
support fini et ot la suite by est inversible pour le produit de convolution, i.e., par [New75], la série de
Fourier de b; ne s’annule pas sur S'. Cela permet d’étudier le cas des suites a associées a des schémas
aux différences finies implicites.

Le résultat de [RS15] de Randles et Saloff-Coste

L’article [RS15] de Randles et Saloff-Coste généralise le théoreme de la limite locale dans une direction
différente de [Tho65; DS14; CF22| en réussissant & extraire le comportement principal de la fonction de Green
b".

On consideére une suite a € ¢1(Z) a support fini qui vérifie 'Hypothese 1.2. On définit la fonction ng R—-R
par :

1 . 2
Ve eR, HJ (z):=— [ e """ qu
C Hw=g |
ol les constantes p et 3 sont déterminées par la condition de diffusivité (1.4.11). On appelle ces fonctions Hg "
des gaussiennes généralisées car, pour u = 1, on retrouve la fonction gaussienne :
1 2

Vo € R, Hg(x):\/me_4.

Le résultat principal de [RS15] est que la fonction de Green b™ associée & I'opérateur L vérifie :

n 1 Jj—no 1
b} — —Hy, <1 ) = 0( 1> (1.4.14)
nzn nzn nzn

ou la notation de Landau o est uniforme en j € Z. Essentiellement, Randles et Saloff-Coste ont réussi a
déterminer le comportement principal de la fonction de Green b". Leur résultat correspond a une expression
dans le cadre général des suites & valeurs complexes du théoréme de la limite locale (1.4.9) pour s = 1, i.e. un
développement & 'ordre 1 de la fonction de Green b".

On précise que le résultat de [RS15] peut étre généralisé au cas ou I'ensemble F(S') a plusieurs points de
tangence avec le cercle unité. Chaque point de tangence correspond alors a une gaussienne généralisée qui peut
étre exprimée a l'aide des fonctions Hgﬂ ou les coefficients p et 5 sont associés au comportement de F' au
niveau du point de tangence. De plus, le résultat [RS15] peut aussi étre exprimé dans le cas ot la condition de
diffusivité (1.4.11) n’est pas vérifiée, permettant ainsi par exemple d’étudier la fonction de Green b" associée a
des schémas aux différences finies non diffusifs tels que les schémas de Lax-Wendroff ou Beam-Warming.

]

|

Contribution du Chapitre 2

Le résultat principal du Chapitre 2 est le Théoréme 2.1. On considére une suite a € ¢*(Z) a support fini
vérifiant ’'Hypothese 1.2. Le Théoréme 2.1 énonce alors que pour tout s € N, il existe une famille de fonctions

qi,-.-,qs : R = R et deux constantes positives C, ¢ telles que :
s 1 C 2
S S Sn—1
vn € N\{0},Vj €Z, b~ Z — o (‘7 1na> < —rexp (c <|j1na|> ) (1.4.15)
o=1? n2k n e n2e

ol les constantes a, p et 5 sont déterminées par la condition de diffusivité (1.4.11). De plus, la fonction ¢; est
égale a ng et les fonctions ¢, peuvent explicitement calculées a 1'aide des fonctions :

k
veRe B (2) eR ot by ks €N
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Précisons que 'expression des fonctions ¢, est facilement implémentable pour les calculer sur machine. Les
inégalités (1.4.15) nous donnent donc le comportement asymptotique d tout ordre des éléments b} de la fonc-
tion de Green avec des estimées précises sur le reste. Replagons ce résultat au sein de ’état de l'art dressé
précédemment :
— Si Pon prend s = 0 dans (1.4.15), on retrouve le résultat (1.4.13) de [DS14; CF22]. On a donc étendu
le résultat [DS14; CF22] en prouvant des estimées du méme type mais sur le reste du développement
asymptotique des coefficients b7 la fonction de Green a n’importe quel ordre.

— Comme dit précédemment, la fonction ¢; est égale a la fonction ng. Ainsi, en prenant s = 1 dans
(1.4.15), on retrouve le résultat (1.4.14) de [RS15] mais avec une estimation précise et surtout sommable
du reste. On peut estimer l'erreur effectuée en remplacant la fonction de Green ™ par son comportement
principal plus efficacement.

— Le résultat (1.4.15) est aussi une amélioration dans le cadre probabiliste du théoréme de la limite locale
(1.4.9) en prouvant des estimées précises sur le reste du développement asymptotique a tout ordre.

Tout comme les résultats de [Tho65; CF22; RS15], le Théoréme 2.1 est généralisé au cas ol I’ensemble
F(S') a plusieurs points de tangence avec le cercle unité.

Contrairement aux articles [Tho65; DS14; RS15] qui utilise 'analyse de Fourier pour prouver leur résultat,
la preuve du Théoréme 2.1 est inspiré de [CF22] et repose sur les mémes idées que celles développées dans le
Paragraphe "Idée de la preuve : Formule de Laplace inverse et fonction de Green spatiale' de la Section 1.3.3,
i.e. Padaptation dans un cadre totalement discret des techniques de [ZH98] d’étude de fonctions de Green pour
des problémes paraboliques. Précisons que, contrairement aux études des fonctions de Green dans les Chapitres
3 et 4, on note une absence de valeurs propres plongées dans le spectre essentiel de 'opérateur L sur le disque
unité. L’utilisation de la transformée de Laplace dans ce contexte pourrait paraitre artificielle mais elle sert
d’échauffement en vue de 1’étude de problémes aux limites comme on le détaille maintenant.

1.5 Stabilité des schémas aux différences finies pour 1’équation de
transport sur la demi-droite (Chapitre 3)

1.5.1 Contexte général

Cette derniére section de I'introduction porte sur le contenu de l'article [Coe24] qui est présenté dans le
Chapitre 3. On s’intéresse aux approximations par des schémas aux différences finies de I’équation de transport
a vélocité négative ¢ < 0 sur la demi-droite Ry :

Vit >0,V >0, Owu+cou=0,

Ve >0, u(0,z)=uo(x) € R. (1.5.1)

On remarque que la vélocité ¢ de I’équation de transport étant negative, il n’est pas nécessaire d’imposer de
condition de bord en x = 0 sur 'EDP (1.5.1) pour que le probléme soit bien posé.

On fixe v > 0 le ratio entre les pas de temps At et d’espace Az que 'on va considérer. Pour les cellules a
I'intérieur du domaine de définition [(j — 1)Ax, jAz[ avec j € N\ {0}, le schéma aux différences finies s’écrit :

Vn e N,Vj e N\{0}, uf™ = )" apuly, (1.5.2a)

ou les entiers p,q € N définissent la taille du stencil du schéma et les coefficients ap sont des réels pouvant
dépendre de la velocité c et du ratio v et sont choisis pour satisfaire la condition de consistance (1.4.8) ou F' est
la série de Fourier définie par (1.4.2) associée & la suite a. On voit cependant apparaitre des valeurs ULy UG
qui ne sont pas définies. On considere que ces valeurs sont associées a des "cellules fantoémes" et on les détermine
a l'aide de combinaisons linéaires des valeurs u} proches du bord :

qv
VneNVje{l—p,....00, ul =) by,uf, (1.5.2b)
k=1

ol g est un entier, les coefficients by, ; sont aussi des réels pouvant dépendre de la velocité c et du ratio v. On fera
attention au fait que les coefficients by, ; n’ont aucun lien avec la suite b que 'on avait introduite dans la section
précédente. Les équations (1.5.2b) correspondent & des conditions de bord purement numériques. Le choix de
ces conditions de bord (1.5.2b) est central dans les propriétés de stabilité du schéma numérique (1.5.2). En effet,
les conditions de bord ont un impact direct sur la localisation des valeurs propres de 'opérateur d’évolution 7,
qui sera défini plus bas dans (1.5.3), associé au schéma aux différences (1.5.2).
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Sl

FIGURE 1.6 — Un exemple de courbe F(S') ou F satisfait 'Hypothese 1.2. La condition de dissipativité (1.4.10)
implique que la courbe F(S') (en rouge) reste dans le disque unité ouvert sauf en son unique point de tangence
1 avec le cercle unité S'. En gris, on trouve la composante connexe non bornée O de C\F(S).

Les valeurs initiales u? pour j € N\ {0} sont calculées & l'aide de la condition initiale ug de I’équation de
transport (1.5.1), par exemple comme :

vj e N\ {0}, uo ;:Ax/(_ 0, M)
j— T

On s’intéresse & la stabilité du schéma aux différences finies (1.5.2). Pour ce faire, nous allons commencer

par définir 'opérateur d’évolution 7 du schéma ainsi que I'espace vectoriel normé sur lequel il agit.
Pour r € [1,4+00], on introduit 'espace de Banach H,. défini par :

q
H, = {(w]')j21_p el ({j GZ,j > 1—p},R), Vj € {1—]),...,0},’(1)]‘ = wawk}
k=1

avec la norme

Vw € Hy,  wlly, = [[(w5)jem o) er(N\{0}) *

Les espace de Banach H,. sont des adaptations de l'espace " (N\ {0}) qui prennent en compte les conditions de
bord (1.5.2b). On définit ensuite I'opérateur linéaire borné T agissant sur H" :

q
Yw e H,, V5 € N\ {0}, (Tw),:= Z ApWjtk- (1.5.3)
k=—p
Les valeurs (Tw); pour j € {1 —p,...,0} sont déterminées par la condition 7w € H,. On remarque alors que

pour une condition initiale u® € H,., le schéma aux différences finies (1.5.2) se réécrit sous la forme :
VneN, u"tl=Tu"

Pour r € [1, +oc], on dit alors que le schéma aux différences finies (1.5.2) est £"-stable lorsque le semi-groupe
(T™)nen est borné en agissant sur H,., i.e. il existe une constante C' > 0 telle que

vu® € H,,¥n € N, ||Tn“OHHT =C HUOH’HT :

1.5.2 Hypotheéses spectrales et déterminant de Lopatinskii

Tout comme pour ’étude de la fonction de Green des opérateurs de Laurent présentée dans la Section 1.4,
pour obtenir des propriétés de stabilité pour l'opérateur T, il est nécessaire de déterminer précisément des
informations sur le spectre de I'opérateur 7. Cette section va s’atteler & présenter tres succinctement les outils
nécessaires pour cette étude spectrale.

On commence par imposer que la série de Fourier F' associée a la suite a vérifie 'Hypothese 1.2. En effet,
comme on ’a vu lors de la discussion sur le résultat [Tho65] de Thomée, cette hypothése implique que, si I'on
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considere l'opérateur de Laurent L, défini par (1.4.1), associé a la suite a intervenant dans la discrétisation
de ’équation de transport (1.5.2a), alors le semi-groupe (L™),ecn est borné quand il agit sur ¢"(Z) pour tout
r € [1,400]. C’est un point de départ évident pour construire des schémas aux différences finies (1.5.2) stable
pour le plus grand nombre de ¢".

On note O la composante connexe non bornée de C\F(S') (voir Figure 1.6). On prouve dans [CF23] ainsi
que dans le Chapitre 3 au Lemme 3.4.1, que tout élément z € O est soit une valeur propre de 'opérateur T, soit
que z appartient a Pensemble résolvant de I'opérateur 7. Ce qui se cache ici est le fait que F(S!) correspond
au spectre essentiel de l'opérateur 7. Ainsi, le comportement du semi-groupe (7"),cn dépend de la existence
et de la localisation de valeurs propres de 7 de module supérieur ou égal & 1.

Afin de discuter de la localisation de ces valeurs propres, on construit alors une fonction A appelée dé-
terminant de Lopatinskii au voisinage de tout point z de module supérieur ou égal a 1 qui jouera le rdle de
polynome caractéristique pour 'opérateur 7. La construction de ce déterminant de Lopatinskii, qui est relative-
ment technique, est présentée dans son intégralité au sein du Chapitre 3. Concernant les éléments principaux sur
le déterminant de Lopatinskii, il faut savoir que c’est une fonction définie localement et holomorphe au voisinage
de tout point de 'ensemble O U {1} et donc en particulier de tout point de module plus grand ou égal & 1 (voir
Figure 1.6). Précisons que la définition de A localement au niveau d’un point est faite & la multiplication par
une fonction holomorphe non nulle pres. Cela ne pose cependant pas de probleme car ce sont les zéros de la
fonction A qui nous intéressent. En effet, le déterminant de Lopatinskii s’annule en un point si et seulement si
celui-ci est une valeur propre de 'opérateur 7. Le déterminant de Lopatinskii partage ainsi le méme role que la
fonction d’Evans, dont on a parlé bien plus t6t dans 'introduction, qui s’annule au niveau des valeurs propres
de opérateur . défini par (1.3.1), correspondant au linéarisé au niveau d’un profil de choc totalement discret.

1.5.3 Résultats connus et contribution du Chapitre 3
Condition de Godunov-Ryabenkii et condition uniforme de Kreiss-Lopatinskii

Nous allons maintenant décrire les résultats connus de ¢"-stabilité des schémas aux différences finies (1.5.2)

en commencant par deux cas centraux.

— Un premier cas évident, connu sous le nom de Condition de Godunov-Ryabenkii et introduit dans [GR63],
porte sur le cas ou le déterminant de Lopatinskii A s’annule en un point z de module strictement plus
grand que 1. Il est alors évident que le schéma (1.5.2) n’est pas £"-stable pour tout r € [1,+o0] car si
I'on considére un vecteur propre v € #H, non nul de lopérateur T associé & la valeur propre z, on a
immédiatement :

VneN, T =z"u’.

Ainsi, la Condition de Godunov-Ryabenkii est une condition nécessaire de stabilité qui énonce que le
déterminant de Lopatinskii A ne peut pas s’annuler hors du disque unité fermé, i.e. Vopérateur 7 ne
peut pas avoir de valeur propre de module strictement plus grand que 1.

— Introduite dans [GKS72], on dit que le schéma (1.5.2) vérifie la condition uniforme de Kreiss-Lopatinskii
des lors que le déterminant de Lopatinskii A ne s’annule pas hors du disque unité ouvert, i.e. 'opérateur
T n’admet pas de valeur propre de module plus grand ou égal 1. Il est connu que la vérification par un
schéma (1.5.2) de cette condition uniforme de Kreiss-Lopatinskii est équivalent & prouver la stabilité forte
du schéma. Cette notion de stabilité forte est différente de la notion de ¢"-stabilité qui nous intéressé et
on redirige les lecteurs cherchant plus de détail sur cette notion vers [GKO13]. Cependant, en utilisant
des estimées d’énergie, il est possible de prouver que la stabilité forte, et donc la vérification de la
condition uniforme de Kreiss-Lopatinskii, implique la ¢?-stabilité du schéma (1.5.2) (voir [Wu95; CG11;
Coul3] qui traitent respectivement le cas scalaire monodimensionnel avec un pas de temps, le cas systéme
multdimensionnel & un pas de temps et enfin le cas scalaire multidimensionnel & plusieurs pas de temps).
On prétend qu’il est méme tout a fait possible de prouver que la vérification de la condition uniforme de
Kreiss-Lopatinskii implique la ¢"-stabilité pour tout r € [1,+o00] en adaptant les idées de l'article [CF23],
dont on va parler juste apres, ou méme du Chapitre 3.

L’article [CF23] de Coulombel et Faye

Ces deux premieres conditions laissent un trou dans la théorie : Que peut-on dire de la £"-stabilité du schéma
(1.5.2) des lors que la condition de Godunov-Ryabenkii est satisfaite mais pas la condition uniforme de Kreiss-
Lopatinskii, i.e. quand le déterminant de Lopatinskii A a des zéros de module 17 Cette question a été soulevée
dans [Tre84; KW93] et un premier élément de réponse se trouve dans [CF23]. On se place dans le cas ou la
série de Fourier F' associée a la suite a vérifie 'Hypotheése 1.2. Alors, 1 € F(S!) appartient au spectre essentiel
de Vopérateur T mais pas les autres points du disque unité. Alors, Coulombel et Faye prouvent dans [CF23]
que si le déterminant de Lopatinskii A s’annule en un des points du disque unité autre que 1 et que ce zéro
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est simple, alors le schéma (1.5.2) est £2-stable. On prétend cependant que la preuve peut étre généralisée pour
prouver que le schéma (1.5.2) est méme ¢"-stable pour tout r € [1, +00].

La preuve repose sur l'introduction et une description précise de la fonction de Green de 'opérateur 7. Tout
comme pour I’étude de la fonction de Green des opérateurs de Laurent, la méthodologie suivie est basée sur celle
présentée dans le Paragraphe "Idée de la preuve : Formule de Laplace inverse et fonction de Green spatiale" de
la Section 1.3.3, i.e. 'adaptation dans un cadre totalement discret des techniques de [ZH98] d’étude de fonctions
de Green pour des problémes paraboliques. La difficulté qui est rencontrée dans [CF23], i.e. 'existence d’un
zéro du déterminant de Lopatinskii A sur le cercle unité S' non plongé dans le spectre essentiel de I’opérateur
T, implique que la fonction de Green spatiale ne sera pas définie au niveau de ce point. Cela crée une difficulté
supplémentaire en comparaison avec 1’étude de la fonction de Green des opérateurs de Laurent, qui eux ne
possedent pas de valeurs propres de module supérieur ou égal a 1. Il faudra prouver que la fonction de Green
spatiale est en réalité définie méromorphiquement avec un pole d’ordre 1 au niveau du zéro du déterminant de
Lopatinskii. L’utilisation du théoréme des résidus dans I’égalité (1.3.10) reliant fonction de Green temporelle et
fonction de Green spatiale permettra alors de résoudre le probléme.

Contribution du Chapitre 3

Le résultat principal du Chapitre 3 comble le dernier trou laissé par les articles cités plus haut, en tout cas
pour les schémas (1.5.2) approchant ’équation de transport a vitesse négative (1.5.1).

On se place dans le cas ou la série de Fourier F' associée a la suite a vérifie ’'Hypothese 1.2 et 'on suppose
que le déterminant de Lopatinskii n’a aucun zéro de module supérieur ou égal & 1 sauf en 1 ou il admet un zéro
simple. Dans ce cas, le Théoréme 3.1 énonce que le schéma (1.5.2) est bien ¢!-stable mais qu’il est, en fonction
d’une condition algébrique explicite, soit ¢"-stable pour tout r €]1, 400], soit £"-instable pour tout r €]1, +o0].
On précise de plus que cette fameuse condition algébrique semble indiquer que, des deux cas cités ci-dessus,
c’est le second qui a le plus tendance a se produire.

Ainsi, la contribution vient compléter le résultat [CF23] et répondre & la question de [Tre84 ; KW93] présentée
plus tot. En combinant et généralisant légérement les résultats des articles [CF23 ; Coe24], on a que si la condition
de Godunov-Ryabenkii est vérifiée mais pas la condition uniforme de Kreiss-Lopatinskii, il suffit de vérifier si
les zéros du déterminant de Lopatinskii sont plongés ou pas dans le spectre essentiel de 'opérateur T pour en
déduire la stabilité du schéma numérique (1.5.2).

En remarquant que les propriétés spectrales de 'opérateur T considérées dans le Théoréme 3.1 (i.e. existence
d’un zéro simple du déterminant de Lopatinskii plongé dans le spectre essentiel de 'opérateur T') correspondent
exactement aux propriétés spectrales imposées par ’hypothése de stabilité spectrale a 'opérateur £ correspon-
dant linéarisé au niveau d’un profil de choc totalement discret dans le Chapitre 4 (i.e. existence d’un zéro simple
de la fonction d’Evans plongé dans le spectre essentiel de 'opérateur ), on espére transmettre aux lecteurs le
fait que le cadre du Chapitre 3 s’intégre au sein de cette thése comme une préparation en vue de ’obtention du
résultat central du Chapitre 4 sur I’étude de la fonction de Green de l'opérateur .Z.

En effet, la contribution du Chapitre 3 est non seulement intéressante pour la réponse qu’elle apporte a la
question de la ¢"-stabilité du schéma (1.5.2), mais aussi pour ce qui reléeve de 1’étude de la fonction de Green de
Popérateur 7. En effet, la preuve du Théoréme 3.1 du Chapitre 3 est similaire a celle de [CF23] & la différence
pres que le zéro de module 1 du déterminant de Lopatinskii se trouve cette fois au sein du spectre essentiel.
On prouve avec des éléments de preuves similaires & ceux de [CF23] que la fonction de Green spatiale peut étre
prolongée méromorphiquement dans un voisinage de 1 avec un pdle d’ordre 1 en 1. La difficulté est cependant
que, 1a ou dans [CF23] l'utilisation du théoréme des résidus permettait de s’occuper du pole dans 1'égalité
(1.3.10) reliant la fonction de Green temporelle et la fonction de Green spatiale, le cas traité dans le Chapitre
3 nécessite une analyse plus méticuleuse afin d’obtenir des estimées pour la fonction de Green de I'opérateur T
qui soient assez précises. Cette analyse plus méticuleuse est connue et a été traitée dans [MZ02] pour 1’étude de
la fonction de Green d’un opérateur linéaire associé a un probléme parabolique continu en temps et en espace.
Pour résumer, une contribution centrale et nontriviale du Chapitre 3 repose sur la généralisation d’une partie
de Panalyse présentée dans [MZ02] de la fonction de Green, en rapport avec l'existence de valeurs propres de
module 1 plongées dans le spectre essentiel de 'opérateur, dans un cadre cette fois discret en temps et en espace.
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This chapter presents the content of the preprint [Coe22].
Abstract of the current chapter

In this chapter, we study the pointwise asymptotic behavior of iterated convolutions on the one dimensional
lattice Z. We generalize the so-called local limit theorem in probability theory to complex valued sequences.
A sharp rate of convergence towards an explicitly computable attractor is proved together with a generalized
Gaussian bound for the asymptotic expansion up to any order of the iterated convolution.
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Notations

For 1 < g < +00, we let £9(Z) denote the Banach space of complex valued sequences indexed by Z and such
that the norm:

q
lulla i= | D fuy|
JEZ
is finite. We also let ¢°°(Z) denote the Banach space of bounded complex valued sequences indexed by Z
equipped with the norm
[[ull oo == sup |u;.
JEZL

Throughout this article, we define the following sets:
U:={2cC,|z|>1}, D:={ze€C,lz| <1}, St:={z€C,|z|=1},
U:=S'uuU, D:=S'uDb.

For z € C and r > 0, we let B,(z) denote the open ball in C centered at z with radius r.

For E a Banach space, we denote £(E) the space of bounded operators acting on E and ||-[| ;5 the operator
norm. For T in L(E), the notation o(T') stands for the spectrum of the operator T'.

Lastly, we let M,,(C) denote the space of complex valued square matrices of size n and for an element M
of M,,(C), the notation M7 stands for the transpose of M.

We use the notation < to express an inequality up to a multiplicative constant. Eventually, we let C (resp.
¢) denote some large (resp. small) positive constants that may vary throughout the text (sometimes within the
same line).

2.1 Introduction and main result

2.1.1 Context of the problem

We define the convolution a x b of two elements a and b of ¢1(Z) by

Vji€Z, (axb)j=> abj_i.
I€Z

When equipped with this product, £}(Z) is a Banach algebra. For a € ¢1(Z), we define the Laurent operator
L, associated with a which acts on ¢4(Z) for q € [1, +o0] as

Vu € 4(Z), Lgu:=axu€ (7).

Young’s inequality implies that those operators are well defined and are bounded for all ¢ € [1,400]. Fur-
thermore, we have that La., = Ly o Ly, for a,b € ¢1(Z). Finally, Wiener’s theorem [New75] characterizes the
invertible elements of ¢1(Z) and thus allows us to describe the spectrum of L, via the Fourier series F associated

with a:
o(Lg) = {F(t) = Zakeitk,t € R} .

keZ

We observe that the spectrum is independent of the index ¢ and that F is continuous since a belongs to ¢1(Z).

If we suppose that the sequence a has real nonnegative coefficients and ), _, ar = 1, then the sequence
a™ :=a*...*a is the probability distribution® of the sum of n independent random variables supported on Z
each with the probability distribution a. A lot is known on the pointwise asymptotic behavior of the sequence
a™ in this case. In particular, the local limit theorem states, under suitable hypotheses on the sequence a, that
there exists a family of functions (¢ : R — R),en 0,1} such that for all s € N\ {0} we have the following
asymptotic expansion for the elements a’;

n

1 j ~ 4o (Xny) 1
n_ _Imd ) E e . 2.1.1
“ V2rVn P ( ) = one n——+oo ¢ n2 ( )

1. We say that a sequence a is the probability distribution of a random variable Y with values in Z when P(Y = j) = a; for all
jE L.

X2
2
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with X, ; = j\;% where o = 37, ., kapand V =37, k2aj, — a? are respectively the mean and the variance of

a random variable with probability distribution a and where the error term is uniform with respect to j € Z (see
[Pet75, Chapter VII, Theorem 13] for more details). Furthermore, the terms in the asymptotic expansion (2.1.1)
can be explicitely computed using Hermite polynomials since the functions ¢, are explicit linear combinations

of derivatives of the Gaussian function x +— exp (—””2—2) The asymptotic expansion (2.1.1) gives a precise

description of the asymptotic behavior of a7 in the range |7 — na| < /n and implies that the convolution
powers of a are attracted towards the heat kernel.

Following, among other works, [DS14; RS15; CF22], we are interested in generalizing the local limit theorem
to the case where a is complex valued. This problem is relevant for instance when one studies the large
time behavior of finite difference approximation of evolution equations such as the transport equation or the
heat equation (see for instance [GKO13]). Extending the works of Schoenberg [Sch53], Greville [Gre66] and
Diaconis and Saloff-Coste [DS14, Theorem 2.6], the article [RS15] of Randles and Saloff-Coste already provides
a generalization of the local limit theorem for a large class of complex valued finitely supported sequences. By
doing so, the authors of [RS15] describe an asymptotic expansion similar to (2.1.1) for s = 1 and identify the
leading asymptotic term (the so-called "attractors" in [RS15]). Our goal in this paper is to generalize the result
of [RS15] by obtaining an asymptotic expansion similar to (2.1.1) for any s € N with explicitly computable
terms. We also prove a sharp rate of convergence together with a generalized Gaussian bound for the remainder
of our new-found asymptotic expansion (see Theorem 2.1). In the case where a is the probability distribution
of a random variable, as above, the main theorem of this paper would translate in saying that, under suitable
assumptions on a (for instance that a is finitely supported with at least two nonzero elements), for all s € N\ {0},
there exist two constants C, ¢ > 0 such that

1 X2 . o (X i
al — exp | =2l ) - Z qo ( ;w)
V2rVn 2 ‘= nt®

with X, ; = j\;%‘. As an example of application, these improvements on the local limit theorem allow us in

the probabilistic case to prove the well-known Berry-Esseen inequality (see [Berdl; Ess42]) which states that
there exists a constant C' > 0 such that

< e (-eX, )
n—z

vn € N\ {0},Vj € Z,

Vn e N\{0},VJ €Z, |> a} 7

_271 exp <_|j—n(12> < ¢
i< =g vEmVn v/

However, we will need stronger hypotheses on the elements of £}(Z) than the conditions imposed in [RS15].
We will consider here elements a of £(Z) which are finitely supported and such that the sequence (a™)nen is
bounded in ¢!(Z). The fundamental contribution [Tho65] by Thomée completely characterizes such elements
and is an important starting point for our work.

In the articles [DS14] and [RS15], the proofs mainly rely on the use of Fourier analysis to express the
elements a via the Fourier series associated with a. In this paper, we will rather follow an approach usually
referred to in partial differential equations as "spatial dynamics". It aims at using the functional calculus (see
[Con90, Chapter VII]) to express the temporal Green’s function (here the coefficients a”') with the resolvent of
the operator L, via the spatial Green’s function which is the unique solution of

(zId — Ly)u =190, ze€C\o(Ly),

where ¢ is the discrete Dirac mass ¢ := (d,0) jez. This approach has already been used in [CF22] to extend the
result of [DS14, Theorem 1.1] and obtain a uniform generalized Gaussian bound for the elements a?. It has
also been used in [CF23] to prove similar results on finite rank perturbations of Toeplitz operators (convolution
operators on ¢9(N) rather than on ¢9(Z)). The present paper is very much inspired by [CF22; CF23] and we
will use notations and methods similar to those articles. We will now present in more details the hypotheses we
need on the elements a € ¢1(Z) that we shall consider and we shall then present our main theorem.

2.1.2 Hypotheses

We consider a given sequence a € ¢*(Z). We let %, be the bounded operator acting on ¢9(Z) defined as

Yu € 01(Z), Lou:= (Z aluj+l>

leZ JEL
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This operator is obviously linked to Laurent operators and could be written as one of them (%, = L; for
b := (a—;)jez). Our goal will be to study the powers .Z,* for n large. This problem arises for instance as
the large time behavior of finite difference approximations of partial differential equations and is equivalent to
studying the asymptotic behavior of the coefficients of ™ := b ... x b as n tends to infinity. We define the
symbol F associated with a as
Ve €St F(k):= Zajnj. (2.1.2)
JEZ
The Wiener theorem [New75] allows us to conclude that the spectrum of %, is given, for any ¢ € [1, +oc], by:
(&) = F(SY).

We are now going to introduce some hypotheses that are necessary for the rest of the paper.
Hypothesis 2.1. The sequence a is finitely supported and has at least two nonzero coefficients.

Looking at the definition of the operator .%,, in terms of applications for numerical analysis, this hypothesis
translates the fact that we are only considering the case of explicit finite difference schemes. Hypothesis 2.1
implies that we can extend the definition (2.1.2) of F to the pointed plane C\ {0} and F becomes a holomorphic
function on this domain. We introduce the two following elements

km:=min{k € Z, ar#0}, ky:=max{k€Z, ap#0}.

Observing that Hypothesis 2.1 implies k,, < kjs, we then distinguish three different possibilities:
— Case 1: kp; < —1. We then define r := —k,,, and p := 0.
— Case 2: k,, <0< kpr. We then define r := —k,,, and p := k.
— Case 3: 1 < k,,,. We then define r := 0 and p := kj,.

In every case, we have r,p € N and —r < p. Also, we have that

p
Yu € b1(Z),Vj € L, (Lyu); = Z AUy (2.1.3)

l=—r

The natural integers r and p we just introduced define the common stencil of the operators .%, and the identity
operator and they will be useful to study the so-called resolvent equation (2.2.3) below. We now introduce an
assumption on the Laurent series F' which is based on [Tho65]. Just like in [DS14; RS15; CF22], we normalize
the sequence a so that the maximum of F on S! is 1.

Hypothesis 2.2. There exists a finite set of distinct points {k,...,kx}, K > 1, in St such that for all
ke{l,...,K}, z;, := F(k,,) belongs to St and

Ve € S\ {ky, .. Eix ), |F(K)] < 1.

Moreover, we suppose that for each k € {1,..., K}, there exist a nonzero real number ay, an integer py > 1
and a complex number By, with positive real part such that

Flse'®) = zpexp(—iowg — Bg™ + O(J¢[*+)). (2.1.4)

Geometrically, this means that the spectrum o (.%,) is contained in the disk D and it intersects S! at finitely
many points (see Figure 2.1 for an example with K = 2, z; = 1, z, = —1) and that the logarithm of F has a
specific asymptotic expansion at those intersection points. From a general point of view, it is proved in [Tho65,
Theorem 1] that Hypothesis 2.2 is one of two conditions that characterize the elements a of £*(Z) such that the
geometric sequence (a™)nen is bounded in £*(Z). In the more specific field of numerical analysis, the condition
(2.1.4) has been studied closely because of its link with the stability of finite difference approximations in the
maximum norm (see [Tho65]). We can observe that, under Hypotheses 2.1 and 2.2, there holds

vn e N\{0}, L5 |2z = 1F" ooy = 1.

It assures the £2-stability, or strong stability (see [Str68], [Tad86]), of the numerical scheme defined as

n+1 — n >
{ Y Zou", n 20, (2.1.5)

u® € (2(Z).

However, it has further consequences, as the asymptotic expansion (2.1.4) assures the ¢9-stability of the scheme
(2.1.5) for every ¢ in [1,400] (see [Tho65, Theorem 1] which focuses on the ¢>°-stability but also studies the
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Figure 2.1 — An example of spectrum o(.%,). The spectrum o(.%,) (in red) is inside the closed disk D and
touches the boundary S! in finitely many points. In gray, we have the set O defined below in Section 2.2 which
is the intersection of the unbounded connected component of C\o(%,) and {z € C, |z| > exp(—n)}.

{4-stability as a consequence). In terms of numerical scheme, the meaning of (2.1.4) is that the numerical
scheme introduces an artificial numerical diffusion (like the Lax-Friedrichs scheme for example).
We now introduce yet another hypothesis.

Hypothesis 2.3. Forallk € {1,...,K}, the set
Iy ={ve{l,...,.K}, z,=2z,}

has either one or two elements, where we recall that z,, := F(k, ). Moreover, if there are two distinct elements
Vg1 and vg g in Iy, then ay, oy, , <0.

Hypothesis 2.3 will simplify part of the analysis when we will study the spatial Green’s function defined
in (2.2.3). It will allow us to study precisely the spectrum of the matrix M(z) defined below as (2.2.2) near
the tangency points z,. Combining Hypothesis 2.3 with the fact that the ay’s are nonzero real numbers (see
Hypothesis 2.2) implies that, for k € {1,..., K}, we have three different possibilities:

— Case I: 7, is the singleton {k} and ay > 0,

— Case II: 7, is the singleton {k} and oy < 0,

— Case III: 7; has two distinct elements vy 1 and vy 2 such that a,, , > 0 and «,, , <O0.

Distinguishing between those three cases will be useful later on. The three hypotheses we presented above
will be crucial in the rest of the paper. Some hypotheses might be relaxable, but this would be considerations
for future works.

Finally, by defining the discrete Dirac mass § := (0;,0) ez, we introduce the so-called temporal Green’s
function defined by

neNVj€Z, 9':= (.Zané)j . (2.1.6)

It is interesting to observe that the equality between the operator %, and the Laurent operator L; with
b= (a—;), ¢, implies that

VneNVjeZ, 9'=0b;

where " =bx* ... % b.

2.1.3 Main results and comparison to previous results

Our main goal is to determine the asymptotic behavior of ¢ when n becomes large. The identification
of the leading asymptotic term was achieved in [RS15, Theorem 1.2]. We aim here at extending the result of
[RS15, Theorem 1.2] into a complete asymptotic expansion up to any order and at proving sharp bounds for
the remainder. To express the asymptotic expansion of ffj”, we introduce the functions HQBN : R — C, where
w € N\ {0} and 8 € C has positive real part, which are defined as

1 ; n
Vo € R, ng(x) = %/Re”“e_ﬁﬁ du.
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We call those functions generalized Gaussians since for p = 1, we have

22
e 48,

1
Let us state the main result of this paper.

Theorem 2.1. Let a € (*(Z) which verifies Hypotheses 2.1, 2.2 and 2.5. Then, for all integers s1,...,8x € N
there exist a family of polynomials (@fj)ge{lw’sk} in C[X,Y] for each k € {1,..., K} and two positive constants
C, ¢ such that for alln € N\ {0} and j € Z, there holds:

ZZZ]CH% <L@§< n,j,k» >H2ﬁ;zk> njk

helo=1 N2k

K 20
< Z T—) (2.1.7)

- exp (7C|Xn,j7k

where X, j = "L,
n2“k

Theorem 2.1 gives the asymptotic behavior of the elements &' up to any order with a sharp generalized
Gaussian estimate of the remainder. We would also like to point out that the proof of Theorem 2.1 (mainly
Propositions 2.2, 2.3 and equality (2.3.7)) gives us an explicit expression of the polynomials 22 of Theorem 2.1.
Examples are provided in Section 2.5 where we compute these polynomials for c = 1,2. In the same section,
we will also numerically verify the claim of Theorem 2.1 for some sequences a.

The following lemma, which is proved using integration by parts, implies that we cannot prove the uniqueness
of the polynomials 2% of Theorem 2.1.

Lemma 2.1.1. For p € N\ {0}, 8 € C with positive real part and m € N\ {0}, we have

vz € R, xHB (m)(x) (—1)*2p ﬁHﬂ (m+2p— 1)( ) — H’B (m— U(ﬁ),

and b
n—
().

In other words, one can either choose to multiply H2 ., by a polynomial or to differentiate it sufficiently many
times. Hence, there may hold

vz eR, wHL(z) = (-1)"2u8HS,"

P(-,—)Hy, =0

d
" dx
for a nonzero P € C[X,Y].

In our proof of Theorem 2.1, the polynomials #% depend on the chosen integers si,...,s;. It might be
possible to prove the existence of a family of polynomials (95)(k,a)e{l,...,K}xN\{O} in C[X,Y] for which the
estimates (2.1.7) are verified for all s1,...,sx € N. However, we do not yet have a proof of this fact in full
generality. We now compare Theorem 2.1 with prior results:

e In the probabilistic case presented in the introduction, Theorem 2.1 allows us to prove sharp bounds with
Gaussian estimates on the remainder of the asymptotic expansion of & that were not proved via the asymptotic
expansion (2.1.1) of the local limit theorem.

e [DS14, Theorem 3.1] gives sharp generalized Gaussian estimates for the elements %j" when the sequence a
satisfies Hypotheses 2.1, 2.2 and 2.3 with a single tangency point (i.e. K = 1), which in comparison to Theorem
2.1 would match the case s = 0. [CF22, Theorem 1.6] generalizes those generalized Gaussian estimates for
sequences a with any number K € N\ {0} of tangency points and a relaxed Hypothesis 2.1. Theorem 2.1
thus improves those results by proving similar sharp generalized Gaussian estimates for the remainder of the
asymptotic expansion of the elements ¢" up to any order s1,...,sx € N.

e For a sequence a € ¢*(Z) which satisfies Hypotheses 2.1 and 2.2, we introduce the the so-called "attractors":

N2k 2y,

n n 2"k j—na
Vke{1,...,K},vn e N\ {0}, % :(%ﬂk’j)jEZ ;:( k ok Hggk ( ’“)) .
n JjEZ

In [RS15, Theorem 1.2], it is proved that if we introduce

= d ={ke{l,....K =
n= ke{l }Nk an ]C[L { 6{7 ) },/J'k ,u},

then

n n 1
gr— > A n—>:+<x>0< 1) (2.1.8)

2
keK,, nen
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where the error term in (2.1.8) is uniform on Z. Compared to Theorem 2.1, this is equivalent to finding
the asymptotic expansion up to order si,...,sx = 1. The result of Randles and Saloff-Coste gives a precise
description of the behavior of ¢* for j such that

|7 — nag| SJnﬁ, (2.1.9)

where k € K,. Theorem 2.1 allows us to extend the result of [RS15] by going even farther in the asymptotic
expansion of the elements gj", and proving sharp generalized Gaussian bounds on the remainder with a more
precise speed of convergence. As a consequence, one can prove using Theorem 2.1 that there exists a positive
constant C such that for all initial condition u° € ¢2(Z), the solution of the numerical scheme (2.1.5) verifies

Vn € N\ {0}, <

£(2)

K
u” — g A 5 u°
k=1

. H“OHMZ)'

We have thus identified the main behavior of the solutions of the numerical scheme (2.1.5) as the time n becomes
large. Such a result was not attainable using only [RS15, Theorem 1.2] (or even [CF22, Theorem 1.6]).
However, [RS15, Theorem 1.2] also treats the case where the asymptotic expansion (2.1.4) has the form

F(ky,e™) £50 2y exp(—iagé + i€ + O(J€]F 1),

where 7, is a real number and the integer v, € N\ {0,1} can be even or odd. A generalization of Theorem 2.1
in this difficult case has not yet been found, even though the result of [Cou22] indicates that such a result might
be attainable.

2.1.4 Extending the result when the drift vanishes

As we have seen, Theorem 2.1 allows us to generalize the local limit theorem for complex valued sequences
but it still has some limits. Relaxing some of the hypotheses we introduced could be interesting and theoretically
doable in some cases. For instance, Theorem 2.1 is constrained by Hypothesis 2.2 which imposes that aj is
nonzero even though the result [RS15, Theorem 1.2] does not have this kind of restriction. The hypothesis
ay # 0 is essential in the proof of Theorem 2.1 below but it seems to be a technical hypothesis that we would
want to avoid. The following corollary will allow us to extend Theorem 2.1 to some sequences a for which we
allow aj to be equal to 0. First, we introduce a relaxed version of Hypothesis 2.2.

Hypothesis 2.4 (Hypothesis 2 bis). The sequence a verifies Hypothesis 2.2 but with the possibility that some
ag are equal to 0.

We now consider a finitely supported sequence a € ¢!(Z) which verifies Hypothesis 2.4 and let J € Z. Then,
if we define the sequence b = (a;j4.7),cz and F' the symbol associated with b, we have that b satisfies Hypothesis

2.4 since ~
Ve €S, F(k)=r"'F(r),

and therefore B
Vk € S, ‘F(m)‘ = |F(x)|.

Also, we have for k € {1,..., K}

F(ﬁkeif) 530 EI:Jék exp(—i(ax + J)§ — Br&2He + 0(|§\2“’“)).

Considering this new sequence b allows us to "shift" the elements ay. In particular, if we choose J large enough,
then b satisfies Hypothesis 2.2. However, it is not clear that the sequence b would satisfy Hypothesis 2.3. We
can then prove the following corollary which generalizes Theorem 2.1 in the case where aj, can be equal to 0.

Corollary 1. Let a € (*(Z) which verifies Hypotheses 2.1 and 2.4. If there exists some integer J € Z such
that the sequence (aj4.r);ez verifies Hypotheses 2.2 and 2.3, then for all s1,...,sx € N there exist a family of
polynomials ((@(’f)ae{l’._,sk} in C[X,Y] for each k € {1,..., K} and two positive constants C,c such that for all
ne€N\{0} and j €Z

n

K sp j
n 2K d
a7 =3 2k (28 (s g7 ) M) (s

k=1o0=1 n 2k

Ko ¢ _2up
<Y s exp (_C|Xn,j,k| 2““1)

k=1m 2"k

. nog—j
with Xn,j,k: = #
n 2k
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We prove Corollary 1 in Section 2.4.2.

2.1.5 Plan of the paper

The main goal of the paper is the proof of Theorem 2.1. As explained in the introduction, the proof of
Theorem 2.1 will rely on an approach referred to as spatial dynamics. In Section 2.2, we will introduce the
spatial Green’s function on which Coulombel and Faye proved holomorphic extension properties and sharp
bounds in [CF22, Section 2]. Our goal in Section 2.2 is to improve the analysis of [CF22] and to obtain the
precise behavior of the spatial Green’s function for z close to z;, and to prove sharp bounds on the remainder.
More precisely, the main novelty of this section is the introduction of the explicit function f; in Lemmas 2.2.4
and 2.2.5 which allows us to properly describe the spatial Green’s function for z close to zj.

In Section 2.3, we prove Theorem 2.1 while assuming that the elements «y are distinct. This assumption
will allow us to separate the different Gaussian waves in the estimate (2.1.7). Section 2.3.1 will be dedicated
to the easier part of the proof which is proving estimate (2.1.7) when j is far from the axes j = nay. The
bulk of the proof resides in Sections 2.3.2-2.3.5 which will be dedicated to proving estimate (2.1.7) when j is
close to the axes j = nay. In Section 2.3.3, we will express the elements ¢;" with the spatial Green’s function
using functional calculus. We will then use the results of Section 2.2 on the spatial Green’s function to prove
generalized Gaussian estimates on the difference of the elements ¢* and a linear combination of terms of the
form

1 m
—HEE " (Vi) where L€ N\ {0}, m € N, Yo i=

—_— -
) g\
Qp (&7

Keeping in mind that we are considering the case where j is close to nay, Section 2.3.4 will deal with approaching
the terms (2.1.10) with linear combinations of the following terms appearing in Theorem 2.1:

1%k 7). (2.1.10)

1 . m .y
— (Xn,j,k) 2 Hg;jk( 2 (Xn,j,k) where [ € N\ {O},ml,mg S N, Xn,j,k = %1]

n2kk n2rtk

Section 2.3.5 will combine the results of the previous sections to conclude the proof of Theorem 2.1 by con-
structing the polynomials 22%.

In Section 2.4, we prove Theorem 2.1 when the elements ay, can be equal. We also prove Corollary 1.

Finally, in Section 2.5, we will explicitly compute the polynomials &% of Theorem 2.1 for ¢ = 1,2 for any
s € N\ {0,1} and numerically verify the estimate (2.1.7) of Theorem 2.1 in two cases. The first one is the
probabilistic case, i.e. a sequence a with non negative coefficients. We will compare the result of Theorem
2.1 with the local limit theorem. The second example will be the sequence a associated with the so-called O3
scheme for the transport equation (see [Des08]). This is an example of sequence a where p = 2 in the asymptotic
expansion (2.1.4).

2.2 Spatial Green’s function

From now on, we consider a sequence a that satisfies Hypotheses 2.1, 2.2 and 2.3. In this section, we are
going to introduce the spatial Green’s function and prove some estimates for it. We will start by defining the
necessary objects for our study. First, we can observe the following lemma for which the proof can be found in
the Appendix (Section 2.A).

Lemma 2.2.1. For a € (*(Z) which verifies Hypotheses 2.1 and 2.2, we have that a_, and a, belong to D.
We define for z € C and j € {—r,...,p}
A](Z) = 25]-70 —aj. (221)

The definition of » and p implies that the functions A_, and A, can vanish at most on one point which
are respectively a_, and a,. Lemma 2.2.1 allows us to find n > 0 such that A_, and A, do not vanish on

{z € C,|z| > exp(—n)} . We can therefore define for all z € C such that |z| > exp(—n) the matrix

Ap_1(2) A_r(2)

A,02) A_p(z)

M(z) := o . € M, (C). (2.2.2)
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The application which associates z with M(z) is holomorphic on the annulus {z € C, |z| > exp(—n)} . More-
over, since A_,.(z) # 0, the upper right coefficient of M(z) is always nonzero and M(z) is invertible. We define
the open set O which corresponds to the intersection of the unbounded connected component of C\F(S!) and
{z € C,|z| > exp(—n)} (see Figure 2.1). Hypothesis 2.2 implies that 2\ {z;, ..., 2k} is contained within O. By
recalling that 0(%,) = F(S!), when we consider that the operator %, acts on ¢*(Z), we have the existence for
every z € O of a unique sequence G(z2) := (G;(2));jez € £*(Z) such that

(2] — Z£)G(z) = 6, (2.2.3)

where ¢ still denotes the discrete Dirac mass. The sequence G(z) is the so-called spatial Green’s function which
has already been studied in [CF22]. In [CF22, Lemma 2.2], we can find a proof of local sharp exponential
bounds on G;(z) when z € O is far from the tangency points z,. This bound will be sufficient for our purpose.
Furthermore, in [CF22, Lemmas 2.3 and 2.4], the authors proved that the spatial Green’s function evaluated at
some index G;(z) could be holomorphically extended near the points z;, through the spectrum of the operator
%, which is not immediate based on the definition (2.2.3) of the spatial Green’s function and they proved sharp
bounds on G;(z) in this case. To prove Theorem 2.1, we will need to get a more precise description of the
behavior of the function G;(z) close to any tangency point z;,. This section will therefore follow [CF22, Section
2] and make it more precise by specifying where our study of the sequence G(z) differs from [CF22, Section 2].
Using the functions A; which are defined by (2.2.1), the equation (2.2.3) can be rewritten as

p
V2OV €L, Y A2)Gjulz) =50

l=—r

We introduce the vectors

1
Giap-1(2) ;
Vz2e ONVjeZ, W;(z):= : eCrtr, e:=| .| ecrtm.
Gjr(2) ;
We then end up with the following dynamical system
5
Ve ONjeZ, Wiii(z) —M(2)W;(z) = —2e. (2.2.4)
Ap(2)

The study of the recurrence relation (2.2.4) relies on the following lemma introduced in [Kre68] that studies
the eigenvalues of M(z) for z € O and z € {z;,,1 <k < K}. We recall that we defined cases I, IT and III
according to the cardinality of Z; and the sign of «y, right after Hypothesis 2.3. We also recall that we consider
that the sequence a verifies Hypotheses 2.1, 2.2 and 2.3.

Lemma 2.2.2 (Spectral Splitting). For z € C such that |z| > exp(—n), the eigenvalues k € C of the matriz
M(z) are nonzero and satisfy the equality
F(k) =z

Let z € O. Then the matriz M(z) has

— no eigenvalue on St,

— r eigenvalues in D\ {0} (that we call stable eigenvalues),

— p eigenvalues in U (that we call unstable eigenvalues).

We now consider k € {1,...,K}. The eigenvalues of the matriz M(z,) are described by the following
possibilities depending on k.

— In case I, M(z,,) has k;, € St as a simple eigenvalue, r — 1 eigenvalues in D and p eigenvalues in U.

— In case II, M(z,,) has k;, € S' as a simple eigenvalue, v eigenvalues in D and p — 1 eigenvalues in U.

— In case III, if we denote v 1 and vy o the two distinct elements of Iy, then M(z;) has By, € St and

By s € St as simple eigenvalues, r — 1 eigenvalues in D and p — 1 eigenvalues in U.

Lemma 2.2.2 is proved in [CF22, Lemma 2.1] and is the key to study the recurrence relation (2.2.4). We now
want to prove some estimates on the spatial Green’s function G(z). We recall that the set O is the intersection
of the set {z € C, |z| > exp(—n)}, where the matrix M(z) is defined, and the set o(.¢) = C\F(S'), where the
spatial Green’s function G(z) is defined. We begin with the following lemma.

Lemma 2.2.3 (Bounds far from the tangency points [CF22]). For all z € O, there exist a radius § > 0 and
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constants C,c > 0 such that for all j € Z, z — G;(2) is holomorphic on Bs(z) and satisfies

Vz € Bs(2),Vj € Z, [Gj(2)] < Cexp(—cjl).

Lemma 2.2.3 is proved in [CF22, Lemma 2.2] and allows us to study the spatial Green’s function far from
the points z,, where the spectrum of .%, intersects the unit circle S'. We will now have to study the spatial
Green’s function G(z) near those points z;, while still remembering that G;(z) and the vector Wj(z) are only
defined on O in the neighborhood of z,,. We are going to extend holomorphically G;(z) in a whole neighborhood
of z;,, and thus pass through the spectrum o(.%,).

Lemma 2.2.4 (Bounds close to the tangency points : cases I and IT). Let k € {1,..., K} so that we are either
in case I or II. Then, there exist a radius € > 0, some constants C,c > 0 and some holomorphic functions
Ky fio + Be(zy,) = C such that for all z € B:(z;,), kk(2) is a simple eigenvalue of M(z) with ki(z;,) = Ky, for
all j € Z, the function z € B.(z;,) N O — G;(z) can be holomorphically extended on B.(z;) and

Case I: (o, >0)

Ve € Bulz) Vi 2 1, [Gy(2) — fulem(2)1] < Cexp(—c). (2.25)
Vz € Be(z,), V5 <0, |G;(2)| < Cexp(—clj|). (2.2.6)
Case II: (o), <0)
Vz € Bo(z,),Vj > 1, |Gj(2)| < Cexp(—cj). (2.2.7)
Ve € Bulz) Vi <0, [G(2) — fulzhmn(2)7] < Cexp(—eljl). (228)
Furthermore, we have
Vz € Be(zy), fr(2) = —sgn(ak)ﬁk(z). (2.2.9)
rk(2)

Lemma 2.2.5 (Bounds close to the tangency points : case III). Let k € {1,..., K} so that we are in case III.
The set Iy, has two elements v 1 and vi 2 so that oy, , > 0 and oy, , < 0. Then, there exist a radius € > 0,
some constants C,c > 0 and some holomorphic functions Ky, |, kv, o fur1s fows + Be(zy) — C such that for all
z € Be(2y), ki, (2) and ky, ,(2) are simple eigenvalues of M(z) with k,, (2;) = K, | and Ky, ,(2;,) = &

—Vk,1 —Vk,1’
for all j € Z, the function z € B:(z;,) N O — G,(z) can be holomorphically extended on Bc(z;) and
Ve € Bz Vi 2 1, 1G5(2) = fur (2 (2)7] < Cexpl—ci). (2.2.10)
Ve € Bu(z0) ¥ S0, 1G5(2) — fua(2ya(2)7] < Cexp(—cljl). (2.2.11)
Furthermore, knowing that z, = z,, | = z,, ,, we have that
R (2) R (%)
VzeB (§ )a fv (Z) - 7L7 Iv (Z) = 2. (2212)
o o R, (2)7 707 R (2)

Lemmas 2.2.4 and 2.2.5 are similar to [CF22, Lemmas 2.3 and 2.4] but instead of proving sharp bounds on
the spatial Green’s function, we express its precise behavior near the points z;. This is the crucial improvement
with respect to [CF22] that will allow us to find their asymptotic behavior and prove a sharp bound for the
remainder.

Proof of Lemma 2.2.4 Our proof will follow that of [CF22, Lemmas 2.3, 2.4]. First, we observe that case
IT would be dealt similarly as case I and that case III is a mixture of both cases I and II. Therefore, we will
only detail the proof of Lemma 2.2.4 in case I and leave the proof of Lemma 2.2.5 to the interested reader. We
therefore consider k € {1,..., K} so that we are in case I. Lemma 2.2.2 implies that x,, is a simple eigenvalue
of M(z;,). Thus, we can find a holomorphic function s, defined on a neighborhood B.(z;,) of z; such that for
all z € Bc(z), £i(2) is an algebraically simple eigenvalue of M(z) and s (z;,) = k. We also know that for all
z € Be(z;,), the vector
Kk (Z)errfl

Ru(2) = ( | e crtr
A4
1

is an eigenvector of M(z) associated with xi(z). Because of Lemma 2.2.2, even if we have to take a smaller
radius €, we can assume that for all z € B.(z;), M(z) has ki(z) as a simple eigenvalue, r — 1 eigenvalues
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different from kg (z) in D and p eigenvalues different from xj(z) in U. We define E*(z) (resp. E¥(z)) the strictly
stable (resp. strictly unstable) subspace of M(z) which corresponds to the subspace spanned by the generalized
eigenvectors of M(z) associated with eigenvalues different from s (z) in D (resp. U). We therefore know that
E*(z) (resp. E*(z)) has dimension r — 1 (resp. p) thanks to Lemma 2.2.2 and we have the decomposition

CPt" = E%(2) @ E“(2) @ Span Ry(z).

The associated projectors are denoted 7°(z), 7%(z) and 7¥(2). Those linear maps commute with M(z) and
depend holomorphically on z € B.(z,,) (see [Kat95, I. Problem 5.9]).

For all z € B.(2;,) N O and j € Z, G;(z) and the vector W;(z) are well defined. Also, by Lemma 2.2.2, we
have that |k(z)| < 1 for all z € B.(z;,) NO. By reasoning in the same manner as in the proof of [CF22, Lemma
2.3], we have for all z € B.(z,) N O and j € Z

T ()W (z) = —]mM(z)jlﬂ“(z)e, (2.2.13)
T (2)W(z) = WM(z)j_lﬁs(z)e, (2.2.14)
()W (2) = WM(z)jlﬁk(z)e = Wﬁk(z)jlﬂk(z)e. (2.2.15)

We observe that the right hand side in the equations (2.2.13), (2.2.14) and (2.2.15) can be holomorphi-
cally extended on B.(z;). Therefore, we can extend holomorphically the applications which associates z to
7 (2)W;(2), m(2)W;(z) and 7% (2)W;(z) on the whole open ball B.(z;) and this allows us to extend W;(z) on
B.(z;,). Since G;(2) is a coordinate of the vector W;(z), the holomorphic extension property is proved.

By reasoning in the same manner as in the proof of the inequality [CF22, (2.12)], we prove that there exist
two constants C, ¢ > 0 such that

Vz € Be(zp,),Vj € Z, |7 (2)W;(z) + 7 (2)W;(2)]| < Cexp(=clj])-

This implies that
Vz € Be(2,), V) € Z,  [|Wj(2) = 7 (2)W;(2)]| < C exp(—cj]).

This is now where our proof differs from the proof of [CF22, Lemmas 2.3, 2.4]. In [CF22], the authors
find bounds on 7*(2)W;(z) and thus obtain estimates on G;(z). In our case, we have a stronger hypothesis
(Hypothesis 2.1) that allows us to have a much simpler expression (2.2.15) of 7%(2)W;(2) and this will enable
us to find the precise behavior of G;(z).

For j < 0, we observe from (2.2.15) that 7%(2)W;(z) = 0 and that G;(2) is a component of W;(z). We
therefore get the inequality (2.2.6).

We now consider the case j > 1. We have that G;(z) = (W;(2)), for all z € B.(z;,) where (X), refers to
the p-th coordinate of a vector X € CP*". Then,

Vz € Be(z),  1Gj(2) — (7" (2)W(2))p| < Cexp(—clj).
We then define the holomorphic function

fk : Be(gk) — . C
A ool G OD
By observing that (7%(2)W;(2)), = fr(2)kr(2)?, we get the inequality (2.2.5) and it now remains to obtain

the expression (2.2.9). We first need to determine the spectral projector 7*(z). We recall that sy (z) € St is a
simple eigenvalue of M(z) and the vector

K (Z)p+r—1
Ru(z) = : e crrr

ki (2)
1

is an eigenvector of M(z) associated with k(z). We also know that there exists a unique eigenvector Ly (z) =
(1;(2))jeq1,... p+ry € CPT™ of M(2)T associated with the eigenvalue ry(z) such that
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where the symmetric bilinear form - on CP*" is defined as?

p+r
VXY €CPTTLOX Y =) XGY
=1

Then, we have that
VY € CPTT 7 (2)Y = (Li(2) - Y)Ri(2).

Thus, applying to the vector e implies that

2)kp(2) 1
frl(z) = m. (2.2.16)

We thus need to find the value of the coefficient I;(z). Since Lg(z) is an eigenvector of M(z)T for the
eigenvalue ki(z), we get

vje {1 1( 5 L(z)
jG{,...,p+T}, jz Iik pj+ll AP(Z)

We now have an expression of each /;(z) depending on /1(z). To determine the value of [;(z), we have to use
the normalization condition that we have made between Ly(z) and Ry(z). We have

p+r p+r p—j ll(Z)
= 0 1) = St = (32 5 mmiop | 2,
j=1ll=—r P z

By the expression of A;(z), this implies that

L=- (Z <pl>Az<z>nk<z>l+”> M - (m Y= 3 (= Daae >l+”> li(())

l=—r l=—r

_ - l1(z
— (e e~ Fls(2)) + ) F (s (2)) g
Ap(z)
Since ki (z) is an eigenvalue of M(z), Lemma 2.2.2 implies that
F(rp(2)) =2z and kL(2)F'(ki(2)) = 1.
Thus,
1 _fe(2)"h(z)
r(2)Ap(2)
Combining this equality with (2.2.16) implies the equality (2.2.9). O

2.3 Temporal Green’s function

We are now ready to start proving Theorem 2.1. In Section 2.3.1, we will prove the result of the theorem far
from the axes j = nay. In this regime, the estimates proved in [CF22, Theorem 1.6] on ¢ and estimates on

the derivatives of the function ng will allow us to prove bounds that are even stronger than those claimed in
Theorem 2.1. The bulk of the proof will happen in the case where j — nay is close to 0 as the limiting estimates
of Theorem 2.1 occur in this case. Section 2.3.2 will summarize the idea of the proof in the case where j is
close to nay and Sections 2.3.3-2.3.5 give the details. The main tools are the use of functional calculus (see
[Con90, Chapter VII]) to express the elements ¢]* with the spatial Green’s function G/j(z) and the estimates on
the spatial Green’s function proved in Section 2.2.

Before we start, we are going to make two hypotheses to simplify the proof. The first one is that —1 ¢
{24, -, 2 }. This hypothesis is actually not restrictive. If it were not verified, we would just have to multiply
the sequence a by some well chosen element of S! to find a new sequence b that will verify this hypothesis and
prove the theorem for this new sequence. The theorem for our previous sequence a would directly follow.

2. Observe that this symetric bilinear form is not the Hermitian product on CP¥7.
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Figure 2.2 — An illustration of the sectors Dy. Here, we have a; = —2, az = 0.5 and a3 = 4. The rays labeled
Qg (resp. dy, dx) correspond to the ray j = nay (resp. j = nd,, j = ndx). We observe that, because §,,, a and
1 have the same sign, j and oy, have the same sign for (n,j) € Dy. Also, the sectors Dy do not intersect each
other.

The second hypothesis we make is that all o are distinct from one another. This hypothesis has a real
impact on the proof, symplifying greatly some parts of the calculations. We will come back in Section 2.4.1 to
the case where the elements oy can be equal and explain which elements of the proof should be modified.

2.3.1 Estimates far from the axes j = nao;

As explained at the beginning of the section, we suppose that all ay are distinct from one another. Without
loss of generality, we suppose that we arranged them so that there holds:

o < ... <op<...<og.

For all k € {1,..., K}, we define two elements §,5; € R\ {0} such that d,,d) and aj have the same sign
and
0 <1 <61 <...<0p <ap<O0p<..<dp<ag<O0k.

We now define for every k € {1,..., K} the sector
Dk = {(n,])GN\{O}XZ, nék S]Sngk}

that do not intersect each other. We also introduce

K
D= U Dy
k=1

We represent the sectors Dy on the Figure 2.2. In this section, we are going to prove the following two
lemmas, which give estimates on the Green’s function %j” and on the elements in its asymptotic expansion
(2.1.7) outside of the sectors Dj.

Lemma 2.3.1. We have that
V(n,j) ENXZ, j<-nporj>nr=%9"=0.
Furthermore, there exist two constants C,c > 0 such that
V(n,j) € (N\{0} x Z\D, —np<j<nr=|4"| <Cexp(—c(n+|j])). (2.3.1)

Lemma 2.3.2. We consider k € {1,..., K} and & € C[X,Y]. For all s € N, there exist two constants C,c > 0
such that

C 21
< —roxp (el Xagul #T) (232)

n 2tk

Vi) € (0 < 20Pee [ (X 41 ) L ) (Ko

where X, j i = =L,

n 2kk
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Both lemmas are proved in a similar way.

Proof of Lemma 2.3.1 The first part of Lemma 2.3.1 is directly proved recursively using the definition (2.1.6)
of the elements %]“ and the equality (2.1.3) on the operator .%,. We now focus our attention on the inequality
(2.3.1) of Lemma 2.3.1. The result [CF22, Theorem 1.6] gives us the existence of two constants C, ¢ > 0 such
that

. c 17 — no| ) T
¥ne N\{0},Vj €z, |47|< = exp C<H>

k=1 T HE n2e
For a sufficiently small é > 0, we have that
P Tt
Vke{l,...,K} ¥(n,j) € (N\ {0} x Z\D, -np<j<nr=c ('3”‘“’“'> s+ li). (23.3)
n2Hk

Therefore, we prove that there exist two positive constants C, ¢ such that
V(n,j) € (N\{0} x Z)\D, -np<j<nr= |gj"‘ < Cexp(—c(n+ |7])).
O

To prove Lemma 2.3.2, we use the following lemma which gives sharp estimates on the derivatives of the
function HY "

Lemma 2.3.3. For p € N\ {0}, 8 € C with positive real part and m € N, there exist two constants C,c > 0
such that

2u

2,4,—1) .

This lemma is proved in [Rob91, Proposition 5.3]. For the sake of completeness, we give a complete proof
in the appendix (Section 2.A).

Vo € R, ‘Héi(m)(x)‘ < Cexp (—c|x

Proof of Lemma 2.3.2 We fix a k € {1,..., K} and we verify the estimate of Lemma 2.3.2 for the monomial
P = X'XYW where Ix,ly € N. We use Lemma 2.3.3 which implies the existence of two constants C,¢ > 0
such that

Y(n, j) € N\ {0} x Z, |<mk_‘7>lx (Hgﬁk)(lY) <mk_]>

n 2k

This implies that there exists C' > 0 such that

N Ux . . 2
. nog — (y) (na —J noy, — j|\ T
¥(n,j) € N\ {0} x Z, Khj) (52, (kl) 'k")

~ c
<Cexp|—5 < i
nzl‘k n?uk 2 n2uk

Using the definition of the set Dy, we prove the existence of a constant ¢ > 0 such that

.
W) e (00} x2oe § (2 )™ s

n Mk

Therefore, we easily conclude that there exist two positive constants C,c such that the inequality (2.3.2) of
Lemma 2.3.2 is verified for &2 = X!xYlv, O

Now that the two Lemmas 2.3.1 and 2.3.2 are proved, we observe that for any family of polynomials
(@fj)ke{l’,,_’K}ﬁeN\{o} which belong to C[X,Y], for all s1,...,sx € N, there exist two positive constants
C, ¢ such that for all (n,j) € N\ {0} x Z\D

S (o () )

2
k=1o=1 0"k

2“}9
), (234)

e
< Z 11 €XP (—C | X5,k

k=11N 2tk
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and for any ko € {1,..., K} and for all (n,j) € Dy,, since the sets Dy do not intersect each other

oo Sk
<D e (—C|Xn,j,k| Pe= )

k=1 N 2k
k#kq

gn ko é;{,‘lﬂﬁio (@ko X d Hﬁko X
i Z o o n,j,ko» df kg ( n,jka)

o—1 M "ko

K sg ngfi . d 3
gjn — Z Z % <‘@0' (Xn7j,k; d > H2/jk) (Xn,j,k)

n (2.3.5)

with X, = ”“:_j. There just remains to find a family of polynomials (%), , to bound the last term in
Hi

(2.3.5) when (n ,]) € Dy, .
2.3.2 Plan of the proof of Theorem 2.1 close to the axes j = na;

We claim that to conclude the proof of Theorem 2.1, there only remains to prove the following proposition:

Proposition 2.1. For all k € {1,...,K} and s; € N, there exist a family of polynomials (,@c’j)ge{l’_wsk} n
C[X,Y] and two positive constants C,c such that

, w2t d\ . s C 2y
V(n,j) € Dy, |4 =D Sk () Xugies 7= ) Hih, ) (X )| < = exp (_C|Xn7jyk|z,tk71> (2.3.6)
o=1 N7k n 2tk

with X, jp, = "%k=d,
2/%

Once the existence of families of polynomials (%), , satisfying Proposition 2.1 is proved, the inequalities
(2.3.4) and (2.3.5) we deduced from Lemmas 2.3.1 and 2.3.2 imply that Theorem 2.1 is also verified for the same
family of polynomials. It is important to observe that we use intensively the fact that the sectors Dy do not
intersect each other. In Section 2.4.1, we will see that when the elements ay, are not supposed to be different, we
will need to adapt Proposition 2.1 to take into account that for each sector there could be multiple generalized
Gaussian waves that are superposed in the estimate (2.1.7).

We now focus our attention on proving Proposition 2.1. We fix k € {1,..., K} and s € N. For s = 0, the
result has been proved in [CF22, Theorem 1.6]. Therefore, we will focus on the case where s > 1. The proof of
Proposition 2.1 in this case will be separated in three steps:

e Step 1: In Section 2.3.3, we will express the elements %j” using the spatial Green’s function G;(z) via the
inverse Laplace transform and use the results of Section 2.2 to prove the following proposition:

Proposition 2.2. For all k € {1,..., K} and for all s € N\ {0}, there exist two positive constants C,c such
that for all (n,j) € Dy,

n ZhEL [T (jRs,i (it + 13.))" . j j Bk
g — o /700 P, (it +13,) — exp | it n—a—k —a—kaiukt“’“ dt

where T, 1= 10y is the only element of i] — m, [ such that

2, = exp(7},) = exp(iby)

and the polynomial functions P, and R, ) have explicit expressions defined in Lemma 2.5.4.

e Step 2: We observe that in Proposition 2.2, we approach the elements %Jn for (n,j) € Dg by an explicit
linear combination of the following terms where I,m € N and m > (2u, + 1)1

-l +oo ; m+l ;
[0 « —
e ity exp (it (n— 2} = LB o gy %H& SR I S A RS
21 J_ oo ag ag it PR S o i)k
(aﬁ) (?)

If we compare the terms in (2.3.7) with the terms appearing in the estimate (2.1.7) of Theorem 2.1, since
we are considering (n, j) € Dy, we see that - is close to n. Therefore, once Proposition 2.2 is proved, we will
only need some standard analysis in Section 2.3.4 to prove the following proposition.
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Proposition 2.3. Foralls e N, m e N, 1 e N\{0} and k € {1,..., K}, if we consider d € N such that

q> s+1
T 2up —1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,

(m)

d—1 d—1
HE (Y K C 2
241k k) lk1  Plkiks ki+ks 778, (M+k1) bk
E E T it (2pp k3 (ij,k) H2;¢k (Xn,jyk) S g ©XPp 7C|Xn7]}k B
(L) nx k1=0ks=0 T 2Hk n ke
ag
where Y, j 1 = - X, ;) = " and
(L)%Lk n 2tk
X
k k ki1—k ks—1
. 1 (k;)(_l) 1—k2 3 l+k2
%lvkh]% = Z kqlka! k3 H 2 +k4 !
P 1:R3:Q, = 1235

e Step 3: In Section 2.3.5, we will explicitly construct the polynomials £ satisfying Proposition 2.1 using
Propositions 2.2 and 2.3. This will conclude the proof of Proposition 2.1 and Theorem 2.1 in the case where
the elements o}, are distinct.

2.3.3 Step 1: Link between the spatial and temporal Green’s functions and proof
of Proposition 2.2
As explained at the end of the previous section, we start by proving Proposition 2.2. The first step will be to
express the elements ¢ via the spatial Green’s function G; (z). The equation (2.2.3) implies by using the inverse
Laplace transform that if we define a path which surrounds o(%,) = F(S'), like for example fp = exp(p)S! for
0 < p <, then

Vn e N\{0},Vj €Z, ¥9'= 2"Gj(z)dz.

2271' Fp

We fix this choice of path for now but we are going to modify it in what follows. The idea will be to deform
the path on which we integrate so that we can best use the estimates on G,(z) proved in Section 2.2. We start
with a change of variable z = exp(7) in the previous equality. Therefore, if we define I, := {p +il,l € [-m, 7]}
and G;(7) = e"Gj(e"), then

. ! 1 nrt
vneN\{0}.VjeZ, ¥"= ﬂ/r "G, (r)dr. (2.3.8)
p

We will therefore need a lemma that allows us to get from estimates on G,(z) to estimates on G;(7). First,
recalling that z,, # —1, we define for all k£ € {1,..., K} the unique element 7, := 6y of i] — m, [ such that

2y = exp(zy,) = exp(iby).
We also introduce for all k € {1,..., K} the unique ), €] — 7, 7] such that

iy, = €',

We now introduce a lemma to pass from estimates on G;(z) to estimates on G;(7).

Lemma 2.3.4. There exist a radius €, > 0 and for all k € {1,...,K} two holomorphic functions wy, :
B., (1) = C and gy, : Be, (1)) = C such that for all € €]0,¢e,[, there exist a width n. €]0,¢[ and two constants
C,c > 0 such that if we define

K
Us:={r € C,R(7) €] —ne,w],Im (1) € [-m, 7]} and Q. :=U.\ U B (1),
k=1

then for all j € Z, the application T — G;(T) can be holomorphically extended on U, U UkK:1 B.(1},) and we
have that 4
VreQ.,VjieZ, |Gi(r)| < Ce el (2.3.9)

Also, for all k € {1,..., K}, depending on the case, we have that
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Case I:
V7€ Bo(1,,),¥j > 1, |G;(1) — e gr(r)e?== (M| < Cemelil) (2.3.10)
V7 € B.(1y,),Vj <0, |G;(1)] < Ce=Vl, (2.3.11)
Case II:
V7 € Bo(1),),¥i > 1, |Gy(1)] < Ce VI, (2.3.12)
V7 € Bo(1,),Vj <0, |G;(1) — e gr(r)e?== M| < Ceelil) (2.3.13)
Case I1I:
V71 € Be(1),V5 > 1, |G,(1) — eTg,,kﬁl(T)ejw”k)l(T” < Ce~Vl, (2.3.14)
V7 € Be(1;,),¥5 <0, |Gy(1) = €7 g, ,(T)e? 2T | < Ceelil] (2.3.15)

where we have Ty = {vk1,Vk 2}, 0oy, >0 and oy, , < 0.
For allk € {1,...,K}, we have

0 (T 7Ikz) prt+1 6]6 22U 24
wi(T) 5 0y — Tar +(-1) TR (T — )" + o(|T — 7| M%). (2.3.16)
and
V1 € B., (1y), € gr(T) = —sgn(ay)wy (1) (2.3.17)

For s € N\ {0}, we define the functions

s—1 wl(cl+1) (Ik)

Pip: 7€eC — —sgn(ay) Z 7 ( _Ik)l,
1=0
5 (T—1p) , Bk
op: TEC — by — Tkk + (_1)Hk+1 T (r —Ik)Qu’“,

20

Qsr: 7T€C — T(T—Ik)l,

1=0
Rsp: 7€eC — Qs,k(T) — pr(7).

The functions P, Qs and @i are asymptotic expansions of the function e” gy and wy at ), up to different
orders. We can then define a bounded holomorphic function &, : B, (1) — C such that

V1 € B, (1)), @i(T) = Qsi(T) + Es k(7)) (T — 1)) 25T,
We then can prove that there exist two positive constants Ar, Ay such that for all 7 € B, (1})

uR(0(7) < —R(T — 1,.) + AgR(T — 7,)*" — AfIm (7 — 7,)%*,  (2.3.18)
R (@i (7)) + o |[€o k() (T — 7)) < =R(7 — 1) + ArR(T — 7,)°" — AfIm (7 — 7)**,  (2.3.19)
arR(ok(7)) + |ag||Rs i (T)| < —R(7 — 7,) + ArR(T — Ik)z“’“ — Arlm (17 — zk)z“’”‘. (2.3.20)

Proof Using the Lemmas 2.2.4 and 2.2.5 and writing sz (2) = exp(wy(z)) for z near z, with wy.(z;,) = ik, we
can define for a choice of ¢, small enough two holomorphic functions wy, and gx such that

VT € Be (11), w@i(T) = wi(e”), gx(T) = fi(e).

Lemmas 2.2.4 and 2.2.5 directly imply the inequalities (2.3.10), (2.3.11), (2.3.12), (2.3.13), (2.3.14) and (2.3.15)
on the open balls B, (7,) and the fact that the functions 7 — G,(7) are holomorphic on B, (7;). We now
consider € €]0,e,[. The inequalities we just proved remain true on B.(7;). Using a compactness argument and
Lemma 2.2.3, we also get the existence of 7. and the inequality (2.3.9).

We observe that the asymptotic expansion (2.1.4) implies that

T—1, = —oa(wg(r)— zék) + (=) By (wop () — iék)Q“"’ +0 (’wk(T) — zék|

2Mk+1)

We then deduce the equation (2.3.16).
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For 7 € B (7}), the equations (2.2.9) and (2.2.12) imply the equality (2.3.17).

There only remains to prove the existence of Agr and A to verify the inequalities (2.3.18) - (2.3.20).

We are going to prove (2.3.18) first. Because of Young’s inequality, we have that for [ € {1,...,2u; — 1},
for all 6 > 0, there exists Cs > 0 such that for all 7 € C

|8‘E(7’)|Z\Im (T)|2“’“_l < 0Tm (7)%#% + CsR(7)?Hx,

Furthermore, we have that

W (7)) = —R(r = 3,) + (1) (%%«r -z - it (o —Tk>2ﬂk->> .
k k
Then, for 6 > 0, there exists Cs > 0 such that
aR(op(1)) < —R(T —7,.) + R(1 — 75)%H* (92({2) + C’5> 4+ Tm (1 — 75, )%H* < gz(;ji) + 5) .

Therefore, by taking J small enough, we can end the proof of inequality (2.3.18). The proof of inequality
(2.3.19) is similar. We have for 7 € B (1},)

axR(@i (7)) + lonl|€s, (T)(7 — ) #473] < =R(7 — 1) + lo] (2A&s (7T — 27T + [ R (7))

+ (—1)rt! (Wi’“) R((1 = 1)) = 7Im2(li’“)1m ((r— r,f“k)) :
ay A,

We know there exists ¢1,co > 0 such that
Vee{l,...,K},V7 € C, |7]*" < R(1)*"* + colm (1)%H*,

. Rk ~ . .
Since &5 and s can be bounded by some constant C' > 0 on B, (7},), using the same reasoning as
previously gives us

R (@i (7)) + o |6 (1) (7 = 2, 75| < =R(m — 1) + o |C (265 + €2) (1R(T = 1,,) 7 + el (7 — 1))
+R(r — ;)% (%(ﬁi) + C’5> +Tm (7 — ) <%(2€i) + 5) :

Taking § and e, small enough allows us to prove (2.3.19). We prove the inequality (2.3.20) the same way. O

Remark 1. We observe that the constants in the inequalities (2.3.10), (2.3.11), (2.3.12), (2.3.13), (2.3.14) and
(2.3.15) can (and will) be chosen uniformly with respect to e €]0,e,[. However, it is not the case for the
constants in inequality (2.3.9).

Choice of integration paths for the proof of Proposition 2.2

From now on, we fix a k € {1,..., K} and an integer s € N\ {0} and our goal is to prove the claim of
Proposition 2.2 for this k and s, i.e. we want to prove the existence of two positive constants C, ¢ such that for
all (n,j) € Dy, we have

N 2R 400 ’ s—1 (j Ry 1 (it +1;.))! . j i B
gj - gﬂ_ / Ps,k?(lt +Ik> ( % exp it (n — ak) - = t2uk dt
0

—o0o = Ak o
¢ no — |\ T
nog — J|\ 2#e1t
S 11 EXp | —C <1> . (2321)
n2ek n 2k

We will suppose that aj > 0. The major consequence is that for (n,j) € Dg, we have 5 > 1. This implies
that we will use the inequalities (2.3.10), (2.3.12) and (2.3.14). The case where aj < 0 would need some little
modifications, in particular we will have that j < 0 for (n,j) € Dy and we would rather use the inequalities
(2.3.11), (2.3.13) and (2.3.15).
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Before we begin with the proof, we will need to introduce some lemmas and define some elements. First, we
can easily prove the following lemma which allows us to pass from bounds that are exponentially decaying in n
to the generalized Gaussian bounds expected in (2.3.21).

Lemma 2.3.5. We consider C,c > 0. Then, for all s € N\ {0}, there exist C,& > 0 such that

2u
V(n,j) € Dy, Cexp(—cn) < — exp (—6|Xn7j7k|2wclil>

We now apply Lemma 2.3.4 and consider ¢ €]0, €,[ small enough so that
Vi,j€{l,...,K}, z; #z;= B(z;) N Be(z;) =0

and
vie{l,...,K}, B.(r)c{reC, Im(r)e[-mmn|}.

This can be done because we supposed that z; # —1 which implies 7; ¢ {—im,ir} for all [. We also introduce
some conditions on the values 7. we defined in Lemma 2.3.4 which will be useful later on in the proof, especially
for Lemma 2.3.10. We define the function

re: |0, — R

2.3.22
7 — g2 —n? ( )

which serves to define the extremities of —n + iR N B.(z;,) for any k € {1,..., K'}. We impose that 7. is small

enough so that
3
Ne < \/;5. (2.3.23)

Te(ne) >

This condition implies that

Finally, we also impose that

2p
Vee{l,... K}, 1.+ Apn — A, (%) ) (2.3.24)
We now fix a constant 7 €]0, n.[ which we will use to express the modified path on which we will integrate the
right-hand term of equality (2.3.8).
We will now follow a strategy developed in [ZH98], which has also been used in [God03], [CF22] and [CF23],
and introduce a family of parameterized curves. For 7, € R, we introduce

Uy(1p) =7p — ARTPQ“’“.

1

The function ¥y is continuous and strictly increasing on | —oo, (m

1
) et [ We choose ¢ small enough so

that it is strictly increasing on | — co,¢]. We can therefore introduce for 7, € [—7,¢]
Tipp= {T eC,—n <R(r) <7y, R(r—13)— ArR(T — Ik)Q”’“ + AIm (7 — zk)Quk = \I/k(rp)} .

It is a symmetric curve with respect to the axis R + 7, = R+ 46) which intersects this axis on the point 7, + 7.
1

If we introduce £y, = (w) %’ then —n + (0 + Cr,p) and —n + (0 — {1 ) are the end points of

Ar
I'k,p. We can also introduce a parametrization of this curve by defining v, : [k p, kp] — C such that

VTp S [—T],E] Vit € [—€k7p,€k7p], Im ('Yk,p(t)) =t+ 0, 3‘3(%71)(25)) = hk,p(t) = \I/Izl (\Ifk(Tp) — A[tm“c) .
(2.3.25)
The above parametrization immediately yields that there exists a constant M > 0 such that

V1, € [-n,¢€],Vt € [—Llip, Lk p)s |h§€7p(t)| < M. (2.3.26)
Also, there exists a constant ¢, > 0 such that

V1, € [-1,e,¥7 €Tgp,  R(T —14) — 7p < —cIm (7 — 1) 2. (2.3.27)
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We introduce those integration paths I'y, , because they allow us to use optimally the inequalities (2.3.18)-
(2.3.20). For example, if we seek to bound e""+7#+(7) when (n, j) € Dy and 7 € 'y, it follows from the equality
sgn(j) = sgn(ay) and the inequalities (2.3.19) and (2.3.27) that

nR(r — 13,) + jR(wk(7)) < nR(T — 1) — aik (R(r —14) = ApR(T — 7,,)*" + Aflm (1 — 7;,)**)
(2.3.28)

< aente -2 - (£ ) L
k k

Such calculations will happen regularly in the following proof (see Lemmas 2.3.8 and 2.3.9). There remains
to make an appropriate choice of 7, depending on n and j that minimizes the right-hand side of the inequality
(2.3.28) whilst the paths I'y , remain within the ball B.(r;). Even if we have to consider a smaller 7, we can
define a real number 0 < €9 < € such that the curve I'; ,, associated to 7, = €j,o intersects the axis —n + iR
within B (7). Then, recalling that we consider ay > 0 and thus that j > 0, we let

. Api 2“;—1
Ck = J naka Tk = Rja Pk (Ck> = Sgn((k) <Ck|> .
Vi Yk

22U n

The inequality (2.3.28) thus becomes
nR(r — 13,) + jR(wi (7)) < —nedm (7 — 1,) 2 + ai('ymﬁ“k — 2p1CTp)- (2.3.29)
k

Our limiting estimates will come from the case where (. is close to 0. We observe that the condition (n, j) € Dy,
implies B
ARrdy, < vk < ARy (2.3.30)

Moreover, we have that py (C’; ) is the unique real root of the polynomial

YRl = (.

Then, we take
Dk (Lfc) . if pr (% € [—4,er0], (Case A)

Tp = €k,0 if pg %) > €10, (Case B)
-1, if pi, (%) < -1 (Case C)

The case A corresponds to the choice to minimize the right-hand side of (2.3.29). The cases B and C allow the
path I'y , to stay within B. (7).

There just remains to define the path I'y defined on the Figure 2.3. As we can see, it follows the ray
—n + i[—m,n] and is deformed inside Be(7;,) into the path T’y ,. We define

Lires :={—n+it,t € [—m,7\[0k — L p, 0k + Lip]} N Be(Ty),
Lrout :={—n+it,t € [-m, 7|} N B(z,)",
Prin :=Lkp ULk res,
Ty =Tk,in U Tk out-

Using Cauchy’s formula and taking into account the "2im-periodicity" of G;(7), we have that for all n €
N\ {0} and j € Z
1 1
"= "G, (T)dT = — "TG,(T)dT. 2.3.31
9] %ur Fpe j()dr = % er j(r)dr (2.3.31)

In order to prove Proposition 2.2, we will start by proving the following lemma.

Lemma 2.3.6. For allk € {1,...,K} and for all s € N\ {0}, there exist two positive constants C,c such that
for all (n,j) € Dy,

s—1
n 1 jRS k nt  jer(T)
54]» ~ 5 ( g ) e"Tel P\ dr

Fk,zn 1=

2

k

C |nag, — j|\ 21
< st1 SXp | —¢C€ 1
n 21k n 2tk
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Im (1)
7777777 ,"7777777,,,,777
i
Fk:,ouf
lwk‘.mq
D Lip
| B.(0)
— e R(T)
_77: Tp
L —1
—iT
7777777 ,"7777777,,,,777

Figure 2.3 — A representation of the path I'y, for 7,, = 0. It is composed of I'y 5y (in red), I'y res (in green) and
Tk p (in blue). The section of I'y, which lies inside the ball B.(z;,) (i.e. the reunion of I'y s and I'y ;) is notated
Fk,in-

Our main focus now will be to prove Lemma 2.3.6. We observe that the triangular inequality implies

s—1 1
/ Ps k (]Rﬁ,k(T)) enrejgak(r)dT
2 Thin l!

l:O

8
1
< — E 2.3.32
< g2 (2332

where

E = / eV G, (T)dr
Fk out

e T HIwk(T) (eTgk(T) — Ps (7)) dr

)

, By = / &7 (G;(7) — €7 gi(7) exp(jmy () dr
Tk in

&
I
\

)

) E4 _ / n‘r-‘rjwk('r) (eTgk(T) - Ps,k(T)) dr
Fk res

ka

Pys(r)e™ (ejww) est,ur)) dr Eg Pyp(r)e (ejww) _ em,m)) dr

&
|
\

I
—~
‘1‘

o
v

ka

s—1 ,. I
E; = / P k(T)e7lT+j<Pk(T) (esz,k(r) B Z (]&MT))) arl.
Ty I
k,p =0
s—1 R
Es = / Ps’k(T)enT+j<Pk(7') <esz,k(T Z (7 ek )dr
Tk res —

We will now have to determine estimates on all these terms depending on k (case I, IT and ITI) and also on
Tp and ' e

— Case A: p; (C—’“> € [-Z,ek0],
— Case B: pk< ) > €k.0,

— Case C: p; ('Tk) < -7
The main contribution will come from the terms Fs, E5 and E7 in the case A. We will prove much sharper

estimates for the other terms.
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Preliminary lemmas

Before we start to determine the estimates on the different terms, we are going to introduce some lemmas
to simplify the redaction. Those lemmas assemble inequalities in the different cases (A, B and C) for which
the proofs are similar with variations depending on the case we are in. They mainly rely on the inequalities
(2.3.18), (2.3.19) and (2.3.20). The proofs of those lemmas can be found in the appendix. Lemmas here will be
proved for ay, > 0. When «ay, < 0, they would sometimes require some slight modifications.

We start with a lemma which will be useful to study the terms E5, Eg, F7 and Eg.

Lemma 2.3.7 (Inequalities in Be, (7;,)). There exists C' > 0 such that for all 7 € B, (1) and (n,j) € Dy, we
have

o (17) — c19) | < Cnfr — £y PP exp(nR(r — ) + (R () + sl o (P)(r — 7551 )

and
s—1 ,. 1
nrtign(r) [ giRon(r) _ ™ URsk(T)
e JPk (ej k lz: g
=0

< C (nlr =z ) exp(nR(r — z3,) + j(R(pr(7)) + sgn(an)| Rs k(7))

This next lemma will be useful for terms where the integral is defined along the path T'y , (terms Es, Es
and Er).

Lemma 2.3.8 (Inequalities on I'y ;). For (n,j) € N\ {0} x N and 7 € I'y ,, we have
e Case A: py, (5—’;) € [—g,sk,o]

n?R(T - Ik) + ](?R(wk(T)) + Sgn(ak)|§s,k(7)(7' _ Ik)?ﬂk+s|)

< —ne,dm (1 — 1) — 2 (25, — Dy,

<Ck>23:k1 (2.3.33)

893 Tk
nR(r — 13,) + jR(@k (7)) < —nedm (7 — 7)™ — —— (2 — 1)y (Q{:) o , (2.3.34)
A Tk
PR(T = 7,) + J(R(ok(7)) + (o) | R (r)]) < —mesTn (r = 1) = % (20— 1) (;) T s
e Case B: py (5—’;) > €k,0
nR(7 —73) + G (R(r(r) + smn(on) s (7) (7 — 7+ ) < (2 — 1) Ardielly (2.3.36)
nR(r = 7,) + R (7)) < ~ (2~ DARDL (2:3.37)
nR(T — 70) + G (R(pe(r) + san(on) | Rui(r)]) < = - (2e — D Andyily (2.3.38)
e Case C: py, (,%) < -2
. 2pk+s n AR
nR(1 — 1) + J(R(wk (7)) + sgnow) sk (T) (T — 1)+ F]) < _@(2“’6 — ) Ard, (5) ’ (2:3.:39)
2pr
MR(r = ) + R (7)) < — (2~ DAy (3) 7, (2340
WR(r - 2,) + J(R(pu(r)) + sgn(en) Ron(D)) < - — s (7). @340

Finally, we introduce in the next lemma some inequalities that will help us for the terms with integrals
defined on Ty, s (terms E4, Eg and Eg).

Lemma 2.3.9 (Inequalities on 'y yes). For (n,j) € N\ {0} x N and 7 € Ty ;..s, we have in all cases

nR(T — 13) + J(R(@(7)) + sgnlon) [k (7) (T — 73)* 1)) < 7”%7 (2.3.42)
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nR(T — 1) + J(R(wi (7)) < —n—, (2.3.43)

(2.3.44)

Estimates of part of the terms

We are going to first prove estimates for the terms where the proof will not depend on the case A, B or C
in which we are.

e Estimate for Fs:

We introduce the path I'y, ;, defined as

Lyki={-n+itt € [-n,7n]} N BA1}).

Using Cauchy’s formula, we have that

[ e - cam et = [ (60 - o) eplimilr) dr

Tk

Because we supposed that aj > 0, depending on whether we are in case I or III, the previous equality and the
inequalities (2.3.10) and (2.3.14) imply

—nn—cj
Se .

/F € (Gy(r) = 7 (7) expljma(r)) dr

e Estimate for Fy:
The inequality (2.3.43) implies

[ e @) Pustrdr| 5 [ o (iR() + @) fir] S e
Tk, res r

k,res

o Estimate for Fg:
If we use Lemma 2.3.7, we have

/ Psﬁk(T)enT (ejwk(T) _ est,k(T)) dr
I

k,res

S /F exp(nR(1 — 1) + j(R(wk (7)) + sgn(aw) s (1) (T — 7,,) =7 ))nfr — 1[5 d7].

k,res

Therefore, the inequality (2.3.42) implies

n
1 _n2
Sne "2 Se ",

/ Ps,k(T)enT (ej‘lﬂk(T) _ est,k(T)) dr
Fk,res

o Estimate for Fg:
If we use Lemma 2.3.7, we have

J

s—1 ,. 1
Ps k(T)enT-i-jgak(T) (esz,k(T) _ Z (sz,k(T)) > dr

I
1=0

k,res

S /F exp(n¥(r — z,,) + j(R(wr (7)) + sgn(on)| R (7)])) (nl 7 — 2, #71)*|dr].

k,res

Therefore, the inequality (2.3.44) implies

s—1 /. 1
P, k(T)enT-&-jth(T) eI Bsu(T) _ Z M dr| < nse 3 < i
Tives 1=0 i -

It remains to study the terms Fy, E3, F5 and E7.
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The terms Fs3, E5 and E;, Case A : p; (»CT];) € [fg,skyo]

This part of the proof is the most important because those terms will create the limiting estimates.
e Estimate for Fs:
Because of Taylor’s theorem, we have

Bo=| [ (@ u(r) = Puslr) 7=y
r

k,p

< / |7 — 74l* exp (BR(7) + R (i (7)) |dr].

k,p

The inequality (2.3.34) implies

E3§/
r

But, the inequality (2.3.30) and the fact that pg (%) = 7, imply

2u ke
T — 1 fe e I (=2 g exp [ — (2/%—1) (Kk') :
Yk

k,p

T - 1
2~ 1) (W) = Ayl
Vi (e77

If we introduce ¢ > 0 small enough, then

E5 5/ ks —IkISe‘"C*Im(T‘Ik)M|dT|exp( cn|mpP+) .
Fk,p
Using the parametrization (2.3.25) and the inequality (2.3.26), we have

fk‘p
/r |7 — zyffeT e Tz dr| g / (17" + [*)e e .
k,p k

—rk,p

The change of variables u = n7xt and the fact that the function >0 +— x2°exp (fgacz“’“) is bounded

imply
Lip
’ _ 2pp 1
[ et i —
—Li,p n2k
Ly P 1
. o c
/ ITp|*e ™ dt < —5 exp (7”|Tp|2uk) ’
_ek N2 nm 2
Thus,

1 c
E3 5 Eexp (—§n|7p|2“’“> .

n 2k

Lastly, the inequality (2.3.30) implies that we have a constant ¢ > 0 independent from j and n such that

2
y 2y, —1
Snlml > ("7 70‘”) "
n

2ug

S0,

1 1 = naw] | 7T
_ (17— nag| T
B3 S —gexp|—¢ (1)

n2kk n 2tk

e Estimate for Fs:
Using Lemma 2.3.7 and the inequality (2.3.33), we have

By =

/ Ps,k(T)em- <€jWk(T) _ eJ'Qs,;g('r)) dr
Tep

< /F nlr — 1, [ exp(nR(r — 1) + (R (7)) + sgn(ew) €, (T) (T — )2+ F°)) )| dr]

k,p
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g —1
swp—;pw—n%(i) S [ i e exp(nedin (- %) arl.
k

P

Just like in the estimate for the previous term, because of the inequality (2.3.30), if we introduce ¢ > 0 small
enough, we have

&snmmﬂmm%w/ |7 — 74 29+ exp(—ne,Im (7 — 7,)%%) | dr].
T'rp

The same reasoning as for the estimate of E3 implies that

ey ) ey )
n/ |7 — 7, |25 exp(—ne, dm (1 — 1,,) %) |dr| < n/ |t\2’”€+567”6*t2‘ "dt + n/ |Tp|2uk+567"c*t2' " dt.
Fk,P *Zk,p 7‘€k,p

1 c
The change of variables u = n= t and the fact that the function z > 0 — z?**T exp (—ixQ’*’“) is bounded
imply
L,
n/ s gme gy < —_—

Lk p n 2tk

—L.,p n 2k

li,p
’ _ 2up 1 C
n/ |Tp|2m"’+86 netTE g < —T exp (in\7p|2’”’> .

Thus,
1 c
Es S —rexp (—§n|7'p|2“"') )
n2re
Lastly, the inequality on v (2.3.30) implies that we have a constant ¢ > 0 independent from j and n such

that o
k
C oo o A [ 1T nag T
§n|TP| ) Z c 1
n2k

S0,

1 1 = nay] 7T
(1 —nag| | BT
Es S = &Xp | —¢ (1)

n2rk N2

o Estimate for Er:
Using Lemma 2.3.7 and the inequality (2.3.35), we have

s—1 ,. 1
nrtion(r) [ ifontr) _ 5 URar(T))
/ka Ps,k(T)e JPk <8J Kk Z i dr

=0

Er =

S/F (|7 — 2, [#7) exp(nR(1 — 1) + F(R(r (7)) + sgn(aw )| Rs i (7)]))d7]

k,p

QMk
S —1
< exp (2 — 1)k <|<k> ' ns/ 17— 7, |*#F D exp(—ne, Im (1 — 1,,) %) |dr|.
r

n
vk Vi .
Just like in the estimate for the previous term, because of the inequality (2.3.30), if we introduce ¢ > 0 small

enough, we have

Br S exp (~enlry ) [ |7 = 2@ exp(netm (7 - £ fdrl,

k,p

The same reasoning as for the estimate of E3 implies that

ns/ |7 — 1k|3(2’““+1) exp(—necdm (7 — 7,)%%)|d7|
Fk,p
Li,p 20, Lr,p 24,
Sns/ |t|s(2uk+l)e—nc*t dt—i—ns/ |Tp|s(2uk+1)e—nc*t dt.

—Lli,p —Lli,p

The change of variables u = nﬁt and the fact that the function z > 0 — 25#s+D exp (—g:cz’““) is
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bounded imply

Li,p
K 2 1) —nc,t2Fk
nG/ |t|9( e+ ) nce dt < —,
Li,p :

s o 5(2ur+1) g —nce Q“kdt 1 ¢ 20k
n |7p] —7 €xp 571\7’,,\ .
—Lk,p n 2tk
Thus,
E, < L 2
7 S~ exp —fn|7' | )
n 2tk

Lastly, the inequality on v (2.3.30) implies that we have a constant ¢ > 0 independent from j and n such

that o
k
¢ 2k ~ |] - nak| ekt
§n|7-27| >c 1
n3k

S0,
2

Hi
1 (1§ — nog|\ 2T
E; S —xexp | —¢ <1|

n2rk n2Hk

The terms F3, E5 and E7, Case B and C:

We now consider that we are either in case B or case C (i.e. pk(,%) ¢ -2, en0]).
e Estimate for E5:
Because of Taylor’s theorem, we have

E; = / enmHIET) (e g (1) — Py (7)) dr
N

k,p

< / |7 — 7[* exp (nR(7) + R (zwx (7)) ld7].

k,p

Using the inequality (2.3.37) or (2.3.40) whether we are in case B or C, they imply that there exists ¢ > 0
independent from j and n such that
E; S e—cn

e Estimate for Fs:
Using Lemma 2.3.7, we have

E5 = / e"" Py 1 (7) (ejw’“(” - ejQS**"(T)) dr
Fk,p

S/F nfm — 1 [P exp(nR(r — 1) + §(R(wn(7)) + sgn(an) €, (7) (T — 1) 247 )| dr .

k,p

Using the inequality (2.3.36) or (2.3.39) whether we are in case B or C, they imply that there exists ¢ > 0
independent from j and n such that
Es <ne " < e &m,

e Estimate for Fr:
Using Lemma 2.3.7, we have

s—1
/ P, k(T)enT+j<Pk(T) <ejR5,k(r) Z ]RS k ) dr
§ =0

S /F (|7 — 2, 71)* exp(nR(1 — 1) + j(R(w (7)) + sgn(aw )| Rs (7)) ]d7].

Er =

k,p

Using the inequality (2.3.38) or (2.3.41) whether we are in case B or C, they imply that there exists ¢ > 0

independent from j and n such that
E7 5 nse " 5 e—%n.

Estimate for the term F;

o Estimate for E;:
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Figure 2.4 — This is a representation of I';, where we decompose I';; 5,t. The red path corresponds to fo the
part of T'y 5+ which lies outside the balls B.(7;). The green path corresponds to fl the part of I'y o+ Which
lies inside the ball B.(;). The dashed green path corresponds to the deformation we use in the proof of the
estimate for Fj.

We recall that
E, =

/ eV G;(T)dr|.
Tk out

For 7 € T out, we have different estimates depending on whether we are inside a ball B.(r;) or not.
Therefore, we introduce the set of distinct points

{f,..., 7} ={1, le{l,....,K}}\{1,}.

It allows us to decompose the path I'y o as

where for all [ € {1,..., R}
I = Fk,out N Bs(%l)

and

R
Lo :=Tkout\ U I.
=1

This decomposition of I'y, 4y is represented on Figure 2.4. The inequality (2.3.9) gives us that

—nmn—c|jl
Se .

/A eV G;(T)dr

To

We now consider [ € {1,..., R}. There are two possibilities because of Hypothesis 2.3:
e Theset {i € {1,...,R}, 1, ="} is the singleton {i} with a; < 0 (i.e. we are in case IT). Then, knowing

that for (n,j) € Dy we have j > 1, because of the inequality (2.3.12), we have

—nn—c|jl
Se .

/A eV G;(T)dr
Iy

e The set {i € {1,...,R}, 1; ="} is the singleton {i} with o; > 0 (i.e. we are in case I) or it has two
distinct elements {i,j} with o; > 0 and a; < 0 (i.e. we are in case III). Either way, the inequalities (2.3.10)
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and (2.3.14) imply that

< 2rCe~™elil 4

/A e"" G, (T)dr

Iy

/A exp(nt + jw;(1))e" gi(T)dr| .
I

Just like we defined the path I'y p, 't res and I'y in, := I'y p U ') res, we can define a path I'; ,, I'; ;s and
Diin =15 p UL res. The path I'; 4, is represented with a dashed green line on the Figure 2.4. Using Cauchy’s
formula, we then have

/A exp(nt + jw;(1))e" gi(T)dr = / exp(nt + jw,(7))e’ g;(7)dr
V] Tiin

The function 7 +— €7 g;(7) can be bounded so we just have to bound / exp(nR(1 — ;) + jR(wi(7)))d|T|.
Tiin

We observe that the proofs of the Lemmas 2.3.8 and 2.3.9 are also true for I'; , and I'; ,.;. Using the inequality

(2.3.43) for the integral along the path I'; ;.s, we prove that there exists a constant ¢ > 0 independent from n

and j so that
[ explunir = ) + R (o)dlr] S e
F?ﬂ.res

It remains to bound the integral along the path I'; ,. In the case A (i.e. Pz(%) € [—4,¢€i0]), we observe
that for (n,j) € Dk, v; is bounded between two positive constants and

1
24

min(jo — 8. o — 3.

|G| >

Therefore, using the inequality (2.3.34) and the previous observation in case A and using the inequalities (2.3.37)
and (2.3.40) in cases B and C, we prove that there exists a constant ¢ > 0 independent from n and j so that

/r exp(nR(r — 1) + JR(wi(7)dl7| S e

i.p

Therefore, there exists a constant ¢ > 0 such that

V(n, j) € Dg, Se

/A eV G;(T)dr
I

This gives a sharp estimate of Ej.
If we recapitulate the estimates we found, we can define two constants C, ¢ > 0 such that

Y(n,j) € Dy, Vl € {1,2,4,6,8}, E; < Ce™ ",

and

Fr
C 5 2n—1
V(n,j) S Dk,Vl S {37 57 7}7 El S s+1 exp —C <U7;La]€|> '

n 2tk n2Hk

The estimates we proved on all the terms and Lemma 2.3.5 allow us to conclude the proof of Lemma 2.3.6.

From Lemma 2.3.6 to Proposition 2.2

Now that Lemma 2.3.6 is proved, we know that there exist two positive constants C,c such that for all
(’ﬂ,j) € Dk7

s—1 ,. . 2pp

1 (1R 1(7))! . C (|nak - j|) T —1
gn _ MR enTeier(T) gr| < e —c| ——— . (2345
7 2 Jo s,k (T) <l§_0 I e"Te T < e xp | —¢ = ( )

Proving Proposition 2.2 amounts to proving a similar estimate as (2.3.45) where the integration path would
be {it + 7;,¢t € R}. This is the goal of this subsection. We prove the following lemma, which will use the
conditions (2.3.23) and (2.3.24) we introduced on 7.

Lemma 2.3.10. We define the path

Dhin = {it,  t € [0k —re(n), 0 +r=(n)]}
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+

comp

Figure 2.5 — A representation of the path I'y i, Fg,m and T for 7;, = 0 used in Lemma 2.3.10.

where the function r. is defined in (2.3.22). Then, for all m € N\ {0}, there exist two positive constants C,c
such that
Y(n,j) € Dy, / (r— zk)memew’“(ﬂdr — / (r— Ik)me”Tej“"k(T)dT < Ce .
FO

Tk,in

k,in
Proof As in Figure 2.5, we define the paths

Fjomp = {t +i(0k +re(n), t€ [—777 0]} ) C_Omp = {t +i(0k —re(n), te€ [_7770]} :

Cauchy’s formula then implies that

/ (r— Ik)me”Tej‘P’“(T)dT — / (r— Ik)me”Tej“”“(T)dT
FO

Tk in

k,in

< / (r— Ik)memej“"’“('r)d'r
r

comp

+ / (r fzk)me"TeNk(T)dT .
r

comp

We need to find estimates for the two terms on the right-hand side. Both terms will be bounded similarly so

we will focus on the first one. Since I'},,,,, C B:(7},), we have

< / exp (nt + R (i (¢ + (0 + r-(n))))) dt.

-n

/ (r —zk)me"Tej‘Pk(T)dT
r

+
comp

For t €] —n,0[, since t +i(0x +r(n)) € Be, (1) and - > 0, using the inequality (2.3.18), we prove

J
nt + jR(px(t + (0 +7(n)))) < aik (n+ Arn™™ — Arre(n)**) .

Using the inequality (2.3.23), we have that r.(n) > r.(n:) > §. Inequality (2.3.24) then implies that

2k
n+ A0 — Arre(n)®* < ne + ApnZt — Ag (g) <0

Since (n,j) € Dy, we have that aik > %n so there must exist ¢ > 0 such that

V(n,j) € Dy, vVt €] —n,0[, nt+ jR(ex(t+ 10k +71:(n)))) < —cn.



2.3. Temporal Green’s function 61

This concludes the proof of Lemma 2.3.10. ]

Using Lemma 2.3.6 and the estimate (2.3.45), we have thus proved that for all s € N\ {0}, there exist two
positive constants C, ¢ such that for all (n,j) € Dy

N L N R (it + 1)) . AN
9 —*;—;k/ P, (it +14) (lek exp | it (n—mc) - = 2Mt2“’“ dt

—re(n) 1=0 Ak ak}

24
C — ]\ TeT
< ——exp c<|"o"“]|> )L (2.346)

n 2k n2k

There just remains to prove the following lemma to conclude the proof of Proposition 2.2.

Lemma 2.3.11. For all m € N and ¢y > 0, there exist two positive constants C,c > 0 such that

+oo

V(n,j) € Dy, / t"™ exp (—]cotQ’*’“) dt < Ce™ "
r Qg

<(n)

Proof The proof is done recursively and using the following equality proved by integrating by parts

“+o0 . m+1—2ug -
/ t"™ exp (—Ofkcotm““) dt = e e(n) exp (—corg(n)Z“kj)
T

=(n) 2,ukco— o
m+1— Q[Lk

+o0 ]
/ =2 (Jcotm) dt. (2.3.47)
T ak

2unco Jrn)

— For m € {0,...,2u, — 1}, since the second term of the sum on the right hand side of (2.3.47) is non-
positive, using the fact that (n,j) € Dy, we directly prove the result.
— If we consider m > 2uy such that the result of lemma has been proved for all m € {0,...,7 — 1}, then
the equality (2.3.47) implies the result for m = m.
|

Combining Lemmas 2.3.11, 2.3.5 and the inequality (2.3.46), we easily conclude the proof of Proposition 2.2.

2.3.4 Step 2 : Proof of Proposition 2.3

As we explained in Section 2.3.2, Proposition 2.2 and the equality (2.3.7) imply that we proved generalized
Gaussian estimates on the difference between the elements %j” and a linear combination of

1 m —J
B (m) LIJ where [ € N\ {0} ,m € N.

T T H2ouy .
FAL FALE
(677 Qg

We now need to approach the above terms by the elements appearing in Theorem 2.1, i.e. a linear combination

of
1 — 9 m —J
: (W) Hgll;k( 1) (7%041@1]) where [ € N\ {0} ,m,mp € N.

nn n 2k N2k

This is the goal of Proposition 2.3 that we recall here:

Proposition (Proposition 2.3). For all s € N, m € N, [ € N\ {0} and k € {1,..., K}, if we consider d € N

such that
s+1

T 2up—1
then there exist two constants C,c > 0 such that for all (n,j) € Dy,

(m) d—1 d—1
HJ" (Y K 8.
2pk ", k lk17k3 kit+ks 778, (Mtk1) 2Bk
E E Tt (up k3 (Xn,j’k) H2p,k (Xn’j k) < 11 CXP _chn,jJCP“k !
(L) nr k1=0ks=0m  2Wk n 2
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where Yy, j 1 =

—~
Q
= =
~— |>
)
T
e
3
)
=
e

k1 (kl)(_l)kl—kg k3—1 I+ k
k L ko + ko
Bl iy ks = Z 7]@1%3!0&:3 H TMk +ky .

k=0 ka=0
First, we prove the following lemma.

Lemma 2.3.12. Forallse N, meN and k € {1,...,K}, if we consider d € N such that

q> s+1
T 2up—1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,

d—1 By, (mtki) 1 1\ k1
(m) H, (Xn,jk) . ag\ 7 1\ 2%
Hye ™ (Yo gu) — » —2 ™ (nag — ) | | = -
k1=0 1 J
< 31 exp (fc\XnJ,k 25;:51>.
n 21k

Proof We will apply Taylor’s Theorem to bound the term on the left hand side of the inequality. We observe
using the bounds of Lemma 2.3.3 on the derivatives of H2Bukk that there exist two positive constants C, ¢ such

that
(m+d)

V(’m]) € Dy, Vz € [Xn,ﬂk?YnJ,k] ’ ‘Hgll;k

2p
(x)‘ < Cexp (—c | X0 5.k 2%51) . (2.3.48)

We also observe that the mean value inequality implies that there exists a constant C' > 0 such that

Y(n,j) € Dy, ’(Q) - ()
J n

Combining Taylor’s Theorem and both inequalities (2.3.48) and (2.3.49), we can prove the existence of two
positive constants C, ¢ such that for all (n,j) € D

|nag — 7] (2.3.49)

P
= 1+1,

d—1 778, (mtk1) 1 Lk
ﬁk (m) ) HQP‘I@ (an,k) Nk o Zugn 1 T,
Hyy (Yngn) = Z ol (noy, — 5)™ - -
k1=0
¢ 2d T
< EYPETRY |Xn,j7k| exp (—c ‘Xn7j,k|2“k71) .
nd(km)
2p

Since the function  — 2% exp <—§$Wil) is bounded, our choice for d allows us to conclude. O

Using Lemma 2.3.12, we have now approached the elements gj” via a linear combination of

i kl m k -
(noy J)M g (k) (”O"“J> where I € N\ {0}, m € N,k; € N,ky € {0,..., k1}.  (2.3.50)

k1—k 20
e N R n
n 2k
A

We approach the terms in (2.3.50) using the following lemma.

Lemma 2.3.13. We consider s € N, m € N, I € N\{0}, k1 € N, ky € {0,...,k1} and k € {1,...,K}. We
define the function

1
qjq T 6]0, +OO[—> E

If we consider d € N such that
s+1

T 2up—1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,
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(ks3)
. . d—1 ¥ n ) k
B (m+k1) (’I’LOék _])kl Wi Z;uk: ( ) ] 3
quk (Xn,j,k> By vy e \I/z+k2 — | — 7]@ ] — —n
n 20k 2up (675 ka0 3. (e73
C
S s+1 exp( c|)(n]lc|2'”C 1)
n 2tk
with X, j 1= =22
n 20K

Proof We will apply Taylor’s theorem to bound the term on the left hand side of the inequality. We observe
that there exist two positive constants C, ¢ such that

j C
Y(n,j) € Dy, Va € {n ]} , 'qfﬁi)kQ (m)‘ < (2.3.51)
AL 2pp n 20k +d

Thus, the inequality (2.3.51) and Taylor’s theorem imply the existence of two positive constants C, ¢ such that
for all (n,j) € Dy

. . (n) . k3
(m+k1) (noy, — j)k J i J
Byl ) i — [V (o) - 2 = (5

n 2rk 2up
2
2pg—1

2
Since the function z — 2*1+9exp (— T2k 1) is bounded, our choice for d allows us to conclude. (|

e X e (e X

Lemmas 2.3.12 and 2.3.13 allow us to conclude the proof of Proposition 2.3.

2.3.5 Step 3: Construction of the polynomials & satisfying Proposition 2.1 and
Theorem 2.1

Now that Propositions 2.2 and 2.3 are proved, we will construct the polynomials 2% in C[X, Y] which will
verify Proposition 2.1 and Theorem 2.1. We start by introducing some notations.

We fix k € {1,...,K} and s, € N. For [ € {0,...,s; — 1}, we define the coefficients %klm € C for
m € {(2ur + DI, ..., (2ug + sx — 1)l + s — 1} such that:
R k,(’r)l ur+sk—1)l4+sk—1
V7 € B.,(1}), Pg,wk(f)%li! = Z PATNCEY AL (2.3.52)

m=(2uk+1)I

where the polynomial functions P, ; and Ry, j are defined in Lemma 2.3.4. Using Proposition 2.2 and equality
(2.3.7), we prove that there exist two positive constants C, ¢ such that for all (n,j) € Dy,

1(2uk+s 1)l+s,—1 l
sp—1 (2pktse—1)l+sp— ok o™t || (m)
] Zk"% — ERES] 2Lk n,j.k
=(2ux+1)1 g 2k
(&7

2

HE
C _ AN Zpe=t
< —rexp —C(W) * (2.3.53)

n 2tk

where Y, j  := ——E——.

We now want to apply Proposition 2.3, so we need to define an integer d € N such that

s +1
72/.Lk—1.

We will consider that d = s;, + 1 so that when we will do computations of the polynomials &* in Section 2.5,
we will not have to distinguish the value of d depending on the value of pg. Then, for I € {0,...,s; — 1},



2.4. Closing arguments on Theorem 2.1 and proof of Corollary 1 64

m e {Qur +1)I,...,2ug + s — 1)l + s — 1} and ki, ks € {0,..., s}, we define the coeflicients

Cgskkﬁlym,klyka = '!jsi l mam+l|ak‘%k —2upl+1,k1,ks
k foa —
A R i <k1> (1)t i—f modul 1tk (2.3.54)
kl'k?). ka0 ko Pagiart 21k

where the coefficients %m 2l 1,k ks BTE defined in Proposition 2.3. Combining the result of Proposition 2.3

with the estimates (2.3.53), we prove the existence of two positive constants C, ¢ such that for all (n,j) € Dy

sp—1 ur+se—1)l+sp—1 55, sy

E SkJ m,ki1,ks k1+ks 178k (m-+Fk1)
j - Zk’%k Z E : Z m— z;Lkad(mk +1 X’ﬂ;]}k H2uk (Xn,j7k>
=ur+1)l  k1=0k3=0 10 2
C _2mp
< Setl exp <_C|Xn,j,k|2“k71> (2355)
n 24,
with X, ;1 == %= For g € {1,...,s;}, we define the polynomial
n 2tk

sp—1Qur+sp—1)l+sk—1 s, si
'@k(x Y Z Z Z Z ]lm 2ppltks(2pr—1)+1= U%sk,lmkl,nglirkstJrkl € (C[X Y]
=0 —@ur+1)l k=0 kz=0
(2.3.56)

Using the estimates on the derivatives of ngt (Lemma 2.3.3) to take care of the terms where m — 2uxl +
k3(2ur — 1) + 1 > 55 + 1, the inequality (2.3.55) implies that the polynomials 2% verify the estimates (2.3.6)
of Proposition 2.1. Proposition 2.1 is proved and Theorem 2.1 in the case where the elements aj are supposed
to be distinct ensues from Proposition 2.1 and inequalities (2.3.4) and (2.3.5).

2.4 Closing arguments on Theorem 2.1 and proof of Corollary 1

2.4.1 Proof of Theorem 2.1 when the elements o, can be equal

As we said in the beginning on Section 2.3, we supposed in the proof that the elements oy were distinct
from one another. In the case where the o can be equal, there are some changes that need to be done but the
calculations remain similar. Most modifications will happen on the part of the proof contained in Section 2.3.3.

First, just as in Section 2.3.1, we would define &z, &, and Dj in the same manner but with the added
condition that if a, = oy, then 8, = 6; and 9, =9;.

If we consider kg € {1,..., K}, we define

jko ::{kE{L...,K}7 ak:ako}.

We observe that for k € J,, we have Dy, = Dy, because of our new condition.
Lemmas 2.3.1 and 2.3.2 remain true. The inequality (2.3.4) thus remains true, however inequality (2.3.5)
now becomes that for kg € {1,..., K}, there exist two constants C, ¢ > 0 such that for all (n, j) € D,

53 (ot () 1)

k=1o0=1 e

K & "™
< 3 Lo op (el )

Sk n,.J
. 2RK d
DYDY <3”§ (Xn,j,k,d )Hfﬁk) (Xnjik)| -

Therefore, to prove Theorem 2.1, we now have to prove the following proposition which is a modification of
Proposition 2.1.

Proposition 2.4 (Modified Proposition 2.1). For all ko € {1,...,K} and (sx)reg,, € N7, there exist a

family of polynomials (f@fj)ge{lw y in C[X,Y] for each k € Ty, and two positive constants C, ¢ such that for

Sk
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(naj) S Dko

Z Z zkﬁk ( * <Xn7j7k,j> HQB;A> (Xnjk)| < Z gﬂ exp (—c|Xn7j7k|25:7]il)

2y
kETrg o=1" ”"
with X, jj = "2
n 2tk

Just as in the case where the elements «y; were supposed distinct, if Proposition 2.4 is verified, then the
families of polynomials (%), , constructed in Proposition 2.4 will also verify the estimates (2.1.7) of Theorem
2.1. Since the equality (2.3.7) and Proposition 2.3 remain true, to prove Proposition 2.4, we only have to prove
the following proposition which is a modification of Proposition 2.2.

Proposition 2.5 (Modified Proposition 2.2). For all ko € {1,..., K} and for all (sg)rez,, € N\ {0}7*0 | there
exist two positive constants C,c such that for all (n,j) € Dy,

sp—1 ,. . 1 .
ZpK] JRs, k(it + 1T . J J B
Z ZhZh / P, k(it + 1) (Z (R, (“ ) )exp (zt <n— OZk) - 2“’“) dt

«
k€ Ti 1=0 by,
. Mk
C |nag, — j|\ %1
< g arr exp | —¢c| ————
KETky T 208 n2hk

where the polynomial functions P, ;. and R, . have explicit expression defined in Lemma 2.5.4.

Therefore, there just remains to prove Proposition 2.5 and Theorem 2.1 will ensue. We recall that, to prove
Proposition 2.2 in the case where the elements «; were distinct from one another, we found an expression of
the elements ¢ as an integral along the path Iy

Vn e N\{0},Vj € Z, @ — — G ()

J 2w

and used the triangular inequality to find the inequality (2.3.32) that we recall here

—1 . 8
n 1 (]RSJC(T))Z nT o Jek(T) g 1
9 2im Jry Foadr) <Z a o 2 ;

We then bounded all the terms E; to find an estimate on

s—1 ,.
n 1 (]RSJC(T))Z nt  jer(T)
gj Y- - P, (1) (Z T e"T IR\ dr| .

=0

In the case where the elements o are no longer supposed to be distinct, the reasoning is the same but with a
better suited choice of path to express the elements ¢'. We fix ko € {1,..., K} and introduce the path T,
which is the ray {—n+ it,t € [—m, 7]} deformed into the path T’y ;, inside the balls B.(z;) for k € Ji, (see
Figure 2.6). Using Cauchy’s formula and taking into account the "2im-periodicity” of G;(7), we have that

n 1 nTt
vne N\{0},Vj€Z, 9= %in 3 e""G;(T)dr.

We end up with an inequality similar to (2.3.32).
sp—1 ,. 1
(JRS 7k(7_)) nrt _1J T
= o Z/F (Zk“ e il < | B+ Y ZEM (2.4.1)
kej k,in 1—0 kGJkOl 5

where Ej j has the same definition as E; in (2.3.32) but depends on the k € Ji, we consider. The term E,,,; is
similar to Ey in (2.3.32) and is equal to

Eout =

b

/~ e""G;(T)dr
Tkg,out
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Im (1)

Figure 2.6 — A representation of the path fko. Inside the balls B.(7;) where k belongs to Jj,, it follows the
path Ty ;, composed of T'y, s and I'y, ,. For [ € {1,..., K}, if there is no k € Jj, such that 7;, = 7;, then the

path Ty, inside B.(7;) just corresponds to the ray {—n + it,t € [—m, 7]}

where fko,out corresponds to the part of fko outside the balls B.(r}) for k € Ji, (see the red path on Figure
2.6). Reasoning in the same manner as in the case where the elements oy, are different from one another, we
get estimates on the different terms. The minor modifications are left to the reader. Notice that Lemmas 2.3.10
and 2.3.11 are still verified, Proposition 2.5 ensues. Therefore, Theorem 2.1 in the case where the elements ay
can be equal is proved for the same polynomials &2* given in Section 2.3.5.

2.4.2 Proof of Corollary 1

We are now going to prove Corollary 1 that we recall here:

Corollary (Corollary 1). Let a € (*(Z) which verifies Hypotheses 2.1 and 2.4. If there exists some integer
J € Z such that the sequence b := (a;y)jez verifies Hypotheses 2.2 and 2.3, then for all si,...,sx € N there
exist a family of polynomials (95)06{1,...,%} in C[X,Y] for each k € {1,..., K} and two positive constants C,c
such that for alln € N\ {0} and j € Z

K sk n j
n Zp K d
a7 =305 B (% (X ) B ) (K

he1o=1 N2k

24
Ty 1 )

e
S Z Sl €xp (7C|Xn,j,k

with Xn,j,k: = %1;].
n 2kk

We consider that a satisfies the hypotheses of Corollary 1. As we said just before we introduced the corollary,
we observe that if we define F' the symbol associated with b, then we have that

Ve eS', F(k)=r'F(r).

and we have for k € {1,..., K}

F(rye™) o w7z exp(—i(ag + )& = e + o(|€[*)). (24.2)

We fix s1,...,sx € N. Applying Theorem 2.1 for the sequence b, there exist two positive constants C,c and a
family of polynomials (25),c(1, ..,y in C[X, Y] for each k € {1,..., K} such that for all n € N\ {0} and j € Z:

K si n..J . .
” AN n(ag +J) — d . nlag +J) —
e, 33 Ak (o (Mt ) (et

nz;;,k n2“k
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K 2Pk
C n(oy +J) — 2 =1
ED P _c(|()3|>

b—1 T 2Pk n2+rk

By observing that
Vn e N\{0},Vj € Z, (£"0);=(ZL0)j—ns=9" s

we conclude the proof of Corollary 1.

2.5 Computations of the polynomials &?*

Now that Theorem 2.1 is proved, we want to compute the polynomials Z* defined with (2.3.56) in the proof
of Theorem 2.1. We separate this section in three parts:
— The coefficients of the polynomials &% depend on the elements ,Q{S’z 1.m defined as (2.3.52). Based on the

definition of the polynomials P,  and Q,  defined in Lemma 2.3.4, the elements %’2 1.m are expressed

using derivatives of @y, at 7,. In Section 2.5.1, we present a reliable way to compute the value w,(cn) (T))-
— In Section 2.5.2, we compute the polynomials &% for ¢ = 1,2. We compare those results with the
asymptotic expansion determined in [RS15, Theorem 1.2].
— In Section 2.5.3, we compute numerically the polynomials #% and verify the sharpness of the estimates
(2.1.7) in Theorem 2.1 for two specific examples of sequences a:
* A case where the sequence a has real non negative coefficients.
* The sequence a associated to the O3 scheme for the transport equation.

2.5.1 Computing the derivatives of w; at 7,

The coefficients f;afsl’fc 1.m defined in (2.3.52) are expressed using the derivatives of wy, at 7;,. We now present

a reliable way to compute w,(cn) (13,). For 7 € B, (1), €+ = gy (e7) is an eigenvalue of M(e7). Lemma 2.2.2

implies that
Vr € B (1), F(e™()=e". (2.5.1)

For all n € N, we define the moment function

M, : C\{0} — C

. 2.5.2
& = Ljend"ain ( )

We observe that we have the equality My = F' and

dM,
Vn e N,Vk € C\ {0}, M,q1(k) =k o (),
thus p
— @ (T) — wi(T)

vneNVT € B (), o (M (¢=+0)) = D7) My (=) (2.5.3)

We will differentiate the equality (2.5.1) and use the equality (2.5.3) to find an expression of w,(c )(Tk). To
do so, we introduce the Bell polynomials (see [Com74], Chapter 3.3) deﬁned forneNand je{l,...,n} as

X\t Xop1og )"
B, i(Xq,... o
n,J( 1, n+1 J Z ll ] n+1 ] ( 1! > ((n+ 1 —j)!

where the sum is taken over the integers l1,...,{,+1—; € N such that

J=b+b+.. . Flpp1—y,
nzll+212+...—|—(n+1—j)ln+1,j.

The Bell polynomials B,, ; verify the following equalities:

n+1l—j
1
¥n e N\{0},Vj € {1,....n}, Bu;= Y. (’? )XiBni,jh (2.5.4)

‘ i—1
=1

OB, ;
Vi e N\{0}, V) € {1, onh Vie {1l n+1—j}, Sl = (?)371@].1. (2.5.5)
1
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We can now prove the following lemma which allows us to express recursively the derivatives of wy at 7,
with the moments M, (£,)-

Lemma 2.5.1. For allk € {1,..., K}, we have

z
n 1 - ntl—j
vn2 2, w((m) = g | 2o M) Bag (@i, = T @)

Proof Using the equalities (2.5.3), (2.5.4) and (2.5.5), we can prove recursively the following equality for all
n € N\ {0} and 7 € B., (1) which looks like Faa di Bruno’s formula :

d" w (T S w (T n+l—j
s (MO( k( ))) - ZMj(e B, ; (w;C(T),...,w,(C + J)(T)) : (2.5.6)
j=1
Using the equalities (2.5.6), (2.5.1) and My = F, we conclude the proof of Lemma 2.5.1. a

2.5.2 Computation of #* for o = 1,2

In this section, we will compute the polynomials &% for o = 1,2. The goal is to compare the asymptotic
expansion (2.1.7) with the result of [RS15, Theorem 1.2] and with the local limit theorem (see [Pet75, Chapter
VII, Theorem 13]). We consider k € {1,..., K} and s, € N\ {0}.

e We start to compute the polynomials &2F. We have using (2.3.56)

se—1QCur+sp—1)l+sg—1 s, sp

k1+ksy m+k
E : E : E : E :]lm 2ppl+ks(2pr—1)+1= 1(gsk,l m,kl,ng TRy !

=Cur+1)l  k1=0ks=0

1 kl
E k00k1,0X Y

k1=0
Furthermore, for k; € {0, ..., s}, we have using the definition (2.3.54) of €% . that
o B 0 if iy > 1,
s:0.0.k1.0 7 gzk | olak] if ki =0.

Furthermore, using the equality (2.3.52) and the asymptotic expansion (2.3.16), we have

1
Wsi,o,o = —sgn(ak)w;(zk) =7
||

We then have
k _ k _
%sk,0,0,kl,O = »Qfsk,o,o|04k| =1

Therefore, we have proved that
Vs € N\ {0}, 2F=1. (2.5.7)

Theorem 2.1 implies that there exist two positive constants C, ¢ such that

K C \na— | 25:51
SZ ——exp | —c <lj> . (2.5.8)

k=1 1Mk n e

K .
Yinj) e N\ {0} xZ, |g7— S ko (”O"f‘j)

k=1 N HE

N 2Hk

The estimate (2.5.8) deduced from Theorem 2.1 gives us the same leading term for the asymptotic behavior of
¢} as expected from [RS15, Theorem 1.2].
e We now compute the polynomials 225. We have using (2.3.56)

sp—1 (2uk+sk—1)l+sk—1 s, s

ki+ksy m+k
Py = Z Z DD Lo oprrkg 041220 L gy X TR

(2,uk+1) k1=0k3=0
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Sk
_ k 1+k k k k 1+k k k 2ur+1+k
= Y 1S 00gn XTIV G o o XY G i 0 XY B

Sk

k1=0
Furthermore, for k1 € {0, ..., s}, we have using the definition (2.3.54) of %éi,l7m7khk3 that
o _ 0 if k> 1,
5,0,1,k1,0 %ﬁ.,o,ladaﬂ if k1 =0,
o B 0 ik > 1,
sk,1,2pk+1,k1,0 — "3{(917@,1,2#&+1ai”k+2‘0‘k| if k1 =0,
Sk ko + 1
_ 1 ko 2
G 00k11 = T 0005 law] Y (k >(_1)k1 o
ko0 \2 Kk
0 if k1 > 2,
= k sgn(a
oo BUN) g gy — 0,1,
Also, using the equality (2.3.52) and Lemma 2.5.1, we have
%’Z,o,o = _Sgn(akﬁ)w;c(zk)a
2
JZ{312,0,1 = _Sgn(ak)wl(c )(Ik)a
(2pr+1)
@ (Tx)
%’i,l,zukﬂ = —Sgﬂ(@k)wk(lk)w-
Thus, for all s € N\ {0},
@} (T)) 2) 2443 W(QMH)(IIJ
PE =1, 4 [ -2 ) (X 4+ X2Y) - a2l Y — a2t k y2mrtl, 2.5.9
=t (- T (x4 %) - ol gy - ) T (259)

Theorem 2.1 thus implies that there exist two positive constants C, ¢ such that for all (n,j) € N\ {0} x Z

K
<D
k=1

K
: 1 1 d
gjn — Zihy, E : 1 Hg;k (Xonjk) + — *925 <Xn,j,kv d > Hgﬁk (X, k)
k=1 T2k ntk T

C 20
—— eXp (_C ‘Xn,j>k|2“’“71)
Zng

(2.5.10)

n

with X, jp 1= 22,
n2kk
* When py, > 2, the asymptotic expansion (2.3.16) implies that w,(f) (rx) = 0. Thus, the equality (2.5.9)
becomes 2 +1)
HE
T (L) youen (2.5.11)

(2p +1)!
* We now look at the case i, = 1. The equality (2.5.9) becomes

Py = —ai Pai(ny)

/ (3)
Py = <wkéTk)> (X +X2Y) — Oziw,(f) (1,)Y — azw;(zk)Lk G(Ik)YS.

As we said in the introduction of the paper, the polynomials satisfying Theorem 2.1 are not unique. We will
now propose a more convenient choice of polynomials to replace &7 s, 2. Using Lemma 2.1.1, if we define the
polynomial

(3)

Q4(X,Y) = (~2Bimh(xy) ~ of= () ) ¥ + (—wzw;(m - ai@@W) v* e ClX, Y]

we have

d d
P¥ ( dx) HP = Qb ( dx) HEx (2.5.12)

We can then replace 25 with QF in the estimate (2.5.10) when s = 1. This allows us to express the second
term of the asymptotic expansion using a linear combination of derivatives of H,* since Q5(X,Y) does not
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have any terms where X intervenes. We notice that the asymptotic expansion (2.3.16) implies that

wl(cz) (T%) _ &

===, (2.5.13)
2 ay
Using Lemma 2.5.1 and equality (2.5.13), we can prove that actually
1 an
QS(X, Y)= T 622 (éiMS(ﬁk) — 32, Ma (k) Mi (Ky,) + 2Ml(ﬁk)5) Y?. (2.5.14)

“k

We will see in Section 2.5.3 that, in the probabilistic case we presented in the introduction of the paper that
motivated our result, this expression of QF gives exactly the second term of the asymptotic expansion (2.1.1)
when we apply the local limit theorem (which is fortunate).

2.5.3 Numerical examples

In this section, we consider some examples of elements a € ¢!(Z) which satisfy the conditions of Theorem
2.1 and see how sharp the estimations we found are.

Probability distribution : real non negative sequences

First, we consider the case where a has real non negative coefficients. If we introduce the sequence b =
(a—;)jez, then b is the probability distribution of some random variable X supported on Z. We observe that
Ly = %, so, recalling that b™ = b« ... * b, we have

vn € N\{0},Vj €Z, b} =9
We will settle on a € ¢1(Z) such that a; = 0 for j # —1,0,1 and
a_1=2/3,a0 =1/6,a1 = 1/6.
This sequence verifies Hypothesis 2.1. In this case, we have r = p = 1. Also, F(1) =1 and
Ve € SN\{1}, |F(x)| <1.

The function F' satisfies that

F(e) =, exp(—iaf — € +o(€?)

where a = E(X) = % and f = @ = 2—74. We have 1 = 1 in this case and Hypothesis 2.2 is satisfied with
K =1,k =1and z; = 1. It also directly satisfies Hypothesis 2.3 since K = 1. Since K = 1, we lose the
subscript k in most the notations that follow. The sequence a verifies Hypotheses 2.1, 2.2 and 2.3, so we can
apply Theorem 2.1. As an example, we will apply Theorem 2.1 for s = 2 and use the calculations of Section
2.5.2 to determine the terms of the asymptotic expansion:

e Using the equality (2.5.7) on £F, the leading order term of the asymptotic expansion given by Theorem

2.11is

_ ! = RO
_mexp< o)

e We notice that using the moments function M,, defined with (2.5.2), we have
YneN, M,(1)=(-1)"E(X").

Using the equalities (2.5.12) and (2.5.14) that respectively links the polynomials 22§ and Q} and allows us to
compute the polynomial QF, the second order term of the asymptotic expansion given by Theorem 2.1 is

(- 30m0) - 30000) + 209 ) () (X,

(X =B () (Xn
o ) (75)

S
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Figure 2.7 — On the left : A representation of n? MaX;c{pr,.. np} |EIT(1, j)| depending on n. As expected

knowing that —r < a < p, we see that the function is bounded and even seems to converge. On the right : We
3 .

fixed n = 100 and represented j € Z — nzErr(n, j).

Xn,j
o (wvm)

n
where X, j := "E(\j%*j and the function ¢; : R — R is defined as
E(X —E(X))3 22
Ve eR, qx):= 7((—()2))(333 —3zx)e” 7.

627V (X)

Theorem 2.1 then states that there exist two constants C, ¢ > 0 such that

C
¥n e N\{0},¥j € Z, |Err(n,j)| < — exp (—c |Xn,j|2) , (2.5.15)
n2

Xn,j
. 1 | X2 ‘“(Wm)

E =—gn g —
(. j) =4, vanexf’( W(X)) .

The estimate (2.5.15) is exactly the asymptotic expansion of the elements by = gjn we expected via the local
limit theorem (see [Pet75, Chapter VII, Theorem 13] for more details). This behavior is represented on Figure

2.7 where we even see that the remainder n? Err(n, j) seems to scale like f (&\/%j) This would correspond to

the next term in the asymptotic expansion of &'

The O3 scheme for the transport equation
We will now consider an example linked to finite difference schemes. We consider the transport equation
ou+ad,u=0, (t,z)eRy xR

with Cauchy data at ¢ = 0. The O3 scheme is an explicit third order accurate finite difference approximation
of the previous transport equation. We refer to [Des08] for a detailed analysis of this scheme. It corresponds to
the numerical scheme (2.1.5) for a € ¢1(Z) such that a; = 0 for j ¢ {—2,—1,0,1} and

~Aa(l - (\a)?) _ Aa(l+ Aa)(2 — Aa)

a_9 = 6 s a_1 2 9
(1—(Xa)?)(2 - \a) Aa(l — Xa)(2 — Aa)
ag = 2 , a1 = — 6 )
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Figure 2.8 — For these figures, we chose Aa = 1/2. On the left : A representation of nmax;ec_p,. .. npy [Err(n, j)|
depending on n. As expected, the function seems to be bounded. On the right : We fixed n = 100 and
represented j € Z — nErr(n, j). We observe the exponential decay in j. Also, we can see a particular shape of
curve that arises that would correspond to the next term in the asymptotic expansion of gj”.

with A\ = % > 0. The parameter Aa is the Courant number. We have in this case that r = 2 and p = 1. For
Aa €] — 1,1[\ {0}, we have that F(1) =1 and

Ve € SN\ {1}, |F(k)|] <1.
Also, there exists 8 € Ry \ {0} such that
F() = exp(—itag - f¢" +o(€").

We have p = 2 in this case and Hypothesis 2.2 is satisfied with K =1, k; =1 and z; = 1. Since K =1, we

lose the subscript k£ in most the notations that follow. The sequence a verifies hypotheses 2.1, 2.2 and 2.3, so

we can apply Theorem 2.1. As an example, we will apply Theorem 2.1 for s = 3 and Aa = %

e Using the equality (2.5.7), we have
P =1.

e Using the equality (2.5.11) and Lemma 2.5.1 to compute @®) (1), we have
Py =0.

e Using the equality (2.3.56) to express the polynomial &3 and Lemma 2.5.1 to compute the coefficients
&) m, we numerically compute the polynomials Zs:

Py =p3Y"

where p3 =~ —1,953125.1073.
Theorem 2.1 then states that there exist two constants C, ¢ > 0 such that

o 4
Vn € N\ {0},Vj € Z, |Err(n,j)| < — exp (—c |Xn)j|§> , (2.5.16)

with X, ; = "O‘? and
n

3
, 1 d
Err(n, j) == 9" - E E@U (Xn,j7 dz:) Hf(Xn,j)~
o=1

This behavior is represented on Figure 2.8 where we even see that the remainder nErr(n, j) seems to scale

like f ("3%]) Hence, the estimate (2.5.16) seems to be sharp.
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in

-R R

Figure 2.9 — Integrating path for the proof of Lemma 2.3.3.

2.A Appendix of the chapter

Proof of the Lemma 2.2.1

We recall here the statement of Lemma 2.2.1.
Lemma (Lemma 2.2.1). For a € (*(Z) which verifies Hypotheses 2.1 and 2.2, we have that a_, and a, belong
to D.

Proof We introduce the polynomial function g defined by

P
Vk e C, g¢g(k):= Z atT

l=—7r
For all x € S', Hypothesis 2.2 implies that
lg(r)| = |&"F(r)| = [F(s)| < 1.

Observing that g is not a constant function, the maximum principle for holomorphic functions [Rud87] allows
us to conclude that
la—r| =19(0)] < L.

The same kind of argument allows us to conclude for the coefficient a,,. 0

Proof of the Lemma 2.3.3

We recall here the statement of Lemma 2.3.3.
Lemma (Lemma 2.3.3). For u € N\ {0}, 8 € C with positive real part and m € N, there exist two constants
C,c > 0 such that
Vo €R, ‘ng(m)(x)‘ < Coxp (—cla|77).

Proof We fix n € R that we will choose more precisely later. Integrating the function z + (i2)™ exp(izx—B2%*)
on the rectangle depicted in the Figure 2.9 using the Cauchy formula and passing to the limit R — 400, we
obtain

m 1 ] , ' )
V77 € R7 HQB ( )(x) —_ /('L(t +in))mez(t+zn)me_ﬁ(t+zn)2; dt
a 2 Jr
Thus,
B (m) e " s oum .
15, @) < S5 [ 4 0)E exp (SR (30 + i) .
R

Using Young’s inequality, we can show that there exists a constant ¢ > 0 such that

R
vteR, R(B(t+in)*) > @tg” — cn?t.
and thus there exists C' > 0 independent from z and 7 such that
15, @)] < €+ e,

Optimizing e~nrten™ with respect to n yields the desired result. g
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Proof of the Lemma 2.3.7

We recall here the statement of Lemma 2.3.7.

Lemma (Lemma 2.3.7, Inequalities in B, (7;,)). There exists C > 0 such that for all 7 € B, (1) and (n,j) €
Dy, we have

e (974) = 1) | < Cnlr = T exp(R(r — 1) + J(R(@r(7)) + sgn(ar) e (7)(7 = 1))

and
s—1 ,. 1
nrtion() [ iRerm) _ N GRsk(T))
e Pk (e] k lz 0
=0

< O (nlr — 1) exp(nR(r — 1) + j(R(¢k (7)) + sgn(an)| Res(7)]).

Proof We begin with the first inequality. We define the holomorphic function S such that

1 if 2z=0
Vz € (Ca S(Z) = { sinh(z) b ’

else.

We consider (n,j) € Dy and 7 € Be, (7). We have

<j o (T)(7 ; m)”’““) ‘

exp (na%(T) +j (m(wk(T)) — R (58*’“(7) (r ;Tk)2“k+s>>> .

We observe that the function z € C — |S(z)| exp(—|z|) is bounded. Therefore, because the function & can
be bounded on B, (1;) and R(7) = R(7 — 7}),

e (77— I D) | = g (7|7 — S

onT (em<r) _— em(ﬂ) ‘

S nlr - gy

exp (n?R(T —T3)+J (%(wk(ﬂ) - R

(fs,k(T)(_T;Tk)Quﬁs)) +1j ‘|£sk( )(T;Tk)2”k+s|>

Since we have

(e - (SR ) ) st 2

2 2
< ] (?R(Wk(T)) + Sgn(ak)|§s’k(7—)(7 _ Ik)Zﬂk+s|) )

The proof of the second inequality is similar. We define the holomorphic function ¥, such that

V2eC, Wy(2) ( Z'Z)

=0

We then have

: - < (jRs (7)) -
IR ) <esz,k<T>_Za ok ):(sz,k(T))S\Ifs<sz,k<T)>e"T+m<”.

!
= !

We observe that the function z € C — |¥,(z)|exp(—|z|) is bounded. Therefore,

s—1
eIk (T) <eJRs x(T) Z M)
1=0

We can then conclude the proof of the second inequality. O

< (|7 = 2 [T exp(nR(1 — 1) + JR(9r (7)) + i R o (7))

Proof of the Lemma 2.3.8
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We recall the statement of Lemma 2.3.8 and that we consider «y > 0.

Lemma (Lemma 2.3.8, Inequalities on I'y ;). For (n,j) € N\ {0} x N and 7 € T'; ,, we have
e Case A: py (f{—:) IS [—%5;6,0]

nR(T — 1) + F(R(wk (1)) + sgn(aw)|&s,x(7) (T — Ik)Q“HSD

2pp
< “neum (r - 7% — " (2 — 1 ('C’“') -
(677 Yk
. 2 n |Cl€| et
nR(T — 7) + jR(wk (7)) < —nedm (7 — 1) — —Q2ur — Dy | = ,
(677 Yk
aR(r = ) + J(R(pr(r)) + sl R (7)) < —realm (7 = 2 — 2 (2 = 1 ('gk') o

e Case B: pk( )>Eko
nR(r = 1) + (R () + (o) Gk (1) (7 = 10)*4 ) < =5 (2 — D ArDeel
PR(T = 7,) + Rk (7)) < — Gk =~ DARB

nR(7T — 1) + F(R(px(7)) + sgnlar) | Rs x(7)]) < —*(2% — DArSEs

e Case C: py <,€—’;> < -2
2p
R(r = 2,) + SR () + sgm(an) o ()7 = 270 < =2 e~ DA, (1)
n 24k

nR(r —7,) + (7)) < — (@~ DARS, (5)

nR(T — 1) + (R(r(7)) + sgn(on) Rk (7)) < — (2 — 1) Apd, (g)mk '
ay

Proof In every case, the second inequality is a direct consequence of the first one. Furthermore, the proof of
the first and third inequalities are very similar. For the first one, we will use inequality (2.3.19) and the third
one will rely on inequality (2.3.20). Thus, we will focus in each case on the first inequality.

We consider (n,j) € N\ {0} x N and 7 € 'y ,,. Using first the inequality (2.3.19), the fact that 7 € I';, , and
finally the inequality (2.3.27), we have

nR(m = 23,) + J(R(@r (7)) + sgn (o) |6k (7) (T — ,,) 7)) < nR(r — 1) — O%‘Pk(fp)

< —nedm (7 — 7,,)%HF + — (’ykT — 20 CiTp) -
Qg

o First, we consider the case A. Then, we have 7, = py ( ) Therefore,

20k _ 9 o — 1)y [ 1] 2“'“1<0 2.A.1
VT, 1kCrTp = — (26 — 1)k o <0. (2.A.1)

o We consider the case B. Because 7, = ¢x,0, we have

n

nR(1 — 1;,) + §(R(@r (7)) + sgn(ow) € 1 (7) (1 — 1,,) 2 +°)) < (wsifﬁf - QMkaEk,O) :

&95

We recall that py, (4’“) > er0 and that pg <(Z) is the only real root of —(; 4+ Yex?**~1 = 0. Therefore,

—Cr < —ere ! and

YT = 2 Gy < —(2pk — Ve < 0. (2.A.2)
Using (2.3.30) to bound ~;, we deduce the inequality (2.3.36).
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o Finally, we place ourselves in case C. We have that 7, = SO

_n
2

PR(T = 7,) + R (2 (7)) + s | (7) (T — )P4 )) < - (% ()™ + 2uk<k;7> :

We recall that pg (%) < —g and that py (%) is the only real root of —(i + ’ykx2uk71 = 0. Then,
2[“6_1
G < = (%) and
n

2k
Ve — 20y < — (2 — 1)k (5) < 0. (2.A.3)

Using (2.3.30) to bound 7%, we deduce the inequality (2.3.39). O

Proof of the Lemma 2.3.9

We recall here the statement of Lemma 2.3.9.
Lemma (Lemma 2.3.9). For (n,j) € N\ {0} x N and 7 € Ty yes, we have in all cases
nR(1 — 73,) + J (R(wk (7)) +sgnan) €,k (T) (T — 73) 7))

nR(1 — 1) + j(R(wk(7))

IN
|
S

IN
|
S

IN
|
N

nR(T — 1) + J(R(pr (7)) + sgn(aw) [ Rs 1 (7)])

NSNS

Proof For the same reasons as for the proof of Lemma 2.3.8, we will only focus on the first inequality. We
consider (n,j) € N\ {0} x Z such that sgn(j) = sgn(ay) and 7 € T'y es. Using the inequality (2.3.19) and the
facts that Im (7 — 7, )%#% > Ei"; and —n +ilyp + 74, € T')p, we have

nR(T — 1) + J(R(@n (7)) + sgn(on) [Eok(T) (T — 74)#F|) < —np — aik (=n — Apn™* + AjIm (1 — 7))
J
< —np— L w(r).
= —nn an k(Tp)
We know that n + 7, > 7, so
J

n
—nn — a—k(Tp — ARTZ?/%) = —n(n + Tp) + OTk (VkTg‘““ — 2,Uk:<k7—p) < -—-n

n n 2
5 + o (%TPM - 2MkaTp) .

We proved at the end of the proof of Lemma 2.3.8 that, in the three cases A, B and C, 'ykTg”k — 2urCrTp
are non positive (see (2.A.1), (2.A.2) and (2.A.3)). This concludes the proof. a



Chapter

Tamed stability of finite difference schemes for

the transport equation on the half-line

This chapter presents the content of the article [Coe24] published in Mathematics of Computation.

Abstract of the current chapter

In this chapter, we prove that, under precise spectral assumptions, some finite difference approximations of
scalar leftgoing transport equations on the positive half-line with numerical boundary conditions are ¢'-stable
but ¢9-unstable for any ¢ > 1. The proof relies on the accurate description of the Green’s function for a
particular family of finite rank perturbations of Toeplitz operators whose essential spectrum belongs to the

closed unit disk and with a simple eigenvalue of modulus 1 embedded into the essential spectrum.
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Notations
Throughout this article, we define the following sets:
U:={2cC,|z|>1}, D:={z€C,lz| <1}, St:={zeC,|z|=1},
U:=S'uu, D:=s'uDb.
For z € C and r > 0, we let B,.(z) denote the open ball in C centered at z with radius r.

7
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For E a Banach space, we denote £(E) the space of bounded operators acting on £ and |[|-[| ) the operator
norm. For T in L£(E), the notations o(T") and p(T") stand respectively for the spectrum and the resolvent set of
the operator T.

We let M,, (C) denote the space of complex valued n x k matrices and we use the notation M,,(C) when
n=k.

We use the notation < to express an inequality up to a multiplicative constant. Eventually, we let C (resp.
¢) denote some large (resp. small) positive constants that may vary throughout the text (sometimes within the
same line).

3.1 Introduction

3.1.1 Context

The purpose of this article is to study the so-called semigroup stability for discretizations of hyperbolic initial
boundary value problems. More precisely, we focus our attention on explicit finite difference schemes that are
consistent with the scalar leftgoing (v < 0) transport equation on the positive half-line with a Cauchy initial
datum

Vit >0,V >0, O+ vdu=0,

3.1.1
Vo >0, u(0,z)=uo(z) €R. ( )

We observe that for an initial datum ug € LY(R;) with ¢ € [1, +00], the solution u of (3.1.1) satisfies
21;8 [[u(t, ')HLq(nh) < ||u0||Lq(R+) : (3.1.2)

No boundary condition is required here at = 0 for (3.1.1) since the transport operator is outgoing with respect
to the boundary. However, the numerical schemes we consider will require the introduction of nonphysical
numerical boundary conditions which can generate instabilities.

When considering discretizations of initial boundary value problems, there are several possible definitions
for stability that have been introduced. The one interesting us in the present paper is the semigroup stability
in the ¢9-topology (see Definition 1 of ¢%-stability for more details) introduced for instance in [Str64; Kre68;
Osh69b; Osh69al. It corresponds to a discretized equivalent of (3.1.2) and can be rewritten as the following
power boundedness property

sup |77 £(3,,) < +00 (3.1.3)
neN

where 7T is the discrete evolution operator that allows to compute the solution of the numerical scheme from
one time step to the next and the vector space H, is a modification of the vector space £7(N) which takes into
account the numerical boundary conditions of the numerical scheme. A direct conclusion is that the £?-stability
prevents the existence of eigenvalues of the operator T in the set & (unstable eigenvalues). This corresponds
to the so-called Godunov-Ryabenkii condition introduced in [GR63]. Let us point out that the existence and
position of eigenvalues for the operator 7 highly depends on the choice of numerical boundary condition that
is done, as will be explained in the article.

One of the other most notable definition of stability is the notion of strong stability (also known as GKS-
stability) introduced in the fundamental contribution [GKS72]. It can be considered to be one of the most
robust definitions of stability in the context of finite difference schemes for initial boundary value problems as
it is stable with respect to perturbations. We refer the interested reader to [GKO13] for a complete overview
of GKS-theory as it will not be the main focus of this paper. However, we need to point out that the strong
stability of a finite difference scheme is fully characterized by the fulfillment of the so-called uniform Kreiss-
Lopatinskii condition which in our case corresponds to the operator 7 not having eigenvalues or generalized
eigenvalues in the set ¢{. Even though the two notions of stability we introduced are quite different, it can be
shown using energy estimates that the strong stability, i.e. the verification of the uniform Kreiss-Lopatinskii
condition, implies the ¢2-stability (see [Wu95; CG11; Coul3] which respectively tackle the cases of the scalar
one-dimensional problem and one time step scheme, of the multidimensional system and one time step scheme
and of the scalar multidimensional problem and multistep scheme) and even the ¢?-stability for all ¢ € [1, +00]
(using the semigroup estimates in [CF23]).

However, it remains uncertain to conclude on the ¢?-stability of a numerical scheme whenever the Godunov-
Ryabenkii condition is satisfied but not the uniform Kreiss-Lopatinskii condition. Up to our knowledge, this
question was first formalized and tackled in [Tre84; KW93]. In the recent paper [CF23], which highly influenced
the study carried in the present article, the authors proved that when the operator 7 admits simple eigenvalues
on the unit circle that do not belong to the essential spectrum of 7, the numerical scheme remains ¢¢-stable for
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all ¢ € [1,+00]. The goal of the present paper is to carry the same kind of analysis when the operator 7 admits
a simple eigenvalue of modulus 1 that lies within the essential spectrum of 7, which is up to our knowledge
a spectral configuration that was not handled before. Let us point out that studying this spectral assumption
has two further incentives:

- First, the analysis carried under this type of spectral assumption will have to be carefully dealt with since
the spatial Green’s function, a tool introduced in Section 3.4, will only be meromorphically extended near some
interest point and not holomorphically as in [CF23]. This will motivate the introduction of careful computations
that could be reused in other studies with similar spectral configuration. Similar computations have already
been presented in the continuous setting when studying relaxation shocks for instance (see [MZ02]) but this is
an occasion to extend them to the fully discrete setting.

- Second, this type of spectral configuration also occurs in the context of the study of stability of discrete
shock profiles (see [Ser07]). The author hopes that the analysis carried in this paper could be used to extend
results on this subject, for instance the result of [God03] (see Remark 3 for more details).

In direct opposition with the main result of [CF23], the main result of the present paper (Theorem 3.1) states
that if the operator 7 has a simple eigenvalue of modulus 1 that is not isolated from the essential spectrum, then
the numerical scheme remains ¢!-stable, but, under some explicit algebraic condition, the numerical scheme is
also either ¢?-stable for all ¢ €]1, +00] or £?-unstable for all ¢ €]1, +00]. In the later case, we even prove a sharp
growth rate (3.1.17) of the norm ||7"(|;, ) depending on n.

The proof of Theorem 3.1 relies on a precise description of the asymptotic behavior of the semigroup
associated with the numerical scheme (see Theorem 3.2) using an approach referred to as "spatial dynamics". Tt
follows a series of papers initiated by [ZH98] and aims at using functional calculus (see [Con90, Chapter VII])
to express the temporal Green’s function (the fundamental solution of the numerical scheme, defined below
by (3.1.19)) using the so-called spatial Green’s function (defined in Section 3.4). The general structure of the
article is kept quite similar with the one of [CF23]. On the one hand, it allows the interested reader to observe
the similarities between both papers that could lead to a more general result combining both the result of the
present paper and that of [CF23]. On the other hand, the author thinks that the fundamental differences on the
choice of spectral setup will be clearer this way as every step of the proof can be compared with its equivalent
in [CF23].

3.1.2 Setup

We seek to approach the real valued solution u of the Cauchy problem (3.1.1). We introduce a time step
At > 0 as well as a space step Az > 0 and from now on we consider that the ratio A := % is always kept
fixed. To approach the value of the solution u of the Cauchy problem (3.1.1) in the cell [nAt, (n + 1)At[x[(j —
1)Az, jAz|[, we define an explicit one-step in time finite difference scheme applied to (3.1.1). In the interior

cells [(j — 1)Axz, jAz[ for j € N\ {0}, the finite difference scheme is defined by

P
Vn € N,Vj € N\ {0}, u}“‘l = Z apUG - (3.1.4a)
k=—r

where 7, p are non negative integers, the coefficients a; are given real numbers which can depend on the velocity
v and on the ratio A. There remains to define how the values u}_,,...,ug in the so-called "ghost cells" are
dealt with. As is usual, the numerical boundary conditions to compute the values of ul_,,...,uj are given by
a linear combination of the first values close to the boundary:

Py
VneNVje{l—r... 0}, uf=> bjup, (3.1.4b)
k=1

where p; is a non negative integer, the coefficients by ; are also given real numbers which can depend on the
velocity v and on the ratio A. The initial values u) for j € N\ {0} are computed using the Cauchy initial datum
ug of the PDE (3.1.1), for instance as

Vi € N\{0}, wuj:= Ax/( A uo(x)dx.
i— T

We will assume that the integers » and p are fixed and that a_,,a, # 0. We claim that the case r = 0 is
special as there would be no numerical boundary condition to implement in the numerical scheme (3.1.4) since
the discretization of the transport equation would be of the "upwind" type. From now on, we will assume that
r > 1 while keeping the normalization condition a_,. # 0. We will also assume that the integer p; in (3.1.4b)
satisfies p, < p. This condition on py, which was also made in [CF23], will ease the computations in the paper
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as it allows us to translate the boundary condition of the numerical scheme (3.1.4b) as

Up
vneN, B =0
uy_,
where
0 ... 0 —bpo ... —bigo 1 0 ... ... 0
R : : : 0 1 . :
B:=|: @ : : : o e My (R). (3.1.5)
: : : : : : : .1 0
0 ... 0 —=bp,i—r ... —bii_p, O ... ... 0 1

This matrix form of the numerical boundary conditions (3.1.4b) will often appear in this article and the matrix
B will play a major role in our stability analysis.
We introduce for ¢ € [1,400] the Banach space

Py
Hq = {(wj)j>1r etl{jez,j>1-r},R), Vje{l—r...,0},w, :Zbk’jwk}
k=1

with the norm
Yw € Hy, lwlly, = H(wj)jeN\{O}Heq(N\{o}) :

We define the bounded operator 7 € £ (H,) defined by

P
Yw € Hy,Vj € N\{0}, (Tw);:= Z ARWjtk- (3.1.6)
k=—r

The values (Tw); for j € {1 —r,...,0} are determined by the condition 7w € H,. Using the same reasoning,
we also allow ourselves occasionally to say that some sequence (u;),;>1 belongs to H, without making the values
for j € {1 —r,...,0} precise in order to alleviate the redaction.

The definition of the operator 7 does not depend on ¢ but the Banach space H, on which it acts does. We
observe that for an initial condition u® € H,, the numerical scheme (3.1.4) can be rewritten as the following
discrete evolution problem

YneN, "t =Tu" (3.1.7)

We thus introduce the standard terminology:

Definition 1 (¢?-stability). The numerical scheme (3.1.4) is said to be ¢?-stable if there exists some positive
constant C' > 0 such that for all u® € H,, the solution (u™),ey of the scheme (3.1.4) computed using the initial
condition u° satisfies

sup ||u" < C'|lu® .

sup "y, < C ],
This is equivalent to proving that the family of operators (7"),en is bounded in £ (H,,).

The purpose of this article is to demonstrate that under a specific type of spectral condition which corre-
sponds to the operator 7 having a simple eigenvalue of modulus 1 that is located in its essential spectrum, the
numerical scheme (3.1.4) is ¢!-stable but ¢4-unstable for every ¢ > 1. This is in sharp contrast with the result
of [CF23] where it is proved that the existence of simple eigenvalues of the operator T on the unit circle outside
the essential spectrum maintains the ¢9-stability of the numerical scheme (3.1.4).

3.1.3 Hypotheses and main result

We will introduce a few objects that will allow us to present the main hypotheses we will make in this article.

Consistency, dissipativity and diffusivity conditions

Since the stencil of the numerical scheme (3.1.4) is finite, if we consider an initial condition u° with a support
that is located far from the boundary, then the numerical boundary condition (3.1.4b) will not have any effect
on the computation of «™ for small times n. We then deduce that the solutions of the numerical scheme (3.1.4)
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are closely linked to the solutions (u?)neNﬁjd of the following system on the whole one dimensional lattice Z:

p
vn € N,Vj € Z, u?“ = Z apUy g (3.1.8)
k=—r

The system (3.1.8) corresponds to a numerical scheme for the transport equation on the whole line R

Vt >0,V € R, 0Oyu+ viu =0,
Ve e R, u(0,z) = up(z).

The stability of schemes of the form (3.1.8) has been studied thoroughly in [Tho65; DS14; CF22; Coe22]. We
introduce the Laurent operator .Z € L£(¢%(Z)) defined by

P
Vw € ((Z)Vj €L, (Lw)j =Y arwjix (3.1.9)
k=—r

which allows us to rewrite the numerical scheme (3.1.8) as a discrete evolution problem
VneN, ot =_2u"

just as the operator T allowed us to rewrite the numerical scheme (3.1.4) as (3.1.7).
We introduce the symbol F' associated with the scheme:

Ve € C\ {0}, F(k):= j?: ajr’. (3.1.10)

j=—r

We now make the following assumption on the numerical scheme (3.1.4) that we consider to discretize the
transport equation.

Hypothesis 3.1. We assume that
FQ1)=1, a:=—-F'(1)=M. (Consistency condition)
This implies that o < 0. Moreover, we suppose that
Ve € S\ {1}, |F(k)| <1 (Dissipativity condition)
and that there exist an integer u € N\ {0} and a complex number € C with R(B) > 0 such that

F(e™) o exp(—iat — Bt** + o(t**)).  (Diffusivity condition) (3.1.11)
—

In [Tho65], Hypothesis 3.1 and especially the asymptotic expansion (3.1.11) are crucial for the stability
analysis of the numerical scheme (3.1.8) in the £?-topology on the whole line Z. For instance, the dissipativity
condition of Hypothesis 3.1 implies the Von Neumann condition and thus the ¢2-stability of the numerical
scheme (3.1.8) since Fourier analysis implies

vn e N\{0}, "l ze2z)) = 1F" ooy = 1.

To be more precise, the addition of the diffusivity condition given by (3.1.11) implies that the numerical scheme
(3.1.8) on the whole lattice Z is actually ¢9-stable for all ¢ € [1, +oc]. Thus, Hypothesis 3.1 being verified provides
a starting point to study the stability of the numerical scheme (3.1.4) on the half-line in the ¢4-topology.

In the rest of the paper, the set O represented on Figure 3.1 corresponds to the exterior of the curve F(S!),
i.e. the unbounded connected component of C\F(S!). The following lemma is a consequence of Hypothesis 3.1.

Lemma 3.1.1. If Hypothesis 5.1 is verified, then o €] — p,0].

The proof of Lemma 3.1.1 is entirely similar to the proof of [CF23, Lemma 6] so we will omit it. The result
of Lemma 3.1.1 is comparable to the well-known Courant-Friedrichs-Lewy condition (see [CFL28]) and implies
that p > 1. Consequently, the numerical scheme (3.1.4) which satisfies Hypothesis 3.1 must take information

on the right of j to compute u}”l.
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Sl

Figure 3.1 — An example of curve F(S'). Hypothesis 3.1 implies that the curve F(S!) (in red) is inside the
closed disk D and touches the boundary S! only at 1. In gray, we have @ the unbounded connected component
of C\F(S!). In dashed, we find the ball Bz (1) where we have a more precise spectral decomposition (3.1.14)
associated with the matrix M(z) defined by (3.1.12).

Lopatinskii determinant, spectral hypothesis and main result

We introduce for z € C the companion matrix

20p—1,0—ap—1  20p_2,0—ap_2 26 _r,0=G_r
o o o
1 0 0
M(z) == 0 1 : € M, (C). (3.1.12)
0 0 1 0

Since r,p > 1 and a_,a, # 0, we observe that the matrix M(z) is well-defined and invertible for all z € C and
it depends holomorphically on z. The matrix M(z) appears when we study the eigenvalue problem for H, (see
Lemma 3.4.1):

(ZId’Hq - T)u =0.

It will also serve us later on to describe the so-called spatial Green’s function in Section 3.4. The following
lemma is due to Kreiss (see [Kre68]) and describes precisely the spectrum of the matrix M(z) as z belongs to

Ou{1}.

Lemma 3.1.2 (Spectral Splitting).
— For z € C, k € C is an eigenvalue of M(z) if and only if k # 0 and

F(k) =z

— For z € O, the matriz M(z) has
— no eigenvalue on St,
— 1 eigenvalues in D\ {0} (that we call stable eigenvalues),
— p eigenvalues in U (that we call unstable eigenvalues).
— The matriz M(1) has 1 as a simple eigenvalue, r eigenvalues in D\ {0} and p — 1 eigenvalues in U.

A complete proof of Lemma 3.1.2 can be found in [CF22, Lemma 3].

For z € O, we define E*(z) (resp. E*(z)) the stable (resp. unstable) subspace of M(z) which corresponds to
the subspace spanned by the generalized eigenvectors of M(z) associated with eigenvalues in D (resp. U). We
therefore know that the subspace E*(z) (resp. E"(z)) has dimension r (resp. p) thanks to Lemma 3.1.2 and we
have the decomposition

CPT" = E%(2) @ E“(2). (3.1.13)

The associated projectors are denoted 7%(z) and 7*%(z). Those linear maps commute with M(z) and depend
holomorphically on z € O (see [Kat95]).
We now need to clarify the situation near z = 1. Using Lemma 3.1.2, we know that 1 is a simple eigenvalue
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of M(1) and that the matrix M(1) has r eigenvalues in D\ {0} and p —1 eigenvalues in &. Therefore, there exist
a radius £y > 0 and a holomorphic function  : Bz (1) — C such that £(1) = 1 and for all z € B (1), £(z) is
a simple eigenvalue of M(z), M(z) has r eigenvalues distinct from x(z) in D\ {0} and p — 1 eigenvalues distinct
from £(z) in U. We then have that for z € Bz (1), the vector

K(z)ptr—1
R.(2) := : e Ccrtr
1

is a nonzero eigenvector of M(z) associated with r(z). For z € Bz (1), we define E°(z) := Span(Rc(z)) and
E®%(z) (resp. E®“(z)) the strictly stable (resp. strictly unstable) subspace of M(z) which corresponds to the
subspace spanned by the generalized eigenvectors of M(z) associated with eigenvalues distinct from £(z) in D
(resp. U). We therefore know that E®**(z) (resp. E®*“(z)) has dimension r (resp. p — 1) and we have the
decomposition

CPT" = E%(2) @ E°(2) ® E¥(2). (3.1.14)

The associated projectors are denoted 7%°(z), 7¢(z) and 7°%(z). Again, those linear maps commute with M(z)
and depend holomorphically on z € O (see [Kat95]).

For z € B (1) N O, Lemma 3.1.2 implies that £(z) € U. In other words, the "central" eigenvalue r(z)
that is close to 1 comes from U as z € O approaches 1. Therefore, for z € B;O(l) N O, we can link the two
decompositions (3.1.13) and (3.1.14) of the spectrum of M(z) and observe that

Ef(z) = E**(z) and E"(z) = E°(2) ® E*"(2), (3.1.15)

m(z) =7°°(z) and 7w%(2) = 7(2) + 7°“(2).

This allows us to extend holomorphically the vector spaces E° and E“ and the projectors 7° and 7% in a
neighborhood of B;O (1). Even if we have to take £y > 0 smaller, we can introduce a family of holomorphic
functions

€1y..n,Cp stvo(l) — CPtr

such that for all z € Bz (1), the family (e1(2),...,er(2)) is a basis of E*(z) = E*(2) (see [Kat95, Section
I1.4.2.]). We then define the so-called Lopatinskii determinant A near 1 by the following formula:

Vz € Bz (1), A(z) :=det(Bei(2), ..., Be,(2)), (3.1.16)

with B the matrix defined as (3.1.5). In this way, the function A depends holomorphically on z near 1. The
Lopatinskii determinant A does depend on the choice of the basis (eq,...,e,) but we will only be interested in
its zeroes, and these are independent of the choice of the basis.

We need to point out that for all z € O, we can also define a holomorphic basis of F*(z) and thus a
Lopatinskii determinant A(z) for z in a neighborhood of z. The Lopatinskii determinant plays in our situation
a similar role as the characteristic polynomial for a matrix as it allows to detect the eigenvalues of the operator
T . The stability of the numerical scheme (3.1.4) depends on the vanishing points of the Lopatinskii determinant
A. Let us outline some terminology and results (see [GKO13]):

» The so-called Godunov-Ryabenkii condition introduced in [GR63] states that the Lopatinskii determinant

does not vanish on ¢, i.e. the operator 7 acting on H, does not have any eigenvalue outside of the closed
unit disk. It is a necessary stability condition for the numerical scheme (3.1.4).

» If the Lopatinskii determinant does not vanish on the whole set I/, this means that the so-called uniform
Kreiss-Lopatinskii condition is satisfied (see [GKS72; Coull]). In that case, the main result in [Wu95]
shows that the operator 7 on Hs is power bounded.

» In [CF22|, the authors study the stability of the explicit numerical schemes for the scalar rightgoing
(v > 0) transport equation on the positive half-line (3.1.1). The authors make the assumption that the
Godunov-Ryabenkii condition is satisfied and that the Lopatinskii determinant has a finite number of
simple zeroes on S! that are not in F(S!) (i.e. that are different from 1). Thus, the uniform Kreiss-
Lopatinskii condition is not satisfied, and yet the authors prove semigroup estimates that lead to the
¢9-stability of the numerical scheme (3.1.4) for all ¢ € [1, 4+00].

In this paper, we make the following assumption.

Hypothesis 3.2.
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— We suppose that for all z € U\ {1}, we have
E*(z) ® ker B = CP1".

In particular, this implies that the Lopatinskii determinant does not vanish anywhere on the set U\ {1}.
— We assume that 1 is a simple zero of the Lopatinskii determinant, i.e.

A(1)=0, A'(1)#0.
We will also consider €y small enough so that the function A only vanishes in 1, which implies that
Vz € Bfgo(l)\ {1}, E*(z) @kerB=CP'".

Remark 2. We would like to make two observations on Hypothesis 3.2. First, noticing that for z € O U Bgo(l),
we have dim F*(z) = r and dimker B = p, it is interesting to observe for future purposes (see Lemma 3.4.1)
that

E*(z) @ ker B=CPT" & E*(2) Nker B = {0} .

This also means that B|gs ) is an isomorphism from E*(z) to C".

Second, we observe that proving for some concrete choice of numerical scheme that Hypothesis 3.2 is verified
can be challenging (see Section 3.2 for simple examples). We would like to point out that in the recent papers
[BLS23; BPS23], though the study is done for numerical schemes applied to the rightgoing (v > 0) transport
equation (3.1.1) which does not coincide with the study of the present paper, the authors present a reliable
way to study the verification of the Uniform Kreiss-Lopatinskii condition by counting the number of zeroes of
a modified version of the Lopatinskii determinant A.

Let us settle on the position of Hypothesis 3.2 compared to the previously stated results. If Hypothesis 3.2
is verified, then the Godunov-Ryabenkii condition is verified but not the uniform Kreiss-Lopatinskii condition,
i.e. the Lopatinskii determinant A does not vanish on the set &/ but it vanishes on the unit circle and more
precisely at 1, in the essential spectrum of 7. A similar situation is tackled in [CF22] but with two differences:

— In [CF22], the transport equation (3.1.1) which is approached using the numerical scheme (3.1.4) is

rightgoing (i.e. v > 0) which is in direct opposition with the case handled in this paper. The main
effect of this change is that the "central" eigenvalue k(z) of the matrix M(z) that is close to 1 as z € O
approaches 1 no longer comes from U, but rather from the open unit disk . This in turn changes the
equality (3.1.15) on the stable and unstable subspaces of the matrix M(z).

— The second and main difference however is on the position of the zeroes of the Lopatinskii determinant
A which has a direct impact on the analysis of the so-called spatial Green’s function, a useful tool that
will be defined in Section 3.4. In [CF22], the function A can vanish at a finite number of points on the
unit circle but not at the point 1. This allows the authors to holomorphically extend the spatial Green’s
function in a neighborhood of the interest point 1, through the essential spectrum of 7. However, in
the present paper, we assume that 1 is a simple zero of the Lopatinskii determinant A which restricts
us to only meromorphically extend the spatial Green’s function in a neighborhood of 1 (see Lemma
3.4.3), which will toughen the computations. It is also interesting to point out that the type of spectral
configuration we consider here in Hypothesis 3.2 with a simple eigenvalue at 1 which lies in the essential
spectral 7 also occurs in the study of the linear stability of discrete shock profiles for conservation
law approximations (see [Ser07; God03]). We detail a little more on the later point in Remark 3 after
introducing the temporal Green’s function.

The goal is now to study the stability of the scheme (3.1.4) under Hypotheses 3.1 and 3.2. The main result
of this paper is the following theorem.

Theorem 3.1. We assume that Hypotheses 3.1 and 3.2 are verified.

— IfB(1 ... 1)T € BE*(1), then the numerical scheme (3.1.4) is £%-stable for all ¢ € [1,+00] (see
Definition 1 of £9-stability).
— IfB(1 ... l)T ¢ BE®(1), then the numerical scheme (3.1.4) is ¢*-stable but {9-unstable for all q €

11, +00]. Furthermore, for all g €]1,+00|, there exists a positive constant C' such that

1

vn e N\{0}, [|T"[l e,y = Cn' 5. (3.1.17)

This is in direct opposition with the result of [CF22] which proved that the existence of simple zeroes of
the Lopatinskii determinant A on the unit circle that are different from 1 does not prevent the ¢4¢-stability of
the numerical scheme (3.1.4) for all ¢ € [1,+00]. Let us observe that Hypothesis 3.2 implies that BE*(1) is a
hyperplane of C". Thus, the condition B(1...1)T € BE*(1) is "rarely" verified. In Section 3.2, we will present
a concrete example for each possibility.
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Temporal Green’s function

The proof of Theorem 3.1 relies on a precise description of the temporal Green’s function associated with T
given in Theorem 3.2 below. We will start by defining the temporal Green’s function associated with 7.
For all jo € N\ {0}, we introduce the Dirac mass d;, € (1,1 +00) Hq Such that

. 1 ifj = jo,
GeM(0) Gy={, T (.118)

We then define the temporal Green’s function G(n, jo,j) of the operator T as

VneN, Gnjo.):=T"6,€ [| Mo (3.1.19)
g€[1l,+00]

For any initial condition u® € H,, the solution (u™),en of (3.1.4) can be written as

VneN,Vj>1—r, =(T"u); = Y u) G(n, jo, (3.1.20)
Jjo=>1

Thus, the temporal Green’s function G(n, jo,j) allows us to analyze the behavior of solutions of the numerical
scheme (3.1.4) over time. Let us observe that the sequences d;, and G(n, jo,-) are finitely supported. More
precisely, we recursively prove that:

vneN7VJO7]€N\{O}a ]_JO¢{_np7 nr}ég(n ]0? )_0

Just as we introduced the Dirac mass and the temporal Green’s function G(n, JosJ j) of the operator T, we
introduce the Dirac mass 6 € Ngep,+00) £4(Z) and the temporal Green’s function G(n,j) of the convolution
operator .Z defined by:

. ~ (1 ifj=0,
Vi€Z, 6= { 0 else, (3.1.21)
and - ~
vneN, Gn,):=2"e [\ ((Z). (3.1.22)
g€[1l,4+00]

We also introduce the functions HQBH,EB R — C, where u € N\ {0} and 8 € C has positive real part,
which are defined as

2,11, 1
+oo
Vo eR, Ej (z):= Hy (y)dy.

x

1 ]
Ve eR, HE (x ):z—/e“’”‘e—ﬁ“mdu7
® (3.1.23)

We will recall below why HQ*BH € L'(R,R). We call the functions ng generalized Gaussians and the functions

Eg ., generalized Gaussian error functions since for p =1, we have

1 .2
Vr € R, Hg(z):\/meWL.

Noticing that the function Hg ., 18 the inverse Fourier transform of u — e=P™  we observe that

8

@

+oo
lim Ej (z) = Hy (y)dy = 1. (3.1.24)

T——00 o

The temporal Green’s function G (n,7) of the operator £ has been studied thoroughly in [Tho65; DS14;
RS15; CF23; Coe22]. For instance, under Hypothesis 3.1, it is known that the family (g(n, )) N is bounded in
ne

(1(Z). Furthermore, in [RS15; Coe22], it is proved that the leading order of the asymptotic behavior of G(n, 5)
when n becomes large is the generalized Gaussian wave which travels at speed «. For instance, the main result

in [RS15] gives:
G(n, ) = —HS, ( fm> +o( 11) (3.1.25)

na nzn nzn
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where the remainder is uniform with respect to j € Z.
In this paper, we aim to prove the following theorem which describes the long time behavior of the temporal
Green’s function G(n, jo, j):

Theorem 3.2. Under Hypotheses 3.1 and 3.2, there exist two sequences (R°(j))jem 0y and (R"(jo,7))jo.jen {0}
and two constants C,c > 0 such that if we define for all n, jo,j € N\ {0},

L N o Jo + na )
Bt ond) = nsond) ~ 600 = o) = Ly R*Gioed) = By (25 ) RE(), (3.1.20)
n2e
then, we have that:
C j 2
—c, ; 2n—1
¥n,jo.5 € N\ {0},  [Err(n, jo,j)| < ——— exp <_c <W+Jo|> ) , (3.1.27)
nzw nzw
Furthermore, there exist two positive constants C,c such that
Vo, i € N\ {0}, [R"(jo.J)| < Ce™ Ut and  [RY(j)| < Ce™. (3.1.28)
Finally, the sequence R€ satisfies that
R =0« B(1...1)T € BE*(1). (3.1.29)

The sequences R*(jo, j) and R¢(j) correspond to boundary layers which are linked respectively to the vector

spaces E°%(1) and E°(1) defined in (3.1.14). The coefficients 1,,,>;, and E‘fu <]"+1"a> which are in front of the
> s

values R*(jo,7) and R°(j) in the definition (3.1.26) of Err(n, jo, j) can be described as "activation" coefficients.

They are close to 0 for small times n and get closer to 1 as n becomes larger.

Let us portray the description of the temporal Green’s function G(n, jo,j) that Theorem 3.2 conveys. For
an initial condition u" = §,, the solution G(n, jo,j) of the numerical scheme (3.1.4) does not see the boundary
condition for sufficiently small times n since the stencil of the numerical scheme is finite. Therefore, it coincides
with (G(n,j—jo));>1 the solution of the numerical scheme (3.1.8) with a similar initial condition. Thus, (3.1.25)
tells us that the temporal Green’s function G(n, jg,7) is close to a generalized Gaussian wave for small times

n. The boundary layer R¢ and R" are not activated yet. However, when the time n gets close to —%, the

generalized Gaussian wave associated with G(n, j — jo) reaches the boundary and the boundary layers R*(jo, 5)
and R¢(j) get activated. As n becomes large compared to f%, most of the generalized Gaussian wave will have
passed through the boundary and the boundary layers R*(jo, j) and R¢(j) are fully activated.

We can already intuitively deduce Theorem 3.1 from Theorem 3.2 when the boundary layer R€ is different
from zero. The defining element that implies the ¢!-stability and the ¢9-instability for ¢ €]1,4o0] of the
numerical scheme (3.1.4) is the independence with respect to jo of the boundary layer R¢. If we consider an
initial condition u°, we expect to see a boundary layer

Z u(;o R¢

Jo=1

appear for large times n because of the equality (3.1.20) and Theorem 3.2. We will clarify the proof in Section
3.3.

Remark 3. We make two remarks here:

e It should certainly be possible to prove a generalization of Theorem 3.1 and Theorem 3.2 with a relaxed
Hypothesis 3.2 that allows additional simple zeroes of modulus 1 for the Lopatinskii determinant A either or
not embedded into the essential spectrum. This would be achieved by combining the techniques from this paper
and from [CF22].

e As explained earlier, there are connections between the study of approximations of hyperbolic PDEs with
boundary conditions and the study of discrete shock profiles for conservation law approximations. The spectral
configuration presented in Hypothesis 3.2 with a simple eigenvalue at 1 which lies in the essential spectrum T
also occurs in the study of the linear stability of discrete shock profiles for conservation law approximations for
Lax shocks (see [God03]). Using a similar analysis as in Theorem 3.2 and, more precisely, calculations similar
as those done in Section 3.5 may improve the description of the temporal Green’s function of stationary discrete
shock profiles done in [God03]. This could potentially result in an argument for linear (and possibly non-linear)
stability for the stationary discrete shock profiles.
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3.1.4 Plan of the paper

We now present the outline of the paper.
Firstly, in Section 3.2, we numerically verify Theorems 3.1 and 3.2 on the example of the Lax-Friedrichs
scheme with a boundary condition so that

B(1...1)" ¢ BE*(1)

which implies that the numerical scheme will be ¢!-stable but ¢4-unstable for all ¢ €]1,4+0c]. We compute the
temporal Green’s function G(n, jo,j) and observe the formation of the boundary layer R¢(j). We then assess
the accuracy of the estimates (3.1.27) on the error term Err(n, jo,j) and of the rate of growth (3.1.17) for the
family (7"),en acting on H,. We then consider the example of the O3 scheme with a boundary condition so
that

B(1...1)" € BE*(1)

which implies that the scheme is ¢4-stable for all ¢ € [1,4+00]. We will numerically verify this statement.

In Section 3.3, we present the proof of Theorem 3.1 whilst assuming that Theorem 3.2 has been proved.

The main part of this article will be dedicated to the proof of Theorem 3.2, which will rely on an approach
referred to as spatial dynamics, also used in [ZH98; God03; CF23; CF22; Coe22]. In Section 3.4, we study
the spectrum of the operators 7 and .# and define the spatial Green’s functions for those operators. We then
demonstrate precise estimates for the difference between the two spatial Green’s functions and extend them
meromorphically in a neighborhood of 1. In Lemma 3.4.3, we also define the boundary layers R" and R€¢ that
occur in Theorem 3.2 and prove the assertion (3.1.29).

The proof of Theorem 3.2 will be presented in Section 3.5. The approach involves expressing the difference
of the temporal Green’s functions G(n,jo,j) — G(n,j — jo) through the spatial Green’s functions. Using the
results obtained in Section 3.4, we will then prove bounds on Err(n, jo, j). We expect three different behaviors
depending on the ratio jo/n: the case where jj is large compared to n (i.e. jo > np), the case where jg is small
compared to n (i.e. jo < —"*) and the case where jo is close to —na (i.e. jo € [—%*,np]|). The latter case will
be the bulk of the proof.

3.2 Numerical result

3.2.1 Example of unstable boundary condition for the modified Lax-Friedrichs
scheme

We consider the modified Lax-Friedrichs scheme for the transport equation (3.1.1)

vn e N,Vj e N\{0}, wu*'=a_yu} | +aou} +au},, (3.2.1)
Yn eN, wuj =bul, o

where p =r =1, @ := Av, D > 0, the coefficient b € R determines the boundary condition and

D+« D—a«a
a—1 = 9 s aozl—D, ay = 9 .

We assume that D # —a so that all three coefficients a_1, ag and a; are nonzero. The symbol F' defined by
(3.1.10) verifies ‘
vVt €R, F(e")=1- D+ Dcos(t) — iasin(t).

If we consider that @® < D < 1, then there holds:
vt € [—m, 7]\ {0}, |F(e”)| < 1.

Furthermore, we have that ‘
F(e") = exp (—iat — Bt* + o(t?))
t—0

with 5 := D_Z‘X2 > 0 and g := 1 in our notation of Hypothesis 3.1. Therefore, Hypothesis 3.1 is verified.

We will now make a choice for the coefficient b so that Hypothesis 3.2 is also verified. The matrix B and its
kernel for the numerical scheme (3.2.1) are equal to

B= (—b 1) and ker B = Span <11)) .
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Figure 3.2 — We consider the modified Lax-Friedrichs scheme (3.2.1) with the parameters o = —%, D = % and
b = 5. Both figures represent the temporal Green’s function G(n, jo, j) for jo = 50 which is the solution of the

numerical scheme (3.2.1) for the initial condition u° = §;,.

We now need to determine E®(z) for z € O and z = 1. Lemma 3.1.2 implies that for z € O, the matrix
M(z) has an eigenvalue ks(z) € D and an eigenvalue k,(z) € U and that for z = 1, the matrix M(1) has an
eigenvalue k(1) € D and k,(1) :=1 is a simple eigenvalue of M(1). We thus have that

Vze OU{1}, E*()=Span (”Sf)) .

We also observe that the determinant of the matrix M(z) is constantly equal to aa‘ll. Thus, for z € O U {1},
ks(z) = ks(1) if and only if 1 is an eigenvalue of M(z), which is only verified when z = 1. Furthermore, the
Lopatinskii determinant A in a neighborhood of 1 is equal to 1 — bk, (z). To satisfy Hypothesis 3.2, we obviously

choose b = %(1) = -“- 5o that 1 is a simple zero of A and
s —1

Vze O, kerBNE*(z)={0}.

Thus, Hypothesis 3.2 is satisfied. Furthermore, we observe that

B G) —1-b#0 and BE(1)={0}. (3.2.2)
It ensues from Theorem 3.1 that the numerical scheme (3.2.1) is £!-stable but ¢4-unstable for all q €]1, +00].

We now counsider the numerical scheme (3.2.1) with the parameters a = —%, D= % and b = 5. Hypotheses
3.1 and 3.2 are thus fulfilled. We want to observe the decomposition of the temporal Green’s function G(n, jo, 7)
presented in Theorem 3.2. In Figure 3.2, we consider jo = 50 and we apply the numerical scheme (3.2.1) for
the initial datum u® = §;, in order to compute the temporal Green’s function G(n, jo, ;) defined by (3.1.19).
Let us observe that, since the strictly unstable subspace E**(1) is equal to {0}, following the proof of Theorem
3.2, we can prove that R* = 0 (see proof of Lemma 3.4.3). Furthermore, because of (3.2.2), Theorem 3.2 states
that R¢ # 0. On Figure 3.2, we observe that:

e For n small compared to —%", we observe that the temporal Green’s function G(n,jo,j) resembles a
Gaussian wave which travels at a speed «, as expected for the temporal Green’s function G (n,j — jo) computed
using (3.1.22).

e When n is close to —%, the Gaussian wave reaches the boundary and activates the boundary layer R°.
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Figure 3.3 — We consider the modified Lax-Friedrichs scheme (3.2.1) with the parameters oo =

4

b =5. We represent the difference of the temporal Green’s functions G(n, jo,j) — G(n,j — jo) for jo = 50 and

eWhen n is large compared to — 22

[e4

1 _ 3
-5, D=7 and
n = 500. Since n is large compared to —Z, there only remains the boundary layer R¢ which we can identify.

, the Gaussian wave has passed the boundary. Furthermore, Eg " <
is close to 1 so the boundary layer R€ is fully activated.

.jo+na>
T
nZn
On Figure 3.3, we consider a large time iteration n = 500. Theorem 3.2 states that the difference of the
temporal Green’s functions G(n, jo,j) — G(n,j — jo) should be close to the boundary layer R¢. This allows us
to identify the expression of the boundary layer R€ in our case.

Now that we have determined the boundary layer R¢ which does not depend on the value of jy, we can

compute the error term Err(n, jo, j) defined by (3.1.26). Let us observe that for the numerical scheme (3.2.1),
since Hypotheses 3.1 and 3.2 are verified and 4 = 1, Theorem 3.2 states that there exist two positive constants
C, ¢ > 0 such that the term Err(n, jo, j) satisfies the following estimate

o - ej [na + jol?

Vn, jo,j € N\ {0}, +/n|Err(n,jo,j)| < Ce™“ exp (cn> . (3.2.3)
In Figure 3.4, we fix j = 1 and plot v/n Err(n, jo,1) against n and jo. The results support the sharpness of the
estimates of Theorem 3.2, showing Gaussian behavior as predicted by (3.2.3).

Finally, because of (3.2.2), Theorem 3.1 states that for ¢ €]1,4occ], the numerical scheme (3.2.1) is ¢9-
unstable and that there exists a constant C' > 0 such that the family of operators (7"),>0 in L(H,) satisfies
the inequality (3.1.17) that we recall here

neN, [T sey,) = Cn'~d
condition uy € H,4 defined by

(3.2.4)
In order to numerically verify the sharpness of the inequality (3.2.4), we will consider for J € N\ {0} the initial

J
=2 b
Jo=1
and compute the solution (7"us)nen of the numerical scheme (3.2.1).

(3.2.5)

— On the left-side of Figure 3.5, we choose ¢ = +00 and we represent for several choices of J the ratio of

[T usll3, and [luglly,  which is lower than [|77| ;4. ). We observe a linear increase of |77z, )
depending on n that supports the inequality (3.2.4).

— On the right-side of Figure 3.5, we choose ¢ = 2 and we represent in the logarithmic scale, for several

choices of J, the ratio of ||7"uslly, and [[u,|;, which is lower than [|7™| . ,,,,. We observe a growth
of |77 £(3,) at a rate of \/n that also supports the inequality (3.2.4).



3.2. Numerical result 90

v/n Err(n, jo, 1) 0 vn Err(n, jo, 1)

0.4

80

0.3

* - 60
n

40

w”W//////u:i ] 100
77 o 80 20

0 “ 7 60
10 40
20 20 "
. 30 0 20 40
J0 40

Jo

Figure 3.4 — For the modified Lax-Friedrichs scheme (3.2.1), we plot the error term /nErr(n, jo, ;) defined by
(3.1.26). As predicted by Theorem 3.2, we observe that v/nErr(n, jo,j) satisfies Gaussian estimates of the form
(3.2.3).
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Figure 3.5 — We consider the modified Lax-Friedrichs scheme (3.2.1).

On the left side: For several choices of integers J, we compute the ratio between | 7"usl|;,_ and [[uslly
depending on n, where the sequence u is defined by (3.2.5). For n fixed, this gives a lower bound for |77z (3,
The figure supports the fact that [ 7"(|;,_, grows at a linear rate with regards to n.

On the right side: For several choices of integers J, we compute the ratio between ||7"u,|l,, and [lus|ly,
depending on n, where the sequence u, is defined by (3.2.5). For n fixed, this gives a lower bound for ||7™ £,

The representation in the logarithmic scale supports the fact that || 77| L(H,) 8rOWs at a rate Vvn.
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3.2.2 Example of stable boundary condition for the O3 scheme
We consider the O3 scheme for the transport equation (3.1.1)

vn e N,Vj e N\{0}, wu*'=a_yu} | +aou} + arufy, + asulf,,, (3.2.6)
Yn e N, wuf = bul + bousy, -

where r = 1 and p = 2, a := Av, the coefficients b;,bs € R determine the boundary condition and

_ a(l+a)(2+ ) .: (1-0a?)(2+a)

a_1 : 46 , Qg 2 )
__oz(l—oz)(?—&—a) o a(l—a?)
ay = —2 , Q2 = 76 .

We refer to [Des08] for a detailed analysis of this scheme for the rightgoing transport equation on the whole
line R. For a €] — 1, 0], the symbol F' defined by (3.1.10) satisfies F(1) = 1 and

Ve € SN\ {1}, |F(k)| <1.
Furthermore, there exists a constant 5 > 0 such that

it . 4 4
F(e™) o &P (—iat — Bt* + o(t")) .
We have that g = 2 in our notation of Hypothesis 3.1. Thus, Hypothesis 3.1 is satisfied.

We now make a choice for the coefficients b; and by that define the numerical boundary condition for the
numerical scheme (3.2.6). Lemma 3.1.2 implies that for z € O, the matrix M(z) has an eigenvalue x4(z) € D\ {0}
and two (not necessarily distinct) eigenvalues 1 (2),x2(z) € U and that for z = 1 the matrix M(1) has an
eigenvalue k4(1) € D\ {0}, one eigenvalue x.(1) € U and k2(1) = 1 is a simple eigenvalue of M(1). We thus
have that

Ks(2)?
Vze OU{l}, FE*(z)=Span | ks(z)
1

We observe that the trace and the determinant of M(z) are respectively equal to — Z—; and —aa;zl. Let us consider
z € OU{1} such that ks(z) = ks(1). Since the traces (resp. determinants) of the matrices M(z) and M(1) are
equal and k(z) = ks(1) # 0, we have

{ Ku(2) + i (2) = kg (1) + 1,
Ku(2)K35(2) = ry(1).

This implies that either x.(2) or x2(2) is equal to 1 and thus 1 is an eigenvalue of M(z). We conclude that for
z € OUA{l}, ks(z) = ks(1) if and only z = 1. We choose

1+ rs(1) 1
— ) =

ML T TR
so that the Lopatinskii determinant A in a neighborhood of 1 is defined by:
A(2) := 1 = biks(2) — baks(2)? = —bo(ks(2) — ks(1))(Rs(2) — 1).
Thus, 1 is a simple zero of the Lopatinskii determinant and
Vze O, kerBNE®(z)=/{0}.

Thus, Hypothesis 3.2 is satisfied. Furthermore, we observe that
1
Bl1 :1—b1—b2:O€BES(1).
1

It ensues from Theorem 3.1 that the numerical scheme (3.2.1) is £?-stable for all ¢ € [1,400]. On Figure 3.6,
we consider for several choices of J € N\ {0} the initial condition u; € H, defined by (3.2.5) and compute the
solution (7w )nen of the numerical scheme (3.2.6). We represent the ratio of [|7"us|l;, and [lus|l;, which is
lower than || 7| £(1,)- On the left-side of Figure 3.6 and on the right-side of Figure 3.6, we respectively choose
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Figure 3.6 — For the O3 scheme (3.2.6), for several choices of integers J, we compute the ratio between || 7™ HHq
and HUJHHQ depending on n, where the sequence u; is defined by (3.2.5). For n fixed, this gives a lower bound
for ||’T”||£(Hq). On the left and right sides, we choose respectively ¢ = +o0o0 and ¢ = 2.

q = +oo and ¢ = 2. The figures support the fact that 7", can be uniformly bounded in n.

3.3 Proof of Theorem 3.1 using Theorem 3.2

In this section, we will prove Theorem 3.1 whilst assuming that Theorem 3.2 has been proved. Theorem 3.2
allows us to decompose the temporal Green’s function G(n, jo,j) as follows

Jo+n0f

vnijaj € N\ {0}7 g(n ]07 ) EI‘I‘(TL .707 )+§(nvj_j0)+]]'nP2joRu(j07j)+E2ﬁﬂ ( )RC( ) (331)

nm

Furthermore, for ¢ € [1,400], u® € H, and n € N, we have that

Z u]og n ]07

Jo>1

vi e N\{0}, (7T™u"); (3.3.2)

We decompose the operator 7" in two parts by introducing for all ¢ € [1,+0c0] and n € N\ {0} the two operators
Kgyn,Lgn € L(H4) defined as

Vi € Hy Vi e N0}, (ql®); i= 7, (Brx(n, o )+ G, — o) L=y R (iord) )

Jo=1
vul € H,, V5 € N\ {0}, Lyau®); = > ul By, (30 a ”O‘> RE(H),
Jo>1 nz2e
Using (3.3.1) and (3.3.2), we have
Vg € [1,400],Yn e N\{0}, T"=Kgn+ Lgn. (3.3.3)

First, we will prove that for all ¢ € [1,+o00c] the family of operators (K ,)nem o} is bounded in L(H,).
Using (3.3.3), this will obviously imply the ¢%-stability of the numerical scheme (3.1.4) for all ¢ € [1, +00] when
the boundary layer R€ is equal to 0.

Then, we will prove that the family of (L1 ,),en (o} is also bounded in £(#H1). Using (3.3.3), we will have
then proved the ¢-stability of the numerical scheme (3.1.4) even when R€ is not equal to 0

Finally, when the boundary layer R¢ is non zero, we will prove for all ¢ €]1, +00] that there exists a positive
constant C such that

v e N\{0}, [ Lgnllza,) 2 Cn'~a. (3.3.4)

Using (3.3.3), we will thus have proved the existence of a positive constant C' such that (3.1.17) is verified and
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the ¢9-instability of the numerical scheme (3.1.4).
Step 1: Boundedness of the family (K, n)nem o3 in £(H,) and £%-stability when R® =0

e We consider g € [1,+o0] and u® € H,. We also introduce § € [1,+00] the Holder conjugate of q. Using
the estimates (3.1.27) on Err(n, jo,j) and Holder’s inequality, there exist two positive constants C, ¢ such that
for all n, j € N\ {0}

2u

1 : 2n—1
> [Exx(n jo, g, | < Cem ], ( i <_<|mﬂ> )) |
Jo>1 n 2w n 2 Jo=1]|4a

Furthermore, there exists a constant C' > 0 such that

2
1 <|na+j0|>2““1 C
—exp | —¢c| ——— < —.
n2n nznr jo>1||a nzeq

Therefore, there exists a constant C' > 0 such that for all u® € H, and n € N\ {0}, the sequence

Vn € N\ {0},

Z Err(n7j07j)u

Jo=t jEN{0}

belongs to H, and

vn e N\ {0}, > Err(n, jo, j)ul, < i [« - (3.3.5)

- 2
jo>1 nEwa

JEN{0} |5,

e Using the main result of [Tho65], we prove that Hypothesis 3.1 is one of two conditions so that the family
(G(n,+))nen is bounded in ¢1(Z). For q € [1,+o0], using Young’s convolution inequality ¢1(Z) * ¢4(Z) — (4(Z),
we can prove the existence of a positive constant C' > 0 such that for all u’ € H, and n € N, the sequence

o1 G(n,j — joyul bel t d
(Zjozlg(nd Jo)ujo)jeN\{o} elongs to H, an

Vn € N\ {0}, > G(n.j — jo)ul, < Ol - (3.3.6)
Jo=1 FEN{O} |,
e We consider ¢ € [1,400] and u® € H,. We also introduce § € [1,+oc] the Hélder conjugate of g. Using the

bounds (3.1.28) on R™ and Holder’s inequality, we prove that there exist two positive constants C, ¢ independent
from ¢, u°, n, jo and j such that

Z Tnp>j0 R -70’ 7) 20 < Ce HuOH’Hq H<€_cj0)j021

0
jo>1

Therefore, there exists a constant C' > 0 such that for all u® € #, and n € N\ {0}, the sequence

Z]lnP>JO ]07 ) 0

Jo=t jen{o}

belongs to H, and

vn € N\ {0}, > Ty o R (o, ), < O], - (3.3.7)
Jo=t FEN{0} |,

For ¢ € [1,+00], combining (3.3.5)-(3.3.7), we have proved that the family of operators (Kgn.)nem (o} is
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bounded in £(H,). When B (1 ... 1)T € BE?(1), Theorem 3.2 implies that the boundary layer R€ is equal
to 0 and thus that the operator L ,, is equal to 0. We conclude using (3.3.3) that the numerical scheme (3.1.4)
is £9-stable.

Step 2: Boundedness of the family (L1, )nen (o} in £(H1) and proof of the 0'-stability of the numerical
scheme (3.1.4)

We consider that ¢ = 1. Since the function Egu is bounded, the family (EQBM (W)) is
Jo€N\{0}

n2i

bounded. Using the estimates (3.1.28) on R¢, there exist two positive constants C, ¢ such that for all u® € H;,

nijaj EI\I\ {O}a
S |ES, <‘7°+"0‘> RE(j)ul

jo>1 nw

<0 Y ul | < € ],
Jjo>1

Therefore, there exists a constant C' > 0 such that for all u° € H; and n € N, the sequence

L= (Y B <J°+”“)RC<>O

jo>1

JjeN\{0}

belongs to H; and

0], < C

0 0

||’H1 ||7‘l1 :
This implies that the family of operators (Li »)nen {0} is bounded in £(H;). Using (3.3.3), we then immediately
conclude that the family of operators (7"),em {0} is bounded in £(H;) and thus that the numerical scheme
(3.1.4) is ¢'-stable.

Step 3: Proof of (3.3.4) and of the ¢9-instability of the numerical scheme (3.1.4) for g €]1, +00] when R° # 0

We fix ¢ €]1, +00]. Since the function EQBN is continuous, (3.1.24) implies that there exists a constant M € R
such that

1
Ve < M, E (7)) > 3 (3.3.8)
Let us consider an integer n € N\ {0} such that
—? >1 and %n%;l <M,
which is possible since v < 0. We consider an integer J € Z N [f— 72"0‘] and define

J
Uy 1= 26j0 EHq.

Jo=1

We observe that

Yet, for jo € {1,...,J}, we have

Thus, (3.3.8) allows us to conclude that
J C
1Lgnusllyy, = 5 1R, -

Noticing that [jull;,, = Ji, we conclude that

1

”RC”HQ 11 ||'RC||Hq nas1-:
||Lq,n||£(7_¢q) Z TJ q Z T (7?)

Thus, when the boundary layer R¢ is a nonzero sequence, the operators L, are nonzero operators and there
exists a positive constant C' such that (3.3.4) is verified. Using (3.3.3), this concludes the proof of the existence
of a positive constant C' such that (3.1.17) is verified and the ¢?-instability of the numerical scheme (3.1.4).
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3.4 Spatial Green’s function

From now on, we assume that Hypotheses 3.1 and 3.2 are verified and our goal is to prove Theorem 3.2.
Since the values of the temporal Green’s function G(n,j, jo) are independent of g, we consider that we are in
the case ¢ = 2 and we omit the subscript ¢ when we introduce the Banach space 7. This section is dedicated
to the definition and analysis of the spatial Green’s functions defined below by (3.4.9) and (3.4.10) respectively
for the operators 7 and .Z.

3.4.1 Resolvent set of the operators 7 and .Z

First, we study the spectrum of the operators . and 7. This information is fundamental to determine the
domain of definition of the spatial Green’s functions for 7 and .. This section will be fairly similar to [CF22,
Section 2.1].

First, Wiener’s theorem [New75] allows us to conclude that the spectrum of .Z is given by:

o(£) = F(SY).

In particular, this implies that the connected open set O is included in the resolvent p(.¥). We recall that O
corresponds to the unbounded connected component of C\F(S!) (see Figure 3.1).

We now shift our attention to the study of the spectrum of the operator 7. The operator T is a finite rank
perturbation of the Toeplitz operator defined by

T 2N\{0}) — 2(N\{0})
P
U — Z Qs+l ?
l=—1r
e JEN\{0}

since the Toeplitz operator Z corresponds to the numerical scheme (3.1.4) where we impose the numerical
boundary conditions uf_, = ... = ug = 0. The spectrum of the operator .7 has been studied thoroughly, see
for instance [Dur64] and [TE05]. Mainly, the resolvent set of the operator 7 corresponds to the points on the
complex plane that do not belong to the curve F(S!) and such that the winding number of the curve F(S!) for
these points is 0. This is the case for all points in the set O for instance. Furthermore, the essential spectrum
of 7 is the curve F(S').

We observe that since the operator 7 is a compact perturbation of the operator .7, they share the same
essential spectrum (see [Con90, Chapter XI, Proposition 4.2]) which is equal to the curve F(S!). In particular,
1 belongs to the essential spectrum of the operator 7. However, a careful examination of the eigenvalues of T is
still necessary. Using the decompositions (3.1.13) and (3.1.14) of the vector space CP*", we prove the following
lemma:

Lemma 3.4.1. We have that

Vze OU B (1), dimkerBnN E°(z) = dimker(z/d —T), (34.1)
Vze O, kerBNE*z2)={0}=z¢€p(T). (3.4.2)

Hypothesis 3.2 allows us to conclude that 1 is a simple eigenvalue of 7 which lies inside of its essential
spectrum. Furthermore, we have

U\{1} C p(T) and Bz (1)N O C p(T). (3.4.3)

Proof The proofs of Assertions (3.4.1) and (3.4.2) use the same method as the proof of [CF22, Lemma 2.1]
that we will shortly summarize here. We let the interested reader investigate and adapt the details using [CF22].
The starting point of the proof is to look for a solution w € H of the recurrence relation with z € C and

feH:
(zIdy — Tw = f. (3.4.4)
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We introduce the vectors

Vi>1, W;:= : eCrtr, e=| .| ecrtr,

so that we can rewrite (3.4.4) as the dynamical system !

(3.4.5)

Vj > 17 Wj+1 = M(z)W] - %67
BW; =0,

where the matrices M(z) and B are respectively defined by (3.1.12) and (3.1.5).
» To prove Assertion (3.4.1), we prove that the linear map

ker(zId—T) — kerBnNE*(z)
Wp
w — W1 =

W1 —r
is well-defined and invertible. Its inverse will be the linear map

ker BNE*(z) — ker(zId—T)
Wi = (Wi)p)j

where (W;)j>1 = (M(2)?~'W),>1 is the solution of (3.4.5) for f = 0 and (X), denotes the pth coefficient of
X ecrtr,

» The proof of Assertion (3.4.2) is more technical and relies on the decomposition (3.1.13) of CP*" using the
stable and unstable subspaces E*(z) and E"(z) of the matrix M(z). The idea is to use the hyperbolic dichotomy
of M(z) to carefully integrate the system (3.4.5). This yields the expressions:

+oo
Vi > 1, T (2)W; = Z %M(z)_l_kﬂ'“(z)e, (3.4.6)
k=0 P
Br® ()W, = —Br"(2)Wh, (3.4.7)
j—1
Vi > 1, 7 (2)W; = M(s)?~'n* ()W — Z z:—kM(z)j_l_kws(z)e. (3.4.8)
k=1"?

The exponential decay of the sequences (M(2)/7%(2)) en and (M(2) /7% (2)) en implies that the series
= fik — fi :
Z LEENM(2) R 1 (2)e  and Z LEM(2) R (2)e
— —
k=0 k=1

converge. We observe that B|gs () is an isomorphism from E*(z) onto C" because of Remark 2. Since 7" (z)W;
is defined by (3.4.6), we can deduce 7°(z)W; from (3.4.7) and then construct two sequences (7*(z)W;);>1 and
(m°(2)W;)>1 which are solutions of (3.4.6)-(3.4.8). This allows us to construct a solution w € H of (3.4.4) that
depends continuously on f and that we can prove to be unique. O

Now that we have a clearer idea of the localization of the spectrum of the operators 7 and %, we can define
the spatial Green’s functions of those operators.

3.4.2 Definition and estimates of the spatial Green’s function

For jo € N\ {0} and z € p(T), we define the spatial Green’s function G(z,jo,:) € H associated with the
operator T as
G(z,jo,-) = (zIdy — T) ™' 65 (3.4.9)

1. We use here the fact that p, < p. The case p; > p could be dealt similarly but would use heavier notations.
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where 0;, is defined by (3.1.18). We also define for j, € N\ {0} and z € p(.Z) the spatial Green’s function
G(z,-) € ?(Z) associated with the operator .Z as

G(z,-) = (2ldp @) — L) 71. (3.4.10)

where 4 is defined by (3.1.21). We notice that both functions G(-, jo, j) and G(-,j) are defined and holomorphic
on ONp(T) and in particular on U\ {1} and Bz (1) N O because of (3.4.3).
The temporal Green’s function G(n, jo,Jj) and G (n,j) can be expressed using the spatial Green’s function

G(-,jo, ) and G(-, j) we just introduced (see (3.5.6) and (3.5.7) below). To obtain the estimates on Err(n, jo, )
expected in Theorem 3.2, we will need to study the difference of those two spatial Green’s function defined by

Vze O ﬂp(T)7V]07] € N\ {O}a R(Zaj()vj) = G(Zaj()vj) - G(Za] 7]0) (3411)

In this section, we prove local uniform estimates of R(z, jo,j) and meromorphic extensions for R(-, jo,j) in a
neighborhood of 1 with a pole of order 1 at z = 1. The first step will be to find an alternative expression of
R(Z7 j07 ]) :

In the same manner as in the proof of Lemma 3.4.1, we introduce the following vectors for z € O N p(T)

G(Za.707] +p_ ]‘)

Vi, jo € N\{0}, W (z,jo,J) = : ecr
G(z, jo,j — )
and .
G(z,j+p—1)
VieZ, Wi(zj) = : € Crtr,
G(z,j—r)

Both function W(z, jo,j) and W(z,j) depend holomorphically on z. Using the definition (3.1.6) and (3.1.9)
of the operators 7 and £, we prove that they are solutions of the following systems for z € O N p(T) and

Jjo € N\{0}: "
Wiz 1, Wiedo,d +1) = M(2)W (2o, 5) - —=e,
P
BW(z, jo,1) = 0.

and

N —~ 1._
Vi€eZ, W(zj+1)=M(zW(z,j)— ;*Oe.
P

Using the projectors 7°(z) and 7% (z) introduced via the decomposition (3.1.13) in the same manner as to obtain
the equalities (3.4.6)-(3.4.8), we obtain that for z € O N p(T) and j,jo € N\ {0}

1; —00,]J i (4 ;
U)W (2, jo, §) = —L=20I0 ()= GotD (), (3.4.12)
ap
Br®(2)W (z, jo, 1) = =Brn“(2)W (z, jo, 1), (3.4.13)
. Ticrs - o
T W (2, j0, ) = M(2)I 175 (2)W (2, jo, 1) — —LBoLtoelyg )i —Got) s (). (3.4.14)
ap

and for z € ONp(T) and j € Z

— Lic oo ,
T ()W (2, §) = %M(z)]_lwu(z)e, (3.4.15)
P
— Tich 100 _
()W (2,7) = _%M(z)fw(z)e. (3.4.16)
P

Therefore, summing equalities (3.4.12) and (3.4.14) and using equations (3.4.15) and (3.4.16), we have:
Vz € ONp(T),Yjo,j € N\{0}, R(zjo,5) = M(z)''7*(2)W(2,jo, 1))p (3.4.17)

where (X), denotes the pth coefficient of X € CP*" and we recall that the remainder R(z, jo,j) is defined by
(3.4.11). The expressions (3.4.11) and (3.4.17) are the starting point for studying R(z, jo, j)-
The following lemma is an equivalent form of [CF22, Lemma 5] and gives local uniform exponential bounds



3.4. Spatial Green’s function 98

on R(z,jo,7) far from the spectrum of T.
Lemma 3.4.2. For zg € O Np(T), there exist a radius 6 > 0 and two positive constants C,c such that Bs(zp)
is contained within O N p(T) and
Vz € Bé(ZO)avjajO > ]-a ‘R(Zm?()a])' < Cexp(fc(j +.70))
We observe that the set I\ {1} is included in O N p(T) because of (3.4.3) and Hypothesis 3.1. Thus, Lemma
3.4.2 can be applied on all points of the set U\ {1}.

Proof Since O Np(T) is an open set, we can consider § > 0 such that

Bs(20) € O N p(T).

Up to considering a smaller radius ¢ > 0, the families of matrices (M(z)?7*(2)) en and (M(z)
uniformly exponentially, i.e. there exist two positive constants C| ¢ such that

Im"(2))jen decay

HM(Z)]’/TS(Z)H < Ce 9,

Vz € Bs(20),Vj € N, HM(Z)_JWU(Z)H < Ce—i, (3.4.18)
Thus, (3.4.18) implies
Vz € Bs(20),Vjo,j € N\ {0}, [M(z)'"'n*(2)W (2, jo, 1)} < Ce= U= 2% (2)W (2, jo, 1)| . (3.4.19)
Furthermore, using (3.4.12) and (3.4.18), we prove the existence of a constant C' > 0 such that
Vz € Bs(20),Vjo € N\ {0}, [7“(2)W (2, 70,1)| < Ce~c. (3.4.20)

Since the linear map Bjgs(.) is an isomorphism for all z € B;(zo), up to considering a smaller §, there exists a
constant C' > 0 such that
Vz € Bs(2),Vx € E*(2), |Bz|> C|x|. (3.4.21)

Using (3.4.13), (3.4.20) and (3.4.21), we prove that there exists a positive constant C' such that
Vz € Bs(20),Vjo € N\ {0}, |7°(2)W(z,jo,1)| < Ce <0, (3.4.22)
Combining (3.4.19) and (3.4.22) allows us to conclude that there exist two constants C, ¢ > 0 such that
Vz € Bs(20), Vo, 7 € N\{0}, |M(2)?"'7*(2)W (2, jo,1)| < Ce=elitio),
Using (3.4.17), we conclude the proof. a

We will now study the function R(z,jo,j) defined by (3.4.11) in a neighborhood of 1 and introduce an
equivalent of [CF22, Lemma 6] with some important differences. Let us first recall that the curve F(S')
corresponds to the essential spectrum of the operator 7 and that 1 is a simple eigenvalue of 7. The function
R(z, jo,7) is thus only defined outside the curve F(S!') in a neighborhood on 1. The following lemma proves
that R(z,jo,Jj) can actually be meromorphically extended near 1 with a pole of order 1 at 1. We point out
in advance that the radius £y present in the statement of the following lemma comes from the decomposition
(3.1.14) of the vector space CP*" deduced from the study of the spectrum of the matrix M(z) in a neighborhood
Bgo(l) of 1.

Lemma 3.4.3. There exists a radius &1 €]0,&o[ such that for all jo,j € N\ {0}, the function
z2€0Np(T) = R(z o, j)

can be meromorphically extended on B;l(l) with a pole of order 1 at 1. Furthermore, there exist some holo-
morphic complex valued functions P"(-, jo,j) and P°(-, jo,j) defined on B;l(l) for all jo,7 € N\ {0} such that

— The following equality is satisfied

PC(ZajOaj) + Pu(zmjoaj)

Vio,j € N\{0},¥z € By, (I\{1},  R(zjo,j) = — —5 — (3.4.23)

— There exist some positive constants C, c independent from z,jo and j such that:

Vz € By (1),Vjo,j € N\{0}, [|P"(2,5o,5)| < Ce™ 7. (3.4.24)
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We will notate
V0,7 € N\ {0}, R“(jo,J) := P“(1,Jo,J). (3.4.25)

— The function P€ satisfies the following estimates where C, ¢ are some positive constants independent from
z,Jo and j and R° := (R°(j))jem\fo0} is a complex valued family:

|P<(2,jo, 5)] < Ce=|r(2)[77°,
Vz € B (1), Vjo,j € N\ {0}, [Re(j)] < Ce=*, | | (3.4.26)
|P<(2, jo, J) — R°(J)k(2) 77| < Clz — 1le™ |k (2)[ 7.

— The sequence R satisfies:
RE=0sB(1 ... 1) e BE1). (3.4.27)

The two sequences (R°(j))jem oy and (R"(jo,7))jo.jem {0} Will correspond to the same sequences introduced
in the statement of Theorem 3.2.

Let us observe that Lemma 3.4.3 and [CF22, Lemma 6] have the same goal but do not state the same result.
We recall that in [CF22], the authors suppose that the Lopatinskii determinant A does not vanish at 1 and thus
that 1 is not an eigenvalue of the operator 7. This allows in [CF22, Lemma 6] for an holomorphic extension of
the spatial Green’s function G(z, jo, j) on a whole neighborhood of 1.

Proof Using the projectors n°°(z), 7°(z) and 7*%(z) defined via the decomposition (3.1.14), the equalities
(3.4.12)-(3.4.14) imply for z € Bz (1) N O and jo, j € N\ {0}

1o L
T ()W (2, o, §) = 2Ll ()i =UotDsu()e, (3.4.28)
ap
Ticrm o
7(2)W (2, jo,7) = Mﬁ(z)J_(JOH)WC(z)e, (3.4.29)
ap
B (2)W (z, jo, 1) = =B (7*“(2)W (z, jo, 1) + 7°(2)W(z, jo, 1)) , (3.4.30)
. 1.cs 0 _ o
T ()W (2, Jo, ) = M(2)/ 717 (2)W (2, o, 1) — ~LSHLE g ()7 =Gotpss (). (3.4.31)
ap

We want to extend meromorphically the function
z€ B (1)NO — M(2) 1% (2)W (2, jo, 1)

on B~ (1) with a pole at 1 of order 1. To do so, we will use equality (3.4.30) and Hypothesis 3.2 to extend
meromorphically the function 7**W (-, jo, 1) on B;O(l) with a pole at 1 of order 1. For z € Bgo(l)\ {1}, since
Hypothesis 3.2 implies that A(z) # 0 where A is defined by (3.1.16), the matrix

(Bei(z) ... Ben(2))

is invertible and .
_1 com (Bel(z) . Ber(z))

(Bei(z) ... Bey(z)) = A(z)

Hypothesis 3.2 states that 1 is a simple zero of A. Thus, we can consider the holomorphic function D : B;O (1) —
M,.(C) defined by

2=Lcom (B .. Bep(2))" if 2 £ 1,
VzeB=(1), D(z)= { gy eom (Ber(2) @) et (3.4.32)
A7) com (Ber(1) ... Ben(1)) if z=1.
To study the equality (3.4.30), for z € Bz (1) and jo € N\ {0}, we introduce
1 .
V% (z,jo) = —(e1(2)...e-(2))D(2)B (aM(z)_]"wS"(z)e> ,
b (3.4.33)

Ve (z,jo) :=—(e1(2)...e-(2))D(2)B <1f£(2)_j°7rc(z)e) .

ap

We observe that, for all jo € N\ {0}, the functions V*(-,jo) and V(- jo) are holomorphic on B (1) and for all
z € Bz (1), V*(2,jo) and V*(z, jo) belong to E**(2) since they are linear combinations of e1(z),...,er(2). The
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equality (3.4.30) and the definition (3.4.33) also imply

VC(ZajO) + VU(Z,]O)
z—1 '

Vjo € N\ {0},Vz € B;O(l) NO, Br**(z)W(z,j0,1) =8
Furthermore, since A(z) # 0 for z € B;O(l) N O, Hypothesis 3.2 implies that
ker BN E**(z) = {0}.

We can then conclude that

Vc(z7j0) + Vu(zvj())
z—1 '

Vjo € N\{0} ¥z € B= ()N O, 7 ()W (z,jo, 1) = (3.4.34)

We have thus found a meromorphic extension of the function 7**W (-, jo,1) on B (1) with a pole at 1 of order
1. We are then led to introduce for all jo, j € N\ {0} the functions Z°(-, jo, j) and Z*(-, jo, j) defined on B (1)

as .
P2, 4o, 5)  =M(2)""1V(z, jo),

PU(z,Jo, ) =M(2)I7V(z, jo). (3.4.35)

Vz € Bfgo(l),

The two functions 2(-, jo, j) and &*(-, jo, j) are both holomorphic on B (1). Since £(1) = 1, we notice that
V¢(1, jo) does not depend on jo. We then notate

Vi, 5 € N\ {0}, Z°(j) := 2°(1,jo,J)- (3.4.36)
We recall that (X), denotes the pth coefficient of X € CP*". We denote for z € B (1) and j, jo € N\ {0}
P(z,jo,§) = (22,40, ))p,  P"(2.40,5) == (P"(2,§0,5))p:  R(F) := (Z°(j))p- (3.4.37)

Using the equalities (3.4.34) as well as the definition (3.4.35) of the functions &¢ and ", we have that for
all jo,j € N\ {0}, we can extend the function

2 € O0Np(T) = M(2)! 1755 (2)W (2, jo, 1)

meromorphically on Bz (1) with a pole at 1 of order 1 with the expression

_ ‘@6(27j07j) + ‘@u(zijaj)

Vjo,j € N\{0},Vz € B= (D\ {1}, M(2)’"'7**(2)W (2, o, 1) = — P (3.4.38)

Using (3.4.17), (3.4.37) and (3.4.38) directly imply (3.4.23).

We will now prove the different estimates presented in the statement of Lemma 3.4.3. We start by noticing
that there exists a radius €; €]0, o[ such that the families of matrices (M(2)775%(2))jen and (M(z) I 75%(2))jen
uniformly decay exponentially for z € B;1(1)7 i.e. there exist two positive constants C, ¢ such that

IM(z)ims(z)]| < Cemed,

[M(z)Tm ()| < e, (3.4.39)

Vz € Bgl(l),Vj eN,

To study the central component ¢, we will also need the following lemma:

Lemma 3.4.4 ([CF22]). We consider a holomorphic function M with values in My (C) defined on a open ball
Bs(0) with § > 0 and N € N such that there exist two positive constants C,c such that

Vz € Bs(0),Vj €N, |[M(z)]| < Ce™.
Up to considering a smaller radius §, there exist two new positive constants C, c
Vzi,22 € Bs(0),Vj €N, [|[M(21)) = M(22) || < Clz1 — zafe™.

Using inequalities (3.4.39), Lemma 3.4.4 implies that, up to diminishing €7, there exist some positive con-
stants C, ¢ such that

Vze Bz (1),¥j €N, |[M(2)'7%(2) = M(1)’7**(1)[| < C|z = 1]e™. (3.4.40)

Let us find estimates on &?*. First, we observe that inequality (3.4.39) implies that there exist two positive
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constant C, ¢ such that '
Vz € Bz, (1),Yjo € N\ {0}, [V“(z,40)| < Ce™. (3.4.41)

Since for z € B (1) and jo € N\ {0} we have V*(z,jo) € E°°(2), we notice using the definition (3.4.35) that
Vz € Bx (1),Y,50 € N\ {0},  2"(2,jo,j) = M(2)’ 17> (2)V"(z, jo).

Therefore, using the inequalities (3.4.39) and (3.4.41), we can prove that there exist two positive constants C, ¢
such that o
Vz € Bx (1),Yjo,j € N\ {0}, |2"(2,jo,j)| < Ce™ =P,

We easily deduce (3.4.24).
We now prove the estimates on 2?¢. We observe that the definition (3.4.33) implies that there exists a
positive constant C' such that

Vz € B (1), Vjo € N\ {0}, |V4(z,j0)| < Clr(2)| . (3.4.42)
Since for z € B~ (1) and jo € N\ {0} we have V(z,jo) € E°°(z), we notice using the definition (3.4.35) that
Vz € Bz (1),V5,j0 € N\{0},  2°(z, 5o, j) = M(2)' "' (2)V*(2, jo)-
Therefore, using the inequalities (3.4.39), we prove the existence of a constant C' > 0 such that

“@C(zajﬂvj” S Ceicj|ﬁ(z)|7jov

Vz € Bgl(l)7vj07j € N\ {O}v |<@c(j)‘ < Ce~9.

(3.4.43)
Finally, we observe that for jo,j € N\ {0} and z € Bz (1) we have
P20, §) = K(z) " B°(j)
= r(z)77° (M(1) ' 7% (1)(e1(1) . .. &, (1)) D(1)Bre(1)e — M(z)' ~'7** (2)(e1(2) . . . ex(2)) D(2) Br®(2)e) .

Therefore, the estimates (3.4.39) and (3.4.40) as well as the mean value inequality directly imply that there
exist two positive constants C, ¢ such that

Vz € B (1),Yjo,j € N\{0}, |2°(2,jo.5) — K(2)°%°(j)| < Clz — e~ |r(z)| 7.

To conclude the proof of Lemma 3.4.3, there remains to prove the condition (3.4.27). First, we need to
compute the value of the vector 7¢(1)e. We recall that 1 is a simple eigenvalue of the matrix M(1), that

1 ... l)T is an eigenvector of M(1) associated with 1 and thus that
T
E°(1)=Span(1 ... 1) .

We also know that there exists a unique eigenvector L = (I;) eq1,... p+r} € CPT" of M(1)T associated with the
eigenvalue 1 such that
L-(1 ... 1) =1 (3.4.44)

where the symmetric bilinear form - on CP*" is defined as?

p+r
VXY eCPt, XY =) XV
=1

Then, we have that
VY e CPTT r()Y =(L-Y)(1 ... ).

Thus, applying to the vector e implies that

Me=04(1 ... 1",

2. Observe that this symetric bilinear form is not the Hermitian product on CP*7.
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Since L is an eigenvector of M(1)7 associated with the eigenvalue 1, we have

P—J
. I
Vie{l,....,p+r}, ;= <ZE a; — 6j§p> a—p. (3.4.45)
Since F'(1) = —a, the normalization (3.4.44) and the equality (3.4.45) then imply that
=22 and thus ¢(1)e = I (1 ... 1)T. (3.4.46)
« «

Using the definitions of (3.4.36), (3.4.33) and (3.4.32) respectively of Z€(j), the function V¢ and the function
D, we have that for j € N\ {0}

1 ,
Z(j) = ————M(1)(e1(1) ... ex(1))com (Ber (1) ... Be(1))" B(1 ... 1)7
al'(1)
1 | < T
= *QT,(UM(DJ <’; det (Bel(l) ... Bep—1(1) B (1 S 1) Bep11(1) ... Ber(l)) ek(1)> .
(3.4.47)
e We recall that Hypothesis 3.2 implies that 1 is a simple zero of the Lopatinskii determinant. As a
consequence, the vector space BE®(1) is of dimension r — 1. If B (1 1)T € BE*(1), then for all k €
{1,...,r}
det (Ber(1) ... Bepa(1) B(1L ... )" Bewa(l) ... Be,(1))=0

and thus #°(j) = 0 for all j € N\ {0}. Using (3.4.37), we deduce the sequence (R°(j));jem {o} is equal to 0.
e We now suppose that the sequence (R°(j));em {0} is equal to 0. Since the matrix M(1) is a companion
matrix and R°(j) is the pth coefficient of the vector Z°(j) for all j € N\ {0}, the equality (3.4.47) implies that

R +p—1)
Vi>r+1, Z%°(j) = :
Re( =)

If the sequence (R°(j));jen (o} is equal to 0, then the vector %Z°(j) are equal to 0 for all j > 7+ 1. Since the

matrix M(1) is invertible and the family (ex(1))req1,...,r} is linearly independent, the equality (3.4.47) implies
that for all k € {1,...,r}

det (Ber(1) ... Bepi(1) B(1 ... )" Bewa(l) ... Be.(1))=0.
Since 1 is a simple zero of the Lopatinskii determinant A, there exists an integer k£ € {1,...,7} such that the
family (Be; (1)) eq1,....r1\{x} is linearly independent and spans the whole vector space BE®(1). Therefore, the
vector B (1 ... l)T belongs to BE*(1). ]

3.5 Study of the temporal Green’s function

This section is dedicated to the proof of Theorem 3.2. Our goal is to prove the estimate (3.1.27) on the
function Err(n, jo, j) defined by (3.1.26) for all n, jo,j € N\ {0}. We expect three different behaviors depending
on the ratio jo/n represented on Figure 3.7:

I- The case where jy is large compared to n (i.e. jo > np) will be dealt in Section 3.5.1. For those small
times n < %", the numerical boundary condition does not have any impact on the computation of the solution

(G(n, jo,*))nen of the numerical scheme (3.1.4) with the initial datum u® = §;,. This will allow us to deduce
(3.1.27) in this case.

IT- The case where jo is small compared to n (i.e. jo < —%*) which will be tackled in Section 3.5.3. It

corresponds to the case where the generalized Gaussian wave has already passed the boundary and the boundary
layers are almost fully activated.
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Figure 3.7 — The different sectors for the cases I, IT and III.

III- The case where jo is close to —na (i.e. jo € [—™, np|) which will be tackled in Section 3.5.4. The
bulk of the proof happens in this section since the limiting estimates occur in this case

Before starting the proof of Theorem 3.2, we will introduce some useful inequalities on the functions ng
and EY defined by (3.1.23).

20

Lemma 3.5.1. There exist two positive constants C, ¢ such that

Vo € R, |Hj, ()| < Cexp(—cla|mT), (3.5.1)
Vo €)0,+ool, |ES, ()] < Cexp(—clz|mT), (3.5.2)
Vo €] - 00,0[, |1 - Ej, ()] < Cexp(—clz|7T). (3.5.3)

The interested reader can find a proof of (3.5.1) in [Coe22, Lemma 9] or in [Rob91, Proposition 5.3] for
a more general point of view. Inequalities (3.5.2) and (3.5.3) for the function Egﬂ are directly deduced by

integrating the function HQBH and using (3.1.24) and (3.5.1).

3.5.1 Case I: j; is large compared to n

We consider n, jo € N\ {0} such that jo > np and we aim to prove the estimate (3.1.27) on Err(n, jo, j) in
this case for all j € N\ {0}. First, we can prove that

vj e N\{0}, G(n,jo,j) =G(n,j— jo) (3.5.4)
This equality translates the fact that for an initial condition u® = §;,, the solution G(n, jo, j) of the numerical
scheme (3.1.4) does not see the boundary condition for sufficiently small times n.
Using the definition (3.1.26) of Err(n, jo,j) and the equality (3.5.4), we have that

Jo + na iy
(2 ) R,

Err(n7.j07j) = EB
nawe

Using (3.4.26) to exponentially bound R¢(j), we observe that there just remains to prove generalized Gaussian

estimates on EQB}L lotna ) 6 conclude. Besides, since we have

n2p

20 —|—1na > (p+a)n s >0

nzr

2
and the function z € [p+ «, +-o00[— g exp (—%x 2u51) is bounded where c is the positive constant in (3.5.2),

we conclude using (3.5.2) that there exists a positive constant C' which verify for all n, jo € N\ {0} such that

Jjo > np, we have
~ 2
Jo + na C ¢ (ljo + nal 21
’EZBH ( T )‘ < T €Xp (2 (| 1|) . (3.5.5)
n2u n 2w nawe
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This concludes the proof of (3.1.27) when jo > np.

3.5.2 Inverse Laplace transform

To prove (3.1.27) when jo < np, we will use a representation of the temporal Green’s functions G and g
using the spatial Green’s functions we defined in Section 3.4. Considering a path that surrounds the spectra
a(T) and o(%), for instance T',,, = exp(r9)S* with 7 €]0, +o00|, the inverse Laplace transform implies that

. . 1 n .
vn7]07] € N\ {0}5 g(n7]07]) = %[, z G(Z7]07])d2’7 (356)
Ty
- 1 -
Wn e N\{0},Vj €Z, G(n,j)= %/~ Gz )z, (3.5.7)
Iy

where the spatial Green’s functions G and G are defined by (3.4.9) and (3.4.10). Using the definition of the
function R given by (3.4.11) and the equalities (3.5.6) and (3.5.7), we then obtain that

. . 5. 1 " ..
vn, jo,j € N\ {0}, G(n,jo,j) —G(n,j —jo) = ﬂ/? Z"R(z, jo, j)dz. (3.5.8)
ro

Our goal will be to deform the path fro to use optimally the estimates we determined in Section 3.4 on the
function R(z,jo,j) while being aware that this function has a pole of order 1 at z = 1. We use the change
of variables z = exp(7). If we define the path T',, := {rg+it,t € [-m, 7]} represented on Figure 3.8 and
R(7,jo,j) := e"R(e", jo,j), we then have

1

vnajOaj S N\ {0}7 g(naj(Jaj) - g(nﬂj _]O) = 227/ enTR(Tu jOaj)dT' (359)
T,

We recall that in Lemma 3.4.3, we present a precise description of the function R in a neighborhood Bgl (1)
of 1. We fix a radius &} €]0, [ such that

V1 € BES (0)7 e’ € Bgl (1)
and such that there exists a holomorphic function @ : B+ (0) — C which verifies @ (0) = 0 and
VT € B (0),  exp(w(7)) = r(e”).

We recall that x(z) is the eigenvalue of the matrix M(z) such that (1) = 1 and which depends holomorphically
on z. We observe that Lemma 3.1.2 implies that

VT € Be; (0), F(e®(M) =¢. (3.5.10)
If we define the holomorphic function ¢ such that
/8 7_2#

a2M+1

VreC, o(r) = —g E (3.5.11)

where o and § are defined in Hypothesis 3.1, then using the equality (3.5.10) and the asymptotic expansion
(3.1.11) of the logarithm of F, we end up proving that there exists a holomorphic function § : Bs(0) — C such
that

V7 € B (0), w@(r) = p(7) + &(r)r?H T (3.5.12)

For all jo,j € N\ {0}, we then define the holomorphic functions

VT € BES (0)7 PC(Taj()uj) =

eTPC(eij0>j) and Pu<7—>j07j) =

.
TPY(e",j0,7)- 3.5.13
e — 1 67-716 (6 7]07]) ( )
Using Lemma 3.4.3, we can prove that for all jo,j € N\ {0}, the function R(, jo,j) can be meromorphically
extended on B (0) with a pole of order 1 at 0 and that it satisfies the equality

PC . . Pu . .
¥r € By OO}, Rirjo,j) = - d0d) | BT d0nd) (3.5.14)

We will now prove a lemma to pass from estimates on the function R(z, jo,j) in Lemmas 3.4.2 and 3.4.3 to
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estimates on the function R(7, jo, j).

Lemma 3.5.2. There exist two positive constants C,c such that
V7 € B.:(0),Vjo,j € N\{0}, |P"(r,jo,j)| < Ce” 0=, (3.5.15)
V1 € Be;(0),Vjo,7 € N\ {0}, | P°(7,Jo,J) — RE(f)e 07| < Clrle™ exp (—joR(w(T))) . (3.5.16)
Furthermore, for all € €]0,e}[, there exists a width n. €]0,e[ such that if we define
Q= {r € C,R(7) € —ne, 7], Im () € [-m, 7|} \B:(0)

then for all jo,j € N\ {0} the function 7 — R(T,jo,j) is holomorphically defined on . and there exist two
positive constants Ce,c. > 0 such that

V1 € Q. Vo, € N\ {0}, |R(,7j0,7)| < CeeCedomced, (3.5.17)

Proof Inequality (3.5.15) is a direct consequence from (3.4.24). We also observe that the triangular inequality
implies

V1 € B, (0)7Vj0,j € N\ {0}7

[P(7, jo, j) — RE(j)e 0= ()| <

T = P o)+ P ) = R

Therefore, (3.5.16) is a direct consequence from (3.4.26) and the mean value inequality.
We now consider € €]0,e5[. The set

Ue :i={r € C,R(7) € [0,7],Im (1) € [-m, 7]} \B:(0)

is compact. Furthermore, for all 75 € U., since e™ € U\ {1}, we have thanks to Lemma 3.4.2 the existence of a
radius § > 0 and two positive constants C, ¢ such that 7 — R(, jo, j) is holomorphically defined on Bs(79) and

V7 € Bs(10), Yjo. 5 € N\ {0}, |R(7,jo, )| < CelTo),

Using a compactness argument, we find a width n. €]0,¢[ such that for all jy,j € N\ {0} the function 7 —
R(7, jo, j) is holomorphically defined on €. and there exist two positive constants C, ¢ > 0 such that (3.5.17) is
verified. O

The following lemma gives us bounds on the real part of the functions @w and ¢ that will be useful later on,
for instance when using (3.5.16).

Lemma 3.5.3. There exist a radius €5 €]0,e5[ and two positive constants Ar, Ar such that

VreC, aR(p(1)) < —R(1) + ApR(T)* — AIm (1), (3.5.18)
V7 € B+ (0), aR(w(7)) + |o[§(7)7 T < —R(7) + ApR(T)* — AfIm (7). (3.5.19)

Proof We start with the proof of (3.5.18). Because of Young’s inequality, for [ € {1,...,2u — 1}, we have that
for all § > 0, there exists a constant Cs > 0 such that for all 7 € C

|§R(T)\Z|Im (7')|2’“l < éIm (7)2” + C(;?R(T)Q“.

Furthermore, we have that

o2 o2

OR(p(r) = () + 1+ (TR - Bl () ).

Then, for § > 0, there exists Cs > 0 such that

aR(p(1)) < —R(T) + R(7)* <§W ) + 05) +Tm () <— ) + 5) . (3.5.20)

a2k o2

Therefore, by taking § small enough, we can end the proof of inequality (3.5.18).
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We will now prove inequality (3.5.19). Using (3.5.12), we have for 7 € B, (0)
aR(w (7)) + [allg(r) T < aR(p(1)) + 2|a||E(r)T> . (3.5.21)

If we fix a radius € €]0, £}[, the function ¢ is bounded by some constant C' > 0 on B, (0). Furthermore, we know
there exist two constants ¢, co > 0 such that

VreC, |7* <eR(7)H + colm (7).

Thus, using (3.5.20) and (3.5.21), for all radii €7 €]0,¢] and for all § > 0, there exists a constant Cs > 0 such
that

VT € Be: (1),  aR(w(7)) + | |€ ()72

R 6 P R /8 Ak
< —R(1) + R(T)* ( ag“) +Cs + 2ac1051> +Im (1)%" (— a(2u) +0+ 2a62051> .
Taking ¢ and e} small enough allows us to prove (3.5.19). O

Choice of the radius ¢ and of the width 7

We will now introduce a radius € > 0 and a width n > 0 which will satisfy a list of conditions. Those
conditions will be used throughout the proof and are centralized here in order to fix the notations.

First, we fix a choice of radius € € }O,min (E‘f, (m) 2“1> [ where the radius €7 is defined in Lemma

3.5.3. This choice for £ will allow us to use the results of Lemmas 3.5.2 and 3.5.3. Furthermore, if we introduce

the function
v: R — R

T o Ty — AT, (3.5.22)

which we will use to define a family of parameterized curve in Section 3.5.4, then the function ¥ is continuous
and strictly increasing on |—oo, ].
We now introduce the function
re: 10, — R

5.2
N (3.5.23)

which serves to define the extremities of the curve —n + iR N B(0). We recall that the width 7). is defined in
Lemma 3.5.2. We claim that there exists a width 7 €]0,7.[ that we fix for the rest of the paper such that:
— The following inequality is satisfied:

g > Agn?*. (3.5.24)
— There exists a radius 4 €]0, e[ such that if we define
Wley) — W(—n)\ "
legtr i= ((E#) ( n)) . (3.5.25)
Ap
then —n + ez € B:(0).
— For all n, jo € N* which verify —%* < jo < np, we have
no 21 AI pm
—5y L) ) AR < SEr (). (3-5.26)

We introduce the paths L'y, oy, I' and I'y, 45, that are represented on Figure 3.8 and are defined as

Lout := [=n —im,—n —ire(n)] U [-n +ire(n), —n + in],
Lip = [fnfirs(n), a U [gafn+i7"s(77) ;
I =T UTout,
Lypin = [—n —ir=(n), —n +ire(n)] .

We observe that those paths lie in Q. U B.(0). Noticing the "2im-periodicity" of the function R(, jo,7),
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Figure 3.8 — A representation of the path I';, (in purple), I';, (in blue), T'oye (in red), I' := Ty UT, and Ty, 5
(in green)

Cauchy’s formula implies that equality (3.5.9) can be rewritten as

. N 1 nr o
V€ NG j € NV{0} . G(ndons) = Glnd = o) = i~ [ " R(r. o )r
1
- Tout T Tc
22'71'( T+ TY)

(3.5.27)

where

Pu . . Pc . .
To% = / e""R(7, jo,j)dr, T":= / e’ P jo.J) Jo’j)dT, T := / e"” P(7Jo. ) ]O7J)d7.
r r T r T

out in in

Thus, to prove (3.1.27) when jo < np, we need to estimate the terms T°%¢, T% and T°. We start by proving
estimates for 7°" and T".

Proposition 3.1 (Estimate on 7°“ and T"). There exist two constants C,c > 0 such that
Vn € N,Vjo,7 € N\ {0}, |T°%| < Cexp(—nn —c(j + jo))-

and
Vn € N,Vjo,7 € N\ {0}, |T" —2i7R"(jo,J)| < Cexp(—nn — c(j + jo))-

Proof We consider n € N and jo, 5 € N\ {0}.
e Since 'y, lies within Q., using (3.5.17), there exists a positive constant ¢ such that

|To%| < / exp(—nn) exp(—cj — cjo)|dr| < exp(—nn) exp(—cj — cjo)-
r

out

e Using the residue theorem and the definition (3.4.25) of R*(jo,j), we have that

P v
T“=/ e"TMdT:QWR“(jO,jH/ o BT G0, ) o
I

in T Fn,in T

Thus, using (3.5.15), there exists a constant ¢ > 0 such that

ws e N S G o
T — 2i7R"(jo, §)| < / o) P30 DN 41 < e — e + jo))-

Ty in 7|
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Let us observe that the exponential estimates on the terms 7°% and T% we just proved can be altered to
recover similar generalized Gaussian estimates as in (3.1.27) since there exists a constant ¢ > 0 such that for all
n, jo € N\ {0} which verify jo < np, we have

24
o + 2n—1
Cn<—c (Jo”al> .

nze

The same kind of exponential bounds will be encountered regularly in the rest of the proof and the same
reasoning will allow us to obtain generalized Gaussian estimates.

Now that have found estimates for the two terms T°% and T“, there just remains to study the term T°.
Section 3.5.3 will be dedicated to proving estimates on 7 in the case IT when jy small with regard to —na.
Finally, Section 3.5.4 will tackle the study of the term 7 in the case III when j, is close to —na.

3.5.3 Case II: Estimate for T¢ for j, small with regard to —na

The main goal of this section is to prove the following proposition.

Proposition 3.2. There exist two positive constants C,c such that for alln € N and j, jo € N\ {0} such that

Jo < =75, we have

. 2u
. ] . C —CJ y 2u—1
T° - 2inEf, (JO JZ”O‘) R°(j)’ <2 " exp <_c <W+30|> E ) .

Combining (3.5.27), Propositions 3.1 and 3.2, we then prove that there exist two positive constants C, ¢ such
that for all n € N and jo, j € N\ {0} which verify jo < —%*:

. 2u
Ce—ci o\ Tt
[Err(n, jo, j)| < ——— exp <c ('mﬂ(") ) (3.5.28)

n2e nze

Thus, (3.1.27) is proved when jj is small compared to n (Case II).

Proof
Step 1: We decompose T° in two parts:
T =17+ T3 (3.5.29)

where

T,

Tlv — /F enT PC(T7j07j) — RC(]) eXP(_jOW(T))d

T

in

TS = RC(j)/ exp(nt —jow (7)) 4,

Tin T

We will estimate separately both terms in order to prove the existence of two positive constants C, ¢ such that
for all n € N and j, jo € N\ {0} which verify jo < —n§, we have

T — 2inRe(j)| < Ce cU+m), (3.5.30)
e Inequality (3.5.16) implies that the function

O\ {0} o5 ¢ B (2d0: ) = RE() exp(—jowm (7))

T E B,

can be holomorphically extended on B (0). Using Cauchy’s formula, we then have

1= [ erBlnind) SRDevie),,
Fn‘in

T

Using (3.5.16), there exist two positive constants C, ¢ such that

exp(nR(7) — joR(w(7)))|dT| = Cefcjfm’/ exp(—joR(ww(7)))|dr].

Fn,in

15 < ce [

Fn,in
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For 7 € Iy in, using (3.5.19) and the fact that jo < —%*, we have that

—joR(w(7)) < _TJO (=R(7) + ApR(7)* — AjIm (7)*) < g(n + Agn®"). (3.5.31)
Thus, there exists a new constant C' > 0 such that

5] < Cexp (—ej = n (3 = Arn™)) -

Therefore, the condition (3.5.24) on 7 implies that there exist two positive constants C, ¢ such that
Vn € N,Vjo,j € N\ {0}, Jjo< —% = |T¢| < Cexp(—c(j +n)). (3.5.32)

e Using the residue theorem, we have

TS — 2inRE(j) = Rc(j)/ xp(nr — jow (1)) 4

Tyin T

Therefore, using (3.4.26) to exponentially bound R¢(j), there exist two positive constants C, ¢ such that

Ts — 2inRe()| < Ce—Cj/ exp(nR(7) — joR(=(7))) dr| < Ce’m(_cg_”n)/r exp(—joR(w(r)))|dr|.

7]

Fn,in n,in

Thus, using (3.5.31), there exists a new constant C' > 0 independent from n, jo and j such that
|Ts — 2imR°(j)| < Cexp (—Cj -n (g — ARUZ’L)> .
Therefore, the condition (3.5.24) on 7 implies that there exist two positive constants C, ¢ such that
¥n € N,Vjo,5 € N\ {0}, Jjo < —% = |TS — 2i7R°(j)| < Cexp(—c(j + n)). (3.5.33)

Using (3.5.29), (3.5.32) and (3.5.33), we conclude the proof of (3.5.30).
Step 2: Since we have
Jot+na o 2u-1

T < —nz <0,
n2m 2

2
and the function x €] — o0, §] > |z % exp (—%m 2;1) is bounded where ¢ is the positive constant in (3.5.3),

we conclude using (3.5.3) that there exist a positive constants C' such that for all n,j, € N\ {0} such that
Jo < =75, we have

~ 2u
. & . -
‘1 ) (]0 +1”O‘>‘ < —exp <—; (W> ) - (3.5.34)
nzn e N2
Using (3.5.30), (3.5.34) and the estimate (3.4.26) to exponentially bound R¢(j), we conclude the proof of
Proposition 3.2. |

3.5.4 Case III: Estimate for 7° for j, close to —n«

The goal of this section will be to study what happens when jq is close to —na and to prove the following
proposition:

Proposition 3.3. There exist two constants C, ¢ > 0 such that for alln, jo, j € N\ {0} such that jo € [—2&, np],

we have )
. —¢j _
T - 2irE}, (J" JZ”“) Rc(j)’ <% <_c <”O‘+JO|> ) .

nze nze nze

Combining (3.5.27) and Propositions 3.1 and 3.3, we prove that there exist two constants C, ¢ > 0 such that
for jo € [f%,np], we have

nze nzw

. 2u
Ce=¢ ; Zp—1
[Exr(n, jo, )| < ——— exp (c <|m f‘7°|> ) : (3.5.35)
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Consequently, using the result of Section 3.5.1, (3.5.28) and (3.5.35), we can conclude the proof of Theorem 3.2.

Therefore, there just remains to prove Proposition 3.3. This part of the article requires the finest attention
since the limiting estimates of Theorem 3.2 occur here. To prove Proposition 3.3, we will decompose T in three
parts:

T¢=T7 +T5 +TC e (3.5.36)
where
PC(r i 7\ — RE(q »
Tlc = / enT (ij()aj) R i])exp( J()’(E(T))d,]_7 (3537)
e—dom(T) _ g—dop(7)
TS = Re(j) / e ir, (3.5.38)
Tin T
e e—dow(r)
Thrine == R°(J) / ————dr. (3.5.39)
Fin

We now summarize the method of proof of Proposition 3.3. In Section 3.5.4, we introduce a family of
integration paths I', that are fundamental to optimally use the estimates on the function R(r, jo, j) we proved
in Section 3.4. We then prove in Section 3.5.4 estimates on the terms 77 and T respectively in Propositions 3.4
and 3.5. Finally, Section 3.5.4 is dedicated to the analysis of the term T We will change the integration

princ®
path in the term
e oo (r)
/ e i
Fin T

in order to compare it with Egu (W) (see Proposition 3.6).

n2a

Choice of integration path

We will now follow a strategy developed in [ZH98], which has also been used in [God03; CF23; CF22; Coe22],
and introduce a family of parameterized curves.
We recall that we introduced in (3.5.22) the function ¥ defined by

Vr, €R, W(1,) =1, — AgT,*".

and that we chose € small enough so that the function ¥ is continuous and strictly increasing on | — oo, e]. We
can therefore introduce for 7, € [—7, €] the curve I', defined by

r,:= {T €eC,—n<R(r) <7y, R(r)-— ApR(T)* 4 AfIm (1)%* = \I/(Tp)} .
It is a symmetric curve with respect to the axis R which intersects this axis on the point 7,. If we introduce ¢, =

1
(%},(_n)) o , then —n+14¢, and —n —if,, are the end points of I',. We can also introduce a parametrization

of this curve by defining v, : [—¢;,¢,] — C such that
V1, € [=n,e], Yt € [—Ly, L], Tm(7,(t) =t, R(y,(t)) = hy(t) := ¥ * (U(7) — Altz”) . (3.5.40)
The above parametrization immediately yields that there exists a constant C' > 0 such that
V1 € [=m,e], YVt € [y, L], |h(t)] < C. (3.5.41)
Also, there exists a constant ¢, > 0 such that
V1, € [-n,e],¥7 €Ty, R(7) — 7 < —cIm ()% (3.5.42)

We introduce those integration paths I', because they allow us to use optimally the inequalities (3.5.18)
and (3.5.19). For example, if we seek to bound e*”~0=@(7) for 7 e I', N B:(0), it follows from the equality
sgn(—jo) = sgn(a) and the inequalities (3.5.19) and (3.5.42) that

nR(7) — joR(w (7)) < nR(1) + Jo (%(7) — AR§R(T)2” + A;Im (7)2“)
. ‘ (3.5.43)
< —nec,JIm (7)2” + <‘Z§ + n> Tp — %ARTE‘U’.
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Figure 3.9 — A representation of the path I, ;,,. It is composed of ', s (in green) and I'y, (in blue).

Such calculations will happen regularly in the following proof. There remains to make an appropriate choice
of 7, depending on n and jy that minimizes the right-hand side of the inequality (3.5.43) whilst the paths I,
remain within the ball B.(0). We recall that when we fixed our choice of width 7, we defined a radius e €]0, ¢[
such that —n 4+ ilcyer € Be(0) where the real number leyy, is defined by (3.5.25). This implies that the curve I',,
associated with 7, = 4 intersects the axis —n + iR within B,(0). We let

(_ = —jodn N (N ([T
=0 v=—— rlo)=se() (|2 :
un n Y Y v

Inequality (3.5.43) thus becomes
nR(1) — joR(w(7)) < —nedm (1) — g(Q,uCTp — 'yszl‘). (3.5.44)

Our limiting estimates will come from the case where ¢ is close to 0. We observe that the condition jo, €
[—%,np] implies
—pArR <7 < %AR. (3.5.45)

Then, we take
P (%) , ifp (%) €[—4,e4], (Case A)

Tp 1= e, if p (%) > cu, (Case B)
-1 itp($) <-4 (Case )

The case A corresponds to the choice to minimize the right-hand side of (3.5.44) since p (%) is the unique real
root of the polynomial
vl =,

The cases B and C allow the path I'), to stay within B.(0).
We now define the paths represented on Figure 3.9:

1—‘p,res = {_77 + it: te [—7"5(77)’ _Ep] U [épa TE(”)]} ’
I—‘p,in ::Fp U Fp,res;

where the function 7. is defined by (3.5.23).
Finally, before we start to determine the estimates on the terms 75 and T in Section 3.5.4, we are going to
introduce some inequalities to simplify the redaction.

Lemma 3.5.4.
— There exists a constant C > 0 such that for all 7 € B.(0) and n, jo € N\ {0} such that jo € [—%,np],
we have

e (e_j‘)m(T) - e_jo“’(T)>‘ < Cnlr2 L exp(nR(1) — jo(R(w(r)) — |€(T)72+1))). (3.5.46)
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— Forn, jo € N\ {0} and 7 € T',, we have
— Case A:p($) € [3.24]
nR(T) — jo(R(w (7)) — [€(7)7F]) < —ne,dm (1) — %(zu -1) (m) e . (3.5.47)
— Case B: p (%) > cu
nR(7) — jo(R(w(r)) — ()72 ]) < —g(m —1)Age. (3.5.48)
— Cuse C: p (g) < -1
nR(7) = jo(R(w(r)) - [§()T 1)) < = (2u— 1)Ag (3)2". (3.5.49)
— Forn, jo € N\ {0} and 7 €T} ,cs, we have in all cases (A, B and C)
nR(r) = Go(R(w(7)) — [€(r) T 1)) < —n. (3.5.50)

2

The proof of inequalities (3.5.47)-(3.5.50) mainly rely on the inequalities (3.5.18) and (3.5.19) and calculations
similar as those done to obtain (3.5.44). For a complete proof of Lemma 3.5.4, we advice the interested reader
to look at the proof of [Coe22, Lemmas 17, 18 and 19] which prove similar inequalities in the context of the
study of the temporal Green’s function for the Laurent operator. The notation have intentionally been kept
quite similar. The only difference is that the proof in [Coe22] are usually done with a positive velocity a.

Estimates for 77 and Ty

In this section, we prove generalized Gaussian estimates for the terms 77 and T5 when jg is close to —na.

Proposition 3.4. There exist two positive constants C,c such that

no
vnaj7j0 S N*7 jo S [_77npi| = |Tf| S

Proof e Inequality (3.5.16) implies that the function

P°(7, jo, j) — R°(j) exp(—jow(T))

7 € B:(0)\ {0} — "7

can be holomorphically extended on B.(0). Therefore, Cauchy’s formula implies that

Tlc _ / enTP (Ta .707.7) -R (])exp(_]ow(T))dT
T T

in,p

Using (3.5.16), there exist two positive constants C, ¢ such that

T§| < Ceed / exp (nR(7) — joR(w(r))) |dr]

in,p

< Qe 9 /
r

e Using (3.5.50), we have

exp (nR(7) — juR(w(7) ldr| + [

P Cres,p

/1“,, exp (nR(7) — joR(w(7))) |dr| < 2w exp (_ng) _

2
C < . <|j0+na|)2u“1>
—exXp| —¢) —Cc| —— .
nze ne

exp (nR(7) — joR(w(7))) IdTI> :

(3.5.51)

e In cases B and C, using (3.5.48) or (3.5.49) depending on the case, there exist two constants C, ¢ > 0 such

that
/F exp (nR(7) — joR(w(7))) |dr| < Cexp (—cn).

p

(3.5.52)
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e In case A, using (3.5.47), we have

exp (n(r) — joR(w(r))) dr| < [ exp (~ne,Im (7)) Jdrexp |~ (20— 1) (| )
r v

p Fp

Using the parametrization (3.5.40), the inequality (3.5.41) and the change of variables u = n%ut, we have

2 tp 2u 1
/ e—nc*Im (1) dT| 5 / e—nc*t dt S —.
T —Lp n2u

P

Thus,

exp (7)) o] S e (~"2 21y ([<[) ).
r Y

2u
P n=

Lastly, the inequality (3.5.45) implies that we have a constant ¢ > 0 independent from jy and n such that

24 24
2p—1 y 2p0—1
«Q Y nze

/ exp (nR(7) — joR(w (7)) |d7] < i exp (—c (M) ml) . (3.5.53)
r

2 Pm
P "’L[L nu,

S0,

Combining (3.5.51)-(3.5.53), we conclude the proof of Proposition 3.4. O

Proposition 3.5. There exist two positive constants C,c such that

2p
.. % , no C ) jo + na| %1
vn, 7, jo € N¥, joe[——2 ,np}:>|TQC|§—i exp(—cy—c(' - |> )
n2n nz2n

Proof The function
—jow(T) _ o—Jop(T)

7 € B(0)\ {0} = &"" -

can be holomorphically extended on B.(0). Therefore, Cauchy’s formula implies that

. e—Jow(T) _ g—dop(T)

T;:RC(j)/ en dr.

T

Fin,p
Using (3.5.46) and (3.4.26), there exist two positive constant C, ¢ such that
T3] < Cefcj”/ |71 exp(nR(1) — jo(R(ew(7)) — [E(r)7 ) dr|. (3.5.54)
Tin,p
e Using (3.5.50), there exist a constant C' > 0 independent from jy and n such that

n / 72 exp(nR(r) — jo(R(w (1) — [&(r)r**))]dr| < Crexp (—n3) ). (3.5.55)
r

res,p

e In cases B and C, using (3.5.48) or (3.5.49) depending on the case, there exist two constants C, ¢ > 0 such
that
n/ |72 exp(nR(7) — jo(R(w(7T)) — |E(T) T2 1)) |d7| < Cnexp (—cn). (3.5.56)
FP

e In case A, using (3.5.47), we have
n/ |72 exp(nR(r) — jo(R(w (7)) — [£(7)7> ) dr|
FP

< Tl/Fp |7|*# exp (—nc, dm (7)) |dr|exp (—”J(Qu ~1) (’5‘) 2;—1) .
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But, the inequality (3.5.45) and the fact that p (%) = 7, imply

2p
ny CHy T 2p—1 2
——Lu-1)(|> < — A ",
D=1 (|4))7 <25 Awnir

If we introduce ¢ > 0 small enough, then

n/ [T exp(nR(1) — jo(R(c (7)) — [€(r)r> 1)) |dr| < n/ |7[** exp (—ne,dm (7)) |dr| exp (—en|7,[*)

p P
Using the parametrization (3.5.40) and the inequality (3.5.41), we have
2 o Im ()2 o 2 2 21
[ prpremetm e a5 [ (2 e
r

P Zp
c
The change of variables u = n%it and the fact that the function z > 0 — 22# exp (*5172“ ) is bounded imply

2u ,—nc, t2H
| et s
—p n- 2w

f 2 —nc,t?H 1 c 2

|Tp| e dt < —— exp | =n|T, ") .

P N 5T
—p n 2

Thus,

n [ exp(R(r) — do(R(e(r) = (€ Dldr| € - exp (=l ).

Ty n2u

Lastly, the inequality (3.5.45) implies that we have a constant ¢ > 0 independent from jg and n such that

24
c _ [ |na+ jo| \ 1
gl 22 (Mo E )

nZ
S0,
N 2
| I explR) ~do(R (7)) Iy D S e (—e (el ) SNCERL
Combining (3.5.54)-(3.5.57), we conclude the proof of Proposition 3.5. O

H C
Calculations around T ;.

There just remains to study the term
following proposition.

T3, ine defined by (3.5.39). The end goal of this section is to prove the

Proposition 3.6. There exist two positive constants C, c such that for all n,jo € N* which verify —75* < jo <

np, we have
C T
s : : 2u—1
/ exp(nt = joe (7)) dr — 2i7rE§u (]O —|—1n04> ’ < ——exp <—C ('JO —|—1n0¢|) ) .
Cin T n2u n2m nzw

By utilizing (3.5.36) along with Propositions 3.4, 3.5, and 3.6, we complete the demonstration of Proposition
3.3. Subsequently, this concludes the proof of Theorem 3.2.
Thus, there just remains to prove Proposition 3.6. The main idea of the proof is to change the integration

path on the term
enT e —Jow(T)
/ e
Fin T

Proof We fix a constant s > 0 such that for all n, jo € N* which verify —%* < jo < np, we have

A
(—T;a - 1) s+ Aps™ < Thr(n). (3.5.58)
0
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T+

5,00

I“;,romp
RS "B
/ 5 8 R(r)
.

comp

Zir-(n)
/

-

5,00

Figure 3.10 — Representation of the paths I'y (in green), '}

domps Lcomp (Doth in red), rt 'y o (both in purple)
and 'y oo =T (UL U F;',oo.

5,007

We introduce the paths T's, T, Toomps Td oo I's o and Ts o represented on Figure 3.10 and that are defined

comp’ + compr + 8,00

as
Ts:={s+it, te[-r:(n),r:n)]}, F:OO ={s+it, ter(n),+ool},
Fjomp = {t + i’”s(ﬂ)a te [*777 S]}v F;oo = {s +it, G] — 00, *Ts(fl)}}a
comp ‘= {t —ir(n), te[-n,s]}, [ooo i =T5 Ul U FIOO.

The proof of Proposition 3.6 is separated in different steps where we will use the different paths we introduced.
e Step 1: In this step, we start by proving that there exist two positive constants C,c such that for all
n,jo € N* which verify —%* < jo < np, we have

/ exp(nT — jop(7)) , / exp(nT = jop(7)) | - rp=en (3.5.59)
5 . A - < . 5.

Cauchy’s formula implies that

nT—jop(T) nT—j0p(T)
/ C - / e
Tin T r T

s

< + (3.5.60)

enT—dowe(r)
—dT|.
F;omp T

nt—joe(r)
/ ¢ T dr
o+ T

comp

We need to find estimates for the two terms on the right-hand side. Both terms will be bounded similarly so
we will focus on the first one. First, we observe that

nT—jop(T)
/ ¢ dr
Tt T

comp

< 7”5177) /_s exp (nt — joR(p(t +ir-(n)))) dt.

Using (3.5.18), we have for t € [—n), s]

(0%

nt — joR(e(t +ire(n))) < (n + ]O) t— %ARtQM + %Afrg(n)g” =_J ((— — 1) t+ At — AITE(n)2“> )
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Since the function

te[-nsl— (_7;‘3‘ - 1) t+ ARt — Apre(n)*
0

is convex, it attains its maximum for ¢ € {—n, s}. Thus, the conditions (3.5.26) and (3.5.58) on 7 and s imply
that for ¢t € [—n, ]

nt — joR(p(t + ir-(n))) < 2> Arr.(n)*.

Thus, recalling that « is negative and that jy € [—%, np], we have that

nT—joe(T)
/ £ T dr
o+ T

comp

s+n

=)

exp (-%AI'/‘E(T))2#> )

Using a similar proof to bound the second term in the right-hand side of (3.5.60), we can conclude the proof of
(3.5.59).

e Step 2: In this second step, we now prove that there exist two positive constants C, ¢ such that for all
n,jo € N* which verify —%* < jo < np, we have

< Ce e, (3.5.61)
T T

exp(nt — jop(7)) , exp(nt — jop(T)) .
/Fb dr /Fé ) d

We have that

<

+

/ exp(n — jop(7)) , / exp(nT — jop(7))
T Ts o

enm—oe(r)
—dr
T T r T

+
5,00

nT—jop(T)
[ e
T T

’ (3.5.62)
We need to find estimates for the two terms on the right-hand side. Both terms will be bounded similarly so
we will focus on the first one. First, we observe that

enT—Joe(T)
dr
i T

Using (3.5.18) and (3.5.58), we have for ¢ € [rz(n), +0o[ and jo € [—%, np]

1 /+°° . ,
< exp (ns — joR(p(s +it))) dt.
L e s = qoR (el i)

. . . . 2 2
ns — joR(p(s +it)) < [n+ 1) s - J—OARSQH + j—OAItQ“ < j—OAI 2 — rem™ < —EAI 2 — re(m™ .
o o o o 2 2 2

Thus,
. : n 2n n 2n 2n n 2n 1 21 2n
ns — joR(p(s +it)) < —ZA]’/’E(’I?) — EAI (t —r:(n) ) < —ZAI’I”E(U) — §A1 (t —r:(n) ) .

We can then conclude that

nT—jow(T)
/ ¢ dr
T T

+
5,00

1 n oo 1
< ——Agr.(n)* ——Ap (" —ro(n)** )
<o eXp( 7 Ar=(n) )/s(n) eXP( 5 A1 (= r=(n) )) dt

T

<400

Using a similar proof to bound the second term in the right-hand side of (3.5.62), we can conclude the proof of
(3.5.61).
e Step 3: We introduce the functions

Vu e R,Vz €R,Vs € R, g(u,z,s):=exp (i(u+is)z — Bu+is)*"), (3.5.63)
Vr € R,Vs €]0, +oo[, F(z,s):= /_4:0 Zg((s’_(_lc;_::;du (3.5.64)

We can prove that the function F verifies
Vs €]0, +oo Vo € R, —F(z,s) = 2rEy,(x). (3.5.65)

For the sake of completeness, we give a proof of (3.5.65) in the Appendix (Section 3.A).
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1

- (f%’) 2 we have using the change of variables

—Q

We observe that for n,jo € N*, if we define 5;, :=
N
(—L)% ¢ = au that

(03

dt

/ exp(n7 — jop(r) . _ Z./*OO exp ((n+22) (s + it) + (- 1)+ G (= 22) (s + it))

T s+t

— 00

“+o0 exp (Z(u + igjo)m - B(u + i§j0)2#>

| (~0)% (3.5.66)
= —q - — du

\/700 Z(u + ZSJO)
_ i | (notdo) o

(-%)™
The equalities (3.5.65) and (3.5.66) imply that
/ exp(nt —jop(7)) \ o ps [ Jotna ) (3.5.67)

Tue T T\ (i)

[0

To end the proof of Proposition 3.6, we will prove the existence of two positive constants C, ¢ such that for
all n, jo € N\ {0} which verify jo € [—%2,np|, we have

2u
1 1 ; 31
[ EAREL <‘7° +1m) <% oo <c <|J° +1m> ) . (3.5.68)
)

(- =

We recall that ,
VzeR, Ej, () =—Hj (x).

Because of the mean value inequality, the fact that jo € [—%, np] and (3.5.1), there exists a positive constant
¢ > 0 such that

jo + na Jo +no ) 1 1
pp [ Jotne —Eib( : ><|30+m|1— : sup |5, (1)

2 (—do)2n nai (~n)% 02
@ @ te[ jo+na1 7j0+1na
(

,Lo)m -
o

24
. 1 1 Jo + nal\ 2+t
S ljo +nel |————— — —|exp | —¢ ‘7¢| :
(_.LO)QM nzn nzu

(e

Furthermore, using once again the mean value inequality and the fact that jg € [—%, np}, we have

1 1 . 1 Jjo + na
———— — —| S ljo+nal sup — < | = \
(_@) 2 nzn t€[jo,—na] " 2k n-' 2k

Therefore,

; . . 2 . 28
Jo + na Jo + na 1 |70 + na| |70 + na|\ 21
Egp L 7Eg,u ( 1 > ,S 1— L e exp | —c| ——— .
(_370) 20 nze n- 2w nzu nzn
(e}

4
2

2
jo + na jo + na 1 c (|jo+nal\ 2T
Jo g EELRELC ( i ) p———— <_2 (') ) .

(_LO)?T n2m n- 2n n2mr
o

Since 1 — ﬁ > %L, we easily conclude the proof of (3.5.68).
Combining (3.5.59), (3.5.61), (3.5.67) and (3.5.68), we can end the proof of Proposition 3.6. O

Since the function z — 22 exp (— w) is bounded, we conclude that
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Figure 3.11 — Integrating path to prove (3.A.3).

3.A Appendix of the chapter

Proof of equality (3.5.65)

We recall that (3.5.65) states that

Vs €]0,+o0[,Vz € R, —F(z,s)= 27rE2ﬁ“(x).

Proof The starting point of the proof will be to prove sharp estimates on the function g defined by (3.5.63).
We observe that
Vu,z,5s €R, |g(u,z,s)| < exp(—sz)exp (—R(B(u +is)*")) .

Using Young’s inequality, we prove that there exists a constant ¢ > 0 such that

Vu,s €R, R(B(u+is)**) > @uz” — cs?,

Thus, we have

2
We observe that for all s €]0, +oo], the function F(-, s) defined by (3.5.64) is in the class C! and

Vu,z,5 €R, |g(u,x,5)| < exp(—sz + cs*) exp (—%(ﬁ)uz“> . (3.A.1)

—}—(x, s) = 2rHy (x). (3.A.2)

Vz € R, Vs €]0, 00|, (;)x

exp(iza—Bz2H

Integrating the function z — ) on the rectangle depicted in the right-side of Figure 3.11, using the
Cauchy formula as well as (3.A.1) and passing to the limit R — +o00, we prove that

Vs1, 82 6]07 +OO[7 ]:('751) :f('a52)' (3A3)
Finally, using (3.A.1), there exists C' > 0 independent from z and s such that

—sxtcs?H
Vz € R,Vs €]0, +oo], |F(z,s)| < C%. (3.A.4)

For z > 0, optimizing e~**+5"" with respect to s drives us to choose s = (2%6) 7 in (3.A.4). Using (3.A.3),

we can prove that there exist two constants C, ¢ > 0 such that

C ,
Va €0, +o0l, Vs €]0, +00[, | F(@,5)| < —— exp(—clz|7T).

Thus,
Vs €]0,+o0[, lim F(z,s)=0. (3.A.5)

r—+00

Using (3.A.2) and (3.A.5), we easily conclude the proof of (3.5.65). O



Chapter

Linear stability of discrete shock profiles for
systems of conservation laws

This chapter presents the content of the preprint [Coe23].
Abstract of the current chapter

We prove the linear orbital stability of spectrally stable stationary discrete shock profiles for conservative finite
difference schemes applied to systems of conservation laws. The proof relies on an accurate description of the
pointwise asymptotic behavior of the Green’s function associated with those discrete shock profiles, improving
on the result of Lafitte-Godillon [God03]. The main novelty of this stability result is that it applies to a fairly
large family of schemes that introduce some artificial possibly high-order viscosity. The result is obtained under
a sharp spectral assumption rather than by imposing a smallness assumption on the shock amplitude.
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Notations
Throughout this chapter, we define the following sets:
U:={2€C,|z|>1}, D:={z€C,lz|<1}, S':={z€C,|z|=1},
U:=s'ulU, D:=StuDb.

For z € C and r > 0, we let B(z,r) denote the open ball in C centered at z with radius r. We also introduce
the Kronecker symbol d; ; which equals 1 if ¢ = j and 0 when 7 # j.

For E a Banach space, we denote L£(FE) the space of bounded operators acting on E and ||| L(E) the operator
norm. For T in £L(E), the notation o(7") stands for the spectrum of the operator T' and p(T") denotes the resolvent
set of T'.

We let M,, ;(C) denote the space of complex valued n x k matrices and we use the notation M, (C) when
n = k. For an element M of M, 1(C), the notation M7 stands for the transpose of M. For a square matrix
M, com(M) corresponds to the cofactor matrix associated with M.

We use the notation < to express an inequality up to a multiplicative constant. Eventually, we let C (resp.
¢) denote some large (resp. small) positive constants that may vary throughout the text (sometimes within the
same line). Furthermore, we use the usual Landau notation O(-) to introduce a term uniformly bounded with
respect to the argument. For more clarity, we will also occasionally use the notation O¢(-) to precise the fact
that the term is a complex scalar and O, , (-) to say that it belongs to M; 4(C).

We let Res(f, a) denote the residue of a meromorphic function f at the point a.

4.1 Introduction

4.1.1 Context

A fundamental issue on the subject of systems conservation laws is understanding how discontinuities that
can arise in solutions are handled by conservative finite difference schemes. At the center of this question
stands the notion of discrete shock profiles which are defined as solutions of the numerical scheme which are
traveling waves linking two states and correspond to numerical approximations of shocks. A desirable feature
of the numerical scheme should be that stable shock waves for the system of conservation laws should yield
stable discrete shock profiles (or a family of them) for the numerical scheme. For a general introduction on the
questions of existence and stability of discrete shock profiles, we highly encourage the interested reader to take
a close look at [Ser07].

In the present chapter, we will consider conservative finite difference schemes that introduce numerical
viscosity and will focus on the study of the discrete shock profiles associated with standing Lax shocks. We
assume that there exists a differentiable one-parameter family of discrete shock profiles associated with such a
shock. Such an existence result has been proved for instance in [MR79; Mic84] under a weakness assumption
on the shock, i.e. when the difference between the two states is sufficiently small. Let us introduce two notions
of stability for the family of discrete shock profiles:

— Spectral stability amounts to asking for the operators obtained by linearizing the numerical scheme
about the discrete shock profiles to have no unstable or marginally stable eigenvalues except for 1 which
is always an eigenvalue because of the existence of the differentiable one-parameter family of discrete
shock profiles. Furthermore, we ask for 1 to be a simple eigenvalue of the linearized operator. This
corresponds to Hypotheses 4.6 and 4.7 below.

— Nonlinear orbital stability signifies that for initial conditions of the numerical scheme which are small
enough perturbations of a discrete shock profile, the solution of the numerical scheme that ensues stays
close to the manifold of the discrete shock profiles. This is a stronger stability property.

There are some results surrounding nonlinear stability that have already been proven. Most of them introduce

a weakness assumption on the amplitude of the underlying shocks and/or focus on fairly specific schemes or
situations. For instance, [LX93b; LX93a; Yin97] focus on proving a nonlinear orbital stability result for discrete
shock profiles moving with rational speeds associated with weak Lax shocks for the Lax-Friedrichs scheme.
Another example is [Smy90] which also proves a nonlinear orbital stability result on some stationary discrete
shock profiles for the Lax-Wendroff scheme without any weakness assumption. Two of the main results that we
can point out are the following:
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— In [Mic02], Michelson proves the nonlinear orbital stability of the family of discrete shock profiles asso-
ciated with weak standing Lax shocks for schemes of any odd order under an assumption of stability of
the viscous shock profiles associated with some scalar problem.

— In [Jen74], Jennings focuses on the particular case of monotone schemes for scalar conservation laws.
The main results are the existence and uniqueness of continuous one-parameter family of discrete shock
profiles with rational speeds and a proof of nonlinear orbital stability for them when they are associated
with Lax shocks. In this chapter, no weakness assumption on the associated shocks is introduced.

Similar as for the nonlinear stability theory for viscous shock profiles [ZH98] or for semi-discrete shock profiles
[BHRO03; Bec+10], we hope to prove that spectrally stable discrete shock profiles verify nonlinear orbital stability.
This new result would generalize the previously cited articles by proving a result of nonlinear stability for systems
of conservation laws, for a fairly large family of finite difference schemes, while avoiding to introduce a weakness
assumption on the shocks. This would answer Open problem 5.3 of [Ser07].

Just like in [ZH98; BHR03; Bec+10], proving that spectral stability implies nonlinear orbital stability relies
on an accurate description of the Green’s function (defined below by (4.1.25)) associated with the operator
obtained by linearizing the numerical scheme about the discrete shock profile. The main result of the present
chapter provides such an accurate description (see Theorem 4.1 below). We have not yet proven that spectral
stability implies nonlinear stability; however, the description of the semi-group associated with the linearized
operator deduced from Theorem 4.1 already allows us to prove linear stability and decay estimates for linear
perturbations (see Theorem 4.2 below). We will prove the nonlinear orbital stability result in the scalar case in
Chapter 5 and hope to consider the general system case in a future paper.

Let us now focus on the study of the Green’s function. Theorem 4.1 can be seen as an improvement on
the result of [God03] that highly influenced the analysis performed in the present chapter. In [God03; Laf01],
Lafitte-Godillon generalizes in the fully discrete setting several tools introduced in [ZH98] that are necessary to
study the Green’s function for the linearized operator. More precisely, she constructs the Evans function for this
problem and introduces in her thesis [Laf01] the notion of geometric dichotomies (an equivalent version of the
exponential dichotomies for the discrete dynamical systems). Those tools will be redefined and used intensively
in the present chapter. Lafitte-Godillon then attempts to obtain precise estimates on the Green’s function of
the linearized operator. However, the result of [God03] has two limitations:

— The proof is done specifically for the modified Lax-Friecrichs scheme. This is not a strong limitation as
it is quite clear that the content of the paper [God03] can be generalized to a larger class of numerical
schemes (at least for odd ordered schemes, just like in the present chapter).

— The estimates on the Green’s function proved in [God03, Theorem 1.1] are not sufficient to conclude on
the nonlinear stability as they are only local with respect to the initial localization of the Dirac mass
associated with the Green’s function (the parameter [ in [God03, Theorem 1.1] which corresponds to the
parameter jo in Theorem 4.1). This is a consequence of the analysis on the so-called spatial Green’s
function (defined below by (4.1.26)) done in [God03] which is not precise enough for linear/nonlinear
stability purposes.

In the present chapter, we solve those issues by describing precisely the leading order of the Green’s function
and proving sharp and uniform estimates on the remainder and its discrete derivative. We also consider schemes
of any odd order, in particular with only few restrictions on the size of the stencil of the scheme.

4.1.2 Definition of stationary discrete shock profiles (SDSP)

We consider a one-dimensional system of conservation laws

Ou+ 0, f(u) =0, teR;,zeR, (4.1.1)

u:Ry xR = U, o

where d € N\ {0} corresponds to the number of unknown w =: (uq,...,uq) of (4.1.1), the space of states U is

an open set of R and the flux f : U — R? is a € function. We will suppose that the system of conservation

laws is hyperbolic, meaning that for all u € U, the jacobian matrix df (u) is diagonalisable with real eigenvalues.
We fix two states u~,u™ € U such that

) = Fat). (4.1.2)
This is the well-known Rankine-Hugoniot condition which allows to state that the standing shock defined by

u” if x <0,

Vie R,V eR, wu(t,z):= { ot olse (4.1.3)

is a weak solution of (4.1.1).
Since the system of conservation laws we consider is hyperbolic at the states u™, we introduce the eigenvalues
AT, ..., AF € R and a basis of nonzero eigenvectors ri,...,r> € R? of df (u™) € My(R) associated with those

+
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eigenvalues. We also define the invertible matrix

P = (rf |...] ri) e Mu(R) (4.1.4)
and the dual basis lli, ey l;lt € R associated with the eigenvectors rf, ey r;lt:
T —1
(5 |...] &) =P . (4.1.5)

The vectors ll:t are then eigenvectors of df (u®)T associated with the eigenvalues )\li. We organize the eigenvalues
so that

+

Al

A

... <AL

In this chapter, we focus our attention on Lax shocks.

Hypothesis 4.1 (Lax shock). We assume that 0 ¢ o(df(u*)) = {Ali,...,)\di} (i.e. the shock is non-
characteristic). Furthermore, we assume that there exists an index I € {1,...,d} such that

AT <0< ATy,
A, <0< A7,

where we use the convention A\ = —oc and )\zlt_H =4oc0 ifI=1o0rl=d.

We consider a constant v > 0 and introduce a space step Az > 0 and a time step At := vAx > 0. The
constant v then corresponds to the ratio between the space and time steps. We impose the following CFL
condition on the constant v:!

Yu €U, wvmino(df(u)) > —¢ and wvmaxo(df(u)) <p. (4.1.6)
We introduce the discrete evolution operator N : U% — (R%)Z defined for u = (u;) ez € UL as
VieZ, N)j=uj—v(F WVuj_pi1,. - Ujtq) — F Wiuj—p, ... Ujrq-1)), (4.1.7)

where p, ¢ € N\ {0} and the numerical flux F : (v;u_p,...,u4-1) €]0, +00[xUPT9 — R is a C*° function. We
are interested in solutions of the conservative one-step explicit finite difference scheme defined by

VneN, "= N(u") (4.1.8)

where u° € UZ.
We assume that the numerical scheme satisfies the following consistency condition with regards to the PDE
(4.1.1)
Yuel, F(vu,...,u)= f(u). (4.1.9)

Traveling wave solutions of the numerical scheme (4.1.8) linking two end states of a shock wave are the
so-called discrete shock profiles. Since we are considering stationary shocks (4.1.3) in the present chapter, the
associated discrete shock profiles will also be stationary and will thus correspond to fixed points of the operator

N.

Hypothesis 4.2 (Existence of a stationary discrete shock profile (SDSP)). We suppose that there exists a
sequence u° = (uj)jez € U” that satisfies
N@*) =a" and u; — u®.
j—=+oo

Let us point out that in [Ser07], it is proved that the existence of a SDSP implies that the Rankine-Hugoniot
condition (4.1.2) is verified. However, the existence of a SDSP for all admissible and physically significant
standing shock is not fully answered. Existence results tend to actually prove the existence of a continuous
one-parameter family of discrete shock profiles. The main results tackling the issue of existence of SDSP would
be [MR79; Mic84; Jen74]:

— In [Jen74], Jennings focuses on discrete shock profiles for monotone conservative schemes applied to scalar
conservation laws. In this context, he proves the existence and uniqueness of a continuous one-parameter
family of discrete shock profiles associated with shocks of any strength for rational speeds. He also proves
nonlinear orbital stability for such DSPs.

1. Up to considering that the space of state U is a close neighborhood of the SDSP defined underneath in Hypothesis 4.2, we
should be able to satisfy such a condition.
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— In [MR79], Majda and Ralston tackle the case of system of conservation laws and prove the existence of a

continuous one-parameter family of DSPs with rational speeds. They introduce two limitations though:

They consider schemes of order 1 (this corresponds to the case where = 1 in Hypothesis 4.5 below) and

they only consider weak shocks, i.e. shocks where the difference between the two states must be small

enough. The result is generalized in [Mic84] for schemes of order 3 (i.e. u = 2 in Hypothesis 4.5 below).

The following assumption on the convergence of the SDSP u° towards its limit state is important in our

work as it it used to construct some of the main tools needed to carry out the analysis (for instance to prove
the geometric dichotomy in Section 4.3.3 or for the proof of Lemma 4.4.3).

Hypothesis 4.3 (Exponential convergence of the SDSP towards its limit states). There exist some constants
C,c > 0 such that '
[u5 —ut| < Ce™ 9,

Vj eN, |ﬂg—j —u| < Ce—¢i,

(4.1.10)

Hypothesis 4.3 can most likely be proved to be a consequence of the shock being non-characteristic (Hy-
pothesis 4.1). We refer to [ZH98, Corollary 1.2] for a proof of this fact in the continuous setting and [Bec+10,
Lemma 1.1] in the semi-discrete case.

4.1.3 Linearized scheme about the end states u*

Let us now introduce some hypotheses on the end states u™ and u~ and on the considered numerical scheme.
To summarize briefly the main assumptions, we mainly ask for the numerical schemes we consider to introduce
numerical viscosity and to have linear ¢"-stability at the states u* and u~ for any r € [1, +o00].

We linearize the discrete evolution operator A" about the constant states v~ and u™ and thus introduce the
bounded operators £+ acting on ¢"(Z,C%) with r € [1,4o0c] defined by

q
Vhe 0'(Z,Ch,Vj € Z, (L*h); =Y Afhju, (4.1.11)

k=-p

where for k € {—p,...,q— 1}, we first define

Bif = v0,,F (viu*,... .ut) € My(C) (4.1.12)
and then for k € {—p,...,q}, we let

. ~B, ifk =g,

AL = B_£ . it k= —p, (4.1.13)
Orold+ By — B, else.
We start by introducing the following assumption on the matrices B,:f and Af

Hypothesis 4.4. For k € {—p,...,q— 1}, the eigenvectors 'rli, e TE,F of df (u*) are also eigenvectors of the
matrices Bfgt defined by (4.1.12). If the system of conservation laws (4.1.1) is strictly hyperbolic at the states
ut, this is equivalent to the matrices df (u™) and B,:f commuting.

Hypothesis 4.4 implies that the eigenvectors rf, ey rj of df (uT) are also eigenvectors of the matrices Akj,E
defined by (4.1.13) for k € {—p,...,q}. Hypothesis 4.4 is fairly usual and is not that far fetched since the
consistency condition (4.1.9) links the numerical flux F' and the flux f and that, most of the time, the matrices
B defined by (4.1.12) are expressed using df (u™). We can then introduce the notation for k € {—p, ..., q}:

Ai
1,k
=P AP (4.1.14)
+
Ak

For [ € {1,...,d}, we then define the meromorphic function F;* on C\ {0} by:
q
Ve e C\{0}, Ff(k):= > NyrFeC (4.1.15)
k=—p

The functions .7-"li allow us to characterize the spectrum of the operators Z*. We refer for instance to [Tho65;
DS14; RS15; CF22; Coe22] for a study in the scalar case of similar convolution operators as .Z*. Fourier
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analysis and in particular the well-known Wiener theorem [New75] imply that

q d
o(z*) = Jo| D war | = FEEh. (4.1.16)
=1

RES! k=—p
The definition (4.1.13) of the matrices A and the consistency condition (4.1.9) imply that
q q
Y A =1Id and Y kAL = —wdf(uF)
k=-p k=—p
which translates into having:
Vie{l,...,dy, FF1)=1 and of :=—F(1)=vAf £0 (4.1.17)

with )\li defined in Hypothesis 4.1.
The following assumption is linked to the linear ¢"-stability of the numerical scheme (4.1.8) at the end states
which corresponds to the ¢"-power boundedness of the operators Z*.

Hypothesis 4.5. For alll € {1,...,d}, we have:

Ve € S\ {1}, |F(k)| < 1. (Dissipativity condition)

Moreover, we suppose that there exists an integer u € N\ {0} and for olll € {1,...,d}, there exists a complex
number ,Bli with positive real part such that:
fli(eig) o exp(—ialig — Blif2“ +O(€**Y)).  (Diffusivity condition) (4.1.18)
—

Asking for the ¢?-power boundedness of the operator £+ is equivalent to asking that o(Z*) c D (Von
Neumann condition). The stronger Hypothesis 4.5 is inspired by the fundamental contribution [Tho65] due
to Thomée and has much further consequences, as the asymptotic expansion (4.1.18) assures the ¢"-power
boundedness of the operator £+ for every r in [1,4+0o0] (see [Tho65, Theorem 1] which focuses in the scalar case
on the £*°-power boundedness but also studies the ¢"-power boundedness as a consequence). The diffusivity
condition (4.1.18) can be translated into asking for the numerical scheme N to introduce numerical viscosity at
the end state u™. Let us point out that this assumption implies that the results that we will prove won’t apply
for several schemes, in particular even ordered schemes like Lax-Wedroff scheme.

We conclude this section by defining the open set @ which corresponds to the unbounded connected com-
ponent of C\(c(£*) U (£ 7)) represented on Figure 4.1. Hypothesis 4.5 implies that U\ {1} C O.

4.1.4 Linearized scheme about the SDSP ©*

We now linearize the discrete evolution operator N about the discrete shock profile w® and thus define the
bounded operator . acting on ¢"(Z,C?) with r € [1, +00] defined by

q
Vh e 0'(Z,CY),Vj € Z, (ZLh);= Y Ajrhjix, (4.1.19)
k=—p

where for j € Z and k € {—p,...,q — 1}, we first define the matrix:

Bj =00, F (viuw,_,,..., 0, , 1) € My(C) (4.1.20)

j—p>

and for j € Z and k € {—p,...,q}:

—Bjt14-1 if k=gq,
A]’,k = Bj7_p if k= —p, (4121)
5k~70[d + Bk — Bjt1,k—1 otherwise.

We observe that since the SDSP (Hj )jez converges exponentially fast towards its limit states ut

, we have
that the matrices A (resp. Bj ) converge exponentially fast towards the matrices A,f (resp. B,:f) defined by
(4.1.13) (resp. (4.1.12)) as j tends towards +oo.

We will now focus on the spectral properties of the operator . when it acts on £2(Z,C?). The following

proposition which localizes the essential spectrum of the operator .Z is central.
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=N
-

Figure 4.1 — In red, we have the spectrum of the operators .£* which corresponds to the union of the curves
.7-"ljE (S!). Here we chose d = 1, i.e. one curve corresponds to the spectrum of .#* and the other corresponds
to the spectrum of Z~. In gray, we represent the set O which corresponds to the unbounded component of
C\(c(ZLT)Ua(ZL7)). The elements of the set O are either eigenvalues of the operator .Z (represented in green)
or belong to the resolvent set p(.Z). We know that 1 is an eigenvalue of .# and Hypothesis 4.6 implies that the
eigenvalues of .Z in O are located within the open unit disk.

Proposition 4.1. We have that
Oess(L)NO = 0.

Proposition 4.1 allows us to conclude that for z € O, zId;> — £ is a Fredholm operator of index 0 and thus
that z either belongs to the resolvent set of .Z or is an eigenvalue of .Z. Proposition 4.1 is proved for instance
in [Ser07, Theorem 4.1] using the so-called geometric dichotomy developped in the thesis of Lafitte-Godillon
[Laf01, Section III.1.5]. We will have to reintroduce the geometric dichotomy in Section 4.3 and we will thus
provide the reader with the proof of Proposition 4.1 (see Lemma 4.3.8 hereafter).

We will now introduce the spectral stability assumption that we impose on our SDSP w®. It can be separated
in two parts.

Hypothesis 4.6. The operator £ has no eigenvalue of modulus equal or larger than 1 other than 1.

Combining Hypothesis 4.6 with Proposition 4.1, we can then conclude that the set U\ {1} is included in the
resolvent set of .Z.

The second part of the spectral stability assumption and the last hypothesis we will introduce on the
spectrum of the operator .Z has to do with the so-called Evans function Ev defined later on in the chapter by
(4.4.16). This is a complex holomorphic function defined in a neighborhood of 1 that vanishes at the eigenvalues
of Z. The Evans function plays the role of a characteristic polynomial for the operator .Z.

We will show that under the previous hypotheses, 1 is an eigenvalue of the operator .Z and thus that the
Evans function Ev vanishes at 1. This is the consequence of the existence of a differentiable one-parameter
family of SDSPs associated with the one we are studying. In continuous and semi-discrete settings as in [ZH9S;
Bec+10], there is an underlying regular profile that describes the differentiable one-parameter family of traveling
waves studied in those papers sd translations of said profile. The one-parameter family then corresponds to
an invariance by translation. The derivative of the regular profile then belongs to the kernel of the linearized
operator in these settings. In our present fully discrete setting, the existence of such a regular underlying profile
that describes the different SDSPs of the one-parameter family is not clear.

Here, we will make a strong hypothesis on the behavior of the Evans function at 1.

Hypothesis 4.7. We have that 1 is a simple zero of the Evans function Ev defined below by (4.4.16), i.e.

Ev(l)=0 and %(1) # 0.

We will show that Hypothesis 4.7 implies that 1 is actually a simple eigenvalue of the operator .. More
precisely, we will define a sequence V € £2(Z,C%)\ {0} below in (4.4.30) such that

ker(Idsp2 — %) = SpanV (4.1.22)



4.1. Introduction 126

and we will prove that this sequence V' converges exponentially fast towards 0 at infinity, i.e. there exist two
positive constants C, ¢ such that
VieZ, |V(j)|<Ce bl (4.1.23)

Coming back to the above discussion, if there exists a regular profile that allows us to describe the one-parameter
family of SDSPs as this profile up to translations, then the sequence V and the derivative of the said profile
would be collinear.

We finalize this section by introducing two last (technical) hypotheses.

Hypothe51s 4.8. The matrices Aj _p, = Bj _p and Aj o = —Bji1,4-1 are invertible for all j € Z and the
matrices A_ = Bi and AjE = B;El are also invertible.

This hypothesis is usually a consequence of the CFL condition (4.1.6). Hypothesis 4.8 serves us in the chapter
to express the eigenvalue problem associated with the operators ., T and £~ as dynamical systems (see
Section 4.3.1 consecrated to the so-called "spatial dynamics"). Finally, we impose for the following assumption
to be verified.

Hypothesis 4.9. For alll € {1,...,d}, the equation
Fir)=1 (4.1.24)
has p + q distinct solutions k € C\ {0}.

Hypothesis 4.9 will be used to prove that the matrix M, li(l) defined by (4.3.8) is diagonalizable with simple
eigenvalues. This will allow us to study the eigenvalues and eigenvectors of the matrix M*(1) defined by
(4.3.1) in Section 4.4. Let us observe that the expression (4.1.15) of F;= implies that searching for solutions
k € CPTI\ {0} of (4.1.24) is equivalent to searching for zeroes of the polynomial:

k€ C\ {0} — wP — Z)\lkm

k=-p

The function above has p + g zeroes counted with multiplicity and Hypothesis 4.9 is then just equivalent to
asking for the zeroes of the above function to be simple.

4.1.5 Temporal and spatial Green’s functions

For jg € Z, we define the temporal Green’s function recursively as

g(o,jo, ) = 6j0

VneN, 9(n+1,j,-):=2L9n,j,), (4.1.25)

where the sequence 6;, is defined by
5j0 = (5j07jld)j€Z € €2(Z,Md((C))

For z € p(&), we also define the spatial Green’s function G(z,jo,-) as the only element of £2(Z, M4(C)) such
that
(zIdp — ZL)G(2, jo, ") = 0j,- (4.1.26)
The main consequence of the introduction of the temporal Green’s function is that for all h € ¢ (Z, C?) with
€ [1,4+00], we have
VneNVj€Z, (ZL"h); = 9(njoj (4.1.27)
JoEZ

Thus, a precise description of the temporal Green’s function is sufficient to understand the action of the semi-

group (Z")nen associated with the operator Z.

The following lemma proved via a simple recurrence is a direct consequence of the definition (4.1.25) of the
temporal Green’s function and the finite speed propagation of the linearized scheme.

Lemma 4.1.1. For alln € N, jo,7 € Z, we have that
j 7j0 ¢ {7nqa s 7np} = g(naj()aj) =0.

Our goal is now to describe the pointwise asymptotic behavior of the temporal Green’s function when
j—jo € {—nq,...,np}. Such a description of the Green’s function for convolution operators has been the topic
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of the articles [DS14; RS15; CF22; Coe22]. We will thus try to use similar notations. For instance, we define
the functions Hs,,, Ea,, : R — C such that for 8 € C with positive real part, we have

1 P m
Ve e R, Hyu(B;z) = %/6”"6_5“2 du,
R

+oo
Vr € Rv EQu(ﬁvx) = HQ;L(B; y)dya

x

(4.1.28)

where we recall that the integer u is defined in Hypothesis 4.5. Let us point out that Lemma 4.1.2 implies
that the function E,, is well-defined. We call the functions Hs, generalized Gaussians and the functions Ej),
generalized Gaussian error functions since for = 1, we have

g
| v

1 _
Vz € R, Hz(ﬁ;x):\/me

Noticing that the function Ha, is an even function and that it is the inverse Fourier transform of u — e v
we observe that:

+o00
xll}r_noo Es,(Bsz) = Hyu(Bsy)dy =1 (4.1.29a)
Ve eR, FEy,(8,—x)=1— Ey,(B, ). (4.1.29b)

The following lemma introduces some useful inequalities on the functions H, and Fy,, defined by (4.1.28).

Lemma 4.1.2. Let us consider a compact subset A of {8 € C,R(8) > 0} and integers p,m € N\{0}. There
exist two positive constants C,c such that for all 5 € A

Ve eR, |07 Hs,(B;2)] < Cexp(—c|x\23%1), (4.1.30a)
Va €]0,+oo[, |E2u(B;z)| < Cexp(—c\x|%), (4.1.30b)
Vo €] —o00,0[, |1—Eau(f;x)] < C’exp(—c|x|%). (4.1.30¢)

The interested reader can find a proof of (4.1.30a) when the subset A is a one point set in [Coe22, Lemma 9] or
in [Rob91, Proposition 5.3] for a more general point of view. By observing that the constants C, ¢ constructed in
those proofs depend continuously on 3, we can then conclude the proof (4.1.30a) for general sets A. Inequalities
(4.1.30b) and (4.1.30c) for the function Ejy,, are directly deduced by integrating the function Hs, and using
(4.1.29a) and (4.1.30a).

We then introduce for n € N\ {0} and j, jo € Z the functions defined as follows:

— For jo>0and !l € {1,...,d}

L 1 na;t +Jjo—17 T
S (n, jo, §) = ﬂjzoﬂjf;e[g72n]@H2/L< ﬁlnT O A (4.1.31a)
“

— For jo>0,0' € {1,...,I} and l € {I +1,...d} (i.e. such that ;) <0 and ;" > 0)
+
+ . Oél .
; ; +\2* noy +jo—x —J
i LH2 L,BJF _ B il R rrtT
%F_fre[%72n]nﬁ % nOél+ l na?,‘ 1 (X?/_ ) nﬁ [T

a; M

R (n,j0,4) = 1201

(4.1.31b)
— For jo >0,1'€{1,...,I} and l € {1,...1 — 1} (i.e. such that ;) <0 and a; < 0)

N N R ST
T (nyjo,7) =10l i —H. —— 0B — ﬂ+< L ) — v\l
v\ Jos J j<Ol i _ o £[n T 112 — Py [ > T TR
' o ;76[2’2”]”2;; nay nag 1

n2m

Q

(4.1.31c)
— For jo >0and I’ € {1,...,I} (i.e. such that o} <0)

+ .
. noy, + T
E}(n,jo) :== B, ( o 11]0) e, (4.1.31d)

nawe
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— For jo<Oandl€{l,...,d}

. 1 _noy +jo—J\ _,-T
i (5o, 7) = Lj<olizio gy 9n) —1 Hou (51 | (4.1.31e)
o 2’ nze nau
— For jo <0, €{I,...,dy and l € {1,...1 — 1} (i.e. such that o;, >0 and o, < 0)
. . —\ 2 nog + ol —j
1 J e Jo (o ! ay, T
Ry (0, o, ) == Lj<ol i _bo c[n g~ H —pB — ; ,——————— | r L
v o, 3) 7=0 ozl 70%6[5,271]712% 2 noy; noy, ! <ozl_, nn Lo
(4.1.31f)

— For jo <0,I' €{I,...,d} and l € {I +1,...d} (i.e. such that a;, >0 and o > 0)

. . 2u naj” _|_j07 -7
1 J jo . (o ! ; _T
Ty y(n,50,3) = Lisol o (g g~ How | 587 = 2=fy (1) ——— |l

z QL*/ n2we nozl nozl, Oél, nzne
(4.1.31g)
— For jo <0,1"€{1,...,d} (ie. such that oy, > 0)
_ . _ —no, —J _T
&%mm%:Em<@ugtﬂvh,. (4.1.31h)
nz2u

We observe that the functions Sz , Rl, 1 and TE ; are valued in M4(C) and the functions Elj,E are valued in
M 4(C). Furthermore, the functions introduced above describe different behaviors that will be observed for
the temporal Green’s function. To be more precise, the main theorem of this chapter is the following description
of the temporal Green’s function. We recall that the Landau notations O, Oa4, , and Oc¢ are described in the
notations section at the beginning of the chapter and are used respectively to differentiate matrices, line vectors
and scalars.

Theorem 4.1. Let us assume that Hypotheses J.1-4.9 are verified. Then, there exist:
— A sequence V € (2(Z,C)\ {0} (defined below by (4.4. 30)) satisfying (4.1.22) and (4.1.23),
— Families of complex scalars (Cl],a’i)l/, (Cﬁ}i)l/ 1 and (C, li)p,l,
— Families of complex vectors (Pif (jo))joen € M1.a(C)N and (P (jo))joe—m {0} € My a(C)™NMO} which
verify that there exist two positive constants C,c such that:

< Ce—C|J.0|,
S Ce_c‘]l)l ,

Vjo S N,
Vjo € =N\ {0},

Py (jo)
Py (jo)

such that for all n € N\ {0}, jo € N and j € Z which verify j — jo € {—ng, ... ,np}, we have that:

d I

9 (n, jo,J Z (n jo,j)—&-z

=1 I'=1

d -1
R, o T, o
Z Culy Ryr y(n, jo. 5) + chlfﬂtz(ndod)]
I=I+1 =1

I
> CPTE] (n,jo) + Py (o)
=1

+V () + R(n,jo,j) (4.1.32)

where R(n, jo,j) is a faster decaying residual of the following form for some constant ¢ > 0 independent from
n, jOa j
e For j >0 such that j — jo € {—nq,...,np}:
R(na jO?j) = O(e_cn>
2

d — (= o e~ ¢ —clj
oS [ [N (0(Z2 o (Z2) o () )
=1 n?

na nzn
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2p—1
I d n— (]+ - Ji) ‘ “ 151 |70
[e o e ¢l e ¢lJo T
+ E E exXp | —¢ T 0 1 + TTOMl d 1 + Oc 1 Tfl?’»
Ir=11=I+1 nzu n nin n
2
, T 2
) o J me
+ O ——exp | —c - + 77 OM, 4 ——exp | —c¢ - ,
=1 n2u n2u I=I+1 n2 n 2k
e For j < 0 such that j — jo € {—nq,...,np}:
R(nvj()aj) = O(e*CTL)
2
j ] 2“‘:1
_ J 0
L=t O s e—clil - e—cliol 1\ .7
+ E E exp | —c¢ T O(——= )+ Omi — | +O0c|(—< |l
=1 1=1 n2u n2nm n2n nw
i 25111 227#1
Jo_ . =
EI : el " o = _ e—cliol ‘n - a%
+ 0 ~—exp | —¢| ———— + E 7, OM, —exp | —¢| ————
mn2m n2we =1 n2we n 2w

The coefficients C’l}?f,C’lj,ﬂ’l"',C'lj,E"F and the sequence P{}' are defined by (4.5.29). There is a similar result

when jo € =N\ {0} using the families of complex scalars (Cf’_)p, (Cﬁ}_)l’,l and (Cﬁ’l_)l/7l, the vectors P and

the functions K, , S;”, Ry, and Ty
Furthermore, we can choose the constant ¢ > 0 such that the discrete derivative with regards to the parameter

jo of the temporal Green’s function verifies that, for jo € N:
e For j >0 such that j — jo € {—-ng—1,...,np}:

G (n,jo.j) — 9 (n,jo — 1,5) = V(i) (Pf (o) — P (jo — 1)) + O(e™")

2p
. Zn—1
d ’n - (]’i‘))‘ —cljl —cljol
e e 1 T
+ E exp | —c | ——4 (0( T > + 77 0M, , <1 ) + Oc <1) iy )
=1 n2u n 2w nw

1
n2e
2p
. . Zn—1
Iod ’n—(ﬂ—%)’ ’ 5 ol
R Xy e Y e~ clio 1 T
+ E E exXp | —c¢ T (O ( 1 + T?OMLd 1 + OC 1 Tl+l?'—
V—li=111 n2w n2we nz2we nH
. 25i1 22“1
Jo w=
. . J
! —clj nty d —cljol n—-x
e G + € o
+ E O T eXp | —C¢| ——— + g T OMLd T &Xp | —¢ 1 ’
=1 n2e nzae =111 nzne n2e
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/\E‘]TOL]U)V(J) thl(n.,jo,j)

Tﬁ:l (7’1/, .707 7)

Jo

Figure 4.2 — A schematic representation of the result (4.1.32) of Theorem 4.1 on the Green’s function ¢ (n, jo, 7).
Here we represent a case where jo € N, d =4 and I = 3. We recall that the integer I is defined by Hypothesis
4.1. We have d generalized Gaussian waves (in blue) arising from the Dirac mass at jy which travel along the
characteristics of the right state u*. The ones reaching the shock location are decomposed into reflected waves
(in purple), transmitted waves (in green) and the activation of the component of the Green’s function along the
vector space ker(Idyp2 — %) (in red). We only represent this decomposition for one of the incoming waves.

e For j <0 such that j — jo € {—ng—1,...,np}:

9 (n,jo,j) —4(n,jo — 1,4) = V() (P (jo) — P (jo — 1)) + O(e™")

I oI-1 n— (aj, - i[i)‘ 7 o—clil e—cliol 1 T
+ Z ZGXP —C ’L l (O <1> + T;OMLd ( 1 ) + OC () Tflit )
n

1 1
V=1 1=1 " n2w n2w ne
2
. 2u‘i1 227#1
Jo_ . =
L —clj n+oE -1 —cljol n— -
e G _ € oy
+ Z 0 T SXP| —¢| — T + ZT’z Orm,y 4 ——exp | —¢| ———
=1 n 2k n2 1=1 naw n2m
(4.1.33b)

A similar description of the discrete derivative of the temporal Green’s function holds for jo € —N\ {0}.

Let us describe more clearly what the result (4.1.32) of Theorem 4.1 conveys for jo > 0. The same description
can be done for jo < 0 and the result (4.1.33) on the discrete derivative of the Green’s function would be
interpreted in a similar way. Figure 4.2 is a schematic representation of the result (4.1.32) of Theorem 4.1. The
first term on the right hand-side using the function S;r of (4.1.32) corresponds to d generalized Gaussian waves
arising from the Dirac mass at jo which travel along the characteristics of the right state u™ (the blue waves in
Figure 4.2). The generalized Gaussian behavior of the different waves originates from the smearing effect caused
by the diffusivity condition in Hypothesis 4.5 which corresponds to the introduction of artificial viscosity at the
states u®. These waves correspond to the leading order of the Green’s function of the operator £+ associated
with the "right" state u™. Recalling that we are considering a Lax shock under Hypothesis 4.1, we observe the
following distinction:

— The first I generalized Gaussian waves follow the characteristics incoming the shock since ozl+ < 0 for

1e{1,...,I} and will eventually reach the shock (located at j = 0).
— The last d — I generalized Gaussian waves follow the outgoing characteristics with respect to the shock
since a;f > 0 for I € {I +1,...,d} and travel towards +oo without interaction with the shock.
When the generalized Gaussian waves following incoming characteristics reach the shock location, we observe
that they lead to different behaviors for three new types of waves:
— There are reflected generalized Gaussian waves along the outgoing characteristics of the state ut (i.e.
the purple waves in Figure 4.2). It corresponds to the second term using the function RlJ,ryl in (4.1.32).

This explains the restriction of [ € {I 4+ 1,...,d} which implies that ozl+ > 0.
— There are transmitted generalized Gaussian waves along the outgoing characteristics of the state u™ (i.e.
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the green waves in Figure 4.2). It corresponds to the third term using the function T,fl in (4.1.32). This

explains the restriction of [ € {1,...,I — 1} which implies that a; < 0.
— Because of the properties of the function Es,, defined by (4.1.28), we have that the vectors Ejf (n, jo) are

close to 0 for small times n and converge towards llJfT as n tends towards 4+-oo. Thus, the last term in
the decomposition (4.1.32) could be described as the progressive construction of the component of the
Green’s function along the vector subspace ker(Idp — %) (i.e. the red wave in Figure 4.2). Each wave
with speed al‘f activates part of this profile as they reach the shock. Since V is an eigenvector of £ for
the eigenvalue 1, this part of the Green’s function does not decay as n tends towards +oo.
One of the main consequences that can be deduced from Theorem 4.1 corresponds to the so-called linear
orbital stability of the stationary discrete shock profile %°.

Theorem 4.2. Let us assume that Hypotheses J.1-4.9 are verified. For r1,re € [1,4+00] such that r1 < ro, there
exists positive constant C' such that
Vh € ¢ (Z,C%),Vn € N,

L=V < Il

min — T

Veker(Id,2—% nﬁ(;—g)

Let us point out that such decay estimates are similar to the one associated with the heat equation for
instance. This is a consequence of the diffusive nature of the numerical scheme introduced in Hypothesis 4.5.

4.1.6 Plan of the chapter

Firstly, Section 4.2 will be dedicated to the proof of Theorem 4.2 using Theorem 4.1. The main part of the
chapter however (from Sections 4.3 to 4.5) will concern the proof of Theorem 4.1:

— In Section 4.3, we will prove Proposition 4.1 which describes the spectrum of the operator . in the set

O and will allow to define the spatial Green’s function defined by (4.1.26) on U\ {1}. We will then prove
Proposition 4.2 which implies exponential bounds on the spatial Green’s function in the neighborhood
of any point of U\ {1}.

— In Section 4.4, we prove that Proposition 4.3 which claims that the spatial Green’s function can be
meromorphically extended in a neighborhood of 1 through the essential spectrum of the operator .£. We
will show that it has a pole of order 1 at z = 1 and find precise expressions (4.4.34a)-(4.4.34c) on it that
will be essential in Section 4.5.

— In Section 4.5, we express the temporal Green’s function defined by (4.1.25) with the spatial Green’s
function using the inverse Laplace Transform. Using the different results proved on the spatial Green’s
function in Sections 4.3 and 4.4, we will conclude the proof of Theorem 4.1.

Section 4.6 will be dedicated to an example. We will first show that some of the previously presented hypotheses
are verified for the modified Lax-Friedrichs scheme and then present a numerical example of the result of Theorem
4.1 when the conservation law we consider is the Burgers equation. Section 4.A is the Appendix and contains
the proof of some technical lemmas used throughout the chapter.

The author feels like it is important to point out that the proofs of some lemmas in the present chapter are
done in other papers. However, the author feels like they needed to be reproved either to correct mistakes or
because the way they are presented here is fairly different from the statement in other papers. For instance, the
geometric dichotomy (Lemma 4.3.4 below) uses the same proof with slight variations to [Laf01, Section III.1.5)
where it is first introduced.

4.2 Proof of linear stability (Theorem 4.2)

The goal of this section is to prove Theorem 4.2 using the description (4.1.32) of the temporal Green’s
function obtained in Theorem 4.1. We recall that for r1,rs € [1,+00] such that r; < 73, we have that for all
n€Nand h € (" (Z,C?):

L= Y 9 (n,jo. j)hj, € (m(Z,C%. (4.2.1)
Jo€Z jez
Step 1: Let us prove that for all integers [ € {1,...,d} and for all couples r1, 79 € [1, +00] such that r1 < ra,
the operators
(z,C%) - 2(Z,C%)
. 4.2.2
h = (ZjoeN ]lj—joe{—Nq7---,np}Sl+(nvJOaJ)hjo>j€Z ( )
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for n € N\ {0} are well-defined and that there exists a positive constants C' such that

r . C
Vn € N\ {0} >Vh 4 I(Za(cd), Z ]lj—joE{—nq,..A,np}Sl-i_(n7JOaJ)hjo < @ Hh”lﬁ .
Jo€EN iezll n2e\r1 " T2

(4.2.3)
We fix an integer [ € {1,...,d}. Using (4.1.30a), we have that there exist two positive constants C, ¢ such that

Vn € N\ {0} ,Vh € 1°°(2,C%),Vj € Z,

2
C + L a1
5 Lmsetmnnom ST o s < 3 e (— (PEELZI T g aza)
Jo€N joeN T2 nee
We also observe that there exists a constant C' > 0 such that
c naif i\ _ A
Vn € N\ {0}, Z —exp | —¢| ———= <C. (4.2.5)
jez n2me nze

Let us now prove that, for different choices of couples r1, 72, the operator defined by (4.2.2) is well-defined and
that (4.2.3) is verified.
— Using (4.2.4) and (4.2.5), we have that:

Vn € N\{0},Vh € £(Z,C"),Vj € Z, | 1j_joe(-ng..np} St (0G0, Nhiy| < Cl[Al]ges -
Jjo€N

Thus, for r1, 79 = +00, the operator defined by (4.2.2) is well-defined and (4.2.3) is verified.
— Using (4.2.4), we have that:

C

n 2

Vn € N\{0},Vh € €"(Z,C")\Vj € Z, | 1;_jie(-ng...np}Si (0, J)hjo| <
jo€EN

1Pl -

Thus, for r; = 1 and r2 = +00, the operator defined by (4.2.2) is well-defined and (4.2.3) is verified.
— Using (4.2.4), Fubini-Tonelli’s theorem and (4.2.5), we have that for n € N\ {0} and h € ¢}(Z,C?):

Z Z ]lj—joe{—nq,..qnp}sl-i_(n:jOv.j)hjU

JEZ |joeN

2
C no;” + jo —Jl\ > ~
< 30|30 S | (" | hiol < ikl

1
2n 20
joeN \jez 7" nse

Thus, for r; = 1 and r9 = 1, the operator defined by (4.2.2) is well-defined and (4.2.3) is verified.

— Up until now, we have proved that for all couple (r1,r2) € {(1,1),(1,4+00), (400, +00)} the operator
defined by (4.2.2) is well-defined and that (4.2.3) is verified. Using Riesz-Thorin Theorem, we can then
conclude that, for all couple (r1,7r3) € [1,400]? such that 71 < ra, the operator defined by (4.2.2) is
well-defined and that (4.2.3) is verified.

Step 2: We claim that, using an identical proof as in Step 1, for all couple r1, 73 € [1, +00] such that 11 < rq,
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the operators from ¢"1(Z,C%) to ¢2(Z,C?) defined by

h— Z ]lj—jOE{—nq,---,np}Rl—"’_,l(n’jo’j)hjo h Z ]lj—joé{—"%---mp}Rl_/,l(nﬂ jOaj)hjo
Jo€EN jez Jjo<0 jez
h— Z ]lj—joé{—nq,...,np}TJlr,l(n»jOaj)hjo h— Z ]lj—joe{—nq,...,np}T/il(n7jOvj)hjo
jo€N jez Jjo<0 jez
h— Z ILj*jOE{*nq ,,,,, np}Sf(n7j07j>hjo h €— Z ]lj*jOG{*nq ,,,, np}R(na jO».j)th
Jo<0 jez Jo€Z jez
(4.2.6)

for n € N\ {0} are well-defined and satisfy similar bounds as (4.2.3). Let us now introduce the linear operators
U, from " (Z,C%) to £72(Z,C?) defined by:

Vn € N\ {0} ,Vh € (" (2,C%),Vj € Z,

I
(\I/’ﬂh)] = Z ﬂj*joE{*ﬂqunP} <<Z Cl€+Eﬁ(na.70) + P[}_(]O)> h‘jo) V(])

jo€N =1

d
+ Z ]lj—joé{—nq,...,np} ((Z Cll’siEIT(n’]O) + P[; (]O)) hjo> V(]) (4'2'7)

Jo<0 =1

We recall that the Green’s function ¥(n, jo,j) is equal to 0 when j — jo ¢ {—ng,...,np}. Thus, using the
equality (4.2.1) and the decomposition (4.1.32) of the Green’s function ¢ (n, jo,j) when j — jo € {—ngq,...,np}
given by Theorem 4.1, the previous results (4.2.5) we proved on the operators (4.2.4) and (4.2.6) allow us to
prove that for all 71,79 € [1,400] such that r; < ry, we have that there exists a positive constant C' such that:

T n C
Vh € (" (Z,CY,¥n € N\ {0}, |£"h— Vb, < @ 12| gy (4.2.8)
nZe\r1 r2
Step 3: Let us prove that for all integers I’ € {1,..., I}, the operators
(>(Z,C%  — (z,C?)
, ‘ . 4.2.9
f — (ZjOEN L jogt=ng...np} Cif *Eﬁ(n,yo)h]—OV(y)LEZ (4:29)

for n € N\ {0} are well-defined and that there exist two positive constants C, ¢ such that

Vn € N\ {0}, Vh € ¢=(Z,C9), > 1o {—narmpyCr T ES (1, 50) s, V() < Ce™ ||h|pm -
jo€N jezllp
(4.2.10)

We recall that (4.1.23) implies that there exist two positive constants Cy, ¢y such that:
VieZ, |V(j)|<Cpe vl (4.2.11)
Furthermore, for I’ € {1,...,I}, the CFL condition (4.1.6) implies that

+
ot
0<—af <2 2l

<q (4.2.12)

We fix an integer I’ € {1,...,I}. For h € {*(Z,C%), n € N\ {0} and j € Z, we have that:

Z ‘]lj*jOQ{*nq,nwnp}Cl?H'_El—t_(n7 jO)hJOV(J)
Jo€N
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E, —cv g .
<lelov ] X Lspien e E o)l

+ > Lo i—nq...npye VN ES (n,50) | hjol | - (4.2.13)

_ a—at
Jo€ | n 2l 400 [NN

_~t
— Using (4.2.12), we observe that there exists a positive constant ¢ > 0 such that for all jy € [O, n? ;“] NN
and j € Z which verify j — jo ¢ {—ngq,...,np}, then:

3] = en.

Therefore, since the function Fs, is bounded, we have that there exists a positive constant C' such that
for all h € £>°(Z,C%) and n € N\ {0}:

—evli . _evy; _Von
S Y Lt YIE gl < O[S e T nem Fer |n)),..

JEL a—at JEL
. ’
Jo€ [ 0,—5 n|NN

Therefore, there exist two new positive constants C, ¢ such that for all h € £>°(Z,C%) and n € N\ {0}:

Z Z ]lj—jogé{—nq,.“,np}eicv‘jl‘E;(naj0)|‘hj0| < Ce " ”hHEOC . (4214)

JEz a—at
jo€ [0,—5Ln|NN

— Using (4.1.30b), there exist two positive constants C, ¢ such that for all h € £>°(Z,C?%) and n € N\ {0}:

> > L jog{mngmpye” < EG (0, Go) |y,
a+

J€EL [,
. /
Jo€ 5 ", 400 | NN

2p
) —i/- - 2p—1
< Ch| oo E e—cvlil E exp | —c <|nal +]O|)

1

L

jEz a—at n=w
Jo€ 5 U n,+o0 | NN

Therefore, using (4.2.12), there exist two new positive constants C, ¢ such that for all h € £°°(Z,C%) and
n € N\ {0}:

> > L jog{—nasnpye VIEL (0, jo)l[hjo| < Ce™ ||| o - (4.2.15)

JEZ q—af
Jo€ | —5tn,+o0 | NN

Thus, combining (4.2.13), (4.2.14) and (4.2.15), we can conclude the proof of (4.2.10).
Step 4: Using a similar proof as in Step 3 for the operators from £>(Z, C?) to ¢*(Z,C%) defined by:

hr | Y 1 jog{=ngremnyCit " By (n,30)h3 V) |

jo<0 .
Jo< jez

h Y 1o {—ngunpy P (G0) R V () :

Jjo€N jez
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hes |0 1 jog(mngompy Po Go)ie V) |
Jo<0 jez

we can obtain similar bounds as (4.2.10). We can then prove that there exist two positive constants C, ¢ such
that:

Vh € (" (Z,C%),¥n € N\ {0},

Wnh Z(ZC B (n, jo) + Py ( Jo>hjo+z<zczf Ey (n,jo) + Py (j ))hjo 14

Jjo€N \l'=1 Jo<O0 \l'=I o2

__ ¢

where the operator W, is defined by (4.2.7). Using (4.2.8) and (4.2.16), we can conclude that there exists a
positive constant C' > 0 such that:

IN

Pl (4.2.16)

Vh € 0" (Z,C%),Vn € N\ {0},

L"h — Z(ZC B} (n, jo) + Py ( >%+Z<ZCV Ey(n,jo) + Py (j )>h10 4

Jo€eN \l'=1 Jo<0 =TI o2

1]l grs -

\HQ

S -
nﬁ(Tl %)

Since the sequence V € ¢£!(Z,C?) defined in Theorem 4.1 verifies that:
ker(Idep2 — %) = SpanV,

this allows us to conclude the proof of Theorem 4.2.

4.3 Local exponential bounds on the spatial Green’s function for z
far from 1

In this section, the goal is twofold:

— In order to determine where the spatial Green’s function is defined, we want to study the spectrum of
the operator .Z in the set O (i.e. outside of the curves representing the spectrum of the limit operators
Z*). More precisely, we will prove Lemma 4.3.8 below that characterizes the eigenvalues of .# in the
set O and states that there is no essential spectrum of the operator £ which lies in the set O. This
result was already proved in [Ser07, Theorem 4.1]. As a direct consequence, we will have proved that the
elements of the set O are either in the resolvent set of the operator £ or are eigenvalues of .Z. Using
Hypothesis 4.6, we can thus deduce that the set U\ {1} is included in the resolvent set of % and that
the spatial Green’s function can be defined in a neighborhood of any point of U\ {1}.

— We will prove Proposition 4.2 below that introduces locally uniform exponential bounds on the spatial
Green’s function G(z, jo, ) when 2 belongs to U\ {1} and jo € Z. We will see later on in Section 4.4 that
the study of the spatial Green’s function for z near 1 will require some special care and that it is a more
refined analysis of the case where z is in U\ {1}. It might be important to keep in mind that a lot of the
tools we will introduce in Section 4.3 will also be useful in Section 4.4 to deal with the case where z is
close to 1.

The main ideas of this section will be to characterize the solutions of the eigenvalue problem associated with

the operator .£ by using solutions of a discrete dynamical system of finite dimension.

We will then define a central tool for our analysis : the geometric dichotomy introduced by Lafitte-Godillon
in her thesis [Laf01] and based on the exponential dichotomy coined by Coppel in [Cop78]. We will take some
time to rewrite the proofs of some lemmas even though most of the ideas can already be found in the previously
cited texts. This will motivate the introduction of several notations and will make several crucial bounds precise.
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4.3.1 Rewriting the eigenvalue problem as a dynamical system

As we explained, one of our objectives is to study the spectrum of the operator .Z. In this section, we
express the eigenvalue problem (zIdpz — Z)u = 0 as a discrete dynamical system. We will define a few
important mathematical objects that will appear often throughout this chapter.

For z € C, j € Z and k € {—p,...,q}, we define the matrices A, (z) = 205,0ld — A, and A,f(z) =
20.0ld— A, We recall that Hypothesis 4.8 implies that for all z € C and j € Z, the matrices A _,(2), A 4(2),
Ajfp(z) and AF(z) are invertible and we can thus introduce the matrices

—Ajg(2) A1 (2) o A (2) T A p(2)
Id 0o ... 0
VieZNVNzeC, M;z):= 0 ) ) ) € Map+q)(C)
0 0 Id 0
and + 1AE + 1A+
AE ()AL (2) Af(2)7'A%,(2)
N Id 0o ... 0
VzeC, M*(z):= . . . M(p4q)(C). (4.3.1)

0 0 Id 0

which are well-defined and are furthermore invertible. We observe that for all z € C the family of matrices
(M;(2))jez converges towards M*(z) as j tends towards +oo. If we define for every z € C and j € Z the
matrices

£ (2) = M;(z) — M*(2),

then Hypothesis 4.3 implies the following lemma.

Lemma 4.3.1. There exists a constant o > 0 such that for every bounded set U of C, there exists a constant

C > 0 such that _
EF(2)] < Ce,

Vz e U,Vj €N, €7 (2)] < Ce—ai (4.3.2)
—j < .
Proof We have that N N
5j,q—1(z) 53‘,—6)(2)
=+ _
£ () = :
0 0
where
()= { L AT = ()" A it k€ {-p,....a— 1}\ {0},
(AF) AT — (A5 g0 — 2((AH) ™ = (4507Y) if k= 0.

Using Hypothesis 4.3, we conclude the proof of (4.3.2) and observe that the constant « can be taken uniformly
on C but the constant C' must depend on z. O

Let us consider u € ¢2(Z,C%) such that
(Zld£2 - g)u =0.
If we define for all j € Z the vector
Ujtq—1
W; = S
Uj—p

we observe that (W;);ez € 02 (Z, Cd(p+q)) which implies that the vector W; converges towards 0 as j tends

towards foco. We also observe that
Vj S Z, Wj+1 = MJ(Z)WJ (433)

To study the solutions of the dynamical system (4.3.3), we define the family of fundamental matrices
(X;(2))jez € Ma(p+q)(C) defined by

Vi€Z, Xji(z)=M;(2)X;(2),

P, (4.3.4)
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We observe that a solution (W;);cz of the dynamical system (4.3.3) thus verifies:
V] €7, Wj = Xj(Z)Wo.

To find the eigenvalues of the operator £, we thus need to search for the solutions (W;);ez of the dynamical
system (4.3.3) which belong to £ and therefore converge towards 0 when j tends to +00. We thus introduce
the following sets for any z € C:

7
E*(z) := {(Wj)jez € (C(Hq)d) solution of (4.3.3) such that W; 2 O} ) (4.3.5a)
j—doco
EE(z) = {WO € CPHId (X, (2)Wo)jez € Ei(z)}. (4.3.5b)

The sets correspond to the solutions of the dynamical system (4.3.3) which converge towards 0 as j tends
towards £o0o and to their traces at j = 0.

4.3.2 Spectral splitting: study of the spectrum of M*(z)

Since the matrices M;(z) converge towards M*(z) as j converges towards 00, the dynamical system (4.3.3)
can be considered to be perturbations respectively for j € N and j € —N of the dynamical systems

VJ e N, Wj+1 = A7\4+(,2,“)I/Vj7 (436&)
Vj € —N, Wj+1 =M (Z)W] (436b)

To study the solutions of (4.3.3) which converge towards 0 as j tends to +00, we will study solutions converging
towards 0 of the dynamical systems (4.3.6a) and (4.3.6b). This relies on studying the spectrum of the matrices
M*(z).

Using the eigenvalues Afk of the matrix Af defined by (4.1.14), we introduce the scalar quantities:

VeeCVle{l,....d}y,Vk e {-p,....q}, A[(2) = 2660 — A\ (4.3.7)
and the matrices:
—qu(z)*lqu_l(z) —qu(z)*lAf_p(z)
N 1 0 ... 0
VzeCVle{l,...,d}, M (z):= ) ) . . (4.3.8)
0 T :
0 0 1 0

Hypothesis 4.8 implies that the matrices Ajfp and AF are invertible so Af7 »(2), qu(z) # 0. Thus, the matrices
Mli(z) are well-defined and invertible. We have the following result.

Lemma 4.3.2. There exist invertible matrices QF € M ,4qa(C) such that
M (2)

VzeC, M*(z)=(Q*)" O*.
My (2)

Proof Recalling the definition (4.1.4) of the matrices P*, we observe that

pt 1 pt —DE(2)7DE () ... ... —DE(z)7DE,(2)
Id 0 ... 0
M*(z) = o _ (4.3.9)
+ + 0 S :
p p 0 0 Id 0
where N
Al,k(z)
Vke{fpv'“aQ}’ ]D)f(Z):
A;k(z)

Then, in the right hand term’s matrix of (4.3.9), by reassembling the first columns of each blocks, then the
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second columns, ...and then doing the same for the lines, we prove that the matrix M*(z) is similar to the

block diagonal matrix
M (2)

M (2)
O

The following lemma is due to Kreiss (see [Kre68]) and describes precisely the spectrum of the matrix M= (2)
as z belongs to OU {1} and | € {1,...,d}.

Lemma 4.3.3 (Spectral Splitting).
— ForzeCandle{l,...,d}, k € C is an eigenvalue of Mli(z) if and only if k # 0 and

fli(n) =z.

— Letz€ O andl € {1,...,d}. Then the companion matric Mli(z) has
— no eigenvalue on St,
— p eigenvalues in D\ {0} (that we call stable eigenvalues),
— q eigenvalues in U (that we call unstable eigenvalues).
— We also have that
— if ozli >0, Mli(l) has 1 as a simple eigenvalue, p — 1 eigenvalues in D\ {0} and q eigenvalues in U.
— if ozli <0, Mli(l) has 1 as a simple eigenvalue, p eigenvalues in D\ {0} and ¢ — 1 eigenvalues in U.

Lemma 4.3.3 is proved in [CF22, Lemma 1] (see also [Kre68]). For z € O, combining the consequences
of Lemmas 4.3.2 and 4.3.3, the matrix M*(z) only has eigenvalues in D or U. Also, if we define the space
E3(M*(z2)) (resp. E*(M*(z))) which is the strictly stable (resp. strictly unstable) subspace of M*(z) corre-
sponding to the subspace spanned by the generalized eigenvectors of M (z) associated with eigenvalues in I
(resp. U), then we have dim E*(M*(z)) = dp, dim E*(M™*(z)) = dgq and

ctad _ ES(Mi(z)) @ E"(Mi(z))

We consider PF(z) and PF(z) the associated projectors in C¥P*+%). Those projectors can be expressed as

z
contour integrals (see [Kat95]). For instance, we have

1
PE(2) = —— [ (tId — M*(2)) 'at
)= g | ()
where 7 is a simple closed positively oriented contour which surrounds the stable eigenvalues of M ¥ (z) and not
the unstable ones (S! is a good candidate). Therefore, the projectors P (z) and P (z) depend holomorphically
on z € O.

4.3.3 "Local" geometric dichotomy

The conclusion of the study of the spectrum of the matrices M*(z) done in Section 4.3.2 is that the vector
space of solutions of (4.3.6a) (resp. (4.3.6b)) converging towards 0 as j tends towards +oo (resp. —oc) has
dimension dp (resp. dgq) and can be characterized by using the spectral projector P, (z) (resp. P, (z)). We
recall that (4.3.3) is a perturbation of the dynamical systems (4.3.6a) and (4.3.6b). Thus, we could expect for
the vector spaces E*(z) and Ej (2) (resp. E~(2) and E; (2)) defined by (4.3.5a) and (4.3.5b) to be of dimension
dp (resp. dq) and we would want some way to characterize their elements.

In the present section, our goal is to construct projectors which will play for the dynamical system (4.3.3) a
similar role as the spectral projectors P (z) and P, (z) for the dynamical systems (4.3.6a) and (4.3.6b). This
is the aim of the following lemma.

Lemma 4.3.4 (Geometric dichotomy). For any bounded open set U such that U C O, there exist two holomor-
phic functions Q?} :U = M(p1q)a(C) such that
— Forallze U, Qﬁ(z) is a projector and we have

dimIm Qf(2) = dimkerQ,;(2) =dp and  dimImQp(2) = dimker Q7 (z) = dg.
— There exist two positive constants C, c such that for all z € U, there holds:

Vi>k>0, |X;(2)Qf(2)Xn(z)" " < CeUH, (4.3.10a)
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V>G>0, |X;(2)(Id—Qf(2)Xk(z) ™| < Ceei=hk (4.3.10b)
Vi<k<0, |X;(2)Qu(2)Xi(2)7t| < Cemli=kl (4.3.10¢)
VE<j<0, |X;(2)(Id—Qp(2)Xy(z)™| < Ceeli=hl, (4.3.10d)

Lemma 4.3.4 has been developped in the thesis of Lafitte-Godillon [Laf01, Section II1.1.5] and is inspired by
the exponential dichotomy discussed by Coppel in [Cop78]. As it is explained in [Cop78], to better understand
the meaning of this lemma, it is interesting to see that the inequalities (4.3.10a) and (4.3.10b) imply that for
all vector ¢ € C(P+94 there holds:

Vi>0, |X;(2)Qf(2)¢| < Ce g,

VE>0, [(Id—QF(2))E] < Ce ™ | Xp(2)¢] .

The first inequality implies that there exists a dp-dimensional subspace of solutions (W}) ez of the dynamical
system (4.3.3) which converge exponentially fast toward 0 at +oo (and which thus belong to ¢?(N)). The second
inequality translates to the fact that there exists a supplementary of the previous subspace of solutions for which
the solutions explode exponentially at +occ. Thus, Q;(z) plays a similar role for the dynamical system (4.3.3)
as any projector for which the range is Ef(z) (for instance the spectral projector P;(z)) for the dynamical
system (4.3.6a). The same kind of conclusion can be achieved with @, for the behavior at —

Thus, the construction of those two projectors QU is fundamental to study the solutions (W )jez of (4.3.3)
that converge toward 0 as j tends to +00, i.e. the elements of the set E*(z) defined by (4.3.5a). We will see in
Lemma 4.3.7 that the projectors Qf,(z) allow to characterize the elements of the vector spaces Eoi(z)

We give below the proof of Lemma 4.3.4 which is overall the same as in [Laf01, Section III.1.5]. The main
modification is that this new iteration of the proof pinpoints more clearly the holomorphicity of the projectors
Qli] and most importantly why the projectors Qli] we construct depend on the relatively compact subset U of
O which is considered. This last point is not really addressed in [Laf01; God03] and we feel that it is quiet
important. For instance, for two sets U; and U, that satisfy the conditions of Lemma 4.3.4, the construction
of the proof of Lemma 4.3.4 does not imply that the projectors Q and QU are equal on Uy N Us, even if
Uy C U;y. Therefore, we cannot immediately construct two functlonb Q* that are defined on O which would
verify similar properties as QU. However, it turns out that the ranges Im QUl(z) and Im QU2 (2) coincide for
z € Uy NU;. We will prove this fact later on and use it to extend uniformly the geometric dichotomy on a large
part of O (see Lemma 4.3.9 below).

Proof of Lemma 4.3.4
The construction of both functions Q% is similar so we focus here on the construction of Q[J;. The proof will
be separated in four steps. In the first step, we will construct the function Q§ using a fixed point argument.
The second step will be dedicated to proving that for all z € U, Qg(z) is a projector for which the kernel
and the range are respectively of dimension dg and dp. The third and fourth steps concern the proof of the
inequalities (4.3.10a) and (4.3.10Db).
Step 1: Construction of Q;}.
We set for z € O that
15 (2) == max {In([¢]), ¢ €a(M*(2))ND},
nE(z) ;= min {In(l¢]), ¢e€ a(M*(2)) N U}.

The functions ] and 1, are continuous on O and verify that
V2e O, nf(z)<0 and nf(z)>0.
The set U being compact and included in O, there exists a constant cz such that

maxnt(z) < —eg <0 and 0 < cy < minn! (2).
zeU zeU

We will also ask that cy < o where « is the constant appearing in (4.3.2). By definition of nf and 7., there
exists a positive constant C'y such that
| M* J p+ *CHJ

\V/ZEU,VJEN, |M+ ]P+( )|‘

<C
<0 (4.3.11)

—CH].

Furthermore, using (4.3.2), since U is bounded, there exists a positive constant Cg such that

VzeUVjeN, [Ef(z)] <Cee . (4.3.12)
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We consider an integer J € N and we will make a more precise choice later. We define the Banach space

£ 1= {52y € Muraa @092, suplts] < 400
JZ
with the norm

1Y |, s == sup [Yj].
j=J

Furthermore, for z € U, we define the linear map ¢(z) € £ (¢5°) and T'(z) : £5° — £5° such that for Y € £5° and
j > J, we have

j—1 +oo
(P(2)Y); =Y M () FPFRES ()i = Y M () R PH)ES ()
k=J k=j
and ‘
T(2)Y := (M+(z)J*JRj(z))j2J + ¢(2)Y.

We observe that
VY €lPVi>J, (p(2)Y) 1= MT(2)(p(2)Y); + & (2)Y;,

and thus
VY €elF Vi =, (T(2)Y)j1 =M (2)(T(2)Y); + & (2)Y. (4.3.13)

Our goal will be to find a fixed point of T'(z). It will be a solution of the dynamical system (4.3.3) for j > J.
To do so, we will have to prove that there exists J large enough so that

le(2)ll ey < 1

We begin by proving that the applications ¢(z) and T'(z) are well-defined. We consider Y € ¢5° and j > J.
Using (4.3.11) and (4.3.12), we have the estimates:

Jj—1 +00
[(0(2)Y),| < Z CHCgeicHljilikleiaﬂYH + Z CHCgeicH‘Jilik‘eiaﬂYM
k=7 k—j

—+oo
< HYHoo,J CHCg'e_aJ Z e—CH|i—1—F|

k=J
1+ecH
—aJ
S W,y CrCee™ T — -
If we set
14 e cn
0= CyCeel 1€~ (4.3.14)

1—ecH

then we have just proved that the operator ¢(z) is well-defined, bounded and
||<p(z)||£(¢3<,) <6.

We also observe that (4.3.11) implies that (M (2)I=7 P} (2));5; € £5. Therefore, T(z) is well-defined.
Let us choose the integer J large enough so that § < 1. For z € U, we have that Id — ¢(z) is invertible.
Thus, we can define 4
Y(2) 1= (Id = (=) (MF (2 PE(2)) .-
This sequence Y (z) € £5° is the only fixed point of T'(z) and it depends holomorphically on z. We observe that
(4.3.13) implies that
Vze UVj>J, Yi(z) =M;(2)Y;(2). (4.3.15)
We now define

VzeU, QFz):=X,(z)""Y5(2)X,(2). (4.3.16)

Since Y depends holomorphically on z and is bounded on U, Q$(z) also depends holomorphically on z for z € U
and is bounded on U.
Step 2: We now show that Q;; is a projector.
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We are going to prove that for all z € U the matrix Q;(z) we have just constructed is a projector such that
ker Qi (2) = Xy(2) 'E*(M*(2)) and dimIm Qi (z) = dp.

By observing that P;F(z)? = P;f(z), we can prove that (Y;(z)P; (z));>. is another fixed point T'(z). Since
Y (z) is the only fixed point of T'(z) in £3°, we thus have that:

Y (2)PS(2) = Yy (2). (4.3.17)
Using that Y'(z) is a fixed point of T'(z), we also have that

Pl (2)Y;(2) = P (2)(T(2)Y ()4
“+o0
=P (2) <Pj(2) -> M+(Z)"‘l"“PJ(Z)SJ(z)Yk(Z)> ~
k=J

Because P (z) commutes with M*(z), P;7(2)? = P (z) and P} (2)Pf(2) = 0, we have proved

Pf(2) = PH(2)Ys(2). (4.3.18)
Using (4.3.18), we prove that (Y;(2)Y;(2)),> is a fixed point T'(z). Since Y'(z) is the only fixed point of T'(2)
in £5°, we have in particular that:

Y;(2)* = Yy(2)

which means that Y (2) is a projector. The definition (4.3.16) of Q{;(z) then implies that Q;(2) is a projector.
The equalities (4.3.17) and (4.3.18) allow us to prove that ker Y;(z) = ker P;"(z) = E“(M*(z)) which implies
that:

ImQf(2) = Xs(2) 'ImYy(2) and kerQf(z) = X, (2) ' E“(M™"(z)).

Step 3: We now show that Q;; satisfies the inequalities (4.3.10a) and (4.3.10b).
First, we are going to prove the inequality (4.3.10a) for j > k > J and the inequality (4.3.10b) for k > j > J.
We observe that (4.3.15) implies that

Vze UVj>J, Yj(z) = M;(2)Y;(z).

and thus
Vze UV >J, Yj(z)=X;(2)Xs(2)'Ys(2) = X;(2)QF (2) X (2) 1. (4.3.19a)
We introduce
VzeUNj>J, Zj(2) = X;(2)Xs(z)" (Id - Y, (2)) = X;(2) (Id — QF(2)) Xs(2) " (4.3.19b)

We have the following lemma.

Lemma 4.3.5. We have that
j—1
Vi>k>J, Yi(z) =MT(2) TP (2)Yi(2) + Y M T (2) T TIPS (2)E] (2)Yi(2)
1=k
+o0 )
= Mt ()P (2)E (2)Yi(2),

I=j
and
Vk>j >0, Zj(z2) =M*(2) "B (2)Zk(2) + JZ_:M*(Z)jflflRf(Z)Ef’(Z)Zz(Z)

=J
k—1

=3 M TP (2) 22
1=j

Proof of Lemma 4.3.5
— Since we have that

Vi>J, Yi(z) = Mj(2)Yj(z) = (M*(2) + & (2))Y;(2),
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using the Duhamel formula, we find that
k> J, Ya(z) = MT() () + ZM+ Il (Vi(2).

Knowing that Y'(z) is a fixed point of T'(z) and that P} (2)Y;(z) = P} (z), we have for j > k > J

Y;(2)
=(T'(2)Y (2));
:MJF(Z)ijP‘F +§M+ Jj—1— lP+( )S""( )Yl J§M+ Jj—1-— lP+( )5—0-( )Yl( )
I=J l=j

=M*(2)77F P} (2) <M+( V=Y (2) +ZM+ )= 1—lsl+(z)n(z))

j—1 +oo
+Y MY PR (R)E N (Yi(z) = DM (YT P ()€ (2)Yil2)
I=k I=j
=M (2))""Pf (2)Yy, +§:M* TP ()€ ()Yl §M+ TP ()6 (2)Yi(2)
1=k l=j

which corresponds to the statement of Lemma 4.3.5.
— We now turn to the equation of Z;(z). Since we have that

using the Duhamel formula, we find that for k > j > J

Zij(z) = MY (2)777 Z;(2) + z_:M+(z)j_1_l8l"’(z)Zl(z) (4.3.20)
=J
Z1(2) = M (2)F9 Z;( +ZM+ Ve (2) Zu(2). (4.3.21)

Using (4.3.20) and knowing that P;F(2)Z;(z) = P (2)(Id — Y;(z)) = 0, we have that

S

Jj—1

PH(2)Zi(z) =Y _ M () ' PHR)E () Zi(=).
I=J
Furthermore, (4.3.21) implies that
k—1
PH(2)Zj(z) = MT (2§ " PH(=)Zu(z) = Y MT(z) P () (2) Zu(2).
=y

We end the proof of Lemma 4.3.5 by observing that Z;(z) = P} (2)Z;(z) + Pf(2)Z;(z).

S

We introduce the constant
—en

gl —aJ
6 =07 = CnCee™’ >0 (4.3.22)

CH

where the constant 6 is defined by (4.3.14). Using Lemma 4.3.5 and (4.3.11), we obtain that for any vector
¢ € Clrtad,

+oo
Vi>k>J, |Yi(2)E] <Cae™ UM |V (2)¢| + ) CuCee ey (2)¢|
=k

+oo
<Cue= UM Vi (2)[ + 0 e enli= =y (2)¢]
=k
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and similarly:

k—1
Vk>j >0, |Zi(2)€] < Cren 5|2 (2)g) + 0 e i1 Z)(2)g|.
=J

The following lemma corresponding to [Laf0l, Lemma 1.5.1, Section II1.1.5] will allow us to obtain clearer
bounds on |Y;(2)¢| and |Z;(2)£].

Lemma 4.3.6. Let us consider positive constants Cg, cg and © such that

—c h (&1
_plfe ™ g () €0, 1[. (4.3.23)
1—ecH sinh (CTH)

0 :

For any real valued sequence y € £>°(N) with non negative coefficients that satisfies :

+oo
VieN, y; <Cpe I +0) e orlim1=Hy,, (4.3.24)
k=0

we have that: ,
v] € N7 Y < PTJ,

where

- 9 CH 2 (CHY _ —CH L ZH. L —cH
r = cosh(cy) 2smh( 2) cosh (2) O€le ™, 1[ and p: 5 (r—e ") >0. (4.3.25)

The proof can be found in the Appendix (Section 4.A). We will now use Lemma 4.3.6 to prove that
Vi k> [Yi(2)€] < pr! THYi(2)], (4.3.26a)

V> >, |Zi(2)8] < prt T Zi(2)E], (4.3.26D)
where r and p are defined by (4.3.25).
We consider & > J. If Yi(2)¢ # 0, then by applying Lemma 4.3.6 to the bounded sequence y :=
(%)JEN, we obtain (4.3.26a) with r and p defined by (4.3.25). Else, if Yi(2)¢ = 0, then for j > k,
we have:

Yj(2)€ = X;(2) Xk (2) " Vi(2)€ = 0.

Thus, (4.3.26a) is also verified in this case.
The proof of (4.3.26b) is similar. If Z;(2)¢ # 0, then we apply Lemma 4.3.6 to the sequence y defined by

[Zk—j (2)E] i -
VjEN, g = Zia 7 €{0,... Kk},
’ / 0 else.

This proves (4.3.26b) in this case. If Zj(2)§ = 0, then since
Vie{d,....k}, Zj(2)§ = X;(2)Xi(2) ' Zi(2)6 = 0,

(4.3.26Db) is also trivially verified in this case.
Using (4.3.19), (4.3.26a) and (4.3.26b), we proved that:
Vi>k>J, | X;(2)QF(2) Xk (2) 7t < priTF Xi(2)QF (2) Xk (2) 7, (4.3.27a)
Yk > > J, |X;(2)(Id = QF(2)Xk(2) 7! < pr*T|Xp(2)(Id — Qi (2)) X (2) 1. (4.3.27D)
If we prove that the families (Xj(2)Qp (2)Xk(2) ™ e>s and (X (2)(Id — Qf(2))Xk(2)™1)k>, are uniformly

bounded for z € U, we will have proved (4.3.10a) and (4.3.10b) respectively for j > k> J and k > j > J.
Using Lemma 4.3.5, we prove that for j > J:

+oo
PIE(Y(2); ==Y M (P 2)E ()Y (),

l=j
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j—1
PI(2)(Z(2)); = Y M ()7 PF ()& (2)(Z(2)-
1=J
Thus, we have using (4.3.19) that:
+oo
PH)X;(2)QH ()X (2) ! = — ZM+(z)j_l_le(z)Sl+(z)Xl(Z)Q;}(Z)Xj(z)_l,
1=
PH(2)X;(2)(Id = QF(2))X;(2) 7 =Y MT(2) P ()& (2) Xau(2)(Id — Q5 (2)) X;(2) "
1=J

Using (4.3.11), the definitions (4.3.14), (4.3.22) and (4.3.25) of the constants 6, © and p, as well as (4.3.27a),
we have

+o0o
P ()X (2)Q5 () X;(2) 1 < 0 e DX (2)Qf (2) X(2) 7|
I=j

+oo
<O p 3 (re o)X () Q7 ()X, (2) !
1=j

—cCcH

= 07— X ()Q ()X ()7

= Cu' X (IQE (X ().

Similarly, using (4.3.27b), we have
j—1

|[PF(2)X5(2)(Id = QF: () X;(2) T < @) e #1010 (2) (I1d — Q5 (2)) X ()]
=J

< Oy (re” MY X (=) (1d — Q5 (2)X;(2) |
I=J

1 _
< G)Prm\xj(z)(fd — QF(2))X;(2) 7]
ey —€ i 1
= COpre ——1X;(2)(Id — Q75 (2) X;(2) .
Therefore, if we define 7 := C’H%(r — e~ %), we have for all j > J

[P (2)X;(2)QF(2) X, (2) 7 < nl X5 (2) Q5 (2) X5 (=) 7,
[P (2)X;(2)(Id — Qp(2)) X;(2) 7| < n|X;(2)(Td — Q5 (2))X;(2) 7.

Using the definition (4.3.25) of r, we observe that

n=Cqg ecici 1QSinh (C?H) (COSh (%) — 4/ cosh (C?H)2 - 9) . (4.3.29)

We already supposed that J was taken large enough so that the number 6 in (4.3.14) satisfies § < 1. We will
now also suppose that we took J large enough so that 6 is close enough to 0 so that the above number 7 in
(4.3.29) satisfies n < % To conclude this step of the proof, we observe that

(4.3.28)

X;j(2)Q(2)X;(2) 7! = P (2) = PL(2)X;(2)Q () X;(2) ™ = P (2)X;(2)(Id — Qi (2)) X(2)
and

Xj(2)Id = QF(2)X;(2) ™! = Pf(2) = P (2)X;(2)(1d — Q5 (2)) X;(2) ™" = P (2) X;(2) Q5 (2) X; (=) 7
Thus, using (4.3.11) to bound P} and P and (4.3.28), we have

X5 (2)Q(2)X;(2) 71 < C + 0 (1X5(2)Q5(2) X, (2) M + 1X;(2) (Td — Q5 () X;(2) 1)
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and
1X;(2)(Id = Qi(2))X(2) 7! < Cu 4+ (1X;(2)Q5 (2) X (2) 7! + | X;(2)(Id = Q5 (2) Xj(2) 1) -

This implies that :

_ 2CH
X (R (X)) < T
. 1-2n
v] Z ‘]7 i 1 2C’H
X ()0 = Q)X () < i
1-2n
Therefore, we have proved that for all z € U, we have:
2C -
Vi k2 | X(2)Q0 () Xk(2) T < py 7;7741—& (4.3.30a)
2C -
k220, 1X(2)Id - Q=) Xk(2) 7| < py _;fnrkﬂ. (4.3.30D)

Step 4: Q$ satisfies the inequalities (4.3.10a) and (4.3.10b) respectively for all j > k> 0and k> j >0
We will only finish the proof of (4.3.10a) since the proof for (4.3.10b) is similar. We have proved (4.3.10a)
for j > k > J. We consider a constant C' > 0 such that

VzelU C>r’ max;e{o,...,J—1} |Xj(Z)QJ&(Z)XJ(Z)71|
© C>r Y maxjeqo,., -1y X0 (2)QF (2) X;(2) 7.
This can be done since the projector Q$ defined by (4.3.16) is bounded on U.

— Ifj>J >k >0, we have

|X5(2)Q0 (2) X (2) 7] < |1X;(2)Q0 (2) X (2) HIX (2)QP (2) Xk (2) |

2Cg
< ijC J
SPT o, 2771" T

2Cy

i—k
1—-2n '

rJ

<Cp
— If J>j >k >0, we have

|X5(2)Q0 (2) Xk (2) 7| < 1X5(2)Q0 (2) X (2) M1 X (2)Q0 () Xu(2) 7|
< 027"2']
< Ok,

Therefore, there exist two constants C, ¢ > 0 such that for all z € U, (4.3.10a) is verified. O

4.3.4 Spectrum of .¥ and extended geometric dichotomy

Now that we have proved the geometric dichotomy, Lemma 4.3.4 let us go back on studying the vector
spaces Egc (z) which characterize the solutions of the dynamical system (4.3.3) converging towards 0 as j tends
towards £o0o. The previous section about the geometric dichotomy allows us to prove the following lemma.

Lemma 4.3.7. For any open bounded set U such that U C O, we have
V:eU, Ef(z)=Im(Qf(=) and By (2) = Im(Qp(2).
Therefore, for all z € O, dim Ef () = dp and dim Ej (z) = dq. Also, for Wy € CP+9  we have that
Wo € Ef (2) N Ey (2) & (X;(2)Wo)jez € £2(Z,CPTD)

where X;(z) is defined by (4.3.4).

Proof We prove the first set equality on Ef (z). The second one on E; (z) would be proved similarly.
— For Wy € Im (Q{;(2)), we have for j € N using (4.3.10a)

X;(2)Wo = X;(2)Qf(2) Xo(2) "Wy — 0.

j—+oo
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Thus, we have that Wy € Ef (2).
— For Wy € Ef (2), we have for j € N using (4.3.10b)

(Id — Qf(2))Wo = Xo(2)(Id — Qi (2)X;(2) ' X;(2)Wo = 0.

Jj—+o0

Thus, Wy belongs to the kernel of Id — Q{;(2), i.e. Wy € Im (QF;(2)).
Therefore, we have proved that

EE(2) = Tm (QE(2)).

For W, € C4P+9) we immediately have that if the family (X;(z)Wj);jez belongs to £2(Z, CXP+D)) then W,
belongs to Ej (2) N Ey (). We now consider Wy € Ejf (2) N Ey (2) = Im (Q(2)) N Im (Q;(2)). Since we have
Vji€Z, Xj(2)Wo=X;(2)Qf()Xo(2) " Wo = X;(2)Qp (2)Xo(2) ™' W,
the inequalities (4.3.10a) and (4.3.10c) imply that (X;(2)Wp)jez € £2(Z,CHP+D), O

Let us now come back to the heart of the matter: the study of the spectrum of the operator .. We
introduced the dynamical system (4.3.3) to study the solutions of the eigenvalue problem

(zldp2r — L)u = 0.

The following lemma, for which the main part is proved in [Ser07, Theorem 4.1], is deduced by using the
geometric dichotomy.

Lemma 4.3.8. For z € O, we have that
dimker(2Idp: — £) = dim EJ (2) N E, (2). (4.3.31)
Furthermore, zIdp: — £ is a Fredholm operator of index 0, i.e.
Oess(L)NO = 1.

Before proving Lemma 4.3.8, let us thus introduce the linear map which extracts the center values of a vector
of size d(p + q)
I Cdtv+a) R cd
(@)jett, dwray = (¥))jetda-1)+1,...da}
We now give the proof of Lemma 4.3.8. Let us point out that the proof of the fact that the essential spectrum
of £ does not intersect O is exactly the same proof as in [Ser07, Theorem 4.1].

(4.3.32)

Proof of Lemma 4.3.8
We consider z € O and start by proving the relation (4.3.31).
o For w € ker(zldp — &), if we introduce

Wg—1
Wy := : e Ccdlrta)
W—p
then we have that
Wj+q-1
VjeZ, X]‘(Z)Wo = .
Wj—p
Since w belongs to ¢2(Z,C%), we have that Wy € Ef (2) N E; (2). This implies that the linear map:
o: ker(zldpe — %) — Ef(2)NE;(2)
Wg—1
w —
W—p

is well-defined.
e We consider Wy € Ef (2) N E; (z) and define for j € Z

w; = TI(X;(z)Wp) € C?
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where the operator II is defined by (4.3.32). Lemma 4.3.7 implies that the sequence w := (w;);ecz belongs to
(%(Z,C%). Furthermore, since (X;(2)Wj); ez is a solution of (4.3.3), we have that

(Zfdgz — Z)w =0.
Therefore, the linear map:
Vi Ef(2)NEy(z) — ker(zldp — %)
Wo = (I(X;(2)W0))jez
is also well-defined and we can easily verify the solutions:

povy=ldps gy and  Yo¢=ldierd,ze-2)-

This concludes the proof of (4.3.31).

We now focus on the second part of Lemma 4.3.8 which consists in proving that for any z € O we have that
zIdp2 — £ is a Fredholm operator of index 0. This part of the proof is the same as [Ser07, Theorem 4.1]. Our
first goal is to prove that zId, — % is a Fredholm operator. We have already that

dimker(zIdp: — %) = dim Eff (2) N Ej (2) < +0o0.
There remains to prove that Im (z1dp2 — %) is closed and that
codim Im (zIdp — Z) < +o0.

We now fix a bounded open neighborhood U of z € O such that U C O. We consider h € (%(Z,C%). The
sequence h belongs to the range of zIdy; — & if and only if there exists v € ¢£2(Z,C?) such that, if we define
the vectors:

A ()" h;
Vjrgo1 j.a( 0) J
Vjez, W;= : cCirta g, = , € Clrta)
Vj—p 0
then there holds the recurrence relations
Vj € Z, Wj+1 = M](Z)Wj + Hj. (4333)
For 57 > 0, we define
J 400
7= X (2)QF(2)Xk(2) "Hir — Y Xj(2)(Id — Qf(2)) Xk (2) " Hy1,
k=0 k=j+1

where the matrix Q;;(z) is defined in Lemma 4.3.4. Those vectors Zf are well-defined and verify that
Vji>0, Zj,=M;(2)Z] +Hj.
Furthermore, using inequalities (4.3.10a) and (4.3.10b), there exist two positive constants C, ¢ such that
+oo
VieN, |Zf|<C> e VHIH, .
k=0
Using Young’s convolution inequality, the sequence (Zj) jen belongs to £2(N) and satisfies the estimates

2 2

DIz <c | Yo

§>0 JEL

where the positive C' is independent of h. At this stage, we have found a particular solution of (4.3.33) on N

and any sequence (Z;);>o solution of (4.3.33) on N can be written as:
Vi>0, Zj=2Z +X;z)V"

where V't € Ef (z). We prove in a similar way that the sequences (Z;);<o € ¢?(—N) solution of (4.3.33) on —N
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are the sequences defined by y
Vi <0, Zj=2; + X,(z)V™

where V'~ is a vector in the finite dimension space Ej (z) and the vectors Z; are defined by:

Vi<0, Zyi= Y X;(z)Id-Qp(2))Xi(z) " He1 — > X;(2)Qp(2)Xk(2) " Hy—y.
k=—oc0 k=j+1

We also have that

2

Y1z <c| Y IHP

1<0 JEZ

where the positive constant C' is independent from h. Using all those information, we conclude that a sequence
h belongs to the range of zIdy — . if and only if there exists a couple of vectors (V*, V™) € Ef (2) x Ej (2)
such that

75 -2y =V -Vt

If we now define the bounded operator
v:he (2,0 — 7§ — Z; e Cclrta) (4.3.34)

and
©: (VY V) e Ef(2) x By (2) —» V™ =Vt e it (4.3.35)

which is an operator from a finite dimension vector space to another finite dimension vector space, then we have
proved that
Im (21dp> — L) = v (Im ).

Therefore, the range Im (z1dyp2 — &) is closed.
We now want to prove that codimIm (z/dp2 — &) < +o00. We consider N > 1 such that there exists
(hi,...,hy) a linearly independent family of ¢2(Z, C?) such that

Im (21dp2 — £) N Span(hy, ..., hy) = {0}.

We are going to prove that the family (v(hy),...,v(hy)) is linearly independent in C*P+9) and therefore that
N < d(p+q). Here and below, the operator v is the one defined in (4.3.34). We consider scalars A1,..., Ay € C

such that
N N
i=1 i=1
We therefore have that v
v (Z )\ihi> celme
i=1

with ¢ defined in (4.3.35) and thus

N
> Aihi € Im (21dp — £) N Span(ha, ..., hy).
i=1

This implies that

N
> Xihi =0
i=1
and the linear independency of (hq, ..., hy) allows us to conclude that A; = ... = Ay = 0. We have thus proved

that zIdy> — % is a Fredholm operator for all z € O. We also know that, since O is unbounded, there exists
z € O such that zIdy2 — .2 is an isomorphism. The set O being connected and by continuity of the Fredholm
index, the statement of the lemma is true. |

We now introduce the sets

0, =0Np(Z) and O,:=0nc(Z).
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Lemma 4.3.8 implies that the set O, only contains eigenvalues of .Z. Then, because of Hypothesis 4.6, we have
that B
U\ {1} Cc O,.

We also observe that Lemma 4.3.7 gives us the dimension of the subspaces EF (z). Then (4.3.31) implies that
Vz€ 0, FEf(z)®Ey(z)=Crtod (4.3.36)
Thus, for z € O,, we can define the unique projector Q(z) from C4P+%) to Ef () such that
ImQ(z) = Ef () and kerQ(z) = E; (2).

The function z € O, — Q(z) is holomorphic (see [Kat95]). We will now prove that the function @) is fundamental
to the study of (4.3.3) by extending the geometric dichotomy. The following lemma is once again very much
inspired by [Laf01, Section I11.1.5] and [Cop78].

Lemma 4.3.9 (Extended geometric dichotomy). For any bounded open set U such that U C O, there exist
two positive constants C,c > 0 such that for all z € U, the projector Q(z) associated with the decomposition
(4.3.36) satisfies:

Vi>k, | X;(2)Q(2)Xk(z)7| < Cecli=Fl (4.3.37a)
Yk >j, | Xj(2)(Id — Q(2))Xp(2) ] < Cem U H. (4.3.37h)

Proof We begin by assuming that we proved the existence of two constants C, ¢ > 0 such that for all z € U

Vi>k>0, |X;j(2)Q(2)Xk(2)7| < Cemlimkl (4.3.38)
V> >0, |X;(2)(Id—Q(2)Xk(z)"t] < CeVH, (4.3.38b)
VE<j<0, |X;j(2)Q(2)Xk(2)7| < Cemlimkl (4.3.38¢)
Vi<k<0, |X;(z)(Id—Q(2)Xp(z)" "] < CecliH, (4.3.38d)

Then, we observe that to prove the assertion (4.3.37a), there would only remain to prove (4.3.37a) in the case
where j > 0 > k. Using (4.3.38a) and (4.3.38¢), we have

X5 (2)Q(2) Xk (2) 7| < |X;(2)Q(2) Xo(2) ! [ Xo(2)Q(2) X (2) ] < CPe U™,
Hence, the assertion (4.3.37a) follows from (4.3.38a) and (4.3.38c). Similarly, (4.3.37b) follows from (4.3.38Db)
and (4.3.38d).
Therefore, there only remains to prove the existence of C, ¢ > 0 such that (4.3.38a)-(4.3.38d) are true for all
z € U. We will prove (4.3.38a) and (4.3.38c). The proof for (4.3.38b) and (4.3.38d) can be dealt with similarly.
First, we need to consider a bounded open set V' such that V C O, and U C V and the projector QT, provided

by Lemma 4.3.4. This will be useful later on to bound the difference Q$ — Q. For z € U, Lemma 4.3.7 implies
that Ef (2) = Im Q7 (2) = Im Q(z), i.e.

Qr=)Q(E) = Q) and  QEIQH(E) = @ (2).
This allows us to prove that
Qi (2) — Q2) = QH()(QH(2) — Q)T — QF(2)).
Therefore, for j, k € N, we have
X,(2)(@QF(2) — Q) Xr(2) ™ = X;(2)QF(2)Xo(2) Qi (2) — Q(2)Xo(2)(Id — QF(2)) Xi(2) .
Thus, because of the inequalities (4.3.10a) and (4.3.10b), we have the estimate
X,(2)(@QF(2) — Q) Xi(2) 7| < C2e UM |QE(2) - Q). (4.3.30)

Using the inequalities (4.3.10a), (4.3.10b) and (4.3.39), we can thus prove that

Vi>k>0, |X;(2)Q(2)Xk(2)7! < Ce UM 1 C2e=cUtR|QF(2) — Q(2))
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and
Vk>j§>0, |X;(z)(Id—Q(2)Xk(2) 1| < Ce**9) 4 G2 UtM|QF (2) — Q(2)].

) -
Since z € V — |Q},(2) — Q(2)] is continuous and U C V, we can uniformly bound |Qi(z) — Q(z)| for z € U. We
can then deduce the existence of two positive constants C, ¢ to verify the inequalities (4.3.38a) and (4.3.38¢). O

4.3.5 Bounds on the spatial Green’s function far from 1

For z € O, and jy € Z, since z is in the resolvent set of .Z, the spatial Green’s function G(z, jo,-) defined
by (4.1.26) is well-defined. We observe that the function z € O, — G(z, jo, -) is holomorphic.
We consider e € C?. We then observe that the vector valued sequence G(z, jo, -)e belongs to £2(Z,C¢) and

satisfies:
2G(z, jo,)e — LG (z, jo,-)e = dj,€,

ie.

q
Vi€Z, Y Ajr(2)G(z 00, + ke =, e.

k=—p
Thus, we have that
A 15]0Je
. . . O
Vj GZv W(Z,jo,j+1,e) :Mj(z)W(zvj()a.jae)* . (4340)
0
G(Z7j0aj + q— 1)8
where W (z, jo, j,€) := . We will now prove the following proposition using the extended

G(z,jo,j — ple
geometric dichotomy (Lemma 4.3.9).

Proposition 4.2 (Bounds far from 1). For U a bounded open set such that U C O,, there exist two constants
C,c > 0 such that o
Vz e UVee C4 V), jo €Z, |W(z jo,j,e)| < C|elecli=dol,

In particular, the result of Proposition 4.2 holds true in a neighborhood of any point z € U\ {1}. A direct
consequence of Proposition 4.2 on the spatial Green’s function (4.1.26) is that for any U a bounded open set
such that U C O,, there exist two constants C,c > 0 such that

Vz €U,Yj, jo €Z, |G(2, 7o, )| < Ce oL,

Proof of Proposition 4.2
We consider z € U, j,jo € Z and e € C? such that |e| < 1. The equality (4.3.40) implies the following
results:

— We have
vj ZJO+17 W(Zaj07j+17e) :Mj(Z)W(z7j07j7e)a
i.e.
vj Z jO + 1) W(Z,j07j, e) = Xj(Z)on+l(Z)_1W(Zaj07j0 + 1,6). (4341)
Also, since G(z, jo, e € (2(Z,C%), we have that X;,11(2) "W (z, jo,jo + 1,€) € Ef (2).
— We have
v] Sjof]-a W(Zvj07j+17e) :Mj(z)W(z’jmj,e)v
i.e.
Vj S jOa W(Z j07j7 e) = Xj(Z)XjO(Z)_1W(Z,j07j0, e)' (4342)
Also, since G(z, jo, -)e € £2(Z,C?), we have that X, (2) "W (2, jo, jo,e) € Ey (2).
— We have )
AJo,q
0

W(zajOajO + 176) = Mjo (Z)W(Zvj(ijan) -



4.4. Extension of the spatial Green’s function near 1 151

ie. S
jo.q
Xjo41(2) W (2, Jo, Jo + 1,€) = Xy (2) 7' W (2, Jo, Jo, @) = —Xjpq1(2) ! O
0
Since Q(2) is the projection on Ej (2) with respect to F, (z), we have that
ind®
Xjo+1(2) Wz, jo, jo + 1, €) = —Q(2) Xjp41(2) ! O ) :
0
A;(();qe
Xjo(2) W (2, Jo, Jo, ) = (Id — Q(2)) Xjp4r(2) 71 [ . ) :
0
Using (4.3.41) and (4.3.42), we thus have the formulas:
o
Vi>jo+1, Wz jo.je) = —X;(2)Q(2) Xjor1(2) ! 0 ; (4.3.43a)
0
g
Vi <jo, Wiz, jo,j.e) = X;(z)Id — Q(2))Xjo41(2)~" ? : (4.3.43Db)
0
We now apply the inequalities (4.3.37a) and (4.3.37b) and obtain:
e
Vz e UVj, jo €Z, |W(z,jo,j,e)| < Ce—cli—Go+1)] :
0
The result of Proposition 4.2 follows. O

4.4 Extension of the spatial Green’s function near 1

The analysis of the spatial Green’s function done in the previous section does not hold near 1. The first
reason is that we can prove that 1 is an eigenvalue of .Z and the curves describing the spectrum of the limit
operators .Z* in (4.1.16) should belong to the essential spectrum of the operator .#. Thus, the definition of
the spatial Green’s function breaks down near 1. The second reason is that the matrices M*(1) have central
eigenvalues equal to 1 as explained in Lemma 4.3.3, thus the geometric dichotomy will not work near 1. To
circumvent these issues, the strategy will be to refine the analysis of (4.3.3) near 1 by finding a particular basis
of Eoi(z) and using this basis to express the spatial Green’s function. In some sense, it amounts at using the
projections on a basis of solutions of (4.3.3) rather than the projection associated with the geometric dichotomy.
This amounts to adapt in a fully discrete setting the same strategy as in [ZH98; MZ02; BHRO03; Bec+10] which
tackle continuous or semi-discrete problems.

4.4.1 Right and left eigenvectors of M*(z) for z near 1

To study the spatial Green’s function for z near 1, we will need to study the solutions of the dynamical
system (4.3.3) with more accuracy. The first step is to have a better understanding of the eigenvalues and
eigenvectors of M*(z) when z is close to 1.
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First, let us make some observations on the eigenvalues of Mi( ) defined by (4.3.8) for I € {1,...,d}. Using
Lemma 4.3.3, we know that the eigenvalues x € C\ {0} of M;*(1) are the solutions of

Fif(k) = 1.

Hypothesis 4.9 allows us to conclude that the matrlx M j[( ) only has simple eigenvalues. Furthermore, Lemma
4.3.3 implies that 1 is a simple eigenvalue of M;=(1) and that the rest of the elgenvalues are in D\ {0} or U
and we know the number of eigenvalues in each set depending on the sign of al Thus, we can define a family
(gi)m€{17-~»,d(p+q peC d(r+49) guch that

Vie{l,....d}, oMQ1))= {g,id,._.,gi(wfl)d}.

Furthermore, using Hypothesis 4.1 to determine the sign of ali defined by (4.1.17) and Lemma 4.3.3, we can
index them in order to have the following fact.

— For alll € {1,..., I}, since a;r < 0, we choose
+ +
""’<l+d(p 1) €D, 2l4dp L 2+d(p+1)’ """ Cl+d<p+q 1) €U
— Forallle {I+1,...,d}, since a?‘ > 0, we choose
+ _ +
’ Tt Cl+d (p—2) €D, 2+d(p—1) L 2]4dp’ " Cl+d(p+q 1) el.
— Foralll e {1,...,I -1}, since o < 0, we choose
S Srap- €D Snap =L Sipaeny e Sragae-n S U
— Foralll € {I,...,d}, since a; > 0, we choose
S Siap-2) € Shap-n = Shay o Sivdre-n € U

We indexed the eigenvalues to separate the stable, central and unstable eigenvalues of the matrices M, li(l).
More precisely, we observe that if we introduce the sets

I ={1....dlp-1)+1}, IZ:={1,...,dlp—1)+1—-1},
It = {d(p —1 +I+1 ,dp}, I ={dp-1)+1,...,dp},
Iur—{dp+1...,dp+l}, I ={dp+1,....dp+1—1},
Lo={dp+I+1,..dp+q}, I ={dp+1,....dp+q)},

then we have that

Vmels, (& eD,
vmelItuIE, =1,

™m

vmelf, (" el.

Since those are simple eigenvalues of M, li(l), we are able to extend them holomorphically in a neighborhood
of 1. We consider §p > 0 a radius such that for each m =i+ (k—1)d € {1,...,d(p+ q)} w1th ke gtl .,p+q}
and | € {1,...,d}, there exists a holomorphic function (£ : B(1,8) — (C such that ¢E( and for all
z € B(1,6o), Cﬁl( ) is a simple eigenvalue of Mli( ). We will also separate the different types of elgenvalues by
assuming that we chose §p small enough so that there exists a constant ¢, > 0 such that for all z € B(1,dg)

vm e IE, |¢E(2)] < exp(—2¢.), (4.4.1a)
Vm e IZUIE, exp(—c.) < |CE(2)] < exp(e) (4.4.1b)
vmeIE, exp(2e.) < |CE(2)]. (4.4.1¢)

When we will study the temporal Green’s function ¢(n, jo,j) later on in Section 4.5, we will have to bound

terms of the form _ _
¢ ()P |G (2) 770

The inequalities (4.4.1a)-(4.4.1c) will allow us in a lot of cases to obtain exponential bounds for some of those
terms.
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Using Lemma 4.3.2, we thus have a complete description of the eigenvalues of M * () for z in a neighborhood
of 1. The following lemma also allows us to introduce a basis of eigenvectors for the matrices M*(z).

Lemma 4.4.1. Form=1+(k—1)de {1,...,dp+q)} withk € {1,...,p+q} andl € {1,...,d}, the vector
GO

RE(2):= € cdlrta) (4.4.2)
Gnl2)Pmyf

is an eigenvector of M*(z) associated with the eigenvalue (i (z). Furthermore, for all z € B(1,4y), the family
(Ri(z))meu,...,d(wq)} is a basis of CHPta),

Proof Let us start by proving that the vector R (2) defined by (4.4.2) is an eigenvector of M (2) associated
with the eigenvalue (5 (2). We have that (5 () is an eigenvalue of M;=(2) so Lemma 4.3.3 implies that

Fir(Gn(2)) =

We use the definition (4.3.7) of the functions Afk and the definition (4.1.15) of the function F;" to prove that

=S A OIG R E =— S AR ARG
k=—p k——p
- (ciw +AF ()7 (2 = FEGEED) ) i
= C’m( )qu .

This allows us to conclude that the vector R (z) is an eigenvector of M¥(z) associated with the eigenvalue

G (2)-

We now consider z € B(1,dp) and a family of complex numbers (Ap)me(1,....d(p+q)} Such that:

d(p+q)

Z )\mR’rj;L(Z)

m=1

Separating the blocks of coefficients of size d in the previous equality and observing that the family (rli) le{1,....d}
is linearly independent, we have for all [ € {1,...,d}:

p+q

Vie{-p,...,q—1}, 0= Z)\l+(k—1)d4ﬁ(k,1)d(z)j~
k=1

We have that, for each integer k € {1,...,p+ ¢}, Clﬁ(k_l)d(z) is a simple eigenvalue of Mli(z) forall z € B(1, o).

.....

Vk € {]-77p+q}7 >‘l+d(k—1) = 0.

Since this is true for all I € {1,...,d}, we proved that the family (RZ (2 2))me{1,....d(p+q)} is linearly independent
and is thus a basis of C#P+4), O

Thus, we have a characterization of the eigenvalues and eigenvectors of M*(z) for z € B(1,8,). Lemma
4.3.3 implies that, for all z € O N B(1,6), we have that |¢E(2)| < 1 for m € {1,...,dp} and |¢E(2)| > 1 for
me{dp+1,...,d(p+q)}. Thus, for z € O N B(1,d)

E*(M*(z)) = Span {an(z), me{l,... 7dp}}
and
E“(M%*(z)) = Span {Ri(z), me{dp+1,...,dlp+q)}}.

This equality implies that we can extend holomorphically the definitions of E*(M*(z)) and E*(M*(z)) for
S B(]., (5(]).
We now conclude this section by studying the dual basis associated with the basis (RE (2))mef1,... d(p+q)}-
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We introduce the invertible matrix

Vz € B(1,8,), N*¥(z):= (Rf(z) . Rjt(m)(z)) € Magpiq)(C) (4.4.3)
and the vectors L (z),.. ., Lff(pﬂ) (z) € CUPF9) defined by
+ + r +,00(,)—1
vze B(Ldy), (LiG) || Ly (®) = NE<() (4.4.4)
We observe that
Vz € B(1,8),Ym,m € {1,...,d(p+q)}, Lﬁ(z)TRng(z) =0 ~ (4.4.5)
and
vz € B(Ld) Ym e {L,....d(p+q)}, ME()TLE() = CE()LE(2). (1.4.6)

We will now prove the following lemma which gives a more precise description of the vectors L (z) of the
dual basis.

Lemma 4.4.2. We consider m =1+ (k—1)d € {1,...,dlp+q)} withk € {1,...,p+q} and | € {1,...,d}.

For all z € C, there exist coefficients i (2),. .. ,ac;tJrq(z) € C such that
+
2y (2)§
Li(2):= : : (4.4.7)
z;zt+q(z)lli
Furthermore, we have
+ L dG
Vz € B(1,60), z7(2)= l’qﬁ(z) (4.4.8)
where )\fq is defined by (4.1.14).
In the proof of Lemma 4.4.2, we also find the expressions of the coefficients 23 (2), .. ., x;tJrq(z) but, contrarily

to 21 (2), they will not be used later on in the chapter.
Proof The proof of Lemma 4.4.2 uses calculations similar to those done at the end of [Coe22, Lemma 2.4].
We consider z € B(1,8y). We begin by introducing the vectors 7 (z),..., a:ziq(z) € C? defined by

23 (2)

_ = LE(2).

m;>IE+q (2)
We consider [ € {1,...,d}\ {l}. Using the definition (4.4.2) and the linear independence of the vectors RE (z),
we have that

y17"~lj5
Span{Rl%r(;Ud(z)’ EE{l,.,.,p—Fq}} = v YL Uprg €C
+
Yp+qT
Using (4.4.5), we can then prove that:
p+q
YY1, .. Yptq € C, Zyjm;t(z)Tr;E =0

j=1

and thus:

vie{l,....,p+q}, :cji(z)Tr% =0.

Since this is true for all [ € {1,...,d}\ {I}, we have that :z:;t(z) € Span I for all j € {1,...,p+q}.
Now that we know that we can express the vector L (2) as (4.4.7), let us prove (4.4.8). Using (4.1.14) and

the definitions (4.1.5) and (4.3.7) respectively of the vectors I; and of the functions Afk, we have looking at
the j-th block of size d of (4.4.6) that:

vie{l,...,p+q—1}, an;(z):cji(z) = zﬁl(z) — qu(z)flAli’q_j(z)xli(z),
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and:
Gr(2)q(2) = =AML, (2) A ()77 (2).

Thus, we have:

. + ALK £l +
\V/j € {17 e 7p+ Q}’ x] (Z) = - Z Ci(Z);_j_kJrl Al,q(z) Z7 (Z)
k=—p >

We now have an expression of each z; £(2) depending on zi(z). We also recall that

T
lli rlizl.

Using the expressions (4.4.2) and (4.4.7) respectively of the vectors R (z) and L (2) as well as (4.4.5), we have

+ +q q—J
1_Li TRi Iil‘ —j__ Iil g A:I: (Z)Ci(z)k—l A:i:( ) I:C:t( )
= = 1.k m lq 1
j=1k=-p

Using the definitions (4.3.7) and (4.1.15) of the functions Aljfk and Fi&, we have

=42 = Y (a=RAGGH )T | AL () e (2)

dfi
(

(q&( )1z - FECEE) + T >>) A (21w (2),

We observe that since ((2) is an eigenvalue Mli(z), Lemma 4.3.3 allows us to prove that

d dF;
FEGE) = wma L

L (Gu(2) =

Thus, since qu(z) = —)\fq, we have that

1= (ﬁ(z)xﬁ)lxm

and we deduce (4.4.8). O

4.4.2 Choice of a precise basis of £ (z) for » near 1

Now that we have a better understanding of the spectrum of M¥*(z), we are going to prove a lemma that
is quite similar to the geometric dichotomy. This lemma corresponds to [God03, Lemma 3.1], itself inspired by
[ZH98, Proposition 3.1].

Lemma 4.4.3. There exist a radius §1 €]0, o] and two constants C,c > 0 such that for allm € {1,...,d(p+ q)}

and z € B(1,81), there exists a sequence (V,;E(2,7))jez € Ce+0d” sych that :
— For all j € Z, the function V,;E(-, j) is holomorphic on B(1,41).
— The functions z € B(1,61) = (V5 (2,5))jen € £*(N,C¥P+D) and z € B(1,8;) — (V.7 (2,5))je-n €
€°°(—N,(Cd(p+q)) are holomorphic. Furthermore, up to considering a smaller radius d1, those functions
and their derivatives are bounded on B(1,41).
— For z € B(1,61), if we define Wt(z,7) := (E(2)V.E(2,5) for all j € Z, then WE(z,-) is a solution of
(4.3.3), i.e
Vi€ Z, Wilzj+1) = M;(z)W5(2,).
— We have )
WEN, |Vi(si)— Rh(:)| < Ceel,

R
VB vie N, Vi) - Ral)l < Ce bl
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The proof of this lemma is quite similar to the construction of Qﬁ(z) in Lemma 4.3.4 and is fairly based on
the proof of [ZH98, Proposition 3.1].

Proof We will focus on the construction of (V,!(z,j));ez for an integer m € {1,...,d(p+ ¢)}. Because of
(4.3.2), we have a constant C' > 0 such that

Vi € N,Vz € B(1,0d), |€J+(z)| < Ce ™,

We fix A := ¢ and define the sets

={ve{l,....dp+q}. IGOI<IGD)le 2},
={ve{l,...dp+a}, GO}

Because the functions (I depend holomorphicaly on z in B(1,dp), there exists §; €]0,dp[ such that

wely, |G <IGh(z)le?,

VREBLA) e IR @) > Gk (2)]eEA

(4.4.9)

We define for z € B(1,01)
E;(2) := Span (R} (2), vely),
E! (z) := Span (R} (2), veIY).
We have that
Crtad — g5 (2) @ EY (2).
We define P? (z) and P (z) the projectors defined by this decomposition of C?*+94, They depend holomorphi-
cally on z and commute with M (z). Because of (4.4.9), there exists a constant C' > 0 such that

|(Gh) M () Pa(2)

m

(Gh(=2) " M*(2)) ™ P(2)

‘ m

< C’exp (_%j) ’

Vz € B(1,61),Vj € N,
< Cexp (24j) .

(4.4.10)

We consider J € N and we will make a more precise choice later. For z € B(1, d1), we define the linear map
pz)eL(t>({jez,j=>J}, (C(p“‘q)d)) such that for Y € (>~ ({j € Z,j > J} ,(C(p+‘J)d) and j > J, we have:

j—1

(P()Y); = (Gh(x) "M (2)) T T P ()G () T E ()Y
= (4.4.11)
(G TIM () T T PERGH () T E ()Y
k=j
Using the inequalities (4.4.10), we have that:
i -1
> (GhE M @) T T PG T E (Y] S V] Y e FUT ek
k=J k=J
+o00
T SC
k=J
SVl em 30 Deme
and :
+oo
+ 1M+ Jj—1- k + let (Y| < IV —aj (2A—a) (k—3j)
Z\c () PRR)GHR) TE (Y] S IV @ Z (a13)

SIYlle™

We have thus proved that the linear map o(z) is well-defined and that there exists a constant C' > 0 independent
from J such that
Ve B(L,6),  [9()|pm) < Ce.
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We can then choose J large enough so that there exists a constant C' €]0, 1] such that
Vz € B(1,01), |le(2)ll gy <C < 1.

Furthermore, ¢ depends holomorphically on z. We can thus define for z € B(1,d1)

V(z) = (1d = o(2) 7 (RA(2)),.5, € € ({5 € 25 = T}, C#F)
which depends holomorphically on z. We have that:
Vz € B(1,01), V(z) = (B,(2)) 5, +e(x)V(2).

Thus, for z € B(1,4;) and j > J, we find that:

Vi1 (2) Z )M (2)) T P ()G (2) L E (2)Va(2)

- Z (Gh() T MT(2) " PR(2)Gh(2) T () Val2)

k=j+1

= Gh(2) T Mz ( Z T ()T B ()G (2) T E () Vi)

+oo
— N ()M () T T PA)GH ) T E () Va(z)

k=j+1
= Gh(x) 7MY (=) (REG) + (V) + (GhE) T MF(2) T Ghia) T (2)V;(2))
= CLETIMF V() + GhE) TE (V)
= G ()T M (2)V; ().
Thus, for j > J, we have '
Vi(2) = Gh(2) X (2) X (2) Vi (2).
We define for z € B(1,d1) and j € Z

Vi (2,0) = Gh(2) 7 X;(2) X 5 (2) 7'V (2)

and
Wi (2,4) = Gh(z) Vit (z,7).

The two first points of the statement of Lemma 4.4.3 are easily proved from the previous observations. There
remains to prove the inequalities in the third point of Lemma 4.4.3. For z € B(1,6;) and j > J, we have using
(4.4.11)-(4.4.13)

Vii(2,0) = Rh(2)| = (0(2)V(2));] S e 37 + e,

We recall that for z € O, N B(1,61), we have for m € {1,...,dp} that

Cm(2)] < 1.

Therefore, (W, (2,0))me(1,.. ap} is a family of elements of Ef (2) = ImQ(z) for 2 € O, N B(1,61). In the
same way, we prove that for all z € 0, N B(1,01), (W (2,0))mefdp+1,....dp+q)} 1S @ fannly of elements of
E; (z) = ker Q(z). We are going to prove the following lemma.

Lemma 4.4.4. For all z € B(1,01) and j € Z, (W, (2,7))mef1...ap+q)} @nd (W (2,5))me{t....dp+q)} e bases
of CHP+9) | The same is then also true for the families Vit (2,0))meqt...awra)y and (Vi (2,5))meft....dp+q)} -

Proof We will write the proof for the family of vectors (Wf(2,))mef1...d(p+q)}- We consider z € B(1,4;)
and j € Z such that the family of vectors (W,f(2,7))mef1,...d(p+q)} 18 not linearly independent. We can then



4.4. Extension of the spatial Green’s function near 1 158

introduce a family (¢ )me(1,....apq) € CHPFP\ {0} such that

d(p+q)
0= > emWi(24). (4.4.14)

m=1

Since the sequences (W} (z,7));jez are solutions of (4.3.3), (4.4.14) is verified for all j € Z. We define

Ly:={me{l,....dlp+q}, cm#0}#0,
R := max G (2)] >0,

I = argmax,, ¢, |65 (2)] # 0.

Using (4.4.14), we obtain

WH(z,j
0= Z Cmimjéj 7)

mel,
B G W,k (2,5) — Gh(2) R}, (2)
_%Lcm( { ) R;(mgncm & .

— Using Lemma 4.4.3, there exist two positive constants C, ¢ such that we have for m € I, and j € N

(s i) — ()Rt , + I ;
Wm (Z;J) Cm(z)]Rm(Z) g Ce—C] M g Ce_cj,
Ri R
Thus,
+ N () Rt
W0 - GLEVRAG)
R Jj—4o00
— For m € I,\Ig, we have _
M jR+(z) — 0
R AT jsdoo

Thus, we have that

3 em (%}gz))j Ri(z) = 0.

melr

Since Ir # 0, we fix mg € Ig. Because of Lemma 4.4.1, the projection of the previous expression on
Span(R}}, (z)) along Span(R}, (), m # mg) implies that

J
Cmo (CTTLO(Z)> — 0.

R Jj—+o0

But, mg belongs to Ig so [, ()| = R. This implies that ¢,,,, = 0. However, mg € Ig C I, S0 ¢, # 0. This is
a contradiction. 0

For z € O, N B(1,61), we recall that
dimEf (2) =dp and dim E; (z) = dg.

Thus, Lemma 4.4.4 implies that the family (W (2,0)),.c(1.apy (TesP- (Wi (2,0)) e taps1,... d(prq)y) 18 @ basis
of Ef (2) (resp. Ej (2)). We can then extend holomorphically the subspaces EJ (z) and E; (z) on the whole
ball B(1,4,) as

Vz € B(1,01), Ef(z):=Span (W,}(z,0)) and  Ej (z) := Span (W,,(z,0))

me{1,...,dp} me{dp+1,....d(p+q)} *
(4.4.15)
We will also define
Iss = I;'_S, [cs = I:',;,,
Iy =17, Ig, =1,
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4.4.3 Definition of the Evans function

In this section, we are going to define an Evans function and prove that 1 is a simple eigenvalue of the
operator . when it acts on ¢2(Z,C%).

An important part of the study of the spatial Green’s function far from 1 was dedicated to introduce the
projection @ of the geometric dichotomy. The main ingredient of the introduction of Q(z) has been to understand
when EJ (2) and Ej (z) are supplementary, as it allowed via Lemma 4.3.8 to conclude on which elements of
O where eigenvalues of the operator .2 and which elements of O are in the resolvent set of the operator .Z.
For z near 1, because of (4.4.15), studying whether the vector subspace E (z) and Ej () are supplementary

comes down to knowing when (Wfr(z,O), cl WCE;(Z, 0), Wd_pﬂ(z, 0),..., Wcl_(p+q)(z, 0)) is a basis of CHPta),

We define the Evans function as

Vz € B(1,d1), Ev(z):=det(W; (2,0),..., W(};(z, 0), W

et (220), WL (2,0)). (4.4.16)

The function Ev is holomorphic on B(1,4d1). Furthermore, for z € O N B(1,4d1), (4.3.31) and the set equality
(4.4.15) imply that the function Ev vanishes when z is an eigenvalue of the operator .£. Thus, Hypothesis 4.6
implies that the function Ev is not uniformly equal to 0. We will now prove the following lemma which links
the behavior at z = 1 of the Evans function Ev, the eigenspace associated with the eigenvalue 1 for the operator
% and the vector subspace

Span (W;g(l, 0),m € Iss) N Span (W;L(l, 0),m € Isu) :
Lemma 4.4.5. We have that Ev(1) =0, 1 is a simple eigenvalue of the operator £ and
dim Span (W,f(1,0),m € I;) N Span (W,,(1,0),m € I,) = 1. (4.4.17)

Furthermore, if we consider a vector Vo € Span (W,}(1,0),m € Is) N Span (W, (1,0),m € Is,) \ {0} then we
have that:
ker(Idye — ) = Span(II(X,;(2)W)) jez (4.4.18)

where the operator 11 defined by (4.3.32) is the linear map which extracts the center values of a vector of size
d(p+q)-

Proof The proof is separated in several steps.
e Step 1: We start by proving that

dim Span (W,f(1,0),m € I ;) N Span (W,,(1,0),m € I,) > 1.
We consider m € {1,...,d(p+q)}. For all j € Z, we define W ?(1,5),..., W% '(1,5) € C? such that
Wt (1)
Wi (L,4) = :
Wi " (1,5)
and we notate u;: (j) := W,%O(l,j). Since Wt satisfies

Vjiez, WZEQ,j+1)=M0OWEQ,j)),

we have . -
VjeZVke{-p,....q—2}, W', j+1)=w="1,5) (4.4.19)
and
qg—1
Vi€ Z, W (1, +1) = —A ()7 | DD AWE (15) | . (4.4.20)
k=—p

The equality (4.4.19) implies that

Vi€ ZVk € {—p,....q—1}, WE(1,5) = u(j + k).
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We then obtain using (4.4.20)

> Ajr(Dub(i+k) =0.

k=—p

Using the definition (4.1.21) of A, , we have that

q—1 qg—1
Vi€Z, > Biasum(+l+k)= > Bjui(j+k).
k=—p k=—p

Therefore, the sequence (Zz;l_p Bjput(j + k)) . is constant.
je
— Ifme I

X

since ¢ (1) = gi € D, Lemma 4.4.3 implies that
m

Therefore, u;t () tends to 0 as j tends to +oo.
— If m e I since ¢, (1) = ¢,, €U, Lemma 4.4.3 implies that

su?

j——o0
Therefore, u;t () tends to 0 as j tends to —oo.

Therefore, the two previous points and the fact that the sequence (ZZ;i » Bj,;.cufT (j+ k)) is constant imply

JEL
that for m € I5 U IZ

q—1
Vji€Z, Y Bjrui(j+k)=0.
k=-p

Therefore, using Hypothesis 4.8 to invert the matrix B; _,, we have:

ub(j+q—1)
Vi €Z, um(j—p)=D; :
ub(j—p+1)
where
e —1 —1
Dj = (—ijq Bj’qfl - — Bqu Bj’,p+1) S Md,d(p+q—1)((c)-

This implies that
vm e I uIE, Wi(l,o) € [ . VecHrtal)
58 su m DQV

and thus

_ v e
Span (W,f(1,0),m € I,;) U Span (W, (1,0),m € I,) C {<D0V> .V ecirta 1)} )

Also,

i 4 d(p+q—1) | _ _
dlm{(DoV)’ VeC =dlp+q-1),

and Hypothesis 4.1 implies that
#ISSUISU :d(p+q_1)+1

Therefore, since Lemma 4.4.4 implies that the families (W, (1,0))
independent, this allows us to conclude that

and (W, (1,0)) are both linearly

meElss mElsy

dim Span (W, (1,0),m € I,;) N Span (W,,(1,0),m € I,) > 1. (4.4.21)

e Step 2: Let us now prove (4.4.17). The inequality (4.4.21) allows us to conclude that Ev(1) = 0. We

recall that Hypothesis 4.7 implies that
OEv
—(1 0.
5, L7

Therefore, using (4.4.21) and the expression of the Evans function Ev, we easily deduce (4.4.17).
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e Step 3: We will now prove (4.4.18) and thus that 1 is a simple eigenvalue of .£. We consider a vector
Vo € Span (W, (1,0),m € Is)NSpan (W,,(1,0),m € Is,) \ {0}. We then obviously have that (I (X;(DV0)) ez
has exponential decay as j tends towards 4+oc and —oo and thus belongs to ¢?(Z,C?). Furthermore, since
(X;(1)Vo)jez is a solution of (4.3.3) for z = 1, we have that (II (X;(1)Vp)),c,, belongs to ker(Ide — £). Thus,

Span (IL(X;(1)V0)) ;5 C ker(Ide — 2).

We now consider w € ker (Idp2 — %) and define

We then have that

Wj+q—1

Vj € Z, Wj = XJ(1>W0 = :
Wj—p

If we introduce a family of complex scalars (c¢m)mef1,....d(p+q)} € C4»+4) guch that:

d(p+q)
Wo= Y enW;5(1,0), (4.4.22)

m=1
then, since W} are solutions of (4.3.3), we have that:

d(p+q)
Vi€Z, Wi= Y cnWi(17).

m=1

We will now use a strategy similar to the proof of Lemma 4.4.4 to prove that
Vme{l,...,dlp+q¢)}\ILss, ¢m=0. (4.4.23)
We introduce:

Ly:={me{l,....dlp+q}, cm#0}#0,
R:= mgXICJz(Z)I >0,
Ch(2) #0.

Let us assume that the assertion (4.4.23) is false. Then, I is not an empty set and the scalar R is larger or
equal to 1. We have that for all j € Z:

, +(:)\’ +(:)\7 (o i) — F () RY (2
%: > m (CmRE)) Ri()+ > cm (C’Té)) Ri()+ > cme( :9) ]g;"( VB ). (4.4.24)

melr mel,\Ir mel,

Ir := argmax

Since W; converges towards 0 as j tends towards +oo and R is larger or equal than 1, we have that:

W;

ey 00
RI j—4o00

Furthermore, using similar ideas as in the proof of Lemma 4.4.4, we have that:

Gh(2) — G (2)/ R (2)
Z m (R) Z m Ri jﬁ:}oo 0-

m,GIn\IR mel,

Thus, (4.4.24) implies that:

3 em (Cﬁz))j Ri(z) =+ 0.

melgr

Since Ig is not empty, projecting the equality above on Span(R}, (z)) along Span(R} (z),m # my) for some
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c 772”(2) ’ — 0
mo R j—+oco '

But, mg belongs to Ig so |C,ﬁ0 (z)| = R. This implies that ¢,,, = 0. However, mg € Ig C I, S0 ¢y # 0. This is
a contradiction which implies that (4.4.23) has to be verified. Then, using (4.4.22), we have that

mgo € Ir implies that

Wo € Span(W,F(1,0),m € I,).

Furthermore, using a similar proof with the family (W, (1,0))me(1,....d(p+q)}, We have that Wy belongs to
Span(W,}(1,0),m € I s) N Span(W,,(1,0),m € I ,) = SpanVy. Therefore, since for all j € Z we have w; =
II(W;) = II(X;(1)Wy), we conclude that the sequence w belongs to Span (I (X;(1)Vp)) 5. We can thus finally
verify (4.4.18). O

First, as a consequence of Lemma 4.4.5, since the Evans function Ev is holomorphic on B(1,4d;) and not
uniformly equal to 0, the equality Ev(1) = 0 implies that we can consider §; small enough so that the Evans
function Ev only vanishes at z = 1.

Our new goal for the rest of this section will be to use Lemma 4.4.5 to introduce below two new bases
suitable for the study of the spatial Green’s function when z is close to 1. We will also define in (4.4.31c) below
a new Evans function D® associated with this new choice of bases which will share the same properties as Ev.

The equality (4.4.17) of Lemma 4.4.5 implies that there exist two non zero families of complex numbers
(Os,m)mer.. and (0y m)mer,, such that

> OemWi(1,0) = > OumW,,(1,0). (4.4.25)

melgs meElsy,

In the rest of the chapter we fix the choice of families of coefficients 0 ,,, and 8,, ,,,. Even if we have to reindex
the eigenvalues C we will assume that 05 1,0, 4(p4+q) # 0. Furthermore, we also define

Osm:=0forme{l,....,dlp+ ¢} \Lss and Oy, :=0forme{l,...,dlp+q)} \lsu. (4.4.26)
We define for m € {1,...,d(p+q)}
Z?nEIss es,mW;;(Z,j), lf m = 17
— Wii(z,4), it me{2,...,dp},

Vze B(1,6,),Yj €Z, ®,(z (4.4.27)

)= W (2, 9), ifm e {dp+1,....dp+q)— 1},
Zmejsu au,mwrg (Z,j), iftm= d(p + Q)'

Since 0s,1,0u,a(p+q) 7 0, we have that (2,(2,0)),,e(1, apy a0d (Pr(2,0))eqapr1,....dprq)} 2T Tespectively
bases of E((z) and E; (z). Equality (4.4.25) implies that ®1(1,0) = ®g(p4q)(1,0) and since ®1(1,-) and
@ (p+q)(1,-) are solutions of (4.3.3) for z = 1, we have

VJ c Za (1)1(17.]) = (I)d(p+q)(17j)' (4428)

Furthermore, using the expression of ®1(z,j) and ®4(,44)(2, ) as well as Lemma 4.4.3 and inequalities (4.4.1a)
and (4.4.1c), we prove that there exists a positive constant C such that
V2 € B(1,6),Yj €N, |®1(2,5)] < Ce >V,

‘ 4.4.29
Vz € B(1,61),Y) € =N,  [@yiq)(z,4)] < Cem2e:lil, ( )

If we define

then using (4.4.18) because
®1(1,0) = Py(piq)(1,0) € Span (W, (1,0),m € I,s) N Span (W,,(1,0),m € I,) \ {0},

we have that V is a sequence in £2(Z,C?%)\ {0} such that (4.1.22) and (4.1.23) are verified. It will correspond
to the sequence V in Theorem 4.1.

If we summarize, for z € B(1,d;), we have five families to describe the solutions of the dynamical system
(4.3.3):
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— The bases <<I>1(z,j)7 Wi (z,5), ..., W;Eerq)(Zvj)) and (Wf'(z,j), Wit (z,5), ..., W}

d(p+q)(z,j)) for which

we know the asymptotic behavior when j tends to +oco thanks to Lemma 4.4.3.
— The bases

(Wl_(Zm?)v ceey Wd_(erq)fl(zaj)a (I)d(p—‘rq) (23])) and (Wl_(zvj)v cet Wd_(erq)fl(Zaj)? Wti_(p+q) (’%]))

for which we know the asymptotic behavior when j tends to —oo thanks to Lemma 4.4.3.
— The family (i (2,7))meq1,... ap+q)y Which is linked to the solutions of the dynamical system (4.3.3)

which tend towards 0 as j tends towards 400 or —oo, at least when z € O. It is a basis of C4P*9) if and
only if Ef (2) ® Ej (2) = Cr+a),
We introduce a few more notations. For z € B(1,6;) and j € Z, we define

= (®1(2,)] - [Pagpra)(2:9)) » D®(2) := det(G*(z,0)), (4.4.31a)

= (cpl |W+ () Wy (2)) Dt (2) = det(G*(2,0)), (4.4.31D)

- (Wl a) Wiy (o) Rurey (5)), D7(2)i=det(@(,0)),  (44310)

Gtz ) = (Wi DIV G W (2)) (4.4.31d)
G (2]) == (Wf(z,mW;(z,m Wiy () - (4.4.31¢)

Those functions are holomorphic on B(1,471). Let us now conclude the section with a few observations:
e We observe using the definition (4.4.27) of ®; and @44 4) that for z € B(1,41) and j € Z

0s.1 (0) 1 (0) Ou1
~ 08,2 1 ~ .
G (2,4) =G (2,7) , : and G (z,j) =G (2,])
: . 1 0u,d(p+q)—1
gs,d(p—i-q) (0) 1 (0) 0u,d(p+q)
(4.4
e Using (4.4.27) and (4.4.26), we have for z € B(1,01)
05 1 gu,l
0s.2 1 (0) 0,2
G (2,0) = (Wi (2 0)]. - Wi (2, Wiy (5. 0) [ Wiy oy (2 0) | . :
Os.awra-1  (0) L Ouaprg—
Os.d(p+q) Oud(p+q)

and thus since 0y 4(p4q),0u,1 = 0, we have that:

D‘i) (Z) = 95’19u,d(p+q)EV(Z).

The function D® thus shares the same properties as the Evans function Ev, i.e. the function D® is holomorphic
on B(1,0,), vanishes only at z = 1 and 1 is a simple zero of D®. We will thus also call D® Evans function.

e For z € B(1,61)\ {1}, the function D® does not vanish at 2 and thus (®,,(z, 0))ime(t,...d(ptq)} 1S & basis.
We can define for m € {1,...,d(p+ q)} the projector II,,(z) projecting on the vector space Span(®,,(z,0))
along Span(®,(z,0))veq1,....d(p+q)}\{m}- We observe that

Hm( ) gq:-(z O) mg ( ) (4433)

where P, = (6i’m6j)m)i,je{l,...,d(p-‘rq)} € M(p+q)(C). The function II,, is holomorphic on B(1,4d1)\ {1}.

4.4.4 Behavior of the spatial Green’s function near 1

Now that we have introduced all the tools necessary, our goal is to prove the following proposition which
implies that the spatial Green’s function can be meromorphically extended near 1 and which gives expressions of
the spatial Green’s function using the solutions Wt and @,,, of the dynamical system (4.3.3) defined previously
respectively in Lemma 4.4.3 and (4.4.27).

Proposition 4.3. We consider jo,j € Z and e € C. The function W(-,jo,j,e) can be meromorphically
extended on the whole ball B(1,81) with a pole of order 1 at 1. Furthermore, using the functions €., and g,
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defined below respectively by (4.4.38b) and (4.4.42), we have that for jo €N, j € Z, e € C? and z € B(1,6,)\ {1}:

— Forj > jo+1:
dp dp  d(p+q)
Wzdord@) = = 3 ul(zado. OWar2:d) =30 3 G (V60 (o Wi (21)
m=1 m=2m'=dp+1
d(p+q)
Z gm’ 1 m’(z jOv )(I)l(z,]) (4434&)
m’=dp+1
— For j€{0,...,jo}:
dpta) dp  d(p+a)
W(Z7.j07ja e) = Z (gnt(zaj(); e)Wnt(Za.]) - Z Z gm/ m m,(Z ]07 )W;,t(z’j)
m=dp+1 m=2m'=dp+1
d(p+q)
Z gm’ 1 m,(Z ]03 )(I)l(z,j) (4434b)
m/=dp+1

— For 3 <0:

d(pt+q)—1 d(ptq)
W(zjodie)= Y. > Ghm@EN (250 @W(z))
m=dp+1 m’=dp+1
d(p+q)

+ Z m/ d(p+q) )%T—:/(Z?j()? e)(I)d(p+q) (Za.]) (4434C)
m’'=dp+1

Similar expressions can be deduced when jo € —N\ {0} using the functions ng;, and G, 1,

To enter into more details, in Section 4.4.4, we will use the families of solutions of the dynamical system
(4.3.3) previously introduced to decompose the expressions (4.3.43a) and (4.3.43b) proved on the spatial Green’s
function in Section 4.3 and obtain the expressions (4.4.37) below of the spatial Green’s function on B(1,61)N0O,.
Since the sequence Wnﬂj are holomorphic on B(1,d;), this will allow us to extend the spatial Green’s function
meromorphically on the whole ball B(1,4;) with a pole of order 1 at 1. The computations performed in this
section will be fairly inspired by [God03, Section 3] and the expression (4.4.37) corresponds to the result of
[God03, Proposition 3.1]. However, our goal is to improve the expression (4.4.37) to obtain the result (4.4.34).
Those calculations will be performed in Sections 4.4.4 and 4.4.4.

Meromorphic extension of the spatial Green’s function near 1

We observe that for z € O, N B(1,4;), we have that Q(z) is the projector on Ef (z) along Ej () and thus

dp (p+a)d
Q) =S Tu(z) and Id—Q()= Y. Mu(2)
m=1 m=dp+1

where the projectors II,,,(z) are defined by (4.4.33). Since the equalities (4.3.43a) and (4.3.43b) are still verified
for z € O, N B(1,61), if we define for m € {1,...,d(p+ ¢q)} the functions vy,:

-1

e
](()),l]
Vz € B(1,6))\{1},Vjo,j € Z,Ye € C¥,  vn(z,Jo,j, €) i= X; () (2) Xjo11(2) 7" .
0
then, we have that for z € O, N B(1,0,)
dp
v.] > jO =+ 17 W(Z,jo,j, e) = - Z Vm(Z,j07j, 8)7 (4435&)
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(p+q)d
VJ Sj()v W(Z7j07j7e) = Z Vm(zvj01j7e)' (4435]3)
m=dp+1

Since the right hand terms of (4.4.35) are holomorphic on B(1,41)\ {1}, we can extend holomorphically the
function W (-, jo,j,€) on B(1,01)\ {1}.
We observe that (4.4.33) implies for z € B(1,61)\ {1} and m € {1,..., (p + ¢)d},

~1
i Aj(())’qe
o G®(2,7) _
Vm(zaj()a.77e) = D‘I>(z) Pmcom(g®(270))TXj0+1(z) !
0
If we define
~ -1
Dl (Z7j0ae) AJOO)qe
Vz € B(1,61),Vjo € Z,Ye € C%, = com(G*(2,0) X, 11(2)7* . ,  (4.4.36)
Dy(p+q)(2, o, ) 0
then the functions Bm(-,jo, e) is holomorphic on B(1,4d;) and we have:
ﬁ/I'TL K ] Y .
Vz € B(1761)\ {1} ?vj()?j € Z7ve € (Cda Vm(z,j07j, e) = ‘D(Z(jzo)e)(bm(z7])
Therefore, (4.4.35a) and (4.4.35b) can be rewritten for z € B(1,41)\ {1} as
dp =R .
Dm b ) .
Viz ol W)=y Dnladuly (. ) (4.4.37a)
m=1 (Z)
(p+a)d D (2, jo, €)
Vi < jo, Wiz, j0,j,€) = T 29, (2, 7). 4.4.37b
J = Jo, (27]0>]7e) m:;p—’_l Dq;.(z) (Z j) ( )

Thus, recalling that 1 is a simple zero of the Evans function D?®, the expressions (4.4.37a) and (4.4.37h)
allow us to conclude that the spatial Green’s function has been meromorphically extended on B(1,d1)\ {1} with
a pole of order 1 at 1.

Decomposing the function ﬁm

Now that we have found the meromorphic extension of the spatial Green’s function near 1 using the family
(@m(zvj))me{1,,“7d(p+q)}, we will use the other families (le[(z,j)7 ceey W(iﬁq)(z,j)) for which we know pre-
cisely the behavior as j tends towards +oo to find the new improved expressions (4.4.34) of the spatial Green’s

function of Proposition 4.3. This will rely on finding precise expressions for lA)m defined by (4.4.36).
We begin this section by introducing the vectors

G (0dose) g
Vz € B(1,61),Yjo € Z,Ye € C*, €*(z,jo,e) = : =G (zdo+ 17| . |, (44.38)
+ : :
%d(P‘HI) (Zaj07 e) 0
~ —1
(2 dose) g
Vz € B(1,01),%jo € Z,Ye € C%, €% (z,jo,€) = : =Gz o+ 1) | . |. (44.38Db)
A . :
(gd(p+q) (Zu]Oa e) 0
Using (4.4.32) and (4.4.26), we obtain that for z € B(1,6;), jo € Z and e € C?
%—‘r(zaj()ae) = 05,1(51—"_(2’.].0)6)7 (44393’)

vm € L\ {1}, cg;;(z’jo’ e) =6, (2, jo, €) + 95,m%1+(zaj0ae)v (4.4.39b)
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vm e {1,...,dp+ )} \Lss, € (2, jo0.€) = G5 (2, o, ), (4.4.39¢)
Vme {1,....dp+ O \lsu, Cn(2,d0.€) = € (2, jos©), (4.4.30d)
Vm e Isu\ {dp+9)},  Gu(zd0,€) = € (2,50,€) + Oum Gy (2405 ), (4.4.39)
%—(p+q)(z,j0,e) Ou,d(p+a) € g(prq) (2> J0, ©)- (4.4.39f)

In Section 4.4.4 and more precisely in Lemma 4.4.7 below, we will prove estimates to bound ‘JZ% However,
the functions %;il will be put on the side for now and will naturally reappear later on in Section 4.4.4 using
(4.4.39). For now, we will mainly focus on properties linked to the functions €.

We introduce the matrices

Vz e B(1,81), M*(z):=G6%(z,0)7'¢%(z,0) and (2 := com (M™ )
(L61), ME(2) = G5(,0)7'6%(2,0) () o cr sy = M (ME ()
(4.4.40)
Using the definition (4.4.36) of D,,, we have that:
ﬁ1(27j0,e)
Vz € B(1,6,),Yjo € Z,Ve € C%, = D (2)com(ME(2))TG% (2, jo, €)
ﬁd(p-i—q) (2,70, €)
and thus:
R d(p+q)
vme {1,...,d(p+q)},Vz € B(1,6,),Yjo € Z,Ye € C¢,  D,,(2,jo,€) = Z gt m( €L (2, jo, ).
m’=1
(4.4.41)

Looking at (4.4.37), we are interested in studying the quotient of lA)m(~,j0, e) and D?®. In order to have lighter
expressions later on, we also introduce the functions ﬁi,,m defined by:

/ ~+ . Nt gni'L’,m(Z>
Ym,m" € {1,...,d(p+q)},Vz € B(1,61)\ {1}, G, ,.(2) := D> (2)

SR (4.4.42)

The function 'gvf;,’m is meromorphic on B(1,471)\ {1} with a pole of order at most 1 at 1 since 1 is a simple zero
of the Evans function D®. If gi,m(l) = 0, it can thus be extended holomorphically on the whole ball B(1, ;).

This decomposition of the functions D,, will be used in Section 4.4.4 with (4.4.37) to obtain a better
expression of the spatial Green’s function. We end this section by proving the following lemma using (4.4.28).

Lemma 4.4.6.

1. Form' € {1,...,dp} andm e {1,...,d(p+q)}, we have
D®(z)
B(1 +/ = Om/,m
VZ S ( aal)a gm ,Tn(z) 6 s D+(Z)
2. Form ¢ {l,d(p+q)} andm’ € {1,...,d(p+ q)}, we have
g'r—:_ﬁ/,m(]‘) = 0.
3. Form’ e {dp+1,...,d(p+q)} and m € {1,...,d(p+ q)}, we have
D®(z)
B(1 - Y S G2
VZ € ( a51)7 gm 7m,(z) 5 5 D_(Z)
4. Form ¢ {l,d(p+q)} and m’ € {1,...,d(p+ q)}, we have
Gt (1) = 0.
5. We have

9111 = 5 (D) =0 and  9u010) 4549/ (1) = Gapigy (1) = 0.
6. Form' € {1,...,d(p+ q)}, we have

G i) = =95 aprp@) and  gr (1) = =g, 4004 (L)- (4.4.43)
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Lemma 4.4.6 determines the couple of indexes m,m’ € {1,...,d(p + q)} such that gi, " is equal to 0. This
allows us to remove many terms in (4.4.41). It also determines the couple of indexes m,m’ € {1,...,dlp+¢q)}
such that g=,  vanishes at z = 1 which implies that the function g=-, .m defined by (4.4. 42) can be holomorphl—
cally extended on the whole ball B (1,07).

Proof We will focus on proving the statements involving g ' m Since every statement involving g, . will have
similar proofs. We observe that the definition (4.4.27) of ®,, (z 0) implies that if we define for z € B(l 01) and

me{l,...,d(p+q)}
Ch(2) = G%(2,0) 1@y (2,0)

then, for m € {1,...,dp}, we have
ChH(z)=em

where (€;)je(1,....d(p+q)} 15 the canonical basis of CUr+a) | Thus,

1
MF(z) = ( gp Ciniai(2) | -+ | Catpry?) ) . (4.4.44)
For m,m’ € {1,...,d(p+ q)}, we recall that g;,7m(2) is the (m’, m)-cofactor of the matrix above.
We observe that
D?(2)

com(M* ()T M*(z) = (4.4.45)

D+ (z )I (pt+a)-

Looking at the first dp columns of M (z) in (4.4.44) and using (4.4.45), we then conclude that the first dp lines
of com(M™(z)) are equal to
(581 0)
D (z)"dp

which implies Point (i).
The equality (4.4.28) also implies that:

(1) = 1 = CF (1),
and thus:
1
+ Lap + + 0
MT(1) = 0 Cde( )l ... Cd(p+q) (1) :
0

Points (ii) and (v) are then easily deduced by equality between the first and last columns of the matrix above.
There just remains to prove Point (vi). We observe that

MT(1)com(MT(1)T =

Looking at the coefficient at the first line and m/-th column, we have that

d(p+q)—1

g’;";],/,l(]") + Z (C;;(l))lg;g,’m(l) + gm d(p+q)(1) =0.
m=dp+1

Using Point (ii), we easily conclude the proof of Point (vi). O

Final expression of the spatial Green’s function

We will now prove the expressions (4.4.34) on the spatial Green’s function when jy is larger than 0 (i.e. the
location of the initial perturbation d;, is on the right of the shock). The case where jo < 0 would be handled
similarly and give another expression of the spatial Green’s function on B(1,d7) that would be necessary to
prove a decomposition of the temporal Green’s function similar to (4.1.32) when jy < 0.

Case where j, > 0 and j > jo + 1:

Using (4.4.37a) and (4.4.41), we have

dp d(p+q)

W(Zaj(%j? Z Z gm m m,(Z ]Ov )ém(zvj)

m=1 m/=1
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Point (i) of Lemma 4.4.6 then implies that

d(p+q)

dp
W(Z,jo,j, e) = - Z cg;zr(zv.jOve m Z .] Z Z gm m m (Zijae)(I)m(Zaj)'
m=1

m=1m/=dp+1

Using the definition (4.4.27) of ®;, we then have that

W(ZajOajv e) = _es,lcgr(zajan)Wl—i_(Zvj) - Z (Cg;rt(zvj()ae) + Hs’m%l'"(z,jo,e))wnt(z,j)

mels \{1}
dp d(pt+q)
- Z % Z .707 Z Z gm m m/(Z .707 )(I)m(Z,])
mel,s m=1m/'=dp+1

Using (4.4.39a)-(4.4.39¢) which link the functions % and ‘gf,f and the definition (4.4.27) of ®,, for m €
{2,...,dp}, we obtain that (4.4.34a) is verified, i.e. :

dp dp d(p+q)
W(ZajOajv Z Cg+ Z .]07 W+ Z j Z Z gm m m/(z .]Oa )W';rt(zaj)
m=1 m=2m/'=dp+1
d(p+q)
— Y G ()G (250, €)1 (2, ).
m’/=dp+1

Remark 4. i m € {2,...,dp} and m’ € {dp+1,...,d(p+ ¢)}, we have that g;,ym(l) = 0 because of Lemma
4.4.6. Thus, the function
2 € B(LE)\{1} = G ()6} (2, o, )Pz, )

can be holomorphically extended on the whole ball B(1,d1).

Case where jo >0 and j € {0,...,jo}:
Let us consider m € {dp+ 1,...,d(p + q)}. Using the respective definitions (4.4.31a), (4.4.31b) and (4.4.40)
of the matrices G, Gt and M™, we have the following expression of the vector ®,,(z,5) depending on the

family (W/:_(Z’ j))ke{l,...,d(p+Q)}:

d(p+q)
O, (2,7) = g+(z>j)(MJF(Z)k,m)ke{l,.i.,d(p-i-q)} = MJr( )1,m®1(z,7) Z M* (Z J)-

Thus, since m € {dp+1,...,d(p+ q)}, using (4.4.41) and the fact that Lemma 4.4.6 implies g;l,’m = 0 for
m’ € {1,...,dp} we have

IA) .
W(Dwz(zaj)
d(p+q) d(p+q)
D+ z
(Z) Z «gm m m/(Z .70) ) M+(Z)1,m Z M+ (Z ])
m’'=dp+1

Using (4.4.37b), we then have that:

W(Zijajve)
d(p+q) d(p+q) d(p+q) [ d(p+a)
= > > M@ imgh () | 21z )+ D | DD M@ kmgl o (2) | Wi (2,4)
m’'=dp+1 m=dp+1 k=2 m=dp+1

€ (2, jo,e). (4.4.46)

Let us find expressions for the sums Z%f&gll M+(z)k,mg:1/7m(z) when m’ € {dp+1,...,d(p+q)} and

kEe{l,...,dlp+q)}. We recall that gm, (%) is the (m’, m)-cofactor of the matrix M™(z). Furthermore, by
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definition (4.4.40) of the matrix M™, we have that

D<I>
M (2)com(M™*(2))T = Ezi Id. (4.4.47)
z
Thus, by observing (4.4.44) implies that for k € {dp+1,...,d(p+ q)} and m € {1, ..., dp} we have MT(2)j n, =
0, we conclude looking at the k-th line and m’-th column of (4.4.47) that
d(p+q) D(I)(Z)
Veke{dp+1,...,dp+q},vm' € {dp+1,....dp+q)}, D, M (2kmGm n(2) = SOk
D*(2)
m=dp+1
(4.4.48)
Furthermore, (4.4.44) implies that
vk e {1,...,dp},Ym € {1,....dp}, M (2)km = Or.m-
Thus, looking once again at the k-th line and m/-th column of (4.4.47), we have
d(p+4q)
Vke{l,....dp} Vm' € {dp+1,....dp+q)}, > M (2)kmgh .(2) =g} . (2). (4.4.49)
m=dp+1

We finally conclude using (4.4.39a)-(4.4.39¢) which links the functions €r and %;ﬁli and combining (4.4.46),
(4.4.48) and (4.4.49) that (4.4.34Db) is verified, i.e.:

d(p+q) _ dp d(p+q)
Wz jo,je) = Y Gi(zdeeWih(z) =Y Y Ghow(Eh (250, €)W (2 5)
m=dp+1 m=2m/=dp+1
d(p+q)
Z G (2 )€, (2, jo. €)D1(2, ).
m’=dp+1

Remark 5. We observe that some terms in (4.4.34b) are equal to terms of (4.4.34a). We will see later on that
they contribute to the reflected waves in the decomposition of Theorem 4.1.

Case where jj > 0 and j < 0:
Using (4.4.37b) and (4.4.41),

d(p+q) d(p+q)

W(Zvj(lvjv Z Z gm m m,(Z ]07 )(I)m(zuj)

m=dp+1 m’=1
Lemma 4.4.6 implies that

Vme{dp+1,....dp+q)},vm' € {1,....dp}, g, =0.

Im ,m
Thus, using (4.4.39a)-(4.4.39¢) which links the functions €= and %”:%, we have that (4.4.34c) is verified, i.e.:

d(p+q)—1 d(p+q)
W(zdorge)= 3. Y. Ghm@)G0 (250, €)W (2,5)
m=dp+1 m’=dp+1
d(p+q)

* Z 'd(p+q) )%nt/(zajoye)q)d(p+q)(2,j).
m'=dp+1

Remark 6. f me {dp+1,...,d(p+q)—1}and m’ € {dp+1,...,d(p+ q)}, we have that g:l,w(l) = 0. Thus,
the function N
2 € B(L,00)\ {1} = G 1 (2)€ (2, Jo, €) Pra (2, )

can be holomorphically extended on the whole ball B(1,d7).



4.4. Extension of the spatial Green’s function near 1 170

Useful estimates

In this section, we will introduce the necessary observations to properly bound the terms appearing in the
decomposition of the spatial Green’s function of Section 4.4.4. We will in particular introduce a new expression
of the functions € (z, jo, e), prove that they roughly act like (£ (2) 770 and determine their behavior as jo tends
towards £oo.

For z € B(1,6,) and j € Z, we recall that Lemma 4.4.4 implies that (V(z,))me(1,...dp+q)} iS @ basis of

C4r+49), Thus, we can define for z € B(1,4,), jo € Z and e € C¢

-1
Azlt(zajan) Ajmqe
+ . + ; + ; . + - \—1 0
N=(z,jo) := (V1 (2,j0+1) ‘ . ‘ Vatpra) (% do + 1)) and . : = N¥(z,jo) :
Ad(p.i,_q) (ZaJOa e) 0
(4.4.50)
We observe that (4.4.38b) implies that for all z € B(1,6;), jo € Z and e € C¢, we have
-1
e
d(p+q) . B Jo,q
S GHEIT G o Vi (o ) = |
m=1 .
0
Thus, we have that for m € {1,...,d(p+q)}, z € B(1,61), jo € Z and e € C¢
G (2,d0,€) = (G (2) T A (2o ). (4.4.51)

We now prove the following lemma which gives us the asymptotic behavior of At (2, jq, e).

Lemma 4.4.7. There exist a radius 02 €]0,01] and two constants C,c > 0 such that for all z € B(1,02),

m=I1+((k—1)de{l,....dp+q)} withke{l,...,p+q} andl € {1,...,d} and e € C%, we have
VieN, [Vi(z4) = V(15| <Clz—1], (4.4.52a)
Vi€ N, |V (27— V. (1)) <Clz—1], (4.4.52b)
VieN, [®(z7) - 1(1,5)] < Clz — e 71, (4.4.52¢)
vje-N, |(I)d(p+q)(zaj) - cI)d(p-s-q)(lvj){ <Clz—1le” > |j\7 (4.4.52d)
+ )
Vio € N, ‘A,‘;(z,jo, e) — Cg—m(z)[lFTe < Clele=clol, (4.4.52e)
z
: - G (=T ~cljol
Vio € =N, |A,.(2,jo, €) W( ) el < Clele Vol (4.4.52f)
Vjo €N, |AL(z, 50, €)] < Clel, (4.4.52g)
Vio € —N, |A;L(Z,]0, e)} < Clel. (4.4.52h)
Vio €N, |AL(2,j0, € — AL(1, o, €)| < Clz —1]e], (4.4.521)
Vijo € =N, |AL (2, jo, €) — AL (1, jo, e)] < Clz —1]|el, (4.4.52)

where ¢, is the positive constant in (4.4.1).

+
Proof The first two inequalities are direct consequences from the fact that z € B(1,d;) — 8(;/;” (2,-) €

£ (+N, C4P+a)) is bounded (see Lemma 4.4.3).

We will prove (4.4.52¢). The proof of (4.4.52d) would be similar. Using the definition (4.4.27) of ®1, we
conclude that we only have to prove that for all m € I, that there exists a constant C' > 0 and a radius
d2 €]0, 1] such that

3cx

Vz € B(1,6),Vj €N, |W}(z4)—W}(1,5)|<Clz—1le >

gl
We observe that for z € B(1,d;) and j € N, we have

(Wit (z,5) = Wi (1L, 3)] < |GG Vit (z,5) = Vi D]+ Vi (L) |Gh() = ¢hay] .
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Using (4.4.52a), (4.4.1a) and the fact that % is bounded on B(1,d3) for 2 €]0,d2[, we easily conclude the
proof of (4.4.52¢).

We will focus on (4.4.52¢) as (4.4.52f) would be proved in a similar way. We observe that Lemma 4.4.2,
(4.1.14) and (4.1.5) imply that:

A(f_le
0 ¢t T -1 ¢t T
Li(2)T E :Alfqd—;"(z)lf A} e:d—;”(z)lf e.
0

+ T
Thus, At (2, 70,€) — %(Z)l?_ e is the m-th coefficient of the vector

-1 —1
Ajovqe Aq+0 €
N | L | v
0 0

where the matrix N1 is defined by (4.4.3). We then just have to find bounds for this difference of vectors.
We have

-1 1
Ajo’qe Aflto e
N (z,j0) " . — N"(2)7!

0 0 (4.4.53)

-1 _ -1 e
Aj0>qe (Ajo}q - A;_ )e
0
:N+(z,j0)_1 (N+’°°(z) —N+(z,j0)) NTo(z)~! ) + NT()~!

0 0

We wish to bound each term in the right-hand side of the equality (4.4.53). Let us start by looking at the
first term. Lemma 4.4.3 implies that the functions NT(-,jo)~! are bounded on B(1,4;) and that the bound
can considered to be uniform for j, € N. The function N*:°°(-)~! is also bounded on B(1,6;). Since Aj_o%q

converges towards A;r_l as jo converges towards +o0o, we also have that the family of matrices (Aj_;q) joeN is

bounded. Finally, using Lemma 4.4.3, we have that there exist two constants C, ¢ > 0 such that
Vz € B(1,61),Vjo € N, ’N+’°°(z) — N+(z,j0)‘ < Ce™¢o,

Thus, there exists another constant C' > 0 such that
-1
jooaqe

Vz € B(1,61),Ye € C%,Vjo €N, |NT(2,50) " (NT®(2) = NT(2,50)) NT>(2)~* _ < Clele™ .
0
We now focus on the second term. The function N*+°°(-)~1 is bounded on B(1, ;). Furthermore, Hypothesis
4.3 allows us to determine that there exist two constants C, ¢ > 0 such that

. 1 +—-1 —ci
Vio €N, A, — Ay < Ce 0,
Therefore, there exists a new constant C' > 0 such that

(A7 —AF e

Jo,q

0 .
Vz € B(1,6,),Ye € C%,Vjo € N, |[Nt>(z)~! < Clele=o.

We can then conclude the proof of (4.4.52¢).
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We observe that (4.4.52g) and (4.4.52h) are direct consequences of (4.4.52¢) and (4.4.52f).
There remains to prove (4.4.521) as (4.4.52j) would be proved similarly. We observe that for z € B(1,d2)
and jo € N, we have

NT(z,50) " = NT(1,50) "' = N (2,40) " (N (1, 50) — NT(2,40)) N*(1, o) "

Using (4.4.52a) and the observations above which claimed that N T (z, jo) ™! is bounded uniformly for z € B(1, J5)
and jo € N, we have that there exists a positive constant C' such that

Vz € B(l,dg),VjO S Nv |N+(Zvj0)71 - N+(1aj0)71| < C(|Z - 1|

The definition (4.4.50) and the fact that the family of matrices (Aji)%q)joeN is bounded imply that (4.4.52i) is
verified for some constant C' > 0. O

4.5 Temporal Green’s function and proof of Theorem 4.1

The previous Sections 4.3 and 4.4 served respectively to describe the spatial Green’s function far from 1
and near 1. Our objective is now to focus on the core of the chapter: the study of temporal Green’s function
and the proof of Theorem 4.1. In the present section, we will express the temporal Green’s function with the
spatial Green’s function using functional analysis. We will then use the different results of the previous sections
(mainly Propositions 4.2 and 4.3) to obtain the result of Theorem 4.1. Just as when we proved Proposition 4.3
on the spatial Green’s function near 1, the proof of Theorem 4.1 will be done whilst assuming that jg is larger
than 0 to obtain (4.1.32) and (4.1.33). The case where j, < 0 would be handled similarly and would necessitate
to prove expressions of the spatial Green’s function on B(1,01) similar to (4.4.34a)-(4.4.34c) when jo < 0.

4.5.1 Link between the spatial and temporal Green’s function

First, we recall that in Sections 4.3 and 4.4, we studied the vectors W(z, jo, j,€) defined in Section 4.3.5
which are composed of several components of the spatial Green’s function. The inverse Laplace transform
implies that if we introduce a path I' that surrounds the spectrum o (%), for instance I', := rS* where r > 1,

then we have ) .
ZnG(Zaj()?j)edZ =5 |-

2% ,I:T % FTZ ( (Z’]Oajve)) z

g(nv j07 j)e
where II is the linear application defined by (4.3.32) which extracts the center values of a large vector. We
consider the change of variables z = exp(7). If we define T, = {r + it, ¢ € [—m, x|}, then we have

1
G (n,jo,jle = — e"Te"II(W (€7, jo, j, €))dT. (4.5.1)
2w Jr,
The goal will now be to use Cauchy’s formula and/or the residue theorem to modify our choice of path T' and
to use at best the properties we proved on the spatial Green’s function in Propositions 4.2 and 4.3.

In Proposition 4.3 of Section 4.4, we proved that we can meromorphically extend the spatial Green’s function
on a ball B(1,d;) with a pole of order 1 at 1 and have found the decompositions (4.4.34). We also introduced
an even smaller ball B(1,d3) on which we have more precise bounds (Lemma 4.4.7) that will help us later on in
the proof. We consider a radius €} €]0, [ such that

V1 € B(0,g5), € € B(1,62).
Lemma 4.5.1. For all radii € €]0,}[, there exists a width n. > 0 such that if we define
Q. :={reC, Rre€|—n,n|,Im7 € [-m, x|} UB(0,¢),

then for all j,jo € Z and e € C?, the function T +— W (e, jo, j, €) is meromorphically defined on Q.\ {0} with
a pole of order 1 at 0 and there exist two positive constants C., c. such that

vr € QA\B(0,¢),V5, jo € Z,Ye e CL,  |W(e,jo,j,e)| < Ce|elec=li—ol, (4.5.2)

Defining this width 7. is important for the following calculations since we have defined a set ). on which
we can change the path of integration of (4.5.1) using the residue theorem. Furthermore, for 7 € )., either
7 € B(0,¢) which implies that e € B(1,d2) and that we can thus use the decomposition (4.4.34) of the spatial
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Green’s function we obtained in Proposition 4.3, or 7 ¢ B(0,¢) and we can use (4.5.2) to obtain exponential
bounds on the spatial Green’s function.

Proof The proof is identical as [Coe24, Lemma 5.2] and will thus not be detailled. It just relies on observing
that for any radius e €]0,e}[, the results of Section 4.4 imply that for all jo,j € Z and e € C?, the function
T — Wi(e",jo, j,e) is meromorphically extended on B(0,¢)\ {0} with a pole of order 1 at 0. We then use
Proposition 4.2 on a neighborhood of each point of the set

U.:={reC, Rrel0n],Im7 e [-m n]}\B(0,¢)

and conclude via a compactness argument on the existence of a width 7. €]0,e[ and of two positive constants
C.,c. such that (4.5.2) is verified. O

Let us observe that for all m € I U IX we have that the function ¢ (which we recall are defined in

Section 4.4.1 and are eigenvalues of the matrices M*(2)) is holomorphic and (£ (1) = 1. Therefore, there exists
a radius €% €]0, 5[ so that for all m € I£ U IE that we write as m = [ + (k — 1)d with k € {1,...,p+q} and
I €{1,...,d}, there exists an holomorphic function w;" : B(0,e}) — C such that w;"(0) = 0 and

vr € B(0,e}), (E(e7) = exp(wi(1)). (4.5.3)
Since ¢ (e7) is an eigenvalue of M;*(e7), Lemma 4.3.3 implies that
Vr e B(0,e}), FE(e™ (D)=
If we define the holomorphic function
pf: C — C
o s (4.5.4)

g*
G e (*1)H+1 T
) o

then, up to considering 7 to be slightly smaller, the asymptotic expansion (4.1.18) implies that there exists a
bounded holomorphic function fli : B(0,et) — C such that

Vr € B(0,e}), @i (1) =@F(r)+ 2T (). (4.5.5)

Lemma 4.5.2. There exists a radius €5 €]0, e[ and two positive constants Ar, Ar such that for alll € {1,...,d}
vr e C, OER(@E (1)) < —R(7) + ApR(T)?* — AfIm (1), (4.5.6)

V1 € B(0,¢3), OFR(wi (1)) + |aiF&E (1) T2 < —R(7) + ArR(T)?* — AfTm (1)~ (4.5.7)

The proof is identical as [Coe24, Lemma 5.3] and will thus not be detailed here.
Choice of the radius ¢ and of the width 7

We will now fix choices for a radius € > 0 and a width 5 > 0 which will satisfy a list of conditions. Those
conditions will be centralized here in order to fix the notations and are especially important to prove some
technical lemmas in Section 4.5.2. We will try to indicate at best where those conditions are used.

1

1
2/712) where the radius €5 is defined in Lemma

First, we fix a choice of radius € € }O, min (5’5, (

4.5.2. This choice for € will allow us to use the results of Lemmas 4.5.1 and 4.5.2. Furthermore, if we introduce

the function
v: R — R

Tp — Tp—ARTp2‘u (4.5.8)

which we will use to define a family of parameterized curve later on in Lemma 4.5.4, then the function ¥ is
continuous and strictly increasing on |—oo, g]. This conclusion on the function ¥ will be essential in the proof
of Lemma 4.5.4 to construct the path I'" appearing in (4.5.17¢).
We now introduce the function
re: |0,e[ — R

4.5.9
7 — g2 —n? ( )

which serves to define the extremities of the curve —n + iR N B(0, ). We recall that we defined a width 7. in
Lemma 4.5.1. We claim that there exists a width 7 €]0, 7.[ that we fix for the rest of the chapter such that:
— The following inequality is satisfied:

g > Apn. (4.5.10)
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It is used for instance in the proof of Lemma 4.5.4.
— We have

A
0+ Ay — ()™ < 0. (4.5.11)

It is quite clear that we can choose 77 small enough to satisfy this condition since, when 7 tends towards
0, the first two terms on the left hand side converge towards 0 and the third converges towards —%s.
The condition (4.5.11) is used in Lemma 4.5.4 to prove (4.5.17b). A consequence of (4.5.11) is that

2p
G A (4.5.12)

Vn € N,Vz € [g,Qn} Nt e [-n,n), (n—x)t+ At — 5 <

Indeed, using the convexity with regards to t of the left hand side of (4.5.12), we have that

Apre (77)2 Apre (77)2”
— _

o
(n — x)t + zAgt®" — x <|n—zxln+ cApn** —z 5

We observe that n € [%, 295} and thus, using (4.5.11), we have

2p
AITE2(77) <z <

(n —x)t + xArt** —x n+ Apn*t —

A1r52(77)2“> <0.

The consequence (4.5.12) of (4.5.11) will be used in the proof of Lemma 4.5.6.
— There exists a radius ex €]0, ¢[ such that if we define

legtr = (W) " ; (4.5.13)

then —n + ilezer € B(0,¢). It is used in the proof of Lemma 4.5.4.
We introduce the paths Toue (1), T'E (1), T9 (1), Tin(n), T(n), Ta(n) represented on Figure 4.3 and defined

mn

as
Lout(n) = [—n — im, —n — irc(n)] U [-n + irc(n), —n + 7],
5.(n) = [=n ire(n),n £ irc(n)],
9. (n) := [n—ire(n),n +ire(n)], (4.5.14)
Lin(n) :=T5,(n) UTY, (n) UL, (n)
L'(n) = Lin(n) U Lout(n),
La(n) = [-n —ire(n), —n +ire(n)] .

We observe that those paths lie in .. Using the Cauchy formula and acknowledging the "2in"-periodicity
of 7 — W(e7, jo, j,€), we can prove via the equality (4.5.1) that

. . 1 nr_T T .
%(nm?()v])e: T e e H(W(e 7]0)]7e))d7—
) (4.5.15)
1 1 o
=— e"Te"II(W (e, jo, J,€))dT + — e"Te"II(W (e, jo, J, €))dT.
217’(‘ Tout (77) 227’( Tin (77)

Lemma 4.5.3. There exist two positive constants C,c such that for alln € N, jo,j € Z and e € C* we have
that

1
— / e"TeTII(W (€T, jo, j, e))dr| < Clele™™".
Fout(n)

20w

Proof The conclusion of the lemma directly follows from (4.5.2) and the definition of I',,:(n) which implies
that
V1 € Tout(n), "7 =e ™.

The equality (4.5.15) and the sharp exponential bounds on
1

P e"Te"II(W (€7, jo, j,€))dr,
2im Tout(mn)
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Im (7)
Fout(”)
L)
Lu() +(0)
R(T)
o ! 9, (n)
L ()

Figure 4.3 — A representation of the path described in (4.5.14): Toyus(n) (in red), TE (1) (in blue), T9,(5) (in
purple) and T'y(n) (in green)

we just proved imply that there just remains to handle the term

1
— e"Te"II(W (e, jo, J, €))dT (4.5.16)
227T Fin(n)

to obtain the description (4.1.32) of the temporal Green’s function expected in Theorem 4.1. We recall that
Tin(n) is a path that lies inside the set B(0,¢) by construction and that we chose the radius e €]0, 3] to be
small enough so that

V7 € B(0,e), €7 € B(1,02).

Thus, recalling that we consider jo > 0, we can use the expressions (4.4.34a), (4.4.34b) and (4.4.34c) to
decompose the integral (4.5.16) into different terms depending on the position of j with respect to 0 and jo.
Our new goal can now be separated in two parts:
— In Section 4.5.2; we will prove Lemmas 4.5.7-4.5.11 that will allow to bound the several terms that can
appear when decomposing the integral (4.5.16) using (4.4.34).
— In Section 4.5.3, we conclude the proof of the decomposition 4.1.32 of the temporal Green’s function
using the previously proved Lemmas 4.5.3 and 4.5.7-4.5.11.
— In Section 4.5.4, we adapt the results of Sections 4.5.2 and 4.5.3 to prove the decomposition (4.1.33) on
the discrete derivative of the temporal Green’s function and thus conclude the proof of Theorem 4.1.

4.5.2 Decomposition of the integral within B(0,¢)

This section will be mainly devoted to the proof of Lemmas 4.5.7-4.5.11 that will allow to study each term
that can appear in the decomposition of the integral (4.5.16) using the expressions (4.4.34a), (4.4.34b) and
(4.4.34c). However, we are first going to need to introduce a few more technical lemmas that will be used
several time throughout the rest of the chapter.

Gaussian estimates

First and foremost, we define the set X of the paths going from —n — ir.(n) to —n + ir-(n) whilst remaining
in B(0,e). We observe in particular that T'4(n),T;n(n) € X.

Lemma 4.5.4. We consider an integer k € N.
— There eist two positive constants C, ¢ such that for all n € N\ {0} and z € [0, %]

/F . |7|* exp (nR(1) + = (—R(7) + ARR(T)* — AIm (7)2“)) |dT| < Ce™“". (4.5.17a)
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— There exist two positive constants C,c such that for all n € N\ {0} and x € [2n, 00|

/ 7" exp (nR(7) + z (=R(1) + ArR(7)* — A[Im (7)*)) |d7| < Ce™“". (4.5.17b)
Fm(n)

— There exist two positive constants C,c such that for all n € N\ {0} and z € [%, Qn], there exists a path
I' € X such that

/1“ |T|k exp (n?R(T) + (—?R(T) + ArR(T)* — A;Tm (7')2“)) |dT]

2
C — 2T
< —57 exp (—c (n 190) > . (4.5.17¢)
n 2w TLTH

Lemma 4.5.4 will allow us to obtain generalized Gaussian bounds for several terms throughout the proof of
Theorem 4.1. The inequalities (4.5.17a)-(4.5.17¢c) separate different cases depending on z. An important point
to observe is that the path T appearing in (4.5.17¢) depends on n and = whereas the constants C, ¢ are uniform.

The way Lemma 4.5.4 will be used is to first observe that the integral of some holomorphic function over
some path of X is equal by Cauchy’s formula to the integral of the same function over any path of X. We then
prove that the integrand can be well bounded and use the result of Lemma 4.5.4. The proof of Lemma 4.5.4
can be adapted from [CF22; CF23; Coe22; Coe24] and will be done in the Appendix (Section 4.A).

Lemma 4.5.5. There exists a constant C > 0 such that for alll € {1,...,d}, n € N\ {0} and z € [0, 2n]
e i (T) _ graiei () < Cn|r|**exp (z (—R(1) + AgR(T)** — AsIm (7)) .

The proof of Lemma 4.5.5 is similar to the proof of [Coe22, Lemma 16] and will not be detailed here. We
recall that the functions w;™ and ;" respectively defined by (4.5.3) and (4.5.4) are linked by the equality (4.5.5).
Lemma 4.5.5 will allow us to "extract" the principal part apli of the function wli. This principal part will then
appear in terms that can be studied using the following lemma.

Lemma 4.5.6. We consider I,I' € {1,...,d} and 7,7 € {—,+}. There exist two constants C,c > 0 such that
for all n € N\ {0}, we have:
— For x,y € [0, +00] such that x +y € [%,Qn] andT' € X

1 ? 2 o o |ag?| Lo Y al? " O‘l? (n—(z+y))
5 exp (nT + xag o) (T) + yay op (T)) dr — ——Hy, | =B, + =pp 77 ;
i Jp n n

1
n 2w al’ nze

< Ce . (4.5.18a)

— Forzx e [%,Qn] andT' € X

2p

1 P ? p ? — C _ 2p—1
i / exp (n7 + zajp; (1)) dr — |ai| Hay, ( i (ni x)>’ = oE P <_C <|” 1$|> )
r

T =

n3n n3m n nzn
(4.5.18b)
— Forzx € [%,Qn],
7 7 ? i
L[ el (g i) € ( (st
207 r; (77) T nze nze nzne
(4.5.18c¢)

The proof of Lemma 4.5.6 is a summary of calculations performed in [Coe22; Coe24]| and will be done in the
Appendix (Section 4.A). Let us observe that there is no condition on the paths of integration in (4.5.18a) and
(4.5.18b). However, since the integrand is only meromoprhic in (4.5.18a), we only consider the path T';,(n).

Outgoing and incoming waves

We will start by looking at the outgoing and incoming waves by proving the following lemma.

Lemma 4.5.7. We consider m € {1,...,d(p+q)} and write it as m =1+ (k— 1)d with k € {1,...,p+q}
and l € {1,...,d}. There exists a constant ¢ > 0 such that for all n € N\ {0}, jo,j € N such that j — jo €
{-ngq,...,np} and e € C? we have:



4.5. Temporal Green’s function and proof of Theorem 4.1 177

o Ifme Il Ull and % € [2,2n], we have that:

5 + -
- senloy) / "G (€7 o, O, (€7, ))dr — S (n, jo, j)e
2 e )
2p
. Zn—1
)n - (ﬁjﬁ”)’ —cljl ~cljol 1
=exp | —c| ———* (O <|e|el> + Oc (|e|€1> " + Oc <1> llJrTerl"') . (4.5.19a)
nze nzn nzn nr
e Ifmell,ull, %Jp“ ¢ [2,2n] and %?po > 0, we have that:
L 1
+ _
- % / e"TeTE (€7, o, T, (€7, ))dr — S;t (n, jo, e = O (lele™™). (4.5.19D)
Q Fin(n)

elfmelf andj>jo+1orifmel}, and j€{0,...,jo}, we have that:

1 -
— e"Te" 6, (€7, jo, II(W,i (€7, 4))dr = O (lele™"). (4.5.19¢)
2Z7T Fin ("7)
Proof e We start by proving (4.5.19a). The proofs of (4.5.19b) and (4.5.19¢) will be done afterwards as they
are fairly less complicated. We consider m € I U I}, such that £=4° € [Z,2n].
@

Using the expressions of Wt and ant given respectively by Lemma 4.4.3 and (4.4.51), we have using Cauchy’s
formula that for any I' € X

[ e G o OV dr = [ G e AL o IV ) (4520)
Fin(n) r

We recall that the function ;" is defined by (4.5.3). Using Cauchy’s formula once again, the definition (4.1.31a)
of the function S;" and (4.5.3) since the index m belongs to I, U I}, we then have that

cu)’

sgn(a;") S+ ; + : ol i + +T .+
- 7/ enTeTcgm (677]Ove)H(Wm (eTa]))dT - Sl (nvj()a])e = El + E27nl + (E3 + E4 + E5) ll er,
Fin(n)
(4.5.21)
where F is a vector and Fs, ..., F5 are complex scalars defined by
sgn(a;) o1y
E = —%/ eI F (N At (7 o, e)II(V,E (e, j) — R} (e7))dr,
2 T,
Sgn(a+) nt_(j—jo—1)w (1) 7 T de{L T T
E, = %;A26 elU=do= 1= (1) (Afn(e ,Jo,€) — %(e W e ) dr,
Sgn(a?—) (-7- ) +( ) + 1 dc:’r;, 1
E = nTt J—Jo WL T T T T _ d
3 2% [‘36 € € Cm(e ) dZ (6 )+ a;_ T,
By o (e@—jo)wr(r) _ e(j—jowm) dr.
227r\04l+| T,
+ . -
Eyim —— / el e - gy, (g, BT
2im|a"| Jr, n2e nze
and I'y,...,['s are paths belonging to the set X defined at the beginning of Section 4.5.2. We just have to
prove correct bounds on the terms Fj, ..., E5 appearing in (4.5.21) to obtain (4.5.19a). In particular, we will
use good choices of paths I'1,...,I's to optimize the bounds using Lemma 4.5.4.

» Using (4.4.52g), (4.5.7) and Lemma 4.4.3 which claims that the vectors V7 (z, j) converge exponentially
fast towards R} (e7), we have that there exist two positive constants C, ¢ independent from n, jo, j and e such
that

|E1| < Ce Ve /F exp (m%(T) + <j _ﬁ‘)) (=R(1) + ArR(7)* — AfIm (7)2“)) |dr].

o

» Using (4.4.52e) and (4.5.7), we have that there exist two positive constants C, ¢ independent from n, jo,
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7 and e such that

|Ey| < CemVolle| <mp<"%v%+(j_%>(—%v>+AR%vf“—Aﬂm«ﬂ”ﬁ)wﬂ.

+
s Q

» We notice that ¢, (1) = 1 and %(1) = —-L . Using a Taylor expansion and (4.5.7), we have that there

@
exists a positive constant C independent from n, j; and j such that

Bs| < C [ |7]exp <n§R(7’) + (j +j0> (“R(r) + ApR(r)> — AIm (7)2#)> dr|.

s a

» Since J;% € [g, 2n]7 we can use Lemma 4.5.5 and prove that there exists a positive constant C' indepen-
1

dent from n, jo and j such that

|Eus<%géjfwﬁlam(n%v>+(j‘f0)(—%@>+AR%wfﬂ—fhhnvfw)|m+

o

Using Lemma 4.5.4 which gives a good choices of path I'y,...,I'y € X depending on n, jo and j to handle
the integrals in the terms above as well as Lemma 4.5.6 to take care of the term Fs, there exist new constants
C, ¢ > 0 independent from n, jo, 7 and e such that

2u 2u
. 2p—1 . 2p—1
. J—Jo . J—Jo
Ce~*lljel - ()] Ce~“linlle - ()]
|Eq| < ——exp | —¢ + , |Eal < +— exp | —c¢ + ,
2K n2u T2k n2u
24 2u
. . 2p—1 - . 2p—1
_ [ 2=Jo _ [ 1=Jo
¢ ’” ( af )‘ ¢ ’" ( af )‘
|E3| < —exp | —c + , |E4l < —exp | —¢ + ,
nmw n 2w nw n 2w
2u
- . 2pu—1
J—Jo
c %‘(arﬂ
|Es| < —exp | —c +
nmw n 2w

We have thus obtained (4.5.19a).
e We now focus on (4.5.19b). We thus consider m € I, and j > jo 4+ 1 or m € I}, and j € {0,...,jo} such
that ¢ ¢ [Z,2n]. We observe that in particular, S;"(n, jo,j) = 0. Using (4.5.20), Lemma 4.4.3 which claims
1
that the vectors V,}(z,j) are uniformly bounded for 2 € B(1,41) and j € N, (4.4.52g) to bound A} (e™, jo,e)
and (4.5.7), there exists a positive constant C' independent from n, jo, j and e such that for all T € X

+ _
—%/ e"TeTG, (e, jo, )T (W, (€7, 5))dT — 87 (n, jo, j)e
2Zﬂ- Fin(n)

< Clel /F exp (mce(f) + (j _f‘)) (“R(r) + ARR(r)* — A;Im (7)2“)> dr].

a

We then use Lemma 4.5.4 to prove that there exist two new positive constants C, ¢ independent from n, jg, j
and e such that

227_[_ m m S C1|e|€7cn'

+ ~
%W@”/ TG (€7 o, @)IU(W,E (€, ))dT — S (n, jo, e
Cin(n)

e We now focus on (4.5.19¢). We will consider the case where the integer m belongs to I}, and j > jo + 1.
The second case considered in (4.5.19¢) would be handled similarly. Using (4.5.20) with I' = T'4(n), Lemma
4.4.3 which claims that the vectors V,!(z,7) are uniformly bounded for z € B(1,4;) and j € N, (4.4.52¢) to
bound A (e, jo, e) and (4.4.1a) whilst noticing that j > jo + 1, there exists a positive constant C' independent
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from n, jo, 7 and e such that

1

o [ T o OV )
2im Tin(n)

< C|e|6*26*|j*jo|/ "R dr|
La(n)

< 2r€(n)C|e|e_’”’_20*|j—j0|.

Reflected waves

We now look at the reflected waves.

Lemma 4.5.8. We considerm € {2,...,dp} andm’ € {dp+1,...,d(p+ q)} and write them asm = I+ (k—1)d
andm/ =1+ (K —1)d with k, k' € {1,...,p+q} and [,I' € {1,...,d}. There exists a positive constant ¢ such
that for all n € N\ {0}, jo,7 € N such that j — jo € {—ng,...,np} and e € C?, we have:
e IfmclIf, m cI} and ajj - jﬂr € [%,2n], we have that:
,,

cs? cu
1

1 nT T T - T . T - a+~ ; >
Y- e e g;’,m(e )G (€7, jo, )TI(W,E (€7, §))dr — ﬂrg;,,m(l)R;,’,l(n,jo7j)e
v Tin(n) al’
o nT
n— (J+ - ﬂ)‘ —eljl ~eljol 1
=exp | —c¢ — <O <|eel) + Oc <|e|el> 7'1++0<c< 1>llJ/rT67‘l+>'
nawe nzne nzne ne
(4.5.22a)
e Ifmell, m el and L — 19 ¢ [2,2n], we have that:
o ay
1 nT T+ N+ (T +(,7 s Oé?_ ~+ + SR —cn
L gt VG g W () dr— L, ()RS (1,0, f)e = Ol ele™™). (45.22b)
207 J D4 () X
e Ifmelf, m' el and —i%?p € [%,2n], we have that:
l/
2p
a1
1 - ~ |e‘e_c‘j‘ n + i%
- — e"meTgt, (eN)E,) (e, jo, ) IL(W,t (e, §))dr = O —exp | —¢ | ———— .
i Lin(n) ’ n2u nze
. (4.5.22¢)
o Ifme I}, m' eI, and —2% ¢ [%,2n], we have that:
l/
1 B ~
- — e"TeTg;,m(eT)CK;,’;(eT,jo, e)II(W,f (€7, j))dr = O (|ele™"). (4.5.22d)
2 Tin(n)
o Ifmelf, melf and L ¢ [Z,2n], we have that:
R
1 ntT T T - T . T .
-5 e"TeTgr o (€T)G (€7, jo, )TI(W, (€7, 5))dr
v Fin(n)
2
. 2n—1
leecliol ‘n -k
=0(lele™)+O0¢c | ———exp | —c| ——— r. (4.5.22¢)
nne nze
e I[fmell, m eI}, and aj—Jr ¢ [2,2n], we have that:
l
1 - ~ .
- — e"TeTg;,’m(eT)(fnt(eﬂjo, e)II(W,f (€7, j))dr = O (|ele™"). (4.5.22f)
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o I[fme I, m' eI}, wehave that:

su?

1 ~. T\ T T —cn
L[ emergt, (€N o, OUWE(ET, j))dr = O (Jefe™"). (4.5.22g)
T Fm(n) ’

We observe that since we consider m € {2,...,dp} and m’ € {dp+1,...,d(p+ q)}, Lemma 4.4.6 implies
that §;;,7m can be holomorphically extended on the whole ball B(1,d;) and thus the term §;,7m(1) is well
defined.

Proof e We start by proving (4.5.22a). We consider that m € I},, m’ € I}, and -4 — i—i € [2,2n].

cs? a?’ y
Since the function ﬁ;;, m can be holomorphically extended on the whole ball B(1,¢), using the expressions

of Wt and €

-+ given respectively by Lemma 4.4.3 and (4.4.51), we have using Cauchy’s formula that for any
FreX

/ TV o, V7, )
Tin(n

- /F TG (€)Y CE (€7) 0T AT (€7, jo, TVt (¢7, f))dr. (4.5.23)

Using Cauchy’s formula once again, the definition (4.1.31b) of the function R;,r,l and (4.5.3) since the index m

belongs to I, and m’ belongs to I, we then have that

1 nT T T s T - T ; a+~ y y
— 5= "TeT Gy (€T)E (€7, o, ) IU(W (7, 5))dT — gy (DR (1, o, j)e
A% Tin(n) ’ al/ ’ ’
T
= E1 + Bar] + (B3 + Es + E5 + Eg) I " er]”  (4.5.24)
where F; is a vector and FEs, ..., Fg are complex scalars defined by

1 - , (i . .
By = 5 em-g:;/ m(er)e]wl*(‘r)e (Jo+1)wl+,(7')e~rA;i,-L/ (eT7j07e)H(V,’:(€T7j) - Rr—ir_z(eT))dT’

1T T ’

1 N : : ¢,
Ey = o . e"Tg;,vm(eT)er;“(r)6—(J0+1)wl+/(,.)er (A;/(eTajan) - 27: (eT)llJ/rTe> dr,

~+

1 nr_jwl (t) ,—jow ) (T ~+ T\, T+ (T 71d<::rz’ T g /17"(1)

B3 = ~ 5 F36 eI (1) g=dowy (7) (gm,m(e )eT¢r (eT) W(e >+Wl¢¢7?,' dr,
=+
E4 — gm/77rL(1) / enT (ejw;r(f) _ ejcp;r(f)) e_jowlt(T)dT,
2i7ral+/ I
=+
Es = g'rn/7m(1) / en‘rejgp;r(r) (e—jow;(‘r) _ e_jOW:;(T)) dT,
2ireyt Jr,
=+
Eg := gm./7m(.~.1)/ T el (D) =i0e (7) g
2iray,  Jrg
+ : ; + 21 Twz++jo£*j
e N e b ) e
oy T o na?‘ ! noz?,' ! a?,‘ ’ n ’

and I'y,...,T'¢ are paths belonging to the set X. We just have to prove bounds on the terms Fy,..., Eg. In
particular, we will use good choices of paths I'y,...,I's to optimize the bounds using Lemma 4.5.4.

» Using (4.4.52g) to bound AY,, (4.5.7) and Lemma 4.4.3 which claims that the vectors V,}(z,j) converge
exponentially fast towards R (e7), we have that there exist two positive constants C, ¢ independent from n, jo,
j and e such that

|E1| < CeVl|e] /F exp (m%(f) + (ﬁ - ji) (—=R(7) + ArR(1)* — A;Im (T)Qﬂ)) |dr|.

(&%) Q.

» Using (4.4.52¢) and (4.5.7), we have that there exist two positive constants C, ¢ independent from n, jo,
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7 and e such that

|Es| < Cemcliolle] [ exp (”?R(T) + (ﬁ - ji) (—R(r) + ArR(r)* — ArIm <T>2“>) jdr].
I'a

[&7] Qg

» We notice that ¢, (1) =1 and Zm’ ( )= % Using a Taylor expansion and (4.5.7), we have that there

exists a positive constant C 1ndependent from n, _]o and j such that

|By| < 0/F3 7| exp (néR(T) + <]+ - j‘i) (“R(r) + ApR(r)* — AjIm (T)%)) dr].

Q ap

» We observe that % and —O{j are positive and -4 — i—i [%, Qn}. Thus, we have that ij € [0,2n]. We
l ’ l

I 1
can then use Lemma 4.5.5 and (4.5.7) to prove that there exists a positive constant C' independent from n, jj

and j such that

|E4| < Cn /F 7|24+ exp (né}%(r) + (ﬁ - ji) (=R(r) + ARR(7)% — AjTm (T)Zﬂ)) \dr].

« Q.

Furthermore, we also have that and —i—i € [0,2n]. We can also use Lemma 4.5.5 and (4.5.6) to prove that
l/
there exists a positive constant C' independent from n, jp and j such that

|Es| < Cn /F 7|24 exp (mre(T) + (ﬂ - j‘i) (=R() + AgR(7)* — A;Im (T)2~)) \d7).

o7 ay,

Using Lemma 4.5.4 which gives a good choices of path T'y,...,I's € X depending on n, jo and j to handle
the integrals in the terms above as well as Lemma 4.5.6 to take care of the term FEg, there exist new constants
C, ¢ > 0 independent from n, jo, 7 and e such that

24

. . 2p—1
J Jo
n— -1 — 29
af o)

—clj|
Ce Vel
|Ey| < exp | —¢ . ,
na n2m
2
. . 2p—1
J Jo
n— (L. — Jdo
C 76']0“e| al+ (y;
|Ep] < ——————exp | —c - ,
n2w n2u
2 2
i g ot i o_ g ot
n— =L — Jdo n— -1 — Jo
af c of o
|Es| < T EXp | ¢ . ) |Ey| < T e&Xp | —¢ . )
nw n 2w nw n 2
2 20
. . 2p—1 X . 2p0—1
J Jo J Jo
n—|-4%—2% n—|(-4%—<%%
c of o c o oy
|E5| < —exp | —c¢ + . |Es| < —exp | —c +
nm n2u nH n2u

We have thus obtained (4.
e We now focus on (4

22a).

22b). We consider that m € I, m’ € I, and % — ;—0 ¢ [Z,2n]. We observe
; 5

that in particular, Rl",' (n,j0,4) = 0. Using (4.5.23), Lemma 4.4.3 which claims that the vectors VI (z, j) are

uniformly bounded for z € B(1,6;) and j € N, (4.4.52g) to bound A}, and (4.5.7), there exists a positive
constant C' independent from n, jy, 7 and e such that for all ' € X

o.
5.

1 . Oé+ . .
,f/ e g (€ EE (€7, o, )II(W, (e7, j))dr — l_,'_g;'; (DR (0, jo, e
29 Tin(n) o
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< Cle| /Fexp (mce(f) + (ﬁ - ji) (“R(r) + ArR(1)?* — AIm (7)2“)) dr].

(o7 Qg

We then use Lemma 4.5.4 to prove that there exist two new positive constants C, ¢ independent from n, jg, j
and e such that

Jr
i

1 ~ N o N o B
‘—/ ( )enfefgiﬂ,m(e )E, (€7, o, @IL(W,E (e7, 4))dr — “Lgh, (DR (n, o, f)e| < Clele™".
Fin n

2m al/

e We now focus on (4.5.22¢) and (4.5.22d). We consider that m € I}, m’ € If. Using (4.5.23), (4.4.1a)
to bound ¢, (4.5.3) since the index m’ belongs to I}, Lemma 4.4.3 which claims that the vectors V,!(z,j)
are uniformly bounded for z € B(1,41) and j € N, (4.4.52¢) to bound A, and (4.5.7), there exists a positive
constant C independent from n, jy, 7 and e such that for all ' € X

1 ~
|—‘ / enT€T§;/7m(eT)<€$(eT7j07e)H(Wr_n‘_(eTaj))dT
T

< Ce2elil)e| /F exp (n?R(T) + ( ji) (=R(1) + AgR(7)* — A;Im (7)2#)) |dr].

al/

We observe that *% is positive since o} < 0 because m’ belongs to If,. Using (4.5.17c) when 70{—‘3, € [%,2n]

14 G
and (4.5.17a) and (4.5.17b) else, we end up proving (4.5.22¢) and (4.5.22d).
e We now focus on (4.5.22¢) and (4.5.22f). We consider that m € I}, m’ € I},. Using (4.5.23), (4.5.3) since
the index m belongs to I}, and Cauchy’s formula, we have that

1

E— TG (€T)C (€7 o, )TI(W,i (7, §))dr = By + Eoryf
217’( Fm(n)

where the vector E; and the complex scalar Fy are defined by
Ey ::/ €T gt (€T I ()T TIAL (€7, o, )TV (€7, 5) — Rip(e7))dr
Iy
E, ::/ 6"7675;,,7”(67)@7“;(7)(72/(eT)fjoflAj;L,(eT,jo,e)dT
I'>

where I'1, T’y are paths belonging to the set X. Using (4.4.1c) to bound (,, Lemma 4.4.3 which claims that
the vectors V7 (z, j) converge exponentially fast towards R, (e7), (4.4.52g) to bound A, and (4.5.7), we prove
that there exist two positive constants C, ¢ independent from n, jo, j, e, I'1 and I's such that

|| Sc‘e|670\j|670|jol/

I'y

exp (n?R(T) + c%‘*‘ (=R(7) + ArR(1)* — AfIm (7)2")) |dT],
1

| Es| SC’\e|e‘CU°‘ / exp (n?R(T) + LJr (—§R(T) + AgR(7)* — AfIm (7)2“)> |dT].

s Q

Whilst observing that ajj is positive since m belongs to I}, when ajj ¢ [%, Qn] , Lemma 4.5.4 allows us to prove
1

exponential bounds witfl regard to n on the terms E; and Fs and to thus immediately conclude the proof of
(4.5.22f). When aj—Jr € [%, 2n}, Lemma 4.5.4 allows us to choose I'y and I'; depending on n, jo, j and e so that
l

there exist new constants C, ¢ > 0 independent from n, jo, j and e such that

2u 24
- 2pu—1 - 2p—1
) . J ) J
c‘e|efc\alefclaol ’n ToF C‘e|e*0|Jo\ ‘" T of
|| < —————exp | —¢| ——— |Ey| £ ————exp | —¢ | ———
n2we n 2w n 2 2K

Since j € [%, Qn], we have that there exist two other constants C, ¢ > 0 independent from n, jy, j and e such
that
|Eq| < Clele™".

This allows us to conclude (4.5.22¢).
e There only remains to prove (4.5.22g). We observe using (4.5.23) with I' = T'y(n) € X, (4.4.1a) and
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(4.4.1c) to bound ¢} and ¢, (4.4.52g) to bound A}, and Lemma 4.4.3 which claims that the vectors V! (z, 7)
are uniformly bounded for z € B(1,6;) and j € N, we have that there exists a positive constant C' independent
from n, jo, 7 and e such that

1 _ ~ . .
_%/ TG (€ (€7, o, )TL(WE (e, j))dr| < Clefe e (WD =nm,
227’( Fin("]) ’

Transmitted waves
We now look at the transmitted waves.

Lemma 4.5.9. We considerm € {dp+1,...,d(p+q)—1} andm’ € {dp+1,...,d(p+ q)} and write them as
m=1+(k—-1)d andm’ =1+ (k' —1)d with k, k' € {1,...,p+q} and [,I’ € {1,...,d}. There exists a positive
constant ¢ such that for all n € N\ {0}, jo € N, j € —N such that j — jo € {—nq,...,np} and e € C¢, we have:
e Ifmel,, m el and aj—, - i—‘ﬂr € [%,2n], we have that:
l v

1 nT T T\ T 5 — (T 4 Ol7~ y y
— e g (€N (€T do, TU(W,, (€7, 4))dr — =gt (DT (1, 5o, 5)e
27,71— Fin("]) al/
—2p
( i o >' e
"=lar T of = —cljol 1
o al)
=exp | —c ZL ! (O (|eel) + Oc¢ (|eel) r, + Oc¢ ( 1) lf,Terl> .
n2u n2u n2;¢ nw
(4.5.25a)
e Ifmel,, m eIt and L — I [Z,2n], we have that:
o o
1 nT T T\ o T — (T Q SR —cn
%0 " e"e gjl,’m(e YE (€7, jo, e)TL(W,,. (7, 5))dT — alJr gjl,’m(l)ﬂfl(n,jo,zj)e =0 (|e\e ) . (4.5.25b)
Tin(n 4

e Ifmel,,, m eI} and —i—& € [%,2n], we have that:

1

2p
Jo e
1 nrT T+ TN+ (T — (T eiclj‘|e| n e
— e"reT g, (7)€, (€7, o, e IL(W,, (e, j))dT = O ——exp | —¢ | ———
2 TCin(n) ’ nzu nze
. (4.5.25¢)
e Ifmel,,m €I and - ¢ [2,2n], we have that:
l/
1 " T - T N - T N —Ccn
— e”Tengl/7m(e ), (€7, jo, e)IL(W,, (€7, j))dT = O (|e]le”") . (4.5.25d)
227’(‘ Fin(n)
e Ifmel,, m el and L c [2,2n], we have that:
@
1 nT T+ TN+ (0T i —(eT i
9 e e gm’m(e )(gm(e 7]076)H(Wm(6 7]))d7—
2Z7T Fm(”]) '
2p
. 2n—1
efeio -2
=0(lele™™)+O¢ | ——exp | —c| ——+— r; . (4.5.25e)
nze nze
e Ifmel,,m el and L ¢ [2,2n], we have that:
@
1 _ -
e”TeTg;,,m(eT)%rz(eT,jo, e)II(W,, (7, 4))dr = O (lele”*") . (4.5.25f)

2i7T Tin (U)
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o Ifme I, m €I}, wehave that:

su?

1

%in e”TeTEfn/7m(eT)<€wt(eT,jo, e)IlI(W,, (", j))dr = O (lele”*") . (4.5.25g)
Fin(n)

Just like in the case of the reflected waves, since we consider m € {dp+1,...,d(p+q) —1} and m’ €
{dp+1,...,d(p+q)}, Lemma 4.4.6 implies that §;,m can be holomorphically extended on the whole ball
B(1,47) and thus the term ﬁ:l,’m(l) is well defined.

Proof The proof of Lemma 4.5.9 is sensibly the same one as for Lemma 4.5.8 so the proof is left to the reader.
Let us just point out that in order to prove (4.5.25a), we have using Cauchy’s formula that
1 ~ > ) _ . o .
. "G m(€T)E (€7, Jo, )TL(W,,, (€7, §))dr — al+ It DT (0, G0, 5)e
in (7 14

=FE+ Exr] +(E3+ B4+ Es + Es) lﬁTerf

um T

where Fj is a vector and Fs, ..., Fs are complex scalars defined by
1 N o
B = — em—g;ﬂ m(eT)ejwl (T)e (jOJrl)wz-t(T)eTA;, (eT,jo,e>H(Vn;(€T7j> . R;L(eT))dT7
27 r, ’
1 . - : ¢t
By= g [T (o) e = e (A;, (&, o) — Lo <ef>ll+,Te) dr,
1 e - act, o (1)
o nt _jw, (1) w h(T) + ™7+ (,TY\—1%5Sm T m’,m
By = 5 F3€ eI@ (1) g=dow, (gm/m(e JeT¢r (eT) 0 (e") + 7045 dr,
~+
E, = _gm'7m(1) / enT (eij(T) _ ejsaf(T)) e*jow;(‘F)dT
2ira;; Jr,
I m (1) o 0wt e
By = Imm / T eir (1) (ewwl,m _ efm,,m) dr.
2i7ra;7 r
~t
E6 — _gm/7m(1) / en‘rej(p; (T)e—jOLP?;(T)dT
22'71'&?,r r

+JIm’,m — Ml + + ’ 1 ’

- . . _\24 naj 4 jok —j
Y 1 J a4 Jo @ ! oy,
- 9+ (DTHQM ——=f - ﬂl—i_ : l
Q;r nzu nao, naog, (%7 nzn

and I'y,..., g are paths belonging to the set X. We just have to prove bounds on the terms Ey,..., Fg just
like in the proof of (4.5.22a). O

Unstable excited mode

Lemma 4.5.10. There exist two positive constants C,c such that for all m' € I}, n e N\{0}, joeN, j €2
such that j — jo € {—nq,...,np} and e € C¢, we have
e For j € N, we have that:

|—‘ / €"TeT G (€ (€7, o, TL( @1 (€7, 5))dr + Gl (1) AL (1, jo, €)Res(G, 1)V (4)
T

< Clele™". (4.5.26a)

e For j € —N, we have that:

1

o / TG s (VAT o TRty ()T )AL (1o Res( DV G)

< Clele™ ™. (4.5.26D)

We recall that the sequence V is defined by (4.4.30).
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Proof We are going to prove (4.5.26a). We consider m’ € I,

£, n € N\ {0}, jo € N. For j € N, using the
residue theorem and the equality (4.4.51), we have

1 _ = . . L ) _ .
i TG o @ D)+ L ()AL (Lo ORes(F 1 V)
Fin n
1 —jo—1 1~ T T T
=—5— e (en) et (€M) A (€7, do, e)TI(@y (€7, 5))dr.
20 Jr )

Using (4.4.1c) to bound ¢, (4.4.52g) to handle the term A}, and (4.4.29) to bound ®;, there exists another

positive constant C' independent from n, jg, j and e such that

1 .
—5= / e ()T e, L (€T) AL (€7, o, TP (€T, §))dr
2im T'a(n) '

< Cle| "R dr| < 2r.(n)Clele™™".
Ta(n)

The proof of (4.5.26b) is fairly similar and is thus left to the reader. We observe that
G5, and (4.4.43) imply:

m’,m

We thus obtain (4.5.26a).
the definition (4.4.42) of

Res@;,’d(pﬂ), 1) = —Res@:;,’l, 1).

Central excited mode

Lemma 4.5.11. We consider m’ € I}, and write it as m’ = U' + (k' — 1)d with k' € {1,...,p+q} and
I € {1,...,d}. There exists a positive constant ¢ such that for all n € N\ {0}, jo € N, j € Z such that
j—jo€{-ng,...,np} and e € C¢, we have:
e For —o{jo € [g,2n] and j > 0, we have that:
b

1 nT T T - T . T - Res(g—"_/ 1 1) ; >
- e € gj_nl,l(e )%}t’(e »JO>y e)H((bl(e 7.7))d7— - +E;(na jo)eV(]) =
20 Jr,. () ap
2p
. Py
leecli! ‘”+ oF
—exp | —¢| ——— + 0 (lee"). (4.5.27a)
nzw niu
e [or —i—i [%,271] and j > 0, we have that:
l/
| e o Res@hol)
- — e""e 9:1/,1(6 )(g;r/(e »JOs e)H((I)l(e ,j))dT - 7+)E1J/r(n7 ]O)GV(]> =
2171— Fin(n) all
O(lele™ ™). (4.5.27b)
e [or —O{—i € [%,271] and j < 0, we have that:
l/
1 nr T~ T\ - T T - Res(g:rrﬂ 1?1) . .
% Lo )6 Te g;/7d(p+q) (6 )%nt’(e »JO5 e)H((I)d(PJrq)(e 7]>)d7— - TJ;EZT(”’JO>6V(]) =
in (M 14
2
. Sp—1
le|e—cll ‘n—l— pod
——exp | —¢| ——— + O (lele™"). (4.5.27c¢)
nze nze

e [or 70{—1 [g, Qn] and j <0, we have that:
l/
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Res('g};,,l, 1)

enT@ng;zyd(p_,_q) (67)%;;/(67—3;7-05 e)H(q)d(p-l—q) (6T7j))d7_ - TE;_(H,]O)BV(j) =

1

% Fin(n)
O(lele™™).  (4.5.27d)

We recall once again that the sequence V' is defined by (4.4.30).

Proof We will focus on proving (4.5.27a) and (4.5.27b) as the proof of (4.5.27¢) and (4.5.27d) would be similar
whilst observing that the equality (4.4.28) is verified and that the definition (4.4.42) of §$,7m and (4.4.43) imply:

Res@;,’d(pﬂ), 1) = —Res@:;,’l, 1).

e Proof of (4.5.27a):
Using Cauchy’s formula, the equality (4.4.51) on %}, and (4.5.3) since m’ belongs to I}, we have:

Res(ﬁ;’,l’ 1)

1 — NS o S . .
- — e"Tengg,yl(e )E.E (e, jo, e)IL(Pq (e, §))dT — fEﬁ(n,jo)eH (®41(1,5))
207 () A
where
1 nt 1T+ 7\ ,—(J +1)w+(7') + T T ;
Eyi=—o— | e"el g,  (eT)e” TITAL (€7, jo, e)IL( @1 (e, j) — @1(1, 5))dr,
2m Ty ’
1 - (i .
E2 = enTeTg;:,’ 1(eT)e ('70+1)W;(T) (A;—:,’(eT’jOa e) - A;’(17]07e)) dTa
2T Ty ’
1 ) _ Res ~;2, ,1
E3:=— % . 67”—67]0“?’—(7—) (engn/’l(eT)éherru(eT)_l - (97_’1)> dr,
~+ —7 w",' T —J 't T
By — Res(gw,)l, 1) / € Jow (1) _ o—dowy( )dT,
2T s T
—
» 1 —Jo¥ /(T) J’; y
Fy = — Res(g;g, 15 1) o / enTLdT - E2p ( ;; w> ’
’ 2T Jrin ) T n
+ 4 +T
" nag, + j . I e
E6 = Res(gr—;/,p 1)E2u ( ;_7 110) (A;;/(lajme) + l F > ’
nze (870
and I'y,...,I'y € X. Let us observe that, since the function §;,’1 has a simple pole of order 1 at 1, we have the

right to use the Cauchy’s formula for the first 4 terms as the functions inside the integrals can be holomorphically
extended on the whole ball B(1,¢).

» Using (4.4.52g) to bound AY,(e7, jo, ), (4.4.52¢) to bound g, , (e™)II (®1(e™,j) — ®1(1,7)) and (4.5.7),
there exists a constant C' > 0 independent from n, jo, j, € and I'; such that

exp (m}e(T) - C{‘i (—R(7) + ArR(T)* — AfIm (T)%)) \dr|.
1 14

|Ey| < C|e\e—‘°’%m/

r
» Using (4.4.52i) to bound §;[b,’1(67) (A, (€7, jo,e) — Af,(1,j0,€)) and (4.5.7), there exists a constant
C > 0 independent from n, jo, 7, € and I's such that

|Es| < C|e|/F exp (n%(T) — Li (—%(7‘) + ArR(T)* — A;Tm (7')2“)) |dT|.

oy,

» Using (4.5.7), there exists a constant C' > 0 independent from n, jo, j, e and I's such that

|E3| < C | exp <n§R(7’) — ji (—§R(7’) + AgR(7)* — AfIm (7)2”)> |dr|.

s ap

» Using Lemma 4.5.2, there exists a constant C' > 0 independent from n, jo, 7, € and I'y such that

|Ey| < C’n/ |72 exp (nﬂ?(T) - ]3_ (*?R(T) + ApR(T)* — AjIm (7)2“)> |dT].
Iy Qg
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Using Lemma 4.5.4 which gives a good choices of path I'y,..., 'y € X depending on n, jo and j to handle
the integrals in the terms above, there exist new constants C, ¢ > 0 independent from n, jo, j and e such that

24 24
2p—1 Sp—1
Jo Jo
; n+ = n+4 =%
Ce=<Vle| o Cle| o
|Ei| < ————exp | —¢| ———— , |Ey| < ——exp | —¢ | ——— ,
n 2w n2m n 2 mn 2
2u 2u
j 2p—1 ; 2n—1
0 0
C n -+ 7 C n -+ T
B3| < ——exp | —¢| —=— ; [Ea| < ——exp | —¢| ——=—
nan n2n nn nen

There remains to bound the terms E5 and Eg. We use (4.5.18¢) of Lemma 4.5.6 to bound the term FEs and
obtain the existence of two positive constants C, ¢ such that:

2

. 2p—1
0
n+ jﬁ
a

C
|Es| < ——exp | —¢

1
n2u n2u

We observe that (4.5.3) and the asymptotic expansion (4.5.5) imply that

Ay _ 1

i V=5
Then, using (4.4.52¢) and the fact that the function Egu(ﬁf,r; -) is bounded to handle Eg, we can also consider
that we chose the constants C, ¢ so that: '
|Es| < Cle|e=¢lool,

Since —O{—Hr € [g, Qn], we can change the constants C, ¢ such that:
l/

|Es| < Clele™“".

Using (4.4.29) and (4.4.52¢) to bound ®;(1,j) and AT, in (4.5.28), we can conclude the proof of (4.5.27a).
e Proof of (4.5.27b):
We will separate this proof into two parts.
» Let us assume that —i—i € [O, %} We recall that ﬁ;lu is a meromorphic function with a pole of order 1

at 1. Using the Residue Theorem, we have

1 oy et b . Res(g, 1, 1) . .
s [ TR T o, @ (T, ) — T 5 (i, oelT (@4 (1) =
T JTin(n) Qg
1 - a
- enrefrg;ir-Ll 1(eT)e (jo+1)w;(T)A;;,(6T,jo,e)H(‘Pl(eT,j))dT
2 Ta(n) ?

Res(@t/ 1 1) TLCHL + jO T .
RS (1 (105 8Y) e

Qp n2e

We need to obtain exponential bounds on both terms on the right hand side of the equality above. First, we

observe that since —-% belongs to [0, 2], we have
all
o +
nog, + « 24
MOy TJ0 o o2t
nawe

We have that ojf < 0 since m’ belongs to I}, and thus, using (4.1.30c) and (4.4.29), we have that there exist
two positive constants C, ¢ such that for all n € N\ {0}, j0,7 € N, e € C?

Res(gt, ;,1) nal +j T .
mLD T <1 — By, ( h lljo)> I eIl (®4(1, 7))

Oé?,_ nawe

< Cle|eclle=en,
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We now observe that using (4.4.52g), (4.4.29) and (4.5.7), we can prove that there exist two positive constants
C, ¢ such that such that for all n € N\ {0}, jo,j € N, e € C?

1 - (s
‘_/ €T (€M) PTVEIAL (e, o, )TI( @1 (€7, j))dr
Ta(n)

< C’|e|e_CU| / exp <n%(7’) — ]i (—?R(T) + AR§R(T)2“ — A;Im (7)2“)> |dT|.
Ta(n) ap

Using (4.5.17a), we can find exponential bounds for the integral in the right hand term above. This allows us
to conclude the proof of (4.5.27b) when —-2%& belongs to [0, §].
l/

» Let us assume that —<4% € [2n, 4+-00[. Since —<% belongs to [2n, +oc[, we have
«

’ 1

+ .
nog, + 24
oy TJo —afnET,
n2e

We have that o < 0 since m’ belongs to I}, and thus, using (4.1.30b) and (4.4.29), we have that there exist
two positive constants C, ¢ such that for all n € N\ {0}, jo,7 € N, e € C?

Res(gm’,l’ I)EQM ( +. oy £ Jo < C|e|e*6\j|efcn.

T .
T 1/71> l?/_ eH((I)l(la.]))

Oél/ nﬁ

Furthermore, using (4.4.52g), (4.4.29) and (4.5.7), we can prove that there exist two positive constants C, ¢ such
that such that for all n € N\ {0}, jo,7 € N, e € C¢

 2im

1 _ ~ . .
‘ [ e (NG o e (@ ()i
Fm(’?)

< Cle|e=cll / exp <n%(7’) - ]i (=R(7) + ApR(7)* — AIm (7')2“)> |dT].
Tin(n)

(70

Using (4.5.17b), we can find exponential bounds for the integral in the right hand term above. This allows us
to conclude the proof of (4.5.27b) when —-I% belongs to [2n, +oo[. O
l/

4.5.3 Proof of the decomposition (4.1.32) of the temporal Green’s function

Let us now conclude the proof of the decomposition (4.1.32) of the temporal Green’s function. We will give
details on the case when j > jo + 1. The cases when j € {0,...,j9} and j < —1 would be handled similarly
using (4.4.34b) and (4.4.34c) rather than (4.4.34a).

Using (4.5.15), Lemma 4.5.3 and (4.4.34a), there exists a constant ¢ > 0 such that for n € N\ {0}, jo € N,
j > jo+1and e € C? which verify j — jo € {—ng,...,np}:

1 1
g(nvj()vj)e =5 enTeTH(W(eTajOajv e))dT+ 9 enTeTH(W(eT,j07ja e))dT
227’( Fin("]) 2271' Fout(ﬁ)
1 ~
= Z (—, / e"Te" 6 (€7, jo, )L (Wt (e, 7)) dT)
2 Tin(n)
melturf, inil

2 AN G AN G (T
+ Z Z ( i%e /Fin(n)e e gm’,m(e )Cgm,(e ,jo,e)H (Wm(e 7])) dT)

melfUIi\{1} m'ert,urt,
; e O, e T 3 T - —cn
+ Z _T €€ G 1(6 )(gm/(e a]an)H ((I)l(e 7]))dT +O(|e\e )
m' eI, I, U JTin(n)
Thus, using Lemmas 4.5.7-4.5.11, there exists a positive constant ¢ such that we have:

g(na jOa ])e
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d I d I
= Simdo e+ Y D ClitRE (0 jo, j)e+ (Z B (n, jo)e + PJ(jo)> V(j)
I=1+1 U=11=I+1 r=1
2
d ‘n — e\ —eljl 4 g—cliol
o el (e +e 70 1
8 oo () Y fo () o (3
I=I+1 nae nae nw
2
( J Jo )‘ e
rod ne\aF T At —cljl 4 g—cljol
of o lef (e~ + emcliol) L\ 7ot
+ exp | — . 0] T +O0c|—< )i er
U=11=I+1
I . n+ Jo d ] ‘ Ry 1
—clil o, —cljol n ¥
ele / ele a
+ZO Hilexp —c | — + ZOC Hilexp —c| ——=—— 7'z+
=1 nz nz I=I+1 nz nz
+ O(lele™").
The coefficients in the formula above and Theorem 4.1 have the following expressions:
— The coefficients C’l,Pi ’l+ are given by:
R af
Ve {l,... . I} Yle{l+1,...,d}, C := ig’:;, m(1), (4.5.29a)
; af 7™
where m' =1U'+dpe I}, and m=1+d(p—1) € I}
— The coefficients C’l:,FlJr are given by:
T, Qg
Ve {l,... . I} Ve {l,....I1-1}, C. = a%g;,’m(l), (4.5.29b)
where m' =1'+dp e I}, and m =1+dp € I_,.
— The coeflicients C’l}:J " are given by:
Res(g, 1, 1)
E+ m’,1?
vI'e{1,....1}, C/F = — (4.5.29¢)
where m’ =1' +dp € I},
— The matrices P (jo) are defined by:
Vjo € Z,Ve € C%,  Pl(jo)e:= Y. (—4;,(1)—%—%;,(1,]'07e)Res@;,y 1)) . (4.5.20d)

m/elf,

Thus, observing that S, (n, jo, j) for { € {1,...,I} and Tl',tl(n, jo,j) forl" € {1,..., I} andl € {1,..., I — 1}
are equal to 0 for j larger than jo + 1, we have obtained the decomposition (4.1.32) when j > jo + 1. The proof
for j € {0,...,jo} and j < 0 would be handled similarly.

4.5.4 Proof of the decomposition (4.1.33) of discrete derivative of the temporal
Green’s function

To obtain the decomposition (4.1.33) of discrete derivative of the temporal Green’s function, we must follow
a similar path as for the proof of the decomposition (4.1.32) of the temporal Green’s function. First, we need
some additional lemmas (Lemmas 4.5.12-4.5.15) which are discrete derivative version of Lemmas 4.5.7-4.5.11.

Lemma 4.5.12 (Discrete derivative version of Lemma 4.5.7 on outgoing and incoming waves).

We consider m € {1,...,d(p+ q)} and write it asm =1+ (k—1)d with k € {1,...,p+q} andl € {1,...,d}.
There exists a constant ¢ > 0 such that for all n € N\ {0}, jo € N\ {0}, j € N such that j — jo € {—ng,...,np}
and e € C* we have:

o IfmelIl,Ull and ];% € [2,2n], we have that:

l
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/ e (G (e o, €) = Gl (7 jo — 1, €) ) H(WE (7, ) dr
Fin(n)

24
. 2p—1
)n - (J‘io)‘ —eljl —clgol 1
=exp | —c 7;(’ (O (|e|el) + O¢ (|e|€1> r + Oc (1) lfTerlJr) . (4.5.30a)

nze nze

cu’

e Ifmell,Uul} J;% ¢ [2,2n] and j;lf" > 0, we have that:

/ e (G (e fos €) = Gl (€7 jo — 1, €) ) (W, (7, ))dr = O (Jele™ ). (4.5.30b)
Fin(rl)

Lemma 4.5.13 (Discrete derivative version of Lemma 4.5.8 on reflected waves).

We consider m € {2,...,dp} and m' € {dp+1,...,d(p+ q)} and write them as m = 1+ (k — 1)d and
m' =1+ —1d with k, k' € {1,....,p+q} and ;' € {1,...,d}. There exists a positive constant ¢ such that
for alln € N\ {0}, jo € N\ {0}, j € N such that j — jo € {—nq,...,np} and e € C?, we have:

e Ifmell, m eI}, and Df? -t e [2,2n], we have that:
L/

L TRl (G @) = G o~ 1,0 IOV e
F'in n

2p
( . . 2p—1
n— |- — Jg)‘ s o
« al, clj cljol 1
=exp | —c li : <O <|eel) + Oc <|e|el> 7'1+ + Oc¢ < > llJ,rTer?'> .

n2e n2e n2e n%t
(4.5.31a)
e Ifmelf, m eIt and 2 — Jo [Z2,2n], we have that:
o ay
[ ) (G o) = G o~ 1)) I )i = Oflele™). (45310
in 7

Lemma 4.5.14 (Discrete derivative version of Lemma 4.5.9 on transmitted waves).

We consider m € {dp+1,...,d(p+q)—1} andm’ € {dp+1,...,d(p+ q)} and write them as m =1+ (k—
d and m’ =1+ (k' — 1)d with k,k' € {1,...,p+q} and ,I' € {1,...,d}. There exists a positive constant ¢
such that for all n € N\ {0}, jo € N\ {0}, j € =N such that j — jo € {—nq,...,np} and e € C?, we have:

- + .
e Ifmel,,,m €I}, and O[J? - i—% € [%,2n], we have that:

/ T (G € = G~ 1, €)) W (7, )
Tin n

2
( . . 2n—1
n — L_ — 51) ‘ . .
a o, —cljl —cljol 1
= exp —C li ! <O (|eel) + O(C <|e€1> Tl_ -+ O(C (1) l?;Te’I"l_> .
nwe

nze nze nze
(4.5.32a)
e Ifmel,, m el and aj—, - i—i [Z2,2n], we have that:
l v
/ e"TeTgh, (e7) (ﬁ(ef,jo, e)—C (e, jo—1, e)) (W, (e, 5))dr = O (Jele™"). (4.5.32D)
Fin(n) '

Lemma 4.5.15 (Discrete derivative version of Lemma 4.5.11 on the central excited mode).

We consider m' € I}, and write it as m' =1+ (k' — 1)d with k" € {1,...,p+q} and I’ € {1,...,d}. There
exists a positive constant ¢ such that for all n € N\ {0}, jo € N\ {0}, j € Z such that j — jo € {—ngq,...,np}
and e € C?, we have:

o For —i—% € [%,Zn] and j > 0, we have that:
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/ nrerg:rrll 1( T) (ng/(eTajo, e) - ant’<e7—’j0 - ]-7 e)) H((I)l(eij))dT =
Tin(n)

o 25/11
|efe V] 2 ,
exp | —¢ | ——— + O (lele™). (4.5.33a)
n2u nzne
o For —J—O [%,Qn] and j > 0, we have that:
/ . e"TeTgn 4 (e7) ((é:,(etjo, e)— G+ (e, jo—1, e)) (P4 (e, 5))dr = O(|ele ™). (4.5.33b)
in(n

e For —O{—‘i € [g,Qn] and j <0, we have that:
l/

/1;‘ ) nTeTg:rrL d(p+q)< T) (Cg;lr/ (6T7j07 e) - Cgr;t'(eﬁraj() - 17 e)) H((I)d(erq)(eij))dT =

el o+ 2
exp | —c| ——— + 0O (lele™). (4.5.33¢)

nzn nzn

e For 73—0 [2,2n] and j < 0, we have that:

/F PG (k7 G0 €) = G750 — 1, €) ) TH(@agy gy (€7, )T = Ollele ™). (4.5.33d)

Let us now give proofs of Lemmas 4.5.12-4.5.15. The proofs will be fairly similar to those of Lemmas
4.5.7-4.5.11 with some adjustments.

Proof of Lemmas 4.5.12, 4.5.13 and 4.5.14

The proofs of Lemmas 4.5.12, 4.5.13 and 4.5.14 are fairly similar. We will prove in details the result of
Lemma 4.5.12 and the other Lemmas will be left to the reader.

We consider m € I, U I},. We recall that @, is defined using (4.5.3). Using Cauchy’s formula and the

expressions of W, and ‘gfnr given respectively by Lemma 4.4.3 and (4.4.51), we have that:
/ e"Te” (Cg+( 7.]0a ) (g;j;(€7—7j0— 178)) (W+( 7.7))dT—E1 +E2Tl +E3ll eTl
in(n)
where the vector E; and the scalars F> and F3 are defined as:

E, ::/ en're(j*jo)wf(r)e'r( —w; T)A+( .jo, e ) Am( ,jo—le)>H(V ( 7]) R+(€T))d7_’
I

o +
B, ::/ T eli=d0)@ (1) 7 <ewl+(T <A+( ,Jo, €) — Cm (6T)ll+Te>
Iy Z
. dé.h T
- (o~ ve) - SR e ) ) ar

» - ¢t
By = / == (Ner (== () _ 1) Lom (rygr,
Is ( ) dz

and I'y, I's and I's are paths belonging to the set X.
» Using (4.5.7) to bound the function w,” and Lemma 4.4.3 to bound V,}(e", j) — R}, (e7), we prove that

m
there exist two positive constants C| ¢ independent from n, jy, 7 and e such that:

|E1| < Ce Ve /F exp (mR(T) + <j _+j°> (=R(1) + AgR(7)* — A;Im (T)2H)) |dr].

o

» Using (4.5.7) to bound the function w;” and (4.4.52¢), we prove that there exist two positive constants
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C, ¢ independent from n, jg, 7 and e such that:

|Bo| < CemWPlle] | exp <n%(7) + (j _+j0> (=R(7) + ARR(1)*" — AfIm (7)2“)> |d|.

s Q

» Using (4.5.7) to bound the function wfr and a Taylor expansion, we have that there exist two positive
constants C, ¢ independent from n, jy, j and e such that

|By| < C/F3 7| exp (n?R(T) + (j _f0> (“R(r) + ArR(1)?* — AIm (7)2“)> dr].

o

Using Lemma 4.5.4 which gives a good choices of path I'y,'s,T'3 € X depending on n, jo and j to handle
the integrals in the terms, there exist new constants C,c > 0 independent from n, jo, j and e such that if
7:;]’0 € [2,2n]:

i—Jo 7T i—Jo 7T
Ce=llle| ‘” T et Ce—cliol|e]| )” T
|E1| S—Q exp|—¢|—x — and |E2| S—Qx —e&p| ¢l —x —
n2e n2e n2e n2e
’n J—Jo 25‘11
C T a
Byl < —exp | —¢ | ——
ne nze
and if % ¢ [2,2n]:
|E1| < Clele™", |E2| <Clele™™ and |Es| < Ce™“".
We have thus obtained the results (4.5.30). O

Proof of Lemma 4.5.15
We consider m’ € I}, and write it as m’ = 1"+ (k' — 1)d with ¥’ € {1,...,p+q} and ' € {1,...,d}. We
start by proving that there exist two positive constants C, ¢ such that:

TG — +
s ’ 1 /+
VYn € N\ {0},Vjo € Z, E2u( ;?w>_E2u( ;;w)‘

1
nawe n2e
24
2p—1
n+ &
C M
< — eXp | —C| —=—— . (4.5.34)
nze n2w

Since —Ha,(B;F; ) is the derivative of the function Es,,(8;F; ), using (4.1.30a), there exist two positive constants
C, ¢ such that:

Vn € N\ {0}, Vo € Z,

noy, +jo—1 nay, + Jo
Ezu( ;§I1>E2u( l—£_7l71

nzne nzn
C 2
< — sup exp (—c|t|2ufl) .
nze nat+io—1 nal +ig
te | —t0—,—
8- w20

Then, there exist two new positive constants C, ¢ such that (4.5.34) is verified. Using the definition (4.1.31d) of
E;,L and the bound (4.1.23) of V(j), the inequality (4.5.34) implies that there exist two positive constants C, ¢
such that for all n € N\ {0}, jo € N\ {0}, j € Z such that j — jo € {—ng,...,np} and e € C?, we have that:
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e For —i—‘i € [%,271]:
l/

2p
i n—1
+ . + i . C|e|e_cl.7| n + a;
|(Ef (n,jo) — Eff (n,jo— 1)) eV (j)| < ————exp | —c [ ——— ) (4.5.35a)
n2we n 2
e For fi—o [Z,2n]:
l/
|(Ejf (n,jo) — Eff (n,jo — 1)) eV (j)| < Clele™™. (4.5.35b)
Thus, using (4.5.35) and the result of Lemma 4.5.11 for jo and jo — 1, we conclude the proof of Lemma
4.5.15. 0

There just remains to conclude the proof of the decomposition (4.1.33) of the discrete derivative of the
temporal Green’s function. We will give details on the case when j > jo + 1. The cases when j € {0,...,jo}
and j < 0 would be handled similarly using (4.4.34b) and (4.4.34¢) rather than (4.4.34a)

Using (4.5.15), Lemma 4.5.3 and (4.4.34a), there exists a constant ¢ > 0 such that for n € N\ {0}, jo € N\ {0},
j > jo+1and e e C? which verify j — jo € {—ng,...,np}:

(g(najOaj) - g(nth - 1,']))8

! 1
~2ir "TeTI(W (e, jo, 4, €))dT — 5 "TeTI(W (e, jo — 1,5, €))dr
2 Jr, ) 2w Jr,. ()
1 1
" 3 enTeTH w eT’jO’j7e dr — Y enTeTH(W(eT)jO - 1ajve dr
27 JT 01 () (e Ndr = o o) )
= Z < %in / enTeT (@fg(eﬂjme) - (l’%j:(eﬂjo - 1,e)> (vai( )) dT)
U T (n)
me[t
+ 2 / T T (ﬁi(ef,jo,e)f%,( Jjo—1, ))H(Wg(eT’j))dT
2im Tin(n)
melf,
nT Tt T (ot o+ .o
- Z Z ( 227T/1—~ (7>(° € Gy m( )(ém ( 70 e) ém ( 70 -1 e)) (”/m(/ ’7)) d7'>
nzelt m e[ju in(m

nt 7>+ T o4 (LT oot (T (o 4
Yy ( i o T (670 0) = 7 o~ 1,0 (W e ,;>)dr>

melf\{1} m' eI},

1 - ~ . ~ . .
+Y % <—2m /F T () (%,z,<ewo,e>—%ﬂt,<ewo—Le))H(Wnt(eT,y))dr)

1716[2'g m'EI:;‘,

nT T+ T o+ T 4 _~+ T g +(,T 5
LD IEED'D ( 5o /() () (G070, @) = €1 (7o — 1,0)) T (Wi (e ,de)

melf\{1} m’elf,

+ 2 ( K o €T Tmeale )(ﬁ/(eﬂjme)—ﬁ/(eﬂjo—lae))H(qh(eﬂj))dT)
Lin(n

m Glj,
3 (g [ T ) (G ) = F e~ 1)) (@1, 1) dr | + Offele™).
melt 2 Tin(n)

Using Lemmas 4.5.7-4.5.11 to bound the blue terms and 4.5.12-4.5.15 to bound the green terms, we obtain
the decomposition (4.1.33) for j > jo + 1. The decomposition (4.1.33) for j € {0,...,j0} and j < 0 would be
handled similarly.

4.6 Numerical example

In the present section, we will prove that several hypotheses of the chapter are verified under some CFL
condition for the modified Lax-Friedrichs scheme. We will then apply the modified Lax-Friedrichs scheme to
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Burgers equation and numerically observe the result of Theorem 4.1 in the scalar case (i.e. d = 1). Let us
observe that there exists an example of numerical simulation for the gas dynamics system (d = 3) and for the
modified Lax-Friedrichs scheme in [God03, Section 5].

Some hypotheses verified for the modified Lax-Friedrichs scheme

Let us start by considering a one-dimensional system of conservation laws (4.1.1) with 4/ = R% and two
states «~ and ut in R? which satisfy the Rankine-Hugoniot condition (4.1.2) and Hypothesis 4.1 (i.e. it is a
Lax shock). We now consider as an example the modified Lax-Friedrichs scheme for which the numerical flux
is defined by:

flu) + £ (uo)

Vv €]0, +oo[,Vu_1,ug € RY, F(r;u_q,up) := 5

+ D(U_l — U())

where D is a positive constant. The integer p and ¢ are then both equal to 1. We immediately observe that the
consistency condition (4.1.9) is verified. We consider a constant v > 0 which corresponds to the ratio between
the space and time steps and which satisfies the CFL condition (4.1.6). The discrete evolution operator N is
then defined for u € (R%)Z by:

VieZ, (N);:=u—v (f(“j“) ; M=) | (—ujy1 + 2u; — ujl)) . (4.6.1)

Let us prove that Hypothesis 4.4 and part of Hypothesis 4.8 on the matrices BkjE and Af are verified under a
precise condition on the constant D. We have that:

1 1
B =v (2df(ui) + DId) and Bf =v <2df(ui) - DId) .
Hypothesis 4.4 is immediately verified. Furthermore, if we assume that:

vie{l,...,d}, |Af|<2D

then Hypothesis 4.8 is partially verified.
We will now prove that Hypothesis 4.5 on the spectrum of the operator £+ is verified under conditions on
v and D. For | € {1,...,d}, we have that the functions F;* defined by (4.1.15) verify:

A v
2

Vk € C\ {0}, ﬁi(n) = (1-2Dv)+ Dv (/1+/£*1) - li

(k—+7")

and thus: 4
VEER, Fi (™) = (1 — 2Dv) + 2Dv cos(§) — iAFvsin(€).

Therefore, under the assumption that:
Vie{l,....d}, |Aflv<2Dv <1,
then, we have that:
VEER, |FF ()" = (1—2Dw)? +4Du(1 — 2Dw) cos(€) + (AFv)® + ((2Dv)” — (Afv)?) cos®(€) < 1

with an equality if and only if £ € 2aZ. Furthermore, the asymptotic expansion (4.1.18) is verified for yu =1
and we have that: T
2Dv — (A
vie{l,...,d}, Bli = % €]0, +ool.

Thus, Hypothesis 4.5 is verified.

Let us conclude this section by proving that Hypothesis 4.9 is verified. We consider [ € {1,...,d}. For
k € C\ {0}, we have that:

Af AF
.Fli(li) =1l <Du— l2y> x% — 2Dvk + (DV+ 12’/) =0.
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Figure 4.4 — Solution u™ of the numerical scheme (4.6.1) for the initial condition (4.6.2)

The equation on the right-hand side above has two solutions:

2Dv + )\liu

and ———
2Dv — )\l:tl/

£1.

Thus, Hypothesis 4.9 is verified.

The last hypotheses remaining to prove depend on the existence of a SDSP associated with the shock we
consider.

Application for the Burgers equation

In the present section, we consider the scalar (d = 1) conservation law (4.1.1) where the flux f is defined by:

w2
Yu eR, f(u):= 1

This corresponds to the so-called Burgers equation. For the shock, we consider the states

v~ =1 and ut=-1
The Rankine-Hugoniot condition (4.1.2) and Hypothesis 4.1 are verified. Thus, the shock associated with the
states u~ and u™ is a stationary Lax shock.
For the numerical scheme, we consider the modified Lax-Friedrichs scheme defined above by (4.6.1) with the
positive constants D and v satisfying:
v<2Dv <1.

The section above implies that several of the hypotheses we introduced in the chapter are verified. From now
on, we choose v =0.3 and D = %

We want to know whether Hypothesis 4.2 is verified, i.e. if there exists a stationary discrete shock profile
associated with the shock we are considering. In Figure 4.4, we display the solution 4™ of the numerical scheme
(4.1.8) for the initial condition

1 ifj<—1,
VjEZ, u:= 0 if j =0, (4.6.2)
-1 ifj>1.

We observe that the solution ™ seems to converge in time (quite fast) towards a fixed point @* of the discrete
evolution operator A/. Furthermore, it seems as if there exist two positive constants C, ¢ such that:

. [us —ut| = | + 1| < Cecbl,
WEN s =, - 1) < Ceel.

Hypotheses 4.2 and 4.3 would then be verified. We can then compute the Green’s function ¥ (n, jo, j) defined
by (4.1.25) associated with the operator .£. In Figures 4.5 and 4.6, we display the Green’s function ¢ (n, jo, j)
for jo = 50 and —30. The behavior displayed by the Green’s function fits the result of Theorem 4.1. For small
times, the Green’s function resembles a Gaussian wave traveling along the characteristics of the conservation
law (4.1.1). Since we are considering Lax shocks, the waves are traveling towards the shock location at j = 0.
When they reach the shock location, there only remains a fixed solution of the operator .Z. This coincides with
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G(n, jo. Jj)
jo=50
300 — 1.0
250
0.8
200
r 0.6 —:-:‘
M5 <
&£
-0.4 O
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0.2
50
0 0.0
J
Figure 4.5 — Representation of the Green’s function ¢ (n, jo, j) for jo = 50
the fact that the terms E;f (n, jo) and E;, (n, jo) converge towards 1 as n tends towards -+oo.
4.A Appendix of the chapter
Proof of Lemma 4.3.6
We define recursively
Vi e N, zjo- =Y
and
Vn € N,Vj € N, z?“ = Cpge "7 4+ 0 Z e~crli=1=kln (4.A.1)

k=0
We then prove recursively that for all n € N, the sequence 2" is bounded, has non negative coefficients and

, C , ,
12" o < ﬁ and VjeN, zI< z}’“.

Indeed, this property is obviously true for n = 0 using the inequality (4.3.24) since 2° = y. We now consider
n € N for which the property is verified we will prove that the property for n + 1 is satisfied. We first observe
using the equality (4.A.1) that for all j € N the coefficient Z;LH is non negative and

Z;H_l <Ch+0|z"]-

Thus, we have that z"*! € °°(N) and

e, < 1

Finally, we observe that using the equality (4.A.1) for n and n + 1, we have

+oo

n+2 n+l __ —cylj—1—k n+1 n

27— 2 —65 e~el (2P — 21 > 0.
k=0

>0
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Figure 4.6 — Representation of the Green’s function ¥(n, jo, j) for jo = —30

This concludes the recurrence. We now observe that, for p,¢ € N\ {0}, using the equality (4.A.1), we have

+oo
i1 1 -1
£ —-21=0 E ecnli=1 kl(zﬁ -z,

J
k=0

<o

This implies that
2P — 29| <0 Hzpfl — zq*lHOO )

Thus, we have that

Vp>q >0, [F -z, <0 —yl| <60 2%

1

Since § < 1, the sequence (z")nen is a Cauchy sequence of ¢*°(N), thus it converges towards a sequence
2% € £>°(N). Since we have y; < 27 for all n,j € N, we obviously have

VieN, y; <z

Also, the equality (4.A.1) implies that

—+o00
ViEeN, 2°=Che ™ 40 e cnlimikye, (4.A.2)
k=0

Thus, there just remain to prove that there exists only one bounded sequence that satisfies (4.A.2) and that it

has the form 2> = (pr/) jen where p and r satisfies the properties we expected.
We write (4.A.2) for j, j + 1 and j + 2 and reassemble the terms z3°, 277, and 237, on the left side. We

then have

_ _—CH oo _ ,—2cH oo _ _,—3cH [eS)
(1 e @) zj —e 0277, —e SEFND

Jj—1 +o0
=Cye 7 40 E ecrliml=kl 00 4 E ecrlim1=kl 400 (4.A.3a)
k=0 k=j+3

—0z° + (1-e"0) 2551 — e_QCH@zﬁQ



4.A. Appendix of the chapter

198
4 j—1 , ~+o00 4
=e HCOxe I 4 O | ecH Z e—CH|J—1—k|Z;30 + ecH Z e—CH\J—l—k\ZgO (4.A.3Db)
k=0 k=;j+3
—e MOzT — 07, + (1—e"0O) 2742
) j—1 _ +o0 .
— e 2nCe i 4 @ [ e 2n Z e*CH\Jflfk\ZEO 4 e2eH Z e—CH|J—1—k|Z;3° (4.A.3c)
k=0 k=3j+3
We consider three scalars «, 3,7 € R such that
a+ Be”CH 4 yemH =0
o+ fett 4+ ye?en =0,
A solutionisa =y =1and 8 = —ezzﬁ :z:i:{ = —Ssifnl;j((zcc:)) = —2cosh(cy). We then have that
(573 _cm
e2 —e 2
a—0(ae "+ B4+ye M) =1—0— = (2¢7" — 2cosh(cy))
e2 +e 2
sinh (C—H)
=14 20sinh(cy)———2%
(cx) cosh (%")
=1+ 40sinh® (%H) .
Multiplying the equalities (4.A.3) respectively by «, 3, and summing them, we obtain that
Vji€eN, 275, —2cosh(cy)zjyy + (1 + 40 sinh? (%)) 2% = 0.
We are thus led to study the polynomial
P = X2 — 2cosh(cy)X + (1 + 40 sinh? (%f)) . (4.A.4)

Its discriminant is

A = 4sinh*(cy) — 166 sinh? (%q) = 16sinh? (%{) (cosh2 (%{) - 9) > 0.
Its roots are
r4 := cosh(cy) + 2sinh (%I) cosh? (%I) —0.
We observe that evaluating the polynomial P at 0 and 1 gives us
P(0) = 1 + 46sinh? (%H) >0
and c c
P(1) = 2 — 2 cosh(cp) + 460 sinh® (?H) = —4(1 — ) sinh® (—H> < 0.
Thus, 7 > 1 and r :=r_ €]0, 1[. We have that p, p € R such that

VieN, 2= pr? —|—/37ﬂ.

Since the sequence z*° is bounded, we have that p =0, i.e.
VjeN, z7° = prd.

Let us now compute the value of p. Using the equality (4.A.2), we obtain for j € Z:

400
pr! = Ce™¢HI 4+ @pz e crli—1=kl,k
k=0
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retH — 1 1 —re—cu

eni (o o et i et e °H
= —CH — —_— .
¢ ( " preCH—1>+r p(recH—1+1—re—CH)

Using the definition (4.3.23) of 6 and the fact that r is a root of the polynomial P defined by (4.A.4), we have
that:

_ Cpe=cni 4+ 0 (e—w(j—n(’"e”’)j_l n ecH(a’—l)W”’)]>

) 2sinh(cpy)

) —r% 4 2rcosh(cy) — 1
<L) 2sinh(cy)

) 40 sinh? (<)

Thus, we obtain:
e‘H

prj = e CHJ (C’H - @p) + prj
recd — 1

ie.
Oy = 0p—5"
H= 00 een —1°
Therefore, the scalar p verifies:
Cy Cen
r=5 (r—e=cm).

To conclude, we observe that r > e~ °#. Indeed, we have that:
r = cosh(cyg) — 2sinh (%q) cosh? (%I) -0

> cosh(cy) — 2sinh (%{) cosh (%{)

= cosh(cy) — sinh(cgy)

=e °H,

Therefore, r belongs to the interval Je~#, 1[ and p is positive.

Proof of Lemma 4.5.4

e Proof of (4.5.17a)
We consider n € N\ {0} and = € [0, %]. Noticing that I'q(n) C B(0,¢) and using (4.5.10), we have

/F " |T|k exp (n@?(T) +z(=R(7) + AgR(T)** — AfIm (7')2“)) |dT]

Te ("])
<ek / exp (—(n—z)n+ cArn*H — xAItQH) dt
—Te (77)

<2r.(n)e* exp (*% (n — Arn™ ))

<2r.(n)e* exp (—%) .

e Proof of (4.5.17b):

We consider n € N\ {0} and = € [2n, +oo[. We will separate the integral on the path I';,(n) using the paths
1Y (1) and ' (1) introduced in (4.5.14).

» Noticing that I'y(n) C B(0,¢) and that n —x < —F, we have using condition (4.5.10)

/FO " |T|k exp (n?R(T) +z(=R(7) + AgR(7)?* — AfIm (7)2“)) |dT]

Ts(n)
<e® / exp ((n — z)n + zApn®* — zAt*) dt
—Te (77)

<2r.(n)e” exp (—x (g - ARnQ“))
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<2r.(n)e" exp <f2n (g — AR772”>> .

We have proved exponential bounds on this first term.
» We have that using (4.5.11) and that = > 2n

/F I exp (1R(r) () + ARRE)* — Arlm (7)) |

"
<ek / exp ((n — z)t + Apt™ — xArre(n)*) dt
—n
<2ne® exp ((z — n)n + zArn™ — xArre(n)*)
<2ne® exp (z (n+ Arn™ — Arre(n)*))

<2nek exp (fAIrE (77)2“71) )

We have proved exponential bounds on this second term.
We can then easily conclude the proof of (4.5.17b)
e Proof of (4.5.17¢):
We consider n € N\ {0} and x € [%,2n]. We start by observing that

Vo € [g,2n}7 <|n—1w> . <n. (4.A.5)

nzw

Thus, obtaining exponential bounds on certain terms when x € [%,2n] would also allow to conclude on the
proof of (4.5.17c¢).

We will now follow a strategy developed in [ZH98] in a continuous setting, which has also been used in
[God03; CF22; CF23; Coe22; Coe24] in the discrete case, and introduce a family of parameterized curves.

We recall that we introduced in (4.5.8) the function ¥ defined by

V1, €R, U(1,) =T, — AgT, .

and that we chose £ small enough so that the function ¥ is continuous and strictly increasing on | — oo, g]. We
can therefore introduce for 7, € [—7, €] the curve I', defined by

I, ={r€C,—n<R(r) <7 R(r)—AgR(T)*" + Aslm (7)* = U(7,)}.
It is a symmetric curve with respect to the axis R which intersects this axis on the point 7,. If we introduce £, =
(7\”%);1’(7”) ) ﬁ, then —n+if, and —n — i/, are the end points of I',. We can also introduce a parametrization
of this curve by defining v, : [—¥¢,,¢,] — C such that
V1 € [-m,e] YVt € [~y 6p), Im ((8) =1, R(p(1) = hp(t) := U1 (U(7,) — Aft™). (4.A.6)
The above parametrization immediately yields that there exists a constant C' > 0 such that
V1 € [=m,e], Yt € [y, L], |hy(t)] < C. (4.A.7)
Also, there exists a constant ¢, > 0 such that
V1, € [-n,e],¥7 €Ty, R(7) — 7 < —cplm (1)%". (4.A.8)
For 7 € T',, it follows from (4.A.8) that
nR(7) + z (—R(7) + AgR(7)* — AfIm (7)**) < —neplm (1) + (n — 2) 7, + TARTIF. (4.A.9)

There remains to make an appropriate choice of 7, depending on n and x that minimizes the right-hand side
of the inequality (4.A.9) whilst the paths I', have to remain within the ball B(0,e). We recall that when we
fixed our choice of width n, we defined a radius e4 €]0, e[ such that —n+iley, € B(0,¢) where the real number
leztr is defined by (4.5.13). This implies that the curve I', associated with 7, = €4 intersects the axis —n + iR

within B(0,¢). We let
xr—n xA =T
(=% y="". p (<> = sgu(C) <|C|> :
pn n ¥ %
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We observe that the condition z > % implies

yzéf. (4.A.10)
Coming back to inequality (4.A.9), we now have
nR(r) + 2 (=R(7) + ApR(7)* — ArIm (1)*) < —nepIm (1) + n(’yTz“ —2u(Tp). (4.A.11)

Our limiting estimates will come from the case where ( is close to 0.
Then, we take

P (%) , ifp (%) €[—4,e4], (Case A)
Tp 1= e4, if p (%) > eu, (Case B)
-7, if p (%) < —1. (Case C)

The case A corresponds to the choice to minimize the right-hand side of (4.A.11) since p (%) is the unique real

root of the polynomial
X2 = ¢
The cases B and C allow the path I', to stay within B(0,¢).
We now define the paths:

Tpres :={—n+it, te[—ren),—Ly] Ul r-n)]},
Fp,in ::P;D U Fp,TeSa

where the function r. is defined by (4.5.9). We observe that I'j ;, belongs to the set of paths X. We will
decompose the integral

/F | |7|* exp(nR(7) + (73?(7') + ApR(T)* — A;Im (7')2“))\d7'\

using the paths I', and I'y, ;.. and we will then bound each term.
» Let us assume that x and n are such that we are in Case A. Since 7, = p (%) is the unique root of

v X2~ — ¢, we have:
'VT;?M —2uCTy = —(2u — 1)’}’7'5” <0. (4.A.12)

Thus, the inequality (4.A.11) becomes for 7 € T'),
nR(r) +z (=R(7) + ApR(7)* — AfIm (1)**) < —nepIm (1) — (2p — 1)'ym'§“.
Therefore, we have

/F |T\’C exp (n%(T) + (4]%(7’) + ApR(T)* — A/Im (7)2")) |dT]

p

< / |7'|]C exp (—ncpIm (7)2“) |dT| exp (f(2u - 1)7n7§“) .
FP

Using the parametrization (4.A.6) and the inequality (4.A.7), we have that

7217
/r |7'|k exp (—ncplm (7)2“) ldr| < / (\Tp\k + tk)e_"cptz* dt.

P p
The change of variables u = n7t and the fact that the functions y >0 y*exp (— 2l

2
bounded with respect to v > % imply

¢
/ r |t|ke—ncpt2“dt < 1

'yy2”) are uniformly

k+1

—p n 2w

— e 1 2 —1
/_ I |Fe et dt < —T €XP ( 5 77173“) .

Ly n 2w
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Thus,

FP n 2

/ |T|k exp (n@?(T) +x (—§R(T) + AR%(T)2M — ArIm (7)2“)) ldr| < —kl“ exp <— 2 — 17n7§“> .

Furthermore, since we are in the Case A

2

2u—1 2u—1 n—ux|\2*» 1

2u e = pol AR(I 1|> .
€T 2m

2 2(2uAR)T-T

Therefore, there exist two positive constants C, ¢ independent from n and z such that if we are in Case A,

Ty n 2w €T2e

[ Il exp (1) + 0 (<) + ARR( — Artm (7)) dr] <~ exp (—c (5 ')) |

Since x € [§,2n], this gives us two new constants C, ¢ independent from n and 2 such that if we are in Case A
and z € [§,2n], then as expected

/ |T|k exp (n%(T) +x (—?R(T) + ApR(T)* — A;Im (7)2”)) |dr| < gl exp (—c (|n —1x|) " ) )
ry n e n2n

» Let us assume that 2 and n are such that we are in Case B. Since 7, = ex < p (%), we have

2p—1
—( < —YEx
and thus using (4.A.10)
2u—1
VT2 2uCT, < —(2p— e < — - Ape, (4.4.13)

Therefore, the inequality (4.A.11) becomes for 7 € I,

2u—1
2

nR(r) + z (=R(7) + ApR(7)* — ArIm (1)*) < —nepIm (1) —

<72,u71
- 2

2p
ARTLE#

2
E#ﬂARTL.

We conclude that there exist two positive constants C, ¢ independent from n and z such that if we are in Case
B

)

/F |7|* exp (n%(T) +x (—§R(T) + AgR(T)* — A/Im (7)2")) \dr| < Ce—em.

p
Using (4.A.5) if necessary, we obtain the bound expected in the statement of the lemma.

» Let us assume that x and n are such that we are in Case C. Since 7, = =2 > p (%), we have

=(®)”

and thus using (4.A.10)

> n AN
VT = 2pCTy = (5) +2u(5 < —(2p—1)7 (5) < -

2
Ar (1) " (4.A.14)
Therefore, the inequality (4.A.11) becomes for 7 € T',,

nR(r) + x (—§R(T) + AgR(1)* — AfIm (7)2”) < —neplm (1) — LL; 1ARn (ﬂ>2u

2u—1 /n\2v
< — — Agn.
=" (2) R

We then conclude that there exist two positive constants C| ¢ independent from n and x such that if we are in
Case C,

/ |T|k exp (n%(T) +x (—?R(T) + AR%(T)Q“ — ArIm (7)2“)) |dr| < Ce™“".

Ly
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Using (4.A.5) if necessary, we obtain the bound expected in the statement of the lemma.
» We recall that —n £ £, belongs to I',. For 7 € Iy, ;.c5, we have that

R(r)=-n and |[Im(7)| > ¢,.
Thus,

nR(1) + x(=RN(7) + ArR(1)** — A;Im (7)?*) < —nn + x(n + Arn** — AIKZQ)”)

<
< —nn+az(—7p + ARTg“)
< -n(n+ Tp) + n(VTﬁ“ - 2HCTP)'
In each cases A, B and C, we have that
n
n+Tp > 2 and 77’5“ —2uT, <0.
Therefore, for all 7 € 'y rcs,
nR(r) + 2(—R(7) + ARR(r)* — A/Im (1)2) < —ng.
We then conclude that

/ |T|k exp (n?R(T) 4+ (—?R(T) + ApR(T)* — A;Im (7)2”)) ldr| < o2reke 3
Fp,res

Using (4.A.5) if necessary, we obtain the bound expected in the statement of the lemma.
Combining all the results we encountered, we easily conclude the proof of (4.5.17c).

Proof of Lemma 4.5.6

We will prove the statement of Lemma 4.5.6 with ? =?' = + in order to alleviate the notations.
e Proof of (4.5.18a):
» We start by defining the paths

1—‘0 = {’Lt7t € [_Tﬁ(n)7 TE(U)]} and Ft:iomp = {t + irE(n)7t € [_77’ 0]} .

For all T € X, Cauchy’s formula implies that

/ exp (nT + xaﬁpf (1) + yaf?gof,r(T)) dr — / exp (nT + xafgpf (1) + yalﬁplf (7')) dr
T T'o

<

+

/ exp (n7 + zoy" o (1) + yoif o (1)) dr|.
r

comp

/ exp (nT + xoz?'cp?'('r) + yoz?,'cp?,'(T)) dr
r

+
comp

We observe that (4.5.6) implies that

/ri exp (’17/7' + mafgof () + yaf,go;,r (7’)) dr

comp

0
< /_ exp ((n — (z +y))t + (v + y) Apt™ — (z + y) Arre(n)*) dt.

Using (4.5.12) since ¢ € [-n,0] and z + y € [%,2n], we have that

2p < _Alre(ﬂ)2“n

(n— (z+ )t + (x + y) Apt™ — (z + y) Arr=(n) .

Combining the observations above, we have thus proved that for all path ' € X, n € N\ {0}, z,y € [0, +o0[
such that x +y € [%7 Zn}

/ exp (nT + xafrgof (r) + yaf,gof,r (T)) dr — / exp (nT + wa;rgofr(T) + yaf,rgof, (T)) dr
T T'o
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A 2
< 2nexp (— ”Ei") ) (4.A.15)
» Since x +y > % > 1, we observe that
Feo A 2p +oo A 20
/ exp (—(z +y) At dt < exp <_m(77)n) / exp (_ I ) it
re(m) 4 re(n) 4

Therefore, if we introduce the path
rye .= {it,t € R}

then, using (4.5.6), the integral
/ exp (n7 + zoy" o (1) + yoif o (1)) dr
r§e

is defined and we have that

/ exp (nT + xafapf(T) + yoz;,rgpf, (T)) dr — / exp (m’ + mozlﬂp;r (1) + ya;,r@f,r(T)) dr
To

rge

+oo A t2u A . 2p
< 2/ exp (— ! ) dt exp (_17"(7])“) . (4.A.16)
""5("7) 4 4

1
» Using the change of variables u = "ffét, we obtain
L

1 + .+ + .+ L[ ; oB | yBy 2u
27 s exp (n7 + zoy” o (1) + yoif o) (7)) dr = ool itn — (x +y)) — a;r% + a;ﬂu 2| dt
+ +\ 2%+
o x Y e} a'(n—(r+y
_ oy, <5l++5;< l+> o (n=(a >>>.
nzu n n Qy nzu

Combining (4.A.15), (4.A.16) and the observation above, we obtain the inequality (4.5.18a).
e Proof of (4.5.18b):
1
We observe using the change of variables u = Lt that
@

1 [T B+
exp (n7 + zog o] (7)) dr exp | it(n — ) — ZZL 2 | dt

2im ree 2 J_ o l+2u
- |al1 |H2,u < l+v al (nl x)>
X 2m X 2m

Combining (4.A.15), (4.A.16) and the observation above, we have proved that there exist two constants C, ¢ > 0
such that

Vo € {2,271} , T

T2m

T 20

1 + + _
ﬂ / exp (m’ + o:oz?'(pl'" (T)) dr — IOél1 |H2/L < l+’ Oél(nlJ?)) ‘ < Ce ¢, (4A17)
T

Using (4.A.5), we can obtain the same generalized Gaussian bound as the one expected in (4.5.18b).
» We observe that

1 af(n—x 1 o (n—x
1H2u< fral(1)> 1H2u< fr’l(l))

T2 T2 n2m n2m

1 af(n—2a af(n—x af(n—x 1 1
= 1(H2u(z+§l(l))—H2u<fr§l(1)>)+H2u<z+?l(1)>(1— 1>~
x 2w x 2k nze nze €T 2k n 2

(4.A.18)

We want to prove generalized Gaussian bounds for the two terms on the right hand side of (4.A.18). Applying
the mean value inequality and (4.1.30a), we have that there exist two constants C,c¢ > 0 such that for all
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x € [§,2n]
1 af (n—x) af (n—x)
1(H2u<l+3 e = Hoy ( B 1
x€2n €T2m mn2u
2p
C 1 1 [n — x|\ 2T
< —In—z||— —|exp | —c¢ +— .
n2u x2u anp, n2p,
Since x € [%, 271], we also have using the mean value inequality that
1
1 1 |n — x| 1 2% |n — x|
— - —| < sup —— < . (4.A.19)
x2  n2e 20 tefwn) |t]M e L T
2
Therefore, since the function y — 2 exp (—gy 2H51> is bounded, there exist two new constants C,c > 0 such
that for all z € [§,2n]
+ C 21
o' (n—x - 2p—1
+, n ))>’§exp (—c(|n 1a:|> ) (4.A.20)
n na

1 af(n—x)
1<H2u(l+?l T — Hou | B
T2 n2e
We have thus proved generalized Gaussian bounds for the first term of the right hand side in (4.A.18). We
now focus on the second term. Using (4.1.30a), (4.A.19) and the fact that, for any constant ¢ > 0, the function

€Tr2m
(4.A.21)

2
) 2p—1 )

2
Y — Yy exp (fcy ’w‘il) is bounded, we have that there exist two constants C, ¢ > 0 such that
[n — |

+
o (n—x 1 1 C
n2u x2n nzu n n2u
Combining (4.A.18), (4.A.20) and (4.A.21), we have proved generalized Gaussian bounds for the difference
1 af(n—=x 1 af(n—z
1H2M(l+9l(1 )>_ 1H2u<l+3l(1 ))
x 2 n Pm n 2

X2

With (4.A.17), we easily conclude the proof of (4.5.18b).

e Proof of (4.5.18¢):
1 ! 2 2
< exp ((n — o)t + zAgt™ — xAre(n)*) dt.
7‘5(77) -n

» We observe that (4.5.6) implies that
exp (nT + za; o (7
p( Fel (1) dr

/Fiin(n) T
Using (4.5.12) since ¢ € [-n,n] and © € [%,2n], we have that
AIT64(77)2M77L.

(n — x)t + zArt** — xApro(n)* < —

Using the observations above and Cauchy’s formula, we have thus proved that for all n € N\ {0}, = € [%, Qn}
Agre(n)?
] exp (—Ir(n)n> . (4.A.22)

and paths I' € X
+ i+ + i+
/ exp (n7 + za; ¢ (1)) dr— / exp (n7 + za; ¢ (1)) dr| < 4n
Tin(n) T an(n) T Te (77
» Since x > % > %, we observe that
/+°° exp ((n — z)n + zApn®* — xAt?) it
re(n) In + it|
1 +oo A t2u
< 7/ exp <— ! ) dt exp ((n —2)n + cAgn** — wAlrs(n)Q“> .
n ""5(77) 8 4
<+o0o
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Furthermore, using (4.5.12) since x € [%, 2n], we have that

A 2p
exp ((n —2)n+ xArn* — xiAjrs(n)2“> < exp (_17‘58(77)n> .
Therefore, if we introduce the path
I5m) = {n+it,t € R}
then, using (4.5.6), the integral
+ +
/ exp (n7 + zog ] (7)) ir
2 (m) T
is defined and we have that
L rator L rator
/ exp (nT oy g (T)) i _/ exp (nT oy @ ('r)) i
9. (m) T r'se(n) T
9 [t A t2m A 2%
< */ exp (— ! ) dt exp (_17”5(77)71) . (4.A.23)
n re(n) 8 8
+
» We observe that using the change of variables t = — lai I u, we have
T 2K

.
o ex (it )t = i) — 2 i+ i)
l
dt

1 exp (n7+xal+g0l+(7))d 1 /
il =
27 Jroo () T 2im J_ o t—1in
2p
.—|a+\(n—r) -w%ﬂ'n + ‘w%ﬂn
e P (2 (““lam —A\ et iR
2im J_ o u—l—izrﬁ”

o |

Furthermore, we can prove that

1 [+oo exp (zx (u+is) — B (u+ is)2“>

2im J_ U+ 18

Vs €]0, 4o00[,Vz € R, du = Ey,, (ﬂf%fﬂ) .

The proof is done in [Coe24, (5.65)]. Therefore,

1 exp (nT—i-mangpf(T)) n —|al+|(n—x)
i dr = Esy | B ——— | -
1T F?,OL(W) T €T2m

Combining this observation with (4.A.22), (4.A.23) and (4.A.5), we have that there exist two positive constants
C, c such that for all n € N\ {0} and x € [%,2n]
2p
1 exp (nt + zaj o —la |(n — C — T
7/ xp (nT K2 (T))dT—EQM <Bl+§ | |(Z”L x)) <% exp _c(|" 1x|> _
27 Cin(n) T nze nae
» We notice that d,Es, (BZJ“; ) = —Hy, (ﬁl+ ; ) Therefore, we have using the mean value inequality and

(4.1.30a) that there exist two positive constants C, ¢ such that for all n € N\ {0} and z € [%,2n]

—laf |(n — 2 —lajf|(n — = n—x =T
[ (5 M=) (3, 2= < o (e () ™7).
nz2e

€T2m nze
Using (4.A.19) and the fact that y — y? exp (f%y%) is bounded, we have that there exist two new positive
constants C, ¢ such that for all n € N\ {0} and = € [%,2n]

+ + 2711
—la"|(n — 2 —la;"|(n — x C c(|n—x|\2»7
‘EQ,LL <ﬁl+7 | L |; )> _E2u (5?_7 | l|; )>’ S 17% exp <—2 ( % |> )
€T2m n2w n " n2we

1
1 L
xT2m n 2w
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This allows us to conclude the proof of (4.5.18c).
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Notations

In addition to the notation of the previous chapter, we introduce for v € [0, +o0o[ the polynomial-weighted
spaces (7, and their norms, as well as the space [E, of zero-mass elements of ﬁy :

Vre [l tool, €= {(h)sez €% (14 1)) en € 0(2)} (5.0.1a)
vr € [Loc ¥h € £, [hlly = ||((1+ 1) hs)ses |, - (5.0.1b)
E,:=qhetl, Y hj=0p. (5.0.1c)

=

Let us observe that in this chapter, the sequences are not vector valued but only complex valued since we will
work on discrete shock profiles for scalar conservation laws.
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5.1 Introduction

5.1.1 Position of the problem

The present chapter is a direct continuation of the previous one. The main goal is to prove Theorem 5.1 below
which claims that, in the scalar case (i.e. d =1 in Chapter 4), under Hypotheses 4.1-4.9, the stationary discrete
shock profile (SDSP) @® introduced in Hypothesis 4.2 is nonlinearly asymptotically stable with respect to small
polynomial-weighted zero-mass perturbations. To detail the previous statement, we recall that the SDSP u® is
a fixed point of the discrete evolution operator A" defined by (4.1.7) and is thus a stationary solution of the
numerical scheme (4.1.8) that we recall here:

vneN, ot = N(u"), (5.1.1)

where u® € U%. The claim of Theorem 5.1 is that for a positive constant v large enough and a small enough
perturbation h of mass zero (i.e. > ., h; = 0) in the polynomial-weighted space E, defined by (5.0.1c), the
solution (u™),en of the numerical scheme (5.1.1) initialized using u° :=w* + h is well-defined for all time n € N
and will converge in the ¢"-norm towards the SDSP u* as n tends towards +oo for all r € [1,+00]. Furthermore,
we determine some convergence rate and prove that stronger choices of weights ~ imply faster convergence of
the sequence u" towards u® as n tends towards +o0.

Theorem 5.1 is proved using the results of Chapter 4 on the Green’s function associated with the operator

% obtained by linearizing the discrete evolution operator A" about the SDSP w®. Since the results of Chapter
4 hold in the system case, we hope that we could extend the result of Theorem 5.1 in the system case. We
also point out that the main result of this chapter, though it is proved for zero-mass perturbations, could be
extended, in our opinion, for general nonzero mass perturbation, see Paragraph 5.1.4 below.

Let us briefly compare the result of Theorem 5.1 with the nonlinear orbital stability results of [Jen74; Smy90;

Mic02]:

— In [Jen74, Theorem 2], Jennings proves a nonlinear orbital stability result that applies for moving discrete
shock profiles with rational speed associated with Lax shocks for perturbations in ¢(Z) without any
zero-mass assumption. However, it is asked that the initial condition u® := w® 4+ h must stay within
the interval defined by the two states of the shock, and, more importantly, the result only applies to
monotone schemes, a specific family of order 1 schemes. Theorem 5.1 applies to a larger family of
schemes, in particular to higher order schemes, and more importantly our result might be generalized in
the system case.

— The result [Smy90, Theorem 4.1] applies in the scalar case, for the Lax-Wendroff scheme and for discrete
shock profiles associated with stationary Lax shocks. It proves a result of nonlinear orbital stability for
exponentially-weighted perturbations. Though Theorem 5.1 does not apply for the Lax-Wendroff scheme
(this scheme does not satisfy Hypothesis 4.5), we observe that we impose less stringent weights on the
initial condition. We pass from exponential to polynomial weights for the initial perturbation. This is
due to the careful analysis of the Green’s function performed in Chapter 4. The spectral configuration
that we deal with is more subtle than the one in [Smy90] where the exponential weight yields a spectral
gap.

— The strength of the result of [Mic02] is that it is a nonlinear orbital stability result that applies in the
system case to SDSPs for a large family of odd order numerical schemes. However, it imposes a weakness
assumption on the considered shock, meaning that the amplitude of the shock must be fairly small. This
assumption is dropped in Theorem 5.1 and replaced with a spectral stability assumption that is sharper.

5.1.2 Improving the results of Chapter 4 in the scalar case

We consider the scalar case, i.e. d = 1 in the notations of Chapter 4. As a consequence, we will slightly
modify some of the notations used in the previous chapter. For instance, since we are in the scalar case,
the jacobian matrices df(u*) are now scalars f’(u*) and each of the left and right states u* only have one
characteristic field associated with them. We will thus adapt the notations used in Chapter 4 in this case and
drop the indices of some constants. For instance, we define:

At

A= fw®), of =vAT and v= s

Hypothesis 4.1 then implies that the characteristics associated with the states u™ and u™ are entering the shock
and thus that:
at <0 and a  >0.

Let us start to discuss on some improvements we can make in the scalar case on the results presented in
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Chapter 4 surrounding the temporal Green’s function ¥(n, jo,j) defined by (4.1.25). Since there is only one
characteristic for each state u* and v~ and that both characteristics are incoming with respect to the shock,
the description of the temporal Green’s function ¥ (n, jo, j) given by Theorem 4.1 is far simpler. More precisely,
there exist some constants ¢ > 0 and C¥+ € C such that for jo € N, n € N\ {0} and j € Z such that
J—Jo € {*qu,/ﬂp}

nm n2we

o 4 ‘ ‘ 1 n— (i) *
%0uamy>::<cEﬁlhﬂ<ﬂ+;”a1~“)-+fﬁ(xﬂ)»«y)+njxx> ~— exp -—c<|(f””>

—clq -]70 2p—1
+o < f‘ exp [ —c (M) +0(e™) (5.1.2)
nn nzu
where the function E»,, and the constant 1 are respectively defined by (4.1.28) and (4.1.18) and the sequences
PJ and V are defined in Theorem 4.1. We observe that there are no reflected or transmitted waves and only
one generalized Gaussian wave entering the shock and activating the profile V. A similar description of the
temporal Green’s function holds for jo € —N\ {0}.
Let us now present an improvement of (5.1.2) in this scalar case.

Proposition 5.1. In the scalar case d = 1, under Hypotheses j.1-4.9, the two following assertions are verified:
— The sequences PJ and P[; defined in Theorem 4.1 are equal to zero.
— We have that the sequence V defined in Theorem 4.1 satisfies:

1
V(j)#0 and CPT=CF7 = ————.
j% ZjEZ V()

We will denote the constants CE+ and CF~ as CF from now on.

This proposition will be proved in Section 5.3. Let us here give a brief overview of the main ideas of the
proof. It relies on the conservative nature of the numerical scheme we consider. Using the decomposition (5.1.2)
of the Green’s function ¥(n, jo,-) for jo € N, the Green’s function converges formally towards the sequence
(CE T+t PJ ( jo)) V as n tends towards +00. Since the scheme is conservative, the mass of the Green’s function
9 (n, jo, ) is constantly equal to 1 for all n € N and this is thus also true for the sequence (C’E"“ + Pt (jo)) vV,
which will allow us to conclude.

The result of Proposition 5.1 gives us more insight on the activation of the profile V' presented in the
description (5.1.2) of the Green’s function. More precisely, the fact that the sequences PJ and P, are equal to
zero implies that the fast modes do not activate the profile V. The activation is only caused by the slow modes
(i.e. the generalized Gaussian wave following the characteristic and entering the shock).

Let us point out that Proposition 5.1 can be generalized in the system case under an additional hypothesis
(Hypothesis 5.1 below) similar to the well-known Liu-Majda condition. This will be discussed in the Paragraph
5.1.4.

Using Proposition 5.1, the decompositions (4.1.32) and (4.1.33) on the Green’s function and their discrete
derivative with regards to the parameter jy are thus improved in the scalar case. We have that there exists a
constant ¢ > 0 such that for jo € N, n € N\ {0} and j € Z such that j — jo € {—ngq,...,np}, the decomposition
(4.1.32) on the Green’s function gives:

b A=
%mmnﬁwﬂ@#@ﬂmlf”)wﬁ+mmo . exp w(MQ“”>

nze n2n nzu

7C|j| +]70 2p—1
+0 S Fexp | —c (M> +0(e™) (5.1.3a)

n2u n2w

where the sequence V is defined in Theorem 4.1, and for jo € N, n € N\ {0} and j € Z such that j — jo €
{—ng—1,...,np}, the decomposition (4.1.33) on the discrete derivative Green’s function gives:

g(“ajOvj) - g(nujo - ]-7.7)

_ (i=do 2n=1 —clj] —cljol
e (57 (52 0 (52) 0 ()
n2e n2e n2e nm
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n2u n2u

—clj| n -+ Jo_ 2=l
+ol¢ ——exp | —c¢ <|1a+> +0(e™"). (5.1.3b)
Similar decompositions hold for jo € —N\ {0}.
These decompositions (and thus Proposition 5.1) are fundamental to prove the following proposition which
presents sharp bounds on the operators .£" and Z"(Id—T) acting on the polynomially weighted spaces defined
by (5.0.1) where the shift operator T is defined by:

T : (hj)jez € C* > (hjt1)jez € CF (5.1.4)

and the operator . defined by (4.1.19) corresponds to the linearized operator of the numerical scheme about
the discrete shock profile w®°.

Proposition 5.2. For any 0 <y < g, there exists a constant C o (71,72) > 0 such that we have the following
estimates on the semigroup (L™ )nen:

n Ce(71,72)
¥n € N\{0},Vh € Eny, [ L7 hly < miiv IRllgs, (5.1.5a)
1 1
n < e T
¥n € N\ {0}, ¥h €E,,, [ L7l < Cz(m1,72) <mz—%+?ﬂ + n’Yz) 1Plles, » (5.1.5b)

and the following estimates on (L™ (Id — T ))nen:

C
, _Celmre) (5.1.5¢)
72 (n+1)72*71+ﬁ a2

VneN,Vhelr | | L"(Id—T)h|, <

1 1
Vn e N,Vh € 6L (1L (Id — Th|| ;e < Coplyi, 4 —Inl,. ., (5.1.5d
e 1270 Dl < Cxna) (e + e | i, (5150)

1 1
o " (Id — . < , . .. 1.
Vn € NVh € 635, [2M(Id~ Thlls < Coln, ) ( et (Hl)w) il - (5.15¢)

Furthermore, if we assume that v, > 2%, the constant C ¢ (v1,7v2) can be considered large enough so that (5.1.5b),
(5.1.5d) and (5.1.5¢) give us:

Co(71,72)

n
Vi€ N\{0},Vh € By (27 hly < =ZZ0 il (5.1.5f)
Ce(71,72)
1 n _ ’
VneNVhel,, [L"(Id= Tl < T 1Bl (5.1.5¢)
C
VneNVhe 2, [|Lm(Id—T)hl|~ < _Cenne) [ (5.1.5h)
71 (n+ 1)72—"/14'7” Y2

Proposition 5.2 can be seen as an improvement of the linear stability result (Theorem 4.2) of Chapter 4 and
will play a central role on proving the main result of this chapter, that is Theorem 5.1.

5.1.3 Main result of the chapter: nonlinear stability in the scalar case for zero-
mass perturbations

The main result of this chapter is the following theorem. We recall that the polynomially-weighted spaces
and the norms appearing in Theorem 5.1 are defined by (5.0.1).

Theorem 5.1. We assume that Hypotheses 4.1-4.9 are verified and consider a constant p € [0,+00[. Then, there
exist two constants €,Cy € [0, +oc[ such that, if we consider a zero-mass initial perturbation h° € Eptmax(1,p)
such that:
h° <e
1M,
then the solution (u™)pen of the numerical scheme (5.1.1) initialized with the initial condition u® = u® + h° is
well-defined for all n € N. Furthermore, if we define

Yn e N\ {0}, A" :=u" -7’
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then for all r € [1,+00]:
Co

vn € N\ {0}, ||»"|,- < ——||n° . 5.1.6

\{ } H Hémax(l)p) — np+ﬁ(17%) H ’|Z;+max(l’m ( )

In particular, we have that u™ — u° in the vector space £ except forr =1 and p = 0. The estimates
n—s+oo max(1,p)

(5.1.6) are also true for the usual £"-norms.

Theorem 5.1 partially answers [Ser07, Open Question 5.3] by proving the nonlinear stability of the SDSP
w® under the same assumptions as in Chapter 4 in the scalar case and for zero-mass perturbations. There is
also hope to extend the result for nonzero mass perturbations and, more importantly, in the system case as will
be discussed below in Section 5.1.4. Since we impose for the initial perturbation h° to belong to Emax(1,p)+p5
the polynomial-weight we impose on h° increases with p. However, the decay rate (5.1.6) also improves as p
increases. This means that the stronger the polynomial-weight we impose on the initial perturbation is, the
better the decay rate in (5.1.6) is. However, we point out that it is more than likely that the estimate (5.1.6)
is not sharp and could be improved. The proof of Theorem 5.1 presented in this chapter makes nonoptimal
choices at times. More precisely, we think that we could prove a similar decay rate with less stringent polynomial
weights on the initial perturbation but this is left for further study.

Theorem 5.1 and its proof can be seen to some extent as an adaptation in the fully discrete setting of the
nonlinear orbital stability result for semi-discrete shock profile [BHR03, Theorem 5.1] which is itself inspired by
the papers [ZH98; MZ02]. To briefly summarize the main idea of the proof, we will use a proof by induction.
For all n € N, we will find a way to express the perturbation A"*! using the perturbations h™ and the operators
L™ and L™ (Id — T) for m € {0,...n}. The decomposition of the Green’s function deduced in Chapter 4
allowed us to prove sharp bounds on those operators (Proposition 5.2). This will allow us to prove inequalities
on the sequences h™ by induction.

5.1.4 A few discussions on the results of Chapter 5

In this section, we allow ourselves to discuss fairly quickly about some interesting limitations and possible
improvements on Theorem 5.1 and about a quite "unintended" consequence of Proposition 5.1.

Parametrization by excess mass of spectrally stable SDSPs

Let us assume that there exists a continuously differentiable family of SDSPs (%j)se]—c,c[ associated with
the shock of endstates u™ and u~. We also assume that each @} verifies Hypotheses 4.1-4.9. Let us discuss
on the following issue: how can the SDSPs be parametrized (in the scalar case)? We define the differentiable
function M:

Vo€l —e,el, M(8) =) a5, —up,
JEL
which can be done thanks to Hypothesis 4.3. The interested reader can draw immediate links between the
function M and the so-called Y function that is presented in [Ser07]. We claim that we can actually reparametrize
the family (%})se)—c [ so that:
Vo €] —e,el, M(@)=9¢

i.e. the different SDSPs w} are parametrized by their mass excess with regards to some reference SDSP %j. For
instance, a fairly similar parametrization has been proved for the SDSPs of the Lax-Wendroff scheme in [Smy90,
Theorem 2.1]. Proposition 5.1 allows us to prove such a result. Indeed, the sequence V' appearing in Theorem
4.1 (when it is applied to the SDSP @$) is collinear to the sequence dus/d6. Thus, the result of Proposition 5.1

implies that:
Vo €] —¢g,¢] Z o #0
s <y . 85 )
JEZL J
and thus
Vo €] —e,e[, M'(§) #0.

This would allow us to conclude. This parametrization is essential when discussing about proving nonlinear
orbital stability for nonzero mass perturbations as will be discussed below.

The "Shock tracking" issue

We think that there is an interesting limitation of Theorem 5.1 compared to [BHR03, Theorem 5.1] that
needs to be pointed out. In Theorem 5.1, we prove decay estimates on the difference between the solution
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u™ and the SDSP w®. However, in [BHR03, Theorem 5.1], the decay estimates the authors prove are between
the solution v(t) of their semi-discrete problem and a well-chosen translation u(t + p(t)) of the profile they are
considering. Furthermore, this translation depends on time, i.e. they track the position of the shock in time
that minimizes the distance to v(t). This is possible due to the continuous in time nature of their problem and
the fact they are considering only moving semi-discrete shock profiles. This allows them to not impose any
polynomial weight on the initial perturbations, which could be a desirable feature in our framework too.

However, in the fully discrete setting and for the stationary case considered in the present chapter, we have
not found a way to adapt what we will here call "shock tracking" techniques. There are several hurdles that
we can encounter when trying. For instance, in some fully continuous setting like [ZH98; MZ02], we point out
that the linearized operator about a translated profile equals the linearized operator about the original profile
conjugated with some translation operators, i.e. translations and linearization commute. This does not hold in
the fully discrete setting (or only for translations in Z) and this can create some issues when trying to adapt
this shock tracking technique.

In the present chapter, we have overcome those issues by always searching for estimates on ™ — @® and by
imposing polynomial weights on the initial perturbation that are not present in [BHRO03, Theorem 5.1]. We are
interested in finding adaptations of this shock tracking technique in the fully discrete setting.

Discussion on the extension of Theorem 5.1 for nonzero mass perturbations

As stated above, when considering how to extend Theorem 5.1 to nonzero mass perturbations, finding an
adaptation of these shock tracking ideas would be the optimal way to solve this issue, though it seems far too
complicated for now. Let us pursue another path.

We will use the same notations as in the above Paragraph "Parametrization by excess mass of spectrally
stable SDSPs" above. Let us start by writing a formal proof of how an extension of Theorem 5.1 for nonzero
mass perturbations could work. We consider an initial perturbation h € ﬂ; for some large enough . We define:

6= Zhﬂ

JEZ

Then, under some smallness assumption on h, if we consider the solution (u"),en of the numerical scheme
(5.1.1) with the initial condition u® := % + h, we can expect that the sequence u" should converge towards
due to the conservative nature of the numerical scheme we consider. To prove it, we observe that:

u’ =75+ h = + (h+ay —aqj).

Furthermore, the sequence h + ug — uj belongs to E,. Indeed, its mass is null and using the fact that i belongs
to £} and Hypothesis 4.3 for both SDSPs %§ and u3, we have that the sequence h +uf — uj also belongs to £}.
Using these facts and Theorem 5.1 for s, we should be able to conclude.

There is only one limit to the above reasoning: It would require some uniformity of the parameter R and e
appearing in Theorem 5.1 with respect to 6. Under the assumption that the description of the Green’s function
of Theorem 4.1 is uniform with respect to ¢, which seems fairly reasonable, the estimates in Proposition 5.2
can also be assumed to be uniform with respects to ¢ (we would obviously replace the operator .Z by the
operator .Zs obtained by linearizing the numerical scheme about @§). The much desired proof of nonlinear
orbital stability for nonzero mass perturbations could then be handled in two ways, where either seem fine in
our opinion:

— Either, we use the new uniform version of Proposition 5.2 to prove a version of Theorem 5.1 (i.e. a
nonlinear stability result for zero-mass perturbations) that holds for all @§ and where the parameter
¢ and R are uniform with respect to 0. Following the proof described above would then allow us to
conclude on the extension of Theorem 5.1 for nonzero mass perturbations.

— Or, we use the new uniform version of Proposition 5.2 and the knowledge we have obtained above in
order to adapt the proof of Theorem 5.1 to prove immediately a nonlinear orbital stability that holds for
nonzero mass perturbations.

Discussion on the extension of Theorem 5.1 in the system case

Let us discuss slightly on what would need to be adapted to prove an extension of Theorem 5.1 in the system
case. The main difference will come in the introduction of an additional hypothesis:
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Hypothesis 5.1. We assume that:

det rf,...J'iUZV(j),Tal,...,rj #0
jez

where the sequence V is defined by Theorem 4.1 and the integer I by Hypothesis /.1.

This assumption can be seen as a modification of the well-known Majda-Liu condition (where ., V(j)
would be replaced by the difference of the states of the shock v~ — u™). This Majda-Liu condition is often
introduced in nonlinear orbital stability results ([ZH98, (1.24)], [BHRO03, (3.59)] for instance). Adding this
hypothesis allows us to prove an extension of Proposition 5.1 in the system case: We can prove that the
sequences PJ and P, are equal to zero and we can obtain certain equalities on the coefficients C’f "+ and C’f .
As a consequence, just like in the present chapter, we obtain improved expressions on the Green’s function and
its discrete derivative compared to Chapter 4.

The only remaining thing to do would then be to find the right spaces and norms to obtain sharp and useful
bounds on the operators .£™ and .£"™(Id — T) where the operator T is just the adaptation of (5.1.4) in the
system case. We will need to take into account that, in the system case, there are two "regimes" :

— A part of the mass of the initial perturbation will follow the characteristics entering the shock and reach
the shock at some point. We want to impose some polynomial weights on this part and study them with
norms with polynomial weights.

— A part of the mass of the initial perturbation will just follow characteristics that are not entering the
shock. For those, we wish to avoid to study them with norms having polynomial weights. We can expect

them be constant in the ¢*-norm and decay at a rate —— in the ¢£>°-norm.

P

Once we find the right way of defining these spaces and norrnsy,b7 we should be able to extend Proposition 5.2 and
Theorem 5.1 in the system case.

5.1.5 Plan of the chapter

The chapter is separated in three parts. First, in Section 5.2, we will assume that Propositions 5.1 and
5.2 are already proved and focus on the main matter of this chapter, the proof of Theorem 5.1. In Section
5.3, we will then prove Proposition 5.1 which improves the result of Chapter 4. Finally, in Section 5.4, we
use the decompositions (5.1.3a) and (5.1.3b) of the Green’s function and its discrete derivative deduced using
Proposition 5.1 to prove the estimates on the operators £" and .£"™(Id — T) claimed in Proposition 5.2.

5.2 Proof of Theorem 5.1: Nonlinear stability for zero-mass pertur-
bation

5.2.1 Necessary preliminary observations

The main goal of this section is the proof of Theorem 5.1. We will consider that Propositions 5.1 and 5.2
have been proved. Their proofs are respectively presented in Sections 5.3 and 5.4 below. Let us first start by
introducing some useful lemmas and constants that will appear in the proof.

Definition of a neighborhood of the states of the SDSP u°

An important part of the proof of Theorem 5.1 will rely on proving that, for small enough initial perturbations
K0, if we define the initial condition u® := @® + h°, the sequences u™ constructed using the numerical scheme

YneN, o= N(u"). (5.2.1)

are actually defined for all n € N. This is non trivial as there could be a time n € N and an integer j € Z
such that u ¢ U and thus the solution u™ of the numerical scheme would have left the domain of definition U*
of the operator A/. We recall that we do not make any monotonicity assumption on the numerical scheme we
consider here. We thus introduce a radius 6 > 0 such that:

U B@;, ) U B(ut,8) UB(u,d) CU. (5.2.2)
JEZ

The set defined in (5.2.2) is a neighborhood of the states of the SDSP %@*, which is also included in the space of
states U of the system of conservation laws (4.1.1). This set and the radius ¢ can be defined since U is an open
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set and the set
{E}j € Z} U {u+,u_}

is compact. The definition (5.2.2) of the radius ¢ implies that for h € £>°(Z,C) such that ||h[/,.c < 6, we have
that:
Vj€E€Z, uj+h;el,

i.e. the perturbation h is small enough so that the elements of the sequence u® + h remain in the domain of
definition U of the numerical scheme. Therefore, coming back to our initial issue of constructing the solution
(u™)nen of the numerical scheme (5.2.1), if for some integer n € N we can define the sequence u™ and that

=T < 0

then, using the definition (5.2.2) of the radius §, we can construct the sequence u™ ! using (5.2.1). This will give
us later on a way to prove recursively that the solution (u™),cy of the numerical scheme (5.2.1) is well-defined
up to any time n € N.

Decomposition near the SDSP % of the operator A in a linear and nonlinear part
Let us consider a sequence h € £°°(Z,C) such that ||h|,c < 6 where the radius ¢ is defined by (5.2.2). We
recall that (5.2.2) implies that the elements of the sequence u® + h belong to the space of states U. Using the
definition (4.1.7) of the nonlinear operator A/, we thus have that for all j € Z:
N (@ +h); =75 + h;
—v(F (W8 oy +hjpits e Wy + hjng) = F (8, 4+ hjpy oo Ty 1+ Rjyg1)) . (5.2.3)
Let us now introduce the sequence Q(h) € CZ defined by:

qg—1

Vi€Z, Qh);=vFWi_,+hjp .. \Wq 1 +hjrq1)=VFWT_ .. Wy 1)~ Y Bixhjpk (5.2.4)
k=—p

where the real numbers B, defined by (4.1.20) are equal to
B = v0u, F(v;u_ .. Uy 1)

We observe that, since the sequence u° is a fixed point of the nonlinear evolution operator A/ defined by (4.1.7),
the sequence

(Fi -y 0 1) o
is constant. Thus, the equality (5.2.3) can be rewritten as:

Vi€ Z, N@ +h); =1+ (Zh); — Qh)m +Q(h),. (5.2.5)

where the operator . is defined by (4.1.19) and corresponds to the linearization of A" about the SDSP u*®. The
sequence Q(h) should be thought of as a nonlinear quadratic remainder term. Recalling that the shift operator
T is defined by (5.1.4), the equality (5.2.5) implies that:

Vh € (°(Z,C), ||hllj <6 = N@ +h)=1u" +.Lh+Id—T)Q(h). (5.2.6)

The following lemma allows us to obtain sharp and useful bounds for the function ). Lemma 5.2.1 below
will be proved in the Appendix of the chapter (Section 5.A). We recall that the vector spaces f}{ and £3° for
v € [0, +oo[ are defined by (5.0.1).

Lemma 5.2.1. Let us consider v € [0,+00[. There exists a constant Cq(7y) > 0 such that for h € £} such that

1Allge <9,
then the sequence Q(h) belongs to 03, and:
QU < Ca) bl 1l (5278)
1QU) e < Co()lIhlly™ (5.2.7b)

The introduction of the function @ and of the estimates of Lemma 5.2.1 will be central in the proof of
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Theorem 5.1. Indeed, let us assume that the solution (u™),en of the numerical scheme (5.2.1) is well-defined
for all n € N (which, we recall, is nontrivial and would need to be proved). Assume furthermore that, for all
n € N, the sequence h"™ := u™ — u° satisfies:

1P goe < 6.

Then, using the equality (5.2.6), the equality :
VneN, o't =N(u")
can be rewritten as:
VneN, A"t = Zn"+ (Id— T)Q(h™).
Therefore, we have the following expression for the sequences h™ using Duhamel’s formula:

n—1
VneN, h"=2"n"+ Y 2" m(1d - T)Q(R™).

m=0

It is quite apparent in this expression how one could use the estimates of Proposition 5.2 on the families of
operators (Z")nen and (L (Id—T))nen as well as the estimates of Lemma 5.2.1 on the function @ to hopefully
obtain decay estimates on the sequences h™. The proof of Theorem 5.1 will essentially use those calculations
while taking into account that we need to prove the definition of the solution (u™),en.

Useful technical lemma

We finally introduce a useful technical lemma that will be used in the proof of Theorem 5.1. It is a discrete
version of [Xin92, Lemma 2.3].

Lemma 5.2.2. We consider constants a,b, c € [0,4+00[ such that:

c<a+b-1 ifael01]
c<b ifa=1,
c<b ifa>1.
There exists a constant Cr(a,b,c) > 0 such that, for all n € N, we have that:

23]

1 Ci(a,b,c)
Z ma(n—l—l—m)bS (n+1)c "’
m=1

The proof is quite immediate and will be given in the Appendix (Section 5.A).

5.2.2 Proof of Theorem 5.1 by induction

We start the proof of Theorem 5.1 by fixing the some of the constants that will appear. Let us from now on
fix the constant p € [0, +o00[. We will introduce the parameter:

v :=max(l,p) >1 (5.2.8)

which will clarify the choice of weighted spaces that we will consider later on. In particular, as stated in Theorem
5.1, the initial condition h° we will consider will belong to the vector space Ep4 defined by (5.0.1).
We introduce the constant:
Co:=Cg(v,p+7)+1 (5.2.9)

where the constant C¢ (v, p + ) is defined in Proposition 5.2. This constant Cy will correspond to the one
appearing in Theorem 5.1. Finally, there remains to define the parameter € > 0 that appears in Theorem 5.1.
We consider € to be small enough to satisfy a few conditions stated below:
e We consider that
Coe <6 (5.2.10a)

where ¢ is defined by (5.2.2). In particular, since Cy > 1, we have:
£ < 6. (5.2.10Db)

Let us briefly show an example of how this condition will be used. If we consider an initial perturbation
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h c ]Ep+'y SuCh that:
Hh HZl <
Pty

as stated in Theorem 5.1, then we observe that the condition (5.2.10b) on ¢ implies that:

1Pl < [I2°

o <, <<

Therefore, using the definition (5.2.2) of the constant §, we have that the elements of the sequence u° := u* + h°
belong to U and we can thus define the sequence u' := N (u°). Similar ideas using the conditions (5.2.10) will
allow us to prove that we can construct the solution (u4™),en of the numerical scheme (5.2.1) up to any time.

o We recall that the constants C'y, Co and C appear respectively in Proposition 5.2, Lemma 5.2.1 and
Lemma 5.2.2 and that the constant Cj is defined by (5.2.9). We define the following constants C; and C which
will appear at some point in the proof of Theorem 5.1:

Cr:=Cxz(7,2(p+7)Cq(p +7)

1 1 1 1
+ C3C2(7,27)Cq(7) <Cz <7+ —,2p + 2M,p> +Cr <2p + =7+ ,p>> (5.2.11)

2u 21 2u

and

Cy:=Cyg(7,2(p+7))Co(p+7)

1 1 1 1 1 1
2 J— J—
+ CyCex(v,27)Co () <C1 (2p+ 2’u,7+ ’u,er 2M> + Cf (’y+ 2M,2p+ M,er 2,u>> . (5.2.12)

The constants C; and Cy depend solely on p since v is defined by (5.2.8). The condition we impose on the
parameter ¢ is that
eCi <1 and eCy<1.

In particular, using the definition (5.2.9) of the constant Cy, we have that

Cez(y,p+7) +eC1 < Cy, (5.2.13a)
Cz(v,p+7) +eC2 < Co. (5.2.13b)

Let us now start with the proof of Theorem 5.1. We consider an initial perturbation h° € E, ., such that:

||h°||e;+w <e (5.2.14)

and we define the initial condition u° := w* 4+ k°. The proof of Theorem 5.1 will be done by induction. We
state for n € N the following assertion:

Assertion P(n): The sequences u™ constructed using the numerical scheme (5.2.1) are well-defined for

all m € {0,...,n}. Furthermore, if we define the sequences A" := u™ — u® for m € {0,...,n}, then we
have that:
Vm e {0,...,n}, [|A"| <9, (5.2.15a)
m CO 0
vme{l,....n}, (WM < — |h H%H, (5.2.15b)
m CO 0
Vme {1,...,n}, A"l < o A HZ}M. (5.2.15¢)

We observe that if the assertions P(n) are true for all n € N, then Theorem 5.1 follows immediately. Indeed,
by interpolation, for r € [1, +00], we have using (5.2.15b) and (5.2.15¢):

-+ G o
£g° < np+ﬁ(1_%) ||h ||Z;+7

1
vn e N\{0},  [Ih"[[, < [IR"[lg [IR"]]
We thus obtain the result of Theorem 5.1.

» Initialization step:
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Concerning the initialization step, the only point that needs to be proved is that (5.2.15a) for m = 0 holds,
i.e. that:

15 < 6.

e~

The condition (5.2.14) on the initial perturbation h°® and the condition (5.2.10b) on € imply that:

8 < [0 < 0], <= <0

e
Thus, the assertion P(0) is verified.

» Induction step:

We consider n € N such that P(n) is true. Let us prove that P(n+ 1) is also true. The first step is to prove
why u"*! is well-defined. Using (5.2.15a) for m = n and the definition (5.2.2) of the constant §, we have that
the elements of the sequence u™ = u® 4+ h™ belong to U and we can thus define

u" = N (u™).

The sequence u™*! is well-defined.

We can from now on define the sequence A"*! := u"*t — 4. To prove that P(n + 1) is true, there just
remains to prove the inequality (5.2.15a), (5.2.15b) and (5.2.15¢) for m = n + 1.

Before starting with the proofs of (5.2.15a)-(5.2.15¢) for m = n+1, we will need to make a slight observation.
The inequality (5.2.15a) for m € {0,...,n} implies that we can use the equality (5.2.6) to rewrite:

vm € {0,...,n}, u™" =N(@u™)
as:
Ym € {0,...,n}, A" =2+ (Id - T)Q(h™).

Using Duhamel’s formula, we then have that:

prtl — gont1p0 +$n(1d7 T)Q(ho) + Z g”*m(]df T)Q(hm) (5.2.16)

m=1

This expression of the sequence h" ! will be central to prove (5.2.15b) and (5.2.15¢) for m = n + 1.

We will start by proving (5.2.15b) for m = n+ 1. We will then focus on the proof of (5.2.15¢) for m =n+1
which will be fairly similar. Finally, we will conclude with the proof of (5.2.15a) for m = n+ 1 which is actually
a consequence of (5.2.15¢) (or even (5.2.15b)) for m = n + 1.

e Proof of (5.2.15b) for m =n + 1:

We want to find bounds on the sequence A"t in E%. We will prove bounds on the different terms appearing
in the expression (5.2.16).
* Estimates on £ 1RO in ()

Using the estimate (5.1.5a) of Proposition 5.2 with 77 = and 2 = p + -, we have that:

Ce(v,p+7)

), < CoE

0
| A HZ;M : (5.2.17)

* Estimates on £ (Id — T)Q(hY) in £} :
Using the estimate (5.1.5¢) of Proposition 5.2 with ;3 = v and 72 = 2(p + ), we have that:

Ce(v,2(p+7)) 0
(Tl + 1)2p+7+ﬁ HQ(h )||éé(P+’Y) '

| (1d = Q)| ,n <

Thus, using the inequality (5.2.7a) of Lemma 5.2.1 and noticing that 2p + ~ + ﬁ > p, we have that:

Cz(v,2(p+7))Co(p +1)
L™(Id — O, < ’ n° n° )
1 - QU < L S
Let us observe that our choice of polynomial weight is not optimal here and could be improved in future works
to improve the statement of Theorem 5.1. Finally, while observing that the condition (5.2.14) on the initial
perturbation A° implies that:

10, < 1871, <= (5219

p+y

le,
€P+w
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we thus have that:

< C2(1,2(p+7))Co(P +7) [0

l2"(1d =T, < (n+1)7

Hfiﬂ : (5.2.19)

* Estimates on Y 2" (Id — T)Q(h™) in L1
Using the estimate (o.l.oc) of Proposition 5.2 with 7; = v and 72 = 27, we have that:

S 2 1d - T

m=1

= CJ rY? )
S QHA™ L 5.2.20
L Gt e 190 (5.2.20)

Using the inequality (5.2.7a) of Lemma 5.2.1, the inequalities (5.2.15b) and (5.2.15¢) on the sequence h™ and
finally the inequality (5.2.14), we have that:

- mypm Co(v) Co(1)Co

vme{L,....n}, [IQ™)ly < CoM ™ lgs IRl < —+ ||h°!|% <t Hh”HZ;M

(5.2.21)
Combining (5.2.20) and (5.2.21), we have that:
n n 1
L (Id — )| < eCyl(y,2y)Coly)Co? h° . (5.2.22
2 LTIUd=TIQUT)|| | < eCr () Caln)Co (g <n+1_m>v+ﬁm2p+;u> 2y, - (5-222)
Y

There remains to bound the sum:
1

1 1 -
A L m) B

We recall that the constant v is defined by (5.2.8). For a = 2p + ﬁ, b=~+ ﬁ and ¢ = p, we have that
a+b—1>a>pandb>p. Thus, using Lemma 5.2.2 since every possible case is covered, we have that:

Cr (2p+i,v+ﬁ7p)

1
< 5.2.23a
mZ=1 (n+1—m) T zm?ta (n+1)P ( )
Similarly, using Lemma 5.2.2 for a = v + i, b=2p+ i and ¢ = p, we have that:
" Cr (74 .20+ .p)
1 0 ) 4P P
3 e < 2 2 (5.2.23b)
BTy (0 ) e
Combining (5.2.23a) and (5.2.23b), we have that:
n 1 1 1 1
Z 1 <CI (2P+ 2#7’7""_ QWP)‘FCI (’7+ 2#’2p+ QM’p) (52236)
(41 —m)FE gt (n+1)P '
Therefore, combining (5.2.22) and (5.2.23c), we obtain:
n
> 2 (Id - T)Q(™)
m=1 e’ly
) eCz(7,27)Co(7)Co? (CI (2p+ TR ﬁ,p) +Cr (’y +5:2P + ﬁ,p)) 0 oo
- (n + 1)p H Hé}) ( e )

Let us observe once again that our choice of polynomial weight is not optimal here and could be improved in
future works to improve the statement of Theorem 5.1.
* Combining the estimates in E}/ :

Using the equality (5.2.16) on the sequence h"*! and combining the inequalities (5.2.17) on Z"+1p0 |
(5.2.19) on L™ (Id — T)Q(h®) and (5.2.24) on Y. _, .Z"~™(Id — T)Q(h™), we have that:



5.2. Proof of Theorem 5.1: Nonlinear stability for zero-mass perturbation 220

n

> gnm(Id - T)Q(h™)

m=1

thHHa < Hf”“holleg + Hjn(jd* T)Q(hO)H% +

o
c Czlyp ) +eCh
- (n+1)p

0
0l
where the constant Cj is defined by (5.2.11). Using the condition (5.2.13a), we thus obtain (5.2.15b) for
m=mn+ 1.

e Proof of (5.2.15¢) for m =n + 1:

The proof of (5.2.15¢) for m = n + 1 essentially works similarly as the proof of (5.2.15b) for m =n+1. We
want to find bounds on the sequence A" *! in £5°. We will prove bounds on the different terms appearing in the
expression (5.2.16).

* Estimates on Z™ 1R in £

Using the estimate (5.1.5f) of Proposition 5.2 with 47 =~ > 1 and 73 = p + 7, we have that:

n Ce(v,p+7)
[E4 “’LOHM < (DiT 1h°,. - (5.2.25)

* Estimates on £ (Id — T)Q(h) in £3°:
Using the estimate (5.1.5g) of Proposmon 2 with 3 = > 1 and v2 = 2(p + ) > 71, we have that:

Co(v,2(p+7)) I

n o 0
|7 (1d = T)QA) || 1o < 1P My, -

Thus, using the inequality (5.2.7a) of Lemma 5.2.1 and noticing that 2p + —|— > p+ 5, we have that:

n Cez(v,2(p+7)Cq(p+7)
I uh°||%
Finally, using (5.2.18), we have that:
n(7q_ 0 eCx(7,2(p+7)Co(P+7) 1,0
| (Id - T)Q(h )ngo < = 12 HZ;M (5.2.26)

* Estimates on Y _ "™ (Id — T)Q(h™) in £3°:
Using the estimates (5.1.5g) and (5.1.5h) of Proposition 5.2 with v = v > 1 and v = 2y > 71, we have
that:

n

> 2 (Id - T)Q(M™)

m=1

&

n

g 2 (7,27) Co(v,27)

) m ) m

< Zl —n+1 eas: 1QA™)lley, + z; 1) Q™ lgge - (5:2.27)
m m=["5=]+1

Using the inequalities (5.2.7a) and (5.2.7b) of Lemma 5.2.1, the inequalities (5.2.15b) and (5.2.15¢) on the
sequence h™ and finally the inequality (5.2.14), we have that:

m m m CQ(’Y)COQ 0 EOQ( 0
vme{L..on}, 1QU™lly, < Cot IR lly IRl < =20 [1W°]], | < 7+ S les.., -
(5.2.28a)
m m Co(v)C eC
V€ Lo, QU < Co) W72 < SXD o2 %th (5.2.250)
m I Py
Combining (5.2.27), (5.2.28a) and (5.2.28b), we have that:
So L Id =TI << Car(1,29)Co(Co* T K], (5:2:29)
m=1 i

o
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where the constant T, is defined by:
L , . )

T, = +
" mZ::l (n+1—m)7+im2p+ﬁ mL;J—H (n—|—1—m)v+im2p+%
- 2

(5.2.30)

There remains to bound the constant Y,,. We recall that the parameter 7 is defined by (5.2.8). Using Lemma

22foraf2p+2ﬂ,b:fy+iandc:p+i,wehavethat:

L=

Cr (2p+ﬁ,v+ﬁ,p+ﬁ)

1
Z 1 2 1 S 1 (5.2.31&)
= (41 —m)Tem? Pt (n+1)Ptza
Similarly, using Lemma 5.2.2 for a = v + 2#, b=2p + Landec=p+ E’ we have that:
> LD Ot a2 gprar) (52310)
ety (L m) e (n+1)Pt25
Combining (5.2.31a) and (5.2.31b), we have that:
< (2ot sirtdopta) + O (1 g2p+ op+ ) (5.2.31c)
n < . .2.31c
(n+ 1)”+2u
Therefore, combining (5.2.29) and (5.2.31c), we have that:
Y g (Id - T)Q(™)
m=1 gf:;c
eCz(7,27)Cq(7)Co? (CI (2p+ SRR R ) +Cr (v+ 3 2P+ P+t 3 )) o
< A HE;+ (5.2.32)

(n+ )P+

* Combining the estimates in £3°:

Using the equality (5.2.16) on the sequence h"*! and combining the inequalities (5.2.25) on Z"+1p0 |
(5.2.26) on L™ (Id — T)Q(h®) and (5.2.32) on >."" _, . Z" " ™(Id — T)Q(h™), we have that:

n

[ e < 270+ 270 = TIQUO | || 32 27 = TIQUH™)

m=1 g’C;c
Cx(v,p+ 7) + eC
< * 10
( + 1) P+

where the constant Cy is defined by (5.2.12). Using the condition (5.2.13b), we thus obtain (5.2.15c) for
m=n+ 1.
e Proof of (5.2.15a) for m =n + 1:

We observe that the equality (5.2.15¢) for m = n + 1, the condition (5.2.14) on the initial perturbation h°
and the condition (5.2.10a) on € imply that:

Co

[ PN T P m’

)|, < Coe <d.
P+

Therefore, we have (5.2.15a) for m =n + 1.
We have thus proved that P(n + 1) is true and have concluded the induction step. Therefore, by induction,
P(n) is true for all n € N and this allows us to conclude the proof of Theorem 5.1.
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5.3 Proof of Proposition 5.1: Improvement on the result of Chapter
4 in the scalar case

This section will be dedicated to the proof of Proposition 5.1 which allows to obtain the decompositions
(5.1.3a) and (5.1.3b) on the Green’s function and its discrete derivative. Since we are considering a conservative
finite difference scheme, we start by proving the following lemma.

Lemma 5.3.1. For all h € (X(Z), we have:

Y (Lh)j = hy

JEZ JEZL

Proof of Lemma 5.3.1
We recall that the operator .% is defined by (4.1.19) and has the form:

q—1 qg—1
Vh € EOO(Z), (.i/ph)] =h; + Z Bjphjir — Z Bitikhjti+k
k=—p k=—p

where the constants B, are defined by (4.1.20). Since the constants B j are uniformly bounded for j € Z and
ke {—q,...,p— 1}, we have for h € {*(Z):

qg—1 q—1
D (LR =\ b+ Y Bishisk — D Biishjr | =D hy
JEZ JEZ k=—p k=—p JEZ
and the conclusion follows. O

Using Lemma 5.3.1, the definition (4.1.25) of the temporal Green’s function ¥(n, jo,j) as well as Lemma
4.1.1, we obtain the following equality:

jo+np
Vn e N,Vj, € Z, Z 4(n,jo,j) = 1. (5.3.1)

J=jo—ngq

Let us now fix jo € N. Since a™ < 0, using the definition (4.1.28) of the function E5, and the equality (4.1.29a),
we have that:

Jo+mnp .
2. (CE*EW (ﬁ+;”“+1+”)+PJ<jo>)V<j> T (CFT AR G) (2 V0) |- (532)

. Pm n—-+oo -
Jj=jo—nq e JEeL

Furthermore, for any constant ¢ > 0 (and in particular the one appearing in (5.1.2)), we have:

Jo+np

| Z O(e") =0 (ne™") = 0, (5.3.3)
J=jo—ngq
Jo+np e—clil |n+j70 % 1
Z (0] —exp | —c | —2! = O( S ) — 0. (5.3.4)
j=jo-ng \ T n2 s/ nokee

where we recall that the Landau notation O is uniform with respect to n, jo and j. Finally, we observe that

2jo . n J—Jo
VYn e NN [Oﬁ,Jroo[,VjEN, 2§n< e

and thus there exists a constant ¢ > 0 such that:

Jo+np ) I — (4zin)| b Jo+np B
E ]lj>00 — eXp | —¢C (10‘+> = E ]lj>00(6_cn) — 0. (535)
- - nzu nzn .~ - n—-+o00

J=Jo—ngq J=Jo—ngqg

b

Therefore, combining the decomposition (5.1.2) of the Green’s function ¥ (n, jo, j) and (5.3.2)-(5.3.5), we prove
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that:
Jjo+np
Y. Gngo.d) 7 (CFT+PEG)) [ DVG)
Jj=jo—ngq JEZ

Using (5.3.1), we then conclude that:

Vio €N, (CPF+Pf(jo) | D V() | =1
JEZ

We then immediately conclude that

> V() #0

JEL
and that the sequence P;i = (P;f(jo))joen is constant. Since the statement of Theorem 4.1 claims that the
sequence PJ decays towards 0 at o0, it is equal to 0 and we have:

_ 1
e V)

We get the same conclusion on F;; and CF~ when considering jo € —N\ {0} and the decomposition of the
Green’s function ¥ (n, jo, j) associated with it.

cE+

5.4 Proof of Proposition 5.2: Estimates on the operators " and

2 (1d—T)

The proof of Proposition 5.2 can be seen as a fairly longer version of the proof of Theorem 4.2 of Chapter

4. Tt will be separated in two sections: Section 5.4.1 will be dedicated to proving the estimates (5.1.5a) and

(5.1.5b) on the operator .£™ and Section 5.4.2 will tackle the estimates (5.1.5¢) and (5.1.5d) on the operator
ZL™(Id —T). Before beginning with the proofs, let us make some useful observations.

— We will fix the constant ¢ that appears in the decompositions (5.1.3a) and (5.1.3b) of the temporal

Green’s function and its discrete derivative. This will allow us to introduce the constant ¢ > 0 defined

by:
Gim — (5.4.1)
2n-T
Then, we observe that :
nat
Vn € N,Vj, € NN {O,—2] ,VjeN,
y 28 . 2p
n — J—Jo 2p—1 n + Jo_ 2n—1
exp [ —c <|1°‘+|> <exp | —c <|10‘+} <exp(—én). (5.4.2)

where the constant ¢ is defined by (5.4.1).
— We have that there exists a constant C' > 0 such that:

_ o\ e
vneN\{0}, Y L exp [ e (‘"“) <C (5.4.3)

1
jez M n2

where the constant ¢ has been fixed as stated above.
— We also observe that, for any given parameter v € [0, +00[, there exists a positive constant C' such that:

VneN,Vjo€ZNjE€Z, j—jo€{-nqg,....,np} = Q1+i)"<CA+j])" 1+n). (5.4.4)
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5.4.1 Proof of the estimates (5.1.5a) and (5.1.5b) on the operator £"
We first observe that (4.1.27) and Lemma 4.1.1 imply that:

Vn € N,Vh € (2(Z), L"h= Y 1 jc(-ng..npy? (M jo, 5o : (5.4.5)

JoEZ jez

Let us recall here that, in the introduction of the present chapter, we proved using Proposition 5.1 an

improved decomposition (5.1.3a) of the Green’s function in the scalar case. We have that there exists a constant

¢ > 0 such that for jo € Z, n € N\ {0} and j € Z such that j — jo € {—nq,...,np}, the Green’s function can be
decomposed in 4 parts:

VjO € N» g(/nwj()uj) = E+(n,]0)V(j) +D+(n7j07j)+R+(naj07j) +O(e—cn)7 (5463')
\Vljo S _N\ {0}7 g(naj()aj) = E_(n,]O)V(_]) +D_(n7j07j) +R_(n7j07j) +O(6—Cn), (546b)
where the sequence V defined in Theorem 4.1 is an eigenvector of the operator . associated with the eigenvalue

1 and the other terms are defined as follows:
— The terms E*(n, jo) correspond to the activation of the eigenvalue 1 of the operator . and is defined

by:
4o
Vo €N, ET(n,jo) = CEEy, (5*; mﬂo) , (5.4.7a)
n2
. _ . _ —na —j
Vjo € =N\ {0}, E~(n,jo):= CEEQM <B ;1j0> . (5.4.7b)
nzs

— The term D% (n,jg,5) (resp. D™ (n,j0,5) ) corresponds to the diffusion wave which is incoming with
respect to the shock and which is associated with the characteristic field of the right (resp. left) state :

. I 1 n— (Z) "
Vjo € N, D™ (n,jo,j) =1;500 —exp | —c| ———%—+ , (5.4.8a)
nawe nwe
! - (128 [\ %
Vo € —N\ {0}, D~ (n, jo,j) = ]ljgoo T exp | —c¢ % s (548b)
nze nze

where the term O is uniform with respect to n,jo and j.
— The terms R*(n, jo,7) correspond to a remainder term for the activation of the eigenvector associated
with the eigenvalue 1 of the operator .Z:

2p
—cljl 4 Jo_ 2u—1
Vjo €N, RT(n,jo,j) =0 % exp | —c <|n;a+> , (5.4.9a)
n=m n2m
2
7c\j| j70 2p—1
. _ .. e n 4+ 2=
V]O € *N\ {O}a R (na](),]) =0 % €xp | —¢ <| % |> ) (549b)
n-=r n =+

where the term O is uniform with respect to n,jo and j.
Applying the decompositions (5.4.6) of the Green’s function in the right-hand side term of (5.4.5), we have
that for h € £>°(Z), n € N\ {0} and j € Z:
(L"h); = Tp(h,n, j) +Tp (hyn, j) + Ty (hyn, j) + T (hon, 5) + Te(hyn, j)

+ 3 Ui joe{—ngempyOe™ )y, (5.4.10)
Jo€EZ

where the terms lejt(h7 n,j), Tj%t(h, n,j) and Tg(h,n, j) are respectively defined by:

Tg(hanw]) = Z ]ljfjge{fnq ..... np}D+(nijaj)hjoa (5.4.11&)
Jo€N
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Tp(hng) = Y Lijoe(=ng.opy D (1550, )hjo, (5.4.11b)
Jjo€—N\{0}

Tk (hymd) =Y i joe{ng,np} BT (0 G0y )Py (5.4.11c)
jo€EN

Tg(hanvj) = Z ]lj—joe{—nq,...,np}R_(nijaj)hjm (5411d)
joe—N\{0}

Te(hnj) = | D Ui jetongmpy BT d0)hi + D> L joc(ngempy B (n2jo)hjo | V(). (5.4.11e)

Jjo€N Jjo€—N\{0}

In the following lemma, we will prove sharp estimates on the terms that appear in the right-hand side of
(5.4.10).

Lemma 5.4.1. For 0 <y < 7, there exists a constant C > 0 such that:
o First terms of the decomposition (the diffusion waves):

C
+ .
vneN\ (0} Vhed, |TE0n),g], < o Ihla, - (5.4.122)
Y1
C
o + .
Vn € N\ {0} ,Vh € (3, (TD(h,n,j))jEZ o S e ||h\|egc2 (5.4.12b)
C
+ .
VYn € N\ {0},Vh € 4#2, (TD (h,n»J))jeZ o S m ||h||e}/2 - (5.4.12¢)
e Second term of the decomposition (the activation remainder):
00 + . 9
vn e N\{0},¥h e 3, ||(TE(hn, 1), o S Il (5.4.130)
C
1 + .
¥n € N\ {0}, Vh € £}, H(TR (h.1.9)) 1o e Il - (5.4.13b)
e Third term of the decomposition:
vn e N0} Vh € £y | {3 Limspeonnennn O™y <Ce by, (54.140)
JoEZ jez o,
Vn € N\{0},Vh € £, Z 1 joci—ng,..npyO(e™ sy < Ce 5" |\h||% . (5.4.14b)
Jo€Z jez =
e Fourth term of the decomposition (associated with the eigenvalue 1 of £ ):
. C
Vn € N\ {0} ,Vh € E.,, H(TE(h,n,j))jGZ o S Bl - (5.4.15)

We point out that we exhibited estimates of some of the terms (for instance the second or fourth term) only
in the f}h—norm. Indeed, we can obtain estimates in the £77-norm by observing that:

Vh e £}

L bl < Il

Combining the results of Lemma 5.4.1 and the equality (5.4.10), we can immediately obtain the inequalities
(5.1.5a) and (5.1.5b) on the semi-group (:£")nen. The result of Lemma 5.4.1 is actually slightly more complete
than what is necessary to prove (5.1.5a) and (5.1.5b). This completeness will be useful in the Section 5.4.2
tackling the proofs of (5.1.5¢) and (5.1.5d).

Proof of Lemma 5.4.1
We fix 0 < v1 < 2. We will separate the proofs of the different estimates claimed in Lemma 5.4.1.
» Proof of the estimates (5.4.12) on the first term (diffusion waves):

In this part, we will only prove the estimates for the sequence (T A (hyn, g ))] ¢z Everything can then easily
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be extended for the sequence (T}, (h, n,j))jez.
First, using the expressions (5.4.11a) of T} (h,n,j) and (5.4.8a) of D*(n,jo,j), we observe that for n €
N\ {0}, h € €3 and j € Z, we have:

(L+[5)" | T (hyn, j)|

1 - ) P
=1+ [5)™ Z L joe{-nq,..np}1;>00 —exp | —¢| ——5— hj,
joeN n n (5.4.16)
. 1 <|n Lo |> v
Sz Y 1 joe{—ngmpy (1 + i) —exp | —¢ | F—2— Mo
joeN n2e ne

where the notations <, introduced in the "Notations" paragraph of the introduction, is used to ease the reading
and describes inequalities up to a multiplicative constant independent from the parameters h, n and j.

o Proof of the estimate (5.4.12a)

We consider h € £1, and n € N\ {0}. To prove (5.4.12a), we want to find estimates on the sum:

| @5t e, = S0+ 1 75 (k).

Y1 ]EZ

We observe that the inequality (5.4.16) implies that we only need to find bounds on

_2p
n Jo 2p—1
—c (‘M) 1ol - (5.4.17a)

ZHJ>0 Z L joef—nq. ,n;n}( + )™
JEZ Jo€EN n2w
We will decompose the sum (5.4.17a) with respect to j according to various regimes of j — jo.

* For n.€ N\ {0} and h € £, we have using the inequality (5.4.4) and the fact that o < 0:

’n _ j*ﬁo | 2p—1
Z]l]>0 Z ]lj —jo€{—nq,.. mp}(l + 7)™ - Ta |hjo|
Jo=0 na

JEZ

<exp(—cn)

n 71 .
S D Lijeet-na. ,np}( ) exp(—cn)(L+[jo])™ [y (5.4.17b)

Jo€N j>jo

<n
< C
~ €Xp (—571) ||hHeg1
c
< exp (*5”) ||hHe§2 :

x For n € N\ {0} and h € £} , we have using the inequality (5.4.2) and the fact that v; < 7o:

Y27

| I — i=fo |\ 7
Do tizo 30 L cfo agt (Liioetonan (L ) —p e | e[ S]] Jh|

i€z dozitl <(1+[jol)m
jo—1 1
Zﬂgue _ng[ZﬂHUe{m ,,,,, npr — exp(=en) (1 + |jol)™ Ry, |
Jo€N j=0 e (5.4.17¢)
<n
Sewp (~5n) Il

w\m

) Il -

§exr><
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* For n.€ N\ {0} and h € £}, we have using the inequality (5.4.3):

. 20
1 n— e[\
Z Lj>o Z ]ljoE [_ e +00[]lj*j0€{*nq""*”p}_(l + ‘——/JDM nan . <|n2lfa|> i
4 2 , - .
JEL Jozj+1 <(14]jol)1

Jjo—1 i—4 2n—1 .
1 n — 22| (1 + o))
< _ 7 ot | A= POV g 5.4.17d
~ Z 1jo€[—"°§+7+oo[ Z C CXp C( L ljo[>—n Bl )
jo€N
<

j=0 3

1

ny2—mn

<

~

Il -

Using (5.4.16) and (5.4.17b)-(5.4.17d) allows us to conclude the proof of (5.4.12a).
e Proof of the estimate (5.4.12Db)
The proof of (5.4.12b) is fairly similar to (5.4.12a) with slight modifications made precise below. For

n € N\ {0} and h € €3, we want to prove bounds

[T ) sl =suptt+ ™ 75 (o, )]
Y1

The inequality (5.4.16) thus leads us to decompose and study the sum for j € Z

MR 1 ’n — %| v
]ljZO Z ]lj—]'()E{—nq,A..,np}(l + |.7|) —T— &Xp | —¢| — — ‘hjo| . (5418&)

! 2 20
Jo€N nex new

* For n € N\ {0}, h € £33 and j € N, we have using (5.4.4):

. 2
J J—Jo 2p—1
. 1 n—
> 1 jee{—ngpmpy(L+ 17D —Texp | —¢ (| - |> |Fj |

jo=0 n n
<exp(—cn)
J
(14n)m ' (5.4.18b)
S L joelong,..npy——— exp(—cn) (1 + [jo]) " [ |
520 n2u —_————
SHthzEé

<n
&
< ——
Sexp (=5n) Ilhlls, -

* For n € N\ {0}, h € £35 and j € N, we have using the inequality (5.4.2):

S1\V1 1 ’n_jt;zo‘ o
Z ]ljoe[o,f%[]lj*jOE{*nqunp}(l+|j|) — &Xp | —C¢| —=x — [Rjo|

Jozjtl <o n
1 N .
S Z ]ljoe[o,fm[]lj—joe{—nq,..qnp}ieXP(*C”)(l+‘JODM}%‘ (5.4.18¢)
jo>j+1 : n2x D
Sl\huegz
<n
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* For n € N\ {0}, h € £35 and j € N, we have using (5.4.3):

o o - i8]\
> ]ljoe[—%Hm[]ljfjoe{fnq,-»-,np}(l+|J|)71 TOexXp | —¢| —7 — [P |

Jo2j+1 <A "
. . 2
1 n_J_JO 2p—-1 1 - Y2
S O N e e S Pl
joen =l \ n MURSNE
5 (5.4.18d)
1 |n— Lo\ ™! 1
<Z P TS |
S EN]ljoe[_mf R exp c( e p— | ||e§§
Jo
<1
1
<
S e Il -

Using (5.4.16) and (5.4.18b)-(5.4.18d) allows us to conclude the proof of (5.4.12b).

e Proof of the estimate (5.4.12¢)

The proof of (5.4.12c¢) is essentially the same one as for (5.4.12b). Indeed, we still need to find estimates for
(5.4.18a) but this time for h € £}, and n € N\ {0}. Let us observe that we have the following inequality

Vh € (2

b Wl <l - (5.4.100)

This inequality allows us to immediately adapt some intermediate results in the proof of (5.4.12b), which applied
to the case where h belonged to /37, for the proof of (5.4.12¢), where h belonged to 3;2. This will be explained
below.

* For n € N\ {0}, h € £}, and j € N, we have using (5.4.18b) and (5.4.19a):

4 1 I — g |\ 7T
Z ]lj*joe{fnq ..... np}(1 + ‘]D’Yl 1 €eXp | —¢ fa |hj0|

3
Jo=0 n=e

<exp(—cn)
< exp(—cn) Hh||@1 < exp(—cn) Hh||é%2 . (5.4.19b)

* For n € N\ {0}, h € £}, and j € N, we have using (5.4.18c) and (5.4.19a):

. |n—j7;f°| e < é
D Liefo-ngt [Liminetonamn L+ D" ——exp | —e | ——e= o S exp (=m0 ) [0l -

. . 2 2
Jozyt <alin "
(5.4.19¢)
* For n € N\ {0}, h € £}, and j € N, we have:
' 1 n— ]—io 2p—1
Z ]ljoe [_%H-oo []lj—jOE{—nq,...,np}(l + |]|)71?ﬂ €Xp | —¢ <|nzl:1| [P
JoziHt <(+lGo)™
1 (1+[jo]) (5.4.19d)
<Y ]13406[_%#00[ ‘%W| ol
joeN n2e  |Jo
1
< -
~ n’Yz—’Yl‘i‘ﬁ Hh”[% '

Using (5.4.16) and (5.4.19b)-(5.4.19d) allows us to conclude the proof of (5.4.12c).
» Proof of the estimates (5.4.13) on the second term:

In this part, we will only prove the estimates for the sequence (T g (h,n,j ))j ez Everything can then easily

be extended for the sequence (Tg (h, n,j))jez.
First, using the expressions (5.4.11c) of T (h, n, j) and (5.4.9a) of RT (n, jo, j), we observe that for n € N\ {0}
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and h € (37, we have:

(T (hnad)) e, = S0+ 1™ [T ()|

1
K’Yl

jEL
, 24
, e—cldl n+ 2\
- Z(l +1iHm Z L joe{-ng,...np}O T eXp | —¢ | —— hijq
jez jo€N ne ne

, _2u
1 n 4 o 2n—1
<Y e (oD
joEN n 2K n 2K
(5.4.20)
Thus, to prove the estimates (5.4.13), we just need to find bounds for n € N\ {0} on:
1 n+ 2%
Y ——exp —C<‘ ’) Mo

joeN T3 n? Z

when h € £33 and when h € £},

e Proof of the estimate (5.4.13a)
* We observe using (5.4.2) that for n € N\ {0} and h € (5

) _2p
1 |n+’—9r et
DI e (f’ sl

jo€N

~ 1

S el S E [l S e Al - (5.4210)
i Y2

* We observe that for n € N\ {0} and h € 22, we have using (5.4.3) that:

Y27

. _2p
1 ot 2]\
D L ngt oo T P ‘C< T o]

Jjo€N

2u

1 nA4 L\ TN\ (14 o) 5.4.21b
<Y1 L exp [ —e In+ 2% b, - ( )
jo€ +oo| 5 n |jol

Jjo€N n2e
.

~

n2

Thus, using (5.4.20),(5.4.21a) and (5.4.21b), we can prove (5.4.13a).
e Proof of the estimate (5.4.13b)
* First, using (5.4.19a) and (5.4.21a), we observe that for n € N\ {0} and h € £} :

1 ’n_‘_o]ci:' v —£n —£Zn
Z]ljoe[o,f%[ —exp | —¢ | —*— |hj,| Se2 ”h”l:; Sez ||th1 . (5.4.22a)

2 20
JoEN nEk n=w

* For n € N\ {0} and h € £}, we have that:

‘ 2
1 n+ 2\ 1 (14 i)
Z 1. exXp | —¢ @ hjo| < Z 1 1 HAVIM
= ]06[ ,+<x>[ b nn = JOE [n'Tu ‘JO|’Y2
_ Il
~ n'Y2+2%L ’

(5.4.22b)

Thus, using (5.4.20),(5.4.22a) and (5.4.22b), we can prove (5.4.13b).
» Proof of the estimates (5.4.14) on the third term:
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For h € £}, and n € N\ {0}, using (5.4.4), we have that:

JoEZ \ JEZ
n(L+ e [l

_<tnp
e 5 Rl

JEZ JOEZ

S
<

We thus obtain (5.4.14a).
Similarly, for i € £35 and n € N\ {0} and j € Z, using (5.4.4), we have that:

A+ D" D0 U joet—ngrmpy Ole™ ™o | S (L +1)"e™ "> " 1j_jye(—nq,...

Jo€Z JoEZ

,np}(l + ‘jODW1 |hj0‘

<n
n(L+ )7 e B

c

e =" ||hH£3°2'

We can then deduce (5.4.14b).
» Proof of the estimates (5.4.15) on the fourth term:

<kl pge <kl pse

We start the proof of (5.4.15) with an observation. Using the definition (5.4.11e) of Tg(h, n, j), for n € N\ {0}

and h € E,,, we have:

(TE(h’naj))jGZ .
e“{l
= Z ]ljfjoe{fnq,m,np}E—‘r(nvjO)hjo + Z ]ljijG{fnq,.u,np}E_ (najO)hjo V(])
Jo€N Jo€—N\{0} jezllp
Y1
< Z ﬂj*jo%{*nq ----- np}E+(n7j0)hjo + Z ]ljfjo¢{fnq ..... np}E_ (na jO)hJO V(j)
Jjo€N Jjo€—N\{0} jezllp
Y1
| 2 B (mdohsy + Y ET(njo)hy, | V()
Jo€N Jo€—N\{0} jezlly
Thus, we have that for all n € N\ {0} and h € E,,:
| e )],
Y1
S Z ]lj—jogé{—nq,.“,np}EJr(najO)hjo + Z ]lj—joé{—nq,.“,np}Ei (najO)hjo V(])
JjoeN jo€—N\{0} sezll, (5.4.23)
Y1

=+ Z E+(n7j0)hjo + Z

Jo€N Jjo€—N\{0}

E™(n,jo)hj, HVH% .

Furthermore, using a similar proof as for (4.2.10), we can prove that there exist two positive constants C, ¢ > 0

such that:

Vn € N\ {0},Vh € £>°(Z),

>

Jjo€—N\{0}

Y L jog gy BT (nsjo)hy, +
Jo€N

ﬂj*jo%{*nq"wnp}E_ (n7 jO)h’jo

V()
sezlle,

< Ce™ Bl . (5.4.24)



231

5.4. Proof of Proposition 5.2: Estimates on the operators .£™ and Z"(Id — T)

Combining (5.4.23) and (5.4.24), we have that for all n € N\ {0} and h € E,,

|@etn e, <Ce b, + |3 BX @b+ X E (g, | VI - (5:4:25)
n JoeN jo€—N\{0}
Therefore, if we prove that there exists a constant C' > 0 such that
. N C
Vh € By, ¥n € N\{0}, |D E*(njo)hj, + Y. E(n,jo)hj,| < — 1l (5.4.26)
jo€N Jo€—N\{0}
then, combining (5.4.25) and (5.4.26) allows us to conclude on the proof of (5.4.15). Therefore, there just
remains to prove (5.4.26).
Using the definition (5.4.7) of the terms E* and the zero-mass assumption on h, we have that
> EY(mgohi,+ Y, E(n,jo)hy,
Jo€N Jjoe—N\{0}
nat + _ —nha —
=107 En, (,3+ JO) hig+ Y. B (5 ;70) > hy, (5.4.27a)
n joe—N\{0} ne Jo€Z
=0

jo€N

nz

—na” —
E2,u <5, 1j0> - 1‘ |hjo|

Jjo€—N\{0}

nat +j
Es, <ﬂ+;210) =1 [hy, | + Z
n e

S DY

jo€N
We now need to prove estimates on the terms on the right-hand side of (5.4.27a). We will decompose the sums

with respect to jo according to various regimes depending on n
First, using the inequality (4.1.30c) on the function Ey,,, we have that there exists a positive constant ¢ such
that for all n € N\ {0} and h € E.,:

nat + j
Z ]1].06[0 _nat [ ‘Em </3+; n21u0> - 1‘ Mo

Jo€N
2
1 |TL+ Jo | 2p—1
Z _706 m+ EGXP —C <m> ||
(5.4.27b)
1 c
Z joe [0, =g [ P (—%ml") 1Al o
0€EN
<n
< E
and similarly:
_ —na —j _en
S e g B (B ) =1 g S e E IRl (5.4.27c)
. joe] 2 ’O] nan V2
Jo€—N\{0}
Furthermore, for all n € N\ {0} and h € E.,:
nat +j
Z ]ljo€["(§+,+oo[‘E2H <6+7 1 0> -1 ‘hj0|
Jo€N nze
<2
' hll g2
(1+ Lo Iley
hsol S — 227 (5.4.27d)

< 1. e -
N]% JOE[* u +00[ |jO|’Yz
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and similarly:

—na— — 1]l
Z Ly na= Eou (875 Llj =1 hj| S —*%. (5.4.27e)
JOG} - ] nin 0 nY2
Jo€—N\{0}
<2
Thus, combining (5.4.27a)-(5.4.27¢), we conclude the proof of (5.4.26) and thus of (5.4.15). Thus, this concludes
the proof of Lemma 5.4.1. O

5.4.2 Proof of the estimates (5.1.5¢) and (5.1.5d) on the operator .Z"(Id —T)

The methodology to prove the estimates (5.1.5¢) and (5.1.5d) on the operators £ (Id — T) will be exactly
the same as for the proof of the estimates (5.1.5a) and (5.1.5b) on the operators Z"

Using the definition (5.1.4) of the operator 7 and the equality (5.4.5) above, we have that for n € N,
h € £>°(Z) and for j € Z:

(gn(]d T Z ]lj —jo€{—ngq,. np}g(n JosJ )(hjo+1 - hjo)‘
Jo€Z
Thus, we have that:
VYn € N,Vh € (>°(Z),
L (Id T Z ]1] —jo€{—ng—1,...,np} (g(naJO - 1aj) - g(”a]Oa])) hjo : (5'4'28)
JoEZL

JEL

We recall that, just like for the Green’s function, in the introduction of this chapter, we have proved using the
Proposition 5.1 an improved decomposition (5.1.3b) of the discrete derivative of the Green’s function in the
scalar case. We have that there exists a constant ¢ > 0 such that for jo € Z, n € N\ {0} and j € Z such that
j—Jo € {—ngq,...,np}, the discrete derivative of the Green’s function verifies:

Vio €N, 9(n,jo,j) —%(n,jo — 1,7) = DY (n, jo,j) + D3 (1, jo, j)
+ D3 (n, jo, 7) + R (n, jo, j) + O(e™"),
(5.4.292)
Vjo € =N\ {0}, ¥ (n,jo,5) — % (n,jo — 1,4) = Dy (n,jo,j) + Dy (1, jo, j)
+ D3 (n, jo,j) + R (n, jo,j) + O(e™ "),
(5.4.29b)

where:
— The terms Dli(n, JosJ)s Dzi(mjo, j) and Dgt(mjo, j) correspond to the remainder of the diffusion waves:

- I 1 In— (G2 [\
Vjo €N, Di(n,jo,j) =100 | ——exp | —c | —— > , (5.4.30a)

nze

. 1 o= (58] 7
Vjo € =N\ {0}, Di(n,jo,j) =1;<00 | —exp | —c | ——>— , (5.4.30b)

n 2w

n2u n2w
’ e—clil |n — (@” T
Vjo € =N\ {0}, D3 (n,jo,Jj) =1,<00 —zexp | —¢ % , (5.4.31b)
n=m n 2w

24
—elil n— (dzdo) |\ T
Vijo € N, DF(n,jo,j) = 1,500 671 exp | —¢ M ) , (5.4.31a)
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24
—clol — (izdo -1
. o o "
Yo €N Do) = 1200 | — = exp | ¢ (W) . (5.4.32a)
na non
2p
; - . e—cliol |n— (@H T
vio € TN\{0F, - Dy (n.do. ) = <0 | = exp | e | T A . (5.4.32Db)
nze nia

— The terms R*(n, jo,7) correspond to a remainder term for the activation of the eigenvector associated
to the eigenvalue 1 of the operator .Z:

24

—c|j| +]70 2p—1
Vjo €N, RT(n,jo,7) =0 % exp | —¢ (W) , (5.4.33a)
n2m n e
2u
—clyl n 4 do |\ T
Vijo € =N\ {0}, R (n,jo,j) =0 e? exp | —c <|;a|> . (5.4.33b)
nzn nzn

Applying the decompositions (5.4.29) of the discrete derivative of the Green’s function in the right-hand
side term of (5.4.28), we have that for h € £*°(Z), n € N\ {0} and j € Z:

(gn('[d - T>h)J = Tg’l(hvnaj) + Tg,Q(hvnaj) + Tg,g(hvnaj)
+Tp 1 (hyn,5) + Tp o (h,n, ) + Tp 5(hsn, 5) + T (hyn, ) + T (ks m, )

+ 3 Ui joe(—ngmpy O™y, (5.4.34)
Jo€EZ

where the terms Tg,k(h, n,j) for k € {1,2,3} and le{(h, n, j) are respectively defined by:

T (B, 5) = > 1 joe{mng—1,.op} Dit (10, 5) o (5.4.35a)
Jjo€N
Tpp(hing) = > 1 jie(-ng—t...npy s (1530, )hjo, (5.4.35b)
Jjo€—N\{0}
Tg(hﬂ’b,j) = Z ]lj*joe{*anl,...,np}RjL(najOaj)h’jm (5435C)
Jjo€N
T];(hana]) = Z ]lj—jge{—nq—l,...,np}R7 (najOaj)hjo' (5435(1)
Jjo€—N\{0}

The following lemma is analogous to Lemma 5.4.1. We will prove sharp estimates on the terms that appear
in the right-hand side of (5.4.34).

Lemma 5.4.2. For 0 <, < 79, there exists a constant C > 0 such that:
e First term of the decomposition:

. C
e\ (0} vhel,, |(T5ahnd) | < e il (5.4.360)
Z’Yl n "
1 + . C
vne N\ {0} el ((TEuthm i) | < = bl (5.4.36b)
ese m
00 + . c
vn € N\ {0},Vh € (3, (TD,l(hvna]))jGZ T Hh”zgg . (5.4.36¢)
154 n “
e Second term of the decomposition:
1 + : ¢
vne N\ {0} vhe | (TEathnd)) Nl < — bl (5.4.37a)
m

1
E’Yl
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HhIIZm : (5.4.37D)

. n’Yz
271

¥n € N\ {0},Vh € €2, H (Té,g(h,n,j))jez

o Third term of the decomposition: There exists a constant ¢ > 0 such that:

om0 e, | (t5s0mm0) | oo, (5.4.358)
JEZ Z’lyl Y2
:t - < —én .
WMV} e [(TEnnd) . SO (5..38b)
e Fourth term of the decomposition:
+ ~ ¢
vn e N0} vhe b (|G ) |, € o Tl (5.4.3%)
R H
. C
vn e N\{0},Vh e 62, |[(Tthm i) e, < bl (5.4.39D)
Y1
e Fifth term of the decomposition:
Vn e N\{0},vh e &%, > 1yt —ng—1,npp Ole™ My, < Ce3m IRllgs, (5.4.40a)
Jo€EZ jez o
vn € N\ {0} ,Vh € £32, > 1 jeet—ng—1,...ppOle" ™Ay, < Ce 2 1Pl s - (5.4.40b)
Jo€Z jez oo

Combining the results of Lemma 5.4.2 and the equality (5.4.34), we can immediately obtain the inequalities
(5.1.5¢) and (5.1.5d) on the family of operators (£"(Id — T ))nen- There just remains to conclude on the proof
of Lemma 5.4.2.

Proof of Lemma 5.4.2

Let us observe that the estimates (5.4.39) for the fourth term and (5.4.40) for the fifth term have already
been proved in Lemma 5.4.1. Furthermore, the term DljE defined by (5.4.30) corresponds to the term D* defined
by (5.4.8) with a factor - rather than ——. Thus, the estimates (5.4.36) for the first term of Lemma 5.4.2

nH n 2k
corresponds to the estimates (5.4.12) for the first term of Lemma 5.4.1. There will only remain to prove (5.4.37)
and (5.4.38).
» Proof of the estimates (5.4.37) on the second term:
The proof of (5.4.37) is fairly similar to (5.4.13). For n € N\ {0} and h € £2°
of T;,Z(h,n,j) and (5.4.31a) of D (n, jo,7), we have that:

5, using the expressions (5.4.35a)

JEZ

H (75 200.m.)

2,
e—clil |n _ @’ Zu—1
=2 0+ | D2 Ujmsoet-ng..om 1200 | ——exp | —c (2“ o (5.4.41a)
JEZ Jo€N n=we (e
2
’n _ j*ﬁo | 2p—1
<ZZ]IJ —jo€{—nd,....np}€ : —C 5 |jo |-
JEN joeN n2u

We will separate the sum on the right-hand side of (5.4.41a).

e For n € N\ {0} and h € 55, we have that:

2
ZZ]IJ —jo€{—ng,...np}€

J=Jo |\ 2+-1
[n — 2|
(07
e h;
< n3n > I J0|
JEN jo=0
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J
—<|j 1 —cn —<n
<D e Y e tongenny | e Ml S € IRl - (5.4.41D)

jeN Go=0 ne
<n
e For n € N\ {0} and h € 5, we have using (5.4.2) that:
L o2
a1 n — 1=Jo 2p—1
> 21 joe[o.—ngt [Li—doet-na,..npye W ——exp | —¢ (‘M) ho
JEN jo>j+1 n e
y 1 e
— <141 o e—én —£n
<D I 3T 1 o gt Mo tonant | e Il S € [l - (54410
JeN Joz2j+1

<n

e For n € N\ {0} and h € £2°, we have using (5.4.3) that:

Y2’

2. 2 L

o j—jo 2p—1
1. . =35l Y N | |hj |
[ ji—jo€{—ng,...,np}¢ exp ¢ T jo
nQ;A n 2w

JeNjo2j+1
I — dio | %t
1 n— < ) (L))
<Ze 31l Z ]lgoe [ —exp | —¢| —— .772|th\ (5.4.41d)
JEN Jozj+1 B ne ol
Inlece
~ n72
Al
~ TL'Y? N

Thus, combining (5.4.41a)-(5.4.41d), we obtain (5.4.37a). There remains to prove (5.4.37b). To prove it, we

observe that for n € N\ {0} and h € £}, we have that:

2
Jj—Jo 2p—1
—<|j 1 ‘n— ¥ ‘
.y Jl el 2 et | )
E , E e ,mﬁ o[ Li—joe{—nq,...np}€ 2 T ©Xp ¢ T Pjo
]0 n2m n 2w

JENjo>j+1
Iy 17|
<> el 3 UHLOD® s —2 (5.4410)
n jEN Jo>j+1 joe ’+OO[ ol n2 e
IRl 1
S

Thus, combining (5.4.41a)-(5.4.41c) and (5.4.41e), we obtain (5.4.37b).

» Proof of the estimates (5.4.38) on the third term:

The proof of (5.4.38) is fairly similar to the proof of (5.4.12). Using the expressions (5.4.35a) of TE73(h, n,j)
and (5.4.32a) of DI (n, jo, ), we observe that for n € N\ {0}, h € (55 and j € Z, we have:

(L 131" |75 5 )]|
e,c|j0| }n_ @‘ 2p—1
1417 1, 1,500 exp | —c | —*— h;
=( i) j% j—jo€{-ng,....np} L1520 i e Jo (5.4.42)
. eicljﬂl n — 1—Jo 2n—l
SLi20 D Uy joet—ngnpy (LF 1) —=—exp | —c % |
jo€EN n2e n 2

e Proof of the estimate (5.4.38a)
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We consider h € £}, and n € N\ {0}. To prove (5.4.38a), we want to find estimates on the sum:

> A+l

JEL

Tg,f}(ha n7])‘ .

We observe that the inequality (5.4.42) implies that we only need to find bounds on

—C‘]O‘ |n7 @| 2n—1
D20 D Lijoei-ngpmpy (LH13) exp [ —c | —=2— |y | - (5.4.43a)

2
JEZ jo€EN n=k

We will decompose the sum (5.4.43a) with respect to j according to various regimes of j — jo.
x For n € N\ {0} and h € £} , we have using the inequality (5.4.4) and the fact that a™ < 0:

Y27
_2p
e—cldol n JZO 2u-1
Z]l]>0 Z ]lj —jo€{—ng,..., np} 1 + |J| eXp | —¢ <|1a|> |hj0|
JEL Jo=0 na
<exp(—cn)
(14 n)m , (5.4.43b)
S 20 2 e tonaapy— —— exp(—en)(L+ o) |h,|
j0€N 5> jo ne
<n
c
< exp (—§n) ||hHQ2 :
* For n.€ N\ {0} and h € £, we have using the inequality (5.4.2) and the fact that 7 < 7o
—cljol _ dzdo\ 2t
- n— L
LTS S L TR o B ) R [
JEE 2Tt <o "
Jo—1 1
S Z ]ljoe[ —ngt Z L joe{-ng,.. ,np} exp( en)(1+ |jol)™ [hyjo
joEN a =0 (5.4.43¢)

* There exists a constant é > 0 such that, for n € N\ {0} and h € £} , we have using the inequality (5.4.3):

Y27

. e,c|j0| |n_@| 2p—1
POLISD SN TIPS /e ) (S Ey R N

. . . 2 Pm
JEL Jo>j+1 <o n 2w n 2
e—cliol Jjo—1 1 {ni j;£0| 3h—1
_ R — JLI— e 2L = Y72 .
Z Joe 7+OO[|]'0"Y2_'71 Z n%u exp ¢ n%ﬂ (1 + ‘JOD |hjo‘
0EN =0
<1

Se bl -
(5.4.43d)

Using (5.4.42) and (5.4.43b)-(5.4.43d) allows us to conclude the proof of (5.4.38a).

e Proof of the estimate (5.4.38Db)

The proof of (5.4.38b) is fairly similar to (5.4.38a) with slight modifications made precise below. For
n € N\ {0} and h € £57, we want to prove bounds

(L+ 57 |T5 5 (R, )
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for j € Z. The inequality (5.4.42) thus leads us to decompose and study the sum

. efclj"‘ |n _ g;%’ 2u—1
]ljZO Z Ilj—jOE{—nq,...,np}(1 + |.]|)’Y1 T &Xp | ¢\ —— — |hjo‘ . (544434)

X 20
JjoEN n=k

* For n € N\ {0}, h € £35 and j € N, we have using (5.4.4):

. 24
J —cljol _ J—Jo 2p—1
e € n— -4
Y Ui joet—ng,mpy (1 + 5] ——exp | —c <H> ho
j():O n2u n2u
<exp(—cn)
J
(1+n)m . (5.4.44b)
S Vimsoe(ongmny = — exp(=en) (1 + o) B
L n2m ﬁ—/
L0 <I1klz

<n
C
< =

* For n € N\ {0}, h € £3; and j € N, we have using the inequality (5.4.2):

' e—cliol |TL j;£0| 2p-1
D e fomngt Mimietona (L I e e [ S )y

Jozj+1 <(1+|j0) ™ B ne
1 N .
S D ]ljoe[ovf%[]lj*joe{*n%nwnp}iexp(_cn)(l+‘j0|)’YI|hj0‘ (5.4.44c)
jo>j+1 e T —
<Rl goo
. Y2

c
< i
Sewp (~5n) il

x There exists a constant ¢ > 0 such that, for n € N\ {0}, h € £5; and j € N, we have using (5.4.3):

‘ 676‘j0| |TL— j;%| 2p—1
Z ]ljoe [7 n(;+ S []lj—joE{—nq,...,np}(]- + |.7|)’Yl — 3 &Xp | —¢| — — |hj0|

Jo=j+1 <(14]jo)" e ne
e—cliol 1 |n _ %’ 2u—1
< | = e — T | N2 s
~ Z ]ljoe [—"’<§+ ,+<>o[ |j0|’>’2—’h n%u €Xp c < n%ﬂ (1 + |JO|) |h]0|
Jjo€N
. _2p
A | o — iz |\ %
<eon 1. e —exp | —¢ - h] oo
joze:N JOG[*TJFA‘OO[ nﬁ ( nﬁ I ”ew
<1
1
<
~ nYy2—" ||h||f?\{°2 :
(5.4.44d)
Using (5.4.42) and (5.4.44b)-(5.4.44d) allows us to conclude the proof of (5.4.38Db). O

5.A Appendix of the chapter

Proof of Lemma 5.2.1

Let us recall the statement of Lemma 5.2.1:

Lemma. Let us consider v € [0,+o00[. There exists a constant Cq(y) > 0 such that for h € [}Y such that

||h||€°Q < 67



5.A. Appendix of the chapter 238

then the sequence Q(h) belongs to (3., and:

1@y, < Cal) Al 1l (5.A.1a)
2
1RWlege < CoMITefl " (5.A.1b)
Proof We recall that the set
{w,jez}u{uvt,u}
is compact. Therefore, using Taylor’s Theorem, there exists a constant C' > 0 such that:

Vj € Z.Yh_p, ... hy_1 € B(0,6),

2
q—1

qg—1
VE (Wi, + b, Wy + hgo1) =V (T, Wy 1) — Y Binhe| <C | D [l
k=—p k=—p

(5.A.2)
Let us fix a choice of constant y € [0, 400[. We consider h € £} such that:
1] <.
We observe that there exists a constant C' > 0 such that:
Vi€ Z,Vke{—p,....q—1}, (Q1+[j)7T <CO+[j+k|).

Therefore, using (5.A.2), we have that for all j € Z:
2 2
qg—1 ~ qg—1
L+ DRI < CO+1GDT | Y- Ihyrl | <CC* [ 37 (141 + k) hysrl | - (5.A.3)

k=—p k=—p

Thus, we have that: _ )
Vi€ Z, (1+1]i)*Q(h);] < CC*(p+q)* Al -

We thus obtain (5.A.1b). By summing (5.A.3) for all j € Z, we can also obtain (5.A.1a). O
Proof of Lemma 5.2.2

Let us recall the statement of Lemma 5.2.2.

Lemma. We consider constants a,b,c € [0, +o0[ such that:
c<a+b-1 ifaec]|0,1],
c<b ifa=1,
c<b ifa>1.

There exists a constant Cr(a,b,c) > 0 such that for all n € N, we have that:

2L
i 1 < Cr(a,b,c)
< m(n+1-m)® = (n+1)° '

m=

Proof The proof is fairly immediate. First, we observe that for n € N:

125 [ 23]

1 1 1

mz;l men+1—-m)b  (n+1)etb-1 | n41 — ( m )“ (17 (A))b
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Since for m € {1,..., %}, we have that for n € N:
1 b
—5 <2,
(1~ (=)
we thus have
L= b L=
Z 1 < 2 1 1
me(n+1—m)b = (n+1)atb-1 | n4+1 <l>a
m=1 m=1 n+1
We observe that: .
1 1 1 "t dt
VneN,Vme{?,...,Ln+ J}, a_/ &
2 n+1 (£> m—1 t%
n+1 ntl

Thus, we have :

73]

1

1 1 2

Vn €N, o< 1)a-1 .

" n+1z<m)("+) +/1 ta
m=1 e+l n+1

We can then easily conclude the proof by separating the cases a € [0,1[, a =1 and a > 1. O




Chapter

Perspectives

In the present chapter, we will present some questions which we deem natural and interesting to investigate
after this PhD. The list of questions presented is far from being exhaustive.

1) Extending the result of Chapter 5 for systems of conservation laws.

This problem is of course the most obvious direction to follow in the continuation to this thesis. In Chapter 5,
we prove a nonlinear stability result for spectrally stable stationary discrete shock profiles of scalar conservation
laws. We wish to find a complete answer to the [Ser07, Open Question 5.3] by proving a generalization of the
result of Chapter 5 in the case of systems of conservation laws. Essentially, we make the following observations:

— Chapter 4 (i.e. the article [Coe23]) gives us the tools necessary to obtain such a result, that is to say

a precise description of the Green’s function of spectrally stable stationary discrete shock profiles for
systems of conservation laws.

— Chapter 5 gives us guidelines to follow to obtain such a result, i.e. we would need to adapt the method of

Chapter 5 to the system case. As explained in Section 5.1.4 of Chapter 5, those adaptations are however
nontrivial.

2) Proving that spectral stability implies nonlinear orbital stability for discrete shock profiles
associated with stationary undercompressive and overcompressive shocks.

In [God03], the result presented also holds for the Green’s function of operators obtained by linearizing the
numerical scheme about discrete shock profiles associated with stationary undercompressive and overcompressive
shocks and not only Lax shocks. A subsequent question is to see how the result of Chapter 4 (i.e. the article
[Coe23]) can be extended to those cases and as a consequence if a nonlinear stability property can be proved for
discrete shock profiles associated with such shocks. The undercompressive case in particular should be at the
same time fairly easier to handle and quite surprising as discrete shock profiles associated with those shocks are
isolated. Overall, the main modifications compared to Chapter 4 would appear in the analysis of the so-called
spatial Green’s function near the interest point 1 (Section 4.4) and would follow ideas already introduced in
[God03].

3) Proving that spectral stability implies nonlinear orbital stability for moving discrete shock
profiles with rational speeds.

Another interesting question is to try to generalize the analysis on the Green’s function of SDSPs associated
with stationary Lax shocks performed in Chapter 4 and 5 for moving discrete shock profiles with rational speeds.
In continuous and semi-discrete settings, such a generalization for moving traveling waves is quite often easy as
considering a moving frame allows to come back to the stationary case. However, when considering the fully
discrete case, such an approach is not usually available. Following the ideas introduced in the introduction of
[Ser07, Section 4], it should be possible to come back to the analysis performed on stationary discrete shock
profiles by studying iterations of the discrete evolution operator associated with the numerical scheme but at
the cost of a far more difficult numerical flux with an increased number of variables.

4) Studying the impact of the ratio between the time and space steps on estimates of Green’s
function associated with finite difference schemes.

In the papers [DS14; CF22; CF23; Coe22; Coe24] and Chapters 2 and 3, the estimates on the Green’s
function associated with the finite difference scheme on the transport equation on the whole line or half-line
hold for only one choice of ratio v between the time and space steps. Having uniform estimates with regards
to the ratio v (which must satisfy a CFL condition) would allow to obtain stability estimates that are uniform
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with regards to this ratio v like in [Des08]. Such a result allows for instance to have some leeway in the choice
of the time and space steps when concretely using numerical schemes.

Let us observe that this question has far more impact since similar issues exist in different settings. For
instance, in [Bec+10] which investigates the nonlinear orbital stability of semi-discrete approximations of Lax
shocks for systems of conservation laws, questions on the dependence of the estimates obtained on the Green’s
function with regards to the space step are also raised.

5) Generalize the stability analysis and Green’s function estimates of [DS14; CF22; CF23; Coe22;
Coe24; Coe23] to dispersive finite difference schemes.

As explained throughout the different chapters of this thesis, the result proved are focused on the study
of finite difference schemes that introduce numerical viscosity (in the sense of the fundamental contribution
[Tho65] of Thomée) as it allowed to use proofs based on the techniques introduced in [ZH98] to study the
Green’s functions associated with linearizations of the discrete evolution operators of those numerical schemes.
However, several schemes, like for instance the well-known Lax-Wendroff or Beam-Warming schemes, introduce
dispersive behaviors rather than diffusive ones. An interesting direction to follow would be to generalize the
proofs of the results of Chapters 2 and 3 as well as of [CF22; CF23; Coe22; Coe24; Coe23] for this family of
schemes. Such a generalization seems achievable since the diffusivity condition we impose on the numerical
scheme is used fairly late in the proofs and the technical requirements to extend the analysis to the dispersive
case do not seem unachievable. The proof relies on the use of the inverse Laplace transform to express the
Green’s function using the resolvent of the operator. Summarized briefly, looking at the dispersive case would
only require making a new appropriate choice of integration path. The analysis of the integrand would be
exactly similar as the one done in the Chapters 2 and 3 for diffusive schemes. The first goal would be to
improve/generalize results on the Green’s function of dispersive scheme applied to the transport equation on
the whole line like [RS15; Cou22].

6) Proving that discrete shock profiles associated with weak stationary Lax shocks satisfy a
precise necessary condition for spectral stability linked with the Evans function.

In Chapters 4 and 5, we assume the spectral stability of the discrete shock profile we consider to prove its
nonlinear orbital stability. However, results on spectral stability of discrete shock profiles are fairly rare. It is
expected that discrete shock profiles associated with weak Lax shocks are spectrally stable and even nonlinearly
stable, just like for the viscous shock profiles (see [Liu85]). Let us recall that spectral stability relies on proving
that the linearized operator about the discrete shock profile has no eigenvalue of modulus equal or larger than
1 other than 1 and that the well-known Evans function, that was also introduced in Chapter 4, must have a
simple zero at 1. To investigate this question, we need to construct the Evans function just like in Chapter 4. It
is a holomorphic function that acts like a characteristic polynomial for the linearized operator, i.e. it vanishes at
eigenvalues of the operator. Since the Evans function is real valued on |1, 400[, a well-known necessary condition
of spectral stability is that the sign of the Evans function near 1 and at +oco must be the same. Proving this
necessary condition for discrete shock profiles associated with weak stationary Lax shocks corresponds to [Ser07,
Open Question 5.1]. In [Ser07], Serre summarizes known calculations on the subject.

7) Generalize the results of my previous papers in the multidimensional case and study the
carbuncle phenomenon.

This last question is relatively open to interpretation as there are several interesting directions that can be
investigated. For instance, several articles such as [RS17; Ran23] extended the results of [RS15] on convolution
powers indexed in Z to the multidimensional lattice Z?. Several new difficulties appear in the multidimensional
setting and generalizing the result of [Coe22] in this case would be interesting and quite challenging. Another
more ambitious direction this time related to discrete shock profiles would be to study the occurrence of possible
spectral instabilities for discrete shock profiles in the multidimensional case. Proving this complex result would
be a possible explanation for the so-called carbuncle phenomenon which corresponds to numerical instabilities
observed in the solutions of shock capturing schemes. Those instabilities have been observed numerically quite
thoroughly but a fully fleshed out theory on the subject is still lacking.
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Titre : Stabilité de profils de chocs totalement discrets pour les systémes de lois de conservation
Mots clés : Schémas aux différences finies, Stabilité, Systemes de lois de conservation, Profils de choc

Résumé : Cette thése aborde I'analyse de la stabilité des profils de chocs totalement discrets pour les systémes de lois de conservation. Ces profils
correspondent a l'approximation d'ondes progressives discontinues par des schémas aux différences finies conservatifs. De telles solutions
discontinues apparaissent naturellement dans I'étude des systémes de lois de conservation qui peuvent modéliser de nombreuses situations
physiques comme par exemple la dynamique des gaz.

L'étude des profils de choc totalement discrets se divise essentiellement en deux axes, le premier étant de construire de tels profils discrets et donc
de prouver leur existence, et le second étant d'étudier leur stabilité. L'objectif principal de cette thése est d'approfondir cette seconde direction. De
nombreux résultats existants sur la stabilité des profils de chocs totalement discrets introduisent des hypothéses contraignantes, telles que la
restriction aux lois de conservation scalaires ou encore le fait d'imposer que les discontinuités approchées soient de faible amplitude. Les résultats de
cette these visent a ouvrir la voie vers des résultats de stabilité non linéaire qui traiterait de systémes de lois de conservation et non pas seulement de
lois scalaires, et qui remplacerait I'hypothése de faible amplitude des discontinuités par une hypothése spectrale sur le linéarisé du schéma autour du
profil de choc discret considéré.

Au niveau des résultats obtenues, dans un premier temps, la these se focalise sur l'obtention d'estimées de décroissance fines sur le linéarisé du
schéma aux niveaux de solutions particuliéres. On se concentrera d'abord sur le linéarisé au niveau des solutions constantes avant de passer au cas
plus compliqué du linéarisé au niveau des profils de chocs totalement discrets. D'un point de vue spectral, I'analyse du probléme des chocs fait
apparaitre une valeur propre plongée dans le spectre essentiel. Il en résulte de nouveaux termes dans I'analyse de la fonction de Green du schéma
linéarisé et on détaille les propriétés de décroissance de chacun de ces termes. Dans une derniére partie, on utilise les estimations obtenues sur
I'opérateur linéarisé pour établir un argument de stabilité non linéaire.

Title: Stability of discrete shock profiles for systems of conservation laws
Key words: Finite difference schemes, Stability, Systems of conservation laws, Shock profiles

Abstract: This thesis deals with the stability analysis of discrete shock profiles for systems of conservation laws. These profiles correspond to
approximations of discontinuous traveling waves by conservative finite difference schemes. Such discontinuous solutions appear naturally in the
study of conservation law systems, which can model many physical situations, such as gas dynamics.

The study of discrete shock profiles is essentially divided into two directions, the first one focusing on the construction of such discrete profiles and
thus on the proof of their existence, and the second one studying their stability. The main objective of this thesis is to investigate this second
direction. Many existing results on the stability of discrete shock profiles introduce constraining hypotheses, such as the restriction to scalar
conservation laws or the requirement that the approximated discontinuities should be of small amplitude. The results of this thesis aim to pave the
way towards nonlinear stability results that would deal with systems of conservation laws and not just scalar laws, and that would replace the
smallness assumption on the amplitude of the discontinuities by a spectral assumption on the linearization of the numerical scheme about the
discrete shock profile under consideration.

In terms of the results obtained, the thesis initially focuses on obtaining sharp decay estimates for the linearization of the numerical scheme about
particular solutions. We will first focus on the linearization about constant solutions before moving on to the more complicated case of the
linearization about discrete shock profiles. From a spectral point of view, the analysis of the shock problem implies the existence of an eigenvalue
located within the essential spectrum. This results in new terms in the analysis of the Green's function of the linearized scheme and decay properties
of each of these terms will be presented. In a final section, we use the estimates obtained on the linearized operator to establish a nonlinear stability
argument.
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