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présentée par

Gaétan Leclerc

NONLINEARITY, FRACTALS, FOURIER DECAY

Harmonic analysis of equilibrium states for hyperbolic
dynamical systems

dirigée par Frederic Naud

Soutenue le 6 novembre 2024 devant le jury composé de :
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et mes cousins adorés Antoine, Élie, Lucas, Léopold, Nicolas, Julien, Florian et Antonin. Merci,
Louise, d’être une sœur extraordinaire. Merci, Samuel, et merci a ta famille pour le temps passé
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Résumé

Cette thèse se situe à l’interface entre l’étude de la géométrie des fractales et des systèmes dy-
namiques hyperboliques. Étant donné un système dynamique hyperbolique f dans un espace de
petite dimension, nous nous intéressons à un compact invariant fractal K et à une mesure de prob-
abilité invariante µ supportée sur K. La question que l’on se pose est la suivante : la transformée
de Fourier de µ tend-elle vers zéro comme une puissance en la fréquence ?

Plus généralement, étant donnée une phase lisse ψ : K → R et une fonction test χ : K → R,
peut-on prouver un résultat plus général de décroissance d’intégrales oscillantes, de la forme

∃C, ρ > 0, ∀ξ ∈ R∗,
∣∣∣ ∫
K

eiξψ(x)χ(x)dµ(x)
∣∣∣ ≤ C|ξ|−ρ ?

Notre objectif principal est de montrer que, pour certaines catégories de systèmes dynamiques
hyperboliques, et pour certaines mesures naturelles, la non-linéarité du système dynamique sous-
jacent est suffisante pour assurer ce type de résultats. Ce type d’estimations sera obtenu par
l’application d’un outil puissant provenant de la combinatoire additive : le phénomène somme-
produit.

Cette thèse est décomposée en 6 chapitres. Le premier chapitre est une introduction rapide
à l’étude de la géométrie des fractales, du formalisme thermodynamique (qui va nous fournir
les mesures invariantes que nous allons considérer), et du phénomène somme-produit. Le second
chapitre démontre un résultat de décroissance, comme annoncé plus haut, lorsque f est une certaine
dynamique dilatante sur le cercle. Le troisième chapitre étudie le cas où f est une application
rationnelle sur la sphère de Riemann et où K est son ensemble de Julia. Les chapitres 4 et 5
examinent en détail le cas où f est un difféomorphisme de type Axiome A en petite dimension, et
où K est l’un de ses ensembles basiques. Le chapitre 6 traite du flot géodésique sur une variété
hyperbolique convexe-cocompacte et de son ensemble non-errant.
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Abstract

This PhD lies at the intersection between fractal geometry and hyperbolic dynamics. Being given a
(low dimensional) hyperbolic dynamical system f in some euclidean space, let us consider a fractal
compact invariant subset K, and an invariant probability measure µ supported on K with good
statistical properties, such as the measure of maximal entropy. The question is the following: does
the Fourier transform of µ exhibit power decay ?

More generally, being given a smooth phase ψ : K → R and a test function χ : K → R, can we
prove a broader statement of decay results for oscillatory integrals, of the form

∃C, ρ > 0, ∀ξ ∈ R∗,

∣∣∣∣∫
K

eiξψ(x)χ(x)dµ(x)

∣∣∣∣ ≤ C|ξ|−ρ ?

Our main goal is to give evidence, for several families of hyperbolic dynamical systems, and
for some natural invariant measures, that nonlinearity of the dynamics is enough to prove such
decay results. These statements will be obtained using a powerful tool from the field of additive
combinatorics: the sum-product phenomenon.
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Chapter 1

Introduction

1.1 Fractal geometry, hyperbolic dynamics, and harmonic analysis

1.1.1 Hausdorff dimension and Fourier dimension

We begin this thesis by recalling some important notions in the study of fractal sets, namely,
Hausdorff measures, Hausdorff dimension and their link with Fourier analysis. On this subject,
the book of Mattila [Ma15], the book of Kahane and Salem [KS64], and the appendix in the book
of Zinsmeister [Zi96] are good references.

Definition 1.1.1 (Hausdorff measure). Let M be a manifold (equipped with some distance). Let
α ∈ R∗

+. The Hausdorff measure of dimension α is defined by:

Hα(E) := lim
ε→0

inf
(Ui)i∈I∈Uε

E

∑
i∈I

(diam Ui)
α ∈ [0,∞],

where E ⊂ M is a borel set, and UεE :=
{

(Ui)i∈I |
⋃
i∈I Ui ⊃ E, diam(Ui) ≤ ε

}
is the set of all

ε-coverings of E.

Remark 1.1.2. The measure Hα is invariant under isometries. Since, in Rd, 0 < Hd([0, 1]d) < ∞,
we see that Hd is a multiple of the d-dimensional lebesgue measure in this context.

Definition 1.1.3 (Hausdorff dimension). Let X ⊂ M be a compact set. Its Hausdorff dimension,
denoted dimH(X) ∈ [0,dim(M)], is defined as:

dimH(X) := sup{α ∈ R∗
+ | Hα(X) = ∞} = inf{α ∈ R∗

+ | Hα(X) = 0}

Remark 1.1.4. The Hausdorff dimension is invariant under diffeomorphisms. Any countable set has
Hausdorff dimension zero. A set with nonempty interior in M has Hausdorff dimension dim(M).
A k-dimensional submanifold of M has Hausdorff dimension k.

This notion of fractal dimension appears a lot in dynamics, but as is, isn’t very easy to com-
pute on concrete examples. To help, we introduce Frostman’s lemma, which yields an alternative
definition for the Hausdorff dimension.

Theorem 1.1.5 (Frostman’s lemma). Let X ⊂ Rd be a compact set. Denote by P(X) the set of all
borel probability measures supported on X. Then:

dimH(X) = sup
{
α ∈ [0, d]

∣∣∣ ∃µ ∈ P(X), ∃C > 0,∀(x, r) ∈ X × R∗
+, µ(B(x, r)) ≤ Crα

}
.

Remark 1.1.6. This result gives us an interesting tool to estimate/compute the Hausdorff dimension
of explicit fractal sets. For example, with the help of Frostman’s lemma, one can prove that the
triadic Cantor set, defined as

C :=
{ ∞∑
n=1

2εn
3n

, (εn) ∈ {0, 1}N∗
}
⊂ R,

has Hausdorff dimension ln(2)/ ln(3) ∈ (0, 1).
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We then introduce the notion of energy integral. This fundamental object will make a link
between the study of fractals and harmonic analysis.

Definition 1.1.7. Let X ⊂ Rd a compact set, β ∈ (0, d), and µ ∈ P(X). We define the β-energy
integral of µ as:

Iβ(µ) :=

∫∫
X2

dµ(x)dµ(y)

|x− y|β
.

Notice that, if µ admits a regularity bound of the form

∃C,∀(x, r) ∈ X × R+
∗ , µ(B(x, r)) ≤ Crα,

where α > β, then Iβ(µ) <∞.

Theorem 1.1.8 (Frostman’s lemma, revisited). Let X ⊂ Rd be a compact set. Then:

dimH(X) = sup
{
α ∈ [0, d]

∣∣∣ ∃µ ∈ P(X), Iα(µ) <∞
}
.

Remark 1.1.9. To make a link with Fourier analysis, we make the following remark. Notice that

Iα(µ) = ⟨µ, kα ∗ µ⟩,

where kα(t) := 1/|t|α is a Riesz potential. It is well known, when α ∈ (0, d), that its Fourier

transform is k̂α(ξ) = cα,d|ξ|α−d. It then follows from Parseval’s identity that

Iα(µ) = cα,d

∫
Rd

|µ̂(ξ)|2|ξ|α−ddξ,

where µ̂ : Rd → C, defined as

µ̂(ξ) :=

∫
Rd

e−2iπx·ξdµ(x),

is the Fourier transform of the probability measure µ ∈ P(X). Frostman’s formula can then be
rewritten as:

dimH(X) = sup
{
α ∈ [0, d]

∣∣∣ ∃µ ∈ P(X),

∫
Rd

|µ̂(ξ)|2|ξ|α−ddξ <∞
}
.

Notice that this condition means that µ̂(ξ) decays at least like |ξ|−α/2 “on average”. This suggest
the following question: can we get rid of this “on average”, and ask for a pointwise decay estimate
instead ? We formalise this question by introducing the Fourier dimension.

Definition 1.1.10 (Fourier dimension). Let X ⊂ Rd be a compact set. We define the Fourier
dimension of X by the formula:

dimF (X) = sup
{
α ∈ [0, d]

∣∣∣ ∃µ ∈ P(X),∃C > 0,∀ξ ∈ Rd \ {0}, |µ̂(ξ)| ≤ C|ξ|−α/2
}
.

Remark 1.1.11. Frostman’s lemma ensures the following inequality, for X ⊂ Rd:

0 ≤ dimF (X) ≤ dimH(X) ≤ d.

On some very particular examples, we are able to compute the Fourier dimension: for example, if
X is countable, then dimF (X) = dimH(X) = 0, and if X has nonempty interior in Rd, dimF (X) =
dimH(X) = d.

Remark 1.1.12. Notice the following technicality. When X ⊂ Rd has Hausdorff dimension strictly
less than d, then the Fourier transform of any probability measure supported on X can decay at
most like |ξ|−δ/2, because of the energy integral argument, which relies on the Fourier transform
of the Riesz potential 1/|t|δ. This argument breaks when δ = d, as the function 1/|ξ|d is not a
tempered distribution anymore, and so its Fourier transform is not well defined. And indeed, if
one chooses X ⊂ Rd to be an open set, then any smooth and compactly supported measure in X
will enjoy Fourier decay faster than any polynomial.

We will now compute the Fourier dimension on a fundamental example: the triadic Cantor set.

Lemma 1.1.13. The triadic Cantor set C has Fourier dimension zero (even though its Hausdorff
dimension is positive !).

14



Proof. We proceed by contradiction. Assume that there exists a probability measure µ ∈ P(C)
such that µ̂(ξ) −→

ξ→∞
0. (Such a measure doesn’t have any atoms [Ly20]). The main idea is to use the

fact that C is (up to a zero-measure set) an invariant compact set for some expanding dynamical
system, namely, the map T (x) := 3x mod 1. One can then consider the sequence of measures
(νk)k∈N ∈ P(C)N defined as νk := (T∗)kµ. Since C is compact, we can extract a converging
subsequence and denote its limit ν ∈ P(C). To find a contradiction, let us compute the Fourier
coefficients of ν. First of all, notice that for all n ∈ Z, the n-th Fourier coefficient of T∗µ can be
expressed as

cn(T∗µ) =

∫
C

e2iπnxd(T∗µ)(x) =

∫
C

e2iπ3nxdµ(x) = c3n(µ).

It follows that cn(νk) = c3kn(µ), and hence, since cn(µ) −→
n→0

0 by hypothesis: cn(ν) = δ0,n. We

recognise the Fourier coefficients of the lebesgue measure λ on the circle. This implies that ν = λ,
which is impossible since λ isn’t supported on the triadic cantor set C.

What happened ? Even though the triadic Cantor set C has positive Hausdorff dimension
dimH(C) = ln(2)/ ln(3) ∈ (0, 1), its Fourier dimension vanishes. Thoses responsible for this in the
previous argument are:

• First of all, C mod 1 isn’t the full circle

• Second, C is invariant by a linear dynamical system (and its coefficient is an integer).

This example is the prototype of what we may expect to happen regarding the possible values
of the Fourier dimension. For fractals with empty interior that are invariant by some hyperbolic
dynamical system, linearity (and, in this case, some algebraic conditions on the coefficients) seems
to sometimes be an obstruction for positivity of the Fourier dimension. The goal of this thesis is to
go in the other direction: we seek for deterministic examples where nonlinearity of the underlying
dynamical system yields positivity of the Fourier dimension. Overall, one can state our main
questions in the following form.

Question 1.1.14. Let X ⊂ Rd. When do we have dimH(X) = dimF (X) ? Is this a generic situation?
More generally, when do we have dimF (X) > 0 ? If X is invariant under some nonlinear hyperbolic
dynamical system, do we have dimF (X) > 0 ?

In fact, we will be only interested in the last question. Many hyperbolic dynamical systems,
with their invariant fractal subsets, are interesting to consider. Most of them are defined naturally
on manifolds: for example, the geodesic flow ϕ on a convex-cocompact hyperbolic manifold M
leaves invariant its non-wandering set NW (ϕ), which lives naturally inside the unit tangent bundle
T 1M . Can we make sense of the Fourier dimension in this context ?

Let us suggest some new definitions, to try to make sense of the Fourier dimension on abstract
manifolds. Subsections 1.1.2 to 1.1.5 are adapted from the appendix of the author preprint [Le23b].
Let us mention that another direction for generalization would be to stay in a euclidean setting,
but try to interpolate between the Fourier and the Hausdorff dimension. This is done in a work of
Fraser under the name of “Fourier dimension spectrum” [Fr22].

1.1.2 The upper and lower Fourier dimension of a measure

Let us define the Fourier dimension of a probability measure µ ∈ P(E), supported on some compact
set E ⊂ Rd, as:

dimF (µ) := sup{α ≥ 0 | ∃C ≥ 1,∀ξ ∈ Rd \ {0}, |µ̂(ξ)| ≤ C|ξ|−α/2},

where the Fourier transform of µ is defined by

µ̂(ξ) :=

∫
E

e−2iπξ·xdµ(x).

The Fourier dimension of a compact set E ⊂ Rd can then be written as

dimF (E) := sup{min(d,dimF µ), µ ∈ P(E)} ≤ dimH E.
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To define the Fourier dimension of a measure lying in an abstract manifold, a natural idea is to look
at our measure into local charts. But this supposes that we have a meaningful way to “localize”
the usual definition of the Fourier dimension. This is the content of the next well known lemma.

Lemma 1.1.15. Let E ⊂ Rd be a compact set. Let µ ∈ P(E). Let ε > 0. Denote by Bump(ε) the
set of smooth functions with support of diameter at most ε. Then:

dimF µ = inf{dimF (χdµ) | χ ∈ Bump(ε)}.

Proof. Let E ⊂ Rd be a fixed compact set, and let µ ∈ P(E) be a fixed (borel) probability measure
supported on E. First of all, consider a finite covering of the compact set E by balls (Bi)i∈I of
radius ε. Consider an associated partition of unity (χi)i∈I . Then, for all α < infχ dimF (χdµ),
there exists C ≥ 1 such that:

|µ̂(ξ)| =

∣∣∣∣∣∑
i∈I

χ̂idµ(ξ)

∣∣∣∣∣ ≤ C|ξ|−α.

Hence dimF µ ≥ α. Since this hold for any α < inf{dimF (χdµ) | χ ∈ Bump(ε)}, this yields
dimF µ ≥ inf{dimF (χdµ) | χ ∈ Bump(ε)}. Now we prove the other inequality.

Fix some smooth function with compact support χ. Its Fourier transform χ̂ is in the Schwartz
class: in particular, for allN ≥ d+1, there exists CN such that |χ̂(η)| ≤ CN |η|−N for all η ∈ Rd\{0}.
Let α < α′ < dimF µ. Then there exists C ≥ 1 such that |µ̂(ξ)| ≤ C|ξ|−α′

for all ξ ∈ Rd \ {0}.
Now, notice that:

χ̂dµ(ξ) = χ̂ ∗ µ̂(ξ) =

∫
Rd

χ̂(η)µ̂(ξ − η)dη.

We cut the integral in two parts, depending on some radius r > 0 that we choose to be r := |ξ|1−ε,
where ε := 1−α/α′. We suppose that |ξ| ≥ 2. In this case, a direct computation show that whenever
η ∈ B(0, r), we have |ξ|1−ε ≤ C|ξ − η|. We are finally ready to conclude our computation:∣∣∣χ̂dµ(ξ)

∣∣∣ ≤ ∣∣∣∣∣
∫
B(0,r)

χ̂(η)µ̂(ξ − η)dη

∣∣∣∣∣+

∣∣∣∣∣
∫
B(0,r)c

χ̂(η)µ̂(ξ − η)dη

∣∣∣∣∣
≲N

∫
Rd

|χ̂(η)|dη · C

|ξ|(1−ε)α′ +

∫
B(0,r)c

1

|η|N
dη

≲N
1

|ξ|α
+ rd−N

∫
B(0,1)c

1

|ζ|N
dζ ≲

1

|ξ|α

if N is choosen large enough. It follows that dimF (χdµ) ≥ α, and this for any α < dimF µ, so
dimF (χdµ) ≥ dimF (µ). Taking the infimum in χ yields the desired inequality.

Now we understand how the Fourier dimension of a measure µ can be computed by looking at
the local behavior of µ. But another, much harder problem arise now: the Fourier dimension of a
measure depends very much on the embedding of this measure in the ambiant space. In concrete
terms, the Fourier dimension is not going to be independent on the choice of local charts. A way
to introduce an “intrinsic” quantity related to the Fourier dimension of a measure would be to take
the supremum or the infimum under all those charts. We directly give our definition in the context
of a manifold.

Definition 1.1.16. Let M be a smooth manifold of dimension d. Let E ⊂ M be a compact set.
Let µ ∈ P(E). Let k ∈ N∗. Let Bump(E) denote the set of all smooth functions χ : M → R
such that supp(χ) is contained in a local chart. We denote by Chart(χ,Ck) the set of all Ck local
charts φ : U → Rd, where U ⊃ supp(χ) is an open set containing the support of χ. Now, define
the lower Fourier dimension of µ by Ck charts of M by:

dimF,Ck(µ) := inf
χ∈Bump(E)

inf{dimF (φ∗(χdµ)), φ ∈ Chart(χ,Ck)}.

Similarly, define the upper Fourier dimension of µ by Ck charts of M by:

dimF,Ck(µ) := inf
χ∈Bump(E)

sup{dimF (φ∗(χdµ)), φ ∈ Chart(χ,Ck)}.
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Definition 1.1.17. Let M be a smooth manifold of dimension d. Let E ⊂M be a compact set. Let
µ ∈ P(E). We define the lower Fourier dimension of µ by:

dimF (µ) = dimF,C∞(µ).

Remark 1.1.18. The lower Fourier dimension tests if, for any localization χdµ of µ, and for any
smooth local chart φ, one has some decay of the Fourier transform of φ∗(χdµ). We then take the
infimum of all the best decay exponents. This quantity is C∞-intrinsic in the following sense: if
Φ : M → M is a C∞-diffeomorphism, then dimF (Φ∗µ) = dimF (µ). Symetrically, the Ck-upper
Fourier dimension test if, for any localization χdµ of µ, there exists a Ck-chart φ such that one has
some decay for the Fourier transform of φ∗(χdµ). This quantity is also C∞-intrinsic. Still, beware
that the upper and lower Fourier dimensions depends on the dimension of the ambiant manifold.

Remark 1.1.19. Let E ⊂ M be a compact set lying in a manifold M of dimension d. Fix a bump
function χ and a local chart φ ∈ Chart(χ,Ck). For µ ∈ P(E) a measure supported in E ⊂M , we
have the following bounds:

0 ≤ dimF,Ckµ ≤ dimF φ∗(χdµ) ≤ dimF,Ckµ.

Moreover, if dimH E < d, then:
dimF,Ckµ ≤ dimH E.

Example 1.1.20. Let M be a manifold of dimension d, and consider any smooth hypersurface
N ⊂M . Let k ≥ 1. Let µ be any smooth and compactly supported measure on N . Then:

dimF,Ck(µ) = 0, dimF,Ck(µ) = d− 1.

The first fact is easily proved by noticing that, locally, N is diffeomorphic to a linear subspace
of Rd, which has zero Fourier dimension. The second fact is proved by noticing that, locally, N
is diffeomorphic to a half sphere, and any smooth measure supported on the half sphere exhibit
power decay of its Fourier transform with exponent (d− 1)/2.

Remark 1.1.21. It seems that, for some well behaved measures µ ∈ P(E) supported on compacts
E with dimH E < d, one might expect the quantity dimF,Ckµ to be comparable to dimH E. For
some measures lying in a 1-dimensional curve, this is the content of Theorem 2 in [Ek16].

1.1.3 A variation with real valued phases

For completeness, we suggest two variations for intrinsic notions of Fourier dimension for a measure
in an abstract manifold. The first is exposed in this subsection, and the next will be discussed in
the next subsection. We may want to look at more general oscillatory integrals involving µ. A
possibility is the following.

Definition 1.1.22. Let M be a smooth manifold of dimension d. Let E ⊂M be a compact set. Let
µ ∈ P(E). Let k ∈ N∗. Let Bump(E) denote the set of all smooth functions χ : M → R such
that supp(χ) is contained in a local chart. We denote by Phase(χ,Ck) the set of all real valued
and Ck maps ψ : U → R that satisfies (dψ)x ̸= 0 for all x ∈ U , where U ⊃ supp(χ) is an open set
containing the support of χ. Now, define the lower Fourier dimension of µ by Ck phases of M by:

dimreal
F,Ck(µ) := inf

χ∈Bump(E)
inf{dimF (ψ∗(χdµ)), ψ ∈ Phase(χ,Ck)}.

Similarly, define the upper Fourier dimension of µ by Ck phases of M by:

dim
real

F,Ck(µ) := inf
χ∈Bump(E)

sup{dimF (ψ∗(χdµ)), ψ ∈ Phase(χ,Ck)}.

As before, we also denote dimreal
F (µ) := dimreal

F,C∞(µ).

Remark 1.1.23. First of all, notice that ψ∗(χdµ) is a measure supported in R, so its Fourier
transform is a function from R to C. More precisely:

∀t ∈ R, ̂ψ∗(χdµ)(t) :=

∫
E

eitψ(x)χ(x)dµ(x).
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Like before, the lower/upper Fourier dimensions with real phases are C∞-intrinsic in the sense that

for any C∞-diffeomorphism Φ : M →M , we have dimreal
F,Ck(Φ∗µ) = dimreal

F,Ck(µ) and dim
real

F,Ck(Φ∗µ) =

dim
real

F,Ck(µ).

Example 1.1.24. Let M be a smooth manifold, and let N be a smooth submanifold of M , with
dim N < dim M . Let µ be a smooth and compactly supported probability measure in N . Then:

dimreal
F,Ck(µ) = 0, dim

real

F,Ck(µ) = ∞.

These equalities can be proved as follow. Consider some smooth bump function χ with small
enough support. Now, there exists a phase ψ, defined on a neighborhood U of supp(χ), with
nonvanishing differential on U but which is constant on N . The associated oscillatory integral
̂ψ∗(χdµ) doesn’t decay, hence the computation on the lower Fourier dimension with real phases.

There also exists a smooth phase ψ such that (dψ)|TN doesn’t vanish. By the non-stationnary
phase lemma, the associated oscillatory integral decay more than t−N , for any N ≥ 0, hence the
computation on the upper Fourier dimension with real phases.

Notice how, in particular, min(dim
real

F,Ck(µ), d) may be strictly larger than the Hausdorff dimension
of the support of µ. This may be a sign that this variation of the upper dimension isn’t well
behaving as a “Fourier dimension”.

Lemma 1.1.25. We can compare this Fourier dimension with the previous one. We have:

dimF,Ck(µ) ≤ dimreal
F,Ck(µ), dimF,Ck(µ) ≤ dim

real

F,Ck(µ).

Proof. Let α < dimF,Ck(µ). Then, for any bump function χ and for any associated local chart φ,

there exists some constant C such that, for all ξ ∈ Rd \{0}, we have | ̂φ∗(χdµ)(ξ)| ≤ C|ξ|−α/2. Now
fix ψ : U → R with nonvanishing differential, where supp(χ) ⊂ U . By the submersion theorem,

there exists a local chart φ : U → Rd such that φ(x) = ψ(x)e1 +
∑d
j=2 fj(x)ej (where (ei)i is the

canonical basis of Rd, and where fj are some real valued functions). Hence, one can write:

|ψ∗(χdµ)(t)| = |φ∗(χdµ)(te1)| ≤ C|t|−α/2.

Hence dimreal
F,Ck(µ) ≥ α, and this for any α < dimF,Ck(µ), hence the desired bound.

The second bound is proved as follow. Let α < dimF,Ck(µ). Let χ be a small bump function.

There there exists a local chart φ : U → Rd, with U ⊃ supp(χ), such that | ̂φ∗(χdµ)(ξ)| ≲ |ξ|−α/2.
Let u ∈ Sd−1 and consider ψ(x) := u ·φ(x). It is easy to check that ψ has nonvanishing differential,
and since, for any t ∈ R \ {0},

| ̂ψ∗(χdµ)(t)| = | ̂φ∗(χdµ)(ut)| ≲ |t|−α/2,

we get dim
real

F,Ck(µ) ≥ α. The bound follow.

In concrete cases, we expect the lower Fourier dimension and the lower Fourier dimension with
real phases to be equal. Unfortunately, our choices of definitions doesn’t clearly make that happen
all the time. We have to add a very natural assumption for the equality to hold.

Definition 1.1.26. Let µ ∈ P(E), where E ⊂ M is a compact subset of a smooth manifold. We
say that µ admits reasonable constants for Ck-phases if, for any α < dimreal

F,Ck(µ), and for any
χ ∈ Bump(E), the following hold:

∀R ≥ 1, ∃CR ≥ 1, ∀ψ ∈ Phase(χ,Ck),(
∥ψ∥Ck + sup

x∈U
∥(dψ)x∥−1 ≤ R

)
=⇒

(
∀t ∈ R∗, | ̂ψ∗(χdµ)(t)| ≤ CRt

−α/2
)
.

Under this natural assumption, we have equality of the lower Fourier dimensions.

Lemma 1.1.27. Let µ ∈ P(E), where E ⊂ M is a compact subset of some smooth manifold M .
Suppose that µ admits reasonable constants for Ck-phases. Then:

dimF,Ck(µ) = dimreal
F,Ck(µ)
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Proof. An inequality is already known, we just have to prove the second one. Let α < dimreal
F,Ck(µ).

Let χ ∈ Bump(E), and let φ ∈ Chart(χ,Ck). Now, fix any ξ0 ∈ Rd of norm one. Then, by
definition of the lower Fourier dimension with Ck phases, and by our hypothesis that µ admits
reasonable constants for Ck-phases, we know that there exists a constant C0, uniform in the choice
of ξ0, such that

∀t ∈ R∗,
∣∣∣ ∫
E

eit(ξ0·φ(x))χ(x)dµ(x)
∣∣∣ ≤ C0t

−α/2.

It follows that α < dimF,Ck(µ). The other inequality is proved, and hence dimF,Ck(µ) = dimreal
F,Ck(µ)

in this setting.

1.1.4 A directional variation

A second natural and intrinsic idea would be to fix some (spatial) direction on which to look for
Fourier decay. We quickly discuss these notions and then we will move on to discuss some notions
of Fourier dimensions for sets.

Definition 1.1.28. Let E ⊂ M be a compact set in some smooth manifold. Let V ⊂ TM be a
continuous vector bundle on an open neighborhood Ẽ of E. Denote by BumpV (E) the set of all
smooth bump functions with support included in Ẽ, and included in some local chart. For some
χ ∈ BumpV (E), denote by PhaseV (χ,Ck) the set of all Ck maps ψ : U → R such that (dψ)|V
doesn’t vanish on U , where supp(χ) ⊂ U ⊂ Ẽ is some open set.

For µ ∈ P(E), we define its lower Fourier dimension in the direction V for Ck phases by:

dimV
F,Ck(µ) := inf

χ∈BumpV (E)
inf{dimF (ψ∗(χdµ)), ψ ∈ PhaseV (χ,Ck)}.

Similarly, define its upper Fourier dimension in the direction V for Ck phases by:

dim
V

F,Ck(µ) := inf
χ∈BumpV (E)

sup{dimF (ψ∗(χdµ)), ψ ∈ PhaseV (χ,Ck)}.

Remark 1.1.29. Again, these notions of Fourier dimensions are C∞-intrinsic, in the following
sense: if Φ : M → M is a Ck-diffeomorphism of M , then dimΦ∗V

F,Ck(Φ∗µ) = dimV
F,Ck(µ), and

dim
Φ∗V

F,Ck(Φ∗µ) = dim
V

F,Ck(µ).

Lemma 1.1.30. Let V1, . . . , Vn ⊂ TM be some continuous vector bundles defined on some open
neighborhood Ẽ of E. Suppose that (V1)p + . . . (Vn)p = TpM for all p ∈ Ẽ. Then:

min
j

dim
Vj

F,Ck(µ) = dimreal
F,Ck(µ), max

j
dim

Vj

F,Ck(µ) ≤ dim
real

F,Ck(µ).

Proof. Let α < dimreal
F,Ck(µ). Then, for any bump χ and associated phase ψ, one has | ̂ψ∗(χdµ)(t)| ≲

|t|−α/2. In particular, for any phase ϕj ∈ PhaseVj (χ,Ck), the previous decay holds, and so

minj dim
Vj

F,Ck(µ) ≥ α. Hence minj dim
Vj

F,Ck(µ) ≥ dimreal
F,Ck(µ).

Now let α < minj dim
Vj

F,Ck(µ). Then, for all j, for any bump χ, and for any phase ψj ∈
PhaseVj (χ,Ck), the previous decay applies. Now, if we fix some χ and some associated phase
ψ ∈ Phase(χ,Ck), we know that at each point p, (dψ)p is nonzero. In particular, there exists j(p)

such that (dψ)|V j(p)
p

̸= 0. Using a partition of unity to localize, this implies ̂ψ∗(χdµ)(t) ≲ |t|−α/2.

Hence dimreal
F,Ck(µ) ≥ α, and we have proved equality.

For our last bound, let α < maxj dim
Vj

F,Ckµ. Then there exists j such that, for all bump χ,

there exists an associated phase ψj ∈ PhaseVj (χ,Ck) such that | ̂ψj(χdµ)(t)| ≲ |t|−α/2. Since

ψj ∈ Phase(χ,Ck), we get dim
real

F,Ckµ ≥ maxj dim
Vj

F,Ckµ.

Remark 1.1.31. The reverse bound for the upper dimensions is not clear: if for all bump functions
χ, there exists a phase ψ with good fourier decay properties for µ, then nothing allows us to think
that ψ is going to have nonvanishing differential in some fixed Vj on all E.
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1.1.5 What about sets ?

We finally define some intrinsic notions of Fourier dimensions for sets. First of all, recall that the
usual definition for some E ⊂ Rd is:

dimF (E) := sup{min(d,dimF µ), µ ∈ P(E)} ≤ dimH E.

In particular, in view of the proof of Lemma 1.1.14, we see that any measure µ with some
Fourier decay properties may be localized anywhere on its support to still yield a measure with
large Fourier dimension. Hence we find the following “localized” formula, for any ε > 0:

dimF (E) = sup
U∩E ̸=∅
U open

diam(U)≤ε

dimF (E ∩ U).

Now, we have two main ways to define the up(per) and low(er) Fourier dimension of a compact
set in a manifold: directly computing the Fourier dimension of parts of E in local charts, or taking
the sup over the previously defined notions of Fourier dimension for measures.

Definition 1.1.32. Let E ⊂M be a nonempty compact set included in some smooth manifold. We
define its lower/upper Fourier dimension with Ck-charts by:

dimF,Ck(E) := sup{dimF,Ck(µ) ≤ d, µ ∈ P(E)}, dimF,Ck(E) := sup{dimF,Ck(µ) ≤ d, µ ∈ P(E)}.

We also define the Ck-low Fourier dimension and Ck-up Fourier dimensions of E by:

dim
:::F,Ck(E) := sup

U∩E ̸=∅
U open chart

inf{dimF (φ(E ∩ U)) , φ : U → Rd Ck local chart},

:::

dimF,Ck(E) := sup
U∩E ̸=∅

U open chart

sup{dimF (φ(E ∩ U)) , φ : U → Rd Ck local chart}.

Remark 1.1.33. The low and up Fourier dimension are Ck-intrinsic in the natural sense. For
exemple, if Φ : M → M is a Ck-diffeomorphism, then dim

:::F,Ck(Φ(E)) = dim
:::F,Ck(E). The lower

and upper Fourier dimension are C∞-intrinsic.

Lemma 1.1.34. Let E ⊂M be a compact set in some smooth manifold M . Then:

0 ≤ dimF,Ck(E) ≤ dim
:::F,Ck(E) ≤

:::

dimF,Ck(E) = dimF,Ck(E) ≤ dimH(E) ≤ d.

Proof. Let us prove all the inequalities in order, from left to right. 0 ≤ dimF,Ck(E) is trivial. Let
us prove the second one.

Let α < dimF,Ck(E). By definition, there exists some probability measure µ ∈ P(E) such
that dimF,Ck(µ) ≥ α. Now, since the support of µ is nonempty, there exists U some small open
set and a bump function χ supported in U such that χdµ is a (localized) nonzero measure. Let
φ : U → Rd a local chart. Then, by hypothesis on µ, dimF φ∗(χdµ) ≥ α. In particular, since (up
to normalization) φ∗(χdµ) ∈ P(φ(E ∩ U)), we have dimF φ(E ∩ U) ≥ α. This holds for any local
chart φ, and so infφ dimF (φ(E ∩ U)) ≥ α. This yields dim

:::F,Ck(E) ≥ α. Since this is true for any

α < dimF,Ck(E), we get the desired inequality.

The inequality dim
:::F,Ck(E) ≤

:::

dimF,Ck(E) is trivial. Let us prove the equality between

:::

dimF,Ck(E)

and dimF,Ck(E). Let α <

:::

dimF,Ck(E). Then, there exists some small open set U such that
U ∩ E ̸= ∅ and a local chart φ : U → Rd such that dimF (φ(U ∩ E)) ≥ α. By definition,
it means that there exists some measure ν ∈ P(φ(E ∩ U)) such that dimF ν ≥ α. Letting
µ := φ−1

∗ ν ∈ P(E ∩ U) yields a measure supported in E that satisfies dimF,Ck(µ) ≥ α (in view

of the proof of Lemma 1.1.14). Hence, dimF,Ck(E) ≥ α. This, for any α <

:::

dimF,Ck(E), so that

dimF,Ck(E) ≥

:::

dimF,Ck(E).
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Let us prove the other inequality. Let α < dimF,Ck(E). By definition, there exists µ ∈ P(E)

such that dimF,Ck(µ) ≥ α. Now let U be some small open set with µ|U ̸= 0, and let φ : U → Rd be
a local chart. Let χ be some bump function supported in U . Then, by hypothesis on µ, we have

dimF φ∗(χdµ) ≥ α. In particular, dimF (φ(E ∩ U)) ≥ α. Hence

:::

dimF,Ck(E) ≥ α. This proves the

other inequality, and hence concludes the proof that

:::

dimF,Ck(E) = dimF,Ck(E).

Finally, the fact that the Hausdorff dimension is invariant under C1-diffeomorphisms implies

:::

dimF,Ck(E) = sup
U

sup
φ

dimF (φ(U ∩ E)) ≤ sup
U

sup
φ

dimH(φ(E ∩ U))

= sup
U

dimH(E ∩ U) = dimH(E) ≤ d.

Example 1.1.35. Let N ⊂M be a hypersurface in some smooth manifold M of dimension d. Then:

dimF,Ck(N) = dim
:::F,Ck(N) = 0 ,

:::

dimF,Ck(N) = dimF,Ck(N) = dimH(N) = d− 1.

Example 1.1.36. Let L be a 1-dimensional manifold, and let E ⊂ L be any compact subset. Then:

dimF,C1E = dimH E.

This very striking result is proved in [Ek16]. Also, Ekstrom proves that, for any k ≥ 1, we have
dimF,CkE ≥ (dimH E)/k. This motivates the following question: do we have, for any compact set

E in any manifold M , the formula dimF,C1(E) = dimH(E) ?

Remark 1.1.37. Other natural questions are the following. Can we find an example of set E ⊂ Rd

such that dimF,Ck(E) < dim
:::F,Ck(E) ? Or is it always an equality ? Is the lower Fourier dimension

Ck-intrinsic ?

For completeness, we conclude by introducing the real variation for the lower Fourier dimension.
We will not introduce this variation for the upper Fourier dimension, as we said earlier that these
seems to behave quite badly with respect to the Hausdorff dimension. To keep it concise, we will
not discuss the directional variations.

Definition 1.1.38. Let E ⊂M be a compact subset of some smooth manifold M . Define the lower
Fourier dimension with Ck-phases by:

dimreal
F,Ck(E) := sup{dimreal

F,Ckµ ≤ d , µ ∈ P(E)}.

Remark 1.1.39. By Lemma 1.1.25, we see that dimF,Ck(E) ≤ dimreal
F,Ck(E). Is this an equality, or

are we able to produce an exemple were this inequality is strict ? A related question is: if we denote
by Preas,Ck(E) the set of probability measures that admits reasonables constants for Ck-phases
(see Definition 1.1.26), do we have

dimF,Ck(E) = sup{dimF,Ckµ ≤ d, µ ∈ Preas,Ck(E)} ?

1.1.6 Some sets with positive Fourier dimension.

As we saw earlier with the example of the triadic cantor set, while it is clear for E ⊂ Rd that
0 ≤ dimF E ≤ dimH E ≤ d, equality between Hausdorff and Fourier dimension doesn’t always
happen. Still, for “chaotic sets”, we expect equality to happen: in this case, we call E a Salem Set.
In particular, we expect sets with positive Fourier dimension to be quite common.

The easiest way to find Salem sets (or sets with positive Fourier dimension) is to construct sets
via random processes. In fact, Salem [Sa51] constructed the first Salem sets as random Cantor
sets, thus proving the existence of a Salem set of Hausdorff dimension s in R for any s ∈ [0, 1].
Then, Kahane showed that Salem sets can be found by considering the image of some sets under
random stochastic processes, such as the Brownian motion (see, for example, [Ka66a], [Ka66b] and
[Ka85]), thus constructing (random) Salem sets of any given Hausdorff dimension. The random
setting is still widely studied in our days: authors in this topic include Bluhm [Bl96], Ekstrom
[Ek16],  Laba and Pramanik [ LP09], Chen and Seeger [CS17], Shmerkin and Suomala [SS18], Fraser
and Sahlsten [FS18]...
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One of the first deterministic set with positive Fourier dimension was discovered by Kaufmann
in 1980 [Ka80] (the construction is related to continued fractions). A year later, Kaufmann [Ka81]
constructed a deterministic example of a (fractal) Salem set in R. The methods found in the first
paper were generalized by Queffelec and Ramare [QR03], and then by Jordan and Sahlsten [JS16],
producing Fourier decay results for a large family of invariant measures for the Gauss map. The
construction of the deterministic Salem set was generalized in R2 in 2017 [Ha17], and then in Rd

in 2023 [FH23]: those constructions relies on arithmetic considerations.

For sets of positive Fourier dimension, instead of trying to“construct”deterministic example, we
can try to find “natural” examples, in the sense that these are going to appear as invariant subsets
for some hyperbolic dynamical system. As we saw in the case of the triadic Cantor set, linearity of
the dynamical system and some (difficult to grasp) algebraic conditions on the coefficients seems
to sometimes be an obstruction to the positivity of the Fourier dimension. But if the (linear)
coefficients are taken randomly, then one can expect positivity of the Fourier dimension. On this
subject, one might refer to papers related to the study of Cantor sets coming from linear IFS, such
as [Er40], [LS19a], [LS19b], [So19], [Br19], [VY20], and [Ra21]. Positivity of the Fourier dimension
for Cantor sets coming from linear IFS is a very subtle question, involving complex number-theoric
considerations. As a matter of example, to the authors knowledge, the following question is open.

Question 1.1.40. Let µ ∈ P([−1, 1]) be the Bernoulli convolution given as the probability measure
invariant under the IFS {x 7→ 1

πx + 1, x 7→ 1
πx − 1} with probabilities {1/2, 1/2}. Do we have

dimF (µ) > 0 ?

In this PhD, we will be only interested in the case where the underlying dynamical system
is nonlinear. In this setting, the desired result (positivity of some Fourier dimension) has more
chance to be true, but the counterpart is that explicit computations are now almost impossible,
and we have to rely on more sophisticated dynamical and analytic tools. An important method for
us, based on a result coming from additive combinatorics (the “sum-product phenomenon”), was
developed in 2017 by Bourgain and Dyatlov [BD17]. The context is the following.

If we fix some Schottky group Γ < PSL(2,R), then Γ acts naturally on R (using Moebius trans-
formations). One can prove that there exists a Cantor set ΛΓ ⊂ R, called a limit set, which is
invariant by Γ. On this limit set, there is a family of natural probability measures associated with
the dynamics that are called Patterson-Sullivan measures. Using the “sum-product phenomenon”,
Bourgain and Dyatlov managed to prove power decay for the Fourier transform of those probability
measures. In particular, the limit set ΛΓ ⊂ R has positive Fourier dimension. In fact, if we denote
by µ ∈ P(ΛΓ) “the” Patterson-Sullivan measure, they even prove dimF,C2(µ) > 0. An essential
feature of Γ was the nonlinearity of Moebius transformations.

The method introduced in this paper inspired numerous generalizations, beginning with a pa-
per of Li, Naud and Pan [LNP19] proving power decay for Patterson-Sullivan measures related
to (Zariski dense) Kleinian Schottky groups Γ < PSL(2,C). Using the sum-product phenomenon,
they obtain positivity of the Fourier dimension of the associated limit set ΛΓ ⊂ C. In fact, as
earlier, denoting by µ the Patterson-Sullivan measure in their setting, they prove dimF,C2(µ) > 0.

An important generalization was done by Sahlsten and Steven soon after [SS20]. A central re-
mark is that Patterson-Sullivan measures belong to a general family of well studied measures in the
field of hyperbolic dynamical systems: equilibrium states. The result of Sahlsten and Steven, then,
goes as follow: for one-dimensional and “totally nonlinear” IFS, one can show that any equilib-
rium state exhibit power Fourier decay. In particular, Sahslten and Steven obtain positive Fourier
dimension for a large class of “nonlinear” Cantor sets (in fact, denoting by µ some equilibrium
state, they obtain dimF,C2(µ) > 0 under a nonlinearity condition on the underlying expanding
dynamics). This paper uses the method introduced by Bourgain-Dyatlov, and is also inspired by
previous techniques appearing in [JS16]. See also [ARW20] for some related work on nonlinear IFS
and pointwise normality.

Another interesting generalization of this method was done by Li in [Li18] and [Li20], proving
decay results for the Fourier transform of stationary measures with exponential moment for random
walks on split groups. Past the split setting, further results seem difficult to achieve.
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We are finally ready to explain our contributions. This thesis is divided into 6 chapters, the
first being the introduction, where we still have to introduce the Thermodynamical formalism (and
the notion of “equilibrium state”), and where we will also discuss this “sum-product phenomenon”.
Chapters 2 to 6 are each adapted from a paper/preprint of the author.

Chapter 2 is devoted to explaining the method found in [SS20] in a simple context, where the
expanding dynamical system is a perturbation of the doubling map. This chapter contains a new
way to check the “non-concentration hypothesis” that is needed to apply the “sum-product phe-
nomenon”, and is adapted from [Le22].

In Chapter 3, we work in the context of complex dynamics. More specifically, we will give
ourselves a rational map acting on the Riemann sphere, and we will consider its Julia set. Under a
hyperbolicity hypothesis, and supposing that the Julia set isn’t included in a circle, we will prove
positivity of the lower Fourier dimension of some equilibrium states in this context. This chapter
is adapted from [Le21].

In Chapter 4 and 5, we conduct a study of the Fourier dimension of basic sets for hyperbolic
diffeomorphisms. Chapter 4 is adapted from [Le23] and deals with nonlinear, bunched attractors
with codimension one unstable direction. In this chapter, we are only able to prove Fourier decay
for equilibrium states in the unstable direction. Using our previously defined language, we prove
that dimEu

F,C2(µ) > 0 for some equilibrium states µ, under a technical nonconcentration condition
that we study in detail in the next Chapter.

Chapter 5 deals with the case where the dynamics is area-preserving on a surface. We are able
this time to prove positivity of the lower Fourier dimension of equilibrium states in a nonlinear
setting. This was done by adapting ideas from a recent work of Tsujii and Zhang about exponential
mixing of 3-dimensional Anosov flows. Unfortunately, this time, we are not able to prove that the
nonlinearity condition is generic on the dynamics, even though we have good reasons to think so.
This chapter is adapted from some recent work that is not yet online.

Finally, Chapter 6 deals with equilibrium states for the geodesic flow on (convex)-cocompact
hyperbolic surfaces. While positivity of the lower Fourier dimension of the non-wandering set for
the geodesic flow can be seen as a corollary of [BD17], we prove positivity of the lower Fourier
dimension of many equilibrium states, which is new. To do so, we prove that the Patterson-Sullivan
densities (that generalizes the one found in [BD17] and [LNP19]) can be seen as stationary mea-
sures with exponential moment for good random walks (under a reasonable regularity condition
on the measure). This allows us to conclude, using the previously mentionned work of Li [Li20].
This chapter is adapted from [Le23b].

Before heading into a discussion regarding the Thermodynamical formalism, let us quickly
discuss some potential applications of Fourier decay for fractal measures.

1.1.7 Consequences of positivity for the Fourier dimension

Establishing Fourier decay for measures supported on fractal sets have several corollaries. Let us
quickly mention a couple of them.

• A first application of Fourier decay is related to the old question of findings “sets of unique-
ness”. We say that a subset E ⊂ R is a set of multiplicity if there exists a sequence (cn)n∈Z

such that the following holds:(
∀x /∈ E,

∑
|n|≤N

cne
2iπnx −→

N→∞
0
)

and
(
∃x ∈ E,

∑
|n|≤N

cne
2iπnx −̸→

N→∞
0
)
.

We say that E is a set of uniqueness if it is not a set of multiplicity. The question of
understanding such sets is of fundamental importance in the general theory of Fourier series.
It is known (see [KS64], Chapter 5) that if a compact set E ⊂ R admits a probability measure
µ ∈ P(E) satisfying µ̂(ξ)−→0 when |ξ| → ∞, then E is a set of multiplicity. In particular, the
nonlinear Cantor sets found in the work of Sahlsten and Steven [SS20] are sets of multiplicity.
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It is interesting to notice that the triadic Cantor set is known to be a set of uniqueness. In
fact, for a “linear” Cantor set with constant zoom ratio ξ ∈ (0, 1/2), it is known that the
property of uniqueness or multiplicity is linked to the arithmetic properties of ξ (see, for
example, [Sa43] or [Kö92]).

• One of the main motivations for the work of Bourgain and Dyatlov [BD17] was to prove a
“Fractal Uncertainty Principle” (FUP) using Fourier decay properties. Let us precise what we
mean. Consider a (fractal) set E ⊂ Rd equipped with some probability measure µ ∈ P(E).
We say that (E,µ) satisfies (FUP) if the family of linear operators B(h) : L2(E,µ) →
L2(E,µ), with h ∈ (0, 1), defined by

B(h)u(ξ) :=

∫
E

eixξ/hu(x)dµ(x)

satisfies the bound
∥B(h)∥L2(E,µ)→L2(E,µ) ≤ Chε

for some C, ε > 0. In low dimensions, it appears (see, for example, [BD17] and [BS23])
that positivity of the Fourier dimension for µ is enough to prove such results. These kind
of estimates can be useful to obtain essential spectral gaps for some manifolds with negative
curvature, see [DZ16].

• Another application of power Fourier decay for a probability measure µ ∈ P(E) is for the
restriction problem (see [Ma15]). The question is the following: we know that the classical
Fourier transform can be seen, for example, as an operator L1(Rd) → C0

→0(Rd), or as an

operator L2(Rd) → L2(Rd). In particular, notice how we can meaningfully restrict f̂ to a
point if f ∈ L1, but how we can’t do the same for a typical f ∈ L2. The restriction problem,
then, goes as follow: being given a fractal E and some function f ∈ Lp, p ∈ (1, 2), can we

meaningfully restrict f̂ to E ? If dimF (E) > 0, it appear that the answer is yes, if p is close
enough to one. Let us precise what we mean.
Suppose that µ ∈ P(E) is such that dimF (µ) > 0. Then µ̂ ∈ Lq for q > q0 large enough.
Let p := (1 − (2q)−1)−1 > 1, and let p′ > 1 be such that p−1 + (p′)−1 = 1. Now, for any
f : Rd → C in the Schwartz class, we can write, using Parseval’s formula, Hölder’s inequality
and Young’s inequality:

∥f̂∥2L2(µ) = ⟨f, f ∗ µ̂⟩ ≤ ∥f∥Lp(Rd)∥f ∗ µ̂∥Lp′ (Rd) ≤ ∥f∥2Lp(Rd)∥µ̂∥Lq(Rd).

In particular, we see that we can meaningfully define a (bounded) restriction operator for
the Fourier transform F|E : Lp(Rd) → L2(E,µ) if 1 ≤ p ≤ p0(µ) is small enough. One can
try to find the best p0 that satisfies this property: on this topic, see [ LW16].

The link between positivity of Fourier dimension and arithmetic properties of a set probably have
various other corollaries. But now, let us turn into the next part of this introduction: we will discuss
the Thermodynamical formalism, which will allow us to construct some well behaved measures in
a dynamical context.

1.2 The Thermodynamical formalism

1.2.1 Equilibrium states on shift spaces

In this subsection, we recall various results on the measures that will mostly interest us in our
thesis: equilibrium states. To keep this introduction concise, we will only discuss the construction
in the context of shifts spaces. Let us first briefly recall why this is an interesting setting.

Remark 1.2.1. Consider the dynamical system (C, T ), where C := {
∑∞
n=0 2εn3−(n+1) , (εn)n ∈

{0, 1}N}, and where T (x) := 3x mod 1. Modulo a finite number of points, we easily check that
this dynamical system is isomorphic to the one-sided shift (Σ+, σ), where Σ+ := {0, 1}N and
σ : (εn)n≥0 ∈ Σ+ 7−→ (εn+1)n≥0 ∈ Σ+. The “Cantor law” on the triadic Cantor set C identifies to
a Bernouilli measure on Σ+.

This kind of isomorphisms is very common in hyperbolic dynamical systems. Let us mention,
without proof (precise statements will be recalled in due time), the following idea:
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• Expanding dynamical systems are often isomorphic to one-sided subshifts of finite type.

• Hyperbolic diffeomorphisms are often isomorphic to (two-sided) subshifts of finite type.

• Hyperbolic flows are often isomorphic to suspensions flows over (two-sided) subshifts of finite
type.

Now that we motivated the study of those objects, let us define correctly what they are. Sus-
pension flows will be discussed in the next subsection: we begin by discussing one and two sided
shifts. Good references for this part are the notes of Bowen [Bo75], Bowen-Ruelle [BR75] and the
book of Parry and Pollicott [PP90]. A good introduction to the Thermodynamical formalism can
also be found in [Zi96].

Definition 1.2.2. Let d ≥ 2 and let A = {1, 2, . . . , d} be a finite set of cardinal d, call it an alphabet.
Let M be a d× d-matrix with zeroes and ones. Define:

Σ+
M := {a := (an)n≥0 ∈ AN | ∀n ≥ 0, Manan+1 = 1}.

and
ΣM := {a := (an)n∈Z ∈ AZ | ∀n ∈ Z, Manan+1 = 1}.

If M doesn’t have any vanishing coefficient, then ΣM and Σ+
M are called full shifts (on the finite

alphabet A). In general, ΣM and Σ+
M are called subshifts of finite type.

These sets are naturally seen as compact metric spaces, as a closed subset of a countable product
of finite sets. One can choose the concrete distance d(a,b) := exp(−min{|n|, an ̸= bn}). On these
spaces, define the one-sided (resp. two-sided) shift σ : (an)n≥0 ∈ Σ+

M 7−→ (an+1)n≥0 ∈ Σ+
M (resp.

σ : (an)n∈Z ∈ ΣM 7−→ (an+1)n∈Z ∈ ΣM ). This defines a Lipschitz dynamical system. Notice that
σ is invertible on ΣM , but isn’t on Σ+

M . Finally, notice that there is a natural Lipschitz projection
π : ΣM → Σ+

M that commutes with the dynamics.

Let us now recall basic facts about an important family of invariant measures for theses dy-
namical systems: equilibrium states. In the next Theorem, we will denote by Cα(ΣM , X) the
set of α-Hölder regular functions from ΣM to some metric space X. Let us also recall that σ
is said to be topologically mixing if, for any open sets U, V ⊂ ΣM , there exists N such that:
∀n ≥ N, σn(U) ∩ V ̸= ∅.

Theorem 1.2.3 (Variational principle). Suppose that the two-sided shift (ΣM , σ) is topologically
mixing. Denote by Pσ(ΣM ) the set of all σ-invariants probability measures µ on ΣM . For such
a measure, denote by hµ(σ) the measure-theoretic entropy of σ. Finally, choose a Hölder regular
function ϕ ∈ Cα(ΣM ,R), we call it a potential. We define the pressure of ϕ as:

P (ϕ) := sup
µ∈Pσ(ΣM )

(
hµ(σ) +

∫
ΣM

ϕ dµ

)
.

Then, there exists a unique measure µϕ ∈ Pσ(ΣM ) such that

P (ϕ) = hµϕ
(σ) +

∫
ΣM

ϕ dµϕ.

This measure is called the equilibrium state associated to ϕ.

Remark 1.2.4. Notice that, if ϕ is a constant function, then P (ϕ) = P (0) + ϕ. The quantity
P (0) =: h(σ) is called the topological entropy of the shift σ. The associated equilibrium state is
then a measure µmax such that

h(σ) = sup
µ∈Pσ(ΣM )

hµ(σ) = hµmax
(σ).

This is the measure of maximal entropy.

Remark 1.2.5. Let ϕ1, ϕ2 ∈ Cα(ΣM ,R) be such that there exists a map θ ∈ Cα(ΣM ,R) satisfying
ϕ1 = ϕ2+θ◦σ−θ. We say that ϕ1 and ϕ2 are cohomologous. We then see easily that P (ϕ1) = P (ϕ2),
and uniqueness of equilibrium states then ensure that µϕ1

= µϕ2
.
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Remark 1.2.6. Notice that any function ψ ∈ Cα(Σ+
M ,R) can be seen as a function ΣM → R

satisfying ψ(a) = ψ(b) when (an)n≥0 = (bn)n≥0 (identifying ψ with ψ ◦ π). Then, being given a
potential ϕ ∈ Cα(ΣM ,R), one can always find a potential ψ ∈ Cβ(Σ+

M ,R) that is cohomologous to
ϕ (for some 0 < β < α). It follows that any equilibrium state can be seen as an equilibrium state
associated to a potential in Cα(Σ+

M ,R). Furthermore, since adding to the potential a constant
map doesn’t modify the equilibrium state, one can also ask for this potential ψ to have vanishing
pressure: P (ψ) = 0.

Now, to understand the structure of those measures, we will introduce the notion of transfer
operators. These are objects that will allows us to understand the autosimilarity properties of
equilibrium states.

Definition 1.2.7 (Transfer operators). Let ϕ ∈ Cα(Σ+
M ,C). The associated transfer operator Lϕ :

Cα(Σ+
M ,C) −→ Cα(Σ+

M ,C) is defined by the following formula:

∀x ∈ Σ+
M , Lϕh(x) :=

∑
y∈σ−1(x)

eϕ(y)h(y).

For any a ∈ A and x ∈ Σ+
M , denote a → x if Max0

= 1. Then, we get the following equivalent
formula:

∀x ∈ Σ+
M , Lϕh(x) :=

∑
a→x

eϕ(ax)h(ax),

where ax is the only element of Σ+
M satisfying (ax)0 = a, and σ(ax) = x.

Remark 1.2.8. Iterating Lϕ yields the following formula:

∀x ∈ Σ+
M , L

n
ϕh(x) =

∑
y∈σ−n(x)

eSnϕ(y)h(y),

where

Snϕ :=

n−1∑
k=0

ϕ ◦ σk

is a Birkhoff sum. If we denote by Σ+
M (n) the set of words a ∈ An such that Makak+1

= 1 for all

k, and if we denote a → x when Manx0
= 1 for x ∈ Σ+

M , then this formula can be rewritten as:

∀x ∈ Σ+
M , L

n
ϕh(x) =

∑
a∈Σ+

M (n)

a→x

eSnϕ(ax)h(ax),

where ax ∈ Σ+
M is the concatenation of a and x.

Theorem 1.2.9 (Perron-Frobenius-Ruelle). Suppose that (Σ+
M , σ) is topologically mixing. Let ϕ ∈

Cα(Σ+
M ,R) be such that P (ϕ) = 0. Then, there exists a unique map h ∈ Cα(Σ+

M ,R
∗
+), and a unique

measure ν ∈ P(Σ+
M ), with

∫
hdν = 1, such that

Lϕh = h and L∗
ϕν = ν.

In this case, there exists C > 0 and ρ ∈ (0, 1) such that, for all f ∈ Cα(Σ+
M ,C),

∥Lnϕf − h ·
∫
f hdν∥∞ ≤ C∥f∥Cαρn.

Moreover, the measure h · dν is the pushforward by π : ΣM → Σ+
M of the equilibrium state given by

ϕ. Formally: hdν = π∗µϕ◦π.

Remark 1.2.10. The expression L∗
ϕν = ν means that, for all continuous map f : Σ+

M → R, one has∫
Lϕfdν =

∫
fdν.
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Remark 1.2.11. Replacing ϕ by ψ := ϕ − lnh ◦ σ + lnh yields the same equilibrium state. The
resulting potential ψ gives a transfer operator with eigenfunction 1. In fact, being given an equi-
librium state µ, one can always find a potential ψ ∈ Cα(Σ+

M ,R−) such that P (ψ) = 0, such that
Lψ1 = 1, and such that L∗

ψµ = µ. Such a potential is called normalized. If the dynamics (ΣM , σ)
is topologically mixing, then any normalized potential is “eventually negative”, in the sense that
there exists N ≥ 1 such that SNφ :=

∑N−1
k=0 φ ◦ σk < 0.

Remark 1.2.12. Let µ be an equilibrium state given by some normalized potential ϕ ∈ Cα(Σ+
M ,R−).

Let f1, f2 : Σ+
M → C be Hölder maps. Then:∫

f1 ◦ σn · f2dµ =

∫
f1 · Lnϕ(f2)dµ.

In particular, Perron-Frobenius-Ruelle Theorem ensure that (Σ+
M , σ, µ) is exponentially mixing, in

the sense that: ∣∣∣∣∫ f1 ◦ σn · f2dµ−
∫
f1dµ

∫
f2dµ

∣∣∣∣ ≤ C∥f1∥Cα∥f2∥Cαρn.

In fact, (ΣM , σ, µ) is also exponentially mixing. (In particular, it is ergodic, that is, any measurable
function f : Σ+

M → C that is σ-invariant is essentially constant.)

Ergodicity/mixing of the shift with respect to equilibrium states allows one to expect statistical
results that are typical in chaotic dynamical system, such as

1

n

n−1∑
k=0

f ◦ σk ≃
∫
fdµ.

More precisely, one has the following large deviation result [Yo90], [Ki90]:

Theorem 1.2.13. Let (ΣM , σ, µ) be a topologically mixing subshift of finite type, where µ is an
equilibrium state associated to some Hölder potential ϕ. Let f ∈ Cα(ΣM ,C). Then, for any ε > 0,
there exists C, δ > 0 such that:

∀n ≥ 1, µ

(
x ∈ ΣM ,

∣∣∣∣∣ 1n
n−1∑
k=0

f ◦ σk(x) −
∫
fdµ

∣∣∣∣∣ ≥ ε

)
≤ Ce−nδ.

For a proof in the context of Julia sets, see Section 3.7. We conclude this section by recalling
useful statistical estimates on equilibrium states, called Gibbs estimates, and a corollary.

Theorem 1.2.14 (Gibbs estimates). Let µ be an equilibrium state associated to some Hölder potential
ϕ. For any word a = a0 . . . an, define the cylinder C(a) := {x = (xk)k∈Z|x0 = a0, . . . xn = an} ⊂
ΣM . There exists C ≥ 1 such that:

C−1 exp(Snϕ(xa) − nP (ϕ)) ≤ µ(Ca) ≤ C exp(Snϕ(xa) − nP (ϕ)),

where xa ∈ Ca is any point in our cylinder, and where Snϕ :=
∑n−1
k=0 ϕ ◦ σk is a Birkhoff sum.

Remark 1.2.15 (Regularity estimates in shift space). Let µ be an equilibrium state associated
to some normalized potential ϕ. Since ϕ is eventually negative on a compact set, there exists
0 < δreg < Dreg and N ≥ 1 such that −Dreg < SNϕ < −δreg. It follows from Gibbs estimates
that there exists C ≥ 1 such that, for all a = a0 . . . an:

C−1e−Dregn/N ≤ µ(C(a)) ≤ Ce−δregn/N .

1.2.2 Suspension flows and Dolgopyat’s estimates

We discussed a model for expanding maps and hyperbolic diffeomorphisms: now we discuss a useful
model for flows. The idea is the following: consider a flow in a 3 dimensional and compact manifold
(say, a solid torus, for example, turning around in circle). By considering a well chosen surface
(say, a disk transverse to this flow), one can try to understand the dynamics by understanding
the first return time and the first return map associated to this surface. This suggest the abstract
notion of suspension flow.
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Definition 1.2.16 (Suspension flows over (two-sided) shifts). Let (ΣM , σ) be a (two-sided) subshift
of finite type, as before. Let τ : ΣM → R+

∗ be a Hölder continuous roof function. First, define the
quotient space

ΣτM :=
{

(x, t) ∈ ΣM × R+| t ∈ [0, τ(x)]
}/{

(x, τ(x)) ∼ (σ(x), 0)
}
.

On this set, we define the associated suspension flow by letting x invariant and moving in the
vertical “time” direction, jumping to σ(x) when necessary. More precisely, for (x, t) ∈ ΣM × R+,
define n(x, t) as the only integer such that

{t}x := t− Sn(x,t)τ(x) ∈ [0, τ(σn(x,t)(x))[.

The suspension flow (for positive times) can then be expressed as:

∀t ≥ 0, σtτ ((x, s)) = (σn(x,t+s)(x), {t+ s}x).

We have a Thermodynamical formalism and a variational principle in this context.

Theorem 1.2.17 (Variational principle). Let (ΣM , σ) be a topologically mixing subshift of finite type.
Let τ : ΣM → R∗

+ be a Hölder roof function. Denote by (ΣτM , στ ) the associated suspension flow.
Finally, let Φ : ΣτM → R be a Hölder regular potential. We define its pressure as

P (Φ) := sup
m∈Pστ (Σ

τ
M )

(
hm(σ1

τ ) +

∫
Στ

M

Φdm
)
,

where Pστ (ΣτM ) is the set of probability measures on ΣτM that are invariant by the suspension
flow (σtτ )t∈R. Then, there exists a unique measure mΦ ∈ Pστ (ΣτM ), called the equilibrium state
associated to Φ, such that

P (Φ) = hmΦ
(σ1
τ ) +

∫
Στ

M

ΦdmΦ.

Furthermore, if we define ϕ(x) :=
∫ τ(x)
0

Φ(x, t)dt, then mΦ is linked to the equilibrium state on the
shift space µϕ ∈ Pσ(ΣM ) in the following way:

∀f ∈ C0(ΣτM ,C),

∫
Στ

M

fdmΦ :=
1∫

ΣM
τdµϕ

∫
ΣM

∫ τ(x)

0

f(x, t)dt dµϕ(x).

In other words, “locally”, mΦ = c0 · µϕ ⊗ dt for some constant c0.

While it is easy to see that the suspension flow (ΣM , στ ,mΦ) is ergodic in this context, mixing
is not always true. For example, if τ is a constant roof function, the suspension flow isn’t mixing.
Let us dive a bit deeper into the kind of conditions that allows one to prove mixing properties in
this context.

Definition 1.2.18. Let (ΣτM , στ ,mΦ) be a suspension flow over a topologically mixing subshift
of finite type, equipped with some equilibrium state. Let A,B : ΣτM → C be Hölder regular
“observables”. The associated correlation function is:

ρ(t) :=

∫
Στ

M

A ◦ σtτ ·BdmΦ −
∫
Στ

M

AdmΦ

∫
Στ

M

BdmΦ.

To study the decay properties of ρ, a common idea is to study the regularity properties of its
Fourier transform instead. Since ρ ∈ L∞(R), its Fourier transfrom ρ̂ always exists, at least in the
sense of distributions. A Paley-Weiener type of results then allows us to prove decay of correla-
tions if we understand the smoothness properties of ρ̂. For example, to get exponential mixing, we
expect ρ̂ to extend analytically on a strip {ξ ∈ C , |Im(ξ)| < ε}.

Let us follow Pollicot [Po85] and compute ρ̂, at least formally. Suppose, for simplicity, that∫
AdmΦ =

∫
BdmΦ = 0 and suppose also, for further simplification, that (A(x, t), B(x, t), τ(x)) =

(A(y, t), B(y, t), τ(y)) as soon as (xi)i≥0 = (yi)i≥0. Say that we are only interested in what is
happening for positive times, and so let ρ = 0 for negative times. We then have:
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ρ̂(ξ) =

∫ ∞

0

e−2iπtξ

∫
Στ

M

A ◦ σtτ ·BdmΦ · dt

= c0

∫
ΣM

∫ τ(x)

0

B(x, s)

∫ ∞

0

A(σn(x,s+t)x, {t+ s}x)e−2iπξtdt ds dµϕ(x).

We compute the integral involving A:∫ ∞

0

A(σn(x,s+t)x, {t+ s}x)e−2iπξtdt =

∞∑
n=0

∫
{t∈R+,n(x,t+s)=n}

A(σn(x,s+t)x, {t+ s}x)e−2iπξtdt

=

∫ τ(x)−s

0

A(x, t+ s)e−2iπξtdt+

∞∑
n=1

∫ Sn+1τ(x)−s

Snτ(x)−s
A(σnx, t+ s− Snτ(x))e−2iπξtdt

= −
∫ s

0

A(x, u)e−2iπξ(u−s)du+

∞∑
n=0

∫ τ(σn(x))

0

A(σn(x), u)e−2iπξ(u−s+Snτ(x))du

= (analytic) +

∞∑
n=0

Â(σn(x), ξ)e2iπξ(s−Snτ(x)),

where we defined Â(x, ξ) :=
∫ τ(x)
0

A(x, u)e−2iπξudu. Define similarly B̂ : ΣM ×R → C. Notice that

Â, B̂ are analytic in ξ. Injecting this in the expression of ρ̂ yields:

ρ̂(ξ) = (analytic) + c0

∫
ΣM

∫ τ(x)

0

B(x, s)

∞∑
n=0

Â(σn(x))e2iπξ(s−Snτ(x)) ds dµϕ(x)

= (analytic) + c0

∞∑
n=0

∫
ΣM

B̂(x,−ξ)Â(σn(x), ξ)e−2iπξSnτ(x) dµϕ(x).

Now, since Â(·, ξ) and B̂(·, ξ)e−2iπξSnτ can be seen as functions Σ+
M → C, we can make a transfer

operator appear. Let ϕ̃ be a normalized potential cohomologous to ϕ− P (ϕ). Then:

ρ̂(ξ) = (analytic) + c0

∞∑
n=0

∫
ΣM

Â(x, ξ)Ln
ϕ̃

(
B̂(·,−ξ)e−2iπξSnτ

)
(x) dµϕ(x)

= (analytic) + c0

∞∑
n=0

∫
ΣM

Â(x, ξ)Ln
ϕ̃−2iπξτ

(
B̂(·,−ξ)

)
(x) dµϕ(x).

This will be our final expression. We see that everything boils down to understanding a family of
“twisted transfer operator” Lϕ̃+iξτ : Cα(ΣM ,C) → Cα(ΣM ,C), defined as

Lϕ̃+iξτh(x) :=
∑

y∈σ−1(x)

eϕ̃(y)+iξτ(y)h(y).

Every term in the sum appearing in the expression of ρ̂ yields an analytic function: to ensure that
ρ̂ is analytic itself, it follows that one, at least, has to check convergence of this series. As we saw
before, this can not always be true, for example if τ is a constant map. Notice that, if this series
converges, we can then write (at least formally again)

ρ̂(ξ) = (analytic) + c0

∫
ΣM

Â(·, ξ) ·
(
I − Lϕ̃−2iπξτ

)−1(
B̂(·,−ξ)

)
dµϕ.

For small ξ ∈ R, analyticity of this expression comes from the fact that, as seen in the previous
subsection, Lϕ̃ contracts exponentially quickly functions with zero mean, such as B̂(·, ξ). This
property should be true for Lϕ̃+iξτ by a perturbation argument. For large ξ ∈ R, a more sophiti-
cated argument is needed.

Under some“nonconstantness”condition (called, in our symbolic setting,“strong non-integrability”)
for τ , Dolgopyat proved the following estimates (first in a geometrical setting in [Do98], and then
in our symbolic setting in [Do00]).
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Theorem 1.2.19. [Do00] Under a “strong non-integrability condition” on τ : Σ+
M → R∗

+, for any
α > 0, there exists C, p ≥ 1 and ρ ∈ (0, 1) such that, for any ξ ∈ C with |Re(ξ)| ≥ C, |Im(ξ)| ≤ C−1,
we have:

∀h ∈ Cα(ΣM ,C), ∥Ln
ϕ̃+iξτ

h∥∞ ≤ C|Im(ξ)|pρn∥h∥Cα(ΣM ).

These estimates are enough to obtain exponential mixing for the suspension flow (ΣτM , στ ,mΦ).
Such results were quickly generalized, for different kind of dynamical systems, and under different
names for the “nonconstantness” condition made on τ : “Strong non-integrability” [Do00], “Uniform
Non-Integrability” (UNI) ([Ch98], [Do98], [AGY06], [BV05], [TZ20], [DV21]), “Non-Local integra-
bility” (NLI) [Na05] (to only quote a few)... These estimates are useful to prove exponential mixing
in the context of hyperbolic flows, but can also be used to prove counting results about periodic
orbits, for example.

In some contexts, classical Dolgopyat’s estimates are not enough, and one can be interested in
adding supplementary “twist parameters” in the phase (this is a natural thing to do when studying
group extensions of hyperbolic dynamical systems, as in [Do02]). As an exemple, let us cite this
Dolgopyat-type estimate, taken from [OW17], used to prove equidistribution result for holonomies
of closed orbits under an expanding, conformal dynamical system on hyperbolic Julia sets in the
complex plane:

Theorem 1.2.20 ([OW17]). Let f : C → C be a rational map of degree d ≥ 2, and suppose that f
is not conjugated to a monomial under a Moebius transformation. Suppose that its Julia set J is
included in C, and that f is expanding on J . Let U ⊃ J be a small enough open neighborhood of J .
Let δ > 0 be such that φ := −δ ln |f ′| ∈ C1(U,R) is a normalized potential. For ξ ∈ R and l ∈ Z,
consider the following twisted transfer operator Lφ,s,l : C1(U,C) → C1(U,C), defined as

Lφ,ξ,lh(x) :=
∑

y∈f−1(x)

eφ(y)|f ′(y)|iξ
( f ′(y)

|f ′(y)|

)l
h(y).

Then, there exists C, p ≥ 1 and ρ ∈ (0, 1) such that, for any (ξ, l) ∈ R × Z with |ξ| + |l| ≥ C, we
have:

∀h ∈ C1(U,C), ∥Lnφ,ξ,lh∥∞ ≤ C(|ξ| + |l|)pρn∥h∥C1(U,C).

For a sketch of proof, see Section 3.8. These kind of estimates will be very useful for us in
the main part of our thesis: indeed, it appears that, using the “sum-product phenomenon”, one
is sometimes able to reduce the problem of proving Fourier decay for equilibrium states into a
problem in the spirit of exponential mixing for some suspension flow. This will be made precise
later in the text: for now, let us discuss what this “sum-product phenomenon” is about.

1.3 Additive combinatorics: the sum-product phenomenon

1.3.1 Additive combinatorics in Fp

When dealing with oscillatory integrals involving smooth measures, we have at our disposal all of
the usual harmonic analysis tools to help us derive asymptotics. For example, let us recall the well
known Van Der Corput Lemma.

Lemma 1.3.1 (Van Der Corput). Let ψ : [0, 1] → R be Ck+1, and suppose that its k-th derivative
ψ(k) doesn’t vanish. Then, there exists C ≥ 1 such that

∀ξ ∈ R∗,

∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣ ≤ C|ξ|−1/k.

There is an important intuitive remark to be made here. The condition on the derivative on
ψ can be thought of as a “non-concentration hypothesis” on the phase. Indeed, if ψ is constant
on some small open set, then the lemma doesn’t applies. Still, the phase might concentrate a bit,
like a monomial xk at zero. The more the phase concentrate, the greater one has to choose k,
and so the less decay rate we get (1/k, here). More generally, if we replace dx by any smooth
measure dµ(x) = ρ(x)dx, the same decay rate holds. Of course, in our context, µ is going to be an
equilibrium state supported in a fractal set, and so this kind of results (that relies on integration

30



by parts) are not available.

The goal of this section is to introduce what will be our replacement tool: the sum-product
phenomenon. Let us give a rough sketch of the idea behind it. A good introduction can be found
in Green’s notes [Gr09]. Say that we want to control the modulus of a sum of exponentials of the
form

1

n

n∑
k=0

eiξXk ,

where ξ ∈ R and n ≥ 0 are fixed, and where Xk ∈ R are some phases. If all the phases take the
same values in R/2πZ, then this sum has modulus one, but in a generic setting one has no chance
for this to happen. In fact, if we choose our phases randomly, we can expect this sum to be less
than one (the gap from one also depending on our choice of n and ξ.) So, to produce theorems
that gives us control over such sums, a good way to start would be to search for places where
deterministic “pseudorandomness” occurs. This is where the sum-product phenomenon appears.

Let us discuss quickly about additive combinatorics: the field that studies the “additive struc-
ture of sets”. Let R be a finite ring, and let A ⊂ R. One can measure the “additive structure” of
A by considering the set A+A := {a+ b|a, b ∈ A}, and by computing its cardinal. If A ⊂ R is an
additive subgroup of R, then A+A = A has cardinal |A|. But if we choose A randomly, we expect
|A+ A| to have cardinal ≃ |A|2/2. Similarly, one can quantify the “multiplicative structure” of A
by considering the set A · A := {ab| a, b ∈ A}. If A ⊂ R is a multiplicative subgroup of R×, then
A ·A = A has cardinal |A|. If A is taken randomly, we expect to find |A ·A| ≃ |A|2/2.

More generally, one can study how the additive/multiplicative structure of two different sets
A,B ⊂ R behave with each others. A way to do so would be, for example for the additive struc-
ture, to consider the cardinal |A − B|. If A is an additive subgroup of R, and if B = b0 + A is a
translation of A, then |A− B| = |A|1/2|B|1/2. In this case, A and B have additive structure, and
moreover, they are compatible. If A and B don’t have a compatible additive structure, we expect
something like |A−B| ≃ |A||B|.

Let us fix ideas by taking p a large prime number, and choosing R := Fp, the finite field
of cardinal p. The “sum-product phenomenon” (in Fp) is the idea that multiplicative structure
and additive structure can not coexist simultaneously, except if A have very small or very large
cardinal. In other words, the sum-product phenomenon (in Fp) is a quantitave statement about
the non-existence of proper subrings of Fp. Since a baby version of this statement can be proved
easily, we will follow Green and prove a result of this kind to help the reader get an intuition
behind this. The next lemma states that the action F×

p ↷ Fp destroys any additive structure, and
replaces it by “additive chaos”.

Lemma 1.3.2. Let A ⊂ Fp. There exists ξ ∈ F×
p such that

|A− ξA| ≥ 1

2
min(|A|2, p).

Proof. Define the additive energy of two nonempty sets A,B ⊂ Fp by the formula:

ω+(A,B) := |A|−3/2|B|−3/2#{(a1, a2, b1, b2) ∈ A2 ×B2, a1 − b1 = a2 − b2}.

If the additive energy is small, then A,B don’t have a compatible additive structure. Indeed,
denoting δa,b a Kronecker symbol, and using Cauchy-Schwarz inequality:

ω+(A,B) =
1

|A|3/2|B|3/2
∑

a1,a2,b1,b2

δa1−b1,a2−b2

=
1

|A|3/2|B|3/2
∑

x∈A−B

∑
a1,a2,b1,b2

1{x}(a1 − b1)1{x}(a2 − b2)

=
1

|A|3/2|B|3/2
∑

x∈A−B

(∑
a,b

1{x}(a− b)
)2
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≥ 1

|A|3/2|B|3/2
1

|A−B|

( ∑
x∈A−B

∑
a,b

1{x}(a− b)
)2

=
|A|1/2|B|1/2

|A−B|
.

Now, let us compute the expected value of the additive energy between A and ξA, for ξ ∈ F×
p

chosen uniformly randomly. We find:

1

p− 1

∑
ξ∈F×

p

ω+(A, ξA) =
1

|A|3(p− 1)
#{(a1, a2, a3, a4, ξ) ∈ A4 × F×

p , a1 + a2ξ = a3 + a4ξ}

=
1

(p− 1)|A|3
∑

a1,a2,a3,a4

#{ξ ∈ F×
p , (a1 − a3) = ξ(a4 − a2)}

=
1

(p− 1)|A|3
( ∑
a2−a4=0
a1−a3=0

(p− 1) +
∑

a2−a4=0
a1−a3 ̸=0

0 +
∑

a2−a4 ̸=0
a1−a3=0

0 +
∑

a2−a4 ̸=0

a1−a3 ̸=0

1
)

=
1

(p− 1)|A|3
(
|A|2(p− 1) + |A|2(|A| − 1)2

)
=

1

|A|
+

(|A| − 1)2

(p− 1)|A|
≤ 2 max(1/|A|, |A|/p).

In particular, there exists at least one ξ ∈ F×
p such that ω+(A, ξA) ≤ 2 max(1/|A|, |A|/p), and so,

for this ξ:
|A− ξA| ≥ |A|/2 min(|A|, p/|A|) = min(|A|2/2, p/2).

Additive combinatorics can be used to prove subtler versions of this sum-product phenomenon.
Let us cite a celebrated example of such results: a proof can be found in Green’s notes [Gr09]. This
Theorem state that additive and multiplicative structure can not coexist (at intermediate scales
between 0 and p).

Theorem 1.3.3 (Bourgain-Katz-Tao). Let δ > 0. There exists δ′ > 0 and c > 0 such that the
following holds. For any prime p, for any A ⊂ Fp such that pδ ≤ |A| ≤ p1−δ, we have

max (|A+A|, |A ·A|) ≥ c|A|1+δ
′
.

A nice corollary of the methods from additive combinatorics is the following result, taken
again from [Gr09]. This is a control for sums of exponentials where the phase has multiplicative
structure. Intuitively, this have a chance to work because the exponential is a morphism that
sees additive structure in its argument. So multiplicative structure in the phase is perceived as
pseudorandomness, giving cancellations in the sum.

Theorem 1.3.4 (Bourgain-Gilibichuk-Konyagin). Suppose that H ⊂ F×
p is a multiplicative subgroup

of size at least pδ, where δ > 0 and where p is a large enough prime. Then, uniformly in ξ ∈ F×
p ,

we have
1

|H|

∣∣∣∣∣∑
x∈H

e2iπxξ/p

∣∣∣∣∣ ≤ C p−δ
′

where C, δ′ > 0 depends only on δ.

Let us give a more formal idea of the proof. For some set A ⊂ Fp and all α ∈ (0, 1), define

Specα(A) :=
{
ξ ∈ F×

p ,
∣∣∣∑
x∈A

e2iπxξ/p
∣∣∣ ≥ α|A|

}
.

If A = H is a multiplicative subgroup of Fp, it is clear that Specα(H) has some multiplicative
structure, since for all h ∈ H, h · Specα(H) = Specα(H). But in some sense, Specα(A) also have a
bit of weak additive structure, and that will force it to be a very large or very small set. Since we
can expect decay “on average” in ξ, this set will be very small for some α (that will have order of
magnitude p−δ

′
). Details can be found in the notes of Green. The additive structure of Specα(H)

can be understood as follow. For any ξ ∈ Specα(H), let cξ be a complex number of modulus one
such that

|H|α ≤ cξ
∑
x∈H

e2iπxξ/p.

32



By Cauchy-Scwhartz inequality, notice that

α2 ≤
∣∣∣ 1

|Specα(H)|
∑

ξ∈Specα(H)

cξ
|H|

∑
x∈H

e2iπxξ/p
∣∣∣2

≤ 1

|H|
∑
x∈H

1

|Specα(H)|2
∑

ξ,η∈Specα(H)

cξcηe
2iπx(ξ−η)/p

≤ 1

|Specα(H)|2
∑

ξ,η∈Specα(H)

∣∣∣ 1

|H|
∑
x∈H

e2iπx(ξ−η)/p
∣∣∣.

It follows from this observation that a proportion of at least α2/2 of couples (ξ, η) ∈ Specα(H)2

satifies ξ − η ∈ Specα2/2(H). This key observation can be used to prove Bourgain-Gilibichuk-
Konyagin’s Theorem.

1.3.2 The sum-product phenomenon and fractal measures

The philosophy of the sum-product phenomenon is that multiplicative structure in the phase of
some sum of exponential (or, more generally, of some oscillatory integral) is enough to ensure some
decay properties of the sum (at some scale). From there, a natural idea is to look at multiplicative
convolutions of measures.

Definition 1.3.5. Let A be a normed algebra. Let E,F ⊂ A be compact sets, and let (µ, ν) ∈ P(E)×
P(F ). Define the multiplication operator mult : E×F → E ·F , where E ·F := {xy|(x, y) ∈ E×F}.
The multiplicative convolution of µ and ν is defined as: µ ⊙ ν := mult∗(µ ⊗ ν) ∈ P(E · F ). For
any continuous map f ∈ C0(E · F,C), we have:∫

E·F
fd(µ⊙ ν) =

∫
E

∫
F

f(xy)dµ(x)dν(y).

We are ready to cite what will be our replacement of the Van Der Corput lemma in our fractal
context. The following theorem will ensure decay of oscillatory integrals with enough multiplicative
structure in the phase, at some scale, and under some additional non-concentration hypothesis for
this scale. This first theorem was proved by J. Bourgain in ∼ 2010.

Theorem 1.3.6 ([BD17],[Bo10]). For all γ > 0, there exist ε1, ε2 > 0 and k ∈ N such that the
following holds. Let µ ∈ P([1/2, 1]) and let η > 0 be large enough. Assume that:

∀x ∈ R, ∀σ ∈ [η−1, η−ε1 ], µ ([x− σ, x+ σ]) ≤ σγ .

Then:

|µ̂⊙k(η)| =

∣∣∣∣∣
∫
[1/2,1]k

e2iπηx1...xkdµ(x1) . . . dµ(xk)

∣∣∣∣∣ ≤ η−ε2 .

Remark 1.3.7. Notice that the sum-product phenomenon does not say that there exists k such that

µ̂⊙k(η) −→
η→∞

0. What it does say is: if µ satisfies some regularity estimates at some scale ≃ 1/η0,

then one can control µ̂⊙k(η) when η ≃ η0.

Example 1.3.8. Let us do an example. Let h ∈ (0, 1), and consider the probability measure
µh ∈ P(1/2, 1) as the uniform law on hZ∩ [1/2, 1] =: Z(h). For any interval I ⊂ R of lenght σ ≥ h,
we have a bound:

µ(I) =
#(I ∩ Z(h))

#Z(h)
≤ C0h(1 + diam(I)h−1) ≤ C1diam(I).

The sum-product phenomenon then gives us two absolute constants, an integer k ≥ 1 and some
ε2, such that:

∀h ∈ (0, 1), |µ̂⊙k
h (h−1)| ≤ C2h

−ε2 .

There is also a stronger, more technical version of the sum-product phenomenon where we
consider k different measures µ1, . . . , µk, with a (seemingly) weaker non-concentration condition.
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Corollary 1.3.9 ([BD17]). For all γ > 0, there exist ε2 > 0 and k ∈ N such that the following holds.
Let C0 ≥ 1 and µ1, . . . , µk ∈ P([1/2, 1]) and let η > 0 large enough. Assume that for all j:

∀σ ∈ [η−1, η−ε2 ], (µj ⊗ µj)
(
{(x, y) ∈ R2| |x− y| < σ}

)
≤ C0σ

γ .

Then, there exists C1 depending only on γ,C0 such that:∣∣∣∣∣
∫
[1/2,1]k

e2iπηx1...xkdµ1(x1) . . . dµk(xk)

∣∣∣∣∣ ≤ C1η
−ε2 .

In concrete applications, it will be interesting for us to allow for slowly growing constants in
front of our estimates. In this spirit, let us prove the following slightly strenghtened version. The
proof is adapted from [SS20], Lemma 4.3.

Corollary 1.3.10. Fix 0 < γ < 1. There exist ε1 > 0 and k ∈ N such that the following holds for
η ∈ R with |η| large enough. Let 1 < R < |η|ε1 and let λ1, . . . , λk be Borel measures supported on
the interval [R−1, R] with total mass less than R. Assume that each λj satisfies the following non
concentration property:

∀σ ∈ [|η|−2, |η|−ε1 ], λj ⊗ λj
(
{(x, y) ∈ R2, |x− y| ≤ σ}

)
≤ σγ .

Then there exists a constant c > 0 depending only on γ such that∣∣∣∣∫ eiηz1...zkdλ1(z1) . . . dλk(zk)

∣∣∣∣ ≤ c|η|−ε1

Proof. Fix 0 < γ < 1, and let ε2 and k given by the previous corollary. Choose ε1 := ε2
2(2k+1) . Let

1 < R < |η|ε1 , and let λ1, . . . , λk be measures that satisfy the hypothesis of Corollary 1.3.10. We
are going to use a dyadic decomposition.

Let m := ⌊log2(R)⌋ + 1. Then λj is supported in the interval [2−m, 2m]. Define, for A a borel
subset of R and for r = −m+ 1, . . . ,m:

λj,r(A) := R−1λj (2r (A ∩ [1/2, 1[))

Those measures are all supported in [1/2, 1[, and have total mass λj,r(R) ≤ 1.

Moreover, a non concentration property is satisfied by each λj,r. If we fix some r1, . . . , rk
between −m+1 and m and define ηr1...rk := 2r1+...rkη, then |ηr1,...,rk | ≥ (2R)−k|η| > 2−k|η|1−kε1 >
1 if η is large enough. Let σ ∈ [|ηr1,...,rk |−1, |ηr1,...,rk |−ε2 ]. Then

λj,r ⊗ λj,r
(
{(x, y) ∈ R2, |x− y| ≤ σ}

)
=

∫
R
λj,r([x− σ, x+ σ])dλj,r(x)

≤ R−2

∫
R
λj ([2rx− 2rσ, 2rx+ 2rσ]) dλj(2

rx)

= R−2λj ⊗ λj
(
{(x, y) ∈ R2, |x− y| ≤ 2rσ}

)
Since 2rσ ∈

[
2r|ηr1,...,rk |−1, 2r|ηr1,...,rk |−ε2

]
⊂
[
(2R)−(k+1)|η|−1, (2R)k+1|η|−ε2

]
⊂
[
|η|−2, |η|ε1

]
if

|η| is large enough, we can use the non-concentration hypothesis assumed for each λj to get:

λj,r ⊗ λj,r
(
{(x, y) ∈ R2, |x− y| ≤ σ}

)
≤ R−2(2rσ)γ ≤ σγ .

Hence, by the previous proposition, there exists a constant C1 depending only on γ such that∣∣∣∣∫ exp(iηr1...rkz1 . . . zk)dλ1,r1(z1) . . . dλk,rk(zk)

∣∣∣∣ ≤ C1|ηr1...rk |−ε2 .

Finally, since

λj(A) = R

m∑
r=−m+1

λj,r(2
−rA)
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we get that: ∣∣∣∣∫ exp(iηz1 . . . zk)dλ1(z1) . . . dλk(zk)

∣∣∣∣
≤

∑
r1,...rk

Rk
∣∣∣∣∫ exp(iηz1 . . . zk)dλ1,r1(2−r1z1) . . . dλk,rk(2−rkzk)

∣∣∣∣
=

∑
r1,...rk

Rk
∣∣∣∣∫ exp(iηr1...rkz1 . . . zk)dλ1,r1(z1) . . . dλk,rk(zk)

∣∣∣∣
≤ C1(2m)kRk|ηr1...rk |−ε2 ≤ 4kC1m

kR2k|η|−ε2

Since m ≤ log2(R) + 1, and since k depends only on γ, there exists a constant c that depends only
on γ such that 4kC1m

kR2k ≤ cR2k+1 for any R > 1. Finally, cR2k+1|η|−ε2 ≤ |η|−ε1 .

As we saw earlier, these theorems are useful even when the measures are sums of dirac masses.
Let us precise the statement that we get in this particular context.

Corollary 1.3.11. Fix 0 < γ < 1. There exist k ∈ N∗, c > 0 and ε1 > 0 depending only on γ such
that the following holds for η ∈ R with |η| large enough. Let 1 < R < |η|ε1 , N > 1 and Z1, . . . ,Zk
be finite sets such that #Zj ≤ RN . Consider some maps ζj : Zj → R, j = 1, . . . , k, such that, for
all j:

ζj(Zj) ⊂ [R−1, R]

and
∀σ ∈ [|η|−2, |η|−ε1 ], #{b, c ∈ Z2

j , |ζj(b) − ζj(c)| ≤ σ} ≤ N2σγ .

Then ∣∣∣∣∣∣N−k
∑

b1∈Z1,...,bk∈Zk

exp (iηζ1(b1) . . . ζk(bk))

∣∣∣∣∣∣ ≤ c|η|−ε1 .

Proof. Define our measures as sums of dirac mass:

λj :=
1

N

∑
b∈Zj

δζj(b).

We see that λj is supported in [R−1, R]. The total mass is bounded by

λj(R) ≤ N−1#Zj ≤ R.

Then, if σ ∈ [|η|−2, |η|−ε1 ], we have, for any a ∈ R:

λj ⊗ λj
(
{(x, y) ∈ R2, |x− y| < σ}

)
=

1

N2
#
{
b, c ∈ Z2

j , |ζj(b) − ζj(c)| ≤ σ
}
≤ σγ .

Hence, the previous theorem applies directly, and gives us the desired result.

We have no reason to expect the sum-product phenomenon to hold only for measures supported
on R. In fact, more general versions of these theorems holds when we replace R by other algebras.
Let us state some generalizations: the first one is in the context of complex multiplication, and
was proved by J. Li in [Li18].

Theorem 1.3.12. Given γ > 0, there exist ε2 ∈ (0, 1) and k ∈ N∗ such that the following holds
for η ∈ C with |η| > 1. Let C0 > 1 and let λ1, . . . , λk be Borel measures supported on the annulus
{z ∈ C , C−1

0 ≤ |z| ≤ C0} with total mass less than C0. Assume that each λj satisfies the projective
non concentration property, that is,

∀σ ∈ [C0|η|−1, C−1
0 |η|−ε2 ], sup

a,θ∈R
λj{z ∈ C, |Re(eiθz) − a| ≤ σ} ≤ C0σ

γ .

Then there exists a constant C1 depending only on C0 and γ such that∣∣∣∣∫ exp(2iπRe(ηz1 . . . zk))dλ1(z1) . . . dλk(zk)

∣∣∣∣ ≤ C1|η|−ε2 .
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The non-concentration hypothesis to check here is stronger than earlier: this is a “projective
non-concentration hypothesis”. As earlier, one can actually suppose that the constants C0 are
slowly growing with η (the same proof follows through, doing a dyadic decomposition with annulus
of the form {z ∈ C, |z| ∈ [2r−1, 2r[}). If needed, the complete proof can be found in the author’s
paper [Le21]. As before, by considering measures that are sums of dirac sums, one gets the following
useful corollary:

Corollary 1.3.13. Fix 0 < γ < 1. Then there exist k ∈ N∗, c > 0 and ε1 > 0 depending only on
γ such that the following holds for η ∈ C with |η| large enough. Let 1 < R < |η|ε1 , N > 1 and
Z1, ...,Zk be finite sets such that #Zj ≤ RN . Consider some maps ζj : Zj → C, j = 1, . . . , k, such
that, for all j:

ζj(Zj) ⊂ {z ∈ C , R−1 ≤ |z| ≤ R}

and
∀σ ∈ [|η|−2, |η|−ε1 ], sup

a,θ∈R
#{b ∈ Zj , |Re(eiθζj(b)) − a| ≤ σ} ≤ Nσγ .

Then: ∣∣∣∣∣∣N−k
∑

b1∈Z1,...,bk∈Zk

exp (2iπRe (ηζ1(b1) . . . ζk(bk)))

∣∣∣∣∣∣ ≤ c|η|−ε1 .

Let us mention two further generalizations of these types of theorems in higher dimensional
settings. We won’t use them since we will be working in low dimensional settings, but they might
be useful in harder contexts. In the next Theorem, we think of Rd as an algebra with the product
(xj)j(yj)j := (xjyj)j . This version is proved in Li’s paper [Li18].

Theorem 1.3.14. Fix κ > 0. Then there exists ε and k ∈ N such that the following holds for any τ
large enough. Let λ be a borel probability measure on [1/2, 1]d ⊂ Rd such that :

∀ρ ∈ [τ−1, τε], sup
a∈R,v∈Sd−1

λ{x | v · x ∈ [a− ρ, a+ ρ]} ≤ ρκ.

Then, for all ξ ∈ Rn with |ξ| ∈ [τ/2, τ ],∣∣∣∣∫ exp(2iπξ · (x1 . . . xk))dλ(x1) . . . dλ(xk)

∣∣∣∣ ≤ τ−ε.

The final version takes place in an abstract setting and will probably prove to be useful when
dealing with higher dimensional dynamical systems in the future. It is taken from He and de
Saxcé’s paper [HdS22]. Let us define some notations. If E is a normed simple algebra over R, then
we denote, for W ⊂ E and ρ > 0, W (ρ) := W + B(0, ρ) the ρ-neighborhood of W . For a ∈ E,
define det(a) as the determinant of the linear map x ∈ E 7→ ax ∈ E. For ρ > 0, define the set of
badly invertible elements of E as

SE(ρ) := {x ∈ E, |det
E

(x)| ≤ ρ}.

We are ready to quote our last version of the sum-product phenomenon.

Theorem 1.3.15 ([HdS22]). Let E be a normed simple algebra over R of finite dimension. Given
κ > 0, there exists s ∈ N and ε > 0 such that for any parameter τ ∈ (0, εκ) the following hold for
any scale δ > 0 sufficiently small. Let µ be a Borel probability measure on E. Assume that

1. µ
(
E \B(0, δ−ε)

)
≤ δτ

2. For every x ∈ E, µ(x+ SE(δε)) ≤ δτ

3. For every ρ ≥ δ and every proper affine subspace W ⊂ E, µ(W (ρ)) ≤ δ−ερκ.

Then, for all ξ ∈ E∗ with ∥ξ∥ = δ−1,

|µ̂⊙s(ξ)| ≤ δετ .

Let us conclude this chapter by stating that the authors of the paper mention (without proof)
that a similar statement should hold for semisimple algebras.
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Chapter 2

On oscillatory integrals with Hölder
phases

2.1 About oscillatory integrals

2.1.1 The Van Der Corput Lemma

The goal of this Chapter is to explain our strategy to prove Fourier decay in a simple context. In
this particular setting, this can be formulated as a statement on oscillatory integrals with Hölder
“autosimilar” phases. Let us first recall the basics.

About oscillatory integrals, one of the first question that comes to mind is the following: give
some sufficient conditions on the phase function ψ so that the associated integral exhibit power
decay, in the sense that there exists δ > 0 such that for all large |ξ|, we have∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣ ≤ |ξ|−δ.

The first result of this kind is the useful Van Der Corput lemma, which we recall:

Lemma 2.1.1 (Van Der Corput). Let ψ : [0, 1] → R be a Ck+1 phase (k ≥ 2) such that the k-th
derivative satisfies ψ(k) ≥ 1. Then, there exists Ck > 0 such that, for all ξ ≥ 1,∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣ ≤ Ckξ
−1/k.

Essentially, Lemma 2.1.1 states that our oscillatory integral exhibit power decay as soon as our
(smooth) phase satisfies a form of non-concentration hypothesis (the condition on the derivative).
Variants of this lemma (e.g. the non-stationary phase) also relies on non-concentration of the phase,
and on its smoothness. It is surprising to find that, to the author’s knowledge, no deterministic
example of (non-absolutely continuous) Hölder maps ψ are known to satisfies this type of result.
Yet, non-smooth maps appear regularly, and one must find a way to deal with them: for example,
in the context of hyperbolic dynamical systems, the stable/unstable foliation is known to be only
Hölder regular. Conjugacy between dynamical systems are often only Hölder, and invariant sets
(such as Julia sets in the context of conformal dynamics) are often very non-smooth.

The goal of this Chapter is to construct deterministic examples of Hölder phases satisfying a
Van Der Corput type of estimate, despite not being absolutely continuous. The lack of smoothness
of the phase will be replaced by a form of autosimiliarity, which will play a key role in the proof.

2.1.2 A probabilistic example: the Brownian motion

Before stating our main result, we will discuss some estimates that have been proved in a random
setting by Kahane [Ka85]. Let (Xn)n≥0 and (Yn)n≥1 be some i.i.d. random variables following a
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normalized Gaussian distribution N (0, 1). We define the Brownian motion (or Wiener process) on
[0, 1] by the following stochastic process:

W (t) := X0t+
√

2

∞∑
n=1

1

2πn

(
Xn sin(2πnt) + Yn(1 − cos(2πnt))

)
,

where convergence takes place almost surely in the L2(0, 1) sense. (Indeed, the fact that
E(
∑
k≥1 exp(X2

k/4)k−2) < ∞ implies that the series inside is finite a.s., and so Xk = O(
√

ln k).)
It is known that, for any α < 1/2, W defines almost surely a α-Hölder map, and for any α ≥ 1/2
is almost surely not α-Hölder. ([Ka85], p. 235, Th. 2 p. 236 and Th. 3 p. 241) The following
estimate holds.

Proposition 2.1.2 ([Ka85], p. 255). Almost surely, there exists C > 0 such that for all |ξ| ≥ 1, we
have ∣∣∣∣∫ 1

0

eiξW (t)dt

∣∣∣∣ ≤ C|ξ|−1
√

ln |ξ|.

This proposition is very inspiring: it suggest that a form of Van Der Corput Lemma should hold
in some generic sense for some genuinely “fractal” phases. More precisely, the lack of regularity of
the Brownian motion is compensated by its statistical autosimilarity ([Ka85], Th. 1 p. 234): it is
known that, for any c > 0, the process

t 7→
√
c W (t/c)

also defines a Brownian motion. Moreover, for any a > 0, the following scaled increments all follow
the same gaussian law:

W (t+ a) −W (t)√
a

∼ N (0, 1).

Those properties of the Brownian motion tell us that W (t) behaves in the same way in every scale,
which allows us to easily “zoom in” in the proofs as ξ grows.

It is thus natural for us to search for a deterministic candidate in the realm of“fractal” functions.
In the case of the Brownian motion, the property

√
c W (t/c) ∼W (t) can be formally rewritten as

a form of conjugacy: in a sense, W acts like a conjugacy between x 7→ cx and x 7→
√
cx. This may

be a hint for us to consider conjugacies of dynamical systems as good candidates for phases.

2.1.3 Our deterministic setting

Our explicit family of autosimilar phases ψ : [0, 1] → R will be constructed as conjugacies between
the doubling map and some perturbation. We denote by S1 := R/Z the circle. Define the doubling
map f0 : S → S by f0(x) := 2x. To state the main result, we need to recall a useful fact on
perturbations of expanding maps.

Proposition 2.1.3 ([KH95], Th.19.1.2 and Th.18.2.1). Let 0 < α < 1. Then there exists δ > 0
such that the following holds. Let f : S1 → S1 be a C1+α δ-perturbation of the doubling map
f0 : x ∈ S1 7→ 2x ∈ S1, meaning that

∥f − f0∥C1+α < δ.

Then, reducing α if necessary, there exists a α-Hölder conjugacy ψ : (S1, f0) → (S1, f). In
other words, ψ : S1 → S1 is a homeomorphism, Hölder with Hölder inverse, and ψ ◦ f0 = f ◦ ψ.
Generically, ψ is not absolutely continuous (meaning that its derivative in the sense of distributions
is not in L1(S)).

The fact that ψ is generically not absolutely continuous stands because any such conjugacy
must be C1+α (see [SS85]), which is not allowed if f ′(ψ(0)) ̸= 2, for example. (The derivative
is taken in the sense that f can be identified with an increasing, 1-periodic and C1+α function
R → R). We are ready to state our main Theorem.

Theorem 2.1.4. Let f0 : S1 −→ S1 be the doubling map. Let f be a C3 δ−perturbation of f0. Let
ψ : (S1, f0) → (S1, f) be the α-Hölder conjugacy. Then, there exists C > 0 and ρ > 0 such that:

∀ξ ∈ R∗,

∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣ ≤ C|ξ|−ρ.
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We can re-write Theorem 2.1.4 in a measure-theoretic form.

Definition 2.1.5. Denote by µ := ψ∗(dx) the pushforward of the lebesgue measure by ψ, so that∫ 1

0

eiξψ(x)dx =

∫ 1

0

eiξxdµ(x)

is the Fourier transform µ̂(ξ) of the measure µ. This probability measure is f -invariant on S1,
since the Lebesgue measure is f0-invariant on the circle.

Remark 2.1.6. The measure µ is known as the measure of maximal entropy for the dynamical
system (S, f), as it is the push-forward via ψ of the Lebesgue measure λ, which is the measure of
maximal entropy for the doubling map. Indeed, the topological entropy h(f0) of (S, f0) is ln 2 (see
[BS02] section 2.5) and the measure-theoretic entropy hλ(f0) is also ln 2 (see [BS02], section 9.4,
and Th. 9.5.4).

To prove this result, we separate two cases: one where f satisfies a linearity condition, and one
where f is totally non linear. The total nonlinearity condition (TNL) is defined as follows.

Definition 2.1.7. We say that f satisfies (TNL) if there exists no C1 with bounded derivative map
θ : S \ {ψ(0), ψ(1/2)} → R and no locally constant map κ : S \ {ψ(0), ψ(1/2)} → R such that, on
S \ {ψ(0), ψ(1/2)},

ln f ′ = θ ◦ f − θ + κ.

Lemma 2.1.8. If f doesn’t satisfies (TNL), then Theorem 2.1.4 holds.

Proof. Suppose that there exists a C1 with bounded derivative θ : S \ {ψ(0), ψ(1/2)} → R and a
locally constant map κ : S \ {ψ(0), ψ(1/2)} → R such that

ln f ′ = θ ◦ f − θ + κ.

on S \ {ψ(0), ψ(1/2)}. Since we are working with the doubling map f0, ψ(0) is a fixed point of f
that bounds our two intervals, and this implies that κ is constant. Indeed, we see that

ln f ′(ψ(0+)) = θ(f(ψ(0+))) − θ(ψ(0+)) + κ(ψ(0+)) = κ(ψ(0+))

and, similarly, ln f ′(ψ(0−)) = κ(ψ(0−)). Hence ln f ′ = θ ◦ f − θ + κ for some constant κ. We say
that f is cohomologous to a constant. It is then well known ([PP90], Th 3.6, and [Ba18], Th 2.2)
that µ, the measure of maximal entropy for (S, f), is equal to the SRB measure, that is, the only
invariant probability measure that is absolutely continuous with respect to the Lebesgue measure.
Moreover, in our case, the density of the SRB measure is C1, which is enough to ensure power
decay for µ̂.

The totally nonlinear case directly follows from the work of Sahlsten and Steven [SS20], dealing
with the power decay of the Fourier transform of equilibrium states for one dimensional expanding
maps. The proof is fairly technical in the general case, but can be drastically simplified in our
perturbative case. Let us precise our setting: for any C2 and 1-periodic function Φ : R → R, we
set, for δ > 0 small enough:

fδ(x) := zδ

∫ 2x

0

eδΦ(t)dt

where zδ > 0 is a normalization factor chosen so that fδ(1/2) = 1. We further make the “non-
constantness” hypothesis that 2Φ(0) ̸= Φ(1/3) + Φ(2/3). Notice that ln(f ′δ) = ln(2zδ) + δΦ, and
so fδ satisfies (TNL) iff Φ is not cohomologous to a locally constant map. We will check later that
this is always true if δ is small enough, thanks to our non-constantness hypothesis on Φ. The map
fδ factors into a perturbation of the doubling map on the circle. Denote the associated conjugacy
Ψδ. We prove the following.

Theorem 2.1.9. There exists C > 0 and ρ > 0 such that, if δ > 0 is small enough:

∀|ξ| ≥ 1,

∣∣∣∣∫ 1

0

eiξΨδ(x)dx

∣∣∣∣ ≤ Cδ−1|ξ|−ρ.

39



It is worth noticing that our explicit approach allows us to see that, even though the exponent
ρ depends on Φ, it doesn’t depends on δ: this partly answers, in our particular case, a question
found in [SS20] about the dependence of this exponent on the dynamics.

The plan of this chapter is the following. Section 2.2, 2.3 and 2.4 shows how one can reduce
Theorem 2.1.9 to checking a “nonlinearity estimate” on f for a general C3 perturbation of the
doubling map. In section 2.5, we see how one can check those estimates for our perturbation
defined above in an elementary way, inspired from [BD17].

Remark 2.1.10. It was pointed out to me by Frederic Naud that another example of Hölder phase
satisfying this “fractal Van der corput lemma” can be easily constructed. Consider the doubling
map, but this time, seen as the map z 7→ z2 restricted to the unit circle U ⊂ C. If c is a small
enough complex number, then there exists a topological circle Jc on which the dynamical system
z 7→ z2 + c is well defined ([Ly86], section 1.16). The two dynamics are then conjugated by a
quasiconformal mapping ψ : U → Jc (which is Hölder, [FS58]). It follows from the author previous
work [Le21] that there exists ε > 0 and C > 0 such that

∀z ∈ C,

∣∣∣∣∫
U
eiRe(zψ(θ))dθ

∣∣∣∣ ≤ C(1 + |z|)−ε.

This will be a consequence of Chapter 3, noticing that ψ∗(dθ) is the measure of maximal entropy
of z 7→ z2 + c on Jc.

2.2 Preliminary facts

We choose a C3 δ-perturbation f of the doubling map f0 : x 7→ 2x mod 1, for δ small enough.
Denote the Hölder conjugacy ψ. First of all, we define some inverse branches for the doubling map.

Definition 2.2.1. Define S
(0)
0 := [0, 1/2) and S

(0)
1 := [1/2, 1). This is a partition of [0, 1) ≃ S1

adapted to the doubling map. Define the associated inverse branches by:

g
(0)
0 : [0, 1) −→ S

(0)
0

x 7−→ x/2
, g

(0)
1 : [0, 1) −→ S

(0)
1

x 7−→ (x+ 1)/2

For any finite word a = a1 . . . an ∈ {0, 1}n, define

g(0)a := g(0)a1 . . . g
(0)
an .

The cylinder set associated to the word a is defined by S
(0)
a := g

(0)
a (S), and the collection

{S(0)
a , a ∈ {0, 1}n} is a partition of S1.

Recall that the Lebesgue measure is invariant by the doubling map. Moreover, for any mea-
surable map h : S1 → C, we have the identity∫

S
h(x)dx =

1

2

(∫
S
h(g

(0)
0 (x))dx+

∫
S
h(g

(0)
1 (x))dx

)
,

which gives, by induction: ∫
S
h(x)dx =

1

2n

∑
a∈{0,1}n

∫
S
h
(
g(0)a (x)

)
dx.

Now, we use our conjugacy ψ to define similar inverse branches and partitions for f .

Definition 2.2.2. For any finite word a ∈ {0, 1}n, define

ga := ψ ◦ g(0)a ◦ ψ−1 and Sa := ψ
(
S(0)
a

)
.

Notice that Sa = ga(S), and that ga is a local inverse of f . In particular, it is C3 on [0, 1).
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By definition of the inverse branches, the associated partition, and the pushforward measure
µ, we see that we have the following identity, holding for measurable maps h : S → C:∫

S
hdµ =

1

2n

∑
a∈{0,1}n

∫
S
h(ga(x))dµ(x).

In spirit, this identity is a consequence of the autosimilarity of µ (which itself is a consequence
of the autosimilarity of ψ, encoded by the fact that it is a conjugacy between expanding maps). It
will allow us to work on small scales with control, as the maps ga “zooms in” while respecting the
structure of ψ.

We define some notations for “orders of magnitude”. If there exists a constant C > 0 indepen-
dent of n such that an ≤ Cbn, then we write an ≲ bn. If an ≲ bn ≲ an, we denote an ≃ bn. If
there exist C,α > 0, independent of n and δ, such that C−1e−αδnan ≤ bn ≤ Cane

αδn, then we
denote it by an ∼ bn. (Recall that δ measure the C3 distance between f and f0). Then:

Lemma 2.2.3. Recall that the perturbation f is supposed to satisfy ∥f − f0∥C3 ≲ δ. The following
order of magnitude holds, for n ≥ 1 and a ∈ {0, 1}:

g′a ∼ 2−n , diam(Sa) ∼ 2−n.

Moreover, µ(Sa) = 2−n.

The proof is straightforward, as (fn)′ ∼ 2n (denoting fn := f ◦ · · · ◦ f). The second estimate
is a consequence from the first, using the mean value theorem. The last equality is by definition
of µ and Sa.

Finally, we prove a nonconcentration estimate for ψ.

Lemma 2.2.4. There exists C, δµ > 0 such that:

∀x ∈ S, ∀r > 0, µ ([x− r, x+ r]) ≤ Crδµ .

This can be rewritten as

λ ({y ∈ S, ψ(y) ∈ [x− r, x+ r]}) ≤ Crδµ ,

where λ denotes the Lebesgue measure on the circle, which explains why we can see this estimate
on µ as a nonconcentration estimate on ψ.

Proof. Fix x ∈ S and r > 0 small enough. We have, for any n ≥ 1:

µ ([x− r, x+ r]) ≤
∑

a∈{0,1}n

Sa∩[x−r,x+r]̸=∅

µ(Sa) = 2−n · # {a ∈ {0, 1}n, Sa ∩ [x− r, x+ r] ̸= ∅}

Recall that diam(Sa) ∼ 2−n. In particular, there exists C,α > 0 such that diam(Sa) ≥
C2−ne−δαn. Choosing n(r) := ⌊ | ln(r)|

ln 2+δα⌋ yields diam(Sa) ≥ Cr, so that

# {a ∈ {0, 1}n, Sa ∩ [x− r, x+ r] ̸= ∅} ≤ 4C,

and so

µ ([x− r, x+ r]) ≤ 4C · 2−n(r) ≤ C ′rδµ

for some C ′ > 0 and for δµ(δ) := (1 + δα/ ln 2)−1 < 1. Notice that δµ approaches one as δ gets
smaller.
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2.3 Reduction to sums of exponentials

We are ready to reduce our Van Der Corput lemma to a “nonlinearity estimate”. The goal of this
section is to approximate the integral by a finite sum of exponential, which will be controlled by a
powerful theorem of Bourgain from additive combinatorics, as soon as those nonlinearity estimates
are checked. In this section, 5 quantities will be at play: ξ, n, k, ε0 and δ. The only two variables
are ξ and n, and they are related by a relation of the form n ≃ ln |ξ|. The quantities k and ε0 are
constant parameters that will be fixed in section 2.4 while applying Theorem 2.4.1. The parameter
δ will be chosen small before any other constant (depending on Φ).

Our goal is to prove a bound of the form

∀ξ, |µ̂(ξ)| ≲ |ξ|−ρ.

In the next lemma, we will consider a family of words aj ∈ {0, 1}n, and we will denote their
concatenation A := a0 . . .ak ∈ {0, 1}(k+1)n. Same for words bj ∈ {0, 1} and their concatenation
B := b1 . . .bk ∈ {0, 1}kn. This section is devoted to the proof of the following reduction.

Lemma 2.3.1. Fix some ε0 > 0 small enough. Define, for j = 1, . . . , k, A = a0 . . .ak ∈ {0, 1}(k+1)n

and b ∈ {0, 1}n :
ζA,j(b) := 4ng′aj−1b

(
xaj

)
∼ 1

where xa := ga(0) ∈ Sa. Then, for |ξ| large enough, the following holds:

|µ̂(ξ)|2 ≲ e−ε0δµn/4 + 2−(k+1)n
∑

A∈{0,1}(k+1)n

sup
η∈[eε0n/2,e2ε0n]

2−kn

∣∣∣∣∣∣
∑

B∈{0,1}kn

eiηζA,1(b1)...ζA,k(bk)

∣∣∣∣∣∣ ,
where n :=

⌊
ln |ξ|

(2k+2) ln 2−ε0

⌋
.

Proof. First of all, using the autosimilarity formula for µ, we get for any integer N :∫ 1

0

eiξψ(x)dx =

∫ 1

0

eiξxdµ(x)

= 2−N
∑

C∈{0,1}N

∫
S
eiξgC(x)dµ(x).

The actual value of gC isn’t important to us, the only relevant information for Fourier decay is
its non-concentration. Hence, we are encouraged to use the Cauchy-Schwarz inequality like so:

|µ̂(ξ)|2 ≤ 2−N
∑

C∈{0,1}N

∣∣∣∣∫
S
eiξgC(x)dµ(x)

∣∣∣∣2

= 2−N
∑

C∈{0,1}N

∫∫
S×S

eiξ(gC(x)−gC(y))dµ(x)dµ(y).

Now, choose N := (2k + 1)n, and set C = a0b1a1 . . .ak−1bkak, where ai,bi ∈ {0, 1}n. In a
more compact fashion, we will denote A := a0a1 . . .ak ∈ {0, 1}(k+1)n, B := b1 . . .bk ∈ {0, 1}kn,
and A ∗B := C. This gives:

|µ̂(ξ)|2 ≲ 2−(2k+1)n
∑
A,B

∫∫
S×S

eiξ(gA∗B(x)−gA∗B(y))dµ(x)dµ(y).

Now, we will carefully linearize the phase. Define A#B = a0b1a1 . . .ak−1bk. Notice that, by
the mean value theorem, for all x, y ∈ [0, 1), there exists z ∈ [0, 1) such that

gA∗B(x) − gA∗B(y) = g′A#B(z)(x̂− ŷ)

where x̂ := gak
(x) and ŷ := gak

(y). The main idea is that g′A#B(z) can be written as a product of
k functions, and this will allow us to apply the sum product-phenomenon to conclude (see section
2.4). We need to renormalize appropriately those functions. Define

ζA,j(b) := 4ng′aj−1b(xaj
) ∼ 1,
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where xa := ga(0) ∈ Sa. The fact that f ′ is Lipschitz gives us the following bounds:

∣∣∣∣∣∣2−(2k+1)n
∑
A,B

∫∫
S×S

(
eiξ(gA∗B(x)−gA∗B(y)−4−knζA,1(b1)...ζA,k(bk)(x̂−ŷ)) − 1

)
dµ(x)dµ(y)

∣∣∣∣∣∣
≲ |ξ|2−(2k+1)n

∑
A,B

∣∣gA∗B(x) − gA∗B(y) − 4−knζA,1(b1) . . . ζA,k(bk)(x̂− ŷ)
∣∣

≲ eαδn2−(2k+2)n|ξ|

for some α > 0. This encourages us to relate ξ and n so that

|ξ| ≃ 2(2k+2)ne−ε0n

for some ε0 > 0 small enough that will be fixed later. This choice allows us to write, if δ > 0 is
small enough,

|µ̂(ξ)|2 ≲ e−ε0n/2 + 2−(2k+1)n
∑
A,B

∫∫
S×S

eiξ4
kn(x̂−ŷ)ζA,1(b1)...ζA,k(bk)dµ(x)dµ(y),

so that we may now work on the integral on the right side. Define ηA(x, y) := ξ4−kn(x̂− ŷ). The
mean value Theorem gives us bounds of the form

eε0ne−αδn(x− y) ≲ |ηA(x, y)| ≲ e2ε0n.

To conclude, we just need to control the diagonal part of the integral. This is easily done using
Lemma 2.2.4, as follows:

2−(2k+1)n
∣∣∣∑
A,B

∫∫
{|x−y|≤e−(ε0/2−αδ)n}

eiηA(x,y)ζA,1(b1)...ζA,k(bk)dµ(x)dµ(y)
∣∣∣

≲ µ⊗ µ
({

(x, y) ∈ S × S, |x− y| ≤ e−(ε0/2−αδ)n
})

≲ e−(ε0/2−αδ)δµn ≲ e−ε0δµn/4.

So that now we may write, denoting by D := {(x, y) ∈ R2 , |x − y| ≤ e−(ε0/2−αδ)n} the previous
neighborhood of the diagonal:

|µ̂(ξ)|2 ≲ e−ε0n/2 + e−ε0δµn/4 + 2−(2k+1)n
∣∣∣∑
A,B

∫∫
S×S\D

eiηA(x,y)ζA,1(b1)...ζA,k(bk)dµ(x)dµ(y)
∣∣∣

≲ e−ε0δµn/4 + 2−(2k+1)n
∑

A∈{0,1}(k+1)n

∫∫
S×S\D

∣∣∣∣∣∣
∑

B∈{0,1}kn

eiηA(x,y)ζA,1(b1)...ζA,k(bk)

∣∣∣∣∣∣ dµ(x)dµ(y)

≲ e−ε0δµn/4 + 2−(k+1)n
∑

A∈{0,1}(k+1)n

sup
|η|∈[eε0n/2,e2ε0n]

2−kn

∣∣∣∣∣∣
∑

B∈{0,1}kn

eiηζA,1(b1)...ζA,k(bk)

∣∣∣∣∣∣ .

2.4 The sum-product phenomenon

The conclusion of the proof will be a consequence of a version of the sum-product phenomenon,
which we recall (see Section 1.3.2 for similar statements):
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Theorem 2.4.1 (Sum-product phenomenon). Fix 0 < γ0 < 1. There exist k ∈ N, c > 0 and ε1 > 0
depending only on γ0 such that the following holds for η ∈ R large enough. Let Z be a finite set,
and fix some maps ζj : Z → R, j = 1, . . . , k, such that, for all j:

∀b ∈ Z, |η|−ε1/2 ≤ |ζj(b)| ≤ |η|ε1/2

and
∀σ ∈ [|η|−2, |η|−ε1 ], #{(b, c) ∈ Z2, |ζj(b) − ζj(c)| ≤ σ} ≤ (#Z)

2
σγ0 . (∗)

Then ∣∣∣∣∣∣ 1

#Zk

∑
b1,...bk∈Z

exp (iηζ1(b1) . . . ζk(bk))

∣∣∣∣∣∣ ≤ c|η|−ε1 .

Our goal is to apply Theorem 2.4.1 with Z := {0, 1}n and ζj := ζA,j . The fact that ζA,j ∼ 1
means that there exists a constant α > 0 such that e−αδn ≤ |ζA,j(b)| ≤ eαδn, which gives the
bound |η|−ε1/2 ≤ |ζA,j(b)| ≤ |η|ε1/2 for n large enough and δ small enough. The only difficult
requirement to check is the “non concentration hypothesis” (∗) (which is a non-linearity estimate
on f). In previous work using this strategy to prove Fourier decay, various techniques were used
to check this nonconcentration hypothesis. In [SS20] and [Le21], this estimate is checked using
Dolgopyat’s estimates, such as found in [Do98]. In [LNP19], the non-concentration estimates are
checked using regularity estimates for stationary measures of random walks. In the early work of
Bourgain and Dyatlov [BD17], the nonconcentration estimates are checked directly, without the
need of any additional technology. To get an elementary conclusion, we will present a new, ele-
mentary way to check the nonconcentration estimates that we need, inspired from [BD17]. This
strategy works even in a non-perturbative case, but we restricted ourselves to this case for simplicity.

Let us define the sets of regular words on which the sum-product phenomenon applies. Our
goal will be to prove that they represent most of the words.

Definition 2.4.2. Fix γ0 := γΦ/100, where γΦ ∈ (0, 1) is given by Remark 2.5.8. Then Theorem
2.4.1 fixes some k ∈ N and ε1 ∈ (0, 1) (that are associated to γ0 > 0). Fix ε0 := 1/20 and δ small
enough depending on Φ. We call a block A = a0 . . .ak ∈ {0, 1}(k+1)n regular if for all j ∈ J1, kK:

∀σ ∈ [e−4ε0n, e−ε0ε1n/2], #{(b, c) ∈ ({0, 1}n)2, |ζA,j(b) − ζA,j(c)| ≤ σ} ≤ 4nσγ0 .

Similarly, we call a couple (a,d) ∈ ({0, 1}n)2 regular if:

∀σ ∈ [e−4ε0n, e−ε0ε1n/2], #{b, c ∈ {0, 1}n, |4ng′ab(xd) − 4ng′ac(xd)| ≤ σ} ≤ 4nσγ0 .

We will denote the set of regular blocks by Rk+1
n , and the set of regular couples R2

n.

We postpone to the next section the proof of the following

Lemma 2.4.3. Most blocks are regular:

2−(k+1)n#
(
{0, 1}(k+1)n \ Rk+1

n

)
≲ δ−1e−ε0ε1γΦn/400.

This Lemma allows us to conclude the proof of Theorem 2.1.9: indeed, by Lemma 2.3.1, we
already know that∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣2 ≲ e−ε0δµn/4+2−(k+1)n
∑

A∈{0,1}(k+1)n

sup
η∈[eε0n/2,e2ε0n]

2−kn

∣∣∣∣∣∣
∑

B∈{0,1}kn

eiηζA,1(b1)...ζA,k(bk)

∣∣∣∣∣∣ .
Using the previous bound yields:∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣2 ≤ Cδ

(
e−ε0δµn/4 + e−ε0ε1γΦn/400

)

+2−(k+1)n
∑

A∈Rk+1
n

sup
η∈[eε0n/2,e2ε0n]

2−kn

∣∣∣∣∣∣
∑

B∈{0,1}kn

eiηζA,1(b1)...ζA,k(bk)

∣∣∣∣∣∣ .
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We then know that all regular blocks A produces maps ζA,j that satisfies the non concentration
hypothesis required to apply Theorem 2.4.1. This gives the exponential bound:∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣2 ≤ Cδ

(
e−ε0δµn/4 + e−ε0ε1γΦn/400 + e−ε0ε1n/2

)
.

Notice the following interesting fact: since δµ approach one as the perturbation gets smaller, we see
(in our particular case of a carefully chosen perturbation of the doubling map) that the exponent
of decay might be chosen constant in δ (for δ small enough depending on Φ).

Recalling that n :=
⌊

(ln |ξ|)
(2k+2) ln 2−ε0

⌋
then gives

∣∣∣∣∫ 1

0

eiξψ(x)dx

∣∣∣∣ ≤ Cδ|ξ|−ρ

For some ρ(Φ) > 0, constant in δ. The fact that we get a constant Cδ ≥ Cδ−1 in front of our
power decay is an artefact of our method: the sum-product estimates needs some nonlinearity to
holds, and fδ is “more linear” as δ approaches zero. This partially answers a question found in
[SS20] about the dependence of the exponent ρ on the dynamics.

2.5 The non-concentration estimates

Let us recall the family of perturbations of the doubling map that we work with. For any periodic
function Φ : S → R, we are going to construct a perturbation f of the doubling map so that
ln f ′ = c0 + c1 · Φ.

Definition 2.5.1. Let Φ : R → R be 1-periodic and C2. Suppose that 2Φ(0) ̸= Φ(1/3) + Φ(2/3).
Then, for δ ∈ (0, 1), set

φδ(x) := zδ

∫ x

0

eδΦ(t)dt.

where

z−1
δ :=

∫ 1

0

eδΦ(t)dt.

We see that φδ is a perturbation of the identity that factors into a C3-diffeomorphism of the
circle. More precisely, there exists a constant C > 0 such that ∥φδ − Id∥C3 ≤ Cδ. Moreover, for all
x, xe−2∥Φ∥∞δ ≤ φδ(x) ≤ xe2∥Φ∥∞δ, and e−2∥Φ∥∞δ ≤ φ′

δ(x) ≤ e2∥Φ∥∞δ.

Definition 2.5.2. Our perturbation of the doubling map is defined as follows: for some δ > 0, set

fδ(x) := φδ(2x).

The parameter δ will be taken small enough at the end of the section. Notice that φ0(x) = x
and so f0 is the doubling map. We will omit δ and write f, φ instead of fδ, φδ for the rest of the

section. We define the inverse branches for a ∈ {0, 1} by ga(x) := g
(0)
a (φ−1(x)). We define, for a

word a ∈ {0, 1}n, ga := ga1...an . Finally, set Sa := ga(S).

Remark 2.5.3. Notice that f was constructed such that S0 = [0, 1/2) and S1 = [1/2, 1).

Lemma 2.5.4. Let a ∈ {0, 1}n. Then

− ln g′a = n(ln 2 + ln zδ) + δ · SnΦ ◦ ga,

where SnΦ :=
∑n−1
k=0 Φ ◦ fk. In particular, 2ng′a ∈ [e−2δ∥Φ∥∞n, e2δ∥Φ∥∞n], and

∣∣∣ g′a(x)g′a(y)
− 1
∣∣∣ ≤

3δ∥Φ∥C1e2δ∥Φ∥∞n|x− y|.

Proof. We see that

ln g′a = − ln(fn)′ ◦ ga = −
n−1∑
k=0

(ln f ′) ◦ fk ◦ ga.
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Moreover, ln f ′(x) = lnφ′(2x) + ln 2, and lnφ′ = ln zδ + δ · Φ. The first estimate is easy since
| ln zδ| ≤ δ∥Φ∥∞. The second estimate can be checked as follows:∣∣∣∣g′a(x)

g′a(y)
− 1

∣∣∣∣ =
∣∣∣eln g′a(x)−ln g′a(y) − 1

∣∣∣
≤ e2nδ∥Φ∥∞ |ln g′a(x) − ln g′a(y)| ≤ δe2nδ∥Φ∥∞

n∑
j=1

∣∣Φ(gaj ...anx) − Φ(gaj ...any)
∣∣

≤ δ∥Φ∥C1e2δ∥Φ∥∞n
n∑
j=1

(2/3)j |x− y| ≤ 2δ∥Φ∥C1e2δ∥Φ∥∞n|x− y|.

Before heading into the proof of the non-concentration estimate, we borrow from [AGY06]
(Prop 7.4) a discussion on the “total nonlinearity condition” (TNL), relating it to a “uniform non
integrability condition” (UNI) that will be more useful to us.

Proposition 2.5.5. Since Φ ∈ C2, the following are equivalent:

1. f satisfies (TNL).

2. There exists no locally constant map K : S0 ⊔ S1 → R and no C1 with bounded derivative
θ : S0 ⊔ S1 → R such that

Φ = K + θ ◦ f − θ.

3. (UNI 1) There exists c0 ∈ (0, 1) such that for all N ≥ 0, there exists n ≥ N and a,b ∈ {0, 1}n,
such that

∃x ∈ S, |(SnΦ ◦ ga − SnΦ ◦ gb)′(x)| > c0

4. (UNI 2) There exists c0 ∈ (0, 1) such that for all N ≥ 0, there exists n ≥ N and a,b ∈ {0, 1}n,
such that

∀x ∈ S, |(SnΦ ◦ ga − SnΦ ◦ gb)′(x)| > c0

Proof. The fact that point 2) is equivalent to (TNL) is obvious from the definitions.

Let us prove (TNL) ⇐⇒ (UNI 1) . Suppose that there exists a locally constant K and a C1

with bounded derivative θ such that Φ = K + θ ◦ f − θ. Then SnΦ ◦ ga = SnK + θ − θ ◦ ga. In
particular, for any x, we get:

|(SnΦ ◦ ga − SnΦ ◦ gb)′(x)| ≤ 2|θ′|∞κn+

where κ+ ∈ (0, 1) is such that g′a(x) < κ+ for all x and a ∈ {0, 1} (we can choose κ+ = 2−1eO(δ),
or even κ+ := 2−1/2 to remove the dependency on δ). This contradicts (UNI 1) and hence proves
(UNI 1) ⇒ (TNL).

Now, suppose that (UNI 1) doesn’t hold. This means:

∀ε > 0,∃N ≥ 0,∀n ≥ N, ∀a,b ∈ {0, 1}n,∀x ∈ S, |(SnΦ ◦ ga − SnΦ ◦ gb)′(x)| < ε.

The point is that, in this case, a family of natural maps (Xa)a, indexed on a = . . . anan−1 . . . a2a1 ∈
{0, 1}∞, are going to all be equal to each other. For such an infinite word a, define (on S \ {0}):

Xa(x) :=

∞∑
i=1

Φ′(gai...a1x)g′ai...a1(x) = lim
n→∞

(SnΦ ◦ gan...a1)′(x).

It is then easy to see that our condition yields

∀a,b ∈ {0, 1}∞, Xa = Xb.
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Moreover, X := Xa is C0 (and bounded by |Φ′|∞κ+/(1−κ+)). We are going to use X to construct
a map θ that will allow us to contradict (TNL). Let x ∈ Sb for some b ∈ {0, 1}. Let a ∈ {0, 1}∞.
Notice that:

X ◦ f(x) = Xab(f(x)) = Φ′(gbf(x))g′b(f(x)) +

∞∑
i=1

Φ′(gai...a1bf(x))g′ai...a1b(f(x))

=
1

f ′(x)
·

(
Φ′(x) +

∞∑
i=1

Φ′(gai...a1(x))g′ai...a1(x)

)

=
1

f ′(x)
· (Φ′(x) +Xa(x)) ,

and hence,
Φ′ +X − (X ◦ f) · f ′ = 0.

We can conclude by integrating this relation. (Notice that since X is defined on S \ {0}, X ◦ f is
defined on S0 ⊔ S1. So, in a more general setting, this argument indeed gives us a locally constant
map, and not a constant map.) It is worth noticing that X can be integrated in an explicit θ. For
example, fix some x0 ∈ S \ {0}, and let for x ∈ S \ {0}:

θ(x) :=

∞∑
i=1

(Φ(gai...a1x) − Φ(gai...a1x0)) .

This map is C1 and satisfies θ′ = X. In particular, Φ + θ − θ ◦ f is locally constant, and we have
proved (TNL) ⇒ (UNI 1).

We conclude by showing (UNI 1) ⇒ (UNI 2) in our smooth case. (The fact that (UNI 2) ⇒
(UNI 1) is obvious.) Suppose that there exists c0 and N such that, for all n ≥ N , there exists
a,b ∈ {0, 1}n, and there exists some x0 such that |(SnΦ ◦ ga − SnΦ ◦ gb)′(x0)| > c0. Fix n0 ≥ N
large enough so that 2|Φ′|∞κn0+1

+ (1 − κ+)−1 < c0/4. Let a,b ∈ {0, 1}n0 and x0 be given by (UNI
1). Since Φ is C1, the estimate holds on some neighborhood of x0, replacing c0 by c0/2. More
precisely, there exists n1 ≥ 0 and c ∈ {0, 1}n1 such that:

∀x ∈ S, |(Sn0
Φ ◦ ga − Sn0

Φ ◦ gb)′(gcx)| > c0/2.

Notice that
(Sn0+n1Φ ◦ gac)′(x) = (Sn0Φ ◦ ga)′(gcx)g′c(x) + (Sn1Φ ◦ gc)′(x),

and hence
∀x, |(Sn0+n1

Φ ◦ gac)′(x) − (Sn0+n1
Φ ◦ gbc)′(x)| > c0g

′
c(x)/2.

This finally allows us to conclude. Set Ñ := n0 + n1 and set c̃0 := c0κ
n1
− /4, where κ− ∈ (0, 1)

is such that κ− < g′a(x) for all a ∈ {0, 1} and for all x. (We can choose κ− = 2−1eO(δ).) We are
going to check (UNI 2) for those constants.

Let n ≥ Ñ . Choose any â, b̂ ∈ {0, 1}n−Ñ and fix A := âac ∈ {0, 1}n and B := b̂bc ∈ {0, 1}n,
where a,b, c are like earlier. We get, for all x:

|(SnΦ ◦ gA − SnΦ ◦ gB)′(x)|

= |(Sn−ÑΦ ◦ gâ)′(gacx)g′ac(x) − (Sn−ÑΦ ◦ gb̂)′(gbcx)g′bc(x) + (SÑΦ ◦ gac − SÑΦ ◦ gbc)′(x)|

≥ c0g
′
c(x)

2
− 2|Φ′|∞κ+

1 − κ+
κn0
+ g′c(x) > c0κ

n1
− /4.

Now we understand how one can transform this (TNL) hypothesis into a condition involving
Birkhoffs sums of Φ. We still need to show that, in our context, these conditions are satisfied. We
will also need to strenghten a bit the argument to show that, in our context, (UNI2) is satisfied
for any δ > 0 small enough with constants c0 and N that can be chosen constant in δ.
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Lemma 2.5.6. Since 2Φ(0) ̸= Φ(1/3) + Φ(2/3), there exists δ0(Φ) ∈ (0, 1), c0(Φ) > 0, N(Φ) ≥ 1
such that, for any δ ∈ (0, δ0), for any n ≥ N , there exists a,b ∈ {0, 1}n such that

∀x ∈ S, |(SnΦ ◦ ga − SnΦ ◦ gb)′(x)| > c0.

Proof. First of all, let us show that Φ is not cohomologous to a locally contant map for the
doubling map f0. By contradiction, assume that there exists κ : S0 ⊔S1 → R locally constant, and
θ : S0 ⊔ S1 → R C1 with bounded derivative such that

Φ = κ+ θ ◦ f0 − θ.

We already saw (see Lemma 2.1.8) that this implies that κ is a constant map. Now, since f0(0) = 0
and f20 (1/3) = f0(2/3) = 1/3, we get in this case:

Φ(0) = κ =
1

2
(Φ(1/3) + Φ(2/3))

which is not possible by our choice of Φ. It follows that Φ satisfies (UNI2) when δ = 0: there
exists N ≥ 0 and c0 > 0 such that, for every n ≥ N , there exists a,b ∈ {0, 1}n such that

∀x ∈ S,
∣∣∣ n∑
i=1

Φ′(g(0)ai...a1(x))(g(0)ai...a1)′(x) −
n∑
i=1

Φ′(g
(0)
bi...b1

(x))(g
(0)
bi...b1

)′(x)
∣∣∣ ≥ c0.

We let n go to infinity and we find two infinite words a,b ∈ {0, 1}∞ such that

∀x ∈ S, |X(0)
a (x) −X

(0)
b (x)| > c0

where X
(δ)
a (x) =

∑∞
i=1 Φ′(gai...a1x)g′ai...a1(x). This quantity can be seen as a function of (x, δ) ∈

S× [0, 1). One check easily that this function is uniformly continuous on a set (x, δ) ∈ S× [0, δ0] by
normal convergence of this series. Hence, choosing δ0 small enough, one can ensure the following
estimate:

∀δ ∈ [0, δ0],∀x ∈ S, |X(δ)
a (x) −X(δ)

a (y)| > c0/2.

We conclude by cutting the series for a large enough N (that can be chosen uniform in δ), following
the end of the proof of our previous lemma.

Now, we know that our choice of Φ implies a nonlinearity hypothesis on f , which can itself be
rewritten into a condition involving derivatives of Birkhoff sums involving Φ. Our goal is to use
this condition to get our nonconcentration estimates. The idea of the proof of Lemma 2.4.3 can
be decomposed in two main steps.

1. The nonconcentration hypothesis can be rewritten in terms of a non-concentration estimate
on Birkhoff sums involving Φ, namely SnΦ ◦ ga.

2. To check that those Birkhoff sums doesn’t concentrate too much, we show that the derivatives
(SnΦ ◦ ga − SnΦ ◦ gb)

′
are often away from zero.

We begin by step 2. To this end, we prove a useful lemma, which is a consequence of Lemma
2.5.6. This looks like a dimension estimate for a Cantor set. The idea behind the proof is the fol-
lowing: picture an autosimilar tree, with leaves that looks like a Cantor set. Fix a small interval.
Our goal is to count the number of leaves that encounter this interval. We begin by saying that
we can cut down some of the branches at the first level. Then, we can conclude by induction on
the tree structure, by seeing our big tree as an union of smaller trees.

In what follows, the“tree” is given by the map a ∈ {0, 1}n 7→
∑n
i=1 Φ′(gai...a1x0)g′ai...a1(x0) ∈ R,

and the small interval is [a− σ, a+ σ].

Lemma 2.5.7 (Tree lemma). Let n ∈ N. Let σ > 0. Then, for all a ∈ R, and for all x0 ∈ S:

1

2n
#{a ∈ {0, 1}n| (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ]} ≤

(
4

c0

)γ
· σγ + κ−γN− · κγn−

where c0 and N are fixed constants given by Lemma 2.5.6, γ := 1
N

ln(1−2−N )
lnκ−

, and κ− := 1/4 <

mina∈{0,1} infx∈S g
′
a(x).
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Proof. The proof goes by induction on n. Fix c0 > 0 and N large enough so that Lemma 2.5.6
holds for those constants, and such that

2|Φ′|∞κN+1
+ (1 − κ+)−1 ≤ c0/4,

where κ+ :=
√

2 > maxa∈{0,1} supx g
′
a(x). If n ≤ N , then the bound follows from 1 ≤ κ−γN− κγn− .

So let n ≥ N + 1, and suppose that Lemma 2.5.7 holds for all k < n. If σ ≥ c0/4, then the bound
holds since 1 ≤ (4σ/c0)

γ
. So suppose that σ < c0/4.

Step one: We use UNI to get a bit of decay. (“Cutting a branch”)

We cut the words a ∈ {0, 1}n in two parts: a = ãâ, with ã ∈ {0, 1}n−N and â ∈ {0, 1}N . Our
quantity of interest can then be rewritten:

1

2n
#{a ∈ {0, 1}n, (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ]}

=
1

2N

∑
â∈{0,1}N

1

2n−N
#{ã ∈ {0, 1}n−N , (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ]}.

Now, (UNI2) allows us to see that there exists â ∈ {0, 1}N such that for all ã, (SnΦ ◦ ga)′(x0) /∈
[a− σ, a+ σ]. Indeed, there exists â, b̂ ∈ {0, 1}N such that

(SNΦ ◦ gâ − SNΦ ◦ gb̂)′(x0) > c0.

Hence, we know that one of the words â or b̂, call it â(0), satisfy

|(SNΦ ◦ gâ(0))′(x0) − a| > c0/2.

Hence, for all ã ∈ {0, 1}n−N ,

|(SnΦ ◦ gãâ(0))′(x0) − a| > c0/2 − 2|Φ′|∞κN+1
+ (1 − κ+)−1 > c0/4,

and so, since σ < c0/4:

∀ã ∈ {0, 1}n−N , (SnΦ ◦ gãâ(0))′(x0) /∈ [a− σ, a+ σ].

In particular, we have:

1

2n
#{a ∈ {0, 1}n, (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ]}

=
1

2N

∑
â∈{0,1}N

â̸=â(0)

1

2n−N
#
{
ã ∈ {0, 1}n−N , (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ]

}
.

Step two: We use our induction hypothesis by taking advantage of the autosimilarity of SnΦ◦ga.
(“induction on the tree structure + rescaling”)

Notice that

(SnΦ ◦ ga)′(x0) = (Sn−NΦ ◦ gã)′(gâx0)g′â(x0) + (SNΦ ◦ gâ)′(x0).

The condition (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ] can then be rewritten (fixing some â):

(Sn−NΦ ◦ gã)′(y0) ∈ [ã− σ̃, ã− σ̃],

where y0 := gâ(x0), ã := (a− SNτ ◦ gâ(x0))/g′â(x0), and σ̃ := σ/g′â(x0). In particular, the induc-
tion hypothesis applies, and gives:

∀â ∈ {0, 1}N , 1

2n−N
#
{
ã ∈ {0, 1}n−N , (SnΦ◦ga)′(x0) ∈ [a−σ, a+σ]

}
≤
(

4

c0

)γ
σ̃γ + κ−γN− κ

γ(n−N)
− .
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We then inject this estimate into the sum at the end of step 1, use σ̃ ≤ σκ−N− , and we get:

1

2n
#{a ∈ {0, 1}n, (SnΦ ◦ ga)′(x0) ∈ [a− σ, a+ σ]}

≤
(

1 − 1

2N

)
κ−Nγ−

((
4

c0

)γ
· σγ + κ−γN− · κγn

)
=

(
4

c0

)γ
· σγ + κ−γN− · κγn− ,

since (
1 − 1

2N

)
κ−Nγ− = 1

by definition of γ > 0. The proof is done.

Remark 2.5.8. Notice that there exists δΦ > 0 such that, if δ ∈ (0, δΦ), the decay rate γ obtained
previously is larger than γΦ := 2−N/(10N) ∈ (0, 1). Hence, if δ is small enough (depending on Φ),
we can suppose that the previous γ gives a uniform bound independent of δ. The previous lemma
can be adapted to work for any equilibrium state (not only for the measure of maximal entropy),
and also works even in a nonperturbative setting. (Our choice of setting was made to simplify the
exposition in this chapter.)

Lemma 2.5.9. There exists C(Φ) > 0 such that, for any n ≥ 0 and a ∈ {0, 1}n,

∥(SnΦ ◦ ga)′′∥∞ ≤ C(Φ).

Proof. Recall that Φ was supposed to be C2. In particular, (SnΦ ◦ ga)′ is C1. Moreover,

(SnΦ ◦ ga)
′′
(x)

=

n∑
i=1

Φ′′(gai...a1(x))g′ai...a1(x)2+

n∑
i=1

Φ′(gai...a1(x))

 i∑
j=1

(ln g′aj )′(gai−1...a1(x))g′ai−1...a1(x)

 g′ai...a1(x)

satisfies

∥(SnΦ ◦ ga)′′∥∞ ≤
∑
i

∥Φ′′∥∞2−i/2 +
∑
i

∑
j<i

δ∥Φ′∥2∞2−j/22−i/2 ≤ C(Φ) <∞

for some constant C(Φ) ≥ 1 that only depends on the C2-norm on Φ.

Lemma 2.5.10. Let n be large enough. Let σ ∈ [e−5ε0n, δ−1e−ε0ε1n/3]. Define ñ := ⌊(log2 σ)/2⌋.
This is a slowly increasing zoom factor, scaled so that 2−ñe2δn ≃

√
σe2δn ≤ σ1/10. Fix any word

a ∈ {0, 1}n. The following bound holds:

2−2n−ñ#{(b, c) ∈ ({0, 1}n)2,d ∈ {0, 1}ñ|∃x ∈ Sd,
∣∣(S2nΦ ◦ gab − S2nΦ ◦ gac)

′
(x)
∣∣ ≤ σ1/10} ≤ δ−1/2σγΦ/50.

Proof. We are going to reduce our bound to the previous lemma. Notice first that, for fixed words
a,b and c, we can compute the derivative of S2nΦ ◦ gab − S2nΦ ◦ gac as follow:

(S2nΦ ◦ gab − S2nΦ ◦ gac)
′

= g′b (SnΦ ◦ ga)
′ ◦ gb + (SnΦ ◦ gb)

′ − g′c (Sn ◦ ga)
′ ◦ gc − (SnΦ ◦ gc)

′
.

We see that the terms involving a becomes negligible. Indeed,
∣∣(SnΦ ◦ ga)

′∣∣ ≤ 2∥Φ′∥∞, and

|g′b|, |g′c| ≤ 2−ne2δ|Φ|∞n, so that∣∣g′b (Sn ◦ ga)
′ ◦ gb − g′c (Sn ◦ ga)

′ ◦ gc
∣∣ ≤ 4∥Φ′∥∞ · 2−ne2δ|Φ|∞n ≤ σ1/10

for n large enough, since δ is small enough and ε0 < 1. Hence, if | (S2nΦ ◦ gab − S2nΦ ◦ gac)
′ | ≤

σ1/10, then
∣∣(SnΦ ◦ gb − SnΦ ◦ gc)

′∣∣ ≤ 2σ1/10, and it follows that

2−2n−ñ#{(b, c) ∈ ({0, 1}n)2,d ∈ {0, 1}ñ | ∃x ∈ Sd,
∣∣(S2nΦ ◦ gab − S2nΦ ◦ gac)

′
(x)
∣∣ ≤ σ1/10}

≤ 2−2n−ñ#{(b, c) ∈ ({0, 1}n)2,d ∈ {0, 1}ñ | ∃x ∈ Sd,
∣∣(SnΦ ◦ gb − SnΦ ◦ gc)

′
(x)
∣∣ ≤ 2σ1/10}.
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= 2−ñ−n
∑

d∈{0,1}ñ

c∈{0,1}n

2−n#
{
b ∈ {0, 1}n | ∃x ∈ Sd, (SnΦ ◦ gb)′(x) ∈ [ac(x) − 2σ1/10, ac(x) + 2σ1/10]

}

with ac(x) := (SnΦ◦ gc)′(x). Now, the previous lemma tells us that |ac(x)−ac(xd)| ≤ C(Φ)σ1/10,
and similarly for ab. It follows that:

2−ñ−n
∑

d∈{0,1}ñ

c∈{0,1}n

2−n#
{
b ∈ {0, 1}n | ∃x ∈ Sd, (SnΦ ◦ gb)′(x) ∈ [ac(x) − 2σ1/10, ac(x) + 2σ1/10]

}

≤ 2−ñ−n
∑

d∈{0,1}ñ

c∈{0,1}n

2−n#
{
b ∈ {0, 1}n | (SnΦ ◦ gb)′(xd) ∈ [ac(xd) − 4C(Φ)σ1/10, ac(xd) + 4C(Φ)σ1/10]

}
.

Now, the “tree Lemma” 2.5.7 gives:

2−2n−ñ#{(b, c) ∈ ({0, 1}n)2,d ∈ {0, 1}ñ|∃x ∈ Sd,
∣∣(S2nΦ ◦ gab − S2nΦ ◦ gac)

′
(x)
∣∣ ≤ σ1/10}

≤
(16 C(Φ)

c0

)γΦ
σγΦ/10 + κγΦN− κγΦn− ≤ δ−1/2σγΦ/50

if n is large enough, and since δ is small enough in front of ε0 and ε1.

Lemma 2.5.11. Let n be large enough. Let σ ∈ [e−5ε0n, δ−1e−ε0ε1n/3]. Let a ∈ {0, 1}n. Then:

8−n#
{

(b, c,d) ∈ ({0, 1}n)
3
, |S2nΦ ◦ gab(xd) − S2nΦ ◦ gac(xd)| ≤ σ

}
≤ 2δ−1/2σγΦ/50

Proof. We cut the word d in two : d := d̃d̂, with d̃ ∈ {0, 1}ñ and d̂ ∈ {0, 1}n−ñ, where ñ :=
⌊(log2 σ)/2⌋. The desired cardinal becomes

8−n#
{

(b, c, d̃, d̂) ∈ ({0, 1}n)2 × {0, 1}ñ × {0, 1}n−ñ, |S2nΦ ◦ gab(xd̃d̂) − S2nΦ ◦ gac(xd̃d̂)| ≤ σ
}
.

From there, the strategy is taken from [BD17]: we argue that for most of the words b, c, d̃, the
derivative of the inner function is large enough, thus spreading the xd̃d̂. Indeed, if we denote by

Dn(σ1/10) the set of all (b, c, d̃) for which there exists x ∈ Sd̃ such that

| (S2nΦ ◦ gab − S2nΦ ◦ gac)
′
(x)| ≤ σ1/10,

then the previous lemma bounds 2−2n−ñ#Dn(σ1/10), and we can write:

8−n#
{

(b, c, d̃, d̂), |S2nΦ ◦ gab(xd̃d̂) − S2nΦ ◦ gac(xd̃d̂)| ≤ σ
}
.

≤ 8−n#
{

(b, c, d̃, d̂) | (b, c, d̃) /∈ Dn(σ1/10), |S2nΦ ◦ gab(xd̃d̂) − S2nΦ ◦ gac(xd̃d̂)| ≤ σ
}

+δ−1/2σγΦ/50.

Now, (b, c, d̃) /∈ Dn(σ1/10) means that

inf
Sd̃

∣∣(S2nΦ ◦ gab − S2nΦ ◦ gac)
′∣∣ ≥ σ1/10.

It is elementary to check that for any absolutely continuous map f : I → R satisfying infI f
′ > 0, we

have, for any interval J , diam(f−1(J)) ≤ (infI f
′)−1diam(J). Hence, if (b, c, d̃) /∈ Dn(σ1/10), de-

noting by Ia,b,c,d̃(σ) := {x ∈ Sd̃, (S2nΦ◦gab−S2nΦ◦gac)(x) ∈ [−σ, σ]}, we have diam(Ia,b,c,d̃(σ)) ≤
2σ9/10, and:

2−(n−ñ)#{d̂ ∈ {0, 1}n−ñ, |S2nΦ ◦ gab(xd̃d̂) − S2nΦ ◦ gac(xd̃d̂)| ≤ σ}

= 2−(n−ñ)#{d̂ ∈ {0, 1}n−ñ, xd̃d̂ ∈ Ia,b,c,d̃(σ)}

≤ 2−(n−ñ)

(
1 +

diam(Ia,b,c,d̃(σ))

2−ne−4δ|Φ|∞n

)
≤ σ1/10

since the xc are spaced out by at least 2−ne−4δ|Φ|∞n from each other (Lemma 2.2.3), and since
2ñ ∼ σ−1/2.
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Lemma 2.5.12. Let n be large enough. Let σ ∈ [e−4ε0n, e−ε0ε1n/2]. Let a ∈ {0, 1}n. Then:

8−n#
{

(b, c,d) ∈ ({0, 1}n)
3
, |4ng′ab(xd) − 4ng′ac(xd)| ≤ σ

}
≤ δ−1σγΦ/60.

Proof. Let (b, c,d) be such that |4ng′ab(xd) − 4ng′ac(xd)| ≤ σ. Then:

|S2nΦ ◦ gab(xd) − S2nΦ ◦ gac(xd)| = δ−1 |ln (4ng′ab(xd)) − ln (4ng′ac(xd))|

≤ δ−1e2δ|Φ|∞n |4ng′ab(xd) − 4ng′ac(xd)| ≤ δ−1e2δ|Φ|∞nσ.

We can then conclude using the previous lemma:

8−n#
{

(b, c,d) ∈ ({0, 1}n)
3
, |4ng′ab(xd) − 4ng′ac(xd)| ≤ σ

}
≤ 8−n#

{
(b, c,d) ∈ ({0, 1}n)

3
, |S2nΦ ◦ gab(xd) − S2nΦ ◦ gac(xd)| ≤ δ−1σe2δn

}
≤ 2δ−1/2(δ−1σe2δ|Φ|∞n)γΦ/50 ≤ δ−1σγΦ/60.

Lemma 2.5.13. Recall that R2
n ⊂ ({0, 1}n)2 denotes the set of regular couples. Most couples are

regular:
4−n#

(
({0, 1}n)2 \ R2

n

)
≲ δ−1e−ε0ε1γΦn/400.

Proof. We use a dyadic decomposition: for each σ ∈ [e−4ε0n, e−ε0ε1n/2], there exists l ∈ J⌊ε0ε1n/2⌋, ⌊4ε0n⌋K
such that e−(l+1) ≤ σ ≤ e−l. Hence

R2
n ⊂

⋂
l∈J⌊ε0ε1n/2⌋,⌊4ε0n⌋K

R2
n,l,

where we denoted

R2
n,l :=

{
(a,d) ∈ ({0, 1}n)2

∣∣∣ 4−n#{b, c ∈ ({0, 1}n)2, |4ng′ab(xd) − 4ng′ac(xd)| ≤ e−l} ≤ e−(l+1)γΦ/100
}
.

Markov’s inequality and the previous lemma gives us the bound

4−n#
(
({0, 1}n)2 \ Rn,l

)
≤ e(l+1)γΦ/10016−n

∑
a,d

#{b, c ∈ ({0, 1}n)2, |4ng′ab(xd)−4ng′ac(xd)| ≤ e−l}

≤ e(l+1)γΦ/100
(
δ−1e−lγΦ/60

)
≲ δ−1e−ε0ε1γΦn/300,

which implies, by summing over ε0ε1n/2 ≤ l ≤ 4ε0n, for n large enough:

4−n#
(
({0, 1}n)2 \ R2

n

)
≤ δ−1e−ε0ε1γΦn/400.

Lemma 2.5.14. Notice that a block A = a0 . . .ak ∈ {0, 1}(k+1)n is regular if (aj−1,aj) is a regular
couple, for all j ∈ J1, kK. Recall that the set of regular blocks is denoted by Rk+1

n . Then, most
blocks are regular:

2−(k+1)n#
(
{0, 1}(k+1)n \ Rk+1

n

)
≲ δ−1e−ε0ε1γΦn/400.

Proof. The result follows from the previous lemma, noticing that

Rk+1
n ⊂

k⋂
j=1

{A ∈ {0, 1}(k+1)n, (aj−1,aj) ∈ R2
n}.
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Chapter 3

The Fourier dimension of hyperbolic
Julia sets

3.1 Introduction

In this chapter, we adapt the strategy presented in Chapter 2 to study the (lower) Fourier dimension
of Julia sets for hyperbolic rational maps in the Riemann sphere (see section 3.2). In particular,
we will prove the claim made in Remark 2.1.10. Our main result is the following.

Theorem 3.1.1. Let f : Ĉ → Ĉ be a hyperbolic rational map of degree d ≥ 2. Let J denote its Julia
set. If J is included in a circle, then J has positive lower Fourier dimension, seen as a compact
subset of R after conjugation with a Möbius transformation. If J is not included in a circle, then
J has positive lower Fourier dimension, seen as a compact subset of C.

In fact, the case where J is included in a circle is already known: Theorem 9.8.1, page 227
and remark page 230 in [Be91] tells us that in this case, J is either a circle, or a Cantor set. In
the first case, the Fourier dimension is 1. In the second case, our hyperbolicity assumption, and
Theorem 3.9 in [OW17] ensure that a “total non-linearity” condition is satisfied, allowing us to
apply the work of Sahlsten and Stevens [SS20] (that deals with equilibrium states for nonlinear,
one-dimensional expanding maps). In the case where J is not included in a circle, we prove the
following result.

Theorem 3.1.2. Let f : Ĉ → Ĉ be a hyperbolic rational map of degree d ≥ 2. Denote by J ⊂ C its
Julia set, and suppose that J is not included in a circle. Let V be an open neighborhood of J , and
consider any potential φ ∈ C1(V,R). Let µφ ∈ P(J) be its associated equilibrium measure. Then,
there exists ρ1, ρ2 ∈ (0, 1) such that the following hold.

For any C1 map χ : C → C supported on some open set Ω ⊂ C, there exists C = C(f, µ, χ) ≥ 1
such that, for any ξ ≥ 1 and any C2 phase ψ : Ω → R satisfying

∥ψ∥C2 + ( inf
z∈Ω

|∇ψ|)−1 ≤ ξρ1 ,

we have: ∣∣∣ ∫
J

eiξψ(z)χ(z)dµφ(z)
∣∣∣ ≤ Cξ−ρ2 .

In particular, µφ has positive lower Fourier dimension (see Lemma 1.1.26).

In particular, our result applies to the conformal measure (also called the measure of maximal
dimension) and to the measure of maximal entropy, see section 3.2. Since the measure of maximum
entropy is related to the harmonic measure in a polynomial setting [MR92], one may expect our
result to have some corollaries on the Dirichlet problem with boundary conditions on quasicircles
or to the Brownian motion (which is related to the heat equation). Finally, one should stress out
that the conclusion of Theorem 3.1.2 no longer applies if J is a whole circle: in this case, f is
conjugated to z 7→ zd ([OW17]), and so any invariant probability measure which enjoys Fourier
decay must be the Lebesgue measure on the circle (this is an easy exercise using Fourier series).
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To prove Theorem 3.1.2, we will follow the ideas of [SS20] (which generalizes the methods of
Chapter 2) and adapt them to our case, where topological difficulties arise from the 2-dimensional
setting. The strategy of the proof and organization of the Chapter goes as follows.

• In section 3.2, we collect facts about the thermodynamic formalism in the context of hy-
perbolic complex dynamics. Section 3.2.3 is devoted to the construction of two families of
open sets adapted to the dynamics. In section 3.3.5 we state a large deviation result about
Birkhoff sums.

• In section 3.3 we use large deviations theorems to derive order of magnitude for some
dynamically-related quantities.

• The proof of Theorem 3.1.2 begins in section 3.4. Using the invariance of the equilibrium
measure by a transfer operator, we relate its Fourier transform to a sum of exponentials by
carefully linearizing the phase. We then use a version of the sum-product phenomenon to
conclude.

• Section 3.5 is devoted to a proof of the non-concentration hypothesis that is needed to use the
sum-product phenomenon. To this end, we use a generalization of Theorem 2.5 in [OW17],
which is a version of Dolgopyat’s estimates for a family of twisted transfer operators.

Even if the strategy of the proof is borrowed from [SS20], they are some noticeable difficulties
that arise in our setting that were previously invisible. In dimension 1, estimates of various diam-
eters and linearization processes are made easier by the fact that connected sets are convex. In
particular, in dimension 1, the dynamics map convex sets into convex sets.

In dimension 2, one may not associate to the Markov partition a family of open sets that are
convex and still satisfy the properties that we usually ask for them: see the discussion after Propo-
sition 3.2.4. We overcome this difficulty by constructing two families of open sets associated to the
dynamics: the usual open sets related to Markov pieces, in which the theory of [Ru78] and [OW17]
applies, and a new one where computations and control are made easier. The second difficulty is
that the dynamics may twist and deform even the sets in our second family. We overcome this
difficulty by taking advantage of the conformality of the dynamics, through the use of the Koebe
1/4-Theorem which allows us to have a good control over such deformations.

Another difficulty comes in the proof of the non concentration hypothesis: the complex nature
of the dynamics suggests non concentration in modulus and arguments of some dynamically related
quantities.

3.2 Thermodynamic formalism on hyperbolic Julia sets

3.2.1 Hyperbolic Julia sets

We recall standard definitions and results about holomorphic dynamical systems. For more back-
ground, we recommend the notes of Milnor [Mi90].

Denote by Ĉ the Riemann sphere. Let f : Ĉ → Ĉ be a rational map of degree d ≥ 2.
Recall that a family of holomorphic maps defined on an open set D ⊂ Ĉ is called normal if from
every sequence of maps from the family there exists a subsequence that converges locally uniformly.
The Fatou set of f is the largest open set in Ĉ where the family of iterates {fn, n ∈ N} is a nor-
mal family. Its complement is called the Julia set and is denoted by J . In our case, it is always
nonempty and compact. (Lemma 3.5 in [Mi90])

Since f(J) = f−1(J) = J , the couple (f, J) is a well defined dynamical system, describing a
chaotic behavior. For example, the action of f on J is topologically mixing: for any open set U
such that U ∩ J ̸= ∅, there exists n ≥ 0 such that fn(U ∩ J) = J . (See Corollary 11.2 in [Mi90])

A case where the dynamics of f on J is particularly well understood is when f is supposed to
be hyperbolic, and we will assume it from now on. It means that the orbit of every critical point
converges to an attracting periodic orbit. (In other words, if p ∈ Ĉ is a critical point for f , then
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there exists p0 ∈ Ĉ and m > 0 such that p0 is an attracting fixed point for fm and fkm(p) −→
k→∞

p0.)

In this case J ̸= Ĉ, and so by conjugating f with an element of PSL(2,C) we can always see J as
a compact subset of C. The hyperbolicity condition is equivalent to the existence of constants c0
and 1 < κ < κ1, and of a small open neighborhood V of J such that:

∀x ∈ V, ∀n ≥ 0 , c0κ
n ≤ |(fn)′(x)| ≤ κn1 .

This is Theorem 14.1 in [Mi90]. From now on, we also assume that J is not contained in a circle.

3.2.2 Pressure and equilibrium states

Definition 3.2.1 ([Ru89], [OW17], [Ru78], [PU17]). Let φ ∈ C1(V,R) be a potential. Denote by Mf

the compact space of all f -invariant probability measures on J , equipped with the weak*-topology.
Denote, for µ ∈ Mf , hf (µ) the entropy of µ. Then, the map

µ ∈ Mf 7−→ hf (µ) +

∫
J

φdµ

is upper semi-continuous, and admits a unique maximum, denoted by P (φ).
The unique measure µφ that satisfies

P (φ) = hf (µφ) +

∫
J

φdµφ

is called the equilibrium state associated to the potential φ.
This measure is ergodic on (J, f) and its support is J .

Two potentials are of particular interest. Define the distortion function by τ(x) := log(|f ′(x)|)
on V . If V is chosen small enough, τ is real analytic, in particular it is C1. We then know that
there exists a unique δJ ∈ R such that P (−δJτ) = 0. In this case, δJ is the Hausdorff dimension of
J , and the equilibrium state µ−δJτ is equivalent to the δJ -dimensional Hausdorff measure on J . It
is sometimes called the conformal measure, or the measure of maximal dimension. Moreover, we
have the formula

dimH(J) = hf (µ−δJτ )/

∫
τdµ−δJτ .

See [PU09], Corollary 8.1.7 and Theorem 8.1.4 for a proof.

Another important example is the following. If we set φ = 0, then the pressure is given by the
largest entropy available for invariant measures µ. The associated equilibrium state is then called
the measure of maximal entropy. In the context where f is a polynomial, this measure coincides
with the harmonic measure with respect to ∞, see [MR92].

3.2.3 Markov partitions

Hyperbolic rational maps are especially easy to study thanks to the existence of Markov partitions
of the Julia set. Proposition 3.2.2 and some of the following results are extracted from the section
2 of [Ru89] and [OW17].

Proposition 3.2.2 (Markov partitions). For any α0 > 0 we may write J as a finite union J =
∪a∈APa of compact nonempty sets Pa with diamPa < α0, and |A| ≥ d. Furthermore, with the
topology of J ,

• intJPa = Pa,

• intJPa ∩ intJPb = ∅ if a ̸= b,

• each f(Pa) is a union of sets Pb.

Define Mab = 1 if f(Pa) ⊃ Pb and Mab = 0 otherwise. Then some power MN of the |A| × |A|
matrix (Mab) has all its entries positive.
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Remark 3.2.3. Julia sets are always singleton or perfect sets (Corollary 3.10 in [Mi90]), and in our
case, since any point in J always has exactly d ≥ 2 preimages in J , J is always a perfect set. In
particular, the condition intJPa ̸= ∅ implies diam(Pa) > 0 for all a. This condition of having ≥ 2
preimages for any point in J is what makes the proof of Proposition 3.2.6 and 3.2.7 works.

If α0 is chosen small enough, we may also consider open neighborhoods around the (Pa) that
behaves well with the dynamics. They will help us do computations with our smooth map f .

Proposition 3.2.4. If α0 is small enough, we can choose a Markov partition (Pa)a∈A and two
families of open sets (Ua)a∈A and (Da)a∈A such that Pa ⊂ Ua ⊂ Ua ⊂ Da ⊂ Da ⊂ V , and:

1. diam(Da) ≤ α0

2. f is injective on Da, for all a ∈ A

3. f is injective on Da ∪Db whenever Da ∩Db ̸= ∅

4. For every a, b such that f(Pa) ⊃ Pb, we have a local inverse gab : Db → Da for f . Moreover,
gab is holomorphic on a neighborhood of Db.

5. If f(Pa) ⊃ Pb for some a, b ∈ A, then f(Ua) ⊃ Ub and f(Da) ⊃ Db.

6. Da is convex.

7. For any a ∈ A, Pa ⊈ ∪b ̸=aUb

8. There exists r ∈ (0, 1) such that for all a ∈ A, Pa ⊂ B(xa, r/10) ⊂ B(xa, r) ⊂ Da.

Usually, only the sets (Ua)a∈A are considered when dealing with hyperbolic conformal dynamics:
they are the open sets introduced in [OW17] and [Ru89], and so they are the sets where their
papers apply. But they are sometimes not easy to work with, especially because they may not be
connected. The (Da)a∈A have the advantage to be convex, which will make the computations of
section 3.3 doable. But they have the disadvantage that some Pb may be entirely contained in Da

even if b ̸= a.

Proof. The construction of the sets (Ua) is borrowed from [Ru89], where Ruelle does it for ex-
panding maps. The main problem is that f is not necessarily expanding here, so we will have to
introduce a modified metric (sometimes called Mather’s metric). Since f is hyperbolic, we know
that there exists some N ∈ N such that fN satisfy |(fN )′(x)| > 1 on J . So, there exists some small
neighborhood V of J where fN : V → C is well defined, and where |(fN )′(x)| ≥ κ > 1.

Define ρ(z) :=
∑N−1
k=0 κ

−k/N |(fk)′(z)|. Since f ′ doesn’t vanish, it is a smooth and positive
function on V , and so ds := ρ(z)|dz| is a well defined conformal metric on V . Moreover,

ρ(f(z))|f ′(z)| =

N−1∑
k=0

κ−k/N |(fk)′(f(z))| |f ′(z)| =

N∑
k=1

κ−(k−1)/N |(fk)′(z)|

≥ κ1/N
N−1∑
k=0

κ−k/N |(fk)′(z)| = κ1/Nρ(z),

and so f is expanding for the distance dρ induced by the conformal metric ρ(z)|dz|. In particular,
reducing V if necessary, there exists α > 0 such that

∀x, y ∈ V, dρ(x, y) ≤ α⇒ dρ(f(x), f(y)) ≥ κ1/Ndρ(x, y).

In addition, the euclidean distance and the constructed conformal metric are equivalent: there
exists a constant G ≥ 1 such that

G−1|x− y| ≤ dρ(x, y) ≤ G|x− y|,

and so the property may become, taking α smaller if necessary:

∀x, y ∈ V, |x− y| ≤ α⇒ dρ(f(x), f(y)) ≥ κ1/Ndρ(x, y).
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Finally, define L > 1 a Lipschitz constant of f for the distance dρ. Now, let r < G−1α/4, α0 <
rmin(G−1/20, L−1(κ1/N −κ1/(2N))), and let (Pa)a∈A be a Markov partition such that diam(Pa) <
α0. Define, for a ∈ A,

Da := Conv (Dρ(xa, r)) ⊃ Pa

for some fixed xa ∈ intJPa, where Conv denotes the euclidean convex hull, and where Dρ is an
open ball for the distance dρ. The point (1) is satisfied taking α0 smaller if necessary, and the
points (2) and (3) follows immediately, provided α0 is small enough, since f is hyperbolic (hence a
local biholomorphism). The points (6) and (8) follows by the definition of Da and by equivalence
of distances. We prove point (5) for (Da)a. Since f is a biholomorphism from Da to f(Da), and
since diamρ(f(Da)) ≤ Lα0, we get that

f(Da) ⊃ f (Dρ(xa, r)) ⊃ Dρ(f(xa), κ1/Nr) ⊃ Dρ(xb, κ1/(2N)r)

for each b ∈ A such that f(Pa) ⊃ Pb.

We then have to show that Dρ(xb, κ
1/(2N)r) ⊃ Db. Recall that Caratheodory’s Theorem state

that any point ω ∈ Db can be written as the convex sum of three points in Dρ(xb, r). So let x, y, z ∈
Dρ(xb, r), and for any λ1, λ2, λ3 ∈ [0, 1] satisfying λ1 +λ2 +λ3 = 1, let ω := λ1x+λ2y+λ3z ∈ Db.
By definition, there exists three paths γx, γy, γz from xb to x, y, z, each with with length < r. Set
γ := λ1γx + λ2γy + λ3γz. It is a well defined path in Db from xb to ω. Its length satisfies∫ 1

0

|γ′(t)|ρ(γ(t))dt ≤
(∫ 1

0

|γ′(t)|ρ(xa)dt

)
er∥ρ

′/ρ∥∞,Db

≤
(
λ1

∫ 1

0

|γ′x(t)|ρ(xa)dt+ λ2

∫ 1

0

|γ′y(t)|ρ(xa)dt+ λ3

∫ 1

0

|γ′z(t)|ρ(xa)dt

)
er∥ρ

′/ρ∥∞,Db

≤
(
λ1

∫ 1

0

|γ′x(t)|ρ(γx(t))dt+ λ2

∫ 1

0

|γ′y(t)|ρ(γy(t))dt+ λ3

∫ 1

0

|γ′z(t)|ρ(γz(t))dt

)
e2r∥ρ

′/ρ∥∞,Db

≤ re2r∥ρ
′/ρ∥∞,Db < κ1/(2N)r

as soon as r < ln(κ)
4N ∥ρ′/ρ∥−1

∞ . Hence (5) is true for (Da)a. We finished constructing our sets Da.
Notice that we can choose r arbitrary small, and so the diameters of the Da can be chosen as small
as we want. The point (4) follows by considering the inverse branches of f induced by (5): they
are holomorphic and κ1/N contracting for dρ.

The construction of the sets (Ua)a is easier. First of all, there exists β > 0 such that Dρ(xa, β)∩
Pb = ∅ whenever a ̸= b. Then, since all of the Pa are compactly contained in Da, there exists a
parameter s < β/3 such that for all x ∈ Pa, Dρ(x, s) ⊂ Da. Define:

Ua := {x ∈ V, dρ(x, Pa) < s} ⊂ Da.

First, the fact that s < β/3 ensures that Pa ⊈ ∪b ̸=aUb, since xa /∈ ∪b ̸=aUb, hence proving (7).
We prove (5). Let b be such that f(Pa) ⊃ Pb. We prove that f(Ua) ⊃ Ub. Let z ∈ Ub. By definition,
there exists zb ∈ Pb such that dρ(z, zb) < s. Notice that z = f(gab(z)): to conclude, it suffice to
prove that gab(z) ∈ Ua (we only know that it is in Da at this point). Since f(Pa) ⊃ Pb and since
f : Da → C is injective, we know that gab(zb) ∈ Pa. The fact that dρ(gab(z), gab(zb)) ≤ κ−1/Ns < s
allows us to conclude.

To study the dynamics, we need to introduce some notations.
A finite word (an)n with letters in A is called admissible if Manan+1=1 for every n. Then define:

• Wn := {(ak)k=1,...,n ∈ An, (ak) is admissible}

• For a = a1 . . . an ∈ Wn, define ga := ga1a2ga2a3 . . . gan−1an : Dan → Da1 .

• For a = a1 . . . an ∈ Wn, define Pa := ga(Pan) ⊂ Pa1 , Ua := ga(Uan) ⊂ Ua1 , andDa := ga(Dan) ⊂ Da1 .

We begin by an easy remark on the diameters of the Da and on the behavior of φ on those sets.
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Remark 3.2.5. Since our potential is C1, it is Lipschitz on D :=
⋃
aDa ⊂ V . There exists a

constant Cφ > 0 such that:

∀x, y ∈ D, |φ(x) − φ(y)| ≤ Cφ|x− y|.

Moreover, we have some estimates on the diameters of the Pa. Since f is supposed to be hyperbolic,
we have the following estimate for the local inverses:

∀n ≥ 1, ∀a ∈ Wn+1, ∀x ∈ Da, κ
−n
1 ≤ |g′a(x)| ≤ c−1

0 κ−n.

Hence, since each Da are convex,

diam(Pa) ≤ diam(Da) = diam(ga(Dan+1
)) ≤ c−1

0 κ−n

decreases exponentially fast. We will say that φ has exponentially decreasing variations, as

max
a∈Wn

sup
x,y∈Da

|φ(x) − φ(y)| ≤ Cφc
−1
0 κ−n.

Notice the following technical difficulty: for a ∈ A, Da may be convex but for a word a ∈ Wn,
Da will eventually be twisted by ga and not be convex anymore. Fortunately, we still have the
following result, which relies heavily on the fact that f is holomorphic:

Lemma 3.2.6. For all a ∈ Wn, Conv(Pa) ⊂ Da.

Proof. We will need to recall some results on univalent holomorphic functions g : D → C. First
of all, we have the Koebe quarter theorem, which states that if g is such a map, then g(D) ⊃
B
(
g(0), |g

′(0)|
4

)
(D is the unit disk, and B(·, ·) denotes an open euclidean ball). Secondly, the

Koebe distortion theorem states that in this case, we also have that |g(z) − g(0)| ≤ |g′(0)| |z|
(1−|z|)2 .

Combining those two results gives us the following fact: for any injective holomorphic g : B(z0, r) →
C , we have

g(B(z0, r/10)) ⊂ B(g(z0), |f ′(0)|r/4) ⊂ g(B(z0, r)).

In particular, in this case,

Conv
(
g(B(z0, r/10))

)
⊂ g(B(z0, r)).

Now recall from Lemma 3.2.5 that there exists r ∈ (0, 1) such that, for all a ∈ A,

Pa ⊂ B(xa, r/10) ⊂ B(xa, r) ⊂ Da.

Hence we can directly apply the previous fact to the map ga|B(xa,r): it follows that

Conv(Pa) = Conv
(
ga(Pa)

)
⊂ Conv

(
ga(B(xa, r/10))

)
⊂ ga(B(xa, r)) ⊂ ga(Da) = Da.

We end this topological part with some final remarks, extracted from [OW17]. The following
“partition result” is true:

J =
⋃

a∈Wn

Pa , and intJPa ∩ intJPb = ∅ if a ̸= b ∈ Wn.

This allows us to see that
⋃
n≥0 f

−n
(⋃

a∈A ∂Pa

)
is a f -invariant subset of J . By ergodicity, its

measure is zero or one, but since µφ has full support and since it is a countable union of closed
sets with empty interior, we find that µφ

(⋃
a∈A ∂Pa

)
= 0. In particular, it implies that, for any

n ≥ 1, we have the relation

∀f ∈ C0(J,C),

∫
J

fdµφ =
∑

a∈Wn

∫
Pa

f dµφ,

which will be useful later.
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3.2.4 Transfer operators

Let φ ∈ C1(V,R) be a smooth potential. Let U :=
⋃
a∈A Ua, and notice that f−1(U) ⊂ U .

We define the associated transfer operator Lφ : C1(U) → C1(U) by

Lφh(x) :=
∑

y,f(y)=x

eφ(y)h(y).

Notice that, if x ∈ Ua, then

Lφh(x) =
∑

b,Mba=1

eφ(gba(x))h(gba(x)).

We have the following formula for the iterates:

Lnφh(x) =
∑

fn(y)=x

eSnφ(y)h(y),

where Snφ :=
∑n−1
k=0 φ ◦ fk is a Birkhoff sum. This can be rewritten, if x ∈ Ub, in the following

form:
Lnφh(x) =

∑
a∈Wn+1

an+1=b

eSnφ(ga(x))h(ga(x)).

Finally, note that our transfer operator also acts on the set of probability measures on J , by duality,
in the following way:

∀h ∈ C0(J,C),

∫
J

h dL∗
φν :=

∫
J

Lφh dν.

Transfer operators satisfy the following Theorem, extracted from [Ru89], Theorem 3.6 :

Theorem 3.2.7 (Perron-Frobenius-Ruelle). With our choice of open set U ⊃ J , and for any real
potential φ ∈ C1(U,R):

• the spectral radius of Lφ, acting on C1(U,C), is equal to eP (φ).

• there exists a unique probability measure νφ on J such that L∗
φνφ = eP (φ)νφ.

• there exists a unique map h ∈ C1(U,C) such that Lφh = eP (φ)h and
∫
hdνφ = 1.

Moreover, h is positive.

• The product hνφ is equal to the equilibrium measure µφ.

The Perron-Frobenius-Ruelle Theorem allows us to link µφ to νφ, and this will allow us to
prove some useful estimates, called Gibbs estimates.

Proposition 3.2.8 (Gibbs estimate, [PP90]).

∃C0 ≥ 1, ∀a ∈ Wn, ∀xa ∈ Pa, C
−1
0 eSnφ(xa)−nP (φ) ≤ µφ(Pa) ≤ C0e

Snφ(xa)−nP (φ).

Proof. It is enough to prove the estimate for νφ since h is continuous on the compact J , and since
hνφ = µφ. We have∫
J

e−φ1Pa1...an
dνφ = e−P (φ)

∫
J

Lφ
(
e−φ1Pa1...an

)
dνφ = e−P (φ)

∫
J

1Pa2...an
dνφ = e−P (φ)νφ(Pa2...an).

Moreover, since φ has exponentially decreasing variations, we can write that

∀xa ∈ Pa1...an , e
−φ(xa)−Cκ−n

νφ(Pa1...an) ≤
∫
J

e−φ1Pa1...an
dνφ ≤ e−φ(xa)+Cκ

−n

νφ(Pa1...an),

and so

∀xa ∈ Pa1...an , e
−φ(xa)−Cκ−n

≤ νφ(Pa2...an)

νφ(Pa1...an)
e−P (φ) ≤ e−φ(xa)+Cκ

−n

.

Multiplying those inequalities gives us the desired relation, with C0 := eC/(κ−1).
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It will be useful, in our future computations, to get rid of the pressure term in our exponential:
in the case where P (φ) = 0, we see that µφ(Pa) = eSnφ(xa)+O(1) for xa ∈ Pa.

Proposition 3.2.9. Let ψ ∈ C1(U), and let µψ be its associated equilibrium state. There exists
φ ∈ C1(U) such that µφ = µψ, and that is normalized.
That is: P (φ) = 0, φ < 0 on J , Lφ1 = 1 and L∗

φµφ = µφ.

Proof. Perron-Frobenius-Ruelle Theorem tells us that there exists a C1 map h > 0 and a probability
measure νψ such that L∗

ψνψ = eP (ψ)νψ, Lψh = eP (ψ)h and
∫
hdνψ = 1.

It is then a simple exercise to check that φ := ψ − log(h ◦ f) + log(h) − P (ψ) defines a normalized
potential, and that its equilibrium measure µφ is equal to µψ.

This proposition has the following consequence: we can always suppose that our equilibrium
measure comes from a normalized potential, by eventually choosing another smaller Markov parti-
tion afterwards. It gives us for free the invariance under some transfer operator, which completes
the already fine properties of f -invariance and ergodicity. It also allows us to prove a useful
regularity property.

Proposition 3.2.10. The equilibrium measure µφ is upper regular. More precisely, there exists
C, δAD > 0 such that:

∀x ∈ C, ∀r > 0, µφ(B(x, r)) ≤ CrδAD .

Proof. First of all, since µφ is a probability measure, we may only prove this estimate for r small
enough. Then, we know that µφ is supported in J , and so we just have to verify the estimate if
B(x0, r) ∩ J ̸= ∅. Without loss of generality, we can suppose that x0 ∈ J .

The main idea is to cover B(x0, r)∩ J by some Pb, but estimating the number of such Pb that
are needed to do so is difficult. To bypass this difficulty, we use the notion of Moran cover. For
any x ∈ J , define n(x, r) as the only integer such that

|(fn(x,r)−1)′(x)|−1 ≥ r and |(fn(x,r))′(x)|−1 < r.

We get from the hyperbolicity condition |(fn)′| ≥ c0κ
n the following bound:

∀x, −n(x, r) ≤ ln
(
2rc−1

0

)
/ lnκ.

For any x ∈ J \
⋃
n≥0 f

−n (⋃
a∈A ∂Pa

)
and for any n, there exists a unique a ∈ Wn such that

x ∈ Pa. We denote it Pn(x). Notice that x ∈ Pn(x,r)(x). If y ∈ Pn(x,r)(x) and n(y, r) ≤ n(x, r)
then Pn(x,r)(x) ⊂ Pn(x,r)(y). Let P (x) be the largest cylinder containing x of the form Pn(y,r)(x)
for some y ∈ P (x) and satisfying Pn(z,r)(x) ⊂ P (x) for any z ∈ P (x). The sets (P (x))x∈J are equal
or disjoint (mod the boundary), and hence produce a cover of J called a Moran cover. Denote this
Moran cover Pr. An important property of this cover is the following: there exists a constant M
independent of x0 and r such that we can cover the ball B(x0, r) by M elements of Pr. Moreover,
every element of the Moran cover have diameter strictly less than r. See [PW97] page 243, [Pe98]
section 20, or [WW17]. The proof uses the conformality of the dynamics. (In the references, the
Moran cover are used in the context of expanding dynamics. In our case it is only eventually
expanding, but working under the equivalent and conformal Mather metric, or replacing f by fN

for a large N , allows us see f as an expanding map.)

We can then conclude our proof. The following holds:

µφ(B(x0, r)) ≤
∑
P∈Pr

B(x0,r)∩P ̸=∅

µφ(P ).

By Gibbs estimates, since each P ∈ Pr is of the form Pb for some b ∈ Wn(x,r), x ∈ J , and by the
bound on n(x, r), we get:

∀P ∈ Pr, µφ(P ) ≤ C0e
−n(x,r)| supJ φ| ≤ CrδAD

for some C, δAD > 0. Hence, since B(x0, r)∩P occurs at most M times, we get our desired bound

µφ(B(x0, r)) ≤MCrδAD .
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3.2.5 Large deviation estimates

From the ergodicity of µφ, it is natural to ask if a large deviation result holds for the Birkhoff sums
of potentials. The following theorem is true, we detail its proof in section 3.7.

Theorem 3.2.11. Let µφ be the equilibrium measure associated to a normalized C1(U,R) potential.
Let ψ ∈ C1(U,R) be another potential. Then, for all ε > 0, there exists C, δ0 > 0 such that

∀n ≥ 1, µφ

({
x ∈ J ,

∣∣∣∣ 1nSnψ(x) −
∫
J

ψdµφ

∣∣∣∣ > ε

})
≤ Ce−nδ0 .

Definition 3.2.12. Let φ ∈ C1(U,R) be a normalized potential with equilibrium measure µφ.
Let τ = log |f ′| ∈ C1(U,R) be the distortion function. We call

λf (µφ) :=

∫
J

τ dµφ

the Lyapunov exponent of µφ, and δ := hf (µφ)/λ(µφ) the dimension of µφ.

Remark 3.2.13. The hyperbolicity and normalization assumptions ensure that hf (µφ), λf (µφ) > 0.
Indeed, we know that φ < 0 on all J and P (φ) = 0, and so

hf (µφ) = P (φ) −
∫
J

φdµφ > 0.

For the Lyapunov exponent, using the fact that µφ is f -invariant, we see that

λf (µφ) =

∫
J

log |f ′|dµφ =
1

n

n−1∑
k=0

∫
J

log |f ′ ◦ fk|dµφ

=
1

n

∫
J

log |(fn)′|dµφ ≥ log(c0)

n
+ log(κ) → log(κ) > 0.

Proposition 3.2.14. Let φ ∈ C1(U,R) be a normalized potential with equilibrium measure µφ. De-
note by λ > 0 its Lyapunov exponent and δ > 0 its dimension. Then, for every ε > 0, there exists
C, δ0 > 0 such that

∀n ≥ 1, µφ

({
x ∈ J ,

∣∣∣∣ 1nSnτ(x) − λ

∣∣∣∣ ≥ ε or

∣∣∣∣Snφ(x)

Snτ(x)
+ δ

∣∣∣∣ ≥ ε

})
≤ Ce−δ0n.

Proof. Let ε > 0. Applying Theorem 3.2.11 to ψ = τ gives

µφ

({
x ∈ J ,

∣∣∣∣ 1nSnτ(x) − λ

∣∣∣∣ ≥ ε

})
≤ Ce−δ0n

for some C and δ0 > 0. Next, if x ∈ J satisfies∣∣∣∣Snφ(x)

Snτ(x)
+ δ

∣∣∣∣ ≥ ε,

then we have

|SnΦ(x)| ≥ ε|Snτ(x)| ≥ ε(n log κ+ log c0)

for the modified potential Φ := φ+ δτ . Notice that this potential is C1, and that∫
J

Φ dµφ =

∫
J

φdµφ +
hf (µφ)

λf (µφ)

∫
J

τ dµφ = 0.

For n large enough, we get |SnΦ(x)| ≥ εn(lnκ)/2, and so we can apply Theorem 3.2.11 to Φ again
and conclude.

For clarity, we will replace µφ by µ in the rest of the Chapter. The dependence on φ is implied.
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3.3 Computing some orders of magnitude

In this section, we derive various orders of magnitude of quantities that appear when we iterate
our transfer operator. We need to recall some useful formalism used in [BD17].

• For n ≥ 1, recall that Wn is the set of admissible words of length n. (A word a is admissible
if f(Pai) ⊃ Pai+1 for all i.) If a = a1 . . . anan+1 ∈ Wn+1, define a′ := a1 . . . an ∈ Wn.

• For a = a1 . . . an+1 ∈ Wn+1, b = b1 . . . bm+1 ∈ Wm+1, we write a ⇝ b if an+1 = b1. Note
that when a⇝ b, the concatenation a′b is an admissible word of length n+m+ 1.

• For a ∈ Wn+1, define b(a) := an+1.

With those notations, we can reformulate our formula for the iterate of our transfer operator. For
a function h : U → C, we have:

∀x ∈ Pb, Lnφh(x) =
∑

a∈Wn+1

a⇝b

eSnφ(ga(x))h(ga(x)) =
∑

a∈Wn+1

a⇝b

h(ga(x))wa(x),

where
wa(x) := eSnφ(ga(x)).

Iterating Lnφ again leads us to the formula

∀x ∈ Pb, Lnkφ h(x) =
∑

a1⇝···⇝ak⇝b

h(ga′
1...a

′
k−1ak

(x))wa′
1...a

′
k−1ak

(x).

We are interested in the behavior of, for example, wa for well behaved a. For this, we use the
previously mentioned large deviation estimate.

This part is adapted from [SS20] and [JS16]. Remember that f−1(D) ⊂ D.

Definition 3.3.1. For ε > 0 and n ≥ 1, write

An(ε) :=

{
x ∈ f−n(D) ,

∣∣∣∣ 1nSnτ(x) − λ

∣∣∣∣ < ε and

∣∣∣∣Snφ(x)

Snτ(x)
+ δ

∣∣∣∣ < ε

}
.

Then Proposition 3.2.14 says that, for all ε > 0, there exists n0(ε) ∈ N and δ0(ε) > 0 such that

∀n ≥ n0(ε), µ(J \An(ε)) ≤ e−δ0(ε)n.

Notations 3.3.2. To simplify the reading, when two quantities dependent of n satisfy bn ≤ Can for
some constant C, we denote it by an ≲ bn. If an ≲ bn ≲ an, we denote it by an ≃ bn. If there
exists c, C and α, independent of n and ε, such that ce−εαnan ≤ bn ≤ Ceεαnan, we denote it by
an ∼ bn. Throughout the chapter α will be allowed to change from line to line. It correspond to
some positive constant.

Eventually, we will chose ε small enough such that this exponentially growing term gets absorbed
by the other leading terms, so we can neglect it.

Proposition 3.3.3. Let a ∈ Wn+1 be such that Da ⊂ An(ε). Then:

• uniformly on x ∈ Db(a), |g′a(x)| ∼ e−nλ

• diam(Pa), diam(Ua), diam(Da) ∼ e−nλ

• uniformly on x ∈ Da, wa(x) ∼ e−δλn

• µ(Pa) ∼ e−δλn

Remark 3.3.4. Intuitively speaking, here is what is happening. Proposition 3.2.14 states that, for
most x ∈ J , 1

nSnτ
∼= λ and 1

nSnφ
∼= −λδ. Then, recall that diam(Pa) ≃ |(fn)′|−1 = e−Snτ , and

so diamPa ∼ e−λn for most words a. Notice that the presence of the Lyapunov exponent in the
exponential is not surprising, since it is defined to represent a characteristic spatial frequency of
our problem. Samely, we can argue that since our equilibrium measure satisfies the Gibbs estimate,
we have µ(Pa) ≃ eSnφ, and so µ(Pa) ∼ e−δλn for most words a. Again, it is no surprise that this
exponent appears here: we recognize that µ(Pa) ∼ diam(Pa)δ, where δ is the dimension of our
measure.
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Proof. Let a ∈ Wn+1 be such that Da ⊂ An(ε). We have

∀x ∈ Db(a), |g′a(x)| = e−Snτ(ga(x)),

and so

∀x ∈ Db(a), e
−nλe−nε ≤ |g′a(x)| ≤ e−nλenε.

For the diameters, the argument uses the conformal setting, through the Koebe quarter theorem.
By Lemma 3.2.6, Conv(Pa) ⊂ Da ⊂ An(ε). Hence:

∀x, y ∈ Pan , |x− y| = |fn(ga(x)) − fn(ga(y))|

≤
∫ 1

0

|(fn)′ (ga(y) + t(ga(x) − ga(y))) |dt |(ga(x) − ga(y))| ≤ eεnenλdiam(Pa),

and so e−εne−λndiam(Pan) ≤ diam(Pa). Next, we write

diam(Pa) ≤ diam(Ua) ≤ diam(Da)

and

diam(Da) = diam(ga(Dan)) ≤ eεne−λndiam(Dan).

by convexity of Dan . We have proved that diam(Pa), diam(Ua), diam(Da) ∼ e−nλ.
Next, consider the weight wa(x). We have

wa(x) = eSnφ(ga(x)),

so

e−δSnτ(x)e−ε|Snτ(x)| ≤ wa(x) ≤ e−δSnτ(x)eε|Snτ(x)|,

and hence

e−δλne−ε(λ+δ+ε)n ≤ wa(x) ≤ e−δλneε(λ+δ+ε)n.

Finally, since µ is a Gibbs measure for some constant parameter C0, and with pressure 0, we can
write:

C−1
0 e−δλne−ε(λ+δ+ε)n ≤ µ(Pa) ≤ C0e

−δλneε(λ+δ+ε)n.

Definition 3.3.5. Let K ⊂ C be a set. Define the set of (K-localised) ε-regular words by

Rn+1(K, ε) := {a ∈ Wn+1 | Da ⊂ An(ε), Da ∩K ̸= ∅} .

If K = J , we just denote Rn+1(ε) := Rn+1(K, ε). We also define the set of (K-localised) ε-regular
k-blocks by

Rk
n+1(K, ε) =

{
A = a′1 . . .a

′
k−1ak ∈ Wnk+1 | a1 ∈ Rn+1(K, ε), ∀i ≥ 2, ai ∈ Rn+1(ε)

}
.

We write Rk
n+1(ε) := Rk

n+1(J, ε). Finally, define the associated ε-regular geometric points to be

Rkn+1(ε) :=
⋃

A∈Rk
n+1(ε)

PA.

Lemma 3.3.6. There exists n1(ε) such that, for all n ≥ n1(ε), we have:

An(ε/2) ⊂ Rn+1(ε).

Proof. Let x ∈ An(ε/2). There exists a ∈ Wn+1 such that x ∈ Da. To conclude, it suffices to show
that Da ⊂ An(ε). So let y ∈ Da. We already saw in Remark 3.2.5 that Lipschitz potentials have
exponentially decreasing variations. It implies in particular the existence of some constant C > 0,
which depends only on f here, such that

|Snτ(y) − Snτ(x)| ≤ C.
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Hence, we have∣∣∣∣Snτ(y)

n
− λ

∣∣∣∣ =

∣∣∣∣Snτ(x)

n
− λ

∣∣∣∣+
1

n
|Snτ(y) − Snτ(x)| ≤ ε/2 +

C

n
≤ ε

as long as we chose n large enough, depending on ε. Samely, we can write∣∣∣∣Snφ(y)

Snτ(y)
+ δ

∣∣∣∣ ≤ ε/2 +

∣∣∣∣Snφ(y)

Snτ(y)
− Snφ(x)

Snτ(x)

∣∣∣∣ .
Since Snτ = log |(fn)′| ≥ log(c0) + n log(κ) uniformly on D for some κ > 1, we get∣∣∣∣Snφ(y)

Snτ(y)
+ δ

∣∣∣∣ ≤ ε/2 +
1

(log(c0) + n log(κ))2
|Snφ(y)Snτ(x) − Snφ(x)Snτ(y)|

≤ ε/2 +
|Snτ(x)|

(log(c0) + n log(κ))2
|Snφ(y) − Snφ(x)| +

|Snφ(x)|
(log(c0) + n log(κ))2

|Snτ(x) − Snτ(y)|

≤ ε/2 +
C

n

for some constant C, where we used the fact that (Snφ)/n is uniformly bounded on f−n(D) and
the preceding remark on potentials with exponentially vanishing variations. Again, choosing n
large enough depending on ε allows us to conclude.

Proposition 3.3.7. We have the following cardinality estimate:

#Rn+1(ε) ∼ eδλn.

Moreover, there exists n2(ε) and δ1(ε) > 0 such that

∀n ≥ n2(ε), µ (J \Rn+1(ε)) ≤ e−δ1(ε)n.

Proof. By the preceding lemma, we can write, for n ≥ n1(ε):

J ∩An(ε/2) ⊂ Rn+1(ε).

Moreover, we also know that there exists n0(ε/2) and δ0(ε/2) such that, for all n ≥ n0(ε/2), we
have

µ (J \An(ε/2)) ≤ e−δ0(ε/2)n.

So define n2(ε) := max(n1(ε), n0(ε/2)/ε0). For all n ≥ n2(ε), we then have:

µ(J \Rn+1(ε)) ≤ µ (J \An(ε/2)) ≤ e−δ0(ε/2)n.

Next, the cardinality estimates follow from the bound on the measure. Indeed, we know that, for
n ≥ n2(ε):

µ(J) = µ(J ∩Rn+1(ε)) + µ(J \Rn+1(ε)) ≤
∑

a∈Rn+1(ε)

µ(Pa) + e−δ0(ε/2)n,

and so
1 − e−δ0(ε/2)n ≤

∑
a∈Rn+1(ε)

µ(Pa) ≤ 1.

We then use the estimate obtained for µ(Pa), that is,

C−1
0 e−δλne−ε(λ+δ+ε)n ≤ µ(Pa) ≤ C0e

−δλneε(λ+δ+ε)n,

and we obtain

C−1
0 eδλne−ε(λ+δ+ε)n

(
1 − e−δ0(ε/2)n

)
≤ #Rn+1(ε) ≤ C0e

δλneε(λ+δ+ε),

which proves that #Rn+1(ε) ∼ eδλn.
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Proposition 3.3.8. For all n ≥ n2(ε),

µ
(
J \Rkn+1(ε)

)
≤ ke−δ1(ε)n,

and so
#Rk

n+1(ε) ∼ ekδλn.

Proof. Define R̃n+1(ε) :=
⊔

a∈Rn+1
intJPa. From the point of view of the measure µ, it is indistin-

guishable from Rn+1(ε). First, we prove that

k−1⋂
i=0

f−ni
(
R̃n+1(ε)

)
⊂ Rkn+1(ε).

Let x ∈
⋂k−1
i=0 f

−ni
(
R̃n+1(ε)

)
. Since there exists A = a′1 . . .a

′
k−1ak ∈ Wkn+1 such that x ∈ PA,

we see that for any i we can write fni(x) ∈ Pa′
1+i...ak

∩ R̃n+1(ε). So there exists bi+1 ∈ Rn+1(ε)

such that Pa′
1+i...ak

∩ intJPbi+1
̸= ∅. Then bi+1 = ai+1, for all i, which implies that A ∈ Rk

n+1(ε).
Now that the inclusion is proved, we see that

µ
(
J \Rkn+1

)
≤
k−1∑
i=0

µ
(
f−ni

(
J \ R̃n+1

))
= kµ(J \Rn+1),

and we conclude by the previous Proposition. The cardinal estimate is done as before.

3.4 Reduction to sums of exponentials

We can finally begin the proof of the main Theorem 3.1.2. Recall that f is a hyperbolic rational
map of degree d ≥ 2, and that J ⊂ C denotes its Julia set, which is supposed not to be included
in a circle. Fix a small Markov partition (Pa)a∈A and open sets (Ua)a∈A and (Da)a∈A as in
Proposition 3.2.2 and Proposition 3.2.4. Fix a normalized φ ∈ C1(V,R), and denote by µ its
associated equilibrium state. Let χ ∈ C1(C,C) be a compactly supported bump function, let ξ ≥ 1
and let ψ : Ω → R be a C2 phase defined on some open set Ω ⊂ C satisfying

∥ψ∥C2 + ( inf
z∈Ω

|∇ψ|)−1 ≤ ξρ1 ,

for some ρ1 > 0 that will chosen small enough during the proof of Lemma 3.4.4 and 3.4.5. It will
be convenient to see the gradient of ψ as a complex number, so that we can write:

∀h ∈ C, (dψ)z(h) = Re
(
∇ψ(z) h

)
.

Denote K := supp(χ) the support of χ, and suppose that K ∩ J ̸= ∅, and that K ⊂ Ω. In this
case, if n is large enough, any word a ∈ Rn+1(K, ε) will then satisfy Da ⊂ Ω, allowing us to use
the lower bound infDa |∇ψ| ≥ ξ−ρ1 .

Our goal is to prove power decay of the following oscillatory integral:

̂ψ∗(χdµ)(ξ) =

∫
J

e−2iπξψ(z)χ(z)dµ(z),

where ξ ∈ R. To do so, we will use the invariance of µ by the transfer operator Lφ. This will make
the maps ga appear. As we will be interested in intertwining blocks of words, let us introduce some
notations, inspired from the one used in [BD17]. For a fixed n and k, denote:

• A = (a0, . . . , ak) ∈ Wk+1
n+1 , B = (b1, . . . ,bk) ∈ Wk

n+1.

• We write A ↔ B iff aj−1 ⇝ bj ⇝ aj for all j = 1, . . . k.

• If A ↔ B, then we define the words A∗B := a′0b
′
1a

′
1b

′
2 . . . a

′
k−1b

′
kak and A#B := a′0b

′
1a

′
1b

′
2 . . . a

′
k−1bk.
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• Denote by b(A) ∈ A the last letter of ak.

Then, we can write:

∀x ∈ Pb, L(2k+1)n
φ h(x) =

∑
A↔B
A⇝b

h(gA∗B(x))wA∗B(x).

In particular, the invariance of µ under Lφ allows us to write the following formula:

̂ψ∗(χdµ)(ξ) =
∑
A↔B

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(gA∗B(x))wA∗B(x)dµ(x).

In this section, our goal is to relate this quantity to a well behaved sum of exponentials. To this
end, we will need to introduce various parameters that will be chosen in section 3.5. Before going
on, let us explain the role of these different quantities.

Five quantities will be at play: ξ, n, k, ε0 and ε. The parameters k, ε0 and ε must be thought
of as being fixed. The integer k will be chosen by an application of a version of the sum-product
phenomenon (see Theorem 3.5.1). The small constant ε0 will be chosen at the end of the proof
of Proposition 3.6.8. The parameter ε0 will be chosen small compared to λ, and ε will be chosen
small compared to ε0, λ, δ and every other constant that might appear in the proof. The only
variables are ξ and n, but they are related. We think of ξ as a large enough variable, and n will
be depending on ξ with a relation of the form n ≃ ln ξ. We prove the following reduction.

Proposition 3.4.1. Define
Jn := {eε0n/2 ≤ |η| ≤ e2ε0n}

and
ζj,A(b) := e2λng′a′

j−1b
(xaj

)

for some choice of xa ∈ intJPa for any finite admissible words a. There exists a constant α > 0
such that, for |ξ| ≃ e(2k+1)λneε0n and n large enough depending on ε:

e−εαn| ̂ψ∗(χdµ)(ξ)|2 ≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1(ε)

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1(ε)

A↔B

e2iπRe(ηζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣
+e−εαnµ(J \R2k+1

n+1 (ε))2 + κ−2n + e−(λ−ε0)n/2 + e−ε0δADn/4.

Once Proposition 3.4.1 is established, if we manage to prove that the sum of exponentials enjoys

exponential decay in n, then choosing ε small enough will allow us to see that | ̂ψ∗(χdµ)(ξ)|2 enjoys
polynomial decay in ξ, and Theorem 3.1.2 will be proved. We prove Proposition 3.4.1 through a
succession of lemmas.

Lemma 3.4.2.

| ̂ψ∗(χdµ)(ξ)|2 ≲

∣∣∣∣∣ ∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(gA∗B(x))wA∗B(x)dµ(x)

∣∣∣∣∣
2

+ µ(J \R2k+1
n+1 (ε))2.

Proof. We have

̂ψ∗(χdµ)(ξ) =
∑
A↔B

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(gA∗B(x))wA∗B(x)dµ(x).

We are only interested on blocks A and B that allow us to get some control on the different
quantities that will appear: those are the regular words. Furthermore, if a0 doesn’t satify Pa0∩K ̸=
∅, then χ(gA∗B(z)) = 0. It follows that:

̂ψ∗(χdµ)(ξ) =
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(gA∗B(x))wA∗B(x)dµ(x)
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+
∑
A↔B

A/∈Rk+1
n+1(K)

or B/∈Rk
n+1

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(gA∗B(x))wA∗B(x)dµ(x)

where we see blocks in Rk
n+1 as blocks in Wk

n+1 in the obvious way. We can bound the contribution
of the non-regular part by∣∣∣∣∣ ∑

A↔B

A/∈Rk+1
n+1(K)

or B/∈Rk
n+1

∫
Pb(A)

e−2iπRe(ξgA∗B(x))wA∗B(x)dµ(x)

∣∣∣∣∣ ≤ ∑
C/∈R2k+1

n+1

∫
Pb(C)

wCdµ

≲
∑

C/∈R2k+1
n+1

µ(PC) ≤ µ
(
J \R2k+1

n+1 (ε)
)
,

where we used the fact that µ is a Gibbs measure. Once ε will be fixed, this term will enjoy
exponential decay in n, thanks to Proposition 3.3.8.

Lemma 3.4.3. There exists some constant α > 0 such that, for n ≥ n2(ε) :

e−εαn

∣∣∣∣∣ ∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(gA∗B(x))wA∗B(x)dµ(x)

∣∣∣∣∣
2

≲ eλδ(2k−1)n
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∣∣∣∣∣
∫
Pb(A)

e−2iπψ(gA∗B(x))wak
(x)dµ(x)

∣∣∣∣∣
2

+ κ−2n.

Proof. Notice that wA∗B(x) and wak
(x) are related by

wA∗B(x) = wA#B(gak
(x))wak

(x).

For each admissible word a of any length, fix once and for all a point xa ∈ intJPa. To get the
term wA#B(gak

(x)) out of the integral, we will compare it to wA#B(xak
). Recall that φ has

exponentially decreasing variations: we can write

max
a∈Wn

sup
x,y∈Pa

|φ(x) − φ(y)| ≲ κ−n.

So we can write:

wA#B(gak
(x))

wA#B(xak
)

= exp (S2nkφ(gA#B(gak
(x))) − S2knφ(gA#B(xak

))) ,

with

|S2nkφ(gA#B(gak
(x))) − S2knφ(gA#B(xak

))| ≲
2nk−1∑
j=0

κ−n(2k+1)+j ≲ κ−n.

Hence, there exists some constant C > 0 such that

e−Cκ
−n

wA#B(xak
) ≤ wA#B(gak

(x)) ≤ eCκ
−n

wA#B(xak
),

which gives:

|wA#B(gak
(x)) − wA#B(xak

)| ≤ max
∣∣∣e±Cκ−n

− 1
∣∣∣wA#B(gak

(x)) ≲ κ−nwA#B(gak
(x)).

Furthermore, since χ also has exponentially vanishing variations:

∀x ∈ Pb(A), |χ(gA∗B(x)) − χ(xa0
)| ≲ κ−n.
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Combining these estimates yields

|χ(gA∗B(x))wA#B(gak
(x)) − χ(xa0

)wA#B(xak
)| ≲ κ−nwA#B(gak

(x)).

From this, we get∣∣∣∣∣ ∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

e−2iπψ(gA∗B(x)) (χ(gA∗B(x))wA∗B(x) − χ(xa0
)wA#B(xak

)wak
(x)) dµ(x)

∣∣∣∣∣

≤
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

|χ(gA∗B(x))wA#B(x) − χ(xa0
)wA#B(xak

)|wak
(x)dµ(x)

≲ κ−n
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

wA∗B(x)dµ(x) ≲ κ−n

by the Gibbs estimates. Moreover, by Cauchy-Schwartz,∣∣∣∣∣ ∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫
Pb(A)

e−2iπψ(gA∗B(x))χ(xa0
)wA#B(xak

)wak
(x)dµ(x)

∣∣∣∣∣
2

=

∣∣∣∣∣ ∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

χ(xa0
)wA#B(xak

)

∫
Pb(A)

e−2iπψ(gA∗B(x))wak
(x)dµ(x)

∣∣∣∣∣
2

≤
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

|χ(xa0
)|2wA#B(xak

)2
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∣∣∣∣∣
∫
Pb(A)

e−2iπψ(gA∗B(x))wak
(x)dµ(x)

∣∣∣∣∣
2

≲ eεαne−λδ(2k−1)n
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∣∣∣∣∣
∫
Pb(A)

e−2iπψ(gA∗B(x))wak
(x)dµ(x)

∣∣∣∣∣
2

,

by Proposition 3.3.3 and 3.3.8, where one could increase α if necessary.

Lemma 3.4.4. Define
ζj,A(b) = e2λng′a′

j−1b
(xaj )

and
ηA(x, y) := ∇ψ(xa0)ξ (gak

(x) − gak
(y)) e−2kλn ∈ C.

There exists α > 0 such that, for |ξ| ≃ e(2k+1)λneε0n and n large enough depending on ε:

e−εαne−λδ(2k−1)n
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∣∣∣∣∣
∫
Pb(A)

e−2iπψ(gA∗B(x))wak
(x)dµ(x)

∣∣∣∣∣
2

≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
P 2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηA(x,y)ζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣dµ2(x, y) + e−(λ−ε0)n/2.
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Proof. Remember that we allowed ∥ψ∥C2 + (infx∈Ω |∇ψ|)−1 to grow like ξρ1 for some constant ρ1
that we can choose as small as we want. We will carefully make these quantities appear in the
computations of this lemma and in the next. We expand the integral term and use Proposition
3.3.3 to get

e−λδ(2k−1)n
∑
A↔B

A∈Rk+1
n+1(K)

B∈Rk
n+1

∫∫
P 2

b(A)

e2iπξ(ψ(gA∗B(x))−ψ(gA∗B(y)))wak
(x)wak

(y)dµ2(x, y)

≤ e−λδ(2k−1)n
∑

A∈Rk+1
n+1(K)

∫∫
P 2

b(A)

wak
(x)wak

(y)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπξ(ψ(gA∗B(x))−ψ(gA∗B(y)))

∣∣∣∣∣dµ2(x, y)

≲ eεαne−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
P 2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπξ(ψ(gA∗B(x))−ψ(gA∗B(y)))

∣∣∣∣∣dµ(x)dµ(y).

The next step is to carefully linearize the phase. Here again, the construction of the (Da)a∈A as
convex sets is really useful.

Fix some A ∈ Rk+1
n+1. For x, y ∈ Pb(A), set x̂ := gak

(x) and ŷ = gak
(y). These are elements of

Pb(B), and so [x̂, ŷ] ⊂ Db(B). Hence, the following identity makes sense:

ψ(gA∗B(x)) − ψ(gA∗B(y)) = ψ(gA#B(x̂)) − ψ(gA#B(ŷ)) = Re

∫
[x̂,ŷ]

(
∇ψ(gA#B(z))g′A#B(z)

)
dz.

Therefore, we get ∣∣∣ψ(gA∗B(x)) − ψ(gA∗B(y)) − Re
(
∇ψ(xa0)g′A#B(xak

)(x̂− ŷ)
)∣∣∣

=

∣∣∣∣∣Re

∫
[x̂,ŷ]

(
∇ψ(xa0

)g′A#B(z) −∇ψ(gA#B(z))g′A#B(xak
)
)
dz

∣∣∣∣∣
=

∣∣∣∣∣
∫
[x̂,ŷ]

(
∇ψ(xa0

)
(
g′A#B(z) − g′A#B(xak

)
)
−
(
∇ψ(gA#B(z)) −∇ψ(xa0

)
)
g′A#B(xak

)
)
dz

∣∣∣∣∣
≲ ∥ψ∥C2

∣∣∣∣∣
∫
[x̂,ŷ]

(
g′A#B(z) − g′A#B(xak

)
)
dz

∣∣∣∣∣+ ∥ψ∥C2eεαne−(2k+2)λn,

using Proposition 3.3.3. Notice that if z ∈ [x̂, ŷ], we have z ∈ Db(B), and so [z, xak
] ⊂ Db(B), and

the following is well defined:

g′A#B(z) − g′A#B(xak
) =

∫
[z,xak

]

g′′A#B(ω)dω.

Now, notice that since the maps are holomorphic, and since there exists β > 0 such that Pa +
B(0, 2β) ⊂ Da for any a ∈ A, we can write by Cauchy’s formula

∣∣g′′A#B(ω)
∣∣ =

∣∣∣∣∣ 1

2iπ

∮
C(ω,β)

g′A#B(s)

(s− ω)2
ds

∣∣∣∣∣ ≤ ∥g′A#B∥∞,C(ω,β)

β
,

where C(ω, β) is a circle centered at ω with radius β. And so

|g′A#B(z) − g′A#B(xak
)| ≲ ∥g′A#B∥∞,Db(B)

|z − xak
| ≲ eεαne−2kλne−λn

by Proposition 3.3.3. Hence,∣∣∣ψ(gA∗B(x)) − ψ(gA∗B(y)) − Re
(
∇ψ(xa0)g′A#B(xak

)(x̂− ŷ)
)∣∣∣ ≲ ∥ψ∥C2eεαne−(2k+2)λn.
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Then we relate g′A#B(xak
) to g′a′

0b1
(xa1

) . . . g′a′
k−1bk

(xak
), using Cauchy’s formula again:

∣∣∣g′A#B(xak
) − g′a′

0b1
(xa1

) . . . g′a′
k−1bk

(xak
)
∣∣∣ =

∣∣∣∣∣∣
k∏
j=1

g′a′
j−1bj

(ga′
jb

′
j+1...a

′
k−1bk

(xak
)) −

k∏
j=1

g′a′
j−1bj

(xaj
)

∣∣∣∣∣∣
≤
k−1∑
i=0

∣∣∣∣∣∣
i∏

j=1

g′a′
j−1bj

(xaj
)

k∏
j=i+1

g′a′
j−1bj

(ga′
jb

′
j+1...bk

(xak
)) −

i+1∏
j=1

g′a′
j−1bj

(xaj
)

k∏
j=i+2

g′a′
j−1bj

(ga′
jb

′
j+1...bk

(xak
))

∣∣∣∣∣∣
≤
k−1∑
i=0

eεαne−2(k−1)λn|g′a′
ibi+1

(ga′
i+1b

′
i+2...bk

(xak
)) − g′a′

ibi+1
(xai+1))|

≲ eεαne−2λ(k−1)n∥g′a′
ibi+1

∥∞diam(Pai+1
) ≲ eεαne−(2k+1)λn.

Hence, since |x̂− ŷ| ≲ eεαne−λn,∣∣∣∣∣∣ψ(gA∗B(x)) − ψ(gA∗B(y)) − Re
(

(x̂− ŷ)∇ψ(xa0)

k∏
j=1

g′a′
j−1bj

(xaj
)
)∣∣∣∣∣∣ ≲ ∥ψ∥C2eεαne−(2k+2)λn.

From this estimate, we can relate our problem to a linearized one, as follows:

e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
Pb(A)2

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπξ(ψ(gA∗B(x))−ψ(gA∗B(y))) − e
2iπξRe(∇ψ(xa0 )g

′
a′0b1

(xa1 )...g
′
a′
k−1

bk
(xak

)(x̂−ŷ))
∣∣∣∣∣dµ2(x, y)

≤ e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
Pb(A)2

∑
B∈Rk

n+1

A↔B

∣∣∣∣∣e2iπξ
(
ψ(gA∗B(x))−ψ(gA∗B(y))−Re

(
(x̂−ŷ)∇ψ(xa0 )

∏k
j=1 g

′
a′
j−1

bj
(xaj

)

))
− 1

∣∣∣∣∣dµ2(x, y)

≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
Pb(A)2

∑
B∈Rk

n+1

A↔B

|ξ|
∣∣∣ψ(gA∗B(x)) − ψ(gA∗B(y)) − Re

(
(x̂− ŷ)∇ψ(xa0)

k∏
j=1

g′a′
j−1bj

(xaj )
)∣∣∣dµ2(x, y)

≲ ∥ψ∥C2eεαne−λδ(2k+1)ne(k+1)δλnekδλn|ξ|e−(2k+2)λn ≃ ∥ψ∥C2 |ξ|eεαne−(2k+2)λn.

Now we see why we need to relate n to ξ. We follow [SS20] and fix

e(2k+1)λ(n−1)eε0(n−1) ≤ |ξ| ≤ e(2k+1)λneε0n.

This choice will ensure that the normalized phase η will grow at a slow pace, of order of magnitude
eε0n. It will be useful in section 3.6, where we will finally adjust ε0. This relationship being fixed
from now on, we get:

e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
Pb(A)2

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπξ(ψ(gA∗B(x))−ψ(gA∗B(y))) − e
2iπξRe(∇ψ(xa0 )g

′
a′0b1

(xa1 )...g
′
a′
k−1

bk
(xak

)(x̂−ŷ))
∣∣∣∣∣dµ2(x, y)

≲ eεαn∥ψ∥C2e−(λ−ε0)n ≲ e−(λ−ε0)n/2

if ρ1 > 0 is chosen so small that ∥ψ∥C2 ≤ ξρ1 ≲ e−(λ−ε0)n/4. Now we can focus on the term

eεαne−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
Pb(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e
2iπRe

(
ξ∇ψ(xa0 )g

′
a′0b1

(xa1 )...g
′
a′
k−1

bk
(xak

)(x̂−ŷ)
)∣∣∣∣∣dµ2(x, y).

We re-scale the phase by defining, for any b such that aj−1 ⇝ b⇝ aj :

ζj,A(b) = e2λng′a′
j−1b

(xaj ),

so that ζj,A(b) ∼ 1. We can then write

ξ∇ψ(xa0)g′a′
0b1

(xa1
) . . . g′a′

k−1bk
(xak

)(x̂− ŷ) = ηA(x, y)ζ1,A(b1) . . . ζk,A(bk),

where ηA(x, y) := ξ∇ψ(xa0
) (x̂− ŷ) e−2kλn.
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Lemma 3.4.5. Define
Jn := {η ∈ C, eε0n/2 ≤ |η| ≤ e2ε0n}.

There exists α > 0 such that, for |ξ| ≃ e(2k+1)λneε0n and n large enough depending on ε:

e−εαne−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
P 2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηA(x,y)ζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣dµ(x)dµ(y)

≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣+ e−δADε0n/4.

Proof. To estimate ηA(x, y), we need to control |x̂− ŷ|. A first inequality is easy to get by convexity
of Db(A):

|x̂− ŷ| =

∣∣∣∣∣
∫
[x,y]

g′a(z)dz

∣∣∣∣∣ ≤ eεne−λn|x− y|.

The other inequality is subtler to get, but we already did the hard work. Recall Lemma 3.2.6: it
tells us that Conv(Pak

) ⊂ Dak
, thanks to Koebe’s quarter theorem. Consequently, [x̂, ŷ] ⊂ Dak

,
and so we can write safely that

|x− y| =

∣∣∣∣∣
∫
[x̂,ŷ]

(fn)′(z)dz

∣∣∣∣∣ ≤ eεneλn|x̂− ŷ|.

Combining this with the fact that ζj,A(b) ∼ 1 gives us the following estimate for η :

∀x, y ∈ Pb(A), |∇ψ(xa0
)|e−ε(4k+1)neε0n|x− y| ≤ |ηA(x, y)| ≤ |∇ψ(xa0

)|eε(4k+1)neε0n|x− y|.

Now notice that, if ρ1 is chosen small enough, we can suppose that we have a bound e−ε0n/4 ≤
ξ−ρ1 ≤ |∇ψ(xa)| ≤ ξρ1 ≤ eε0n/4 for all a0 ∈ Rn+1(K). Choosing ε and our Markov partition small
enough then ensures that

∀x, y ∈ Pb(A), e
−ε(4k+1)ne3ε0n/4|x− y| ≤ |ηA(x, y)| ≤ e2ε0n.

Finally, we need to reduce our problem to the case where η is not too small, so that the sum of
exponential may enjoys some cancellations. For this, we use the upper regularity of µ. We have, if
x ∈ Pb(A):

µ
({
y ∈ J, |x− y| ≤ eε(4k+1)ne−ε0n/4

})
≲ eε(4k+1)nδADe−ε0δADn/4.

Integrating in x yields

µ⊗ µ
({
x, y ∈ J, |x− y| ≤ eε(4k+1)ne−ε0n/4

})
≲ eε(4k+1)nδADe−ε0δADn/4.

This allows us to reduce our principal integral term to the part where η is not small. Indeed, we
get:

e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
P 2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηA(x,y)ζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣dµ(x)dµ(y)

≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
{x,y∈Pb(A), |x−y|>eε(4k+1)ne−ε0n/4}

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηA(x,y)ζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣dµ(x)dµ(y)

+eεαneεn(4k+1)δADe−ε0δADn/4,

by the cardinality estimate on Rk
n+1. In this integral term, we get

|ηA(x, y)| ≥ e−ε(4k+1)ne3ε0n/4eε(4k+1)ne−ε0n/4 = eε0n/2,
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and so we can bound:

e−λδ(2k+1)n
∑

A∈Rk+1
n+1(K)

∫∫
{x,y∈Pb(A), |x−y|>eε(4k+1)ne−ε0n/4}

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηA(x,y)ζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣dµ(x)dµ(y)

≤ e−λδ(2k+1)n
∑

A∈Rk+1
n+1

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣.

Combining all those lemmas gives us Proposition 3.4.1.

3.5 The sum-product phenomenon

The version of the sum-product phenomenon that we will use is a corollary of a version found in
Li’s work, see [LNP19], or [Li18]. Similar results can be found in Section 1.3.2.

Theorem 3.5.1. Fix 0 < γ < 1. Then there exist k ∈ N∗, c > 0 and ε1 > 0 depending only on
γ such that the following holds for η ∈ C with |η| large enough. Let 1 < R < |η|ε1 , N > 1 and
Z1, . . . ,Zk be finite sets with #Zj ≤ RN . Consider some maps ζj : Zj → C, j = 1, . . . , k, such
that, for all j:

ζj(Zj) ⊂ {z ∈ C , R−1 ≤ |z| ≤ R}
and

∀σ ∈ [|η|−2, |η|−ε1 ], sup
a,θ∈R

#{b ∈ Zj , |Re(eiθζj(b)) − a| ≤ σ} ≤ Nσγ . (∗)

Then: ∣∣∣∣∣∣N−k
∑

b1∈Z1,...,bk∈Zk

exp (2iπRe (ηζ1(b1) . . . ζk(bk)))

∣∣∣∣∣∣ ≤ c|η|−ε1 .

Our goal is to use Theorem 3.5.1 on the maps ζj,A. Let’s carefully define the framework.
For some fixed A ∈ Rk+1

n+1, define for j = 1, . . . , k

Zj := {b ∈ Rn+1,aj−1 ⇝ b⇝ aj }.

The maps ζj,A(b) := e2λng′a′
j−1b

(xaj
) are defined on Zj . There exists a constant α > 0 (which will

be fixed from now on) such that
#Zj ≤ eεαneδλn

and
ζj,A(Zj) ⊂ {z ∈ C , e−εαn ≤ |z| ≤ eεαn}.

Let γ > 0 small enough. Theorem 3.5.1 then fixes k and some ε1. The goal is to apply Theorem
3.5.1 to the maps ζj,A, for N := eλδn, R := eεαn and η ∈ Jn. Notice that choosing ε small enough
ensures that R < |η|ε1 , and taking n large enough ensures that |η| is large. If we are able to prove
the non-concentration hypothesis (∗) in this context, then Theorem 3.5.1 can be applied and we
would be able to conclude the proof of the main Theorem 3.1.2. Indeed, we already know that

e−εαn|µ̂(ξ)|2 ≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣
+e−εαnµ(J \R2k+1

n+1 (ε))2 + κ−2n + e−(λ−ε0)n + e−ε0δADn/2

by Proposition 3.4.1. Since every error term already enjoys exponential decay in n, we just have
to deal with the sum of exponentials. By Theorem 3.5.1, we can then write

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣ ≤ ceλkδne−ε0ε1n/2,
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and hence we get

e−λδ(2k+1)n
∑

A∈Rk+1
n+1

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

e2iπRe(ηζ1,A(b1)...ζk,A(bk))

∣∣∣∣∣
≲ eεαne−λδ(2k+1)neλδ(k+1)neλδkne−ε0ε1n/2 ≲ eεαne−ε0ε1n/2.

Now, we see that we can choose ε small enough so that all terms enjoy exponential decay in n, and
since |ξ| ≃ e(2k+1)λneε0n, we have proved polynomial decay of |µ̂|2.

3.6 The non-concentration hypothesis

The last part of this Chapter is devoted to the proof of the non-concentration hypothesis that we
just used. Unlike Chapter 2, we will this time directly use some Dolgopyat’s estimates for well
chosen twisted transfer operators. From there, χ and ψ won’t play any role: the only actors now
are the dynamics and the measure µ (the dependence on the measure coming from the definition
of ε-regular words).

3.6.1 Statement of the non-concentration estimates

Definition 3.6.1. For a given A ∈ Rk+1
n+1, define for j = 1, . . . , k

Zj := {b ∈ Rn+1, aj−1 ⇝ b⇝ aj }

Then define

ζj,A(b) := e2λng′a′
j−1b

(xaj
)

on Zj . The following is satisfied, for some fixed constant α > 0:

#Zj ≤ eεαneδλn

and

ζj,A(Zj) ⊂ {z ∈ C , e−εαn ≤ |z| ≤ eεαn}.

We are going to prove the following fact, which will allow us to apply Theorem 3.5.1 for η ∈ Jn,
R := eεαn and N := eλδn.

Theorem 3.6.2 (non-concentration). There exists γ > 0, and we can choose ε0 > 0, such that the
following holds. Let η ∈ {eε0n/2 ≤ |η| ≤ e2ε0n}. Let A ∈ Rk+1

n+1. Then, if n is large enough,

∀σ ∈ [|η|−2, |η|−ε1 ], sup
a,θ∈R

#
{
b ∈ Zj , |Re(eiθζj,A(b)) − a| ≤ σ

}
≤ Nσγ ,

where R := eεαn, N := eλδn and ε1 and k are fixed by Theorem 3.5.1.

3.6.2 Non-concentration estimates I

The proof of Theorem 3.6.2 is in two parts. First of all, we see that the non-concentration hypothesis
formulated above counts how many ζj,A are in a strip. We begin by reducing the non-concentration
to a counting problem in small disks. Recall that R := eεαn is a slowly growing term, and that
N := eλδn ∼ #Rn+1.

Lemma 3.6.3. If ε0 and γ are such that, for σ ∈ [e−5ε0n, e−ε1ε0n/5],

sup
R−1≤|a|≤R

#{b ∈ Zj , ζj,A(b) ∈ B(a, σ)} ≤ Nσ1+γ ,

then Theorem 3.6.2 is true.
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Proof. Suppose that the result in Lemma 3.6.3 is true. Then, we know that squares Cc,θ,σ :=
e−iθB∞(c, σ) = {z ∈ C, |Re(eiθz − c)| ≤ σ, |Im(eiθz − c)| ≤ σ} are included in disks B(c, σ

√
2).

(We note B∞ the balls for the L∞ norm.) Hence,

∀σ ∈ [e−5ε0n, e−ε1ε0n/5],

#{b ∈ Zj , ζj,A ∈ Cc,θ,σ} ≤ #{b ∈ Zj , ζj,A ∈ B(c, σ
√

2)} ≤ N
√

2
1+γ

σ1+γ .

Our next move is to cover the strip Sa,θ,σ :=
{
z ∈ C, |Re(eiθz) − a| ≤ σ

}
by squares Cc,θ,σ. First

of all, recall that ζj,A(Zj) ⊂ B(0, R). Hence, we can write, for a fixed a and θ:

#{b ∈ Zj , ζj,A(b) ∈ Sa,θ,σ} ≤
∑

c∈K(σ,R)

#{b ∈ Zj , ζj,A ∈ Cc,θ,σ}

where K(σ, n) := {e−iθ(a+ ikσ) | k = −⌊R/σ⌋, . . . , ⌊R/σ⌋} is the set of the centers of the squares,
chosen so that it covers our restricted strip. Hence, for σ ∈ [e−4ε0n, e−ε1ε0n/2],

#{b ∈ Zj , ζj,A(b) ∈ Sa,θ,σ} ≲
R

σ
N
√

2
1+γ

σ1+γ .

Then, since σ goes to zero exponentially fast in n, and since R grows slowly since ε can be chosen
as small as we want, we can just take n large enough so that

#{b ∈ Zj , ζj,A(b) ∈ Sa,θ,σ} ≲
R

σ
N
√

2
1+γ

σ1+γ ≤ Nσγ/2,

and we are done.

Definition 3.6.4. Since exp : C → C∗ is a surjective, holomorphic morphism, with kernel 2iπZ,
it induces a biholomorphism exp : C/2iπZ → C∗. Define by log : C∗ → C/2iπZ its holomorphic
inverse. Note mod2iπ : C → C/2iπZ the projection.

Now, we reduce the problem to a counting estimate on log(ζj,A).

Lemma 3.6.5. If ε0 and γ are such that, for σ ∈ [e−6ε0n, e−ε1ε0n/6],

sup
a∈C

#
{
b ∈ Zj , log g′a′

j−1b
(xaj

) ∈ mod2iπ (B∞(a, σ))
}
≤ Nσ1+γ ,

then Theorem 3.6.2 is true.

Proof. Suppose that the estimate is true. Let σ ∈ [e−5ε0n, e−ε1ε0n/5]. Fix a euclidean ball B(a, σ),
where a = r0e

iθ0 satisfies r0 ∈ [R−1, R] and θ0 ∈] − π, π]. Elementary trigonometry allows us to
see that

B(a, σ) ⊂
{
reiθ ∈ C| r ∈ [r0 − σ, r0 + σ], θ ∈ [θ0 − arctan(σ/r0), θ0 + arctan(σ/r0))]

}
.

Then, since for n large enough

ln(r0 + σ) − ln(r0 − σ) = ln(1 + σr−1
0 ) − ln(1 − σr−1

0 ) ≤ 4σr−1
0 ≤ 4σR

and
2 arctan(σ/r0) ≤ 4σr−1

0 ≤ 4σR,

we find that
B(a, σ) ⊂ expB∞((ln(r0), θ0), 4σR).

Hence:

#{b ∈ Zj , ζj,A(b) ∈ B(a, σ)} ≤ #{b ∈ Zj , ζj,A(b) ∈ expB∞((ln(r0), θ0), 4Rσ)}

= #{b ∈ Zj , log ζj,A(b) ∈ mod2iπ (B∞((ln(r0), θ0), 4Rσ))}
= #{b ∈ Zj , log g′a′

j−1b
(xaj

) ∈ mod2iπ (B∞((ln(r0) − 2nλ, θ0), 4Rσ))}

≤ N(4Rσ)1+γ ≤ Nσ1+γ/2

provided n is large enough. So the inequality of Lemma 3.6.3 is satisfied, and so Theorem 3.6.2 is
true.
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3.6.3 Non-concentration estimates II

We are going to prove that the estimate in Lemma 3.6.5 is satisfied for all C1(V,R) potentials φ.
(The dependence in φ is hidden in the definition of the φ-regular words.) For this, we will need a
generalization of a result borrowed from [OW17].

Theorem 3.6.6. We work on U :=
⊔
a∈A Ua, the formal disjoint union of the Ua. Define

C1
b (U,C) :=

{
h = (ha)a∈A | ha ∈ C1(Ua,C), ∥(ha)a∥C1

b (U,C) <∞
}
,

where ∥ · ∥C1
b (U,C) is the usual C1 norm

∥h∥C1
b (U,C) =

∑
a∈A

(∥ha∥∞,Ua + ∥∇ha∥∞,Ua) .

On this Banach space, for φ a normalized potential, s ∈ C and l ∈ Z, we define a twisted
transfer operator Lφ,s,l : C1

b (U,C) → C1
b (U,C) as follows:

∀x ∈ Ub, Lφ,s,lh(x) :=
∑

Mab=1

eφ(gab(x))|g′ab(x)|s
(
g′ab(x)

|g′ab(x)|

)−l

h(gab(x)),

where gab : Ub → Ua. Iterating this transfer operator yields:

∀x ∈ Ub, Lnφ,s,lh(x) =
∑

a∈Wn+1

a⇝b

wa(x)|g′a(x)|s
(
g′a(x)

|g′a(x)|

)−l

h(ga(x)).

Since J is supposed to be not included in a circle, we have the following result. There exists C > 0
and ρ < 1 such that, for any s ∈ C such that Re(s) = 0 and |Im(s)| + |l| > 1,

∀n ≥ 1, ∥Lnφ,s,l∥C1
b (U,C) ≤ C0(|Im(s)| + |l|)2ρn.

It means that this twisted transfer operator is eventually uniformly contracting for large l and
Im(s). This result will play a key role in the proof of our non-concentration estimates.

Remark 3.6.7. In [OW17], this Theorem was proved for the conformal measure. In [ShSt20],
section 3.3, Sharp and Stylianou explain how we can generalize the result for a more general family
of potentials, which covers the case of the measure of maximal entropy. The fully general theorem
can be proved with some very minor modifications from the proof developed in [OW17]: it will be
explained in appendix B.

Proposition 3.6.8. Define ε0 := min(− ln(ρ)/30, λ/2). There exists γ > 0 such that,
for σ ∈ [e−6ε0n, e−ε1ε0n/6] and if n is large enough,

sup
a

#
{
b ∈ Zj , − log g′a′

j−1b
(xaj ) ∈ mod2iπ (B∞(a, σ))

}
≤ Nσ1+γ .

Proof. In the proof to come, all the ≃ or ≲ will be uniform in a: the only relevant information
here will be σ. So fix σ ∈ [e−6ε0n, e−ε1ε0n/6], and fix a small square mod2iπ (B∞(a, σ)) ⊂ C/2iπZ.
The area of this square is σ2. Lift this square somewhere in C, for example as B∞(a, σ), and
then define a bump function χ such that χ = 1 on B∞(a, σ), supp(χ) ⊂ B∞(a, 2σ) and such
that ∥χ∥L1(C) ≃ σ2. We can suppose that ∥∂k1x ∂k2y χ∥L1(C) ≃k1,k2 σ2−k1−k2 . (For example, take
χ(x) := χ0((x− a)σ−1) for χ0 a bump function around 0.)

Then, we can consider h, the 2πZ[i] := 2π(Z + iZ) periodic map obtained by periodizing χ.
We can see it either as a smooth 2πZ[i]-periodic map on C, or as a smooth 2πZ-periodic map on
C/2iπZ, or just as a smooth map on C/2πZ[i].

By construction, the periodicity of h allows us to see that

1mod2iπ(B∞(a,σ)) ≤ h.
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Moreover, h
(
− log g′a′

j−1b

)
(xaj ) is well defined, and so we can bound the desired cardinality with

it. We have the following “convex combination” bound:

#
{
b ∈ Zj , − log g′a′

j−1b
(xaj

) ∈ mod2iπ (B∞(a, σ))
}
≤
∑
b∈Zj

h(− log g′a′
j−1b

(xaj
))

=
∑
b∈Zj

wb(xaj
)

wb(xaj
)
h(− log g′a′

j−1b
(xaj

))

≤ RN
∑
b∈Zj

wb(xaj
)h(− log g′a′

j−1b
(xaj

))

≤ RN
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)h(− log g′a′

j−1b
(xaj

)).

Then, since our map h is 2πZ[i]-periodic and smooth, we can develop it using Fourier series. We
can write:

∀z = x+ iy ∈ C/2iπZ, h(z) =
∑

(µ,ν)∈Z2

cµν(h)ei(µx+νy),

where

cµν(h) = (4π2)−1

∫
B∞(a,π)

h(x+ iy)e−i(µx+νy)dxdy.

Notice that
µk1νk2 |cµν(h)| ≃ |cµν(∂k1x ∂

k2
y h)|

≤ (4π2)−1∥∂k1x ∂k2y h∥L1(B∞(a,π)) = (4π2)−1∥∂k1x ∂k2y χ∥L1(C) ≃ σ2−k1−k2 .

Plugging − log g′a′
j−1b

(xaj ) in this expression yields

h
(
− log g′a′

j−1b
(xaj )

)
=

∑
(µ,ν)∈Z2

cµν(h) exp
(
−iµ ln(|g′a′

j−1b
(xaj )|) − iν arg g′a′

j−1b
(xaj )

)

=
∑

(µ,ν)∈Z2

cµν(h)|g′a′
j−1b

(xaj
)|−iµ

(
g′a′

j−1b
(xaj )

|g′a′
j−1b

(xaj
)|

)−ν

,

and so
#
{
b ∈ Zj , − log g′a′

j−1b
(xaj

) ∈ mod2iπ (B∞(a, σ))
}

≤ RN
∑
µν

cµν(h)
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj )|g′a′
j−1b

(xaj )|−iµ
(
g′a′

j−1b
(xaj

)

|g′a′
j−1b

(xaj )|

)−ν

.

For any word a, define g′a on C1
b (U,C) by

∀x ∈ Ub(a), g
′
a(x) := g′a(x) , ∀x ∈ Ub, b ̸= b(a), g′a(x) := 0.

With this notation, we may rewrite the sum on b as follows:

∑
b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)|g′a′

j−1b
(xaj

)|−iµ
(
g′a′

j−1b
(xaj )

|g′a′
j−1b

(xaj
)|

)−ν

=
∑

b∈Wn+1

aj−1⇝b⇝aj

|g′aj−1
(gb(xaj

))|−iµ
(
g′aj−1

(gb(xaj
))

|g′aj−1
(gb(xaj

))|

)−ν

wb(xaj
)|g′b(xaj

)|−iµ
(
g′b(xaj )

|g′b(xaj
)|

)−ν

=
∑

b∈Wn+1

b⇝aj

wb(xaj
)|g′b(xaj

)|−iµ
(
g′b(xaj )

|g′b(xaj
)|

)−ν
|g′aj−1

|−iµ
(

g′aj−1

|g′aj−1
|

)−ν
(gb(xaj

)
)
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= Lnφ,−iµ,ν

|g′aj−1
|−iµ

(
g′aj−1

|g′aj−1
|

)−ν
 (xaj

).

For clarity, set hA,j := |g′aj−1
|−iµ

(
g′
aj−1

|g′
aj−1

|

)−ν

. The holomorphicity of the (ga)a allows us to use

Cauchy’s formula (like in the proof of Lemma 3.4.4) to see that

∥hA,j∥C1
b (U,C) ≲ (1 + |µ| + |ν|).

We can now break the estimate into two pieces: high frequencies are controlled by the contraction
property of this transfer operator, and the low frequencies are controlled by the Gibbs property of
µ. We also use the estimates on the Fourier coefficients of h.

#
{
b ∈ Zj , − log g′a′

j−1b
(xaj ) ∈ mod2iπ (B∞(a, σ))

}

≤ RN
∑
µν

cµν(h)
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)|g′a′

j−1b
(xaj

)|−iµ
(
g′a′

j−1b
(xaj

)

|g′a′
j−1b

(xaj
)|

)−ν

≤ RN

 ∑
|µ|+|ν|≤1

|cµν(h)|
∑

b∈Wn+1

wb(xaj ) +
∑

|µ|+|ν|>1

|cµν(h)||Lnφ,−iµ,ν(hA,j)(xaj )|



≲ RN

5σ2
∑

b∈Wn+1

µ(Pb) +
∑

|µ|+|ν|>1

|cµν(h)|∥Lnφ,−iµ,ν(hA,j)∥C1
b (U,C)


≲ RNσ2 +RN

∑
|µ|+|ν|>1

|cµν(h)|(|µ| + |ν|)2ρn∥hA,j∥C1
b (U,C)

≲ RNσ2 +RNρn
∑

|µ|+|ν|>1

|cµν(h)|(|µ| + |ν|)5(|µ| + |ν|)−2

≤ CRN(σ2 + ρnσ−3),

for some constant C > 0. We are nearly done. Since σ ∈ [e−6ε0n, e−ε1ε0n/6], we know that
σ−3 ≤ e18ε0n. Now is the time where we fix ε0: choose

ε0 := min(− ln(ρ)/30, λ/2).

Then ρnσ−3 ≤ en(ln(ρ)+18ε0) ≤ e−12ε0n ≤ σ2 for n large enough. Hence, we get

#
{
b ∈ Zj , − log g′a′

j−1b
(xaj

) ∈ mod2iπ (B∞(a, σ))
}
≤ 2CRNσ2.

Finally, since σ1/2 is quickly decaying compared to R, we have

2CRNσ2 ≤ Nσ3/2

provided n is large enough. The proof is done.

3.7 Appendix A: Large deviations

The goal of this section is to prove the large deviation Theorem 3.2.11, by using properties of
the pressure. The link between the spectral radius of Lφ and the pressure given by the Perron-
Frobenius-Ruelle theorem allows us to get the following useful formula (though, seing it that way
may be a bit of a circular reasoning, as the following lemma is usually proved before Perron-
Frobenius-Ruelle’s Theorem). We extract the first one from [Ru78], Theorem 7.20 and Remark
7.28, and the second one from [Ru89], Lemma 4.5.
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Proposition 3.7.1.

P (φ) = lim
n→∞

1

n
log

∑
fn(x)=x

eSnφ(x)

P (φ) = lim
n→∞

1

n
max
b∈A

sup
x∈Pb

log
∑

a∈Wn+1

a⇝b

eSnφ(ga(x))

We begin by proving another avatar of those spectral radius formulas (which is nothing new).

Lemma 3.7.2. Choose any xa in each of the Pa, a ∈ Wn, ∀n. Then

P (φ) = lim
n

1

n
log

∑
a∈Wn+1

eSnφ(xa).

Proof. Since Pa is compact, and by continuity, for every n there exists b(n) ∈ A and y
(n)

b(n) ∈ Pb(n)

such that

max
b∈A

sup
x∈Pb

log
∑

a∈Wn+1

a⇝b

eSnφ(ga(x)) = log
∑

a∈Wn+1

a⇝b(n)

e
Snφ(ga(y

(n)

b(n)
))
.

Define ya := ga(y
(n)

b(n)) ∈ Pa for clarity. The dependence on n is not lost since it is contained in
the length of the word. First of all, since φ has exponentially vanishing variations, there exists a
constant C1 > 0 such that

∀x, y ∈ Pa, |Snφ(x) − Snφ(y)| ≤ C1.

Now we want to relate the sums with the xa’s and the ya’s, but the indices are different. To do
it properly, we are going to use the fact that f is topologically mixing: there exists some N ∈ N
such that the matrix MN has all its entries positive. In particular, it means that

∀b ∈ A, ∀a ∈ Wn+1, ∃c ∈ WN , acb ∈ Wn+N+1.

The point is that we are sure that the word is admissible.
For a given a ∈ Wn+1, there exists a c ∈ WN such that acb(n+N+1) ∈ Wn+N+1, and so, using the
fact that eSnφ ≥ 0, we get:

eSnφ(xa) ≤
∑

c∈WN

acb(n+N+1)∈Wn+N+1

eC1eSnφ(yacb(n+N+1) ).

Then, since Sn(φ) ≤ Sn+N (φ) +N∥φ∥∞,J , we have:

eSnφ(xa) ≤
∑

c∈WN

acb(n+N+1)∈Wn+N+1

eC2eSn+N (φ)(y
acb(n+N+1) ).

Hence

log
( ∑
a∈Wn+1

eSnφ(xa)
)
≤ log

( ∑
a∈Wn+1

∑
c∈WN

acb(n+N+1)∈Wn+N+1

eC2eSn+Nφ(yacb(n+N+1) )

)

= C2 + log

( ∑
d∈Wn+N+1

d⇝b(n+N+1)

eSnφ(yd)

)
,

and so

lim sup
n→∞

1

n
log

 ∑
a∈Wn+1

eSnφ(xa)

 ≤ P (φ).
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The other inequality is easier, we have

log

( ∑
a∈Wn+1

a⇝b(n)

eSnφ(ya)

)
≤ C1 + log

 ∑
a∈Wn+1

eSnφ(xa)

 ,

which gives us

P (φ) ≤ lim inf
1

n
log

 ∑
a∈Wn+1

eSnφ(xa)

 .

Another useful formula is the computation of the differential of the pressure.

Theorem 3.7.3. The map P : C1(U,R) → R is differentiable. If φ ∈ C1(U,R) is a normalized
potential, then we have:

∀ψ ∈ C1(U,R), (dP )φ(ψ) =

∫
J

ψdµφ.

Proof. This is Corollary 5.2 in [Ru89]. Loosely, the argument goes as follows.

The differentiability is essentially a consequence of the fact that eP (ψ) is an isolated eigenvalue
of Lψ. To compute the differential, consider vt ∈ C1 the normalized eigenfunction for Lφ+tψ such
that v0 = 1. We have, for small t:

Lφ+tψvt = eP (φ+tψ)vt

Hence,

Lφ+tψ(ψvt) + Lφ+tψ(∂tvt) = vte
P (φ+tψ) d

dt
P (φ+ tψ) + eP (φ+tψ)∂tvt

Taking t = 0 and integrating against µφ gives

(dP )φ(ψ) =

∫
J

Lφ(ψ)dµφ =

∫
J

ψdµφ.

Now, we are ready to establish large deviation estimates (Theorem 3.2.11). The proof is adapted
from [JS16], subsection 4.

Proof. Let φ be a normalized potential, and let ψ be another C1 potential. Let ε > 0. Let
j(t) := P

(
(ψ −

∫
ψdµφ − ε)t+ φ

)
. We know by Theorem A.3 that j′(0) = −ε < 0. Hence, there

exists t0 > 0 such that P ((ψ −
∫
ψdµφ − ε)t0 + φ) < 0.

Define 2δ0 := −P
(
(ψ −

∫
ψdµφ − ε)t0 + φ

)
. We then have

µφ

({
x ∈ J ,

1

n
Snψ(x) −

∫
J

ψdµφ ≥ ε

})
≤

∑
a∈Cn+1

µφ(Pa),

where Cn+1 := {a ∈ Wn+1 | ∃x ∈ Pa, Snψ(x)/n−
∫
ψdµφ ≥ ε}. For each a in some Cn+1, choose

xa ∈ Pa such that Snψ(xa)/n−
∫
ψdµφ ≥ ε. For the other a, choose xa ∈ Pa randomly.

Now, since µφ is a Gibbs measure, there exists C0 > 0 such that:∑
a∈Cn+1

µφ(Pa) ≤ C0

∑
a∈Cn+1

exp(Snφ(xa))

≤ C0

∑
a∈Cn+1

exp

(
Sn

((
ψ −

∫
ψdµφ − ε

)
t0 + φ

)
(xa)

)

≤ C0

∑
a∈Wn+1

exp

(
Sn

((
ψ −

∫
ψdµφ − ε

)
t0 + φ

)
(xa)

)
.
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Then, by lemma 3.7.2, we can write for n ≥ n0 large enough:

C0

∑
a∈Wn+1

exp

(
Sn

((
ψ −

∫
ψdµφ − ε

)
t0 + φ

)
(xa)

)
≤ Cenδ0enP ((ψ−

∫
ψdµφ−ε)t0+φ) ≤ Ce−δ0n,

and so

µφ

({
x ∈ J ,

1

n
Snψ(x) −

∫
X

ψdµφ ≥ ε

})
≤ Ce−nδ0 .

The symmetric case is done by replacing ψ by −ψ, and combining the two gives us the desired
bound.

3.8 Appendix B: Dolgopyat’s estimates for a family of twisted trans-
fer operator

Here, we explain how to prove Theorem 3.6.6. It is a generalization of Theorem 2.5 in [OW17]:
we will explain what we need to change in the original paper for the theorem to hold more generally.

Proving that a complex transfer operator is eventually contracting is linked to analytic exten-
sions results for dynamical zeta functions, and is often referred to as a spectral gap. Such results
are of great interest to study, for example, periodic orbit distribution in hyperbolic dynamical
systems (see for example the chapter 5 and 6 in [PP90]), or asymptotics for dynamically defined
quantities (as in [OW17] or [PU17]). One of the first result of this kind can be found in a work of
Dolgopyat [Do98], in which he used a method that has been broadly extended since. We can find
various versions of Dolgopyat’s method in papers of Naud [Na05], Stoyanov [St11], Petkov [PS16],
Oh-Winter [OW17], Li [Li20], and Sharp-Stylianou [ShSt20], to only name a few. See Section 1.2.2
for a discussion on Dolgopyat’s estimates and their link to the rate of mixing of (suspension) flows.

In this section, we will outline the argument of Dolgopyat’s method as explained in [OW17]
adapted to our general setting. We need three ingredients to make the method work: (NLI) (non
local integrability), (NCP) (another non concentration property), and a doubling property.

Definition 3.8.1. Define τ(x) := log |f ′(x)| ∈ R and θ(x) := arg f ′(x) ∈ R/2πZ. The transfer
operator in Theorem 3.6.6 acts on C1

b (U,C) and may be rewritten in the form

Lφ,it,l = Lφ−itτ−ilθ

for some normalized φ ∈ C1(U,R), l ∈ Z and t ∈ R.

With those notations, Theorem 3.6.6 can be rewritten as follows.

Theorem 3.8.2. Suppose that J is not included in a circle. For any ε > 0, there exists C > 0, ρ < 1
such that for any n ≥ 1 and any t ∈ R, l ∈ Z such that |t| + |l| > 1,

∥Lnφ−i(tτ+lθ)∥C1
b (U,C) ≤ C(|l| + |t|)1+ερn

Let us recall the three main technical ingredients.

Theorem 3.8.3 (NLI, [OW17] section 3). There exists a0 ∈ A, x1 ∈ Pa0 , N ∈ N, admissible words
a,b ∈ WN+1 with a0 ⇝ a,b, and an open neighborhood U0 of x1 such that for any n ≥ N , the
map

(τ̃ , θ̃) := (Snτ ◦ ga − Snτ ◦ gb, Snθ ◦ ga − Snθ ◦ gb) : U0 → R × R/2πZ

is a local diffeomorphism.

Remark 3.8.4. Remark 4.7 in [SS20] and Proposition 3.8 in [OW17] points out the fact that (NLI)
is a consequence of our non-linear setting, which itself comes from the fact that we supposed that
our Julia set is different from a circle. This takes the role of the (UNI) condition that we used in
Chapter 2.
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Theorem 3.8.5 (NCP, [OW17] section 4). For each n ∈ N, for any a ∈ Wn+1, there exists 0 < δ < 1
such that, for all x ∈ Pa, all w ∈ C of unit length, and all ε ∈ (0, 1),

B(x, ε) ∩ {y ∈ Pa, |⟨y − x,w⟩| > δε} ≠ ∅

where ⟨a+ bi, c+ di⟩ = ac+ bd for a, b, c, d ∈ R.

Remark 3.8.6. The NCP is a consequence of the fractal behavior of our Julia set. This time, if J
is included in any smooth set, the NCP fails. But in our case, this is equivalent to being included
in a circle, see [ES11]. Notice that this non concentration property has nothing to do with our
previous non concentration hypothesis.

Theorem 3.8.7 (Doubling). Let, for a ∈ A, µa be the equilibrium measure µφ restricted to Pa.
Then each µa is doubling, that is:

∃C > 0, ∀x ∈ Pa, ∀r < 1, µa(B(x, 2r)) ≤ Cµa(B(x, r)).

Proof. It follows from Theorem A.2 in [PW97] that µφ is doubling: the proof uses the conformality
of the dynamics. To prove that µa := µ|Pa

is still doubling, which is not clear a priori, we follow
Proposition 4.5 in [OW17] and prove that there exists c > 0 such that for any a ∈ A, for any
x ∈ Pa, and for any r > 0 small enough,

µφ(B(x, r) ∩ Pa)

µφ(B(x, r))
> c.

For this we use a Moran cover Pr associated to our Markov partition, see the proof of Proposition
3.2.10 for a definition. Recall that any element P ∈ Pr have diameter strictly less than r, and
recall that there exists a constant M > 0 independent of x and r such that we can cover the ball
B(x, r) with M elements of Pr. Moreover, Lemma 2.2 in [WW17] allows us to do so using elements
P ∈ Pr of the form Pa for a in some Wn, N0 ≤ n ≤ N0 + L for some N0(x, r) and some constant
L (independent of x and r). We can then conclude as follows. Let P (1), . . . P (M) ∈ Pr that covers
B(x, r). There exists i such that P (i) ⊂ Pa. Hence, by the Gibbs property of µφ:

µφ(B(x, r) ∩ Pa)

µφ(B(x, r))
≥ µφ(P (i))∑M

j=1µφ(P (j))
≥M−1C−2

0 e−(L+2)∥φ∥∞ .

Remark 3.8.8. The doubling property (or Federer property) is a regularity assumption made on
the measure that is central for the execution of this version of Dolgopyat’s method. It allows us to
control integrals over J by integrals over smaller pieces of J , provided some regularity assumption
on the integrand.

Now we will outline the argument of Dolgopyat’s method as used in [OW17]. It can be decom-
posed into four main steps.

Step 1: We reduce Theorem 3.8.2 to a L2(µ) estimate.

We need to define a modified C1 norm. Denote by ∥ · ∥r a new norm, defined by

∥h∥r :=

{
∥h∥∞,U +

∥∇h∥∞,U

r if r ≥ 1
∥h∥∞,U + ∥∇h∥∞,U if r < 1

Moreover, we do a slight abuse of notation and write µ for
∑
a∈A µa, seen as a measure

on U. This measure is supported on J , seen as the set
⊔
a Pa ⊂

⊔
a Ua = U. The first

step is to show that Theorem 3.8.2 reduces to the following claim.

Theorem 3.8.9. Suppose that the Julia set of f is not contained in a circle. Then there
exists C > 0 and ρ ∈ (0, 1) such that for any h ∈ C1

b (U,C) and any n ∈ N,

||Lnφ−i(tτ+lθ)h||L2(µ) ≤ Cρn∥h∥|t|+|l|

for all t ∈ R and l ∈ Z with |t| + |l| ≥ 1.
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A clear account for this reduction may be found in [Na05], section 5. This step holds in
great generality without any major difficulty. Intuitively, Theorem 3.8.2 follows from
Theorem 3.8.9 by the Lasota-Yorke inequality, by the quasicompactness of Lφ, and by
the Perron-Frobenius-Ruelle theorem, which implies that LNφ h is comparable to

∫
hdµ

for N large. The difference between the two can be controlled using C1 bounds.

Step 2: We show that the oscillations in the sum induce enough cancellations.

Loosely, the argument goes as follows. We write, for a well chosen and large N :

∀x ∈ Ub, LNφ−i(tτ+lθ)h(x) =
∑

a∈WN+1

a⇝b

ei(tSNτ+lSNθ)(ga(x))h(ga(x))eSNφ(ga(x)).

If we choose x in a suitable open set Ŝ ⊂ U0, (NLI) and (NCP) tells us that we can
extract words a and b from this sum such that some cancellations happen. Indeed, if
we isolate the term given by the words from (NLI),

ei(tSNτ+lSNθ)(ga(x))h(ga(x))eSNφ(ga(x)) + ei(tSNτ+lSNθ)(gb(x))h(gb(x))eSNφ(gb(x)),

we see that a difference in argument might give us some cancellations. The effect of
h in the difference of argument can be carefully controlled by the C1 norm of h. The
interesting part comes from the complex exponential. The difference of arguments of
this part is

t(SNτ ◦ ga − SNτ ◦ gb) + l(SNθ ◦ ga − SNθ ◦ gb),

which might be rewritten in the form

⟨(t, l), (τ̃ , θ̃)⟩.

Then we proceed as follows. Choose a large number of points (xk) in U0. If, for a given
xk, the difference of argument ⟨(t, l), (τ̃ , θ̃)⟩(xk) is not large enough, we might use (NCP)
to construct another point yk next to xk such that ⟨(t, l), (τ̃ , θ̃)⟩(yk) become larger. The
construction goes as follows: (NLI) ensures that ∇⟨(t, l), (τ̃ , θ̃)⟩(xk) =: wk ̸= 0. Hence,
the direction ŵk := wk

|wk| is well defined. (NCP) then ensure the existence of some

yk ∈ J which is very close to xk and such that xk−yk is a vector pointing in a direction
comparable to ŵk. As we are following the gradient of ⟨(t, l), (τ̃ , θ̃)⟩, we are sure that
⟨(t, l), (τ̃ , θ̃)⟩(yk) will be larger than before.

We then let S be the set containing the points where the difference in argument is large
enough, so it contains some xk and some yk. This large enough difference in argument
that is true in S is also true in a small open neighborhood Ŝ of S.

We can then write, for x ∈ Ŝ, an inequality of the form:∣∣∣ei(tSNτ+lSNθ)(ga(x))h(ga(x))eSNφ(ga(x)) + ei(tSNτ+lSNθ)(gb(x))h(gb(x))eSNφ(gb(x))
∣∣∣

≤ (1 − η)|h(ga(x))|eSNφ(ga(x)) + |h(gb(x))|eSNφ(gb(x)),

where the (1 − η) comes in front of the part with the smaller modulus. This is, in
spirit, Lemma 5.2 of [OW17]. We can then summarize the information in the form of a

function β that is 1 most of the time, but that is less than (1− η)1/2 on Ŝ. This allows
us to write the following bound:

LNφ−i(tτ+lθ)h ≤ LNφ (|h|β) .

One of the main difficulty of this part is to make sure that Ŝ is a set of large enough
measure, while still managing not to make the C1-norm of β explode. All the hidden
technicalities in this part forces us to only get this bound for a well chosen N .
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Step 3: These cancellations allow us to compare L to an operator that is contracting on a cone.

We define the following cone, on which the soon-to-be-defined Dolgopyat operator will
be well behaved. Define

KR(U) := {H ∈ C1
b (U) | H is positive, and |∇H| ≤ RH},

and then define the Dolgopyat operator by MH := LNφ (Hβ). We then show that, if
H ∈ KR(U) (for a well chosen R):

1. M(H) ∈ KR(U)

2. ∥M(H)∥2L2(µ) ≤ (1 − ε)∥H∥2L2(µ).

The first point is done using the Lasota-Yorke inequalities, see Lemma 5.1 in [OW17].
The second point goes, loosely, as follows.

We write, using Cauchy-Schwartz:

(MH)2 = LNφ (Hβ)2 ≤ LNφ (H2)LNφ (β2).

On Ŝ, the cancellations represented in the function β spread, thanks to the fact that φ
is normalized, as follows:

LNφ (β2) =
∑
a

eSNφ◦gaβ2 ◦ ga

=
∑

a where β=1

eSNφ◦gaβ2 ◦ ga +
∑

a where β is smaller

eSNφ◦gaβ2 ◦ ga

≤
∑

a where β=1

eSNφ◦ga +
∑

a where β is smaller

eSNφ◦ga(1 − η)

= 1 − ηe−N∥φ∥∞ .

Then, we use the doubling property of µ =
∑
a µa and the control given by the fact

that H ∈ KR(U) to bound the integral on all J by the integral on Ŝ:

∫
J

LNφ (H2)dµ ≤ C0

∫
Ŝ

LNφ (H2)dµ.

Hence, we can write, using the fact that Lφ preserves µ and the previously mentioned
Cauchy-Schwartz inequality:

∥H∥2L2(µ) − ∥MH∥2L2(µ) ≥
∫
J

(
LNφ (H2) − LNφ (H2)LNφ (β2)

)
dµ

≥
∫
Ŝ

(
LNφ (H2) − LNφ (H2)LNφ (β2)

)
dµ

≥ ηe−N∥φ∥∞

∫
Ŝ

LNφ (H2)dµ

≥ ηC−1
0 e−N∥φ∥∞∥H∥2L2(µ) := ε∥H∥2L2(µ).

Hence

∥MH∥2L2(µ) ≤ (1 − ε)∥H∥2L2(µ).

Step 4: We conclude by an iterative argument.
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To conclude, we need to see that we may bound h by some H ∈ KR(U), and also that
the contraction property is true for all n, not just N .

For any n = kN , we can inductively prove our bound. If k = 1, we can choose
H0 := ∥h∥|t|+|l|. Then, |h| ≤ H0 and so

∥LNφ−i(tτ+lθ)h∥L2(µ) ≤ ∥MH0∥L2(µ) ≤ (1 − ε)1/2∥h∥(|t|+|l|).

Then, choosing Hk+1 := MHk ∈ KR(U), we can proceed to the next step of the
induction and get

∥LkNφ−i(tτ+lθ)h∥L2(µ) ≤ ∥MHk−1∥L2(µ) ≤ (1 − ε)k/2∥h∥(|t|+|l|).

Finally, if n = kN + r, with 0 ≤ j ≤ N − 1, we write

∥LkN+r
φ−i(tτ+lθ)h∥L2(µ) ≤ (1 − ε)k∥Lrφh∥(|t|+|l|) ≲ (1 − ε)n/(2N)∥h∥(|t|+|l|),

and the proof is done.
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Chapter 4

The Fourier dimension of basic sets I

4.1 Introduction

In this Chapter, we begin our study of the lower Fourier dimension of basic sets for nonlinear Axiom
A diffeomorphisms. The main goal of this Chapter is to prove a reduction statement, from “Fourier
decay in the unstable direction” to a nonconcentration hypothesis to check. We will conclude this
Chapter by checking this nonconcentration hypothesis in an easy case, where some bunching con-
dition occurs. Chapter 5 will be devoted to establishing the nonconcentration estimates in the case
where the dynamics is (nonlinear, and) area-preserving on a surface, thus proving positivity of the
lower Fourier dimension in this context.

Let us precise our setting. Let M be a complete Riemannian manifold, and let f : M →M be
a C2+α Axiom A diffeomorphism. We consider a basic set Ω ⊂ M for f . Recall that, if p ∈ Ω,
then we have a spliting of the tangent space at p of the form TpM = Eu(p) ⊕ Es(p). The dy-
namics contract along the stable direction Es, and expand along the unstable direction Eu. These
distributions integrates into local stable (resp. local unstable) manifolds, denoted W s

loc(p) (resp.
Wu
loc(p)). Those local laminations are transverse, and one can show that, for p, q ∈ Ω close enough,

the point W s
loc(p) ∩Wu

loc(q) =: [p, q] ∈ Ω is well defined.

We will work under the assumption that dim(Eu) = 1. In this case, the vector bundle Es is
C1+α on Ω. This is always true if M is a surface. Before quoting our main results, let us define
some notations: details on Axiom A diffeomorphisms and on the Thermodynamical formalism in
this context will be given in the next subsection.

Definition 4.1.1. For all p ∈ Ω, denote by vup ∈ Eu(p) some unit vector. If N is another Riemannian
manifold, and if ψ : M → N is some C1 map, we define, on Ω, |∂uψ(x)| := |(dψ)x(vux)|. We further
define the (opposite of the) geometric potential τf : Ω → R by the formula

τf (x) := ln |∂uf(x)|.

Definition 4.1.2. Fix once and for all an open neighborhood of the diagonal D̃iag ⊂ Ω2 on which

the bracket (p, q) ∈ D̃iag 7→ [p, q] ∈ Ω is well defined. We then define ∆ : D̃iag → R by the formula:

∆(p, q) :=
∑
n∈Z

(
τf (fnp) − τf (fn[p, q]) − τf (fn[q, p]) + τf (fnq)

)
.

We are ready to quote the (sufficient) nonlinearity condition on the dynamics under which
Fourier decay will hold. This is a non-concentration bound on ∆.

Definition 4.1.3. Let µ be an equilibrium state on Ω. We say that the dynamics f satisfies the
Quantitative NonLinearity condition (QNL) (with respect to µ) if there exists γQNL ∈ (0, 1) and
C ≥ 1 such that:

∀σ > 0, µ⊗2
(

(p, q) ∈ D̃iag , |∆(p, q)| ≤ σ
)
≤ CσγQNL .

Remark 4.1.4. This condition can be though as a non-integrability condition on the suspension
flow with base dynamics f and roof function τf . See [Do00] for useful details.
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We are ready to quote our main Theorem: we can reduce Fourier decay to checking (QNL).

Theorem 4.1.5. Let M be a complete manifold. Let α ∈ (0, 1). Let f : M →M be a C2+α Axiom A
diffeomorphism. Let Ω be a basic set for f with codimension one stable lamination. Let ϕ : Ω → R
be some Hölder regular potential, and denote its associated equilibrium state µ ∈ P(Ω). Suppose
furthermore that (QNL) holds (for µ). Then, there exists ρ1, ρ2 > 0 such that the following holds.

For any α-Hölder map χ : Ω → C, there exists C = C(f, µ, χ) ≥ 1 such that, for any ξ ≥ 1 and
any C1+α phase ψ : Ω → R satisfying

∥ψ∥C1+α +
(

inf
supp(χ)

|∂uψ|
)−1 ≤ ξρ1 ,

we have: ∣∣∣ ∫
Ω

eiξψχdµ
∣∣∣ ≤ Cξ−ρ2 .

In particular, dimEu

F,C1+α(µ) > 0 (see Definition 1.1.27).

Once this Theorem is proved, the difficulty is to check the nonlinearity condition. The case
where the dynamics is area-preserving on a surface is quite difficult and will be discussed in Chapter
5. In the case where Ω is an attractor satisfying a suitable bunching condition, we can actually
prove a generic Fourier decay statement using some already existing Dolgopyat’s estimates. This
will be discussed in the end of this Chapter. Let us define the nonlinearity condition that we will
use in this context.

Definition 4.1.6. Define Ωper := {x ∈ Ω periodic}. For any x ∈ Ωper with minimal period n, define

its local unstable Lyapunov exponent λ̂(x) by the formula

λ̂(x) =
1

n

n−1∑
k=0

τf (fk(x)).

We say that Ω satisfy the “Lyapunov NonLinearity condition” (LNL) if

dimQVectQλ̂ (Ωper) = ∞.

We will prove in Section 4.7 that this nonlinearity condition (LNL) is generic on the dynamics.
This nonlinearity condition will be enough to get Fourier decay in the unstable direction as soon
as some bunching condition is satisfied. Let us give some details.

Definition 4.1.7. We introduce a bunching condition: see for example [Ha97], [GRH21], or [ABV14],
[HP69] for similar conditions in the case of flows. We say that the bunching condition (B) is satisfied
if

∀p ∈ Ω, |∂uf(p)| · ∥(df)p|Es
p
∥ < 1,

where the norm on (df)|Es is the operator norm induced by the Riemannian metric on M . It
implies that Ω is a proper attractor. In this case, by continuity of df and compactness of Ω, there
exists some α > 0 such that

∀p ∈ Ω, |∂uf(p)| · ∥(df)p|Es
p
∥1/(1+α) ≤ 1.

In this case, the stable bunching parameter bs (see [GRH21], and [Ha97] for the pointwise version)
satisfies

bs(p) = 1 +
ln ∥(df)p|Es

p
∥−1

ln |∂uf(p)|
≥ 2 + α.

This bunching condition implies that the stable lamination is C2+α. Also, notice that in dimension
2, the condition

∃N ≥ 0, ∀p ∈ Ω, |det(dfN )p| < 1

implies our bunching condition for some choice of riemannian metric. That is, we only need the
dynamical system (Ω, f) to be dissipative.
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Theorem 4.1.8. Let M be a complete manifold.Let α ∈ (0, 1). Let f : M →M be a C2+α Axiom A
diffeomorphism. Suppose that f has an attractor Ω with codimension 1 stable lamination. More-
over, suppose that f satisfies the nonlinearity condition (LNL) and the bunching condition (B). Let
ϕ : Ω → R be some Hölder regular potential, and denote its associated equilibrium state µ ∈ P(Ω).
Then there exists ρ1, ρ2 > 0 such that the following holds.

For any α-Hölder map χ : Ω → C, there exists C = C(f, µ, χ) ≥ 1 such that, for any ξ ≥ 1 and
any C1+α phase ψ : Ω → R satisfying

∥ψ∥C1+α +
(

inf
supp(χ)

|∂uψ|
)−1 ≤ ξρ1 ,

we have: ∣∣∣ ∫
Ω

eiξψχdµ
∣∣∣ ≤ Cξ−ρ2 .

In particular, dimEu

F,C1+α(µ) > 0 (see Definition 1.1.27).

If the dynamics acts on a surface, this can be reformulated as follow: every attractor for non-
linear and dissipative Axiom A diffeomorphism on a surface exhibit polynomial Fourier decay of
equilibrium states in the unstable direction.

The strategy to prove Theorem 4.1.5 and Theorem 4.1.8 adapts the method we used in the
previous Chapters in this context. Here, our main goal is to find a way to adapt the existing
method for expanding maps in the case of Axiom A diffeomorphisms. For this, we use a standard
construction using Markov partitions and then reduce the problem to the one-dimensional case.
This Chapter is divided in the following way:

• In section 4.2, we collect facts about the thermodynamical formalism in the context of Axiom
A diffeomorphisms and recall classic constructions. Section 4.2.7 is devoted to a preliminary
regularity result for equilibrium states in our context. In section 4.2.8 we state a large
deviation result about Birkhoff sums.

• In section 4.3 we use large deviations to derive order of magnitude for some dynamically-
related quantities.

• The proof of Theorem 4.1.5 and Theorem 4.1.8 begins in section 4.4. Using the invariance
of equilibrium state by the dynamics, we first reduce the Fourier transform to an integral
on a union of local unstable manifolds, thus reducing the problem to a setting where the
underlying dynamical system is a one dimensional expanding map, similarly to Chapter 2.

• We use a transfer operator to carefully approximate the integral by a sum of exponentials.
We then apply a version of the sum-product phenomenon.

• We establish Theorem 4.1.5 in section 4.6, by working with the condition (QNL) and show-
ing that it implies the non-concentration estimates needed to apply the sum-product phe-
nomenon.

• We establish Theorem 4.1.8 in section 4.7, following the method of Chapter 3 to check non-
concentration.

• Section 4.8 is devoted to the proof of genericity of (LNL). Section 4.9 is devoted to the
construction of a concrete example of solenoid on which Theorem 4.1.8 applies.

4.2 Thermodynamic formalism for Axiom A diffeomorphisms

4.2.1 Axiom A diffeomorphisms and basic sets

We recall standard results about Axiom A diffeomorphisms. An introduction to the topic can
be found in [BS02]. A more in-depth study can be found in [KH95]. For an introduction to the
thermodynamic formalism of Axiom A diffeomorphisms, we suggest the classic lectures notes of
Bowen [Bo75].
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Definition 4.2.1. Let f : M →M be a diffeomorphism of a complete C∞ Riemannian manifold M .
A compact set Λ ⊂M is said to be hyperbolic for f if f(Λ) = Λ, and if for each x ∈ Λ, the tangent
space TxM can be written as a direct sum

TxM = Esx ⊕ Eux

of subspaces such that

1. ∀x ∈ Λ, (df)x(Esx) = Esf(x) and (df)x(Eux ) = Euf(x)

2. ∃C > 0, ∃κ ∈ (0, 1), ∀x ∈ Λ,

∀v ∈ Esx, ∀n ≥ 0, ∥(dfn)x(v)∥ ≤ Cκn∥v∥

and

∀v ∈ Eux , ∀n ≥ 0, ∥(dfn)x(v)∥ ≥ C−1κ−n∥v∥.

It then follows that Esx and Eux are continuous sub-bundles of TxM .

Remark 4.2.2. We can always choose the metric so that C = 1 in the previous definition: this is
called an adapted metric (or a Mather metric) and we will fix one from now on. See [BS02] for a
quick proof.

Definition 4.2.3. A point x ∈M is called non-wandering if, for any open neighborhood U of x,

U ∩
⋃
n>0

fn(U) ̸= ∅.

We denote the set of non-wandering points by Ω(f).

It is easy to check that the non-wandering set of f is a closed invariant subset of M . Also,
any periodic point of f can be seen to lie in Ω(f). The definition of Axiom A diffeomorphisms is
chosen so that the dynamical system (f,Ω(f)) exhibit a chaotic behavior similar to the one found
in symbolic dynamics. Namely:

Definition 4.2.4. A diffeomorphism f : M →M is said to be Axiom A if

• Ω(f) is a hyperbolic set for f (in particular, it is compact),

• Ω(f) = {x ∈M | ∃n > 0, fn(x) = x}.

In general, the non-wandering set of an Axiom A diffeomorphism can be written as the union
of smaller invariant compact sets. Those are the sets on which we usually work.

Theorem 4.2.5. One can write Ω(f) = Ω1∪ · · ·∪Ωk, where Ωi are nonempty compact disjoint sets,
such that

• f(Ωi) = Ωi, and f|Ωi
is topologically transitive,

• Ωi = X1,i ∪ · · · ∪Xri,i where the Xj,i are disjoint compact sets, f(Xj,i) = Xj+1,i (Xri+1,i =
X1,i) and fri|Xj,i

are all topologically mixing.

The sets Ωi are called basic sets.

Remark 4.2.6. Notice that any basic set Ω is either a perfect set or a periodic orbit. Indeed, if
p ∈ Ω were an isolated point, then by transitivity p should have dense orbit in Ω, but at the same
time be a periodic point. We will suppose in all of this thesis that Ω is a perfect set: the conditions
(QNL) or (LNL) forbid Ω to be a periodic orbit anyways.

From now on, we fix a perfect basic set Ω ⊂M for an Axiom A diffeomorphism f . (We do not
ask anything on the dimension of Eu yet.)
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4.2.2 Equilibrium states

Definition 4.2.7. We say that a map φ : X ⊂M → R is Hölder if there exists α ∈ (0, 1) and C > 0
such that ∀x, y ∈ X, |φ(x) − φ(y)| ≤ Cd(x, y)α, where d is the natural geodesic distance induced
by the metric on M . We note Cα(X) the set of α-Hölder maps on X. If α > 1, we denote by
Cα(M) the set of functions that are ⌊α⌋ times differentiable, with (α− ⌊α⌋)-Hölder derivatives.

Remark 4.2.8. A theorem by McShane [Mc34] proves that any α-Hölder map defined on a subset
of M can always be extended to an α-Hölder map on all M . Hence, even if for some definitions
the potentials φ need only to be defined on Ω, we will always be able to consider them as maps in
Cα(M) if necessary.

Definition 4.2.9. [Bo75], [Ru78] Let ψ : Ω → R be a Hölder potential. Define the pressure of ψ by

P (ψ) := sup
µ∈Pf (Ω)

{
hf (µ) +

∫
Ω

ψdµ

}
,

where Pf (Ω) is the compact set of all probability measures supported on Ω that are f -invariant,
and where hf (µ) is the entropy of µ. There exists a unique measure µψ ∈Mf (Ω) such that

P (ψ) = hf (µψ) +

∫
Ω

ψdµψ.

This measure has support equal to Ω, is ergodic on (Ω, f), and is called the equilibrium state
associated to ψ.

Two particular choices of potentials stands among the others. The first one is the constant
potential ψ := C. In this case, the equilibrium measure is the measure of maximal entropy (which
is known to be linked with the repartition of periodic orbits, see for example [Be16]).

Another natural choice is the geometric potential

ψ := − log |det(df)|u|,

where det(df)|u stands for the determinant of the linear map (df)x : Eux → Euf(x), which is well
defined up to a sign since the Eu are equipped with a scalar product. In the case where Ω is an
attractor, that is, if there exists a neighborhood U of Ω such that⋂

n≥0

fn(U) = Ω,

then the associated equilibrium measure is called a SRB measure. In this case, for any continuous
function g : U → R and for Lebesgue almost all x ∈ U ,

1

n

n−1∑
k=0

g(fk(x)) −→
n→∞

∫
Ω

g dµSRB ,

which allows us to think of this measure as the “physical equilibrium state” of the dynamical
system. See [Yo02] for more details on SRB measures, and also the last chapter of [Bo75].

4.2.3 (Un)stable laminations, bracket and holonomies

In this subsection, we will recall some results about the existence of stable/unstable lamina-
tions, some regularity results in our particular case, and some consequences on the regularity
of holonomies.

Definition 4.2.10. Let x ∈ Ω. For ε > 0 small enough, we define the local stable and unstable
manifold at x by

W s
ϵ (x) := {y ∈M | ∀n ≥ 0, d(fn(x), fn(y)) ≤ ε},

Wu
ε (x) := {y ∈M | ∀n ≤ 0, d(fn(x), fn(y)) ≤ ε}.

We also define the global stable and unstable manifolds at x by

W s(x) := {y ∈M | d(fn(x), fn(y)) −→
n→+∞

0},

Wu(x) := {y ∈M | d(fn(x), fn(y)) −→
n→−∞

0}.
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Theorem 4.2.11 ([BS02], [KH95], [Bo75]). Let f be a Cr Axiom A diffeomorphism and let Ω be a
basic set. For ε > 0 small enough and for x ∈ Ω:

• W s
ε (x) and Wu

ε (x) contains Cr embedded disks,

• ∀y ∈ Ω ∩W s
ε (x), TyW

s
ε (x) = Esy,

• ∀y ∈ Ω ∩Wu
ε (x), TyW

u
ε (x) = Euy ,

• f(W s
ε (x)) ⊂⊂ W s

ε (f(x)) and f(Wu
ε (x)) ⊃⊃ Wu

ε (f(x)) where ⊂⊂ means “compactly in-
cluded”,

• ∀y ∈ W s
ε (x), ∀n ≥ 0, ds(fn(x), fn(y)) ≤ κnds(x, y) where ds denotes the geodesic distance

on the submanifold W s
ε ,

• ∀y ∈ Wu
ε (x), ∀n ≥ 0, du(f−n(x), f−n(y)) ≤ κndu(x, y) where du denotes the geodesic dis-

tance on the submanifold Wu
ε .

Moreover ⋃
n≥0

f−n(W s
ε (fn(x))) = W s(x)

and ⋃
n≥0

fn(Wu
ε (f−n(x))) = Wu(x),

and so the global stable and unstable manifolds are injectively immersed manifolds in M .

The family (W s
ε (x),Wu

ε (x))x∈Ω forms two transverse continuous laminations, which allows us
to define the so-called bracket and holonomies maps.

Definition 4.2.12 ([Bo75], [KH95], [BS02]). For ε > 0 small enough, there exists δ > 0 such that
W s
ε (x) ∩Wu

ε (y) consists of a single point [x, y] whenever x, y ∈ Ω and d(x, y) < δ. In this case,
[x, y] ∈ Ω, and the map

[·, ·] : {(x, y) ∈ Ω × Ω , d(x, y) < δ} −→ Ω

is continuous. Moreover, there exists C > 0 such that

ds([x, y], x) ≤ Cd(x, y), and du([x, y], y) ≤ Cd(x, y).

Definition 4.2.13. Fix x, y two close enough points in Ω lying in the same local stable manifold.
Let Uu ⊂Wu

ε (x) ∩ Ω be a small open neighborhood of x relatively to Wu
ε (x) ∩ Ω. The map

πx,y : Uu ⊂Wu
ε (x) ∩ Ω −→Wu

ε (y) ∩ Ω

defined by πx,y(z) := [z, y] is called a stable holonomy map. One can define an unstable holonomy
map similarly on pieces of local stable manifolds intersected with Ω. Since the stable and unstable
laminations are Hölder regular in the general case, those honolomy maps are only Hölder regular
in general ([KH95], Theorem 19.1.6).

To work, we will need a bit of regularity on the unstable holonomies. Fortunately for us, in the
particular case where the stable lamination are codimension 1, we have some regularity results:
this is Theorem 1 page 25 of [Ha89], and Theorem 19.1.11 in [KH95] for Anosov diffeomorphisms.
For general hyperbolic sets, the proof is done is [PR02].

Theorem 4.2.14. Let f be an Axiom A diffeomorphism, and let Ω be a basic set. Suppose that f
has codimension one stable laminations. Then the stable lamination is C1+α for some α > 0. In
particular, the stable holonomies maps are C1+α diffeomorphisms.

Remark 4.2.15. Here, the holonomies being C1+α means that the map πx,y extends to small curves
Wu
δ (x) −→Wu

ε (y), and that the extended map is a C1+α diffeomorphism.

From now on, we will work under the assumption that f has codimension one stable laminations
on Ω. This is always true if dimM = 2, or if dimM = 3 by exchanging f by f−1 if necessary. We
fix a Hölder potential ψ : Ω → R and its associated equilibrium state µ.
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4.2.4 Markov partitions

In this subsection, we will construct the topological space on which we will work in this Chapter:
the hypothesis made on the dimension of the unstable lamination will allow us to approximate the
dynamics by a dynamical system on a (subset of a) finite disjoint union of smooth curves. For this
we need to recall some results about Markov partitions.

Definition 4.2.16. A set R ⊂ Ω is called a rectangle if

∀x, y ∈ R, [x, y] ∈ R.

A rectangle is called proper if intΩ(R) = R. If x ∈ R, and if diam(R) is small enough with respect
to ε, we define

W s(x,R) := W s
ε (x) ∩R and Wu(x,R) := Wu

ε (x) ∩R.

Remark 4.2.17. Notice that a rectangle isn’t always connected, and might even have an infinite
number of connected component, even if Ω is itself connected. This technicality is noticed in [Pe19],
at the first paragraph of subsection 3.3, and is an obstruction to the existence of finite Markov
partition with connected elements in general.

Definition 4.2.18. A Markov partition of Ω is a finite covering {Ra}a∈A of Ω by proper non-empty
rectangles such that

• intΩRa ∩ intΩRb = ∅ if a ̸= b

• f (Wu(x,Ra)) ⊃Wu(f(x), Rb) and f (W s(x,Ra)) ⊂W s(f(x), Rb)
when x ∈ intΩRa ∩ f−1 (intΩRb).

Theorem 4.2.19 ([Bo75],[KH95] (chapter 18.7)). Let Ω be a basic set for an Axiom A diffeomorphism
f . Then Ω has Markov partitions of arbitrary small diameter.

From now on, we fix once and for all a Markov partition {Ra}a∈A of Ω with small enough
diameter. Remember that, since Ω is not an isolated cycle, it is a perfect set. In particular,
diamRa > 0 for all a ∈ A.

Definition 4.2.20. We fix for the rest of this paper some periodic points xa ∈ intΩRa for all a ∈ A
(this is possible by density of such points in Ω). By periodicity, xa /∈Wu(xb) when a ̸= b.

Definition 4.2.21. We set, for all a ∈ A,

Sa := W s(xa, Ra) and Ua := Wu(xa, Ra).

They are closed sets included in Ra, and are defined so that [Ua, Sa] = Ra. They will allow us
to decompose the dynamics into a stable and an unstable part. Notice that the decomposition is
unique:

∀x ∈ Ra,∃!(y, z) ∈ Ua × Sa, x = [y, z].

The intuition of the construction to come is that, after a large enough number of iterates, fn

can be approximated by a map that is only defined on (Ua)a∈A. Before heading into it, notice
that the fractal nature of the sets (Ua)a∈A might be a problem to do smooth analysis. It will be
convenient for us to introduce some smooth curves that contains them and that are adapted to the
dynamics.

Definition 4.2.22. For all a ∈ A, Ua ⊂ Wu
ε (xa). Since Wu

ε (xa) is a smooth curve, it makes sense
to consider the convex shell of Ua seen as a subset of Wu

ε (xa). We denote it

Va := Convu(Ua).

Each Va is then diffeomorphic to a compact interval, and contains Ua. Notice that it might happen
that Va∩ intΩRb ̸= ∅ for some a ̸= b. Notice also that Va ⊈ Ω: in particular, if Ω isn’t an attractor,
iterating forward the dynamics starting from a point x ∈ Va might sends it far away from our basic
set.

Remark 4.2.23. By construction, the map x ∈ Va 7→ |(df)x(n⃗)| ∈ R, where n⃗ is a unitary vector
tangent to Va at x, is a Hölder map that coincides with |∂uf | when x ∈ Ua. Since in this case
|∂uf(x)| ≥ κ−1 > 1, and since f is C2+α, we see that choosing our Markov partition with small
enough diameters ensure that f is still expanding along Va.
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4.2.5 A factor dynamics

In this section we construct what will take the role of the shift map in our context. The construction
is inspired by the symbolic case and already appear in the work of Dolgopyat [Do98].

Notations 4.2.24. Let a and b be two letters in A. We note a→ b if f(intΩRa) ∩ intΩRb ̸= ∅.

Definition 4.2.25. We define

R :=
⊔
a∈A

Ra, S :=
⊔
a∈A

Sa, U :=
⊔
a∈A

Ua, V :=
⊔
a∈A

Va,

where
⊔

denote a formal disjoint union. We also define

R(0) :=
⊔
a∈A

intΩRa ⊂ R

and
R(1) :=

⊔
a→b

(intΩRa) ∩ f−1(intΩRb) ⊂ R(0),

so that the map f : Ω → Ω may be naturally seen as a map f : R(1) −→ R(0). We then define

R(k) := f−k(R(0))

and, finally, we denote the associated residual set by

R̂ :=
⋂
k≥0

R(k)

so that f : R̂ −→ R̂. Seen as a subset of Ω, R̂ has full measure, by ergodicity of the equilibrium
measure µ. Hence µ can naturally be thought of as a probability measure on R̂.

Definition 4.2.26. Let R/S be the topological space defined by the equivalence relation x ∼ y ⇔
∃a ∈ A, y ∈ W s(x,Ra) in R. Let π : R → R/S denote the natural projection. The map

f : R̂ → R̂ induces a factor map F : R̂/S → R̂/S. Moreover, the measure ν := π∗µ is an
F -invariant probability measure on R/S.

Let us check that the claim made in definition 4.2.26 holds. We just have to verify that
f : R(1) −→ R(0) satisfy

fW s(x,Ra) ⊂W s(f(x), Rb)

for x ∈ (intΩRa)∩ f−1(intΩRb). This is true by definition of Markov partitions. The induced map
satisfies F ◦ π = π ◦ f , and so F∗ν = ν.

Remark 4.2.27. There is a natural isomorphism U ≃ R/S that is induced by the inclusion U ↪→ R.
This allows us to identify all the precedent construction to a dynamical system on U . Namely:

• The projection π : R → R/S is identified with

π : R −→ U
x ∈ Ra 7−→ [x, xa] ∈ Ua

• The factor map F : R̂/S → R̂/S is identified with

F : Û −→ Û
x ∈ Ra ∩ f−1(Rb) 7−→ [f(x), xb] ∈ Ub

where Û is defined similarly to R̂, but with F replacing f in the construction.

• The measure ν is identified to the unique measure on U such that:

∀h ∈ C0(R,R) S-constant,

∫
U
hdν =

∫
R
hdµ

where S-constant means: ∀a ∈ A,∀x, y ∈ Ra, x ∈W s(y,Ra) ⇒ h(x) = h(y).
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Remark 4.2.28. Since our centers xa are periodic, xa ∈ R̂, and hence xa ∈ Û .

Lemma 4.2.29. Since Ω is perfect, the set Û is also a perfect set. In particular, diam Ua > 0 for
all a ∈ A.

Proof. First of all, we prove that Û is infinite. Recall that if Ω is either a periodic orbit or it is
perfect. By density of periodic orbits in Ω, it follows if Ω is perfect that there exists an infinite fam-
ily of distinct periodic orbits for f in Ω. In particular, the set of f -periodic points in R(0) is infinite.

Let x ̸= y ∈ Ra be two f -periodic points with distinct periodic orbits. Then π(x) and π(y)

are F -periodic with distinct periodic orbits. (In particular, they are in Û .) Indeed, if there
existed some n0 and m0 such that π(fn0(x)) = π(fm0y), then by definition of π we would have
fn0(x) ∈W s(fm0y). Hence d(fn+n0(x), fn+m0(y)) −→

n→+∞
0, a contradiction.

So Û is an infinite set. Now we justify that F|Û is topologically transitive.

We see by the Baire category Theorem that R̂ is a dense subset of Ω. Moreover, f(R̂) = R̂.
It then follows from the transitivity of f|Ω that f|R̂ is topologically transitive. Hence, F|Û is

topologically transitive, as a factor of f|R̂. We conclude the proof using the argument of Remark
4.2.6.

Remark 4.2.30. The fact that Û is perfect, combined with the fact that holonomies extend to C1+α

maps, allows us to consider for x ∈ R the (absolute value of the) derivatives along the unstable
direction of the holonomies in a meaningful way (without having to chose an extension). We denote
them by ∂uπ(x).

It is then known that those quantities are uniformly bounded ([PR02], Theorem 2.2). Even
better, they can be chosen as close to 1 as desired by taking the Markov partition small enough.
In other words, for any c < 1 < C, one can take the Markov partition R so small that:

∀x ∈ R, c < |∂uπ(x)| ≤ C.

This distortion bound holds even for the extensions of the holonomies on the local pieces of unstable
manifolds.

Remark 4.2.31. If the Markov partition is small enough, the map F : Û → Û is an expanding map.
Taking κ larger if necessary, one can write:

∃c > 0,∀n, ∃δ > 0,∀x, y ∈ Û , d(x, y) ≤ δ ⇒ du(Fnx, Fny) ≥ cκ−ndu(x, y).

We will finally extend the dynamics on pieces of V.

Definition 4.2.32. Define, for a ∈ A, U
(0)
a := intΩUa, V

(0)
a := Convu

(
U

(0)
a

)
, and

V(0) :=
⊔
a∈A

V (0)
a ⊂ V.

Define also, for a, b ∈ A such that a → b, Uab := Ua ∩ F−1(Ub) and U
(1)
ab := U

(0)
a ∩ F−1(U

(0)
b ).

Finally, set Vab := ConvuUab, V
(1)
ab := ConvuU

(1)
ab and

V(1) :=
⊔
a→b

V
(1)
ab ⊂ V(0).

We extends the dynamics on V by the formula:

F : V(1) −→ V(0)

x ∈ Vab 7−→ π̃f(xa),xb
(f(x)) ∈ Vb

where π̃f(xa),xb
: f(Va) → Vb is a C1+α diffeomorphism that extends the stable holonomy between

f(Ua) and Ub. The previous remarks ensures that, as long as the Markov partition have small
enough diameter, this is a well defined (and C1+α) expanding map.
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4.2.6 A transfer operator

The dynamical system (F, Û , ν) is constructed to behave like a one-sided shift, and so it is natural to
search for a transfer operator defined on U that leaves ν invariant. Recall that µ is the equilibrium
measure for some Hölder potential ψ on M : the fact that ψ isn’t necessarily S-constant suggest
that we will have to search for another potential, cohomologous to ψ, that is S-invariant. Looking
at the symbolic case, we notice from the proof of Proposition 1.2 in [PP90] that the potential
φ0 ∈ Cα(R,R) (take α smaller if necessary) defined by the formula

φ0(x) := ψ(π(x)) +

∞∑
n=0

(
ψ(fn+1πx) − ψ(fnπfx)

)
might be interesting to consider. First of all, recall what is a transfer operator.

Definition 4.2.33. For some Hölder potential φ : U → R, define the associated transfer operator
Lφ : C0(U (0),C) −→ C0(U (1),C) by

∀x ∈ U (0), Lφh(x) :=
∑

y∈F−1(x)

eφ(y)h(y).

Iterating Lφ gives

∀x ∈ U (0), Lnφh(x) =
∑

y∈F−n(x)

eSnφ(y)h(y),

where Snφ(z) :=
∑n−1
k=0 φ(F k(z)) is a Birkhoff sum.

By duality, Lφ also acts on the set of measures on U . If m is a measure on U (1), then L∗
φm is

the unique measure on U (0) such that

∀h ∈ C0
c (U (1),C),

∫
U
h dL∗

φm =

∫
U
Lφh dm.

Remark 4.2.34. We may rewrite the definition by highlighting the role of the inverse branches of

F . For some a → b, we see that F : V
(1)
ab → V

(0)
b is a C1+α diffeomorphism. We denote by

gab : Vb → Vab ⊂ Va its local inverse. Notice that, restricted on U , we get an inverse branch
gab : Ûb → Ûab ⊂ Ua of F : Û → Û that satisfies the formula

∀x ∈ Ub, gab(x) := f−1([x, f(xa)]).

With these notations, the transfer operator can be rewritten as follow:

∀x ∈ Ub, Lφh(x) =
∑
a→b

eφ(gab(x))h(gab(x)).

Theorem 4.2.35. There exists a Hölder function h : U → R such that L∗
φ0

(hν) = eP (ψ)hν, where

φ0(x) := ψ(π(x)) +

∞∑
n=0

(
ψ(fn+1πx) − ψ(fnπfx)

)
.

Proof. This fact follows from the symbolic setting, but a quick and clean proof can also be achieved
using the following geometrical results, extracted from [Le00] and [Cl20]. See in particular Theorem
3.10 in [Cl20]. Define, when x ∈W s(y),

ω+(x, y) :=

∞∑
n=0

(ψ(fn(x)) − ψ(fn(y))) ,

and when x ∈Wu(y),

ω−(x, y) :=

∞∑
n=0

(
ψ(f−n(x)) − ψ(f−n(y))

)
.

There exists two families of (nonzero and) finite measures µsx, µux indexed on x ∈ R(0) such that
supp(µux) ⊂ Wu(x,Ra) and supp(µsx) ⊂ W s(x,Ra) if x ∈ Ra, and that satisfies the following
properties:
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• If π is a stable holonomy map between Wu(y,Ra) and Wu(π(y), Ra), then

d
(
π∗µ

u
y

)
dµuπ(y)

(π(x)) = eω
+(x,πx).

and a similar formula holds for µsy with an unstable holonomy map, replacing ω+ by ω−

([Cl20], Theorem 3.7 and Theorem 3.9).

• The family of measures is ψ-conformal:

d
(
f∗µ

u
y

)
dµuf(y)

(f(x)) = eψ(x)−P (ψ)

and a similar formula holds for µsy ([Cl20], Theorem 3.4 and Remark 3.5).

Finally, this family of measures is related to µ in the following way ([Cl20], Theorem 3.10).
There exists positive constants (ca)a∈A such that, for any measurable map g : M → C, the
following formula holds:∫

M

gdµ =
∑
a∈A

∫
Ua

∫
Sa

eω
+([x,y],x)+ω−([x,y],y)g([x, y])cadµ

s
xa

(y)dµuxa
(x).

From this we can link ν and the family µuxa
in the following way. Define h0 : U → R by the formula

∀a ∈ A, ∀x ∈ Ua, h0(x) := ca

∫
Sa

eω
−([x,y],y)+ω+([x,y],y)dµsxa

(y) > 0.

Then, for any S-constant map g : R → R, we have∫
U
gdν =

∫
M

gdµ =
∑
a∈A

∫
Ua

g(x)h0(x)dµuxa
(x).

It follows from the properties of the bracket and the fact that ψ is supposed Hölder that h0 is
Hölder. So h := h−1

0 is Hölder and satisfy hν = µu, where µu|Ua
:= µuxa

. We check that µu is an
eigenmeasure for Lφ0

. Fix a→ b ∈ A, and fix a continuous map G : Ub → C. We have∫
Ub

G(gab(x))dµuxb
(x) =

∫
Ub

G
(
f−1[x, f(xa)]

)
dµuxb

(x)

=

∫
f(Uab)

G
(
f−1x

)
eω

+(πx,x)dµuf(xa)
(x)

=

∫
Uab

G(x)eω
+(πfx,fx)e−ψ(x)+P (ψ)dµuxa

(x)

= eP (ψ)

∫
Uab

G(x)e−φ0(x)dµuxa
.

In particular, for any continuous G : U → R:∫
U
Lφ0(G)dµu =

∑
b∈A

∫
Ub

∑
a→b

eφ0(gab(x))G(gab(x))dµuxb

= eP (ψ)
∑
a,b∈A
a→b

∫
Uab

G(x)dµuxa
= eP (ψ)

∫
U
Gdµu,

which concludes the proof.

Lemma 4.2.36. Define φ := φ0− lnh◦F + lnh−P (ψ). Then φ : U → R is Hölder and normalized,

that is: L∗
φν = ν, Lφ1 = 1 on Û . Moreover, φ ≤ 0 on Û , and there exists an integer N ≥ 0 such

that SNφ < 0 on Û .
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Proof. It follows from the definition of φ that L∗
φν = ν. Then, we see that Lφ1 = 1 on L2(ν).

Indeed, for any L2(ν) map G, we have∫
U
Lφ(1)Gdν =

∫
U
Lφ(G ◦ F )dν =

∫
U
G ◦ Fdν =

∫
U
Gdν.

Since Lφ1 and 1 are continuous functions on Û , and since ν has full support, it follows that

Lφ1 = 1 on all Û , and even on U by density. We now check that φ is eventually negative on

the residual set. First of all, the equality 1 = Lφ(1) implies that φ ≤ 0 on Û . Then, since F is
uniformly expanding, there exists some integer N such that F−N (x) always contains at least two
distinct points, for any x. The equality 1 = LNφ (1) then allows us to conclude that SNφ < 0 on

F−N (Û) = Û .

4.2.7 Some regularity for ν

In this subsection, we introduce the usual symbolic formalism, recall the Gibbs estimates for ν,
and prove an upper regularity result for ν. In particular, we prove that ν doesn’t have atoms in
our setting. Notice that if Ω were an isolated cycle, then the measure of maximal entropy would
be the Dirac on the cycle, which is fully discrete, so this is not completely trivial.

Notations 4.2.37. For n ≥ 1, a word a = a1 . . . an ∈ An is said to be admissible if a1 → a2 →
· · · → an. We define:

• Wn := {a ∈ An | a is admissible }.

• For a ∈ Wn, define ga := ga1a2ga2a3 . . . gan−1an : Van −→ Va1 .

• For a ∈ Wn, define Va := ga (Van), Ua := ga (Uan), and Ûa := ga

(
Û ∩ Uan

)
• For a ∈ Wn, set xa := ga (xan) ∈ Ûa.

Remark 4.2.38. Since F is expanding, the maps ga are contracting as n becomes large. As U is
included in a finite union of unstable curve V, that are one dimensional Riemannian manifolds,
it makes sense to consider absolute value of the derivatives of F and ga, and we will do it from
now on. For points in U , this correspond to the absolute value of the derivative in the unstable
direction. We find:

∀a ∈ Wn, ∀x ∈ Van , |g′a(x)| ≤ c−1κn,

for some constant κ ∈ (0, 1), and it follows that

∀a ∈ Wn, diam(Va) = diam ga (Van) ≤ c−1κn.

A consequence for our potential is that it has exponentially vanishing variations. Namely, since φ
is Hölder, the following holds:

∃C > 0, ∀n ≥ 1, ∀a ∈ Wn, ∀x, y ∈ Ua, |φ(x) − φ(y)| ≤ Cκαn.

Remark 4.2.39. For a fixed n, the family (Ua)a∈Wn
is a partition of U (modulo a boundary set of

zero measure). In particular, for any continuous map g : U → C, we can write∫
U
gdν =

∑
a∈Wn

∫
Ua

gdν.

Lemma 4.2.40 (Gibbs estimates, [PP90]).

∃C0 > 1, ∀n ≥ 1, ∀a ∈ Wn, ∀x ∈ Ua, C−1
0 eSnφ(x) ≤ ν(Ua) ≤ C0e

Snφ(x)

Proof. We have∫
U
e−φ1Ua1...an

dν =

∫
U
Lφ
(
e−φ1Ua1...an

)
dν =

∫
U

1Ua2...an
dν = ν(Ua2...an).
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Moreover, since φ has exponentially decreasing variations, we can write that:

∀x ∈ Ua1...an , e
−φ(x)−Cκαn

ν(Ua1...an) ≤
∫
U
e−φ1Ua1...an

dν ≤ e−φ(x)+Cκ
αn

ν(Ua1...an),

and so

∀x ∈ Ua1...an , e
−φ(x)−Cκαn

≤ ν(Ua2...an)

ν(Ua1...an)
≤ e−φ(x)+Cκ

αn

.

Multiplying those inequalities gives us the desired relation.

Lemma 4.2.41. The measure ν is upper regular, that is, there exists C > 0 and δup > 0 such that

∀x ∈ U , ∀r > 0, ν(B(x, r)) ≤ Crδup ,

where B(x, r) is a ball of center x and radius r in U .

Proof. Let x ∈ U , and let r > 0 be small enough. If B(x, r) ∩ Û = ∅ then ν(B(x, r)) = 0 since Û
has full measure, and the proof is done. If B(x, r) ∩ Û ̸= ∅, then let x̃ ∈ B(x, r) ∩ Û . We then see
that ν(B(x, r)) ≤ ν(B(x̃, 2r)).

Recall that F has bounded derivative on U : |F ′|∞ <∞. In particular, there exists a constant
κ1 ∈ (0, 1) such that |(Fn)′|∞ ≤ κ−n1 . Hence: ∀n ≥ 1, ∀a ∈ Wn, inf|g′a| > κn1 . In particular,

diam(Ua) > κn1η0, where η0 := mina∈A diam(Ua) > 0 (This is where we use the fact that Û is
perfect).

Recall also from Lemma 4.2.36 that there exists an integer N such that SNφ < 0 on Û . We
then let n(r) be the unique integer n such that

η0κ
N(n+1)
1 < 2r ≤ η0κ

Nn
1 .

Then, by construction, 2r ≤ diam(Ua),∀a ∈ Wn(r). Furthermore, since the elements of the Markov
partition are proper, we know that there exists δ ∈ (0, 1) such that, for all a ∈ A, B(xa, δ)∩U ⊂ Ua.
Using the fact that V is one dimensional, it is then not difficult to see that for all a ∈ Wn,
B(xa, 2δr) ∩ U ⊂ B(xa, δdiam(Ua)) ∩ U ⊂ Ua. From the observation that any partition of an
interval [0, r] with subintervals of diameter δ has cardinal less than δ−1r, it follows that B(x̃, 2r)
is contained in at most 2δ−1 sets of the form Ua, a ∈ Wn. In particular, using Gibbs estimates,
we find

ν (B(x, r)) ≤ C0

∑
a∈Wn

Ua∩B(x̃,2r)̸=∅

eSNn(r)φ(xa).

But then, notice that SnNφ(x) < −n inf Û |SNφ|. Hence:

ν (B(x, r)) ≤ 2C0δ
−1e−n(r) infÛ |SNφ| ≤ Crδup ,

for some C > 0 and δup > 0.

In particular, it follows that ν doesn’t have atoms, which is some good news since we are willing
to prove Fourier decay. Moreover, we get a regularity result on µ.

Corollary 4.2.42. Let f be an Axiom A diffeomorphism, and let Ω be a perfect basic set with
codimension one stable foliation. Then any equilibrium state µ associated to a Hölder potential
ψ : Ω → R is upper regular.

Proof. Let x ∈ Ω and r > 0 be small enough. Write B(x, r) =
⋃
a∈AB(x, r) ∩ Ra. Notice that

B(x, r) ∩Ra ⊂ {y ∈ Ra | ∃z ∈ B(x, r) ∩Ra, π(y) = π(z)}, and so:

µ(B(x, r)) =
∑
a∈A

µ (B(x, r) ∩Ra) ≤
∑
a∈A

ν (π (B(x, r) ∩Ra)) ≤ |A|C∥∂uπ∥
δup

∞,R(2r)δup ≤ C̃rδup .

using the previous lemma, and using the fact that diamu (π (B(x, r) ∩Ra)) ≤ r∥∂uπ∥∞,R.
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4.2.8 Large deviations

We finish this preliminary section by recalling some large deviation results. There exists a large
bibliography on the subject, see for example [Ki90]. Large deviations in the context of Fourier
decay for some 1-dimensional shift was used in [JS16] and in [SS20]. A simple proof in the context
of Julia sets using the pressure function can be found in section 3.7.

Theorem 4.2.43 ([LQZ03]). Let g : Ω → C be any continuous map. Then, for all ε > 0, there exists
n0(ε) and δ0(ε) > 0 such that

∀n ≥ n0(ε), µ

({
x ∈ Ω,

∣∣∣∣∣ 1n
n−1∑
k=0

g(fk(x)) −
∫
Ω

gdµ

∣∣∣∣∣ ≥ ε

})
≤ e−δ0(ε)n

Notice that applying (a symbolic version of) Theorem 4.2.43 (like Theorem 1.2.13) to a S-

constant function immediately gives the same statement for (ν, Û , F ). We apply it to some special
cases.

Definition 4.2.44. Define τf := ln |∂uf(x)| (so that −τf is the geometric potential) and τF :=
ln |F ′(x)|. Beware that τF is only Hölder regular. Then, define the associated global Lyapunov
exponents by:

λ :=

∫
Ω

τfdµ > 0 , Λ :=

∫
U
τF dν > 0

Define also the dimension of ν by the formula

δ := − 1

Λ

∫
U
φdν > 0.

A consequence of Theorem 4.2.43 is the following:

Corollary 4.2.45 ([SS20], [Le21]). For every ε > 0, there exists n1(ε) and δ1(ε) > 0 such that

∀n ≥ n1(ε), ν

({
x ∈ Û ,

∣∣∣∣ 1nSnτF (x) − Λ

∣∣∣∣ ≥ ε or

∣∣∣∣ Snφ(x)

SnτF (x)
+ δ

∣∣∣∣ ≥ ε

})
≤ e−δ1(ε)n.

These quantitative results tells us that, “for most x ∈ Ω”, |∂ufn(x)| have order of magni-
tude exp(λn), and |(Fn)′(x)| have order of magnitude exp(Λn). Studying those two quantities is
therefore central for us. An important (and natural) remark is the following.

Lemma 4.2.46. The global unstable Lyapunov exponents λ and Λ are equal. In other words,∫
Ω

ln |∂uf |dµ =

∫
U

ln |F ′|dν.

Proof. The fact that π ◦ f = F ◦ π implies that

τf = τF (π(x)) − ln |∂uπ(f(x))| + ln |∂uπ(x)|.

In particular, τf and τF ◦π are f -cohomologous. This implies the desired equality, by definition of
the measure ν, and by f -invariance of µ.

4.3 Computing some orders of magnitudes

The goal of this section is to use the large deviations to compute orders of magnitude for dynamical
quantities. Once this preparatory step is done, we will be able to study oscillatory integrals
involving µ. First of all, we recall some useful symbolic notations.

• Recall that Wn stands for the set of admissible words of length n. For a = a1 . . . anan+1 ∈
Wn+1, define a′ := a1 . . . an ∈ Wn.

• Let a ∈ Wn+1 and b ∈ Wm+1. Denote a⇝ b if an+1 = b1. In this case, a′b ∈ Wn+m+1.

• Let a ∈ Wn+1. We denote by b(a) the last letter of a.
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With these notations, we may rewrite the formula for the iterate of our transfer operator. For any
continuous function h : U −→ C, we have

∀b ∈ A, ∀x ∈ Ub, Lnφh(x) =
∑

a∈Wn+1

a⇝b

eSnφ(ga(x))h(ga(x)) =
∑

a∈Wn+1

a⇝b

h(ga(x))wa(x),

where
wa(x) := eSnφ(ga(x)) = ν(Ua)eO(1).

Iterating Lnφ again leads us to the formula

∀k ≥ 1,∀x ∈ Ub, Lnkφ h(x) =
∑

a1⇝···⇝ak⇝b

h(ga′
1...a

′
k−1ak

(x))wa′
1...a

′
k−1ak

(x).

Definition 4.3.1. Let, for small ε > 0 and n ≥ 1,

Bn(ε) :=

{
x ∈ R ,

∣∣∣∣ 1nSnτF (π(x)) − λ

∣∣∣∣ < ε and

∣∣∣∣ Snφ(π(x))

SnτF (π(x))
+ δ

∣∣∣∣ < ε

}

and Cn(ε) :=

{
x ∈ Ω ,

∣∣∣∣∣ 1n
n−1∑
k=0

τf (fk(x)) − λ

∣∣∣∣∣ < ε

}
.

We can naturally identify Bn(ε) with a subset of Ω, modulo a zero-measure set. Finally, let
An(ε) := Bn(ε) ∩Cn(ε). Then µ(An(ε)) ≥ 1 − e−δ2(ε)n for n large enough depending on ε and for
some δ2(ε) > 0, by Theorem 4.2.43 and Corollary 4.2.45.

Notations 4.3.2. To simplify the reading, when two quantities dependent of n satisfy bn ≤ Can for
some constant C, we denote it by an ≲ bn. If an ≲ bn ≲ cn, we denote it by an ≃ bn. If there
exists c, C and β, independent of n and ε, such that ce−εβnan ≤ bn ≤ Ceεβnan, we denote it by
an ∼ bn. Throughout the text β will be allowed to change from line to line. It correspond to some
positive constant.

Eventually, we will chose ε small enough such that this exponentially growing term gets absorbed
by the other leading terms, so we can neglect it.

Lemma 4.3.3. Let a ∈ Wn+1(ε) be such that Ua ∩An(ε) ̸= ∅. Then:

• uniformly on x ∈ Va, |∂ufn(x)| ∼ enλ,

• uniformly on x ∈ Vb(a), |g′a(x)| ∼ e−nλ,

• diam(Ûa), diam(Ua), diam(Va) ∼ e−nλ,

• uniformly on x ∈ Va, wa(x) ∼ e−δλn,

• ν(Ûa) ∼ e−δλn.

Remark 4.3.4. The definition of δ is chosen so that µ(Ua) ∼ diam(Ua)δ when Ua ∩ An(ε) ̸= ∅.
Beware that the diameters are for the distance du.

Proof. The first thing to notice is that, since any Hölder map have exponentially vanishing varia-
tions, these Birkhoff sums are easy to control when n becomes large. In particular, the estimates
that are true on a piece of Ua will extends on Va. For example, let x ∈ Va, and let ya ∈ Ua∩An(ε).
Since τf has exponentially vanishing variations, we can write∣∣∣∣∣ 1n

n−1∑
k=0

τf (fk(x)) − λ

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n

n−1∑
k=0

τf (fk(x)) − 1

n

n−1∑
k=0

τf (fk(ya))

∣∣∣∣∣+

∣∣∣∣∣ 1n
n−1∑
k=0

τf (fk(ya)) − λ

∣∣∣∣∣
≤ 1

n

n−1∑
k=0

∥τf∥Cαdiam(fk(Va))α + ε.

Now, notice that since f is a diffeomorphism V → f(V) which is a disjoint union of curves, and
since Va = Convu(Ua), we find Va = Convu(Ua), and fk(Va) = Convu(fk(Ua)). Since fk(Ua) ⊂
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Rak+1...an is diffeomorphic to Uak+1...an by the mean of the holonomy map π which have bounded
differential, we obtain∣∣∣∣∣ 1n

n−1∑
k=0

τf (fk(x)) − λ

∣∣∣∣∣ ≤ 1

n

n−1∑
k=0

∥τf∥Cαdiam
(
fk(Ua)

)α
+ ε

≲
1

n

n−1∑
k=0

diam(Uak+1...an)α + ε ≲
1

n

n−1∑
k=0

καk + ε ≤ C

n
+ ε

for some constant C. In particular we see that for n large enough depending on ε, the estimate

∀x ∈ Va,

∣∣∣∣∣ 1n
n−1∑
k=0

τf (fk(x)) − λ

∣∣∣∣∣ < 2ε

holds, which proves ∂uf
n(x) ∼ eλn on Va. Similarly the estimates related to Bn(ε) extends on Va

replacing ε with 2ε as long as n is large enough. Once this is known, the estimates for ∂u(fn), g′a and
wa are easy, and the estimates for the diameters is a direct consequence of our 1-dimensional setting
and of the mean value theorem. The estimates for ν(Ua) follows from the Gibbs estimates.

Definition 4.3.5. For some fixed set ω ⊂ U , define the set of (ω-localized) ε-regular words by

Rn+1(ω) := {a ∈ Wn+1 | ω ∩ Ua ̸= ∅, An(ε) ∩ Ua ̸= ∅} .

When no localization is asked, define Rn+1 := Rn+1(M). Then, define the set of (ω-localized)
ε-regular k-blocks by

Rk
n+1(ω) =

{
A = a′1 . . .a

′
k−1ak ∈ Wnk+1 | ∀i ≥ 2, ai ∈ Rn+1, and a1 ∈ Rn+1(ω)

}
.

We also define Rk
n+1 := Rk

n+1(M). Finally, define the associated geometric points to be

Rkn+1 :=
⋃

A∈Rk
n+1

UA.

Lemma 4.3.6. For a fixed k ≥ 1, and for n large enough depending on ε,

#Rk
n+1 ∼ ekδλn.

Proof. First of all, notice that An(ε) ⊂ Rn+1, so that ν(U \ Rn+1) ≤ ν(U \ An) ≤ ν(U \ Bn) +
ν(U \ Cn). To control the term in Cn, we notice that, by the same argument as in Lemma 4.3.3,

∀x ∈ Ra, x ∈ Cn(ε) ⇒ [x, Sa] ⊂ Cn(2ε)

as soon as n is large enough. Hence, by definition of the measure ν:

ν(U \ Cn) = µ (R \ [U ∩ Cn,S]) ≤ µ(R \ Cn(ε/2)) ≲ e−δ1n.

This proves that ν(Rn+1) ≥ 1 − e−δ0n for n large enough depending on ε and for some δ0(ε) > 0.

Then, define R̃n+1 :=
⊔

a∈Rn+1
intU (Ua). From the point of view of the measure ν, it is

indistinguishable from Rn+1. First, we prove that

k−1⋂
i=0

F−ni
(
R̃n+1

)
⊂ Rkn+1.

Let x ∈
⋂k−1
i=0 F

−ni
(
R̃n+1

)
. Since there exists A = a′1 . . .a

′
k−1ak ∈ Wkn+1 such that x ∈ UA, we

see that for any i we can write Fni(x) ∈ Ua′
1+i...ak

∩ R̃n+1. So there exists bi+1 ∈ Rn+1 such that

Ua′
1+i...ak

∩ intUUbi+1 ̸= ∅. Then bi+1 = ai+1, for all i, which implies that A ∈ Rk
n+1. Now that

the inclusion is proved, we see that

ν
(
U \Rkn+1

)
≤
k−1∑
i=0

ν
(
F−ni

(
U \ R̃n+1

))
= kν(U \Rn+1),
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and so ν(Rkn+1) ≥ 1 − ke−δ1(ε)n for n large enough depending on ε. Now we may prove the
cardinality estimate: since ν(Rkn+1) =

∑
A∈Rk

n+1
ν(UA), we have

#
(
Rk
n+1

)
e−εβne−δλkn ≲ ν

(
Rkn+1

)
≲ #

(
Rk
n+1

)
eεβne−δλkn

and so

e−εβneδλkn
(

1 − ke−δ1(ε)n
)
≲ #Rk

n+1 ≲ e
εβneδλkn.

4.4 Reduction to sums of exponential

We can finally start the proof of Theorem 4.1.5 and Theorem 4.1.8. Recall the setting: we have
fixed a C2+α Axiom A diffeomorphism f : M →M and a (perfect) basic set Ω ⊂M on which f has
codimension 1 stable lamination. We have fixed a Hölder potential ψ : Ω → R and its associated
equilibrium state µ. We denote by (F,U , ν) the expanding dynamical system in factor defined
in section 2. The measure ν is invariant by a transfer operator Lφ, where φ is some normalized
and α-Hölder potential on U (one can extend it in a Hölder fashion on V if desired). The Hölder
exponent α is fixed for the rest of the Chapter.

We let χ ∈ Cα(M,C) be a Hölder function with compact support, let ξ ≥ 1, and we let
ψ : ω ⊂M → R be a C1+α phase on some open set ω ⊂M containing the support of χ, satisfying:

∥ψ∥C1+α + ( inf
x∈ω

|∂uψ|)−1 ≤ ξρ1 ,

for some ρ1 > 0 that will be chosen small enough during the proof of Lemma 4.4.3 and Lemma
4.4.8. Our goal is to find a sufficient condition on the dynamics so that we get power decay of the
following oscillatory integral:

̂ψ∗(χdµ)(ξ) =

∫
Ω

e−2iπξψ(x)χ(x)dµ(x).

To do so, six quantities will be at play: ξ, K, n, k, ε0 and ε. We will think of k, ε0 and ε as
being fixed. The constant k is fixed using Theorem 4.5.1. The constant ε0 > 0 will be fixed at
the end of the Chapter (in the end of section 4.6 in the general case, and in Lemma 4.7.5 in the
bunched case). The constant ε > 0 is chosen at the very end of the proof to be small in front of
every other constant that might appear. The only variable is ξ. We relate it to n and K by the
formulas

n :=

⌊
ln |ξ|

(2k + 1)λ+ ε0

⌋
and K :=

⌊
((2k + 1)λ+ 2ε0)n

α| lnκ|

⌋
.

Notations 4.4.1. We recall a final set of notations, inspired from [BD17]. For a fixed n and k,
denote:

• A = (a0, . . . , ak) ∈ Wk+1
n+1 , B = (b1, . . . ,bk) ∈ Wk

n+1.

• We write A ↔ B iff aj−1 ⇝ bj ⇝ aj for all j = 1, . . . k.

• If A ↔ B, then we define the words A ∗ B := a′0b
′
1a

′
1b

′
2 . . . a

′
k−1b

′
kak

and A#B := a′0b
′
1a

′
1b

′
2 . . . a

′
k−1bk.

• Denote by b(A) ∈ A the last letter of ak.

Our first goal is to prove the following reduction.

Proposition 4.4.2. Define Jn := {eε0n/2 ≤ |η| ≤ e2ε0n} and, for j ∈ {1, . . . , k}, A ∈ Wk+1
n+1, and

b ∈ Wn+1 such that aj−1 ⇝ b⇝ aj,

ζj,A(b) := e2λn|g′a′
j−1b

(xaj
)|.

101



There exists some constant β > 1 such that for n large enough depending on ε:

| ̂ψ∗(χdµ)(ξ)|2 ≲ eεβne−λδ(2k+1)n
∑

A∈Rk+1
n+1(ω)

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiηζ1,A(b1)...ζk,A(bk)

∣∣∣∣∣
+e−ε0n/2 + e−δ1(ε)n + eεβn

(
e−λαn + καn + e−(αλ−ε0)n/2 + e−ε0δupn/6

)
.

Once Proposition 4.4.2 is established, if we manage to prove that the sum of exponentials enjoys
exponential decay in n under (QNL) (or under (B) and (LNL)), then choosing ε small enough will

allow us to see that | ̂ψ∗(χdµ)(ξ)|2 enjoys polynomial decay in ξ, and Theorem 4.1.5 (or Theorem
4.1.8) will be proved. We prove Proposition 4.4.2 through a succession of lemmas. Our first step
is to approximate our oscillatory integral over µ by an oscillatory integral over ν.

Lemma 4.4.3. If ρ1 is chosen small enough (depending on ε0 and on the dynamics), then there
exists C > 0 such that, for n large enough:∣∣∣∣∫

Ω

eiξψχdµ−
∫
U
eiξψ◦f

K

χ ◦ fKdν
∣∣∣∣ ≤ Ce−ε0n/2.

Proof. Let h(x) := eiξψ(x)χ(x). Then, since µ is f invariant,

̂ψ∗(χdµ)(−ξ/2π) =

∫
Ω

h ◦ fKdµ.

We then check that h◦fK is close to a S-constant function as K grows larger. First of all, notice
that since ψ is C1, eiξψ also is. In particular it is Lipschitz with constant |ξ|∥ψ∥C1 ≤ |ξ|1+ρ1 . Since
Ω is compact, it follows that e−iξψ is α-Hölder on Ω with constant |ξ|1+ρ1diam(Ω)1−α. Since χ is
α-Hölder too, with some constant Cχ, the product h is also locally α-Hölder, with some constant
≲ |ξ|1+ρ1 .

Now, let x ∈ Ra. By definition, π(x) ∈ Ua is in W s(x). Then

|h(fK(x)) − h(fK(π(x)))| ≤ ∥h∥Cαd(fK(x), fK(π(x)))α

≤ ∥h∥CακαK ≲ |ξ|1+ρ1καK .

The relation between ξ,n and K is chosen so that |ξ|καK ≃ e−ε0n. If ρ1 is taken small enough so
that |ξ|ρ1 ≲ e−ε0n/2, then there exists a constant C > 1 such that

∥h ◦ fK − h ◦ fK ◦ π∥∞,R ≤ Ce−ε0n/2.

The desired estimates follows from the definition of ν.

Now we are ready to adapt the existing strategy for one dimensional expanding maps. From
this point, we will follow [SS20] and the strategy of Chapter 2 and 3. Notice however that we use
an additional word C to cancel the distortions induced by fK .

Lemma 4.4.4.∣∣∣∣∫
U
eiξψ◦f

K

χ ◦ fKdν
∣∣∣∣2 ≲∣∣∣∣∣ ∑

C∈RK+1

∑
A∈Rk+1

n+1

B∈Rk
n+1

C⇝A↔B

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))χ(fKgC′(A∗B)(x))wC′(A∗B)(x)dν(x)

∣∣∣∣∣
2

+e−δ1(ε)n.

Proof. Since ν is invariant by Lφ, we can write∫
U
h ◦ fKdν =

∑
C∈WK+1

∫
Ub(C)

h
(
fK(gC(x))

)
wC(x)dν(x).
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If we look at the part of the sum where C is not a regular word, we get by the Gibbs estimates:∣∣∣∣∣ ∑
C/∈RK+1

∫
Ub(A)

h
(
fK(gC(x))

)
wC(x)dν(x)

∣∣∣∣∣ ≲ ∑
C/∈RK+1

ν(UC) ≲ ν(U \RK+1),

which decays exponentially in K, hence in n, by (the proof of) Lemma 4.3.6. Then, we iterate our
transfer operator again on the main sum, to get the following term:∑

C∈RK+1

∑
A∈Wk+1

n+1

B∈Wk
n+1

C⇝A↔B

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))χ(fKgC′(A∗B)(x))wC′(A∗B)(x)dν(x).

Looking at the part of the sum where words are not regular again, we see by the Gibbs estimates
again that∣∣∣∣∣ ∑

C∈RK+1

∑
C⇝A↔B

A/∈Rk+1
n+1

or B/∈Rk
n+1

∫
Ub(A)

h
(
fK(gC′(A∗B)(x))

)
wC′(A∗B)(x)dν(x)

∣∣∣∣∣

≲
∑

C∈RK+1

∑
C⇝A↔B

A/∈Rk+1
n+1

or B/∈Rk
n+1

ν(UC)ν(UA∗B) ≲ ν(U \R2k+1
n ),

and the desired estimate follows from Lemma 4.3.6.

Lemma 4.4.5. Define χC(a0) := χ(fKgC(xa0
)). There exists some constant β > 0 such that, for

n large enough:

∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1

B∈Rk
n+1

C⇝A↔B

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))wC′(A∗B)(x)χ(fKgC′(A∗B)(x))dν(x)

∣∣∣∣∣
2

≲

∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x)))wC′(A∗B)(x)dν(x)

∣∣∣∣∣
2

+ eεβne−λαn.

Proof. Our first move is to get rid of terms in the sum where χ(fKgCgA∗B) = 0. To this end,
notice that fKgC is an holonomy map that sends Ub(C) in Rb(C). It doesn’t really play a role for
this question. The only word that matter here is a0 : if it isn’t in Rn+1(ω), then by definition it
implies that ω ∩ Ua0

= ∅, and so χ(fKgCgA∗B) = 0.

Hence our main term is equal to the same sum, but where we have restricted A in Rn+1(ω).

Next, denote χC(a0) := χ(fKgC(xa0
)). The orders of magnitude of Lemma 4.3.3 combined

gives us ∣∣χ(fKgCgA∗B(x)) − χC(a0)
∣∣ ≤ ∥χ∥Cαd

(
fKgCgA∗B(x), fKgC(xa0

)
)α

≲ ∥∂u(fK)∥α∞,UC
∥g′C∥α∞,Ub(C)

diam(Ua0
)α ≲ eεβne−λαn.

Hence, by the Gibbs estimates∣∣∣∣∣ ∑
A,B,C

∫
Ub(A)

eiξψ(f
KgC′(A∗B))χ(fKgC′(A∗B))wC′(A∗B)dν −

∑
A,B,C

χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B))wC′(A∗B)dν

∣∣∣∣∣
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≲ eεβne−λαn
∑

A,B,C

ν(UC′(A∗B)) ≲ e
εβne−λαn.

Lemma 4.4.6. There exists some constant β > 0 such that, for n large enough:∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x)))wC′(A∗B)(x)dν(x)

∣∣∣∣∣
2

≲ e−(2k−1)λδne−λδK
∑

C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

∣∣∣∣∣
∫
Ub(A)

eiξψ(f
K(gC′(A∗B)(x)))wak

(x)dν(x)

∣∣∣∣∣
2

+eεβnκαn.

Proof. Notice that wC′(A∗B)(x) and wak
(x) are related by

wC′(A∗B)(x) = wC′(A#B)(gak
(x))wak

(x).

Moreover:

wC′(A#B)(gak
(x))

wC′(A#B)(xak
)

= exp
(
SK+2knφ(gC′(A#B)(gak

(x))) − SK+2knφ(gC′(A#B)(xak
))
)
,

with

∣∣SK+2knφ(gC′(A#B)(gak
(x)) − SK+2knφ(gC′(A#B)(xak

))
∣∣ ≲ K+2kn−1∑

j=0

κα(K+n(2k+1)−j) ≲ καn

since φ is α-Hölder. Hence, there exists some constant C > 0 such that

e−Cκ
αn

wC′(A#B)(xak
) ≤ wC′(A#B)(gak

(x)) ≤ eCκ
αn

wC′(A#B)(xak
),

which gives∣∣wC′(A#B)(gak
(x)) − wC′(A#B)(xak

)
∣∣ ≤ max

∣∣∣e±Cκαn

− 1
∣∣∣wC′(A#B)(xak

) ≲ καnwC′(A#B)(xak
).

Hence∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))

(
wC′(A∗B)(x) − wC′(A#B)(xak

)wak
(x)
)
dν(x)

∣∣∣∣∣

≲ καn
∑

A,B,C

∫
Ub(A)

wC′(A#B)(xak
)wak

(x)dν(x) ≲ eεβnκαn

by the Gibbs estimates. It follows that∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x)))wC′(A∗B)(x)dν(x)

∣∣∣∣∣
2

≲ eεβnκαn+

∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

wC′(A#B)(xak
)χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))wak

(x)dν(x)

∣∣∣∣∣
2

.
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Moreover, by Cauchy-Schwartz and by the orders of magnitude of Lemma 4.3.3,∣∣∣∣∣ ∑
C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

wC′(A#B)(xak
)χC(a0)

∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))wak

(x)dν(x)

∣∣∣∣∣
2

≲ eεβne−λδ(2k−1)ne−λδK
∑

C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

∣∣∣∣∣
∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))wak

(x)dν(x)

∣∣∣∣∣
2

,

where one could increase β if necessary.

Lemma 4.4.7. Define

∆A,B,C(x, y) := ψ(fKgC′(A∗B)(x)) − ψ(fKgC′(A∗B)(y)).

There exists some constant β > 0 such that, for n large enough:

e−λδ(2k−1)ne−λδK
∑

C∈RK+1

∑
A∈Rk+1

n+1(ω)

B∈Rk
n+1

C⇝A↔B

∣∣∣∣∣
∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))wak

(x)dν(x)

∣∣∣∣∣
2

≲ eεβne−λδ(2k+1)ne−λδK
∑

C∈RK+1

A∈Rk+1
n+1(ω)

C⇝A

∫∫
U2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiξ|∆A,B,C|(x,y)

∣∣∣∣∣dν(x)dν(y).

Proof. We first open up the modulus squared:

∑
A↔B

A∈Rk+1
n+1(ω)

B∈Rk
n+1

∣∣∣∣∣
∫
Ub(A)

eiξψ(f
KgC′(A∗B)(x))wak

(x)dν(x)

∣∣∣∣∣
2

=
∑
A↔B

A∈Rk+1
n+1(ω)

B∈Rk
n+1

∫∫
U2

b(A)

wak
(x)wak

(y)eiξ∆A,B,C(x,y)dν(x)dν(y).

Since this quantity is real, we get:

=
∑
A↔B

A∈Rk+1
n+1(ω)

B∈Rk
n+1

∫∫
U2

b(A)

wak
(x)wak

(y) cos(ξ∆A,B,C(x, y))dν(x)dν(y)

=
∑

A∈Rk+1
n+1(ω)

∫∫
U2

b(A)

wak
(x)wak

(y)
∑

B∈Rk
n+1

A↔B

cos (ξ|∆A,B,C|(x, y)) dν(x)dν(y),

and then we conclude using the triangle inequality and the estimates of Lemma 4.3.3, as follow:

≲ eεβne−2λδn
∑

A∈Rk+1
n+1(ω)

∫∫
U2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiξ|∆A,B,C|(x,y)

∣∣∣∣∣dν(x)dν(y).
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Lemma 4.4.8. Define
ζj,A(b) := e2λn|g′a′

j−1b
(xaj

)|

and
Jn := {eε0n/2 ≤ |η| ≤ e2ε0n}.

There exists β > 0 such that, for n large enough depending on ε,

e−λδK
∑

C∈RK+1

e−λδ(2k+1)n
∑

A∈Rk+1
n+1(ω)

C⇝A

∫∫
U2

b(A)

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiξ|∆A,B,C|(x,y)

∣∣∣∣∣dν(x)dν(y)

≲ e−λδ(2k+1)n
∑

A∈Rk+1
n+1(ω)

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiηζ1,A(b1)...ζk,A(bk)

∣∣∣∣∣+eεβn (e−(αλ−ε0)n/2 + e−ε0nδup/6
)
.

Proof. Our goal is to carefully approximate ∆A,B,C by a product of derivatives of ga′
j−1bj

, and
then to renormalize the phase. Using arc length parameterization on V, our 1-dimensional setting
allows us to apply the mean value theorem: for all x, y ∈ Ub(A), there exists z ∈ Vak

such that

|ψ(fKgCgA∗B(x)) − ψ(fKgCgA∗B(y))| = |ψ(fKgCgA#B(gak
x)) − ψ(fKgCgA#B(gak

y))|

= |∂uψ(fKgC′(A#B)z)||∂ufK(gC′(A#B)z)||g′C(gA#Bz)|

 k∏
j=1

|g′a′
j−1bj

(ga′
jb

′
j+1...a

′
k−1bk

z))|

 du(gak
x, gak

y).

The estimates of Lemma 4.3.3 gives

|∆A,B,C(x, y)| ≲ |ψ|C1+αeεβne−(2k+1)λn ≲ |ξ|ρ1eεβne−(2k+1)λn.

We then relate |∆A,B,C| to the ζj,A. Set

|∆̃A,B,C(x, y)| := |∂uψ(fKgC(xa0)||∂ufK(gC(xa0))||gC(xa0)|

 k∏
j=1

|g′a′
j−1bj

(xaj ))|

 du(gak
x, gak

y).

Then, as before, ∣∣∣∆̃A,B,C(x, y)
∣∣∣ ≲ |ξ|ρ1eεβne−(2k+1)λn.

Hence, using the fact that |es − et| ≤ emax(s,t)|s− t|, we get

∣∣∣|∆A,B,C(x, y)| − |∆̃A,B,C(x, y)|
∣∣∣ ≤ |ξ|ρ1eεβne−(2k+1)λn

∣∣∣ln |∆A,B,C|(x, y) − ln |∆̃A,B,C|(x, y)
∣∣∣ .

Moreover, using the estimates of Lemma 4.3.3, exponentially vanishing variations of Hölder

maps, the lower bound ∂uψ(fKgC(xa0
)) ≳ |ξ|−ρ1 , and using | ln a− ln b| ≤ |a−b|

min(a,b) , we get:

•
∣∣ln |∂uψ(fKgC′(A#B)z)| − ln |∂uψ(fKgC(xa0))|

∣∣ ≲ |ξ|2ρ1eεβn(eλKe−λKe−λn)α ≲ |ξ|2ρ1eεβne−αλn,

•
∣∣ln |∂ufK(gC′(A#B)z)| − ln |∂ufK(gC(xa0

))|
∣∣ ≲ eεβne−αλn,

• |ln |g′C(gA#Bz)| − ln |g′C(xa0
)|| ≲ eεβne−αλn,

•
∣∣∣ln |g′a′

j−1bj
(ga′

jb
′
j+1...a

′
k−1bk

z))| − ln |g′a′
j−1bj

(xaj
)|
∣∣∣ ≲ eεβne−αλn,

so that summing every estimates gives us∣∣∣ln |∆A,B,C|(x, y) − ln |∆̃A,B,C|(x, y)
∣∣∣ ≲ |ξ|2ρ1eεβne−αλn.

Hence, ∣∣∣∆A,B,C(x, y) − ∆̃A,B,C(x, y)
∣∣∣ ≲ |ξ|3ρ1eεβne−(2k+1+α)λn,
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which allows us to approximate our main integral as follows:

e−(2k+1)δλn−δλK

∣∣∣∣∣ ∑
C∈RK+1

A∈Rk+1
n+1(ω)

C⇝A

∫∫
U2

b(A)

∣∣∣ ∑
B∈Rk

n+1

A↔B

eiξ|∆A,B,C|
∣∣∣dν⊗dν− ∑

C∈RK+1

A∈Rk+1
n+1(ω)

C⇝A

∫∫
U2

b(A)

∣∣∣ ∑
B∈Rk

n+1

A↔B

eiξ|∆̃A,B,C|
∣∣∣dν⊗dν∣∣∣∣∣

≲ |ξ|1+3ρ1e−(2k+1+α)λn ≲ e−(αλ−ε0)n/2,

since |ξ| ≃ e(2k+1)λneε0n, and for ρ1 chosen small enough so that |ξ|3ρ1 ≤ e(αλ−ε0)n/2. To conclude,
we notice that |ξ||∆̃A,B,C| can be written as a product like so:

|ξ||∆̃A,B,C|(x, y) = ηA,C(x, y)ζ1,A(b1) . . . ζk,A(bk),

where

ηA,C(x, y) := |ξ||∂uψ(fKgC′(xa0
)||∂ufK(gC′(xa0

))||gC′(xa0
)|e−2kλndu(gak

x, ga0
y).

We estimate ηA,C using the hypothesis made on ∂uψ, the estimates of Lemma 4.3.3, and the mean
value theorem, to get

e−εβne2ε0n/3du(x, y) ≤ |ξ|−ρ1e−εβneε0ndu(x, y) ≲ ηA,C(x, y) ≲ |ξ|ρ1eεβneε0n ≤ e2ε0n,

as long as ρ1 > 0 is chosen so small that |ξ|ρ1 ≤ eε0n/3. Notice that for the lower inequality to
hold, it was critical for a0 to be in Rn+1(ω), and not just in Rn+1.

We then see that ηA,C(x, y) ∈ Jn as soon as du(x, y) ≥ eεβn−ε0n/6. To get rid of the part of the
integral where du(x, y) is too small, we use the upper regularity of ν proved in Lemma 4.2.41. For
all y ∈ U , the ball B(y, eεβn−ε0n/6) has measure ≲ e−(ε0/6−βε)δupn, so that by integrating over y,

ν ⊗ ν
(
{(x, y) ∈ U2 , |x− y| < eεβn−ε0n/6}

)
≲ e−(ε0/6−βε)δupn

as well. Hence we can cut the double integral in two, the part near the diagonal which is controlled
by the previous estimates, and the part far away from the diagonal where ηA,C(x, y) ∈ Jn. Once
this is done, the sum over C disappears, as there is no longer a dependence over C in the phase
once taken the supremum for η ∈ Jn.

4.5 The sum-product phenomenon

The version of the sum-product phenomenon that we will use is the following. Similar statements
can be found in Section 1.3.2.

Theorem 4.5.1. Fix 0 < γ < 1. There exist an integer k ≥ 1, c > 0 and ε1 > 0 depending only on
γ such that the following holds for η ∈ R with |η| large enough. Let 1 < R < |η|ε1 , N > 1 and
Z1, . . . ,Zk be finite sets such that #Zj ≤ RN . Consider some maps ζj : Zj → R, j = 1, . . . , k,
such that, for all j:

ζj(Zj) ⊂ [R−1, R]

and

∀σ ∈ [|η|−2, |η|−ε1 ], #{b, c ∈ Z2
j , |ζj(b) − ζj(c)| ≤ σ} ≤ N2σγ .

Then: ∣∣∣∣∣∣N−k
∑

b1∈Z1,...,bk∈Zk

exp (iηζ1(b1) . . . ζk(bk))

∣∣∣∣∣∣ ≤ c|η|−ε1

We will use Theorem 4.5.1 on the maps ζj,A. Let’s carefully define the framework.
For some fixed A ∈ Rk+1

n+1(ω), define for j = 1, . . . , k

Zj := {b ∈ Rn+1,aj−1 ⇝ b⇝ aj },
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so that the maps ζj,A(b) := e2λn|g′a′
j−1b

(xaj
)| are defined on Zj . Recall from Lemma 4.3.3 and

Lemma 4.3.6 that there exists a constant β > 0 such that:

#Zj ≤ eεβneδλn

and
ζj,A(Zj) ⊂

[
e−εβn, eεβn

]
.

Let γ > 0 be small enough. Theorem 4.5.1 then fixes k and some ε1. The goal is to apply
Theorem 4.5.1 to the maps ζj,A, for N := eλδn, R := eεβn and η ∈ Jn. Notice that choosing ε
small enough ensures that R < |η|ε1 , and taking n large enough ensures that |η| is large. If we
are able to check the non-concentration hypothesis for most words A, then Theorem 4.5.1 can be
applied and we would be able to conclude the proof of Theorem 4.1.5. Indeed, we already know
that

| ̂ψ∗(χdµ)(ξ)|2 ≲ eεβne−λδ(2k+1)n
∑

A∈Rk+1
n+1(ω)

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiηζ1,A(b1)...ζk,A(bk)

∣∣∣∣∣
+e−ε0n/2 + e−δ1(ε)n + eεβn

(
e−λαn + καn + e−(αλ−ε0)n/2 + e−ε0δupn/6

)
by Proposition 4.4.2. Since every error term already enjoys exponential decay in n, we just have
to deal with the sum of exponentials. Say that we are able to show an estimate like:

e−λδ(k+1)n#{A ∈ Rk+1
n+1 , the sum-product phenomenon doesn’t apply for(ζj,A)j} ≤ ρn,

for some ρ ∈ (0, 1). Then, by Theorem 4.5.1, we can write for all A such that the sum-product
phenomenon applies:

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiηζ1,A(b1)...ζk,A(bk)

∣∣∣∣∣ ≤ ceλkδne−ε0ε1n/2,

and hence we get

e−λδ(2k+1)n
∑

A∈Rk+1
n+1(ω)

sup
η∈Jn

∣∣∣∣∣ ∑
B∈Rk

n+1

A↔B

eiηζ1,A(b1)...ζk,A(bk)

∣∣∣∣∣
≲ eεβnρn + eεβne−λδ(2k+1)neλδ(k+1)neλδkne−ε0ε1n/2 ≲ eεβn

(
ρn + e−ε0ε1n/2

)
.

Now, we see that we can choose ε small enough so that all terms enjoy exponential decay in n,

and since |ξ| ≃ e((2k+1)λ+ε0)n, we have proved polynomial decay of | ̂ψ∗(χdµ)|2. So, to conclude the
proof of Theorem 4.1.5 (resp. 4.1.8), we have to show that the sum-product phenomenon can be
applied often under the condition (QNL) (resp. (B) and (LNL)).

4.6 The non-concentration estimates under (QNL)

This section is devoted to the proof of the non-concentration hypothesis that we just used under
(QNL). The strategy is similar to the one used in the previous Chapters.

Definition 4.6.1. For a given A ∈ Rk+1
n+1(ω), define for j = 1, . . . , k

Zj := {b ∈ Rn+1, aj−1 ⇝ b⇝ aj }

Then define
ζj,A(b) := e2λn|g′a′

j−1b
(xaj

)|

on Zj . The following is satisfied, for some fixed constant β > 0:

#Zj ≤ eεβneδλn

and
ζj,A(Zj) ⊂

[
e−εβn, eεβn

]
.

108



Denote further R := eεβn and N := eλδn. The goal of this section is to prove the next
proposition. Once done, Theorem 4.1.5 will follow by our previous discussion.

Proposition 4.6.2. Under (QNL), there exists γ > 0 such that, for ε0 and k given by Theorem
4.5.1, the following hold: there exists ρ3 ∈ (0, 1) such that:

#
{
A ∈ Rk+1

n+1

∣∣∣ ∃σ ∈ [e−4ε0n, e−ε0ε1n/2], ∃j ∈ J1, kK, #{b, c ∈ Z2
j , |ζj,A(b)−ζj,A(c)| ≤ σ} ≥ N2σγ

}
≲ Nk+1ρn3 .

This will be done in a succession of reductions. The first reduction follow an idea of Chapter 2
(already found in [BD17]): using Markov’s inequality to reduce this estimate to a bound on some
expected value.

Lemma 4.6.3. Suppose that there exists γ > 0 such that, for k ≥ 0, ε0 > 0 given by Theorem 4.5.1,
the following hold: for all σ ∈ [e−4ε0n−1, e−ε0ε1n/2+1],

#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣e−2λn|g′a′b(xd)| − e−2λn|g′a′c(xd)|
∣∣ ≤ σ

}
≤ N4σ2γ ,

where R̂4
n+1 := {(a,b, c,d) ∈ R4

n+1 | a⇝ b⇝ d, a⇝ c⇝ d}.

Then the conclusion of Proposition 4.6.2 holds.

Proof. We will denote Za,d := {b ∈ Rn+1 | a ⇝ b ⇝ d}. To prove our lemma, we use a dyadic
decomposition. For each integer l ≥ 0 such that ε0ε1n/2 − 1 ≤ l ≤ 4ε0n + 1, notice that we can
write, using Markov’s inequality:

N−2#
{

(a,d) ∈ R2
n+1

∣∣∣ #{(b, c) ∈ Z2
a,d,

∣∣e−2λn|g′a′b(xd)|−e−2λn|g′a′c(xd)|
∣∣ ≤ e−l} ≥ N2e−γ(l+1)

}
≤ N−4eγ(l+1)#

{
(a,b, c,d) ∈ R̂4

n+1

∣∣∣ ∣∣e−2λn|g′a′b(xd)| − e−2λn|g′a′c(xd)|
∣∣ ≤ e−l

}
≤ e−γ(l−1).

Now, using the fact that for all σ ∈ [e−4ε0n, e−ε0ε1n/2], there exists l such as above satisfying
e−(l+1) ≤ σ ≤ e−l yields:

N−(k+1)#
{
A ∈ Rk+1

n+1

∣∣∣ ∃σ ∈ [e−4ε0n, e−ε0ε1n/2], ∃j ∈ J1, kK, #{b, c ∈ Z2
j , |ζj,A(b)−ζj,A(c)| ≤ σ} ≥ N2σγ

}
≤ kN−2#

{
(a,d) ∈ R2

n+1

∣∣∣∃σ ∈ [e−4ε0n, e−ε0ε1n/2] #{(b, c) ∈ Z2
a,d, e

−2λn
∣∣|g′a′b(xd)|−|g′a′c(xd)|

∣∣ ≤ σ} ≥ N2σγ
}

≤ k

⌈4ε0n⌉∑
l=⌊ε0ε1n/2⌋

N−2#
{

(a,d) ∈ R2
n+1

∣∣∣#{(b, c) ∈ Z2
a,d,

∣∣e−2λn|g′a′b(xd)|−e−2λn|g′a′c(xd)|
∣∣ ≤ e−l} ≥ N2e−γ(l+1)

}

≲
⌈4ε0n⌉∑

l=⌊ε0ε1n/2⌋

e−γl ≲ n e−ε0ε1γn/2 ≲ ρn3 ,

for some ρ3 ∈ (0, 1).

Lemma 4.6.4. Suppose that there exists γ > 0 such that, for k ≥ 0, ε1 > 0 given by Theorem 4.5.1,
the following hold: for all σ ∈ [e−5ε0n, e−ε1ε0n/4],

#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣S2nτF
(
ga′b(xd)

)
− S2nτF

(
ga′c(xd)

)∣∣ ≤ σ
}
≤ N4σ3γ .

(Recall that τF is defined in Definition 4.2.44.) Then the conclusion of Proposition 4.6.2 holds.

Proof. Suppose that the estimate is true. Let σ ∈ [e−4ε0n−1, e−ε1ε0n/2+1]. Our goal is to check the
bound of Lemma 4.6.3. Since g′a′b(xc)e−2λn ∈ [R−1, R] (with R = eϵβn), we have:

#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣e−2λn|g′a′b(xd)| − e−2λn|g′a′c(xd)|
∣∣ ≤ σ

}
≤ #

{
(a,b, c,d) ∈ R̂4

n+1,
∣∣∣ |g′a′b(xd)|
|g′a′c(xd)|

− 1
∣∣∣ ≤ Rσ

}
.
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Now, notice that ln(|g′a′b(xc)|) = S2nτF (ga′b(xc)). It follows that, for all (a,b, c,d) ∈ R̂4
n+1,∣∣∣S2nτF (ga′b(xd)) − S2nτF (ga′c(xd))

∣∣∣ =
∣∣∣ ln( |g′a′b(xd)|

|g′a′c(xd)|

)∣∣∣ ≤ R2
∣∣∣ |g′a′b(xd)|
|g′a′c(xd)|

− 1
∣∣∣.

Hence:
#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣e−2λn|g′a′b(xd)| − e−2λn|g′a′c(xd)|
∣∣ ≤ σ

}
≤ #

{
(a,b, c,d) ∈ R̂4

n+1

∣∣∣ ∣∣S2nτF
(
ga′b(xd)

)
− S2nτF

(
ga′c(xd)

)∣∣ ≤ Rσ
}
≤ N4(R3σ)3γ ≤ N4σ2γ

for n large enough, since ε is chosen small enough. The conclusion follows from Lemma 4.6.3.

Lemma 4.6.5. Suppose that there exists γ > 0 such that, for k ≥ 0 and ε1 given by Theorem 4.5.1,
the following hold: for all σ ∈ [e−5ε0n, e−ε0ε1n/5],∑
a∈A

∑
(b,c)∈R2

n+1

b⇝a
c⇝a

ν⊗2
(

(x, y) ∈ U2
a

∣∣∣ |SnτF (gb(x))−SnτF (gb(y))−SnτF (gc(x))+SnτF (gc(y))| ≤ σ
)
≤ N2σ7γ

Then the conclusion of Proposition 4.6.2 holds.

Proof. Suppose that the previous estimate holds. We will check that Lemma 4.6.4 applies. Let
σ ∈ [e−5ε0n, e−ε0ε1n/4]. First of all, notice that the family of maps S2nτF ◦ ga′b are uniformly
Hölder regular. In particular, there exists C ≥ 1 such that, for all a,b,d:

∀x ∈ Ud, |S2nτF (ga′b(xd)) − S2nτF (ga′b(x))| ≤ Cdiam(Ud)αn ≤ Cκαn.

If the constant ε0 is chosen sufficiently small so that καn ≤ e−5ε0n, then we find

∀x ∈ Ud, |S2nτF (ga′b(xd)) − S2nτF (ga′b(x))| ≤ Cσ,

which implies

ν(Ud)1[−σ,σ]

(
S2nτF (ga′b(xd)) − S2nτF (ga′c(xd))

)
≤ R

∫
Ud

1[−3Cσ,3Cσ](S2nτF (ga′b(x)) − S2nτF (ga′c(x)))dν(x).

Using the fact that ν(Ud) ∼ N−1 from Lemma 4.3.3 and summing the previous estimates yields

N−4#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣S2nτF
(
ga′b(xd)

)
− S2nτF

(
ga′c(xd)

)∣∣ ≤ σ
}

≤ RN−3
∑
a,b,c

∑
d

ν(Ud)1[−σ,σ]

(
S2nτF (ga′b(xd)) − S2nτF (ga′c(xd))

)
≤ RN−3

∑
d∈A

∑
a,b,c

a⇝b⇝d
a⇝c⇝d

ν
(
x ∈ Ud, |S2nτF (ga′b(x)) − S2nτF (ga′c(x))| ≤ 3Cσ

)
.

Now, the idea is to use Cauchy-Schwarz inequality to make the y-variable appear. This technique
can be found in a paper of Tsujii [Ts01] (I don’t know if it appeared before). We have:(

N−4#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣S2nτF
(
ga′b(xd)

)
− S2nτF

(
ga′c(xd)

)∣∣ ≤ σ
})2

≲ R2N−3
∑
d∈A

∑
a,b,c

a⇝b⇝d
a⇝c⇝d

ν
(
x ∈ Ud, |S2nτF (ga′b(x)) − S2nτF (ga′c(x))| ≤ 3Cσ

)2

Now, notice that for any measurable function h : Ud → R and for any interval I ⊂ R of length |I|,
we can write:

ν(x ∈ Ud, h(x) ∈ I)2 =

∫∫
U2

d

1I(h(x))1I(h(y))dν(x)dν(y)
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≤
∫∫

U2
d

1[−2|I|,2|I|](h(x) − h(y))dν(x)dν(y)

= ν⊗2((x, y) ∈ Ud, |h(x) − h(y)| ≤ 2|I|).

Applying this elementary estimate to our case yields(
N−4#

{
(a,b, c,d) ∈ R̂4

n+1

∣∣∣ ∣∣S2nτF
(
ga′b(xd)

)
− S2nτF

(
ga′c(xd)

)∣∣ ≤ σ
})2

≲ R2N−3
∑
d∈A

∑
a,b,c

a⇝b⇝d
a⇝c⇝d

ν⊗2
(

(x, y) ∈ U2
d , |H2n(a,b, c, x, y)| ≤ 6Cσ

)

where H2n(a,b, c, x, y) := S2nτF (ga′b(x))−S2nτF (ga′c(x))−S2nτF (ga′b(y)) +S2nτF (ga′c(y)). To
conclude, we will show that this expression is close to another one that doesn’t depend on a. Notice
that we have:

S2nτF (ga′b(x))−S2nτF (ga′b(y)) = (SnτF ◦ga)(gb(x))−(SnτF ◦ga)(gb(y))+SnτF (gb(x))−SnτF (gb(y)).

= SnτF (gb(x)) − SnτF (gb(y)) +O(σ)

since SnτF ◦ ga are uniformly Hölder maps, and ε0 is chosen sufficiently small. Hence∣∣∣SnτF (gb(x)) − SnτF (gb(y)) − SnτF (gc(x)) + SnτF (gc(y)) −H2n(a,b, c, x, y)
∣∣∣ ≤ 2Cσ,

and we finally get:

N−4#
{

(a,b, c,d) ∈ R̂4
n+1

∣∣∣ ∣∣S2nτF
(
ga′b(xd)

)
− S2nτF

(
ga′c(xd)

)∣∣ ≤ σ
}

≲ R
(
N−3

∑
d∈A

∑
a,b,c

a⇝b⇝d
a⇝c⇝d

ν⊗2
(

(x, y) ∈ U2
d , |H2n(a,b, c, x, y)| ≤ 6Cσ

))1/2

≲ R
(
N−2

∑
d∈A

∑
a,b,c

a⇝b⇝d
a⇝c⇝d

ν⊗2
(

(x, y) ∈ U2
d , |SnτF (gb(x))−SnτF (gb(y))−SnτF (gc(x))+SnτF (gc(y))| ≤ 8Cσ

))1/2

≤ R(8Cσ)7γ/2 ≤ σ3γ

for n large enough. Hence Lemma 4.6.4 applies, and the conclusion of Proposition 4.6.2 holds.

Our last step to establish Proposition 4.6.2 is to properly recognise that the expression that we
just introduced is actually (close to) ∆.

Lemma 4.6.6. For a0 ∈ A, and p, q ∈ R̂a0 , recall that ∆(p, q) ∈ R is defined by

∆(p, q) :=
∑
n∈Z

(
τf (fnp) − τf (fn[p, q]) − τf (fn[q, p]) + τf (fnq)

)
.

Then, if we denote x := π(p) ∈ Ua0 , y := π(q) ∈ Ua0 , and if we let (ak)k≥0 and (bk) ∈ AN be
defined by

∀k ≥ 0, f−k(p) ∈ Rak , f
−k(q) ∈ Rbk ,

then:

SnτF (ga(x)) − SnτF (ga(y)) − SnτF (gb(x)) + SnτF (gb(y)) = ∆(p, q) +O(σ)

for all σ ∈ [e−5ε0n, e−ε0ε1n/5].

111



Proof. First of all, recall that, by the proof of Lemma 4.2.46, we know that τf and τF ◦ π are
cohomologous. Let θ : R → R be a Hölder map such that τf = τF ◦ π + θ ◦ f − θ on R. It is then
easy to check that, for all p, q ∈ Ra for some a ∈ A,

∆(p, q) =
∑
n∈Z

(
τF (πfnp) − τF (πfn[p, q]) − τF (πfn[q, p]) + τF (πfnq)

)
.

We then notice that, for nonnegative n, we have π(fnp) = π(fn([p, q])) and π(fnq) = π(fn([q, p])).
It follows that

∆(p, q) =

∞∑
k=1

(
τF (πf−kp) − τF (πf−k[p, q]) − τF (πf−k[q, p]) + τF (πf−kq)

)
.

Now, we notice that F k(πf−kp) = π(p) = x, and since f−j(p) ∈ Raj , we find πf−k(p) = gak...a0(x).
A similar computation for the other points gives the expression

∆(p, q) =

∞∑
k=1

(
τF (gak...a0x) − τF (gak...a0y) − τF (gbk...b0x) + τF (gbk...b0y)

)
.

Now, since τF is Hölder, we find again∣∣∣τF (gak...a0x)−τF (gak...a0y)−τF (gbk...b0x)+τF (gbk...b0y)
∣∣∣ ≤ ∥τF ∥Cα

(
diam(Uak...a0)α+diam(Ubk...b0)α

)
≲ καk,

which gives, summing those bounds for all k ≥ n+ 1:∣∣∣ ∞∑
k=n+1

(
τF (gak...a0x) − τF (gak...a0y) − τF (gbk...b0x) + τF (gbk...b0y)

)
− ∆(p, q)

∣∣∣ ≲ καn ≤ σ

for large enough n. Now we conclude noticing that

SnτF (ga(x)) − SnτF (ga(y)) − SnτF (gb(x)) + SnτF (gc(y))

=

n∑
k=1

(
τF (gak...a0x) − τF (gak...a0y) − τF (gbk...b0x) + τF (gbk...b0y)

)
.

We are ready to prove Proposition 4.6.2.

Proof (of Proposition 4.6.2). We suppose (QNL). Our goal is to check that the estimates of Lemma
4.6.5 holds. Let us denote by Ra0...an := fn(Ran) ∩ . . . f(Ra1) ∩Ra0 . We have, using our previous
Lemma:

1[−σ,σ]

(
SnτF (ga(x)) − SnτF (ga(y)) − SnτF (gb(x)) + SnτF (gb(y))

)
≤ 1

µ(Ra)µ(Rb)

∫∫
Ra×Rb

1[−2σ,2σ]

(
∆(p, q)

)
dµ2(p, q).

Since the measure µ is f -invariant, we find that µ(Ra) = µ(f−n(Ra)) = ν(Ua) ∼ N−1. Integrating
in dν⊗2(x, y) yields

ν⊗2
(

(x, y) ∈ U2
a

∣∣∣ |SnτF (gb(x)) − SnτF (gb(y)) − SnτF (gc(x)) + SnτF (gc(y))| ≤ σ
)

≤ R2N2

∫∫
Ra×Rb

1[−2σ,2σ]

(
∆(p, q)

)
dµ2(p, q),

and then summing those estimates gives∑
a∈A

∑
(b,c)∈R2

n+1

b⇝a
c⇝a

ν⊗2
(

(x, y) ∈ U2
a

∣∣∣ |SnτF (gb(x)) − SnτF (gb(y)) − SnτF (gc(x)) + SnτF (gc(y))| ≤ σ
)
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≤ R2N2
∑
a∈A

∑
(b,c)∈R2

n+1

b⇝a
c⇝a

∫∫
Ra×Rb

1[−2σ,2σ]

(
∆(p, q)

)
dµ2(p, q)

= R2N2
∑
a∈A

µ⊗2
(

(p, q) ∈ (Ra)2, |∆(p, q)| ≤ 2σ
)
≤ R2N2σγQNL .

where the last inequality comes from (QNL). We can finally fix γ := γQNL/8 and let k, ε1 being
given by Theorem 4.5.1. We choose ε0 := α| ln(κ)|/8, and we see that the estimates of Lemma
4.6.4 are satisfied, thus concluding the proof of Proposition 4.6.2.

We prove Theorem 4.1.4 by applying Proposition 4.6.2 to the computations of section 4.5.

4.7 The non-concentration estimates under (B) and (LNL)

This section is devoted to study the easier case where Ω is a bunched attractor with codimension one
stable foliation (for example, when Ω is a solenoid). We suppose that the bunching condition (B)
holds and that the Lyapunov NonLinearity condition (LNL) holds. In this context, the important
thing to notice is the following: the map τF : U → R is C1+α, since the stable holonomy is
going to be C2+α [Ha97]. This allows us to conclude following the ideas of either Chapter 2 (in
an elementary fashion, under a total nonlinearity condition) or to directly use already existing
Dolgopyat’s estimates. We choose the latter. To prove Theorem 4.1.8, we will check that the
non-concentration hypothesis used in section 4.5 holds for all blocks A. This is the content of the
next proposition, which will be proved through a succession of reductions.

Proposition 4.7.1 (non-concentration). Suppose (B) and (LNL). There exists γ > 0, and we can
choose ε0 > 0, such that the following holds. Let η ∈ Jn. Let A ∈ Rk+1

n+1. Then, if n is large
enough,

∀σ ∈ [|η|−2, |η|−ε1 ], #
{

(b, c) ∈ Z2
j , |ζj,A(b) − ζj,A(c)| ≤ σ

}
≤ N2σγ ,

where R := eεβn, N := eλδn and ε1, k are fixed by Corollary 4.5.1.

Our first step is to reduce our non-concentration estimate to a statement about Birkhoff sums.

Lemma 4.7.2. If ε0 and γ are such that, for σ ∈ [e−5ε0n, e−ε1ε0n/4],

sup
a∈R

#
{
b ∈ Zj , S2nτF

(
ga′

j−1b
(xaj )

)
∈ [a− σ, a+ σ]

}
≤ Nσ2γ ,

then the conclusion of Proposition 4.7.1 holds.

Proof. Suppose that the estimate is true. Let |η| ∈ [eε0n/2, e2ε0n], and then let σ ∈ [|η|−2, |η|−ε1 ] ⊂
[e−4ε0n, e−ε0ε1n/2]. Let a ∈ [R−1, R] (it is enough to conclude). Since for n large enough

ln(a+ σ) − ln(a− σ) = ln(1 + σa−1) − ln(1 − σa−1) ≤ 4σa−1 ≤ 4σR,

we find that
ln ([a− σ, a+ σ]) ⊂ [ln a− 4Rσ, ln a+ 4Rσ].

Hence:

#{b ∈ Zj , ζj,A(b) ∈ [a− σ, a+ σ]} ≤ #{b ∈ Zj , ln ζj,A(b) ∈ [ln a− 4Rσ, ln a+ 4Rσ]}

= #{b ∈ Zj , S2nτF

(
ga′

j−1b
(xaj

)
)
∈ [− ln a+ 2nλ− 4σR,− ln a+ 2nλ+ 4σR]}

≤ N(4Rσ)2γ ≤ R−1Nσγ ,

since 4Rσ ∈ [e−5ε0n, e−ε1ε0n/4] and 42γR2γ+1σγ ≤ 1 for large enough n ≥ 1. Finally,

#
{

(b, c) ∈ Z2
j , |ζj,A(b) − ζj,A(c)| ≤ σ

}
=
∑
c∈Zj

{b ∈ Zj , ζj,A(b) ∈ [ζj,A(c) − σ, ζj,A(c) + σ]} ≤ N2σγ ,

and so the conclusion of Proposition 4.7.1 holds.
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The version of the Dolgopyat’s estimates that we will use is taken from [DV21] (Theorem 6.4).

Theorem 4.7.3. Define, for s ∈ C, a twisted transfer operator Ls : Cα(U ,C) → Cα(U ,C) as follows:

∀x ∈ Ub, Lsh(x) :=
∑
a→b

e(φ+sτF )(gab(x))h(gab(x)).

Iterating this transfer operator yields:

∀x ∈ Ub, Lnsh(x) =
∑

a∈Wn+1

a⇝b

wa(x)esSnτF (ga(x))h(ga(x)).

Under our nonlinearity condition (LNL) and the bunching condition (B), the following holds. There
exists ρ ∈ N such that, for any s ∈ C such that Re(s) = 0 and |Im(s)| > ρ,

∀h ∈ Cα(U ,C), ∀n ≥ 0, ∥Lnsh∥L∞(U) ≤ ρ|Im(s)|ρe−n/ρ∥h∥Cα(U,C).

Remark 4.7.4. This theorem is stated in [DV21] under a total nonlinearity condition made on τF
(See Section 2.5 for details on this condition and the link with “Uniform Non Integrability” in this
C1+α context). The condition goes as follow: there exists no locally constant map c : U (1) → R
and θ ∈ C1(U (1),R) such that

τF = c− θ ◦ F + θ.

This condition is satisfied in our setting. Indeed, suppose that some locally constant c : U (1) → R
satisfy τF = c + θ ◦ F − θ for some C1 map θ. Then, recall that τF ◦ π and τf are f -cohomologous
(Lemma 4.2.46). Hence, if x ∈ Ωper is a f -periodic point with period nx, the unstable Lyapunov
exponent of the associated periodic orbit is

λ̂(x) =
1

nx
Snx

τF (π(x)) ∈ SpanQ (c(U)) ,

which implies that
dimQVectQλ̂ (Ωper) ≤ dimQSpanQ (c(U)) ,

and this is an obvious contradiction to the nonlinearity hypothesis (LNL).

Lemma 4.7.5. Define ε0 := min (1/(5ρ(3 + ρ)), αλ/8). Fix γ := 1/4. Then Theorem 4.5.1 gives
constants ε1 and k associated with this choice of γ. For σ ∈ [e−5ε0n, e−ε1ε0n/4] and if n is large
enough,

sup
a∈R

#
{
b ∈ Zj , S2nτF

(
ga′

j−1b
(xaj

)
)
∈ [a− σ, a+ σ]

}
≤ Nσ1/2.

Proof. In the proof to come, all the ≃ or ≲ will be uniform in a: the only relevant information is
σ. So fix σ ∈ [e−5ε0n, e−ε1ε0n/4], and fix an interval of length σ, [a−σ, a+σ]. Then choose a bump
function χ such that χ = 1 on [a−σ, a+σ], supp(χ) ⊂ [a−2σ, a+2σ] and such that ∥χ∥L1(R) ≃ σ.

We can suppose that ∥χ(l)∥L1(R) ≃l σ1−l.

Then, we can consider h, the 2πZ periodic map obtained by periodizing χ. This will allows us
to use Fourier series. By construction, we see that 1[a−σ,a+σ] ≤ h. Hence:

#
{
b ∈ Zj , S2nτF (ga′

j−1b
(xaj )) ∈ [a− σ, a+ σ]

}
≤
∑
b∈Zj

h
(
S2nτF (ga′

j−1b
(xaj ))

)
≤ RN

∑
b∈Zj

wb(xaj
)h
(
S2nτF (ga′

j−1b
(xaj

))
)

≤ RN
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)h
(
S2nτF (ga′

j−1b
(xaj

))
)
.

Then we develop h using Fourier series. We have:

∀x ∈ R, h(x) =
∑
n∈Z

cn(h)einx,
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where

cn(h) := (2π)−1

∫ a+π

a−π
h(x)e−inxdx.

Notice that
nl|cn(h)| ≃ |cn(h(l))| ≲ σ1−l.

Plugging S2nτF (ga′
j−1b

(xaj )) in this expression yields

h
(
S2nτF (ga′

j−1b
(xaj ))

)
=
∑
n∈Z

cn(h)e
inS2nτF (ga′

j−1
b(xaj

))
,

and so
#
{
b ∈ Zj , S2nτF (ga′

j−1b
(xaj )) ∈ [a− σ, a+ σ]

}
≤ RN

∑
n∈Z

cn(h)
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)e
inS2nτF (ga′

j−1
b(xaj

))
.

For any block A ∈ Wk+1
n+1, integer j ∈ {1, . . . , k} and integer n ∈ Z, define hnA,j ∈ Cα(U ,R) by

∀x ∈ Ub(aj−1), h
n
A,j(x) := exp

(
inSnτF (gaj−1

(x))
)

, ∀x ∈ Ub, b ̸= b(aj−1), hnA,j(x) := 0.

With this notation, we may rewrite the sum on b as follows:∑
b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
) exp

(
inS2nτF (ga′

j−1b
(xaj

))
)

=
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)einSnτF (gb(xaj

)) exp
(
inSnτF (gaj−1

gb(xaj
))
)

=
∑

b∈Wn+1

b⇝aj

wb(xaj
)einSnτF (gb(xaj

))hnA,j
(
gb(xaj

)
)

= Lnin
(
hnA,j

)
(xaj

).

A direct computation allows us to estimate the Cα norm of hnA,j . We get, uniformly in n:

∥hnA,j∥Cα(U,R) ≲ (1 + n).

We can now break the estimate into two pieces: high frequencies are controlled by the con-
traction property of this transfer operator, and the low frequencies are controlled by the Gibbs
property of ν. We also use the estimates on the Fourier coefficients on h.

#
{
b ∈ Zj , S2nτF (ga′

j−1b
(xaj )) ∈ [a− σ, a+ σ]

}
≤ RN

∑
n∈Z

cn(h)
∑

b∈Wn+1

aj−1⇝b⇝aj

wb(xaj
)e
inS2nτF (ga′

j−1
b(xaj

))

≤ RN

∑
|n|≤ρ

|cn(h)|
∑

b∈Wn+1

wb(xaj ) +
∑
|n|>ρ

|cn(h)||Lnin(hA,j)(xaj )|


≲ RN

σ ∑
b∈Wn+1

ν(Ub) +
∑
|n|>ρ

|cn(h)|∥Lnin(hA,j)∥L∞(U)


≲ RNσ +RN

∑
|n|>ρ

|cn(h)|nρe−n/ρ∥hnA,j∥Cα(U,C)
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≲ RNσ +RNe−n/ρ
∑
|n|>ρ

|cn(h)||n|ρ+3|n|−2

≤ CRN(σ + e−n/ρσ−(ρ+2)),

for some constant C > 0 (using nl|cn(h)| ≲ σ1−l to get the last inequality). We are nearly done.
Since σ ∈ [e−5ε0n, e−ε1ε0n/4], we know that σ−(ρ+2) ≤ e5(ρ+2)ε0n. Now is the time where we fix ε0:
choose

ε0 := min

(
1

5ρ(3 + ρ)
,
αλ

8

)
.

Then e−n/ρσ−(ρ+2) ≤ e(−1/ρ+5(ρ+2)ε0)n ≤ e−5ε0n ≤ σ for n large enough. Hence, we get

#
{
b ∈ Zj , S2nτF (ga′

j−1b
(xaj

)) ∈ [a− σ, a+ σ]
}
≤ 2CRNσ.

Finally, since σ1/2 is quickly decaying compared to R, we have

2CRNσ ≤ Nσ1/2

provided n is large enough. The proof is done.

4.8 Appendix A: the nonlinearity condition (LNL) is generic

Theorem 4.8.1. The condition dimQVectQλ̂ (Ωper) = ∞ is generic in the following sense: for any
given Axiom A diffeomorphism f : M →M and a fixed basic set Ω that is not an isolated periodic
orbit, a generic Ck perturbation f̃ of f have an hyperbolic set Ω̃ on which the dynamic is conjugated

with (f,Ω), and dimQSpanQλ̂
(

Ω̃per

)
= ∞.

Proof. Let f : M −→M be a Ck Axiom A diffeomorphism, and fix Ω a basic set for f that is not
an isolated periodic orbit. Recall that this implies that Ω is infinite (and even perfect). Since f is
Axiom A, Ωper is then infinite. Let U ⊃ Ω be a small open neighborhood in M . Consider a small
enough open neighborhood around f in the space of Ck maps, U ⊂ Ck(M,M). Then, there exists
a map

Φ : U → 2M × C0(Ω,M)

such that for any f̃ ∈ U, Φ(f̃) = (Ω̃, h) satisfies the following properties:

• Ω̃ ⊂ U is a hyperbolic set for f̃ : M →M ,

• Ω̃per is dense in Ω̃,

• h : Ω → Ω̃ is an homeomorphism and conjugates (Ω, f) with (Ω̃, f̃).

• The map f̃ ∈ U 7→ h ∈ C0(Ω,M) is continuous.

This is Theorem 5.5.3 in [BS02]. See also [KH95], page 571: “stability of hyperbolic sets”.
So let f̃ ∈ U. Since h conjugates (f,Ω) with (f̃ , Ω̃), it is also a bijection between Ωper and Ω̃per.

For x ∈ Ωper, we write x̃ ∈ Ω̃ for h(x).

We are ready to prove that the condition

dimQ VectQλ̂
(

Ω̃per

)
= ∞

is generic in f̃ ∈ U. The set where this condition holds condition may be rewritten in the following
way:{

f̃ ∈ U | ∀N ≥ 1,∃x̃1, . . . , x̃N ∈ Ω̃per ,
(
λ̂(x̃1), . . . , λ̂(x̃N )

)
is linearly independent over Q

}
,

ie ⋂
N≥1

⋃
ΩN

per

{
f̃ ∈ U |

(
λ̂(x̃1), . . . , λ̂(x̃N )

)
is Q − independent

}
.
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Fix once and for all a sequence of distinct periodic orbits (yN )N≥1 ∈ Ωper. Then:{
f ∈ U | dimQ VectQλ̂

(
Ω̃per

)
= ∞

}
⊃
⋂
N≥1

{
f̃ ∈ U |

(
λ̂(ỹ1), . . . , λ̂(ỹN )

)
is Q − independent

}

=
⋂
N≥1

⋂
(m1,...,mN )∈ZN\{0}

{
f̃ ∈ U |

N∑
i=1

miλ̂(ỹi) ̸= 0

}
,

and this is a countable intersection of dense open sets. Indeed, fix some N ≥ 1 and some integers

(m1, . . . ,mN ) ∈ ZN \ {0}, and denote Um1,...,mN
:=
{
f̃ ∈ U |

∑N
i=1miλ̂(ỹi) ̸= 0

}
. Without loss of

generality, we may suppose that m1 ̸= 0.

First of all, Um1,...,mN
is open. This is because the function

U −→ RN

f̃ 7−→ (λ̂(ỹ1), . . . , λ̂(ỹN ))

is continuous. Indeed, recall that

λ̂(ỹi) =
1

ni

ni∑
k=0

log |∂uf̃(f̃k(ỹi))|,

where ni is the period of yi ∈ Ωper so is constant in f̃ . Moreover, f̃ varies smoothly in Ck norm,

ỹi varies continuously, and finally the unstable direction of f̃ also varies continuously in f̃ , see
Corollary 2.9 in [CP15].

Now, we check that Um1,...,mN
is dense in U. Without loss of generality, it suffices to prove that

f ∈ Um1,...,mN
. If f ∈ Um1,...,mN

then we have nothing to prove. So suppose f /∈ Um1,...,mN
. We

are going to construct a perturbation f̃ in Um1,...,mN
.

Notice that the set
Λ :=

{
fk(yi) | k ∈ Z, i ∈ J1, NK

}
⊂ Ωper

is discrete and finite. So there exists a small open neighborhood U of y1 such that U ∩ Λ = {y1}.
Then, choose φ : M →M a Ck diffeomorphism of M that is a small perturbation of the identity on
M such that φ = Id on M \U , φ(y1) = y1, (dφ)y1(Eu(y1)) = Eu(y1) and such that ∂uφ(y1) = 1+ε
for some small ε > 0.

Define f̃ := f ◦ φ. Then f̃ is a small perturbation of f . Moreover, the yi are periodic orbits
for f̃ . Since the conjugacy h between f and f̃ sends periodic orbits to periodic orbits of the same
period, and since h is a small perturbation of the identity in the C0 topology, it follows necessarily
that ỹi = h(yi) = yi. Hence, the Lyapunov exponents of interests are:

λ̂(ỹ1) =
1

n1
log(|∂uf(y1)(1 + ε)|) +

1

n1

n1−1∑
k=1

log |∂uf̃(fk(y1))| =
1

n1
log(1 + ε) + λ̂(y1).

λ̂(ỹi) = λ̂(yi),∀i ∈ J2, NK.

Hence
n∑
i=1

miλ̂(ỹi) =
m1

n1
log(1 + ε) +

N∑
i=1

miλ̂(yi) =
m1

n1
log(1 + ε) ̸= 0,

since f is supposed to be U \ Un1,...,nN
and m1 ̸= 0. The proof is done.

4.9 Appendix B: construction of an explicit nonlinear solenoid

4.9.1 A nonlinear perturbation of the doubling map

Our goal is to construct a nonlinear perturbation of the doubling map on the circle on which we will
be able to compute some periodic orbits and Lyapunov exponents. We want them to be linearly
independent over Q.
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Lemma 4.9.1. Let Λ := { 1
2K−1

| K ≥ 2} and

Λ̃ :=
⊔
K≥2

[
1

2K − 1
− 1

8K
,

1

2K − 1
+

1

8K

]
.

Let N ≥ 2 and k ∈ J1, N − 1K. Then
2k

2N − 1
/∈ Λ̃.

Proof. First of all, the union is indeed disjoint. Indeed, for K ≥ 2, we see that

1

2K+1 − 1
+

1

8K+1
<

1

2K − 1
− 1

8K
,

since
1

2K − 1
− 1

2K+1 − 1
>

1

2K
− 1

3
22K

=
1

3

1

2K
>

9

8

1

8K
.

Now, fix N ≥ 2. We first do the case where k = N − 1. In this case,

2k

2N − 1
=

1

2

1

1 − 2−N
> 1/2,

which proves that 2k

2N−1
/∈ Λ̃ since Λ̃ ⊂ [0, 0.4].

We still have to do the case where k ∈ J1, N − 2K, and N ≥ 3. First of all, we check that

2k

2N − 1
<

1

2N−k − 1
− 1

8N−k .

Indeed,
1

2N−k − 1
− 2k

2N − 1
=

1

2N−k − 1
− 1

2N−k − 2−k

≥ 1

2N−k − 1
− 1

2N−k − 2−1

=
1

2(2N−k − 1)(2N−k − 2−1)

>
1

2 · 4N−k >
1

8N−k .

Second, we check that
1

2N−k+1 − 1
+

1

8N−k+1
<

2k

2N − 1
.

Indeed,
2k

2N − 1
− 1

2N−k+1 − 1
=

1

2N−k − 2−k
− 1

2N−k+1 − 1

>
1

2N−k − 1
3
2 · 2N−k

=
1

3

1

2N−k >
1

8N−k+1
,

and this conclude the proof.

Lemma 4.9.2. Fix (αN )N≥2 a family of real numbers so that
∑
K≥2 |αK |8Kr < ∞ for any r ≥ 1.

There exists a C∞ function g : R → R such that:

• supp g ⊂ Λ̃,

• ∥g∥C1 < 1.

• ∀N ≥ 2, ∀k ∈ J1, N − 1K, g
(

2k

2N−1

)
= 0

• ∀N ≥ 2, g′
(

1
2N−1

)
= αN .
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Proof. Let θ : R → [0, 1] be a smooth bump function such that supp(θ) ⊂ [−1/2, 1/2] and such
that θ = 1 on [−1/4, 1/4]. Let χ(x) := xθ(x).

The map χ is supported in [−1/2, 1/2] and satisfy χ(0) = 0, χ′(0) = 1. Define, for N ≥ 2,

χN (x) := χ

(
8N
(
x− 1

2N − 1

))
.

Then χN is supported in
[

1
2N−1

− 1
8N

, 1
2N−1

+ 1
8N

]
, and so the function

g(x) :=
∑
K≥2

αK8−KχK(x)

is well defined and supported in Λ̃. Since, for all r ≥ 1,
∑
K≥2 |αK |8Kr < ∞, g is a C∞ function,

with derivatives

g(r)(x) =
∑
K≥2

αK8(r−1)Kχ(r)

(
8N
(
x− 1

2N − 1

))
.

In particular,

∥g∥Cr ≤
∑
K≥2

|αK |8(r−1)K ,

and so we see that replacing the sequence (αK)K≥2 by (αK+K0)K≥2 allows us to choose ∥g∥Cr as
small as we want if so desired. The fact that g vanishes on Λ and the computation of its derivative
on this set follows from the previous formulas.

Lemma 4.9.3. The map f(x) := 2x+ g(x) can be seen as a smooth map S1 −→ S1.

Proof. We will identify [0, 1]/{0 ∼ 1} to the circle. The only thing to check is if g stays smooth
after the quotient. It stays smooth indeed, since g(r)(0) = g(r)(1) = 0 for all r ≥ 0.

Lemma 4.9.4. For g small enough (in the C1 topology), (f,S1) is a nonlinear perturbation of the
usual doubling map. A family of periodic points for this dynamical system is the set Λ, seen as a
subset of the circle. The associated Lyapunov exponents are ln(2) + 1

N ln (1 + αN/2).

Proof. Let N ≥ 2 and let xN := 1
2N−1

. We check that xN is periodic with period N . Indeed, for

all k ∈ J1, N − 1K, we see that fk(xN ) = 2kxN by construction of g, and then

fN (xN ) =
2N

2N − 1
=

1

2N − 1
mod 1.

Hence xN is f -periodic with period N . Its Lyapunov exponent is then

λ̂(xN ) :=
1

N

N−1∑
k=0

ln |f ′(fk(xN ))| =
1

N

N−1∑
k=0

ln |2 + g′(2kxN ))| = ln(2) +
1

N
ln (1 + αN/2) .

Lemma 4.9.5. We can choose the sequence (αN ) so that the Lyapunov exponents λ̂(xN ) is a family
of real numbers that are linearly independent over Q.

Proof. Choosing (αN ) essentially randomly gives us what we want, but to stay deterministic let
us give another argument. By the Lindemann–Weierstrass theorem ([Ba90], Theorem 1.4), we just
have to choose the αN so that

λ̂(xN ) = eβN

where βN are distinct algebraic numbers (while still ensuring that the sums of Lemma 4.9.2 con-
verges). In other words, it suffice to choose αN of the form

αN = 2
(

2−NeN exp(βN ) − 1
)

with βN distinct algebraic numbers converging to ln ln 2 quickly enough. For example, we can fix:

βN :=
⌊
10N

2

ln ln 2
⌋

10−N
2

,

and in this case αN = O(N · 10−N
2

), which is quick enough to ensure convergence of the serie in
Lemma 4.9.2.
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We have constructed a chaotic and nonlinear dynamical system on the circle with some pre-
scribed Lyapunov exponent. With our choice of αN , we have

λ̂(xN ) = e

⌊
10N

2
ln ln 2

⌋
10−N2

.

In particular,

dimQVectQ

{
λ̂(x) | x is periodic

}
= ∞

which was what we wanted to construct.

4.9.2 A nonlinear solenoid

In this section we construct an explicit nonlinear perturbation of the usual solenoid. Denote by
T := R/Z × D the full torus. Define F : T → T by the formula

F (θ, x, y) :=

(
f(θ),

1

4
x+

1

4π
cos(2πθ),

1

4
y +

1

4π
sin(2πθ)

)
where f(θ) = 2θ + g(θ) is the function defined previously. Notice that F is a diffeomorphism onto
its image (injectivity can be checked quickly by remembering that f is conjugated to the doubling
map via a conjugacy close to the identity for the uniform norm, see Theorem 18.2.1 in [KH95]). In
particular, we can use it to glue T with (a copy of) F (T) =: T̃ along their boundaries, which allows
us to see F as a diffeomorphism of a genuine closed 3-manifold M = (T ⊔ T̃)/(∂T ∼ ∂T̃) ([Bo78],
chapter 1) which contains T. The diffeomorphism obtained is Axiom A (see [Ro99], chapter 8.7
for details), with two basic sets, which are copies of the same solenoid: one seens as an attractor
(lying in T), and one seen as a repeller (lying in T̃). Let us discuss the attractor.

Since F (T) ⊂
◦
T, we see that Fn(T) is a strictly decreasing sequence of compact sets. The

intersection S :=
⋂
n≥0 F

n(T) is called a (nonlinear) solenoid. The set S is an attractor (and a ba-
sic set) for F . Moreover, it has codimension 1 stable lamination, as it contract in the (x, y) variables.

Indeed, at a given point p = (θ, x, y) ∈ S, we see that the Jacobian of F is

JacF (p) =

 2 + g′(θ) 0 0
− 1

2 sin(2πθ) 1/4 0
1
2 cos(2πθ) 0 1/4

 .

In particular, the subspace Es(p) := {(0, h, k) | h, k ∈ R} ⊂ TpT = R3 is independent of p, and
we check that (dF )p(E

s(p)) ⊂ Es(F (p)) is a contracting linear map. So we have found the stable
direction.

This allows us to compute the derivative in the unstable direction at a periodic point p (of
period n). Indeed, since

(dFn)p : Es(p) ⊕ Eu(p) → Es(p) ⊕ Eu(p)

also sends Eu(p) into Eu(p), we can compute the determinant of the jacobian of Fn by making
the unstable derivative appear like so:

det(d(Fn)p) = ∂u(Fn)(p) × det(d(Fn) |Es(p))

Since we already know that det(d(Fn) |Es(p)) = det(I/4n) = 16−n, and that

det(d(Fn))p = 16−n
n−1∏
k=0

(2 + g′(fk(θ))),

we find:

∂u(Fn)(p) =

n−1∏
k=0

f ′(fk(θ)).
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If p is not a periodic point, then the angle ϑ(p) between Eu and (Es)⊥ appear in the formula.
Indeed, some linear algebra yields, in general:

∀p ∈ S, det(dF )p = ∂uf(p) det((dF )Es)
cos(ϑ(F (p))

cos(ϑ(p))
= 16−1∂uf(p)

cos(ϑ(F (p))

cos(ϑ(p))
.

Iterating this formula gives

∀p ∈ S, ∀n ≥ 0, det(dFn)p = 16−n∂u(fn)(p)
cos(ϑ(Fn(p))

cos(ϑ(p))
= 16−n∂u(fn)(p)eO(1).

Since |det(d(Fn)p)| ≤ 4−n, we know that the bunching condition (B) is satisfied, replacing F by
FN for N large enough if necessary. This would only multiply the associated Lyapunov exponents
by N , which doesn’t change the dimension of dimQVectQ(λ̂(Sper)).

Finally, we are going to construct some periodic orbits for F and compute their unstable
Lyapunov exponents. If p ∈ S is a periodic point for F , then it is clear that its angular coordinate
is periodic for f . Reciprocally, let θ0 be a periodic point for f : there exists an integer n0 such that
fn0(θ0) = θ0. Then, the map Fn0 satisfies

Fn0({θ0} × D) ⊂ {θ0} × D

and is contracting on this disk. Hence, there exists a unique associated fixed point p0 ∈ {θ0} × D.

This allows us to exhibit some periodic orbits and compute the associated Lyapunov exponents.
Let N ≥ 2 and consider θN := 1

2N−1
the periodic point for f constructed in the last subsection.

Let pN be the unique associated fixed point, noted

pN = (θN , xN , yN ) ∈ S.

Then we have proved that its associated unstable Lyapunov exponent is

λ̂(pN ) = λ̂(θN ).

In particular, we have by Lemma 4.9.5:

dimQ VectQλ̂ (Sper) = ∞,

where Sper := {p ∈ S | p is F periodic.}. Hence, Theorem 4.1.8 applies. For example, the SRB
measure and the measure of maximal entropy enjoys polynomial Fourier decay in the unstable
direction. Indeed, let χ be a Hölder map with localized support at a point p0 on the solenoid. Let
µ be an equilibrium state. Then, the Fourier transform of χdµ can be written, for ξ ∈ R3, as:

χ̂dµ(ξ) =

∫
S

e−2iπx·ξχ(x)dµ(x) =

∫
S

e−itϕvχdµ

where v := ξ/|ξ|, t = 2π|ξ| and ϕv(x) := x · v. Fix a direction v such that v is not orthogonal to
Eu(p0). Then, if χ has small enough support, |∂uϕv| > 0 around the support of χ. It follows from

Theorem 4.1.8 that χ̂dµ(tv) −→
t→∞

0 at a polynomial rate. The convergence to zero is even uniform

on any cone in the unstable direction.
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Chapter 5

The Fourier dimension of basic sets II

5.1 Introduction

Let M be a complete and smooth Riemannian surface, and let f : M → M be a C∞ Axiom A
diffeomorphism. Suppose moreover that M is oriented and that f preserves the orientation. Let Ω
be a basic set for f . Denote by µ ∈ P(Ω) an equilibrium state associated to some Hölder regular
potential ψ : Ω → R. (See the previous Chapter for details on Axiom A diffeomorphisms and
the Thermodynamical formalism in this context.) Recall that we denote by τf : Ω → R the map
defined by τf (x) := ln |∂uf(x)| for x ∈ Ω, where

∂uf(x) := ∥(df)|Eu(x)∥,

where we denoted Eu(x) ⊂ TxM the (one dimensional) unstable direction at x. Denote by D̃iag ⊂
Ω2 a small enough neighborhood of the diagonal, so that for any (p, q) ∈ D̃iag, {[p, q]} := W s

loc(p)∩
Wu
loc(q) and {[q, p]} := W s

loc(q)∩Wu
loc(p) are well defined (where W s

loc(x) and Wu
loc(x) denote local

stable/unstable manifolds passing through x.). Then, define, for (p, q) ∈ D̃iag,

∆f (p, q) :=
∑
n∈Z

(
τf (fnp) − τf (fn[p, q]) − τf (fn[q, p]) + τf (fnq)

)
.

A consequence of Theorem 4.1.5 is the following.

Theorem 5.1.1. Let f : M →M be a smooth Axiom A map on a complete riemannian surface. Let
Ω be a basic set such that for det df = 1 on Ω. Let µ be an equilibrium state associated to some
Hölder potential, and suppose that for some choice of Markov Partition (Ra)a∈A, the following
Quantitative NonLinearity condition (QNL) hold:

∃γ ∈ (0, 1), ∃C0 ≥ 1, ∀a ∈ A, ∀σ > 0, µ⊗2
(

(p, q) ∈ R2
a, |∆f (p, q)| ≤ σ

)
≤ C0σ

γ .

Finally, let α ∈ (0, 1). Then there exists ρ ∈ (0, 1) such that the following hold. For any α-
Hölder map χ : Ω → C, for any C1+α local chart φ : U → R2 with U ⊃ supp(χ), there exists
C = C(f, µ, χ, φ) ≥ 1 such that:

∀ξ ∈ R2 \ {0},
∣∣∣ ∫

Ω

eiξ·φ(x)χ(x)dµ(x)
∣∣∣ ≤ C|ξ|−ρ.

In particular, dimF (µ) > 0 and dimF (Ω) > 0.

Proof. We see from the proof of Theorem 4.1.5 (especially in the proof of Proposition 4.6.2 at the
end of section 4.6) that our condition is enough to apply Theorem 4.1.5: that is, we get Fourier
decay in the unstable direction. The central remark to get full Fourier decay is the following.

By hypothesis, f is area-preserving on Ω. Combined with the fact that (df)(Eu(x)) = (df)(Eu(f(x)))
and (df)(Es(x)) = (df)(Es(f(x))), it follows from elementary linear algebra on a plane that there
exists a Hölder regular map h : Ω → R such that

|∂uf(x)∂sf(x)| = eh(f(x))−h(x).
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In particular, −τf is cohomologous to the map τ̃f (x) := ln ∂sf(x). It follows that, in this context,

∆f (p, q) = −
∑
n∈Z

(
τ̃f (fnp) − τ̃f (fn[p, q]) − τ̃f (fn[q, p]) + τ̃f (fnq)

)
,

and so our (QNL) condition is also satisfied if we reverse the dynamics. This gives Fourier decay
in the stable direction. We conclude the proof following the ideas of Lemma 1.1.29 and Lemma
1.1.26.

The difficult question that we will try to answer now is: how can we check (QNL) in this
area-preserving context ? Is this a generic condition on the dynamics ? Unfortunately, we are not
able to prove genericity on the dynamics, but only a form of genericity in the space of potentials
when we perturb τf . Let us precise what we mean. (Recall that a map defined on a subset K
of a manifold is said smooth in the sense of Whitney if it can be extended to a smooth map on
the whole manifold. In this setting, usual Taylor expansions makes sense, even if K has empty
interior.)

Definition 5.1.2. Let τ : Ω → R. We say that τ ∈ Reg1+αu (Ω) (“regular in the unstable direction”)
for some α ∈ (0, 1) if τ ∈ C1+α(Ω,R) (in the sense of Whitney), if moreover, for any p ∈ Ω, the
map τ|Wu

loc(p)
: Wu

loc(p) ∩ Ω → R is CN for N := 5 + ⌈1/α⌉ (uniformly in p), the maps

r ∈Wu
loc(p) ∩ Ω 7−→ (∂sτ(r), ∂uτ(r)) ∈ R2

are uniformly C1+α, and if finally the map (∂u∂sτ, ∂u∂uτ) is α-Hölder on Ω.

We prove in section 5.7 that this space of function contains τf .

Definition 5.1.3. Let τ ∈ Reg1+αu (Ω). For (p, q) ∈ D̃iag, and for any n ∈ Z, define:

Tn(p, q) := τ(fn(p)) − τ(fn([p, q])) − τ(fn([q, p])) + τ(fn(q)).

Define also ∆ : D̃iag −→ R by the formula ∆(p, q) :=
∑
n∈Z Tn(p, q).

The main result of this Chapter is the following: under a (generic in τ) cohomology condition
on a potential Φτ : Ω → R, which is essentially a mixed derivative ∂u∂sτ , we are able to prove the
nonconcentration of ∆. See remark 5.4.5 for a rigorous definition of Φτ .

Theorem 5.1.4. Let f : M → M be a smooth Axiom A map on a complete riemannian surface.
Let Ω be a basic set such that for det df = 1 on Ω. Let τ : Ω → R be an observable in Reg1+αu (Ω).
Denote by Φτ : Ω → R its associated “mixed derivative potential”. If Φτ ∈ Cα is not cohomologous
to zero (this is a Reg1+αu -generic condition on τ), then for any equilibrium state (associated to a
Hölder potential on Ω), and for any Markov Partition (Ra)a∈A, there exists C0 ≥ 1, γ > 0 such
that:

∀a ∈ A,∀σ > 0, µ⊗2
(

(p, q) ∈ R2
a, |∆(p, q)| ≤ σ

)
≤ C0σ

γ . (NC)

This doesn’t prove genericity on the dynamics, but this is still quite encouraging. Theorem 5.1.4
will be proved via a succession of reductions, by adapting ideas found in M.Tsujii and Z.Zhang’s
paper “Smooth mixing Anosov flows in dimension three are exponentially mixing” [TZ20]. It
is possible that one might get rid of the area-preserving hypothesis with additionnal work, as
this hypothesis is not needed in [TZ20]. Still, the general setting would add some substancial
technicalities, and so we stay in the area-preserving case for simplicity.

5.2 Localised non-concentration

We let τ ∈ Reg1+αu (Ω) and we fix some Markov partition (Ra)a∈A. From now on, we fix a parame-
ter βZ > 1. It will be chosen large enough later in the text (in the end of section 5.4): its role will
be to make some terms negligeable in some future Taylor expansions. We will denote by RectβZ

(σ)

the set of rectangles of the form R =
⋂k2
k=−k1 f

k(Rak) for some word (ak)k ∈ AJ−k1,k2K with unsta-

ble diameter ≃ σ and stable diameter ≃ σβZ . To be more precise, we choose our rectangles as follow.
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Recall that for each a, the boundary of Ra have zero measure. For each a, write Ra = [Ua, Sa].

Now, for each n ≥ 0, define (U
(n)
a )a∈Jn as the partition:

U (n)
a := Ua1 ∩ f−1(Ra2) ∩ · · · ∩ f−n(Ran).

For µ-almost every x ∈ Ra, for each n ≥ 0, there exists a unique a(n) ∈ An such that [x, xa] ∈ U
(n)

a(n) .
As n grows, the diameter of those goes to zero exponentially quickly. Let n(x) be the smallest

integer n ≥ 0 such that x ∈ U
(n(x))

a(n(x)) and diamu(U
(n(x))

a(n(x))) ≤ σ. The unstable part of the partition

is then given by (U(x))x∈∪aUa
, where U(x) := U

(n(x))

a(n(x)) . This is a finite partition of (Ua) with
elements of diameter ≃ σ. We then do a similar construction (S(x))x∈∪aSa

in the stable direc-
tion, but for the scale σβZ . We can then consider the partition of ∪aRa given by the rectangles
R(x) := [U(x), S(x)]. This partition will be called RectβZ

(σ).

The point of this section is to prove the following reduction:

Proposition 5.2.1. Suppose that there exists C0 ≥ 1 and γ > 0 such that:

∀σ > 0, ∀R ∈ RectβZ
(σ), µ⊗2

(
(p, q) ∈ R2, |∆(p, q)| ≤ 9σ1+βZ+α

)
≤ C0µ(R)2σγ .

Then, the conclusion of Theorem 5.1.4 holds.

To this aim, we use two elementary localisation lemma, each based on Cauchy-Schwarz inequal-
ity, to prove a similar statement for product measures. Localizing will be usefull to be able to use
local asymptotic estimates. We then use the local product structure of equilibrium states.

Lemma 5.2.2 (First localization lemma). Let λ be a Borel probability measure on a topological space
X and (Xi)i∈I a finite partition with λ(Xi) > 0. Let h : X → R be a measurable function. Then,
for all σ > 0,

λ⊗2((x, x′) ∈ X2, |h(x) − h(x′)| ≤ σ)2 ≤
∑
i∈I

1

λ(Xi)
λ⊗2((x, x̃) ∈ X2

i , |h(x) − h(x̃)| ≤ 2σ).

Proof. The proof is a succession of Cauchy-Schwarz inequalities. We have:

λ⊗2((x, x′) ∈ X2, |h(x) − h(x′)| ≤ σ)2 =
(∫

X

∫
X

1[−σ,σ](h(x) − h(x′))dλ(x)dλ(x′)
)2

≤
∫
X

(∫
X

1[−σ,σ](h(x) − h(x′))dλ(x)
)2
dλ(x′)

=

∫
X

(∑
i∈I

λ(Xi)
1

λ(Xi)

∫
Xi

1[−σ,σ](h(x) − h(x′))dλ(x)
)2
dλ(x′)

≤
∫
X

∑
i∈I

λ(Xi)
( 1

λ(Xi)

∫
Xi

1[−σ,σ](h(x) − h(x′))dλ(x)
)2
dλ(x′)

=

∫
X

∑
i∈I

1

λ(Xi)

∫∫
X2

i

1[−σ,σ](h(x) − h(x′))1[−σ,σ](h(x̃) − h(x′))dλ2(x, x̃)dλ(x′)

≤
∑
i∈I

1

λ(Xi)

∫∫
X2

i

1[−2σ,2σ](h(x) − h(x̃))dλ2(x, x̃)

=
∑
i∈I

1

λ(Xi)
λ⊗2((x, x̃) ∈ X2

i , |h(x) − h(x̃)| ≤ 2σ).

Lemma 5.2.3 (Second localization lemma). Let λX (resp. λY ) be a borel measure on a topological
space X (resp. Y ) and let λZ := λX ⊗λY be a probability measure on Z := X×Y . Let (Xi) (resp.
(Yi)) be a partition of X (resp. Y ) with λX(Xi) > 0 (resp. λY (Yi) > 0). Denote Zi,j := Xi × Yj.
Let h : Z → R be a measurable map. Then, for all σ > 0,

λ⊗2
Z

(
((x, y), (x′, y′)) ∈ Z2, |h(x, y) − h(x′, y) − h(x, y′) + h(x′, y′)| ≤ σ

)4
≤

∑
(i,j)∈I×J

1

λZ(Zi,j)
λ⊗2
Z

(
((x, y), (x′, y′)) ∈ Z2

i,j , |h(x, y) − h(x′, y) − h(x, y′) + h(x′, y′)| ≤ 4σ)
)

125



Proof. The proof uses successive Cauchy-Schwarz inequalities and the first localization lemma. We
have:

λ⊗2
Z

(
((x, y), (x′, y′)) ∈ Z2, |h(x, y) − h(x′, y) − h(x, y′) + h(x′, y′)| ≤ σ

)4
=
(∫∫

Y 2

λ⊗2
X ((x, x′) ∈ X2,

∣∣(h(x, y) − h(x, y′)
)
−
(
h(x′, y) − h(x′, y′)

)∣∣ ≤ σ)dλ⊗2
Y (y, y′)

)4
≤
(∫∫

Y 2

λ⊗2
X ((x, x′) ∈ X2,

∣∣(h(x, y) − h(x, y′)
)
−
(
h(x′, y) − h(x′, y′)

)∣∣ ≤ σ)2dλ⊗2
Y (y, y′)

)2
≤
(∫∫

Y 2

∑
i∈I

1

λ(Xi)
λ⊗2
X ((x, x′) ∈ X2

i ,
∣∣(h(x, y)−h(x, y′)

)
−
(
h(x′, y)−h(x′, y′)

)∣∣ ≤ 2σ)dλ⊗2
Y (y, y′)

)2
=
(∑
i∈I

λX(Xi)
1

λX(Xi)2

∫∫
X2

i

λ⊗2
Y ((y, y′) ∈ Y 2,

∣∣(h(x, y)−h(x, y′)
)
−
(
h(x′, y)−h(x′, y′)

)∣∣ ≤ 2σ)dλ⊗2
X (x, x′)

)2
≤
∑
i∈I

λX(Xi)
1

λX(Xi)2

∫∫
X2

i

λ⊗2
Y ((y, y′) ∈ Y 2,

∣∣(h(x, y)−h(x′, y)
)
−
(
h(x, y′)−h(x′, y′)

)∣∣ ≤ 2σ)2dλ⊗2
X (x, x′)

≤
∑

(i,j)∈I×J

1

λ(Zi,j)
λ⊗2
Z

(
((x, y), (x′, y′)) ∈ Z2

i,j , |h(x, y) − h(x, y′) − h(x′, y) + h(x′, y′)| ≤ 4σ)
)
.

Before the proof of Proposition 5.2.1, let us recall the statement about the local product
structure of equilibrium states (see Section 4.2.6). For all x ∈ Ω, denoting Sx := W s

loc(x) ∩ Ω,
Ux := Wu

loc(x)∩Ω and Rx := [Ux, Sx], there exists two measures µux ∈ P(Ux) and µsx ∈ P(Sx), and
a (uniformly in x) bounded map ωx : Ux × Sx → R such that, for all measurable map h : Rx → R,
we have ∫

Rx

hdµ =

∫
Ux

∫
Sx

h([z, y])eωx(z,y)dµsx(y)dµux(z).

Proof (of proposition 5.2.1). Let a ∈ A and let σ > 0. Denote Γ := 1+βZ+α. Since τ is Lipschitz,
and by uniform hyperbolicity of the dynamics, there exists n0(σ) ≥ 1 such that

∀(p, q) ∈ Ra, |∆(p, q) −Hn0(σ)(p, q)| ≤ σΓ,

where Hn0(p, q) =
∑n0

n=−n0
Tn(p, q). It follows that

µ⊗2
(

(p, q) ∈ R2
a, |∆(p, q)| ≤ σΓ

)
≤ µ⊗2

(
(p, q) ∈ R2

a, |
n0∑

n=−n0

Tn(p, q)| ≤ 2σΓ
)
.

We fix some xa ∈ Ra and write, using the local product structure:

µ⊗2
(

(p, q) ∈ R2
a, |Hn0(p, q)| ≤ 2σΓ

)
=

∫
Uxa

∫
Sxa

1[−2σΓ,2σΓ](Hn0([z, y], [z′, y′]))eωxa (z,y)eωxa (z
′,y′)(dµsxa

)⊗2(y)(dµuxa
)⊗2(z)

≤ e2∥ωa∥∞,Ua×Sa (µsa⊗µua)⊗2
(

((z, y), (z′, y′)), |hn0(z, y)−hn0(z′, y)−hn0(z, y′)+hn0(z′, y′)| ≤ 2σΓ
)
,

where hn0
(z, y) :=

∑n0

n=−n0
τ(fn([z, y])). The second localisation lemma then gives the bound

(µsa ⊗ µua)⊗2
(

((z, y), (z′, y′)), |hn0
(z, y) − hn0

(z′, y) − hn0
(z, y′) + hn0

(z′, y′)| ≤ 2σΓ
)4

≤
∑

R∈RectβZ
(σ)

(µsa ⊗ µua)⊗2
(

((z, y), (z′, y′)) ∈ R̃2, |hn0
(z, y) − hn0

(z′, y) − hn0
(z, y′) + hn0

(z′, y′)| ≤ 8σΓ
)

µsa(Sa)µua(Ua)
.

Using the fact that ωa ∈ L∞ allows us to get the bound

µ⊗2
(

(p, q) ∈ R2
a, |Hn0(p, q)| ≤ 2σΓ

)4
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≤
∑

R∈RectβZ
(σ)

eC1(µ)

µ(R)
µ⊗2

(
(p, q ∈ R2, |Hn0

(p, q)| ≤ 8σΓ
)
.

Now, using the fact that ∀(p, q) ∈ Ra, |∆(p, q) − Hn0
(p, q)| ≤ σΓ again, we finally find our last

estimate:

µ⊗2
(

(p, q) ∈ R2
a, |∆(p, q)| ≤ σΓ

)4
≤

∑
R∈RectβZ

(σ)

eC1(µ)

µ(R)
µ⊗2

(
(p, q ∈ R2, |∆(p, q)| ≤ 9σΓ

)
.

This is enough to conclude. Indeed, plugging the local nonconcentration estimate of the hypothesis
of proposition 5.2.1 in the sum yields

µ⊗2
(

(p, q) ∈ R2
a, |∆(p, q)| ≤ 9σΓ

)
≤
( ∑
R∈RectβZ

(σ)

eC1(µ)

µ(R)
C0µ(R)29σγ

)1/4
≤ 2C0e

C1(µ)σγ/4.

We conclude this section with a final reformulation. For p ∈ Ω and σ > 0 we will denote
Sp(σ) := W s

loc(p) ∩ Ω ∩B(p, σ), Up(σ) := Wu
loc(p) ∩ Ω ∩B(p, σ) and RβZ

p (σ) := [Up(σ), Sp(σ
βZ )].

Lemma 5.2.4. Suppose that there exists γ > 0 and C0 ≥ 1 such that, for any σ > 0, for all p ∈ Ω,

µ(q ∈ RβZ
p (σ), |∆(p, q)| ≤ σ1+α+βZ ) ≤ C0µ(RβZ

p (σ))σγ .

Then the conclusion of Theorem 5.1.4 holds.

Proof. Suppose that the estimate of Lemma 5.2.4 holds. We are going to check that Proposition
5.2.1 applies. Let R ∈ RectβZ

(σ). We have:

µ⊗2
(

(p, q) ∈ R2, |∆(p, q)| ≤ 9σ1+α+βZ

)
=

∫
R

µ(q ∈ R, |∆(p, q)| ≤ 9σ1+α+βZ )dµ(p).

The key fact to use is that the measure µ is doubling in our 2-dimensional setting: this will be
proved in subsection 5.9. In fact, it will be proved in this subsection that there exists C1, C2 ≥ 10
such that, for any p ∈ R,

R ⊂ RβZ
p (C1σ) ; µ(RβZ

p (C1σ)) ≤ C2µ(R).

From this fact, it follows that

µ(q ∈ R, |∆(p, q)| ≤ 9σ1+α+βZ ) ≤ µ(q ∈ RβZ
p (C1σ), |∆(p, q)| ≤ (C1σ)1+α+βZ )

≤ (C1σ)γµ(RβZ
p (C1σ)) ≤ Cγ1C2σ

γµ(R).

which proves the hypothesis of Proposition 5.2.1.

Now we know that, to conclude, it suffices to understand the oscillations of ∆(p, q), for any
fixed p, when q gets close to p. To do so, we will introduce some coordinate systems associated to
the dynamics.

5.3 Adapted coordinates and templates

In this section, we construct a family of adapted coordinates in which the dynamics is going to be
(almost) linearized. We also define templates (linear form version, and vector field version). We
need to introduce some notations first. For each x ∈ Ω, we will denote

λx := ∂uf(x) , µx := ∂sf(x).

Recall that we can always modify the metric so that λx ∈ (1,∞) and µx ∈ (0, 1). We suppose
that we work with such a metric. By compacity of Ω and continuity of x 7→ (λx, µx), there exists
λ−, λ+, µ−, µ+ such that:

∀x ∈ Ω, 0 < µ+ < µx < µ− < 1 < λ− < λx < λ+ <∞.

127



The area-preserving hypothesis ensure that, for any periodic point x of period n, we have

λx . . . λfn−1(x) = µ−1
x . . . µ−1

fn−1(x).

In other words, for any periodic point x of period n, the Birkhoff sums
∑n−1
k=0 ln(µfk(x)λfk(x)) van-

ishes. Livsic’s Theorem [Liv71] then ensure the cohomology relation ln(µxλx) ∼ 0. In particular,
we can always write:

∀x ∈ Ω,∀n ≥ 0, λx . . . λfn−1(x) = µ−1
x . . . µ−1

fn−1(x)e
O(1).

(These estimates can also be checked directly by doing some elementary linear algebra in the plane,
using the fact that the stable and unstable distributions are invariant under the dynamics.) Our
goal is to introduce some local coordinates along stable and unstable manifolds, for some base
point x ∈ Ω. There is a small technicality coming from the possible non-orientability of the stable
and unstable laminations that we will solve by adding the data of some local orientation with our
base-point. This is the meaning of the following definition:

Definition 5.3.1. We define:

Ω̂ :=
{

(x, eu, es) ∈ Ω×TM2
∣∣∣(eu, es) ∈ Eu(x)×Es(x), |eu| = |es| = 1, (eu, es) is a direct basis of TxM

}
.

There is a natural projection p : Ω̂ → Ω. Since we work on an oriented surface M , the fibers
are isomorphic to Z/2Z: given x ∈ Ω, there is two possible choices for eu, and then there exists
a unique choice of es that makes (eu, es) into a direct basis of TxM . The only other element in

the fiber is then (x,−eu,−es). Notice also that there is a natural dynamics f̂ : Ω̂ → Ω̂ such that

f ◦ p = p ◦ f̂ . A formula for f̂ is given by

f̂(x, eu, es) =
(
f(x),

(df)x(eu)

|(df)x(eu)|
,

(df)x(es)

|(df)x(es)|

)
.

Seeing Ω̂ as a subset of the frame bundle naturally allows us to see it as a metric space. In
the following, we will often denote by x̂ an element of the fiber p−1(x) ∈ Ω̂. Finally, notice the

following fact: let ϕ : Ω → R be some smooth map, and fix x ∈ Ω. Now let x̂ = (x, eu, es) ∈ Ω̂
in the fiber. We can then consider the quantity (d2ϕ)x(eu, es). The remark is the following: this
quantity doesn’t depend on the choice of x̂ in the fiber, and actually only depends on x.

Lemma 5.3.2. There exists a family of uniformly smooth maps (Φsx̂)x̂∈Ω̂, such that for all x̂ ∈ Ω̂
Φsx̂ : R −→W s(x) is a smooth parametrization of W s(x), Φsx̂(0) = x, (Φux)′(0) = es(x̂), and:

∀x ∈ Ω̂,∀y ∈ R, f (Φsx̂(y)) = Φs
f̂(x̂)

(µxy),

where µx := ∂sf(x) ∈ (µ+, µ−) ⊂ (0, 1). The dependence in x̂ of (Φsx̂)x̂∈Ω̂ is Hölder.

Proof. The proof is taken from [KK07]. The idea is to first define Φsx̂ on W s
loc(x) (on which |∂sf(x)|

makes sense and is smooth along W s
loc(x), even outside Ω), and then to extend our maps on W s(x)

using the conjugacy relation that we want. Define, for any x ∈ Ω, and for any y ∈ W s
loc(x), the

function ρx(y) by the formula:

ρx(y) :=

∞∑
n=0

[(ln ∂sf)(fny) − (ln ∂sf)(fnx)] .

This is well defined and smooth along W s
loc(x) (and this, uniformly in x ∈ Ω). We can then define,

for y ∈W s(x):

|Ψs
x(y)| :=

∣∣∣ ∫
[x,y]⊂W s

loc(x)

eρx(y
′)dy′

∣∣∣,
in the sense that we integrate from x to y, following the local stable manifold W s

loc(x) (w.r.t. the
arclenght). For some choice of x̂ there is a unique smooth natural map Ψs

x̂ : W s
loc(x) → (−ε, ε)

such that d(Ψs
x̂)x(es(x)) = 1 and |Ψs

x̂(y)| = |Ψs
x(y)|. This function is smooth along W s

loc(x), and
is invertible. We denote by Φsx̂ : (−ε, ε) → W s(x) its inverse. One can choose a uniform ε for all
these maps.
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We check that the dynamics is linearized in these coordinates. Notice that, since Ψs
x̂(x) = 0,

and since the orientation of compatible, the desired relation is equivalent to:

∀y ∈W s
loc(x), ∂sΨ

s
f̂(x̂)

(f(y))∂sf(y) = µx∂sΨ
s
x̂(y).

But this is obviously true, by construction of Ψs
x̂. It follows that, for all y ∈W s

loc(x), Ψs
f̂(x̂)

(f(y)) =

µxΨs
x(y). In particular, notice that iterating this relation yields, for y ∈W s

loc(x), Ψs
f̂n(x̂)

(fn(y)) =

µfn−1x . . . µxΨs
x̂(y).

To conclude the proof, we need to extend Ψs
x̂ on the whole stable manifold of x ∈ Ω. We proceed

as follow. Let y ∈ W s(x). If n is large enough (depending on y), one sees that fny ∈ W s
loc(f

nx).
Hence, it makes sense to define:

Ψs
x̂(y) := µ−1

x . . . µ−1
fn−1xΨs

f̂nx̂
(fn(y)).

The previous discussion ensure that this is well defined. Moreover, it is easy to check that the map
Ψs
x̂ : W s(x) → R is a smooth diffeomorphism (when we see W s(x) as a manifold equipped with

the arclenght.) The inverse of Ψs
x̂ is defined to be Φsx̂ : R → W s(x). The commutation relation is

then easy to check. The Hölder regularity in x is tedious to detail but shouldn’t be surprising.

Lemma 5.3.3. There exists a family of uniformly smooth maps (Φux̂)x̂∈Ω̂, such that for all x̂ ∈ Ω̂
Φux̂ : R −→Wu(x) is a smooth parametrization of Wu(x), Φux(0) = x, (Φux)′(0) = eu(x̂), and:

∀x̂ ∈ Ω̂,∀z ∈ R, f (Φux̂(z)) = Φu
f̂(x̂)

(λxz),

where λx = ∂uf(x) ∈ (λ−, λ+) ⊂ (1,∞). The dependence in x̂ of (Φux̂) is Hölder.

Remark 5.3.4. Denote by s : Ω̂ → Ω̂ the map s(x, eu, es) := (x,−eu,−es). Then, for any x̂ ∈ Ω̂
and for any y, z ∈ R:

Φus(x̂)(z) = Φux̂(−z) ; Φss(x̂)(y) = Φsx̂(−y).

Definition 5.3.5. These parametrizations often goes outside Ω, but we are only interested by what’s
happening inside Ω. So let us define:

Ωux̂ := (Φux̂)−1(Ω) ⊂ R , Ωsx̂ := (Φsx̂)−1(Ω) ⊂ R.

Notice that, for all x̂ ∈ Ω̂, 0 ∈ Ωux̂. Also, Ωus(x̂) = −Ωux̂. Moreover:

∀x̂ ∈ Ω̂,∀z ∈ Ωux̂, λxz ∈ Ωu
f̂(x̂)

⊂ R.

Similar statements hold for Ωsx̂.

Remark 5.3.6. Let us define some further notations. Define, for n ∈ Z and x ∈ Ω:

λ⟨n⟩x := ∂u(fn)(x) ; µ⟨n⟩
x := ∂s(f

n)(x).

Notice that λ
⟨0⟩
x = µ

⟨0⟩
x = 1, λ

⟨−n⟩
x = (λ

⟨n⟩
f−n(x))

−1 and µ
⟨−n⟩
x = (µ

⟨n⟩
f−n(x))

−1. Moreover, we can

write some relations involving (Φux̂) and (Φsx̂). For all n ∈ Z, x̂ ∈ Ω̂, y ∈ Ωsx̂, z ∈ Ωux̂, we have:

fn(Φux̂(z)) = Φu
f̂n(x̂)

(λ⟨n⟩x z) ; fn(Φsx̂(y)) = Φs
f̂n(x̂)

(µ⟨n⟩
x y).

Lemma 5.3.7 (change of parametrizations). Let x0 ∈ Ω and let x1 ∈ Ω ∩Wu
loc(x). Then the real

maps affx̂1,x̂0
:= (Φux̂1

)−1 ◦ Φux̂0
: R −→ R are affine. Moreover, there exists C ≥ 1 and α > 0 such

that ln |affx̂1,x̂0

′(0)| ≤ Cd(x0, x1)α.

Proof. Notice that, for all z ∈ R, and for all n ≥ 0:

(
Φux̂1

)−1 (
Φux̂0

(z)
)

= λ⟨n⟩x1

(
Φu
f̂−n(x̂1)

)−1 (
Φu
f̂−n(x̂0)

(λ⟨−n⟩x0
z)
)
.
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In particular, without loss of generality, we see that we can reduce our problem to show that affx̂1,x̂0

is affine on a neighborhood of zero, and this property should spread. In this case, we can compute

the log of the absolute value of the differential of
(

Φux̂1

)−1

◦ Φux̂0
, and we get:

ln

(∣∣∣( (Φux̂1

)−1 ◦ Φux̂0

)′
(z)
∣∣∣)

= ρx1
(Φux̂0

(z)) − ρx0
(Φux̂0

(z)) = ρx1
(x0),

which is constant in z. The bound on affx̂1,x̂0

′(0) follows from an easy bound on ρx1
(x0).

These coordinates are interesting but only linearize the dynamics along the stable or unstable
direction. Of course, we can’t expect to fully linearize the dynamics in smooth coordinates, but
we can still try to introduce coordinates that will linearize the dynamics in a weaker sense, in
some particular places. This construction is directly taken from [TZ20], appendix B. We call them
nonstationnary normal coordinates because the base point is not necesseraly a fixed point, and
because the dynamics can be written in a “normal form” in these coordinates.

Lemma 5.3.8 (Nonstationary normal coordinates). There exists two small constants ρ1 < ρ0 < 1,
and a family of uniformly smooth coordinates charts {ιx̂ : (−ρ0, ρ0)2 → M}x̂∈Ω̂ that preserves the
orientation such that:

• For every x̂ ∈ Ω, we have

ιx̂(0, 0) = x, ιx̂(z, 0) = Φux̂(z), ιx̂(0, y) = Φsx̂(y),

• the map fx̂ := ι−1

f̂(x̂)
◦f ◦ιx̂ : (−ρ1, ρ1)2 −→ (−ρ0, ρ0)2 is smooth (uniformly in x̂) and satisfies

πy(∂yfx̂(z, 0)) = µx, πz(∂zfx̂(0, y)) = λx,

where πz (resp. πy) is the projection on the first (resp. second) coordinate.

Furthermore, one can assume the dependence in x̂ of (ιx̂)x̂∈Ω̂ to be Hölder regular.

Proof. Since the stable/unstable manifolds are smooth, and since they intersect uniformly trans-
versely, we know that we can construct a system of smooth coordinate charts (ι̌x̂)x̂∈Ω̂ such that,

for all x̂ ∈ Ω̂,
ι̌x̂(0, 0) = x, ι̌x̂(z, 0) = Φux̂(z), ι̌x̂(0, y) = Φsx̂(y).

One can also assume the dependence in x̂ of these to be Hölder regular, since the stable/unstable
laminations are Hölder (in our context, they are even C1+α, see section 4.1 and 4.2 for details).
Define f̌x̂ := ι̌−1

f̂(x̂)
◦ f ◦ ι̌x̂. This is a smooth map defined on a neighborhood of zero, with a

(hyperbolic) fixed point at zero. Notice also that (df̌x̂)0 is a diagonal map with coefficients (λx, µx).
Those coordinates won’t do, but we can straighten them into doing what we want. Define

ρ̌ux̂(z) :=

∞∑
n=1

(
ln |πy∂y f̌f̂−n(x̂)(λ

⟨−n⟩
x z, 0)| − ln |µf−n(x)|

)
and

ρ̌sx̂(y) :=

∞∑
n=0

(
ln |πz∂z f̌f̂n(x̂)(0, µ

⟨n⟩
x y)| − ln |λfn(x)|

)
.

Finally, set Ďu
x̂(z, y) := (z, yeρ̌

u
x̂(z)), Ďs

x̂(z, y) := (ze−ρ̌
s
x̂(y), y), Ďx̂ := Ďu

x̂ ◦ Ďs
x̂ and ιx̂ := ι̌x̂ ◦ Ďx̂. Let

us check that fx̂ := ι−1

f̂(x̂)
◦ f ◦ ιx̂ satisfies the desired relations. First of all, notice that ρ̌ux̂ and ρ̌sx̂

are smooth and satisfy ρ̌ux̂(0) = ρ̌sx̂(0) = 0. In particular, Ďx̂, Ďu
x̂ and Ďs

x̂ are smooth, and coincide
with the identity on {(z, y) , z = 0 or y = 0}. Moreover,

ρ̌u
f̂(x̂)

(λxz) = ln |πy∂y f̌x̂(z, 0)| − ln |µx| + ρ̌ux̂(z)

and
ρ̌sx̂(y) = ln |πz∂z f̌x̂(0, y)| − ln |λx| + ρ̌s

f̂(x̂)
(µxy).
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Now let us write fx̂ in terms of f̌x̂: we have

fx̂ = ι−1

f̂(x̂)
◦ f ◦ ιx̂ = (Ďs

f̂(x̂)
)−1 ◦ (Ďu

f̂(x̂)
)−1 ◦ f̌x̂ ◦ Ďu

x̂ ◦ Ďs
x̂.

Hence:

(dfx̂)(z,0) = d((Ds
f̂(x̂)

)−1)(λxz,0) ◦ d((Du
f̂(x̂)

)−1)(λxz,0) ◦ (df̌x̂)(z,0) ◦ (dDu
x̂)(z,0) ◦ (dDs

x̂)(z,0)

Abusing a bit notations, we can write in matrix form:

(dfx̂)(z,0) =

(
1 (∗)
0 1

)(
1 0

0 e−ρ̌f̂(x̂)
(λxz)

)(
λx πz∂y f̌x̂(z, 0)

0 πy∂y f̌x̂(z, 0)

)(
1 0
0 eρ̌

u
x̂(z)

)(
1 (∗)
0 1

)

=

(
λx (∗)

0 e
−ρ̌u

f̂(x̂)
(λxz)+ρ̌

u
x̂(z)πy∂y f̌x̂(z, 0)

)
=

(
λx (∗)
0 µx

)
,

which implies in particular that πy∂yfx̂(z, 0) = µx. A similar computation shows that

(dfx̂)(0,y) =

(
λx 0
(∗) µx

)
.

In particular, πz∂zfx̂(0, y) = λx.

Remark 5.3.9. Notice the following convenient property. As soon as the quantities written make
sense, we have the identities:

(df
⟨n⟩
x̂ )(z,0) =

(
λ
⟨n⟩
x (∗)

0 µ
⟨n⟩
x

)
; (df ⟨n⟩x )(0,y) =

(
λ
⟨n⟩
x 0

(∗) µ
⟨n⟩
x

)

where f
⟨n⟩
x̂ := ιf̂n(x̂) ◦ f

n ◦ ιx̂ : (−(ρ1/ρ0)nρ0, (ρ1/ρ0)nρ0)2 −→ (−ρ0, ρ0)2.

This coordinate system is not “canonically attached” to the dynamics, since the behavior of
ιx outside the “cross” {(z, y) , zy = 0} might be completely arbitrary. But the behavior of those
coordinates near the cross seems to give rise to less arbitrary objects. Those objects will be called
“templates” in these notes. They are inspired from the “templates” appearing in [TZ20].

Definition 5.3.10 (Templates, dual version). Let x ∈ Ω. A template based at x is a continuous
1-form ξx : Wu

loc(x) → Ω1(M) such that:

∀z ∈Wu
loc(x), Ker(ξx)z ⊃ Eu(z).

We will denote by Ξ(x) the space of templates based at x.

Remark 5.3.11. Notice that, since Eu(z) moves smoothly along the unstable local manifold Wu
loc(x),

it makes sense to consider smooth templates. Notice further that, since (df)zE
u(z) = Eu(f(z)),

the diffeomorphism f acts naturally on templates by taking the pullback. This yields a map
f∗ : Ξ(f(x)) → Ξ(x̂).

Lemma 5.3.12 (Some important templates.). There exists a family (ξsx̂)x̂∈Ω̂ of smooth templates,
where ξsx̂ ∈ Ξ(x), that satifies the following invariance relation:

∀z ∈Wu
loc(x), (f∗(ξs

f̂(x̂)
))z = µx(ξsx̂)z.

Moreover, the dependence in x̂ of ξsx̂ is Hölder.

Proof. For all x̂ ∈ Ω̂, define ξsx̂ := (ι−1
x̂ )∗(dy). It is clear that this defines a smooth template at x̂.

Furthermore, using remark 5.3.7 for n = 1:

f∗ξs
f̂(x̂)

= f∗((ι−1

f̂(x̂)
)∗(dy)) = (ι−1

x̂ )∗((fx̂)∗(dy)) = (ι−1
x̂ )∗(d(πyfx̂)) = (ι−1

x̂ )∗(µxdy) = µxξ
s
x̂.

The dependence is Hölder because (ιx̂) depends on x̂ in a Hölder manner.
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One could say that one of the reasons these templates are usefull is because they give rise to an
isomorphism Es(z) ≃ TM/Eu(z): the point being that one of those two line bundle is C∞ along
local unstable manifolds, whereas the other is only C1+α. It is natural to try to find a “vector
field” version of those templates. We suggest a way to proceed in the following.

Definition 5.3.13 (Templates, vector version). Let x ∈ Ω. A (vector) template based at x is a
continuous section of the line bundle TM/Eu along Wu

loc(x). We will denote by Γ(x) the space of
(vector) templates at x.

Remark 5.3.14. If X is some continuous vector field defined along Wu
loc(x), we can take its class

modulo Eu to get a (vector) template [X]. Notice also that it makes sense to talk about smooth
(vector) templates. Notice further that f acts naturally on (vector) templates, since (df)zE

u(z) =
Eu(f(z)), by taking the pushforward. This define a map f∗ : Γ(x) → Γ(f(x))).

Lemma 5.3.15 (Some important templates.). There exists a family ([∂x̂s ])x̂∈Ω̂ of smooth (vector)

templates, where [∂x̂s ] ∈ Γ(x), such that:

∀z ∈Wu
loc(x), (f∗[∂x̂s ])f(z) = µx[∂f̂(x̂)s ]f(z).

Moreover, the dependence in x̂ of ([∂x̂s ]) is Hölder.

Proof. For all x̂ ∈ Ω̂, define ∂x̂s := (ιx̂)∗(∂/∂y) along Wu
loc(x). This is smooth. Moreover, using

remark 5.3.7, we find:

f∗∂
x̂
s = f∗(ιx̂)∗(∂y) = (ιf̂(x̂))∗((fx)∗∂y) = (ιf̂(x̂))∗(µx∂y + (∗)∂z) = µx∂

f̂(x̂)
s + (∗)∂u.

Hence, taking the class modulo Eu, we find

f∗[∂x̂s ] = µx[∂f̂(x̂)s ],

which is what we wanted. The dependence in x̂ is then Hölder because of the properties of ιx̂.

Remark 5.3.16 (A quick duality remark). We can define a kind of “duality bracket”
Ξ(x) × Γ(x) → C0(Wu

loc(x),R) by the following formula:

⟨ξ, [X]⟩ := ξ(X).

Our special templates (ξsx̂) and ([∂x̂s ]) can be chosen normalised so that ⟨ξsx̂, [∂x̂s ]⟩ = 1. This will not
be useful for us, but this is an indication that Ξ(x̂) and Γ(x̂) could countain the same informations.

Remark 5.3.17 (Templates acting on a space of functions). It is natural to search for a space of
functions on which (vector) templates could acts. A way to do it is as follow. For each x ∈ Ω,
define F(x) as the set of functions hx defined on a neighborhood of Wu

loc(x) that are C1 along the
stable direction and that vanish along Wu

loc(x). In this case, for any point z ∈ Wu
loc(x), we know

that ∂shx(z) makes sense, and we know that ∂uhx(z) = 0 also makes sense. One can then make
(vector) templates [X] acts on hx by setting:

∀z ∈Wu
loc(x), ([X] · hx)(z) := (X · hx)(z).

This is well defined. In the particular case where [X] = [∂x̂s ], we get the formula:

∀z ∈ (−ρ0, ρ0), ([∂x̂s ] · hx)(Φux̂(z)) = ∂y(hx ◦ ιx̂)(z, 0).

Notice that f acts naturally on these space of functions, by taking a pullback f∗ : F(f(x)) →
F(x). If we fix hf(x) ∈ F(f(x)), and if we set hx := hf(x) ◦ f ∈ F(x), notice finally that one can
write

[∂x̂s ] · hx = [∂x̂s ] · f∗hf(x) = f∗[∂x̂s ] · hf(x) = µx[∂f̂(x̂)s ] · hf(x).

Lemma 5.3.18 (Changing basepoint). Let x0 ∈ Ω. For x1 ∈ Ω ∩Wu
loc(x), let

H(x0, x1) = exp
( ∞∑
n=0

(
lnµf−n(x0) − lnµf−n(x1)

) )
.

Then:
∀z ∈Wu

loc(x), ([∂x̂1
s ])z = ±H(x1, x0)([∂x̂0

s ])z,

where the sign is positive iff x̂0 and x̂1 share the same local orientation.

In particular, for any x ∈ Ω, [∂
s(x̂)
s ] = −[∂x̂s ].

132



Proof. First of all, notice that if we fix some x ∈ Ω, then our special vector template satisfies (only
at x for now):

[∂s(x̂0)
s ]x0 = −[∂x̂0

s ]x.

Now, remember that TM/Eu is a line bundle, and that [∂x̂0
s ] doesn’t vanish. In particular, there

exists a function ax̂0,x̂1
: Wu

loc(x0) → R such that:

∀z ∈Wu
loc(x0), ([∂x̂1

s ])z = ax̂0,x̂1
(z)([∂x̂0

s ])z.

The main point is to show that ax̂0,x̂1
is z-constant. Since the family ([∂x̂s ]) depends in x̂ in a Hölder

manner (and locally uniformly in z) we know that ax̂0,x̂1
(z) = ±(1 + O(d(x0, x1)α)) for some α,

where the sign depends on the orientations. Recall that f was supposed orientation preserving.
The invariance properties of those (vector) templates yields an invariance property for ax̂0,x̂1

(z):

∀z ∈Wu
loc(x), ax̂0,x̂1

(z) =
µ
⟨−n⟩
x

µ
⟨−n⟩
x̃

af̂−n(x̂0),f̂−n(x̂1)
(f−n(z)).

Taking the limit as n→ +∞ gives the result.

5.4 The local behavior of ∆

Now that we have the right tools, we come back to our study of ∆. Recall that ∆ : D̃iag → R is
defined as

∆(p, q) :=
∑
n∈Z

Tn(p, q),

where Tn(p, q) := τ(fn(p)) − τ(fn([p, q])) − τ(fn([q, p])) + τ(fn(q)). The goal of this section is to
understand the local behavior of ∆(p, q) when q gets close to p. To this aim, we cut the sum in
two, like so:

∆+(p, q) :=

∞∑
n=0

Tn(p, q) ; ∆−(p, q) :=

∞∑
n=1

T−n(p, q),

so that ∆ = ∆− + ∆+. Intuitively, ∆−(p, ·) is smooth along the unstable direction but is Hölder
in the stable direction. The behavior of ∆+(p, ·) is the opposite: Hölder along the unstable di-
rection and smooth in the stable direction. To catch oscillations for ∆, we will fix an unstable
manifold close to Wu

loc(p) and try to understand the behavior of ∆(p, ·) along this manifold. The
sum ∆−(p, ·) will be approximated by a polynomial, and ∆+(p, ·) will be approximated by an
autosimilar function behaving like a Weierstrass function. We will thus reduce catching oscilla-
tions of ∆(p, ·) to understanding the oscillations of ∆+(p, ·), along the unstable foliation, modulo
polynomials. Let us begin by the local description of ∆+(p, ·).

Let us fix some p ∈ Ω, and set:

∆+
p (q) := ∆+(p, q) , Tp,n(q) := Tn(p, q).

For each p and n, Tp,n is C1+α, and moreover taking the derivative along the local stable lamination

yields: ∂sTp,n(q) = −(∂sτ)(fn([p, q]))|µ⟨n⟩
[p,q]|∂sπp(q) + ∂sτ(fn(q)))|µ⟨n⟩

q |, where πp(q) := [p, q]. It

follows that ∆+
p is indeed C1 along the local stable lamination. Moreover, Tp,n vanish on Wu

loc(p),
and so does ∆+

p . It follows that

∆+
p ∈ F(p) , Tp,n ∈ F(p),

where F(p) denotes the space of function defined in remark 5.3.17. Now one of the main point of this
section is to make the following intuition rigorous: since ∆+

p ∈ F(p), we can do a Taylor expansion
along the stable foliation. We get an expression like this (denoting r = [q, p] ∈Wu

loc(p) ∩W s
loc(q)):

∆+
p (q) ≃ ∆+

p (r) ± ∂s∆
+
p (r)du(q, r) = ±∂s∆+

p (r)du(q, r).

It is then convenient to replace ∂s∆
+
p by [∂p̂s ] ·∆+

p , to use more easily the autosimilarity properties

of ∆+
p . We then expect all the oscillations of ∆+

p to come from wild oscillations of [∂p̂s ] · ∆+
p . Now

let us makes thing rigorous: the fact that ∆+
p ∈ F(p) ensure that the next definition makes sense.
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Definition 5.4.1. For each x̂ ∈ Ω̂, for each z ∈ Ωux̂ ⊂ R, define Xx̂ ∈ Cα((−ρ0, ρ0),R) by:

Xx̂(z) := ([∂x̂s ] · ∆+
x )(Φux̂(z)).

The family (Xx̂)x∈Ω depends on x̂ in a Hölder manner. Moreover, Xs(x̂)(z) = −Xx̂(−z).

Lemma 5.4.2 (autosimilarity). We have Xx̂(0) = 0. Moreover, the family (Xx̂)x̂∈Ω̂ satisfies the
following autosimilarity relation:

∀z ∈ Ωux̂ ∩ (−ρ0λ−1
x , ρ0λ

−1
x ), Xx̂(z) = τ̂x̂(z) + µxXf̂(x̂)(λxz),

where τ̂x̂(z) := ([∂sx̂] · Tx,0)(Φux̂(z)) ∈ Cα. Notice that τ̂s(x̂)(z) = −τ̂x̂(−z).

Proof. Notice that Tp,n+1(q) = Tf(p),n(f(q)). It follows that:

∆+
p (q) = Tp,0(q) +

∞∑
n=0

Tf(p),n(f(q)) = Tp,0(q) + ∆+
f(p)(f(q)).

Making the vector template [∂p̂s ] acts on this along Wu
loc(p) yields (using the invariance properties

of the family ([∂x̂s ])x̂∈Ω̂):

([∂p̂s ] · ∆+
p ) = ([∂p̂s ] · Tp,0) + ([∂p̂s ] · (∆+

f(p) ◦ f)) = ([∂p̂s ] · Tp,0) + µp([∂
f̂(p̂)
s ] · ∆+

f(p)) ◦ f.

Testing this equality on Φup̂(z) gives the desired relation, since f ◦ Φup̂ = Φu
f̂(p̂)

◦ (λpId).

Lemma 5.4.3 (regularity of τ̂x̂). The function τ̂x̂ is smoother than expected: it is C1+α((−ρ0, ρ0),R).
It vanish at z = 0, and its derivative at zero is:

(τ̂x̂)′(0) = ∂z∂y(τ ◦ ιx̂)(0, 0) + n′x̂(0)∂z(τ ◦ ιx̂)(0, 0),

where nx̂(z) ∈ C1+α is defined such that ∂y + nx̂(z)∂z ∈ ι−1
x̂ (Es) points in the stable direction at

coordinates (z, 0). Notice that (τ̂x̂)′(0) = (τ̂s(x̂))
′(0).

Proof. Let us do an explicit computation of τ̂x̂. By definition of [∂x̂s ]:

τ̂x̂(z) = ([∂x̂s ] · Tx,0)(Φux̂(z)) = ∂y(Tx,0 ◦ ιx̂)(z, 0).

Recall that Tx,0(ιx̂(z, y)) = τ(ιx̂(z, y)) − τ([x, ιx̂(z, y)]) − τ([ιx̂(z, y), x]) + τ(x) ∈ C1+α. Define

πsx̂(z, y) := ι−1
x̂ ([x, ιx̂(z, y)]) ∈ {(0, y′), y′ ∈ (−ρ0, ρ0)}

and
πux̂(z, y) := ι−1

x̂ ([ιx̂(z, y), x]) ∈ {(z′, 0), z′ ∈ (−ρ0, ρ0)}.

Define also τx̂ := τ ◦ ιx̂. Then:

Tx,0(ιx̂(z, y)) = τx̂(z, y) − τx̂(πux̂(z, y)) − τx̂(πsx̂(z, y)) + τx̂(0).

For each point z ∈ (−ρ0, ρ0), let N⃗x̂(z) be a vector pointing along the direction ι−1
x̂ (Es), and

normalize it so that N⃗x̂(z) = ∂y + nx̂(z)∂z. By regularity of Es, we can choose N⃗x̂(z) to be C1+α

in z. We can then, for each x̂, z, find a (smooth) path t 7→ γx̂(z, t) such that πux̂ ◦ γx̂(z, t) = (z, 0)

and such that ∂tγx̂(z, 0) = N⃗x̂(z). (We just follow the stable lamination in coordinates.) Using
this path, we can compute the derivative of Tx,0 ◦ ιx̂ as follow:

∂y(Tx,0 ◦ ιx̂)(z, 0) =
(

(∂y + nx̂(z)∂z) · (Tx,0 ◦ ιx̂)
)

(z, 0) =
d

dt
Tx,0(ιx̂(γx̂(z, t)))|t=0

=
d

dt |t=0

(
τx̂(γx̂(z, t)) − τx̂(πux̂(γx̂(z, t))) − τx̂(πsx̂(γx̂(z, t))) + τx̂(0)

)
= ∂yτx̂(z, 0) + nx̂(z)∂zτx̂(z, 0) − (dτx̂)(0,0) ◦ (dπsx̂)(z,0)(N⃗x̂(z))

= ∂yτx̂(z, 0) + nx̂(z)∂zτx̂(z, 0) − ∂yτx̂(0, 0)πy(∂yπ
s
x̂(z, 0)),
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since (dπsx̂)(z,0)(∂z) = 0, as πsx̂(z, 0) = (0, 0), and since πz ◦ πsx̂ = 0. In this expression, everything

is C1+α (since τ ∈ Reg1+αu ); except eventually the last term ηx̂(z) := πy∂yπ
s
x̂(z, 0). Let us prove

that ηx̂(z) is, in fact, constant and equal to one. First of all, the maps (ηx̂) are at least continuous
(and this, uniformly in x̂). Moreover, we have πyπ

s
x̂(0, y) = y, and hence ηx̂(0) = 1. To conclude,

let us use the fact that the stable lamination is f invariant. This remark, written in coordinates,
yields (as soon as the relation makes sense):

πsx̂ = f
⟨n⟩
f̂−n(x̂)

◦ πs
f̂−n(x̂)

◦ f ⟨−n⟩x̂ .

Taking the differential at (z, 0) yields, using remark 5.3.7:

∀n ≥ 0,∀z ∈ (−ρ0, ρ0), (dπsx̂)(z,0) = (df
⟨n⟩
f̂−n(x̂)

)(0,0) ◦ (dπs
f̂−n(x̂)

)
(λ

⟨−n⟩
x z,0)

◦ (df
⟨−n⟩
x̂ )(z,0)

=

(
λ
⟨n⟩
f−n(x) 0

0 µ
⟨n⟩
f−n(x)

)(
0 0

0 ηf̂−n(x̂)(λ
⟨−n⟩
x z)

)(
λ
⟨−n⟩
x (∗)

0 µ
⟨−n⟩
x

)
=

(
0 0

0 ηf̂−n(x̂)(λ
⟨−n⟩
x z)

)
.

It follows that:
∀z,∀n ≥ 0, ηx̂(z) = ηf̂−n(x̂)(λ

⟨−n⟩
x z) −→

n→∞
1.

In conclusion, we get the following expression for τ̂x̂:

τ̂x̂(z) = ∂yτx̂(z, 0) + nx̂(z)∂zτx̂(z, 0) − ∂yτx̂(0, 0),

which is a C1+α function that vanish at zero. Let us compute its derivative at zero: we have

(τ̂x̂)′(0) = ∂z∂yτx̂(0, 0) + n′x̂(0)∂zτx̂(0, 0) + nx̂(0)∂2zτx(0, 0).

The fact that nx̂(0) = 0 gives us the desired formula.

Remark 5.4.4. Notice that, denoting by πSp (q) := [p, q], our previous arguments prove that the

map ∂sπ
S
p : Wu

loc(p) ∩ Ω → R is C1+α (and this, uniformly in p).

Remark 5.4.5. Recall that, in our area-preserving context, there exists a Hölder map h : Ω → R
such that λxµx = exp(h(f(x)) − h(x)). Fix one such h for the rest of the Chapter. For each
τ ∈ Reg1+αu (Ω,R), let us denote by Φτ ∈ Cα(Ω,R) the map defined by

Φτ : x ∈ Ω 7−→ (τ̂x̂)′(0)eh(x) ∈ R,

where x̂ is any orientation in the fiber p−1(x) ∈ Ω̂. This doesn’t depend on the choice of x̂. The
linear map τ ∈ Reg1+αu (Ω,R) 7→ Φτ ∈ Cα(Ω,R) is obviously continuous. Moreover, it is easy to see
that, generically in τ ∈ Reg1+αu , the map Φτ is not cohomologous to zero. Indeed, one can take a
fixed point p0 (or a periodic ordit) and look at the value of Φτ (p0): if it is zero, then it is easy to
Reg1+αu −perturb τ on a neighborhood of p0 so that Φτ (p0) becomes non-zero.

Lemma 5.4.6 (Change of basepoint). Let x0 ∈ Ω. Let x1 ∈ Wu
loc(x) be close enough to x0. Then,

there exists Affx̂0,x̂1
: R → R, an (invertible) affine map, such that:

Affx̂0,x̂1

(
Xx̂1

(z)
)

= Xx̂0
(affx̂0,x̂1

(z)),

where affx̂0,x̂1
= (Φux̂0

)−1 ◦ Φux̂1
is the affine change of charts defined in lemma 5.3.7. Moreover,

there exists C ≥ 1 and α > 0 such that ln |Affx̂0,x̂1

′(0)| ≤ Cd(x0, x1)α.

Proof. Let x0 ∈ Ω and let x1 ∈ Wu
loc(x) be close enough to x0. We have, for q in a neighborhood

of x1:
∆+(x1, q) = ∆+(x1, [x0, q]) + ∆+(x0, q).

(Picture two rectangles with one shared side, the first one touching x1, x0, [x0, q], and the second
one touching x0, [x0, q] and q.) We differentiate (w.r.t. q) with the vector template [∂x̂1

s ] along
Wu
loc(x1) to find:

Xx̂1
(z) = [∂x̂1

s ] · (∆+
x1

◦ [x0, ·])(Φux̂1
(z)) + ([∂x̂1

s ] · ∆+
x0

)(Φux̂1
(z)).
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The first thing to recall is that Φux̂1
= Φux̂0

◦(Φux̂0
)−1 ◦Φux̂1

= Φux̂0
◦affx̂0,x̂1

, and moreover, by Lemma

5.3.18, [∂x̂1
s ] = ±H(x0, x1)[∂x̂0

s ]. From this, we see that the last term is ±H(x0, x1)Xx̂0
(affx̂0,x̂1

(z)).
To conclude, we only need to show that

[∂x̂1
s ] · (∆+

x̂1
◦ [x0, ·]) = ±H(x0, x1)[∂x̂0

s ] · (∆+
x̂1

◦ [x0, ·])

is constant along Wu
loc(x̂0). In coordinates, we see that:

[∂x̂0
s ] · (∆+

x̂1
◦ [x0, ·])(Φx̂0

(z)) = ∂y(∆+
x̂1

◦ [x0, ·] ◦ ιx̂0
)(z, 0) = ∂y(∆+

x̂1
◦ ιx̂0

◦ πsx̂0
)(z, 0),

where πsx̂0
is defined in the proof of Lemma 5.4.3. Recall from this proof that

(dπsx̂0
)(z,0) =

(
0 0
0 1

)
is constant in z (and in x̂0). It follows that: [∂x̂0

s ] · (∆+
x̂1

◦ [x0, ·])(Φx̂0
(z)) = ∂y(∆+

x̂1
◦ ιx̂0

)(0, 0),
which is a constant expression in z. The proof is done.

We conclude this section by showing that one can reduce the study of the oscillations of ∆x

to the study of the oscillations of Xx̂. The proof is in three parts: we first establish a proper
asymptotic expansion for ∆+

p , then for ∆−
p , and finally we reduce (NC) to a “non-concentration

modulo polynomials” statement about (Xx̂)x̂∈Ω̂.

Theorem 5.4.7. Let p, q ∈ Ω be close enough. We will denote πSp (q) := [p, q] =: s ∈ Ω ∩W s
loc(p),

and πUp (q) := [q, p] =: r ∈ Ω∩Wu
loc(p). We have q = [r, s]. These “coordinates” are C1+α. Suppose

that ds(p, s) ≤ σβZ and du(p, r) ≤ σ for σ > 0 small enough. If βZ > 1 is fixed large enough, then
the following asymptotic expansion hold:

∆+
p ([r, s]) = ±∂s∆+

p (r)ds(p, s) +O(σ1+βZ+α),

where ∂s denotes the derivative in the stable direction.

Proof. Let us introduce some notations. Define, for any p ∈ Ω, the C1+α map ∇p : W s
loc(p) → R

as

∇p(s) :=

∞∑
n=0

(τ(fn(p)) − τ(fn(s))) ,

and notice that
∆+
p (q) = ∇p(s) −∇r(q).

A Taylor expansion yields:

∇p(s) = ∇p(p) ± ∂s∇p(p)d
s(p, s) +O(ds(p, s)1+α)

= ±∂s∇p(p)d
s(p, s) +O(σ(1+α)βZ )

= ±∂s∇p(p)d
s(p, s) +O(σ1+α+βZ )

as soon as βZα > 1 + α. Hence,

∆+
p (q) = ± (∂s∇p(p)d

s(p, s) − ∂s∇r(r)d
s(r, q)) +O(σ1+α+βZ ).

Now, we want to make ∂s∆
+
p (r) appear. We compute it and find out that

∂s∆
+
p (r) = ∂s∇p(p)∂sπ

S
p (r) − ∂s∇r(r).

We can make this term appear in our asymptotic expansion like so:

∆+
p (q) = ±

(
∂s∇p(p)

ds(p, s)

ds(r, q)
− ∂s∇r(r)

)
ds(r, q) +O(σ1+α+βZ )

= ±
(
∂s∆

+
p (r) + φp,s(r)

)
ds(r, q) +O(σ1+α+βZ )
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where

φp,s(r) := ∂s∇p(p)

(
ds(p, s)

ds(r, q)
− ∂sπ

S
p (r)

)
.

Now, we would like to show that φp,s(r) = O(σ1+α). (In this case φp,s(r)d
s(r, q) = O(σ1+α+βZ ).)

To do so, notice the following. The holonomy is (uniformly in r) a C1+α map W s
loc(r) ∩ Ω →

W s
loc(p) ∩ Ω. A Taylor expansion at q = r yields:

ds(s, p)

ds(r, q)
=
ds(πSp (q), πSp (r))

ds(q, r)
= ∂sπ

S
p (r) +O(ds(q, r)α) = ∂sπ

S
p (r) +O(σαβZ ).

If βZ > 2 is chosen so large that αβZ > 1 + α again, then we find the expansion:

ds(s, p)

ds(q, r)
= ∂sπ

S
p (r) +O(σ1+α),

which is what we wanted to find. This gives us the following expansion for ∆+:

∆+
p (q) = ±∂s∆+

p (r)ds(r, q) +O(σ1+α+βZ ).

To conclude, we re-apply our estimate of ds(p, s) (but inverting the role of (p, s) and (r, q)) to find

ds(r, q)

ds(p, s)
= ∂sπ

S
s ([r, s]) +O(σ1+α) = 1 + αp,sd

u(p, r) +O(σ1+α),

(where αp,s = O(1) is some constant that depends only on p, s), since r 7→ ∂sπ
S
s ([r, s]) is C1+α

(uniformly in p, s). It follows that

∆+
p (q) = ±∂s∆+

p (r)ds(p, s) ± αp,s∂s∆
+
p (r)du(p, r)ds(p, s) +O(σ1+α+βZ )

= ±∂s∆+
p (r)ds(p, s) +O(σ1+α+βZ ),

since ∂s∆
+
p (r) is α-Hölder and vanish at r = p.

Now that we have a local description of ∆+, we turn to a study of the local behavior of ∆− along
the unstable direction. To achieve a clean proof, we will use the following asymptotic expansion of
the distance function, whose proof is postponed to Section 5.7.2.

Proposition 5.4.8. Fix p ∈ Ω and s ∈ W s
loc(p) ∩ Ω. There exists a C∞ (uniformly in p) function

ϕp : Wu
loc(p) ∩ Ω → R such that

du(s, [r, s]) = du(p, r) + ϕp(r)d
s(p, s) +O

(
ds(p, s)(du(p, r)1+α + ds(p, s)α)

)
Theorem 5.4.9. Let p, q ∈ Ω be close enough, and denote [p, q] =: s ∈ W s

loc(p) ∩ Ω, and [q, p] =:
r ∈ Wu

loc(p) ∩ Ω. Suppose that ds(p, s) ≤ σβZ and du(p, r) ≤ σ for σ > 0 small enough. If βZ > 1
is fixed large enough, then there exists a polynomial Pp,s ∈ RdZ [X] (where dZ := ⌊βZ⌋ + 2) whose
coefficients depends on p, s, and a (uniformly) C1+α function ψp : Wu

loc(p) ∩ Ω → R such that

∆−(p, q) = Pp,s
(
± (Φup̂)−1(r)

)
+ ψp(r)d

s(p, s) +O(σ1+βZ+α).

Proof. Like before, let us decompose ∆−(p, q) into two contributions:

∆−(p, q) = ∇p(r) −∇s(q),

where ∇p : Wu(p) → R is defined by

∇p(r) :=

∞∑
n=1

(
τ(f−n(p)) − τ(f−n(r))

)
.

This map is clearly smooth along Wu
loc(p). A Taylor expansion along Wu

loc(p) of order dZ :=
⌈βZ⌉ + 2 ∈ N yields

∇p(r) =

dZ∑
k=1

αk(p)du(p, r)k +O(du(p, r)dZ+1) ; ∇s(q) =

dZ∑
k=1

αk(s)du(s, q)k +O(du(s, q)dZ+1),
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for some functions αk : Ω → R, k ∈ J1, dZK. Notice that dZ is so large that du(p, r)dZ+1, du(q, s)dZ+1 =
O(σ1+α+β). This gives the expansion

∆−(p, q) =

dZ∑
k=1

(
αk(p)du(p, r)k − αk(s)du(s, q)k

)
+O(σβZ+α+1).

Now, our previous technical lemma ensure that there exists a (uniformly in p) C1+α map ϕp :
Wu(p) ∩ Ω → R such that

du(s, [r, s]) = du(p, r) + ϕp(r)d
s(p, s) +O

(
ds(p, q)(du(p, r)1+α + ds(p, s)α)

)
= du(p, r) + ϕp(r)d

s(p, s) +O
(
σ1+βZ+α

)
.

It follows that, for all k ≥ 1, we can write

du(s, q)k =
(
du(p, r) + ϕp(r)d

s(p, s) +O
(
σ1+βZ+α

))k
= du(p, r)k + kdu(p, r)k−1ϕp(r)d

s(p, s) +O(σ2βZ + σ1+β+α)

= du(p, r)k + kdu(p, r)k−1ϕp(r)d
s(p, s) +O(σ1+β+α)

since 2βZ > 1 + α+ βZ , as βZ > 2 and α ∈ (0, 1). Hence

∆−(p, q) =

dZ∑
k=1

(
αk(p)du(p, r)k − αk(s)(du(p, r)k + kdu(p, r)k−1ϕp(r)d

s(p, s))
)

+O(σβZ+α+1)

=

dZ∑
k=1

(
(αk(p) − αk(s))du(p, r)k

)
− ds(p, s)

dZ∑
k=1

αk(s)kdu(p, r)k−1ϕp(r) +O(σβZ+α+1)

= Pp,s(r) + ds(p, s)ψp(r) +O(σ1+βZ+α),

where Pp,s(r) is a polynomial in du(p, r) of degree dZ whose coefficients depends on p, s, and where
ψp is a (uniformly in p) C1+α function of r. To conclude, we write Pp,s(r) = (Pp,s ◦ Φup̂)(z) for

z := (Φup̂)−1(r) and for some choice of orientation p̂. This is a (uniformly in p̂, s) smooth function

of z, and a Taylor expansion of order dZ allows us to write Pp,s(r) = Qp,s(±z) +O(σ1+α+βZ ), for
some Qp,s ∈ RdZ [X].

Remark 5.4.10. Recall again that µ has a local product structure [Cl20], in the following sense.
For all x ∈ Ω, there exists µux and µsx two measures supported on Ux := Ω ∩Wu

loc(x) and Sx :=
Ω ∩W s

loc(x) such that, for all measurable h : M → C supported in a small enough neighborhood
of x, we have ∫

Ω

hdµ =

∫
Ux

∫
Sx

h([z, y])eωx(z,y)dµsx(y)dµux(z),

where ωx is some (uniformly in x) Hölder map. In particular, for C(µ) := supx ∥ωx∥L∞(Wu
loc(x)×W

s
loc(x))

,
we find when h is nonnegative:

e−C(µ)

∫
Ux

∫
Sx

h([z, y])dµsx(y)dµux(z) ≤
∫
Ω

hdµ ≤ eC(µ)

∫
Ux

∫
Sx

h([z, y])dµsx(y)dµux(z).

Notice in particular that, for some rectangle Rp = [Up, Sp] ∋ p, and for any borel set I ⊂ R :

µ(q ∈ Rp, h([q, p]) ∈ I) ≃ µsp(Sp)µ
u
p(z ∈ Up, h(z) ∈ I)).

The family of measures (µux)x∈Ω satisfies some invariance properties under f that will be useful
later.

Lemma 5.4.11. Denote by
x̂

:= (Φux̂)∗µux, the measure µux seen in the coordinates Φux̂. Suppose

that the family (Xx̂)x̂ satisfies the following“non-concentration modulo polynomials”property: there

exists α, γ, σ0 > 0 such that, for all x̂ ∈ Ω̂ and for all 0 < σ < σ0:

sup
P∈RdZ

[X]
x̂
(z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α/2) ≤ σγ ·

x̂
([−σ, σ]).

Then the conclusion of Theorem 5.1.4 holds.
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Proof. Recall that, by Lemma 5.2.4, to check (NC), it suffice to establish the following bound:

µ
(
q ∈ R, |∆(p, q)| ≤ σ1+α+βZ

)
≲ σγµ(R)

where the bound is uniform in p and R, for R ∈ RectβZ
(σ) a rectangle containing p with stable

(resp. unstable) diameter σβZ (resp. σ). Let us check this estimate by using the Taylor expansion
of ∆+ and ∆−. We can write, using the local product structure of µ:

µ
(
q ∈ R, |∆(p, q)| ≤ σ1+α+βZ

)
≲
∫
S

µup
(
r ∈ Uσp , |∆+

p ([r, s]) + ∆−(p, [r, s])| ≤ σ1+α+βZ
)
dµsp(s)

≲
∫
S

µup
(
r ∈ Uσp , |(∂s∆+

p (r) + ψp(r))d
s(p, s) + Pp,s(±(Φup̂)−1(r))| ≤ Cσ1+βZ+α

)
dµsp(s)

=

∫
S

µup
(
r ∈ Uσp , |∂s∆+

p (r) + ψp(r) +Qp,s(±(Φup̂)−1(r)))|ds(p, s) ≤ Cσ1+βZ+α
)
dµsp(s)

where Qp,s := ds(p, s)
−1
Pp,s. It is easy to see, using Gibbs estimates and the fact that diams(S) ≃

σβZ , that there exists δreg > 0 such that

µsp(B(p, σβZ+α/2) ∩ S) ≤ σαδreg/2µsp(S).

It follows that one can cut the integral over S in two parts: the part where s is σβZ+α/2-close to
p, and the other part. We get, using the aforementioned regularity estimates:

µ
(
q ∈ R, |∆(p, q)| ≤ σ1+α+βZ

)
≲ σδregα/2µ(R) +

∫
S

µup

(
r ∈ Uσp , |∂s∆+

p (r) + ψp(r) +Qp,s(±(Φup̂)−1(r))| ≤ Cσ1+α/2
)
dµsp(s).

We just have to control the integral term to conclude. To do so, notice that, for all s, we can write:

µup

(
r ∈ Uσp , |∂s∆+

p (r) + ψp(r) +Qp,s(±(Φup̂)−1(r))| ≤ Cσ1+α/2
)

=
(
(Φup̂)∗µup

) (
z ∈ (Φup̂)−1(Uσp ), |∂s∆+

p (Φup̂(z)) + ψp(Φ
u
p̂(z)) +Qp,s(±z)| ≤ Cσ1+α/2

)
≤
(
(Φup̂)∗µup

) (
z ∈ [−Cσ,Cσ], |∂s∆+

p (Φup̂(z)) + ψp(Φ
u
p̂(z)) +Qp,s(±z)| ≤ Cσ1+α/2

)
.

Beware that, if ψp ◦ Φup̂ is uniformly in p a C1+α function of z, allowing us do approximate it by
its 1 + α-th order Taylor expansion, the same doesn’t hold for Qp,s, which may have unbounded
coefficients as s gets close to p. Still, writing

ψp(Φ
u
p̂(z)) = α(1)

p ± α(2)
p z +O(σ1+α),

we find, replacing Qs,p by Q̃s,p(z) := α
(0)
p ± α

(1)
p z +Qs,p(±z),

µ
(
q ∈ R, |∆(p, q)| ≤ σ1+α+βZ

)
≲ σδregα/2µ(R) +

∫
S

p

(
z ∈ [−Cσ,Cσ], |∂s∆+

p (Φup̂(z)) + Q̃p,s(±z)| ≤ Cσ1+α/2
)
dµsp(s). (∗)

Now, since TM/Eu is a line bundle, and since [∂s] and [∂p̂s ] are C1+α sections of this line bundle
([∂s] is C1+α because Es is C1+α in our 2-dimensional context, and [∂p̂s ] is actually smooth by
construction), there exists a nonvanishing C1+α function ap̂(z) such that [∂s]Φu

p̂
(z) = ap̂(z)[∂ps ]Φu

p̂
(z).

We have ap(z) = ±(1 + O(σ)). Hence, using the bound Xx̂(z) = O(σα) since Xx̂ is (uniformly)
Hölder regular and vanish at zero:

p̂

(
z ∈ [−Cσ,Cσ], |∂s∆+

p (Φup̂(z)) + Q̃p,s(±z)| ≤ Cσ1+α/2
)

=
p̂

(
z ∈ [−Cσ,Cσ], |ap̂(z)Xp̂(z) + Q̃p,s(±z)| ≤ Cσ1+α/2

)
≤

p̂

(
z ∈ [−Cσ,Cσ], |Xp̂(z) ± Q̃p,s(±z)| ≤ C ′σ1+α/2

)
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≤ C ′′
p̂
([C ′σ,C ′σ])σγ ,

where the last control is given by the nonconcentration hypothesis made on (Xx̂)x̂∈Ω̂. To conclude,
notice that by regularity of the parametrizations Φup̂ , and since the measure µux is doubling (thus
constants can be neglected, see section 5.9), we get

p̂
([−Cσ,Cσ]) ≤ Cµup(U). Injecting this

estimate in (∗) yields

µ
(
q ∈ R, |∆(p, q)| ≤ σ1+βZ+α

)
≤ C

(
σδregα/2 + σγ

)
µ(R),

which is what we wanted.

Notice that the estimate required to apply Lemma 5.4.11 actually doesn’t depend on the choice
of the orientation x̂ ∈ Ω̂ in the fiber above x. If the estimate is true for x̂, then it is also satisfied
for s(x̂). We are reduced to understand oscillations of z 7→ Xx̂(z) modulo polynomials of a fixed
degree dZ ≥ 1. The next section will be devoted to proving a “blowup” result on the family
(Xx̂)x̂∈Ω̂, which will help us understand deeper the oscillations of those functions. This “blowup”
result will allow us to exhibit a rigidity phenomenon. The final section is devoted to proving the
non-concentration estimates in the hypothesis of Lemma 5.4.1, under our generic condition defined
in Remark 5.4.5.

5.5 Autosimilarity, polynomials, and rigidity

Let us recall our setting. We are given a family of Hölder maps (Xx̂)x̂∈Ω̂, where Xx̂ : Ωux̂ ∩
(−ρ, ρ) −→ R is defined only on a (fractal) neighborhood of zero and vanish at z = 0. Recall that
Ωux̂ := (Φux̂)−1(Ω) ∋ 0. Recall also that Ωus(x̂) = −Ωux̂ and that Xs(x̂)(z) = −Xx̂(−z). Furthermore,

we have an autosimilarity relation: for any x̂ ∈ Ω̂, and any z ∈ Ωux̂ ∩ (−ρ, ρ), we have

Xx̂(z) = τ̂x̂(z) + µxXf̂(x̂)(zλx),

where τ̂x̂ : Ωux̂ ∩ (−ρ, ρ) → R is a C1+α map (in the sense of Whitney) that vanish at zero. Recall
that τ̂ ′x̂(0) only depends on x ∈ Ω, and recall moreover that Reg1+αu -generically in the choice of τ ,
we can suppose that the function

Φτ : x ∈ Ω 7→ (τ̂x̂)′(0)eh(x) ∈ R

is not cohomologous to zero (where h : Ω → R is such that µxλx = exp(h(f(x)) − h(x))). We
will establish quantitative estimates on the oscillations of (Xx̂) under the cohomology condition
Φτ ≁ 0. To do so, we start by proving a “blowup” result, inspired from Appendix B in [TZ20]. The
point of this lemma is to only keep, in the autosimilarity formula of (Xx̂)x̂∈Ω̂, the germ of τ̂x̂ (in
the form of its Taylor expansion at zero at some order). Depending on the contraction/dilatation
rate on the dynamics, the order of this Taylor expansion is different: in our area-preserving case,
it is enough to approximate τ̂x̂(z) by (τ̂x̂)′(0)z.

Lemma 5.5.1 (Blowup). There exists two families of functions (Yx̂)x̂∈Ω̂, (Zx̂)x̂∈Ω̂ such that:

• For all x̂ ∈ Ω̂ and z ∈ Ωux̂ ∩ (−ρ, ρ),

Xx̂(z) = Yx̂(z) + Zx̂(z).

• The map Yx̂ : Ωux̂ ∩ (−ρ, ρ) → R is C1+α, and there exists C ≥ 1 such that, for all x̂ ∈ Ω̂ and
z ∈ Ωux̂ ∩ (−ρ, ρ):

|Yx̂(z)| ≤ C|z|1+α.

• The family (Zx̂)x̂∈Ω̂ satisfies an autosimilarity formula: for any x̂ ∈ Ω̂, z ∈ Ωux̂ ∩ (−ρ, ρ)

Zx̂(z) = (τ̂x̂)′(0)z + µxZf̂(x̂)(zλx).

Moreover, the dependence in x̂ of (Xx̂)x̂∈Ω̂, (Yx̂)x̂∈Ω̂ and (Zx̂)x̂∈Ω̂ is Hölder.
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Proof. In the original proof, there is an implicit argument used, which is the fact that polynomials
(of order one, here) are maps with vanishing (second order) derivative. In our fractal context,
this is not true, as Ωux̂ may not be connected: so we have to replace this derivative with a notion
adapted to our fractal context. For β < α, define a “(1 + β)-order fractal derivative” as follows:
if h : Ωux ∩ (−ρ, ρ) → R is C1+α in the sense of Whitney, then its Taylor expansion at zero makes
sense, and we can consider the function:

δ1+β(h)(z) :=
h(z) − h(0) − h′(0)z

|z|1+β
.

This is a continuous function on Ωux̂ ∩ (−ρ, ρ), which is bounded and vanish at zero at order
|z(α−β)−|. Moreover, notice that δ1+β(h) = 0 is equivalent to saying that h is affine. Notice further
that

δ1+β
(
µh(λ·)

)
(z) = (µ|λ|1+β) · δ1+β(h)(zλ).

Now, let us begin the actual proof. Consider the autosimilarity equation of (Xx̂), and formally
take the (1 + β)-th fractal derivative. We search for a C1+α solution (Yx̂) of this equation:

δ1+β(Yx̂)(z) = δ1+β(τ̂x̂)(z) + µxλ
1+β
x · δ1+β(Yx̂)(zλx).

Notice that κx := µxλ
1+β
x behaves like a greater-than-one multiplier. Indeed, if we denote, for

x ∈ Ω and n ∈ Z,
κ⟨n⟩x := κx . . . κfn−1(x)

(if n ≥ 0, and similarly if n ≤ 0 as in the definition of λ
⟨n⟩
x ), we see that κ

⟨n⟩
x ≥ (λn−)β , where

λ− > 1. We can solve this equation by setting

δ1+β(Yx̂)(z) := −
∞∑
n=1

δ1+β(τ̂f̂−n(x̂))(zλ
⟨−n⟩
x ) · κ⟨−n⟩x =: Ỹx̂(z).

This defines a continuous function that vanishes at zero. We then define Yx̂ as the only C1+α

function such that Yx̂(0) = Y ′
x̂(0) = 0 and δ1+β(Yx̂) = Ỹx̂. In other words, Yx̂(z) := |z|1+βỸx̂(z).

Using the sum formula of Ỹx̂, we find the autosimilarity formula:

Yx̂(z) = τ̂x̂(z) − (τ̂x̂)′(0)z + µxYf̂(x̂)(zλx).

We can then conclude by setting Zx̂ := Xx̂ − Yx̂.

Remark 5.5.2. One could wonder what it means for (Xx̂)x̂ (or (Yx̂)x̂ and (Zx̂)x̂) to be Hölder in x̂,
when the domain of definition ofXx̂ changes with x̂. We mean the following. If x̂1 ∈ Ω is close to x̂0,
then first of all they share the same local orientation. Denote x2 := [x1, x0] ∈ Wu

loc(x) ∩W s
loc(x),

and then consider x̂2 in the fiber of x2 with the same local orientation than x̂1 and x̂0. The
holonomy between Wu

loc(x1) and Wu
loc(x2), written in coordinates Φux̂1

and Φux̂2
, yields a map πx2,x1

:

Ωux̂2
∩ (−ρ, ρ) → Ωux̂1

∩ (−ρ′, ρ′). Then, the affine map affx̂0,x̂2
= Φux̂0

◦ (Φux̂2
)−1 : Ωux̂2

∩ (−ρ′, ρ′) →
Ωux̂0

∩ (−ρ′′, ρ′′) allows us to compare functions on Ωx̂2
with functions on Ωx̂0

. It is not difficult to

see that the map affx̂0,x̂2
◦πx̂2,x̂1

is C1+α, and moreover that ∥affx̂0,x̂2
◦πx̂2,x̂1

−Id∥C1+α ≲ d(x̂0, x̂1)α

[PR02]. What we mean for the Hölder dependence in x, then, is the following:

∥Xx̂1
−Xx̂0

◦ affx̂0,x̂2
◦ πx̂2,x̂1

∥L∞(Ωx̂1
∩(−ρ,ρ)) ≲ d(x̂0, x̂1)α.

To get from this construction a deeper understanding of the local behavior of (Xx̂), we need
first to state some quantitative statements about equivalence of norms in our context. The proof
of the next lemma will be done in section 5.8.

Lemma 5.5.3. There exists κ > 0 such that, for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], there exists
z0 ∈ Ωux̂ ∩ (−ρ/2, ρ/2) such that

∀z ∈ [z0 − κ, z0 + κ], |P (z)| ≥ κ∥P∥Cα((−ρ,ρ)).

If we denote P =
∑dZ
k=0 akz

k ∈ RdZ [X], then moreover

max
0≤k≤dZ

|ak| ≤ κ−1∥P∥L∞((−ρ,ρ)∩Ωu
x̂
).
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From this, we deduce a strong statement on the possible forms of Zx̂.

Lemma 5.5.4. Suppose that there exists P ∈ RdZ [X] such that Zx̂0
= P on (−ρ, ρ)∩Ωux̂0

, for some

x̂0 ∈ Ω̂. Then P is linear.

Proof. Let κ > 0 be such that

∀P =

dZ∑
k=0

akz
k ∈ RdZ [X], max

0≤k≤dZ
|ak| ≤ κ−1 inf

x
∥P∥L∞((−ρ,ρ)∩Ωx).

We suppose that there exists P =
∑
k akz

k ∈ RdZ [X] such that Zx̂0
(z) = P (z) for all z ∈ (−ρ, ρ)∩

Ωux̂0
. Since

∀n ≥ 1,∀z ∈ (−ρ, ρ) ∩ Ωu
f̂n(x̂0)

, Zf̂n(x̂0)
(z) = linear + µ⟨−n⟩

x Zx̂0
(λ⟨−n⟩x z),

it follows that Zf̂n(x̂0)
is polynomial on Ωu

f̂n(x̂0)
∩ (−ρ, ρ), of the form:

Zf̂−n(x̂0)
(z) = linear +

dZ∑
k=2

µ⟨n⟩
x0

(λ⟨n⟩x0
)kakz

k.

Equivalence of norms yields, for all k ≥ 2,

∀n ≥ 1, |µ⟨n⟩
x0

(λ⟨n⟩x0
)kak| ≤ κ−1 sup

x̂∈Ω̂

∥Zx̂∥L∞(Ωu
x̂
∩(−ρ,ρ)) <∞,

which implies that ak = 0 for k ≥ 2. Hence, Zx̂0
is linear.

The idea now is to consider the distance from Zx̂ to the space of linear/polynomial maps. By
the autosimilarity formula of (Zx̂), there is going to be some invariance that will prove useful.
Notice, from the proof of lemma 5.5.1, that Zs(x̂)(z) = −Zx̂(−z).

Definition 5.5.5. For any ρ > 0 small enough, consider the functions Dlin
ρ ,Dpoly

ρ : Ω −→ R+ defined
as

Dlin
ρ (x) := inf

a∈R
sup

z∈Ωu
x̂
∩(−ρ,ρ)

|Zx̂(z) − az|

and

Dpoly
ρ (x) := inf

P∈RdZ
[X]

sup
z∈Ωu

x̂
∩(−ρ,ρ)

|Zx̂(z) − P (z)|.

where x̂ ∈ Ω̂ is any choice of element in the fiber of x ∈ Ω. These functions are continuous, since
x̂ ∈ Ω 7→ Zx̂ ∈ C0 is continuous in the sense of Remark 5.5.2, and since we are computing a
distance to a finite-dimensional vector space. Moreover,

0 ≤ Dpoly
ρ ≤ Dlin

ρ .

In the following, for some C1+α function Z on Ωux ∩ (−ρ, ρ), let us denote

δ1+α(Z)(z) :=
Z(z) − Z(0) − Z ′(0)z

|z|1+α
.

Lemma 5.5.6. We have the following criterion. The following are equivalent, for some fixed x ∈ Ω
and ρ > 0:

• Dlin
ρ (x) = 0

• For some x̂ ∈ Ω in the fiber of x, for all n ≥ 0, Zf−n(x̂) ∈ C1+α
(
Ωuf−n(x̂)∩(−ρλ⟨−n⟩x , ρλ

⟨−n⟩
x

)
,R),

and there exists C ≥ 1 such that, for all n ≥ 0,

∥δ1+α(Zf̂−n(x̂))∥L∞(Ωu

f̂−n(x̂)
∩(−ρλ⟨−n⟩

x ,ρλ
⟨−n⟩
x ))

≤ C.
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Proof. Suppose that Dρ(x) = 0. Choose any x̂ ∈ Ω̂ in the fiber of x ∈ Ω. Since Zx̂(0) = 0, there
exists a ∈ R such that Zx̂(z) = az on (−ρ, ρ). The autosimilarity relation Zx̂(z) = (τ̂x̂)′(0)z +
µxZf̂(x̂)(λxz) gives, with a change of variable,

Zf̂−1(x̂)(zλ
⟨−1⟩
x )µ⟨−1⟩

x = (τ̂f̂−1(x̂))
′(0)λ⟨−1⟩

x µ⟨−1⟩
x z + Zx̂(z).

Iterating this yields
Zf̂−n(x̂)(zλ

⟨−n⟩
x )µ⟨−n⟩

x = linear + Zx̂(z).

In particular, if Zx̂ is linear on Ωux̂∩(−ρ, ρ), then Zf̂−n(x̂) is linear on Ωu
f̂−n(x̂)

∩(−ρλ⟨−n⟩x , ρλ
⟨−n⟩
x )).

In particular, it is C1+α and the bound on δ1+α(Zf̂−n(x̂)) = 0 holds. Reciprocally, if the second

point holds, then we can write, on Ωux̂ ∩ (−ρ, ρ):

|δ1+α(Zx̂)(z)| = |µ⟨−n⟩
x (λ⟨−n⟩x )1+α · δ1+α(Zf̂−n(x̂))(zλ

⟨−n⟩
x )| ≤ C ′(|λx|⟨−n⟩)α −→

n→∞
0,

where we used the fact that µ
⟨n⟩
x λ

⟨n⟩
x = eO(1) by our area-preserving hypothesis made on the

dynamics f . Hence δ1+α(Zx̂) = 0 on Ωux̂ ∩ (−ρ, ρ), which means that Zx̂ is linear on this set.

Lemma 5.5.7 (Rigidity lemma). Suppose that there exists x0 ∈ Ω such that Dpoly
ρ (x0) = 0, then

Dlin
ρ = 0 on Ω.

Proof. The proof is in three steps. Suppose that Dpoly
ρ (x0) = 0 for some ρ > 0 and some x0 ∈ Ω.

• We first show that there exists 0 < ρ′ < ρ and a set ω ⊂ Wu
loc(x0) ∩ Ω which is an open

neighborhood of x for the topology of Wu
loc(x0) ∩ Ω, such that Dlin

ρ′ (x̃) = 0 if x̃ ∈ ω.

So suppose that Dpoly
ρ (x0) = 0. This means that Zx̂0

coincide with a polynomial of degree dZ on
(−ρ, ρ) ∩ Ωux̂0

. Lemma 5.5.4 ensures that, in this case, Zx̂0
is in fact linear on (−ρ, ρ) ∩ Ωux̂0

. Now,

notice that since Yx̂0
is C1+α, we know that Xx̂0

is C1+α on (−ρ, ρ) ∩ Ωux̂0
. Recall then that, by

Lemma 5.4.6, we know that if x1 ∈Wu
loc ∩ Ω is close enough to x0, (and if x̂1 share the same local

orientation than x̂0) we can write

Affx̂0,x̂1

(
Xx̂1

(z)
)

= Xx̂0
(affx̂0,x̂1

(z)),

where Affx̂0,x̂1
and affx̂0,x̂1

are affine functions (that gets close to the identity as x1 → x0). If follows
that Xx̂1

is C1+α on some (smaller) open neighborhood of zero, (−ρ′, ρ′)∩Ωux̂1
. In particular, Zx̂1

is also C1+α on this set. Let us show that Dlin
ρ′ (x̂1) = 0 by checking the criterion given in the

previous lemma. We have:

Zx̂1
(z) = Xx̂1

(z) − Yx̂1
(z) = Aff−1

x̂0,x̂1

(
Xx̂0

(affx̂0,x̂1
(z))

)
− Yx̂1

(z)

= Aff−1
x̂0,x̂1

(
Zx̂0

(affx̂0,x̂1
(z))

)
+ Aff−1

x̂0,x̂1

(
Yx̂0

(affx̂0,x̂1
(z))

)
− Yx̂1

(z)

By hypothesis, Aff−1
x̂0,x̂1

(
Zx̂0

(affx̂0,x̂1
(z))

)
is affine in z, and so its (1 +α)-th derivative is zero. We

can then write, for all n ≥ 0 and z ∈ (−ρ′λ⟨−n⟩x , ρ′λ
⟨−n⟩
x ) ∩ Ωu

f̂−n(x̂1)
:

δ1+α(Zf̂−n(x̂1)
)(z) = αf̂−n(x̂0),f̂−n(x̂1)

δ1+α(Yf̂−n(x̂0)
)(afff̂−n(x̂0),f̂−n(x̂1)

(z)) − δ1+α(Yf̂−n(x̂1)
)(z),

where αx̂0,x̂1
:= (Aff−1

x̂1,x̂0
)′(0)(affx̂1,x̂0

)′(0)1+α = 1+O(du(x0, x1)). Since |δ1+α(Yx̂0
)| ≤ ∥Yx̂0

∥C1+α ,
the criterion applies.

• Second, we show that if Dlin
ρ′ (x) = 0 for some x and small ρ′, then Dlin

min(ρ′λx,ρ)
(f(x)) = 0.

This directly comes from the autosimilarity formula. We have, for z ∈ (−ρ, ρ) ∩ Ωux̂:

Zx̂(z) = (τ̂x̂)′(0)z + µxZf̂(x̂)(zλx).

In particular, if Zx̂ is linear on (−ρ′, ρ′)∩Ωux̂, then Zf̂(x̂) is linear on (−ρ′λx, ρ′λx)∩(−ρ, ρ)∩Ωu
f̂(x̂)

.
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• We conclude, using the transitivity of the dynamics and the continuity of Dlin
ρ .

We know that Dlin
ρ (x0) = 0, by hypothesis. By step one, there exists ω, some unstable neighbor-

hood of x0, and ρ′ < ρ such that Dlin
ρ′ = 0 on ω. Step 2 then ensures that Dlin

min(ρ′λ
⟨n⟩
x ,ρ)

= 0 on

fn(ω). Choosing N large enough, we conclude that

∀x ∈
⋃
n≥N

fn(ω), Dlin
ρ (x) = 0.

Since the dynamics f is transitive on Ω, we know that
⋃
n≥N f

n(ω) is dense in Ω. The function

Dlin
ρ being continuous, it follows that Dlin

ρ = 0 on Ω.

Lemma 5.5.8 (Oscillations everywhere in x). Under the Reg1+αu -generic condition Φτ ≁ 0, the

following hold. There exists κ ∈ (0, ρ/10) such that, for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], there exists
z0 ∈ Ωux̂ ∩ (−ρ/2, ρ/2) such that

∀z ∈ Ωux̂ ∩ (z0 − κ, z0 + κ), |Zx̂(z) − P (z)| ≥ κ.

Proof. Our previous lemma gives us the following dichotomy: either Dpoly
ρ > 0 on Ω, or either

Dlin
ρ = 0 on Ω. Suppose the later. In this case, for all x̂, Zx̂ ∈ C1+α. Write the autosimilarity

relation and take the (usual) first derivative in z. We find:

Z ′
x̂(0) = (τ̂x̂)′(0) + µxλxZ

′
f̂(x̂)

(0).

Recall that, since f is area preserving, we can write µxλx = exp(h(f(x)) − h(x)) for some Hölder
function h : Ω → R. Our previous relation can then be rewritten as

Z ′
x̂(0)eh(x) = eh(x)(τ̂x̂)′(0) + Z ′

f̂(x̂)
(0)eh(f(x)).

Now notice that Z ′
x̂(0)eh(x) =: θ(x) doesn’t depend on the choice of x̂ in the fiber of x. We can

rewrite our expression as Φτ = θ◦f−θ where Φτ (x) = eh(x)(τ̂x)′(0), that is, Φτ ∼ 0. So our generic
condition Φτ ≁ 0 ensures that Dpoly

ρ > 0 on Ω. By continuity of Dpoly
ρ , and by compacity of Ω,

there exists some κ > 0 such that Dpoly
ρ (x) ≥ κ for all x ∈ Ω. One can do the same proof replacing ρ

with ρ/2, so we can directly says that Dpoly
ρ/2 (x) ≥ κ, taking κ smaller if necessary. Now, this means

the following: for every P ∈ RdZ [X], for every x̂ ∈ Ω̂, there exists z0(x, a, b) ∈ Ωux̂ ∩ (−ρ/2, ρ/2)
such that

|Zx̂(z0) − P (z)| ≥ κ.

We still have to show that this doesn’t only hold for some point z0, but on a whole small interval.
The proof uses the technical Lemma 5.5.3 on equivalence of norms RdZ [X]. The proof in different,
depending if ∥P∥Cα(Ωu

x∩(−ρ,ρ)) is small or large.

Let x̂ ∈ Ω̂ and P ∈ RdZ [X]. There exists z0 ∈ Ωux̂ ∩ (−ρ/2, ρ/2) such that |P (z0)−Zx̂(z0)| ≥ κ.
Hence:

∀z ∈ (z0 − κ̃, z0 + κ̃) ∩ Ωux̂, |Zx̂(z) − P (z)| ≥ κ− ∥Zx̂ − P∥Cα(Ωu
x̂
∩(−ρ,ρ))κ̃

α

≥ κ− ( sup
x′∈Ω̂

∥Zx′∥Cα(Ωu
x′∩(−ρ,ρ)) + ∥P∥Cα(−ρ,ρ))κ̃

α.

This arguments gives us what we want if ∥P∥Cα(−ρ,ρ) is bounded by some constantM ≥ supx′ ∥Zx′∥Cα .
Indeed, in this case, choosing κ̃ := (κ/2M)1α yields

∀z ∈ (z0 − κ̃, z0 + κ̃) ∩ Ωux̂, |Zx̂(z) − P (z)| ≥ κ/2.

To conclude, we need to understand the case where ∥P∥Cα((−ρ,ρ)) is large. Recall that Lemma
5.5.3 ensure that there exists κ0 ∈ (0, 1) and z1 ∈ (−ρ/2, ρ/2) ∩ Ωux̂ such that

∀z ∈ (z1 − κ0, z1 + κ0), |P (z)| ≥ κ0∥P∥Cα((−ρ,ρ)).

It follows that if M is fixed so large that M ≥ supx′ ∥Zx′∥Cακ−1
0 + κ, then in the case where

∥P∥Cα(−ρ,ρ) ≥M we find

∀z ∈ (z1 − κ0, z1 + κ0), |P (z) − Zx̂(z)| ≥ |P (z)| − ∥Zx̂∥∞
≥ κ0∥P∥Cα − ∥Zx̂∥∞ ≥ κ,

which conclude the proof.
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Lemma 5.5.9 (Oscillation everywhere in x, at all scales in z). Under the generic condition Φτ ≁ 0,

the following hold. There exists κ > 0 such that, for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], for all n ≥ 0,
there exists z0 ∈ Ωux̂ ∩ (−ρ/2, ρ/2) such that

∀z ∈ Ωux̂ ∩ (z0 − κ, z0 + κ), |Z⟨n⟩
x̂ (z) − P (z)| ≥ κ,

where Z
⟨n⟩
x̂ (z) := µ

⟨−n⟩
x Zf̂−n(x̂)(zλ

⟨−n⟩
x ). The family (Z

⟨n⟩
x̂ ) is a (n-th times) zoomed-in and rescaled

version of (Zx̂).

Proof. We know that Z
⟨n⟩
x̂ (z) = linear+Zx̂(z) on (−ρ, ρ)∩Ωux̂. The result follows from the previous

lemma.

Lemma 5.5.10. Under the generic condition Φτ ≁ 0, the following hold. There exists κ > 0 and
n0 ≥ 0 such that, for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], for all n ≥ n0, there exists z0 ∈ Ωux̂∩(−ρ/2, ρ/2)
such that

∀z ∈ Ωux̂ ∩ (z0 − κ, z0 + κ), |X⟨n⟩
x̂ (z) − P (z)| ≥ κ,

where X
⟨n⟩
x̂ (z) := µ

⟨−n⟩
x Xf̂−n(x̂)(zλ

⟨−n⟩
x ).

Proof. Recall that Xx̂ = Yx̂ + Zx̂, and that |Yx̂(z)| ≤ C|z|1+α. Zooming in, we find, for all n ≥ 0:

X
⟨n⟩
x̂ (z) = Y

⟨n⟩
x̂ (z) + Z

⟨n⟩
x̂ (z),

where Y
⟨n⟩
x̂ (z) := µ

⟨−n⟩
x Yf̂−n(x̂)(zλ

⟨−n⟩
x ) = O((λ

⟨−n⟩
x )α). Taking n0 large enough so that this is less

than κ/2 for the κ given by the previous lemma allows us to conclude.

We can rewrite this into a statement about Xx̂ only.

Proposition 5.5.11. Under the generic condition Φτ ≁ 0, the following hold. There exists 0 < κ <
1/10 and σ0 > 0 such that, for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], for all 0 < σ < σ0, there exists
z0 ∈ Ωux̂ ∩ (−σ/2, σ/2) such that

∀z ∈ Ωux̂ ∩ (z0 − κσ, z0 + κσ) ⊂ (−σ, σ), |Xx̂(z) − P (z)| ≥ κσ.

Proof. For each σ small enough, define nx(σ) as the largest positive integer such that σ ≤
ρλ

⟨−nx(σ)⟩
x . We then have σ ≃ λ

⟨−nx(σ)⟩
x ≃ (µ

⟨−nx(σ)⟩
x )−1, and we see that we can deduce our

statement written with σ by our statement written with nx(σ).

We conclude this section by establishing what we will call the “Uniform Non Integrability
condition” (UNI) in our context.

Definition 5.5.12 (UNI). We say that the condition (UNI) is satisfied if there exists 0 < κ < 1/10

and σ0 > 0 such that, for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], for all 0 < σ < σ0, for any z0 ∈ Ωux̂∩(−ρ, ρ),
there exists z1 ∈ Ωux̂ ∩ (z0 − σ/2, z0 + σ/2) such that

∀z ∈ Ωux̂ ∩ (z1 − κσ, z1 + κσ) ⊂ (z0 − σ, z0 + σ), |Xx̂(z) − P (z)| ≥ κσ.

Proposition 5.5.13. Under the generic condition Φτ ≁ 0, (UNI) holds.

Proof. Let us fix the κ and σ0 from Proposition 5.5.11. Let x̂ ∈ Ω̂, let σ < σ0, and let z0 ∈ Ωux̂.
Let P ∈ RdZ [X]. Define x1 := Φux(z0). Let x̂1 be the element in the fiber of x1 that share he same
local orientation than x̂. Recall that, by Lemma 5.4.6, there exists Affx̂,x̂1

and affx̂,x̂1
, two affine

functions with eO(1) linear coefficients, such that

Affx̂,x̂1
(Xx̂1

(z)) = Xx̂(affx̂,x̂1
(z)).

Furthermore, affx̂,x̂1
= (Φux̂)−1 ◦ (Φux̂1

). Notice that affx̂,x̂1
(0) = z0. Since (Affx̂,x̂1

)′(0) = eO(1), the
previous lemma applied to Xx̂1

gives us some z2 ∈ (−σ/2, σ/2) such that:

∀z ∈ (z2 − κσ, z2 + κσ), |Affx̂,x̂1
(Xx̂1

(z)) − P (z)| ≥ κσ,

choosing κ smaller if necessary. Setting z1 := (affx̂,x̂1
)−1(z2) yields the desired result.
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5.6 The non-concentration estimates under (UNI)

In this last section, we establish our last estimate, given by the following proposition, which takes
the role of the “tree Lemma” 2.5.7 of Chapter 2. The idea of the proof is the same, the main
difficulty for us was to replace the easy (UNI) condition found in Chapter 2 by our subtle (UNI)
condition in our context. But once a version of (UNI) is proved, the “tree lemma” follows quite
easily, even in our context.

Proposition 5.6.1. Under (UNI), there exists γ > 0 and α > 0 such that for all σ > 0 small enough,

for all x̂ ∈ Ω̂, for all P ∈ RdZ [X], we have

x̂

(
z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α

)
≤ σγ

x̂
([−σ, σ]),

where
x̂

:= (Φux̂)∗µux.

Once this proposition is proved, Lemma 5.4.11 will ensure that the nonconcentration estimates
(NC) are true under the generic condition Φτ ≁ 0. Before heading into the proof, we need to
establish a cutting lemma. The difficulty here is to cut Ωux̂ into “equal” pieces, but the fractal
nature of Ωux̂ makes it a bit subtle (especially because I prefer not to use Markov partitions here).
See Section 5.8 for related statements about the uniform perfection of the sets Ωux̂ ∩ (−ρ, ρ).

Lemma 5.6.2. Let κ > 0. There exists C ≥ 1, and ηcut,1, ηcut,2 ∈ (0, 1), with ηcut,1 ≤ κ/100, such

that the following hold. Let x ∈ Ω, σ ∈ (0, ρ] and n ≥ 1. Let U
(σ)
x ⊂ Wu

loc(x) ∩ Ω be such that

B(x, σ)∩Wu
loc(x)∩Ω ⊂ U

(σ)
x ⊂ B(x, 10σ)∩Wu

loc(x). There exists a finite set A := A(x, σ, n) with
|A| ≤ C and a family of intervals (Ia)a∈

⋃n
k=0 Wk

, where Wk ⊂ Ak is a set of words on the alphabet
A, and where Ia ⊂Wu

loc(x) are such that:

1. I∅ ∩ Ω = U
(σ)
x

2. For all a ∈ Wk, 0 ≤ k ≤ n, we have Ia ∩ Ω =
⋃
b∈A

ab∈Wn+1

(Iab ∩ Ω), and this union is disjoint

modulo a zero-measure set.

3. For all a ∈ Wk, 0 ≤ k ≤ n, there exists xa ∈ Ω ∩ Ia such that

Wu
loc(x) ∩B(xa, 10−1diamu(Ia)) ⊂ Ia

4. For all a ∈ Wk, 0 ≤ k ≤ n− 1, we have for any b ∈ A such that ab ∈ Wk+1:

η2cut,1diam
u(Ia) ≤ diamu(Iab) ≤ ηcut,1diam

u(Ia) , µux(Iab) ≥ ηcut,2µ
u
x(Ia).

Proof. The proof is done in a couple of steps.

• Step 1: We cut, once (n = 1), the sets U
(σ)
x when σ ∈ [ρλ−2

+ , ρ].

First of all, recall that for all ε, there exists δ > 0 such that for any z ∈Wu
loc(x) ∩ Ω, µux(B(z, ε) ∩

Wu
loc(x)) > δ. Since, moreover, the measure µux is upper regular, that is:

∀U ⊂Wu
loc(x), µux(U) ≤ Cdiam(U)δreg ,

it follows that reciprocally, if µux(U) ≥ ε, then diam(U) ≥ δ.

Consider a finite cover of U
(σ)
x by a set of balls E of the form B(xi, ε) with xi ∈ U

(σ)
x , for ε

small enough (for example, ε := κρλ−2
+ ·10−10 should be enough). By Vitali’s lemma, there exists a

subset D ⊂ E such that the balls in D are disjoints, and such that ∪B∈D3B ⊃ U
(σ)
x . Since Wu

loc(x)
is one-dimensional, we can set A := D, and choose B ⊂ Ia ⊂ 3B such that the (Ia) have disjoint
union and covers U (σ). By construction, the diameter of those intervals is small, but in a controlled
way: the measure of them is greater than some constant, and they all contain a ball of radius ε
for some ε. This construct our (Ia)a∈A in this case. Notice that the cardinal of A is uniformly
bounded. We see that it suffice to take ε small enough to find other constants ηcut,1, ηcut,2 with
ηcut,1 ≤ κ/100 that satisfies what we want in this macroscopic context.
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• Step 2: We cut, once (n = 1), sets U
(σ)
x when σ > 0 is small.

The idea is to use the properties of µux. If we denote by φ : Ω → R the potential defining

our equilibrium state µ, then we know [Cl20] that f∗dµ
u
x = eφ◦f

−1−P (φ)dµuf(x). Iterating yields

fn∗ dµ
u
x = eSnφ◦f−n−nP (φ)dµufn(x). The Hölder regularity of φ allows us to see that, for all intervals

J ⊂ I := Wu
loc(f

n(x)) ∩B(fn(x), ρ), we have

µux(f−n(J))

µux(f−n(I))
=
µux(J)

µux(I)

(
1 +O(ρα)

)
,

diam(f−n(J))

diam(f−n(I))
=

diam(J)

diam(I)

(
1 +O(ρα)

)
.

So we see that, using the dynamics, (and reducing ρ if necessary) we can reduce our setting to the
setting of step 1. This might deform a bit the constants though, which is why we chosed the 10−1

in point three instead of 6−1 (which was the constant given by Vitali’s Lemma).

• Step 3: We iterate this construction to the subintervals Ib.

We consider U (σ) as in the statement of the lemma. We use step 2 to construct (Ia)a∈A. Then, we
can iterate our construction on each of the Ia, since they satisfy the necessary hypothesis to do so.
This gives us intervals (Ia1a2)a1a2∈W2 , with W2 ⊂ A2 (taking A with more letters if necessary).
Doing this again and again yield the desired construction.

Using this partition lemma, we can prove Proposition 5.6.1. Notice that, looking at this lemma
in coordinates Φux̂, one can get the same construction replacing subintervals of Wu

loc by intervals of
R, Ω by Ωux̂, µux by

x̂
, etc.

Proof (Proposition 5.6.1). Assume (UNI), and denote (κ, σ0) the constants given by (UNI). Let
0 < σ < σ0 be small enough, let P ∈ RdZ [X]. Let x ∈ Ω. Define k(σ) ∈ N as the largest integer
such that

σα ≤ (κ/20) ·
(
ηcut,2

)2k(σ)
.

We have k(σ) ≃ C| lnσ|. By applying the previous construction to Φux̂([−σ, σ]) (for the constant
κ), with depth k(σ), we find a family of intervals (Ia)a∈∪j≤k(σ)Wj that satisfies some good partition
properties. Then, the heart the proof is as follow: we want to construct (up to renaming some of
the Ia) a word b ∈Wk(σ) ⊂ Ak(σ) such that

{z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α} ⊂
⋃

a∈Wk(σ)

∀i,ai ̸=bi

Ia.

This is nothing more than a technical way of keeping track of the oscillations happening at all
scales between σ and σ1+α. Notice that, once this is proved, then the conclusion is easy: we will
have

x̂

( ⋃
a∈Wk(σ)

∀i,ai ̸=bi

Ia

)
=

∑
a∈Wk(σ)

∀i,ai ̸=bi

x̂
(Ia)

≤ (1 − ηcut,2)
∑

a∈Wk(σ)−1

∀i,ai ̸=bi

x̂
(Ia)

≤ (1 − ηcut,2)2
∑

a∈Wk(σ)−2

∀i,ai ̸=bi

x̂
(Ia)

≤ · · · ≤ (1 − ηcut,2)k(σ)
x
([−σ, σ]) ≃ σγ

x̂
([−σ, σ])

for some γ > 0, since k(σ) ≃ ln(σ−1). Now, let us construct this word b: the idea is that since

2σ1+α ≃ σ(κ/10) ·
(
ηcut,2

)2k(σ)
, for each i, we can find oscillations at scales ∼ σηicut,1 of magnitude

∼ σ(κ/10)(ηcut,1)2i ≥ 2σ1+α, and conclude.
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Let us begin by the case i = 0. By Lemma 5.6.2, we know that there exists a point z∅ ∈
Ωux̂ ∩ (−σ/2, σ/2) such that:

∀z ∈ (z∅ ± κσ), |Xx̂(z) − P (z)| ≥ κσ.

There exists b1 ∈ A such that z∅ ∈ Ib1 . Since diam(Ib1) ≤ ηcut,1σ ≤ κ
100σ, we find

∀z ∈ Ib1 , |Xx̂(z) − P (z)| ≥ κσ.

Hence:

{z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α} ⊂ {z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σκ/2} ⊂
⋃

a1∈A\{b1}

Ia1 .

Now, let a1 ∈ A \ {b1}, and work on Ia1 . We know that there exists za1 ∈ Ωux̂ such that
(za1 ± 10−1diam(Ia1)) ⊂ Ia1 . Now, (UNI) applied at this interval yields:

∃z̃a1 ∈ Ia1 ∩Ωux̂,∀z ∈ (z̃a1 ± (κ/10)diam(Ia1)), |Xx̂(z)−P (z)| ≥ (κ/10)diam(Ia1) ≥ (κ/10)η2cut,1σ.

Since diam(Ia1b) ≤ ηcut,1diam(Ia1), with ηcut,1 ≤ κ/100, we find, for some b2 ∈ A (we can say that
this is the same b2 for any a1 ∈ A, up to renaming the intervals),

∀z ∈ Ia1b2 , |Xx̂(z) − P (z)| ≥ (κ/10)η2cut,1σ.

Hence:

Ia1 ∩ {z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α}

⊂ Ia1 ∩ {z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ (κ/20)η2cut,1σ} ⊂
⋃

a2 ̸=b2

Ia1a2 .

Hence

{z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α} ⊂
⋃

a1 ̸=b1

⋃
a2 ̸=b2

Ia1a2 .

Let us do the next step, and then we will stop here because the construction will be clear enough.
We could formally conclude by induction. Take a1 ̸= b1 and a2 ̸= b2. We know that there exists
za1a2 ∈ Ωux̂ such that (za1a2 ± 10−1diam(Ia1a2)) ⊂ Ia1a2 . Applying (UNI) to this interval yield

∃z̃a1a2 ∈ Ia1a2 ∩ Ωux̂,∀z ∈ (z̃a1a2 ± (κ/10)diam(Ia1a2)),

|Xx̂(z) − P (z)| ≥ (κ/10)diam(Ia1a2) ≥ (κ/10)η4cut,1σ.

There exists b3 ∈ A such that z̃a1a2 ∈ Ia1a2b3 . Since diam(Ia1a2b3) ≤ ηcut,1diam(Ia1a2), with
ηcut,1 ≤ κ/100, we have

∀z ∈ Ia1a2b3 , |Xx̂(z) − P (z)| ≥ (κ/10)η4cut,1σ ≥ 2σ1+α.

Hence,

Ia1a2 ∩ {z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α} ⊂
⋃

a3 ̸=b3

Ia1a2a3 ,

and so

{z ∈ [−σ, σ], |Xx̂(z) − P (z)| ≤ σ1+α} ⊂
⋃

a1 ̸=b1

⋃
a2 ̸=b2

⋃
a3 ̸=b3

Ia1a2a3 .

This algorithm is done until the k(σ)-th step. This conclude this construction, hence the proof.

Theorem 5.1.4 is then proved using Proposition 5.6.1, Proposition 5.5.13, and Lemma 5.4.11.
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5.7 Appendix A: A collection of technical regularity statements

5.7.1 Some regularity for the geometric potential

In this section, we prove that (in our 2-dimensional, Axiom A, area-preserving context) even though
the geometric potential τf (x) := ln ∥(df)Eu(x)∥ is only C1+α(Ω,R), for any p ∈ Ω, the family of
functions

∂sτf : Wu
loc(p) ∩ Ω −→ R

are C1+α(Wu
loc(p),R) (and this, uniformly in p). Moreover, the differential of τf varies (at least) in a

C1+α manner along local unstable manifolds, and ∂u∂sτf is Hölder on Ω. In fact, τf ∈ Reg1+αu (Ω).
Let us introduce some notations.

Definition 5.7.1. For any x̂ ∈ Ω̂ and (z, y) ∈ (−ρ, ρ)2 ∩ ιx̂(Ω)−1, denote by θux̂(z, y) ∈ R the only
real number such that

(ιx̂)∗(Eu(ιx̂(z, y))) = Span
(
∂z + θux̂(z, y)∂y

)
,

where (ιx̂)x̂∈Ω̂ is the family of smooth coordinates defined in Lemma 5.3.6. The real valued map

θux̂ is C1+α, and this, uniformly in x̂ ∈ Ω̂.

Remark 5.7.2. Notice that, for all z, θux̂(z, 0) = 0. In particular, z 7→ ∂zθ
u
x̂(z, 0) = 0 is smooth.

Lemma 5.7.3. The map z 7→ ∂yθ
u
x̂(z, 0) is C1+α((−ρ, ρ) ∩ Ωx̂,R), and this, uniformly in x̂.

Proof. Recall that fx̂ := ι−1

f̂(x̂)
◦ f ◦ ιx̂ denotes the dynamics in coordinates, and that fx̂(z, 0) =

(λxz, 0). Let us introduce four families of smooth functions ax̂, bx̂, cx̂, dx̂ : (−ρ, ρ)2 → R such that

(dfx̂)(z,y) =

(
ax̂(z, y) bx̂(z, y)
cx̂(z, y) dx̂(z, y)

)
.

Recall that, by Remark 3.7, we have the following properties:

ax̂(z, 0) = λx, cx̂(z, 0) = 0, dx̂(z, 0) = µx.

Now, the invariance relation (df)(Eu(x̂)) = Eu(f(x̂)), written in coordinates, yields

θu
f̂(x̂)

(fx̂(z, y)) =
cx̂(z, y) + dx̂(z, y)θux̂(z, y)

ax̂(z, y) + bx̂(z, y)θux̂(z, y)
.

Taking the derivative in y and choosing y = 0 gives, for the LHS:

∂

∂y |y=0

θu
f̂(x̂)

(fx̂(z, y)) = ∂zθ
u
f̂(x̂)

(fx̂(z, 0))bx̂(z, 0) + ∂yθ
u
f̂(x̂)

(fx̂(z, 0))dx̂(z, 0) = ∂yθ
u
f̂(x̂)

(λxz, 0)µx.

Hence:

∂yθ
u
f̂(x̂)

(λxz, 0)µx =

(
∂ycx̂(z, 0) + dx̂(z, 0)∂yθ

u
x̂(z, 0)

)
ax̂(z, 0) −

(
∂yax̂(z, 0) + bx̂(z, 0)∂yθ

u
x̂(z, 0)

)
cx̂(z, 0)

ax̂(z, 0)2

=
(∂ycx̂(z, 0) + µx∂yθx̂(z, 0))λx

λ2x
,

and so:

∂yθ
u
f̂(x̂)

(λxz, 0) =
∂ycx̂(z, 0)

µxλx
+ λ−1

x ∂yθx̂(z, 0).

Now, set ϕx̂(z) :=
∂ycx̂(z,0)
µxλx

. This is a smooth function of z. A change of variable yields

∂yθ
u
x̂(z, 0) = ϕf̂−1(x̂)(zλ

−1
f−1(x)) + λ−1

f−1(x)∂yθf̂−1(x̂)(zλ
−1
f−1(x), 0),

and so we find that

∂yθ
u
x̂(z, 0) =

∞∑
n=1

λ⟨−n⟩x ϕf̂−n(x̂)(zλ
⟨−n⟩
x ).
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This expression is clearly smooth in z, and varies in a Hölder manner in x̂. Its derivative at zero,

∂z∂yθ
u
x̂(0, 0) =

∞∑
n=1

(λ⟨−n⟩x )2ϕ′
f̂−n(x̂)

(0),

varies in a Hölder manner in x̂.

Definition 5.7.4. Let P1M denote the projective tangent blundle of M , defined as the quotient of
the unit tangent bundle T 1M under the action of the antipodal map v ∈ T 1

xM 7→ −v ∈ T 1
xM . We

consider the map:

su : Ω ↪→ P1M

defined by su(x) := Eu(x) ∈ P1M . This is a section of the bundle P1M : in other words, if
πP1M : P1M →M denotes the projection on the basepoint, we have πP1M ◦ su = IdΩ.

Corollary 5.7.5. The map su : Ω → P1M is C1+α. Moreover, for any p ∈ Ω, the map

r ∈Wu
loc(p) ∩ Ω 7→ ∂ss

u(r) ∈ T (P1M)

is C1+α (and this, uniformly in p). Moreover, ∂u∂ss
u and ∂u∂us

u are Hölder regular.

Proof. We use the coordinate chart ιx̂ : (−1, 1)2 → M to create an associated coordinate chart
ιx̂ : (−1, 1)3 → P1M as follow:

ιx̂(z, y, θ) := Span
(

(ιx̂)∗(∂z + θ∂y)
)
∈ P1

ιx̂(z,y)
M.

Using these coordinates, we see that

su(ιx̂(z, y)) = Eu(ιx̂(z, y)) = (ιx̂)∗(∂z + θux̂(z, y)∂z) = ιx̂(z, y, θux̂(z, y)).

In other words, su can be written, through the coordinates ιx̂ and ιx̂, as (z, y) 7→ (z, y, θux̂(z, y)).
We know that θx̂(z, y) is C1+α, and that z 7→ ∂yθ

u
x̂(z, 0) is smooth (and varies in a Hölder manner

in x̂). We also know that z 7→ ∂zθ
u
x̂(z, 0) = 0 is smooth. Hence, z 7→ (dθux̂)(z,0) is smooth, and

varies in a Hölder manner in x̂. It follows that r ∈ Wu
loc(p) 7→ (dsu)r is also smooth. Finally, Es

is C1+α, and so

r ∈Wu
loc(p) 7→ ∂ss

u(r) = (dsu)r(∂s) ∈ T (P1M)

is also C1+α. The Hölder property of ∂u∂ss
u and ∂u∂us

u also follows from the behavior of θux in
coordinates.

Theorem 5.7.6. Define, for p ∈ Ω, τf (p) := ln ∥(df)p|Eu(p)∥. In our area-preserving, Axiom A,

2-dimensional context, τf ∈ C1+α(Ω,R). Moreover, for all p ∈ Ω, the map

r ∈Wu
loc(p) ∩ Ω −→ ∂sτf (r) ∈ R

is C1+α, and this, uniformly in p ∈ Ω. Finally, the map ∂u∂sτf is Hölder regular on Ω.

Proof. Let Ω̃ denote a small enough open neighborhood of su(Ω) ⊂ P1M . Then

τf : V ∈ Ω̃ −→ ln ∥(df)|V ∥ ∈ R

is smooth. Moreover, τf = τf ◦ su. It follows that

∂sτf (r) = (dτf )su(r)(∂ss
u(r))

is C1+α(Wu
loc(p),R). Moreover, ∂u∂sτf (p) is Hölder regular for p ∈ Ω, since τf is smooth, and

su, ∂ss
u, ∂us

u, ∂u∂ss
u are Hölder on Ω.
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5.7.2 Some regularity for the distance function

The goal of this subsection is to prove Proposition 5.4.8. Let us first define some notations.

Definition 5.7.7. Let x̂ ∈ Ω̂. For each y ∈ Ωsx̂ ∩ (−ρ, ρ), we parametrise the local unstable manifold

W̃u
x̂ (y) := ι−1

x̂ (Wu
loc(Φ

s
x̂(y))) in the following way: W̃u

x̂ (y) = {(z,Gx̂(z, y)), z ∈ (−ρ, ρ)}. The
function z 7→ Gx̂(z, y) is smooth, and the function Gx̂ is C1+α by the properties of the local
unstable foliation in our two-dimensional context.

Lemma 5.7.8. For all z ∈ (−ρ, ρ), ∂yGx̂(z, 0) = 1.

Proof. We will use the invariance of the unstable foliation under the dynamics. The formula
fx̂W̃

s
x̂(y) = W̃ s

f̂(x̂)
(µxy) can be rewritten as

fx̂(z,Gx̂(z, y)) = (ψx̂(z, y),Gf̂(x̂)(ψx̂(z, y), µxy)),

where ψx̂(z, y) is some (uniformly) C1+α function. We can compute its value when y = 0: since
Gx̂(z, 0) = 0, we find fx̂(z,Gx̂(z, 0)) = fx̂(z, 0) = (λxz, 0) and so ψx̂(z, 0) = λxz. We apply ∂

∂y |y=0

to our invariance relation and we find:

∂yfx̂(z, 0)∂yGx̂(z, 0) = (∂yψx̂(z, 0), ∂zGf̂(x̂)(ψx̂(z, 0), 0))∂yψx̂(z, 0) + ∂yGf̂(x̂)(ψx̂(z, 0), 0)µx).

Since ∂zGf̂(x̂)(λxz, 0) = 0, the equation given by the second coordinate can be rewritten as

µx∂yGx̂(z, 0) = ∂yGf̂(x̂)(λxz, 0)µx.

Hence, for all z, and for all n ≥ 0,

∂yGx̂(z, 0) = ∂yGf̂−n(x̂)(λ
⟨−n⟩
x z, 0) −→

n→∞
1,

since ∂yGx̂(0, 0) = 1 (because ∂yGx̂(0, y) = y), and since all the maps Gx̂(z, y) are uniformly
C1+α.

Remark 5.7.9. The path γx̂,y(z) := (z,Gx̂(z, y)) have normalised derivative

γ′x̂,y(z)

|γx̂,y(z)|
=
( 1√

1 + ∂zGx̂(z, y)2
,

∂zGx̂(z, y)√
1 + ∂zGx̂(z, y)2

)
.

This function have the same regularity than Eu: that is, smooth in the z variable, and C1+α in
the (z, y) variable. It follows that ∂zGx̂ is C1+α. Moreover, it follows from the previous subsection
that z 7→ ∂y∂zGx̂(z, 0) is smooth.

Definition 5.7.10. Let us denote by Sx̂(z, y) the symmetric 2×2 matrix representing the Riemannian
metric of M through the coordinates ιx̂. In other words, for any path γ(t) ∈ (−ρ, ρ)2 in coordinates,
its lenght seen as a path ιx̂ ◦ γ on the manifold can be computed by the formula

Lenghtx̂(γ) =

∫ b

a

⟨Sx̂(γ(t))γ̇(t), γ̇(t)⟩dt,

where ⟨·, ·⟩ is the usual scalar product in R2. The function Sx̂ is smooth (and this, uniformly in x̂).

We are ready to state our main technical lemma.

Lemma 5.7.11. Denote by Lx̂(y, z) := Lenghtx̂((γx̂,y)|[0,z]). Then, Lx̂ is smooth in z, C1+α in
(z, y), and moreover the map z 7→ ∂yLx̂(0, z) is smooth.

Proof. Denoting γx̂(z, y) = (z,Gx̂(z, y)), we have the formula

Lx̂(z, y) =

∫ z

0

⟨Sx̂(γx̂(t, y))∂zγx̂(t, y), ∂zγx̂(t, y)⟩dt.

Since ∂zGx̂(·, y) and Gx̂(·, y) are smooth, the map Lx̂(·, y) is also smooth. Moreover, since ∂zGx̂
and Gx̂ are C1+α, the map Lx̂ also is. To compute ∂yLx̂(z, 0), notice first that

d

dy |y=0

Sx̂(γx̂(z, y)) = ∂ySx̂(γx̂(z, 0))∂yGx̂(z, 0) = ∂ySx̂(z, 0)∂yGx̂(z, 0),
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so that:

∂yLx̂(z, 0) =

∫ z

0

〈
∂ySx̂(t, 0)∂yGx̂(t, 0)∂zγx̂(t, 0), ∂zγx̂(t, 0)

〉
dt

+

∫ z

0

⟨Sx̂(γx̂(t, 0))∂zγx̂(t, 0), ∂y∂zγx̂(t, 0)⟩dt

=

∫ z

0

〈
∂ySx̂(t, 0)ez + Sx̂(t, 0)∂y∂zγx̂(t, 0), ez

〉
dt,

where ez := (1, 0), and ∂y∂zγx̂(t, 0) = (0, ∂y∂zGx̂(z, 0)). It follows that ∂yLx̂(·, 0) is smooth.

Before getting to our main technical estimate, we need one last preliminary lemma.

Lemma 5.7.12. For x̂ ∈ Ω̂ and z ∈ Ωux̂∩(−ρ, ρ), y ∈ Ωsx̂∩(−ρ, ρ), define Cx̂(z, y) := ι−1
x̂ ([Φux̂(z),Φsx̂(y)]).

The map Cx̂ is (uniformly in x̂) C1+α, and moreover, denoting Cx̂(z, y) = (πzCx̂(z, y), πyCx̂(z, y)),
we have:

• ∀z, πy∂yCx̂(z, 0) = 1

• There exists αx̂ ∈ R (continuous in x) such that

πz∂yCx̂(z, 0) = αx̂z +O
(
|z|3/2

)
.

Proof. The relation f([p, q]) = [f(p), f(q)] yields, in coordinates, the formula

fx̂(Cx̂(z, y)) = Cf̂(x̂)(λxz, µxy).

Applying d
dy |y=0

then gives the relation

(dfx̂)(z,0)(∂yCx̂(z, 0)) = ∂yCf̂(x̂)(λxz, 0)µx.

Keeping only the y coordinates gives

∂yπyCx̂(z, 0) = ∂yπyCf̂(x̂)(λxz, 0),

and it follows that
∂yπyCx̂(z, 0) = lim

n→∞
∂yπyCf̂−n(x̂)(λ

⟨−n⟩
x z, 0) = 1

since Cx̂(0, y) = (0, y). Now, denoting bx̂(z) := πz∂yfx̂(z, 0) (a smooth map in z), we see by
isolating the z coordinate that

λx∂yπzCx̂(z, 0) + bx̂(z)∂yπyCx̂(z, 0) = ∂yπzCf̂(x̂)(λxz, 0)µx,

which can be rewritten as

∂yπzCx̂(z, 0) = Bx̂(z) + µxλ
−1
x ∂yπzCf̂(x̂)(λxz, 0),

where Bx̂(z) = −λ−1
x bx̂(z). The properties of our coordinate system ensure that Bx̂(0) = 0 and

∂yπzCx̂(0, 0) = 0. It follows that B̃x̂(z) := z−1Bx̂(z) is a smooth map. If we denote further

C̃x̂(z) := z−1∂yπzCx̂(z, 0), our previous relation can be rewritten

C̃x̂(z) = B̃x̂(z) + µxC̃f̂(x̂)(λxz).

It would be convenient to be able to see B̃x̂(z) as an infinite sum involving B̃x̂, but notice that

λ
⟨n⟩
x z is eventually larger than ρ and falls away from the domain of definition of our coordinate

system. So, for each (small) z, define Nx(z) ≥ 1 such that λ
⟨n⟩
x |z| ≃

√
|z|, ie µ

⟨n⟩
x ∼

√
|z| since f

is area preserving. We find:

C̃x̂(z) =

Nx(z)−1∑
n=0

µ⟨n⟩
x B̃f̂n(x̂)(λ

⟨n⟩
x z)+µ⟨Nx(z)⟩

x C̃f̂Nx(z)(x̂)(λ
⟨Nx(z)⟩
x z) =

Nx(z)−1∑
n=0

µ⟨n⟩
x B̃f̂n(x̂)(λ

⟨n⟩
x z)+O(

√
z).

Hence:∣∣∣C̃x̂(z) −
∞∑
n=0

µ⟨n⟩
x B̃f̂n(x̂)(0)

∣∣∣ ≤ Nx(z)−1∑
n=0

|µ⟨n⟩
x ||B̃f̂n(x̂)(λ

⟨n⟩
x z) − B̃f̂n(x̂)(0)| +O(

√
|z|) = O(

√
|z|),

which gives the desired Taylor expansion.
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Corollary 5.7.13. Fix p ∈ Ω and s ∈W s
loc(p) ∩ Ω. There exists a smooth (uniformly in p) function

ϕp : Wu
loc(p) ∩ Ω → R such that

du(s, [r, s]) = du(p, r) + ϕp(r)d
s(p, s) +O

(
ds(p, s)(du(p, r)1+α + ds(p, s)α)

)
Proof. Let p = x ∈ Ω and s ∈ W s

loc(x) ∩ Ω. Choose some x̂ ∈ Ω̂ in the fiber of x. Denote
y := (Φsx̂)−1(s), z := Φux̂(r). First of all, we can write, denoting ey = (0, 1):

ds(p, s) =

∫ y

0

⟨Sx̂(0, t)ey, ey⟩dt = y

∫ 1

0

⟨Sx̂(yt, 0)ey, ey⟩dt = y⟨Sx̂(0, 0)ey, ey⟩ +O(y2).

Recall that |(Φsx̂)′(0)| = 1, so that ⟨Sx̂(0, 0)ey, ey⟩ = 1. It follows that y = ds(p, s) + O(ds(p, s)2).
Similarly, z = du(p, r) + O(du(p, r)2). Then, denoting Cx̂(z, y) = (ιx̂)−1([Φux̂(z),Φsx̂(y)]), notice
that we have:

du(s, [r, s]) = Lx̂(πzCx̂(z, y), y).

This expression is C1+α, and a Taylor expansion in the y variable gives:

Lx̂(πzCx̂(z, y), y) = Lx̂(πzCx̂(z, 0), 0) + y · d
dy

Lx̂(πzCx̂(z, y), y)|y=0 +O(y1+α)

= Lx̂(z, 0) +
(
∂zLx̂(z, 0)∂yπzCx̂(z, 0) + ∂yLx̂(z, 0)

)
y +O(y1+α)

= Lx̂(z, 0) +
(
αx̂z∂zLx̂(z, 0) + ∂yLx̂(z, 0)

)
y +O(z1+αy + y1+α).

The expression
(
αx̂z∂zLx̂(z, 0) + ∂yLx̂(z, 0)

)
is smooth in z. Using z = (Φux̂)−1(r), y = ds(p, s) +

O(ds(p, s)2), and Lx̂(z, 0) = du(p, r) finally gives us

du(s, [r, s]) = du(p, r) + ϕp(r)d
s(p, s) +O

(
ds(p, s)(du(p, r)1+α + ds(p, s)α)

)
,

for some smooth function ϕp : Wu
loc(p) ∩ Ω → R.

5.8 Appendix B: Polynomials on perfect sets

The goal of this subsection is to prove quantitative “equivalence of norms” lemmas for polynomials
that we restrict to (uniformly) perfect sets. In particular, we prove Lemma 5.5.3.

Lemma 5.8.1. Let d ≥ 1. Let a0 . . . ad ∈ [−1, 1] be (d+ 1) distinct points. Then, for all P ∈ Rd[X],

2−dd−1 min
i̸=j

|ai − aj | · ∥P∥∞,[−1,1] ≤ max
i

|P (ai)| ≤ ∥P∥∞,[−1,1].

Proof. One inequality is obvious. We prove the other one using Lagrange interpolating polynomials.
Define

Li(x) :=

∏
j ̸=i(x− aj)∏
j ̸=i(aj − ai)

.

From the formula

∀x ∈ R, P (x) =

d∑
i=0

P (ai)Li(x),

we find

∥P∥∞,[−1,1] ≤
∑
i

|P (ai)|∥Li∥∞,[−1,1] ≤
d 2d

mini ̸=j |ai − aj |
max
i

|P (ai)|.

Definition 5.8.2. A metric space (K, d) is κ-uniformly perfect if

∀σ ∈ (0, 1),∀x ∈ K, ∃y ∈ K, d(x, y) ∈ [κσ, σ].

We say that K is uniformly perfect if K is κ-uniformly perfect for some κ ∈ (0, 1).
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Remark 5.8.3. Notice that K is uniformly perfect if and only if

∃κ ∈ (0, 1),∃σ0 ∈ (0, 1),∀σ ∈ (0, σ0),∀x ∈ K,∃y ∈ K, d(x, y) ∈ [κσ, σ].

Indeed, in this case, K would be κ0σ0-uniformly perfect. Notice also that, if K is uniformly perfect,
then for any x ∈ K and r > 0, the space K ∩B(x, r) is κr-uniformly perfect.

Lemma 5.8.4. There exists κ > 0 such that, for all x̂ ∈ Ω̂, the set Ωux̂ ∩ (−ρ, ρ) is κ-uniformly
perfect.

Proof. Let ρ be small enough so that, if d(x, y) ≤ ρ, then [x, y] and [y, x] makes sense. Since
Ω is a basic set (and since it is not a periodic orbit), it is a perfect set. Moreover, the periodic
orbits are dense in Ω. Let us then fix a finite family (xi)i∈I of periodic points of Ω such that⋃
i∈I B(xi, ρ/2) = Ω. For each i ∈ I, we construct a companion for xi in the following way: by

density of periodic points, there exists ỹi ∈ B(xi, ρ/2) \ {xi} which is periodic. It follows that
ỹi /∈W s

loc(xi). We then set yi := [ỹi, xi] ∈Wu
loc(xi) \ {xi}.

Let us define δ := mini∈I inf{du([xi, z], [yi, z]) | z ∈ B(xi, ρ)} > 0. For any z ∈ Ω, there exists
i ∈ I such that x ∈ B(xi, ρ). Now, since du([xi, z], [yi, z]) ≥ δ, we know that du(z, [xi, z]) ≥ δ/3 or
du(z, [yi, z]) ≥ δ/3. It follows from this discussion the following property:

∃κ0 ∈ (0, 1),∀x ∈ Ω,∃z ∈Wu
loc(x), du(x, z) ∈ [κ0ρ, ρ]. (∗)

Now, we will use the invariance of the unstable foliation under the dynamics to extend the property
(∗) to any scale. Notice that there exists C0 ≥ 1 such that, if x, x̃ are in the same unstable leaf
with du(x, x̃) ≤ ρ, then

∞∑
k=0

|τf (f−kx) − τf (f−kx̃)| ≤ C0.

Now, let x ∈ Ω and let σ ∈ (0, ρ). Let n(x, σ) ≥ 1 be the largest integer such that ∂uf
n(x,σ)(x) ≤

σ−1ρe−C0 . Define x := fn(x,σ)(x). By the property (∗), there exists z ∈ Wu
loc(x) such that

du(x̂, ẑ) ∈ [κ0ρ, ρ]. Define z := f−n(x,σ)(z). We have, by the mean value theorem, for some
t ∈Wu

loc(x) between x and z:

d(x, z) = ∂uf
−n(x,σ)(t)du(x, z) ∈ [e−2C0σκ0ρ, σ].

We have thus proved the following property:

∃κ1, σ0 ∈ (0, 1),∀σ ∈ (0, σ0),∀x ∈ Ω,∃z ∈Wu
loc(x), du(x, z) ∈ [κ1σ, σ]. (∗∗)

The conclusion follows from the fact that the maps Φux̂ : (−ρ, ρ) →Wu
loc(x) are uniformly C1 (thus,

uniformly Lipschitz) maps.

Corollary 5.8.5. Let M be a complete Riemannian surface and let f : M →M be a smooth Axiom
A diffeomorphism. Let Ω ⊂M be a basic set. Then Ω is uniformly perfect.

Proof. Lemma 5.8.4 ensure that there exists κ such that, for any x̂ ∈ Ω̂, Ωux̂∩(−ρ, ρ) is κ-uniformly

perfect. Symmetrically, (reducing κ if necessary,) for any x̂ ∈ Ω̂, Ωsx̂∩(−ρ, ρ) is κ-uniformly perfect.
The local product structure of Ω and the C1 regularity of the holonomies yields the result.

Lemma 5.8.6. Let K be a κ-uniformly perfect metric set. For all k ≥ 1, there exists δk ∈ (0, 1) that
depends only on κ and k such that

∃(xi)i∈J1,kK ∈ Kk,∀i ̸= j, B(xi, δk) ∩B(xj , δk) = ∅.

Proof. The proof goes by induction on k. For k = 1, this is trivial. Suppose the lemma true for
some k ≥ 1. There exists a family of points xi ∈ K, for i = 1, . . . , k, and there exists δk ∈ (0, 1)
that only depends on k and κ, such that the balls B(xi, δk) are disjoint. Now, since K is κ-
uniformly perfect, there exists a point xk+1 ∈ K such that d(x1, xk+1) ∈ [κδk/3, δk/3]. Setting
δk+1 := κδk/10 then ensure that, for any i ̸= j ∈ J1, k + 1K, one have

B(xi, δk+1) ∩B(xj , δk+1) = ∅.

which concludes the proof.
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Lemma 5.8.7. Let K ⊂ (−ρ, ρ) be a κ-uniformly perfect set that contains zero (where κ < ρ/100).
Let d ≥ 1. Then there exists κ̃ ∈ (0, 1) (that depends only on κ and d) such that for all P ∈ Rd[X],
there exists z0 ∈ K ∩ (−ρ/2, ρ/2) such that

∀z ∈ [z0 − κ̃, z0 + κ̃], |P (z)| ≥ κ̃∥P∥∞,[−1,1].

Proof. Using Lemma 5.8.6, we first cut (−ρ/2, ρ/2) into 2d subintervals (Ii) such that for all i, there
exists xi ∈ Ii∩K satisfying B(xi, δ) ⊂ Ii. We know that we can choose δ to depend only on κ and d.

Then, similarly, for each i ∈ J1, 2dK, we can choose two families Ai = (a
(i)
k )k and Bi = (b

(i)
k ) of

d+ 1 points lying in B(xi, δ) ∩K, satisfying:

min
j ̸=k

|a(i)j − a
(i)
k | ≥ δ′, min

j ̸=k
|b(i)j − b

(i)
k | ≥ δ′, d(Ai, Bi) ≥ δ′

for some δ′ < δ that depends only on κ and d. In fact, we can further suppose that for all i ∈ I,
there exists a point c(i) ∈ K ∩ Ii such that

d(c(i), Ai) ≥ δ′, d(c(i), Bi) ≥ δ′.

The role of each point being symetric, we can further assume by renaming our points that we have

a
(i)
j ≤ c(i) ≤ b

(i)
j for each i, j. Denoting by ∥P∥Ai

:= maxk |P (a
(i)
k )| and ∥P∥Bi

:= maxk |P (b
(i)
k )|,

Lemma 5.8.1 ensures that

2−dd−1δ′∥P∥∞,[−1,1] ≤ ∥P∥Ai ≤ ∥P∥∞,[−1,1], 2−dd−1δ′∥P∥∞,[−1,1] ≤ ∥P∥Bi ≤ ∥P∥∞,[−1,1].

Now, let P ∈ Rd[X]. Since P ′ has degree d− 1, it vanish at most d− 1 times. Moreover, P vanish
at most d times. It follows that there exists i0 ∈ J1, 2dK such that P|Ii0 is monotonous and doesn’t
change signs. The inequality

min(∥P∥Ai0
, ∥P∥Bi0

) ≥ δ′

d2d
∥P∥∞,[0,1]

then ensures that there exists j0 and k0 such that min(|P (a
(i0)
j0

)|, |P (b
(i0)
k0

)|) ≥ δ
d2d

∥P∥∞,[−1,1]. The

monotonicity of P on Ii and the fact that P (a
(i0)
j0

) and P (b
(i0)
k0

) have same sign ensure that

∀z ∈ [a
(i0)
j0

, b
(i0)
k0

], |P (z)| ≥ δ

d2d
∥P∥∞,[0,1].

The fact that [c(i0) − δ′, c(i0) + δ′] ⊂ [a
(i0)
j0

, b
(i0)
k0

] proves the desired estimate.

Corollary 5.8.8. Let f be an Axiom A diffeomorphism on a surface M . Denote by Ω one of its
basic sets, suppose that det df = 1 on Ω. There exists κ > 0 such that, for all x̂ ∈ Ω̂, for all
P ∈ RdZ [X], there exists z0 ∈ Ωux̂ ∩ (−ρ/2, ρ/2) such that

∀z ∈ [z0 − κ, z0 + κ], |P (z)| ≥ κ∥P∥Cα((−ρ,ρ)).

If we denote P =
∑dZ
k=0 akz

k ∈ RdZ [X], then

max
0≤k≤dZ

|ak| ≤ κ−1∥P∥L∞((−ρ,ρ)∩Ωu
x̂
).

Proof. This follows easily from Lemma 5.8.7, Lemma 5.8.4, and from the fact that the norms
∥ · ∥Cα((−ρ,ρ)), ∥ · ∥∞,[−1,1] and P 7→ maxk |ak| are equivalent on RdZ [X].

Remark 5.8.9. This Corollary holds even if det df ̸= 1 on Ω. In this setting, the construction of
the linearizing coordinates Φux̂ follows through without difficulty and the same result applies. The
only important condition is the fact that M is a surface.
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5.9 Appendix C: The doubling property

In this section, we prove the doubling property for equilibrium states in our 2-dimensional context.
For x ∈ Ω and r > 0, we will define U(x, r) := B(x, r) ∩ Ω ∩Wu

loc(x) and S(x, r) := B(x, r) ∩
Ω∩W s

loc(x). The following Proposition is taken from [Cl20] (Theorem 3.1, Theorem 3.4, Theorem
3.7.)

Proposition 5.9.1. Let φ : Ω → R a Hölder map. There exists a family of (Borel) measures (µux)x∈Ω,
where µux is supported on the whole unstable manifold Wu(x), such that the following properties
are satified:

• ∀ρ ∈ (0, 1),∃K ≥ 1,∀x ∈ Ω,∀r ∈ [ρ, ρ−1], µux(U(x, r)) ∈ [K−1,K],

• ∀x ∈ Ω, (f∗dµ
u
x)(f(z)) = eφ(z)−P (φ)dµuf(x)(f(z)).

A similar statement holds in the stable direction (see Theorem 3.9 in [Cl20]).

Proposition 5.9.2. Let φ : Ω → R a Hölder map. There exists a family of (Borel) measures (µsx)x∈Ω,
where µsx is supported on the whole unstable manifold W s(x), such that the following properties are
satified:

• ∀ρ ∈ (0, 1),∃K ≥ 1,∀x ∈ Ω, ∀r ∈ [ρ, ρ−1], µsx(S(x, r)) ∈ [K−1,K],

• ∀x ∈ Ω, (f∗dµ
s
x)(f(y)) = e−φ(y)+P (φ)dµuf(x)(f(y)).

Our starting point is the following “local product structure” result for equilibrium states (See
Theorem 3.10 in [Cl20] or [Le00]).

Theorem 5.9.3. Let R = [Ux, Sx] ⊂ Ω be a rectangle with small diameter (with x ∈ Ux ⊂ Wu
loc(x)

and x ∈ Sx ⊂ W s
loc(x)). Let µ be an equilibrium state associated to φ : Ω → R. Then using the

previous construction, we have (up to a scalar multiple):

µ(R) =

∫
Sx

∫
Ux

eω(z,y)dµux(z)dµsx(y),

where ω(z, y) = O(1) is a continuous map that vanish when z = y = x.

Remark 5.9.4. It follows from the last Theorem that there exists K ≥ 1 such that, for any rectangle
R = [Ux, Ss] of diameter ≤ ρ, where x ∈ Ux ⊂Wu

loc(x) and x ∈ Sx ⊂W s
loc(x):

K−1µux(Ux)µsx(Sx) ≤ µ(R) ≤ Kµux(Ux)µsx(Sx).

Lemma 5.9.5. There exists K ≥ 1 such that, for any n ≥ 1 and for any r ∈ [ρ, ρ−1],

K−1e−nP (φ)+Snφ(f
−nx) ≤ µuf−n(x)(f

−n(U(x, r))) ≤ Ke−nP (φ)+Snφ(f
−nx),

and similarly:

K−1e−nP (φ)+Snφ(x) ≤ µsfn(x)(f
n(S(x, r))) ≤ Ke−nP (φ)+Snφ(x).

Proof. This follows easily from the fact that φ is Hölder. In particular, for y ∈ Wu
loc(z) with

du(x, y) ≤ ρ−1, notice that

∣∣∣ n∑
k=0

φ(f−kx) −
n∑
k=0

φ(f−ky)
∣∣∣ ≤ C(φ).

Hence, Proposition 5.9.2 yields

µuf−n(x)(f
−nU(x, r)) =

∫
U(x,r)

e−nP (φ)+Snφ(f
−nz)dµux(z) ∈ K±1e−nP (φ)+Snφ(f

−nz)µux(U(x, r)).
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Lemma 5.9.6. Let x ∈ Ω and let r ∈ (0, ρ). There exists C0 ≥ 1 such that the following holds. If
we let n(x, r) be the smallest integer such that ∂uf

n(x) ≥ r/ρ, then:

U(fn(x,r)(x), e−C0) ⊂ fn(x,r)(U(x, r)) ⊂ U(fn(x,r)(x), eC0).

Furthermore, for any D ≥ 1, there exists n0(D) ≥ 1 such that for any x ∈ Ω and r > 0: |n(x,Dr)−
n(x, r)| ≤ n0(D).

Proof. This follows from the following observation. Let t ∈ Wu
loc(x) be such that du(x, t) ≤ ρ−1.

Then, for all n ≥ 1:

∂uf
−n(x)

∂uf−n(t)
= exp

( n∑
k=0

τf (f−kx) − τf (f−kt)
)
≤ exp

(
∥τf∥C1

∑
k≤n

λ−k− du(x, t)
)
≤ eC0

for some constant C0. The same computation replacing the role of x and t yields

∂uf
−n(x)

∂uf−n(t)
∈ [e−C0 , eC0 ].

Now, since Wu
loc(x) is a 1-dimensional manifold, the mean value theorem ensure that, for all

r ≤ ρ−1, there exists t ∈ U(x, r) such that

diam(f−n(U(x, r))) = ∂uf
−n(t)diam(U(x, r)),

and the result follows.

Lemma 5.9.7. For all D ≥ 1, there exists a doubling constant Cdou(D) ≥ 1 such that, for any
x ∈ Ω, and for any r ∈ (0, ρ):

µux(U(x,Dr)) ≤ Cdouµ
u
x(U(x, r)) , µsx(S(x,Dr)) ≤ Cdouµ

s
x(S(x, r)).

Proof. This is essentially a consequence of the Gibbs estimates and our two-dimensional context.
We have :

µux(U(x, 2r)) ≤ µux(f−n(x,2r)U(fn(x,2rx,K))

≤ Ke−n(x,2r)P (φ)+Sn(x,2r)φ(f
−n(x,2r))(x))

≤ Ken0P (φ)+n0∥φ∥∞e−n(x,r)P (φ)+Sn(x,r)φ(f
−n(x,r))(x))

≤ K2en0P (φ)+n0∥φ∥∞µux(f−nU(fnx,K−1))

≤ K2en0P (φ)+n0∥φ∥∞µux(U(x, r)).

The same reasoning applies to µsx.

Lemma 5.9.8. Let f be a smooth Axiom A map on a surface, let Ω be a basic set, and let µ be an
equilibrium state associated to a Hölder potential φ : Ω → R. The equilibrium state µ is doubling,
that is, there exists C ≥ 1 such that, for all x ∈ Ω and r ∈ (0, ρ):

µ(B(x, 2r)) ≤ Cµ(B(x, r)).

Proof. First of all, properties of the bracket ensure that there exists K ≥ 1 such that, for all x ∈ Ω
and r ∈ (0, ρ):

R(x,K−1r) ⊂ B(x, r) ⊂ R(x,Kr),

where R(x, r) := [U(x, r), S(x, r)]. It follows that

µ(B(x, 2r)) ≤ µ(R(x, 2Kr)) ≤ Kµux(U(x, 2Kr))µsx(S(x, 2Kr))

≤ KCdou(2K2)2µux(U(x,K−1r))µsx(S(x,K−1r)) ≤ K2Cdou(2K2)2µ(R(x,K−1R))

≤ K2Cdou(2K2)2µ(B(x, r)),

which proves the doubling property.
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Remark 5.9.9. In fact, we see from this proof that, if we denote Rβ(x, σ) := [U(x, σ), S(x, σβ)],
then we can write a doubling property of the form:

∀C1, β > 1,∃C2 ≥ 1,∀x ∈ Ω,∀σ ∈ (0, 1), µ(Rβ(x,C1σ)) ≤ C2µ(Rβ(x, σ)).

We conclude this part by a corollary on rectangles coming from a Markov partition, holding in
our 2-dimensional context.

Lemma 5.9.10. Fix (Ra)a∈A a finite markov partition. Let βZ > 1, and denote RectβZ
(σ) the set

of rectangles of the form R :=
⋂k2
k=−k1 Rak where diamu(R) ≃ σ and diams(R) ≃ σβZ . Then, there

exists C1, C2 ≥ 10 such that for all R ∈ RectβZ
(σ) and for all p ∈ R:

R ⊂ RβZ
(p, C1σ) ; µ(RβZ

(p, C1σ)) ≤ C2µ(R).

Proof. LetR ∈ RectβZ
(σ). Denoting (Ra)a∈A the Markov partition, we fix for each a ∈ A, xa ∈

◦
Ra,

and xa ∈ Ua ⊂ Wu
loc(x) ∩ Ω, xa ∈ Sa ⊂ W s

loc(x) ∩ Ω such that Ra = [Ua, Sa]. By construction,
there exists δ > 0 such that B(xa, δ) ∩ Ω ⊂ Ra. Then, since Wu and W s are one-dimensional, it
is easy to see that, denoting Ua := Ua1 ∩ f−1Ra2 ∩ · · · ∩ f−n(Ran), we have

B(xa, δdiam(Ua)) ⊂ Ua

for some point xa ∈ Ua. A similar statement hold for Sb := Sb1 ∩ f(Sb2) ∩ · · · ∩ f(Sbn), and
combining the two gives the following statement:

∀R ∈ RectβZ
(σ), ∃xR ∈ R, RβZ

(xR, δσ) ⊂ R.

Now, for any p ∈ R, we always have R ⊂ RβZ
(p, C1σ) for some constant C1, and finally, if δ is

chosen small enough, we find:

RβZ
(xR, δσ) ⊂ R ⊂ RβZ

(p, C1σ) ⊂ RβZ
(xR, δ

−1σ).

The doubling property finally yields:

µ(RβZ
(p, C1σ)) ≤ µ(RβZ

(xR, δ
−1σ)) ≤ C2(δ)µ(RβZ

(xR, δσ)) ≤ C(δ)µ(R),

for some constant C(δ), that depends only on δ, which is given by the doubling property of µ.
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Chapter 6

About the geodesic flow on hyperbolic
surfaces

6.1 Introduction

In this final Chapter, we are interested in studying the Fourier properties of equilibrium states for
the geodesic flow on convex-cocompact surfaces of constant negative curvature. More details on
our setting will be explained during the Chapter, but let’s quickly introduce the main objects at
play. A useful reference is [PPS15].

We work on hyperbolic manifolds, that is, a Riemannian manifold M that may be written as
M = Hd/Γ, where Hd is the hyperbolic space of dimension d, and where Γ is a (non-elementary,
discrete, without torsion, orientation preserving) group of isometries of Hd. The geodesic flow
ϕ = (ϕt)t∈R acts on the unit tangent bundle of M , denoted by T 1M . We say that a point v ∈ T 1M
is wandering for the flow if there exists an open neighborhood U ⊂ T 1M of v, and a positive
number T > 0 such that:

∀t > T, ϕt(U) ∩ U = ∅.

The set of non-wandering points for ϕ, denoted by NW (ϕ) ⊂ T 1M , is typically “fractal” and is
invariant by the geodesic flow. We will work under the hypothesis that the group Γ is convex-
cocompact, which exactly means that NW(ϕ) is supposed compact. In particular, the case where
M is itself compact is authorized. Under this condition, the flow ϕ restricted to NW (ϕ) is Axiom A.

In this context, for any choice of Hölder regular potential F : T 1M → R, and for any probability
measure m ∈ P(T 1M) (the set of borel probability measures on T 1M) invariant by the geodesic
flow, one can consider the metric pressure associated to m, defined by:

PΓ,F (m) := hm(ϕ) +

∫
NW(ϕ)

Fdm,

where hm(ϕ) denotes the entropy of the time-1 map of the geodesic flow with respect to the measure
m. Notice that any probability measure invariant by the geodesic flow must have support included
in the non-wandering set of ϕ. The topological pressure is then defined by

P (Γ, F ) := sup
m
PΓ,F (m),

where the sup is taken over all the ϕ-invariant probability measures m. Those quantities generalize
the variational principle for the topological and metric entropy (that we recover when F = 0). It
is well known that this supremum is, in fact, a maximum: see for example [BR75] or [PPS15].

Theorem 6.1.1. Let Γ be convex-cocompact, M := Hd/Γ, and F : T 1M → R be a Hölder regular
potential. Then there exists a unique probability measure mF invariant by ϕ such that PΓ,F (mF ) =
P (Γ, F ). This measure is called the equilibrium state associated to F and its support is the non-
wandering set of the geodesic flow. When F = 0, mF is the measure of maximal entropy.
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Theorem 6.1 in [PPS15] also gives us a description of equilibrium states. To explain it, recall
that the Hopf coordinates allows us to identify T 1Hd with ∂∞Hd×∂∞Hd×R, where ∂∞Hd denotes
the ideal boundary of the hyperbolic space (diffeomorphic to a sphere in our context). The measure
mF lift into a Γ-invariant measure m̃F on T 1Hd, which can then be studied in these coordinates.
The interesting remark is that m̃F may be seen as a product measure, involving what we call (Γ, F )-
Patterson-Sullivan densities, which are generalizations of the usual Patterson-Sullivan probability
measures. More precisely, there exists µF and µιF , two Patterson-Sullivan densities supported on
the ideal boundary ∂∞Hd, such that one may write (in these Hopf coordinates):

dm̃F (ξ, η, t) =
dµF (ξ) ⊗ dµιF (η) ⊗ dt

DF (ξ, η)2
,

where DF is the “potential gap” (or gap map), that we will define later. More details on Patterson-
Sullivan densities can be found in section 6.2 (which will be devoted to recalling various preliminary
results). Since the Hopf coordinates are smooth on Hd, we see that one may reduce Fourier decay
for mF to proving Fourier decay for Patterson-Sullivan densities. This reduction is the content of
section 6.4. Then, to prove Fourier decay for those measures, several possibilities exists. With our
current techniques, this will only be achieved when d = 2, so that Patterson-Sullivan densities are
supported on the circle.

The first possibility would be to use the fact that, in this low dimensional context, there exists
a coding of the dynamics of the group Γ on the ideal boundary: see for exemple [BS79] or [AF91].
Using these, one should be able to get Fourier decay for Patterson-Sullivan densities by adapting
the proof of Bougain and Dyatlov in [BD17], which is similar to the method used in Chapter
2, Chapter 3, and Chapter 4. The second possibility would be to adapt the argument found in
Li’s appendix [LNP19] to prove that (some) Patterson-Sullivan densities are actually stationary
measures with exponential moment (for a random walk on Γ). Since in dimension 2, isometries
of H2 may be seen as elements of PSL2(R), one could then apply Li’s work [Li20] to get Fourier
decay. This is the strategy that we choose to follow in section 6.3. Finally, let us stress the fact
that we are only able to work under a regularity condition (R) (see definition 6.2.13) that ensure
upper regularity for our measures of interest. We now state our main results.

Theorem 6.1.2 (Compare Theorem 6.3.2). Let Γ be a (non-elementary, discrete, without torsion,
orientation preserving) convex-cocompact group of isometries of Hd, and let F : T 1(Hd/Γ) → R be
a Hölder potential satisfying (R). There exists µ ∈ P(∂∞Hd) , a (Γ, F ) Patterson-Sullivan density,
such that there exists ν ∈ P(Γ) with exponential moment so that µ is ν-stationary and so that the
support of ν generates Γ.

Theorem 6.1.2 is the main technical result of this Chapter. The strategy is inspired by the
appendix of [LNP19], but in our setting, some additional difficulties appear since the potential
may be non-zero. For example, the proof of Lemma A.12 in [LNP19] fails to work in our context.
Our main idea to replace this lemma is to do a carefull study of the action of Γ on the sphere
at infinity: we will be particularly interested in understanding its contractions properties. This is
the content of section 6.2. The proof of Theorem 6.1.2 is in section 6.3. Once this main technical
result is proved, one can directly use the work of Li [Li20] and get:

Corollary 6.1.3 ([Li20], Theorem 1.5). Let Γ be a (non-elementary, discrete, without torsion, ori-
entation preserving) convex-cocompact group of isometries of H2, and let F : T 1(H2/Γ) → R be a
Hölder potential satisfying (R). Let µ ∈ P(∂∞H2) be any (Γ, F ) Patterson-Sullivan density. Let
α ∈ (0, 1). There exists ρ1, ρ2 > 0 such that the following hold. There exists C ≥ 1 such that, for
any s ∈ R∗, for any α-Hölder χ : ∂∞H2 ≃ S1 → R and for any C2 function φ : ∂∞H2 → R such
that ∥φ∥C2 + (infK |φ′|)−1 + ∥χ∥Cα ≤ |s|ρ1 , we have:∣∣∣∣∫

∂∞H2

eisφχdµ

∣∣∣∣ ≤ C

|s|ρ2
.

Strictly speaking, Theorem 1.5 in [Li20] only allows us to get Fourier decay for the one
Patterson-Sullivan density given by Theorem 6.1.2. But the fact that all Patterson-Sullivan densi-
ties are absolutely continuous between each other, with a Holder regular Radon-Nikodym deriva-
tive, allows us to get a Fourier decay statement for every Patterson-Sullivan densities.
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Then, using the previous Corollary 6.1.3 and using Hopf coordinates, we can conclude Fourier
decay for equilibrium states on convex-cocompact hyperbolic surfaces. The proof is done in section
6.4.

Theorem 6.1.4 (Compare Theorem 6.4.5). Let Γ be a (non-elementary, discrete, without torsion,
orientation preserving) convex-cocompact group of isometries of H2, and let F : T 1(H2/Γ) → R be
a Hölder potential satisfying (R). Let mF be the associated equilibrium state. Let α ∈ (0, 1). There
exists ρ1, ρ2 > 0 and C ≥ 1 such that the following holds. For all χ : T 1H2 → R a α-Hölder map
with small enough support K, for all ζ ∈ R3 \ {0} and for any φ : T 1H2 → R3, C2 local chart
containing the support of χ, satisfying

∥φ∥C2 + sup
x∈K

(
∥t(dφ)−1

x ∥
)

+ ∥χ∥Cα ≤ |ζ|ρ1 ,

we have: ∣∣∣∣∣
∫
NW (ϕ)

eiζ·φ(v)χ(v)dmF (v)

∣∣∣∣∣ ≤ C

|ζ|ρ2
,

where ζ · ζ ′ and |ζ| denotes the euclidean scalar product and the euclidean norm on R3. In other
word, the pushforward measure φ∗(χdmF ) ∈ P(R3) exhibit power Fourier decay. In fact, we find
dimF (mF ) > 0 and dimF (NW (ϕ)) > 0.

Remark 6.1.5. We will see in section 6.4 that the argument to prove Theorem 6.1.4 from Corollary
6.1.3 is fairly general. In particular, if one is able to prove Fourier decay for (Γ, F )-Patterson-
Sullivan densities in some higher dimensional context, this would prove Fourier decay for equi-
librium states in higher dimensions. For example, [LNP19] precisely proves Fourier decay for
Patterson-Sullivan densities with the potential F = 0 when Γ < PSL(2,C) is a Zariski-dense
Kleinian Schottky group. This yields power decay for the measure of maximal entropy on M :=
H3/Γ in this context, and even better, this proves dimF (NW (ϕ)) > 0 (seen as a subset of a
5-dimensional manifold).

6.2 Preliminaries

6.2.1 Moebius transformations preserving the unit ball

In this first paragraph we recall well known properties of Moebius transformations. useful references
for the study of such maps are [Be83], [Ra06] and [BP92]. The group of all Moebius transformations
of Rd ∪ {∞} is the group generated by inversion of spheres and reflexions. This group contains
dilations and rotations. Denote by Mob(Bb) the group of all Moebius transformations γ such that
γ preserves the orientation of Rd, and such that γ(Bd) = Bd, where Bd denotes the open unit
ball in Rd. These maps also acts on the unit sphere Sd−1. These transformations can be put in a
“normal form” as follows.

Lemma 6.2.1 ([Ra06], page 124). Define, for b ∈ Bd, the associated “hyperbolic translation” by:

τb(x) =
(1 − |b|2)x+ (|x|2 + 2x · b+ 1)b

|b|2|x|2 + 2x · b+ 1
.

Then τb ∈ Mob(Bd). Moreover, for every γ ∈ Mob(Bd), τ−1
γ(0)γ ∈ SO(d,R).

It follows that the distortions of any Moebius transformation γ ∈ Mob(Bd) can be understood
by studying the distortions of hyperbolic translations. The main idea is the following: if γ(o) is
close to the unit sphere, then γ contracts strongly on a large part of the sphere. Let us state a
quantitative statement:

Lemma 6.2.2 (First contraction lemma). Let γ ∈ Mob(Bd). Suppose that |γ(o)| ≥ c0 > 0. Denote
xmγ := γ(o)/|γ(o)|, and let εγ := 1 − |γ(o)|. Then:

1. There exists c1, c2 > 0 that only depends on c0 such that

∀x ∈ Sd−1, |x− xmγ | ≥ c1ε
2
γ =⇒ |γ−1x− γ−1xmγ | ≥ c2.
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2. For all c ∈ (0, 1), there exists C ≥ 1 and a set Aγ ⊂ Sd−1 such that diam(Aγ) ≤ Cεγ and
such that:

∀x ∈ Sd−1 \Aγ , |γ(x) − xmγ | ≤ cεγ .

Proof. Let γ ∈ Mob(Bd). Since γ = τγ(o)Ω for some Ω ∈ SO(n,R), we see that we may suppose

γ = τb for some b ∈ Bd. Without loss of generality, we may even choose b of the form βed, where
ed is the d-th vector of the canonical basis of Rd, and where β = |γ(o)| ∈ [c0, 1[. Denote by πd the
projection on the d− th coordinate. We find:

∀x ∈ Sd−1, πdτb(x) =
(1 + β2)xd + 2β

2βxd + (1 + β2)
=: φ(xd).

The function φ is continuous and increasing on [−1, 1], and fixes ±1. Computing its value at
zero gives φ(0) = 2β

1+β2 ≥ 1 − ε2γ , which proves the first point. Computing its value at −β gives

φ(−β) = β, which (almost) proves the second point. The second point is proved rigorously by a
direct computation, noticing that

1 − φ(−1 + Cεγ) =
εγ
C

1 − Cεγ/2

1 − (1 − 1/(2C))εγ
≤ εγ/C.

Finally, let us recall a well known way to see Mob(Bd) as a group of matrices.

Lemma 6.2.3. Let q : Rd+1 → Rd+1 be the quadratic form q(t, ω) := −t2 +
∑
i ω

2
i on Rd+1. We

denote by SO(d, 1) the set of linear maps with determinant one that preserves q. Let H := {(t, ω) ∈
R × Rd , q(t, ω) = −1 , t > 0}. Define the stereographic projection ζ : Bd → H by ζ(x) :=(

1+|x|2
1−|x|2 ,

2x
1−|x|2

)
. Then, for any γ ∈ Mob(Bd), the map ζγζ−1 : H → H is the restriction of an

element of SO(d, 1) to H.

Proof. It suffices to check the lemma when γ is a rotation or a hyperbolic translation. A direct
computation shows that, when Ω ∈ SO(d,R), then ζΩζ−1 is a rotation leaving invariant the t
coordinate, and so it is trivially an element of SO(d, 1). We now do the case where γ = τβed is a
hyperbolic translation. We denote by x the variable in Bd and (t, ω) the variables in Rd+1. The
expression ζ(x) = (t, ω) gives

1 + |x|2

1 − |x|2
= t,

2x

1 − |x|2
= ω, and ζ−1(t, ω) =

ω

1 + t
.

For α ∈ R, denote sα := sinh(α) and cα := cosh(α). There exists α such that β = sα/(cα + 1) =
(cα − 1)/sα. For this α, we also have β2 = (cα − 1)/(cα + 1), and 1 − β2 = 2/(cα + 1). Now, we
see that

τβed(x) =
(1 − β2)x+ (|x|2 + 2xdβ + 1)βed

β2|x|2 + 2xdβ + 1
=

2
cα+1x+ (|x|2 + 2xd

cα−1
sα

+ 1) sα
cα+1ed

cα−1
cα+1 |x|2 + 2xd

sα
cα+1 + 1

=
2x+ (sα(1 + |x|2) + 2xd(cα − 1))ed

1 − |x|2 + cα(1 + |x|2) + 2sαxd
=
ω + (sαt+ (cα − 1)ωd) ed

1 + cαt+ sαωd

= ζ−1 (cαt+ sαωd, ω + (sαt+ (cα − 1)ωd) ed) ,

and so ζτβedζ
−1(t, ω) = (cαt+ sαωd , ω + (sαt+ (cα − 1)ωd) ed) is indeed linear in (t, ω). In this

form, checking that ζτβedζ
−1 ∈ SO(d, 1) is immediate.

Remark 6.2.4. From now on, we will allow to directly identify elements of Mob(Bd) with matrices
in SO(d, 1). (By continuity of γ 7→ ζγζ−1, we even know that thoses matrices lies in SO0(d, 1),
the connected component of the identity in SO(d, 1)). It follows from the previous explicit com-
putations that, for any matrix norm on SO(d, 1), and for any γ ∈ Mob(Bd) such that |γ(o)| ≥ c0,
there exists C0 only depending on c0 such that

∥γ∥ ≤ C0ε
−1
γ .
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6.2.2 The Gibbs cocycle

In this paragraph, we introduce our geometric setting. For an introduction to geometry in negative
(non-constant) curvature, the interested reader may refer to [BGS85], or to the first chapters of
[PPS15].

Let M = Hd/Γ be a hyperbolic manifold of dimension d, where Γ ⊂ Iso+(Hd) denotes a non-
elementary and discrete group of isometries of the hyperbolic space without torsion and that pre-
serves the orientation. Let T 1M denote the unit tangent bundle of M , and denote by p : T 1M →M
the usual projection. The projection lift to a Γ-invariant map p̃ : T 1Hd → Hd. Fix F : T 1M → R
a Hölder map: we will call it a potential. The potential F lift to a Γ-invariant map F̃ : T 1Hd → R.
All future constants appearing in this Chapter will implicitely depend on Γ and F .

To be able to use our previous results about Moebius transformations, we will work in the
conformal ball model for a bit. In this model, we can think of Hd as being the unit ball Bd

equipped with the metric ds2 := 4∥dx∥2

(1−∥x∥2)2 . The ideal boundary ∂∞Hd (see [BGS85] for a definition)

of Hd is then naturally identified with Sd−1, and its group of orientation-preserving isometries with
Mob(Bd). On the ideal boundary, there is a natural family of distances (dx)x∈Hd called visual
distances (seen from x), defined as follow:

dx(ξ, η) := lim
t→+∞

exp

(
−1

2
(d(x, ξt) + d(x, ηt) − d(ξt, ηt))

)
∈ [0, 1],

where ξt and ηt are any geodesic rays ending at ξ and η. To get an intuition behind this quantity,
picture a finite tree with root x and think of ξ and η as leaves in this tree.

Lemma 6.2.5 ([PPS15] page 15 and [LNP19] lemma A.5). The visual distances are all equivalent
and induces the usual euclidean topology on Sd−1 ≃ ∂∞Hd. More precisely:

∀x, y ∈ Hd,∀ξ, η ∈ ∂∞Hd, e−d(x,y) ≤ dx(ξ, η)

dy(ξ, η)
≤ ed(x,y).

In the ball model, the visual distance from the center of the ball is the sine of (half of) the angle.

The sphere at infinity ∂∞Hd takes an important role in the study of Γ. Since Γ is supposed
non-elementary, for any x ∈ Hd, the orbit Γx accumulates on Sd−1 (for the euclidean topology) into
a (fractal) limit set denoted ΛΓ. This limit set is independent of x. We will denote by Hull(ΛΓ)
the convex hull of the limit set: that is, the set of points x ∈ Hd such that x is in a geodesic
starting and ending in ΛΓ. Since Γ acts naturally on ΛΓ, Γ acts on Hull(ΛΓ). Without loss of
generality, we can assume that o ∈ Hull(ΛΓ), and we will do so from now on. We will say that Γ
is convex-cocompact if Γ is discrete, without torsion and if Hull(ΛΓ)/Γ is compact. In particular,
in this Chapter, we allow M to be compact.

We will suppose throughout the Chapter that Γ is convex-cocompact. In this context, the set
ΩΓ = p−1(HullΛΓ/Γ) ⊂ T 1M is compact, and it follows that supΩΓ |F | < ∞. In particular, F̃
is bounded on p̃−1(Hull(ΛΓ)), which is going to allow us to get some control over line integrals
involving F . Recall the notion of line integral in this context: if x, y ∈ Hd are distinct points, then
there exists a unique unit speed geodesic joining x to y, call it cx,y. We then define:∫ y

x

F̃ :=

∫ d(x,y)

0

F̃ (ċx,y(s))ds.

Beware that if F̃ (−v) ̸= F̃ (v) for some v ∈ T 1M , then
∫ y
x
F̃ and

∫ x
y
F̃ might not be equal.

We are ready to introduce the Gibbs cocycle and recall some of its properties.

Definition 6.2.6 ([PPS15], page 39). The following “Gibbs cocycle” CF : ∂∞Hd × Hd × Hd → R is
well defined and continuous:

CF,ξ(x, y) := lim
t→+∞

(∫ ξt

y

F̃ −
∫ ξt

x

F̃

)
,

where ξt denotes any geodesic converging to ξ.
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Remark 6.2.7. Notice that if ξ is the endpoint of the ray joining x to y, then

CF,ξ(x, y) = −
∫ y

x

F̃ .

For A ⊂ Hd, we call “shadow of A seen from x” the set OxA of all ξ ∈ ∂∞Hd such that the
geodesic joining x to ξ intersects A. (The letter O stands for “Ombre” in French.)

Proposition 6.2.8 ([PPS15], Proposition 3.4 and 3.5). We have the following estimates on the Gibbs
cocycle.

1. For all R > 0, there exists C0 > 0 such that for all γ ∈ Γ and for all ξ ∈ OoB(γ(o), R) in
the shadow of the (hyperbolic) ball B(γ(o), R) seen from o, we have:∣∣∣∣∣CF,ξ(o, γ(o)) +

∫ γ(o)

o

F̃

∣∣∣∣∣ ≤ C0.

2. There exists α ∈ (0, 1) and C0 > 0 such that, for all γ ∈ Γ and for all ξ, η ∈ ΛΓ such that
do(ξ, η) ≤ e−d(o,γ(o))−2,

|CF,ξ(o, γ(o)) − CF,η(o, γ(o))| ≤ C0e
αd(o,γ(o))do(ξ, η)α.

In fact, for every x, y ∈ Hd, the map ξ ∈ ΛΓ 7→ CF,ξ(x, y) ∈ R is Hölder regular (but not
uniformly in x, y).

6.2.3 Patterson-Sullivan densities

In this paragraph, we recall the definition of (Γ, F ) Patterson-Sullivan densities, and we introduce
a regularity condition. To begin with, recall the definition and some properties of the critical
exponent of (Γ, F ).

Definition 6.2.9 ([PPS15], Lemma 3.3). Recall that F is supposed Hölder, and that Γ is convex-
cocompact. The critical exponent of (Γ, F ) is the quantity δΓ,F ∈ R defined by:

δΓ,F := lim sup
n→∞

1

n
ln
∑
γ∈Γ

e
∫ γy
x

F̃

n−c<d(x,γy)≤n

,

for any x, y ∈ Hd and any c > 1. The critical exponent dosen’t depend on the choice of x, y and c.

Theorem 6.2.10 ([PPS15], section 3.6 and section 5.3). Let Γ ⊂ Iso+(Hd) be convex-cocompact,
and note M := Hd/Γ. Let F : T 1M → R be a Hölder regular potential. Then there exists a unique
(up to a scalar multiple) family of finite nonzero measures (µx)x∈Hd on ∂∞Hd such that, for all
γ ∈ Γ, for all x, y ∈ Hd and for all ξ ∈ ∂∞Hd:

• γ∗µx = µγx

• dµx(ξ) = e−CF−δΓ,F ,ξ(x,y)dµy(ξ)

Moreover, these measures are all supported on the limit set ΛΓ. We call them (Γ, F )-Patterson
Sullivan densities.

Remark 6.2.11. Notice that Patterson-Sullivan densities only depend on the normalized potential
F − δΓ,F . Since δΓ,F+κ = δΓ,F + κ, replacing F by F − δΓ,F allows us to work without loss of
generality with potentials satisfying δΓ,F = 0. We call such potentials normalized.

The next estimate tells us, in a sense, that we can think of µo as a measure of a “fractal solid
angle”, pondered by the potential. This is better understood by recalling that since the area of a
hyperbolic sphere of large radius r is a power of ∼ er, then the solid angle of an object of diameter
1 lying in that sphere is a power of ∼ e−r. In the following “Shadow lemma”, the object is a ball
B(y,R), at distance d(x, y) from an observer at x.
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Proposition 6.2.12 (Shadow Lemma, [PPS15] Lemma 3.10). Let R > 0 be large enough. There
exists C > 0 such that, for all x, y ∈ Hull(ΛΓ):

C−1e
∫ y
x
(F̃−δΓ,F ) ≤ µx (OxB(y,R)) ≤ Ce

∫ y
x
(F̃−δΓ,F ).

Definition 6.2.13. The shadow lemma calls for the following hypothesis: we say that the potential
F satisfy the regularity assumptions (R) if F is Hölder regular and if supΩΓ F < δΓ,F .

Remark 6.2.14. By Lemma 3.3 in [PPS15], we see that we can construct potentials satisfying (R)
as follow: choose some potential F0 satisfying (R) (for example, the constant potential) and then
choose any Hölder map E : T 1M → R satisfying 2 supΩΓ |E| < δΓ,F − supΩΓ F . Then F := F0 +E
satisfies the assumption (R). A similar assumption is introduced in [GS14].

The point of the assumption (R) is to ensure that Patterson-Sullivan densities exhibit some
regularity. This is possible because we have a tight control over the geometry of shadows.

Lemma 6.2.15. Let Γ ⊂ Iso+(Hd) be convex-cocompact, and let F : T 1(Hd/Γ) → R satisfy the
regularity assumptions (R). Let δreg ∈ (0, 1) such that δreg < δΓ,F − supΩΓ F . Let µ denote some
(Γ, F )-Patterson-Sullivan density. Then

∃C > 0, ∀ξ ∈ ∂∞Hd, ∀r > 0, µ(B(ξ, r)) ≤ Crδreg ,

where the ball is in the sense of some visual distance.

Proof. First of all, since for all p, q ∈ Hd, ξ ∈ ∂∞Hd 7→ eCξ(p,q) is continuous and since the ideal
boundary is compact, we can easily reduce our statement to the case where µ is a Patterson-Sullivan
density based on the center of the ball o. Moreover, since all the visual distances are equivalent,
one can suppose that we are working for the visual distance based at o too. Finally, since the
support of µo is ΛΓ, we can suppose without loss of generality that B(ξ, r) ∩ ΛΓ ̸= ∅. Since in this
case there exists some ξ̃ ∈ ΛΓ such that B(ξ, r) ⊂ B(ξ̃, 2r), we may further suppose without loss
of generality that ξ ∈ ΛΓ.

Now fix ξ ∈ ΛΓ and r > 0. Let x ∈ Hull(ΛΓ) lay in the ray starting from o and ending at ξ.
Let ρ ∈ [0, 1], let y ∈ Hd such that [o, y] is tangent to the sphere S(x, ρ), and note η the ending of
the ray starting from o and going through y. The hyperbolic law of sine (see Lemma A.4 and A.5
in [LNP19]) allows us to compute directly:

do(ξ, η) =
1

2
· sinh(ρ)

sinh(d(o, x))
.

It follows that there exists C > 0 such that for all ξ ∈ ΛΓ, for all r > 0, there exists x ∈ Hull(ΛΓ)
such that e−d(o,x) ≤ Cr and Bo(ξ, r) ⊂ OoB(x, 1). The desired bound follows from the shadow
lemma, since the geodesic segment joining o and x lays in Hull(ΛΓ).

The regularity of Patterson-Sullivan densities is going to allow us to state a second version of
the contraction lemma. First, let us introduce a bit of notations. We fix, for all the duration of
the Chapter, a large enough constant CΓ > 0. For γ ∈ Γ, we define κ(γ) := d(o, γo), rγ := e−κ(γ)

and Bγ := OoB(γo, CΓ). By the hyperbolic law of sine, the radius of Bγ is sinh(CΓ)/ sinh(rγ)
(Lemma A.5 in [LNP19].) If CΓ is chosen large enough and when κ(γ) is large, we get a radius of
∼ eCΓrγ ≥ rγ . We have the following covering result.

Lemma 6.2.16 ([LNP19], Lemma A.8). Define rn := e−4CΓn, and let Sn := {γ ∈ Γ , e−2CΓrn ≤
rγ < rn}. For all n ≥ 1, the family {Bγ}γ∈Sn

covers ΛΓ. Moreover, there exists C > 0 such that:

∀n, ∀ξ ∈ ΛΓ, #{γ ∈ Sn , ξ ∈ Bγ} ≤ C.

Now, we are ready to state our second contraction lemma. Since the potential is not supposed
bounded, a lot of technical bounds will only be achieved by working on the limit set or on its
convex hull. One of the main goal of the second contraction lemma is then to replace xmγ by a
point ηγ lying in the limit set.

Lemma 6.2.17 (Second contraction lemma). Let Γ ⊂ Iso+(Hd) be convex-cocompact. Let F :
T 1(Hd/Γ) → R be a potential satisfying (R). Denote by µo ∈ P(ΛΓ) the associated Patterson-
Sullivan density at o. Then there exists a family of points (ηγ)γ∈Γ such that, for any γ ∈ Γ with
large enough κ(γ), we have ηγ ∈ ΛΓ ∩Bγ (in fact do(ηγ , x

m
γ ) ≲ r2γ), and moreover:
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1. there exists c > 0 independent of γ such that do(ξ, ηγ) ≥ rγ/2 ⇒ do(γ
−1ξ, γ−1ηγ) ≥ c,

2. for all ε0 ∈ (0, δreg), there exists C independent of γ such that:∫
ΛΓ

do(γ(ξ), ηγ)ε0dµo(ξ) ≤ Crε0γ .

Proof. Recalling that the visual distance and the euclidean distance are equivalent on the unit
sphere, if we forget about ηγ and replace it by xmγ instead, then the first point is a direct corollary
of the first contraction Lemma 6.2.2. We just have to check two points: first, since Γ is discrete
without torsion, there exists c0 > 0 such that for all γ ∈ Γ \ {Id}, d(o, γo) > c0. The second point
is to check that the orders of magnitude of rγ and εγ (quantity introduced in the first contraction
lemma) are compatible. This can be checked using an explicit formula relating the hyperbolic

distance with the euclidean one in the ball model: rγ = e−κ(γ) = 1−|γ(o)|
1+|γ(o)| ∼ εγ/2 (see [Ra06],

exercise 4.5.1). We even have a large security gap for the first statement to hold (recall that the
critical scale is ∼ ε2γ).

We will use the strong contraction properties of Γ to construct a point ηγ ∈ ΛΓ very close to
xmγ . Since Γ is convex-cocompact, we know in particular that diam(ΛΓ) > 0. Now let γ ∈ Γ such

that κ(γ) is large enough. The first contraction lemma says that there exists Aγ ⊂ ∂∞Hd with
diam(Aγ) ≤ Crγ such that diam(γ(Acγ)) ≤ rγ/10. It follows that we can find a point η̂γ ∈ ΛΓ

such that do(Aγ , η̂γ) > diam(ΛΓ)/3. Fixing ηγ := γ(η̂γ) gives us a point satisfying ηγ ∈ ΛΓ and
do(ηγ , x

m
γ ) ≲ r2γ . Hence ηγ ∈ Bγ , and moreover, any point ξ satisfying do(ξ, ηγ) ≥ rγ/2 will satisfy

γ−1(ξ) ∈ Aγ , and so do(γ
−1(ξ), γ−1(ηγ)) ≥ diam(ΛΓ)/3. This proves the first point.

For the second point: since the set Aγ ⊂ ∂∞Hd is of diameter ≤ Crγ and satisfy that, for all
ξ /∈ Aγ , do(γ(ξ), xmγ ) ≤ rγ/10, the upper regularity of µo yields∫

ΛΓ

do(γ(ξ), xmγ )ε0dµo(ξ) ≤ Cµo(Aγ) +

∫
Ac

γ

Crε0γ dµo ≤ Crε0γ .

The desired bound follows from do(x
m
γ , ηγ) ≲ rγ , using the triangle inequality.

6.3 Patterson-Sullivan densities are stationary measures

6.3.1 Stationary measures

In this subsection we define stationary measures and state our main theorem.

Definition 6.3.1. Let ν ∈ P(Γ) be a probability measure on Γ ⊂ SO(n, 1). Let µ ∈ P(∂∞Hd). We
say that µ is ν-stationary if:

µ = ν ∗ µ :=

∫
Γ

γ∗µ dν(γ).

Moreover, we say that the measure ν has exponential moment if there exists ε > 0 such that∫
Γ
∥γ∥εdν(γ) <∞. Finally, we denote by Γν the subgroup of Γ generated by the support of ν.

Theorem 6.3.2. Let Γ ⊂ Iso+(Hd) be a (non-elementary, discrete, without torsion, orientation
preserving) convex-cocompact group, and let F : T 1(Hd/Γ) → R be a potential on the unit tangent
bundle satisfying (R). Let x ∈ Hull(ΛΓ) and let µx ∈ P(ΛΓ) denotes the (Γ, F ) Patterson-Sullivan
density from x. Then there exists ν ∈ P(Γ) with exponential moment (seen as a random walk in
SO(d, 1)) such that µx is ν-stationary and such that Γν = Γ.

Remark 6.3.3. This result for d = 2 was announced without proof by Jialun Li in [Li17] (see remark
1.9). A proof in the case of constant potentials is done in the appendix of [LNP19]. Our strategy
is inspired by this appendix. For more details on stationary measures, see the references therein.

First of all, a direct computation allows us to see that if (µx)x∈Hd are (Γ, F ) Patterson-Sullivan
densities, then, for any η ∈ SO0(d, 1) , (η∗µη−1x)x∈Hd are (ηΓη−1, η∗F ) Patterson-Sullivan densi-
ties. This remark allows us to reduce our theorem to the case where the basepoint x is the center
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of the ball o, and o ∈ Hull(ΛΓ). Our goal is to find ν ∈ P(Γ) such that ν ∗µo = µo. Assuming that
F is normalized, this can be rewritten as follows:

dµo(ξ) =
∑
γ

ν(γ)d(γ∗µo)(ξ) =
∑
γ

ν(γ)eCF,ξ(o,γo)dµo(ξ).

Hence, µo is ν-stationary if ∑
γ∈Γ

ν(γ)fγ = 1 on ΛΓ,

where

fγ(ξ) := eCF,ξ(o,γo).

Remark 6.3.4. Our main goal is to find a way to decompose the constant function 1 as a sum of
fγ . Here is the intuition behind our proof.

Define r−Fγ := e−
∫ γo
o

F̃ = fγ(xmγ ) ≃ fγ(ηγ). The first thing to notice is that fγ looks like an

approximation of unity centered at xmγ . Renormalizing yields the intuitive statement rFγ fγ ∼ 1Bγ
.

The idea is that this approximation gets better as κ(γ) becomes large. Once this observation is
done, there is a natural “n-th approximation” operator that can be defined. For some positive
function R, one can write:

R ≃
∑
γ∈Sn

R(ηγ)1Bγ
≃
∑
γ∈Sn

R(ηγ)rFγ fγ =: PnR.

Proving that the operator Pn does a good enough job at approximating some functions R is the
content of the “approximation lemma” 6.3.8. In particular, it is proved that, under some assump-
tions on R > 0, we have cR ≤ PnR ≤ CR.

The conclusion of the proof is then easy. We fix a constant β > 0 small enough so that cR ≤
βPnR ≤ R. Then, we define by induction R0 = 1 and 0 < Rn+1 := Rn − βPn+1Rn ≤ (1 − c)Rn.
By induction, this gives Rn ≤ (1 − c)n, and hence 1 = R0 − limnRn =

∑
k(Rk − Rk+1) is a

decomposition of 1 as a sum of fγ .

6.3.2 The approximation operator

First, we collect some results on fγ that will allows us to think of it as an approximation of unity
around xγm with width rγ . The first point studies fγ near xmγ , the second point study the decay of
fγ away from it, and the last point is a regularity estimate at the scale rγ . To quantify this decay,
we recall the notion of potential gap (or gap map).

Definition 6.3.5. The following “potential gap” DF : Hd × ∂∞Hd × ∂∞Hd is well defined and
continuous:

DF,x(η, ξ) := exp
1

2
lim
t→∞

(∫ ξt

x

F̃ +

∫ x

ηt

F̃ −
∫ ξt

ηt

F̃

)
,

where (ηt) and (ξt) denotes any unit speed geodesic ray converging to η and ξ.

Under our assumptions, the gap map (for some fixed x) behaves like a distance on ΛΓ: see
[PPS15], section 3.4 for details. Finally, we denote by ι(v) = −v the flip map on the unit tangent
bundle.

Lemma 6.3.6 (Properties of fγ). There exists Creg ≥ 2 (independent of CΓ) and C0 ≥ 1 (depending
on CΓ) such that, for all γ ∈ Γ:

1. For all ξ ∈ Bγ ,

rFγ fγ(ξ) ∈ [e−C0 , eC0 ].

2. For all ξ ∈ ΛΓ such that do(ξ, ηγ) ≥ rγ/2,

C−1
0 DF,o(ξ, ηγ)−2 ≤ r−F◦ι

γ fγ(ξ) ≤ C0DF,o(ξ, ηγ)−2.
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3. For all ξ, η ∈ ΛΓ such that do(ξ, η) ≤ rγ/e
2,

|fγ(ξ)/fγ(η) − 1| ≤ Creg · do(ξ, η)αr−αγ .

Proof. Recall that fγ(xmγ ) = r−Fγ : the first point is then a consequence of Proposition 6.2.8. The
third point also directly follows without difficulty. For the second item, recall that ηγ ∈ Bγ , so
that by the same argument we get

r−F◦ι
γ ≃ eCF◦ι,ηγ (o,γo).

Then, a direct computation yields:

fγ(ξ)r−F◦ι
γ ≃ exp lim

t→∞

((∫ ξt

γo

F̃ −
∫ ξt

o

F̃

)
−

(∫ o

(ηγ)t

F̃ −
∫ γo

(ηγ)t

F̃

))

= lim
t→∞

exp

((
−
∫ ξt

o

F̃ −
∫ o

(ηγ)t

F̃ +

∫ ξt

(ηγ)t

F̃

)
+

(∫ ξt

γo

F̃ +

∫ γo

(ηγ)t

F̃ −
∫ ξt

(ηγ)t

F̃

))

=
DF,γo(ηγ , ξ)

2

DF,o(ηγ , ξ)2
.

Under our regularity hypothesis (R), and because Γ is convex-cocompact and ξ, η ∈ ΛΓ, it is known
that there exists c0 > 0 such that dγo(ξ, ηγ)c0 ≤ DF,γo(ηγ , ξ) ≤ 1 (see [PPS15], page 56). The
second contraction lemma allows us to conclude, since dγo(ξ, ηγ) = do(γ

−1ξ, γ−1(ηγ)) ≥ c under
the hypothesis do(ξ, ηγ) ≥ rγ/2.

To get further control over the decay rate of fγ away from ηγ , the following “role reversal” result
will be helpful.

Lemma 6.3.7 (symmetry). Let n ∈ N and let η ∈ ΛΓ. Since {Bγ}γ∈Sn
is a covering of ΛΓ, and

by choosing CΓ larger if necessary, we know that there exists γ̃η ∈ Sn+1 such that η ∈ Bγ̃η and

d(η, ηγ̃η ) ≤ C
−2/α
reg rγ̃η . Now let γ ∈ Γ, and suppose that do(η, ηγ) ≥ rγ . Then:

C−1fγ̃η (ηγ) ≤ fγ(η) ≤ Cfγ̃η (ηγ)

for some constant C independent of n, γ and η.

Proof. First of all, by the third point of the previous lemma, and since d(η, ηγ̃η ) ≤ C
−2/α
reg rγ , we

can write fγ(η)/fγ(ηγ̃η ) ∈ [1/2, 3/2]. Then, by the previous lemma again, we see that

fγ(η)

fγ̃η (ηγ)
≃
fγ(ηγ̃η )

fγ̃η (ηγ)
≃
DF,o(ηγ̃η , ηγ)2

DF,o(ηγ , ηγ̃η )2
≃ 1,

where we used the quasi symmetry of the gap map ([PPS15], page 47).

We are ready to introduce the n-th approximation operator. For some positive function R :
ΛΓ → R∗

+, define, on ∂∞Hd, the following positive function:

PnR(η) :=
∑
γ∈Sn

R(ηγ)rFγ fγ(η).

The function PnR has the regularity of fγ for γ ∈ Sn.

Lemma 6.3.8. Choosing CΓ larger if necessary, the following hold. Let n ∈ N and let ξ, η ∈ ΛΓ

such that do(ξ, η) ≤ rn+1. Then: ∣∣∣∣PnR(ξ)

PnR(η)
− 1

∣∣∣∣ ≤ 1

2
do(ξ, η)αr−αn+1.
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Proof. The regularity estimates on fγ and the positivity of R yields:

|PnR(ξ) − PnR(η)| ≤
∑
γ∈Sn

R(ηγ)rFγ |fγ(ξ) − fγ(η)|

≤ Creg

∑
γ∈Sn

R(ηγ)rFγ fγ(η)d0(ξ, η)αr−αγ ≤ PnR(η) · Crege
−2αCΓd0(ξ, η)αr−αn+1.

The bound follows.

Now is the time where we combine all of our preliminary lemmas to prove our main technical
lemma: the approximation operator does a good enough job at approximating on ΛΓ. Some natural
hypothesis on R are required: the function to approximate has to be regular enough at scale rn,
and has to have mild global variations (so that the decay of fγ away from xmγ is still useful).

Lemma 6.3.9 (Approximation lemma). Let ε0 ∈ (0, δreg) and C0 ≥ 1. Let n ∈ N, and let R : ΛΓ →
R be a positive function satisfying:

1. For ξ, η ∈ ΛΓ, if do(ξ, η) ≤ rn+1, then∣∣∣∣R(ξ)

R(η)
− 1

∣∣∣∣ ≤ 1

2

(
do(ξ, η)

rn+1

)α
.

2. For ξ, η ∈ ΛΓ, if do(ξ, η) > rn+1, then

R(ξ)/R(η) ≤ C0do(ξ, η)ε0r−ε0n .

Then there exists A ≥ 1 that only depends on ε0 and C0 such that, for all η ∈ ΛΓ:

A−1R(η) ≤ Pn+1R(η) ≤ AR(η).

Proof. Let η ∈ ΛΓ. We have:

Pn+1R(η) =
∑

γ∈Sn+1

R(ηγ)rFγ fγ(η) =
∑

γ∈Sn+1

η∈Bγ

R(ηγ)rFγ fγ(η) +
∑

γ∈Sn+1

η/∈Bγ

R(ηγ)rFγ fγ(η).

The first sum is easily controlled: if η ∈ Bγ , then R(ηγ) ≃ R(η) and rFγ fγ(η) ≃ 1. Since η is in a
(positive and) bounded number of Bγ , we find

C−1R(η) ≤
∑

γ∈Sn+1

η∈Bγ

R(ηγ)rFγ fγ(η) ≤ CR(η),

which gives the lower bound since R, rFγ and fγ are positive. To conclude, we need to get an upper
bound on the residual term. Using diam(Bγ) ≲ rn, the symmetry lemma on fγ(η), the regularity
and mild variations of R, and using the shadow lemma rFγ ≃ µo(Bγ), we get:∑

γ∈Sn+1

η/∈Bγ

R(ηγ)rFγ fγ(η) ≲ R(η)r−ε0n

∑
η/∈Bγ

rFγ do(ηγ , η)ε0fγ̃η (ηγ)

≲ R(η)r−ε0n

∑
η/∈Bγ

µ(Bγ)do(ηγ , η)ε0fγ̃η (ηγ).

Now notice that, for all γ ∈ Sn+1 such that η /∈ Bγ , and for all ξ ∈ Bγ , we have

do(ηγ , η)ε0fγ̃η (ηγ) ≲
(
do(ηγ , ξ)

ε0 + do(ξ, η)ε0
)
fγ̃η (ξ) ≲

(
rε0n + do(ξ, η)ε0

)
fγ̃η (ξ),

so that integrating in ξ ∈ Bγ gives:

µ(Bγ)do(ηγ , η)ε0fγ̃η (ηγ) ≲ rε0n

∫
Bγ

(
1 +

do(ξ, η)ε0

rε0n

)
dµo(ξ).
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Injecting this estimate in the previous sum, and using Lemma 6.2.16 gives∑
γ∈Sn+1

η/∈Bγ

R(ηγ)rFγ fγ(η) ≲ R(η)

∫
B(η,rn+1)c

(
1 +

do(ξ, η)ε0

rε0n

)
fγ̃η (ξ)dµo(ξ).

Finally, the second contraction lemma and the bound do(η, ηγ̃η ) ≲ rn yields:∫
B(η,rn+1)c

(
1 +

do(ξ, η)ε0

rε0n

)
fγ̃η (ξ)dµo(ξ) ≤

∫
ΛΓ

(
1 +

do(ξ, η)ε0

rε0n

)
fγ̃η (ξ)dµo(ξ)

=

∫
ΛΓ

(
1 +

do(ξ, η)ε0

rε0n

)
dµγ̃ηo(ξ) =

∫
ΛΓ

(
1 +

do(γ̃η(ξ), η)ε0

rε0n

)
dµo(ξ)

≲ 1 + r−ε0n

∫
ΛΓ

do(γ̃η(ξ), ηγ̃η )ε0dµo(ξ) ≲ 1,

which concludes the proof.

6.3.3 The construction of ν

In this last subsection, we construct the measure ν and conclude that some (Γ, F ) Patterson-
Sullivan densities are stationary measures for a random walk on Γ with exponential moment. We
can conclude by following the end of [LNP19] very closely, but we will recall the last arguments
for the reader’s convenience.

Recall that the large constant CΓ ≥ 1 was fixed just before Lemma 6.2.16, and that rn :=
e−4CΓn. Recall also that α > 0 is fixed by Lemma 6.2.8. We fix β ∈ (0, 1) small enough so that
1 − β ≥ e−4CΓα + β, and we choose ε0 so that rε0n = (1 − β)n. By taking β even smaller, we can
suppose that ε0 < δreg. For this choice of ε0, and for C0(ε0) := 2(1−β)−2e4CΓε0 , the approximation
lemma gives us a constant A > 1 such that, under the hypothesis of Lemma 6.3.9:

β

A2
R ≤ β

A
Pn+1R ≤ βR.

We then use Pn to successively take away some parts of R. Define, by induction, R0 := 1 and

Rn+1 := Rn − β

A
Pn+1Rn ≤ Rn.

For the process to work as intended, we need to check that Rn satisfies the hypothesis of the
approximation lemma.

Lemma 6.3.10. Let n ∈ N. The function Rn is positive on ΛΓ, and for any ξ, η ∈ ΛΓ:

1. If do(ξ, η) ≤ rn+1, then ∣∣∣∣Rn(ξ)

Rn(η)
− 1

∣∣∣∣ ≤ 1

2
do(ξ, η)αr−αn+1.

2. If do(ξ, η) > rn+1, then

Rn(ξ)/Rn(η) ≤ C0(ε0) · do(ξ, η)ε0(1 − β)−n.

Proof. The proof goes by induction on n. The case n = 0 is easy: the first point holds trivially
and the second holds since C0(ε0)rε01 = C0(ε0)e−4CΓε0 ≥ 1. Now, suppose that the result hold for
some n. In this case, the approximation lemma yields

Rn+1 = Rn − β

A
Pn+1Rn ≥ (1 − β)Rn,

and in particular Rn+1 is positive. Let us prove the first point: consider ξ, η ∈ ΛΓ such that
do(ξ, η) ≤ rn+2. Then Lemma 6.3.8 gives∣∣∣∣ βAPn+1Rn(ξ) − β

A
Pn+1Rn(η)

∣∣∣∣ ≤ 1

2

(
β

A
Pn+1Rn(η)

)
· do(ξ, η)αr−αn+2 ≤ 1

2
βRn(η) · do(ξ, η)αr−αn+2.
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Hence, using the induction hypothesis:

|Rn+1(ξ) −Rn+1(η)| ≤ |Rn(ξ) −Rn(η)| +

∣∣∣∣ βAPn+1Rn(ξ) − β

A
Pn+1Rn(η)

∣∣∣∣
≤ 1

2

(
r−αn+1 + βr−αn+2

)
Rn(η)do(ξ, η)α

≤ 1

2

e−4CΓα + β

1 − β
Rn+1(η)do(ξ, η)αr−αn+2.

Recalling the definition of β gives the desired bound. It remains to prove the second point. First
of all, notice that, for any ξ and η, we have:

Rn+1(ξ)

Rn+1(η)
≤ (1 − β)−1Rn(ξ)

Rn(η)
.

Now, suppose that do(ξ, η) ∈ (rn+2, rn+1]. The induction hypothesis gives Rn(ξ)/Rn(η) ≤ 1 +
|Rn(ξ)/Rn(η) − 1| ≤ 2, and so:

Rn+1(ξ)

Rn+1(η)
≤ 2

1 − β
=

2

1 − β
rε0n+2(1 − β)−(n+2) ≤ 2

(1 − β)2
· do(ξ, η)ε0(1 − β)−n+1,

which proves the bound. Finally, suppose that do(ξ, η) > rn+1. In this case, the induction hypoth-
esis directly yields

Rn+1(ξ)

Rn+1(η)
≤ 1

1 − β

Rn(ξ)

Rn(η)
≤ C0(ε0)do(ξ, η)ε0(1 − β)−(n+1),

and the proof is done.

We are ready to prove Theorem 6.3.2, following Li in [LNP19].

Proof. The previous lemma ensure that for all n, the function Rn satisfies the hypothesis of the
approximation lemma. Hence, we can write for all n,

Rn+1 = Rn − β

A
Pn+1Rn ≤

(
1 − β

A2

)
Rn,

so that by induction:

Rn ≤
(

1 − β

A2

)n
−→ 0.

It follows that

1 = R0 − lim
n
Rn =

∞∑
n=1

(Rn−1 −Rn) =
β

A

∞∑
n=1

Pn(Rn−1).

In other words,

1 =

∞∑
n=1

∑
γ∈Sn

β

A
Rn−1(ηγ)rFγ · fγ .

Letting

ν(γ) :=
β

A
Rn−1(ηγ)rFγ if γ ∈ Sn, and ν(γ) := 0 if γ /∈

⋃
k

Sk,

gives us a probability measure on Γ (since
∫
fγdµo = 1) satisfying ν ∗ µo = µo, by the remarks

made section in 6.3.1. Checking that the measure has exponential moment is easy since ∥γ∥ ≲ r−1
γ

by Remark 6.2.4. Indeed, by the shadow lemma rFγ ≃ µo(Bγ), and since Sn covers each point a
bounded number of time, we get: ∫

Γ

∥γ∥εdν ≲
∑
n

∑
γ∈Sn

ν(γ)r−εγ

≲
∑
n

(∑
γ

µo(Bγ)

)
(1 − β/A2)neε4CΓn <∞
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if ε is small enough. Finally, we show that Γν , the group spanned by the support of ν, is Γ.
To see this, say that CΓ was chosen so large that CΓ ≥ 6diam(Hull(ΛΓ)/Γ). In this case, there
exists γ1 ∈ S1 such that d(o, γ1o) ∈ [| ln r1| + CΓ/2, | ln r1| + 3CΓ/2]. Then, any γ ∈ Γ such that
d(o, γo) ≤ CΓ/2 satisfies γ1γ ∈ S1. In particular:

{γ ∈ Γ , d(o, γo) ≤ CΓ/2} ⊂ Γν ,

and it is then well known (see for example Lemma A.14 in [LNP19]) that this set spans the whole
group Γ as soon as CΓ/2 is larger than 3 times the diameter of Hull(ΛΓ)/Γ.

6.4 Consequences on equilibrium states

Now that we have proved Theorem 6.1.2, Corollary 6.1.3 follows directly from [Li20] (since, when
d = 2, being Zariski dense is equivalent to being non-elementary). To see how this statement
induces some knowledge over equilibrium states, let us recall more precisely the link between the
latter and Patterson-Sullivan densities. First, recall that the Hopf coordinates

Hopf :
(
(∂∞H2 × ∂∞H2) \ D

)
× R −→ T 1H2

allows us to smoothly identify the unit tangent bundle of H2 with a torus minus the diagonal times
R by the following process. For any v+ ̸= v− ∈ ∂∞H2, and for any t ∈ R, Hopf(v+, v−, t) := v
is the unique vector v ∈ T 1M lying on the geodesic ]v−, v+[ such that p̃(ϕ−t(v)) is the closest
point to o on this geodesic. We will denote by (∂v+ , ∂v− , ∂t) the induced basis of T (T 1M) in these
coordinates. Finally, recall that ι denotes the flip map.

Theorem 6.4.1 ([PPS15], Theorem 6.1). Let Γ ⊂ Iso+(Hd) be convex cocompact, M := Hd/Γ,
and F : T 1M → R be a normalized and Hölder-regular potential. Denote by mF ∈ P(T 1M) the
associated equilibrium state, and let m̃F be its Γ-invariant lift on T 1Hd. Denotes by µFx the (Γ, F )
Patterson-Sullivan density with basepoint x. Then, for any choice of x ∈ Hd, the following identity
hold in the Hopf coordinates (up to a multiplicative constant c0 > 0):

c0 · dm̃F (v+, v−, t) =
dµFx (v+)dµF◦ι

x (v−)dt

DF,x(v+, v−)2
.

We are now ready to prove Fourier decay for mF . To do a clean proof, we write down three
lemmas corresponding to Fourier decay in the three directions (∂v+ , ∂v− , ∂t). We will then combine
all of them to get the desired result (in the spirit of sections 1.1.3 and 1.1.4).

Lemma 6.4.2. Let α ∈ (0, 1). Under the conditions of Theorem 6.1.2, there exists ρ1, ρ2 > 0 and
C ≥ 1 such that the following hold. Let ξ ∈ R∗. Then, let χ : T 1H2 → R be a Hölder map supported
on some compact K, and let a C2 function φ : T 1H2 → R such that ∥φ∥C2 + (infK |∂v+φ|)−1 +
∥χ∥Cα ≤ |ξ|ρ1 , we have: ∣∣∣∣∫

T 1H2

eiξφ(v)χ(v)dm̃F (v)

∣∣∣∣ ≤ C

|ξ|ρ2
.

Proof. Denotes φ̃ and χ̃ the functions φ, χ seen in the Hopf coordinates. We get, for some large
a > 0 depending only on the support of χ:

c0

∫
T 1H2

eiξφ(v)χ(v)dm̃F (v) =

∫ a

−a

∫
ΛΓ

(∫
ΛΓ

eiξφ̃(v
+,v−,t) χ̃(v+, v−, t)

DF,o(v+, v−)2
dµFo (v+)

)
dµF◦ι

o (v−)dt.

Now, since χ̃ is supported in a compact subset of
(
(∂∞H2 × ∂∞H2) \ D

)
× R, and since DF is

uniformly Hölder (and doesn’t vanish) on a compact subset of Λγ × ΛΓ \ D (see [PPS15], Lemma
3.6 and Proposition 3.5), and finally since |∂v+ φ̃| ≳ |ξ|−ρ2 on the compact support of χ̃, we see
that Corollary 6.1.3 applies to the inner integral. (Notice that we can always extend DF outside
of ΛΓ × ΛΓ \ D so that it becomes Hölder on all (∂∞H2 × ∂∞H2) \ D, see [Mc34].) This gives the
desired bound.

Lemma 6.4.3. Let α ∈ (0, 1). Under the conditions of Theorem 6.1.2, there exists ρ1, ρ2 > 0 and
C ≥ 1 such that the following hold. Let ξ ∈ R∗. Then, let χ : T 1H2 → R be a Hölder map supported
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on some compact K, and let a C2 function φ : T 1H2 → R such that ∥φ∥C2 + (infK |∂v−φ|)−1 +
∥χ∥Cα ≤ |ξ|ρ1 , we have:

∀ξ ∈ R∗,

∣∣∣∣∫
T 1H2

eiξφ(v)χ(v)dm̃F (v)

∣∣∣∣ ≤ C

|ξ|ρ2
.

Proof. We need to check that when F satisfies the regularity assumptions (R), then F ◦ ι satisfies
them too. This is easy, since supΩΓ F ◦ ι = supΩΓ F < δΓ,F = δΓ,F◦ι by Lemma 3.3 in [PPS15].
Moreover, F ◦ ι is still Hölder regular. Hence, one can apply our previous lemma with F replaced
by F ◦ ι, and conclude.

Lemma 6.4.4. Under the conditions of Theorem 6.1.2, there exists C ≥ 1 such that, for all ξ ∈ R∗,
for any α-Hölder map χ : T 1H2 → R supported on some compact K, and for any C2 function
φ : T 1H2 → R satisfying ∥φ∥C2 + (infK |∂tφ|)−1 + ∥χ∥Cα ≤ |ξ|α/8, we have:∣∣∣∣∫

T 1H2

eiξφ(v)χ(v)dm̃F (v)

∣∣∣∣ ≤ C

|ξ|α/2

Proof. The proof is classic. We have, for some compact K̃ ⊂
(
∂∞H2 × ∂∞H2

)
\ D and for some

large enough a > 0 depending only on the support of χ:

c0

∫
T 1H2

eiξφ(v)χ(v)dm̃F (v) =

∫∫
K̃

(∫ a

−a
eiξφ̃(v

+,v−,t)χ̃(v+, v−, t)dt

)
DF,o(v

+, v−)−2d(µFo ⊗µF◦ι
o )(v+, v−).

We then work on the inner integral. When χ̃ is C1, we can conclude by an integration by parts. So
a way to conclude is to approximate χ̃ by a C1 map. Fix some smooth bump function ρ : R → R+

such that ρ is zero outside [−2, 2], one inside [−1, 1], increasing on [−2,−1] and decreasing on [1, 2].
For any ε > 0, set

χ̃ε(·, ·, t) :=

∫
R
χ̃(·, ·, t− x)ρ(x/ε)dx/ε.

This function is smooth in the t-variable. Moreover, if we denote by α a Hölder exponent for χ,
then a direct computation yields:

∥χ̃ε − χ̃∥∞ ≲ ξα/8εα, ∥∂tχ̃ε∥∞ ≲ ξα/8ε−(1−α).

Hence: ∣∣∣∣∫ a

−a
eiξφ̃χ̃dt

∣∣∣∣ ≤ 2a∥χ̃− χ̃ε∥∞ +

∣∣∣∣∫ a

−a
eiξφ̃χ̃εdt

∣∣∣∣ .
To control the integral on the right, we do our aforementioned integration by parts:∫ a

−a
eiξφ̃χ̃εdt =

∫ a

−a

iξ∂tφ̃

iξ∂tφ̃
eiξφ̃χ̃εdt

=

[
χ̃ε

iξ∂tφ̃
eiξφ̃

]t=a
t=−a

− i

ξ

∫ a

−a
∂t

(
χ̃ε
∂tφ̃

)
eiξφ̃dt,

so that ∣∣∣∣∫ a

−a
eiξφ̃χ̃εdt

∣∣∣∣ ≲ |ξ|−1+α/2ε−(1−α).

Finally, choosing ε = 1/|ξ| yields∣∣∣∣∫
T 1H2

eiξφ(v)χ(v)dm̃F (v)

∣∣∣∣ ≲ εα + ε−(1−α)|ξ|−1+α/2 ≲ |ξ|−α/2,

which is the desired bound.

Theorem 6.4.5. Let α ∈ (0, 1). Under the conditions of Theorem 6.1.2, there exists ρ1, ρ2 > 0 and
C ≥ 1 such that the following holds. For any ξ ∈ R∗, for any α-Hölder map χ : T 1M → R supported
on some compact K, for all C2 function φ : T 1M → R satisfying ∥φ∥C2 +(infK ∥dφ∥)−1+∥χ∥Cα ≤
|ξ|ρ1 , we have: ∣∣∣∣∫

T 1M

eiξφχdmF

∣∣∣∣ ≤ C

|ξ|ρ2
.

173



Proof. Let α > 0, and let ρ1, ρ2 > 0 be such that Lemma 6.4.2, Lemma 6.4.3 and Lemma 6.4.4
applies. Let ξ ∈ R, |ξ| ≥ 1, let φ : T 1M → R and let χ : T 1M → R be a α-Hölder map such that

∥φ∥C2 + (inf
K

∥dφ∥)−1 + ∥χ∥Cα ≤ |ξ|ρ1ρ2/100.

We then cover NW (ϕ) ⊂ T 1M by some balls of radius ξρ1ρ2/30. Since this is a compact subset
of a 3-dimensionnal manifold, this can be done using ≲ ξ−ρ1ρ2/10 balls. Let us then denote
NW(ϕ) ⊂

⋃
j∈J Bj , with |I| ≲ ξ−ρ1ρ2/10 and Bj = B(xj , ξ

−ρ1ρ2/30) for some xj ∈ T 1M . We
can suppose that each Bj intersects NW (ϕ). We can further construct this cover so that there
is an associated partition of unity (χj)j∈J satisfying

∑
j χj = 1 on NW(ϕ), supp(χj) ⊂ Bj , and

∥χj∥C1 ≲ ξ−ρ1ρ2/30. (This is easy to do in local charts: in R3, construct a partition of unity
adapted to a Z3-periodic partition of R3 with cubes of side 1, and then rescale everything.) Then,
let us write: ∫

T 1M

eiξφχdmF =
∑
j∈I

∫
Bj∩NW(φ)

eiξϕχχjdmF .

Select some fundamental domain D0 of Γ in T 1H2, and then consider a large enough compact
neighborhood D of D0 ∩ p̃−1(Hull(ΛΓ)). For each j, we choose a Hölder lift χ̃j : T 1H2 → R of

χχj with compact support B̃j ⊂ D, with diameter ≲ ξ−ρ1ρ2/30. Finally, let ϕ̃ : T 1H2 → R be a
Γ-periodic lift of φ. We have:∫

Bj∩NW (ϕ)

eiξϕχχjdmF =

∫
B̃j

eiξϕ̃χ̃jdm̃F .

Now consider the map B : T 1(T 1H2) → R∗
+ defined by

B(αv+∂v+ + αv−∂v− + αt∂t) := min(|αv+ |, |αv− |, |αt|).

Since this map is continuous on the compact set D, there exists c0 > 0 such that B(D) ⊂ [c0,∞[.
We can finally go on and control all of our integrals.
Let j ∈ I. Let yj ∈ B̃j ∩ p̃−1(Hull(ΛΓ)). Notice that since, for all x ∈ p̃−1(Hull(ΛΓ)), ∥dϕ̃x∥ ≳
ξ−ρ1ρ2/100, there exists some unit vector hj ∈ T 1(T 1M) such that |dϕyj (hj)| > ξ−ρ1ρ2/100. It

follows that there exists e ∈ {v+, v−, t} such that |∂eϕ(yj)| > c0ξ
−ρ1ρ2/100. Notice then that for

each y ∈ B̃j , we have:
|∂eϕ(y)| ≥ |∂eϕ(yj)| − |∂eϕ(y) − ∂eϕ(yj)|

≥ c0ξ
−ρ1ρ2/100 − ∥ϕ∥C2diam(B̃j) ≥ c0ξ

−ρ1ρ2/100(1 − ξ−ρ1ρ2/30) ≥ ξ−ρ1

if ξ is large enough. Moreover:

∥χ̃j∥Cα = ∥χχj∥Cα ≲ ∥χ∥Cαξρ1ρ2/100 ≲ ξρ1ρ2/50 ≤ ξρ1 .

We can then apply our previous lemmas to control our integral: there exists C ≥ 1 (independant
of j) such that: ∣∣∣ ∫

B̃j

eiξϕ̃χ̃jdm̃F

∣∣∣ ≤ C

|ξ|ρ2
.

Summing those estimates and using the bound |I| ≲ ξ−ρ1ρ2/10 yields:∣∣∣ ∫
T 1M

eiξφχdmF

∣∣∣ ≤∑
j∈I

∣∣∣ ∫
Bj∩NW(φ)

eiξϕχχjdmF

∣∣∣ ≤ C|I|
|ξ|ρ2

≤ C̃

|ξ|ρ2/2
.

Remark 6.4.6. We recover our main Theorem 6.1.4 as a particular case of Theorem 6.4.5. Indeed,
if φ : K ⊂ T 1M → R3 is a C2 local chart, then for any ζ ∈ R3 \ {0}, one may write:∫

T 1M

eiζ·φ(v)χ(v)dmF (v) =

∫
T 1M

ei|ζ|(ζ/|ζ|)·φ(v)χ(v)dmF (v) ≤ C|ζ|−ρ1 ,

since the map (u, v) ∈ S2 ×K 7→ u · (dφ)v ∈ T ∗
v (T 1M) doesn’t vanish (because the range of (dφ)v

isn’t contained in a plane). In fact, we can write ∥u · (dφ)v∥ ≳ ∥(tdφ−1)v∥−1. Notice that we used
the uniformity of the constants C ≥ 1 given by the phases u · (dφ).
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[ABV14] V. Araújo, O. Butterley, P. Varandas Open sets of Axiom A flows with Exponentially
Mixing Attractors (with Erratum), Proceedings of the American Mathematical Society, 144(7),
2971-2984 (2016) arXiv:1402.6654v3

[AF91] R. Adler, L. Flatto Geodesic flows, interval maps, and symbolic dynamics Bull. Amer.
Math. Soc. (N.S.) 25(2): 229-334 (October 1991).
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