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𝜀̇ = (𝐴 − 𝐿𝐶)𝜀

𝐴 − 𝐿𝐶

𝐿
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𝜔𝑏

𝜀̇ = (𝐴 − 𝐿𝐶)𝜀 + 𝐿𝜔𝑏

𝐿

𝐴 − 𝐿𝐶

𝐿

𝐿

�̇� = 𝐴𝑥 + 𝐵𝑢 + 𝜔𝑝(𝑡) 

𝑦 = 𝐶𝑥 + 𝑢 + 𝜔𝑏(𝑡)

𝜔𝑝 𝜔𝑏
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𝐿

𝐾𝑓

𝐽𝐾𝐹

𝐽𝐾𝐹 =  ∫ {𝑥(𝑡) − �̂�(𝑡)}𝑇𝑄(𝑥(𝑡) − �̂�(𝑡)) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)𝑑𝑡
+∞

0

𝑄 𝑅

 

𝐽𝐿𝑄𝑅

𝐽𝐿𝑄𝑅 = ∫ (𝑥(𝑡)𝑇𝑄𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡))𝑑𝑡
+∞

0

𝑄 𝑅 

𝑄 𝑅

𝑄

𝑅

𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0

𝑃

𝐾

𝑢(𝑡) =  −𝐾𝑥(𝑡) =  −𝑅−1𝐵𝑇𝑃𝑥(𝑡)

𝐽𝐿𝑄𝑅

𝑢(𝑡) =  −𝐾�̂�(𝑡)
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𝜎

𝜀
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𝑛 𝑚 𝐴 ∈

ℝ𝑛×𝑛 𝐵 ∈ ℝ𝑛×𝑚 1 ≤ 𝑚 ≤ 𝑛 𝜎 ∶ ℝ →

 ℝ𝑚

𝜎(𝑥) = 𝑆𝑥(𝑡)

𝑆 ∈ ℝ𝑚×𝑛

𝑆

𝜎 = �̇� = 0

𝑆�̇�(𝑡) = 𝑆𝐴𝑥(𝑡) +  𝑆𝐵𝑢(𝑡) = 0

𝑆

𝑆𝐵

𝐵 𝑆

𝑢𝑒𝑞

𝑢𝑒𝑞(𝑡) = −(𝑆𝐵)
−1𝑆𝐴𝑥(𝑡)
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𝐵 𝑇𝑟 ∈

ℝ𝑛×𝑛

𝑇𝑟𝐵 = [
0
𝐵2
]

𝑇𝑟 𝐵2 ∈ ℝ
𝑚×𝑚

𝑇𝑟

𝐵 = 𝛩𝛬 

𝐵 =  [𝛩1 𝛩2] [
𝛬1
0
]

𝛬1 ∈ ℝ
𝑚×𝑚

𝑇𝑟 = [𝛩1 𝛩2]
−1

𝑧(𝑡) =  𝑇𝑟𝑥(𝑡)

𝑧(𝑡) = [
𝑧1(𝑡)
𝑧2(𝑡)

]

𝑧1 ∈ ℝ
𝑛−𝑚 𝑧2 ∈ ℝ

𝑚 (𝐴, 𝐵)

𝐴 ↔ 𝑇𝑟𝐴𝑇𝑟
𝑇 𝐵 ↔ 𝑇𝑟𝐵 𝑧

{
𝑧1̇(𝑡) = 𝐴11𝑧1(𝑡) + 𝐴12𝑧2(𝑡)                   

𝑧2̇(𝑡) = 𝐴21𝑧1(𝑡) + 𝐴22𝑧2(𝑡) + 𝐵2𝑢(𝑡)

𝑇𝑟𝐴𝑇𝑟
𝑇 = [

𝐴11 𝐴12
𝐴21 𝐴22

]
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𝑧

𝑆𝑇𝑟
𝑇 = [𝑆1 𝑆2]

𝑆1 ∈ ℝ
𝑚×(𝑛−𝑚) 𝑆2 ∈ ℝ

𝑚×𝑚 𝑆𝐵 =  𝑆2𝐵2

𝑆𝐵

det(𝑆𝐵) ≠ 0 ⇔ det (𝑆2) ≠ 0

𝑆𝑧 = 0

𝑆𝑧(𝑡) = 𝑆1𝑧1(𝑡) + 𝑆2𝑧2(𝑡) = 0

𝑧2(𝑡) = −𝑀𝑧1(𝑡)

𝑀 = 𝑆2
−1𝑆1

𝑧1̇(𝑡) = (𝐴11 − 𝐴12𝑀)𝑧1(𝑡)

𝑆

𝜎(𝑥) = 𝑆𝑥(𝑡)

𝑆 =  𝑆2[𝑀 𝐼𝑚×𝑚]𝑇𝑟

𝑆2

𝑆2 𝑆2 = 𝐵2
−1

(𝑆𝐵) = 𝐼𝑚×𝑚 𝑀

𝑄 ∈

ℝ𝑚×𝑚 𝐽
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𝐽 =  
1

2
∫ 𝑥(𝑡)𝑇𝑄𝑥(𝑡)𝑑𝑡
+∞

𝑡𝑠

𝑄 𝑡𝑠

𝑅

𝑡𝑠 𝑥(𝑡𝑠)

𝑥(𝑡) → 0 𝑡 → ∞

𝑄

𝑧

𝑇𝑟𝑄𝑇𝑟
𝑇 = [

𝑄11 𝑄12
𝑄12
𝑇 𝑄22

]

𝑧1 𝑧2

𝑧1
𝑇𝑄12𝑧2

𝑣

𝑣 = 𝑧2 + 𝑄22
−1𝑄12

𝑇 𝑧1

𝑧 𝐽

𝐽 =  
1

2
∫ 𝑧1

𝑇�̂�𝑧1 + 𝑣
𝑇𝑄22𝑣𝑑𝑡

+∞

𝑡𝑠

�̂�

�̂� =  𝑄11 − 𝑄12𝑄22
−1𝑄12

𝑇
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𝑧1̇(𝑡) = 𝐴11𝑧1(𝑡) + 𝐴12𝑧2(𝑡)

𝑧2

𝑣

𝑧1̇(𝑡) = �̂�𝑧1(𝑡) + 𝐴12𝑣

�̂�

�̂� =  𝐴11 − 𝐴12𝑄22
−1𝑄12

𝑇

(�̂�, 𝐴12, �̂�, 𝑄22)

�̂��̂�𝑇 + �̂��̂� + �̂� − �̂�𝐴12𝑄22
−1𝐴12

𝑇 �̂� = 0

𝑀 =  𝑄22
−1𝑄12

𝑇 +𝑄22
−1𝐴12

𝑇 �̂�

𝑆2 𝑀

𝜎

𝜎 = �̇� =

0 𝑢𝑛𝐿  

𝑆

𝑢𝑛𝑙 = −𝜌(𝑆𝐵)
−1𝑠𝑖𝑔𝑛(𝜎)
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𝜌 ℝ+ 𝑠𝑖𝑔𝑛(𝜎)

σ

𝑢𝑛𝑙(𝑡)

𝑢𝑒𝑞(𝑡)

𝑚 = 1

𝑢(𝑡)

𝑢(𝑡) = 𝑢𝑒𝑞(𝑡) + 𝑢𝑛𝑙(𝑡)
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𝜎 → 0

�̇�(𝑡) = 𝑆�̇�(𝑡) = 𝑆𝐴𝑥(𝑡) +  𝑆𝐵𝑢(𝑡) = 0

�̇�(𝑡) = −𝜌𝑠𝑖𝑔𝑛(𝜎(𝑡)) 

𝜎�̇�(𝑡) = −𝜌|𝜎(𝑡)|

𝜎(0) ≠ 0

𝑉 =
1

2
𝜎2 �̇� =

𝜎�̇� |𝜎| = √2𝑉

�̇� = 𝜎�̇� = −𝜌𝜎𝑠𝑖𝑔𝑛(𝜎) = −𝜌|𝜎| < 0

𝜎(0) ≠ 0. 

𝑢(𝑡)

𝑢(𝑡) =  −(𝑆𝐵)−1𝑆𝐴𝑥(𝑡) − 𝜌(𝑆𝐵)−1 sign(𝜎(𝑡))

𝜎

𝑓

Thèse accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0073/these.pdf © [A. Carvalho], [2024], INSA Lyon, tous droits réservés



{
𝑥1 = 𝑥
𝑥2 = 𝑥1̇

{
𝑥1̇ = 𝑥2
𝑥2̇ = 𝑢 + 𝑓(𝑥1, 𝑥2, 𝑡)

{
𝑥1(0) = 1

𝑥2(0) = −2

{
𝑘 = 3
𝑐 = 4

𝑓(𝑥1, 𝑥2, 𝑡) = sin (2𝑡)

𝑢 = −k𝑥1 − 𝑐𝑥2

𝑥, 𝑢

𝑘, 𝑐

𝑥1 𝑥2
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𝜎 = 0

𝑓 → ∞

𝑢𝑛𝑙

𝜎 𝑢
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 𝑓𝑒 = 1 000 𝐻𝑧

𝜎

𝜎 = 0

±𝜌 = 2

𝑠𝑖𝑔𝑛()

±𝜌 𝑢

(0,0)

𝑠𝑖𝑔𝑛(𝜎) =
|𝜎|

𝜎
    𝑝𝑜𝑢𝑟    𝜎 ≠ 0    𝑒𝑡    𝑠𝑖𝑔𝑛(0) = 0

𝑠𝑖𝑔𝑚𝑜ï𝑑(𝜎) =
1

1 + 𝑒−𝛼𝑥
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𝑠𝑖𝑔𝑛()
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𝜋
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𝐹𝑦
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𝜔 ∈ [50; 1500]
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𝐹𝑥 𝐹𝑦 𝐹𝑧 𝑀𝑥 𝑀𝑦 𝑀𝑧
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• 

[𝑓1; 𝑓2]

𝑓1 𝑓2

• 

[0; +∞]

• 

𝑓
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réalistes de fonctionnement avec un chargement, un contact avec le pneumatique assimilable à celui obtenu avec la chaussée 

et avec rotation de l’ensemble. Une atténuation des deux modes ciblés est obtenue pour différentes vitesses de rotation. 

MOTS-CLÉS : Ensemble monté, contrôle actif, contrôle robuste, contrôle vibratoire, transducteurs piézoélectriques, filtre spatial, 

contrôle à mode glissant 
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