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Résumé et mots clés

Les systèmes de navigation par satellite permettent de se géolocaliser avec précision
et de manière simple. Cependant, ces dispositifs peuvent voir leurs signaux détériorés,
volontairement ou non, par exemple suite à un brouillage des signaux. La fusion
de données satellitaires avec des données issues de divers dispositifs de navigation,
tels que les centrales inertielles ou lidars, permettent de pallier ces inconvénients.
Néanmoins, malgré ces améliorations, les systèmes de navigation actuels restent
vulnérables. La redondance d’information est essentielle pour assurer la fiabilité des
systèmes de navigation, de plus en plus autonomes. Cette redondance est présente
également chez les animaux migrateurs utilisant des informations issues du champ
magnétique terrestre, des étoiles, ou encore du motif de polarisation du ciel pour
naviguer. Ce dernier, encore peu utilisé, permet la navigation céleste de jour sans
nécessiter une vue directe du soleil, le rendant ainsi compatible avec la navigation en
milieu urbain, par exemple.
Dans ce manuscrit de thèse, nous nous proposons d’étudier le motif de polarisation du
ciel, afin de développer un système de géolocalisation sans satellite. Cette possibilité
a pu être envisagée car le motif de polarisation est lié à la position du soleil dans le
ciel, dont la mesure, pouvant être obtenue grâce à un sextant, permet de se géolo-
caliser en mer. Le sextant reste aujourd’hui un instrument obligatoire dans certains
navires. Dans le cadre de cette thèse, une méthode de géolocalisation, permettant
d’obtenir de jour la position du pôle nord céleste donc le nord géographique mais
aussi sa latitude sur Terre, a été développée, en s’inspirant de la perception des oiseaux
migrateurs calibrant leur compas magnétique de nuit à partir de la rotation céleste
des étoiles. En étudiant les variations temporelles du degré de polarisation dans le
ciel, nous sommes capables d’obtenir la position du pôle céleste à partir d’images
successives du ciel prises par une caméra polarimétrique. Plus précisément, nous
cherchons les points dont le degré de polarisation est invariant entre deux instants.
Cela fait apparaître deux cercles, appelés cercles d’invariance, et liés aux symétries
du motif de polarisation. Le pôle céleste peut être localisé simplement, car il se situe
sur une de ces deux invariances, et il est le seul point dans le ciel à avoir un degré
de polarisation constant à tout moment de la journée, ce qui signifie qu’il est le seul
point du ciel contenu dans une invariance à tout moment. Cette méthode à l’avantage
de ne nécessiter que des mesures de la polarisation du ciel, aucune autre information
telle que l’heure, la date, ou des éphémérides solaires n’étant requise contrairement
aux méthodes préexistantes. Elle a également l’avantage d’être extrêmement simple,
nécessitant uniquement des calculs pouvant être plausiblement réalisés par des ani-
maux. Nous montrons aussi comment la déclinaison et l’heure solaire peuvent être
extraites du motif de polarisation du ciel. L’heure solaire peut, dans un second temps,
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permettre d’estimer sa longitude. Nous avons testé notre méthode en simulation et
expérimentalement, à l’aide d’une caméra polarimétrique à division de plan focal.
Nous proposons ensuite des améliorations de notre méthode, à travers des outils de
traitement d’images, tels que des réseaux de neurones, ayant montré de remarquables
performances pour le traitement d’images polarisées.
En parallèle de cette méthode, un banc de caractérisation permettant de contrôler
le degré et l’angle de polarisation d’une source de lumière ultraviolette, basée sur la
combinaison de deux faisceaux de lumière polarisées orthogonalement et d’intensité
relative variable, a été mise en œuvre. La caractérisation d’un capteur polarimétrique
par une source dont le degré de polarisation peut être contrôlé est particulièrement
utile pour l’étude des performances de la méthode de navigation développée dans
cette thèse.

Mots clés : compas céleste, vision polarisée, géolocalisation, environnement sans
GPS, diffusion de Rayleigh, caractérisation de capteur polarimétrique.
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Abstract and keywords

Satellite navigation systems (GNSS) allow for precise and simple geolocation. How-
ever, these devices can see their signals degraded, either voluntarily or not, by blurring
of their signals, for example. The fusion of satellite data with data from various navi-
gation devices, such as inertial measurement units or lidars, helps to mitigate these
disadvantages. Nevertheless, despite these improvements, current navigation systems
still have flaws. Redundancy of information is essential to ensure the reliability of
increasingly autonomous navigation systems. This redundancy is also present in
migratory animals, using information from the Earth’s magnetic field, stars, or the
skylight polarization pattern. The latter, still poorly used, allows for celestial naviga-
tion, during day, without requiring a direct view of the Sun, making it compatible with
urban navigation, for instance.
In this thesis manuscript, we propose to study the skylight polarization pattern to
develop a geolocation system without GNSS. This possibility was envisaged because
the polarization pattern is related to the sun’s position in the sky, whose measurement,
obtainable using a sextant, allows to geolocate at sea. The sextant is still a mandatory
instrument on some ships today. In this thesis, a geolocation method, inspired by the
perception of migratory birds calibrating their magnetic compass at night based on
the celestial rotation of stars, has been developed to obtain the position of the north
celestial pole during the day, thus the geographical north and also its latitude on Earth.
By studying the temporal variations of the degree of polarization in the sky, we can
obtain the position of the celestial pole from successive images of the sky taken by
a polarimetric camera. More precisely, we seek points whose degree of polarization
is invariant between two moments. This reveals two great circles, called invariance
circles, linked to the symmetries of the polarization pattern. The celestial pole can
be located simply because it is always on one of the invariances and is the only point
in the sky with a constant degree of polarization at all times of the day, meaning it is
the only point in the sky contained in an invariance at all times. This method has the
advantage of requiring only measurements of the skylight polarization, with no other
information such as time, date, or solar ephemeris needed, unlike existing methods.
It also has the advantage of being extremely simple, requiring only calculations that
could be performed by animals. We also show how the solar declination and solar time
can be extracted from the skylight polarization pattern. Solar time measurements
can then be used to estimate longitude. We have tested our method in simulation
and experimentally using a division of focal plane polarimetric camera. We then
propose various ways to improve our method, through image processing tools, such as
neural networks, which have shown remarkable performance for processing polarized
images.
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In parallel to this method, a characterization setup, allowing to control independently
the degree and angle of polarization of an ultraviolet light source, and based on the
combination of two light beams with orthogonal state of polarization and variable rel-
ative intensity, was implemented. Characterizing a polarimetric sensor with a source
having a controllable degree of polarization is particularly useful for studying the
performances of the navigation method developed in this thesis.

Keywords: celestial compass, polarized vision, geolocation, Rayleigh scattering,
GPS-denied environment, polarimetric sensor characterization.
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Introduction

Global navigation satellite systems (GNSS) are widely used due their great navigation
performance. In fact, GNSS can provide a position on Earth almost instantaneously
and with a precision of a few meters [1]. However, GNSS systems are subject to dis-
turbances. Those perturbations can be involuntary, due to multipath reception [2],
occurring, for instance, when signals are reflected from buildings, or due to masking
of the GNSS signals by obstacles located between the receiver and the transmitter [3].
GNSS signals can also be threatened voluntarily by malicious attacks, such as blurring
[4], which consists in making the satellite signals unusable, or spoofing [5, 6], for which
fake satellite signals are sent to a receiver in order to provide an incorrect position or
bearing. The European Union Aviation Safety Agency (EASA) reported in 2023 that
"GNSS jamming and/or spoofing has shown further increase in the severity of its
impact, as well as an overall growth of intensity and sophistication of these events".
To ensure reliable positioning, GNSS can be combined with other sensors, such as iner-
tial navigation sensors (INS), cameras, lidars (laser imaging, detection and ranging)
or radars (radio detection and ranging) [7]. INS can provide a position with respect
to an initial position through a robust estimation of the orientation and acceleration
of the system. However, INS are subject to a signal drift in time leading to an error
accumulation and, therefore, require to be calibrated regularly. A way of calibrating an
INS is by means of GNSS positioning information [8]. Nevertheless, if a GNSS is spoo-
fed, without being detected, the INS may be calibrated by a corrupted signal, making
the system unreliable. Other systems were developed to add robustness to navigation,
such as lidars, radars and cameras, but those systems require a prior knowledge or
learning of the environment to provide a position on Earth.
Due to the limitations of those technological navigation methods, old fashioned navi-
gation tools are still of interest. A magnetic compass provide the direction of the Earth’s
magnetic poles, different from the geographic poles and drifting in time, thus requi-
ring compensation for the magnetic declination [9]. Moreover, magnetic compasses
are sensitive to ferromagnetic metals, distorting the magnetic field. The sextant, a
celestial navigation device invented in the 1730s by John Hadley and Thomas Godfrey,
allowing to geolocate based on the measurement of a star’s elevation [10], remains
mandatory onboard merchant or French Navy’s vessels [11]. However, sextants require
a view of a star, such as the Sun, making it unsuitable for urban navigation or under
cloudy weathers.
Alternatively, solutions to the navigation challenges may lie in the animal world. Some
animals, such as migratory birds are known for their incredible navigation skills.
However, the underlying mechanisms explaining those capabilities remain poorly
understood [12]. Decades of research on animal navigation have yet made it pos-
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sible to identify some strategies and cues used for this means. As reviewed in [12],
various orientation and navigation strategies can be adopted with more or less com-
plexity. A basic strategy, known as taxis, consists of orienting towards or away from
a cue. Hatchling sea turtles, for instance, use a phototaxis strategy, moving towards
the Sun, when leaving their breeding place [13]. Another basic strategy, adopted by
dung-beetles, is known as compass orientation. It consists of maintaining a constant
bearing with respect to a cue, such as the Milky Way [14] or skylight polarization
[15], invisible to the human eye, for example. Similarly, vector navigation consists of
using a sequence of bearings to reach a goal. Juvenile birds were shown to use this
strategy when migrating, following the same direction for an known distance or time,
based on celestial cues, such as the Sun, stars or skylight polarization, and the Earth
magnetic field, and repeating this process, probably using an innate program [16].
This strategy differs from that of adult birds, that are able to optimize their travelled
distance, compared to first-time migrants [17, 18]. An alternative strategy, known as
piloting, consists of moving randomly until a known landmark is found, and then,
going from landmark to landmark until the goal is reached. This strategy is employed
by desert ants, using visual landmarks, such as trees, to find a known path [19]. A
strategy comparable to using an INS, and adopted by desert ants, is known as path in-
tegration, or inertial navigation. This method consists of estimating a current position
with respect to an initial position, through the estimation of intermediate positions
found by combining distance and heading information. Cataglyphis desert ants are
known to use the skylight pattern of polarization as a compass [20, 21]. The last and
least understood strategy is known as true navigation. It supposes that some animals,
such as migratory birds, can geolocate themselves using a bi-coordinate grid, not
necessarily latitude and longitude, based on global stimuli such as the magnetic field
or celestial cues [12, 22, 23].
As illustrated through those strategies, navigation cues used by animals, such as land-
scapes, stars or magnetic fields, are similar to those used by humans to navigate.
However, the skylight polarization pattern has been introduced only recently as a
celestial cue for navigation [24]. The use of this pattern for animal navigation was
discovered in 1949 by Karl Von Frisch, while studying how bees navigate [25]. This
pattern, related to the position of the Sun, allows the use of celestial cues for navigation
during the day even when overcast, or when only a small patch of the sky is visible.
Skylight polarization was found to be used by a wide variety of animals to navigate.
Insects such as desert ants, desert locusts, monarch butterflies, crickets, or fruit-flies,
and also some migrating birds navigate using this pattern [15].

Those studies on animal navigation led to the implementation of the AntBot robot,
designed at the Institute of Movement Science, in Marseille, to mimic the inertial
navigation behavior of the Cataglyphis desert ant [26]. This experiment was successful,
but, as ants are only capable of locating with respect to their nest, the developed
method could only provide a relative position. The aim of this thesis was to study
the use of skylight polarization as an absolute navigation cue, allowing to geolocate,
without using a GNSS. This task was known achievable, since the skylight polarization
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pattern allows to measure the position of the Sun, which, as depicted through the
sextant, can be used for positioning. Moreover, as the main advantage of sensing
skylight polarization, rather than the direct sunlight, is the redundancy of available
information and, therefore, the possibility of using skylight information in complex
and noisy situations, when the sky is cloudy, or when only a small patch of the sky is
visible, this thesis was also aimed at optimizing the skylight polarization acquisition
and processing. As shown in the previous Antbot study [27], and inspired from Ca-
taglyphis desert ant’s spectral sensitivity to polarization, the use of ultraviolet (UV)
sensors for navigation can improve the robustness of this task to perturbations such
as clouds. This optimization step was thus addressed through UV sensing.

In this manuscript, the implementation of a characterization setup for UV sensors
is presented as a preliminary step for the study of UV measurements. Due to a lack
of time, UV sensing was not further studied. A geolocation method based on sky-
light polarization is also presented, inspired from the perception of migratory birds,
considered true navigators, and calibrating their magnetic compass from the celestial
rotation of stars. This method allows to obtain true north and the latitude, but also
the time and date, related to longitude, by using only the skylight polarization pattern.
The estimation of longitude was not implemented in this thesis, but only discussed.

This manuscript is organized as followed:
In chapter 1, the theory of polarization and skylight polarization is introduced, and
the advantage of UV sensing is discussed.
Chapter 2 reviews the developed skylight polarization sensors and calibration me-
thods. Then, the implementation of a setup aimed at characterizing a UV sensor is
presented.
Chapter 3 reviews the existing skylight polarization navigation methods, mostly based
on solar coordinates estimation. A navigation method based on time variations of the
skylight polarization is then explained.
Those chapters are finally followed by the conclusion of this manuscript.

21



1. Polarization and scattering of
light

In this chapter, we briefly introduce the polarization of light from an historical
perspective. Starting from Maxwell’s equations, we then define the polarization ellipse
from the electric field of an electromagnetic plane wave. We next introduce the Stokes
parameters and Mueller matrices used to describe polarized light and the influence of
an optical component on the polarization state of light. Thereafter, we describe the
polarization of light scattered by particles in the atmosphere based on Rayleigh scatte-
ring theory, and discuss the use of this model to describe the skylight polarization. We
finally discuss the seemingly paradoxical sensitivity of animals to polarization in the
ultraviolet.

1.1. History of polarization
Light, as we perceive it, varies in intensity and color. However, we are blind to a fun-

damental property of light named polarization. Due to this blindness, the polarization
property of light was discovered in the 17th century. The first known observation of
polarization was made in 1669, by Erasmus Bartholin, observing two images when
looking through calcite, a crystal, from Island [28]. When turning the crystal, one ray
remained fixed, and the other turned with the crystal. The rays where named ordinary
and extraordinary rays, respectively, linked to intrinsic properties of the crystal. Crys-
tals are birefringent materials, meaning they refract light differently depending on its
polarization. Introducing the polarization property of light required to consider light
as a wave. In 1690, Huygens proposed a wave theory of light through his book "Traité
de la lumière" [29]. However, in 1703, Newton published his corpuscular theory of light
[30] casting doubt upon the wave theory. The wave property of light was confirmed
through Young’s interference experiment in 1803 [31], which played a major role in
the acceptance of the wave theory of light. Étienne Louis Malus was then the first to
use the term polarization as a property of a light wave, and introduced the Malus law
in 1809 [32], describing the intensity of light after coming out of a polarizer. In 1809,
Dominique François Jean Arago discovered that skylight was polarized and observed
a neutral point in the sky, meaning a point with unpolarized light, above the antisolar
point [33]. Then, in 1840, Jacques Babinet discovered a second neutral point above
the sun when observing the skylight polarization [34]. Sir David Brewster, aware of the
discovery of the Babinet neutral point, and in accordance with his theory supposing
that skylight polarization was due to reflections and refractions of sunlight, searched
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1. Polarization and scattering of light – 1.1. History of polarization

for a third neutral point below the Sun, which he found in 1842 [35]. It was only in
2002, that Gabor Horváth observed the "fourth" neutral point, from high altitude,
by using a hot air balloon [36]. The existence of four neutral points in the sky hel-
ped understanding skylight polarization. Sir David Brewster published in 1815 the
Brewster law, showing the relation between polarization and the refractive index of a
material [37]. In the meantime, Augustin-Jean Fresnel gave a general description of the
refraction and reflection of polarized light, and analyzed the interference of polarized
light [38]. In 1844, Wilhelm Karl von Haidinger discovered, even though humans do
not perceive polarized light, some sensitivity of the human eye to polarization, en-
abling to see a pattern known as Haidinger’s brushes [39]. In 1852, Sir George Gabriel
Stokes defined the Stokes parameters [40], a set of four parameters used to describe
the state of polarization of a light beam, followed by Jules Henri Poincaré, who, in
1892, represented polarization through a 3D sphere named the Poincaré sphere [41],
which was later shown useful to represent the Stokes parameters. In 1861 and 1862,
James Clerk Maxwell published a set of equations proving the electromagnetic nature
of light [42]. In 1869, John Tyndall [43] conjectured that skylight was due to scattering
of sunlight by particles, followed by Lord Rayleigh [44] which proposed a model to
describe skylight scattering by small particles in the atmosphere, describing skylight
polarization and explaining the blue color of the sky. In 1928, Edwin Herbert Land
invented the sheet polarizer [45], much less expensive than crystal polarizers, allowing
for the development of affordable polarization optics. The Jones formulation [46], a
mathematical formalism to describe polarization, was introduced in the 1940s, and
Hans Mueller used matrix multiplication to describe the state of polarization of light
coming out of an optical system in 1943 [47]. Those formalism greatly simplified the
description of polarized light. Between 1946 and 1950, Subrahmanyan Chandrasekhar
gave practical applications of the Stokes parameters [48].
While polarization was given increasing attention from the scientific community, stu-
dies in ethology witnessed the use of polarization by animals. In 1914, by studying ants,
Felix Santschi was the first to observe that the insects’ compass was influenced by the
scattered skylight [49]. It was only in 1947 that Karl von Frisch, unaware of Santschi’s
discovery, produced a similar experiment, and concluded, advised by the physician
Hans Benndorf, that bees are sensitive to the skylight polarization [25]. His discovery
was followed by similar findings on ants [20], flies [50], beetles [51] or spiders [52].
In the 1950s, insects’ eye were studied, highlighting the intrinsic sensitivity of their
compound eye to polarization due to the dichroism of molecules in their eyes [53]. In
the 1970s-1980s, some vertebrates, such as birds, were shown to sense polarization
[54]. During this period, multiple hypotheses were made on the use of polarization by
animals to navigate. Kirschfeld suggested that animals use the state of polarization
from two points in the sky to detect the position of the Sun, by referring to Rayleigh’s
sky polarization model [55]. Next, Brines suggested that the celestial pole was detected
through polarized light by animals, giving access to navigation information such as
True North [56]. Alternatively, Van der Glas suggested that polarization was coded
through a trichromatic color pattern [57]. However, those hypothesis were put aside
due to a lack of evidence and especially after the discovery of the dorsal rim area
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1. Polarization and scattering of light – 1.2. Polarization definition

(DRA) [58], the area of the compound eye looking towards the sky and only area of the
insect’s eye sensitive to the polarization, sufficient and necessary to detect the skylight
polarization. This discovery allowed for new behavioral studies leading to hypothesize
that insects use the symmetry of the skylight polarization pattern to navigate [59]. In
parallel to those studies, Thorkild Ramskou suggested, in 1967, that Vikings navigated
by using the skylight polarization [60]. This hypothesis originates from a story about a
viking king Olaf II Haraldsson (995-1030), in which Sigurour, a viking, is able to find
the position of the Sun even through clouds, using a stone. Nowadays, this stone is
supposed to be a calcite crystal, but no "Sun stone" has been found yet. This hypothe-
sis is however still subject to controversy [61, 62, 63, 64, 65, 66, 67].

Research on polarization led to the development of a wide range of applications.
Sir Charles Wheatstone designed in 1848 a polar clock, providing the solar time based
on the skylight polarization [68]. Ellipsometry was reported in 1888 by Paul Drude
[69], enabling the analysis of materials through reflection or transmission of polarized
light. After Edwin Herbert Land invented lightweight and inexpensive sheet polarizers,
he developed the first polarized sunglasses. In 1948, August Herman Pfund created a
device, the Pfund sky compass [70], based on skylight polarization to find the direction
of the Sun, and used for transpolar flights. From 1996 the POLarization and Directiona-
lity of the Earth’s Reflectances (POLDER) instrument was embarked onboard satellites
for remote sensing of the Earth’s atmosphere including polarization sensing [71]. The
SkyPASS, a device to find True North and geolocate from skylight polarization without
using global positioning system (GPS) was designed by Polaris sensor, a company
founded in 2003, mainly for military applications [72].

This historical introduction of research on polarization and its use by animals to navi-
gate shows the important progress made over time on their understanding. Knowledge
acquired over time on polarization made and will make possible the development
of new remote sensing applications. Animal navigation, even though increasingly
understood, still remains mysterious, especially when it comes to vertebrates, much
harder to study than insects.

This historical introduction was mostly written from elements introduced in Horváth’s
book on "Polarized Light and Polarization Vision in Animal Sciences" [15], Coulson’s
book on "Polarization and Intensity of Light in the Atmosphere" [73], and in Goldstein’s
book on "Polarized light" [74].

1.2. Polarization definition
In this section, we define the polarization property of light starting from Maxwell’s

equations which establish fundamental properties of electric and magnetic fields.
From those equations, we derive the wave equations of an electromagnetic wave. So-
lutions of the electric wave equation are taken as a basis to introduce the polarization
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1. Polarization and scattering of light – 1.2. Polarization definition

of light through the so-called polarization ellipse.

1.2.1. The wave equation
Maxwell’s equations are a set of four equations describing the variations in space

and time of an electromagnetic field in presence of charges and currents. They were
introduced in the 1860s by James Clerk Maxwell.
The Maxwell microscopic equations in the International System of Units, for non
magnetic, linear, homogeneous and isotropic materials, are expressed as [75]:

div
−→
B = 0

−→
rot

−→
E =−∂

−→
B
∂t

div
−→
E = ρ

ϵ0ϵr−→
rot

−→
B =µ0

−→
j +ϵ0ϵrµ0

∂
−→
E
∂t

(1.1)

Where
−→
B is the magnetic field,

−→
E is the electric field, div is the divergence and−→

rot the rotational operators, ρ is the electric charge volume density,
−→
j is the current

volume density, ϵ0 is the vacuum permittivity, µ0 is the vacuum permeability, ϵr is the
relative permittivity of the medium and ∂

∂t is the time derivative. In the following, we
assume ϵr = 1, which is a reasonable approximation for air. The −→· symbol designates
a vector. The electric and magnetic fields are both functions of space and time, such as−→
E =−→

E (−→r , t ), and
−→
B =−→

B (−→r , t ), −→r being the position vector of a point in space and t
the time. However, for readability, we omit those dependencies in our notations, when
not ambiguous. Same remark for the electric charge volume density and the current
volume density.
This formulation differs from the formulation using the Gaussian units convention, as
employed in [76], but is equivalent.
From these equations, we can write:

−→
rot

(−→
rot

−→
E

)
=− ∂

∂t
(
−→
rot

−→
B ) =− ∂

∂t

(
µ0

−→
j +ϵ0µ0

∂
−→
E

∂t

)
(1.2)

Combining this equation with the following vector identity:

−→
rot

(−→
rot

−→
E

)
=−−−→

grad
(
div

−→
E

)
−−→△−→

E (1.3)

Where
−−−→
grad is the gradient operator and

−→△ is the vector laplacian operator.
We obtain the wave equation for the electric field:

−→△−→
E −ϵ0µ0

∂2−→E
∂t 2

=−−−→
grad

(
ρ

ϵ0

)
+µ0

∂
−→
j

∂t
(1.4)
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In vacuum, ρ and
−→
j being null, this equation comes down to:

−→△−→
E − 1

c2

∂2−→E
∂t 2

= 0 (1.5)

Where c = 1p
ϵ0µ0

is the speed of light in vacuum.

More generally, it can be shown that the equation is similar for a wave propagating in
an homogeneous medium, free from charges and currents. In this case, the speed of
light in vacuum is replaced by the speed of light in the medium v = 1p

ϵµ , where ϵ and

µ are the permittivity and permeability, respectively, of the medium [76].
To solve equation 1.5, we can consider the Fourier transform of the electric field [76]:

−→
E (−→r , t ) = 1p

2π

∫ ∞

−∞
−→
E (−→r ,ω)e−iωt dω (1.6)

Where i =p−1 and ω is the pulsation, linked to the frequency f by ω= 2π f .
By applying the second order time derivative to the Fourier transform, we get:

∂2−→E (−→r ,ω)

∂t 2
=ω2−→E (−→r ,ω) (1.7)

Therefore the wave equation in vacuum (Eq. 1.5) becomes:

−→△−→
E (−→r ,ω)− ω2

c2

−→
E (−→r ,ω) = 0 (1.8)

In the following, we consider plane wave solutions of the wave equation in vacuum.
As precise in section 1.3.1, this hypothesis is acceptable when sensing skylight polari-
zation.
A plane wave solution of the wave equation is of the form (cf. [74]):

−→
E =−→

E
(−→r ·−→s , t

)
(1.9)

Where −→s is a unit vector in a fixed direction, and · is the scalar product. For all points
associated to a vector −→r , and located on a same plane orthogonal to −→s , we have:

−→r ·−→s = constant (1.10)

Therefore, for a given time,
−→
E will be constant on this plane.

From the plane wave assumption, we can show that the 3D wave equation reduces
to a 1D equation (cf. [74]). Let us suppose that the plane wave propagates in the z
direction of a Cartesian frame, Eq. 1.8 will reduce to:

∂2−→E (z,ω)

∂z2
− ω2

c2

−→
E (z,ω) = 0 (1.11)
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This equation is the harmonic oscillator equation, which has for solution:

−→
E (z,ω) =−→

E0(ω) ·e i (kz+ϕ) (1.12)

where k = ω
c .

For a monochromatic plane wave of pulsation ω0, from Fourier transform (Eq. 1.6)
and Eq. 1.12, we get: −→

E (z, t ) =−−→
E0m ·e i k0z ·e−iω0t (1.13)

Where k0 = ω0
c .

More generally, a monochromatic plane wave propagating in the −→s direction will have
the form [74]: −→

E (−→r , t ) =−−→
E0m ·e i (k0

−→s ·−→r −ω0t ) (1.14)

The vector
−→
k = k0

−→s is named the wave vector. The wavelength λ0 is defined as
λ0 = 2π

k0
= 2πc

ω0
.

Here, we only considered the electric field of an electromagnetic wave. It is worth
noting that for a monochromatic plane wave, the magnetic field can be deduced from
the electric field and the wave vector (cf. [74]). Moreover, the electromagnetic field is
transverse in vacuum, meaning that the electric and magnetic fields are orthogonal to
the wave vector (also true in an homogeneous medium free from charges and currents
[74]). Finally, it can be shown, from Maxwell’s equations for a monochromatic plane

wave, that
(−→

k ,
−→
E ,

−→
B

)
forms a direct trihedron. In this case, the magnetic field can be

deduced from the electric field through the relation:

−→
B (−→r , t ) =

−→s ×−→
E (−→r , t )

c
(1.15)

Were × is the cross product. A visualization of a monochromatic electromagnetic
plane wave is given in figure 1.1.

Y
→

X
→

Z
→

Magnetic	�ield

Electric	�ieldλ

FIGURE 1.1. – Representation of a monochromatic electromagnetic plane wave pro-

pagating along the
−→
Z direction. The electric field is such as

−→
E = E

−→
X ,

and λ is the wavelength.
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1.2.2. The ellipse of polarization and the Poincaré sphere
Polarization describes the electric field of an electromagnetic wave. As presented

previously, the electric field of a monochromatic plane wave, propagating in the z
direction of a cartesian frame, is transverse (meaning no component in the direction
of propagation) and therefore can be expressed, taking the real part of Eq. 1.13, as:

−→
E (z, t ) = E0x ·cos

(
k0z −ω0t +ϕx

)−→
X +E0y ·cos

(
k0z −ω0t +ϕy

)−→
Y (1.16)

Were E0x and E0y are the amplitudes of the electric field in the
−→
X and

−→
Y directions

respectively, and ϕx and ϕy are the origin phases of the electric field in the
−→
X and

−→
Y

directions respectively, such as:

−−→
E0m = E0xe iϕx

−→
X +E0y e iϕy

−→
Y (1.17)

We can deduce from this equation that the electric field draws an ellipse described
by the following parametric equation:{

x = E0x ·cos
(
k0z −ω0t +ϕx

)
y = E0y ·cos

(
k0z −ω0t +ϕy

) (1.18)

This ellipse is called the polarization ellipse (cf. figure 1.2).

X
→

Y
→

Z
→

Electric	�ield

Polarization
ellipse

FIGURE 1.2. – Representation of a monochromatic electromagnetic plane wave propa-

gating along the
−→
Z direction. The electric field vector draws an ellipse

on a plane perpendicular to the
−→
Z axis.

The polarization ellipse can be characterized by its ellipticity angle χ, orientation
angle ψ and direction of rotation represented in figure 1.3. Polarization rotates clock-
wise or counterclockwise depending on the sign of ϕ=ϕy −ϕx , the phase difference,
and the convention used (discussed in [74]).
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χ

ψ

X→

Y→

FIGURE 1.3. – Representation of the polarization ellipse. χ is the ellipticity angle, and
ψ is the orientation angle of the ellipse. The direction of rotation is
represented by an arrow on the ellipse.

Using trigonometric calculus, we can show:

tan2ψ= 2E0x ·E0y ·cosϕ

E 2
0x −E 2

0y

sin2χ= 2E0x ·E0y · sinϕ

E 2
0x +E 2

0y

(1.19)

Two special cases for polarization can be considered, circular and linear polarization.
A monochromatic plane wave is circularly polarized when its electric field draws a
circle. A circle is an ellipse having an ellipticity of ±π/4 radians. Therefore, a circularly
polarized electric field must verify E0x = E0y , and ϕ = π

2 +kπ,k ∈ Z. As for general
elliptic polarization, we can distinguish left and right circular polarizations.
Linear polarization corresponds to an ellipticity of 0 degree. Linear polarization occurs
when ϕ= kπ,k ∈Z. For linear polarization the direction of rotation is not defined. A
linearly polarized wave is represented in figure 1.1.
In the following sections, we will focus on linear polarization, since skylight polariza-
tion is mostly linearly polarized (cf. section 1.3.2.1).

The polarization ellipse can be described through the Jones formalism. In Jones for-
malism, the state of polarization is given by a 2D vector, named Jones vector:[

E0x

E0y ·e iϕ

]
(1.20)

However, as discussed in the next section, Jones formalism is not convenient for
describing partially or unpolarized light. Jones formalism can be used for instance
to study interference of polarized light, or for optical ray tracing [77]. The state of
polarization of light can be represented on a sphere of unit radius, called the Poincaré
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sphere [74]. The position of a point on this sphere is defined by two polar angles (cf.
figure 1.4):

— its azimuth, which is equal to twice the orientation angle ψ of the ellipse
— its elevation, which is equal to twice the ellipticity angle χ of the ellipse

The Poincaré sphere is convenient to represent the evolution in time of the state of
polarization of a wave. As discussed in the following section, the Poincaré sphere can
be generalized to unpolarized or partially polarized light.

x→

y

G

→

z→

2χ

2ψ

FIGURE 1.4. – The Poincaré sphere. The point G represents a purely polarized light
defined by an ellipse of orientation ψ and ellipticity χ.

1.2.3. The Stokes formalism
Describing polarized light though the polarization ellipse is not convenient for re-

mote sensing since the electric field varies with periods of about 10−15 second. Those
periods are too short for being observed with a regular sensor. The human eye, and
existing sensors are usually sensitive to irradiance since they integrate the wave energy
over time. Moreover, the polarization ellipse is only defined for purely polarized light.
However, in nature, light is mostly unpolarized or partially polarized [15]. Unpolarized
light refers to light with an electric field varying randomly, with no preferred direction
of oscillation. Partially polarized light can be considered as a combination of polarized
light and unpolarized light.
When light is purely polarized, the electric field associated with the light is determinis-
tic. When considering partially polarized light or unpolarized light, the electric field is
described as a random vector. In this case, we can express the electric field for a plane
wave propagating in the z direction as:

−→
E (z, t ) =−−→

Ex y (z, t ) ·e−iωt (1.21)
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Where
−−→
Ex y is a random variable. ω is the "central" pulsation. As

−−→
Ex y also varies in time,

the signal has a spectral bandwidth ∆ f .
Therefore, when studying a partially polarized light, we must consider 3 time scales.
The first one is the "central" period T = 1

f = 2π
ω

, which corresponds to the fastest
variations of the electric field. The second time scale corresponds to typical time

variations of
−−→
Ex y . Those variations are associated with periods of about 1

∆ f , which is
slower than the previous. Finally, the sensor integrates the input signal with a slow
integration time compared to the two first time scales.
The two components of a transverse electric wave propagating along the z direction
can be expressed as [48]: {

Ex = E0x(t ) ·cos(ωt )

Ey = E0y (t ) ·cos
(
ωt −ϕ(t )−ϵ) (1.22)

Where ϕ(t) is the instantaneous phase difference between the components of the

electric field along the
−→
X and

−→
Y directions and ϵ is a constant retardation. E0x(t ) and

E0y (t ) are the instantaneous amplitudes of the electric field in the
−→
X and

−→
Y direction,

respectively. E0x , E0y , and ϕ are random variables.

Taking the electric field along a direction making an angle ξ with the
−→
X direction, we

get:
E(ξ,ϵ) = E0x(t )cos(ωt )cos(ξ)+E0y (t )cos

(
ωt −ϕ(t )−ϵ)sin(ξ)

= [
E0x(t )cos(ξ)+E0y (t )cos

(
ϕ(t )+ϵ)sin(ξ)

]
cos(ωt )

−E0y (t )sin
(
ϕ(t )+ϵ)sin(ξ)sin(ωt )

(1.23)

When analyzing a light beam, we measure the irradiance, often referred to as the
intensity. The irradiance of an electromagnetic wave is given by the time average
of its squared Poynting vector [76]. Here, for a plane wave, we consider a relative
irradiance, which corresponds to the time average of its squared electric field. This
relative irradiance is proportional to the irradiance. Assuming a relative irradiance
is generally not considered being an issue for skylight polarization remote sensing
applications. It can however be an issue for some applications [78].
The relative intensity for the observation angle ξ and fixed retardance ϵ is given by:

I (ξ,ϵ) = 〈E(ξ,ϵ)2〉 (1.24)

Where 〈·〉 represents the time average on one or multiple "central" periods of the
signal (related to ω).
By taking the square of Eq. 1.23, we have:

E(ξ,ϵ)2 = [
E0x(t )cos(ξ)+E0y (t )cos

(
ϕ(t )+ϵ)sin(ξ)

]2 cos2 (ωt )

+E 2
0y (t )sin2 (

ϕ(t )+ϵ)sin2 (ξ)sin2 (ωt )−2[...]cos(ωt )sin(ωt )
(1.25)
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Last term is not detailed since it will disappear when applying the time average.
When applying the time average to Eq. 1.25, we obtain:

I (ξ,ϵ) = 〈
E(ξ,ϵ)2〉

= 1

2
E 2

0x(t )cos2 (ξ)+ 1

2
E 2

0y (t )sin2 (ξ)

+ [
E0x(t )E0y (t )cos

(
ϕ(t )

)
cos(ϵ)−E0x(t )E0y (t )sin

(
ϕ(t )

)
sin(ϵ)

]
cos(ξ)sin(ξ)

= 1

4

{[
E 2

0x(t )+E 2
0y (t )

]
+

[
E 2

0x(t )−E 2
0y (t )

]
cos(2ξ)

+2
[
E0x(t )E0y (t )cos

(
ϕ(t )

)
cos(ϵ)−E0x(t )E0y (t )sin

(
ϕ(t )

)
sin(ϵ)

]
sin(2ξ)

}
(1.26)

Here, we applied the time average to one or multiple "central" periods of the wave.
By supposing that other variables do not vary during the integration time (cf. time
scale discussion above), we used the following equation:

〈
E 2

0(t ) ·cos2 (ωt )
〉= 1

2
E 2

0(t ) (1.27)

Similar equations where used for other variables. If considering irradiance measured
with a sensor, the time integration will be much longer than the typical time variations

of
−−→
Ex y . Therefore, we would have to consider also the mean values of the all time

varying parameters of Eq. 1.26.
By setting: 

S0 = 1
2

(
E 2

0x(t )+E 2
0y (t )

)
S1 = 1

2

(
E 2

0x(t )−E 2
0y (t )

)
S2 = E0x(t ) ·E0y (t ) ·cos

(
ϕ(t )

)
S3 = E0x(t ) ·E0y (t ) · sin

(
ϕ(t )

) (1.28)

Eq. 1.26 becomes:

I (ξ,ϵ) = 1

2
{S0 +S1 cos(2ξ)+ [S2 cos(ϵ)−S3 sin(ϵ)]sin(2ξ)} (1.29)

The four parameters introduced in Eq. 1.28 are called the instantaneous Stokes para-
meters [79]. Usually, Stokes parameters are defined as the average, over the integration
time of a sensor, of the instantaneous Stokes vector. The Stokes parameters are gene-
rally represented in a vector:

−→
S =


S0

S1

S2

S3

 (1.30)

−→
S is called the Stokes vector. This appellation is commonly used even though the
Stokes vector is not a vector in a mathematical sense [77].
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The Stokes parameters can be used to describe partially polarized or unpolarized
light. Stokes parameters are very useful since they allow to describe polarized light by
using observable quantities. Indeed, Eq. 1.29 links intensity to the Stokes parameters,
as a function of the direction in which the field is measured, and a fixed retardance
imposed to one component of the electric field. The two last parameters can be tuned
by using two optical elements, a linear polarizer and a retarder. A linear polarizer is
a filter that blocks light except in one direction named transmission axis. By using a
linear polarizer, we can tune the direction parameter ξ. A retarder, or waveplate, adds
a constant phase shift between two orthogonal electric field component of a light
wave. By using a wave plate, we can tune the fixed retardance parameter ϵ.
To determine the four Stokes parameters of a light beam, we can proceed in the
following way. By measuring light intensity through a polarizer oriented at 0°, 45° and
90°, we get:

I (0◦,0◦) = 1

2
[S0 +S1] ,

I (45◦,0◦) = 1

2
[S0 +S2] ,

I (90◦,0◦) = 1

2
[S0 −S1]

(1.31)

Then, by using a quarter wave plate, which introduces a 90° phase shift between the x
and y axes, and a polarizer oriented at 45°, we get:

I (45◦,90◦) = 1

2
[S0 +S3] (1.32)

We finally obtain the Stokes parameters from the measured intensities by the following:

S0 = I
(
0◦,0◦)+ I

(
90◦,0◦) ,

S1 = I
(
0◦,0◦)− I

(
90◦,0◦) ,

S2 = 2I
(
45◦,0◦)− I

(
0◦,0◦)− I

(
90◦,0◦) ,

S3 = 2I
(
45◦,90◦)− I

(
0◦,0◦)− I

(
90◦,0◦)

(1.33)

Interestingly, the Stokes parameters can be expressed with respect to the polarization
ellipse parameters. Indeed, for a totally polarized light, by expressing Eq. 1.19 using
Stokes parameters, we found that the angle ψ (also known as angle of polarization
(AoP)) and the ellipticity χ of the polarization ellipse are given by:

tan2ψ= S2

S1

sin2χ= S3

S0

(1.34)
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Therefore, the Stokes vector for a purely polarized light can be expressed as [74]:

−→
S = S0


1

cos2χcos2ψ
cos2χsin2ψ

sin2χ

 (1.35)

The Stokes parameters describe polarization as follows, S0 corresponds to the total
intensity of light. When measuring a beam of light with a photo-detector which is
not sensitive to polarization, we only measure the S0 parameter. The three other
parameters describe the polarization state of light. S1 and S2 describe the angle of the
polarization ellipse, and S3 the ellipticity of the polarization ellipse.
For completely polarized light, we have the equation:

S2
0 = S2

1 +S2
2 +S2

3 (1.36)

Here are some examples of Stokes vectors for purely polarized light:
— linear horizontally polarized light

−→
S = S0


1
1
0
0

 (1.37)

— linear vertically polarized light

−→
S = S0


1
−1
0
0

 (1.38)

— linear +45° polarized light

−→
S = S0


1
0
1
0

 (1.39)

— circular polarized light (sign of S3 depends on the convention for direction of
rotation)

−→
S = S0


1
0
0
1

 (1.40)

The corresponding polarization ellipse are represented in figure 1.5.
We remark that polarization can be totally described from linear and circular pola-
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X→

Y→

45°

X→

Y→

90°

X→

Y→

FIGURE 1.5. – Polarization ellipse for (left to right) circular polarized light, linear +45°
polarized light and linear vertically polarized light.

rization states. Going back to the Poincaré sphere, we can express any point on the
sphere from three coordinates. For this, we consider the reduced Stokes vector :

−→
Sr =

S1/S0

S2/S0

S3/S0

 (1.41)

Those parameters can be used to express the state of polarization independently of
the light intensity. Those three parameters correspond to the Cartesian coordinates of
a point in the Poincaré sphere, as shown in figure 1.6.

x→

y

G

O
S1/S0

→

z→

S2/S0

S3/S0

FIGURE 1.6. – The Poincaré sphere. The point G represents a purely polarized light
defined by the Stokes parameters S0, S1, S2, and S3. The distance from
the point G to the center of the sphere O corresponds to the degree of
polarization of light.

For unpolarized light, the average amplitude over time of the electric field along
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the
−→
X and

−→
Y directions is considered equal. Moreover, the phase difference can be

considered as a uniform random variable. Therefore, by taking the time average, for
an unpolarized light, of the Stokes parameters given in Eq. 1.28, considering the
integration time of a photo-detector, we obtain:

−→
S = S0


1
0
0
0

 (1.42)

which is the Stokes vector for unpolarized light.
We see here that we do no longer have the relation given in Eq. 1.36. In the Poincaré
sphere, unpolarized light is represented as a point at the center of the sphere.
Partially polarized light of Stokes vector Spp can be considered as a linear combination
of a purely polarized light of Stokes vector Sp and of unpolarized light of Stokes vector
Su [74], such as:

−−→
Spp = (1−P )

−→
Su +P

−→
Sp = (1−P )


S0

0
0
0

+P


S0

Sp1

Sp2

Sp3

=


S0

PSp1

PSp2

PSp3

 , 0 ≤ P ≤ 1 (1.43)

P is named the degree of polarization (DoP) and is defined as the ratio of polarized
light intensity to total light intensity. The DoP is obtained using Stokes parameters by:

P =
√

S2
1 +S2

2 +S2
3

S0
(1.44)

For linearly polarized light, we also define the degree of linear polarization (DoLP) as
the ratio of linearly polarized light intensity to total light intensity, which in terms of
Stokes parameters is given by:

Pl =
√

S2
1 +S2

2

S0
(1.45)

For purely polarized light P = 1, and for unpolarized light P = 0.
For unpolarized or partially polarized light, we have the following equation:

S2
0 > S2

1 +S2
2 +S2

3 (1.46)

The Stokes vector for a partially polarized light can finally by expressed as:

S = S0


1

P cos2χcos2ψ
P cos2χsin2ψ

P sin2χ

 (1.47)
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On the Poincaré sphere, the degree of polarization is encoded as the distance between
the center of the sphere and the point representing the state of polarization of a given
light beam. Light with a degree of polarization of P will therefore be located on a
sphere of radius P (cf. figure 1.6).

1.2.4. The Mueller matrix
In the previous section, we described polarized light using the Stokes formalism.

When light interacts with matter, the polarization is modified from this interaction.
To describe those interaction, a very convenient formalism was introduced by Hans
Mueller in the 1940s. By noticing that the Stokes parameters of light coming out of
a polarizing component can be given as a linear combination of the incident light’s
Stokes parameters, we can represent polarizing components by a matrix filled with
the linear combinations’ coefficients, such as:

−−→
Sout = M

−→
Si n (1.48)

Where
−→
Si n is the incident light’s Stokes vector,

−−→
Sout is the Stokes vector of the light

coming out of the polarizing component, and M is a 4 rows and 4 columns matrix
representing the effect of the polarizing element on the incident light. M is called the
Mueller matrix of the polarizing component.
As stated in [74], we can distinguish 4 ways of modifying the polarization of light,
by changing the amplitude of electric field components, or the relative phase of the
components, rotating the electric field, or depolarizing light. Those behavior can be
represented through 4 optical filters, a linear polarizer, a retarder, a rotator and a de-
polarizer, respectively. Real optical components can be considered as a combinations
of those 4 types of filters.
A linear polarizer, also called diattenuator, attenuates the amplitude of the electric
field depending on its direction. It is characterized by two parameters, the orthogonal

transmission axes coefficients px and py through the directions
−→
X and

−→
Y , respecti-

vely, of the filter. When light goes through a diattenuator, the amplitudes of the two
orthogonal components of the electric field are changed such as:

E out
x = px ·E i n

x

E out
y = py ·E i n

y

(1.49)

Where E i n
x and E i n

y are the components of the input electric field along the
−→
X and

−→
Y

directions, and E out
x and E out

y are the components of the output electric field along

the
−→
X and

−→
Y directions.

From Eq. 1.28 and Eq. 1.48, we can show that the diattenuator’s Mueller matrix is given
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by:

M = 1

2


p2

x +p2
y p2

x −p2
y 0 0

p2
x −p2

y p2
x +p2

y 0 0
0 0 2px py 0
0 0 0 2px py

 , 0 ≤ px,y ≤ 1 (1.50)

The transmission axes coefficients of a linear diattenuator are sometimes expressed
as follows:

px = p ·cos ι

py = p · sin ι
(1.51)

Where 0◦ ≤ ι ≤ 90◦, and p defined such as p2 = p2
x + p2

y . The linear diattenuator’s
Mueller matrix can then be expressed from Eq. 1.50 as:

M = p2

2


1 cos2ι 0 0

cos2ι 1 0 0
0 0 sin2ι 0
0 0 0 sin2ι

 (1.52)

A perfect polarizer keeps light unchanged in one direction, the transmission axis,
and totally blocks the light in the orthogonal direction (cf. figure 1.7). Therefore, the
amplitude attenuation coefficients of a perfect linear polarizer which outputs light

polarized in the
−→
X direction are px = 1 and py = 0. The Mueller matrix thus becomes:

M = 1

2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 (1.53)

If unpolarized light goes through a perfect linear polarizer, the output light’s Stokes
vector is given by:

−→
S = S0

2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0




1
0
0
0

= S0

2


1
1
0
0

 (1.54)

We see that the output light is totally polarized. Moreover, the intensity of the output
light is twice as low as the input light’s.

Here, we presented the Mueller matrix of a linear polarizer with vertical and ho-
rizontal transmission axes. However, linear polarizers can be rotated. Rotation of a
polarizing component, of Mueller matrix M, by a physical angle θ is given by [74]:

M(θ) = MRot (−θ) ·M ·MRot (θ) (1.55)
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FIGURE 1.7. – Effect of a linear polarizer on a monochromatic elliptically polarized
wave.

Where MRot is the Mueller matrix for a rotator:

MRot (θ) =


1 0 0 0
0 cos2θ sin2θ 0
0 −sin2θ cos2θ 0
0 0 0 1

 (1.56)

Therefore, the Mueller matrix of linear polarizer rotated by an angle θ is given from Eq.
1.52 and Eq. 1.55 by:

M = p2

2


1 cos2ιcos2θ cos2ιsin2θ 0

cos2ιcos2θ cos2 2θ+ sin2ιsin2 2θ (1− sin2ι)sin2θcos2θ 0
cos2ιsin2θ (1− sin2ι)sin2θcos2θ sin2 2θ+ sin2ιcos2 2θ 0

0 0 0 sin2ι


(1.57)

A linear retarder creates a constant phase shiftΦ between two components of a light
beam, such as:

E out
x = e+iΦ/2 ·E i n

x

E out
y = e−iΦ/2 ·E i n

y

(1.58)

Here, the
−→
X and

−→
Y axes of the retarder are referred to as the fast and slow axes

respectively.
From Eq. 1.28 and Eq. 1.48, we can show that the linear retarder’s Mueller matrix is
given by:

M =


1 0 0 0
0 1 0 0
0 0 cosΦ sinΦ
0 0 −sinΦ cosΦ

 , 0 <Φ< 2π (1.59)

As for a linear polarizer, a waveplate can be rotated, its Mueller matrix being given by
Eq. 1.55, such as:
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M =


1 0 0 0
0 cos2 2θ+cosφsin2 2θ (1−cosφ)sin2θcos2θ −sinφsin2θ
0 (1−cosφ)sin2θcos2θ sin2 2θ+cosφcos2 2θ sinφcos2θ
0 sinφsin2θ −sinφcos2θ cosφ

 (1.60)

To express the output Stokes vector
−−→
Sout of an input light, of Stokes vector

−→
Si n , going

through multiple polarizing components (M1, ...,Mn) ,n > 1, we can proceed step by
step, by multiplying each Stokes vector of light coming out of the previous component
by the following component’s Mueller matrix, such as:

−−→
Sout = Mn

(
Mn−1

(
...

(
M2

(
M1

−→
Si n

))))
= MnMn−1...M2M1

−→
Si n (1.61)

1.3. Skylight polarization
In the previous section, we defined polarization and introduced the Stokes-Mueller

formalism to describe polarized light and the effect of optical components on the
state of polarization. In this section, we describe the scattering of light by particles
and the resulting skylight polarization.

1.3.1. Rayleigh scattering
When interacting with particles, light is scattered. This scattered light has interesting

polarization properties, essential to the understanding of skylight polarization.
In this section, we describe the scattering of an electron bounded to a nucleus. More
specifically, we describe a specific case known as Rayleigh scattering [80].
We consider here an isotropic particle, meaning that, in response to an incident
electromagnetic field, the bounded electron has no preferred direction of oscillation.
We also suppose elastic scattering, which implies that the wavelength of the scattered
light is the same as the wavelength of the incident light.
For an electron bounded to a nucleus and subject to an electric field, Newton’s second
law of motion can be given by [74]:

m−̈→r +k−→r =−e
−→
E (1.62)

Where −→r , −̈→r , e and m are the position, acceleration, charge and mass, respectively,

of the electron, and
−→
E is the electric field. k−→r is the elastic restoring force linked to

the bounding of the electron to the nucleus, k being a positive real number, and −e
−→
E

is the Lorentz force induced by the electric field (the magnetic induced force being
neglected in a non-relativistic regime).
By supposing that the electric field is transverse and propagating along the z direction,
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we can show that the electron moves in the x, y plane, such as:

ẍ(t ) = −eω2

m
(
ω2 −ω2

0

)Ex(t )

ÿ(t ) = −eω2

m
(
ω2 −ω2

0

)Ey (t )

(1.63)

where
Ex(t ) = E0x ·e iωt+iδx

Ey (t ) = E0y ·e iωt+iδy
(1.64)

are the two components of the electric field along the
−→
X and

−→
Y directions respectively.

ω is the frequency of the incident electric field, and ω0 =
√

k
m .

On the other side, we consider the wave equation of an electric field in an isotropic

medium, we get from Eq. 1.4 (by assuming that
−−−→
grad

(
ρ
ϵ0

)
=−→

0 ):

△−→
E −ϵ0µ0

∂2−→E
∂t 2

=µ0
∂
−→
j

∂t
(1.65)

By using the relation: −→
j = e ·−→v (1.66)

Where e is the charge, and −→v is the speed of the charge, we get:

△−→
E −ϵ0µ0

∂2−→E
∂t 2

=µ0e
∂−→v
∂t

(1.67)

Meaning that electric fields are generated by accelerating charges.
As a bounded charge radiates a spherical wave, the solution to this equation is given
in spherical coordinates, such as [81]:

Eθ =
e

4πε0c2R
(ẍ cosθ− z̈ sinθ)

Eφ = e

4πε0c2R
ÿ

(1.68)

Where ẍ, ÿ , z̈ are second derivatives with respect to time of the Cartesian coordinates
x, y , z respectively of the moving charge. R is the distance to the charge from the
observer, and θ is a coordinate associated with the spherical coordinate frame (cf.
figure 1.8) such as:

−→ur = sinθcosφ
−→
X + sinθ sinφ

−→
Y +cosθ

−→
Z

−→uθ = cosθcosφ
−→
X +cosθ sinφ

−→
Y − sinθ

−→
Z

−→uφ =−sinφ
−→
X +cosφ

−→
Y

(1.69)
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FIGURE 1.8. – Spherical and Cartesian coordinates of a point G.

Eθ and Eφ refer to the radiated electric field coordinates along −→uθ and −→uφ respectively.
The radiated field is propagating along −→ur .
To obtain Eq. 1.68, we supposed that the observer is far from the bounded electron.
This condition is known as the far field approximation, requiring two conditions:

l ≪ L

l 2

λ
≪ L

(1.70)

Where l is the characteristic length of the source, L is the distance of the observer from
the source, and λ is the wavelength of the radiated field. In our case, the bounded
electron represents a particle in the sky observed from the surface of the Earth, which
validates the first condition. Moreover, as discussed below, when considering Rayleigh
scattering, we suppose that the particle is small compared to the wavelength. There-

fore, we have l 2

λ ≪ L. In our case, when considering Rayleigh scattering of atmospheric
particles, we also have λ≪ L. Therefore, we can describe the bounded electron as an
oscillating dipole. From the far field approximation, we can consider that the incident
waves are plane waves.
In our case, the particle accelerates along the x and y axes only, therefore, we have:

Eθ =
e

4πε0c2R
ẍ cosθ

Eφ = e

4πε0c2R
ÿ

(1.71)
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By combining Eq. 1.63 and Eq. 1.71, we get:

Eθ =
−e2ω2

4πε0mc2R
(
ω2 −ω2

0

)Ex(t )cosθ

Eφ = −e2ω2

4πε0mc2R
(
ω2 −ω2

0

)Ey (t )

(1.72)

When using spherical coordinates, we can define the Stokes parameters similarly
than when considering Cartesian coordinates. Using complex notation of the electric
field, we can show that the Stokes parameters using spherical coordinates are given in
complex notation by [74]:

S0 = EφE∗
φ+EθE∗

θ ,

S1 = EφE∗
φ−EθE∗

θ

S2 = EφE∗
θ −EθE∗

φ

S3 = i
(
EφE∗

θ −EθE∗
φ

) (1.73)

Where i =p−1 and ∗ designate the conjugate of the complex number.
We can finally obtain the Stokes vector of scattered light from an electron bounded to
a nucleus:

−→
S = 1

2

[
−e2

4πε0mc2R
(
ω2 −ω2

0

)]2

ω4


S0

(
1+cos2θ

)+S1 sin2θ

S0 sin2θ+S1
(
1+cos2θ

)
2S2 cosθ
2S3 cosθ

 (1.74)

Where S0, S1, S2, and S3 are the Stokes parameters of the incident light.
Moreover, we can also describe scattering by a bounded electron through a Mueller
matrix, such as:

M = 1

2

[
−e2

4πε0mc2R
(
ω2 −ω2

0

)]2

ω4


1+cos2θ sin2θ 0 0

sin2θ 1+cos2θ 0 0
0 0 2cosθ 0
0 0 0 2cosθ

 (1.75)

We notice that the Mueller matrix for the scattering of a bounded electron corresponds
to the Mueller matrix of a linear polarizer. Also, the polarization properties of the
scattered field only depends on the angle θ called the scattering angle (cf. figure 1.9).

Rayleigh scattering is a particular case for which we consider that ω≪ ω0. This
condition is equivalent to assuming that the radius of the particle is much smaller
than the wavelength. Assuming Rayleigh scattering, we remark that the intensity of the
scattered light is proportional to the inverse of the fourth power of the incident’s light
wavelength (since ω= 2πc

λ , cf. 1.2.1). As discussed in the next section, Rayleigh scatte-
ring describes accurately skylight scattering. This dependence of Rayleigh scattering
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Incident	electrical	�ield
unpolarized	
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FIGURE 1.9. – Rayleigh scattering of a particle subject to an incident unpolarized light.
The scattered electrical field is represented for three scattering angles θ,
0◦ (yellow), 90◦ (green) and 0◦ < θ < 90◦ (blue). Eθ and Eφ refer to the
radiated electric field coordinates along −→uθ and −→uφ respectively of the
spherical frame. Figure adapted from [82].

on the wavelength explains why the sky is blue. Indeed, the intensity of scattered light
increases when the wavelength decreases (ω being proportional to the inverse of the
wavelength).

1.3.2. Scattering in the atmosphere
1.3.2.1. Rayleigh single scattering model

In the earth atmosphere, sun rays interact with particles which scatter light. The
Earth atmosphere is composed of gases, ozone or aerosols such as dust, haze, or
clouds composed of liquid droplets or frozen crystals. Aerosols are defined as fine
solid particles or liquid droplets suspended in air.
Under a clear sky, with little aerosols, the atmosphere is mainly composed of nitrogen
and oxygen which represent 78% and 21% respectively of the atmospheres’s gases.
When sun rays enter the atmosphere, they interact with those particles which scatter
light. Due to their sizes, nitrogen and oxygen can be considered to scatter light as
described through Rayleigh scattering is the previous section.
Sunlight can be modeled as a source of radiation emitted by randomly accelerating
bounded charges. By using a similar method as in the previous section, but by remo-
ving the external electric field component from Eq. 1.62, we can demonstrate from
this model that the sunlight is unpolarized [74]. Therefore, using the Stokes formalism,
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we can consider the sunlight as a source described by the following Stokes vector:

−−−→
Ssun = Ssun

0


1
0
0
0

 (1.76)

Where Ssun
0 is the intensity of the sun ray.

Therefore, when a sun ray interacts with a gas particle of the atmosphere, the scattered
light has, from Eq. 1.74, the following Stokes vector :

−−−→
Sscat ∝ Ssun

0


1+cos2θ

sin2θ

0
0

 (1.77)

Where ∝ means "proportional to". By supposing only single scattering, meaning
that light scattered from a particle is not scattered by another particle, the light mea-
sured from the Earth’s surface is partially linearly polarized, with a degree of linear
polarization (DoLP) Pl given by:

Pl =
sin2 (θ)

1+cos2 (θ)
(1.78)

θ is referred to as the scattering angle, which is equivalent the angle between the
direction of the Sun and the direction of the particle defined from the observer’s
position (cf. figure 1.10). We more often define this angle by using the letter γ.
Also, we can see from the Stokes vector of the scattered light that the light is polarized
along the −→uφ direction. This means that the direction of polarization of the scattered
light is orthogonal to the scattering plane (cf. figure 1.11), which is the plane containing
the incident ray’s wave vector (z direction in particle related Cartesian frame) and the
scattered ray’s wave vector (along −→ur in observer’s related spherical frame) (cf. figure
1.9).

We can see from Eq. 1.78, that when the scattering angle is equal to 90°, we have
a circle of maximum degree of polarization, in this case, purely polarized light. The
state of polarization of the scattered light from a particle as seen by an observer can
be represented as a straight line named E-vector. The orientation of this line gives
the direction of polarization of the scattered light, and its width gives the degree of
polarization. Such representation is given in figure 1.12.

We can also represent the angle and degree of the skylight polarization by using
false colors (cf. figure 1.13). The angle of polarization (AoP) being defined as the angle
between the e-vector and an arbitrary fixed reference frame. As for the orientation
of the ellipse of polarization (cf. Eq. 1.34), we can define the AoP ψ from the Stokes
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→→ur
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FIGURE 1.10. – Scattering angle θ. The sun rays are considered parallel. Op is the
position of the scattering particle in the atmosphere and Ob is the
observer located on the surface of the Earth.

S

Scattering	planeCelestial
dome

Op

Ob

θ

FIGURE 1.11. – Scattering plane containing the Sun S, the particle 0p and the observer
Ob . The Sun and the particle are represented as points on the celestial
dome for which the distance of an observed source is not considered.
θ is the scattering angle.

parameters, such as:

tan2ψ= S2

S1
(1.79)

The Rayleigh single scattering model can also be used to represent the scattering
of light by a volume containing multiple particles. By considering randomly spaced
particles, supposing that the scattering from a molecule is independent from neighbo-
ring particles and that there is no phase relationship between the scattered light from
each particle, we can show that the scattering from a volume is equal to the sum of
the scattering from each particle taken independently [73].
The presented model is referred to as the Rayleigh single scattering model [44]. As
discussed in the following section, the real atmosphere can not be fully described

46



1. Polarization and scattering of light – 1.3. Skylight polarization

S

Ob

FIGURE 1.12. – Distribution of the E-vectors in the sky for a position S of the Sun
and viewed by an observer Ob . Each line corresponds to the state of
polarization of the scattered light from the corresponding particle, and
in the direction of the observer Ob . We can notice that the direction of
polarization is always orthogonal to the scattering plane (grey plane).
The width of the E-vector lines increases with the DoLP, achieving
maximum value at 90° from the Sun’s position (red lines).

FIGURE 1.13. – False color patterns of angle and degree of the skylight’s linear polari-
zation simulated based on Rayleigh single scattering model [82]. The
Sun’s position is represented by a red dot. Top views are celestial dome
representations of the angle and degree of linear polarization. Bottom
views are projected views of the celestial dome, as seen with a fish-eye
camera.

by Rayleigh scattering, leading to differences between the real skylight polarization
pattern and the polarization pattern modeled through Rayleigh single scattering.
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1.3.2.2. Real skylight polarization, and alternative skylight polarization
models

In the previous section, we supposed that the atmosphere was mainly composed of
nitrogen and oxygen gases, which scatter light as described by the Rayleigh scattering
theory, and we considered only single scattering of light by particles. However, when
observing the skylight polarization pattern, we do not exactly found what is predicted
by the Rayleigh single scattering model [83]. For instance, in the sky, the maximum
of polarization is lower than one, and its value changes depending on the date, the
geographical location, and meteorological conditions (cf. figures 1.14 and 1.15). Also,
when considering the Rayleigh single scattering model, two points are associated
with unpolarized light, in the solar and anti solar directions. Those points are named
neutral points. However, studies highlighted the presence of four neutral points in
the atmosphere named Babinet, Brewster, Arago and the Fourth, the three first being
named from scientist who discovered them. Those four neutral points are located
above and below the solar and anti solar points, and have positions varying with the
atmospheric conditions (cf. figures 1.14 and 1.16) [84]. They have been largely studied
due to their link with the atmospheric turbidity.

0.0

0.2

0.4

0.6

0.8

1.0

0

1

0.5

Babinet

Arago

FIGURE 1.14. – Skylight DoLP variations under a clear sky. The red dots give the po-
sitions of the Sun on the images. On the first raw are displayed real
skylight polarization images taken with a fish-eye polarimetric camera
[85] (red channel), and on the second raw are displayed the corres-
ponding simulated images based on Rayleigh single scattering model
[82]. Images are obtained from an online database [86]. All images
were taken the 11 of July 2022. Each column corresponds to a different
moment, from left to right: 06:20am, 07:00am, 10:00am, 12:00am (local
time). The corresponding Sun’s elevations are, from left to right: 1°,
7.5°, 39.5°, 59.8°. On the first column, we clearly notice the presence of
two neutral point: the Babinet and Arago points.
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FIGURE 1.15. – Skylight DoLP under cloudy skies. The red dots give the positions of
the Sun on the images. On the first raw are displayed real skylight
polarization images taken with a fish-eye polarimetric camera [85]
(red channel), and on the second raw are displayed the correspon-
ding simulated images based on Rayleigh single scattering model [82].
Images are obtained from an online database [86]. Both images were
taken the 26 of August 2022. Both columns correspond to a different
moment, from left to right: 07:05am, 07:45am (local time). The corres-
ponding Sun’s elevations are left, 0.8°, and right, 8°.

x→

y

S
Brewster

Babinet

Arago

The	
Fourth

→

z→

FIGURE 1.16. – The four neutral points in the celestial dome. S is the Sun.

In this section we discuss the Rayleigh single scattering assumptions based es-
sentially on elements from the book "Polarization and Intensity of Light in the At-
mosphere" by Coulson [73]. Interactions of light with particles from the atmosphere
becomes very complex when considering other phenomena than Rayleigh single
scattering. Therefore, this subject being out of the scope of this thesis, we will not give
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theoretical explanations of the following elements.
Firstly, Rayleigh scattering supposes that particles have a radius which is much smaller
than the wavelength of the incident light. It is generally assumed that Rayleigh scatte-
ring can model accurately particles having a radius lower than 0.03λ, where λ is the
wavelength of the incident wave [73], which is the case for nitrogen and oxygen par-
ticles when considering ultraviolet or visible wavelengths. However, this assumption
is not met anymore when considering aerosols in the atmosphere. Indeed, atmosphe-
ric aerosols such as dust, haze, pollution, pollen or spores have sizes ranging from
0.4µm to 10µm. This wide range of sizes leads to varying effects of aerosols on light,
adding complexity to the study of the skylight polarization in presence of aerosols.
Moreover, the optical properties of aerosols vary with the air humidity, which modifies,
for instance, the size and index of refraction of aerosols [87]. Also, the presence of
aerosols, contrary to the atmospheric gases, varies greatly depending on the geogra-
phical location and the date. All these aspects on aerosols make the studies of their
effect on skylight polarization a complex task [88]. Generally, aerosols induce multiple
scattering in the atmosphere which depolarize light [89]. Multiple scattering occurs
when scattered rays from a particle is scattered by another particle of the atmosphere.
Secondly, we supposed that the nitrogen and oxygen particles are isotropic. However,
dinitrogen and dioxygen being diatomic particles, they are anisotropic. Anisotropy of
particles induces depolarization of the scattered light, and a change in the distribution
of the scattered intensity.
Thirdly, we supposed only single scattering, assuming that the distances between
particles in the atmosphere are large enough so that the particles scatter light inde-
pendently from each other. This hypothesis was shown, even though convenient,
not to apply to the whole atmosphere. Indeed, multiple scattering depends on the
optical depth of the atmosphere [87]. Depending on the position of the Sun and of
the particle relative to the Sun, multiple scattering can occur in varying proportions.
When the optical thickness of the atmosphere increases, light has more probabilities
to be scattered multiple times than when the optical thickness is low. Also multiple
scattering depends on the wavelength of light [90]. Indeed, as the scattered intensity
is highly dependent on the wavelength, the scattered intensity being higher for lower
wavelengths, multiple scattering affects more skylight polarization in lower wave-
lengths than in higher wavelengths under clear sky (cf. figure 1.17 first row). Multiple
scattering generally implies a diminution of the degree of skylight polarization.

Fourthly, scattering can be altered due to reflections from the Earth’s surface [91].
The Earth’s surface is described by its albedo, giving the part of incident light being
reflected towards the atmosphere. For instance, snow reflects more light than volca-
nic soils. Therefore, experiments where made to study skylight polarization in both
environments, snow reflection was studied in Camp Century in North Greenland
[92], and skylight polarization in low surface reflectance condition, from volcanic
soils, was studied in Mauna Loa [93]. Both observations were made at high altitude,
reducing the influence of aerosols on skylight polarization patterns. Those studies
have shown the strong influence of surface reflectance on skylight polarization. High
surface reflectance leads to multiple scattering, reducing the degree of polarization of
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FIGURE 1.17. – Skylight DoLP under clear skies. The red dots give the positions of the
Sun on the images. Images were taken with a fish-eye polarimetric
camera [85]. Columns correspond to images taken with different color
channel of the camera, from left to right: red, green and blue channels.
Images are obtained from an online database [86]. First row images
were taken the 11 of July 2022 at 06:20am, corresponding to a Sun
elevation of 1°. Second row images where taken the 11 of July 2022 at
12:00pm, corresponding to a Sun elevation of 59.8°.

light. Therefore, snow reflections led to a maximum degree of skylight polarization
of less than 50% [92] whereas, in presence of volcanic soils, the maximum degree of
polarization went up to 85% [93]. Variations in the maximum degree of polarization
during a day were also observed due to reflections varying when the Sun moves in the
sky. In fact, when the Sun is higher in the sky, the surface reflection increases leading to
a reduction of the maximum of polarization in the sky (cf. figure 1.14). The reflection
from the Earth surface is also dependant on the wavelength. In figure 1.17, we see that
when the Sun is high in the sky (second row), the maximum of DoLP increases when
the wavelength decreases. This is probably due to the surface albedo increasing with
the wavelength in urban areas [94].
In conclusion, the differences between the real skylight polarization and the Ray-
leigh single scattering model can be explained by multiple factors such as surface
reflections, the presence of aerosols, liquids or other particles which do not meet the
Rayleigh’s assumptions, multiple scattering by atmospheric gases or anisotropy of gas
particles in the atmosphere. The main factors explaining those differences being the
presence of aerosols, clouds and surface reflections.
The skylight’s pattern of angle of polarization was shown to be closer to that predicted
by the Rayleigh single scattering model than the degree of polarization in presence of
atmospheric perturbations, such as clouds [95, 96]. This explains why most studies
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use the angle of polarization for skylight polarization based navigation (cf. section
3.1.2).
Other scattering models were proposed to describe more accurately the skylight pola-
rization pattern. A skylight polarization model accounting for the existence of neutral
points was proposed by Berry [84]. This model, even though relatively simple, provides
more accurate simulations than the Rayleigh single scattering model, but requires
knowledge about the neutral points’ position. A clear explanation of this model is
given in [82]. More complex models have also been proposed. Scattering by large
spherical particles, as observed in clouds, fog, by water droplets or aerosols with
condensed water, can be described by the more general Mie scattering theory [97, 98].
Moreover, Monte-Carlo simulation allows to take into account numerous parameters
of the environment such as the surface reflectance and the optical thickness of the
atmosphere by using probabilistic models, but are computationally expensive [99]. In
this thesis, we only consider Rayleigh single scattering, for its simplicity.

1.3.3. Advantages of the UV light for skylight polarization
based navigation

In the previous section, we discussed the Rayleigh single scattering model’s assump-
tions in real sky conditions. We evoked the dependence of the skylight’s pattern of
polarization on the wavelength, and in particular, the fact that the degree of polariza-
tion is generally lower in clear sky condition for shorter wavelengths, due to multiple
scattering having a stronger influence in the shorter wavelengths (cf. figure 1.17, first
row).
Studies on the polarization vision of insects have demonstrated different wavelength
sensitivity of insects to skylight polarization: ultraviolet (UV) for honey bees Apis
mellifera [100] and Cataglyphis desert ants [101], blue for crickets Gryllus [102] or
green for cockchafers Melolontha [103] (cf. [104] for review).
Interestingly, the UV sensitivity is common for insects using skylight polarization for
navigation. This seems however paradoxical since the skylight’s degree of polarization
and intensity are usually lower in the UV than in blue or green wavelengths under
clear skies [105]. This paradox is generally referred to as the "ultraviolet paradox of
the perception of skylight polarization", or UV-pol-paradox [105]. In this section, we
discuss this UV-pol-paradox.
As reviewed in [105], multiple assumptions were proposed to explain this paradox. A
plausible explanation of this paradox was introduced in [106]. This hypothesis sup-
poses that the UV sensitivity is advantageous in cloudy conditions, when the DoLP
is lower in the sky, but presents no advantage under clear sky conditions. It is consi-
dered that skylight polarization is reliable for insect navigation when the DoLP is
high enough in the sky (> 5−10% [107, 108]). Therefore, under clear skies, the DoLP
is high enough in UV for navigation, even though lower than for blue and green. In
[108], the proportion of the sky useful for navigation was measured in red (650nm),
green (550nm) and blue (450nm) wavelengths. The measurements have shown that
in cloudy skies, this proportion is higher for shorter wavelengths. In [105], a possible
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explanation of this phenomenon was given. This study suggests that skylight polariza-
tion in cloudy skies is due to scattering of sun rays in the air layer between the clouds
and the observer (cf. figure 1.18).

Cloud

Air

Incident	electrical	�ield
from	Sun
unpolarized	

Scattered	electrical	�ield
from	air	particle
partially	polarized	

Scattered	electrical	�ield
from	cloud

nearly	unpolarized	

FIGURE 1.18. – Schematic representation of scattering in cloudy sky. Adapted from
[105].

Indeed, clouds scatter nearly unpolarized light, due to multiple scattering in the
clouds. Moreover cloud scattering can be described by Mie scattering (wavelengths
with sizes comparable to the particles’ sizes). Mie scattering for large particles is less
dependent on the wavelength λ than Rayleigh scattering, explaining the white or grey
color of clouds. Therefore, since Rayleigh scattering is stronger for shorter wavelengths,
the ratio r I (λ) = Iai r (λ)/Icloud (λ) between the light intensity Iai r scattered from the
air layer between clouds and the observer, and the light intensity Icloud scattered
from clouds, is higher for shorter wavelengths. Since light scattered from clouds is
considered unpolarized, the degree of polarization in the sky Psk y can be given as:

Psk y =
I pol

ai r

Iai r + Icloud
= Pai r · Iai r

Iai r + Icloud
= Pai r · r I

1+ r I
(1.80)

Where I pol
ai r is the polarized part of the scattered light from the air layer, and Pai r is the

degree of polarization of the scattered light from the air layer. Therefore, by assuming
that Pai r is independent from the wavelength, Psk y increases with r I . Therefore, r I

increasing when the wavelength decreases, the degree of polarization in the sky is
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higher for shorter wavelengths in presence of clouds (cf. figure 1.19). Measurements
of the skylight polarization under cloudy skies in the UV and visible were performed
in [109, 110].
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FIGURE 1.19. – Skylight DoLP under cloudy skies. The red dots give the positions of
the Sun on the images. Images were taken with a fish-eye polarimetric
camera [85]. Columns correspond to images taken with different color
channel of the camera, from left to right: red, green and blue channels.
Images are obtained from an online database [86]. First row images
correspond to an overcast sky, and where taken the 23 of July 2022 at
11:22am, corresponding to a Sun elevation of 52°. Second row images
corresponds to a partially cloudy sky, and where taken the 26 of August
2022 at 07:45am, corresponding to a Sun elevation of 8°.

Another interesting aspect of skylight polarization can be observed in figure 1.17
second row. We see that when the sun is high in the sky, the degree of polarization is
higher under clear skies for blue wavelengths. This is probably due to reflections from
the Earth being more intense for green and red wavelengths in urban environments
[94]. Studies on the Earth reflectance showed that the albedo of sand or grass also in-
crease with the wavelength [111]. Therefore, considering for instance the Cataglyphis
desert ant, sensitive to UV polarized light, the DoLP may be higher in the UV than in
other wavelengths when those ants are foraging (high Sun elevation) [112].

Very few studies on skylight polarization were performed in the UV due to the lack
of polarimetric UV sensor. However, the UV-pol-paradox highlights the advantages
of using UV sensors for skylight polarization navigation. There is, therefore, a need
to develop such sensors for robust navigation using skylight polarization under both
clear or cloudy conditions.
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2. Polarimetric sensor: design and
calibration

For skylight polarization navigation, different strategies can be adopted, depending
on the sensor used. In this section, I review the existing polarimetric sensors. Only
passive polarimetric devices will be considered, even though active polarimeters have
been used to measure skylight polarization [74]. However, active polarimetric sensing
is usually applied for the analysis of atmospheric composition, such as aerosols or
clouds. To my knowledge, only passive polarized sensors have been used for navigation
purposes.

2.1. Polarization sensors
Animals sense polarization thanks to intrinsic properties of their eyes. Some insects

see polarization through the dorsal rim area (DRA) of their compound eyes, an area
located in the upper part of their compound eyes, pointing toward the sky and sensitive
to polarization. The DRA are made of a relatively small number of sensors (one or
few hundreds per eye [15]), named ommatidium. An ommatidium contains stacked
cylindrical photoreceptors, named microvilli, oriented perpendicular to the direction
of propagation of the incident light and sensitive to polarization. Microvilli contain
visual pigments, named rhodopsin, sensitive to photons. The sensitivity of insects to
polarization is due to the presence of chromophore, a dichroic protein (absorbing
light polarized along one direction preferentially), in the visual pigments, located in
and along the cylindrical microvilli [15, 113]. The structure of the compound eye is
represented in figure 2.1.

Contrary to insects’ microvilli, most of the existing photodetectors are insensitive
to polarization. However, by using polarizing filters, we can analyse the state of po-
larization of light as shown in section 1.2.3. Moreover, skylight polarization being
mainly linearly polarized due to Rayleigh scattering (cf. section 1.3.2.1), we do not
need to measure the circular part of polarization. Referring to Stokes parameters, we
are interested in measuring only the three first Stokes parameters S0, S1, and S2 of the
input light. Using three orientations of a perfect polarizer, for instance 0◦, 45◦ and 90◦,
we can then obtain those three Stokes parameters (cf. section 1.2.3, Eq 1.33). More
generally, from n measurements (n ≥ 3) with various orientations of a perfect polarizer
ξi (1 ≤ i ≤ n), we can deduce the Stokes parameters by solving a set of n equations.
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g

FIGURE 2.1. – Anatomy of a mantis shrimp polarization sensitive compound eye. (a)
Longitudinal section through three neighbouring ommatidia. The pink
region is called rhabdom. (b) Representation of a rhabdom containing
stacked orthogonal cylindrical microvilli. (c-d) Orientation of microvilli
in alternate layers of the main rhabdom. (e-f) orientations of rabdoms
in each hemisphere of the compound eye, and after a rotation with
respect to a fixed direction (red arrow). Credit: Martin How. Background
image in e and f adapted from a photo by R Caldwell, CC BY-SA 4.0, via
Wikimedia Commons. (g) Close-up on the eyes of a Odontodactylus
scyllarus known as mantis shrimp, and sensitive to polarized light (origi-
nal image cropped). Credit: Cédric Peneau CC BY-SA 4.0, via Wikimedia
Commons.

From section 1.2.3, Eq. 1.29, we get:
I (ξ1) = 1

2 (S0 +S1 cos(2ξ1)+S2 sin(2ξ1))

I (ξ2) = 1
2 (S0 +S1 cos(2ξ2)+S2 sin(2ξ2))

...

I (ξn) = 1
2 (S0 +S1 cos(2ξn)+S2 sin(2ξn))

(2.1)

Where I (ξ1), ..., I (ξn) are the n measured intensities. We can rewrite this set of equa-
tions in a matrix form, such as: −−−→

Imeas = D
−→
Si n (2.2)

Where,

D = 1

2


1 cos(2ξ1) sin(2ξ1)
1 cos(2ξ1) sin(2ξ1)
...

...
...

1 cos(2ξn) sin(2ξn)

 ,
−−−→
Imeas =


I (ξ1)
I (ξ2)

...
I (ξn)

 ,
−→
Si n =

S0

S1

S2

 (2.3)
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This equation can be solved by calculating the pseudo-inverse of the polarimetric
measurement matrix D, such as:

−→
Si n = (

DT D
)−1

DT−−−→Imeas (2.4)

Where DT designates the transpose matrix of D, and
(
DT D

)−1
is the inverse matrix of(

DT D
)
. This problem can be solved numerically by using the least squares method.

We can then deduce the angle ψ and degree Pl of linear polarization from the three
Stokes parameters, such as:

tan2ψ= S2

S1

Pl =
√

S2
1 +S2

2

S0

(2.5)

In the case of an imperfect polarizer having the following Mueller matrix (cf. section
1.2.4, Eq. 1.57):

M = p2

2


1 cos2ιcos2θ cos2ιsin2θ 0

cos2ιcos2θ cos2 2θ+ sin2ιsin2 2θ (1− sin2ι)sin2θcos2θ 0
cos2ιsin2θ (1− sin2ι)sin2θcos2θ sin2 2θ+ sin2ιcos2 2θ 0

0 0 0 sin2ι

 (2.6)

The measured intensity is given by:

I (ξ) = p2

2
(S0 +S1 cos(2ι)cos(2ξ)+S2 cos(2ι)sin(2ξ)) (2.7)

In general, when analysing polarized light, the parameters of the polarization optics
must be known. Those parameters can be obtained from the characterization of the
polarizer.

To obtain measurements of the state of polarization of the incident light, several
methods have been developed. Here, we present the state of the art polarimeters used
to analyse the state of polarization of a partially and linearly polarized light beam,
through time, space, or by splitting of the incident beam of light.

2.1.1. Division of time polarimeter
Division of time polarimeters consist in analyzing a light beam over time. By sup-

posing that the state of polarization of the light beam is unchanged over the analysis
time, we can proceed by rotating a linear diattenuator prior to a photodetector. When
rotating the polarizer, the output light’s intensity will vary according to the polarizer’s
orientation with respect to the incident light’s direction of polarization (cf. section
1.2.3). By analyzing the light from at least three orientations of a polarizer, we can
deduce the state of polarization of the input partially and linearly polarized light, as
shown in Eq. 2.4 (cf. figure 2.2a). This method is simple to set up and can be very
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cheap, depending on the rotation device used [26]. The two main drawbacks of this
method are the measurement time, and the precision limit due to the rotation of
the polarizer. The rotation of the polarizer can be achieved mechanically by using a
rotation mount for instance. Another alternative is to place a wave plate or a rotator
prior to the polarizer (cf. figure 2.2b). For instance, by using a half wave plate, creating
a phase shift of 180◦, and rotated by an angle θ, prior to an ideal linear polarizer, the
output Stokes vector Sout will be given by (cf. section 1.2.4):

Sout = MLP MHW P Si n = 1

2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 cos4θ sin4θ 0
0 −sin4θ cos4θ 0
0 0 0 1




S0

S1

S2

S3

 (2.8)

Where Si n is the incident light’s Stokes vector, MLP and MHW P are the Mueller matrices
of the linear polarizer and half wave plate respectively. The measured intensity Imeas

will therefore be given by (first Stokes parameter of the output light Sout
0 ):

Imeas = Sout
0 = 1

2
(S0 +S1 cos4θ+S2 sin4θ) (2.9)

This is equivalent to rotating a polarizer by an angle 2θ. The same result can be
obtained by using a rotator, allowing for twice as more precision than when using a
half wave plate (cf. section 1.2.4 and [74]).
Using a waveplate or a rotator instead of rotating a polarizer can be convenient since
the mecanical rotation can be avoided by using a liquid crystal variable retarder
(LCVR). LCVR are made of molecules that can be aligned when subject to an electric
field, or to variations of the temperature. The retardance, fast and slow axes of the
LCVR can be tuned depending on the electric field, allowing for high speed analysis
of the state of polarization. Avoiding mechanical rotation also prevents moving parts
from disturbing the alignment of the system [74]. However, using LCVR or regular
waveplates can also cause measurement uncertainties. In fact, waveplates have a
retardance depending on the wavelength of the incident light [114]. This issue can be
dealt with by using achromatic waveplates. Moreover, LCVR are sensitive to external
temperatures, and are not spatially homogeneous [115]. Other methods using rotating
components are given in [74].

2.1.2. Instantaneous measurements
In the previous section, we presented time based measurements of the state of

polarization assuming that the state of polarization was constant during the measu-
rement time. However, this assumption may not always be met, for instance, when
observing the skylight polarization using mobile robots such as drones. In this section,
we present alternative methods based on instantaneous measurements of the input
polarized beam of light.
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FIGURE 2.2. – Division of time polarimeter (a) by rotating a linear polarizer or (b) by
rotating a retarder placed prior to a fixed polarizer.

2.1.2.1. Divison of amplitude polarimeter

Division of amplitude polarimeters analyse the state of polarization by dividing the
amplitude of a light beam and analyzing each beam separately, for instance, by using
polarizing beam splitters. A polarizing beam splitter usually splits a light beam in two
orthogonally polarized beams with respective intensities depending on the state of po-
larization of the incident light beam. The reflected beam is polarized perpendicularly
to the incidence plane (s-polarization, from the German word "senkrecht" meaning
perpendicular), and the transmitted beam is polarized parallel to the incidence plane
(p-polarization, from the German word "parallel") (cf. figure 2.3). The measurements
of the split beams permit to compute the Stokes parameters (cf. Eq. 2.4). Such me-
thods are generally expensive and bulky since they require multiple sensors and often
multiple polarization optics. They allow, however, to sense polarization of a light beam
without any assumption on time and space consistency of the input signal. A review
of division of amplitude polarimeters is given in [74].

2.1.2.2. Division of wavefront polarimeter

Division of wavefront polarimeters consist in measuring independently the state of
polarization of a light beam at different positions in a plane orthogonal to the direction
of propagation of the beam. It supposes that the light beam has an homogeneous state
of polarization on the space covered by all the measurement units. When measuring
linear polarization, this type of polarimeter generally consists in four polarizers placed
in front of four photodetectors, with orientations of 0◦, 45◦, 90◦ and 135◦ (cf. figure
2.4).

Therefore, to measure the state of polarization, we can obtain the Stokes parameters
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FIGURE 2.3. – Effect of a polarizing beam splitter on an incident unpolarized light.
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FIGURE 2.4. – Division of wavefront polarimeter consisting in four polarizers placed
in front of four photodetectors, with orientations of 0◦, 45◦, 90◦ and
135◦. The direction of the polarizers is given by the direction of the black
stripes.

from the following (cf. section 1.2.3, Eq. 1.29):

I (0◦,0◦) = 1

2
[S0 +S1] ,

I (45◦,0◦) = 1

2
[S0 +S2] ,

I (90◦,0◦) = 1

2
[S0 −S1]

I (135◦,0◦) = 1

2
[S0 −S2]

(2.10)
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We finally obtain the Stokes parameters from the measured intensities, such as:

S0 = I
(
0◦,0◦)+ I

(
90◦,0◦) ,

S1 = I
(
0◦,0◦)− I

(
90◦,0◦) ,

S2 = I
(
45◦,0◦)− I

(
135◦,0◦) (2.11)

This type of polarimeter is practical because of its simplicity, and its absence of moving
parts. Moreover, the wavefront homogeneity constraint is troublesome mostly for
scenes with high spatial variations, which is not the case for skylight polarization.

2.2. Skylight polarization sensors
In the previous sections, we presented different ways of measuring the state of

polarization of a linearly polarized light beam. However, when sensing skylight polari-
zation we may want to measure spatial polarization variations. In the animal kingdom,
the two most common eye structures are compound eyes and camera eyes [113].
Compound eyes are made of a few thousands of independent sensors, named om-
matidium, measuring light with a large angular field of view (cf. figure 2.1). Those
sensors thus usually provide a low spatial resolution, but can allow for vision over a
large field of view, covering almost 360° around the animal. On the other side, most
vertebrates, such as birds or humans, sense light through camera eyes. Camera eyes
are made of a lens projecting an image onto the retina of the eye, containing millions
of photoreceptors (cf. figure 2.5). Those eyes allow for much higher spatial resolu-
tion than compound eyes. Homing pigeons, for instance, sense skylight polarization
through their camera eyes. However, the mechanisms involving sensitivity of camera
eyes to polarization remain poorly understood [15]. In this section, as for animals, we
distinguish two types of sensors, namely non-imaging and imaging sensors, referring
to compound and camera eyes, respectively.

2.2.1. Non-imaging sensors
Non-imaging sensors are generally made of one or more independant measurement

units, each unit detecting the polarization of the sky in one direction. In the DRA of
Cataglyphis desert ants, the ommatidia are composed of microvilli oriented in two
orthogonal directions, comparable to two orthogonal polarizer’s directions. As shown
in [116], the difference of both signals, outputting from the orthogonal microvilli,
is computed in the insect’s brain. Since the two output signals have a logarithmic
relation with the light intensity along the direction of the microvilli, this difference is
equivalent to a logarithmic ratio between the intensity measured through a polarizer
and the intensity measured through the orthogonal polarizer (cf. figure 2.6).

Using this method, the angle of polarization can easily be measured. In [117, 118,
119, 120], three pairs of orthogonal polarizers were used to sense skylight polarization
in one direction. For each pair of polarizers, the logarithmic ratio of the measured
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FIGURE 2.5. – Structure of the camera eye. (a) Camera eye of a rock dove (Columba
livia). Credit: Carlos Delgado, CC BY-SA 4.0, via Wikimedia Commons.
(b) Layers of nerve cells in the retina. The top layer (green) is made
of photoreceptors of the retina. Credit: Wei Li, National Eye Institute,
National Institutes of Health. (c) Diagrammatic vertical section of the
eye of a bony fish. Credit: Gretarsson, CC BY-SA 4.0, via Wikimedia
Commons.

intensity was calculated. Similarly, three polarizing beam splitters were used in [121]
to sense skylight polarization in one direction. In [122], five pairs of the measurement
units described in [118] were used to sense skylight polarization in 5 directions, and in
[123] and [124], the polarization is measured simarly in 2 and 9 directions respectively.
The robot AntBot, mimicking the navigation strategy of the Cataglyphis desert ant,
used only two orthogonal rotating polarizers to analyze the skylight polarization in
one direction, each polarizer being positioned above a UV photodetector [26]. In
[125], a waveplate was rotated in front of a linear polarizer to analyse the skylight
polarization in one direction. Then, the whole skylight was scanned by varying the
orientation of the polarimeter. A schematic representation of non-imaging sensors is
given in figure 2.7.

Unlike the polarimeters presented above, all units of skylight polarization sensors
do not need to measure necessarily the three Stokes parameters allowing to describe
linearly polarized light. Instead, two orientations of polarizers can be sufficient for
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FIGURE 2.6. – Left is a schematic representation of polarization sensitive orthogonal
photo-receptors in the crickets’ DRA, and their link to a POL-neuron. 1
and 2 refer to the two orthogonal photo-receptors. Right upper graph is
a representation of the output signals from the two photo-receptors as
a function of the incident light’s angle of polarization. Lower graph is
the output signal from the POL-neuron, equal to the difference between
the two input signals coming from the photo-receptors. Reproduced
with permission from Springer Nature [116].

each measurement unit when sensing skylight polarization, because of the informa-
tion redundancy in the pattern of polarization. Therefore, an ant-inspired sensor,
consisting in 8 division of wavefront polarization measurement units, with only two
orthogonal polarizer orientations for each unit, was implemented in [126].
Using non-imaging sensors is advantageous since those types of sensors are generally
cheap, do not require a lot of memory footprint and are well suited for real-time appli-
cations because of the low amount of data to process. Moreover, contrary to imaging
sensors, those systems do not suffer from glare due, for instance, to a direct view of the
Sun, since the signal from photo-detectors are independent. However, such sensors
are more sensitive to noise in the sky, such as clouds, than imaging sensors, even
though they have been shown to enable robust Sun position estimation in presence of
clouds [126].

2.2.2. Imaging sensors
Imaging sensors usually consist in one or multiple lens, a photo-detector array

composed of pixels, and some polarization optics located either between the lens and
the pixels, or prior to the lens.
The lens used for imaging sensors can be described by their focal length and mapping
function. From those, a point in the sky can be associated to a point on the image
plane. We can consider 5 standard mapping functions giving the distance r between
the optical axis and the image point as a function of the focal length f and the angle θ
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a b

c d

FIGURE 2.7. – Schematic representation of four types of non-imaging sensors. (a) Ins-
tantaneous polarization measurement in two fixed directions. (b) Divi-
sion of time polarization measurement in two fixed directions. (c) Space
scanning polarimeter with a single instantaneous polarization measu-
rement unit. (d) Space scanning polarimeter with a single division of
time polarization measurement unit. Red arrows give the orientation of
the polarizer. Black curved arrows give the moving parts of the sensors.

of the input ray with respect to the optical axis of the lens (cf. figure 2.8), such as [127]:

r = f tan(θ)

r = 2 f tan(θ/2)

r = f θ

r = 2 f sin(θ/2)

r = f sin(θ)

(2.12)

Those mapping functions correspond to a thin lens, and four fish-eye lens with stereo-
graphic, equidistant, equisolid angle and orthogonal projections respectively.

The polarization measurement can be, as described in the previous sections, of
several types.
A division of time camera composed of two LCVR followed by a polarizer was imple-
mented in [128] to analyse the four Stokes parameters of skylight polarization. In [129],
a linear polarizer was rotated to measure the skylight’s linear polarization, and in
[130] and [131] a wheel containing multiple color and polarization filters with various
orientations was used to measure optical properties of aerosols onboard satellites. An
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FIGURE 2.8. – Schematic representation of the projection of light ray by a lens, onto
the image plane. f is the focal length, r the distance to the image center
of a light ray with an incidence angle θ with respect to the optical axis
of the lens.

imaging camera with a fixed polarizer pointing downwards to a sphere reflecting the
skylight, and replacing a fish-eye lens was developed in [132] for UV sensing of the
skylight polarization pattern. Instead of turning the polarizing filter, the whole device
was rotated around its vertical axis.

A division of amplitude (DoAmp) camera composed of a beam splitter separating
the input beam into three beams, and analyzed through fixed polarizers oriented at
three different angles prior to three sensor arrays was presented in [133]. In [134], an
hyperspectral DoAmp camera inspired from mantis shrimps was implemented, using
stacked polarization-sensitive organic photovoltaics and polymer retarders.

Specific to imaging sensors, a division of aperture camera was introduced in [135].
Using a set of lens, four identical images were projected on the image plane. Each
projected image came out of a polarizer oriented at 0◦, 45◦, 90◦ and 135◦, allowing to
compute the first three Stokes parameters.

Similarly, replication of aperture polarimetric devices consist in measuring polari-
zation through multiple cameras with distinct polarizing filter orientations for each
camera. A device consisting of 3 cameras with fixed polarizers oriented at 0◦, 45◦ and
90◦ was implemented in [136]. Four cameras with fixed polarizers were used in [137].

Division of focal plane (DoFP) cameras consist in measuring polarization in each
point of space through groups of neighboring pixels measuring light with varied
polarizer orientations. Neighboring pixels analyzing the polarization in one direction
form a division of wavefront polarimeter, generally referred to as a super pixel. A DoFP
sensor, with polarizing filters oriented at 0◦, 45◦, 90◦ and 135◦, was used in [138] for
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astronomical measurements. A color DoFP sensor, inspired from the mantis shrimp’s
visual system, was developed in [139]. In [140], the image of a circular filter composed
of three polarizers oriented at 0◦, 60◦, and 120◦ and placed side by side, was projected
in different regions of the image plane, by using a microlens array. Similarly, multiple
images of an S-waveplate followed by a polarizer was projected in the image plane in
[141]. An S-waveplate, also called radial polarization converter, is a waveplate with
spatially varying retardance. It transforms a spatially uniform linarly polarized light
beam into a radially polarized light beam, meaning that at any point of the beam, the
polarization vector points towards the center of the beam. In 2018, Sony developed
the first commercial DoFP imaging polarimetric sensor, consisting in groups of 4
neighbouring pixels with polarizers oriented at 0◦, 45◦, 90◦ and 135◦. Sony sensors are
now widely used for polarization sensing applications, such as underwater geolocation
[142], or polarization compass [143, 144, 145].
A schematic representation of imaging sensors is given in figure 2.9.

lens

polarizer
array

polarizer

polarizer

image
plane

image
plane

imaging
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FIGURE 2.9. – Schematic representation of four types of imaging sensors. (a) Division
of focal plane sensor. (b) Replication of aperture sensor. (c) Division of
time sensor (curved arrow indicates the rotating polarizer). (d) Division
of aperture sensor.
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An alternative sensor, based on a fixed waveplate and a polarizer, taking advantage
of the spatial properties of skylight polarization was presented in [146]. By noticing
the waveplate’s retardance variations according to the direction of the incident light, a
pattern of iridescent colors could be observed, providing information on the skylight
polarization pattern. In [147], a S-waveplate followed by a linear polarizer, both fixed,
were placed prior to a camera, allowing to extract solar information without having to
compute the angle or degree of polarization.
Imaging sensors are practical since they often rely on existing cameras and provide
high spatial resolution compared to non imaging sensors. Division of time sensors
are the most simple imaging sensors to implement, and allow for processing full re-
solution images. They, however, are not practical for all applications, as discussed
earlier. Division of amplitude sensors require no assumption on the incident light field,
but are generally bulky and expensive for robotic purposes. Replication of aperture
and division of focal plane sensors require low spatial variations of the polarization.
Replication of aperture are easy to implement but are expensive and bulky. Division of
aperture and division of focal plane sensors induce a loss of spatial resolution. Interes-
tingly, DoAmp sensors do not require a spatial uniformity assumption compared to
DoFP. However, no DoAmp sensor is commercially available contrary to DoFP sensors.
Compared to non-imaging sensors, camera sensors suffer from issues related to the
structure of the sensor. When light rays go through a lens, the state of polarization
is modified. The alteration of the polarization is low for rays propagating along the
optical axis of the sensor. However, for high angles of incidence of a light beam, as
obtained by using a fish-eye lens for instance, the state of polarization can be transfor-
med dramatically. This phenomenon can be visualized by placing a lens between two
crossed polarizers, leading to a pattern known as Maltese cross [77] (cf. figure 2.10).
Moreover, the properties of polarizers vary depending on the angle of incidence of
the incoming light [148]. Therefore, the measured state of polarization may not be
correct, considering for instance peripheral pixels of a DoFP sensors using a fish-eye
lens. Camera lens may also, in presence of an intense light source such a the Sun,
generate parasite light known as flare or glare [149]. Those issues were dealt with
in some experiments by hiding the Sun’s direct rays [150], and glare effects can be
reduced by shortening the sensor’s integration time.

In this section, we reviewed the sensors developed for skylight polarization mea-
surements. Several other reviews on polarization remote sensing were previously
published [74, 24, 151]. For the sake of simplicity, we used a Sony DoFP sensor [85]
to test the geolocation algorithms presented in section 3.3. This sensor being widely
used, and easily available, its use allows for repeatability of the developed studies.

2.3. Calibration
In the previous section, we presented different types of sensors and how to measure

the state of polarization from those devices. However, sensors may induce measure-
ment errors due to their fabrication or to the electronics. To ensure accurate measure-
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FIGURE 2.10. – An injection-molded lens with stress birefringence (left) between cros-
sed polarizers (at the top) and (right) after rotating the lens by 45°.
Reproduced with permission from CRC press [77].

ments, a calibratation should be processed. We present here three types of calibration,
namely geometric calibration, radiometric calibration and polarimetric calibration. In
this section, we will focus on the calibration of imaging sensors, the principles being
similar for non-imaging sensors, except for lens related aspects.

2.3.1. Geometric calibration
Geometric calibration aims at mapping pixels’ positions to directions of observa-

tion. When measuring skylight polarization, we must determine the direction of each
measurement point in the sky with respect to each pixel of a measurement device. To
achieve this, intrinsic and extrinsic geometric calibrations are processed. Intrinsic geo-
metric calibration consists in determining the mapping function between the pixels of
the sensor and the directions of observation in the camera frame. Extrinsic geometric
calibration consists in establishing the orientation of the sensor with respect to a
reference frame.

If the lens model is known, then, the intrinsic calibration of an imaging sensor can
consist in determining two parameters describing the imager, namely the focal length
of the lens and the optical center, also known as the principal point, which corres-
ponds to the pixel located under the optical axis of the lens. Knowing the optical
center of the image plane and the lens’ focal length, the mapping function giving the
direction of measurement for each pixel in the camera frame can be deduced from
the lens model (cf. 2.2.2).
To obtain the intrinsic parameters of an imaging sensor, some points with a known po-
sition with respect to the camera can be used as a reference. From the image of those
points by the camera, the sensor’s parameters can be tuned to match the groundtruth
position of the reference points to estimated position of those points based on the
sensor’s mapping function.
A standard way of obtaining those parameters is by acquiring multiple images with
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varying orientations of a checkerboard having known properties [152]. A checkerboard
is convenient since reference points can easily be detected between black and white
squares. Also, the orientation of the checkerboard does not need to be given prior to
the calibration. Indeed, because of geometric constraints of the checkerboard, and by
detecting reference points on the checkerboard, the orientation of the checkerboard
with respect to the sensor can be deduced during the calibration process. We do not
further detail this method. In this thesis, to achieve the geometric calibration of in-
trinsic camera parameters, we used the checkerboard method and Matlab calibration
toolbox (cf. figure 2.11).

FIGURE 2.11. – Geometric calibration of a fish-eye camera with a checkerboard. Refe-
rence points on the checkerboard are detected through Matlab cali-
bration toolbox [153].

To determine the orientation of a sensor with respect to an external frame, inde-
pendent from the sensor, some reference points with known positions in the external
frame should be measured by the sensor. By the measurements and the previous
calibration of intrinsic geometrical parameters of the sensor, the position of the refe-
rence points with respect to the camera can be estimated. Then, the rotation between
the camera frame and the external frame can be deduced to achieve the extrinsic
geometric calibration.
A method to calibrate the orientation of a camera in the East, North, Up frame, based
on the Sun’s position, will be discussed in the following chapter (cf. section 3.3.1 and
[85]).

2.3.2. Radiometric calibration
Radiometric calibration aims at determining the link between a sensor’s output,

given in digital number, and the incident light’s irradiance. When considering pola-
rimetric sensors, if only the AoP and DoLP need to be measured, the absolute value
of the incident light’s irradiance is not required. Thus, the calibration is aimed at
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obtaining a uniform response of the pixels of a sensor to a uniform (unpolarized)
source of light.
The pixels of a sensor are considered having a linear intensity response to light irra-
diance, except for low irradiances and at saturation, for high light irradiances (cf. figure
2.12). This linearity property can be ascertained by measuring, with the sensor, the
variations of irradiance of a known light source. It can also be observed by modifying
the integration time of a sensor illuminated by a constant light source (cf. figures 2.12
and 2.13). In the following, we will only consider the linear regime of a sensor for the
radiometric calibration.

FIGURE 2.12. – Mean value of the pixels of a DoFP polarimetric sensor illuminated
by visible light coming out of an integrating sphere for various expo-
sure times of the camera. The intensity of light reaching the sensor is
constant. Standard deviation of the pixels’ mean value is displayed,
showing the variation of the pixels’ response. The experimental setup
is pictured in figure 2.13.

The response of a sensor to a uniform light source will vary spatially (cf. figure 2.14)
due to the fabrication process of the sensor and the lens, that can induce darkening
in the corners of an image, known as vignetting. Response variations are also due
to measurement noises. Read noise is generated by the sensor’s electronics while
measuring the charges of a photodiode, and is proportional to the number of photons
reaching the sensor. This noise gives the maximum sensitivity of the sensor, describing
the ability of the sensor to measure weak signals, and can not be removed. Other
noises are independent from the measured light, such as dark current, also known
as thermal noise, linked to the temperature, and measured when the sensor is in the
dark. Contrary to read noise, dark noise can be removed.
To process the radiometric calibration of a sensor, we start by measuring the dark noise
of the sensor. The dark noise Di j , sometimes considered negligible [155, 156], can be
modeled as a function of the integration time and temperature of the camera [157].
Once the dark noise is estimated, we tune, for each pixel, a multiplicative factor C cal

i j ,
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FIGURE 2.13. – Radiometric calibration setup of a polarized monochromatic camera
(FLIR Blackfly S BFS-U3-51S5P). No lens is attached to the sensor. The
integrating sphere (modular multi-port integrating sphere from Thor-
labs) is illuminated by a fiber coupled 3200 K light source (Thorlabs
OSL2). The sensor is placed near the integrating sphere to avoid non
uniformity effects of the integrating sphere’s output [154].

such as the response of the sensor to a homogeneous light is uniform. By supposing a
linear response of the sensor to light irradiance, we can model the response Ri j of a
pixel to an incident light of irradiance I as [158]:

Ri j =Gi j · t ·C cal
i j · I +Di j (2.13)

Where Gi j is the gain of the pixel, and t is the integration time of the sensor. t is
supposed to be equal for all pixels contrary to Gi j . Before calibration C cal

i j is set to 1.

An homogeneous response of the pixels can be obtained by setting C cal
i j = k

Gi j
where k

is an arbitrary number, equal for each pixel (cf. figure 2.14).
To determine the value of Gi j , the irradiance of an homogeneous incident light

source, or the integration time of the sensor, should be varied. The value of Gi j can
then be obtained by a linear regression, from equation 2.13. For relative radiometric
calibration, the absolute value of the irradiance of the light source reaching the camera,
does not need to be known. To generate a uniform light source, an integrating sphere
can be used. Interestingly, integrating spheres generate a non polarized light, allowing
for radiometric calibration independently from the polarization [160].

2.3.3. Polarimetric calibration
When considering a polarimetric camera, the response of the sensor also varies with

respect to the state of polarization of the incident light. Pixels of a sensor are generally
not sensitive to polarization, however, some photodetectors are intrinsically sensitive

71



2. Polarimetric sensor: design and calibration – 2.3. Calibration
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FIGURE 2.14. – Radiometric calibration of a polarized monochromatic DoFP sensor.
Left: uncalibrated image of the sensor illuminated by a uniform light
source. Right: calibrated image of the sensor illuminated by a uniform
light source. The calibration setup is presented in figure 2.13. The
calibration process is described in [159]. Since we used a DoFP sensor,
the measured irradiance is also affected by the transmittance of the
polarizers.

to polarized light [161, 162]. We only consider here photodetectors insensitive to po-
larized light, with polarizers placed above the photodetectors. The response of the
pixels to polarized light depends on the Mueller matrix of the polarizing components
and lens. Those polarizing components can induce measurement errors due to non
uniform fabrication process of the polarizing components, imperfect alignment bet-
ween the photodetectors and the filters (cf. figure 2.15), and polarizing effect of other
optical components such as the lens [138, 163].

0°

90°135°

45°

FIGURE 2.15. – Misalignment between the polarizing filters and the photodiodes of a
DoFP sensor.

Non-uniform response of the pixels of a DoFP sensor, due to variations of the
mean transmittance of polarizers prior to the pixels, is shown in figure 2.16. The
mean transmittance of a polarizer describes the ratio between the transmitted and
the incident light intensities averaged over all states of polarization (or between the
transmitted and the unpolarized incident light intensities) [163].

In some DoFP sensors, a cross-talk effect was also observed, leading to measure-
ments of light going through the polarizer placed prior to a pixel by neighbouring
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FIGURE 2.16. – Response variations of the pixels of a DoFP sensor, illuminated by a
uniform unpolarized light source. Labels represent the orientation of
the filters prior to the pixels. The experimental setup is presented in
figure 2.13. The response variations between the different orientations
of polarizing filters are due to variations of the mean transmittance of
polarizers.

pixels (cf. figure 2.17). This effect was, however, reduced due to an improved design in
the Sony DoFP sensors [164].
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Polarizer

Micro-lens
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FIGURE 2.17. – Cross-talk effect of a DoFP sensor. Left: Cross talk effect allowing pola-
rized beams with AoP of 0◦ to be detected by a neighbouring photo-
diode meant to measure polarized beams with 90◦ AoP. Right: Archi-
tecture developed by Sony, reducing the cross-talk effect. Micro-lens
are meant to focus light on the photodiode, and are not to be confuse
with the main lens attached to the sensor. Adapted from Lucid Vision
Labs.

To calibrate a polarimetric camera, the Mueller matrix of each component or the
equivalent Mueller matrix for the group of components prior to each pixel must be
determined. Indeed, polarization properties of the optical components, such as lens,
can vary in space, and the Mueller matrix of optical components will not be uniform
over the sensor (cf. Maltese cross, figure 2.10). Moreover, properties of polarizers are
generally given for an incident light normal to the polarizer, but vary depending on
the tilt of the polarizer with respect to the incident beam, adding spatial variability
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[148].
The Stokes vector

−−→
Sout of light coming out of the optical components prior to a pixel

can be expressed as (cf. section 1.2.4, equation 1.61):

−−→
Sout = M1M2 . . .Mn

−→
Si n = M

−→
Si n =


m00 m01 m02 m03

· · · ·
· · · ·
· · · ·




S0

S1

S2

0

 (2.14)

Where
−→
Si n is the Stokes vector of the incident light. M1,M2, . . . ,Mn are the Mueller

matrices of the components prior to the pixel, their product being equal to M. The

intensity I measured by the pixel is considered being the first parameters of
−−→
Sout .

Therefore, we have:

I = M0
−→
Si n = (

m00 m01 m02 m03
)


S0

S1

S2

0

 (2.15)

Where M0 is the first row of M. Only the first row of M must thus be estimated during
calibration. Moreover, as we consider only linearly polarized light (Stokes parameter
S3 = 0), only the three first parameters m00,m01,m02 of M0 must be measured. To
determine the first row of the Mueller matrix M, we can determine the Mueller matrix
of each component prior to the pixels independently [165], but this method may
not be convenient for an imaging sensor, since it would require to process this step
for each pixel, due to the non uniform Mueller matrix of the optical components.
Alternatively, we can measure the response of the sensor to a known uniform polarized
light source with varying Stokes vectors. For each pixel of a sensor, if M different states
of polarization of a source, with Stokes vectors Si n1,Si n2, . . . ,Si nM , are generated, the
M intensities I1, I2, . . . , IM of light reaching the sensor are given by :

I = M0S ⇐⇒ (
I1 I2 . . . IM

)= M0

(−−→
Si n1

−−→
Si n2 . . .

−−−→
Si nM

)
(2.16)

We can deduce M0 by computing the pseudo-inverse of the known matrix S. We
therefore have:

M0 = IST (
SST )−1

(2.17)

Where ST designates the transpose matrix of S, and
(
SST

)−1
is the inverse matrix of(

SST
)
. To obtain the intensity values I1, I2, . . . , IM , from the sensor’s outputs, a radio-

metric calibration of the pixels can be processed prior to the polarimetric calibration.
However, when the polarizer can not be removed from the pixel, as for DoFP sensors,
the gain of the pixel can not be computed independently from the Mueller matrix
components. Indeed, the Mueller matrix M of an imperfect polarizer can be expressed
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as (cf. section 1.2.4, equation 1.57):

M = p2

2


1 cos2ιcos2ξ cos2ιsin2ξ 0

cos2ιcos2ξ cos2 2ξ+ sin2ιsin2 2ξ (1− sin2ι)sin2ξcos2ξ 0
cos2ιsin2ξ (1− sin2ι)sin2ξcos2ξ sin2 2ξ+ sin2ιcos2 2ξ 0

0 0 0 sin2ι


= p2

2
M′

(2.18)

From equations 2.13, 2.15 and 2.18, the value returned by the pixel following the
polarizer, without calibration, is given by:

Ri j =Gi j · t · p2

2
·M′

0 ·−→Si n +Di j (2.19)

Where M′
0 is the first row of the Mueller matrix M′. Gi j can therefore not be measured

independently from p2. For DoFP sensors, the pixel gain Gi j is computed as part of the
Mueller matrix of the optical components prior to the pixels, requiring no radiometric
calibration before the polarimetric calibration.
As reviewed in [166], other techniques, designed for DoFP sensors, were shown to
improve the calibration results by taking into account neighbouring pixels, such as a
whole super-pixel [167], during the calibration process, instead of processing pixels
independently.
In practice, to create a calibration source with a varying Stokes vector, we can either

modify the AoP ψ or the DoLP Pl of the source. Indeed, the Stokes vector
−→
S of a

linearly polarized light source can be expressed as:

−→
S = S0


1

Pl cos2ψ
Pl sin2ψ

0

 (2.20)

Where S0 is the intensity component of the Stokes vector. As the AoP can be tuned
more easily than the DoLP, most studies calibrate their sensor by using an integrating
sphere, generating unpolarized and uniform light, and a rotating polarizer to generate
completely polarized light with varying AoP [138, 120, 142]. However, skylight polari-
zation is generally partially polarized. It seems therefore appropriate to characterize
the performances of a calibrated sensor based on a partially polarized light source. In
the next section, we present a linearly polarized source, implemented in this thesis,
for which the AoP and DoLP can be varied independently from each other.
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2.3.4. Polarized light generation for DoLP measurement
characterisation

In the previous section, we presented the usual process for polarimetric sensor cali-
bration, based on purely polarized light. In chapter 3, we will describe a geolocation
method based on skylight DoLP pattern variations. In this method, the measurement
error of the DoLP pattern will directly affect the geolocation performances. Charac-
terizing a sensor in terms of DoLP measurement accuracy and precision is therefore
crucial. For this characterization, a light source allowing for precise control of the
DoLP should be implemented. Several experiments were developed for this purpose.
In this section we first review experiments aimed at controlling the DoLP of a light
source, and, then, we present the source developed in this thesis.

2.3.4.1. Generation of partially polarized light

To generate a partially polarized light with adjustable AoP and DoLP, different stra-
tegies can be adopted.
Glass stacks were used to control the DoLP by refraction of an unpolarized light source
[158, 168, 169, 170, 171]. Fresnel laws show that the light refracted or reflected from a
material will have polarization properties varying with the angle of incidence of the
incident light [74]. Therefore, by tilting glass stacks, the DoLP of a light source can be
tuned, and a rotation of the glass stacks around the direction of propagation of the
light source allows to tune the AoP. The AoP can also be tuned by using a rotator or
half wave plate. The main advantage of this experiment is that it is easy to implement
and requires few optical elements. However, this system does not allow to generate a
large range of DoLP values. In [169], the DoLP could be set to values going up to 0.5.
Moreover, the intensity of light transmitted through the glass stacks varies with respect
to the glass stacks inclination, and is therefore not independent from the DoLP [74].
Similarly, through reflection of light, based on Fresnel laws, the DoLP and AoP can
be tuned. Advantageously, using the reflection of light allows to obtain a full range of
DoLP values, from 0 to 1 (at Brewster’s angle) [172]. However, the reflected irradiance
is often lower than the transmitted irradiance.
Another way of generating partially polarized light, is by combining two light beams
with orthogonal polarization [173, 174], or by combining an unpolarized light beam
with a purely polarized beam. The DoLP will therefore depend on the relative intensity
between the two light beams. The AoP of such source can be modified, either before
or after the combination of the light beams. To modify the AoP of a partially polarized
light source without modifying the DoLP, a half-wave plate can be used. A similar
experiment as the one implemented in [173] is described below, allowing to modify
the intensity, AoP, and DoLP independently from each other.
The DoLP of a light source can also be tuned temporally. If a purely polarized light
beam has a state of polarization alternating successively between two orthogonal po-
larization states, with a shorter time scale than the integration time of the sensor, the
measured light can be considered partially polarized. The ratio between the duration
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of each orthogonal state of polarization over the integration time of the sensor will
determine the DoLP value measured. Indeed, as shown in equation 2.13 the measured
intensity of a sensor is proportional to the integration time. This method is, therefore,
equivalent to combining two orthogonal light beams with various relative intensities
as discussed previously. Fast variations of the state of polarization can be achieved by
using liquid crystal displays, as in [175]. This method is simple to implement, but the
DoLP measured value depends on the integration time of the sensor.
Last, as for skylight polarization, scattering of light by particles can generate par-
tially polarized light. To my knowledge, no method of this type has, however, been
implemented for sensor characterization.

2.3.4.2. Experimental setup for controlling the AoP and DoLP of a light
beam, independently

In the previous section, several ways of generating partially polarized light were
introduced. We now present the principle and implementation of a partially polarized
light source, based on the interference of two orthogonal linearly polarized light
beams, inspired from the experiment developed in [173]. As we initially planed to
sense skylight polarization in UV wavelengths, the source was developed for UV
measurements, but can be adapted to visible wavelengths.

2.3.4.2.1. Conceptual explanation

To generate a light source with independently adjustable AoP and DoLP, a light beam
is split in two orthogonal polarized beams. Then, the beams are summed, forming a
partially polarized beam. The AoP of the source is finally modified by using a half-wave
plate.
As shown in figure 2.18, the polarized light source consists in a collimated unpolarized

beam of light, of Stokes vector
−→
S , going through a linear polarizer, oriented at an

angle θLP , and of Mueller matrix MLP(θLP ). The linearly polarized light is then split
by using a polarizing beam splitter. The polarizing beam splitter can be modeled by
a horizontal polarizer, of Mueller matrix MPBS1(0), for transmission and a vertical
polarizer, of Mueller matrix MPBS1(π/2), for reflection [173]. Therefore, the ratio t
between the transmitted light’s irradiance It and the incident light’s irradiance I0 is
given as a function of the incident light’s AoP, such as (Malus law):

t = It

I0
= 1+cos(2θLP )

2
(2.21)

Where θLP is the angle of the polarizer preceding the beam splitter. Similarly, the ratio
r between the reflected light’s irradiance Ir and the incident light’s irradiance I0, is
given by:

r = 1− t = Ir

I0
= 1−cos(2θLP )

2
(2.22)
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By considering that the reflected and transmitted beams are mutually incoherent,

their Stokes vector can be added [74]. The resulting Stokes vector
−→
S+ is therefore given

by (Mueller matrices are detailed in appendix B):

−→
S+ = MPBS1(0) ·MLP(θLP ) ·−→S +MPBS1(π/2) ·MLP(θLP ) ·−→S

= S0

2

(
1+cos(2θLP)

2

)
1
1
0
0

+ S0

2

(
1−cos(2θLP)

2

)
1
−1
0
0
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= S0

2


1

cos(2θLP)
0
0


(2.23)

Which corresponds to light having a DoLP Pl given by:

Pl = |cos(2θLP)| (2.24)

We notice that, when t = r , the light is unpolarized, when t = 1 the light is purely
horizontally polarized, and when r = 1 the light is purely vertically polarized. More ge-
nerally, the AoP of the source is the same as the beam having the maximum irradiance.
If t > r , the light will be partially horizontally polarized, and if t < r , the light will be
partially vertically polarized.
In practice, to combine the reflected and the transmitted beams, the reflected beam is
reflected multiple times, by using mirrors and a second beam splitter. Using mirrors
to reflect a polarized light beam can modify the state of polarization of the beam.
However, in the given configuration, the reflected light is s-polarized, and therefore its
polarization is not modified by reflection based on Fresnel’s equations [74]. A second
beam splitter is used to add the two light beams, and is modeled by an horizontal
polarizer, of Mueller matrix MPBS2(0), for transmission and a vertical polarizer, of
Mueller matrix MPBS2(π/2), for reflection. Finally, a half-wave plate, oriented at an
angle α, and of Mueller matrix Mλ/2(α), allows to modify the AoP without modifying
the DoLP (Mueller matrices are detailed in appendix B).

To summarize, the Stokes vector of the transmitted beam
−→
St is given by:

−→
St = Mλ/2(α)MPBS2(0)MPBS1(0)MLP(θLP )

−→
S

= S0

2

(
1+cos(2θLP)

2

)
1

cos(4α)
sin(4α)

0

 (2.25)
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And the Stokes vector of the reflected beam
−→
Sr is given by:

−→
Sr = Mλ/2(α)MPBS2(π/2)MPBS1(π/2)MLP(θLP )

−→
S

= S0

2

(
1−cos(2θLP)

2

)
1

−cos(4α)
−sin(4α)

0

 (2.26)

By adding those two Stokes vector, we obtain the output Stokes vector
−−→
Sout , such as:

−−→
Sout = S0

2


1

cos(2θLP)cos(4α)
cos(2θLP)sin(4α)

0

 (2.27)

Assuming t > r , and based on the Stokes vector
−−→
Sout , the source has a DoLP Pl and a

AoP ψ given by (cf. section 1.2.3, equations 1.34 and 1.45):

Pl = |cos(2θLP)|
ψ= 2α

(2.28)

In this section, we presented theoretical materials describing a polarized light source
based on the combination of two orthogonally polarized light beams. The two beams
were supposed mutually incoherent. In practice, to achieve this, the optical path
difference between the reflected and transmitted beams should be larger than the
coherence length. The coherence length LC can be approximated by [76]:

LC = λ2

∆λ
(2.29)

Where λ is the mean wavelength and ∆λ is the spectral range of the light beam. A
385nm light source, having a spectral range of about 10nm, was used for this expe-
riment. This corresponds to a coherence length of about 10−5m. As stated in [77], it is
often considered that orthogonal polarization states do not interfere, however, they
do interfere in polarization, without creating intensity fringes. Therefore, if analyzing
the generated beam from this setup, using a polarizer (cf. figure 2.18), interference
fringes can appear if the previously discussed condition is not met.

2.3.4.2.2. Implementation of the source

Having presented the principle of the partially polarized light source setup, we now
present its implementation, pictured in figure 2.18.
The device was composed of a fiber coupled 385nm UV light source (Pyroistech
COB-385), connected to a UV-enhanced aluminum reflective collimator (Thorlabs
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θLP θAα

Collimator LP1 PBS1

Mirror	1 Mirror	2

PBS2 HWP LP2 Detector

D

FIGURE 2.18. – Setup of the partially polarized light source. Up: Schematic represen-
tation of the setup. LP1 is the first polarizer used to modify the DoLP.
PBS1 and PBS2 are the two polarizing beam splitters used to split and
combine the light beams. HW P is the half wave plate used to vary
the AoP. Finally, LP2 is the polarizer used to analyse the light beam.
The distance D between the polarizing beam splitters and the mirrors
should verify D > LC

2 where LC is the coherence length of the source.
The blue arrows and dots describe the direction of polarization of the
light. Adapted from [173] Down: picture of the setup.

RC12SMA-F01). The collimated source was considered unpolarized. Moreover, the
source emitted visible light, enabling the alignment of the optical components from
this source. Then, a 365−395nm UV linear polarizer (Thorlabs LPUV100), was placed
prior to a polarizing beam splitter cube (Thorlabs CCM1-PBS251/M). Since no beam
splitter was designed for UV light, we used a 420− 680nm coating beam splitter,
suitable for UV measurements. Two UV-enhanced aluminum mirror (Thorlabs CCM1-
F01/M) were used to deviate the reflected beam, and a second polarizing beam splitter,
identical to the first one, allowed to combine the reflected and transmitted beams
from the first beam splitter. An achromatic 260−410nm half-wave plate (Thorlabs
AHWP10M-340) was finally placed after the second polarizing beam splitter. The linear
polarizer and the half wave plate were both mounted on a stepper motor rotation
mount (Thorlabs K10CR1/M), allowing for unidirectional repeatability of ±60µr ad .
To analyse the light beam, a UV linear polarizer (Thorlabs LPUV100), mounted on
a stepper motor rotation mount (Thorlabs K10CR1/M), was placed prior to a 200−
1100nm UV-extended Si photodiode power sensor (Thorlabs S120VC).
The state of polarization of the source was obtained from 18 measurements with
orientations of the analyser varying from 0◦ to 180◦ by steps of 10◦, and by using the
least-squares method, as shown in section 2.1.
The reference angle of polarization was defined as the p-polarization transmitted
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by the first polarizing beam splitter. The orientation of the analyser was obtained by
measuring the AoP of the light comming out of the polarizing beam splitter, before
placing the other components of the setup. Then, the polarizer placed prior to the
the beam splitter was added to the setup, and its orientation with respect to the
p-polarization was computed in a similar manner as for the analyser. For this, the
analyser was fixed horizontally, in order to maximize the measured irradiance. It
should be noticed here that rotating a polarizer preceding or following a fixed polarizer
(polarizing beam splitter in transmission here) leads to the same results. Last, the half-
wave plate was added to the setup, and its orientation determined. The orientation
of the analyser is known by the previous calculus, and the orientation of the first
polarizer is set to maximize the intensity transmitted by the polarizing beam splitter.
By rotating the half-wave plate, the orientation of its (slow) axis, is obtained similarly to
the polarizers. For each orientation α j of the half-wave plate, given by the orientation
of the motor, the measured irradiance I j is given by:

I j (θA) = S0 +S1 cos
(
2(θA +2α j )

)+S2 sin
(
2(θA +2α j )

)
(2.30)

Where θA is the orientation of the analyser, and S0, S1 and S2 are the three first Stokes
parameters of the light coming out of the beam splitter.
By setting:

D =


cos(2(θA +2α1)) sin(2(θA +2α1)) 1
cos(2(θA +2α2)) sin(2(θA +2α2)) 1

...
...

...
cos(2(θA +2αM )) sin(2(θA +2αM )) 1

 ,
−−−→
Imeas =


I1

I2
...

IM

 ,
−→
Si n =

 S0

S1

S2


(2.31)

Where M is the number of measurements. We obtain
−→
Si n from the following:

−→
Si n = (

DT D
)−1

DT−−−→Imeas (2.32)

We can deduce the angle of polarization of the measured light by:

ψ= 1

2
tan−1

(
S2

S1

)
(2.33)

This angle is given with respect to the axis of the half-wave plate. However, we know
that the AoP is equal to zero with respect to the p-polarization coming out from the
beam splitter. Therefore, this measured AoP gives the orientation of the axis of the
half-wave plate with respect to horizontal reference. The three steps described here
are represented in figure 2.19. The other components are finally added to the setup.

2.3.4.2.3. Results

The analysis of the source shows results similar to that predicted by the theory
(cf. figure 2.20). However, differences occur in the experiments due to polarization
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θLP

Collimator LP1 PBS1 LP2 Detector
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Collimator LP1 PBS1 HWP LP2 Detector
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FIGURE 2.19. – Steps for determining the orientation of the rotating optical compo-
nents of the setup. (a) First step: rotation of the analyser LP2 to esti-
mate its orientation θA. (b) Second step: rotation of the polarizer LP1

to estimate its orientation θLP . (c) Third step: rotation of the half-wave
plate HW P to estimate its orientation α.

optics being imperfect. Observed variations of the mean irradiance (cf. intersections
of curves in figure 2.20a) are probably due to the collimated source being partially
polarized (DoLP of about 2%), and to a variable loss of irradiance when the light beam
is transmitted and refracted by the beam splitters, designed for visible wavelengths,
and the mirrors. The maximum value of DoLP achieved is slightly lower than 1 due
to the polarizing beam splitters being imperfect (cf. figures 2.20c and e). Indeed,
the reflected and transmitted light, by the polarizing beam splitters, are never null.
Moreover, variations of DoLP, up to 0.03, appear when rotating the half-wave plate (cf.
figure 2.20e). A half-wave plate is not supposed to modify the DoLP. The half-wave
plate used in this experiment may therefore present a polarizing effect. Similarly, the
AoP varies, with up to 2.5◦ changes, when the linear polarizer is rotated (cf. figure
2.20d). As shown previously, the AoP should only be adjusted by the rotation of the
half-wave plate. This can suggest a retardance effect of the polarizing beam splitters. A
constant bias is observed between the theoretical and experimental DoLP in figure
2.20e. It is unclear why such difference occurs, but it may be due to a wrong estimation
of the value of θLP . Further investigations should be conducted to understand this
difference. The homogeneity of the source has not been studied yet, and should also
be analyzed.

Due to those dissimilarities between the theory and experimental results, we deci-
ded to describe the state of polarization of the source, for different orientations of the
polarizing components, through a lookup table giving the AoP and DoLP of the source
for each angle of the polarizing components of the source, instead of describing the
state of polarization through Mueller matrix calculus. Based on the unidirectional
repeatability of the motor, we can approximate the AoP and DoLP repeatability based
on the previous theoretical description of the source. By neglecting the effect of imper-
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a

b c

d e

FIGURE 2.20. – Results obtained from the characterization setup. I is the irradiance
measured by the photodetector. θLP , α and θA, represented in figure
2.18, are the angles of the first polarizer, the half-wave plate and the
analyser, respectively. ψ and Pl are the AoP and DoLP, respectively. (a)
Experimental data, legend give the value of θLP .

fect polarization components in the uncertainty calculus (low variations compared to
the source’s AoP and DoLP variations), the uncertainty of the state of polarization of
the source due to the repeatability uncertainty of the motors can be computed from
equation 2.28. The unidirectional repeatability uθLP and uα of the angles θLP and α,
respectively, is given by the motors’ unidirectional repeatability. From the propagation
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of uncertainty, applied to equation 2.28, we have:

uPl ≈
dPl

dθLP
·uθLP ≈ 2sin(2θLP )uθLP < 2uθLP

uψ ≈ dψ

dα
·uα ≈ 2uα

(2.34)

Therefore, the AoP and DoLP repeatability uψ and uPl , respectively, can both be given
as twice the motor unidirectional repeatability, that is ±120µr ad . The repeatability of
AoP is therefore about ±0.007◦ and for the DoLP, about ±0.007. Twice lower repeatabi-
lity of the AoP can be achieved by replacing the half-wave plate by a rotator. Indeed, a
half-wave plate is equivalent to a rotator but a rotation of a half-wave plate doubles
the amount of rotation of the polarization direction [74].

2.3.4.2.4. Discussion

In this section, we presented a source allowing to control independently the AoP
and DoLP of light, and therefore to generate any linearly partially polarized light. This
setup is well suited for characterization of polarization devices, allowing to describe
their performances in situations corresponding to outdoor conditions. Its benefits for
calibration are, however, unclear since, as discused in section 2.3.3, generating com-
pletely polarized light with varying angle of polarization is sufficient for calibration.
The main issue with this source is the small radius of the emitted light beam, which do
not allow to characterize all at once devices with large angular field of view. However,
for sensors with fish-eye lens, most source are too small for this, and calibration or
characterization of the device is achieved by a multi-step calibration, rotating the
device with respect to the source [158, 176, 177].

2.4. Conclusion
In this chapter, we presented different types of sensor architectures for skylight pola-

rization sensing, the measurement of the state of polarization of light based on those
sensors, and their calibration process. Recent progress on fabrication of polarimetric
sensors allow for cheaper devices, and therefore, more accessible commercial polari-
metric applications. However, existing commercial sensors provide a large quantity
of data (few megapixels), which, as observed through insects, is not necessary for
navigation based on the skylight polarization. Future research on polarimetric sensors
should therefore be aimed at reducing the quantity of data rather than increasing it,
for performance and environmental considerations. For now, most developed sensors
are composed of millions or a few dozen of photodiodes. Intermediate numbers of
photodiodes could provide robust data without requiring much computing power.
Another improvement, for skylight polarization navigation, would be to develop pola-
rization devices sensitive to UV light. So far, no commercial UV polarimetric device
was developed. The fabrication of such devices is currently studied in parallel to this
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thesis, and their characterization is planed based on the implemented setup presented
above. Last, the fabrication of photodiodes requires toxic materials, such as arsenic
(AsGa). We started working, during this thesis, on photoresistive sensors based on zinc
oxide (ZnO), which is non toxic and sensitive to UV light. This work was, however, only
preliminary, and is not detailed in this manuscript.
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3. Geolocation

In this chapter, we will describe navigation strategies based on skylight polarization
developed either by animals or by humans skilled in the art. Then, we will present the
methods developed as part of this thesis.

3.1. Skylight polarization navigation
In this section we will review the existing methods for navigation based on skylight

polarization. We will start from insect-inspired navigation, and then we will present
geolocation methods, based on classical navigation techniques.

3.1.1. Spherical astronomy definitions
Before presenting those navigation methods, we start by defining some useful astro-

nomical variables.
For more details, we highly recommend the reading of Smart’s textbook on spherical
astronomy [10]. In particular, chapter II, ”The Celestial Sphere” provides useful illus-
trated definitions.
Warning, Symbols used in this thesis might differ from those used in [10].

When considering the Earth or the sky, we often approximate both as spheres.
For a sphere, we define a great circle as the intersection between the sphere and a
plane containing the center of the sphere. Similarly, we define a small circle as the
intersection between the sphere and a plane that does not contain the center of the
sphere. The great circle distance between two points is the shortest distance between
those two points (cf. figure 3.1).

The Earth equator is defined as the great circle located on a plane perpendicular
to the axis of rotation of the Earth. We remind that the geographical north and south
poles are defined as the intersection between the Earth’s axis of rotation and the
Earth surface, different from the magnetic poles. A meridian is defined as a semi great
circle having its ends at the poles. Each point of the Earth meridian has the same
longitude. On Earth, the longitude ℓ is defined as the angle between a meridian and
the Greenwich meridian. The latitude φ is defined as the angle between a point on the
equator and a point located on the same meridian, but on a small circle parallel to
the equator. Each point of same latitude is said to be located on a parallel of latitude.
The latitude varies between −90◦ and 90◦, a point on the equator having 0◦ latitude.
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Great	circle	
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FIGURE 3.1. – Representation of a great circle and a small circle. The red arc is the
great circle distance between the points A and B. O is the center of the
sphere.

The colatitude is equal to 90◦ minus the latitude. Those Earth related definitions are
represented in figure 3.2
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FIGURE 3.2. – Coordinates of an observer O located at the Earth surface. C is the
center of the Earth, SP is the south pole and NP is the north pole. O has
a latitude φ with respect to the Earth equator and a longitude ℓ0 with
respect to the Greenwich meridian.

When considering the sky, the distance of an object in the sky from Earth may not be
accounted for. We, thus, consider that all celestial objects are located on a sphere with
a large radius compared to the radius of Earth. This sphere is called the celestial sphere.
Similarly to the Earth, we can define the north celestial pole (NCP) and south celestial
pole (SCP) as the intersections of the Earth rotation axis with the celestial sphere. The
celestial equator is defined as the intersection between the plane containing the Earth
equator and the celestial sphere. To define coordinates of a celestial object, we can
consider two coordinate frames centered either on the Earth or on an observer at the
Earth surface, the equatorial coordinate system and the horizontal coordinate system,
respectively. In the equatorial coordinate system, the coordinate of a star S is defined
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by its declination and right ascension or hour angle. The declination δ is defined as the
angular distance between the celestial equator and the circle describing the trajectory
of the star, named a parallel of declination. The hour angle ω and right ascension both
describe the position of the star on a parallel of declination (cf. figure 3.3).

NCP

SCP

Celestial
equator

Celestial
sphere

Sun	path

Z

S

ω

δ

FIGURE 3.3. – Sun hour angle ω and declination δ represented on the celestial sphere.
δ is expressed as the great circle distance between the Sun S and the
intersection of the celestial equator and the meridian going through the
Sun. ω is expressed as the angle between the meridian going through
the zenith Z, and the meridian going through the Sun. Here the Sun’s
path for one day is defined by a plane parallel to the plane containing
the celestial equator, by considering that the declination is constant
during a day. NCP and SCP are the north and south celestial poles,
respectively.

In the horizontal coordinate system, we consider that the observer can only see
points above the horizon. The zenith of an observer is the point above the observer,
defined as the intersection between the celestial sphere and the line going through
the center of the Earth and the observer. The observer’s meridian is defined in the
equatorial coordinate system as the semi great circle having its ends at the south
and north celestial poles and containing the zenith. In the horizontal coordinate
system the observer’s meridian is the semi-great circle having its ends at the north
and south points of the horizon and containing the zenith. A vertical circle is a great
circle containing the zenith (cf. figure 3.4).

The coordinates of a point in the horizontal coordinate system are the azimuth and
altitude, also named elevation. The azimuth of a star is defined as the angle between
the vertical circle containing the star and the observer’s meridian. The zenith distance
is defined as the angle between the star and the zenith on the vertical circle containing
the star. The altitude is the complementary angle of the zenith distance, meaning that
the altitude is equal to 90◦ minus the zenith distance (cf. figure 3.5).

The hour angle can also be defined as the angle between the observer’s meridian
and the meridian containing the star in the observer’s related frame (cf. figure 3.6).
Often, we use the East, North, Up (ENU) frame to describe the position of a point
in the sky as seen by an observer on the surface of the Earth. Here, Up refers to the
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FIGURE 3.4. – Observer’s meridian and a vertical circle in the horizontal East, North,
Up (ENU) frame centered on the observer O is the observer. U is the
zenith of the observer, and NCP the north celestial pole.
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FIGURE 3.5. – Azimuth αP of a point P and altitude θS of the Sun S in the horizontal
coordinate system. Parameters are presented in the ENU frame, namely
East, North, and Up frame, centered on the observer O.

observer’s zenith direction.
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FIGURE 3.6. – Sun hour angleω and declination δ of the Sun S represented in the ENU
frame centered on the observer O.
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3.1.2. Insect-inspired navigation
The use of skylight polarization by insects for navigation purposes was discovered in

the begining of the 20th century. Behavioural studies and neuro-ethology have allowed
for a deep understanding of the utilization and processing of skylight polarization
information in insect localization. One of the simplest behaviour was discovered while
observing ball-rolling dung beetles. Those insects roll dung into a ball, in order to
feed and lay eggs. Once the ball formed, they move as fast as possible from the feces
to avoid competition with other dung beetles. Their strategy consists in using the
skylight polarization as a compass cue to leave in a straight line during day [15], and
the Milky Way in a similar manner during night [14]. This strategy is known as the
compass orientation strategy [12] (cf. figure 3.7b). Another strategy, adopted by the
Cataglyphis desert ants, was intensely studied. Cataglyphis desert ants forage under
extreme temperatures in the desert. To survive to such conditions, they must move
rapidly, and stay as little as possible outside. Extreme temperatures do not allow desert
ants to use pheromones to return to their nest. Instead, they use an inertial navigation
strategy. Inertial navigation consists in determining its position with respect to an
initial position by "keeping track of each leg of a journey" [12]. To achieve that, desert
ants merge information from an odometer (distance estimation by steps counting),
the ground optic flow (distance estimation from apparent visual motion) and a sky
compass based on the skylight polarization. That information allows ants to compute
distances and directions, providing enough cues to estimate their actual position with
respect to their nest. They are finally able to go back to their nest in a straight line (cf.
figure 3.7c).

This strategy was tested and proven succesfully onboard mobile robots, namely
Sahabot, a wheeled robot [178, 179], and AntBot, a six-leg robot [26] (cf. figure 3.8).

Thanks to technological advances, the neural mechanisms underlying the insects’
inertial navigation strategy became increasingly understood. A neural model for path
integration in the bee brain was developed in [180]. In [181], a model of the skylight
polarization compass of insects, based on neural studies was implemented and tested
on simulated data. This study was, then, followed by the construction of a device
aimed at processing skylight polarization in real conditions based on neural models
[126]. As highlighted in section 2.2.1, few studies processed skylight polarization signal
from orthogonal polarization sensors based on Labhart neural model [116]. In those
studies, however, apart from the computation of orthogonal signals, the bearing is not
computed from neural models. Instead, different strategies were adopted. In [26, 182,
183], the angle of polarization is measured at the zenith, giving a direct estimation
of the Sun’s azimuth. Indeed, as shown in section 1.3.2.1, considering the Rayleigh’s
single scattering model, the direction of polarization at the zenith is orthogonal to the
vertical plane going through the Sun (cf. figure 3.9 left). Interestingly, a device known as
the Pfund sky compass [184], providing navigation cues based on this simple method,
was adopted for military flights near the magnetic poles where the magnetic field is
unreliable, near the geographic poles were the gyro compass becomes unusable, and
during twilight when the stars and the Sun are not visible. Another strategy consists
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FIGURE 3.7. – Compass orientation and inertial navigation strategies. (a) Ball-rolling
dung beetle. Credit: Peter van der Sluijs, CC BY-SA 3.0, via Wikimedia
Commons. (b) Dung beetle’s compass orientation strategy. (c) Path
integration for inertial navigation. Chiswick Chap, CC BY-SA 3.0, via
Wikimedia Commons (d) Cataglyphis desert ant. Credit: Jean-Claude
Jamoulle, CC-BY-NC

in measuring the direction of polarization in multiple directions (at least two) in the
sky to estimate the position of the Sun [185, 137] (cf. figure 3.9 right). From two e-
vectors measurements in the sky, the Sun’s position can be inferred by noticing that
the e-vectors are perpendicular to the scattering plane, containing the observer, the
Sun and the point of observation (cf. section 1.3.2.1). The direction of polarization −→n
for a point P in the sky can thus be expressed as −→n = −→

OS ×−−→
OP , where O designates

the observer and S the Sun, and × is the cross product. Therefore, by measuring the
direction of polarization −→n1 and −→n2 for two points P1 and P2 respectively, we have:

−→n1 ×−→n2 =
(−→
OS ×−−→

OP1

)
×

(−→
OS ×−−→

OP2

)
=−→

OS
((−→

OS ×−−→
OP1

)
·−−→OP2

)
−−−→

OP2

((−→
OS ×−−→

OP1

)
·−→OS

)
=−→

OS
((−−→

OP1 ×−−→
OP2

)
·−→OS

)
= k

−→
OS

(3.1)
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FIGURE 3.8. – Robot AntBot. The polarizers are located in the two eye-like wheels [26].

Where k is a real number. We can finally deduce:

−→
OS =

(−→n1 ×−→n2
)∣∣∣∣−→n1 ×−→n2
∣∣∣∣ (3.2)

Where ||·|| is a vector norm.

U

E

S

O

P1
n1

n2
P2

N

Scattering	plane
U

E

S

O
N

Solar	vertical	plane

FIGURE 3.9. – Methods for measuring the Sun’s position. Left: from the direction of
polarization (red arrow) at the zenith. Right: from the directions of pola-
rization −→n1 and −→n2 measured in two directions P1 and P2 respectively. S
is the Sun represented in the ENU frame centered on the observer O.

Insects were shown to use the degree of polarization as information on the reliability
of skylight polarization. If the maximum degree of polarization in the sky is lower
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than a threshold value, the polarization is not used for navigation [15]. The Michelson
contrast threshold in insects’ visual system (defined as Lmax−Lmi n

Lmax+Lmi n
, where Lmax and

Lmi n are the maximum and minimum luminance, respectively) is about 5%, and
the only quantitative experiments on the detectability of DoLP was performed on
crickets. The authors provided evidence that crickets exploited polarization down to
an (average) polarization level of less than 7% [186]. We lack of neurophysiological
results on other insects species. Some studies took advantage of the DoLP in a similar
manner to obtain the position of the Sun, considering only measurements with DoLP
higher than a threshold [187]. The DoLP was also used as a weighting factor to measure
the Sun’s position, measurements with higher DoLP having an increased influence
on the solar estimation [188]. Other methods were developed essentially for imaging
sensors. By knowing the maximum value of the DoLP in the sky, and measuring the
DoLP at different positions, the scattering angle for each measurement point can
be deduced, permitting the estimation of the Sun’s position [189]. Contrary to the
Rayleigh single scattering model discussed in section 1.3.2.1, the maximum of DoLP
in the sky is lower than 1. The real DoLP Pl in the sky is often approximated by:

Pl (γ) = Plmax PlR (γ) = Plmax ·
sin2

(
γ
)

1+cos2
(
γ
) (3.3)

Where Plmax is the maximum of DoLP in the sky, PlR is the degree of polarization
based on the Rayleigh single scattering model and γ is the scattering angle. We can
then express the scattering angle as a function of the degree of polarization of a point
in the sky and the maximum degree of polarization. However, the knowledge of the
maximum of polarization may not be straightforward, especially in presence of clouds.
A method to obtain the maximum degree of polarization is given in section 3.2.2.1.1.
Another method, that does not require any knowledge of the maximum of polarization
was developed in [189]. By measuring the gradient of DoLP at a point in the sky, a great
circle going through the Sun and the point of observation can be obtained. Therefore,
by repeating this process for different points in the sky, the position of the Sun is given
as the intersection of the great circles going through each point of observation. In
[190], the position of the Sun is obtained by matching the real skylight polarization
with a skylight polarization pattern based on Rayleigh scattering model, with DoLP
defined as in Eq. 3.3. An interesting approach, that has been widely used for estimating
the solar azimuth, consists in representing the skylight’s angle of polarization for each
particle of the sky in the particle’s frame. We therefore distinguish the global angle
of polarization defined with respect to the sensor’s frame, and the local angle of
polarization defined locally for each particle (cf. figure 3.10). An explanation of this
representation is given in [82].

This local angle of polarization forms an eight-shaped pattern in the sky, which
allows for simple estimations of the vertical plane containing the Sun (cf. figure 3.11).

Using the local angle of skylight polarization, the solar vertical plane was obtained ei-
ther from the symmetry of the pattern [191], by thresholding [144, 192], or by applying
mathematical transforms on the polarization image [145, 133, 193, 194]. Each point
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-90°

0°

90°

FIGURE 3.10. – Simulated angle of polarization in the local (first row) and global (se-
cond row) frame, as viewed by a polarimetric camera fitted with a
fisheye lens. The two first columns correspond to a solar elevation
of 10° and azimuth of 150° and 210°, respectively with respect to the
camera frame. The two last columns correspond to a solar elevation
of 30° and azimuth of 150° and 210°, respectively, with respect to the
camera frame. Notice the similarity between the pattern of angle of
polarization in the local frame. The Sun’s position corresponds to the
black dot.

-90°

0°

90°

S
Z

Solar	vertical	plane

FIGURE 3.11. – Simulated local angle of polarization, as viewed by a polarimetric
camera fitted with a fisheye lens. S is the position of the Sun and Z is
the Zenith.

of the vertical plane having the same, or opposite, azimuth, the solar azimuth can be
deduced from the estimation of this vertical plane. It should be noticed that when
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measuring the Sun’s position based on the Rayleigh single scattering model, there is
an ambiguity between the solar and anti-solar positions because of the symmetries
of patterns of polarization. Other information, such as the intensity gradient or color
gradient can be used to remove this ambiguity [195]. Finally, with the recent advances
of deep learning, several algorithms were implemented to obtain the Sun coordinates
even in presence of obstacles such as clouds, buildings, or under the canopy [196, 197,
198, 199, 200, 201].
In this section, we presented some methods inspired by insects to find information
on the position of the Sun. The Sun’s coordinates can be used to estimate a relative
heading with respect to Sun’s azimuth or variations in heading or attitude of a system.
Contrary to heading estimation, the use of the skylight polarization by insects for
controlling their attitude still remains an open question [15]. The polarization related
cues can be merged with information from other sensors such as inertial navigation
sensors to add reliability to the navigation task. However, those methods only allow
for estimating a position relative to an initial position, as do desert ants, for instance.
Most insects are only able to measure a relative position with respect to landmarks
or their nest. Some insects, such as the monarch butterfly, however, seem to rely on
global cues to navigate. Those insects are thought to be using two compasses, a sky
compass with a time compensation mechanism to compensate the Sun movement
during time, and a magnetic compass [202, 203]. They are, however, considered being
compass navigators, and therefore not able to geolocate. Recently, the magnetic field
was also proven useful for Cataglyphis desert ants [204]. In the next section, we present
existing methods to geolocate based on the skylight polarization pattern.

3.1.3. Geolocation using skylight polarization
After the discovery of the insect’s polarization sensitivity, studies have shown that

some vertebrates, such as homing pigeons, used skylight polarization to navigate.
Homing pigeons are thought to be true navigators, meaning that they are able to know
the location of a their goal on Earth, independently from landmarks. However, the
mechanisms explaining this capability remain unclear [205]. Moreover, contrary to the
insects’ compound eyes, the polarization sensitivity of camera eyes is less understood
(cf. section 2.2). For these reasons, most studies relying on skylight polarization for
geolocation implement classical solar navigation methods, such as those developed
for sextant based navigation. However, instead of observing the Sun directly, the
pattern of polarization is used to infer the Sun’s position by using methods presented
in the previous section.
In the 1730s, the sextant, a navigation instrument, was created by John Hadley and
Thomas Godfrey, enabling the precise localization of the Sun and other celestial
bodies. A sextant requires a view of the horizon to calculate the celestial body’s altitude,
and is therefore intended mainly for marine navigation. Geolocation using a sextant
during day is made possible by combining solar measurements with solar ephemeris,
providing, for a given time, the Sun’s geographic position, namely the position on Earth
for which the Sun is at the zenith. From the solar zenith angle (or co-altitude), the
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distance of the observer from the Sun can be simply obtained. Indeed, let us consider
an observer O located at an angle ζ from the Sun’s geographical position GP. As shown
in figure 3.12, by considering that the Sun rays reaching the Earth are parallel, the
Sun’s zenith angle, as seen by the observer, will be equal to ζ. The sextant will provide
the altitude θ of the Sun, related to the zenith angle by θ = π

2 −ζ.

Z

S

C

ζ
O

GP
ζ

FIGURE 3.12. – Sun zenith angle for an observer O located at an angle ζ from the Sun’s
geographical position GP. S is the Sun, and C is the center of the Earth.
We consider the Sun rays parallel.

From this property, if the geographic position of the Sun is known and the altitude
of the Sun has been measured, we can conclude that the observer is located on a circle
centered on the Sun’s geographic position and of radius given by the co-altitude. This
circle is known as the circle of position (cf. figure 3.13).

GP

Circle of 
position

FIGURE 3.13. – Circle of position centered on the geographic position GP of the Sun.

To obtain our position on Earth different methods can be applied (cf. figure 3.14).
If the observer’s bearing is known with respect to the geographic north, for instance
from a magnetic compass corrected from the magnetic declination, the Sun’s azimuth
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with respect to the observer allows the observer to find his position on the circle of
position. If the bearing is not known, by observing simultaneously two celestial bodies,
or the Sun at two distinct moments, two circles of position can be drawn. The observer
will therefore be located at one of the two intersections of the circles of position. The
observer’s position can be given as the closest intersection from an estimated position,
known as deduced reckoning position, which is generally based on inertial navigation.

GP

O

NP

α

Circle	of	
position

GP1GP2

O DR

Circle	of	
position

FIGURE 3.14. – Geopositioning methods using a sextant. Left: The observer’s position
O is obtained from the altitude of a celestial object of geographic
position GP, and the azimuth α of the celestial object with respect
to true north (NP is the north pole). Right: The observer’s position is
obtained from the intersection of two circles of position centered on
GP1 and GP2, the geographic positions of two celestial objects or of
one celestial object at two moments. The observer’s position is the
intersection closest to the deduced reckoning position DR

In those methods, to obtain the geographic position of the Sun from ephemeris,
the knowledge of the Greenwich mean time (GMT) is required. When observing the
Sun, the measured hour angle gives the apparent solar time. However, as the Earth
rotation speed varies during a year, a day is not always 24 hours long. To compensate
for those variations, the equation of time was introduced (cf. figure 3.15), allowing
the computation of a mean solar time from the apparent solar time. Considering
the mean solar time, each day has the same duration. The GMT corresponds to the
mean solar time at the Greenwich meridian. A precise knowledge of time is crucial
when using a sextant for navigation. Indeed, as pointed in [206], since the Sun travels
approximately 1◦ each 4 minutes, a 4 minutes error can produce a localization error up
to 1 degree, which corresponds approximately to a localization error of 111 kilometers
at the equator.

Going back to skylight polarization, the presented methods were implemented by
replacing the sextant by polarimetric sensors, providing the Sun’s position in the sky.
The method consisting in measuring the Sun’s position at one moment, and adding a
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FIGURE 3.15. – Equation of time, showing the variations of a daylength during a year.
Credit: Equation of time.png: User:Drini derivative work: Zazou, CC
BY-SA 2.5, via Wikimedia Commons

bearing information with a magnetic compass was implemented in several studies
[123, 136], and for underwater geolocation [142, 207, 208]. The skylight polarization
can be observed underwater into a cone known as Snell’s window [142]. The second
method, consisting in estimating the position of a celestial body at two moments,
was processed during day [209, 210, 207] and night [211]. During night, the skylight
polarization is due to scattering of the moonlight in the atmosphere.
Alternatively, the bearing of an observer can be obtained from the known observer’s
position, and by measuring the azimuth of a celestial body. In fact, by considering
the observer’s position, the geographic position of the celestial object, and the north
pole, we can draw a spherical triangle (cf. figure 3.16). From this spherical triangle,
the azimuth α of the Sun with respect to the true north, which is the direction of the
North Pole, at the observer’s position can be calculated by the spherical law of cosines
[10], such as:

sinθ = cosωcosφcosδ+ sinφsinδ

cosα= sinδ− sinφsinθ

cosφcosθ

(3.4)

Where θ is the Sun’s altitude, linked to the zenith angle ζ by θ = 90◦− ζ. ω is the
Sun’s hour angle, δ the solar declination, and φ the observer’s latitude. Finally, by
combining the measured azimuth with respect to the observer’s bearing and the
calculated azimuth with respect to true north, we can deduce the bearing of the
observer with respect to the true north.

This method was implemented using the skylight polarization to measure the Sun’s
azimuth in [119, 212].
Additionaly to the previous methods, some studies merge information from the sky-
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NP

α

ω

GP
O

90°-ϕ90°-δ

ζ

FIGURE 3.16. – Navigational triangle. O is the observer’s position, GP is the geographic
position of the celestial body, NP is the north pole. ζ,α,ω and δ are the
Sun’s zenith angle, azimuth, hour angle and declination respectively.
φ is the observer’s latitude. 90◦−δ, 90◦−δ, and ζ are the arc lengths of
the navigational triangle.

light polarization with various sensors, such as inertial navigation sensors, or global
navigation satellite systems in order to maintain robust and accurate geolocation [124,
213]

In this section, we presented the state of the art geolocation methods using skylight
polarization. The main issues of these methods are the requirement of precise time
information and the knowledge of the solar ephemeris. True navigators animals ma-
nage to find their position on Earth without relying on ephemeris. In the next section,
we present a geolocation method inspired by migratory birds, that does not require
solar ephemeris.

3.2. Migratory birds inspired navigation
As discussed earlier, true navigation is little understood in the animal world. To

navigate, some migrating animals are thought to rely on a compass and a map. The
understanding of the mental map of homing pigeons, one of the most studied mi-
grating vertebrates, and of other long-distance migrants, is considered "the most
challenging mystery" of animal navigation [12]. Henrik Mouritsen, a specialist in birds’
magnetoreception, declared, regarding homing pigeons, that no matter what you pu-
blish, half the world will oppose you (cf. Sciences et Avenir), highlighting the intense
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debates on this subject. On the other hand, although it still contains some mysteries,
the mechanisms of birds’ compass is becoming increasingly understood. In 1953,
Gustav Kramer discovered that birds could use the Sun to navigate [214]. Following
this discovery, Matthews suggested that pigeons may use the Sun to obtain true north,
their latitude and longitude, based on the Sun’s trajectory [215]. He supposed that
birds manage to extrapolate the trajectory of the Sun based on a solar observation
over a small time interval, in order to find the position at which the Sun is the highest.
Finding this point would immediately provide true south. Moreover, he suggested that
by comparing the highest elevation of the Sun at different positions on Earth, birds
would be able to estimate their displacement in latitude. His hypothesis was however
rejected by Pennycuick in 1960, who still did not discard the use of the Sun for bird
navigation [216]. In the 1950s, birds were also proven to use the stars for orienting
themselves during night [217]. In 1966, the use of the magnetic field by birds was
discovered by Wiltschko and Merkel [218], leading to new assumptions on migra-
tory bird’s map and compass. It was only in 1982 that Able showed that the skylight
polarization was used for navigation by homing pigeons [219]. In addition, studies
highlighted connections between those different navigation cues, with a hierarchical
relation between them, that may vary among species, and during the birds’ life [220,
221]. Indeed, some migratory birds were shown to calibrate their magnetic compass
during night [222, 223, 224] and day [225, 226, 227, 228], by using their stellar and
polarization compass. Inversely, the magnetic field was shown to influence the stellar
compass [229, 230] and the polarization compass of migratory birds [231]. In [232],
Savannah Sparrows were also suggested to calibrate their stellar compass at sunset
using the skylight polarization. Most mechanisms explaining those connections are
however misunderstood. An interesting explanation has yet been proposed for the
star compass. Savannah Sparrows [222], Garden Warblers [223], or Indigo Buntings
[224] were shown to use the celestial rotation of stars in order to find true north. The
celestial rotation refers to the apparent rotation of the sky for an observer located
on the Earth’s surface, due to the rotation of the Earth. When observing the celestial
rotation during night, all the stars seem to rotate around a point (cf. figure 3.17). This
point is the celestial pole.

An observer located on the Earth’s north hemisphere will be able to see the north
celestial pole, its azimuth providing true north. Inversely, the south celestial pole will
be visible by an observer located on the south hemisphere, giving true south. The NCP
has been widely used for human navigation, through the Polaris star, to locate true
north. In fact, the Polaris star is located near the NCP. However, there is no equivalent
star in the southern hemisphere, and the Polaris star’s position with respect to the
NCP varies in time due to the Earth’s precession, nutation and polar motion, which are
very slow Earth motions compared to the Earth rotation around its axis and around
the Sun. Therefore, the Polaris star has not always been a convenient star to obtain
the position of the NCP. Another interesting property of the celestial pole is that, by
assuming that the Earth is spherical, the altitude of the NCP is equal to the latitude of
the observer (cf . figure 3.18). Indeed, let us consider an observer located at a latitude
φ. Since the Earth’s radius is negligible in front of the celestial sphere’s radius, we can
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FIGURE 3.17. – Circumpolar startrails over the Atacama. Credit: ESO/B. Tafreshi (twa-
night.org).

consider that both lines going from the observer and from the north pole to the NCP
are parallel. Therefore, we can see on the figure 3.18 that the NCP’s zenith angle ζ as
viewed from the observer is the same as the observer co-latitude. We therefore have
ζ= π

2 −φ.
Even though the celestial rotation could provide the latitude for migratory birds, it

has not been proven yet if the elevation of the celestial pole was used for this purpose
[233].
The use of the skylight polarization as a compass is less understood than the star
compass. Savannah Sparrows were shown to use skylight polarization during sunrise
and sunset to calibrate their magnetic compass [226], and by observing a sky region
near the horizon [227]. The skylight polarization was even proven necessary to cali-
brate a magnetic compass during day, the Sun alone being insufficient [228]. However,
the mechanisms of calibration using the skylight polarization is misunderstood. In-
terestingly, Brines, studying bees navigation, suggested that the celestial rotation of
the skylight polarization could allow for obtaining the position of the celestial pole
[234, 125]. Even though explanations about the variations of the skylight polarization
around the celestial pole were given, no clear way of finding the celestial pole was
yielded. No other study suggested a way of using skylight polarization to locate the
celestial pole.
From the reviewed studies on bird migration and the preliminary description of the
celestial rotation of skylight polarization by Brines, a method to find the celestial pole
based on skylight polarization was developed in this thesis [235, 236]. Following this
study, we show how skylight polarization can be used to obtain the solar declination,
and time. In the following sections, we describe the relation between the skylight pola-
rization, the NCP and the solar declination. Subsequently, algorithms are presented to
locate the NCP.
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FIGURE 3.18. – Zenith angle ζ of the NCP, as seen by an observer O, at a latitude φ. C is
the center of the Earth, NP the north pole, and Z the observer’s Zenith.

3.2.1. Skypole: locating the celestial pole from temporal
variations of the skylight polarization pattern

During day, as the Earth rotates around itself, the apparent Sun, seen by an observer
on the Earth surface, moves in a circular trajectory around the celestial pole (cf. figure
3.19).

Interestingly, due to symmetries of the skylight’s DoLP pattern, when comparing the
DoLP at two moments of a day, the DoLP remains unchanged on two circles, named
radial and plane invariances. By noticing that the celestial pole is located on one of
those circles, and is the only point in the sky having a constant DoLP during a whole
day, we can deduce its position by observing the variations of DoLP over time, and
more specifically of the DoLP invariances.
In this section, we detail those invariances of the skylight’s DoLP pattern. We focus here
on the NCP for simplicity, by considering an observer located on the north hemisphere,
but the calculus are similar for the SCP. We first express the trajectory of the Sun in the
ENU frame, centered on the observer, as a function of equatorial coordinates. Next,
we give the condition for a point in the sky to have an invariant DoLP between two
times, and express this condition in terms of the Sun’s coordinates. We deduce, from
this condition, that the NCP has a constant DoLP during a day, assuming that the solar
declination is constant, and we provide the sets of points having a constant DoLP
between two times. We finally show that the NCP is the only point in the sky having a
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FIGURE 3.19. – The trajectory of the sun in the ENU frame, centered on an observer O
located at latitude φ. NCP is the north celestial pole. The Sun moves
on a plane perpendicular to the observer-NCP vector.

constant DoLP during a whole day.

3.2.1.1. Sun trajectory

The Sun turns in the sky around the celestial pole due to the Earth rotation. This
trajectory is, however, not exactly circular since the Earth also spins around the Sun,
leading to variations in the solar declination. By considering that the Earth rotation is
much faster around itself than around the Sun, we can neglect the variations of solar
declination during a one day observation. Similarly, we neglect the movements of
nutation and precession of the Earth.
If we consider the origin O of the ENU frame, and a point P on the celestial sphere,

the vector going from O to P is noted
−→
P in the following sections. We consider

−→
P as a

unit vector.
The Sun vector

−→
S with respect to the latitude φ of the observer, the declination δ and

the hour angle ω in the ENU frame (the Up direction is noted
−→
Z for zenith) is defined

as follows (cf. [237], and figure 3.6):

−→
S =−cosδsinω

−→
E +(sinδcosφ−cosδsinφcosω)

−→
N +(cosδcosφcosω+sinδsinφ)

−→
Z

(3.5)
Where φ ∈ [−π

2 , π2 ] in radians, δ ∈ [−0.41,0.41] in radians, and ω= (hour −12)15◦,
with hour the local apparent solar time (0-24h), such as in radians, ω ∈ [−π,π]. For
the sake of simplicity, we will suppose φ ∈]− π

2 , π2 [

3.2.1.2. DoLP variations at the celestial pole

Interestingly, due to the Sun’s motion, the scattering angle at the celestial pole
remains constant, leading to a constant value of DoLP at the celestial pole.
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3.2.1.2.1. DoLP invariance condition

To demonstrate this assumption, let us consider a point P , whose scattering angle is
given by the time dependant function γP . From Rayleigh single scattering model (cf.
equation 1.78), the DoLP Pl at the point P is invariant between two times t1 and t2 if
and only if :

Pl (γP (t1)) = Pl (γP (t2)) ⇐⇒ 1−cos2
(
γP (t1)

)
1+cos2

(
γP (t1)

) = 1−cos2
(
γP (t2)

)
1+cos2

(
γP (t2)

)
⇐⇒ cos2 (

γP (t1)
)= cos2 (

γP (t2)
)

⇐⇒ cos
(
γP (t1)

)=±cos
(
γP (t2)

)
⇐⇒ −→

S1 ·−→P =±−→S2 ·−→P

(3.6)

Where S1 and S2 denote the Sun at time t1 and t2 respectively, and · is the scalar
product.

Moreover, if we consider a given point on the celestial sphere
−→
P (xp , yp , zp ), at a

given time t , we have from equation 3.5:

−→
S ·−→P =−xp cosδsinω+ yp (sinδcosφ−cosδsinφcosω)

+ zp (cosδcosφcosω+ sinδsinφ)
(3.7)

3.2.1.2.2. DoLP invariance at the celestial pole

Having determined the condition for the DoLP to be invariant, we will now show
that the DoLP is time invariant at the NCP.

At the NCP, we have xp = 0 (North bearing in ENU frame), yp = cosφ and zp = sinφ
(altitude of NCP is equal to the latitudeφ of the observer). Thus, equation 3.7 becomes:

−→
S ·−−−→PNC P = cosφ(sinδcosφ−cosδsinφcosω)+ sinφ(cosδcosφcosω+ sinδsinφ)

= cos2φsinδ+ sin2φsinδ= sinδ
(3.8)

We notice here that the DoLP is only dependant on the Sun’s declination. However,
we assumed earlier that the rotation of the Earth around the Sun was negligible,
meaning that the solar declination is constant. Therefore, we can reasonably assume
that the DoLP is constant at the NCP during a one day observation.

3.2.1.3. DoLP invariances in the celestial dome

More generally, due to the plane and radial symmetries of the skylight’s DoLP (cf
figure 3.20), when comparing the DoLP at two moments in a day, we can observe two
circles for which the value of DoLP is invariant. Those circles can be obtained easily by
computing the absolute difference between the DoLP at both times. We refer to those
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invariances as plane and radial invariances, linked to the plane and radial symmetries
of the DoLP respectively. The radial symmetry of the DoLP is due to the dependence of
the DoLP on the scattering angle only, meaning that all points on a same small circle
centered on the Sun will have equal DoLP. The plane symmetry is due to the relation
Pl (γ) = Pl (π−γ) where Pl is the DoLP and γ is the scattering angle.

0

1

S

OP1

P2 S

O

P1
P2

FIGURE 3.20. – Symmetries of skylight DoLP pattern. Left: radial symmetry about the

solar vector
−→
S . The DoLP is the same for all points of the small circle

containing P1 and P2. Right: plane symmetry about the plane perpen-
dicular to the solar vector, including the observer O. P1 is symmetric to
P2 with respect to the plane perpendicular to the solar vector (dotted
line), and therefore have the same DoLP.

Those invariances can be obtained mathematically by seeking for all the points with
DoLP invariant between two successive instants t1 and t2. To find all the solutions, we
should solve, from equation 3.6, the equations

−→
S1 ·−→P =−→

S2 ·−→P and
−→
S1 ·−→P =−−→S2 ·−→P .

3.2.1.3.1. First Set, radial invariance

Let us consider the first equation
−→
S1 ·−→P =−→

S2 ·−→P
From equation 3.7, we have:

−→
S1 ·−→P −−→

S2 ·−→P =−xp cosδ [sinω1 − sinω2]− yp cosδsinφ [cosω1 −cosω2]

+ zp cosδcosφ [cosω1 −cosω2]

=cosδ
(−xp [sinω1 − sinω2]+ (−yp sinφ+ zp cosφ

)
[cosω1 −cosω2]

)
=0

(3.9)

Where ω1 and ω2 are the hour angles related to S1 and S2 respectively.
Moreover, the point P can be expressed in hemispherical coordinates by two coordi-

nates only, the azimuth α and the altitude θ (α is null for a point in the north direction
and positive when turning from North to East, and θ is null for a point on the horizon
and 90° at the zenith), which reduces the equation to two independent unknowns. We

therefore consider
−→
P (cosθ sinα,cosθcosα, sinθ). Equation 3.9 then becomes:
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−→
S1 ·−→P −−→

S2 ·−→P =cosδ(−cosθ sinα [sinω1 − sinω2]

+ (−cosθcosαsinφ+ sinθcosφ
)

[cosω1 −cosω2]) = 0

⇐⇒ tanθ =cosαsinφ tan
(ω1+ω2

2

)− sinα

cosφ tan
(ω1+ω2

2

) (3.10)

Therefore, the set of solutions (α,θ) of the equation
−→
S1 ·−→P =−→

S2 ·−→P is:

Set1 =
{(
α, tan−1

[
cosαsinφ tan

(ω1+ω2
2

)− sinα

cosφ tan
(ω1+ω2

2

) ])
,α ∈ [−π,π[

}
(3.11)

This set fully describes the radial invariance.
We can shown that the NCP is located on the radial invariance. Indeed, for the NCP,
α= 0, and θ =φ, which verifies the condition given in equation 3.11.

3.2.1.3.2. Second Set, plane invariance

Let us now consider the second equation
−→
S1 ·−→P =−−→S2 ·−→P

We have from equation 3.7:

−→
S1 ·−→P +−→

S2 ·−→P =−xp cosδ [sinω1 + sinω2]+ yp (2sinδcosφ−cosδsinφ [cosω1 +cosω2])

+ zp (cosδcosφ [cosω1 +cosω2]+2sinδsinφ) = 0
(3.12)

As before, we replace the cartesian coordinates of the point by hemispherical coordi-
nates. We thus obtain:

−→
S1 ·−→P +−→

S2 ·−→P =−cosθ sinαcosδ [sinω1 + sinω2]

+cosθcosα(2sinδcosφ−cosδsinφ [cosω1 +cosω2])

+ sinθ(cosδcosφ [cosω1 +cosω2]+2sinδsinφ) = 0

⇐⇒ tanθ = sinαcosδ [sinω1 + sinω2]

cosδcosφ [cosω1 +cosω2]+2sinδsinφ

+ cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω2]

)
cosδcosφ [cosω1 +cosω2]+2sinδsinφ

(3.13)

Finally, the set of solutions (α,θ) of the equation
−→
S1 ·−→P =−−→S2 ·−→P is:

Set2 =
{(
α, tan−1

[
sinαcosδ [sinω1 + sinω2]

cosδcosφ [cosω1 +cosω2]+2sinδsinφ

+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω2]

)
cosδcosφ [cosω1 +cosω2]+2sinδsinφ

])
,α ∈ [−π,π]

} (3.14)

106



3. Geolocation – 3.2. Migratory birds inspired navigation

This set fully describes the plane invariance.
Remark : for an observer located on Earth, the only visible solutions are those with
θ ≥ 0 (without considering Earth curvature effects).
A visual explanation of the plane and radial invariances is given in figure 3.21.
The invariance pattern is displayed in figure 3.22.

S2

S1

NCP

Radial	invariance Plane	invariance

S2

S1

NCP

FIGURE 3.21. – Invariance circles on the celestial sphere, corresponding to points with
equal DoLP at time t1 and t2. Left: The green circular arc is the radial
invariance, linked to the radial symmetry of the DoLP pattern (cf. Eq.
3.11). S1 and S2 are the Sun at time t1 and t2 respectively. The two
colored circles centered on S1 and S2 correspond to circles with the
same constant scattering angle with respect to S1 and S2, respectively.
Right: The red circular arc is the plane invariance linked to the plane
symmetry of the DoLP pattern (cf. Eq. 3.14). S1 and S2 are the Sun at
time t1 and t2, respectively. The two colored dotted circular arcs define
a circle centered on S1 and S2 and correspond to the maximum value
of polarization in the sky. They are at the intersection between the
celestial sphere and the plane of symmetry of the DoLP patterns for
S1 and S2, respectively (cf. figure 3.20).

3.2.1.4. Variations of the DoLP invariances during a whole day

Now, we show that the NCP is the only point in the sky having a constant DoLP
during a whole day. We proceed in two times, first by proving that the NCP is the
only point included in the radial invariance at any time, and then, by showing that, in
general, there is no point located on the plane invariance anytime during a whole day.

3.2.1.4.1. The NCP is the only point included in the radial invariance set at
any time

This section aims at showing that if a point is on the radial invariance for different
times, then this point is necessarily the NCP.
Let (ω1,ω2) ∈ [−π,π[2, and Set1(ω1,ω2) the set of (α,θ) ∈ [−π,π[2 solution of:

−−→
Sω1 ·

−−−−−→
P (α,θ) =−−→

Sω2 ·
−−−−−→
P (α,θ) (3.15)
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S1

S2

NCP

Radial
invariance

Plane
invariance 0

ΔPlmax

FIGURE 3.22. – Invariance circles on the celestial sphere. Comparison between simu-
lated and analytical sets of solutions. The green circle is the radial
invariance circle, the red circle is the plane invariance circle computed
from analytical calculations (cf. Eq. 3.11 and Eq. 3.14). The colored
half sphere is the simulated absolute difference between two DoLP
patterns associated with the Sun’s positions S1 and S2 at two different
times. The red dot is the NCP, and ∆Plmax is the maximum value of
the absolute difference of DoLP.

Where
−−→
Sω1 and

−−→
Sω2 are the sun vectors at time ω1 and ω2 respectively.

Let us show the assertion :

∀(ω1,ω2) ∈ [−π,π[2, (α,θ) ∈ Set1(ω1,ω2) ⇐⇒ (α,θ) = (0,φ) (3.16)

Demonstration: We already know that
(
0,φ

)
is always in Set1(ω1,ω2) (cf. section

3.2.1.3.1). Let us show that this solution is unique. Let (ω1,ω2,ω3) ∈ [−π,π[3, and
(α,θ) ∈ Set1(ω1,ω2) ∩Set1(ω1,ω3).

Since (α,θ) ∈ Set1(ω1,ω2), we have:

tanθ = cosαsinφ tan
(ω1+ω2

2

)− sinα

cosφ tan
(ω1+ω2

2

) (3.17)

We also have (α,θ) ∈ Set1(ω1,ω3), so :

tanθ = cosαsinφ tan
(ω1+ω3

2

)− sinα

cosφ tan
(ω1+ω3

2

) (3.18)

Without loss of generality, we set t1 = ω1+ω2
2 and t2 = ω1+ω3

2 . Then, from equation 3.17
and 3.18, and since θ ∈ [−π,π[, we have

cosαsinφ tan t1 − sinα

cosφ tan t1
= cosαsinφ tan t2 − sinα

cosφ tan t2
(3.19)
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By assuming t1, t2 ̸= 0 and φ ̸= ±π
2 , we have from equation 3.19:

sinαcosφ tan t2 = sinαcosφ tan t1 (3.20)

Therefore, since φ ̸= ±π
2 and assuming t1 ̸= t2, we must have sinα= 0. Thusα ∈ {0,−π}.

If α = 0, then θ = φ, and if α = −π, then θ = −φ. Yet, for an observer located on the
Earth surface only positive altitudes are considered, so (α,θ) = (0,φ) (observer on
North hemisphere), which is by definition the NCP position.

3.2.1.4.2. There is no point included in the plane invariance set at any time

In this section, we will show that there is no point such as the NCP in the plane
invariance set.
Let us consider (ω1,ω2) ∈ [−π,π[2 , and Set2(ω1,ω2) the set of (α,θ) ∈ [−π,π[2 solution
of: −−→

Sω1 ·
−−−−−→
P (α,θ) =−−−→Sω2 ·

−−−−−→
P (α,θ) (3.21)

Let us show the assertion :

∃(
φ,δ

) ∈ [−π
2

,
π

2
]× [−0.41,0.41],∀ (α,θ) ∈ [−π,π[2,∃ (ω1,ω2) ∈ [−π,π[2,

(α,θ) ∉ Set2(ω1,ω2)

(3.22)

Demonstration: We know from equation 3.14 that for a given (ω1,ω2,ω3) ∈ [−π,π[3,

(α,θ) ∈ Set2(ω1,ω2) ⇐⇒ tanθ = sinαcosδ [sinω1 + sinω2]

cosδcosφ [cosω1 +cosω2]+2sinδsinφ

+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω2]

)
cosδcosφ [cosω1 +cosω2]+2sinδsinφ

(3.23)

and

(α,θ) ∈ Set2(ω1,ω3) ⇐⇒ tanθ = sinαcosδ [sinω1 + sinω3]

cosδcosφ [cosω1 +cosω3]+2sinδsinφ

+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω3]

)
cosδcosφ [cosω1 +cosω3]+2sinδsinφ

(3.24)

Therefore, from equation 3.23 and 3.24, and since θ ∈ [−π,π[,
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(α,θ) ∈ Set2(ω1,ω2) ∩Set2(ω1,ω3)

⇐⇒ sinαcosδ [sinω1 + sinω2]+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω2]

)
cosδcosφ [cosω1 +cosω2]+2sinδsinφ

− sinαcosδ [sinω1 + sinω3]+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω3]

)
cosδcosφ [cosω1 +cosω3]+2sinδsinφ

= 0
(3.25)

Let us consider f : [−π,π[→R such that

f (α) = sinαcosδ [sinω1 + sinω2]+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω2]

)
cosδcosφ [cosω1 +cosω2]+2sinδsinφ

− sinαcosδ [sinω1 + sinω3]+cosα
(−2sinδcosφ+cosδsinφ [cosω1 +cosω3]

)
cosδcosφ [cosω1 +cosω3]+2sinδsinφ

(3.26)

Let us consider some fixed parameters, for example δ= 0.2,φ= π
4 ,ω1 = 0,ω2 = π

5 . By
plotting this function for α ∈ [−π,π[, and ω3 ∈

{2π
5 ; 3π

5

}
, we see in figure 3.23 that when

ω3 = 2π
5 , α solutions of f (α) = 0 are not solution of f (α) = 0 when ω3 = 3π

5 . Therefore
there is no (α,θ) ∈ [−π,π[2 such that (α,θ) ∈ Set2(0,π5 ) ∩Set2(0, 2π

5 ) ∩Set2(0, 3π
5 ).

FIGURE 3.23. – Plot of equation 3.26 for ω3 = 2π
5 and ω3 = 3π

5

3.2.2. Polendar: Measuring the solar declination from skylight
polarization patterns

In the previous section, we presented the time invariances of the skylight DoLP
pattern, and their relation to the NCP. In this section, we go deeper in the study of those
invariances, and show how they are related to the solar declination. More precisely, we
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will demonstrate that the intersection of the plane and radial invariances is located at
a distance from the celestial pole approximately equal to that of the solar declination
δ, when the time interval between two skylight polarization observations is small (cf.
figure 3.24). To demonstrate this, two properties of the invariances will be introduced
before. We will first show that the intersection of the plane and radial invariances is
located at 90° from the positions of Sun linked to the invariances, meaning that this
point has a maximum of DoLP in the sky. Then, we will show that the two invariances
are great circles.

S1

S2

NCP

Radial	invariance

Invariances	
intersection

Plane
invariance

δ

0

ΔPlmax

FIGURE 3.24. – Invariance circles on the celestial sphere, and the solar declination
δ equal to the distance between the NCP and the intersection of the
plane and radial invariances. Comparison between simulated and ana-
lytical sets of solutions. The green circle is the radial invariance circle,
the red circle is the plane invariance circle computed from analytical
calculations (cf. Eq. 3.11 and Eq. 3.14). The colored half sphere is the
simulated absolute difference between two DoLP patterns associated
with the Sun’s positions S1 and S2 at two different times. The red dot is
the NCP, and ∆Pl max is the maximum value of the absolute difference
of DoLP.

3.2.2.1. Lemmas

3.2.2.1.1. Intersection of the plane and radial invariances is located at 90°
from the positions of Sun

The radial invariance is defined with respect to the equation
−→
S1 · −→P = −→

S2 · −→P , and

the plane invariance by the equation
−→
S1 · −→P = −−→S2 · −→P . Therefore, a point is at the

intersection of the radial and plane invariances if and only if
−→
S1 · −→P = −→

S2 · −→P = 0,

meaning that
−→
S1 ⊥ −→

P and
−→
S2 ⊥ −→

P . From Rayleigh single scattering model, we can
conclude that the point at the intersection of the radial and plane invariances has the
maximum value of DoLP at time t1 and t2. As we are working with unit vectors, we can

also conclude that
−→
P =±−→S1 ×−→

S2, where × is the cross product. A visualization of the
radial and plane invariances’ intersection is given in figure 3.25.
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S2

S1

NCP

Radial	invariance

Plane	invariance

Invariances
intersection

FIGURE 3.25. – Intersection of the plane and radial invariance circles on the celestial
sphere. The green circular arc is the radial invariance, linked to the
radial symmetry of the DoLP pattern (cf. Eq. 3.11). S1 and S2 are the
Sun at time t1 and t2, respectively. The two colored circles centered
on S1 and S2 correspond to circles with the same constant scattering
angle with respect to S1 and S2, respectively. The red circular arc is the
plane invariance linked to the plane symmetry of the DoLP pattern
(cf. Eq. 3.14). The two colored dotted circular arc centered on S1 and
S2 correspond to the maximum value of polarization in the sky, and
are at the intersection between the celestial sphere and the plane of
symmetry of the DoLP patterns for S1 and S2, respectively (cf. figure
3.20).

3.2.2.1.2. Plane and radial invariances are great circles

A point P is on the radial invariance if and only if
−→
S1 ·−→P =−→

S2 ·−→P . Therefore,
(−→
S1 −−→

S2

)
·

−→
P = 0, meaning that

(−→
S1 −−→

S2

)
⊥−→

P . The set of point P defining the radial invariance

can be expressed as
{

P ∈ S (O,1) ;
(−→
S1 −−→

S2

)
⊥−→

P
}

, where S (O,1) is the sphere of cen-

ter O and radius 1, called celestial sphere. Moreover,
{

P ∈ S (O,1) ;
(−→
S1 −−→

S2

)
⊥−→

P
}
⊂{

P ∈R3;
(−→
S1 −−→

S2

)
⊥−→

P
}

, which defines a plane including the point O (
−→
O =−→

0 ) and with
−→
S1−−→

S2 being a normal vector to this plane. We also have
{

P ∈ S (O,1) ;
(−→
S1 −−→

S2

)
⊥−→

P
}
={

P ∈R3;
(−→
S1 −−→

S2

)
⊥−→

P
}
∩S (O,1). Thus, the radial invariance, given as the set of solu-

tions of the equation
−→
S1 ·−→P =−→

S2 ·−→P is the intersection of a plane containing O and a
sphere of center O, so this set defines a great circle.

In the same way, we can demonstrate that the plane invariance is a great circle. Indeed,

112



3. Geolocation – 3.2. Migratory birds inspired navigation

we have:

−→
S1 ·−→P =−−→S2 ·−→P

⇐⇒
(−→
S1 +−→

S2

)
·−→P = 0

⇐⇒ P ∈
{

P ∈ S (O,1) ;
(−→
S1 +−→

S2

)
⊥−→

P
}

=
{

P ∈R3;
(−→
S1 +−→

S2

)
⊥−→

P
}
∩S (O,1)

(3.27)

3.2.2.2. Relation between the solar declination and the intersection of the
radial and plane invariances

Having introduced two properties of the skylight’s DoLP invariance pattern, we
will now demonstrate that the distance between the NCP and the intersection of the
plane and radial invariances approaches the solar declination when the time interval
between two measurements approaches zero.

In this section, we will refer to Fig. 3.26 representing the celestial sphere from dif-
ferent points of view.
In those figures, O refers to the the center of the celestial sphere, which is also the
center of the Earth. PN and PS are the north celestial pole and the south celestial pole
respectively (warning: this notation may be confusing but was adopted instead of
NCP and SCP for readability). S1 and S2 are the Sun at two different times of the same
day. E is the point at the intersection between the celestial equator and the great circle
containing points S1, PN and PS (represented as a blue circle). The great circle distance
between E and S1 is equal to the solar declination δ. The point I is at the intersection
between the radial invariance (green great circle), and the plane invariance (red great
circle) linked to Sun S1 and S2. Finally, D is the point on the radial invariance of which
the great circle distance to the north celestial pole PN is equal to the solar declination
δ. D is located on the same meridian (great circle) as C, at 90 degrees from C, C being
the point between S1 and S2.

3.2.2.2.1. Demonstration

Now, let us show that when S1 and S2 are near to each other, I is approximately the
same as D. Let us first consider our reference frame, represented in the three figures.

The center O of the frame is the center of the celestial sphere.
−→
Z is defined as

−→
Z =−→

PN .

We consider the radial plane as the plane containing the radial invariance. The
−→
Y axis

of our frame is the normal vector to the radial plane. Finally,
−→
X is defined such as the

XYZ basis is an orthonormal basis. This frame can be considered as the equatorial
coordinate system rotated around the Z axis.

It was shown before that I, being the intersection of the invariances, is located on the
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plane perpendicular to
−→
S1 and containing O. We consider

−→
S1

sin(θ)cos(α)
sin(θ)sin(α)

cos(θ)

, where θ

is the angle of
−→
S1 with respect to the Z axis, being also the complementary angle to

the solar declination, and α is the angle of
−→
S1 with respect to the X axis. α is equal to

ω1−ω2
2 , where ω1 is the hour angle of S1 and ω2 is the hour angle of S2.

We have
−→
Y

0
1
0

, being normal to the radial plane. I is by definition located on the radial

plane, therefore on the plane normal to
−→
Y , and on the plane normal to

−→
S1. We thus

have
−→
I = ±−→Y ×−→

S1 = ±
 cos(θ)

0
−sin(θ)cos(α)

. In our frame, we have
−→
I =

 −cos(θ)
0

sin(θ)cos(α)

.

Moreover, the point D being at 90 degrees from the point C whose coordinates are

−→
C =

sin(θ)
0

cos(θ)

, we have
−→
D =

−cos(θ)
0

sin(θ)

.

We finally see that when α≪ 1, cos(α) ≈ 1. Therefore I is approximately the same
as D and the great circle distance (on the radial invariance) between I and PN is
approximately equal to the solar declination.

3.2.2.2.2. Difference between the solar declination and the great circle dis-
tance between I and PN

In the previous section, we demonstrated that the solar declination could be ap-
proximated by the distance between the NCP and the intersection of the plane and
radial invariances, when α≪ 1. We now study this approximation as a function of the
time interval between two DoLP measurements.
The great circle distance ∆σ between points I and D can be given by the following
formula:

∆σ= 2arcsin

(√
(sinθ (1−cosα))2

2

)
(3.28)

Since sinθ < 1 and cosα ≥ 1− α2

2 , we have ∆σ ≤ 2arcsin
(
α2

4

)
. Since the Earth spins

at about 15° per hour, we can approximate α ≈ 15πt
2·180 , in radian, where t is the time

between the two measurements. Therefore,

∆σ≤ 2arcsin

(
α2

4

)
≈ 2arcsin

(( 15πt
2·180

)2

4

)
(3.29)

The result are plotted on Fig. 3.27. We computed the approximation error with simula-
ted data using Rayleigh single scattering model and the same camera as the one used
for experimentation (cf. section 3.3.1), but with 4 times higher resolution in DoLP
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FIGURE 3.26. – (a-c) Three different points of view of the celestial sphere (d) Explana-
tion of the coordinates of point D.

(2048x2448 pixels). Data was simulated with random dates between the 1st January
2015 and the 1st January 2018. For each date, a second date was randomly selected
in a range varying between 0.15 and 2h from the first date. For each set of two dates,
a random latitude and longitude on Earth was given (also on the south hemisphere,
NCP replaced by SCP). For each date, latitude and longitude, the Sun’s position was
obtained from solar ephemeris, using Python libraries suncalc and PyAstronomy [238].
Then, Rayleigh single scattering model is simulated using the OpenSky simulator
[82]. We computed the great circle distance between the NCP and the intersection
of the radial and plane invariances using Vincenty’s formula for an ellipsoid with
equal minor and major axes. The algorithm to obtain the intersection of the radial
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and plane invariances is presented below (cf. section 3.3.4.1). For small time inter-
vals, values are higher than the upper bound. This is due to the algorithm and the
maximum resolution of the camera. When using a lower resolution camera, those
low time interval values become even higher. Some outlier data, removed in Fig. 3.27,
were due to an ambiguity appearing when the intersection of the plane and radial
invariances is under the horizon. The detected point is then the opposite intersection
of the invariances.

FIGURE 3.27. – Approximation error induced by the hypothesis α≪ 1. The theoretical
upper bound is given in equation 3.29.

3.2.3. Measuring time from skylight polarization patterns, the
Wheatstone polar clock and the polar chronometer

In the previous section, we indicated how the polarization invariances were linked
to the solar declination, equivalent to the date. In this section, we show how the
skylight polarization can be used to obtain the apparent solar time, and how the time
invariances can be used to measure time intervals.
First, the direction of polarization at the NCP can be measured, providing the apparent
solar time. Indeed, the hour angle is defined as the angle between the observer’s
meridian (containing the zenith and the NCP), and the plane containing the NCP,
the Sun and the observer, which is the scattering plane for the NCP. As discussed in
section 1.3.2.1, e-vectors are always perpendicular to the scattering plane. Therefore,
by measuring the direction of polarization at the NCP, we obtain a vector orthogonal
to the scattering plane that allows the measurement of the hour angle (cf. figure 3.28).
A device, known as the Wheatstone polar clock was developed in 1848 by Charles
Wheatstone, to measure the apparent solar time based on the skylight polarization
at the NCP [68]. By first estimating the position of the NCP from the skylight DoLP
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invariances, we can then measure the hour angle from the angle of polarization at the
NCP.

U

E
O

N

NCPS
ω

Observer's
meridian

Scattering
plane

FIGURE 3.28. – Sun hour angle from the direction of polarization at the NCP, repre-
sented in the ENU frame, centered on an observer O. ω is the hour
angle, defined as the angle between the observer’s meridian and the
scattering plane for the NCP. Red arrow is the direction of polarization
at the NCP, orthogonal to the scattering plane, and S is the Sun.

In a similar manner, we can consider the radial invariance as the intersection bet-
ween the scattering plane containing the NCP and the Sun’s mean position between
the two measurements, and the celestial sphere. We can therefore measure the angle
between the radial invariance and the observer’s meridian, giving the hour angle of the
mean Sun. Then, if knowing the time interval between the two skylight measurements,
we can deduce the actual solar time. Compared to the Wheatstone polar clock, we
can not obtain an instantaneous measurement of the hour angle. However, using this
method, only the DoLP should be measured, and we do not only rely on a single point,
leading to more robust time measurements. The Wheatstone polar clock could be
improved by processing measurements from the whole sky to estimate the angle of
polarization at the NCP, using Rayleigh single scattering model, for instance.

Using only the skylight DoLP invariances, a polar chronometer can also be imple-
mented. We can show that each point located between the Sun and the NCP on the
radial invariance, obtained from two DoLP measurements at time t1 and t2 with Sun’s
hour angle ω1 and ω2, respectively, have an hour angle ωC 12 = ω2+ω1

2 (cf. point C, fi-
gure 3.26). Similarly, each point located between the Sun and the NCP on the radial
invariance obtained from measurements between time t1 and t3 have an hour angle
ωC 13 = ω3+ω1

2 . The elapsed time between t2 and t3 can be estimated by measuring the
angle between the radial invariances obtained from measurements at time t1 and t2,
and t1 and t3. Indeed, the angle∆ω23 between those radial invariances will be given as

∆ω23 =ω3 −ω2 = 2
(ω3 +ω1

2
− ω2 +ω1

2

)
= 2(ωC 13 −ωC 12) (3.30)

A schematic explanation is given in figure 3.29.
None of those methods for time measurements were implemented in this thesis.
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S3
Δω23

S2

Radial	invariances

S1

NCP

FIGURE 3.29. – Principle of the polar chronometer. S1, S2 and S3 are the Sun at time
t1, t2 and t3, respectively. ∆ω23 is the elapsed time between t2 and t3.
The radial invariances are obtained from the symmetries of the DoLP,
represented by the small circles, as shown in figure 3.22. Dark green
and light green circular arcs are the radial invariances obtained from
measurements at time t1 and t2, and t1 and t3, respectively.

They are, however, mentioned since the solar time, as discussed later, is useful to
determine the longitude. The polar chronometer can also be useful to calibrate a clock
for instance.

3.3. Methodological approach to skylight
navigation using the time invariances of the
skylight polarization patterns

From the description of the DoLP time invariances, algorithms were developed to
obtain the position of the NCP. All those algorithms were tested with simulated data
and experimental data. Simulated data were generated from the OpenSky simulator
[82], and with camera parameters corresponding to those of the camera used to
acquire the experimental data. We start by presenting the measurement device and its
orientation calibration. Then, we present three algorithms to compute the position of
the NCP.

3.3.1. Measurement device
Experimental data were obtained with a 5 megapixels division of focal plane color-

polarimetric camera (PHX050S-QC from Lucid Vision Labs, sensor ref. Sony IMX250MYR)
(cf. figure 3.30) topped with a 185° fisheye lens (Fujinon FE185C57HA-1) [85] (cf. figure
3.31). The camera was installed on the roof of the INT Lab at La Timone, Marseille,
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France (43.286990365824785°N, 5.403361407820939°E), and was roughly pointing
towards the zenith. Data were acquired with a camera aperture of f /2.8 [156].

FIGURE 3.30. – Four neighboring color-polarization super pixels of the DoFP measu-
rement device. The color of the pixels represent their color sensitivity,
and the numbers are the orientations of the polarizing filters. Credit:
Léo Poughon [85].

FIGURE 3.31. – Global view and mechanical layout of the measurement device. Credit:
Léo Poughon [85].

As the device was left several days unmoved on the roof, an orientation calibration
was performed. In order to make the Sun appear as a spot on the sensor, several clear
sky pictures were taken with minimal time of exposure (34µs). Then, the successive
positions of the Sun were computed each time as the centroïd of the spot on the
sensor plane. Next, with the distortion model provided by the manufacturer, the
2D centroïds coordinates were transformed to 3D hemispherical coordinates in the
camera frame. The Matlab calibration camera toolbox was also used to estimate the
intrinsic parameters (focal length and center of distorsion in pixels) of the camera
with a fisheye lens. Simultaneously, the groundtruth positions of the Sun in the ENU
frame centered on the camera were computed by using ephemeris estimated with
the AstroPy python library [239]. Two sets of solar vectors were obtained, a set of
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groundtruth solar vectors expressed in the ENU frame and a set of measured solar
vectors expressed in the camera frame. The optimal rotation between the two sets of
vectors derived in the least-squares [240] way allowed us to deduce the rotation matrix
between the two frames and finally the absolute camera orientation. The device’s
assembly, its calibration and the data acquisition were performed by Léo Poughon.
The processed data are available online [86, 241].

3.3.2. The SkyPole method
Having introduced the theory of the skylight’s DoLP invariances, and the measure-

ment device used in this thesis, we here present a practical method to find the position
of the NCP using patterns of skylight DoLP. We start by presenting the algorithm based
on simulations of the Rayleigh single scattering model, using the OpenSky simulator
[82]. We then present the experimental approach, and the results obtained.

3.3.2.1. Algorithm

To get the invariances between two skylight polarization images, we can simply
process the difference between each pixel of the images, and search for the points for
which the difference of DoLP is equal to 0. A simple way of doing this is by computing
the absolute difference between the images, and then applying a threshold to isolate
values near 0. For instance, the threshold function ft can be defined as:

ft : R→R

x 7→
{

1 if x ≤ t

0 else

(3.31)

Where t is the threshold value.
Having a set of at least three DoLP images, we can implement this threshold step on
each pair of images. Then, by superimposing the threshold images, for instance by
adding them, the NCP will be located at the intersection of the radial invariances.
Using this threshold method does not, however, allow distinguishing between the
plane and radial invariances. Therefore, multiple intersections of invariances may
appear, including intersections between the radial and plane invariances. However, as
demonstrated, the NCP being the only point in the sky having a constant DoLP during
a day, by taking at least four skylight polarization images with a sufficiently long time
range will lead to only one intersection of all invariances, corresponding to the NCP.
The method is represented in figure 3.32.

In this method, if three images are used, two invariance patterns will intersect. The-
refore, the NCP will be located at the intersection of two radial invariances, but the
two plane invariances may also intersect, either each other, or with the radial inva-
riances, adding ambiguity (cf. figure 3.33). The only situation for which no ambiguity
would be noticed is when the NCP is located at the intersection of the plane and radial
invariances.
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FIGURE 3.32. – Method for finding the NCP based on the skylight’s DoLP pattern. In
the first row are the DoLP patterns taken at 4 different times. Absolute
differences between DoLP patterns were then computed, giving the
second row. A thresholding step was then applied to those images and
the results are presented in the third row. Lastly, binary images were
summed, and the NCP was then located at the intersection between
the radial invariances [235].

3.3.2.2. Experimentation

This method was tested with experimental data obtained with the DoFP polarimetric
camera presented in section 3.3.1. The methodology is first explained, then, the results
are presented.

3.3.2.2.1. Methodology

The DoLP was calculated by selecting only the blue channel of the sensor, and by
making the assumption that the four micro-polarizers of a pixel cluster [242] were
roughly viewing the same spot in the sky. After the DoLP was computed, a circular
averaging filter was applied to the DoLP data. Next, we implemented the absolute
difference in DoLP between several moments of time (with time intervals ranging from
30 to 60 minutes) in order to display the radial and plane invariance axes. A threshold
was then applied to those absolute differences to segment the invariances, and the
resulting segmented images were added. The NCP was located by searching for the
maximum valued point, namely the intersection between all the radial invariance axes
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FIGURE 3.33. – Multiple intersections of invariances. Left: two patterns of invariances

obtained from three sky measurements at time t1, t2 and t3, with
positions of the Sun S1, S2 and S3, respectively. The blue dots are
ambiguous points, at the intersection of two invariances, similarly to
the NCP. Right: three patterns of invariances obtained from four sky
measurements at time t1, t2, t3 and t4, with positions of the Sun S1, S2,
S3 and S4. The only point at the intersection of three invariances is the
NCP.

(cf. figure 3.32). Lastly, the coordinates of the point were transformed to true north
and latitude coordinate and compared with the ground truth values.

3.3.2.2.2. Results

Data were acquired on 23 September 2022. As shown in figure 3.34, the results
obtained by applying the SkyPole method to experimental data were consistent with
the simulated results presented in figure 3.32.

We also estimated the NCP’s position with an azimuth of the camera ranging from
0 to 170° in steps of 10° (cf. figure 3.35). A mean absolute azimuth error of 2.6° and a
mean absolute latitude error of 3.8° were obtained [235].

3.3.3. The SkyPole method with machine learning
In the previous section, we presented a method requiring only simple processing

steps. However, as discussed previously, this method may provide ambiguous results,
due to multiple intersections of invariances. To avoid this issue, the radial invariance
can be separated from the plane invariance. Here, we suggest a method for segmenting
the radial invariance using a neural network. We first present the algorithm, and then
the simulated and experimental results obtained.
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FIGURE 3.34. – SkyPole algorithm applied to experimental data for finding the NCP.
Preprocessing of the first row of DoLP images consisted in filtering
the images obtained using a circular averaging filter. Details of the
following steps are presented in figure 3.32

3.3.3.1. Deep learning models for polarization image processing

Image processing can be complex even for tasks that seem easy for humans. For ins-
tance, classifying hand-written numbers through imperative programming requires
to define precise, step-by-step instructions to handle the vast variability and nuances
in human handwriting. In this thesis, a complex task can be to remove unwanted
polarization sources, such as windows reflections, or to process skylight polarization
in presence of clouds. Data-driven models, on the other hand, allow for dealing with
complex issues, without needing prior physical knowledge about the data. The diffi-
culty for such a model is gathering unbiased data that allows for completely describing
a task and learning from that data. Neural networks, for instance, are based on this
principle. Those networks are composed of connected units inspired from human
neurons. A single unit is known as a perceptron, or neuron (cf. figure 3.36). Its output o
is obtained from a linear combination of the input values (ik )1≤k≤n ∈Rn , where n ∈N,
to which we apply a non linear function f , known as activation function, such as:

o = f

(
n∑

k=1
wk · ik

)
(3.32)

Where (wk )1≤k≤n ∈Rn , are weighting factors.
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FIGURE 3.35. – NCP coordinates computed with the SkyPole algorithm (Fig. 3.34)
from experimental data versus ground truth NCP coordinates. αcam

is the azimuth of the camera with respect to the North. αNC P is the
azimuth of the NCP with respect to the azimuth of the camera. θNC P

is the altitude of the NCP, which is also equal to the camera’s latitude.
∆αNC P and ∆θNC P are the azimuth and altitude error, respectively, of
the NCP measured with respect to the ground truth values. nmeas is
the number of measurements for each error interval [235].

w1i1

o
w2i2

wnin

Σ f

FIGURE 3.36. – Schematic representation of a perceptron. (ik )1≤k≤n , where n ∈N, are
the inputs, (wk )1≤k≤n are the weights, Σ is the sum symbol, f is the
activation function and o is the output of the perceptron.

More generally, a neural network may be composed of multiple layers with each
layer consisting in multiple perceptrons (or neurons) (cf. figure 3.37). The output of a
layer is therefore computed from a linear combination of the previous layer’s outputs,
such as:

ol , j+1 = fl , j+1

(
n j∑

k=1
wk, j ·ok, j

)
(3.33)
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Where ol , j+1 and fl , j+1 are the output value and the activation function of the layer
j +1, and row l , respectively. n j is the number of neurons in the layer j , and wk, j is
the weighting factor associated with the output ok, j of the layer j , column k. l , j , and
n j ∈N .

i1

i2

i3

i4

o1,4

o2,4

i5

i6

FIGURE 3.37. – Schematic representation of a multi-layer perceptron (or neuron).
Each colored circle is a perceptron. Outputs of a layer become inputs
of the following layer. Dark blue circles form the input layer, light blue
circles form the hidden layers and green circles form the output layer.
(ik )1≤k≤6 are the inputs, and o1,4, o2,4 are the outputs of the neural
network.

The output of a neural network is computed forward, starting by the outputs of the
first layer of neurons, known as input layer, and then calculating the outputs of the
following layers, the outputs of a layer being the inputs of the following layer. The last
layer is known as output layer, and all the other layers are known as hidden layers.
Training a neural network consists in tuning the weights of the neural network to
minimize an error. For skylight polarization images, the output error of the neural
network can be given as a mathematical distance between the outputs of the neural
network and the labels of the images given as input. A label can be for instance the solar
azimuth, or elevation. Each weight of the neural network can be tuned by computing
the derivative of the error with respect to the weight.
The tuning of each weight of a neural network can be achieved by the gradient descent
method. A local minimum of the error function corresponds to a null gradient of
the error function. Therefore, the error being a function of the weighting factors, a
local minimum of the error function can be obtained by minimizing the gradient of
the error with respect to each weight. Considering the gradient descent method, the
weights can be tuned in the following way:

w t+1
k, j = w t

k, j + lr
∂e

∂w t
k, j

(3.34)

Where w t+1
k, j and w t

k, j are the weight of row k, layer j , after and before the tuning step,

125



3. Geolocation – 3.3. Methodological approach to skylight navigation using the time
invariances of the skylight polarization patterns

respectively. lr is a real number known as the learning rate, and ∂e
∂w t

k, j
is the partial

derivative of the error e with respect to the weight w t
k, j .

The partial derivative of the error with respect to the weights can be computed by
starting with the output layer and then proceeding derivatives backward, layer by
layer, ending with the weights of the input layer. Doing so, the derivatives of the error
with respect to the weights can be calculated as functions of previously computed
parameters. This process is known as backpropagation, simplifying the computation
of the derivatives. This process is not detailed in this thesis. Detailed explanations on
deep learning can be found in [243].
To process data, various neural networks architectures have been proposed. Here, we
present some widely used neural networks.
Multi-layer perceptrons (MLP) consist in multiple layers with each neuron of a layer
being connected to all neurons of the previous layer (fully connected layer). Those
networks are conceptually simple, but can be hard to train due to the large number of
weights associated with each connection between neurons. To overcome this issue,
convolutional neural networks (CNN) were created, allowing for quick and efficient
learning, especially in image processing. Those networks are not fully connected
contrary to MLP, instead, a fixed size kernel, that can consist in only 9 parameters (3x3
kernel), scans an input image for instance, and outputs a new image, as a classical
convolution (cf. figure 3.38). Therefore, the number of parameters to be learned is
given by the sizes of the kernels for each layer of the CNN, independently from the
size of the inputs. Therefore, much less parameters must be learned when training
CNN compared to MLP. CNN’s output layers are generally fully connected layers,
but with few parameters, the sizes of the input images being reduced by pooling
techniques throughout the network. Another type of neural network is the recurrent
neural network (RNN). Such networks were created to learn temporal data. Those net-
works possess bi-directional connections contrary to previously discussed networks,
meaning that the output of a layer can affect previous layers.

For skylight polarization image processing, several neural networks architecture
were implemented. MLP were used in [196, 197] to estimate the solar azimuth. In
[197], the solar azimuth errors obtained from a MLP model consisting in 4 layers
of neurons is compared to those obtained with two complex CNN models (AlexNet
model, and ResNet-50 model), showing better results for the MLP. CNN models were
implemented to restore noisy skylight polarization images in order to detect the solar
vertical plane [201, 200], showing impressive image restoration results. Those studies
are based on convolutional autoencoder structures, consisting in compressing the
input information in a latent space through an encoding step and then reconstructing
the image through a decoding step. In [201], a U-Net neural network is trained for
image reconstruction. A general review on deep learning for polarimetric imaging was
produced in [244].
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FIGURE 3.38. – Schematic representation of a convolution layer, with a 4x4 kernel.
Blue image is the input image, green image is the output image. Credit:
Vincent Dumoulin, Francesco Visin, MIT

3.3.3.2. Algorithm

To isolate the radial invariance, and based on the previously published methods, we
chose to use a U-Net neural network [245]. U-Net is a CNN first developed for image
segmentation, that has the advantage of returning accurate segmentation outputs.
The U-Net model was trained from [246] on PyTorch, by using a database of simulated
polarized images. The database consisted of pairs of DoLP images simulated by means
of the OpenSky simulator [82]. For each pair of images, a binary image representing
the radial invariance projected in our camera image plane was simulated and used as
our ground-truth label. To simulate the radial invariance, we projected a subset of the
radial invariance set (cf. equation 3.11) into the camera image plane.
Often, simulation requires the position of the Sun to be given in azimuth and elevation.
A simple change of Sun coordinates can provide the set in equation 3.11 as a function
of the azimuth αS1 and αS2 , and elevation θS1 and θS2 of the Sun’s two positions:

Set1 = {(α, tan−1
[

sinα
(
cosθS1 sinαS1 −cosθS2 sinαS2

)
sin

(
θS2

)− si n(θS1 )

+cosα
(
cosθS1 cosαS1 −cosθS2 cosαS2

)
sin

(
θS2

)− si n(θS1 )

])
, α ∈ [−π,π[} (3.35)

The dataset consisted of 1892 sets of labeled images, each set being composed of two
input DoLP images and the corresponding radial invariance label. This dataset was
augmented by applying random rotations and random crops to the images. The two
input images and the label image had to be rotated and cropped in the same way.
The dataset was composed of images of 512×612 pixels before crop, and 416×416
after. We also augmented the dataset by applying a random erasing of various sizes
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to the DoLP input images. Random erasing occurred with a probability of 30%, and
the erasing area was a zero valued rectangle representing a proportion of the image
ranging from 2% to 13%. Data augmentation is applied to a dataset in order to reduce
the learning bias induced by the data. For instance, a dataset consisting in skylight
polarization images taken with a fixed camera is highly biased, since the Sun does only
cover a small region of the sky. Therefore, adding azimutal rotations of the images can
partially prevent from this bias. We trained a U-Net model with two input channels,
one output channel and 32 features in the first layer, with no pre-training. The U-Net
was trained by using a mean squared error loss function and Adam optimizer, batch
size of 8, learning rate of 0.01, and the selected trained model corresponding to the
45th epoch. The training set was shuffled using a fixed seed for reproducibility. 80% of
the database was used for training, and 20% for testing.
After being trained, the U-Net was given as input two DoLP simulation images, and
returned the radial invariance in the image plane of the camera. The output image
was not binary so we applied a threshold to change all values over 0.5 to one. By
repeating this step for each set of two DoLP images, the NCP was finally located at the
intersection of the radial invariances. For experimental data, the same neural network
was used, but simulated images were matched to the real images before applying
the previously described steps. For this step, we estimated, using the least square
method (lmfit library python [240]), the simulation parameters that minimized the
absolute difference between the DoLP simulation images and the real DoLP images
obtained from the polarimetric camera. The DoLP of simulated images was based on
equation 3.3. Initial azimuth, elevation and maximum of DoLP where set at 5◦, 5◦ and
0.5, respectively. The Sun’s azimuth could vary between -180° and +180°, elevation
between 0° and 90° and maximum DoLP between 0 and 1. Since this step is only made
to match a simulated image to a real image, the Sun’s azimuth and elevation used
for the camera simulation can be expressed in any random camera frame and may
not correspond to those of the real images (details in appendix A). The algorithm is
represented in figure 3.39.

3.3.3.3. Simulation results

We tested our algorithm on data simulated using Rayleigh single scattering model
and the camera model equivalent to the one used for experimentation. Data was
simulated with random dates between the 1st January 2015 and the 1st January 2018.
For each date, a second and a third date were randomly selected in a range varying
between 0.5 and 2h from the first and second date, respectively. For each set of three
dates, a random latitude and longitude on Earth was generated (also on the south
hemisphere, but by estimating the position of the south celestial pole). For each
date, latitude and longitude, the Sun’s position was obtained from solar ephemeris,
using Python libraries suncalc and PyAstronomy[238]. Then, Rayleigh single scattering
model was simulated using the OpenSky simulator [82]. For each set of three images,
we computed the position of the celestial pole using the proposed algorithm, without
the least square step, which was skipped. We observe that some errors occurs near the
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FIGURE 3.39. – Method for finding the NCP based on the skylight’s DoLP pattern. In
the first row are the DoLP patterns taken at 3 different times (more
images will improve the results). Least square method was applied
to match simulated images to the real images, giving the second row.
The radial invariances were then segmented by using a U-Net neural
network, the results being presented in the third row. Lastly, the radial
invariances images were summed, and the NCP was then located at
the intersection between the radial invariances, which has the highest
value in terms of pixel intensity.

poles or the equator. Near the poles, the celestial pole is close to the zenith. Since our
simulated camera is placed horizontally, we obtain high errors due to the singularity in
azimuth of the camera near the zenith. Near the equator, since the celestial pole is at
the horizon, we may sometimes detect the opposite intersection of radial invariances
leading to 180° errors in azimuth. We therefore decided to quantitatively present our
results before and after removing outliers with Matlab function rmoutliers (default
parameters). We obtained 1879 measurements after removing outliers from a total of
2078 measurements. We analysed our results with and without outliers using Matlab
rmoutliers function. We finally obtained a mean absolute error (MAE) of 1.0273 degrees
in azimuth (3.5528 degrees with outliers), and 0.6752 degrees in azimuth (1.0173
degrees with outliers). Results are plotted in figure 3.40.

3.3.3.4. Experimental results

We tested our method on data recorded with the camera presented in section 3.3.1.
Processed data was acquired during the whole month of August 2022, each day from
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FIGURE 3.40. – Celestial Pole (CP) coordinates estimation error (north celestial pole
for positive latitudes, and south celestial pole for negative latitudes).
CP coordinates were computed from simulated data with the propo-
sed algorithm (Fig. 3.39), by skipping the least square step.Φcam is the
camera latitude. αC P and θC P are the azimuth and altitude, respecti-
vely, in degrees, of the measured and groundtruth CP. ∆αC P and ∆θC P

are the azimuth and altitude errors, respectively, in degrees, of the CP
measured with respect to the ground truth values. nmeas is the number
of measurements for each error interval of the histogram. The zoomed
in histograms corresponds to CP coordinates values with absolute
error lower than 5 degrees. It represents 1926 measurements out of
2078 in azimuth, and 2058 measurements out of 2078 in elevation.

8:00am to 6:00pm [86]. Only data with a DoLPmax higher than 0.2 was processed.
Since we were located on the Earth north hemisphere, we detected the position of the
NCP. Each estimation of the NCP was made using four images taken with time intervals
of 100 minutes. Once the celestial pole’s position was estimated, we computed the
True North and the camera’s latitude from the coordinates of the celestial pole. We
obtained a mean absolute error of 2.6194 degrees in True North and of 1.8059 degrees
in latitude of the camera. Results are displayed in figure 3.41.

3.3.4. The Polendar method
The two previous algorithms consisted in searching for the intersection of radial

invariances, requiring at least three skylight observations. In this section, the link
between the solar declination and the polarization invariances (cf. figure 3.42), des-
cribed in section 3.2.2, is used to find the position of the NCP from only two skylight
polarization measurements. This method consists in computing the polarization inva-
riances, then finding the intersection between the plane and radial invariances, and
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FIGURE 3.41. – North Celestial Pole (NCP) coordinates estimation error. NCP coor-
dinates were computed from experimental data with the proposed
algorithm (Fig. 3.39). δsun is the solar declination in degrees. ∆αNC P

and ∆θNC P are the azimuth and altitude errors, respectively, in de-
grees, of the NCP measured with respect to the ground truth values.
nmeas is the number of measurements for each error interval of the
histogram. The zoomed in histogram corresponds to NCP coordinates
values with absolute error lower than 5 and 10 degrees for azimuth
and latitude, respectively. It represents 162 measurements out of 226
in azimuth, and 217 measurements out of 226 in elevation. For each
estimation, we computed our algorithm using four images taken with
time intervals of 100 minutes.

finally deducing the position of the NCP on the radial invariance, at a distance from
the intersection of the plane and radial invariances equal to the solar declination,
considered known.

3.3.4.1. Algorithm

The algorithm for computing the polarization data is as follows: first, we use the
least square method to match a skylight polarization simulation based on the Ray-
leigh single scattering model with the acquired skylight polarization image (cf. figure
3.43, step LS). Then, we estimate the intersection of the two invariances by using a
convolutional filter, and isolate the radial invariance with a U-Net neural network (cf.
Fig. 3.43, step U-Net). Finally, we deduce the position of the NCP, which is located on
the radial invariance, at an angular distance equal to the solar declination from the
intersection of the invariances (cf. Fig. 3.43). The least square step and U-Net step,
were detailed in section 3.3.3.
The estimation of the position of the radial and plane invariances intersection is done
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FIGURE 3.42. – Variation of the relative position between the NCP and the intersection
of the radial and plane invariances as a function of the declination δ.
Images were computed from pairs of polarization images simulated
using the Rayleigh single scattering model. The red dot is the NCP, the
yellow and green dot are the Sun’s positions corresponding to the two
polarization images used to compute the invariances. The declination
δ is the only variable, hour angles and latitude being constant for those
images.

by taking two polarization simulation images obtained in the first step from experi-
mental data measured with a relatively small time interval (20 minutes here). Then,
we compute their absolute difference. To isolate the intersection of the polarization
invariances, we convolute the absolute difference image with a kernel having all values
equal to one, and binarize the image. This is based on the fact that when we apply
the previous convolution, values near the intersection of the two invariances have the
lowest values. We simultaneously apply another threshold to the absolute difference
image. Then, we apply a logical AND operator to the first binary invariance image and
also to the second binary invariance intersection image for more precision. These two
last steps are optional. The intersection of the invariances is finally given as the mean
value of the selected intersection points.
The intersection of the plane and radial invariance could have been obtained by trai-
ning a U-Net to segment the plane invariance. The plane and radial invariances would
then have been segmented, and their intersection trivially obtained.
Once the intersection of invariances is estimated and the radial invariance isolated,
the NCP is obtained by searching the points on the radial invariance of which the
distance to the invariances intersection is equal to the solar declination. As shown
in figure 3.42, the NCP generally has a higher elevation than the intersection of the
invariances when the declination is positive. This condition may sometimes lead to
false results in some specific conditions (cf. section 3.3.4.2). The method is presented
in figure 3.43.

3.3.4.2. Simulation results

We implemented the proposed method on simulated data (cf. section 3.3.3.3). For
each set of two images, we computed the position of the celestial pole using our
method. We distinguished two cases to compute the celestial pole’s position. First,
if the latitude and the solar declination had opposite sign, then, we considered that
the intersection of the invariances had a higher elevation compared to the celestial
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FIGURE 3.43. – Method for finding the NCP based on the skylight’s DoLP pattern
and the solar declination δ. In the first row is a pair of DoLP patterns
obtained with a DoFP polarimetric camera equipped with a fisheye
lens. Those images are then matched with a Rayleigh based simulation
using the least square method. The absolute differences between the
simulated DoLP patterns is then computed. Next, the intersection of
the invariances is obtained by binarizing the images with a threshold
represented by the > symbol, a convolution, represented with the
∗ symbol and a logical AND operator represented by the ∧ symbol.
Simultaneously, the radial invariance is isolated by using a U-Net
neural network. Finally, the NCP position is estimated by combining
the radial invariance, the intersection of the polarization invariances
and the solar declination δ.

pole’s elevation. Second, if the latitude and the solar declination had the same sign,
then, we considered that the intersection of the invariances had a lower elevation
compared to the celestial pole’s elevation. By analysing the results, we can see that
those two conditions are true for a majority of cases. However, we observe that in
some conditions the results differ a lot from what was expected. Most errors occur
near the poles or the equator. Near the poles, the celestial pole is close to the zenith.
Therefore, the intersection of the invariances will most often have a lower elevation
than the celestial pole, which is not a case covered by our algorithm. Near the equator,
we will often observe the opposite intersection of invariances, which explains the near
180◦ errors in azimuth around 0◦ latitudes. For those reasons, we analysed our results
with and without outliers using Matlab rmoutliers function. We finally obtained a
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mean absolute error (MAE) of 0.7111 degrees in azimuth (10.4908 with outliers), and
0.4639 degrees in azimuth (1.6776 degrees with outliers). Results are plotted on Fig.
3.44

FIGURE 3.44. – Celestial pole coordinates computed from simulated data with the
proposed algorithm (cf. figure 3.43). αC P is the azimuth of the celestial
pole with respect to the camera frame (north has 180◦ azimuth). θC P

is the altitude of the celestial pole, which is also equal to the camera’s
latitude Φcam . ∆αC P and ∆θC P are the azimuth and altitude error,
respectively, in degrees, of the celestial pole measured with respect
to the ground truth values. nmeas is the number of measurements
for each error interval of the histogram. The zoomed in histogram
corresponds to NCP coordinates values with absolute error lower than
5 degrees. It represents 1926 measurements out of 2078 in azimuth,
and 2058 measurements out of 2078 in elevation.

3.3.4.3. Experimental results

We tested our method over the period from the 29 July 2022 to the 29 August 2022.
This period corresponds to a solar declination ranging from 18.7 degrees to 9.35
degrees, respectively. We used sets of two DoLP images taken at 20 minute intervals,
between sunrise and sunset. Our data comprises various weather conditions, from
clear to overcast sky. The dataset used for this experiment can be accessed on an
open archive [86]. The data processing used to obtain our results prevents outliers
results by processing only images with maximum DoLP, detected from the least square
step, higher than 0.2. Since buildings appeared in the field of view, we only applied
the least squares to central pixels, corresponding approximately to points in the sky
with elevations higher than 10 degrees with respect to the camera frame. Moreover,
the algorithm sometimes could not yield a usable result when the neural network
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failed to correctly isolate the radial invariance. However, outlier values could still
appear due to the least square step and the deep learning step. We therefore decided
to quantitatively present our results before and after removing outliers with Matlab
function rmoutliers (default parameters). We finally obtained 671 measurements after
removing outliers from a total of 791 measurements. After removing outliers with
rmoutliers, we obtained a mean absolute error (MAE) of 1.6244 degrees in azimuth
(9.0040 degrees with outliers), and 1.8303 degrees in latitude (4.3273 degrees with
outliers). Results, with outliers, are presented in Fig. 3.45.

FIGURE 3.45. – NCP coordinates estimation error. NCP coordinates were computed
from experimental data with the proposed algorithm (cf. Fig. 3.43).
δsun is the solar declination in degrees. ∆αNC P and ∆θNC P are the
azimuth and altitude error, respectively, in degrees, of the NCP mea-
sured with respect to the ground truth values. nmeas is the number of
measurements for each error interval of the histogram. The zoomed
in histogram corresponds to NCP coordinate values with an absolute
error lower than 5 degrees. It represents 645 measurements out of 791
in azimuth, and 627 measurements out of 791 in elevation.

3.4. Discussion

3.4.1. Navigation algorithms
In this chapter, we described the time variations of the skylight DoLP based on the

Rayleigh single scattering model, and suggested three algorithms to detect the NCP.
The efficiency of our methods have been proved in simulations and under experimen-
tal conditions, thus confirming the validity of the theoretical models.
The first algorithm, named SkyPole (cf. section 3.3.2), requires only visual observations
of the skylight polarization patterns to detect the NCP. No knowledge of time, date,
or ephemeris, and no estimates of the actual or initial position are required for this
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purpose. The image processing steps do not rely on large computational resources,
and have been kept as simple as possible. The main difficulty of this algorithm is
the choice of the threshold value, that may be tuned depending on the time interval
between two measurements. The presented algorithm requires at least four skylight
polarization measurements, with time intervals between each measurements of 30 to
60 minutes, leading to long acquisition times.
The acquisition time was drastically reduced through the second algorithm (cf. section
3.3.3), which allows the removal of a potential ambiguity due to multiple intersections
between the plane and radial DoLP time invariances. In this algorithm, the skylight
polarization images are processed with a neural network, in order to segment the
radial invariance. Using this algorithm, three images are necessary to obtain the po-
sition of the NCP. Moreover, by using a neural network, the threshold used for the
segmentation of the radial invariance is tuned automatically, meaning the algorithm’s
parameters should not be modified manually by its user. This algorithm, however, is
more complex than the previous one, since it requires the training of a neural network,
and the matching of the experimental images with simulated images based on the
least squares method, which is computationally expensive. The neural network used
to isolate the radial invariance, could be replaced by directly simulating the radial
invariance from the Sun’s positions and the equation 3.35. Indeed, as shown in section
3.1.2, a large amount of methods were developed in order to locate the Sun from
polarization patterns. However, the purpose of using a neural network was to show
the feasibility of isolating the radial invariance directly from DoLP patterns. Ideally,
a neural network should return the radial invariance image straight from real DoLP
images, meaning that the least squares step would be optional. Using a neural network
approach, rather than least squares, can prevent prediction errors linked to noise,
such as buildings or clouds, which are difficult to avoid automatically. Indeed, in our
experiments, even though the conditions where ideal, taking into account the whole
image to compute the least square method led to biased results, due to buildings
reflecting polarized light in the camera field of view. We therefore processed images
without considering pixels near the horizon.
When training a neural network to isolate the radial invariance, particular attention
should be given to the following elements. First, distinguishing the plane and radial
invariances can be ambiguous when the Sun is under the horizon. Indeed, because of
the symmetry of the DoLP pattern, only using this information does not tell whether
the Sun is over or under the horizon. We thus chose to train our neural network using
only positive Sun elevations. Next, the database used for training the network can be
biased. Indeed, if a dataset is acquired using one camera in a fixed orientation, as in
[86], the Sun will only move within a small region of the sky with respect to the camera.
Therefore, applying data augmentation techniques to the dataset, such as random
rotations, is crucial to obtain unbiased results.
The last algorithm (cf. section 3.3.4) also allows for reducing the acquisition time,
by adding information, namely the solar declination. By using this information, the
NCP can be located from two DoLP measurements. Solar declination is a convenient
parameter since it varies slowly over time and can be easily obtained. To get a good
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estimation of the solar declination, it is important to know the time. However, knowing
only the date can be sufficient. Over the course of a day, solar declination can vary up
to about 0.5 degree [247], therefore, if no approximation of the hour is given, by consi-
dering the declination at 12:00am, the declination error will have an upper bound
of 0.25 degree. This bound is actually an overestimation since no measurements are
considered when there is no sunlight. Moreover, this method supposes that the time
interval between two observations is small. But how small should that time interval
be ? Through the approximation made in the section 3.2.2.2.2, we see that observations
of under 30 minutes will induce less than 0.2 degree of error. Lower time intervals will
yield lower errors. However, a trade-off should be made between reducing the time
interval to minimize the approximation induced error, and increasing the invariances
segmentation error when the time interval is decreased.
In the Polendar algorithm, we first used the least squares method to match a simula-
tion image to a real image. Using a simulation to compute our algorithm is advanta-
geous since our theoretical materials are based on Rayleigh’s single scattering model,
which differs from the real skylight polarization. A critical aspect of our method is the
possibility for the maximum DoLP to change between two measurements (cf. section
1.3.2.2). Indeed, when the maximum DoLP changes, the intersection of the radial and
plane invariances disappears (cf. figure 3.46).

FIGURE 3.46. – DoLP invariance patterns for varying maximum of DoLP. Each figure
was obtained by computing the absolute difference between two DoLP
patterns simulated with Sun elevations 15◦ and 25◦, and Sun azimuths
15◦ and 25◦, respectively. The maximum DoLP for the DoLP pattern
corresponding to Sun azimuth and elevation both equal to 15◦ was
set to 0.7. The second image’s maximum of DoLP was set, from left to
right, to 0.7, 0.75 and 0.8.

In [96], clouds were shown to have a critical influence on the sky’s DoLP. To avoid
issues related to the variation of maximum DoLP, our method should be applied using
short time intervals. When reducing the time interval between two images, the varia-
tions in the whole image decrease, and the invariances become less easily detected
from the rest of the image. In our case, we fixed this issue by matching real images
with simulated images having the same maximum DoLP value.
The last step of the Polendar algorithm, which consists in detecting the NCP from the
intersection of the radial and plane invariances, and the solar declination, should also
be discussed. In this step, the main difficulty is to find the position of the NCP given
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two options, namely below or over the intersection of the radial and plane invariances.
To remove the ambiguity, one can use the Sun’s positions or a rough estimate of it, and
the sign of the declination. However, the Sun position may not be known. Therefore,
studying the DoLP near the intersection of invariances can give a cue whereas the NCP
is above the intersection of invariances or not. Unfortunately, we do not have a univer-
sal condition yet for this issue. To select the NCP, we used the following condition for
our data, for positive declination, the NCP was considered having a higher elevation
than the intersection of the invariances. This condition works for most of the cases,
but fails for some conditions, for instance, when the celestial pole is near the zenith
or near the horizon, the intersection of the invariances will frequently have lower or
higher elevation respectively (cf. section 3.3.4.2). Also, an ambiguity can be related to
the intersection of the invariances itself. In fact, for some conditions, the intersection
of invariances will be located under the horizon. However, in this case, we will detect
the opposite intersection of invariances, which, if not spotted, will induce an error in
the estimation of the NCP. An alternative would be to combine the Polendar method
with the SkyPole method. In fact, combining those two methods would remove the
ambiguity of the Polendar method. However, at least three measurements would be
required for the SkyPole method.

The accuracy of the three algorithms is too low for some geolocation applications.
Indeed, one degree error in latitude represents more than 100km error. One degree
error in true north has a lower impact (cf figure 3.47).

FIGURE 3.47. – Representation of 1◦ error in latitude and true north on a map, for
the camera’s position. αNC P is the azimuth of the NCP and θNC P is the
elevation of the NCP.

It is worth noting, however, that the first algorithm has been kept as simple as pos-
sible, and all three algorithms were meant to process DoLP images in a visual manner,
and were not optimized. Also, the NCP position is rounded to the closest pixel. The
best result, we can achieve, is therefore half a pixel on the processed image. Moreover,
we processed only the blue channel of our polarization sensor, reducing the resolution

138



3. Geolocation – 3.4. Discussion

by a factor of two, and the computation of the DoLP from a super pixel also reduced
the resolution by a factor two. Therefore, the best pixel precision achievable by our
algorithm is only two pixels of the camera sensor. In addition, the use of a fisheye lens,
practical for visualizing the whole sky is not the best suited for precise measurements.
Indeed, since the total field of view is large, the angular precision of each pixel is
lower than when using a lens providing a smaller field of view. In order to improve the
algorithms results, the four color channels should be computed, and a fisheye lens
may not be used. Instead, a rectilinear lens could be used. A rectilinear lens may not
allow a view of the whole sky dome. However, as the sky polarization gives redundant
information on the position of the Sun, the whole skylight pattern can be interpolated
from a small region in the sky. An interesting aspect about rectilinear lens is that they
perform gnomonic projection. Such projections transform a great circle into a straight
line. Therefore, by using a rectilinear lens, the invariances would be straight lines, and
a linear regression of the invariances could thus be implemented to find the NCP even
if it is not in the camera’s field of view.
In the presented algorithms, the largest source of error originates from skylight noise
due to multiple scattering or non-Rayleigh scattering in the atmosphere, such as Mie
scattering, for instance. In this thesis, in order to reduce the influence of this kind of
noise, we used data with low noise levels, corresponding to a clear blue sky or an only
slightly overcast sky. In order to cope with noisy skies, in cloudy situations for instance,
denoising techniques can be applied prior to the proposed algorithms. Alternatively,
since the theory of the invariances was descibed, the processing of the sky invariances
can be done indirectly, by computing the Sun’s position. As shown in section 3.1.2, the
Sun’s position can be obtained from DoLP and AoP patterns. Therefore, the accuracy
of the NCP localization would be linked to the accuracy of the Sun localization. Fur-
thermore, as the DoLP is more sensitive to clouds and aerosols than the AoP [108],
adding information of the AoP in our algorithms would increase the robustness of the
NCP localization. However, the advantage of the invariances is that they represent
sparse data. Therefore, they may require lower amounts of data to process than when
computing the position of the Sun based on the whole pattern of polarization, or
may be less expensive to compute. Apart from considering new techniques of data
processing, which offer promising results [201, 200], the influence of clouds on our
results could have been reduced by using ultraviolet (UV) wavelength [109]. Many
animals are sensitive to UV light and use this for navigation, the skylight pattern of
polarization being robust to clouds in the UV [105, 110] (cf. section 1.3.3). Last, it
is worth noting that, since our algorithm is time based, as we increase the number
of skylight DoLP measurements, we may improve the precision of the NCP localization.

In this section, we discussed about the algorithms developed in this thesis. Even
though those algorithms suffer from a low precision, they provide encouraging results.
The theory developed simultaneously offers a great understanding of the time varia-
tions of the skylight polarization, and allows for solving the skylight polarization based
navigation problem through an innovative bird’s-eye view.
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3.4.2. Animals navigation
In the previous section, we presented technical aspects about the developed al-

gorithms. Yet, since the presented navigation methods are inspired from migrating
animals, it seems relevant to discuss those from an animal perspective. Here, we dis-
cuss the suitability of those methods for animal navigation.
The SkyPole algorithm presented in section 3.3.2 was made voluntarily as simple as
possible, consisting only in tasks that can be achieved by animals, such as memorizing
[12], subtracting or adding images [248], and finding the intersection of lines. This
suggests that locating the celestial pole from skylight polarization invariances would
be conceivable for animal navigation. Interestingly, studies on the visual magnetore-
ception of migratory birds introduced patterns similar to the polarization invariances
to describe the perception of the magnetic field by migratory birds to find True North
[249]. However, the DoLP is generally thought as an indicator of the reliability of pola-
rization information for navigation [250]. The use of the celestial pole’s elevation to
obtain a latitude estimation is actually discussed [233].
The Polendar method suggests that using short time intervals when observing the time
variations of skylight polarization could be advantageous. Moreover, studies suggest
that pigeons can perceive very slow movements, even as slow as the rotation of the
sky [251]. Real time calibration of their magnetic compass is therefore conceivable
using skylight polarization. Additionally, the two solar equinoxes are of particular
interest when considering solar declination. During the equinoxes, around the 20
March and the 23 September, solar declination is null. This simplifies the Polendar
method considerably since the NCP coincides more or less with the intersection of
the invariances. As a consequence, no calculations are needed, only the intersection
of the invariances has to be detected, and interestingly, many birds migrate around
the equinoxes [252].
Apart from navigating, skylight polarization can be considered as a convenient source
for animals to synchronize their circannual clock. Two types of migratory birds can
be distinguished, namely facultative and obligate migrants. The first do not neces-
sarily migrate, and do so depending on local conditions such as food and weather.
The second migrate at a precise timing during the year, independently from variable
conditions. Obligate migrants are thought to rely on a circannual clock to determine
the moment at which they migrate. Going back to the polarization invariances, if the
position of the NCP is known without knowledge of the solar declination, we can
deduce the solar declination from the distance between the NCP and the intersection
of the invariances, and thus calibrate a circannual clock. For instance, at dawn and
dusk, when polarized sunlight and stars are both visible, stars can be used to detect
the celestial pole and combined with the polarization invariances to compute the
solar declination (cf figure 3.48).

As evoked in section 3.2.3, the longitude, not measured in the presented algorithms,
can be deduced from a double clock mechanism. Indeed, if a first clock is synchroni-
zed on the solar time of an initial position, and compared to the solar time measured
at a second position, then, the difference of longitude between the two positions
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FIGURE 3.48. – Artistic view of the celestial rotation of stars during night and of
skylight polarization during day. Adapted from ESO/B. Tafreshi (twa-
night.org) (cf. figure 3.17).

can be obtained from the difference of time between the two clocks. Migratory birds’
internal clock was shown to be set, and to remain, at the time of their starting location
during migration [253]. However, the double clock hypothesis for birds migration
was contested by showing that a dark-light regime had no influence on the longitude
estimation [254]. Yet, this study did not take skylight polarization into account. More
generally, since migratory birds are thought to locate with a 2 kilometers precision,
the use of the Sun to measure the longitude was considered unlikely, requiring an
extremely precise clock [255]. Instead, a popular hypothesis suggests that birds can lo-
cate by means of a bi-coordinate map, different from latitude and longitude, based on
magnetic fields [255]. The magnetoreception of birds is still misunderstood [256, 257]
and controversial [22]. The rejection of the Sun hypothesis for longitude estimation
based on the localization precision of migratory birds seems questionable. Indeed,
birds may rely on multiple cues for navigation. Some, as skylight polarization, could
provide a coarse positioning, which may be adjusted by using other cues, such as
odors [258]. Moreover, in some studies, instead of the celestial pole, the Sun’s azimuth
was considered as a compass cue, requiring a clock. Based on this assumption, clock
shifting experiments were implemented and led to the conclusion that birds do not
use the Sun for estimating their longitude [259, 260]. Those studies, however, did not
lead to the orientation changes expected if the Sun and a clock were involved in the
birds’ compass.
To conclude this discussion, the mechanisms involved in the true navigation of migra-
tory birds remain uncertain. Studies on skylight polarization are difficult to implement.
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Using linear polarizers to vary the observed angle of polarization in the sky removes
all variations in AoP and DoLP. Therefore, using a half-wave plate should be prefer-
red, since it allows modifying the angle of polarization without changing the DoLP.
However, wave plates and other polarizing components have properties depending
on the tilt of the component with respect to the incident ray [261, 146], which may
cause non-uniform modifications of the skylight polarization for animal studies. In
addition, to study the celestial rotation during day, using a fixed polarizing component,
such as a half-wave plate, may not allow for detecting behavioural changes since this
phenomenon may be only related to variations of the polarization. Also, rotating a
half-wave plate will not change the DoLP, but only the AoP, which may not have any
influence on the celestial compass if based on DoLP invariances. To study the celestial
rotation during night, artificial skies were displayed in a planetarium. Doing so with
skylight polarization is much harder, in particular because of skylight being partially
polarized. Those technical challenges must be met to improve our understanding of
skylight polarization based navigation. The rotation of skylight polarization seems to
be a convenient cue for animal navigation, and was proven necessary even for insects
such as Cataglyphis desert ants [262].
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In this manuscript, the skylight polarization was studied as a navigation cue. As
discussed in the introduction, the aim of this thesis was to study the acquisition and
processing of skylight polarization in noisy situations, namely cloudy skies or in pre-
sence of obstacles in the field of view, and to design a geolocation method based on
skylight polarization. The optimization of skylight polarization acquisition was addres-
sed through UV sensing, which was shown to provide reliable polarization information
in presence of clouds. A setup was implemented to characterize the performances of a
UV sensor illuminated under partially polarized light, with controllable DoLP and AoP.
This setup allows to describe a sensor’s characteristics in conditions similar to those
observed outdoor. However, no sensor was yet characterized using this setup, and the
use of UV sensors for skylight polarization measurements was not further investiga-
ted. On the other side the geolocation task was more deeply studied. An innovative
geolocation method, inspired from migratory birds, was developed, requiring only
skylight DoLP measurements over time. This method allows to estimate the position of
the celestial pole, and therefore estimate the measurement device’s latitude and True
North. The solar declination and local solar time could also be measured, allowing
to estimate variations of longitude. This step was, however, not processed in this thesis.

Even though this thesis provided new insights on the use of skylight polarization
for geolocation, unresolved questions still remain concerning optimal ways of sensing
and processing skylight polarization, and on geolocation based on skylight polari-
zation. As this subject is inspired from animals, these questions are, in addition to
technical aspects, linked to animal navigation. We discuss next some perpectives
concerning the presented work.
Existing sensors offer good performances for sensing skylight polarization. Yet, few
UV polarimetric sensors where developed and available. As indicated in chapter 2, UV
sensors are being designed in parallel to this thesis. In addition to UV sensing, sensors
could be optimized, by taking inspiration from animals. As for insects, the number of
photoreceptors of devices could be kept low to optimize the quantity of data to analyse.
Also, insects possess only two orthogonal orientations of their « polarizing filters »
per photodetector, which does not allow them to measure the AoP and DoLP in each
point of the sky. Therefore, polarimetric sensors could be optimized by considering
spatial redundancy of the skylight polarization pattern. The spectral properties of
skylight polarization are not often considered, but could help processing polarization
images. Most insects sense polarization in a single color, but some animals, such as
the mantis shrimp sense polarization in multiple colors. Moreover, migratory birds
sense magnetic fields through vision, which could have an influence on the perception
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of skylight polarization. However, birds vision remains misunderstood, and, to my
knowledge, no sensor was developed for light-based measurements of magnetic fields.
Regarding navigation methods, the performances of the proposed algorithms can be
improved by image processing methods. However, an analysis of factors influencing
the algorithms’ performances should be done. This analysis must indicate what preci-
sion can be expected, as a function of the measurement time. As a first approximation,
in clear sky conditions, the precision obtained by using a sextant (a few hundred me-
ters) should be achievable by using a polarimetric device. However, to obtain precise
measurements, some hypotheses should be reconsidered. For instance, when using a
sextant, the Earth curvature is not neglected. This hypothesis may not have a strong
influence on skylight polarization measurements, since most devices are pointing
towards the zenith, but its effects should be studied. The proposed algorithms could
also be studied for underwater geolocation or during night, by using the polarization
pattern induced by moonlight, which is similar to that induced by sunlight, during day.
As discussed in section 3.4.1, small errors in the detection of celestial cues can induce
high localization error. It is not clear yet if skylight polarization is used by animals for
positioning or only for finding true north. If skylight polarization was used for geolo-
cation, however, it could provide a coarse position. A precise localization could then
be obtained by using local information such as landscapes and odors. Sensor fusion
appears to be crucial for robust navigation. The proposed navigation algorithms lead
to ambiguous results near the equator. Combining skylight polarization with magnetic
fields can remove this ambiguity. Migratory birds were also shown to extract compass
information from different cues, such as the magnetic field, skylight polarization and
stars. Finally, the presented navigation methods may question some conclusions of
animals studies. Indeed, it is often considered that migratory birds’ polarization com-
pass are time-based. However, these methods show that a polarization compass may
not necessarily be time-dependent. It could be interesting to analyse results obtained
through clock-shifting experiments by also considering that a polarization compass
could be independent from time.
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A. Matching of a simulated image
to a real image

In this appendix, we detail the least squares step applied to match a simulated image
to a real image.
For each pixel of coordinates

(
i , j

)
pointing towards a point Pi , j , the simulated DoLP

P si mu
l ,(i , j ) is defined, through Rayleigh scattering, as:

P si mu
l ,(i , j )

(−→
S ,Plmax

)
= Plmax ·

1−
(−→

S ·−−→Pi , j

)2

1+
(−→

S ·−−→Pi , j

)2 (A.1)

Where S is the position of the Sun, and Plmax is the maximum of polarization in the

sky. As
−→
S can be expressed through the Sun’s azimuthα and elevation θ, the simulated

DoLP can be expressed as:

P si mu
l ,(i , j )

(
α,θ,Plmax

)= Plmax ·
1−

(−→
S (α,θ) ·−−→Pi , j

)2

1+
(−→

S (α,θ) ·−−→Pi , j

)2 (A.2)

To match a simulated image to a real image, the following function can be minimized
for each pixel:

fi , j
(
α,θ,Plmax

)= (
P exp

l ,(i , j ) −P si mu
l ,(i , j )

(
α,θ,Plmax

))2
(A.3)

Where P exp
l ,(i , j ) is the DoLP measured at a pixel of coordinated

(
i , j

)
. Therefore, for a

whole image, the following matrix function should be minimized:

f
(
α,θ,Plmax

)=


f1,1
(
α,θ,Plmax

)
f1,2

(
α,θ,Plmax

)
. . . f1,m

(
α,θ,Plmax

)
f2,m

(
α,θ,Plmax

)
f2,2

(
α,θ,Plmax

)
. . . f2,m

(
α,θ,Plmax

)
...

...
...

...
fn,1

(
α,θ,Plmax

)
fn,2

(
α,θ,Plmax

)
. . . fn,m

(
α,θ,Plmax

)
 (A.4)

The minimizer fonction from the lmfit library, in Python, was used to minimize this
matrix, and deduce the three parameters α, θ, and Plmax .
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B. Mueller matrices of the
characterization setup’s
components

In this appendix, we detail the Mueller matrices of the optical components of the
characterization setup presented in section 2.3.4.2 of this manuscript.

— Linear polarizer rotated at an angle θLP :

MLP(θLP ) = 1

2


1 cos(2θLP ) sin(2θLP ) 0

cos(2θLP ) cos2(2θLP ) cos(2θLP )sin(2θLP ) 0
sin(2θLP ) cos(2θLP )sin(2θLP ) sin2(2θLP ) 0

0 0 0 0

 (B.1)

— Polarizing beam splitter in transmission:

MPBS1(0) = MPBS2(0) = 1

2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 (B.2)

— Polarizing beam splitter in reflection:

MPBS1(π/2) = MPBS2(π/2) = 1

2


1 −1 0 0
−1 1 0 0
0 0 0 0
0 0 0 0

 (B.3)

— Half-wave plate rotated at an angle α:

Mλ/2(α) =


1 0 0 0
0 cos2(2α)− sin2(2α) 2cos(2α)sin(2α) 0
0 2cos(2α)sin(2α) sin2(2α)−cos2(2α) 0
0 0 0 −1

 (B.4)
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B. Mueller matrices of the characterization setup’s components

The Stokes vector of the incident unpolarized light is:

−→
S = S0


1
0
0
0

 (B.5)
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Les systèmes mondiaux de navigation par satellites (GNSS pour Global Navigation
Satellite Systems) sont très répandus du fait de leur précision. Cependant, ces systèmes
sont sensibles au brouillage et à l’usurpation d’identité. Pour renforcer leur fiabilité,
l’information issue des systèmes de navigation satellitaires peut être fusionnée avec
des informations provenant de capteurs complémentaires tels que des centrales iner-
tielles, des caméras, des radars ou des lidars. Les centrales inertielles permettent
d’obtenir une position relativement à une position initiale à partir de données d’accé-
lération et d’orientation, de manière robuste. Cependant, ces systèmes sont soumis
à une dérive de leur signal dans le temps, et nécessitent donc d’être régulièrement
calibrés. Les caméras, radars et lidars offrent des résultats remarquables, en milieu
urbain notamment, mais nécessitent une connaissance a priori de l’environnement
dans lequel ils évoluent. Une alternative à de tels systèmes peut être trouvée dans
le monde animal. Certains animaux, tels que les oiseaux migrateurs, parcourent des
distances conséquentes, et sont considérés être en mesure de déterminer leur position
sur Terre. Les mécanismes qui sous-tendent ces capacités de navigation sont encore
méconnus. Les recherches menées sur ces animaux montrent l’utilisation de sources
d’information variées, telles que le champ magnétique terrestre, les étoiles ou encore
le motif de polarisation du ciel. Les deux premiers sont bien connus car largement uti-
lisés pour la navigation, avant l’avènement du GPS, système de navigation satellitaire
américain. L’utilisation du dernier pour la navigation, en revanche, a été découvert
plus récemment, en 1947, par un entomologiste du nom de Karl von Frisch, alors qu’il
étudiait le vol des abeilles. Le motif de polarisation du ciel est un motif invisible à l’œil
humain, dont les propriétés varient en fonction de la position du soleil dans le ciel.
Il permet ainsi de naviguer en utilisant le soleil de manière indirecte. Contrairement
aux systèmes de navigation basés sur le soleil, tel que le sextant, l’utilisation du motif
de polarisation du ciel pour la navigation ne nécessite pas une vue directe du soleil,
et peut donc être utilisée en environnement urbain, lorsque le soleil est caché par
un obstacle par exemple. À la suite de cette découverte, des systèmes de navigation
sans GPS, basés sur le motif de polarisation du ciel ont été développés. Des compas
solaires utilisant le motif de polarisation du ciel ont montré des résultats promet-
teurs. En particulier, au sein de l’Institut des Sciences du Mouvement, à Aix-Marseille
Université, un robot nommé AntBot, et navigant à la manière de la fourmi du désert
Cataglyphis, une fourmi dont les capacités de navigation reposent en grande partie
sur le motif de polarisation du ciel, a été développé. À la manière de la fourmi du
désert, ce robot permet d’obtenir sa position relativement à une position initiale. Les
résultats encourageants obtenus au cours de cette étude ont mené à la présente thèse,
dont le but est d’étudier la géolocalisation, à partir du motif de polarisation du ciel.
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La géolocalisation basée sur le motif de polarisation est envisageable car le motif de
polarisation du ciel permet d’obtenir la position du soleil, et ainsi d’estimer sa position
sur Terre, de manière similaire à la navigation à l’aide d’un sextant. La principale limite
liée à l’utilisation du motif de polarisation du ciel est sa sensibilité aux perturbations
atmosphériques, tels que les nuages. Cependant, comme étudié dans le cadre du
projet AntBot, le motif de polarisation du ciel est plus robuste à la présence de nuages,
dans les faibles longueurs d’onde, notamment l’ultraviolet (UV). L’utilisation d’un
capteur sensible à l’UV est donc étudiée dans cette thèse, à travers la mise en place
d’une source de caractérisation permettant de contrôler l’état de polarisation, et ainsi
de décrire les performances d’un capteur polarimétrique sensible à l’UV.
Dans ce manuscrit de thèse, la définition de la polarisation est d’abord introduite, suivi
d’une description du motif de polarisation du ciel. L’intérêt de l’UV pour la navigation
basée sur le motif de polarisation du ciel est ensuite expliqué. La deuxième partie de
ce manuscrit présente les différents types de capteurs de polarisation ainsi que des
méthodes de calibration et caractérisation d’un capteur polarimétrique. La théorie
et l’implémentation d’une source UV dont l’état de polarisation peut être contrôlé
sont introduites. Enfin, la troisième partie de ce manuscrit présente une méthode
de géolocalisation sans GPS, basée sur le motif de polarisation du ciel, et inspirée
d’oiseaux migrateurs calibrant leur compas magnétique par la rotation céleste des
étoiles. Ces parties sont résumées ci-dessous.

Polarisation et diffusion de la lumière
La polarisation est une propriété de la lumière décrivant l’évolution du champ

électrique de la lumière dans le temps. Pour une onde monochromatique, le vec-
teur champ électrique, observé à travers un plan perpendiculaire à la direction de
propagation de l’onde, décrit une ellipse, nommée ellipse de polarisation. L’onde
est dite, dans le cas général, polarisée elliptiquement. Une telle ellipse est définie
par son ellipticité et son orientation. L’ellipticité indique si la trajectoire du vecteur
champ électrique est plus proche d’un cercle ou d’une droite. Deux cas particuliers
peuvent alors être considérés, le cas d’une onde polarisée circulairement et d’une
onde polarisée linéairement. Ce dernier cas sera particulièrement important ici car
la lumière diffusée dans le ciel est polarisée linéairement. En pratique, la lumière
est polychromatique. Les différentes ondes composant la lumière ne se propagent
pas nécessairement de la même manière. Le vecteur champ électrique de la lumière
peut alors décrire une trajectoire totalement aléatoire. On dit alors que la lumière est
non polarisée. La lumière issue du soleil est, par exemple, considérée comme non
polarisée. Lorsque toutes les ondes composant la lumière sont polarisées de la même
manière, le vecteur champ électrique de la lumière décrira une ellipse. La lumière
est dite purement polarisée. Enfin, dans le cas général, la lumière possède une partie
polarisée et une partie non polarisée. Il s’agit du cas le plus fréquent dans la nature,
la lumière est alors dite partiellement polarisée. La lumière diffusée dans le ciel est,
par exemple, partiellement polarisée linéairement. Ainsi, en plus de l’ellipticité et
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de l’orientation, ou angle de polarisation, l’état de polarisation de la lumière peut
être décrit par le degré de polarisation, correspondant au ratio d’intensité lumineuse
polarisée sur l’irradiance totale. Une lumière purement polarisée aura un degré de
polarisation de 1, et une lumière non polarisée aura un degré de polarisation de 0. Pour
une lumière partiellement polarisée linéairement, le degré de polarisation linéaire
(DoLP) peut également être introduit.
En pratique, l’ellipse de polarisation n’est pas mesurable car les variations du champ
électrique de la lumière sont trop rapides pour la majorité des capteurs, ainsi que
pour l’œil humain. Afin d’étudier la polarisation de la lumière, une grandeur mesu-
rable, l’intensité lumineuse (ou irradiance), correspondant à une moyenne temporelle
d’une fonction de l’amplitude du champ électrique de la lumière, est privilégiée. Le
formalisme de Stokes permet de décrire l’état de polarisation de la lumière à partir
de grandeurs mesurables (irradiance), stockées dans un vecteur, nommé vecteur de
Stokes. Les capteurs ne sont en général pas sensibles à la polarisation de la lumière.
Afin de mesurer l’état de polarisation de la lumière, l’intensité lumineuse est mesurée
à travers des filtres polarisant. L’effet d’un filtre sur l’état de polarisation de la lumière
peut être décrit par une matrice, nommée matrice de Mueller, dont la multiplication
avec le vecteur de Stokes d’une lumière incidente, donne le vecteur de Stokes de la lu-
mière après interaction avec le filtre, et permet donc d’obtenir son état de polarisation.
Pour décrire l’état de polarisation d’une lumière polarisée linéairement, au moins
trois mesures, à l’aide d’un ou plusieurs polariseurs linéaires orientés différemment,
doivent être réalisées. Un polariseur linéaire est un filtre bloquant la lumière polarisée
linéairement dans une direction et laissant passer la lumière polarisée linéairement
dans la direction orthogonale. La rotation d’un tel filtre par rapport à une lumière
incidente polarisée linéairement, va induire une variation de l’intensité lumineuse,
dont la mesure permet de décrire l’état de polarisation.
Dans le ciel, la polarisation de la lumière est due à l’interaction de la lumière non
polarisée du soleil, avec les particules composant l’atmosphère. Lorsque la lumière in-
teragit avec ces particules, ces dernières diffusent la lumière dans toutes les directions.
La lumière diffusée a un état de polarisation dépendant de la position relative de la
particule par rapport au soleil et variant selon la direction de diffusion. Ce phénomène
peut être décrit par le modèle de diffusion de Rayleigh, supposant que les particules
dans l’atmosphère sont petites devant la longueur d’onde de l’onde incidente. À partir
de ce modèle, la polarisation en chaque point du ciel peut être décrite, en fonction
de la position du soleil et de la position d’un observateur relativement au soleil et au
point du ciel observé. Cela permet de simuler un motif de polarisation dans le ciel,
semblable à celui observé expérimentalement. Cependant, certaines différences ont
pu être observées entre le motif de polarisation basé sur le modèle de Rayleigh et
le motif de polarisation réel. Cela est dû aux hypothèses formulées. Tout d’abord, la
taille des particules est effectivement petite devant la longueur d’onde associée aux
rayons du soleil, si l’on considère les particules d’azote et d’oxygène, qui composent
en grande partie les gaz présents dans l’atmosphère. Cependant, si l’on considère éga-
lement les aérosols et nuages, cette hypothèse n’est plus valable et la lumière diffusée
à des propriétés différentes de celles formulées à travers le modèle de diffusion de

176



C. Descriptif détaillé de la thèse

Rayleigh. Une deuxième hypothèse est celle de la diffusion simple. Dans le modèle
considéré, la lumière diffusée est supposée diffusée par une seule particule, sans inter-
action avec d’autres particules dans l’atmosphère. En pratique, cependant, la lumière
peut être diffusée de multiples fois, ce qui a pour effet de dépolariser la lumière de
l’atmosphère. Ainsi, le motif de polarisation du ciel présente une valeur maximale de
DoLP théorique égale à 1, ce qui n’est pas le cas en pratique, le DoLP maximal étant
inférieur à 1, et cette valeur peut varier selon les conditions atmosphériques et les
propriétés géographique, liées notamment à la réflexion de la lumière par le sol. Le
modèle de diffusion simple de Rayleigh reste néanmoins simple et assez proche de
l’atmosphère réelle, notamment sous un ciel clair, sans nuages. Dans cette thèse, ce
modèle a été privilégié pour l’étude du motif de polarisation du ciel.
En ce qui concerne la longueur d’onde à privilégier pour l’étude du motif de polari-
sation, cette question ne peut pas être uniquement considérée à travers le modèle
de diffusion simple de Rayleigh. En effet, en considérant ce modèle, le motif de po-
larisation du ciel est le même quelle que soit la longueur d’onde considéré. Le seul
critère pouvant alors être considéré est l’intensité de la lumière polarisée dans le ciel.
Le phénomène de diffusion de Rayleigh dépend fortement de la longueur d’onde.
Plus la longueur d’onde sera courte, plus l’intensité diffusée sera grande. En consi-
dérant le spectre du Soleil, le motif de polarisation du ciel devrait donc être observé
de préférence dans les longueurs d’ondes correspondant au bleu ou au vert. Or, il a
été observé chez certains insectes, une sensibilité à la polarisation dans l’ultraviolet,
dans la zone supérieure de leurs yeux composés, nommée aire dorsale marginale
(en anglais DRA pour dorsal rim area), leur permettant d’observer le motif de polari-
sation du ciel. Cette sensibilité est en apparence paradoxale, lorsque l’on considère
le modèle de Rayleigh. Elle parait également paradoxale lorsque l’on considère le
motif de polarisation réel. En effet, sous un ciel clair, du fait de la diffusion multiple
dans l’atmosphère, le maximum de DoLP dans le ciel est plus faible pour les courtes
longueurs d’onde. Or, l’information extraite du motif de polarisation du ciel est plus
fiable lorsque le DoLP est proche de 1. Ainsi, l’UV ne semble pas être la gamme de
longueur d’onde à privilégier pour l’observation du motif de polarisation du ciel. Ce
paradoxe est connu sous le nom de « paradoxe de la perception du motif de polarisa-
tion du ciel dans l’ultraviolet », ou UV-pol-paradox. Une explication de ce paradoxe
est que le DoLP dans le ciel serait plus élevé en présence de nuages dans l’UV que
pour des longueurs d’onde plus longues. La lumière diffusée par les nuages est en
général non polarisée ou très faiblement polarisée. La polarisation de la lumière du
ciel en présence de nuage serait liée à la diffusion de la lumière du soleil dans la
couche d’air située sous les nuages. Le DoLP de la lumière diffusée, en présence de
nuages, est faible quelle que soit la longueur d’onde considérée. Chez les insectes, un
DoLP minimal est supposé requit pour utiliser l’information provenant du motif de
polarisation du ciel. En présence de nuages, un DoLP inférieur à la valeur minimale
requise peut être observé, ne permettant pas d’utiliser le motif de polarisation du
ciel pour la navigation. Les valeurs de DoLP du ciel dans l’UV étant supérieures aux
valeurs de DoLP dans le visible, en présence d’une couverture nuageuse, le motif de
polarisation peut être utilisable dans l’UV lorsque cela n’est pas le cas dans le visible.
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Lorsque le ciel est totalement dégagé, l’information est toujours utilisable dans l’UV
et le visible, la sensibilité à l’UV ne pose donc pas de problème dans ce cas.

Capteur polarimétrique : conception et calibration
Afin de mesurer l’état de polarisation de la lumière, plusieurs méthodes peuvent

être envisagées. Ici, uniquement la mesure d’un état de polarisation linéaire est consi-
dérée. L’état de polarisation d’une source de lumière polarisée linéairement, peut être
obtenue à partir de trois mesures de l’état de polarisation avec différentes orientations
de filtres. Ces multiples mesures peuvent être obtenues de manière temporelles ou
instantanées. Les polarimètres à division de temps consistent à appliquer une rota-
tion à des filtres polarisants afin d’obtenir plusieurs mesures dans le temps. Afin de
déduire l’état de polarisation de la lumière, il est nécessaire que l’état de polarisation
de la lumière à analyser ne varie pas dans le temps nécessaire à la mesure, et que le
polarimètre reste fixe pendant la mesure. Les polarimètres instantanés peuvent être
de deux types. Premièrement, les polarimètres à division d’amplitude nécessitent de
diviser un faisceau en de multiples faisceaux dont l’état de polarisation sera analysé.
Ces polarimètres ne nécessitent aucune hypothèse particulière mais peuvent être
difficile à mettre en place. Deuxièmement, les polarimètres à division de plan focal
consistent à mesurer la polarisation à travers de multiples filtres disposés côte à côte.
Les propriétés de la source étudiée dans ce cas ne doivent pas varier spatialement
sur la surface du polarimètre. Pour la mesure du motif de polarisation du ciel, deux
types de capteurs peuvent être distingués, les capteurs non imageants et les capteurs
imageants. Ces deux types de capteurs ont des fonctionnements similaires à ceux des
polarimètres présentés ci-dessus, mais permettent de mesurer l’état de polarisation
en différents points du ciel. Les capteurs non imageants consistent en plusieurs unités
de mesure de polarisation, orientées différemment vers différents points du ciel. Leur
avantage principal est qu’ils ne nécessitent que très peu de puissance de calcul pour
traiter les données associées, car ils sont généralement constitués de peu d’unités,
allant de 2 à quelques centaines. Ils peuvent ainsi être compatible avec la navigation
en temps réel. Les capteurs imageants fonctionnent sur le même principe que les
cameras grand publique. Ils sont constitués d’une lentille est d’un capteur sur lequel
est projeté une image. Le traitement de l’information de polarisation est permis par
l’ajout de filtres polarisants avant ou après la lentille. Ces capteurs permettent d’ac-
quérir plus de données que les capteurs non-imageants, et ainsi d’être plus robuste
aux bruits.
Quel que soit le type de capteur privilégié, afin d’obtenir une information fiable, le
capteur doit être calibré. La calibration d’un capteur peut être de trois types. Premiè-
rement, une calibration géométrique peut être réalisée afin de connaitre la direction
d’observation de chaque unité ou pixel composant le capteur. Cette calibration peut
être divisée en deux étapes, d’abord une calibration intrinsèque, puis une calibration
extrinsèque. La calibration intrinsèque consiste à obtenir les propriétés du capteur
permettant de déterminer la direction d’observation de chaque pixel relativement
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au repère de la caméra. Ensuite, la calibration extrinsèque permet de déterminer
l’orientation du capteur par rapport à un repère extérieur, ce qui permet ensuite de
déterminer la direction d’observation de chaque pixel par rapport au repère extérieur
au capteur. Une calibration géométrique intrinsèque de la caméra a été réalisée dans
cette thèse à partir d’un outil de calibration, basé sur une mire, et existant sous Matlab.
Une calibration géométrique extrinsèque a été réalisée en se basant sur la trajectoire
du soleil observée dans le champ de vision de la caméra comme référence. Deuxiè-
mement, la calibration radiométrique consiste à obtenir la relation entre l’irradiance
d’une source lumineuse et la valeur de sortie des photodétecteurs composant un
capteur. Alternativement, cette calibration peut également consister à uniformiser la
réponse des photodétecteurs à une source lumineuse homogène. Dans ce cas, seule la
valeur relative de l’irradiance est nécessaire. En faisant varier l’irradiance d’une source
de lumière homogène et non polarisée, ou en faisant varier le temps d’intégration du
capteur à calibrer, éclairé par une source de lumière homogène, non polarisée et dont
l’irradiance ne varie pas, le gain associé à chaque photodétecteur peut être estimé en
supposant, par exemple, une réponse linéaire du capteur à la variation d’irradiance
ou de temps d’intégration. Une telle source de lumière peut être générée à l’aide d’une
sphère intégrante. Troisièmement, la calibration polarimétrique consiste à déterminer
la réponse du capteur en fonction de l’état de polarisation de la lumière. Pour cela,
une lumière polarisée, et dont l’état de polarisation est connu, peut servir de référence
à la calibration. En mesurant différents états de polarisation avec le capteur à calibrer,
les propriétés des filtres composant le capteur, par exemple à travers leur matrice de
Mueller, peuvent être déterminées. Une lumière purement polarisée, générée à partir
d’un filtre polarisant rotatif, à travers lequel passe une lumière uniforme non polarisée,
est généralement suffisante pour calibrer un capteur polarimétrique. Une source de
lumière partiellement polarisée, dont le degré de polarisation peut être contrôlé, est
plus difficile à mettre en place qu’une source de lumière purement polarisée. Pour
cette raison, la majorité des méthodes de calibration sont basées uniquement sur la
génération de lumière purement polarisée. Or, la lumière du ciel étant partiellement
polarisée, il peut être utile d’évaluer la réponse d’un capteur à une source de lumière
partiellement polarisée. Ainsi, une source de lumière partiellement polarisée a été dé-
veloppée dans cette thèse afin de caractériser la réponse d’un capteur polarimétrique
à une telle lumière. La source développée ici permet de contrôler indépendamment le
degré et l’angle de polarisation, ainsi que l’irradiance. La caractérisation du capteur
à travers la mesure du DoLP est particulièrement pertinente ici, car la méthode de
géolocalisation développée dans cette thèse, et décrite ci-dessous, est basée sur la
mesure du DoLP. La source implémentée génère une lumière UV (385nm), mais peut
être aisément adaptée au visible. Afin de générer une lumière partiellement polarisée,
la source lumineuse consiste à combiner deux faisceaux de lumière purement polari-
sés, dont l’état de polarisation est orthogonal. L’intensité relative de deux faisceaux de
polarisation orthogonale dépolarise la lumière. Le degré de polarisation de la lumière
est alors dépendant de l’intensité relative de chaque faisceau. Si un faisceau a une
intensité nulle, le degré de polarisation de la source sera maximal. En effet, l’état de
polarisation sera identique à celui du faisceau dont l’intensité est non nulle. Si les
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deux faisceaux ont exactement la même intensité, la lumière aura alors un degré de
polarisation nul. Enfin, si un des faisceaux a une intensité supérieure à celle de l’autre
faisceau, alors la lumière sera partiellement polarisée, et son angle de polarisation
sera celui de la source dont l’intensité est la plus grande. En pratique, afin de générer
ces deux faisceaux, un séparateur de faisceaux polarisant est utilisé. Ce composant
permet de séparer une lumière en deux faisceaux de polarisation orthogonale. Cette
séparation dépend de l’état de polarisation de la lumière incidente. Ici, afin de faire
varier l’intensité relative des deux faisceaux, un polariseur est placé avant le séparateur
de faisceaux polarisant. Les deux faisceaux sont ensuite recombinés à l’aide de miroirs
et d’un second séparateur de faisceaux polarisant. Ces composants permettent de faire
varier le degré de polarisation uniquement. Afin de faire varier l’angle de polarisation,
une lame demi-onde permet de faire tourner la polarisation sans modifier le degré
de polarisation. Des moteurs de précision sont utilisés afin de contrôler la rotation
des composants optiques. Les composant optiques n’étant pas parfaits, la théorie
ne permet pas d’estimer avec précision l’état de polarisation généré en pratique par
cette source. Ainsi, une table de correspondance, associant des orientations de filtres
avec l’état de polarisation de la lumière, mesurée à l’aide d’un polarimètre considéré
parfait, est créée. Grâce à la répétabilité en rotation des moteurs, les différents états
de polarisation de la lumière peuvent être générés avec une répétabilité de 0.007° en
angle de polarisation et 0.007 en degré de polarisation. Par manque de temps, cette
source de lumière n’a pas été utilisée pour la caractérisation d’un capteur. En parallèle
de cette source, des capteurs sensibles à l’UV sont en cours de fabrication, et leur
caractérisation est prévue à l’aide de cette source.

Géolocalisation
À partir de la mesure de l’état de polarisation de la lumière issue du ciel, diverses

stratégies de navigation peuvent être adoptées. La plupart de ces stratégies se basent
sur l’estimation de la position du soleil à partir du motif de polarisation du ciel. L’azi-
mut du Soleil permet, par exemple, d’obtenir une mesure de cap. Pour estimer la
position du Soleil, plusieurs méthodes ont été proposées. Par exemple, en se basant
sur le modèle de diffusion simple de Rayleigh, la direction de polarisation de la lu-
mière diffusée par une particule est orthogonale au plan contenant cette particule,
le capteur, ainsi que le Soleil. Par cette propriété, l’azimut du Soleil peut être obtenu
directement en estimant la direction de polarisation de la lumière au zénith de la
caméra (le point directement au-dessus de la caméra). La position du Soleil peut être
obtenue à partir de la mesure de la direction de polarisation en seulement deux points
du ciel. La forme du motif de polarisation peut également directement être utilisée
pour obtenir la position du Soleil. Les méthodes de géolocalisation développées se
basent généralement sur l’estimation de la position du Soleil. La position sur Terre
est ensuite déduite à partir d’éphémérides solaires, tables décrivant la trajectoire du
Soleil, de la date et de l’heure. La mesure instantanée de position à partir de cette
méthode nécessite la fusion de données, avec, par exemple, un compas magnétique.
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Certains animaux, comme les oiseaux migrateurs, sont, cependant, supposés capables
de déterminer leur position sur Terre sans avoir accès à des éphéméride solaire. La
façon dont ces animaux déterminent leur position sur Terre, reste, en revanche, peu
comprise. Des études ont montré que certains oiseaux migrateurs utilisent trois types
de compas, un compas magnétique, un compas stellaire de nuit ainsi qu’un compas
basé sur le motif de polarisation de jour. Leur compas stellaire permet de calibrer leur
compas magnétique. Pour cela, ces animaux utilisent la rotation céleste des étoiles,
due à la rotation de la Terre sur elle-même, afin de déterminer la position du pôle
Nord céleste (pour un observateur situé sur l’hémisphère nord), un point dans le ciel,
dont les coordonnées donnent accès, de manière directe, au nord géographique et à
la latitude de l’observateur sur Terre. De jour, des études ont montré que le motif de
polarisation du ciel était utilisé par des oiseaux migrateurs afin de calibrer leur com-
pas magnétique. Le compas polarimétrique des oiseaux migrateurs reste cependant
méconnu. En s’inspirant de la calibration du compas magnétique chez l’oiseau par
la rotation céleste des étoiles, une méthode permettant d’obtenir la position du pôle
Nord céleste, et ainsi le nord géographique et la latitude de l’observateur, à partir de la
rotation du motif de polarisation du ciel, a été développée dans cette thèse. Pour cela,
on considère, tout d’abord, que le soleil, vu par un observateur sur Terre, tourne autour
du pôle céleste (on néglige ici les variations de déclinaison, c’est à dire le mouvement
de la Terre autour du Soleil). Le motif de polarisation du ciel étant, d’après le modèle
de diffusion simple de Rayleigh, fortement lié à la position du Soleil dans le ciel, le
motif de polarisation varie également lorsque la position du Soleil varie. La méthode
développée ici consiste à observer le DoLP dans le ciel à plusieurs instants. Ce DoLP
est fonction, d’après le modèle de diffusion simple de Rayleigh, de l’angle entre les
vecteurs Observateur-Soleil et Observateur-Point d’observation, qu’on appelle angle
de diffusion. Le soleil tournant autour du pôle Nord céleste, l’angle de diffusion est
constant au niveau de ce point, et donc le DoLP est aussi constant. Le pôle Nord
céleste est le seul point dans le ciel pour lequel le DoLP est constant à tout instant de
la journée. Ainsi, pour trouver la position du pôle Nord céleste, une méthode consiste
à faire la différence des DoLP entre deux instants quelconques. Cela permet d’obtenir
une figure avec deux cercles d’invariance de DoLP sur la demi-sphère céleste, l’un lié à
la symétrie radiale de la fonction DoLP, l’autre lié à la symétrie plane de cette fonction.
Le pôle Nord céleste est situé sur le cercle d’invariance lié à la symétrie radiale de
la fonction DoLP. Sur ces invariances, la différence de DoLP est nulle. En réitérant
cette étape à d’autres instants, on obtient à nouveau ces invariances, mais avec une
autre orientation. Le pôle Nord Céleste se situera toujours sur l’invariance radiale de
la fonction DoLP. Ainsi, à partir de trois observations du motif de polarisation dans le
ciel, on peut obtenir la position du pôle Nord céleste. Il suffit pour cela de trouver l’in-
tersection des deux invariances radiales de la fonction DoLP. Pour plus de robustesse,
plus de trois observations peuvent être réalisées, et ainsi, le pôle céleste sera localisé à
l’intersection de toutes les invariances radiales. Les invariances planes et radiales ne
sont pas trivialement distinguables. Il n’est cependant pas nécessaire de distinguer
ces deux invariances pour trouver la position du pole céleste car, si suffisamment de
mesures sont faites, le pôle céleste sera le seul point localisé à l’intersection d’autant
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d’invariances que de paires d’images. Cela nécessite néanmoins des temps d’obser-
vation longs. Afin de réduire le temps d’observation nécessaire à l’estimation de la
position du pole céleste, un réseau de neurones a été entrainé afin de distinguer l’in-
variance plane de l’invariance radiale, et permet ainsi de réduire le nombre d’images
nécessaires. Une autre manière de réduire le temps d’observation par la réduction
du nombre d’images nécessaire, consiste à ajouter l’information de la déclinaison
solaire, ce qui est équivalent à la connaissance de la date. En considérant l’intersection
des invariances plane et radiale obtenues par la différence de deux images de DoLP,
il a été montré dans cette thèse que le pôle céleste se situe sur l’invariance radiale,
à une distance de l’intersection des invariances égale à la déclinaison solaire. Ces
méthodes permettent d’estimer la position du pole céleste et ainsi la direction du nord
géographique et la latitude de l’observateur. Cependant, pour obtenir la longitude,
la connaissance de l’heure solaire est nécessaire. Bien qu’aucun algorithme n’ait été
proposé dans cette thèse pour estimer la longitude, des méthodes ont été proposées
afin d’obtenir l’heure solaire. Une méthode, inventée précédemment, consiste à me-
surer la direction de polarisation au niveau du pole céleste. Cela donne un accès direct
à l’heure solaire. Une autre méthode proposée dans cette thèse consiste à estimer
l’heure solaire moyenne entre deux observations à partir de l’invariance radiale. Mis à
part les méthodes d’estimation d’heure, les méthodes de détection du pôle céleste ont
toutes été testée expérimentalement. Ces méthodes ont permis d’obtenir la position
du pole céleste avec une précision moyenne, en azimut et élévation, de quelques
degrés. Bien que les résultats obtenus ne soient pas assez précis pour une grande
partie des applications en navigation, les résultats sont prometteurs et nécessiteront
des améliorations dans le traitement des données afin d’obtenir de meilleurs résultats.
Ces recherches ont également permis de faire émerger des questions sur la navigation
des animaux, et notamment au sujet du compas basé sur la polarisation du ciel chez
les oiseaux migrateurs.
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